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a
n

d
m

o
re

ch
allen

g
-

in
g

a
s

a
resu

lt
o
f

in
volv

in
g

co
m

p
lex

fo
rm

u
la

tion
s

a
n

d
co

m
p

u
ta

tio
n

s.
3
)

O
u

r
m

o
d

el
ca

n
b

een
seen

as
a

m
u

lti-layer
reg

ression
m

o
d

el
w

h
ich

reg
a
rd

s
tim

e
in

d
ices

a
s

in
p

u
ts

a
n

d
ob

servatio
n

s
a
s

o
u

tp
u

ts.
It

ca
n

b
e

fl
ex

ib
ly

ex
ten

d
ed

to
h

a
n

d
le

reg
ressio

n
p

ro
b

lem
s.

C
om

p
a
red

w
ith

o
th

er
d

ep
en

d
en

t
m

u
lti-o

u
tp

u
t

m
o
d

els
su

ch
a
s

th
e

C
M

O
G

P
,

th
e

V
D

M
-G

P
D

S
can

a
ch

ieve
m

u
ch

b
etter

p
erfo

rm
a
n

ce
attrib

u
ted

to
its

la
ten

t
lay

ers.
4
)

O
u

r
m

o
d

el
is

a
p

p
licab

le
to

g
en

eral
d

ep
en

d
en

t
m

u
lti-o

u
tp

u
t

d
y
n

a
m

ical
sy

stem
s

an
d

m
u

lti-o
u

tp
u

t
reg

ressio
n

ta
sk

s,
ra

th
er

th
a
n

b
ein

g
sp

ecia
lly

ta
ilo

red
to

a
p

a
rticu

la
r

a
p

p
licatio

n
.

In
th

is
p

a
p

er,
w

e
a
d

a
p

t
th

e
m

o
d

el
to

d
iff

eren
t

ap
p

lica
tion

s
an

d
ob

ta
in

p
ro

m
isin

g
resu

lts.
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Z
h
a
o

a
n
d

S
u
n

A
n

earlier
sh

o
rt

version
of

th
is

w
o
rk

ap
p

eared
in

Z
h

ao
an

d
S

u
n

(2014).
In

th
is

p
ap

er,
w

e
ad

d
d

eta
iled

d
erivation

s
of

th
e

variation
al

in
feren

ce
an

d
p

rov
id

e
th

e
grad

ien
ts

of
th

e
ob

jective
fu

n
ction

w
ith

resp
ect

to
th

e
p

aram
eters.

M
oreover,

w
e

an
aly

ze
th

e
p

erform
an

ce
an

d
effi

cien
cy

of
th

e
p

rop
osed

m
o
d

el.
In

ad
d

ition
,

w
e

su
p

p
lem

en
t

ex
p

erim
en

ts
on

real-w
orld

d
ata

an
d

all
th

e
ex

p
erim

en
tal

resu
lts

are
m

easu
red

u
n

d
er

variou
s

evalu
atio

n
criteria.

T
h

e
rest

of
th

e
p

ap
er

is
organ

ized
as

follow
s.

F
irst,

w
e

give
th

e
m

o
d

el
for

n
o
n

lin
ear

d
y
n

a
m

ical
sy

stem
s

in
S

ection
2,

w
h

ere
w

e
u

se
con

volu
tion

p
ro

cess
covarian

ce
fu

n
ction

s
to

con
stru

ct
th

e
cova

rian
ce

m
atrix

of
th

e
d

ep
en

d
en

t
m

u
lti-o

u
tp

u
t

laten
t

variab
les.

S
ectio

n
3

gives
th

e
d

erivatio
n

of
th

e
variation

al
low

er
b

ou
n

d
of

th
e

m
arg

in
a
l

likelih
o
o
d

fu
n

ction
a
n

d
op

tim
iza

tion
m

eth
o
d

s.
P

red
iction

form
u

lation
s

are
in

tro
d

u
ced

in
S

ectio
n

4.
R

ela
ted

w
ork

is
an

a
ly

zed
an

d
com

p
ared

in
S

ection
5.

E
x
p

erim
en

tal
resu

lts
are

rep
orted

in
S

ection
6

an
d

fi
n

a
lly

con
clu

sion
s

are
p

resen
ted

in
S

ection
7.

2
.
T
h
e
P
ro

p
o
se
d

M
o
d
e
l

S
u

p
p

ose
w

e
h

ave
m

u
lti-ou

tp
u

t
tim

e
series

d
ata
{y

n
,tn }

Nn
=

1 ,
w

h
ere

y
n
∈
R
D

is
an

ob
serva-

tion
at

tim
e
tn
∈
R

+
.

W
e

assu
m

e
th

at
th

ere
are

low
d

im
en

sion
al

laten
t

variab
les

th
at

govern
th

e
gen

eration
o
f

th
e

ob
servation

s
an

d
a

G
P

p
rior

for
th

e
laten

t
va

riab
les

con
d

ition
al

on
tim

e
ca

p
tu

res
th

e
d

y
n

am
ical

d
riv

in
g

force
of

th
e

ob
servatio

n
s,

as
in

D
am

ia
n

o
u

et
al.

(2
011).

H
ow

ever,
a

large
d

iff
eren

ce
com

p
ared

w
ith

th
eir

w
ork

is
th

at
w

e
ex

p
licitly

m
o
d

el
th

e
d

e-
p

en
d

en
cy

am
on

g
th

e
ou

tp
u

ts
th

rou
gh

con
volu

tion
p

ro
cesses

(Á
lvarez

an
d

L
aw

ren
ce,

2011).

O
u

r
m

o
d

el
is

a
fou

r-layer
G

P
d

y
n

am
ical

sy
stem

.
H

ere
t
∈

R
N

rep
resen

ts
th

e
in

p
u

t
va

ria
b

les
in

th
e

fi
rst

layer.
T

h
e

m
atrix

X
∈

R
N
×
Q

rep
resen

ts
th

e
low

d
im

en
sion

a
l

laten
t

va
ria

b
les

in
th

e
secon

d
layer

w
ith

elem
en

t
x
n
q

=
x
q (tn

).
S

im
ilarly,

th
e

m
atrix

F
∈
R
N
×
D

d
en

o
tes

th
e

la
ten

t
variab

les
in

th
e

th
ird

layer,
w

ith
elem

en
t
f
n
d

=
f
d (x

n
)

an
d

th
e

m
atrix

Y
∈

R
N
×
D

d
en

otes
th

e
ob

servation
s

in
th

e
fou

rth
lay

er
w

h
ose

n
th

row
corresp

on
d

s
to

y
n
.

T
h

e
m

o
d

el
is

com
p

osed
of

an
in

d
ep

en
d

en
t

m
u

lti-ou
tp

u
t

G
P

m
ap

p
in

g
from

t
to
X

,
a

d
ep

en
d

en
t

m
u

lti-ou
tp

u
t

G
P

m
ap

p
in

g
from

X
to
F

,
an

d
a

lin
ear

m
ap

p
in

g
from

F
to
Y

.

S
p

ecifi
cally,

for
th

e
fi

rst
m

ap
p

in
g,

x
is

assu
m

ed
to

b
e

a
m

u
lti-ou

tp
u

t
G

P
in

d
ex

ed
b
y

tim
e
t

sim
ilarly

to
D

am
ian

ou
et

al.
(2011),

th
at

is

x
q (t)

∼
GP

(0,κ
x (t,t ′)),

q
=

1,...,Q
,

(1)

w
h

ere
in

d
iv

id
u

a
l
com

p
on

en
ts

of
th

e
laten

t
fu

n
ction

x
(t)

are
in

d
ep

en
d

en
t

sam
p

le
p

a
th

s
d

raw
n

from
a

G
P

w
ith

a
certain

covarian
ce

fu
n

ction
κ
x (t,t ′)

p
aram

eterized
b
y
θ
x .

T
h

ere
are

several
com

m
o
n

ly
u

sed
covarian

ce
fu

n
ction

s
su

ch
as

th
e

sq
u

ared
ex

p
on

en
tial

covarian
ce

fu
n

ction
(R

B
F

),
th

e
M

atérn
3
/2

fu
n

ction
an

d
th

e
p

erio
d

ic
covarian

ce
fu

n
ction

(R
B

F
p

erio
d

ic),
w

h
ich

can
b

e
a
d

o
p

ted
to

m
o
d

el
th

e
tim

e
evolu

tion
of

seq
u

en
ces.

F
or

ex
am

p
le,

an
R

B
F

or
a

M
a
térn

3
/2

fu
n

ction
is

u
su

ally
ap

p
rop

riate
for

a
lon

g
tim

e
d

ep
en

d
en

t
seq

u
en

ce,
w

h
ich

w
ill

lead
to

a
fu

ll
covarian

ce
m

atrix
.

F
or

m
o
d

elin
g

th
e

evolu
tion

of
m

u
ltip

le
in

d
ep

en
d

en
t

seq
u

en
ces,

a
b

lo
ck

-d
iagon

al
covarian

ce
m

atrix
sh

ou
ld

b
e

ch
osen

,
w

h
ere

each
b

lo
ck

can
b

e
con

stru
cted

b
y

an
R

B
F

o
r

a
M

atérn
3
/2

fu
n

ction
.

R
B

F
p

erio
d

ic
is

u
sefu

l
to

cap
tu

re
th

e
p

erio
d

icity
of

th
e

seq
u

en
ces,

an
d

m
u

ltip
le

kern
els

can
b

e
u

sed
to

m
o
d

el
d

iff
eren

t
tim

e
cy

cles.
T

h
ese

k
ern

el
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V
a
r
ia

t
io

n
a
l

D
e
p
e
n
d
e
n
t

M
u
lt

i-
o
u
t
p
u
t

G
P

D
S

fu
n

ct
io

n
s

ta
ke

th
e

fo
ll

ow
in

g
fo

rm
s.

κ
x

(R
B
F

)(
t i
,t
j
)

=
σ

2 r
bf
e

(t
i
−
t j

)2

2
`
2

,

κ
x

(M
a
té
r
n

3
/
2
)(
t i
,t
j
)

=
σ

2 m
a
t(

1
+

√
3
|t i
−
t j
|

`
)e
−
√
3
|t
i
−
t j
|

`
,

κ
x

(R
B
F
p
er
io
d
ic

)(
t i
,t
j
)

=
σ

2 p
er
e−

1 2

s
in

2
(
2
π T
(t
i
−
t j

))

`
.

(2
)

A
cc

or
d

in
g

to
th

e
co

n
d

it
io

n
al

in
d

ep
en

d
en

cy
as

su
m

p
ti

on
am

on
g

th
e

la
te

n
t

va
ri

a
b

le
s
{x

q
}Q q

=
1
,

w
e

h
av

e

p
(X
|t)

=

Q ∏ q
=

1

p
(x
q
|t)

=

Q ∏ q
=

1

N
(x
q
|0
,K

t,
t
),

(3
)

w
h

er
e

K
t,
t

is
th

e
co

va
ri

an
ce

m
at

ri
x

co
n

st
ru

ct
ed

b
y
κ
x
(t
,t
′ )

.

F
or

th
e

se
co

n
d

m
ap

p
in

g,
w

e
as

su
m

e
th

at
f

is
an

ot
h

er
m

u
lt

i-
ou

tp
u

t
G

P
in

d
ex

ed
b
y

x
,

w
h

os
e

ou
tp

u
ts

ar
e

d
ep

en
d

en
t,

th
at

is

f d
(x

)
∼
GP

(0
,κ

f
d
,f
d
′(

x
,x
′ )

),
d
,d
′ =

1,
..
.,
D
,

(4
)

w
h

er
e
κ
f
d
,f
d
′(

x
,x
′ )

is
a

co
n
vo

lv
ed

p
ro

ce
ss

co
va

ri
an

ce
fu

n
ct

io
n

.
T

h
e

co
n
vo

lv
ed

p
ro

ce
ss

co
-

va
ri

an
ce

fu
n

ct
io

n
ca

p
tu

re
s

th
e

d
ep

en
d

en
cy

am
on

g
al

l
th

e
d

at
a

p
oi

n
ts

ac
ro

ss
a
ll

th
e

ou
tp

u
ts

w
it

h
p

ar
am

et
er

s
θ
f

=
{{

Λ
k
},
{P

d
},
{S

d
,k
}}

.
T

h
e

d
et

ai
le

d
fo

rm
u

la
ti

on
o
f

th
is

co
va

ri
a
n

ce
fu

n
ct

io
n

w
il

l
b

e
gi

ve
n

in
S

ec
ti

on
2.

1.
F

ro
m

th
e

co
n

d
it

io
n

al
d

ep
en

d
en

cy
a
m

on
g

th
e

la
te

n
t

va
ri

ab
le

s
{f
n
d
}N

,D
n

=
1
,d

=
1
,

w
e

h
av

e

p
(F
|X

)
=
p
(f
|X

)
=
N

(f
|0
,K

f,
f
),

(5
)

w
h

er
e

f
is

a
sh

or
th

an
d

fo
r

[f
> 1
,.
..
,f
> D

]>
an

d
K

f,
f

si
ze

d
N
D
×
N
D

is
th

e
co

va
ri

a
n

ce
m

a
tr

ix
in

w
h

ic
h

th
e

el
em

en
ts

ar
e

ca
lc

u
la

te
d

b
y

th
e

co
va

ri
an

ce
fu

n
ct

io
n
κ
f
d
,f
d
′(

x
,x
′ )

.

T
h

e
th

ir
d

m
ap

p
in

g,
w

h
ic

h
is

fr
om

th
e

la
te

n
t

va
ri

ab
le
f n
d

to
th

e
ob

se
rv

a
ti

on
y n
d
,

ca
n

b
e

w
ri

tt
en

as

y n
d

=
f n
d

+
ε n
d
,

ε n
d
∼
N

(0
,β
−

1
).

(6
)

S
in

ce
th

e
ob

se
rv

at
io

n
s
{y
n
d
}N

,D
n

=
1
,d

=
1

ar
e

co
n

d
it

io
n

al
ly

in
d

ep
en

d
en

t
on

F
,

w
e

g
et

p
(Y
|F

)
=

D ∏ d
=

1

N ∏ n
=

1

N
(y
n
d
|f n

d
,β
−

1
).

(7
)

G
iv

en
th

e
ab

ov
e

se
tt

in
g,

th
e

gr
ap

h
ic

al
m

o
d

el
fo

r
th

e
p

ro
p

os
ed

V
D

M
-G

P
D

S
o
n

th
e

tr
ai

n
in

g
d

at
a
{y

n
,t
n
}N n

=
1

ca
n

b
e

d
ep

ic
te

d
as

F
ig

u
re

1.
F

ro
m

(3
),

(5
)

an
d

(7
),

th
e

jo
in

t
p

ro
b

ab
il

it
y

d
is

tr
ib

u
ti

on
fo

r
th

e
V

D
M

-G
P

D
S

m
o
d

el
is

gi
ve

n
b
y

p
(Y
,F
,X
|t)

=
p
(Y
|F

)p
(F
|X

)p
(X
|t)

=
p
(f
|X

)
D ∏ d
=

1

N ∏ n
=

1

p
(y
n
d
|f n

d
)

Q ∏ q
=

1

p
(x
q
|t)
.

(8
)
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 1
7(

12
1)

:1
-3

6

Z
h
a
o

a
n
d

S
u
n

t

q
x

1
q

Q

y
n

d

1
n

N
x

f n
d

1
d

D

f

F
ig

u
re

1
:

T
h

e
g
ra

p
h

ic
al

m
o
d

el
fo

r
V

D
M

-G
P

D
S

.

2
.1

C
o
n
v
o
lv

e
d

P
ro

c
e
ss

C
o
v
a
ri

a
n

c
e

F
u

n
c
ti

o
n

S
in

ce
th

e
ou

tp
u
ts

in
o
u

r
m

o
d

el
a
re

d
ep

en
d

en
t,

w
e

n
ee

d
to

ca
p

tu
re

th
e

co
rr

el
a
ti

o
n

s
am

o
n

g
a
ll

th
e

d
a
ta

p
oi

n
ts

a
cr

o
ss

a
ll

th
e

o
u
tp

u
ts

.
B

on
il

la
et

a
l.

(2
0
0
7
)

a
n

d
L

u
tt

in
en

a
n

d
Il

in
(2

01
2
)

u
se

d
a

K
ro

n
ec

ke
r

p
ro

d
u

ct
co

va
ri

a
n

ce
m

a
tr

ix
w

it
h

th
e

fo
rm

of
K
F
F

=
K
D
D
⊗
K
N
N

,
w

h
er

e
K
D
D

is
th

e
co

va
ri

an
ce

m
a
tr

ix
am

o
n

g
th

e
o
u

tp
u

t
d

im
en

si
o
n

s,
a
n

d
K
N
N

is
th

e
co

va
ri

a
n

ce
m

a
tr

ix
ca

lc
u

la
te

d
so

le
ly

fr
o
m

th
e

d
at

a
in

p
u

ts
.

T
h

is
K

ro
n
ec

ke
r

fo
rm

k
er

n
el

is
co

n
st

ru
ct

ed
fr

om
th

e
p

ro
ce

ss
es

w
h

ic
h

in
vo

lv
e

so
m

e
fo

rm
o
f

in
st

an
ta

n
eo

u
s

m
ix

in
g

o
f

a
se

ri
es

of
in

d
ep

en
d

en
t

p
ro

ce
ss

es
.

T
h

is
is

ve
ry

li
m

it
ed

an
d

ac
tu

al
ly

a
sp

ec
ia

l
ca

se
o
f

so
m

e
ge

n
er

al
co

va
ri

a
n

ce
s

w
h

en
co

va
ri

a
n

ce
s

ca
lc

u
la

te
d

fr
o
m

o
u

tp
u

ts
an

d
in

p
u

ts
a
re

in
d

ep
en

d
en

t
(Á

lv
ar

ez
et

a
l.

,
20

12
).

F
o
r

ex
a
m

p
le

,
if

w
e

w
a
n
t

to
m

o
d

el
tw

o
o
u

tp
u

t
p

ro
ce

ss
es

in
su

ch
a

w
ay

th
a
t

on
e

p
ro

ce
ss

w
as

a
b

lu
rr

ed
ve

rs
io

n
o
f

th
e

o
th

er
,

w
e

ca
n

n
o
t

a
ch

ie
v
e

th
is

th
ro

u
gh

th
e

in
st

an
ta

n
eo

u
s

m
ix

in
g

(Á
lv

a
re

z
an

d
L

aw
re

n
ce

,
2
01

1
).

In
th

is
p

a
p

er
,

w
e

u
se

a
m

o
re

ge
n

er
a
l

a
n

d
fl

ex
ib

le
k
er

n
el

in
w

h
ic

h
K
D
D

a
n

d
K
N
N

ar
e

n
ot

se
p

a
ra

te
d

.
In

p
a
rt

ic
u

la
r,

th
e

co
n
vo

lu
ti

o
n

p
ro

ce
ss

es
(Á

lv
ar

ez
a
n

d
L

aw
re

n
ce

,
2
0
11

)
ar

e
em

p
lo

ye
d

to
m

o
d

el
th

e
la

te
n
t

fu
n
ct

io
n
F

(X
).

N
ow

w
e

in
tr

o
d

u
ce

h
ow

to
co

n
st

ru
ct

th
e

co
n
vo

lv
ed

p
ro

ce
ss

co
va

ri
a
n

ce
fu

n
ct

io
n

s.
B

y
u

si
n

g
in

d
ep

en
d

en
t

la
te

n
t

fu
n

ct
io

n
s
{u

k
(x

)}
K k
=

1
a
n

d
sm

o
ot

h
in

g
k
er

n
el

s
{G

d
,k

(x
)}
D
,K

d
=

1
,k

=
1

in
th

e
co

n
vo

lu
ti

on
p

ro
ce

ss
es

,
ea

ch
la

te
n
t

fu
n

ct
io

n
in

(4
)

in
th

e
V

D
M

-G
P

D
S

is
ex

p
re

ss
ed

th
ro

u
gh

a
co

n
vo

lu
ti

on
in

te
g
ra

l,

f d
(x

)
=

K ∑ k
=

1

∫ X
G
d
,k

(x
−

x̃
)u
k
(x̃

)d
x̃
.

(9
)

T
h

e
m

os
t

co
m

m
on

co
n

st
ru

ct
io

n
is

to
u

se
G

au
ss

ia
n

fo
rm

s
fo

r
{u

k
(x

)}
K k
=

1
a
n

d
{G

d
,k

(x
)}
D
,K

d
=

1
,k

=
1
.

S
o

th
e

sm
o
o
th

in
g

ke
rn

el
is

a
ss

u
m

ed
to

b
e

G
d
,k

(x
)

=
S
d
,k
N

(x
|0
,P

d
)
,

(1
0)

w
h

er
e
S
d
,k

is
a

sc
a
la

r
va

lu
e

th
a
t

d
ep

en
d

s
o
n

th
e

o
u

tp
u

t
in

d
ex

d
a
n

d
th

e
la

te
n
t

fu
n

ct
io

n
in

d
ex

k
,

an
d
P
d

is
a
ss

u
m

ed
to

b
e

d
ia

g
o
n

a
l.

T
h

e
la

te
n
t

p
ro

ce
ss
u
k
(x

)
is

as
su

m
ed

to
b

e
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V
a
r
ia

t
io

n
a
l

D
e
p
e
n
d
e
n
t

M
u
lt

i-o
u
t
p
u
t

G
P

D
S

G
a
u

ssian
w

ith
covarian

ce
fu

n
ctio

n

κ
k (x

,x
′ )

=
N
(x
−

x
′|0
,Λ

k )
.

(1
1)

T
h
u

s,
th

e
cova

ria
n

ce
b

etw
een

f
d (x

)
an

d
f
d ′(x

′)
is

κ
f
d
,f
d ′ (x

,x
′)

=

K
∑k

=
1

S
d
,k S

d ′,k N
(x|x

′,P
d

+
P
d ′

+
Λ
k ).

(12
)

T
h

e
covarian

ce
b

etw
een

f
d (x

)
a
n

d
u
k (x
′)

is

κ
f
d
,u
k (x

,x
′)

=
S
d
,k N

(x
−

x
′|0
,P

d
+

Λ
k )
.

(1
3)

T
h

ese
cova

ria
n

ce
fu

n
ctio

n
s

(11
),

(1
2)

a
n

d
(1

3
)

w
ill

la
ter

b
e

u
sed

fo
r

a
p

p
rox

im
a
te

in
-

feren
ce

in
S

ection
3.

C
om

p
a
red

w
ith

K
ro

n
ecker

fo
rm

kern
els,

o
u

r
u

sed
con

v
o
lved

kern
els

h
ave

th
e

fo
llow

in
g

ad
va

n
ta

ges.
F

ro
m

th
e

p
ersp

ectiv
e

o
f

con
stru

ctin
g

th
e

p
ro

cess
f
d ,

co
n

-
vo

lved
kern

els
a
re

co
n

stru
cted

u
sin

g
th

e
co

n
v
o
lu

tio
n

p
ro

cess
f
d

in
w

h
ich

th
e

sm
o
oth

in
g

kern
els

G
d
,k (x

)
related

to
x

are
em

p
loyed

w
h

ile
K

ro
n

ecker
fo

rm
kern

els
a
re

co
n

stru
cted

u
s-

in
g
f
d (x

)
=

a
d u

k (x
)

in
w

h
ich

a
d

h
a
s

n
o

rela
tio

n
to

x
(Á

lvarez
a
n
d

L
aw

ren
ce,

2
01

1
).

F
rom

th
e

p
ersp

ective
of

kern
els,

for
d

iff
eren

t
d

im
en

sio
n

s
d

a
n

d
d ′,

con
vo

lved
kern

els
allow

th
a
t

th
e

covarian
ces{

κ
f
d
,f
d ′ (x

,x
′)}

a
re

related
to

d
iff

eren
t

term
sN

(x|x
′,P

d
+
P
d ′

+
Λ
k )

w
h

ile
K

ro
n

ecker
form

kern
els

in
d

icate
th

a
t

d
iff

eren
t

cova
ria

n
ces
{κ

f
d
,f
d ′ (x

,x
′)}

sh
are

th
e

sam
e

term
κ
q (x

,x
′).

T
h
u

s,
ou

r
u

sed
co

n
vo

lved
k
ern

els
a
re

m
o
re

g
en

eral.

3
.
In

fe
re
n
ce

a
n
d

O
p
tim

iza
tio

n

A
s

d
escrib

ed
ab

ov
e,

th
e

p
ro

p
o
sed

V
D

M
-G

P
D

S
ex

p
licitly

m
o
d

els
th

e
d

ep
en

d
en

cy
a
m

o
n

g
m

u
ltip

le
o
u

tp
u

ts,
w

h
ich

m
akes

it
la

rgely
d

istin
ct

to
th

e
p

rev
io

u
s

V
G

P
D

S
a
n

d
o
th

er
G

P
d

y
n

a
m

ica
l

sy
stem

s.
In

o
rd

er
to

m
a
ke

it
ea

sy
to

im
p

lem
en

t
b
y

ex
ten

d
in

g
th

e
ex

istin
g

fra
m

e-
w

o
rk

of
th

e
V

G
P

D
S

,
in

th
e

cu
rren

t
a
n

d
th

e
follow

in
g

sectio
n

s,
w

e
w

ill
d

ed
u

ce
th

e
varia

tion
a
l

low
er

b
o
u

n
d

fo
r

th
e

lo
ga

rith
m

ic
m

a
rgin

al
likelih

o
o
d

a
n

d
th

e
p

o
sterio

r
d

istrib
u

tio
n

fo
r

p
re-

d
ictio

n
in

a
form

u
latio

n
sim

ila
r

to
th

e
V

G
P

D
S

.
H

ow
ever,

m
a
n
y

d
eta

ils
a
s

d
escrib

ed
in

th
e

p
a
p

er
a
re

sp
ecifi

c
to

o
u

r
m

o
d

el,
a
n

d
so

m
e

ca
lcu

latio
n

s
a
re

m
o
re

in
vo

lv
ed

.
T

h
e

fu
lly

B
ayesia

n
lea

rn
in

g
for

ou
r

m
o
d

el
req

u
ires

m
a
x
im

izin
g

th
e

lo
g
a
rith

m
o
f

th
e

m
a
rgin

a
l

likelih
o
o
d

(B
ish

o
p

,
2
00

6
)

p
(Y
|t)

=

∫
p
(Y
|F

)p
(F
|X

)p
(X
|t)d

X
d
F
.

(14
)

N
o
te

th
at

th
e

in
teg

ra
tion

w
.r.t

X
is

in
tra

cta
b

le,
b

eca
u

se
X

a
p

p
ears

n
o
n

lin
ea

rly
in

th
e

in
verse

o
f

th
e

m
a
trix

K
f,f .

W
e

a
ttem

p
t

to
m

ake
so

m
e

a
p

p
rox

im
a
tio

n
s

fo
r

(14
).

T
o

b
eg

in
w

ith
,

w
e

ap
p

rox
im

a
te
p
(F
|X

)
w

h
ich

is
con

stru
cted

b
y

co
n
vo

lu
tio

n
p

ro
cess

f
d (x

)
in

(9
).

S
im

ila
rly

to
Á

lva
rez

a
n

d
L

aw
ren

ce
(2

0
11

),
a

g
en

era
tive

a
p

p
ro

a
ch

is
u

sed
to

a
p

p
rox

im
ate

f
d (x

)
as

follow
s.

W
e

fi
rst

d
raw

a
sa

m
p

le,
u
k (Z

)
=

[u
k (z

1 ),...,u
k (z

M
)] >

,
w

h
ere

Z
=
{
z
m }

Mm
=

1
a
re

in
tro

d
u

ced
as

a
set

o
f

in
p

u
t

v
ecto

rs
for

u
k (x̃

)
an

d
w

ill
b

e
lea

rn
ed

as
p

ara
m

eters.
W

e
n

ex
t

sa
m

p
le
u
k (x̃

)
fro

m
th

e
co

n
d

itio
n

al
p

rior
p
(u
k (x̃

)|u
k ).

A
cco

rd
in

g
to

th
e

ab
ove

g
en

era
tin

g
p

ro
cess,

u
k (x̃

)
in

(9
)

ca
n

b
e

ap
p

rox
im

a
ted

b
y

th
e

ex
p

ecta
tio

n

7
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Z
h
a
o

a
n
d

S
u
n

E
(u
k (x̃

)|u
k ).

L
et
U

=
{
u
k }
Kk
=

1
an

d
u

=
[u
>1
,...,u

>K
] >

.
T

h
e

p
rob

ab
ility

d
istrib

u
tion

of
u

ca
n

b
e

ex
p

ressed
as

p
(u|Z

)
=
N

(0
,K

u
,u

),
(15)

w
h

ere
K

u
,u

is
con

stru
cted

b
y
κ
k

(x
,x
′)

in
(11).

C
om

b
in

in
g

(9)
a
n

d
(1

5),
w

e
get

th
e

p
rob

a-
b

ility
d

istrib
u

tion
of

f
con

d
ition

al
on

u
,X
,Z

as

p
(f|u

,X
,Z

)
=
N

(f|K
f,u

K
−

1
u
,u

u
,K

f,f −
K

f,u
K
−

1
u
,u

K
u
,f ),

(16)

w
h

ere
K

f,u
is

th
e

cross-covarian
ce

m
atrix

b
etw

een
f
d (x

)
a
n

d
u
k (z

)
w

ith
elem

en
t
κ
f
d
,u
k (x

,x
′)

in
(1

3
),

th
e

b
lo

ck
-d

iagon
al

m
atrix

K
u
,u

is
th

e
covarian

ce
m

atrix
b

etw
een

u
k (z

)
an

d
u
k (z ′)

w
ith

elem
en

t
κ
k

(x
,x
′)

in
(11),

an
d

K
f,f

is
th

e
covarian

ce
m

a
trix

b
etw

een
f
d (x

)
an

d
f
d ′(x

′)
w

ith
elem

en
t
κ
f
d
,f
d ′ (x

,x
′)

in
(12).

T
h

erefore,
p
(F
|X

)
is

a
p

p
rox

im
ated

b
y

p
(F
|X

)≈
p
(f|X

,Z
)

=

∫
p
(f|u

,X
,Z

)p
(u|Z

)d
u
,

(17)

an
d
p
(Y
|t)

is
con

verted
to

p
(Y
|t)≈

p
(Y
|t,Z

)
=

∫
p
(y|f)p

(f|u
,X
,Z

)p
(u|Z

)p
(X
|t)d

F
d
U
d
X
,

(1
8)

w
h

ere
p
(u|Z

)
=
N

(0
,K

u
,u

)
an

d
y

=
[y
>1
,...,y

>D
] >

.
It

is
w

o
rth

n
otin

g
th

at
th

e
m

arg
in

al
likelih

o
o
d

in
(18)

is
still

in
tractab

le
as

th
e

in
tegration

w
ith

resp
ect

to
X

rem
a
in

s
d

iffi
cu

lt.
T

h
en

,
w

e
in

tro
d

u
ce

a
low

er
b

ou
n

d
of

th
e

logarith
m

ic
m

argin
al

likelih
o
o
d

log
p
(Y
|t)

u
sin

g
va

riation
al

m
eth

o
d

s.
W

e
con

stru
ct

a
variation

al
d

istrib
u

tion
q(F

,U
,X
|Z

)
to

ap
p

rox
-

im
ate

th
e

p
osterior

d
istrib

u
tion

p
(F
,U
,X
|Y
,t)

an
d

com
p

u
te

th
e

J
en

sen
’s

low
er

b
ou

n
d

on
lo

g
p
(Y
|t)

as

L
=

∫
q(F

,U
,X
|Z

)
log

p
(Y
,F
,U
,X
|t,Z

)

q(F
,U
,X
|Z

)
d
X
d
U
d
F
.

(19)

T
h

e
varia

tion
al

d
istrib

u
tion

is
assu

m
ed

to
b

e
factorized

as

q(F
,U
,X
|Z

)
=
p
(f|u

,X
,Z

)q(u
)q(X

).
(20)

T
h

e
d

istrib
u

tion
p
(f|u

,X
,Z

)
in

(20)
is

th
e

sam
e

as
th

e
secon

d
term

in
(18),

w
h

ich
w

ill
b

e

elim
in

a
ted

in
th

e
term

log
p
(Y
,F
,U
,X
|t,Z

)
q
(F
,U
,X
|Z

)
in

(19).
T

h
e

d
istrib

u
tion

q(u
)

is
an

ap
p

rox
im

ation

to
th

e
p

o
sterior

d
istrib

u
tion

p
(u|X

,Y
),

w
h

ich
is

argu
ab

ly
G

au
ssian

b
y

m
ax

im
izin

g
th

e
vari-

a
tion

al
low

er
b

ou
n

d
(T

itsias
an

d
L

aw
ren

ce,
2010;

D
am

ia
n

o
u

et
al.,

2011).
T

h
e

d
istrib

u
tion

q(X
)

is
a
n

ap
p

rox
im

ation
to

th
e

p
osterior

d
istrib

u
tion

p
(X
|Y

),
w

h
ich

is
assu

m
ed

to
b

e
a

p
ro

d
u

ct
of

in
d

ep
en

d
en

t
G

au
ssian

d
istrib

u
tion

s
q(X

)
=
∏
Qq
=

1 N
(x
q |µ

q ,S
q ).

A
fter

so
m

e
calcu

lation
s

an
d

sim
p

lifi
cation

s,
th

e
low

er
b

ou
n

d
w

ith
X

,
U

an
d
F

in
tegrated

ou
t

b
eco

m
es

L
=

log [
β
N
D2
|K

u
,u |

12

(2π
)
N
D2
|β
ψ

2 +
K

u
,u |

12

ex
p{−

12
y
>
W

y} ]

−
β
ψ

0

2
+
β2

T
r(K

−
1

u
,u
ψ

2 )−
K

L
[q(X

)||p
(X
|t)],

(21)
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V
a
r
ia

t
io

n
a
l

D
e
p
e
n
d
e
n
t

M
u
lt

i-
o
u
t
p
u
t

G
P

D
S

w
h

er
e
W

=
β
I
−
β

2
ψ

1
(β
ψ

2
+

K
u
,u

)−
1
ψ
> 1

,
ψ

0
=

T
r(
〈K

f,
f
〉 q(

X
))

,
ψ

1
=
〈K

f,
u
〉 q(

X
)

a
n

d
ψ

2
=

〈K
u
,f
K

f,
u
〉 q(

X
).

K
L

[q
(X

)||
p
(X
|t)

]
d

efi
n

ed
b
y
∫
q(
X

)
lo

g
q
(X

)
p
(X
|t)
d
X

is
ex

p
re

ss
ed

a
s

K
L

[q
(X

)||
p
(X
|t)

]
=
Q 2

lo
g
|K

t,
t
|−

1 2

Q ∑ q
=

1

lo
g
|S
q
|

+
1 2

Q ∑ q
=

1

[T
r(

K
−

1
t,
t
S
q
)

+
T

r(
K
−

1
t,
t
µ
q
µ
> q

)]
+
co
n
st
.

(2
2)

T
h

e
d

et
ai

le
d

d
er

iv
at

io
n

of
th

is
va

ri
at

io
n

al
lo

w
er

b
ou

n
d

is
d

es
cr

ib
ed

in
A

p
p

en
d

ix
A

w
h

er
e

L
is

ex
p

re
ss

ed
as
L

=
L̂
−

K
L

[q
(X

)||
p
(X
|t)

].
N

ot
e

th
at

al
th

ou
gh

th
e

lo
w

er
b

ou
n

d
in

(2
1)

an
d

th
e

on
e

in
V

G
P

D
S

(D
a
m

ia
n

ou
et

a
l.

,
20

11
)

lo
ok

si
m

il
ar

,
th

ey
ar

e
es

se
n
ti

al
ly

d
is

ti
n

ct
an

d
h

av
e

d
iff

er
en

t
m

ea
n

in
g
s.

In
p

a
rt

ic
u

la
r,

th
e

va
ri

ab
le

s
U

in
th

is
p

ap
er

ar
e

th
e

sa
m

p
le

s
of

th
e

la
te

n
t

fu
n

ct
io

n
s
{u

k
(x

)}
K k
=

1
in

th
e

co
n
vo

lu
ti

on
p

ro
ce

ss
w

h
il

e
in

V
G

P
D

S
th

ey
ar

e
sa

m
p

le
s

of
th

e
la

te
n
t

va
ri

ab
le

s
F

.
M

o
re

ov
er

,
th

e
co

va
ri

an
ce

fu
n

ct
io

n
s

of
F

in
vo

lv
ed

in
th

is
p

ap
er

ar
e

m
u

lt
i-

ou
tp

u
t

co
va

ri
a
n

ce
fu

n
ct

io
n

s
w

h
il

e
V

G
P

D
S

ad
op

ts
si

n
gl

e-
ou

tp
u

t
co

va
ri

an
ce

fu
n

ct
io

n
s.

A
s

a
re

su
lt

,
ou

r
m

o
d

el
is

m
or

e
fl

ex
ib

le
an

d
ch

al
le

n
gi

n
g.

F
or

ex
am

p
le

,
th

e
ca

lc
u

la
ti

on
of

st
at

is
ti

cs
of
ψ

0
,
ψ

1
a
n

d
ψ

2
is

m
o
re

co
m

p
le

x
,

as
w

el
l

as
th

e
d

er
iv

at
iv

es
of

th
e

p
ar

am
et

er
s.

3
.1

C
o
m

p
u

ta
ti

o
n

o
f
ψ

0
,
ψ

1
,
ψ

2

R
ec

al
l

th
at

th
e

lo
w

er
b

ou
n

d
in

(2
1)

re
q
u

ir
es

co
m

p
u

ti
n

g
th

e
st

at
is

ti
cs
{ψ

0
,ψ

1
,ψ

2
}.

W
e

n
ow

d
et

ai
l

h
ow

to
ca

lc
u

la
te

th
em

.
ψ

0
is

a
sc

al
ar

th
at

ca
n

b
e

ca
lc

u
la

te
d

as

ψ
0

=
N ∑ n
=

1

D ∑ d
=

1

∫
κ
f
d
,f
d
(x
n
,x

n
)N

(x
n
|µ
n
,S

n
)
d
x
n

=

D ∑ d
=

1

K ∑ k
=

1

N
S
d
,k
S
d
,k

(2
π

)Q 2
|2
P
d

+
Λ
k
|1 2

.

(2
3)

ψ
1

is
a
V
×
W

m
at

ri
x

w
h

os
e

el
em

en
ts

ar
e

ca
lc

u
la

te
d

as
1

(ψ
1
) v
,w

=

∫
κ
f
d
,u
k
(x
n
,z
m

)N
(x
n
|µ
n
,S

n
)d

x
n

=
S
d
,k
N

(z
m
|µ
n
,P

d
+

Λ
k

+
S
n
)
,

(2
4
)

w
h

er
e
V

=
N
×
D

,
W

=
M
×
K

,
d

=
bv
−

1
N
c+

1,
n

=
v
−

(d
−

1)
N

,
k

=
bw
−

1
M
c+

1
a
n
d

m
=
w
−

(k
−

1)
M

.
H

er
e

th
e

sy
m

b
ol

“b
c”

m
ea

n
s

ro
u

n
d

in
g

d
ow

n
.
ψ

2
is

a
W
×
W

m
a
tr

ix
w

h
os

e
el

em
en

ts
ar

e
ca

lc
u
la

te
d

as

(ψ
2
) w
,w
′

=
D ∑ d
=

1

N ∑ n
=

1

∫
κ
f
d
,u
k
(x
n
,z
m

)κ
f
d
,u
k
′(

x
n
,z
m
′ )
N

(x
n
|µ
n
,S

n
)d

x
n

=
D ∑ d
=

1

N ∑ n
=

1

S
d
,k
S
d
,k
′ N

(z
m
|z
m
′ ,

2
P
d

+
Λ
k

+
Λ
k
′ )
N

(z
m

+
z
m
′

2
|µ
n
,Σ

ψ
2
),

(2
5)

1
.
W
e
b
o
rr
ow

th
e
d
en

si
ty

fo
rm

u
la
ti
o
n
s
to

ex
p
re
ss
ψ

1
a
s
w
el
l
a
s
ψ

2
.

9
JM

L
R

 1
7(

12
1)

:1
-3

6

Z
h
a
o

a
n
d

S
u
n

w
h

er
e
k

=
bw
−

1
M
c+

1,
m

=
w
−

(k
−

1
)M

,
k
′

=
bw
′ −

1
M
c+

1,
m
′

=
w
′ −

(k
′ −

1
)M

a
n

d
Σ
ψ
2

=
(P

d
+

Λ
k
)>

(2
P
d

+
Λ
k

+
Λ
k
′ )
−

1
(P

d
+

Λ
k
′ )

+
S
n
.

3
.2

C
o
n

ju
g
a
te

G
ra

d
ie

n
t

B
a
se

d
O

p
ti

m
iz

a
ti

o
n

T
h

e
p

ar
am

et
er

s
in

vo
lv

ed
in

(2
1
)

in
cl

u
d

e
th

e
m

o
d
el

p
a
ra

m
et

er
s
{β
,θ
x
,θ
f
}

a
n

d
th

e
va

ri
a-

ti
on

al
p

ar
a
m

et
er

s
{{
µ
q
,S

q
}Q q

=
1
,Z
}.

In
or

d
er

to
re

d
u

ce
th

e
va

ri
a
ti

on
a
l

p
a
ra

m
et

er
s

to
b

e
op

ti
m

iz
ed

an
d

sp
ee

d
u

p
co

n
ve

rg
en

ce
,

w
e

re
p

ar
a
m

et
er

iz
e

th
e

va
ri

a
ti

on
a
l

p
ar

a
m

et
er

s
µ
q

an
d

S
q

to
µ̄
q

an
d
λ
q

as
d

o
n

e
in

O
p

p
er

a
n

d
A

rc
h

am
b

ea
u

(2
00

9
)

a
n

d
D

am
ia

n
o
u

et
al

.
(2

0
1
1
)

µ
q

=
K

t,
t
µ̄
q
,

(2
6)

S
q

=
( K
−

1
t,
t

+
d
ia
g
(λ

q
)) −

1
,

(2
7)

w
h

er
e
d
ia
g
(λ

q
)

=
−

2
∂
L̂

∂
S
q

is
an

N
×
N

d
ia

g
o
n

a
l,

p
o
si

ti
ve

m
at

ri
x

w
h

o
se

N
-d

im
en

si
on

al

d
ia

go
n

a
l

is
d

en
ot

ed
b
y
λ
q
,

an
d
µ̄
q

=
∂
L̂

∂
µ
q

is
a
n
N

-d
im

en
si

o
n

a
l

ve
ct

or
.

N
ow

th
e

va
ri

a
ti

o
n

al

p
a
ra

m
et

er
s

to
b

e
o
p

ti
m

iz
ed

a
re
{{
µ̄
q
,λ

q
}Q q

=
1
,Z
}.

T
h

en
th

e
d

er
iv

a
ti

v
es

o
f

th
e

lo
w

er
b

ou
n

d
L

w
it

h
re

sp
ec

t
to

th
e

va
ri

a
ti

on
al

p
ar

a
m

et
er

s
µ̄
q

an
d
λ
q

b
ec

o
m

e

∂
L

∂
µ̄
q

=
K

t,
t

(
∂
L̂

∂
µ
q
−
µ̄
q

)
,

(2
8
)

∂
L

∂
λ
q

=
−

(S
q
◦S

q
)

(
∂
L̂

∂
S
q

+
1 2
λ
q

)
.

(2
9)

A
ll

th
e

p
a
ra

m
et

er
s

a
re

jo
in

tl
y

o
p
ti

m
iz

ed
b
y

th
e

sc
a
le

d
co

n
ju

g
at

e
g
ra

d
ie

n
t

m
et

h
o
d

to
m

ax
im

iz
e

th
e

lo
w

er
b

ou
n

d
in

(2
1
).

T
h

e
d

et
a
il

ed
g
ra

d
ie

n
ts

w
it

h
re

sp
ec

t
to

th
e

p
ar

am
et

er
s

ar
e

gi
v
en

in
A

p
p

en
d

ix
B

.

4
.
P
re
d
ic
ti
o
n

T
h

e
p

ro
p

os
ed

m
o
d

el
ca

n
p

er
fo

rm
p

re
d

ic
ti

o
n

fo
r

co
m

p
le

x
d

y
n

am
ic

a
l

sy
st

em
s

in
tw

o
si

tu
a
-

ti
on

s.
O

n
e

is
p
re

d
ic

ti
o
n

w
it

h
o
n

ly
ti

m
e

an
d

th
e

o
th

er
is

p
re

d
ic

ti
o
n

w
it

h
ti

m
e

a
n

d
p

ar
ti

al
ob

se
rv

at
io

n
s.

In
ad

d
it

io
n

,
it

ca
n

b
e

a
d

ap
te

d
to

re
g
re

ss
io

n
m

o
d

el
s.

4
.1

P
re

d
ic

ti
o
n

w
it

h
O

n
ly

T
im

e

If
th

e
m

o
d

el
is

le
ar

n
ed

w
it

h
tr

ai
n

in
g

d
a
ta

Y
,

o
n

e
ca

n
p

re
d

ic
t

n
ew

ou
tp

u
ts

w
it

h
o
n

ly
g
iv

en
ti

m
e.

In
th

e
B

ay
es

ia
n

fr
a
m

ew
o
rk

,
w

e
n

ee
d

to
co

m
p

u
te

th
e

p
o
st

er
io

r
d

is
tr

ib
u

ti
o
n

o
f

th
e

p
re

d
ic

te
d

ou
tp

u
ts
Y
∗
∈

R
N
∗×
D

o
n

so
m

e
gi

ve
n

ti
m

e
in

st
a
n
ts

t ∗
∈

R
N
∗
.

T
h

e
ex

p
ec

ta
ti

on
is

u
se

d
as

th
e

es
ti

m
a
te

an
d

th
e

a
u

to
co

va
ri

an
ce

is
u

se
d

to
sh

ow
th

e
p

re
d

ic
ti

on
u

n
ce

rt
a
in

ty
.

W
it

h
th

e
p

ar
am

et
er

s
a
s

w
el

l
as

ti
m

e
t

a
n

d
t ∗

o
m

it
te

d
,

th
e

p
o
st

er
io

r
d

en
si

ty
is

g
iv

en
b
y

p
(Y
∗|Y

)
=

∫
p
(Y
∗|F
∗)
p
(F
∗|X
∗,
Y

)p
(X
∗|Y

)d
F
∗d
X
∗,

(3
0
)

w
h

er
e
F
∗
∈

R
N
∗×
D

d
en

ot
es

th
e

se
t

o
f

la
te

n
t

va
ri

a
b

le
s

(t
h

e
n

o
is

e-
fr

ee
ve

rs
io

n
of
Y
∗)

a
n

d
X
∗
∈
R
N
∗×
Q

re
p

re
se

n
ts

th
e

la
te

n
t

va
ri

ab
le

s
in

th
e

lo
w

d
im

en
si

o
n

a
l

sp
a
ce

.
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V
a
r
ia

t
io

n
a
l

D
e
p
e
n
d
e
n
t

M
u
lt

i-o
u
t
p
u
t

G
P

D
S

T
h

e
d

istrib
u

tion
p
(F
∗ |X
∗ ,Y

)
is

a
p

p
rox

im
a
ted

b
y

th
e

va
ria

tio
n

a
l

d
istrib

u
tio

n

p
(F
∗ |X
∗ ,Y

)≈
q(f∗ |X

∗ )
=

∫
p
(f∗ |u

,X
∗ )q(u

)d
u
,

(3
1)

w
h

ere
f >∗

=
[f >∗1 ,...,f >∗D

],
an

d
p
(f∗ |u

,X
∗ )

is
G

a
u

ssia
n

.
S

in
ce

th
e

o
p

tim
al

settin
g

fo
r
q(u

)
in

ou
r

va
ria

tion
al

fra
m

ew
o
rk

is
a
lso

fo
u

n
d

to
b

e
G

a
u

ssia
n

,
q(f∗ |X

∗ )
is

G
a
u

ssia
n

th
at

can
b

e
co

m
p

u
ted

a
n

a
ly

tically.
T

h
e

d
istrib

u
tio

n
p

(X
∗ |Y

)
is

a
p

p
rox

im
a
ted

b
y

th
e

va
ria

tio
n

al
d

istrib
u

tio
n
q

(X
∗ )

w
h

ich
is

G
a
u

ssia
n

.
G

iven
p
(F
∗ |X
∗ ,Y

)
a
p

p
rox

im
ated

b
y
q(f∗ |X

∗ )
a
n

d
p
(X
∗ |Y

)
a
p

p
rox

im
a
ted

b
y
q(X

∗ ),
th

e
p

o
sterio

r
d

en
sity

o
f
f∗

(th
e

n
o
ise-free

versio
n

o
f
y
∗ )

is
n

ow
a
p
p

rox
im

a
ted

b
y

p
(f∗ |Y

)
=

∫
q(f∗ |X

∗ )q(X
∗ )d

X
∗ .

(32
)

T
h

e
sp

ecifi
c

fo
rm

u
latio

n
s

o
f

th
e

d
istrib

u
tio

n
s
p
(f∗ |u

,X
∗ ),

q(f∗ |X
∗ )

a
n

d
q

(X
∗ )

a
re

g
iven

in
A

p
p

en
d

ix
C

a
s

a
m

o
re

co
m

p
reh

en
siv

e
treatm

en
t.

H
ow

ever,
th

e
in

teg
ra

tion
of
q(f∗ |X

∗ )
w

.r.t
q(X

∗ )
is

n
o
t

an
a
ly

tica
lly

fea
sib

le.
F

ollow
in

g
D

am
ia

n
ou

et
a
l.

(2
01

1
),

w
e

giv
e

th
e

ex
p

ecta
tio

n
o
f
f∗

a
sE

(f∗ )
a
n

d
its

elem
en

t-w
ise

au
to

co
-

va
ria

n
ce

a
s

vecto
rC

(f∗ )
w

h
o
se

(ñ
×
d
)th

en
try

isC
(f
ñ
d )

w
ith

ñ
=

1,...,N
∗

a
n

d
d

=
1,...,D

.

E
(f∗ )

=
ψ

1∗ b
,

(33
)

C
(f
ñ
d )

=
b
>

(ψ
d2
ñ −

(ψ
d1
ñ
) >
ψ
d1
ñ
)b

+
ψ
d0∗ −

T
r [(K

−
1

u
,u −

(K
u
,u

+
β
ψ

2 ) −
1)ψ

d2∗ ]
,

(34
)

w
h

ere
ψ

1∗
=
〈K

f∗
,u 〉

q
(X
∗
) ,

b
=
β

(K
u
,u

+
β
ψ

2 ) −
1ψ
>1

y
,
ψ
d1
ñ

=
〈K

f
ñ
d
,u 〉

q
(x
ñ

) ,
ψ
d2
ñ

=
〈K

u
,f
ñ
d

K
f
ñ
d
,u 〉

q
(x
ñ

) ,
ψ
d0∗

=
T

r(〈K
f∗
d
,f∗
d 〉
q
(X
∗
) )

an
d
ψ
d2∗

=
〈K

u
,f∗
d K

f∗
d
,u 〉

q
(X
∗
) .

S
in

ce
Y
∗

is
th

e
n

o
isy

versio
n

o
f
F
∗ ,

th
e

ex
p

ectatio
n

a
n

d
elem

en
t-w

ise
a
u

to
cova

ria
n

ce
o
f
Y
∗

a
reE

(y
∗ )

=
E

(f∗ )
a
n

d
C

(y
∗ )

=
C

(f∗ )
+
β
−

11
N
∗
D

,
w

h
ere

y
>∗

=
[y
>∗
1 ,...,y

>∗
D

].

4
.2

P
re

d
ic

tio
n

w
ith

T
im

e
a
n

d
P

a
rtia

l
O

b
se

rv
a
tio

n
s

P
red

iction
w

ith
tim

e
a
n

d
p

a
rtia

l
o
b

serva
tion

s
ca

n
b

e
d

iv
id

ed
in

to
tw

o
ca

ses.
In

o
n

e
ca

se,
w

e
n

eed
to

p
red

ict
Y
m∗
∈

R
N
∗ ×
D
m

w
h

ich
rep

resen
ts

th
e

o
u

tp
u

ts
o
n

m
issin

g
d

im
en

sio
n

s,
g
iven

Y
p
t
∗
∈
R
N
∗ ×
D
p

w
h

ich
rep

resen
ts

th
e

o
u

tp
u

ts
o
b

served
o
n

p
a
rtia

l
d

im
en

sio
n

s.
W

e
ca

ll
th

is
ta

sk
reco

n
stru

ction
.

In
th

e
o
th

er
ca

se,
w

e
n

eed
to

p
red

ict
Y
n∗
∈
R
N
∗m ×

D
w

h
ich

m
ea

n
s

th
e

o
u

tp
u

ts
a
t

th
e

n
ex

t
tim

e,
given

Y
p
v
∗
∈
R
N
∗p ×
D

w
h

ich
m

ea
n

s
th

e
o
u

tp
u

ts
ob

served
o
n

all
d

im
en

sio
n

s
a
t

th
e

p
rev

iou
s

tim
e.

W
e

ca
ll

th
is

task
foreca

stin
g
.

F
o
r

th
e

task
of

reco
n

stru
ctio

n
,

w
e

sh
o
u

ld
co

m
p

u
te

th
e

p
o
sterio

r
d

en
sity

o
f
Y
m∗

w
h

ich
is

given
b

elow
(D

am
ia

n
o
u

et
al.,

20
1
1)

p
(Y

m∗ |Y
p
t
∗
,Y

)
=

∫
p
(Y

m∗ |F
m∗

)p
(F

m∗ |X
∗ ,Y

p
t
∗
,Y

)p
(X
∗ |Y

p
t
∗
,Y

)d
F
m∗
d
X
∗ .

(3
5)

p
(X
∗ |Y

p
t
∗
,Y

)
is

a
p

p
rox

im
a
ted

b
y

a
G

a
u

ssia
n

d
istrib

u
tio

n
q(X

∗ )
w

h
o
se

p
a
ra

m
eters

n
eed

to
b

e
o
p

tim
ized

fo
r

th
e

sake
of

co
n

sid
erin

g
th

e
p

a
rtial

o
b

servatio
n

s
Y
p
t
∗

.
T

h
is

req
u
ires

m
a
x
im

izin
g

a
n

ew
low

er
b

o
u

n
d

of
log

p
(Y
,Y

p
t
∗

)
w

h
ich

can
b

e
ex

p
ressed

a
s

L̃
=

log [
β
N
D

+
N
∗
D
p

2
|K

u
,u |

12

(2π
)
N
D

+
N
∗
D
p

2
|β
ψ̃

2 +
K

u
,u |

12

ex
p{−

12
ỹ
>
W̃

ỹ} ]

−
β
ψ̃

0

2
+
β2

T
r(K

−
1

u
,u
ψ̃

2 )−
K

L
[q(X

,X
∗ )||p

(X
,X
∗ )|t,t∗ )],

(3
6)
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Z
h
a
o

a
n
d

S
u
n

w
h

ere
W̃

=
β
I
−
β

2ψ̃
1 (β

ψ̃
2

+
K

u
,u

) −
1ψ̃
>1

,
ψ̃

0
=

T
r(〈K

f̃,f̃ 〉
q
(X
,X
∗
) ),

ψ̃
1

=
〈K

f̃,u 〉
q
(X
,X
∗
)

an
d
ψ̃

2
=
〈K

u
,f̃ K

f̃,u 〉
q
(X
,X
∗
) .

T
h

e
vector

ỹ
sp

lices
th

e
v
ectorizatio

n
of

m
atrix

Y
a
n

d
th

e

vectoriza
tion

of
m

atrix
Y
p
t
∗

,
i.e.

ỹ
=

[v
ec(Y

);v
ec(Y

p
t
∗

)].
T

h
e

v
ector

f̃
corresp

on
d

s
to

th
e

n
oise-free

version
of

ỹ
.

M
oreov

er,
p

aram
eters

of
th

e
n

ew
variation

al
d

istrib
u

tion
q(X

,X
∗ )

are
join

tly
op

tim
ized

b
ecau

se
of

th
e

cou
p

lin
g

of
X

an
d
X
∗ .

T
h

en
th

e
m

arg
in

al
d

istrib
u

tion
q(X

∗ )
is

ob
tain

ed
from

q(X
,X
∗ ).

N
ote

th
at

w
h

en
m

u
ltip

le
seq

u
en

ces
su

ch
as
X
∗

an
d
X

are
in

d
ep

en
d

en
t,

on
ly

th
e

sep
arated

variation
al

d
istrib

u
tion

q(X
∗ )

is
op

tim
ized

.

F
or

th
e

ta
sk

o
f

forecastin
g,

w
e

fo
cu

s
on

real-tim
e

fo
recastin

g
fo

r
w

h
ich

th
e

ou
tp

u
ts

are
d

ep
en

d
en

t
o
n

th
e

p
rev

iou
s

on
es

an
d

th
e

train
in

g
set

Y
is

n
ot

u
sed

in
th

e
p
red

iction
stage.

T
h

e
variation

al
d

istrib
u

tion
q(X

∗ )
can

b
e

d
irectly

co
m

p
u

ted
as

(70
).

T
h

en
th

e
p

osterio
r

d
en

sity
of
Y
n∗

is
com

p
u

ted
as

(66),
b

u
t

w
ith

Y
∗

an
d
Y

rep
laced

w
ith

Y
n∗

an
d
Y
p
v
∗

,
resp

ectively.E
(y
n∗
)

is
th

e
estim

ate
of

th
e

ou
tp

u
t
Y
n∗
.

A
n

ap
p

lica
tion

fo
r

forecastin
g

is
given

in
S

ection
6.3.

4
.3

A
d

a
p

ta
tio

n
to

R
e
g
re

ssio
n

M
o
d

e
ls

S
in

ce
th

e
V

D
M

-G
P

D
S

can
b

een
seen

as
a

m
u

lti-layer
regression

m
o
d

el
w

h
ich

regard
s

tim
e

in
d

ices
as

in
p

u
ts

a
n

d
ob

servation
s

as
ou

tp
u

ts.
It

can
b

e
fl
ex

ib
ly

ex
ten

d
ed

to
solve

regression
p

ro
b

lem
s.

S
p

ecifi
cally,

th
e

tim
e

in
d

ices
in

th
e

d
y
n

am
ica

l
sy

stem
s

a
re

rep
laced

w
ith

th
e

o
b

served
in

p
u

t
d

a
ta

V
.

In
ad

d
ition

,
th

e
kern

el
fu

n
ction

s
for

th
e

laten
t

variab
les

X
are

rep
laced

b
y

som
e

ap
p

rop
riate

fu
n

ction
s

su
ch

as
au

tom
atic

relevan
ce

d
eterm

in
ation

(A
R

D
)

kern
els:

κ
x (v

,v
′)

=
σ

2a
r
d e

12

∑
Pp
=
1
ω
p
(v
p −
v ′p

)
2.

(37)

M
o
d

el
in

feren
ce

an
d

op
tim

ization
rem

ain
th

e
sam

e
ex

cep
t

for
som

e
ch

an
ges

for
m

o
d

el
p

ara
m

eters
θ
x .

C
o
m

p
ared

w
ith

oth
er

d
ep

en
d

en
t

m
u

lti-ou
tp

u
t

regression
m

o
d

els
su

ch
a
s

th
e

C
M

O
G

P
,

th
e

V
D

M
-G

P
D

S
can

ach
ieve

m
u

ch
b

etter
p

erfo
rm

an
ce.

T
h

is
co

u
ld

b
e

attrib
u

ted
to

its
u

se
of

la
ten

t
layers.

5
.
R
e
la
te
d

W
o
rk

D
am

ian
ou

et
al.

(2011)
d

escrib
ed

a
G

P
d

y
n

am
ical

sy
stem

w
ith

variatio
n
al

B
ayesian

in
fer-

en
ce

ca
lled

V
G

P
D

S
in

w
h

ich
th

e
laten

t
varia

b
les

X
are

im
p

osed
a

G
P

p
rior

to
m

o
d

el
th

e
d

y
n

a
m

ica
l

d
riv

in
g

force
an

d
cap

tu
re

th
e

h
igh

d
im

en
sion

al
d

ata
’s

ch
ara

cteristics.
A

fter
in

-
tro

d
u

cin
g

in
d
u

cin
g

p
oin

ts,
th

e
laten

t
variab

les
are

variation
a
lly

in
tegrated

ou
t.

T
h

e
ou

tp
u

ts
of

V
G

P
D

S
are

gen
erated

from
m

u
ltip

le
in

d
ep

en
d

en
t

G
P

s
w

ith
th

e
sa

m
e

la
ten

t
varia

b
les

X
an

d
th

e
sam

e
p

ara
m

eters,
resu

ltin
g

in
th

e
ad

va
n
tage

th
at

V
G

P
D

S
can

h
an

d
le

h
igh

d
im

en
-

sion
al

situ
a
tion

s.
H

ow
ever,

th
e

ex
p

licit
d

ep
en

d
en

cy
am

on
g

th
e

m
u

ltip
le

ou
tp

u
ts

is
ign

ored
in

th
is

m
o
d

el,
w

h
ile

th
is

k
in

d
of

d
ep

en
d

en
cy

is
very

im
p

ortan
t

fo
r

m
an

y
ap

p
lica

tion
s.

In
con

trast,
th

e
C

M
O

G
P

(Á
lvarez

an
d

L
aw

ren
ce,

2011)
an

d
G

P
R

N
(W

ilson
et

a
l.,

2012)
m

o
d

el
th

e
d

ep
en

d
en

cy
of

d
iff

eren
t

ou
tp

u
ts

th
rou

gh
con

volved
p

ro
cess

covarian
ce

fu
n

ction
s

an
d

an
ad

ap
tive

n
etw

ork
,

resp
ectively.

N
everth

eless,
th

ese
tw

o
m

eth
o
d

s
are

n
ot

d
irectly

su
itab

le
for

d
y
n

a
m

ical
sy

stem
m

o
d

elin
g.

If
ap

p
lied

to
d

y
n

am
ical

sy
stem

s
w

ith
tim

e
as

in
p

u
ts,

th
ey

can
n

ot
w

ell
cap

tu
re

th
e

com
p

lex
ity

of
d

y
n

am
ical

sy
stem

s
b

ecau
se

th
ere

is
on

ly
on

e
n

on
lin

ear
m

ap
p

in
g

b
etw

een
th

e
in

p
u

t
an

d
ou

tp
u

t
in

clu
d

ed
.
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V
a
r
ia

t
io

n
a
l

D
e
p
e
n
d
e
n
t

M
u
lt

i-
o
u
t
p
u
t

G
P

D
S

O
u

r
m

o
d

el
is

ca
p

ab
le

of
ca

p
tu

ri
n

g
th

e
d

ep
en

d
en

cy
am

on
g

ou
tp

u
ts

as
w

el
l

as
m

o
d
el

in
g

th
e

d
y
n

am
ic

al
ch

ar
ac

te
ri

st
ic

s.
It

is
al

so
ve

ry
d

iff
er

en
t

fr
om

th
e

G
P

D
M

(W
a
n

g
et

a
l.

,
2
0
0
6,

20
08

)
w

h
ic

h
m

o
d

el
s

th
e

va
ri

an
ce

of
ea

ch
ou

tp
u

t
w

it
h

d
iff

er
en

t
sc

al
e

p
ar

am
et

er
s

a
n

d
em

p
lo

y
s

M
ar

ko
v

d
y
n

am
ic

al
p

ri
or

on
th

e
la

te
n
t

va
ri

ab
le

s.
T

h
e

G
au

ss
ia

n
p

ri
or

fo
r

th
e

la
te

n
t

va
ri

a
b

le
s

in
th

e
V

D
M

-G
P

D
S

ca
n

m
o
d

el
th

e
d

y
n

am
ic

al
ch

ar
ac

te
ri

st
ic

s
in

th
e

sy
st

em
s

b
et

te
r

th
a
n

th
e

M
ar

ko
v

d
y
n

am
ic

al
p

ri
or

,
si

n
ce

it
ca

n
m

o
d

el
d

iff
er

en
t

k
in

d
s

of
d

y
n
am

ic
s

b
y

u
si

n
g

d
iff

er
en

t
ke

rn
el

s
su

ch
as

u
si

n
g

p
er

io
d

ic
k
er

n
el

s
to

m
o
d

el
p

er
io

d
ic

it
y.

M
or

eo
ve

r,
in

co
n
tr

a
st

to
th

e
G

P
D

M
th

at
es

ti
m

at
es

th
e

la
te

n
t

va
ri

ab
le

s
X

th
ro

u
g
h

th
e

M
A

P
,

th
e

V
D

M
-G

P
D

S
in

te
g
ra

te
s

ou
t

th
e

la
te

n
t

va
ri

ab
le

s
w

it
h

va
ri

at
io

n
al

m
et

h
o
d

s.
T

h
is

is
in

th
e

sa
m

e
sp

ir
it

o
f

th
e

te
ch

n
iq

u
e

u
se

d
in

D
am

ia
n

ou
et

al
.

(2
01

1)
,

w
h

ic
h

ca
n

p
ro

v
id

e
a

p
ri

n
ci

p
le

d
ap

p
ro

ac
h

to
h

a
n

d
le

u
n

ce
r-

ta
in

ty
in

th
e

la
te

n
t

sp
ac

e
an

d
d

et
er

m
in

e
it

s
p

ri
n

ci
p

al
d

im
en

si
on

s
au

to
m

at
ic

a
ll
y.

In
a
d

d
it

io
n

,
th

e
m

u
lt

ip
le

ou
tp

u
ts

in
ou

r
m

o
d

el
ar

e
m

o
d

el
ed

b
y

co
n
vo

lu
ti

on
p

ro
ce

ss
es

a
s

in
Á

lv
a
re

z
a
n

d
L

aw
re

n
ce

(2
01

1)
,

w
h

ic
h

ca
n

fl
ex

ib
ly

ca
p

tu
re

th
e

co
rr

el
at

io
n

s
am

on
g

th
e

ou
tp

u
ts

.

6
.
E
x
p
e
ri
m
e
n
ts

In
th

is
p

ar
t,

w
e

d
es

ig
n

fi
ve

ex
p

er
im

en
ts

to
ev

al
u
a
te

ou
r

m
o
d

el
fo

r
fo

u
r

d
iff

er
en

t
k
in

d
s

of
ap

p
li

ca
ti

on
s

in
cl

u
d

in
g

p
re

d
ic

ti
on

w
it

h
on

ly
ti

m
e

as
in

p
u

ts
,

re
co

n
st

ru
ct

io
n

o
f

th
e

m
is

si
n

g
d

at
a,

re
al

-t
im

e
fo

re
ca

st
in

g
an

d
so

lv
in

g
ro

b
ot

in
ve

rs
e

d
y
n

am
ic

s
p

ro
b

le
m

.
T

w
o

ex
p

er
im

en
ts

ar
e

p
er

fo
rm

ed
on

sy
n
th

et
ic

d
at

a
an

d
th

re
e

on
re

al
-w

or
ld

d
at

a.
A

n
u

m
b

er
o
f

m
o
d

el
s

su
ch

as
th

e
C

M
O

G
P

/C
O

G
P

,
G

P
D

M
,

V
G

P
D

S
an

d
V

D
M

-G
P

D
S

ar
e

te
st

ed
o
n

th
e

d
at

a.
T

h
e

ro
ot

m
ea

n
sq

u
ir

e
er

ro
r

(R
M

S
E

)
an

d
m

ea
n

st
an

d
ar

d
iz

ed
lo

g
lo

ss
(M

S
L

L
)

(R
a
sm

u
ss

en
a
n

d
W

il
li

am
s,

20
06

)
ar

e
ta

ke
n

as
th

e
p

er
fo

rm
an

ce
m

ea
su

re
s.

In
p

ar
ti

cu
la

r,
le

t
Ŷ
∗

b
e

th
e

es
ti

m
at

e
of

m
at

ri
x
Y
∗ ,

an
d

th
en

th
e

R
M

S
E

ca
n

b
e

fo
rm

u
la

te
d

as

R
M

S
E

(Y
∗ ,
Ŷ
∗ )

=

[
1 D

1 N

∑ d

∑ n

(y
∗d n
−
ŷ
∗d n

)2

]1 2

.
(3

8)

M
S

L
L

is
th

e
m

ea
n

n
eg

at
iv

e
lo

g
p

ro
b

ab
il

it
y

of
al

l
th

e
te

st
d

at
a

u
n

d
er

th
e

le
a
rn

ed
m

o
d

el
Γ

an
d

tr
ai

n
in

g
d

at
a
Y

,
w

h
ic

h
ca

n
b

e
fo

rm
u

la
te

d
as

M
S

L
L

(Y
∗ ,

Γ
)

=
1 N

∑ n

{−
lo

g
p
(y
∗ n|

Γ
,Y

)}
.

(3
9)

T
h

e
lo

w
er

va
lu

e
of

th
e

R
M

S
E

an
d

M
S
L

L
w

e
ge

t,
th

e
b

et
te

r
th

e
p

er
fo

rm
an

ce
o
f

th
e

m
o
d

el
is

.
O

u
r

co
d
e

is
im

p
le

m
en

te
d

b
as

ed
on

th
e

fr
am

ew
or

k
of

p
u

b
li

cl
y

av
ai

la
b

le
co

d
e

fo
r

th
e

V
G

P
D

S
an

d
C

M
O

G
P

.

6
.1

S
y
n
th

e
ti

c
D

a
ta

In
th

is
se

ct
io

n
,

w
e

ev
al

u
at

e
ou

r
m

et
h

o
d

on
sy

n
th

et
ic

d
at

a
ge

n
er

at
ed

fr
om

a
co

m
p

le
x

d
y
n

a
m

-
ic

al
sy

st
em

.
T

h
e

la
te

n
t

va
ri

ab
le

s
X

ar
e

in
d

ep
en

d
en

tl
y

ge
n

er
at

ed
b
y

th
e

O
rn

st
ei

n
-U

h
le

n
b

ec
k

(O
U

)
p

ro
ce

ss
(A

rc
h

am
b

ea
u

et
al

.,
20

07
)

d
x
q

=
−
γ
x
q
d
t

+
√
σ

2
d
W
,

q
=

1,
..
.,
Q
.

(4
0)

T
h

e
ou

tp
u

ts
Y

ar
e

ge
n

er
at

ed
th

ro
u

gh
a

m
u

lt
i-

ou
tp

u
t

G
P

y d
(x

)
∼
GP

(0
,κ

f
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th

is
lo

w
er

b
ou

n
d

is
g
iv

en
b
y
q(

u
)

=

e〈
lo

g
N

(y
|K

f
,u
K
−
1

u
,u
u
,β
−
1
I
)〉
q
(X

)
p
(u

),
w

h
ic

h
is

an
al

y
ti

ca
ll

y
G

au
ss

ia
n

q(
u

)
∝
N

(β
y
>
ψ

1
K

u
,u

(β
ψ

2
+

K
u
,u

)−
1
ψ
> 1

y
,K

u
,u

(β
ψ

2
+

K
u
,u

)−
1
),

(5
4)

w
h

er
e
ψ

0
=

T
r(
〈K

f,
f
〉 q(

X
))

,
ψ

1
=
〈K

f,
u
〉 q(

X
)

an
d
ψ

2
=
〈K

u
,f
K

f,
u
〉 q(

X
).

T
h

e
cl

o
se

d
-f

o
rm

o
f

th
e

lo
w

er
b

ou
n

d
of

th
e

ap
p

ro
x
im

at
ed

m
ar

gi
n

al
lo

g-
li

ke
li
h

o
o
d

d
efi

n
ed

as
L

is
g
iv

en
b
y

L
=

lo
g

[
β
N
D 2
|K

u
,u
|1 2

|2
π
|N

D 2
|β
ψ

2
+

K
u
,u
|1 2

ex
p
{−

1 2
y
>
W

y
}]

−
β
ψ

0

2
+
β 2

T
r(

K
−

1
u
,u
ψ

2
)
−

K
L

[q
(X

)||
p
(X
|t)

],

(5
5)

w
h

er
e
W

=
β
I
−
β

2
ψ

1
(β
ψ

2
+

K
u
,u

)−
1
ψ
> 1

.
G

iv
en

th
e

ab
ov

e,
w

e
ca

n
ob

ta
in

th
e

fi
n

al
fo

rm
u

-
la

ti
on

of
th

e
lo

w
er

b
ou

n
d

in
(2

1)
w

h
ic

h
h

as
th

e
si

m
il

ar
fo

rm
u

la
ti

on
w

it
h

D
a
m

ia
n

o
u

et
a
l.

(2
01

1)
.

B
u

t
ac

tu
al

ly
th

ey
ar

e
n

ot
th

e
sa

m
e.
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Z
h
a
o

a
n
d

S
u
n

A
p
p
e
n
d
ix

B
.
G
ra

d
ie
n
ts

w
it
h

R
e
sp

e
ct

to
th

e
P
a
ra

m
e
te
rs

T
h

e
p

ar
am

et
er

s
in

vo
lv

ed
in

th
e

p
ro

p
os

ed
m

o
d

el
in

cl
u

d
e

th
e

m
o
d

el
p

ar
am

et
er

s
{β
,θ
x
,θ
f
}

a
n

d
th

e
va

ri
at

io
n

a
l
p

ar
am

et
er

s
{{
µ̄
q
,λ

q
}Q q

=
1
,Z
}a

ft
er

re
p

ar
am

et
er

iz
in

g
{µ

q
,S

q
}Q q

=
1
.

A
ll

th
e

p
a
ra

m
et

er
s

ar
e

jo
in

tl
y

o
p

ti
m

iz
ed

b
y

m
a
x
im

iz
in

g
th

e
lo

w
er

b
o
u

n
d

in
(2

1
)

w
it

h
th

e
sc

a
le

d
co

n
ju

ga
te

gr
ad

ie
n
t

m
et

h
o
d

.
H

er
e

w
e

g
iv

e
th

e
d

et
a
il

ed
g
ra

d
ie

n
ts

o
f

a
ll

th
e

p
ar

am
et

er
s.

N
ot

e
th

at
in

o
u

r
m

o
d

el
th

e
d

im
en

si
o
n

a
li

ty
o
f

th
e

la
te

n
t

va
ri

ab
le
U

is
on

e
(K

=
1
).

S
o

th
e

st
a
ti

st
ic

s
su

ch
a
s
S
d
,k

,
Λ
k
,
W

a
re

ch
a
n

g
ed

to
s d

,
Λ

,
M

h
er

e.
In

o
rd

er
to

si
m

p
li

fy
th

e
ex

p
re

ss
io

n
s,

w
e

d
efi

n
e

Σ
ψ
0

=
2P

d
+

Λ
,

Σ
ψ
1

=
P
d

+
Λ

+
S
n
,

Σ
ψ
2
1

=
2
(P

d
+

Λ
),

Σ
ψ
2
2

=
P
d
+

Λ
2

+
S
n
,

C
−

1
=
β
−

1
K

u
,u

+
ψ

2
.

z
is

eq
u

iv
a
le

n
t

to
z
m

a
n

d
z
′ i

s
eq

u
iv

al
en

t
to

z
m
′ .

T
h

e
sy

m
b

o
l
| q

af
te

r
a

m
at

ri
x

m
ea

n
s

th
e
qt

h
co

lu
m

n
of

th
e

m
a
tr

ix
.

B
ec

au
se

of
th

e
re

p
ar

am
et

er
iz

at
io

n
,

w
e

n
ee

d
to

ca
lc

u
la

te
th

e
g
ra

d
ie

n
ts

of
L̂

w
it

h
re

sp
ec

t
to
µ
q
,
S
q

an
d

th
en

o
b

ta
in

th
e

gr
a
d

ie
n
ts

o
f
L

w
it

h
re

sp
ec

t
to
µ̄
q
,
λ
q

u
si

n
g

(2
8
)

a
n

d
(2

9)
.

G
iv

en
th

at
K

L
[q

(X
)||
p
(X
|t)

]
d

o
es

n
o
t

in
v
o
lv

e
th

e
p

a
ra

m
et

er
s
θ
f
,
β

a
n

d
Z

,
it

s
gr

ad
ie

n
ts

w
it

h
re

sp
ec

t
to
θ
f
,
β

a
n

d
Z

a
re

ze
ro

.
T

h
er

ef
o
re

,
∂
L

∂
θ
f

=
∂
L̂

∂
θ
f
,
∂
L
∂
β

=
∂
L̂
∂
β

an
d

∂
L
∂
Z

=
∂
L̂
∂
Z

.

F
ir

st
,

w
e

g
iv

e
th

e
g
ra

d
ie

n
ts

o
f
L̂

w
it

h
re

sp
ec

t
to
µ
q
,
S
q
,
P
d
,
s d

th
ro

u
g
h

th
e

fo
rm

u
la

ti
o
n

∂
L̂ ∂
θ

=
−
β 2

∂
ψ

0

∂
θ

+
β

T
r[
∂
ψ
> 1

∂
θ

y
y
>
ψ

1
C

]+
β 2

T
r[
∂
ψ

2

∂
θ

(K
−

1
u
,u
−
C β
−
C
ψ
> 1

y
y
>
ψ

1
C

)]
,

(5
6)

w
h

er
e
θ

re
p

re
se

n
ts
µ
n
q
,
S
n
q
,
P
d
q

a
n

d
s d

.
T

h
e

d
et

a
il

ed
d

er
iv

a
ti

ve
s

o
f
ψ

0
,
ψ

1
a
n

d
ψ

2
w

it
h

re
sp

ec
t

to
µ
n
q
,
S
n
q
,
P
d
q

a
n

d
s d

a
re

d
iff

er
en

t.
T

h
e

d
er

iv
a
ti

ve
s

o
f
ψ

0
,

(ψ
1
) v
m

a
n

d
(ψ

2
) m

m
′

w
it

h
re

sp
ec

t
to
µ
n
q

ar
e

∂
ψ

0

∂
µ
n
q

=
0,

∂
(ψ

1
) v
m

∂
µ
n
q

=
s d
N

(z
|µ
n
,Σ

ψ
1
)(

(z
−
µ
n
)>

Σ
−

1
ψ
1
| q)
,

∂
(ψ

2
) m

m
′

∂
µ
n
q

=

D ∑ d
=

1

s d
2
N

(z
|z
′ ,

Σ
ψ
2
1
)N

(z
+

z
′

2
|µ
n
,Σ

ψ
2
2
)(

(z
+

z
′

2
−
µ
n
)>

Σ
−

1
ψ
2
2
| q)
.

(5
7)

T
h

e
d

er
iv

at
iv

es
of
ψ

0
,

(ψ
1
) v
m

a
n

d
(ψ

2
) m

m
′

w
it

h
re

sp
ec

t
to
S
n
q

a
re

∂
ψ

0

∂
S
n
q

=
0,

∂
(ψ

1
) v
m

∂
S
n
q

=
s d
N

(z
|µ
n
,Σ

ψ
1
)(
−
|Σ
ψ
1
|−

1

2

∂
|Σ
ψ
1
|

∂
S
n
q
−

1 2
(z
−
µ
n
)>
∂

Σ
−

1
ψ
1

∂
S
n
q

(z
−
µ
n
))
,

∂
(ψ

2
) m

m
′

∂
S
n
q

=
D ∑ d
=

1

s d
2
N

(z
|z
′ ,

Σ
ψ
2
1
)N

(z
+

z
′

2
|µ
n
,Σ

ψ
2
2
)

(−
|Σ
ψ
2
2
|−

1

2

∂
|Σ
ψ
2
2
|

∂
S
n
q
−

1 2
(z

+
z
′

2
−
µ
n
)>
∂

Σ
−

1
ψ
2
2

∂
S
n
q

(z
+

z
′

2
−
µ
n
))
.

(5
8
)
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D
S

T
h

e
d

erivatives
of
ψ

0 ,
(ψ

1 )
v
m

a
n

d
(ψ

2 )
m
m
′

w
ith

resp
ect

to
P
d
q

a
re

∂
ψ

0

∂
P
d
q

=
D
∑d
=

1 −
N2

s
d s
d

|2
π|

Q2|Σ
ψ
0 |
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∂|Σ
ψ
0 |

∂
P
d
q
,

∂
(ψ

1 )
v
m

∂
P
d
q

=
s
d N

(z|µ
n
,Σ

ψ
1 )(−

|Σ
ψ
1 | −

1

2

∂|Σ
ψ
1 |

∂
P
d
q
−

12
(z−

µ
n
) >
∂

Σ
−

1
ψ
1

∂
P
d
q

(z−
µ
n
)),

∂
(ψ

2 )
m
m
′

∂
P
d
q

=
N
∑n

=
1

s
d

2N
(z|z ′,Σ

ψ
2
1 )N

( z
+

z ′

2
|µ
n
,Σ

ψ
2
2 )

(−
|Σ
ψ
2
1 | −

1

2

∂|Σ
ψ
2
1 |

∂
P
d
q
−

12
(z−

z ′) >
∂

Σ
−

1
ψ
2
1

∂
P
d
q

(z−
z ′)

−
|Σ
ψ
2
2 | −

1

2

∂|Σ
ψ
2
2 |

∂
P
d
q
−

12
( z

+
z ′

2
−
µ
n
) >
∂

Σ
−

1
ψ
2
2

∂
P
d
q

( z
+

z ′

2
−
µ
n
)).

(5
9)

T
h

e
d

erivatives
of
ψ

0 ,
(ψ

1 )
v
m

a
n

d
(ψ

2 )
m
m
′

w
ith

resp
ect

to
s
d

a
re

∂
ψ

0

∂
s
d

=
2
N
s
d

|2
π|

Q2|Σ
ψ
0 |

12

,

∂
(ψ

1 )
v
m

∂
s
d

=
N

(z|µ
n
,Σ

ψ
1 ),

∂
(ψ

2 )
m
m
′

∂
s
d

=
N
∑n

=
1

2
s
d N

(z|z ′,Σ
ψ
2
1 )N

( z
+

z ′

2
|µ
n
,Σ

ψ
2
2 ).

(6
0)

T
h

en
,

w
e

give
th

e
g
rad

ien
ts

o
fL

w
ith

resp
ect

to
Λ

an
d
Z

th
ro

u
g
h

th
e

fo
rm

u
la

tio
n

∂L∂
θ

=
−
β2

∂
ψ

0

∂
θ

+
β

T
r[ ∂

ψ
>1

∂
θ

y
y
T
ψ

1 C
]+

β2
T

r[ ∂
ψ

2

∂
θ

(K
−

1
u
,u −

C
ψ
>1

y
y
>
ψ

1 C
−
β
−

1C
)]

+
12

T
r[ ∂

K
u
,u

∂
θ

(K
−

1
u
,u −

C
ψ
>1

y
y
>
ψ

1 C
−
β
−

1C
−
β
K
−

1
u
,u
ψ

2 K
−

1
u
,u

],

(6
1)

w
h

ere
θ

rep
resen

ts
Λ
q ,
Z
m
q .

T
h

e
d

etailed
d

erivativ
es

o
f
th

e
ψ

0 ,
ψ

1 ,
ψ

2
a
n

d
K

u
,u

w
ith

resp
ect

to
Λ
q ,
Z
m
q

a
re

g
iven

sep
a
ra

tely.
T

h
e

d
eriva

tives
o
f
ψ

0 ,
(ψ

1 )
v
m

,
(ψ

2 )
m
m
′

a
n

d
(K

u
,u

)
m
m
′

3
1
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Z
h
a
o

a
n
d

S
u
n

w
ith

resp
ect

to
Λ
q

are

∂
ψ

0

∂
Λ
q

=

D
∑d
=

1 −
N2

s
d s
d

|2
π|

Q2|Σ
ψ
0 |

32

∂|Σ
ψ
0 |

∂
Λ
q
,

∂
(ψ

1 )
v
m

∂
Λ
q

=
s
d N

(z|µ
n
,Σ

ψ
1 )(−

12 |Σ
ψ
1 | −

1
∂|Σ

ψ
1 |

∂
Λ
q
−

12
(z−

µ
n
) >
∂

Σ
−

1
ψ
1

∂
Λ
q

(z−
µ
n
)),

∂
(ψ

2 )
m
m
′

∂
Λ
q

=
N
∑n

=
1

D
∑d
=

1

s
d

2N
(z|z ′,Σ

ψ
2
1 )N

( z
+

z ′

2
|µ
n
,Σ

ψ
2
2 )

(−
∂|Σ

ψ
2
1 |

2|Σ
ψ
2
1 |∂

Λ
q −

12
(z−

z ′) >
∂

Σ
−

1
ψ
2
1

∂
Λ
q

(z−
z ′)

−
∂|Σ

ψ
2
2 |

2|Σ
ψ
2
2 |∂

Λ
q −

12
( z

+
z ′

2
−
µ
n
) >
∂

Σ
−

1
ψ
2
2

∂
Λ
q

( z
+

z ′

2
−
µ
n
)),

∂
(K

u
,u

)
m
m
′

∂
Λ
q

=
N

(z|z ′,Λ
)(−

12 |Λ| −
1
∂|Λ|
∂

Λ
q
−

12
(z−

z ′) >
∂

Λ
−

1

∂
Λ
q

(z−
z ′)).

(62)

T
h

e
d

eriva
tives

o
f
ψ

0 ,
(ψ

1 )
v
m

,
(ψ

2 )
m
m
′

an
d

(K
u
,u

)
m
m
′

w
ith

resp
ect

to
z
m
q

are

∂
ψ

0

∂
z
m
q

=
0,

∂
(ψ

1 )
v
m

∂
z
m
q

=
−
s
d N

(z|µ
n
,Σ

ψ
1 )((z−

µ
n
) >

Σ
−

1
ψ
1 |q ),

∂
(ψ

2 )
m
m
′

∂
z
m
q

=
D
∑d
=

1

s
d

2N
(z|z ′,Σ

ψ
2
1 )N

( z
+

z ′

2
|µ
n
,Σ

ψ
2
2 )

(−
12

( z
+

z ′

2
−
µ
n
) >

Σ
−

1
ψ
2
2 |q

+
(z−

z ′) >
Σ
−

1
ψ
2
1 |q ),

∂
(K

u
,u

)
m
m
′

∂
z
m
q

=
−

1Λ
q N

(z|z ′,Λ
)(z

m
q −

z
m
′q ).

(63)

F
in

ally,
w

e
giv

e
th

e
grad

ien
ts

ofL
w

ith
resp

ect
to
β

an
d
θ
x

as
follow

s.

∂L∂
β

=
12

[T
r(K

−
1

u
,u
ψ

2 )
+

(V
−
M

)β
−

1−
ψ

0 −
T

r(y
y
>

)
+

T
r(C

ψ
>1

y
y
>
ψ

1 )

+
β
−

2T
r(K

u
,u
C

)
+
β
−

1T
r(K

u
,u
C
ψ
>1

y
y
>
ψ

1 C
)],

(64)

∂L∂
θ
x

=

Q
∑q
=

1

T
r[[−

12
(B̂

q K
t,t B̂

q
+
µ̄
q µ̄

Tq
)

+
(I−

B̂
q K

t,t )
∂L̂∂
S
q
(I−

B̂
q K

t,t ) >
] ∂

K
t,t

∂
θ
x

]

+

(
∂L̂
∂
µ
q )
>
∂
K

t,t

∂
θ
x
µ̄
q ,

(65)

w
h

ere
B̂
q

=
Λ

12q (I
+

Λ
12q K

t,t Λ
12q ) −

1Λ
12q .
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C
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D
e
ri
v
a
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f
P
re
d
ic
ti
o
n

w
it
h

O
n
ly

T
im

e

W
it

h
th

e
p

ar
am

et
er

s
as

w
el

l
as

ti
m

e
t

an
d

t ∗
om

it
te

d
,

th
e

p
os

te
ri

or
d

en
si

ty
fo

r
p

re
d

ic
ti

o
n

is
gi

v
en

b
y

p
(Y
∗|Y

)
=

∫
p
(Y
∗|F
∗)
p
(F
∗|X
∗,
Y

)p
(X
∗|Y

)d
F
∗d
X
∗,

(6
6
)

w
h

er
e
F
∗
∈

R
N
∗×
D

d
en

ot
es

th
e

se
t

of
la

te
n
t

va
ri

ab
le

s
(t

h
e

n
oi

se
-f

re
e

ve
rs

io
n

o
f
Y
∗)

a
n

d
X
∗
∈
R
N
∗×
Q

re
p
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th

e
la

te
n

t
si

gn
a
l-

to
-n

o
is

e
ra

ti
o

w
h
ic

h
tu

rn
s

o
u
t

to
b

e
im

p
o
rt

a
n
t

fo
r

m
o
d
el

li
n
g

w
ea

k
si

gn
a
ls

,
a
n
d

an
o
rd

er
ed

in
fi
n
it

e-
d
im

en
si

on
al

sh
ri

n
ka

g
e

p
ri

o
r

th
at

re
so

lv
es

th
e

ro
ta

ti
on

al
u
n
id

en
ti

fi
a
b
il
it

y
in

re
d
u
ce

d
-r

an
k

re
gr

es
si

on
m

o
d
el

s.
S
im

u
la

ti
on

s
a
n
d

p
re

d
ic

ti
on

ex
p

er
im

en
ts

w
it

h
m

et
a
b

o
li
te

,
ge

n
e

ex
p
re

s-
si

on
,

F
M

R
I

m
ea

su
re

m
en

t,
a
n
d

m
ac

ro
ec

o
n
om

ic
ti

m
e

se
ri

es
d
at

a
sh

ow
th

a
t

ou
r

m
o
d
el

eq
u
a
ls

or
ex

ce
ed

s
th

e
st

at
e-

o
f-

th
e-

ar
t

p
er

fo
rm

an
ce

an
d
,

in
p
ar

ti
cu

la
r,

o
u
tp

er
fo

rm
s

th
e

st
a
n
d
ar

d
ap

p
ro

ac
h

of
as

su
m

in
g

in
d
ep

en
d
en

t
n
oi

se
an

d
si

g
n
a
l

m
o
d
el

s.

K
e
y
w

o
rd

s:
B

ay
es

ia
n

re
d
u
ce

d
-r

an
k

re
g
re

ss
io

n
,

la
te

n
t

va
ri

a
b
le

m
o
d
el

s,
la

te
n
t

si
g
n
al

-t
o-

n
oi

se
ra

ti
o,

m
u
lt

ip
le

-o
u
tp

u
t

re
gr

es
si

o
n
,

n
on

p
ar

am
et

ri
c

B
ay

es
,

sh
ri

n
ka

g
e

p
ri

or
s,

st
ru

ct
u
re

d
n
oi

se
,

w
ea

k
eff

ec
ts

1
.

In
tr

o
d
u
ct

io
n

E
x
p

la
in

in
g

aw
ay

st
ru

ct
u

re
d

n
oi

se
is

on
e

o
f

th
e

co
rn

er
st

on
es

fo
r

su
cc

es
sf

u
l

m
o
d

el
in

g
o
f

h
ig

h
-

d
im

en
si

o
n

a
l

ou
tp

u
t

d
at

a
in

th
e

re
g
re

ss
io

n
fr

a
m

ew
o
rk

(F
u

si
et

a
l.

,
2
0
1
2
;

K
la

m
i

et
a
l.

,
2
0
13

;
R

a
i

et
al

.,
20

12
;

R
a
k
it

sc
h

et
al

.,
2
01

3;
S

te
g
le

et
a
l.

,
2
0
12

;
V

ir
ta

n
en

et
a
l.

,
20

1
1)

.
T

h
e

st
ru

ct
u

re
d

n
o
is

e
re

fe
rs

to
d

ep
en

d
en

ci
es

b
et

w
ee

n
re

sp
o
n

se
va

ri
a
b

le
s,

w
h

ic
h

ar
e

u
n

re
la

te
d

to
th

e
d

ep
en

d
en

ci
es

of
in

te
re

st
b

et
w

ee
n

th
e

re
sp

o
n

se
va

ri
ab

le
s

an
d

th
e

co
va

ri
a
te

s.
It

is
n

oi
se

ca
u

se
d

b
y

o
b

se
rv

ed
a
n

d
u

n
o
b

se
rv

ed
co

n
fo

u
n

d
er

s
th

a
t

a
ff

ec
t

m
u

lt
ip

le
va

ri
ab

le
s

si
m

u
lt

a
n

e-
ou

sl
y.

C
o
m

m
on

ob
se

rv
ed

co
n

fo
u

n
d

er
s

in
m

ed
ic

a
l

a
n

d
b

io
lo

g
ic

a
l

d
a
ta

in
cl

u
d

e
ag

e
a
n

d
se

x
of

a
n

in
d

iv
id

u
a
l,

w
h

er
ea

s
u

n
o
b

se
rv

ed
co

n
fo

u
n

d
er

s
in

cl
u

d
e,

fo
r

ex
am

p
le

,
th

e
st

a
te

of
th

e
ce

ll
b

ei
n

g
m

ea
su

re
d

,
m

ea
su

re
m

en
t

a
rt

if
a
ct

s
in

fl
u

en
ci

n
g

m
u

lt
ip

le
p

ro
b

es
,

o
r

o
th

er
u

n
re

co
rd

ed
ex

-
p

er
im

en
ta

l
co

n
d

it
io

n
s.

W
h

en
n

ot
a
cc

o
u

n
te

d
fo

r,
st

ru
ct

u
re

d
n

o
is

e
m

ay
b

o
th

h
id

e
in

te
re

st
in

g
re

la
ti

o
n

sh
ip

s
an

d
re

su
lt

in
sp

u
ri

ou
s

fi
n

d
in

gs
(L

ee
k

a
n

d
S

to
re

y
,

20
0
7;

K
an

g
et

al
.,

20
0
8
).

T
h

e
eff

ec
ts

of
k
n

ow
n

co
n

fo
u

n
d

er
s

ca
n

b
e

re
m

ov
ed

st
ra

ig
h
tf

or
w

a
rd

ly
b
y

u
si

n
g

su
p

er
v
is

ed
m

et
h

o
d

s.
F

o
r

th
e

u
n

o
b

se
rv

ed
co

n
fo

u
n

d
er

s,
a

ro
u

ti
n

el
y

u
se

d
ap

p
ro

ac
h

fo
r

ex
p

la
in

in
g

aw
ay

st
ru

ct
u

re
d

n
oi

se
h
a
s

b
ee

n
to

as
su

m
e

a
p
ri

o
ri

in
d

ep
en

d
en

t
eff

ec
ts

fo
r

th
e

in
te

re
st

in
g

a
n

d
u

n
in

te
re

st
in

g
fa

ct
or

s.
F

or
ex

a
m

p
le

,
in

th
e

fa
ct

o
r

re
gr

es
si

on
se

tu
p

(W
es

t,
20

03
;

S
te

gl
e

et
a
l.

,
20

10
;

F
u

si
et

a
l.

,
20

1
2)

,
th

e
ta

rg
et

va
ri

a
b

le
s
Y

a
re

a
ss

u
m

ed
to

h
av

e
b

ee
n

ge
n

er
at

ed
a
s

Y
=
X

Θ
+
H

Λ
+
E
,

(1
)

w
h

er
e
Y
N
×
K

is
th

e
m

a
tr

ix
of
K

ta
rg

et
va

ri
a
b

le
s

(o
r

d
ep

en
d

en
t

va
ri

a
b

le
s)

an
d
X
N
×
P

co
n
ta

in
s

th
e

co
va

ri
at

es
(o

r
in

d
ep

en
d

en
t

va
ri

a
b

le
s)

,
fo

r
th

e
N

o
b

se
rv

at
io

n
s.

T
h

e
m

o
d

el
p

a
ra

m
et

er
m

at
ri

x
H
N
×
S

2
co

m
p

ri
se

s
th

e
u

n
k
n

ow
n

la
te

n
t

fa
ct

o
rs

a
n

d
Λ
S

2
×
K

th
e

fa
ct

or
lo

a
d

in
gs

,
w

h
ic

h
a
re

u
se

d
to

m
o
d

el
aw

ay
th

e
st

ru
ct

u
re

d
n

oi
se

.
T

h
e

te
rm

E
N
×
K

re
p

re
se

n
ts

in
d

ep
en

d
en

t
u

n
-

st
ru

ct
u

re
d

n
oi

se
a
n

d
th

e
el

em
en

ts
of
E

a
re

in
d

ep
en

d
en

tl
y

d
is

tr
ib

u
te

d
,

ve
c(
E

)
∼
N

(0
,I
N
K

).
In

th
is

p
ap

er
w

e
ca

ll
th

is
m

o
d

el
in

d
e
p

e
n

d
e
n
t-

n
o
is

e
B

R
R

R
.

T
o

re
d

u
ce

th
e

eff
ec

ti
ve

n
u

m
-

b
er

o
f

p
a
ra

m
et

er
s

in
th

e
re

gr
es

si
on

co
effi

ci
en

t
m

a
tr

ix
Θ
P
×
K

,
a

lo
w

-r
a
n

k
st

ru
ct

u
re

m
ay

b
e

2
JM

L
R

 1
7(

12
2)
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L
a
t
e
n
t

N
o
ise

C
ova

ria
tes

L
a
ten

t
sp

ace

T
a
rg

et
variab

les

N
o
ise

stru
ctu

red
eff

ect
stru

ctu
red

n
o
ise

C
ova

riates

L
a
ten

t
sp

ace

T
arget

va
ria

b
les

N
oise

jo
in

t
stru

ctu
red

eff
ect

&
n

o
ise

(a
)

(b
)

F
igu

re
1:

Illu
stra

tion
o
f

(a
)

a
p
rio

ri
in

d
ep

en
d

en
t

in
terestin

g
a
n

d
u

n
in

terestin
g

eff
ects

a
n

d
(b

)
th

e
laten

t
n

oise
a
ssu

m
p

tio
n

.
L

a
ten

t
n

oise
is

m
ed

ia
ted

to
th

e
ta

rg
et

va
ria

b
le

m
ea

su
rem

en
ts

th
rou

gh
a

com
m

o
n

su
b

sp
a
ce

w
ith

th
e

in
terestin

g
eff

ects.

a
ssu

m
ed

:
Θ

=
Ψ

Γ
,

(2)

w
h

ere
th

e
ra

n
k
S

1
o
f

p
ara

m
eters

Ψ
P
×
S

1
a
n

d
Γ
S

1 ×
K

is
su

b
sta

n
tially

low
er

th
an

th
e

n
u

m
b

er
o
f

ta
rg

et
va

riab
les

K
a
n

d
cova

ria
tes

P
.

T
h

e
low

-ran
k

d
eco

m
p

o
sition

o
f

th
e

reg
ressio

n
co

effi
cien

t
m

a
trix

(2
)

m
ay

b
e

given
a
n

in
terp

reta
tion

w
h

ereb
y

th
e

covaria
tes

X
aff

ect
S

1

la
ten

t
com

p
o
n

en
ts

w
ith

co
effi

cien
ts

sp
ecifi

ed
in

Ψ
,

an
d

th
e

co
m

p
o
n

en
ts,

in
tu

rn
,

a
ff

ect
th

e
ta

rget
Y

w
ith

co
effi

cien
ts

Γ
.

A
n

o
th

er
lin

e
o
f

w
o
rk

in
m

u
ltip

le
ou

tp
u

t
p

red
iction

h
as

fo
cu

sed
o
n

b
o
rrow

in
g

in
form

atio
n

from
th

e
co

rrela
tio

n
stru

ctu
re

o
f
th

e
targ

et
varia

b
les

w
h

en
lea

rn
in

g
th

e
regressio

n
m

o
d

el.
T

h
e

in
tu

itio
n

stem
s

fro
m

th
e

o
b

servatio
n

th
a
t

correlated
ta

rg
ets

a
re

o
ften

seen
to

b
e

a
ff

ected
sim

ila
rly

b
y

th
e

covaria
tes,

for
ex

a
m

p
le

in
gen

etic
ap

p
licatio

n
s

(see,
e.g.,

D
av

is
et

a
l.,

2
0
1
4
;
In

o
u

ye
et

a
l.,

20
1
2).

O
n

e
p

o
p

u
lar

m
eth

o
d

,
G

F
lasso

(K
im

et
a
l.,

20
09

),
learn

s
th

e
reg

ressio
n

co
effi

cien
ts

u
sin

g

Θ̂
=

a
rg

m
in ∑

k

(y
k −

X
θ
k
)
T

(y
k −

X
θ
k
)+

λ ∑

j

∑

k

|θ
jk |+

γ
∑(m
,l)∈

E

r
2m
l ∑

j

|θ
jm
−

sig
n

(r
m
l )θ

jl |,
(3)

w
h

ere
th

e
θ
k

a
re

th
e

colu
m

n
s

o
f

Θ̂
.

T
w

o
regu

larizatio
n

p
ara

m
eters

a
re

in
tro

d
u

ced
:
λ

rep
resen

ts
th

e
stan

d
ard

L
a
sso

p
en

a
lty,

a
n

d
γ

en
co

u
ra

g
es

th
e

eff
ects

θ
jm

a
n

d
θ
jl

o
f

th
e
jth

cova
ria

te
o
n

co
rrelated

o
u

tp
u

ts
m

a
n

d
l

to
b

e
sim

ila
r.

H
ere

r
m
l

rep
resen

ts
th

e
correla

tion
b

etw
een

th
e
m

th
an

d
lth

p
h
en

oty
p

es.
T

h
e
E

is
an

a
p
rio

ri
sp

ecifi
ed

co
rrela

tio
n

g
ra

p
h

for
th

e
o
u

tp
u

t
variab

les,
w

ith
ed

g
es

rep
resen

tin
g

co
rrela

tion
s

to
b

e
acco

u
n
ted

for
in

th
e

m
o
d

el.
In

th
is

p
a
p

er
w

e
p

ro
p

ose
a

m
o
d

el
th

a
t

sim
u

lta
n

eo
u

sly
lea

rn
s

th
e

stru
ctu

red
n

oise
a
n

d
en

cou
ra

g
es

th
e

sh
a
rin

g
of

in
fo

rm
a
tio

n
b

etw
een

th
e

n
o
ise

a
n

d
th

e
regressio

n
m

o
d

els.
T

o
m

o
tiva

te
th

e
n

ew
m

o
d

el,
w

e
n

ote
th

a
t

b
y

a
ssu

m
in

g
in

d
ep

en
d

en
t

p
rior

d
istrib

u
tion

s
o
n

Γ
a
n

d
Λ

in
m

o
d

el
(1),

on
e

im
p

licitly
a
ssu

m
es

in
d

ep
en

d
en

ce
o
f

th
e

in
terestin

g
a
n
d

u
n

in
terest-

in
g

eff
ects,

ca
u

sed
b
y

covariates
X

a
n

d
u

n
k
n

ow
n

facto
rs
H

,
resp

ectively
(F

ig
.

1
a).

T
h

e
a
ssu

m
p

tion
is

a
p

p
ea

lin
g

for
ex

a
m

p
le

w
h
en

ex
p

la
in

in
g

aw
ay

b
a
tch

eff
ects

(F
u

si
et

a
l.,

2
012)

3
JM

L
R

 17(122):1-35

G
il

l
b
e
r
g

e
t

a
l
.

in
h

ig
h

-d
im

en
sion

al
d

ata,
b

u
t

m
ay

b
e

in
ad

eq
u

ate
in

th
e

p
resen

ce
of

oth
er

ty
p

es
o
f

n
oise

in
m

olecu
lar

b
iology,

w
h

ere
gen

e
ex

p
ression

an
d

m
etab

olom
ics

m
easu

rem
en

ts
record

con
-

cen
tration

s
of

com
p

ou
n

d
s

gen
erated

b
y

on
goin

g
laten

t
b

iologica
l

p
ro

cesses.
In

th
is

k
in

d
of

situ
ation

s,
a

lim
ited

set
of

covariates,
su

ch
as

sin
gle

n
u

cleotid
e

p
oly

m
orp

h
ism

s
(S

N
P

s),
d

eterm
in

es
th

e
activ

ity
of

th
e

laten
t

p
ro

cess
on

ly
p

a
rtially

an
d

all
oth

er
activ

ity
of

th
e

p
ro

cess
is

d
u

e
to

u
n

record
ed

factors.
In

su
ch

cases,
th

e
n

oise
aff

ects
th

e
m

easu
rem

en
t

levels
th

rou
gh

th
e

very
sam

e
p

ro
cess

as
th

e
in

terestin
g

sign
a
l

(F
ig.

1b
),

an
d

rath
er

th
a
n

assu
m

in
g

in
d

ep
en

d
en

ce
of

th
e

eff
ects,

an
assu

m
p

tion
ab

ou
t

p
arallel

eff
ects

w
ou

ld
b

e
m

ore
ap

p
ro

p
ria

te.
W

e
refer

to
th

is
ty

p
e

of
n

oise
as

la
ten

t
n

o
ise

as
it

can
b

e
con

sid
ered

to
aff

ect
th

e
sa

m
e

la
ten

t
su

b
sp

ace
as

th
e

in
terestin

g
eff

ects.
W

e
n

ote
th

at
in

p
ractice

b
oth

ty
p

es
of

stru
ctu

red
n
oise

a
re

likely
to

b
e

p
resen

t.
In

th
is

w
ork

,
ou

r
m

ain
fo

cu
s

is
on

th
e

laten
t

n
oise,

b
u

t
w

e
a
lso

p
resen

t
a

com
p

arison
w

ith
a

m
o
d

el
th

at
in

clu
d

es
b

oth
ty

p
es

of
stru

ctu
red

n
oise

sim
u

ltan
eou

sly.
A

n
atu

ra
l

w
ay

to
en

co
d

e
th

e
assu

m
p

tion
of

laten
t

n
oise

is
to

u
se

th
e

fo
llow

in
g

m
o
d

el
stru

ctu
re:

Y
=

(X
Ψ

+
Ω

)
Γ

+
E
,

(4)

w
h

ere
th

e
Ω
N
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e
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N
×
S

1
co

n
ta

in
s

u
n

k
n

ow
n

la
te

n
t

fa
ct

o
rs

re
p

re
se

n
ti

n
g

th
e

la
te

n
t

n
oi

se
.

F
in

al
ly

,
E
N
×
K

=
[e

1
,.
..
,e
N

]T
,

w
it

h
e i
∼
N

(0
,Σ

),
w

h
er

e
Σ

=
d
ia
g
(σ

2 1
,.
..
,σ

2 K
)

is
a

m
at

ri
x

of
u

n
co

rr
el

a
te

d
ta

rg
et

va
ri

ab
le

-s
p

ec
ifi

c
n

oi
se

v
ec

to
rs

.
F

ig
u

re
3

d
is

p
la

y
s

g
ra

p
h

ic
al

ly
th

e
st

ru
ct

u
re

o
f

th
e

m
o
d

el
.

In
th

e
fi

g
u

re
,

th
e

n
o
d

e
co

rr
es

p
o
n
d

in
g

to
th

e
p

ar
a
m

et
er

Γ
th

a
t

is
sh

a
re

d
b
y

th
e

re
g
re

ss
io

n
a
n

d
n

o
is

e
m

o
d

el
s

is
h

ig
h

li
gh

te
d

w
it

h
gr

ee
n

.

S
im

il
ar

ly
to

a
re

ce
n
t

B
R

R
R

m
o
d

el
(M

a
rt

ti
n

en
et

a
l.

,
20

14
)

a
n

d
th

e
B

ay
es

ia
n

in
fi

n
it

e
sp

ar
se

fa
ct

or
an

al
y
si

s
m

o
d

el
(B

h
a
tt

a
ch

a
ry

a
a
n

d
D

u
n

so
n

,
2
0
1
1
),

w
e

as
su

m
e

th
e

n
u

m
b

er
of

co
m

p
on

en
ts
S

1
co

n
n

ec
ti

n
g

th
e

co
va

ri
a
te

s
to

th
e

ta
rg

et
s

to
b

e
in

fi
n

it
e.

A
cc

or
d

in
g
ly

,
th

e
n
u

m
b

er
of

ro
w

s
in

th
e

w
ei

gh
t

m
a
tr

ix
Γ

,
an

d
th

e
n
u

m
b

er
s

o
f

co
lu

m
n

s
in

Ψ
a
n

d
Ω

,
a
re

in
fi

n
it

e.
T

h
e

lo
w

-r
an

k
n

at
u

re
of

th
e

m
o
d

el
is

en
fo

rc
ed

b
y

sh
ri

n
k
in

g
th

e
co

lu
m

n
s

of
Ψ

a
n

d
ro

w
s

of
Γ

a
n

d
Ω

in
cr

ea
si

n
gl

y
w

it
h

th
e

gr
ow

in
g

co
lu

m
n

/r
ow

in
d

ex
,

su
ch

th
at

o
n

ly
a

sm
al

l
n
u

m
b

er
of

co
lu

m
n

s/
ro

w
s

a
re

in
fl

u
en

ti
a
l
in

p
ra

ct
ic

e.
T

h
e

in
cr

ea
si

n
g

sh
ri

n
ka

ge
a
ls

o
so

lv
es

a
n
y

ro
ta

ti
o
n

a
l

u
n

id
en

ti
fi

ab
il

it
y

is
su

es
b
y

en
fo

rc
in

g
th

e
m

o
d

el
to

m
ed

ia
te

th
e

st
ro

n
g
es

t
eff

ec
ts

th
ro

u
gh

th
e

fi
rs

t
co

lu
m

n
s/

ro
w

s.
In

S
ec

ti
o
n

3.
4

w
e

ex
p

lo
re

th
e

b
a
si

c
p

ro
p

er
ti

es
o
f

th
e

in
fi

n
it

e-
d

im
en

si
o
n

a
l

p
ri

o
r,

to
en

su
re

it
s

so
u

n
d

n
es

s.
T

h
e

h
ie

ra
rc

h
ic

a
l

p
ri

o
rs

fo
r

th
e

p
ro

je
ct

io
n

w
ei

g
h
t

m
a
tr

ix
Γ

,
w

h
er

e
Γ

=
[γ
h
j
],

ar
e

se
t

a
s

fo
ll

ow
s:

γ
h
j
|φ

Γ h
j
,τ
h
∼
N
( 0
,(
φ

Γ h
j
τ h
) −

1
) ,

φ
Γ h
j
∼

G
a(
ν
/2
,ν
/
2
),

τ h
=

h ∏ l=
1

δ l
,

δ 1
∼

G
a
(a

1
,1

),
δ l
∼

G
a(
a

2
,1

),
l
≥

2
.

(7
)

H
er

e
τ h

is
a

gl
ob

al
sh

ri
n

ka
g
e

p
a
ra

m
et

er
fo

r
th

e
h

th
ro

w
of

Γ
a
n

d
th

e
φ

Γ h
j
s

a
re

lo
ca

l
sh

ri
n

ka
ge

p
ar

a
m

et
er

s
fo

r
th

e
in

d
iv

id
u

a
l

el
em

en
ts

o
f

Γ
,

to
p

ro
v
id

e
ad

d
it

io
n

al
fl

ex
ib

il
it

y
ov

er
th

e
gl

o
b

al
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L
a
t
e
n
t

N
o
ise

Y
N
×
K

Ψ
P
×
S

1X
N
×
P

Γ
S

1 ×
K

Φ
ΓS

1 ×
K

δ ∗l ,l
=

1,...,S
1 a

1 ,a
2

ν

σ
2j ,j

=
1,...,K

Ω
N
×
S

1

F
ig

u
re

3
:

G
rap

h
ical

rep
resen

ta
tion

of
la

ten
t-n

oise
B

R
R

R
.
T

h
e

ob
serv

ed
d

a
ta

are
d

en
o
ted

b
y

b
lack

circles,
va

ria
b

les
rela

ted
to

th
e

red
u

ced
-ran

k
reg

ressio
n

p
a
rt

o
f

th
e

m
o
d

el
b
y

w
h

ite
circles,

variab
les

rela
ted

o
n

ly
to

th
e

n
o
ise

m
o
d
el

a
re

d
en

o
ted

b
y

gray
circles,

an
d

va
ria

b
les

rela
ted

to
b

oth
th

e
reg

ressio
n

a
n

d
th

e
stru

ctu
red

n
o
ise

m
o
d

el
a
re

d
en

o
ted

w
ith

g
reen

circles.
T

h
e

m
a
trix

Φ
ΓS

1 ×
K

co
m

p
rises

th
e

sp
arsity

p
ara

m
eters

for
th

e
K

ta
rg

et
variab

les
fo

r
th

e
co

m
p

o
n

en
ts.

sh
rin

kag
e

p
riors.

T
h

e
sa

m
e

p
a
ra

m
eters

τ
h

are
u

sed
to

sh
rin

k
th

e
co

lu
m

n
s

o
f

th
e

m
atrices

Ψ
=

[ψ
jh ]

an
d

Ω
=

[ω
jh ],

b
eca

u
se

th
e

sca
les

of
Γ

an
d

Ψ
(o

r
Ω

)
are

n
o
t

id
en

tifi
a
b

le
sep

a
ra

tely
:

ψ
jh |τ

h ∼
N
(

0
,(τ

h ) −
1 )
,

an
d

ω
jh |τ

h ∼
N
(

0,σ
2Ω

(τ
h ) −

1 )
,

w
h

ere
σ

2Ω
is

a
p

a
ra

m
eter

th
at

sp
ecifi

es
th

e
a
m

o
u

n
t

o
f

la
ten

t
n

oise,
w

h
ich

is
u

sed
to

reg
u

la
rize

th
e

m
o
d

el
(see

th
e

n
ex

t
S

ection
).

W
ith

th
e

p
rio

rs
sp

ecifi
ed

,
th

e
h

id
d

en
fa

cto
rs

Ω
can

b
e

in
tegra

ted
ou

t
an

aly
tically,

y
ield

in
g

y
i ∼

N
((Ψ

Γ
)
T
x
i ,σ

2Ω
(Γ
∗)
T

(Γ
∗)

+
Σ )

,
i

=
1,...,N

,
(8)

w
h

ere
Γ
∗

is
ob

tain
ed

fro
m

Γ
b
y

m
u

ltip
ly

in
g

th
e

row
s

o
f

Γ
w

ith
th

e
sh

rin
ka

ges
(τ
h ) −

1
/
2

of
th

e
co

lu
m

n
s

of
Ω

.
F

in
ally,

con
ju

g
a
te

p
rio

r
d

istrib
u

tio
n

s

σ
−

2
j
∼

G
a
(a
σ
,b
σ
),

j
=

1,...,K
,

(9)

a
re

p
la

ced
on

th
e

n
o
ise

p
a
ra

m
eters

o
f

th
e

ta
rg

et
variab

les.

3
.2

R
e
g
u

la
riz

a
tio

n
o
f

la
te

n
t-n

o
ise

B
R

R
R

th
ro

u
g
h

th
e

v
a
ria

n
c
e

o
f

Ω

T
h

e
la

ten
t

sign
al-to-n

o
ise

ra
tio

β
in

E
q
u

atio
n

(5
)

h
as

a
n

in
tu

itive
in

terp
reta

tio
n

:
given

o
u

r
p

rio
r

d
istrib

u
tion

s
for

Ψ
a
n

d
Ω

,
th

e
p

rio
r

la
ten

t
S

N
R

in
d

icates
th

e
ex

ten
t

to
w

h
ich

w
e

b
eliev

e
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G
il

l
b
e
r
g

e
t

a
l
.

th
e

n
o
ise

to
ex

p
lain

variation
in
Y

,
as

com
p

ared
to

th
e

varian
ce

ex
p

lain
ed

b
y

th
e

covariates
X

.
T

h
u

s,
th

e
laten

t
S

N
R

acts
as

a
regu

larization
p

aram
eter:

w
h

en
th

e
laten

t
variab

les
Ω

are
allow

ed
to

h
ave

a
large

varian
ce,

th
e

d
ata

w
ill

b
e

ex
p

lain
ed

b
y

th
e

n
o
ise

m
o
d

el
rath

er
th

a
n

th
e

covariates.
W

e
n

ote
th

at
th

is
ap

p
roach

to
regu

larizatio
n

is
n

on
-stan

d
ard

an
d

it
m

ay
h

av
e

favo
u

rab
le

ch
aracteristics

com
p

ared
to

th
e

com
m

o
n

ly
u

sed
L

1/
L

2
regu

larization
of

regression
w

eigh
ts.

F
irst

of
all,

th
e

regression
w

eigh
ts

rem
ain

relatively
u

n
b

iased
as

th
ey

n
eed

n
ot

b
e

en
forced

to
zero

to
con

trol
for

overfi
ttin

g.
T

h
is

is
im

p
ortan

t
w

h
en

th
e

eff
ects

are
w

ea
k
:

if
th

e
eff

ects
w

ere
sh

ru
n

k
tow

ard
s

zero,
th

ey
m

igh
t

b
e

lost
co

m
p

letely.
S

econ
d

ly,
w

h
ile

regu
larizin

g
w

ith
th

e
a

p
rio

ri
selected

laten
t

S
N

R
,

th
e

regu
larization

p
a
ra

m
eter

itself
rem

ain
s

in
terp

retab
le:

every
valu

e
of

th
e

va
rian

ce
p

ara
m

eter
of

Ω
ca

n
b

e
im

m
ed

iately
in

terp
reted

as
th

e
p

ercen
tage

of
varian

ce
ex

p
lain

ed
b
y

th
e

n
oise

m
o
d

el
as

co
m

p
ared

to
th

e
covariates.

In
ou

r
ex

p
erim

en
ts,

w
e

u
se

cross-valid
ation

to
select

th
e

va
rian

ce
of

Ω
a
n

d
th

e
in

terp
retab

ility
of

th
e

p
aram

eter
m

a
kes

it
easy

to
ex

p
ress

b
eliefs

of
th

e
p

lau
sib

le
valu

es
b

ased
on

p
rior

k
n

ow
led

ge.
M

ak
in

g
sim

ilar
ed

u
cated

gu
esses

for
L

1/L
2

reg
u

larization
p

aram
eters

is
n

ot
straigh

tforw
ard

.

3
.3

D
iff

e
re

n
c
e

b
e
tw

e
e
n

la
te

n
t-n

o
ise

B
R

R
R

a
n

d
in

d
e
p

e
n

d
e
n
t-n

o
ise

B
R

R
R

W
e

call
th

e
sta

n
d

ard
B

ayesian
red

u
ced

ran
k

regression
(E

q
u

ation
1
),

w
h

ich
assu

m
es

in
d

e-
p

en
d

en
t

n
o
ise

a
n

d
sign

al
m

o
d

els,
th

e
in

d
epen

d
en

t-n
o
ise

B
R

R
R

.
T

h
e

n
ew

laten
t-n

oise
B

R
R

R
d

iff
ers

from
it

in
tw

o
w

ay
s:

in
th

e
laten

t-n
oise

B
R

R
R

1
.

th
e

stru
ctu

re
of

th
e

m
o
d

el
is

d
iff

eren
t

in
th

at
th

e
n

oise
m

o
d

el
u

ses
th

e
sa

m
e

p
ro

jection
p

aram
eters

as
th

e
regression

m
o
d

el,
an

d

2
.

th
e

m
o
d

el
is

regu
larized

b
y

m
o
d

ify
in

g
th

e
varia

n
ce

of
th

e
n

o
ise

m
o
d

el.
T

h
is

is
ach

ieved
b
y

learn
in

g
th

e
laten

t
sign

al-to-n
oise

ratio
p

aram
eter

β
.

In
S

ectio
n

5.5
w

e
sh

ow
th

at
b

oth
of

th
ese

im
p

rovem
en

ts
are

n
eed

ed
to

reach
th

e
p

erform
an

ce
d

iff
eren

ces
ob

serv
ed

.
W

e
em

p
h

asize
th

at
alth

ou
gh

th
e

tech
n

ical
d

iff
eren

ce
b

etw
een

th
e

tw
o

m
o
d

els
is

m
in

or,
th

e
m

o
d

els
are

v
ery

d
iff

eren
t

from
th

e
con

cep
tu

al
p

oin
t

o
f

v
iew

,
as

d
iscu

ssed
in

th
e

In
tro-

d
u

ctio
n

,
as

w
ell

as
from

th
e

p
ractical

p
oin

t
of

v
iew

.
In

p
a
rticu

lar,
it

h
as

b
een

rep
orted

b
efore

th
at

w
ith

w
eak

eff
ects

th
e

in
d

ep
en

d
en

t-n
oise

B
R

R
R

m
ay

su
ff

er
fro

m
severe

in
sta-

b
ility,

resu
ltin

g
from

a
h

igh
ly

m
u

lti-m
o
d

al
p

osterior
d

istrib
u

tion
an

d
,

con
seq

u
en

tly,
p

o
or

con
vergen

ce
an

d
m

ix
in

g
p
rop

erties
of

th
e

learn
in

g
algorith

m
s

(K
o
op

et
al.,

2006;
M

a
rttin

en
et

a
l.,

2014
).

In
S

ection
5.11,

w
e

d
em

on
strate

h
ow

th
e

laten
t

n
oise

assu
m

p
tion

p
rov

id
es

ju
st

th
e

req
u

ired
a
d

d
ition

al
regu

larization
to

m
ake

th
e

form
al

B
ay

esian
in

feren
ce

tractab
le

even
w

ith
w

eak
eff

ects.
A

s
b

o
th

in
d

ep
en

d
en

t
stru

ctu
red

n
oise

an
d

laten
t

n
oise

cou
ld

b
e

p
resen

t,
a

logical
ex

ten
-

sion
to

th
e

m
o
d

els
p

resen
ted

so
far

is
to

con
sid

er
b

oth
n

o
ise

ty
p

es
sim

u
ltan

eou
sly,

Y
=

(X
Ψ

+
Ω

)
Γ

+
H

Λ
+
E
,

(10)

w
h

ere
th

e
d

istrib
u

tion
al

assu
m

p
tion

s
for

Ψ
,Ω

an
d

Γ
are

th
e

sam
e

a
s

in
laten

t-n
oise

B
R

R
R

,
an

d
fo

r
H

a
n

d
Λ

th
ey

follow
in

d
ep

en
d
en

t-n
oise

B
R

R
R

.
T

h
e

G
ib

b
s

u
p

d
a
tes

for
th

is
m

o
d

el
are

stra
igh

tforw
a
rd

m
o
d

ifi
cation

s
of

th
ose

for
th

e
laten

t-n
o
ise

B
R

R
R

an
d

in
d

ep
en

d
en

t-n
o
ise

B
R

R
R

.
W

e
h

ave
im

p
lem

en
ted

also
th

is
m

o
d

el
an

d
stu

d
y

its
p

erform
an

ce
in

S
ection

5.9.
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L
a
t
e
n
t

N
o
is

e

W
e

n
ot

e
th

at
th

e
la

te
n
t-

n
oi

se
m

o
d

el
is

,
in

p
ri

n
ci

p
le

,
ab

le
to

ex
p

re
ss

d
a
ta

ge
n

er
a
te

d
b
y

th
e

in
d

ep
en

d
en

t-
n

oi
se

B
R

R
R

m
o
d

el
,

an
d

v
ic

e
v
er

sa
.

T
h

e
la

te
n
t-

n
oi

se
B

R
R

R
m

o
d

el
m

ay
le

ar
n

n
oi

se
co

m
p

on
en

ts
th

at
ar

e
in

d
ep

en
d

en
t

fr
om

th
e

si
gn

al
in

p
ra

ct
ic

e,
h

av
in

g
n

eg
li

g
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äin
en

,
A

.
J
.

K
an

g
as,

P
.

S
oin

in
en

,
P

.
W

ü
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ö
n

en
,

T
.
L

eh
ti

m
äk
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o
n

zero
co

effi
cien

ts
is

a
t

least
o
f

ord
er{s(lo

g
p
)/
n}

1
/
2

((F
a
n

a
n

d
L

v
,

2
0
13

)
a
n

d
(Z

h
en

g
et

al.,
2
0
14

)),
w

h
ere

s
sta

n
d

s
fo

r
th

e
size

o
f

th
e

low
-d

im
en

sio
n

a
l

p
a
ra

m
eter

vecto
r.

W
e

d
o
u

b
t

th
e

n
ecessity

of
th

e
m

o
d

el
selection

co
n

sisten
cy

a
n

d
th

e
u

n
iform

sig
n

a
l

stren
g
th

o
f

ord
er{s(lo

g
p
)/
n}

1
/
2

fo
r

ach
iev

in
g

th
e

lo
ga

rith
m

ic
fa

cto
r

log
n

in
u

ltra
-h

igh
d

im
en

sio
n

a
lity.

In
th

is
p

a
p

er,
w

e
su

gg
est

th
e

co
n

stra
in

ed
D

a
n
tzig

selecto
r

to
stu

d
y

th
e

ra
tes

of
co

n
ver-

g
en

ce
w

ith
w

ea
ker

sig
n

a
l

stren
g
th

a
ssu

m
p

tio
n

.
T

h
e

co
n

strain
ed

D
a
n
tzig

selecto
r

rep
la

ces
th

e
con

sta
n
t

D
an

tzig
co

n
stra

in
t

on
correla

tio
n

s
b

etw
een

th
e

va
ria

b
les

an
d

th
e

resid
u

a
l
v
ector

b
y

a
m

o
re

fl
ex

ib
le

on
e,

an
d

co
n

sid
ers

a
co

n
stra

in
ed

p
a
ra

m
eter

sp
a
ce

d
istin

g
u

ish
in

g
b

etw
een

zero
p

a
ra

m
eters

an
d

sign
ifi

ca
n
tly

n
on

zero
p

a
ra

m
eters.

T
h

e
m

a
in

co
n
trib

u
tio

n
s

o
f

th
is

p
a
p

er
a
re

th
reefo

ld
.

F
irst,

th
e

con
vergen

ce
rates

fo
r

th
e

co
n

stra
in

ed
D

an
tzig

selecto
r

a
re

sh
ow

n
to

b
e

w
ith

in
a

facto
r

of
log

n
o
f

th
e

o
ra

cle
ra

tes
in

stea
d

o
f

lo
g
p
,

a
sig

n
ifi

can
t

im
p

rovem
en

t
in

th
e

ca
se

o
f

u
ltra

-h
igh

d
im

en
sio

n
a
lity

a
n

d
rela

tively
sm

all
sa

m
p

le
size.

It
is

a
p

p
ea

lin
g

th
at

su
ch

a
n

im
p

rovem
en

t
is

m
ad

e
w

ith
a

fa
irly

w
ea

k
a
ssu

m
p
tion

o
n

th
e

sig
n

al
stren

gth
w

ith
o
u

t
req

u
irin

g
m

o
d

el
selectio

n
co

n
sisten

cy.
T

o
th

e
b

est
o
f

ou
r

k
n

ow
led

g
e,

th
is

a
ssu

m
p

tio
n

seem
s

to
b

e
th

e
w

eakest
o
n

e
in

th
e

litera
tu

re
o
f

sim
ila

r
resu

lts;
see,

fo
r

ex
a
m

p
le,

B
ickel

et
a
l.

(2
0
09

)
a
n

d
Z

h
en

g
et

al.
(2

01
4
).

T
w

o
p

a
ra

llel
th

eorem
s,

u
n

d
er

th
e

u
n

ifo
rm

u
n

certa
in

ty
p

rin
cip

le
co

n
d

ition
an

d
th

e
restricted

eigen
valu

e
a
ssu

m
p
tion

,
a
re

esta
b

lish
ed

o
n

th
e

p
ro

p
erties

of
th

e
co

n
stra

in
ed

D
a
n
tzig

selecto
r

for
co

m
p

ressed
sen

sin
g

a
n

d
sp

a
rse

m
o
d
elin

g
,

resp
ectiv

ely.
S

econ
d

,
co

m
p

a
red

to
th

e
D

a
n
tzig

selecto
r,

th
eo

retica
l

resu
lts

o
f

th
is

p
a
p

er
sh

ow
th

a
t

th
e

n
u

m
b

er
o
f

falsely
d

iscovered
sign

s
o
f

o
u

r
n

ew
selecto

r,
w

ith
a
n

ex
p

licit
in

verse
rela

tio
n

-
sh

ip
to

th
e

sig
n

a
l

stren
gth

,
is

co
n
tro

lled
a
s

a
p

o
ssib

ly
a
sy

m
p

totica
lly

va
n

ish
in

g
fra

ctio
n

of
th

e
tru

e
m

o
d

el
size.

T
h

ird
,

a
n

a
ctiv

e-set
b

ased
alg

o
rith

m
is

in
tro

d
u

ced
to

im
p

lem
en

t
th

e
co

n
stra

in
ed

D
a
n
tzig

selecto
r

effi
cien

tly.
A

n
ap

p
ea

lin
g

featu
re

o
f

th
is

a
lg

o
rith

m
is

th
a
t

its
co

n
verg

en
ce

can
b

e
ch

ecked
easily.

T
h

e
rest

of
th

e
p

a
p

er
is

o
rg

an
ized

a
s

fo
llow

s.
In

S
ectio

n
2
,

w
e

in
tro

d
u
ce

th
e

co
n

stra
in

ed
D

a
n
tzig

selector.
W

e
p
resen

t
its

co
m

p
ressed

sen
sin

g
a
n

d
sa

m
p

lin
g

p
ro

p
erties

in
S

ectio
n

3
.

In
S

ection
4,

w
e

d
iscu

ss
th

e
im

p
lem

en
tatio

n
of

th
e

m
eth

o
d

an
d

p
resen

t
severa

l
sim

u
la

tion
a
n

d
rea

l
d

ata
ex

a
m

p
les.

W
e

p
rov

id
e

so
m

e
d

iscu
ssio

n
s

o
f

o
u

r
resu

lts
a
n

d
som

e
p

o
ssib

le
ex

-
ten

sion
s

o
f

o
u

r
m

eth
o
d

in
S

ection
5
.

A
ll

tech
n
ica

l
d

eta
ils

a
re

releg
a
ted

to
th

e
A

p
p

en
d

ix
.

2
.
T
h
e
C
o
n
stra

in
e
d

D
a
n
tzig

se
le
cto

r

T
o

sim
p

lify
th

e
tech

n
ical

p
resen

ta
tio

n
,
w

e
a
d

op
t

th
e

m
o
d

el
settin

g
in

C
a
n

d
ès

an
d

T
a
o

(2
00

7)
a
n

d
p

resen
t

th
e

m
a
in

id
eas

fo
cu

sin
g

on
th

e
lin

ea
r

reg
ressio

n
m

o
d

el

y
=

X
β

+
ε
,

(1
)

w
h

ere
y

=
(y

1 ,...,y
n
)
T

is
a
n
n

-d
im

en
sio

n
a
l

resp
o
n

se
vecto

r,
X

=
(x

1 ,...,x
p )

is
a
n
n
×
p

d
esig

n
m

a
trix

co
n

sistin
g

of
p

cova
ria

te
vecto

rs
x
j ’s,

β
=

(β
1 ,...,β

p )
T

is
a
p
-d

im
en

sio
n

a
l

re-
g
ression

co
effi

cien
t

vector,
a
n

d
ε

=
(ε

1 ,...,ε
n
)
T
∼
N

(0
,σ

2I
n
)

fo
r

so
m

e
p

o
sitive

co
n

sta
n
t
σ

is
a
n
n

-d
im

en
sion

al
error

vecto
r

in
d

ep
en

d
en

t
of

X
.

T
h

e
n

o
rm

a
lity

a
ssu

m
p

tion
is

con
sid

ered
fo

r
sim

p
licity,

a
n

d
a
ll

th
e

resu
lts

in
th

e
p

a
p

er
ca

n
b

e
ex

ten
d

ed
to

th
e

ca
ses

o
f

b
o
u

n
d

ed
erro

rs
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K
o
n
g

,
Z

h
e
n
g

a
n
d

L
v

or
lig

h
t-tailed

error
d

istrib
u

tion
s

w
ith

ou
t

m
u

ch
d

iffi
cu

lty.
S

ee,
fo

r
ex

am
p

le,
th

e
tech

n
ical

an
aly

sis
in

F
an

an
d

L
v

(2011)
an

d
F

an
a
n

d
L

v
(2013).

In
b

o
th

p
rob

lem
s

of
com

p
ressed

sen
sin

g
an

d
sp

arse
m

o
d

elin
g,

w
e

are
in

terested
in

recoverin
g

th
e

su
p

p
ort

an
d

n
on

zero
com

p
on

en
ts

of
th

e
tru

e
regression

co
effi

cien
t

vector
β

0
=

(β
0
,1 ,...,β

0
,p )

T
,

w
h

ich
w

e
assu

m
e

to
b

e
sp

arse
w

ith
s

n
on

zero
com

p
on

en
ts,

for
th

e
ca

se
w

h
en

th
e

d
im

en
sion

ality
p

m
ay

greatly
ex

ceed
th

e
sa

m
p

le
size

n
.

T
h

rou
gh

ou
t

th
is

p
a
p

er,
p

is
im

p
licitly

u
n

d
ersto

o
d

as
m

ax{
n
,p}

an
d
s
≤

m
in{

n
,p}

to
en

su
re

m
o
d

el
id

en
-

tifi
a
b

ility.
T

o
a
lig

n
th

e
scale

of
all

covariates,
w

e
assu

m
e

th
at

each
colu

m
n

of
X

,
th

at
is,

each
covariate

vector
x
j ,

is
rescaled

to
h
ave

L
2 -n

orm
n

1
/
2,

m
atch

in
g

th
at

of
th

e
co

n
stan

t
covariate

vector
1

.
T

h
e

D
an

tzig
selector

(C
an

d
ès

an
d

T
ao,

2007
)

is
d

efi
n

ed
as

β̂
D

S
=

argm
in
β
∈
R
p
‖
β‖

1
su

b
ject

to
‖n
−

1X
T

(y
−

X
β

)‖∞
≤
λ

1 ,
(2)

w
h

ere
λ

1 ≥
0

is
a

regu
larization

p
aram

eter.
T

h
e

ab
ove

con
sta

n
t

D
an

tzig
selector

con
strain

t
o
n

correlation
s

b
etw

een
all

covariates
an

d
th

e
resid

u
al

vector
m

ay
n

ot
b

e
fl

ex
ib

le
en

ou
gh

to
d

iff
eren

tiate
im

p
o
rtan

t
covariates

an
d

n
oise

covariates.
W

e
in

tro
d

u
ce

an
ex

ten
sio

n
of

th
e

D
an

tzig
selector,

th
e

con
strain

ed
D

an
tzig

selector,
d

efi
n

ed
as

β̂
c
d
s

=
argm

in
β
∈B

λ
‖β‖

1

su
b

ject
to
|n
−

1x
Tj

(y
−

X
β

)|≤
λ

0 1{|β
j |≥

λ}
+
λ

1 1{|β
j |=

0}

for
j

=
1,...,p

,

(3)

w
h

ere
λ

0
≥

0
is

a
regu

larization
p

aram
eter

an
d
B
λ

=
{
β
∈

R
p

:
β
j

=
0

or|β
j |
≥

λ
for

ea
ch

j}
is

th
e

con
strain

ed
p

aram
eter

sp
ace

for
so

m
e
λ
≥

0
.

W
h

en
w

e
ch

o
ose

λ
=

0
an

d
λ

0
=
λ

1 ,
th

e
con

strain
ed

D
an

tzig
selector

b
eco

m
es

th
e

D
a
n
tzig

selector.
T

h
rou

gh
-

ou
t

th
is

p
ap

er,
w

e
ch

o
ose

th
e

regu
larization

p
aram

eters
λ

0
a
n

d
λ

1
a
s
c

0 {
(log

n
)/n}

1
/
2

an
d

c
1 {

(lo
g
p
)/
n}

1
/
2,

resp
ectively,

w
ith

λ
0 ≤

λ
1

as
w

ell
as
c

0
an

d
c

1
tw

o
su

ffi
cien

tly
large

p
ositive

con
sta

n
ts,

an
d

assu
m

e
th

at
λ

is
a

p
aram

eter
greater

th
an

λ
1 .

T
h

e
tw

o
p

a
ram

eters
λ

0
an

d
λ

1
d

iff
eren

tia
lly

b
ou

n
d

tw
o

ty
p

es
of

correlation
s:

on
th

e
su

p
p

ort
of

th
e

con
strain

ed
D

an
tzig

selector,
th

e
correlation

s
b

etw
een

covariates
an

d
resid

u
als

are
b

ou
n

d
ed

,
u

p
to

a
com

m
on

sca
le,

b
y
λ

0 ;
on

its
com

p
lem

en
t,

h
ow

ever,
th

e
correlation

s
are

b
ou

n
d

ed
th

ro
u

gh
λ

1 .
In

th
e

u
ltra

-h
igh

d
im

en
sion

al
case,

m
ean

in
g

log
p

=
O

(n
α
)

for
som

e
0
<
α
<

1,
th

e
con

strain
ts

in
vo

lv
in

g
λ

0
are

tigh
ter

th
an

th
ose

in
v
olv

in
g
λ

1 ,
in

w
h

ich
λ

1
is

a
u

n
iversal

reg
u

larization
p

a
ram

eter
for

th
e

D
an

tzig
selector;

see
C

a
n

d
ès

an
d

T
ao

(2007
)

an
d

B
ickel

et
al.

(2
009).

W
e

n
ow

p
rov

id
e

m
ore

in
sigh

ts
in

to
th

e
n

ew
con

strain
ts

in
th

e
co

n
stra

in
ed

D
an

tzig
se-

lecto
r.

F
irst,

it
is

w
orth

w
h

ile
to

n
otice

th
at

if
β

0
∈
B
λ ,
β

0
can

satisfy
n
ew

con
strain

ts
w

ith
large

p
ro

b
a
b

ility
in

m
o
d

el
settin

g
(1);

see
th

e
p

ro
of

of
T

h
eo

rem
1.

W
ith

th
e

tigh
ter

con
stra

in
ts,

th
e

feasib
le

set
of

th
e

con
strain

ed
D

an
tzig

selector
p

ro
b

lem
is

a
su

b
set

of
th

at
of

th
e

D
an

tzig
selector

p
rob

lem
,

resu
ltin

g
in

a
search

of
th

e
solu

tion
in

a
red

u
ced

sp
ace.

S
econ

d
,
it

is
ap

p
ealin

g
to

ex
tract

m
ore

in
form

ation
in

im
p

ortan
t

cova
ria

tes,
lead

in
g

to
low

er
correlation

s
b

etw
een

th
ose

variab
les

an
d

th
e

resid
u

al
vector.

In
th

is
sp

irit,
th

e
con

strain
ed

D
a
n
tzig

selecto
r

p
u

ts
tigh

ter
con

strain
ts

on
th

e
correlation

s
b

etw
een

selected
varia

b
les

a
n

d
resid

u
als.

T
h

ird
,

th
e

con
strain

ed
D

an
tzig

selector
is

d
efi

n
ed

on
th

e
con

strain
ed

p
aram

eter
sp

ace
B
λ ,

w
h

ich
h

as
b

een
in

tro
d

u
ced

in
F

an
an

d
L

v
(2013).

S
u

ch
a

sp
a
ce

also
sh

ares
som

e
sim

ila
rity

to
th

e
u

n
ion

of
co

ord
in

ate
su

b
sp

aces
con

sid
ered

in
F

an
an

d
L

v
(2

011)
for

ch
ar-

acterizin
g

th
e

restricted
glob

al
op

tim
ality

of
n

on
con

cav
e

p
en

alized
likelih

o
o
d

estim
a
tors.
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C
o
n
st

r
a
in

e
d

D
a
n
t
z
ig

S
e
l
e
c
t
o
r

T
h

e
th

re
sh

ol
d
λ

in
B λ

d
is

ti
n

gu
is

h
es

b
et

w
ee

n
im

p
or

ta
n
t

co
va

ri
at

es
w

it
h

st
ro

n
g

eff
ec

ts
a
n

d
n

oi
se

co
va

ri
at

es
w

it
h

w
ea

k
eff

ec
ts

.
A

s
sh

ow
n

in
F

an
an

d
L

v
(2

01
3)

,
th

is
fe

at
u

re
ca

n
le

a
d

to
im

p
ro

ve
d

sp
ar

si
ty

an
d

eff
ec

ti
v
el

y
p

re
ve

n
t

ov
er

fi
tt

in
g

b
y

m
ak

in
g

it
h

ar
d

er
fo

r
n

o
is

e
co

va
ri

a
te

s
to

en
te

r
th

e
m

o
d

el
.

3
.
M

a
in

re
su

lt
s

In
th

is
se

ct
io

n
,

tw
o

p
ar

al
le

l
th

eo
re

ti
ca

l
re

su
lt

s
ar

e
in

tr
o
d

u
ce

d
b

as
ed

on
th

e
u

n
if

o
rm

u
n

ce
r-

ta
in

ty
p

ri
n

ci
p

le
(U

U
P

)
co

n
d

it
io

n
an

d
re

st
ri

ct
ed

ei
ge

n
va

lu
e

as
su

m
p

ti
on

,
re

sp
ec

ti
ve

ly
.

A
l-

th
ou

gh
th

e
U

U
P

co
n

d
it

io
n

m
ay

b
e

re
la

ti
ve

ly
st

ri
n

ge
n
t

in
so

m
e

ap
p

li
ca
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d
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re
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≤
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d
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<
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at
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p
ts

an
d

d
en

ot
e

th
es

e
tw

o
co

n
st

a
n
ts

b
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d
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p
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d
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∈
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p
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∧
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√
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√
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√
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‖ ∞
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√
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.
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d
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g
p

ro
p

e
rtie

s

T
h

e
p

ro
p

erties
o
f

th
e

D
a
n
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r

h
av

e
a
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b
een

ex
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siv
ely

in
vestig

a
ted

in
B

ick
el

et
a
l.
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0
9).

T
h

ey
in

tro
d

u
ced

th
e

restricted
eigen

va
lu

e
a
ssu

m
p

tion
w

ith
w

h
ich

th
e

o
ra

cle
in

eq
u

a
lities

u
n

d
er
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p
red

ictio
n

a
n

d
estim

a
tio

n
lo

sses
w

ere
d

erived
.

W
e

a
d

o
p

t
th
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th

eo
retica

l
fram

ew
o
rk

a
n

d
stu

d
y

th
e

sa
m

p
lin

g
p

ro
p

erties
o
f

th
e

co
n

stra
in

ed
D

a
n
tzig

selector
u

n
d

er
th

e
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eig
en

va
lu

e
a
ssu

m
p

tio
n
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elow
.

A
p

o
sitive

in
teg

er
m

is
sa

id
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b
e

in
th

e
sa

m
e

o
rd

er
o
f
s
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n

b
e

b
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n
d
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o
th
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b

ove
a
n
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p
o
sitive
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n
ts.
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o
n

d
itio
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1

F
o
r

so
m

e
po

sitive
in

teger
m

in
th

e
sa

m
e

o
rd

er
o
f
s,

th
ere

exists
so

m
e

po
sitive

co
n

sta
n

t
κ

su
ch

th
a
t‖n

−
1
/
2X
δ‖

2 ≥
κ

m
a
x{‖δ

1 ‖
2 ,‖
δ ′1 ‖

2 }
fo

r
a
ll
δ
∈

R
p

sa
tisfyin

g
‖
δ

2 ‖
1 ≤

‖
δ

1 ‖
1 ,

w
h
ere

δ
=
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,δ
T2

)
T

,
δ

1
is

a
su

bvecto
r

o
f
δ

co
n

sistin
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o
f

th
e

fi
rst

s
co

m
po

n
en

ts,
a
n

d
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a

su
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r
o
f
δ
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co

n
sistin

g
o
f

th
e

m
a
x{
m
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m
s(λ
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la
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co
m

po
n

en
ts

in
m

a
gn

itu
d
e,

w
ith

C
m

so
m

e
po

sitive
co

n
sta

n
t.

C
o
n

d
itio

n
1

is
a

b
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a
ssu

m
p

tio
n

on
th

e
d

esign
m

a
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X
fo

r
d

eriv
in
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th

e
o
ra

cle
in
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eq

u
a
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of
th

e
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n
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e
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e
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su
p
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on
d

ition
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d

eed
p
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s

th
e

sa
m

e
role
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s

th
e
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en
va

lu
e
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ssu

m
p

tio
n
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in

B
ickel

et
a
l.
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00
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w
h

ich
a
ssu

m
es

th
e

in
eq

u
a
lity

in
C

o
n

d
itio

n
1

h
o
ld

s
fo

r
a
n
y

su
b

set
w

ith
size

n
o

la
rg

er
th

a
n
s

to
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a
ll

p
ossib

ilities
o
f

su
p

p
(β

0 ).
S

ee
(10

)
in

th
e

A
p

p
en

d
ix

fo
r

in
sig

h
ts

in
to

th
e

b
a
sic

in
eq

u
a
lity
‖δ

2 ‖
1 ≤
‖δ

1 ‖
1

an
d

B
ickel

et
a
l.

(20
0
9
)

fo
r

m
o
re

d
eta

iled
d

iscu
ssion

s
o
n

th
is

a
ssu

m
p

tion
.

T
h

e
o
re

m
2

A
ssu

m
e

th
a
t

C
o
n

d
itio

n
1

h
o
ld

s
a
n

d
β

0
∈
B
λ

w
ith

λ
≥
C

1
/
2

m
(1

+
λ

1 /λ
0 )λ

1 .
T

h
en

th
e

co
n

stra
in

ed
D

a
n

tzig
selecto

r
β̂

sa
tisfi

es
w

ith
th

e
sa

m
e

p
ro

ba
bility

a
s

in
T

h
eo

rem
1

th
a
tn
−

1
/
2‖

X
(β̂
−
β

0 )‖
2

=
O

(κ
−

1 √
s(lo

g
n

)/n
),
‖
β̂
−
β

0 ‖
1

=
O

(κ
−

2s √
(lo

g
n

)/
n

),

‖
β̂
−
β

0 ‖
2

=
O

(κ
−

2 √
s(lo

g
n

)/n
),

F
S

(β̂
)≤

C
m
c

21 s(lo
g
p
)/

(n
λ

2).

If
in

a
d
d
itio

n
λ
>

2 √
5
κ
−

2c
0 s

1
/
2 √

(log
n

)/
n

,
th

en
w

ith
th

e
sa

m
e

p
ro

ba
bility

it
a
lso

h
o
ld

s

th
a
t

sgn
(β̂

)
=

sg
n
(β

0 )
a
n

d
‖β̂
−
β

0 ‖∞
=
O
{‖(n

−
1X
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X

1 ) −
1‖∞

√
(lo

g
n

)/
n}

.

T
h

eo
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2
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a
sy

m
p

to
tic
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lts

o
n

th
e
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n

d
o
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cle
in

eq
u
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r
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con
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in
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D
a
n
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r
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p
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p
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w
h
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e
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itio
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b
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h
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p
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b
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p
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=
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=
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im
ilar

as
in

T
h

eo-
rem

1,
th
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b
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p
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e
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con
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b
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p
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/
2

m
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0 )λ

1 .
A

ssu
m

e
for

sim
p

licity
th

at
‖
β

0 ‖
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∞
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p
er

b
o
u
n

d
on

th
e

sp
arsity

level
s

=
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b
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e
classica

l
con

vergen
ce

rates
in

volv
in

g
s(log
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=
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=
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p
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p
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at
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an

d
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b
u

t
w

ith
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ger

con
d

ition
on

sign
al

stren
gth
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th
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con
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p
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e
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strain
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b
u
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en
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etter

p
rop
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S

om
e
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p
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en

sive
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lts
on

th
e

p
red

iction
an

d
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le
selection

p
rop
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ave
a
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b
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ed
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F
an

an
d

L
v
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fo
r
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s
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m
eth

o
d
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revealin

g
th

eir
asy

m
p
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eq

u
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in

th
e

th
resh

old
ed

p
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eter
sp

ace.
H

ow
ever,
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m

en
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n
ed

in
S

ection
3.1,

im
p

roved
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tes
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in
T

h
eo

rem
2

com
m

on
ly

req
u
ire

a
stron

ger
assu

m
p

tion
on

th
e

sign
al

stren
gth

,
w

h
ich

is
β

0 ∈
B
λ

w
ith

λ
�
s

1
/
2λ

1 ;
see,

for
ex

am
p

le,
T

h
eorem

2
of

F
an

an
d

L
v

(20
13).

F
o
r

th
e

q
u
an

tity
‖(n
−

1X
T1
X

1 ) −
1‖∞

in
th

e
ab

ove
b

o
u

n
d

on
th

e
L
∞

-estim
a
tion

loss,
if

X
1

ta
kes

th
e

form
of

a
com

m
on

correlation
m

atrix
(1−

ρ
)I
s

+
ρ
1
s 1
Ts

for
som

e
ρ
∈

[0,1),
it
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ea
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to

ch
eck

th
at‖

(n
−

1X
T1
X

1 ) −
1‖∞

=
(1−

ρ
) −

1{
1

+
(2
s−

3
)ρ}

/{
1

+
(s−

1)ρ}
,

w
h

ich
is

b
o
u

n
d

ed
rega

rd
less

of
th

e
valu

e
of
s.

3
.3

A
sy

m
p

to
tic

p
ro

p
e
rtie

s
o
f

c
o
m

p
u

ta
b

le
so

lu
tio

n
s

T
h

e
n

o
n

asy
m

p
totic

an
d

sam
p

lin
g

p
rop

erties
of

th
e

con
strain

ed
D

an
tzig

selecto
r,
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th

e
g
lob

al
m

in
im

izer,
h

ave
b

een
estab

lish
ed

in
S

ection
s

3.1
an

d
3.2,
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ectively.

H
ow

ever,
it

is
n

ot
g
u

a
ran

teed
th

at
th

e
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al
m

in
im

izer
can

b
e

gen
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b
y

a
com

p
u

tation
al

algo
rith

m
.

M
oreover,

a
com

p
u

tab
le

solu
tion

,
gen

erated
b
y

an
y

algorith
m

,
m

ay
on

ly
b

e
a

lo
cal

m
in

im
izer

in
m

an
y

cases.
U

n
d

er
certain

regu
larity

con
d

ition
s,

w
e

d
em

on
strate

th
at

th
e

lo
cal

m
in

im
izer

o
f

ou
r

m
eth

o
d

ca
n

still
sh

are
th

e
sam

e
n

ice
asy

m
p

totic
p

rop
erties

a
s

th
e

glob
a
l

on
e.

T
h

e
o
re

m
3

L
et
β̂

be
a

co
m

p
u

ta
ble

loca
l

m
in

im
izer

o
f

(3
).

A
ssu

m
e

th
a
t

th
ere

exist
so

m
e

po
sitive

co
n

sta
n

ts
c

2 ,
κ

0
a
n

d
su

ffi
cien

tly
la

rge
po

sitive
co

n
sta

n
t
c

3
su

ch
th

a
t‖
β̂‖

0 ≤
c

2 s
a
n

d
m

in‖δ‖
2
=

1
,
‖δ‖

0 ≤
c
3
s
n
−

1
/
2‖X

δ‖
2 ≥

κ
0 .

T
h
en

u
n

d
er

co
n

d
itio

n
s

o
f

T
h
eo

rem
2
,
β̂

en
jo
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th

e
sa

m
e

p
ro

perties
a
s

th
e

glo
ba

l
m

in
im

izer
in

T
h
eo

rem
2
.
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C
o
n
st

r
a
in

e
d

D
a
n
t
z
ig

S
e
l
e
c
t
o
r

In
S

ec
ti

on
4.

1,
w

e
in

tr
o
d

u
ce

an
effi

ci
en

t
al

go
ri

th
m

th
at

gi
v
es

u
s

a
lo

ca
l

m
in

im
iz

er
.

T
h

e-
or

em
3

in
d

ic
at

es
th

at
th

e
ob

ta
in

ed
so

lu
ti

on
ca

n
al

so
en

jo
y

th
e
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y
m

p
to

ti
c

p
ro

p
er

ti
es

in
T

h
eo

re
m

2
u

n
d

er
th

e
ex

tr
a
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su

m
p

ti
on

s
th

at
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is
a

sp
ar

se
so
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ti

on
w

it
h

th
e

n
u

m
b

er
o
f
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on

ze
ro

co
m

p
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en
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m

p
ar
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le
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it

h
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an
d

th
e
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ig
n
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at

ri
x

X
sa

ti
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a
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ar
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g
en
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va

lu
e
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n

d
it

io
n

.
S

im
il

ar
re

su
lt

s
fo

r
th

e
co

m
p

u
ta

b
le

so
lu

ti
on

ca
n

b
e
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u

n
d

in
F

a
n

an
d

L
v

(2
01

3,
20

14
),

w
h

er
e

th
e

lo
ca

l
m

in
im

iz
er

is
ad

d
it

io
n

al
ly

as
su

m
ed

to
sa

ti
sf

y
ce

rt
a
in
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n

st
ra

in
t

on
th

e
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el

at
io

n
b

et
w
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n

th
e

re
si

d
u

al
ve
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an
d
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l
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va
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at
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.
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l
st
u
d
ie
s

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
in

tr
o
d

u
ce

an
al

go
ri

th
m

w
h

ic
h

ca
n

effi
ci

en
tl

y
im

p
le

m
en

t
th

e
co

n
-

st
ra

in
ed

D
an

tz
ig

se
le

ct
or

.
T

h
en

se
v
er

al
si

m
u
la

ti
on

st
u

d
ie

s
an

d
tw

o
re

al
d

a
ta

ex
a
m

p
le

s
a
re

p
re

se
n
te

d
to

ev
al

u
at

e
th

e
p

er
fo

rm
an

ce
of

ou
r

m
et

h
o
d

.

4
.1

Im
p

le
m

e
n
ta

ti
o
n

T
h

e
co

n
st

ra
in

ed
D

an
tz

ig
se

le
ct

or
d

efi
n
ed

in
(3

)
d

ep
en

d
s

on
tu

n
in

g
p

ar
am

et
er

s
λ

0
,
λ

1
,
an

d
λ

.
W

e
su

gg
es

t
so

m
e

fi
x
ed

va
lu

es
fo

r
λ

0
an

d
λ

to
si

m
p

li
fy

th
e

co
m

p
u

ta
ti

on
,

si
n

ce
th

e
p

ro
p

o
se

d
m

et
h

o
d

is
ge

n
er

al
ly

n
ot

th
at

se
n

si
ti

v
e

to
λ

0
an

d
λ

as
lo

n
g

as
th

ey
fa

ll
in

ce
rt

ai
n

ra
n

g
es

.
In

si
m

u
la

ti
on

st
u

d
ie

s
to

b
e

p
re

se
n
te

d
,

a
va

lu
e

ar
ou

n
d
{(

lo
g
p
)/
n
}1
/
2

fo
r
λ

a
n

d
a

sm
a
ll

er
va

lu
e

fo
r
λ

0
,

sa
y

0
.0

5{
(l

og
p
)/
n
}1
/
2

or
0.

1{
(l

og
p
)/
n
}1
/
2
,

ca
n

p
ro

v
id

e
u

s
n

ic
e

p
re

d
ic

ti
o
n

a
n

d
es

ti
m

at
io

n
re

su
lt

s.
T

h
e

va
lu

e
of
λ

0
is

ch
o
se

n
to

b
e

sm
al

le
r

th
an
{(

lo
g
p
)/
n
}1
/
2

to
m

it
ig

a
te

th
e

se
le

ct
io

n
of

n
oi

se
va

ri
ab

le
s

an
d

fa
ci

li
ta

te
sp

ar
se

m
o
d

el
in

g.
T

h
e

p
er

fo
rm

a
n

ce
of

o
u

r
m

et
h

o
d

w
it

h
re

sp
ec

t
to

d
iff

er
en

t
va

lu
es

of
λ

0
an

d
λ

is
sh

ow
n

in
si

m
u

la
ti

on
E

x
am

p
le

2
in

S
ec

ti
on

4.
2,

w
h

ic
h

is
a

ty
p

ic
al

ex
am

p
le

th
at

il
lu

st
ra

te
s

th
e

ro
b

u
st

n
es

s
o
f

th
e

p
ro

p
o
se

d
m

et
h

o
d

w
it

h
re

sp
ec

t
to
λ

0
an

d
λ

.

F
or

fi
x
ed

λ
0

an
d
λ

,
w

e
ex

p
lo

it
th

e
id

ea
of

se
q
u

en
ti

al
li

n
ea

r
p

ro
gr

am
m

in
g

to
p

ro
d

u
ce

th
e

so
lu

ti
on

p
at

h
of

th
e

co
n

st
ra

in
ed

D
an

tz
ig

se
le

ct
or

as
λ

1
va

ri
es

.
C

h
o
os

e
a

g
ri

d
o
f

va
lu

es
fo

r
th

e
tu

n
in

g
p

ar
am

et
er
λ

1
in

d
ec

re
as

in
g

or
d

er
w

it
h

th
e

fi
rs

t
on

e
b

ei
n

g
‖n
−

1
X
T
y
‖ ∞

.
It

is
ea

sy
to

ch
ec

k
th

at
β

=
0

sa
ti

sfi
es

al
l

th
e

co
n

st
ra

in
ts

in
(3

)
fo

r
λ

1
=
‖n
−

1
X
T
y
‖ ∞

,
a
n

d
th

u
s

th
e

so
lu

ti
on

is
β̂

c
d
s

=
0

in
th

is
ca

se
.

F
or

ea
ch
λ

1
in

th
e

gr
id

,
w

e
u

se
th

e
so

lu
ti

o
n

fr
om

th
e

p
re

v
io

u
s

on
e

in
th

e
gr

id
as

an
in

it
ia

l
va

lu
e

to
sp

ee
d

u
p

th
e

co
n
v
er

ge
n

ce
.

F
o
r

a
g
iv

en
λ

1
,

w
e

d
efi

n
e

an
ac

ti
ve

se
t,

it
er

at
iv

el
y

u
p

d
at

e
th

is
se

t,
an

d
so

lv
e

th
e

co
n

st
ra

in
ed

D
an

tz
ig

se
le

ct
or

p
ro

b
le

m
.

W
e

n
am

e
th

is
al

g
or

it
h

m
as

th
e

C
D

S
al

go
ri

th
m

w
h

ic
h

is
d

et
a
il

ed
in

fo
u

r
st

ep
s

b
el

ow
.

1.
F

or
a

fi
x
ed

λ
1

in
th

e
gr

id
,

d
en

ot
e

b
y
β̂

(0
)

λ
1

th
e

in
it

ia
l

va
lu

e.
L

et
β̂

(0
)

λ
1

b
e

ze
ro

w
h

en

λ
1

=
‖n
−

1
X
T
y
‖ ∞

,
an

d
th

e
es

ti
m

at
e

fr
om

p
re

v
io

u
s
λ

1
in

th
e

gr
id

ot
h

er
w

is
e.

2.
D

en
ot

e
b
y
β̂

(k
)

λ
1

th
e

es
ti

m
at

e
fr

om
th

e
k
th

it
er

at
io

n
.

D
efi

n
e

th
e

ac
ti

v
e

se
t
A

a
s

th
e

su
p

p
or

t
of
β̂

(k
)

λ
1

an
d
A
c

it
s

co
m

p
le

m
en

t.
L

et
b

b
e

a
ve

ct
or

w
it

h
co

n
st

a
n
t

co
m

p
on

en
ts

λ
0

on
A

an
d
λ

1
on
A
c
.

F
or

th
e

(k
+

1)
th

it
er

at
io

n
,

u
p

d
at

e
A

as
A
∪
{j
∈
A
c

:
|n
−

1
x
T j

(y
−

X
β̂
A

)|
>
λ

1
},

w
h

er
e

th
e

su
b

sc
ri

p
t
A

in
d

ic
at

es
a

su
b
ve

ct
o
r

re
st

ri
ct

ed
o
n
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K
o
n
g

,
Z

h
e
n
g

a
n
d

L
v

A
.

S
ol

v
e

th
e

fo
ll

ow
in

g
li

n
ea

r
p

ro
g
ra

m
o
n

th
e

n
ew

se
t
A

:

β̂
A

=
a
rg

m
in
‖β
A
‖ 1

su
b

je
ct

to
|n
−

1
X
T A

(y
−

X
A
β
A

)|
�

b
A
,

(5
)

w
h

er
e
�

is
u

n
d

er
st

o
o
d

a
s

co
m

p
on

en
tw

is
e

n
o

la
rg

er
th

an
a
n

d
th

e
su

b
sc

ri
p

t
A

a
ls

o
in

d
ic

a
te

s
a

su
b

m
a
tr

ix
w

it
h

co
lu

m
n

s
co

rr
es

p
on

d
in

g
to
A

.
F

or
th

e
so

lu
ti

o
n

o
b

ta
in

ed
in

(5
),

se
t

al
l

it
s

co
m

p
o
n

en
ts

sm
a
ll

er
th

an
λ

in
m

a
gn

it
u

d
e

to
ze

ro
.

3.
U

p
d

at
e

th
e

a
ct

iv
e

se
t
A

as
th

e
su

p
p

o
rt

o
f
β̂
A

.
S

o
lv

e
th

e
D

a
n
tz

ig
se

le
ct

or
p

ro
b

le
m

o
n

th
is

ac
ti

ve
se

t
w

it
h
λ

0
a
s

th
e

re
gu

la
ri

za
ti

o
n

p
a
ra

m
et

er
:

β̂
A

=
a
rg

m
in
‖β
A
‖ 1

su
b

je
ct

to
‖n
−

1
X
T A

(y
−

X
A
β
A

)‖
∞
≤
λ

0
.

(6
)

L
et
β̂

(k
+

1
)

A
=
β̂
A

a
n

d
β̂

(k
+

1
)

A
c

=
0

,
w

h
ic

h
g
iv

e
th

e
so

lu
ti

o
n

fo
r

th
e

(k
+

1
)t

h
it

er
at

io
n

.

4
.

R
ep

ea
t

st
ep

s
2

an
d

3
u

n
ti

l
co

n
v
er

g
en

ce
fo

r
a

fi
x
ed

λ
1

an
d

re
co

rd
th

e
es

ti
m

a
te

fr
o
m

th
e

la
st

it
er

a
ti

on
a
s
β̂
λ
1
.

J
u

m
p

to
th

e
n

ex
t
λ

1
if
β̂
λ
1
∈
B λ

,
a
n
d

st
op

th
e

a
lg

or
it

h
m

o
th

er
w

is
e.

W
it

h
th

e
so

lu
ti

o
n

p
at

h
p

ro
d

u
ce

d
,

w
e

u
se

th
e

cr
o
ss

-v
al

id
a
ti

o
n

to
se

le
ct

th
e

tu
n

in
g

p
a-

ra
m

et
er
λ

1
.

O
n

e
ca

n
a
ls

o
tu

n
e
λ

0
a
n

d
λ

si
m

il
a
rl

y
a
s

fo
r
λ

1
,

b
u

t
as

su
gg

es
te

d
b

ef
o
re

,
so

m
e

fi
x
ed

va
lu

es
fo

r
th

em
su

ffi
ce

to
ob

ta
in

sa
ti

sf
a
ct

o
ry

re
su

lt
s.

T
h

e
ra

ti
o
n

a
le

s
of

th
e

co
n
st

ra
in

ed
D

a
n
tz

ig
se

le
ct

o
r

a
lg

o
ri

th
m

ar
e

a
s

fo
ll

ow
s.

S
te

p
1

d
efi

n
es

th
e

in
it

ia
l

va
lu

e
(0

th
it

er
at

io
n

)
fo

r
ea

ch
λ

1
in

th
e

g
ri

d
.

In
st

ep
2,

st
a
rt

in
g

w
it

h
a

sm
a
ll

er
ac

ti
ve

se
t,

w
e

ad
d

va
ri

ab
le

s
th

a
t

v
io

la
te

th
e

co
n

st
ra

in
ed

D
a
n
tz

ig
se

le
ct

o
r

co
n

st
ra

in
ts

to
el

im
in

at
e

su
ch

co
n

fl
ic

t.
A

s
a

co
n

se
q
u

en
ce

,
so

m
e

co
m

p
o
n

en
ts

of
b
A

a
re

of
va

lu
e
λ

1

in
st

ea
d

o
f
λ

0
.

T
h

er
ef

o
re

,
w

e
n

ee
d

to
fu

rt
h

er
so

lv
e

(6
)

in
st

ep
3

b
y

n
o
ti

n
g

th
at

re
st

ri
ct

ed
o
n

it
s

su
p

p
or

t,
th

e
co

n
st

ra
in

ed
D

a
n
tz

ig
se

le
ct

or
sh

ou
ld

b
e

a
so

lu
ti

o
n

to
th

e
D

a
n
tz

ig
se

le
ct

or
p

ro
b

le
m

w
it

h
p

ar
a
m

et
er
λ

0
.

A
n

ea
rl

y
st

op
p

in
g

o
f

th
e

so
lu

ti
o
n

p
at

h
is

im
p

o
se

d
in

st
ep

4
to

m
a
ke

th
is

al
g
or

it
h

m
co

m
p

u
ta

ti
o
n

a
ll

y
m

o
re

effi
ci

en
t.

A
n

a
p

p
ea

li
n

g
fe

a
tu

re
of

th
is

al
g
o
ri

th
m

is
th

at
it

s
co

n
ve

rg
en

ce
ca

n
b

e
ch

ec
k
ed

ea
si

ly
.

O
n

ce
th

er
e

ar
e

n
o

m
or

e
va

ri
a
b

le
s

v
io

la
ti

n
g

th
e

co
n
st

ra
in

ed
D

a
n
tz

ig
se

le
ct

o
r

co
n

st
ra

in
ts

,
th

a
t

is
,
{j
∈
A
c

:
|n
−

1
x
T j

(y
−

X
β̂
A

)|
>
λ

1
}

=
∅,

th
e

it
er

at
io

n
st

o
p

s
a
n

d
th

e
a
lg

or
it

h
m

co
n
ve

rg
es

.
In

o
th

er
w

or
d

s,
th

e
co

n
ve

rg
en

ce
of

th
e

al
g
o
ri

th
m

is
eq

u
iv

a
le

n
t

to
th

a
t

o
f

th
e

ac
ti

ve
se

t
w

h
ic

h
ca

n
b

e
ch

ec
k
ed

d
ir

ec
tl

y.
W

h
en

th
e

a
lg

o
ri

th
m

co
n
ve

rg
es

,
th

e
so

lu
ti

o
n

li
es

in
th

e
fe

as
ib

le
se

t
of

th
e

co
n

st
ra

in
ed

D
a
n
tz

ig
se

le
ct

or
p

ro
b

le
m

an
d

is
a

g
lo

b
al

m
in

im
iz

er
re

st
ri

ct
ed

on
th

e
a
ct

iv
e

se
t,

an
d

is
th

u
s

a
lo

ca
l

m
in

im
iz

er
.

In
si

m
u

la
ti

on
E

x
a
m

p
le

2
o
f

S
ec

ti
on

4
.2

,
w

e
tr

ac
ke

d
th

e
co

n
ve

rg
en

ce
p

ro
p

er
ty

o
f

th
e

al
go

ri
th

m
on

10
0

d
at

a
se

ts
fo

r
p

=
1
0
0
0
,

5
0
0
0,

an
d

1
0
00

0,
re

sp
ec

ti
ve

ly
.

In
a
ll

ca
se

s,
w

e
o
b

-
se

rv
e

th
at

th
e

al
g
o
ri

th
m

a
lw

ay
s

co
n
v
er

g
ed

ov
er

a
ll

1
0
0

si
m

u
la

ti
o
n

s,
in

d
ic

at
in

g
co

n
si

d
er

a
b

le
st

a
b

il
it

y
o
f

th
is

al
g
or

it
h

m
.

A
n

o
th

er
a
d

va
n
ta

ge
of

th
e

a
lg

or
it

h
m

is
th

a
t

it
is

b
u

il
t

u
p

o
n

th
e

D
a
n
tz

ig
se

le
ct

or
in

lo
w

er
d

im
en

si
o
n

s,
so

it
in

h
er

it
s

th
e

co
m

p
u

ta
ti

o
n
a
l

effi
ci

en
cy

.

4
.2

S
im

u
la

ti
o
n

st
u

d
ie

s

T
o

b
et

te
r

il
lu

st
ra

te
th

e
p

er
fo

rm
a
n

ce
of

th
e

co
n

st
ra

in
ed

D
a
n
tz

ig
se

le
ct

o
r,

w
e

co
n

si
d

er
th

e
th

re
sh

ol
d

ed
D

an
tz

ig
se

le
ct

o
r

w
h

ic
h

si
m

p
ly

se
ts

co
m

p
on

en
ts

o
f

th
e

D
an

tz
ig

se
le

ct
o
r

es
ti

-
m

at
e

to
ze

ro
s

if
sm

a
ll

er
th

a
n

a
th

re
sh

o
ld

in
m

a
gn

it
u

d
e.

W
e

ev
a
lu

a
te

d
th

e
p

er
fo

rm
an

ce
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C
o
n
st

r
a
in

e
d

D
a
n
t
z
ig

S
e
l
e
c
t
o
r

o
f

th
e

co
n

strain
ed

D
a
n
tzig

selecto
r

in
co

m
p

arison
w

ith
th

e
D

an
tzig

selector,
th

resh
o
ld

ed
D

a
n
tzig

selecto
r,

L
asso,

ela
stic

n
et

(Z
o
u

an
d

H
a
stie,

2
0
0
5
),

a
n

d
a
d

a
p

tive
L

a
sso

(Z
o
u

,
2
0
0
6).

T
w

o
sim

u
la

tio
n

stu
d

ies
w

ere
co

n
sid

ered
,

w
ith

th
e

fi
rst

on
e

in
vestiga

tin
g

sp
a
rse

recov
ery

for
co

m
p

ressed
sen

sin
g

an
d

th
e

secon
d

on
e

ex
a
m

in
in

g
sp

arse
m

o
d

elin
g
.

T
h

e
settin

g
o
f

th
e

fi
rst

sim
u

la
tio

n
ex

am
p

le
is

sim
ilar

to
th

a
t

o
f

th
e

sp
a
rse

recov
-

ery
ex
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on

of
X̃

ar
ou

nd
X

is
re
pr
es
en
ta
ti
ve

of
th
e
di
st
ri
bu

ti
on

of
X

ar
ou

nd
µ
.
T
he
n,

w
e

ca
n
so
lv
e
an

an
al
og
ue

to
(5
)
on

th
e
bo

ot
st
ra
p
sa
m
pl
es
X̃
:

µ̂
st

a
b

le
k

=
X
B̂
k
,
w
he
re
B̂
k

=
a
rg

m
in
B

{ E X̃
∼
L̃(
X

)

[ ∥ ∥ ∥
X
−
X̃
B
∥ ∥ ∥2 2

]
:

ra
n

k
(B

)
≤
k

}
.

(6
)
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u
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r
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L
o
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n
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atr
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E
stim

atio
n

W
e
callthis

choice
of
B̂
k
a
stable

autoencoder
of
X
,as

it
provides

a
parsim

onious
encoding

of
the

features
of
X

that
is
stable

w
hen

perturbed
w
ith

bootstrap
noiseL̃

(X
).

T
he

m
otivation

behind
this

approach
is

that
w
e
w
ant

to
shrink

µ̂
k
aggressively

along
directions

w
here

the
boostrap

reveals
instability,but

do
not

w
ant

to
shrink

µ̂
k
too

m
uch

along
directions

w
here

our
m
easurem

ents
are

already
accurate.

B
ootstrap

m
od

els
for

stab
le

au
toen

cod
in

g
A

challenge
in

carrying
out

the
program

(6)
is

in
choosing

how
to

generate
the

bootstrap
sam

ples
X̃
.

In
the

classical
statistical

setting,
w
e
have

access
to

m
�

1
independent

training
sam

ples
and

can
thus

create
a

bootstrap
dataset

by
sim

ply
re-sam

pling
the

training
data

w
ith

replacem
ent.

In
our

setting,
how

ever,
w
e
only

have
a
single

m
atrix

X
,
i.e.,

m
=

1.
T
hus,

w
e
m
ust

find
another

avenue
for

creating
bootstrap

sam
ples

X̃
.

T
o
get

around
this

lim
itation,

w
e
use

a
Lévy

bootstrap
(W

ager
et

al.,
2016).

B
efore

defining
the

abstract
bootstrap

schem
e
below

,
w
e
first

discuss
som

e
sim

ple
exam

ples.
In

the
G

au
ssian

case
X
ij
∼
N
(µ

ij ,
σ

2 ),
Lévy

boostrapping
is

equivalent
to

a
param

etric
bootstrap:

X̃
ij

=
X
ij

+
ε̃
ij ,

w
here

ε̃
ij

iid∼N
(

0
,

δ

1−
δ
σ

2 )
,

(7)

and
δ
∈

(0,
1
)
is

a
tuning

param
eter

that
governs

the
regularization

strength.
M
eanw

hile,
in

the
P
oisson

case
X
ij ∼

P
oisson

(µ
ij ),

Lévy
bootstrapping

involves
random

ly
deleting

a
fraction

δ
of

the
counts

com
prising

the
m
atrix

X
,and

up-w
eighting

the
rest:

X̃
ij ∼

1

1−
δ
B
inom

ial(X
ij ;

1−
δ)
,

(8)

w
here

again
δ
∈

(0,
1)

governs
the

regularization
strength.

In
the

case
δ

=
0.5,

this
is

equivalent
to

the
“double-or-nothing”

bootstrap
on

the
individual

counts
of
X

(e.g.,
O
w
en

and
E
ckles,2012).

T
hese

tw
o
exam

ples
already

reveala
variety

of
different

phenom
ena.

O
n
one

hand,sta-
ble

autoencoding
w
ith

the
G
aussian

noise
m
odel

(7)
reduces

to
a
singular-value

shrinkage
estim

ator
(Section

2),and
thus

leads
us

back
to

the
classicalliterature

on
low

-rank
m
atrix

estim
ation.

C
onversely,w

ith
the

P
oisson-adapted

bootstrap
(8),the

m
ethod

(6)
rotates

sin-
gular

vectors
instead

ofjust
shrinking

singular
vales;and

in
our

experim
ents,it

outperform
s

severalvariants
of

singular-value
shrinkage

that
have

been
proposed

in
the

literature.

T
h
e

L
évy

b
ootstrap

H
aving

firstsurveyed
ourtw

o
m
ain

exam
ples

above,w
e
now

present
the

m
ore

general
Lévy

bootstrap
that

can
be

used
to

carry
out

stable
autoencoding

in
a

w
ider

variety
ofexponentialfam

ily
m
odels.

T
o
m
otivate

this
approach,suppose

that
w
e
can

generate
our

m
atrix

X
as

a
sum

of
independent

com
ponents:

X
=

B
∑b=

1

X
(B

)
b

,
w
here

X
(B

)
1

,
...,

X
(B

)
B

(9)

are
independent

and
identically

distributed.
For

exam
ple,

if
X

is
G
aussian

w
ith

X
ij
∼

N
(µ
ij ,
σ

),then
(9)

holds
w
ith

(X
(B

)
b

)
ij ∼
N

(µ
ij /
B
,
σ
/
B

).
If
the

above
construction

w
ere

to
hold

and
w
e
also

knew
the

individualcom
ponents

X
(B

)
b

,w
e
could

easily
create

bootstrap

3
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Jo
sse

a
n
d

W
ag

er

sam
ples

X̃
as

X̃
=

1

1−
δ

B
∑b=

1

W̃
b
X

(B
)

b
,

w
here

W̃
b

iid∼
B
ernoulli(1−

δ)
,

(10)

and
δ
∈

(0,
1
)
governs

the
noising

strength.
N
ow

in
reality,

w
e
do

not
know

the
term

s
in

(9),and
so

cannot
carry

out
(10).

H
ow

ever,
W
ager

et
al.

(2016)
establish

conditions
under

w
hich

this
lim

itation
does

not
m
atter.

Suppose
that

X
is

draw
n
from

an
exponentialfam

ily
distribution

X
∼
f
θ (·),

f
θ (x

)
=
h

(X
)

ex
p  ∑i,j

Θ
ij X

ij −
ζ

(Θ
) 
,

(11)

w
here

Θ
∈
R
n×

p
is

an
unknow

n
param

eter
vector,

h
(·)

is
a
carrier

distribution,
and

ζ
(·)

is
the

log-partition
function.

Suppose,m
oreover,that

X
has

an
infinitely

divisible
distribution,

or,equivalently,that
X

=
A

(1)
for

som
e
m
atrix-valued

Lévy
process

A
(t)∈

R
n×

p
for

t
>

0
(e.g.,D

urrett,2010).
T
hen,w

e
can

alw
ays

generate
bootstrap

replicates
X̃

distributed
as

X̃
∼
L̃
δ (X

)
:=

1

1−
δ
A

(1−
δ) ∣∣

A
(1)

=
X
,

for
any

δ∈
(0,

1),
(12)

w
ithout

requiring
know

ledge
of

the
underlying

Θ
;
W
ager

et
al.

(2016)
provide

explicit
for-

m
ulas

for
carrying

out
(12)

that
only

depend
on

the
carrier

h
(·).

T
he

upshot
of

this
bootstrap

schem
e
is

that
it

allow
s
us

to
preserve

the
generative

structure
encoded

by
Θ

w
ithout

needing
to

know
the

true
param

eter.
In

the
G
aussian

and
P
oisson

cases,
(12)

reduces
to

(7)
and

(8)
respectively;

how
ever,

this
Lévy

bootstrap
fram

ew
ork

also
induces

other
noising

schem
es,such

as
m
ultiplicative

noising
w
hen

X
has

a
G
am

m
a
distribution.

R
an

k
selection

via
iterated

stab
le

au
toen

cod
in

g
R
eturning

now
to

our
m
ain

focus,
nam

ely
regularized

low
-rank

m
atrix

estim
ation,w

e
note

thatone
diffi

culty
w
ith

the
estim

ator
µ̂

sta
b

le
k

(6)
is

that
w
e
need

to
select

the
rank

k
of

the
estim

ator
beforehand

in
addition

to
the

shrinkage
param

eter
δ.

Surprisingly,
w
e
can

get
around

this
issue

by
iterating

the
optim

ization
problem

(6)
untilw

e
converge

to
a
lim

it:

µ̂
iter

=
X
B̂
,
w
here

B̂
=

argm
in
B

{
E
X̃
∼
L̃

(µ̂
ite

r,X
) [∥∥∥

µ̂
iter−

X̃
B
∥∥∥

22 ]}
.

(13)

In
Section

3,
w
e
establish

conditions
under

w
hich

the
iterative

algorithm
im

plied
above

in
fact

converges
and,m

oreover,the
resulting

fixed
point

µ̂
iter

is
low

rank.
In

our
experim

ents,
this

iterated
stable

autoencoder
doesa

good
job

atestim
ating

k
ofthe

underlying
signal;thus,

allthe
statistician

needs
to

do
is
to

specify
a
single

regularization
param

eter
δ∈

(0,
1
)
that

sim
ultaneously

controls
both

the
am

ount
of

shrinkage
and

the
rank

k
of

the
final

estim
ate

µ̂.
T
o
sum

m
arize,

our
approach

as
instantiated

in
(6)

and
(13)

provides
us

w
ith

a
flexible

fram
ew

ork
for

transform
ing

noise
m
odels

L
(·)

into
regularized

m
atrix

estim
ators

via
the

4
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R
eg

u
la

r
iz

ed
L
o
w

-R
a
n
k

M
at

r
ix

E
st

im
at

io
n

Lé
vy

bo
ot
st
ra
p.

In
th
e
G
au

ss
ia
n
ca
se
,o

ur
fr
am

ew
or
k
yi
el
ds

es
ti
m
at
or
s
th
at

re
se
m
bl
e
be

st
-

pr
ac
ti
ce

si
ng

ul
ar
-v
al
ue

sh
ri
nk

ag
e
m
et
ho

ds
.

M
ea
nw

hi
le
,
in

th
e
no

n-
G
au

ss
ia
n

ca
se
,
st
ab

le
au

to
en
co
di
ng

al
lo
w
s
us

to
le
ar
n
ne
w

si
ng

ul
ar

ve
ct
or
s
fo
r
µ̂
.
In

ou
r
ex
pe

ri
m
en
ts
,t
hi
s
al
lo
w
ed

us
to

su
bs
ta
nt
ia
lly

im
pr
ov
e
ov
er

ex
is
ti
ng

te
ch
ni
qu

es
.

F
in
al
ly
,w

e
al
so

di
sc
us
s
ex
te
ns
io
ns

to
st
ab

le
au

to
en
co
di
ng

:
In

Se
ct
io
n
4,

w
e
sh
ow

ho
w

to
us
e
ou

r
m
et
ho

d
to

re
gu

la
ri
ze

co
rr
es
po

nd
en
ce

an
al
ys
is
(G

re
en
ac
re
,1

98
4,

20
07
),
w
hi
ch

is
on

e
of

th
e
m
os
t
po

pu
la
r
w
ay
s
to

an
al
yz
e
m
ul
ti
va
ri
at
e
co
un

t
da

ta
an

d
un

de
rl
ie
s
se
ve
ra
lm

od
er
n

m
ac
hi
ne

le
ar
ni
ng

al
go
ri
th
m
s.

A
so
ft
w
ar
e
im

pl
em

en
ta
ti
on

of
th
e
pr
op

os
ed

m
et
ho

ds
is

av
ai
la
bl
e
th
ro
ug

h
th
e
R-
pa

ck
ag
e

de
no

is
eR

(J
os
se

et
al
.,
20
16
).

1.
1

R
el

at
ed

w
or

k

T
he
re

is
a
w
el
l-k

no
w
n
du

al
it
y
be

tw
ee
n
re
gu

la
ri
za
ti
on

an
d
fe
at
ur
e
no

is
in
g
sc
he
m
es
.
A
s
sh
ow

n
by

B
is
ho

p
(1
99
5)
,l
in
ea
r
re
gr
es
si
on

w
it
h
fe
at
ur
es

pe
rt
ur
be

d
w
it
h
G
au

ss
ia
n
no

is
e,

i.e
.,

β̂
=

ar
gm

in
β

{ E ε
ij

ii
d ∼
N

(0
,σ

2
)

[ ‖
Y
−

(X
+
ε)
β
‖2 2

]}
,

is
eq
ui
va
le
nt

to
ri
dg

e
re
gu

la
ri
za
ti
on

w
it
h
La

gr
an

ge
pa

ra
m
et
er
λ

=
n
σ

2
:

β̂
(R

)
λ

=
ar

gm
in
β

{ ‖
Y
−
X
β
‖+

λ
‖β
‖2 2

}
.

B
ec
au

se
ri
dg

e
re
gr
es
si
on

is
eq
ui
va
le
nt

to
ad

di
ng

ho
m
os
ke
da

st
ic

no
is
e
to
X
,w

e
ca
n
th
in
k
of

ri
dg

e
re
gr
es
si
on

as
m
ak

in
g
th
e
es
ti
m
at
or

ro
bu

st
ag
ai
ns
t
ro
un

d
pe

rt
ur
ba

ti
on

s
to

th
e
da

ta
.

H
ow

ev
er
,
if
w
e
pe

rt
ur
b
th
e
fe
at
ur
es
X

us
in
g
no

n-
G
au

ss
ia
n
no

is
e
or

ar
e
w
or
ki
ng

w
it
h
a

no
n-
qu

ad
ra
ti
c
lo
ss

fu
nc
ti
on

,a
rt
ifi
ci
al

fe
at
ur
e
no

is
in
g
ca
n
yi
el
d
ne
w
re
gu

la
ri
zi
ng

sc
he
m
es

w
it
h

de
si
ra
bl
e
pr
op

er
ti
es

(G
lo
be

rs
on

an
d
R
ow

ei
s,
20
06
;S

im
ar
d
et

al
.,
20
00
;v

an
de
r
M
aa
te
n
et

al
.,

20
13
;
W
ag
er

et
al
.,
20
13
;
W
an

g
et

al
.,
20
13
).

O
ur

pr
op

os
ed

es
ti
m
at
or
µ̂

st
a
b

le
k

ca
n
be

se
en

as
an

ad
di
ti
on

to
th
is

lit
er
at
ur
e,

as
w
e
se
ek

to
re
gu

la
ri
ze
µ̂
k
by

pe
rt
ur
bi
ng

th
e
au

to
en
co
de
r

op
ti
m
iz
at
io
n
pr
ob

le
m
.
T
he

id
ea

of
re
gu

la
ri
zi
ng

vi
a
fe
at
ur
e
no

is
in
g
is
al
so

cl
os
el
y
co
nn

ec
te
d
to

th
e
dr
op

ou
t
le
ar
ni
ng

al
go
ri
th
m

fo
r
tr
ai
ni
ng

ne
ur
al

ne
tw

or
ks

(S
ri
va
st
av
a
et

al
.,
20
14
),
w
hi
ch

ai
m
s
to

re
gu

la
ri
ze

a
ne
ur
al

ne
tw

or
k
by

ra
nd

om
ly

om
it
ti
ng

hi
dd

en
no

de
s
du

ri
ng

tr
ai
ni
ng

ti
m
e.

D
ro
po

ut
an

d
it
s
ge
ne
ra
liz

at
io
ns

ha
ve

be
en

fo
un

d
to

w
or
k
w
el
l
in

m
an

y
la
rg
e-
sc
al
e

pr
ed
ic
ti
on

ta
sk
s
(e
.g
.,
B
al
di

an
d
Sa

do
w
sk
i,
20
14
;G

oo
df
el
lo
w

et
al
.,
20
13
;K

ri
zh
ev
sk
y
et

al
.,

20
12
). O
ur

m
et
ho

d
ca
n
be

in
te
rp
re
te
d
as

an
em

pi
ri
ca
lB

ay
es

es
ti
m
at
or

(E
fr
on

,2
01
2;

R
ob

bi
ns
,

19
85
),
in

th
at

th
e
st
ab

le
au

to
en
co
de
r
pr
ob

le
m

(6
)
se
ek
s
to

fin
d
th
e
be

st
lin

ea
r
sh
ri
nk

er
in

an
em

pi
ri
ca
lly

ch
os
en

B
ay
es
ia
n
m
od

el
.
T
he
re

is
al
so

an
in
te
re
st
in
g
co
nn

ec
ti
on

be
tw

ee
n
st
ab

le
au

to
en
co
di
ng

,
an

d
m
or
e
tr
ad

it
io
na

l
B
ay
es
ia
n
m
od

el
in
g
su
ch

as
la
te
nt

D
ir
ic
hl
et

al
lo
ca
ti
on

(L
D
A
)
(B

le
i
et

al
.,

20
03
),

in
th
at

th
e
Lé

vy
bo

ot
st
ra
p

(1
2)

us
es

a
ge
ne
ra
liz

at
io
n

of
th
e

LD
A

ge
ne
ra
ti
ve

m
od

el
to

dr
aw

bo
ot
st
ra
p
sa
m
pl
es
X̃
.

T
hu

s,
ou

r
m
et
ho

d
ca
n
be

se
en

as
be

ne
fit
in
g
fr
om

th
e
LD

A
ge
ne
ra
ti
ve

st
ru
ct
ur
e
w
it
ho

ut
co
m
m
it
ti
ng

to
fu
ll
B
ay
es
ia
n
in
fe
re
nc
e

(K
uc
uk

el
bi
r
an

d
B
le
i,
20
15
;W

ag
er

et
al
.,
20
14
,2

01
6)
.

T
he
re

is
a
la
rg
e
lit
er
at
ur
e
on

lo
w
-r
an

k
ex
po

ne
nt
ia
l
fa
m
ily

es
ti
m
at
io
n

(C
ol
lin

s
et

al
.,

20
01
;d

e
Le

eu
w
,2

00
6;

F
it
hi
an

an
d
M
az
um

de
r,
20
13
;G

oo
dm

an
,1

98
5;

Li
an

d
T
ao
,2

01
3)
.
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Jo
ss

e
a
n
d

W
ag

er

th
e
si
m
pl
es
t
fo
rm

of
th
is

id
ea
,
ea
ch

m
at
ri
x
en
tr
y
is

m
od

el
ed

us
in
g
th
e
ge
ne
ri
c
ex
po

ne
nt
ia
l

fa
m
ily

di
st
ri
bu

ti
on

(1
1)
;
th
e
go
al

is
th
en

to
m
ax

im
iz
e
th
e
lo
g-
lik

el
ih
oo

d
of
X

su
bj
ec
t
to

a
lo
w
-r
an

k
co
ns
tr
ai
nt

on
th
e
na

tu
ra
l
pa

ra
m
et
er

m
at
ri
x

Θ
,
ra
th
er

th
an

th
e
m
ea
n
pa

ra
m
et
er

m
at
ri
x
µ
as

in
ou

r
se
tt
in
g.

T
he

m
ai
n
di
ffi
cu
lt
y
w
it
h
th
is
ap

pr
oa
ch

is
th
at

th
e
re
su
lt
in
g
ra
nk

-
co
ns
tr
ai
ne
d
pr
ob

le
m

is
no

lo
ng

er
effi

ci
en
tl
y
so
lv
ab

le
;o

ne
w
ay

to
av
oi
d
th
is
is
su
e
is
to

re
la
x
th
e

ra
nk

co
ns
tr
ai
nt

in
to

a
nu

cl
ea
r
no

rm
pe

na
lt
y.

E
xt
en
di
ng

ou
r
bo

ot
st
ra
p-
ba

se
d
re
gu

la
ri
za
ti
on

fr
am

ew
or
k
to

lo
w
-r
an

k
ex
po

ne
nt
ia
l
fa
m
ily

es
ti
m
at
io
n
w
ou

ld
pr
es
en
t
an

in
te
re
st
in
g
av
en
ue

fo
r
fu
rt
he
r
w
or
k.

W
e
al
so

no
te

th
e
w
or
k
of

B
un

ti
ne

(2
00
2)
,
w
ho

se
ek
s
to

m
ax

im
iz
e
th
e

m
ul
ti
no

m
ia
ll
og
-li
ke
lih

oo
d
of
X

su
bj
ec
t
to

a
lo
w
-r
an

k
co
ns
tr
ai
nt

on
µ
us
in
g
an

ap
pr
ox

im
at
e

va
ri
at
io
na

lm
et
ho

d.
F
in
al
ly
,o

ne
of

th
e
ad

va
nt
ag
es

of
ou

r
st
ab

le
au

to
en
co
di
ng

ap
pr
oa
ch

is
th
at

it
le
ts

us
m
ov
e

be
yo
nd

si
ng

ul
ar

va
lu
e
sh
ri
nk

ag
e,

an
d
le
ar
n
be

tt
er

si
ng

ul
ar

ve
ct
or
s
th
an

th
os
e
pr
ov
id
ed

by
th
e
SV

D
.A

no
th
er

ap
pr
oa
ch

to
w
ay

to
im

pr
ov
e
on

th
e
qu

al
it
y
of

th
e
le
ar
ne
d
si
ng

ul
ar

ve
ct
or
s

is
to

im
po

se
st
ru
ct
ur
al

co
ns
tr
ai
nt
s
on

th
em

,s
uc
h
as

sp
ar
si
ty

(J
ol
liff

e
et

al
.,
20
03
;U

de
ll
et

al
.,

20
14
;W

it
te
n
et

al
.,
20
09
;Z

ou
et

al
.,
20
06
).

2.
F
it

ti
n
g

st
ab

le
au

to
en

co
d
er

s

In
th
is
se
ct
io
n,

w
e
sh
ow

ho
w
to

so
lv
e
(6
)
un

de
r
va
ri
ou

s
bo

ot
st
ra
p
m
od

el
s
L̃(
·).

T
hi
s
pr
ov

id
es

us
w
it
h
es
ti
m
at
or
s
µ̂

st
a
b

le
th
at

ar
e
in
te
re
st
in
g
in

th
ei
r
ow

n
ri
gh

t,
an

d
al
so

se
rv
es

as
a
st
ep
pi
ng

st
on

e
to

th
e
it
er
at
iv
e
so
lu
ti
on

s
fr
om

Se
ct
io
n
3
th
at

do
no

t
re
qu

ir
e
pr
e-
sp
ec
ify

in
g
th
e
ra
nk

k
of

th
e
un

de
rl
yi
ng

si
gn

al
.

Is
ot

ro
p
ic

st
ab

le
au

to
en

co
d
er

s
an

d
si

n
gu

la
r-

va
lu

e
sh

ri
n
ka

ge
A
t
fir
st

gl
an

ce
,
th
e

es
ti
m
at
or
µ̂

st
a
b

le
k

de
fin

ed
in

(6
)
m
ay

se
em

lik
e
a
su
rp
ri
si
ng

id
ea
.
It

tu
rn
s
ou

t,
ho

w
ev
er
,t

ha
t

un
de
r
th
e
is
ot
ro
pi
c
G
au

ss
ia
n1

no
is
e
m
od

el

X
=
µ

+
ε,

w
it
h
ε i
j

iid ∼
N
( 0
,
σ

2
)
fo
r
al
li

=
1,
..
.,
n
an

d
j

=
1,
..
.,
p
,

(1
4)

µ̂
st

a
b

le
k

w
it
h
bo

ot
st
ra
p
no

is
e
as

in
(7
)
is

eq
ui
va
le
nt

to
a
cl
as
si
ca
l
si
ng

ul
ar
-v
al
ue

sh
ri
nk

ag
e

es
ti
m
at
or

(3
)
w
it
h
ψ

(d
)

=
d
/
(1

+
λ
/
d

2
)
an

d
λ

=
δ/

(1
−
δ)
n
σ

2
.

T
h
eo

re
m

1
Le

t
µ̂

st
a
b

le
k

be
th
e
ra
nk

-k
es
ti
m
at
or

fo
r
µ
in
du

ce
d
by

th
e
st
ab
le

au
to
en

co
de
r
(6
)

w
it
h
a
bo
ot
st
ra
p
m
od
el
L̃ δ

(·)
as

de
fin

ed
in

(7
)
w
it
h
so
m
e

0
<
δ
<

1
.
T
hi
s
es
ti
m
at
or

ca
n
al
so

be
w
ri
tt
en

as
th
e
so
lu
ti
on

to
a
ri
dg
e-
re
gu
la
ri
ze
d
au

to
en
co
de
r:

µ̂
st

a
b

le
k

=
X
B̂
k
,

w
he
re

B̂
k

=
ar

gm
in
B

{ ‖
X
−
X
B
‖2 2

+
λ
‖B
‖2 2

:
ra

n
k

(B
)
≤
k
}

(1
5)

w
it
h
λ

=
δ/

(1
−
δ)
n
σ

2
.
M
or
eo
ve
r,

us
in
g
no

ta
ti
on

fr
om

(1
),

w
e
ca
n
w
ri
te
µ̂

st
a
b

le
k

as

µ̂
st

a
b

le
k

=

k ∑ l=
1

u
l

d
l

1
+
λ
/
d

2 l

v
> l
.

(1
6)

1.
T

he
or

em
1

ho
ld

s
fo

r
al

l
is

ot
ro

pi
c

no
is

e
m

od
el

s
w

it
h

V
a
r
[ε
ij
]
=
σ
2

fo
r

al
l
i

an
d
j,

an
d

no
t

ju
st

th
e

G
au

ss
ia

n
on

e.
H

ow
ev

er
,i

n
pr

ac
ti

ce
,i

so
tr

op
ic

no
is

e
is

al
m

os
t

al
w

ay
s

m
od

el
ed

as
G

au
ss

ia
n.
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R
eg

u
la

r
ized

L
o
w

-R
a
n
k

M
atr

ix
E
stim

atio
n

In
the

isotropic
G
aussian

noise
case,

singular-value
shrinkage

m
ethods

w
ere

show
n
by

Shabalin
and

N
obel

(2013)
to

have
strong

optim
ality

properties
for

estim
ating

µ.
T
hus,

it
is

reassuring
that

our
fram

ew
ork

recovers
an

estim
ator

of
this

class
in

the
G
aussian

case.
In

fact,
the

induced
shrinkage

function
resem

bles
a
first-order

approxim
ation

to
the

one
proposed

by
V
erbanck

et
al.(2013).

N
on

-isotrop
ic

stab
le

au
toen

cod
ers

Stable
autoencoders

w
ith

isotropic
noise

are
at-

tractive
in

the
sense

that
w
e
can

carefully
analyze

their
behavior

in
closed

form
.
H
ow

ever,
from

a
practicalpoint

ofview
,our

procedure
is
m
ost

usefuloutside
ofthe

isotropic
regim

e,
as

it
induces

new
estim

ators
µ̂
that

do
not

reduce
to

singular-value
shrinkage.

E
ven

in
the

non-isotropic
noise

m
odel,

low
-rank

stable
autoencoders

can
still

be
effi

ciently
solved,

as
show

n
below

.

T
h
eorem

2
For

a
generic

bootstrap
m
odelL̃

(·),
the

m
atrix

B̂
k
from

(6)
can

be
obtained

as
follow

s:

B̂
k

=
a
rg

m
in
B

{‖
X
−
X
B
‖

22
+
∥∥∥
S

12B
∥∥∥

22
:

ra
n

k
(B

)≤
k }

,
(17)

w
here

S
is

a
p×

p
diagonalm

atrix
w
ith

S
jj

=
n
∑i=

1

V
a
r
X̃
∼
L̃

(X
) [X̃

ij ]
.

(18)

From
a
com

putationalpoint
of

view
,
w
e
can

w
rite

the
solution

B̂
k
of

(17)
as

B̂
k

=
a
rg

m
in
B

{
tr ((

B
−
B̂
)
>
(
X
>
X

+
S )(

B
−
B̂
) )

:
ra

n
k

(B
)≤

k }
,
w
here

(19)

B̂
=
(
X
>
X

+
S )
−

1
X
>
X

(20)

is
the

solution
of

(17)
w
ithout

the
rank

constraint.

T
he

optim
ization

problem
in

(19)
can

be
easily

solved
by

taking
the

top
k
term

s
from

the
eigenvalue

decom
position

of
B̂
>
(X
>
X

+
S )
B̂
;the

m
atrix

B̂
k
can

then
be

recovered
by

solving
a
linear

system
(e.g.,

T
akane,

2013).
T
hus,

despite
w
hat

w
e
m
ight

have
expected,

solving
the

low
-rank

constrained
stable

autoencoder
problem

(6)
w
ith

a
generic

noise
m
odel

is
not

substantially
m
ore

com
putationally

dem
anding

than
singular-value

shrinkage.
N
ote

that
in

(20),
the

m
atrix

S
is

not
equal

to
a
constant

tim
es

the
identity

m
atrix

due
to

the
non-isotropic

noise,and
so

the
resulting

singular
vectors

of
µ̂

sta
b

le
k

=
X
B̂
k
are

not
in

general
the

sam
e
as

those
of
X
.

S
electin

g
th

e
tu

n
in

g
p
aram

eter
O
urstable

autoencoderdependson
a
tuning

param
eter

δ∈
(0,

1
),corresponding

to
the

fraction
ofthe

inform
ation

in
the

fulldata
X

that
w
e
throw

aw
ay

w
hen

creating
pseudo-datasets

X̃
using

the
Lévy

bootstrap
(12).

M
ore

prosaically,
the

param
eter

δ
m
anifests

itself
as

a
m
ultiplier

δ/(1−
δ)∈

(0,∞
)
on

the
effective

stable
autoencoding

penalty,either
explicitly

in
(15)

or
im

plicitly
in

(18)
through

the
dependence

on
L̃
δ (·).

7
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Jo
sse

a
n
d

W
ag

er

A
lgorith

m
1
Low

-rank
m
atrix

estim
ation

via
iterated

stable
autoencoding.

µ̂
←
X

S
jj ←

∑
ni=

1
V

ar
X̃
∼
L̃
δ
(X

) [X̃
ij ]

for
all

j
=

1,
...,

p

w
h
ile

algorithm
has

not
converged

d
o

B̂
←
(µ̂
>
µ̂

+
S )−

1
µ̂
>
µ̂

µ̂
←
X
B̂

en
d

w
h
ile

O
ne

plausible
default

value
is

to
set

δ
=

1
/2.

T
his

corresponds
to

using
half

of
the

inform
ation

in
the

fulldata
X

to
generate

each
bootstrap

sam
ple

X̃
,and

is
closely

related
to

bagging
(B

reim
an,1996);see

B
uja

and
Stuetzle

(2006)
for

a
discussion

ofthe
connections

betw
een

half-sam
pling

and
bagging.

C
onversely,w

e
could

also
opt

for
a
data-driven

choice
of
δ.

T
he

softw
are

im
plem

entation
of

stable
autoencoding

in
denoiseR

(Josse
et

al.,2016)
provides

a
cell-w

ise
cross-validation

algorithm
for

picking
δ.

F
inally,w

e
note

that
our

estim
ator

is
not

in
generalinvariant

to
transposition

X
→
X
>
.

For
exam

ple,in
the

isotropic
case

(15),w
e
see

that
λ
depends

on
n
but

not
on

p.
M
eanw

hile,
in

the
non-isotropic

case
(17),transposition

m
ay

also
affect

the
learned

singular
vectors.

B
y

default,
w
e
transpose

X
such

that
n
>
p,

i.e.,
w
e
pick

the
transposition

of
X

that
m
akes

the
m
atrix

B
sm

aller.

3.
Iterated

stab
le

au
toen

cod
in

g

O
ne

shortcom
ing

ofthe
stable

autoencoders
discussed

in
the

previous
section

is
that

w
e
need

to
specify

the
rank

k
as

a
tuning

param
eter.

Selecting
the

rank
for

m
ultivariate

m
ethods

is
often

a
diffi

cult
problem

,
and

m
any

heuristics
are

available
in

the
literature

(Jolliffe,2002;
Josse

and
H
usson,

2011).
T
he

stable
autoencoding

fram
ew

ork,
how

ever,
induces

a
sim

ple
solution

to
the

rank-selection
problem

:
A
s
w
e
show

here,
iterating

our
estim

ation
schem

e
from

the
previous

section
autom

atically
yields

low
-rank

solutions,
and

allow
s
us

to
specify

a
single

tuning
param

eter
δ
instead

of
both

δ
and

k.
A
t
a
high

level,our
goalis

to
find

a
solution

to

µ̂
iter

=
X
B̂
,
w
here

B̂
=

argm
in
B

{
E
X̃
∼
L̃
δ
(µ̂

ite
r,X

) [∥∥∥
µ̂

iter−
X̃
B
∥∥∥

22 ]}
(21)

by
iteratively

updating
B̂

and
µ̂.

A
s
seen

in
the

previous
section,stable

autoencoding
only

depends
on
L̃
δ

(µ̂
,
X

)
through

the
first

tw
o
m
om

ents
of
X̃
;here,w

e
sim

ply
specify

them
as

E
X̃
∼
L̃
δ
(µ̂
,X

) [X̃
]

=
µ̂

and
V

ar
X̃
∼
L̃
δ
(µ̂
,X

) [X̃
]

=
V

ar
X̃
∼
L̃
δ
(X

) [X̃
]
,

(22)

w
hereL̃

δ
(X

)
is

obtained
using

the
Lévy

bootstrap
as

before.
N
ow

,
using

the
unconstrained

solution
(20)

from
T
heorem

2
to

iterate
on

the
relation

(21),
w
e
get

the
form

al
procedure

described
in

A
lgorithm

1.
N
ote

that
w
e
do

not
update

the
m
atrix

S
,w

hich
encodes

the
variance

of
the

noise
distribution,and

only
update

µ̂.
A
s

show
n
below

,
our

algorithm
converges

to
a
w
ell-defined

solution;
m
oreover,

the
solution

is

8
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R
eg

u
la

r
iz

ed
L
o
w

-R
a
n
k

M
at

r
ix

E
st

im
at

io
n

re
gu

la
ri
ze
d
in

th
at
µ̂
>
µ̂
is
sm

al
le
r
th
an

X
>
X

w
it
h
re
sp
ec
t
to

th
e
po

si
ti
ve

se
m
i-d

efi
ni
te

co
ne

or
de
ri
ng

.

T
h
eo

re
m

3
A
lg
or
it
hm

1
co
nv

er
ge
s
to

a
fix

ed
po
in
t
µ̂

=
X
B̂
.
M
or
eo
ve
r,

µ̂
>
µ̂
�
X
>
X
.

M
or
eo
ve
r,
it
er
at
ed

st
ab

le
au

to
en
co
di
ng

ca
n
pr
ov

id
e
ge
ne
ri
c
lo
w
-r
an

k
so
lu
ti
on

s
µ̂
.

T
h
eo

re
m

4
Le

tµ̂
be

th
e
lim

it
of

ou
r
it
er
at
iv
e
al
go
ri
th
m
,a

nd
le
tu
∈
R
p
be

an
y
(n
or
m
al
iz
ed
)

ei
ge
nv

ec
to
r
of
µ̂
>
µ̂
.
T
he
n,

ei
th
er

‖µ̂
u
‖ 2

=
0,

or
‖µ̂
u
‖ 2
≥

1

‖X
S
−

1
u
‖2 2

.

T
he

re
as
on

ou
r
al
go
ri
th
m

co
nv

er
ge
s
to

lo
w
-r
an

k
so
lu
ti
on

s
is

th
at

ou
r
it
er
at
iv
e
sc
he
m
e

do
es

no
t
ha

ve
an

y
fix

ed
po

in
ts

“n
ea
r”

lo
w
-d
im

en
si
on

al
su
bs
pa

ce
s.

Sp
ec
ifi
ca
lly

,
as

sh
ow

n
in

T
he
or
em

4,
fo
r
an

y
ei
ge
nv

ec
to
r
of
µ̂
>
µ̂
,
ei
th
er
‖µ̂
u
‖ 2

m
us
t
be

la
rg
er

th
an

so
m
e
cu
to
ff,

or
it

m
us
t
be

ex
ac
tl
y
ze
ro
.
T
hu

s,
µ̂

ca
nn

ot
ha

ve
an

y
sm

al
l
bu

t
no

n-
ze
ro

si
ng

ul
ar

va
lu
es
.
In

ou
r
ex
pe

ri
m
en
ts
,w

e
ha

ve
fo
un

d
th
at

ou
r
al
go
ri
th
m

in
fa
ct

co
ns
er
va
ti
ve
ly

es
ti
m
at
es

th
e
tr
ue

ra
nk

of
th
e
un

de
rl
yi
ng

si
gn

al
.

F
in
al
ly

w
e
no

te
th
at
,i
n
th
e
is
ot
ro
pi
c
ca
se
,o

ur
it
er
at
iv
e
al
go
ri
th
m

ag
ai
n
ad

m
it
s
a
cl
os
ed
-

fo
rm

so
lu
ti
on

.
Lo

ok
in
g
at

th
is
so
lu
ti
on

ca
n
gi
ve

us
m
or
e
in
tu
it
io
n
ab

ou
t
w
ha

t
ou

r
al
go
ri
th
m

do
es

in
th
e
ge
ne
ra
lc

as
e.

In
pa

rt
ic
ul
ar
,w

e
no

te
th
at

th
e
al
go
ri
th
m

ne
ve
r
sh
ri
nk

s
a
si
ng

ul
ar

va
lu
e
by

m
or
e
th
an

a
fa
ct
or

1
/2

w
it
ho

ut
pu

sh
in
g
it
al
lt
he

w
ay

to
0.

P
ro

p
os

it
io

n
5

In
th
e
is
ot
ro
pi
c
G
au

ss
ia
n
ca
se

(1
4)

w
it
h
δ

=
1
/
2,

ou
r
it
er
at
iv
e
al
go
ri
th
m
s

co
nv

er
ge
s
to

µ̂
it

er
=

m
in
{n
,p
}

∑ l=
1

u
l
ψ

(d
l)
v
> l
,

w
he
re

ψ
(d

)
=

{
1 2

( d
+
√
d

2
−

4
n
σ

2
)

fo
r
d

2
≥

4
n
σ

2
,

0
el
se
.

(2
3)

Si
nc
e
th
e
is
ot
ro
pi
c
G
au

ss
ia
n
m
at
ri
x
es
ti
m
at
io
n
pr
ob

le
m

ha
s
be

en
th
or
ou

gh
ly

st
ud

ie
d,

w
e
ca
n
co
m
pa

re
th
e
sh
ri
nk

ag
e
ru
le
ψ

(·)
w
it
h
kn

ow
n
as
ym

pt
ot
ic
al
ly

op
ti
m
al

on
es
.
G
av
is
h

an
d
D
on

oh
o
(2
01
4b

)
pr
ov
id
e
a
co
m
pr
eh
en
si
ve

tr
ea
tm

en
t
of

op
ti
m
al

si
ng

ul
ar
-v
al
ue

sh
ri
nk

ag
e

fo
r
di
ffe

re
nt

lo
ss

fu
nc
ti
on

s
in

a
M
ar
ch
en
ko
-P
as
tu
r
as
ym

pt
ot
ic

re
gi
m
e,

w
he
re
n
an

d
p
bo

th
di
ve
rg
e
to

in
fin

it
y
su
ch

th
at
p
/n
→
β
fo
r
so
m
e

0
<
β
≤

1
w
hi
le

th
e
ra
nk

an
d
th
e
sc
al
e
of

th
e

si
gn

al
re
m
ai
ns

fix
ed
.
T
hi
s
sp
ec
ifi
c
as
ym

pt
ot
ic

se
tt
in
g
ha

s
al
so

be
en

in
ve
st
ig
at
ed

by
,a

m
on

g
ot
he
rs
,J

oh
ns
to
ne

(2
00
1)

an
d
Sh

ab
al
in

an
d
N
ob

el
(2
01
3)
.

In
w
ha

t
ap

pe
ar
s
to

be
a
re
m
ar
ka
bl
e
co
in
ci
de
nc
e,

fo
r
th
e
sq
ua

re
ca
se
β

=
1,

ou
r
sh
ri
nk

-
ag
e
ru
le

(2
3)

co
rr
es
po

nd
s
ex
ac
tl
y
to

th
e
M
ar
ch
en
ko
-P
as
tu
r
op

ti
m
al

sh
ri
nk

ag
e
ru
le

un
de
r

op
er
at
or
-n
or
m

lo
ss
‖µ̂
−
µ
‖ o
p
;
se
e
th
e
pr
oo

f
of

P
ro
po

si
ti
on

5
fo
r
a
de
ri
va
ti
on

.
A
t
th
e
ve
ry

le
as
t,
th
is
co
nn

ec
ti
on

is
re
as
su
ri
ng

as
it
su
gg
es
ts

th
at

ou
r
it
er
at
iv
e
sc
he
m
e
m
ay

yi
el
d
st
at
is
-

ti
ca
lly

re
as
on

ab
le

es
ti
m
at
es
µ̂

it
er

fo
r
ot
he
r
no

is
e
m
od

el
s
to
o.

It
re
m
ai
ns

to
be

se
en

w
he
th
er

th
is

co
nn

ec
ti
on

re
fle
ct
s
a
de
ep

er
th
eo
re
ti
ca
lp

he
no

m
en
on

.
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Jo
ss

e
a
n
d

W
ag

er

4.
A

p
p
li
ca

ti
on

:
re

gu
la

ri
zi

n
g

co
rr

es
p
on

d
en

ce
an

al
ys

is

W
he
n
X

co
nt
ai
ns

co
un

t
da

ta
,w

e
ha

ve
a
na

tu
ra
ln

oi
se

m
od

el
X
ij
∼

P
oi
ss
on

(µ
ij

)
th
at

is
co
m
-

pa
ti
bl
e
w
it
h
th
e
Lé

vy
bo

ot
st
ra
p,

an
d
so

ou
r
st
ab

le
au

to
en
co
di
ng

fr
am

ew
or
k
is
ea
sy

to
ap

pl
y.

In
th
is
si
tu
at
io
n,

ho
w
ev
er
,X

is
of
te
n
an

al
yz
ed

by
co
rr
es
po

nd
en
ce

an
al
ys
is
(G

re
en
ac
re
,1

98
4,

20
07
)
ra
th
er

th
an

us
in
g
a
di
re
ct

si
ng

ul
ar
-v
al
ue

de
co
m
po

si
ti
on

.
C
or
re
sp
on

de
nc
e
an

al
ys
is
,
a

cl
as
si
ca
ls

ta
ti
st
ic
s
te
ch
ni
qu

e
pi
on

ee
re
d
by

H
ir
sc
hf
el
d
(1
93
5)

an
d
B
en
zé
cr
i(

19
86
,1

97
3)
,u

n-
de
rl
ie
s
va
ri
an

ts
of

m
an

y
m
od

er
n
m
ac
hi
ne

le
ar
ni
ng

ap
pl
ic
at
io
ns

su
ch

as
sp
ec
tr
al

cl
us
te
ri
ng

on
gr
ap

hs
(e
.g
.,
N
g
et

al
.,
20
02
;
Sh

i
an

d
M
al
ik
,
20
00
)
or

to
pi
c
m
od

el
in
g
fo
r
te
xt

da
ta

(s
ee

Se
ct
io
n
6.
1)
.

In
th
is

se
ct
io
n,

w
e
sh
ow

ho
w

to
re
gu

la
ri
ze

co
rr
es
po

nd
en
ce

an
al
ys
is

by
st
a-

bl
e
au

to
en
co
di
ng

.
T
hi
s
di
sc
us
si
on

al
so

se
rv
es

as
a
bl
ue
pr
in
t
fo
r
ex
te
nd

in
g
ou

r
m
et
ho

d
to

ot
he
r
lo
w
-r
an

k
m
ul
ti
va
ri
at
e
te
ch
ni
qu

es
su
ch

as
pr
in
ci
pa

l
co
m
po

ne
nt

an
al
ys
is

or
ca
no

ni
ca
l

co
rr
el
at
io
n
an

al
ys
is
.

C
or
re
sp
on

de
nc
e
an

al
ys
is

in
vo

lv
es

ta
ki
ng

th
e
si
ng

ul
ar
-v
al
ue

de
co
m
po

si
ti
on

of
a
tr
an

s-
fo
rm

ed
m
at
ri
x
M

:

M
=
R
−

1 2

( X
−

1 N
rc
>
)
C
−

1 2
,

w
he
re
R

=
d

ia
g

(r
)
,
C

=
d

ia
g

(c
)
,

(2
4)

N
is
th
e
th
e
to
ta
ln

um
be

r
of

co
un

ts
,a

nd
r
an

d
c
ar
e
ve
ct
or
s
co
nt
ai
ni
ng

th
e
ro
w

an
d
co
lu
m
n

su
m
s
of
X
.

T
hi
s
tr
an

sf
or
m
at
io
n
M

ha
s
se
ve
ra
l
m
ot
iv
at
io
ns
.

Fo
r
ex
am

pl
e,

su
pp

os
e
th
at

X
is

a
2–
w
ay

co
nt
in
ge
nc
y
ta
bl
e,

i.e
.,
th
at

w
e
ha

ve
N

sa
m
pl
es

fo
r
w
hi
ch

w
e
m
ea
su
re

tw
o

di
sc
re
te

fe
at
ur
es
A
∈
{1
,
..
.,
n
}
an

d
B
∈
{1
,
..
.,
p
},

an
d
X
ij

co
un

ts
th
e
nu

m
be

r
of

sa
m
pl
es

w
it
h
A

=
i
an

d
B

=
j.

T
he
n
M

m
ea
su
re
s
th
e
di
st
an

ce
be

tw
ee
n
X

an
d
a
hy

po
th
et
ic
al

co
nt
in
ge
nc
y

ta
bl
e
w
he
re

A
an

d
B

ar
e
in
de
pe

nd
en
tl
y

ge
ne
ra
te
d

w
it
h

th
e
sa
m
e
m
ar
gi
na

l
di
st
ri
bu

ti
on

s
as

be
fo
re
;
in

fa
ct
,
th
e
st
an

da
rd

χ
2
–t
es
t
fo
r
in
de
pe

nd
en
ce

of
X

us
es
‖M
‖2 2

as
it
s
te
st

st
at
is
ti
c.

M
ea
nw

hi
le
,
if
X

is
th
e
ad

ja
ce
nc
y
m
at
ri
x
of

a
gr
ap

h,
th
en

M
is

a
ve
rs
io
n

of
th
e
sy
m
m
et
ri
c
no

rm
al
iz
ed

gr
ap

h
La

pl
ac
ia
n
w
he
re

w
e
ha

ve
pr
oj
ec
te
d
ou

t
th
e
fir
st

tr
iv
ia
l

ei
ge
nc
om

po
ne
nt
.
O
nc
e
w
e
ha

ve
a
ra
nk

-k
es
ti
m
at
e
of
M̂
k
ob

ta
in
ed

as
in

(2
),

w
e
ge
t

µ̂
C
A

k
=
R

1 2
M̂
k
C

1 2
+

1 N
rc
>
.

(2
5)

O
ur

go
al

is
to

ge
t
a
be

tt
er

es
ti
m
at
or

M̂
fo
r
th
e
m
at
ri
x
M

of
th
e
po

pu
la
ti
on

;
w
e
th
en

tr
an

sf
or
m
M̂

in
to

an
es
ti
m
at
e
of
µ
us
in
g
th
e
sa
m
e
fo
rm

ul
a
(2
5)
.

Fo
llo

w
in
g
(6
),
w
e
pr
op

os
e
re
gu

la
ri
zi
ng

th
e
ch
oi
ce

of
M

as
fo
llo

w
s:

M̂
st

a
b

le
k

=
M
B̂
k
,
w
he
re

(2
6)

B̂
k

=
ar

gm
in
B

{
E X̃
∼
L̃ δ

(X
)

[ ∥ ∥ ∥ ∥
M
−
R
−

1 2

( X̃
−

1 N
rc
>
)
C
−

1 2
B

∥ ∥ ∥ ∥2 2

]
:

ra
n

k
(B

)
≤
k

}
.

Ju
st

as
in

T
he
or
em

2,
w
e
ca
n
sh
ow

th
at
B̂
k
so
lv
es

B̂
k

=
a
rg

m
in
B

{ ‖
M
−
M
B
‖2 2

+

∥ ∥ ∥ ∥S
1 2 M
B

∥ ∥ ∥ ∥
:

ra
n

k
(B

)
≤
k

}
,

(2
7)

w
he
re
S
M

is
a
di
ag
on

al
m
at
ri
x
w
it
h

(S
M

) j
j

=
c−

1
j

∑
n i=

1
V
ar
X̃
∼
L̃ δ

(X
)[
X̃
ij

]/
r i
.
W
e
ca
n
effi

-
ci
en
tl
y
so
lv
e
fo
r
(2
7)

us
in
g
th
e
sa
m
e
m
et
ho

d
as

in
(1
9)

an
d
(2
0)
.
F
in
al
ly
,i
fw

e
do

no
t
w
an

t
to

fix
th
e
ra
nk

k
,w

e
ca
n
us
e
an

it
er
at
iv
e
sc
he
m
e
as

in
Se
ct
io
n
3.
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R
eg

u
la

r
ized

L
o
w

-R
a
n
k

M
atr

ix
E
stim

atio
n

Since
X

contains
count

data,
w
e
generate

the
bootstrap

sam
ples

X̃
∼
L̃
δ (X

)
using

the
P
oisson-com

patible
bootstrap

algorithm
(8),i.e.,

X̃
ij ∼

(1−
δ) −

1
B

in
om

ia
l(X

ij ,
1−

δ).
Interestingly,if

w
e
had

chosen
to

sam
ple

X̃
from

an
independent

contingency
table

w
ith

E
X̃
∼
L̃
δ [X̃

]
=

1N
rc >

,
V

a
r
X̃
∼
L̃
δ [X̃

ij ]
=

δ

1−
δ

r
i c
j

N
,

(28)

w
e
w
ould

have
obtained

a
regularization

m
atrix

S
M

=
n
δ/(N

(1
−
δ))I

p×
p .

B
ecause

S
M

is
diagonal,

the
resulting

estim
ator

M̂
λ
could

then
be

obtained
from

M
by

singular
value

shrinkage.
T
hus,

if
w
e
w
ant

to
regularize

correspondence
analysis

applied
to

a
nearly

in-
dependent

table,
singular

value
shrinkage

based
m
ethods

can
achieve

good
perform

ance;
how

ever,ifthe
table

has
strong

dependence,our
fram

ew
ork

provides
a
m
ore

principled
w
ay

of
being

robust
to

sam
pling

noise.

5.
S
im

u
lation

exp
erim

ents

T
o
assess

our
proposed

m
ethods,

w
e
first

run
com

parative
sim

ulation
studies

for
different

noise
m
odels.

W
e
begin

w
ith

a
sanity

check:
in

Section
5.1,

w
e
reproduce

the
isotropic

G
aussian

noise
experim

ents
ofC

andès
et

al.(2013),and
find

that
our

m
ethod

is
com

petitive
w
ith

existing
approaches

on
this

standard
benchm

ark.
W
e
then

m
ove

to
the

non-isotropic
case,

w
here

w
e
can

take
advantage

of
our

m
ethod’s

ability
to

adapt
to

different
noise

structures.
In

Section
5.2

w
e
show

results
on

experim
ents

w
ith

P
oisson

noise,
and

find
that

our
m
ethod

substantially
outperform

s
its

com
petitors.

F
inally,

in
Section

6,
w
e
apply

our
m
ethod

to
real-w

orld
applications

m
otivated

by
topic

m
odeling

and
sensory

analysis.

5.1
G

au
ssian

n
oise

W
e
com

pare
our

estim
ators

to
existing

ones
by

reproducing
the

sim
ulations

ofC
andès

et
al.

(2013).
For

this
experim

ent,w
e
generated

data
m
atrices

of
size

20
0×

5
0
0
according

to
the

G
aussian

noise
m
odel(14)

w
ith

four
signal-to-noise

ratios
SN

R∈
{0
.5
,1
,2
,4}

calculated
as

1
/(σ √

n
p
),and

tw
o
values

for
the

underlying
rank

k
∈
{1

0,1
00};results

are
in

T
able

1.

M
eth

od
s

u
n
d
er

con
sid

eration
:

O
ur

goal
is

to
evaluate

the
perform

ance
of

the
stable

autoencoder
(SA

)
as

defined
in

(6)
and

the
iterated

stable
autoencoder

(ISA
)
described

in
A
lgorithm

1.
A
s
discussed

in
Section

2,w
e
applied

our
stable

autoencoding
m
ethods

to
X
>

rather
than

X
,
so

that
n
w
as

larger
than

p;
and

set
the

tuning
param

eter
to
δ

=
1
/2.

For
ISA

,
w
e
ran

the
iterative

A
lgorithm

1
for

100
steps,

although
the

algorithm
appeared

to
becom

e
stable

after
10

steps
already.

In
addition

to
our

tw
o
m
ethods,w

e
also

consider
the

follow
ing

estim
ators:

•
T
runcated

SV
D

w
ith

fixed
rank

k
(T

SV
D
-k).

T
his

is
the

classicalapproach
(2).

•
A
daptively

truncated
SV

D
(T

SV
D
-τ),

using
the

asym
ptotically

optim
al

threshold
of

G
avish

and
D
onoho

(2014a).

•
A
sym

ptotically
optim

al
singular-value

shrinkage
(A

SY
M
P
)
in

the
M
archenko-P

astur
asym

ptotic
regim

e
given

the
Frobenius

norm
loss

(Shabalin
and

N
obel,

2013;
G
avish
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Jo
sse

a
n
d

W
ag

er

and
D
onoho,2014b),w

ith
shrinkage

function

ψ
(d

)
=

{
1d √

(d
2−

(1
+
β

)
n
σ

2)
2−

4
β
n

2σ
4

for
d

2≥
(1

+
√
β )

2
n
σ

2,

0
else,

(29)

w
here

β
=
p
/n

is
the

aspect
ratio,assum

ing
w
ithout

loss
of

generality
that

p
≤
n.

•
T
he

shrinkage
schem

e
of

V
erbanck

et
al.(2013)

m
otivated

by
low

-noise
(LN

)
asym

p-
totics.

It
uses

for
ψ

(d
l )

in
(3),

ψ
(d
l )

=

{
d
l (

1−
σ
2

d
2l )

for
l≤

k
,

0
else.

(30)

•
Singularvalue

softthresholding
(SV

ST
)(C

aietal.,2010),w
here

the
singularvaluesare

soft-thresholded
by

τ
selected

by
m
inim

izing
a
Stein

unbiased
risk

estim
ate

(SU
R
E
),

as
suggested

by
C
andès

et
al.(2013).

A
llthe

estim
ators

are
defined

assum
ing

the
variance

of
the

noise
scale

σ
2
to

be
know

n.
In

addition,T
SV

D
-k,SA

,and
LN

require
the

rank
k
as

a
tuning

param
eter.

In
this

case,w
e

set
k
to

the
true

rank
of

the
underlying

signal.
A
s
our

sim
ulation

study
m
akes

clear,the
proposed

m
ethods

have
very

different
strengths

and
w
eaknesses.

B
oth

m
ethods

that
apply

a
hard

thresholding
rule

to
the

singular
values,

nam
ely

T
SV

D
-k

and
T
SV

D
-τ,provide

accurate
M
SE

w
hen

the
SN

R
is
high

but
break

dow
n

in
low

SN
R

settings.
C
onversely,the

SV
ST

behaves
w
ellin

low
SN

R
settings,but

struggles
in

other
regim

es.
T
his

is
not

surprising,
as

the
m
ethod

over-estim
ates

the
rank

of
µ.

T
his

behavior
is

rem
iniscent

of
w
hat

happens
in

lasso
regression

(T
ibshirani,

1996)
w
hen

too
m
any

variables
are

selected
(Zou,2006;Zhang

and
H
uang,2008).

M
eanw

hile,
the

estim
ators

w
ith

non-linear
singular-value

shrinkage
functions,

nam
ely

SA
,
ISA

,
A
SY

M
P,

and
LN

are
m
ore

flexible
and

perform
w
ell

except
in

the
very

diffi
cult

scenario
w
here

the
signalis

overw
helm

ed
by

the
noise.

B
oth

A
SY

M
P
and

ISA
estim

ate
the

rank
accurately

except
w
hen

the
signalis

nearly
indistinguishable

from
the

noise
(SN

R
=
0.5

and
k=

100).

5.2
P
oisson

n
oise

O
nce

w
e
m
ove

beyond
the

isotropic
G
aussian

case,ourm
ethod

can
both

learn
bettersingular

vectors
and

out-perform
its

com
petitors

in
term

s
of

M
SE

.
W
e
illustrate

this
phenom

enon
w
ith

a
sim

ple
sim

ulation
exam

ple,
w
here

w
e
drew

X
of

size
n

=
5
0
and

p
=

20
from

a
P
oisson

distribution
w
ith

expectation
µ
ofrank

3
represented

in
F
igure

1.
B
ecause

the
three

com
ponents

of
µ
have

different
levels

ofconcentration—
the

first
com

ponent
is
rather

diffuse,
w
hile

the
third

one
is
concentrated

in
a
corner—

adapting
to

the
P
oisson

variance
structure

is
im

portant.
W
e
varied

the
effective

signal-to-noise
ratio

by
adjusting

the
m
ean

num
ber

of
counts

in
X
,i.e.,

N
=
∑

ij
µ
ij .

W
e
then

report
results

for
the

norm
alized

m
ean

m
atrix

µ
/N

.
W
e
used

both
SA

and
ISA

to
estim

ate
µ
from

X
;
in

both
cases,

w
e
generated

X̃
w
ith

the
P
oisson-

com
patible

bootstrap
noise

m
odel

(8),
and

set
δ

=
1/

2.
W
e
also

used
LN

,
A
SY

M
P

and
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R
eg

u
la

r
iz

ed
L
o
w

-R
a
n
k

M
at

r
ix

E
st

im
at

io
n

k
SN

R
St
ab

le
T
SV

D
A
SY

M
P

SV
ST

LN
S

A
IS

A
k

τ

M
S
E 10

4
0.

00
4

0.
00

4
0.

00
4

0.
00

4
0.

00
4

0.
00
8

0.
00
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7

R
an

k 10
4
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10
0

4
10

0
10

0
10

0
19
3

10
2

10
10

10
63

10
0

2
10

0
10

0
10

0
18
1

10
1
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0

1
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T
ab

le
1:

M
ea
n
ce
ll-
w
is
e
sq
ua

re
d
er
ro
r
(t
op

)
an

d
ra
nk

es
ti
m
at
es

(b
ot
to
m
)
ob

ta
in
ed

by
th
e

m
et
ho

ds
de
sc
ri
be

d
in

Se
ct
io
n
5.
1,

av
er
ag
ed

ov
er

50
si
m
ul
at
io
n
re
pl
ic
at
io
ns
.
T
he

be
st

re
su
lt
s
fo
r
ea
ch

ro
w

ar
e
in
di
ca
te
d
in

bo
ld
.

T
SV

D
-τ

as
ba

se
lin

es
,
al
th
ou

gh
th
ey

ar
e
on

ly
fo
rm

al
ly

m
ot
iv
at
ed

in
th
e
G
au

ss
ia
n
m
od

el
.

T
he
se

m
et
ho

ds
re
qu

ir
e
a
va
lu
e
fo
r
σ
.
Fo

r
LN

,
w
e
us
ed

th
e
m
et
ho

d
re
co
m
m
en
de
d
by

Jo
ss
e

an
d
H
us
so
n
(2
01
1)
:

σ̂
2

=

∥ ∥ ∥X
−
∑

k l=
1
u
ld
lv
l∥ ∥ ∥2 2

n
p
−
n
k
−
k
p

+
k

2
.

(3
1)

Fo
r
A
SY

M
P
an

d
T
SV

D
-τ
,w

e
us
ed

th
e
es
ti
m
at
or

su
gg
es
te
d
in

G
av
is
h
an

d
D
on

oh
o
(2
01
4b

),
σ̂

=
d
m
ed
/
√
n
µ
β
,w

he
re
d
m
ed

is
th
e
m
ed
ia
n
of

th
e
si
ng

ul
ar

va
lu
es

of
X

an
d
µ
β
is
th
e
m
ed
ia
n

of
th
e
M
ar
ce
nk

o-
P
as
tu
r
di
st
ri
bu

ti
on

w
it
h
as
pe

ct
ra
ti
o
β
.

In
ad

di
ti
on

to
pr
ov
id
in
g
M
SE

(T
ab

le
2)
,w

e
al
so

re
po

rt
th
e
al
ig
nm

en
t
of

th
e
ro
w
/c
ol
um

n
di
re
ct
io
ns
U

an
d
V

w
it
h
th
os
e
of

th
e
tr
ue

m
ea
n
m
at
ri
x
µ
(T

ab
le
3)
.
W
e
m
ea
su
re
d
al
ig
nm

en
t

us
in
g
th
e
RV

co
effi

ci
en
t,
w
hi
ch

is
a
m
at
ri
x
ve
rs
io
n
of

P
ea
rs
on

’s
sq
ua

re
d
co
rr
el
at
io
n
co
effi

ci
en
t

ρ
2
th
at

ta
ke
s
va
lu
es

be
tw

ee
n
0
an

d
1
(E

sc
ou

fie
r
(1
97
3)
;
se
e
Jo

ss
e
an

d
H
ol
m
es

(2
01
3)

fo
r
a

re
vi
ew

):

RV
(U
,
Û

)
=

tr
( U
>
Û
Û
>
U
)
/

√
tr
( (U

>
U

)2
) tr

( (
Û
>
Û
) 2
) .

(3
2)

F
in
al
ly
,w

e
al
so

re
po

rt
th
e
m
ea
n
es
ti
m
at
ed

ra
nk

s
in

T
ab

le
4.
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Jo
ss

e
a
n
d

W
ag

er

5
10

15
20

1020304050

5
10

15
20

1020304050

5
10

15
20

1020304050

F
ig
ur
e
1:

T
he

3
co
m
po

ne
nt
s
of

th
e
m
ea
n
of

th
e
un

de
rl
yi
ng

P
oi
ss
on

pr
oc
es
s;

th
e
da

rk
ar
-

ea
s
ha

ve
th
e
hi
gh

es
t
in
te
ns
it
y.

T
he

co
rr
es
po

nd
in
g
si
ng

ul
ar

va
lu
es

ha
ve

re
la
ti
ve

m
ag
ni
tu
de
s

1
.1

:
1.

4
:

1.

W
e
se
e
th
at

ou
r
m
et
ho

ds
ba

se
d
on

st
ab

le
au

to
en
co
di
ng

do
w
el
la

cr
os
s
al
ln

oi
se

le
ve
ls
.
In

th
e
hi
gh

-n
oi
se

se
tt
in
g
(i
.e
.,
w
it
h
a
sm

al
ln

um
be

r
of

co
un

t
ob

se
rv
at
io
ns
N
),
th
e
it
er
at
ed

st
ab

le
au

to
en
co
de
r
do

es
pa

rt
ic
ul
ar
ly

w
el
l,
as

it
is
ab

le
to

us
e
a
lo
w
er

ra
nk

in
re
sp
on

se
to

th
e
w
ea
ke
r

si
gn

al
.
A
s
se
en

in
T
ab

le
3,

th
e
ab

ili
ty

to
le
ar
n
ne
w

si
ng

ul
ar

ve
ct
or
s
ap

pe
ar
s
to

ha
ve

be
en

us
ef
ul

he
re
,a

s
th
e
“Û

”
an

d
“V̂

”
m
at
ri
ce
s
ob

ta
in
ed

by
st
ab

le
au

to
en
co
di
ng

ar
e
m
uc
h
be

tt
er

al
ig
ne
d
w
it
h
th
e
po

pu
la
ti
on

on
es

th
an

th
os
e
pr
od

uc
ed

by
th
e
SV

D
ar
e.

W
e
al
so

se
e
th
at
,

in
th
e
lo
w

no
is
e
se
tt
in
g
w
he
re
N

is
la
rg
e,

IS
A

re
co
ve
rs

th
e
tr
ue

ra
nk

k
=

3
al
m
os
t
ex
ac
tl
y,

w
he
re
as

A
SY

M
P

an
d

T
SV

D
-τ

do
no

t.
F
in
al
ly
,
w
e
no

te
th
at

al
l
sh
ri
nk

ag
e
m
et
ho

ds
di
d

be
tt
er

th
an

th
e
ba

se
lin

e,
na

m
el
y
th
e
si
m
pl
e
ra
nk

-3
SV

D
.
T
hu

s,
ev
en

th
ou

gh
LN

,
A
SY

M
P

an
d
T
SV

D
-τ

ar
e
on

ly
fo
rm

al
ly

m
ot
iv
at
ed

in
th
e
G
au

ss
ia
n
no

is
e
ca
se
,
ou

r
re
su
lt
s
su
gg
es
t

th
at

th
ey

ar
e
st
ill

be
tt
er

th
an

no
re
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la
ri
za
ti
on

on
ge
ne
ri
c
pr
ob

le
m
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R
eg

u
la

r
ized

L
o
w

-R
a
n
k

M
atr

ix
E
stim

atio
n

N
Stable

T
SV

D
A
SY

M
P

LN
S

A
IS

A
k

τ

200
1.83

1.13
2.62

1.99
1.71

2.12
400

0.76
0.51

1.08
0.93

0.77
0.88

600
0.46

0.36
0.63

0.58
0.48

0.52
800

0.33
0.29

0.44
0.42

0.35
0.37

1000
0.25

0.24
0.32

0.33
0.27

0.28
1200

0.20
0.19

0.25
0.27

0.22
0.22

1400
0.16

0.15
0.20

0.22
0.19

0.18
1600

0.14
0.13

0.17
0.19

0.16
0.15

1800
0.12

0.11
0.14

0.16
0.14

0.13
2000

0.11
0.10

0.13
0.15

0.13
0.12

T
able

2:
M
ean

cell-w
ise

squared
error,averaged

over
1000

sim
ulation

replications.

N
RV

for
U

RV
for

V

S
V

D
S

A
IS

A
S

V
D

S
A

IS
A

200
0.29

0.34
-

0.34
0.40

-
400

0.48
0.53

0.51
0.53

0.57
0.54

600
0.60

0.64
0.71

0.64
0.69

0.79
800

0.67
0.71

0.79
0.72

0.76
0.87

1000
0.74

0.77
0.82

0.79
0.83

0.89
1200

0.78
0.81

0.85
0.84

0.87
0.90

1400
0.82

0.85
0.86

0.87
0.90

0.92
1600

0.85
0.87

0.88
0.90

0.91
0.93

1800
0.87

0.88
0.89

0.92
0.93

0.94
2000

0.88
0.89

0.90
0.93

0.94
0.94

T
able

3:
RV

coeffi
cients

betw
een

the
estim

ated
and

true
U

and
V

m
atrices,

averaged
over

1000
sim

ulation
replications.

ForISA
,w

e
only

averaged
perform

ance
overexam

ples
w
here

the
estim

ated
rank

w
as

at
least

3.
In

the
N

=
2
0
0
case,no

results
is

given
for

ISA
since

the
estim

ated
rank

is
alw

ays
less

than
3.

6.
R

eal-w
orld

exam
p
les

T
o
highlight

the
w
ide

applicability
of

our
m
ethod,

w
e
use

it
on

tw
o
real-w

orld
problem

s
from

different
fields.

W
e
begin

w
ith

a
larger

natural
language

application,
w
here

w
e
use

the
iterated

stable
autoencoder

to
im

prove
the

quality
of

topics
learned

by
latent

sem
antic

analysis,and
evaluate

results
by

end-to-end
classifier

perform
ance.

N
ext,in

Section
6.2,w

e
analyze

a
sm

aller
dataset

from
a
consum

er
survey,and

show
how

our
regularization

schem
es

can
im

prove
the

faithfulness
of

correspondence
analysis

graphical
outputs

com
m
only

used
by

statisticians.
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Jo
sse

a
n
d

W
ag

er

N
T

S
V

D−
τ

A
S

Y
M

P
IS

A

200
1.78

3.11
1.40

400
2.23

3.55
1.96

600
2.54

3.77
2.01

800
2.76

3.9
2.10

1000
2.94

3.99
2.36

1200
3.11

4.02
2.71

1400
3.17

4.04
2.92

1600
3.17

4.06
2.98

1800
3.22

4.08
3.00

2000
3.23

4.07
3.00

T
able

4:
M
ean

rank
estim

ates
for

the
P
oisson

sim
ulation,

averaged
over

1000
sim

ulation
replications.

T
he

true
rank

of
the

underlying
signalis

3.

D
ocum

ent
A
veraged

C
orresp.

A
nalysis

C
orresp.

A
nalysis

+
ISA

A
ccuracy

62.1
%

61.8
%

67.0
%

T
im

es
B
est

2
/10,000

1
/
10,000

9
,9

9
7
/10,000

T
able

5:
T
estsetaccuracy

ofa
logistic

regression
classifiertrained

on
topicslearned

by
latent

sem
antic

analysis,
averaged

over
10,000

train/test
splits.

T
he

topic
m
odels

w
ere

run
only

once
on

all
the

(unlabeled)
data;

thus
w
e
are

in
a
transductive

setting.
E
ach

m
ethod

used
k

=
5
topics;this

num
ber

w
as

autom
atically

picked
by

ISA
.

6.1
L
earn

in
g

top
ics

for
sentim

ent
an

alysis

M
any

tasks
in

naturallanguage
processing

involve
com

puting
a
low

-rank
approxim

ation
to

a
docum

ent/term
-frequency

m
atrix

X
,i.e.,

X
ij

counts
the

num
ber

of
tim

es
w
ord

j
appears

in
docum

ent
i.

T
he

singular
row

s
of
X

can
then

be
interpreted

as
topics

characterized
by

the
prevalence

of
different

w
ords,

and
each

docum
ent

is
described

as
a
m
ixture

of
topics.

T
he

idea
oflearning

topics
using

an
SV

D
of(a

norm
alized

version
of)

the
m
atrix

X
is
called

latent
sem

antic
analysis

(D
eerw

ester
et

al.,
1990).

H
ere,

w
e
argue

that
w
e
can

m
ake

the
topics

discovered
by

latent
sem

antic
analysis

better
by

regularizing
the

SV
D

of
X

using
an

iterated
stable

autoencoder.
T
o
do

so,w
e
exam

ine
the

R
otten

T
om

atoes
m
ovie

review
dataset

collected
by

P
ang

and
Lee

(2004),
w
ith

n
=

2,000
docum

ents
and

p
=

50
,921

unique
w
ords.

W
e
learned

topics
w
ith

three
variants

of
latent

sem
antic

analysis,
w
hich

involve
using

different
transform

a-
tions/regularization

schem
es

w
hile

taking
an

SV
D
.

•
D
ocum

entaveraging:
in

orderto
avoid

large
docum

entsdom
inating

the
fit,w

e
com

pute
the

m
atrix

Π
ij

=
X
ij / ∑

j
X
ij .

W
e
then

perform
a
rank-k

SV
D

of
Π
.
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R
eg

u
la

r
iz

ed
L
o
w

-R
a
n
k

M
at

r
ix

E
st

im
at

io
n

•
C
or
re
sp
on

de
nc
e
an

al
ys
is
:

w
e
ru
n

a
ra
nk

-k
SV

D
on

M
fr
om

(2
4)
.

T
hi
s
ap

pr
oa
ch

no
rm

al
iz
es

by
bo

th
R
−

1 2
an

d
C
−

1 2
in

or
de
r
to

co
un

te
ra
ct

th
e
ex
ce
ss

in
flu

en
ce

of
bo

th
lo
ng

do
cu
m
en
ts

an
d
co
m
m
on

w
or
ds
,i
ns
te
ad

of
ju
st

us
in
g

Π
=
R
−

1
X

as
ab

ov
e.

•
IS
A
-r
eg
ul
ar
iz
ed

co
rr
es
po

nd
en
ce

an
al
ys
is

(δ
=

0.
5
).

C
or
re
sp
on

de
nc
e
an

al
ys
is

w
it
h
IS
A

pi
ck
ed

k
=

5
to
pi
cs
;
w
e
al
so

us
ed

k
=

5
fo
r
th
e
ot
he
r

m
et
ho

ds
.
T
he

do
cu
m
en
t
av
er
ag
in
g
m
et
ho

d
di
d
no

t
ap

pe
ar

to
be

ne
fit

m
uc
h
fr
om

re
gu

la
ri
za
-

ti
on

;p
re
su
m
ab

ly
,t

hi
s
is

be
ca
us
e
th
e
m
at
ri
x

Π
do

es
no

t
up

-w
ei
gh

t
ra
re

w
or
ds
.

B
ec
au

se
n
an

d
p
ar
e
bo

th
fa
ir
ly

la
rg
e,

it
is
di
ffi
cu
lt
to

ev
al
ua

te
th
e
qu

al
it
y
of

th
e
le
ar
ne
d

to
pi
cs

di
re
ct
ly
.
T
o
ge
t
ar
ou

nd
th
is
,w

e
us
ed

a
m
or
e
in
di
re
ct

ap
pr
oa
ch

an
d
ex
am

in
ed

th
e
qu

al
-

it
y
of

th
e
le
ar
ne
d
de
co
m
po

si
ti
on

s
of
X

by
us
in
g
th
em

fo
r
se
nt
im

en
t
cl
as
si
fic

at
io
n.

Sp
ec
if-

ic
al
ly
,
ea
ch

m
et
ho

d
pr
od

uc
es

a
lo
w
-r
an

k
de
co
m
po

si
ti
on

U
D
V
>
,
w
he
re
U

is
an

n
×
k
or
-

th
on

or
m
al

m
at
ri
x;

w
e
th
en

us
ed

th
e
co
lu
m
ns

of
U

as
fe
at
ur
es

in
a
lo
gi
st
ic

re
gr
es
si
on

.
W
e

tr
ai
ne
d
th
e
lo
gi
st
ic

re
gr
es
si
on

on
on

e
ha

lf
of

th
e
da

ta
an

d
th
en

te
st
ed

it
on

th
e
ot
he
r
ha

lf,
re
pe

at
in
g
th
is

pr
oc
es
s
ov
er

10
,0
00

ra
nd

om
sp
lit
s.

W
e
ar
e
in

a
tr
an

sd
uc
ti
ve

se
tt
in
g
be

ca
us
e

w
e
us
ed

al
lt

he
da

ta
(b
ut

no
t
th
e
la
be

ls
)
fo
r
le
ar
ni
ng

th
e
to
pi
cs
.

T
he

re
su
lt
s,
sh
ow

n
in

T
ab

le
5,

su
gg
es
ts

th
at

IS
A

su
bs
ta
nt
ia
lly

im
pr
ov
es

th
e
pe

rf
or
m
an

ce
of

la
te
nt

se
m
an

ti
c
an

al
ys
is

fo
r
th
is

da
ta
se
t.

In
a
so
m
ew

ha
t
su
rp
ri
si
ng

tw
is
t,

w
e
m
ay

ha
ve

ex
pe

ct
ed

th
e
de
co
m
po

si
ti
on

ba
se
d
on

co
rr
es
po

nd
en
ce

an
al
ys
is

to
ou

t-
pe

rf
or
m

th
e
ba

se
lin

e
th
at

ju
st

di
vi
de
s
by

do
cu
m
en
t
le
ng

th
;
ho

w
ev
er
,
co
rr
es
po

nd
en
ce

an
al
ys
is

en
de
d

up
do

in
g

sl
ig
ht
ly

w
or
se
.
T
he

pr
ob

le
m

ap
pe

ar
s
to

ha
ve

be
en

th
at
,b

ec
au

se
co
rr
es
po

nd
en
ce

an
al
ys
is
up

-
w
ei
gh

ts
le
ss

co
m
m
on

w
or
ds

re
la
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to
th
e
co
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to
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be
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m
e
m
or
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vu
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no
is
e.
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hu

s,
it

is
no

t
ab

le
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be
at

do
cu
m
en
t-
w
is
e
av
er
ag
in
g
al
th
ou

gh
it

ha
s
a
se
em

in
gl
y

be
tt
er

no
rm

al
iz
at
io
n
sc
he
m
e.

B
ut
,o

nc
e
w
e
us
e
IS
A

to
re
gu

la
ri
ze

it
,c

or
re
sp
on

de
nc
e
an

al
ys
is

is
ab

le
to

fu
lly

ta
ke

ad
va
nt
ag
e
of

th
e
do

w
n-
w
ei
gh

ti
ng

of
co
m
m
on

w
or
ds
.

W
e
ca
n
vi
su
al
iz
e
th
e
eff

ec
t
of

re
gu

la
ri
za
ti
on

us
in
g
F
ig
ur
e
2,

w
hi
ch

sh
ow

s
th
e
di
st
ri
bu

ti
on

of
lo

g
‖U

i·‖
2 2
fo
r
th
e
U
-m

at
ri
ce
s
pr
od

uc
ed

by
co
rr
es
po

nd
en
ce

an
al
ys
is
w
it
h
an

d
w
it
ho

ut
IS
A
.

T
he

qu
an

ti
ty
‖U

i·‖
2 2
m
ea
su
re
s
th
e
im

po
rt
an

ce
of

th
e
i-
th

do
cu
m
en
t
in

le
ar
ni
ng

th
e
to
pi
cs
.

W
e
se
e
th
at

pl
ai
n
co
rr
es
po

nd
en
ce

an
al
ys
is
ha

s
so
m
e
do

cu
m
en
ts

th
at

do
m
in
at
e
th
e
re
su
lt
in
g

U
m
at
ri
x,

w
he
re
as

w
it
h
IS
A

th
e
m
ag
ni
tu
de
s
of

th
e
co
nt
ri
bu

ti
on

s
of

di
ffe

re
nt

do
cu
m
en
ts

ar
e

m
or
e
ev
en
ly

sp
re
ad

ou
t.

T
hu

s,
as
su
m
in
g
th
at

w
e
do

no
t
w
an

t
to
pi
cs

to
be

do
m
in
at
ed

by
ju
st

a
fe
w

do
cu
m
en
ts
,F

ig
ur
e
2
co
rr
ob

or
at
es

ou
r
in
tu
it
io
n
th
at

IS
A

im
pr
ov
es

th
e
to
pi
cs

le
ar
ne
d

by
co
rr
es
po

nd
en
ce

an
al
ys
is
.

F
in
al
ly
,w

e
no

te
th
at

th
er
e
ex
is
t
se
ve
ra
lt
op

ic
m
od

el
s
th
at

do
no

t
re
du

ce
to

an
SV

D
(e
.g
.,

B
le
ie

t
al
.,
20
03
;H

of
m
an

n,
20
01
;X

u
et

al
.,
20
03
);

in
fa
ct
,o

ne
of

th
e
m
ot
iv
at
io
ns

fo
r
la
te
nt

D
ir
ic
hl
et

al
lo
ca
ti
on

(B
le
i
et

al
.,
20
03
)
w
as

to
ad

d
re
gu

la
ri
za
ti
on

to
to
pi
c
m
od

el
in
g
us
in
g
a

hi
er
ar
ch
ic
al

B
ay
es
ia
n
ap

pr
oa
ch
.
M
or
eo
ve
r,

m
et
ho

ds
th
at

on
ly

re
ly

on
un

su
pe

rv
is
ed

to
pi
c

le
ar
ni
ng

do
no

t
in

ge
ne
ra
l
ac
hi
ev
e
st
at
e-
of
-t
he
-a
rt

ac
cu
ra
cy

fo
r
se
nt
im

en
t
cl
as
si
fic

at
io
n
on

th
ei
r
ow

n
(e
.g
.,
W
an

g
an

d
M
an

ni
ng

,2
01
2)
.
T
hu

s,
ou

r
go
al

he
re

is
no

t
to

ad
vo

ca
te

an
en
d-

to
-e
nd

m
et
ho

do
lo
gy

fo
r
se
nt
im

en
t
cl
as
si
fic

at
io
n,

bu
t
on

ly
to

sh
ow

th
at

st
ab

le
au

to
en
co
di
ng

ca
n
su
bs
ta
nt
ia
lly

im
pr
ov
e
th
e
qu

al
it
y
of

to
pi
cs

le
ar
ne
d
by

a
si
m
pl
e
SV

D
in

ca
se
s
w
he
re

a
pr
ac
ti
ti
on

er
m
ay

w
an

t
to

us
e
th
em

.
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Count

C
A
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A

F
ig
ur
e
2:

D
is
tr
ib
ut
io
n
of

lo
g
‖U

i·‖
2 2
fo
r
co
rr
es
po

nd
en
ce

an
al
ys
is
w
it
h
an

d
w
it
ho

ut
IS
A
.U

si
ng

IS
A

in
cr
ea
se
s
th
e
in
flu

en
ce

of
th
e
m
ed
ia
n
do

cu
m
en
t
in

le
ar
ni
ng

to
pi
cs
.

6.
2

A
se

n
so

ry
an

al
ys

is
of

p
er

fu
m

es

F
in
al
ly
,w

e
us
e
st
ab

le
au

to
en
co
di
ng

to
re
gu

la
ri
ze

a
se
ns
or
y
an

al
ys
is

of
pe

rf
um

es
.
T
he

da
ta

fo
r
th
e
an

al
ys
is

w
as

co
lle

ct
ed

by
as
ki
ng

co
ns
um

er
s
to

de
sc
ri
be

12
lu
xu

ry
pe

rf
um

es
su
ch

as
C
ha

ne
lN

um
be
r
5
an

d
J’
ad

or
e
w
it
h
w
or
ds
.
T
he

an
sw

er
s
w
er
e
th
en

or
ga
ni
ze
d
in

a
1
2
×

39
(3
9

w
or
ds

un
iq
ue

w
er
e
us
ed
)
da

ta
m
at
ri
x
w
he
re

ea
ch

ce
ll
re
pr
es
en
ts

th
e
nu

m
be

r
of

ti
m
es

a
w
or
d

is
as
so
ci
at
ed

to
a
pe

rf
um

e;
a
to
ta
lo

fN
=

1
0
75

w
er
e
us
ed

ov
er
al
l.
T
he

da
ta
se
t
is
av
ai
la
bl
e
at

ht
tp

:/
/f

ac
to

mi
ne

r.
fr

ee
.f

r/
do

cs
/p

er
fu

me
.t

xt
.
W
e
us
ed

co
rr
es
po

nd
en
ce

an
al
ys
is

(C
A
)

to
vi
su
al
iz
e
th
e
as
so
ci
at
io
ns

be
tw

ee
n
w
or
ds

an
d
pe

rf
um

es
.
H
er
e,

th
e
te
ch
ni
qu

e
al
lo
w
s
to

hi
gh

lig
ht

pe
rf
um

es
th
at

w
er
e
de
sc
ri
be

d
us
in
g
a
si
m
ila

r
pr
ofi

le
of

w
or
ds
,
an

d
to

fin
d
w
or
ds

th
at

de
sc
ri
be

th
e
di
ffe

re
nc
es

be
tw

ee
n
gr
ou

ps
of

pe
rf
um

es
.

In
or
de
r
to

ge
t
a
be

tt
er

id
ea

of
w
hi
ch

re
gu

la
ri
za
ti
on

m
et
ho

d
is
th
e
m
os
t
tr
us
tw

or
th
y
he
re
,

w
e
ra
n
a
sm

al
l
bo

ot
st
ra
p
si
m
ul
at
io
n
st
ud

y
bu

ilt
on

to
p
of

th
e
pe

rf
um

e
da

ta
se
t.

W
e
us
ed

th
e
fu
ll
N

=
10

75
pe

rf
um

e
da

ta
se
t
as

th
e
po

pu
la
ti
on

da
ta
se
t,

an
d
th
en

ge
ne
ra
te
d
sa
m
pl
es

of
si
ze
N

=
20

0
by

su
bs
am

pl
in
g
th
e
or
ig
in
al

da
ta
se
t
w
it
ho

ut
re
pl
ac
em

en
t.

T
he
n,

on
ea
ch

sa
m
pl
e,

w
e
pe

rf
or
m
ed

a
cl
as
si
ca
lc

or
re
sp
on

de
nc
e
an

al
ys
is
by

pe
rf
or
m
in
g
a
ra
nk

-k
tr
un

ca
te
d

SV
D

of
th
e
m
at
ri
x
M

(2
4)
,
as

w
el
l
as

se
ve
ra
l
re
gu

la
ri
ze
d
al
te
rn
at
iv
es

de
sc
ri
be

d
in

Se
ct
io
n

5.
1.
Fo

r
ea
ch

es
ti
m
at
or
,w

e
re
po

rt
it
s
si
ng

ul
ar

va
lu
es
,a

s
w
el
la

s
th
e
RV

-c
oe
ffi
ci
en
ts

be
tw

ee
n

it
s
ro
w

(r
es
pe

ct
iv
el
y
co
lu
m
n)

co
or
di
na

te
s
an

d
th
e
po

pu
la
ti
on

on
es
.
A
ll
th
e
m
et
ho

ds
ex
ce
pt

fo
r
IS
A

re
qu

ir
e
us

to
sp
ec
ify

th
e
ra
nk

k
as

an
in
pu

t
pa

ra
m
et
er
.
H
er
e,
of

co
ur
se
,k

is
un

kn
ow

n
si
nc
e
w
e
ar
e
w
or
ki
ng

w
it
h
a
re
al

da
ta
se
t;

ho
w
ev
er
,
ex
am

in
in
g
th
e
fu
ll-
po

pu
la
ti
on

da
ta
se
t

su
gg
es
ts

th
at

us
in
g
k

=
2
co
m
po

ne
nt
s
is

ap
pr
op

ri
at
e.

Fo
r
LN

,
SA

an
d
IS
A
,
w
e
se
t
tu
ni
ng

pa
ra
m
et
er
s
as

in
Se
ct
io
n

5.
2,

na
m
el
y
LN

us
es
σ̂

fr
om

(3
1)
,
w
hi
le

SA
is

pe
rf
or
m
ed

w
it
h

δ
=

0.
5
.
Fo

r
IS
A

w
e
us
ed

δ
=

0.
3
;
th
is

la
tt
er

ch
oi
ce

w
as

m
ad

e
to

ge
t
ra
nk

-2
es
ti
m
at
es
.
In

pr
ac
ti
ce
,o

ne
co
ul
d
al
so

co
ns
id
er

cr
os
s-
va
lid

at
io
n
to

fin
d
a
go

od
va
lu
e
fo
r
δ.
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atr
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S
halim
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−
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−
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R
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D
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m
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A
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A
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C
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cinem
a

C
oco M

adem
oiselle

J_adore
J_adore_et 

L_instant

Lolita Lem
pika

P
leasures

P
ure P

oison

S
halim

ar

F
igure

3:
R
esults

for
C
A

on
a
sam

ple
data

set
(top)

and
R
egularized

C
A

(bottom
)
using

ISA
on

a
single

subsam
ple

of
size

N
=

2
0
0.

O
nly

the
20

w
ords

that
contribute

the
m
ost

to
the

dim
ensions

of
variability

are
represented.
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Jo
sse

a
n
d

W
ag

er

d
1

d
2

RV
row

RV
col

k

T
R
U
E

0.44
0.15

C
A

0.62
0.42

0.41
0.72

LN
0.28

0.11
0.47

0.79
SA

0.34
0.18

0.50
0.79

ISA
0.40

0.18
0.52

0.81
2.43

T
able

6:
P
erform

ance
of

standard
correspondence

analysis
(C

A
)
as

w
ell

as
regularized

al-
ternatives

on
the

perfum
e
dataset.

W
e
report

singular
values,RV

-coeffi
cients

and
rank

estim
ates;results

correspond
to

the
m
ean

over
the

1000
sim

ulations.

R
esults

are
show

n
in

T
able

6.
From

a
practical

point
of

view
,
it

is
also

interesting
to

com
pare

the
graphical

output
of

correspondence
analysis

w
ith

and
w
ithout

regularization.
F
igure

3
(top)

show
s
tw

o-dim
ensionalC

A
representation

on
one

sam
ple

and
F
igure

3
(bot-

tom
)
show

s
the

representation
obtained

w
ith

ISA
.
O
nly

the
20

w
ords

that
contribute

the
m
ost

to
the

first
tw

o
dim

ensions
are

represented.
T
he

analysis
is

perform
ed

using
the

R
package

FactoM
ineR

(Lê
et

al.,2008).

O
ur

results
em

phasize
that,

although
correspondence

analysis
is

often
used

as
a
vi-

sualization
technique,

appropriate
regularization

is
still

im
portant,

as
regularization

m
ay

substantially
affect

the
graphicaloutput.

For
exam

ple,on
the

basis
ofthe

C
A

plot,the
per-

fum
e
Shalim

ar
looks

like
an

outlier,w
hereas

after
regularization

it
seem

s
to

fit
in

a
cluster

w
ith

C
hanel

5
and

E
lixir.

W
e
know

from
T
able

6
that

the
regularized

C
A

plots
are

better
aligned

w
ith

the
population

ones
than

the
unregularized

ones
are;

thus,
w
e
m
ay

be
m
ore

inclined
to

trust
insights

from
the

regularized
analysis.

7.
D

iscu
ssion

In
this

paper,w
e
introduced

a
new

fram
ew

ork
for

low
-rank

m
atrix

estim
ation

that
w
orks

by
transform

ing
noise

m
odels

into
regularizers

via
a
bootstrap

schem
e.

O
ur

m
ethod

can
adapt

to
non-isotropic

noise
structures,thus

enabling
itto

substantially
outperform

its
com

petitors
on

problem
s
w
ith,e.g.,P

oisson
noise.

A
t
a
high

level,
our

fram
ew

ork
w
orks

by
creating

pseudo-datasets
X̃

from
X

using
the

bootstrap
distribution

L̃
(X

).
Iftw

o
pseudo-datasets

X̃
1
and

X̃
2
are

both
likely

given
L̃

(X
),

then
w
e
w
ant

the
induced

m
ean

estim
ates

µ̃
1k

=
X̃

1 B̂
k
and

µ̃
2k

=
X̃

2 B̂
k
to

be
close

to
each

other.
T
he

stable
autoencoder

(6)
enables

us
to

turn
this

intuition
into

a
concrete

regular-
izer

by
using

the
Lévy

bootstrap.
It

rem
ains

to
be

seen
w
hether

this
idea

of
regularization

via
bootstrapping

pseudo-datasets
can

be
extended

to
other

classes
of

low
-rank

m
atrix

al-
gorithm

s,
e.g.,

those
discussed

by
C
ollins

et
al.

(2001),
de

Leeuw
(2006),

or
U
dell

et
al.

(2014).
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p
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W
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eq
ui
va
le
nc
e
be
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)
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5)
.
B
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.

T
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sh
ow

th
at
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a
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ca
n
be

w
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,w
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e
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{ ‖
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w
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ra
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te
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W
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ut
th
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ra
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Q
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w
e
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at
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=
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2 ii

}
=

D
2 ii

λ
+
D

2 ii

.

M
ea
nw

hi
le
,
w
e
ca
n
ch
ec
k
th
at

ad
di
ng

th
e
ra
nk

co
ns
tr
ai
nt

am
ou

nt
s
to

ze
ro
in
g
ou

t
al
l
bu

t
th
e
k
la
rg
es
t
of

th
e
Q̂
ii
.
T
hu

s,
pl
ug

gi
ng

th
is

in
to

ou
r
ex
pr
es
si
on

of
µ̂
,w

e
ge
t
th
at

µ̂
st

a
b

le
k

=
k ∑ i=

1

U
i.

D
ii

1
+
λ
/D

2 ii

V
> i.
.

8.
2

P
ro

of
of

T
h
eo

re
m

2

W
e
st
ar
t
by

sh
ow

in
g
th
at
B̂

is
th
e
so
lu
ti
on

to
th
e
un

co
ns
tr
ai
ne
d
ve
rs
io
n
of

(1
7)
.
Le

t
V

be
a
m
at
ri
x
de
fin

ed
by

V
ij

=
V

ar
X̃
∼
L̃(
X

)

[ X̃
ij

] .

B
ec
au

se
X̃

ha
s
m
ea
n
X
,w

e
ca
n
ch
ec
k
th
at

E X̃
∼
L̃(
X

)

[ ∥ ∥ ∥
X
−
X̃
B
∥ ∥ ∥2 2

]
=
‖X
−
X
B
‖2 2

+
∑ i,
j,
k

V
ij
B

2 jk
.
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Jo
ss

e
a
n
d

W
ag

er

T
hu

s,

1 2

∂

∂
B
jk
E X̃
∼
L̃(
X

)

[ ∥ ∥ ∥
X
−
X̃
B
∥ ∥ ∥2 2

]
=
−
∑ i

X
ij

(X
−
X
B

) i
k

+
∑ i

V
ij
B
jk
.

Se
tt
in
g
gr
ad

ie
nt
s
to

ze
ro
,w

e
fin

d
an

eq
ui
lib

ri
um

X
>
X

=
X
>
X
B

+
S
B
,

w
he
re
S
jk

=

{
∑

n i=
1
V
ij

fo
r
j

=
k
,

0
el
se
.

T
hu

s,
w
e
co
nc
lu
de

th
at

B̂
=
( X
>
X

+
S
) −

1
X
>
X

is
in

fa
ct

th
e
so
lu
ti
on

to
(1
7)

w
it
ho

ut
th
e
ra
nk

co
ns
tr
ai
nt
.

N
ex
t,
w
e
sh
ow

ho
w
w
e
ca
n
ge
t
fr
om

B̂
to
B̂
k
us
in
g
(1
9)
.
Fo

r
an

y
m
at
ri
x
B
,w

e
ca
n
ve
ri
fy

by
qu

ad
ra
ti
c
ex
pa

ns
io
n
th
at

‖X
−
X
B
‖2 2

=
∥ ∥ ∥X
−
X
B̂
∥ ∥ ∥2 2

+
∥ ∥ ∥X

( B̂
−
B
)∥ ∥ ∥

2 2
+

2
tr

( (
X
−
X
B̂
) >
( X

B̂
−
X
B
))

=
∥ ∥ ∥X
−
X
B̂
∥ ∥ ∥2 2

+
∥ ∥ ∥X

( B̂
−
B
)∥ ∥ ∥

2 2

+
2

tr

((
X
>
X
( X
>
X

+
S
) −

1
X
>
X
−
X
>
X

)
( B
−
B̂
))

M
ea
nw

hi
le
,

∥ ∥ ∥S
1 2
B
∥ ∥ ∥2

=
∥ ∥ ∥S

1 2
B̂
∥ ∥ ∥2 2

+
∥ ∥ ∥S

1 2

( B
−
B̂
)∥ ∥ ∥

2 2
+

2
tr
( B̂
>
S
( B
−
B̂
))

=
∥ ∥ ∥S

1 2
B̂
∥ ∥ ∥2 2

+
∥ ∥ ∥S

1 2

( B
−
B̂
)∥ ∥ ∥

2 2
+

2
tr

( X
>
X
( X
>
X

+
S
) −

1
S
( B
−
B̂
))

.

Su
m
m
in
g
ev
er
yt
hi
ng

to
ge
th
er
,w

e
fin

d
th
at

‖X
−
X
B
‖2 2

+
∥ ∥ ∥S

1 2
B
∥ ∥ ∥2

=
∥ ∥ ∥X

( B
−
B̂
)∥ ∥ ∥

2 2
+
∥ ∥ ∥S

1 2

( B
−
B̂
)∥ ∥ ∥

2 2
+
R
( B̂

,
X
)

w
he
re
R

is
a
re
si
du

al
te
rm

th
at

do
es

no
t
de
pe

nd
on

B
.
T
hu

s,
w
e
co
nc
lu
de

th
at

B̂
k

=
a
rg

m
in
B

{ ‖
X
−
X
B
‖2 2

+
∥ ∥ ∥S

1 2
B
∥ ∥ ∥2 2

:
ra

n
k

(B
)
≤
k

}

=
a
rg

m
in
B

{ tr

( (
B
−
B̂
) >
( X
>
X

+
S
)(

B
−
B̂
))

:
ra

n
k

(B
)
≤
k

}
.

A
s
sh
ow

n
in
,e

.g
.,
T
ak
an

e
(2
01
3)
,w

e
ca
n
so
lv
e
th
is

la
st

pr
ob

le
m

by
ta
ki
ng

th
e
to
p
k
te
rm

s
of

th
e
ei
ge
nd

ec
om

po
si
ti
on

of
B̂
>
( X
>
X

+
S
) −

1
B̂
.
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R
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u
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r
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L
o
w

-R
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n
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M
atr
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E
stim

atio
n

8.3
P

roof
of

T
h
eorem

3

For
iterates

t
=

0,
1,
...,define

M
t

=
µ̂
>t
µ̂
t .

H
ere,w

e
w
illshow

that
M
t
converges

to
a
fixed

point
M
∗,and

that
M
∗�

X
>
X
;the

desired
conclusion

then
follow

s
im

m
ediately.

F
irst,by

construction,w
e
have

that

M
0

=
X
>
X

and
M

1
=
X
>
X
(
X
>
X

+
S )
−

1
X
>
X
(
X
>
X

+
S )
−

1
X
>
X
,

and
so

w
e
im

m
ediately

see
that

M
1 �

M
0 .

T
he

generalupdate
for

M
t
is

M
t+

1
=
g

(M
t ) >

g
(M

t )
,

w
here

g
(M

)
=

Σ
12

(M
+
S

) −
1
M
,

(33)

w
here

Σ
12
is

a
positive

sem
i-definite

solution
to

(Σ
12) >

Σ
12

=
X
>
X
.
N
ow

,
because

m
atrix

inversion
is

a
m
onotone

decreasing
function

over
the

positive
sem

i-definite
cone

and
S
�

0,
w
e
find

that
g
(M

)
=

Σ
12 (
I−

(M
+
S

) −
1
S )

is
m
onotone

increasing
in
M

over
the

positive
sem

i-definite
cone.

In
particular

if
M
t �

M
t−

1 ,
then

M
t+

1 �
M
t .

B
y
induction,

the
sequence

M
t
is

m
onotone

decreasing
w
ith

respect
to

the
positive

sem
i-

definite
cone

order;by
standard

argum
ents,it

thus
follow

s
that

this
sequence

m
ust

converge
to

a
lim

it
M
∗.

F
inally,w

e
note

that
convergence

of
M
t
also

im
plies

convergence
of
µ̂
t ,since

µ̂
t+

1
=
X
B̂
t
and

B̂
t
only

depends
on

µ̂
t
through

M
t .

8.4
P

roof
of

T
h
eorem

4

A
s
in

the
proof

of
T
heorem

3,let
M
∗

=
µ̂
>
µ̂.

B
ecause

M
∗
is

a
fixed

point,w
e
know

that

M
∗

=
M
∗

(M
∗

+
S

) −
1
X
>
X

(M
∗

+
S

) −
1
M
∗.

N
ow

,because
M
∗
is

sym
m
etric

w
ith

eigenvector
u,w

e
can

decom
pose

it
as

M
∗

=
M
⊥

+
λ
u u
u
>
,

w
here

λ
u

=
u
>
M
∗u

and
∥∥∥
M
⊥
u ∥∥∥

2
=

0.

B
y
com

bining
these

equalities
and

using
the

m
onotonicity

of
m
atrix

inversion,w
e
find

that

λ
u

=
u
>
M
∗u

=
λ

2u
u
>

(M
∗

+
S

) −
1
X
>
X

(M
∗

+
S

) −
1
u

≤
λ

2u
u
>
S
−

1X
>
X
S
−

1u
.

T
his

relation
can

only
hold

if
λ
u

=
0,

or
1
≤
λ
u
u
>
S
−

1X
>
X
S
−

1u,
and

so
our

desired
conclusion

m
ust

hold.
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W
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8.5
P

roof
of

P
rop

osition
5

F
irst,

w
e
note

that
in

the
setting

(14)
w
ith

δ
=

1
/
2,

w
e
have

S
=
n
σ

2I.
U
sing

T
heorem

1,
w
e
can

verify
that

the
singular

vectors
of
µ̂
t
are

the
sam

e
as

those
of
X

for
each

iterate
t

=
1,

2
,
...of

our
algorithm

;and
so

w
e
can

w
rite

the
lim

it
µ̂

iter
as

singular
value

shrinker

µ̂
iter

=

m
in{

n
,p}

∑l=
1

u
l ψ

(d
l )
v >l
.

It
rem

ains
to

derive
the

form
of
ψ
.

N
ow

,
using

(16),
w
e
can

verify
that

the
fixed

point
condition

on
µ̂

iter
can

be
expressed

in
term

s
of
ψ

as

ψ
(d

)
=

ψ
2(d

)

λ
+
ψ

2(d
)
d
,

w
ith

λ
=
n
σ

2.

T
his

is
a
cubic

equation,w
ith

solutions

ψ
(d

)
=

0
,

and
ψ

(d
)

=
12

(
d±

√
d

2−
4
n
σ

2 )
for

d
2≥

4n
σ

2.

F
inally,

w
e
can

verify
that

our
iterative

procedure
cannot

jum
p
over

the
largest

root,
thus

resulting
in

the
claim

ed
shrinkage

function.
W
e
also

check
here

that,
in

the
case

n
=

p,
our

shrinker
ψ

(·)
is

equivalent
to

the
asym

ptotically
optim

alshrinker
for

operator
loss

ψ
∗op (d

)
(G

avish
and

D
onoho,2014b)

w
hich

is
0
for

d
2
<

4
n
σ

2,and
else

ψ
o
p (d

)
=

1√2

√
d

2−
2n
σ

2
+

√
(d

2−
2n
σ

2)
2−

4n
2σ

4

=
1√2

√
d

2−
2n
σ

2
+
d √

d
2−

4n
σ

2.

Squaring
our

iterative
shrinker,w

e
see

that

ψ
2(d

)
=

12

(
d

2−
2n
σ

2
+
d √

d
2−

4n
σ

2 )
=
ψ

2op (d
)

for
d

2≥
4
n
σ

2,and
0
else.
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ta
s

A
bs

tr
ac

t
O
ur

pa
pe

rd
ea
ls
w
ith

in
fe
rr
in
g
sim

ul
at
or
-b
as
ed

st
at
ist

ic
al

m
od

el
sg

iv
en

so
m
eo

bs
er
ve
d
da

ta
.

A
sim

ul
at
or
-b
as
ed

m
od

el
is
a
pa

ra
m
et
riz

ed
m
ec
ha

ni
sm

w
hi
ch

sp
ec
ifi
es

ho
w

da
ta

ar
e
ge
ne

r-
at
ed

.
It

is
th
us

al
so

re
fe
rr
ed

to
as

ge
ne

ra
tiv

e
m
od

el
.
W
e
as
su
m
e
th
at

on
ly

a
fin

ite
nu

m
be

r
of

pa
ra
m
et
er
sa

re
of

in
te
re
st

an
d
al
lo
w

th
e
ge
ne

ra
tiv

e
pr
oc
es
st

o
be

ve
ry

ge
ne

ra
l;
it
m
ay

be
a
no

isy
no

nl
in
ea
rd

yn
am

ic
al

sy
st
em

w
ith

an
un

re
st
ric

te
d
nu

m
be

ro
fh

id
de
n
va
ria

bl
es
.
T
hi
s

we
ak

as
su
m
pt
io
n
is

us
ef
ul

fo
r
de

vi
sin

g
re
al
ist

ic
m
od

el
s
bu

t
it

re
nd

er
s
st
at
ist

ic
al

in
fe
re
nc

e
ve
ry

di
ffi
cu

lt.
T
he

m
ai
n
ch
al
le
ng

e
is

th
e
in
tr
ac
ta
bi
lit
y
of

th
e
lik

el
ih
oo

d
fu
nc

tio
n.

Se
ve
ra
l

lik
el
ih
oo

d-
fre

e
in
fe
re
nc

e
m
et
ho

ds
ha

ve
be

en
pr
op

os
ed

w
hi
ch

sh
ar
e
th
e
ba

sic
id
ea

of
id
en

-
tif
yi
ng

th
e
pa

ra
m
et
er
s
by

fin
di
ng

va
lu
es

fo
r
w
hi
ch

th
e
di
sc
re
pa

nc
y
be

tw
ee
n
sim

ul
at
ed

an
d

ob
se
rv
ed

da
ta

is
sm

al
l.

A
m
aj
or

ob
st
ac
le

to
us
in
g
th
es
e
m
et
ho

ds
is

th
ei
r
co
m
pu

ta
tio

na
l

co
st
.
T
he

co
st

is
la
rg
el
y
du

e
to

th
e
ne

ed
to

re
pe

at
ed

ly
sim

ul
at
e
da

ta
se
ts

an
d
th
e
la
ck

of
kn

ow
le
dg

e
ab

ou
t
ho

w
th
e
pa

ra
m
et
er
s
aff

ec
t
th
e
di
sc
re
pa

nc
y.

W
e
pr
op

os
e
a
st
ra
te
gy

w
hi
ch

co
m
bi
ne

s
pr
ob

ab
ili
st
ic

m
od

el
in
g
of

th
e
di
sc
re
pa

nc
y
w
ith

op
tim

iz
at
io
n
to

fa
ci
lit
at
e

lik
el
ih
oo

d-
fre

e
in
fe
re
nc

e.
T
he

st
ra
te
gy

is
im

pl
em

en
te
d
us
in
g
Ba

ye
sia

n
op

tim
iz
at
io
n
an

d
is

sh
ow

n
to

ac
ce
le
ra
te

th
ei
nf
er
en

ce
th
ro
ug

h
a
re
du

ct
io
n
in

th
en

um
be

ro
fr
eq
ui
re
d
sim

ul
at
io
ns

by
se
ve
ra
lo

rd
er
s
of

m
ag
ni
tu
de

.
K

ey
w

or
ds

:
in
tr
ac
ta
bl
el
ik
el
ih
oo

d,
la
te
nt

va
ria

bl
es
,B

ay
es
ia
n
in
fe
re
nc

e,
ap

pr
ox

im
at
eB

ay
es
ia
n

co
m
pu

ta
tio

n,
co
m
pu

ta
tio

na
le

ffi
ci
en

cy

1.
In

tr
od

uc
tio

n

W
e
co
ns
id
er

th
e
st
at
ist

ic
al

in
fe
re
nc

e
of

a
fin

ite
nu

m
be

r
of

pa
ra
m
et
er
s
of

in
te
re
st
θ
∈

R
d

of
a
sim

ul
at
or
-b
as
ed

st
at
ist

ic
al

m
od

el
fo
r
ob

se
rv
ed

da
ta

y o
w
hi
ch

co
ns
ist

of
n

po
ss
ib
ly

de
pe

nd
en
t
da

ta
po

in
ts
.
A

sim
ul
at
or
-b
as
ed

st
at
ist

ic
al

m
od

el
is

a
pa

ra
m
et
riz

ed
st
oc
ha

st
ic

da
ta

ge
ne

ra
tin

g
m
ec
ha

ni
sm

.
Fo

rm
al
ly
,i
t
is

a
fa
m
ily

of
pr
ob

ab
ili
ty

de
ns
ity

fu
nc

tio
ns

(p
df
s)

{p
y|
θ
} θ

of
un

kn
ow

n
an

al
yt
ic
al

fo
rm

w
hi
ch

al
lo
w

fo
r
ex
ac
t
sa
m
pl
in
g
of

da
ta

y θ
∼
p

y|
θ
.
In

pr
ac
tic

al
te
rm

s,
it
is
a
co
m
pu

te
rp

ro
gr
am

w
hi
ch

ta
ke
sa

va
lu
e
of
θ
an

d
a
st
at
e
of

th
e
ra
nd

om
nu

m
be

rg
en

er
at
or

as
in
pu

ta
nd

re
tu
rn
sd

at
a

y θ
as

ou
tp
ut
.
Si
m
ul
at
or
-b
as
ed

m
od

el
sa

re
al
so

ca
lle

d
im

pl
ic
it
m
od

el
sb

ec
au

se
th
e
pd

fo
fy

θ
is
no

ts
pe

ci
fie

d
ex
pl
ic
itl
y
(D

ig
gl
e
an

d
G
ra
tt
on

,
19

84
),
or

ge
ne

ra
tiv

e
m
od

el
s
be

ca
us
e
th
ey

sp
ec
ify

ho
w

da
ta

ar
e
ge
ne

ra
te
d.

c ©
20

16
M

ic
ha

el
U

.G
ut

m
an

n
an

d
Ju

kk
a

C
or

an
de

r.
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G
U

T
M

A
N

N
A

N
D

C
O

R
A

N
D

E
R

Si
m
ul
at
or
-b
as
ed

m
od

el
s
ar
e
us
ef
ul

be
ca
us
e
th
ey

in
te
rfa

ce
ea
sil
y
w
ith

m
od

el
s
ty
pi
ca
lly

en
co
un

te
re
d
in

th
e
na

tu
ra
ls

ci
en

ce
s.

In
pa

rt
ic
ul
ar
,
hy

po
th
es
es

of
ho

w
th
e
ob

se
rv
ed

da
ta

y o
we

re
ge
ne

ra
te
d
ca
n
be

im
pl
em

en
te
d
w
ith

ou
t
m
ak

in
g
ex
ce
ss
iv
e
co
m
pr
om

ise
s
in

or
de

r
to

ha
ve

an
an

al
yt
ic
al
ly

tr
ac
ta
bl
e
m
od

el
pd

fp
y|
θ
.

Si
nc

e
th
e
an

al
yt
ic
al

fo
rm

of
p

y|
θ
is

un
kn

ow
n,

in
fe
re
nc

e
us
in
g
th
e
lik

el
ih
oo

d
fu
nc

tio
n

L(
θ

),
L(
θ

)=
p

y|
θ
(y
o
|θ

),
(1

)

is
no

tp
os
sib

le
.
T
he

lik
el
ih
oo

d
fu
nc

tio
n
is
al
so

no
ta

va
ila

bl
e
fo
ra

la
rg
e
cl
as
so

fo
th
er

st
at
is-

tic
al

m
od

el
sw

hi
ch

ar
e
kn

ow
n
as

un
no

rm
al
iz
ed

m
od

el
s.

In
th
es
e
m
od

el
s,
p

y|
θ
is
on

ly
kn

ow
n

up
to

a
no

rm
al
iz
in
g
sc
al
in
g
fa
ct
or

(t
he

pa
rt
iti
on

fu
nc

tio
n)

w
hi
ch

gu
ar
an

te
es

th
at
p

y|
θ
is

a
va
lid

pd
ff

or
al
lv

al
ue

s
of
θ
.
Si
m
ul
at
or
-b
as
ed

m
od

el
s
di
ffe

r
fro

m
un

no
rm

al
iz
ed

m
od

el
s
in

th
at

no
t
on

ly
is

th
e
sc
al
in
g
fa
ct
or

un
kn

ow
n
bu

t
al
so

th
e
sh
ap

e
of
p

y|
θ
.
Li
ke
lih

oo
d-
fre

e
in
-

fe
re
nc

e
m
et
ho

ds
de

ve
lo
pe

d
fo
ru

nn
or
m
al
iz
ed

m
od

el
s(

fo
re

xa
m
pl
e
H
in
to
n,

20
02
;H

yv
är
in
en

,
20
05

;P
ih
la
ja

et
al
.,
20
10

;G
ut
m
an

n
an

d
H
ira

ya
m
a,

20
11

;G
ut
m
an

n
an

d
H
yv
är
in
en

,2
01
2)

ar
e
th
us

no
t
ap

pl
ic
ab

le
to

sim
ul
at
or
-b
as
ed

m
od

el
s.

Fo
rs

im
ul
at
or
-b
as
ed

m
od

el
s,
lik

el
ih
oo

d-
fre

e
in
fe
re
nc

e
m
et
ho

ds
ha

ve
em

er
ge
d
in

m
ul
tip

le
di
sc
ip
lin

es
.“

In
di
re
ct

in
fe
re
nc

e”
or
ig
in
at
ed

in
ec
on

om
ic
s(

G
ou

rié
ro
ux

et
al
.,
19

93
),
“a
pp

ro
x-

im
at
e
Ba

ye
sia

n
co
m
pu

ta
tio

n”
(A

BC
)
in

ge
ne

tic
s
(B

ea
um

on
t
et

al
.,
20
02

;M
ar
jo
ra
m

et
al
.,

20
03

;S
iss

on
et

al
.,
20
07
),

or
th
e
“s
yn

th
et
ic

lik
el
ih
oo

d”
ap

pr
oa

ch
in

ec
ol
og
y
(W

oo
d,

20
10

),
fo
r
an

ov
er
vi
ew

,s
ee
,f
or

ex
am

pl
e,

th
e
re
vi
ew

by
H
ar
tig

et
al
.(

20
11

).
T
he

di
ffe

re
nt

m
et
h-

od
s
sh
ar
e
th
e
ba

sic
id
ea

to
id
en
tif
y
th
e
m
od

el
pa

ra
m
et
er
s
by

fin
di
ng

va
lu
es

w
hi
ch

yi
el
d

sim
ul
at
ed

da
ta

th
at

re
se
m
bl
e
th
e
ob

se
rv
ed

da
ta
.

T
he

ge
ne

ra
lit
y
of

sim
ul
at
or
-b
as
ed

m
od

el
s
co
m
es

w
ith

th
e
ex
pe

ns
e
of

tw
o
m
aj
or

di
ffi
-

cu
lti
es

in
th
e
in
fe
re
nc

e.
O
ne

di
ffi
cu

lty
is

th
e
as
se
ss
m
en
t
of

th
e
di
sc
re
pa

nc
y
be

tw
ee
n
th
e

ob
se
rv
ed

an
d
sim

ul
at
ed

da
ta

(J
oy
ce

an
d
M
ar
jo
ra
m
,
20
08

;
W
eg
m
an

n
et

al
.,
20
09
;
N
un

es
an

d
Ba

ld
in
g,

20
10
;F

ea
rn
he

ad
an

d
Pr

an
gl
e,

20
12

;A
es
ch
ba

ch
er

et
al
.,
20

12
;G

ut
m
an

n
et

al
.,

20
14

).
T
he

ot
he

rd
iffi

cu
lty

is
th
at

th
e
in
fe
re
nc

e
m
et
ho

ds
te
nd

to
be

slo
w

du
e
to

th
e
ne

ed
to

sim
ul
at
e
a
la
rg
e
co
lle
ct
io
n
of

da
ta

se
ts

an
d
du

e
to

th
e
la
ck

of
kn

ow
le
dg

e
ab

ou
t
th
e
re
la
tio

n
be

tw
ee
n
th
e
m
od

el
pa

ra
m
et
er
s
an

d
th
e
co
rr
es
po

nd
in
g
di
sc
re
pa

nc
ie
s.

In
th
is

pa
pe

r,
we

ad
dr
es
s
th
e
co
m
pu

ta
tio

na
ld

iffi
cu

lty
of

th
e
lik

el
ih
oo

d-
fre

e
in
fe
re
nc

e
m
et
ho

ds
.
W
e
pr
op

os
e
a
st
ra
te
gy

w
hi
ch

co
m
bi
ne

s
pr
ob

ab
ili
st
ic

m
od

el
in
g
of

th
e
di
sc
re
pa

n-
ci
es

w
ith

op
tim

iz
at
io
n
to

fa
ci
lit
at
e
lik

el
ih
oo

d-
fre

e
in
fe
re
nc

e.
T
he

st
ra
te
gy

is
im

pl
em

en
te
d

us
in
g
Ba

ye
sia

n
op

tim
iz
at
io
n
(s
ee
,
fo
r
ex
am

pl
e,

Br
oc
hu

et
al
.,
20

10
).

W
e
sh
ow

th
at

us
-

in
g
Ba

ye
sia

n
op

tim
iz
at
io
n
in

lik
el
ih
oo

d-
fre

e
in
fe
re
nc

e
(B

O
LF

I)
ca
n
re
du

ce
th
e
nu

m
be

r
of

re
qu

ire
d
sim

ul
at
io
ns

by
se
ve
ra
lo

rd
er
s
of

m
ag

ni
tu
de

,w
hi
ch

ac
ce
le
ra
te
s
th
e
in
fe
re
nc

e
su
b-

st
an

tia
lly

.1

T
he

re
st

of
th
e
pa

pe
r
is

or
ga

ni
ze
d

as
fo
llo

w
s:

In
Se

ct
io
n

2,
we

pr
es
en
t
ex
am

pl
es

of
sim

ul
at
or
-b
as
ed

st
at
ist

ic
al

m
od

el
s
to

he
lp

cl
ar
ify

th
ei
r
pr
op

er
tie

s.
In

Se
ct
io
n
3,

we
pr
ov
id
e

a
un

ifi
ed

re
vi
ew

of
ex
ist

in
g
in
fe
re
nc

e
m
et
ho

ds
fo
r
sim

ul
at
or
-b
as
ed

m
od

el
s,

an
d

us
e
th
e

ex
am

pl
es

to
po

in
to

ut
co
m
pu

ta
tio

na
li
ss
ue

s.
T
he

co
m
pu

ta
tio

na
ld

iffi
cu

lti
es

ar
e
su
m
m
ar
iz
ed

in
Se

ct
io
n
4,

an
d
a
fra

m
ew

or
k
to

ad
dr
es
st

he
m

is
ou

tli
ne

d
in

Se
ct
io
n
5.

Se
ct
io
n
6
im

pl
em

en
ts

1.
Pr

el
im

in
ar

y
re

su
lts

w
er

e
pr

es
en

te
d

at
“A

pp
ro

xi
m

at
e

B
ay

es
ia

n
C

om
pu

ta
tio

n
in

R
om

e”
,

20
13

,
an

d
M

C
M

C
Sk

i
IV

,
20

14
,a

s
a

po
st

er
“B

ay
es

ia
n

op
tim

iz
at

io
n

fo
re

ffi
ci

en
tl

ik
el

ih
oo

d-
fr

ee
in

fe
re

nc
e”

,a
nd

at
th

e
N

IP
S

w
or

ks
ho

p
“A

B
C

in
M

on
tr

ea
l”

,2
01

4,
as

pa
rt

of
an

or
al

pr
es

en
ta

tio
n.
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B
A

Y
E

S
IA

N
O

P
T

IM
IZ

A
T

IO
N

F
O

R
L

IK
E

L
IH

O
O

D
-F

R
E

E
IN

F
E

R
E

N
C

E

thefram
ework

using
Bayesian

optim
ization.A

pplicationsofthedeveloped
m
ethodology

are
given

in
Section

7,and
Section

8
concludes

the
paper.

2.E
xam

plesofSim
ulator-B

ased
StatisticalM

odels

W
e
present

here
three

exam
ples

ofsim
ulator-based

statisticalm
odels.

T
he

first
exam

ple
is

an
artificialone,butusefulbecause

itallow
susto

illustrate
the

centralconcepts.T
he

other
two

are
exam

plesfrom
realdata

analysisw
ith

intractable
m
odels(W

ood,2010;N
um

m
inen

et
al.,2013).

T
he

exam
ples

w
illbe

used
throughout

the
paper

and
the

m
odeldetails

can
be

looked
up

here
w
hen

needed.
E

xam
ple

1
(N

orm
aldistribution).

A
standard

way
to

sam
ple

data
y
θ

=
(y

(1)
θ
,...,y

(n)
θ

)
from

a
norm

aldistribution
w
ith

m
ean

θ
and

variance
one

is
to

sam
ple

n
standard

norm
al

random
variables

ω
=

(ω
(1),...,ω

(n))
and

to
add

θ
to

the
obtained

sam
ples,

y
θ =

θ
+
ω
,

ω
∼
N

(0,I
n ).

(2)

T
he

sym
bolN

(0,I
n )

denotes
a
n-variate

norm
aldistribution

w
ith

m
ean

zero
and

identity
covariance

m
atrix.

A
fter

sam
pling

ofthe
random

quantities
ω
,the

observed
data

y
θ
are

a
determ

inistic
transform

ation
of
ω

and
the

param
eter

θ.
For

m
ore

generalsim
ulators,the

sam
e
principle

applies.
In

particular,the
data

y
θ
are

a
determ

inistic
transform

ation
of
θ
if

the
random

quantitiesare
keptfixed,forexam

ple
by

fixing
the

seed
ofthe

random
num

ber
generator.

N
E

xam
ple

2
(R

icker
m
odel).

In
this

exam
ple,the

sim
ulator

consists
ofa

latent
stochastic

tim
e
series

and
an

observation
m
odel.

T
he

latent
tim

e
series

is
a
stochastic

version
ofthe

R
ickerm

ap
w
hich

isa
classicalm

odelin
ecology

(R
icker,1954).

T
he

stochastic
version

can
be

described
as

a
nonlinear

autoregressive
m
odel,

log
N

(t)=
log

r+
log

N
(t−

1)−
N

(t−
1)+

σ
e (t),

t=
1,...,n

,
N

(0)=
0,

(3)

w
here

N
(t)

is
the

size
of

som
e
anim

alpopulation
at

tim
e
t
and

the
e (t)

are
independent

standard
norm

alrandom
variables.

T
he

latent
tim

e
series

has
two

param
eters:

log
r
w
hich

is
related

to
the

log
grow

th
rate

and
σ

for
the

standard
deviation

of
the

innovations.
A

Poisson
observation

m
odelis

assum
ed,such

that
given

N
(t),

y
(t)
θ

is
draw

n
from

a
Poisson

distribution
w
ith

m
ean

ϕ
N

(t),y
(t)
θ
|N

(t),ϕ
∼

Poisson(ϕ
N

(t)),
(4)

w
here

ϕ
isa

scaling
param

eter.T
he

m
odelisthusin

totalparam
etrized

by
θ

=
(log

r,σ
,ϕ).

Figure1(a)show
sexam

pledata
generated

from
them

odel.Inferenceof
θ
isdiffi

cultbecause
the

N
(t)are

notdirectly
observed

and
because

ofthe
strong

nonlinearity
in

the
autoregres-

sive
m
odel.W

ood
(2010)used

thisexam
ple

to
illustrate

his“synthetic
likelihood”

approach
to

inference.
N

E
xam

ple
3
(Bacterialinfectionsin

day
care

centers).
T
he

data
generating

processishere
defined

via
a
latent

continuous-tim
e
M
arkov

chain
and

an
observation

m
odel.

T
he

m
odel

was
developed

by
N
um

m
inen

et
al.(2013)

to
infer

the
transm

ission
dynam

ics
ofbacterial

infections
in

day
care

centers.
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Figure
1:

E
xam

plesofsim
ulator-based

statisticalm
odels.(a)D

ata
generated

from
the

R
ickerm

odel
in

E
xam

ple
2

w
ith

n
=

50
and

θ
o =

(log
r
o ,σ

o ,ϕ
o )=

(3
.8,0.3,10).(b)D

ata
generated

from
the

m
odelin

E
xam

ple
3

on
bacterialinfections

in
day

care
centers.

T
here

are
33

differentstrains
of

the
bacterium

in
circulation

and
M

D
C

C
=

36
of

the
53

attendees
of

the
day

care
center

w
ere

sam
pled

(N
um

m
inen

etal.,2013).
E

ach
black

square
indicates

a
sam

pled
attendee

w
ho

is
infected

w
ith

a
particularstrain.T

he
data

w
ere

generated
w

ith
θ
o =

(β
o ,Λ

o ,θ
o )=

(3.6
,0
.6
,0
.1).

T
he

variables
of

the
latent

M
arkov

chain
are

the
binary

indicator
variables

I
tis
w
hich

specify
w
hetherattendee

iofa
day

care
centerisinfected

w
ith

the
bacterialstrain

s
attim

e
t(I

tis =
1),or

not
(I
tis =

0).
Starting

w
ith

zero
infected

individuals,
I

0is =
0
for

all
iand

s,
the

states
evolve

in
a
stochastic

m
anner

according
to

the
rate

equations

P(I
t+
h

is
=

0|I
tis =

1)=
h

+
o(h),

(5)

P(I
t+
h

is
=

1|I
tis ′ =

0
∀
s ′)=

R
s (t)h

+
o(h),

(6)

P(I
t+
h

is
=

1|I
tis =

0,∃
s ′:

I
tis ′ =

1)=
θR

s (t)h
+
o(h),

(7)

w
here

h
isa

sm
alltim

e
intervaland

R
s (t)the

rate
ofinfection

w
ith

strain
s
attim

e
t.

T
he

three
equations

m
odelthe

probability
to

clear
a
strain

s
during

tim
e
tand

t+
h
(Equation

5),the
probability

to
be

infected
w
ith

a
strain

s
ifnotcolonized

by
otherstrains(Equation

6),
and

the
probability

to
be

infected
if

colonized
w
ith

other
strains

(Equation
7).

T
he

rate
ofinfection

isa
weighted

com
bination

ofthe
probability

P
s
foran

infection
happening

outside
the

day
care

center
and

the
probability

E
s (t)

for
an

infection
from

w
ithin,

R
s (t)=

β
E
s (t)+

Λ
P
s .

(8)

W
e
refer

the
reader

to
the

originalpublication
by

N
um

m
inen

et
al.(2013)

for
m
ore

de-
tails

and
the

expression
for

E
s (t).

T
he

observation
m
odelwas

random
sam

pling
of
M

D
C

C
individuals

w
ithout

replacem
ent

from
all

the
individuals

attending
a
day

care
center

at
som

e
suffi

ciently
large

random
tim

e
(endem

ic
situation).

T
he

m
odelhas

three
param

eters
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ig
ht
sw

(m
) .

A
co
m
pu

ta
bl
e
ve
rs
io
n

is
ob

ta
in
ed

by
re
pl
ac
in
g
L

w
ith

L̂
,g

iv
in
g

E(
g
(θ

)|y
o
)≈

E(
g
(θ

)|Φ
o
),

E(
g
(θ

)|Φ
o
)≈

M ∑ m
=

1
g
(θ

(m
) )ŵ

(m
) ,

ŵ
(m

)
=

L̂
(θ

(m
) )p

θ
(θ

(m
) )

q
(θ

(m
) )

∑
M i=

1
L̂

(θ
(i

) )p
θ
(θ

(i
) )

q
(θ

(i
) )

,
θ

(m
)
i.
i.
d
.
∼

q(
θ

).
(1

1)
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T
here

is
som

e
flexibility

in
the

choice
ofthe

auxiliary
pdf

q(θ)
in

Equations
(10)

and
(11)

w
hich

enables
iterative

adaptive
algorithm

s
w
here

the
accepted

θ
(m

)
of

one
iteration

are
used

to
define

the
auxiliary

distribution
q(θ)ofthe

nextiteration
(population

orsequential
M
onte

C
arlo

algorithm
s,C

appé
et

al.,2004;D
elM

oralet
al.,2006).

3.2
Param

etric
A

pproxim
ation

ofthe
L

ikelihood

T
he

pdf
pΦ|θ

ofthe
sum

m
ary

statisticsisofunknow
n
analyticalform

butitm
ay

be
reason-

ably
assum

ed
thatitbelongsto

a
certain

param
etric

fam
ily.

Forinstance,ifΦ
θ
isobtained

via
averaging,the

centrallim
it

theorem
suggests

that
the

pdfm
ay

be
wellapproxim

ated
by

a
G
aussian

distribution
ifthe

num
ber

ofsam
ples

n
is

suffi
ciently

large,

pΦ|θ (φ|θ)≈
1

(2π)
p
/2|detΣ

θ | 1
/2

exp
(−

12 (φ
−
µ
θ ) >Σ

−
1

θ
(φ
−
µ
θ ) )

,
(12)

w
here

p
is

the
dim

ension
ofΦ

θ .
T
he

corresponding
likelihood

function
is
L̃
s =

exp( ˜̀s ),

˜̀s (θ)=
−
p2

log(2π)−
12

log|detΣ
θ |−

12 (Φ
o −

µ
θ ) >Σ

−
1

θ
(Φ

o −
µ
θ ),

(13)

w
hich

isan
approxim

ation
of
L(θ)unlessthe

sum
m
ary

statisticsare
indeed

G
aussian.

T
he

m
ean

µ
θ
and

the
covariance

m
atrix

Σ
θ
are

generally
notknow

n.
Butthe

sim
ulatorcan

be
used

to
estim

ate
them

via
a
sam

ple
average

E
N

over
N

independently
generated

sum
m
ary

statistics,

µ̂
θ

=
E
N

[Φ
θ ]=

1N

N∑i=
1 Φ

(i)
θ
,

Φ
(i)
θ

i.i.d
.
∼

pΦ|θ ,
Σ̂
θ

=
E
N
[(Φ

θ −
µ̂
θ )(Φ

θ −
µ̂
θ ) > ]

.
(14)

A
com

putable
estim

ate
L̂
Ns

ofthe
likelihood

function
L(θ)

is
then

given
by

L̂
Ns

=
exp( ˆ̀ Ns

),

ˆ̀ Ns
(θ)=

−
p2

log(2π)−
12

log|detΣ̂
θ |−

12 (Φ
o −

µ̂
θ ) >Σ̂

−
1

θ
(Φ

o −
µ̂
θ ).

(15)

T
hisapproxim

ation
wasnam

ed
synthetic

likelihood
(W

ood,2010),hence
oursubscript“s”.

D
ue

to
the

approxim
ation

ofthe
expectation

w
ith

a
sam

ple
average, ˆ̀ Ns

is
a
stochastic

process
(a

random
function).

W
e
illustrate

this
in

Exam
ple

4
below

.
W
e
there

also
show

thatthenum
berofsim

ulated
sum

m
ary

statistics(data
sets)

N
isa

trade-off
param

eter:T
he

com
putationalcost

decreases
as
N

decreases
but

the
variability

ofthe
estim

ate
increases

as
a
consequence.

Itfurtherturns
outthatthe

sam
ple

curves
of ˆ̀ Ns

m
ay

notbe
sm

ooth
for

finite
N

and
that

decreasing
N

m
ay

worsen
their

roughness.
W
e
illustrate

this
in

Exam
ple

5
using

the
R
icker

m
odel.

E
xam

ple
4

(Synthetic
likelihood

for
the

m
ean

of
a
norm

al
distribution).

T
he

sam
ple

average
is

a
suffi

cient
statistic

for
the

task
of

inferring
the

m
ean

θ
from

a
sam

ple
y
o

=
(y

(1)
o
,...,y

(n)
o

)
of

a
norm

aldistribution
w
ith

assum
ed

variance
one.

W
e
thus

reduce
the

observed
and

sim
ulated

data
y
o
and

y
θ
to

the
em

piricalm
eans

Φ
o
and

Φ
θ ,respectively,

Φ
o =

1n

n
∑i=

1
y

(i)
o
,

Φ
θ =

1n

n
∑i=

1
y

(i)
θ
.

(16)
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(b)D
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m

ax
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ate

Figure
2:

E
stim

ation
of

the
m

ean
of

a
G

aussian.
(a)

T
he

figure
show

s
the

negative
log

synthetic
likelihood−

ˆ̀ Ns
.Itillustratesthat ˆ̀ Ns

isa
random

function.(b)T
he

random
nessm

akesthe
estim

ate
θ̌

=
argm

ax
θ ˆ̀ Ns

(θ)
a

random
variable.Its

variability
increases

as
N

decreases.

In
thisspecialcase,no

inform
ation

islostw
ith

the
reduction

to
the

sum
m
ary

statistic,that
is,

L(θ)∝
L(θ).

Furtherm
ore,the

distribution
ofthe

sum
m
ary

statistic
Φ
θ
is

here
know

n,
Φ
θ ∼
N

(θ,1
/n)

so
that

the
G
aussian

m
odelassum

ption
holds

and
L̃
s (θ)=

L(θ).
U
sing

forsim
plicity

thetruevarianceofΦ
θ ,wehave

ˆ̀ Ns
(θ)=

−
1
/2log(2

π
/n)−

n
/2(Φ

o −
µ̂
θ ) 2.

Since
µ̂
θ
is

an
average

of
N

realizations
ofΦ

θ ,
µ̂
θ ∼
N

(θ,1/(n
N

)),and
we

can
w
rite

ˆ̀ Ns
as

a
quadratic

function
subject

to
a
random

shift
g,

ˆ̀ Ns
(θ)=

−
12

log (
2
πn

)
−
n2 (Φ

o −
θ−

g) 2,
g
∼
N
(0,

1n
N

)
.

(17)

Each
realization

of
g
yields

a
different

m
apping

θ
7→

ˆ̀ Ns
w
hich

illustrates
that

the
(log)

synthetic
likelihood

is
a
random

function.
Figure

2(a)
show

s
the

0.1
and

0.9
quantiles

of
−

ˆ̀ Ns
for

N
=

2.
T
he

dashed
curve

visualizes
θ
7→
−

ˆ̀ Ns
for

a
fixed

realization
of
g.

T
he

circles
show

values
of−

ˆ̀ Ns
(θ)

w
hen

g
is

not
kept

fixed
as
θ
changes.

T
he

results
are

for
sam

ple
size

n
=

10.
T
he

optim
izer

θ̌
of

each
realization

of
ˆ̀ Ns

depends
on

g,
θ̌

=
Φ
o −

g.
T
hat

is,
θ̌
is

a
random

variable
w
ith

distribution
N

(Φ
o ,1

/(N
n)).

In
the

lim
it

of
an

infinite
am

ount
of

available
com

putationalresources,that
is
N
→
∞
,
g
equals

zero,and
the

distribution
has

a
point-m

ass
at
θ̂m

le
=

Φ
o
w
hich

is
indicated

w
ith

the
black

verticalline
in

Figure
2(b).

A
s
N

decreases,variance
is

added
to

the
point-estim

ate
θ̌.

T
his

added
variability

is
due

to
the

use
offinite

com
putationalresources;it

does
not

reflect
uncertainty

about
θ
due

to
the

finite
sam

ple
size

n.
T
he

variability
causes

an
inflation

ofthe
m
ean

squared
estim

ation
error

by
a
factor

of(1
+

1
/N

),E((θ̌−
θ
o ) 2)=

1/n(1
+

1
/N

).
N

E
xam

ple
5
(Synthetic

likelihood
for

the
R
icker

m
odel).

W
ood

(2010)
used

the
synthetic

likelihood
to

perform
inference

ofthe
R
icker

m
odeland

other
sim

ulator-based
m
odels

w
ith
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T
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fig
ur
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e
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e
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g
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d
−

ˆ̀N s
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R
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e
va

ri
ab

ili
ty

fo
r

N
=
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e

cu
rv

e
fo

rN
=

50
,0

00
is

st
ill

ru
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=
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eR

ick
er

m
od

el
af
te
r

so
m
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re
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R
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m
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a
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nc
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n
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e
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g
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th
ra
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lo
gr
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r

y o
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Fi
gu

re
1(
a)
.
T
he

pa
ra
m
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er
s
σ
an

d
ϕ

we
re

ke
pt

fix
ed

at
th
e
va
lu
es
σ
o

=
0.

3
an

d
ϕ
o

=
10

w
hi
ch

we
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ge
ne

ra
te

y o
(lo
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o
wa
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.8
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T
he

fig
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T
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re
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−
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A

gr
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h
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r
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rg
e
N
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t
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t
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m
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G
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at
io
n
is

tr
ick

y
be

ca
us
e
th
e
fu
nc

tio
na

lf
or
m

of
ˆ̀N s

is
un

kn
ow

n.
Fi
ni
te

di
ffe

re
nc

es
m
ay

no
t
yi
el
d
a
re
lia

bl
e
ap

pr
ox
im

at
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at
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e,
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e
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d
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e
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pr
ox
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at
e
st
oc
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st
ic
gr
ad

ie
nt

ap
pr
oa
ch
.T

ha
ti
s,
ap

pr
ox
im

at
e
gr
ad

ie
nt
s

ar
e
co
m
pu

te
d
w
ith

di
ffe

re
nt

ra
nd

om
se
ed

s
at

di
ffe

re
nt

va
lu
es

of
th
e
pa

ra
m
et
er
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Fo

r
sm

al
l

N
,h

ow
ev
er
,t

he
gr
ad

ie
nt
s
ar
e
un

re
lia
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e
so

th
at

th
e
st
ep

siz
e
ha

s
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ve
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sm
al
l,
w
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ak
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th
e
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iz
at
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n
ra
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st
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3

N
on

pa
ra

m
et

ri
c

A
pp

ro
xi

m
at

io
n

of
th

e
L

ik
el

ih
oo

d

A
n
al
te
rn
at
iv
e
to

as
su
m
in
g
a
pa

ra
m
et
ric

m
od

el
fo
rt

he
pd

fp
Φ
|θ
of

th
e
su
m
m
ar
y
st
at
ist

ic
si
s

to
ap

pr
ox

im
at
e
it

by
a
ke
rn
el

de
ns
ity

es
tim

at
e
(R

os
en
bl
at
t,

19
56

;P
ar
ze
n,

19
62
;M

ac
k
an

d
R
os
en
bl
at
t,

19
79
;W

an
d
an

d
Jo

ne
s,

19
95
),

p
Φ
|θ

(φ
|θ

)≈
EN

[K
(φ
,Φ

θ
)]
,

(1
8)

w
he

re
K

is
a
su
ita

bl
e
ke
rn
el

an
d

EN
de

no
te
s
em

pi
ric

al
ex
pe

ct
at
io
n
as

be
fo
re
,

EN
[K

(φ
,Φ

θ
)]

=
1 N

N ∑ i=
1
K

(φ
,Φ

(i
)

θ
),

Φ
(i

)
θ

i.
i.
d
.
∼

p
Φ
|θ
.

(1
9)

A
n
ap

pr
ox

im
at
io
n
of

th
e
lik

el
ih
oo

d
fu
nc

tio
n
L

(θ
)
is

gi
ve
n
by

L̂
N K

(θ
),

L̂
N K

(θ
)=

EN
[K

(Φ
o
,Φ

θ
)]
.

(2
0)

W
e
m
ay

re
-w

rit
e
K

(Φ
o
,Φ

)
in

an
ot
he

r
fo
rm

as
κ

(∆
θ
)
w
he

re
∆
θ
≥

0
de

pe
nd

s
on

Φ
o
an

d
Φ
θ
,a

nd
κ
is

a
un

iv
ar
ia
te

no
n-
ne

ga
tiv

e
fu
nc

tio
n
no

t
de

pe
nd

in
g
on
θ
.
T
he

ke
rn
el
s
K

ar
e

ge
ne

ra
lly

su
ch

th
at
κ
ha

s
a
m
ax

im
um

at
ze
ro

(t
he

m
ax

im
um

m
ay

be
no

t
un

iq
ue

th
ou

gh
).

Ta
ki
ng

th
e
em

pi
ric

al
ex
pe

ct
at
io
n
in

Eq
ua

tio
n

(2
0)

w
ith

re
sp
ec
t
to

∆
θ
in
st
ea
d
of

Φ
θ
,
we

ha
ve
L̂
N K

(θ
)=

L̂
N κ

(θ
),

L̂
N κ

(θ
)=

EN
[κ

(∆
θ
)]
.

(2
1)

A
s
th
e
nu

m
be

r
N

gr
ow

s,
L̂
N κ

co
nv

er
ge
s
to
L̃
κ
,

L̃
κ
(θ

)=
E

[κ
(∆

θ
)]
,

(2
2)

w
hi
ch

is
L̂
N κ

w
he

re
th
e
em

pi
ric

al
av
er
ag

e
EN

is
re
pl
ac
ed

by
th
e
ex
pe

ct
at
io
n

E.
T
he

lim
iti
ng

ap
pr
ox
im

at
e
lik

el
ih
oo

d
L̃
κ
(θ

)
do

es
no

t
ne

ce
ss
ar
ily

eq
ua

lt
he

lik
el
ih
oo

d
L

(θ
)=

p
Φ
|θ

(Φ
o
|θ

).
Fo

r
ex
am

pl
e,

if
κ

(∆
θ
)
is

ob
ta
in
ed

fro
m

a
tr
an

sla
tio

n
in
va
ria

nt
ke
rn
el
K
,t

ha
t
is,

κ
(∆

θ
)

=
K

(Φ
o
−

Φ
θ
),
L̃
κ
is
th
el
ik
el
ih
oo

d
fo
ra

su
m
m
ar
y
st
at
ist

ic
sw

ho
se

pd
fi
so

bt
ai
ne

d
by

co
nv

ol
vi
ng

p
Φ
|θ

w
ith

K
.

Fo
r
co
nv

ex
fu
nc

tio
ns

κ
,J

en
se
n’
s
in
eq
ua

lit
y
yi
el
ds

a
lo
we

r
bo

un
d
fo
r
L̂
N κ

an
d
its

lo
ga
-

rit
hm

, L̂
N κ

(θ
)≥

κ
( Ĵ

N
(θ

))
,

lo
gL̂

N κ
(θ

)≥
lo

gκ
( Ĵ

N
(θ

))
,

Ĵ
N

(θ
)=

EN
[∆

θ
].

(2
3)

Si
nc

e
κ
is

m
ax

im
al

at
ze
ro
,t

he
lo
we

r
bo

un
d
is

m
ax

im
iz
ed

by
m
in
im

iz
in
g
th
e
co
nd

iti
on

al
em

pi
ric

al
ex
pe

ct
at
io
n
Ĵ
N

(θ
).

T
he

ad
va
nt
ag
eo

ft
he

lo
we

rb
ou

nd
is
th
at

it
ca
n
be

m
ax

im
iz
ed

irr
es
pe

ct
iv
e
of
κ
,w

hi
ch

is
of
te
n
di
ffi
cu

lt
to

ch
oo

se
in

pr
ac
tic

e.
A

po
pu

la
r
ch
oi
ce

of
κ
fo
r
lik

el
ih
oo

d-
fre

e
in
fe
re
nc

e
is

th
e
un

ifo
rm

ke
rn
el
κ

=
κ
u
w
hi
ch

yi
el
ds

th
e
ap

pr
ox
im

at
e
lik

el
ih
oo

d
L̂
N u
,

κ
u
(u

)=
cχ

[0
,h

)(
u

),
L̂
N u

(θ
)=

c
PN

(∆
θ
<
h

),
(2

4)

w
he

re
th
e
in
di
ca
to
r
fu
nc

tio
n
χ

[0
,h

)(
u

)
eq
ua

ls
on

e
if
u
∈

[0
,h

)
an

d
ze
ro

ot
he

rw
ise

.
T
he

sc
al
in
g
pa

ra
m
et
er
c
do

es
no

t
de

pe
nd

on
θ
,a

nd
th
e
po

sit
iv
e
sc
al
ar
h
is

th
e
ba

nd
w
id
th

of
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the
kerneland

acts
as

acceptance/rejection
threshold.

T
he

approxim
ate

likelihood
L̂
Nu

is
proportionalto

the
em

piricalprobability
that

the
discrepancy

is
below

the
threshold.

T
he

lim
iting

approxim
ate

likelihood
is

denoted
by

L̃
u (θ),

L̃
u (θ)=

cP
(∆

θ
<
h)
.

(25)

T
he

lower
bound

for
convex

κ
is

not
applicable

but
we

can
obtain

an
equivalent

bound
by

M
arkov’s

inequality,L̂
Nu

(θ)=
c [1−

P
N

(∆
uθ ≥

h) ]≥
c [1−

1h
E
N

[∆
θ ] ]

.
(26)

T
he

lower
bound

ofthe
approxim

ate
likelihood

can
be

m
axim

ized
by

m
inim

izing
Ĵ
N

(θ)
as

for
convex

κ.
W
e
illustrate

the
approxim

ation
of

the
likelihood

via
L̂
Nu

in
Exam

ple
6
below

.
It

is
pointed

out
that

good
approxim

ations
are

com
putationally

very
expensive

because
ofthe

very
sm

allprobability
for∆

θ
to

be
below

sm
allthresholds

h,or,in
otherwords,because

of
the

large
rejection

probability.
W
e
then

use
the

m
odelfor

bacterialinfections
in

day
care

centersto
show

in
Exam

ple7
thatthem

inim
izerof

Ĵ
N

(θ)can
providea

good
approxim

ation
ofthe

m
axim

izer
of
L̂
Nu

(θ).
T
his

is
im

portant
because

Ĵ
N

does
not

require
choosing

the
bandw

idth
h
or

involve
any

rejections.
E

xam
ple

6
(A

pproxim
ate

likelihood
for

the
m
ean

of
a
G
aussian).

For
the

inference
of

the
m
ean

ofa
G
aussian,we

can
use

as
discrepancy

∆
θ
the

squared
difference

between
the

em
piricalm

ean
ofthe

observed
and

sim
ulated

data
y
o and

y
θ ,thatisthe

squared
difference

between
the

two
sum

m
ary

statisticsΦ
o
and

Φ
θ
in

Exam
ple

4:∆
θ =

(Φ
o −

Φ
θ ) 2.

Because
of

the
use

ofsim
ulated

data,like
the

synthetic
likelihood,the

discrepancy
∆
θ
is

a
stochastic

process.
W
e
visualize

its
distribution

in
Figure

4(a).
T
he

observed
data

y
o
were

the
sam

e
as

in
Exam

ple
4.

For
this

sim
ple

exam
ple,

we
can

com
pute

the
lim

iting
approxim

ate
likelihood

L̃
u
in

Equation
(25)

in
closed

form
,

L̃
u (θ)∝

F
(√

n(Φ
o −

θ)+
√
n
h )−

F
(√

n(Φ
o −

θ)−
√
n
h )
,

(27)

w
here

F
(x)

is
the

cum
ulative

distribution
function

(cdf)
of

a
standard

norm
al

random
variable,

F
(x)=

∫
x

−
∞

1
√

2
π

exp
(−

12
u

2 )
d
u
.

(28)

For
sm

all
n
h,

L̃
u (θ)

becom
es

proportional
to

the
likelihood

L(θ).
T
his

is
visualized

in
Figure

4(b). 2
H
owever,

the
probability

to
actually

observe
a
realization

of
∆
θ
w
hich

is
below

the
threshold

h
becom

es
vanishingly

sm
all.

For
realistic

m
odels,

L̃
u
is

not
available

in
closed

form
but

needs
to

be
estim

ated.
T
he

vanishingly
sm

allprobability
indicates

that
the

inference
procedure

w
illbe

com
putationally

expensive
w
hen

L̃
u
is

estim
ated

via
the

sam
ple

average
approxim

ation
L̂
Nu
.

N
E

xam
ple

7
(A

pproxim
ate

univariate
likelihoods

for
the

day
care

centers).
In

the
m
odel

for
bacterialinfections

in
day

care
centers,the

observed
data

were
converted

to
sum

m
ary

2.U
sing

h
=

0
.1

forillustrative
purposes.Forthreshold

choice
in

realapplications,see
E

xam
ple

7
and

Section
5.3.
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discrepancy
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m
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s
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o
ld

 (0
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p
p

ro
x
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a
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lih
o
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d
(re

s
c
a

le
d
)            

tru
e

 lik
e

lih
o

o
d

(re
s
c
a

le
d
)     

(b)A
pproxim

ate
likelihood

Figure
4:

N
onparam

etric
approxim

ation
ofthe

likelihood
to

estim
ate

the
m

ean
θ

ofa
G

aussian.T
he

discrepancy
∆
θ

is
the

squared
difference

betw
een

the
em

piricalm
eans

of
the

observed
and

sim
ulated

data.(a)T
he

discrepancy
is

a
random

function.(b)T
he

probability
thatthe

discrepancy
is

below
som

e
threshold

h
approxim

ates
the

likelihood.
N

ote
the

different
range

ofthe
axes.

statisticsΦ
o
by

representing
each

day
care

center(binary
m
atrix)w

ith
fourstatistics.

T
his

gives
4·29

=
116

sum
m
ary

statistics
in

total(see
N
um

m
inen

et
al.,2013,for

details).
Since

the
day

care
centerscan

be
considered

to
be

independent,the
29

observationscan
be

used
to

estim
ate

the
distribution

ofthe
four

statistics
and

their
cdfs.

N
um

m
inen

et
al.

(2013)assessed
the

difference
between

Φ
θ
and

Φ
o by

the
L

1
distance

between
the

estim
ated

cdfs.
Each

L
1
distance

had
its

ow
n
uniform

kerneland
corresponding

bandw
idth,w

hich
m
eans

that
a
product

kernelwas
used

overall.
W
e
here

work
w
ith

a
sim

plified
discrepancy

m
easure:

T
he

different
scales

ofthe
four

statistics
were

norm
alized

by
letting

the
m
axim

al
value

ofeach
ofthe

fourstatisticsbe
one

fory
o .T

he
discrepancy

∆
θ
wasthen

the
L

1
norm

between
Φ
θ
and

Φ
o
divided

by
their

dim
ension,∆

θ
=

1/116||Φ
θ −

Φ
o ||1 .

Figure
5
show

s
the

distributions
ofthe

discrepancies
∆
θ
ifone

ofthe
three

param
eters

is
varied

at
a
tim

e.
T
he

results
are

for
the

real
data

used
by

N
um

m
inen

et
al.

(2013).
T
he

param
eters

were
varied

on
a
grid

around
the

(rounded)
m
ean

(3.6
,0
.6
,0
.1)

w
hich

was
inferred

by
N
um

m
inen

et
al.

(2013).
T
he

distributions
were

estim
ated

using
N

=
300

realizations
of

∆
θ
per

param
eter

value.
T
he

red
solid

lines
show

the
em

pirical
average

Ĵ
N
.
T
he

black
lines

w
ith

circles
show

L̂
Nu

w
ith

bandw
idths

(thresholds)
equalto

the
0.1

quantile
ofthe

sam
pled

discrepancies.
W

hile
subjective,this

is
a
custom

ary
choice

(M
arin

et
al.,2012).

T
he

thresholds
were

h
β

=
1.16,

h
Λ

=
1.18,and

h
θ

=
1.20,and

are
m
arked

w
ith

green
lines.

It
can

be
seen

that
the

optim
a
of
Ĵ
N

and
L̂
Nu

are
attained

at
about

the
sam

e
param

etervalues
w
hich

is
advantageous

because
Ĵ
N

is
independentofkerneland

bandw
idth.

Since
the

functionalform
of
Ĵ
N

and
its

gradients
are,however,not

know
n,the

m
ini-

m
ization

becom
es

a
diffi

cult
problem

in
higher

dim
ensions.

W
e
w
illshow

that
the

idea
of
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v
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 d
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c
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p
a

n
c
y

a
p

p
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x
 l
ik

e
lih

o
o

d
(r

e
s
c
a

le
d

) 
  

  
  

th
re

s
h

o
ld

 h

(b
)E

xt
er

na
li

nf
ec

tio
n

pa
ra

m
et

er
Λ

0
0
.0

5
0
.1

0
.1

5
0
.2

0123456

θ

(c
)C

o-
in

fe
ct

io
n

pa
ra

m
et

er
θ

Fi
gu

re
5:

A
pp

ro
xi

m
at

e
lik

el
ih

oo
ds
L̂
N u

an
d

di
st

ri
bu

tio
ns

of
th

e
di

sc
re

pa
nc

y
∆
θ

fo
r

th
e

da
y

ca
re

ce
nt

er
ex

am
pl

e.
T

he
gr

ee
n

ho
ri

zo
nt

al
lin

es
in

di
ca

te
th

e
th

re
sh

ol
ds

us
ed

.
T

he
op

tim
a

of
th

e
av

er
ag

e
di

sc
re

pa
nc

ie
s

an
d

th
e

ap
pr

ox
im

at
e

lik
el

ih
oo

ds
oc

cu
r

at
ab

ou
t

th
e

sa
m

e
pa

ra
m

et
er

va
lu

es
.

co
m
bi
ni
ng

pr
ob

ab
ili
st
ic

m
od

el
in
g
w
ith

op
tim

iz
at
io
n,

w
hi
ch

we
m
en
tio

ne
d
in

Ex
am

pl
e
5
fo
r

th
e
lo
g
sy
nt
he

tic
lik

el
ih
oo

d,
is

al
so

he
lp
fu
lh

er
e.

N

3.
4

R
el

at
io

n
be

tw
ee

n
N

on
pa

ra
m

et
ri

c
an

d
Pa

ra
m

et
ri

c
A

pp
ro

xi
m

at
io

n

K
er
ne

ld
en

sit
y
es
tim

at
io
n
w
ith

G
au

ss
ia
n
ke
rn
el
si
si
nt
er
es
tin

g
fo
rt

wo
re
as
on

si
n
th
e
co
nt
ex
t

of
lik

el
ih
oo

d-
fre

e
in
fe
re
nc

e.
Fi
rs
t,

th
e
G
au

ss
ia
n

ke
rn
el

is
po

sit
iv
e
de

fin
ite

,
so

th
at

th
e

es
tim

at
ed

de
ns
ity

is
a
m
em

be
ro

fa
re
pr
od

uc
in
g
ke
rn
el

H
ilb

er
ts

pa
ce
.T

hi
sm

ea
ns

th
at

m
or
e

ro
bu

st
ap

pr
ox

im
at
io
ns

of
p

Φ
|θ

th
an

th
e
on

e
in

Eq
ua

tio
n

(1
8)

wo
ul
d
ex
ist

(K
im

an
d
Sc

ot
t,

20
12

),
an

d
th
at

th
er
e
m
ig
ht

be
co
nn

ec
tio

ns
to

th
e
in
fe
re
nc

e
ap

pr
oa

ch
of

Fu
ku

m
iz
u
et

al
.

(2
01

3)
.
Se

co
nd

,i
t
al
lo
w
s
us

to
em

be
d
th
e
sy
nt
he

tic
lik

el
ih
oo

d
ap

pr
oa

ch
of

Se
ct
io
n
3.
2
in
to

th
e
no

np
ar
am

et
ric

ap
pr
oa
ch

of
Se

ct
io
n
3.
3.

Fo
r
th
e
G
au

ss
ia
n
ke
rn
el
,w

e
ha

ve
th
at
K

(Φ
o
,Φ

θ
)=

K
g
(Φ

o
−

Φ
θ
),

K
g
(Φ

o
−

Φ
θ
)=

1
(2
π

)p
/
2

1
|d

et
C
θ
|1/

2
ex

p
(
−

(Φ
o
−

Φ
θ
)>

C
−

1
θ

(Φ
o
−

Φ
θ
)

2

)
,

(2
9)

w
he

re
C
θ
is

a
po

sit
iv
e
de

fin
ite

ba
nd

w
id
th

m
at
rix

po
ss
ib
ly

de
pe

nd
in
g
on
θ
.
T
he

ke
rn
el
K
g

co
rr
es
po

nd
s
to
κ

=
κ
g
an

d
∆
θ

=
∆
g θ
,

κ
g
(u

)=
1

(2
π

)p
/
2

ex
p
( −

u 2)
,

∆
g θ

=
lo

g|
de

tC
θ
|+

(Φ
o
−

Φ
θ
)>

C
−

1
θ

(Φ
o
−

Φ
θ
).

(3
0)

T
he

fu
nc

tio
n
κ
g
is

co
nv

ex
so

th
at

Eq
ua

tio
n

(2
3)

yi
el
ds

a
lo
we

r
bo

un
d
fo
r
L̂
N

(θ
)=

L̂
N g

(θ
)

an
d
its

lo
ga
rit

hm
,

lo
gL̂

N g
(θ

)≥
−
p 2

lo
g(

2π
)−

1 2Ĵ
N g

(θ
),

(3
1)

Ĵ
N g

(θ
)=

EN
[ lo

g|
de

tC
θ
|+

(Φ
o
−

Φ
θ
)>

C
−

1
θ

(Φ
o
−

Φ
θ
)] .

(3
2)
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W
e
us
ed

th
e
su
bs
cr
ip
t
“g
”
to

hi
gh

lig
ht

th
at

Ĵ
N

in
Eq

ua
tio

n
(2

3)
is

co
m
pu

te
d

fo
r
th
e

pa
rt
ic
ul
ar

di
sc
re
pa

nc
y

∆
g θ
.
T
he

fo
rm

of
Ĵ
N g

is
re
m
in
isc

en
to

ft
he

lo
g
sy
nt
he

tic
lik

el
ih
oo

d
ˆ̀N s

in
Eq

ua
tio

n
(1

5)
.
T
he

fo
llo

w
in
g
pr
op

os
iti
on

sh
ow

s
th
at

th
er
e
is

in
de

ed
a
co
nn

ec
tio

n.

Pr
op

os
iti

on
1

(S
yn

th
et

ic
lik

el
ih

oo
d

as
lo

w
er

bo
un

d)
.

Fo
r

C
θ

=
Σ̂
θ
,

ˆ̀N s
(θ

)=
p 2
−
p 2

lo
g(

2π
)−

1 2Ĵ
N g

(θ
),

(3
3)

lo
gL̂

N g
(θ

)≥
−
p 2

+
ˆ̀N s

(θ
)

(3
4)

T
he

pr
op

os
iti
on

is
pr
ov
ed

in
A
pp

en
di
x

A
.
It

sh
ow

s
th
at

m
ax

im
iz
in
g
th
e
sy
nt
he

tic
lo
g-

lik
el
ih
oo

d
co
rr
es
po

nd
s
to

m
ax

im
iz
in
g
a
lo
we

r
bo

un
d

of
a
no

np
ar
am

et
ric

ap
pr
ox
im

at
io
n

of
th
e
lo
g
lik

el
ih
oo

d.
T
he

pr
op

os
iti
on

em
be

ds
th
e
pa

ra
m
et
ric

ap
pr
oa

ch
to

lik
el
ih
oo

d
ap

-
pr
ox
im

at
io
n
co
nc

ep
tu
al
ly

in
th
e
no

np
ar
am

et
ric

on
e
an

d
sh
ow

s
fu
rt
he

rm
or
e
th
at

ˆ̀N s
ca
n
be

co
m
pu

te
d
vi
a
an

em
pi
ric

al
ex
pe

ct
at
io
n
ov
er

∆
g θ
.

3.
5

Po
st

er
io

r
In

fe
re

nc
e

us
in

g
Sa

m
pl

e
Av

er
ag

e
A

pp
ro

xi
m

at
io

ns
of

th
e

L
ik

el
ih

oo
d

Se
ve
ra
lc

om
pu

ta
bl
e
ap

pr
ox
im

at
io
ns
L̂

of
th
e
lik

el
ih
oo

d
L

we
re

co
ns
tr
uc

te
d
in

th
e
pr
ev
io
us

tw
o
se
ct
io
ns
.
Ta

bl
e
1
pr
ov
id
es

an
ov
er
vi
ew

.
In
tr
ac
ta
bl
e
ex
pe

ct
at
io
ns

we
re

re
pl
ac
ed

w
ith

sa
m
pl
e
av
er
ag
es

us
in
g
N

sim
ul
at
ed

da
ta

se
ts

w
hi
ch

we
de

no
te
d
by

th
e
su
pe

rs
cr
ip
t
“N

”
in

th
e
sy
m
bo

ls
fo
r
th
e
ap

pr
ox
im

at
io
ns
.

W
oo

d
(2
01
0)

us
ed

th
e
sy
nt
he

tic
lik

el
ih
oo

d
L̂
N s

to
ge
th
er

w
ith

a
M
et
ro
po

lis
M
C
M
C

al
-

go
rit

hm
fo
r
po

st
er
io
r
co
m
pu

ta
tio

ns
.
W
e
he

re
fo
cu

s
on

po
st
er
io
r
in
fe
re
nc

e
vi
a
im

po
rt
an

ce
sa
m
pl
in
g.

U
sin

g
L̂
N u

as
L̂

in
Eq

ua
tio

n
(1

1)
,w

e
ha

ve

E(
g
(θ

)|Φ
o
)≈

M ∑ m
=

1
g
(θ

(m
) )ŵ

(m
)

u
,

ŵ
(m

)
u

=
∑
N j=

1
χ

[0
,h

)(
∆

(j
m

)
θ

)p
θ
(θ

(m
) )

q
(θ

(m
) )

∑
M i=

1
∑
N j=

1
χ

[0
,h

)(
∆

(j
i)

θ
)p

θ
(θ

(i
) )

q
(θ

(i
) )

,
(3

5)

w
he

re
χ

[0
,h

)
is

th
e
in
di
ca
to
r
fu
nc

tio
n
of

th
e
in
te
rv
al

[0
,h

)
as

be
fo
re
,
an

d
th
e

∆
(j
m

)
θ

,
j

=
1,
..
.,
N
,
ar
e
th
e
ob

se
rv
ed

di
sc
re
pa

nc
ie
sf

or
th
e
sa
m
pl
ed

pa
ra
m
et
er
θ

(m
)
∼
q(
θ

).
In
st
ea
d
of

sa
m
pl
in
g
se
ve
ra
ld

isc
re
pa

nc
ie
sf
or

th
e
sa
m
e
θ

(m
) ,
sa
m
pl
in
g
M
′ p

ai
rs

(∆
(i

)
θ
,θ

(i
) )w

ith
N

=
1

is
al
so

po
ss
ib
le

an
d
co
rr
es
po

nd
st

o
an

as
ym

pt
ot
ic
al
ly

eq
ui
va
le
nt

so
lu
tio

n.
W

ith
q

=
p
θ
,t
he

ap
pr
ox
im

at
io
n
is

a
N
ad

ar
ay
a–
W
at
so
n
ke
rn
el

es
tim

at
e
of

th
e
co
nd

iti
on

al
ex
pe

ct
at
io
n
(s
ee
,

fo
r
ex
am

pl
e,

W
as
se
rm

an
,2

00
4,

C
ha

pt
er

21
).

A
pp

ro
xi
m
at
e
Ba

ye
sia

n
co
m
pu

ta
tio

n
(A

BC
)
is

in
tr
in
sic

al
ly

lin
ke
d
to

ke
rn
el

de
ns
ity

es
-

tim
at
io
n
an

d
ke
rn
el

re
gr
es
sio

n
(B

lu
m
,2

01
0)
.
A

ba
sic

A
BC

re
je
ct
io
n
sa
m
pl
er

(P
rit

ch
ar
d

et
al
.,
19
99
;M

ar
in

et
al
.,
20
12

,A
lg
or
ith

m
2)

is
ob

ta
in
ed

fro
m

Eq
ua

tio
n

(3
5)

w
ith

N
=

1,
q

=
p
θ
,
an

d
∆
θ

=
||Φ

o
−

Φ
θ
||
w
he

re
||.
||
is

so
m
e
no

rm
.
A
pp

ro
xi
m
at
e
sa
m
pl
es

fro
m

th
e

po
st
er
io
rp

df
of
θ
gi
ve
n

Φ
o
ca
n
th
us

be
ob

ta
in
ed

by
re
ta
in
in
g
th
os
e
θ

(m
)
fo
rw

hi
ch

th
e

Φ
(m

)
θ

ar
e
w
ith

in
di
st
an

ce
h
fro

m
Φ
o
.
In

an
ite

ra
tiv

e
ap

pr
oa
ch
,t
he

ac
ce
pt
ed

pa
rt
ic
le
sc

an
be

us
ed

to
de

fin
e
th
e
au

xi
lia

ry
pd

fq
(θ

)o
ft
he

ne
xt

ite
ra
tio

n
by

le
tt
in
g
it
be

a
m
ix
tu
re

of
G
au

ss
ia
ns

w
ith

we
ig
ht
sŵ

(m
)

u
,c

en
te
rp

oi
nt
sθ

(m
) ,
an

d
a
co
va
ria

nc
e
de

te
rm

in
ed

by
th
e
θ

(m
)
(B

ea
um

on
t

et
al
.,
20

09
).

T
hi
s
gi
ve
s
th
e
po

pu
la
tio

n
M
on

te
C
ar
lo

(P
M
C
)
A
BC

al
go
rit

hm
(M

ar
in

et
al
.,

20
12

,A
lg
or
ith

m
4)
.R

el
at
ed

se
qu

en
tia

lM
on

te
C
ar
lo

(S
M
C
)A

BC
al
go

rit
hm

sw
er
e
pr
op

os
ed
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by
Sisson

etal.(2007)and
Tonietal.(2009).

W
orking

w
ith

q
=
p
θ ,Beaum

ontetal.(2002)
introduced

A
BC

w
ith

m
ore

generalkernels,w
hich

corresponds
to

using
L̂
Nκ

instead
of
L̂
Nu
.

Exam
ple

6
showed

that
approxim

ating
the

likelihood
via

sam
ple

averages
is

com
puta-

tionally
expensive

because
ofthe

required
sm

allthresholds.T
he

auxiliary
pdf

q(θ)specifies
w
here

in
the

param
eter

space
the

likelihood
is

predom
inantly

evaluated.
T
he

follow
ing

ex-
am

pleshow
sthatavoiding

regionsin
theparam

eterspacew
herethelikelihood

isvanishingly
sm

allallow
s
for

considerable
com

putationalsavings.
E

xam
ple

8
(U

nivariateapproxim
ateposteriorsfortheday

carecenters).
Fortheinference

ofthem
odelofbacterialinfectionsin

day
carecenters,N

um
m
inen

etal.(2013)used
uniform

priors
for

the
param

eters
β
∈

(0,11),Λ
∈

(0,2),and
θ
∈

(0,1).
T
he

likelihoods
L̂
Nu

show
n

in
Figure

5
are

thusproportionalto
the

posteriorpdfs.
T
he

posteriorpdfsofthe
univariate

unknow
ns

are
conditionalon

the
rem

aining
fixed

param
eters.

For
exam

ple,the
posterior

pdffor
β
is
conditionalon

(Λ
,θ)=

(Λ
o ,θ

o )=
(0.6,0.1).

In
Section

7,we
consider

inference
ofallthree

param
eters

at
the

sam
e
tim

e.
In

Figure5,each
param

eterisevaluated
on

a
sub-intervalofthedom

ain
oftheprior.T

he
sub-intervalswere

chosen
such

thatthe
fartailsofthe

likelihoodswere
excluded.Param

eter
β,for

exam
ple,was

evaluated
on

the
interval(1.5

,5
.5)

only.
Evaluating

the
discrepancy

∆
θ
on

the
com

plete
interval(0,11)

is
not

very
m
eaningfulsince

the
probability

that
it

is
above

the
chosen

threshold
is

vanishingly
sm

alloutside
the

interval(1.5
,5
.5).

In
fact,out

of
M

=
5
,000

discrepancies
∆
θ
w
hich

we
sim

ulated
for

β
uniform

ly
on

(0,11),not
a
single

one
was

accepted
for

β
/∈

(1.5,5.5).
H
ence,taking

for
instance

a
uniform

distribution
on

(1.5
,5
.5)

instead
ofthe

prior
as

auxiliary
distribution

leads
to

considerable
com

putational
savings.

M
otivated

by
this,we

propose
a
m
ethod

w
hich

autom
atically

avoidsregionsin
the

param
eter

space
w
here

the
likelihood

is
vanishingly

sm
all.

N

4.C
om

putationalD
ifficultiesin

the
Standard

Inference
A

pproach

W
e
have

seen
that

the
approxim

ate
likelihood

functions
L̂(θ)

w
hich

are
used

to
infer

sim
ulator-based

statisticalm
odels

are
stochastic

processes
indexed

by
the

m
odelparam

-
eters

θ.
T
heir

properties,in
particular

their
functionalform

and
gradients,are

generally
not

know
n;

they
behave

like
stochastic

black-box
functions.

T
he

stochasticity
is

due
to

the
use

ofsim
ulations

to
approxim

ate
intractable

expectations.
In

the
standard

approach
presented

in
the

previoussection,the
expectationsare

approxim
ated

by
sam

ple
averagesso

thata
single

evaluation
of
L̂
requiresthe

sim
ulation

of
N

data
sets.T

he
standard

approach
m
akes

m
inim

alassum
ptions

but
suffers

from
a
couple

oflim
iting

factors.
1.

T
here

is
an

inherent
trade-off

between
com

putationaland
statisticaleffi

ciency:
R
e-

ducing
N

reduces
the

com
putationalcost

of
the

inference
m
ethods,but

it
can

also
decrease

the
accuracy

ofthe
estim

ates
(Figure

2).

2.
For

finite
N
,the

approxim
ate

likelihoods
m
ay

not
be

sm
ooth

(Figure
3).

3.
Sim

ulating
N

data
setsuniform

ly
in

theparam
eterspaceisan

ineffi
cientuseofcom

pu-
tationalresources

and
particularly

costly
ifsim

ulating
a
single

data
set

already
takes

a
long

tim
e.

In
som

e
regions

in
the

param
eter

space,far
fewer

sim
ulations

suffi
ce

to
conclude

that
it

is
very

unlikely
for

the
approxim

ate
likelihood

to
take

a
significant

value
(Figures

2
to

5).
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5.Fram
ew

ork
to

Increase
the

C
om

putationally
E

fficiency

W
e
present

a
fram

ework
w
hich

com
bines

optim
ization

w
ith

probabilistic
m
odeling

in
order

to
increase

the
effi

ciency
oflikelihood-free

inference
ofsim

ulator-based
statisticalm

odels.

5.1
From

Sam
ple

Average
to

R
egression

B
ased

A
pproxim

ations

T
he

standard
approach

to
obtain

a
com

putable
approxim

ate
likelihood

function
L̂

relies
on

sam
ple

averages,
yielding

the
param

etric
approxim

ation
L̂
Ns

=
exp( ˆ̀ Ns

)
in

Equation
(15)

or
the

nonparam
etric

approxim
ation

L̂
Nκ

in
Equation

(21).
T
he

approxim
ations

are
com

putable
versionsof

L̃
s =

exp( ˜̀s )in
Equation

(13)and
L̃
κ
in

Equation
(22),w

hich
both

involve
intractable

expectations.
Butsam

ple
averagesare

notthe
only

way
to

approxim
ate

the
intractable

expectations.
W
e
here

consider
approxim

ations
based

on
regression.

Equation
(22)

show
s
that

L̃
κ (θ)

has
a
naturalinterpretation

as
a
regression

function
w
here

the
m
odelparam

eters
θ
are

the
covariates

(the
independent

variables)
and

κ(∆
θ )

is
theresponsevariable.T

heexpectation
can

thusalso
beapproxim

ated
by

solving
a
regression

problem
.
Further,

Ĵ
N

in
Equation

(23)
can

be
seen

as
the

sam
ple

average
approxim

ation
ofthe

regression
function

J(θ),
J(θ)=

E
[∆

θ ],
(36)

w
here

the
discrepancy

∆
θ
is

the
response

variable.
T
he

argum
ents

w
hich

we
used

to
show

that
Ĵ
N

providesa
lowerbound

for
L̂
Nκ

carry
directly

overto
J
and

L̃
κ :
J
providesa

lower
bound

for
L̃
κ
if
κ
is

convex
or

the
uniform

kernel.
Proposition

1
establishesa

relation
between

the
sam

ple
average

quantities
Ĵ
Ng

in
Equa-

tion
(32)and

ˆ̀ Ns
in

Equation
(15).

In
the

proofofthe
proposition

in
A
ppendix

A
,we

show
thatthe

relation
extendsto

the
lim

iting
quantities

J
g (θ)=

E
[∆

gθ ]and
˜̀s in

Equation
(13).

T
hus,

for
C
θ

=
Σ
θ
and

up
to

constants
and

the
sign,

˜̀s (θ)
can

be
seen

as
a
regression

function
w
ith

the
particular

discrepancy
∆
gθ
as

the
response

variable.
W
e
next

discuss
the

general
strategy

to
infer

the
regression

functions
w
hile

avoiding
unnecessary

com
putations.

For
nonparam

etric
approxim

ations
to

the
likelihood,inferring

J
is

sim
pler

than
inferring

L̃
κ
since

the
function

κ
and

its
corresponding

bandw
idth

do
not

need
to

be
chosen.

W
e
thus

propose
to

first
infer

the
regression

function
J

of
the

discrepancies
and

then,in
a
second

step,to
leverage

the
obtained

solution
to

infer
L̃
κ .

For
the

param
etric

approxim
ation

to
the

likelihood,this
extra

step
is

not
needed

since
J
g
is

a
specialinstance

ofthe
regression

function
J.

5.2
Inferring

the
R

egression
Function

ofthe
D

iscrepancies

Inferring
J(θ)

via
regression

requires
training

data
in

the
form

oftuples
(θ

(i),∆
(i)
θ

).
Since

we
are

m
ostly

interested
in

the
region

ofthe
param

eter
space

w
here

∆
θ
tends

to
be

sm
all,

we
propose

to
actively

constructthe
training

data
such

thatthey
are

m
ore

densely
clustered

around
the

m
inim

izerof
J(θ).

A
s
J(θ)isunknow

n
in

the
firstplace,ourproposalam

ounts
to

perform
ing

regression
and

optim
ization

atthe
sam

e
tim

e:G
iven

an
initialguessthatthe

m
inim

izerisin
som

e
bounded

subsetofthe
param

eterspace,we
can

sam
ple

som
e
evidence

E
(t)ofthe

relation
between

θ
and

∆
θ ,

E
(t)=

{(θ
(1),∆

(1)
θ

),...,(θ
(t),∆

(t)
θ

) }
,

(37)
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an
d
us
e
th
is
ev
id
en

ce
to

ob
ta
in

an
es
tim

at
e
Ĵ

(t
)
of
J
vi
a
re
gr
es
sio

n.
T
he

es
tim

at
ed
Ĵ

(t
)
an

d
so
m
e
m
ea
su
re
m
en
t
of

un
ce
rt
ai
nt
y
ab

ou
t
it
ca
n
th
en

be
us
ed

to
pr
od

uc
e
a
ne

w
gu

es
s
ab

ou
t

th
e
po

te
nt
ia
ll
oc
at
io
n
of

th
e
m
in
im

iz
er
,f
ro
m

w
he

re
th
e
pr
oc
es
s
re
-s
ta
rt
s.

In
so
m
e
ca
se
s,

it
m
ay

be
ad

va
nt
ag
eo
us

to
in
cl
ud

e
th
e
pr
io
rp

df
of

th
e
pa

ra
m
et
er
si
n
th
e
pr
oc
es
s.

W
e
ex
pl
or
e

th
is

to
pi
c
in

A
pp

en
di
x
B.

T
he

ev
id
en

ce
se
t
E(
t)
gr
ow

s
at

ev
er
y
ite

ra
tio

n
an

d
we

m
ay

st
op

at
t

=
T
.
T
he

va
lu
e
of

T
ca
n
be

ch
os
en

ba
se
d
on

co
m
pu

ta
tio

na
lc

on
sid

er
at
io
ns
,b

y
ch
ec
ki
ng

w
he

th
er

th
e
le
ar
ne

d
m
od

el
pr
ed

ic
ts

th
e
ac
qu

ire
d

po
in
ts

re
as
on

ab
ly

we
ll,

or
by

m
on

ito
rin

g
th
e
ch
an

ge
in

th
e

m
in
im

iz
er
θ̂

(t
)

J
of
Ĵ

(t
)
as

th
e
ev
id
en

ce
se
t
gr
ow

s,

θ̂
(t

)
J

=
ar

gm
in
θ
Ĵ

(t
) (θ

).
(3

8)

G
iv
en

ou
r
ex
am

pl
es

so
fa
r,

it
is

fu
rt
he

r
re
as
on

ab
le

to
as
su
m
e
th
at
J

is
a
sm

oo
th

fu
nc

-
tio

n.
Ev

en
fo
r
th
e
R
ick

er
m
od

el
,t

he
m
ea
n
ob

je
ct
iv
e
wa

s
sm

oo
th

al
th
ou

gh
th
e
in
di
vi
du

al
re
al
iz
at
io
ns

we
re

no
t
(F

ig
ur
e
3)
.
T
he

sm
oo

th
ne

ss
as
su
m
pt
io
n
ab

ou
t
J

ca
n
be

us
ed

in
th
e

re
gr
es
sio

n
an

d
en

ab
le
s
its

effi
ci
en
t
m
in
im

iz
at
io
n.

Fo
r
th
e
sp
ec
ia
lc

as
e
w
he

re
˜̀ s

is
th
e
ta
rg
et
,
se
ve
ra
lo

bs
er
ve
d
va
lu
es

of
∆
θ

=
∆
g θ
m
ay

be
av
ai
la
bl
e
fo
r
an

y
gi
ve
n
θ

(i
) .

T
hi
s
is

be
ca
us
e
th
e
co
va
ria

nc
e
m
at
rix

Σ
θ
m
ay

be
st
ill

es
tim

at
ed

as
a
sa
m
pl
e
av
er
ag
e
so

th
at

m
ul
tip

le
sim

ul
at
ed

su
m
m
ar
y
st
at
ist

ic
s,

an
d
he

nc
e

di
sc
re
pa

nc
ie
s,

ar
e
av
ai
la
bl
e
pe

r
θ

(i
) .

T
he

y
ca
n
be

us
ed

as
di
sc
us
se
d
ab

ov
e
w
ith

th
e
on

ly
m
in
or

m
od

ifi
ca
tio

n
th
at

th
e
tr
ai
ni
ng

da
ta

ar
e
up

da
te
d
w
ith

se
ve
ra
lt
up

le
sa

ta
tim

e.
Bu

ti
t

is
al
so

po
ss
ib
le
to

on
ly

us
et

he
av
er
ag

ev
al
ue

of
th
eo

bs
er
ve
d
di
sc
re
pa

nc
ie
s,
w
hi
ch

am
ou

nt
st

o
us
in
g
th
eo

bs
er
ve
d
va
lu
es

of
ˆ̀N s

fo
rt

ra
in
in
g.

T
he

es
tim

at
ed

re
gr
es
sio

n
fu
nc

tio
n
Ĵ

(t
)
pr
ov
id
es

an
es
tim

at
e
fo
r

˜̀ s
in

ei
th
er

ca
se
.
W
e
de

no
te

th
e
es
tim

at
e
by

ˆ̀(t
)

s
an

d
th
e
co
rr
es
po

nd
in
g

es
tim

at
e
of
L̃
s
by

L̂
(t

)
s
.

C
om

bi
ni
ng

no
nl
in
ea
rr

eg
re
ss
io
n
w
ith

th
ea

cq
ui
sit

io
n
of

ne
w
ev
id
en

ce
in

or
de

rt
o
op

tim
iz
e

a
bl
ac
k-
bo

x
fu
nc

tio
n
is

kn
ow

n
as

Ba
ye
sia

n
op

tim
iz
at
io
n
(s
ee
,f
or

ex
am

pl
e,

Br
oc
hu

et
al
.,

20
10

).
W
e
ca
n
th
us

le
ve
ra
ge

re
su
lts

fro
m

Ba
ye
sia

n
op

tim
iz
at
io
n
to

im
pl
em

en
tt

he
pr
op

os
ed

ap
pr
oa

ch
,w

hi
ch

we
w
ill

do
in

Se
ct
io
n
6.

5.
3

In
fe

rr
in

g
th

e
R

eg
re

ss
io

n
Fu

nc
tio

n
fo

r
N

on
pa

ra
m

et
ri

c
L

ik
el

ih
oo

d
A

pp
ro

xi
m

at
io

n

T
he

ev
id
en

ce
se
t
E(
t)
ca
n
be

us
ed

in
tw

o
po

ss
ib
le

wa
ys

in
th
e
no

np
ar
am

et
ric

se
tt
in
g:

T
he

fir
st

po
ss
ib
ili
ty

is
to

co
m
pu

te
fo
r
ea
ch

∆
(i

)
θ

in
E(
t)
th
e
va
lu
e
κ

(i
)

=
κ

(∆
(i

)
θ

)
an

d
to

th
er
eb
y

pr
od

uc
e
a
ne

w
ev
id
en

ce
se
t
w
hi
ch

ca
n
be

us
ed

to
ap

pr
ox
im

at
e
L̃
κ
by

fit
tin

g
a
re
gr
es
sio

n
fu
nc

tio
n.

T
he

se
co
nd

po
ss
ib
ili
ty

is
to

es
tim

at
ea

pr
ob

ab
ili
st
ic
m
od

el
of

∆
θ
fro

m
th
ee

vi
de

nc
e

E(
t)
.
T
he

es
tim

at
ed

m
od

el
ca
n
be

us
ed

to
ap

pr
ox

im
at
e
L̃
κ
by

re
pl
ac
in
g
th
e
ex
pe

ct
at
io
n
in

Eq
ua

tio
n

(2
2)

w
ith

th
e
ex
pe

ct
at
io
n
un

de
r
th
e
m
od

el
.
W
e
de

no
te

ei
th
er

ap
pr
ox
im

at
io
n
by

L̂
(t

)
κ

w
he

re
th
es

up
er
sc
rip

t“
(t
)”

in
di
ca
te
st

ha
tt

he
ap

pr
ox
im

at
io
n
wa

so
bt
ai
ne

d
vi
a
re
gr
es
sio

n
w
ith

t
tr
ai
ni
ng

po
in
ts
.
Si
nc

e
E(
t)
is

su
ch

th
at

th
e
ap

pr
ox
im

at
io
n
of

th
e
re
gr
es
sio

n
fu
nc

tio
n

is
ac
cu

ra
te

w
he

re
it

ta
ke
s
sm

al
lv

al
ue

s,
th
e
ap

pr
ox

im
at
io
n
of
L̃
κ
w
ill

be
ac
cu

ra
te

w
he

re
it

ta
ke
s
la
rg
e
va
lu
es
,t

ha
t
is,

in
th
e
m
od

al
ar
ea
s.

Fo
rn

on
pa

ra
m
et
ric

lik
el
ih
oo

d
ap

pr
ox
im

at
io
n,

ke
rn
el
sa

nd
ba

nd
w
id
th
sn

ee
d
to

be
se
le
ct
ed

(s
ee

Se
ct
io
n

3.
3)
.

T
he

ch
oi
ce

of
th
e
ke
rn
el

is
ge
ne

ra
lly

th
ou

gh
t
to

be
le
ss

cr
iti
ca
l
th
an

th
e
ch
oi
ce

of
th
e
ba

nd
w
id
th

(W
an

d
an

d
Jo

ne
s,

19
95

).
Ba

nd
w
id
th

se
le
ct
io
n
ha

s
re
ce
iv
ed

co
ns
id
er
ab

le
at
te
nt
io
n
in

th
e
lit
er
at
ur
e
on

ke
rn
el

de
ns
ity

es
tim

at
io
n
(fo

r
an

in
tr
od

uc
tio

n,
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G
U

T
M

A
N

N
A

N
D

C
O

R
A

N
D

E
R

se
e,

fo
r
ex
am

pl
e,

W
an

d
an

d
Jo

ne
s,

19
95

).
T
he

re
su
lts

fro
m

th
at

lit
er
at
ur
e
ar
e,

ho
we

ve
r,

no
t
st
ra
ig
ht
fo
rw

ar
dl
y
ap

pl
ic
ab

le
to

ou
r
wo

rk
:
W
e
m
ay

on
ly

be
gi
ve
n
a
ce
rt
ai
n
di
sc
re
pa

nc
y

m
ea
su
re

∆
θ
w
ith

ou
t
un

de
rly

in
g
su
m
m
ar
y
st
at
ist

ic
s

Φ
θ
(G

ut
m
an

n
et

al
.,
20

14
).

A
nd

ev
en

if
th
e
di
sc
re
pa

nc
y

∆
θ
is

co
ns
tr
uc

te
d
vi
a
su
m
m
ar
y
st
at
ist

ic
s,

th
e
ke
rn
el

de
ns
ity

es
tim

at
e
is

on
ly

ev
al
ua

te
d
at

Φ
o
w
hi
ch

is
ke
pt

fix
ed

w
hi
le
θ
is

va
rie

d.
Fu

rt
he

rm
or
e,

we
us
ua

lly
on

ly
ha

ve
ve
ry

fe
w
ob

se
rv
at
io
ns

av
ai
la
bl
e
fo
ra

ny
gi
ve
n
θ
w
hi
ch

is
ge
ne

ra
lly

no
tt

he
ca
se

in
ke
rn
el

de
ns
ity

es
tim

at
io
n.

T
he

se
di
ffe

re
nc

es
wa

rr
an

t
fu
rt
he

r
in
ve
st
ig
at
io
ns

in
to

w
hi
ch

ex
te
nt

th
e

ba
nd

w
id
th

se
le
ct
io
n
m
et
ho

ds
fro

m
th
e
ke
rn
el

de
ns
ity

es
tim

at
io
n
lit
er
at
ur
e
ar
e
ap

pl
ic
ab

le
to

lik
el
ih
oo

d-
fre

e
in
fe
re
nc

e.
W
e
fo
cu

s
in

th
is

pa
pe

r
on

th
e
un

ifo
rm

ke
rn
el

an
d
ge
ne

ra
lly

ch
oo

se
h
vi
a
th
e
qu

an
til
es

of
th
e

∆
(i

)
θ
,w

hi
ch

is
co
m
m
on

pr
ac
tic

e
in

ap
pr
ox
im

at
e
Ba

ye
sia

n
co
m
pu

ta
tio

n
(s
ee
,f
or

ex
am

pl
e,

M
ar
in

et
al
.,
20
12

).
T
he

ap
pr
ox

im
at
e
lik

el
ih
oo

d
fu
nc

tio
n

fo
r
th
e
un

ifo
rm

ke
rn
el

w
ill

be
de

no
te
d
by

L̂
(t

)
u
.

5.
4

B
en

efi
ts

an
d

L
im

ita
tio

ns
of

th
e

Pr
op

os
ed

A
pp

ro
ac

h

T
he

di
ffe

re
nc

e
be

tw
ee
n
th
e
pr
op

os
ed

ap
pr
oa

ch
an

d
th
e
st
an

da
rd

ap
pr
oa
ch

to
lik

el
ih
oo

d-
fre

e
in
fe
re
nc

e
of

sim
ul
at
or
-b
as
ed

st
at
ist

ic
al

m
od

el
s
lie

s
in

th
e
wa

y
th
e
in
tr
ac
ta
bl
e
J

an
d

L̃
ar
e
ap

pr
ox
im

at
ed

.
W
e
us
e
re
gr
es
sio

n
w
ith

ac
tiv

el
y

ac
qu

ire
d

tr
ai
ni
ng

da
ta

w
hi
le

th
e

st
an

da
rd

ap
pr
oa

ch
re
lie

so
n
co
m
pu

tin
g
sa
m
pl
ea

ve
ra
ge
s.

O
ur

ap
pr
oa

ch
al
lo
w
st

o
in
co
rp
or
at
e

a
sm

oo
th
ne

ss
as
su
m
pt
io
n
ab

ou
t
J

an
d
L̃

in
th
e
re
gi
on

of
th
ei
r
op

tim
a.

T
he

sm
oo

th
ne

ss
as
su
m
pt
io
n

al
lo
w
s
to

“s
ha

re
”
ob

se
rv
ed

∆
θ
am

on
g
m
ul
tip

le
θ

w
hi
ch

su
gg

es
ts

th
at

fe
we

r
∆

(i
)

θ
,t
ha

t
is,

fe
we

r
sim

ul
at
ed

da
ta

se
ts

y(i
)

θ
,a

re
ne

ed
ed

to
re
ac
h
a
ce
rt
ai
n
le
ve
lo

fa
cc
ur
ac
y.

A
se
co
nd

be
ne

fit
of

th
e
pr
op

os
ed

ap
pr
oa
ch

is
th
at

it
di
re
ct
ly

ta
rg
et
s
th
e
re
gi
on

in
th
e

pa
ra
m
et
er

sp
ac
e
w
he

re
th
e
di
sc
re
pa

nc
y

∆
θ
te
nd

s
to

be
sm

al
l,
w
hi
ch

is
ve
ry

im
po

rt
an

t
if

sim
ul
at
in
g
da

ta
se
ts

is
tim

e
co
ns
um

in
g.

R
eg
re
ss
io
n
an

d
de

ci
di
ng

on
th
e
tr
ai
ni
ng

da
ta

ar
e
no

t
fre

e
of

co
m
pu

ta
tio

na
lc

os
t.

W
hi
le

th
e
ad

di
tio

na
le
xp

en
se

is
of
te
n
ju
st
ifi
ed

by
th
e
ne

ts
av
in
gs

m
ad

e,
it
go

es
w
ith

ou
ts

ay
in
g
th
at

if
sim

ul
at
in
g
th
em

od
el
is
ve
ry

ch
ea
p,

m
et
ho

ds
fo
rr

eg
re
ss
io
n
an

d
de

ci
sio

n
m
ak

in
g
ne

ed
to

be
us
ed

w
hi
ch

ar
e
no

td
isp

ro
po

rt
io
na

te
ly

co
st
ly
.F

ur
th
er
m
or
e,

pr
io
rit

iz
in
g
th
e
lo
w
-d
isc

re
pa

nc
y

ar
ea
s
of

th
e
pa

ra
m
et
er

sp
ac
e
is

of
te
n
m
ea
ni
ng

fu
l,
bu

t
it

al
so

im
pl
ie
s
th
at

th
e
ta
ils

of
th
e

lik
el
ih
oo

d
(p
os
te
rio

r)
w
ill

no
t
be

as
we

ll
ap

pr
ox

im
at
ed

as
th
e
m
od

al
ar
ea
s.

T
he

pr
op

os
ed

ap
pr
oa

ch
th
us

ha
d
to

be
m
od

ifi
ed

if
th
e
co
m
pu

ta
tio

n
of

sm
al
l
pr
ob

ab
ili
ty

ev
en
ts

wa
s
of

pr
im

ar
y
in
te
re
st
.

Se
ct
io
n
4
lis
ts

th
re
e
co
m
pu

ta
tio

na
ld

iffi
cu

lti
es

oc
cu

rr
in
g
in

th
e
st
an

da
rd

ap
pr
oa
ch
.
O
ur

ap
pr
oa

ch
ad

dr
es
se
s
th
e
sm

oo
th
ne

ss
iss

ue
s
vi
a
sm

oo
th

re
gr
es
sio

n.
T
he

in
effi

ci
en
t
us
e
of

re
so
ur
ce
s
is
ad

dr
es
se
d
by

fo
cu

sin
g
on

re
gi
on

s
in

th
e
pa

ra
m
et
er

sp
ac
e
w
he

re
∆
θ
te
nd

s
to

be
sm

al
l.
T
he

tr
ad

e-
off

be
tw

ee
n
co
m
pu

ta
tio

na
la

nd
st
at
ist

ic
al

pe
rfo

rm
an

ce
is
st
ill

pr
es
en
t
bu

t
in

m
od

ifi
ed

fo
rm

:
T
he

tr
ad

e-
off

is
th
e
siz

e
of

th
e
tr
ai
ni
ng

se
t
E(
t)

us
ed

in
th
e
re
gr
es
sio

n.
T
he

re
gr
es
sio

n
fu
nc

tio
ns

ca
n
be

es
tim

at
ed

m
or
e
ac
cu

ra
te
ly

as
th
e
siz

e
of

th
e
tr
ai
ni
ng

se
t

gr
ow

s
bu

t
th
is

al
so

re
qu

ire
s
m
or
e
co
m
pu

ta
tio

n.
T
he

siz
e
of

th
e
tr
ai
ni
ng

se
t
as

tr
ad

e-
off

pa
ra
m
et
er

ha
s
th
e
ad

va
nt
ag

e
th
at

we
ar
e
fre

e
to

ch
oo

se
in

w
hi
ch

ar
ea
s
of

th
e
pa

ra
m
et
er

sp
ac
e
we

wo
ul
d
lik

e
to

ap
pr
ox

im
at
e
th
e
re
gr
es
sio

n
fu
nc

tio
n
m
or
e
ac
cu

ra
te
ly

an
d
in

w
hi
ch

ar
ea
sa

n
ac
cu

ra
te

ap
pr
ox
im

at
io
n
is
no

tn
ee
de

d.
T
hi
si
si
n
co
nt
ra
st

to
th
es

ta
nd

ar
d
ap

pr
oa

ch
w
he

re
a
co
m
pu

ta
tio

na
lc

os
to

fN
sim

ul
at
ed

da
ta

se
ts

ne
ed

s
to

be
pa

id
pe

rθ
irr

es
pe

ct
iv
e
of

its
va
lu
e.
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6.Im
plem

enting
the

Fram
ew

ork
w

ith
B

ayesian
O

ptim
ization

W
e
start

w
ith

introducing
Bayesian

optim
ization

and
then

use
it

to
im

plem
ent

our
fram

e-
work.

T
his

is
followed

by
a
discussion

ofpossible
extensions.

6.1
B

riefIntroduction
to

B
ayesian

O
ptim

ization

W
ebriefly

introducetheelem
entsofBayesian

optim
ization

w
hich

areneeded
in

thepaper.A
m
ore

thorough
introduction

can
be

found
in

the
review

articlesby
Jones(2001)and

Brochu
etal.(2010).W

hilethepresented
version

ofBayesian
optim

ization
isratherstraightforward

and
textbook-like,our

fram
ework

can
also

be
im

plem
ented

w
ith

m
ore

advanced
versions,

see
Section

6.4.
Bayesian

optim
ization

com
prisesa

setofm
ethodsto

m
inim

ize
black-box

functions
f(θ).

W
ith

a
black-box

function,we
m
ean

a
function

w
hich

we
can

evaluate
butw

hose
form

and
gradients

are
unknow

n.
T
he

basic
idea

in
Bayesian

optim
ization

is
to

use
a
probabilistic

m
odelof

f
to

selectpointsw
here

the
objective

isevaluated,and
to

use
the

obtained
values

to
update

the
m
odelby

Bayes’theorem
.

T
he

objective
f
isoften

m
odeled

asa
G
aussian

processw
hich

isalso
done

in
thispaper:

W
e
assum

e
that

f
is

a
G
aussian

process
w
ith

prior
m
ean

function
m

(θ)
and

covariance
function

k(θ
,θ
′)subjectto

additive
G
aussian

observation
noise

w
ith

variance
σ

2n .T
he

joint
distribution

of
f
at

any
tpoints

θ
(1),...,θ

(t)is
thus

assum
ed

G
aussian

w
ith

m
ean

m
t and

covariance
K
t ,

(f
(1),...,f

(t) )>
∼
N

(m
t ,K

t ),
(39)

m
t =



m
(θ

(1))
...

m
(θ

(t)) 
,

K
t =



k(θ
(1),θ

(1))
...

k(θ
(1),θ

(t))
...

...
k(θ

(t),θ
(1))

...
k(θ

(t),θ
(t)) 

+
σ

2n I
t .

(40)

W
e
used

f
(i)to

denote
f(θ

(i))
and

I
t is

the
t×

t
identity

m
atrix.

W
hile

other
choices

are
possible,we

assum
e
that

m
(θ)

is
either

a
constant

or
a
sum

ofconvex
quadratic

polyno-
m
ials

in
the

elem
ents

θ
j
of
θ,cross-term

s
were

not
included,and

that
k(θ

,θ
′)
is

a
squared

exponentialcovariance
function,

m
(θ)=

∑

j

a
j θ 2j +

b
j θ
j +

c,
k(θ

,θ
′)=

σ
2f exp


∑

j

1λ
2j (θ

j −
θ ′j ) 2 

.
(41)

T
hese

are
standard

choices
(see,

for
exam

ple,
R
asm

ussen
and

W
illiam

s,
2006,

C
hapter

2).
Since

we
are

interested
in

m
inim

ization,
we

constrain
the

a
j
to

be
non-negative.

In
the

last
equation,

θ
j
and

θ ′j
are

the
elem

ents
of
θ

and
θ
′,

respectively,
σ

2f
is

the
signal

variance,
and

the
λ
j
are

the
characteristic

length
scales.

T
he

length
scales

control
the

am
ount

ofcorrelation
between

f(θ)
and

f(θ
′),in

other
words,they

controlthe
w
iggliness

ofthe
realizations

ofthe
G
aussian

process.
T
he

signalvariance
is

the
m
arginalvariance

of
f
at

a
point

θ
ifthe

observation
noise

was
zero.

T
he

quantities
a
j ,
b
j ,
c,
σ

2f ,
λ
j ,

and
σ

2n
are

hyperparam
eters.

For
the

results
in

this
paper,they

were
learned

by
m
axim

izing
the

leave-one-outlog
predictive

probability
(a

form
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ofcross-validation,seeR
asm

ussen
and

W
illiam

s,2006,Section
5.4.2).T

hehyperparam
eters

were
slow

ly
updated

as
new

data
were

acquired,as
done

in
previous

work,for
exam

ple
by

W
ang

et
al.

(2013).
T
his

yielded
satisfactory

results
but

there
are

several
alternatives,

including
Bayesian

m
ethods

to
learn

the
hyperparam

eters
(for

an
overview

,see
R
asm

ussen
and

W
illiam

s,2006,C
hapter

5),and
we

did
not

perform
any

system
atic

com
parison.

G
iven

evidence
E

(t)
f

=
{(θ

(1),f
(1)),...,(θ

(t),f
(t))},the

posterior
pdfof

f
at

a
point

θ

is
G
aussian

w
ith

posterior
m
ean

µ
t (θ)

and
posterior

variance
v
t (θ)+

σ
2n ,

f(θ)|E
(t)
f
∼
N

(µ
t (θ),v

t (θ)+
σ

2n ),
(42)

w
here

(see,for
exam

ple,
R
asm

ussen
and

W
illiam

s,2006,Section
2.7),

µ
t (θ)=

m
(θ)+

k
t (θ) >K

−
1

t
(ft −

m
t ),

v
t (θ)=

k(θ
,θ)−

k
t (θ) >K

−
1

t
k
t (θ),

(43)

ft =
(f

(1),...,f
(t) )>

,
k
t (θ)=

(k(θ
,θ

(1)),...,k(θ
,θ

(t)) )>
.

(44)

T
he

posterior
m
ean

µ
t
em

ulates
f

and
can

be
m
inim

ized
w
ith

powerful
gradient-based

optim
ization

m
ethods.

T
he

evidence
set

can
be

augm
ented

by
selecting

a
new

point
θ

(t+
1)

w
here

f
is

next
evaluated.

T
he

point
is

chosen
based

on
the

posterior
distribution

of
f
given

E
(t)
f

.
W

hile
other

choices
are

equally
possible,we

use
the

acquisition
function

A
t (θ)

to
select

the
next

point,
A
t (θ)=

µ
t (θ)−

√
η

2t v
t (θ),

(45)

w
here

η
2t

=
2log[t d

/2+
2π

2/(3
ε
η )]w

ith
ε
η
being

a
sm

allconstant(we
used

ε
η

=
0.1).T

hisac-
quisition

function
isknow

n
asthelowerconfidencebound

selection
criterion

(C
ox

and
John,

1992,1997;Srinivasetal.,2010,2012). 3
C
lassically,

θ
(t+

1)ischosen
determ

inistically
asthe

m
inim

izer
ofA

t (θ).
T
he

m
inim

ization
ofA

t (θ)
yields

a
com

prom
ise

between
exploration

and
exploitation:

M
inim

ization
ofthe

posterior
m
ean

µ
t (θ)

corresponds
to

exploitation
of

the
currentbeliefand

ignoresitsuncertainty.M
inim

ization
of−

√
v
t (θ),on

the
otherhand,

corresponds
to

exploration
w
here

we
seek

a
point

w
here

we
are

uncertain
about

f.
T
he

coeffi
cient

η
t im

plem
ents

the
trade-off

between
these

two
desiderata.

T
here

is
usually

no
restriction

that
θ

(t+
1)

m
ust

be
different

from
previously

acquired
θ

(t).
W
e
found,however,thatthis

m
ay

resultin
a
poor

exploration
ofthe

param
eter

space
(seeFigure7

and
Exam

ple10
below

).Em
ploying

a
stochasticacquisition

ruleavoidsgetting
stuck

atonepoint.W
eused

thesim
pleheuristicthat

θ
(t+

1)issam
pled

from
a
G
aussian

w
ith

diagonalcovariance
m
atrix

and
m
ean

equalto
the

m
inim

izer
of

the
acquisition

function.
T
hestandard

deviationsweredeterm
ined

by
finding

theend-pointsoftheintervalw
herethe

acquisition
function

was
w
ithin

a
certain

(relative)
tolerance.

O
ther

stochastic
acquisition

rules,like
forexam

ple
T
hom

pson
sam

pling
(T

hom
pson,1933;C

hapelle
and

Li,2011;Russo
and

Van
R
oy,2014),could

alternatively
be

used.
T
healgorithm

wasinitialized
w
ith

an
evidencesetE

(t0 )
f

w
heretheparam

eters
θ

(1),...,θ
(t0 )

were
chosen

asa
Sobolquasi-random

sequence
(see,forexam

ple,
N
iederreiter,1988).C

om
-

pared
to

uniform
ly

distributed
(pseudo)

random
num

bers,the
Sobolsequence

covers
the

3.In
the

literature,m
axim

ization
instead

of
m

inim
ization

problem
s

are
often

considered.
For

m
axim

ization
problem

s,
the

acquisition
function

becom
es
µ

t (θ)+
√
η

2t v
t (θ)

and
needs

to
be

m
axim

ized.T
he

form
ula

for
η

2t
is

used
in

the
review

by
B

rochu
etal.(2010)and

is
partofT

heorem
2

ofSrinivas
etal.(2010).
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n
af
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rt

w
o
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ta

po
in

ts
w
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ld
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is
ti

n
ev

al
ua
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g

th
e

ob
je

ct
iv

e
ag

ai
n

at
θ

=
5.

E
xp

lo
ra

tio
n

w
ou

ld
co

ns
is

ti
n

ev
al

ua
tin

g
it

w
he

re
th

e
po

st
er

io
rv

ar
ia

nc
e

is
la

rg
e,

th
at

is
,s

om
ew

he
re

be
tw

ee
n

m
in

us
fiv

e
an

d
ze

ro
.T

he
po

in
t

se
le

ct
ed

(b
lu

e
re

ct
an

gl
e)

st
ri

ke
s

a
co

m
pr

om
is

e
be

tw
ee

n
th

e
tw

o
ex

tr
em

es
.

re
fe
re
nc

e.
Fi
gu

re
7(
c)

sh
ow

s
th
at

th
e
de

te
rm

in
ist

ic
de

ci
sio

n
ru
le

ca
n
le
ad

to
ac
qu

isi
tio

ns
w
ith

ve
ry

lit
tle

sp
at
ia
le

xp
lo
ra
tio

n.
T
he

re
as
on

fo
r
th
e
po

or
ex
pl
or
at
io
n
is

pr
es
um

ab
ly

th
e

ra
th
er

la
rg
e
va
ria

nc
e
of

ˆ̀N s
fo
r
N

=
50

.
W
or
ki
ng

w
ith

a
lo
g-
G
au

ss
ia
n

pr
oc
es
s
le
ad

s
to

a
be

tt
er

ex
pl
or
at
io
n
an

d
al
so

to
a
be

tt
er

ap
pr
ox

im
at
io
n
(F

ig
ur
e
7(
d)
).

T
he

ac
qu

isi
tio

ns
ha

pp
en

,
ho

we
ve
r,

st
ill

in
a
cl
us
te
r-
lik

e
m
an

ne
r,

w
hi
ch

ca
n

al
so

be
se
en

in
Fi
gu

re
14
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A
pp

en
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x
C

w
he
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we
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ov
id
e
a
m
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e
de
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d
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ys
is.

W
or
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w
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a
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n
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o
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d
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w
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ch
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e
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tm
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e
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th
e
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te
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st
.
T
hi
s

re
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lts

in
bo

th
m
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e
st
ab

le
an

d
m
or
e
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cu

ra
te

ap
pr
ox
im

at
io
ns

(F
ig
ur
es

7(
e–
f)

an
d
Fi
gu

re
15
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A
pp
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x
C
).
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Figure
7:

A
pproxim

ation
of

the
lim

iting
negative

log
synthetic

likelihood
−

˜̀s
for

the
R

icker
ex-

am
ple.

T
he

approxim
ations

are
show

n
as

black
solid

curves.
T

he
black

dashed
curves

indicate
the

variability
of−

ˆ̀ Ns
,

and
the

red
curves

show
−

˜̀s
from

Figure
3

for
refer-

ence.
(a–b)

T
he

approxim
ation

after
initialization

w
ith

9
data

points.
T

he
green

vertical
lines

indicate
the

m
inim

izer
of

the
acquisition

function.
T

he
dashed

verticallines
show

the
m

ean
plus-or-m

inus
one

standard
deviation

in
the

stochastic
decision

rule.
(c–f)

T
he

approxim
ations

are
based

on
150

data
points

(blue
circles).
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G
U

T
M

A
N

N
A

N
D

C
O

R
A

N
D

E
R

6.3
M

odel-B
ased

N
onparam

etric
L

ikelihood
A

pproxim
ation

Bayesian
optim

ization
yields

a
probabilistic

m
odelfor

the
discrepancy

∆
θ .

A
s
discussed

in
Section

5.3,we
can

use
thism

odelto
obtain

the
com

putable
likelihood

approxim
ation

L̂
(t)
u
,

L̂
(t)
u

(θ)∝



F

(
h−

µ
t (θ)

√
v

t (θ)+
σ

2n )
iff(θ)=

∆
θ ,

F

(
log

h−
µ

t (θ)
√
v

t (θ)+
σ

2n )
iff(θ)=

log∆
θ ,

(47)

w
here

h
isthe

bandw
idth

(threshold).
T
he

function
F

(x)wasdefined
in

Equation
(28)and

denotesthe
cdfofa

standard
norm

alrandom
variable,and

µ
t and

v
t +

σ
2n
are

the
posterior

m
ean

and
variance

ofthe
G
aussian

process.
Both

L̂
(t)
u

in
thenonparam

etricapproach
and

L̂
(t)
s

=
exp( ˆ̀ (t)s )in

theparam
etricapproach

are
com

putable
approxim

ations
L̂

ofthe
likelihood

L.
Evaluating

them
is

cheap
since

no
further

runs
of

the
sim

ulator
are

needed.
D
erivatives

can
also

be
com

puted
since

the
derivatives

of
the

posterior
m
ean

and
variance

are
tractable

for
G
aussian

processes.
A

given
approxim

ate
likelihood

function
can

thus
be

used
in

various
ways

for
inference:

W
e

can
m
axim

ize
it

and
com

pute
its

curvature
(H

essian
m
atrix)

to
obtain

error
bars,we

can
perform

inference
w
ith

a
hybrid

M
onte

C
arlo

algorithm
in

a
M
C
M
C

fram
ework,or

use
it

according
to

Equation
(11)

in
an

im
portance

sam
pling

approach.
For

the
results

in
this

paper,
we

used
iterative

im
portance

sam
pling

w
here

in
each

iteration,
the

auxiliary
pdf

q
was

a
m
ixture

of
G
aussians

as
in

Section
3.5.

T
he

initial
auxiliary

pdf
was

defined
as

a
m
ixture

of
G
aussians

in
the

sam
e
m
anner

by
associating

uniform
weightsw

ith
the

θ
(i)acquired

in
the

Bayesian
optim

ization
step.Sam

plesfrom
the

prior
pdf

p
θ
are

not
needed

in
such

an
approach,w

hich
can

be
advantageous

ifobtaining
them

is
expensive.

W
e
next

illustrate
m
odel-based

likelihood
approxim

ation
using

the
exam

ple
about

bac-
terialinfections

in
day

care
centers.

E
xam

ple
11

(M
odel-based

approxim
ateunivariatelikelihoodsfortheday

carecenters).
W
e

inferred
the

likelihood
function

via
Bayesian

optim
ization

using
a
G
aussian

process
m
odel

w
ith

quadratic
prior

m
ean

and
T

=
50

data
points

(10
initialpoints

and
40

acquisitions).
T
he

bandw
idthsand

generalsetup
were

asin
Exam

ple
7.T

he
leftcolum

n
ofFigure

8
show

s
the

estim
ated

m
odels

ofthe
discrepancies

for
the

different
param

eters
and

com
pares

them
w
ith

the
em

piricaldistributions
reported

in
Figure

5.
T
he

right
colum

n
ofFigure

8
show

s
the

estim
ated

likelihood
functions

L̂
(t)
u
,
t=

50
(blue

solid
curves),and

com
paresthem

w
ith

the
sam

ple
average

based
approxim

ations
L̂
Nu

from
Figure

5
(black,

dots).
For

Bayesian
optim

ization,the
com

putationalcostforan
entire

likelihood
curve

was50
sim

ulations.T
his

isin
stark

contrastto
the

com
putationalcostof

N
=

300
sim

ulationsfora
single

evaluation
of
L̂
Nu

in
the

sam
ple-based

approach.
Since

L̂
Nu

was
evaluated

on
a
grid

of50
points,the

m
odel-based

results
required

300
tim

es
fewer

sim
ulations.

T
he

com
putationalsavings

were
achieved

through
the

use
ofsm

ooth
regression

and
the

active
construction

ofthe
training

data
in

Bayesian
optim

ization.
N
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om
pl
ex
ity

ag
ai
n

to
O

(t
m

2 )
.
In

or
de

r
to

ke
ep

th
e
nu

m
be

r
of

re
qu

ire
d
ba

sis
fu
nc

tio
ns

sm
al
l,
ad

ap
tiv

e
ba

sis
re
gr
es
sio

n
w
ith

de
ep

ne
ur
al

ne
tw

or
ks

ha
s
be

en
em

pl
oy
ed

to
pe

rfo
rm

Ba
ye
sia

n
op

tim
iz
at
io
n

(S
no

ek
et

al
.,
20

15
).

6.
4.

2
H

IG
H

-D
IM

E
N

S
IO

N
A

L
IN

F
E

R
E

N
C

E

Li
ke
lih

oo
d-
fre

e
in
fe
re
nc

e
is

in
ge
ne

ra
lv

er
y
di
ffi
cu

lt
w
he

n
th
e
di
m
en

sio
na

lit
y
d
of

th
e
pa

-
ra
m
et
er

sp
ac
e
is

la
rg
e.

T
hi
s
di
ffi
cu

lty
m
an

ife
st
s
its

el
f
in

ou
r
ap

pr
oa
ch

in
th
e
fo
rm

of
a

no
nl
in
ea
r
re
gr
es
sio

n
pr
ob

le
m

w
hi
ch

ne
ed

s
to

be
so
lv
ed

.
W

hi
le

we
ar
e
on

ly
in
te
re
st
ed

in
ac
cu

ra
te

re
gr
es
sio

n
re
su
lts

in
th
e
ar
ea
s
of

th
e
pa

ra
m
et
er

sp
ac
e
w
he

re
th
e
di
sc
re
pa

nc
y
is

sm
al
l,
di
sc
ov
er
in
g
th
es
e
ar
ea
s
be

co
m
es

m
or
e
di
ffi
cu

lt
as

th
e
di
m
en

sio
n
in
cr
ea
se
s.

In
ge
ne

ra
l,
m
or
e
tr
ai
ni
ng

da
ta

ar
e
ne

ed
ed

w
ith

in
cr
ea
sin

g
di
m
en

sio
ns

so
th
at

a
m
et
ho

d
w
hi
ch

ca
n
ha

nd
le
a
la
rg
e
nu

m
be

ro
fa

cq
ui
sit

io
ns

is
lik

el
y
re
qu

ire
d
(s
ee

ab
ov
e)
.F

ur
th
er
m
or
e,

th
e
op

tim
iz
at
io
n
of

ac
qu

isi
tio

n
fu
nc

tio
ns

is
al
so

m
or
e
di
ffi
cu

lt
in

hi
gh

er
di
m
en

sio
ns
.

Ba
ye
sia

n
op

tim
iz
at
io
n

in
hi
gh

di
m
en

sio
ns

ty
pi
ca
lly

re
lie
s
on

st
ru
ct
ur
al

as
su
m
pt
io
ns

ab
ou

t
th
e
ob

je
ct
iv
e
fu
nc

tio
n.

In
re
ce
nt

wo
rk
,
it

wa
s
as
su
m
ed

th
at

th
e
ob

je
ct
iv
e
va
rie

s
al
on

g
a
lo
w

di
m
en

sio
na

l
su
bs
pa

ce
on

ly
(C

he
n

et
al
.,

20
12

;
W
an

g
et

al
.,

20
13
;
D
jo
lo
ng

a
et

al
.,
20

13
),
or

th
at

it
ta
ke
st

he
fo
rm

of
an

ad
di
tiv

e
m
od

el
(K

an
da

sa
m
y
et

al
.,
20
15

).
T
hi
s

wo
rk

an
d
fu
rt
he

rd
ev
el
op

m
en
ts

in
hi
gh

-d
im

en
sio

na
lB

ay
es
ia
n
op

tim
iz
at
io
n
ca
n
be

le
ve
ra
ge
d

fo
r
th
e
ch
al
le
ng

in
g
pr
ob

le
m

of
hi
gh

-d
im

en
sio

na
ll
ik
el
ih
oo

d-
fre

e
in
fe
re
nc

e.
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6.4.3
P

A
R

A
L

L
E

L
IZ

A
T

IO
N

A
N

D
A

C
Q

U
IS

IT
IO

N
R

U
L

E
S

Bayesian
optim

ization
lends

itself
to

parallelization.
In

particular
the

acquisition
of

new
data

points
can

be
perform

ed
in

parallel.
W

hile
severalwell-know

n
acquisition

rules
are

sequential,they
can

also
be

parallelized.
O
ur

stochastic
acquisition

rule
provides

an
easy

m
echanism

by
using

a
sequentialrule

to
define

a
probability

distribution
forthe

location
of

the
next

acquisition.
Severalpoints

can
then

be
draw

n
in

parallelfrom
that

distribution.
W
e
em

ploy
the

lower
confidence

bound
selection

criterion
in

Equation
(45)

to
drive

the
stochastic

acquisitions,
but

alternative
rules,

for
exam

ple
the

m
axim

ization
of

expected
im

provem
ent,can

be
used

in
an

analogous
way.

O
ther

stochastic
acquisition

rules,like
for

instance
T
hom

pson
sam

pling
(T

hom
pson,1933;C

hapelle
and

Li,2011;Russo
and

Van
R
oy,

2014),enable
sim

ilarly
the

concurrent
acquisition

ofm
ultiple

data
points.

A
m
ore

elaborate
way

to
parallelize

a
sequentialacquisition

rule
is

to
design

the
joint

acquisitionssuch
thattheresulting

algorithm
behavesasifthepointsarechosen

sequentially
(A

zim
i
et

al.,
2010),

or
to

integrate
out

the
possible

outcom
es

of
the

pending
function

evaluations
(Snoek

et
al.,2012).

M
oreover,parallelversions

ofthe
lower/upper

confidence
bound

criterion
have

been
proposed

by
C
ontalet

al.(2013)
and

D
esautels

et
al.(2014).

In
m
ost

theoreticalstudies
on

acquisition
rules,the

objective
function

in
Bayesian

op-
tim

ization
is
m
odeled

as
a
G
aussian

process
w
ith

uncorrelated
G
aussian

observation
noise.

T
he

distribution
ofthe

(log)
discrepancy,however,m

ay
not

follow
this

assum
ption.

T
his

im
plies

on
the

one
hand

that
the

probabilistic
m
odeling

of
the

discrepancy
could

be
im

-
proved

(see
below

).O
n
the

otherhand,italso
m
eansthatfurtherresearch

would
be

needed
about

optim
alacquisition

rules
in

the
context

oflikelihood-free
inference.

6.4.4
P

R
O

B
A

B
IL

IS
T

IC
M

O
D

E
L

W
e
m
odeled

the
discrepancy

∆
θ
as

a
G
aussian

or
log

G
aussian

process
using

a
squared

exponentialcovariance
function

and
uncorrelated

G
aussian

observation
noise.W

hile
sim

ple
and

often
used,

we
are

not
lim

ited
to

these
choices.

T
he

literature
on

G
aussian

process
regression

and
Bayesian

optim
ization

provides
severalalternatives

and
extensions

(for
an

overview
,see

R
asm

ussen
and

W
illiam

s,2006).
M
odeling

of∆
θ
is

im
portant

because
the

m
odelaffects

the
inferences

m
ade.

In
the

em
ployed

m
odel,a

stationary
priordistribution

isassum
ed.

H
owever,depending

on
the

sim
ulator,

the
discrepancy

m
ay

behave
differently

in
different

param
eter

regions.
In

particular
its

variance
m
ay

be
input

dependent
(heteroscedasticity).

Such
cases

can
be

handled
by

non-stationary
covariance

functionsorby
using

differentstationary
processesin

different
regions

ofthe
param

eter
space

(see,for
exam

ple,R
asm

ussen
and

W
illiam

s,2006,
C
hapters

6
and

9).
Equation

(42)
show

s
that

for
the

G
aussian

process
m
odel,the

posterior
variance

does
not

depend
on

the
observed

function
values

but
only

on
the

acquisition
locations.

A
s

m
ore

points
are

acquired
in

a
neighborhood

ofa
point,the

posterior
variance

m
ay

shrink
even

if
the

observed
function

values
have

a
larger

than
expected

spread.
A

dependency
on

the
observed

values
can

be
obtained

indirectly
by

updating
the

hyperparam
eters

ofthe
covariance

function.
But

a
m
ore

direct
dependency

m
ay

be
preferable.

A
n
option

is
to

use
Student’s

tprocessesinstead
w
here

the
posteriorvariance

dependson
the

observed
function

values
through

a
globalscaling

factor
(Shah

et
al.,2014).
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7.A
pplications

W
e
here

apply
the

developed
m
ethodology

to
infer

the
com

plete
R
icker

m
odel

and
the

com
plete

m
odelofbacterialinfectionsin

day
care

centers.
A
sin

the
previoussection,using

Bayesian
optim

ization
in

likelihood-free
inference

(BO
LFI)reduces

the
am

ountofrequired
sim

ulations
by

severalorders
ofm

agnitude.

7.1
R

icker
M

odel

W
e
introduced

the
R
icker

m
odelin

Exam
ple

2.
It

has
three

param
eters:

log
r,
σ,and

φ.
T
he

diffi
culty

in
the

inference
stem

s
from

the
dynam

ics
ofthe

latent
tim

e
series

and
the

unobserved
variables.

W
e
inferred

the
param

eters
using

the
synthetic

likelihood
ofW

ood
(2010)

from
the

data
show

n
in

Figure
1(a)

w
hich

were
generated

w
ith

θ
o =

(3.8
,0
.3
,10).

W
ood

(2010)
inferred

the
m
odelw

ith
a
random

walk
M
arkov

chain
M
onte

C
arlo

algo-
rithm

using
ˆ̀ Ns

(θ)
w
ith

N
=

500.
T
he

random
walk

was
defined

on
the

log-param
eters

due
to

theirpositivity.
In

a
baseline

study
w
ith

the
com

putercode
m
ade

publicly
available

by
W
ood

(2010),we
were

not
able

to
infer

the
param

eters
w
ith

the
settings

in
the

orig-
inalpublication

(W
ood,2010,Section

1.1
in

the
supplem

entary
m
aterial).

R
educing

the
proposalstandard

deviation
for

σ
by

a
factor

often
enabled

inference
even

though
differ-

ent
M
arkov

chains
stillled

to
rather

different
m
arginalposterior

pdfs
for

σ.
T
hese

issues
were

observed
for

N
∈
{500

,1000,5000}
and

for
M
arkov

chains
run

tw
ice

as
long

as
in

the
original

publication
(100,000

versus
50,000

iterations).
In

addition
to

the
usual

random
effects

in
M
C
M
C
,the

variability
in

the
outcom

es
ofthe

different
chains

m
ay

be
due

to
his

approach
ofworking

on
a
single

realization
ofthe

random
log

synthetic
likelihood

function
(see

Figure
3
forexam

ple
realizationsw

hen
only

log
r
isvaried).

T
he

resultsofourbaseline
study

are
reported

in
A
ppendix

D
.G

iven
the

nature
ofthe

baseline
results,we

should
not

expect
that

the
results

from
our

m
ethod

m
atch

them
exactly.

For
BO

LFI,we
m
odeled

the
random

log
synthetic

likelihood
ˆ̀ Ns

as
a
log-G

aussian
pro-

cess
w
ith

a
quadratic

prior
m
ean

function
(using

N
=

500
as

W
ood,

2010).
Bayesian

optim
ization

was
perform

ed
w
ith

the
stochastic

acquisition
rule

and
20

initialdata
points.

Figure
9
show

s−
ˆ̀ (t)s for

t∈
{50,150

,500}.T
he

resultsfor
t=

50
and

t=
500

differm
ore

in
the

shape
ofthe

estim
ated

regression
functions

than
in

the
location

ofthe
optim

a.
A
s
the

evidence
set

grow
s,the

algorithm
learns

that
the

log
synthetic

likelihood
is

less
confined

along
σ
and

that
the

curvature
along

the
other

dim
ensions

should
be

larger.
T
he

plot
also

show
s
that

there
is

a
negative

correlation
between

log
r
and

φ
(conditional

on
σ).

T
his

is
reasonable

since
a
larger

grow
th

rate
r
can

be
com

pensated
w
ith

a
sm

aller
value

ofthe
observation

scalar
φ
and

vice
versa.

T
he

approxim
ation

ˆ̀ (t)s
was

used
to

perform
posterior

inference
ofthe

param
eters

via
the

iterative
im

portance
sam

pling
schem

e
ofSection

6.3
(using

three
iterationsw

ith
25,000

sam
pleseach).T

hissam
pling

ispurely
m
odel-based

and
doesnotrequirefurtherrunsofthe

sim
ulator.

T
he

com
puted

m
arginalposterior

pdfs
are

show
n
in

Figure
10

(curves
in

gray)
together

w
ith

a
M
C
M
C

solution
for

reference
(blue

dashed).
It

can
be

seen
that

already
after

t=
150

acquired
data

points,we
obtain

a
solution

w
hich

m
atchesthe

M
C
M
C

solution
wellat

a
fraction

ofthe
com

putationalcost.
A
bout

600
tim

es
fewer

calls
to

the
sim

ulator
were

needed.
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Fi
gu

re
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Is
oc

on
to

ur
s

of
th

e
es

tim
at

ed
ne

ga
tiv

e
lo

g
sy

nt
he

tic
lik

el
ih

oo
d

fu
nc

tio
n

fo
r

th
e

R
ic

ke
r

m
od

el
.

E
ac

h
pa

ne
ls

ho
w

s
sl

ic
es

of
−

ˆ̀(t
)

s
w

ith
ar

gm
ax

ˆ̀(t
)

s
as

ce
nt

er
po

in
tw

he
n

tw
o

of
th

e
th

re
e

va
ri

ab
le

s
ar

e
va

ri
ed

at
a

tim
e.

T
he

ce
nt

er
po

in
ts

ar
e

m
ar

ke
d

w
ith

a
re

d
cr

os
s.

T
he

do
ts

m
ar

k
th

e
lo

ca
tio

n
of

th
e

ac
qu

ir
ed

pa
ra

m
et

er
s
θ

(i
)

(p
ro

je
ct

ed
on

to
th

e
pl

an
e)

.
T

he
in

te
ns

ity
m

ap
is

th
e

sa
m

e
in

al
lfi

gu
re

s;
w

hi
te

co
rr

es
po

nd
s

to
th

e
sm

al
le

st
va

lu
e.

T
he

la
rg
es
t
di
ffe

re
nc

es
be

tw
ee
n

th
e
m
od

el
-b
as
ed

an
d

th
e
M
C
M
C

so
lu
tio

n
oc
cu

r
fo
r

pa
ra
m
et
er
σ
(F

ig
ur
e
10
(b
))
.
Bu

tw
e
ha

ve
se
en

th
at

th
is
is
a
di
ffi
cu

lt
pa

ra
m
et
er

to
in
fe
ra

nd
th
at

th
e
M
C
M
C

so
lu
tio

n
m
ay

ac
tu
al
ly

no
tc

or
re
sp
on

d
to

gr
ou

nd
tr
ut
h.

T
he

tw
o
po

st
er
io
rs

in
fe
rr
ed

by
M
C
M
C

ha
ve
,f
or

in
st
an

ce
,p

os
te
rio

r
m
ea
ns

(b
lu
e
di
am

on
ds
)
w
hi
ch

ar
e
fu
rt
he

r
fro

m
th
e
da

ta
ge
ne

ra
tin

g
pa

ra
m
et
er
σ
o

=
0.

3
(g
re
en

ci
rc
le
)
th
an

ou
r
m
od

el
-b
as
ed

so
lu
tio

n
(b
la
ck

sq
ua

re
).

Fo
r
th
e
ot
he

r
pa

ra
m
et
er
s,

th
e
po

st
er
io
r
m
ea
ns

of
th
e
m
od

el
-b
as
ed

so
lu
tio

n
ar
e
al
so

cl
os
er

to
gr
ou

nd
tr
ut
h
th
an

th
e
po

st
er
io
r
m
ea
ns

of
th
e
M
C
M
C

so
lu
tio

n.
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E

t
∈
{50,100,150,500}.

For
t

=
50,

the
optim

alco-infection
param

eter
θ
is

at
a
bound-

ary
ofthe

param
eterspace.

A
sm

ore
training

data
are

acquired,the
shape

ofthe
estim

ated
regression

function
changes.

T
he

algorithm
learns

that
the

optim
al
θ
is

located
away

from
the

boundary,and
the

isocontours
becom

e
oblique

w
hich

indicates
a
negative

(conditional)
correlation

between
allthree

param
eters.A

negative
correlation

between
β
and

Λ
given

the
estim

ate
of
θ
is
reasonable

because
an

increase
in

transm
issions

inside
the

day
care

centers
(increase

of
β)can

be
com

pensated
w
ith

a
decrease

oftransm
issionsfrom

an
outside

source
(decrease

of
Λ).

T
he

co-infection
param

eter
θ
is

negatively
correlated

w
ith

β
given

the
estim

ate
ofΛ

because
a
decrease

in
the

tendency
to

be
infected

by
m
ultiple

strains
ofthe

bacterium
(decrease

of
θ)

can
be

offset
by

an
increase

ofthe
transm

ission
rate

(increase
of

β).
T
he

sam
e
reasoning

applies
to

Λ
given

a
fixed

value
of
β.

W
e
used

the
G
aussian

process
m
odelof

the
discrepancy

to
com

pute
the

m
odel-based

likelihood
L̂

(t)
u
.T

he
threshold

h
waschosen

asthe
0.05

quantile
ofthe

m
odeled

discrepancy
atthe

m
inim

izerofthe
estim

ated
regression

function.
M
odel-based

posteriorinference
was

then
perform

ed
via

iterative
im

portance
sam

pling
as

described
in

Section
6.3

(using
three

iterations
w
ith

25,000
sam

ples
each).

Figure
12

(left
colum

n)
show

s
the

inferred
m
arginal

posterior
pdfs.

T
hey

stabilize
quickly

as
the

am
ount

ofacquired
data

increases.
T
he

right
colum

n
in

Figure
12

com
pares

our
m
odel-based

results
w
ith

the
solution

by
N
um

m
inen

et
al.(2013)

(blue
horizontallines

w
ith

triangles)
and

w
ith

results
by

the
population

M
onteC

arlo
(PM

C
)A

BC
algorithm

ofSection
3.5

(black
curvesw

ith
diam

onds).
N
um

m
inen

et
al.(2013)

used
a
PM

C
-A

BC
algorithm

as
wellbut

w
ith

a
slightly

different
discrepancy

m
easure

(see
Exam

ple
7).Both

PM
C

resultswere
obtained

using
10,000

initial
sim

ulations
to

set
the

initial
threshold,

followed
by

four
m
ore

iterations
w
ith

shrinking
thresholdsw

here
in

each
iteration,data

setswere
sim

ulated
till10,000

accepted
param

eters
were

obtained.
It

can
be

seen
that

the
posterior

m
ean

and
the

credibility
intervals

ofthe
two

PM
C

results
m
atch

in
the

fourth
generation,w

hich
indicates

that
our

m
odification

of
the

discrepancy
m
easurem

ent
had

a
negligible

influence.
For

the
PC

M
results

show
n
in

black,iteration
one

to
four

required
121,374;277,997;572,007;and

1,218,382
sim

ulations
each,giving

a
totalcom

putationalcost
of2,199,760

sim
ulations

for
the

results
ofiteration

four.
In

term
sofcom

puting
tim

e,the
PM

C
com

putationstook
about4.5

dayson
a
cluster

w
ith

200
cores.

O
ur

m
odel-based

results
for

t=
1
,000

were
obtained

w
ith

one
tenth

ofthe
initialsim

ulations
of

the
reference

m
ethods

and
took

only
about

1.5
hours

on
a
desktop

com
puter. 4

O
utofthe

com
puting

tim
e,93%

were
spenton

sim
ulating

the
day

care
centers,

and
7%

on
regression

and
optim

ization
ofthe

acquisition
function.

T
he

posterior
m
eans

ofour
m
odel-based

approach
m
atch

quickly
the

reference
results

(red
curves

w
ith

circles
versus

blue
curves

w
ith

triangles).
T
he

focus
on

the
m
odal

re-
gion

yields,however,broader
credibility

intervals.
T
he

broader
m
odel-based

posterior
pdfs

suggest
that

they
could

be
used

as
auxiliary

pdf
for

PM
C
-A

BC
or

other
iterative

A
BC

algorithm
s
w
hich

are
based

on
im

portance
sam

pling.
M
oreover,

one
could

evaluate
the

discrepancy
at

the
sam

pled
points

to
obtain

additionaltraining
data

in
order

to
refine

the
m
odel.

4.T
he

sim
ulation

ofthe
29

day
care

centers
in

the
m

odelw
as

partly
parallelized

by
m

eans
ofseven

cores.
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Figure
11:

Isocontours
of

the
estim

ated
regression

function
Ĵ

(t)
for

the
day

care
center

m
odel.

V
isualization

is
as

in
Figure

9.
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st

er
io

r
m

ea
ns

ar
e

sh
ow

n
as

so
lid

lin
es

w
ith

m
ar

ke
rs

,c
re

di
bi

lit
y

in
te

rv
al

s
as

sh
ad

ed
ar

ea
s

or
da

sh
ed

lin
es

.
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C

on
cl

us
io

ns

O
ur

pa
pe

r
de

al
t
w
ith

in
fe
rr
in
g
th
e
pa

ra
m
et
er
s
of

sim
ul
at
or
-b
as
ed

(g
en

er
at
iv
e)

st
at
ist

ic
al

m
od

el
s.

In
fe
re
nc

e
is

di
ffi
cu

lt
fo
r
su
ch

m
od

el
s
be

ca
us
e
of

th
e
in
tr
ac
ta
bi
lit
y
of

th
e
lik

el
ih
oo

d
fu
nc

tio
n.

W
hi
le

it
is

an
op

en
qu

es
tio

n
w
he

th
er

va
ria

tio
na

lp
rin

ci
pl
es

ar
e
al
so

ap
pl
ic
ab

le
,

th
e
pa

ra
m
et
er
so

fs
im

ul
at
or
-b
as
ed

st
at
ist

ic
al

m
od

el
sa

re
ty
pi
ca
lly

in
fe
rr
ed

by
fin

di
ng

va
lu
es

fo
r
w
hi
ch

th
e
di
sc
re
pa

nc
y
be

tw
ee
n

sim
ul
at
ed

an
d

ob
se
rv
ed

da
ta

te
nd

s
to

be
sm

al
l.

W
e

ha
ve

se
en

th
at

su
ch

an
ap

pr
oa

ch
is

co
m
pu

ta
tio

na
lly

co
st
ly
.
T
he

hi
gh

co
st

is
la
rg
el
y
du

e
to

a
la
ck

of
kn

ow
le
dg

e
ab

ou
t
th
e
fu
nc

tio
na

lr
el
at
io
n
be

tw
ee
n
th
e
m
od

el
pa

ra
m
et
er
s
an

d
th
e

di
sc
re
pa

nc
ie
s.

W
e
pr
op

os
ed

to
us
e
re
gr
es
sio

n
to

in
fe
rt

he
re
la
tio

n
us
in
g
tr
ai
ni
ng

da
ta

w
hi
ch

ar
e
ac
tiv

el
y
ac
qu

ire
d.

T
he

ac
qu

isi
tio

n
is

pe
rfo

rm
ed

su
ch

th
at

th
e
fo
cu

s
in

th
e
re
gr
es
sio

n
is

on
re
gi
on

si
n
th
ep

ar
am

et
er

sp
ac
ew

he
re

th
ed

isc
re
pa

nc
y
te
nd

st
o
be

sm
al
l.
W
ei
m
pl
em

en
te
d

th
e
pr
op

os
ed

st
ra
te
gy

us
in
g
Ba

ye
sia

n
op

tim
iz
at
io
n
w
he

re
th
e
di
sc
re
pa

nc
y
is
m
od

el
ed

w
ith

a
G
au

ss
ia
n
pr
oc
es
s.

T
he

po
st
er
io
rd

ist
rib

ut
io
n
of

th
eG

au
ss
ia
n
pr
oc
es
sw

as
us
ed

to
co
ns
tr
uc

ta
m
od

el
-b
as
ed

ap
pr
ox

im
at
io
n
of

th
e
in
tr
ac
ta
bl
e
lik

el
ih
oo

d.
T
hi
sc

om
bi
na

tio
n
of

pr
ob

ab
ili
st
ic

m
od

el
in
g
an

d
op

tim
iz
at
io
n
re
du

ce
d
th
e
nu

m
be

r
of

sim
ul
at
ed

da
ta

se
ts

by
se
ve
ra
lo

rd
er
s

of
m
ag
ni
tu
de

in
ou

r
ap

pl
ic
at
io
ns
.

T
he

re
du

ct
io
n

in
th
e
nu

m
be

r
of

re
qu

ire
d

sim
ul
at
io
ns

ac
ce
le
ra
te
d
th
e
in
fe
re
nc

e
su
bs
ta
nt
ia
lly

.

O
ur

ap
pr
oa

ch
is
re
la
te
d
to

th
e
wo

rk
by

R
as
m
us
se
n
(2
00
3)

an
d
th
e
tw

o
re
ce
nt

pa
pe

rs
by

W
ilk

in
so
n
(2
01
4)

an
d
M
ee
ds

an
d
W
el
lin

g
(2
01

4)
(w

hi
ch

be
ca
m
e
on

ly
av
ai
la
bl
e
af
te
rw

e
fir
st

pr
op

os
ed

ou
r
ap

pr
oa
ch

at
“A

BC
in

R
om

e”
in

20
13

):
R
as
m
us
se
n
(2
00

3)
us
ed

a
G
au

ss
ia
n

pr
oc
es
st

o
m
od

el
th
e
lo
ga
rit

hm
of

th
e
ta
rg
et

pd
fi
n
a
hy

br
id

M
on

te
C
ar
lo

al
go
rit

hm
.
T
he

re
ar
e
tw

o
m
ai
n
di
ffe

re
nc

es
to

ou
rw

or
k.

Fi
rs
t,
a
sc
en

ar
io

wa
sc

on
sid

er
ed

w
he

re
th
e
ta
rg
et

ca
n

be
ev
al
ua

te
d
ex
ac
tly

at
a
fin

ite
co
m
pu

ta
tio

na
lc

os
t,
ev
en

th
ou

gh
th
e
co
st

m
ig
ht

be
hi
gh

.
In

ou
r
ca
se
,e

xa
ct

ev
al
ua

tio
n
of

th
e
lik

el
ih
oo

d
fu
nc

tio
n
is

no
t
as
su
m
ed

po
ss
ib
le

at
fin

ite
co
st
.

T
hi
s
di
ffe

re
nc

e
is

im
po

rt
an

t
be

ca
us
e
ap

pr
ox
im

at
e
lik

el
ih
oo

d
ev
al
ua

tio
ns

m
ig
ht

be
ra
th
er

no
isy

.
T
he

se
co
nd

di
ffe

re
nc

e
is

th
at

we
us
ed

Ba
ye
sia

n
op

tim
iz
at
io
n
to

fo
cu

s
on

th
e
m
od

al
ar
ea
s
of

th
e
ta
rg
et
.

R
el
at
ed

to
th
e
ap

pr
oa
ch

of
R
as
m
us
se
n
(2
00

3)
,W

ilk
in
so
n
(2
01
4)

m
od

el
ed

th
e
lo
g
lik

e-
lih

oo
d
as

a
G
au

ss
ia
n
pr
oc
es
s.

T
hi
s
is

di
ffe

re
nt

fro
m

ou
r
wo

rk
w
he

re
we

m
od

el
th
e
di
s-

cr
ep

an
ci
es
.
W
e
be

lie
ve

th
at

m
od

el
in
g
th
e
di
sc
re
pa

nc
ie
s
is

ad
va
nt
ag

eo
us

be
ca
us
e
it

al
lo
w
s

to
de

la
y
th
e
se
le
ct
io
n
of

th
e
ke
rn
el

an
d
ba

nd
w
id
th

w
hi
ch

ar
e
ne

ed
ed

in
th
e
no

np
ar
am

et
ric

se
tt
in
g.

T
hi
s
is

im
po

rt
an

t
be

ca
us
e
it
en

ab
le
s
on

e
to

m
ak
e
us
e
of

al
ls

im
ul
at
ed

da
ta
.
In

th
e

pa
ra
m
et
ric

se
tt
in
g,

th
e
tw

o
m
od

el
in
g
st
ra
te
gi
es

le
ad

to
id
en
tic

al
so
lu
tio

ns
.
W
e
fo
un

d
fu
r-

th
er

th
at

ac
cu

ra
te

po
in
t
es
tim

at
es

ca
n
be

ob
ta
in
ed

by
m
od

el
in
g
th
e
di
sc
re
pa

nc
ie
s
on

ly
.
In

pa
rt
ic
ul
ar
,m

in
im

iz
in
g
th
ei
r
re
gr
es
sio

n
fu
nc

tio
n
co
rr
es
po

nd
s
to

m
ax

im
iz
in
g
a
lo
we

r
bo

un
d

of
th
e
ap

pr
ox

im
at
e
no

np
ar
am

et
ric

lik
el
ih
oo

d
un

de
rm

ild
co
nd

iti
on

s.
A
sa

se
co
nd

di
ffe

re
nc

e,
W

ilk
in
so
n
(2
01
4)

us
ed

sp
ac
e-
fil
lin

g
po

in
ts

to
ge
th
er

w
ith

a
pl
au

sib
ili
ty

cr
ite

rio
n
to

ob
ta
in

th
e
pa

ra
m
et
er

va
lu
es

fo
rt

he
re
gr
es
sio

n.
T
hi
si
si
n
co
nt
ra
st

to
Ba

ye
sia

n
op

tim
iz
at
io
n
w
he

re
po

we
rfu

lo
pt
im

iz
at
io
n
m
et
ho

ds
ar
e
em

pl
oy
ed

to
qu

ick
ly

id
en
tif
y
th
e
ar
ea
s
of

in
te
re
st
.

M
ee
ds

an
d
W
el
lin

g
(2
01
4)

pr
op

os
ed

an
al
te
rn
at
iv
e
to

th
e
sa
m
pl
e
av
er
ag
e
ap

pr
ox
im

at
io
n

of
th
e
(li
m
iti
ng

)
sy
nt
he

tic
lik

el
ih
oo

d
by

m
od

el
in
g
ea
ch

el
em

en
t
of

th
e
in
tr
ac
ta
bl
e
m
ea
n

an
d
co
va
ria

nc
e
m
at
rix

of
th
e
su
m
m
ar
y
st
at
ist

ic
s
w
ith

a
G
au

ss
ia
n
pr
oc
es
s.

T
he

re
su
lti
ng

lik
el
ih
oo

d
ap

pr
ox
im

at
io
n
wa

su
se
d
to
ge
th
er

w
ith

a
M
ar
ko
v
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n
M
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te
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ar
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go
rit

hm
fo
r

34
JM

L
R

 1
7(

12
5)

:1
-4

7



B
A

Y
E

S
IA

N
O

P
T

IM
IZ

A
T

IO
N

F
O

R
L

IK
E

L
IH

O
O

D
-F

R
E

E
IN

F
E

R
E

N
C

E

posteriorinference.T
he

differencesto
ourapproach

lie
in

the
quantitiesm

odeled
and

in
the

use
Bayesian

optim
ization

to
actively

design
the

training
data

for
the

G
aussian

processes.
T
here

are
also

connections
to

the
body

ofwork
on

Bayesian
analysis

ofcom
putercodes

(for
an

introduction
to

this
field

ofresearch,see
for

exam
ple

the
paper

by
O
’H

agan,2006):
Sacks

et
al.(1989)

and
C
urrin

et
al.(1991)

m
odeled

the
outputs

ofgeneraldeterm
inistic

com
puter

codes
as

G
aussian

processes.
T
he

com
puter

codes
were,

for
exam

ple,
solving

com
plex

partialdifferentialequations,and
the

papers
were

about
finding

an
em

ulator
for

the
heavy

com
putations.

Inference
of

unknow
n
param

eters
of

the
com

puter
codes

given
observed

data
was

only
considered

later
by

C
ox

et
al.(2001)

and
K
ennedy

and
O
’H

agan
(2001).

T
he

observed
and

sim
ulated

data
were

m
odeled

using
G
aussian

processes,
and

space-filling
points

were
used

to
choose

the
param

eters
for

w
hich

the
com

puter
code

was
run.

T
he

m
ain

differences
to

our
approach

are
again

the
quantities

m
odeled,and

the
use

ofBayesian
optim

ization.
W
e
em

ployed
a
rather

basic
algorithm

to
perform

Bayesian
optim

ization.
T
his

does,
however,

not
m
ean

that
Bayesian

optim
ization

for
likelihood-free

inference
is

lim
ited

to
thatparticularalgorithm

.
W
e
discussed

a
num

berofalternatives,aswellasm
ore

advanced
algorithm

s
w
hich

could
be

used
instead,and

outlined
a
generalfram

ework
for

increasing
the

com
putationaleffi

ciency
oflikelihood-free

inference.
O
ur

paper
opens

up
a
w
ide

range
ofextensions

and
opportunities

for
future

research.
O
ne

possibility
is

to
use

the
tools

provided
by

Bayesian
optim

ization
to

tackle
the

chal-
lenging

problem
oflikelihood-free

inference
in

high
dim

ensions.
M
ore

foundationalresearch
topics

would
revolve

around
the

m
odeling

ofthe
discrepancies

and
the

developm
ent

ofac-
quisition

rulesw
hich

are
tailored

to
the

problem
oflikelihood-free

inference.
W
e
focused

on
approxim

ating
the

m
odalareasofthe

intractable
likelihoodsm

ore
accurately

than
the

tails.
Itisan

open
question

ofhow
to

bestincrease
the

accuracy
in

the
tailareas.

O
ne

possibility
is

to
use

the
sam

ples
from

the
approxim

ate
posterior

to
update

the
training

data
for

the
regression,w

hich
would

naturally
lead

to
a
recursion

w
here

the
currentm

ethod
would

only
provide

the
initialapproxim

ation.

A
cknow

ledgm
ents

T
his

work
was

partially
supported

by
ER

C
grant

no.
239784

and
the

A
cadem

y
ofFinland

(Finnish
C
entre

ofExcellence
in

C
om

putationalInference
R
esearch

C
O
IN

,251170).
M
U
G

thanks
PaulBlom

stedt
for

helpfulcom
m
ents

on
an

early
draft

ofthe
paper.

A
uthor

contributions:
M

U
G

proposed,
designed,

and
perform

ed
research,

and
w

rote
the

paper;
JC

con-
tributed

to
research

design
and

w
riting.

35
JM

L
R

 17(125):1-47

G
U

T
M

A
N

N
A

N
D

C
O

R
A

N
D

E
R

A
ppendix

A
.ProofofProposition

1

W
e
split

the
objective

Ĵ
Ng
,defined

in
Equation

(32),into
two

term
s,

Ĵ
Ng

(θ)=
T

1 (θ)+
T

2 (θ),
(48)

T
1 (θ)=

log|detC
θ |,

(49)

T
2 (θ)=

E
N
[(Φ

o −
Φ
θ ) >C

−
1

θ
(Φ

o −
Φ
θ ) ]

.
(50)

Term
T

2
can

be
rew

ritten
using

the
em

piricalm
ean

µ̂
θ
and

the
covariance

m
atrix

Σ̂
θ
in

Equation
(14),

T
2 (θ)=

E
N
[(Φ

o −
µ̂
θ +

µ̂
θ −

Φ
θ ) >C

−
1

θ
(Φ

o −
µ̂
θ +

µ̂
θ −

Φ
θ ) ]

(51)

=
E
N
[(Φ

o −
µ̂
θ ) >C

−
1

θ
(Φ

o −
µ̂
θ )+

(µ̂
θ −

Φ
θ ) >C

−
1

θ
(µ̂
θ −

Φ
θ )

+
2(Φ

o −
µ̂
θ ) >C

−
1

θ
(µ̂
θ −

Φ
θ ) ]

(52)

=
(Φ

o −
µ̂
θ ) >C

−
1

θ
(Φ

o −
µ̂
θ )+

tr (C
−

1
θ

E
N
[(µ̂

θ −
Φ
θ )(µ̂

θ −
Φ
θ ) > ])

(53)

=
(Φ

o −
µ̂
θ ) >C

−
1

θ
(Φ

o −
µ̂
θ )+

tr (C
−

1
θ

Σ̂
θ )
,

(54)

w
here

we
have

used
that

E
N

[Φ
θ ]=

µ̂
θ .

For
C
θ

=
Σ̂
θ ,we

have

T
2 (θ)=

(Φ
o −

µ̂
θ ) >Σ̂

−
1

θ
(Φ

o −
µ̂
θ )+

p
.

(55)

H
ence,for

C
θ

=
Σ̂
θ ,
Ĵ
Ng

equals

Ĵ
Ng

(θ)=
log|detΣ̂

θ |+
(Φ

o −
µ̂
θ ) >Σ̂

−
1

θ
(Φ

o −
µ̂
θ )+

p
.

(56)

O
n
the

other
hand,the

log
synthetic

likelihood
ˆ̀ Ns

is

ˆ̀ Ns
(θ)=

−
p2

log(2π)−
12

log|detΣ̂
θ |−

12 (Φ
o −

µ̂
θ ) >Σ̂

−
1

θ
(Φ

o −
µ̂
θ ),

(57)

so
that

Ĵ
Ng

(θ)=
p−

plog(2π)−
2 ˆ̀ Ns

(θ).
(58)

T
he

claim
ed

result
follow

s
now

from
Equation

(31),

log
L
Ng

(θ)≥
−
p2

+
ˆ̀ Ns

(θ).
(59)

R
eplacing

the
em

piricalaverage
E
N

w
ith

the
expectation

show
sthatthe

lim
iting

quan-
tities

˜̀s
and

J
g (θ),

J
g (θ)=

E
[∆

gθ ]
,

(60)

are
related

by
an

analogous
result.

In
m
ore

detail,

J
g (θ)=

log|detC
θ |+

E
[(Φ

o −
Φ
θ ) >C

−
1

θ
(Φ

o −
Φ
θ ) ]

(61)

=
log|detC

θ |+
(Φ

o −
µ
θ ) >C

−
1

θ
(Φ

o −
µ
θ )+

tr (C
−

1
θ

Σ
θ )
,

(62)
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w
he

re
we

us
ed

th
e
sa
m
e
de

ve
lo
pm

en
t
w
hi
ch

le
d
to

Eq
ua

tio
n

(5
4)

bu
t
w
ith

th
e
ex
pe

ct
at
io
n

in
st
ea
d
of

EN
.
H
en

ce
,
fo
r

C
θ

=
Σ
θ
,
we

ha
ve

th
e
an

al
og
ou

s
re
su
lt

by
de

fin
iti
on

of
˜̀ s

in
Eq

ua
tio

n
(1

3)
,

J
g
(θ

)=
p
−
p

lo
g(

2π
)−

2˜̀
s
(θ

).
(6

3)

It
fo
llo

w
s
by

de
fin

iti
on

of
J
g
th
at

˜̀ s
ca
n
be

se
en

as
a
re
gr
es
sio

n
fu
nc

tio
n
w
he

re
θ

is
th
e

ve
ct
or

of
co
va
ria

te
s
an

d
∆
g θ
is,

up
to

co
ns
ta
nt
s
an

d
th
e
sig

n,
th
e
re
sp
on

se
va
ria

bl
e.

A
pp

en
di

x
B

.U
si

ng
th

e
Pr

io
r

D
is

tr
ib

ut
io

n
of

th
e

Pa
ra

m
et

er
si

n
B

ay
es

ia
n

O
pt

im
iz

at
io

n

In
th
e
m
ai
n
te
xt
,w

e
fo
cu

se
d
on

ac
qu

iri
ng

tr
ai
ni
ng

da
ta

in
re
gi
on

s
in

th
e
pa

ra
m
et
er

sp
ac
e

w
he

re
th
e
di
sc
re
pa

nc
y

∆
θ
te
nd

st
o
be

sm
al
l,
w
hi
ch

co
rr
es
po

nd
st

o
th
e
m
od

al
re
gi
on

so
ft
he

ap
pr
ox
im

at
e
lik

el
ih
oo

ds
.F
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ca
n

th
es

e
k
in

d
of

p
ro

b
le

m
s

b
e

so
lv

ed
?

b
et

te
r

sa
id

,
w

h
at

is
th

e
co

m
p

u
ta

ti
o
n

a
l

co
m

p
le

x
it

y
o
f

m
in

im
iz

in
g

sm
o
ot

h
an

d
st

ro
n

g
ly

-c
o
n
v
ex

fu
n

ct
io

n
s

to
a

g
iv

en
d

eg
re

e
o
f

ac
cu

ra
cy

?2
P

ri
o
r

to
an

sw
er

in
g

th
es

e,
ot

h
er

w
is

e
il

l-
d

efi
n

ed
,

q
u

es
ti

o
n
s,

on
e

m
u

st
fi

rs
t

ad
d
re

ss
th

e
ex

a
ct

n
a
tu

re
o
f

th
e

u
n

d
er

-
ly

in
g

co
m

p
u

ta
ti

o
n

a
l

m
o
d

el
.

A
lt

h
ou

gh
b

ei
n

g
a

w
id

el
y

ac
ce

p
te

d
co

m
p

u
ta

ti
o
n

a
l

m
o
d

el
in

th
e

th
eo

re
ti

ca
l

co
m

p
u

te
r

sc
ie

n
ce

s,
th

e
T

u
ri

n
g

M
a
ch

in
e

M
o
d

el
p

re
se

n
ts

m
a
n
y

o
b

st
a
cl

es
w

h
en

an
al

y
zi

n
g

o
p

ti
m

iz
a
ti

on
al

g
or

it
h

m
s.

In
th

ei
r

se
m

in
a
l

w
o
rk

,
N

em
ir

ov
sk

y
a
n

d
Y

u
d

in
(1

98
3)

ev
a
d

ed
so

m
e

of
th

es
e

d
iffi

cu
lt

ie
s

b
y

p
ro

p
os

in
g

th
e

bl
a
ck

bo
x

co
m

p
u

ta
ti

o
n

a
l

m
od

el
,

a
cc

o
rd

in
g

to
w

h
ic

h
in

fo
rm

a
-

ti
on

re
ga

rd
in

g
th

e
o
b

je
ct

iv
e

fu
n

ct
io

n
is

a
cq

u
ir

ed
it

er
a
ti

ve
ly

b
y

q
u

er
y
in

g
an

o
ra

cl
e.

T
h

is
m

o
d

el
d

o
es

n
ot

im
p

o
se

a
n
y

co
m

p
u

ta
ti

o
n

a
l

re
so

u
rc

e
co

n
st

ra
in

ts
3
.

N
em

ir
ov

sk
y

an
d

Y
u

d
in

sh
ow

ed
th

at
fo

r
a
n
y

op
ti

m
iz

a
ti

on
a
lg

o
ri

th
m

w
h

ic
h

em
p

lo
y
s

a
fi

rs
t-

or
d

er
or

ac
le

,
i.

e.
re

ce
iv

es
(f

(x
),
∇
f

(x
))

u
p

on
q
u

er
y
in

g
a
t

a
p

oi
n
t

x
∈
R
d
,

th
er

e
ex

is
ts

an
L

-s
m

o
o
th
µ

-s
tr

on
g
ly

co
n
v
ex

q
u

a
d

ra
ti

c
fu

n
ct

io
n
f

:
R
d
→

R
,

su
ch

th
at

fo
r

a
n
y
ε
>

0
th

e
n
u

m
b

er
of

o
ra

cl
e

ca
ll

s
n

ee
d

ed
fo

r
ob

ta
in

in
g

an
ε-

o
p
ti

m
a
l

so
lu

ti
on

x̃
,

i.
e.

,

f
(x̃

)
<

m
in

x
∈R

d
f

(x
)

+
ε,

(2
)

m
u

st
sa

ti
sf

y

#
O

ra
cl

e
C

a
ll

s
≥

Ω̃
( m

in
{ d
,√
κ

ln
(1
/
ε}
) ,

(3
)

w
h

er
e
κ

M =
L
/µ

d
en

o
te

s
th

e
so

-c
al

le
d

co
n

d
it

io
n

n
u

m
be

r.

1
.

M
o
re

g
en

er
a
ll
y,

o
n
e

m
ay

co
n
si

d
er

sm
o
o
th

a
n
d

st
ro

n
g
ly

co
n
v
ex

fu
n
ct

io
n
s

ov
er

so
m

e
H

il
b

er
t

sp
a
ce

.
2
.

N
a
tu

ra
l

a
s

th
es

e
q
u
es

ti
o
n
s

m
ig

h
t

lo
o
k

to
d
ay

,
m

a
tt

er
s

w
er

e
q
u
it

e
d

iff
er

en
t

o
n
ly

fe
w

d
ec

a
d
es

a
g
o
.

In
h

is
b

o
o
k

‘I
n
tr

o
d
u

ct
io

n
to

O
p
ti

m
iz

a
ti

o
n
’

w
h
ic

h
d
a
te

s
b
a
ck

to
8
7
’,

P
o
ly

a
k

B
.T

d
ev

o
te

s
a

w
h
o
le

se
ct

io
n

a
s

to
:

‘W
h
y

A
re

C
o
n
v
er

g
en

ce
T

h
eo

re
m

s
N

ec
es

sa
ry

?’
(S

ee
se

ct
io

n
1
.6

.2
in

P
o
ly

a
k

(1
9
8
7
))

.
3
.

In
a

se
n
se

,
th

is
m

o
d
el

is
d
u
a
l

to
th

e
T

u
ri

n
g

M
a
ch

in
e

m
o
d
el

w
h
er

e
a
ll

th
e

in
fo

rm
a
ti

o
n

re
g
a
rd

in
g

th
e

p
a
ra

m
et

er
s

o
f

th
e

p
ro

b
le

m
is

av
a
il
a
b
le

p
ri

o
r

to
th

e
ex

ec
u
ti

o
n

o
f

th
e

a
lg

o
ri

th
m

,
b
u
t

th
e

co
m

p
u
ta

ti
o
n

a
l

re
so

u
rc

es
a
re

li
m

it
ed

in
ti

m
e

a
n

d
sp

a
ce

.

2
JM

L
R

 1
7(

12
6)

:1
-5

1



O
n

L
o
w

e
r

a
n
d

U
p
p
e
r

B
o
u
n
d
s

in
S
m

o
o
t
h

a
n
d

S
t
r
o
n
g

ly
C

o
n
v
e
x

O
p
t
im

iz
a
t
io

n

T
h

e
resu

lt
o
f

N
em

irov
sk

y
a
n

d
Y

u
d

in
ca

n
b

e
seen

a
s

th
e

sta
rtin

g
p

o
in

t
o
f

th
e

p
resen

t
p

ap
er.

T
h

e
restricted

va
lid

ity
of

th
is

low
er

b
ou

n
d

to
th

e
fi

rst
O

(d
)

itera
tion

s
is

n
o
t

a
m

ere
artifact

of
th

e
a
n

a
ly

sis.
In

d
eed

,
fro

m
a
n

in
form

a
tio

n
p

o
in

t
o
f

v
iew

,
a

m
in

im
izer

of
an

y
co

n
v
ex

q
u

ad
ratic

fu
n

ctio
n

can
b

e
fo

u
n

d
u

sin
g

n
o

m
o
re

th
a
n
O

(d
)

fi
rst-o

rd
er

q
u

eries.
N

o
ticin

g
th

a
t

th
is

b
ou

n
d

is
a
ttain

ed
b
y

th
e

C
o
n

ju
g
a
te

G
ra

d
ien

t
D

escen
t

m
eth

o
d

(C
G

D
,

see
P

o
lya

k
1
98

7),
it

seem
s

th
at

o
n

e
ca

n
n

ot
get

a
n

o
n

-triv
ia

l
low

er
b

o
u

n
d

o
n

ce
th

e
n
u

m
b

er
o
f

q
u

eries
ex

ceed
s

th
e

d
im

en
sio

n
d
.

M
o
reover,

a
sim

ilar
situ

atio
n

ca
n

b
e

sh
ow

n
to

o
ccu

r
fo

r
m

o
re

g
en

era
l

cla
sses

o
f

con
vex

fu
n

ctio
n

s.
H

ow
ever,

th
e

k
n

ow
n

a
lg

o
rith

m
s

w
h

ich
a
tta

in
su

ch
b

eh
av

io
r

(su
ch

as
C

G
D

an
d

th
e

cen
ter-o

f-grav
ity

m
eth

o
d

,
e.g

.,
N

em
irov

sk
i

20
0
5
)

req
u

ire
co

m
p

u
ta

tion
ally

in
ten

sive
itera

tio
n

s,
a
n

d
a
re

q
u

ite
d

iff
eren

t
th

an
m

a
n
y

co
m

m
o
n

alg
o
rith

m
s

u
sed

fo
r

la
rg

e-sca
le

o
p
tim

iza
tion

p
rob

lem
s,

su
ch

as
g
ra

d
ien

t
d

escen
t

a
n

d
its

va
ria

n
ts.

T
h
u

s,
to

ca
p
tu

re
th

e
atta

in
ab

le
p

erfo
rm

a
n

ce
o
f

su
ch

a
lg

orith
m

s,
w

e
m

u
st

m
a
ke

a
d

d
itio

n
a
l
a
ssu

m
p

-
tio

n
s

o
n

th
eir

stru
ctu

re.
T

h
is

can
b

e
m

a
d
e

m
o
re

so
lid

u
sin

g
th

e
fo

llow
in

g
sim

p
le

ob
servatio

n
.

W
h
en

a
p
p
lied

o
n

qu
a
d
ra

tic
fu

n
ctio

n
s,

th
e

u
pd

a
te

ru
le

o
f

m
a
n

y
o
p
tim

iza
tio

n
a
lgo

rith
m

s
red

u
ces

to
a

recu
rsive

a
p
p
lica

tio
n

o
f

a
lin

ea
r

tra
n

sfo
rm

a
tio

n
w

h
ich

d
epen

d
s,

po
ssibly

ra
n

-
d
o
m

ly,
o
n

th
e

p
revio

u
s
p

qu
ery

po
in

ts.

In
d

eed
,
th

e
u

p
d

a
te

ru
le

of
C

G
D

for
q
u

a
d

ra
tic

fu
n

ctio
n

s
is

n
o
n

-sta
tio

n
a
ry,

i.e.
u

ses
a

d
iff

eren
t

tra
n

sfo
rm

atio
n

at
ea

ch
iteratio

n
,

a
s

o
p

p
osed

to
oth

er
o
p

tim
iza

tion
a
lg

o
rith

m
s

w
h

ich
u

tilize
less

co
m

p
lex

u
p

d
a
te

ru
les

su
ch

as:
sta

tio
n

a
ry

u
p

d
a
tes

ru
le,

e.g
.,

G
rad

ien
t

D
escen

t,
A

ccel-
era

ted
G

rad
ien

t
D

escen
t,

N
ew

to
n

’s
m

eth
o
d

(see
N

esterov
2
0
0
4),

T
h

e
H

eav
y

B
all

m
eth

o
d

P
olya

k
(1

9
87

),
S

D
C

A
(see

S
h

a
lev

-S
h
w

a
rtz

a
n

d
Z

h
a
n

g
2
0
13

)
a
n

d
S

A
G

(see
R

ou
x

et
a
l.

20
1
2
);

cy
clic

u
p

d
a
te

ru
les,

e.g
,.

S
V

R
G

(see
J
o
h

n
son

an
d

Z
h

a
n

g
2
0
1
3);

a
n

d
p

iecew
ise-sta

tion
a
ry

u
p

d
a
te

ru
les,

e.g
.,

A
ccelerated

S
D

C
A

.
In

sp
ired

b
y

th
is

o
b

serva
tio

n
,

in
th

e
p

resen
t

w
o
rk

w
e

ex
p

lore
th

e
b

ou
n

d
aries

o
f

o
p

tim
iza

tio
n

a
lg

o
rith

m
s

w
h

ich
a
d

m
it

sta
tio

n
a
ry

u
p

d
a
te

ru
les.

W
e

ca
ll

su
ch

a
lgo

rith
m

s
p
-S

ta
tion

a
ry

C
a
n

o
n

ica
l

L
in

ea
r

Itera
tiv

e
o
p

tim
iza

tion
a
lg

o
rith

m
s

(a
b

b
r.

p
-S

C
L

I),
w

h
ere

p
d

esig
n

a
tes

th
e

n
u

m
b

er
o
f

p
rev

iou
s

p
o
in

ts
w

h
ich

a
re

n
ecessa

ry
to

g
en

era
te

n
ew

p
oin

ts.
T

h
e

q
u

an
tity

p
m

ay
b

e
in

stru
ctively

in
terp

reted
a
s

a
lim

it
o
n

th
e

a
m

ou
n
t

of
m

em
ory

at
th

e
a
lg

o
rith

m
’s

d
isp

o
sal.

S
im

ila
r

to
th

e
an

a
ly

sis
of

p
ow

er
itera

tio
n

m
eth

o
d

s,
th

e
co

n
verg

en
ce

p
ro

p
erties

o
f

su
ch

a
lgo

rith
m

s
are

in
tim

ately
rela

ted
to

th
e

eig
en

va
lu

es
o
f

th
e

co
rresp

o
n

d
in

g
lin

ear
tran

sfo
r-

m
atio

n
.

S
p

ecifi
cally,

as
th

e
co

n
v
erg

en
ce

rate
of

a
recu

rsive
a
p

p
lica

tion
o
f

a
lin

ea
r

tra
n

s-
fo

rm
a
tion

is
essen

tia
lly

ch
a
ra

cterized
b
y

its
larg

est
m

a
gn

itu
d

e
eig

en
valu

e,
th

e
a
sy

m
p

to
tic

co
n
verg

en
ce

ra
te

of
p
-S

C
L

I
a
lg

orith
m

s
ca

n
b

e
b

o
u

n
d

ed
fro

m
a
b

ov
e

a
n
d

fro
m

b
elow

b
y

an
-

a
ly

zin
g

th
e

sp
ectru

m
of

th
e

co
rresp

on
d

in
g

lin
ea

r
tra

n
sfo

rm
atio

n
.

It
sh

o
u

ld
b

e
n

o
ted

th
a
t

th
e

tech
n

iq
u

e
o
f

lin
ea

rizin
g

iterative
p

ro
ced

u
res

a
n

d
a
n

a
ly

zin
g

th
eir

con
v
erg

en
ce

b
eh

av
io

r
a
cco

rd
in

g
ly,

w
h

ich
d

ates
b

a
ck

to
th

e
p

io
n

eerin
g

w
o
rk

o
f

th
e

R
u

ssia
n

m
a
th

em
a
ticia

n
L

ya-
p

u
n

ov
,

h
as

b
een

su
ccessfu

lly
a
p

p
lied

in
th

e
fi
eld

o
f

m
a
th

em
a
tica

l
op

tim
iza

tio
n

m
a
n
y

tim
es,

e.g
.,

P
o
lya

k
(19

8
7)

a
n

d
m

o
re

recen
tly

L
essa

rd
et

a
l.

(2
0
1
4
).

H
ow

ever,
w

h
erea

s
p

rev
io

u
s

w
ork

s
w

ere
p

rim
a
rily

con
cern

ed
w

ith
d

eriv
in

g
u

p
p

er
b

ou
n

d
s

on
th

e
m

a
gn

itu
d

e
o
f

th
e

co
r-

resp
on

d
in

g
eig

en
va

lu
es,

in
th

is
w

o
rk

ou
r

referen
ce

p
o
in

t
is

low
er

b
o
u

n
d

s.
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A
r
je

v
a
n
i,

S
h
a
l
e
v
-S

h
w

a
r
t
z

a
n
d

S
h
a
m

ir

A
s

eigen
valu

es
are

m
erely

ro
ots

of
ch

aracteristic
p

oly
n

om
ia

ls
4,

ou
r

ap
p

roach
in

volves
esta

b
lish

in
g

a
low

er
b

ou
n

d
on

th
e

m
ax

im
al

m
o
d

u
lu

s
(ab

solu
te

valu
e)

of
th

e
ro

ots
of

p
oly

-
n

o
m

ia
ls.

C
learly,

in
ord

er
to

fi
n

d
a

m
ean

in
gfu

l
low

er
b

o
u

n
d

,
o
n

e
m

u
st

fi
rst

fi
n

d
a

con
d

ition
w

h
ich

is
satisfi

ed
b
y

all
ch

aracteristic
p

oly
n

om
ials

th
at

corresp
on

d
to
p
-S

C
L

Is.
W

e
sh

ow
th

a
t

su
ch

co
n

d
ition

d
o
es

ex
ist

b
y

p
rov

in
g

th
at

ch
ara

cteristic
p

oly
n

om
ials

of
con

sisten
t
p
-

S
C

L
Is,

w
h

ich
correctly

m
in

im
ize

th
e

fu
n

ction
at

h
an

d
,

m
u

st
h

ave
a

sp
ecifi

c
evalu

ation
at

λ
=

1
.

T
h

is
in

tu
rn

allow
s

u
s

to
an

aly
ze

th
e

con
vergen

ce
rate

p
u

rely
in

term
s

of
th

e
an

aly
tic

th
eo

ry
o
f

p
oly

n
om

ials,
i.e.,

F
in

d
m

in{
ρ
(q(z

))|
q(z

)
is

a
real

m
on

ic
p

oly
n

om
ial

of
d

egree
p

an
d
q(1)

=
r}
,

(4)

w
h

ere
r
∈

R
an

d
ρ
(q(z

))
d

en
otes

th
e

m
ax

im
u

m
m

o
d

u
lu

s
over

all
ro

ots
o
f
q(z

).
A

lth
ou
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a
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ge
of
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n

iq
u
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h
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b

een
d

ev
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for

b
ou

n
d
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g
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e

m
o
d

u
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p
o
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n
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m
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(e.g.,
M
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R
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m

an
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d
S
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;
M
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et

al.
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W
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19
2
2;

M
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ić
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d

R
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2000;
F
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b
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b

ou
n
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(see
H
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an
d

T
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r
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M
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p
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(4)

is
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q
u

estion
of

b
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g
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e
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’
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b
elow

.
U

n
fortu

n
ately,

th
is

top
ic

to
o
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d
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u
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d
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is

w
ork

to
estab

lish
n

ew
to

ols
fo

r
tack

-
lin

g
(4
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b
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con
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n
alg

orith
m

over
R
d,

w
h

ose
iteration
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cien
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O
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alls≥
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p √
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o
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ob
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p
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b
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ore
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e
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th

at
th

e
ru
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t
D
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w
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b
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n
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b
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L
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w
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e
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q
u
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n
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F
in
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b
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p
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(4)
w
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e
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b
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√
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4
.
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w
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w
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u
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a
p
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n
o
m
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l

m
a
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n
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g
o
u
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ch
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p
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b
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u
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p
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d
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n
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b
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b
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b
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y
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e
fi
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d

.
E

ve
n
tu
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,
it
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th
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n

e
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q
u

ir
y
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t
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d

to
th

e
d
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G
D

b
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N
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h
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a
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at
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n
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n
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at
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D
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s
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ri
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w
h
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at
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F
G
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e
H
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B
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l
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h
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P
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ra
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a
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iv

at
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n
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.g
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B
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k
an

d
T
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ll
e
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09

;
B

ae
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09

;
T

se
n

g
20
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;

S
u
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ke

ve
r

et
al

.
20
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A
ll

en
-Z

h
u

a
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d
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h
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h
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ow
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d
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h
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d
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at
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p
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ra
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b
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p
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p
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b
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at
io

n
al

go
ri

th
m

s
w

h
os

e
ch

ar
ac

te
ri

st
ic

p
ol

y
n

om
ia

ls
ar

e
o
p
ti

m
a
l

w
it

h
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p
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m
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ra
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b
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.
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d
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at
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ra
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.

A
la

s,
fo

r
p
≥

3,
an

ex
p

en
si

ve
p

re
-c

a
lc

u
la

ti
o
n

ta
sk

re
n

d
er

s
th

es
e

al
go

ri
th

m
s

in
effi

ci
en

t.

•
A

s
a

re
su

lt
,

w
e

fo
cu

s
on

a
re

st
ri

ct
ed

su
b

cl
as

s
of
p
-S

C
L

I
op

ti
m

iz
at

io
n

a
lg

o
ri

th
m

s
w

h
ic

h
ca

n
b

e
ex

ec
u

te
d

effi
ci

en
tl

y.
T

h
is

y
ie

ld
s

a
n

ov
el

sy
st

em
at

ic
d

er
iv

at
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p
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at
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p
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p
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b
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h
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w
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+

to
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d
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h
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m
a
tr

ix
A
∈

R
d
×
d

a
re

ex
a
ct

ly
th

e
ro

ot
s

o
f

th
e

ch
a
ra

ct
er

is
ti

c
p

o
ly

n
o
m

ia
l

w
h

ic
h

is
d

efi
n

ed
a
s

fo
ll

ow
s

χ
A

(λ
)

=
d
et

(A
−
λ
I d

),

w
h

er
e
I d

d
en

ot
es

th
e

id
en

ti
ty

m
a
tr

ix
.

S
in

ce
p

o
ly

n
o
m

ia
ls

in
th

is
p

a
p

er
h

av
e

th
ei

r
or

ig
in

s
as

ch
a
ra

ct
er

is
ti

c
p

ol
y
n

om
ia

ls
o
f

so
m

e
sq

u
a
re

m
a
tr

ic
es

,
b
y

a
sl

ig
h
t

a
b

u
se

o
f

n
o
ta

ti
o
n

,
w

e
w

il
l

d
en

ot
e

th
e

ro
o
ts

of
a

p
o
ly

n
o
m

ia
l
q(
z
)

a
n

d
it

s
ro

ot
ra

d
iu

s,
th

e
m

ax
im

u
m

m
o
d

u
lu

s
ov

er
it

s
ro

o
ts

,
b
y
σ

(q
(z

))
a
n

d
ρ
(q

(z
))

,
re

sp
ec

ti
ve

ly
,

a
s

w
el

l.

T
h

e
fo

ll
ow

in
g

n
o
ta

ti
o
n

fo
r

q
u

ad
ra

ti
c

fu
n

ct
io

n
s

a
n

d
m

at
ri

ce
s

w
il

l
b

e
o
f

fr
eq

u
en

t
u

se
,

Sd
(Σ

)
M =
{ A
∈
R
d
×
d
∣ ∣ ∣A

is
sy

m
m

et
ri

c
a
n

d
σ

(A
)
⊆

Σ
}
,

Q
d
(Σ

)
M =
{f
A
,b

(x
)
∣ ∣ ∣A
∈
Sd

(Σ
)
,b
∈
R
d
}
,

w
h

er
e

Σ
d

en
ot

es
a

n
o
n

-e
m

p
ty

se
t

o
f

p
os

it
iv

e
re

al
s,

a
n

d
w

h
er

e
f A

,b
(x

)
d

en
ot

es
th

e
fo

ll
ow

in
g

q
u

ad
ra

ti
c

fu
n

ct
io

n

f A
,b

(x
)

M =
1 2
x
>
A

x
+

b
>

x
,

A
∈
Sd

(Σ
)
.

2
.

F
ra

m
e
w

o
rk

In
th

e
se

q
u

el
w

e
es

ta
b
li

sh
o
u

r
fr

a
m

ew
or

k
fo

r
a
n

a
ly

zi
n

g
o
p

ti
m

iz
a
ti

o
n

a
lg

o
ri

th
m

s
fo

r
m

in
i-

m
iz

in
g

sm
o
ot

h
an

d
st

ro
n

gl
y

co
n
ve

x
fu

n
ct

io
n

s.
F

ir
st

,
to

m
ot

iv
at

e
th

is
te

ch
n

iq
u

e,
w

e
sh

ow
th

at
th

e
an

al
y
si

s
of

S
D

C
A

p
re

se
n
te

d
in

S
h

a
le

v
-S

h
w

a
rt

z
an

d
Z

h
a
n

g
(2

01
3)

is
ti

gh
t

b
y

u
s-

in
g

a
si

m
il

ar
m

et
h
o
d

.
N

ex
t,

w
e

la
y

th
e

fo
u

n
d

a
ti

on
s

o
f

th
e

fr
am

ew
o
rk

b
y

g
en

er
a
li

zi
n

g
a
n

d
fo

rm
al

iz
in

g
va

ri
o
u

s
a
sp

ec
ts

o
f

th
e

S
D

C
A

ca
se

.
W

e
th

en
ex

am
in

e
so

m
e

p
o
p
u

la
r

o
p

ti
m

iz
a
-

ti
o
n

al
go

ri
th

m
s

th
ro

u
gh

th
is

fo
rm

u
la

ti
on

.
A

p
a
rt

fr
o
m

se
tt

in
g

th
e

b
o
u

n
d

a
ri

es
fo

r
th

is
w

o
rk

,
th

is
in

sp
ec

ti
o
n

g
iv

es
ri

se
to

,
ot

h
er

w
is

e
su

b
tl

e,
d

is
ti

n
ct

io
n

s
b

et
w

ee
n

d
iff

er
en

t
o
p

ti
m

iz
a
ti

on
a
lg

or
it

h
m

s.
L

as
tl

y,
w

e
d

is
cu

ss
th

e
co

m
p

u
ta

ti
o
n

a
l

co
m

p
le

x
it

y
o
f
p
-S

C
L

Is
,

a
s

w
el

l
as

th
ei

r
co

n
ve

rg
en

ce
p

ro
p

er
ti

es
.
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O
n

L
o
w

e
r

a
n
d

U
p
p
e
r

B
o
u
n
d
s

in
S
m

o
o
t
h

a
n
d

S
t
r
o
n
g

ly
C

o
n
v
e
x

O
p
t
im

iz
a
t
io

n

2
.1

C
a
se

S
tu

d
y

-
S

to
ch

a
stic

D
u

a
l

C
o
o
rd

in
a
te

A
sc

e
n
t

W
e

con
sid

er
th

e
o
p

tim
iza

tion
a
lgo

rith
m

S
to

ch
a
stic

D
u

a
l

C
o
ord

in
ates

A
scen

t
(S

D
C

A
5)

fo
r

so
lv

in
g

R
eg

u
la

rized
L

o
ss

M
in

im
iza

tio
n

(R
L

M
)

p
rob

lem
s

(6
),

w
h

ich
a
re

o
f

g
rea

t
sig

n
ifi

can
ce

for
th

e
fi

eld
o
f

M
a
ch

in
e

L
ea

rn
in

g
.

It
is

sh
ow

n
th

a
t

a
p

p
ly

in
g

S
D

C
A

o
n

q
u

a
d

ra
tic

loss
fu

n
c-

tio
n

s
allow

s
o
n

e
to

refo
rm

u
la

te
it

as
a

recu
rsive

a
p

p
lica

tio
n

of
lin

ea
r

tra
n

sfo
rm

a
tio

n
s.

T
h

e
relative

sim
p

licity
o
f

su
ch

p
ro

cesses
is

th
en

ex
p

loited
to

d
erive

a
low

er
b

ou
n

d
o
n

th
e

con
-

verg
en

ce
ra

te.

A
sm

o
o
th

-R
L

M
p
rob

lem
is

a
n

o
p

tim
iza

tion
ta

sk
o
f

th
e

fo
llow

in
g

fo
rm

:

m
in

w
∈
R
d
P

(w
)

M=
1n

n
∑i=

1

φ
i (w
>

x
i )

+
λ2
‖w
‖

2
,

(6)

w
h

ere
φ
i

a
re

1/γ
-sm

o
o
th

an
d

co
n
vex

,
x

1 ,...,x
n

are
vecto

rs
in

R
d

an
d
λ

is
a

p
o
sitive

co
n

-
sta

n
t.

F
o
r

ease
o
f

p
resen

ta
tio

n
,

w
e

fu
rth

er
a
ssu

m
e

th
a
t
φ
i

a
re

n
o
n

-n
eg

a
tive,

φ
i (0)≤

1
a
n

d
‖
x
i ‖
≤

1
fo

r
all

i.

T
h

e
op

tim
izatio

n
alg

orith
m

S
D

C
A

w
o
rk

s
b
y

m
in

im
izin

g
a
n

eq
u

iva
len

t
op

tim
iza

tio
n

p
ro

b
lem

m
in

α∈
R
n
D

(α
)

M=
1n

n
∑i=

1

φ
?i (α

i )
+

1

2λ
n

2 ∥∥∥∥∥
n
∑i=

1

α
i x
i ∥∥∥∥∥

2

,

w
h

ere
φ
?

d
en

o
tes

th
e

F
en

ch
el

co
n

ju
g
a
te

of
φ

,
b
y

rep
ea

ted
ly

p
ick

in
g
z
∼
U

([n
])

u
n

ifo
rm

ly
a
n

d
m

in
im

izin
g
D

(α
)

over
th

e
z
’th

co
o
rd

in
ate.

T
h

e
la

tter
o
p

tim
iza

tion
p

ro
b

lem
is

referred
to

as
th

e
d
u

a
l

p
ro

blem
,

w
h

ile
th

e
p

ro
b

lem
p

resen
ted

in
(6)

is
ca

lled
th

e
p
rim

a
l

p
ro

blem
.

A
s

sh
ow

n
in

S
h

alev
-S

h
w

artz
an

d
Z

h
a
n

g
(20

1
3
),

it
is

p
o
ssib

le
to

co
n
vert

a
h

ig
h

q
u

ality
solu

tio
n

o
f

th
e

d
u

a
l

p
ro

b
lem

in
to

a
h

ig
h

q
u

ality
so

lu
tio

n
o
f

th
e

p
rim

al
p

ro
b

lem
.

T
h

is
a
llow

s
o
n

e
to

b
o
u

n
d

from
a
b

ove
th

e
n
u

m
b

er
o
f

itera
tio

n
s

req
u

ired
fo

r
ob

ta
in

in
g

a
p

rescrib
ed

level
of

a
ccu

ra
cy

ε
>

0
b
y

Õ
((

n
+

1λ
γ )

ln
(1/

ε) )
.

W
e

n
ow

sh
ow

th
at

th
is

a
n

a
ly

sis
is

in
d

eed
tig

h
t.

F
irst,

let
u

s
d

efi
n

e
th

e
fo

llow
in

g
2
-sm

o
o
th

fu
n

ction
s:

φ
i (y

)
=
y

2,
i

=
1,...,n

a
n

d
let

u
s

d
efi

n
e

x
1

=
x

2
=
···

=
x
n

=
1√n
1

.
T

h
is

y
ield

s

D
(α

)
=

12
α
>
(

12
n
I

+
1

λ
n

2
1
1
> )

α
.

(7
)

5
.

F
o
r

a
d
eta

iled
a
n
a
ly

sis
o
f

S
D

C
A

,
p
lea

se
refer

to
S
h
a
lev

-S
h
w

a
rtz

a
n
d

Z
h
a
n
g

2
0
1
3
.
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A
r
je

v
a
n
i,

S
h
a
l
e
v
-S

h
w

a
r
t
z

a
n
d

S
h
a
m

ir

C
lea

rly,
th

e
u

n
iq

u
e

m
in

im
izer

of
D

(α
)

is
α
∗

M=
0.

N
ow

,
g
iven

i∈
[n

]
an

d
α
∈
R
n
,

it
is

easy
to

v
erify

th
at

a
rgm

in
α
′∈

R
D

(α
1 ,...,α

i−
1 ,α
′,α

i+
1 ,...,α

n
)

=
−

2

2
+
λ
n

∑j6=
i

α
j .

(8)

T
h
u

s,
th

e
n

ex
t

test
p

oin
t
α

+
,

gen
erated

b
y

tak
in

g
a

step
alon

g
th

e
i’th

co
o
rd

in
ate,

is
a

lin
ear

tran
sform

a
tion

of
th

e
p

rev
iou

s
p

oin
t,

i.e.,

α
+

=
(
I−

e
i u
>i )
α
,

(9)

w
h

ere

u
>i

M=


2

2
+
λ
n
,...,

2

2
+
λ
n
,

1
︸︷︷︸
i’s

en
try ,

2

2
+
λ
n
,...,

2

2
+
λ
n 

.

L
et
α
k,
k

=
1
,...,K

d
en

ote
th

e
k
’th

test
p

oin
t.

T
h

e
seq

u
en

ce
of

p
oin

ts
(α

k)
Kk
=

1
is

ran
-

d
o
m

ly
g
en

era
ted

b
y

m
in

im
izin

g
D

(α
)

over
th

e
z
i ’th

co
ord

in
ate

at
th

e
i’th

iteration
,

w
h

ere
z

1 ,z
2 ,...,z

K
∼
U

([n
])

is
a

seq
u

en
ce

of
K

u
n

iform
d

istrib
u

ted
i.i.d

ran
d

om
va

riab
les.

A
p

-
p

ly
in

g
(9

)
over

an
d

over
again

startin
g

from
som

e
in

itializatio
n

p
oin

t
α

0
w

e
o
b

tain

α
k

=
(
I−

e
z
K

u
>z
K )(

I−
e
z
K
−
1 u
>z
K
−
1 )··· (

I−
e
z
1 u
>z
1 )
α

0.

T
o

com
p

u
te

E
[α

K
]

n
ote

th
at

b
y

th
e

i.i.d
h
y
p

oth
esis

an
d

b
y

th
e

lin
ea

rity
of

th
e

ex
p

ectation
op

era
tor,E

[α
K ]

=
E
[(
I−

e
z
K

u
>z
K )(

I−
e
z
K
−
1 u
>z
K
−
1 )··· (

I−
e
z
1 u
>z
1 )
α

0 ]

=
E
[(
I−

e
z
K

u
>z
K )]E

[(
I−

e
z
K
−
1 u
>z
K
−
1 )]···E

[(
I−

e
z
1 u
>z
1 )]

α
0

=
E
[(
I−

e
z u
>z )]

K
α

0.
(10)

T
h

e
con

vergen
ce

rate
of

th
e

latter
is

govern
ed

b
y

th
e

sp
ectral

rad
iu

s
of

E
M=
E
[I−

e
z u
>z ]
.

A
straigh

tforw
ard

calcu
lation

sh
ow

s
th

at
th

e
eigen

valu
es

of
E

,
ord

ered
b
y

m
a
gn

itu
d

e,
are

1−
1

2/λ
+
n
,...,1−

1

2/λ
+
n

︸
︷︷

︸
n−

1
tim

es

,1−
2

+
λ

2
+
λ
n
.

(11)

B
y

ch
o
osin

g
α

0
to

b
e

th
e

follow
in

g
n

orm
alized

eigen
vecto

r
w

h
ich

corresp
on

d
s

to
th

e
larg

est
eig

en
va

lu
e

α
0

=

(
1√2
,−

1√2
,0
,...,0 )

,
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O
n

L
o
w

e
r

a
n
d

U
p
p
e
r

B
o
u
n
d
s

in
S
m

o
o
t
h

a
n
d

S
t
r
o
n
g

ly
C

o
n
v
e
x

O
p
t
im

iz
a
t
io

n

an
d

p
lu

gg
in

g
it

in
to

E
q
u

at
io

n
(1

0)
,

w
e

ca
n

n
ow

b
ou

n
d

fr
om

b
el

ow
th

e
d

is
ta

n
ce

o
f
E[
α
K

]
to

th
e

op
ti

m
al

p
oi

n
t
α
∗

=
0,

∥ ∥ E
[ α

K
] −

α
∗∥ ∥

=

∥ ∥ ∥ ∥E
[(
I
−

e
z
u
> z
)]

K
α

0

∥ ∥ ∥ ∥

=

( 1
−

1

2
/λ

+
n

) K
∥ ∥ α

0
∥ ∥

=

( 1
−

2

(4
/λ

+
2
n
−

1)
+

1

) K

≥
( ex

p

(
−

1

2/
λ

+
n
−

1

))
K

,

w
h

er
e

th
e

la
st

in
eq

u
al

it
y

is
d

u
e

to
th

e
fo

ll
ow

in
g

in
eq

u
al

it
y,

1
−

2

x
+

1
≥

ex
p

(
−

2

x
−

1

)
,
∀x
≥

1.
(1

2)

W
e

se
e

th
at

th
e

m
in

im
al

n
u

m
b

er
of

it
er

at
io

n
s

re
q
u

ir
ed

fo
r

ob
ta

in
in

g
a

so
lu

ti
o
n

w
h

os
e

d
is

ta
n

ce
fr

om
th

e
α
∗

is
le

ss
th

an
ε
>

0
m

u
st

b
e

gr
ea

te
r

th
an

(2
/λ

+
n
−

1)
ln

(1
/ε

)
,

th
u

s
sh

ow
in

g
th

at
,

u
p

to
lo

ga
ri

th
m

ic
fa

ct
or

s,
th

e
an

al
y
si

s
of

th
e

co
n
ve

rg
en

ce
ra

te
o
f

S
D

C
A

is
ti

gh
t.

2
.2

D
e
fi

n
it

io
n

s

In
th

e
se

q
u
el

w
e

in
tr

o
d

u
ce

th
e

fr
am

ew
or

k
of
p
-S

C
L

I
op

ti
m

iz
at

io
n

al
go

ri
th

m
s

w
h

ic
h

g
en

er
-

al
iz

es
th

e
an

al
y
si

s
sh

ow
n

in
th

e
p

re
ce

d
in

g
se

ct
io

n
.

W
e

d
en

ot
e

th
e

se
t

of
d
×
d

sy
m

m
et

ri
c

m
a
tr

ic
es

w
h

os
e

sp
ec

tr
u

m
li
es

in
Σ
⊆

R
+

+
b
y

Sd
(Σ

)
an

d
d

en
ot

e
th

e
fo

ll
ow

in
g

se
t

of
q
u

ad
ra

ti
c

fu
n

ct
io

n
s

f A
,b

(x
)

M =
1 2
x
>
A

x
+

b
>

x
,

A
∈
Sd

(Σ
)
,

b
y
Q
d
(Σ

).
N

ot
e

th
at

si
n

ce
tw

ic
e

co
n
ti

n
u

ou
s

d
iff

er
en

ti
ab

le
fu

n
ct

io
n

s
f

(x
)

a
re
L

-s
m

o
ot

h
a
n

d
µ

-s
tr

on
gl

y
co

n
ve

x
if

an
d

on
ly

if

σ
( ∇

2
(f

(x
))
) ⊆

[µ
,L

]
⊆

R
+

+
,

x
∈
R
d
,

w
e

h
av

e
th

at
Q
d
([
µ
,L

])
co

m
p

ri
se

s
L

-s
m

o
ot

h
µ

-s
tr

on
gl

y
co

n
ve

x
q
u
ad

ra
ti

c
fu

n
ct

io
n

s.
T

h
u

s,
an

y
op

ti
m

iz
at

io
n

al
go

ri
th

m
d

es
ig

n
ed

fo
r

m
in

im
iz

in
g

sm
o
ot

h
an

d
st

ro
n

gl
y

co
n
ve

x
fu

n
ct

io
n

s
ca

n
b

e
u

se
d

to
m

in
im

iz
e

fu
n

ct
io

n
s

in
Q
d
([
µ
,L

])
.

T
h

e
ke

y
ob

se
rv

at
io

n
h

er
e

is
th

a
t

si
n

ce
th

e
gr

ad
ie

n
t

of
f A

,b
(x

)
is

li
n

ea
r

in
x

,
w

h
en

ap
p

li
ed

to
q
u

ad
ra

ti
c

fu
n

ct
io

n
s,

th
e

u
p

d
a
te

ru
le

s
of

m
an

y
op

ti
m

iz
at

io
n

al
go

ri
th

m
s

al
so

b
ec

om
e

li
n

ea
r

in
x

.
T

h
is

fo
rm

al
iz

es
as

fo
ll
ow

s.

9
JM

L
R

 1
7(

12
6)

:1
-5

1

A
r
je

v
a
n
i,

S
h
a
l
e
v
-S

h
w

a
r
t
z

a
n
d

S
h
a
m

ir

D
e
fi

n
it

io
n

1
(p

-S
C

L
I

o
p

ti
m

iz
a
ti

o
n

a
lg

o
ri

th
m

s)
A

n
o
p
ti

m
iz

a
ti

o
n

a
lg

o
ri

th
m
A

is
ca

ll
ed

a
p
-s

ta
ti

o
n

a
ry

ca
n

o
n

ic
a
l

li
n

ea
r

it
er

a
ti

ve
(a

bb
r.
p
-S

C
L

I)
o
p
ti

m
iz

a
ti

o
n

a
lg

o
ri

th
m

o
ve

r
R
d

if
th

er
e

ex
is

t
p

+
1

m
a
p
p
in

gs
C

0
(X

),
C

1
(X

),
..
.,
C
p
−

1
(X

),
N

(X
)

fr
o
m

R
d
×
d

to
R
d
×
d
-v

a
lu

ed
ra

n
d
o
m

va
ri

a
bl

es
,

su
ch

th
a
t

fo
r

a
n

y
f A

,b
(x

)
∈
Q
d
(Σ

)
th

e
co

rr
es

po
n

d
in

g
in

it
ia

li
za

ti
o
n

a
n

d
u

pd
a
te

ru
le

s
ta

ke
th

e
fo

ll
o
w

in
g

fo
rm

:

x
0
,x

1
,.
..
,x

p
−

1
∈
R
d

(1
3)

x
k

=

p
−

1
∑ j=

0

C
j
(A

)x
k
−
p
+
j

+
N

(A
)b
,

k
=
p
,p

+
1
,.
..

(1
4)

W
e

fu
rt

h
er

a
ss

u
m

e
th

a
t

in
ea

ch
it

er
a
ti

o
n
C
j
(A

)
a
n

d
N

(A
)

a
re

d
ra

w
n

in
d
ep

en
d
en

tl
y

o
f

p
re

vi
o
u

s
re

a
li

za
ti

o
n

s6
,

a
n

d
th

a
t
EC

i(
A

)
a
re

fi
n

it
e

a
n

d
si

m
u

lt
a
n

eo
u

sl
y

tr
ia

n
gu

la
ri

za
bl

e7
.

L
et

u
s

in
tr

o
d

u
ce

a
fe

w
m

o
re

d
efi

n
it

io
n

s
a
n

d
te

rm
in

o
lo

g
y

w
h

ic
h

w
il

l
b

e
u

se
d

th
ro

u
g
h

o
u

t
th

is
p

ap
er

.
T

h
e

n
u

m
b

er
o
f

p
re

v
io

u
s

p
o
in

ts
p

b
y

w
h

ic
h

n
ew

p
o
in

ts
a
re

g
en

er
a
te

d
is

ca
ll

ed
th

e
li

ft
in

g
fa

ct
o
r.

T
h

e
m

a
tr

ix
-v

al
u

ed
ra

n
d

o
m

va
ri

a
b

le
s
C

0
(X

),
C

1
(X

),
..
.,
C
p
−

1
(X

)
a
n

d
N

(X
)

ar
e

ca
ll

ed
co

effi
ci

en
t

m
a
tr

ic
es

an
d

in
ve

rs
io

n
m

a
tr

ix
,

re
sp

ec
ti

v
el

y.
T

h
e

te
rm

in
ve

rs
io

n
m

a-
tr

ix
re

fe
rs

to
th

e
m

a
p

p
in

g
N

(X
),

a
s

w
el

l
as

to
a

co
n

cr
et

e
ev

a
lu

a
ti

on
o
f

it
.

It
w

il
l

b
e

cl
ea

r
fr

om
th

e
co

n
te

x
t

w
h

ic
h

in
te

rp
re

ta
ti

o
n

is
b

ei
n
g

u
se

d
.

T
h

e
sa

m
e

h
o
ld

s
fo

r
co

effi
ci

en
t

m
at

ri
ce

s.

A
s

d
em

on
st

ra
te

d
b
y

th
e

fo
ll

ow
in

g
d

efi
n

it
io

n
,

co
effi

ci
en

ts
m

a
tr

ic
es

o
f
p
-S

C
L

Is
ca

n
b

e
eq

u
iv

al
en

tl
y

d
es

cr
ib

ed
in

te
rm

s
of

p
ol

y
n

om
ia

l
m

at
ri

ce
s8

.
T

h
is

co
rr

es
p

on
d

en
ce

w
il

l
so

on
p

la
y

a
p

iv
o
ta

l
ro

le
in

th
e

a
n

al
y
si

s
o
f
p
-S

C
L

Is
.

D
e
fi

n
it

io
n

2
T

h
e

ch
a
ra

ct
er

is
ti

c
po

ly
n

o
m

ia
l

o
f

a
gi

ve
n
p
-S

C
L

I
o
p
ti

m
iz

a
ti

o
n

a
lg

o
ri

th
m
A

is
d
efi

n
ed

by

L A
(λ
,X

)
M =
I d
λ
p
−

p
−

1
∑ j=

0

EC
j
(X

)λ
j
,

(1
5)

w
h
er

e
C
j
(X

)
d
en

o
te

th
e

co
effi

ci
en

t
m

a
tr

ic
es

.
M

o
re

o
ve

r,
gi

ve
n
X
∈
R
d
×
d

w
e

d
efi

n
e

th
e

ro
o
t

ra
d
iu

s
o
f
L A

(λ
,X

)
by

ρ
λ
(L
A

(λ
,X

))
=
ρ
(d

et
L A

(λ
,X

))
=

m
ax
{ |
λ
′ |
∣ ∣

d
et
L A

(λ
′ ,
X

)
=

0}
.

F
o
r

th
e

sa
ke

of
b

re
v
it

y,
w

e
so

m
et

im
es

sp
ec

if
y

a
g
iv

en
p
-S

C
L

I
o
p

ti
m

iz
a
ti

on
a
lg

or
it

h
m
A

u
si

n
g

an
or

d
er

ed
p

ai
r

of
a

ch
a
ra

ct
er

is
ti

c
p

o
ly

n
o
m

ia
l

an
d

an
in

ve
rs

io
n

m
a
tr

ix
as

fo
ll

ow
s

A
M =

(L
A

(λ
,X

),
N

(X
))
.

F
u

rt
h

er
m

o
re

,
w

e
m

ay
om

it
th

e
su

b
sc

ri
p

t
A

,
w

h
en

it
is

cl
ea

r
fr

o
m

th
e

co
n
te

x
t.

6
.

W
e

sh
a
ll

re
fe

r
to

th
is

a
ss

u
m

p
ti

o
n

a
s
st
a
ti
o
n
a
ri
ty

.
7
.

In
tu

it
iv

el
y,

h
av

in
g

th
is

te
ch

n
ic

a
l

re
q
u
ir

em
en

t
is

so
m

ew
h
a
t

si
m

il
a
r

to
a
ss

u
m

in
g

th
a
t

th
e

co
effi

ci
en

ts
m

a
-

tr
ic

es
co

m
m

u
te

(s
ee

D
ra

zi
n

et
a
l.

1
9
5
1

fo
r

a
p
re

ci
se

st
a
te

m
en

t)
,

a
n
d

a
s

su
ch

d
o
es

n
o
t

se
em

to
re

st
ri

ct
th

e
sc

o
p

e
o
f

th
is

w
o
rk

.
In

d
ee

d
,

it
is

co
m

m
o
n

to
h
av

e
EC

i
(A

)
a
s

p
o
ly

n
o
m

ia
ls

in
A

o
r

a
s

d
ia

g
o
n

a
l

m
a
tr

ic
es

,
in

w
h
ic

h
ca

se
th

e
a
ss

u
m

p
ti

o
n

h
o
ld

s
tr

u
e.

8
.

F
o
r

a
d
et

a
il
ed

co
v
er

o
f

p
o
ly

n
o
m

ia
l

m
a
tr

ic
es

se
e

G
o
h
b

er
g

et
a
l.

(2
0
0
9
).
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O
n

L
o
w

e
r

a
n
d

U
p
p
e
r

B
o
u
n
d
s

in
S
m

o
o
t
h

a
n
d

S
t
r
o
n
g

ly
C

o
n
v
e
x

O
p
t
im

iz
a
t
io

n

L
a
stly,

n
ote

th
a
t

n
ow

h
ere

in
th

e
d

efi
n

itio
n

o
f
p
-S

C
L

Is
d

id
w

e
a
ssu

m
e

th
at

th
e

op
tim

iza-
tio

n
p

ro
cess

co
n
verges

to
th

e
m

in
im

izer
o
f

th
e

fu
n

ction
u

n
d

er
co

n
sid

era
tion

-
a
n

a
ssu

m
p

tion
w

h
ich

w
e

refer
to

a
s

co
n

sisten
cy.

D
e
fi

n
itio

n
3

(C
o
n

siste
n

c
y

o
f
p
-S

C
L

I
o
p

tim
iz

a
tio

n
a
lg

o
rith

m
s)

A
p
-S

C
L

I
o
p
tim

iza
-

tio
n

a
lgo

rith
m
A

is
sa

id
to

be
co

n
sisten

t
w

ith
respect

to
a

given
A
∈
S
d(Σ

)
if

fo
r

a
n

y
b
∈
R
d,

A
co

n
verges

to
th

e
m

in
im

izer
o
f
f
A
,b

(x
),

rega
rd

less
o
f

th
e

in
itia

liza
tio

n
po

in
t.

T
h
a
t

is,
fo

r
(x

k )∞k
=

1
a
s

d
efi

n
ed

in
(1

3
,1

4
)

w
e

h
a
ve

th
a
t

x
k→

−
A
−

1b
,

fo
r

a
n

y
b
∈
R
d.

F
u

rth
erm

o
re,

ifA
is

co
n

sisten
t

w
ith

respect
to

a
ll
A
∈
S
d(Σ

),
th

en
w

e
sa

y
th

a
tA

is
co

n
sisten

t
w

ith
respect

to
Q
d(Σ

).

2
.3

S
p

e
c
ifi

c
a
tio

n
s

fo
r

S
o
m

e
P

o
p

u
la

r
O

p
tim

iz
a
tio

n
A

lg
o
rith

m
s

H
av

in
g

d
efi

n
ed

th
e

fra
m

ew
o
rk

o
f
p
-S

C
L

I
op

tim
iza

tio
n

a
lg

orith
m

s,
a

n
atu

ra
l

q
u

estion
n

ow
arises:

h
ow

b
ro

a
d

is
th

e
sco

p
e

of
th

is
fra

m
ew

o
rk

a
n

d
w

h
a
t

d
o
es

ch
a
ra

cterize
o
p

tim
iza

tio
n

alg
orith

m
s

w
h

ich
it

a
p

p
lies

to?
L

o
o
sely

sp
eak

in
g
,

a
n
y

o
p

tim
iza

tion
a
lg

o
rith

m
w

h
o
se

u
p

d
ate

ru
les

d
ep

en
d

lin
ea

rly
o
n

th
e

fi
rst

an
d

th
e

seco
n

d
ord

er
d

erivatives
o
f

th
e

fu
n

ctio
n

u
n

d
er

co
n

-
sid

era
tio

n
is

elig
ib

le
fo

r
th

is
fram

ew
o
rk

.
In

stea
d

o
f

p
rov

id
in

g
a

p
recise

ch
a
racteriza

tio
n

for
su

ch
a
lg

o
rith

m
s,

w
e

a
p

p
ly

variou
s

p
o
p

u
la

r
o
p

tim
izatio

n
alg

o
rith

m
s

on
a

g
en

era
l

q
u

a
d

ra
tic

fu
n

ctio
n
f
A
,b

(x
)∈
Q
d([µ

,L
])

a
n

d
th

en
ex

p
ress

th
em

as
p
-S

C
L

I
op

tim
iza

tio
n

a
lg

o
rith

m
s.

F
u

ll
G

ra
d

ie
n
t

D
e
sc

e
n
t

(F
G

D
)

is
a

1
-S

C
L

I
o
p

tim
iza

tio
n

alg
o
rith

m
w

ith

x
0∈

R
d,

x
k
+

1
=

x
k−

β∇
f

(x
k)

=
x
k−

β
(A

x
k

+
b

)
=

(I−
β
A

)x
k−

β
b
,

β
=

2

µ
+
L
.

S
ee

N
esterov

(20
0
4)

fo
r

m
ore

d
eta

ils.

N
e
w

to
n

m
e
th

o
d

is
a

0
-S

C
L

I
op

tim
iza

tio
n

a
lg

o
rith

m
w

ith

x
0∈

R
d,

x
k
+

1
=

x
k−

(∇
2f

(x
k)) −

1∇
f

(x
k)

=
x
k−

A
−

1(A
x
k

+
b

)

=
(I−

A
−

1A
)x
k−

A
−

1b
=
−
A
−

1b
.

N
o
te

th
a
t

N
ew

to
n

m
eth

o
d

ca
n

b
e

also
form

u
la

ted
as

a
d

eg
en

era
te
p
-S

C
L

I
fo

r
som

e
p
∈
N

,
w

h
ose

co
effi

cien
ts

m
a
trices

va
n

ish
.

S
ee

N
esterov

(20
0
4
)

fo
r

m
ore

d
eta

ils.

1
1

JM
L

R
 17(126):1-51

A
r
je

v
a
n
i,

S
h
a
l
e
v
-S

h
w

a
r
t
z

a
n
d

S
h
a
m

ir

T
h

e
H

e
a
v
y

B
a
ll

M
e
th

o
d

is
a

2-S
C

L
I

op
tim

iza
tion

alg
orith

m
w

ith

x
k
+

1
=

x
k−

α∇
f

(x
k)

+
β

(x
k−

x
k−

1)

=
x
k−

α
(A

x
k

+
b

)
+
β

(x
k−

x
k−

1)

=
((1

+
β

)I−
α
A

)
x
k−

β
I
x
k−

1−
α

b
,

α
=

4
(√

L
+
√
µ )

2
,

β
=

(
√
L
−
√
µ

√
L

+
√
µ )

2

.

S
ee

P
o
lyak

(1987)
for

m
ore

d
etails.

A
c
c
e
le

ra
te

d
G

ra
d

ie
n
t

D
e
sc

e
n
t

(A
G

D
)

is
a

2-S
C

L
I

op
tim

izatio
n

algo
rith

m
w

ith

x
0

=
y

0∈
R
d,

y
k
+

1
=

x
k−

1L
∇
f

(x
k),

x
k
+

1
=

(1
+
α

)
y
k
+

1−
α

y
k,

α
=

√
L
−
√
µ

√
L

+
√
µ
,

w
h

ich
can

b
e

rew
ritten

as
follow

s:

x
0∈

R
d,

x
k
+

1
=

(1
+
α

) (
x
k−

1L
∇
f

(x
k) )
−
α

(
x
k−

1−
1L
∇
f

(x
k−

1) )

=
(1

+
α

) (
x
k−

1L
(A

x
k

+
b

) )
−
α

(
x
k−

1−
1L

(A
x
k−

1
+

b
) )

=
(1

+
α

) (
I−

1L
A )

x
k−

α

(
I−

1L
A )

x
k−

1−
1L

b
.

N
o
te

th
at

h
ere

w
e

em
p

loy
a

statio
n

ary
varian

t
of

A
G

D
.

S
ee

N
esterov

(2004)
for

m
ore

d
etails.

S
to

ch
a
stic

C
o
o
rd

in
a
te

D
e
sc

e
n
t

(S
C

D
)

is
a

1-S
C

L
I

op
tim

izatio
n

alg
orith

m
.

T
h

is
is

a
g
en

eralizatio
n

of
th

e
ex
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con

d
itio

n
fo

r
th

is
to

h
old

is
th

a
t

th
e

u
n

d
erly

in
g

d
istrib

u
tio

n
is

rea
so

n
a
b

le,
in

th
e

sen
se

th
a
t

it
is

a
b

so
lu

tely
co

n
tin

u
ou

s
w

.r.t.
th

e
L

eb
esg

u
e

m
ea

su
re,

w
h

ich
im

p
lies

th
a
t

P
r[〈z

0−
z ∗,r〉6=

0
]

=
1.

W
e

rem
ark

th
at

th
e

co
n

sta
n
ts

in
th

e
a
sy

m
p

totic
b

eh
av

io
r

ab
ove

m
ay

d
ep

en
d

o
n

th
e

q
u

ad
ra

tic
fu

n
ctio

n
u

n
d
er

co
n

sid
era

tio
n

,
an

d
th

a
t

th
e

lo
g
a
rith

m
ic

term
s

d
ep

en
d

o
n

th
e

d
is-

ta
n

ce
o
f

th
e

in
itializa

tion
p

o
in

ts
fro

m
th

e
m

in
im

izer,
a
s

w
ell

a
s

th
e

liftin
g

fa
cto

r
a
n

d
th

e
sp

ectru
m

of
th

e
H

essian
.

F
o
r

th
e

sa
ke

o
f
cla

rity,
w

e
om

it
th

e
d
ep

en
d

en
cy

o
n

th
ese

q
u

a
n
tities.

T
h

ere
are

tw
o,

ra
th

er
su

b
tle,

issu
es

rega
rd

in
g

th
e

d
efi

n
itio

n
of

itera
tion

co
m

p
lex

ity
w

h
ich

w
e

w
o
u

ld
like

to
ad

d
ress.

F
irst,

o
b

serve
th

a
t

in
m

a
n
y

ca
ses

a
g
iven

p
o
in

t
x̃
∈
R
d

is
sa

id
to

b
e
ε-o

p
tim

al
w

.r.t
so

m
e

real
fu

n
ctio

n
f

:R
d→

R
if

f
(x̃

)
<

m
in

x∈
R
d
f

(x
)

+
ε.

H
ow

ever,
h
ere

w
e

em
p

loy
a

d
iff

eren
t

m
easu

re
fo

r
o
p

tim
a
lity.

F
o
rtu

n
ately,

in
o
u

r
ca

se
eith

er
ca

n
b

e
u

sed
w

ith
ou

t
essen

tia
lly

aff
ectin

g
th

e
itera

tio
n

co
m

p
lex

ity.
T

h
a
t

is,
a
lth

o
u
g
h

in
g
en

era
l

th
e

g
ap

b
etw

een
th

ese
tw

o
d

efi
n

ition
s

ca
n

b
e

m
a
d

e
a
rb

itra
rily

la
rg

e,
fo

r
L

-sm
o
oth

µ
-stron

g
ly

co
n
vex

fu
n

ctio
n

s
w

e
h

ave

µ2
‖x
−

x
∗‖

2≤
f

(x
)−

f
(x
∗)≤

L2
‖
x
−

x
∗‖

2
.

C
o
m

b
in

in
g

th
ese

tw
o

in
eq

u
alities

w
ith

th
e

fa
ct

th
a
t

th
e

itera
tio

n
co

m
p

lex
ity

of
p
-S

C
L

Is
d

ep
en

d
s

log
a
rith

m
ica

lly
o
n

1/
ε

im
p

lies
th

at
in

th
is

very
settin

g
th

ese
tw

o
d

ista
n

ces
a
re

in
terch

an
g
eab

le,
u

p
to

lo
ga

rith
m

ic
facto

rs.
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A
r
je

v
a
n
i,

S
h
a
l
e
v
-S

h
w

a
r
t
z

a
n
d

S
h
a
m

ir

S
eco

n
d

ly,
h

ere
w

e
m

easu
re

th
e

su
b

-op
tim

ality
of

th
e
k
’th

itera
tion

b
y
∥∥E

[x
k−

x
∗] ∥∥

,
w

h
erea

s
in

m
a
n
y

oth
er

sto
ch

astic
settin

gs
it

is
com

m
on

to
d

erive
u

p
p

er
an

d
low

er
b

ou
n

d
s

on
E
[ ∥∥

x
k−

x
∗ ∥∥ ].

T
h

at
b

ein
g

th
e

case,
b
y

E
[∥∥∥

x
k−

x
∗ ∥∥∥

2 ]
=

E
[∥∥∥

x
k−

E
x
k ∥∥∥

2 ]
+
∥∥∥ E
[x

k−
x
∗ ] ∥∥∥

2
,

w
e

see
th

a
t

if
th

e
varian

ce
of

th
e
k
’th

p
oin

t
is

of
th

e
sam

e
ord

er
of

m
agn

itu
d

e
as

th
e

n
o
rm

o
f

th
e

ex
p

ected
d

istan
ce

from
th

e
op

tim
al

p
oin

t,
th

en
b

oth
m

easu
res

are
eq

u
iva

len
t.

C
on

seq
u

en
tly,

o
u

r
u

p
p

er
b

ou
n

d
s

im
p

ly
u

p
p

er
b

ou
n
d

s
on

E
[∥∥

x
k−

x
∗ ∥∥

2 ]
for

d
eterm

in
istic

a
lgo

rith
m

s
(w

h
ere

th
e

varian
ce

term
is

zero),
an

d
ou

r
low

er
b

ou
n

d
s

im
p

ly
low

er
b

ou
n

d
s

o
n
E
[∥∥

x
k−

x
∗ ∥∥

2 ],
for

b
oth

d
eterm

in
istic

an
d

sto
ch

a
stic

algorith
m

s
(sin

ce
th

e
varian

ce
is

n
o
n

-n
eg

ative).
W

e
d

efer
a

m
ore

ad
eq

u
ate

treatm
en

t
for

th
is

m
atter

to
fu

tu
re

w
ork

.

3
.

D
e
riv

in
g

B
o
u
n
d
s

fo
r
p-S

C
L

I
A

lg
o
rith

m
s

T
h

e
goa

l
o
f

th
e

follow
in

g
section

is
to

sh
ow

h
ow

th
e

fram
ew

o
rk

of
p
-S

C
L

I
o
p

tim
iza

tion
a
lgo

rith
m

s
ca

n
b

e
u

sed
to

d
eriv

e
low

er
an

d
u

p
p

er
b

ou
n

d
s.

O
u

r
p
resen

tation
follow

s
from

th
e

sim
p
lest

settin
g

to
th

e
m

ost
gen

eral
on

e.
F

irst,
w

e
p

resen
t

a
u

sefu
l

ch
aracterization

o
f

con
sisten

cy
(see

D
efi

n
ition

3)
of
p
-S

C
L

Is
u

sin
g

th
e

ch
aracteristic

p
o
ly

n
om

ial.
N

ex
t,

w
e

d
em

on
strate

th
e

im
p

ortan
ce

of
con

sisten
cy

th
rou

gh
a

sim
p

lifi
ed

on
e

d
im

en
sio

n
a
l

case.
T

h
is

lin
e

of
argu

m
en

t
is

th
en

gen
eralized

to
an

y
fi

n
ite

d
im

en
sion

a
l

sp
ace

an
d

is
u
sed

to
ex

p
lain

th
e

ro
le

of
th

e
in

version
m

atrix
.

F
in

ally,
w

e
con

clu
d

e
th

is
sectio

n
b
y

p
rov

id
in

g
a

sch
em

atic
d

escrip
tio

n
of

th
is

tech
n

iq
u

e
for

th
e

m
ost

gen
eral

case
w

h
ich

is
u

sed
b

o
th

in
S

ection
(4)

to
esta

b
lish

low
er

b
o
u

n
d

s
on

th
e

con
v
ergen

ce
ra

te
of
p
-S

C
L

Is
w

ith
d

iagon
al

in
v
ersion

m
atrices,

an
d

in
S
ectio

n
(5

)
to

d
eriv

e
effi

cien
t
p
-S

C
L

Is.

3
.1

C
o
n

siste
n

c
y

C
lo

sely
in

sp
ectin

g
variou

s
sp

ecifi
cation

s
for

p
-S

C
L

I
op

tim
ization

a
lgorith

m
s

(see
S

ectio
n

(2
.3))

revea
ls

th
at

th
e

co
effi

cien
t

m
atrices

alw
ay

s
su

m
u

p
to
I

+
E
N

(X
)X

,
w

h
ere

N
(X

)
d

en
otes

th
e

in
version

m
atrix

.
It

tu
rn

s
ou

t
th

at
th

is
is

n
ot

a
m

ere
coin

cid
en

ce,
b

u
t

an
ex

trem
ely

u
sefu

l
ch

aracterization
for

con
sisten

cy
of
p
-S

C
L

Is.
T

o
see

w
h
y

th
is

con
d

ition
m

u
st

h
old

,
su

p
p

oseA
is

a
d

eterm
in

istic
p
-S

C
L

I
algorith

m
overR

d
w

h
ose

co
effi

cien
t

m
atrices

a
n

d
in

versio
n

m
atrix

are
C

0 (X
),...,C

p−
1 (X

)
an

d
N

(X
),

resp
ectiv

ely,
an

d
su

p
p

ose
th

atA
is

con
sisten

t
w

.r.t
som

e
A
∈
S
d(Σ

).
R

ecall
th

at
every

p
+

1
con

secu
tive

p
oin

ts
gen

erated
b
y
A

are
related

b
y

(14)
as

follow
s

x
k

=

p−
1

∑j=
0

C
j (A

)x
k−

p
+
j

+
N

(A
)b
,

k
=
p
,p

+
1
,...

T
ak

in
g

lim
it

of
b

oth
sid

es
of

th
e

eq
u

ation
ab

ove
an

d
n

otin
g

th
at

b
y

con
sisten

cy

x
k→

−
A
−

1b

1
6
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O
n

L
o
w

e
r

a
n
d

U
p
p
e
r

B
o
u
n
d
s

in
S
m

o
o
t
h

a
n
d

S
t
r
o
n
g

ly
C

o
n
v
e
x

O
p
t
im

iz
a
t
io

n

fo
r

an
y

b
∈
R
d
,

y
ie

ld
s

−
A
−

1
b

=
−
p
−

1
∑ j=

0

C
j
(A

)A
−

1
b

+
N

(A
)b
.

T
h
u

s,

−
A
−

1
=
−
p
−

1
∑ j=

0

C
j
(A

)A
−

1
+
N

(A
).

M
u

lt
ip

ly
in

g
b
y
A

an
d

re
ar

ra
n

gi
n

g,
w

e
ob

ta
in

p
−

1
∑ j=

0

C
j
(A

)
=
I d

+
N

(A
)A
.

(1
6)

O
n

th
e

ot
h

er
h

an
d

,
if

in
st

ea
d

of
as

su
m

in
g

co
n

si
st

en
cy

w
e

as
su

m
e

th
at
A

ge
n

er
a
te

s
a

co
n
ve

r-
ge

n
t

se
q
u

en
ce

of
p

oi
n
ts

an
d

th
at

E
q
u

at
io

n
(1

6)
h

ol
d

s,
th

en
th

e
ar

gu
m

en
ts

u
se

d
a
b

ov
e

sh
ow

th
at

th
e

li
m

it
p

oi
n
t

m
u

st
b

e
−
A
−

1
b

.
In

te
rm

s
of

th
e

ch
ar

ac
te

ri
st

ic
p

ol
y
n

om
ia

l
o
f
p
-S

C
L

Is
,

th
is

fo
rm

al
iz

ed
as

fo
ll

ow
s.

T
h

e
o
re

m
5

(C
o
n

si
st

e
n

c
y

v
ia

C
h

a
ra

c
te

ri
st

ic
P

o
ly

n
o
m

ia
ls

)
S

u
p
po

se
A

M =
(L

(λ
,X

)
,N

(X
))

is
a
p
-S

C
L

I
o
p
ti

m
iz

a
ti

o
n

a
lg

o
ri

th
m

.
T

h
en

,
A

is
co

n
si

st
en

t
w

it
h

re
sp

ec
t

to
A
∈

Sd
(Σ

)
if

a
n

d
o
n

ly
if

th
e

fo
ll

o
w

in
g

tw
o

co
n

d
it

io
n

s
h
o
ld

:

1
.
L(

1,
A

)
=
−
EN

(A
)A

(1
7)

2
.
ρ
λ
(L

(λ
,A

))
<

1
(1

8
)

T
h

e
p
ro

of
fo

r
th

e
p
re

ce
d

in
g

th
eo

re
m

is
p

ro
v
id

ed
in

S
ec

ti
on

C
.2

.
T

h
is

re
su

lt
w

il
l

b
e

u
se

d
ex

te
n

si
ve

ly
th

ro
u

gh
ou

t
th

e
re

m
in

d
er

of
th

is
w

or
k
.

3
.2

S
im

p
li

fi
e
d

O
n

e
-D

im
e
n
si

o
n

a
l

C
a
se

T
o

il
lu

st
ra

te
th

e
si

gn
ifi

ca
n

ce
of

co
n

si
st

en
cy

in
th

e
fr

am
ew

or
k

of
p
-S

C
L

Is
,

co
n

si
d

er
th

e
fo

l-
lo

w
in

g
si

m
p

li
fi

ed
ca

se
.

S
u

p
p

os
e
A

is
a

d
et

er
m

in
is

ti
c

2-
S

C
L

I
op

ti
m

iz
at

io
n

a
lg

o
ri

th
m

ov
er

Q
1
([
µ
,L

])
,

su
ch

th
at

it
s

in
ve

rs
io

n
m

at
ri

x
N

(x
)

is
so

m
e

co
n

st
an

t
sc

al
ar
ν
∈

R
an

d
it

s
co

-
effi

ci
en

t
m

at
ri

ce
s
c 0

(x
),
c 1

(x
)

ar
e

fr
ee

to
ta

ke
an

y
fo

rm
.

T
h

e
co

rr
es

p
on

d
in

g
ch

a
ra

ct
er

is
ti

c
p

ol
y
n

om
ia

l
is

L(
λ
,x

)
=
λ

2
−
c 1

(x
)λ
−
c 0

(x
).

N
ow

,
le

t
f a
,b

(x
)
∈
Q

1
([
µ
,L

])
b

e
a

q
u

ad
ra

ti
c

fu
n

ct
io

n
.

B
y

T
h

eo
re

m
4,

w
e

k
n

ow
th

a
t
A

co
n
ve

rg
es

to
th

e
m

in
im

iz
er

of
f a
,b

(x
)

w
it

h
an

as
y
m

p
to

ti
c

ge
om

et
ri

c
ra

te
o
f
ρ
λ
(L

(λ
,a

))
,

th
e

m
ax

im
al

m
o
d

u
lu

s
ro

ot
.

T
h
u

s,
id

ea
ll

y
w

e
w

ou
ld

li
ke

to
se

t
c j

(x
)

=
0
,
j

=
0
,1

.
H

ow
ev

er
,

th
is

m
ig

h
t

v
io

la
te

th
e

co
n

si
st

en
cy

co
n

d
it

io
n

(1
7)

,
ac

co
rd

in
g

to
w

h
ic

h
,

on
e

m
u

st
m

a
in

ta
in

L(
1,
a
)

=
−
ν
a
.
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7(

12
6)

:1
-5

1

A
r
je

v
a
n
i,

S
h
a
l
e
v
-S

h
w

a
r
t
z

a
n
d

S
h
a
m

ir

T
h

at
b

ei
n

g
th

e
ca

se
,

h
ow

li
tt

le
ca

n
ρ
λ

(L
(λ
,a

))
b

e
ov

er
a
ll

p
o
ss

ib
le

ch
o
ic

es
fo

r
c j

(a
)

w
h

ic
h

sa
ti

sf
y
L(

1,
a
)

=
−
ν
a
?

F
o
rm

al
ly

,
w

e
se

ek
to

so
lv

e
th

e
fo

ll
ow

in
g

m
in

im
iz

at
io

n
p

ro
b

le
m

ρ
∗

=
m

in
{ρ

λ
(L

(λ
,a

))
|L

(λ
,a

)
is

a
re

al
m

o
n

ic
q
u

a
d

ra
ti

c
p

o
ly

n
o
m

ia
l

in
λ

an
d
L(

1
)

=
−
ν
a
}.

B
y

co
n

si
st

en
cy

w
e

al
so

h
av

e
th

a
t
ρ
∗

m
u

st
b

e
st

ri
ct

ly
le

ss
th

an
o
n

e.
T

h
is

re
a
d

il
y

im
p

li
es

th
at
−
ν
a
>

0
.

In
w

h
ic

h
ca

se
,

L
em

m
a

6
b

el
ow

g
iv

es

ρ
∗
≥
ρ
( (
λ
−

1
−
√
−
ν
a
) 2
)

=
∣ ∣√
−
ν
a
−

1
∣ ∣ .

(1
9
)

T
h

e
ke

y
o
b

se
rv

a
ti

on
h

er
e

is
th

at
ν

ca
n

n
o
t

b
e

ch
o
se

n
so

a
s

to
b

e
op

ti
m

al
fo

r
a
ll
Q

1
([
µ
,L

])
si

m
u

lt
an

eo
u

sl
y.

In
d

ee
d

,
th

e
p

re
ce

d
in

g
in

eq
u

a
li

ty
h
o
ld

s
in

p
a
rt

ic
u

la
r

fo
r
a

=
µ

a
n

d
a

=
L

,
b
y

w
h
ic

h
w

e
co

n
cl

u
d

e
th

at

ρ
∗
≥

m
ax
{ ∣ ∣
√
−
ν
µ
−

1
∣ ∣ ,
∣ ∣ ∣√
−
ν
L
−

1∣ ∣ ∣}
≥
√
κ
−

1
√
κ

+
1
,

(2
0
)

w
h

er
e
κ

M =
L
/µ

.
P

lu
g
g
in

g
in

In
eq

u
a
li

ty
(2

0
)

in
to

T
h
eo

re
m

4
im

p
li

es
th

at
th

er
e

ex
is

ts
f a
,b

(x
)
∈
Q

1
([
µ
,L

])
su

ch
th

a
t

th
e

it
er

a
ti

o
n

co
m

p
le

x
it

y
of
A

fo
r

m
in

im
iz

in
g

it
is

Ω̃

(
√
κ
−

1

2
ln

(1
/ε

))
.

T
o

co
n
cl

u
d

e,
b
y

a
p

p
ly

in
g

th
is

ra
th

er
n

at
u

ra
l

li
n

e
o
f

ar
gu

m
en

t
w

e
h

av
e

es
ta

b
li

sh
ed

a
lo

w
er

b
ou

n
d

o
n

th
e

co
n
ve

rg
en

ce
ra

te
o
f

a
n
y

2
-S

C
L

I
o
p

ti
m

iz
a
ti

o
n

al
g
o
ri

th
m

s
fo

r
sm

o
o
th

a
n

d
st

ro
n

gl
y

co
n
v
ex

fu
n

ct
io

n
ov

er
R

,
e.

g
.,

A
G

D
a
n

d
H

B
.

3
.3

T
h

e
G

e
n

e
ra

l
C

a
se

a
n

d
th

e
R

o
le

o
f

th
e

In
v
e
rs

io
n

M
a
tr

ix

W
e

n
ow

ge
n

er
a
li

ze
th

e
an

al
y
si

s
sh

ow
n

in
th

e
p

re
v
io

u
s

si
m

p
li

fi
ed

ca
se

to
an

y
d

et
er

m
in

is
ti

c
p
-S

C
L

I
o
p

ti
m

iz
at

io
n

a
lg

o
ri

th
m

ov
er

an
y

fi
n

it
e

d
im

en
si

o
n

a
l

sp
a
ce

.
T

h
is

ge
n

er
a
li

za
ti

on
re

li
es

on
a

u
se

fu
l

d
ec

om
p

o
sa

b
il

it
y

p
ro

p
er

ty
of

th
e

ch
ar

a
ct

er
is

ti
c

p
ol

y
n

om
ia

l,
ac

co
rd

in
g

to
w

h
ic

h
d

er
iv

in
g

a
lo

w
er

b
ou

n
d

o
n

th
e

co
n
ve

rg
en

ce
ra

te
o
f
p
-S

C
L

Is
ov

er
R
d

is
es

se
n
ti

a
ll

y
eq

u
iv

a
le

n
t

fo
r

d
er

iv
in

g
d

lo
w

er
b

ou
n

d
s

o
n

th
e

m
a
x
im

al
m

o
d

u
lu

s
o
f

th
e

ro
o
ts

o
f
d

p
ol

y
n

om
ia

ls
ov

er
R

.

L
et
A

M =
(L

(λ
,X

),
N

(X
))

b
e

a
co

n
si

st
en

t
d
et

er
m

in
is

ti
c
p
-S

C
L

I
o
p

ti
m

iz
a
ti

on
al

g
o
ri

th
m

an
d

le
t
f A

,b
(x

)
∈
Q
d
(Σ

)
b

e
a

q
u

a
d

ra
ti

c
fu

n
ct

io
n

.
B

y
co

n
si

st
en

cy
(s

ee
T

h
eo

re
m

5
)

w
e

h
av

e

L(
1,
A

)
=
−
N
A

(f
or

b
re

v
it

y
w

e
om

it
th

e
fu

n
ct

io
n

a
l

d
ep

en
d
en

cy
o
n
X

).
S

in
ce

co
effi

ci
en

t
m

a
tr

ic
es

a
re

as
-

su
m

ed
to

b
e

si
m

u
lt

an
eo

u
sl

y
tr

ia
n

g
u

la
ri

za
b

le
,

th
er

e
ex

is
ts

a
n

in
ve

rt
ib

le
m

a
tr

ix
Q
∈

R
d
×
d

su
ch

th
at

T
j

M =
Q
−

1
C
j
Q
,

j
=

0,
1
,.
..
,p
−

1

ar
e

u
p

p
er

tr
ia

n
gu

la
r

m
a
tr

ic
es

.
T

h
u

s,
b
y

th
e

d
efi

n
it

io
n

of
th

e
ch

ar
a
ct

er
is

ti
c

p
o
ly

n
om

ia
l

(D
efi

n
it

io
n

2)
w

e
h

av
e

d
et
L(
λ
,X

)
=

d
et
( Q
−

1
L(
λ
,X

)Q
) =

d
et

 
I d
λ
p
−

p
−

1
∑ j=

0

T
j
λ
j

 
=

d ∏ j=
1

` j
(λ

),
(2

1
)

1
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O
n

L
o
w

e
r

a
n
d

U
p
p
e
r

B
o
u
n
d
s

in
S
m

o
o
t
h

a
n
d

S
t
r
o
n
g

ly
C

o
n
v
e
x

O
p
t
im

iz
a
t
io

n

w
h

ere

`
j (λ

)
=
λ
p−

p−
1

∑k
=

0

σ
kj λ

k,
(2

2)

an
d

w
h

ere
σ
j1 ,...,σ

jd ,
j

=
0,...,p−

1
d

en
o
te

th
e

elem
en

ts
o
n

th
e

d
ia

g
o
n

a
l

o
f
T
j ,

o
r

eq
u

iv
-

a
len

tly
th

e
eigen

valu
es

o
f
C
j

o
rd

ered
acco

rd
in

g
to
Q

.
H

en
ce,

th
e

ro
o
t

ra
d

iu
s

o
f

th
e

ch
ara

c-
teristic

p
oly

n
om

ia
l

o
fA

is

ρ
λ (L

(λ
,X

))
=

m
ax{|λ||

`
i (λ

)
=

0
fo

r
som

e
i∈

[d
]}.

(23
)

O
n

th
e

oth
er

h
an

d
,

b
y

co
n

sisten
cy

co
n

d
itio

n
(1

7
)

w
e

g
et

th
a
t

fo
r

a
ll
i∈

[d
],

`
i (1

)
=
σ
i (L

(1
))

=
σ
i (−

N
A

)
.

(24)

It
rem

a
in

s
to

d
erive

a
low

er
b

ou
n

d
o
n

th
e

m
a
x
im

u
m

m
o
d
u

lu
s

o
f

th
e

ro
o
ts

o
f
`
i (λ

),
su

b
ject

to
co

n
strain

t
(24

).
T

o
th

is
en

d
,

w
e

em
p

loy
th

e
fo

llow
in

g
lem

m
a

w
h

ose
p

ro
o
f

ca
n

b
e

fo
u

n
d

in
S

ection
C

.3
.

L
e
m

m
a

6
S

u
p
po

se
q(z

)
is

a
rea

l
m

o
n

ic
po

lyn
o
m

ia
l

o
f

d
egree

p
.

If
q(1

)
<

0
,

th
en

ρ
(q(z

))
>

1
.

O
th

erw
ise,

if
q(1

)≥
0,

th
en

ρ
(q(z

))≥
∣∣∣
p √
q(1)−

1 ∣∣∣ .
In

w
h
ich

ca
se,

equ
a
lity

h
o
ld

s
if

a
n

d
o
n

ly
if

q(z
)

=
(
z−

(1−
p √
q(1

)) )
p
.

W
e

rem
a
rk

th
at

th
e

secon
d

p
a
rt

o
f

L
em

m
a

6
im

p
lies

th
a
t

su
b

ject
to

con
strain

t
(24

),
th

e
low

er
b

ou
n

d
sta

ted
a
b

ove
is

u
n

im
p

rova
b

le.
T

h
is

p
ro

p
erty

is
u

sed
in

S
ectio

n
5

w
h

ere
w

e
a
im

to
ob

ta
in

op
tim

al
p
-S

C
L

Is
b
y

d
esign

in
g
`
j (λ

)
acco

rd
in

g
ly.

C
lea

rly,
in

th
e

p
resen

ce
o
f

a
d

d
ition

al
con

strain
ts,

o
n

e
m

ig
h
t

b
e

a
b

le
to

im
p

rov
e

o
n

th
is

low
er

b
ou

n
d

(see
S

ectio
n

4.2
).

S
in

ceA
is

assu
m

ed
to

b
e

co
n

sisten
t,

L
em

m
a

6
im

p
lies

th
at
σ

(−
N

(A
)A

)⊆
R

+
+

,
a
s

w
ell

a
s

th
e

follow
in

g
low

er
b

o
u

n
d

o
n

th
e

ro
o
t

ra
d

iu
s

o
f

th
e

ch
a
ra

cteristic
p

o
ly

n
om

ia
l,

ρ
λ (L

(λ
,X

))≥
m

a
x

i∈
[d

] ∣∣∣
p √
σ
i (−

N
(A

)A
)−

1 ∣∣∣ .
(2

5
)

N
o
ticin

g
th

a
t

th
e

reaso
n

in
g

a
b

ove
ca

n
b

e
rea

d
ily

a
p

p
lied

to
sto

ch
astic

p
-S

C
L

I
o
p

tim
iza

tion
a
lgo

rith
m

s,
w

e
a
rriv

e
a
t

th
e

follow
in

g
co

rolla
ry

w
h

ich
co

m
b

in
es

T
h

eo
rem

4
an

d
In

eq
u

ality
(2

5
).

C
o
ro

lla
ry

7
L

et
A

be
a

co
n

sisten
t
p
-S

C
L

I
o
p
tim

iza
tio

n
a
lgo

rith
m

w
ith

respect
to

so
m

e
A
∈
S
d(Σ

),
let

N
(X

)
d
en

o
te

th
e

co
rrespo

n
d
in

g
in

versio
n

m
a
trix

a
n

d
let

ρ ∗
=

m
ax

i∈
[d

] ∣∣∣
p √
σ
i (−

E
N

(A
)A

)−
1 ∣∣∣
,

th
en

th
e

itera
tio

n
co

m
p
lexity

o
fA

fo
r

a
n

y
f
A
,b

(x
)∈
Q
d(Σ

)
is

lo
w

er
bo

u
n

d
ed

by

Ω̃

(
ρ ∗

1−
ρ ∗

ln
(1/

ε) )
.

(2
6)
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A
r
je

v
a
n
i,

S
h
a
l
e
v
-S

h
w

a
r
t
z

a
n
d

S
h
a
m

ir

U
sin

g
C

o
rollary

7,
w

e
are

n
ow

ab
le

to
p

rov
id

e
a

con
cise

‘p
lu

g-an
d

-p
lay

’
sch

em
e

for
d

eriv
in

g
low

er
b

o
u

n
d

s
on

th
e

iteration
com

p
lex

ity
of
p
-S

C
L

I
o
p

tim
ization

algorith
m

s.
T

o
m

otivate
th

is
sch

em
e,

n
ote

th
at

th
e

eff
ectiven

ess
of

th
e

low
er

b
ou

n
d

stated
in

C
orollary

7
is

d
irectly

related
to

th
e

m
agn

itu
d

e
of

th
e

eigen
valu

es
o
f−

N
(X

)X
.

T
o

ex
em

p
lify

th
is,

con
sid

er
th

e
in

version
m

atrix
of

N
ew

ton
m

eth
o
d

(see
S

ection
2.3)

N
(X

)
=
−
X
−

1.

S
in

ce
σ

(−
N

(X
)X

)
=
{1},

th
e

low
er

b
ou

n
d

stated
ab

ove
is

m
ean

in
gless

for
th

is
case.

N
everth

eless,
th

e
b

est
com

p
u

ta-
tion

al
cost

for
co

m
p

u
tin

g
th

e
in

verse
of
d×

d
regu

lar
m

a
trices

k
n

ow
n

to
d

ay
is

su
p

er-q
u

ad
ratic

in
d
.

A
s

a
resu

lt,
th

is
m

eth
o
d

m
igh

t
b

ecom
e

im
p

ractical
in

large
scale

scen
arios

w
h

ere
th

e
d

im
en

sio
n

of
th

e
p

rob
lem

sp
ace

is
large

en
ou

gh
.

A
p

ossib
le

solu
tion

is
to

em
p

loy
in

v
ersio

n
m

atrices
w

h
ose

d
ep

en
d

en
ce

on
X

is
sim

p
ler.

O
n

th
e

oth
er

h
an

d
,

if
N

(X
)

ap
p

rox
im

ates
−
X
−

1
very

b
ad

ly,
th

en
th

e
ro

ot
rad

iu
s

of
th

e
ch

aracteristic
p

oly
n

om
ial

m
igh

t
get

to
o

large.
F

o
r

in
stan

ce,
if
N

(X
)

=
0

th
en

σ
(−
N

(X
)X

)
=
{0},

con
trad

ictin
g

th
e

con
sisten

cy
assu

m
p

tion
,
regard

less
of

th
e

ch
oice

of
th

e
co

effi
cien

t
m

atrices.

In
ligh

t
of

th
e

ab
ove,

m
an

y
op

tim
ization

algorith
m

s
can

b
e

seen
as

stra
tegies

fo
r

b
al-

an
cin

g
th

e
com

p
u

tation
al

cost
of

ob
tain

in
g

a
go

o
d

ap
p

rox
im

ation
for

th
e

in
verse

of
X

an
d

ex
ecu

tin
g

large
n
u

m
b

er
of

iteration
s.

P
u

t
d

iff
eren

tly,
variou

s
stru

ctu
ral

restriction
s

on
th

e
in

versio
n

m
atrix

y
ield

d
iff

eren
t
σ

(−
N

(X
)X

),
w

h
ich

in
tu

rn
lead

to
a

low
er

b
ou

n
d

on
th

e
ro

ot
ra

d
iu

s
of

th
e

corresp
on

d
in

g
ch

aracteristic
p

oly
n

om
ial.

T
h

is
gives

rise
to

th
e

follow
in

g
sch

em
e:

S
ch

e
m

e
1

L
ow

er
b

ou
n
d

s

P
a
ra

m
e
te

rs:
•

A
fam

ily
of

q
u

ad
ratic

fu
n

ctio
n

sQ
d(Σ

)
•

A
n

in
v
ersion

m
atrix

N
(X

)
•

A
liftin

g
factor

p
∈
N

,
C

h
o
o
se

S
′⊆
S
d(Σ

)
V

e
rify

∀
A
∈
S
′,
σ

(−
E
N

(A
)A

)⊆
(0,2

p)
to

en
su

re
con

sisten
cy

(T
h

eo
rem

5)

B
o
u

n
d

m
ax

A
∈S
′,i∈

[d
] ∣∣∣

p √
σ
i (−

E
N

(A
)A

)−
1 ∣∣∣

from
b

elow
b
y

som
e
ρ∗ ∈

[0,1)

L
o
w

e
r

b
o
u

n
d

:
Ω̃
(

ρ∗
1−
ρ∗

ln
(1/ε) )

T
h

is
sch

em
e

is
im

p
licitly

u
sed

in
th

e
p

rev
iou

s
S

ection
(3

.2),
w

h
ere

w
e

estab
lish

ed
a

low
er

b
ou

n
d

on
th

e
con

v
ergen

ce
rate

of
2-S

C
L

I
op

tim
ization

algorith
m

s
over

R
w

ith
co

n
stan

t
in

versio
n

m
atrix

an
d

th
e

follow
in

g
p

aram
eters

Σ
=

[µ
,L

],
S
′
=
{µ
,L}

.

In
S

ectio
n

4
w

e
w

ill
m

ake
th

is
sch

em
e

con
crete

for
scalar

an
d

d
ia

gon
a
l

in
version

m
atrices.
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O
n

L
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d

U
p
p
e
r

B
o
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d
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in
S
m

o
o
t
h

a
n
d

S
t
r
o
n
g

ly
C

o
n
v
e
x

O
p
t
im

iz
a
t
io

n

3
.4

B
o
u

n
d

s
S

ch
e
m

e
s

In
sp

it
e

of
th

e
fa

ct
th

at
S

ch
em

e
1

is
ex

p
re

ss
iv

e
en

ou
gh

fo
r

p
ro

d
u

ci
n

g
m

ea
n

in
gf

u
l

lo
w

er
b

ou
n

d
s

u
n

d
er

va
ri

ou
s

st
ru

ct
u

re
s

of
th

e
in

ve
rs

io
n

m
at

ri
x
,

it
d

o
es

n
ot

al
lo

w
o
n

e
to

in
co

rp
o
-

ra
te

ot
h

er
lo

w
er

b
ou

n
d

s
on

th
e

ro
ot

ra
d

iu
s

of
ch

ar
ac

te
ri

st
ic

p
ol

y
n

om
ia

ls
w

h
os

e
co

effi
ci

en
t

m
at

ri
ce

s
ad

m
it

ce
rt

ai
n

fo
rm

s,
e.

g.
,

li
n

ea
r

co
effi

ci
en

t
m

at
ri

ce
s

(s
ee

35
b

el
ow

).
A

b
st

ra
ct

in
g

aw
ay

fr
om

S
ch

em
e

1,
w

e
n

ow
fo

rm
a
li

ze
on

e
of

th
e

m
ai

n
p

il
la

r
of

th
is

w
or

k
,

i.
e.

,
th

e
re

la
ti

o
n

b
et

w
ee

n
th

e
am

ou
n
t

of
co

m
p

u
ta

ti
on

al
co

st
on

e
is

w
il

li
n

g
to

in
ve

st
in

ex
ec

u
ti

n
g

ea
ch

it
er

a-
ti

on
an

d
th

e
to

ta
l

n
u

m
b

er
of

it
er

at
io

n
s

n
ee

d
ed

fo
r

ob
ta

in
in

g
a

gi
ve

n
le

ve
l

o
f

a
cc

u
ra

cy
.

W
e

u
se

th
is

re
la

ti
on

to
fo

rm
tw

o
sc

h
em

es
fo

r
es

ta
b

li
sh

in
g

lo
w

er
an

d
u

p
p

er
b

ou
n

d
s

fo
r
p
-S

C
L

Is
.

G
iv

en
a

co
m

p
at

ib
le

se
t

of
p

ar
am

et
er

s:
a

li
ft

in
g

fa
ct

or
p
,
an

in
ve

rs
io

n
m

a
tr

ix
N

(X
),

se
t

of
q
u

ad
ra

ti
c

fu
n

ct
io

n
s
Q
d
(Σ

)
an

d
a

se
t

of
co

effi
ci

en
ts

m
at

ri
ce

s
C,

w
e

d
en

ot
e

b
y
A

(p
,N

(X
),
Q
d
(Σ

)
,C

)
th

e
se

t
of

co
n

si
st

en
t
p
-S

C
L

I
op

ti
m

iz
at

io
n

al
go

ri
th

m
s

fo
r
Q
d
(Σ

)
w

h
os

e
in

ve
rs

io
n

m
a
tr

ix
ar

e
N

(X
)

an
d

w
h

os
e

co
effi

ci
en

t
m

at
ri

ce
s

ar
e

ta
ke

n
fr

om
C.

F
u

rt
h

er
m

o
re

,
w

e
d

en
ot

e
b
y

L
(p
,N

(X
),
Q
d
(Σ

)
,C

)
th

e
fo

ll
ow

in
g

se
t

of
p

ol
y
n

om
ia

l
m

at
ri

ce
s

  
L(
λ
,X

)
M =
I d
λ
p
−

p
−

1
∑ j=

0

EC
j
(X

)λ
j

∣ ∣ ∣ ∣ ∣ ∣C
j
(X

)
∈
C,
L(

1,
A

)
=
−
N

(A
)A
,
∀A
∈
Sd

(Σ
)  

.

S
in

ce
b

ot
h

se
ts

ar
e

d
et

er
m

in
ed

b
y

th
e

sa
m

e
se

t
o
f

p
ar

am
et

er
s,

th
e

sp
ec

ifi
ca

ti
o
n

s
o
f

w
h

ic
h

w
il

l
b

e
o
cc

as
io

n
al

ly
om

it
te

d
fo

r
b

re
v
it

y.
T

h
e

n
at

u
ra

l
on

e-
to

-o
n
e

co
rr

es
p

o
n

d
en

ce
b

et
w

ee
n

th
es

e
tw

o
se

t,
as

m
an

if
es

te
d

b
y

T
h

eo
re

m
4

an
d

C
or

ol
la

ry
5,

y
ie

ld
s

m
in

A
∈A

m
ax

f
A
,b

(x
)∈
Q
d (

Σ
)
ρ
λ
(L
A

(λ
,A

))
=

m
in

L(
λ
,X

)∈
L

m
ax

A
∈S

d (
Σ

)
ρ
λ
(L

(λ
,A

))
(2

7)

T
h

e
im

p
or

ta
n

ce
of

E
q
u

at
io

n
(2

7)
st

em
s

fr
om

it
s

ab
il

it
y

to
in

co
rp

or
at

e
an

y
b

ou
n

d
o
n

th
e

m
ax

im
al

m
o
d

u
lu

s
ro

ot
of

p
ol

y
n

om
ia

l
m

at
ri

ce
s

in
to

a
ge

n
er

al
sc

h
em

e
fo

r
b

ou
n

d
in

g
th

e
it

er
at

io
n

co
m

p
le

x
it

y
of
p
-S

C
L

Is
.

T
h
is

is
su

m
m

ar
iz

ed
b
y

th
e

fo
ll

ow
in

g
sc

h
em

e.

S
ch

e
m

e
2

L
ow

er
b

ou
n
d

s

G
iv

e
n

a
se

t
of
p
-S

C
L

I
op

ti
m

iz
at

io
n

al
go

ri
th

m
s
A

(p
,N

(X
),
Q
d
(Σ

)
,C

)
F

in
d

ρ
∗
∈

[0
,1

)
su

ch
th

a
t

m
in

L
(λ
,X

)∈
L

m
a
x

A
∈S

d (
Σ

)
ρ
λ

(L
(λ
,A

))
≥
ρ
∗

L
o
w

e
r

b
o
u

n
d

:
Ω̃
(

ρ
∗

1
−
ρ
∗

ln
(1
/ε

))

T
h
u

s,
S

ch
em

e
1

is
in

eff
ec

t
an

in
st

an
ti

at
io

n
of

th
e

sc
h

em
e

sh
ow

n
ab

ov
e

u
si

n
g

L
em

m
a

6
.

T
h

is
co

rr
es

p
on

d
en

ce
of
p
-S

C
L

I
op

ti
m

iz
at

io
n

al
go

ri
th

m
s

an
d

p
ol

y
n

om
ia

l
m

a
tr

ic
es

ca
n

b
e

al
so

u
se

d
co

n
tr

ar
iw

is
e

to
d

er
iv

e
effi

ci
en

t
al

go
ri

th
m

op
ti

m
iz

at
io

n
.

In
d

ee
d

,
in

S
ec

ti
o
n

2
.3

w
e

sh
ow

h
ow

F
G

D
,

H
B

an
d

A
G

D
ca

n
b

e
fo

rm
ed

as
op

ti
m

al
in

st
an

ti
at

io
n

s
of

th
e

fo
ll

ow
in

g
d

u
a
l

sc
h

em
e.
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h
a
m

ir

S
ch

e
m

e
3

O
p

ti
m

al
p
-S

C
L

I
O

p
ti

m
iz

a
ti

on
A

lg
or

it
h

m
s

G
iv

e
n

a
se

t
of

p
o
ly

n
o
m

ia
l

m
a
tr

ic
es

L
(p
,N

(X
),
Q
d
(Σ

)
,C

)
C

o
m

p
u

te
ρ
∗

=
m

in
L

(λ
,X

)∈
L

m
ax

A
∈S

d (
Σ

)
ρ
λ

(L
(λ
,A

))

a
n

d
d

en
o
te

it
s

m
in

im
iz

er
b
y
L∗

(λ
,A

)

U
p

p
e
r

b
o
u

n
d

:
T

h
e

co
rr

es
p

on
d

in
g
p
-S

C
L

I
a
lg

o
ri

th
m

fo
r
L∗

(λ
,A

)

C
o
n
v
e
rg

e
n

c
e

ra
te

:
O
(

1
1
−
ρ
∗

ln
(1
/
ε)
)

4
.

L
o
w

e
r

B
o
u
n
d
s

In
th

e
se

q
u
el

w
e

d
er

iv
e

lo
w

er
b

o
u

n
d

s
o
n

th
e

co
n
ve

rg
en

ce
ra

te
of
p
-S

C
L

I
o
p

ti
m

iz
at

io
n

a
lg

o-
ri

th
m

s
w

h
os

e
in

ve
rs

io
n

m
a
tr

ic
es

a
re

sc
al

a
r

o
r

d
ia

g
o
n

a
l,

a
n

d
d

is
cu

ss
th

e
a
ss

u
m

p
ti

o
n

s
u
n

d
er

w
h

ic
h

th
es

e
lo

w
er

b
o
u

n
d

s
m

ee
t

m
a
tc

h
in

g
u

p
p

er
b

o
u

n
d

s.
It

is
li

k
el

y
th

a
t

th
is

ap
p

ro
a
ch

ca
n

b
e

a
ls

o
eff

ec
ti

ve
ly

ap
p

li
ed

fo
r

b
lo

ck
-d

ia
g
o
n

a
l

in
ve

rs
io

n
,

as
w

el
l

as
fo

r
a

m
u

ch
w

id
er

se
t

of
in

ve
rs

io
n

m
at

ri
ce

s
w

h
o
se

en
tr

ie
s

d
ep

en
d

on
a

re
la

ti
ve

ly
sm

a
ll

se
t

o
f

en
tr

ie
s

o
f

th
e

m
a
tr

ix
to

b
e

in
ve

rt
ed

.

4
.1

S
c
a
la

r
a
n

d
D

ia
g
o
n

a
l

In
v
e
rs

io
n

M
a
tr

ic
e
s

W
e

d
er

iv
e

a
lo

w
er

b
ou

n
d

o
n

th
e

co
n
ve

rg
en

ce
ra

te
o
f
p
-S

C
L

I
op

ti
m

iz
at

io
n

a
lg

or
it

h
m

s
fo

r
L

-s
m

o
ot

h
µ

-s
tr

on
g
ly

co
n
ve

x
fu

n
ct

io
n

s
ov

er
R
d

w
it

h
a

sc
a
la

r
in

ve
rs

io
n

m
a
tr

ix
N

(X
)

b
y

em
-

p
lo

y
in

g
S

ch
em

e
1

(s
ee

S
ec

ti
o
n

3
.3

).
N

o
te

th
a
t

si
n

ce
th

e
on

e-
d

im
en

si
on

al
ca

se
w

a
s

a
lr

ea
d

y
p

ro
ve

n
in

S
ec

ti
o
n

3
.2

,
w

e
m

ay
a
ss

u
m

e
th

a
t
d
≥

2
.

F
ir

st
,
w

e
n

ee
d

to
p

ic
k

a
‘h

ar
d

’
m

at
ri

x
in
Sd

([
µ
,L

])
.

It
tu

rn
s

ou
t

th
a
t

a
n
y

p
os

it
iv

e-
d

efi
n

it
e

m
a
tr

ix
A
∈
Sd

([
µ
,L

])
fo

r
w

h
ic

h

{µ
,L
}
⊆
σ

(A
)
,

(2
8)

w
il

l
m

ee
t

th
is

cr
it

er
io

n
.

F
o
r

th
e

sa
ke

o
f

co
n

cr
et

en
es

s,
le

t
u

s
d

efi
n

e

A
M =

D
ia

g
(L
,µ
,.
..
,µ

︸
︷︷

︸
d
−

1
ti

m
es

).

In
w

h
ic

h
ca

se
,

−
ν
{µ
,L
}

=
σ

(−
EN

(A
)A

)
,

w
h

er
e
ν
I

=
E[
N

(A
)]

.
T

h
u

s,
to

m
a
in

ta
in

co
n

si
st

en
cy

,
it

m
u

st
h

o
ld

th
a
t9

ν
∈
(
−

2
p

L
,0

)
.

(2
9)

9
.

O
n

a
si

d
e

n
o
te

,
th

is
re

a
so

n
in

g
a
ls

o
im

p
li
es

th
a
t

if
th

e
sp

ec
tr

u
m

o
f

a
g
iv

en
m

a
tr

ix
A

co
n
ta

in
s

b
o
th

p
o
si

ti
v
e

a
n
d

n
eg

a
ti

v
e

ei
g
en

va
lu

es
th

en
A
−
1
b

ca
n
n
o
t

b
e

co
m

p
u
te

d
u
si

n
g
p
-S

C
L

Is
w

it
h
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a
la

r
in

v
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o
n

m
a
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O
n

L
o
w

e
r

a
n
d

U
p
p
e
r

B
o
u
n
d
s

in
S
m

o
o
t
h

a
n
d

S
t
r
o
n
g

ly
C

o
n
v
e
x

O
p
t
im

iz
a
t
io

n

N
ex

t,
to

b
ou

n
d

from
b

elow

ρ∗
M=

m
ax

i∈
[d

] ∣∣∣
p √
σ
i (−

ν
A

)−
1 ∣∣∣

=
m

a
x {|

p √−
ν
µ
−

1|,|
p √−

ν
L
−

1| }
,

w
e

sp
lit

th
e

fea
sib

le
ran

g
e

of
ν

(2
9)

in
to

th
ree

d
iff

eren
t

su
b

-ra
n

g
es

a
s

follow
s:

p √−
ν
µ
−

1
<

0
p √−

ν
µ
−

1
≥

0

C
a
se

1
N

/
A

p √−
ν
L
−

1
≤

0
R

a
n

g
e:

[−
1/L

,0
)

M
in

im
izer:

ν ∗
=
−

1/
L

L
ow

er
b

o
u

n
d

s:
1−

p √
µL

C
a
se

2
C

a
se

3
(req

u
ires:

p
≥

lo
g

2
κ

)
p √−

ν
L
−

1
>

0
R

a
n

g
e:

(−
1/
µ
,−

1
/L

)
R

a
n

g
e:

(−
2
p/L

,−
1/
µ

]

M
in

im
izer:−

(
2

p √
L

+
p √
µ )

p
M

in
im

izer:−
1
/
µ

L
ow

er
b

o
u

n
d

:
p √
L
/
µ−

1
p √
L
/
µ

+
1

L
ow

er
B

o
u

n
d

:
p √
Lµ
−

1

T
a
b

le
1
:

L
ow

er
b

o
u

n
d

fo
r
ρ∗

b
y

su
b
ran

g
es

o
f
ν

T
h

erefore,

ρ∗ ≥
m

in {
1−

p √
µL
,
p √
L
/
µ
−

1
p √
L
/
µ

+
1
,
p √
Lµ
−

1 }
=

p √
κ
−

1
p √
κ

+
1
,

(3
0)

w
h

ere
κ

M=
L
/
µ

,
u

p
p

er
b

ou
n

d
s

th
e

co
n

d
ition

n
u

m
b

er
o
f

fu
n

ctio
n

s
in
Q
d([µ

,L
]).

T
h
u

s,
b
y

S
ch

em
e

1
,

w
e

g
et

th
e

fo
llow

in
g

low
er

b
o
u

n
d

on
th

e
w

o
rse-ca

se
iteratio

n
co

m
p

lex
ity,

Ω̃

(
p √
κ
−

1

2
ln

(1/
ε) )

.
(3

1)

A
s

fo
r

th
e

d
ia

g
on

al
ca

se,
it

tu
rn

s
o
u

t
th

at
fo

r
a
n
y

q
u

ad
ra

tic
f
A
,b (x

)∈
Q
d([µ

,L
])

w
h

ich
h

a
s

(
L

+
µ

2
L−

µ
2

L−
µ

2
L

+
µ

2

)
(3

2)

as
a

p
rin

cip
a
l

su
b

-m
atrix

of
A

,
th

e
b

est
p
-S

C
L

I
o
p

tim
iza

tio
n

a
lgo

rith
m

w
ith

a
d

ia
g
o
n

a
l

in
versio

n
m

a
trix

d
o
es

n
o
t

im
p

rov
e

o
n

th
e

o
p

tim
a
l

asy
m

p
to

tic
co

n
verg

en
ce

rate
ach

iev
ed

b
y

sca
la

r
in

version
m

a
trices

(see
S

ectio
n

C
.4

).
O

vera
ll,

w
e

o
b

ta
in

th
e

fo
llow

in
g

th
eo

rem
.

T
h

e
o
re

m
8

L
etA

be
a

co
n

sisten
t
p
-S

C
L

I
o
p
tim

iza
tio

n
a
lgo

rith
m

fo
r
L

-sm
oo

th
µ

-stro
n

gly
co

n
vex

fu
n

ctio
n

s
o
ver

R
d.

If
th

e
in

versio
n

m
a
trix

o
f
A

is
d
ia

go
n

a
l,

th
en

th
ere

exists
a

qu
a
d
ra

tic
fu

n
ctio

n
f
A
,b

(x
)∈
Q
d([µ

,L
])

su
ch

th
a
t

ICA
(ε,f

A
,b

(x
))

=
Ω̃

(
p √
κ
−

1

2
ln

(1/
ε) )

,
(3

3)

w
h
ere

κ
=
L
/µ

.
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r
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n
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S
h
a
l
e
v
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h
w

a
r
t
z

a
n
d

S
h
a
m

ir

4
.2

Is
T

h
is

L
o
w

e
r

B
o
u

n
d

T
ig

h
t?

A
n

atu
ral

q
u
estio

n
n

ow
arises:

is
th

e
low

er
b

o
u

n
d

stated
in

T
h

eorem
8

tigh
t?

In
sh

ort,
it

tu
rn

s
o
u

t
th

at
for

p
=

1
an

d
p

=
2

th
e

an
sw

er
is

p
ositiv

e.
F

or
p
>

2,
th

e
an

sw
er

h
eav

ily
d

ep
en

d
s

on
w

h
eth

er
a

su
itab

le
sp

ectral
d

ecom
p

osition
is

w
ith

in
reach

.
O

b
v
iou

sly,
com

p
u

tin
g

th
e

sp
ectral

d
ecom

p
osition

for
a

given
p

ositiv
e

d
efi

n
ite

m
atrix

A
is

at
least

as
h

ard
as

fi
n

d
in

g
th

e
m

in
im

izer
of

a
q
u

ad
ratic

fu
n

ction
w

h
ose

H
essian

is
A

.
T

o
avoid

th
is,

w
e

w
ill

later
restrict

ou
r

atten
tion

to
lin

ear
co

effi
cien

ts
m

atrices
w

h
ich

allow
effi

cien
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b
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b
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p
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m
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√
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Õ
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to √
κ

,
th

is
resu

lt
m

ay
seem

su
rp

risin
g

at
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at
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=
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=
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p
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a
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b
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C
L
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o
p
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m

iz
at
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n

a
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o
ri
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w
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a
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a
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r
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io

n
m
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ν
I d
,
ν
∈
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2
p
/
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a
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d
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n
ea

r
co

effi
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en
t

m
a
tr

ic
es

C
j
(X

)
=
a
j
X

+
b j
I d
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=
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.,
p
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,
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w
h

er
e
a

0
,.
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p
−

1
∈
R

a
n

d
b 0
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−
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∈
R

d
en
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e

re
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at

b
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r
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y
f A

,b
(x

)
∈
Q
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u
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=
ν
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d
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n
it
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C
L
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n
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e

h
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e
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=
C
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−
p
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C

1
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−
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−
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+
··
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C
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−
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−

1
+
ν
b
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b
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n

g
C
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=
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0
A

+
b 0
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k
−
p

+
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1
A

+
b 1

)x
k
−
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−

1
)

+
··
·+
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p
−

1
A

+
b p
−

1
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k
−

1
+
ν
b
.
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n
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e

ge
t
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0
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−
p

+
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+
a

1
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−
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−

1
)

+
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)
+
··
·+
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p
−

1
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−
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+

b
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−
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−
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−
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··
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−

1
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−

1
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p
t
im

iz
a
t
io

n

F
in

ally,
b
y

su
b

stitu
tin

g
A

x
+

b
fo

r
its

a
n

a
log
∇
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a
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b
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itia
lized

clo
se

en
ou

g
h

to
th

e
m

in
im

izer,
on

e
sh

ou
ld

ex
p

ect
a

lin
ea

r
co

n
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en
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f
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ra

te.
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l
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en
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y

th
e
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b

elow
w
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ich

ea
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llow

s
fro

m
T

h
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1
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S
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n
2.1

,
P

o
ly

a
k

(1
98

7
)

for

g
(x
k−

p,x
k−

(p−
1
),...,x

k−
1)

=

p−
1

∑j=
0

b
j x
k−

(p−
j)

+

p−
1

∑j=
0

a
j ∇
f

(x
k−

(p−
j)).

T
h

e
o
re

m
9

S
u

p
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se
f
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R
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→

R
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n
L

-sm
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µ
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n

gly
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n
vex

fu
n
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n

a
n

d
let
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∗

d
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o
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m

in
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T
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en

,
fo

r
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ε
>

0
,

th
ere
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δ
>

0
a
n

d
C
>

0
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ch
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a
t

if
∥∥
x
j−

x
∗ ∥∥
≤
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j
=
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1,
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en

∥∥∥
x
k−

x
0 ∥∥∥
≤
C
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+
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k
=
p
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1
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h
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ρ ∗
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p
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Σ
ρ 

λ
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j η
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j )λ
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con
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w
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e
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n
3
.4
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a
t,

w
h

en
n

o
co
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e
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n
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l
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w
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p
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≥

0
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n
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u
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y
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e
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g
p
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n
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l

q ∗r (z
)
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(1−
p √
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p
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h
u
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y
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con
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∈
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b
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∈
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2
p/L
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∈
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b
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=
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p √
η
))
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pk )
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p √−

ν
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1 )
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k
λ
k
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e
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b
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w
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(47)
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C
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U
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(
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p √−
ν

Λ
1
1 −

1 )
p−
k

−
(
pk )(

p √−
ν

Λ
2
2 −

1 )
p−
k

...

−
(
pk )(

p √−
ν

Λ
d
d −

1 )
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k


U
>
.

B
y
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g
T
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b
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co
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cien
t

m
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form
a
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t
p
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C
L

I
o
p
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m

w
h
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p
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n
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s
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m
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j=
1
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−
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1 ∣∣
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C
h

o
o
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g
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=
−
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2
p √
L
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p √
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p
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g
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T

a
b
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p
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u
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p
-S
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L
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su
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d
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s
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b
e

u
sed
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d
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p
-S

C
L

Is,
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w
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A
s

a
sid

e
n
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e
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p
u
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g
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∈
R
p
d
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w
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e
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p

w
ith

resp
ect

to
th

e
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m
b
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y
ield

s
a
p
-S

C
L

I
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w
h
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iteration
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p
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Θ
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(κ

)
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ε)).

C
learly,

th
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th
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w

ou
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u
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a
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d
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w
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p
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com
p

u
tin

g
th
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A
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).
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≥
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d
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∈
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√
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b
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b
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.
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=
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∈
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√
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√
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e
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b
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ra
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at
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p
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−
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+
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at
io

n
al

go
ri

th
m
A

3
is

x
k

=
C

2
(X

)x
k
−
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−
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−
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0
,

b
ei

n
g

a
d

iff
er

en
ce

of
tw

o
co

n
v
er

ge
n
t

se
q
u

en
ce

s,
co

n
ve

rg
es

fo
r

al
l
z

0
,

w
h

ic
h

im
p

li
es
ρ
(E

[M
])
<

1
.

T
h

is
p

ro
ve

s
th

e
fo

ll
ow

in
g

th
eo

re
m

.

T
h

e
o
re

m
1
2

W
it

h
th

e
n

o
ta

ti
o
n

a
bo

ve
,
( E

z
k
) ∞ k

=
0

co
n

ve
rg

es
fo

r
a
n

y
z

0
∈
R
d

if
a
n

d
o
n

ly
if

ρ
(E

[M
])
<

1
.

In
w

h
ic

h
ca

se
,

fo
r

a
n

y
in

it
ia

li
za

ti
o
n

po
in

t
z

0
∈
R
d
,

th
e

li
m

it
is

z
∗

M =
(I
−
EM

)−
1
E[
U
N

b
].

(6
0
)
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A
r
je

v
a
n
i,

S
h
a
l
e
v
-S

h
w

a
r
t
z

a
n
d

S
h
a
m

ir

W
e

n
ow

ad
d

re
ss

th
e

m
or

e
d

el
ic

a
te

q
u

es
ti

o
n

as
to

h
ow

fa
st

d
o
p
-S

C
L

Is
co

n
v
er

g
e.

T
o

th
is

en
d

,
n

ot
e

th
at

b
y

E
q
u

a
ti

on
(5

9
)

a
n

d
T

h
eo

re
m

1
2

w
e

h
av

e

E
[ z
k
−

z
∗]

=
E[
M

]k
z

0
+

(
k
−

1
∑ l=

0

E[
M

]i

)
E[
U
N

b
]
−

(I
−
EM

)−
1
E[
U
N

b
]

=
E[
M

]k
z

0
+

(I
−
EM

)−
1

(
(I
−
EM

)
k
−

1
∑ l=

0

E[
M

]i
−
I

)
E[
U
N

b
]

=
E[
M

]k
z

0
−

(I
−
EM

)−
1

(E
M

)k
E[
U
N

b
]

=
E[
M

]k
(z

0
−

z
∗ )
.

(6
1)

H
en

ce
,

to
ob

ta
in

a
fu

ll
ch

ar
ac

te
ri

za
ti

o
n

of
th

e
co

n
v
er

ge
n

ce
ra

te
of
∥ ∥ E
[ z
k
−

z
∗]
∥ ∥

in
te

rm
s

of
ρ
(E
M

),
al

l
w

e
n

ee
d

is
to

si
m

p
ly

a
p

p
ly

L
em

m
a

1
0

w
it

h
EM

.

C
.1

.3
P

r
o
o
f

W
e

a
re

n
ow

in
p

os
it

io
n

to
p

ro
ve

T
h

eo
re

m
4
.

L
et
A

M =
(L

(λ
,X

),
N

(X
))

b
e

a
p
-S

C
L

I
al

go
ri

th
m

ov
er

R
d
,

le
t
M

(X
)

d
en

ot
e

it
s

it
er

a
ti

on
m

a
tr

ix
a
n

d
le

t
f A

,b
(x

)
b

e
so

m
e

q
u

a
d

ra
ti

c
fu

n
ct

io
n

.
A

cc
or

d
in

g
to

th
e

p
re

v
io

u
s

d
is

cu
ss

io
n

,
th

er
e

ex
is

t
m
∈
N

a
n

d
C

(A
),
c(
A

)
>

0
su

ch
th

at
th

e
fo

ll
ow

in
g

h
ol

d
:

1
.

F
o
r

a
n
y

in
it

ia
li

za
ti

o
n

p
o
in

t
z

0
∈
R
p
d
,

w
e

h
av

e
th

a
t

(E
z
k
)∞ k

=
1

co
n
ve

rg
es

to

z
∗

M =
(I
−
EM

(A
))
−

1
E

[U
N

(A
)b

].
(6

2)

2.
F

or
an

y
in

it
ia

li
za

ti
on

p
o
in

t
z

0
∈
R
p
d

a
n

d
fo

r
a
n
y
h
∈
N

,
∥ ∥ ∥E
[ z
k
−

z
∗]
∥ ∥ ∥
≤
C
A
k
m
−

1
ρ
(M

(A
))
k
∥ ∥ z

0
−

z
∗∥ ∥
.

(6
3)

3
.

T
h

er
e

ex
is

ts
r
∈

R
p
d

su
ch

th
a
t

fo
r

a
n
y

in
it

ia
li

za
ti

o
n

p
o
in

t
z

0
∈

R
p
d

w
h

ic
h

sa
ti

sfi
es

〈 z
0
−

z
∗ ,

r〉
6=

0
a
n

d
su

ffi
ci

en
tl

y
la

rg
e
k
∈
N

,
∥ ∥ ∥E
[ z
k
−

z
∗]
∥ ∥ ∥
≥
c A
k
m
−

1
ρ
(M

(A
))
k
∥ ∥ z

0
−

z
∗∥ ∥
.

(6
4)

S
in

ce
it

er
at

io
n

co
m

p
le

x
it

y
is

d
efi

n
ed

ov
er

th
e

p
ro

b
le

m
sp

a
ce

,
w

e
n

ee
d

to
d
er

iv
e

th
e

sa
m

e
in

eq
u

al
it

ie
s

in
te

rm
s

of
x
k

=
U
>

z
k
.

N
ot

e
th

at
b
y

li
n

ea
ri

ty
w

e
h

av
e

x
∗

=
U
>

z
∗ .

F
o
r

b
o
u

n
d

in
g

(x
k
)∞ k

=
1

fr
om

a
b

ov
e

w
e

u
se

(6
3)

,
∥ ∥ ∥E
[ x

k
−

x
∗]
∥ ∥ ∥

=
∥ ∥ ∥E
[ U
>

z
k
−
U
>

z
∗]
∥ ∥ ∥

≤
∥ ∥ ∥U
>
∥ ∥ ∥∥ ∥ ∥E

[ z
k
−

z
∗]
∥ ∥ ∥

≤
∥ ∥ ∥U
>
∥ ∥ ∥C

A
k
m
−

1
ρ
(M

)k
∥ ∥ z

0
−

z
∗∥ ∥

=
∥ ∥ ∥U
>
∥ ∥ ∥C

A
k
m
−

1
ρ
(M

)k
∥ ∥ U

x
0
−
U

x
∗∥ ∥

≤
∥ ∥ ∥U
>
∥ ∥ ∥‖
U
‖C

A
k
m
−

1
ρ
(M

)k
∥ ∥ x

0
−

x
∗∥ ∥
.

(6
5
)
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n

L
o
w

e
r
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d

U
p
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e
r

B
o
u
n
d
s

in
S
m

o
o
t
h

a
n
d

S
t
r
o
n
g

ly
C

o
n
v
e
x

O
p
t
im

iz
a
t
io

n

T
h
u

s,
th

e
sam

e
ra

te
a
s

in
(6

3),
w

ith
a

d
iff

eren
t

co
n

sta
n
t,

h
o
ld

s
in

th
e

p
ro

b
lem

sp
a
ce.

A
lth

ou
g
h

th
e

corresp
on

d
in

g
low

er
b

ou
n

d
ta

kes
a

slig
h
tly

d
iff

eren
t

fo
rm

,
it

p
ro

o
f

is
d

o
n

e
sim

ilarly.
P

ick
x

0,x
1,...,x

p−
1

su
ch

th
at

th
e

corresp
o
n

d
in

g
z

0
is

sa
tisfi

ed
th

e
con

d
itio

n
in

(6
4
).

F
or

su
ffi

cien
tly

large
k
∈
N

,
it

h
o
ld

s
th

a
t

m
ax

k
=

0
,...,p−

1 ∥∥∥ E
x
k
+
j−

E
x
∗ ∥∥∥
≥

1√p √√√√
p−

1
∑j=

0 ‖E
x
k
+
j−

E
x
∗‖

2

=
1√p
∥∥∥ E
[z
k ]−

z ∗ ∥∥∥

≥
c
A
√
p
k
m
−

1ρ
(M

)
k ∥∥

z
0−

z ∗ ∥∥

=
c
A
√
p
k
m
−

1ρ
(M

)
k √√√√

p−
1

∑j=
0 ‖x

j−
x
∗‖

2.
(6

6)

W
e

a
rrived

a
t

th
e

follow
in

g
co

ro
lla

ry
w

h
ich

sta
tes

th
a
t

th
e

a
sy

m
p

totic
co

n
v
ergen

ce
ra

te
o
f

a
n
y
p
-S

C
L

I
op

tim
iza

tion
alg

orith
m

is
g
overn

ed
b
y

th
e

sp
ectra

l
ra

d
iu

s
of

its
itera

tio
n

m
a
trix

.

T
h

e
o
re

m
1
3

S
u

p
po

se
A

is
a
p
-S

C
L

I
o
p
tim

iza
tio

n
a
lgo

rith
m

o
ver
Q
d(Σ

)
a
n

d
let

M
(X

)
d
en

o
tes

its
itera

tio
n

m
a
trix.

T
h
en

,
th

ere
exists

m
∈
N

su
ch

th
a
t

fo
r

a
n

y
qu

a
d
ra

tic
fu

n
ctio

n
f
A
,b

(x
)∈
Q
d(Σ

)
it

h
o
ld

s
th

a
t

∥∥∥ E
[x

k−
x
∗ ] ∥∥∥

=
O
(
k
m
−

1ρ
(M

(X
))
k ∥∥

x
0−

x
∗ ∥∥ )

,

w
h
ere

x
∗

d
en

o
tes

th
e

m
in

im
izer

o
f
f
A
,b (x

).
F

u
rth

erm
o
re,

th
ere

exists
a
n

in
itia

liza
tio

n
po

in
t

x
0∈

R
d,

su
ch

th
a
tm

ax
k
=

0
,...,p−

1 ∥∥∥ E
x
k
+
j−

E
x
∗ ∥∥∥

=
Ω

(
k
m
−

1

√
p
ρ
(M

(X
))
k ∥∥

x
0−

x
∗ ∥∥ )

.

F
in

a
lly,

in
th

e
n

ex
t

sectio
n

w
e

p
rove

th
a
t

th
e

sp
ectra

l
ra

d
iu

s
o
f

th
e

itera
tion

m
a
trix

eq
u

a
ls

th
e

ro
ot

ra
d

iu
s

o
f

th
e

d
eterm

in
a
n
t

o
f

th
e

ch
ara

cteristic
o
f

p
o
ly

n
o
m

ia
l

b
y

sh
ow

in
g

th
a
t

d
et(λ

I−
M

(X
))

=
d

et(L
(λ
,X

)).

C
o
m

b
in

in
g

th
is

w
ith

th
e

corollary
a
b

ove
a
n

d
b
y

a
p

p
ly

in
g

In
eq

u
a
lity

(12
)

a
n

d
th

e
like,

co
n

clu
d

es
th

e
p

ro
of

fo
r

T
h

eo
rem

4.

C
.1

.4
T

h
e

C
h
a
r
a
c
t
e
r
ist

ic
P

o
ly

n
o
m

ia
l

o
f

t
h
e

It
e
r
a
t
io

n
M

a
t
r
ix

T
h

e
fo

llow
in

g
lem

m
a

p
rov

id
es

a
n

ex
p

licit
ex

p
ressio

n
for

th
e

ch
a
ra

cteristic
p

o
ly

n
o
m

ial
o
f
iter-

a
tion

m
a
trices.

T
h

e
p

ro
of

is
carried

o
u

t
b
y

a
p

p
ly

in
g

elem
en

ta
ry

d
eterm

in
a
n
t

m
an

ip
u

la
tion

ru
les.
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S
h
a
l
e
v
-S

h
w

a
r
t
z

a
n
d

S
h
a
m

ir

L
e
m

m
a

1
4

L
et
M

(X
)

be
th

e
m

a
trix

d
efi

n
ed

in
(5

7
)

a
n

d
let

A
be

a
given

d
×
d

squ
a
re

m
a
trix.

T
h
en

,
th

e
ch

a
ra

cteristic
po

lyn
o
m

ia
l

o
f
E
M

(A
)

ca
n

be
exp

ressed
a
s

th
e

fo
llo

w
in

g
m

a
trix

po
lyn

o
m

ia
l

χ
E
M

(A
) (λ

)
=

(−
1)
p
d

d
et (

λ
pI
d −

p−
1

∑k
=

0

λ
kE
C
k (A

) )
.

(67)

P
ro

o
f

A
s

u
su

al,
for

th
e

sake
of

read
ab

ility
w

e
om

it
th

e
fu

n
ction

al
d

ep
en

d
en

cy
on

A
,

as
w

ell
as

th
e

ex
p

ectation
op

erator
sy

m
b

ol.
F

or
λ
6=

0
w

e
get,

χ
M

(λ
)

=
d

et(M
−
λ
I
p
d )

=
d

et 

−
λ
I
d

I
d

−
λ
I
d

I
d

...
...

−
λ
I
d

I
d

C
0

...
C
p−

2
C
p−

1 −
λ
I
d



=
d

et 

−
λ
I
d

I
d

−
λ
I
d

I
d

...
...

−
λ
I
d

I
d

0
d

C
1

+
λ
−

1C
0

...
C
p−

2
C
p−

1 −
λ
I
d



=
d

et 

−
λ
I
d

I
d

−
λ
I
d

I
d

...
...

−
λ
I
d

I
d

0
d

0
d

C
2

+
λ
−

1C
1

+
λ
−

2C
0
...

C
p−

2
C
p−

1 −
λ
I
d



=
d

et 

−
λ
I
d

I
d

−
λ
I
d

I
d

...
...

−
λ
I
d

I
d

0
d

...
0
d

∑
pk
=

1
λ
k−

pC
k−

1 −
λ
I
d



=
d

et(−
λ
I
d )
p−

1
d

et (
p
∑k

=
1

λ
k−

pC
k−

1 −
λ
I
d )
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p
e
r

B
o
u
n
d
s

in
S
m

o
o
t
h

a
n
d

S
t
r
o
n
g

ly
C

o
n
v
e
x

O
p
t
im

iz
a
t
io

n

=
(−

1)
(p
−

1
)d

d
et

(
p ∑ k
=

1

λ
k
−

1
C
k
−

1
−
λ
p
I d

)

=
(−

1)
p
d

d
et

(
λ
p
I d
−

p
−

1
∑ k

=
0

λ
k
C
k

)
.

B
y

co
n
ti

n
u

it
y

w
e

h
av

e
th

at
th

e
p

re
ce

d
in

g
eq

u
al

it
y

h
ol

d
s

fo
r
λ

=
0

as
w

el
l.

C
.2

P
ro

o
f

o
f

T
h

e
o
re

m
5

W
e

p
ro

ve
th

at
co

n
si

st
en

t
p
-S

C
L

I
op

ti
m

iz
at

io
n

al
go

ri
th

m
s

m
u

st
sa

ti
sf

y
co

n
d

it
io

n
s

(1
7
)

a
n

d
(1

8)
.

T
h

e
re

ve
rs

e
im

p
li

ca
ti

on
is

p
ro

ve
n

b
y

re
ve

rs
in

g
th

e
st

ep
s

of
th

e
p

ro
o
f.

F
ir

st
,

n
ot

e
th

at
(1

8)
is

an
im

m
ed

ia
te

co
n

se
q
u

en
ce

of
C

or
ol

la
ry

13
,

ac
co

rd
in

g
to

w
h

ic
h

p
-S

C
L

Is
co

n
ve

rg
e

if
an

d
on

ly
if

th
e

th
e

ro
ot

ra
d

iu
s

of
th

e
ch

ar
ac

te
ri

st
ic

p
ol

y
n

o
m

ia
l
is

st
ri

ct
ly

sm
al

le
r

th
an

1.
A

s
fo

r
(1

8)
,

le
t
A

M =
(L

(λ
,X

),
N

(X
))

b
e

a
co

n
si

st
en

t
p
-S

C
L

I
op

ti
m

iz
a
ti

o
n

al
go

ri
th

m
ov

er
Q
d
(Σ

)
an

d
le

t
f A

,b
(x

)
∈
Q
d
(Σ

)
b

e
a

q
u

ad
ra

ti
c

fu
n

ct
io

n
.

F
u

rt
h

er
m

or
e,

le
t

u
s

d
en

ot
e

th
e

co
rr

es
p

on
d

in
g

it
er

at
io

n
m

at
ri

x
b
y
M

(X
)

as
in

(5
7)

.
B

y
T

h
eo

re
m

1
2
,

fo
r

a
n
y

in
it

ia
li

za
ti

on
p

oi
n
t

w
e

h
av

e

Ez
k
→

(I
−
EM

(A
))
−

1
U
E[
N

(A
)]

b
,

w
h

er
e
U

is
as

d
efi

n
ed

in
(5

6)
,

i.
e.

,

U
M =

(0
d
,.
..
,0
d

︸
︷︷

︸
p
−

1
ti

m
es

,I
d
)>
∈
R
p
d
×
d
.

F
or

th
e

sa
ke

of
re

ad
ab

il
it

y
w

e
om

it
th

e
fu

n
ct

io
n

al
d

ep
en

d
en

cy
on

A
,

as
w

el
l

a
s

th
e

ex
p

ec
-

ta
ti

on
op

er
at

or
sy

m
b

ol
.

C
om

b
in

in
g

th
is

w
it

h
E

q
u

at
io

n
(5

8)
y
ie

ld
s

U
>

(I
−
M

)−
1
U
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−
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−

1
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S
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th
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h

ol
d

s
fo

r
an

y
b
∈
R
d
,
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e

ge
t

U
>

(I
−
M
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1
U
N

=
−
A
−

1
.

E
v
id

en
tl

y,
N

is
an

in
ve

rt
ib

le
m

at
ri

x
.

T
h

er
ef

or
e,

U
>

(I
−
M

)−
1
U

=
−

(N
A

)−
1
.

(6
8)

N
ow

,
re

ca
ll

th
at

M
=

          

0
d

I d 0 d
I d . .

.
. .

.

0
d

I d
C

0
..
.

C
p
−

2
C
p
−

1

          

,
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at
ri

ce
s.
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1
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2
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0 d
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I d . .
.

. .
.

0 d
I d

C
0

..
.

C
p
−

2
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−
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T
h

e
l.

h
.s
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E

q
u

a
ti

o
n

(6
8)

is
in

fa
ct

th
e

in
ve

rs
e

o
f

th
e

S
ch

u
r

C
o
m

p
le

m
en

t
o
f
I
−
M

1
1

in
I
−
M
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i.

e.
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(I
−
M

2
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−
M

2
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(I
−
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1
1
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1
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1
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1
=
−

(N
A

)−
1

I
−
M

2
2
−
M

2
1
(I
−
M

1
1
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1
M

1
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=
−
N
A

M
2
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+
M

2
1
(I
−
M

1
1
)−

1
M

1
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=
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+
N
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9
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ra
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(I
−
M

1
1
)−
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=

    

I d
I d

I d
I d

I d
. .

.

I d

    

P
lu

g
gi

n
g

in
th

is
in

to
(6

9)
y
ie

ld
s

p
−

1
∑ i=

0

C
i

=
I

+
N
A
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o
r

eq
u

iv
al

en
tl

y,

L(
1,
A

)
=
−
N
A

(7
0)

T
h
u

s
co

n
cl

u
d
es

th
e

p
ro

of
.

C
.3

P
ro

o
f

o
f

L
e
m

m
a

6

F
ir

st
,

w
e

p
ro

ve
th

e
fo

ll
ow

in
g

L
em

m
a
.

L
et

u
s

d
en

o
te

q∗ r
(z

)
M =
( z
−

(1
−

p√
r)
) p
,

w
h

er
e
r

is
so

m
e

n
o
n

-n
eg

at
iv

e
co

n
st

a
n
t.

L
e
m

m
a

1
5

S
u

p
po

se
q(
z
)
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a

m
o
n
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n

o
m

ia
l

o
f

d
eg

re
e
p

w
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h
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m
p
le

x
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effi
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en
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.
T

h
en

,

ρ
(q

(z
))
≤
∣ ∣ ∣
p√
|q

(1
)
|−

1
∣ ∣ ∣
⇐
⇒

q(
z
)

=
q∗ |
q
(1

)
|(
z
).
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ζ
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2 ,...,ζ
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i ).

L
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∣∣∣∣∣
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1 |1−
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i |≤

p
∏i=

1 (1
+
|ζ
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p √
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p √
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C
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a
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b
ecom

es
an

eq
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∀
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∈
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⇐
⇒
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a
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E
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a
lity

of
E

q
u

a
tio

n
(7

2
)

in
stead

o
f|ζ

i |,
y
ield

s
1−

ζ
i

=
p √
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∈
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q(1)≥
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=
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p √
r))

p
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,
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ρ
(q(z
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=
ρ ((z−
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r)
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O
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g

to
L

em
m

a
15

ρ
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p √
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h
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−
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≤
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d
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b
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con
v
ergen

ce
rate

of
p
-S

C
L

I
op

tim
ization
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d
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a
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n
m
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p
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w

e
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r
a
n
y
p
-S

C
L

I
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h
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m
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d
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a
q
u

ad
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n
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w
h
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o
es

n
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p
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b
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p
-S

C
L

I
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tim
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algorith

m
s

w
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v
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m
atrix

.
W

e
p

rove
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e
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for
d

=
2.

T
h

e
gen

eral
case

follow
s

b
y

em
b

ed
d

in
g

th
e

2
-d

im
en
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al

case
a
s

a
p

rin
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a
l

su
b

-m
atrix

in
som

e
h

igh
er

d
im

en
sion

al
m

a
trix

in
S
d([µ

,L
]).

A
lso,

a
lth

ou
gh

h
ere

w
e

p
rove

fo
r

d
eterm

in
istic

p
-S

C
L

Is,
th

e
sto

ch
astic

ca
se

is
straigh

tfo
rw

ard
.

L
etA

b
e

a
p
-S

C
L

I
op

tim
ization

algorith
m

w
ith

itera
tion

m
atrix

M
(X

)
(d

efi
n

ed
in

(57))
a
n

d
d

ia
g
on

al
in

version
m

atrix
N

(X
).

D
efi

n
e

th
e

follow
in

g
p

ositive
d

efi
n

ite
m

a
trix

B
=

(
L

+
µ

2
L−

µ
2

L−
µ

2
L

+
µ

2

)
,

(73)

an
d

n
ote

th
a
t
σ

(B
)

=
{µ
,L}

.
A

s
u

su
al,

w
e

w
ish

to
d

erive
a

low
er

b
ou

n
d

on
ρ
(M

(B
)).

T
o

th
is

en
d

,
d

en
ote

N
M=
N

(B
)

=

(
α

0
0

β

)
,

w
h

ere
α
,β
∈
R

.
B

y
a

straigh
tforw

ard
calcu

lation
w

e
get

th
at

th
e

eigen
valu

es
of−

N
B

are

σ
1
,2 (α

,β
)

=
−

(α
+
β

)(L
+
µ

)

4
±
√
(

(α
+
β

)(L
+
µ

)

4

)
2−

α
β
L
µ

=
−

(α
+
β

)(L
+
µ

)

4
±
√

(α
+
β

)
2
(L
−
µ

)
2

16
+

14
(α
−
β

)
2L
µ
.

(74)
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p√
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d

in
g

is
ob

ta
in

ed
fo

r
ν

=
α

+
β

2
,

w
h

ic
h

si
m

p
li

fi
es

to

m
ax
{∣ ∣ ∣
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∣ ∣ ∣}

=
m

ax
{ ∣ ∣

p√
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e

L
o
n

d
o
n

M
a
th

em
a
ti

ca
l

S
oc

ie
ty

,
1
(3

):
22

1
–
2
28

,
19

5
1.

H
ar

ri
et

F
el

l.
O

n
th

e
ze

ro
s

o
f

co
n
ve

x
co

m
b

in
a
ti

on
s

o
f

p
ol

y
n

om
ia

ls
.

P
a
ci

fi
c

J
o
u

rn
a
l

o
f

M
a
th

em
a
ti

cs
,

8
9
(1

):
4
3
–5

0
,

19
8
0.

Is
ra

el
G

o
h
b

er
g
,

P
n

es
te

et
er

L
a
n

ca
st

er
,

an
d

L
ei

b
a

R
o
d

m
an

.
M

a
tr

ix
po

ly
n

o
m

ia
ls

,
vo

lu
m

e
5
8.

S
IA

M
,

20
09

.

N
ic

h
ol

as
J

H
ig

h
am

a
n

d
F

ra
n
ço

is
e

T
is

se
u

r.
B

o
u

n
d

s
fo

r
ei

ge
n
va

lu
es

o
f

m
a
tr

ix
p

o
ly

n
o
m

ia
ls

.
L

in
ea

r
a
lg

eb
ra

a
n

d
it

s
a
p
p
li

ca
ti

o
n

s,
3
5
8
(1

):
5
–2

2
,

2
0
03

.

B
il

l
G

H
or

n
e.

L
ow

er
b

ou
n

d
s

fo
r

th
e

sp
ec

tr
a
l

ra
d

iu
s

o
f

a
m

at
ri

x
.

L
in

ea
r

a
lg

eb
ra

a
n

d
it

s
a
p
p
li

ca
ti

o
n

s,
26

3:
2
61

–2
7
3,

1
9
97

.

T
in

g-
Z

h
u

H
u

a
n
g

a
n

d
L

in
W

a
n

g
.

Im
p

ro
v
in

g
b

o
u

n
d

s
fo

r
ei

g
en

va
lu

es
o
f

co
m

p
le

x
m

a
tr

ic
es

u
si

n
g

tr
ac

es
.

L
in

ea
r

A
lg

eb
ra

a
n

d
it

s
A

p
p
li

ca
ti

o
n

s,
42

6
(2

):
8
41

–8
5
4,

2
00

7.

R
ie

J
oh

n
so

n
an

d
T

o
n

g
Z

h
a
n

g
.

A
cc

el
er

a
ti

n
g

st
o
ch

a
st

ic
g
ra

d
ie

n
t

d
es

ce
n
t

u
si

n
g

p
re

d
ic

ti
ve

va
ri

an
ce

re
d

u
ct

io
n

.
In

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s,
p

a
ge

s
3
15

–
3
23

,
20

13
.

H
ar

o
ld

J
K

u
sh

n
er

an
d

G
eo

rg
e

Y
in

.
S

to
ch

a
st

ic
a
p
p
ro

xi
m

a
ti

o
n

a
n

d
re

cu
rs

iv
e

a
lg

o
ri

th
m

s
a
n

d
a
p
p
li

ca
ti

o
n

s,
v
o
lu

m
e

35
.

S
p

ri
n

ge
r,

2
0
0
3.

L
au

re
n
t

L
es

sa
rd

,
B

en
ja

m
in

R
ec

h
t,

a
n

d
A

n
d
re

w
P

a
ck

ar
d

.
A

n
a
ly

si
s

a
n

d
d

es
ig

n
o
f

op
ti

m
iz

a-
ti

o
n

al
go

ri
th

m
s

v
ia

in
te

gr
al

q
u

a
d

ra
ti

c
co

n
st

ra
in

ts
.

a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

4
0
8
.3

5
9
5
,

2
0
14

.

M
or

ri
s

M
a
rd

en
.

G
eo

m
et

ry
o
f

po
ly

n
o
m

ia
ls

.
N

u
m

b
er

3
in

@
.

A
m

er
ic

an
M

a
th

em
a
ti

ca
l

S
o
c.

,
19

66
.

J
o
h

n
C

M
a
so

n
a
n

d
D

av
id

C
H

an
d

sc
o
m

b
.

C
h
eb

ys
h
ev

po
ly

n
o
m

ia
ls

.
C

R
C

P
re

ss
,

20
0
2.

G
ra

d
im

ir
V

M
il

ov
a
n
ov

ić
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n
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o
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p

lo
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o
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n
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lo
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ti

o
n
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h
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is
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e
is

m
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t
d

ra
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in

th
e

n
on

-e
p

is
o
d

ic
ca

se
,
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e
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n
tr

ol
of

a
si

n
gl

e,
on

go
in

g
tr

ia
l.

H
er

e,
th

e
co

n
tr

o
ll
er

ca
n
n
o
t

h
o
p

e
to

b
e
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tu

rn
ed
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k
n
ow
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st
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te

s,
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n
d
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p
lo

ra
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o
n
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u
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b
e
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re

fu
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y
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tr
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le

d
to
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d
d
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r.
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e
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ed

b
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a
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re
in
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en
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le
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g

(D
u

ff
,

2
0
0
2
;

P
o
u

p
a
rt

et
a
l.

,
2
0
0
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;
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en

n
ig

,
2
0
1
1
):

A
p

ro
b
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b

il
is

ti
c

b
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ie
f

ov
er

th
e

d
y
n

a
m

ic
s

a
n

d
co

st
o
f

th
e

en
v
ir

o
n
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en

t
ca

n
b

e
u

se
d

n
o
t

ju
st

to
si

m
u

la
te
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n

d
p
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n

tr
a
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o
ri

es
,

b
u

t
a
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o
to

re
a
so

n
a
b

o
u
t
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a
n
g
es

to
th

e
b

el
ie

f
fr

o
m

fu
tu

re
o
b
se

rv
a
ti

o
n
s,

a
n
d

th
ei

r
in

fl
u
en

ce
o
n

fu
tu

re
d

ec
is

io
n

s.
A

n
el

eg
a
n
t
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rm
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la

ti
o
n
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m

b
in

e
th

e
p

h
y
si
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l

st
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te
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it

h
th

e
p

a
ra

m
et

er
s

o
f

th
e

p
ro

b
a
b

il
is

ti
c

m
o
d

el
in

to
a
n

a
u

g
m

en
te

d
d

y
n

a
m

ic
a
l

d
es

cr
ip

ti
o
n

,
th

en
a
im

to
co

n
tr

o
l

th
is

sy
st

em
.

D
u
e

to
th

e
in

fe
re

n
ce

,
th

e
au

gm
en

te
d

sy
st

em
in

va
ri

ab
ly

h
as

st
ro

n
gl

y
n
on

li
n
ea

r
d
y
n
am

ic
s,

ca
u
si

n
g

p
ro

h
ib

it
iv

e
co

m
p
u
ta

ti
on

al
co

st
—

ev
en

fo
r

fi
n
it

e
st

at
e

sp
ac

es
an

d
d
is

cr
et

e
ti

m
e

(P
ou

p
a
rt

et
al

.,
2
0
06

),
a
ll

th
e

m
o
re

fo
r

co
n
ti

n
u

o
u

s
sp

a
ce

a
n

d
ti

m
e

(H
en

n
ig

,
2
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1)
.

T
h

e
id

ea
of

au
gm

en
ti

n
g

th
e

p
h
y
si

ca
l

st
at

e
w

it
h

m
o
d

el
p

ar
am

et
er

s
w

as
n

ot
ed

ea
rl

y,
an

d
te

rm
ed

d
u

a
l

co
n

tr
o
l,

b
y

F
el

d
b

a
u

m
(1

9
6
0
–
1
9
6
1
).
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se

em
s

b
o
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co
n

ce
p

tu
a
l

a
n

d
—

b
y

th
e

st
an

d
ar

d
s

of
th

e
ti

m
e—

co
m

p
u

ta
ti

on
al

co
m

p
le

x
it

y
h

in
d

er
ed

it
s

ap
p

li
ca

ti
on

.
A

n
ex

ce
p

ti
on

is
a

st
ra

n
d

of
se

ve
ra

l
w

or
k
s

b
y

M
ei

er
,

B
ar

-S
h

al
om

,
an

d
T

se
(T

se
et

al
.,

19
73

;
T

se
an

d
B

ar
-S

h
al

om
,

1
9
7
3
;

B
a
r-

S
h
a
lo

m
a
n
d

T
se

,
1
9
7
6
;

B
a
r-

S
h
a
lo

m
,

1
9
8
1
).

T
h
es

e
a
u
th

o
rs

d
ev

el
o
p

ed
te

ch
n
iq

u
es
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r

li
m

it
in
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th

e
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p

u
ta

ti
o
n
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f
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u
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l
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b
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ro

x
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e
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n
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r
B
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em
en
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le

a
rn

in
g
.
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e

th
e
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en
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g
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m
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u

n
it

y
is
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in
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o
f

th
ei

r
w

o
rk
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u

ff
,

2
0
0
2
;

H
en

n
ig

,
2
01

1)
,

it
h

a
s

n
ot

fo
u

n
d

w
id

es
p

re
a
d

at
te

n
ti

o
n

.
T

h
e

fi
rs

t
p

u
rp

o
se

of
th

is
p

a
p

er
is

to
ca

st
th

ei
r

d
u
al

co
n
tr

ol
al

go
ri

th
m

as
an

ap
p
ro

x
im

at
e

in
fe

re
n
ce

te
ch

n
iq

u
e

fo
r

B
ay

es
ia

n
R

L
in

p
ar

am
et

ri
c

G
au

ss
ia

n
(g

en
er

al
le

as
t-

sq
u
ar

es
)

re
gr

es
si

on
.

W
e

th
en

ex
te

n
d

th
e

fr
am

ew
or

k
w

it
h

id
ea

s
fr

om
co

n
te

m
p

or
ar

y
m

a
ch

in
e

le
a
rn

in
g
.

S
p

ec
ifi

ca
ll

y,
w

e
ex

p
la

in
h
ow

it
ca

n
in

p
ri

n
ci

p
le

b
e

fo
rm

u
la

te
d

n
on

-p
ar

am
et

ri
ca

ll
y

in
a

G
au

ss
ia

n
p

ro
ce

ss
co

n
te

x
t,

an
d

th
en

in
ve

st
ig

at
e

si
m

p
le

,
p
ra

ct
ic

al
fi
n
it

e-
d
im

en
si

on
al

ap
p
ro

x
im

at
io

n
s

to
th

is
re

su
lt

.
W

e
al

so
gi

ve
a

si
m

p
le

,
sm

al
l-

sc
al

e
ex

am
p

le
fo

r
th

e
u

se
of

th
is
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ri
th

m
fo

r
d

u
al

co
n
tr

ol
if

th
e

en
v
ir

on
m

en
t

m
o
d

el
is
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n

st
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ed

w
it

h
a

fe
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rw
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d

n
eu

ra
l

n
et

w
o
rk

ra
th
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a
n

a
G

a
u

ss
ia

n
p

ro
ce

ss
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2
.
M

o
d
e
l
a
n
d

N
o
ta
ti
o
n

T
h
ro

u
gh

ou
t,

w
e

co
n
si

d
er

d
is

cr
et

e-
ti

m
e,

fi
n
it

e-
h
or

iz
on

d
y
n
am

ic
sy

st
em

s
(P

O
M

D
P

s)
of

fo
rm

x
k
+1

=f k
(x k,

u
k
)+ξ

k
(s

ta
te

d
y
n

a
m

ic
s)

y k
=C

x
k
+γ k

(o
b

se
rv

a
ti

on
m

o
d
el

).

A
t

ti
m

e
k
∈{0

,.
..
,T

},x
k
∈Rn

is
th

e
st

a
te

,
ξ k

∼N
(0,Q

)is
a

G
a
u

ss
ia

n
d

is
tu

rb
a
n

ce
.

T
h

e
co

n
tr

ol
in

p
u

t
(c

on
ti

n
u
ou

s
ac

ti
on

)
is

d
en

ot
ed

u
k
;

fo
r

si
m

p
li
ci
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w

e
w

il
l

as
su

m
e
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al
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u
k
∈R

th
ro

u
g
h

o
u

t.
M

ea
su

re
m

en
ts
y k

∈Rd
a
re

o
b

se
rv

a
ti

o
n

s
o
f
x
k
,
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u
p

te
d

b
y

G
a
u

ss
ia

n
n

o
is

e
γ
k
∼N

(0,R
).T

h
e

g
en

er
a
ti

v
e

m
o
d

el
th

u
s

re
a
d

s
p
(x k+

1
∣x k,

u
k
)=
N(x

k
+1;

f k
(x k,

u
k
),Q

)
a
n

d
p
(y k

∣x k)
=N

(y k;
C
x
k
,R

),w
it

h
a

li
n

ea
r

m
a
p
C

∈R
d
×n .

T
ra

je
ct

o
ri

es
a
re

v
ec

to
rs

x
=[x

0
,.
..
,x
T
],a

n
d

a
n

a
lo

g
o
u

sl
y

fo
r
u
,y

.
W

e
w

il
l

o
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a
si

o
n

a
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y
u

se
th

e
su

b
se

t
n

o
ta

ti
o
n

y
i∶j=

[y i,
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.,
y j

].W
e

fu
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h
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su

m
e

th
at

d
y
n
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ic

s
f k
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e
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n
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n
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b
u

t
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n
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d
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u
p
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u
n
ce
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ty
b
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a
g
en

er
a
l
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n
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r
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o
d
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w
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h
n
o
n
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n
ea

r
fe

a
tu

re
s
φ
∶Rn

_
R
m

an
d

u
n

ce
rt

ai
n

m
at

ri
ce

s
A
k
,B

k
.

x
k
+1

=A k
φ
(x k)

+B
k
u
k
+ξ k

,
A
k
∈Rn

×m
;B

k
∈Rn

×1 .
(1

)

T
o

si
m

p
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fy
n

o
ta

ti
o
n

,
w

e
re

sh
a
p

e
th

e
el

em
en
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o
f
A
k

a
n

d
B
k

in
to

a
p

a
ra

m
et

er
v
ec

to
r

θ k
=[v

ec
(A k

);ve
c(B

k
)]∈

R
(m+

1
)n ,

an
d

d
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n
e

th
e
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sh

ap
in

g
tr
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sf
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m

at
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n
s
A
(θ k)

∶θ k
↦A

k
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l
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l
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o
r

A
p
p
r
o
x
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a
t
e

B
a
y
e
sia

n
R

e
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f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g

a
n

d
B(θ

k )∶
θ
k ↦

B
k .

A
t

in
itia
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tio

n
,
k=

0
,

th
e

b
elief

ov
er

sta
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a
n

d
p

a
ra

m
eters

is
a
ssu

m
ed

to
b

e
G

a
u

ssia
n

p([ x
0

θ
0 ])=N([ x

0

θ
0 ]

;[ x̂
0

θ̂
0 ]
,[ Σ

x
x

0
Σ
x
θ

0

Σ
θ
x

0
Σ
θ
θ

0 ])
.

(2)

T
h
e

con
trol
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on

se
B
k u

k
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lin
ear,

a
com

m
on
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m

p
tion

for
p
h
y
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stem

s.
N

on
lin

ear
m

ap
p

in
gs

can
b

e
in

clu
d

ed
in

a
gen

eric
form

φ(x
k ,u

k ),
b

u
t

com
p

licate
th

e
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in
g

d
erivation

s
a
n

d
ra

ise
issu

es
o
f

id
en

tifi
a
b

ility.
F

o
r

sim
p

licity,
w

e
a
lso

a
ssu

m
e

th
a
t

th
e

d
y
n

a
m

ics
d

o
n

o
t

ch
an

ge
th

rou
gh

tim
e:
p(θ

k+
1 ∣θ

k )=
δ(θ

k+
1 −

θ
k ).

T
h
is

cou
ld

b
e

relax
ed

to
an

au
toregressive

m
o
d

el
p(θ

k+
1 ∣θ

k )=N(θ
k+

1 ;D
θ
k ,Ξ),

w
h

ich
w

o
u

ld
g
iv

e
a
d

d
itiv

e
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s
in
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e

d
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n

s
b

elow
.

T
h
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u
g
h
o
u
t,

w
e

a
ssu

m
e

a
fi
n
ite

h
o
rizo

n
w

ith
term

in
a
l

tim
e
T

a
n
d

a
q
u
a
d
ra

tic
co

st
fu

n
ctio

n
in

state
a
n

d
co

n
trol

L(x
,u)=[

T∑k=
0 (x

k −
r
k ) ⊺W

k (x
k −

r
k )+

T−
1

∑k=
0

u ⊺k U
k u

k ]
,

w
h
ere

r=[r
0 ,...,r

T ]
is

a
ta

rg
et

tra
jecto

ry.
W
k

a
n
d
U
k

d
efi

n
e

sta
te

a
n
d

co
n
tro

l
co

st,
th

ey
ca

n
b

e
tim

e-va
ry

in
g
.

T
h

e
g
o
a
l,

in
lin

e
w

ith
th

e
sta

n
d

a
rd

in
b

o
th

o
p

tim
a
l

co
n
tro

l
a
n

d
rein

fo
rcem

en
t

lea
rn

in
g
,

is
to

fi
n

d
th

e
co

n
tro

l
seq

u
en

ce
u

th
a
t,

a
t

ea
ch

k
,

m
in

im
izes

th
e

expected
co

st
to

th
e

h
o
rizo

n

J
k (u

k∶T−
1 ,p(x

k ))=
E
x
k [(x

k −
r
k ) ⊺W

k (x
k −

r
k )+

u ⊺k U
k u

k +
J
k+

1 (u
k+

1∶T−
1 ,p(x

k+
1 ))∣p(x

k ) ]
,

(3
)

w
h
ere

p
ast

m
easu

rem
en

ts
y

1∶k ,
con

trols
u

1∶k−
1

an
d

p
rior

in
form

ation
p(x

0 )
are

in
corp

orated
in

to
th

e
b

elief
p(x

k ),
relative

to
w

h
ich

th
e

ex
p

ectation
is

calcu
lated

.
E

ff
ectively,

p(x
k )

serves
a
s

a
b

o
u
n
d
ed

ra
tio

n
a
lity

a
p
p
rox

im
a
tio

n
to

th
e

tru
e

in
fo

rm
a
tio

n
sta

te.
S
in

ce
th

e
eq

u
a
tio

n
a
b

ove
is

recu
rsive,

th
e

fi
n

al
elem

en
t

o
f

th
e

co
st

h
a
s

to
b

e
d

efi
n

ed
d

iff
eren

tly,
a
s

J
T (p(x

T ))=
E
x
T [(x

T −
r
T ) ⊺W

T (x
T −

r
T )∣p(x

T ) ]
(th

a
t

is,
w

ith
o
u
t

co
n
tro

l
in

p
u
t

a
n
d

fu
tu

re
co

st).
T

h
e

o
p
tim

a
l

co
n
tro

l
seq

u
en

ce
m

in
im

izin
g

th
is

co
st

w
ill

b
e

d
en

o
ted

u ∗,
w

ith
a
sso

cia
ted

cost

J ∗k (p(x
k ))=

m
in
u
k

E
x
k [(x

k −
r
k ) ⊺W

k (x
k −

r
k )+

u ⊺k U
k u

k +
J ∗k+

1 (p(x
k+

1 ))∣p(x
k ) ]

.
(4

)

T
h
is

recu
rsiv

e
fo
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u
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tio
n
,
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w

ritten
o
u
t,

a
m

o
u
n
ts
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a
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a
tin

g
m

in
im

iza
tio

n
a
n
d

ex
p

ec-
ta

tio
n

step
s.

A
s
u
k

in
fl

u
en

ces
x
k+

1
a
n

d
y
k+

1 ,
it

en
ters

th
e

la
tter

ex
p

ecta
tio

n
n

o
n

lin
ea

rly.
C

la
ssic

o
p

tim
a
l

co
n
tro

l
is

th
e

lin
ea

r
b

a
se

ca
se

(φ(x)=
x

)
w

ith
k
n

ow
n
θ,

w
h

ere
u ∗

ca
n

b
e

fou
n

d
b
y

d
y
n

a
m

ic
p

ro
g
ram

m
in

g
(B

ellm
a
n

,
1
96

1
;

B
ertseka

s,
2
00

5
).
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R
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a
n
d

D
u
a
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o
n
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b
au

m
(1960–1961)

coin
ed

th
e

term
d
u

a
l

co
n

tro
l

to
d
escrib

e
th

e
id

ea
n
ow

also
k
n
ow

n
as

B
ayesian

rein
forcem

en
t

learn
in

g
in

th
e

m
ach

in
e

learn
in

g
com

m
u

n
ity

:
W

h
ile

ad
ap

tive
con

trol
o
n
ly

co
n
sid

ers
p
a
st

o
b
serva

tio
n
s,

d
u
a
l

co
n
tro

l
a
lso

ta
k
es

fu
tu

re
o
b
serva

tio
n
s

in
to

a
cco

u
n
t.

T
h
is

is
n
ecessary

b
ecau

se
all

oth
er

w
ay

s
to

d
eal

w
ith

u
n
certain

p
aram

eters
h
ave

su
b
stan

tial

3
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K
l
e
n
sk

e
a
n
d

H
e
n
n
ig

d
raw

b
ack

s.
R

ob
u
st

con
trollers,

for
ex

am
p
le,

sacrifi
ce

p
erform

an
ce

d
u
e

to
th

eir
con

servative
d

esig
n

;
a
d

a
p

tiv
e

co
n
tro

llers
b

a
sed

o
n

certa
in

ty
equ

iva
len

ce
(w

h
ere

th
e

u
n

certa
in

ty
o
f

th
e

p
aram

eters
is

n
ot

taken
in

to
accou

n
t

b
u
t

on
ly

th
eir

m
ean

estim
ates)

d
o

n
ot

sh
ow

ex
p

loration
,

so
th

a
t

a
ll

lea
rn

in
g

is
p
u
rely

p
a
ssiv

e.
F

o
r

m
o
st

sy
stem

s
it

is
o
b
v
io

u
s

th
a
t

m
o
re

ex
cita

tio
n

lea
d

s
to

b
etter

estim
a
tio

n
,

b
u

t
a
lso

to
w

o
rse

co
n
tro

l
p

erfo
rm

a
n

ce.
A

ttem
p

ts
a
t

fi
n

d
in

g
a

co
m

p
ro

m
ise

b
etw

een
ex

p
lo

ra
tio

n
a
n

d
ex

p
lo

ita
tio

n
a
re

g
en

era
lly

su
b

su
m

ed
u
n

d
er

th
e

term
“d

u
al

con
trol”

in
th

e
con

trol
literatu

re.
It

can
on

ly
b

e
ach

ieved
b
y

tak
in

g
th

e
fu

tu
re

eff
ect

of
cu

rren
t

action
s

in
to

accou
n
t.

It
h

as
b

een
sh

ow
n

th
at

op
tim

al
d

u
al

con
trol

is
p

ractically
u

n
solvab

le
for

m
ost

cases
(A

ok
i,

1
9
6
7
),

w
ith

a
few

ex
a
m

p
les

w
h
ere

so
lu

tio
n
s

w
ere

fo
u
n
d

fo
r

sim
p
le

sy
stem

s
(e.g

.,
S
tern

b
y
,

1976).
In

stead
,

a
large

n
u

m
b

er
of

a
p
p
ro

xim
a
te

form
u

lation
s

of
th

e
d

u
al

con
trol

p
rob

lem
w

ere
form

u
lated

in
th

e
d
ecad

es
sin

ce
th

en
.

T
h
is

in
clu

d
es

th
e

in
tro

d
u
ction

of
p

ertu
rb

ation
sign

als
(e.g

.,
J
a
co

b
s

a
n

d
P

a
tch

ell,
1
9
7
2
),

co
n

stra
in

ed
o
p

tim
iza

tio
n

to
lim

it
th

e
m

in
im

a
l

co
n
tro

l
sign

al
or

th
e

m
ax

im
u

m
varian

ce,
serial

ex
p

an
sion

of
th

e
loss

fu
n

ction
(e.g.,

T
se

et
al.,

1973)
or

m
o
d

ifi
cation

s
of

th
e

loss
fu

n
ction

(e.g.,
F

ilatov
an

d
U

n
b

eh
au

en
,

2004).
A

com
p

reh
en

sive
overv

iew
of

d
u
al

con
trol

m
eth

o
d
s

is
given

b
y

W
itten

m
ark

(1995).
A

h
istorical

sid
e-eff

ect
of

th
ese

n
u
m

erou
s

treatm
en

ts
is

th
at

th
e

m
ean

in
g

of
th

e
term

“d
u
al

con
trol”

h
as

evolved
over

tim
e,

a
n

d
is

n
ow

a
p

p
lied

b
o
th

to
th

e
fu

n
d

a
m

en
ta

l
co

n
cep

t
o
f

o
p

tim
a
l

ex
p

lo
ra

tio
n

,
a
n

d
to

m
eth

o
d

s
th

at
on

ly
ap

p
rox

im
ate

th
is

n
otion

to
vary

in
g

d
egree.

O
u

r
treatm

en
t

b
elow

stu
d

ies
on

e
su

ch
class

of
p

ractical
m

eth
o
d

s
th

at
aim

to
ap

p
rox

im
ate

th
e

tru
e

d
u

al
con

trol
solu

tion
.

T
h

e
cen

tra
l

o
b

serva
tio

n
in

B
ay

esia
n

R
L

/
d
u

a
l

co
n
tro

l
is

th
a
t

b
o
th

th
e

sta
tes

x
a
n

d
th

e
p

a
ra

m
eters

θ
a
re

su
b

ject
to

u
n

certa
in

ty.
W

h
ile

p
a
rt

o
f

th
is

u
n

certa
in

ty
is

ca
u

sed
b
y

ran
d

om
n

ess,
p

art
b
y

lack
of

k
n

ow
led

ge,
b

oth
can

b
e

cap
tu

red
in

th
e

sam
e

w
ay

b
y

p
rob

ab
ility

d
istrib

u
tion

s.
S

tates
an

d
p

aram
eters

can
th

u
s

b
e

su
b

su
m

ed
in

an
a
u

gm
en

ted
sta

te
(F

eld
b

au
m

,
1
9
6
0
–
1
9
6
1
;

D
u

ff
,

2
0
0
2
;

P
o
u

p
a
rt

et
a
l.,

2
0
0
6
)
z ⊺k = (x ⊺k

θ ⊺k )∈
R (m+

2)n
.

In
th

is
n

o
ta

tio
n
,

th
e

o
p

tim
a
l

ex
p

lo
ra

tio
n

-ex
p

lo
ita

tio
n

tra
d

e-o
ff

—
rela

tiv
e

to
th

e
p

ro
b

a
b

ilistic
p

rio
rs

d
efi

n
ed

a
b

ov
e—

ca
n

b
e

w
ritten

co
m

p
a
ctly

a
s

o
p
tim

a
l

co
n
tro

l
o
f

th
e

a
u
g
m

en
ted

sy
stem

w
ith

a
n
ew

o
b

serva
tio

n
m

o
d

el
p(y

k ∣z
k )=N(y

k ; C̃
z
k ,R)

u
sin

g
C̃= [C

0 ]
a
n

d
a

co
st

a
n

a
lo

g
o
u

s
to

E
q
.

(3
).

U
n

fortu
n

ately,
th

e
d

y
n

am
ics

of
th

is
n

ew
sy

stem
are

n
on

lin
ear,

even
if

th
e

origin
al

p
h
y
sical

sy
stem

is
lin

ea
r.

T
h

is
is

b
eca

u
se

in
feren

ce
is

a
lw

ay
s

n
o
n

lin
ea

r
a
n

d
fu

tu
re

sta
tes

in
fl

u
en

ce
fu

tu
re

p
a
ra

m
eter

b
eliefs,

a
n

d
v
ice

v
ersa

.
A

fi
rst

p
ro

b
lem

,
n

o
t

u
n

iq
u

e
to

d
u

a
l

co
n
tro

l,
is

th
u

s
th

a
t

in
feren

ce
is

n
o
t

a
n

a
ly

tica
lly

tra
cta

b
le,

ev
en

u
n

d
er

th
e

G
a
u

ssia
n

a
ssu

m
p

tio
n

s
a
b

ov
e

(A
o
k
i,

1
9
6
7
).

T
h

e
sta

n
d

a
rd

rem
ed

y
is

to
u

se
a
p

p
rox

im
a
tio

n
s,

m
o
st

p
o
p

u
la

rly
th

e
lin

ea
riza

tio
n

o
f

th
e

ex
ten

d
ed

K
a
lm

a
n

fi
lter

(e.g
.,

S
ä
rk

k
ä
,

2
0
1
3
).

T
h

is
g
iv

es
a

seq
u

en
ce

o
f

ap
p

rox
im

ate
G

au
ssian

likelih
o
o
d

term
s.

B
u

t
even

so,
in

corp
oratin

g
th

ese
G

au
ssian

likelih
o
o
d

term
s

in
to

fu
tu

re
d

y
n

am
ics

is
still

in
tractab

le,
b

ecau
se

it
in

volves
ex

p
ectation

s
over

ration
al

p
oly

n
om

ial
fu

n
ction

s,
w

h
ose

d
egree

in
creases

w
ith

th
e

len
gth

of
th

e
p
red

iction
h

orizon
.

T
h

e
follow

in
g

section
p
rov

id
es

an
in

tu
ition

for
th

is
com

p
lex

ity,
b
u
t

also
th

e
d
escrip

tive
p

ow
er

of
th

e
au

gm
en

ted
sta

te
sp

ace.

A
s

an
asid

e,
w

e
n
ote

th
at

several
au

th
ors

(K
ap

p
en

,
2011;

H
en

n
ig,

2011)
h
ave

p
rev

iou
sly

p
o
in

ted
o
u

t
a
n

o
th

er
p

o
ssib

le
co

n
stru

ctio
n

o
f

a
n

a
u

g
m

en
ted

sta
te:

in
co

rp
o
ra

tin
g

n
o
t

th
e

actu
al

va
lu

e
of

th
e

p
aram

eters
θ
k

in
th

e
state,

b
u

t
th

e
p

aram
eters

µ
k ,

Σ
k

of
a

G
au

ssian
b

elief
p(θ

k ∣µ
k ,Σ

k )=N(θ
k ;µ

k ,Σ
k )

ov
er

th
em

.
T

h
e

a
d

va
n
ta

g
e

o
f

th
is

is
th

a
t,

if
th

e
sta

te
x
k

is
ob

served
w

ith
ou

t
n

oise,
th

ese
b

elief
p

aram
eters

follow
sto

ch
astic

d
iff

eren
tial

eq
u

ation
s—

m
ore

4
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D
u
a
l

C
o
n
t
r
o
l

f
o
r

A
p
p
r
o
x
im

a
t
e

B
a
y
e
si

a
n

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g

p
re

ci
se

ly
,

Σ
k

fo
ll

ow
s

a
n

o
rd

in
a
ry

(d
et

er
m

in
is

ti
c)

d
iff

er
en

ti
a
l

eq
u
a
ti

o
n

,
w

h
il

e
µ
k

fo
ll

ow
s

a
st

o
ch

as
ti

c
d

iff
er

en
ti

al
eq

u
at

io
n

—
an

d
it

ca
n

th
en

b
e

at
te

m
p

te
d

to
so

lv
e

th
e

co
n
tr

ol
p

ro
b

le
m

fo
r

th
es

e
d

iff
er

en
ti

al
eq

u
at

io
n

s
m

or
e

d
ir

ec
tl

y.

W
h

il
e

it
ca

n
b

e
a

n
u

m
er

ic
al

ad
va

n
ta

ge
,

th
is

fo
rm

u
la

ti
on

of
th

e
au

gm
en

te
d

st
at

e
al

so
h

as
so

m
e

d
ra

w
b

ac
k
s,

w
h

ic
h

is
w

h
y

w
e

h
av

e
h

er
e

d
ec

id
ed

n
ot

to
ad

op
t

it
:

F
ir

st
,

th
e

si
m

p
li

ci
ty

of
th

e
d

ir
ec

tl
y

fo
rm

al
iz

ab
le

S
D

E
va

n
is

h
es

in
th

e
P

O
M

D
P

se
tt

in
g,

i.
e.

if
th

e
st

at
e

is
n

ot
ob

se
rv

ed
w

it
h

ou
t

n
oi

se
.

If
th

e
st

at
e

ob
se

rv
at

io
n

s
ar

e
co

rr
u

p
te

d
,

th
e

ex
ac

t
b

el
ie

f
st

at
e

is
n

ot
a

G
au

ss
ia

n
p
ro

ce
ss

,
so

th
at

th
e

p
ar

am
et

er
s
µ
k

an
d

Σ
k

h
av

e
n
o

n
at

u
ra

l
m

ea
n
in

g.
A

p
p
ro

x
im

at
e

m
et

h
o
d
s

ca
n

b
e

u
se

d
to

re
ta

in
a

G
a
u

ss
ia

n
b

el
ie

f
(a

n
d

w
e

w
il

l
d

o
so

b
el

ow
),

b
u

t
th

e
d

y
n

a
m

ic
s

o
f
µ
k
,

Σ
k

a
re

th
en

in
te

rt
w

in
ed

w
it

h
th

e
ch

o
se

n
a
p

p
ro

x
im

a
ti

o
n

(i
.e

.
ch

a
n

g
in

g
th

e
a
p

p
ro

x
im

a
ti

o
n

ch
an

ge
s

th
ei

r
d

y
n

am
ic

s)
,

w
h

ic
h

ca
u

se
s

ad
d

it
io

n
al

co
m

p
li

ca
ti

on
.

M
or

e
ge

n
er

al
ly

sp
ea

k
in

g,
it

is
n

o
t

en
ti

re
ly

n
a
tu

ra
l

to
g
iv

e
d

iff
er

in
g

tr
ea

tm
en

t
to

th
e

st
a
te
x
k

a
n

d
p

a
ra

m
et

er
s
θ k

:
B

o
th

st
a
te

a
n

d
p

a
ra

m
et

er
s

sh
o
u

ld
th

u
s

b
e

tr
ea

te
d

w
it

h
in

th
e

sa
m

e
fr

a
m

ew
o
rk

;
th

is
a
ls

o
a
ll

ow
s

ex
te

n
d

in
g

th
e

fr
am

ew
or

k
to

th
e

ca
se

w
h

er
e

al
so

th
e

p
ar

am
et

er
s

d
o

fo
ll

ow
a
n

S
D

E
.

3
.1

A
T

o
y

P
ro

b
le

m

T
o

p
ro

v
id

e
a
n

in
tu

it
io

n
fo

r
sh

ee
r

co
m

p
le

x
it

y
o
f

o
p

ti
m

a
l

d
u

a
l

co
n
tr

o
l,

co
n

si
d

er
th

e
p

er
h

a
p

s
si

m
p

le
st

p
os

si
b

le
ex

am
p

le
:

th
e

li
n

ea
r,

sc
al

ar
sy

st
em

x
k
+1

=ax
k
+bu

k
+ξ k

,
(5

)

w
it

h
ta

rg
et
r k

=0
an

d
n
oi

se
-f

re
e

ob
se

rv
at

io
n

s
(R

=0)
.

If
a

an
d
b

ar
e

k
n

ow
n

,
th

e
op

ti
m

al
u
k

to
d

ri
ve

th
e

cu
rr

en
t

st
at

e
x
k

to
ze

ro
in

o
n

e
st

ep
ca

n
b

e
tr

iv
ia

ll
y

ve
ri

fi
ed

to
b

e

u
∗ k,or

a
cl

e
=−

a
bx
k

U
+b2

.

L
et

n
ow

p
ar

am
et

er
b

b
e

u
n

ce
rt

ai
n

,
w

it
h

cu
rr

en
t

b
el

ie
f
p
(b)

=N
(b;µ

k
,σ

2 k
) at

ti
m

e
k

.
T

h
e

n
äı

ve
op

ti
on

of
si

m
p

ly
re

p
la

ci
n

g
th

e
p

ar
am

et
er

w
it

h
th

e
cu

rr
en

t
m

ea
n

es
ti

m
at

e
is

k
n

ow
n

as
ce

rt
a
in

ty
eq

u
iv

a
le

n
ce

(C
E

)
co

n
tr

ol
in

th
e

d
u

al
co

n
tr

ol
li

te
ra

tu
re

(e
.g

.,
B

ar
-S

h
al

om
an

d
T

se
,

19
74

).
T

h
e

re
su

lt
in

g
co

n
tr

ol
la

w
is

u
∗ k,ce

=−
a
µ
k
x
k

U
+µ2 k

.

It
is

u
se

d
in

m
a
n
y

a
d

a
p

ti
v
e

co
n
tr

o
l

se
tt

in
g
s

in
p

ra
ct

ic
e,

b
u

t
h

a
s

su
b

st
a
n
ti

a
l

d
efi

ci
en

ci
es

:
If

th
e

u
n

ce
rt

ai
n
ty

is
la

rg
e,

th
e

m
ea

n
is

n
ot

a
go

o
d

es
ti

m
at

e,
an

d
th

e
C

E
co

n
tr

ol
le

r
m

ig
h
t

ap
p

ly
co

m
p
le

te
ly

u
se

le
ss

co
n
tr

ol
si

gn
al

s.
T

h
is

of
te

n
re

su
lt

s
in

la
rg

e
ov

er
sh

o
ot

s
at

th
e

b
eg

in
n
in

g
or

af
te

r
p

ar
am

et
er

ch
an

ge
s.

A
sl

ig
h
tl

y
m

or
e

el
ab

or
at

e
so

lu
ti

on
is

to
co

m
p

u
te

th
e

ex
p

ec
te

d
co

st
E b

[x2 k+
1
+Uu

2 k
∣µ k,

σ
2 k
]

an
d

th
en

op
ti

m
iz

e
fo

r
u
k
.

T
h
is

gi
ve

s
o
p
ti

m
a
l

fe
ed

ba
ck

(O
F

)
or

“c
au

ti
ou

s”
co

n
tr

ol
(D

re
y
fu

s,
19

64
)1

:

u
∗ k,of

=−
a
µ
k
x
k

U
+σ2 k

+µ2 k
.

(6
)

1
.
D
re
y
fu
s
u
se
d
th
e
te
rm

“
o
p
en

lo
o
p
o
p
ti
m
a
l
fe
ed

b
a
ck
”
fo
r
h
is

a
p
p
ro
a
ch
,
a
te
rm

th
a
t
is

m
is
le
a
d
in
g
to

m
o
d
er
n
re
a
d
er
s,

b
ec
a
u
se

it
is

in
fa
ct

a
cl
o
se
d
-l
o
o
p
a
lg
o
ri
th
m
.
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L
R
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7(
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:1
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0

K
l
e
n
sk

e
a
n
d

H
e
n
n
ig

T
h

is
co

n
tr

o
l

la
w

re
d

u
ce

s
co

n
tr

o
l

a
ct

io
n

s
in

ca
se

s
o
f

h
ig

h
p

a
ra

m
et

er
u

n
ce

rt
a
in

ty
.

T
h

is
m

it
ig

a
te

s
th

e
m

a
in

d
ra

w
b

a
ck

o
f

th
e

C
E

co
n
tr

o
ll

er
,

b
u

t
le

a
d

s
to

a
n

o
th

er
p

ro
b

le
m

:
S

in
ce

th
e

O
F

co
n
tr

ol
le

r
d
ec

re
as

es
co

n
tr

ol
w

it
h

ri
si

n
g

u
n
ce

rt
ai

n
ty

,
it

ca
n

en
ti

re
ly

p
re

ve
n
t

le
ar

n
in

g.
C

on
si

d
er

th
e

p
os

te
ri

or
on

b
af

te
r

ob
se

rv
in

g
x
k
+1,

w
h
ic

h
is

a
cl

os
ed

-f
or

m
G

au
ss

ia
n

(b
ec

au
se

u
k

is
ch

o
se

n
b
y

th
e

co
n
tr

ol
le

r
an

d
h
as

n
o

u
n

ce
rt

ai
n
ty

):

p
(b∣µ

k
+1,

σ
2 k
+1)

=N
(b;µ

k
+1,

σ
2 k
+1)

=N
(b;σ

2 k
u
k
(bu k

+ξ k
)+µ

k
Q

u
2 k
σ

2 k
+Q

,
σ

2 k
Q

u
2 k
σ

2 k
+Q

)
(7

)

(b
sh

ow
s

u
p

in
th

e
fu

ll
y

o
b

se
rv

ed
x
k
+1

=ax
k
+bu

k
+ξ k

).
T

h
e

d
u

a
l

eff
ec

t
h

er
e

is
th

a
t

th
e

u
p

d
a
te

d
σ

2 k
+1

d
ep

en
d

s
o
n
u
k
.

F
o
r

la
rg

e
va

lu
es

o
f
σ

2 k
,

a
cc

o
rd

in
g

to
(6

),
u
∗ k,of

_
0
,

a
n

d
th

e

n
ew

u
n
ce

rt
ai

n
ty
σ

2 k
+1_

σ
2 k
.

T
h
e

sy
st

em
th

u
s

w
il
l

n
ev

er
le

ar
n

or
ac

t,
ev

en
fo

r
la

rg
e
x
k
.

T
h
is

is
k
n

ow
n

a
s

th
e

“t
u
rn

-o
ff

p
h

en
om

en
on

”
(A

o
k
i,

1
96

7
;

B
a
r-

S
h

a
lo

m
,

1
98

1
).

H
ow

ev
er

,
th

e
d
er

iv
a
ti

o
n

fo
r

O
F

co
n
tr

o
l

a
b

ov
e

a
m

o
u

n
ts

to
m

in
im

iz
in

g
E

q
.

(3
)

fo
r

th
e

m
yo

p
ic

co
n
tr

ol
le

r,
w

h
er

e
th

e
h

or
iz

on
is

on
ly

a
si

n
gl

e
st

ep
lo

n
g

(T
=1)

.
T

h
er

ef
or

e,
O

F
co

n
tr

ol
is

in
d

ee
d

o
p

ti
m

a
l

fo
r

th
is

ca
se

.
B

y
th

e
o
p

ti
m

a
li

ty
p

ri
n

ci
p

le
(e

.g
.,

B
er

ts
ek

a
s,

2
0
0
5
),

th
is

m
ea

n
s

th
at

E
q
.

(6
)

is
th

e
op

ti
m

al
so

lu
ti

on
fo

r
th

e
la

st
st

ep
of

ev
er

y
co

n
tr

ol
le

r.
B

u
t

si
n
ce

it
d

o
es

n
ot

sh
ow

an
y

fo
rm

of
ex

p
lo

ra
ti

on
or

“p
ro

b
in

g”
(B

ar
-S

h
al

om
an

d
T

se
,

19
76

),
a

m
yo

p
ic

co
n
tr

o
ll

er
is

n
ot

en
o
u

g
h

to
sh

ow
th

e
d

u
a
l

p
ro

p
er

ti
es

.
In

or
d

er
to

ex
p

os
e

th
e

d
u

al
fe

at
u

re
s,

th
e

h
or

iz
on

h
as

to
b

e
at

le
as

t
of

le
n

gt
h
T
=2.

S
in

ce
th

e
o
p

ti
m

a
l

co
n
tr

o
ll
er

fo
ll

ow
s

B
el

lm
a
n

’s
eq

u
a
ti

o
n

,
th

e
so

lu
ti

o
n

p
ro

ce
ed

s
b

a
ck

w
a
rd

s.
T

h
e

so
lu

ti
on

fo
r

th
e

se
co

n
d

co
n
tr

ol
ac

ti
on

u
1

is
id

en
ti

ca
l

to
th

e
so

lu
ti

on
of

th
e

m
yo

p
ic

co
n
tr

ol
le

r
(6

);
b
u
t

a
ft

er
a
p
p
ly

in
g

th
e

fi
rs

t
co

n
tr

o
l

a
ct

io
n
u

0
,

th
e

b
el

ie
f

ov
er

th
e

u
n
k
n
ow

n
p
a
ra

m
et

er
b

n
ee

d
s

an
u

p
d

a
te

ac
co

rd
in

g
to

E
q
.

(7
),

re
su

lt
in

g
in

u
∗ 1
=−⎡ ⎢ ⎢ ⎢ ⎢ ⎣U

+
σ

2 0
Q

u
2 0
σ

2 0
+Q

+(σ
2 0
u

0
(bu 0

+ξ 0
)+µ

0
Q

u
2 0
σ

2 0
+Q

)2
⎤ ⎥ ⎥ ⎥ ⎥ ⎦−1 [aσ

2 0
u

0
(bu 0

+ξ 0
)+µ

0
Q

u
2 0
σ

2 0
+Q

x
1
].

(8
)

In
se

rt
in

g
in

to
E

q
.

(4
)

g
iv

es

J
∗ 0
(x 0)

=m
in
u
0

E x
0
[Wx

2 0
+U

u
2 0
+m

in
u
1

E x
1
[ Wx

2 1
+U

u
2 1
+E x

2
[Wx

2 2
]] ]

=m
in
u
0

[ Wx
2 0
+U

u
2 0
+E ξ

0
,b
[ Wx

2 1
+U

(u∗ 1
)2
+E ξ

1
,b
[ W(

x
1
+bu

∗ 1
+ξ 1

)2
∣µ 1,

σ
1
] ∣µ

0
,σ

0
]] . (9
)

S
in

ce
u
∗ 1

fr
o
m

E
q
.

(8
)

is
a
lr

ea
d

y
a

ra
ti

o
n

a
l

fu
n

ct
io

n
o
f

fo
u

rt
h

o
rd

er
in
b 0

,
a
n

d
sh

ow
s

u
p

q
u

ad
ra

ti
ca

ll
y

in
E

q
.

(9
),

th
e

re
le

va
n
t

ex
p

ec
ta

ti
on

s
ca

n
n

ot
b

e
co

m
p

u
te

d
in

cl
os

ed
fo

rm
(A

ok
i,

1
9
6
7
).

F
o
r

th
is

si
m

p
le

ca
se

th
o
u

g
h

,
it

is
p

o
ss

ib
le

to
co

m
p
u

te
th

e
o
p

ti
m

a
l

d
u

a
l

co
n
tr

o
l

b
y

p
er

fo
rm

in
g

th
e

ex
p

ec
ta

ti
o
n

th
ro

u
g
h

sa
m

p
li

n
g
b,
ξ 0
,ξ

1
fr

o
m

th
e

p
ri

o
r.

F
ig

.
1

sh
ow

s
su

ch
sa

m
p

le
s

o
f
L(u

0
)(i

n
g
ra

y
;

o
n

e
si

n
g
le

sa
m

p
le

h
ig

h
li

g
h
te

d
in

o
ra

n
g
e)

,
a
n

d
th

e
em

p
ir

ic
a
l

ex
p

ec
ta

ti
on

J
(u 0)

in
d

as
h

ed
gr

ee
n

.
E

ac
h

sa
m

p
le

is
a

ra
ti

on
al

fu
n
ct

io
n

of
ev

en
le

ad
in

g
or

d
er

.
In

co
n
tr

as
t

to
th

e
C

E
co

st
,

th
e

d
u

al
co

st
is

m
u

ch
n

ar
ro

w
er

,
le

ad
in

g
to

m
or

e
ca

u
ti

ou
s

b
eh

av
io

r
of

th
e

d
u
al

co
n
tr

ol
le

r.
T

h
e

av
er

ag
e

d
u
al

co
st

h
as

it
s

m
in

im
a

n
ot

at
ze

ro
,

b
u
t

to
ei

th
er

si
d
e

of
it

,
re

fl
ec

ti
n

g
th

e
op

ti
m

al
a
m

o
u
n
t

o
f

ex
p

lo
ra

ti
o
n

in
th

is
p

a
rt

ic
u

la
r

b
el

ie
f

st
at

e.
W

h
il

e
it

is
n

o
t

o
u

t
o
f

th
e

q
u

es
ti

o
n

th
a
t

th
e

M
o
n
te

C
a
rl

o
so

lu
ti

o
n

ca
n

re
m

a
in

fe
a
si

b
le

fo
r

la
rg

er
h

o
ri

zo
n

s,
w

e
a
re

n
o
t

aw
a
re

o
f

su
cc

es
sf

u
l

so
lu

ti
o
n

s
fo

r
co

n
ti

n
u

o
u

s
st

a
te

sp
a
ce

s
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0



D
u
a
l

C
o
n
t
r
o
l

f
o
r

A
p
p
r
o
x
im

a
t
e

B
a
y
e
sia

n
R

e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g

−
1

−
0
.5

0
0
.5

1
0 1 2 3 4

u
0

cost

−
1

−
0
.5

0
0
.5

1
0 1 2 3 4

u
0

cost

F
ig

u
re

1
:

L
e
ft:

C
o
m

p
u

tin
g

th
e
T=

2
d

u
a
l

co
st

fo
r

th
e

sim
p

le
sy

stem
o
f

E
q
.

(5
).

C
o
sts

L(u
0 )

u
n

d
er

op
tim

al
con

trol
on

u
1

for
sam

p
led

p
aram

eter
b

(th
in

gray
;

on
e

sam
p

le
h

ig
h

lig
h
ted

,
o
ra

n
g
e).

E
x
p

ected
d

u
a
l

co
st
J(u

0 )
u

n
d

er
u ∗1

(d
a
sh

ed
g
reen

).
T

h
e

o
p

tim
a
l
u ∗0

lies
a
t

th
e

m
in

im
u

m
o
f

th
e

d
a
sh

ed
g
reen

lin
e.

R
ig

h
t:

C
o
m

p
a
riso

n
o
f

sa
m

p
lin

g
(d

a
sh

ed
g
reen

;
th

in
g
ray

:
sa

m
p

les)
to

th
ree

a
p

p
rox

im
a
tio

n
s:

C
E

(red
)

an
d

C
E

w
ith

B
ayesian

ex
p
loration

b
on

u
s

(b
lu

e).
T

h
e

solid
green

lin
e

is
th

e
ap

p
rox

im
a
te

d
u

a
l

co
n
trol

co
n

stru
cted

in
S

ectio
n

4.
S

ee
also

S
ec.

6
.1

fo
r

d
eta

ils.

(h
ow

ever,
see

P
ou

p
art

et
al.,

2006,
for

a
sam

p
lin

g
solu

tion
to

B
ayesian

rein
forcem

en
t

learn
in

g
in

d
iscrete

sp
a
ces,

in
clu

d
in

g
n
o
tes

o
n

th
e

co
n

sid
era

b
le

co
m

p
u
ta

tio
n

a
l

co
m

p
lex

ity
o
f

th
is

a
p

p
ro

a
ch

).
T

h
e

n
ex

t
sectio

n
d

escrib
es

a
tra

cta
b

le
a
n

a
lytic

a
p

p
rox

im
a
tio

n
th

a
t

d
o
es

n
o
t

in
vo

lv
e

sa
m

p
les.

4
.
A
p
p
ro
x
im

a
te

D
u
a
l
C
o
n
tro

l
fo
r
L
in
e
a
r
S
y
ste

m
s

In
1973,

T
se

et
al.

(1973)
con

stru
cted

th
eory

an
d

an
algorith

m
(T

se
an

d
B

ar-S
h

alom
,

1973)
for

ap
p
rox

im
ate

d
u
al

(A
D

)
con

trol,
b
ased

on
th

e
series

ex
p
an

sion
of

th
e

cost-to-go.
T

h
is

is
rela

ted
to

d
iff

eren
tia

l
d
y
n
a
m

ic
p
ro

g
ra

m
m

in
g

fo
r

th
e

co
n
tro

l
o
f

n
o
n
lin

ea
r

d
y
n
a
m

ic
sy

stem
s

(M
ay

n
e,

1
9
6
6
).

It
sep

a
ra

tes
in

to
th

ree
co

n
cep

tu
a
l

step
s

(d
escrib

ed
in

S
ec.

4
.1

–
4
.3

),
w

h
ich

to
g
eth

er
y
ield

w
h
a
t,

fro
m

a
co

n
tem

p
o
ra

ry
p

ersp
ectiv

e,
a
m

o
u
n
ts

to
a

stru
ctu

red
G

a
u
ssia

n
a
p

p
rox

im
atio

n
to

B
ayesia

n
R

L
:

¬
F

in
d

a
n

o
p

tim
a
l

tra
jecto

ry
fo

r
th

e
d

eterm
in

istic
p

a
rt

o
f

th
e

sy
stem

u
n

d
er

th
e

m
ea

n
m

o
d

el:
th

e
n

o
m

in
a
l

tra
jectory

u
n

d
er

certain
ty

eq
u

ivalen
t

con
trol.

F
or

lin
ear

sy
stem

s
th

is
is

easy
(see

b
elow

),
for

n
on

lin
ear

on
es

it
p

oses
a

n
on

triv
ial,

b
u

t
feasib

le
n

on
lin

ear
m

o
d

el
p

red
ictive

con
trol

p
rob

lem
(A

llgöw
er

et
al.,

1999;
D

ieh
l

et
al.,

2009).
It

y
ield

s
a

n
om

in
al

tra
jectory,

relative
to

w
h

ich
th

e
follow

in
g

step
con

stru
cts

a
tractab

le
q
u

ad
ratic

ex
p

a
n

sio
n

.


A

rou
n

d
th

e
n

om
in

al
tra

jectory,
con

stru
ct

a
lo

cal
qu

a
d
ra

tic
expa

n
sio

n
th

at
ap

p
rox

im
ates

th
e

eff
ects

o
f

fu
tu

re
o
b

serva
tio

n
s.

B
eca

u
se

th
e

ex
p

a
n

sio
n

is
q
u

a
d

ra
tic,

a
n

o
p

tim
a
l

co
n
tro

l
law

rela
tiv

e
to

th
e

d
eterm

in
istic

sy
stem

—
th

e
pertu

rba
tio

n
co

n
tro

l—
ca

n
b

e
co

n
stru

cted
b
y

d
y
n

a
m

ic
p

ro
g
ra

m
m

in
g
.

P
lu

g
g
in

g
th

is
p

ertu
rb

a
tio

n
co

n
tro

l
in

to
th

e
resid

u
al

d
y
n

am
ics

of
th

e
ap

p
rox

im
ate

q
u

ad
ratic

sy
stem

gives
an

ap
p

rox
im

ation
for

th
e

co
st-to

-go
.

T
h

is
step

ad
d

s
th

e
co

st
o
f

u
n
certa

in
ty

to
th

e
d

eterm
in

istic
co

n
trol

co
st.
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K
l
e
n
sk

e
a
n
d

H
e
n
n
ig

In
itia

lize
C
o
m
p
u
te

C
E

c
o
n
tro

l

p
re

d
ic
t
sta

te
a
n
d
cova

ria
n
ce

fo
r
g
iv
en

u
k

¬
C
o
m
p
u
te

C
E

tra
je
c
to

ry
a
n
d
its

cova
ria

n
ces


E
va
lu
a
te

c
o
st-to

-g
o

sea
rch

ov
er?

®
C
o
m
p
u
te

n
ex
t
va
lu
e

u
k
fo
r
th
e
se

a
rch

A
p
p
ly

th
e

c
o
n
tro

l

S
im

u
la
te

o
r
ru

n
th
e
sy
stem

M
a
k
e
n
ew

m
e
a
su

re
m
e
n
t

y
es

n
o

F
igu

re
2:

F
low

-ch
art

of
th

e
ap

p
rox

im
ate

d
u

al
con

trol
algorith

m
to

sh
ow

th
e

overall
stru

ctu
re.

A
d

a
p

ted
fro

m
T

se
a
n

d
B

a
r-S

h
a
lo

m
(1

9
7
3
).

T
h

e
left

cy
cle

is
th

e
in

n
er

lo
o
p
,

p
erfo

rm
in

g
th

e
n

on
lin

ear
op

tim
ization

.

®
In

th
e

cu
rren

t
tim

e
step

k
,

p
erfo

rm
th

e
p

red
ictio

n
fo

r
a
n

a
rb

itra
ry

co
n
tro

l
in

p
u

t
u
k

(a
s

o
p

p
o
sed

to
th

e
a
n

a
ly

tica
lly

co
m

p
u

ted
co

n
tro

l
in

p
u

t
fo

r
la

ter
step

s).
O

p
tim

ize
u
k

n
u
m

erically
b
y

rep
eated

com
p
u
tation

of
step

s
¬

an
d


at

vary
in

g
u
k

to
m

in
im

ize
th

e
a
p

p
rox

im
ate

cost.

T
h

ese
th

ree
step

s
w

ill
b

e
ex

p
la

in
ed

in
d

eta
il

in
th

e
su

b
seq

u
en

t
sectio

n
s.

T
h

e
in

terp
lay

b
etw

een
th

e
d

iff
eren

t
p

arts
of

th
e

algorith
m

is
sh

ow
n

in
F

igu
re

2.
T

h
e

a
b
stra

ct
in

tro
d
u
cto

ry
w

o
rk

T
se

et
a
l.

(1
9
7
3
)

is
rela

tiv
ely

g
en

era
l,

b
u
t

th
e

ex
p

licit
form

u
lation

in
T

se
an

d
B

ar-S
h
alom

(1973)
on

ly
ap

p
lies

to
lin

ear
sy

stem
s.

S
in

ce
b

oth
w

ork
s

a
re

d
iffi

cu
lt

to
p

a
rse

fo
r

co
n
tem

p
o
ra

ry
rea

d
ers,

th
e

fo
llow

in
g

sectio
n

s
th

u
s

fi
rst

p
rov

id
e

a
sh

o
rt

rev
iew

,
b

efo
re

w
e

ex
ten

d
to

m
o
re

m
o
d

ern
co

n
cep

ts.
In

th
is

sectio
n

,
w

e
fo

llow
th

e
m

o
re

tra
n

sp
a
ren

t
ca

se
o
f

a
lin

ea
r

sy
stem

fro
m

T
se

a
n

d
B

a
r-S

h
a
lo

m
(1

9
7
3
),

i.e.
φ(x)=

x
in

E
q
.

(1
).

F
o
r

th
e

a
u

g
m

en
ted

sta
te
z
,

th
is

still
g
iv

es
a

n
o
n

lin
ea

r
sy

stem
,

b
eca

u
se
θ

a
n

d
x

in
tera

ct
m

u
ltip

lica
tively

z
k+

1 =(
x
k+

1

θ
k+

1 )=(
A(θ

k )
0

0
I )
z
k +(

B(θ
k )0

)
u
k +(

ξ
k0 )= ∶f̃(z

k ,u
k ).

(10)

T
h
e

p
a
ra

m
eters

θ
a
re

a
ssu

m
ed

to
b

e
d
eterm

in
istic,

b
u
t

n
o
t

k
n
ow

n
to

th
e

co
n
tro

ller.
T

h
is

u
n

certa
in

ty
is

cap
tu

red
b
y

th
e

d
istrib

u
tion

p(θ)
rep

resen
tin

g
th

e
lack

of
k
n

ow
led

g
e.

4
.1

C
e
rta

in
ty

E
q
u

iv
a
le

n
t

C
o
n
tro

l
G

iv
e
s

a
N

o
m

in
a
l

R
e
fe

re
n

c
e

T
ra

je
c
to

ry

T
h

e
certain

ty
eq

u
ivalen

t
m

o
d

el
is

b
u

ilt
on

th
e

assu
m

p
tion

th
at

th
e

u
n

certain
θ

coin
cid

e
w

ith
th

eir
m

ost
likely

valu
e,

th
e

m
ean

θ̂
of
p(θ),

an
d

th
at

th
e

sy
stem

p
rop

agates
d

eterm
in

istically
w

ith
o
u

t
n

o
ise.

T
h

is
m

ea
n

s
th

a
t

th
e

n
o
m

in
a
l

p
a
ra

m
eters

θ̄
a
re

th
e

cu
rren

t
m

ea
n

va
lu

es
θ̂,

8
JM

L
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D
u
a
l

C
o
n
t
r
o
l

f
o
r

A
p
p
r
o
x
im

a
t
e

B
a
y
e
si

a
n

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g

w
h
ic

h
d
ec

ou
p
le

s
θ

en
ti

re
ly

fr
om

x
in

E
q
.

(1
0)

,
an

d
th

e
op

ti
m

al
co

n
tr

ol
fo

r
th

e
fi
n
it

e
h
or

iz
on

p
ro

b
le

m
ca

n
b

e
co

m
p

u
te

d
b
y

d
y
n

am
ic

p
ro

gr
am

m
in

g
(D

P
)

(A
ok

i,
19

67
),

y
ie

ld
in

g
an

op
ti

m
al

li
n

ea
r

co
n
tr

ol
la

w

ū
∗ j=−

( B̄⊺
K̄
j+1
B̄
+U j

)−1 B̄
⊺ [ K̄

j+1
Ā
x̄
j
+p̄ j

+1] ,
w

h
er

e
w

e
h
av

e
m

om
en

ta
ri

ly
si

m
p
li
fi
ed

n
ot

at
io

n
to
Ā
=A(

θ̄ j
),B̄

=B
(θ̄ j)

,
∀j,

b
ec

au
se

th
e
θ̄ j

ar
e

co
n

st
an

t.
T

h
e
K̄
j

an
d
p̄
j

fo
r
j
=k+

1,
..
.,
T

ar
e

d
efi

n
ed

an
d

co
m

p
u

te
d

re
cu

rs
iv

el
y

as

K̄
j
=Ā⊺

(K̄ j
+1−

K̄
j+1
B̄

( B̄⊺
K̄
j+1
B̄
+U j

)−1 B̄
⊺ K̄

j+1
)Ā

+W
j

K̄
T
=W

T

p̄
j
=Ā⊺

(p̄ j+
1
−K̄

j+1
B̄

( B̄⊺
K̄
j+1
B̄
+U j

)−1 B̄
⊺ K̄

j+1
)p̄ j+

1
−W

j
r j

p̄
T
=−W

T
r T
,

w
h

er
e
r

is
th

e
re

fe
re

n
ce

tr
a
je

ct
o
ry

to
b

e
fo

ll
ow

ed
.

T
h

is
C

E
co

n
tr

o
ll

er
g
iv

es
th

e
n

o
m

in
a
l

tr
a
je

ct
o
ry

of
in

p
u

ts
ū
k
∶T−

1
an

d
st

at
es
x̄
k
∶T,

fr
om

th
e

cu
rr

en
t

ti
m

e
k

to
th

e
h

or
iz

on
T

.
T

h
e

tr
u

e
fu

tu
re

tr
a

je
ct

or
y

is
su

b
je

ct
to

st
o
ch

as
ti

ci
ty

an
d

u
n
ce

rt
ai

n
ty

,
b
u
t

th
e

d
et

er
m

in
is

ti
c

n
om

in
al

tr
a
je

ct
o
ry
x̄

,
w

it
h

it
s

o
p

ti
m

a
l

co
n
tr

o
l
ū
∗ a

n
d

a
ss

o
ci

a
te

d
n

o
m

in
a
l

co
st
J̄
∗ k=
L(x̄

k
∶T,
ū
∗ k∶T

)
p

ro
v
id

es
a

b
as

e,
re

la
ti

ve
to

w
h

ic
h

an
ap

p
ro

x
im

at
io

n
w

il
l

b
e

co
n

st
ru

ct
ed

.

4
.2

Q
u

a
d

ra
ti

c
E

x
p

a
n

si
o
n

A
ro

u
n

d
th

e
N

o
m

in
a
l

D
e
fi

n
e
s

C
o
st

o
f

U
n

c
e
rt

a
in

ty

T
h

e
ce

n
tr

a
l

id
ea

o
f

A
D

co
n
tr

o
l

is
to

p
ro

je
ct

th
e

n
o
n

li
n

ea
r

o
b

je
ct

iv
e
J
k
(u k

∶T−
1
,p

(x k)
)

o
f

E
q
.

(3
)

in
to

a
q
u

a
d

ra
ti

c,
b
y

lo
ca

ll
y

li
n

ea
ri

zi
n

g
a
ro

u
n

d
th

e
n

o
m

in
a
l

tr
a
je

ct
o
ry
x

a
n

d
m

ai
n
ta

in
in

g
a

jo
in

t
G

au
ss

ia
n

b
el

ie
f.

T
o

d
o

so
,

w
e

in
tr

o
d

u
ce

sm
a
ll

p
er

tu
rb

a
ti

o
n

s
a
ro

u
n

d
n

o
m

in
a
l

co
st

,
st

a
te

s,
a
n

d
co

n
tr

o
l:

∆
J
j
=J j

−J̄ j
,∆
z j

=z j
−z̄ j

,
a
n

d
∆
u
j
=u j

−ū j
.

T
h

es
e

p
er

tu
rb

a
ti

o
n

s
a
ri

se
fr

o
m

b
o
th

th
e

st
o
ch

a
st

ic
it

y
o
f

th
e

st
a
te

a
n

d
th

e
p

a
ra

m
et

er
u

n
ce

rt
a
in

ty
.

N
o
te

th
a
t

a
ch

a
n

g
e

in
th

e
st

a
te

re
su

lt
s

in
a

ch
a
n

g
e

o
f

th
e

co
n
tr

o
l

si
g
n

a
l,

b
ec

a
u

se
th

e
o
p

ti
m

a
l

co
n
tr

o
l

si
g
n

a
l

in
ea

ch
st

ep
d

ep
en

d
s

o
n

th
e

st
a
te

.
E

v
en

th
o
u

g
h

th
e

o
ri

g
in

o
f

th
e

u
n

ce
rt

a
in

ti
es

is
d

iff
er

en
t

(∆
x

a
ri

se
s

fr
o
m

st
o
ch

a
st

ic
it

y
a
n

d
∆
θ

fr
o
m

th
e

la
ck

o
f

k
n

ow
le

d
g
e)

,
b

o
th

ca
n

b
e

m
o
d

el
ed

in
a

jo
in

t
p

ro
b

ab
il

it
y

d
is

tr
ib

u
ti

on
.

A
p

p
ro

x
im

at
e

G
au

ss
ia

n
fi

lt
er

in
g

en
su

re
s

th
at

b
el

ie
fs

ov
er

∆
z

re
m

ai
n

G
a
u

ss
ia

n
:

p
(∆z

j
)=N

[(∆
x
j

∆
θ j

);(
∆
x̂
j

0
),(

Σ
x
x
j

Σ
x
θ
j

Σ
θ
x
j

Σ
θ
θ
j

)].
N

o
te

th
a
t

sh
if

ti
n

g
th

e
m

ea
n

to
th

e
n

o
m

in
a
l

tr
a
je

ct
o
ry

d
o
es

n
o
t

ch
a
n

g
e

th
e

u
n

ce
rt

a
in

ty
.

N
o
te

fu
rt

h
er

th
a
t

th
e

ex
p

ec
te

d
p

er
tu

rb
a
ti

o
n

in
th

e
p
a
ra

m
et

er
s

is
n
il
.

T
h
is

is
b

ec
a
u
se

th
e

p
ar

am
et

er
s

ar
e

as
su

m
ed

to
b

e
d

et
er

m
in

is
ti

c
a
n

d
ar

e
n
ot

aff
ec

te
d

b
y

an
y

st
a
te

o
r

in
p

u
t.

C
al

cu
la

ti
n

g
th

e
G

au
ss

ia
n

fi
lt

er
in

g
u

p
d

at
es

is
in

p
ri

n
ci

p
le

n
ot

p
os

si
b

le
fo

r
fu

tu
re

m
ea

su
re

-
m

en
ts

,
si

n
ce

it
v
io

la
te

s
th

e
ca

u
sa

li
ty

p
ri

n
ci

p
le

(G
la

d
a
n

d
L

ju
n

g
,

2
0
0
0
).

N
o
n

et
h
el

es
s,

it
is

p
os

si
b

le
to

u
se

th
e

ex
pe

ct
ed

m
ea

su
re

m
en

ts
to

si
m

u
la

te
th

e
eff

ec
ts

of
th

e
fu

tu
re

m
ea

su
re

m
en

ts
o
n

th
e

u
n

ce
rt

a
in

ty
,

si
n

ce
th

es
e

eff
ec

ts
a
re

d
et

er
m

in
is

ti
c.

T
h

is
is

so
m

et
im

es
re

fe
rr

ed
to

a
s

p
re

p
os

te
ri

or
an

al
y
si

s
(R

ai
ff

a
an

d
S

ch
la

if
er

,
19

61
).

T
o

se
co

n
d

or
d

er
ar

ou
n

d
th

e
n

om
in

al
tr

a
je

ct
or

y,
th

e
co

st
is

ap
p

ro
x
im

a
te

d
b
y

J
k
(u k

∶T−
1
,p

(x k)
)=J̄

∗ k+
∆
J
k
≈J̄∗ k

+∆
J̃
k
,

9
JM

L
R

 1
7(

12
7)

:1
-3

0

K
l
e
n
sk

e
a
n
d

H
e
n
n
ig

w
h

er
e
J̄
∗ ki

s
th

e
op

ti
m

al
co

st
fo

r
th

e
n

om
in

al
sy

st
em

an
d

∆
J̃
k

is
th

e
ap

p
ro

x
im

at
e

ad
d

it
io

n
al

co
st

fr
om

th
e

p
er

tu
rb

a
ti

on
:

∆
J̃
k
∶ =E

x
k
∶T

⎡ ⎢ ⎢ ⎢ ⎢ ⎣T ∑ j=k
{(x̄

j
−r j

)⊺ W
j
∆
x
j
+1 2

∆
x
⊺ jW

j
∆
x
j
}+

T
−1 ∑ j=k

{ū⊺ j
U
j
∆
u
j
+1 2

∆
u
⊺ jU

j
∆
u
j
}⎤ ⎥ ⎥ ⎥ ⎥ ⎦.

(1
2
)

A
lt

h
ou

gh
th

e
u
n
ce

rt
ai

n
p
ar

am
et

er
s
θ

d
o

n
ot

sh
ow

u
p

ex
p
li
ci

tl
y

in
th

e
ab

ov
e

eq
u
at

io
n
,

th
is

st
ep

ca
p

tu
re

s
d
u

a
l

eff
ec

ts
:

T
h

e
u

n
ce

rt
a
in

ty
o
f

th
e

tr
a
je

ct
o
ry

∆
x

d
ep

en
d

s
o
n
θ

v
ia

th
e

d
y
n
am

ic
s.

H
ig

h
er

u
n
ce

rt
ai

n
ty

ov
er
θ

at
ti

m
e
j
−1

ca
u
se

s
h
ig

h
er

p
re

d
ic

ti
ve

u
n
ce

rt
ai

n
ty

ov
er

∆
x
j

(f
o
r

ea
ch

j)
,

a
n

d
th

u
s

in
cr

ea
se

s
th

e
ex

p
ec

ta
ti

o
n

o
f

th
e

q
u

a
d

ra
ti

c
te

rm
∆
x
⊺ jW

j
∆
x
j
.

C
on

tr
ol

th
at

d
ec

re
as

es
u

n
ce

rt
ai

n
ty

in
θ

ca
n

lo
w

er
th

is
ap

p
ro

x
im

at
e

co
st

,
m

o
d
el

in
g

th
e

b
en

efi
t

of
ex

p
lo

ra
ti

on
.

F
or

th
e

sa
m

e
re

as
on

,
E

q
.

(1
2
)

is
in

fa
ct

st
il

l
n

ot
a

q
u

ad
ra

ti
c

fu
n
ct

io
n

an
d

h
as

n
o

cl
os

ed
fo

rm
so

lu
ti

on
.

T
o

m
ak

e
it

tr
ac

ta
b
le

,
T

se
an

d
B

ar
-S

h
al

om
(1

97
3)

m
ak

e
th

e
an

sa
tz

th
a
t

a
ll

te
rm

s
in

th
e

ex
p

ec
ta

ti
o
n

o
f

E
q
.

(1
2
)

ca
n

b
e

w
ri

tt
en

a
s
g j
+p⊺ j

∆
z j
+1 /2

∆
z
⊺ jK

j
∆
z j

.
T

h
is

a
m

o
u
n
ts

to
a
p
p
ly

in
g

d
y
n
a
m

ic
p
ro

g
ra

m
m

in
g

o
n

th
e

p
er

tu
rb

ed
sy

st
em

.
E

x
p

ec
ta

ti
o
n
s

ov
er

th
e

co
st

u
n
d
er

G
au

ss
ia

n
b

el
ie

fs
on

∆
z

ca
n

th
en

b
e

co
m

p
u
te

d
an

al
y
ti

ca
ll
y.

B
ec

au
se

al
l

∆
θ

h
av

e
ze

ro
m

ea
n

,
li

n
ea

r
te

rm
s

in
th

es
e

q
u

a
n
ti

ti
es

va
n

is
h

in
th

e
ex

p
ec

ta
ti

o
n

.
T

h
is

a
ll

ow
s

an
al

y
ti

c
m

in
im

iz
at

io
n

o
f

th
e

a
p

p
ro

x
im

at
e

o
p

ti
m

a
l

co
st

fo
r

ea
ch

ti
m

e
st

ep

∆
J̃
∗ j(p(

x
j
))=

m
in

∆
u
j

{(x
j
−r j

)⊺ W
j
∆
x̂
j∣j+

1 2
∆
x̂
⊺ j∣jW

j
∆
x̂
j∣j+

u
⊺ jU

∆
u
j
+1 2

∆
u
⊺ jU

∆
u
j

+1 2
tr

[W j
Σ
x
x
j∣j]

+E ∆
x
j
+1

[ ∆J̃
∗ j+1

(y 1∶
j+1

)∣p(
x
j
)] }

,
(1

3
)

w
h

ic
h

is
fe

as
ib

le
gi

ve
n

an
ex

p
li

ci
t

d
es

cr
ip

ti
on

of
th

e
G

au
ss

ia
n

fi
lt

er
in

g
u

p
d

at
e.

It
is

im
p

or
ta

n
t

to
n
o
te

th
a
t,

a
ss

u
m

in
g

ex
te

n
d

ed
K

a
lm

a
n

fi
lt

er
in

g
,

th
e

u
p

d
a
te

to
th

e
m

ea
n

fr
o
m

ex
pe

ct
ed

fu
tu

re
o
b

se
rv

a
ti

o
n

s
y j
+1

is
n

il
.

T
h

is
is

b
ec

a
u

se
w

e
ex

p
ec

t
to

se
e

m
ea

su
re

m
en

ts
co

n
si

st
en

t
w

it
h

th
e

cu
rr

en
t

m
ea

n
es

ti
m

a
te

.
N

o
n
et

h
el

es
s,

th
e

(c
o
-)

va
ri

a
n

ce
ch

a
n

g
es

d
ep

en
d

in
g

o
n

th
e

co
n
tr

o
l

in
p

u
t
u
j
,

w
h

ic
h

is
th

e
d
u

a
l

eff
ec

t.
F

ol
lo

w
in

g
th

e
d
y
n
am

ic
p
ro

gr
am

m
in

g
eq

u
at

io
n
s

fo
r

th
e

p
er

tu
rb

ed
p
ro

b
le

m
,

in
cl

u
d
in

g
th

e
ad

d
it

io
n

al
co

st
fr

om
u

n
ce

rt
ai

n
ty

,
th

e
re

su
lt

in
g

co
st

a
m

o
u

n
ts

to
(T

se
et

a
l.

,
19

7
3)

∆
J̃
∗ k(p(

x
k
))=

g̃ k
+1+

p̃
⊺ k+1

∆
ẑ k
+1 2

∆
ẑ
⊺ kK̃

k
+1∆

ẑ k

+1 2
tr

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩W
T

Σ
x
x
T
∣T+

T
−1 ∑ j=k

[W j
Σ
x
x
j∣j+

(Σ j+
1
∣j−

Σ
j+1
∣j+1

)K̃ j
+1]⎫ ⎪ ⎪ ⎬ ⎪ ⎪ ⎭

(w
h

er
e

w
e

h
av

e
n

eg
le

ct
ed

se
co

n
d

-o
rd

er
eff

ec
ts

of
th

e
d

y
n

am
ic

s)
.

R
ec

a
ll

in
g

th
a
t

∆
ẑ
=0

a
n

d
d

ro
p

p
in

g
th

e
co

n
st

an
t

p
a
rt

,
th

e
d
u

a
l

co
st

ca
n

b
e

ap
p

ro
x
im

a
te

d
to

b
e

J
d k
=1 2

tr

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩W
T

Σ
x
x
T
∣T+

T
−1 ∑ j=k

[W j
Σ
x
x
j∣j+

(Σ j+
1
∣j−

Σ
j+1
∣j+1

)K̃ j
+1]⎫ ⎪ ⎪ ⎬ ⎪ ⎪ ⎭

( =∆
J̃
∗ k−

co
n

st
)

w
h

er
e

th
e

re
cu

rs
iv

e
eq

u
a
ti

on

K̃
j
=Ã⊺

(K̃ j
+1−

K̃
j+1
B̃

( B⊺
K
x
x

j+1
B
+U j

)−1 B̃
⊺ K̃

j+1
)Ã

+W̃
j

K̃
T
=W̃

T

1
0

JM
L

R
 1

7(
12

7)
:1

-3
0



D
u
a
l

C
o
n
t
r
o
l

f
o
r

A
p
p
r
o
x
im

a
t
e

B
a
y
e
sia

n
R

e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g

is
d
efi

n
ed

fo
r

th
e

a
u
g
m

en
ted

sy
stem

(1
0
),

w
ith

Ã=
∂∂
z
f̃

,
B̃=

∂∂
u
f̃

a
n
d
W̃
j =

b
lk

d
ia

g(W
j ,0).

T
h

e
a
p
p

rox
im

a
tio

n
to

th
e

ov
era

ll
co

st
is

th
en

J̄ ∗k +
J
dk ,

w
h

ich
is

u
sed

in
th

e
su

b
seq

u
en

t
o
p

tim
iza

tio
n

p
ro

ced
u

re.

4
.3

O
p

tim
iz

a
tio

n
o
f

th
e

C
u

rre
n
t

C
o
n
tro

l
In

p
u

t
G

iv
e
s

A
p

p
ro

x
im

a
te

D
u

a
l

C
o
n
tro

l

T
h

e
last

step
®

am
ou

n
ts

to
th

e
ou

ter
lo

op
of

th
e

overall
algorith

m
.

A
grad

ien
t-free

b
lack

-b
ox

op
tim

ization
algorith

m
is

u
sed

to
fi

n
d

th
e

m
in

im
u

m
of

th
e

d
u

al
cost

fu
n

ction
.

In
every

step
,

th
is

a
lg

o
rith

m
p
ro

p
oses

a
con

tro
l

in
p

u
t
u
k

for
w

h
ich

th
e

d
u

a
l

co
st

is
eva

lu
ated

.

D
ep

en
d
in

g
on

u
k ,

ap
p
rox

im
ate

fi
lterin

g
is

carried
ou

t
to

th
e

h
orizon

.
T

h
e

p
ertu

rb
ation

co
n
tro

l
is

p
lu

g
g
ed

in
to

E
q
.

(1
3
)

to
g
iv

e
a
n

a
n

a
ly

tic,
recu

rsiv
e

d
efi

n
itio

n
fo

r
K̃
j ,

a
n

d
a
n

a
p

p
rox

im
atio

n
fo

r
th

e
d

u
a
l

cost
J
dk ,

as
a

fu
n

ction
o
f

th
e

cu
rren

t
co

n
trol

in
p

u
t
u
k .

N
o
n

lin
ea

r
o
p

tim
iza

tio
n

—
th

ro
u

g
h

rep
etitio

n
s

o
f

step
s

¬
a
n

d


fo
r

p
ro

p
o
sed

lo
ca

tio
n

s
u
k —

th
en

y
ield

s
an

ap
p

rox
im

ation
to

th
e

op
tim

al
d

u
al

con
trol

u ∗k .
C

on
cep

tu
ally

th
e

sim
p

lest
p

a
rt

o
f

th
e

a
lg

o
rith

m
,

th
is

o
u

ter
lo

o
p

d
o
m

in
a
tes

co
m

p
u

ta
tio

n
a
l

co
st,

b
eca

u
se

fo
r

ev
ery

lo
ca

tion
u
k

th
e

w
h

o
le

m
a
ch

in
ery

o
f

¬
an

d


h
a
s

to
b

e
eva

lu
a
ted

.

5
.
E
x
te
n
sio

n
to

C
o
n
te
m
p
o
ra

ry
M

a
ch

in
e
L
e
a
rn

in
g
M

o
d
e
ls

T
h

e
p

reced
in

g
sectio

n
rev

iew
ed

th
e

trea
tm

en
t

o
f

d
u

a
l

co
n
tro

l
in

lin
ea

r
d

y
n

a
m

ica
l

sy
stem

s
fro

m
T

se
a
n
d

B
a
r-S

h
a
lo

m
(1

9
7
3
).

In
th

is
sectio

n
,

w
e

ex
ten

d
th

e
a
p
p
ro

a
ch

to
in

feren
ce

o
n
,

an
d

d
u

al
con

trol
of,

th
e

d
y
n
am

ics
of

n
o
n

lin
ear

d
y
n

am
ical

sy
stem

s.
T

h
is

ex
ten

sion
is

gu
id

ed
b
y

th
e

d
esire

to
u

se
a

n
u

m
b

er
of

p
op

u
lar,

stan
d

ard
regression

fram
ew

ork
s

in
m

ach
in

e
learn

in
g:

P
aram

etric
gen

eral
least-sq

u
ares

regression
,

n
on

p
aram

etric
G

au
ssian

p
ro

cess
regression

,
an

d
feed

fo
rw

ard
n

eu
ral

n
etw

o
rk

s
(in

clu
d

in
g

th
e

b
ase

ca
se

o
f

lo
g
istic

reg
ressio

n
).

5
.1

P
a
ra

m
e
tric

N
o
n

lin
e
a
r

S
y
ste

m
s

W
e

b
eg

in
w

ith
th

e
g
en

era
lized

lin
ea

r
m

o
d
el

m
en

tio
n
ed

in
E

q
.

(1).
T

h
e

n
o
n
lin

ea
r

fea
tu

res
φ

ca
n

in
p

rin
cip

le
b

e
a
n
y

fu
n

ctio
n

(p
o
p

u
la

r
ch

o
ices

in
clu

d
e

sin
es

a
n

d
co

sin
es,

ra
d

ia
l

b
a
sis

fu
n

ction
s,

sigm
oid

s,
p

oly
n

om
ials

an
d

oth
ers),

w
ith

th
e

caveat
th

at
th

eir
stru

ctu
re

cru
cially

in
fl

u
en

ces
th

e
p

rop
erties

of
th

e
m

o
d

el.
F

rom
a

m
o
d

elin
g

p
ersp

ective,
th

is
ap

p
roach

is
q
u

ite
sta

n
d

a
rd

fo
r

m
a
ch

in
e

lea
rn

in
g
.

H
ow

ev
er,

th
e

d
y
n

a
m

ica
l

lea
rn

in
g

settin
g

req
u

ires
a

few
a
d

a
p

ta
tio

n
s:

F
irst,

to
a
llow

th
e

m
o
d

elin
g

o
f

h
ig

h
er-o

rd
er

d
y
n

a
m

ica
l

sy
stem

s,
th

e
o
rig

in
a
l

states
m

u
st

to
b

e
in

clu
d

ed
.

T
h

is
gives

featu
res

of
th

e
form

φ(x) ⊺= (x ⊺
ϕ(x) ⊺),

con
sistin

g
o
f

th
e

lin
ea

r
rep

resen
tatio

n
,

au
gm

en
ted

b
y

g
en

era
l

fea
tu

res
ϕ

.

T
h

e
n
ex

t
ch

a
llen

g
e

is
th

a
t

th
e

o
p

tim
a
l

co
n
tro

l
fo

r
n

o
n

lin
ea

r
d

y
n

a
m

ica
l

sy
stem

s
ca

n
n

o
t

b
e

o
p

tim
ized

in
clo

sed
fo

rm
u

sin
g

d
y
n

a
m

ic
p

ro
g
ra

m
m

in
g
,

n
o
t

ev
en

fo
r

th
e

d
eterm

in
istic

n
o
m

in
a
l

sy
stem

.
In

stea
d

,
w

e
fi

n
d

th
e

n
o
m

in
a
l

referen
ce

tra
jecto

ry
u

sin
g

n
o
n

lin
ea

r
m

o
d

el
p

red
ictiv

e
co

n
tro

l
(A

llg
ö
w

er
et

a
l.,

1
9
9
9
;

D
ieh

l
et

a
l.,

2
0
0
9
).

In
o
u

r
ca

se,
w

e
b

eg
in

w
ith

d
y
n

a
m

ic
p

ro
g
ra

m
m

in
g

o
n

a
lo

ca
lly

lin
ea

rized
sy

stem
,

th
en

o
p

tim
ize

n
o
n

lin
ea

rly
w

ith
a

n
u
m

erica
l

m
eth

o
d

a
cro

ss
th

e
tra

jecto
ry.

T
h
is

a
d
d
s

co
m

p
u
ta

tio
n
a
l

co
st,

a
n
d

req
u
ires

so
m

e
ca

re
to

a
ch

ieve
sta

b
le

o
p

tim
iza

tio
n

p
erfo

rm
a
n

ce
fo

r
sp

ecifi
c

sy
stem

setu
p

s.

F
ilterin

g
fro

m
o
b

serva
tio

n
s

is
a
lso

m
o
re

in
v
o
lv

ed
in

th
e

ca
se

o
f

n
o
n

lin
ea

r
d

y
n

a
m

ics.
In

th
e

ex
p

erim
en

ts
rep

orted
b

elow
,

w
e

stayed
w

ith
in

th
e

ex
ten

d
ed

K
alm

an
fi
lterin

g
fram

ew
ork

11
JM

L
R

 17(127):1-30

K
l
e
n
sk

e
a
n
d

H
e
n
n
ig

to
reta

in
G

a
u

ssia
n

b
eliefs

ov
er

th
e

sta
tes

a
n

d
p

a
ra

m
eters.

E
x
ten

sio
n

s
o
f

th
is

a
p

p
ro

a
ch

to
m

ore
elab

orate
fi
lterin

g
m

eth
o
d
s

are
an

in
terestin

g
d
irection

for
fu

tu
re

w
ork

.
T

h
is

in
clu

d
es

relatively
stan

d
ard

op
tion

s
like

u
n

scen
ted

K
alm

an
fi

lterin
g

(U
h

lm
an

n
,

1995),
b

u
t

also
m

ore
recen

t
d
evelop

m
en

ts
in

m
ach

in
e

learn
in

g
an

d
p
rob

ab
ilistic

con
trol,

su
ch

as
an

aly
tic

m
om

en
t

p
rop

a
ga

tion
w

h
ere

th
e

featu
res

ϕ
allow

th
is

(e.g.,
D

eisen
roth

an
d

R
asm

u
ssen

,
20

11).

T
h

e
fi

n
a
l

p
ro

b
lem

is
th

e
g
en

era
liza

tio
n

o
f

th
e

d
eriva

tio
n

s
fro

m
th

e
p

reced
in

g
sectio

n
s

to
th

e
n

o
n

lin
ea

r
d

y
n

a
m

ics.
W

e
ta

k
e

a
rela

tiv
ely

sim
p

listic
a
p

p
ro

a
ch

,
w

h
ich

n
ev

erth
eless

tu
rn

s
ou

t
to

w
ork

w
ell.

A
lin

earization
gives

lo
cally

lin
ear

d
y
n
am

ics
w

h
ose

stru
ctu

re
closely

m
atch

es
E

q
.

(1
0):

z
k+

1 =(
x̄
k+

1 +
∆
x
k+

1

θ̄
k+

1 +
∆
θ
k+

1 )=(
A(θ

k )
0

0
I )(

φ(x̄
k +

∆
x
k )

θ̄
k +

∆
θ
k )+(

B(θ
k )0

)
u
k +(

ξ
k0 )

≈(
A(θ̄

k )
0

0
I )(

φ(x̄
k )θ̄
k )+(

B(θ̄
k )0

)
u
k +(

ξ
k0 )

+(
A(θ̄

k )
∂
∂
x
k
φ(x̄

k )
∂
∂
θ
k (A(θ̄

k )φ(x̄
k )+

B(θ̄
k )u

k )
0

I
)(

∆
x
k

∆
θ
k )
.

T
h
is

essen
tia

lly
a
m

o
u
n
ts

to
ex

ten
d
ed

K
a
lm

a
n

fi
lterin

g
o
n

th
e

a
u
g
m

en
ted

sta
te.

U
sin

g
th

is
lin

earization
,

th
e

ap
p

rox
im

ation
d

escrib
ed

in
S

ec.
4

can
b

e
ap

p
lied

an
alo

gou
sly.

5
.2

N
o
n

p
a
ra

m
e
tric

G
a
u

ssia
n

P
ro

c
e
ss

D
y
n

a
m

ic
s

M
o
d

e
ls

T
h
e

a
b

ov
e

trea
tm

en
t

o
f

p
a
ra

m
etric

lin
ea

r
m

o
d
els

m
a
k
es

it
co

m
p
a
ra

b
ly

ea
sy

to
ex

ten
d

th
e

d
escrip

tio
n

fro
m

fi
n

itely
m

a
n
y

fea
tu

re
fu

n
ctio

n
s

to
a
n

in
fi

n
ite-d

im
en

sio
n

a
l

fea
tu

re
sp

a
ce

d
efi

n
in

g
a

G
au

ssian
p

ro
cess

(G
P

)
d
y
n

am
ics

m
o
d
el:

A
ssu

m
e

th
at

th
e

tru
e

d
y
n

am
ics

fu
n

ction
f

is
a

d
raw

fro
m

a
G

a
u

ssia
n

p
ro

cess
p

rio
r
p(f)=GP(f

;m
,κ̄)

w
ith

p
rio

r
m

ea
n

fu
n

ctio
n

m∶R
n_

R
n
,

a
n
d

p
rio

r
cova

ria
n

ce
fu

n
ctio

n
(k

ern
el)

κ̄∶R
n×

R
n_

R
n×

R
n
.

T
h

is
is

u
sin

g
th

e
w

id
ely

u
sed

n
otion

of
“m

u
lti-ou

tp
u

t
regression

”
(R

asm
u

ssen
an

d
W

illiam
s,

2006,§
9.1),

i.e.
form

u
latin

g
th

e
covarian

ce
as

cov(f
i (x),f

j (x ′))=
κ̄
ij (x

,x ′).
T

o
sim

p
lify

th
e

trea
tm

en
t,

w
e

w
ill

a
ssu

m
e

th
a
t

th
e

cova
ria

n
ce

fa
cto

rs
b

etw
een

in
p

u
ts

a
n

d
o
u

tp
u

ts,
i.e.

κ̄
ij (x

,x ′)=
V
ij κ(x

,x ′)
w

ith
a

u
n

iva
ria

te
k
ern

el
κ∶R

n×
R
n_

R
a
n

d
a

p
o
sitiv

e
sem

i-d
efi

n
ite

m
a
trix

V∈
R
n×
n

o
f

o
u

tp
u

t
cova

ria
n
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(e.g
.,

K
ö
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b
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p
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b
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` (x ′)
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µ(x ′)=
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e
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ro
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d
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w
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h
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p
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d
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⊺ is

h
er

e
d

efi
n

ed
as

in
E

q
.

(1
5)

).
U

si
n

g
th
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a
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d
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p
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I
0

0
⋯

0
A

1
I

0
⋯

0
A

2
A

1
A

2
I

⋯
0

⋮
⋱

A
m
⋯A 1

A
m
⋯A 2

⋯
I

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦
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[x̂ k θ̂ k
]=

[x̂ k−
1

0
]+

[Φ
(x̂ k−

1
)ΛΦ

(y 1∶
k
−1)⊺

Λ
Φ
(y 1∶

k
−1)⊺

]G−
1
[ Φ(

y
1
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)ΛΦ
(x̂ k−

1
)⊺
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(y 1∶

k
−1)Λ

] (
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e
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ri
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p

ri
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d
of
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x
x
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Σ
x
x
k
A
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+Φ k
Σ
θ
x
k
A
⊺ k+A

k
Σ
x
θ
k

Φ
⊺ k+Φ

k
Σ
θ
θ
Φ
⊺ k

(1
7
a)

Σ
x
x
k

=Σ̄x
x
k
−1−

Σ̄
x
x
k
−1[ Σ̄

x
x
k
−1+

R
]−1 Σ̄

x
x
k
−1
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7
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)

Σ
x
θ
k

=F k
,∶Φ

(y)Λ
−F k

,∶[P
+K

+Q
]G−

1
Φ
(y)Λ

(1
7
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Σ
θ
x
k

=(Σ
x
θ
k

)⊺
(1

7
d

)

Σ
θ
θ
k
=Λ

−ΛΦ
(y)⊺
G−1

Φ
(y)Λ

.
(1
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)
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d
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b
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ra
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f
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e
p

os
te

ri
or

ov
er

an
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f
(x)

ca
n

b
e

co
m

p
u

te
d

in
ti
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e
O((

n
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)3
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p
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th
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p
p
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n
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b
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b
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p
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E
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n

it
e
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n
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th
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p
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ta

ti
on
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st
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e
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ri
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in
ve

rs
io

n
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E
q
s.
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an
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7
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e
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b
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n
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re
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h
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e
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b
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o
f
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= ∫
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d
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at
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n
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n
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a
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b
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s
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n
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io
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s
a
s

κ
(x,x

′ )≈
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′ )=
√ 2 F

F
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n
(ω 2i
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−x′

∣)+
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s(ω 2
i∣x−

x
′ ∣),

w
h

er
e
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p
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e

p
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p
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n
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.
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b
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ra
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ra
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p
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d
el

s
of

S
ec

ti
on

5.
1

is
to
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−
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d
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d
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ra
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b
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la
ten

t
to

th
e

o
u

tp
u

t
lay

er,
w

a
re

th
e

w
eig

h
ts

fro
m

in
p
u

t
to

h
id

d
en

u
n

its,
an

d
b

are
th

e
b

iases
of

th
e

h
id

d
en

u
n

its
(see

F
ig.

4).
N

eu
ral

n
etw

ork
s

are
u

sed
in

con
trol

q
u

ite
regu

larly,
see

e.g.,
N

gu
yen

an
d

W
id

row
(1990).

In
stea

d
o
f

u
sin

g
b
a
ck

p
ro

p
a
g
a
tio

n
a
n

d
sto

ch
a
stic

g
ra

d
ien

t
d

escen
t

a
s

in
m

o
st

a
p

p
lica

tio
n
s

of
n

eu
ral

n
etw

o
rk

s
(R

u
m

elh
art

et
al.,

1986;
R

ob
b

in
s

an
d

M
on

ro,
195

1),
th

e
E

K
F

in
feren

ce
p
ro

ced
u
re

can
b

e
u
sed

to
train

th
e

w
eigh

ts
as

w
ell

(S
in

gh
al

an
d

W
u
,

1989).
T

h
is

is
p

ossib
le

b
ecau

se
th

e
E

K
F

lin
earization

can
also

b
e

ap
p

lied
for

th
e

n
on

lin
ea

r
lin

k
fu

n
ction

,
e.g.,

th
e

logistic
fu

n
ction

.
S

p
eak

in
g

in
term

s
of

featu
re

fu
n

ction
s,

n
ot

on
ly

th
e

w
eigh

t
of

each
featu

re
b

u
t

also
th

e
sh

ap
e

(steep
n

ess)
can

b
e

in
ferred

.
A

lim
itin

g
factor

for
th

is
in

feren
ce

n
atu

rally
is

th
e

n
u
m

b
er

o
f

d
a
ta

p
o
in

ts:
th

e
m

o
re

fea
tu

res
a
n
d

p
a
ra

m
eters

a
re

in
tro

d
u
ced

,
th

e
m

o
re

d
a
ta

p
oin

ts
a
re

n
ecessary

to
learn

.
U

sin
g

th
e

sta
te

a
u

g
m

en
ta

tio
n
z ⊺=(x ⊺

v ⊺
w ⊺),

a
n

d
lin

ea
rizin

g
w

.r.t.
a
ll

p
a
ra

m
eters

in
each

step
,

th
e

E
K

F
in

feren
ce

on
th

e
n
eu

ral
n
etw

ork
p
aram

eters
allow

s
u
s

n
ot

on
ly

to
ap

p
ly

relatively
ch

eap
in

feren
ce

on
th

em
,

b
u

t
also

to
u

se
th

e
d

u
al

con
trol

fram
ew

ork
to

p
lan

con
trol

sig
n

a
ls,

a
cco

u
n
tin

g
fo

r
th

e
eff

ect
o
f

fu
tu

re
o
b

serva
tio

n
s

a
n

d
th

e
su

b
seq

u
en

t
ch

a
n

g
e

in
th

e
b

elief.
T

h
is

m
ean

s
th

e
ad

ap
tive

d
u
al

con
troller

d
escrib

ed
in

S
ec.

4
can

id
en

tify
th

ose
p
arts

of
th

e
n

eu
ral

n
et

th
at

are
relevan

t
for

ap
p

ly
in

g
op

tim
al

con
trol

to
th

e
p

rob
lem

at
h

an
d

.
In

S
ec.

6
.3

,
w

e
sh

ow
an

ex
p

erim
en

t
w

ith
th

ese
p

rop
erties.

6
.
E
x
p
e
rim

e
n
ts

A
series

o
f

ex
p

erim
en

ts
o
n

sin
g
le-ep

iso
d

e
ta

sk
s

w
ith

co
n
tin

u
o
u

s
sta

te
sp

a
ce

h
ig

h
lig

h
ts

q
u

alitative
d

iff
eren

ces
b

etw
een

th
e

ad
ap

tive
d

u
al

(A
D

)
con

troller
an

d
th

ree
oth

er
con

trollers:
A

n
o
ra

cle
co

n
tro

ller
w

ith
a
ccess

to
th

e
tru

e
p
a
ra

m
eters,

w
h

ich
p

rov
id

es
a
n

u
n

a
tta

in
a
b

le
low

er
b

o
u

n
d

(L
B

)
o
n

th
e

a
ch

ieva
b

le
p

erfo
rm

a
n

ce,
a

certa
in

ty
eq

u
iva

len
t

(C
E

)
co

n
tro

ller
a
s

d
escrib

ed
in

S
ec.

4
.1

,
a
n
d

a
co

n
tro

ller
m

in
im

izin
g

th
e

su
m

o
f

C
E

co
st

a
n
d

th
e

B
ay

esia
n

ex
p

lora
tion

b
on

u
s

(B
E

B
)

(see
K

olter
an

d
N

g,
2009

):

`
b
e
b =

τ [sq
rt (d

iag (Σ
θ
θ))] ⊺[sq

rt (d
iag (Σ

θ
θ))]

(τ
is

a
scalar

ex
p

loration
w

eigh
t).

T
h

e
ad

d
ition

al
cost

term
`
b
e
b

is
evalu

ated
for

th
e

p
red

icted
p

a
ra

m
eter

cova
ria

n
ce

w
h

ere
th

e
p

red
ictio

n
tim

e
is

ch
o
sen

a
cco

rd
in

g
to

th
e

o
rd

er
o
f

th
e

sy
stem

su
ch

th
a
t

th
e

eff
ect

o
f

th
e

cu
rren

t
co

n
tro

l
sig

n
a
l

sh
ow

s
u
p

in
th

e
b

elief
ov

er
th

e
p

aram
eters.

T
h

is
ty

p
e

of
con

troller
is

som
etim

es
also

called
d

u
al

con
trol,

w
h

ile
b

ein
g

referred
to

as
exp

licit
d
u

a
l

co
n

tro
l,

w
h

ere
th

e
d

u
al

featu
res

are
ob

tain
ed

b
y

a
m

o
d

ifi
ed

cost
fu

n
ction

(F
ila

tov
an

d
U

n
b

eh
au

en
,

2000).
E

very
ex

p
erim

en
t

w
as

rep
eated

50
tim

es
w

ith
d

iff
eren

t
ran

d
om

seed
s,

w
h

ich
w

ere
sh

ared
a
cro

ss
co

n
tro

llers
fo

r
co

m
p

a
ra

b
ility.

A
ll

sy
stem

s
p

resen
ted

b
elow

a
re

v
ery

sim
p

le
setu

p
s.

T
h

eir
p

rim
a
ry

p
o
in

t
is

to
sh

ow
q
u

a
lita

tiv
e

d
iff

eren
ces

o
f

th
e

co
n
tro

llers’
b

eh
av

io
r.

T
h

e
ex

p
erim

en
ts

w
ere

d
o
n

e
w

ith
d

iff
eren

t
a
p

p
rox

im
a
tio

n
s

fro
m

th
e

p
reced

in
g

sectio
n

to
sh

ow
ex

p
erim

en
ta

l
fea

sib
ility

for
each

of
th

em
.
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D
u
a
l

C
o
n
t
r
o
l

f
o
r

A
p
p
r
o
x
im

a
t
e

B
a
y
e
si

a
n

R
e
in

f
o
r
c
e
m

e
n
t

L
e
a
r
n
in

g

T
h
e

fe
a
tu

re
se

t
u
se

d
fo

r
a

sp
ec

ifi
c

a
p
p
li
ca

ti
o
n

is
p
a
rt

o
f

th
e

p
ri

o
r

a
ss

u
m

p
ti

o
n
s

fo
r

th
a
t

ap
p
li
ca

ti
on

.
L

ar
ge

u
n
ce

rt
ai

n
ty

re
q
u
ir

es
fl
ex

ib
le

m
o
d
el

s
(w

h
ic

h
ta

ke
lo

n
ge

r
to

co
n
ve

rg
e,

an
d

re
q
u

ir
e

m
or

e
ex

p
lo

ra
ti

on
).

F
ea

tu
re

se
le

ct
io

n
is

im
p

or
ta

n
t,

b
u

t
si

n
ce

it
is

in
d

ep
en

d
en

t
of

th
e

d
u

a
l

co
n
tr

o
l

fr
a
m

ew
o
rk

it
se

lf
a
n

d
a

b
ro

a
d

to
p

ic
o
n

it
s

ow
n

,
it

is
b

ey
o
n
d

th
e

sc
o
p

e
o
f

th
is

p
a
p

er
.

In
th

e
fo

ll
ow

in
g

ex
p

er
im

en
ts

,
d

iff
er

en
t

fe
a
tu

re
se

ts
a
re

u
se

d
b

o
th

a
s

ex
a
m

p
le

s
fo

r
th

e
fl

ex
ib

il
it

y
of

th
e

fr
am

ew
or

k
,

b
u

t
al

so
to

m
o
d

el
d

iff
er

en
t

st
ru

ct
u

ra
l

k
n

ow
le

d
ge

ab
ou

t
th

e
p

ro
b

le
m

s
at

h
an

d
.

6
.1

O
n

a
S

im
p

le
S

c
a
la

r
S

y
st

e
m

,
A

D
C

o
n
tr

o
l

M
a
tc

h
e
s

E
x
a
c
t

D
u

a
l

C
o
n
tr

o
l

W
e
ll

F
or

th
e

n
oi

se
-f

re
e

li
n

ea
r

sy
st

em
of

S
ec

.
3.

1,
(a

=1
(k

n
ow

n
),
b
=2,

p
(b)

=N
(b;1

,1
0),Q

=10
−1 ,

R
=0,

W
=1,

Λ
=1,

T
=2)

,
F

ig
.

1
,

ri
g
h
t,

co
m

p
a
re

s
th

e
co

st
fu

n
ct

io
n

s
o
f

th
e

va
ri

o
u

s
co

n
tr

o
ll
er

s
a
n
d

th
e

a
p
p
ro

x
im

a
te

ly
ex

a
ct

sa
m

p
li
n
g

so
lu

ti
o
n

(w
h
ic

h
is

o
n
ly

av
a
il
a
b
le

fo
r

th
is

ve
ry

si
m

p
le

se
tu

p
).

A
ll

co
st

fu
n
ct

io
n
s

ar
e

sh
if

te
d

b
y

an
ir

re
le

va
n
t

co
n
st

an
t.

T
h
e

C
E

co
st

is
q
u

ad
ra

ti
c

an
d

in
d

iff
er

en
t

ab
ou

t
ze

ro
.

T
h

e
B

E
B

(τ
=0.

1)
gi

ve
s

ad
d

it
io

n
al

st
ru

ct
u

re
n

ea
r

ze
ro

th
a
t

en
co

u
ra

g
es

le
a
rn

in
g
.

W
h

il
e

q
u

a
li
ta

ti
v
el

y
si

m
il

a
r

to
th

e
d

u
a
l

co
st

,
it

s
g
lo

b
a
l

m
in

im
u

m
is

a
lm

o
st

a
t

th
e

sa
m

e
lo

ca
ti

o
n

a
s

th
a
t

o
f

C
E

.
T

h
e

d
u
a
l

co
n
tr

o
l

a
p
p
ro

x
im

a
te

s
th

e
sa

m
p
li
n
g

so
lu

ti
on

m
u

ch
cl

os
er

.

6
.2

F
a
c
e
d

w
it

h
T

im
e
-V

a
ry

in
g

S
ta

te
C

o
st

,
A

D
C

o
n
tr

o
l

H
o
ld

s
O

ff
E

x
p

lo
ra

ti
o
n

U
n
ti

l
S

u
it

a
b

le

A
ca

rt
o
n

a
ra

il
is

a
si

m
p

le
ex

a
m

p
le

fo
r

a
d

y
n

a
m

ic
a
l

sy
st

em
.

C
o
m

b
in

ed
w

it
h

a
n

o
n

li
n

ea
rl

y
va

ry
in

g
sl

op
e,

a
si

m
p

le
b

u
t

n
on

li
n

ea
r

sy
st

em
ca

n
b

e
co

n
st

ru
ct

ed
.

T
h

e
d

y
n

am
ic

s,
p

ri
or

b
el

ie
fs

,
an

d
tr

u
e

va
lu

es
fo

r
th

e
p

ar
am

et
er

s
ar

e
ch

os
en

to
b

e

x
k
+1

=[1
0
.4

0
1

]x k
+[0

0
θ1

θ2
][ϕ

1
(x1 k)

ϕ
2
(x1 k)

]+[
0 1
]u k

θ
∼N

([0 0
],[1

0
0

1
])

θ t
ru

e
=[0.

8
0.

4],
w

h
er

e
su

p
er

sc
ri

p
ts

d
en

o
te

v
ec

to
r

el
em

en
ts

.
T

h
e

n
o
n

li
n

ea
r

fu
n

ct
io

n
s
ϕ

a
re

sh
if

te
d

lo
g
is

ti
c

fu
n

ct
io

n
s

of
th

e
fo

rm

ϕ
1
(x)

=−
1

1
+e(

x
+5)

ϕ
2
(x)

=
1

1
+e−

(x−
5
),

(1
9)

a
n

d
d

is
tu

rb
a
n

ce
/
n

o
is

e
is

ch
o
se

n
to

b
e
R
=Q

=10
−2 I

.
W

e
u

se
th

is
se

tu
p

a
s

a
te

st
b

ed
fo

r
a

ti
m

e-
st

ru
ct

u
re

d
ex

p
lo

ra
ti

o
n

p
ro

b
le

m
.

T
h
e

a
ct

u
a
l

sy
st

em
a
n
d

it
s

d
y
n
a
m

ic
s

a
re

re
la

ti
v
el

y
ir

re
le

va
n
t

h
er

e,
as

w
e

w
il

l
fo

cu
s

on
a

co
m

p
li

ca
ti

on
ca

u
se

d
b
y

th
e

co
st

fu
n

ct
io

n
:

T
h

e
re

fe
re

n
ce

to
b

e
tr

ac
ke

d
is

r
0
∶11

=[0 0
]

r
1
2
∶14

=[10 0
]

r
1
5
=[0 0

]
r

1
6
∶18

=[−
10 0

]
r

1
9
∶20

=[0 0
];

it
is

a
ls

o
sh

ow
n

in
ea

ch
p

lo
t

o
f

F
ig

.
5

a
s

d
a
sh

ed
o
ra

n
g
e

li
n

e.
T

h
e

st
a
te

w
ei

g
h
ti

n
g

is
ti

m
e-

d
ep

en
d

en
t W

0
∶5=

[10
0

0
0
]

W
5
∶10

=[0
0

0
0
]

W
1
1
∶20

=[10
0

0
0

0
],
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7(

12
7)

:1
-3

0

K
l
e
n
sk

e
a
n
d

H
e
n
n
ig

−100
1
0

x1

0
2

4
6

8
1
0

1
2

1
4

1
6

1
8

2
0

0246

cost−100
1
0

x1

−100
1
0

x1

−100
1
0

x1

st
a
te

co
st

n
o

st
a
te

co
st

h
ig

h
st

a
te

co
st

F
ig

u
re

5:
T

o
p

fo
u

r:
D

en
si

ty
es

ti
m

at
e

fo
r

50
tr

a
je

ct
or

ie
s

(fi
rs

t
st

at
e)

.
F

ro
m

to
p

to
b

ot
to

m
:

op
ti

m
al

or
ac

le
co

n
tr

ol
(g

ra
y
),

ce
rt

ai
n
ty

eq
u

iv
al

en
t

co
n
tr

ol
(r

ed
),

C
E

w
it

h
B

ay
es

ia
n

ex
p

lo
ra

ti
on

b
on

u
s

(b
lu

e)
,

ap
p

ro
x
im

at
e

d
u

al
co

n
tr

ol
(g

re
en

).
R

ef
er

en
ce

tr
a

je
ct

or
y

in
d

as
h

ed
or

an
ge

.
B

o
tt

o
m

:
T

h
e

m
ea

n
co

st
p

er
ti

m
e

st
ep

is
sh

ow
n

in
th

e
b

ot
to

m
p

lo
t,

w
it

h
co

lo
rs

m
at

ch
in

g
th

e
co

n
tr

ol
le

rs
n

o
te

d
ab

ov
e.

an
d

co
n
tr

ol
co

st
is

re
la

ti
ve

ly
lo

w
:

Λ
=10

−3 .
T

h
e

ta
sk

,
th

u
s,

is
to

fi
rs

t
ke

ep
th

e
ca

rt
fi

x
ed

in
th

e
st

ar
ti

n
g

p
os

it
io

n
to

h
ig

h
p

re
ci

si
on

,
fo

r
th

e
fi

rs
t

4
ti

m
e

st
ep

s.
T

h
is

is
fo

ll
ow

ed
b
y

a
“l

o
os

e”
p

er
io

d
b

et
w

ee
n

ti
m

e
st

ep
s

5
a
n
d

1
0
.

T
h
en

,
th

e
ca

rt
h
a
s

to
b

e
m

ov
ed

to
o
n
e

si
d
e,

b
a
ck

to
th

e
ce

n
te

r,
to

th
e

o
th

er
si

d
e,

a
n

d
b

a
ck

a
g
a
in

,
a
ll

a
t

h
ig

h
co

st
.

A
go

o
d

ex
p

lo
ra

ti
o
n

st
ra

te
gy

in
th

is
se

tt
in

g
is

to
ac

t
ca

u
ti

ou
sl

y
fo

r
th

e
fi

rs
t

5
ti

m
e

st
ep

s,
th

en
ag

gr
es

si
ve

ly
ex

p
lo

re
in

th
e

“l
o
o
se

”
p

h
as

e,
to

fi
n

al
ly

b
e

a
b

le
to

co
n
tr

o
l

th
e

m
o
ti

o
n

w
it

h
h

ig
h

p
re

ci
si

o
n

.

T
h

e
in

fe
re

n
ce

m
o
d

el
is

a
G

P
w

it
h

a
p

p
ro

x
im

a
te

d
S

E
k
er

n
el

,
a
s

d
es

cr
ib

ed
in

S
ec

.
5
.2

.1
.

W
e

u
se

3
0

a
lt

er
n
a
ti

n
g

si
n
e

a
n
d

co
si

n
e

fe
a
tu

re
s

th
a
t

a
re

d
is

tr
ib

u
te

d
a
cc

o
rd

in
g

to
th

e
p

ow
er

sp
ec

tr
u
m

o
f

th
e

fu
ll

S
E

k
er

n
el

.
S
in

ce
th

e
tr

u
e

n
o
n
li

n
ea

ri
ty

o
f

E
q
.
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9
)

is
n

o
t

o
f

th
is

fo
rm

,
th

e
ap

p
ro

x
im

at
io

n
is

ou
t

of
m

o
d

el
an

d
th

e
lo

w
er

b
ou

n
d

co
n
tr

ol
le

r
on

ly
re

p
re

se
n
ts

a
p

er
fe

ct
ly

le
a
rn

ed
,

b
u

t
st

il
l

n
ot

ex
a
ct

,
m

o
d

el
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F
ig

.
5
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s
a

d
en

si
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es
ti

m
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ed
fr

om
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st
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e
tr

a
je

ct
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ie
s

fo
r

th
e

fo
u

r
d

iff
er

en
t

co
n
tr

ol
le

rs
.

T
h
e

lo
w

er
b

ou
n
d
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n
tr

ol
le

r
(t

op
)
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n
tr

ol
s

p
re

ci
se

ly
at

ti
m

es
of

h
ig

h
co

st
,

an
d

d
o
es

n
ot

h
in

g
fo

r
ti

m
es

w
it

h
ze

ro
co

st
,

co
n
tr

ol
li

n
g

p
er

fe
ct

ly
u

p
to

th
e

m
ea

su
re

m
en

t
an

d
st

at
e

d
is

tu
rb

an
ce

s.
T

h
e
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n
ty
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u

iv
al

en
t

co
n
tr

ol
le

r
(s

ec
on

d
fr

om
to

p
)

n
ev

er
ex

p
lo

re
s
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ti

ve
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,
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on
ly

le
ar

n
s

“a
cc

id
en

ta
ll
y
”
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om
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se
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at

io
n
s

ar
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g

d
u
ri

n
g

th
e

ru
n
.

S
in
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th

e
in
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l
tr

a
je
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y
re

q
u
ir

es
li

tt
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a
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io
n

,
it

is
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ft
w

it
h

a
b

a
d

m
o
d

el
w

h
en

th
e

re
fe

re
n
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st

a
rt

s
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m
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e
a
t

ti
m

e
st

ep
1
2
.

T
h

e
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p
lo

ra
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n

b
o
n
u

s
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n
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o
m

b
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m

)
co

n
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b
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a
u
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p
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c
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n
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h
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g
a
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u

t
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e
“
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o
se”

p
h
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se

a
h
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O

f
co

u
rse,

th
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teg

y
in
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rs

a
h
ig

h
er

co
st

in
itia

lly.
T

h
e

d
u
a
l

co
n
tro

ller
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o
tto

m
)

effi
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tly
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o
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o
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p
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tio

n
u
n
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e

“
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p

h
a
se,

w
h
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ex
p
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6
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o
n
tro
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u
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e
s

N
e
c
e
ssa
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n

d
U

n
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e
c
e
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ry
P
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m
e
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r
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n

T
h

e
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d

in
g

n
on
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ex

p
erim

en
t
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th

e
sam

e
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b
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gh
w

ith
n

o
ise

p
a
ra

m
eters

R=
Q=

1
0 −

3I
.

T
h

e
referen

ce
tra

jecto
ry

a
n

d
sta

te
w

eig
h
tin

g
a
re

m
u

ch
sim

p
ler,

th
o
u

g
h

:

r
0∶1

1 =[ 00 ]
r

1
2∶1

8 =[ 1
00 ]

r
1
8∶2

0 =[ 00 ]
,

w
ith

th
e

tim
e-d

ep
en

d
en

t
w

eig
h
tin

g

W
0∶1

0 =[ 0
0

0
0 ]

W
1
1∶2

0 =[ 1
0

0
0

0 ]
,

a
llow

in
g

fo
r

id
en

tifi
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tio
n
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th

e
b

eg
in

n
in

g
,

w
h
ile

p
en

a
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g
d
ev

ia
tio

n
s

o
f

th
e
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rst
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tim

e
step

s.
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p

o
rta

n
t
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n

o
te

h
ere
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th

a
t

th
e

referen
ce

tra
jecto

ry
o
n

ly
p

a
sses

a
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s
o
f

th
e

sta
te
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a
ce

w
h

ere
ϕ

1
is

stro
n

g
,

a
n

d
ϕ

2
is

n
eg

lig
ib

le.
G

o
o
d

ex
p

lo
ra

tio
n

th
u

s
w

ill
ig

n
o
re
θ
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b

u
t

th
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n

o
n

ly
b

e
fou

n
d
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u
g
h

rea
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n
in
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fu
tu
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p
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en
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is

of
th
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n
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n
etw

ork
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in
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ec.

5.3.
W

e
u
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(see

E
q
.

(1
8))

w
ith
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o

free
p

a
ra

m
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(w
i

a
n

d
v
i )

a
n

d
eq

u
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b
i

b
etw
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5
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d
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e
lo
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s
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e
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e
n
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lin

ear
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T

h
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m
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s
it
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p
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lea
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th

e
p

erfect
m

o
d

el
in

th
is

ca
se.

F
ig.

6
sh

ow
s

a
d
en

sity
estim
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50
state
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jectories

for
th

e
fou

r
d

iff
eren

t
con

trollers.
B

eca
u
se

o
f

sy
m

m
etry
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th

e
co

st
fu

n
ctio

n
a
n
d

fea
tu

re
fu

n
ctio

n
s,

B
E

B
(w

ith
τ=

1
)

ca
n
n
o
t

“
d
ecid

e”
b

etw
een

th
e

releva
n
t
θ

1
a
n
d

th
e

irreleva
n
t
θ

2,
ch

o
o
sin

g
th

e
ex

p
lo

ra
tio

n
d
irectio

n
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ch
a
stica

lly.
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th
u

s
so

m
etim

es
red

u
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th
e

u
n
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in
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o
n
θ

2,
w

h
ich

d
o
es

n
o
t

h
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th
e
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b
seq

u
en

t
con

trol.
T

h
e

A
D

con
troller
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ores

θ
2
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p
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an
d

on
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θ

1
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p

h
a
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g
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o
d
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tro

l
p
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n

ce.

6
.4

A
D

C
o
n
tro

l
M

a
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s
O

n
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U
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fu
l

K
n

o
w

le
d

g
e

T
h

e
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ex
p

erim
en

t
is

again
sim
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to

S
ec.

6.2,
b

u
t

u
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a
d
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eren
t

set
of

n
on

lin
ear

fu
n

ction
s,

n
am

ely
sh

ifted
G

a
u

ssia
n

fu
n

ctio
n

s
(a.k

.a.
ra

d
ia

l
b

a
sis

fu
n

ctio
n

s)

ϕ
1(x)=

e − (
x−

2)
2

2
ϕ

2(x)=
e − (

x+
2)

2

2
θ

tru
e =[ 1

.0
0
.8 ]

.

F
o
r

th
is

ex
p

erim
en

t,
th

e
m

o
d

el
is

lea
rn

ed
w

ith
p

a
ra

m
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ea

r
reg

ressio
n

,
a
cco

rd
in

g
to

S
ec.

5.1.
T

h
e
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n

d
am

en
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d
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eren
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to
th

e
oth

er
ex

p
erim

en
tal

setu
p

s
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e
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o
d
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n

ow
a
ssu

m
es
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m
eter

d
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T
h
is

resu
lts
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g
row
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g

u
n
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in
ty
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r
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e
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h

e
tru

e
p
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eters

a
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n
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n
t

fo
r

sim
p
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0
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0
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0
0
.2

0
.4

0
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F
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T
o
p

fo
u

r:
D

en
sity

estim
a
te

fo
r

5
0

tra
jecto

ries
(seco

n
d

sta
te).

F
ro

m
to

p
to

b
ottom

:
op

tim
al

oracle
con
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certain

ty
eq

u
ivalen

t
con

trol
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C

E
w

ith
B
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esia

n
ex

p
lo

ra
tio

n
b

o
n
u
s
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lu

e),
a
p
p
rox

im
a
te

d
u
a
l
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tro
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R
eferen

ce
tra

jecto
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in
d
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oran
ge.

B
o
tto

m
:

T
h

e
m

ean
cost

p
er

tim
e

step
is

sh
ow

n
in

th
e

b
ottom

p
lot,

w
ith

colors
m

atch
in

g
th

e
con

trollers
n

oted
ab

ove.

T
h

e
referen

ce
to

b
e

tra
ck

ed
p

a
sses

th
ro

u
g
h

b
o
th

n
o
n

lin
ea

r
fea

tu
res

b
u
t

th
en

stay
s

a
t

on
e

o
f

th
em

:r
0∶6 =[ −

50 ]
r

7 =[ −
40 ]

r
8 =[ −

20 ]
r

9 =[ 00 ]
r

1
0∶2

0 =[ 20 ]
.

T
h

e
cost

stru
ctu

re
is

W
0∶5 =[ 0

0
0

0 ]
W

6∶2
0 =[ 10

0
0

0 ]
,

su
ch

th
a
t

th
ere

is
cost

startin
g

w
ith

th
e

lin
ear

referen
ce

tra
jectory

at
tim

e
in

stan
t

6.

F
ig

.
7

sh
ow

s
th

e
p
a
ra

m
eter

b
elief

a
n
d

releva
n
t

sta
te

o
f

a
sin

g
le

ru
n

o
f

th
is

ex
p

erim
en

t
over

tim
e.

It
sh

ow
s

clearly
th

at
th

e
in

th
e

b
egin

n
in

g
n

ecessary
p

aram
eter

θ
1

is
learn

ed
early

b
y

B
E

B
a
n

d
th

e
A

D
co

n
tro

ller,
w

h
ile

C
E

lea
rn

s
o
n
ly

“
a
ccid

en
ta

lly
”
.

T
h

e
B

E
B

co
n
tro

ller
a
lso

lea
rn

s
th

e
seco

n
d

p
a
ra

m
eter

in
th

e
b

eg
in

n
in

g
,

ev
en

th
o
u
g
h

th
e

k
n
ow

led
g
e

w
ill

b
e

lo
st

over
tim

e.
W

h
en

th
e

tra
jectory

reach
es

th
e

zon
e

of
th

e
secon

d
p

aram
eter,

th
e

B
E

B
con

troller
tries

to
low

er
th

e
g
row

in
g

u
n

certa
in

ty
ev

ery
n

ow
a
n

d
th

en
(v

isib
le

b
y

th
e

d
ro

p
s

in
sta

te
x

1),
in

cu
rrin

g
h
igh

cost.
A

D
con

trol
com

p
letely

ign
ores

th
e

grow
in

g
u

n
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θ
1

after
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g
th

e
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of
θ

2,
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u
s

p
reven

tin
g

u
n

n
ecessary

ex
p

loration
.
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c
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u
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d
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a
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d
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b
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n
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ra
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h
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b
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.
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.
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.
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p
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a
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p
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d
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p
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b
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ra

ge
s

an
d

st
an

d
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r.
T

h
e

A
D

co
n
tr

ol
le

r
sh

ow
s

go
o
d

p
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b
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)

T
h

at
is

,
th

e
p

ro
b
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il

it
y
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se
rv
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g

a
p

os
it
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e
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b
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r
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ce
x
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e
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n
d
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n
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b
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il

it
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th
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e

b
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e
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p
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p
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d
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b
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b
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p
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d
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b
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e
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p
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−
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≤
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.
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p
ti

o
n

th
at

ev
er

y
n

eg
at

iv
e

in
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e
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r
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p
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e
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ce

p
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o
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in

th
e
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IR
d

o
m

ai
n

,
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s

d
es
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ed
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S
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ti
on

1.
T

o
le

ar
n
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n

ce
p

t,
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u
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re

gi
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en
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se

t
o
f
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in
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ev

er
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se
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er
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e
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n
ta
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a
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n
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is
a
ls

o
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n
ea
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u
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h
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ev

er
a
p
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r
a
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n
e
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ge
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w

it
h

o
u
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o
o
n

s.
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u
n
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u
n
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e
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en

a
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o
,
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u
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e
n

o
m

ea
n

s
of
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er
m

in
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g
w
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h
o
f

th
e

fo
rk

or
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o
o
n
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e
p

os
it

iv
e

in
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a
g
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l
la

b
el

s.
H

ow
ev

er
,

if
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er
e
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a

g
u

a
ra

n
te

e
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at
ev

en
tu

a
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y
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u
w

il
l
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e
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iv
e
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a
g
e
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n
ta
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b
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b
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W
e

d
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b
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h

er
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n

3
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n
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n
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g

b
a
g
-l

ev
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n
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p
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e
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S
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3
.2
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t

w
e

re
q
u
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n
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d
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m

p
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n
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e
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m
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u
m
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n
π
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f
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p

o
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ti
ve

b
ag
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T

h
a
t
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,
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r

ev
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y
p

os
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iv
e

b
ag

B
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,
P

[f
(x

)
=

1
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+
]
≥
π
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W
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o
u

t
th
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a
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u
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p
ti

on
,
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m
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h
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b
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b
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ev
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ti
n
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a
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n
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b
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ve
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h

b
y

d
efi

n
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n
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n

eg
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iv
e

in
st

an
ce

s.
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te
re

st
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g
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,
th

is
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su
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p
ti

o
n
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n

o
t
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ed
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w

e
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ly
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st
ed

in
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n

in
g

an
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st
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ce
-l

ev
el

co
n

ce
p

t.

N
ow

,
w

e
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n
fo

rm
a
ll

y
d
efi

n
e

M
I-

G
E

N
,

th
e

se
t

o
f

g
en

er
a
ti

ve
p

ro
ce

ss
es
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r

M
I

d
a
ta

co
n

-
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st
en

t
w

it
h

th
e
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su

m
p

ti
on

s
d

es
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ed
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ov

e,

D
e
fi

n
it

io
n

1
(M

I-
G

E
N

)
G

iv
en

a
n

y
γ
∈

(0
,1

]
a
n

d
π
∈

[0
,1

],
M

I-
G

E
N

(γ
,π

)
is

th
e

se
t

o
f

a
ll

tu
p
le

s
(D
X
,D
B
,f
,F

),
ea

ch
co

n
si

st
in

g
o
f

a
n

in
st

a
n

ce
d
is

tr
ib

u
ti

o
n
D
X

(w
it

h
co

rr
es

po
n

d
in

g
P

(x
))

,
ba

g
d
is

tr
ib

u
ti

o
n
D
B

(w
it

h
co

rr
es

po
n

d
in

g
P

(B
))

,
in

st
a
n

ce
-l

a
be

li
n

g
fu

n
ct

io
n
f

,
a
n

d
ba

g-
la

be
li

n
g

fu
n

ct
io

n
F

,
th

a
t

sa
ti

sf
y

th
e

co
n

d
it

io
n

s:

1
.

P
(x

)
=
∫ B

P
(x
|B

)
d

P
(B

)

2
.
∀x

:
f

(x
)

=
1

=
⇒

P
[F

(B
)

=
0
|x

]
=

0

3
.
∀x

:
f

(x
)

=
0

=
⇒

P
[F

(B
)

=
0
|x

]
≥
γ

4
.
∀B

:
F

(B
)

=
1

=
⇒

P
[f

(x
)

=
1
|B

]
≥
π

.

F
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si
m

p
li

ci
ty

,
w

e
w

il
l

w
ri

te
M

I-
G

E
N

(γ
)
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r

th
e

ca
se

w
h

en
π

=
0
,

w
h

ic
h

co
rr

es
p

on
d

s
to

th
e

w
ea

ke
st

C
o
n

d
it

io
n

4
.

T
h

a
t

is
,

fo
r

a
n
y

fi
x
ed

γ
,

M
I-

G
E

N
(γ

)
⊇

M
I-

G
E

N
(γ
,π

)
fo

r
ev

er
y

π
≥

0.
S

u
ch

n
ot

at
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n
w

il
l
b

e
u

se
d

w
h

en
d
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a
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o
n
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t
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a
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a
b

il
it
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w

h
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h
d
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n
o
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q
u

ir
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e
π
>

0
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u
m

p
ti
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.

T
h

a
t
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o
n
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p
t

le
a
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g

u
n

d
er

o
u

r
m

o
d
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n
a
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ra
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y
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n
t

to
“
b

a
g
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b

el
n
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”
of
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e
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rm

w
h

er
e

p
o
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ti
ve

b
a
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n
ta

in
o
n
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n
eg

a
ti

v
e

in
st

a
n

ce
s.

F
in
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n

o
te
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a
t
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r

a
n
y
γ
∈

(0
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π
∈
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M
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G

E
N

(γ
,π
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⊇

M
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G
E

N
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).
T

h
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γ
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n
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ra
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g
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a
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ve
p
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E
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n
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,
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r
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n
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D
X
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d
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,
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e
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D
B
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d
F
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ch

th
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B
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∈
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E

N
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p
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n
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p
o
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m
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δ x
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x

,
w

e
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d
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e
D
B
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P
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=
P
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(x
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F

(δ
x
)

=
f
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).
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h
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)
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p
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p
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v
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st
a
n
c
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L
e
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n
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g
f
r
o
m

D
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r
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u
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io
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1

0
1

X

1−
θ θ(a

)
P
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|
B
θ )

0
π

1
θ

P
n

eg

1−
P
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1−
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D
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,
P
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0
1
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p
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p
n
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D
X

,
P
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−
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1

X

1
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γ
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F
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u
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2
:

A
n

ex
a
m

p
le

g
en
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p

ro
cess
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r

M
I

d
a
ta.

E
a
ch

b
ag

d
istrib

u
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(a)

is
p

a
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m
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b
y
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a
n

d
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e
d
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u

tio
n

over
b
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g
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)
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o
n

d
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a

d
istrib

u
tio

n
over
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es

o
f
θ.

T
h

e
resu

ltin
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d
istrib

u
tio

n
over
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n
ce

(c)
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E

q
u

a
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n
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E
q
u
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.
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h

e
p
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b

a
b
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p
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g
in

p
o
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b
a
g
s

(d
)

is
d

erived
in

E
q
u

atio
n

6
a
n

d
E

q
u

a
tion

7
.

ex
p

ressed
in

ou
r

g
en

erative
m

o
d

el.
T

h
at

is,
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p
lin

g
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u

r
g
en
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e
p

ro
cess

in
th

at
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se
is
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d

istin
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le
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sam
p

lin
g

d
irectly
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m
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X

w
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rd
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.
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e
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ss
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b
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E
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p
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c
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b
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∈
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b
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e

m
ass

u
n

iform
ly

to
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d
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a
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a
d
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ag
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eter
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S
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u
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F
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re
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n

d
a
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P
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eg
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d
th
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b
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=
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=
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>
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h
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r
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n
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=
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o
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b
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=
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<
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1
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≥
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.

T
h
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ctio
n

d
efi

n
ed

in
E

q
u

a
tion

3
,
sin

ce
F

(B
θ )

=
0

im
p

lies
θ

=
0
,

w
h

ich
im

p
lies

th
at

th
e

p
ro

b
a
b

ility
o
f

sa
m

p
lin

g
a

p
ositively

la
b

eled
x
∈

[0,1]
is

zero
as

req
u

ired
.
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D
o
r
a
n

a
n
d

R
a
y

If
w

e
m

argin
alize

ou
t

th
e

b
ag

d
istrib

u
tion

,
w

e
ob

tain
th

e
sin

gle
in

stan
ce

d
istrib

u
tio

n
in

F
igu

re
2(c).

A
n

aly
tically,

for
an

y
x
−
∈

[−
1
,0),

w
e

h
ave

P
(x
−

)
=

∫
1

0
P

(x
−
|
B
θ )

P
(B

θ )
d
θ

=
1·P

n
eg

+

∫
1

π
(1−

θ) 1−
P

n
eg

1−
π

d
θ

=
P

n
eg

+
12 (1−

P
n

eg )(1−
π

),
p

n
eg .

(4)

S
im

ila
rly,

for
x

+
∈

[0,1],

P
(x

+
)

=

∫
1

0
P

(x
+
|
B
θ )

P
(B

θ )
d
θ

=
0·P

n
eg

+

∫
1

π
θ

1−
P

n
eg

1−
π

d
θ

=
12 (1−

P
n

eg )(1
+
π

)
=

1−
p

n
eg .

(5)

S
in

ce
p
ro

b
a
b

ility
d

en
sity

fu
n
ction

s
ex

ist
for

th
is

ex
am

p
le,

w
e

can
an

aly
tically

com
p

u
te

c(x
)

giv
en

th
e

follow
in

g
ex

p
ression

:

c(x
)

=
P

[F
(B

)
=

1
|
x

]
=

∫B
+

P
(x
|
B

)
d

P
(B

)

P
(x

)
,

w
h

ere
B

+
=
{B

:
F

(B
)

=
1}.

A
s

d
escrib

ed
,

for
p

ositive
in

sta
n

ces
x

+
∈

[0,1],
w

e
h

ave

c(x
+

)
=

∫
1π

P
(x

+
|
B
θ )

P
(B

θ )
d
θ

12 (1−
P

n
eg )(1

+
π

)
=

1,
(6)

sin
ce

p
o
sitive

in
stan

ces
alw

ay
s

ap
p

ear
in

p
ositive

b
ag

s.
O

n
th

e
oth

er
h

an
d

,
for

n
egative

in
stan

ces,

c(x
−

)
=

∫
1π

P
(x
−
|
B
θ )

P
(B

θ )
d
θ

P
n

eg
+

12 (1−
P

n
eg )(1−

π
)

=
12 (1−

P
n

eg )(1−
π

)

P
n

eg
+

12 (1−
P

n
eg )(1−

π
)
,

1−
γ
.

(7)

T
h

e
resu

ltin
g

valu
es

of
c(x

)
are

sh
ow

n
in

F
igu

re
2(d

).
N

ote
th

at
fo

r
th

is
g
en

erative
p

ro
cess,

ex
cep

t
for

th
e

triv
ial

case
in

w
h

ich
P

n
eg

=
0,

1
−
γ

=
c(x
−

)
<

1,
so

γ
>

0.
T

h
u

s,
th

e
assu

m
p

tion
th

a
t

n
egative

in
stan

ces
ap

p
ear

in
n

egativ
e

b
ags

is
au

tom
a
tically

satisfi
ed

for
th

e
ex

a
m

p
le

in
F

igu
re

2.
B

y
con

stru
ction

,
th

is
ex

am
p

le
also

satisfi
es

th
e
π
>

0
a
ssu

m
p

tion
sin

ce
th

ere
is

zero
p

rob
ab

ility
of

sam
p

lin
g

a
b

ag
w

ith
θ
∈

(0,π
)

m
ass

over
p

ositive
b

ags.
H

en
ce,

th
is

ex
am

p
le

is
an

elem
en

t
of

M
I-G

E
N

.

2
.3

T
h

e
E

m
p

iric
a
l

B
a
g
-L

a
b

e
lin

g
F
u

n
c
tio

n

In
M

I-G
E

N
,

th
e

in
stan

ce-
an

d
b

ag-lab
elin

g
fu

n
ction

s
are

d
efi

n
ed

in
d
ep

en
d

en
tly

at
th

e
level

o
f

th
e

g
en

erative
m

o
d

el,
an

d
m

u
st

satisfy
th

e
relation

sh
ip

s
in

d
ica

ted
in

D
efi

n
ition

1.
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M
u
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e
-I

n
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n
c
e

L
e
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r
n
in

g
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m

D
is

t
r
ib

u
t
io

n
s

D
B

B
i

x
ij

F
(B

i)
F

f
(x

ij
)

f

1
≤
j
≤
m
i

F̂
( {
x
ij
})

1
≤
i
≤
n

F
ig

u
re

3:
A

n
il

lu
st

ra
ti

on
of

th
e

in
st

an
ce

-,
b
ag

-,
an

d
em

p
ir

ic
al

b
ag

-l
ab

el
in

g
fu

n
ct

io
n

s
in

M
I-

G
E

N
.

H
ow

ev
er

,
in

th
e

st
an

d
ar

d
M

I
se

tt
in

g,
b

ag
la

b
el

s
ar

e
ty

p
ic

al
ly

v
ie

w
ed

as
b

ei
n

g
d

er
iv

ed
fr

om
in

st
an

ce
la

b
el

s.
T

h
at

is
,

if
a

b
ag

is
a

se
t,

th
en

it
is

p
os

it
iv

e
if

it
co

n
ta

in
s

at
le

a
st

o
n

e
p

o
si

ti
v
e

in
st

an
ce

,
an

d
n

eg
at

iv
e

ot
h

er
w

is
e.

U
n

li
ke

th
e

p
la

te
m

o
d

el
in

F
ig

u
re

1(
a)

,
w

e
d

o
n

ot
ty

p
ic

al
ly

ob
se

rv
e

b
a
g
s

d
ir

ec
tl

y
in

th
e

M
I

se
tt

in
g.

In
th

e
ty

p
ic

al
ca

se
,

w
e

on
ly

h
av

e
ac

ce
ss

to
sa

m
p

le
s
X
i

=
{x

ij
}m

i

j=
1
,

ea
ch

d
ra

w
n

in
d

ep
en

d
en

tl
y

ac
co

rd
in

g
to

th
e

d
is

tr
ib

u
ti

on
co

rr
es

p
on

d
in

g
to

ea
ch

b
a
g
B
i

so
th

a
t

{(
{x

ij
}m

i

j=
1
,F

(B
i)
)}

n i=
1

is
th

e
ob

se
rv

ed
M

I
d

at
a

se
t,

as
sh

ow
n

in
F

ig
u

re
1
(c

).
E

a
ch

b
ag

ca
n

b
e

a
d

iff
er

en
t

si
ze

,
b

u
t

w
e

w
il

l
u

se
m
l
≤
m
i
≤
m
u

to
d

en
ot

e
th

e
lo

w
er

a
n

d
u

p
p

er
b

ou
n

d
s

on
b

ag
si

ze
s,

re
sp

ec
ti

ve
ly

.

If
w

e
th

in
k

of
“b

ag
s”

(i
n

th
e

se
n

se
of

th
e

st
an

d
ar

d
ge

n
er

at
iv

e
m

o
d

el
)

of
in

st
a
n

ce
s
{x

ij
}m

i

j=
1

as
em

p
ir

ic
al

sa
m

p
le

s
d

ra
w

n
fr

om
th

e
u

n
d

er
ly

in
g

b
ag

d
is

tr
ib

u
ti

on
s
B
i

in
ou

r
m

o
d

el
,

th
en

it
is

p
os

si
b

le
th

at
sa

m
p

le
s

fr
om

p
os

it
iv

e
b

ag
s

d
o

n
ot

co
n
ta

in
an

y
p

os
it

iv
e

in
st

an
ce

s.
H

en
ce

,
su

ch
“b

ag
s”

w
ou

ld
b

e
n

eg
at

iv
e

in
th

e
se

n
se

of
th

e
st

an
d

ar
d

m
o
d

el
.

T
o

m
o
re

h
ar

m
o
n

io
u

sl
y

ac
co

u
n
t

fo
r

th
e

st
an

d
ar

d
n

ot
io

n
of

b
ag

la
b

el
s

w
it

h
in

ou
r

m
o
d

el
,

w
e

in
tr

o
d

u
ce

th
e

em
p

ir
ic

a
l

b
ag

-l
ab

el
in

g
fu

n
ct

io
n

,
F̂

:
X∗
→
{0
,

1
}:

F̂
(X

i)
=

m
ax j
f

(x
ij

),
(8

)

w
h

er
e
X
i

=
{x

ij
}m

i

j=
1

is
an

y
fi

n
it

e
se

t
of

in
st

an
ce

s.

W
e

ca
n

th
in

k
of
F̂

as
th

e
b

ag
la

b
el

s
th

at
w

ou
ld

b
e

as
si

gn
ed

b
y

an
o
ra

cl
e

th
a
t

h
a
d

p
er

fe
ct

in
fo

rm
at

io
n

ab
ou

t
th

e
in

st
an

ce
-l

ab
el

in
g

fu
n

ct
io

n
f

,
b

u
t

on
ly

an
em

p
ir

ic
a
l

sa
m

p
le

fr
om

ea
ch

b
ag

.
A

n
il

lu
st

ra
ti

on
of

th
e

em
p

ir
ic

al
b

ag
-l

ab
el

in
g

fu
n

ct
io

n
is

sh
ow

n
in

F
ig

u
re

3
.

F
ig

u
re

3
is

a
ve

rs
io

n
of

F
ig

u
re

1(
c)

th
at

sh
ow

s
th

e
co

n
tr

ib
u

ti
on

s
of

th
e

in
st

a
n

ce
-l

a
b

el
in

g
an

d
em

p
ir

ic
al

b
ag

-l
ab

el
in

g
fu

n
ct

io
n

s.
F

or
ev

er
y

in
st

an
ce
x
ij

in
an

em
p

ir
ic

a
l

b
a
g

sa
m

p
le

,
f

as
si

gn
s

th
e

la
b

el
f

(x
ij

)
to
x
ij

.
O

n
th

e
ot

h
er

h
an

d
,
F̂

is
a

fu
n

ct
io

n
of

th
e

en
ti

re
b

a
g

sa
m

p
le

X
i

=
{x

ij
}m

i

j=
1

as
w

el
l

as
th

e
in

st
an

ce
-l

ab
el

in
g

fu
n

ct
io

n
f

,
as

sp
ec

ifi
ed

in
E

q
u

at
io

n
8
.

T
h

e
la

b
el

in
g

fu
n

ct
io

n
s
F

an
d
F̂

w
il

l
al

w
ay

s
ag

re
e

on
n

eg
at

iv
e

b
ag

s,
si

n
ce

o
n

ly
n

eg
at

iv
e

in
st

an
ce

s
ar

e
ob

se
rv

ed
in

n
eg

at
iv

e
b

ag
s.

H
ow

ev
er

,
th

er
e

m
ig

h
t

b
e

so
m

e
d

is
cr

ep
a
n

cy
b

et
w

ee
n
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0

D
o
r
a
n

a
n
d

R
a
y

F
ig

u
re

4:
A

n
ex

a
m

p
le

fr
o
m

th
e

C
B

IR
d

o
m

a
in

w
h

en
a

p
o
si

ti
v
e

im
a
ge

d
o
es

n
o
t

co
n
ta

in
a

p
os

it
iv

e
in

st
a
n

ce
(t

h
e

n
o
te

b
o
o
k
,

an
n

o
ta

te
d

in
b

lu
e)

af
te

r
se

gm
en

ta
ti

on
.

F
a
n

d
F̂

on
p

os
it

iv
e

b
a
g
s

if
o
n

ly
n

eg
a
ti

ve
in

st
a
n

ce
s

a
re

sa
m

p
le

d
w

it
h

in
a

p
os

it
iv

e
b

a
g.

W
e

re
tu

rn
to

ch
ar

ac
te

ri
zi

n
g

th
e

d
is

cr
ep

a
n

cy
b

et
w

ee
n
F

a
n

d
F̂

in
S

ec
ti

o
n

3
.2

.

T
h

e
d

is
cr

ep
an

cy
b

et
w

ee
n
F

a
n

d
F̂

is
es

se
n
ti

a
ll

y
b

a
g
-l

ab
el

n
o
is

e
th

a
t

n
at

u
ra

ll
y

re
su

lt
s

fr
om

o
u

r
ge

n
er

at
iv

e
m

o
d

el
.

P
re

v
io

u
s

ge
n

er
a
ti

ve
m

o
d

el
s

d
o

n
ot

a
cc

o
u
n
t

fo
r

th
is

p
o
te

n
ti

a
l

so
u

rc
e

o
f

la
b

el
n

o
is

e,
d

es
p

it
e

it
s

p
re

se
n

ce
in

so
m

e
d

o
m

ai
n

s.
F

or
ex

am
p

le
,
in

th
e

d
ru

g
a
ct

iv
it

y
p

re
d

ic
ti

on
d

om
ai

n
,

ev
en

if
it

is
k
n

ow
n

th
a
t

a
m

o
le

cu
le

a
ct

iv
at

es
a

re
ce

p
to

r,
a

sa
m

p
le

o
f

co
n

fo
rm

at
io

n
s

fr
om

th
is

m
o
le

cu
le

m
ig

h
t

n
o
t

co
n
ta

in
th

e
p

ar
ti

cu
la

r
p

os
it

iv
e

co
n

fo
rm

a
ti

o
n

th
at

ca
u

se
s

ac
ti

va
ti

o
n

.
L

ik
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is
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fo
r

th
e

C
B

IR
d

o
m

a
in

,
ex

tr
a
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in
g

a
se

t
of

o
b
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s
fr

om
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te
n

p
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ti
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d
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d
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.,

20
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.,
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b
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a
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il
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p
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ig

u
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p
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S
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d
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p
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b
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d
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d
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d
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b
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ra
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d
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p
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p
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=
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b
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d
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p
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b

e
F

(B
(x

1
,...,x

r
) )

=
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=
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e
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d
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p
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p

ro
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d
itio

n
2

o
f

D
efi

n
ition

1
is

triv
ia

lly
sa

tisfi
ed

,
sin

ce
b
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d
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d
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d
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b
e

n
egative,

w
e

can
co

m
p

u
te

th
e

n
u

m
erator

for
a

n
egative

in
stan

ce
as

∫B
−

P
(x
|
B

)
d

P
(B

)
=

∫B
−

1r

r
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p
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=
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=

p
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=
p
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=
p
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p
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w
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∑i=

1

δ
x
i (x

) )
d
x

=
1r

r
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p
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b
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p
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d
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d
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d
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st

an
ce

s.
F

or
ex

am
p
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d
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d
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d
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p
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d
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d
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p
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d
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p
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d

th
e

p
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d
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b
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p
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d
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p
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n

e
lea

rn
in

g
ta

sk
in

th
e

su
p

erv
ised

settin
g
,

th
ere

a
re

n
ow

b
oth

in
sta

n
ce-

a
n

d
b

a
g-con

cep
t

lea
rn

in
g

ta
sk

s
in

th
e

M
I

settin
g
,

w
h

ich
w

e
ex

p
lo

re
sep

ara
tely

in
th

e
fo

llow
in

g
sectio

n
s.

T
ab

le
2

sh
ow

s
th

e
n

o
ta

tio
n

u
sed

fo
r

th
e

con
cep

ts
in

th
is

sectio
n

.

3
.1

L
e
a
rn

in
g

A
c
c
u

ra
te

In
sta

n
c
e

C
o
n

c
e
p

ts

T
h

e
p

rob
ab

ly
ap

p
rox

im
ately

co
rrectly

(P
A

C
)

fra
m

ew
o
rk

d
escrib

es
o
n

e
sen

se
in

w
h

ich
it

is
p

o
ssib

le
to

lea
rn

a
ccu

ra
te

co
n

cep
ts

from
su

p
erv

ised
d

a
ta

.
S

in
ce

th
e
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tiv

e
p
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cess
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D
o
r
a
n

a
n
d

R
a
y

d
escrib

ed
in

S
ection

2
d

iff
ers

from
th

at
for

su
p

erv
ised

learn
in

g,
w

e
m

u
st

restate
w

h
at

it
m

ean
s

to
“P

A
C

”
learn

an
accu

rate
in

stan
ce

con
cep

t
u

n
d
er

th
is

m
o
d

el.
In

th
e

su
p

erv
ised

settin
g,

th
e

learn
ab

ility
of

som
e

fi
x
ed

con
cep

t
class

F
is

d
iscu

ssed
w

ith
ou

t
m

ak
in

g
an

y
assu

m
p

tion
s

ab
ou

t
th

e
d

istrib
u

tion
over

in
stan

ces.
T

h
e

d
efi

n
ition

of
M

I-G
E

N
in

D
efi

n
ition

1
sim

ilarly
allow

s
an

y
in

stan
ce

d
istrib

u
tion

,
w

ith
w

h
ich

m
a
n
y

b
ag

d
istrib

u
tio

n
s

are
con

sisten
t

in
th

e
sen

se
of

C
o
n

d
ition

1.
T

o
en

su
re

th
at

th
e

target
con

cep
t

f
is

a
m

em
b

er
of

th
e

con
cep

t
classF

,
w

e
m

u
st

fu
rth

er
restrict

th
e

set
of

m
o
d

els
allow

ed
b
y

th
e

g
en

erativ
e

p
ro

cess
as

follow
s:

D
e
fi

n
itio

n
2

(M
I-G

E
N
F

)
F

o
r

a
n

y
γ
∈

(0,1]
a
n

d
π
∈

[0,1]:

M
I-G

E
N
F

(γ
,π

),
{

(D
X
,D
B
,f
,F

)∈
M

I-G
E

N
(γ
,π

)
:
f
∈
F
}
.

N
ow

,
w

e
can

fo
rm

ally
d

efi
n

e
P

A
C

learn
ab

ility
for

th
e

M
I

settin
g:

D
e
fi

n
itio

n
3

(In
sta

n
c
e

M
I

P
A

C
-le

a
rn

in
g
)

W
e

sa
y

th
a
t

a
n

a
lgo

rith
m
A

M
I

P
A

C
-lea

rn
s

in
sta

n
ce

co
n

cep
t

cla
ss
F

fro
m

M
I

d
a
ta

w
h
en

fo
r

a
n

y
(D
X
,D
B
,f
,F

)∈
M

I-G
E

N
F

(γ
)

w
ith

γ
>

0
,

a
n

d
ε
I ,δ

>
0
,A

requ
ires

O
(p

oly(
1γ
,

1ε
I ,

1δ ) )
ba

g-la
beled

in
sta

n
ces

sa
m

p
led

in
d
epen

-
d
en

tly
fro

m
th

e
M

I
gen

era
tive

p
rocess

in
F

igu
re

1
(b)

to
p
rod

u
ce

a
n

in
sta

n
ce

h
ypo

th
esis

g
w

ith
risk

R
f (g

)
<
ε
I

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ

o
ver

sa
m

p
les. 2

N
ote

th
at

b
ecau

se
ou

r
gen

erative
m

o
d

el
allow

s
u

s
to

d
iscu

ss
th

e
m

argin
alized

in
stan

ce
d

istrib
u

tio
n
D
X

,
th

e
risk

R
f (g

)
=

E
x∼

D
X

[1
[f

(x
)
6=
g
(x

)] ]
is

m
easu

red
w

ith
resp

ect
to

th
is

d
istrib

u
tion

as
in

th
e

su
p

erv
ised

settin
g.

N
ow

w
e

sh
ow

th
at

in
stan

ce
co

n
cep

ts
are

M
I

P
A

C
-lea

rn
ab

le
in

th
e

sen
se

of
D

efi
n
ition

3:

T
h

e
o
re

m
1

A
n

in
sta

n
ce

co
n

cep
t

cla
ssF

w
ith

V
C

d
im

en
sio

n
V

C
(F

)
is

In
sta

n
ce

M
I

P
A

C
-

lea
rn

a
ble

u
sin

g
O
(

1ε
I γ (

V
C

(F
)

log
1ε
I γ

+
log

1δ ))
exa

m
p
les.

P
ro

o
f

B
y

C
on

d
ition

1
in

D
efi

n
ition

1,
w

e
can

treat
b

ag-lab
eled

in
stan

ces
as

b
ein

g
d

raw
n

from
th

e
u

n
d

erly
in

g
in

stan
ce

d
istrib

u
tion

D
X

.
In

stan
ces

are
ob

served
w

ith
som

e
lab

el
n

oise
w

ith
resp

ect
to

tru
e

lab
els

given
b
y
f

.
S

in
ce

p
ositive

in
stan

ces
n
ever

ap
p

ear
in

n
ega

tive
b

ag
s

(b
y

C
o
n

d
itio

n
2

of
D

efi
n

ition
1),

n
oise

on
in

stan
ces

is
on

e-sid
ed

.
If

every
n

ega
tive

in
sta

n
ce

ap
p

ears
in

n
egative

b
ags

at
least

som
e
γ

fraction
of

th
e

tim
e

(b
y

C
on

d
ition

3),
th

en
th

e
m

a
x
im

u
m

on
e-sid

ed
n

oise
rate

is
η

=
1−

γ
.

S
in

ce
γ
>

0,
η
<

1,
w

h
ich

is
req

u
ired

fo
r

lea
rn

ab
ility.

U
n

d
er

ou
r

gen
erative

assu
m

p
tion

s,
th

e
n

oise
is

“sem
i-ran

d
om

”
in

th
at

n
oise

rate
m

ig
h
t

vary
across

in
stan

ces,
b
u

t
is

b
ou

n
d

ed
b
y
η
<

1.
T

h
u

s,
learn

in
g

a
n

in
stan

ce
con

cep
t

is
eq

u
ivalen

t
to

learn
in

g
from

d
ata

w
ith

on
e-sid

ed
lab

el
n

oise
in

th
is

sen
se.

T
h

e
resu

lt
o
f

S
im

on
(2012)

sh
ow

s
th

at
in

th
e

p
resen

ce
of

on
e-sid

ed
,

sem
i-ran

d
om

n
oise,

w
h

en
a

con
cep

t
class

F
h

as
a

V
C

d
im

en
sion

of
V

C
(F

),F
is

P
A

C
-learn

ab
le

from

O
(

1
ε
I (1−

η
) (

V
C

(F
)

log
1

ε
I (1−

η
)

+
log

1δ ))
ex

am
p

les
u

sin
g

a
“
m

in
im

u
m

o
n

e-sid
ed

d
isag

ree-

m
en

t”
strategy.

T
h

is
strategy

en
tails

ch
o
osin

g
a

classifi
er

th
at

m
in

im
izes

th
e

n
u

m
b

er
of

d
is-

ag
reem

en
ts

on
p

ositiv
ely

-lab
eled

ex
am

p
les

w
h

ile
p

erfectly
classify

in
g

a
ll

n
egativ

ely
-lab

eled
ex

am
p

les.
T

h
is

strategy
also

w
ork

s
in

th
e

sp
ecial

case
th

at
all

in
stan

ces
an

d
b

ags
are

p
osi-

tive
(η

=
0,

or
γ

=
1,

sin
ce

th
ere

are
n

o
n

egative
in

stan
ces).

S
u

b
stitu

tin
g

1−
γ

for
η

in
th

e

2
.

A
ltern

a
te

d
efi

n
itio

n
s

o
f

P
A

C
-lea

rn
a
b
ility

req
u
ire

th
a
tA

a
lso

ta
k
e

a
t

m
o
st

p
o
ly

n
o
m

ia
l
tim

e
to

p
ro

d
u

ce
h
y
p

o
th

esis
g
.

W
e

d
efer

th
e

d
iscu

ssio
n

o
f

tim
e

co
m

p
lex

ity
to

S
ectio

n
3
.5

.
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M
u
lt

ip
l
e
-I

n
st

a
n
c
e

L
e
a
r
n
in

g
f
r
o
m

D
is

t
r
ib

u
t
io

n
s

b
ou

n
d

of
S

im
on

(2
01

2)
y
ie

ld
s

th
e

b
ou

n
d

in
te

rm
s

of
γ

.

W
e

n
ot

e
th

at
T

h
eo

re
m

1
al

lo
w

s
fo

r
“n

oi
sy

”
p

os
it

iv
e

b
ag

s
w

it
h

ou
t

p
os

it
iv

e
in

st
an

ce
s

(π
=

0)
,

si
n

ce
th

e
ad

d
it

io
n

al
b

ag
-l

ev
el

n
oi

se
is

es
se

n
ti

al
ly

ab
so

rb
ed

in
to
η
.

3
.2

L
e
a
rn

in
g

A
c
c
u

ra
te

B
a
g

C
o
n

c
e
p

ts

A
s

fo
r

in
st

an
ce

co
n

ce
p

t
le

ar
n

ab
il

it
y,

w
e

m
u

st
fo

rm
al

ly
d

efi
n

e
w

h
at

w
e

m
ea

n
to

le
a
rn

a
cc

u
ra

te
b

ag
co

n
ce

p
ts

in
th

e
M

I
se

tt
in

g.
A

s
d

es
cr

ib
ed

in
S

ec
ti

on
2,

th
er

e
ar

e
tw

o
b

a
g
-l

a
b

el
in

g
fu

n
ct

io
n

s
w

e
m

ig
h
t

b
e

in
te

re
st

ed
in

le
ar

n
in

g.
In

ou
r

ge
n

er
at

iv
e

m
o
d

el
,

w
e

a
ss

u
m

e
th

at
th

e
M

I
re

la
ti

on
sh

ip
b

et
w

ee
n

b
ag

an
d

in
st

an
ce

la
b

el
s

h
ol

d
s

at
th

e
le

v
el

of
th

e
ge

n
er

a
ti

ve
p

ro
ce

ss
.

T
h

at
is

,
b

ag
s

ar
e

d
ir

ec
tl

y
as

si
gn

ed
la

b
el

s
b
y

a
b

ag
co

n
ce

p
t
F

.
O

n
th

e
ot

h
er

h
an

d
,

g
iv

en
a

se
t

of
in

st
an

ce
s

sa
m

p
le

d
fr

om
a

b
ag

,
w

e
m

ig
h
t

b
e

in
te

re
st

ed
in

le
ar

n
in

g
th

e
m

o
re

tr
a
d

it
io

n
al

b
ag

-l
ab

el
in

g
co

n
ce

p
t

in
th

e
M

I
se

tt
in

g,
F̂

(X
i)

=
m

ax
j
f

(x
ij

),
w

h
ic

h
w

e
h

av
e

ca
ll

ed
th

e
em

p
ir

ic
al

b
ag

-l
ab

el
in

g
fu

n
ct

io
n

(E
q
u

at
io

n
8)

.
W

e
w

il
l

fi
rs

t
an

al
y
ze

le
ar

n
ab

il
it

y
w

it
h

re
sp

ec
t

to
th

e
em

p
ir

ic
al

b
ag

-l
ab

el
in

g
fu

n
ct

io
n

an
d

th
en

ex
te

n
d

th
is

re
su

lt
to

th
e

tr
u

e
b

a
g
-l

a
b

el
in

g
fu

n
ct

io
n

.
W

e
ca

n
d
efi

n
e

th
e

ri
sk

of
a

b
ag

-l
ab

el
in

g
co

n
ce

p
t
Ĝ

w
it

h
re

sp
ec

t
to

th
e

u
n

d
er

ly
in

g
em

p
ir

ic
al

b
ag

-l
ab

el
in

g
co

n
ce

p
t
F̂

as
fo

ll
ow

s:

R
F̂

(Ĝ
)

=
E
[ 1

[F̂
(X

)
6=
Ĝ

(X
)]
]

=

∫ B

∫ X
∗
1

[F̂
(X

)
6=
Ĝ

(X
)]

d
P

(X
|B

)
d

P
(B

),
(1

0)

w
h

er
e

P
(X
|B

)
is

th
e

p
ro

b
ab

il
it

y
of

sa
m

p
li

n
g

th
e

se
t

of
in

st
an

ce
s
X

fr
o
m

b
a
g
B

.
S

in
ce

w
e

as
su

m
e

th
at

in
st

an
ce

s
ar

e
sa

m
p

le
d

II
D

ac
co

rd
in

g
to
B

,
P

(X
|B

)
=
∏
x
∈X

P
(x
|B

).
G

iv
en

a
fo

rm
al

d
efi

n
it

io
n

of
th

e
ri

sk
of

an
em

p
ir

ic
al

b
ag

-l
ab

el
in

g
fu

n
ct

io
n

,
w

e
ca

n
d

efi
n

e
le

ar
n

ab
il

it
y

w
it

h
re

sp
ec

t
to

th
is

fu
n

ct
io

n
b

el
ow

:

D
e
fi

n
it

io
n

4
(E

m
p

ir
ic

a
l

B
a
g

M
I

P
A

C
-l

e
a
rn

in
g
)

W
e

sa
y

th
a
t

a
n

a
lg

o
ri

th
m
A

M
I

P
A

C
-

le
a
rn

s
em

p
ir

ic
a
l

ba
g-

la
be

li
n

g
fu

n
ct

io
n

s
d
er

iv
ed

fr
o
m

in
st

a
n

ce
co

n
ce

p
t

cl
a
ss
F

w
h
en

fo
r

a
n

y
(D
X
,D
B
,f
,F

)
∈

M
I-

G
E

N
F

(γ
)

w
it

h
γ
>

0
,

a
n

d
ε B
,δ

>
0,
A

re
qu

ir
es

O
( p

ol
y(

1 γ
,

1 ε B
,

1 δ
))

ba
g-

la
be

le
d

in
st

a
n

ce
s

sa
m

p
le

d
in

d
ep

en
d
en

tl
y

fr
o
m

th
e

M
I

ge
n

er
a
ti

ve
p
ro

ce
ss

in
F

ig
u

re
1
(b

)
to

p
ro

d
u

ce
a
n

em
p
ir

ic
a
l

ba
g-

la
be

li
n

g
fu

n
ct

io
n
Ĝ

w
it

h
ri

sk
R
F̂

(Ĝ
)
<
ε B

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

o
ve

r
sa

m
p
le

s.

T
o

sh
ow

em
p

ir
ic

al
b

ag
co

n
ce

p
t

le
ar

n
ab

il
it

y
u

n
d

er
ou

r
ge

n
er

at
iv

e
m

o
d

el
,

w
e

w
il

l
sh

ow
th

at
b
y

le
ar

n
in

g
an

ac
cu

ra
te

en
ou

gh
in

st
an

ce
co

n
ce

p
t
g
,

th
e

re
su

lt
in

g
em

p
ir

ic
al

b
a
g
-l

a
b

el
in

g
co

n
ce

p
t

gi
ve

n
b
y
Ĝ

(X
i)

=
m

ax
j
g
(x
ij

)
w

il
l

h
av

e
lo

w
ri

sk
w

it
h

re
sp

ec
t

to
F̂

.
T

h
u

s,
w

e
st

a
rt

w
it

h
a

b
ou

n
d

on
R
F̂

(Ĝ
)

in
te

rm
s

of
R
f
(g

).

L
e
m

m
a

1
L

et
R
f
(g

)
be

th
e

ri
sk

o
f

a
n

in
st

a
n

ce
la

be
li

n
g

co
n

ce
p
t
g

,
a
n

d
R
F̂

(Ĝ
)

be
th

e
ri

sk

o
f

th
e

em
p
ir

ic
a
l

ba
g-

la
be

li
n

g
fu

n
ct

io
n
Ĝ

(X
i)

=
m

ax
j
g
(x
ij

).
T

h
en

if
ba

g
sa

m
p
le

si
ze

s
a
re

bo
u

n
d
ed

by
m
u

(∀
i

:
|X

i|
≤
m
u
),
R
F̂

(Ĝ
)
≤
m
u
R
f
(g

).

P
ro

o
f

S
ee

A
p

p
en

d
ix

A
.

G
iv

en
th

e
b

ou
n

d
d

em
on

st
ra

te
d

in
L

em
m

a
1,

w
e

ca
n

d
er

iv
e

th
e

fo
ll

ow
in

g
re

su
lt

:
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w
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o
m

M
I

d
a
ta

u
si

n
g

O
(
m
u

ε B
γ

( V
C

(F
)

lo
g
m
u

ε B
γ

+
lo
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p
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e
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∈
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p
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h
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Ĝ
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(Ĝ
),

b
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is
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b
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(Ĝ
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(Ĝ
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b
st

it
u

ti
n

g
ε I

=
ε B m
u

in
to

th
e

b
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d
in

T
h

eo
re

m
2.

A
g
ai

n
,

T
h

eo
re

m
2

a
ll

ow
s

fo
r

n
o
is

y
p
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=
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p
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f

(x
).

T
h
u

s,
th
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p
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a
ll

y
ju

st
a

sp
ec

ia
l

ca
se

o
f

le
ar

n
in

g
an

em
p

ir
ic

a
l

b
a
g
-l

a
b

el
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w
e

tu
rn

o
u

r
a
tt

en
ti

on
to

le
a
rn

in
g

th
e

u
n

d
er

ly
in

g
b

a
g-

la
b

el
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b
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p
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d
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b
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p
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w
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h
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h
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Ĝ
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Ĝ
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(Ĝ
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Ĝ
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Ĝ

(X
)]

d
P

(X
|B

)
d

P
(B

).
(1

1)

T
h

e
d

efi
n

it
io

n
of

b
a
g

co
n

ce
p

t
le

ar
n

a
b

il
it

y
th

en
ta

ke
s

th
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at
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w
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h
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p
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n
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p
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∈
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p
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p
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p
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Ĝ
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(Ĝ
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p
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h
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Ĝ
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(Ĝ
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b
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Ĝ
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Ĝ
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(Ĝ
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p
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b
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d
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p
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p
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.
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p
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d
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a
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p
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d
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is
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secon
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≥
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−
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∈
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m
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w
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b
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ab
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(Ĝ
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b
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p
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b
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m
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p
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:
Ĝ
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it
m

ay
b

e
th

a
t

w
e

a
re

ab
le

to
p

ro
ve

p
o
si

ti
ve

in
st

an
ce

le
ar

n
a
b

il
it

y
re

su
lt

s
p

re
ci

se
ly

be
ca

u
se

o
f

th
is

co
n

st
ra

in
t

o
n

th
e

ge
n

er
a
ti

ve
p

ro
ce

ss
.

O
th

er
re

ce
n
t

w
or

k
h

a
s

d
is

cu
ss

ed
th

e
d

iffi
cu

lt
y,

b
o
th

th
eo

re
ti

ca
ll

y
a
n

d
in

p
ra

ct
ic

e,
to

re
la

te
th

e
p

er
fo

rm
an

ce
of

th
e

sa
m

e
cl

a
ss

ifi
er

on
th

e
in

st
an

ce
-

a
n

d
b

a
g-

la
b

el
in

g
ta

sk
s

(T
ra

-
ga

n
te

d
o

Ó
et

al
.,

2
01

1
).

In
co

n
tr

a
st

,
L

em
m

a
1

il
lu

st
ra

te
s

a
cl

ea
r

co
n

n
ec

ti
o
n

b
et

w
ee

n
th

e
ac

cu
ra

cy
of

an
in

st
an

ce
co

n
ce

p
t

a
n
d

th
a
t

o
f

th
e

re
su

lt
in

g
em

p
ir

ic
a
l

b
a
g

co
n

ce
p

t.
T

h
is

n
ew

co
n

n
ec

ti
on

is
m

ad
e

p
os

si
b

le
b
y

th
e

re
la

ti
o
n

sh
ip

b
et

w
ee

n
b

a
g

an
d

in
st

a
n

ce
d

is
tr

ib
u

ti
on

s
in

ou
r

ge
n

er
at

iv
e

m
o
d

el
,

a
s

h
ig

h
li

gh
te

d
in

L
em

m
a

1.
In

p
a
rt

ic
u

la
r,

C
o
n

d
it

io
n

1
o
f

D
efi

n
it

io
n

1
is

em
p

lo
ye

d
to

m
a
rg

in
a
li

ze
o
u

t
th

e
eff

ec
t

of
in

d
iv

id
u

al
b

a
g

d
is

tr
ib

u
ti

on
s

so
th

a
t

er
ro

r
o
n

b
ag

s
ca

n
b

e
ex

p
re

ss
ed

d
ir

ec
tl

y
in

te
rm

s
o
f

th
e

er
ro

r
o
n

in
st

an
ce

s.
T

h
er

e
ar

e
a
t

le
a
st

tw
o

re
as

o
n

s
w

h
y

th
is

re
la

ti
o
n

sh
ip

is
n

ot
o
b
v
io

u
s

fr
o
m

em
p

ir
ic

a
l

re
su

lt
s.

F
ir

st
,

co
n
tr

a
st

in
g

th
e

sa
m

p
le

co
m

p
le

x
it

y
ex

p
re

ss
io

n
s

T
h

eo
re

m
1

a
n

d
T

h
eo

re
m

3,
w

e
se

e
th

at
la

rg
er

sa
m

p
le

s
ar

e
re

q
u

ir
ed

to
le

ar
n

ac
cu

ra
te

b
a
g

co
n

ce
p

ts
.

T
h
u

s,
fo

r
a

fi
x
ed

sa
m

p
le

si
ze

,
th

er
e

m
ig

h
t

b
e

a
si

gn
ifi

ca
n
t

d
is

cr
ep

an
cy

in
p

er
fo

rm
a
n

ce
of

a
si

n
g
le

a
lg

o
ri

th
m

o
n

th
e

tw
o

le
a
rn

in
g

ta
sk

s.
S

ec
-

on
d

ly
,

th
e

re
la

ti
o
n

sh
ip

w
e

d
em

on
st

ra
te

h
o
ld

s
w

h
en

a
n

a
cc

u
ra

te
in

st
a
n
ce

co
n

ce
p

t
is

le
a
rn

ed
an

d
th

en
ap

p
li

ed
to

th
e

b
a
g
-l

a
b

el
in

g
ta

sk
.

H
ow

ev
er

,
in

p
ra

ct
ic

e,
m

a
n
y

a
lg

or
it

h
m

s
a
tt

em
p

t
to

le
ar

n
a
n

in
st

an
ce

fu
n

ct
io

n
to

la
b

el
b

a
g
s

u
si

n
g

E
R

M
a
t

th
e

ba
g-

le
ve

l.
It

is
n

o
t

cl
ea

r
th

at
th

e
in

st
an

ce
-l

a
b

el
in

g
fu

n
ct

io
n

fo
u

n
d

v
ia

b
a
g-

le
v
el

E
R

M
in

th
is

w
ay

w
il

l
su

cc
es

sf
u

ll
y

la
b

el
in

st
a
n

ce
s.
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M
u
lt

ip
l
e
-In

st
a
n
c
e

L
e
a
r
n
in

g
f
r
o
m

D
ist

r
ib

u
t
io

n
s

3
.5

R
e
la

tio
n

to
P

rio
r

H
a
rd

n
e
ss

R
e
su

lts

T
h

e
p

ositive
learn

ab
ility

resu
lts

in
S

ectio
n

3
.1

a
n

d
S

ectio
n

3
.2

d
o

n
o
t

co
n
tra

d
ict

ex
istin

g
h

ard
n

ess
resu

lts
a
b

o
u

t
lea

rn
in

g
in

th
e

M
I

settin
g
.

E
ssen

tia
lly,

m
o
st

h
a
rd

n
ess

resu
lts

a
re

sh
ow

n
u

n
d

er
th

e
scen

arios
th

a
t

lie
o
n

th
e

fa
r

rig
h
t

o
f

F
ig

u
re

6
.

F
o
r

ex
a
m

p
le,

S
a
b

a
to

a
n

d
T

ish
b
y

(2
01

2
)

o
b

serve
th

at
if

on
ly

p
o
sitive

b
a
gs

are
g
en

era
ted

,
th

en
lea

rn
in

g
th

e
b
ag

-
la

b
elin

g
fu

n
ctio

n
is

triv
ia

l,
b

u
t

n
o

la
b

el
in

fo
rm

a
tio

n
a
b

o
u

t
in

stan
ces

is
p
rov

id
ed

.
In

th
is

ca
se,

lea
rn

in
g

in
sta

n
ce

la
b

els
is

eq
u

iva
len

t
to

lea
rn

in
g

in
th

e
u

n
su

pervised
lea

rn
in

g
settin

g,
for

w
h

ich
n

o
P

A
C

-sty
le

g
u
aran

tees
ca

n
b

e
m

ad
e.

H
ow

ev
er,

th
e

a
d

d
ition

a
l

assu
m

p
tio

n
s

in
M

I-G
E

N
p

reclu
d

e
th

e
ca

se
w

h
en

o
n

ly
p

o
sitive

b
a
gs

a
p
p

ea
r,

sin
ce

th
e

n
eg

a
tive

in
sta

n
ces

w
o
u

ld
n

ev
er

a
p

p
ear

in
n

ega
tive

b
ag

s
as

req
u

ired
b
y

C
o
n

d
itio

n
3

in
D

efi
n

itio
n

1
.

S
im

ilarly,
u

n
d

er
th

e
w

eak
assu

m
p

tio
n

in
w

h
ich

a
rb

itra
ry

d
istrib

u
tio

n
s

over
r-tu

p
les

a
re

allow
ed

,
A

u
er

et
a
l.

(19
9
8)

sh
ow

th
a
t

th
a
t

effi
cien

tly
P

A
C

-lea
rn

in
g

M
I

in
sta

n
ce

co
n

cep
ts

is
im

p
o
ssib

le
(u

n
less

N
P

=
R
P

3).
W

h
ile

th
e

resu
lts

o
n

in
sta

n
ce

a
n

d
b

a
g

lea
rn

a
b

ility
stem

m
in

g
fro

m
T

h
eo

rem
1

sh
ow

th
a
t

a
p

o
ly

n
o
m

ia
l

n
u

m
b

er
o
f

ex
a
m

p
les

ca
n

b
e

u
sed

to
lea

rn
a
ccu

ra
te

con
cep

ts,
th

ey
d

o
n

o
t

b
o
u

n
d

th
e

co
m

p
u

ta
tio

n
a
l

com
p

lex
ity

o
f

learn
in

g
fro

m
th

e
ex

am
p

les.
In

p
a
rticu

la
r,

m
in

im
u

m
o
n

e-sid
ed

d
isa

g
reem

en
t

is
k
n

ow
n

to
b

e
N
P

-h
a
rd

fo
r

certa
in

con
cep

t
cla

sses
a
n

d
lo

ss
fu

n
ctio

n
s

(S
im

o
n

,
20

1
2
).

T
h

erefo
re,

fo
r

so
m

e
co

n
cep

t
cla

sses,
in

sta
n

ce
a
n

d
b

ag
co

n
cep

ts
a
re

n
ot

effi
cien

tly
P

A
C

-lea
rn

a
b

le:
lea

rn
a
b

le
w

ith
a

p
o
ly

n
o
m

ia
l

n
u

m
b

er
o
f

ex
a
m

p
les

in
po

lyn
o
m

ia
l

tim
e.

T
h

e
a
p

p
a
ren

t
con

tra
d

ictio
n

b
etw

een
o
u

r
lea

rn
a
b
ility

resu
lts

a
n

d
th

e
h

ard
n

ess
resu

lts
o
f

A
u

er
et

a
l.

(19
9
8)

is
reso

lved
b
y

o
b

serv
in

g
th

a
t

M
I-G

E
N

p
reclu

d
es

th
e

scen
a
rio

u
sed

to
red

u
ce

learn
in

g
d

isju
n

ctive
n

o
rm

a
l

fo
rm

(D
N

F
)

fo
rm

u
la

e
to

lea
rn

in
g

A
P

R
s

fro
m

M
I

d
ata.

In
th

e
red

u
ctio

n
u
sed

b
y

A
u

er
et

a
l.

(19
9
8
),

ea
ch

in
sta

n
ce

co
rresp

o
n

d
s

to
a

(va
ria

b
le

a
ssign

m
en

t,
clau

se)
p

air,
a
n

d
a

b
ag

is
fo

rm
ed

fo
r

ea
ch

va
ria

b
le

a
ssig

n
m

en
t

b
y

in
clu

d
in

g
a

p
air

w
ith

th
at

va
ria

b
le

a
ssig

n
m

en
t

for
each

cla
u

se.
B

a
gs

a
re

sam
p

led
u

n
ifo

rm
ly

ov
er

a
ll

variab
le

a
ssig

n
m

en
ts.

S
u

p
p

o
se

a
p

a
rticu

la
r

va
ria

b
le

a
ssig

n
m

en
t
v

sa
tisfi

es
th

e
fi

rst
cla

u
se

c
1 ,

b
u

t
n

o
t

th
e

secon
d

clau
se
c

2 .
T

h
en

th
e

in
sta

n
ce

(v
,c

1 )
is

p
o
sitive,

b
u

t
(v
,c

2 )
is

n
eg

a
tive.

H
ow

ever,
(v
,c

2 )
on

ly
ever

a
p

p
ears

in
b

a
gs

a
lo

n
g

w
ith

(v
,c

1 );
th

a
t

is,
in

p
o
sitive

b
a
g
s.

T
h

is
v
io

la
tes

th
e

co
n

d
itio

n
th

a
t
γ
>

0,
or

th
a
t

n
ega

tive
in

sta
n

ces
a
p

p
ea

r
w

ith
so

m
e

p
rob

a
b

ility
in

n
ega

tive
b

ag
s,

so
o
u
r

resu
lts

d
o

n
o
t

ap
p

ly
to

th
is

h
a
rd

scen
ario

.

S
im

ilarly,
o
u

r
gen

era
tive

m
o
d

el
p

reclu
d

es
scen

arios
u

sed
to

sh
ow

th
e

h
a
rd

n
ess

o
f
lea

rn
in

g
h
y
p

erp
la

n
e

con
cep

ts
for

M
I

d
a
ta

(K
u
n

d
a
k
cio

glu
et

a
l.,

2
0
1
0
;

D
io

ch
n
o
s

et
a
l.,

2
0
1
2
;

D
o
ra

n
an

d
R

ay
,
20

1
3).

It
is

u
n

k
n

ow
n

w
h

eth
er

th
ere

is
a
n

alg
o
rith

m
to

effi
cien

tly
lea

rn
h
y
p

erp
la

n
es

th
a
t

m
in

im
ize

o
n

e-sid
ed

d
isag

reem
en

t.
H

ow
ever,

even
E

R
M

u
n

d
er

0
–
1

loss
is

N
P

-h
a
rd

for
th

e
con

cep
t

cla
ss

o
f

h
y
p

erp
lan

es
(B

en
-D

av
id

et
a
l.,

2
0
0
3),

w
h

ich
a
re

w
id

ely
u

sed
in

p
ra

ctice
for

su
p

erv
ised

lea
rn

in
g.

T
h
u

s,
w

h
ile

p
rev

io
u

s
resu

lts
h

ave
ch

a
ra

cterized
th

e
h

a
rd

n
ess

o
f

M
I

lea
rn

in
g

as
resu

ltin
g

from
a
rb

itra
ry

d
istrib

u
tio

n
s

a
cro

ss
b

a
g
s,

o
u
r

resu
lts

su
g
gest

th
a
t

th
e

h
a
rd

n
ess

a
rises

fro
m

cases
in

w
h

ich
γ

=
0
,

o
r

w
h

en
n

ega
tive

in
sta

n
ces

o
n

ly
o
ccu

r
in

n
eg

a
tive

b
a
g
s.

3
.
R
P

is
th

e
cla

ss
o
f

d
ecisio

n
p
ro

b
lem

s
fo

r
w

h
ich

a
p
ro

b
a
b
ilistic

T
u
rin

g
m

a
ch

in
e

term
in

a
tes

in
p

o
ly

n
o
m

ia
l

tim
e,

a
lw

ay
s

retu
rn

s
N
O

w
h
en

th
e

a
n
sw

er
is

N
O
,

a
n
d

retu
rn

s
Y
E
S

w
ith

p
ro

b
a
b
ility

a
t

lea
st

12
w

h
en

th
e

a
n
sw

er
is
Y
E
S
.
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D
o
r
a
n

a
n
d

R
a
y

3
.6

M
u

st
In

sta
n

c
e
s

b
e

D
e
p

e
n

d
e
n
t

S
a
m

p
le

s?

A
s

ob
served

in
p

rior
w

ork
,

m
ost

real-w
orld

ex
am

p
les

of
M

IL
h

ave
b

ags
th

a
t

con
tain

n
o
n

-IID
in

sta
n

ces
(Z

h
ou

et
al.,

2009).
T

h
u

s,
ou

r
assu

m
p

tion
th

at
b

ag
sam

p
les

X
i

are
d

raw
n

IID
acco

rd
in

g
to

th
eir

corresp
on

d
in

g
b

ag
d

istrib
u

tio
n

s
B
i

m
ig

h
t

seem
u
n

realistic.
H

ow
ever,

n
o
te

th
at

ou
r

gen
erativ

e
m

o
d

el
d
oes

allow
for

d
ep

en
d

en
cies

b
etw

een
in

stan
ces

at
th

e
level

of
b

ag
d

istrib
u

tio
n

s,
B
i .

T
h

at
is,

alth
ou

gh
th

e
sam

p
les

X
i

are
d

raw
n

from
b

ag
d

istrib
u

-
tion

s
in

d
ep

en
d

en
tly,

w
e

can
u

se
su

ch
in

d
ep

en
d

en
t

sam
p

les
to

a
p
p
ro

xim
a
te

th
e

b
eh

av
ior

of
em

p
irical

b
a
g-lab

elin
g

fu
n

ction
s

on
n

o
n

in
d

ep
en

d
en

t
sam

p
les.

T
h

e
a
rb

itrary
R

-tu
p

le
m

o
d

el,
as

illu
strated

in
F

igu
re

5(b
),

a
llow

s
fo

r
a
rb

itrary
d

istri-
b

u
tion

s
over

tu
p

les
of

size
at

m
ost

R
,

w
h

ich
can

b
e

u
sed

to
rep

resen
t

an
y

gen
erative

m
o
d

el
in

w
h

ich
th

ere
is

a
relation

sh
ip

b
etw

een
in

stan
ces

in
b
ags

(i.e.,
b

a
gs

in
w

h
ich

in
sta

n
ces

are
n

o
n

-IID
).

A
s

d
escrib

ed
in

S
ection

2.4,
it

is
p

ossib
le

to
rep

resen
t

th
is

m
o
d

el
w

ith
in

M
I-G

E
N

w
h

ere
ea

ch
b

ag
is

an
atom

ic
d

istrib
u

tion
ov

er
th

e
in

stan
ces

in
th

e
tu

p
le

an
d

th
e

d
istrib

u
tio

n
over

b
ags

corresp
on

d
s

to
th

e
origin

al
d

istrib
u

tion
over

tu
p

les.
G

iv
en

th
is

rep
resen

ta
tion

,
π

=
1R

in
ou

r
m

o
d

el.
In

th
e

trad
ition

al
M

I
settin

g,
w

e
w

ou
ld

d
irectly

o
b

serve
th

ese
R

in
-

sta
n

ces.
O

u
r

gen
erative

m
o
d

el,
on

th
e

oth
er

h
an

d
,

assu
m

es
th

at
w

e
p

erform
th

e
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I-

G
E

N
C(
γ

)
w

it
h
γ
>

0,
a
n

d
ε I
,δ
>

0,
a
lg

o
ri

th
m
A

re
qu

ir
es
O
( p

ol
y(

1 γ
,

1 ε I
,

1 δ
))

ba
g-

la
be

le
d

in
st

a
n

ce
s

sa
m

-
p
le

d
in

d
ep

en
d
en

tl
y

fr
o
m

th
e

M
I

ge
n

er
a
ti

ve
p
ro

ce
ss

in
F

ig
u

re
1
(b

)
to

p
ro

d
u

ce
a
n

in
st

a
n

ce
p
-c

o
n

ce
p
t

h
yp

o
th

es
is
h

w
it

h
ri

sk
R

A
U

C
f

(h
)
<
ε I

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

o
ve

r
sa

m
p
le

s.

W
h

er
ea

s
le

ar
n

in
g

a
cc

u
ra

te
in

st
a
n

ce
co

n
ce

p
ts

a
s

in
D

efi
n

it
io

n
3

re
q
u

ir
ed

th
e

u
se

of
m

in
-

im
u

m
on

e-
si

d
ed

d
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a
gr

ee
m

en
t,

w
e

sh
ow

in
T

h
eo

re
m

4
th
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t
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ib
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to
le

a
rn

h
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h
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U
C
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e
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st
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n
c
e

L
e
a
r
n
in

g
f
r
o
m

D
ist

r
ib

u
t
io

n
s

0
1−

γ
1−

γ2
1

)
(

ε
ε

c(x
−

)
h

(x
−

)

c(x
+

)

h
(x

+
)

F
ig

u
re

7
:

T
h

e
in

tu
itio

n
b

eh
in

d
T

h
eo

rem
4
.

A
h
y
p

o
th

esis
h

th
a
t

clo
sely

a
p

p
rox

im
a
tes

c
w

ill
correctly

ra
n

k
in

stan
ces

w
ith

h
ig

h
p

ro
b

a
b

ility.

co
n

cep
ts

u
sin

g
E

R
M

.
In

p
articu

la
r,

th
e

stra
teg

y
u

sed
in

th
e

follow
in

g
th

eo
rem

is
to

lea
rn

a
p
-con

cep
t
h

th
at

m
o
d

els
th

e
co

n
cep

t
c

d
efi

n
ed

in
E

q
u

a
tion

2
u

sin
g
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n

d
a
rd

E
R

M
.

T
h

e
in

tu
ition

is
th

a
t
c

a
lrea

d
y

a
ch

ieves
p

erfect
A

U
C

;
th

a
t

is,
R

A
U

C
f

(c)
=

0.
T

h
e

reaso
n

is
th

at
for

a
n
y

n
ega

tiv
e

in
stan

ce
x
−

a
n

d
p

o
sitive

in
sta

n
ce

x
+

,
c(x
−

)
≤

1
−
γ
<

1
=
c(x

+
),

see
F

ig
u

re
7

fo
r

a
n

illu
stra

tion
.

If
w

e
lea

rn
a
p
-co

n
cep

t
h

th
a
t

closely
ap

p
rox

im
a
tes

c
to

w
ith

in
som

e
ε,

th
en

w
ith

h
ig

h
p

ro
b

a
b

ility,
h

w
ill

a
lso

co
rrectly

ra
n

k
in

sta
n

ces.

S
ta

tin
g

th
e

lea
rn

a
b

ility
o
f

a
p
-co

n
cep

t
w

ith
E

R
M

req
u

ires
u

se
o
f

th
e

p
seu

d
o
-d

im
en

sio
n

of
th

e
co

n
cep

t
cla

ss
C

,
ju

st
as

V
C

d
im

en
sio

n
ca

n
b

e
u

sed
to

ch
ara

cterize
th

e
ca

p
acity

of
a

d
eterm

in
istic

con
cep

t
cla

ss.
T

h
e

p
seu

d
o
-d

im
en

sio
n

is
sim

ila
r

to
th

e
V

C
d

im
en

sio
n

,
b

u
t

u
ses

a
d

iff
eren

t
n

otio
n

o
f

“
sh

a
tterin

g
.”

In
p

a
rticu

la
r,

fo
r

a
set

o
f

p
oin

ts
w

ith
rea

l-valu
ed

la
b

els,{
(x
i ,y

i )}
ni=

1 ,
a
p
-con

cep
t

cla
ssC

sh
atters

th
e

p
oin

ts
if

fo
r

a
n
y

b
in

a
ry

la
b

elin
g

o
f

th
e

p
o
in

ts{
b
i }

,
th

ere
ex

ists
so

m
e
c∈
C

su
ch

th
a
t
c(x

i )≥
y
i

if
b
i

=
1

a
n

d
c(x

i )
<
y
i

if
b
i

=
0

(H
a
u

ssler,
19

9
2).

T
h

e
p

seu
d

o-d
im

en
sio

n
o
fC

,
d

en
o
ted

P
D

(C
),

is
th

e
size

o
f

th
e

larg
est

set
su

ch
th

a
tC

sh
atters

so
m

e
set

of
th

a
t

size.

T
h

e
o
re

m
4

A
n

in
sta

n
ce
p
-co

n
cep

t
cla

ss
C

w
ith

p
seu

d
o
-d

im
en

sio
n

P
D

(C
)

is
In
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n
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M

I

A
U

C
-P

A
C

-lea
rn

a
ble

u
sin

g
O
(

1
(ε

I γ
p
)
4 (

P
D

(C
)

log
1

ε
I γ
p

+
lo

g
1δ ))

exa
m

p
les

w
ith

sta
n

d
a
rd

E
R

M

a
p
p
roa

ch
es,

w
h
ere

p
=

m
in{

p
n
eg ,1−

p
n
eg }

.

P
ro

o
f

S
ee

A
p

p
en

d
ix

A
.

C
o
m

p
a
rin

g
T

h
eo

rem
4

w
ith

T
h

eo
rem

1
o
n

learn
in

g
a
ccu

ra
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n
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n

cep
ts,

w
e
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th

a
t

n
eith
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lts
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u
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a
t

p
o
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sta

n
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a
p

p
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in
p

o
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b
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s
(π
>

0
).

In
b

o
th
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ses,

th
e

a
d

d
itio

n
la

b
el

n
oise

a
ff

ects
γ

,
b

u
t

is
tolerated

b
y

th
e

u
n

d
erly

in
g

a
lg

o
rith

m
.

T
h

e
key

d
iff

eren
ce

b
etw

een
th

ese
resu

lts
is

th
at

h
ig

h
-A

U
C

co
n

cep
ts

ca
n

b
e

lea
rn

ed
v
ia

sta
n

d
a
rd

E
R

M
a
p
p

ro
a
ch

es,
w

h
erea

s
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ra
te

con
cep

t
learn

in
g

req
u
ires

m
in

im
u

m
on

e-sid
ed

d
isa

gree-
m

en
t.

A
d

d
itio

n
a
lly,

th
e

sa
m

p
le

com
p

lex
ity

b
o
u

n
d

in
T

h
eo

rem
4

co
n
ta

in
s

an
a
d

d
itio

n
al

facto
r
p

th
at

a
ccou

n
ts

fo
r

cla
ss

im
b

a
la

n
ce.

In
tu

itively,
th

is
fa

cto
r

a
p

p
ea

rs
b

eca
u

se
it

is
d

iffi
cu

lt
to

lea
rn

to
eff

ectively
ran

k
in

sta
n

ces
fro

m
d
iff

eren
t

cla
sses

w
h

en
on

e
cla

ss
a
p

p
ears

very
in

freq
u

en
tly

in
th

e
tra

in
in

g
set

(p
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a
ll).
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D
o
r
a
n

a
n
d

R
a
y

4
.2

L
e
a
rn

in
g

H
ig

h
-A

U
C

B
a
g

C
o
n

c
e
p

ts

A
s

for
accu

racy,
w

e
m

igh
t

b
e

in
terested

in
learn

in
g

eith
er

h
ig

h
-A

U
C

in
sta

n
ce

o
r

b
ag

con
cep

ts
from

M
I

d
a
ta.

F
o
llow

in
g

a
sim

ilar
strategy

as
em

p
loy

ed
in

S
ection

3.2
for

learn
in

g
a
ccu

rate
b

ag
co

n
cep

ts,
h

ere
w

e
w

ill
con

sid
er

tw
o

m
easu

res
of

b
ag-level

p
erform

an
ce

of
a

b
ag

co
n
cep

t
Ĥ

d
erived

fro
m

an
in

stan
ce

con
cep

t
h

.
T

h
e

sam
e

com
b

in
in

g
fu

n
ctio

n
as

in
S

ectio
n

3,
Ĥ

(X
i )

=
m

ax
j
h

(x
ij ),

is
com

m
on

ly
u

sed
to

d
eriv

e
rea

l-valu
ed

b
ag-lab

elin
g

fu
n

ction
s

in
p

rio
r

w
ork

(R
ay

an
d

C
raven

,
2005).

F
ollow

in
g

th
e

an
aly

sis
in

S
ection

3.2,
w

e
w

ill
m

easu
re

p
erform

a
n

ce
of
Ĥ

w
ith

resp
ect

to
b

oth
F̂

,
th

e
em

p
irical

b
ag-lab

elin
g

fu
n

ctio
n

,
a
n

d
later

F
,

th
e

u
n

d
erly

in
g

b
ag-lab

elin
g

fu
n

ction
.

F
o
r

th
e

em
p

irical
b

ag-lab
elin

g
fu

n
ction

,
F̂

,
th

e
in

tu
itive

d
efi

n
ition

of
A

U
C

is
th

e
p

rob
-

ab
ility

th
at

a
b

ag-level
h
y
p

oth
esis

Ĥ
assign

s
a

h
igh

er
valu

e
to

a
b

ag
sa

m
p

le
given

th
at

it
is

la
b

eled
p

ositive
b
y
F̂

(th
at

is,
con

tain
in

g
at

least
on

e
p

ositive
in

stan
ce)

th
an

an
oth

er
b

ag
sam

p
le

lab
eled

n
egative

b
y
F̂

(con
tain

in
g

n
o

p
ositive

in
stan

ces).
F

orm
ally,

w
e

ca
n

d
efi

n
e

th
e

corresp
o
n

d
in

g
A

U
C

-b
ased

risk
as

follow
s:

R
A

U
C

F̂
(Ĥ

)
=

∫B ∫B ∫X
∗−

∫X
∗+
1 [Ĥ

(X
−

)
>
Ĥ

(X
+

) ]
...

...
d

P
(X

+
|
B

+
)

d
P

(X
−
|
B
−

)
d

P
(B

+
)

d
P

(B
−

)

P
[F̂

(X
)

=
1 ]

P
[F̂

(X
)

=
0 ]

=

∫B ∫B ∫X
∗−

∫X
∗+
1 [Ĥ

(X
−

)
>
Ĥ

(X
+

) ]
...

...
d

P
(X

+
|
B

+
)

d
P

(X
−
|
B
−

)
d

P
(B

+
)

d
P

(B
−

)

(1−
P̂

n
eg )P̂

n
eg

.

(15)

A
b

ove,X
∗−

is
th

e
set

of
all

n
egative

b
ag

sam
p
les,

an
d
X
∗+

th
e

set
of

all
p

ositive
b

ag
sam

p
les.

T
h

e
n

otatio
n
P̂

n
eg

=
P

r [F̂
(X

)
=

0 ]
is

u
sed

for
con

ven
ien

ce.
N

ow
,
w

e
ca

n
d

efi
n
e

learn
ab

ility

w
ith

resp
ect

to
th

is
m

etric:

D
e
fi

n
itio

n
8

(E
m

p
iric

a
l

B
a
g

M
I

A
U

C
-P

A
C

-le
a
rn

in
g
)

W
e

sa
y

th
a
t

a
n

a
lgo

rith
m
A

M
I

A
U

C
-P

A
C

-lea
rn

s
em

p
irica

l
ba

g-la
belin

g
fu

n
ctio

n
s

d
erived

fro
m
p
-co

n
cep

t
cla

ss
C

w
h
en

fo
r

a
n

y
(D
X
,D
B
,f
,F

)
∈

M
I-G

E
N
C (γ

)
w

ith
γ
>

0
,

a
n

d
ε
B
,δ

>
0
,

a
lgo

rith
m
A

requ
ires

O
(p

oly(
1γ
,

1ε
B
,

1δ ) )
ba

g-la
beled

in
sta

n
ces

sa
m

p
led

in
d
epen

d
en

tly
fro

m
th

e
M

I
gen

era
tive

p
ro

-

cess
in

F
igu

re
1
(b)

to
p
rod

u
ce

a
n

em
p
irica

l
ba

g-la
belin

g
fu

n
ctio

n
Ĥ

w
ith

risk
R

A
U

C
F̂

(Ĥ
)
<
ε
B

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ

o
ver

sa
m

p
les.

W
e

w
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n
ow

sh
ow

learn
ab

ility
of

em
p

irical
b
ag-lab

elin
g

fu
n

ctio
n

s
b
y

red
u

cin
g

th
e

p
rob

-
lem

to
learn

in
g

a
n
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rate

m
o
d

el
of

th
e
p
-con

cep
t
c.

H
en

ce,
th

e
ap

p
roach

o
f

th
e

p
ro

of
follow

s
th

a
t

for
learn

in
g

accu
rate

em
p

irical
b

ag-lab
elin

g
fu

n
ction

s.

T
h

e
o
re

m
5

E
m

p
irica

l
ba

g-la
belin

g
fu

n
ctio

n
s

d
erived

fro
m
p
-co

n
cep

t
cla

ss
C

w
ith

p
seu

d
o
-

d
im

en
sio

n
P

D
(C

)
a
re

A
U

C
-P

A
C

-lea
rn

a
ble

fro
m

M
I

d
a
ta

u
sin

g

O

(
m

4u

(
ε
B
γ
P̂

)
4 (

P
D

(C
)

log
m
u

(
ε
B
γ
P̂

)
+

log
1δ ))

exa
m

p
les

w
ith

sta
n

d
a
rd

E
R

M
a
p
p
roa

ch
es,

w
h
ere

P̂
,

m
in{P̂

n
eg ,1−

P̂
n
eg }
≥

m
in{

P
n
eg ,1−

p
n
eg },

a
n

d
m
u

is
a
n

u
p
per

bo
u

n
d

o
n

ba
g

sa
m

p
le

size.
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P
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h
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re
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is
ca

se
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n
eg
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p
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eg

w
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p
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an
d

th
e

sa
m

p
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p
le
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is

th
e

sa
m

e.
N

ow
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w
e

ca
n

ex
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e

A
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il

it
y

w
it

h
re
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t
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th
e
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u

e
b
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a
b

el
in

g
fu

n
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io
n

,
F

.
T

o
d

efi
n

e
A

U
C

w
it

h
re

sp
ec

t
to

F
,

w
e

m
ea

su
re

th
e

p
ro

b
ab

il
it

y
th

at
a

sa
m

p
le
X

+
is

la
b

el
ed

h
ig

h
er

b
y
Ĥ

th
an

X
−

is
,

gi
ve

n
th

at
X

+
is

sa
m

p
le

d
fr

om
a

p
os

it
iv

e
b

a
g

a
n

d
X
−
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sa

m
p

le
d

fr
om

a
n

eg
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iv
e

b
ag

.
F

or
m

al
ly

,
th

e
A

U
C

ri
sk

of
Ĥ

w
it

h
re

sp
ec

t
to
F

is

R
A

U
C

F
(Ĥ

)
=
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−

∫ B
+

∫ X
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∫ X
∗
1
[ Ĥ

(X
−

)
>
Ĥ
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+

)]
..
.

..
.

d
P
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|B

+
)

d
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(X
−
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−

)
d
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)

d
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−

)

P
[F

(B
)

=
1
]P

[F
(B

)
=
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∗
1
[ Ĥ
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−
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>
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)]
..
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d
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−

)
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d
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P

n
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n

eg
.

(1
6)

T
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e
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at

io
n
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n
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=
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)
=
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u
se

d
to

d
en

ot
e
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e

p
ro
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il
it

y
of
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p
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n
g
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a
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b
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e
d
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u
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er
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Ĝ

(X
)

=
F̂

(X
)

a
n

d
F̂

(X
)

=
F

(B
),

th
en

Ĝ
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(X
)6=

F̂
(X

) )]
d

P
(X
|
B

)
d

P
(B

)

+

∫B ∫X
∗
1 [(F̂

(X
)6=

F
(B

) )]
d

P
(X
|
B

)
d

P
(B

)

=
R
F̂

(Ĝ
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(F̂
).

L
e
m

m
a

3
S

u
p
po

se
ba

g
sa

m
p
les

a
re

o
f

size
a
t

lea
st
m
l

(∀
i

:
m
l ≤
|X

i |),
th

en
R
F

(F̂
)
≤

(1−
π

)
m
l.

P
ro

o
f

G
iven

th
e

d
efi

n
itio

n
of
R
F

(F̂
),

w
e

ca
n

d
ecom

p
o
se

it
as

su
ch

R
F

(F̂
)

=

∫B ∫X
∗
1

[F
(B

i )6=
F̂

(X
i )]d

P
(X

i |
B
i )

d
P

(B
i )

=

∫B
+ ∫X

∗
1

[F
(B

i )6=
F̂

(X
i )]d

P
(X

i |
B
i )

d
P

(B
i )

+

∫B
−

∫X
∗
1

[F
(B

i )6=
F̂

(X
i )]d

P
(X

i |
B
i )

d
P

(B
i ).

O
n

th
e

set
o
f

n
eg

ative
b

a
gs
B
−

,
F

an
d
F̂

a
lw

ay
s

a
g
ree,

sin
ce

o
n

ly
n

eg
a
tive

in
sta

n
ces

a
re

sa
m

p
led

w
ith

in
n

ega
tive

b
a
gs.

T
h

erefore,
th

e
seco

n
d

term
o
f

th
e

d
eco

m
p

o
sitio

n
ca

n
b

e
elim

in
a
ted

a
n

d
w

e
a
re

left
w

ith

R
F

(F̂
)

=

∫B
+ ∫X

∗
1

[F
(B

i )6=
F̂

(X
i )]d

P
(X

i |
B
i )

d
P

(B
i ).

N
ow

,
w

e
o
b

serve
th

a
t

fo
r

a
p

o
sitive

b
ag

B
i ,

th
e

on
ly

w
ay

th
a
t
F

an
d
F̂

ca
n

d
isa

g
ree

is
if

every
in

sta
n

ce
in
X
i

is
n

eg
ative.

U
sin

g
b

a
sic

p
ro

p
erties

o
f

in
d

ica
to

r
fu

n
ctio

n
s

(n
am

ely,
th

at
1

[ ∧
i E

i ]
=
∏
i
1

[E
i ]),

w
e

ca
n

u
se

th
is

fact
to

rew
rite

th
e

ex
p

ressio
n

a
b

ove
as

R
F

(F̂
)

=

∫B
+ ∫X

∗
1

[F
(B

i )6=
F̂

(X
i )]d

P
(X

i |
B
i )

d
P

(B
i )

=

∫B
+ ∫X

∗
1
[∧

x
ij ∈

X
i (f

(x
ij )

=
0 ) ]

d
P

(X
i |
B
i )

d
P

(B
i )

=

∫B
+ ∫X

∗

∏x
ij ∈

X
i 1

[f
(x
ij )

=
0
]

d
P

(X
i |
B
i )

d
P

(B
i ).
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D
o
r
a
n

a
n
d

R
a
y

S
in

ce
th

e
in

sta
n

ces
x
ij ∈

X
i

are
in

d
ep

en
d

en
t,

w
e

can
rew

rite
th

e
in

teg
ral

as

R
F

(F̂
)

=

∫B
+ ∫X

∗

∏x
ij ∈

X
i 1

[f
(x
ij )

=
0]

d
P

(X
i |
B
i )

d
P

(B
i )

=

∫B
+

∏x
ij ∈

X
i (∫X

1
[f

(x
ij )

=
0]

d
P

(x
ij |

B
i ) )

d
P

(B
i )

≤
∫B

+

∏x
ij ∈

X
i (1−

π
)

d
P

(B
i )

≤
∫B

+

(1−
π

)
m
ld

P
(B

i )

=
(1−

π
)
m
l ∫B

+

d
P

(B
i )

≤
(1−

π
)
m
l.

T
h

e
o
re

m
4

A
n

in
sta

n
ce
p
-co

n
cep

t
cla

ss
C

w
ith

p
seu

d
o
-d

im
en

sio
n

P
D

(C
)

is
In

sta
n

ce
M

I

A
U

C
-P

A
C

-lea
rn

a
ble

u
sin

g
O
(

1
(ε

I γ
p
)
4 (

P
D

(C
)

log
1

ε
I γ
p

+
log

1δ ))
exa

m
p
les

w
ith

sta
n

d
a
rd

E
R

M

a
p
p
roa

ch
es,

w
h
ere

p
=

m
in{

p
n
eg ,1−

p
n
eg }

.

P
ro

o
f

F
or

a
n
y
c∈
C

,
w

e
can

u
se

E
R

M
w

ith
resp

ect
to

th
e

q
u

ad
ratic

loss
fu

n
ction

to
learn

a
h
y
p

o
th

esis
h

su
ch

th
at

E
[(h

(x
)−

c(x
))

2 ]
<
ε

w
ith

p
rob

ab
ility

1−
δ

across
sa

m
p

les.
B

y
J
en

sen
’s

in
eq

u
ality,

th
is

b
ou

n
d

s
th

e
ex

p
ected

ab
solu

te
d
ev

iation
b

etw
een

h
an

d
c:

E
[|h

(x
)−

c(x
)| ]≤

√
E
[(h

(x
)−

c(x
))

2 ]
<
√
ε.

T
h

en
,

b
y

M
ark

ov
’s

in
eq

u
ality,

th
is

ex
p

ression
b

ou
n

d
s

th
e

p
rob

ab
ility

ov
er

ex
am

p
les

th
at

|h
(x

)−
c(x

)|
ex

ceed
s

som
e

con
stan

t
t:

P
[|h

(x
)−

c(x
)|
>
t ]≤

E
[|h

(x
)−

c(x
)| ]

t
<

√
εt
.

(18)

T
h

erefore,
w

ith
h

igh
p

rob
ab

ility,|h
(x

)−
c(x

)|
is

sm
all

for
sm

a
ll
ε.

N
ow

,
w

e
can

p
ro

ceed
b
y

follow
in

g
th

e
in

tu
ition

illu
strated

in
F

igu
re

7.
In

p
a
rticu

lar,
w

e
w

ill
sh

ow
th

a
t

th
e

A
U

C
risk

is
b

ou
n

d
ed

w
h

en
h

an
d
c

agree
on

ex
am

p
les

w
ith

h
igh

p
rob

a
b

ility.
F

irst,
su

p
p

ose
|h

(x
)−

c(x
)|≤

γ2
for

b
oth

of
a

p
air

(x
+
,x
−

)
of

p
ositive

an
d

n
eg

ative
in

stan
ces.

T
h

en
for

th
e

n
eg

ative
in

stan
ce,

x
−

,
b
y

D
efi

n
ition

1
,

C
on

d
ition

3,

h
(x
−

)≤
c(x
−

)
+

γ2
≤

(1−
γ

)
+

γ2
=

1−
γ2
.

S
im

ilarly,
for

th
e

p
ositive

in
stan

ce,
x

+
,

b
y

D
efi

n
ition

1,
C

on
d

ition
2,

h
(x

+
)≥

c(x
+

)−
γ2

=
1−

γ2
.
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M
u
lt

ip
l
e
-I

n
st

a
n
c
e

L
e
a
r
n
in

g
f
r
o
m

D
is

t
r
ib

u
t
io

n
s

H
en

ce
,

w
e

h
av

e
th

at
h

(x
−

)
≤
h

(x
+

).
B

y
co

n
tr

ap
os

it
io

n
of

th
e

co
n

cl
u

si
on

ab
ov

e,
if
h

(x
−

)
>
h

(x
+

),
th

en
it

is
ei

th
er

th
e

ca
se

th
at
|h

(x
−

)
−
c(
x
−

)|
>

γ 2
or

th
at
|h

(x
+

)
−
c(
x

+
)|
>

γ 2
.

In
se

t
th

eo
re

ti
c

te
rm

s,
th

is
m

ea
n

s

{ (x
+
,x
−

)
:
h

(x
−

)
>
h

(x
+

)}
⊆
{ (x

+
,x
−

)
:
|h

(x
−

)
−
c(
x
−

)|
>

γ 2
∨
|h

(x
+

)
−
c(
x

+
)|
>

γ 2

}

In
in

d
ic

at
or

fu
n

ct
io

n
n

ot
at

io
n

,
th

is
im

p
li

es

1
[ h

(x
−

)
>
h

(x
+

)]
≤
1
[ |
h

(x
−

)
−
c(
x
−

)|
>

γ 2
∨
|h

(x
+

)
−
c(
x

+
)|
>

γ 2

]

≤
1
[ |
h

(x
−

)
−
c(
x
−

)|
>

γ 2

] +
1
[ |
h

(x
+

)
−
c(
x

+
)|
>

γ 2

] .

S
u

b
st

it
u

ti
n

g
th

is
ex

p
re

ss
io

n
in

to
th

e
d

efi
n
it

io
n

of
R

A
U

C
f

(h
)

(E
q
u

at
io

n
14

)
y
ie

ld
s

R
A

U
C

f
(h

)
=

∫ X
−

∫ X
+
1

[h
(x
−

)
>
h

(x
+

)]
d

P
(x

+
)

d
P

(x
−

)

(1
−
p

n
eg

)p
n

eg

≤
∫ X
−

∫ X
+
1
[∣ ∣
h

(x
−

)
−
c(
x
−

)
>

γ 2

∣ ∣]
d

P
(x

+
)

d
P

(x
−

)

(1
−
p

n
eg

)p
n

eg

+

∫ X
−

∫ X
+
1
[ |
h

(x
+

)
−
c(
x

+
)|
>

γ 2

] d
P

(x
+

)
d

P
(x
−

)

(1
−
p

n
eg

)p
n

eg

=

∫ X
−
1
[∣ ∣
h

(x
−

)
−
c(
x
−

)
>

γ 2

∣ ∣]
d

P
(x
−

)

p
n

eg

+

∫ X
+
1
[ |
h

(x
+

)
−
c(
x

+
)|
>

γ 2

] d
P

(x
+

)

1
−
p

n
eg

.

T
h

en
,

u
si

n
g

th
e

d
efi

n
it

io
n
p

=
m

in
{p

n
eg
,1
−
p

n
eg
},

th
is

b
ec

om
es

R
A

U
C

f
(h

)
≤
∫ X
−
1
[∣ ∣
h

(x
−

)
−
c(
x
−

)
>

γ 2

∣ ∣]
d

P
(x
−

)

p

+

∫ X
+
1
[ |
h

(x
+

)
−
c(
x

+
)|
>

γ 2

] d
P

(x
+

)

p

=

∫ X
1
[∣ ∣
h

(x
)
−
c(
x

)
>

γ 2

∣ ∣]
d

P
(x

)

p
=

P
[ |
h

(x
)
−
c(
x

)|
>

γ 2

]

p
.

F
in

al
ly

,
u

si
n

g
th

e
in

eq
u

al
it

y
d

er
iv

ed
in

E
q
u
at

io
n

18
,

w
e

h
av

e

R
A

U
C

f
(h

)
≤

P
[ |
h

(x
)
−
c(
x

)|
>

γ 2

]

p
<

2
√
ε

γ
p
.

T
h

er
ef

or
e,

it
is

su
ffi

ci
en

t
to

ch
o
os

e
ε

=
(ε

I
γ
p
)2

4
w

h
en

le
ar

n
in

g
h

v
ia

E
R

M
as

so
th

at
R

A
U

C
f

(h
)
<
ε I

.

F
in

al
ly

,
th

e
sa

m
p

le
co

m
p

le
x
it

y
b

ou
n

d
re

su
lt

s
fr

om
su

b
st

it
u

ti
n

g
ε

=
(ε

I
γ
p
)2

4
in

to
th

e
ex

-
is

ti
n

g
b

ou
n

d
O
( 1 ε2

( P
D

(C
)

lo
g

1 ε
+

lo
g

1 δ

))
fo

r
le

ar
n

in
g
p
-c

on
ce

p
ts

u
si

n
g

E
R

M
(K

ea
rn

s
a
n

d
S

ch
ap

ir
e,

19
94

).
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p
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l
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be
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n

g
fu
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io
n

s
d
er

iv
ed
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o
m
p
-c

o
n

ce
p
t

cl
a
ss
C

w
it

h
p
se

u
d
o
-

d
im
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si

o
n

P
D
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)

a
re

A
U

C
-P

A
C

-l
ea

rn
a
bl

e
fr

o
m

M
I

d
a
ta

u
si

n
g

O

(
m

4 u

(ε
B
γ
P̂

)4

( P
D

(C
)

lo
g

m
u

(ε
B
γ
P̂

)
+

lo
g

1 δ

))

ex
a
m

p
le

s
w

it
h

st
a

n
d
a
rd

E
R

M
a
p
p
ro

a
ch

es
,

w
h
er

e

P̂
,

m
in
{P̂

n
eg
,1
−
P̂
n
eg
}
≥

m
in
{P

n
eg
,1
−
p
n
eg
},

a
n

d
m
u

is
a
n

u
p
pe

r
bo

u
n

d
o
n

ba
g

sa
m

p
le

si
ze

.

P
ro

o
f

A
s

in
T

h
eo

re
m

4
,

w
e

w
il

l
le

a
rn

a
p
-c

o
n

ce
p

t
h

to
m

o
d

el
c

ac
cu

ra
te

ly
w

it
h

h
ig

h
p

ro
b

a
b

il
it

y.
T

h
en

,
gi

ve
n

b
a
g

sa
m

p
le

s
X

+
w

it
h

at
le

a
st

o
n

e
p

o
si

ti
ve

in
st

an
ce

a
n

d
X
−

w
it

h
al

l
n

eg
at

iv
e

in
st

an
ce

s,
su

p
p

os
e

th
a
t
|h

(x
)
−
c(
x

)|
≤

γ 2
fo

r
a
ll

in
st

a
n

ce
s

a
cr

os
s

b
o
th

sa
m

p
le

s.
T

h
en

b
y

th
e

sa
m

e
a
rg

u
m

en
t

a
s

in
T

h
eo

re
m

4
a
s

il
lu

st
ra

te
d

in
F

ig
u

re
7
,

a
t

le
a
st

o
n

e
in

st
an

ce
in
X

+
is

as
si

gn
ed

a
la

b
el

b
y
h

th
a
t

is
a
t

le
a
st

1
−

γ 2
,

a
n

d
a
ll

in
st

an
ce

s
in
X
−

ar
e

a
ss

ig
n

ed

a
la

b
el

b
y
h

of
at

m
o
st

1
−

γ 2
.

T
h

er
ef

o
re

,
th

e
m

ax
im

u
m

la
b

el
as

si
gn

ed
in
X

+
,
Ĥ

(X
+

),
is

g
re

at
er

th
a
n

or
eq

u
a
l

to
th

e
m

ax
im

u
m

la
b

el
in
X
−

,
Ĥ

(X
−

).
B

y
co

n
tr

a
p

os
it

io
n

,
if
Ĥ

(X
−

)
>
Ĥ

(X
+

),
th

en
th

e
la

b
el
h

(x
)

o
f

so
m

e
in

st
an

ce
x

in
ei

th
er

X
+

o
r
X
−

d
ev

ia
te

s
b
y

m
or

e
th

a
n
γ 2

fr
o
m
c(
x

).
T

h
a
t

is
,

{ (X
+
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−

)
:
Ĥ

(X
−

)
>
Ĥ

(X
+

)}

⊆

  
(X

+
,X
−

)
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∨

x
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+

|h
(x

)
−
c(
x

)|
>
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∨
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x
∈X
−

|h
(x

)
−
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)|
>

γ 2

 
  

T
h

er
ef

or
e,

in
in

d
ic

at
o
r

fu
n

ct
io

n
n

o
ta

ti
o
n
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1
[ Ĥ

(X
−

)
>
Ĥ

(X
+

)]
≤
∑
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∈X
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1
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h

(x
)
−
c(
x

)|
>
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∑

x
∈X
−
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h

(x
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−
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)|
>
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U
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n
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th
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eq

u
al
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a
b
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in
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e
d
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o
f
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A
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C
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q
u
a
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o
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ve
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R
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U
C
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(Ĥ
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∗ +

∑
x
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h

(x
)
−
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x

)|
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] .
..

..
.

d
P

(X
+
|B

+
)

d
P

(X
−
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−

)
d

P
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d
P
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−
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−
P̂

n
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n
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∫ X
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∑
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..
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d
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+
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+
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d
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−
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−

)
d

P
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)

d
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n
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n
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S
in

ce
th

e
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an
d

s
a
b

ov
e

o
n

ly
d

ep
en

d
on

X
+

an
d
X
−

,
w

e
ca

n
re

w
ri

te
th

e
ex

p
re

ss
io

n
u

si
n

g
th

e
fa

ct
th

at
∫ X
∗ −

d
P

(X
−
|B
−

)
d

P
(B
−

)
=

P
[ F̂

(X
)

=
0
] =

P̂
n

eg

∫ X
∗ +

d
P

(X
+
|B

+
)

d
P

(B
+

)
=

P
[ F̂

(X
)

=
1
] =

1
−
P̂

n
eg
.

42
JM

L
R

 1
7(

12
8)

:1
-5

0



M
u
lt

ip
l
e
-In

st
a
n
c
e

L
e
a
r
n
in

g
f
r
o
m

D
ist

r
ib

u
t
io

n
s

T
h

e
resu

lt
is

R
A

U
C

F̂
(Ĥ
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á
r,

an
d

S
.
B

el
o
n

g
ie

.
M

u
lt

ip
le

in
st

a
n

ce
le

ar
n

in
g

w
it

h
m

a
n

if
ol

d
b

ag
s.

In
P

ro
ce

ed
in

gs
o
f

th
e

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p

ag
es

8
1–

8
8,

20
11

.

S
.

B
en

-D
av

id
,

N
.

E
ir

o
n

,
an

d
P

.
M

.
L

o
n

g
.

O
n

th
e

d
iffi

cu
lt

y
o
f

a
p

p
ro

x
im

at
el

y
m

a
x
im

iz
in

g
ag

re
em

en
ts

.
J

o
u

rn
a
l

o
f

C
o
m

p
u

te
r

a
n

d
S

ys
te

m
S

ci
en

ce
s,

66
(3

):
4
9
6–

51
4
,

2
0
03

.

4
6

JM
L

R
 1

7(
12

8)
:1

-5
0



M
u
lt

ip
l
e
-In

st
a
n
c
e

L
e
a
r
n
in

g
f
r
o
m

D
ist

r
ib

u
t
io

n
s

C
.

B
erg

ero
n

,
J
.

Z
a
retzk

i,
C

.
B

ren
em

a
n

,
a
n

d
K

.
P

.
B

en
n

ett.
M

u
ltip

le
in

stan
ce

ra
n

k
in

g.
In

P
roceed

in
gs

o
f

th
e

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p

ag
es

4
8
–
5
5,

2
0
0
8
.

J
.

B
erg

stra
a
n

d
Y

.
B

en
g
io

.
R

a
n

d
om

sea
rch

fo
r

h
y
p

er-p
a
ra

m
eter

o
p

tim
iza

tio
n

.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
13

:2
81

–
3
0
5,

2
0
1
2
.

D
.

M
.

B
lei,

A
.

Y
.

N
g
,

a
n

d
M

.
I.

J
o
rd

a
n

.
L

aten
t

D
irich

let
a
llo

ca
tion

.
J

o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
3
:9

93
–
10

22
,

2
0
03

.

A
.

B
lu

m
an

d
A

.
K

ala
i.

A
n

o
te

on
lea

rn
in

g
fro

m
m

u
ltip

le-in
stan

ce
ex

a
m

p
les.

M
a
ch

in
e

L
ea

rn
in

g
J

o
u

rn
a

l,
30

:23
–2

9
,

19
9
8.

A
.
B

lu
m

er,
A

.
E

h
ren

feu
ch

t,
D

.
H

a
u

ssler,
a
n

d
M

.
K

.
W

a
rm

u
th

.
L

ea
rn

ab
ility

a
n

d
th

e
V

ap
n

ik
–

C
h

ervon
en

k
is

d
im

en
sion

.
J

o
u

rn
a
l

o
f

th
e

A
ssocia

tio
n

fo
r

C
o
m

p
u

tin
g

M
a
ch

in
ery,

36
(4

):
9
2
9
–9

6
5,

19
8
9.

F
.

B
rigg

s,
X

.
Z

.
F

ern
,

a
n

d
R

.
R

a
ich

.
R

a
n

k
-loss

su
p

p
o
rt

in
sta

n
ce

m
a
ch

in
es

fo
r

M
IM

L
in

stan
ce

a
n

n
ota

tio
n

.
In

P
roceed

in
gs

o
f

th
e

1
8
th

A
C

M
S

IG
K

D
D

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

K
n

o
w

led
ge

D
isco

very
a
n

d
D

a
ta

M
in

in
g,

p
a
ges

5
3
4
–
54

2
,

2
0
1
2.

C
.

C
a
rson

,
S

.
B

elon
gie,

H
.

G
reen

sp
a
n

,
a
n

d
J
.

M
a
lik

.
B

lo
b
w

o
rld

:
Im

ag
e

seg
m

en
ta

tio
n

u
sin

g
ex

p
ecta

tion
-m

ax
im

izatio
n

an
d

its
a
p

p
lica

tion
to

im
ag

e
q
u

ery
in

g.
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

P
a
ttern

A
n

a
lysis

a
n

d
M

a
ch

in
e

In
telligen

ce,
2
4
(8):1

0
2
6
–
10

3
8
,

2
00

2
.

Y
.

C
h

en
,

J
.

B
i,

a
n

d
J
.

Z
.

W
a
n

g
.

M
IL

E
S

:
M

u
ltip

le-in
sta

n
ce

lea
rn

in
g

v
ia

em
b

ed
d

ed
in

stan
ce

selection
.

IE
E

E
T

ra
n

sa
ctio

n
s

o
n

P
a
ttern

A
n

a
lysis

a
n

d
M

a
ch

in
e

In
telligen

ce,
2
8
(1

2):
19

3
1
–1

94
7
,

2
0
06.

J
.

D
ah

l
an

d
L

.
V

an
d

en
b

ergh
e.

C
V

X
O

P
T

:
A

P
y
th

o
n

p
a
cka

g
e

fo
r

co
n
vex

o
p

tim
iza

tion
,

20
0
9.

h
t
t
p
:
/
/
a
b
e
l
.
e
e
.
u
c
l
a
.
e
d
u
/
c
v
x
o
p
t
.

J
.
D

em
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d
a

co
m

p
re

h
en

si
ve

su
rv

ey
is

p
ro

v
id

ed
b
y

P
er

ch
et

(2
01

4)
.

C
on

cu
rr

en
tl

y
to

B
la

ck
w

el
l’
s

p
ap

er
,

H
an

n
an

(1
95

7)
in

tr
o
d
u
ce

d
th

e
co

n
ce

p
t

of
n
o-

re
gr

et
st

ra
te

gi
es

in
th

e
co

n
te

x
t

of
re

p
ea

te
d

m
at

ri
x

ga
m

es
.

T
h
e

re
gr

et
of

th
e

ag
en

t
is

th
e

sh
or

tf
al

l
of

th
e

cu
m

u
la

ti
ve

p
ay

off
th

at
w

as
ac

tu
al

ly
ob

ta
in

ed
re

la
ti

ve
to

th
e

on
e

th
at

w
ou

ld
h
av

e
b

ee
n

ob
ta

in
ed

w
it

h
th

e
b

es
t

(fi
x
ed

)
ac

ti
on

in
h
in

d
si

gh
t,

gi
ve

n
N

at
u
re

’s
ob

se
rv

ed
ac

ti
on

se
q
u
en

ce
.

A
n
o-

re
gr

et
st

ra
te

gy
,

or
al

go
ri

th
m

,
en

su
re

s
th

at
th

e
re

gr
et

gr
ow

s
su

b
-l

in
ea

rl
y

in
ti

m
e.

T
h
e

n
o-

re
gr

et
cr

it
er

io
n

h
as

b
ee

n
w

id
el

y
ad

op
te

d
in

th
e

m
ac

h
in

e
le

ar
n
in

g
li
te

ra
tu

re
as

a
st

an
d
ar

d
m

ea
su

re
fo

r
th

e
p

er
fo

rm
an

ce
of

on
li
n
e

le
ar

n
in

g
al

go
ri

th
m

s,
an

d
it

s
sc

op
e

h
as

b
ee

n
gr

ea
tl

y
ex

te
n
d
ed

ac
co

rd
in

gl
y.

O
f

sp
ec

ifi
c

re
le

va
n
ce

h
er

e
is

th
e

O
n
li
n
e

C
on

ve
x

O
p
ti

m
iz

at
io

n
(O

C
O

)
fr

am
ew

or
k
,

w
h
er

e
N

at
u
re

’s
d
is

cr
et

e
ac

ti
on

is
re

p
la

ce
d

b
y

th
e

ch
oi

ce
of

a
co

n
ve

x
fu

n
ct

io
n

at
ea

ch
st

ag
e,

an
d

th
e

ag
en

t’
s

d
ec

is
io

n
is

a
p

oi
n
t

in
a

co
n
ve

x
se

t.
T

h
e

in
fl
u
en

ti
al

te
x
t

of
C

es
a-

B
ia

n
ch

i
an

d
L

u
go

si
(2

00
6)

off
er

s
a

b
ro

ad
ov

er
v
ie

w
of

re
gr

et
in

on
li
n
e

le
ar

n
in

g.
E

x
te

n
si

ve
su

rv
ey

s
of

O
C

O
al

go
ri

th
m

s
ar

e
p
ro

v
id

ed
b
y

S
h
al

ev
-S

h
w

ar
tz

(2
01

1)
;
H

az
an

(2
01

2,
A

p
ri

l
20

16
).

It
is

w
el

l
k
n
ow

n
th

at
n
o-

re
gr

et
st

ra
te

gi
es

fo
r

re
p

ea
te

d
ga

m
es

ca
n

b
e

ob
ta

in
ed

as
p
ar

ti
cu

la
r

in
st

an
ce

s
of

th
e

ap
p
ro

ac
h
ab

il
it

y
p
ro

b
le

m
.

A
sp

ec
ifi

c
sc

h
em

e
w

as
al

re
ad

y
gi

ve
n

b
y

B
la

ck
w

el
l

(1
95

4)
,

an
d

an
al

te
rn

at
iv

e
fo

rm
u
la

ti
on

th
at

le
ad

s
to

m
or

e
ex

p
li
ci

t
st

ra
te

gi
es

w
as

p
ro

p
os

ed
b
y

H
ar

t
an

d
M

as
-C

ol
el

l
(2

00
1)

.
T

h
e

p
re

se
n
t

p
ap

er
co

n
si

d
er

s
th

e
op

p
os

it
e

d
ir

ec
ti

on
,

n
am

el
y

h
ow

n
o-

re
gr

et
al

go
ri

th
m

s
fo

r
O

C
O

ca
n

b
e

u
se

d
as

a
b
as

ic
fo

r
an

ap
p
ro

ac
h
ab

il
it

y
st

ra
te

gy
.

S
p

ec
ifi

ca
ll
y,

th
e

O
C

O
al

go
ri

th
m

is
u
se

d
to

ge
n
er

at
e

a
se

q
u
en

ce
of

ve
ct

or
s

th
at

re
p
la

ce
th

e
p
ro

je
ct

io
n
-b

as
ed

d
ir

ec
ti

on
ve

ct
or

s
in

B
la

ck
w

el
l’
s

al
go

ri
th

m
.

T
h
is

re
su

lt
s

in
a

ge
n
er

al
cl

as
s

of
ap

p
ro

ac
h
ab

il
it

y
al

go
ri

th
m

s,
th

at
in

cl
u
d
es

B
la

ck
w

el
l’
s

al
go

ri
th

m
(a

n
d

so
m

e
ge

n
er

al
iz

at
io

n
s

th
er

eo
f

b
y

H
ar

t
an

d
M

as
-C

ol
el

l
(2

00
1)

)
as

sp
ec

ia
l

ca
se

s.

T
h
e

id
ea

of
u
si

n
g

an
on

li
n
e-

al
go

ri
th

m
to

p
ro

v
id

e
th

e
se

q
u
en

ce
of

d
ir

ec
ti

on
ve

ct
or

s
or

ig
in

at
ed

in
th

e
w

or
k

of
A

b
er

n
et

h
y

et
al

.
(2

01
1)

,
w

h
o

sh
ow

ed
h
ow

an
y

n
o-

re
gr

et
al

go
ri

th
m

fo
r

th
e

on
li
n
e

li
n

ea
r

op
ti

m
iz

at
io

n
p
ro

b
le

m
ca

n
b

e
u
se

d
as

a
b
as

is
fo

r
an

ap
p
ro

ac
h
ab

il
it

y
al

go
ri

th
m

.
T

h
e

sc
h
em

e
su

gg
es

te
d

in
A

b
er

n
et

h
y

et
al

.
(2

01
1)

fi
rs

t
co

n
si

d
er

s
ta

rg
et

se
ts
S

th
at

ar
e

co
n
ve

x
co

n
es

.
T

h
e

ge
n
er

al
iz

at
io

n
to

an
y

co
n
ve

x
se

t
is

ca
rr

ie
d

ou
t

b
y

em
b

ed
d
in

g
th

e
or

ig
in

al
ta

rg
et

se
t

as
a

co
n
ve

x
co

n
e

in
a

h
ig

h
er

d
im

en
si

on
al

p
ay

off
sp

ac
e.

H
er

e,
w

e
p
ro

p
os

e
a

m
or

e
d
ir

ec
t

sc
h
em

e
th

at
av

oi
d
s

th
e

ab
ov

e-
m

en
ti

on
ed

em
b

ed
d
in

g.
T

h
is

co
n
st

ru
ct

io
n

re
li
es

on
th

e
su

pp
or

t
fu

n
ct

io
n

of
th

e
ta

rg
et

se
t,

w
h
ic

h
is

re
la

te
d

to
B

la
ck

w
el

l’
s

ap
p
ro

ac
h
ab

il
it

y
co

n
d
it

io
n
s

on
th

e
on

e
h
an

d
,

an
d

on
th

e
ot

h
er

p
ro

v
id

es
a

va
ri

at
io

n
al

ex
p
re

ss
io

n
fo

r
th

e
p

oi
n
t-

to
-s

et
d
is

ta
n
ce

.
C

on
-

se
q
u
en

tl
y,

th
e

fu
ll

ra
n
ge

of
O

C
O

al
go

ri
th

m
s

ca
n

b
e

u
se

d
to

p
ro

v
id

e
a

su
it

ab
le

se
q
u
en

ce
of

d
ir

ec
ti

on
ve

ct
or

s.

A
s

w
e

sh
al

l
se

e,
B

la
ck

w
el

l’
s

or
ig

in
al

al
go

ri
th

m
is

re
co

ve
re

d
fr

om
ou

r
sc

h
em

e
w

h
en

th
e

st
an

d
ar

d
F

ol
lo

w
th

e
L

ea
d
er

(F
T

L
)

al
go

ri
th

m
is

u
se

d
fo

r
th

e
O

C
O

p
ar

t.
R

ec
ov

er
in

g
th

e
(k

n
ow

n
)

co
n
ve

rg
en

ce
of

th
is

al
go

ri
th

m
d
ir

ec
tl

y
fr

om
th

e
O

C
O

v
ie

w
p

oi
n
t

is
a

b
it
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O
C

O
-B

a
se

d
A

p
p
r
o
a
c
h
a
b
il

it
y

m
ore

in
tricate.

F
irst,

w
h
en

th
e

target
set

h
as

a
sm

o
oth

b
ou

n
d
ary,

w
e

sh
ow

th
at

F
T

L
con

verges
at

a
“fast”

(logarith
m

ic)
rate,

h
en

ce
lead

in
g

to
a

corresp
on

d
in

gly
fast

con
vergen

ce
of

th
e

average
rew

ard
to

th
e

target
set.

T
o

ad
d
ress

th
e

gen
eral

case,
w

e
fu

rth
er

sh
ow

th
at

B
lack

w
ell’s

algorith
m

is
still

ex
actly

recovered
w

h
en

an
ap

p
rop

riately
regu

larized
version

of
F

T
L

is
u
sed

,
from

w
h
ich

th
e

stan
d
ard

O
(T
−

1
/
2)

con
vergen

ce
rate

m
ay

b
e

d
ed

u
ced

.
T

h
e

b
asic

resu
lts

of
ap

p
roach

ab
ility

th
eory

h
ave

b
een

ex
ten

d
ed

in
n
u
m

erou
s

d
i-

rection
s.

T
h
ese

in
clu

d
e

ad
d
ition

al
th

eoretical
resu

lts,
su

ch
as

th
e

ch
aracterization

of
n
on

-con
vex

ap
p
roach

ab
le

sets;
ex

ten
d
ed

m
o
d
els,

su
ch

as
sto

ch
astic

(M
arkov

)
gam

es
an

d
gam

es
w

ith
p
artial

m
on

itorin
g;

an
d

ad
d
ition

al
ap

p
roach

ab
ility

algorith
m

s
for

th
e

b
asic

m
o
d
el.

F
or

con
creten

ess
w

e
w

ill
ex

p
an

d
on

ly
on

th
e

latter
(b

elow
,

in
S
u
b
section

2.1),
an

d
refer

th
e

read
er

to
th

e
ab

ove-m
en

tion
ed

overv
iew

s
for

fu
rth

er
in

form
ation

.
T

h
e

p
ap

er
p
ro

ceed
s

as
follow

s.
In

S
ection

2
w

e
recall

th
e

relevan
t

b
ack

grou
n
d

on
B

lack
w

ell’s
ap

p
roach

ab
ility

an
d

O
n
lin

e
C

on
vex

O
p
tim

ization
.

S
ection

3
p
resen

ts
th

e
p
rop

osed
sch

em
e,

in
th

e
form

of
a

m
eta-algorith

m
th

at
relies

on
a

gen
eric

O
C

O
algorith

m
,
d
iscu

sses
th

e
relation

to
th

e
sch

em
e

of
A

b
ern

eth
y

et
al.

(2011),
an

d
d
em

on
-

strates
a

sp
ecifi

c
algorith

m
th

at
is

ob
tain

ed
b
y

u
sin

g
G

en
eralized

G
rad

ien
t

D
escen

t
for

th
e

O
C

O
algorith

m
.

In
S
ection

4
w

e
d
escrib

e
th

e
relation

s
w

ith
B

lack
w

ell’s
orig-

in
al

algorith
m

an
d

its
con

vergen
ce.

S
ection

5
ou

tlin
es

th
e

ex
ten

sion
of

th
e

p
rop

osed
fram

ew
ork

to
gen

eral
(rath

er
th

an
E

u
clid

ean
)

n
orm

s,
follow

ed
b
y

som
e

con
clu

d
in

g
rem

ark
s.

N
otation

:
T

h
e

stan
d
ard

(d
ot)

in
n
er

p
ro

d
u
ct

in
R
d

is
d
en

oted
b
y
〈·,·〉,‖

·‖
2

is
th

e
E

u
clid

ean
n
orm

,
d
(z,S

)
=

in
f
s∈
S ‖
z−

s‖
2

d
en

otes
th

e
corresp

on
d
in

g
p

oin
t-to-set

d
istan

ce,
B

2
=
{
w
∈

R
d

:‖
w‖

2
≤

1}
d
en

otes
th

e
E

u
clid

ean
u
n
it

b
all,

∆
(I

)
is

th
e

set
of

p
rob

ab
ility

d
istrib

u
tion

s
over

a
fi
n
ite

set
I
,

d
iam

(S
)

=
su

p
s,s ′∈

S ‖
s−

s ′‖
2

is
th

e
d
iam

eter
of

th
e

set
S

,
an

d
‖R
−
S‖

2
=

su
p
s ′∈R

,s∈
S ‖
s−

s ′‖
2

d
en

otes
th

e
m

ax
im

al
d
istan

ce
b

etw
een

p
oin

ts
in

setsR
an

d
S

.

2
.

M
o
d
e
l

a
n
d

B
a
ck

g
ro

u
n
d

W
e

start
w

ith
b
rief

rev
iew

s
of

B
lack

w
ell’s

ap
p
roach

ab
ility

th
eory

an
d

O
n
lin

e
C

on
vex

P
rogram

m
in

g,
fo

cu
sin

g
on

th
ose

asp
ects

th
at

are
m

ost
relevan

t
to

th
is

p
ap

er.

2
.1

A
p
p
ro

a
ch

a
b
ility

C
on

sid
er

a
rep

eated
gam

e
w

ith
vector-valu

ed
rew

ard
s

th
at

is
p
layed

b
y

tw
o

p
layers,

th
e

agen
t

an
d

N
atu

re.
L

et
I

an
d
J

d
en

ote
th

e
fi
n
ite

action
sets

of
th

ese
p
layers,

resp
ectively,

w
ith

corresp
on

d
in

g
m

ix
ed

action
s
x

=
(x

(1),...,x
(|I|))

∈
∆

(I
)

an
d

y
=

(y
(1),...,y

(|J|))
∈

∆
(J

).
L

et
r

:
I
×
J
→

R
d,
d
≥

1,
b

e
th

e
vector-valu

ed
rew

ard
fu

n
ction

of
th

e
sin

gle-stage
gam

e,
w

h
ich

is
ex

ten
d
ed

to
m

ix
ed

action
as

u
su

al
th

rou
gh

th
e

b
ilin

ear
fu

n
ctionr(x

,y
)

=
∑

i,j

x
(i)y

(j)r(i,j)
.

3
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S
h
im

k
in

S
im

ilarly,
w

e
d
en

ote
r(x

,j)
=
∑

i x
(i)r(i,j).

T
h
e

sp
ecifi

c
m

ean
in

g
of
r(·,·)

sh
ou

ld
b

e
clear

b
y

its
argu

m
en

t.
T

h
e

gam
e

is
rep

eated
in

stages
t

=
1,2,...,

w
h
ere

at
stage

t
action

s
i
t

an
d
j
t

are
ch

osen
b
y

th
e

p
layers,

an
d

th
e

rew
ard

vector
r(i

t ,j
t )

is
ob

tain
ed

.
A

p
u
re

strategy
for

th
e

agen
t

is
a

m
ap

p
in

g
from

each
p

ossib
le

h
istory

(i
1 ,j

1 ,...,i
t−

1 ,j
t−

1 )
to

an
action

i
t ,

an
d

a
m

ix
ed

strategy
is

a
p
rob

ab
ility

d
istrib

u
tion

over
th

e
p
u
re

strategies.
N

atu
re’s

strategies
are

sim
ilarly

d
efi

n
ed

.
A

n
y

p
air

of
strategies

for
th

e
agen

t
an

d
N

atu
re

th
u
s

in
d
u
ce

a
p
rob

ab
ility

m
easu

re
on

th
e

gam
e

seq
u
en

ce
(i
t ,j

t ) ∞t=
1 .

L
et

r̄
T

=
1T

T
∑t=

1

r(i
t ,j

t )

d
en

ote
th

e
T

-stage
average

rew
ard

vector.
W

e
m

ay
n
ow

recall
B

lack
w

ell’s
d
efi

n
ition

of
an

ap
p
roach

ab
le

set.

D
e
fi
n
itio

n
1

(A
p
p
ro

a
ch

a
b
ility

)
A

set
S
⊂

R
d

is
a
p
p
ro
a
c
h
a
b
le

if
there

exists
a

strategy
for

the
agen

t
su

ch
that

r̄
t

con
verges

to
S

w
ith

probability
1,

at
a

u
n

iform
rate

over
N

atu
re’s

strategies.
T

hat
is,

for
an

y
ε
>

0
an

d
δ
>

0
there

exists
T
≥

1
su

ch
that

P
rob {

su
p

t≥
T

d
(r̄
t ,S

)
>
ε }
≤
δ,

(1)

for
an

y
strategy

of
N

atu
re.

A
strategy

of
the

agen
t

that
satisfi

es
this

property
is

an
ap

p
roach

ab
ility

strategy
for

S
.

R
e
m

a
rk

s:

1.
It

is
ev

id
en

t
th

at
ap

p
roach

ab
ility

of
a

set
an

d
its

closu
re

are
eq

u
ivalen

t,
h
en

ce
w

e
sh

all
h
en

ceforth
con

sid
er

on
ly

closed
target

sets
S

.

2.
In

som
e

treatm
en

ts
of

ap
p
roach

ab
ility,

con
vergen

ce
of

th
e

ex
p

ected
d
istan

ce
E

(d
(r̄
t ,S

))
an

d
its

rates
are

of
cen

tral
in

terest;
see

P
erch

et
(2014).

W
e

sh
all

con
sid

er
th

ese
rates

as
w

ell
in

th
e

follow
in

g.

3.
In

som
e

m
o
d
els

of
in

terest,
th

e
d
ecision

variab
le

of
th

e
agen

t
m

ay
actu

ally
b

e
th

e
con

tin
u
ou

s
variab

le
x

(in
p
lace

of
i),

so
th

at
th

e
actu

al
rew

ard
is
r(x

,j).
A

ll
d
efi

n
ition

s
an

d
resu

lts
b

elow
easily

ex
ten

d
to

th
is

case,
as

lon
g

as
x

rem
ain

s
in

a
com

p
act

an
d

con
vex

set,
an

d
r(x

,j)
is

lin
ear

in
x

over
th

at
set.

F
or

con
vex

sets,
ap

p
roach

ab
ility

is
fu

lly
ch

aracterized
b
y

th
e

follow
in

g
resu

lt,
w

h
ich

also
p
rov

id
es

an
ex

p
licit

strategy
for

th
e

agen
t.

T
h
e
o
re

m
2

(B
la

ck
w

e
ll,

1
9
5
6
)

A
closed

con
vex

set
S
⊂

R
d

is
approachable

if
an

d
on

ly
if

either
on

e
of

the
follow

in
g

equ
ivalen

t
con

dition
s

holds:
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O
C

O
-B

a
se

d
A

p
p
r
o
a
c
h
a
b
il

it
y

(i
)

F
or

ea
ch

u
n

it
ve

ct
or
u
∈
R
d
,

th
er

e
ex

is
ts

a
m

ix
ed

ac
ti

on
x

=
x
S
(u

)
∈

∆
(I

)
su

ch
th

at

〈u
,r

(x
,j

)〉
≤

su
p

s∈
S
〈u
,s
〉,

fo
r

al
l
j
∈
J
.

(2
)

(i
i)

F
or

ea
ch

y
∈

∆
(J

)
th

er
e

ex
is

ts
x
∈

∆
(I

)
su

ch
th

at
r(
x
,y

)
∈
S

.

If
S

is
ap

pr
oa

ch
ab

le
,

th
en

th
e

fo
ll

ow
in

g
st

ra
te

gy
is

an
ap

pr
oa

ch
ab

il
it

y
st

ra
te

gy
fo

r
S

:
F

or
z
6∈
S

,
le

t
u
S
(z

)
de

n
ot

e
th

e
u

n
it

ve
ct

or
th

at
po

in
ts

to
z

fr
om

P
ro

j S
(z

),
th

e
cl

os
es

t
po

in
t

to
z

in
S

.
F

or
t
≥

2,
if
r̄ t
−

1
6∈
S

,
ch

oo
se

i t
ac

co
rd

in
g

to
th

e
m

ix
ed

ac
ti

on
x
t

=
x
S
(u

S
(r̄
t−

1
))

;
ot

he
rw

is
e,

ch
oo

se
i t

ar
bi

tr
ar

il
y.

B
la

ck
w

el
l’
s

ap
p
ro

ac
h
ab

il
it

y
st

ra
te

gy
re

li
es

on
th

e
se

q
u
en

ce
of

d
ir

ec
ti

on
ve

ct
or

s
u
t

=
u
S
(r̄
t−

1
),

ob
ta

in
ed

th
ro

u
gh

E
u
cl

id
ea

n
p
ro

je
ct

io
n
s

u
n
to

th
e

se
t
S

.
A

n
u
m

b
er

of
ex

te
n
si

on
s

an
d

al
te

rn
at

iv
e

al
go

ri
th

m
s

fo
r

th
e

b
as

ic
ga

m
e

m
o
d
el

h
av

e
b

ee
n

p
ro

p
os

ed
si

n
ce

.
M

os
t

re
la

te
d

to
th

e
p
re

se
n
t

p
ap

er
is

th
e

u
se

of
m

or
e

ge
n
er

al
d
ir

ec
ti

on
ve

ct
or

s.
In

H
ar

t
an

d
M

as
-C

ol
el

l
(2

00
1)

,
th

e
d
ir

ec
ti

on
ve

ct
or

s
ar

e
ob

ta
in

ed
as

th
e

gr
ad

ie
n
t

of
a

su
it

ab
le

p
ot

en
ti

al
fu

n
ct

io
n
;

B
la

ck
w

el
l’
s

al
go

ri
th

m
is

re
co

ve
re

d
w

h
en

th
e

p
ot

en
ti

al
is

ta
ke

n
as

th
e

E
u
cl

id
ea

n
d
is

ta
n
ce

to
th

e
ta

rg
et

se
t,

w
h
il
e

th
e

u
se

of
ot

h
er

n
or

m
s

p
ro

v
id

es
a

ra
n
ge

of
u
se

fu
l

va
ri

an
ts

.
W

e
w

il
l

re
la

te
th

es
e

va
ri

an
ts

to
th

e
p
re

se
n
t

w
or

k
in

S
ec

ti
on

5.
A

s
m

en
ti

on
ed

in
th

e
in

tr
o
d
u
ct

io
n
,

A
b

er
n
et

h
y

et
al

.
(2

01
1)

in
tr

o
d
u
ce

d
th

e
u
se

of
n
o-

re
gr

et
al

go
ri

th
m

s
to

ge
n
er

at
e

th
e

se
q
u
en

ce
of

d
ir

ec
ti

on
ve

ct
or

s.
A

d
iff

er
en

t
cl

as
s

of
ap

p
ro

ac
h
ab

il
it

y
al

go
ri

th
m

s
re

li
es

on
B

la
ck

w
el

l’
s

du
al

co
n
d
it

io
n

in
T

h
eo

re
m

2(
ii

),
th

er
eb

y
av

oi
d
in

g
th

e
co

m
p
u
ta

ti
on

of
d
ir

ec
ti

on
ve

ct
or

s
as

p
ro

je
c-

ti
on

s
(o

r
re

la
te

d
op

er
at

io
n
s)

to
th

e
ta

rg
et

se
t
S

.
B

as
ed

on
th

at
co

n
d
it

io
n
,

on
e

ca
n

d
efi

n
e

a
re

sp
on

se
m

ap
th

at
as

si
gn

s
to

ea
ch

m
ix

ed
ac

ti
on

y
of

N
at

u
re

a
m

ix
ed

ac
ti

on
x

of
th

e
ag

en
t

su
ch

th
at

th
e

re
w

ar
d

ve
ct

or
r(
x
,y

)
b

el
on

gs
to
S

.
A

n
ap

p
ro

ac
h
ab

il
it

y
al

go
ri

th
m

th
at

ap
p
li
es

th
e

re
sp

on
se

m
ap

to
a

ca
li

br
at

ed
fo

re
ca

st
of

th
e

op
p

on
en

ts
ac

-
ti

on
s

w
as

p
ro

p
os

ed
in

P
er

ch
et

(2
00

9)
,

an
d

fu
rt

h
er

an
al

y
ze

d
in

B
er

n
st

ei
n

et
al

.
(2

01
4)

.
A

co
m

p
u
ta

ti
on

al
ly

fe
as

ib
le

re
sp

on
se

-b
as

ed
sc

h
em

e
th

at
av

oi
d
s

th
e

h
ar

d
co

m
p
u
ta

ti
on

of
ca

li
b
ra

te
d

fo
re

ca
st

s
is

p
ro

v
id

ed
b
y

B
er

n
st

ei
n

an
d

S
h
im

k
in

(2
01

5)
.

T
h
is

p
ap

er
al

so
d
em

on
st

ra
te

s
th

e
u
ti

li
ty

of
th

e
re

sp
on

se
-b

as
ed

ap
p
ro

ac
h

fo
r

a
cl

as
s

of
ge

n
er

al
iz

ed
n
o-

re
gr

et
p
ro

b
le

m
s,

w
h
er

e
th

e
se

t
S

is
ge

om
et

ri
ca

ll
y

co
m

p
li
ca

te
d
,

h
en

ce
co

m
p
u
ti

n
g

a
p
ro

je
ct

io
n

is
h
ar

d
,

b
u
t

th
e

re
sp

on
se

fu
n
ct

io
n

is
re

ad
il
y

av
ai

la
b
le

.
T

h
e

re
sp

on
se

-
b
as

ed
v
ie

w
p

oi
n
t

is
p
u
rs

u
ed

fu
rt

h
er

in
th

e
w

or
k

of
M

an
n
or

et
al

.
(2

01
4)

,
w

h
ic

h
ai

m
s

to
ap

p
ro

ac
h

th
e

b
es

t-
in

-h
in

d
si

gh
t

ta
rg

et
se

t
in

an
u
n
k
n
ow

n
ga

m
e.

2
.2

O
n
li
n
e

C
o
n
v
e
x

O
p
ti

m
iz

a
ti

o
n

(O
C

O
)

O
C

O
ex

te
n
d
s

th
e

fr
am

ew
or

k
of

n
o-

re
gr

et
le

ar
n
in

g
to

fu
n
ct

io
n

m
in

im
iz

at
io

n
.

L
et
W

b
e

a
co

n
ve

x
an

d
co

m
p
ac

t
se

t
in

R
d
,
an

d
le

t
F

b
e

a
se

t
of

co
n
ve

x
fu

n
ct

io
n
s
f

:
W
→

R
.

C
on

si
d
er

a
se

q
u
en

ti
al

d
ec

is
io

n
p
ro

b
le

m
,

w
h
er

e
at

ea
ch

st
ag

e
t
≥

1
th

e
ag

en
t

ch
o
os

es
a

p
oi

n
t
w
t
∈
W

,
an

d
th

en
ob

se
rv

es
a

fu
n
ct

io
n
f t
∈
F

.
A

n
A

lg
or

it
hm

fo
r

th
e

ag
en

t
is

a
ru

le
fo

r
ch

o
os

in
g
w
t,
t
≥

1,
b
as

ed
on

th
e

h
is

to
ry
{f

k
,w

k
} k
≤
t−

1
.

T
h
e

re
gr

et
of

an
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3

S
h
im

k
in

al
go

ri
th

m
A

is
d
efi

n
ed

as

R
eg

re
t T

(A
)

=
su

p
f
1
,.
..
,f
T
∈F

{
T ∑ t=

1

f t
(w

t)
−

m
in

w
∈W

T ∑ t=
1

f t
(w

)}
,

(3
)

w
h
er

e
th

e
su

p
re

m
u
m

is
ta

ke
n

ov
er

al
lp

os
si

b
le

fu
n
ct

io
n
s
f t
∈
F

.
A

n
eff

ec
ti

ve
al

go
ri

th
m

sh
ou

ld
gu

ar
an

te
e

a
sm

al
l

re
gr

et
,

an
d

in
p
ar

ti
cu

la
r

on
e

th
at

gr
ow

s
su

b
-l

in
ea

rl
y

in
T

.
T

h
e

O
C

O
p
ro

b
le

m
w

as
in

tr
o
d
u
ce

d
in

th
is

ge
n
er

al
it

y
in

Z
in

ke
v
ic

h
(2

00
3)

,
al

on
g

w
it

h
th

e
fo

ll
ow

in
g

O
n
li
n
e

G
ra

d
ie

n
t

D
es

ce
n
t

al
go

ri
th

m
:

w
t+

1
=

P
ro

j W
(w

t
−
η t
g t

)
,

g t
∈
∂
f t

(w
t)
.

(4
)

H
er

e
∂
f t

(w
t)

is
th

e
su

b
d
iff

er
en

ti
al

of
f t

at
w
t,

(η
t)

is
a

d
im

in
is

h
in

g
ga

in
se

q
u
en

ce
,

an
d

P
ro

j W
d
en

ot
es

th
e

E
u
cl

id
ea

n
p
ro

je
ct

io
n

on
to

th
e

co
n
ve

x
se

t
W

.
T

o
st

at
e

a
re

gr
et

b
ou

n
d

fo
r

th
is

al
go

ri
th

m
,

le
t

d
ia

m
(W

)
d
en

ot
e

th
e

d
ia

m
et

er
of
W

,
an

d
su

p
p

os
e

th
at

al
l

su
b
gr

ad
ie

n
ts

of
th

e
fu

n
ct

io
n
s
f t

ar
e

u
n
if

or
m

ly
b

ou
n
d
ed

in
n
or

m
b
y

a
co

n
st

an
t
G

.

P
ro

p
o
si

ti
o
n

3
(Z

in
k
e
v
ic

h
,

2
0
0
3
)

F
or

th
e

O
n

li
n

e
G

ra
di

en
t

D
es

ce
n

t
al

go
ri

th
m

in
(4

)
w

it
h

ga
in

se
qu

en
ce
η t

=
η √
t
,
η
>

0,
th

e
re

gr
et

is
u

pp
er

bo
u

n
de

d
as

fo
ll

ow
s:

R
eg

re
t T

(O
G

D
)
≤
(

d
ia

m
(W

)2

η
+

2η
G

2

)
√
T
.

(5
)

S
ev

er
al

cl
as

se
s

of
O

C
O

al
go

ri
th

m
s

ar
e

n
ow

k
n
ow

n
,

as
su

rv
ey

ed
in

C
es

a-
B

ia
n
ch

i
an

d
L

u
go

si
(2

00
6)

;
S
h
al

ev
-S

h
w

ar
tz

(2
01

1)
;
H

az
an

(2
01

2)
.

O
f
p
ar

ti
cu

la
r

re
le

va
n
ce

h
er

e
is

th
e

R
eg

u
la

ri
ze

d
F

ol
lo

w
th

e
L

ea
d
er

(R
F

T
L

)
al

go
ri

th
m

,
sp

ec
ifi

ed
b
y

w
t+

1
=

ar
gm

in
w
∈W

{
t ∑ k
=

1

f k
(w

)
+
R
t(
w

)}
,

(6
)

w
h
er

e
R
t(
w

),
t
≥

1
is

a
se

q
u
en

ce
of

re
gu

la
ri

za
ti

on
fu

n
ct

io
n
s.

W
it

h
R
t
≡

0,
th

e
al

go
-

ri
th

m
re

d
u
ce

s
to

th
e

b
as

ic
F

ol
lo

w
th

e
L

ea
d
er

(F
T

L
)

al
go

ri
th

m
,

w
h
ic

h
d
o
es

n
ot

ge
n
er

-
al

ly
le

ad
to

su
b
li
n
ea

r
re

gr
et

,
u
n
le

ss
ad

d
it

io
n
al

re
q
u
ir

em
en

ts
su

ch
as

st
ro

n
g

co
n
ve

x
it

y
ar

e
im

p
os

ed
on

th
e

fu
n
ct

io
n
s
f t

(w
e

w
il
l

re
v
is

it
th

e
co

n
ve

rg
en

ce
of

F
T

L
in

S
ec

ti
on

4)
.

F
or

R
F

T
L

,
w

e
w

il
l

re
q
u
ir

e
th

e
fo

ll
ow

in
g

st
an

d
ar

d
co

n
ve

rg
en

ce
re

su
lt

.
R

ec
al

l
th

at
a

fu
n
ct

io
n
R

(w
)

ov
er

a
co

n
ve

x
se

t
W

is
ca

ll
ed

ρ
-s

tr
on

gl
y

co
n

ve
x

if
R

(w
)
−

ρ 2
‖w
‖2 2

is
co

n
ve

x
th

er
e.

P
ro

p
o
si

ti
o
n

4
S

u
pp

os
e

th
at

ea
ch

fu
n

ct
io

n
f t

is
L

is
ch

it
z-

co
n

ti
n

u
ou

s
ov

er
W

,
w

it
h

L
ip

sc
hi

tz
co

effi
ci

en
t
L
f
.

L
et
R
t(
w

)
=
ρ
tR

(w
),

w
he

re
0
<
ρ
t
<
ρ
t+

1
,

an
d

th
e

fu
n

ct
io

n
R

:
W
→

[0
,R

m
a
x
]

is
is

1-
st

ro
n

gl
y

co
n

ve
x

an
d

L
ip

sc
hi

tz
co

n
ti

n
u

ou
s

w
it

h
co

effi
ci

en
t

L
R

.
T

he
n

R
eg

re
t T

(R
F

T
L

)
≤

2L
f

T ∑ t=
1

L
f

+
(ρ
t
−
ρ
t−

1
)L

R

ρ
t
+
ρ
t−

1

+
ρ
T
R

m
a
x
.

(7
)

T
h
e

p
ro

of
of

th
is

b
ou

n
d

is
ou

tl
in

ed
in

th
e

A
p
p

en
d
ix

.
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O
C

O
-B

a
se

d
A

p
p
r
o
a
c
h
a
b
il

it
y

3
.

O
C

O
-B

a
se

d
A

p
p
ro

a
ch

a
b
ility

In
th

is
section

w
e

p
resen

t
th

e
p
rop

osed
O

C
O

-b
ased

ap
p
roach

ab
ility

algorith
m

.
W

e
start

b
y

in
tro

d
u
cin

g
th

e
su

p
p

ort
fu

n
ction

an
d

its
relevan

t
p
rop

erties,
an

d
ex

p
ress

B
lack

w
ell’s

sep
aration

con
d
ition

in
term

s
of

th
is

fu
n
ction

.
W

e
th

en
p
resen

t
th

e
p
ro-

p
osed

algorith
m

,
in

th
e

form
of

a
m

eta-algorith
m

th
at

in
corp

orates
a

gen
eric

O
C

O
algorith

m
.

A
s

a
con

crete
ex

am
p
le,

w
e

con
sid

er
th

e
sp

ecifi
c

algorith
m

ob
tain

ed
w

h
en

O
n
lin

e
G

rad
ien

t
D

escen
t

is
u
sed

for
th

e
O

C
O

p
art.

3
.1

T
h
e

S
u
p
p

o
rt

F
u
n
ctio

n

L
et

set
S
⊂

R
d

b
e

a
closed

an
d

con
vex

set.
T

h
e

su
pport

fu
n

ction
h
S

:R
d→

R
∪
{∞
}

of
S

is
d
efi

n
ed

as
h
S
(w

),
su

p
s∈
S 〈w

,s〉,
w
∈
R
d.

It
is

ev
id

en
t

th
at
h
S

is
a

con
vex

fu
n
ction

(as
a

p
oin

tw
ise

su
p
rem

u
m

of
lin

ear
fu

n
c-

tion
s),

an
d

is
p

ositive
h
om

ogen
eou

s:
h
S
(a
w

)
=
a
h
S
(w

)
for

a
≥

0.
F

u
rth

erm
ore,

th
e

E
u
clid

ean
d
istan

ce
from

a
p

oin
t
z
∈
R
d

to
S

can
b

e
ex

p
ressed

as

d
(z,S

)
=

m
ax

w
∈
B

2 {〈w
,z〉−

h
S
(w

)}
,

(8)

w
h
ere

B
2

is
th

e
closed

E
u
clid

ean
u
n
it

b
all

(see,
e.g.,

B
oy

d
an

d
V

an
d
en

b
ergh

e
(2004,

S
ection

8.1.3);
see

also
L

em
m

a
16

b
elow

).
It

follow
s

th
at

argm
ax

w
∈
B

2

{〈w
,z〉−

h
S
(w

)}
=

{
0

:
z
∈
S

u
S
(z)

:
z
6∈
S

(9)

w
ith

u
S
(z)

as
d
efi

n
ed

in
T

h
eorem

2,
n
am

ely
th

e
u
n
it

vector
p

oin
tin

g
from

P
ro

jS
(z)

to
z.B

lack
w

ell’s
sep

aration
con

d
ition

in
(2)

can
n
ow

b
e

w
ritten

in
term

s
of

th
e

su
p
p

ort
fu

n
ction

as
follow

s:
〈w
,r(x

,j)〉≤
su

p
s∈
S 〈w

,s〉≡
h
S
(w

)
.

W
e

can
n
ow

rep
h
rase

th
e

p
rim

al
con

d
ition

in
T

h
eorem

2
in

th
e

follow
in

g
form

.

C
o
ro

lla
ry

5
A

closed
an

d
con

vex
set

S
is

approachable
if

an
d

on
ly

if
for

every
vector

w
∈
B

2
there

exists
a

m
ixed

action
x
∈

∆
(I

)
so

that

〈w
,r(x

,j)〉−
h
S
(w

)≤
0,
∀
j∈

J
.

(10)

W
e

n
ote

th
at

eq
u
ation

(10)
d
efi

n
es

a
lin

ear
in

eq
u
ality

for
x

,
so

th
at

a
m

ix
ed

action
x
∈

∆
(I

)
th

at
satisfi

es
(10)

for
a

given
d
irection

w
can

b
e

com
p
u
ted

u
sin

g
lin

ear
p
rogram

m
in

g.
M

ore
con

cretely,
ex

isten
ce

of
a

m
ix

ed
action

x
th

at
satisfi

es
(10)

can
b

e
eq

u
ivalen

tly
stated

as

val(w
·
r)
4=

m
in

x∈
∆

(I
) m

ax
j∈
J 〈w

,r(x
,j)〉≤

h
S
(w

)
,
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S
h
im

k
in

w
h
ere

val(w
·
r)

is
th

e
m

in
im

ax
valu

e
of

th
e

m
atrix

gam
e

w
ith

a
scalar

p
ayoff

th
at

is
ob

tain
ed

b
y

p
ro

jectin
g

th
e

rew
ard

vectors
r(i,j)

on
to
w

.
C

on
seq

u
en

tly,
th

e
m

ix
ed

action
x

th
at

satisfi
es

(10)
can

b
e

taken
as

a
m

in
im

ax
strategy

for
th

e
agen

t
in

th
is

gam
e.

3
.2

T
h
e

G
e
n
e
ra

l
A

lg
o
rith

m

T
h
e

p
rop

osed
algorith

m
(see

A
lgorith

m
1

b
elow

)
b
u
ild

s
on

th
e

follow
in

g
id

ea.
F

irst,
w

e
ap

p
ly

an
O

C
O

algorith
m

to
gen

erate
a

seq
u
en

ce
of

direction
vectors

w
t ∈

B
2 ,

so
th

at
T
∑t=

1

(〈w
t ,r

t 〉−
h
S
(w

t ))≥
T

m
ax

w
∈
B

2 {〈w
,r̄
T 〉−

h
S
(w

)}−
a
(T

),
(11)

w
h
ere

r
t

=
r(x

t ,j
t )

is
con

sid
ered

(w
ith

in
th

e
O

C
O

algorith
m

)
an

arb
itrary

vector
th

at
is

revealed
after

w
t
is

sp
ecifi

ed
,
an

d
a
(T

)
is

of
ord

er
o(T

).
T

h
e

m
ix

ed
action

x
t ∈

∆
(I

),
in

tu
rn

,
is

ch
osen

(after
w
t

is
revealed

)
to

satisfy
(10),

so
th

at〈w
t ,r(x

t ,j
t )〉−

h
S
(w

t )≤
0,

h
en

ce

〈w
t ,r

t 〉−
h
S
(w

t )≤
〈w

t ,r
t 〉−
〈w

t ,r(x
t ,j

t )〉
4=
δ
t .

U
sin

g
th

is
in

eq
u
ality

in
(11),

an
d

ob
serv

in
g

th
e

d
istan

ce
form

u
la

(8),
y
ield

s

d
(r̄
T
,S

)≤
a
(T

)

T
+

∆
(T

)→
0
,

w
h
ere

∆
(T

)
=

1T

∑
Tt=

1
δ
t ,

a
sto

ch
astic

term
th

at
con

verges
to

0,
as

d
iscu

ssed
b

elow
.

T
o

secu
re

(11),
ob

serve
th

at
th

e
fu

n
ction

f
(w

;r)
=
−
〈w
,r〉

+
h
S
(w

)
is

con
vex

in
w

for
each

vector
r.

T
h
erefore,

an
O

C
O

algorith
m

can
b

e
ap

p
lied

to
th

e
seq

u
en

ce
of

con
vex

fu
n
ction

s
f
t (w

)
=
−
〈w
,r
t 〉

+
h
S
(w

),
w

h
ere

r
t

=
r(x

t ,j
t )

is
con

sid
ered

an
arb

itrary
vector

w
h
ich

is
revealed

on
ly

after
w
t

is
sp

ecifi
ed

.
A

p
p
ly

in
g

an
O

C
O

algorith
m
A

w
ith

R
egret

T
(A

)≤
a
(T

)
to

th
is

setu
p
,

w
e

ob
tain

a
seq

u
en

ce
(w

t )
su

ch
th

at
T
∑t=

1

f
t (w

t )≤
m

in
w
∈
B

2

T
∑t=

1

f
t (w

)
+
a
(T

)
,

w
h
ere

T
∑t=

1

f
t (w

t )
=
−

T
∑t=

1 (〈w
t ,r

t 〉−
h
S
(w

t ))
,

T
∑t=

1

f
t (w

)
=
−

T
∑t=

1 (〈w
,r
t 〉−

h
S
(w

))
=
−
T

(〈w
,r̄
T 〉−

h
S
(w

))
.

T
h
is

can
b

e
seen

to
im

p
ly

(11).
T

h
e

d
iscu

ssion
ab

ove
lead

s
to

th
e

follow
in

g
gen

eric
ap

p
roach

ab
ility

algorith
m

.
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O
C

O
-B

a
se

d
A

p
p
r
o
a
c
h
a
b
il

it
y

A
lg

o
ri

th
m

1
(O

C
O

-b
a
se

d
A

p
p
ro

a
ch

a
b
il
it

y
M

e
ta

-A
lg

o
ri

th
m

)

•
G

iv
en

:
A

cl
os

ed
,

co
n

ve
x

an
d

ap
pr

oa
ch

ab
le

se
t
S

;
a

pr
oc

ed
u

re
(e

.g
.,

a
li

n
ea

r
pr

og
ra

m
)

to
co

m
pu

te
x
∈

∆
(I

),
fo

r
a

gi
ve

n
ve

ct
or

w
,

so
th

at
(1

0)
is

sa
ti

s-
fi

ed
;

an
O

C
O

al
go

ri
th

m
A

fo
r

th
e

fu
n

ct
io

n
s
f t

(w
)

=
−
〈w
,r
t〉

+
h
S
(w

),
w

it
h

R
eg

re
t T

(A
)
≤
a
(T

).

•
R

ep
ea

t
fo

r
t

=
1,

2,
..
.:

1.
O

bt
ai

n
w
t

fr
om

th
e

O
C

O
al

go
ri

th
m

ap
pl

ie
d

to
th

e
co

n
ve

x
fu

n
ct

io
n

s
f k

(w
)

=
−
〈w
,r
k
〉+

h
k
(w

),
k
≤
t
−

1,
so

th
at

in
eq

u
al

it
y

(1
1)

is
sa

ti
sfi

ed
.

2.
C

ho
os

e
x
t

ac
co

rd
in

g
to

(1
0)

,
so

th
at
〈w

t,
r(
x
t,
j)
〉−

h
S
(w

t)
≤

0
ho

ld
s

fo
r

al
l
j
∈
J

.

3.
O

bs
er

ve
N

at
u

re
’s

ac
ti

on
j t

,
an

d
se

t
r t

=
r(
x
t,
j t

).

T
o

st
at

e
ou

r
co

n
ve

rg
en

ce
re

su
lt

fo
r

th
is

al
go

ri
th

m
,

w
e

fi
rs

t
co

n
si

d
er

th
e

te
rm

∆
t

th
at

ar
is

es
d
u
e

to
th

e
d
iff

er
en

ce
b

et
w

ee
n
r t

=
r(
i t
,j
t)

an
d
r(
x
t,
j t

).
T

h
e

an
al

y
si

s
fo

ll
ow

s
b
y

st
an

d
ar

d
co

n
ve

rg
en

ce
re

su
lt

s
fo

r
m

ar
ti

n
ga

le
d
iff

er
en

ce
se

q
u
en

ce
s.

L
e
m

m
a

6
L

et

∆
T

=
1 T

T ∑ t=
1

δ t
,

δ t
=
〈w

t,
r(
i t
,j
t)
−
r(
x
t,
j t

)〉
.

T
he

n
E

(∆
T

)
=

0,
an

d
∆
T
→

0
w

.p
.

1,
at

a
u

n
if

or
m

ra
te

in
de

pe
n

de
n

t
of

N
at

u
re

’s
st

ra
te

gy
.

S
pe

ci
fi

ca
ll

y,

P
{|

∆
T
|>

ε}
≤

6ρ
2 0

ε2
T
,

(1
2)

w
he

re
ρ

0
=

m
ax

j∈
J

m
ax

i,
i′
∈I
‖r

(i
,j

)
−
r(
i′
,j

)‖
2

.

P
ro

o
f

L
et
H
t

=
(i
k
,j
k
,w

k
) 1
≤
k
≤
t.

O
b
se

rv
e

th
at

w
t

an
d
j t

ar
e

ch
os

en
b
as

ed
on

ly
on

H
t−

1
,

h
en

ce
d
o

n
ot

d
ep

en
d

on
i t

,
an

d
si

m
il
ar

ly
i t

is
ra

n
d
om

ly
an

d
in

d
ep

en
d
en

tl
y

ch
os

en
ac

co
rd

in
g

to
x
t.

It
fo

ll
ow

s
th

at
E

(δ
t|H

t−
1
)

=
0,

w
h
ic

h
im

p
li
es

th
at
E

(∆
T

)
=

0.
F

u
rt

h
er

m
or

e,
(δ
t)

is
a

M
ar

ti
n
ga

le
d
iff

er
en

ce
se

q
u
en

ce
,

u
n
if

or
m

ly
b

ou
n
d
ed

b
y

|δ t
|≤
‖w

t‖
2
‖r

(i
t,
j t

)
−
r(
x
t,
j t

)‖
2
≤

m
ax j

m
ax
i,
i′
‖r

(i
,j

)
−
r(
i′
,j

)‖
2
4 =
ρ

0
,

(w
h
er

e
w
t
∈
B

2
w

as
u
se

d
in

th
e

se
co

n
d

in
eq

u
al

it
y
).

C
on

ve
rg

en
ce

of
∆
t

n
ow

fo
ll
ow

s
b
y

st
an

d
ar

d
re

su
lt

s
fo

r
m

ar
ti

n
ga

le
d
iff

er
en

ce
se

q
u
en

ce
s;

th
e

sp
ec

ifi
c

ra
te

b
ou

n
d

in
(1

2)
fo

ll
ow

s
fr

om
P

ro
p

os
it

io
n

4.
1

an
d

E
q
u
at

io
n

(4
.7

)
in

S
h
im

k
in

an
d

S
h
w

ar
tz

(1
99

3)
,
u
p

on

n
ot

in
g

th
at
X
t
4 =
∑

t k
=

1
δ k

sa
ti

sfi
es
E

(X
2 t+

1
|H

t)
=
X

2 t
+

0
+
E

(δ
2 t+

1
|H

t)
≤
X

2 t
+
ρ

2 0
.

C
on

ve
rg

en
ce

of
A

lg
or

it
h
m

1
m

ay
n
ow

b
e

su
m

m
ar

is
ed

as
fo

ll
ow

s.
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 1
7(

12
9)

:1
-2

3

S
h
im

k
in

T
h
e
o
re

m
7

U
n

de
r

A
lg

or
it

hm
1,

fo
r

an
y
T
≥

1
an

d
an

y
st

ra
te

gy
of

th
e

op
po

n
en

t,
it

ho
ld

s
w

.p
.

1
th

at

d
(r̄
T
,S

)
≤
a
(T

)

T
+

∆
T
,

w
he

re
∆
T

is
de

fi
n

ed
in

L
em

m
a

6
an

d
is

a
ze

ro
-m

ea
n

ra
n

do
m

va
ri

ab
le

th
at

co
n

ve
rg

es
to

ze
ro

at
a

u
n

if
or

m
ra

te
,

as
sp

ec
ifi

ed
th

er
e.

In
pa

rt
ic

u
la

r,

E
(d

(r̄
T
,S

))
≤
a
(T

)

T
.

P
ro

o
f

A
s

ob
se

rv
ed

ab
ov

e,
ap

p
li
ca

ti
on

of
th

e
O

C
O

al
go

ri
th

m
im

p
li
es

(1
1)

.
R

ec
al

li
n
g

(8
),

w
e

ob
ta

in

d
(r̄
T
,S

)
=

m
ax

w
∈B

2

{〈
w
,r̄
T
〉−

h
S
(w

)}

≤
1 T

T ∑ t=
1

(〈w
t,
r t
〉−

h
S
(w

t)
)

+
a
(T

)

T

=
1 T

T ∑ t=
1

〈w
t,
r(
x
t,
j t

)〉
−
h
S
(w

t)
)

+
a
(T

)

T
+

1 T

T ∑ t=
1

〈w
t,
r t
−
r(
x
t,
j t

)〉
.

B
u
t

si
n
ce
〈w

t,
r(
x
t,
j t

)〉
−
h
S
(w

t)
≤

0
b
y

ch
oi

ce
of
x
t

in
th

e
al

go
ri

th
m

,
an

d
u
si

n
g

th
e

d
efi

n
it

io
n

of
∆
t,

w
e

ob
ta

in
th

at
d
(r̄
T
,S

)
≤

a
(T

)
T

+
∆
T

,
as

cl
ai

m
ed

.
T

h
e

re
st

n
ow

fo
ll
ow

s
b
y

th
e

p
ro

p
er

ti
es

of
∆
t,

st
at

ed
in

L
em

m
a

6.

T
o

re
ca

p
,

an
y

O
C

O
al

go
ri

th
m

th
at

gu
ar

an
te

es
(1

1)
w

it
h

a
(T

)
T
→

0,
in

d
u
ce

s
an

ap
p
ro

ac
h
ab

il
it

y
st

ra
te

gy
w

it
h

ra
te

of
co

n
ve

rg
en

ce
b

ou
n
d
ed

b
y

th
e

su
m

of
tw

o
te

rm
s:

th
e

fi
rs

t
is

a
(T

)
T

,
re

la
te

d
to

th
e

re
gr

et
b

ou
n
d

of
th

e
O

C
O

al
go

ri
th

m
,

an
d

th
e

se
co

n
d

is
a

ze
ro

-m
ea

n
st

o
ch

as
ti

c
te

rm
of

or
d
er
T
−

1
/
2

(a
t

m
os

t)
,

w
h
ic

h
ar

is
es

d
u
e

to
th

e
d
iff

er
en

ce
b

et
w

ee
n

th
e

ac
tu

al
re

w
ar

d
s
r t

=
r(
i t
,j
t)

an
d

th
ei

r
m

ea
n
s
r(
x
t,
j t

).
W

e
co

n
cl

u
d
e

th
is

su
b
se

ct
io

n
w

it
h

a
fe

w
re

m
ar

k
s.

T
h
e

fi
rs

t
tw

o
co

n
ce

rn
in

st
an

ce
s

w
h
er

e
th

e
st

o
ch

as
ti

c
te

rm
∆
T

is
n
u
ll
ifi

ed
.

R
e
m

a
rk

8
(P

u
re

A
ct

io
n
s)

S
u

pp
os

e
th

at
th

e
in

eq
u

al
it

y
m

ax
j
〈w

t,
r(
x
,j

)〉−
h
S
(w

t)
≤

0
in

st
ep

2
of

th
e

A
lg

or
it

hm
ca

n
al

w
ay

s
be

sa
ti

sfi
ed

by
pu

re
ac

ti
on

s
(s

o
th

at
x
t

as
si

gn
s

pr
ob

ab
il

it
y

1
to

to
a

si
n

gl
e

ac
ti

on
,
i t

).
T

he
n

ch
oo

si
n

g
su

ch
x
t’

s
cl

ea
rl

y
im

pl
ie

s
th

at
r(
x
t,
j t

)
=
r(
i t
,j
t)

,
he

n
ce

th
e

te
rm

∆
t

in
T

he
or

em
7

be
co

m
es

id
en

ti
ca

ll
y

ze
ro

.

R
e
m

a
rk

9
(S

m
o
o
th

R
e
w

a
rd

s)
In

so
m

e
pr

ob
le

m
s,

th
e

re
w

ar
ds

of
in

te
re

st
m

ay
ac

-
tu

al
ly

be
th

e
sm

oo
th

ed
re

w
ar

ds
r(
x
t,
j t

)
or
r(
x
t,
y t

),
ra

th
er

th
an

r(
i t
,j
t)

.
F

oc
u

si
n

g
on

th
e

fi
rs

t
ca

se
fo

r
co

n
cr

et
en

es
s,

le
t

u
s

re
de

fi
n

e
r t

as
r(
x
t,
j t

),
an

d
as

su
m

e
th

at
th

is
re

-
w

ar
d

ve
ct

or
ca

n
be

co
m

pu
te

d
or

ob
se

rv
ed

by
th

e
ag

en
t

fo
ll

ow
in

g
ea

ch
st

ag
e
t.

A
pp

ly
in

g
A

lg
or

it
hm

1
w

it
h

th
es

e
m

od
ifi

ed
re

w
ar

ds
n

ow
le

ad
s

to
th

e
sa

m
e

bo
u

n
d

as
in

T
he

or
em

7,
bu

t
w

it
h

∆
T

=
0.
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O
C

O
-B

a
se

d
A

p
p
r
o
a
c
h
a
b
il

it
y

R
e
m

a
rk

1
0

(C
o
n
v
e
x

C
o
n
e
s)

T
he

approachability
algorithm

of
A

bern
ethy

et
al.

(2011)
starts

w
ith

target
sets

S
that

are
restricted

to
be

con
vex

con
es.

F
or
S

a
closed

con
vex

con
e,

the
su

pport
fu

n
ction

is
given

by

h
S
(w

)
=

{
0

:
w
∈
S
o

∞
:
w
6∈
S
o

w
here

S
o

is
the

p
olar

con
e

of
S

.
T

he
requ

ired
in

equ
ality

in
(11)

thu
s

redu
ces

to

T
∑t=

1 〈w
t ,r

t 〉≥
T

m
ax

w
∈
B

2 ∩
S
o 〈w

,r̄
T 〉−

a
(T

)
.

T
he

sequ
en

ce
(w

t )
can

be
obtain

ed
in

this
case

by
applyin

g
an

on
lin

e
lin

ear
opti-

m
ization

algorithm
restricted

to
w
t ∈

B
2 ∩

S
o.

T
his

is
the

algorithm
proposed

by
A

bern
ethy

et
al.

(2011).
T

he
exten

sion
to

gen
eral

con
vex

sets
is

han
d

led
there

by
lift-

in
g

the
problem

to
a

(d
+

1)-dim
en

sion
al

space,
w

ith
payoff

vector
r ′(x

,y
)

=
(κ
,r(x

,y
))

an
d

target
set

S
′

=
con

e({
κ}×

S
),

w
here

κ
=

m
ax

s∈
S ‖
s‖

2 ,
for

w
hich

it
holds

that
d
(u
,S

)≤
2d

(u
′,S
′).

3
.3

A
n

O
G

D
-b

a
se

d
A

p
p
ro

a
ch

a
b
ility

A
lg

o
rith

m

A
s

a
con

crete
ex

am
p
le,

let
u
s

ap
p
ly

th
e

O
n
lin

e
G

rad
ien

t
D

escen
t

algorith
m

sp
ecifi

ed
in

(4)
to

ou
r

p
rob

lem
.

W
ith

W
=
B

2
an

d
f
t (w

)
=
−

(〈w
,r
t 〉−

h
S
(w

)),
w

e
ob

tain
in

step
1

of
A

lgorith
m

1,

w
t+

1
=

P
ro

jB
2 {
w
t
+
η
t (r

t −
y
t )}

,
y
t ∈

∂
h
S
(w

t )
.

O
b
serve

th
at

P
ro

jB
2 (v

)
=
v
/

m
ax{1,‖v‖

2 },
an

d
(e.g.,

b
y

C
orollary

8.25
in

R
o
ckafellar

an
d

W
ets

(1997))
∂
h
S
(w

)
=

argm
ax

s∈
S
〈s,w〉

.

T
o

evalu
ate

th
e

con
vergen

ce
rate

in
(5),

ob
serve

th
at

d
iam

(B
2 )

=
2,

an
d
,
sin

ce
y
t ∈

S
,

‖
g
t ‖

2
=
‖r

t −
y
t ‖

2 ≤
‖R
−
S‖

2 ,
w

h
ere
R

=
{
r(x

,y
)}
x∈

∆
(I

),y∈
∆

(J
)

is
th

e
rew

ard
set.

A
ssu

m
in

g
for

th
e

m
om

en
t

th
at

th
e

goal
set

S
is

b
ou

n
d
ed

,
w

e
ob

tain

E
(d

(r̄
T
,S

))≤
b(η

)
√
T
,

w
ith

b(η
)

=
4η

+
2η‖R

−
S‖

22
.

F
or
η

=
√

2/‖R
−
S‖

2 ,
w

e
th

u
s

ob
tain

b(η
)

=
4 √

2‖R
−
S‖

2 .
If
S

is
n
ot

b
ou

n
d
ed

,
it

can
alw

ay
s

b
e

in
tersected

w
ith
R

(w
ith

ou
t

aff
ectin

g
its

ap
p
roach

ab
ility

),
y
ield

in
g
‖R
−
S‖

2
≤

d
iam

(R
).

T
h
is

am
ou

n
ts

to
m

o
d
ify

in
g

th
e

ch
oice

of
y
t

in
th

e
algorith

m
to

y
t ∈

∂
h
S∩R

(w
t )

=
argm

ax
y∈
S∩R

(y
,w

)
.

A
ltern

atively,
on

e
m

ay
restrict

atten
tion

(b
y

p
ro

jection
)

to
vectors

w
t

in
th

e
set

{
w
∈
B

2
:
h
S
(w

)
<
∞
},

sim
ilarly

to
th

e
case

of
con

vex
con

es
m

en
tion

ed
in

R
em

ark
10

ab
ove;

w
e

w
ill

n
ot

go
h
ere

in
to

fu
rth

er
d
etails.

1
1
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S
h
im

k
in

4
.

B
la

ck
w

e
ll’s

A
lg

o
rith

m
a
n
d

(R
)F

T
L

W
e

n
ex

t
ex

am
in

e
th

e
relation

b
etw

een
B

lack
w

ell’s
ap

p
roach

ab
ility

algorith
m

an
d

th
e

p
rop

osed
O

C
O

-b
ased

sch
em

e.
W

e
fi
rst

sh
ow

th
at

B
lack

w
ell’s

algorith
m

coin
cid

es
w

ith
O

C
O

-b
ased

ap
p
roach

ab
ility

w
h
en

F
T

L
is

u
sed

as
th

e
O

C
O

algorith
m

.
W

e
u
se

th
is

eq
u
ivalen

ce
to

estab
lish

fast
(logarith

m
ic)

con
vergen

ce
rates

for
B

lack
w

ell’s
algorith

m
w

h
en

th
e

target
set

S
h
as

a
sm

o
oth

b
ou

n
d
ary.

In
terestin

gly,
th

is
eq

u
ivalen

ce
d
o
es

n
ot

p
rov

id
e

a
con

vergen
ce

resu
lt

for
gen

eral
con

vex
sets.

T
o

com
p
lete

th
e

p
ictu

re,
w

e
sh

ow
th

at
B

lack
w

ell’s
algorith

m
can

m
ore

gen
erally

b
e

ob
tain

ed
v
ia

a
regu

larized
version

of
F

T
L

,
w

h
ich

lead
s

to
an

altern
ative

p
ro

of
of

con
vergen

ce
of

th
e

algorith
m

in
th

e
gen

eral
case.

4
.1

B
la

ck
w

e
ll’s

a
lg

o
rith

m
a
s

F
T

L

R
ecall

B
lack

w
ell’s

algorith
m

as
sp

ecifi
ed

in
T

h
eorem

2,
n
am

ely
x
t+

1
is

ch
osen

as
a

m
ix

ed
action

th
at

satisfi
es

(2)
for

u
=
u
S
(r̄
t )

(w
ith

x
t+

1
ch

osen
arb

itrarily
if
r̄
t ∈

S
,

w
h
ich

is
eq

u
ivalen

t
to

settin
g
u

=
0

in
th

at
case).

S
im

ilarly,
in

A
lgorith

m
1,
x
t+

1
is

ch
osen

as
a

m
ix

ed
action

th
at

satisfi
es

(2)
for

u
=
w
t+

1 .
U

sin
g

F
T

L
(i.e.,

E
q
u
ation

(6)
w

ith
R
t

=
0)

for
th

e
O

C
O

p
art

gives

w
t+

1
=

argm
in

w
∈
B

2

t
∑k

=
1

f
k (w

),
w

ith
f
k (w

)
=
−
〈w
,r
k 〉

+
h
S
(w

)
.

E
q
u
ivalen

ce
of

th
e

tw
o

algorith
m

s
n
ow

follow
s

d
irectly

from
th

e
follow

in
g

ob
servation

.

L
e
m

m
a

1
1

W
ith

f
k (w

)
as

above,

argm
in

w
∈
B

2

t
∑k

=
1

f
k (w

)
=

{
u
S
(r̄
t )

:
r̄
t 6∈

S
0

:
r̄
t ∈

S
.

P
ro

o
f

O
b
serve

th
at ∑

tk
=

1
f
k (w

)
=
−
t(〈w

,r̄
t 〉−

h
S
(w

)),
so

th
at

argm
in

w
∈
B

2

t
∑k

=
1

f
k (w

)
=

argm
ax

w
∈
B

2

{〈w
,r̄
t 〉−

h
S
(w

)}
.

T
h
e

req
u
ired

eq
u
ality

n
ow

follow
s

from
(9).

T
o

estab
lish

con
vergen

ce
of

B
lack

w
ell’s

algorith
m

v
ia

th
is

eq
u
ivalen

ce,
on

e
n
eed

s
to

sh
ow

th
at

F
T

L
gu

aran
tees

th
e

regret
b

ou
n
d

in
(11)

for
an

arb
itrary

rew
ard

se-
q
u
en

ce
(r
t )⊂

R
,

w
ith

a
su

b
lin

ear
rate

seq
u
en

ce
a
(T

).
It

is
w

ell
k
n
ow

,
h
ow

ever,
th

at
(u

n
regu

larized
)

F
T

L
d
o
es

n
ot

gu
aran

tee
su

b
lin

ear
regret,

w
ith

ou
t

som
e

ad
d
ition

al
as-

su
m

p
tion

s
on

th
e

fu
n
ction

f
t .

A
sim

p
le

cou
n
ter-ex

am
p
le,

reform
u
lated

to
th

e
p
resen

t
case,

is
d
ev

ised
as

follow
s:

L
et
S

=
{0}
⊂

R
,

so
th

at
h
S
(w

)
=

0,
an

d
su

p
p

ose
th

at
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O
C

O
-B

a
se

d
A

p
p
r
o
a
c
h
a
b
il

it
y

r 1
=
−

1
an

d
r t

=
2(
−

1)
t

fo
r
t
>

1.
S
in

ce
w
t

=
si

gn
(r̄
t−

1
)

an
d

si
gn

(r
t)

=
−

si
gn

(r̄
t−

1
),

w
e

ob
ta

in
th

at
f t

(w
t)

=
−
r t
w
t

=
1,

le
ad

in
g

to
a

li
n
ea

rl
y
-i

n
cr

ea
si

n
g

re
gr

et
.

T
h
e

fa
il
u
re

of
F

T
L

in
th

is
ex

am
p
le

is
cl

ea
rl

y
d
u
e

to
th

e
fa

st
ch

an
ge

s
in

th
e

p
re

d
ic

-
to

rs
w
t.

W
e

n
ow

ad
d

so
m

e
sm

o
ot

h
n
es

s
as

su
m

p
ti

on
s

on
th

e
se

t
S

th
at

ca
n

m
it

ig
at

e
su

ch
ab

ru
p
t

ch
an

ge
s.

A
ss

u
m

p
ti

o
n

1
L

et
S

be
a

co
m

pa
ct

an
d

co
n

ve
x

se
t.

S
u

pp
os

e
th

at
th

e
bo

u
n

da
ry

∂
S

of
S

is
sm

oo
th

w
it

h
cu

rv
at

u
re

bo
u

n
de

d
by

κ
0
,

n
am

el
y:

‖~n
(s

1
)
−
~n

(s
2
)‖

2
≤
κ

0
‖s

1
−
s 2
‖ 2

fo
r

al
l
s 1
,s

2
∈
∂
S
,

(1
3)

w
he

re
~n

(s
)

is
th

e
u

n
iq

u
e

u
n

it
ou

te
r

n
or

m
al

to
S

at
s
∈
∂
S

.

F
or

ex
am

p
le

,
fo

r
a

cl
os

ed
E

u
cl

id
ea

n
b
al

l
of

ra
d
iu

s
ρ
,

(1
3)

is
sa

ti
sfi

ed
w

it
h

eq
u
al

it
y

fo
r

κ
0

=
ρ
−

1
.

T
h
e

as
su

m
ed

sm
o
ot

h
n
es

s
p
ro

p
er

ty
m

ay
in

fa
ct

b
e

fo
rm

u
la

te
d

in
te

rm
s

of
an

in
te

ri
or

sp
h
er

e
co

n
d
it

io
n
:

F
or

an
y

p
oi

n
t

in
s
∈
S

th
er

e
ex

is
ts

a
b
al

l
B

(ρ
)
⊂
S

w
it

h
ra

d
iu

s
ρ

=
κ
−

1
0

su
ch

th
at
s
∈
B

(ρ
).

P
ro

p
o
si

ti
o
n

1
2

L
et

A
ss

u
m

pt
io

n
1

ho
ld

.
C

on
si

de
r

B
la

ck
w

el
l’

s
al

go
ri

th
m

as
sp

ec
ifi

ed
in

T
he

or
em

2,
an

d
de

n
ot

e
w
t

=
u
S
(r̄
t−

1
)

(w
it

h
w

1
ar

bi
tr

ar
y)

.
T

he
n

,
fo

r
an

y
ti

m
e

T
≥

1
su

ch
th

at
r̄ T
6∈
S

,
(1

1)
ho

ld
s

w
it

h

a
(T

)
=
C

0
(1

+
ln
T

),
(1

4)

w
he

re
C

0
=

d
ia

m
(R

)
‖R
−
S
‖ 2
κ

0
,

an
d

ln
(·)

is
th

e
n

at
u

ra
l

lo
ga

ri
th

m
.

C
on

se
qu

en
tl

y,

E
(d

(r̄
T
,S

))
≤
C

0
1

+
ln
T

T
,

T
≥

1
.

(1
5)

P
ro

o
f

O
b
se

rv
e

fi
rs

t
th

at
th

e
re

gr
et

b
ou

n
d

in
(1

4)
im

p
li
es

(1
5)

.
In

d
ee

d
,

fo
r
r̄ T
6∈
S

,
d
(r̄
T
,S

)
≤
a
(T

)/
T

fo
ll
ow

s
as

in
T

h
eo

re
m

7,
w

h
il
e

if
r̄ T
∈
S

th
en

d
(r̄
T
,S

)
=

0
an

d
(1

5)
h
ol

d
s

tr
iv

ia
ll
y.

W
e

p
ro

ce
ed

to
es

ta
b
li
sh

th
e

lo
ga

ri
th

m
ic

re
gr

et
b

ou
n
d

in
(1

4)
.

L
et

f t
(w

)
=

−
〈w
,r
t〉

+
h
S
(w

),
W

=
B

2
,

an
d

d
en

ot
e

R
eg

re
t T

(f
1
:T

)
=

T ∑ t=
1

f t
(w

t)
−

m
in

w
∈W

T ∑ t=
1

f t
(w

)
=

T ∑ t=
1

(f
t(
w
t)
−
f t

(w
T

+
1
))
.

(1
6)

A
st

an
d
ar

d
in

d
u
ct

io
n

ar
gu

m
en

t
(e

.g
.,

L
em

m
a

2.
1

in
S
h
al

ev
-S

h
w

ar
tz

(2
01

1)
)

ve
ri

fi
es

th
at

T ∑ t=
1

(f
t(
w
t)
−
f t

(u
))
≤

T ∑ t=
1

(f
t(
w
t)
−
f t

(w
t+

1
))

(1
7)

h
ol

d
s

fo
r

an
y
u
∈
W

,
an

d
in

p
ar

ti
cu

la
r

fo
r
u

=
w
T

+
1
.

It
re

m
ai

n
s

to
u
p
p

er
-b

ou
n
d

th
e

d
iff

er
en

ce
s

in
th

e
la

st
su

m
.
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S
h
im

k
in

C
on

si
d
er

fi
rs

t
th

e
ca

se
w

h
er

e
r̄ t
6∈
S

fo
r

al
l

1
≤

t
≤

T
.

W
e

fi
rs

t
sh

ow
th

at
‖w

t
−
w
t+

1
‖ 2

is
sm

al
l,

w
h
ic

h
im

p
li
es

th
e

sa
m

e
fo

r
|f t

(w
t)
−
f t

(w
t+

1
)|.

B
y

it
s

d
efi

n
it

io
n
,

w
t+

1
=

u
S
(r̄
t)

,
th

e
u
n
it

ve
ct

or
p

oi
n
ti

n
g

to
r̄ t

fr
om

c t
4 =

P
ro

j S
(r̄
t)

,
w

h
ic

h
cl

ea
rl

y
co

in
ci

d
es

w
it

h
th

e
ou

te
r

u
n
it

n
or

m
al
~n

(c
t)

to
S

at
c t

.
It

fo
ll
ow

s
th

at

‖w
t
−
w
t+

1
‖ 2

=
‖~n

(c
t−

1
)
−
~n

(c
t)
‖ 2
≤
κ

0
‖c
t−

1
−
c t
‖ 2
≤
κ

0
‖r̄

t−
1
−
r̄ t
‖ 2
,

w
h
er

e
th

e
fi
rs

t
in

eq
u
al

it
y

fo
ll
ow

s
b
y

A
ss

u
m

p
ti

on
1,

an
d

th
e

se
co

n
d

d
u
e

to
th

e
sh

ri
n
k
in

g
p
ro

p
er

ty
of

th
e

p
ro

je
ct

io
n
.

S
u
b
st

it
u
ti

n
g
r̄ t

=
r̄ t
−

1
+

1 t
(r
t
−
r̄ t
−

1
)

ob
ta

in
s

‖w
t
−
w
t+

1
‖ 2
≤
κ

0 t
‖r

t
−
r̄ t
−

1
‖ 2
≤
κ

0 t
d
ia

m
(R

)
.

(1
8)

N
ex

t,
ob

se
rv

e
th

at
fo

r
an

y
p
ai

r
of

u
n
it

ve
ct

or
s
w

1
an

d
w

2
,

f t
(w

1
)
−
f t

(w
2
)

=
−
〈w

1
−
w

2
,r
t〉

+
h
S
(w

1
)
−
h
S
(w

2
)

=
−
〈w

1
−
w

2
,r
t〉

+
m

ax
s∈
S
〈w

1
,s
〉−

m
ax

s∈
S
〈w

2
,s
〉

≤
−
〈w

1
−
w

2
,r
t〉

+
〈w

1
,s

1
〉−
〈w

2
,s

1
〉

=
〈w

1
−
w

2
,s

1
−
r t
〉
≤
‖w

1
−
w

2
‖ 2
‖R
−
S
‖ 2
,

w
h
er

e
s 1
∈
S

at
ta

in
s

th
e

fi
rs

t
m

ax
im

u
m

.
S
in

ce
th

e
sa

m
e

b
ou

n
d

h
ol

d
s

fo
r
f t

(w
2
)
−

f t
(w

1
),

it
h
ol

d
s

al
so

fo
r

th
e

ab
so

lu
te

va
lu

e.
In

p
ar

ti
cu

la
r,

|f t
(w

t)
−
f t

(w
t+

1
)|
≤
‖w

t
−
w
t+

1
‖ 2
‖R
−
S
‖ 2
,

(1
9)

an
d

to
ge

th
er

w
it

h
(1

8)
w

e
ob

ta
in

|f t
(w

t)
−
f t

(w
t+

1
)|
≤
κ

0 t
d
ia

m
(R

)
‖R
−
S
‖ 2

=
C

0 t
.

S
u
b
st

it
u
ti

n
g

in
(1

7)
an

d
su

m
m

in
g

ov
er
t−

1
y
ie

ld
s

th
e

re
gr

et
b

ou
n
d

R
eg

re
t T

(f
1
:T

)
≤
C

0
(1

+
ln
T

).
(2

0)

W
e

n
ex

t
ex

te
n
d

th
is

b
ou

n
d

to
ca

se
w

h
er

e
r̄ t
∈
S

fo
r

so
m

e
t.

In
th

at
ca

se
w
t+

1
=

0,
an

d
w
t
−
w
t+

1
m

ay
n
ot

b
e

sm
al

l.
H

ow
ev

er
,

si
n
ce
f t

(0
)

=
0,

su
ch

te
rm

s
w

il
l

n
ot

aff
ec

t
th

e
su

m
in

(1
7)

.
R

ec
al

l
th

at
w

e
n
ee

d
to

es
ta

b
li
sh

(1
4)

fo
r
T

su
ch

th
at
r̄ T
6∈
S

.
In

th
at

ca
se

,
an

y
ti

m
e
t

fo
r

w
h
ic

h
r̄ t
∈
S

is
fo

ll
ow

s
b
y

so
m

e
ti

m
e
m
≤
T

w
it

h
r̄ m
6∈
S

.
L

et
1
≤
k
<
m
≤
T

b
e

in
d
ic

es
su

ch
th

at
r̄ k
,.
..
r̄ m
−

1
∈
S

,
b
u
t
r̄ k
−

1
6∈
S

(o
r
k

=
1)

an
d
r̄ m
6∈
S

.
T

h
en

w
k
+

1
,.
..
,w

m
=

0,
an

d

m ∑ t=
k

(f
t(
w
t)
−
f t

(w
t+

1
))

=
f k

(w
k
)
−
f m

(w
m

+
1
)
.
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O
C

O
-B

a
se

d
A

p
p
r
o
a
c
h
a
b
il

it
y

P
ro

ceed
in

g
as

ab
ove,

w
e

ob
tain

sim
ilarly

to
(18),

‖w
k −

w
m

+
1 ‖

2 ≤
κ

0 ‖
r̄
k−

1 −
r̄
m ‖

2 ≤
d
iam

(R
)
m
−

1
∑t=

k

κ
0t
,

an
d

th
e

regret
b

ou
n
d

in
(20)

m
ay

b
e

ob
tain

ed
as

ab
ove.

T
h
e

last
resu

lt
estab

lish
es

a
fast

con
vergen

ce
rate

(of
ord

er
log

T
/T

)
for

B
lack

w
ell’s

ap
p
roach

ab
ility

algorith
m

,
u
n
d
er

th
e

assu
m

ed
sm

o
oth

n
ess

of
th

e
target

set.
W

e
n
ote

th
at

con
d
ition

s
for

fast
ap

p
roach

ab
ility

(of
ord

er
T
−

1)
w

ere
d
erived

in
P

erch
et

an
d

M
an

n
or

(2013),
b
u
t

are
of

d
iff

eren
t

n
atu

re
th

an
th

e
ab

ove.
L

ogarith
m

ic
con

vergen
ce

rates
w

ere
d
erived

for
O

C
O

algorith
m

s
in

H
azan

et
al.

(2007),
u
n
d
er

stron
g

con
vex

ity
con

d
ition

s
on

th
e

fu
n
ction

f
t .

T
h
is

is
ap

p
aren

tly
related

to
th

e
p
resen

t
resu

lt,
esp

ecially
given

th
e

eq
u
ivalen

ce
b

etw
een

stron
g

con
vex

ity
of

a
fu

n
ction

an
d

stron
g

sm
o
oth

n
ess

of
its

L
egen

d
re-F

en
ch

el
tran

sform
(cf.

S
h
alev

-
S
h
w

artz
(2011),

L
em

m
a

2.19).
H

ow
ever,

w
e

ob
serve

th
at

th
e

su
p
p

ort
fu

n
ction

is
h
S

is
n

ot
stron

gly
con

vex
,

so
th

at
th

e
logarith

m
ic

regret
b

ou
n
d

in
(20)

d
o
es

n
ot

seem
to

follow
from

ex
istin

g
resu

lts.
R

ath
er,

a
b
asic

p
rop

erty
w

h
ich

u
n
d
erlies

b
oth

cases
is

in
sen

sitiv
ity

of
th

e
m

ax
im

u
m

p
oin

t
to

sm
all

p
ertu

rb
ation

s
in
f
t ,

w
h
ich

h
ere

lead
s

to
th

e
in

eq
u
ality

(18).

4
.2

B
la

ck
w

e
ll’s

a
lg

o
rith

m
a
s

R
F

T
L

T
h
e

sm
o
oth

n
ess

req
u
irem

en
t

in
A

ssu
m

p
tion

1
d
o
es

n
ot

h
old

for
im

p
ortan

t
classes

of
target

sets,
su

ch
as

p
oly

h
ed

ra
an

d
con

es.
A

s
ob

served
ab

ove,
in

ab
sen

ce
of

su
ch

ad
d
ition

al
sm

o
oth

n
ess

p
rop

erties
th

e
in

terp
retation

of
B

lack
w

ell’s
algorith

m
th

rou
gh

an
F

T
L

sch
em

e
d
o
es

n
ot

en
tail

its
con

vergen
ce,

as
th

e
regret

of
F

T
L

(an
d

th
e

corre-
sp

on
d
in

g
b

ou
n
d
a
(T

)
in

(11))
m

igh
t

in
crease

lin
early

in
gen

eral.
T

o
accom

m
o
d
ate

gen
eral

(n
on

-sm
o
oth

)
sets,

w
e

sh
ow

n
ex

t
th

at
B

lack
w

ell’s
al-

gorith
m

can
b

e
id

en
tifi

ed
m

ore
gen

erally
w

ith
a

regu
larized

version
of

F
T

L
.

T
h
is

algorith
m

d
o
es

gu
aran

tee
an

O
( √
T

)
regret

in
(11),

an
d

con
seq

u
en

tly
lead

s
to

th
e

stan
d
ard

O
(T
−

1
/
2)

rate
of

con
vergen

ce
of

B
lack

w
ell’s

ap
p
roach

ab
ility

algorith
m

.
L

et
u
s

ap
p
ly

th
e

R
F

T
L

algorith
m

in
eq

u
ation

(6)
as

th
e

O
C

O
p
art

in
A

lgorith
m

1,
w

ith
a

q
u
ad

ratic
regu

larization
fu

n
ction

R
t (w

)
=

ρ
t2 ‖
w‖

22 .
T

h
is

gives

w
t+

1
=

argm
in

w
∈
B

2

{
t
∑k

=
1

f
k (w

)
+
ρ
t

2 ‖
w‖

22 }
,

f
k (w

)
=
−
〈w
,r
k 〉

+
h
S
(w

)
.

T
h
e

follow
in

g
eq

u
ality

is
th

e
key

to
th

e
req

u
ired

eq
u
ivalen

ce.
It

relies
essen

tially
on

th
e

p
ositive-h

om
ogen

eity
p
rop

erty
of

th
e

su
p
p

ort
fu

n
ction

h
S
,

an
d

con
seq

u
en

tly
of

th
e

fu
n
cction

s
f
k

ab
ove.

1
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S
h
im

k
in

L
e
m

m
a

1
3

F
or
ρ
t
>

0,
an

d
w
t+

1
as

defi
n

ed
above,

w
t+

1
=

{
β
t u
S
(r̄
t )

:
r̄
t 6∈

S
0

:
r̄
t ∈

S
,

(21)

w
here

β
t

=
m

in{1,
tρ
t d

(r̄
t ,S

)}
>

0.

P
ro

o
f

R
ecall

th
at ∑

tk
=

1
f
k (w

)
=
−
t(〈w

,r̄
t 〉−

h
S
(w

)),
so

th
at

argm
in

w
∈
B

2

{
t
∑k

=
1

f
k (w

)
+
ρ
t

2 ‖w‖
22 }

=
argm

ax
w
∈
B

2

{〈w
,r̄
t 〉−

h
S
(w

)−
ρ
t

2t ‖w‖
22 }

.

T
o

com
p
u
te

th
e

righ
t-h

an
d

sid
e,

w
e

fi
rst

m
ax

im
ize

over{w
:‖
w‖

2
=
β},

an
d

th
en

op
tim

ize
over

β
∈

[0,1].
D

en
ote

z
=
r̄
t ,

an
d
η

=
ρ
t /t.

S
im

ilarly
to

L
em

m
a

11,

argm
ax

‖
w
‖
2
=
β

{〈w
,z〉−

h
S
(w

)−
η2 ‖w‖

22 }
=

argm
ax

‖
w
‖
2
=
β {〈w

,z〉−
h
S
(w

)}
=

{
β
u
S
(z)

:
z
6∈
S

0
:
z
∈
S

.

N
ow

,
for

z
6∈
S

,

m
ax

‖
w
‖
2
=
β {〈w

,z〉−
h
S
(w

)−
η2 ‖w‖

22 }
=
β

d
(z,S

)−
η2
β

2
.

M
ax

im
izin

g
th

e
latter

over
0
≤
β
≤

1
gives

β
∗

=
m

in{1,
d

(z
,S

)
η
}.

S
u
b
stitu

tin
g

b
ack

z

an
d
η

gives
(21).

T
h
is

im
m

ed
iately

lead
s

to
th

e
req

u
ired

con
clu

sion
.

P
ro

p
o
sitio

n
1
4

A
lgorithm

1
w

ith
qu

adratically
regu

larized
F

T
L

is
equ

ivalen
t

to
B

lack-
w

ell’s
algorithm

.

P
ro

o
f

O
b
serve

th
at

th
e

vector
w
t+

1
in

E
q
u
ation

(21)
is

eq
u
al

to
u
S
(r̄
t )

from
B

lack
-

w
ell’s

algorith
m

in
T

h
eorem

2,
u
p

to
a

p
ositive

scalin
g

b
y
β
t .

T
h
is

scalin
g

d
o
es

n
ot

aff
ect

th
e

ch
oice

of
x
t+

1
accord

in
g

to
(10),

as
th

e
su

p
p

ort
fu

n
ction

h
S
(w

)
is

p
ositive

h
om

ogen
eou

s.

C
om

p
ared

to
n
on

-regu
larzied

F
T

L
(or

B
lack

w
ell’s

algorith
m

),
w

e
see

th
e

d
irection

vectors
in

E
q
u
ation

(21)
are

scaled
b
y

a
p

ositive
con

stan
t.

E
ssen

tially,
th

e
eff

ect
of

th
is

scalin
g

is
to

red
u
ce

th
e

m
agn

itu
d
e

of
w
t+

1
w

h
en

r̄
t

is
close

to
S

.
W

h
ile

su
ch

scalin
g

d
o
es

n
ot

aff
ect

th
e

ch
oice

of
action

x
t ,

it
d
o
es

lead
to

su
b
lin

ear-regret
for

th
e

O
L

O
algorith

m
,

an
d

con
seq

u
en

tly
con

vergen
ce

of
th

e
ap

p
roach

ab
ility

algorith
m

.
T

h
is

is
su

m
m

arized
as

follow
s.
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O
C

O
-B

a
se

d
A

p
p
r
o
a
c
h
a
b
il

it
y

P
ro

p
o
si

ti
o
n

1
5

L
et
S

be
a

co
n

ve
x

an
d

co
m

pa
ct

se
t.

C
on

si
de

r
th

e
R

F
T

L
al

go
ri

th
m

sp
ec

ifi
ed

in
eq

u
at

io
n

(2
1)

,
w

it
h
ρ
t

=
ρ
√
t,
ρ
>

0.
T

he
re

gr
et

of
th

is
al

go
ri

th
m

is
bo

u
n

de
d

by R
eg

re
t T

(R
F

T
L

)
≤
(

2L
2 f

ρ
+
ρ 2

)
√
T

+
L
f 2

ln
(T

)
+

4L
f
4 =

a
0
(T

)
,

w
he

re
L
f

=
‖R
−
S
‖ 2

.
C

on
se

qu
en

tl
y,

if
th

is
R

F
T

L
al

go
ri

th
m

is
u

se
d

in
st

ep
1

of
A

lg
or

it
hm

1
to

co
m

pu
te
w
t,

w
e

ob
ta

in

E
(d

(r̄
T
,S

))
≤
a

0
(T

)

T
=
O

(T
−

1 2
)
,

T
≥

1
.

(2
2)

P
ro

o
f

T
h
e

re
gr

et
b

ou
n
d

fo
ll
ow

s
fr

om
th

e
on

e
in

P
ro

p
os

it
io

n
4,

ev
al

u
at

ed
fo

r
f t

(w
)

=
−
〈r
t,
w
〉+

h
S
(w

),
W

=
B

2
,
R

(w
)

=
1 2
‖w
‖2 2

,
an

d
ρ
t

=
ρ
√
t.

R
ec

al
li
n
g

th
at
∂
f t

(w
)

=

−
r t

+
ar

gm
ax

s∈
S
〈w
,s
〉,

th
e

L
ip

sc
h
it

z
co

n
st

an
t

of
f t

is
u
p
p

er
b

ou
n
d
ed

b
y
‖R
−
S
‖ 2
4 =

L
f
.

F
u
rt

h
er

m
or

e,
R

m
a
x

=
1 2

an
d
L
R

=
1.

T
h
er

ef
or

e,

R
eg

re
t T

(R
F

T
L

)
≤

2L
f

T ∑ t=
1

L
f

+
ρ
(√
t
−
√
t
−

1)

ρ
(√
t

+
√
t
−

1)
+
ρ 2

√
T
.

(2
3)

T
o

u
p
p

er
b

ou
n
d

th
e

su
m

,
w

e
n
ot

e
th

at

T ∑ t=
1

1

(√
t

+
√
t
−

1)
=

T ∑ t=
1

(√
t
−
√
t
−

1)
=
√
T
,

an
d

T ∑ t=
1

(
√
t
−
√
t
−

1
√
t

+
√
t
−

1

)
=

T ∑ t=
1

1

(√
t

+
√
t
−

1)
2
≤

2
+

T ∑ t=
3

1

(2
√
t
−

1)
2

≤
2

+
1 4

∫
T

t=
1

1 t
d
t

=
2

+
1 4

ln
(T

)
.

S
u
b
st

it
u
ti

n
g

in
(2

3)
gi

ve
s

th
e

st
at

ed
re

gr
et

b
ou

n
d
.

T
h
e

se
co

n
d

p
ar

t
n
ow

fo
ll
ow

s
d
i-

re
ct

ly
fr

om
T

h
eo

re
m

7.

W
it

h
ρ

=
2L

f
,

w
e

ob
ta

in
in

(2
2)

th
e

co
n
ve

rg
en

ce
ra

te

E
(d

(r̄
T
,S

))
≤

2‖
R
−
S
‖ 2

√
T

+
o(

1 √
T

)
.

W
e

em
p
h
as

iz
e

th
at

th
e

al
go

ri
th

m
d
is

cu
ss

ed
in

th
is

se
ct

io
n

is
eq

u
iv

al
en

t
to

B
la

ck
-

w
el

l’
s

al
go

ri
th

m
,

h
en

ce
it

s
co

n
ve

rg
en

ce
is

k
n
ow

n
.

T
h
e

p
ro

of
of

co
n
ve

rg
en

ce
h
er

e
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S
h
im

k
in

is
ce

rt
ai

n
ly

n
ot

th
e

si
m

p
le

st
,

n
or

d
o
es

it
le

ad
to

th
e

b
es

t
co

n
st

an
ts

in
th

e
co

n
ve

r-
ge

n
ce

ra
te

.
In

d
ee

d
,

B
la

ck
w

el
l’
s

p
ro

of
(w

h
ic

h
re

cu
rs

iv
el

y
b

ou
n
d
s

th
e

sq
u
ar

e
d
is

ta
n
ce

d
(r̄
T
,S

)2
)

le
ad

s
to

th
e

b
ou

n
d
√
E

(d
(r̄
T
,S

)2
)
≤
‖R
−
S
‖ 2

√
T

.
R

at
h
er

,
ou

r
m

ai
n

p
u
rp

os
e

w
as

to
p
ro

v
id

e
an

al
te

rn
at

iv
e

v
ie

w
an

d
an

al
y
si

s
of

B
la

ck
w

el
l’
s

al
go

ri
th

m
,

w
h
ic

h
re

ly
on

a
st

an
d
ar

d
O

C
O

al
go

ri
th

m
.

T
h
at

sa
id

,
th

e
lo

ga
ri

th
m

ic
co

n
ve

rg
en

ce
ra

te
of

th
e

ex
p

ec
te

d
d
is

ta
n
ce

th
at

w
as

ob
ta

in
ed

u
n
d
er

th
e

sm
o
ot

h
n
es

s
A

ss
u
m

p
ti

on
1

ap
p

ea
rs

to
b

e
n
ew

.

5
.

E
x
te

n
si

o
n
s

w
it

h
G

e
n
e
ra

l
N

o
rm

s

A
s

w
as

m
en

ti
on

ed
in

S
u
b
se

ct
io

n
2.

1,
a

cl
as

s
of

ap
p
ro

ac
h
ab

il
it

y
al

go
ri

th
m

s
th

at
ge

n
-

er
al

iz
es

B
la

ck
w

el
l’
s

st
ra

te
gy

w
as

in
tr

o
d
u
ce

d
b
y

H
ar

t
an

d
M

as
-C

ol
el

l
(2

00
1)

.
T

h
e

d
ir

ec
ti

on
ve

ct
or

s
(u

t)
in

B
la

ck
w

el
l’
s

al
go

ri
th

m
,

th
at

ar
e

d
efi

n
ed

th
ro

u
gh

E
u
cl

id
ea

n
p
ro

je
ct

io
n
,

ar
e

re
p
la

ce
d

in
th

at
p
ap

er
b
y

th
e

gr
ad

ie
n
t

of
a

sm
o
ot

h
po

te
n

ti
al

fu
n

c-
ti

on
;

B
la

ck
w

el
l’
s

al
go

ri
th

m
is

re
co

ve
re

d
w

h
en

th
e

p
ot

en
ti

al
is

ta
ke

n
as

th
e

E
u
cl

id
ea

n
d
is

ta
n
ce

to
th

e
ta

rg
et

se
t.

O
th

er
in

st
an

ce
s

of
in

te
re

st
ar

e
ob

ta
in

ed
b
y

d
efi

n
in

g
th

e
p

ot
en

ti
al

th
ro

u
gh

th
e
p-

n
or

m
d
is

ta
n
ce

;
th

is
,

in
tu

rn
,

w
as

u
se

d
as

a
b
as

is
fo

r
a

ge
n
er

al
cl

as
s

of
n
o-

re
gr

et
al

go
ri

th
m

s
in

re
p

ea
te

d
ga

m
es

.

In
th

is
se

ct
io

n
w

e
p
ro

v
id

e
an

ex
te

n
si

on
of

th
e

O
C

O
-b

as
ed

ap
p
ro

ac
h
ab

il
it

y
al

go
-

ri
th

m
fr

om
S
ec

ti
on

3,
w

h
ic

h
re

li
es

on
a

ge
n
er

al
n
or

m
ra

th
er

th
an

th
e

E
u
cl

id
ea

n
on

e
to

ob
ta

in
th

e
d
ir

ec
ti

on
ve

ct
or

s
(w

t)
.

T
h
e

p
ro

p
os

ed
al

go
ri

th
m

s
co

in
ci

d
e

w
it

h
th

os
e

of
H

ar
t

an
d

M
as

-C
ol

el
l

(2
00

1)
w

h
en

th
e

R
F

T
L

al
go

ri
th

m
is

u
se

d
fo

r
th

e
O

C
O

p
ar

t.

L
et
‖·
‖

d
en

ot
e

so
m

e
n
or

m
on

R
d
.

T
h
e

d
u
al

n
or

m
,

d
en

ot
ed
‖·
‖ ∗

,
is

d
efi

n
ed

as

‖x
‖ ∗

=
m

ax
w
∈R

d
:‖
w
‖≤

1
〈w
,x
〉.

F
or

ex
am

p
le

,
if

th
e

p
ri

m
al

n
or

m
is

th
e
p-

n
or

m
‖x
‖ p

=
(∑

d i=
1
x
p i
)1 p

w
it

h
p
∈

(0
,1

),
th

e
d
u
al

n
or

m
is

th
e
q-

n
or

m
,

w
it

h
q
∈

(0
,1

)
th

at
sa

ti
sfi

es
1 p

+
1 q

=
1.

T
h
e

fo
ll
ow

in
g

re
la

ti
on

s
b

et
w

ee
n

th
e

su
p
p

or
t

fu
n
ct

io
n
h
S

an
d

th
e

p
oi

n
t-

to
-s

et
d
is

-
ta

n
ce

d
∗

w
il
l

b
e

re
q
u
ir

ed
.

T
h
e

fi
rs

t
is

n
ee

d
ed

to
sh

ow
co

n
ve

rg
en

ce
of

th
e

al
go

ri
th

m
,

an
d

th
e

se
co

n
d

fo
r

th
e

in
te

rp
re

ta
ti

on
of

th
e

F
T

L
-b

as
ed

va
ri

an
t.

L
e
m

m
a

1
6

L
et
S

be
a

cl
os

ed
co

n
ve

x
se

t
w

it
h

su
pp

or
t

fu
n

ct
io

n
h
S

,
an

d
le

t
d
∗(
z,
S

)
=

m
in
s∈
S
‖z
−
s‖
∗

de
n

ot
e

th
e

po
in

t-
to

-s
et

di
st

an
ce

w
it

h
re

sp
ec

t
to

th
e

du
al

n
or

m
.

T
he

n
,

fo
r

an
y
z
∈
R
d
,

d
∗(
z,
S

)
=

m
ax

‖w
‖≤

1
{〈
w
,z
〉−

h
S
(w

)}
,

(2
4)

an
d

∂
d
∗(
z,
S

)
=

ar
gm

ax
‖w
‖≤

1

{〈
w
,z
〉−

h
S
(w

)}
,

(2
5)

w
he

re
∂
d
∗(
z,
S

)
is

th
e

su
bg

ra
di

en
t

of
d
∗(
·,S

)
at
z.

1
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O
C

O
-B

a
se

d
A

p
p
r
o
a
c
h
a
b
il

it
y

P
ro

o
f

W
e

fi
rst

n
ote

th
at

th
e

m
ax

im
u
m

in
(24)

is
attain

ed
sin

ce
h
S

is
a

low
er

sem
i-

con
tin

u
ou

s
fu

n
ction

,
an

d
{‖w‖

≤
1}

is
a

com
p
act

set.
T

o
estab

lish
(24)

w
e

in
voke

th
e

m
in

im
ax

th
eorem

.
B

y
d
efi

n
ition

of
h
S
,

m
ax

‖
w
‖≤

1 (〈w
,z〉−

h
S
(w

))
=

m
ax

‖
w
‖≤

1
in

f
s∈
S 〈w

,z−
s〉
.

O
b
serve

th
at{‖w‖

≤
1}

is
a

con
vex

an
d

com
p
act

set,
S

is
con

vex
b
y

d
efi

n
ition

,
an

d
〈w
,z−

s〉
is

lin
ear

b
oth

in
u

an
d

in
s.

W
e

m
ay

th
u
s

ap
p
ly

S
ion

’s
m

in
im

ax
th

eorem
to

ob
tain

th
at

th
e

last
ex

p
ression

eq
u
als

in
f

s∈
S

su
p

‖
w
‖≤

1 〈w
,z−

s〉
=

in
f

s∈
S ‖
z−

s‖∗
=

d
∗ (z,S

)
,

w
h
ere

th
e

d
efi

n
ition

of
th

e
d
u
al

n
orm

w
as

u
sed

in
th

e
last

step
,

an
d

(24)
is

ob
tain

ed
.

P
ro

ceed
in

g
to

(25),
w

e
ob

serve
(24)

im
p
lies

th
at

d
∗ (·,S

)
is

th
e

L
egen

d
re-F

en
ch

el
tran

sform
of

an
ap

p
rop

riately
m

o
d
ifi

ed
fu

n
ction

h̄
S
,
n
am

ely
d
∗ (z,S

)
=

m
ax

w
∈
R
d {〈w

,z〉−
h̄
S
(w

)}
w

h
ere

h̄
S
(w

)
=
h
S
(w

)
if‖w‖

≤
1

an
d
h̄
S
(w

)
=
∞

for‖
w‖

>
1.

E
v
id

en
tly

h̄
S

is
a

con
vex

an
d

low
er

sem
i-con

tin
u
ou

s
fu

n
ction

,
w

h
ich

follow
s

sin
ce

b
oth

S
an

d
{‖w‖

≤
1}

are
closed

an
d

con
vex

sets.
T

h
e

eq
u
ality

in
(25)

n
ow

follow
s

d
irectly

b
y

P
rop

osition
11.3

in
R

o
ckafellar

an
d

W
ets

(1997).

T
he

algorithm
:

W
e

can
n
ow

rep
eat

th
e

b
lu

ep
rin

ts
of

S
u
b
section

3.2
to

ob
tain

an
ap

p
roach

ab
ility

algorith
m

for
a

con
vex

target
set

S
,

w
h
ich

h
ere

relies
on

an
y

n
orm

‖·‖.
F

irst,
w

e
ap

p
ly

an
O

C
O

algorith
m

to
th

e
fu

n
ction

s
f
t (w

)
=
−
〈w
,r
t 〉

+
h
S
(w

)
over

th
e

con
vex

com
p
act

set{w
∈
R
d

:‖
w‖
≤

1}
to

ob
tain

,
an

alogou
sly

to
eq

u
ation

(11),
a

seq
u
en

ce
of

vectors
(w

t )
su

ch
th

at

T
∑t=

1

(〈w
t ,r

t 〉−
h
S
(w

t ))≥
T

m
ax

‖
w
‖≤

1 {〈w
,r̄
T 〉−

h
S
(w

)}−
a
(T

)
.

(26)

N
ex

t,
each

w
t

is
u
sed

as
th

e
d
irection

vector
for

stage
t,

an
d

th
e

m
ix

ed
action

x
t

is
ch

osen
so

th
at〈w

t ,r
t 〉−

h
S
(w

t )≤
0

h
old

s
for

an
y

action
of

N
atu

re.
O

b
serv

in
g

(24),
w

e
ob

tain
th

at

d
∗ (r̄

T
,S

)≤
a
(T

)

T
→

0
.

F
ollow

the
L

eader:
C

on
sid

er
th

e
sp

ecifi
c

case
th

at
w

h
ere

F
T

L
is

u
sed

for
th

e
O

C
O

algorith
m

.
T

h
at

is,

w
t+

1 ∈
argm

in
‖
w
‖≤

1

t
∑k

=
1

f
k (w

)≡
argm

ax
‖
w
‖≤

1

{〈w
,r̄
t 〉−

h
S
(w

)}
.

(27)

B
y

(25),
th

is
is

eq
u
ivalen

t
to
w
t+

1 ∈
∂

d
∗ (r̄

t ,S
).

In
p
articu

lar,
if

d
∗ (z,S

)
is

d
iff

eren
-

tiab
le

at
z

=
r̄
t

th
en

w
t+

1
=
∇

d
∗ (r̄

t ,S
).

W
e

th
erefore

recover
th

e
ap

p
roach

ab
ility

algorith
m

of
H

art
an

d
M

as-C
olell

(2001)
for

th
e

p
oten

tial
fu

n
ction

P
(z)

=
d
∗ (z,S

).
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S
h
im

k
in

C
on

vergen
ce

of
th

e
ap

p
roach

ab
ility

algorith
m

of
H

art
an

d
M

as-C
olell

(2001)
re-

q
u
ires

th
e

p
oten

tial
fu

n
ction

P
(z)

to
b

e
con

tin
u
ou

sly
d
iff

eren
tiab

le.
A

s
ob

served
th

ere,
for

P
(z)

=
d
∗ (z,S

)
th

is
h
old

s
if

eith
er

th
e

n
orm

‖
·‖∗

is
sm

o
oth

(e.g.,
th

e
q-n

orm
for

1
<
q
<
∞

),
or

th
e

b
ou

n
d
ary

of
S

is
sm

o
oth

.
In

ou
r

fram
ew

ork
,

con
vergen

ce
an

aly
sis

of
th

e
F

T
L

-b
ased

O
C

O
algorith

m
can

b
e

carried
ou

t
sim

ilarly
to

th
at

of
S
ection

4.
In

p
articu

lar,
sim

ilarly
to

th
e

p
ro

ced
u
re

of
S
u
b
section

4.2,
if

th
e

n
orm

‖·‖
is

sm
o
oth

w
e

can
gu

aran
tee

con
vergen

ce
of

th
e

O
C

O
algorith

m
w

ith
ou

t
aff

ectin
g

th
e

in
d
u
ced

ap
p
roach

ab
ility

algorith
m

b
y

ad
d
in

g
an

ap
p
rop

riate
regu

larization
term

in
(27),

n
am

ely
settin

g

w
t+

1 ∈
argm

in
‖
w
‖≤

1

{
t
∑k

=
1

f
k (w

)−
ρ
t

2 ‖w‖
2 }

.

B
y

an
alogy

to
L

em
m

a
13,

th
e

ad
d
ed

regu
larization

d
o
es

n
ot

m
o
d
ify

th
e

d
irection

of
w
t

b
u
t

on
ly

its
m

agn
itu

d
e,

h
en

ce
th

e
ch

oice
of

action
s
x
t

is
th

e
in

d
u
ced

ap
p
roach

ab
ility

algorith
m

rem
ain

s
th

e
sam

e.
C

on
vergen

ce
rates

can
b

e
ob

tain
ed

alon
g

th
e

lin
es

of
S
ection

4,
an

d
w

ill
n
ot

b
e

con
sid

ered
in

d
etail

h
ere.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h
e

au
th

or
w

ish
es

to
th

an
k

E
lad

H
azan

for
h
elp

fu
l

com
m

en
ts

on
a

p
relim

in
ary

ver-
sion

of
th

is
w

ork
,

an
d

to
th

e
an

on
y
m

ou
s

referees
for

m
an

y
u
sefu

l
com

m
en

ts
th

at
h
elp

ed
im

p
rove

th
e

p
resen

tation
.

T
h
is

research
w

as
su

p
p

orted
b
y

th
e

Israel
S
cien

ce
F

ou
n
d
ation

gran
t

N
o.

1319/11.

A
p
p

e
n
d
ix

A
.

P
ro

o
f

o
f

P
ro

p
o
sitio

n
4
:

W
e

follow
th

e
ou

tlin
e

of
th

e
p
ro

of
of

L
em

m
a

2.10
in

S
h
alev

-S
h
w

artz
(2011),

m
o
d
ifi

ed
to

accom
m

o
d
ate

a
n
on

-con
stan

t
regu

larization
seq

u
en

ce
ρ
t .

T
h
e

startin
g

p
oin

t
is

th
e

in
eq

u
ality,

p
roved

b
y

in
d
u
ction

,

T
∑t=

1 (f
t (w

t )−
f
t (u

))≤
T
∑t=

1 (f
t (w

t )−
f
t (w

t+
1 ))

+
ρ
t R
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w
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at
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p
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p
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d
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e
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b
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p
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p
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p
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e
d
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c
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er
fo

r
m

a
n
y

a
p

p
lica

tio
n

s
in

clu
d

in
g

g
en

e
ex

p
ressio

n
d

a
ta

,
p

rio
r

k
n

ow
led

ge
o
f

an
y

can
on

ical
o
rd

erin
g

is
n

o
t

ava
ilab

le
an

d
sea

rch
in

g
fo

r
all

p
erm

u
tatio

n
o
f

p
ossib

le
ord

erin
g

w
ou

ld
n

o
t

b
e

fea
sib

le.
In

th
ese

situ
a
tio

n
s,

a
n
`
1

p
en

a
lized

estim
a
to

r
b

ecom
es

m
o
re

ap
p

ro
p
ria

te
w

h
ich

y
ield

s
a

p
erm

u
ta

tio
n

-in
va

ria
n
t

estim
a
te.

T
o

o
b

tain
a

su
ita

b
le

estim
a
te

w
h

ich
is

b
o
th

w
ell-co

n
d

itio
n

ed
an

d
sp

a
rse,

w
e

in
tro

d
u

ce
tw

o
reg

u
la

riza
tio

n
term

s:
i)
`
1

p
en

a
lty

fo
r

ea
ch

o
f

th
e

off
-d

ia
g
on

a
l

elem
en

ts
o
f

m
a
trix

a
n

d
,

ii)
p

en
a
lty

p
ro

p
ortion

a
l

to
th

e
va

ria
n

ce
o
f

th
e

eigen
va

lu
es.

T
h

e
`
1

m
in

im
iza

tion
p

ro
b

lem
s

a
re

w
ell

stu
d

ied
in

th
e

cova
ria

n
ce

a
n

d
in

verse
cova

ria
n

ce
m

atrix
estim

a
tio

n
lit-

eratu
re

[F
ried

m
an

et
a
l.

(20
0
8),

B
an

erjee
et

a
l.

(2
0
08

),
R

av
ik

u
m

a
r

et
a
l.

(2
0
1
1),

B
ein

a
n

d
T

ib
sh

ira
n

i
(20

11
),

M
au

rya
(2

01
4
)

etc.].
R

o
th

m
a
n

(2
0
1
2
)

p
ro

p
o
ses

a
n
`
1

p
en

a
lized

lo
g-

likelih
o
o
d

estim
ato

r
a
n

d
sh

ow
s

th
a
t

estim
ato

r
is

co
n

sisten
t

in
F

ro
b

en
iu

s
n

o
rm

a
t

th
e

ra
te

of
O
P (√

{(p
+
s)
log

p}
/
n )

,
a
s

b
o
th
p

an
d
n

a
p

p
ro

a
ch

to
in

fi
n

ity.
H

ere
s

is
th

e
n
u

m
b

er
o
f
n

o
n
-

zero
off

-d
ia

go
n

a
l

elem
en

ts
in

th
e

tru
e

cova
ria

n
ce

m
atrix

.
In

a
n

o
th

er
in

terestin
g

p
a
p

er
B

ein
a
n

d
T

ib
sh

iran
i

(2
0
11

)
p

ro
p

ose
an

estim
ato

r
o
f

cova
ria

n
ce

m
atrix

as
p

en
a
lized

m
ax

im
u
m

likelih
o
o
d

estim
a
to

r
w

ith
a

w
eig

h
ted

la
sso

ty
p

e
p

en
alty.

In
th

ese
o
p

tim
iza

tio
n

p
ro

b
lem

s,
th

e
`
1

p
en

a
lty

resu
lts

in
sp

a
rse

an
d

a
p

erm
u

ta
tio

n
-in

varian
t

estim
ato

r
a
s

co
m

p
a
red

to
o
th

er
lq ,q6=

1
p

en
alties.

A
n

o
th

er
ad

van
ta

g
e

is
th

a
t

th
e
`
1

n
o
rm

is
a

co
n
vex

fu
n

ction
w

h
ich

m
akes

it
su

ita
b

le
fo

r
la

rg
e

sca
le

op
tim

izatio
n

p
ro

b
lem

s.
A

n
u

m
b

er
o
f

fa
st

a
lg

o
rith

m
s

ex
ist

in
th

e
litera

tu
re

for
covarian

ce
a
n

d
in

v
erse

cova
ria

n
ce

m
atrix

estim
a
tio

n
[(F

ried
m

a
n

et
a
l.

(2
00

8
),

R
o
th

m
an

et
a
l.

(20
0
8)].

T
h

e
eig

en
va

lu
es

va
ria

n
ce

p
en

a
lty

overco
m

es
th

e
over-d

isp
ersio

n
in

th
e

sam
p

le
cova

ria
n

ce
m

atrix
so

th
a
t

th
e

estim
a
tor

rem
a
in

s
w

ell-co
n

d
ition

ed
.

L
ed

o
it

an
d

W
o
lf

(2
00

4
)

p
rop

o
sed

an
estim

a
to

r
o
f

covaria
n

ce
m

atrix
as

a
lin

ea
r

co
m

b
i-

n
a
tion

o
f

sam
p

le
covarian

ce
a
n

d
id

en
tity

m
a
trix

.
T

h
eir

estim
a
to

r
o
f

covaria
n

ce
m

a
trix

is
w

ell-co
n

d
itio

n
ed

b
u

t
it

is
n

o
t

sp
a
rse.

R
oth

m
a
n

et
al.

(2
00

8
)

p
ro

p
o
sed

estim
a
to

r
o
f
cova

ria
n

ce
m

a
trix

b
a
sed

o
n

q
u

a
d

ra
tic

lo
ss

fu
n

ctio
n

a
n

d
`
1

p
en

a
lty

w
ith

a
lo

g
-b

arrier
o
n

th
e

d
eterm

in
a
n
t

o
f

cova
ria

n
ce

m
a
trix

.
T

h
e

lo
g
-d

eterm
in

an
t

b
a
rrier

is
a

va
lid

tech
n

iq
u

e
to

a
ch

iev
e

p
o
sitive

d
efi

n
iten

ess
b

u
t

it
is

still
u

n
clear

w
h

eth
er

th
e

itera
tive

p
ro

ced
u

re
p

ro
p

o
sed

in
R

o
th

m
an

et
al.

(2
0
08

)
a
ctu

ally
fi

n
d

s
th

e
rig

h
t

so
lu

tio
n

to
th

e
corresp

o
n

d
in

g
o
p

tim
iza

tion
p

ro
b

lem
.

In
an

o
th

er
in

terestin
g

p
a
p

er,
X

u
e

et
al.

(2
0
12

)
p

ro
p

o
sed

a
n

estim
ato

r
o
f

cova
ria

n
ce

m
a
trix

a
s

a
m

in
im

izer
o
f

p
en

alized
q
u

ad
ratic

lo
ss

fu
n

ctio
n

over
set

o
f

p
o
sitive

d
efi

n
ite

m
a
trices.

In
th

eir
p

a
p

er,
th

e
a
u

th
o
rs

solve
a

p
o
sitive

d
efi

n
ite

co
n

stra
in

ed
o
p

tim
izatio

n
p

ro
b

lem
a
n

d
es-

ta
b

lish
th

e
con

sisten
cy

of
estim

a
to

r.
T

h
e

resu
ltin

g
estim

ato
r

is
sp

arse
a
n

d
p

o
sitive

d
efi

n
ite

b
u

t
w

h
eth

er
it

ov
erco

m
es

th
e

over-d
isp

ersio
n

o
f

th
e

eig
en

-sp
ectru

m
o
f

sa
m

p
le

cova
ria

n
ce

m
a
trix

,
is

h
ard

to
ju

stify.
M

a
u

rya
(2

01
4
)

p
rop

o
sed

a
jo

in
t

co
n
vex

p
en

a
lty

a
s

fu
n

ctio
n

o
f
`
1

a
n

d
tra

ce
n

orm
(d

efi
n

ed
a
s

su
m

o
f

sin
g
u

la
r

va
lu

es
o
f

a
m

atrix
)

fo
r

in
verse

cova
ria

n
ce

m
a
trix

estim
a
tio

n
b

a
sed

on
p

en
a
lized

likelih
o
o
d

a
p

p
ro

a
ch

.
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A
sh

w
in

i
M

a
u
r
y
a

In
th

is
p

a
p

er,
w

e
p

rop
ose

th
e

J
P

E
N

(J
oin

t
P

E
N

alty
)

estim
ators

for
covarian

ce
an

d
in

verse
covarian

ce
m

atrices
estim

ation
an

d
d
eriv

e
an

ex
p

licit
rate

of
con

vergen
ce

in
b

oth
th

e
op

era
tor

an
d

F
rob

en
iu

s
n

orm
.

T
h

e
J
P

E
N

estim
ators

ach
ieves

m
in

i-m
ax

rate
of

co
n
vergen

ce
u

n
d

er
o
p

erator
n

o
rm

for
th

e
u

n
d

erly
in

g
class

of
sp

arse
covarian

ce
an

d
in

verse
covarian

ce
m

atrices
a
n

d
h

en
ce

is
op

tim
al.

F
or

m
ore

d
etails

see
section

§3.
O

n
e

of
th

e
m

a
jo

r
ad

va
n
tag

e
of

th
e

p
rop

osed
estim

ators
is

th
at

th
e

p
rop

osed
algorith

m
is

very
fast,

effi
cien

t
an

d
easily

scalab
le

to
a

large
scale

d
ata

an
aly

sis
p

rob
lem

.

T
h

e
rest

of
th

e
p

ap
er

is
organ

ized
as

follow
in

g.
T

h
e

n
ex

t
section

h
igh

lig
h
ts

som
e

b
a
ck

-
grou

n
d

an
d

p
rob

lem
set-u

p
for

covarian
ce

an
d

in
verse

covarian
ce

m
atrix

estim
atio

n
.

In
section

3
,

w
e

d
escrib

e
th

e
p

rop
osed

estim
ators

an
d

estab
lish

th
eir

th
eoretical

con
sisten

cy.
In

sectio
n

4,
w

e
give

an
algorith

m
an

d
com

p
are

its
com

p
u

ta
tion

al
tim

e
w

ith
som

e
oth

er
ex

istin
g

a
lgo

rith
m

s.
S

ection
5

h
igh

ligh
ts

th
e

p
erform

an
ce

of
th

e
p

ro
p

osed
estim

ators
on

sim
-

u
lated

d
ata

w
h

ile
an

ap
p

lication
of

p
rop

osed
estim

ator
to

real
life

d
ata

is
given

in
section

6.

N
o
ta

tio
n

:
F

or
a

m
atrix

M
,

let‖
M
‖

1
d

en
ote

its
`
1

n
orm

d
efi

n
ed

as
th

e
su

m
of

ab
solu

te
valu

es
of

th
e

en
tries

of
M

,‖
M
‖
F

d
en

ote
its

F
rob

en
iu

s
n

orm
,

d
efi

n
ed

as
th

e
su

m
of

sq
u

are
of

elem
en

ts
of
M

,‖M
‖

d
en

ote
its

op
erator

n
orm

(also
called

sp
ectral

n
orm

),
d

efi
n

ed
as

th
e

la
rgest

ab
solu

te
eigen

valu
e

of
M

,
M
−

d
en

otes
m

atrix
M

w
h

ere
all

d
iagon

a
l
elem

en
ts

are
set

to
zero,

M
+

d
en

ote
m

atrix
M

w
h

ere
all

off
-d

iagon
al

elem
en

ts
are

set
to

zero,
σ
i (M

)
d

en
ote

th
e
i th

largest
eig

en
valu

e
of
M

,
tr(M

)
d

en
otes

its
trace,

d
et(M

)
d

en
ote

its
d

eterm
in

an
t,

σ
m
in

(M
)

an
d
σ
m
a
x (M

)
d

en
ote

th
e

m
in

im
u

m
an

d
m

a
x
im

u
m

eigen
valu

es
of
M

,|M
|

b
e

its
card

in
a
lity,

an
d

let
sign

(M
)

b
e

m
atrix

of
sign

s
of

elem
en

ts
of
M

.
F

or
an

y
rea

l
x

,
let

sig
n

(x
)

d
en

o
tes

sign
o
f
x

,
an

d
let|x|

d
en

otes
its

ab
solu

te
valu

e.

2
.

B
a
ck

g
ro

u
n
d

a
n
d

P
ro

b
le

m
S
e
t-u

p

L
et
X

=
(X

1 ,X
2 ,···

,X
p )

b
e

a
zero-m

ean
p

-d
im

en
sion

al
ran

d
o
m

vector.
T

h
e

fo
cu

s
of

th
is

p
ap

er
is

th
e

estim
ation

of
th

e
covaria

n
ce

m
atrix

Σ
:=

E
(X
X
T

)
an

d
its

in
verse

Σ
−

1
from

a
sa

m
p

le
of

in
d

ep
en

d
en

tly
an

d
id

en
tically

d
istrib

u
ted

d
ata
{X

(k
)}
nk
=

1 .
In

th
is

section
w

e
p

rov
id

e
som

e
b

a
ck

grou
n

d
an

d
p
rob

lem
setu

p
m

ore
p

recisely.

T
h

e
ch

oice
of

loss
fu

n
ction

is
v
ery

cru
cial

in
an

y
op

tim
ization

p
ro

b
lem

.
A

n
op

tim
al

esti-
m

ator
fo

r
a

p
articu

lar
loss

fu
n

ction
m

ay
n

ot
b

e
op

tim
al

for
an

oth
er

ch
oice

o
f

loss
fu

n
ction

.
R

ecen
t

litera
tu

re
in

covarian
ce

m
atrix

an
d

in
verse

covarian
ce

m
atrix

estim
ation

m
ostly

fo-
cu

ses
o
n

estim
atio

n
b

ased
on

likelih
o
o
d

fu
n

ction
or

q
u

ad
ratic

loss
fu

n
ction

[F
ried

m
an

et
al.

(20
08

),
B

an
erjee

et
al.

(2008),
B

ick
el

an
d

L
ev

in
a

(2008b
),

R
av

ik
u

m
ar

et
al.

(2011
),

R
oth

-
m

an
et

a
l.

(2
008),

M
au

rya
(2014)].

T
h

e
m

ax
im

u
m

lik
elih

o
o
d

estim
ation

req
u

ires
a

tra
ctab

le
p

rob
ab

ility
d

istrib
u

tion
of

ob
servation

s
w

h
ereas

q
u

ad
ratic

loss
fu

n
ction

d
o
es

n
ot

h
ave

an
y

su
ch

req
u

irem
en

t
an

d
th

erefore
fu

lly
n

on
-p

aram
etric.

T
h

e
q
u

ad
ratic

loss
fu

n
ctio

n
is

co
n
vex

an
d

d
u

e
to

th
is

an
aly

tical
tractab

ility,
it

is
a

w
id

ely
ap

p
licab

le
ch

oice
fo

r
m

an
y

d
ata

an
aly

sis
p

rob
lem

s.
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J
P

E
N

E
st

im
a
t
io

n
o
f

C
o
v
a
r
ia

n
c
e

a
n
d

In
v
e
r
se

C
o
v
a
r
ia

n
c
e

M
a
t
r
ic

e
s

2
.1

P
ro

p
o
se

d
E

st
im

a
to

rs

L
et
S

b
e

th
e

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
.

C
on

si
d

er
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p
ro

b
le

m
.

Σ̂
λ
,γ

=
ar

g
m

in
Σ

=
Σ
T
,t
r
(Σ

)=
tr

(S
)

[ ||
Σ
−
S
||2 2

+
λ
‖Σ
−
‖ 1

+
γ

p ∑ i=
1

{ σ
i(

Σ
)
−
σ̄

Σ

} 2
] ,

(2
.1

)

w
h

er
e
σ̄

Σ
is

th
e

m
ea

n
of

ei
ge

n
va

lu
es

of
Σ

,
λ

an
d
γ

ar
e

so
m

e
p

os
it

iv
e

co
n

st
a
n
ts

.
N

o
te

th
a
t

b
y

p
en

al
ty

fu
n

ct
io

n
‖Σ
−
‖ 1

,
w

e
on

ly
p

en
al

iz
e

off
-d

ia
go

n
al

el
em

en
ts

of
Σ

.
T

h
e

ei
g
en

va
lu

es
va

ri
an

ce
p

en
al

ty
te

rm
fo

r
ei

ge
n

-s
p

ec
tr

u
m

sh
ri

n
ka

ge
is

ch
os

en
fr

om
th

e
fo

ll
ow

in
g

p
o
in

ts
of

in
te

re
st

:
i)

It
is

ea
sy

to
in

te
rp

re
t

an
d

ii
)

th
is

ch
oi

ce
of

p
en

al
ty

fu
n

ct
io

n
y
ie

ld
s

a
ve

ry
fa

st
op

ti
m

iz
at

io
n

al
go

ri
th

m
.

B
y

co
n

st
ra

in
t
tr

(Σ
)

=
tr

(S
),

th
e

to
ta

l
va

ri
at

io
n

in
Σ̂
λ
,γ

is
sa

m
e

as

th
at

in
sa

m
p
le

co
va

ri
an

ce
m

at
ri

x
S

,
h

ow
ev

er
th

e
ei

ge
n
va

lu
es

of
Σ̂
λ
,γ

ar
e

w
el

l-
co

n
d

it
io

n
ed

th
an

th
os

e
of
S

.
F

ro
m

h
er

e
on

w
ar

d
s

w
e

su
p

p
re

ss
th

e
d

ep
en

d
en

ce
of
λ
,γ

o
n

Σ̂
a
n

d
d

en
ot

e
Σ̂
λ
,γ

b
y

Σ̂
.

F
or
γ

=
0,

th
e

so
lu

ti
on

to
(2

.1
)

is
th

e
st

an
d

ar
d

so
ft

-t
h
re

sh
ol

d
in

g
es

ti
m

a
to

r
fo

r
q
u

a
d

ra
ti

c
lo

ss
fu

n
ct

io
n

an
d

it
s

so
lu

ti
on

is
gi

ve
n

b
y

(s
ee
§4

fo
r

d
er

iv
at

io
n

of
th

is
es

ti
m

at
o
r)

:

Σ̂
ii

=
s i
i

Σ̂
ij

=
si

gn
(s
ij

)
m

ax
( |
s i
j
|−

λ 2
,0
) ,

i
6=
j.

(2
.2

)

It
is

cl
ea

r
fr

om
th

is
ex

p
re

ss
io

n
th

at
a

su
ffi

ci
en

tl
y

la
rg

e
va

lu
e

of
λ

w
il

l
re

su
lt

in
sp

a
rs

e
co

-
va

ri
an

ce
m

at
ri

x
es

ti
m

at
e.

B
u

t
es

ti
m

at
or

Σ̂
of

(2
.2

)
is

n
ot

n
ec

es
sa

ri
ly

p
os

it
iv

e
d

efi
n

it
e

[f
or

m
or

e
d

et
ai

ls
h

er
e

se
e

X
u

e
et

al
.

(2
01

2)
].

M
or

eo
ve

r
it

is
h

ar
d

to
sa

y
w

h
et

h
er

it
ov

er
co

m
es

th
e

ov
er

-d
is

p
er

si
on

in
th

e
sa

m
p

le
ei

ge
n
va

lu
es

.
T

h
e

fo
ll

ow
in

g
ei

ge
n
va

lu
e

p
lo

t
(F

ig
u

re
(2

.1
))

il
lu

st
ra

te
s

th
is

p
h
en

om
en

on
fo

r
a

n
ei

gh
b

ou
rh

o
o
d

ty
p

e
(s

ee
§5

fo
r

d
et

ai
ls

o
n

d
es

cr
ip

ti
o
n

o
f

n
ei

gh
b

or
h

o
o
d

ty
p

e
of

co
va

ri
an

ce
m

at
ri

x
)

co
va

ri
an

ce
m

at
ri

x
.

H
er

e
w

e
si

m
u

la
te

d
ra

n
d

om
ve

ct
or

s
fr

om
m

u
lt

iv
ar

ia
te

n
or

m
al

d
is

tr
ib

u
ti

on
w

it
h

sa
m

p
le

si
ze
n

=
50

a
n

d
n
u

m
b

er
of

co
-

va
ri

at
es

p
=

20
.

A
s

is
ev

id
en

t
fr

o
m

F
ig

u
re

2.
1,

ei
ge

n
va

lu
es

of
sa

m
p

le
co

va
ri

a
n

ce
m

at
ri

x
ar

e
ov

er
-d

is
p

er
se

d
as

m
os

t
of

th
em

ar
e

ei
th

er
to

o
la

rg
e

or
cl

os
e

to
ze

ro
.

E
ig

en
va

lu
es

o
f

th
e

p
ro

p
os

ed
J
oi

n
t

P
en

al
ty

(J
P

E
N

)
es

ti
m

at
or

an
d

P
D

S
C

E
(P

os
it

iv
e

D
efi

n
it

e
S

p
a
rs

e
C

ov
a
ri

an
ce

m
at

ri
x

E
st

im
at

or
(R

ot
h

m
an

(2
01

2)
)

of
th

e
co

va
ri

an
ce

m
at

ri
x

ar
e

w
el

l
al

ig
n

ed
w

it
h

th
o
se

of
tr

u
e

co
va

ri
an

ce
m

at
ri

x
.

S
ee
§5

fo
r

d
et

ai
le

d
d

is
cu

ss
io

n
.

A
n

ot
h

er
d

ra
w

b
ac

k
o
f

th
e

es
ti

m
at

or
(2

.2
)

is
th

at
th

e
es

ti
m

at
e

ca
n

b
e

n
eg

at
iv

e
d

efi
n

it
e.

A
s

ar
gu

ed
ea

rl
ie

r,
to

ov
er

co
m

e
th

e
ov

er
-d

is
p

er
si

on
in

ei
ge

n
-s

p
ec

tr
u

m
of

sa
m

p
le

co
va

ri
-

an
ce

m
at

ri
x
,

w
e

in
cl

u
d

e
ei

ge
n
va

lu
es

va
ri

an
ce

p
en

al
ty

.
T

o
il

lu
st

ra
te

it
s

ad
va

n
ta

g
e,

co
n

si
d

er
λ

=
0.

A
ft

er
so

m
e

al
ge

b
ra

,
le

t
Σ̂

b
e

th
e

m
in

im
iz

er
of

(2
.1

),
th

en
it

is
gi

ve
n

b
y
:

Σ̂
=

(S
+
γ
t
I
)/

(1
+
γ

),
(2

.3
)

w
h

er
e
I

is
th

e
id

en
ti

ty
m

at
ri

x
,

an
d
t

=
∑

p i=
1
S
ii
/p

.
A

ft
er

so
m

e
al

ge
b

ra
,

co
n

cl
u

d
e

th
a
t

fo
r

an
y
γ
>

0:

σ
m
in

(Σ̂
)

=
σ
m
in

(S
+
γ
t
I
)/

(1
+
γ

)

≥
γ
t

1
+
γ
>

0

3
49

JM
L

R
 1

7(
13

0)
:1

-2
8

A
sh

w
in

i
M

a
u
r
y
a

F
ig

u
re

2
.1

:
C

o
m

pa
ri

so
n

o
f

E
ig

en
va

lu
es

o
f

C
o
va

ri
a
n

ce
M

a
tr

ic
es

5
10

15
20

12345

P
lo

t o
f E

ig
en

va
lu

es

E
ig

en
va

lu
e 

In
de

x

Eigenvalues

*
*

*
*

*
*

*
*

*
*

*
*

*
*

*
*

*
*

*
*

Tr
ue

S
am

pl
e

JP
E

N
P

D
S

C
E

T
h

is
m

ea
n

s
th

at
th

e
ei

ge
n
va

lu
es

va
ri

a
n

ce
p

en
a
lt

y
im

p
ro

ve
s
S

to
a

p
o
si

ti
ve

d
efi

n
it

e
es

ti
m

a
to

r
Σ̂

.
H

ow
ev

er
th

e
es

ti
m

a
to

r
(2

.3
)

is
w

el
l-

co
n

d
it

io
n

ed
b

u
t

n
ee

d
n
ot

b
e

sp
a
rs

e.
S

p
ar

si
ty

ca
n

b
e

ac
h

ie
ve

d
b
y

im
p

os
in

g
` 1

p
en

al
ty

on
th

e
en

tr
ie

s
o
f

co
va

ri
a
n

ce
m

a
tr

ix
.

S
im

u
la

ti
o
n

s
h

av
e

sh
ow

n
th

at
,

in
ge

n
er

a
l

th
e

m
in

im
iz

er
o
f

(2
.1

)
is

n
o
t

p
o
si

ti
ve

d
efi

n
it

e
fo

r
a
ll

va
lu

es
o
f
λ
>

0
a
n

d
γ
>

0.
H

er
e

o
n
w

a
rd

s
w

e
fo

cu
s

o
n

co
rr

el
at

io
n

m
at

ri
x

es
ti

m
a
ti

o
n

,
a
n

d
la

te
r

g
en

er
a
li

ze
th

e
m

et
h

o
d

fo
r

co
va

ri
a
n

ce
m

at
ri

x
es

ti
m

a
ti

o
n

.
T

o
ac

h
ie

ve
b

o
th

w
el

l-
co

n
d

it
io

n
ed

a
n

d
sp

a
rs

e
p

o
si

ti
ve

d
efi

n
it

e
es

ti
m

at
o
r

w
e

o
p

ti
m

iz
e

th
e

fo
ll

ow
in

g
ob

je
ct

iv
e

fu
n

ct
io

n
in

R
ov

er
sp

ec
ifi

c
re

gi
o
n

o
f

va
lu

es
o
f

(λ
,γ

)
w

h
ic

h
d

ep
en

d
s

u
p

on
sa

m
p

le
co

rr
el

at
io

n
m

a
tr

ix
K

a
n

d
λ
,γ

.
H

er
e

th
e

co
n

d
it

io
n
tr

(Σ
)

=
tr

(S
)

re
d

u
ce

s
to

tr
(R

)
=
p
,

an
d
t

=
1.

C
on

si
d

er
th

e
fo

ll
ow

in
g

o
p

ti
m

iz
at

io
n

p
ro

b
le

m
:

R̂
K

=
a
rg

m
in

R
=
R
T
,t
r
(R

)=
p
|(λ
,γ

)∈
Ŝ
K 1

[ ||
R
−
K
||2 F

+
λ
‖R
−
‖ 1

+
γ

p ∑ i=
1

{ σ
i(
R

)
−
σ̄
R

} 2
] ,

(2
.4

)

w
h

er
e

3
50

JM
L

R
 1

7(
13

0)
:1

-2
8



J
P

E
N

E
st

im
a
t
io

n
o
f

C
o
v
a
r
ia

n
c
e

a
n
d

In
v
e
r
se

C
o
v
a
r
ia

n
c
e

M
a
t
r
ic

e
s

Ŝ
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n

d
er

A
ssu

m
p
tio

n
s

A
0
,

A
1
,

A
2
,

‖R̂
K
−
R

0 ‖
F

=
O
P ( √

s
log

p

n

)
a
n

d
‖
Σ̂
K
−

Σ
0 ‖

=
O
P ( √

(s
+

1)log
p

n

)
,

(3.2)

w
h
ere

R
0

is
tru

e
co

rrela
tio

n
m

a
trix.

R
e
m

a
rk

:
1
.

T
h

e
J
P

E
N

estim
ator

Σ̂
K

is
m

in
i-m

ax
op

tim
al

u
n

d
er

th
e

op
erator

n
orm

.
In

(C
ai

et
al.

(20
15)),

th
e

au
th

ors
o
b

tain
th

e
m

in
i-m

ax
rate

of
con

vergen
ce

in
th

e
o
p

erator
n

o
rm

of
th

eir
covarian

ce
m

atrix
estim

ator
for

th
e

p
articu

lar
con

stru
ction

of
p
ara

m
eter

sp
ace

H
0 (c

n
,p )

:=
{

Σ
:
m
a
x

1≤
i≤
p ∑

pi=
1
I{σ

ij 6=
0}
≤
c
n
,p }

.
T

h
ey

sh
ow

th
at

th
is

ra
te

in
op

era
tor

n
o
rm

is
c
n
,p √

log
p
/n

w
h

ich
is

sam
e

as
th

at
of

Σ̂
K

for
1
≤
c
n
,p

=
√
s.

2
.

B
ickel

an
d

L
ev

in
a

(2008a)
p

roved
th

at
u

n
d

er
th

e
assu

m
p

tion
of ∑

j=
1 |σ

ij | q≤
c

0 (p
)

for
som

e
0
≤
q
≤

1,
th

e
h

ard
th

resh
old

in
g

estim
ator

of
th

e
sa

m
p

le
covarian

ce
m

atrix
for

tu
n

in
g

p
ara

m
eter

λ
�
√

(log
p
)/n

is
con

sisten
t

in
op

erato
r

n
orm

at
a

rate
n

o
w

orse
th

an

O
P (
c

0 (p
) √
p
(
lo
g
p

n
)
(1−

q
)/

2 )
w

h
ere

c
0 (p

)
is

th
e

u
p

p
er

b
ou

n
d

on
th

e
n
u

m
b

er
of

n
o
n

-zero
ele-

m
en

ts
in

each
row

.
H

ere
th

e
tru

ly
sp

arse
case

corresp
on

d
s

to
q

=
0
.

T
h

e
rate

of
con

vergen
ce

o
f

Σ̂
K

is
sam

e
as

th
at

of
B

ickel
an

d
L

ev
in

a
(2008a)

ex
cep

t
in

th
e

follow
in

g
cases:

C
a
se

(i)
T

h
e

covarian
ce

m
atrix

h
as

all
off

d
iagon

al
elem

en
ts

zero
ex

cep
t

last
row

w
h

ich
h

a
s
√
p

n
on

-zero
elem

en
ts.

T
h

en
c

0 (p
)

=
√
p

an
d
√
s

=
√

2
√
p−

1.
T

h
e

o
p

erator
n

o
rm

rate
o
f

co
n
vergen

ce
for

J
P

E
N

estim
ator

is
O
P (√

√
p

(log
p
)/n )

w
h

ere
as

rate
of

B
ickel

an
d

L
ev

in
a’s

estim
ator

is
O
P (√

p
(log

p
)/n )

.

C
a
se

(ii)
W

h
en

th
e

tru
e

covarian
ce

m
atrix

is
tri-d

iagon
al,

w
e

h
ave

c
0 (p

)
=

2
an

d
s

=
2p−

2,
th

e
J
P

E
N

estim
a
tor

h
as

rate
of √

p
log

p
/n

w
h

ereas
th

e
B

ick
el

an
d

L
ev

in
a’s

estim
ator

h
as

ra
te

of √
log

p
/n

.
F

or
th

e
case

√
s�

c
0 (p

)
an

d
J
P

E
N

h
as

th
e

sam
e

rate
of

co
n
vergen

ce
as

th
at

of
B

ick
el

a
n

d
L

ev
in

a
’s

estim
ator.
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J
P

E
N

E
st

im
a
t
io

n
o
f

C
o
v
a
r
ia

n
c
e

a
n
d

In
v
e
r
se

C
o
v
a
r
ia

n
c
e

M
a
t
r
ic

e
s

3
.

T
h

e
op

er
at

or
n

or
m

ra
te

of
co

n
ve

rg
en

ce
is

m
u

ch
fa

st
er

th
an

F
ro

b
en

iu
s

n
or

m
.

T
h

is
is

d
u

e
to

th
e

fa
ct

th
at

F
ro

b
en

iu
s

n
or

m
co

n
ve

rg
en

ce
is

in
te

rm
s

of
al

l
ei

g
en

va
lu

es
of

th
e

co
va

ri
an

ce
m

at
ri

x
w

h
er

ea
s

th
e

op
er

at
or

n
or

m
gi

ve
s

th
e

co
n
ve

rg
en

ce
of

th
e

es
ti

m
a
to

rs
in

te
rm

s
of

th
e

la
rg

es
t

ei
ge

n
va

lu
e.

4
.

O
u

r
p

ro
p

os
ed

es
ti

m
at

or
is

ap
p

li
ca

b
le

to
es

ti
m

at
e

an
y

n
on

-n
eg

at
iv

e
d
efi

n
it

e
co

va
ri

a
n

ce
m

at
ri

x
.

N
ot

e
th

at
th

e
es

ti
m

at
or

Σ̂
K

is
ob

ta
in

ed
b
y

re
gu

la
ri

za
ti

on
of

sa
m

p
le

co
rr

el
a
ti

o
n

m
a
tr

ix
in

(2
.4

).
In

so
m

e
ap

p
li

ca
ti

on
it

is
d

es
ir

ab
le

to
d

ir
ec

tl
y

re
gu

la
ri

ze
th

e
sa

m
p

le
co

va
ri

a
n

ce
m

at
ri

x
.

T
h

e
J
P

E
N

es
ti

m
at

or
of

th
e

co
va

ri
an

ce
m

at
ri

x
b

as
ed

on
re

gu
la

ri
za

ti
o
n

o
f

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
is

ob
ta

in
ed

b
y

so
lv

in
g

th
e

fo
ll

ow
in

g
op

ti
m

iz
at

io
n

p
ro

b
le

m
:

Σ̂
S

=
ar

g
m

in
Σ

=
Σ
T
,t
r
(Σ

)=
tr

(S
)|(
λ
,γ

)∈
Ŝ
S 1

[ ||
Σ
−
S
||2 F

+
λ
‖Σ
−
‖ 1

+
γ

p ∑ i=
1

{σ
i(

Σ
)
−
σ̄

Σ
}2
] ,

(3
.3

)

w
h

er
e

Ŝ
S 1

=
{ (λ

,γ
)

:
λ
,γ
>

0
,λ
�
γ
�
√

lo
g
p

n
,∀
ε
>

0
,σ

m
in
{(
S

+
γ
tI

)
−

λ 2
∗s
ig
n

(S
+
γ
tI

)}
>
ε}
,

an
d
S

is
sa

m
p

le
co

va
ri

an
ce

m
at

ri
x
.

T
h

e
m

in
im

iz
at

io
n

in
(3

.3
)

ov
er

Σ
is

fo
r

fi
x
ed

(λ
,γ

)
∈
Ŝ
S 1

.
T

h
e

es
ti

m
at

or
Σ̂
S

is
p

os
it

iv
e

d
efi

n
it

e
an

d
w

el
l-

co
n

d
it

io
n

ed
.

T
h

eo
re

m
3.

2
g
iv

es
th

e
ra

te
o
f

co
n
ve

rg
en

ce
of

th
e

es
ti

m
at

or
Σ̂
S

in
F

ro
b

en
iu

s
n

or
m

.

T
h

e
o
re

m
3
.2

.
L

et
(λ
,γ

)
∈
Ŝ
S 1

,
a
n

d
le

t
Σ̂
S

be
a
s

d
efi

n
ed

in
(3

.3
).

U
n

d
er

A
ss

u
m

p
ti

o
n

s
A

0
,

A
1
,

A
2
,

‖Σ̂
S
−

Σ
0
‖ F

=
O
P

(√
(s

+
p
)l
og

p

n

)
(3

.4
)

A
s

n
ot

ed
in

R
ot

h
m

an
(2

01
2)

th
e

w
or

st
p

ar
t

of
co

n
ve

rg
en

ce
h

er
e

co
m

es
fr

o
m

es
ti

m
a
ti

n
g

th
e

d
ia

go
n

al
en

tr
ie

s.

3
.1

.1
W

e
ig

h
t
e
d

J
P

E
N

E
st

im
a
t
o
r

f
o
r

t
h
e

C
o
v
a
r
ia

n
c
e

M
a
t
r
ix

E
st

im
a
t
io

n

A
m

o
d

ifi
ca

ti
on

of
es

ti
m

at
or
R̂
K

is
ob

ta
in

ed
b
y

ad
d

in
g

p
os

it
iv

e
w

ei
gh

ts
to

th
e

te
rm

(σ
i(
R

)
−

σ̄
R

)2
.

T
h

is
le

ad
s

to
w

ei
gh

te
d

ei
ge

n
va

lu
es

va
ri

an
ce

p
en

al
ty

w
it

h
la

rg
er

w
ei

g
h
ts

a
m

o
u

n
ti

n
g

to
gr

ea
te

r
sh

ri
n

ka
ge

to
w

ar
d

s
th

e
ce

n
te

r
an

d
v
ic

e
ve

rs
a.

N
ot

e
th

at
th

e
ch

oi
ce

o
f

th
e

w
ei

g
h
ts

al
-

lo
w

s
on

e
to

u
se

an
y

p
ri

or
st

ru
ct

u
re

of
th

e
ei

ge
n
va

lu
es

(i
f

k
n

ow
n

)
in

es
ti

m
at

in
g

th
e

co
va

ri
a
n

ce
m

at
ri

x
.

T
h

e
w

ei
gh

te
d

J
P

E
N

co
rr

el
at

io
n

m
at

ri
x

es
ti

m
at

or
R̂
A

is
gi

v
en

b
y

:

R̂
A

=
ar

g
m

in
R

=
R
T
,t
r
(R

)=
p
|(λ
,γ

)∈
Ŝ
K
,A

1

[ ||
R
−
K
||2 F

+
λ
‖R
−
‖ 1

+
γ

p ∑ i=
1

a
i{
σ
i(
R

)
−
σ̄
R
}2
] ,

(3
.5

)

w
h

er
e

Ŝ
K
,A

1
=
{ (λ

,γ
)

:
λ
�
γ
�
√

lo
g
p

n
,λ
≤

(2
σ
m
in

(K
))

(1
+
γ
m
a
x

(A
ii

)−
1
)

(1
+
γ
m
in

(A
ii

))
−
1
p

+
γ
m
in

(A
ii

)
p

} ,
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0)
:1

-2
8

A
sh

w
in

i
M

a
u
r
y
a

an
d
A

=
d

ia
g(
A

1
1
,A

2
2
,·
··
A
p
p
)

w
it

h
A
ii

=
a
i.

T
h

e
p

ro
p

o
se

d
co

va
ri

a
n

ce
m

at
ri

x
es

ti
m

a
to

r
is

Σ̂
K
,A

=
(S

+
)1
/
2
R̂
A

(S
+

)1
/
2
.

T
h

e
op

ti
m

iz
a
ti

o
n

p
ro

b
le

m
in

(3
.5

)
is

co
n
ve

x
a
n

d
y
ie

ld
s

a
p

os
it

iv
e

d
efi

n
it

e
es

ti
m

a
to

r
fo

r
ea

ch
(λ
,γ

)
∈

Ŝ
K
,A

1
.

A
si

m
p

le
ex

ce
rc

is
e

sh
ow

s
th

at
th

e
es

ti
m

a
to

r
Σ̂
K
,A

h
as

sa
m

e
ra

te
of

co
n
ve

rg
en

ce
a
s

th
a
t

o
f

Σ̂
S

.

3
.2

E
st

im
a
ti

o
n

o
f

In
v
e
rs

e
C

o
v
a
ri

a
n

c
e

M
a
tr

ix

W
e

ex
te

n
d

th
e

J
P

E
N

a
p

p
ro

a
ch

to
es

ti
m

a
te

a
w

el
l-

co
n

d
it

io
n

ed
a
n

d
sp

ar
se

in
ve

rs
e

co
va

ri
an

ce
m

a
tr

ix
.

S
im

il
ar

to
th

e
co

va
ri

a
n
ce

m
at

ri
x

es
ti

m
a
ti

o
n

,
w

e
fi

rs
t

p
ro

p
os

e
a
n

es
ti

m
a
to

r
fo

r
in

-
ve

rs
e

co
va

ri
a
n

ce
m

a
tr

ix
b

as
ed

on
re

g
u

la
ri

ze
d

in
ve

rs
e

co
rr

el
a
ti

on
m

a
tr

ix
a
n

d
d
is

cu
ss

it
s

ra
te

of
co

n
ve

rg
en

ce
in

F
ro

b
en

io
u

s
a
n

d
o
p

er
a
to

r
n

o
rm

.

N
o
ta

ti
o
n

:
W

e
sh

al
l

u
se
Z

a
n

d
Ω

fo
r

in
v
er

se
co

rr
el

a
ti

o
n

a
n

d
in

ve
rs

e
co

va
ri

a
n

ce
m

at
ri

x
re

sp
ec

ti
ve

ly
.

A
ss

u
m

p
ti

o
n

s:
W

e
m

a
ke

th
e

fo
ll

ow
in

g
as

su
m

p
ti

o
n

s
a
b

ou
t

th
e

tr
u

e
in

ve
rs

e
co

va
ri

a
n

ce
m

a-
tr

ix
Ω

0
.

L
et

Σ
0

=
Ω
−

1
0

.
B

0
.

S
am

e
as

th
e

a
ss

u
m

p
ti

on
A

0.
B

1
.

W
it

h
H

=
{(
i,
j)

:
Ω

0
ij
6=

0,
i
6=
j}

,
th

e
|H
|≤

s,
fo

r
so

m
e

p
o
si

ti
ve

in
te

ge
r
s.

B
2
.

T
h

er
e

ex
is

t
0
<
k̄
<
∞

la
rg

e
en

o
u

g
h

su
ch

th
a
t

(1
/k̄

)
≤
σ
m
in

(Ω
0
)
≤
σ
m
a
x
(Ω

0
)
≤
k̄
.

L
et
R̂
K

b
e

a
J
P

E
N

es
ti

m
a
to

r
fo

r
th

e
tr

u
e

co
rr

el
a
ti

on
m

a
tr

ix
.

B
y

L
em

m
a

3.
2
,
R̂
K

is
p

os
it

iv
e

d
efi

n
it

e.
D

efi
n

e
th

e
J
P

E
N

es
ti

m
at

o
r

o
f

in
ve

rs
e

co
rr

el
a
ti

o
n

m
a
tr

ix
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th
e

so
lu

ti
on

to
th

e
fo

ll
ow

in
g

op
ti

m
iz

at
io

n
p

ro
b

le
m

,

Ẑ
K

=
ar

g
m

in
Z

=
Z
T
,t
r
(Z

)=
tr

(R̂
−
1

K
)|(
λ
,γ

)∈
Ŝ
K 2

[ ‖
Z
−
R̂
−

1
K
‖2

+
λ
‖Z
−
‖ 1

+
γ

p ∑ i=
1

{σ
i(
Z

)
−
σ̄

(Z
)}

2
]

(3
.6

)

w
h

er
e

Ŝ
K 2

=
{ (λ

,γ
)

:
λ
,γ
>

0
,λ
�
γ
�
√
lo
g
p

n
,∀
ε
>

0,

σ
m
in
{(
R̂
−

1
K

+
γ
t 1
I
)
−
λ 2
∗s
ig
n

(R̂
−

1
K

+
γ
t 1
I
)}
>
ε}
,

an
d
t 1

is
av

er
ag

e
o
f

th
e

d
ia

g
on

al
el

em
en

ts
o
f
R̂
−

1
K

.
T

h
e

m
in

im
iz

a
ti

o
n

in
(3

.6
)

ov
er
Z

is
fo

r

fi
x
ed

(λ
,γ

)
∈
Ŝ
K 2

.
T

h
e

p
ro

p
os

ed
J
P

E
N

es
ti

m
a
to

r
o
f

in
ve

rs
e

co
va

ri
a
n

ce
m

a
tr

ix
(b

a
se

d
o
n

re
g
-

u
la

ri
ze

d
in

ve
rs

e
co

rr
el

at
io

n
m

at
ri

x
es

ti
m

a
to

r
Ẑ
K

)
is

g
iv

en
b
y

Ω̂
K

=
(S

+
)−

1
/
2
Ẑ
K

(S
+

)−
1
/
2
,

w
h

er
e
S

+
is

a
d

ia
go

n
a
l

m
a
tr

ix
of

th
e

d
ia

g
on

a
l

el
em

en
ts

o
f
S

.
M

or
eo

ve
r

(3
.6

)
is

a
co

n
ve

x
o
p

ti
m

iz
a
ti

on
p

ro
b

le
m

a
n
d
Ẑ
K

is
p

o
si

ti
ve

d
efi

n
it

e.

N
ex

t
w

e
st

a
te

th
e

co
n

si
st

en
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o
f

es
ti

m
a
to

rs
Ẑ
K

a
n

d
Ω̂
K

.

T
h

e
o
re

m
3
.3

.
U

n
d
er

A
ss

u
m

p
ti

o
n

s
B

0
,

B
1
,

B
2

a
n

d
fo

r
(λ
,γ

)
∈
Ŝ
K 2

,

‖Ẑ
K
−
R
−

1
0
‖ F

=
O
P

(√
s
lo
g
p

n

)
a
n

d
‖Ω̂

K
−

Ω
0
‖

=
O
P

(√
(s

+
1
)
lo
g
p

n

)
(3

.7
)
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c
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In
v
e
r
se
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o
v
a
r
ia

n
c
e

M
a
t
r
ic

e
s

w
h
ere

R
−

1
0

is
th

e
in

verse
o
f

tru
e

co
rrela

tio
n

m
a
trix.

R
e
m

a
rk

:1
.

N
o
te

th
at

th
e

J
P

E
N

estim
ato

r
Ω̂
K

a
ch

ieves
m

in
i-m

a
x

ra
te

o
f

co
n
v
erg

en
ce

fo
r

th
e

cla
ss

of
covaria

n
ce

m
a
trices

sa
tisfy

in
g

assu
m

p
tio

n
B

0
,
B

1,
an

d
B

2
a
n

d
th

erefo
re

op
tim

al.
T

h
e

sim
ilar

ra
te

is
o
b

ta
in

ed
in

C
a
i

et
a
l.

(2
0
1
5
)

fo
r

th
eir

cla
ss

o
f

sp
a
rse

in
v
erse

cova
ria

n
ce

m
a
trices.

N
ex

t
w

e
g
ive

a
n

o
th

er
estim

a
te

o
f

in
v
erse

cova
ria

n
ce

m
atrix

b
a
sed

on
Σ̂
S

.
C

o
n

sid
er

th
e

follow
in

g
o
p

tim
iza

tion
p

ro
b

lem
:

Ω̂
S

=
arg

m
in

Ω
=

Ω
T
,tr

(Ω
)=
tr

(Σ̂
−
1

S
)|(λ

,γ
)∈

Ŝ
S2

[||Ω
−

Σ̂
−

1
S
|| 2F

+
λ‖

Ω
−‖

1
+
γ

p
∑i=

1 {σ
i (Ω

)−
σ̄

Ω }
2 ],

(3
.8

)

w
h

ere

Ŝ
S2

=
{

(λ
,γ

)
:
λ
,γ
>

0
,λ
�
γ
�
√
log

p

n
,
∀
ε
>

0,

σ
m
in {(Σ̂

−
1

S
+
γ
t2
I
)−

λ2
∗
sig

n
(Σ̂
−

1
S

+
γ
t2 I

)}
>
ε }
,

a
n

d
t2

is
avera

ge
o
f

th
e

d
ia

go
n

a
l

elem
en

ts
o
f

Σ̂
S

.
T

h
e

m
in

im
iza

tio
n

in
(3

.8
)

over
Ω

is
fo

r
fi

x
ed

(λ
,γ

)
∈

Ŝ
S2

.
T

h
e

estim
a
to

r
in

(3
.8

)
is

p
o
sitive

d
efi

n
ite

a
n

d
w

ell-co
n

d
itio

n
ed

.
T

h
e

co
n

sisten
cy

resu
lt

o
f

th
e

estim
ato

r
Ω̂
S

is
g
iv

en
in

fo
llow

in
g

th
eo

rem
.

T
h

e
o
re

m
3
.4

.
L

et
(λ
,γ

)∈
Ŝ
S2

a
n

d
let

Ω̂
S

be
a
s

d
efi

n
ed

in
(3

.8
).

U
n

d
er

A
ssu

m
p
tio

n
s

B
0
,

B
1
,

a
n

d
B

2
,

‖Ω̂
S
−

Ω
0 ‖
F

=
O
P ( √

(s
+
p
)log

p

n

)
.

(3.9
)

3
.2

.1
W

e
ig

h
t
e
d

J
P

E
N

E
st

im
a
t
o
r

f
o
r

T
h
e

In
v
e
r
se

C
o
v
a
r
ia

n
c
e

M
a
t
r
ix

S
im

ila
r

to
w

eigh
ted

J
P

E
N

cova
ria

n
ce

m
a
trix

estim
a
tor

Σ̂
K
,A

,
a

w
eig

h
ted

J
P

E
N

estim
a
tor

o
f

th
e

in
verse

cova
ria

n
ce

m
atrix

is
o
b

ta
in

ed
b
y

a
d

d
in

g
p

o
sitive

w
eigh

ts
a
i

to
th

e
term

(σ
i (Z

)−
1
)
2

in
(3

.8).
T

h
e

w
eig

h
ted

J
P

E
N

estim
a
to

r
is

Ω̂
K
,A

:=
(S

+
) −

1
/
2Ẑ

A
(S

+
) −

1
/
2,

w
h

ere

Ẑ
A

=
a
rg

m
in

Z
=
Z
T
,tr

(Z
)=
tr

(R̂
−
1

K
)|(λ

,γ
)∈

Ŝ
K
,A

2

[||Z
−
R̂
−

1
K
|| 2F

+
λ‖
Z
−‖

1
+
γ

p
∑i=

1

a
i {
σ
i (Z

)−
1}

2 ],
(3

.10)

w
ith

Ŝ
K
,A

2
=
{

(λ
,γ

)
:
λ
�
γ
�
√

lo
g
p

n
,λ
≤

(2
σ
m
in

(R
−
1

K
))(1

+
γ
t
1
m
a
x

(A
ii ) −

1
)

(1
+
γ
m
in

(A
ii ) −

1
p

+
γ
m
in

(A
ii )

p

}
,

an
d
A

=
d

iag
(A

1
1 ,A

2
2 ,···A

p
p )

w
ith

A
ii

=
a
i .

T
h

e
op

tim
iza

tio
n

p
ro

b
lem

in
(3

.1
0
)

is
co

n
vex

a
n

d
y
ield

s
a

p
ositive

d
efi

n
ite

estim
a
to

r
fo

r
(λ
,γ

)∈
Ŝ
K
,A

2
.

A
sim

p
le

ex
cercise

sh
ow

s
th

a
t

th
e

estim
a
to

r
Ẑ
A

h
a
s

sim
ila

r
rate

o
f

co
n
verg

en
ce

a
s

th
a
t

of
Ẑ
K

.
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A
sh

w
in

i
M

a
u
r
y
a

4
.

A
n

A
lg

o
rith

m

4
.1

C
o
v
a
ria

n
c
e

M
a
trix

E
stim

a
tio

n
:

T
h

e
o
p

tim
iza

tion
p

rob
lem

(2.4)
can

b
e

w
ritten

as:

R̂
K

=
arg

m
in

R
=
R
T|(λ

,γ
)∈

Ŝ
K1

f
(R

),
(4

.1)

w
h

ere

f
(R

)
=
||R
−
K
|| 2F

+
λ‖
R
−‖

1
+
γ

p
∑i=

1 {σ
i (R

)−
σ̄

(R
)}

2.

N
ote

th
at ∑

pi=
1 {
σ
i (R

)−
σ̄

(R
)}

2
=
tr(R

2)−
2
tr(R

)
+
p
,

w
h

ere
w

e
h

ave
u

sed
th

e
con

strain
t

tr(R
)

=
p
.

T
h

erefore,

f
(R

)
=
‖
R
−
K
‖

2F
+
λ‖R

−‖
1

+
γ
tr(R

2)−
2
γ
tr(R

)
+
p

=
tr(R

2(1
+
γ

))−
2
tr{R

(K
+
γ
I
)}

+
tr(K

T
K

)
+
λ
‖
R
−‖

1
+
p

=
(1

+
γ

){
tr(R

2)−
2/

(1
+
γ

)tr{R
(K

+
γ
I
)}

+
(1
/(1

+
γ

))tr(K
T
K

)}
+
λ
‖
R
−‖

1
+
p

=
(1

+
γ

){‖R
−

(K
+
γ
I
)/

(1
+
γ

)‖
2F

+
(1
/
(1

+
γ

))tr(K
T
K

)}
+
λ
‖
R
−‖

1
+
p
.

T
h

e
so

lu
tion

o
f

(4.1)
is

soft
th

resh
old

in
g

estim
ator

an
d

it
is

given
b
y
:

R̂
K

=
1

1
+
γ

sign
(K

)∗
p

m
ax{

ab
s(K

+
γ
I
)−

λ2
,0}

(4.2)

w
ith

(R̂
K

)
ii

=
(K

ii
+
γ

)/(1
+
γ

),
p
m
a
x

(A
,b)

ij
:=

m
a
x

(A
ij ,b)

is
elem

en
tw

ise
m

a
x

fu
n

ction

fo
r

each
en

try
of

th
e

m
atrix

A
.

N
ote

th
at

for
each

(λ
,γ

)∈
Ŝ
K1

,
R̂
K

is
p

o
sitive

d
efi

n
ite.

C
h

o
ic

e
o
f
λ

a
n

d
γ
:

F
or

a
given

valu
e

of
γ

,
w

e
can

fi
n

d
th

e
valu

e
o
f
λ

satisfy
in

g:

σ
m
in {

(K
+
γ
I
)−

λ2
∗
sig

n
(K

+
γ
I
)}
>

0
(4.3)

w
h

ich
can

b
e

sim
p

lifi
ed

to

λ
<

σ
m
in

(K
+
γ
I
)

C
1
2
σ
m
a
x (sign

(K
)) .

F
o
r

som
e
C

1
2 ≥

0
.5.

S
u

ch
ch

oice
of

(λ
,γ

)∈
Ŝ
K1

,
an

d
th

e
estim

ator
R̂
K

is
p

o
sitiv

e
d

efi
n

ite.
S

m
aller

valu
es

of
C

1
2

y
ield

a
solu

tion
w

h
ich

is
m

ore
sp

arse
b

u
t

m
ay

n
ot

b
e

p
ositive

d
efi

n
ite.

C
h

o
ic

e
o
f

w
e
ig

h
t

m
a
trix

A
:

F
or

op
tim

ization
p

rob
lem

in
(3.5),

th
e

w
eig

h
ts

are
ch

o-
sen

in
fo

llow
in

g
w

ay
:

L
et

E
b

e
th

e
set

o
f

sorted
d

iagon
al

elem
en

ts
of

th
e

sam
p

le
covarian

ce
m

atrix
S

.
i)

L
et
k

b
e

la
rgest

in
d

ex
of

E
su

ch
th

at
k
th

elem
en

ts
of

E
is

less
th

an
1.

F
or
i≤

k
,
a
i

=
E
i .

F
or
k
<
i≤

p
,
a
i

=
1/
E
i .

ii)
A

=
d

ia
g(a

1 ,a
2 ,···

,a
p ),

w
h

ere
a
j

=
a
j / ∑

pi=
1
a
i .

S
u

ch
ch

oice
of

w
eig

h
ts

allow
s

m
ore

sh
rin

kag
e

o
f

ex
trem

e
sam

p
le

eigen
valu

es
th

an
th

e
on

es
in

cen
ter

of
eigen

-sp
ectru

m
.
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4
.2

In
v
e
rs

e
C

o
v
a
ri

a
n

c
e

M
a
tr

ix
E

st
im

a
ti

o
n

:

T
o

ge
t

an
ex

p
re

ss
io

n
of

in
ve

rs
e

co
va

ri
an

ce
m

at
ri

x
es

ti
m

at
e,

w
e

re
p

la
ce
K

b
y
R̂
−

1
K

in
(4

.2
),

w
h

er
e
R̂
K

is
a

J
P

E
N

es
ti

m
at

or
of

co
rr

el
at

io
n

m
at

ri
x
.

W
e

ch
os

e
(λ
,γ

)
∈
Ŝ
K 2

.
F

o
r

a
gi

ve
n
γ

,
w

e
ch

os
e
λ
>

0
sa

ti
sf

y
in

g:

σ
m
in
{(
R̂
−

1
K

+
γ
t 1
I
)
−
λ 2
∗s
ig
n

(R̂
−

1
K

+
γ
t 1
I
)}
>

0
(4

.4
)

w
h

ic
h

ca
n

b
e

si
m

p
li

fi
ed

to

λ
<

σ
m
in

(R̂
−

1
K

+
γ
t 1
I
)

C
1
2
σ
m
a
x
(s

ig
n

(R̂
−

1
K

))
.

4
.3

C
o
m

p
u

ta
ti

o
n

a
l

C
o
m

p
le

x
it

y

T
h

e
J
P

E
N

es
ti

m
at

or
Σ̂
K

h
as

co
m

p
u

ta
ti

on
al

co
m

p
le

x
it

y
of
O

(p
2
)

as
th

er
e

a
re

a
t

m
os

t
3
p

2

m
u

lt
ip

li
ca

ti
on

s
fo

r
co

m
p

u
ti

n
g

th
e

es
ti

m
at

or
Σ̂
K

.
T

h
e

ot
h

er
ex

is
ti

n
g

al
go

ri
th

m
G

la
ss

o
(F

ri
ed

-
m

an
et

al
.
(2

00
8)

),
P

D
S

C
E

(R
ot

h
m

an
(2

01
2)

)
h

av
e

co
m

p
u

ta
ti

on
al

co
m

p
le

x
it

y
o
f
O

(p
3
).

W
e

co
m

p
ar

e
th

e
co

m
p

u
ta

ti
on

al
ti

m
in

g
of

ou
r

al
go

ri
th

m
to

so
m

e
ot

h
er

ex
is

ti
n

g
a
lg

or
it

h
m

s
G

la
ss

o
(F

ri
ed

m
an

et
al

.
(2

00
8)

),
P

D
S

C
E

(R
ot

h
m

an
(2

0
12

))
.

T
h

e
ex

ac
t

ti
m

in
g

o
f

th
es

e
a
lg

o
ri

th
m

al
so

d
ep

en
d

s
u

p
on

th
e

im
p

le
m

en
ta

ti
on

,
p

la
tf

or
m

et
c.

(w
e

d
id

ou
r

co
m

p
u

ta
ti

on
s

in
R

o
n

a
A

M
D

2.
8G

H
z

p
ro

ce
ss

or
).

F
ol

lo
w

in
g

th
e

ap
p

ro
ac

h
B

ic
ke

l
an

d
L

ev
in

a
(2

0
0
8
a)

,
th

e
o
p

ti
m

al
tu

n
in

g
p

ar
am

et
er

(λ
,γ

)
w

as
ob

ta
in

ed
b
y

m
in

im
iz

in
g

th
e

5
−

fo
ld

cr
os

s
va

li
d

at
io

n
er

ro
r

(1
/5

)
5 ∑ i=

1

‖Σ̂
v i
−

Σ
−
v

i
‖ 1
,

w
h

er
e

Σ̂
v i

is
J
P

E
N

es
ti

m
at

e
of

th
e

co
va

ri
an

ce
m

at
ri

x
b

as
ed

on
v

=
4n
/
5

o
b

se
rv

a
ti

on
s,

Σ
−
v

i
is

th
e

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
u

si
n

g
(n
/
5)

ob
se

rv
at

io
n

s.
F

ig
u

re
4
.1

il
lu

st
ra

te
s

th
e

to
ta

l
co

m
p

u
ta

ti
on

al
ti

m
e

ta
ke

n
to

es
ti

m
at

e
th

e
co

va
ri

an
ce

m
at

ri
x

b
y
G
la
ss
o,
P
D
S
C
E

a
n

d
J
P
E
N

al
go

ri
th

m
s

fo
r

d
iff

er
en

t
va

lu
es

of
p

fo
r

T
o
ep

li
tz

ty
p

e
of

co
va

ri
an

ce
m

a
tr

ix
o
n

lo
g
-l

o
g

sc
al

e
(s

ee
se

ct
io

n
§5

fo
r

T
o
ep

li
tz

ty
p

e
o
f

co
va

ri
an

ce
m

at
ri

x
).

A
lt

h
ou

gh
th

e
p

ro
p

o
se

d
m

et
h

o
d

re
q
u

ir
es

op
ti

m
iz

at
io

n
ov

er
a

gr
id

of
va

lu
es

of
(λ
,γ

)
∈

Ŝ
K 1

,
ou

r
al

go
ri

th
m

is
ve

ry
fa

st
a
n

d
ea

si
ly

sc
al

ab
le

to
la

rg
e

sc
al

e
d

at
a

an
al

y
si

s
p

ro
b

le
m

s.

5
.

S
im

u
la

ti
o
n

R
e
su

lt
s

W
e

co
m

p
ar

e
th

e
p

er
fo

rm
an

ce
of

th
e

p
ro

p
os

ed
m

et
h

o
d

to
ot

h
er

ex
is

ti
n

g
m

et
h

o
d

s
o
n

si
m

-
u

la
te

d
d

at
a

fo
r

fi
ve

ty
p

es
of

co
va

ri
an

ce
a
n

d
in

v
er

se
co

va
ri

an
ce

m
at

ri
ce

s.

(i
)

H
u

b
G

ra
p

h
:

H
er

e
th

e
ro

w
s/

co
lu

m
n

s
of

Σ
0

ar
e

p
ar

ti
ti

on
ed

in
to

J
eq

u
a
ll

y
-s

iz
ed

d
is

jo
in

t
gr

ou
p

s:
{V

1
∪
V

2
∪,
..
.,
∪
V
J
}

=
{1
,2
,.
..
,p
},

ea
ch

gr
ou

p
is

as
so

ci
at

ed
w

it
h

a
p

iv
o
ta

l
ro

w
k
.

L
et

si
ze
|V

1
|=

s.
W

e
se

t
σ

0
i,
j

=
σ

0
j,
i

=
ρ

fo
r
i
∈
V
k

an
d
σ

0
i,
j

=
σ

0
j,
i

=
0

o
th

er
w

is
e.

In
ou

r
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‖Ŵ

R̂
Ŵ
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Ŵ
−
W
‖

+
‖Ŵ
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2 i
−
w

2 i
)|

=
O
(√

lo
g
p

n

) .

h
o
ld

s
w

it
h

h
ig

h
p

ro
b

ab
il

it
y

b
y

u
si

n
g

a
re

su
lt

(L
em

m
a

1)
fr

om
R

av
ik

u
m

a
r

et
a
l.

(2
0
11

).
N

ex
t

w
e

sh
al

l
sh

ow
s

th
at
‖Ŵ
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T
he

restofthe
paperis

structured
as

follow
s.In

Section
2

w
e

review
recentadvances

on
G

aus-
sian

processes
in

relation
to

inference
on

large
data

sets.
In

Section
3

w
e

form
ally

constructstring
G

P
s

and
derive

som
e

im
portantresults.In

Section
4

w
e

provide
detailed

illustrative
and

theoretical
com

parisons
betw

een
string

G
P

s
and

the
standard

G
P

paradigm
.In

Section
5

w
e

propose
m

ethods
forinferring

latentfunctions
understring

G
P

priors
w

ith
tim

e
com

plexity
and

m
em

ory
requirem

ent
that

are
linear

in
the

size
of

the
data

set.
T

he
efficacy

of
our

approach
com

pared
to

com
peting

alternatives
is

illustrated
in

Section
6.Finally,w

e
finish

w
ith

a
discussion

in
Section

7.

2.R
elated

W
ork

T
he

tw
o

prim
ary

draw
backs

of
the

standard
G

P
paradigm

on
large

scale
problem

s
are

the
lack

of
scalability

resulting
from

postulating
a

full
m

ultivariate
G

aussian
prior

on
function

values
at

all
training

inputs,
and

the
difficulty

postulating
a

priori
a

class
of

covariance
functions

capable
of

capturing
intricate

and
often

local
patterns

likely
to

occur
in

large
data

sets.
A

trem
endous

am
ountofw

ork
has

been
published

thatattem
ptto

address
eitherofthe

aforem
entioned

lim
itations.

H
ow

ever,
scalability

is
often

achieved
either

through
approxim

ations
or

for
specific

applications,
and

nonstationarity
isusually

introduced
atthe

expense
ofscalability,again

forspecific
applications.

2.1
Scalability

T
hrough

Structured
A

pproxim
ations

A
s

far
as

scalability
is

concerned,
sparse

G
P

m
ethods

have
been

developed
that

approxim
ate

the
m

ultivariate
G

aussian
probability

density
function

(pdf)
over

training
data

w
ith

the
m

arginalover
a

sm
aller

setof
inducing

points
m

ultiplied
by

an
approxim

ate
conditionalpdf

(Sm
ola

and
B

artlett
(2001);L

aw
rence

etal.(2003);Seeger
(2003b,a);Snelson

and
G

hahram
ani(2006)).

T
his

approx-
im

ation
yields

a
tim

e
com

plexity
linear—

rather
than

cubic—
in

the
data

size
and

squared
in

the
num

ber
of

inducing
points.

W
e

refer
to

Q
uinonero-C

andela
and

R
asm

ussen
(2005)

for
a

review
of

sparse
G

P
approxim

ations.
M

ore
recently,

H
ensm

an
et

al.(2013,2015)
com

bined
sparse

G
P

m
ethods

w
ith

Stochastic
V

ariational
Inference

(H
offm

an
et

al.(2013))
for

G
P

regression
and

G
P

classification.
H

ow
ever,

none
of

these
sparse

G
P

m
ethods

addresses
the

selection
of

the
num

ber
of

inducing
points

(and
the

size
of

the
m

inibatch
in

the
case

of
H

ensm
an

etal.(2013,2015)),al-
though

this
m

ay
greatly

affectscalability.M
ore

im
portantly,although

these
m

ethods
do

notim
pose

strong
restrictions

on
the

covariance
function

ofthe
G

P
m

odelto
approxim

ate,they
do

notaddress
the

need
for

flexible
covariance

functions
inherentto

large
scale

problem
s,w

hich
are

m
ore

likely
to

exhibitintricate
and

localpatterns,and
applications

considered
by

the
authors

typically
use

the
vanilla

squared
exponentialkernel.

L
azaro-G

redilla
etal.(2010)proposed

approxim
ating

stationary
kernels

w
ith

truncated
Fourier

series
in

G
aussian

process
regression.

A
n

interpretation
of

the
resulting

sparse
spectrum

G
aussian

process
m

odelas
B

ayesian
basis

function
regression

w
ith

a
finite

num
ber

K
oftrigonom

etric
basis

functions
allow

s
m

aking
inference

in
tim

e
com

plexity
and

m
em

ory
requirem

entthatare
both

lin-
ear

in
the

size
of

the
training

sam
ple.

H
ow

ever,this
m

odel
has

tw
o

m
ajor

draw
backs.

Firstly,it
is

prone
to

over-fitting.
In

effect,the
learning

m
achine

w
illaim

atinferring
the

K
m

ajor
spectral

frequencies
evidenced

in
the

training
data.

T
his

w
ill

only
lead

to
appropriate

prediction
out-of-

sam
ple

w
hen

the
underlying

latentphenom
enon

can
be

appropriately
characterised

by
a

finite
dis-

crete
spectraldecom

position
thatis

expected
to

be
the

sam
e

everyw
here

on
the

dom
ain.

Secondly,
this

m
odelim

plicitly
postulates

thatthe
covariance

betw
een

the
values

ofthe
G

P
attw

o
points

does
notvanish

as
the

distance
betw

een
the

points
becom

es
arbitrarily

large.
T

his
im

poses
a

priorithe
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R
O
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R
T

S

view
thatthe

underlying
function

is
highly

structured,w
hich

m
ightbe

unrealistic
in

m
any

real-life
non-periodic

applications.
T

his
approach

is
generalised

by
the

so-called
random

Fourier
features

m
ethods

(R
ahim

iand
R

echt(2007);L
e

etal.(2013);Y
ang

etal.(2015)).U
nfortunately

allexisting
random

Fourier
features

m
ethods

give
rise

to
stationary

covariance
functions,w

hich
m

ightnotbe
appropriate

fordata
sets

exhibiting
localpatterns.

T
he

bottleneck
of

inference
in

the
standard

G
P

paradigm
rem

ains
inverting

and
com

puting
the

determ
inantofa

covariance
m

atrix,norm
ally

achieved
through

the
C

holesky
decom

position
or

Singular
V

alue
D

ecom
position.

M
ethods

have
been

developed
thatspeed-up

these
decom

positions
through

low
rank

approxim
ations

(W
illiam

s
and

Seeger(2001))orby
exploiting

specific
structures

in
the

covariance
function

and
in

the
inputdata

(Saatchi(2011);W
ilson

etal.(2014)),w
hich

typi-
cally

give
rise

to
K

roneckerorToeplitz
covariance

m
atrices.

W
hile

the
K

roneckerm
ethod

used
by

Saatchi(2011)and
W

ilson
etal.(2014)is

restricted
to

inputs
thatform

a
C

artesian
grid

and
to

sepa-
rable

kernels, 1
low

rank
approxim

ations
such

as
the

N
yström

m
ethod

used
by

W
illiam

s
and

Seeger
(2001)m

odify
the

covariance
function

and
hence

the
functionalpriorin

a
non-trivialw

ay.M
ethods

have
also

been
proposed

to
interpolate

the
covariance

m
atrix

on
a

uniform
orC

artesian
grid

in
order

to
benefitfrom

som
e

of
the

com
putationalgains

of
Toeplitz

and
K

ronecker
techniques

even
w

hen
the

inputspace
is

notstructured
(W

ilson
and

N
ickisch

(2015)).H
ow

ever,none
ofthese

solutions
is

generalas
they

require
thateither

the
covariance

function
be

separable
(K

ronecker
techniques),or

the
covariance

function
be

stationary
and

the
inputspace

be
one-dim

ensional(Toeplitz
techniques).

2.2
Scalability

T
hrough

D
ata

D
istribution

A
fam

ily
of

m
ethods

have
been

proposed
to

scale-up
inference

in
G

P
m

odels
thatare

based
on

the
observation

that
it

is
m

ore
com

putationally
efficient

to
com

pute
the

pdf
of
K

independent
sm

all
G

aussian
vectors

w
ith

size
n

than
to

com
pute

the
pdfofa

single
biggerG

aussian
vectorofsize

n
K

.
For

instance,K
im

etal.(2005)
and

G
ram

acy
and

L
ee

(2008)
partitioned

the
inputspace,and

put
independentstationary

G
P

priorson
the

restrictionsofthe
latentfunction

to
the

subdom
ainsform

ing
the

partition,w
hich

can
be

regarded
as

independentlocalG
P

experts.K
im

etal.(2005)partitioned
the

dom
ain

using
Voronoitessellations,w

hile
G

ram
acy

and
L

ee
(2008)used

tree
based

partitioning.
T

hese
tw

o
approachesare

provably
equivalentto

postulating
a

(nonstationary)G
P

prioron
the

w
hole

dom
ain

thatis
discontinuous

along
the

boundaries
of

the
partition,w

hich
m

ightnotbe
desirable

if
the

latentfunction
w

e
w

ould
like

to
infer

is
continuous,and

m
ightaffectpredictive

accuracy.
T

he
m

ore
localexperts

there
are,the

m
ore

scalable
the

m
odelw

illbe,butthe
m

ore
discontinuities

the
latentfunction

w
illhave,and

subsequently
the

less
accurate

the
approach

w
illbe.

M
ixturesofG

aussian
processexpertsm

odels(M
oE

)(Tresp
(2001);R

asm
ussen

and
G

hahram
ani

(2001);M
eeds

and
O

sindero
(2006);R

oss
and

D
y

(2013))
provide

another
im

plem
entation

of
this

idea.
M

oE
m

odels
assum

e
that

there
are

m
ultiple

latent
functions

to
be

inferred
from

the
data,

on
w

hich
it

is
placed

independent
G

P
priors,

and
each

training
input

is
associated

to
one

latent
function.

T
he

num
ber

of
latentfunctions

and
the

repartition
of

data
betw

een
latentfunctions

can
then

be
perform

ed
in

a
fullB

ayesian
nonparam

etric
fashion

(R
asm

ussen
and

G
hahram

ani(2001);
R

oss
and

D
y

(2013)).
W

hen
there

is
a

single
continuous

latentfunction
to

be
inferred,as

itis
the

case
form

ostregression
m

odels,the
foregoing

B
ayesian

nonparam
etric

approach
w

illlearn
a

single
latentfunction,thereby

leading
to

a
tim

e
com

plexity
and

a
m

em
ory

requirem
entthatare

the
sam

e
as

in
the

standard
G

P
paradigm

,w
hich

defies
the

scalability
argum

ent.

1.T
hatis

m
ultivariate

kernelthatcan
be

w
ritten

as
productofunivariate

kernels.
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B
C

M
)

of
D

ei
se

n-
ro

th
an

d
N

g
(2

01
5)

.
T

he
se

m
od

el
s

pr
op

os
e

sp
lit

tin
g

th
e
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ai
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ng
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ta
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sm
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su
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et
be
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si

gn
ed

to
a

di
ff

er
en

t
G

P
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re
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ra
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m
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is

a
decrease

from
O

(N
3)

toO
(m

a
x

k
n

3k ),w
here

N
=
∑

k
n
k ,
n
k
�

N
.

In
fact,

in
Section

5
w

e
w

illpropose
R

eversible-Jum
p

M
onte

C
arlo

M
arkov

C
hain

(R
J-M

C
M

C
)

inference
m

ethods
thatachieve

m
em

ory
requirem

entand
tim

e
com

plexity
O

(N
),w

ithoutany
loss

of
flexi-

bility.
A

llthese
results

are
preserved

by
our

extension
of

string
G

P
s

to
m

ultivariate
inputspaces,

w
hich

w
e

w
illoccasionally

refer
to

as
m

em
brane

G
aussian

processes
(or

m
em

brane
G

Ps).
U

nlike
the

B
C

M
,the

gPoE
and

the
rB

C
M

,the
approach

w
e

propose
in

this
paper,w

hich
w

e
w

illreferto
as

the
string

G
P

paradigm
,isK

olm
ogorov

consistent,and
enablesprincipled

inference
ofthe

posterior
distribution

overthe
values

ofthe
latentfunction

atm
ultiple

testinputs.

3.C
onstruction

ofString
and

M
em

brane
G

aussian
Processes

In
this

section
w

e
form

ally
construct

string
G

aussian
processes,

and
w

e
provide

som
e

im
portant

theoreticalresults
including

sm
oothness,and

the
jointlaw

of
string

G
P

s
and

their
gradients.

W
e

constructstring
G

P
s

indexed
on

R
,before

generalising
to

string
G

P
s

indexed
on

R
d,w

hich
w

e
w

ill
occasionally

refer
to

as
m

em
brane

G
P

s
to

stress
that

the
input

space
is

m
ultivariate.

W
e

start
by

considering
the

joint
law

of
a

differentiable
G

P
on

an
interval

and
its

derivative,and
introducing

som
e

related
notions

thatw
e

w
illuse

in
the

construction
ofstring

G
P

s.

Proposition
1

(D
erivative

G
aussian

processes)
Let

I
be

an
interval,

k
:
I×

I
→

R
aC

2
sym

m
etric

positive
sem

i-definite
function, 3

m
:
I
→

R
a

C
1

function.

(A
)There

existsa
R

2-valued
stochastic

process
(D

t )
t∈
I
,
D
t

=
(z
t ,z ′t ),such

thatforallt1 ,...,tn
∈

I,(z
t
1 ,...,z

t
n
,z ′t1 ,...,z ′tn

)isa
G

aussian
vectorw

ith
m

ean (m
(t1 ),...,m

(tn
),

dmdt
(t1 ),...,

dmdt
(tn

) )

and
covariance

m
atrix

such
that

cov(z
t
i ,z

t
j )

=
k
(ti ,tj ),

cov(z
t
i ,z ′tj )

=
∂
k

∂
y

(ti ,tj ),
and

cov(z ′ti ,z ′tj )
=

∂
2k

∂
x
∂
y

(ti ,tj ),

w
here

∂∂x
(resp.

∂∂y )
refers

to
the

partialderivative
w

ith
respectto

the
first(resp.

second)
variable

of
k.W

e
herein

refer
to

(D
t )
t∈
I

as
a

derivative
G

aussian
process.

(B
)

(z
t )
t∈
I

is
a

G
aussian

process
w

ith
m

ean
function

m
,covariance

function
k

and
thatisC

1
in

the
L

2
(m

ean
square)sense.

(C
)

(z ′t )
t∈
I

is
a

G
aussian

process
w

ith
m

ean
function

dmdt
and

covariance
function

∂
2
k

∂
x
∂
y .M

oreover,
(z ′t )

t∈
I

is
the

L
2

derivative
ofthe

process
(z
t )
t∈
I .

Proof
A

lthough
this

resultis
know

n
in

the
G

aussian
process

com
m

unity,w
e

provide
a

proof
for

the
curious

readerin
A

ppendix
B

.

W
e

w
illsay

of
a

kernel
k

thatitis
degenerate

at
a

w
hen

a
derivative

G
aussian

process
(z
t ,z ′t )

t∈
I

3.C
1

(resp.C
2)functions

denote
functions

thatare
once

(resp.tw
ice)continuously

differentiable
on

theirdom
ains.
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K
O

M
S

A
M

O
A

N
D

R
O

B
E

R
T

S

w
ith

kernel
k

is
such

that
z
a

and
z ′a

are
perfectly

correlated, 4
thatis

|corr(z
a ,z ′a )|

=
1.

A
s

an
exam

ple,
the

linear
kernel

k
(u
,v

)
=
σ

2(u
−
c)(v

−
c)

is
degenerate

at
0.

M
oreover,

w
e

w
illsay

of
a

kernel
k

thatitis
degenerate

at
b

given
a

w
hen

itis
notdegenerate

at
a

and
w

hen
the

derivative
G

aussian
process

(z
t ,z ′t )

t∈
I

w
ith

kernel
k

is
such

that
the

variances
of
z
b

and
z ′b

conditionalon
(z
a ,z ′a )are

both
zero. 5

Forinstance,the
periodic

kernelproposed
by

M
acK

ay
(1998)

w
ith

period
T

is
degenerate

at
u

+
T

given
u.

A
n

im
portantsubclass

of
derivative

G
aussian

processes
in

our
construction

are
the

processes
resulting

from
conditioning

paths
ofa

derivative
G

aussian
process

to
take

specific
values

atcertain
tim

es
(t1 ,...,tc ).

W
e

herein
refer

to
those

processes
as

conditionalderivative
G

aussian
process.

A
s

an
illustration,w

hen
k

isC
3

on
I×

I
w

ith
I

=
[a
,b],and

neitherdegenerate
at
a

nordegenerate
at
b

given
a,

the
conditional

derivative
G

aussian
process

on
I

=
[a
,b]

w
ith

unconditional
m

ean
function

m
and

unconditional
covariance

function
k

that
is

conditioned
to

start
at

(z̃
a ,z̃ ′a )

is
the

derivative
G

aussian
process

w
ith

m
ean

function

∀
t∈

I
,
m
ac (t;z̃

a ,z̃ ′a )
=
m

(t)
+

K̃
t;a K

−
1

a
;a [

z̃
a −

m
(a

)

z̃ ′a −
d
mdt

(a
) ]
,

(1)

and
covariance

function
k
ac

thatreads

∀
t,s∈

I
,
k
ac (t,s)

=
k
(t,s)−

K̃
t;a K

−
1

a
;a K̃

Ts;a
(2)

w
here

K
u

;v
=

[
k
(u
,v

)
∂
k
∂
y
(u
,v

)
∂
k
∂
x
(u
,v

)
∂
2
k

∂
x
∂
y
(u
,v

) ]
,

and
K̃
t;a

=
[k

(t,a
)

∂
k
∂
y
(t,a

) ]
.Sim

ilarly,w
hen

the

process
is

conditioned
to

startat
(z̃
a ,z̃ ′a )

and
to

end
at

(z̃
b ,z̃ ′b ),the

m
ean

function
reads

∀
t∈

I
,
m
a
,b
c

(t;z̃
a ,z̃ ′a ,z̃

b ,z̃ ′b )
=
m

(t)
+

K̃
t;(a

,b) K
−

1
(a
,b);(a

,b) 

z̃
a −

m
(a

)

z̃ ′a −
d
mdt

(a
)

z̃
b −

m
(b)

z̃ ′b −
d
mdt

(b) 
,

(3)

and
the

covariance
function

k
a
,b
c

reads

∀
t,s∈

I
,
k
a
,b
c

(t,s)
=
k
(t,s)−

K̃
t;(a

,b) K
−

1
(a
,b);(a

,b) K̃
Ts;(a

,b) ,
(4)

w
here

K
(a
,b);(a

,b)
=

[K
a
;a

K
a
;b

K
b;a

K
b;b ]

,
and

K̃
t;(a

,b)
=
[K̃

t;a
K̃
t;b ]

.Itis
im

portantto
note

that

both
K
a
;a

and
K

(a
,b);(a

,b) are
indeed

invertible
because

the
kernelisassum

ed
to

be
neitherdegenerate

at
a

nor
degenerate

at
b

given
a.

H
ence,the

supportof
(z
a ,z ′a ,z

b ,z ′b )
is
R

4,and
any

function
and

derivative
values

can
be

used
forconditioning.Figure

1
illustrates

exam
ple

independentdraw
s

from
a

conditionalderivative
G

aussian
process.

4.O
requivalently

w
hen

the
G

aussian
vector

(z
a
,z ′a )

is
degenerate.

5.O
requivalently

w
hen

the
G

aussian
vector

(z
a
,z ′a )

is
notdegenerate

but
(z
a
,z ′a ,z

b ,z ′b )
is.
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to
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at

th
e
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ns
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ic
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s
is
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nt

in
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ly

di
ff

er
en

tia
bl

e
(C

1
)o

n
I

in
th

e
L

2
se

ns
e.

T
he

or
em

2
(S

tr
in

g
G

au
ss

ia
n

pr
oc

es
s)

Le
ta

0
<
··
·<

a
k
<
··
·<

a
K

,I
=

[a
0
,a
K

]a
nd

le
tp
N

(x
;µ
,Σ

)
be

th
e

m
ul

tiv
ar

ia
te

G
au

ss
ia

n
de

n-
si

ty
w

ith
m

ea
n

ve
ct

or
µ

an
d

co
va

ri
an

ce
m

at
ri

x
Σ

.
F

ur
th

er
m

or
e,

le
t(
m
k

:
[a
k
−

1
,a
k
]
→

R
) k
∈[

1
..
K

]

be
C1

fu
nc

tio
ns

,
an

d
(k
k

:
[a
k
−

1
,a
k
]
×

[a
k
−

1
,a
k
]
→

R
) k
∈[

1
..
K

]
be
C3

sy
m

m
et

ri
c

po
si

tiv
e

se
m

i-
de

fin
ite

fu
nc

tio
ns

,n
ei

th
er

de
ge

ne
ra

te
at
a
k
−

1
,n

or
de

ge
ne

ra
te

at
a
k

gi
ve

n
a
k
−

1
.

(A
)T

he
re

ex
is

ts
an

R
2
-v

al
ue

d
st

oc
ha

st
ic

pr
oc

es
s

(S
D
t)
t∈
I
,
S
D
t

=
(z
t,
z
′ t)

sa
tis

fy
in

g
th

e
fo

llo
w

in
g

co
nd

iti
on

s:
1)

Th
e

pr
ob

ab
ili

ty
de

ns
ity

of
(S
D
a
0
,.
..
,S
D
a
K

)
re

ad
s:

p
b
(x

0
,.
..
,x

K
)

:=
K ∏ k
=

0

p
N
( x

k
;µ

b k
,Σ

b k

)
(5

)

w
he

re
:

Σ
b 0

=
1
K
a
0
;a

0
,
∀
k
>

0
Σ
b k

=
k
K
a
k
;a
k
−
k
K
a
k
;a
k
−
1
k
K
−

1
a
k
−
1
;a
k
−
1
k
K
T a
k
;a
k
−
1
,

(6
)

µ
b 0

=
1
M
a
0
,
∀
k
>

0
µ
b k

=
k
M
a
k

+
k
K
a
k
;a
k
−
1
k
K
−

1
a
k
−
1
;a
k
−
1
(x
k
−

1
−
k
M
a
k
−
1
),

(7
)

w
ith

k
K
u

;v
=

[
k
k
(u
,v

)
∂
k
k

∂
y

(u
,v

)
∂
k
k

∂
x

(u
,v

)
∂
2
k
k

∂
x
∂
y
(u
,v

)] ,
an

d
k
M
u

=

[ m
k
(u

)
d
m
k

d
t

(u
)] .

2)
C

on
di
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na
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n
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D
a
k
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∈[
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K
O

M
S

A
M

O
A

N
D

R
O

B
E

R
T

S

A
lgorithm

1
Sim

ulation
ofa

string
derivative

G
aussian

process
Inputs:

boundary
tim

es
a

0
<
···

<
a
K

,string
tim

es{
t kj ∈

]a
k−

1 ,a
k [}

j∈
[1
..n

k
],k∈

[1
..K

] ,uncondi-
tionalm

ean
(resp.covariance)functions

m
k

(resp.
k
k )

O
utput:{

...,z
a
k ,z ′a

k ,...,z
t
kj ,z ′t kj ,...}.

Step
1:sam

ple
the

boundary
conditionssequentially.

for
k

=
0

to
K

do
Sam

ple
(z
a
k ,z ′a

k )∼
N
(
µ
bk ,Σ

bk ),w
ith

µ
bk

and
Σ
bk

as
perE

quations
(7)and

(6).
end

for
Step

2:sam
ple

the
valueson

each
string

conditionalon
the

boundary
conditionsin

parallel.
parfor

k
=

1
to
K

do
L

et
k M

u
and

k K
u

;v
be

as
in

T
heorem

2,

k Λ
=


k K

t
k1
;a
k−

1
k K

t
k1
;a
k

...
...

k K
t
kn
k

;a
k−

1
k K

t
kn
k

;a
k 
[
k K

a
k−

1
;a
k−

1
k K

a
k−

1
;a
k

k K
a
k
;a
k−

1
k K

a
k
;a
k

]−
1

,

µ
sk

=


k M

t
k1

...

k M
t
kn
k 

+
k Λ



z
a
k−

1 −
m
k (a

k−
1 )

z ′a
k−

1 −
d
m
k

d
t

(a
k−

1 )

z
a
k −

m
k (a

k )

z ′a
k −

d
m
k

d
t

(a
k )


,

(8)

Σ
sk

=


k K

t
k1
;t
k1

...
k K

t
k1
;t
kn
k

...
...

...

k K
t
kn
k

;t
k1

...
k K

t
kn
k

;t
kn
k 
−
k Λ


k K

t
k1
;a
k−

1
k K

t
k1
;a
k

...
...

k K
t
kn
k

;a
k−

1
k K

t
kn
k

;a
k 

T

.
(9)

Sam
ple (

z
t
k1 ,z ′t k1

...,z
t
kn
k
,z ′t kn

k )
∼
N

(µ
sk ,Σ

sk ).

end
parfor
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y

G
P

us
in

g
on

e
of

th
e

la
rg

e
nu

m
be

r
of

co
m

m
on

ly
us

ed
is

ot
ro

pi
c

ke
rn

el
s,

am
on

g
w

hi
ch

sq
ua

re
d

ex
po

ne
nt

ia
lk

er
ne

ls
,r

at
io

na
lq

ua
dr

at
ic

ke
rn

el
s,

an
d

M
at

ér
n

ke
rn

el
s

to
na

m
e

bu
ta

fe
w

.
B

ef
or

e
di

sc
us

si
ng

w
he

th
er

su
ch

a
φ

0
ex

is
ts

,w
e

ne
ed

to
in

tr
od

uc
e

a
ri

go
ro

us
m

ea
ni

ng
to

‘fl
ex

i-
bi

lit
y’

.
A

n
in

tu
iti

ve
qu

al
ita

tiv
e

de
fin

iti
on

of
th

e
fle

xi
bi

lit
y

of
a

st
oc

ha
st

ic
pr

oc
es

s
in

de
xe

d
on

R
d

is
th

e
ea

se
w

ith
w

hi
ch

it
ca

n
ge

ne
ra

te
su

rf
ac

es
w

ith
va

ry
in

g
sh

ap
es

fr
om

on
e

ra
nd

om
sa

m
pl

e
to

an
ot

he
r

in
de

pe
nd

en
to

ne
.

W
e

re
ca

ll
th

at
th

e
ta

ng
en

th
yp

er
pl

an
e

to
a
C1

su
rf

ac
e
y
−
f

(x
)

=
0
,x
∈

R
d

at
so

m
e

po
in

tx
0

=
(t

0 1
,.
..
,t

0 d
)

ha
s

eq
ua

tio
n
∇
f

(x
0
)T

(x
−
x

0
)
−

(y
−
f

(x
0
))

=
0

an
d

ad
m

its
as

no
r-

m
al

ve
ct

or
(
∂
f

∂
t 1

(t
0 1
),
..
.,

∂
f

∂
t d

(t
0 d
),
−

1)
.A

s
ta

ng
en

th
yp

er
pl

an
es

ap
pr

ox
im

at
e

a
su

rf
ac

e
lo

ca
lly

,a
fir

st
cr

ite
ri

on
of

fle
xi

bi
lit

y
fo

ra
ra

nd
om

su
rf

ac
e
y
−
f

(x
)

=
0,
x
∈
R
d

is
th

e
pr

oc
liv

ity
of

th
e

(r
an

do
m

)
di

re
ct

io
n

of
its

ta
ng

en
t

hy
pe

rp
la

ne
at

an
y

po
in

t
x

—
an

d
he

nc
e

th
e

pr
oc

liv
ity

of
∇
f

(x
)—

to
va

ry
.
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T
hi

s
cr

ite
ri

on
al

on
e,

ho
w

ev
er

,d
oe

s
no

tc
ap

tu
re

th
e

di
ff

er
en

ce
be

tw
ee

n
th

e
lo

ca
ls

ha
pe

s
of

th
e

ra
n-

do
m

su
rf

ac
e

at
tw

o
di

st
in

ct
po

in
ts

.A
co

m
pl

em
en

ta
ry

se
co

nd
cr

ite
ri

on
of

fle
xi

bi
lit

y
is

th
e

pr
oc

liv
ity

of
th

e
(r

an
do

m
)

di
re

ct
io

ns
of

th
e

ta
ng

en
th

yp
er

pl
an

es
at

an
y

tw
o

di
st

in
ct

po
in

ts
x

0
,x

1
∈
R
d
—

an
d

he
nc

e
th

e
pr

oc
liv

ity
of
∇
f

(x
0
)

an
d
∇
f

(x
1
)—

to
be

in
de

pe
nd

en
t.

T
he

fir
st

cr
ite

ri
on

ca
n

be
m

ea
su

re
d

us
in

g
th

e
en

tr
op

y
of

th
e

gr
ad

ie
nt

at
a

po
in

t,
w

hi
le

th
e

se
co

nd
cr

ite
ri

on
ca

n
be

m
ea

su
re

d
th

ro
ug

h
th

e
m

ut
ua

li
nf

or
m

at
io

n
be

tw
ee

n
th

e
tw

o
gr

ad
ie

nt
s.

T
he

m
or

e
fle

xi
bl

e
a

st
oc

ha
st

ic
pr

oc
es

s,
th

e
hi

gh
er

th
e

en
tr

op
y

of
its

gr
ad

ie
nt

at
an

y
po

in
t,

an
d

th
e

lo
w

er
th

e
m

ut
ua

li
nf

or
m

at
io

n
be

tw
ee

n
its

gr
ad

ie
nt

s
at

an
y

tw
o

di
st

in
ct

po
in

ts
.T

hi
s

is
fo

rm
al

is
ed

in
th

e
de

fin
iti

on
be

lo
w

.

D
efi

ni
tio

n
3

(F
le

xi
bi

lit
y

of
st

oc
ha

st
ic

pr
oc

es
se

s)
Le

tf
an

d
g

be
tw

o
re

al
va

lu
ed

,a
lm

os
ts

ur
el

y
C1

st
oc

ha
st

ic
pr

oc
es

se
s

in
de

xe
d

on
R
d
,a

nd
w

ho
se

gr
ad

ie
nt

s
ha

ve
a

fin
ite

en
tr

op
y

ev
er

yw
he

re
(i

.e
.
∀
x
,
H

(∇
f

(x
))
,H

(∇
g
(x

))
<
∞

).
W

e
sa

y
th

at
f

is
m

or
e

fle
xi

bl
e

th
an
g

if
th

e
fo

llo
w

in
g

co
nd

iti
on

s
ar

e
m

et
:

1)
∀
x
,
H

(∇
f

(x
))
≥
H

(∇
g
(x

))
,

2)
∀
x
6=
y
,
I
(∇
f

(x
);
∇
f

(y
))
≤
I
(∇
g
(x

);
∇
g
(y

))
,

w
he

re
H

is
th

e
en

tr
op

y
op

er
at

or
,a

nd
I
(X

;Y
)

=
H

(X
)

+
H

(Y
)
−
H

(X
,Y

)
st

an
ds

fo
r

th
e

m
ut

ua
l

in
fo

rm
at

io
n

be
tw

ee
n
X

an
d
Y

.

T
he

fo
llo

w
in

g
pr

op
os

iti
on

es
ta

bl
is

he
s

th
at

th
e

lin
k

fu
nc

tio
n
φ
s

(x
1
,.
..
,x

d
)

=
∑

d i=
j
x
j

yi
el

ds
m

or
e

fle
xi

bl
e

st
at

io
na

ry
st

ri
ng

G
P

s
th

an
th

ei
r

is
ot

ro
pi

c
G

P
co

un
te

rp
ar

ts
,t

he
re

by
pr

ov
id

in
g

a
th

eo
re

tic
al

un
de

rp
in

ni
ng

fo
rn

ot
in

fe
rr

in
g
φ

.

Pr
op

os
iti

on
4

(A
dd

iti
ve

ly
se

pa
ra

bl
e

st
ri

ng
G

Ps
ar

e
fle

xi
bl

e)
Le

tk
(x
,y

)
:=

ρ
( ||
x
−
y
||2 L

2

) be
a

st
at

io
na

ry
co

va
ri

an
ce

fu
nc

tio
n

ge
ne

ra
tin

g
a.

s.
C1

G
P

pa
th

s
in

-
de

xe
d

on
R
d
,
d
>

0
,a

nd
ρ

a
fu

nc
tio

n
th

at
is
C2

on
]0
,+
∞

[a
nd

co
nt

in
uo

us
at

0
.L

et
φ
s
(x

1
,.
..
,x

d
)

=
∑

d j=
1
x
j
,l

et
(z
j t
) t
∈I

j
,
j∈

[1
..
d
]

be
in

de
pe

nd
en

ts
ta

tio
na

ry
G

au
ss

ia
n

pr
oc

es
se

s
w

ith
m

ea
n

0
an

d
co

-
va

ri
an

ce
fu

nc
tio

n
k

(w
he

re
th

e
L

2
no

rm
is

on
R

),
an

d
le

tf
(t

1
,.
..
,t
d
)

=
φ
s
(z

1 t 1
,.
..
,z
d t d

)
be

th
e

co
rr

es
po

nd
in

g
st

at
io

na
ry

st
ri

ng
G

P.
Fi

na
lly

,
le

t
g

be
an

is
ot

ro
pi

c
G

au
ss

ia
n

pr
oc

es
s

in
de

xe
d

on
I

1
×
··
·×

I
d

w
ith

m
ea

n
0

an
d

co
va

ri
an

ce
fu

nc
tio

n
k

(w
he

re
th

e
L

2
no

rm
is

on
R
d
).

Th
en

:

1)
∀
x
∈
I

1
×
··
·×

I
d
,
H

(∇
f

(x
))

=
H

(∇
g
(x

))
,

2)
∀
x
6=
y
∈
I

1
×
··
·×

I
d
,
I
(∇
f

(x
);
∇
f

(y
))
≤
I
(∇
g
(x

);
∇
g
(y

))
.

Pr
oo

f
Se

e
A

pp
en

di
x

E
.

A
lth

ou
gh

th
e

lin
k

fu
nc

tio
n

ne
ed

no
tb

e
in

fe
rr

ed
in

a
fu

ll
no

np
ar

am
et

ri
c

fa
sh

io
n

to
yi

el
d

co
m

pa
ra

-
bl

e
if

no
t

be
tte

r
re

su
lts

th
an

m
os

t
is

ot
ro

pi
c

ke
rn

el
s

us
ed

in
th

e
st

an
da

rd
G

P
pa

ra
di

gm
,

fo
r

so
m

e
pr

ob
le

m
s

ce
rt

ai
n

lin
k

fu
nc

tio
ns

m
ig

ht
ou

tp
er

fo
rm

ot
he

rs
.I

n
Se

ct
io

n
4.

2
w

e
an

al
ys

e
a

br
oa

d
fa

m
ily

of
lin

k
fu

nc
tio

ns
,

an
d

ar
gu

e
th

at
th

ey
ex

te
nd

su
cc

es
sf

ul
an

is
ot

ro
pi

c
ap

pr
oa

ch
es

su
ch

as
th

e
A

u-
to

m
at

ic
R

el
ev

an
ce

D
et

er
m

in
at

io
n

(M
ac

K
ay

(1
99

8)
)

an
d

th
e

ad
di

tiv
e

ke
rn

el
s

of
D

uv
en

au
d

et
al

.
(2

01
1)

.
M

or
eo

ve
r,

in
Se

ct
io

n
5

w
e

pr
op

os
e

a
sc

al
ab

le
in

fe
re

nc
e

sc
he

m
e

ap
pl

ic
ab

le
to

an
y

lin
k

fu
nc

tio
n.

4.
C

om
pa

ri
so

n
w

ith
th

e
St

an
da

rd
G

P
Pa

ra
di

gm

W
e

ha
ve

al
re

ad
y

es
ta

bl
is

he
d

th
at

sa
m

pl
in

g
st

ri
ng

G
P

s
sc

al
es

be
tte

r
th

an
sa

m
pl

in
g

G
Ps

un
de

r
th

e
st

an
da

rd
G

P
pa

ra
di

gm
an

d
is

am
en

ab
le

to
di

st
ri

bu
te

d
co

m
pu

tin
g.

W
e

ha
ve

al
so

es
ta

bl
is

he
d

th
at
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S
T

R
IN

G
A

N
D

M
E

M
B

R
A

N
E

G
A

U
S

S
IA

N
P

R
O

C
E

S
S

E
S

stationary
additively

separable
string

G
P

s
are

m
ore

flexible
than

their
isotropic

counterparts
in

the
standard

G
P

paradigm
.

In
this

section,
w

e
provide

further
theoretical

results
relating

the
string

G
P

paradigm
to

the
standard

G
P

paradigm
.Firstly

w
e

establish
thatstring

G
P

s
w

ith
link

function
φ
s

(x
1 ,...,x

d )
=
∑

di=
j
x
j

are
G

Ps.Secondly,w
e

derive
the

globalm
ean

and
covariance

functions
induced

by
the

string
G

P
construction

for
a

variety
of

link
functions.

T
hirdly,w

e
provide

a
sense

in
w

hich
the

string
G

P
paradigm

can
be

thoughtof
as

extending
the

standard
G

P
paradigm

.
A

nd
finally,w

e
show

thatthe
string

G
P

paradigm
m

ay
serve

as
a

scalable
approxim

ation
of

com
m

only
used

stationary
kernels.

4.1
Som

e
String

G
Psare

G
Ps

O
n

one
hand

w
e

note
from

T
heorem

2
thatthe

restriction
of

a
string

G
P

defined
on

an
intervalto

the
supportof

the
firststring—

in
other

w
ords

the
firstlocalG

P
expert—

is
a

G
aussian

process.
O

n
the

other
hand,

the
m

essages
passed

on
from

one
local

G
P

expert
to

the
next

are
not

necessarily
consistent

w
ith

the
unconditional

law
of

the
receiving

local
expert,

so
that

overall
a

string
G

P
defined

on
an

interval,thatis
w

hen
looked

atglobally
and

unconditionally,m
ightnotbe

a
G

aussian
process.

H
ow

ever,the
follow

ing
proposition

establishes
thatsom

e
string

G
P

s
are

indeed
G

aussian
processes.

Proposition
5

(A
dditively

separable
string

G
Psare

G
Ps)

String
G

aussian
processes

on
R

are
G

aussian
processes.

M
oreover,string

G
aussian

processes
on

R
d

w
ith

link
function

φ
s (x

1 ,...,x
d )

=
∑

dj=
1
x
j

are
also

G
aussian

processes.

Proof
T

he
intuition

behind
this

proof
lies

in
the

fact
that

if
X

is
a

m
ultivariate

G
aussian,and

if
conditionalon

X
,
Y

is
a

m
ultivariate

G
aussian,providing

thatthe
conditionalm

ean
of
Y

depends
linearly

on
X

and
the

conditionalcovariance
m

atrix
of
Y

does
notdepend

on
X

,the
vector

(X
,Y

)
is

jointly
G

aussian.
T

his
w

ill
indeed

be
the

case
for

our
collaboration

of
local

G
P

experts
as

the
boundary

conditions
picked

up
by

an
expertfrom

the
previous

w
illnotinfluence

the
conditionalco-

variance
structure

ofthe
expert(the

conditionalcovariance
strucuture

depends
only

on
the

partition
of

the
dom

ain,
not

the
values

of
the

boundary
conditions)

and
w

ill
affect

the
m

ean
linearly.

See
A

ppendix
H

forthe
fullproof.

T
he

above
result

guarantees
that

com
m

only
used

closed
form

predictive
equations

under
G

P
priors

are
stillapplicable

under
som

e
string

G
P

priors,providing
the

globalm
ean

and
covariance

functions,w
hich

w
e

derive
in

the
follow

ing
section,are

available.
Proposition

5
also

guarantees
stability

ofthe
corresponding

string
G

P
s

in
the

G
P

fam
ily

underaddition
ofindependentG

aussian
noise

term
s

as
in

regression
settings.

M
oreover,itfollow

s
from

Proposition
5

thatinference
tech-

niques
developed

for
G

aussian
processes

can
be

readily
used

under
string

G
P

priors.
In

Section
5

w
e

provide
an

additionalM
C

M
C

schem
e

thatexploitsthe
conditionalindependence

betw
een

strings
to

yield
greaterscalability

and
distributed

inference.

4.2
String

G
P

K
ernelsand

String
G

P
M

ean
Functions

T
he

approach
w

e
have

adopted
in

the
construction

of
string

G
P

s
and

m
em

brane
G

P
s

did
not

re-
quire

explicitly
postulating

a
globalm

ean
function

orcovariance
function.In

A
ppendix

Iw
e

derive
the

globalm
ean

and
covariance

functions
thatresultfrom

our
construction.

T
he

globalcovariance
function

could
be

used
for

instance
as

a
stand-alone

kernelin
any

kernelm
ethod,for

instance
G

P
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m
odels

under
the

standard
G

P
paradigm

,
w

hich
w

ould
provide

a
flexible

and
nonstationary

al-
ternative

to
com

m
only

used
kernels

that
m

ay
be

used
to

learn
local

patterns
in

data
sets—

som
e

successfulexam
ple

applications
are

provided
in

Section
5.

T
hatbeing

said,adopting
such

a
global

approach
should

be
lim

ited
to

sm
all

scale
problem

s
as

the
conditional

independence
structure

of
string

G
P

s
does

not
easily

translate
into

structures
in

covariance
m

atrices
over

string
G

P
values

(w
ithout

derivative
inform

ation)
that

can
be

exploited
to

speed-up
SV

D
or

C
holesky

decom
posi-

tion.
C

rucially,m
arginalising

outallderivative
inform

ation
in

the
distribution

of
derivative

string
G

P
values

atsom
e

inputs
w

ould
destroy

any
conditionalindependence

structure,thereby
lim

iting
opportunities

for
scalable

inference.
In

Section
5

w
e

w
illprovide

a
R

J-M
C

M
C

inference
schem

e
thatfully

exploits
the

conditionalindependence
structure

in
string

G
P

s
and

scales
to

very
large

data
sets.

4.3
C

onnection
B

etw
een

M
ultivariate

String
G

P
K

ernelsand
E

xisting
A

pproaches

W
e

recallthatfor
n
≤
d,the

n-th
order

elem
entary

sym
m

etric
polynom

ial(M
acdonald

(1995))
is

given
by

e
0 (x

1 ,...,x
d )

:=
1,
∀

1
≤
n
≤
d
e
n
(x

1 ,...,x
d )

=
∑

1≤
j
1
<
j
2
<
···<

j
n ≤

d

n
∏k
=

1

x
j
k .

(12)

A
s

an
illustration,

e
1 (x

1 ,...,x
d )

=
d
∑j=

1

x
j

=
φ
s (x

1 ,...,x
d ),

e
2 (x

1 ,...,x
d )

=
x

1 x
2

+
x

1 x
3

+
···

+
x

1 x
d

+
···

+
x
d−

1 x
d ,

...

e
d (x

1 ,...,x
d )

=

d
∏j=

1

x
j

=
φ
p (x

1 ,...,x
d ).

C
ovariance

kernels
of

string
G

P
s,

using
as

link
functions

elem
entary

sym
m

etric
polynom

ials
e
n ,

extend
m

ostpopularapproaches
thatcom

bine
unidim

ensionalkernels
overfeatures

forgreaterflex-
ibility

orcheaperdesign
experim

ents.
T

he
first-orderpolynom

ial
e

1
gives

rise
to

additively
separable

G
aussian

processes,thatcan
be

regarded
as

B
ayesian

nonparam
etric

generalised
additive

m
odels

(G
A

M
),particularly

popular
for

their
interpretability.

M
oreover,as

noted
by

D
urrande

etal.(2012),additively
separable

G
aussian

processes
are

considerably
cheaperthan

alternate
transform

ations
in

design
experim

ents
w

ith
high-

dim
ensional

input
spaces.

In
addition

to
the

above,
additively

separable
string

G
P

s
also

allow
postulating

the
existence

oflocalproperties
in

the
experim

entaldesign
process

atno
extra

cost.
T

he
d-th

order
polynom

ial
e
d

corresponds
to

a
productof

unidim
ensionalkernels,also

know
n

as
separable

kernels.
For

instance,the
popular

squared
exponentialkernelis

separable.
Separable

kernels
have

been
successfully

used
on

large
scale

inference
problem

s
w

here
the

inputs
form

a
grid

(Saatchi,2011;W
ilson

etal.,2014),as
they

yield
covariance

m
atrices

thatare
K

roneckerproducts,
leading

to
m

axim
um

likelihood
inference

in
lineartim

e
com

plexity
and

w
ith

linearm
em

ory
require-

m
ent.

Separable
kernels

are
often

used
in

conjunction
w

ith
the

autom
atic

relevance
determ

ination
(A

R
D

)
m

odel,
to

learn
the

relevance
of

features
through

global
linear

rescaling.
H

ow
ever,

A
R

D
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3:

C
om
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used
covariance

functions
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[0,1
]×

[0,1
]

w
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e
input
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output

scales
(first
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their

uniform
string

G
P
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K
O

M
S

A
M

O
A

N
D

R
O

B
E

R
T

S

K = 2 K = 4 K = 8 K = 16

min avg max min avg max min avg max min avg max

SE 0 0.01 0.13 0 0.02 0.25 0 0.03 0.37 0 0.04 0.44
RQ 1 0 0.01 0.09 0 0.03 0.20 0 0.05 0.37 0 0.07 0.52
RQ 5 0 0.01 0.12 0 0.02 0.24 0 0.04 0.37 0 0.05 0.47

MA 3/2 0 0 0 0 0 0 0 0 0 0 0 0
MA 5/2 0 0.01 0.07 0 0.03 0.15 0 0.05 0.29 0 0.08 0.48

Table 1: Minimum, average, and maximum absolute errors between some commonly used stationary covariance functions on [0, 1] × [0, 1]
(with unit variance and input scale 0.5) and their uniform string GP counterparts with K > 1 strings of equal length.
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otherthan
continuous

differentiability.
D

enoting
z

the
vector

of
univariate

string
G

P
processes

and
their

derivatives,
evaluated

at
all

distinct
input

coordinate
values,w

e
m

ay
re-param

etrize
the

likelihood
as
p

(D
|z
,u

),w
ith

the
understanding

that
f

can
be

recovered
from

z
through

the
link

function
φ.

To
com

plete
our

prior
specification,

w
e

need
to

discuss
the

choice
ofboundary

tim
es{a

jk }
and

the
choice

ofthe
corresponding

unconditionalkernel
structures{

k
jk }.

B
efore

doing
so,w

e
w

ould
like

to
stress

thatkey
requirem

ents
of

our
sam

pler
are

that
i)

it
should

decouple
the

need
for

scalability
from

the
need

for
flexibility,

ii)
it

should
scale

linearly
w

ith
the

num
ber

of
training

and
test

inputs,
and

iii)
the

user
should

be
able

to
express

prior
view

s
on

m
odelcom

plexity/flexibility
in

an
intuitive

w
ay,butthe

sam
pler

should
be

able
to

validate
or

invalidate
the

prior
m

odelcom
plexity

from
the

data.
W

hile
the

m
otivations

for
the

last
tw

o
requirem

ents
are

obvious,the
firstrequirem

entis
m

otivated
by

the
factthata

m
assive

data
set

m
ay

w
ellbe

m
ore

hom
ogeneous

than
a

m
uch

sm
allerdata

set.

5.2.2
S

C
A

L
A

B
L

E
C

H
O

IC
E

O
F

B
O

U
N

D
A

R
Y

T
IM

E
S

To
m

otivate
our

choice
of

boundary
tim

es
that

achieves
great

scalability,
w

e
first

note
that

the
evaluation

of
the

likelihood,w
hich

w
illnaturally

be
needed

by
the

M
C

M
C

sam
pler,w

illtypically
have

atleastlinear
tim

e
com

plexity
and

linear
m

em
ory

requirem
ent,as

itw
illrequire

perform
ing

com
putations

that
use

each
training

sam
ple

at
least

once.
T

hus,the
best

w
e

can
hope

to
achieve

overallis
lineartim

e
com

plexity
and

linearm
em

ory
requirem

ent.Second,in
M

C
M

C
schem

es
w

ith
functionalpriors,the

tim
e

com
plexity

and
m

em
ory

requirem
ents

forsam
pling

from
the

posterior

p
(f|D

)∝
p

(D
|f)
p
(f)

are
often

the
sam

e
as

the
resource

requirem
ents

for
sam

pling
from

the
prior

p
(f),

as
evaluating

the
m

odellikelihood
is

rarely
the

bottleneck.
Finally,w

e
note

from
A

lgorithm
1

that,w
hen

each
inputcoordinate

in
each

dim
ension

is
a

boundary
tim

e,the
sam

pling
schem

e
has

tim
e

com
plexity

and
m

em
ory

requirem
entthatare

linearin
the

m
axim

um
num

berofunique
inputcoordinates

across
dim

ensions,w
hich

is
atm

ostthe
num

ber
of

training
sam

ples.
In

effect,each
univariate

derivative
string

G
P

is
sam

pled
in

parallelatas
m

any
tim

es
as

there
are

unique
inputcoordinates

in
thatdi-

m
ension,before

being
com

bined
through

the
link

function.
In

a
given

inputdim
ension,univariate

derivative
string

G
P

values
are

sam
pled

sequentially,one
boundary

tim
e

conditionalon
the

previ-
ous.T

he
foregoing

sam
pling

operation
is

very
scalable

notonly
asym

ptotically
butalso

in
absolute

term
s;

it
m

erely
requires

storing
and

inverting
at

m
ost

as
m

any
2
×

2
m

atrices
as

the
num

ber
of

inputpoints.
W

e
w

illevaluate
the

actualoveralltim
e

com
plexity

and
m

em
ory

requirem
entw

hen
w

e
discuss

ourM
C

M
C

sam
plerin

greaterdetails.Fornow
,w

e
w

ould
like

to
stress

thati)choosing
each

distinctinputcoordinate
value

as
a

boundary
tim

e
in

the
corresponding

inputdim
ension

before
training

is
a

perfectly
valid

choice,ii)
w

e
expectthis

choice
to

resultin
resource

requirem
ents

that
grow

linearly
w

ith
the

sam
ple

size
and

iii)in
the

string
G

P
theory

w
e

have
developed

thus
farthere

is
no

requirem
entthattw

o
adjacentstrings

be
driven

by
differentkernelhyper-param

eters.

5.2.3
M

O
D

E
L

C
O

M
P

L
E

X
IT

Y
L

E
A

R
N

IN
G

A
S

A
C

H
A

N
G

E-P
O

IN
T

P
R

O
B

L
E

M

T
he

rem
ark

iii)above
pertainsto

m
odelcom

plexity.In
the

sim
plestcase,allstringsare

driven
by

the
sam

e
kerneland

hyper-param
eters

as
itw

as
the

case
in

Section
4.5,w

here
w

e
discussed

how
this
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K
O

M
S

A
M

O
A

N
D

R
O

B
E

R
T

S

setup
departs

from
postulating

the
unconditional

string
covariance

function
k
jk

globally
sim

ilarly
to

the
standard

G
P

paradigm
.

T
he

m
ore

distinct
unconditional

covariance
structures

there
are,

the
m

ore
com

plex
the

m
odelis,as

itm
ay

accountfor
m

ore
types

of
localpatterns.

T
hus,w

e
m

ay
identify

m
odelcom

plexity
to

the
num

berofdifferentkernelconfigurations
across

inputdim
ensions.

In
orderto

learn
m

odelcom
plexity,w

e
require

thatsom
e

(butnotnecessarily
all)strings

share
their

kernel
configuration. 7

M
oreover,

w
e

require
kernel

m
em

bership
to

be
dim

ension-specific
in

that
tw

o
strings

in
differentinputdim

ensions
m

ay
notexplicitly

share
a

kernelconfiguration
in

the
prior

specification,although
the

posteriordistribution
overtheirhyper-param

eters
m

ightbe
sim

ilarifthe
data

supportit.
In

each
input

dim
ension

j,
kernel

m
em

bership
is

defined
by

a
partition

of
the

corresponding
dom

ain
operated

by
a

(possibly
em

pty)setofchange-points, 8
as

illustrated
in

Figure
4.W

hen
there

is
no

change-pointas
in

Figure
4-(a),allstrings

are
driven

by
the

sam
e

kerneland
hyper-param

eters.
E

ach
change-point

c
jp

induces
a

new
kernel

configuration
θ
jp

that
is

shared
by

all
strings

w
hose

boundary
tim

es
a
jk

and
a
jk
+

1
both

lie
in

[c
jp ,c

jp
+

1 [.
W

hen
one

or
m

ultiple
change-points

c
jp

occur
betw

een
tw

o
adjacentboundary

tim
es

as
illustrated

in
Figures

4-(b-d),forinstance
a
jk ≤

c
jp ≤

a
jk
+

1 ,
the

kernelconfiguration
ofthe

string
defined

on
[a
jk ,a

jk
+

1 ]isthatofthe
largestchange-pointthatlies

in
[a
jk ,a

jk
+

1 ](see
forinstance

Figure
4-(d)).Forconsistency,w

e
denote

θ
j0

the
kernelconfiguration

driving
the

firststring
in

the
j-th

dim
ension;italso

drives
strings

thatcom
e

before
the

firstchange-
point,and

allstrings
w

hen
there

is
no

change-point.
To

place
a

prior
on

m
odel

com
plexity,it

suffices
to

define
a

joint
probability

m
easure

on
the

set
of

change-points
and

the
corresponding

kernel
configurations.

A
s

kernel
configurations

are
notshared

across
inputdim

ensions,w
e

choose
these

priors
to

be
independentacross

inputdim
en-

sions.
M

oreover,{c
jp }

being
a

random
collection

of
points

on
an

intervalw
hose

num
ber

and
po-

sitions
are

both
random

,itis
de

facto
a

pointprocess
(D

aley
and

V
ere-Jones

(2008)).
To

keep
the

priorspecification
ofchange-points

uninform
ative,itis

desirable
thatconditionalon

the
num

berof
change-points,the

positions
of

change-points
be

i.i.d.
uniform

on
the

dom
ain.

A
s

for
the

num
ber

of
change-points,itis

im
portantthatthe

supportof
its

distribution
notbe

bounded,so
as

to
allow

foran
arbitrarily

large
m

odelcom
plexity

ifw
arranted.T

he
tw

o
requirem

ents
above

are
satisfied

by
a

hom
ogeneous

Poisson
process

orH
PP

(D
aley

and
V

ere-Jones
(2008))w

ith
constantintensity

λ
j.

M
ore

precisely,the
priorprobability

m
easure

on ({
c
jp ,θ

jp }
,λ

j )
is

constructed
as

follow
s:



λ
j∼

Γ
(α

j,β
j),

{
c
jp } ∣∣λ

j∼
H

PP
(λ
j)

θ
jp [i] ∣∣{c

jp }
,λ

j
i.i.d
∼

logN
(0,ρ

j)

∀
(j,p

)6=
(l,q)

θ
jp ⊥

θ
lq ,

,
(16)

w
here

w
e

choose
the

G
am

m
a

distribution
Γ

asprioron
the

intensity
λ
j

forconjugacy,w
e

assum
e

all
kernelhyper-param

eters
are

positive
as

is
often

the
case

in
practice, 9

the
coordinates

of
the

hyper-
param

eters
of

a
kernelconfiguration

are
assum

ed
i.i.d.,and

kernelhyper-param
eters

are
assum

ed

7.T
hatis,the

functionalform
ofthe

unconditionalkernel
k
jk

and
its

hyper-param
eters.

8.W
e

w
ould

like
to

stress
thatchange-points

do
notintroduce

new
inputpoints

or
boundary

tim
es,butsolely

define
a

partition
ofthe

dom
ain

ofeach
inputdim

ension.
9.T

his
m

ay
easily

be
relaxed

if
needed,for

instance
by

putting
norm

alpriors
on

param
eters

thatm
ay

be
negative

and
log-norm

alpriors
on

positive
param

eters.
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Fi
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E
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n
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.E
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h
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a
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e
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m
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e
w
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y
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g
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)
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rt
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th
e

do
m

ai
n
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re
e
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o
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an
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-p
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on
e

of
w
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ch
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in
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s
w
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tin
g
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an
d
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e
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m
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n
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by
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o
di
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in
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ch

an
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-
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.
In

ea
ch

sc
en

ar
io

,k
er

ne
lm

em
be

rs
hi

p
is

ill
us

tr
at
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by

co
lo

ur
-c

od
in

g.
T

he
co

lo
ur

of
th

e
in

te
rv

al
be

tw
ee

n
tw

o
co

ns
ec

ut
iv

e
bo

un
da

ry
tim

es
a
j k

an
d
a
j k
+

1
re

fle
ct

s
w

ha
tk

er
-

ne
lc

on
fig

ur
at

io
n

dr
iv

es
th

e
co

rr
es

po
nd

in
g

st
ri

ng
;i

n
pa

rt
ic

ul
ar

,t
he

co
lo

ur
of

th
e

ve
rt

ic
al

ba
r

co
rr

es
po

nd
in

g
to

bo
un

da
ry

tim
e
a
j k
+

1
de

te
rm

in
es

w
ha

t
ke

rn
el

co
nfi

gu
ra

tio
n

sh
ou

ld
be

us
ed

to
co

m
pu

te
th

e
co

nd
iti

on
al

di
st

ri
bu

tio
n

of
th

e
va

lu
e

of
th

e
de

ri
va

tiv
e

st
ri

ng
G

P
(z
j t
,z
j′ t

)
at
a
j k
+

1
,g

iv
en

its
va

lu
e

at
a
j k
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K
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O
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R
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B
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R
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S

in
de
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en
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et
w
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ke
rn
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co
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ra
tio

ns
.D

en
ot

in
g

th
e

do
m

ai
n

of
th

e
j-

th
in

pu
t[
a
j
,b
j
],

it
fo

llo
w

s
fr

om
ap

pl
yi

ng
th

e
la

w
s

of
to

ta
le

xp
ec

ta
tio

n
an

d
to

ta
lv

ar
ia

nc
e

on
E

qu
at

io
n

(1
6)

th
at

th
e

ex
pe

ct
ed

nu
m

be
ro

fc
ha

ng
e-

po
in

ts
in

th
e
j-

th
di

m
en

si
on

un
de

ro
ur

pr
io

ri
s

E
( #
{c
j p
})

=
( b
j
−
a
j
) α

j

β
j
,

(1
7)

an
d

th
e

va
ri

an
ce

of
th

e
nu

m
be

ro
fc

ha
ng

e-
po

in
ts

in
th

e
j-

di
m

en
si

on
un

de
ro

ur
pr

io
ri

s

V
ar
( #
{c
j p
})

=
( b
j
−
a
j
) α

j

β
j

(
1

+

( b
j
−
a
j
)

β
j

)
.

(1
8)

T
he

tw
o

eq
ua

tio
ns

ab
ov

e
m

ay
gu

id
e

th
e

us
er

w
he

n
se

tti
ng

th
e

pa
ra

m
et

er
s
α
j

an
d
β
j
.

Fo
r

in
st

an
ce

,
th
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e

va
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es
m
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se
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o
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th

e
ex

pe
ct
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m
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ro
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ha
ng
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po

in
ts

in
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n
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pu
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en

si
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be
a
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ed

fr
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e
nu

m
be
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y
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in
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at
in

pu
td

im
en

si
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so
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e
pr
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e
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er
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e
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m

be
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ng
e-

po
in
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be
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e
en
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th
at
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he
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sn
’t
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o

in
fo
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W
e
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d
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n

a
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t
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r
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r
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s.
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ef
fe
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e
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e
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a
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fir
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ry

tim
es

.
H

ow
ev

er
,t

hi
s

ap
pr

oa
ch

w
ou

ld
be

in
co

ns
is

te
nt

w
ith

th
e

ai
m

to
le

ar
n

lo
ca

lp
at

te
rn

s
in

th
e

da
ta

if
th

e
co

rr
es

po
nd

in
g

ra
nd

om
m

ea
su

re
is

ex
ch

an
ge

ab
le

.
In

ef
fe

ct
,a

s
bo

un
da

ry
tim

es
ar

e
al

li
np

ut
co

or
di

na
te

s,
lo

ca
lp

at
te

rn
s

m
ay

on
ly

ar
is

e
in

th
e

da
ta

as
a

re
su

lt
of

ad
ja

ce
nt

st
ri

ng
s

sh
ar
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g

ke
rn
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co

nfi
gu

ra
tio

ns
.

A
n

ex
ch
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ge
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le

ra
nd
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m

ea
su

re
w
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ld
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st
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e
a

pr
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ri
th
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o
ke

rn
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m
em

be
rs

hi
p

as
si

gn
m

en
ts

th
at

ha
ve

th
e

sa
m

e
ke

rn
el

co
nfi

gu
ra

tio
ns

(i
.e

.t
he

sa
m

e
nu

m
be

ro
fc

on
fig

u-
ra

tio
ns

an
d

th
e

sa
m

e
se

to
fh

yp
er

-p
ar

am
et

er
s)

an
d

th
e

sa
m

e
nu

m
be

r
of

bo
un

da
ry

tim
es
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ea

ch
ke

rn
el
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us

te
r(
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th
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gh
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te
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th

e
sa

m
e
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un
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ry

tim
es
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e
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lly
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el

y
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er
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pu

tti
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m
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hi

p
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th

at
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bo
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e
ad
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nc
y.

U
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ha

ng
ea

bl
e

ra
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om
m

ea
su

re
s

(a
m
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g

w
hi
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th

e
D
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hl
et

pr
oc

es
s
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d

th
e

Pi
tm
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-Y

or
pr

oc
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s)
ar

e
by
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r

m
or

e
w
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el

y
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te

d
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e
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le
ar
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th
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ra
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m
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T

hu
s,

th
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ap
pr
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ch

m
ig
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d
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er

ly
co

m
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ex
.

T
ha

t
be
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g
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,
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te

d
by

Fo
ti

an
d

W
ill
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m

so
n

(2
01

5)
,

no
n-

ex
ch

an
ge

ab
le

no
rm
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iz

ed
ra
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om

m
ea

su
re

s
m

ay
be

re
ga

rd
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Po
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n
po

in
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(w
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g
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S

E
S

augm
ented

spaces,w
hich

m
akes

this
choice

of
prior

specification
som

ew
hatsim

ilar,butstronger
(thatis

m
ore

inform
ative)than

the
one

w
e

adoptin
this

paper.
B

efore
deriving

the
sam

pling
algorithm

,itis
w

orth
noting

thatthe
priordefined

in
E

quation
(16)

does
notadm

ita
density

w
ith

respectto
the

sam
e

base
m

easure, 10
as

the
num

ber
of

change-points
#
{c
jp },and

subsequently
the

num
berofkernelconfigurations,m

ay
vary

from
one

sam
ple

to
another.

N
evertheless,the

jointdistribution
over

the
dataD

and
allother

m
odelparam

eters
is

w
elldefined

and,as
w

e
w

illsee
later,w

e
m

ay
leverage

reversible-jum
p

M
C

M
C

techniques(G
reen

(1995);G
reen

and
H

astie
(2009))to

constructa
M

arkov
chain

thatconverges
to

the
posteriordistribution.

5.2.4
O

V
E

R
A

L
L

S
T

R
U

C
T

U
R

E
O

F
T

H
E

M
C

M
C

S
A

M
P

L
E

R

To
ease

notations,
w

e
denote

c
the

set
of

all
change-points

in
all

input
dim

ensions,
w

e
denote

n
=
(
...,#

{
c
jp }
,... )

∈
N
d

the
vectorofthe

num
bers

ofchange-points
in

each
inputdim

ension,

w
e

denote
θ

the
setofkernelhyper-param

eters, 11
and

ρ
:=

(...,ρ
j,...)

the
vectorofvariances

of
the

independentlog-norm
alpriors

on
θ.W

e
denote

λ
:=

(...,λ
j,...)

the
vectorofchange-points

intensities,w
e

denote
α

:=
(...,α

j,...)
and

β
:=

(...,β
j,...)

the
vectors

of
param

eters
of

the
G

am
m

a
priors

w
e

placed
on

the
change-points

intensities
across

the
d

input
dim

ensions,
and

w
e

recallthat
u

denotes
the

vectoroflikelihood
param

eters
otherthan

the
values

ofthe
latentfunction

f.
W

e
w

ould
like

to
sam

ple
from

the
posterior

distribution
p
(f,f ∗,∇

f,∇
f ∗|D

,α
,β
,ρ

),w
here

f
and

f ∗
are

the
vectors

ofvalues
ofthe

latentfunction
f

attraining
and

testinputs
respectively,and

∇
f,∇

f ∗
the

corresponding
gradients.

D
enoting

z
the

vector
of

univariate
string

G
P

processes
and

their
derivatives,evaluated

atalldistincttraining
and

testinputcoordinate
values,w

e
note

thatto
sam

ple
from

p
(f,f ∗,∇

f,∇
f ∗|D

,α
,β
,ρ

),
it

suffices
to

sam
ple

from
p
(z|D

,α
,β
,ρ

),
com

pute
f

and
f ∗

using
the

link
function,

and
com

pute
the

gradients
using

E
quation

(11).
To

sam
ple

from
p
(z|D

,α
,β
,ρ

),w
e

m
ay

sam
ple

from
the

targetdistribution

π
(n
,c
,θ
,λ
,z
,u

)
:=

p
(n
,c
,θ
,λ
,z
,u|D

,α
,β
,ρ

),
(19)

and
discard

variablesthatare
notofinterest.A

spreviously
discussed,π

isnotabsolutely
continuous

w
ith

respectto
the

sam
e

base
m

easure,though
w

e
m

ay
stilldecom

pose
itas

π
(n
,c
,θ
,λ
,z
,u

)
=

1

p
(D
|α
,β
,ρ

) p
(n|λ

)p
(λ|α

,β
)p

(c|n
)p

(θ|n
,ρ

)p
(u

)p
(z|c

,θ
)p

(D
|z
,u

),(20)
w

here
w

e
use

the
notation

p
(.)

and
p
(.|.)

to
denote

probability
m

easures
rather

than
probability

density
functions

orprobability
m

ass
functions,and

w
here

productand
scaling

operations
are

usual
m

easure
operations.B

efore
proceeding

any
further,w

e
w

illintroduce
a

slightre-param
etrization

of
E

quation
(20)thatw

illim
prove

the
inference

schem
e.

L
et

n
a

=
(...,#

{
a
jk }
k ,...)

be
the

vector
of

the
num

bers
of

unique
boundary

tim
es

in
all

d
inputdim

ensions.W
e

recallfrom
ourprioron

f
that

p
(z|c

,θ
)

=

d
∏j=

1

p (
z
ja
j0 ,z

j′a
j0 )

n
a
[j]−

1
∏k
=

1

p (
z
ja
jk ,z

j′a
jk ∣∣∣ z

ja
jk−

1 ,z
j′a
jk−

1 )
,

(21)

10.T
hatis

the
jointpriorprobability

m
easure

is
neitherdiscrete,norcontinuous.

11.To
sim

plify
the

exposition,w
e

assum
e

w
ithoutloss

of
generality

thateach
kernelconfiguration

has
the

sam
e

kernel
functionalform

,so
thatconfigurations

are
defined

by
kernelhyper-param

eters.
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K
O

M
S

A
M

O
A

N
D

R
O

B
E

R
T

S

w
here

each
factorin

the
decom

position
above

isa
bivariate

G
aussian

density
w

hose
m

ean
vectorand

covariance
m

atrix
is

obtained
from

the
partitions

c,the
kernelhyper-param

eters
θ,and

the
kernel

m
em

bership
schem

e
described

in
Section

5.2.3
and

illustrated
in

Figure
4,

and
using

E
quations

(6-7).
L

et
jk K

u
;v

be
the

unconditional
covariance

m
atrix

betw
een

(
z
ju ,z

j′u )
and

(
z
jv ,z

j′v )
as

per

the
unconditionalkernelstructure

driving
the

string
defined

on
the

interval
[a
jk ,a

jk
+

1 [.
L

et
Σ
j0

:=

j0 K
a
j0
;a
j0

be
the

auto-covariance
m

atrix
of (

z
ja
j0 ,z

j′a
j0 )

.L
et

Σ
jk

:=
jk K

a
jk
;a
jk −

jk K
a
jk
;a
jk−

1

jk K
−

1

a
jk−

1
;a
jk−

1

jk K
Ta
jk
;a
jk−

1

be
the

covariance
m

atrix
of (

z
ja
jk ,z

j′a
jk )

given (
z
ja
jk−

1 ,z
j′a
jk−

1 )
,and

M
jk

=
jk K

a
jk
;a
jk−

1

jk K
−

1

a
jk−

1
;a
jk−

1 .

Finally,let
L
jk

:=
U
jk
(D

jk )
12

w
ith

Σ
jk

=
U
jk
D
jk (U

jk
)
T

the
singular

value
decom

position
(SV

D
)

of

Σ
jk .W

e
m

ay
choose

to
represent (

z
ja
j0 ,z

j′a
j0 )

as


z
ja
j0

z
j′a
j0 

=
L
j0 x
j0 ,

(22)

and
for

k
>

0
w

e
m

ay
also

choose
to

represent (
z
ja
jk ,z

j′a
jk )

as


z
ja
jk

z
j′a
jk 

=
M

jk 
z
ja
jk−

1

z
j′a
jk−

1 
+
L
jk x

jk ,
(23)

w
here{x

jk }
are

independentbivariate
standard

norm
alvectors.E

quations
(22-23)provide

an
equiv-

alentrepresentation.
In

effect,w
e

recallthatif
Z

=
M

+
L
X
,w

here
X
∼
N

(0,I
)

is
a

standard
m

ultivariate
G

aussian,M
is

a
realvector,and

L
is

a
realm

atrix,then
Z
∼
N

(M
,L
L
T

).E
quations

(22-23)
resultfrom

applying
this

resultto
(
z
ja
j0 ,z

j′a
j0 )

and
(
z
ja
jk ,z

j′a
jk )
∣∣∣ (
z
ja
jk−

1 ,z
j′a
jk−

1 )
.

W
e

note

thatattraining
tim

e,M
jk

and
L
jk

only
depend

on
kernelhyper-param

eters.D
enoting

x
the

vectorof
all
x
jk ,

x
is

a
so-called

‘w
hitened’

representation
of

z,w
hich

w
e

prefer
for

reasons
w

e
w

illdiscuss
shortly.In

the
w

hitened
representation,the

targetdistribution
π

is
re-param

eterized
as

π
(n
,c
,θ
,λ
,x
,u

)
=

1

p
(D
|α
,β
,ρ

) p
(n|λ

)p
(λ|α

,β
)p

(c|n
)p

(θ|n
,ρ

)p
(u

)p
(x

)p
(D
|x
,c
,θ
,u

),

(24)
w

here
the

dependency
ofthe

likelihood
term

on
the

partitions
and

the
hyper-param

eters
stem

s
from

the
need

to
recover

z
and

subsequently
f

from
x

through
E

quations
(22)

and
(23).

T
he

w
hitened

representation
E

quation
(24)

has
tw

o
prim

ary
advantages.

Firstly,itis
robustto

ill-conditioning
of
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ar
e

to
o

cl
os

e
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ch

ot
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r.
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re
pr
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en
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ev
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),
ill

-c
on

di
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ni
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re
pr
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de
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w

hi
ch

is
th

at
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.s
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nd
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d
G

au
ss

ia
ns
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d
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su

ch
ca

n
be

ev
al
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te

d
ro

bu
st

ly
.

M
or

eo
ve

r,
th

e
SV

D
re

qu
ir

ed
to

ev
al

ua
te
L
j k

is
al

so
ro

bu
st

to
ill

-c
on

di
tio

ni
ng

of
Σ
j k
,

so
th

at
E

qu
at

io
ns

(2
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an
d

(2
3)

ho
ld

an
d

ca
n

be
ro

bu
st

ly
ev

al
ua

te
d

fo
rd

eg
en

er
at

e
G

au
ss
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T
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se
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va
nt

ag
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of
th

e
w
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re
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ra
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at
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al
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r
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re

nc
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∈
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ch
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a
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w
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(D
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m

od
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)p
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m

od
el
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pe
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d
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C
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at
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p
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w
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in

g
w

e
m

ig
ht

us
e

th
e

no
ta

tio
ns
p
(.
|.)

an
d
p
(.

),
w

hi
ch

w
e

pr
ev

io
us

ly
us

ed
to

de
no

te
pr

ob
ab

ili
ty

m
ea

su
re

s,
to

re
fe

rt
o

th
e

co
rr

es
po

nd
in

g
pr

ob
ab

ili
ty

de
ns

ity
fu

nc
tio

ns
or

pr
ob

ab
ili

ty
m

as
s

fu
nc

tio
ns

.

5.
2.

5
W

IT
H

IN
-M

O
D

E
L

U
P

D
A

T
E

S

W
e

re
ca

ll
fr

om
E

qu
at

io
n

(2
4)

th
at
c
,θ
,λ
,x
,u
|D
,α
,β
,ρ
,n

ha
s

pr
ob

ab
ili

ty
de

ns
ity

fu
nc

tio
n

p
(n
|λ

)p
(λ
|α
,β

)p
(c
|n

)p
(θ
|n
,ρ

)p
(u

)p
(x

)p
(D
|x
,c
,θ
,u

),
(2

5)

up
to

a
no

rm
al

iz
in

g
co

ns
ta

nt
.

U
pd

at
in

g
λ

:
B

y
in

de
pe

nd
en

ce
of

th
e

pr
io

rs
ov

er
(λ

[j
],
n

[j
])

,t
he

di
st

ri
bu

tio
ns
λ

[j
]
∣ ∣ n

[j
]

ar
e

al
so

in
de

pe
nd

en
t,

so
th

at
th

e
up

da
te

s
m

ay
be

pe
rf

or
m

ed
in

pa
ra

lle
l.

M
or

eo
ve

r,
re

ca
lli

ng
th

at
th

e
pr

io
r

nu
m

be
r

of
ch

an
ge

-p
oi

nt
s

in
th

e
j-

th
in

pu
t

di
m

en
si

on
is

Po
is

so
n

di
st

ri
bu

te
d

w
ith

in
te

ns
ity

λ
[j

](
bj
−
a
j
) ,a

nd
by

co
nj

ug
ac

y
of

th
e

G
am

m
a

di
st

ri
bu

tio
n

to
th

e
Po

is
so

n
lik

el
ih

oo
d,

it
fo

llo
w

s
th

at

λ
[j

]
∣ ∣ n

[j
]
∼

Γ

(
n

[j
]

bj
−
a
j

+
α

[j
],

1
+
β

[j
])
.

(2
6)

T
hi

s
up

da
te

st
ep

ha
s

m
em

or
y

re
qu

ir
em

en
t

an
d

tim
e

co
m

pl
ex

ity
bo

th
co

ns
ta

nt
in

th
e

nu
m

be
r

of
tr

ai
ni

ng
an

d
te

st
sa

m
pl

es
.
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K
O

M
S

A
M

O
A

N
D

R
O

B
E

R
T

S

U
pd

at
in

g
u

:
W

he
n

th
e

lik
el

ih
oo

d
ha

s
ad

di
tio

na
l

pa
ra

m
et

er
s

u
,

th
ey

m
ay

be
up

da
te

d
w

ith
a

M
et

ro
po

lis
-H

as
tin

gs
st

ep
.

D
en

ot
in

g
q(

u
→

u
′ )

th
e

pr
op

os
al

pr
ob

ab
ili

ty
de

ns
ity

fu
nc

tio
n,

th
e

ac
-

ce
pt

an
ce

ra
tio

re
ad

s

r u
=

m
in

( 1,
p
(u
′ )
p

(D
|x
,c
,θ
,u
′ )
q(

u
′ →

u
)

p
(u

)p
(D
|x
,c
,θ
,u

)
q(

u
→

u
′ )

)
.

(2
7)

In
so

m
e

ca
se

s
ho

w
ev

er
,i

tm
ig

ht
be

po
ss

ib
le

an
d

m
or

e
co

nv
en

ie
nt

to
ch

oo
se
p
(u

)
to

be
co

nj
ug

at
e

to
th

e
lik

el
ih

oo
d
p

(D
|x
,c
,θ
,u

).
Fo

ri
ns

ta
nc

e,
in

re
gr

es
si

on
pr

ob
le

m
s

un
de

ra
G

au
ss

ia
n

no
is

e
m

od
el

,
w

e
m

ay
ta

ke
u

to
be

th
e

no
is

e
va

ri
an

ce
on

w
hi

ch
w

e
m

ay
pl

ac
e

an
in

ve
rs

e-
ga

m
m

a
pr

io
r.

E
ith

er
w

ay
,

th
e

co
m

pu
ta

tio
na

lb
ot

tle
ne

ck
of

th
is

st
ep

is
th

e
ev

al
ua

tio
n

of
th

e
lik

el
ih

oo
d
p

(D
|x
,c
,θ
,u
′ )

,w
hi

ch
in

m
os

tc
as

es
ca

n
be

do
ne

w
ith

a
tim

e
co

m
pl

ex
ity

an
d

m
em

or
y

re
qu

ir
em

en
tt

ha
ta

re
bo

th
lin

ea
r

in
th

e
nu

m
be

ro
ft

ra
in

in
g

sa
m

pl
es

.
U

pd
at

in
g

c
:

W
e

up
da

te
th

e
po

si
tio

ns
of

ch
an

ge
-p

oi
nt

s
se

qu
en

tia
lly

us
in

g
th

e
M

et
ro

po
lis

-
H

as
tin

gs
al

go
ri

th
m

,
on

e
in

pu
t

di
m

en
si

on
j

at
a

tim
e,

an
d

fo
r

ea
ch

in
pu

t
di

m
en

si
on

w
e

pr
oc

ee
d

in
in

cr
ea

si
ng

or
de

ro
fc

ha
ng

e-
po

in
ts

.T
he

pr
op

os
al

ne
w

po
si

tio
n

fo
rt

he
ch

an
ge

-p
oi

nt
cj p

is
sa

m
pl

ed
un

if
or

m
ly

at
ra

nd
om

on
th

e
in

te
rv

al
]c
j p
−

1
,c
j p
+

1
[,

w
he

re
cj p
−

1
(r

es
p.
cj p

+
1
)

is
re

pl
ac

ed
by
a
j

(r
es

p.
bj

)f
or

th
e

fir
st

(r
es

p.
la

st
)c

ha
ng

e-
po

in
t.

T
he

ac
ce

pt
an

ce
pr

ob
ab

ili
ty

of
th

is
pr

op
os

al
is

ea
si

ly
fo

un
d

to
be

r c
j p

=
m

in

( 1
,
p

(D
|x
,c
′ ,
θ
,u

)

p
(D
|x
,c
,θ
,u

)

)
,

(2
8)

w
he

re
c
′

is
id

en
tic

al
to

c
ex

ce
pt

fo
r

th
e

ch
an

ge
-p

oi
nt

to
up

da
te

.
T

hi
s

st
ep

re
qu

ir
es

co
m

pu
tin

g
th

e
fa

ct
or

s
{L

j k
,M

j k
}c

or
re

sp
on

di
ng

to
in

pu
ts

in
j-

th
di

m
en

si
on

w
ho

se
ke

rn
el

co
nfi

gu
ra

tio
n

w
ou

ld
ch

an
ge

if
th

e
pr

op
os

al
w

er
e

to
be

ac
ce

pt
ed

,t
he

co
rr

es
po

nd
in

g
ve

ct
or

of
de

ri
va

tiv
e

st
ri

ng
G

P
va

lu
es

z,
an

d
th

e
ob

se
rv

at
io

n
lik

el
ih

oo
d

un
de

rt
he

pr
op

os
al
p

(D
|x
,c
′ ,
θ
,u

).
T

he
co

m
pu

ta
tio

na
lb

ot
tle

ne
ck

of
th

is
st

ep
is

th
er

ef
or

e
on

ce
ag

ai
n

th
e

ev
al

ua
tio

n
of

th
e

ne
w

lik
el

ih
oo

d
p

(D
|x
,c
′ ,
θ
,u

).
U

pd
at

in
g

x
:T

he
ta

rg
et

co
nd

iti
on

al
de

ns
ity

of
x

is
pr

op
or

tio
na

lt
o

p
(x

)p
(D
|x
,c
,θ
,u

).
(2

9)

R
ec

al
lin

g
th

at
p
(x

)
is

a
m

ul
tiv

ar
ia

te
st

an
da

rd
no

rm
al

,
it

fo
llo

w
s

th
at

th
e

fo
rm

of
E

qu
at

io
n

(2
9)

m
ak

es
it

co
nv

en
ie

nt
to

us
e

el
lip

tic
al

sl
ic

e
sa

m
pl

in
g

(M
ur

ra
y

et
al

.(
20

10
))

to
sa

m
pl

e
fr

om
th

e
un

-
or

m
al

iz
ed

co
nd

iti
on

al
p
(x

)p
(D
|x
,c
,θ
,u

).
T

he
tw

o
bo

ttl
en

ec
ks

of
th

is
up

da
te

st
ep

ar
e

sa
m

pl
in

g
a

ne
w

pr
op

os
al

fr
om

p
(x

)
an

d
ev

al
ua

tin
g

th
e

lik
el

ih
oo

d
p
(D
|x
,c
,θ
,u

).
Sa

m
pl

in
g

fr
om

th
e

m
ul

ti-
va

ri
at

e
st

an
da

rd
no

rm
al
p
(x

)
m

ay
be

m
as

si
ve

ly
pa

ra
lle

liz
ed

,f
or

in
st

an
ce

by
us

in
g

G
PU

G
au

ss
ia

n
ra

nd
om

nu
m

be
r

ge
ne

ra
to

rs
.

W
he

n
no

pa
ra

lle
lis

m
is

av
ai

la
bl

e,
th

e
ov

er
al

l
tim

e
co

m
pl

ex
ity

re
ad

s
O
( ∑

d j=
1
n
a
[j

]) ,
w

he
re

w
e

re
ca

ll
th

at
n
a
[j

]
de

no
te

s
th

e
nu

m
be

r
of

di
st

in
ct

tr
ai

ni
ng

an
d

te
st

in
g

in
pu

tc
oo

rd
in

at
es

in
th

e
j-

th
di

m
en

si
on

.
In

pa
rt

ic
ul

ar
,i

f
w

e
de

no
te
N

th
e

to
ta

ln
um

be
r

of
tr

ai
ni

ng
an

d
te

st
in

g
d

-d
im

en
si

on
al

in
pu

t
sa

m
pl

es
,

th
en
∑

d j=
1
n
a
[j

]
≤
d
N

,
al

th
ou

gh
fo

r
m

an
y

cl
as

se
s

of
da

ta
se

ts
w

ith
sp

ar
se

in
pu

tv
al

ue
s

su
ch

as
im

ag
es

,w
he

re
ea

ch
in

pu
t(

si
ng

le
-c

ol
ou

rp
ix

el
va

lu
e)

m
ay

ha
ve

at
m

os
t2

56
di

st
in

ct
va

lu
es

,w
e

m
ig

ht
ha

ve
∑

d j=
1
n
a
[j

]
�
d
N

.A
s

fo
rt

he
m

em
or

y
re

qu
ir

ed
to

sa
m

pl
e

fr
om

p
(x

),
it

gr
ow

s
pr

op
or

tio
na

lly
to

th
e

si
ze

of
x

,t
ha

ti
s

in
O
( ∑

d j=
1
n
a
[j

]) .I
n

re
ga

rd
s

to
th

e
ev

al
ua

tio
n

of
th

e
lik

el
ih

oo
d
p
(D
|x
,c
,θ
,u

),
as

pr
ev

io
us

ly
di

sc
us

se
d

its
re

so
ur

ce
re

qu
ir

em
en

ts
ar

e
ap

pl
ic

at
io

n-
sp

ec
ifi

c,
bu

ti
tw

ill
ty

pi
ca

lly
ha

ve
tim

e
co

m
pl

ex
ity

th
at

gr
ow

s
in
O

(N
)

an
d

m
em

or
y

re
qu

ir
em

en
tt

ha
tg

ro
w

s
in
O

(d
N

).
Fo

r
in

st
an

ce
,t

he
fo

re
go

in
g

re
so

ur
ce

re
qu

ir
em

en
ts

al
w

ay
s

ho
ld
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S
T

R
IN

G
A

N
D

M
E

M
B

R
A

N
E

G
A

U
S

S
IA

N
P

R
O

C
E

S
S

E
S

for
i.i.d.

observation
m

odels
such

as
in

nonparam
etric

regression
and

nonparam
etric

classification
problem

s.
U

pdating
θ:W

e
note

from
E

quation
(25)thatthe

conditionaldistribution
of
θ

given
everything

else
has

unorm
alized

density

p
(θ|n

,ρ
)p

(D
|x
,c
,θ
,u

),
(30)

w
hich

w
e

m
ay

choose
to

representas

p
(log

θ|n
,ρ

)p
(D
|x
,c
,log

θ
,u

).
(31)

A
s

w
e

have
putindependentlog-norm

alpriors
on

the
coordinates

of
θ

(see
E

quation
16),w

e
m

ay
once

again
use

ellipticalslice
sam

pling
to

sam
ple

from
lo

g
θ

before
taking

the
exponential.T

he
tim

e
com

plexity
ofgenerating

a
new

sam
ple

from
p
(lo

g
θ|n

,ρ
)w

illtypically
be

atm
ostlinearin

the
total

num
berofdistinctkernelhyper-param

eters.O
verall,the

bottleneck
ofthis

update
is

the
evaluation

of
the

likelihood
p
(D
|x
,c
,lo

g
θ
,u

).
In

this
update,the

latter
operation

requires
recom

puting
the

factors
M

jk
and

L
jk

of
E

quations
(22)

and
(23),w

hich
requires

com
puting

and
taking

the
SV

D
of

unrelated
2×

2
m

atrices,com
putationsw

e
m

ay
perform

in
parallel.O

nce
the

foregoing
factorshave

been
com

puted,w
e

evaluate
z,the

derivative
string

G
P

values
atboundary

tim
es,parallelizing

over
inputdim

ensions,and
running

a
sequentialupdate

w
ithin

an
inputdim

ension
using

E
quations

(22)
and

(23).
U

pdating
z

therefore
has

tim
e

com
plexity

thatis,in
the

w
orstcase

w
here

no
distributed

com
puting

is
available,O

(d
N

),andO
(N

)
w

hen
there

are
up

to
d

com
puting

cores.T
he

foregoing
tim

e
com

plexity
w

ill
also

be
that

of
this

update
step,

unless
the

observation
likelihood

is
m

ore
expensive

to
evaluate.T

he
m

em
ory

requirem
ent,as

in
previous

updates,isO
(d
N

).
O

verall
resource

requirem
ent:

To
sum

m
arize

previous
rem

arks,
the

overall
com

putational
bottleneck

of
a

w
ithin-m

odeliteration
is

the
evaluation

of
the

likelihood
p
(D
|x
,c
,θ
,u

).
For

i.i.d.
observation

m
odels

such
as

classification
and

regression
problem

s
for

instance,the
corresponding

tim
e

com
plexity

grow
s

in
O

(N
)

w
hen

d
com

puting
cores

are
available,orO

(d
N

)
otherw

ise,and
the

m
em

ory
requirem

entgrow
s

inO
(d
N

).

5.2.6
B

E
T

W
E

E
N

-M
O

D
E

L
S

U
P

D
A

T
E

S

O
ur

reversible-jum
p

M
etropolis-H

astings
update

proceeds
as

follow
s.

W
e

choose
an

inputdim
en-

sion,say
j,uniform

ly
atrandom

.
If
j

has
no

change-points,thatis
n

[j]
=

0,w
e

random
ly

choose
betw

een
notdoing

anything,and
adding

a
change-point,each

outcom
e

having
the

sam
e

probabil-
ity.

If
n

[j]
>

0,w
e

either
do

nothing,add
a

change-point,or
delete

a
change-point,each

outcom
e

having
the

sam
e

probability
ofoccurrence.

W
heneverw

e
choose

notto
do

anything,the
acceptance

ratio
is

easily
found

to
be

one:

r
j0

=
1.

(32)

W
henever

w
e

choose
to

add
a

change-point,
w

e
sam

ple
the

position
c
j∗

of
the

proposal
new

change-pointuniform
ly

atrandom
on

the
dom

ain
[a
j,b

j]ofthe
j-th

inputdim
ension.T

his
proposal

w
illalm

ostsurely
break

an
existing

kernelm
em

bership
cluster,say

the
p-th,into

tw
o;thatis

c
jp
<

c
j∗
<
c
jp
+

1
w

here
w

e
m

ay
have

a
j

=
c
jp

and/or
b
j

=
c
jp
+

1 .In
the

event
c
j∗

coincides
w

ith
an

existing
change-point,w

hich
should

happen
w

ith
probability

0,w
e

do
nothing.W

hen
adding

a
change-point,

w
e

sam
ple

a
new

vectorofhyper-param
eters

θ
j∗

from
the

log-norm
alpriorofE

quation
(16),and

w
e
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JM

L
R

 17(131):1-87

K
O

M
S

A
M

O
A

N
D

R
O

B
E

R
T

S

propose
as

hyper-param
eters

forthe
tentative

new
clusters

[c
jp ,c

j∗ [and
[c
j∗ ,c

jp
+

1 [the
vectors

θ
jadd-left

and
θ
jadd-right defined

as

log
θ
jadd-left

:=
cos(α

)
log

θ
jp −

sin
(α

)
log

θ
j∗

(33)

and
log

θ
jadd-right

:=
sin

(α
)

log
θ
jp

+
cos(α

)
log

θ
j∗

(34)

respectively,w
here

α
∈

[0,
π2

]and
θ
jp

is
the

vectorofhyper-param
eters

currently
driving

the
kernel

m
em

bership
defined

by
the

cluster
[c
jp ,c

jp
+

1 [.
W

e
note

that
if
θ
jp

is
distributed

as
per

the
prior

in
E

quation
(16)

then
θ
jadd-left and

θ
jadd-right are

i.i.d.
distributed

as
per

the
foregoing

prior.
M

ore
generally,

this
elliptical

transform
ation

determ
ines

the
extent

to
w

hich
the

new
proposal

kernel
configurations

should
deviate

from
the

current
configuration

θ
jp .
α

is
restricted

to
[0,

π2
]

so
as

to
give

a
positive

w
eightthe

the
currentvector

of
hyper-param

eters
θ
jp .

W
hen

α
=

0,the
lefthand-

side
cluster

[c
jp ,c

j∗ [
w

ill
fully

exploit
the

current
kernel

configuration,
w

hile
the

right
hand-side

cluster
[c
j∗ ,c

jp
+

1 [
w

ill
use

the
prior

to
explore

a
new

set
of

hyper-param
eters.

W
hen

α
=

π2
the

reverse
occurs.

To
preserve

sym
m

etry
betw

een
the

leftand
righthand-side

kernelconfigurations,
w

e
choose

α
=
π4
.

(35)

W
heneverw

e
choose

to
delete

a
change-point,w

e
choose

an
existing

change-pointuniform
ly

at
random

,say
c
jp .D

eleting
c
jp ,w

ould
m

erge
the

clusters
[c
jp−

1 ,c
jp [and

[c
jp ,c

jp
+

1 [,w
here

w
e

m
ay

have
a
j

=
c
jp−

1
and/or

b
j

=
c
jp
+

1 .
W

e
propose

as
vector

of
hyper-param

eters
for

the
tentative

m
erged

cluster
[c
jp−

1 ,c
jp
+

1 [the
vector

θ
jdel-m

erged
satisfying:

log
θ
jdel-m

erged
=

cos(α
)

log
θ
jp−

1
+

sin
(α

)
log

θ
jp ,

(36)

w
hich

togetherw
ith

log
θ
jdel-*

=
−

sin
(α

)
log

θ
jp−

1
+

cos(α
)

lo
g
θ
jp ,

(37)

constitute
the

inverse
ofthe

transform
ation

defined
by

E
quations

(33)and
(34).

W
henevera

proposalto
add

ordelete
a

change-pointoccurs,the
factors

L
jk

and
M

jk
thatw

ould
be

affected
by

the
change

in
kernelm

em
bership

structure
are

recom
puted,and

so
are

the
affected

coordinates
of

z.
T

his
schem

e
satisfies

the
reversibility

and
dim

ension-m
atching

requirem
ents

of
G

reen
(1995).

M
oreover,the

absolute
value

ofthe
Jacobian

ofthe
m

apping

(log
θ
jp ,

log
θ
j∗ )→

(
log

θ
jadd-left ,

log
θ
jadd-right )

ofthe
m

ove
to

add
a

change-pointin
[c
jp ,c

jp
+

1 [reads

∣∣∣∣∣∣ ∂ (
log

θ
jadd-left ,log

θ
jadd-right )

∂ (
log

θ
jp ,log

θ
j∗ )

∣∣∣∣∣∣
=

1.
(38)
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sam

pler
for

a
single

output
(A

lgorithm
2)

w
ith

N
training

and
test

d
K

-dim
ensional

inputs.
T

he
tim

e
com

plexity
isO

(N
)

w
hen

d
K

com
puting

cores
are

available,O
(d
K
N

)
w

hen
no

distributed
com

puting
is

available,and
the

m
em

ory
requirem

entbecom
esO

(d
K
N

).

5.4
Flashback

to
Sm

allScale
G

P
R

egressionsw
ith

String
G

P
K

ernels

In
Section

5.1
w

e
discussed

m
axim

um
m

arginal
likelihood

inference
in

B
ayesian

nonparam
etric

regressions
under

additively
separable

string
G

P
priors,

or
G

P
priors

w
ith

string
G

P
covariance

functions.
W

e
proposed

learning
the

positions
of

boundary
tim

es,
conditional

on
their

num
ber,

jointly
w

ith
kernel

hyper-param
eters

and
noise

variances
by

m
axim

izing
the

m
arginal

likelihood
using

gradient-based
techniques.

W
e

then
suggested

learning
the

num
ber

of
strings

in
each

input
dim

ension
by

trading
off

goodness-of-fitw
ith

m
odelsim

plicity
using

inform
ation

criteria
such

as
A

IC
and

B
IC

.In
this

section,w
e

propose
a

fully
B

ayesian
nonparam

etric
alternative.

L
etus

considerthe
G

aussian
process

regression
m

odel

y
i

=
f

(x
i )

+
ε
i ,

f
∼
GP

(0,k
SG

P (.,.))
,
ε
i ∼
N
(0,σ

2 )
,

(42)

x
i ∈

[a
1,b

1]×
···×

[a
d,b

d],
y
i ,ε

i ∈
R
,

(43)

w
here

k
SG

P
isthe

covariance
function

ofsom
e

string
G

P
w

ith
boundary

tim
es{a

jk }
and

correspond-
ing

unconditionalkernels{k
jk }

in
the

j-th
inputdim

ension.Itis
w

orth
stressing

thatw
e

place
a

G
P

(notstring
G

P
)

prior
on

the
latentfunction

f,butthe
covariance

function
of

the
G

P
is

a
string

G
P

covariance
function

(as
discussed

in
Section

4.2
and

as
derived

in
A

ppendix
I).O

fcourse
w

hen
the

string
G

P
covariance

function
k

SG
P

is
separately

additive,the
tw

o
functionalpriors

are
the

sam
e.

H
ow

ever,w
e

im
pose

no
restriction

on
the

link
function

ofthe
string

G
P

that
k

SG
P

is
the

covariance
function

of,otherthan
continuous

differentiability.To
m

ake
fullB

ayesian
nonparam

etric
inference,

w
e

m
ay

place
on

the
boundary

tim
es{

a
jk }

independenthom
ogeneous

Poisson
process

priors,each
w

ith
intensity

λ
j.

Sim
ilarly

to
the

previous
section

(E
quation

16)ourfullpriorspecification
ofthe

string
G

P
kernelreads



λ
j∼

Γ
(α

j,β
j),

{
a
jk } ∣∣λ

j∼
H

PP
(λ
j)

θ
jk [i] ∣∣{

a
jk }
,λ

j
i.i.d
∼

lo
gN

(0,ρ
j)

∀
(j,k

)6=
(l,p

)
θ
jk ⊥

θ
lp ,

,
(44)

w
here

θ
jk

is
the

vector
of

hyper-param
eters

driving
the

unconditional
kernel

k
jk .

T
he

m
ethod

de-
veloped

in
the

previous
section

and
the

resulting
M

C
M

C
sam

pling
schem

e
(A

lgorithm
2)

m
ay

be
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K
O

M
S

A
M

O
A

N
D

R
O

B
E

R
T

S

reused
to

sam
ple

from
the

posterioroverfunction
values,pending

the
follow

ing
tw

o
changes.First,

gradients∇
f

and∇
f ∗

are
no

longernecessary.Second,w
e

m
ay

w
ork

w
ith

function
values

(f,f ∗)di-
rectly

(thatis
in

the
originalas

opposed
to

w
hitened

space).T
he

resulting
(G

aussian)distribution
of

function
values

(f,f ∗)
conditionalon

allothervariables
is

then
analytically

derived
using

standard
G

aussian
identities,like

itis
done

in
vanilla

G
aussian

process
regression,so

thatthe
w

ithin-m
odel

update
of

(f,f ∗)
is

perform
ed

using
a

single
draw

from
a

m
ultivariate

G
aussian.

T
his

approach
to

m
odel

com
plexity

learning
is

advantageous
over

the
inform

ation
criteria

al-
ternative

of
Section

5.1
in

that
it

scales
better

w
ith

large
input-dim

ensions.
Indeed,

rather
than

perform
ing

com
plete

m
axim

um
m

arginallikelihood
inference

a
num

ber
of

tim
es

thatgrow
s

expo-
nentially

w
ith

the
inputdim

ension,the
approach

ofthis
section

alternates
betw

een
exploring

a
new

com
bination

of
num

bers
of

kernelconfigurations
in

each
inputdim

ension,and
exploring

function
values

and
kernel

hyper-param
eters

(given
their

num
ber).

T
hat

being
said,

this
approach

should
only

be
considered

as
an

alternative
to

com
m

only
used

kernels
forsm

allscale
regression

problem
s

to
enable

the
learning

oflocalpatterns.C
rucially,itscales

as
poorly

as
the

standard
G

P
paradigm

,
and

A
lgorithm

2
should

be
preferred

forlarge
scale

problem
s.

6.E
xperim

ents

W
e

now
m

ove
on

to
presenting

em
pirical

evidence
for

the
efficacy

of
string

G
P

s
in

coping
w

ith
local

patterns
in

data
sets,

and
in

doing
so

in
a

scalable
m

anner.
Firstly

w
e

consider
m

axim
um

m
arginal

likelihood
inference

on
tw

o
sm

all
scale

problem
s

exhibiting
local

patterns.
W

e
begin

w
ith

a
toy

experim
entthatillustrates

the
lim

itations
of

the
standard

G
P

paradigm
in

extrapolating
and

interpolating
sim

ple
local

periodic
patterns.

T
hen,

w
e

m
ove

on
to

com
paring

the
accuracy

of
B

ayesian
nonparam

etric
regression

under
a

string
G

P
prior

to
that

of
the

standard
G

aussian
process

regression
m

odeland
existing

m
ixture-of-experts

alternatives
on

the
m

otorcycle
data

setof
Silverm

an
(1985),com

m
only

used
for

the
localpatterns

and
heteroskedasticity

itexhibits.
Finally,

w
e

illustrate
the

perform
ance

ofthe
previously

derived
M

C
M

C
sam

pleron
tw

o
large

scale
B

ayesian
inference

problem
s,

nam
ely

the
prediction

of
U

.S.com
m

ercial
airline

arrival
delays

of
H

ensm
an

etal.(2013)and
a

new
large

scale
dynam

ic
assetallocation

problem
.

6.1
E

xtrapolation
and

Interpolation
ofSynthetic

L
ocalPatterns

In
ourfirstexperim

ent,w
e

illustrate
a

lim
itation

ofthe
standard

approach
consisting

ofpostulating
a

global
covariance

structure
on

the
dom

ain,nam
ely

that
this

approach
m

ight
result

in
unw

anted
globalextrapolation

oflocalpatterns,and
w

e
show

thatthis
lim

itation
is

addressed
by

the
string

G
P

paradigm
.To

this
aim

,w
e

use
2

toy
regression

problem
s.W

e
considerthe

follow
ing

functions:

f
0 (t)

=

{
sin

(60π
t)

t∈
[0,0.5]

1
54

sin
(16

π
t)

t∈
]0.5

,1]
,
f

1 (t)
=

{
sin

(16
π
t)

t∈
[0,0.5]

12
sin

(32π
t)

t∈
]0.5

,1]
.

(45)

f
0

(resp.
f

1 )undergoes
a

sharp
(resp.m

ild)change
in

frequency
and

am
plitude

at
t

=
0.5.W

e
con-

siderusing
theirrestrictions

to
[0.25,0

.75]fortraining.W
e

sam
ple

those
restrictions

w
ith

frequency
300,and

w
e

w
ould

like
to

extrapolate
the

functions
to

the
restoftheirdom

ains
using

B
ayesian

non-
param

etric
regression.

W
e

com
pare

m
arginallikelihood

string
G

P
regression

m
odels,as

described
in

Section
5.1,to

vanilla
G

P
regression

m
odels

using
popularand

expressive
kernels.A

llstring
G

P
m

odels
have

tw
o

strings
and

the
partition

is
learned

in
the

m
arginal

likelihood
m

axim
isation.

Figure
5

illustrates
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K
O

M
S

A
M

O
A

N
D

R
O

B
E

R
T

S

Absolute Error Squared Error

Kernel f0 f1 f0 f1

Squared exponential 1.44± 2.40 0.48± 0.58 3.50± 9.20 0.31± 0.64
Rational quadratic 1.39± 2.31 0.51± 0.83 3.28± 8.79 0.43± 1.15
Matérn 3/2 1.63± 2.53 1.26± 1.37 4.26± 11.07 2.06± 3.55
Matérn 5/2 1.75± 2.77 0.48± 0.58 5.00± 12.18 0.31± 0.64
Periodic 1.51± 2.45 0.53± 0.60 3.79± 9.62 0.37± 0.72
Spec. Mix. (5 comp.) 0.75± 1.15 0.39± 0.57 0.94± 2.46 0.24± 0.58
String Spec. Mix. (2 strings, 1 comp.) 0.23± 0.84 0.01± 0.03 0.21± 1.07 0.00± 0.00
String Periodic 0.02± 0.02 0.00± 0.01 0.00± 0.00 0.00± 0.00

Table 2: Predictive accuracies in the extrapolation of the two functions f0 and f1 of Section 6.1 through Bayesian nonparametric regres-
sion under string GP priors and vanilla GP priors with popular and expressive kernels. Each model is trained on [0.25, 0.5] and
extrapolates to [0, 1.0]. The predictive errors are reported as average ± 2 standard deviations.
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the
m

iddle
fortrain-

ing
(top

rightcorner),using
string

G
P

regression
and

vanilla
G

P
regression

w
ith

various
popularand

expressive
kernels.
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justthe
ones

thatfallinto
its

inputsubspace.
E

ach
G

P
expertprediction

is
therefore

continuous
on

the
w

hole
inputdom

ain, 13
and

the
linearw

eighting
schem

esoperated
by

the
B

C
M

and
the

rB
C

M
on

expertpredictions
to

constructthe
overallpredictive

m
ean

preserve
continuity.H

ow
ever,w

e
found

that
the

B
C

M
and

the
rB

C
M

suffer
from

three
pitfalls.

First,
w

e
found

them
to

be
less

accurate
than

any
other

alternative
out-of-sam

ple
on

this
data

set
(see

Table
3).

Second,
their

predictions
of

latentfunction
values

are
overly

uncertain.
T

his
m

ightbe
due

to
the

factthat,each
G

P
expert

being
trained

only
w

ith
training

sam
ples

that
lie

on
its

input
subspace,

its
predictions

about
test

inputs
thatlie

farther
aw

ay
from

its
inputsubspace

w
illtypically

be
m

uch
m

ore
uncertain,so

that,
despite

the
w

eighting
schem

e
ofthe

B
ayesian

com
m

ittee
m

achine
putting

m
ore

m
ass

on
‘confident’

experts,overallthe
posteriorvariance

overlatentfunction
values

m
ightstillbe

m
uch

higherthan
in

the
standard

G
P

paradigm
for

instance.
T

his
is

w
ellillustrated

by
both

the
lastcolum

n
of

Table
3

and
the

B
C

M
and

rB
C

M
plots

in
Figure

9.
O

n
the

contrary,no
string

G
P

m
odelsuffers

from
this

excess
uncertainty

problem
.

T
hird,the

posterior
m

eans
of

the
B

C
M

,the
rB

C
M

and
the

vanilla
G

P
regression

exhibitoscillations
tow

ards
the

end
(t
>

40m
s)thatare

inconsistentw
ith

the
experim

en-
talsetup;the

increases
in

acceleration
as

the
helm

etslow
s

dow
n

suggested
by

these
posteriorm

eans
w

ould
require

an
additionalsource

ofenergy
afterthe

bounce.
In

addition
to

being
m

ore
accurate

and
m

ore
certain

aboutpredictions
than

vanilla
G

P
regres-

sion,the
B

C
M

and
the

rB
C

M
(see

Table
3),string

G
P

regressions
yield

posteriorm
ean

acceleration
profiles

thatare
m

ore
consistentw

ith
the

physics
ofthe

experim
ent:steady

speed
priorto

the
shock,

follow
ed

by
a

deceleration
resulting

from
the

shock,a
briefacceleration

resulting
from

the
change

in
direction

afterthe
bounce,and

finally
a

sm
ooth

slow
dow

n
due

to
the

dissipation
ofkinetic

energy.
M

oreover,unlike
the

vanilla
G

P
regression,the

rB
C

M
and

the
B

C
M

,string
G

P
regressions

yield
sm

allerposteriorvariances
tow

ards
the

beginning
and

the
end

ofthe
experim

entthan
in

the
m

iddle,
w

hich
is

consistentw
ith

the
factthatthe

operatorw
ould

be
less

uncertain
aboutthe

acceleration
at

the
beginning

and
atthe

end
ofthe

experim
ent—

one
w

ould
indeed

expectthe
acceleration

to
be

null
atthe

beginning
and

atthe
end

of
the

experim
ent.

T
his

desirable
property

can
be

attributed
to

the
heteroskedasticity

ofthe
noise

structure
in

the
string

G
P

regression
m

odel.
W

e
also

learned
the

derivative
ofthe

latentacceleration
w

ith
respectto

tim
e,purely

from
noisy

acceleration
m

easurem
ents

using
the

jointlaw
of

a
string

G
P

and
its

derivative
(T

heorem
2).

T
his

is
illustrated

in
Figure

8.

13.So
long

as
the

functionalprioris
continuous,w

hich
is

the
case

here.
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TrainingPrediction

Log.lik.Log.lik.AbsoluteErrorSquaredErrorPred.Std

StringGP(4strings)−388.36±0.36−22.16±0.4115.70±1.05466.47±50.740.70/2.25/3.39
StringGP(6strings)−367.21±0.43−21.99±0.3715.89±1.06475.59±51.950.64/2.21/3.46
VanillaGP−420.69±0.24−22.77±0.2416.84±1.09524.18±58.332.66/3.09/4.94
Mix.of4GPs−388.37±0.38−20.90±0.3816.61±1.10512.30±56.081.67/2.85/4.59
Mix.of6GPs−369.05±0.45−20.11±0.4516.05±1.11500.43±58.260.62/2.83/4.63
BCMwith4GPs−419.08±0.30−22.94±0.2617.17±1.13538.94±61.917.20/9.92/22.92
BCMwith6GPs−422.15±0.30−22.91±0.2616.93±1.12533.21±61.787.09/9.93/25.10
rBCMwith4GPs−419.08±0.30−22.99±0.2717.29±1.11546.95±61.215.86/9.08/27.52
rBCMwith6GPs−422.15±0.30−22.96±0.2816.79±1.12542.95±61.955.15/8.61/29.15

Table3:PerformancecomparisonbetweenstringGPs,vanillaGPs,mixtureofindependentGPs,theBayesiancommitteemachine(Tresp
(2000))andtherobustBayesiancommitteemachine(DeisenrothandNg(2015))onthemotorcycledatasetofSilverman(1985).
TheMatérn3/2kernelwasusedthroughout.ThedomainpartitionswerelearnedinthestringGPexperimentsbymaximum
likelihood.ThelearnedpartitionswerethenreusedtoallocatedatabetweenGPexpertsinothermodels.50randomrunswere
performed,eachrunleaving5datapointsoutfortestingandusingtherestfortraining.Allresults(exceptforpredictivestandard
deviations)arereportedasaverageoverthe50runs±standarderror.Thelastcolumncontainstheminimum,averageandmaximum
ofthepredictivestandarddeviationofthevaluesofthelatent(noise-free)functionatalltestpointsacrossrandomruns.
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Figure 9: Bayesian nonparametric regressions on the motorcycle data set of Silverman (1985). Models compared are string GP regression,
vanilla GP regression, mixture of independent GP regression experts on a partition of the domain, the Bayesian committee ma-
chine (BCM) and the robust Bayesian committee machine (rBCM). Domain partitions were learned during string GP maximum
likelihood inference (red vertical bars), and reused in other experiments. Blue stars are noisy samples, red lines are posterior means
of the latent function and grey bands correspond to ± 2 predictive standard deviations of the (noise-free) latent function about its
posterior mean.
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6.3
L

arge
Scale

R
egression

To
illustrate

how
our

approach
fares

againstcom
peting

alternatives
on

a
standard

large
scale

prob-
lem

,w
e

consider
predicting

arrivaldelays
of

com
m

ercialflights
in

the
U

SA
in

2008
as

studied
by

H
ensm

an
et

al.(2013).
W

e
choose

the
sam

e
covariates

as
in

H
ensm

an
et

al.(2013),
nam

ely
the

age
of

the
aircraft(num

ber
of

years
since

deploym
ent),distance

thatneeds
to

be
covered,airtim

e,
departure

tim
e,arrivaltim

e,day
of

the
w

eek,day
of

the
m

onth
and

m
onth.

U
nlike

H
ensm

an
etal.

(2013)w
ho

only
considered

com
m

ercialflights
betw

een
January

2008
and

A
pril2008,w

e
consider

com
m

ercialthroughoutthe
w

hole
year,fora

totalof
5.93

m
illion

records.In
addition

to
the

w
hole

data
set,w

e
also

considersubsets
so

as
to

em
pirically

illustrate
the

sensitivity
ofcom

putationaltim
e

to
the

num
ber

of
sam

ples.
Selected

subsets
consist

of
10,00

0,
100

,000
and

1,000,000
records

selected
uniform

ly
atrandom

.
For

each
data

set,w
e

use
2
/3

of
the

records
selected

uniform
ly

at
random

for
training

and
w

e
use

the
rem

aining
1/

3
for

testing.
In

order
to

level
the

playing
field

betw
een

stationary
and

nonstationary
approaches,w

e
norm

alize
training

and
testing

data
sets. 14

A
s

com
peting

alternativesto
string

G
P

sw
e

considerthe
SV

IG
P

ofH
ensm

an
etal.(2013),the

B
ayesian

com
m

ittee
m

achines
(B

C
M

)ofTresp
(2000),and

the
robustB

ayesian
com

m
ittee

m
achines

(rB
C

M
)

ofD
eisenroth

and
N

g
(2015).

A
spreviously

discussed
the

prediction
schem

e
operated

by
the

B
C

M
isK

olm
ogorov-inconsistent

in
that

the
resulting

predictive
distributions

are
not

consistent
by

m
arginalization. 15

M
oreover,

jointly
predicting

all
function

values
by

using
the

set
of

all
test

inputs
as

query
set,

as
originally

suggested
in

Tresp
(2000),

w
ould

be
im

practical
in

this
experim

ent
given

that
the

B
C

M
requires

inverting
a

covariance
m

atrix
ofthe

size
ofthe

query
setw

hich,considering
the

num
bers

oftestin-
puts

in
this

experim
ent(w

hich
w

e
recallcan

be
as

high
as

1.97
m

illion),w
ould

be
com

putationally
intractable.To

circum
ventthis

problem
w

e
use

the
B

C
M

algorithm
to

query
one

testinputata
tim

e.
T

his
approach

is
in-line

w
ith

thatadopted
by

D
eisenroth

and
N

g
(2015),w

here
the

authors
did

not
address

determ
ining

jointpredictive
distributions

overm
ultiple

latentfunction
values.Forthe

B
C

M
and

rB
C

M
,the

num
ber

of
experts

is
chosen

so
thateach

expertprocesses
200

training
points.

For
SV

IG
P

w
e

use
the

im
plem

entation
m

ade
available

by
the

T
he

G
Py

authors(2012–2016),and
w

e
use

the
sam

e
configuration

as
in

H
ensm

an
etal.(2013).

A
s

for
string

G
P

s,w
e

use
the

sym
m

etric
sum

as
link

function,and
w

e
run

tw
o

types
ofexperim

ents,one
allow

ing
forinference

ofchange-points
(String

G
P),and

the
otherenforcing

a
single

kernelconfiguration
perinputdim

ension
(String

G
P*).

T
he

param
eters

α
and

β
are

chosen
so

thatthe
prior

m
ean

num
ber

of
change-points

in
each

input
dim

ension
is

5%
of

the
num

ber
of

distincttraining
and

testing
values

in
thatinputdim

ension,and
so

thatthe
priorvariance

ofthe
foregoing

num
berofchange-points

is
50

tim
es

the
priorm

ean—
the

aim
is

to
be

uninform
ative

about
the

num
ber

of
change-points.

W
e

run
10,00

0
iterations

of
our

R
J-M

C
M

C
sam

pler
and

discarded
the

first
5,000

as
‘burn-in’.

A
fter

burn-in
w

e
record

the
states

ofthe
M

arkov
chains

foranalysis
using

a
1-in-100

thinning
rate.Predictive

accuracies
are

reported
in

Table
4

and
C

PU
tim

e
requirem

ents 16
are

illustrated
in

Figure
10.W

e
stress

thatallexperim
ents

w
ere

run
on

a
m

ulti-core
m

achine,
and

that
w

e
prefer

using
the

cum
ulative

C
PU

clock
resource

14.M
ore

precisely,w
e

substractfrom
every

feature
sam

ple
(both

in-sam
ple

and
out-of-sam

ple)
the

in-sam
ple

m
ean

of
the

feature
and

w
e

divide
the

resultby
the

in-sam
ple

standard
deviation

ofthe
feature.

15.For
instance

the
predictive

distribution
of

the
value

of
the

latentfunction
ata

testinput
x
1 ,nam

ely
f
(x

1 ),obtained
by

using{
x
1 }

as
setoftestinputs

in
the

B
C

M
,differs

from
the

predictive
distribution

obtained
by

using{
x
1 ,x

2 }
as

setoftestinputs
in

the
B

C
M

and
then

m
arginalising

w
ith

respectto
the

second
input

x
2 .

16.W
e

define
C

PU
tim

e
as

the
cum

ulative
C

PU
clock

resource
usage

of
the

w
hole

experim
ent

(training
and

testing),
across

child
processes

and
threads,and

across
C

PU
cores.
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en
si

on
s

th
at

w
er

e
le

ar
ne

d
to

ex
hi

bi
t

no
ch

an
ge

-p
oi

nt
ha

ve
be

en
om

itt
ed

he
re

. 53
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M

O
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D

R
O

B
E

R
T

S

6.
4

L
ar

ge
Sc

al
e

D
yn

am
ic

A
ss

et
A

llo
ca

tio
n

A
n

im
po

rt
an

tf
ea

tu
re

of
ou

r
pr

op
os

ed
R

J-
M

C
M

C
sa

m
pl

er
(A

lg
or

ith
m

2)
is

th
at

,u
nl

ik
e

th
e

B
C

M
,

th
e

rB
C

M
an

d
SV

IG
P,

w
hi

ch
ar

e
re

st
ri

ct
ed

to
B

ay
es

ia
n

no
np

ar
am

et
ri

c
re

gr
es

si
on

an
d

cl
as

si
fic

at
io

n,
A

lg
or

ith
m

2
is

ag
no

st
ic

w
ith

re
ga

rd
to

th
e

lik
el

ih
oo

d
m

od
el

,s
o

lo
ng

as
it

ta
ke

s
th

e
fo

rm
p
(D
|f,

u
).

T
hu

s,
it

m
ay

be
us

ed
as

is
on

a
w

id
e

va
ri

et
y

of
pr

ob
le

m
st

ha
tg

o
be

yo
nd

cl
as

si
fic

at
io

n
an

d
re

gr
es

si
on

.
In

th
is

ex
pe

ri
m

en
tw

e
ai

m
to

ill
us

tr
at

e
th

e
ef

fic
ac

y
of

ou
ra

pp
ro

ac
h

on
on

e
su

ch
la

rg
e

sc
al

e
pr

ob
le

m
in

qu
an

tit
at

iv
e

fin
an

ce
.

6.
4.

1
B

A
C

K
G

R
O

U
N

D

L
et

(x
i(
t)

) t
>

0
fo

ri
=

1,
..
.,
n

be
n

st
oc

k
pr

ic
e

pr
oc

es
se

s.
L

et
(X

i(
t)

) t
>

0
fo

ri
=

1,
..
.,
n

de
no

te
th

e
m

ar
ke

tc
ap

ita
lis

at
io

n
pr

oc
es

se
s,

th
at

is
X
i(
t)

=
n
i(
t)
x
i(
t)

w
he

re
n
i(
t)

is
th

e
nu

m
be

ro
fs

ha
re

s
in

co
m

pa
ny
i

tr
ad

in
g

in
th

e
m

ar
ke

ta
tt

im
e
t.

W
e

ca
ll

lo
ng

-o
nl

y
po

rt
fo

lio
an

y
ve

ct
or

-v
al

ue
d

st
oc

ha
st

ic
pr

oc
es

s
π

=
(π

1
,.
..
,π
n
)

ta
ki

ng
va

lu
e

on
th

e
un

it
si

m
pl

ex
on

R
n

,t
ha

ti
s

∀i
,t
,
π
i(
t)
≥

0
an

d
n ∑ i=

1

π
i(
t)

=
1
.

E
ac

h
pr

oc
es

s
π
i

re
pr

es
en

ts
th

e
pr

op
or

tio
n

of
an

in
ve

st
or

’s
w

ea
lth

in
ve

st
ed

in
(h

ol
di

ng
)

sh
ar

es
in

as
se

ti
.A

n
ex

am
pl

e
lo

ng
-o

nl
y

po
rt

fo
lio

is
th

e
m

ar
ke

tp
or

tf
ol

io
µ

=
(µ

1
,.
..
,µ

n
)

w
he

re

µ
i(
t)

=
X
i(
t)

X
1
(t

)
+
··
·+

X
n
(t

)
(4

7)

is
th

e
m

ar
ke

tw
ei

gh
to

f
co

m
pa

ny
i

at
tim

e
t,

th
at

is
its

si
ze

re
la

tiv
e

to
th

e
to

ta
lm

ar
ke

ts
iz

e
(o

r
th

at
of

th
e

un
iv

er
se

of
st

oc
ks

co
ns

id
er

ed
).

T
he

m
ar

ke
tp

or
tf

ol
io

is
ve

ry
im

po
rt

an
tt

o
pr

ac
tit

io
ne

rs
as

it
is

of
te

n
pe

rc
ei

ve
d

no
tb

e
to

su
bj

ec
tt

o
id

io
sy

nc
ra

ci
es

,b
ut

on
ly

to
sy

st
em

ic
ri

sk
.

It
is

of
te

n
us

ed
as

an
in

di
ca

to
r

of
ho

w
th

e
st

oc
k

m
ar

ke
t

(o
r

a
sp

ec
ifi

c
un

iv
er

se
of

st
oc

ks
)

pe
rf

or
m

s
as

a
w

ho
le

.
W

e
de

no
te
Z
π

th
e

va
lu

e
pr

oc
es

s
of

a
po

rt
fo

lio
π

w
ith

in
iti

al
ca

pi
ta

lZ
π
(0

).
T

ha
ti

s,
Z
π
(t

)
is

th
e

w
ea

lth
at

tim
e
t

of
an

in
ve

st
or

w
ho

ha
d

an
in

iti
al

w
ea

lth
of
Z
π
(0

),
an

d
dy

na
m

ic
al

ly
re

-a
llo

ca
te

d
al

l
hi

s
w

ea
lth

be
tw

ee
n

th
e
n

st
oc

ks
in

ou
ru

ni
ve

rs
e

up
to

tim
e
t

fo
llo

w
in

g
th

e
co

nt
in

uo
us

-t
im

e
st

ra
te

gy
π

.
A

m
at

he
m

at
ic

al
th

eo
ry

ha
s

re
ce

nt
ly

em
er

ge
d,

na
m

el
y

st
oc

ha
st

ic
po

rt
fo

lio
th

eo
ry

(S
PT

)
(s

ee
K

ar
at

za
s

an
d

Fe
rn

ho
lz

,2
00

9)
th

at
st

ud
ie

s
th

e
st

oc
ha

st
ic

pr
op

er
tie

s
of

th
e

w
ea

lth
pr

oc
es

se
s

of
ce

r-
ta

in
po

rt
fo

lio
s

ca
lle

d
fu

nc
tio

na
lly

-g
en

er
at

ed
po

rt
fo

lio
un

de
r

re
al

is
tic

as
su

m
pt

io
ns

on
th

e
m

ar
ke

t
ca

pi
ta

lis
at

io
n

pr
oc

es
se

s
(X

i(
t)

) t
>

0
.

Fu
nc

tio
na

lly
-g

en
er

at
ed

po
rt

fo
lio

s
ar

e
ra

th
er

sp
ec

ifi
c

in
th

at
th

e
al

lo
ca

tio
n

at
tim

e
t,

na
m

el
y

(π
1
(t

),
..
.,
π
n
(t

))
,

so
le

ly
de

pe
nd

s
on

th
e

m
ar

ke
t

w
ei

gh
ts

ve
ct

or
(µ

1
(t

),
..
.,
µ
n
(t

))
.

N
on

et
he

le
ss

,s
om

e
fu

nc
tio

na
lly

-g
en

er
at

ed
po

rt
fo

lio
s
π
∗

ha
ve

be
en

fo
un

d
th

at
,

un
de

rt
he

m
ild

(s
o-

ca
lle

d
di

ve
rs

ity
)c

on
di

tio
n

∃µ
m

ax
,0
<
µ

m
ax
<

1
s.

t.
∀i
≤
n
,
t
≤
T
,
µ
i(
t)
≤
µ

m
ax
,

(4
8)

ou
tp

er
fo

rm
th

e
m

ar
ke

tp
or

tf
ol

io
ov

er
th

e
tim

e
ho

ri
zo

n
[0
,T

]
w

ith
pr

ob
ab

ili
ty

on
e

(s
ee

V
er

vu
ur

ta
nd

K
ar

at
za

s,
20

15
;K

ar
at

za
s

an
d

Fe
rn

ho
lz

,2
00

9)
.M

or
e

pr
ec

is
el

y,

P
(Z

π
∗
(T

)
≥
Z
µ
(T

))
=

1
an

d
P

(Z
π
∗
(T

)
>
Z
µ
(T

))
>

0
.

(4
9)

G
al

va
ni

ze
d

by
th

is
re

su
lt,

w
e

he
re

co
ns

id
er

th
e

in
ve

rs
e

pr
ob

le
m

co
ns

is
tin

g
of

le
ar

ni
ng

fr
om

hi
s-

to
ri

ca
lm

ar
ke

td
at

a
a

po
rt

fo
lio

w
ho

se
w

ea
lth

pr
oc

es
s

ha
s

de
si

ra
bl

e
us

er
-s

pe
ci

fie
d

pr
op

er
tie

s.
T

hi
s
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N
P

R
O

C
E

S
S

E
S

inverse
problem

is
perhaps

m
ore

akin
to

the
problem

s
faced

by
investm

entprofessionals:
i)

their
benchm

arks
depend

on
the

investm
entvehicles

pitched
to

investors
and

m
ay

vary
from

one
vehicle

to
another,ii)

they
have

to
take

into
accountliquidity

costs,and
iii)

they
often

find
itm

ore
valu-

able
to

go
beyond

m
arketw

eights
and

leverage
m

ultiple
com

pany
characteristics

in
theirinvestm

ent
strategies.

6.4.2
M

O
D

E
L

C
O

N
S

T
R

U
C

T
IO

N

W
e

considerportfolios
π
f

=
(
π
f1
,...,π

fn )
ofthe

form

π
fi
(t)

=
f

(c
i (t))

f
(c

1 (t))
+
···

+
f

(c
n
(t)) ,

(50)

w
here

c
i (t)∈

R
d

are
som

e
quantifiable

characteristics
ofasset

ithatm
ay

be
observed

in
the

m
arket

at
tim

e
t,

and
f

is
a

positive-valued
function.

Portfolios
of

this
form

include
all

functionally-
generated

portfolios
studied

in
SPT

as
a

specialcase. 17
A

crucialdeparture
of

our
approach

from
the

aforem
entioned

type
of

portfolios
is

that
the

m
arket

characteristics
processes

c
i

need
not

be
restricted

to
size-based

inform
ation,

and
m

ay
contain

additional
inform

ation
such

as
social

m
e-

dia
sentim

ents,
stock

price
path-properties,

but
also

characteristics
relative

to
other

stocks
such

as
perform

ance
relative

to
the

best/w
orst

perform
ing

stock
last

w
eek/m

onth/year
etc.

W
e

place
a

m
ean-zero

string
G

P
prioron

log
f.G

iven
som

e
historicaldataD

corresponding
to

a
training

tim
e

horizon
[0,T

],the
likelihood

m
odel

p (D
|π
f )

is
defined

by
the

investm
entprofessionaland

reflects
the

extentto
w

hich
applying

the
investm

entstrategy
π
f

over
the

training
tim

e
horizon

w
ould

have
achieved

a
specific

investm
ent

objective.
A

n
exam

ple
investm

ent
objective

is
to

achieve
a

high
excess

return
relative

to
a

benchm
ark

portfolio
α

U
E

R (
π
f )

=
log

Z
π
f (T

)−
lo

g
Z
α
(T

).
(51)

α
can

be
the

m
arketportfolio

(as
in

SPT
)orany

stock
index.O

therrisk-adjusted
investm

entobjec-
tives

m
ay

also
be

used.O
ne

such
objective

is
to

achieve
a

high
Sharpe-ratio,defined

as

U
SR (

π
f )

=
r̄ √

2
5
2

√
1T

∑
Tt=

1 (r(t)−
r̄)

2
,

(52)

w
here

the
tim

e
t

is
in

days,
r(t)

:=
log

Z
π
f (t)−

lo
g
Z
π
f (t−

1
)

are
the

daily
returns

the
portfolio

π
f

and
r̄

=
1T

∑
Tt=

1
r(t)

its
average

daily
return.M

ore
generally,denotingU

(π
f )

the
perform

ance
of

the
portfolio

π
f

over
the

training
horizon

[0,T
](as

per
the

user-defined
investm

entobjective),
w

e
m

ay
choose

as
likelihood

m
odel

a
distribution

overU
(π

f )
that

reflects
w

hat
the

investm
ent

professional
considers

good
and

bad
perform

ance.
For

instance,
in

the
case

of
the

excess
return

relative
to

a
benchm

ark
portfolio

or
the

Sharpe
ratio,w

e
m

ay
choose

U
(π

f )
to

be
supported

on
]0,+
∞

[(forinstanceU
(π

f )
can

be
chosen

to
be

G
am

m
a

distributed)so
asto

expressthatportfolios
thatdo

notoutperform
the

benchm
ark

orloose
m

oney
overallin

the
training

data
are

notofinterest.
W

e
m

ay
then

choose
the

m
ean

and
standard

deviation
of

the
G

am
m

a
distribution

based
on

our

17.W
e

referthe
readerto

K
aratzas

and
Fernholz

(2009)forthe
definition

offunctionally-generated
portfolios.
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expectation
as

to
w

hatperform
ance

a
good

candidate
portfolio

can
achieve,and

how
confidentw

e
feelaboutthis

expectation.O
verallw

e
have,

p (D
|π
f )

=
γ (U

(
π
f )

;α
e ,β

e )
,

(53)

w
here

γ
(.;α

,β
)

is
the

probability
density

function
ofthe

G
am

m
a

distribution.N
oting,from

E
qua-

tion
(50)

that
π
f(t)

only
depends

on
f

through
its

values
at

(c
1 (t),...,c

n
(t)),and

assum
ing

that
U
(π

f )
only

depends
on
π
f

evaluated
ata

finite
num

beroftim
es

(as
itis

the
case

forexcess
returns

and
the

Sharpe
ratio),itfollow

s
thatU

(π
f)

only
depends

on
f,a

vector
of

values
of
f

ata
finite

num
berofpoints.H

ence
the

likelihood
m

odel,w
hich

w
e

m
ay

rew
rite

as

p
(D
|f)

=
γ (U

(
π
fi )

;α
e ,β

e )
,

(54)

is
of

the
form

required
by

the
R

J-M
C

M
C

sam
pler

previously
developed.

B
y

sam
pling

from
the

posterior
distribution

p
(f,f ∗,∇

f,∇
f ∗|D

),the
hope

is
to

learn
a

portfolio
thatdid

w
ellduring

the
training

horizon,to
analyse

the
sensitivity

ofits
investm

entstrategy
to

the
underlying

m
arketchar-

acteristics
through

the
gradientof

f,and
to

evaluate
the

learned
investm

entpolicy
on

future
m

arket
conditions.

6.4.3
E

X
P

E
R

IM
E

N
TA

L
S

E
T

U
P

T
he

universe
of

stocks
w

e
considered

for
this

experim
entare

the
constituents

of
the

S&
P

500
in-

dex,accounting
forchanges

in
constituents

overtim
e

and
corporate

events.
W

e
used

the
period

1
st

January
1990

to
31

stD
ecem

ber2004
fortraining

and
w

e
tested

the
learned

portfolio
during

the
pe-

riod
1

stJanuary
2005

to
31

stD
ecem

ber2014.
W

e
rebalanced

the
portfolio

daily,fora
totalof

2
.52

m
illion

inputpoints
atw

hich
the

latentfunction
f

m
ustbe

learned.W
e

considered
as

m
arketchar-

acteristics
the

m
arketw

eight(C
A

P),the
latestreturn

on
asset(R

O
A

)
defined

as
the

ratio
betw

een
the

netyearly
incom

e
and

the
totalassets

as
per

the
latestbalance

sheetof
the

com
pany

know
n

at
the

tim
e

of
investm

ent,the
previous

close-to-close
return

(PR
),the

close-to-close
return

before
the

previous
(PR

2),and
the

S&
P

long
and

shortterm
creditrating

(L
C

R
and

SC
R

).W
hile

the
m

arket
w

eightis
a

com
pany

size
characteristic,the

R
O

A
reflects

how
w

ella
com

pany
perform

s
relative

to
its

size,and
w

e
hope

that
S&

P
credit

ratings
w

ill
help

further
discrim

inate
successful

com
panies

from
others.

T
he

close-to-close
returns

are
used

to
learn

possible
‘m

om
entum

’
patterns

from
the

data.
T

he
data

originate
from

the
C

R
SP

and
C

om
pustatdatabases.

In
the

experim
ents

w
e

consid-
ered

as
perform

ance
m

etric
the

annualised
excess

return
U

E
R

-E
W

P
relative

to
the

equally-w
eighted

portfolio.W
e

found
the

equally-w
eighted

portfolio
to

be
a

harderbenchm
ark

to
outperform

than
the

m
arketportfolio.W

e
chose

α
e

and
β
e

in
E

quation
(54)so

thatthe
m

ean
ofthe

G
am

m
a

distribution
is

10.0
and

its
variance

0.5,w
hich

expresses
a

very
greedy

investm
enttarget.

Itis
w

orth
pointing

outthatnone
ofthe

scalable
G

P
alternatives

previously
considered

can
cope

w
ith

our
likelihood

m
odelE

quation
(54).

W
e

com
pared

the
perform

ance
of

the
learned

string
G

P
portfolio

out-of-sam
ple

to
those

of
the

bestthree
SPT

portfolios
studied

in
V

ervuurtand
K

aratzas
(2015),nam

ely
the

equally
w

eighted
portfolio

π
E

W
P

i
(t)

=
1n
,

(55)

and
the

diversity
w

eighted
portfolios

π
D

W
P

i
(t;p

)
=

µ
i (t)

p

µ
1 (t)

p
+
···

+
µ
n
(t)

p
,

(56)
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Fi
gu

re
14

:
E

vo
lu

tio
n

of
th

e
w

ea
lth

pr
oc

es
se

s
of

va
ri

ou
s

lo
ng

-o
nl

y
tr

ad
in

g
st

ra
te

gi
es

on
th

e
S&

P
50

0
un

iv
er

se
of

st
oc

ks
be

tw
ee

n
1st

Ja
nu

ar
y
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7.1
L

im
itations

T
he

m
ain

lim
itation

of
our

approach
is

that,unlike
the

standard
G

P
paradigm

in
w

hich
the

tim
e

com
plexity

of
m

arginallikelihood
evaluation

does
notdepend

on
the

dim
ension

of
the

inputspace
(otherthan

through
the

evaluation
ofthe

G
ram

m
atrix),the

string
G

P
paradigm

requires
a

num
ber

ofcom
puting

cores
thatincreases

linearly
w

ith
the

dim
ension

ofthe
inputspace,oralternatively

has
a

tim
e

com
plexity

linearin
the

inputspace
dim

ension
on

single-core
m

achines.T
his

is
a

by-product
ofthe

factthatin
the

string
G

P
paradigm

,w
e

jointly
inferthe

latentfunction
and

its
gradient.Ifthe

gradientofthe
latentfunction

isinferred
in

the
standard

G
P

paradigm
,the

resulting
com

plexity
w

ill
also

be
linearin

the
inputdim

ension.T
hatbeing

said,overallourR
J-M

C
M

C
inference

schem
e

w
ill

typically
scale

betterperiteration
to

large
inputdim

ensions
than

gradient-based
m

arginallikelihood
inference

in
the

standard
G

P
paradigm

,as
the

latter
typically

requires
num

erically
evaluating

an
H

essian
m

atrix,w
hich

requires
com

puting
the

m
arginallikelihood

a
num

ber
of

tim
es

per
iterative

update
thatgrow

s
quadratically

w
ith

the
inputdim

ension.In
contrast,a

G
ibbs

cycle
in

ourM
C

M
C

sam
plerhas

w
orstcase

tim
e

com
plexity

thatis
linearin

the
inputdim

ension.

7.2
E

xtensions

Som
e

of
the

assum
ptions

w
e

have
m

ade
in

the
construction

of
string

G
P

s
and

m
em

brane
G

P
s

can
be

relaxed,w
hich

w
e

considerin
detailbelow

.

7.2.1
S

T
R

O
N

G
E

R
G

L
O

B
A

L
R

E
G

U
L

A
R

IT
Y

W
e

could
have

im
posed

m
ore

(m
ultiple

continuous
differentiability)

or
less

(continuity)
regularity

as
boundary

conditions
in

the
construction

of
string

G
P

s.
W

e
chose

continuous
differentiability

as
itis

a
relatively

m
ild

condition
guaranteed

by
m

ostpopular
kernels,and

yetthe
corresponding

treatm
entcan

be
easily

generalised
to

otherregularity
requirem

ents.
Itis

also
possible

to
allow

for
discontinuity

ata
boundary

tim
e
a
k

by
replacing

µ
bk

and
Σ
bk

in
E

quation
(5)w

ith
k M

a
k

and
k K

a
k
;a
k

respectively,orequivalently
by

preventing
any

com
m

unication
betw

een
the

k-th
and

the
(k

+
1
)-th

strings.
T

his
w

ould
effectively

be
equivalentto

having
tw

o
independentstring

G
P

s
on

[a
0 ,a

k ]and
]a
k ,a

K
].

7.2.2
D

IFF
E

R
E

N
T

IA
L

O
P

E
R

A
T

O
R

S
A

S
L

IN
K

F
U

N
C

T
IO

N
S

O
ur

fram
ew

ork
can

be
further

extended
to

allow
differential

operators
as

link
functions,

thereby
considering

the
latentm

ultivariate
function

to
inferas

the
response

ofa
differentialsystem

to
inde-

pendentunivariate
string

G
P

excitations.
T

he
R

J-M
C

M
C

sam
pler

w
e

propose
in

Section
5

w
ould

stillw
ork

in
this

fram
ew

ork,w
ith

the
only

exception
that,w

hen
the

differentialoperator
is

of
first

order,the
latentm

ultivariate
function

w
illbe

continuous
butnotdifferentiable,exceptifglobalreg-

ularity
is

upgraded
as

discussed
above.

M
oreover,Proposition

5
can

be
generalised

to
firstorder

lineardifferentialoperators.
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7.2.3
D

IS
T

R
IB

U
T

E
D

S
T

R
IN

G
G

P
S

T
he

R
J-M

C
M

C
inference

schem
e

w
e

propose
m

ay
be

easily
adapted

to
handle

applications
w

here
the

data
setis

so
big

thatithas
to

be
stored

across
m

ultiple
clusters,and

inference
techniques

have
to

be
developed

as
data

flow
graphs 18

(forinstance
using

libraries
such

as
TensorFlow

).

To
do

so,the
choice

of
string

boundary
tim

es
can

be
adapted

so
thateach

string
has

the
sam

e
num

berofinnerinputcoordinates,and
such

thatin
totalthere

are
as

m
any

stringsacross
dim

ensions
as

a
targetnum

berofavailable
com

puting
cores.W

e
m

ay
then

place
a

prioron
kernelm

em
berships

sim
ilar

to
that

of
previous

sections.
H

ere,
the

change-points
m

ay
be

restricted
to

coincide
w

ith
boundary

tim
es,

and
w

e
m

ay
choose

priors
such

that
the

sets
of

change-points
are

independent
betw

een
inputdim

ensions.
In

each
inputdim

ension
the

prior
on

the
num

ber
of

change-points
can

be
chosen

to
be

a
truncated

Poisson
distribution

(truncated
to

never
exceed

the
total

num
ber

of
boundary

tim
es),and

conditional
on

their
num

ber
w

e
m

ay
choose

change-points
to

be
uniform

ly
distributed

in
the

setof
boundary

tim
es.

In
so

doing,any
tw

o
strings

w
hose

shared
boundary

tim
e

is
nota

change-pointw
illbe

driven
by

the
sam

e
kernelconfiguration.

T
his

new
setup

presents
no

additional
theoretical

or
practical

challenges,
and

the
R

J-M
C

M
C

techniques
previously

developed
are

easily
adaptable

to
jointly

learn
change-points

and
function

values.
U

nlike
the

case
w

e
developed

in
previous

sections
w

here
an

update
ofthe

univariate
string

G
P

corresponding
to

an
input

dim
ension,

say
the

j-th,
requires

looping
through

all
distinct

j-th
inputcoordinates,here

no
step

in
the

inference
schem

e
requires

a
fullview

of
the

data
setin

any
input

dim
ension.

Full
R

J-M
C

M
C

inference
can

be
constructed

as
a

data
flow

graph.
A

n
exam

-
ple

such
graph

is
constructed

as
follow

s.
T

he
leaves

correspond
to

com
puting

cores
responsible

for
generating

change-points
and

kernel
configurations,

and
m

apping
strings

to
kernel

configura-
tions.

T
he

follow
ing

layer
is

m
ade

of
com

pute
cores

thatuse
kernelconfigurations

com
ing

outof
the

previous
layer

to
sequentially

com
pute

boundary
conditions

corresponding
to

a
specific

input
dim

ension—
there

are
d

such
com

pute
cores,w

here
d

is
the

inputdim
ension.T

hese
com

pute
cores

then
pass

com
puted

boundary
conditions

to
subsequentcom

pute
cores

w
e

refer
to

as
string

com
-

pute
cores.

E
ach

string
com

pute
core

is
tasked

w
ith

com
puting

derivative
string

G
P

values
for

a
specific

inputdim
ension

and
fora

specific
string

in
thatinputdim

ension,conditionalon
previously

com
puted

boundary
conditions.

T
hese

values
are

then
passed

to
a

fourth
layer

of
com

pute
cores,

each
of

w
hich

being
tasked

w
ith

com
puting

function
and

gradientvalues
corresponding

to
a

sm
all

subset
of

training
inputs

from
previously

com
puted

derivative
string

G
P

values.
T

he
final

layers
then

com
putes

the
log-likelihood

using
a

distributed
algorithm

such
as

M
ap-R

educe
w

hen
possible.

T
his

proposaldata
flow

graph
is

illustrated
Figure

15.

W
e

note
that

the
approaches

of
K

im
et

al.
(2005),

G
ram

acy
and

L
ee

(2008),
Tresp

(2000),
and

D
eisenroth

and
N

g
(2015)

also
allow

for
fully-distributed

inference
on

regression
problem

s.
D

istributed
string

G
P

R
J-M

C
M

C
inference

im
proves

on
these

in
thatitplaces

little
restriction

on
the

type
of

likelihood.
M

oreover,unlike
K

im
etal.(2005)

and
G

ram
acy

and
L

ee
(2008)

thatyield
discontinuous

latentfunctions,string
G

P
s

are
continuously

differentiable,and
unlike

Tresp
(2000)

and
D

eisenroth
and

N
g

(2015),localexperts
in

the
string

G
P

paradigm
(i.e.

strings)
are

driven
by

possibly
differentsets

ofhyper-param
eters,w

hich
facilitates

the
learning

oflocalpatterns.

18.A
data

flow
graph

is
a

com
putational(directed)

graph
w

hose
nodes

representcalculations
(possibly

taking
place

on
differentcom

puting
units)and

directed
edges

correspond
to

data
flow

ing
betw

een
calculations

orcom
puting

units.
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re
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ne
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ta
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d
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.(

20
16
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W
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d
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Change-points
computations

Computationof
boundaryconditions

Computationof
innerStringGP

valuesconditionalon
boundaryconditions

Computationof
latentfunction

valuesandgradients

Computationof
partial

log-likelihoods(i.e.
Map)

Sumofpartial
log-likelihoods(i.e.

Reduce)

Boundary
Conditions

StringGPValuesand
Derivatives

LatentFunctionand
GradientValues

Kernel
Hyper-Parameters

Partial
Log-Likelihoods

Figure15:Exampledataflowgraphforfully-distributedstringGPinferenceunderani.i.dobservationslikelihoodmodel.Heretheinput
spaceisthree-dimensionaltoeaseillustration.Filledcirclesrepresentcomputecores,andedgescorrespondtoflowsofdata.
Computecoreswiththesamecolour(green,redoryellow)performoperationspertainingtothesameinputdimension,while
black-filledcirclesrepresentcomputecoresperformingcross-dimensionaloperations.Thebluerectangleplaystheroleofahub
thatrelaysstringGPvaluestothecomputecoresthatneedthemtocomputethesubsetoflatentfunctionvaluesandgradients
theyareresponsiblefor.Thesevaluesarethenusedtocomputethelog-likelihoodinadistributedfashionusingtheMap-Reduce
algorithm.EachcalculationinthecorrespondingRJ-MCMCsamplerwouldbeinitiatedatoneofthecomputecores,andwould
triggerupdatesofalledgesaccessiblefromthatcomputecore.
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(W
R

D
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data
forSection
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paper.T
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and
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data

available
thereon
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ofW
R

D
S

and/orits
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A
ppendix

A
.

W
e

begin
by

recalling
K

olm
ogorov’s

extension
theorem

,w
hich

w
e

w
illuse

to
prove

the
existence

ofderivative
G

aussian
processes

and
string

G
aussian

processes.

T
heorem

7
(K

olm
ogorov’s

extension
theorem

,(Ø
ksendal,2003,Theorem

2.1.5))
Let

I
be

an
interval,letall

t1 ,...,ti ∈
I
,
i,n
∈

N
∗,let

ν
t
1
,...,t

i
be

probability
m

easures
on

R
n
i

such
that:

ν
t
π
(1

) ,...,t
π
(i) (F

π
(1

) ,...,F
π

(i) )
=
ν
t
1
,...,t

i (F
1 ,...,F

i )
(57)

for
allperm

utations
π

on{
1,...,i}

and

ν
t
1
,...,t

i (F
1 ,...,F

i )
=
ν
t
1
,...,t

i ,t
i+

1
,...,t

i+
m

(F
1 ,...,F

i ,R
n
,...,R

n
)

(58)

for
all
m
∈
N
∗

w
here

the
seton

the
righthand

side
has

a
totalof

i
+
m

factors.Then
there

exists
a

probability
space

(Ω
,F
,P

)
and

an
R
n

valued
stochastic

process
(X

t )
t∈
I

on
Ω

,

X
t

:
Ω
→

R
n

such
that

ν
t
1
,...,t

i (F
1 ,...,F

i )
=

P
(X

t
1 ∈

F
1 ,...,X

t
i ∈

F
i )

(59)

for
all

t1 ,...,ti ∈
I
,
i∈

N
∗

and
for

allB
orelsets

F
1 ,...,F

i .

Itis
easy

to
see

thatevery
stochastic

process
satisfies

the
perm

utation
and

m
arginalisation

condi-
tions

(5
7)

and
(5

8).
T

he
pow

er
of

K
olm

ogorov’s
extension

theorem
is

thatitstates
thatthose

tw
o

conditions
are

sufficientto
guarantee

the
existence

ofa
stochastic

process.

A
ppendix

B
.ProofofProposition

1

In
this

section
w

e
prove

Proposition
1,w

hich
w

e
recallbelow

.

Proposition
1

(D
erivative

G
aussian

processes)
L

et
I

be
an

interval,
k

:
I×

I
→

R
aC

2
sym

m
etric

positive
sem

i-definite
function, 19

m
:
I
→

R
a

C
1

function.
(A

)T
here

existsaR
2-valued

stochastic
process

(D
t )
t∈
I
,
D
t

=
(z
t ,z ′t ),such

thatforallt1 ,...,tn
∈

I,
(z
t
1 ,...,z

t
n
,z ′t1 ,...,z ′tn

)

19.C
1

(resp.C
2)functions

denote
functions

thatare
once

(resp.tw
ice)continuously

differentiable
on

theirdom
ains.
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K
O

M
S

A
M

O
A

N
D

R
O

B
E

R
T

S

is
a

G
aussian

vectorw
ith

m
ean
(
m

(t1 ),...,m
(tn

), d
mdt

(t1 ),..., dmdt
(tn

) )

and
covariance

m
atrix

such
that

cov(z
t
i ,z

t
j )

=
k
(ti ,tj ),

cov(z
t
i ,z ′tj )

=
∂
k

∂
y

(ti ,tj ),
and

cov(z ′ti ,z ′tj )
=

∂
2k

∂
x
∂
y

(ti ,tj ).

W
e

herein
referto

(D
t )
t∈
I

as
a

derivative
G

aussian
process.

(B
)

(z
t )
t∈
I

is
a

G
aussian

process
w

ith
m

ean
function

m
,covariance

function
k

and
thatisC

1
in

the
L

2
(m

ean
square)sense.

(C
)

(z ′t )
t∈
I

is
a

G
aussian

process
w

ith
m

ean
function

dmdt
and

covariance
function

∂
2
k

∂
x
∂
y .M

oreover,
(z ′t )

t∈
I

is
the

L
2

derivative
ofthe

process
(z
t )
t∈
I .

Proof

A
ppendix

B
.1

ProofofProposition
1

(A
)

Firstly,w
e

need
to

show
that

the
m

atrix
suggested

in
the

proposition
as

the
covariance

m
atrix

of
(z
t
1 ,...,z

t
n
,z ′t1 ,...,z ′tn

)
is

indeed
positive

sem
i-definite.

To
do

so,
w

e
w

ill
show

that
it

is
the

lim
it

of
positive

definite
m

atrices
(w

hich
is

sufficient
to

conclude
it

is
positive

sem
i-definite,

as
x
T
M
n
x
≥

0
fora

convergentsequence
ofpositive

definite
m

atrices
im

plies
x
T
M
∞
x
≥

0).
L

et
k

be
as

in
the

proposition,h
such

that∀
i≤

n
,
ti +

h
∈
I

and
(z̃
t )
t∈
I

be
a

G
aussian

process
w

ith
covariance

function
k.T

he
vector

(
z̃
t
1 ,...,z̃

t
n
,
z̃
t
1
+
h −

z̃
t
1

h
,...,

z̃
t
n

+
h −

z̃
t
n

h

)

is
a

G
aussian

vectorw
hose

covariance
m

atrix
is

positive
definite

and
such

that

cov (z̃
t
i ,z̃

t
j )

=
k
(ti ,tj ),

(60)

cov (
z̃
t
i ,
z̃
t
j +
h −

z̃
t
j

h

)
=
k
(ti ,tj

+
h

)−
k
(ti ,tj )

h
,

(61)

and

cov (
z̃
t
i +
h −

z̃
t
i

h
,
z̃
t
j +
h −

z̃
t
j

h

)

=
1h
2

(k
(ti

+
h
,tj

+
h

)−
k
(ti

+
h
,tj )−

k
(ti ,tj

+
h

)
+
k
(ti ,tj ))

.
(62)

A
s
k

isC
2,
h
→
k
(x
,y

+
h

)
adm

its
a

second
orderTaylorexpansion

about
h

=
0

forevery
x,and

w
e

have:

k
(x
,y

+
h

)
=
k
(x
,y

)
+
∂
k

∂
y

(x
,y

)h
+

12

∂
2k

∂
y

2
(x
,y

)h
2

+
o(h

2)
=
k
(y

+
h
,x

).
(63)

64
JM

L
R

 17(131):1-87



S
T

R
IN

G
A

N
D

M
E

M
B

R
A

N
E

G
A

U
S

S
IA

N
P

R
O

C
E

S
S

E
S

Si
m

ila
rl

y,
h
→
k
(x

+
h
,y

+
h

)
ad

m
its

a
se

co
nd

or
de

rT
ay

lo
re

xp
an

si
on

ab
ou

th
=

0
fo

re
ve

ry
x
,
y

an
d

w
e

ha
ve

:

k
(x

+
h
,y

+
h

)
=
k
(x
,y

)
+

[ ∂
k

∂
x

(x
,y

)
+
∂
k

∂
y

(x
,y

)] h
+

[
∂

2
k

∂
x
∂
y

(x
,y

)
+

1 2

∂
2
k

∂
x

2
(x
,y

)

+
1 2

∂
2
k

∂
y

2
(x
,y

)] h
2

+
o(
h

2
).

(6
4)

H
en

ce
,

k
(t
i,
t j

+
h

)
−
k
(t
i,
t j

)
=
∂
k

∂
y

(t
i,
t j

)h
+
o(
h

),
(6

5)

an
d k

(t
i
+
h
,t
j

+
h

)
−
k
(t
i
+
h
,t
j
)
−
k
(t
i,
t j

+
h

)
+
k
(t
i,
t j

)
=

∂
2
k

∂
x
∂
y

(t
i,
t j

)h
2

+
o(
h

2
).

(6
6)

D
iv

id
in

g
E

qu
at

io
n

(6
5)

by
h

,d
iv

id
in

g
E

qu
at

io
n

(6
6)

by
h

2
,a

nd
ta

ki
ng

th
e

lim
its

,w
e

ob
ta

in
:

li
m

h
→

0
co

v
( z̃ t

i
,
z̃ t
j
+
h
−
z̃ t
j

h

)
=
∂
k

∂
y

(t
i,
t j

),

an
d

li
m

h
→

0
co

v
(
z̃ t
i
+
h
−
z̃ t
i

h
,
z̃ t
j
+
h
−
z̃ t
j

h

)
=

∂
2
k

∂
x
∂
y

(t
i,
t j

),

w
hi

ch
co

rr
es

po
nd

s
to

th
e

co
va

ri
an

ce
st

ru
ct

ur
e

of
Pr

op
os

iti
on

1.
In

ot
he

rw
or

ds
th

e
pr

op
os

ed
co

va
ri

-
an

ce
st

ru
ct

ur
e

is
in

de
ed

po
si

tiv
e

se
m

i-
de

fin
ite

.
L

et
ν
N t 1
,.
..
,t
n

be
th

e
G

au
ss

ia
n

pr
ob

ab
ili

ty
m

ea
su

re
co

rr
es

po
nd

in
g

to
th

e
jo

in
t

di
st

ri
bu

tio
n

of
(z
t 1
,.
..
,z
t n
,z
′ t 1
,.
..
,z
′ t n

)
as

pe
r

th
e

Pr
op

os
iti

on
1,

an
d

le
t
ν
D t 1
,.
..
,t
n

be
th

e
m

ea
su

re
on

th
e

B
or

el
σ

-a
lg

eb
ra
B(

R
2
×
··
·×

R
2
)

︸
︷︷

︸
n

tim
es

su
ch

th
at

fo
ra

ny
2n

in
te

rv
al

s
I 1

1
,I

1
2
,.
..
,I
n

1
,I
n

2
,

ν
D t 1
,.
..
,t
n
(I

1
1
×
I 1

2
,.
..
,I
n

1
×
I n

2
)

:=
ν
N t 1
,.
..
,t
n
(I

1
1
,.
..
,I
n

1
,I

1
2
,.
..
,I
n

2
).

(6
7)

T
he

m
ea

su
re

s
ν
D t 1
,.
..
,t
n

ar
e

th
e

fin
ite

di
m

en
si

on
al

m
ea

su
re

s
co

rr
es

po
nd

in
g

to
th

e
st

oc
ha

st
ic

ob
je

ct
(D

t)
t∈
I

sa
m

pl
ed

at
tim

es
t 1
,.
..
,t
n

.
T

he
y

sa
tis

fy
th

e
tim

e
pe

rm
ut

at
io

n
an

d
m

ar
gi

na
lis

at
io

n
co

n-
di

tio
ns

of
K

ol
m

og
or

ov
’s

ex
te

ns
io

n
th

eo
re

m
as

th
e

G
au

ss
ia

n
m

ea
su

re
s
ν
N t 1
,.
..
,t
n

do
.

H
en

ce
,t

he
R

2
-

va
lu

ed
st

oc
ha

st
ic

pr
oc

es
s

(D
t)
t∈
I

de
fin

ed
in

Pr
op

os
iti

on
1

do
es

ex
is

t.

A
pp

en
di

x
B

.2
Pr

oo
fo

fP
ro

po
si

tio
n

1
(B

)

T
ha

t(
z t

) t
∈I

is
a

G
au

ss
ia

n
pr

oc
es

s
re

su
lts

fr
om

th
e

fa
ct

th
at

th
e

m
ar

gi
na

ls
(z
t 1
,.
..
,z
t n

)
ar

e
G

au
s-

si
an

ve
ct

or
s

w
ith

m
ea

n
(m

(t
1
),
..
.,
m

(t
n
))

an
d

co
va

ri
an

ce
m

at
ri

x
[k

(t
i,
t j

)]
i,
j∈

[1
..
n

].
T

he
fa

ct
th

at
(z
t)
t∈
I

is
C1

in
th

e
L

2
se

ns
e

is
a

di
re

ct
co

ns
eq

ue
nc

e
of

th
e

tw
ic

e
co

nt
in

uo
us

di
ff

er
en

tia
bi

lit
y

of
k

.
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A
pp

en
di

x
B

.3
Pr

oo
fo

fP
ro

po
si

tio
n

1
(C

)

In
ef

fe
ct

,
it

fo
llo

w
s

fr
om

Pr
op

os
iti

on
1(

A
)

th
at

z t
+
h
−
z t

h
−
z
′ t

is
a

G
au

ss
ia

n
ra

nd
om

va
ri

ab
le

w
ith

m
ea

n
m

(t
+
h

)
−
m

(t
)

h
−

dm dt
(t

)

an
d

va
ri

an
ce

k
(t

+
h
,t

+
h

)
−

2k
(t

+
h
,t

)
+
k
(t
,t

)
−

2
∂
k
∂
y
(t

+
h
,t

)h
+

2
∂
k
∂
y
(t
,t

)h
+

∂
2
k

∂
x
∂
y
(t
,t

)h
2

h
2

.

Ta
ki

ng
th

e
se

co
nd

or
de

r
Ta

yl
or

ex
pa

ns
io

n
of

th
e

nu
m

er
at

or
in

th
e

fr
ac

tio
n

ab
ov

e
ab

ou
th

=
0

w
e

ge
to

(h
2
),

he
nc

e

li
m

h
→

0
V

ar
(
z t

+
h
−
z t

h
−
z
′ t)

=
0.

W
e

al
so

ha
ve

li
m

h
→

0
E
(
z t

+
h
−
z t

h
−
z
′ t)

=
dm d
t

(t
)
−

E
(z
′ t)

=
0
.

T
he

re
fo

re
,

li
m

h
→

0
E

[ (
z t

+
h
−
z t

h
−
z
′ t) 2
]

=
0,

w
hi

ch
pr

ov
es

th
at

(z
′ t)

is
th

e
L

2
de

riv
at

iv
e

of
(z
t)

.
T

he
fa

ct
th

at
(z
′ t)

is
a

G
au

ss
ia

n
pr

oc
es

s
w

ith
m

ea
n

fu
nc

tio
n

dm d
t

an
d

co
va

ri
an

ce
fu

nc
tio

n
∂
2
k

∂
x
∂
y

is
a

di
re

ct
co

ns
eq

ue
nc

e
of

th
e

di
st

ri
bu

tio
n

of
th

e
m

ar
gi

na
ls

(z
′ t 1
,.
..
,z
′ t n

).
M

or
eo

ve
r,

th
e

co
nt

in
ui

ty
of

(z
′ t)

in
th

e
L

2
se

ns
e

is
a

di
re

ct
co

ns
eq

ue
nc

e
of

th
e

co
nt

in
ui

ty
of

∂
2
k

∂
x
∂
y

(s
ee

R
as

m
us

se
n

an
d

W
ill

ia
m

s,
20

06
,p

.8
1

4.
1.

1)
.

A
pp

en
di

x
C

.P
ro

of
of

T
he

or
em

2

In
th

is
se

ct
io

n
w

e
pr

ov
e

T
he

or
em

2
w

hi
ch

w
e

re
ca

ll
be

lo
w

.

T
he

or
em

2
(S

tr
in

g
G

au
ss

ia
n

pr
oc

es
s)

L
et
a

0
<
··
·<

a
k
<
··
·<

a
K

,I
=

[a
0
,a
K

]
an

d
le

tp
N

(x
;µ
,Σ

)
be

th
e

m
ul

tiv
ar

ia
te

G
au

ss
ia

n
de

n-
si

ty
w

ith
m

ea
n

ve
ct

or
µ

an
d

co
va

ri
an

ce
m

at
ri

x
Σ

.F
ur

th
er

m
or

e,
le

t(
m
k

:
[a
k
−

1
,a
k
]
→

R
) k
∈[

1
..
K

]
be

C1
fu

nc
tio

ns
,a

nd
(k
k

:
[a
k
−

1
,a
k
]×

[a
k
−

1
,a
k
]
→

R
) k
∈[

1
..
K

]
be
C3

sy
m

m
et

ri
c

po
si

tiv
e

se
m

i-
de

fin
ite

fu
nc

tio
ns

,n
ei

th
er

de
ge

ne
ra

te
at
a
k
−

1
,n

or
de

ge
ne

ra
te

at
a
k

gi
ve

n
a
k
−

1
.

(A
)T

he
re

ex
is

ts
an

R
2
-v

al
ue

d
st

oc
ha

st
ic

pr
oc

es
s

(S
D
t)
t∈
I
,
S
D
t

=
(z
t,
z
′ t)

sa
tis

fy
in

g
th

e
fo

llo
w

in
g

co
nd

iti
on

s:
1)

T
he

pr
ob

ab
ili

ty
de

ns
ity

of
(S
D
a
0
,.
..
,S
D
a
K

)
re

ad
s:

p
b
(x

0
,.
..
,x

K
)

:=

K ∏ k
=

0

p
N
( x

k
;µ

b k
,Σ

b k

)

w
he

re
:

Σ
b 0

=
1
K
a
0
;a

0
,
∀
k
>

0
Σ
b k

=
k
K
a
k
;a
k
−
k
K
a
k
;a
k
−
1
k
K
−

1
a
k
−
1
;a
k
−
1
k
K
T a
k
;a
k
−
1
,
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S
T

R
IN

G
A

N
D

M
E

M
B

R
A

N
E

G
A

U
S

S
IA

N
P

R
O

C
E

S
S

E
S

µ
b0

=
1 M

a
0 ,
∀
k
>

0
µ
bk

=
k M

a
k

+
k K

a
k
;a
k−

1
k K
−

1
a
k−

1
;a
k−

1 (x
k−

1 −
k M

a
k−

1 ),

w
ith

k K
u

;v
=

[
k
k (u

,v
)

∂
k
k

∂
y

(u
,v

)
∂
k
k

∂
x

(u
,v

)
∂
2
k
k

∂
x
∂
y
(u
,v

) ]
,

and
k M

u
=

[
m
k (u

)
d
m
k

d
t

(u
) ]
.

2)C
onditionalon

(S
D
a
k

=
x
k )
k∈

[0
..K

] ,the
restrictions

(S
D
t )
t∈

]a
k−

1
,a
k
[ ,
k
∈

[1..K
]are

indepen-
dent

conditionalderivative
G

aussian
processes,respectively

w
ith

unconditional
m

ean
function

m
k

and
unconditionalcovariance

function
k
k

and
thatare

conditioned
to

take
values

x
k−

1
and

x
k

at
a
k−

1
and

a
k

respectively.W
e

referto
(S
D
t )
t∈
I

as
a

string
derivative

G
aussian

process,and
to

its
firstcoordinate

(z
t )
t∈
I

as
a

string
G

aussian
process

nam
ely,

(z
t )
t∈
I ∼
SGP

({
a
k }
,{
m
k },{k

k }
).

(B
)T

he
string

G
aussian

process
(z
t )
t∈
I

defined
in

(A
)isC

1
in

the
L

2
sense

and
its
L

2
derivative

is
the

process
(z ′t )

t∈
I

defined
in

(A
).

Proof

A
ppendix

C
.1

ProofofT
heorem

2
(A

)

W
e

w
illonce

again
turn

to
K

olm
ogorov’s

extension
theorem

to
prove

the
existence

ofthe
stochastic

process
(S
D
t )
t∈
I .T

he
core

ofthe
proofis

in
the

finite
dim

ensionalm
easures

im
plied

by
T

heorem
2

(A
-1)and

(A
-2).L

et {
t ki ∈

]a
k−

1 ,a
k [ }

i∈
[1
..N

k
],k∈

[1
..K

] be
n

tim
es.W

e
firstform

ally
constructthe

finite
dim

ensionalm
easures

im
plied

by
T

heorem
2

(A
-1)and

(A
-2),and

then
verify

thatthey
satisfy

the
conditions

ofK
olm

ogorov’s
extension

theorem
.

L
et

us
define

the
m

easure
ν
S
D

t
11
,...,t

1N
1
,...,t

K1
,...,t

KN
K
,a

0
,...,a

K
as

the
probability

m
easure

having
density

w
ith

respectto
the

L
ebesgue

m
easure

onB
(R

2×
···×

R
2)

︸
︷︷

︸
1
+
n

+
K

tim
es

thatreads:

p
S
D

(x
t
11 ,...,x

t
1N
1 ,...,x

t
K1
,...,x

t
KN
K

,x
a
0 ,...,x

a
K

)
=
p
b (x

a
0 ,...,x

a
K

)×
K∏k
=

1

p
x
a
k−

1
,x
a
k

N
(x
t
k1 ,...,x

t
kN
k

)
(68)

w
here

p
b

is
as

perT
heorem

2
(A

-1)and
p
x
a
k−

1
,x
a
k

N
(x
t
k1 ,...,x

t
kN
k

)
is

the
(G

aussian)pdfofthe
joint

distribution
of

the
values

attim
es{

t ki
∈

]a
k−

1 ,a
k [}

of
the

conditionalderivative
G

aussian
process

w
ith

unconditional
m

ean
functions

m
k

and
unconditional

covariance
functions

k
k

that
is

condi-
tioned

to
take

values
x
a
k−

1
=

(z
a
k−

1 ,z ′a
k−

1 )
and

x
a
k

=
(z
a
k ,z ′a

k )
attim

es
a
k−

1
and

a
k

respectively
(the

corresponding—
conditional—

m
ean

and
covariance

functions
are

derived
from

E
quations

(3
and

4).L
etus

extend
the

fam
ily

ofm
easures

ν
S
D

to
cases

w
here

som
e

orallboundary
tim

es
a
k

are
m

issing,by
integrating

outthe
corresponding

variables
in

E
quation

(68).Forinstance
w

hen
a

0
and

a
1

are
m

issing,

ν
S
D

t
11
,...,t

1N
1
,...,t

K1
,...,t

KN
K
,a

2
,...,a

K
(T

11
,...,T

1N
1 ,...,T

K1
,...,T

KN
K
,A

2 ,...,A
K

)

:=
ν
S
D

t
11
,...,t

1N
1
,...,t

K1
,...,t

KN
K
,a

0
,...,a

K
(T

11
,...,T

1N
1 ,...,T

K1
,...,T

KN
K
,R

2,R
2,A

2 ,...,A
K

)

(69)
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w
here

A
i and

T
ij are

rectangle
in
R

2.Finally,w
e

extend
the

fam
ily

ofm
easures

ν
S
D

to
any

arbitrary
setofindices{t1 ,...,tn }

as
follow

s:

ν
S
D

t
1
,...,t

n
(T

1 ,...,T
n
)

:=
ν
S
D

t
π ∗

(1
) ,...,t

π ∗
(n

) (T
π
∗
(1

) ,...,T
π
∗
(n

) ),
(70)

w
here

π
∗

is
a

perm
utation

of{
1,...,n}

such
that{tπ

∗
(1

) ,...,tπ
∗
(n

) }
verify

the
follow

ing
condi-

tions:

1.∀
i,
j,

if
ti ∈

]a
k
1 −

1 ,a
k
1 [,

tj
∈

]a
k
2 −

1 ,a
k
2 [,

and
k

1
<
k

2 ,
then

Idx(ti )
<

Idx
(tj ).

W
here

Idx
(ti )

stands
forthe

index
of
ti in{

tπ
∗
(1

) ,...,tπ
∗
(n

) };

2.
if
ti
/∈
{a

0 ,...,a
K }

and
tj ∈
{a

0 ,...,a
K }

then
Idx(ti )

<
Idx

(tj );

3.
if
ti ∈
{a

0 ,...,a
K }

and
tj ∈
{a

0 ,...,a
K }

then
Idx(ti )

<
Idx

(tj )
ifand

only
if
ti
<
tj .

A
ny

such
m

easure
ν
S
D

t
π ∗

(1
) ,...,t

π ∗
(n

)
w

illfallin
the

category
ofeitherE

quation
(68)orE

quation
(69).

A
lthough

π
∗

is
not

unique,any
tw

o
perm

utations
satisfying

the
above

conditions
w

ill
only

differ
by

a
perm

utation
of

tim
es

belonging
to

the
sam

e
string

interval
]a
k−

1 ,a
k [.

M
oreover,

it
follow

s
from

E
quations

(68)and
(69)thatthe

m
easures

ν
S
D

t
π ∗

(1
) ,...,t

π ∗
(n

) are
invariantby

perm
utation

oftim
es

belonging
to

the
sam

e
string

interval
]a
k−

1 ,a
k [,

and
as

a
result

any
tw

o
π
∗

satisfying
the

above
conditions

w
illyield

the
sam

e
probability

m
easure.

T
he

finite
dim

ensionalprobability
m

easures
ν
S
D

t
1
,...,t

n
are

the
m

easures
im

plied
by

T
heorem

2.
T

he
perm

utation
condition

(57)
of

K
olm

ogorov’s
extension

theorem
is

m
et

by
virtue

of
E

qua-
tion

(70).
In

effect
for

every
perm

utation
π

of{
1,...,n},

if
w

e
let

π
′

:
{π

(1),...,π
(n

)}
→

{
π
∗(1),...,π

∗(n
)},then

ν
S
D

t
π
(1

) ,...,t
π
(n

) (T
π

(1
) ,...,T

π
(n

) )
:=

ν
S
D

t
π ′◦

π
(1

) ,...,t
π ′◦

π
(n

) (T
π
′◦
π

(1
) ,...,T

π
′◦
π

(n
) )

=
ν
S
D

t
π ∗

(1
) ,...,t

π ∗
(n

) (T
π
∗
(1

) ,...,T
π
∗
(n

) )

=
ν
S
D

t
1
,...,t

n
(T

1 ,...,T
n
).

A
s

for
the

m
arginalisation

condition
(58),it

is
m

et
for

every
boundary

tim
e

by
virtue

of
how

w
e

extended
ν
S
D

to
m

issing
boundary

tim
es.A

llw
e

need
to

prove
now

is
thatthe

m
arginalisation

con-
dition

isalso
m

etatany
non-boundary

tim
e.To

do
so,itissufficientto

prove
thatthe

m
arginalisation

condition
holds

for
t 11 ,thatis:

ν
S
D

t
11
,...,t

1N
1
,...,t

K1
,...,t

KN
K
,a

0
,...,a

K
(R

2,T
12
,...,T

1N
1 ,...,T

K1
,...,T

KN
K
,A

0 ,...,A
K

)

=
ν
S
D

t
12
,...,t

1N
1
,...,t

K1
,...,t

KN
K
,a

0
,...,a

K
(T

12
,...,T

1N
1 ,...,T

K1
,...,T

KN
K
,A

0 ,...,A
K

)

(71)

for
every

rectangles
A
i and

T
ij in

R
2.

In
effect,cases

w
here

som
e

boundary
tim

es
are

m
issing

are
specialcases

w
ith

the
corresponding

rectangles
A
j

setto
R

2.M
oreover,ifw

e
prove

E
quation

(71),
the

perm
utation

property
(57)w

illallow
us

to
conclude

thatthe
m

arginalisation
also

holds
true

for
any

other
(single)

non-boundary
tim

e.
Furtherm

ore,if
E

quation
(71)

holds
true,it

can
be

show
n

that
the

m
arginalisation

condition
w

ill
also

hold
over

m
ultiple

non-boundary
tim

es
by

using
the

perm
utation

property
(57)and

m
arginalising

one
non-boundary

tim
e

afteranother.
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S
T

R
IN

G
A

N
D

M
E

M
B

R
A

N
E

G
A

U
S

S
IA

N
P

R
O

C
E

S
S

E
S

B
y

Fu
bi

ni
’s

th
eo

re
m

,a
nd

co
ns

id
er

in
g

E
qu

at
io

n
(6

8)
,s

ho
w

in
g

th
at

E
qu

at
io

n
(7

1)
ho

ld
s

tr
ue

is
eq

ui
va

le
nt

to
sh

ow
in

g
th

at
:

∫ R
2

p
x
a
0
,x
a
1

N
(x
t1 1
,.
..
,x

t1 N
1
)d
x
t1 1

=
p
x
a
0
,x
a
1

N
(x
t1 2
,.
..
,x

t1 N
1
)

(7
2)

w
hi

ch
ho

ld
s

tr
ue

as
p
x
a
0
,x
a
1

N
(x
t1 1
,.
..
,x

t1 N
1
)

is
a

m
ul

tiv
ar

ia
te

G
au

ss
ia

n
de

ns
ity

,a
nd

th
e

co
rr

es
po

nd
-

in
g

m
ar

gi
na

l
is

in
de

ed
th

e
de

ns
ity

of
th

e
sa

m
e

co
nd

iti
on

al
de

ri
va

tiv
e

G
au

ss
ia

n
pr

oc
es

s
at

tim
es

t1 2
,.
..
,t

1 N
1
.

T
hi

s
co

nc
lu

de
s

th
e

pr
oo

fo
ft

he
ex

is
te

nc
e

of
th

e
st

oc
ha

st
ic

pr
oc

es
s

(S
D
t)
t∈
I
.

A
pp

en
di

x
C

.2
Pr

oo
fo

fT
he

or
em

2
(B

)

A
s

co
nd

iti
on

al
on

bo
un

da
ry

co
nd

iti
on

s
th

e
re

st
ri

ct
io

n
of

a
st

ri
ng

de
ri

va
tiv

e
G

au
ss

ia
n

pr
oc

es
s

on
a

st
ri

ng
in

te
rv

al
[a
k
−

1
,a
k
]

is
a

de
ri

va
tiv

e
G

au
ss

ia
n

pr
oc

es
s,

it
fo

llo
w

s
fr

om
Pr

op
os

iti
on

1
(C

)t
ha

t

∀
x̃
a
0
,.
..
,x̃

a
K
,
∀
t,
t

+
h
∈

[a
k
−

1
,a
k
],

li
m

h
→

0
E

(
[ z

t+
h
−
z t

h
−
z
′ t] 2
∣ ∣ ∣ ∣x
a
0

=
x̃
a
0
,.
..
,x

a
K

=
x̃
a
K

)
=

0,
(7

3)

or
eq

ui
va

le
nt

ly
th

at
:

∆
z h

:=
E

(
[ z

t+
h
−
z t

h
−
z
′ t] 2
∣ ∣ ∣ ∣x
a
0
,.
..
,x

a
K

)
a
.s
.

−→ h→
0

0
.

(7
4)

M
or

eo
ve

r,

∆
z h

=
V

ar
(
z t

+
h
−
z t

h
−
z
′ t∣ ∣ ∣ ∣x

a
0
,.
..
,x

a
K

)
+

E
(
z t

+
h
−
z t

h
−
z
′ t∣ ∣ ∣ ∣x

a
0
,.
..
,x

a
K

) 2
.

(7
5)

A
s

bo
th

te
rm

s
in

th
e

su
m

of
th

e
ab

ov
e

eq
ua

tio
n

ar
e

no
n-

ne
ga

tiv
e,

it
fo

llo
w

s
th

at

V
ar
(
z t

+
h
−
z t

h
−
z
′ t∣ ∣ ∣ ∣x

a
0
,.
..
,x

a
K

)
a
.s
.

−→ h→
0

0
an

d
E
(
z t

+
h
−
z t

h
−
z
′ t∣ ∣ ∣ ∣x

a
0
,.
..
,x

a
K

) 2
a
.s
.

−→ h→
0

0.

Fr
om

w
hi

ch
w

e
de

du
ce

E
(
z t

+
h
−
z t

h
−
z
′ t∣ ∣ ∣x

a
0
,.
..
,x

a
K

)
a
.s
.

−→ h→
0

0.

A
s

E
( z

t+
h
−
z t

h
−
z
′ t∣ ∣ ∣x

a
0
,.
..
,x

a
K

)
de

pe
nd

s
lin

ea
rl

y
on

th
e

bo
un

da
ry

co
nd

iti
on

s,
an

d
as

th
e

bo
un

d-
ar

y
co

nd
iti

on
s

ar
e

jo
in

tly
-G

au
ss

ia
n

(s
ee

A
pp

en
di

x
H

st
ep

1)
,i

tf
ol

lo
w

s
th

at

E
(
z t

+
h
−
z t

h
−
z
′ t∣ ∣ ∣x

a
0
,.
..
,x

a
K

)

is
G

au
ss

ia
n.

Fi
na

lly
w

e
no

te
th

at V
ar
(
z t

+
h
−
z t

h
−
z
′ t∣ ∣ ∣x

a
0
,.
..
,x

a
K

)
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do
es

no
td

ep
en

d
on

th
e

va
lu

es
of

th
e

bo
un

da
ry

co
nd

iti
on

s
x
a
k

(b
ut

ra
th

er
on

th
e

bo
un

da
ry

tim
es

),
an

d
w

e
re

ca
ll

th
at

co
nv

er
ge

nc
e

al
m

os
ts

ur
e

of
G

au
ss

ia
n

ra
nd

om
va

ri
ab

le
s

im
pl

ie
s

co
nv

er
ge

nc
e

in
L

2
.

H
en

ce
,t

ak
in

g
th

e
ex

pe
ct

at
io

n
on

bo
th

si
de

of
E

qu
at

io
n

(7
5)

an
d

th
en

th
e

lim
it

as
h

go
es

to
0

w
e

ge
t

E

(
[ z

t+
h
−
z t

h
−
z
′ t] 2
)

=
E

(∆
z h

)
−→ h→

0
0
,

w
hi

ch
pr

ov
es

th
at

th
e

st
ri

ng
G

P
(z
t)
t∈
I

is
di

ff
er

en
tia

bl
e

in
th

e
L

2
se

ns
e

on
I

an
d

ha
s

de
riv

at
iv

e
(z
′ t)
t∈
I
.

W
e

pr
ov

e
th

e
co

nt
in

ui
ty

in
th

e
L

2
se

ns
e

of
(z
′ t)
t∈
I

in
a

si
m

ila
r

fa
sh

io
n,

no
tin

g
th

at
co

nd
iti

on
al

on
th

e
bo

un
da

ry
co

nd
iti

on
s,

(z
′ t)
t∈
I

is
a

G
au

ss
ia

n
pr

oc
es

s
w

ho
se

m
ea

n
fu

nc
tio

n
d
m
a
k
−
1
,a
k

c
k d
t

an
d

co
va

ri
an

ce
fu

nc
tio

n
∂
2
k
a
k
−
1
,a
k

c
k
∂
x
∂
y

ar
e

co
nt

in
uo

us
,

th
us

is
co

nt
in

uo
us

in
th

e
L

2
se

ns
e

on
[a
k
−

1
,a
k
]

(c
on

di
tio

na
lo

n
th

e
bo

un
da

ry
co

nd
iti

on
s)

.W
e

th
er

ef
or

e
ha

ve
th

at
:

∀
x̃
a
0
,.
..
,x̃

a
K
,
∀
t,
t

+
h
∈

[a
k
−

1
,a
k
],

li
m

h
→

0
E
( (z
′ t+
h
−
z
′ t)

2
∣ ∣ x
a
0

=
x̃
a
0
,.
..
,x

a
K

=
x̃
a
K

) =
0, (7
6)

fr
om

w
hi

ch
w

e
ge

tt
ha

t:

∆
z
′ h

:=
E
( [
z
′ t+
h
−
z
′ t] 2
∣ ∣ x
a
0
,.
..
,x

a
K

)
a
.s
.

−→ h→
0

0
.

(7
7)

M
or

eo
ve

r,

∆
z
′ h

=
V

ar
( z
′ t+
h
−
z
′ t∣ ∣ x

a
0
,.
..
,x

a
K

) +
E
( z
′ t+
h
−
z
′ t∣ ∣ x

a
0
,.
..
,x

a
K

) 2
,

(7
8)

w
hi

ch
im

pl
ie

s
th

at
V

ar
( z
′ t+
h
−
z
′ t∣ ∣ x

a
0
,.
..
,x

a
K

)
a
.s
.

−→ h→
0

0

an
d

E
( z
′ t+
h
−
z
′ t∣ ∣ x

a
0
,.
..
,x

a
K

) 2
a
.s
.

−→ h→
0

0,

as
bo

th
te

rm
s

in
th

e
su

m
in

E
qu

at
io

n
(7

8)
ar

e
no

n-
ne

ga
tiv

e.
Fi

na
lly

,

V
ar
( z
′ t+
h
−
z
′ t∣ ∣ x

a
0
,.
..
,x

a
K

)

do
es

no
td

ep
en

d
on

th
e

va
lu

es
of

th
e

bo
un

da
ry

co
nd

iti
on

s,
an

d

E
( z
′ t+
h
−
z
′ t∣ ∣ x

a
0
,.
..
,x

a
K

)

is
G

au
ss

ia
n

fo
rt

he
sa

m
e

re
as

on
as

be
fo

re
.H

en
ce

,t
ak

in
g

th
e

ex
pe

ct
at

io
n

on
bo

th
si

de
s

of
E

qu
at

io
n

(7
8)

,w
e

ge
tt

ha
t

E
( [
z
′ t+
h
−
z
′ t] 2
)

=
E

(∆
z
′ h)
−→ h→

0
0,

w
hi

ch
pr

ov
es

th
at

(z
′ t)

is
co

nt
in

uo
us

in
th

e
L

2
se

ns
e.
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A
ppendix

D
.Proofofthe

C
ondition

for
Pathw

ise
R

egularity
U

pgrade
ofString

G
Ps

from
L

2

In
this

section
w

e
prove

thata
sufficientcondition

forthe
process

(z ′t )
t∈
I

in
T

heorem
2

to
be

alm
ost

surely
continuous

and
to

be
the

alm
ost

sure
derivative

of
the

string
G

aussian
process

(z
t )
t∈
I ,

is
thatthe

G
aussian

processes
on
I
k

=
[a
k−

1 ,a
k ]w

ith
m

ean
and

covariance
functions

m
a
k−

1
,a
k

ck
and

k
a
k−

1
,a
k

ck
(as

perE
quations

3
and

4
w

ith
m

:=
m
k

and
k

:=
k
k )are

them
selves

alm
ostsurelyC

1
for

every
boundary

condition.
Firstly

w
e

note
thatthe

above
condition

guarantees
thatthe

resultholds
atnon-boundary

tim
es.

A
s

forboundary
tim

es,the
condition

im
plies

thatthe
string

G
P

is
alm

ostsurely
rightdifferentiable

(resp.
leftdifferentiable)atevery

left(resp.
right)boundary

tim
e,including

a
0

and
a
K

.
M

oreover,
the

string
G

P
being

differentiable
in
L

2,the
righthand

side
and

lefthand
side

alm
ostsure

derivatives
are

the
sam

e,
and

are
equal

to
the

L
2

derivative,
w

hich
proves

that
the

L
2

derivatives
at

inner
boundary

tim
es

are
also

in
the

alm
ost

sure
sense.

A
sim

ilar
argum

ent
holds

to
conclude

that
the

right(resp.left)hand
side

derivative
at
a

0
(resp.

a
K

)is
also

in
the

alm
ostsure

sense.M
oreover,the

derivative
process

(z ′t )
t∈
I

adm
its

an
alm

ostsure
righthand

side
lim

itand
an

alm
ostsure

lefthand
side

lim
it

at
every

inner
boundary

tim
e

and
both

are
equal

as
the

derivative
is

continuous
in
L

2,
w

hich
proves

its
alm

ostsure
continuity

atinner
boundary

tim
es.

A
lm

ostsure
continuity

of
(z ′t )

t∈
I

on
the

right(resp.left)of
a

0
(resp.

a
K

)is
a

directconsequence
ofthe

above
condition.

A
ppendix

E
.ProofofProposition

4

In
this

section,w
e

prove
Proposition

4,w
hich

w
e

recallbelow
.

Proposition
4

(A
dditively

separable
string

G
Psare

flexible)
L

et
k
(x
,y

)
:=

ρ (||x
−
y|| 2L

2 )
be

a
stationary

covariance
function

generating
a.s.C

1
G

P
paths

in-
dexed

on
R
d,
d
>

0,and
ρ

a
function

thatisC
2

on
]0,+

∞
[and

continuousat0.L
etφ

s (x
1 ,...,x

d )
=

∑
dj=

1
x
j ,let(z

jt )
t∈
I
j,
j∈

[1
..d

] be
independentstationary

G
aussian

processesw
ith

m
ean

0
and

covari-
ance

function
k

(w
here

the
L

2
norm

is
on

R
),and

let
f

(t1 ,...,td )
=
φ
s (z

1t1 ,...,z
dtd )

be
the

corre-
sponding

stationary
string

G
P.Finally,letg

be
an

isotropic
G

aussian
processindexed

on
I

1×
···×

I
d

w
ith

m
ean

0
and

covariance
function

k
(w

here
the

L
2

norm
is

on
R
d).T

hen:
1)∀

x
∈
I

1×
···×

I
d,
H

(∇
f

(x
))

=
H

(∇
g
(x

)),
2)∀

x
6=
y
∈
I

1×
···×

I
d,
I
(∇
f

(x
);∇

f
(y

))≤
I
(∇
g
(x

);∇
g
(y

)).

To
prove

Proposition
4

w
e

need
a

lem
m

a,w
hich

w
e

state
and

prove
below

.

L
em

m
a

8
Let

X
n

be
a

sequence
ofG

aussian
random

vectors
w

ith
auto-covariance

m
atrix

Σ
n

and
m

ean
µ
n ,converging

alm
ostsurely

to
X
∞

.If
Σ
n
→

Σ
∞

and
µ
n
→
µ
∞

then
X
∞

is
G

aussian
w

ith
m

ean
µ
∞

and
auto-covariance

m
atrix

Σ
∞

.

Proof
W

e
need

to
show

thatthe
characteristic

function
of
X
∞

is

φ
X
∞

(t)
:=

E
(e
it
T
X
∞

)
=
e
it
T
µ
∞
−

12
t
T

Σ
∞
t.

A
s

Σ
n

is
positive

sem
i-definite,∀

n
,
|e
it
T
µ
n −

12
t
T

Σ
n
t|

=
e −

12
t
T

Σ
n
t
≤

1.
H

ence,
by

L
ebesgue’s

dom
inated

convergence
theorem

,

φ
X
∞

(t)
=

E
(

lim
n→

+
∞
e
it
T
X
n
)

=
lim

n→
+
∞

E
(e
it
T
X
n
)

=
lim

n→
+
∞
e
it
T
µ
n −

12
t
T

Σ
n
t

=
e
it
T
µ
∞
−

12
t
T

Σ
∞
t.
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A
ppendix

E
.1

ProofofProposition
4

1)

L
et
x

=
(t x1 ,...,t xd )∈

I
1×
···×

I
d.W

e
w

antto
show

that
H

(∇
f

(x
))

=
H

(∇
g
(x

))
w

here
f

and
g

are
as

perProposition
4,and

H
is

the
entropy

operator.Firstly,w
e

note
from

E
quation

(11)that

∇
f

(x
)

=
(
z

1′t x1 ,...,z
d′t xd )

,
(79)

w
here

the
jointlaw

of
the

G
P

(z
jt )
t∈
I
j

and
its

derivative
(z
j′t )
t∈
I
j

is
provided

in
Proposition

1.
A

s

the
processes (

z
jt ,z

j′t )
t∈
I
j
,
j
∈

[1..d
]are

assum
ed

to
be

independentof
each

other,∇
f

(x
)

is
a

G
aussian

vectorand
its

covariance
m

atrix
reads:

Σ
∇
f

(x
)

=
−

2
d
ρ

dx
(0)Id ,

(80)

w
here

Id
is

the
d×

d
identity

m
atrix.H

ence,

H
(∇
f

(x
))

=
d2

(1
+

ln
(2
π

))
+

12
ln|Σ

∇
f

(x
) |.

(81)

Secondly,let
e
j

denote
the

d-dim
ensionalvector

w
hose

j-th
coordinate

is
1

and
every

other
coor-

dinate
is

0,and
let
h
∈

R
.

A
s

the
proposition

assum
es

the
covariance

function
k

generates
alm

ost
surelyC

1
surfaces,the

vectors (
g
(x

+
h
e
1
)−
g
(x

)
h

,...,
g
(x

+
h
e
d
)−
g
(x

)
h

)
are

G
aussian

vectorsconverging
alm

ostsurely
as
h
→

0.
M

oreover,their
m

ean
is

0
and

their
covariance

m
atrices

have
as

elem
ent

on
the

i-th
row

and
j-th

colum
n

(i6=
j):

cov (
g
(x

+
h
e
i )−

g
(x

)

h
,
g
(x

+
h
e
j )−

g
(x

)

h

)
=
ρ
(2h

2)−
2
ρ
(h

2)
+
ρ
(0)

h
2

(82)

and
as

diagonalterm
s:

V
ar (

g
(x

+
h
e
j )−

g
(x

)

h

)
=

2
ρ
(0)−

ρ
(h

2)

h
2

.
(83)

Taking
the

lim
itof

E
quations

(82)
and

(83)
using

the
firstorder

Taylor
expansion

of
ρ

(w
hich

the
Proposition

assum
es

isC
2),w

e
getthat:

Σ
∇
g
(x

)
=
−

2
d
ρ

dx
(0)Id

=
Σ
∇
f

(x
) ,

(84)

Itthen
follow

s
from

L
em

m
a

8
thatthe

lim
it∇

g
(x

)
of

(
g
(x

+
h
e

1 )−
g
(x

)

h
,...,

g
(x

+
h
e
d )−

g
(x

)

h

)

is
also

a
G

aussian
vector,w

hich
proves

that
H

(∇
f

(x
))

=
H

(∇
g
(x

)).
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A
pp

en
di

x
E

.2
Pr

oo
fo

fP
ro

po
si

tio
n

4
2)

W
e

st
ar

tb
y

st
at

in
g

an
d

pr
ov

in
g

an
ot

he
rl

em
m

a
w

e
w

ill
la

te
ru

se
.

L
em

m
a

9
Le

tA
an

d
B

be
tw

o
d

-d
im

en
si

on
al

jo
in

tly
G

au
ss

ia
n

ve
ct

or
s

w
ith

di
ag

on
al

co
va

ri
an

ce
m

at
ri

ce
s

Σ
A

an
d

Σ
B

re
sp

ec
tiv

el
y.

Le
tΣ

A
,B

be
th

e
cr

os
s-

co
va

ri
an

ce
m

at
ri

x
be

tw
ee

n
A

an
d
B

,a
nd

le
td

ia
g(

Σ
A
,B

)
be

th
e

di
ag

on
al

m
at

ri
x

w
ho

se
di

ag
on

al
is

th
at

of
Σ
A
,B

.T
he

n:

de
t([

Σ
A

di
ag

(Σ
A
,B

)
di

ag
(Σ

A
,B

)
Σ
B

])
≥

de
t([

Σ
A

Σ
A
,B

Σ
T A
,B

Σ
B

])
.

Pr
oo

f
Fi

rs
tly

w
e

no
te

th
at

de
t([

Σ
A

di
ag

(Σ
A
,B

)
di

ag
(Σ

A
,B

)
Σ
B

])
=

de
t(

Σ
A

)d
et
( Σ

B
−

di
ag

(Σ
A
,B

)Σ
−

1
A

di
ag

(Σ
A
,B

))

an
d

de
t([

Σ
A

Σ
A
,B

Σ
A
,B

Σ
B

])
=

de
t(

Σ
A

)d
et
( Σ

B
−

Σ
T A
,B

Σ
−

1
A

Σ
A
,B

) .

A
s

th
e

m
at

ri
x

Σ
A

is
po

si
tiv

e
se

m
i-

de
fin

ite
,d

et
(Σ

A
)
≥

0
.T

he
ca

se
de

t(
Σ
A

)
=

0
is

st
ra

ig
ht

-f
or

w
ar

d.
T

hu
s

w
e

as
su

m
e

th
at

de
t(

Σ
A

)
>

0
,s

o
th

at
al

lw
e

ne
ed

to
pr

ov
e

is
th

at

de
t(

Σ
B
−

di
ag

(Σ
A
,B

)Σ
−

1
A

di
ag

(Σ
A
,B

))
≥

de
t(

Σ
B
−

Σ
T A
,B

Σ
−

1
A

Σ
A
,B

) .

Se
co

nd
ly

,t
he

m
at

ri
x

Σ
di

ag
B
|A

:=
Σ
B
−

di
ag

(Σ
A
,B

)Σ
−

1
A

di
ag

(Σ
A
,B

)
be

in
g

di
ag

on
al

,i
ts

de
te

rm
in

an
ti

s
th

e
pr

od
uc

to
fi

ts
di

ag
on

al
te

rm
s:

de
t(

Σ
di

ag
B
|A

)
=

d ∏ i=
1

Σ
di

ag
B
|A

[i
,i

]
=

d ∏ i=
1

( Σ
B

[i
,i

]−
Σ
A
,B

[i
,i

]2

Σ
A

[i
,i

]

)
.

A
sf

or
th

e
m

at
ri

x
Σ
B
|A

:=
Σ
B
−

Σ
T A
,B

Σ
−

1
A

Σ
A
,B

,w
e

no
te

th
at

it
ha

pp
en

st
o

be
th

e
co

va
ri

an
ce

m
at

ri
x

of
th

e
(G

au
ss

ia
n)

di
st

ri
bu

tio
n

of
B

gi
ve

n
A

,a
nd

th
us

is
po

si
tiv

e
se

m
i-

de
fin

ite
an

d
ad

m
its

a
C

ho
le

sk
y

de
co

m
po

si
tio

n
Σ
B
|A

=
L
L
T

.I
tf

ol
lo

w
s

th
at

de
t(

Σ
B
|A

)
=

d ∏ i=
1

L
[i
,i

]2
≤

d ∏ i=
1

Σ
B
|A

[i
,i

]
=

d ∏ i=
1

 
Σ
B

[i
,i

]
−

d ∑ j=
1

Σ
A
,B

[j
,i

]2

Σ
A

[j
,j

]

 

≤
d ∏ i=

1

( Σ
B

[i
,i

]−
Σ
A
,B

[i
,i

]2

Σ
A

[i
,i

]

)
=

de
t(

Σ
di

ag
B
|A

),
(8

5)

w
he

re
th

e
fir

st
in

eq
ua

lit
y

re
su

lts
fr

om
th

e
fa

ct
th

at
Σ
B
|A

[i
,i

]
=
∑

i j=
1
L

[j
,i

]2
by

de
fin

iti
on

of
th

e
C

ho
le

sk
y

de
co

m
po

si
tio

n.
T

hi
s

pr
ov

es
th

at

de
t(

Σ
B
−

di
ag

(Σ
A
,B

)Σ
−

1
A

di
ag

(Σ
A
,B

))
≥

de
t(

Σ
B
−

Σ
T A
,B

Σ
−

1
A

Σ
A
,B

) ,

w
hi

ch
as

pr
ev

io
us

ly
di

sc
us

se
d

co
nc

lu
de

s
th

e
pr

oo
fo

ft
he

le
m

m
a.
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Pr
oo

f
of

Pr
op

os
iti

on
4

2)
:

L
et
x

=
(t
x 1
,.
..
,t
x d
),
y

=
(t
y 1
,.
..
,t
y d
)
∈
I

1
×
··
·×

I
d
,
x
6=
y

.
W

e
w

an
tt

o
sh

ow
th

at
I
(∇
f

(x
);
∇
f

(y
))
≤
I
(∇
g
(x

);
∇
g
(y

))
w

he
re
f

an
d
g

ar
e

as
pe

rP
ro

po
si

tio
n

4,
an

d
I
(X

;Y
)

=
H

(X
)

+
H

(Y
)
−
H

(X
,Y

)

is
th

e
m

ut
ua

li
nf

or
m

at
io

n
be

tw
ee

n
X

an
d
Y

.A
sw

e
ha

ve
pr

ov
ed

th
at
∀x

,
H

(∇
f

(x
))

=
H

(∇
g
(x

))
,

al
lw

e
ne

ed
to

pr
ov

e
no

w
is

th
at

H
(∇
f

(x
),
∇
f

(y
))
≥
H

(∇
g
(x

),
∇
g
(y

))
.

Fi
rs

tly
,i

tf
ol

lo
w

sf
ro

m
E

qu
at

io
n

(7
9)

an
d

th
e

fa
ct

th
at

th
e

de
ri

va
tiv

e
G

au
ss

ia
n

pr
oc

es
se

s(
z
j t
,z
j′ t

) t
∈I

j

ar
e

in
de

pe
nd

en
tt

ha
t(
∇
f

(x
),
∇
f

(y
))

is
a

jo
in

tly
G

au
ss

ia
n

ve
ct

or
.

M
or

eo
ve

r,
th

e
cr

os
s-

co
va

ri
an

ce
m

at
ri

x
Σ
∇
f

(x
),
∇
f

(y
)

is
di

ag
on

al
w

ith
di

ag
on

al
te

rm
s:

Σ
∇
f

(x
),
∇
f

(y
)[
i,
i]

=
−

2

[ dρ dx
( ||
x
−
y
||2 L

2

) +
2
(t
x i
−
ty i

)2
d2
ρ

dx
2

( ||
x
−
y
||2 L

2

)]
.

(8
6)

Se
co

nd
ly

,
it

fo
llo

w
s

fr
om

a
si

m
ila

r
ar

gu
m

en
t

to
th

e
pr

ev
io

us
pr

oo
f

th
at

(∇
g
(x

),
∇
g
(y

))
is

al
so

a
jo

in
tly

G
au

ss
ia

n
ve

ct
or

,
an

d
th

e
te

rm
s

Σ
∇
g
(x

),
∇
g
(y

)[
i,
j]

ar
e

ev
al

ua
te

d
as

lim
it

of
th

e
cr

os
s-

co
va

ri
an

ce
te

rm
s

co
v
( g

(x
+
h
e i

)−
g
(x

)
h

,
g
(y

+
h
e j

)−
g
(y

)
h

)
as
h
→

0.
Fo

ri
=
j,

co
v
(
g
(x

+
h
e i

)
−
g
(x

)

h
,
g
(y

+
h
e i

)
−
g
(y

)

h

)
=

1 h
2

{ 2ρ

(
∑ k

(t
x k
−
ty k

)2

)

−
ρ

 
∑ k
6=
i(t

x k
−
ty k

)2
+

(t
x i

+
h
−
ty i

)2

 
−
ρ

 
∑ k
6=
i(t

x k
−
ty k

)2
+

(t
x i
−
h
−
ty i

)2

 
} ,

(8
7)

A
s
ρ

is
as

su
m

ed
to

be
C2

,t
he

be
lo

w
Ta

yl
or

ex
pa

ns
io

ns
ar

ou
nd
h

=
0

ho
ld

tr
ue

:

ρ

(
∑ k

(t
x k
−
ty k

)2

)
−
ρ

 
∑ k
6=
i(t

x k
−
ty k

)2
+

(t
x i
−
h
−
ty i

)2

 
=

2
(t
x i
−
ty i

)h
dρ dx

(
∑ k

(t
x k
−
ty k

)2

) (8
8)

−
[ dρ dx

(
∑ k

(t
x k
−
ty k

)2

)
+

2(
tx i
−
ty i

)2
d2
ρ

dx
2

(
∑ k

(t
x k
−
ty k

)2

)
] h

2
+
o(
h

2
)

ρ

(
∑ k

(t
x k
−
ty k

)2

)
−
ρ

 
∑ k
6=
i(t

x k
−
ty k

)2
+

(t
x i

+
h
−
ty i

)2

 
=
−

2
(t
x i
−
ty i

)h
dρ dx

(
∑ k

(t
x k
−
ty k

)2

)

(8
9)

−
[ dρ dx

(
∑ k

(t
x k
−
y k

)2

)
+

2
(t
x i
−
ty i

)2
d2
ρ

dx
2

(
∑ k

(t
x k
−
ty k

)2

)
] h

2
+
o(
h

2
)
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Plugging
E

quations
(88)and

(89)into
E

quation
(87)and

taking
the

lim
itw

e
obtain:

Σ
∇
g
(x

),∇
g
(y

) [i,i]
=
−

2 [
d
ρ

dx
(||x
−
y|| 2L

2 )
+

2
(t xi −

t yi )
2 d

2ρ

dx
2 (||x

−
y|| 2L

2 ) ]

=
Σ
∇
f

(x
),∇

f
(y

) [i,i].
(90)

Sim
ilarly

for
i6=

j,

cov (
g
(x

+
h
e
i )−

g
(x

)

h
,
g
(y

+
h
e
j )−

g
(y

)

h

)

=
1h
2 {

ρ (
∑k6=
i,j (t xk −

t yk )
2

+
(t xi

+
h
−
t yi )

2
+

(t xj −
h
−
t yj )

2 )

−
ρ 
∑k6=

i (t xk −
t yk )

2
+

(t xi
+
h
−
t yi )

2 
−
ρ 
∑k6=

j (t xk −
t yk )

2
+

(t xi −
h
−
t yj )

2 

+
ρ (
∑

k

(t xk −
t yk )

2 )
}
,

(91)

and

ρ 
∑k6=
i,j (t xk −

t yk )
2

+
(t xi

+
h
−
t yi )

2
+

(t xj −
h
−
t yj )

2 
−
ρ (
∑

k

(t xk −
t yk )

2 )

=

[
2

d
ρ

d
x

(
∑

k

(t xk −
t yk )

2 )
+

2 (
(t xi −

t yi )−
(t xj −

t yj ) )
2×

d
2ρ

dx
2 (
∑

k

(t xk −
t yk )

2 )
]
h

2

+
2 (
t xi −

t yi −
t xj

+
t yj )

d
ρ

d
x

(
∑

k

(t xk −
t yk )

2 )
h

+
o(h

2).
(92)

Plugging
E

quations
(88),(89)and

(92)in
E

quation
(91)and

taking
the

lim
itw

e
obtain:

Σ
∇
g
(x

),∇
g
(y

) [i,j]
=
−

4
(t xi −

t yi )(t xj −
t yj ) d

2ρ

dx
2 (||x

−
y|| 2L

2 )
.

(93)

To
sum

m
arize,(∇

f
(x

),∇
f

(y
))

and
(∇
g
(x

),∇
g
(y

))
are

both
jointly

G
aussian

vectors;∇
f

(x
),

∇
g
(x

),∇
f

(y
),

and
∇
g
(y

)
are

(G
aussian)

identically
distributed

w
ith

a
diagonal

covariance
m

a-
trix;

Σ
∇
f

(x
),∇

f
(y

)
is

diagonal;
Σ
∇
g
(x

),∇
g
(y

)
has

the
sam

e
diagonal

as
Σ
∇
f

(x
),∇

f
(y

)
but

has
pos-

sibly
non-zero

off-diagonal
term

s.
H

ence,
it

follow
s

from
L

em
m

a
9

that
the

determ
inant

of
the

auto-covariance
m

atrix
of

(∇
f

(x
),∇

f
(y

))
is

higher
than

that
of

the
auto-covariance

m
atrix

of
(∇
g
(x

),∇
g
(y

));orequivalently
the

entropy
of

(∇
f

(x
),∇

f
(y

))ishigherthan
thatof

(∇
g
(x

),∇
g
(y

))
(as

both
are

G
aussian

vectors),w
hich

as
previously

discussed
is

sufficientto
conclude

thatthe
m

u-
tualinform

ation
betw

een∇
f

(x
)

and∇
f

(y
)

is
sm

allerthan
thatbetw

een∇
g
(x

)
and∇

g
(y

).

A
ppendix

F.ProofofProposition
6

In
this

section,w
e

prove
Proposition

6,w
hich

w
e

recallbelow
.
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Proposition
6

(E
xtension

ofthe
standard

G
P

paradigm
)

L
et
K
∈
N
∗,let

I
=

[a
0 ,a

K
]and

I
k

=
[a
k−

1 ,a
k ]be

intervals
w

ith
a

0
<
···

<
a
K

.
Furtherm

ore,
let

m
:
I
→

R
be

aC
1

function,
m
k

the
restriction

of
m

to
I
k ,
h

:
I
×
I
→

R
aC

3
sym

m
etric

positive
sem

i-definite
function,and

h
k

the
restriction

of
h

to
I
k ×

I
k .If

(z
t )
t∈
I ∼
SGP

({
a
k },{m

k },{h
k }

),

then
∀
k
∈

[1..K
],

(z
t )
t∈
I
k ∼
GP

(m
,h

).

Proof
To

prove
Proposition

6,w
e

considerthe
string

derivative
G

aussian
process

(T
heorem

2)
(S
D
t )
t∈
I ,

S
D
t

=
(z
t ,z ′t )

w
ith

unconditionalstring
m

ean
and

covariance
functions

as
per

Proposition
6

and
prove

thatitsrestrictionson
the

intervals
I
k

=
[a
k−

1 ,a
k ]are

derivative
G

aussian
processesw

ith
the

sam
e

m
ean

function
m

and
covariance

function
h.

Proposition
1(B

)w
illthen

allow
us

to
conclude

that
(z
t )
t∈
I
k

are
G

Ps
w

ith
m

ean
m

and
covariance

function
h.

L
et
t1 ,...,tn

∈
]a
k−

1 ,a
k [and

let
p
D

(x
a
k−

1 )
(respectively

p
D

(x
a
k |x

a
k−

1 )
and

p
D

(x
t
1 ,...,x

t
n |x

a
k−

1 ,x
a
k ))

denote
the

pdf
of

the
value

of
the

derivative
G

aussian
process

w
ith

m
ean

function
m

and
covariance

function
h

at
a
k−

1
(respectively

its
value

at
a
k

conditionalon
its

value
at
a
k−

1 ,and
its

values
at
t1 ,...,tn

conditionalon
its

values
at
a
k−

1
and

a
k ).Saying

thatthe
restriction

ofthe
string

derivative
G

aussian
process

(S
D
t )

on
[a
k−

1 ,a
k ]is

the
derivative

G
aussian

process
w

ith
m

ean
m

and
covariance

h
is

equivalentto
saying

thatallfinite
dim

ensionalm
arginals

ofthe
string

derivative
G

aussian
process

p
S
D

(x
a
k−

1 ,x
t
1 ,...,x

t
n
,x

a
k ),

ti ∈
[a
k−

1 ,a
k ],

factorise
as 20:

p
S
D

(x
a
k−

1 ,x
t
1 ,...,x

t
n
,x

a
k )

=
p
D

(x
a
k−

1 )p
D

(x
a
k |x

a
k−

1 )p
D

(x
t
1 ,...,x

t
n |x

a
k−

1 ,x
a
k ).

M
oreover,w

e
know

from
T

heorem
2

thatby
design,p

S
D

(x
a
k−

1 ,x
t
1 ,...,x

t
n
,x

a
k )

factorises
as

p
S
D

(x
a
k−

1 ,x
t
1 ,...,x

t
n
,x

a
k )

=
p
S
D

(x
a
k−

1 )p
D

(x
a
k |x

a
k−

1 )p
D

(x
t
1 ,...,x

t
n |x

a
k−

1 ,x
a
k ).

In
otherw

ords,allw
e

need
to

prove
is

that

p
S
D

(x
a
k )

=
p
D

(x
a
k )

forevery
boundary

tim
e,w

hich
w

e
w

illdo
by

induction.W
e

note
by

integrating
outevery

boundary
condition

butthe
firstin

p
b

(as
perT

heorem
2

(a-1))that

p
S
D

(x
a
0 )

=
p
D

(x
a
0 ).

If
w

e
assum

e
that

p
S
D

(x
a
k−

1 )
=
p
D

(x
a
k−

1 )
for

som
e
k
>

0,
then

as
previously

discussed
the

restriction
of

the
string

derivative
G

aussian
process

on
[a
k−

1 ,a
k ]w

illbe
the

derivative
G

aussian
process

w
ith

the
sam

e
m

ean
and

covariance
functions,w

hich
w

illim
ply

that
p
S
D

(x
a
k )

=
p
D

(x
a
k ).

T
his

concludes
the

proof.

20.W
e

em
phasize

thatthe
term

s
on

the
righthand-side

ofthis
equation

involve
p
D

not
p
S
D

.
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Ỹ

w
ho

se
le

ng
th

s
ar

e
th

e
sa

m
e

as
th

os
e

of
X

an
d
Y

re
sp

ec
tiv

el
y,

an
d

su
ch

th
at

(X̃
,Ỹ
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=
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=
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.
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P
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0
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k
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φ
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∑
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..
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∈
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s
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be

G
Ps

in
di

m
en

si
on

s
d
>

1
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ri

ng
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P
s
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G
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m

en
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1.

H
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ne
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to

do
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pr

ov
e

th
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st
ri

ng
G

P
s
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e
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Ps

in
di
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en
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1
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∈I

j
be

a
st

ri
ng

de
riv

at
iv

e
G

P
in

di
m

en
si

on
1,

w
ith

bo
un

da
ry

tim
es
a
j 0
,.
..
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polynom
ials

(M
acdonald

(1995)).
In

addition
to

containing
the

link
function

φ
s

previously
intro-

duced,
this

fam
ily

of
polynom

ials
yields

global
covariance

structures
that

have
m

any
sim

ilarities
w

ith
existing

kernelapproaches,w
hich

w
e

discuss
in

Section
4.3.

For
n
≤
d,the

n-th
orderelem

entary
sym

m
etric

polynom
ialis

given
by

e
0 (x

1 ,...,x
d )

:=
1,
∀

1
≤
n
≤
d
e
n
(x

1 ,...,x
d )

=
∑

1≤
j
1
<
j
2
<
···<

j
n ≤

d

n
∏k
=

1

x
j
k .

(94)

A
s

an
illustration,

e
1 (x

1 ,...,x
d )

=

d
∑j=

1

x
j

=
φ
s (x

1 ,...,x
d ),

e
2 (x

1 ,...,x
d )

=
x

1 x
2

+
x

1 x
3

+
···

+
x

1 x
d

+
···

+
x
d−

1 x
d ,

...

e
d (x

1 ,...,x
d )

=
d
∏j=

1

x
j

=
φ
p (x

1 ,...,x
d ).

L
et
f

denote
a

m
em

brane
G

P
indexed

on
R
d

w
ith

link
function

e
n

and
by

(z
1t ),...,(z

dt )
its

inde-
pendentbuilding

block
string

G
P

s.Furtherm
ore,let

m
jk

and
k
jk

denote
the

unconditionalm
ean

and
covariance

functions
corresponding

to
the

k-th
string

of
(z
jt )

defined
on

[a
jk−

1 ,a
jk ].

Finally,letus
define

m̄
j(t)

:=
E

(z
jt ),

m̄
j′(t)

:=
E

(z
j′t ),

the
globalm

ean
functions

ofthe
j-th

building
block

string
G

P
and

ofits
derivative,w

here∀
t∈

I
j.

Itfollow
s

from
the

independence
ofthe

building
block

string
G

P
s

(z
jt )

that:

m̄
f(t1 ,...,td )

:=
E

(f
(t1 ,...,td ))

=
e
n
(m̄

1(t1 ),...,m̄
d(td )).

M
oreover,noting

that
∂
e
n

∂
x
j

=
e
n−

1 (x
1 ,...,x

j−
1 ,x

j+
1 ,...,x

d ),

itfollow
s

that:

m̄
∇
f(t1 ,...,td )

:=
E

(∇
f

(t1 ,...,td ))
=


m̄

1′(t1 )e
n−

1 (m̄
2(t2 ),...,m̄

d(td ) )

...
m̄
d′(td )e

n−
1 (m̄

1(t1 ),...,m̄
d−

1(td−
1 ) ) 

.

Furtherm
ore,forany

u
j ,v

j ∈
I
j

w
e

also
have

that

cov
(f

(u
1 ,...,u

d ),f
(v

1 ,...,v
d ))

=
e
n (cov(z

1u
1 ,z

1v
1 ),...,cov(z

du
d ,z

dv
d ) )

,

cov (
∂
f

∂
x
i (u

1 ,...,u
d ),f

(v
1 ,...,v

d ) )
=
e
n (cov(z

1u
1 ,z

1v
1 ),...,cov(z

i′ui ,z
iv
i ),...,cov(z

du
d ,z

dv
d ) )

,
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and
for

i≤
j

cov (
∂
f

∂
x
i (u

1 ,...,u
d ),

∂
f

∂
x
j
(v

1 ,...,v
d ) )

=

{
e
n (cov(z

1u
1 ,z

1v
1 ),...,cov(z

i′ui ,z
iv
i ),...,cov

(z
j′uj ,z

jv
j ),...,cov(z

du
d ,z

dv
d ) )

,
if
i
<
j

e
n (cov(z

1u
1 ,z

1v
1 ),...,cov(z

i′ui ,z
i′vi ),...,cov(z

du
d ,z

dv
d ) )

,
if
i

=
j
.

O
verall,forany

elem
entary

sym
m

etric
polynom

iallink
function,m

ultivariate
m

ean
and

covariance
functions

are
easily

deduced
from

the
previously

boxed
equations

and
the

univariate
quantities

m̄
j(u

),
m̄
j′(u

),
and

jK̄
u

;v
:=

[
cov(z

ju ,z
jv )

cov(z
ju ,z

j′v )
cov(z

j′u ,z
jv )

cov(z
j′u ,z

j′v ) ]
=

jK̄
Tv
;u ,

w
hich

w
e

now
derive.In

this
regards,w

e
w

illneed
the

follow
ing

lem
m

a.

L
em

m
a

10
Let

X
be

a
m

ultivariate
G

aussian
w

ith
m

ean
µ
X

and
covariance

m
atrix

Σ
X

.Ifcondi-
tionalon

X
,
Y

is
a

m
ultivariate

G
aussian

w
ith

m
ean

M
X

+
A

and
covariance

m
atrix

Σ
cY

w
here

M
,A

and
Σ
cY

do
notdepend

on
X

,then
(X
,Y

)
is

a
jointly

G
aussian

vector
w

ith
m

ean

µ
X

;Y
=

[
µ
X

M
µ
X

+
A ]

,

and
covariance

m
atrix

Σ
X

;Y
=

[
Σ
X

Σ
X
M

T

M
Σ
X

Σ
cY

+
M

Σ
X
M

T ]
.

Proof
See

A
ppendix

G
.

A
P

P
E

N
D

IX
I.0.1

G
L

O
B

A
L

S
T

R
IN

G
G

P
M

E
A

N
F

U
N

C
T

IO
N

S

W
e

now
turn

to
evaluating

the
univariate

globalm
ean

functions
m̄
j

and
m̄
j′.W

e
startw

ith
boundary

tim
es

and
then

generalise
to

othertim
es.

B
oundary

tim
es:

W
e

note
from

T
heorem

2
thatthe

restriction
(
z
jt ,z

j′t )
t∈

[a
j0
,a
j1
] is

the
derivative

G
aussian

process
w

ith
m

ean
and

covariance
functions

m
j1

and
k
j1 .T

hus,

[
m̄
j(a

j0 )

m̄
j′(a

j0 ) ]
=

[
m
j1 (a

j0 )
d
m
j1

d
t

(a
j0 ) ]

,
and

[
m̄
j(a

j1 )

m̄
j′(a

j1 ) ]
=

[
m
j1 (a

j1 )
d
m
j1

d
t

(a
j1 ) ]

.

For
k
>

1,w
e

recallthatconditionalon (
z
ja
jk−

1 ,z
j′a
jk−

1 )
, (
z
ja
jk ,z

j′a
jk )

is
G

aussian
w

ith
m

ean

[
m
jk (a

jk )
d
m
jk

d
t

(a
jk ) ]

+
jk K

a
jk
;a
jk−

1

jk K
−

1

a
jk−

1
;a
jk−

1 
z
ja
jk−

1 −
m
jk (a

jk−
1 )

z
j′a
jk−

1 −
d
m
jk

d
t

(a
jk−

1 ) 
,
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S
T

R
IN

G
A

N
D

M
E

M
B

R
A

N
E

G
A

U
S

S
IA

N
P

R
O

C
E

S
S

E
S

w
ith

j k
K
u

;v
=

 
k
j k
(u
,v

)
∂
k
j k

∂
y

(u
,v

)
∂
k
j k

∂
x

(u
,v

)
∂
2
k
j k

∂
x
∂
y
(u
,v

) 
.

It
th

en
fo

llo
w

s
fr

om
th

e
la

w
of

to
ta

le
xp

ec
ta

tio
ns

th
at

fo
ra

ll
k
>

1

[ m̄
j
(a
j k
)

m̄
j′

(a
j k
)]

=

[ m
j k
(a
j k
)

d
m
j k

d
t

(a
j k
)]

+
j k
K
a
j k
;a
j k
−
1

j k
K
−

1

a
j k
−
1
;a
j k
−
1

[
m̄
j
(a
j k
−

1
)
−
m
j k
(a
j k
−

1
)

m̄
j′

(a
j k
−

1
)
−

d
m
j k

d
t

(a
j k
−

1
)] .

St
ri

ng
tim

es
:A

sf
or

no
n-

bo
un

da
ry

tim
es
t
∈]
a
j k
−

1
,a
j k
[,

co
nd

iti
on

al
on
( z

j a
k
−
1
,z
j′ a k
−
1

)
an

d
( z

j a
k
,z
j′ a k
) ,

( z
j t
,z
j′ t
)

is
G

au
ss

ia
n

w
ith

m
ea

n

[ m
j k
(t

)
d
m
j k

d
t

(t
)]

+
j k
K
t;
(a
j k
−
1
,a
j k
)
j k
K
−

1

(a
j k
−
1
,a
j k
);

(a
j k
−
1
,a
j k
)

        

z
j a
j k
−
1

−
m
j k
(a
j k
−

1
)

z
j′ a
j k
−
1

−
d
m
j k

d
t

(a
j k
−

1
)

z
j a
j k

−
m
j k
(a
j k
)

z
j′ a
j k

−
d
m
j k

d
t

(a
j k
)

        
,

w
ith

j k
K

(a
j k
−
1
,a
j k
);

(a
j k
−
1
,a
j k
)

=

 j k
K
a
j k
−
1
;a
j k
−
1

j k
K
a
j k
−
1
;a
j k

j k
K
a
j k
;a
j k
−
1

j k
K
a
j k
;a
j k

 

an
d

j k
K
t;

(a
j k
−
1
,a
j k
)

=
[ j k

K
t;
a
j k
−
1

j k
K
t;
a
j k

] .

H
en

ce
,u

si
ng

on
ce

ag
ai

n
th

e
la

w
of

to
ta

le
xp

ec
ta

tio
n,

it
fo

llo
w

s
th

at
fo

ra
ny
t
∈]
a
j k
−

1
,a
j k
[,

[ m̄
j
(t

)
m̄
j′

(t
)]

=

[ m
j k
(t

)
d
m
j k

d
t

(t
)]

+
j k
K
t;

(a
j k
−
1
,a
j k
)
j k
K
−

1

(a
j k
−
1
,a
j k
);

(a
j k
−
1
,a
j k
)

     

m̄
j
(a
j k
−

1
)
−
m
j k
(a
j k
−

1
)

m̄
j′

(a
j k
−

1
)
−

d
m
j k

d
t

(a
j k
−

1
)

m̄
j
(a
j k
)
−
m
j k
(a
j k
)

m̄
j′

(a
j k
)
−

d
m
j k

d
t

(a
j k
)

     
.

W
e

no
te

in
pa

rt
ic

ul
ar

th
at

w
he

n
∀
j,
k
,
m
j k

=
0,

it
fo

llo
w

s
th

at
m̄
j

=
0,
m̄
f

=
0,
m̄
∇
f

=
0.

A
P

P
E

N
D

IX
I.

0.
2

G
L

O
B

A
L

S
T

R
IN

G
G

P
C

O
V

A
R

IA
N

C
E

F
U

N
C

T
IO

N
S

A
s

fo
rt

he
ev

al
ua

tio
n

of
j
K̄
u
,v

,w
e

st
ar

tb
y

no
tin

g
th

at
th

e
co

va
ri

an
ce

fu
nc

tio
n

of
a

un
iv

ar
ia

te
st

ri
ng

G
P

is
th

e
sa

m
e

as
th

at
of

an
ot

he
rs

tr
in

g
G

P
w

ho
se

st
ri

ng
s

ha
ve

th
e

sa
m

e
un

co
nd

iti
on

al
ke

rn
el

s
bu

t
un

co
nd

iti
on

al
m

ea
n

fu
nc

tio
ns
m
j k

=
0,

so
th

at
to

ev
al

ua
te

un
iv

ar
ia

te
st

ri
ng

G
P

ke
rn

el
s

w
e

m
ay

as
su

m
e

th
at
∀
j,
k
,
m
j k

=
0

w
ith

ou
tl

os
s

of
ge

ne
ra

lit
y.

W
e

st
ar

tw
ith

th
e

ca
se

w
he

re
u

an
d
v

ar
e

bo
th

bo
un

da
ry

tim
es

,a
ft

er
w

hi
ch

w
e

w
ill

ge
ne

ra
lis

e
to

ot
he

rt
im

es
.
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B
ou

nd
ar

y
tim

es
:

A
s

pr
ev

io
us

ly
di

sc
us

se
d,

th
e

re
st

ri
ct

io
n
( z

j t
,z
j′ t
) t∈

[a
j 0
,a
j 1
]

is
th

e
de

ri
va

tiv
e

G
au

s-

si
an

pr
oc

es
s

w
ith

m
ea

n
0

an
d

co
va

ri
an

ce
fu

nc
tio

n
k
j 1
.T

hu
s,

j
K̄
a
j 0
;a
j 0

=
j 1
K
a
j 0
;a
j 0
,

j
K̄
a
j 1
;a
j 1

=
j 1
K
a
j 1
;a
j 1
,

j
K̄
a
j 0
;a
j 1

=
j 1
K
a
j 0
;a
j 1
.

(9
5)

W
e

re
ca

ll
th

at
co

nd
iti

on
al

on
th

e
bo

un
da

ry
co

nd
iti

on
s

at
or

pr
io

r
to
a
j k
−

1
,( z

j a
j k

,z
j′ a
j k

)
is

G
au

ss
ia

n

w
ith

m
ea

n

b k
M

 z
j a
j k
−
1

z
j′ a
j k
−
1

 
w

ith
b k
M

=
j k
K
a
j k
;a
j k
−
1

j k
K
−

1

a
j k
−
1
;a
j k
−
1

,

an
d

co
va

ri
an

ce
m

at
ri

x
b k
Σ

=
j k
K
a
j k
;a
j k
−
b k
M

j k
K
a
j k
−
1
;a
j k
.

H
en

ce
us

in
g

L
em

m
a

10
w

ith
M

=
[ b k
M

0
..
.

0
] w

he
re

th
er

e
ar

e
(k
−

1
)

nu
ll

bl
oc

k
2
×

2

m
at

ri
ce

s,
an

d
no

tin
g

th
at
( z

j a
j 0

,z
j′ a
j 0

,.
..
,z
j a
j k
−
1

,z
j′ a
j k
−
1

)
is

jo
in

tly
G

au
ss

ia
n,

it
fo

llo
w

s
th

at
th

e
ve

ct
or

( z
j a
j 0

,z
j′ a
j 0

,.
..
,z
j a
j k

,z
j′ a
j k

)
is

jo
in

tly
G

au
ss

ia
n,

th
at
( z

j a
j k

,z
j′ a
j k

)
ha

s
co

va
ri

an
ce

m
at

ri
x

j
K̄
a
j k
;a
j k

=
b k
Σ

+
b k
M

j
K̄
a
j k
−
1
;a
j k
−
1

b k
M

T
,

an
d

th
at

th
e

co
va

ri
an

ce
m

at
ri

x
be

tw
ee

n
th

e
bo

un
da

ry
co

nd
iti

on
s

at
a
j k

an
d

at
an

y
ea

rl
ie

r
bo

un
da

ry
tim

e
a
j l
,
l
<
k

re
ad

s:
j
K̄
a
j k
;a
j l

=
b k
M

j
K̄
a
j k
−
1
;a
j l
.

St
ri

ng
tim

es
:L

et
u
∈

[a
j p
−

1
,a
j p
],
v
∈

[a
j q
−

1
,a
j q
].

B
y

th
e

la
w

of
to

ta
le

xp
ec

ta
tio

n,
w

e
ha

ve
th

at

j
K̄
u

;v
:=

E

(
[ z

j u

z
j′ u

] [
z
j v

z
j′ v
])

=
E

(
E

(
[ z

j u

z
j′ u

] [
z
j v

z
j′ v
]∣ ∣ ∣ ∣
B(
p
,q

))
)
,

w
he

re
B(
p
,q

)
re

fe
rs

to
th

e
bo

un
da

ry
co

nd
tio

ns
at

th
e

bo
un

da
ri

es
of

th
e
p

-t
h

an
d
q-

th
st

ri
ng

s,
in

ot
he

r

w
or

ds
{ z

j x
,z
j′ x
,
x
∈
{ a

j p
−

1
,a
j p
,a
j q
−

1
,a
j q

}}
.

Fu
rt

he
rm

or
e,

us
in

g
th

e
de

fin
iti

on
of

th
e

co
va

ri
an

ce

m
at

ri
x

un
de

rt
he

co
nd

iti
on

al
la

w
,i

tf
ol

lo
w

s
th

at

E
(
[ z

j u

z
j′ u

] [
z
j v

z
j′ v
]∣ ∣ ∣ ∣
B(
p
,q

))
=

j c
K̄
u

;v
+

E
(
[ z

j u

z
j′ u

] ∣ ∣ ∣ ∣
B(
p
,q

)) E
(
[ z
j v

z
j′ v
]∣ ∣ ∣ ∣
B(
p
,q

)) ,
(9

6)

w
he

re
j c
K̄
u

;v
re

fe
rs

to
th

e
co

va
ri

an
ce

m
at

ri
x

be
tw

ee
n

(z
j u
,z
j′ u

)
an

d
(z
j v
,z
j′ v

)
co

nd
iti

on
al

on
th

e
bo

un
d-

ar
y

co
nd

iti
on

s
B(
p
,q

),
an

d
ca

n
be

ea
si

ly
ev

al
ua

te
d

fr
om

T
he

or
em

2.
In

pa
rt

ic
ul

ar
,

if
p
6=
q,

j c
K̄
u

;v
=

0,
an

d
if
p

=
q,

j c
K̄
u

;v
=

j p
K
u

;v
−
j p
Λ
u

 j p
K
T v
;a
j p
−
1

j p
K
T v
;a
j p

 
,

(9
7)
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w
here

∀
x
,l,

jl Λ
x

=
[
jl K

x
;a
jl−

1

jl K
x

;a
jl ] 

jl K
a
jl−

1
;a
jl−

1

jl K
a
jl−

1
;a
jl

jl K
a
jl ;a

jl−
1

jl K
a
jl ;a

jl


−

1

.

W
e

also
note

that

E (
[
z
ju

z
j′u ]∣∣∣∣ B

(p
,q) )

=
jp Λ

u 

z
ja
jp−

1

z
j′a
jp−

1

z
ja
jp

z
j′a
jp


and

E (
[z
jv

z
j′v ] ∣∣∣∣ B

(p
,q) )

=
[z
ja
jq−

1

z
j′a
jq−

1

z
ja
jq

z
j′a
jq ]

jq Λ
Tv
.

H
ence,

taking
the

expectation
w

ith
respect

to
the

boundary
conditions

on
both

sides
of

E
quation

(96),w
e

obtain:

∀
u
∈

[a
jp−

1 ,a
jp ],

v
∈

[a
jq−

1 ,a
jq ],

jK̄
u

;v
=

jc K̄
u

;v
+
jp Λ

u [
jK̄

a
jp−

1
;a
jq−

1

jK̄
a
jp−

1
;a
jq

jK̄
a
jp
;a
jq−

1

jK̄
a
jp
;a
jq

]
jq Λ

Tv
,

w
here

jc K̄
u

;v
is

provided
in

E
quation

(97).
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at
ic

re
v
ie

w
.

T
o

d
at

e
w

e
h

av
e

ob
ta

in
ed

co
rr

es
p

on
d

in
g

fu
ll

-t
ex

t
ar

ti
cl

es
(P

D
F

s)
fo

r
1
2
,8

0
8

o
f

th
e

cl
in

ic
a
l

tr
ia

ls
in

cl
u

d
ed

in
th

e
C

D
S

R
.

In
p

re
v
io

u
s

w
o
rk

(M
a
rs

h
a
ll

et
a
l.

,
2
0
1
4
,

2
0
1
5
)

w
e

d
em

o
n
st

ra
te

d
th

a
t

su
p

er
v
is

io
n

d
er

iv
ed

fr
o
m

th
e

C
D

S
R

o
n

li
n
k
ed

fu
ll
-t

ex
t
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E
x
t
r
a
c
t
in

g
P

IC
O

S
e
n
t
e
n
c
e
s

f
r
o
m

C
l
in

ic
a
l

T
r
ia

l
R

e
p
o
r
t
s

u
sin

g
S
D

S

P
IC

O
e
le

m
e
n
t

N
u

m
b

e
r

o
f

d
ista

n
tly

la
b

e
le

d
a
rtic

le
s

P
o
p
u

la
tio

n
1
2
,4

7
4

In
terven

tio
n

1
2
,3

7
8

O
u

tco
m

es
1
2
,5

7
2

T
a
b

le
2
:

T
h

e
n
u

m
b

er
o
f

fu
ll-tex

t
a
rticles

fo
r

w
h

ich
a

co
rresp

o
n

d
in

g
free-tex

t
su

m
m

a
ry

is
availab

le
in

th
e

C
D

S
R

for
each

P
IC

O
elem

en
t

(stu
d

ies
overlap

su
b

stan
tially

);
th

is
p

rov
id

es
ou

r
D

S
.

a
rticles

ca
n

b
e

ex
p
lo

ited
to

lea
rn

m
o
d
els

fo
r

a
u
to

m
a
ted

risk
o
f

bia
s

(R
o
B

)
a
ssessm

en
t

o
f

clin
ical

trials
an

d
su

p
p

ortin
g

sen
ten

ce
ex

traction
.

H
ow

ever,
in

th
e

case
of

R
oB

,
su

p
erv

ision
w

as
com

p
aratively

easy
to

d
erive

from
th

e
C

D
S

R
:

th
is

req
u

ired
on

ly
literal

strin
g

m
atch

in
g,

b
eca

u
se

b
y

co
n
v
en

tio
n

rev
iew

ers
o
ften

sto
re

v
erb

a
tim

sen
ten

ces
ex

tra
cted

fro
m

a
rticles

th
a
t

su
p

p
o
rt

th
eir

R
o
B

a
ssessm

en
ts.

In
th

e
ca

se
o
f

P
IC

O
,

h
ow

ev
er,

rev
iew

ers
g
en

era
te

free-tex
t

su
m

m
a
ries

fo
r

ea
ch

elem
en

t
(n

o
t

v
erb

a
tim

q
u

o
tes)

th
a
t

a
re

th
en

sto
red

in
th

e
C

D
S
R

.
T

h
erefore,

w
e

m
u
st

m
ap

from
th

ese
su

m
m

aries
to

sen
ten

ce
lab

els
(releva

n
t

or
n

o
t)

for
ea

ch
P

IC
O

d
o
m

a
in

.

T
ab

le
1

p
rov

id
es

an
ex

am
p

le
of

a
po

p
u

la
tio

n
su

m
m

ary
stored

in
th

e
C

o
ch

ran
e

d
atab

ase
for

a
sp

ecifi
c

stu
d

y,
alon

g
w

ith
p

oten
tially

‘p
ositive’

sen
ten

ce
in

stan
ces

from
th

e
corresp

on
d

in
g

article.
S
u
ch

su
m

m
aries

are
ty

p
ically,

b
u
t

n
ot

alw
ay

s,
gen

erated
for

articles
an

d
th

is
varies

som
ew

h
at

b
y

P
IC

O
elem

en
t.

In
T

ab
le

2
w

e
rep

ort
th

e
n
u

m
b

er
of

stu
d

ies
for

w
h

ich
w

e
h

ave
access

to
h
u

m
a
n

-gen
era

ted
su

m
m

aries
fo

r
each

P
IC

O
elem

en
t.

A
rticles

u
sed

for
th

e
p

op
u

lation
,
in

terven
tion

an
d

ou
tcom

es
d

om
ain

s
w

ere
(au

tom
atically

)
segm

en
ted

in
to

333,
335

an
d

338
sen

ten
ces

on
average,

resp
ectively.

W
e

ad
op

ted
a

straigh
t-

forw
ard

h
eu

ristic
ap

p
roach

to
gen

eratin
g

D
S

(in
tu

rn
gen

eratin
g

can
d

id
ate

sets)
of

sen
ten

ces
u

sin
g

th
e

C
D

S
R

.
S

p
ecifi

cally,
for

a
given

article
a
i

an
d

m
atch

ed
P

IC
O

elem
en

t
su

m
m

ary
s
i

stored
in

th
e

C
D

S
R

,
w

e
soft-lab

eled
as

p
ositive

(d
esign

ated
as

can
d

id
ates)

u
p

to
k

sen
ten

ces
in
a
i

th
a
t

w
ere

m
o
st

sim
ila

r
to

s
i .

T
o

m
itig

a
te

n
o
ise,

w
e

in
tro

d
u

ced
a

th
resh

o
ld

su
ch

th
a
t

ca
n

d
id

a
te

sen
ten

ces
h

a
d

to
b

e
a
t

lea
st

‘rea
so

n
a
b

ly
’

sim
ila

r
to

th
e

C
D

S
R

tex
t

to
b

e
in

clu
d

ed
in

th
e

ca
n

d
id

a
te

set.
O

p
era

tio
n

a
lly,

w
e

ra
n

k
ed

a
ll

sen
ten

ces
in

a
g
iv

en
a
rticle

w
ith

resp
ect

to
th

e
raw

n
u

m
b

er
of

w
ord

(u
n

igram
)

token
s

sh
ared

w
ith

th
e

C
D

S
R

su
m

m
ary,

ex
clu

d
in

g
stop

w
ord

s.
T

h
e

top
10

sen
ten

ces
th

at
sh

ared
at

least
4

token
s

w
ith

th
e

su
m

m
ary

w
ere

co
n

sid
ered

p
o
sitiv

e
(m

em
b

ers
o
f

th
e

ca
n

d
id

a
te

set).
T

h
ese

w
ere

so
m

ew
h

a
t

a
rb

itra
ry

d
ecision

s
refl

ectin
g

in
tu

ition
s

glean
ed

th
rou

gh
w

ork
in

g
w

ith
th

e
d

ata;
oth

er
ap

p
roach

es
to

gen
eratin

g
can

d
id

ate
sets

cou
ld

h
ave

of
cou

rse
b

een
u

sed
h

ere
in

stead
.

H
ow

ever,
it

is
likely

th
a
t

a
n
y

rea
so

n
a
b

le
h

eu
ristic

b
a
sed

o
n

to
k
en

sim
ila

rity
w

o
u

ld
resu

lt
in

D
S

w
ith

sim
ila

r
p

rop
erties.

7

JM
L

R
 17(132):1-25

W
a
l
l
a
c
e

e
t

a
l
.

3
.2

A
n

n
o
ta

tio
n

W
e

lab
eled

a
su

b
set

of
th

e
can

d
id

ate
sets

gen
erated

v
ia

D
S

from
th

e
C

D
S

R
for

tw
o

reason
s:

(1
)

th
is

co
n

stitu
tes

th
e

d
irect

su
p

erv
isio

n
w

h
ich

w
e

a
im

to
co

m
b

in
e

w
ith

D
S

to
tra

in
a
n

a
ccu

ra
te

m
o
d

el;
a
n

d
,

(2
)

cro
ss-fo

ld
va

lid
a
tio

n
u

sin
g

th
ese

la
b

els
m

ay
b

e
u

sed
a
s

a
p

rox
y

eva
lu

a
tio

n
fo

r
d

iff
eren

t
m

o
d

els.
W

e
say

‘p
rox

y
’

b
eca

u
se

im
p

licitly
w

e
a
ssu

m
e

th
a
t

a
ll

sen
ten

ces
n
o
t

a
m

o
n
g

th
e

ca
n
d
id

a
te

sets
a
re

tru
e

n
eg

a
tiv

es,
w

h
ich

is
a
lm

o
st

certa
in

ly
n
o
t

th
e

case
(alth

ou
gh

given
th

e
relatively

low
th

resh
old

for
in

clu
sion

in
th

e
can

d
id

ate
set,

th
is

assu
m

p
tion

is
n

ot
en

tirely
u

n
reason

ab
le).

T
h

e
an

n
otation

p
ro

cess
in

volved
ratin

g
th

e
q
u

a
lity

of
a
u
tom

atica
lly

d
erived

can
d

id
ate

sen
ten

ces
for

each
P

IC
O

elem
en

t
an

d
article.

A
n

n
otation

s
w

ere
on

a
3-p

oin
t

scale
d

esign
ed

to
d

iff
eren

tiate
b

etw
een

irreleva
n

t,
releva

n
t

an
d

best
a
va

ila
ble

can
d

id
ate

sen
ten

ces
(co

d
ed

as
0,

1
an

d
2,

resp
ectively

).
T

h
is

assessm
en

t
w

as
m

ad
e

in
ligh

t
of

th
e

corresp
on

d
in

g
su

m
m

aries
for

each
P

IC
O

fi
eld

p
u
b
lish

ed
in

th
e

C
D

S
R

.
In

T
ab

le
1,

w
e

sh
ow

th
ree

can
d
id

ate
sen

ten
ces

(d
ista

n
tly

la
b

eled
‘p

o
sitiv

e’
in

sta
n

ces)
a
n

d
th

e
ta

rg
et

su
m

m
a
ry.

H
ere,

ca
n

d
id

a
te

1
(C

1 )
is

releva
n

t,C
2

is
th

e
best

a
va

ila
ble

an
d
C

3
is

in
fact

irreleva
n

t.

T
w

o
of

th
e

co-au
th

ors
(B

Z
an

d
A

S
)

w
orked

w
ith

B
W

to
d

evelop
an

d
refi

n
e

th
e

lab
elin

g
sch

em
e.

T
h
is

refi
n
em

en
t

p
ro

cess
in

volved
con

d
u
ctin

g
a

few
p

ilot
rou

n
d
s

to
clarify

lab
elin

g
criteria

. 2
W

e
co

n
d

u
cted

th
ese

u
n
til

w
h

a
t

w
e

d
eem

ed
a
ccep

ta
b

le
p

a
irw

ise
a
g
reem

en
t

w
a
s

reach
ed

,
an

d
su

b
seq

u
en

tly
d
iscard

ed
th

e
an

n
otation

s
collected

in
th

ese
early

rou
n
d
s.

A
fter

th
is

p
ilo

t
p

h
a
se,

a
su

b
set

o
f

1
,0

7
1

to
ta

l
ca

n
d

id
a
te

sen
ten

ces
w

ere
la

b
eled

in
d

ep
en

d
en

tly
b
y

b
oth

an
n

otators.
A

d
d

ition
al

sen
ten

ces
w

ere
later

lab
eled

in
d

iv
id

u
ally.

O
n

th
e

m
u

ltip
ly

la
b

eled
su

b
set,

o
b

serv
ed

a
n

n
o
ta

to
r

a
g
reem

en
t

w
a
s

h
ig

h
:

p
a
irw

ise
κ

=
0
.7

4
ov

era
ll,

a
n

d
κ

=
0
.8

1
w

h
en

w
e

g
ro

u
p

releva
n

t
sen

ten
ces

w
ith

best
a
va

ila
ble

–
in

p
ra

ctice,
w

e
fo

u
n

d
d

istin
g
u

ish
in

g
b

etw
een

th
ese

w
a
s

d
iffi

cu
lt

a
n

d
so

w
e

fo
cu

s
o
n

d
iscrim

in
a
tin

g
b

etw
een

irreleva
n

t
a
n

d
releva

n
t/

best
a
va

ila
ble

sen
ten

ces.
U

ltim
a
tely,

w
e

a
cq

u
ired

a
set

o
f

2
,8

2
1

la
b

els
o
n

sen
ten

ces
fro

m
1
3
3

u
n
iq

u
e

a
rticles;

th
ese

co
m

p
rise

1
0
0
9
,

1
0
0
6

a
n
d

8
0
6

sen
ten

ces
corresp

on
d

in
g

to
‘p

articip
an

ts’,
‘in

terven
tion

s’
an

d
‘ou

tcom
es’,

resp
ectively.

4
.
S
u
p
e
rv

ise
d

D
ista

n
t
S
u
p
e
rv

isio
n

W
e

n
ow

d
escrib

e
th

e
n

ovel
ap

p
roach

of
su

pervised
d
ista

n
t

su
pervisio

n
(S

D
S

)
th

at
w

e
p

rop
ose

for
cap

italizin
g

on
a

sm
all

set
of

d
irectly

lab
eled

can
d
id

ate
in

stan
ces

in
con

ju
n
ction

w
ith

a
la

rg
e

set
o
f

d
ista

n
tly

su
p

erv
ised

ex
a
m

p
les

to
in

d
u
ce

a
m

o
re

a
ccu

ra
te

m
o
d
el

fo
r

th
e

ta
rg

et
ta

sk
.

F
ig

u
re

1
b

d
escrib

es
th

e
id

ea
a
t

a
h

ig
h

-lev
el.

T
h

e
in

tu
itio

n
is

to
tra

in
a

m
o
d

el
th

a
t

m
a
p

s
fro

m
th

e
h

eu
ristica

lly
d

eriv
ed

a
n

d
h

en
ce

n
o
isy

D
S

to
‘tru

e’
ta

rg
et

la
b

els.
T

h
is

m
ay

b
e

v
iew

ed
a
s

lea
rn

in
g

a
fi
lterin

g
m

o
d
el

th
a
t

w
in

n
ow

s
a

ca
n
d
id

a
te

set
o
f

p
o
sitiv

e
in

sta
n
ces

a
u

to
m

a
tica

lly
g
en

era
ted

v
ia

D
S

to
a

h
ig

h
er-p

recisio
n

su
b

set
o
f

(h
o
p

efu
lly

)
tru

e
p

o
sitiv

e

2
.

T
h

e
a
n

n
o
ta

tio
n

g
u

id
elin

e
d

ev
elo

p
ed

d
u

rin
g

o
u

r
p

ilo
t

a
n

n
o
ta

tio
n

p
h

a
se

is
ava

ila
b

le
a
t:

h
t
t
p
:
/
/
b
y
r
o
n
.

i
s
c
h
o
o
l
.
u
t
e
x
a
s
.
e
d
u
/
s
t
a
t
i
c
/
s
d
s
-
g
u
i
d
e
l
i
n
e
s
.
p
d
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E
x
t
r
a
c
t
in

g
P

IC
O

S
e
n
t
e
n
c
e
s

f
r
o
m

C
l
in

ic
a
l

T
r
ia

l
R

e
p
o
r
t
s

u
si

n
g

S
D

S

h(
x)

st
ru

ct
ur

ed
 d

at
a

un
st

ru
ct

ur
ed

 d
at

a

di
st

an
tly

 la
be

le
d 

da
ta

ru
le

s/
he

ur
is

tic
s 

(a
)

T
h
e

st
a
n
d
a
rd

a
p
p
ro

a
ch

to
d
is

ta
n
t

su
p

er
v
is

io
n
.

G
en

er
a
ll
y

o
n
e

h
a
s

a
cc

es
s

to
(i

)
a

(l
a
rg

e)
se

t
o
f

u
n
la

b
el

ed
in

st
a
n
ce

s
a
n
d
,

(i
i)

so
m

e
so

rt
o
f

st
ru

ct
u
re

d
co

rp
u
s

to
b

e
u
se

d
to

d
er

iv
e

d
is

ta
n
t

la
b

el
s

o
n

sa
id

in
st

an
ce

s.
T

h
is

d
er

iv
at

io
n

is
ty

p
ic

al
ly

a
d

h
oc

an
d

in
vo

lv
es

h
eu

ri
st

ic
s;

th
e

d
er

iv
ed

la
b

el
s

ar
e

th
u

s
u
su

al
ly

n
oi

sy
.

st
ru

ct
ur

ed
 d

at
a

lo
ts

 o
f u

ns
tru

ct
ur

ed
 d

at
a

di
st

an
tly

 la
be

le
d 

da
ta

le
ar

ne
d 

m
ap

pi
ng

f(x
)

sm
al

l a
m

ou
nt

 o
f m

an
ua

lly
 

la
be

le
d 

un
st

ru
ct

ur
ed

 d
at

a

(b
)

T
h

e
p

ro
p

os
ed

su
pe

rv
is

ed
d
is

ta
n

t
su

pe
rv

is
io

n
(S

D
S

)
ap

p
ro

ac
h

.
W

e
ai

m
to

le
ve

ra
ge

a
sm

al
l

am
ou

n
t

o
f

a
n
n
o
ta

te
d

d
a
ta

–
w

h
ic

h
p
ro

v
id

es
a
li
g
n
m

en
ts

b
et

w
ee

n
u
n
la

b
el

ed
in

st
a
n
ce

s
w

it
h

th
e

st
ru

ct
u
re

d
co

rp
u

s
to

b
e

u
se

d
to

d
er

iv
e

d
is

ta
n
t

la
b

el
s

–
to

in
d

u
ce

a
m

o
d

el
th

at
m

ap
s

th
at

fr
om

p
ai

re
d

en
tr

ie
s

in
th

e
av

ai
la

b
le

st
ru

ct
u
re

d
d
a
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ely,

th
ese

sim
u

la
tio

n
s

a
ssu

m
e:

(1
)

a
sm

o
o
th

a
n

d
(2

)
step

-w
ise

ex
p

o
n

en
tia

lly
d

ecrea
sin

g
fu

n
ctio

n
(rep

resen
tin

g
ra

p
id

lea
rn

in
g

ra
tes,

im
p
ly

in
g

th
a
tX̃

is
rich

w
ith

sig
n
a
l),

a
n
d

(3
)

a
lin

ea
rly

d
ecreasin

g
fu

n
ction

.
T

h
ese

sim
u

lated
learn

in
g

rates
are

d
ep

icted
in

F
ig

u
re

2.

W
e

rep
o
rt

th
e

p
erfo

rm
a
n
ce

(F
1

sco
re,

i.e.,
th

e
h
a
rm

o
n
ic

m
ea

n
o
f

p
recisio

n
a
n
d

reca
ll)

o
n

th
e

h
eld

-o
u

t
test

d
a
ta

u
sin

g
S

D
S

u
n

d
er

th
ese

th
ree

scen
a
rio

s.
T

h
a
t

is,
w

e
re-la

b
el

th
e

in
sta

n
ces

in
th

e
la

rg
e

tra
in

in
g

co
rp

u
s

w
ith

n
o
ise

eq
u

a
l

to
th

e
co

rresp
o
n

d
in

g
ε

u
n

d
er

ea
ch

scen
a
rio

;
th

is
sim

u
la

tes
re-la

b
elin

g
th

e
(d

ista
n
tly

su
p

erv
ised

)
tra

in
in

g
co

rp
u

s
u

sin
g

th
e

tra
in

ed
S

D
S

m
o
d

el.
W

e
co

m
p

a
re

th
is

to
u

sin
g

d
irect

su
p

erv
isio

n
(n

o
n

o
ise)

o
n

ly
a
n

d
to

in
terp

olatin
g

in
d
ep

en
d

en
t

p
red

iction
s

from
m

o
d

els
train

ed
on

d
irect

an
d

d
istan

t
su

p
erv

ision
,

resp
ectively

(see
S
ection

5.2).
W

e
allow

ed
th

e
latter

m
o
d
el

access
to

a
sm

all
valid

ation
set

w
ith

w
h

ich
to

tu
n

e
th

e
in

terp
o
la

tio
n

p
a
ra

m
eter.

W
e

sim
u

la
ted

a
n

n
o
ta

tin
g

(d
irectly,

w
ith

n
o

n
oise)

u
p

to
100

in
stan

ces
an

d
sh

ow
learn

in
g

cu
rves

u
n
d

er
each

strategy
/scen

ario.

A
s

o
n

e
w

o
u

ld
ex

p
ect,

S
D

S
w

o
rk

s
b

est
w

h
en

o
n

e
ca

n
effi

cien
tly

red
u

ce
th

e
n

o
ise

in
th

e
rela

tiv
ely

la
rg

e
set

o
f

d
ista

n
tly

la
b

eled
in

sta
n

ces,
a
s

in
sim

u
la

tio
n

s
(1

)
a
n

d
(2

),
w

h
ich

assu
m

e
n

oise
ex

p
on

en
tially

d
ecay

s
w

ith
lab

eled
in

stan
ces.

In
th

ese
cases,

eff
ort

is
b

est
sp

en
t

o
n

lea
rn

in
g

a
m

o
d
el

to
red

u
ce
ε.

H
ow

ev
er,

n
o
te

th
a
t

ev
en

w
h
en

th
e

sig
n
a
l

is
n
o
t

q
u
ite

a
s

stro
n

g
–

a
s

in
scen

a
rio

3
w

h
ere

w
e

a
ssu

m
e

a
lin

ea
r

rela
tio

n
sh

ip
b

etw
een

n
o
ise

red
u

ctio
n

a
n

d
co

llected
a
n

n
o
ta

tio
n

s
–

w
e

ca
n

see
th

a
t

th
e

S
D

S
m

o
d

el
u

ltim
a
tely

o
u

tp
erfo

rm
s

th
e

oth
er

ap
p

roach
es.

T
h

e
com

p
arative

ad
van

tage
of

th
e

S
D

S
strategy

w
ill

d
ep

en
d

on
th

e
n
oise

in
tro

d
u

ced
b
y

D
S

to
b

eg
in

w
ith

a
n

d
th

e
effi

cien
y

w
ith

w
h

ich
a

m
o
d

el
ca

n
b

e
lea

rn
ed

to
red

u
ce

th
is

n
o
ise.

W
e

em
p

h
a
size

th
a
t

th
is

scen
a
rio

is
in

ten
d

ed
to

h
ig

h
lig

h
t

th
e

in
tu

itio
n

b
eh

in
d

S
D

S
an

d
scen

arios
in

w
h
ich

it
m

igh
t

w
ork

w
ell,

n
ot

n
ecessarily

to
p
rov

id
e

em
p
irical

ev
id

en
ce

for
its

effi
cacy.

4
.2

M
o
d

e
l

W
e

n
ow

tu
rn

to
fo

rm
a
lly

d
efi

n
in

g
a
n

S
D

S
m

o
d
el.

T
h
is

en
ta

ils
fi
rst

sp
ecify

in
g

th
e

fo
rm

o
f

f
.

H
ere

w
e

u
se

a
lo

g
-lin

ea
r

m
o
d

el
to

rela
te

in
sta

n
ces

co
m

p
risin

g
ca

n
d

id
a
te

sets
to

th
eir

asso
ciated

la
b

el
q
u

alities.
S

p
ecifi

cally,
w

e
assu

m
e:

p̂
sd
s

i,j
d
e
f

=
p
(y
i,j |C

i ,w̃
)

=

{
∝

ex
p

(w̃
·x̃

i,j )
if
j∈
C
i

(i.e.,
ỹ
i,j

=
1)

0
oth

erw
ise

(1)

w
h

ere
w̃

is
a

w
eig

h
t

v
ecto

r
to

b
e

estim
a
ted

fro
m

th
e

tra
in

in
g

d
a
ta
L

. 4
M

o
re

p
recisely,

w
e

u
se

reg
u

la
rized

lo
g
istic

reg
ressio

n
a
s

o
u

r
co

n
d

itio
n

a
l

p
ro

b
a
b

ility
m

o
d

el
fo

r
in

sta
n

ces
com

p
risin

g
th

e
can

d
id

ate
set.

N
ote

th
at

for
b

rev
ity

w
e

w
ill

d
en

ote
th

e
estim

ated
con

d
ition

al

4
.

N
o
te

th
a
t
w̃

d
iff

ers
fro

m
th

e
w

eig
h
t

v
ecto

r
p

a
ra

m
eterizin

g
th

e
fi

n
a
l

m
o
d

el,
w

,
b

eca
u

se
th

e
fo

rm
er

co
m

p
rises

co
effi

cien
ts

fo
r

fea
tu

res
in

X̃
w

h
ich

a
re

a
t

lea
st

p
a
rtia

lly
d

eriv
ed

fro
m

in
fo

rm
a
tio

n
in

th
e

ava
ila

b
le

stru
ctu

red
reso

u
rce.

T
h

ese
w

o
u
ld

n
o
t

b
e

ava
ila

b
le

a
t

test-tim
e

(i.e.,
in

X
).
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E
x
t
r
a
c
t
in

g
P

IC
O

S
e
n
t
e
n
c
e
s

f
r
o
m

C
l
in

ic
a
l

T
r
ia

l
R

e
p
o
r
t
s

u
si

n
g

S
D

S

p
ro

b
ab

il
it

y
fo

r
se

n
te

n
ce
j

in
d

o
cu

m
en

t
i

b
y
p̂
sd
s

i,
j

.
T

h
e

id
ea

is
th

at
on

ce
w

e
h

av
e

es
ti

m
at

ed
w̃

(a
n
d

h
en

ce
p̂
sd
s

i,
j

fo
r

al
l
i

an
d
j)

w
e

ca
n

u
se

th
is

to
im

p
ro

ve
th

e
q
u
al

it
y

of
D

S
b
y

eff
ec

ti
ve

ly
fi

lt
er

in
g

th
e

ca
n

d
id

at
e

se
ts

.

C
on

si
d

er
fi

rs
t

a
st

an
d

ar
d

ob
je

ct
iv

e
th

at
ai

m
s

to
d

ir
ec

tl
y

es
ti

m
at

e
th

e
p

ar
am

et
er

s
w

of
a

li
n

ea
r

m
o
d

el
fo

r
th

e
ta

rg
et

ta
sk

re
ly

in
g

on
ly

on
th

e
d

is
ta

n
t

su
p

er
v
is

io
n

:

ar
gm

in
w

R
(w

)
+
C

n ∑ i=
1

m
i

∑ j=
1

lo
ss

(w
·x

i,
j
,ỹ
i,
j
)

(2
)

w
h

er
e

a
lo

ss
fu

n
ct

io
n

(e
.g

.,
h

in
g
e

o
r

lo
g

lo
ss

)
is

u
se

d
to

in
cu

r
a

p
en

a
lt

y
fo

r
d

is
a
g
re

em
en

t
b

et
w

ee
n

m
o
d

el
p

re
d

ic
ti

o
n

s
a
n

d
th

e
d
er

iv
ed

(d
is

ta
n
t)

la
b

el
s,
R

is
a

re
g
u

la
ri

za
ti

o
n

p
en

a
lt

y
(s

u
ch

a
s

th
e

sq
u

a
re

d
` 2

n
o
rm

)
a
n

d
C

is
a

sc
a
la

r
en

co
d

in
g

th
e

em
p

h
a
si

s
p

la
ce

d
o
n

m
in

i-
m

iz
in

g
lo

ss
v
er

su
s

a
ch

ie
v
in

g
m

o
d

el
si

m
p

li
ci

ty
.

W
e

w
il

l
b

e
co

n
ce

rn
ed

p
ri

m
a
ri

ly
w

it
h

th
e

p
ar

am
et

er
iz

at
io

n
of

th
e

lo
ss

fu
n

ct
io

n
h

er
e,

an
d

th
er

ef
or

e
om

it
th

e
re

gu
la

ri
za

ti
on

te
rm

(a
n

d
as

so
ci

at
ed

h
y
p

er
-p

ar
am

et
er
C

)
fo

r
b

re
v
it

y
in

th
e

fo
ll

ow
in

g
eq

u
at

io
n

s.

A
g
a
in

g
ro

u
p

in
g

a
ll

d
is

ta
n
tl

y
la

b
el

ed
‘p

o
si

ti
v
e’

se
n
te

n
ce

s
fo

r
d

o
cu

m
en

t
i

in
th

e
se

t
C i

an
d

d
ec

om
p

os
in

g
th

e
lo

ss
in

to
th

at
in

cu
rr

ed
fo

r
fa

ls
e

n
eg

at
iv

es
an

d
fa

ls
e

p
os

it
iv

es
,

w
e

ca
n

re
-w

ri
te

th
is

as
:

n ∑ i=
1

{
∑ j∈
C i
c f

n
·lo

ss
(w
·x

i,
j
,1

)
+
∑ j6∈
C i
c f

p
·lo

ss
(w
·x

i,
j
,−

1)
}

(3
)

W
h
er

e
w

e
ar

e
d
en

ot
in

g
th

e
co

st
of

a
fa

ls
e

n
eg

at
iv

e
b
y
c f

n
an

d
th

e
co

st
of

a
fa

ls
e

p
os

it
iv

e
b
y

c f
p
.

M
in

im
iz

in
g

th
is

ob
je

ct
iv

e
ov

er
w

p
ro

v
id

es
a

b
as

el
in

e
ap

p
ro

ac
h

to
le

ar
n

in
g

u
n

d
er

D
S

.

W
e

p
ro

p
os

e
an

al
te

rn
at

iv
e

ob
je

ct
iv

e
th

at
le

ve
ra

ge
s

th
e

m
ap

p
in

g
m

o
d
el

d
is

cu
ss

ed
ab

ov
e

(E
q
u

a
ti

o
n

1
).

T
h

e
m

o
st

st
ra

ig
h
t-

fo
rw

a
rd

a
p

p
ro

a
ch

w
o
u

ld
b

e
to

u
se

b
in

a
ry

(0
/
1
)

cl
a
ss

ifi
er

ou
tp

u
t

to
co

m
p

le
te

ly
d

ro
p

ou
t

in
st

an
ce

s
in

th
e

ca
n

d
id

at
e

se
t

th
at

ar
e

d
ee

m
ed

li
ke

ly
to

b
e

ir
re

le
va

n
t

b
y

th
e

m
o
d
el

,
i.

e.
:

n ∑ i=
1

{
∑ j∈
C i
c f

n
·s

ig
n

0
/
1
(w̃
·x̃

i,
j
)
·lo

ss
(w
·x

i,
j
,1

)
+
∑ j6∈
C i
c f

p
·lo

ss
(w
·x

i,
j
,−

1
)}

(4
)

W
h
er

e
si

gn
0
/
1

d
en

o
te

s
a

si
g
n

fu
n
ct

io
n

th
a
t

re
tu

rn
s

0
w

h
en

it
s

a
rg

u
m

en
t

is
n
eg

a
ti

v
e

a
n
d

1
ot

h
er

w
is

e.
W

e
ta

ke
a

fi
n

er
-g

ra
in

ed
ap

p
ro

ac
h

in
w

h
ic

h
w

e
sc

al
e

th
e

co
n
tr

ib
u

ti
on

to
th

e
to

ta
l

lo
ss

d
u

e
to

‘p
o
si

ti
v
e’

in
st

a
n

ce
s

b
y

p
ro

b
a
b

il
it

y
es

ti
m

a
te

s
th

a
t

th
es

e
in

d
ee

d
re

p
re

se
n
t

tr
u

e
p

os
it

iv
e

ex
am

p
le

s,
co

n
d

it
io

n
ed

on
th

e
av

ai
la

b
le

d
is

ta
n
t

su
p

er
v
is

io
n

:

n ∑ i=
1

{
∑ j∈
C i
c f

n
·p̂
sd
s

i,
j
·lo

ss
(w
·x

i,
j
,1

)
+
∑ j6∈
C i
c f

p
·lo

ss
(w
·x

i,
j
,−

1)
}

(5
)
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2)
:1

-2
5

W
a
l
l
a
c
e

e
t

a
l
.

W
e

ex
te

n
d

th
is

o
b

je
ct

iv
e

to
p

en
a
li

ze
m

o
re

fo
r

m
is

ta
k
es

o
n

ex
p

li
ci

tl
y

la
b

el
ed

in
st

a
n

ce
s.

R
ec

a
ll

th
a
t

w
e

d
en

o
te

b
y
L

th
e

sm
a
ll

se
t

o
f

d
ir

ec
tl

y
a
n

n
o
ta

te
d

a
rt

ic
le

s;
h

er
e

w
e

a
ss

u
m

e
th

at
th

is
se

t
co

m
p

ri
se

s
in

d
ic

es
of

d
ir

ec
tl

y
la

b
el

ed
ar

ti
cl

es
.

L
et

u
s

al
so

d
en

ot
e

b
y
L+ i

an
d
L− i

th
e

se
t

of
p

os
it

iv
e

an
d

n
eg

at
iv

e
se

n
te

n
ce

in
d

ic
es

fo
r

la
b

el
ed

ar
ti

cl
e
i,

re
sp

ec
ti

ve
ly

.
F

u
rt

h
er

,
d
en

o
te

b
y
L̃

th
e

se
t

o
f

a
rt

ic
le

in
d
ic

es
fo

r
w

h
ic

h
w

e
o
n

ly
h
av

e
d
is

ta
n
t

su
p

er
v
is

io
n

(s
o

th
a
t

L
∩
L̃

=
∅

b
y

co
n
st

ru
ct

io
n

).
P

u
tt

in
g

ev
er

y
th

in
g

to
ge

th
er

fo
rm

s
ou

r
co

m
p

le
te

o
b

je
ct

iv
e:

ar
gm

in
w

R
(w

)
+
C
( λ
∑ i∈
L

{
∑ j∈
L+ i

c f
n
·lo

ss
(w
·x

i,
j
,1

)
+
∑ j∈
L− i

c f
p
·lo

ss
(w
·x

i,
j
,−

1
)} +

∑ i∈
L̃

{
∑ j∈
C i
c f

n
·p̂
sd
s

i,
j
·lo

ss
(w
·x

i,
j
,1

)
+
∑ j6∈
C i
c f

p
·lo

ss
(w
·x

i,
j
,−

1
)})

(6
)

H
er

e
w

e
u

se
d

lo
g

lo
ss

th
ro

u
gh

ou
t

an
d
` 2

re
gu

la
ri

za
ti

on
fo

r
th

e
p

en
al

ty
R

.
T

h
e
λ

an
d
C

ar
e

h
y
p

er
-p

ar
am

et
er

s
to

b
e

tu
n

ed
v
ia

gr
id

-s
ea

rc
h

(d
et

a
il

s
in

S
ec

ti
on

5
.3

).
T

h
e

ke
y

el
em

en
t

of
th

is
ob

je
ct

iv
e

is
th

e
u
se

of
th

e
p̂
sd
s

i,
j

(E
q
u

at
io

n
1)

es
ti

m
at

es
to

sc
al

e
lo

ss
co

n
tr

ib
u

ti
o
n

s
fr

o
m

d
is

ta
n
tl

y
su

p
er

v
is

ed
d

a
ta

.
T

h
is

is
p

a
rt

ic
u

la
rl

y
im

p
o
rt

a
n
t

b
ec

a
u

se
in

g
en

er
a
l

th
er

e
w

il
l

ex
is

t
fa

r
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er
s.

•
Ir

re
gu

la
r

in
te

ra
ct

io
n

s.
P

at
ie

n
ts

g
en

er
a
ll

y
o
n

ly
v
is

it
cl

in
ic

s
o
r

p
o
st

to
so

ci
a
l
m

ed
ia

w
h

en
th

ey
h

av
e

co
m

p
la

in
ts

;
w

e
d

o
n

o
t

ob
se

rv
e

d
at

a
fr

o
m

p
at

ie
n
ts

b
et

w
ee

n
th

es
e

ti
m

es
.

•
P

a
rt

ia
ll

y
st

ru
ct

u
re

d
,

n
o
is

y,
h
ig

h
-d

im
en

si
o
n

a
l

in
fo

rm
a
ti

o
n

.
T

h
e

sp
a
ce

of
cl

in
ic

al
sy

m
p

-
to

m
s

is
la

rg
e,

a
n

d
w

it
h

b
ot

h
cl

in
ic

ia
n

a
n

d
ca

re
gi

ve
r-

ge
n

er
at

ed
te

x
t,

in
fo

rm
at

io
n

m
ay

al
so

b
e

en
te

re
d

o
r

d
es

cr
ib

ed
in

co
rr

ec
tl

y.
C

li
n

ic
ia

n
s

a
n

d
p

a
ti

en
ts

u
se

ve
ry

d
iff

er
en

t
vo

ca
b

u
la

ri
es

w
h

en
d

es
cr

ib
in

g
th

e
sa

m
e

sy
m

p
to

m
s.

T
o

a
d

d
re

ss
th

es
e

ch
al

le
n

g
es

,
w

e
d

ev
el

o
p

an
u

n
su

p
er

v
is

ed
a
p

p
ro

a
ch

th
a
t

m
o
d

el
s

ea
ch

so
u

rc
e—

el
ec

tr
on

ic
h

ea
lt

h
re

co
rd

s
a
n

d
so

ci
a
l

m
ed

ia
—

w
it

h
a

cr
o
ss

-c
o
rp

or
a

d
y
n

am
ic

to
p

ic
m

o
d

el
.

O
u

r
m

o
d

el
ca

n
b

e
sc

ie
n
ti

fi
ca

ll
y

in
te

rp
re

te
d

a
s

p
o
si

ti
n

g
th

at
th

er
e

ar
e

a
fe

w
u

n
d

er
-

ly
in

g
d

is
ea

se
p

ro
ce

ss
es

th
a
t

ch
a
ra

ct
er

iz
e

th
e

si
g
n

s
a
n

d
sy

m
p

to
m

s
th

a
t

w
e

ob
se

rv
e

in
o
u

r
p

at
ie

n
t

p
op

u
la

ti
on

.
E

ac
h

d
is

ea
se

is
a

p
ro

ce
ss

th
at

ev
o
lv

es
ov

er
ti

m
e;

w
e

p
os

it
th

a
t

ea
ch

d
is

ea
se

p
ro

ce
ss
k

a
t

ea
ch

ti
m

e
t

is
a
ss

o
ci

at
ed

w
it

h
a

d
is

tr
ib

u
ti

on
ov

er
p

o
ss

ib
le

si
g
n

s
a
n

d
sy

m
p

to
m

s
it

m
ay

em
it

.
T

h
e

sa
m

e
d

is
ea

se
p

ro
ce

ss
m

ay
b

e
d

es
cr

ib
ed

d
iff

er
en

tl
y

in
el

ec
tr

o
n

ic
h

ea
lt

h
re

co
rd

s
an

d
so

ci
a
l

m
ed

ia
,

a
n

d
m

u
lt

ip
le

d
is

ea
se

s
m

ay
b

e
si

m
u

lt
an

eo
u

sl
y

p
re

se
n
t

in
a

p
a
ti

en
t.

S
p

ec
ifi

ca
ll

y,
w

e
a
ss

u
m

e
d

a
ta

in
th

e
fo

rm
o
f

(
p

a
ti

en
t

,
ti

m
e

,
si

g
n

)
tu

p
le

s.
F

or
so

m
e

p
a
ti

en
ts

,
w

e
h

av
e

m
ay

h
av

e
d

a
ta

at
m

u
lt

ip
le

ti
m

es
;

fo
r

o
th

er
p
a
ti

en
ts

,
w

e
m

ay
o
n

ly
h

av
e

d
a
ta

at
o
n

e
ti

m
e.

S
im

il
a
rl

y,
so

m
e

p
a
ti

en
ts

m
ay

h
av

e
m

a
n
y

si
g
n

s,
ot

h
er

s
ju

st
a

fe
w

.
O

u
r

a
p

p
ro

a
ch

d
er

iv
es

d
is

ti
n

ct
d

is
ea

se
tr

a
je

ct
or

ie
s

w
it

h
o
u

t
li

n
k
in

g
in

d
iv

id
u
al

id
en

ti
ti

es
b

et
w

ee
n

so
ci

a
l

m
ed

ia
an

d
el

ec
tr

on
ic

h
ea

lt
h

re
co

rd
s,

a
n

d
it

ca
n

al
so

d
er

iv
e

d
is

ea
se

tr
a

je
ct

o
ri

es
in

th
e

li
m

it
of

o
n

ly
a

si
n

g
le

n
o
te

p
er

p
a
ti

en
t.

T
h
u

s,
w

e
d

o
n

ot
h

av
e

to
re

st
ri

ct
o
u

rs
el

ve
s

to
p

a
ti

en
ts

w
it

h
lo

n
gi

tu
d

in
al

d
at

a
;

w
e

a
re

a
b

le
to

in
co

rp
o
ra

te
a
ll

p
a
ti

en
t

d
at

a
th

at
w

e
h

av
e.

F
or

in
fe

re
n

ce
in

o
u

r
m

o
d

el
,

w
e

ex
p

lo
re

th
e

u
se

a
P

ól
ya

-g
am

m
a

au
gm

en
ta

ti
o
n

sc
h

em
e

(P
o
ls

on
et

a
l.

,
2
01

3
;

Z
h

o
u

et
a
l.

,
2
0
1
2b

;
C

h
en

et
a
l.

,
20

1
3;

L
in

d
er

m
an

et
a
l.

,
2
0
1
5)

to
ea

si
ly

a
d

ap
t

th
e

m
o
d

el
to

h
av

e
d

iff
er

en
t

co
rr

el
a
ti

o
n

st
ru

ct
u

re
s.

W
e

d
et

a
il

ou
r

a
p

p
ro

a
ch

in
S

ec
ti

on
s

3
an

d
4,

an
d

re
v
ie

w
re

la
te

d
w

o
rk

in
S

ec
ti

on
6
.

In
S

ec
ti

on
5
,

w
e

a
p

p
ly

o
u

r
a
p

p
ro

a
ch

to
a

la
rg

e
d

at
a

se
t

of
el

ec
tr

o
n

ic
h
ea

lt
h

re
co

rd
s

fr
o
m

1
3
,4

3
5

in
d

iv
id

u
a
ls

w
it

h
A

S
D

a
n
d

1
3,

7
4
3
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C
r
o
ss-C

o
r
p
o
r
a

U
n
su

p
e
r
v
ise

d
L

e
a
r
n
in

g
o
f

T
r
a
je

c
t
o
r
ie

s
in

A
u
t
ism

S
p
e
c
t
r
u
m

D
iso

r
d
e
r
s

foru
m

p
o
sts

b
y

2
,3

91
ca

reta
kers

of
ch

ild
ren

w
ith

A
S

D
.

T
o

o
u

r
k
n

ow
led

g
e,

th
is

is
th

e
fi

rst
stu

d
y

to
join

tly
m

o
d

el
tem

p
o
ral

p
a
ttern

s
in

electro
n

ic
h

ealth
reco

rd
a
n

d
so

cia
l

m
ed

ia
d

ata
a
t

th
is

sca
le.

2
.
B
a
ck

g
ro

u
n
d

O
u

r
tech

n
ical

a
p

p
roa

ch
u

ses
P

ólya
-g

am
m

a
a
u

g
m

en
tatio

n
to

con
stru

ct
a
n

effi
cien

t
a
n

d
easily

ex
ten

sib
le

sa
m

p
ler

fo
r

d
y
n

am
ic

to
p

ic
m

o
d

els
a
n

d
rela

ted
m

o
d

els.
In

th
is

section
w

e
b

riefl
y

rev
iew

to
p

ic
m

o
d

els
an

d
P

ólya-ga
m

m
a

au
gm

en
ta

tion
.

2
.1

T
o
p

ic
M

o
d

e
ls

a
n

d
D

y
n

a
m

ic
T

o
p

ic
M

o
d

e
ls

L
a
te

n
t

D
irich

le
t

A
llo

c
a
tio

n
(L

D
A

)
T

h
e

laten
t

D
irich

let
a
llo

ca
tio

n
(L

D
A

)
to

p
ic

m
o
d

el
(B

lei
et

a
l.,

2
0
03

)
is

o
n

e
of

th
e

m
ost

su
ccessfu

l
a
n

d
w

id
ely

u
sed

m
o
d

els
in

m
ach

in
e

lea
rn

in
g.

Its
b

a
sic

aim
is

to
d

eco
m

p
o
se

a
co

rp
u

s
o
f

n
a
tu

ra
l

la
n

g
u

a
g
e

d
o
cu

m
en

ts,
lik

e
a

co
llectio

n
of

n
ew

s
a
rticles

o
r

scien
tifi

c
p

a
p

ers,
in

to
a
n

in
terp

reta
b

le
collectio

n
o
f

to
p

ics
a
s

w
ell

a
s

id
en

tify
w

h
at

to
p

ics
are

p
resen

t
in

each
d
o
cu

m
en

t.
F

o
r

ex
a
m

p
le,

a
co

rp
u

s
o
f

scien
tifi

c
p

a
p

ers
m

ay
co

n
ta

in
top

ics
like

a
to

m
ic

p
h
y
sics,

co
sm

o
lo

gy,
a
n

d
n

eu
ral

ch
em

istry.
F

o
r

m
o
d

elin
g

p
u

rp
oses,

ea
ch

su
ch

top
ic

is
id

en
tifi

ed
w

ith
a

d
istrib

u
tio

n
over

w
o
rd

s:
fo

r
ex

am
p

le,
th

e
w

ord
“
ex

p
erim

en
t”

m
ig

h
t

h
av

e
h

ig
h

p
ro

b
a
b

ility
in

a
ll

th
ree

to
p

ics,
w

h
ile

o
n

ly
th

e
cosm

o
lo

gy
to

p
ic

m
igh

t
h

av
e

freq
u

en
t

o
ccu

rren
ces

o
f

w
ord

s
lik

e
“
sta

r”
a
n

d
“g

a
la

x
y.”

In
th

is
sim

p
lifi

ed
v
iew

,
to

id
en

tify
th

e
to

p
ics

p
resen

t
in

a
d

o
cu

m
en

t,
it

is
n

o
t

n
ecessa

ry
to

m
o
d

el
th

e
d

eta
ils

o
f

la
n

g
u

a
ge

or
even

th
e

o
rd

er
of

th
e

w
o
rd

s
in

ea
ch

d
o
cu

m
en

t;
in

stea
d

,
a

d
o
cu

m
en

t
ca

n
b

e
su

m
m

a
rized

b
y

“
b

ag
o
f

w
o
rd

s:”
a

h
istog

ra
m

co
u

n
tin

g
th

e
w

o
rd

s
th

a
t

it
co

n
tain

s.
T

h
e

L
D

A
to

p
ic

m
o
d

el
o
f

B
lei

et
a
l.

(2
0
0
3)

p
o
sits

th
a
t

ea
ch

d
o
cu

m
en

t
ca

n
b

e
ch

a
ra

c-
terized

b
y

a
d

istrib
u

tion
over

th
e

to
p

ics
it

co
n
ta

in
s,

a
n

d
ea

ch
to

p
ic

ca
n

b
e

ch
ara

cterized
b
y

a
d

istrib
u

tio
n

over
th

e
w

o
rd

s
a
sso

cia
ted

w
ith

it.
In

sy
m

b
o
ls,

ea
ch

d
o
cu

m
en

t
d

h
a
s

a
d

istrib
u

tio
n

ov
er

top
ics
θ
d

(d
=

1,2
,...,D

),
a
n

d
ea

ch
to

p
ic
β
k

(k
=

1,2,...,K
)

is
a

d
istri-

b
u

tio
n

over
a

vo
cab

u
lary

o
f
V

p
o
ssib

le
w

o
rd

s.
G

iven
D

irich
let

p
rio

rs
o
n

th
e

to
p

ics
β

a
n

d
to

p
ic

p
ro

p
ortio

n
s
θ

w
ith

p
a
ra

m
eters

α
β

an
d
α
θ ,

th
e

fu
ll

g
en

erative
m

o
d

el
(a

lso
illu

strated
in

fi
g
u

re
1
a)

is

β
k ∼

D
ir(α

β
),

θ
d ∼

D
ir(α

θ ),

z
n
,d |θ

d ∼
C

a
t(θ

d ),

w
n
,d |z

n
,d ,{

β
t }
∼

C
a
t(β

z
n
,d ).

(1
)

w
h

ere
w
n
,d

is
n
th

w
o
rd

in
d

o
cu

m
en

t
d
,
z
n
,d

is
th

e
to

p
ic

a
sso

cia
ted

w
ith

th
e

w
o
rd
w
n
,d ,

C
at(π

)
d

raw
s

on
e

sam
p

le
fro

m
a

vector
o
f

p
ro

b
a
b

ilities
π

,
a
n

d
D

ir
is

th
e

D
irich

let
d

istrib
u

tio
n

.
T

h
e

D
irich

let-m
u

ltin
o
m

ial
co

n
ju

g
acy

in
th

e
g
en

era
tive

p
ro

cess
m

a
kes

it
stra

igh
t-fo

rw
a
rd

to
p

erfo
rm

in
feren

ce
v
ia

a
b

lo
cked

G
ib

b
s

sam
p

lin
g

sch
em

e
th

a
t,

g
iv

en
a

set
o
f

w
ord

s{w
n
,d }

,
can

sa
m

p
le

th
e

la
ten

t
to

p
ic-w

o
rd

d
istrib

u
tio

n
s
{
bbeta

k },
th

e
d

o
cu

m
en

t-to
p

ic
p

ro
p

o
rtio

n
s

{
θ
d }

,
a
n

d
th

e
w

o
rd

-to
p

ic
a
ssig

n
m

en
ts{

z
n
,d }

.

D
y
n

a
m

ic
T

o
p

ic
M

o
d

e
l

(D
T

M
)

B
lei

a
n

d
L

a
ff

erty
(20

0
6
b

)
ex

p
a
n

d
u

p
o
n

L
D

A
to

m
o
d

el
tem

p
ora

l
evolu

tio
n

in
th

e
to

p
ics

β
.

E
a
ch

m
u

ltin
o
m

ia
l

to
p

ic
d

istrib
u

tio
n
β
k

is
m

o
d

eled

3
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L
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E
l
ib

o
l
,

N
g

u
y
e
n
,

L
in

d
e
r
m

a
n
,

J
o
h
n
so

n
,

H
a
sh

m
i,

a
n
d

D
o
sh

i-V
e
l
e
z

th
rou

gh
its

n
atu

ral
p

aram
eter

ψ
k ;

th
e

m
ap

p
in

g
from

ψ
k

to
β
k

is
a

m
u

lti-class
logistic

fu
n

ction
g
iven

b
y

β
k (v

)≡
β

(ψ
k (v

))≡
ex

p
(ψ

k (v
))

∑
v ′ ex

p
(ψ

k (v ′)) .
(2)

w
h

ere
β
k (v

)
is

th
e

p
rob

ab
ility

of
w

ord
v

in
top

ic
k
.

T
h

e
n

atu
ral

p
aram

eters
ψ
k

are
u

n
co

n
strain

ed
—

th
ey

can
b

e
p

ositiv
e

or
n

egative,
an

d
th

ey
d

o
n

o
t

n
eed

to
su

m
to

on
e.

N
ex

t,
B

lei
an

d
L

aff
erty

(2006b
)

m
o
d
el

th
e

evolu
tion

of
ea

ch
top

ic
β
k

as
a

ran
d

om
w

a
lk

o
n

its
n

atu
ra

l
p

aram
eters

ψ
k .

L
et
ψ
k
,t

d
en

ote
th

e
valu

es
of

th
e

n
atu

ral
p

aram
eters

ψ
for

top
ic
k

at
tim

e
t.

T
h

e
D

T
M

p
osits

th
e

follow
in

g
gen

erative
p

ro
cess

on
ψ

,
also

illu
strated

in
fi

g
u

re
1b

:

ψ
k
,t |ψ

k
,t−

1 ∼
N

(ψ
k
,t−

1 ,σ
2I

),

θ
d ∼

D
ir(α

θ ),

z
n
,d |θ

d ∼
C

at(θ
d ),

w
n
,d |z

n
,d ,{

ψ
t,k }
∼

C
at(β

(ψ
z
n
,d
,t(d

) )).
(3)

H
ere,

t(d
)

is
th

e
tim

e
asso

ciated
w

ith
d

o
cu

m
en

t
d

an
d
β

(ψ
k
,t )

is
th

e
tran

sform
ation

of
ψ
k
,t

b
a
ck

to
a

m
u

ltin
o
m

ial
u

sin
g

eq
u

ation
2.

W
e

w
ill

u
se
β
k
,t

as
sh

orth
an

d
for

β
(ψ

k
,t ).

T
h

is
D

T
M

co
n

stru
ction

cap
tu

res
th

e
tem

p
oral

evolu
tion

of
top

ics
w

h
ile

retain
in

g
th

e
in

terp
retab

le
stru

ctu
re

of
L

D
A

.
H

ow
ev

er,
th

e
D

T
M

con
stru

ctio
n

in
eq

u
ation

3
d

o
es

n
ot

en
joy

th
e

co
n

ju
gacy

stru
ctu

re
of

th
e

orig
in

al
L

D
A

m
o
d

el
in

eq
u

ation
1:

th
e

D
T

M
rep

laces
L

D
A

’s
factored

D
irich

let
p

rior
on

th
e

top
ics
β
k

w
ith

a
G

au
ssian

lin
ea

r
d

y
n

am
ical

sy
stem

(L
D

S
)

m
ap

p
ed

th
rou

gh
a

m
u

lti-class
logistic

fu
n

ction
.

W
h

ile
in

feren
ce

in
G

au
ssian

lin
ear

d
y
n

a
m

ical
sy

stem
s

cou
p

led
w

ith
lin

ear
G

au
ssian

ob
servation

s
can

b
e

p
erfo

rm
ed

effi
cien

tly
u

sin
g

m
essa

ge
p
assin

g
algorith

m
s,

th
e

n
on

lin
ear

m
ap

p
in

g
in

eq
u

ation
2

d
o
es

n
o
t

allow
su

ch
a
lg

orith
m

s
to

b
e

a
p

p
lied

d
irectly.

2
.2

P
ó
ly

a
-g

a
m

m
a

A
u

g
m

e
n
ta

tio
n

P
ólya-g

am
m

a
au

gm
en

tation
is

an
au

x
iliary

va
riab

le
sch

em
e

th
at

a
llow

s
m

u
ltin

om
ia

l
ob

ser-
va

tio
n

s
to

a
p

p
ear

as
G

au
ssian

lik
elih

o
o
d

s.
T

h
is

sch
em

e
h

as
recen

tly
b

een
u

sed
to

d
ev

elo
p

G
ib

b
s

sam
p

lers
a
n

d
variation

al
in

feren
ce

algorith
m

s
for

B
ern

ou
lli,

b
in

om
ial,

n
eg

ative
b

i-
n

o
m

ia
l,

an
d

m
u

ltin
om

ial
regression

m
o
d

els
w

ith
logit

lin
k

fu
n

ction
s

(P
olson

et
al.,

2013).
C

h
en

et
al.

(201
3)

u
se

P
ólya-gam

m
a

au
gm

en
tation

for
m

u
ltin

om
ia

l
m

o
d
els

in
th

e
co

n
tex

t
of

L
D

A
,

b
u

t
in

a
w

ay
th

at
on

ly
p

rov
id

es
lim

ited
sin

gle-site
in

feren
ce

u
p

d
a
tes.

M
ore

recen
tly,

L
in

d
erm

a
n

et
al.

(2015)
ex

ten
d

th
e

P
ólya-gam

m
a

au
gm

en
ta

tion
sch

em
e

for
m

u
ltin

om
ial

m
o
d

els
in

su
ch

a
w

ay
th

at
allow

s
b

lo
ck

u
p

d
ates

an
d

h
en

ce
read

ily
ex

ten
d

s
to

d
y
n

am
ic

top
ic

m
o
d

els,
in

w
h

ich
en

tire
state

tra
jectories

m
u

st
b

e
u

p
d

ated
a
s

a
b

lo
ck

for
in

feren
ce

to
b

e
effi

cien
t.

H
ere,

w
e

u
se

th
e

au
gm

en
tation

strategy
o
f

L
in

d
erm

a
n

et
a
l.

(2015
)

to
en

ab
le

su
ch

b
lo

ck
u

p
d

a
tin

g
in

ou
r

d
y
n

am
ic

top
ic

m
o
d

els.
T

h
e

P
ólya-gam

m
a

au
gm

en
tation

sch
em

e
is

b
ased

on
an

in
tegral

id
en

tity
d

erived
from

th
e

L
ap

lace
tra

n
sform

of
th

e
P

ólya-gam
m

a
d

istrib
u

tio
n

.
S

p
ecifi

cally,
if
p
(ω
|b,0

)
is

th
e

d
en

sity
o
f

th
e

P
ólya-gam

m
a

d
istrib

u
tion

P
G

(b,0),
th

en

(e
ψ

)
a

(1
+
e
ψ

)
b

=
2 −

be
κ
ψ ∫

∞0
e −

ω
ψ
2
/
2
p
(ω
|b,0)

d
ω
,

(4)
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C
r
o
ss

-C
o
r
p
o
r
a

U
n
su

p
e
r
v
is

e
d

L
e
a
r
n
in

g
o
f

T
r
a
je

c
t
o
r
ie

s
in

A
u
t
is

m
S
p
e
c
t
r
u
m

D
is

o
r
d
e
r
s

w
h

er
e
κ

=
a
−
b/

2.
T

h
e

in
te

gr
al

on
th

e
ri

gh
t-

h
an

d
si

d
e

is
th

e
L

ap
la

ce
tr

a
n

sf
or

m
o
f

th
e

P
ól

ya
-g

am
m

a
d

en
si

ty
ev

al
u
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ed

at
ψ

2
/
2,

an
d

th
e

le
ft

-h
an

d
si

d
e

is
a

fu
n

ct
io

n
a
l

fo
rm

th
at

of
te

n
ap

p
ea

rs
in

lo
gi

st
ic

li
k
el

ih
o
o
d

s.
Im

p
or

ta
n
tl

y,
v
ie

w
ed

as
a

fu
n
ct

io
n

o
f
ψ

fo
r

fi
x
ed

ω
,

th
e

ri
gh

t-
h

an
d

si
d

e
is

an
u

n
n

or
m

al
iz

ed
G

au
ss

ia
n

d
en

si
ty

.
T

h
u

s,
th

e
id

en
ti

ty
in

eq
u

a
ti

o
n

4
tr

an
sf

or
m

s
a

lo
gi

st
ic

li
k
el

ih
o
o
d

to
a

G
au

ss
ia

n
li

ke
li

h
o
o
d

co
n

d
it

io
n

ed
on

an
a
u

x
il

ia
ry

va
ri

-
ab

le
,
ω

.

W
h

il
e

w
e

fo
cu

s
on

G
ib

b
s

sa
m

p
li

n
g

in
fe

re
n

ce
h

er
e,

th
e

P
ól

y
a-

ga
m

m
a

a
u

g
m

en
ta

ti
o
n

sc
h

em
e

al
so

en
ab

le
s

effi
ci

en
t

m
ea

n
-fi

el
d

va
ri

at
io

n
al

in
fe

re
n

ce
(L

in
d

er
m

an
et

a
l.

,
2
0
1
5
;

Z
h

o
u

et
al

.,
20

12
b

),
in

cl
u

d
in

g
sc

al
ab

le
st

o
ch

as
ti

c
va

ri
at

io
n

al
in

fe
re

n
ce

(H
off

m
an

et
a
l.

,
2
0
13

;
L

in
-

d
er

m
an

et
al

.,
20

15
).

T
h

es
e

al
go

ri
th

m
s

co
u

ld
b

e
ad

ap
te

d
to

p
ro

v
id

e
sc

al
ab

le
in

fe
re

n
ce

fo
r

th
e

d
y
n

am
ic

to
p

ic
m

o
d

el
ca

se
th

at
w

e
st

u
d

y
h

er
e.

B
in

o
m

ia
l

C
a
se

F
or

th
e

b
in

om
ia

l
ca

se
,

P
o
ls

on
et

al
.

(2
01

3)
le

t
ψ

0
=

0
an

d
w

ri
te
ψ

1
=
ψ

.
L

et
x

=
(x

0
,x

1
)

b
e

th
e

n
u

m
b

er
of

ze
ro

s
an

d
o
n

es
th

at
h

av
e

b
ee

n
ob

se
rv

ed
.

T
h

en
w

e
ca

n
w

ri
te

th
e

li
ke

li
h

o
o
d

of
th

e
n

at
u

ra
l

p
ar

am
et

er
ψ

gi
ve

n
th

e
d

at
a
x

as

p
(x
|ψ

)
=

( x
0

+
x

1

x
1

)
(e
ψ

)x
1

(1
+
eψ

)x
0

=
c(
x

)
(e
ψ

)a
(x

)

(1
+
eψ

)b
(x

)

G
iv

en
a

p
ri

or
p
(ψ

)
on

th
e

n
at

u
ra

l
p

ar
am

et
er
ψ

,
th

en
th

e
jo

in
t

d
en

si
ty

o
f

(ψ
,x

)
ca

n
b

e
w

ri
tt

en
as

p
(ψ
,x

)
=
p
(ψ

)
c(
x

)
(e
ψ

)a
(x

)

(1
+
eψ

)b
(x

)
=

∫
∞

0
p
(ψ

)
c(
x

)
2−

b(
x

) e
κ

(x
)ψ
e−

ω
ψ
2
/
2
p
(ω
|b

(x
),

0)
d
ω
.

(5
)

T
h

e
in

te
gr

an
d

of
(5

)
d

efi
n

es
a

jo
in

t
d

en
si

ty
on

(ψ
,x
,ω

).
If

w
e

co
n

d
it

io
n

o
n

th
e

a
u

x
il

ia
ry

va
ri

ab
le

s
ω

,
th

en
th

e
co

n
d

it
io

n
al

d
en

si
ty
p
(ψ
|x
,ω

)
on

th
e

n
at

u
ra

l
B

er
n

o
u

ll
i

p
a
ra

m
et

er
ψ

is
gi

v
en

b
y

p
(ψ
|x
,ω

)
∝
p
(ψ

)e
κ

(x
)ψ
e−

ω
ψ
2
/
2

(6
)

w
h

ic
h

is
G

au
ss

ia
n

if
p
(ψ

)
is

G
au

ss
ia

n
.

B
y

th
e

ex
p

on
en

ti
al

ti
lt

in
g

p
ro

p
er

ty
o
f

th
e

P
ó
ly

a-
ga

m
m

a
d

is
tr

ib
u

ti
on

,
w

e
h

av
e
ω
|ψ
,x
∼

P
G

(b
(x

),
ψ

).
E

ffi
ci

en
t

sa
m

p
le

rs
ex

is
t

fo
r

P
ó
ly

a
-

ga
m

m
a

d
is

tr
ib

u
te

d
va

ri
ab

le
s

(W
in

d
le

et
al

.,
20

14
),

an
d

th
u

s
w

e
ca

n
a
lt

er
n

a
te

b
et

w
ee

n
sa

m
p

li
n

g
ω
|ψ
,x

fr
om

a
P

ól
ya

-g
am

m
a

d
is

tr
ib

u
ti

on
an

d
sa

m
p

li
n

g
ψ
|ω
,x

fr
o
m

a
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
.

M
u

lt
in

o
m

ia
l

C
a
se

F
or

th
e

m
u

lt
in

om
ia

l
ca

se
,

L
in

d
er

m
an

et
al

.
(2

01
5)

re
w

ri
te

th
e
K

-
d

im
en

si
on

al
m

u
lt

in
om

ia
l

li
ke

li
h

o
o
d

re
cu

rs
iv

el
y

in
te

rm
s

of
K
−

1
b

in
om

ia
l

d
en

si
ti

es
u

si
n

g
th

e
fo

ll
ow

in
g

st
ic

k
-b

re
ak

in
g

re
p

re
se

n
ta

ti
on

.
L

et
β

b
e

a
v
ec

to
r

d
es

cr
ib

in
g

th
e

p
ro

b
ab

il
it

y
o
f

ea
ch

ou
tc

om
e

1
..
.K

.
T

h
en

w
e

ca
n

d
efi

n
e
β̃
k

to
b

e
p

ro
b

ab
il

it
y

of
ch

o
os

in
g

o
p

ti
o
n
k

g
iv

en
th

at
w

e
h

av
e

n
ot

se
le

ct
ed

an
y

op
ti

on
j
<
k
:

β̃
k

=
β
k

1
−
∑

j<
k
β
j

(7
)
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8

E
l
ib

o
l
,

N
g

u
y
e
n
,

L
in

d
e
r
m

a
n
,

J
o
h
n
so

n
,

H
a
sh

m
i,

a
n
d

D
o
sh

i-
V

e
l
e
z

W
ri

ti
n

g
th

e
p

ro
b

ab
il
it

ie
s
β

in
th

is
w

ay
a
ll

ow
s

u
s

to
w

ri
te

th
e

m
u

lt
in

om
ia

l
d

en
si

ty
as

a
p

ro
d

u
ct

o
f

b
in

o
m

ia
l

d
en

si
ti

es
:

M
u

lt
(x
|N
,β

)
=

K
−

1
∏ k
=

1

B
in

(x
k
|N

k
,β̃

k
),

(8
)

N
k

=
N
−
∑ j<
k

x
j
,

k
=

1,
2,
..
.,
K
,

(9
)

w
h

er
e

w
e

ca
n

in
te

rp
re

t
N
k

a
s

th
e

n
u

m
b

er
o
f

o
b

se
rv

a
ti

o
n

s
re

m
ai

n
in

g
a
ft

er
th

e
ob

se
rv

a
ti

on
s

w
h

er
e
j

=
1,

2,
..
.,
k

h
av

e
b

ee
n

re
m

ov
ed

.
S

u
b

st
it

u
ti

n
g
β̃
k

=
σ

(ψ
k
),

w
e

ca
n

w
ri

te
th

e
m

u
lt

in
om

ia
l

li
k
el

ih
o
o
d

a
s

M
u

lt
(x
|N
,ψ

)
=

K
−

1
∏ k
=

1

B
in

(x
k
|N

k
,σ

(ψ
k
))

=
K
−

1
∏ k
=

1

( N
k

x
k

) σ
(ψ

k
)x
k
(1
−
σ

(ψ
k
))
N
k
−
x
k

=

K
−

1
∏ k
=

1

( N
k

x
k

)
(e
ψ
k
)x
k

(1
+
eψ

k
)N

k
.

L
in

d
er

m
an

et
al

.
(2

0
15

)
n

ex
t

le
t
a
k
(x

)
=
x
k

an
d
b
k
(x

)
=
N
k

fo
r

ea
ch
k

=
1,

2,
..
.,
K
−

1
an

d
in

tr
o
d

u
ce

P
ól

ya
-g

am
m

a
a
u

x
il

ia
ry

va
ri

a
b

le
s
ω
k

co
rr

es
p

on
d

in
g

to
ea

ch
co

o
rd

in
a
te
ψ
k
.

T
h

en
th

e
p

ro
b

ab
il

it
y

o
f

th
e

d
a
ta
x

a
n

d
th

e
a
u

x
il

ia
ry

va
ri

a
b

le
s
ω

g
iv

en
th

e
n

at
u

ra
l

p
a
ra

m
-

et
er

s
ψ

h
as

a
d

ia
go

n
a
l

G
a
u

ss
ia

n
li

ke
li

h
o
o
d

:

p
(x
,ω
|ψ

)
∝

K
−

1
∏ k
=

1

e(
x
k
−
N
k
/
2
)ψ
k
−
ω
k
ψ
2 k
/
2
∝
N
( ψ

∣ ∣ ∣ ∣Ω
−

1
κ

(x
),

Ω
−

1

)
,

w
h

er
e

Ω
≡

d
ia

g(
ω

)
a
n

d
κ

(x
)
≡
x
−
N

(x
)/

2
.

T
h
u

s,
if

w
e

b
eg

in
w

it
h

a
G

a
u

ss
ia

n
p

ri
o
r
p
(ψ

)
on

th
e

st
ic

k
-b

re
a
k
in

g
p

ar
a
m

et
er

s
ψ

,
th

en
th

e
p

o
st

er
io

r
w

il
l

re
m

ai
n

G
au

ss
ia

n
.

F
in

al
ly

,
g
iv

en
th

e
p

a
ra

m
et

er
s
ψ

,
w

e
ca

n
re

co
ve

r
th

e
p

ar
am

et
er

s
β

th
ro

u
g
h

th
e

st
ic

k
-

b
re

a
k
in

g
co

n
st

ru
ct

io
n

:

β̃
j

=
σ

(ψ
j
)

β
k

=
β̃
k

∏ j<
k

(1
−
β̃
j
)

(1
0
)

W
e

d
en

ot
e

th
is

re
co

ve
ry

p
ro

ce
ss

in
eq

u
a
ti

on
1
0

b
y

th
e

fu
n

ct
io

n
β
≡
π
S
B

(ψ
).

3
.
M

o
d
e
l:

S
ti
ck

-b
re
a
k
in
g
C
o
n
st
ru

ct
io
n

fo
r
D
y
n
a
m
ic

T
o
p
ic

M
o
d
e
ls

T
h

e
P

ól
ya

-g
am

m
a

a
u

g
m

en
ta

ti
o
n

sc
h

em
e

a
ll

ow
s

u
s

to
ta

ke
a

G
a
u

ss
ia

n
g
ra

p
h

ic
a
l

m
o
d

el
in

w
h

ic
h

effi
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en
t

in
fe

re
n
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is

w
el

l-
d

ev
el

o
p

ed
an

d
a
p

p
ly

it
to

m
o
d
el

s
w

it
h

m
u

lt
in

om
ia

l
li

ke
li

-
h

o
o
d
s.

H
ow

ev
er

,
w

e
m

u
st

fi
rs

t
co

n
ve

rt
th

e
d

y
n

a
m

ic
to

p
ic

m
o
d

el
fr

o
m

S
ec

ti
on

2
.1
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th
e

ap
p

ro
p

ri
a
te

st
ic

k
-b
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ak

in
g

fo
rm

.
In

th
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se
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n

w
e

d
es
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e
th
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st
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k
-b
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ak
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g

co
n
st

ru
c-

ti
on

a
n

d
a

n
at

u
ra

l
cr

o
ss

-c
o
rp

o
ra

ex
te

n
si

o
n

;
fo

r
co

m
p

le
te

n
es

s
w

e
al

so
in

cl
u
d

e
th

e
p

a
rt

s
of

th
e

d
y
n

am
ic

to
p

ic
m

o
d

el
th

at
re

m
ai

n
u

n
ch

an
g
ed

.
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C
r
o
ss-C

o
r
p
o
r
a

U
n
su

p
e
r
v
ise

d
L

e
a
r
n
in

g
o
f

T
r
a
je

c
t
o
r
ie

s
in

A
u
t
ism

S
p
e
c
t
r
u
m

D
iso

r
d
e
r
s

(a)
L

D
A

(b
)

D
T

M
(c)

S
tick

-B
reak

in
g

D
T

M

F
ig

u
re

1:
G

ra
p

h
ical

M
o
d

els
o
f

la
ten

t
D

irich
let

a
llo

ca
tio

n
,

th
e

d
y
n

a
m

ic
to

p
ic

m
o
d

el,
a
n

d
o
u

r
stick

-b
rea

k
in

g
d

y
n
a
m

ic
to

p
ic

m
o
d

el.
T

h
e

n
atu

ral
p

a
ram

eters
ψ

are
co

n
verted

to
m

u
lti-

n
om

ia
ls
β

th
rou

gh
th

e
stick

-b
reak

in
g

p
ro

cess
in

eq
u
a
tio

n
10

3
.1

D
o
c
u

m
e
n
t-S

p
e
c
ifi

c
p

a
ra

m
e
te

rs
{
θ
d }

a
n

d
{
z
n
,d }

A
s

in
th

e
sta

n
d

ard
L

D
A

a
p

p
ro

ach
,
w

e
con

tin
u

e
to

m
o
d

el
th

e
p

ro
p

o
rtio

n
of

each
top

ic
in

ea
ch

d
o
cu

m
en

t
θ
d

a
s

b
ein

g
d

raw
n

in
d

ep
en

d
en

tly
from

D
irich

let
d

istrib
u

tio
n

s
w

ith
p

ara
m

eters
α
θ ,

a
n

d
th

e
top

ic
z
n
,d

fo
r

each
w

o
rd
w
n
,d

d
raw

n
fro

m
θ
d :

θ
d ∼

D
ir(α

θ ),

z
n
,d |θ

d ∼
C

a
t(θ

d ).

3
.2

T
o
p

ic
P

a
ra

m
e
te

rs
{
β
k }

S
ta

tic
S

tick
-B

re
a
k
in

g
L

D
A

M
o
d

e
l

In
sta

n
d

a
rd

L
D

A
,

th
e

likelih
o
o
d

a
sso

cia
ted

w
ith

ea
ch

to
p

ic
β
k

d
ep

en
d

s
on

th
e

w
o
rd

s
a
ssig

n
ed

to
th

a
t

to
p

ic:

p
({
w
d }
Dd
=

1 |,{z
d }
Dd
=

1 ,{
β
k }
Kk
=

1 )∝
D∏d
=

1

N
d
∏n
=

1

β
I[z
d
,n

=
k
]

k
,w
d
,n
∝

M
u

lt (
D
∑d
=

1

b
d
,k ∣∣∣∣

D
∑d
=

1

N
d
,k ,
β
k )

w
h

ere
{w

n
,d }

are
a
ll

o
f

th
e

w
ord

s
in

d
o
cu

m
en

t
d

a
n

d
{
z
n
,d }

a
re

a
ll

o
f

th
eir

assig
n

m
en

ts.
L

et
N
d

b
e

th
e

n
u

m
b

er
of

w
ord

s
in

d
o
cu

m
en

t
d
.

T
h

e
co

u
n
t

vecto
rs
b
d
,k
,v

a
n

d
N
d
,k

co
u

n
t

th
e

n
u

m
b

er
o
f

o
ccu

rren
ces

o
f

w
o
rd
v

in
d

o
cu

m
en

t
d

a
ssig

n
ed

to
to

p
ic
k

a
n

d
th

e
n
u

m
b

er
of

o
ccu

rren
ces

o
f

th
e

top
ic
k

in
d

o
cu

m
en

t
d
,

resp
ectively

:

b
d
,k
,v

=

N
d

∑n
=

1 I[w
d
,n

=
v
]I[z

d
,n

=
k
],

(11
)

N
d
,k

=

N
d

∑n
=

1 I[z
d
,n

=
k
].
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E
l
ib

o
l
,

N
g

u
y
e
n
,

L
in

d
e
r
m

a
n
,

J
o
h
n
so

n
,

H
a
sh

m
i,

a
n
d

D
o
sh

i-V
e
l
e
z

W
e

tra
n

sfo
rm

th
e

w
ord

p
rob

ab
ility

vectors
su

ch
th

at
β
k ≡

π
S
B

(ψ
k ),

in
tro

d
u

ce
a
u

x
iliary

va
riab

les
ω
k ,

an
d

set
a

G
au

ssian
p

rior
ψ
k ∼
N

(µ
,Σ

)
on

th
e

stick
-b

reak
in

g
p
aram

eters
ψ

.
T

h
en

th
e

p
osterio

r
over

ψ
given

th
e

cou
n
ts{

b
d }

is
giv

en
b
y

th
e

G
au

ssian

p
(ψ

k |{b
d
,k },{z

d },ω
k ,µ

,Σ
)∝
N
(
ψ
k |Ω

−
1

k
·
κ (

D
∑d
=

1

b
d
,k )

,Ω
−

1
k

)
N

(ψ
k |µ

,Σ
)

(12)

D
y
n

a
m

ic
S

tick
-B

re
a
k
in

g
T

o
p

ic
M

o
d

e
l

L
et
t(d

)∈
N

d
en

ote
th

e
d

iscrete
tim

e
in

d
ex

of
d

o
cu

m
en

t
d

a
n

d
β
t,k
∈

[0,1] V
d

en
ote

th
e

w
o
rd

p
rob

ab
ility

vector
o
f

to
p

ic
k

at
tim

e
t.

T
h

en
w

e
can

d
efi

n
e

th
e

follow
in

g
d

y
n

am
ical

sy
stem

m
o
d

el

ψ
t,k ∼

N
(A
ψ
t−

1
,k ,
B
B

T
)

β
t,k ≡

π
S
B

(ψ
t,k )

(13)

w
h

ere
u
t,k

is
a

laten
t

state
of

top
ic
k

at
tim

e
t.

T
h

en
th

e
likelih

o
o
d

asso
cia

ted
w

ith
laten

t
state

vectors{
u
t,k }

given
th

e
w

ord
-top

ic
assign

m
en

ts{
z
n
d }

is
giv

en
b
y

th
e

d
iago

n
al

G
a
u

ssian
p

oten
tial

p
(b
d
,k |u

t(d
),k ,ω

t(d
),k )∝

N


Ω
−

1
t(d

),k ·
κ 

∑d
:t(d

)=
t b
d
,k 

∣∣∣∣
ψ
t(d

),k ,
Ω
−

1
t(d

),k 
.

(14)

w
h

ere
Ω
≡

d
iag

(ω
t,k ).

A
s

in
eq

u
atio

n
11,

b
d
,k

cou
n
ts

h
ow

often
ea

ch
w

ord
v

is
assign

ed
to

top
ic
k

in
d

o
cu

m
en

t
d
,

an
d

th
e

likelih
o
o
d

for
ψ
t,k

on
ly

d
ep

en
d

s
on

th
e

d
o
cu

m
en

ts
for

w
h

ich
t(d

)
=
t.

F
igu

re
1c

sh
ow

s
th

e
grap

h
ical

m
o
d

el
of

th
e

stick
-b

reak
in

g
D

T
M

w
ith

th
e

asso
ciated

P
ó
lya

-gam
m

a
variab

les.

3
.3

E
x
te

n
sio

n
s

S
h

a
re

d
T

o
p

ic
P

ro
p

o
rtio

n
s

A
m

o
n

g
D

o
c
u

m
e
n
ts

In
th

e
d

y
n

a
m

ic
top

ic
m

o
d

el,
tem

p
o-

ral
coh

eren
ce

arises
d

u
e

to
th

e
sm

o
oth

n
ess

p
rior

on
β

.
W

h
ile

th
is

ap
p

roach
a
llow

s
u
s

to
b

u
ild

tem
p

o
ral

m
o
d

els
from

cross-section
al

d
ata,

it
d

o
es

n
ot

u
se

lon
gitu

d
in

a
l

in
fo

rm
ation

a
b

ou
t

w
h

eth
er

d
o
cu

m
en

ts
are

asso
ciated

w
ith

th
e

sam
e

p
atien

t
w

h
en

it
is

availab
le.

O
n

e
ex

ten
sion

w
e

con
sid

er
is

th
at

th
e

p
rop

ortion
of

each
d

isease
in

a
p

atien
t

d
o
es

n
o
t

ch
a
n

g
e

ov
er

tim
e,

th
at

is,
in

stead
of

con
sid

erin
g

a
d
istin

ct
d

o
cu

m
en

t-to
p

ic
v
ector

θ
d

for
ea

ch
d

o
cu

m
en

t,
w

e
h

ave
a

sin
gle

p
atien

t-top
ic

vector
θ
p

for
each

p
atien

t.
H

ow
ever,

th
e

p
rob

ab
ility

of
a

w
ord

giv
en

th
e

top
ic—

β
—

w
ill

still
ch

an
ge

w
ith

tim
e.

T
h

is
ex

ten
sio

n
is

sh
ow

n
in

fi
gu

re
2a,

w
h
ere

w
e

in
tro

d
u

ce
th

e
variab

le
y
d

to
in

d
icate

w
h

ich
p

atien
t
p

is
asso

ciated
w

ith
each

d
o
cu

m
en

t
d
;

th
at

is,
th

e
in

d
icator

y
d

selects
w

h
ich

θ
p

to
a
p

p
ly

to
d

o
cu

m
en

t
d
.

R
e
la

tio
n

sh
ip

s
b

e
tw

e
e
n

M
u

ltip
le

C
o
rp

o
ra

G
iven

m
u

ltip
le

corp
ora,

o
n

e
sim

p
le

ex
ten

-
sio

n
o
f

th
e

m
o
d

el
from

S
ection

3.2
is

to
p

osit
th

at
each

d
isea

se
h

as
som

e
can

o
n

ical
tem

p
o
ral

p
ro

cess,
b

u
t

th
e

p
rob

ab
ilities

of
th

e
term

s
asso

ciated
w

ith
th

at
p

ro
cess

m
ay

vary
across

d
iff

eren
t

corp
ora.

F
or

ex
am

p
le,

p
osts

from
so

cial
m

ed
ia

m
ay

talk
m

ore
a
b

o
u

t
th

e
b

eh
av

iors
asso

ciated
w

ith
a

d
isease,

w
h

ile
d

iagn
oses

m
ay

fo
cu

s
on

com
orb

id
ities.

T
o

m
o
d

el
d

iff
eren

ces
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C
r
o
ss

-C
o
r
p
o
r
a

U
n
su

p
e
r
v
is

e
d

L
e
a
r
n
in

g
o
f

T
r
a
je

c
t
o
r
ie

s
in

A
u
t
is

m
S
p
e
c
t
r
u
m

D
is

o
r
d
e
r
s

(a
)

D
T

M
w

it
h

p
er

-p
a
ti

en
t
θ p

;
th

e
ob

-
se

rv
ed

va
ri

ab
le
y d

in
d
ic

a
te

s
w

h
ic

h
p
a
-

ti
en

t
th

e
d
o
cu

m
en

t
ca

m
e

fr
om

.

(b
)

C
ro

ss
-c

or
p

or
a

ex
te

n
si

on
;

th
e

ob
se

rv
ed

va
ri

ab
le
s d

in
d
ic

a
te

s
to

w
h
ic

h
co

rp
u
s

th
e

d
o
cu

m
en

t
b

el
on

gs
.

F
ig

u
re

2:
G

ra
p

h
ic

al
M

o
d

el
s

fo
r

th
e

D
T

M
s

in
w

h
ic

h
to

p
ic

p
ro

p
or

ti
on

s
ar

e
sh

a
re

d
a
cr

o
ss

a
ll

n
ot

es
fr

om
th

e
sa

m
e

p
at

ie
n
t

(2
a)

an
d

D
T

M
s

th
at

co
m

b
in

e
m

u
lt

ip
le

co
rp

or
a

(2
b

).
T

o
re

d
u

ce
cl

u
tt

er
,

w
e

d
o

n
ot

in
cl

u
d

e
th

e
as

so
ci

at
ed

P
ól

ya
-g

am
m

a
va

ri
ab

le
s;

th
es

e
a
re

th
e

sa
m

e
a
s

in
fi

gu
re

1c

in
te

rm
u

sa
ge

b
et

w
ee

n
co

rp
or

a,
w

e
co

n
si

d
er

a
d

y
n

am
ic

al
sy

st
em

st
ru

ct
u

re
d

a
s

u
t,
k
∼
N

(u
t,
k
|A
u
t−

1
,k
,
B
B

T
)

ε t
,k
,l
∼
N

(0
,σ

2 l
)

ψ
t,
k
,l
≡
u
t,
k

+
ε t
,k
,l

β
t,
k
,l
≡
π
S
B

(ψ
t,
k
,l
)

(1
5
)

w
h

er
e

n
ow

to
p

ic
p

ro
p

or
ti

on
s
β
t,
k
,l

an
d

th
ei

r
n

at
u

ra
l

p
ar

am
et

er
s
ψ
t,
k
,l

ar
e

a
ss

o
ci

a
te

d
w

it
h

a
sp

ec
ifi

c
co

rp
u

s
l.

O
u

r
st

ic
k
-b

re
ak

in
g

co
n

st
ru

ct
io

n
u

si
n

g
P

ól
ya

-g
am

m
a

au
gm

en
ta

ti
on

a
ga

in
re

n
d

er
s

th
e

re
le

va
n
t

li
k
el

ih
o
o
d

s
G

au
ss

ia
n

:
fo

r
ea

ch
co

rp
u

s
l,

th
e

p
ro

b
ab

il
it

y
of

th
e

w
o
rd

s
a
ss

o
ci

a
te

d
w

it
h

th
e

co
rp

u
s

gi
ve

n
ψ
t,
k
,l

is
gi

v
en

b
y

p
(b
d
,k
|ψ

t(
d
),
k
,l

(d
),
ω
t(
d
),
k
,l

(d
))
∝
N

 
Ω
−

1
t(
d
),
k
,l

(d
)
·κ

 
∑

d
:t

(d
)=
t,
l(
d
)=
l

b
d
,k

 
∣ ∣ ∣ ∣ψ

t(
d
),
k
,l

(d
),

Ω
−

1
t(
d
),
k
,l

(d
) 

w
h

er
e
l(
d
)

is
th

e
co

rp
u

s
as

so
ci

at
ed

w
it

h
d

o
cu

m
en

t
d
,
b
d
,k

is
ag

ai
n

a
v
ec

to
r

o
f

th
e

n
u

m
b

er
of

ti
m

es
ea

ch
w

or
d
v

is
as

si
gn

ed
to

to
p

ic
k

in
d

o
cu

m
en

t
d

fr
om

eq
u

at
io

n
11

,
an

d
Ω
≡

d
ia

g(
ω
t,
k
).

F
in

al
ly

,
th

e
li

ke
li

h
o
o
d

as
so

ci
at

ed
w

it
h

th
e

u
n

d
er

ly
in

g
te

m
p

or
al

p
ro

ce
ss
u
t,
k

is
si

m
p

ly

p
(ψ

t,
k
,·
|u

t,
k
,σ

2 l
)

=
∏ l

N
(ψ

t,
k
,l
|u

t,
k
,σ

2 l
).
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8

E
l
ib

o
l
,

N
g

u
y
e
n
,

L
in

d
e
r
m

a
n
,

J
o
h
n
so

n
,

H
a
sh

m
i,

a
n
d

D
o
sh

i-
V

e
l
e
z

T
h

e
cr

os
s-

co
rp

o
ra

ex
te

n
si

on
of

th
e

d
y
n
a
m

ic
to

p
ic

m
o
d

el
is

sh
ow

n
in

fi
g
u

re
2
b

,
w

h
er

e
w

e
ex

p
li

ci
tl

y
sh

ow
th

e
p

ar
am

et
er

s
ψ
S
M

t,
k

a
n

d
ψ
E
H
R

t,
k

fo
r

ju
st

tw
o

co
rp

o
ra

.
T

h
e

va
ri

ab
le
s d

in
d

ic
a
te

s
w

h
ic

h
so

u
rc

e—
ψ
S
M

t,
k

or
ψ
E
H
R

t,
k

—
sh

o
u

ld
b

e
u

se
d

to
m

o
d

el
d

o
cu

m
en

t
d
.

4
.
In

fe
re
n
ce

G
iv

en
th

e
st

ic
k
-b

re
a
k
in

g
d

y
n

a
m

ic
to

p
ic

m
o
d

el
co

n
st

ru
ct

io
n

in
S

ec
ti

o
n

3
.2

,
in

fe
re

n
ce

is
st

ra
ig

h
t-

fo
rw

ar
d

;
th

e
si

m
p

li
ci

ty
o
f

in
fe

re
n

ce
is

a
k
ey

a
d
va

n
ta

g
e

of
th

e
P

ó
ly

a-
g
a
m

m
a

au
g-

m
en

ta
ti

on
a
p

p
ro

a
ch

.
B

el
ow

w
e

su
m

m
a
ri

ze
th

e
in

fe
re

n
ce

p
ro

ce
ss

fo
r

th
e
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te

n
t

va
ri
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le

s
in

o
u

r
m

o
d

el
:

th
e

to
p

ic
p

ro
p

or
ti

on
s
θ
d
,

th
e

to
p

ic
a
ss

ig
n

m
en

ts
{z
n
d
},

th
e

to
p

ic
p

ar
am

et
er

s
u

(w
h

ic
h
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n

b
e

d
et

er
m

in
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ti
ca

ll
y

co
n
ve

rt
ed

in
to

th
e

to
p

ic
p

ro
p

o
rt

io
n

s
β

=
π
S
B

(u
))

,
a
n

d
th

e
au

gm
en

ta
ti

on
va

ri
a
b

le
s
ω

.
T

h
e

va
ri

ab
le

s
θ

,
{z
n
d
},

a
n

d
ω

a
re

re
sa

m
p

le
d

u
si

n
g

G
ib

b
s

sa
m

p
li

n
g,

an
d
u
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re
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m

p
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d
u

si
n

g
a

G
a
u

ss
ia

n
li

n
ea

r
d

y
n

a
m

ic
a
l

sy
st
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4
.1

R
e
sa

m
p

li
n

g
D

o
c
u

m
e
n
t-

S
p

e
c
ifi

c
P

a
ra

m
e
te

rs
{z
n
,d
}

a
n

d
{θ

d
}

T
h

e
w

or
d

-t
o
p

ic
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si
g
n

m
en

ts
{z
n
,d
}

ar
e

re
sa

m
p

le
d

ex
a
ct

ly
a
s

in
th

e
G

ib
b

s
sa

m
p
le

r
fo

r
L

D
A

:

z n
d
∼

M
u

lt
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β
k
,v

(w
n
d
)θ
d
,k
})

w
h

er
e
v
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n
,d

)
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th
e

w
or

d
a
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o
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a
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d
w
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h

th
e
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n
w
n
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L

ik
ew

is
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e

to
p

ic
p

ro
p

o
rt

io
n

s
θ
d

ar
e

a
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o
sa

m
p

le
d

ex
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tl
y

a
s
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L

D
A

:

θ
d
∼

D
ir

(α
θ

+
N

d
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w
h

er
e
N

d
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e

ve
ct

o
r

o
f
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u
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h
N
d
k

=
∑
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d
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I(
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d

=
k
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w

e
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m
p

li
n

g
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p
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o
n

s
p

er
p

a
ti

en
t

ra
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th
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n

p
er
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o
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w

e
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m
p
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p
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ce
N
d
k

w
it

h
N
p
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=
∑

z n
d
∈p
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z n
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=
k
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u
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b
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at
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to
p
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h
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b
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o
b
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w
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h
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n
t.

4
.2

R
e
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p
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g
T

o
p
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P

a
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m
e
te
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In
th

e
st

at
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L
D

A
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e
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n
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m
p
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e
n

a
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l

p
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a
m

et
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s
ψ
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e
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n
d
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-
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ib
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a
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1
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d
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n
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m
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u
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e
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n
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r

d
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a
m
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R
e
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p
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g
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:
D
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n
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m
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T

o
p
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M
o
d

e
l

T
h

e
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u
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s
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u
a
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n

13
d
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e
a
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n
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r
G

a
u
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o
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1
4
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e
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n
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u
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b
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r
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r
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a
l
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r
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m

p
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n
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w
e

w
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th

e
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a
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g
b

a
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w
a
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p
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n
g
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u

at
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n
s

h
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se
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g
A
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o
m
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u

a
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b

e
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e
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I

a
n

d
B

=
d
ia
g
(σ
n
..
.σ

n
).

D
efi

n
e
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e
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ri
a
n
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o
f

th
e

ra
n

d
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w
a
lk

Σ
≡
B
B

T
=

d
ia
g
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F
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p
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k
,

w
e
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t
co

m
p

u
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th
e

m
ea

n
q t
,k
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d

va
ri

a
n

ce
Q
t,
k

o
f

th
e
ψ
k

in
th

e
fo

rw
a
rd

p
a
ss

:

q t
,k

=
q t
−

1
,k

+
(Q

t−
1
,k

+
Σ

)(
Q
t−

1
,k

+
Σ

+
Ω
−

1
t(
d
),
k
)−

1
(y
t,
k
−
q t
−

1
,k

)

Q
t,
k

=
(I
−

(Q
t−

1
,k

+
Σ

)(
Q
t−

1
,k

+
Σ

+
Ω
−

1
t(
d
),
k
)−

1
)(
Q
t−

1
,k

+
Σ

)
(1
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r
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o
r
a
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n
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p
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r
v
ise

d
L
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f

T
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S
p
e
c
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r
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r
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h
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1
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n

d
Q

1
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s
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e
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r
m
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n

d
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n
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o
f
ψ
t=

1
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Ω
−

1
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),k
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m

p
u
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th
e

a
u

x
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ry
va

ria
b

les
a
cco

rd
in

g
to
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u

a
tio

n
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,
a
n

d
w

e
u

se
y
t,k ≡

Ω
−

1
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),k ·
κ

( ∑
d
:t(d

)=
t b
d
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p
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n
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e
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itia
l

cova
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n
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Q
1
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d
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n
a
l,
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b
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u
se

th
e
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n
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n
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ria

n
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Σ
an

d
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e
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o
o
d

cova
ria

n
ce

Ω
a
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a
lso

d
iag

o
n

a
l,
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e

cova
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Q
t,k
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a
in

s
d
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o
n

a
l
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a
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es
t.

T
h
u

s
th

e
u

p
d

a
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u
a
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n
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b

e
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m
p

u
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e
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r
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e
size

o
f

th
e

vo
ca

b
u

lary
|V
|.

S
im

ilarly,
th

e
b

a
ck

w
a
rd

sam
p

lin
g

p
a
ss

ca
n

b
e

effi
cien

tly
co

m
p

u
ted

b
y

sa
m

p
lin

g
ψ
T
,k ∼

N
(q
T
,k ,Q

T
,k )

a
n

d
th

en
recu

rsively
sa

m
p

lin
g
ψ
t,k
∼
N

(q ′t,k ,Q
′T
,k )

w
h

ere
th

e
m

ean
q ′t,k

an
d

va
ria

n
ce
Q
′T
,k

a
re

g
iv

en
b
y

q ′t,k
=
q
t,k

+
Q
t,k (Q

t,k
+

Σ
) −

1(ψ
t+

1
,k −

q
t,k )

Q
′t,k

=
(I
−
Q
t,k (Q

t,k
+

Σ
) −

1)Q
t,k

(1
7)
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D
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o
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o
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p
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,
w

e
h

ave
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a
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va
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b
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u
t,k

d
escrib

in
g
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e

u
n

d
erly

in
g

d
y
n

a
m
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l
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a
n

d
n

a
tu
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l

p
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m
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ψ
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u
s.

C
o
n

d
ition
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o
n
u
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th
e

d
istrib

u
tio

n
over
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e

p
a
ra

m
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fo
r
ψ
t,k
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fo
r

each
tim

e
t

a
re
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d

ep
en

d
en

t.
T

h
ey

ca
n

b
e
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m

p
u

ted
u

sin
g

eq
u

a
tio

n
1
2

fo
r

th
e

sta
tic

L
D

A
ca

se
a
n

d
su

b
stitu

tin
g

th
e

a
p

p
ro

p
ria

te
m

ea
n

a
n

d
varian

ce:

p
(ψ

t,k
,l |{z

d }
,ω

k µ
,Σ

)∝
N


ψ
k |Ω

−
1

t,k
,l ·κ 

D
∑d∈
t,l b

d 
,Ω
−

1
k


N

(ψ
t,k
,l |u

t,k ,Σ
l )

w
h

ere
Σ
l

is
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e
d

ia
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n
a
l

cova
ria

n
ce

d
iag

(σ
2l
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from

eq
u

a
tio

n
1
5

a
n

d
b
d

su
m

s
over

th
e

w
o
rd
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u

n
ts

fo
r

to
p

ic
k

a
t

tim
e
t

in
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rp
u

s
l

in
d

o
cu

m
en

t
d
.

C
on

d
ition

ed
on

th
e

to
p

ic
p

ro
p

ortio
n

s
ψ
t,k
,l ,

th
e

evo
lv

in
g

term
s
u
t,k

can
b

e
resa

m
p

led
u

sin
g

a
lin

ea
r

d
y
n

a
m

ical
sy

stem
w

ith
ψ
t,k
,l

a
s

th
e

em
issio

n
s.

R
e
sa

m
p

lin
g
ω

In
b

oth
th

e
cross-corp

o
ra

a
n

d
th

e
sta

n
d

ard
d

y
n

a
m

ic
to

p
ic

m
o
d

els,
w

e
a
ch

ieve
G

a
u

ssia
n

likelih
o
o
d

s
b
y

a
u

g
m

en
tin

g
th

e
m

o
d

el
w

ith
P

ó
lya

-g
a
m

m
a

d
istrib

u
ted

va
ri-

a
b

les
ω
t,k

or
ω
t,k
,l

resp
ectively.

T
h

e
p

o
sterio

r
d

istrib
u

tion
s

o
f

th
ese

va
ria

b
les

a
re

g
iven

b
y

ω
t,k |u

t,k ,∼
P

G
(N

t,k ,u
t,k )

w
h

ere
N

t,k
is

a
vecto

r
of

h
ow

o
ften

ea
ch

w
o
rd

a
p

p
ea

red
in

a
ll

d
o
cu

m
en

ts
at

tim
e
t

th
at

w
ere

a
ssign

ed
to

top
ic
k
.

In
th

e
cross-corp

o
ra

ca
se,

th
is

b
eco

m
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ω
t,k
,l |ψ

t,k
,l ,∼

P
G

(N
t,k
,l ,ψ

t,k
,l ).
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p
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e
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R
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p
a
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d
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d
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e
U
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an
d

fi
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e
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S
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w

e
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e
p
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e
p
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b
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ate

an
d

th
e
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e

v
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e
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d
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en
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S
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n
er

et
al.
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th
e
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e
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v
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atien

t
w

ou
ld

b
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a
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v
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p
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d
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v
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d
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d
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u
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e
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.
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f
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i
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p
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b
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b
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a
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ra
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P
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p
h
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u
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D
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In
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n
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b
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a
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Q
u
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ic
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C

ereb
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P
a
lsy,

G
a
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p
h
a
geal

refl
u
x
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D
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n
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C
ereb

ra
l
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Q
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n
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C
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G
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u
x
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H
em
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p
legic

cereb
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l
p
a
lsy,

In
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tu
al

d
isab

ilities

S
M

T
o
p
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3

D
eg
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D
isord

ers,
In

-
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n
tile
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ral

p
alsy,
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n
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H
y
p

o
th

y
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,

G
a
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e-
so

p
h
a
geal
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u
x

d
isease
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p
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D
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T
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p
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,
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b
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h
t

d
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D
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b
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ou
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t

d
iso

rd
er,
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p

er
ta

n
tru
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,

D
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p
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en
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d
elay,
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so

p
h
a
geal
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u
x
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u
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m

en
t

an
d
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d
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D
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n
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C
ereb

ra
l

P
a
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M
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ia,
F

ailu
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T
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th

er
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ecifi
ed

d
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in

d
evelop
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t

Q
u
ad
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legic

In
-
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n
tile

C
ereb

ral
P

alsy,
In

fa
n
tile

cereb
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p
a
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G
en
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n
-
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u
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ep
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sy,
O

th
er

sp
eci-

fi
ed

d
elay

s
in

d
evelo

p
m

en
t

E
H

R
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o
p
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D
ow

n
S
y
n
d
rom

e,
A
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an

d
sten

osis
of

larg
e

in
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e,
C

on
-

tact
d
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M

id
d
le

ear
co

n
-

d
u
ctive

h
earin
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loss

D
ow

n
S
y
n
-

d
ro

m
e,

In
fan

tile
au

tism
,

S
y
m

b
o
lic

d
y
sfu

n
ction

,
E

u
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ch
ian

tu
b

e
d
iso

rd
er

S
y
m

b
o
lic

d
y
s-

fu
n
ction

,
In

-
fan

tile
a
u
tism

,
O

th
er

sp
eci-

fi
ed

p
erva

sive
d
evelop

m
en

tal
d
iso

rd
ers,,

D
ow

n
S
y
n
d
rom

e

In
fa

n
tile

a
u
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,
D

ow
n

S
y
n
-

d
rom

e,
p

erva
siv

e
d
evelop

m
en

-
tal

d
iso

rd
ers,

A
n
x
iety

state

In
fan

tile
a
u
tism

,
A

n
x
iety

state,
D

ow
n

S
y
n
d
ro

m
e,

In
tellectu

al
d
isab

ilities

S
M

T
o
p
ic

4

D
ow

n
S
y
n
-

d
rom

e,
M

id
d
le

ear
con

d
u
ctive

h
earin

g
loss,

E
u
stach

ia
n

tu
b

e
d
isord

er,
U

n
sp

ec-
ifi

ed
in

tellectu
a
l

d
isab

ilities

A
u
tistic

D
iso

r-
d
er,

In
fa

n
tile

au
tism

,
E

x
p
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sive
L

a
n
gu

age
D

isord
er,

S
y
m

-
b

olic
d
y
sfu

n
ction

A
u
tistic

D
iso

r-
d
er,

E
u
stach

ia
n

tu
b

e
d
iso

rd
er,

S
tereoty

p
ic

M
ovem

en
t

D
is-

o
rd

er,
H

ay
fev

er,
D

ow
n

S
y
n
d
ro

m
e

P
ervasive

d
evel-

o
p
m

en
tal

d
isor-

d
ers,,

S
tereoty

p
ic

M
ovem

en
t

D
is-

o
rd

er,
H

ay
fever,

A
sth

m
a

P
sy

ch
o
tic

D
is-

ord
ers,

D
ow

n
S
y
n
d
ro

m
e,

U
n
-

sp
ecifi

ed
ch

ild
-

h
o
o
d

p
sy

ch
o
sis,

O
th

er
sp

eci-
fi
ed

p
erva

sive
d
evelo

p
m

en
ta

l
d
isord

ers
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E
l
ib

o
l
,

N
g

u
y
e
n
,

L
in

d
e
r
m

a
n
,

J
o
h
n
so

n
,

H
a
sh

m
i,

a
n
d

D
o
sh

i-V
e
l
e
z

F
igu

re
7
:

O
vera

ll
top

ic
p

op
u

larities
in

b
oth

electron
ic

h
ealth

record
an

d
so

cial
m

ed
ia

d
o
c-

u
m

en
ts.

E
x
cep

t
for

top
ic

1,
m

ost
of

th
e

top
ics

are
p

resen
t

in
sim

ilar
p

rop
ortion

s.

O
th

ers
m

o
d

el
d

isease
p

rogression
w

ith
con

tin
u

ou
s

tim
e

p
ro

cesses.
L

iu
et

al.
(2013)

m
o
d

el
th

e
p

rog
ression

of
glau

com
a

w
ith

con
tin

u
ou

s-tim
e

H
M

M
s,

w
h

ile
W

an
g

et
al.

(20
14)

u
se

con
tin

u
ou

s-tim
e

M
arkov

ju
m

p
p

ro
cesses

to
m

o
d

el
th

e
p

rogression
of

ch
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p
u
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on
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d
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S

aeed
i

an
d

B
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ch
ard
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ôté
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d

u
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m

a-ex
p

on
en

tial
p

ro-
cesses
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m

o
d

el
recu
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t

d
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p
ro

cesses
m

u
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le
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T

h
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m
o
d
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b
e
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d
iv
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u
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c
p
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an
d

treatm
en

t
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(P

ost
et

al.,
200

5).

W
h
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er

d
iscrete
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tin
u

ou
s

tim
e,

all
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th
ese

ap
p

roach
es
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vo

lve
d

iscrete
d

isease
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H

ow
ever,

often
d

iseases
evolve

slow
ly

over
tim

e.
W

h
ile

w
e

u
se

a
d

iscrete
tim

e
m

o
d

el
in

ou
r

w
ork

,
a

fu
n

d
am

en
tal

d
iff

eren
ce

in
ou

r
ap

p
roach

from
th

ose
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ov
e

is
th

at
w

e
d

o
n

o
t

attem
p

t
to

d
iv

id
e

d
isease

p
rogressio

n
in

to
stages,

w
h

ich
m

igh
t

b
e

artifi
cial

d
istin

ction
s.

E
sp

ecia
lly

in
d

evelop
m

en
tal

d
isord

ers,
a

m
ore
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tin

u
ou

s
p

rog
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m
o
d

el
is

m
ore

n
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ral
as

a
ch

ild
’s

d
ev

elop
m

en
t

is
a
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u
ou
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ev

olv
in

g
p

ro
cess.

In
th

is
sen

se,
p

erh
ap

s
closest

in
sp

irit
to

ou
r

w
ork

is
th

e
w

ork
of

Z
h

ou
et

al.
(2014),

w
h

ich
m

o
d

els
d

isease
p

ro
gression

w
ith

a
m

a
trix

factorization
th

at
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o
oth

in
th

e
tim

e
d

im
en

sion
.

C
h

e
et

al.
(2015)

em
b

ed
each

tim
e

p
oin

t
o
f

a
p

atien
t

in
to

a
laten

t
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ace
u

sin
g

a
d

eep
n

etw
ork

.
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a
d

d
itio

n
to

b
ein

g
a

n
atu

ral
w

ay
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m
o
d
el
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o
oth
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g

d
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r
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o
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n
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m

p
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n
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s
u

s
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d
ata
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w

ell
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d
in
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d
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R
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u
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g

m
u

ltip
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v
isits
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d
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jectories
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e
o
f
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e
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th
a
t
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e
a
m
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n
t
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d
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b
e

u
sed
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coh
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D
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i-V
elez
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al.
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u
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E

H
R

s
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m
th

e
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m
e

h
osp

ital
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u
s

b
u

t
w

ere
lim

ited
to

on
ly

4,9
27

p
atien

ts
w

ith
m

an
y

v
isits

ra
th

er
th

an
th

e
1
3,435

p
atien

ts
w

e
stu

d
y

h
ere

(u
n

like
D

osh
i-V

elez
et

al.
(201

3)
an

d
oth

er
clu

sterin
g-b

ased
stu

d
ies,

w
e

d
o

also
n

ot
rely

on
ad

-h
o
c

p
atien

t
sim

ilarity
fu

n
ction

s
an

d
in

ten
sive

d
ata

p
re-p

ro
cessin

g).
O

th
er

stu
d
ies

th
at

u
se

sm
o
o
th

n
ess

assu
m

p
tion

s
in

sim
ilar

w
ay

s
are

R
o
ss

et
al.

(2014)
an

d
L

i
et

al.
(2012).

L
i

et
al.

(201
2)

d
erive

tra
jecto

ries
an

d
th

en
d

efi
n

e
a
n

H
M

M
from

cross-section
al

d
ata

th
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gh
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p
o
ral

b
o
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m
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o
d

th
at
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n

ects
p
atien

ts
w
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ilar
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res;
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p
roach

h
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n
o

u
n

d
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g

m
o
d
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b

u
t

ra
th

er
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C
r
o
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-C
o
r
p
o
r
a

U
n
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p
e
r
v
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e
d

L
e
a
r
n
in

g
o
f

T
r
a
je

c
t
o
r
ie

s
in

A
u
t
is

m
S
p
e
c
t
r
u
m

D
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o
r
d
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r
s
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es
on

p
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ie
n
t

si
m

il
ar

it
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s
to

b
u

il
d
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a

je
ct

or
ie

s.
R

os
s

et
al

.
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01
4)

d
er

iv
e
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n

g
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p
a
ci
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tr

a
je
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or

ie
s

in
ch

ro
n
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ob
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iv

e
p

u
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ar

y
d
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a
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os
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n
a
l
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h

or
t

u
si

n
g

G
au

ss
ia

n
p

ro
ce
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es
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en
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u

ra
ge

sm
o
ot

h
n

es
s.

D
y
n

a
m

ic
T

o
p

ic
M

o
d

e
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a
n

d
D

y
n

a
m

ic
a
l

S
y
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e
m

s
S

ev
er

al
te
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n

iq
u

es
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t

to
m

o
d
el

th
e

te
m

p
or
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ev

ol
u

ti
on

of
to

p
ic

s.
W

an
g

an
d

M
cC

al
lu

m
(2

00
6)

co
n

si
d

er
th

e
ca

se
in

w
h

ic
h

th
e

p
op

u
la

ri
ty

of
a

to
p

ic
ch

an
ge

s
ov

er
ti

m
e,

b
u

t
ea

ch
to

p
ic

’s
w

or
d

p
ro

p
or

ti
on

s
re

m
ai

n
st

at
io

n
ar

y.
In

co
n
tr

as
t,

d
y
n

am
ic

to
p

ic
m

o
d

el
s

(B
le

i
an

d
L

aff
er

ty
,

20
06

b
;

W
an

g
et

al
.,

2
01

2
)

a
ss

u
m

e
a

to
p

ic
’s

w
or

d
p

ro
p

or
ti

on
s

sm
o
ot

h
ly

ev
ol

ve
ov

er
ti

m
e.

D
y
n
am

ic
to

p
ic

m
o
d

el
s

h
av

e
b

ee
n

ap
p

li
ed

to
ap

p
li

ca
ti

on
s

in
cl

u
d

in
g

d
is

co
ve

ri
n

g
th

em
es

in
re

se
ar

ch
co

m
m

u
n

it
ie

s,
(F

u
ru

ka
w

a
et

al
.,

20
15

),
ev

ol
v
in

g
p
at

te
rn

s
in

so
ft

w
ar

e
p

ro
gr

am
s

(T
h

om
as

et
al

.,
20

14
),

an
d

th
e

a
d

o
p

ti
on

of
ap

p
li

ca
ti

on
s

b
y

sm
ar

t
p

h
on

e
u

se
rs

(C
h
u

a
et

al
.,

20
15

).

T
op

ic
m

o
d

el
s

h
av

e
al

so
b

ee
n

d
ev

el
op

ed
fo

r
m

o
d

el
in

g
m

u
lt

ip
le

co
rp

o
ra

.
W

an
g

et
a
l.

(2
00

9)
m

o
d

el
co

rr
el

at
io

n
s

b
et

w
ee

n
th

e
n

at
u

ra
l
p

ar
am

et
er

s
fo

r
m

u
lt

ip
le

co
rp

or
a

a
s

a
G

a
u

ss
ia

n
ra

n
d

om
fi

el
d

.
P

au
l

(2
00

9)
;

P
au

l
an

d
G

ir
ju

(2
00

9)
;

Z
h

ai
et

al
.

(2
00

4)
m

o
d

el
co

rr
el

a
ti

o
n

s
b

et
w

ee
n

m
u

lt
ip

le
co

rp
or

a
th

ro
u

gh
a

m
ix

tu
re

of
b
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e

an
d
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rp

or
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ec

ifi
c

to
p

ic
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Z
h

a
n

g
et

al
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(2
01

0)
m

o
d

el
th

e
ch

an
gi

n
g

p
op

u
la

ri
ti

es
of

to
p

ic
s
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ro

ss
th

re
e

co
rp

o
ra

—
b

lo
g
s,

n
ew
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an

d
m
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ge
b

oa
rd
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u
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n

g
ev

ol
u

ti
on

ar
y

h
ie

ra
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h
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al
D
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h
le

t
p

ro
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.

T
h

er
e

al
so
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a

re
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te
d
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te

ra
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re
on

m
o
d

el
in

g
te

x
t
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d

y
n
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ic

al
sy

st
em

s.
M

ik
o
lo

v
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2)

m
o
d

el
d
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d
en
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x
t
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a
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en

t
n

eu
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n

et
w

or
k
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B
el

a
n

g
er

a
n

d
K

a
ka

d
e

(2
01
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m

o
d

el
te

x
t
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a

G
au
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n
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r
d
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em
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T

h
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r
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d
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m
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at
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b
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p
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ra
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d

el
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d
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w
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.
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w
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d
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e

re
li

es
on

it
s

ow
n

b
es

p
ok

e,
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p
le

m
en

ta
ti

o
n

-i
n
te

n
si

ve
in

fe
re

n
ce

te
ch

n
iq

u
es

th
at

ar
e

of
te

n
sp

ec
ifi

c
to

th
at

m
o
d

el
.

B
y

u
si

n
g

P
ól

ya
-g

a
m

m
a

a
u

g
m

en
-

ta
ti

on
in

ou
r

in
fe

re
n

ce
,

w
e

ar
e

ab
le

ea
si

ly
ex

p
lo

re
a

va
ri

et
y

of
m

o
d

el
s.

M
or

eo
ve

r,
to

o
u

r
k
n

ow
le

d
ge

,
th

e
ap

p
li

ca
ti

on
of

d
y
n

am
ic

al
sy

st
em

m
o
d

el
s

of
te

x
t

to
ch

ar
ac

te
ri

ze
d

is
ea

se
p

ro
-

gr
es

si
on

is
n

ov
el

.

D
is

e
a
se

M
o
d

e
ls

fr
o
m

S
o
c
ia

l
M

e
d

ia
T

h
er

e
ex

is
ts

a
la

rg
e

b
o
d

y
of

w
or

k
a
n

a
ly

zi
n

g
so

ci
a
l

m
ed

ia
fo

r
in

fo
rm

at
io

n
re

la
te

d
to

d
is

ea
se

s.
C

h
ee

et
al

.
(2

01
1)

u
se

p
er

so
n

a
l

h
ea

lt
h

m
es

sa
g
es

to
p

re
d
ic

t
ad

ve
rs

e
d

ru
g

ev
en

ts
,

w
h

il
e

W
il

so
n

an
d

B
ro

w
n

st
ei

n
(2

00
9)

;
P

a
u

l
et

a
l.

(2
0
1
5)

u
se

so
ci

al
m

ed
ia

fo
r

d
is

ea
se

su
rv

ei
ll

an
ce

.
E

lh
ad

ad
et

al
.

(2
01

4)
;

J
h

a
an

d
E

lh
a
d

ad
(2

0
10

)
ch

ar
ac

te
ri

ze
th

e
li

n
gu

is
ti

c
p

ro
p

er
ti

es
of

on
li

n
e

fo
ru

m
te

x
t

an
d

u
se

it
to

p
re

d
ic

t
th

e
ca

n
ce

r
st

ag
e

of
th

e
p

at
ie

n
t.

C
op

p
er

sm
it

h
et

al
.

(2
01

5)
d

es
cr

ib
e

th
e

ta
sk

of
id

en
ti

fy
in

g
p

a
ti

en
ts

w
it

h
d

ep
re

ss
io

n
an

d
p

os
t-

tr
au

m
at

ic
st

re
ss

d
is

or
d

er
fr

om
th

ei
r

T
w

it
te

r
p

o
st

s.
U

n
li

ke
th

es
e

w
or

k
s,

ou
r

ob
je

ct
iv

e
is

u
n

d
er

st
an

d
in

g
d

is
ea

se
p

h
en

ot
y
p

es
an

d
d

is
ea

se
p

ro
gr

es
si

on
fr

o
m

so
ci

al
m

ed
ia

,
n

ot
p

re
va

le
n

ce
or

d
ia

gn
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.
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E
l
ib

o
l
,

N
g

u
y
e
n
,

L
in

d
e
r
m

a
n
,

J
o
h
n
so

n
,

H
a
sh

m
i,

a
n
d

D
o
sh

i-
V

e
l
e
z

7
.
D
is
cu

ss
io
n

a
n
d

C
o
n
cl
u
si
o
n
s

M
o
d

e
li

n
g

C
h

o
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e
s

U
si

n
g

d
y
n
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p

ic
m

o
d
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s

fo
r

m
o
d

el
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d
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se
p
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n
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er
s
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ra
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n
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o
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d
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a
l
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a
n
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H
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M

-b
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a
p

p
ro

a
ch
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.

W
e

d
o

n
o
t
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q
u

ir
e

p
a
ti

en
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b

el
o
n

g
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a
si

n
g
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u

st
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r

h
ea
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h
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e;
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m
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h
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e
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u

lt
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d
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se
p

ro
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in
g
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n

si
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ov
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m

e,
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d
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se
p
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va
ry
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ra
th

er
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d
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et
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u
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.
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e
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b
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n
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d
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a
l

an
d
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w
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ke
ad

va
n
ta

ge
of

m
u

ch
la

rg
er

co
h

o
rt

s.
U

n
li
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p
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o
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o
c

p
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ie
n
t
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m
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a
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m
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e
re

q
u

ir
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,
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n

d
u

n
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ke
H

M
M

-b
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a
p

p
ro

a
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,

w
e

d
o

n
o
t

n
ee

d
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p
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n
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o
u

t
w

h
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m
ay

h
av

e
h

a
p

p
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p
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in
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e
g
a
p

s
b
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w
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n

v
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it
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n
g
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m
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a
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u

g
m
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s
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a
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y
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d
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o
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es
w
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h
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t

si
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n
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y
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a
n

g
in

g
o
u

r
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fe
re

n
ce

p
ro

ce
d

u
re

:
th

e
st

a
ti

c
L

D
A

,
th

e
D

T
M

,
a
n

d
th

e
cc

D
T

M
al

l
u

se
d

th
e

sa
m

e
u

n
d

er
ly

in
g

G
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b
s

sa
m

p
le

rs
a
n

d
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d
-b

a
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w
ar

d
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d
e
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r

G
a
u

s-
si

a
n

d
is

tr
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u
ti
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s.

It
w

ou
ld

b
e

in
te

re
st

in
g
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ve
st

ig
a
te

ot
h
er

a
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er
n

at
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,

su
ch

a
s

co
rr

el
a
t-

in
g

in
tr

a-
d

o
cu

m
en

t
to

p
ic

p
ro

p
or

ti
on

s
w

it
h

a
P

ó
ly

a
-g

a
m

m
a

ve
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io
n

of
th

e
co

rr
el

a
te

d
to

p
ic

m
o
d

el
(B

le
i

an
d

L
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er
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,
20

0
6a

;
L

in
d

er
m

a
n

et
a
l.

,
2
01

5
)

an
d

co
rr

el
a
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n
g

in
te

r-
d

o
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m
en

t
to

p
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p
ro

p
o
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n

s
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o
m

th
e
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m

e
p

a
ti

en
t

w
it

h
a
n

a
u

th
o
r

to
p
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m

o
d
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(R

os
en

-Z
v
i
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a
l.

,
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n

o
th

er
in
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re

st
in

g
d
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o
n
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r

ex
p

lo
ra

ti
o
n
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h

ow
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e
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m
e

to
p
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p
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d
iff

er
en

t
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rp
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a
.
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r
w

or
k
,

w
e

u
se

d
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e
si

m
p

le
st

ap
p

ro
a
ch

in
w

h
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h
to

p
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s
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r
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rp
u

s
w
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e
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o
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y
p

er
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o
n

s
o
f
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e
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n
t

d
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p
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p
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.

T
h
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a
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p
ro

a
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h
a
d

th
e
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n
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o
f

b
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n
g

a
b
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t
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e
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p
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k
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op
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t

b
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le
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at
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m
a
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C
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u
s
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β
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k
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≡
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t,
k
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)

ψ
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k
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≡
C
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t,
k

u
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k
∼
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k
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1
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B
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T
)
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u

ch
a
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p
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e

p
a
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p
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u
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k

to
h
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e
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u
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en
si
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a
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e
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u
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o
rd

p
a
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m
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s
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-
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r.
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u

ld
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m
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em

a
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c
d
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s
b
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w
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d
o
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en

t
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o
n

s.
F

o
r
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a
m

p
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,
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w
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ld
b

e
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ci
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n
g

to
in

co
rp

o
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te
g
en

er
a
l

te
rm

s
fr

o
m

so
ci

a
l

m
ed

ia
th

a
t

ar
e

n
o
t

d
is

ea
se

s
or

sy
n

d
ro

m
es

.
H

ow
ev

er
,

th
e

st
a
ti

st
ic

s
u
t,
k

w
o
u

ld
b

e
m

u
ch

h
a
rd

er
to

in
te

rp
re

t;
w

e
ch

o
se

ou
r

si
m

p
le

r
m

o
d

el
b

ec
a
u

se
u
t,
k

ca
n

re
a
d

il
y

b
e

in
te

rp
re

te
d
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th

e
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y
te

rm
s

o
f

th
e

d
is

ea
se

p
ro

ce
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k
.

T
o

cr
ea

te
in

te
rp

re
ta

b
le

re
d

u
ce

d
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a
n

k
m

o
d

el
s,

o
n

e
a
p

p
ro

a
ch

m
ig

h
t

b
e

to
re

q
u

ir
e

th
a
t

th
e

em
is

si
on

m
a
tr

ix
C
l

re
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ec
t

so
m

e
cl

in
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ia
n

-i
n
te

rp
re

ta
b
le

on
to

lo
g
y,
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w
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d

o
n

e
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r
st

at
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to
p

ic
m

o
d
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s
in

D
o
sh
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el
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.
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0
1
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).

W
h
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e

P
ó
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m
m

a
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g
m

en
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a
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s
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r
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e
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p
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ra
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o
f

m
a
n
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g
m

o
d
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e
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e
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m
e
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p
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e
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n
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a
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m
u
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b

e
tr
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d
w
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.
O

u
r

a
p

p
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o
n

h
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a
m

u
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h
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h
er

d
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en
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on
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y
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e

w
o
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o
f
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d
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a
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.
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d
n
u

m
er
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er
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a
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u
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u
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g
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e
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k
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a
k
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g
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n
st
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O
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b
u
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b
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e

p
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va
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n
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h
a
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a
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a
n

ce
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d
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m
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at
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n
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a
p

p
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a
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o
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h
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h
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o
n

a
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a
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m

a
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s
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re
st
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g

a
n
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o
p
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q
u
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.
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u

r
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m
p
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w
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a
ls

o
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d
;
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o
u
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b
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g
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e

w
h
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h
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p
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s
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e
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o
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o
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b
e
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a
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C
r
o
ss-C

o
r
p
o
r
a

U
n
su

p
e
r
v
ise

d
L

e
a
r
n
in

g
o
f

T
r
a
je

c
t
o
r
ie

s
in

A
u
t
ism

S
p
e
c
t
r
u
m

D
iso

r
d
e
r
s

faster-m
ix

in
g

in
feren

ce.
A

s
a
n

altern
ative

in
feren

ce
stra

teg
y,

b
la

ck
-b

ox
va

ria
tio

n
a
l
in

feren
ce

(B
B

V
I)

(R
a
n

g
an

ath
et

a
l.,

20
1
4)

m
ay

o
ff

er
co

n
ven

ien
t

w
ay

s
to

w
o
rk

w
ith

su
ch

n
on

-co
n

ju
g
ate

m
o
d

els.

C
lin

ic
a
l

R
e
le

v
a
n

c
e
:

A
u

tism
S

p
e
c
tru

m
D

iso
rd

e
rs

C
lin

ica
l

m
an

ifesta
tion

s
o
f

a
u

tism
sp

ectru
m

d
isord

ers
(A

S
D

)
b

ey
on

d
th

e
co

re
D

S
M

criteria
h

ave
b

een
g
a
in

in
g

in
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g
a
t-

ten
tio

n
in

recen
t

y
ears

(M
in

g
et

a
l.,

20
08

;
B

a
u

m
a
n

,
2
0
1
0
;
C

o
u

ry
,
2
0
10

;
S

m
ith

,
1
9
81

;
K

o
h

a
n

e
et

al.,
2
01

2
).

P
rior

w
o
rk

in
clu

sterin
g

p
h

en
o
ty

p
es

in
A

S
D

h
a
s

larg
ely

relied
o
n

su
rvey

s
an

d
d

iag
n

o
stic

tests.
M

iles
et

a
l.

(2
00

5
)

d
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e

A
S

D
in

to
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o
clu
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“
essen

tial”
a
n

d
“
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m
-

p
lex

”
b
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o
n
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e

m
an
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o
f
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ca
n
t

d
y
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o
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h
o
lo

g
y

o
r

m
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h
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T

h
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n

d
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a
t

p
a
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w

ith
“
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m
p
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”

A
S

D
s

h
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p
o
o
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o
u
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d
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g
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a
n

d
m

o
re

seizu
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2
)
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n

d
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a
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n
g

d
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w

h
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L
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e
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a
l.

(2
0
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)
d
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p
ro
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g
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b
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p

es.
O

th
er

stu
d
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n
d

clu
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a
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g
cog

n
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n
g
u
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a
n

d
b
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l
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(W
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g
a
n

d
G

o
u
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,

1
9
7
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B
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-S
a
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n
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a
l.,

2
0
0
8
;

B
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a
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2
0
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;
H

u
a
n

d
S

tein
b
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,

2
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9
).

S
a
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a
l.
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0
1
2)
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n

d
p
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a
m

o
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g
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o
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p

m
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a
s

w
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a
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b
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=
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b
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b
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b
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e

fo
llow

in
g

q
u

an
tities:

k
1
1 ,

th
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p
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b
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∑
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∑
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b
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∑

j
b
2j −

2 ∑
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0
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=
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b
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∑
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b
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b
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p
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p
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d
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b
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b
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H
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H

(U
)

+
H

(V
)−

H
(U
,V

)
(3)

O
n

co
n
tin

g
en

cy
ta

b
les,

M
I

is
lin

early
related

to
G

-statistics
u

sed
for

likelih
o
o
d

-ratio
tests:

G
=

2
N

M
I.
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m
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=
H
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H
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00
6)

,
u

si
n

g
th

e
fa

ct
th

at
q
>

1
im

p
li

es
H
q
(U

)
≥
H
q
(U
|V

),
it

is
sh

ow
n

th
a
t

n
on

-n
eg

at
iv

e
M

I
ca

n
b

e
n

at
u

ra
ll

y
ge

n
er

al
iz

ed
w

it
h
q-

en
tr

op
y

w
h

en
q
>

1:

M
I q

(U
,V

)
,
H
q
(U

)
−
H
q
(U
|V

)
=
H
q
(V

)
−
H
q
(V
|U

)
=
H
q
(U

)
+
H
q
(V

)
−
H
q
(U
,V

)
(6

)

H
ow

ev
er

,
q

va
lu

es
sm

al
le

r
th

an
1

ar
e

al
lo

w
ed

if
th

e
as

su
m

p
ti

on
th

at
M

I q
(U
,V

)
is

a
lw

ay
s

p
os

it
iv

e
ca

n
b

e
d

ro
p

p
ed

.
In

ad
d

it
io

n
,

ge
n

er
al

iz
ed

IT
m

ea
su

re
s

ca
n

b
e

u
se

d
to

d
efi

n
e

th
e

ge
n

er
al

iz
ed

V
ar

ia
ti

on
of

In
fo

rm
at

io
n

d
is

ta
n

ce
(V

I q
)

w
h

ic
h

te
n

d
s

to
V

I
in

E
q
.

(4
)

w
h

en
q
→

1:

V
I q

(U
,V

)
,
H
q
(U
|V

)+
H
q
(V
|U

)
=

2H
q
(U
,V

)−
H
q
(U

)−
H
q
(V

)
=
H
q
(U

)+
H
q
(V

)−
2
M

I q
(U
,V

)
(7

)
In

S
im

ov
ic

i
(2

00
7)

it
w

as
sh

ow
n

th
at

V
I q

is
a

p
ro

p
er

m
et

ri
c

an
d

in
te

re
st

in
g

li
n

k
s

w
er

e
id

en
ti

fi
ed

b
et

w
ee

n
m

ea
su

re
s

fo
r

co
m

p
ar

in
g

p
ar

ti
ti

on
s
U

an
d
V

.
W

e
st

a
te

th
es

e
li

n
k
s

in
P

ro
p

os
it

io
n

1
gi

ve
n

th
at

th
ey

se
t

th
e

fu
n

d
am

en
ta

l
m

ot
iv

at
io

n
of

ou
r

p
ap

er
:

P
ro

p
o
si

ti
o
n

1
(S

im
o
vi

ci
,

2
0
0
7
)

W
h
en

q
=

2
th

e
ge

n
er

a
li

ze
d

va
ri

a
ti

o
n

o
f

in
fo

rm
a
ti

o
n

,
th

e
M

ir
ki

n
in

d
ex

,
a
n

d
th

e
R

a
n

d
in

d
ex

a
re

li
n

ea
rl

y
re

la
te

d
:

V
I 2

(U
,V

)
=

1 N
2
M

K
(U
,V

)
=

N
−

1
N

(1
−

R
I(
U
,V

))
.

G
en

er
al

iz
ed

IT
m

ea
su

re
s

ar
e

n
ot

on
ly

a
ge

n
er

al
iz

at
io

n
of

IT
m

ea
su

re
s

in
th

e
S

h
a
n

n
o
n

se
n

se
b

u
t

al
so

a
ge

n
er

al
iz

at
io

n
of

p
ai

r-
co

u
n
ti

n
g

m
ea

su
re

s
fo

r
p

ar
ti

cu
la

r
va

lu
es

o
f
q.

N
ot

e
th

at
in

li
te

ra
tu

re
th

er
e

ex
is

t
an

ot
h

er
w

el
l
k
n

ow
ge

n
er

al
iz

at
io

n
of

en
tr

op
y
:

th
e

R
en

y
i
en

tr
o
p
y

(R
en

y
i,
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R
o
m

a
n
o
,

V
in

h
,

B
a
il

e
y
,

a
n
d

V
e
r
sp

o
o
r

1
96

1)
.

T
h

is
en

tr
op

y
is

a
ga

in
p

a
ra

m
et

ri
ze

d
o
n

a
re

a
l

n
u

m
b

er
q

an
d

is
d

efi
n

ed
a
s

fo
ll

ow
s:

R
q
(V

)
,

1
1
−
q

ln
( ∑

j

( b
j N

) q
) .

B
ec

a
u

se
o
f
th

e
u

se
o
f
th

e
lo

ga
ri

th
m

fo
r

a
n
y

va
lu

e
of
q,

th
e

R
en

y
i

en
tr

op
y

d
o
es

en
ab

le
th

e
g
en

er
al

iz
a
ti

on
o
f

p
ai

r-
co

u
n
ti

n
g

m
ea

su
re

s
w

h
en

q
=

2
.

T
h

er
ef

o
re

,
in

th
is

p
a
p

er
w

e
m

a
ke

u
se

of
ge

n
er

a
li
ze

d
IT

m
ea

su
re

s
b

as
ed

o
n

th
e

T
sa

ll
is

en
tr

o
p
y.

2
.2

N
o
rm

a
li

z
e
d

G
e
n

e
ra

li
z
e
d

IT
M

e
a
su

re
s

T
o

al
lo

w
a

m
o
re

in
te

rp
re

ta
b

le
ra

n
g
e

o
f

va
ri

a
ti

on
,

a
cl

u
st

er
in

g
si

m
il

ar
it

y
m

ea
su

re
sh

o
u

ld
b

e
n

o
rm

al
iz

ed
:

it
sh

o
u

ld
a
ch

ie
ve

it
s

m
a
x
im

u
m

a
t

1
w

h
en

U
=
V

.
A

n
u

p
p

er
b

o
u

n
d

to
th

e
g
en

er
al

iz
ed

m
u

tu
al

in
fo

rm
at

io
n

M
I q

is
u

se
d

to
ob

ta
in

ed
a

n
o
rm

a
li

ze
d

m
ea

su
re

.
M

I q
ca

n
ta

ke
d

iff
er

en
t

p
os

si
b

le
u

p
p

er
b

o
u

n
d

s
(F

u
ru

ic
h

i,
2
0
0
6)

.
H

er
e,

w
e

ch
o
os

e
to

d
er

iv
e

a
n

o
th

er
p

os
si

b
le

u
p

p
er

b
o
u

n
d

u
si

n
g

E
q
.

(7
)

w
h

en
w

e
u
se

th
e

m
in

im
u

m
va

lu
e

o
f

V
I q

=
0
:

m
ax

M
I q

=
1 2
(H

q
(U

)
+
H
q
(V

))
.

T
h

is
u

p
p

er
b

ou
n

d
is

va
li

d
fo

r
a
n
y
q
∈

R
+
−
{1
}

a
n

d
a
ll

ow
s

u
s

to
li

n
k

d
iff

er
en

t
ex

is
ti

n
g

m
ea

su
re

s
a
s

w
e

w
il

l
sh

ow
in

th
e

n
ex

t
se

ct
io

n
s

o
f

th
e

p
ap

er
.

T
h

e
N

or
m

a
li

ze
d

M
u

tu
al

In
fo

rm
a
ti

o
n

w
it

h
q-

en
tr

o
p
y

(N
M

I q
)

is
d

efi
n

ed
a
s

fo
ll

ow
s:

N
M

I q
(U
,V

)
,

M
I q

(U
,V

)

m
ax

M
I q

(U
,V

)
=

M
I q

(U
,V

)
1 2

( H
q
(U

)
+
H
q
(V

))
=
H
q
(U

)
+
H
q
(V

)
−
H
q
(U
,V

)
1 2

( H
q
(U

)
+
H
q
(V

))
(8

)

E
ve

n
if

N
M

I q
(U
,V

)
ac

h
ie

v
es

it
s

m
a
x
im

u
m

1
w

h
en

th
e

p
a
rt

it
io

n
s
U

an
d
V

a
re

id
en

ti
ca

l,
N

M
I q

(U
,V

)
is

n
o
t

a
su

it
a
b

le
cl

u
st

er
in

g
co

m
p

a
ri

so
n

m
ea

su
re

.
In

d
ee

d
,

it
d

o
es

n
o
t

sh
ow

co
n

st
an

t
b

as
el

in
e

va
lu

e
eq

u
al

to
0

w
h

en
p

a
rt

it
io

n
s

a
re

ra
n

d
o
m

.
W

e
ex

p
lo

re
th

is
th

ro
u

g
h

an
ex

p
er

im
en

t.
G

iv
en

a
d

a
ta

se
t

o
f
N

=
10

0
o
b

je
ct

s,
w

e
ra

n
d

o
m

ly
ge

n
er

a
te

u
n

if
o
rm

p
a
rt

it
io

n
s

U
w

it
h
r

=
2,

4
,6
,8
,1

0
se

ts
a
n

d
V

w
it

h
c

=
6

se
ts

in
d
ep

en
d
en

tl
y

of
ea

ch
o
th

er
s.

T
h

e
av

er
a
ge

va
lu

e
of

N
M

I q
ov

er
1
,0

00
si

m
u

la
ti

o
n

s
fo

r
d

iff
er

en
t

va
lu

es
o
f
q

is
sh

ow
n

in
F

ig
u

re
2
.

It
is

re
a
so

n
a
b

le
to

ex
p

ec
t

th
a
t

w
h

en
th

e
p

a
rt

it
io

n
s

a
re

in
d

ep
en

d
en

t,
th

e
av

er
a
g
e

va
lu

e
of

N
M

I q
is

co
n

st
an

t
ir

re
sp

ec
ti

ve
ly

o
f

th
e

n
u

m
b

er
o
f

se
ts
r

o
f

th
e

p
a
rt

it
io

n
U

.
T

h
is

is
n

ot
th

e
ca

se
.

T
h

is
b

eh
av

io
r

is
u

n
in

tu
it

iv
e

an
d

m
is

le
ad

in
g

w
h

en
co

m
p

a
ri

n
g

p
a
rt

it
io

n
s.

C
o
m

p
u

ti
n

g
th

e

2
3

4
5

6
7

8
9

10

N
u
m

b
er

of
se

ts
r

in
U

-0
.50

0.
51

NMIq

q
=

0.
9

q
=

1.
2

q
=

2

F
ig

u
re

2:
T

h
e

b
as

el
in

e
va

lu
e

o
f

N
M

I q
(U
,V

)
b

et
w

ee
n

in
d

ep
en

d
en

t
ra

n
d

om
p

a
rt

it
io

n
s
U

an
d

V
.

D
es

p
it

e
th

e
p

a
rt

it
io

n
s

a
re

ra
n

d
om

,
th

e
b

as
el

in
e

o
f

N
M

I q
is

n
o
t

co
n

st
a
n
t

a
n

d
d

ep
en

d
s

o
n

th
e

n
u

m
b

er
o
f

se
ts

o
f

th
e

p
a
rt

it
io

n
s.

an
al

y
ti

ca
l

ex
p

ec
te

d
va

lu
e

o
f

g
en

er
a
li

ze
d

IT
m

ea
su

re
s

u
n

d
er

th
e

n
u

ll
h
y
p

ot
h

es
is

of
ra

n
d

o
m

an
d

in
d

ep
en

d
en

t
U

a
n

d
V

is
im

p
o
rt

a
n
t;

it
ca

n
b

e
su

b
tr

ac
te

d
fr

o
m

th
e

m
ea

su
re

it
se

lf
to

ad
ju

st
it

s
b

as
el

in
e

fo
r

ch
an

ce
su

ch
th

at
th

e
re

su
lt

is
0

w
h

en
U

an
d
V

a
re

ra
n

d
om

.
G
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A
d
ju

st
in

g
f
o
r

C
h
a
n
c
e

C
l
u
st

e
r
in

g
C

o
m

pa
r
iso

n
M

e
a
su

r
e
s

P
rop

o
sitio

n
1
,

th
is

stra
tegy

also
a
llow

s
u

s
to

g
en

era
lize

a
d

ju
sted

fo
r

ch
a
n

ce
p

a
ir-co

u
n
tin

g
a
n

d
S

h
a
n

n
o
n

IT
m

ea
su

res.

3
.
B
a
se
lin

e
A
d
ju
stm

e
n
t

In
o
rd

er
to

ad
ju

st
th

e
b

a
selin

e
of

a
sim

ilarity
m

ea
su

re
S

(U
,V

),
w

e
h
ave

to
co

m
p

u
te

its
ex

p
ected

valu
e

u
n

d
er

th
e

n
u

ll
h
y
p

o
th

esis
o
f

in
d

ep
en

d
en

t
ra

n
d

o
m

p
a
rtition

s
U

a
n

d
V

.
W

e
a
d

o
p

t
th

e
a
ssu

m
p

tio
n

of
ra

n
d

om
n

ess
u

sed
to

a
d

ju
st

R
I

(H
u

b
ert

a
n

d
A

rab
ie,

19
8
5
)

a
n

d
th

e
S

h
a
n

n
o
n

M
I

(V
in

h
et

al.,
2
0
09

).
T

h
is

is
fo

rm
alized

a
s

follow
s:

D
e
fi

n
itio

n
1

(R
a
n

d
o
m

p
a
rtitio

n
s)

T
h
e

pa
rtitio

n
s
U

a
n

d
V

a
re

gen
era

ted
in

d
epen

d
en

tly
a
n

d
a
t

ra
n

d
o

m
fi

xin
g

th
e

n
u

m
ber

o
f

o
bjects

N
a
n

d
th

e
m

a
rgin

a
ls
a
i

a
n

d
b
j .

T
h

is
is

also
d

en
o
ted

as
th

e
p

erm
u

ta
tion

o
r

th
e

h
y
p

erg
eo

m
etric

m
o
d

el
o
f

ra
n

d
o
m

n
ess.

W
e

a
re

ab
le

to
co

m
p

u
te

th
e

ex
a
ct

ex
p

ected
va

lu
e

fo
r

a
sim

ila
rity

m
ea

su
re

in
th

e
fa

m
ily
L
φ
:

D
e
fi

n
itio

n
2

L
et
L
φ

be
th

e
fa

m
ily

o
f

sim
ila

rity
m

ea
su

res
S

(U
,V

)
=
α

+
β
∑

ij
φ
ij (n

ij )
w

h
ere

α
a
n

d
β

d
o

n
o
t

d
epen

d
o
n

th
e

en
tries

n
ij

o
f

th
e

co
n

tin
gen

cy
ta

ble
M

a
n

d
φ
ij (·)

a
re

bo
u

n
d
ed

rea
l

fu
n

ctio
n

s.

In
tu

itively,L
φ

rep
resen

ts
th

e
cla

ss
of

m
ea

su
res

th
a
t

ca
n

b
e

w
ritten

a
s

a
lin

ea
r

co
m

b
in

a
tion

o
f
φ
ij (n

ij ).
A

m
ea

su
re

b
etw

een
p

a
rtitio

n
s

u
n

iq
u

ely
d

eterm
in

es
α

,
β

,
a
n

d
φ
ij .

H
ow

ever,
n

o
t

every
ch

o
ice

o
f
α

,
β

,
a
n

d
φ
ij

y
ield

s
a

m
ea

n
in

g
fu

l
sim

ila
rity

m
easu

re.L
φ

is
a

su
p

erset
o
f

th
e

setL
d

efi
n

ed
in

A
lb

a
tin

eh
et

a
l.

(2
00

6)
a
s

th
e

fa
m

ily
of

m
ea

su
res

S
(U
,V

)
=
α

+
β
∑

ij
n

2ij ,

i.e.
S
∈
L

a
re

sp
ecial

ca
ses

of
m

ea
su

res
in
L
φ

w
ith

φ
ij (·)

=
(·)

2.
F

ig
u

re
1

sh
ow

s
a

d
ia

g
ra

m
o
f

th
e

sim
ilarity

m
ea

su
res

d
iscu

ssed
in

S
ectio

n
2.1

an
d

th
eir

rela
tio

n
sh

ip
s.

L
e
m

m
a

1
If
S

(U
,V

)∈
L
φ
,

w
h
en

pa
rtitio

n
s
U

a
n

d
V

a
re

ra
n

d
o
m

:

E
[S

(U
,V

)]
=
α

+
β
∑

ij

E
[φ
ij (n

ij )]
w

h
ere

E
[φ
ij (n

ij )]
is

(9)

m
in{

a
i ,b
j }

∑

n
ij =

m
a
x{

0
,a
i +
b
j −
N
}
φ
ij (n

ij )
a
i !b

j !(N
−
a
i )!(N

−
b
j )!

N
!n
ij !(a

i −
n
ij )!(b

j −
n
ij )!(N

−
a
i −

b
j

+
n
ij )!

(1
0)

L
em

m
a

1
ex

ten
d

s
th

e
resu

lts
in

A
lb

a
tin

eh
a
n

d
N

iew
ia

d
om

ska
-B

u
g
a

j
(20

1
1
)

sh
ow

in
g

ex
a
ct

com
p

u
tatio

n
o
f

th
e

ex
p

ected
va

lu
e

o
f

m
ea

su
res

in
th

e
fa

m
ily
L

.
G

iv
en

th
a
t

g
en

era
lized

IT
m

ea
su

res
b

elo
n

g
in
L
φ

w
e

can
em

p
loy

th
is

resu
lt

to
ad

ju
st

th
em

.

3
.1

B
a
se

lin
e

A
d

ju
stm

e
n
t

fo
r

G
e
n

e
ra

liz
e
d

IT
m

e
a
su

re
s

U
sin

g
L

em
m

a
1

it
is

p
o
ssib

le
to

com
p

u
te

th
e

ex
a
ct

ex
p

ected
va

lu
e

o
f
H
q (U

,V
),

V
Iq (U

,V
)

a
n

d
M

Iq (U
,V

):

T
h

e
o
re

m
1

W
h
en

th
e

pa
rtitio

n
s
U

a
n

d
V

a
re

ra
n

d
o
m

:

i)
E

[H
q (U

,V
)]

=
1
q−

1 (
1−

1N
q ∑

ij
E

[n
qij ] )

w
ith

E
[n
qij ]

fro
m

E
q.

(1
0
)

w
ith

φ
ij (n

ij )
=
n
qij ;

ii)
E

[M
Iq (U

,V
)]

=
H
q (U

)
+
H
q (V

)−
E

[H
q (U

,V
)];
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R
o
m

a
n
o
,

V
in

h
,

B
a
il

e
y
,

a
n
d

V
e
r
sp

o
o
r

iii)
E

[V
Iq (U

,V
)]

=
2E

[H
q (U

,V
)]−

H
q (U

)−
H
q (V

).

It
is

w
o
rth

n
o
tin

g
th

at
th

is
ap

p
roach

is
valid

for
an

y
q
∈

R
+
−
{
1}

.
W

e
can

u
se

th
ese

ex
p

ected
va

lu
es

to
ad

ju
st

for
b

aselin
e

gen
eralized

IT
m

easu
res.

W
e

u
se

th
e

m
eth

o
d

p
rop

osed
in

H
u

b
ert

an
d

A
rab

ie
(1985)

to
ad

ju
st

sim
ilarity

m
easu

res,
su

ch
as

M
Iq ,

an
d

d
istan

ce
m

easu
res,

su
ch

as
V

Iq :

A
M

Iq ,
M

Iq −
E

[M
Iq ]

m
ax

M
Iq −

E
[M

Iq ]
A

V
Iq ,

E
[V

Iq ]−
V

Iq
E

[V
Iq ]−

m
in

V
Iq

(11)

V
Iq

is
a

d
istan

ce
m

easu
re,

th
u

s
m

in
V

Iq
=

0.
F

or
M

Iq
w

e
u

se
th

e
u

p
p

er
b

ou
n

d
m

ax
M

Iq
=

12 (H
q (U

)
+
H
q (V

) )
as

for
N

M
Iq

in
E

q
.

(8).
A

n
ex

h
au

stive
list

of
ad

ju
sted

version
s

of
S

h
an

n
o
n

M
I

can
b

e
fou

n
d

in
V

in
h

et
al.

(2
010),

w
h

en
th

e
u

p
p

er
b

ou
n

d
12 (H

q (U
)

+
H
q (V

))
is

u
sed

th
e

a
u

th
ors

n
am

ed
th

e
ad

ju
sted

M
I

as
A

M
Isu

m
.

It
is

im
p

o
rtan

t
to

n
ote

th
at

th
is

ty
p

e
of

ad
ju

stm
en

t
tu

rn
s

d
istan

ce
m

easu
res

in
to

sim
i-

larity
m

easu
res,

i.e.,
A

V
Iq

is
a

sim
ilarity

m
easu

re.
It

is
also

p
ossib

le
to

m
ain

tain
b

oth
th

e
d

ista
n

ce
p

rop
erties

an
d

th
e

b
aselin

e
ad

ju
stm

en
t

u
sin

g
N

V
Iq

,
V

Iq /E
[V

Iq ]
w

h
ich

can
b

e
seen

as
a

n
o
rm

alization
of

V
Iq

w
ith

th
e

sto
ch

astic
u

p
p

er
b

ou
n

d
E

[V
Iq ]

(V
in

h
et

al.,
2009).

It
is

also
ea

sy
to

see
th

at
A

V
Iq

=
1−

N
V

Iq .
T

h
e

ad
ju

stm
en

ts
in

E
q
.

(11)
also

en
ab

le
th

e
m

ea
su

res
to

b
e

n
o
rm

alized
.

A
M

Iq
an

d
A

V
Iq

ach
ieve

th
eir

m
a
x
im

u
m

at
1

w
h

en
U

=
V

an
d

th
eir

m
in

im
u

m
is

0
w

h
en

U
an

d
V

are
ran

d
om

p
artition

s.
A

ccord
in

g
to

th
e

ch
osen

u
p

p
er

b
ou

n
d

for
M

Iq ,
w

e
ob

tain
th

e
n

ice
a
n

aly
tical

fo
rm

sh
ow

n
in

T
h

eorem
2.

O
u

r
ad

ju
sted

m
easu

res
q
u

an
tify

th
e

d
iscrep

an
cy

b
etw

een
th

e
valu

es
of

th
e

actu
al

co
n
tin

gen
cy

tab
le

an
d

th
eir

ex
p

ected
valu

e
in

relation
to

th
e

m
ax

im
u

m
d

iscrep
an

cy
p

ossib
le,

i.e.
th

e
d

en
om

in
ator

in
E

q
.

(12).
It

is
also

easy
to

see
th

at
all

m
easu

res
in
L
φ

resem
b

le
th

is
form

w
h

en
ad

ju
sted

.

T
h

e
o
re

m
2

U
sin

g
E

[n
qij ]

in
E

q.
(10)

w
ith

φ
ij (n

ij )
=
n
qij ,

th
e

a
d
ju

stm
en

ts
fo

r
ch

a
n

ce
fo

r
M

Iq (U
,V

)
a
n

d
V

Iq (U
,V

)
a
re:

A
M

Iq (U
,V

)
=

A
V

Iq (U
,V

)
=

∑
ij
n
qij −

∑
ij
E

[n
qij ]

12 (∑
i a
qi

+
∑

j
b
qj )
−
∑

ij
E

[n
qij ]

(12)

F
rom

n
ow

o
n

w
e

on
ly

d
iscu

ss
A

M
Iq ,

giv
en

th
at

it
is

id
en

tical
to

A
V

Iq .
T

h
ere

are
n

otab
le

sp
ecial

cases
for

ou
r

p
rop

osed
ad

ju
sted

gen
eralized

IT
m

easu
res.

In
p

articu
lar,

th
e

A
d

ju
sted

R
a
n

d
In

d
ex

(A
R

I)
(H

u
b

ert
an

d
A

rab
ie,

1985)
is

eq
u

al
to

A
M

I2 .
A

R
I

is
a

classic
m

easu
re,

h
eav

ily
u

sed
fo

r
valid

ation
in

so
cial

scien
ces

an
d

th
e

m
ost

p
op

u
lar

clu
sterin

g
valid

ity
in

d
ex

.

C
o
ro

lla
ry

1
It

h
o
ld

s
tru

e
th

a
t:

i)
lim

q→
1

A
M

Iq
=

lim
q→

1
A

V
Iq

=
A

M
I

=
A

V
I

w
ith

S
h
a
n

n
o
n

en
tro

p
y;

ii)
A

M
I2

=
A

V
I2

=
A

R
I.

T
h

erefo
re,

u
sin

g
th

e
p

erm
u

tation
m

o
d

el
w

e
can

p
erform

b
aselin

e
ad

ju
stm

en
t

to
gen

era
lized

IT
m

easu
res.

O
u

r
gen

eralized
ad

ju
sted

IT
m

easu
res

are
a

fu
rth

er
gen

eralization
of

p
a
rtic-

u
lar

w
ell

k
n

ow
n

a
d
ju

sted
m

easu
res

su
ch

as
A

M
I

an
d

A
R

I.
It

is
w

o
rth

n
o
tin

g,
th

at
A

R
I

is
eq

u
ivalen

t
to

oth
er

k
n

ow
n

m
easu

res
for

com
p
arin

g
p

artition
s

(A
lb

a
tin

eh
et

al.,
2006).
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A
d
ju

st
in

g
f
o
r

C
h
a
n
c
e

C
l
u
st

e
r
in

g
C

o
m

pa
r
is

o
n

M
e
a
su

r
e
s

F
u

rt
h

er
m

or
e,

th
er

e
is

al
so

a
st

ro
n

g
co

n
n

ec
ti

on
b

et
w

ee
n

A
R

I
an

d
C

oh
en

’s
κ

st
a
ti

st
ic

s
u

se
d

to
q
u

an
ti

fy
in

te
r-

ra
te

r
ag

re
em

en
t

(W
ar

re
n

s,
20

08
).

A
s

fi
n

al
re

m
ar

k
,

w
e

p
o
in

t
o
u

t
th

at
ou

r
b

as
el

in
e

ad
ju

st
m

en
ts

ca
n

al
so

b
e

se
en

as
st

at
is

ti
ca

l
co

rr
ec

ti
on

s
fo

r
ge

n
er

a
li

ze
d

in
fo

rm
a
-

ti
on

th
eo

re
ti

c
m

ea
su

re
s.

It
is

in
d

ee
d

w
el

l
k
n

ow
n

th
at

in
fo

rm
at

io
n

th
eo

re
ti

c
m

ea
su

re
s

a
re

se
ve

re
ly

b
ia

se
d

w
h

en
p

lu
g-

in
es

ti
m

at
or

s
ar

e
u

se
d

,
an

d
m

an
y

h
av

e
w

or
ke

d
o
n

co
rr

ec
ti

n
g

th
is

b
ia

s
fo

r
d

ec
ad

es
:

th
er

e
ex

is
t

in
li

te
ra

tu
re

fr
eq

u
en

ti
st

ap
p

ro
ac

h
es

(P
an

in
sk

i,
2
00

3
)

a
s

w
el

l
as

B
ay

es
ia

n
ap

p
ro

ac
h

es
(A

rc
h

er
et

al
.,

20
13

;
C

er
q
u

et
ti

,
2
01

4)
to

re
d

u
ce

b
ia

s.
In

th
is

se
ct

io
n

,
w

e
d

is
cu

ss
ed

an
ad

ju
st

m
en

t
to

ob
ta

in
ex

ac
t

b
ia

s
co

rr
ec

ti
on

in
p

ar
ti

cu
la

r
w

h
en
U

a
n

d
V

ar
e

in
d

ep
en

d
en

t.

C
o
m

p
u

ta
ti

o
n

a
l

c
o
m

p
le

x
it

y
:

T
h

e
co

m
p
u

ta
ti

on
al

co
m

p
le

x
it

y
of

A
M

I q
in

E
q
.

(1
2)

is
d

om
in

at
ed

b
y

th
e

co
m

p
u

ta
ti

on
of

th
e

su
m

of
th

e
ex

p
ec

te
d

va
lu

e
of

ea
ch

ce
ll

.

P
ro

p
o
si

ti
o
n

2
T

h
e

co
m

p
u

ta
ti

o
n

a
l

co
m

p
le

xi
ty

o
f

A
M

I q
is
O

(N
·m

ax
{r
,c
})

.

If
al

l
th

e
p

os
si

b
le

co
n
ti

n
ge

n
cy

ta
b

le
s
M

ob
ta

in
ed

b
y

p
er

m
u
ta

ti
on

s
w

er
e

g
en

er
a
te

d
,

th
e

co
m

p
u

ta
ti

on
al

co
m

p
le

x
it

y
of

th
e

ex
ac

t
ex

p
ec

te
d

va
lu

e
w

ou
ld

b
e
O

(N
!)

.
H

ow
ev

er
,

th
is

ca
n

b
e

d
ra

m
at

ic
al

ly
re

d
u

ce
d

u
si

n
g

p
ro

p
er

ti
es

of
th

e
ex

p
ec

te
d

va
lu

e.

3
.2

E
x
p

e
ri

m
e
n
ts

o
n

M
e
a
su

re
B

a
se

li
n

e

H
er

e
w

e
sh

ow
th

at
ou

r
ad

ju
st

ed
ge

n
er

al
iz

ed
IT

m
ea

su
re

s
h

av
e

a
b

as
el

in
e

va
lu

e
of

0
w

h
en

co
m

p
ar

in
g

ra
n

d
om

p
ar

ti
ti

on
s
U

an
d
V

.
In

F
ig

u
re

3
w

e
sh

ow
th

e
b

eh
av

io
r

o
f
A

M
I q

,
A

R
I,

a
n

d
A

M
I

on
th

e
sa

m
e

ex
p

er
im

en
t

p
ro

p
os

ed
in

S
ec

ti
on

2.
2.

T
h

ey
ar

e
al

l
cl

os
e

to
0

w
it

h
n

eg
li

g
ib

le
va

ri
at

io
n

w
h

en
th

e
p

ar
ti

ti
on

s
ar

e
ra

n
d

om
an

d
in

d
ep

en
d
en

t.
M

or
eo

v
er

,
it

is
in

te
re

st
in

g
to

se
e

th
e

eq
u

iv
al

en
ce

of
A

M
I 2

an
d

A
R

I.
O

n
th

e
ot

h
er

h
an

d
,

th
e

eq
u

iv
al

en
ce

o
f

A
M

I q
a
n

d
A

M
I

w
it

h
S

h
an

n
on

en
tr

op
y

is
ob

ta
in

ed
on

ly
at

th
e

li
m

it
q
→

1.

2
3

4
5

6
7

8
9

10

N
u
m

b
er

of
se

ts
r

in
U

-505

AMIq

#
10

-3

q
=

0.
9

q
=

1.
2

q
=

2

A
R

I

A
M

I

F
ig

u
re

3:
B

as
el

in
e

va
lu

e
of

ad
ju

st
ed

cl
u

st
er

in
g

co
m

p
ar

is
on

m
ea

su
re

s
b

et
w

ee
n

tw
o

ra
n

d
o
m

p
ar

ti
ti

on
s.

W
h

en
va

ry
in

g
th

e
n
u

m
b

er
of

se
ts

fo
r

th
e

ra
n

d
om

p
a
rt

it
io

n
U

,
th

e
va

lu
e

of
A

M
I q

(U
,V

)
is

al
w

ay
s

ve
ry

cl
os

e
to

0
w

it
h

n
eg

li
gi

b
le

va
ri

a
ti

o
n

fo
r

a
n
y
q.

W
e

al
so

p
oi

n
t

ou
t

th
at

N
M

I q
d

o
es

n
ot

sh
ow

co
n

st
an

t
b

as
el

in
e

w
h

en
th

e
re

la
ti

ve
si

ze
of

th
e

se
ts

in
U

va
ri

es
w

h
en
U

an
d
V

ar
e

ra
n

d
om

.
In

F
ig

u
re

4,
w

e
ge

n
er

at
e

ra
n

d
o
m

p
a
rt

it
io

n
s

V
w

it
h
c

=
6

se
ts

on
N

=
10

0
p

oi
n
ts

,
an

d
ra

n
d

om
b

in
ar

y
p

ar
ti

ti
on

s
U

in
d
ep

en
d
en

tl
y.

N
M

I q
(U
,V

)
sh

ow
s

d
iff

er
en

t
b

eh
av

io
r

at
th

e
va
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io
n

of
th

e
re

la
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v
e
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o
f

th
e

b
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t
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:1
-3

2

R
o
m

a
n
o
,

V
in

h
,

B
a
il

e
y
,

a
n
d

V
e
r
sp

o
o
r

in
U

.
T

h
is

is
u

n
in

tu
it

iv
e

g
iv

en
th

at
th

e
p

ar
ti

ti
o
n

s
U

a
n

d
V

ar
e

ra
n

d
o
m

a
n

d
in

d
ep

en
d

en
t.

W
e

o
b

ta
in

th
e

d
es

ir
ed
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ro

p
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of
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#
10

-3

q
=

0.
9

q
=

1.
2

q
=

2

A
R

I

A
M

I

F
ig

u
re

4
:

T
h

e
le

ft
p

an
el

sh
ow

s
th

e
b

a
se

li
n

e
va

lu
e

o
f

N
M

I q
(U
,V

)
b

et
w

ee
n

th
e

ra
n

d
o
m

p
ar

-
ti

on
s
U

a
n

d
V

a
t

th
e

va
ri

a
ti

on
o
f

th
e

si
ze

of
th

e
se

ts
in
U

.
T

h
e

ri
gh

t
p

a
n

el
sh

ow
s

th
e

b
as

el
in

e
va

lu
e

o
f

ad
ju

st
ed

cl
u

st
er

in
g

co
m

p
a
ri

so
n

m
ea

su
re

s.
W

h
en

va
ry

in
g

th
e

re
la

ti
ve

si
ze

o
f

on
e

cl
u

st
er

fo
r

th
e

ra
n

d
o
m

p
ar
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a
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b
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b
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ca
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b
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U

2
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b
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n
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w

e
a
d

v
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e
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A
M
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M
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h
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s
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n
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d
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h

a
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b
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in
d
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h
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d
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,
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9
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R
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g
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a
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b
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p
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b
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o
b
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an
d

G
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rke,
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;
S

h
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,
2
0
0
4
;
H

o
th
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et

a
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2
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6
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sin
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th

e
p
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u
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tion

m
o
d
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w

e
p

ro
p

o
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R

o
m
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et
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4
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n
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n
d
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ize
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e
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M
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b
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b
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e
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b
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n
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section
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h
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d
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∈
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w
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p
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L
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L
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d
V
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ra
n
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V
a
r(S
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,V
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=
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E
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ij

φ
ij (n

ij ) )
2 ]−

(∑
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E
[φ
ij (n

ij )] )
2 )
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φ
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ij ) )
2 ]
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l
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ij

∑n
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ij )P
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ij (n
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i ∑ñ
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φ
i ′j (ñ

i ′j )P
(ñ
i ′j )+
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j ∑ñ
ij ′
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(ñ
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ij ′(ñ
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i ′j ′( ˜̃n
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]
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n
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i ′j ∼

H
y
p

(b
j −

n
ij ,a

i ′,N
−
a
i ),

ñ
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a
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∈
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d
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w
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ra
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1
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V

ar(M
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V

ar(H
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))
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V

ar(V
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d
ard

ized
version

o
f

th
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√
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√
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a
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a
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∑
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∑
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√
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d
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a
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p
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is,
let

u
s

d
efi

n
e

th
e

S
tan

d
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√
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S
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−
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√
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a
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)
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C
o
ro
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2
It
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o
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e
th

a
t:

i)
lim

q→
1

S
M

Iq
=
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S

V
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M
I
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V
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S
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p
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S
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=
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V
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C
o
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p
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h
e
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p
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secon
d

m
om

en
t

of
th

e
su

m
of

th
e

cells
d

efi
n

ed
in

E
q
.

(13
):

P
ro

p
o
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3

T
h
e

co
m

p
u

ta
tio

n
a
l
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m

p
lexity
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S
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Iq
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b
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e
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t
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d
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p

lex
ity

O
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3r·
m

ax{
r,c})
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an
o

et
al.,

2014).
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+
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p
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p
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p
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b
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b
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p
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p
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s
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is
se

ct
io

n
,

w
e

ev
al

u
at

e
th

e
p

er
fo

rm
an

ce
of

st
an

d
ar

d
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b
ia

s
co

r-
re

ct
io

n
w

h
en

p
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b
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b
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ra
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p
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ra
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b
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p
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=
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p
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b
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o
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d
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=
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=
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∑
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q ∑
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=
n
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=
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V

I q
(U
,V

)
a
re

:

A
M

I q
(U
,V

)
=

A
V

I q
(U
,V

)
=

∑
ij
n
q ij
−
∑

ij
E

[n
q ij

]

1 2

( ∑
i
a
q i

+
∑

j
bq j

)
−
∑

ij
E

[n
q ij

]
(1

2)

P
ro

o
f

T
h

e
u

si
n

g
th

e
u

p
p

er
b

ou
n

d
1 2
(H

q
(U

)
+
H
q
(V

))
to

M
I q

,
A

M
I q

an
d

A
V

I q
a
re

eq
u

iv
a-

le
n
t.

T
h

er
ef

or
e

w
e

co
m

p
u

te
A

V
I q

.
T

h
e

d
en

om
in

at
or

is
eq

u
al

to
E

[V
I q

]
=

2
(q
−

1
)N

q

( 1 2
(∑

i
a
q i
+

∑
j
bq j

)
−
∑

i,
j
E

[n
q ij

]) .
T

h
e

n
u

m
er

at
or

is
in

st
ea

d
2

(q
−

1
)N

q

( ∑
ij
n
q ij
−
∑

i,
j
E

[n
q ij

]) .

C
o
ro

ll
a
ry

1
It

h
o
ld

s
tr

u
e

th
a
t:

i)
li

m
q
→

1
A

M
I q

=
li

m
q
→

1
A

V
I q

=
A

M
I

=
A

V
I

w
it

h
S

h
a
n

n
o
n

en
tr

o
p
y;

ii
)

A
M

I 2
=

A
V

I 2
=

A
R

I.

P
ro

o
f

P
oi

n
t

i)
fo

ll
ow

s
fr

om
th

e
li

m
it

of
th

e
q-

en
tr

op
y

w
h

en
q
→

1.
P

oi
n
t

ii
)

fo
ll

ow
s

fr
o
m

:

A
V

I 2
=

E
[V

I 2
]
−

V
I 2

E
[V

I 2
]
−

m
in

V
I 2

=
N
−

1
N

(R
I
−
E

[R
I]

)
N
−

1
N

(m
ax

R
I
−
E

[R
I]

)
=

A
R

I

P
ro

p
o
si

ti
o
n

2
T

h
e

co
m

p
u

ta
ti

o
n

a
l

co
m

p
le

xi
ty

o
f

A
M

I q
is
O

(N
·m

ax
{r
,c
})

.

P
ro

o
f

T
h

e
co

m
p

u
ta

ti
on

of
P

(n
ij

)
w

h
er

e
n
ij

is
a

h
y
p

er
ge

om
et

ri
c

d
is

tr
ib

u
ti

o
n

H
y
p

(a
i,
b j
,N

)
is

li
n

ea
r

in
N

.
H

ow
ev

er
,

th
e

co
m

p
u

ta
ti

on
of

th
e

ex
p

ec
te

d
va

lu
e
E

[n
q ij

]
=
∑

n
ij
n
q ij
P

(n
ij

)
ca

n

ex
p

lo
it

th
e

fa
ct

th
at
P

(n
ij

)
ar

e
co

m
p

u
te

d
it

er
at

iv
el

y
:
P

(n
ij

+
1)

=
P

(n
ij

)
(a
i
−
n
ij

)(
b j
−
n
ij

)
(n
ij

+
1
)(
N
−
a
i
−
b j

+
n
ij

+
1
)
.

W
e

co
m

p
u

te
P

(n
ij

)
on

ly
fo

r
m

ax
{0
,a
i
+
b j
−
N
}.

In
b

ot
h

ca
se

s
P

(n
ij

)
ca

n
b

e
co

m
p

u
te

d
in
O

(m
ax
{a

i,
b j
})

.
W

e
ca

n
co

m
p

u
te

al
l

ot
h

er
p

ro
b

ab
il

it
ie

s
it

er
at

iv
el

y
as

sh
ow

n
a
b

ov
e

in
co

n
st

an
t

ti
m

e.
T

h
er

ef
or

e:

r ∑ i=
1

c ∑ j=
1

 
O

(m
ax
{a

i,
b j
})

+

m
in
{a
i
,b
j
}

∑ n
ij

=
0

O
(1

) 
=

r ∑ i=
1

c ∑ j=
1

O
(m

ax
{a

i,
b j
})

=
r ∑ i=
1

O
(m

a
x
{c
a
i,
N
})

=
O

(m
ax
{c
N
,r
N
})

=
O

(N
·m

ax
{c
,r
})

L
e
m

m
a

2
If
S

(U
,V

)
∈
N
φ
,

th
en

li
m
N
→

+
∞
E

[S
(U
,V

)]
=
φ
( a

1 N
b 1 N
,.
..
,
a
i
N
b j N
,.
..
,
a
r N
b c N

) .
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R
o
m

a
n
o
,

V
in

h
,

B
a
il

e
y
,

a
n
d

V
e
r
sp

o
o
r

P
ro

o
f

S
(U
,V

)
ca

n
b

e
w

ri
tt

en
a
s
φ

(n
1
1

N
,.
..
,
n
ij N
,.
..
,
n
r
c

N
).

L
et

X
=

(X
1
,.
..
,X

r
c
)

=
(n

1
1

N
,.
..
,
n
ij N
,.
..
,
n
r
c

N
)

b
e

a
ve

ct
o
r

o
f
rc

ra
n

d
o
m

va
ri

a
b

le
s

w
h

er
e
n
ij

is
a

h
y
p

er
g
eo

m
et

ri
c

d
is

tr
ib

u
ti

on
w

it
h

th
e

m
a
rg

in
a
ls

a
s

p
a
ra

m
et

er
s:
a
i,
b j

a
n

d
N

.
T

h
e

ex
p

ec
te

d
va

lu
e

o
f
n
ij N

is

E
[n
ij N

]
=

1 N
a
i
b j N

.
L

et
µ

=
(µ

1
,.
..
,µ

r
c
)

=
(E

[X
1
],
..
.,
E

[X
r
c
])

=
(a

1 N
b 1 N
,.
..
,
a
i
N
b j N
,.
..
,
a
r N
b c N

)
b

e
th

e
ve

ct
or

of
th

e
ex

p
ec

te
d

va
lu

es
.

T
h

e
T

ay
lo

r
a
p
p

ro
x
im

a
ti

on
o
f
S

(U
,V

)
=
φ

(X
)

ar
o
u

n
d

µ
is

:

φ
(X

)
'
φ

(µ
)

+
r
c ∑ t=
1

(X
t
−
µ
t)
∂
φ

∂
X
t

+
1 2

r
c ∑ t=
1

r
c ∑ s=
1

(X
t
−
µ
t)

(X
s
−
µ
s
)

∂
2
φ

∂
X
t∂
X
s

+
..
.

It
s

ex
p

ec
te

d
va

lu
e

is
(s

ee
S

ec
ti

on
4
.3

o
f

(A
n

g
a
n

d
T

a
n

g
,

20
0
6)

):

E
[φ

(X
)]
'
φ

(µ
)

+
1 2

r
c ∑ t=
1

r
c ∑ s=
1

C
ov

(X
t,
X
s
)

∂
2
φ

∂
X
t∂
X
s

+
..
.

W
e

ju
st

an
al

y
se

th
e

se
co

n
d

or
d

er
re

m
a
in

d
er

g
iv

en
th

at
it

d
o
m

in
a
te

s
th

e
h

ig
h

er
or

d
er

o
n

es
.

U
si

n
g

th
e

C
au

ch
y
-S

ch
w

ar
tz

in
eq

u
al

it
y

w
e

h
av

e
th

at
|C

ov
(X

t,
X
s
)|
≤
√

V
ar

(X
t)

V
ar

(X
s
).

E
a
ch
X
t

a
n

d
X
s

is
eq

u
a
l

to
n
ij N

fo
r

so
m

e
in

d
ex

es
i

a
n

d
j.

T
h

e
va

ri
an

ce
of

ea
ch
X
t

an
d
X
s

is

th
er

ef
or

e
eq

u
al

to
V

a
r(
n
ij N

)
=

1 N
2

a
i
b j N
N
−
a
i

N
N
−
b j

N
−

1
.

W
h

en
th

e
n
u

m
b

er
o
f

re
co

rd
s

is
la

rg
e

al
so

th
e

m
ar

gi
n

al
s

in
cr

ea
se

:
N
→

+
∞
⇒

a
i
→

+
∞

,
an

d
b j
→

+
∞
∀i
,j

.
H

ow
ev

er
,

b
ec

a
u

se
of

th
e

p
er

m
u

ta
ti

on
m

o
d

el
,

al
l

th
e

fr
a
ct

io
n

s
a
i
N

a
n

d
b j N

st
ay

co
n

st
a
n
t
∀i
,j

.
T

h
er

ef
or

e,
a
ls

o
µ

is
co

n
st

an
t.

H
ow

ev
er

,
at

th
e

li
m

it
o
f

la
rg

e
N

,
th

e
va

ri
a
n

ce
of

n
ij N

te
n

d
s

to
0:

V
a
r( n

ij N

)
=

1 N
a
i
N
b j N

( 1
−

a
i
N

)(
1

+
1

N
−

1
−

b j N

)
→

0.
T

h
er

ef
or

e,
a
t

la
rg

e
N

:

E
[φ

(X
)]
'
φ

(µ
)

=
φ
( a

1

N

b 1 N
,.
..
,
a
i

N

b j N
,.
..
,
a
r

N

b c N

)

T
h

e
o
re

m
3

It
h
o
ld

s
tr

u
e

th
a
t:

i)
li

m
N
→

+
∞
E

[H
q
(U
,V

)]
=
H
q
(U

)
+
H
q
(V

)
−

(q
−

1
)H

q
(U

)H
q
(V

);

ii
)

li
m
N
→

+
∞
E

[M
I q

(U
,V

)]
=

(q
−

1
)H

q
(U

)H
q
(V

);

ii
i)

li
m
N
→

+
∞
E

[V
I q

(U
,V

)]
=
H
q
(U

)
+
H
q
(V

)
−

2
(q
−

1
)H

q
(U

)H
q
(V

).

P
ro

o
f
E

[H
q
(U
,V

)]
=

1
q
−

1

( 1
−
∑

ij
E
[(

n
ij N

) q
])

a
n

d
a
cc

o
rd

in
g

to
L

em
m

a
2

fo
r

la
rg

e
N

:

E
[H

q
(U
,V

)]
'

1
q
−

1

( 1
−
∑

ij

( a
i
N
b j N

) q
)

=
1
q
−

1

( 1
−
∑

i

( a
i
N

) q
∑

j

( b
j N

) q
) .

If
w

e
a
d

d
a
n

su
b

tr
a
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22
JM

L
R

 1
7(

13
4)

:1
-3

2



A
d
ju

st
in

g
f
o
r

C
h
a
n
c
e

C
l
u
st

e
r
in

g
C

o
m

pa
r
iso

n
M

e
a
su

r
e
s

1−
∑

i (
a
i
N

)
q−

∑
j (

b
j

N

)
q

in
th

e
p

a
ren

th
esis

a
b

ove:

E
[H

q (U
,V

)]'
1

q−
1 (

1−
∑

i

(
a
i

N

)
q ∑

j

(
b
j

N

)
q

+
1−

∑

i

(
a
i

N

)
q−

∑

j

(
b
j

N

)
q

−
1

+
∑

i

(
a
i

N

)
q

+
∑

j

(
b
j

N

)
q )

=
1

q−
1 (

1−
∑

i

(
a
i

N

)
q )

+
1

q−
1 (

1−
∑

j

(
b
j

N

)
q )

+
1

q−
1 (
−

1−
∑

i

(
a
i

N

)
q ∑

j

(
b
j

N

)
q

+
∑

i

(
a
i

N

)
q

+
∑

j

(
b
j

N

)
q )

=
H
q (U

)
+
H
q (V

)
+

1

q−
1 ((

1−
∑

i

(
a
i

N

)
q )(∑

j

(
b
j

N

)
q ))

=
H
q (U

)
+
H
q (V

)−
(q−

1
)H

q (U
)H

q (V
)

P
oin

t
ii)

a
n

d
iii)

fo
llow

fro
m

E
q
u

atio
n

s
(6

)
an

d
(7

).

L
e
m

m
a

3
If
S

(U
,V

)∈
L
φ
,

w
h
en

pa
rtitio

n
s
U

a
n

d
V

a
re

ra
n

d
o
m

:

V
a
r(S

(U
,V

))
=
β

2 (
E
[(∑

ij

φ
ij (n

ij ) )
2 ]−

(∑

ij

E
[φ
ij (n

ij )] )
2 )
,

w
h
ere

E
[(∑

ij

φ
ij (n

ij ) )
2 ]

is
equ

a
l

to

∑

ij

∑n
ij

φ
(n
ij )P

(n
ij )· [

φ
ij (n

ij )
+
∑i ′6=

i ∑ñ
i ′j

φ
i ′j (ñ

i ′j )P
(ñ
i ′j )+

+
∑j ′6=

j ∑ñ
ij ′

P
(ñ
ij ′) (

φ
ij ′(ñ

ij ′)
+
∑i ′6=

i ∑˜̃n
i ′j ′ φ

i ′j ′( ˜̃n
i ′j ′)P

( ˜̃n
i ′j ′) )

]
(13

)

w
ith

n
ij ∼

H
y
p

(a
i ,b

j ,N
),
ñ
i ′j ∼

H
y
p

(b
j −

n
ij ,a

i ′,N
−
a
i ),

ñ
ij ′∼

H
y
p

(a
i −

n
ij ,b

j ′,N
−
b
j ),

˜̃n
i ′j ′∼

H
y
p

(a
i ′,b

j ′−
ñ
ij ′,N

−
a
i )

h
ypergeo

m
etric

ra
n

d
o
m

va
ria

bles.

P
ro

o
f

T
h

e
p

ro
o
f

fo
llow

s
T

h
eo

rem
1

p
ro

o
f

in
R

om
a
n

o
et

a
l.

(2
0
1
4
).

U
sin

g
th

e
p

ro
p

erties
of

th
e

va
rian

ce
w

e
ca

n
sh

ow
th

a
t

V
a
r(S

(U
,V

))
=
β

2V
a
r( ∑

ij
φ
ij (n

ij ))
=
β

2 (
E

[( ∑
ij
φ
ij (n

ij ))
2]−
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R
o
m

a
n
o
,

V
in

h
,

B
a
il

e
y
,

a
n
d

V
e
r
sp

o
o
r

( ∑
ij
E

[φ
ij (n

ij )])
2 )

.
(E

[ ∑
ij
φ
ij (n

ij )])
2

=
( ∑

ij
E

[φ
ij (n

ij )])
2

can
b

e
com

p
u

ted
u
sin

g
E

q
.

(10).
T

h
e

fi
rst

term
in

th
e

su
m

is
in

stead
:

E
[( ∑

ij

φ
ij (n

ij ))
2]

=
∑

ij

∑i ′j ′
E

[φ
ij (n

ij )φ
i ′j ′(n

i ′j ′)]
=
∑

ij

∑i ′j ′ ∑n
ij ∑n

i ′j ′ φ
ij (n

ij )φ
i ′j ′(n

i ′j ′)P
(n
ij ,n

i ′j ′)

W
e

ca
n

n
ot

fi
n

d
th

e
ex

act
form

of
th

e
join

t
p

rob
ab

ility
P

(n
ij ,n

i ′j ′)
th

u
s

w
e

rew
rite

it
as

P
(n
ij )P

(n
i ′j ′|n

ij )
=
P

(n
ij )P

(ñ
i ′j ′).

T
h

e
ran

d
om

variab
le
n
ij

is
a
n

h
y
p

erg
eom

etric
d

istrib
u
-

tio
n

th
at

sim
u

lates
th

e
ex

p
erim

en
t

of
sam

p
lin

g
w

ith
ou

t
rep

lacem
en

t
th

e
a
i

ob
jects

in
th

e
set

u
i

fro
m

a
total

of
N

ob
jects.

S
am

p
lin

g
on

e
of

th
e
b
j

ob
jects

from
v
j

is
d

efi
n

ed
as

a
su

ccess:
n
ij ∼

H
y
p

(a
i ,b

j ,N
).

T
h

e
ran

d
om

variab
le
ñ
i ′j ′

h
as

a
d

iff
eren

t
d

istrib
u

tion
d

ep
en

d
in

g
on

th
e

p
ossib

le
com

b
in

ation
s

of
in

d
ex

es
i,i ′,j,j ′.

T
h
u

s
E

[( ∑
ij
φ
ij (n

ij ))
2]

is
eq

u
al

to:

∑

ij

∑n
ij ∑i ′j ′ ∑n

i ′j ′ φ
ij (n

ij )φ
i ′j ′(n

i ′j ′)P
(n
ij ,n

i ′j ′)
=
∑

ij

∑n
ij

φ
ij (n

ij )P
(n
ij ) ∑i ′j ′ ∑ñ

i ′j ′ φ
i ′j ′(ñ

i ′j ′)P
(ñ
i ′j ′)

w
h

ich
,

b
y

tak
in

g
care

of
all

p
ossib

le
com

b
in

ation
s

of
i,i ′,j,j ′,

is
eq

u
al

to
:

∑

ij

∑n
ij

φ
ij (n

ij )P
(n
ij )· [

∑

i ′=
i,j ′=

j ∑ñ
ij

φ
ij (ñ

ij )P
(ñ
ij )

+
∑

i ′6=
i,j ′=

j ∑ñ
i ′j

φ
i ′j (ñ

i ′j )P
(ñ
i ′j )

(17)

+
∑

i ′=
i,j ′6=

j ∑ñ
ij ′

φ
ij ′(ñ

ij ′)P
(ñ
ij ′)

+
∑

i ′6=
i,j ′6=

j ∑ñ
i ′j ′ φ

i ′j ′(ñ
i ′j ′)P

(ñ
i ′j ′) ]

(18)

C
a
se

1
:
i ′

=
i∧

j ′
=
j

P
(ñ
ij )

=
1

if
an

d
on

ly
if
ñ
ij

=
n
ij

an
d

0
oth

erw
ise.

T
h

is
case

p
ro

d
u

ces
th

e
fi

rst
term

φ
ij (n

ij )
en

closed
in

sq
u

are
b

rackets.

C
a
se

2
:
i ′

=
i∧

j ′6=
j

In
th

is
case,

th
e

p
ossib

le
su

ccesses
are

th
e

o
b

jects
from

th
e

set
v
j ′.

W
e

h
ave

alread
y

sa
m

p
led

n
ij

ob
jects

an
d

w
e

are
sam

p
lin

g
from

th
e

w
h

ole
set

of
ob

jects
ex

clu
d

in
g

th
e

set
v
j .

T
h
u

s,
ñ
ij ′∼

H
y
p

(a
i −

n
ij ,b

j ′,N
−
b
j ).

C
a
se

3
:
i ′6=

i∧
j ′

=
j

T
h

is
case

is
sy

m
m

etric
to

th
e

p
rev

iou
s

on
e

w
h

ere
a
i ′

is
n

ow
th

e
p

o
ssib

le
n
u

m
b

er
of

su
ccesses.

T
h

erefore
ñ
i ′j ∼

H
y
p

(b
j −

n
ij ,a

i ′,N
−
a
i ).

C
a
se

4
:
i ′6=

i∧
j ′6=

j
In

ord
er

com
p

u
te
P

(ñ
i ′j ′),

w
e

h
ave

to
im

p
ose

a
fu

rth
er

con
d

ition
:

P
(ñ
i ′j ′)

=
∑ñ
ij ′

P
(ñ
i ′j ′|ñ

ij ′)P
(ñ
ij ′)

=
∑ñ
ij ′

P
( ˜̃n
i ′j ′)P

(ñ
ij ′)
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st
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ow
in
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ot

al
lo
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s
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ow
h
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y

ob
je
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s

fr
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v j
′

h
av

e
al

so
b

ee
n

sa
m

p
le

d
.

If
w

e
k
n

ow
th

at
n
ij

′
is

th
e

n
u

m
b

er
of

ob
je

ct
s

sa
m

p
le

d
fr

om
v j

′ ,
w

e
k
n

ow
th

er
e

ar
e
b j

′
−
n
ij

′
p

o
ss

ib
le

su
cc

es
se

s
an

d
th

u
s
ñ
i′
j′
|ñ
ij

′
=

˜̃ n
i′
j′
∼

H
y
p

(a
i′
,b
j′
−
ñ
ij

′ ,
N
−
a
i)

.
S

o
th

e
la

st
tw

o
te

rm
s

in
E

q
.

(1
8)

ca
n

b
e

p
u

t
to

ge
th

er
:

∑

i′
=
i,
j′
6=
j

∑ ñ
ij

′

φ
ij

′ (
ñ
ij

′ )
P

(ñ
ij

′ )
+

∑

i′
6=
i,
j′
6=
j

∑ ñ
i′
j
′

φ
i′
j′

(ñ
i′
j′

)P
(ñ
i′
j′

)

=
∑ j′
6=
j

∑ ñ
ij

′

φ
ij

′ (
ñ
ij

′ )
P

(ñ
ij

′ )
+

∑

i′
6=
i,
j′
6=
j

∑ ñ
i′
j
′

φ
i′
j′

(ñ
i′
j′

)
∑ ñ
ij

′

P
(ñ
i′
j′
|ñ
ij

′ )
P

(ñ
ij

′ )

=
∑ j′
6=
j

∑ ñ
ij

′

φ
ij

′ (
ñ
ij

′ )
P

(ñ
ij

′ )
+

∑

i′
6=
i,
j′
6=
j

∑ ˜̃ n
i′
j
′

φ
i′
j′

(˜̃ n
i′
j′

)
∑ ñ
ij

′

P
(˜̃ n
i′
j′

)P
(ñ
ij

′ )

=
∑ j′
6=
j

∑ ñ
ij

′

P
(ñ
ij

′ )
φ
ij

′ (
ñ
ij

′ )
+
∑ j′
6=
j

∑ ñ
ij

′

P
(ñ
ij

′ )
∑ i′
6=
i

∑ ˜̃ n
i′
j
′

φ
i′
j′

(˜̃ n
i′
j′

)P
(˜̃ n
i′
j′

)

=
∑ j′
6=
j

∑ ñ
ij

′

P
(ñ
ij

′ )

(
φ
ij

′ (
ñ
ij

′ )
+
∑ i′
6=
i

∑ ˜̃ n
i′
j
′

φ
i′
j′

(˜̃ n
i′
j′

)P
(˜̃ n
i′
j′

))

B
y

p
u

tt
in

g
ev

er
y
th

in
g

to
ge

th
er

w
e

ge
t

th
at
E

[(
∑

ij
φ
ij

(n
ij

))
2
]

is
eq

u
al

to
:

∑ ij

∑ n
ij

φ
(n
ij

)P
(n
ij

)
·[ φ

ij
(n
ij

)
+
∑ i′
6=
i

∑ ñ
i′
j

φ
i′
j
(ñ
i′
j
)P

(ñ
i′
j
)+

+
∑ j′
6=
j

∑ ñ
ij

′

P
(ñ
ij

′ )

(
φ
ij

′ (
ñ
ij

′ )
+
∑ i′
6=
i

∑ ˜̃ n
i′
j
′

φ
i′
j′

(˜̃ n
i′
j′

)P
(˜̃ n
i′
j′

))
]

T
h

e
o
re

m
5

U
si

n
g

E
qs

.
(1

0)
a
n

d
(1

3)
w

it
h
φ
ij

(·)
=

(·)
q
,

w
h
en

th
e

pa
rt

it
io

n
s
U

a
n

d
V

a
re

ra
n

d
o
m

:
i)

V
ar

(H
q
(U
,V

))
=

1
(q
−

1
)2
N

2
q

( E
[(
∑

ij
n
q ij

)2
]−

(∑
ij
E

[n
q ij

])
2
) ;

ii
)

V
ar

(M
I q

(U
,V

))
=

V
ar

(H
q
(U
,V

))

ii
i)

V
ar

(V
I q

(U
,V

))
=

4V
ar

(H
q
(U
,V

))

P
ro

o
f

T
h

e
re

su
lt

s
fo

ll
ow

fr
om

L
em

m
a

3,
th

e
h
y
p

ot
h

es
is

of
fi

x
ed

m
ar

gi
n

a
ls

an
d

p
ro

p
er

ti
es

of
th

e
va

ri
an

ce
.

T
h

e
o
re

m
6

U
si

n
g

E
qs

.
(1

0)
a
n

d
(1

3)
w

it
h
φ
ij

(·)
=

(·)
q
,

th
e

st
a
n

d
a
rd

iz
ed

M
I q

(U
,V

)
a
n

d
th

e
st

a
n

d
a
rd

iz
ed

V
I q

(U
,V

)
a
re

:

S
M

I q
(U
,V

)
=

S
V

I q
(U
,V

)
=

∑
ij
n
q ij
−
∑

ij
E

[n
q ij

]
√
E

[(
∑

ij
n
q ij

)2
]−

(∑
ij
E

[n
q ij

])
2

(1
5
)
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R
o
m

a
n
o
,

V
in

h
,

B
a
il

e
y
,

a
n
d

V
e
r
sp

o
o
r

P
ro

o
f

F
o
r

S
M

I q
:

th
e

n
u

m
er

at
o
r

is
eq

u
al

to
H
q
(U
,V

)−
E

[H
q
(U
,V

)]
=

1
(q
−

1
)N

q

( ∑
ij
n
q ij
−
∑

i,
j
E

[n
q ij

]) .

A
cc

or
d

in
g

T
h

eo
re

m
5
,

th
e

d
en

o
m

in
a
to

r
is

in
st

ea
d

:

√
V

ar
(M

I q
(U
,V

))
=
√

V
a
r(

H
q
(U
,V

))
=

1

(q
−

1
)N

q

√
E

[(
∑ ij

n
q ij

)2
]
−

(E
[∑ ij

n
q ij

])
2
.

F
o
r

S
V

I q
:

th
e

n
u

m
er

at
or

is
eq

u
a
l

to
2
H
q
(U
,V

)
−

2
E

[H
q
(U
,V

)]
=

2
(q
−

1
)N

q

( ∑
ij
n
q ij
−

∑
i,
j
E

[n
q ij

]) .
A

cc
o
rd

in
g

T
h

eo
re

m
5
,

th
e

d
en

om
in

a
to

r
is

in
st

ea
d

:

√
V

a
r(

V
I q

(U
,V

))
=
√

4
V

ar
(H

q
(U
,V

))
=

2

(q
−

1
)N

q

√
E

[(
∑ ij

n
q ij

)2
]−

(E
[∑ ij

n
q ij

])
2
.

T
h

er
ef

o
re

,
S

M
I q

a
n

d
S

V
I q

a
re

eq
u

iv
a
le

n
t.

C
o
ro

ll
a
ry

2
It

h
o
ld

s
tr

u
e

th
a
t:

i)
li

m
q
→

1
S

M
I q

=
li

m
q
→

1
S

V
I q

=
S

M
I

=
S

V
I

=
S
G

w
it

h
S

h
a
n

n
o
n

en
tr

o
p
y;

ii
)

S
M

I 2
=

S
V

I 2
=

S
R

I.

P
ro

o
f

P
oi

n
t

i)
fo

ll
ow

s
fr

o
m

th
e

li
m

it
o
f

th
e
q-

en
tr

o
p
y

w
h

en
q
→

1
a
n

d
th

e
li

n
ea

r
re

la
ti

o
n

of
G

-s
ta

ti
st

ic
to

M
I:
G

=
2N

M
I.

P
oi

n
t

ii
)

fo
ll

ow
s

fr
o
m

:

S
V

I 2
=
E

[V
I 2

]
−

V
I 2

√
V

a
r(

V
I 2

)
=

N
−

1
N

(R
I
−
E

[R
I]

)
N
−

1
N

√
V

a
r(

R
I)

=
S

R
I

P
ro

p
o
si

ti
o
n

3
T

h
e

co
m

p
u

ta
ti

o
n

a
l

co
m

p
le

xi
ty

o
f

S
M

I q
is
O

(N
3
c
·m

a
x
{c
,r
})

.

P
ro

o
f

E
ac

h
su

m
m

at
io

n
in

E
q
.

(1
3
)

ca
n

b
e

b
o
u

n
d

ed
a
b

ov
e

b
y

th
e

m
a
x
im

u
m

va
lu

e
o
f

th
e

ce
ll

m
a
rg

in
a
ls

an
d

ea
ch

su
m

ca
n

b
e

d
o
n

e
in

co
n

st
a
n
t

ti
m

e.
T

h
e

la
st

su
m

m
at

io
n

in
E

q
.

(1
3)

is
:

c ∑ j′
=

1

m
a
x
{a
i
,b
j
′}

∑

ñ
ij

′=
0

r ∑ i′
=

1

m
a
x
{a
i′
,b
j
′}

∑

˜̃ n
i′
j
′=

0

O
(1

)
=

c ∑ j′
=

1

m
a
x
{a
i
,b
j
′}

∑

ñ
ij

′=
0

r ∑ i′
=

1

O
(m

ax
{a

i′
,b
j′
})

=
c ∑ j′
=

1

m
a
x
{a
i
,b
j
′}

∑

ñ
ij

′=
0

O
(m

a
x
{N

,r
b j

′ }
)

=
c ∑ j′
=

1

O
(m

ax
{a

iN
,a
ir
b j

′ ,
b j

′ N
,r
b2 j

′}
)

=
O

(m
a
x
{c
a
iN
,a
ir
N
,r
N

2
})
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d
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g
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+

(S
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L
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M
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b
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b
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e
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T

h
e
p
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e
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d
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n
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a
s:

p
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e

=
P
(

M
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M
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=
P
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M
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E
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)]≥
M
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√
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√
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√
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L
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b
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√
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u
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g
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e
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h
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ev

’s
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e
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e
=
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(
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∞
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=

(X
1 ,...,X

r
c )

=
(
n
1
1

N
,...,

n
ij

N
,...,

n
r
c

N
)

b
e

a
vecto

r
of
rc

ra
n

d
o
m

va
ria

b
les

w
h

ere
n
ij

is
a

h
y
p

erg
eo

m
etric

d
istrib

u
tio

n
w

ith
th

e
m

a
rgin

als
a
s

p
a
ra

m
eters:

a
i ,
b
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a
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∂
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√
V

a
r(X

t )V
a
r(X

s ).
E

a
ch
X
t

a
n

d
X
s

is
eq

u
al

to
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d
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i b
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b
j

N
−

1
.

W
h

en
th

e
n
u

m
b

er
of

record
s

is
larg

e
also

th
e

m
arg

in
als

in
crease:

N
→

+
∞
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∀
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p
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b
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b
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d
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b
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p
p

os
e
|C
|≥
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u
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.
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t
w
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n
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b
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m
p
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o
f
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e

d
a
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a
n

d
p

roves
th

a
t

w
ith

p
ro

b
ab

ility
at

lea
st

1−
δ,er (

ĥ
m )

.
1m

(
d

+
L

o
g (

1δ ))
.

H
ow

ever,
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aven
u

es
fo

r
in
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n
rem
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o
p

en
,
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clu

d
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g
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en
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in
g
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terestin

g
g
en
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l
fa

m
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o
f
lea

rn
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g
ru
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a
b

le
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a
ch

ieve
th
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o
p
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b
o
u

n
d

u
n

d
er
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l
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n
d

itio
n
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o
n

C
.
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p

a
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s
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o
p

en
p

ro
b
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d
eterm
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e

n
ecessa
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a
n

d
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ffi
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t
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C
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m
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ch

ieve
th

e
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p
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d
.
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h

e
w

o
rk
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G
in

é
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d
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oltch
in
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0
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)
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t
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r
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ca
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g
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H
a
n
n
e
k
e

ĥ
m

,
w
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p
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ility
at

least
1−

δ,

er (
ĥ
m )

.
1m
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d
L
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+

L
o
g (
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,

(3)
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h

ere
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e
d
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greem
en

t
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t
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efi

n
ed

b
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S
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4).
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h

e
d
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d
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n
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con
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le
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d
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p
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b
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n
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,
b
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h
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d
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secon
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d
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d
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o
f
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e

v
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d

u
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b
y
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e
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p
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e
d
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M
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y
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e
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e
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b
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d
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g
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g

n
ew

b
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d
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b
y
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A
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e
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d
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u
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p
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b
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d
(2)
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p
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F
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m
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w
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th
ey

d
o

ex
ist

in
som

e
im

p
orta

n
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e
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can
b

e
sh

ow
n

to
satisfy
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p
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e
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er(ĥ
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).
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+
L
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w
h
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w
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u

er
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O

rtn
er

(2004,
2
007);
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w
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recen

tly
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ob
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b
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D
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is

resu
lt

for
m

on
oton

e
learn

in
g

ru
les
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p
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w
h
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w
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p
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L
ittleston

e
an

d
W

arm
u

th
(1986

)
an

d
F
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ĥ
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b
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h
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d
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p
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u
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w
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p
rob

ab
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at
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1−
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er(ĥ
m

).
1m

(
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+
L

og (
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T
h

is
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m
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t
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h
as
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p
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s
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g.
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y
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g
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m
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e
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en
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e
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b
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∈
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b
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b
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b
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n
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E

l-Y
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d
W
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W
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ave
argu

ed
th

at
th

e
region

D
IS

(V
m

)
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b
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b
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B
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)
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in
m
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a
p
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p
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r
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m
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y
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w
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b
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] n̂
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(V
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(
n̂

1
:m

+
L

og (
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,
(4)
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p
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b
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b
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b
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d
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a
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b
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l
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e
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d
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l
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p
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n
ce

.
S

p
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y
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ee
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D
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n
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io
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9
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s
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e

la
rg

es
t

n
u

m
b

er
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d

is
ti

n
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p
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n
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x

1
,.
..
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∈
X
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th
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0
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1
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,h
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C
w

it
h
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D
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=
∞
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n

o
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t
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.
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te

re
st

in
g
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,
th

e
w

or
k
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H

an
n
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e

an
d
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an
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5)

al
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es
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b
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sh
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at
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e

la
rg

es
t

p
o
ss
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le

va
lu

e
o
f

n̂
m

(o
ve

r
m

an
d

th
e

d
at

a
se

t)
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ex
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y
s.

T
h
u

s,
(4

)
al

so
im

p
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es
a

d
a
ta

-i
n

d
ep

en
d
en

t
a
n

d
d
is

tr
ib

u
ti

o
n

-f
re

e
b
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n

d
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w
it

h
p

ro
b
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il

it
y

at
le
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t

1
−
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P
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IS
(V
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.
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( s
+

L
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N
ow

on
e

in
te

re
st

in
g
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se
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at
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n

at
th

is
p
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n
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is
th
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th

e
d
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ec

t
p

ro
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o
m

H
a
n

n
ek

e
(2

00
9)

in
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lv
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st

ep
in

w
h

ic
h
P

(D
IS

(V
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))
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re
la

x
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to
a

b
ou

n
d

in
te

rm
s

o
f
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d
/
m

).
If

w
e
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st

ea
d

u
se
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is
st
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w
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ve
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n

ew
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ou
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e
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r
ra
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p
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( d
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m
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b
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b
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d
d
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p
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(ĥ
m

)
.

1 m

( d
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p
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n
d
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e
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b
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p
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w
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;
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h
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r
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( d
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p
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p
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d
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b
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b
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p
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n
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’s

n
o
is

e
co

n
d

it
io

n
),

ex
p

re
ss

ed
in

te
rm

s
o
f

a
q
u

a
n
ti

ty
re

la
te

d
to

ϕ
c
(·)

,
w

h
ic

h
ap

p
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h
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p
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p
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h
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d

is
tr

ib
u

ti
o
n

s,
a
s

a
sp

ec
ia

l
ca

se
.

F
o
r

m
an

y
o
f

th
es

e
re

su
lt

s,
w

e
a
ls

o
st

at
e

b
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ra
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d
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b
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b
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p
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d
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re
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p
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ra
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n
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/
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b
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∞
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b
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p
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∞
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p
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ra
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∞
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h
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ra
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d
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a
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.
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t
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b
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r
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p
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b
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b
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∈
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⊆
ψ
t(
z 1
,.
..
,z
t)

.
W

e
b

eg
in

w
it

h
th
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p
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p
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p
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e
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n
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∈
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a
n

d
a
n

y
p
ro
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bility

m
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P
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n
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m
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d
en

t
P
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istribu
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d
o
m
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n

d
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o
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g
A
m

=
ψ
m
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m
),

w
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p
ro
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bility

a
t

lea
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δ,

P
(A

m
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4m

(
1
7
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)
+

4
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.

(6)

F
u

rth
erm

o
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E
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m
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8
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)
+

1)
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(7)
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h
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f

th
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p
ro

o
f
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b
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o
n

a
n

a
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n

n
eke
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h

e
m

o
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r.

T
h

e
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cla
ssic
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f
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a
lly

d
u

e
to

V
a
p

n
ik

a
n

d
C

h
ervo
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b
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u
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∈
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y
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∩
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∅
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o
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p
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P
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p
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b

e
in

d
ep

en
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∈
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b
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b
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.
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∩
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∅
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∈
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∑
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d
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d
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=
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d
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d
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m
1,

b
u

t
w

it
h

se
ve

ra
l

a
d

d
it

io
n

al
co

m
p

li
ca

ti
o
n

s
d

u
e

to
th

e
fo

rm
o
f

L
em

m
a

4
b

ei
n

g
so

m
ew

h
a
t

d
iff

er
en

t
fr

o
m

th
at

o
f

L
em

m
a

2.
L

et
{(
n
t,
i t
,1
,.
..
,i
t,
n
t
)

:
t
∈

N
}

a
n

d
{φ

t,
k

:
t
∈

N
,k
∈

[m
in
{n
,t
}]
∪
{0
}}

b
e

th
e

co
m

p
re

ss
io

n
fu

n
ct

io
n

an
d

re
co

n
st

ru
ct

io
n

fu
n

ct
io

n
of
ψ
t,

re
sp

ec
ti

ve
ly

.
F

o
r

co
n
ve

n
ie

n
ce

,
al

so
d

en
ot

e
ψ

0
()

=
Z

,
a
n

d
n

o
te

th
a
t

th
is

ex
te

n
d

s
th

e
m

o
n

o
to

n
ic

it
y

p
ro

p
er

ty
o
f
ψ
t

to
t
∈

N
∪
{0
}.

F
ix

a
n
y

p
ro

b
a
b

il
it

y
m

ea
su

re
P

,
le

t
Z

1
,Z

2
,.
..

b
e

in
d

ep
en

d
en

t
P

-d
is

tr
ib

u
te

d
ra

n
d

om
va

ri
ab

le
s,

a
n

d
fo

r
ea

ch
m
∈
N

d
en

o
te
A
m

=
ψ
m

(Z
1
,.
..
,Z

m
).

W
e

b
eg

in
w

it
h

th
e

in
eq

u
a
li

ty
in

(8
).

T
h

e
sp

ec
ia

l
ca

se
o
f
n

=
0

is
d

ir
ec

tl
y

im
p

li
ed

b
y

L
em

m
a

4,
so

fo
r

th
e

re
m

a
in

d
er

of
th

e
p

ro
o
f

o
f

(8
),

w
e

su
p

p
os

e
n
≥

1.
T

h
e

p
ro

o
f

p
ro

ce
ed

s
b
y

in
d

u
ct

io
n

o
n
m

.
S

in
ce
P

(A
)
≤

1
fo

r
al

l
A
∈
A

,
a
n

d
si

n
ce

21
+

16
ln

(3
)
>

3
8,

th
e

st
at

ed
b

ou
n

d
is

tr
iv

ia
ll

y
sa

ti
sfi

ed
fo

r
a
ll
δ
∈

(0
,1

)
if
m
≤

m
a
x
{3

8,
21
n
}.

N
ow

,
a
s

an
in

d
u

ct
iv

e
h
y
p

o
th

es
is

,
fi

x
an

y
in

te
g
er
m
>

m
a
x
{3

8,
21
n
}

su
ch

th
a
t,
∀m
′
∈

[m
−

1
],
∀δ
∈

(0
,1

),
w

it
h

p
ro

b
ab

il
it

y
a
t

le
a
st

1
−
δ,

P
(A

m
′ )
≤

1 m
′( 2

1n
+

1
6

ln

(
3 δ

))
.
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R
e
f
in

e
d

E
r
r
o
r

B
o
u
n
d
s

F
ix

a
n
y
δ∈

(0,1
)

a
n

d
d

efi
n
e

N
=
∣∣ {
Z
bm

/
2c+

1 ,...,Z
m }
∩
A
bm

/
2c ∣∣
,

a
n

d
en

u
m

erate
th

e
elem

en
ts

o
f{
Z
bm

/
2c+

1 ,...,Z
m }∩

A
bm

/
2c

as
Ẑ

1 ,...,Ẑ
N

.
A

lso
en

u
m

er-

ate
th

e
elem

en
ts

of{
Z
bm

/
2c+

1 ,...,Z
m }\

A
bm

/
2c

a
s
Ẑ
′1 ,...,Ẑ

′dm
/
2e−

N
.

N
ow

n
ote

th
a
t,

b
y

th
e

m
on

oton
icity

p
ro

p
erty

o
f
ψ
t ,

w
e

h
av

e
A
m
⊆
A
bm

/
2c .

F
u

rth
erm

o
re,

b
y

p
erm

u
ta

tio
n

-
in

va
ria

n
ce

of
ψ
t ,

w
e

h
ave

th
at

A
m

=
ψ
m

(
Ẑ

1 ,...,Ẑ
N
,Z

1 ,...,Z
bm

/
2c ,Ẑ

′1 ,...,Ẑ
′dm
/
2e−

N )
.

C
om

b
in

ed
w

ith
th

e
m

o
n

o
to

n
icity

p
ro

p
erty

o
f
ψ
t ,

th
is

im
p

lies
th

a
t
A
m
⊆
ψ
N

(
Ẑ

1 ,...,Ẑ
N )

.

A
lto

g
eth

er,
w

e
h

ave
th

at

A
m
⊆
A
bm

/
2c ∩

ψ
N

(
Ẑ

1 ,...,Ẑ
N )

.
(1

0)

N
o
te

th
a
t
N

=
∑

mt=
bm

/
2c+

1
1
A
b
m
/
2c (Z

t )
is

co
n

d
itio

n
a
lly

B
in

o
m

ia
l(dm

/
2e,P

(A
bm

/
2c ))-

d
istrib

u
ted

given
Z

1 ,...,Z
bm

/
2c .

In
p

articu
la

r,
w

ith
p

ro
b

a
b

ility
o
n

e,
if
P

(A
bm

/
2c )

=
0,

th
en

N
=

0
≤
n

.
O

th
erw

ise,
if
P

(A
bm

/
2c )

>
0
,

th
en

n
o
te

th
a
t
Ẑ

1 ,...,Ẑ
N

a
re

co
n
d

itio
n

a
lly

in
d

ep
en

d
en

t
a
n

d
P

(·|A
bm

/
2c )-d

istrib
u

ted
g
iven

N
an

d
Z

1 ,...,Z
bm

/
2c .

S
in

ce
ψ
t

is
a

co
n

-

sisten
t

m
o
n

o
to

n
e

ru
le,

w
e

h
av

e
th

a
t
ψ
N

(Ẑ
1 ,...,Ẑ

N
)∩
{Ẑ

1 ,...,Ẑ
N }

=
∅.

W
e

a
lso

h
ave,

b
y

d
efi

n
itio

n
of
ψ
N

,
th

at
ψ
N

(Ẑ
1 ,...,Ẑ

N
)

=
φ
N
,n
N

(Ẑ
[N

] ) (
Ẑ
iN
,1

(Ẑ
[N

] ) ,...,Ẑ
iN
,n
N

(Ẑ
[N

] ) (Ẑ
[N

] ) )
.

T
h
u

s,
a
p

p
ly

in
g

L
em

m
a

4
(u

n
d

er
th

e
co

n
d

itio
n

al
d

istrib
u

tio
n

g
iven

N
a
n

d
Z

1 ,...,Z
bm

/
2c ),

com
b

in
ed

w
ith

th
e

law
o
f

to
ta

l
p

rob
a
b

ility,
w

e
h
ave

th
a
t

o
n

an
even

t
E

1
o
f

p
ro

b
a
b

ility
at

least
1−

δ/3
,

if
N
>
n

,
th

en

P
(
ψ
N

(
Ẑ

1 ,...,Ẑ
N ) ∣∣∣ A

bm
/
2c )
≤

1

N
−
n

(
n

ln (
eNn

)
+

ln (
3δ ))

.

C
o
m

b
in

ed
w

ith
(1

0
)

a
n

d
m

on
oton

icity
o
f

m
ea

su
res,

th
is

im
p

lies
th

a
t

o
n
E

1 ,
if
N
>
n

,
th

en

P
(A

m
)≤

P
(
A
bm

/
2c ∩

ψ
N (

Ẑ
1 ,...,Ẑ

N ))
=
P

(A
bm

/
2c )P

(
A
bm

/
2c ∩

ψ
N (

Ẑ
1 ,...,Ẑ

N ) ∣∣∣ A
bm

/
2c )

≤
P

(A
bm

/
2c )

1

N
−
n

(
n

ln (
eNn

)
+

ln (
3δ ))

.

A
d

d
itio

n
a
lly,

ag
a
in

sin
ce

N
is

co
n

d
itio

n
a
lly

B
in

om
ia

l(dm
/
2e,P

(A
bm

/
2c ))-d

istrib
u

ted
g
iven

Z
1 ,...,Z

bm
/
2c ,

ap
p

ly
in

g
a

C
h

ern
off

b
o
u

n
d

(u
n

d
er

th
e

con
d

itio
n

a
l

d
istrib

u
tion

g
iven

Z
1 ,...,Z

bm
/
2c ),

com
b

in
ed

w
ith

th
e

law
o
f

to
ta

l
p

ro
b

a
b

ility,
w

e
ob

ta
in

th
a
t

o
n

a
n

even
t
E

2

of
p

ro
b

a
b

ility
at

lea
st

1−
δ/3

,
if
P

(A
bm

/
2c )≥

1
6m

ln (
3δ )≥

8
dm

/
2e

ln (
3δ ),

th
en

N
≥
P

(A
bm

/
2c )dm

/
2e/

2
≥
P

(A
bm

/
2c )m

/4
.

A
lso

n
o
te

th
a
t

if
P

(A
m

)≥
1m

(2
1n

+
1
6

ln (
3δ )),

th
en

(10
)

an
d

m
o
n

o
to

n
icity

o
f

p
ro

b
a
b
ility

m
ea

su
res

im
p

ly
P

(A
bm

/
2c )≥

1m

(2
1n

+
16

ln (
3δ ))

as
w

ell.
In

p
a
rticu

la
r,

if
th

is
o
ccu

rs
w

ith
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H
a
n
n
e
k
e

E
2 ,

th
en

w
e

h
ave

N
≥
P

(A
bm

/
2c )m

/
4
>

5
n

.
T

h
u

s,
b
y

m
on

oto
n

icity
of
x
7→

L
og

(x
)/x

for

x
>

0,
w

e
h

ave
th

at
on

E
1 ∩

E
2 ,

if
P

(A
m

)≥
1m

(21n
+

1
6

ln (
3δ )),

th
en

P
(A

m
)
<
P

(A
bm

/
2c )

1

N
−

(N
/5) (

n
L

og (
eNn

)
+

ln (
3δ ))

≤
5m

(
n

L
og (

eP
(A
bm

/
2c )m

4
n

)
+

ln (
3δ ))

.

T
h

e
in

d
u

ctive
h
y
p

oth
esis

im
p

lies
th

at,
on

an
ev

en
t
E

3
of

p
rob

ab
ility

at
least

1−
δ/3

,

P
(A
bm

/
2c )≤

1

bm
/
2c (

21n
+

16
ln (

9δ ))
.

S
in

ce
m
≥

39,
w

e
h

ave
bm

/
2c≥

(m
−

2)/
2
≥

(37/
78)m

,
so

th
at

th
e

ab
ove

im
p

lies

P
(A
bm

/
2c )≤

78

37m

(
21n

+
16

ln (
9δ ))

.

T
h
u

s,
on

E
1 ∩

E
2 ∩

E
3 ,

if
P

(A
m

)≥
1m

(21n
+

16
ln (

3δ )),
th

en

P
(A

m
)
<

5m

(
n

L
og (

78e

4·37

(
21

+
16n

ln (
9δ )))

+
ln (

3δ ))

≤
5m

(
n

L
og (

78·
20

37·
11

(
21·11e
16·5

+
11e

5
ln

(3)
+

11e

5n
ln (

3δ )))
+

ln (
3δ ))

.

B
y

L
em

m
a

2
0

in
A

p
p

en
d

ix
A

,
th

is
last

ex
p

ression
is

at
m

o
st

5m

(
n

L
o
g (

7
8·20

3
7·11

(
21·

11e

16·
5

+
11e

5
ln

(3)
+
e ))

+
165

ln (
3δ ))

<
1m

(
21n

+
16

ln (
3δ ))

,

co
n
trad

ictin
g

th
e

con
d

ition
P

(A
m

)≥
1m

(21n
+

16
ln (

3δ )).
T

h
erefore,

on
E

1 ∩
E

2 ∩
E

3 ,

P
(A

m
)
<

1m

(
21n

+
16

ln (
3δ ))

.

N
o
tin

g
th

a
t,

b
y

th
e

u
n

ion
b

ou
n
d

,
th

e
even

t
E

1 ∩
E

2 ∩
E

3
h

as
p

rob
ab

ility
at

least
1−

δ,
th

is
ex

ten
d

s
th

e
in

d
u

ctive
h
y
p

oth
esis

to
m
′
=
m

.
B

y
th

e
p

rin
cip

le
of

in
d

u
ction

,
th

is
com

p
letes

th
e

p
ro

o
f

of
th

e
fi

rst
claim

in
T

h
eorem

3.
F

o
r

th
e

b
o
u

n
d

on
th

e
ex

p
ectation

in
(9),

w
e

n
ote

th
at

(as
in

th
e

p
ro

of
of

T
h

eorem
1),

lettin
g
ε
m

=
1m

(21
n

+
16

ln
(3)),

th
e

resu
lt

ju
st

estab
lish

ed
can

b
e

restated
a
s:∀

ε
>
ε
m

,

P
(P

(A
m

)
>
ε)≤

3
ex

p{(21
/16)n

−
εm

/
16}

.

S
p

ecifi
ca

lly,
th

is
is

ob
tain

ed
b
y

settin
g

th
e

b
ou

n
d

in
(8)

eq
u
al

to
ε

an
d

solv
in

g
for

δ,
th

e
valu

e
o
f

w
h

ich
is

in
(0
,1)

for
an

y
ε
>
ε
m

.
F

u
rth

erm
ore,

for
an

y
ε
≤
ε
m

,
w

e
of

co
u

rse
still

h
ave

P
(P

(A
m

)
>
ε)≤

1.
T

h
erefore,

w
e

h
ave

th
at

E
[P

(A
m

)]
=

∫
∞0
P

(P
(A

m
)
>
ε)

d
ε≤

ε
m

+

∫
∞ε
m

3
ex

p{
(21/

1
6)n
−
εm

/
16}

d
ε

=
ε
m

+
3·

16

m
ex

p{(21
/
16)n

−
ε
m
m
/
16}

=
1m

(21
n

+
16

ln
(3))

+
16m

=
1m

(21n
+

16
ln

(3e))≤
21n

+
34

m
.
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R
e
f
in

e
d

E
r
r
o
r

B
o
u
n
d
s

3
.

A
p
p
li
ca

ti
o
n

to
th

e
C

lo
su

re
A

lg
o
ri

th
m

fo
r

In
te

rs
e
ct

io
n
-C

lo
se

d
C

la
ss

e
s

O
n

e
fa

m
il

y
of

co
n

ce
p

t
sp

ac
es

st
u

d
ie

d
in

th
e

le
ar

n
in

g
th

eo
ry

li
te

ra
tu

re
,

d
u
e

to
th

ei
r

in
-

te
re

st
in

g
sp

ec
ia

l
p

ro
p

er
ti

es
,

is
th

e
in

te
rs

ec
ti

o
n

-c
lo

se
d

cl
as

se
s

(N
at

ar
a

ja
n

,
1
9
8
7;

H
el

m
b

o
ld

,
S

lo
an

,
an

d
W

ar
m

u
th

,
19

90
;

H
au

ss
le

r,
L

it
tl

es
to

n
e,

an
d

W
ar

m
u

th
,

19
94

;
K

u
h

lm
a
n

n
,

1
9
99

;
A

u
er

an
d

O
rt

n
er

,
20

07
).

S
p

ec
ifi

ca
ll

y,
th

e
cl

as
s
C

is
ca

ll
ed

in
te

rs
ec

ti
o
n

-c
lo

se
d

if
th

e
co

ll
ec

-
ti

on
of

se
ts
{{
x

:
h

(x
)

=
+

1}
:
h
∈

C
}

is
cl

os
ed

u
n

d
er

in
te

rs
ec

ti
on

s:
th

a
t

is
,

fo
r

ev
er

y
h
,g
∈
C

,
th

e
cl

as
si

fi
er
x
7→

2
1[
h

(x
)

=
g
(x

)
=

+
1]
−

1
is

al
so

co
n
ta

in
ed

in
C

.
F

o
r

in
st

a
n
ce

,
th

e
cl

as
s

of
co

n
ju

n
ct

io
n

s
on
{0
,1
}p

,
th

e
cl

as
s

of
ax

is
-a

li
gn

ed
re

ct
an

gl
es

o
n

R
p
,

a
n

d
th

e
cl

as
s
{h

:
|{
x

:
h

(x
)

=
+

1}
|≤

d
}

of
cl

as
si

fi
er

s
la

b
el

in
g

at
m

os
t
d

p
oi

n
ts

p
o
si

ti
ve

,
a
re

al
l

in
te

rs
ec

ti
on

-c
lo

se
d

.

In
th

e
co

n
te

x
t

of
le

ar
n

in
g

in
th

e
re

al
iz

ab
le

ca
se

,
th

er
e

is
a

ge
n

er
al

le
ar

n
in

g
st

ra
te

g
y,

ca
ll

ed
th

e
C

lo
su

re
al

go
ri

th
m

,
d

es
ig

n
ed

fo
r

le
ar

n
in

g
w

it
h

in
te

rs
ec

ti
on

-c
lo

se
d

co
n

ce
p

t
sp

ac
es

,
w

h
ic

h
h

as
b

ee
n

a
su

b
je

ct
of

fr
eq

u
en

t
st

u
d

y.
S

p
ec

ifi
ca

ll
y,

fo
r

an
y
m
∈
N
∪
{0
},

g
iv

en
a
n
y

d
at

a
se

t
L
m

=
{(
x

1
,y

1
),
..
.,

(x
m
,y
m

)}
∈

(X
×
Y)

m
w

it
h
C

[L
m

]
6=
∅,

th
e

C
lo

su
re

al
g
o
ri

th
m

A
(L

m
)

fo
r

C
p

ro
d

u
ce

s
th

e
cl

as
si

fi
er
ĥ
m

:
X
→
Y

w
it

h
{x

:
ĥ
m

(x
)

=
+

1}
=
⋂
h
∈C

[L
m

]{x
:
h

(x
)

=
+

1}
:

th
at

is
,
ĥ
m

(x
)

=
+

1
if

an
d

on
ly

if
ev

er
y
h
∈

C
co

n
si

st
en

t
w

it
h
L
m

(i
.e

.,
er
L
m

(h
)

=
0)

h
as

h
(x

)
=

+
1.

1
D

efi
n

in
g
C̄

as
th

e
se

t
of

al
l

cl
as

si
fi

er
s
h

:
X
→
Y

fo
r

w
h

ic
h

th
er

e
ex

is
ts

a
n

on
em

p
ty
G
⊆

C
w

it
h
{x

:
h

(x
)

=
+

1
}

=
⋂
g
∈G
{x

:
g
(x

)
=

+
1
},

A
u

er
a
n

d

O
rt

n
er

(2
00

7)
h

av
e

ar
gu

ed
th

at
C̄

is
an

in
te

rs
ec

ti
on

-c
lo

se
d

co
n

ce
p

t
sp

a
ce

co
n
ta

in
in

g
C

,
w

it
h

vc
(C̄

)
=

vc
(C

).
T

h
u

s,
fo

r
ĥ
m

=
A

(L
m

)
(w

h
er

e
A

is
th

e
C

lo
su

re
a
lg

o
ri

th
m

),
si

n
ce

ĥ
m
∈

C̄
[L
m

],
L

em
m

a
2

im
m

ed
ia

te
ly

im
p

li
es

th
at

,
fo

r
an

y
m
∈

N
,

w
it

h
p

ro
b

a
b

il
it

y
at

le
as

t
1
−
δ,

er
( ĥ

m

)
.

1 m

( d
L

og
(m
d

)
+

L
og

(1 δ
))

.
H

ow
ev

er
,

b
y

a
m

or
e-

sp
ec

ia
li

ze
d

an
a
ly

si
s,

A
u

er
an

d
O

rt
n

er
(2

00
4,

20
07

)
w

er
e

ab
le

to
sh

ow
th

at
,

fo
r

in
te

rs
ec

ti
on

-c
lo

se
d

cl
a
ss

es
C

,

th
e

C
lo

su
re

al
go

ri
th

m
in

fa
ct

ac
h

ie
ve

s
er
( ĥ

m

)
.

1 m

( d
L

og
(d

)
+

L
og

(1 δ
))

w
it

h
p

ro
b

a
b

il
it

y

at
le

as
t

1
−
δ,

w
h

ic
h

is
an

im
p

ro
ve

m
en

t
fo

r
la

rg
e
m

.
T

h
ey

al
so

ar
gu

ed
th

a
t,

fo
r

a
sp

ec
ia

l
su

b
fa

m
il

y
of

in
te

rs
ec

ti
on

-c
lo

se
d

cl
as

se
s

(n
am

el
y,

th
os

e
w

it
h

h
o
m

og
en

eo
u

s
sp

a
n

s)
,
th

is
b

o
u

n
d

ca
n

b
e

fu
rt

h
er

re
fi

n
ed

to
1 m

( d
+

L
og

(1 δ
))

,
w

h
ic

h
m

at
ch

es
(u

p
to

co
n
st

an
t

fa
ct

or
s)

th
e

lo
w

er
b

ou
n

d
(2

).
H

ow
ev

er
,

th
ey

le
ft

op
en

th
e

q
u

es
ti

on
of

w
h

et
h

er
th

is
re

fi
n

em
en

t
is

a
ch

ie
va

b
le

fo
r

ge
n

er
al

in
te

rs
ec

ti
on

-c
lo

se
d

co
n

ce
p

t
sp

ac
es

(b
y

C
lo

su
re

,
or

an
y

ot
h

er
al

g
or

it
h

m
).

In
th

e
fo

ll
ow

in
g

re
su

lt
,

w
e

p
ro

ve
th

at
th

e
C

lo
su

re
al

go
ri

th
m

in
d

ee
d

al
w

ay
s

a
ch

ie
v
es

th
e

op
ti

m
al

b
ou

n
d

(u
p

to
co

n
st

an
t

fa
ct

or
s)

fo
r

in
te

rs
ec

ti
on

-c
lo

se
d

co
n

ce
p

t
sp

a
ce

s,
as

a
si

m
p

le
co

n
se

q
u

en
ce

of
ei

th
er

T
h

eo
re

m
1

or
T

h
eo

re
m

3.
T

h
is

fa
ct

w
as

ve
ry

re
ce

n
tl

y
a
ls

o
o
b

ta
in

ed
b
y

D
ar

n
st

äd
t

(2
01

5)
v
ia

a
re

la
te

d
d
ir

ec
t

ap
p

ro
ac

h
;

h
ow

ev
er

,
w

e
n

ot
e

th
at

th
e

co
n

st
a
n
t

fa
ct

o
rs

ob
ta

in
ed

h
er

e
ar

e
si

gn
ifi

ca
n
tl

y
sm

al
le

r
(b

y
ro

u
gh

ly
a

fa
ct

or
of

15
.5

,
fo

r
la

rg
e
d
).

T
h

e
o
re

m
5

If
C

is
in

te
rs

ec
ti

o
n

-c
lo

se
d

a
n

d
A

is
th

e
C

lo
su

re
a
lg

o
ri

th
m

,
th

en
fo

r
a
n

y
m
∈
N

a
n

d
δ
∈

(0
,1

),
le

tt
in

g
ĥ
m

=
A

({
(X

1
,f

?
(X

1
))
,.
..
,(
X
m
,f

?
(X

m
))
})

,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ,

er
( ĥ

m

)
≤

1 m

( 21
d

+
16

ln

(
3 δ

))
.

1
.

F
o
r

si
m

p
li
ci

ty
,

w
e

su
p
p

o
se

C
is

su
ch

th
a
t

th
is

se
t
⋂
h
∈
C[
L

m
]{
x

:
h

(x
)

=
+

1
}

is
m

ea
su

ra
b
le

fo
r

ev
er

y
L
m

,
w

h
ic

h
is

th
e

ca
se

fo
r

es
se

n
ti

a
ll
y

a
ll

in
te

rs
ec

ti
o
n
-c

lo
se

d
co

n
ce

p
t

sp
a
ce

s
o
f

p
ra

ct
ic

a
l

in
te

re
st

.
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H
a
n
n
e
k
e

F
u

rt
h
er

m
o
re

,

E
[ er
( ĥ

m

)]
≤

21
d

+
3
4

m
.

P
ro

o
f

F
or

ea
ch
t
∈
N
∪
{0
}

a
n

d
x

1
,.
..
,x

t
∈
X

,
d

efi
n

e
ψ
t(
x

1
,.
..
,x

t)
=
{x
∈
X

:
ĥ
x
[t
]
(x

)
6=

f
?
(x

)}
,

w
h

er
e
ĥ
x
[t
]

=
A

({
(x

1
,f

?
(x

1
))
,.
..
,(
x
t,
f
?
(x
t)

)}
).

F
ix

a
n
y
x

1
,x

2
,.
..
∈
X

,
le

t
L
t

=

{(
x

1
,f

?
(x

1
))
,.
..
,(
x
t,
f
?
(x
t)

)}
fo

r
ea

ch
t
∈
N

,
a
n

d
n

o
te

th
a
t

fo
r

a
n
y
t
∈
N

,
th

e
cl

a
ss

ifi
er
ĥ
x
[t
]

p
ro

d
u

ce
d

b
y
A

(L
t)

is
co

n
si

st
en

t
w

it
h
L
t,

w
h

ic
h

im
p

li
es
ψ
t(
x

1
,.
..
,x

t)
∩
{x

1
,.
..
,x

t}
=
∅.

F
u

rt
h

er
m

or
e,

si
n

ce
f
?
∈
C

[L
t]

,
w

e
h

av
e

th
at
{x

:
ĥ
x
[t
]
(x

)
=

+
1
}
⊆
{x

:
f
?
(x

)
=

+
1
},

w
h

ic
h

to
g
et

h
er

w
it

h
th

e
d

efi
n

it
io

n
o
f
ĥ
x
[t
]

im
p

li
es

ψ
t(
x

1
,.
..
,x

t)
=
{x
∈
X

:
ĥ
x
[t
]
(x

)
=
−

1
,f

?
(x

)
=

+
1}

=
⋃

h
∈C

[L
t
]{x
∈
X

:
h

(x
)

=
−

1
,f

?
(x

)
=

+
1}

(1
1)

fo
r

ev
er

y
t
∈
N

.
F

u
rt

h
er

m
or

e,
fo

r
a
n
y
t
∈
N

,
C

[L
t+

1
]
⊆

C
[L
t]

.
T

o
g
et

h
er

w
it

h
m

o
n

o
to

n
ic

it
y

o
f

th
e

u
n

io
n
,

th
es

e
tw

o
ob

se
rv

a
ti

on
s

im
p

ly

ψ
t+

1
(x

1
,.
..
,x

t+
1
)

=
⋃

h
∈C

[L
t+

1
]{x
∈
X

:
h

(x
)

=
−

1,
f
?
(x

)
=

+
1}

⊆
⋃

h
∈C

[L
t
]{x
∈
X

:
h

(x
)

=
−

1,
f
?
(x

)
=

+
1}

=
ψ
t(
x

1
,.
..
,x

t)
.

T
h
u

s,
ψ
t

d
efi

n
es

a
co

n
si

st
en

t
m

o
n

o
to

n
e

ru
le

.
A

ls
o
,

si
n

ce
A

al
w

ay
s

p
ro

d
u

ce
s

a
fu

n
ct

io
n

in
C̄

,
w

e
h

av
e
ψ
t(
x

1
,.
..
,x

t)
∈
{{
x
∈
X

:
h

(x
)
6=
f
?
(x

)}
:
h
∈

C̄
}

fo
r

ev
er

y
t
∈

N
,

a
n

d
it

is
st

ra
ig

h
tf

o
rw

ar
d

to
sh

ow
th

at
th

e
V

C
d

im
en

si
o
n

o
f

th
is

co
ll

ec
ti

o
n

of
se

ts
is

ex
a
ct

ly
vc

(C̄
)

(s
ee

V
id

ya
sa

g
ar

,
2
00

3
,

L
em

m
a

4.
12

),
w

h
ic

h
A

u
er

an
d

O
rt

n
er

(2
0
07

)
h

av
e

a
rg

u
ed

eq
u

al
s
d
.

F
ro

m
th

is
,

w
e

ca
n

a
lr

ea
d

y
in

fe
r

a
b

o
u

n
d

4 m

( 17
d

+
4

ln
( 4 δ

))
v
ia

T
h

eo
re

m
1.

H
ow

ev
er

,
w

e
ca

n
re

fi
n

e
th

e
co

n
st

a
n
t

fa
ct

o
rs

in
th

is
b

o
u

n
d

b
y

n
ot

in
g

th
a
t
ψ
t

ca
n

a
ls

o
b

e
re

p
re

se
n
te

d
as

a
co

n
si

st
en

t
m

on
ot

on
e

sa
m

p
le

co
m

p
re

ss
io

n
ru

le
o
f

si
ze
d
,

a
n

d
in

v
o
k
in

g
T

h
eo

re
m

3.
T

h
e

re
st

of
th

is
p

ro
of

fo
cu

se
s

on
es

ta
b

li
sh

in
g

th
is

fa
ct

.
F

ix
a
n
y
t
∈

N
.

It
is

w
el

l
k
n

ow
n

in
th

e
li

te
ra

tu
re

(s
ee

e.
g
.,

A
u

er
an

d
O

rt
n

er
,

20
0
7,

T
h

eo
re

m
1)

th
a
t

th
er

e
ex

is
t
k
∈

[d
]∪
{0
}

an
d

d
is

ti
n

ct
i 1
,.
..
,i
k
∈

[t
]

su
ch

th
a
t
f
?
(x
i j

)
=

+
1

fo
r

al
l
j
∈

[k
],

an
d

le
tt

in
g
L
i [
k
]

=
{(
x
i 1
,+

1
),
..
.,

(x
i k
,+

1
)}

,
w

e
h

av
e
⋂
h
∈C

[L
i [
k
]
]{x

:
h

(x
)

=

+
1}

=
⋂
h
∈C

[L
t
]{x

:
h

(x
)

=
+

1
};

in
p

ar
ti

cu
la

r,
le

tt
in

g
ĥ
x
i [
k
]

=
A

(L
i [
k
]
),

th
is

im
p

li
es
ĥ
x
i [
k
]

=

ĥ
x
[t
]
.

T
h

is
fu

rt
h

er
im

p
li

es
ψ
t(
x

1
,.
..
,x

t)
=
ψ
k
(x
i 1
,.
..
,x

i k
),

so
th

a
t

d
efi

n
in

g
th

e
co

m
p

re
s-

si
o
n

fu
n

ct
io

n
(n
t(
x

[t
])
,i
t,

1
(x

[t
])
,.
..
,i
t,
n
t
(x

[t
])

(x
[t

])
)

=
(k
,i

1
,.
..
,i
k
)

fo
r
k

a
n

d
i 1
,.
..
,i
k

a
s

a
b

ov
e,

fo
r

ea
ch
x

1
,.
..
,x

t
∈
X

,
a
n

d
d

efi
n

in
g

th
e

re
co

n
st

ru
ct

io
n

fu
n

ct
io

n
φ
t,
k
′ (
x
′ 1
,.
..
,x
′ k′

)
=

ψ
k
′ (
x
′ 1
,.
..
,x
′ k′

)
fo

r
ea

ch
t
∈
N

,
k
′ ∈

[d
]∪
{0
},

a
n

d
x
′ 1
,.
..
,x
′ k′
∈
X

,
w

e
h

av
e

th
a
t
ψ
t(
x

1
,.
..
,x

t)
=
φ
t,
n
t
(x

[t
])

(x
i t
,1

(x
[t
])
,.
..
,x

i t
,n
t
(x

[t
])

(x
[t
])

)
fo

r
al

l
t
∈
N

a
n

d
x

1
,.
..
,x

t
∈
X

.
F

u
rt

h
er

m
o
re

,
si

n
ce

(x
1
,.
..
,x

t)
7→

C
[{

(x
1
,f

?
(x

1
))
,.
..
,(
x
t,
f
?
(x
t)

)}
]

is
in

va
ri

an
t

to
p

er
m

u
ta

ti
o
n

s
o
f

it
s

ar
gu

-
m

en
ts

,
it

fo
ll

ow
s

fr
o
m

(1
1
)

th
a
t
ψ
t

is
p

er
m

u
ta

ti
o
n
-i

n
va

ri
a
n
t

fo
r

ev
er

y
t
∈
N

;
th

is
a
ls

o
m

ea
n

s
th

a
t,

fo
r

th
e

ch
o
ic

e
of
φ
t,
k
′

ab
ov

e,
th

e
fu

n
ct

io
n
φ
t,
k
′

is
a
ls

o
p

er
m

u
ta

ti
on

-i
n
va

ri
a
n
t.

A
lt

o
-

g
et

h
er

,
w

e
h

av
e

th
a
t
ψ
t

is
a

co
n
si

st
en

t
m

on
o
to

n
e

sa
m

p
le

co
m

p
re

ss
io

n
ru

le
of

si
ze
d
.
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R
e
f
in

e
d

E
r
r
o
r

B
o
u
n
d
s

sin
ce

er (
ĥ
m )

=
P

(ψ
m

(X
1 ,...,X

m
))

fo
r
m
∈

N
,

th
e

sta
ted

resu
lt

fo
llow

s
d
irectly

from

T
h

eo
rem

3
(w

ith
Z

=
X

,
P

=
P

,
a
n

d
ψ
t

d
efi

n
ed

as
a
b

ove).

4
.

A
p
p
lica

tio
n

to
th

e
C

A
L

A
ctiv

e
L

e
a
rn

in
g

A
lg

o
rith

m

A
s

a
n
oth

er
in

terestin
g

a
p
p

lica
tio

n
o
f

T
h

eo
rem

3
,

w
e

d
erive

a
n

im
p

rov
ed

b
o
u

n
d

o
n

th
e

la
b

el
co

m
p

lex
ity

o
f

a
w

ell-stu
d

ied
a
ctive

lea
rn

in
g

a
lg

orith
m

,
u

su
a
lly

referred
to

a
s

C
A

L
after

its
a
u

th
o
rs

C
oh

n
,

A
tlas,

a
n

d
L

a
d

n
er

(19
9
4
).

F
o
rm

a
lly,

in
th

e
active

learn
in

g
p

ro
to

co
l,

th
e

lea
rn

in
g

a
lg

orith
m

A
is

given
a
ccess

to
th

e
u

n
la

beled
d

a
ta

seq
u

en
ce

X
1 ,X

2 ,...
(or

so
m

e
su

ffi
cien

tly
-la

rge
fi

n
ite

in
itia

l
segm

en
t

th
ereof),

a
n

d
th

en
seq

u
en

tia
lly

req
u

ests
to

ob
serv

e
th

e
la

b
els:

th
at

is,
it

selects
a
n

in
d

ex
t1

a
n

d
req

u
ests

to
o
b

serv
e

th
e

la
b

el
f
?(X

t
1 ),

at
w

h
ich

tim
e

it
is

p
erm

itted
a
ccess

to
f
?(X

t
1 );

it
m

ay
th

en
select

an
o
th

er
in

d
ex

t2
a
n

d
req

u
est

to
ob

serve
th

e
la

b
el
f
?(X

t
2 ),

is
th

en
p

erm
itted

a
ccess

to
f
?(X

t
2 ),

an
d

so
o
n

.
T

h
is

con
tin

u
es

u
n
til

a
t

m
ost

so
m

e
g
iven

n
u

m
b

er
n

o
f

lab
els

h
ave

b
een

req
u

ested
(ca

lled
th

e
la

bel
bu

d
get),

a
t

w
h

ich
p

o
in

t
th

e
a
lgo

rith
m

sh
ou

ld
h

a
lt

a
n
d

retu
rn

a
cla

ssifi
er
ĥ

;
w

e
d

en
o
te

th
is

a
s
ĥ

=
A

(n
)

(leav
in

g
th

e
d

ep
en

d
en

ce
o
n

th
e

u
n

la
b

eled
d

a
ta

im
p

licit,
fo

r
sim

p
licity

).
W

e
a
re

th
en

in
terested

in
ch

a
ra

cterizin
g

a
su

ffi
cien

t
size

fo
r

th
e

b
u

d
g
et
n

so
th

a
t,

w
ith

p
ro

b
a
b

ility
at

lea
st

1−
δ,

er(ĥ
)≤

ε;
th

is
size

is
k
n

ow
n

a
s

th
e

la
bel

co
m

p
lexity

o
fA

.

T
h

e
C

A
L

active
learn

in
g

a
lg

orith
m

is
b

a
sed

o
n

a
v
ery

elega
n
t

a
n

d
n

a
tu

ra
l

p
rin

cip
le:

n
ever

req
u

est
a

la
b

el
th

a
t

ca
n

b
e

d
ed

u
ced

fro
m

in
fo

rm
a
tion

a
lrea

d
y

o
b

ta
in

ed
.

C
A

L
is

d
efi

n
ed

solely
b
y

th
is

p
rin

cip
le,

em
p

loy
in

g
n

o
a
d

d
ition

a
l

criteria
in

its
ch

oice
o
f

q
u

eries.
S

p
ecifi

ca
lly,

th
e

a
lg

orith
m

p
ro

ceed
s

b
y

co
n

sid
erin

g
ra

n
d

om
ly

-sa
m

p
led

d
a
ta

p
o
in

ts
o
n

e
at

a
tim

e,
an

d
to

ea
ch

it
a
p

p
lies

th
e

ab
ove

p
rin

cip
le,

sk
ip

p
in

g
over

th
e

lab
els

th
a
t

ca
n

b
e

d
ed

u
ced

,
a
n

d
req

u
estin

g
th

e
lab

els
th

at
ca

n
n

ot
b

e.
In

favo
rab

le
scen

a
rio

s,
a
s

th
e

n
u

m
b

er
o
f

lab
el

req
u

ests
grow

s,
th

e
freq

u
en

cy
o
f

en
cou

n
terin

g
a

sa
m

p
le

w
h

ose
lab

el
can

n
o
t

b
e

d
ed

u
ced

sh
o
u

ld
d

im
in

ish
.

T
h

e
k
ey

to
b

ou
n

d
in

g
th

e
la

b
el

com
p

lex
ity

o
f

C
A

L
is

to
ch

a
ra

cterize
th

e
ra

te
a
t

w
h

ich
th

is
freq

u
en

cy
sh

rin
k
s.

T
o

fu
rth

er
p

u
rsu

e
th

is
d

iscu
ssion

w
ith

rig
o
r,

let
u

s
d

efi
n

e
th

e
regio

n
o
f

d
isa

greem
en

t
for

a
n
y

setH
o
f

cla
ssifi

ers:

D
IS

(H
)

=
{
x
∈
X

:∃
h
,g
∈
H

s.t.
h

(x
)6=

g
(x

)}.

T
h

en
th

e
C

A
L

active
learn

in
g

algo
rith

m
is

fo
rm

a
lly

d
efi

n
ed

a
s

fo
llow

s.

A
lg

orith
m

:
C

A
L

(n
)

0
.
m
←

0
,
t←

0,
V

0 ←
C

1
.

W
h

ile
t
<
n

a
n

d
m
<

2
n

2
.

m
←
m

+
1

3
.

If
X
m
∈

D
IS

(V
m
−

1 )
4
.

R
eq

u
est

lab
el
Y
m

=
f
?(X

m
);

let
V
m
←
V
m
−

1 [{
(X

m
,Y

m
)}],

t←
t

+
1

5
.

E
lse

V
m
←
V
m
−

1

6.
R

etu
rn

a
n
y
ĥ
∈
V
m

T
h

is
a
lgo

rith
m

h
as

sev
era

l
attra

ctive
p

ro
p

erties.
O

n
e

is
th

a
t,

sin
ce

it
on

ly
rem

oves
cla

ssifi
ers

fro
m
V
m

u
p

on
d

isa
greem

en
t

w
ith

f
?,

it
m

a
in

ta
in

s
th

e
in

va
rian

t
th

a
t
f
?
∈
V
m

.
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H
a
n
n
e
k
e

A
n

o
th

er
p

rop
erty

is
th

at,
sin

ce
it

m
ain

tain
s
f
?∈

V
m

,
an

d
it

on
ly

refrain
s

from
req

u
estin

g
a

la
b

el
if

ev
ery

classifi
er

in
V
m

agrees
on

th
e

lab
el

(an
d

h
en

ce
agrees

w
ith

f
?,

so
th

at
req

u
estin

g
th

e
la

b
el

w
ou

ld
n

o
t

aff
ect

V
m

an
y
w

ay
),

it
m

ain
tain

s
th

e
in

varian
t

th
at
V
m

=
C

[L
m

],
w

h
ere

L
m

=
{
(X

1 ,f
?(X

1 )),...,(X
m
,f

?(X
m

))}.
T

h
is

algorith
m

h
as

b
een

stu
d

ied
a

great
d

eal
in

th
e

literatu
re

(C
oh

n
,

A
tlas,

an
d

L
ad

-
n

er,
1
99

4;
H

an
n

eke,
2009,

2011,
2012,

2014;
E

l-Y
an

iv
an

d
W

ien
er,

2012;
W

ien
er,

H
an

n
eke,

an
d

E
l-Y

an
iv

,
2
015),

an
d

h
as

in
sp

ired
an

en
tire

g
en

re
of

active
learn

in
g

alg
orith

m
s

referred
to

as
d
isa

greem
en

t-ba
sed

(or
som

etim
es

as
m

ello
w

),
in

clu
d

in
g

sev
eral

m
eth

o
d

s
p

ossessin
g

d
esirab

le
p

rop
erties

su
ch

as
rob

u
stn

ess
to

classifi
catio

n
n

oise
(e.g

.,
B

alca
n

,
B

ey
gelzim

er,
an

d
L

a
n

gford
,

2
006,

2009;
D

asgu
p

ta,
H

su
,

an
d

M
on

teleon
i,

2007;
K

oltch
in

sk
ii,

2
010;

H
an

-
n

eke
a
n

d
Y

an
g,

20
12;

H
an

n
eke,

2014).
T

h
ere

is
a

su
b

stan
tial

literatu
re

stu
d

y
in

g
th

e
lab

el
com

p
lex

ity
o
f

C
A

L
an

d
oth

er
d

isagreem
en

t-b
ased

active
learn

in
g

algorith
m

s;
th

e
in

terested
rea

d
er

is
referred

to
th

e
recen

t
su

rvey
article

of
H

an
n

eke
(2014)

for
a

th
oro

u
g
h

d
iscu

ssion
of

th
is

literatu
re.

M
u

ch
of

th
at

literatu
re

d
iscu

sses
ch

aracterization
s

of
th

e
lab

el
com

p
lex

ity
in

term
s

of
a

q
u

an
tity

k
n

ow
n

as
th

e
d
isa

greem
en

t
coeffi

cien
t

(H
an

n
eke,

2
007b

,
200

9).
H

ow
ev

er,
W

ien
er,

H
an

n
eke,

an
d

E
l-Y

an
iv

(2015)
h

ave
recen

tly
d
iscovered

th
at

a
q
u

an
tity

k
n

ow
n

as
th

e
versio

n
spa

ce
co

m
p
ressio

n
set

size
(a.k

.a.
em

p
irica

l
tea

ch
in

g
d
im

en
sio

n
)

can
som

etim
es

p
rov

id
e

a
sm

aller
b

ou
n

d
on

th
e

lab
el

com
p

lex
ity

of
C

A
L

.
S

p
ecifi

cally,
th

e
follow

in
g

q
u

an
tity

w
a
s

in
tro

d
u

ced
in

th
e

w
ork

s
of

E
l-Y

an
iv

an
d

W
ien

er
(201

0);
H

an
n

eke
(2007

a).

D
e
fi

n
itio

n
6

F
o
r

a
n

y
m
∈
N

a
n

d
L
∈

(X
×
Y

)
m

,
th

e
version

sp
ace

co
m

p
ression

set
Ĉ
L

is
a

sm
a
llest

su
bset

o
fL

sa
tisfyin

g
C

[Ĉ
L

]
=

C
[L

].
W

e
th

en
d
efi

n
e
n̂

(L
)

=
|Ĉ
L |,

th
e

version
sp

a
ce

com
p

ression
set

size.
In

th
e

specia
l

ca
se
L

=
L
m

,
w

e
a
bbrevia

te
n̂
m

=
n̂

(L
m

).
A

lso
d
efi

n
e
n̂

1
:m

=
m

a
x
t∈

[m
] n̂

t ,
a
n

d
fo

r
a
n

y
δ
∈

(0,1),
d
efi

n
e
ñ
m

(δ)
=

m
in{

b
∈

[m
]∪
{0}

:
P

(n̂
m
≤
b)≥

1−
δ}

a
n

d
ñ

1
:m

(δ)
=

m
in{b∈

[m
]∪
{
0}

:P
(n̂

1
:m
≤
b)≥

1−
δ}.

T
h

e
recen

t
w

ork
of

W
ien

er,
H

an
n

ek
e,

an
d

E
l-Y

an
iv

(2015)
stu

d
ies

th
is

q
u

an
tity

for
sev

-
eral

con
cep

t
sp

a
ces

an
d

d
istrib

u
tion

s,
a
n

d
also

id
en

tifi
es

gen
eral

relation
s

b
etw

een
n̂
m

an
d

th
e

m
o
re-com

m
on

ly
stu

d
ied

d
isagreem

en
t

co
effi

cien
t
θ

of
(H

a
n

n
eke,

2007
b

,
2009).

S
p

ecif-
ically,

for
an

y
r
>

0,
d

efi
n

e
B

(f
?,r)

=
{h
∈

C
:P

(x
:
h

(x
)
6=
f
?(x

))
≤
r}

.
T

h
en

th
e

d
isagreem

en
t

co
effi

cien
t

is
d

efi
n

ed
,

for
an

y
r

0 ≥
0,

as

θ(r
0 )

=
su

p
r
>
r
0 P

(D
IS

(B
(f
?,r)))

r
∨

1
.

B
o
th
ñ

1
:m

(δ)
an

d
θ(r

0 )
are

com
p

lex
ity

m
ea

su
res

d
ep

en
d

en
t

on
f
?

an
d
P

.
W

ien
er,

H
an

n
ek

e,
a
n

d
E

l-Y
an

iv
(201

5)
relate

th
em

b
y

sh
ow

in
g

th
at

θ(1/m
).

ñ
1
:m

(1/
20)∨

1
,

(12)

a
n

d
for

gen
eral

δ∈
(0,1), 2

ñ
1
:m

(δ).
θ(d

/m
) (
d
L

og
(θ(d

/m
))

+
L

og (
L

og
(m

)

δ

))
L

o
g
(m

).
(13)

2
.

T
h
e

o
rig

in
a
l

cla
im

fro
m

W
ien

er,
H

a
n

n
ek

e,
a
n
d

E
l-Y

a
n
iv

(2
0
1
5
)

in
v
o
lv

ed
a

m
a
x
im

u
m

o
f

m
in

im
a
l

(1−
δ)-

co
n

fi
d
en

ce
b

o
u
n
d

s
o
n
n̂
t

ov
er
t∈

[m
],

b
u
t

th
e

sa
m

e
p
ro

o
f

ca
n

b
e

u
sed

to
esta

b
lish

th
is

slig
h
tly

stro
n
g
er

cla
im

.
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R
e
f
in

e
d

E
r
r
o
r

B
o
u
n
d
s

W
ie

n
er

,
H

an
n

ek
e,

an
d

E
l-

Y
an

iv
(2

01
5)

p
ro

ve
th

at
,
fo

r
C

A
L

(n
)

to
p

ro
d

u
ce
ĥ

w
it

h
er

(ĥ
)
≤

ε
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
δ,

it
su

ffi
ce

s
to

ta
k
e

a
b

u
d

ge
t
n

of
si

ze
p

ro
p

or
ti

o
n

a
l

to

(
m

ax
m
∈[
M

(ε
,δ
/
2
)]
ñ
m

(δ
m

)L
og

(
m

ñ
m

(δ
m

))
+

L
og

(
L

og
(M

(ε
,δ
/2

))

δ

))
L

og
(M

(ε
,δ
/2

))
,

(1
4)

w
h

er
e

th
e

va
lu

es
δ m
∈

(0
,1

]
ar

e
su

ch
th

at
∑
blo

g
2
(M

(ε
,δ
/
2
))
c

i=
0

δ 2
i
≤
δ/

4,
a
n

d
M

(ε
,δ
/2

)
is

th
e

sm
al

le
st
m
∈

N
fo

r
w

h
ic

h
P
( su

p
h
∈C

[L
m

]
er

(h
)
≤
ε)
≥

1
−
δ/

2;
th

e
q
u

a
n
ti

ty
M

(ε
,δ

)

is
d

is
cu

ss
ed

at
le

n
gt

h
b

el
ow

in
S

ec
ti

on
5.

T
h

ey
al

so
ar

gu
e

th
at

th
is

is
es

se
n
ti

a
ll

y
a

ti
gh

t
ch

ar
ac

te
ri

za
ti

on
of

th
e

la
b

el
co

m
p

le
x
it

y
of

C
A

L
,

u
p

to
lo

ga
ri

th
m

ic
fa

ct
or

s.

T
h

e
ke

y
to

ob
ta

in
in

g
th

is
re

su
lt

is
es

ta
b

li
sh

in
g

an
u

p
p

er
b

ou
n

d
on
P

(D
IS

(V
m

))
a
s

a
fu

n
ct

io
n

of
m

,
w

h
er

e
(a

s
in

C
A

L
)
V
m

=
C

[L
m

].
O

n
e

b
as

ic
ob

se
rv

at
io

n
in

d
ic

a
ti

n
g

th
at

P
(D

IS
(V
m

))
ca

n
b

e
re

la
te

d
to

th
e

ve
rs

io
n

sp
ac

e
co

m
p
re

ss
io

n
se

t
si

ze
is

th
a
t,

b
y

ex
ch

an
ge

-
ab

il
it

y
of

th
e
X
i

ra
n

d
om

va
ri

ab
le

s,

E
[P

(D
IS

(V
m

))
]

=
E

[1
[X

m
+

1
∈

D
IS

(C
[L
m

])
]]

=
1

m
+

1

m
+

1
∑ i=

1

E
[1

[X
i
∈

D
IS

(C
[L
m

+
1
\{

(X
i,
f
?
(X

i)
)}

])
]]

≤
1

m
+

1

m
+

1
∑ i=

1

E
[ 1
[ (X

i,
f
?
(X

i)
)
∈
Ĉ
L m

+
1

]]
=

E
[n̂
m

+
1
]

m
+

1
,

w
h

er
e

th
e

in
eq

u
al

it
y

is
d

u
e

to
th

e
ob

se
rv

at
io

n
th

at
an

y
X
i
∈

D
IS

(C
[L
m

+
1
\{

(X
i,
f
?
(X

i)
)}

])
is

n
ec

es
sa

ri
ly

in
th

e
ve

rs
io

n
sp

ac
e

co
m

p
re

ss
io

n
se

t
Ĉ
L m

+
1
,

an
d

th
e

la
st

eq
u

a
li

ty
is

b
y

li
n

ea
r-

it
y

of
th

e
ex

p
ec

ta
ti

on
.

H
ow

ev
er

,
ob

ta
in

in
g

th
e

b
ou

n
d

(1
4)

re
q
u

ir
ed

a
m

o
re

-i
n
v
o
lv

ed
a
rg

u
-

m
en

t
fr

om
W

ie
n

er
,

H
an

n
ek

e,
an

d
E

l-
Y

an
iv

(2
01

5)
,

to
es

ta
b

li
sh

a
h

ig
h

-c
on

fi
d

en
ce

b
o
u

n
d

o
n

P
(D

IS
(V
m

))
,

ra
th

er
th

an
a

b
ou

n
d

on
it

s
ex

p
ec

ta
ti

on
.

S
p

ec
ifi

ca
ll

y,
b
y

co
m

b
in

in
g

a
p

er
sp

ec
-

ti
ve

in
tr

o
d

u
ce

d
b
y

E
l-

Y
an

iv
an

d
W

ie
n

er
(2

01
0,

20
12

),
w

it
h

th
e

ob
se

rv
at

io
n

th
a
t

D
IS

(V
m

)
m

ay
b

e
re

p
re

se
n
te

d
as

a
sa

m
p

le
co

m
p

re
ss

io
n

sc
h

em
e

of
si

ze
n̂
m

,
an

d
in

vo
k
in

g
L

em
m

a
4,

W
ie

n
er

,
H

an
n

ek
e,

an
d

E
l-

Y
an

iv
(2

01
5)

p
ro

v
e

th
at

,
w

it
h

p
ro

b
ab

il
it

y
at

le
a
st

1
−
δ,

P
(D

IS
(V
m

))
.

1 m

( n̂
m

L
og

(
m n̂
m

)
+

L
og

(
1 δ

))
.

(1
5)

In
th

e
p

re
se

n
t

w
or

k
,

w
e

ar
e

ab
le

to
en

ti
re

ly
el

im
in

at
e

th
e

fa
ct

or
L

o
g
(
m n̂
m

)
fr

om
th

e

fi
rs

t
te

rm
,

si
m

p
ly

b
y

ob
se

rv
in

g
th

at
th

e
re

gi
on

D
IS

(V
m

)
is

m
o
n

o
to

n
ic

in
m

.
S

p
ec

ifi
ca

ll
y,

b
y

co
m

b
in

in
g

th
is

m
on

ot
on

ic
it

y
ob

se
rv

at
io

n
w

it
h

th
e

d
es

cr
ip

ti
on

of
D

IS
(V
m

)
a
s

a
co

m
p

re
s-

si
on

sc
h

em
e

fr
om

W
ie

n
er

,
H

an
n

ek
e,

an
d

E
l-

Y
an

iv
(2

01
5)

,
th

e
re

fi
n

ed
b

o
u
n

d
fo

ll
ow

s
fr

om
ar

gu
m

en
ts

si
m

il
ar

to
th

e
p
ro

of
of

T
h

eo
re

m
3.

F
or

m
al

ly
,

w
e

h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
.

T
h

e
o
re

m
7

F
o
r

a
n

y
m
∈
N

a
n

d
δ
∈

(0
,1

),
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ,

P
(D

IS
(V
m

))
≤

16 m

( 2n̂
1
:m

+
ln

(
3 δ

))
.
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H
a
n
n
e
k
e

W
e

sh
ou

ld
n

ot
e

th
at

,
w

h
il

e
T

h
eo

re
m

7
in

d
ee

d
el

im
in

a
te

s
a

lo
ga

ri
th

m
ic

fa
ct

or
co

m
p

a
re

d
to

(1
5)

,
th

is
re

fi
n

em
en

t
is

a
ls

o
a
cc

o
m

p
a
n

ie
d

b
y

a
n

in
cr

ea
se

in
th

e
co

m
p

le
x
it

y
m

ea
su

re
,

re
p

la
ci

n
g
n̂
m

w
it

h
n̂

1
:m

.
T

h
is

a
ri

se
s

fr
o
m

o
u

r
p

ro
of

,
si

n
ce

(a
s

in
th

e
p

ro
o
f

o
f

T
h

eo
re

m
3
)

th
e

a
rg

u
m

en
t

re
li

es
on

n̂
1
:m

b
ei

n
g

a
sa

m
p

le
co

m
p

re
ss

io
n

se
t

si
ze

,
n

o
t

ju
st

fo
r

th
e

fu
ll

sa
m

p
le

,
b

u
t

al
so

fo
r

an
y

p
re

fi
x

of
th

e
sa

m
p

le
.

T
h

e
eff

ec
t

o
f

th
is

in
cr

ea
se

is
la

rg
el

y
b

en
ig

n
in

th
is

co
n
te

x
t,

si
n

ce
th

e
b

ou
n

d
(1

4
)

o
n

th
e

la
b

el
co

m
p

le
x
it

y
o
f

C
A

L
,

d
er

iv
ed

fr
om

(1
5
),

in
v
o
lv

es
m

a
x
im

iz
at

io
n

ov
er

th
e

sa
m

p
le

si
ze

a
n
y
w

ay
.

A
lt

h
ou

gh
T

h
eo

re
m

7
fo

ll
ow

s
fr

om
th

e
sa

m
e

p
ri

n
ci

p
le

s
a
s

T
h

eo
re

m
3

(i
.e

.,
D

IS
(V
t)

b
ei

n
g

a
co

n
si

st
en

t
m

on
o
to

n
e

ru
le

ex
p

re
ss

ib
le

a
s

a
sa

m
p

le
co

m
p

re
ss

io
n

sc
h

em
e)

,
it

d
o
es

n
o
t

q
u

it
e

fo
ll

ow
a
s

an
im

m
ed

ia
te

co
n

se
q
u

en
ce

of
T

h
eo

re
m

3
,
d

u
e

fa
ct

th
a
t

th
e

si
ze
n̂

1
:m

of
th

e
se

q
u

en
ce

o
f

sa
m

p
le

co
m

p
re

ss
io

n
sc

h
em

es
ca

n
va

ry
b

as
ed

on
th

e
sp

ec
ifi

c
sa

m
p

le
s

(i
n

cl
u

d
in

g
th

ei
r

o
rd

er
).

F
or

th
is

re
a
so

n
,

w
e

p
ro

v
id

e
a

sp
ec

ia
li

ze
d

p
ro

o
f

o
f

th
is

re
su

lt
in

A
p

p
en

d
ix

B
,

w
h

ic
h

fo
ll

ow
s

a
n

a
rg

u
m

en
t

n
ea

rl
y
-i

d
en

ti
ca

l
to

th
at

o
f

T
h

eo
re

m
3
,

w
it

h
o
n
ly

a
fe

w
m

in
o
r

ch
a
n

ge
s

to
ac

co
u

n
t

fo
r

th
is

va
ri

a
b

il
it

y
o
f
n̂

1
:m

u
si

n
g

sp
ec

ia
l

p
ro

p
er

ti
es

o
f

th
e

se
ts

D
IS

(V
t)

.
B

as
ed

o
n

th
is

re
su

lt
,

a
n

d
fo

ll
ow

in
g

p
re

ci
se

ly
th

e
sa

m
e

a
rg

u
m

en
ts

a
s

W
ie

n
er

,
H

an
n

ek
e,

an
d

E
l-

Y
an

iv
(2

0
1
5)

,3
w

e
a
rr

iv
e

a
t

th
e

fo
ll

ow
in

g
b

o
u

n
d

o
n

th
e

la
b

el
co

m
p

le
x
it

y
o
f

C
A

L
.

F
o
r

b
re

v
it

y,
w

e
om

it
th

e
p

ro
o
f,

re
fe

rr
in

g
th

e
in

te
re

st
ed

re
ad

er
to

th
e

o
ri

g
in

a
l

ex
p

o
si

ti
o
n

of
W

ie
n

er
,

H
an

n
ek

e,
an

d
E

l-
Y

an
iv

(2
0
15

)
fo

r
th

e
d

et
ai

ls
.

T
h

e
o
re

m
8

T
h
er

e
is

a
u

n
iv

er
sa

l
co

n
st

a
n

t
c
∈

(0
,∞

)
su

ch
th

a
t,

fo
r

a
n

y
ε,
δ
∈

(0
,1

),
fo

r
a
n

y
n
∈
N

w
it

h

n
≥
c

( ñ
1
:M

(ε
,δ
/
2
)(
δ/

4
)

+
L

o
g

(
L

o
g
(M

(ε
,δ
/2

))

δ

))
L

og
(M

(ε
,δ
/2

))
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ,

th
e

cl
a
ss

ifi
er
ĥ
n

=
C

A
L

(n
)

h
a
s

er
(ĥ
n
)
≤
ε.

It
is

a
ls

o
p

o
ss

ib
le

to
st

a
te

a
d

is
tr

ib
u

ti
o
n

-f
re

e
va

ri
a
n
t

of
T

h
eo

re
m

7
.

S
p

ec
ifi

ca
ll

y,
co

n
si

d
er

th
e

fo
ll

ow
in

g
d

efi
n

it
io

n
,

fr
om

H
a
n

n
ek

e
a
n

d
Y

a
n

g
(2

01
5
).

D
e
fi

n
it

io
n

9
T

h
e

st
a
r

n
u

m
b

er
s

is
th

e
la

rg
es

t
in

te
ge

r
s

su
ch

th
a
t

th
er

e
ex

is
t

d
is

ti
n

ct
po

in
ts
x

1
,.
..
,x

s
∈
X

a
n

d
cl

a
ss

ifi
er

s
h

0
,h

1
,.
..
,h

s
∈

C
w

it
h

th
e

p
ro

pe
rt

y
th

a
t
∀i
∈

[s
],

D
IS

({
h

0
,h

i}
)
∩
{x

1
,.
..
,x

s
}

=
{x

i}
;

if
n

o
su

ch
la

rg
es

t
in

te
ge

r
ex

is
ts

,
d
efi

n
e
s

=
∞

.

T
h

e
st

ar
n
u

m
b

er
is

a
n

at
u

ra
l

co
m

b
in

a
to

ri
a
l

co
m

p
le

x
it

y
m

ea
su

re
,

co
rr

es
p

o
n

d
in

g
to

th
e

la
rg

es
t

p
os

si
b

le
d

eg
re

e
in

th
e

d
a
ta

-i
n

d
u

ce
d

o
n

e-
in

cl
u

si
o
n

g
ra

p
h

.
H

a
n

n
ek

e
a
n

d
Y

an
g

(2
0
1
5)

p
ro

v
id

e
se

ve
ra

l
ex

a
m

p
le

s
o
f

co
n

ce
p

t
sp

a
ce

s
ex

h
ib

it
in

g
a

va
ri

et
y

o
f

va
lu

es
fo

r
th

e
st

a
r

n
u

m
b

er
(t

h
ou

gh
it

sh
ou

ld
b

e
n

o
te

d
th

a
t

m
a
n
y

co
m

m
o
n

ly
-u

se
d

co
n

ce
p

t
sp

ac
es

h
av

e
s

=
∞

:
e.

g.
,

li
n

ea
r

se
p

a
ra

to
rs

).
A

s
a

b
a
si

c
re

la
ti

o
n

,
on

e
ca

n
ea

si
ly

sh
ow

th
at

s
≥
d
.

H
a
n

n
ek

e
a
n

d
Y

a
n

g
(2

01
5)

a
ls

o
re

la
te

th
e

st
a
r

n
u

m
b

er
to

m
a
n
y

ot
h

er
co

m
p

le
x
it

y
m

ea
su

re
s

ar
is

in
g

in
th

e
le

a
rn

in
g

th
eo

ry
li

te
ra

tu
re

,
in

cl
u

d
in

g
n̂
m

.
S

p
ec

ifi
ca

ll
y,

th
ey

p
ro

ve
th

a
t,

fo
r

ev
er

y
m
∈
N

a
n

d

3
.

T
h
e

o
n
ly

sm
a
ll

tw
is

t
is

th
a
t

w
e

re
p

la
ce

m
a
x
m
≤
M

(ε
,δ
/
2
)
ñ
m

(δ
m

)
fr

o
m

(1
4
)

w
it

h
ñ
1
:M

(ε
,δ
/
2
)
(δ
/
4
).

A
s

th
e

p
u
rp

o
se

o
f

th
es

e
ñ
m

(δ
m

)
va

lu
es

in
th

e
o
ri

g
in

a
l

p
ro

o
f

is
to

p
ro

v
id

e
b

o
u
n

d
s

o
n

th
ei

r
re

sp
ec

ti
v
e
n̂
m

va
lu

es
(w

h
ic

h
in

o
u
r

co
n
te

x
t,

a
re
n̂
1
:m

va
lu

es
),

h
o
ld

in
g

si
m

u
lt

a
n
eo

u
sl

y
fo

r
a
ll
m

=
2
i
∈

[M
(ε
,δ
/
2
)]

w
it

h
p
ro

b
a
b
il
it

y
a
t

le
a
st

1
−
δ/

4
,

th
e

va
lu

e
ñ
1
:M

(ε
,δ
/
2
)
(δ
/
4
)

ca
n

cl
ea

rl
y

b
e

u
se

d
in

st
ea

d
.

If
d
es

ir
ed

,
b
y

a
u
n
io

n
b

o
u
n
d

w
e

ca
n

o
f

co
u
rs

e
b

o
u
n
d
ñ
1
:M

(ε
,δ
/
2
)
(δ
/
4
)
≤

m
a
x
m
∈
[M

(ε
,δ
/
2
)]
ñ
m

(δ
m

),
fo

r
a
n
y

se
q
u
en

ce
δ m

in
(0
,1

]
w

it
h
∑
m
∈
[M

(ε
,δ
/
2
)]
δ m
≤
δ/

4
.
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R
e
f
in

e
d

E
r
r
o
r

B
o
u
n
d
s

L
∈

(X
×
Y

)
m

w
ith

C
[L

]6=
∅,
n̂

(L
)≤

s,
w

ith
eq

u
a
lity

in
th

e
w

o
rst

ca
se

(ov
er
m

a
n

d
L

).
B

a
sed

o
n

th
is

fa
ct,

T
h

eorem
3

im
p

lies
th

e
fo

llow
in

g
resu

lt.

T
h

e
o
re

m
1
0

F
o
r

a
n

y
m
∈
N

a
n

d
δ∈

(0,1
),

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ,

P
(D

IS
(V
m

))≤
1m

(
2
1
s

+
1
6

ln (
3δ ))

.

P
ro

o
f

F
or

every
t∈

N
a
n

d
x

1 ,...,x
t ∈
X

,
d

efi
n

e
ψ
t (x

1 ,...,x
t )

=
D

IS
(C

[L
x
[t] ]),

w
h

ere
L
x
[t]

=
{
(x

1 ,f
?(x

1 )),...,(x
t ,f

?(x
t ))};

ψ
t

is
clea

rly
p

erm
u

ta
tio

n
-in

va
rian

t,
a
n

d
sa

tisfi
es

ψ
t (x

1 ,...,x
t )∩
{x

1 ,...,x
t }

=
∅

(sin
ce

every
h
∈

C
[L
x
[t] ]

a
grees

w
ith

f
?

o
n
{x

1 ,...,x
t }).

F
u

rth
erm

ore,
m

o
n

o
ton

icity
ofL

7→
C

[L
]

a
n

d
H
7→

D
IS

(H
)

im
p

ly
th

a
t

a
n
y
t
∈

N
a
n

d
x

1 ,...,x
t+

1 ∈
X

satisfy
ψ
t+

1 (x
1 ,...,x

t+
1 )⊆

ψ
t (x

1 ,...,x
t ),

so
th

a
t
ψ
t

is
a

co
n

sisten
t

m
o
n

o-
ton

e
ru

le.
A

lso
d

efi
n

e
φ
t,k (x

1 ,...,x
k )

=
ψ
k (x

1 ,...,x
k )

fo
r

a
n
y
k
∈

[t]
a
n

d
x

1 ,...,x
k
∈
X

,
a
n

d
φ
t,0 ()

=
D

IS
(C

).
S

in
ce
ψ
k

is
p

erm
u

ta
tion

-in
va

ria
n
t

fo
r

every
k
∈

[t],
so

is
φ
t,k .

F
o
r

a
n
y

x
1 ,...,x

t ∈
X

,
fro

m
D

efi
n

itio
n

6
,

th
ere

ex
ist

d
istin

ct
it,1 (x

[t] ),...,it,n̂
(L
x
[t] ) (x

[t] )∈
[t]

su
ch

th
a
t
Ĉ
L
x
[t]

=
{
(x
it,j (x

[t] ) ,f
?(x

it,j (x
[t] ) ))

:
j∈
{1,...,n̂

(L
x
[t] )}},

a
n

d
sin

ce
C

[Ĉ
L
x
[t] ]

=
C

[L
x
[t] ],

it
fo

llow
s

th
a
t
φ
t,n̂

(L
x
[t] ) (x

it,1
(x

[t] ) ,...,x
it,n̂

(L
x
[t]

) (x
[t] ) )

=
ψ
t (x

1 ,...,x
t ).

T
h
u

s,
sin

ce
n̂

(L
x
[t] )≤

s
for

a
ll
t∈

N
(H

a
n

n
eke

a
n

d
Y

an
g,

2
0
1
5),

ψ
t

is
a

co
n

sisten
t

m
o
n

o
to

n
e

sam
p

le
co

m
p

ressio
n

ru
le

o
f

size
s.

T
h

e
resu

lt
im

m
ed

ia
tely

fo
llow

s
b
y

ap
p

ly
in

g
T

h
eo

rem
3

w
ith
Z

=
X

,
P

=
P

,
an

d
ψ
t

as
ab

ove.

A
s

a
fi

n
a
l

im
p

lica
tion

fo
r

C
A

L
,

w
e

can
a
lso

p
lu

g
th

e
in

eq
u

a
lity

n̂
(L

)≤
s

in
to

th
e

b
ou

n
d

fro
m

T
h

eo
rem

8
to

reveal
th

at
C

A
L

a
ch

iev
es

a
la

b
el

co
m

p
lex

ity
u

p
p

er-b
o
u

n
d

ed
b
y

a
va

lu
e

p
rop

o
rtio

n
a
l

to
sL

o
g
(M

(ε,δ/2))
+

L
o
g (

L
o
g
(M

(ε,δ
/
2
))

δ

)
L

o
g
(M

(ε,δ/2)).

R
e
m

a
rk

:
In

a
d

d
ition

to
th

e
ab

ove
ap

p
lica

tio
n

s
to

a
ctiv

e
lea

rn
in

g
,

it
is

w
orth

n
otin

g
th

a
t,

co
m

b
in

ed
w

ith
th

e
w

o
rk

of
E

l-Y
an

iv
a
n

d
W

ien
er

(2
0
1
0),

th
e

ab
ove

resu
lts

a
lso

h
ave

im
p

li-
ca

tion
s

for
th

e
settin

g
o
f

selective
cla

ssifi
ca

tio
n

:
th

a
t

is,
th

e
settin

g
in

w
h

ich
,

fo
r

ea
ch
t∈

N
,

g
iven

a
ccess

to
(X

1 ,f
?(X

1 )),...,(X
t−

1 ,f
?(X

t−
1 ))

a
n

d
X
t ,

a
lea

rn
in

g
a
lg

o
rith

m
is

req
u

ired
eith

er
to

m
ak

e
a

p
red

ictio
n
Ŷ
t

fo
r
f
?(X

t ),
o
r

to
“a

b
sta

in
”

fro
m

p
red

ictio
n

;
after

ea
ch

ro
u

n
d

t,
th

e
a
lgo

rith
m

is
p

erm
itted

a
ccess

to
th

e
va

lu
e
f
?(X

t ).
T

h
en

th
e

error
ra

te
is

th
e

p
ro

b
a
b

il-
ity

th
e

p
red

iction
Ŷ
t

is
in

co
rrect

(co
n

d
itio

n
ed

on
X

[t−
1
] ),

g
iven

th
at

th
e

a
lg

o
rith

m
ch

o
o
ses

to
p

red
ict,

a
n

d
th

e
co

vera
ge

is
th

e
p

ro
b

ab
ility

th
e

a
lg

o
rith

m
ch

o
oses

to
m

a
k
e

a
p
red

iction
a
t

tim
e
t

(con
d

ition
ed

o
n
X

[t−
1
] ).

E
l-Y

a
n

iv
a
n

d
W

ien
er

(2
0
1
0
)

ex
p

lo
re

a
n

ex
trem

e
va

ria
n
t,

ca
lled

perfect
selective

cla
ssifi

ca
tio

n
,

in
w

h
ich

th
e

a
lgo

rith
m

is
req

u
ired

to
o
n

ly
m

a
ke

p
red

ic-
tio

n
s

th
at

w
ill

b
e

co
rrect

w
ith

certa
in

ty
(i.e.,

fo
r

a
n
y

d
a
ta

seq
u

en
ce
x

1 ,x
2 ,...,

th
e

a
lg

orith
m

w
ill

n
ever

m
iscla

ssify
a

p
o
in

t
it

ch
o
o
ses

to
p

red
ict

fo
r).

E
l-Y

a
n

iv
an

d
W

ien
er

(2
0
10

)
fi

n
d

th
a
t

a
selective

cla
ssifi

ca
tion

alg
orith

m
b

a
sed

o
n

p
rin

cip
les

a
n

a
lo

g
ou

s
to

th
e

C
A

L
a
ctiv

e
lea

rn
in

g
a
lgo

rith
m

o
b

ta
in

s
th

e
op

tim
al

covera
ge

a
m

o
n
g

all
p

erfect
selective

classifi
ca

tio
n

a
lgo

rith
m

s;
th

e
essen

tial
strateg

y
is

to
p

red
ict

o
n

ly
if
X
t
/∈

D
IS

(V
t−

1 ),
ta

k
in

g
Ŷ
t

as
th

e
la

b
el

ag
reed

-u
p

on
b
y

every
h
∈
V
t−

1 .
In

p
a
rticu

la
r,

th
is

im
p

lies
th

a
t

th
e

o
p

tim
a
l

covera
ge

ra
te

in
p

erfect
selective

cla
ssifi

catio
n

,
on

ro
u

n
d
t,

is
1−
P

(D
IS

(V
t−

1 )).
T

h
u

s,
co

m
b

in
ed

w
ith

T
h

eorem
7

or
T

h
eo

rem
1
0
,

w
e

ca
n

im
m

ed
ia

tely
o
b

ta
in

b
ou

n
d

s
o
n

th
e

o
p

tim
al

covera
g
e

ra
te

for
p

erfect
selective

cla
ssifi

ca
tio

n
as

w
ell;

in
p

articu
la

r,
th

is
ty

p
ica

lly
refi

n
es

th
e

b
o
u

n
d

o
f
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H
a
n
n
e
k
e

E
l-Y

an
iv

an
d

W
ien

er
(2010)

(an
d

a
later

refi
n

em
en

t
b
y

W
ien

er,
H

an
n

eke,
a
n

d
E

l-Y
a
n

iv
,

201
5)

b
y

a
t

least
a

logarith
m

ic
factor

(th
ou

gh
again

,
it

is
n

ot
a

“
p

u
re”

im
p

rovem
en

t,
as

T
h

eorem
7

u
ses

n̂
1
:m

in
p

lace
of
n̂
m

).

5
.

A
p
p
lica

tio
n

to
G

e
n
e
ra

l
C

o
n
siste

n
t

P
A

C
L

e
a
rn

e
rs

In
g
en

eral,
a

co
n

sisten
t

lea
rn

in
g

a
lgo

rith
m

A
is

a
learn

in
g

algorith
m

su
ch

th
at,

for
a
n
y

m
∈

N
an

d
L
∈

(X
×
Y

)
m

w
ith

C
[L

]6=
∅
,
A

(L
)

p
ro

d
u

ces
a

classifi
er
ĥ

co
n

sisten
t

w
ith

L
(i.e.,

ĥ
∈
C

[L
]).

In
th

e
con

tex
t

of
learn

in
g

in
th

e
realizab

le
case,

th
is

is
eq

u
ivalen

t
to

A
b

ein
g

a
n

in
sta

n
ce

o
f

th
e

w
ell-stu

d
ied

m
eth

o
d

of
em

p
irica

l
risk

m
in

im
iza

tio
n

.
T

h
e

stu
d

y
of

gen
eral

co
n

sisten
t

learn
in

g
algorith

m
s

fo
cu

ses
on

th
e

q
u

an
tity

su
p
h∈
V
m

er(h
),

w
h

ere
V
m

=
C

[L
m

],
a
s

a
b

ov
e.

It
is

clear
th

at
th

e
error

rate
ach

iev
ed

b
y

an
y

con
sisten

t
learn

in
g

algorith
m

,
given

L
m

as
in

p
u

t,
is

at
m

ost
su

p
h∈
V
m

er(h
).

F
u
rth

erm
ore,

it
is

n
o
t

h
ard

to
see

th
at,

for
an

y
given

P
an

d
f
?
∈

C
,

th
ere

ex
ist

con
sisten

t
learn

in
g

ru
les

ob
ta

in
in

g
error

rates
arb

itra
rily

close
to

su
p
h∈
V
m

er(h
),

so
th

at
ob

tain
in

g
gu

aran
tees

on
th

e
error

ra
te

th
at

h
old

gen
era

lly
fo

r
all

co
n

sisten
t

learn
in

g
algorith

m
s

req
u

ires
u

s
to

b
ou

n
d

th
is

valu
e.

B
ased

o
n

L
em

m
a

2
(tak

in
g
A

=
{{x

:
h

(x
)6=

f
?(x

)}
:
h
∈
C}),

on
e

im
m

ed
iately

ob
tain

s
a

classic
resu

lt
(d

u
e

to
V

ap
n

ik
an

d
C

h
ervon

en
k
is,

1974;
B

lu
m

er,
E

h
ren

feu
ch

t,
H

au
ssler,

an
d

W
a
rm

u
th

,
1989),

th
at

w
ith

p
rob

ab
ility

at
least

1−
δ,

su
p

h∈
V
m

er(h
).

1m

(
d
L

og (
md

)
+

L
og (

1δ ))
.

T
h

is
h

as
b

een
refi

n
ed

b
y

G
in

é
an

d
K

oltch
in

sk
ii

(2006), 4
w

h
o

arg
u

e
th

at,
w

ith
p

rob
ab

ility
at

least
1−

δ,

su
p

h∈
V
m

er(h
).

1m

(
d
L

og (
θ (

dm

))
+

L
og (

1δ ))
.

(16)

In
th

e
p
resen

t
w

ork
,

b
y

com
b

in
in

g
an

argu
m

en
t

of
H

an
n
eke

(2009)
w

ith
T

h
eorem

7
ab

ove,
w

e
are

a
b

le
to

ob
tain

a
n

ew
resu

lt,
w

h
ich

rep
laces

θ (
dm )

in
(16)

w
ith

n̂
1
:m
d

.
S

p
ecifi

cally,
w

e
h

ave
th

e
follow

in
g

resu
lt.

T
h

e
o
re

m
1
1

F
o
r

a
n

y
δ∈

(0,1)
a
n

d
m
∈
N

,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ,

su
p

h∈
V
m

er(h
)≤

8m

(
d

ln (
49
en̂

1
:m

d
+

37 )
+

8
ln (

6δ ))
.

T
h

e
p

ro
o
f

o
f

T
h

eorem
11

follow
s

a
sim

ilar
strategy

to
th

e
in

d
u

ctive
step

from
th

e
p

ro
ofs

of
T

h
eo

rem
s

1,
3,

an
d

7.
T

h
e

d
etails

are
in

clu
d

ed
in

A
p
p

en
d

ix
C

.

A
d

d
itio

n
ally,

sin
ce

H
an

n
eke

an
d

Y
an

g
(20

15)
p

rove
th

at
m

ax
t∈

[m
] m

ax
L∈

(X
×
Y

)
t
n̂

(L
)

=
m

in{
s,m
}
,

w
h

ere
s

is
th

e
star

n
u

m
b

er,
th

e
follow

in
g

n
ew

d
istrib

u
tion

-free
b

o
u

n
d

im
m

ed
i-

a
tely

fo
llow

s. 5

4
.

S
ee

a
lso

H
a
n
n

ek
e

(2
0
0
9
),

fo
r

a
sim

p
le

d
irect

p
ro

o
f

o
f

th
is

resu
lt.

5
.

T
h
e

b
o
u
n
d

o
n

th
e

ex
p

ecta
tio

n
fo

llow
s

b
y

in
teg

ra
tin

g
th

e
ex

p
o
n
en

tia
l

b
o
u
n
d

o
n
P

(su
p
h∈
V
m

er(h
)
>
ε)

im
p
lied

b
y

th
e

fi
rst

sta
tem

en
t

in
th

e
co

ro
lla

ry,
a
s

w
a
s

d
o
n
e,

fo
r

in
sta

n
ce,

in
th

e
p
ro

o
fs

o
f

T
h
eo

rem
s

1
a
n
d

3
.

W
e

a
lso

n
o
te

th
a
t,

b
y

u
sin

g
T

h
eo

rem
1
0

in
p

la
ce

o
f

T
h
eo

rem
7

in
th

e
p

ro
o
f

o
f

T
h

eo
rem

1
1
,

o
n

e
ca

n
o
b
ta

in
m

ild
ly

b
etter

n
u
m

erica
l

co
n
sta

n
ts

in
th

e
lo

g
a
rith

m
ic

term
in

th
is

co
ro

lla
ry.
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R
e
f
in

e
d

E
r
r
o
r

B
o
u
n
d
s

C
o
ro

ll
a
ry

1
2

F
o
r

a
n

y
m
∈
N

a
n

d
δ
∈

(0
,1

),
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ,

su
p

h
∈V

m

er
(h

)
.

1 m

( d
L

og

(
m

in
{s
,m
}

d

)
+

L
og

(
1 δ

))
.

F
u

rt
h
er

m
o
re

,

E
[

su
p

h
∈V

m

er
(h

)]
.

d m
L

og

(
m

in
{s
,m
}

d

)
.

L
et

u
s

co
m

p
ar

e
th

is
re

su
lt

to
(1

6)
.

S
in

ce
H

an
n

ek
e

an
d

Y
an

g
(2

01
5)

p
ro

ve
th

a
t

m
ax P

m
ax

f
?
∈C
θ(
r 0

)
=

m
in

{ s,
1 r 0

}
,

an
d

al
so

(a
s

m
en

ti
on

ed
)

th
at

m
ax

t∈
[m

]
m

ax
L
∈(
X
×
Y

)t
n̂

(L
)

=
m

in
{s
,m
},

w
e

se
e

th
a
t,

a
t

le
a
st

in
so

m
e

sc
en

ar
io

s
(i

.e
.,

fo
r

so
m

e
ch

oi
ce

s
of
P

an
d
f
?
),

th
e

n
ew

b
ou

n
d

in
T

h
eo

re
m

1
1

re
p

re
-

se
n
ts

an
im

p
ro

ve
m

en
t

ov
er

(1
6)

.
In

p
ar

ti
cu

la
r,

th
e

b
es

t
d
is

tr
ib

u
ti

o
n

-f
re

e
b

ou
n

d
o
b

ta
in

a
b

le
fr

om
(1

6)
is

p
ro

p
or

ti
on

al
to 1 m

( d
L

og

(
m

in
{d

s,
m
}

d

)
+

L
og

(
1 δ

))
,

(1
7)

w
h

ic
h

is
so

m
ew

h
at

la
rg

er
th

an
th

e
b

ou
n

d
st

a
te

d
in

C
or

ol
la

ry
12

(w
h

ic
h

h
a
s
s

in
p

la
ce

of
d
s)

.
A

ls
o,

re
ca

ll
in

g
th

at
W

ie
n

er
,

H
an

n
ek

e,
a
n

d
E

l-
Y

a
n

iv
(2

01
5)

es
ta

b
li

sh
ed

th
a
t
θ(

1/
m

)
.

ñ
1
:m

(δ
)
.
d
θ(
d
/m

)p
ol

y
lo

g
(m
,1
/δ

),
w

e
sh

ou
ld

ex
p

ec
t

th
at

th
e

b
ou

n
d

in
T

h
eo

re
m

1
1

is
ty

p
ic

al
ly

n
ot

m
u

ch
la

rg
er

th
an

(1
6)

(a
n

d
in

d
ee

d
w

il
l

b
e

sm
al

le
r

in
m

an
y

in
te

re
st

in
g

ca
se

s)
.

5
.1

N
e
c
e
ss

a
ry

a
n

d
S

u
ffi

c
ie

n
t

C
o
n

d
it

io
n

s
fo

r
1
/
m

R
a
te

s
fo

r
A

ll
C

o
n

si
st

e
n
t

L
e
a
rn

e
rs

C
or

ol
la

ry
12

p
ro

v
id

es
a

su
ffi

ci
en

t
co

n
d

it
io

n
fo

r
ev

er
y

co
n

si
st

en
t

le
ar

n
in

g
al

g
or

it
h

m
to

a
ch

ie
ve

er
ro

r
ra

te
w

it
h
O

(1
/m

)
as

y
m

p
to

ti
c

d
ep

en
d

en
ce

on
m

:
n

am
el

y,
s
<
∞

.
In

te
re

st
in

g
ly

,
w

e
ca

n
sh

ow
th

at
th

is
co

n
d

it
io

n
is

in
fa

ct
al

so
n

ec
es

sa
ry

fo
r

ev
er

y
co

n
si

st
en

t
le

a
rn

er
to

h
av

e
a

d
is

tr
ib

u
ti

on
-f

re
e

b
ou

n
d

on
th

e
er

ro
r

ra
te

w
it

h
O

(1
/m

)
d

ep
en

d
en

ce
on

m
.

T
o

b
e

cl
ea

r,
in

th
is

co
n
te

x
t,

w
e

on
ly

co
n

si
d

er
m

as
th

e
as

y
m

p
to

ti
c

va
ri

ab
le

:
th

at
is

,
m
→
∞

w
h

il
e
δ

an
d
C

(i
n

cl
u

d
in

g
d

an
d
s)

ar
e

h
el

d
fi

x
ed

.
T

h
is

re
su

lt
is

p
ro

v
en

v
ia

th
e

fo
ll

ow
in

g
th

eo
re

m
,

es
ta

b
li

sh
in

g
a

w
or

st
-c

as
e

lo
w

er
b

ou
n

d
on

su
p
h
∈V

m
er

(h
).

T
h

e
o
re

m
1
3

F
o
r

a
n

y
m
∈

N
a
n

d
δ
∈

(0
,1
/1

00
),

th
er

e
ex

is
ts

a
ch

o
ic

e
o
f
P

a
n

d
f
?
∈

C
su

ch
th

a
t,

w
it

h
p
ro

ba
bi

li
ty

gr
ea

te
r

th
a
n
δ,

su
p

h
∈V

m

er
(h

)
&
d

+
L

og
(m

in
{s
,m
})

+
L

og
( 1 δ

)

m
∧

1
.

F
u

rt
h
er

m
o
re

,

E
[

su
p

h
∈V

m

er
(h

)]
&
d

+
L

og
(m

in
{s
,m
})

m
∧

1.
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5

H
a
n
n
e
k
e

P
ro

o
f

S
in

ce
an

y
a
,b
,c
∈

R
h

av
e
a

+
b

+
c
≤

3
m

a
x
{a
,b
,c
}

a
n

d
a

+
b
≤

2
m

a
x
{a
,b
},

it

su
ffi

ce
s

to
es

ta
b

li
sh

d m
∧

1
,

L
o
g
(1
δ
)

m
∧

1
,

a
n

d
L

o
g
(m

in
{s
,m
})

m
a
s

lo
w

er
b

ou
n

d
s

se
p

ar
a
te

ly
fo

r
th

e

fi
rs

t
b

ou
n

d
,

an
d

d m
∧

1
an

d
L

o
g
(m
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d
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h
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(ĥ
m

)
≤
ε.

T
h

ey
al

so
es

ta
b

li
sh

a
w

ea
ke

r
b

ou
n

d
h

ol
d

in
g

fo
r

al
l

co
n

si
st

en
t

le
ar

n
in

g

ru
le

s:
fo

r
an

y
ε
>

0,
d

en
ot

in
g
ε 0

=
ε

ex
p
{ −
√

ln
(1
/ε

)} ,
fo

r
an

y

m
&

1 ε

(
m

ax
{d
,D

(ε
0
)}
√

L
og

(
1 ε

)
+

L
og

(
1 δ

))
,

(2
0)

w
it

h
p

ro
b

ab
il

it
y

at
le

as
t

1
−
δ,

su
p
h
∈V

m
er

(h
)
≤
ε.

H
an

n
ek

e
an

d
Y

an
g

(2
01

5)
h

av
e

p
ro

v
en

th
at

w
e

al
w

ay
s

h
av

e
D

(r
0
)
.
d
L

og
(θ

(r
0
))

,
w

h
ic

h
im

m
ed

ia
te

ly
im

p
li

es
th

at
(1

9)
is

n
ev

er
la

rg
er

th
an

th
e

b
ou

n
d

(1
6)

fo
r

co
n

si
st

en
t

le
a
rn

in
g

ru
le

s
(a

si
d

e
fr

om
co

n
st

an
t

fa
ct

or
s)

,
th

ou
gh

(1
6)

m
ay

of
te

n
off

er
im

p
ro

ve
m

en
ts

ov
er

th
e

2
5

JM
L

R
 1

7(
13

5)
:1

-5
5

H
a
n
n
e
k
e

w
ea

ke
r

b
ou

n
d

(2
0)

.
H

er
e

w
e

n
o
te

th
a
t

a
re

la
te

d
ar

g
u

m
en

t
ca

n
b

e
u

se
d

to
p

ro
ve

th
e

fo
ll

ow
in

g
b

ou
n

d
:

fo
r

a
n
y
r 0
>

0
a
n

d
c
≥

8, D
(r

0
)
≤

2d
lo

g
2
(9

6ϕ
c
(r

0
))
.

(2
1)

In
p

a
rt

ic
u

la
r,

th
is

im
p

li
es

th
a
t

th
e

b
o
u

n
d

(1
9
)

is
n

ev
er

la
rg

er
th

a
n

th
e

b
o
u

n
d

in
T

h
eo

re
m

1
6

fo
r

co
n

si
st

en
t

le
ar

n
in

g
ru

le
s

(a
si

d
e

fr
o
m

co
n

st
a
n
t

fa
ct

or
s)

,
th

ou
g
h

a
ga

in
T

h
eo

re
m

16
m

ay
of

te
n

o
ff

er
im

p
ro

ve
m

en
ts

ov
er

th
e

w
ea

ke
r

b
ou

n
d

(2
0
).

W
e

al
so

n
ot

e
th

a
t,

co
m

b
in

ed
w

it
h

th
e

a
b

ov
e

m
en

ti
on

ed
re

su
lt

o
f

Z
h

a
n

g
a
n

d
C

h
au

d
h
u

ri
(2

01
4
)

th
at
ϕ
c
(r

0
)
.

L
o
g
(c

)
fo

r
C

th
e

cl
a
ss

of
h

o
m

og
en

eo
u

s
li

n
ea

r
se

p
a
ra

to
rs

in
R
k

an
d
P

a
n
y

is
o
tr

op
ic

lo
g
-c

on
ca

ve
d

is
tr

ib
u

ti
on

,
(2

1)
im

m
ed

ia
te

ly
im

p
li

es
a

b
o
u

n
d
D

(r
0
)
.
k

fo
r

th
e

d
o
u

b
li

n
g

d
im

en
si

o
n

in
th

is
sc

en
a
ri

o
(r

ec
al

li
n

g
th

at
d

=
k

fo
r

th
is

cl
a
ss

,
fr

o
m

C
ov

er
,

19
6
5
),

w
h

ic
h

a
p

p
ea

rs
to

b
e

n
ew

to
th

e
li

te
ra

tu
re

.
T

h
e

p
ro

o
f

of
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p
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w
it
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o
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h
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p

re
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te
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s
on

th
e

b
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iq
u

e
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n
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ek

e
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re
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n

ed
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n
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ly

se
s

o
f
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rt
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n

le
ar

n
in
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m

et
h
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d
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in

th
e
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bl

e
ca

se
,

w
h

er
e
∃f
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∈
C

w
it

h
er

(f
?
)
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0.

W
e

ca
n

a
ls

o
a
p

p
ly

th
is

g
en

er
a
l

te
ch

n
iq

u
e

in
th

e
m

o
re

-g
en

er
a
l

se
tt

in
g

o
f

le
ar

n
in

g
w

it
h

cl
a
ss

ifi
ca

ti
o
n

n
o
is

e.
S

p
ec

ifi
ca

ll
y,

in
th

is
se

tt
in

g
,

th
er

e
is

a
jo

in
t

d
is

tr
ib

u
ti

on
P X

Y
on
X
×
Y,

an
d

th
e

er
ro

r
ra

te
o
f

a
cl

a
ss

ifi
er
h

is
th

en
d

efi
n

ed
as

er
(h

)
=

P(
h

(X
)
6=
Y

)
fo

r
(X
,Y

)
∼
P X

Y
.

A
s

ab
ov

e,
w

e
d

en
o
te

b
y
P

th
e

m
ar

g
in

a
l

d
is

tr
ib

u
ti

o
n
P X

Y
(·
×
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o
n

X
.

W
e

th
en

le
t

(X
1
,Y
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(X
2
,Y

2
),
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.

d
en

ot
e

a
se

q
u

en
ce

o
f

in
d

ep
en

d
en

t
P X

Y
-d

is
tr

ib
u

te
d

ra
n

d
o
m

sa
m

p
le

s,
an

d
d

en
o
ti

n
g
L m

=
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X

1
,Y

1
),
..
.,

(X
m
,Y

m
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,
w

e
ar

e
in

te
re

st
ed

in
o
b

ta
in

-
in

g
b

ou
n

d
s

on
er

(ĥ
m

)
−

in
f f
∈C

er
(f

)
(t

h
e

ex
ce

ss
er

ro
r

ra
te

),
w

h
er

e
ĥ
m

=
A

(L
m

)
fo

r
so

m
e

le
a
rn

in
g

ru
le

A
.

T
h

is
n

ot
a
ti

o
n

is
co

n
si

st
en

t
w

it
h

th
e

ab
ov

e,
w

h
ic

h
re

p
re

se
n
ts

th
e

sp
ec

ia
l

ca
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in
w

h
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h
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Y
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f
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=
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a
lm

os
t

su
re

ly
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.e
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th
e

re
a
li

za
bl

e
ca

se
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W
h

il
e

th
er

e
a
re
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ri

o
u

s
n
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se

m
o
d
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s
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m

m
on

ly
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u
d

ie
d
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th

e
li

te
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tu
re

,
fo

r
o
u

r
p

re
se

n
t

d
is

cu
ss

io
n

,
w

e
a
re

p
ri

m
ar

il
y

in
te

re
st

ed
in

tw
o

su
ch

m
o
d

el
s.

•
F

or
β
∈

(0
,1
/2

),
P X

Y
sa

ti
sfi

es
th

e
β

-b
o
u

n
d
ed

n
o
is

e
co

n
d

it
io

n
if
∃h

?
∈

C
su

ch
th

at
P(
Y
6=
h
?
(X

)|X
)
≤
β

a
lm

o
st

su
re

ly
,

w
h

er
e

(X
,Y

)
∼
P X

Y
.

•
F

or
a
∈

[1
,∞

)
a
n

d
α
∈

[0
,1

],
P X

Y
sa

ti
sfi

es
th

e
(a
,α

)-
B

er
n

st
ei

n
cl

a
ss

co
n

d
it

io
n

if
,

fo
r

h
?

=
ar

gm
in
h
∈C

er
(h

),
7

w
e

h
av

e
∀h
∈
C

,
P

(x
:
h

(x
)
6=
h
?
(x

))
≤
a

(e
r(
h

)
−

er
(h
?
))
α
.

N
o
te

th
a
t
β

-b
o
u

n
d

ed
n

oi
se

d
is

tr
ib

u
ti

o
n

s
a
ls

o
sa

ti
sf

y
th

e
B

er
n

st
ei

n
cl

a
ss

co
n

d
it

io
n

,
w

it
h

α
=

1
an

d
a

=
1

1
−

2
β

.
T

h
es

e
tw

o
co

n
d

it
io

n
s

h
av

e
b

ee
n

st
u

d
ie

d
ex

te
n

si
ve

ly
in

b
o
th

th
e

p
a
s-

si
ve

an
d

ac
ti

ve
le

a
rn

in
g

li
te

ra
tu

re
s

(e
.g

.,
M

a
m

m
en

a
n

d
T

sy
b

a
ko

v
,

1
9
99

;
T

sy
b

a
ko

v
,

20
0
4;

B
ar

tl
et

t,
J
or

d
an

,
a
n

d
M

cA
u

li
ff

e,
2
00

6
;

M
a
ss

ar
t

a
n

d
N

éd
él

ec
,

2
0
06

;
K

o
lt

ch
in

sk
ii

,
2
00

6
;

B
ar

tl
et

t
an

d
M

en
d

el
so

n
,

20
06

;
G

in
é

a
n

d
K

o
lt

ch
in

sk
ii

,
20

06
;

H
an

n
ek

e,
20

0
9,

2
0
1
1
,

20
1
2,

20
14

;
E

l-
Y

an
iv

a
n

d
W

ie
n

er
,

2
01

1
;

A
il

o
n

,
B

eg
le

it
er

,
a
n

d
E

zr
a
,

2
0
1
4
;

Z
h

a
n

g
an

d
C

h
a
u

d
h
u

ri
,

20
14

;
H

an
n

ek
e

a
n

d
Y

a
n

g
,

20
1
5)

.
In

p
ar

ti
cu

la
r,

fo
r

p
a
ss

iv
e

le
a
rn

in
g
,

m
u

ch
of

th
is

li
te

ra
tu

re

7
.

F
o
r

si
m

p
li
ci

ty
,

w
e

su
p
p

o
se

th
e

m
in

im
u
m

er
ro

r
ra

te
is

a
ch

ie
v
ed

in
C

.
O

n
e

ca
n

ea
si

ly
g
en

er
a
li
ze

th
e

co
n
d
it

io
n

to
th

e
m

o
re

-g
en

er
a
l

ca
se

w
h

er
e

th
e

m
in

im
u
m

is
n

o
t

n
ec

es
sa

ri
ly

a
ch

ie
v
ed
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ee

e.
g
.,

K
o
lt

ch
in

sk
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,
2
0
0
6
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a
n
d

th
e

re
su

lt
s

b
el

ow
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n
ti

n
u
e

to
h
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it
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e

p
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R
e
f
in

e
d

E
r
r
o
r

B
o
u
n
d
s

fo
cu

ses
o
n

th
e

an
aly

sis
of

em
p
irica

l
risk

m
in

im
iza

tio
n

.
S

p
ecifi

ca
lly,

fo
r

a
n
y
m
∈

N
a
n

d
L
∈

(X
×
Y

)
m

,
d

efi
n

e
E

R
M

(C
,L

)
=
{h
∈
C
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er
L
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=
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C
er
L
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,
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e
set
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f

em
p
irica

l
risk

m
in

im
izers.

M
assa

rt
a
n

d
N

éd
élec

(2
0
06

)
esta

b
lish

ed
th

a
t,

fo
r

an
y
P
X
Y

sa
tisfy
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g

th
e
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,α

)-B
ern

stein
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ss
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n
d

itio
n

,
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an
y
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w
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p
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a
b
ility

a
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su
p

h∈
E

R
M
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,L
m

) er(h
)−

in
f

h∈
C

er(h
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th
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n
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in
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b
y

(2
2
)

ca
n

b
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p
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e
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en
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d
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ab
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n
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)
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p
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sa
m

e
in
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u
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E
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o
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t

th
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b
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n
d
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)

d
o
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n
o
t
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u

ite
recover
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e

b
o
u

n
d

o
f

C
o
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ry
1
2
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d
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g
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S
p
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co
n
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s

a
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g
a
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m
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r

L
og (

m
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}
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)
,
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th
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th
an

L
og (

m
in{
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)
.

I
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n
jectu
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t
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m
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)

ca
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g
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b
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a
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n
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d
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b

ou
n

d
ed

b
y

a
n
u

m
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n
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n
t

w
h

en
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s
.
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T
h
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p

ro
b
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tim

a
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con
n
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a
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jectu
re
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active

learn
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g
,

p
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p
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b
y

H
an

n
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a
n

d
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a
n

g
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0
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),
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n
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in
g
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e
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t
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ep
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d
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s
a
n

d
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in
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e
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a
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b
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p
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o
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a
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B
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d
itio
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e
c
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c
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C
o
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d
itio

n
s
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r

1
/
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a
x

R
a
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s
u

n
d
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o
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n
d

e
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N
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In
th

e
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o
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a
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t
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p
resen

t
even

in

27
JM

L
R

 17(135):1-55

H
a
n
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w
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b
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n
d
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th

e
m
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ax
ex

cess
error

rate,
so

th
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n
o
t

gen
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lly
b

e
rem

oved
.

R
a
gin

sk
y

a
n

d
R

ak
h

lin
(2011)

fu
rth

er
d

iscu
ss

a
ran

ge
of

low
er

b
ou

n
d

s
o
n

th
e

m
in
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ax
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cess
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r

rate
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s
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aces

C
th

ey
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w
h

ere
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e
a
p

p
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riate
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r
ran
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b
etw

een
L

o
g (

m
(1−

2
β

)
2

d

)
at

th
e

h
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est,
to

a
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t

factor
at
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e
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est.

T
h

e
b

ou
n

d
in

(24
)

p
rov

id
es

a
su

ffi
cien

t
con

d
ition

for
all

em
p

irical
risk

m
in

im
ization

algorith
m

s
to

ach
ieve

ex
cess

erro
r

rate
w

ith
O

(1/m
)

asy
m

p
totic

d
ep

en
d

en
ce
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m

u
n

d
er
β

-b
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n
d
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n
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n
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<
∞

.
R
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at
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d
ition
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b
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su
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t

a
n

d
n
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)

error
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b
y

every
algorith

m
of
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p

e
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a
ll

d
istrib

u
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s
in
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e

realizab
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case
(C
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14

).
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d

er
w

h
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er
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a
in
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e
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for
b
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n

d
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n
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w
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,
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d
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d

eed
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e
case.
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fa

ct,
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a
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n
of
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e
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iq
u

e
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R
agin

sk
y

an
d
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ak
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lin
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ex

p
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b
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H
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n

n
ek

e
an

d
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an
g
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learn
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w

e
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e
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er

b
ou

n
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n
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e
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a
x
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rate

of
p
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p
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s.
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∞
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a
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u

n
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e
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h
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d
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en
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m
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)
u

n
d

er
b

ou
n

d
ed

n
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a
n

d
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e

m
in
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b
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n

d
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Θ
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).
N

o
te

th
a
t

th
is

is
a
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ty
p

e
o
f
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given
b
y
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e
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er

b
ou
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ĥ
m

=
A

(L
m

),
w

ith
p
ro

ba
bility

grea
ter

th
a
n
δ,

er(ĥ
m

)−
in

f
h∈

C
er(h

)&
d

+
β

L
og (m

in {
s,(1−

2
β

)
2m
})

+
L

o
g (

1δ )

(1−
2β

)m
∧

(1−
2β

).

F
u

rth
erm

o
re,

E
[er(ĥ
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élec,

2
006;

R
ag

in
sk

y
a
n

d
R

a
k
h

lin
,

20
11;

H
an

n
eke

a
n

d
Y

an
g,

2015)
(th

e
on

ly
gap

b
ein

g
th

at
s

is
rep

laced
b
y
s/d

in
(24)

to
o
b

tain
th

e
low

er
b

ou
n

d
);

h
ow

ever,
th

ere
also

ex
ist

sp
aces

C
w

h
ere

th
ese

low
er

b
ou

n
d

s
are

n
ea

rly
tig

h
t

(for
β

b
ou

n
d

ed
aw

ay
from

0),
so

th
at

th
ey

can
n

ot
b

e
im

p
roved

in
th

e
gen

eral
case

(see
H

a
n

n
eke

a
n

d
Y

a
n

g,
2015,

for
con

stru
ction

of
sp

aces
C

w
ith

a
rb

itrary
d

an
d
s,

for
w

h
ich

on
e

can
sh

ow
th

is
is

th
e

case).
A

s
m

en
tion

ed
ab

ove,
an

im
m

ed
iate

corollary
of

T
h

eorem
17

,
in

com
b

in
ation

w
ith

(24),
is

th
at

s
<
∞

is
n

ecessary
an

d
su

ffi
cien

t
for

th
e

m
in

im
ax

ex
cess

error
ra

te
to

h
av

e
O

(1/m
)

d
ep

en
d

en
ce

o
n
m

for
b

ou
n

d
ed

n
oise.

F
orm

ally,
for

m
∈

N
,
β
∈

[0,1
/2),

an
d
δ
∈

(0,1),
let

R
m

(δ,β
)

d
en

ote
th

e
sm

allest
valu

e
su

ch
th

at
th

ere
ex

ists
a

learn
in

g
ru

le
A

fo
r

w
h

ich
,

for
a
ll
P
X
Y

satisfy
in

g
th

e
β

-b
ou

n
d

ed
n

oise
con

d
ition

,
w

ith
p

rob
a
b

ility
at

least
1
−
δ,

er(A
(L

m
))−

in
f
h∈

C
er(h

)≤
R
m

(δ,β
).

A
lso

let
R̄
m

(β
)

d
en

ote
th

e
sm

allest
valu

e
su

ch
th

at

28
JM

L
R

 17(135):1-55



R
e
f
in

e
d

E
r
r
o
r

B
o
u
n
d
s

th
er

e
ex

is
ts

a
le

ar
n

in
g

ru
le

A
fo

r
w

h
ic

h
,

fo
r

al
l
P X

Y
sa

ti
sf

y
in

g
th

e
β

-b
ou

n
d

ed
n

o
is

e
co

n
d

i-
ti

on
,
E[

er
(A

(L
m

))
]−

in
f h
∈C

er
(h

)
≤
R̄
m

(β
).

W
e

h
av

e
th

e
fo

ll
ow

in
g

co
ro

ll
a
ry

(w
h

ic
h

a
p

p
li
es

to
an

y
C

w
it

h
0
<
d
<
∞

).

C
o
ro

ll
a
ry

1
8

F
ix

a
n

y
β
∈

(0
,1
/
2)

.
R̄
m

(β
)

=
Θ
( 1 m

)
if

a
n

d
o
n

ly
if
s
<
∞

,
a
n

d
o
th

er
w

is
e

R̄
m

(β
)

=
Θ
( L

o
g
(m

)
m

) .
L

ik
ew

is
e,
∀δ
∈

(0
,1
/
24

],
R
m

(δ
,β

)
=

Θ
( 1 m

)
if

a
n

d
o
n

ly
if

s
<
∞

,

a
n

d
o
th

er
w

is
e
R
m

(δ
,β

)
=

Θ
( L

o
g
(m

)
m

) .

A
ga

in
,

n
ot

e
th

at
th

is
is

a
st

ro
n

ge
r

ty
p

e
of

re
su

lt
th

an
C

or
ol

la
ry

14
a
b

ov
e,

w
h

ic
h

o
n

ly
fo

u
n

d
s
<
∞

as
n

ec
es

sa
ry

an
d

su
ffi

ci
en

t
fo

r
a

pa
rt

ic
u

la
r

fa
m

il
y

of
le

ar
n

in
g

ru
le

s
to

o
b

ta
in

O
(1
/m

)
ra

te
s.

In
co

n
tr

as
t,

th
is

re
su

lt
ap

p
li

es
ev

en
to

th
e

m
in

im
a
x

o
p
ti

m
a
l

le
a
rn

in
g

ru
le

.

W
e

co
n

cl
u

d
e

th
is

se
ct

io
n

b
y

n
ot

in
g

th
at

th
e

te
ch

n
iq

u
e

le
ad

in
g

to
T

h
eo

re
m

17
a
p

p
ea

rs
n

ot
to

st
ra

ig
h
tf

or
w

ar
d

ly
ex

te
n

d
to

th
e

ge
n

er
al

(a
,α

)-
B

er
n

st
ei

n
cl

as
s

co
n

d
it

io
n

.
In

d
ee

d
,

th
ou

gh
on

e
ca

n
ce

rt
ai

n
ly

ex
h

ib
it

sp
ec

ifi
c

sp
ac

es
C

fo
r

w
h

ic
h

th
e

m
in

im
a
x

ex
ce

ss
ri

sk
h

a
s

Θ

( (
L

o
g
(m

)
m

)
1

2
−
α

)
d

ep
en

d
en

ce
on

m
(e

.g
.,

im
p

u
ls

e
fu

n
ct

io
n

s
on

R
;

se
e

H
a
n

n
ek

e
an

d
Y

an
g,

20
15

,
fo

r
re

la
te

d
d

is
cu

ss
io

n
s)

,
it

ap
p

ea
rs

a
m

u
ch

m
or

e
ch

al
le

n
gi

n
g

p
ro

b
le

m
to

co
n

st
ru

ct
ge

n
er

al
lo

w
er

b
ou

n
d

s
d
es

cr
ib

in
g

th
e

ra
n

ge
of

p
os

si
b

le
d

ep
en

d
en

ce
s

on
m

.
T

h
u

s,
th

e
m

or
e

ge
n

er
al

q
u

es
ti

on
of

es
ta

b
li

sh
in

g
n

ec
es

sa
ry

an
d

su
ffi

ci
en

t
co

n
d

it
io

n
s

fo
r
O
( 1
/m

1
2
−
α

)
ex

ce
ss

er
ro

r
ra

te
s

u
n

d
er

th
e

(a
,α

)-
B

er
n

st
ei

n
cl

as
s

co
n

d
it

io
n

re
m

ai
n

s
op

en
.

6
.2

U
si

n
g

S
u

b
re

g
io

n
s

to
A

ch
ie

v
e

Im
p

ro
v
e
d

E
x
c
e
ss

E
rr

o
r

B
o
u

n
d

s

In
ge

n
er

al
,
n

ot
e

th
at

p
lu

gg
in

g
in

to
(2

3)
th

e
p

ar
am

et
er

s
a

=
α

=
1

ad
m

it
te

d
b
y

th
e

re
a
li

za
b

le
ca

se
,

(2
3)

re
co

ve
rs

th
e

b
ou

n
d

(1
6)

.
R

ec
al

li
n

g
th

at
w

e
w

er
e

ab
le

to
re

fi
n

e
th

e
b

o
u

n
d

(1
6)

v
ia

te
ch

n
iq

u
es

fr
om

th
e

su
b

re
gi

on
-b

as
ed

an
al

y
si

s
of

Z
h
an

g
an

d
C

h
au

d
h
u

ri
(2

01
4
),

y
ie

ld
in

g
T

h
eo

re
m

16
ab

ov
e,

it
is

n
at

u
ra

l
to

co
n

si
d

er
w

h
et

h
er

w
e

m
ig

h
t

b
e

ab
le

to
re

fi
n

e
(2

3
)

in
a

si
m

il
ar

w
ay

.
W

e
fi

n
d

th
at

th
is

is
in

d
ee

d
th

e
ca

se
,

th
ou

gh
w

e
es

ta
b

li
sh

th
is

re
fi

n
em

en
t

fo
r

a
d

iff
er

en
t

le
ar

n
in

g
ru

le
(d

es
cr

ib
ed

in
A

p
p

en
d

ix
E

.2
).

L
et

ti
n

g
c

=
12

8,
fo

r
an

y
r 0
∈

[0
,1

),
a
≥

1
an

d
α
∈

(0
,1

],
d

efi
n

e

ϕ̂
a
,α

(r
0
)

=
su

p
h
∈C

su
p

r
>
r 0

Φ
( B

(h
,r

),
(r
/a

)1
/
α
/c
)

r
∨

1.

F
or

co
m

p
le

te
n

es
s,

al
so

d
efi

n
e
ϕ̂
a
,α

(r
0
)

=
1

fo
r

an
y
r 0
≥

1,
a
≥

1,
an

d
α
∈

[0
,1

].
W

e
h

av
e

th
e

fo
ll

ow
in

g
th

eo
re

m
.

T
h

e
o
re

m
1
9

F
o
r

a
n

y
a
≥

1
a
n

d
α
∈

(0
,1

],
fo

r
a
n

y
p
ro

ba
bi

li
ty

m
ea

su
re
P

o
ve

r
X

,
fo

r
a
n

y
δ
∈

(0
,1

),
th

er
e

ex
is

ts
a

le
a
rn

in
g

ru
le

A
su

ch
th

a
t,

fo
r

a
n

y
P X

Y
sa

ti
sf

yi
n

g
th

e
(a
,α

)-
B

er
n

st
ei

n
cl

a
ss

co
n

d
it

io
n

w
it

h
m

a
rg

in
a
l

d
is

tr
ib

u
ti

o
n
P

o
ve

r
X

,
fo

r
a
n

y
m
∈

N
,

le
tt

in
g

ĥ
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si
d

es
,

w
e

se
e

th
a
t

it
su

ffi
ce

s
to

ve
ri

fy
th

a
t

a
ln
( c

2
+

b a

) ≤
a

ln
(c

2
+
e)

+
1 e
b.

If
b a
≤
e,

th
en

m
o
n

o
to

n
ic

it
y

o
f
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(·)

im
p

li
es

a
ln

( c 2
+
b a

)
≤
a

ln
(c

2
+
e)
,

w
h

ic
h
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cl

ea
rl

y
n

o
gr

ea
te

r
th

a
n
a

ln
(c

2
+
e)

+
1 e
b.

O
n

th
e

ot
h

er
h

a
n

d
,

if
b a
>
e,

th
en

a
ln

( c 2
+
b a

)
≤
a

ln

( m
a
x
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2
,2
}b a

)
=
a

ln
(m

a
x
{c

2
,2
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+
a

ln

(
b a

)
.

T
h

e
fi

rs
t

te
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e
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g
h
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os
t

ex
p

re
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a
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m
o
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a
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2
+

2
)
≤
a

ln
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2
+
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.
T

h
e
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n
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in
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e
ri

g
h
tm

o
st

ex
p
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io
n
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n

b
e
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w
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en
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b
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(b
/
a
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a

.
S
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x
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(x
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x
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n
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n
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n
g
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(e
,∞
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e
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b a
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e
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m
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1 e
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T
og

et
h
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w
e

h
av

e
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a
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a
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( c 2
+
b a

)
≤
a
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(c

2
+
e)

+
1 e
b

in
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se
a
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w
el

l.

8
.

T
h
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p
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a
p
p
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r
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a
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b
li
n
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p
a
p
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n
n
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2
0
1
6
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p
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p
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h
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.
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ro

o
f
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T
h
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7

T
h

e
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ctu
re

of
th

e
p

ro
o
f
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rly

id
en
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l

to
th
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T
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w
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a
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ch
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n

g
es
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u
n
t
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r

th
e
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th
a
t
n̂

1
:m

d
ep

en
d

s
o
n

th
e

sp
ecifi

c
sa

m
p

les,
a
n

d
in

p
articu

la
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o
n

th
e

o
rd

er
o
f

th
e

sa
m

p
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T
h

e
p
ro
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p
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s
b
y
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d

u
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n
m

.
S
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ceP
(D

IS
(V
m
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1

a
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ay
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th
e
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b
o
u

n
d

is
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ia
lly
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r

a
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δ
∈
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)
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m
≤

1
6.

N
ow

,
a
s

a
n

in
d

u
ctiv

e
h
y
p

o
th

esis,
fi

x
an

y
in

teg
er
m
≥

1
7

su
ch

th
at,∀

δ∈
(0,1),

w
ith

p
rob

ab
ility

a
t

lea
st

1−
δ,

P
(D

IS
(V
bm

/
2c ))≤

1
6

bm
/
2c (

2
n̂

1
:bm

/
2c

+
ln (

3δ ))
.

F
ix

a
n
y
δ∈

(0,1
).

D
efi

n
e

N
=
∣∣ {
X
bm

/
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1 ,...,X
m }
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D
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/
2c ) ∣∣
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an
d

en
u

m
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o
f
{
X
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/
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m }
∩

D
IS

(V
bm

/
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a
s
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N

.
L
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L
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=
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1 ,f
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?(X
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n

d
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L
m
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e
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d
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Ĉ
L
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n
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n̂
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L
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⊆
L
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V
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N
ex
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X
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N

o
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th
a
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]
w
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D
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bm

/
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s
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f
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r
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C
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/
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itio
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o
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d
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n

oto
n

icity
o
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=
C
[L
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/
2c ∪
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=
V
m
,

so
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a
t

D
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(V
m

)
m
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b

e
ex

p
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a
s

a
fi

x
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n
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o
f
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1 ,...,X
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/
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a
n

d
X̂
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.

F
u

rth
erm
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n

o
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a
t
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D
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i ′′1 )),...,(X̂
i ′′n̂ ′′m
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t
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s
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e
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N
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n
o
te

th
a
t
N
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d
itio

n
a
lly

B
in

o
m

ia
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/
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(D
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(V
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/
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X
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/
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p

a
rticu
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w
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p

ro
b

a
b
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o
n

e,
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P

(D
IS

(V
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/
2c ))

=
0
,
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N
=

0
.

O
th
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if
P

(D
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(V
bm

/
2c ))

>
0
,

th
en

n
o
te
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a
t
X̂

1 ,...,X̂
N

a
re
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n

d
itio

n
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-

d
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en
d
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t
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d
P
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(V
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/
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u
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g
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X
1 ,...,X
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/
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a
n

d
N

.
T

h
u

s,
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ce

D
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(V
m

)∩{X̂
1 ,...,X̂

N }
=
∅
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ce
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h
∈
V
m

a
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w
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f
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o
n
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1 ,...,X
m
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m
b
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g
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e
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ove
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a
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p
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d
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H
a
n
n
e
k
e

an
d
N

),
com

b
in

ed
w

ith
th

e
law

of
total

p
rob

ab
ility,

im
p

lies
th

at
fo

r
every

n
∈

[m
]∪
{0}

,
w

ith
p

rob
ab

ility
a
t

least
1−

δ/(n
+

3)
2,

if
n̂
′′m

=
n

a
n

d
N
>
n

,
th

en

P
(D

IS
(V
m

) ∣∣D
IS

(V
bm

/
2c ) )≤

1

N
−
n

(
n

L
og (

eNn

)
+

L
o
g (

(n
+

3)
2

δ

))
.

B
y

a
u

n
ion

b
o
u

n
d

,
th

is
h
old

s
sim

u
ltan

eou
sly

for
all

n
∈
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]∪
{0}

on
an

even
t
E

1
of

p
rob

a
b

ility
a
t

least
1−

∑
mi=

0
δ

(i+
3
)
2
>

1−
25 δ.

In
p

articu
lar,

sin
ce

th
e

righ
t

h
an

d
sid

e
of

th
e

a
b

ove
in

eq
u

ality
is

n
on

d
ecreasin

g
in
n

,
an

d
n̂
′′m
≤
n̂
m

,
a
n

d
sin

ce
D

IS
(V
m

)⊆
D

IS
(V
bm

/
2c ),

w
e

h
ave

th
at

o
n
E

1 ,
if
N
>
n̂
m

,
th

en

P
(D

IS
(V
m

))≤
P

(D
IS

(V
bm

/
2c ))

1

N
−
n̂
m

(
n̂
m

L
og (

eNn̂
m

)
+

L
og (

(n̂
m

+
3)

2

δ

))
.

N
ex

t,
again

sin
ce
N

is
con

d
ition

ally
B

in
om

ial(dm
/
2e,P

(D
IS

(V
bm

/
2c )))-d

istrib
u

ted
giv

en
X

1 ,...,X
bm

/
2c ,

b
y

a
C

h
ern

off
b

ou
n

d
(ap

p
lied

u
n

d
er

th
e

con
d

ition
al

d
istrib

u
tion

given
X

1 ,...,X
bm

/
2c ),

com
b

in
ed

w
ith

th
e

law
of

total
p

rob
ab

ility,
w

e
ob

tain
th

at
o
n

an
ev

en
t

E
2

o
f

p
rob

ab
ility

at
least

1−
δ/3,

ifP
(D

IS
(V
bm

/
2c ))≥

1
6m

ln (
3δ )≥

8
dm

/
2e

ln (
3δ ),

th
en

N
≥
P

(D
IS

(V
bm

/
2c ))dm

/
2e/

2
≥
P

(D
IS

(V
bm

/
2c ))m

/4
.

A
lso

n
ote

th
at

ifP
(D

IS
(V
m

))≥
1
6m

(2n̂
m

+
ln (

3δ )),
th

en
m

on
oton

icity
of
t7→

D
IS

(V
t )

a
n

d
m

on
oton

icity
of

p
rob

ab
ility

m
easu

res
im

p
ly
P

(D
IS

(V
bm

/
2c ))
≥

1
6m

(2
n̂
m

+
ln (

3δ ))
as

w
ell.

In
p

a
rticu

lar,
if

th
is

o
ccu

rs
w

ith
E

2 ,
th

en
w

e
h

ave
N
≥
P

(D
IS

(V
bm

/
2c ))m

/
4
>

8
n̂
m

.
T

h
u

s,
b
y

m
o
n

o
to

n
icity

of
x
7→

L
og

(x
)/x

for
x
>

0,
w

e
h

ave
th

at
on

E
1 ∩

E
2 ,

ifP
(D

IS
(V
m

))≥
1
6m

(2n̂
m

+
ln (

3δ )),
th

en

P
(D

IS
(V
m

))
<
P

(D
IS

(V
bm

/
2c ))

87
N

(
n̂
m

L
o
g (

eNn̂
m

)
+

ln (
(n̂
m

+
3)

2

δ

))

≤
32

7
m

(
n̂
m

L
og (

eP
(D

IS
(V
bm

/
2c ))m

4n̂
m

)
+

ln (
(n̂
m

+
3
)
2

δ

))
.

T
h

e
in

d
u

ctive
h
y
p

oth
esis

im
p

lies
th

at,
on

an
ev

en
t
E

3
of

p
rob

ab
ility

at
least

1−
δ/4

,

P
(D

IS
(V
bm

/
2c ))≤

16

bm
/
2c (

2
n̂

1
:bm

/
2c

+
ln (

12δ

))
.

S
in

ce
m
≥

17,
w

e
h

ave
bm

/
2c≥

(m
−

2)/
2
≥

(15/
34)m

,
so

th
at

th
e

ab
ove

im
p

lies

P
(D

IS
(V
bm

/
2c ))≤

544

1
5m

(
2
n̂

1
:bm

/
2c

+
ln (

1
2δ

))
.

T
h
u

s,
on

E
1 ∩

E
2 ∩

E
3 ,

ifP
(D

IS
(V
m

))≥
1
6m

(2
n̂
m

+
ln (

3δ )),
th

en

P
(D

IS
(V
m

))
<

32

7m

(
n̂
m

L
og (

136
e

15

(
2
n̂

1
:bm

/
2c

n̂
m

+
1n̂
m

ln (
12δ

)))
+

ln (
(n̂
m

+
3)

2

δ

))

≤
32

7
m

(
n̂

1
:m

L
o
g (

136
e

15

(
2

+
1

n̂
1
:m

ln
(4)

+
1

n̂
1
:m

ln (
3δ )))

+
ln (

(n̂
1
:m

+
3
)
2

δ

))
.
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er

if
y
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,
w

h
en

n̂
1
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∈
{0
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},

th
e

ri
g
h
t

h
a
n

d
si

d
e

of
(2

6)
is

at
m

os
t

1
6 m

( 2
n̂

1
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+
ln
( 3 δ
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ec
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li
n

g
ou

r
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n
ve

n
ti
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s
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a
t
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∞
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n
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O
th

er
w

is
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p
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os
in
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n̂

1
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≥
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L

em
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a
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p
p

en
d
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p

p
li
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it
h
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=

5
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im
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li
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th

e
ri

gh
t
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an
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si

d
e

of
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is
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m

os
t
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1
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L
og
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6
e
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+
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+
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+

2
ln

(n̂
1
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1
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ln
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S
in

ce
5
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+
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+
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r

an
y
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≥
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e
ab

ov
e

is
at
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os

t

32 7m
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1
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+
7 2
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(
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=
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( 2n̂
1
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+
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(
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T
h
u

s,
si

n
ce

1
6 m

( 2
n̂
m

+
ln
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))
≤

1
6 m

( 2n̂
1
:m

+
ln
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))
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w
el

l,
in

ei
th

er
ca

se
w

e
h
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e

th
a
t,
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E

1
∩
E

2
∩
E
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,

P
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m

))
≤
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( 2n̂
1
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+
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(
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N
ot

in
g

th
at

,
b
y

a
u

n
io

n
b

ou
n

d
,
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e

ev
en

t
E

1
∩
E

2
∩
E

3
h
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p

ro
b

ab
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it
y

a
t

le
a
st

1
−

2 5
δ
−

1 3
δ
−

1 4
δ
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1
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n
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s
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e
re
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m

.
B

y
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e
p
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p
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in
d
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io
n

,
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co
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p
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e
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ro
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T

h
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p
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Φ
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d
χ

1
sa

ti
sfi

es
th

e
co

n
st

ra
in

ts
a
b

ov
e.

T
o

se
e

th
a
t

th
is

is
an

op
ti

m
a
l

ch
o
ic

e,
w

e
n

ot
e

th
a
t

th
e

o
b

je
ct

iv
e

fu
n

ct
io

n
ca

n
b

e
re

-e
x
p

re
ss

ed
a
s

∑
m i=

1
1 m

(1
−
χ

0
(x
i)
−
χ

1
(x
σ

(i
))

),
w

h
er

e
σ

(i
)

=
i

+
1

fo
r
i
∈

[m
−

1
],

an
d
σ

(m
)

=
1.

In
p

a
rt

ic
u

la
r,

si
n

ce
m
≥

2,
w

e
h

av
e
σ

(i
)
6=
i

fo
r

ea
ch

i
∈

[m
].

T
h
u

s,
fo

r
a
n
y
χ

0
an

d
χ

1

sa
ti

sf
y
in

g
th

e
co

n
st

ra
in

ts
a
b

ov
e,

w
e

h
av

e
χ

0
(x
i)

+
χ

1
(x
σ

(i
))
≤
χ

0
(x
i)

+
∑

j6=
i
χ

1
(x
j
)
≤

m
r 1 c

38
JM

L
R

 1
7(

13
5)

:1
-5

5



R
e
f
in

e
d

E
r
r
o
r

B
o
u
n
d
s

for
ea

ch
i∈

[m
],

so
th

a
t ∑

mi=
1

1m
(1−

χ
0 (x

i )−
χ

1 (x
σ

(i) ))≥
1−

m
r
1
c

,
w

h
ich

is
p

recisely
th

e
valu

e
o
b

ta
in

ed
w

ith
th

e
ab

ove
ch

o
ices

o
f
χ

0
a
n

d
χ

1 .

T
h
u

s,
sin

ce
th

e
ab

ove
a
rgu

m
en

t
h

o
ld

s
fo

r
a
n
y

ch
o
ice

o
f
r

1
>

m
a
x{

1/
m
,r

0 }
su

ffi
cien

tly
clo

se
to

m
a
x{1

/
m
,r

0 }
,

w
e

h
ave

ϕ
c (r

0 )
=

su
p

r
0
<
r≤

1

Φ
(B

(f
?,r),r/

c)

r
∨

1
≥

lim
r
1 ↘

m
a
x{

1
/
m
,r

0 }

1−
m
r
1
c

r
1

=
1−

1c
m

a
x{1

,m
r

0 }
m

a
x{1

/
m
,r

0 }
.

If
s
<

1r
0 ,

th
en

m
=

s,
a
n

d
th

e
rig

h
tm

o
st

ex
p

ressio
n

ab
ov

e
eq

u
a
ls

(1−
1/c)s.

O
th

erw
ise,

if

s≥
1r
0 ,

th
en

m
=
⌈

1r
0 ⌉

,
an

d
th

e
rig

h
tm

o
st

ex
p

ressio
n

a
b

ove
eq

u
als

(
1−

1c ⌈
1r
0 ⌉
r

0 )
1r
0
≥
(

1−
1

+
r

0

c

)
1r
0

=

(
1−

1c )
(

1r
0 −

1

c−
1 )

.

E
ith

er
w

ay,
w

e
h

av
e

ϕ
c (r

0 )≥
(

1−
1c )

m
in {

s,
1r
0 −

1

c−
1 }

.

F
o
r

th
e

ca
se
r

0
=

0,
w

e
n

o
te

th
at∀

ε
>

0,
a
n
y
c≥

2
h

a
s

su
pP

su
p

f
?∈

C
ϕ
c (0

)≥
su

pP
su

p
f
?∈

C
ϕ
c (ε)≥

(
1−

1c )
m

in {
s,

1ε
−

1

c−
1 }

.

T
ak

in
g

th
e

lim
it
ε→

0
y
ield

s
su

pP
su

p
f
?∈

C
ϕ
c (0

)≥
(1−

1c )
s

=
(1−

1c )
m

in {
s,

1r
0 −

1
c−

1 }
.

F
o
r

th
e

u
p

p
er

b
ou

n
d

,
w

e
clea

rly
h

av
e
ϕ
c (r

0 )≤
(1−

1/
c)θ(r

0 )
for

every
c
>

1
.

T
o

see
th

is,
ta

ke
ζ
(x

)
=

(1/
c)1

[x
∈

D
IS

(B
(f
?,r))]1

[f
?(x

)
=
−

1
]
+

1
[x

/∈
D

IS
(B

(f
?,r))]1

[f
?(x

)
=
−

1]
a
n

d
ξ(x

)
=

(1/
c)1

[x
∈

D
IS

(B
(f
?,r))]1

[f
?(x

)
=

+
1
]
+

1
[x

/∈
D

IS
(B

(f
?,r))]1

[f
?(x

)
=

+
1
]

in
th

e
o
p

tim
iza

tion
p

ro
b

lem
d
efi

n
in

g
Φ

(B
(f
?,r),r/

c)
in

D
efi

n
itio

n
1
5
.

W
ith

th
ese

ch
o
ices

o
f
ζ

a
n

d
ξ,

w
e

h
ave

E
[γ

(X
)]

=
(1
−

1/
c)P

(D
IS

(B
(f
?,r)));

a
lso

,
fo

r
a
n
y
h
∈

B
(f
?,r),

sin
ce

D
IS

({
h
,f

?}
)⊆

D
IS

(B
(f
?,r)),

w
e

h
ave

E
[1

[h
(X

)
=

+
1
]ζ

(X
)

+
1
[h

(X
)

=
−

1
]ξ(X

)]
=

E
[(1/

c)1
[h

(X
)
6=
f
?(X

)]]
=

(1/c)P
(x

:
h

(x
)
6=
f
?(x

))
≤
r/
c;

o
n

e
ca

n
ea

sily
verify

th
at

th
e

rem
a
in

in
g

con
stra

in
ts

are
also

sa
tisfi

ed
.

T
h
u

s,
sin

ce
H

a
n
n

ek
e

a
n

d
Y

an
g

(2
0
1
5
)

p
rove

su
pP

su
p
f
?∈

C
θ(r

0 )
=

m
in {

s,
1r
0 }

,
w

e
h

ave
su

pP
su

p
f
?∈

C
ϕ
c (r

0 )≤
(1−

1
/
c)

m
in {

s,
1r
0 }

.

W
e

a
lso

n
ote

th
a
t,

if
w

e
d

efi
n

e
ϕ

0
1
c

(r
0 )

id
en

tica
lly

to
ϕ
c (r

0 )
ex

cep
t

th
a
t
γ

is
restricted

to
h

ave
bin

a
ry

va
lu

es
(i.e.,

in
{
0,1}),

th
en

for
c≥

4
,

th
is

sa
m

e
co

n
stru

ctio
n

g
iv

in
g

th
e

low
er

b
o
u

n
d

ab
ove

m
u

st
h

ave
γ

(x
i )

=
1

for
ev

ery
i∈

[m
],

w
h

ich
im

p
lies

ϕ
0
1
c

(r
0 )≥

m
in {

s,
1r
0 }

in

th
is

case.
T

o
see

th
is,

con
sid

er
a
n
y
r

1
>

m
a
x{

1/
m
,r

0 }
su

ffi
cien

tly
sm

all
so

th
a
t
m
r
1
c

<
12 ;

th
en

to
sa

tisfy
th

e
co

n
stra

in
ts
χ

0 (x
i )

+
∑

j6=
i χ

1 (x
j )
≤

m
r
1
c

<
12

fo
r

every
i∈

[m
],

w
h

ile

χ
0 (x

i ),χ
1 (x

i )
≥

0
,

w
e

m
u

st
h

ave
every

χ
0 (x

i )
a
n

d
χ

1 (x
i )

strictly
less

th
an

12 ,
so

th
at

γ
(x
i )

=
1
−
χ

0 (x
i )−

χ
1 (x

i )
>

0
(a

n
d

h
en

ce,
γ

(x
i )

=
1
,

d
u

e
to

th
e

co
n

stra
in

t
to

b
in

a
ry

va
lu

es).
A

s
w

e
a
lw

ay
s

h
av

e
ϕ

0
1
c

(r
0 )
≤
θ(r

0 ),
an

d
H

a
n

n
eke

an
d

Y
an

g
(20

1
5
)

h
ave

sh
ow

n

su
pP

su
p
f
?∈

C
θ(r

0 )
=

m
in {

s,
1r
0 }

,
th

is
im

p
lies

su
pP

su
p
f
?∈

C
ϕ

0
1
c

(r
0 )

=
m

in {
s,

1r
0 }

a
s

w
ell.
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H
a
n
n
e
k
e

D
.2

R
e
la

tio
n

o
f
ϕ
c (r

0 )
to

th
e

D
o
u

b
lin

g
D

im
e
n
sio

n

H
ere

w
e

p
resen

t
th

e
p

ro
of

of
(21),

v
ia

a
m

o
d

ifi
cation

of
an

arg
u

m
en

t
of

H
an

n
ek

e
an

d
Y

a
n

g
(2

015
).

W
e

in
fa

ct
p

rove
th

e
follow

in
g

sligh
tly

stron
ger

in
eq

u
ality

:
for

an
y
c≥

8
an

d
r
>

0,

log
2

(N
(r/2,B

(f
?,r),P

))≤
2
d

log
2 (

96 (
Φ

(B
(f
?,r),r/c)

r
∨

1 ))
,

(29)

w
h

ich
w

ill
im

m
ed

iately
im

p
ly

(21)
b
y

tak
in

g
th

e
su

p
rem

u
m

of
b

oth
sid

es
over

r
>
r

0
(w

ith
so

m
e

carefu
l

con
sid

eration
of

th
e

sp
ecial

case
r

=
r

0 ;
see

b
elow

).
F

ix
an

y
c
>

4
an

d
r∈

(0,1].
L

et
G
r

d
en

ote
an

y
m

ax
im

al
(r/2)-p

ack
in

g
of

B
(f
?,r):

th
at

is,
G
r

is
a

su
b

set
of

B
(f
?,r)

of
m

ax
im

al
card

in
ality

su
ch

th
a
t

m
in
h
,g∈

G
r
:h6=

g P
(x

:
h

(x
)6=

g
(x

))
>
r/

2
.

It
is

k
n

ow
n

th
at

an
y

su
ch

set
G
r

satisfi
es

N
(r/2,B

(f
?,r),P

)≤
|G

r |≤
N

(r/4,B
(f
?,r),P

)
(30)

(see
e.g.,

K
olm

ogo
rov

an
d

T
ik

h
om

irov
,

1959,
1961;

V
id

ya
sagar,

200
3).

In
p

articu
la

r,
sin

ce
w

e
h

ave
assu

m
ed

d
<
∞

,
in

ou
r

case
th

is
fu

rth
er

im
p

lies|G
r |
<
∞

(H
au

ssler,
1995).

A
lso,

th
is

im
p

lies
th

at
if|G

r |
=

1,
th

en
(29)

triv
ially

h
old

s,
so

let
u

s
su

p
p

ose
|G

r |≥
2.

N
ow

fi
x

an
y

m
easu

rab
le

fu
n

ction
s
γ
,ζ
,ξ

m
ap

p
in

g
X
→

[0,1]
satisfy

in
g

th
e

con
strain

t
su

p
h∈

B
(f
?
,r

) E
[1

[h
(X

)
=

+
1]ζ

(X
)

+
1

[h
(X

)
=
−

1]ξ(X
)]≤

r/c,
w

h
ere

X
∼
P

,
an

d
∀
x
∈
X

,
γ

(x
)

+
ζ
(x

)
+
ξ(x

)
=

1;
for

sim
p

licity,
also

su
p

p
ose

E
[γ

(X
)]≥

r.
A

s
ab

ove,
for

m
∈

N
,

let
X

1 ,...,X
m

b
e

in
d

ep
en

d
en

t
P

-d
istrib

u
ted

ran
d

om
variab

les.
T

h
en

let
Γ

1 ,...,Γ
m

b
e

con
d

ition
a
lly

in
d

ep
en

d
en

t
given

X
1 ,...,X

m
,

w
ith

th
e

con
d

ition
al

d
istrib

u
tion

of
each

Γ
i

a
s

B
ern

o
u

lli(γ
(X

i ))
given

X
1 ,...,X

m
.

L
et
N
m

=
|{i∈

[m
]

:
Γ
i

=
1}|,

an
d

let
X̂

1 ,...,X̂
N
m

d
en

ote
th

e
su

b
seq

u
en

ce
of
X

1 ,...,X
m

for
w

h
ich

th
e

resp
ective

Γ
i

=
1.

B
y

tw
o

ap
p

lication
s

of
th

e
C

h
ern

off
b

ou
n

d
,

com
b

in
ed

w
ith

th
e

u
n

ion
b

ou
n

d
,

th
e

even
t

E
1

=
{m

E
[γ

(X
)]/2
≤
N
m
≤

2
m
E

[γ
(X

)]}
h

as
p

rob
ab

ility
at

least
1−

2
ex

p{−
m
E

[γ
(X

)]/
8}

.
A

d
d

ition
ally,∀

f
,g
∈
G
r

w
ith

f
6=
g
,∀
i∈

[m
],

P
(f

(X
i )6=

g
(X

i )
an

d
Γ
i

=
0)

=
E

[1
[f

(X
)6=

g
(X

)](1−
γ

(X
))]

=
E

[1
[f

(X
)6=

g
(X

)](ζ
(X

)
+
ξ(X

))]

=
E

[(1
[f

(X
)

=
+

1]1
[g

(X
)

=
−

1]+
1
[f

(X
)

=
−

1]1
[g

(X
)

=
+

1])
(ζ

(X
)

+
ξ(X

))]

≤
E

[1
[f

(X
)=

+
1]ζ

(X
)

+
1

[f
(X

)=
−

1]ξ(X
)]+

E
[1

[g
(X

)=
−

1]ξ(X
)

+
1
[g

(X
)=

+
1
]ζ

(X
)]

≤
2rc
,

so
th

a
t

P
(f

(X
i )6=

g
(X

i )
an

d
Γ
i =

1)
=

P
(f

(X
i )6=

g
(X

i ))−
P

(f
(X

i )6=
g
(X

i )
an

d
Γ
i =

0)
>
r2
−

2
rc
.

In
p

articu
lar,

th
is

im
p

lies

P
(f

(X
i )6=

g
(X

i )|Γ
i

=
1)≥

(
12
−

2c )
r

E
[γ

(X
)] .

T
h

erefore,

P
(∃
i∈

[N
m

]
:
f

(X̂
i )6=

g
(X̂

i ) ∣∣∣ N
m )

=
1−

(1−
P

(f
(X

1 )6=
g
(X

1 )|Γ
1

=
1))

N
m

≥
1−

(
1−

(
12
−

2c )
r

E
[γ

(X
)] )

N
m

≥
1−

ex
p {−

(
12
−

2c )
r

E
[γ

(X
)] N

m }
.

40
JM

L
R

 17(135):1-55



R
e
f
in

e
d

E
r
r
o
r

B
o
u
n
d
s

O
n

th
e

ev
en

t
E

1
,

th
is

is
at

le
as

t
1
−

ex
p
{ −
( 1 4
−

1 c

) r
m
} .

A
lt

og
et

h
er

,
w

e
h

av
e

th
a
t

P
( E

1
an

d
∃i
∈

[N
m

]
:
f

(X̂
i)
6=
g
(X̂

i)
)

=
E
[ 1 E

1
·P
( ∃
i
∈

[N
m

]
:
f

(X̂
i)
6=
g
(X̂

i)
∣ ∣ ∣N

m

)]

≥
( 1
−

ex
p

{ −
(

1 4
−

1 c

)
rm

})
P(
E

1
)

≥
1
−

ex
p

{ −
(

1 4
−

1 c

)
rm

}
−

2
ex

p
{−
m
E[
γ

(X
)]
/8
}

≥
1
−

ex
p

{ −
(
c
−

4

4c

)
rm

}
−

2
ex

p
{−
m
r/

8
}.

In
p

ar
ti

cu
la

r,
ch

o
os

in
g

m
=

⌈ 1 r

(
4
c

c
−

4
∨

8

)
ln
( 2
|G

r
|2)
⌉ ,

w
e

h
av

e
th

at
P
( E

1
an

d
∃i
∈

[N
m

]
:
f

(X̂
i)
6=
g
(X̂

i)
)
≥

1
−

2
|G
r
|2

.
B

y
a

u
n

io
n

b
o
u

n
d

,
th

is

im
p

li
es

th
at

w
it

h
p

ro
b

ab
il
it

y
at

le
as

t
1
−

2
|G
r
|2
( |G

r
|

2

)
=

1 |G
r
|
>

0,
E

1
h

ol
d

s
an

d
,

fo
r

ev
er

y

f
,g
∈
G
r

w
it

h
f
6=
g
,
∃i
∈

[N
m

]
fo

r
w

h
ic

h
f

(X̂
i)
6=
g
(X̂

i)
:

th
at

is
,

ev
er

y
f
∈
G
r

cl
as

si
fi

es
X̂

1
,.
..
,X̂

N
m

d
is

ti
n

ct
ly

.
B

u
t

fo
r

th
is

to
b

e
th

e
ca

se
,
|G

r
|c

an
b

e
at

m
os

t
th

e
n
u

m
b

er
of

d
is

ti
n

ct
cl

as
si

fi
ca

ti
on

s
of

a
se

q
u

en
ce

o
f
N
m

p
oi

n
ts

in
X

re
al

iz
ab

le
b
y

cl
as

si
fi

er
s

in
C

,
w

h
er

e
(s

in
ce
E

1
al

so
h

ol
d

s)
N
m
≤

2m
E[
γ

(X
)]

.
T

og
et

h
er

w
it

h
th

e
V

C
-S

au
er

le
m

m
a

(V
a
p

n
ik

a
n

d
C

h
er

vo
n

en
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8
e

)
≥

1 8
e
.

F
u

rt
h

er
m

o
re

,
n

ot
e

th
a
t

er
(ĥ
m

)
−

in
f g
∈C

er
(g

)
≥
‖b̂
−
b̄‖

1
8
eε

d
−

1
.

T
h
u

s,
P
( er

(ĥ
m

)
−

in
f g
∈C

er
(g

)
≥
ε)
≥

1 8
e
>
δ.

F
in

al
ly

,
n

o
te

th
a
t
ε
&

d
(1
−

2
β

)m
∧

(1
−

2β
).

A
lt

og
et

h
er

,
b
y

ch
o
o
si

n
g

w
h

ic
h

ev
er

of
th

es
e

lo
w

er
b

ou
n

d
s

is
gr

ea
te

st
,

w
e

h
av

e
th

a
t

fo
r

an
y
m
∈
N

,
th

er
e

ex
is

ts
a

ch
o
ic

e
of
P X

Y
sa

ti
sf

y
in

g
th

e
β

-b
o
u

n
d

ed
n

oi
se

co
n

d
it

io
n

su
ch

th
a
t,

w
it

h
p

ro
b

ab
il

it
y

gr
ea

te
r

th
a
n
δ,

er
(ĥ
m

)
−

in
f

h
∈C

er
(h

)
&

m
ax
{ d
,β

L
o
g
( m

in
{ s
,(

1
−

2β
)2
m
})
,L

o
g
( 1 δ

)}

(1
−

2β
)m

∧
(1
−

2
β

).

A
p

p
ly

in
g

th
e

re
la

x
a
ti

o
n

m
ax
{a
,b
,c
}
≥

(1
/3

)(
a

+
b

+
c)

(f
o
r

n
o
n

n
eg

a
ti

ve
va

lu
es
a
,b
,c

)
th

en
co

m
p

le
te

s
th

e
p

ro
o
f

o
f

th
e

fi
rs

t
lo

w
er

b
o
u

n
d

st
a
te

d
in

th
e

th
eo

re
m

.
F

o
r

th
e

se
co

n
d

in
eq

u
a
li

ty
,

n
ot

e
th

at
b
y

ta
k
in

g
δ

=
1
/2

4,
th

e
in

eq
u

a
li

ty
p

ro
v
en

a
b

ov
e

im
p

li
es

th
a
t

th
er

e
ex

is
ts

a
d

is
tr

ib
u

ti
o
n
P X

Y
sa

ti
sf

y
in

g
th

e
β

-b
ou

n
d

ed
n

o
is

e
co

n
d

it
io

n
su

ch
th

at
,

w
it

h
p
ro

b
ab

il
it

y
g
re

a
te

r
th

a
n

1
/2

4
,

er
(ĥ
m

)
−

in
f

h
∈C

er
(h

)
&
d

+
β

L
o
g
( m

in
{ s
,(

1
−

2β
)2
m
})

(1
−

2β
)m

∧
(1
−

2
β

).
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R
e
f
in

e
d

E
r
r
o
r

B
o
u
n
d
s

F
u

rth
erm

ore,
sin

ce
b

o
u

n
d

ed
n

o
ise

d
istrib

u
tion

s
h

ave
in

f
h∈

C
er(h

)
eq

u
a
l

th
e

B
ayes

risk
,

er(ĥ
m

)−
in

f
h∈

C
er(h

)
is

alw
ay

s
n

on
n

eg
ativ

e.
W

e
th

erefo
re

h
ave

E
[
er(ĥ

m
)−

in
f

h∈
C

er(h
) ]

&
2
3

2
4

0
+

12
4

d
+
β

L
og (m

in {
s,(1−

2
β

)
2m
})

(1−
2
β

)m
∧

(1−
2
β

)

&
d

+
β

L
o
g (m

in {
s,(1−

2β
)
2m
})

(1−
2
β

)m
∧

(1−
2
β

).

F
in

a
lly,

sin
ce

in
f

h∈
C

er(h
)

is
n

on
ra

n
d

o
m

,E
[er(ĥ

m
) ]−

in
f

h∈
C

er(h
)

=
E
[
er(ĥ

m
)−

in
f

h∈
C

er(h
) ]

.

E
.2

P
ro

o
f

o
f

T
h

e
o
re

m
1
9

N
ex

t,
w

e
p

resen
t

th
e

p
ro

of
of

T
h

eo
rem

1
9.

W
e

b
eg

in
b
y

sta
tin

g
a

classic
resu

lt,
d
u

e
to

G
in

é
a
n

d
K

o
ltch

in
sk

ii
(2

00
6
)

(see
a
lso

va
n

d
er

V
a
a
rt

a
n

d
W

elln
er,

2
0
1
1
;

H
a
n

n
eke

an
d

Y
an

g,
2
0
12

).
F

o
r

an
y

setH
o
f

classifi
ers,

d
en

o
te

d
ia

m
P

(H
)

=
su

p
h
,g∈H

P
(x

:
h

(x
)6=

g
(x

)).

L
e
m

m
a

2
3

T
h
ere

is
a

u
n

iversa
l

co
n

sta
n

t
c

0 ∈
(1,∞

)
su

ch
th

a
t,

fo
r

a
n

y
setH

o
f

cla
ssifi

ers,
fo

r
a
n

y
δ∈

(0,1
)

a
n

d
m
∈
N

,
d
efi

n
in

g

U
(H
,m

,δ;R
)=

1∧
in

f
r
>

d
ia

m
P

(H
) c

0 √√√√
r

vc(H
)L

o
g (P

(R
)

r

)
+

L
o
g (

1δ )

m
+
c

0

vc(H
)L

o
g (P

(R
)

r

)
+

L
o
g (

1δ )

m

fo
r

every
m

ea
su

ra
ble

R
⊆
X

,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ,∀

h
∈
H

,

er(h
)−

in
f

g∈H
er(g

)≤
m

a
x {

2 (
erL

m
(h

)−
m

in
g∈H

erL
m

(g
) )
,U

(H
,m

,δ;D
IS

(H
)) }

,

erL
m

(h
)−

m
in

g∈H
erL

m
(g

)≤
m

a
x {

2 (
er(h

)−
in

f
g∈H

er(g
) )
,U

(H
,m

,δ;D
IS

(H
)) }

.

N
ex

t,
w

e
n

o
te

th
at

w
e

lo
se

very
little

b
y

req
u

irin
g

th
e
γ

fu
n

ctio
n

in
D

efi
n

itio
n

1
5

to
b

e
b

in
a
ry.

T
h

is
a
llow

s
u

s
to

sim
p

lify
certain

p
arts

o
f

th
e

p
ro

o
f

o
f

T
h

eorem
1
9

b
elow

.

L
e
m

m
a

2
4

F
o
r

a
n

y
setH

o
f

cla
ssifi

ers,
a
n

d
a
n

y
η
∈

[0,1
],

fo
r
X
∼
P

,
lettin

g

Φ
{
0
,1} (H

,η
)

=
in

f {
E

[γ
(X

)]
:

su
p

h∈H
E

[1
[h

(X
)

=
+

1
]ζ

(X
)

+
1
[h

(X
)

=
−

1
]ξ(X

)]≤
η
,

w
h
ere
∀
x
∈
X
,γ

(x
)

+
ζ
(x

)
+
ξ(x

)
=

1
a
n

d
ζ
(x

),ξ(x
)∈

[0,1
],γ

(x
)∈
{0
,1} }

,

w
e

h
a
ve

th
a
t

Φ
(H
,η

)≤
Φ
{
0
,1} (H

,η
)≤

2Φ
(H
,η
/2).

P
ro

o
f

T
h

e
left

in
eq

u
a
lity

is
clea

r
from

th
e

d
efi

n
itio

n
s.

F
or

th
e

righ
t

in
eq

u
ality,

let
γ
∗,ζ ∗,ξ ∗

b
e

th
e

fu
n

ctio
n

s
a
t

th
e

o
p

tim
a
l

so
lu

tio
n

a
ch

iev
in

g
Φ

(H
,η
/2

)
in

D
efi

n
itio

n
1
5
.

F
or

every
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H
a
n
n
e
k
e

x
∈
X

,
if
γ
∗(x

)≥
1
/2,

d
efi

n
e
γ

(x
)

=
1

an
d
ζ
(x

)
=
ξ(x

)
=

0,
an

d
oth

erw
ise

d
efi

n
e
γ

(x
)

=
0,

ζ
(x

)
=
ζ ∗(x

)/
(ζ ∗(x

)
+
ξ ∗(x

)),
an

d
ξ(x

)
=
ξ ∗(x

)/
(ζ ∗(x

)
+
ξ ∗(x

)).
B

y
d

esign
,

w
e

h
ave

th
at

γ
(x

)∈
{
0,1}

,
ζ
(x

),ξ(x
)∈

[0,1],
an

d
γ

(x
)

+
ζ
(x

)
+
ξ(x

)
=

1
for

every
x
∈
X

.
S

in
ce

every
x
∈
X

h
as
γ

(x
)≤

2γ
∗(x

),
w

e
h
ave

E
[γ

(X
)]≤

2E
[γ
∗(X

)]
=

2Φ
(H
,η
/2).

F
u

rth
erm

ore,
for

every
x
∈
X

,
w

e
eith

er
h

ave
ζ
(x

)
=

0
≤

2ζ ∗(x
)

a
n

d
ξ(x

)
=

0
≤

2ξ ∗(x
),

or
else

γ
∗(x

)
<

1/
2,

in
w

h
ich

case
ζ ∗(x

)+
ξ ∗(x

)
=

1−
γ
∗(x

)
>

1
/
2,

so
th

at
ζ
(x

)
=
ζ ∗(x

)/
(ζ ∗(x

)+
ξ ∗(x

))≤
2ζ ∗(x

)
an

d
ξ(x

)
=
ξ ∗(x

)/
(ζ ∗(x

)
+
ξ ∗(x

))≤
2ξ ∗(x

).
T

h
erefore,

su
p

h∈H
E

[1
[h

(X
)

=
+

1]ζ
(X

)
+

1
[h

(X
)

=
−

1]ξ(X
)]

≤
2

su
p

h∈H
E

[1
[h

(X
)

=
+

1]ζ ∗(X
)

+
1
[h

(X
)

=
−

1]ξ ∗(X
)]≤

η
.

T
h
u

s,
γ
,ζ
,ξ

are
fu

n
ction

s
in

th
e

feasib
le

region
of

th
e

op
tim

ization
p

rob
lem

d
efi

n
in

g
Φ
{
0
,1} (H

,η
),

so
th

at
Φ
{
0
,1} (H

,η
)≤

E
[γ

(X
)]≤

2Φ
(H
,η
/2).

W
e

w
ill

estab
lish

th
e

claim
in

T
h

eorem
19

for
th

e
follow

in
g

a
lgo

rith
m

(w
h

ich
h

as
th

e
d

a
ta

set
L
m

a
s

in
p

u
t).

F
or

sim
p

licity,
th

is
algorith

m
is

stated
in

a
w

ay
th

at
m

akes
it

P
-d

ep
en

d
en

t
(w

h
ich

is
con

sisten
t

w
ith

th
e

statem
en

t
of

T
h

eorem
19).

It
m

ay
b

e
p

ossib
le

to
rem

ov
e

th
is

d
ep

en
d

en
ce

b
y

rep
lacin

g
th

e
P

-d
ep

en
d

en
t

q
u

an
tities

w
ith

em
p

irical
esti-

m
ates,

b
u

t
w

e
leave

th
is

task
to

fu
tu

re
w

ork
(e.g.,

see
th

e
w

ork
of

K
oltch

in
sk

ii,
20

06,
for

d
iscu

ssion
of

em
p

irical
estim

ation
of
U

(H
,m

,δ;R
);

Z
h

an
g

an
d

C
h

au
d

h
u

ri,
201

4,
ad

d
ition

-
ally

d
iscu

ss
estim

atin
g

th
e

m
in

im
izin

g
fu

n
ction

γ
fro

m
th

e
d

efi
n

ition
of

Φ
,

th
ou

gh
som

e
refi

n
em

en
t

to
th

eir
con

cen
tration

argu
m

en
ts

w
ou

ld
b

e
n

eed
ed

for
ou

r
p

u
rp

oses).
F

o
r

an
y

k
∈
{0,1,...,blog

2 (m
)c−

1}
,
d

efi
n
e
δ
k

=
δ

(lo
g
2
(2
m

)−
k
)
2 ,

an
d

fi
x

a
valu

e
η
k ≥

0
(to

b
e

sp
ecifi

ed

in
th

e
p

ro
o
f

b
elow

).

A
lgorith

m
1:

0
.G

0 ←
C

1.
F

or
k

=
0,1

,...,blog
2 (m

)c−
1

2.
L

et
γ
k

b
e

th
e

fu
n

ction
γ

at
th

e
solu

tion
d

efi
n

in
g

Φ
{
0
,1} (G

k ,η
k )

3.
R
k ←

{x
∈
X

:
γ
k (x

)
=

1}
4.

D
k ←

{(X
i ,Y

i )
:
2
k

+
1
≤
i≤

2
k
+

1,X
i ∈

R
k }

5.
G
k
+

1 ←
{
h∈
G
k

:
2 −

k|D
k | (

er
D
k (h

)−
m

in
g∈G

k

er
D
k (g

) )
≤

m
ax{4

η
k ,U

(G
k ,2

k,δ
k ;R

k )} }

6.
R

etu
rn

a
n
y
ĥ
∈
G
blo

g
2
(m

)c

F
o
r

sim
p

licity,
w

e
su

p
p

ose
th

e
fu

n
ction

γ
k

in
S

tep
2

actu
a
lly

m
in

im
izesE

[γ
k (X

)]
su

b
ject

to
th

e
con

strain
ts

in
th

e
d

efi
n

ition
of

Φ
{
0
,1} (G

k ,η
k ).

H
ow

ev
er,

th
e

p
ro

of
b

elow
w

o
u

ld
rem

ain
valid

for
a
n
y
γ
k

satisfy
in

g
th

ese
con

strain
ts,

w
ith

E
[γ
k (X

)]≤
2Φ

(G
k ,η

k /
2):

for
in

sta
n

ce,
th

e
p

ro
of

of
L

em
m

a
24

reveals
th

is
w

ou
ld

b
e

satisfi
ed

b
y
γ
k (x

)
=

1
[γ
∗(x

)≥
1
/
2]

for
th

e
γ
∗

a
ch

iev
in

g
th

e
m

in
im

u
m

valu
e

of
E

[γ
∗(X

)]
in

th
e

d
efi

n
ition

of
Φ

(G
k ,η

k /
2).

In
d

eed
,

it
w

ou
ld

even
su

ffi
ce

to
ch

o
ose

γ
k

satisfy
in

g
th

e
con

strain
ts

of
Φ
{
0
,1} (G

k ,η
k )

w
ith

E
[γ
k (X

)]≤
c ′Φ

(G
k ,η

k /
2),

fo
r

an
y

fi
n

ite
n
u

m
erical

con
stan

t
c ′,

as
th

is
w

o
u

ld
on

ly
a
ff

ect
th

e
n
u

m
erical

con
sta

n
t

factors
in

T
h

eorem
19.

W
e

a
re

n
ow

read
y

for
th

e
p

ro
of

of
T

h
eorem

19.
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R
e
f
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e
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E
r
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o
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o
u
n
d
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ro

o
f

o
f

T
h

e
o
re

m
1
9

T
h

e
p

ro
of

is
si

m
il

ar
to

th
os

e
gi

ve
n

ab
ov

e
(e

.g
.,

th
a
t

of
T

h
eo

-
re

m
16

),
ex

ce
p

t
th

at
th

e
st

ro
n

ge
r

fo
rm

of
L

em
m

a
23

(c
om

p
ar

ed
to

L
em

m
a

2)
a
ff

o
rd

s
u

s
a

si
m

p
li

fi
ca

ti
on

th
at

av
oi

d
s

th
e

st
ep

in
w

h
ic

h
w

e
lo

w
er

-b
ou

n
d

th
e

sa
m

p
le

si
ze

u
n

d
er

th
e

co
n

d
it

io
n

al
d

is
tr

ib
u

ti
on

gi
ve

n
Γ
i

=
1.

F
ix

an
y
a
≥

1
an

d
α
∈

(0
,1

],
an

d
fi

x
c

=
12

8.
W

e
es

ta
b

li
sh

th
e

cl
ai

m
fo

r
A

lg
o
ri

th
m

1,
d

es
cr

ib
ed

ab
ov

e.
D

efi
n

e
η 0

=
2
/c

an
d
Ũ

0
=

1,
an

d
fo

r
ea

ch
k
∈
{1
,.
..
,b

lo
g

2
(m

)c
},

in
d

u
ct

iv
el

y
d

efi
n

e

Ũ
k

=
m

in
{ 1
,2
η k
−

1
+

m
ax
{ 8η

k
−

1
,2
U

(G
k
−

1
,2
k
−

1
,δ
k
−

1
;R

k
−

1
)}}

,

r k
=
a
c 1

( a
21
−
k

( d
L

og

( ϕ̂
a
,α

( a
( a
d
2

1
−
k
)

α
2
−
α

))
+

L
og

(
1

δ k
−

1

))
)

α
2
−
α

,

η k
=

2 c

( r
k a

) 1
/
α
,

w
h

er
e
c 1

=
(3

2
c 0

)
2
α

2
−
α

.
W

e
p

ro
ce

ed
b
y

in
d

u
ct

io
n

on
k

in
th

e
al

go
ri

th
m

.
S

u
p

p
o
se

th
a
t,

fo
r

so
m

e
k
∈
{0
,1
,.
..
,b

lo
g

2
(m

)c
−

1
},

th
er

e
is

an
ev

en
t
E
k

of
p

ro
b

ab
il

it
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Ũ
k
+

1
.

F
o
r

th
is

,
w

e
fi

rs
t

n
o
te

th
a
t,

co
m

b
in

in
g

th
e

in
d

u
ct

iv
e

h
y
p

ot
h

es
is

w
it

h
th

e
(a
,α

)-
B

er
n

st
ei

n
cl

a
ss

co
n

d
it

io
n

,
o
n
E
k
+

1
w

e
h

av
e

G k
⊆

B
( h

?
,a
Ũ
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Ũ
k
+

1 ,
w

e
h

ave
th

a
t

o
n
E
k
+

1 ,

Ũ
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ir
ec

t
co

n
st

ru
ct

iv
e

m
et

h
o
d

s
fo

r
so

lv
in

g
th

e
m

ai
n

p
ro

b
le

m
s

of
st

at
is

ti
ca

l
in

fe
re

n
ce

.
A

ll
th

es
e

m
et

h
o
d
s

ar
e

b
as

ed
on

G
li

ve
n

ko
-C

an
te

ll
i

th
eo

ry
,

w
h

ic
h

fo
rm

s
th

e
fo

u
n

d
a
ti

on
o
f

cl
as

si
ca

l
st

at
is

ti
cs

.
T

h
is

th
eo

ry
st

at
es

th
at

th
e

jo
in

t
cu

m
u

la
ti

ve
d
is

tr
ib

u
ti

o
n

fu
n

ct
io

n
o
f

se
ve

ra
l

va
ri

a
bl

es
X

=
(X

1
,.
..
,X

n
)

F
(x

)
=
P
{X

1
≤
x

1
,.
..
,X

n
≤
x
n
}

ca
n

b
e

es
ti

m
at

ed
fr

om
th

e
ob

se
rv

at
io

n
s

X
1
,.
..
,X

`

b
y

em
p
ir

ic
a
l

cu
m

u
la

ti
ve

d
is

tr
ib

u
ti

o
n

fu
n

ct
io

n

F
`(
x

)
=

1 `

∑̀ i=
1

n ∏ k
=

1

θ(
x
k
−
X
k i
),

(1
)

w
h

er
e
θ(
x
k
−
X
k i
)

is
th

e
st

ep
fu

n
ct

io
n

(i
n

d
ic

at
or

fu
n

ct
io

n
fo

r
x
≥

0)
.

C
la

ss
ic

al
st

at
is

ti
ca

l
th

eo
ry

p
ro

v
id

es
b

o
u

n
d

s
on

th
e

ra
te

of
co

n
v
er

ge
n

ce
of
F
`(
x

)
to

th
e

d
es

ir
ed

fu
n

ct
io

n
F

(x
)

fo
r

th
e

on
e-

d
im

en
si

on
al

ca
se

(M
as

sa
rt

,
19

90
):

P
{s

u
p
x
|F
`(
x

)
−
F

(x
)|
≥
ε}
≤

2
ex

p
{−

2
ε2
`}
.

(2
)

A
p

p
li

ca
ti

on
of

V
C

th
eo

ry
to
n

-d
im

en
si

on
al

ca
se

(V
ap

n
ik

,
19

98
)

gi
ve

s
th

e
b

o
u

n
d

P
{s

u
p
x
|F
`(
x

)
−
F

(x
)|
≥
ε}
≤

ex
p

{ −
( ε2
−
n

ln
`

`

)
`}

.
(3

)
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V
a
p
n
ik

a
n
d

Iz
m

a
il

o
v

2
.2

D
ir

e
c
t

S
e
tt

in
g

o
f

C
o
n

d
it

io
n

a
l

P
ro

b
a
b

il
it

y
E

st
im

a
ti

o
n

E
st

im
a
ti

on
of

cu
m

u
la

ti
ve

d
is

tr
ib

u
ti

o
n

fu
n

ct
io

n
u

si
n

g
em

p
ir

ic
a
l

d
a
ta

is
a

fo
u

n
d

at
io

n
fo

r
es

ti
m

at
io

n
o
f
m

o
re

so
p

h
is

ti
ca

te
d

ch
ar

a
ct

er
is

ti
cs

o
f
st

o
ch

a
st

ic
ev

en
ts

su
ch

a
s

d
en

si
ty

fu
n

ct
io

n
,

co
n

d
it

io
n

a
l

d
en

si
ty

fu
n

ct
io

n
,

re
gr

es
si

o
n

fu
n

ct
io

n
,

co
n

d
it

io
n

a
l

p
ro

ba
bi

li
ty

fu
n

ct
io

n
et

c.

1.
W

e
ca

ll
fu

n
ct

io
n
p
(x

)
th

e
d
en

si
ty

fu
n

ct
io

n
o
f

th
e

ra
n
d

o
m

ev
en

ts
X
∼
F

(x
)

if
it

s
in

te
gr

al
d

efi
n

es
th

e
cu

m
u

la
ti

ve
d

is
tr

ib
u

ti
o
n

fu
n

ct
io

n

∫
θ(
x
−
X

)p
(X

)d
X

=
F

(x
),

X
∈
R
n
.

2
.

L
et

p
ai

r
(x
,y

),
x
∈
X
,
y
∈
Y
∈
R

1
b

e
a

ra
n

d
o
m

ev
en

t.
W

e
ca

ll

p
(y
|x

)
=
p
(x
,y

)

p
(x

)
,
p
(x

)
>

0
,

th
e

co
n

d
it

io
n

al
d

en
si

ty
fu

n
ct

io
n

;
it

d
efi

n
es

th
e

co
n

d
it

io
n

al
d

en
si

ty
o
f

th
e

va
lu

e
o
f
y

g
iv

en
ob

se
rv

at
io

n
x

.

3
.

L
et

p
a
ir

(x
,y

),
x
∈
X
,
y
∈
{0
,1
}

b
e

a
ra

n
d

o
m

ev
en

t.
W

e
ca

ll

p
(y

=
1|
x

)
=
p
(x
,y

=
1
)

p
(x

)
,
p
(x

)
>

0
,

th
e

co
n

d
it

io
n

al
p

ro
b

ab
il

it
y

fu
n

ct
io

n
;

it
d

efi
n

es
co

n
d

it
io

n
a
l

p
ro

b
ab

il
it

y
o
f
y

=
1

g
iv

en
ob

se
rv

at
io

n
x

.

4
W

e
ca

ll
th

e
in

te
g
ra

l

f
(x

)
=

∫
y
p
(y
|x

)d
y
,

th
e

re
gr

es
si

o
n

fu
n

ct
io

n
f

(x
);

it
d

efi
n

es
co

n
d

it
io

n
a
l

ex
p

ec
ta

ti
o
n

of
va

lu
e
y

g
iv

en
o
b

se
r-

va
ti

on
x

.

T
h

e
d

efi
n

it
io

n
of

co
n

d
it

io
n

al
p

ro
b

a
b

il
it

y
ca

n
b

e
re

w
ri

tt
en

(s
ee

V
ap

n
ik

an
d

Iz
m

ai
lo

v
(2

01
5
c)

,
V

a
p

n
ik

a
n

d
Iz

m
ai

lo
v

(2
0
15

a
))

in
th

e
fo

rm
o
f

th
e

so
lu

ti
o
n

of
in

te
gr

al
eq

u
at

io
n

∫
θ(
x
−
X

)p
(y

=
1|
X

)d
F

(X
)

=
F

(x
,y

=
1)
.

(4
)

T
h

es
e

p
ap

er
s

d
es

cr
ib

e
th

e
d

ir
ec

t
co

n
st

ru
ct

iv
e

w
ay

of
es

ti
m

at
io

n
o
f

th
e

co
n

d
it

io
n

al
p

ro
b

ab
il

-
it

y
fu

n
ct

io
n

as
so

lv
in

g
a

m
u

lt
id

im
en

si
o
n

a
l

F
re

d
h

o
lm

in
te

g
ra

l
eq

u
at

io
n

(4
)

w
h

en
cu

m
u

la
ti

ve
d

is
tr

ib
u

ti
o
n

fu
n

ct
io

n
s
F

(x
)

an
d
F

(x
,y

=
1
)

ar
e

u
n

k
n

ow
n

b
u

t
d

a
ta

(x
1
,y

1
),
..
.,

(x
`,
y `

)

ar
e

g
iv

en
.

T
h

is
se

tt
in

g
is

ca
ll

ed
d
ir
ec
t

b
ec

a
u

se
it

is
b

a
se

d
on

th
e

d
efi

n
it

io
n

o
f

co
n

d
it

io
n

a
l

p
ro

b
ab

il
it

y.
It

is
ca

ll
ed

co
n
st
ru
ct
iv
e

b
ec

au
se

th
er

e
ex

is
ts

a
n

em
p
ir

ic
a
l

cu
m

u
la

ti
ve

d
is

tr
ib

u
-

ti
o
n

fu
n

ct
io

n
,

d
efi

n
ed

a
s

(1
),

th
a
t

co
n
v
er

g
es

to
th

e
re

a
l

cu
m

u
la

ti
v
e

d
is

tr
ib

u
ti

on
fu

n
ct

io
n

w
it

h
th

e
ra

te
s

(2
)

a
n

d
(3

).
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S
y
n
e
r
g

y
o
f

M
o
n
o
t
o
n
ic

R
u
l
e
s

In
o
rd

er
to

fi
n

d
th

e
co

n
d
ition

al
p

ro
b

a
b

ility
(i.e.,

to
so

lve
eq

u
atio

n
(4

)),
w

e
u

se
th

e
a
p

-
p

rox
im

a
tio

n
s
F
` (x

)
a
n

d
F
` (x

,y
=

1
)

=
F
` (x|y

=
1
)P

` (y
=

1
)

in
stea

d
o
f

u
n

k
n

ow
n

fu
n

ctio
n

s
F

(x
),
F

(x
,y

=
1
).

A
s

sh
ow

n
in

(V
a
p

n
ik

a
n

d
Izm

ailov
,

2
0
1
5c)

a
n

d
(V

a
p

n
ik

a
n

d
Izm

a
ilov

,
2
0
15

a
),

statistica
l

in
feren

ce
p

ro
b

lem
s,

su
ch

a
s

(1)
con

d
itio

n
a
l

d
en

sity
estim

atio
n

,
(2

)
con

d
i-

tio
n

a
l
p

rob
ab

ility
estim

a
tion

,
(3

)
reg

ressio
n

estim
a
tion

,
(4

)
ra

tio
o
f

tw
o

d
en

sities
estim

atio
n

,
ca

n
b

e
fo

rm
u

la
ted

a
s

fo
llow

s:
so

lve
th

e
in

teg
ra

l
eq

u
a
tion

∫
θ(z−

Z
)f

(z
)d
F

(z
)

=
(E
y
) −

1F
∗(z

)

in
th

e
situ

atio
n

w
h

en
th

e
cu

m
u

lative
d

istrib
u

tio
n

fu
n

ction
s
F

(z
),
F
∗(z

),
a
n

d
th

e
va

lu
e

E
(y

)
are

u
n

k
n

ow
n

b
u

t
th

eir
ap

p
rox

im
a
tio

n
s

in
th

e
fo

rm
o
f

em
p

irica
l

cu
m

u
la

tive
fu

n
ctio

n
s

F
` (z

),
F
∗` (z

)
a
n

d
em

p
irical

averag
e
P
` (y

=
1
)

ca
n

b
e

o
b
ta

in
ed

u
sin

g
d

ata

(z
1 ,y

1 ),...,(z
` ,y

` ).

2
.3

F
re

d
h

o
lm

In
te

g
ra

l
E

q
u

a
tio

n
s

o
f

th
e

F
irst

K
in

d

W
e

co
n

sid
er

th
e

lin
ear

o
p

era
tor

eq
u

a
tio

n
sA
f

=
Φ
,

(5
)

w
h

ere
A

m
a
p

s
elem

en
ts
f

o
f

th
e

m
etric

sp
a
ce
E

1
in

to
elem

en
ts

Φ
o
f

th
e

m
etric

sp
a
ce
E

2 .
L

et
A

b
e

a
co

n
tin

u
o
u

s
o
n

e-to
-o

n
e

op
erato

r,
w

h
ich

m
a
p

s
a

setM
⊂
E

1
o
n
to

a
setN

⊂
E

2 ,
i.e.,

AM
=
N

.
T

h
e

solu
tion

o
f

su
ch

o
p

era
to

r
eq

u
a
tio

n
ex

ists
a
n

d
is

u
n

iq
u

e,
i.e.,

in
verse

o
p

era
tor

A
−

1
is

d
efi

n
ed

:

M
=
A
−

1N
.

T
h

e
cru

cial
q
u

estio
n

is
w

h
eth

er
th

is
in

verse
o
p

era
to

r
A
−

1
is

co
n
tin

u
o
u

s.
If

it
is,

th
en

clo
se

fu
n

ctio
n

s
in
N

a
re

m
a
p

p
ed

b
y
A
−

1
to

clo
se

fu
n

ctio
n

s
in
M

;
th

a
t

is,
a

“
sm

all”
ch

a
n

g
e

in
th

e
rig

h
t-h

a
n

d
sid

e
of

(5
)

resu
lts

in
a

“
sm

a
ll”

ch
an

ge
o
f

its
so

lu
tio

n
.

In
th

is
ca

se,
th

e
o
p

era
to

r
A
−

1
is

called
sta

ble
(T

ik
h

o
n

ov
an

d
A

rsen
in

,
1
9
7
7).

If,
h

ow
ever,

th
e

in
verse

op
era

to
r

is
d

iscon
tin

u
ou

s,
th

en
“
sm

all”
ch

a
n

g
es

in
th

e
rig

h
t-h

a
n

d
sid

e
o
f

(5
)

can
ca

u
se

a
sig

n
ifi

ca
n
t

ch
a
n

g
e

o
f

its
so

lu
tion

.
In

th
is

ca
se,

th
e

o
p

era
to

r
A
−

1
is

u
n

sta
ble.

T
h

e
eq

u
atio

n
(5

)
is

w
ell-po

sed
if

its
solu

tion
(1

)
ex

ists,
(2

)
is

u
n

iq
u

e,
an

d
(3

)
is

sta
b

le.
O

th
erw

ise,
th

e
eq

u
a
tio

n
(5)

is
ill-po

sed
.

W
e

are
in

terested
in

th
e

situ
a
tion

w
h

en
th

e
so

lu
tio

n
o
f

o
p

era
to

r
eq

u
a
tio

n
exists,

a
n

d
is

u
n

iqu
e.

In
th

is
ca

se,
th

e
sta

bility
o
f

th
e

o
p

era
to

r
A
−

1
d

eterm
in

es
w

h
eth

er
(5

)
is

ill-p
o
sed

or
w

ell-p
osed

.
If

th
e

o
p

era
to

r
is

u
n

sta
b

le,
th

en
,

g
en

era
lly

sp
ea

k
in

g
,

a
n
y

n
u

m
erica

l
so

lu
tio

n
of

(5)
is

m
ea

n
in

gless
(a

sm
all

error
in

th
e

rig
h
t-h

a
n

d
sid

e
o
f

(5
)

ca
n

cau
se

a
larg

e
ch

a
n

ge
o
f

its
solu

tion
).

H
ere

w
e

con
sid

er
th

e
lin

ear
in

teg
ra

l
o
p

era
to

r

A
f

(x
)

=

∫
b

a
K

(x
,u

)f
(u

)d
u

d
efi

n
ed

b
y

th
e

k
ern

el
K

(t,u
),

w
h

ich
is

a
sy

m
m

etric
p

ositive
d

efi
n

ite
fu

n
ctio

n
th

a
t

is
co

n
-

tin
u

o
u

s
a
lm

o
st

every
w

h
ere

o
n
a
≤
t≤

b,
c≤

x
≤
d
.

T
h

is
kern

el
m

ap
s

th
e

set
o
f

fu
n

ctio
n

s
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V
a
p
n
ik

a
n
d

Iz
m

a
il

o
v

{
f

(t)}
,

con
tin

u
ou

s
on

[a
,b],

u
n
to

th
e

set
of

fu
n

ction
s{

Φ
(x

)}
,

also
con

tin
u
ou

s
on

[c,d
].

T
h

e
co

rresp
on

d
in

g
F

red
h

olm
eq

u
ation

of
th

e
fi

rst
k
in

d
(T

ik
h

on
ov

an
d

A
rsen

in
,

197
7)

∫
b

a
K

(x
,u

)f
(u

)d
u

=
Φ

(x
)

req
u

ires
fi

n
d

in
g

th
e

solu
tion

f
(u

)
given

th
e

righ
t-h

an
d

sid
e

Φ
(x

).
It

is
k
n

ow
n

th
a
t

th
ese

in
teg

ral
eq

u
ation

s
are

ill-p
osed

.

In
ou

r
p

rob
lem

,
n

ot
on

ly
th

e
righ

t-h
an

d
sid

e
of

(5)
is

an
ap

p
rox

im
ation

b
u

t
also

th
e

o
p

era
to

r
of

(5
)

is
d

efi
n

ed
ap

p
rox

im
ately.

In
(V

ap
n

ik
,

1
995),

su
ch

eq
u

ation
s

are
called

sto
ch

astic
ill-p

osed
p
rob

lem
s.

2
.4

M
e
th

o
d

s
o
f

S
o
lv

in
g

Ill-P
o
se

d
P

ro
b

le
m

s

In
th

is
su

b
sectio

n
,

w
e

con
sid

er
m

eth
o
d

s
for

solv
in

g
ill-p

osed
op

era
tor

eq
u

atio
n

s.

2
.4

.1
In

v
e
r
se

O
p
e
r
a
t
o
r

L
e
m

m
a

T
h

e
follow

in
g

In
v
erse

O
p

erator
L

em
m

a
(see

T
ik

h
on

ov
an

d
A

rsen
in

,
197

7)
is

th
e

k
ey

en
ab

ler
for

so
lv

in
g

ill-p
o
sed

p
rob

lem
s.

L
e
m

m
a
.

If
A

is
a

co
n

tin
u

o
u

s
o
n

e-to
-o

n
e

o
pera

to
r

d
efi

n
ed

o
n

a
co

m
pa

ct
setM

∗⊂
M

,
th

en
th

e
in

verse
o
pera

to
r
A
−

1
is

co
n

tin
u

o
u

s
o
n

th
e

setN
∗

=
AM

∗.
It

is
k
n

ow
n

th
at

b
ou

n
d

ed
m

on
oton

ic
fu

n
ction

s
form

a
com

p
act

set.
T

h
erefore,

if
w

e
restrict

th
e

set
o
f
solu

tion
s

of
F

red
h

olm
in

tegral
eq

u
ation

s
to

th
e

class
of

b
ou

n
d

ed
m

on
oton

ic
fu

n
ction

s,
w

e
w

ill
m

ake
th

e
corresp

on
d

in
g

eq
u

ation
w

ell-p
osed

.
T

h
is

is
ex

actly
th

e
reason

of
ou

r
ta

rgetin
g

th
e

m
o
n

o
to

n
ic

solu
tion

s
in

th
is

p
ap

er.

T
h
u

s,
a
s

follow
s

from
In

v
erse

O
p

erato
r

L
em

m
a,

th
e

con
d

ition
s

of
ex

isten
ce

an
d

u
n

iq
u

e-
n

ess
of

th
e

solu
tion

of
an

op
erator

eq
u

a
tion

im
p

ly
th

at
th

e
p

rob
lem

is
w

ell-p
osed

on
th

e
com

p
actM

∗.
T

h
e

th
ird

con
d

ition
(stab

ility
of

th
e

solu
tion

)
is

au
tom

a
tically

satisfi
ed

.
T

h
is

lem
m

a
is

th
e

b
asis

for
all

con
stru

ctive
id

eas
of

solv
in

g
ill-p

osed
p

rob
lem

s.
W

e
d

escrib
e

on
e

o
f

th
em

in
th

e
n

ex
t

su
b

section
.

2
.4

.2
R

e
g

u
l
a
r
iz

a
t
io

n
M

e
t
h
o
d

S
u

p
p

ose
th

at
w

e
h

ave
to

solve
th

e
o
p

erator
eq

u
ation

(4)
d

efi
n

ed
b
y

a
con

tin
u

ou
s

o
n

e-to
-on

e
o
p

erato
r
A

m
a
p

p
in

g
M

in
to
N

,
w

h
ere

w
e

assu
m

e
th

at
th

e
so

lu
tio

n
of

(5
)

ex
ists.

A
lso,

su
p

p
ose

th
at,

in
stead

of
th

e
righ

t-h
an

d
sid

e
Φ

(x
),

w
e

are
given

its
ap

p
rox

im
ation

s
Φ
δ (x

),
w

h
ere

ρ
E

2 (Φ
(x

),Φ
δ (x

))≤
δ.

O
u

r
go

al
is

to
solve

th
e

eq
u

ation
s

A
f

=
Φ
δ

w
h

en
δ→

0.

C
on

sid
er

a
low

er
sem

i-con
tin

u
ou

s
fu

n
ction

al
W

(f
)

(called
th

e
regu

la
rizer)

th
at

h
a
s

th
e

follow
in

g
th

ree
p

rop
erties:

1.
th

e
solu

tion
of

(5)
b

elon
gs

to
th

e
d

om
ain

D
(W

)
of

th
e

fu
n

ction
al
W

(f
);
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S
y
n
e
r
g

y
o
f

M
o
n
o
t
o
n
ic

R
u
l
e
s

2.
th

e
va

lu
es
W

(f
)

of
W

ar
e

n
o
n

-n
eg

at
iv

e
in

th
e

d
om

ai
n

of
W

;

3.
th

e
se

ts
M

c
=
{f

:
W

(f
)
≤
c}

ar
e

co
m

p
ac

t
fo

r
an

y
c
≥

0.

T
h

e
id

ea
of

re
gu

la
ri

za
ti

on
is

to
fi

n
d

a
so

lu
ti

on
fo

r
(5

)
as

an
el

em
en

t
m

in
im

iz
in

g
th

e
so

-c
al

le
d

re
gu

la
ri

ze
d

fu
n

ct
io

n
al

R
γ
(f̂
,Φ

δ
)

=
ρ

2 E
2
(A
f̂
,Φ

δ
)

+
γ
δ
W

(f̂
),

f̂
∈
D

(W
)

(6
)

w
it

h
re

gu
la

ri
za

ti
o
n

pa
ra

m
et

er
γ
δ
>

0.
T

h
e

fo
ll

ow
in

g
th

eo
re

m
h

ol
d

s
tr

u
e

(T
ik

h
on

ov
an

d
A

rs
en

in
,

19
77

).
T

h
e
o
re

m
1
.

L
et
E

1
a
n

d
E

2
be

m
et

ri
c

sp
a
ce

s,
a
n

d
su

p
po

se
th

a
t,

fo
r

Φ
∈
N

,
th

er
e

ex
is

ts
a

so
lu

ti
o
n

o
f

(5
)

th
a
t

be
lo

n
gs

to
co

m
pa

ct
M

c
fo

r
so

m
e
c.

S
u

p
po

se
th

a
t,

in
st

ea
d

o
f

th
e

ex
a
ct

ri
gh

t-
h
a
n

d
si

d
e

Φ
in

(5
),

it
s

a
p
p
ro

xi
m

a
ti

o
n

s1
Φ
δ
∈
E

2
a
re

su
ch

th
a
t
ρ
E

2
(Φ
,Φ

δ
)
≤
δ.

C
o
n

si
d
er

th
e

se
qu

en
ce

o
f

pa
ra

m
et

er
s
γ

su
ch

th
a
t

γ
(δ

)
−→

0
fo

r
δ
−→

0
,

an
d

li
m

δ
−→

0

δ2 γ
(δ

)
≤
r
<
∞
.

(7
)

T
h
en

th
e

se
qu

en
ce

o
f

so
lu

ti
o
n

s
f
γ

(δ
)

δ
m

in
im

iz
in

g
th

e
fu

n
ct

io
n

a
ls
R
γ

(δ
)(
f
,Φ

δ
)

o
n
D

(W
)

co
n

-
ve

rg
es

to
th

e
ex

a
ct

so
lu

ti
o
n
f

(i
n

th
e

m
et

ri
c

o
f

sp
a
ce
E

1
)

a
s
δ
−→

0
.

In
a

H
il

b
er

t
sp

ac
e,

th
e

fu
n

ct
io

n
al
W

(f
)

m
ay

b
e

ch
os

en
as
||f
||2

fo
r

a
li

n
ea

r
o
p

er
a
to

r
A

.
A

lt
h

ou
gh

th
e

se
ts
M

c
ar

e
on

ly
w

ea
k
ly

co
m

p
ac

t
in

th
is

ca
se

,
re

gu
la

ri
ze

d
so

lu
ti

o
n
s

co
n
ve

rg
e

to
th

e
d

es
ir

ed
on

e.
S

u
ch

a
ch

oi
ce

of
re

gu
la

ri
ze

d
fu

n
ct

io
n

al
is

co
n
v
en

ie
n
t

si
n

ce
it

s
d

o
m

ai
n

D
(W

)
is

th
e

w
h

ol
e

sp
ac

e
E

1
.

In
th

is
ca

se
,

h
ow

ev
er

,
th

e
co

n
d

it
io

n
s

on
th

e
p

a
ra

m
et

er
s
γ

ar
e

m
or

e
re

st
ri

ct
iv

e
th

an
in

th
e

ca
se

of
T

h
eo

re
m

1:
γ

sh
ou

ld
co

n
v
er

ge
to

ze
ro

sl
ow

er
th

a
n
δ2

.
T

h
u

s
th

e
fo

ll
ow

in
g

th
eo

re
m

h
ol

d
s

tr
u

e
(T

ik
h

on
ov

an
d

A
rs

en
in

,
19

77
).

T
h

e
o
re

m
2
.

L
et
E

1
be

a
H

il
be

rt
sp

a
ce

a
n

d
W

(f
)

=
||f
||2

.
T

h
en

,
if
γ

(δ
)

sa
ti

sfi
es

(7
)

w
it

h
r

=
0,

th
e

re
gu

la
ri

ze
d

el
em

en
ts
f
γ

(δ
)

δ
co

n
ve

rg
e

to
th

e
ex

a
ct

so
lu

ti
o
n
f

in
E

1
a
s
δ
→

0.

2
.4

.3
S
t
o
c
h
a
st

ic
Il

l
-P

o
se

d
P

r
o
b
l
e
m

s

L
et
A
`

b
e

ap
p

ro
x
im

at
io

n
s

of
A

an
d

Φ
`

b
e

ap
p
ro

x
im

at
io

n
s

of
Φ

.
In

or
d

er
to

so
lv

e
st

o
ch

a
st

ic
il

l-
p

os
ed

p
ro

b
le

m
s

A
`f

=
Φ
`,

(8
)

w
e

w
il

l
al

so
u

se
th

e
re

gu
la

ri
za

ti
on

m
et

h
o
d

m
in

im
iz

in
g

th
e

fu
n

ct
io

n
al

T
`f

=
||A

`f
−

Φ
`||

2 E
2

+
γ
`Ω

(f
).

(9
)

H
er

e,
w

it
h

in
cr

ea
si

n
g

n
u

m
b

er
of

ob
se

rv
at

io
n

s
`,

fu
n

ct
io

n
s

Φ
`

co
n
ve

rg
e

to
th

e
a
ct

u
a
l
fu

n
ct

io
n

Φ
an

d
op

er
at

or
A
`

co
n
ve

rg
es

to
th

e
ac

tu
al

op
er

at
or

s
A

in
th

e
se

n
se

th
at

||A
`
−
A
||2

=
su

p
f
∈{

Ω
(f

)≤
C
}

||A
f
−
A
`f
||2

Ω
(f

)
−→

`→
∞

0.
(1

0)

A
s

w
as

sh
ow

n
in

(V
ap

n
ik

(1
99

8)
),

if
th

e
d

es
ir

ed
so

lu
ti

on
b

el
on

gs
to

on
e

o
f

th
e

co
m

p
a
ct

s
{f

;
Ω

(f
)
≤
C
},

th
e

se
q
u

en
ce

of
ap

p
ro

x
im

at
io

n
s

Φ
`

of
th

e
ri

gh
t-

h
an

d
si

d
e

of
eq

u
a
ti

o
n

a
n

d

1
.

T
h
e

el
em

en
ts

Φ
δ

d
o

n
o
t

h
av

e
to

b
el

o
n
g

to
th

e
se

t
N

.
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V
a
p
n
ik

a
n
d

Iz
m

a
il

o
v

th
e

se
q
u

en
ce

of
ap

p
ro

x
im

at
io

n
s
A
`

o
f

th
e

o
p

er
a
to

rs
co

n
ve

rg
e

in
p

ro
b
a
b

il
it

y
to

,
re

sp
ec

ti
v
el

y,
Φ

a
n

d
A

,
an

d
γ
`
→

0
in

(9
)

is
su

ch
th

a
t

li
m

`→
∞
||A

`
−
A
||2

γ
`

=
0,

th
en

th
e

se
q
u

en
ce

o
f

m
in

im
a

co
n
ve

rg
es

to
th

e
d

es
ir

ed
fu

n
ct

io
n

.
In

(V
ap

n
ik

a
n

d
Iz

m
a
il

ov
(2

0
1
5
c)

),
(V

ap
n

ik
a
n

d
Iz

m
ai

lo
v

(2
0
15

a
))

,
it

w
a
s

sh
ow

n
th

at
ou

r
sp

ec
ifi

c
in

te
gr

al
eq

u
a
ti

on
s

sa
ti

sf
y

th
e

re
q
u

ir
ed

co
n

d
it

io
n

s.

2
.5

V
-M

a
tr

ix
M

e
th

o
d

o
f

E
st

im
a
ti

o
n

o
f

C
o
n

d
it

io
n

a
l

P
ro

b
a
b

il
it

y
F
u

n
c
ti

o
n

In
or

d
er

to
fi

n
d

th
e

co
n

d
it

io
n

a
l

p
ro

b
ab

il
it

y
fr

o
m

th
e

o
b

se
rv

a
ti

o
n

s,
w

e
so

lv
e

st
o
ch

a
st

ic
il

l-
p

os
ed

p
ro

b
le

m
(8

)
u

si
n

g
re

g
u

la
ri

za
ti

o
n

m
et

h
o
d

(9
),

w
h

er
e

ap
p
ro

x
im

at
io

n
s

o
f

th
e

ri
g
h
t-

h
a
n

d
si

d
e

of
eq

u
a
ti

on
Φ

a
n

d
o
p

er
at

o
r
A

ar
e

d
efi

n
ed

.
W

e
d

efi
n

e
tw

o
te

rm
s

of
(9

)
as

:

1
.

th
e

sq
u

ar
e

o
f

th
e

d
is

ta
n

ce
ρ

2
(A

`f
,Φ

`)
in

sp
a
ce

E
2

b
et

w
ee

n
fu

n
ct

io
n

s
(w

e
om

it
th

e
co

m
m

o
n

n
or

m
a
li

zi
n

g
m

u
lt

ip
li

er
1/
`

in
th

es
e

d
efi

n
it

io
n

s
si

n
ce

it
d

o
es

n
o
t

a
ff

ec
t

th
e

su
b

se
q
u

en
t

d
er

iv
a
ti

on
s)

:

A
`f

(x
)

=
∑̀ i=

1

θ(
x
−
X
i)
f

(X
i)

a
n

d
Φ
`(
x

)
=
∑̀ j=

1

y j
θ(
x
−
X
j
),

w
h

er
e

(X
i,
y i

),
..
.,
i

=
1,
..
.,
`,
X
i
∈
R
d
,
y i
∈
{0
,1
}

a
re

tr
a
in

in
g

d
a
ta

;

2
.

th
e

re
gu

la
ri

za
ti

o
n

fu
n

ct
io

n
a
l

Ω
(f

),
to

b
e

d
efi

n
ed

b
el

ow
.

2
.5

.1
C

h
o
ic

e
o
f

D
is

t
a
n
c
e

a
n
d

D
e
f
in

it
io

n
o
f
V

-M
a
t
r
ix

B
el

ow
,

w
e

u
se
L

2
-d

is
ta

n
ce

in
sp

a
ce
E

2
in

th
e

g
en

er
a
l

fo
rm

ρ
2
(A

`f
,Φ

`)
=

∫
(A

`f
(x

)
−

Φ
`(
x

))
2
σ

(x
)d
µ

(x
),

w
h

er
e
σ

(x
)

is
a

n
o
n

-n
eg

at
iv

e
fu

n
ct

io
n

an
d
µ

(x
)

is
a

p
ro

b
a
b

il
it

y
m

ea
su

re
;

so
m

e
ch

oi
ce

s
fo

r
σ

(x
)

an
d
µ

(x
)

w
er

e
co

n
si

d
er

ed
in

(V
ap

n
ik

a
n

d
Iz

m
a
il

ov
(2

01
5c

))
,

(V
ap

n
ik

a
n

d
Iz

m
a
il

ov
(2

01
5
a)

).
T

o
si

m
p

li
fy

co
m

p
u

ta
ti

o
n

s,
w

e
ch

o
se

σ
(x

)
=

d ∏ k
=

1

σ
k
(x
k
)

a
n

d
µ

(x
)

=
d ∏ k
=

1

µ
k
(x
k
),

w
h

er
e
x

=
(x

1
,.
..
,x

d
).

T
h

en
w

e
ca

n
re

w
ri

te
th

e
sq

u
a
re

o
f

d
is

ta
n
ce
ρ

2
in

th
e

ex
p

li
ci

t
fo

rm

∫
 
∑̀ i=

1

f
(X

i)

d ∏ k
=

1

θ(
x
k
−
X
k i
)
−
∑̀ j=

1

y j

d ∏ k
=

1

θ(
x
k
−
X
k j
) 

2
d ∏ k
=

1

σ
k
(x
k
)d
µ
k
(x
k
)

=

∑̀ i,
j=

1

f
(X

i)
f

(X
j
)V
i,
j
−

2
∑̀ i,
j=

1

y j
f

(X
i)
V
i,
j

+
∑̀ i,
j=

1

y i
y j
V
i,
j
,
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S
y
n
e
r
g

y
o
f

M
o
n
o
t
o
n
ic

R
u
l
e
s

w
h

ere
w

e
h

ave
d

en
o
ted

V
i,j

=
d
∏k
=

1

V
ki,j ,

V
ki,j

=

∫
θ (
x
k−

m
in{

X
ki ,X

kj } )
σ
k (x

k)d
µ

(x
k).

W
e

d
en

ote
b
y
V

th
e

(`×
`)-d

im
en

sion
a
l

m
a
trix

o
f

elem
en

ts
V
ij ,

b
y

f
th

e
`-d

im
en

sion
a
l

vector
f

=
(f

(X
1 ),...,f

(X
` ))

T
,

a
n

d
b
y
Y

th
e
`-d

im
en

sio
n

a
l

vecto
r
Y

=
(y

1 ,...,y
` )
T

.
In

m
a
trix

n
o
ta

tion
s,

w
e

can
rew

rite
th

e
sq

u
are

o
f

d
ista

n
ce

a
s

follow
s:

ρ
2

=
f
T
V

f−
2
f
T
V
Y

+
Y
T
V
Y
.

2
.5

.2
C

h
o
ic

e
o
f

R
e
g

u
l
a
r
iz

a
t
io

n
F

u
n
c
t
io

n
a
l

S
u

p
p

o
se

th
a
t

th
e

solu
tion

of
ou

r
in

teg
ra

l
eq

u
a
tio

n
(4

)
b

elon
g
s

to
th

e
R

K
H

S
(R

ep
ro

d
u

cin
g

K
ern

el
H

ilb
ert

S
p

a
ce)

asso
cia

ted
w

ith
kern

el
K

(x
,x
∗)

(sy
m

m
etric

p
o
sitive

d
efi

n
ite

fu
n

ction
of

vecto
r

varia
b

les
x
,x
∗∈

X
).

T
h

is
m

ean
s

th
a
t

R
K

H
S

h
as

in
n

er
p

ro
d

u
ct

su
ch

th
a
t

fo
r

a
n
y

fu
n

ctio
n
f

(x
)

from
th

e
sp

a
ce,

th
e

eq
u

a
lity

(K
(·,y

),f
)

=
f

(y
)

h
o
ld

s
tru

e.
A

ccord
in

g
to

M
ercer

th
eo

rem
,

a
n
y

p
ositive

d
efi

n
ite

kern
el
K

(x
,x
∗)

can
b

e
rep

resen
ted

a
s

K
(x
,x
∗)

=
∞∑k

λ
k φ

k (x
)φ
k (x
∗),

w
h

ere
{
φ
k (x

)}
is

a
sy

stem
of

orth
o
n

orm
a
l

fu
n

ctio
n

s
in
E

1
a
n

d
{
λ
k }

is
a

seq
u

en
ce

o
f

n
o
n

-
n

ega
tive

va
lu

es
con

verg
in

g
to

zero
,

w
h

ere
k

=
1,2,....

It
is

easy
to

ch
eck

th
at

th
e

fu
n

ctio
n

s

f
(x
,a

)
=
∞∑k
=

1

a
k φ

k (x
),

b
elon

g
to

R
K

H
S

asso
ciated

w
ith

kern
el
K

(x
,x
∗)

if
th

e
in

n
er

p
ro

d
u

ct
b

etw
een

tw
o

fu
n

ctio
n

s
f

(x
,a

)
a
n

d
f

(x
,b)

h
a
s

th
e

fo
rm

(f
(x
,a

),f
(x
,b))

=

∞∑k
=

1

a
k b
k

λ
k
,

an
d

,
th

erefore,
th

e
n

o
rm

of
fu

n
ction

f
(x
,a

)
is

||f
(x
,a

)|| 2
=

∞∑k
=

1

a
2k

λ
k
.

(1
1)

W
e

w
ill

ch
o
se

th
e

n
o
rm

o
f

fu
n

ctio
n

fro
m

R
K

H
S

a
s

th
e

reg
u

la
rizer

Ω
(f

)
=
||f|| 2.

A
s

fo
llow

s
from

(1
1
),

th
e

set
o
f

fu
n
ctio

n
s

w
ith

th
eir

n
o
rm

b
o
u

n
d

ed
b
y
C

||f
(x
,a

)|| 2
=
∞∑k
=

1

a
2k

λ
k
≤
C

1
1
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V
a
p
n
ik

a
n
d

Iz
m

a
il

o
v

is
a

com
p

act.
T

h
erefore,

w
e

u
se

as
a

regu
larizer

in
(9)

th
e

n
orm

of
fu

n
ction

in
R

K
H

S

ρ
2

+
γ
` ||f|| 2

=
f
T
V

f−
2
f
T
V
Y

+
Y
T
V
Y

+
γ
` ||f|| 2.

(12)

A
n

im
p

o
rtan

t
p

rop
erty

of
R

K
H

S
for

ap
p

licaton
s

is
d

efi
n

ed
b
y

th
e

so-called
R

ep
resen

ter
T

h
eorem

(K
im

eld
orf

an
d

W
ah

b
a

(1970)),
accord

in
g

to
w

h
ich

th
e

m
in

im
u
m

of
(12)

h
as

an
ex

p
a
n

sion
on

elem
en

ts
K

(x
i ,x

)
d

efi
n

ed
on

th
e

train
in

g
d

ata
x

1 ,...,x
`

f
(x
,a

)
=
∑̀i=

1

α
i K

(x
i ,x

),
(13)

a
n

d
th

e
n

o
rm

of
fu

n
ction

f
in

R
K

H
S

is
d

efi
n

ed
as

||f|| 2
=
∑̀i,j=

1

α
i α
j K

(x
i ,x

j ).
(14)

T
o

sim
p

lify
th

e
n

otation
s,

w
e

in
tro

d
u

ce
`-d

im
en

sio
n

alvecto
r

Λ
=

(α
1 ,...,α

` ),
`-d

im
en

sion
al

vecto
r

fu
n

ction
s
K

(x
)

=
(K

(x
1 ,x

),...,K
(x
` ,x

))
T

an
d

(`×
`)-d

im
en

sion
a
l

m
atrix

K
=

(K
(x
i ,x

j )).
U

sin
g

th
ese

n
o
tation

s,
w

e
can

rew
rite

(13)
an

d
(14)

as

f
(x

)
=
K
T

(x
)Λ
,

f
=
K

Λ
,
||f|| 2

=
Λ
T
K

Λ
.

2
.5

.3
V

-M
a
t
r
ix

K
e
r
n
e
l

R
e
g

r
e
ssio

n

In
ord

er
to

solve
o
u

r
in

tegral
eq

u
ation

u
sin

g
th

e
regu

larization
tech

n
iq

u
e,

w
e

h
av

e
to

m
in

i-
m

ize,
w

ith
resp

ect
to

vector
Λ

,
th

e
fu

n
ction

al

W
(Λ

)
=

Λ
T
K
V
K

Λ
−

2Λ
T
K
V
Y

+
γ
` Λ

T
K

Λ
;

(1
5)

in
th

is
fu

n
ction

al,
th

e
th

ird
term

of
(12)

w
as

om
itted

sin
ce

it
d

o
es

n
ot

d
ep

en
d

on
Λ

.
T

h
e

solu
tio

n
h

as
th

e
form

f
(x

)
=

Λ
TK

(x
),

(16)

w
h

ere
on

e
h

as
to

m
in

im
ize

fu
n

ction
al

(15)
in

ord
er

to
fi

n
d

Λ
.

T
h

e
m

in
im

u
m

of
(15)

h
as

th
e

closed
-form

rep
resen

tation

Λ
=

(V
K

+
γ
` I

) −
1V
Y
.

(1
7)

N
o
te

th
at

fo
r
y
i
∈
{
0
,1}

in
Y

=
(y

1 ,..,y
` )
T

,
ex

p
ression

(17)
estim

ates
th

e
con

d
ition

al
p

ro
b

ab
ility

;
for

y
i ∈

R
1,

th
is

ex
p

ression
estim

ates
th

e
regression

.

2
.6

E
stim

a
tio

n
in

a
S

e
t

o
f

F
u

n
c
tio

n
s

w
ith

B
ia

s
T

e
rm

B
elow

w
e

con
sid

er
sets

of
fu

n
ction

s{
f

(x
)

+
b},

w
h

ere
b

is
a

valu
e

of
b

ias
(to

b
e

estim
ated

fro
m

d
a
ta

)
an

d
fu

n
ction

f
(x

)
b

elon
gs

to
R

K
H

S
(n

ote
th

at
f

(x
)
+
b

d
o
es

n
ot

h
av

e
to

b
elon

g
to

R
K

H
S

).
R

ep
lacin

g
f

(x
)

w
ith

f
(x

)
+
b

in
(16),

w
e

can
rew

rite
(15)

in
th

e
form

W
=

(K
Λ

+
b1
` )
T
V

(K
Λ

+
b1
` )−

2(K
Λ

+
b1
T`

)V
Y

+
γ
` Λ

T
K

Λ
.

(18)
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S
y
n
e
r
g

y
o
f

M
o
n
o
t
o
n
ic

R
u
l
e
s

F
in

d
in

g
th

e
ex

p
re

ss
io

n
fo

r
b

b
y

m
in

im
iz

in
g

(1
8)

b
=

1 `
1
T `

(Y
−
K

Λ
)

(1
9)

an
d

p
u

tt
in

g
it

in
to

eq
u

at
io

n
(1

8)
,

w
e

ob
ta

in
th

e
fu

n
ct

io
n

al
fo

r
m

in
im

iz
at

io
n

:

W
=

( K
Λ

+
1 `
1
`1
T `

(Y
−
K

Λ
)) T

V

( K
Λ

+
1 `
1
`1
T `

(Y
−
K

Λ
))
−

(2
0
)

2

( K
Λ

+
1 `
1
`1
T `

(Y
−
K

Λ
)) T

V
Y

+
γ
`Λ

T
K

Λ
.

In
or

d
er

to
si

m
p

li
fy

th
is

ex
p

re
ss

io
n
,

w
e

in
tr

o
d

u
ce

th
e

n
ot

at
io

n
s

E
=
I
−

1 `
1
`1

T
an

d
V

=
E
V
E
.

T
h

en
W

=
Λ
T
K
VK

Λ
−

2Λ
T
K
VY

+
γ

Λ
T
K

Λ
+
C
,

(2
1
)

w
h

er
e
C

ar
e

th
e

te
rm

s
th

at
d

o
n

ot
d
ep

en
d

on
Λ

.
T

ak
in

g
th

e
d

er
iv

at
iv

e
o
f
W

ov
er

Λ
a
n

d
eq

u
at

in
g

it
to

ze
ro

,
w

e
se

e
th

at
,

in
or

d
er

to
m

in
im

iz
e

(2
1)

,
v
ec

to
r

Λ
h

a
s

to
sa

ti
sf

y
th

e
eq

u
at

io
n

2
K
VK

Λ
−

2K
VY

+
2
γ
K

Λ
=

0.

S
ol

v
in

g
th

is
eq

u
at

io
n

w
it

h
re

sp
ec

t
to

Λ
,

w
e

ob
ta

in
th

e
cl

os
ed

-f
or

m
so

lu
ti

on

Λ
=

(V
K

+
γ
I
)−

1
VY

,
(2

2
)

w
h

ic
h

d
iff

er
s

fr
om

(1
7)

ju
st

b
y

u
si

n
g

m
at

ri
x
V

in
st

ea
d

of
m

at
ri

x
V

.
T

h
er

ef
or

e,
in

or
d

er
to

fi
n

d
th

e
co

n
d
it

io
n

al
p

ro
b

ab
il

it
y

in
th

e
fo

rm
f

(x
)

=
Λ
T
K

(x
)

+
b,

w
e

h
av

e
to

es
ti

m
at

e
th

e
v
ec

to
r

Λ
u

si
n

g
(2

2)
an

d
es

ti
m

at
e

th
e

b
ia

s
b

u
si

n
g

(1
9)

.
R

e
m

a
rk

.
T

h
e

d
es

cr
ib

ed
so

lu
ti

on
fo

r
co

n
d

it
io

n
al

p
ro

b
ab

il
it

y
is

al
so

ap
p

li
ca

b
le

fo
r

es
-

ti
m

at
in

g
re

gr
es

si
on

.
In

th
at

ca
se

,
co

or
d

in
at

es
y i

of
ve

ct
or
Y

=
(y

1
,.
..
,y
`)
T

b
el

o
n

g
to
R

1

an
d

th
e

se
t

of
fu

n
ct

io
n

s
f

(x
,α

),
α
∈

Λ
is

a
se

t
of

re
al

-v
al

u
ed

fu
n

ct
io

n
s

fr
om

R
K

H
S

.

2
.7

In
d

ir
e
c
t

M
e
th

o
d

s
o
f

E
st

im
a
ti

o
n

o
f

C
o
n

d
it

io
n

a
l

P
ro

b
a
b

il
it

y

In
ad

d
it

io
n

to
d

ir
ec

t
se

tt
in

g
of

co
n

d
it

io
n

al
p

ro
b

ab
il

it
y

p
ro

b
le

m
,

in
d

ir
ec

t
se

tt
in

g
s

a
ls

o
ex

is
t.

T
h

ey
ar

e
b

as
ed

on
th

e
fa

ct
th

at
fo

r
so

m
e

lo
ss

fu
n

ct
io

n
s
ρ
(y
−
f

(x
,α

))
,

u
n
d

er
a

w
id

e
ra

n
g
e

of
co

n
d

it
io

n
s,

th
e

m
in

im
u

m
of

th
e

fu
n

ct
io

n
al

R
=

∫
ρ
(y
−
f

(x
,α

))
d
p
(x
,y

)
(2

3
)

in
th

e
se

t
f

(x
,α

),
α
∈

Λ
d

efi
n

es
co

n
d
it

io
n

al
p

ro
b
ab

il
it

y
fu

n
ct

io
n
f

(x
,α

0
)

(p
ro

v
id

ed
th

a
t

α
0
∈

Λ
).

In
or

d
er

to
es

ti
m

at
e

th
e

co
n

d
it

io
n

al
p

ro
b

ab
il

it
y,

on
e

h
as

to
fi

n
d

th
e

fu
n
ct

io
n

th
a
t

m
in

im
iz

es
fu

n
ct

io
n

al
(2

3)
if

th
e

p
ro

b
ab

il
it

y
m

ea
su

re
P
p
(x
,y

)
is

u
n

k
n
ow

n
b

u
t

ii
d

sa
m

p
le

(x
1
,y

1
),
..
.,

(x
`,
y `

)
(2

4
)
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JM

L
R

 1
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6)

:1
-3

3

V
a
p
n
ik

a
n
d

Iz
m

a
il

o
v

is
gi

v
en

.
T

h
e

st
an

d
a
rd

id
ea

fo
r

so
lv

in
g

th
is

p
ro

b
le

m
is

to
m

in
im

iz
e

th
e

fu
n

ct
io

n
al

∑̀ i=
1

ρ
(y
i
−
f

(x
i,
α

))
+
γ
||f

(x
,α

)||
2
.

T
h

er
e

ar
e

tw
o

cl
a
ss

ic
a
l

id
ea

s
of

ch
o
os

in
g

th
e

te
rm

ρ
(y
−
f

(x
,α

))
:

1.
ρ
(y
−
f

(x
,α

))
=

(y
−
f

(x
,α

))
2
,

w
h

ic
h

le
a
d

s
to

re
g
u

la
ri

ze
d

ke
rn

el
le

a
st

sq
u

a
re

m
et

h
o
d

.

2.
ρ
(y
−
f

(x
,α

))
=
|y
−
f

(x
,α

)|,
w

h
ic

h
le

a
d

s
to

a
m

o
re

ro
b

u
st

re
g
u

la
ri

ze
d

ke
rn

el
le

a
st

m
od

u
lo

m
et

h
o
d

.

2
.7

.1
R

e
g

u
l
a
r
iz

e
d

K
e
r
n
e
l

L
e
a
st

S
q
u
a
r
e

M
e
t
h
o
d

W
e

m
in

im
iz

e
th

e
fu

n
ct

io
n

al
(2

3
)

b
a
se

d
o
n

em
p

ir
ic

a
l
d

a
ta

(2
4
)

in
th

e
se

t
o
f

fu
n

ct
io

n
s

b
el

on
g-

in
g

to
R

K
H

S
as

so
ci

at
ed

w
it

h
th

e
ke

rn
el
K

(x
,x
∗ )

.
F

or
th

is
se

t,
w

e
m

in
im

iz
e

th
e

em
p

ir
ic

a
l

fu
n

ct
io

n
al

∑̀ i=
1

(y
i
−
f

(x
i,
α

)
−
b)

2
+
γ
||f

(x
,α

)||
2
.

M
in

im
iz

in
g

th
is

ex
p
re

ss
io

n
ov

er
b,

w
e

o
b

ta
in

∑̀ i=
1

(f
(x
i,
α

)
+
b)

=
∑̀ i=

1

y i
,

w
h

er
e

w
e

ag
a
in

a
ss

u
m

e
th

a
t

fu
n

ct
io

n
s
f

(x
,α

),
α
∈

Λ
b

el
on

g
to

R
K

H
S

a
ss

o
ci

a
te

d
w

it
h

ke
rn

el
K

(x
,x
∗ )

.
U

si
n

g
th

e
sa

m
e

re
a
so

n
in

g
as

in
th

e
p

re
v
io

u
s

se
ct

io
n

,
w

e
o
b

ta
in

th
a
t

th
e

so
lu

ti
on

h
a
s

th
e

fo
rm

(1
6)

,
w

it
h

th
e

ex
p

a
n

si
o
n

co
effi

ci
en

ts
Λ

=
(α

1
,.
..
,α

`)
T

m
a
x
im

iz
in

g
th

e
fu

n
ct

io
n

al
W

=
Λ
T
K
IK

Λ
−

2
Λ
T
K
IY

+
γ

Λ
T
K

Λ
,

w
h

er
e

w
e

h
av

e
d

en
o
te

d
I

=
E
I
E
.

T
h

e
v
ec

to
r

of
co

effi
ci

en
ts

Λ
in

cl
o
se

d
fo

rm
is

Λ
=

(I
K

+
γ
I
)−

1
IY
.

2
.7

.2
R

e
g

u
l
a
r
iz

e
d

K
e
r
n
e
l

L
e
a
st

M
o
d
u
l
o

M
e
t
h
o
d

In
cl

a
ss

ic
al

st
at

is
ti

cs
,

b
es

id
es
L

2
-n

or
m

lo
ss

fu
n

ct
io

n
fo

r
es

ti
m

at
in

g
re

gr
es

si
on

,
L

1
-n

o
rm

lo
ss

is
co

n
si

d
er

ed
a
s

w
el

l.
In

m
a
n
y

si
tu

a
ti

o
n

s,
L

1
-n

or
m

re
gr

es
si

o
n

h
a
s

a
n

a
d

va
n
ta

g
e

ov
er
L

2
-

n
o
rm

:
it

p
ro

v
id

es
th

e
so

-c
a
ll

ed
ro

bu
st

re
gr

es
si

o
n

(A
n

d
er

se
n

(2
00

8
))

.
A

s
in

p
re

v
io

u
s

se
ct

io
n

s,
w

e
es

ti
m

a
te

th
e

re
g
re

ss
io

n
in

th
e

se
t

o
f

fu
n

ct
io

n
s
{f

(x
,α

)
+
b}

,
w

h
er

e
ea

ch
f

(x
,α

)
b

el
on

gs
to

R
K

H
S

a
ss

o
ci

at
ed

w
it

h
ke

rn
el
K

(x
,x
∗ )

.
In

or
d

er
to

d
o

th
a
t,

w
e

m
in

im
iz

e
th

e
fu

n
ct

io
n

al

R
=
C
∑̀ i=

1

|y i
−
f

(x
i,
α

)
−
b|

+
||f

(x
,α

)||
2
.
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S
y
n
e
r
g

y
o
f

M
o
n
o
t
o
n
ic

R
u
l
e
s

W
e

rew
rite

th
is

p
ro

b
lem

in
an

eq
u

iva
len

t
fo

rm
:

w
e

m
a
p

vecto
rs
x
∈
X

in
to

H
ilb

ert
sp

ace
z
∈
Z

d
efi

n
ed

b
y

th
e

in
n

er
p

ro
d

u
ct

(z
i ,z

j )
=
K

(x
i ,x

j )
g
iven

b
y

a
n

o
n

-n
eg

ative
d

efi
n

ite
kern

el
K

(x
,x
∗ ).

W
e

lo
ok

fo
r

a
solu

tio
n

in
th

e
fo

rm
f

(x
,α

)
=

(w
,z

)
+
b,

w
h

ere
w
,z
∈
Z

.
In

th
ese

n
o
ta

tio
n

s,
w

e
rew

rite
o
u

r
m

in
im

iza
tio

n
p

rob
lem

a
s

fo
llow

s:
m

in
im

ize
th

e
fu

n
ction

al

R
=
C
∑̀i=

1

ξ
i
+

(w
,w

)

su
b

ject
to

th
e

co
n

strain
ts−
ξ
i ≤

y
i −

(w
,z
i )−

b≤
ξ
i ,

i
=

1,...,`.

U
sin

g
L

a
gra

n
g
e

m
u

ltip
lier

m
eth

o
d

,
w

e
co

n
stru

ct
th

e
L

a
g
ran

g
ia

n

L
=
C
∑̀i=

1

ξ
i
+

(w
,w

)−
∑̀i=

1

α
i [(y

i −
(w
,z
i )−

b)
+
ξ
i ]−

∑̀i=
1

α
∗i [(−

y
i
+

(w
,z
i )

+
b)

+
ξ
i ],

th
e

sad
d

le
p

o
in

t
o
f

w
h
ich

(m
in

im
u

m
w

ith
resp

ect
to
ξ

a
n

d
w

a
n

d
m

a
x
im

u
m

w
ith

resp
ect

to
α

)
d

efi
n

es
th

e
so

lu
tion

.
T

h
e

solu
tion

h
as

th
e

form

f
(x
,α

)
=
∑̀i=

1

δ
i K

(x
i ,x

)
+
b,

w
h

ere,
in

o
rd

er
to

fi
n

d
δ
i

=
α
∗i −

α
i ,

o
n

e
h

a
s

to
m

ax
im

ize
th

e
fu

n
ctio

n
a
l

R
=
∑̀i=

1

y
i δ
i −

12

∑̀i,j=
1

δ
i δ
j K

(x
i ,x

)

su
b

ject
to

th
e

con
stra

in
ts

−
C
≤
δ
i ≤

C
,

∑̀i=
1

δ
i

=
0.

T
h

e
b

ia
s
b

can
b

e
com

p
u
ted

as

b
=
y
k −

∑̀i=
1

δ
i K

(x
i ,x

k ),

w
h

ere
k

is
an

in
d

ex
fo

r
w

h
ich
|δ
k |6=

C
.

3
.
E
stim

a
tio

n
o
f
M

o
n
o
to

n
ic

C
o
n
d
itio

n
a
l
P
ro

b
a
b
ility

F
u
n
ctio

n
s

O
u

r
g
o
al

is
to

m
in

im
ize

fu
n

ctio
n

al
(1

5
)

in
th

e
set

o
f

m
o
n

o
to

n
ica

lly
in

crea
sin

g
fu

n
ctio

n
s.

W
e

d
o

th
is

b
y

u
sin

g
ex

p
an

sion
of

d
esired

fu
n

ctio
n

o
n

k
ern

els
th

at
g
en

era
te

sp
lin

es
w

ith
in

fi
n

ite
n
u

m
b

er
of

k
n

ots
(IN

K
-sp

lin
e)

of
d

eg
ree

zero
.

T
h

e
rea

so
n

w
e

u
se

th
ese

kern
els

is
th

at
th

ey
en

a
b

le
a
n

effi
cien

t
a
n

d
stra

igh
tfo

rw
a
rd

con
stru

ctio
n

o
f

m
u

ltid
im

en
sio

n
a
l

m
o
n

o
to

n
ic

fu
n

ctio
n

s;
it

is
p

o
ssib

le
th

at
so

m
e

o
th

er
kern

els
m

ig
h
t

b
e

u
sed

fo
r

th
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p
u
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o
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a
s

w
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a
n
d

Iz
m

a
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o
v

3
.1

K
e
rn

e
ls

fo
r

E
stim

a
tin

g
IN

K
-S

p
lin

e
s

A
cco

rd
in

g
to

th
e

d
efi

n
ition

in
th

e
on

e-d
im

en
sion

al
case,

sp
lin

es
of

d
egree

r
w

ith
m

k
n

ots
are

d
efi

n
ed

b
y

th
e

ex
p

an
sion

(in
th

is
section

,
w

e
assu

m
e

th
at

0
≤
x
≤

1)

S
(x|r,m

)
=

r
∑s=

0

c
s x
s

+
m
∑k

=
0

e
k (x
−
a
k )
r+
,

(25)

w
h

ere

(x
−
a
k )
r+

=

{
(x
−
a
k )
r

if
x
−
a
k ≥

0
0

oth
erw

ise

W
e

gen
eralize

ex
p

an
sion

(25)
u

sin
g

in
fi

n
ite

n
u

m
b

er
of

k
n

ots:

S
∞

(x
)

=

r
∑s=

0

c
s x
s

+

∫
∞0
g
(τ

)(x
−
τ
)
r+
d
τ.

F
o
llow

in
g

th
e

ap
p

roach
from

(V
ap

n
ik

(1998)),
(Izm

ailov
et

al.
(2

013)),
w

e
d

efi
n

e
th

e
kern

el
w

ith
in

fi
n

ite
n
u

m
b

er
of

k
n

ots
(IN

K
-sp

lin
e)

of
d

egree
r

for
ex

p
an

sio
n

of
th

e
fu

n
ction

of
on

e
va

riab
le
x
≥

0
in

th
e

form

K
r (x

i ,x
j )

=

∫
∞0

(x
i −

τ
)
r+

(x
j −

τ
)
r+
d
τ

=

r
∑k

=
0

C
kr

2r−
k

+
1

[m
in{

x
i ,x

j }
] 2
d−
k
+

1|x
i −

x
j | k

(h
ere

w
e

m
o
d

ifi
ed

th
e

d
efi

n
ition

of
IN

K
-kern

el
from

(V
ap

n
ik

(19
98)),

(Izm
a
ilov

et
al.

(2013))
b
y

o
m

ittin
g

its
p

oly
n

om
ial

p
ortion

).

F
o
r
r

=
0,

th
e

IN
K

-sp
lin

e
kern

el
h

as
th

e
form

K
0 (x

i ,x
j )

=
m

in{
x
i ,x

j }
;

(26)

fo
r
r

=
1
,

th
e

IN
K

-sp
lin

e
kern

el
h

as
th

e
form

K
1 (x

i ,x
j )

=
13

(m
in{x

i ,x
j })

3
+

12
(m

in{x
i ,x

j })
2|x

i −
x
j |.

In
th

e
m

u
ltid

im
en

sion
al

case,
th

e
IN

K
-sp

lin
e

of
d

egree
r

is
d

efi
n

ed
as

K
r (x

i ,x
j )

=
d
∏k
=

1

K
r (x

ki ,x
kj ),

x
=

(x
1,...,x

d).

3
.2

E
stim

a
tin

g
O

n
e
-D

im
e
n

sio
n

a
l

M
o
n

o
to

n
ic

C
o
n

d
itio

n
a
l

P
ro

b
a
b

ility
F
u

n
c
tio

n

In
cla

ssical
sta

tistics,
th

ere
are

m
eth

o
d

s
for

estim
ation

of
m

on
oto

n
ic

(iso
ton

ic)
regressio

n
(see

B
est

an
d

C
h

ak
ravarti,

M
air

et
al.

(2009),
S

y
so

ev
et

al.
(2011

),
M

eyer
(2013)),

fo
cu

sin
g

on
m

ain
tain

in
g

th
e

m
on

oton
icity

on
th

e
ob

served
sam

p
le

p
oin

ts.
B

elow
w

e
d

escrib
e

a
m

eth
o
d

of
estim

atin
g

con
d
ition

al
p

rob
ab

ility
th

at
is

a
m

on
oton

ic
fu

n
ctio

n
in

th
e

w
h

ole
sp

ace;
th

e
m

eth
o
d

is
b

ased
on

IN
K

-sp
lin

es
w

ith
in

fi
n

ite
n
u

m
b

er
of

k
n

ots.
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S
y
n
e
r
g

y
o
f

M
o
n
o
t
o
n
ic

R
u
l
e
s

W
e

es
ti

m
at

e
th

e
m

on
ot

on
ic

co
n

d
it

io
n

al
p

ro
b

ab
il

it
y

fu
n

ct
io

n
in

th
e

se
t

of
IN

K
-s

p
li

n
es

of
d

eg
re

e
ze

ro
(p

ie
ce

w
is

e
co

n
st

an
t

sp
li

n
e

fu
n
ct

io
n

w
it

h
in

fi
n

it
e

n
u
m

b
er

of
k
n

o
ts

).
W

e
st

ar
t

w
it

h
on

e-
d

im
en

si
on

al
ca

se
w

h
er

e
x
≥

0.
F

or
th

is
ke

rn
el

,
th

e
so

lu
ti

on
is

d
efi

n
ed

a
s

f
(x

)
=

Λ
t K

(x
)

+
b

=
∑̀ i=

1

α
i
m

in
{x

i,
x
}+

b.
(2

7
)

T
o

sp
ec

if
y

m
on

ot
on

ic
al

ly
in

cr
ea

si
n

g
fu

n
ct

io
n

,
w

e
im

p
os

e
ad

d
it

io
n

al
co

n
st

ra
in

ts
fo

r
(2

7
):

sp
ec

ifi
ca

ll
y,

w
e

co
n

si
d

er
th

e
su

b
se

t
of

fu
n

ct
io

n
s

(2
7)

fo
r

w
h
ic

h
th

e
in

eq
u

al
it

y

df
(x
,α

)

d
x

≥
0
,
∀x
≥

0
(2

8
)

is
va

li
d

.
S

in
ce

an
y

fu
n

ct
io

n
(2

7)
is

a
p

ie
ce

w
is

e
li
n

ea
r

co
n
ti

n
u
ou

s
fu

n
ct

io
n

,
in

or
d

er
fo

r
it

to
b

e
m

on
ot

on
ic

,
it

is
su

ffi
ci

en
t

fo
r

th
at

fu
n

ct
io

n
to

sa
ti

sf
y

th
e

co
n

st
ra

in
ts

df
(x
j
,α

)

d
x

=
∑̀ i=

1

α
iθ

(x
i
−
x
j
)
≥

0
,

j
=

1,
..
.,
`,

df
(0
,α

)

d
x

=
∑̀ i=

1

α
i
≥

0
.

(2
9)

In
d

ee
d

,
co

n
si

d
er

th
re

e
p

os
si

b
le

ca
se

s:

1.
L

et
x
≤

m
in
{x

1
,.
..
,x

L
}.

T
h

en
,

si
n

ce
θ(
x
i
−
x

)
=

1
fo

r
al

l
i

=
1,
..
.,
L

,
th

e
va

lu
e

(2
8)

is
n

on
-n

eg
at

iv
e

ac
co

rd
in

g
to

th
e

se
co

n
d

in
eq

u
al

it
y

in
(2

9)
.

2.
L

et
m

in
{x

1
,.
..
,x

L
}
<
x
<

m
ax
{x

1
,.
..
,x

L
}.

W
it

h
ou

t
lo

ss
of

ge
n

er
al

it
y,

a
ss

u
m

e
th

e
or

d
er

in
g
x

1
≤
x

2
≤
..
.x

L
an

d
th

e
p

os
it

io
n

of
x

w
it

h
in

th
at

or
d

er
in

g
a
s
x
j
≤
x
≤
x
j+

1
.

T
h

e
fu

n
ct

io
n

(2
8)

is
li

n
ea

r
on

th
e

in
te

rv
al

(x
j
,x

j+
1
)

an
d

it
s

va
lu

es
a
t

th
e

en
d

s
o
f

th
e

in
te

rv
al

ar
e

L ∑ i=
1

α
iθ

(x
i
−
x
j
)

an
d

L ∑ i=
1

α
iθ

(x
i
−
x
j+

1
),

w
h

ic
h

ar
e

n
on

-n
eg

at
iv

e,
ac

co
rd

in
g

to
th

e
fi

rs
t

in
eq

u
al

it
y

in
(2

9)
.

T
h

er
ef

o
re

,
th

e
fu

n
c-

ti
on

is
al

so
n

on
-n

eg
at

iv
e

at
an

y
in

te
rn

al
p

oi
n
t
x

of
th

e
in

te
rv

al
(x
j
,x

j+
1
).

3.
L

et
x
≥

m
ax
{x

1
,.
..
,x

L
}.

T
h

en
,

si
n

ce
θ(
x
i
−
x

)
=

0
fo

r
al

l
i

=
1,
..
.,
L

,
th

e
va

lu
e

(2
8
)

is
ze

ro
.

W
e

in
tr

o
d

u
ce

th
e

n
ot

at
io

n
s

Θ
(x
j
)

=
(θ

(x
1
−
x
j
),
..
.,
θ(
x
`
−
x
j
))
T
,

j
=

1,
..
.,
`.

U
si

n
g

th
es

e
n

ot
at

io
n

s,
w

e
re

w
ri

te
th

e
co

n
st

ra
in

ts
(2

9)
in

th
e

fo
rm

Λ
T

Θ
(0

)
≥

0
,

Λ
T

Θ
(x
j
)
≥

0,
j

=
1,
..
.,
`.

(3
0
)
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d
it

io
n
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o
b
a
b
il
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U
si

n
g
V

-M
a
t
r
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M
e
t
h
o
d

In
o
rd

er
to

fi
n

d
a

m
o
n

o
to

n
ic

so
lu

ti
o
n

,
w

e
u

se
o
u

r
m

et
h

o
d

fo
r

es
ti

m
a
ti

n
g

co
n

d
it

io
n

al
p

ro
b

a
b

il
-

it
y

fu
n

ct
io

n
w

it
h

IN
K

-s
p

li
n

e
ke

rn
el

o
f
d

eg
re

e
ze

ro
w

it
h

a
d

d
it

io
n

a
l
`

m
on

o
to

n
ic

it
y

co
n

st
ra

in
ts

(3
0)

.
T

h
a
t

is
,

w
e

h
av

e
to

m
in

im
iz

e
th

e
fu

n
ct

io
n

a
l

W
=

(K
Λ

+
b1
`)
T
V

(K
Λ

+
b1
`)
−

2
(K

Λ
+
b1
`)
T
V
Y

+
γ
`Λ

T
K

Λ

(h
er

e
co

or
d

in
at

es
of

ve
ct

o
r
Y

a
re
y i
∈
{0
,1
}

su
b

je
ct

to
`

+
1

in
eq

u
al

it
y

co
n

st
ra

in
ts

Λ
T

Θ
(0

)
≥

0
,

Λ
T

Θ
(x
j
)
≥

0,
j

=
1,
..
.,
`.

(3
1)

L
et

x
≥

0.
T

h
en

,
in

o
rd

er
to

co
n

st
ru

ct
th

e
co

n
d

it
io

n
al

p
ro

b
a
b

il
it

y
in

th
e

se
t

o
f

n
o
n

-
n

eg
at

iv
e

m
on

ot
on

ic
fu

n
ct

io
n

s
b

ou
n

d
ed

b
y

th
e

va
lu

e
1,

w
e

h
av

e
to

en
fo

rc
e

th
e

co
n

st
ra

in
t

P
(y

=
1
|x

)
≤

1.
T

h
u

s,
ta

k
in

g
in

to
a
cc

o
u
n
t

n
o
n

n
eg

a
ti

v
it

y
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r

m
u

lti-class
classifi

ca
tio

n
is

a
n

im
p

o
rtan

t
p

ro
b
lem

in
p
a
ttern

reco
gn

itio
n

.
In

co
n
trast

to
m

eth
o
d

s
fo

r
co

n
stru

ctin
g

tw
o
-cla

ss
classifi

ca
tion

ru
les,

w
h

ich
h

ave
so

lid
sta

tistical
ju

stifi
ca

tio
n

s,
ex

istin
g

m
eth

o
d

s
fo

r
co

n
stru

ctin
g
d
>

2
cla

ss
cla

ssifi
ca

-
tion

ru
les

a
re

b
a
sed

o
n

h
eu

ristics.
O

n
e

of
th

e
m

o
st

p
o
p

u
la

r
h

eu
ristics,

o
n

e
versu

s
rest

(O
V

R
),

su
gg

ests
fi

rst
to

solv
e

th
e

follow
in

g
d

tw
o-class

classifi
ca

tio
n

p
ro

b
lem

s:
in

p
ro

b
lem

n
u

m
b

er
k

(w
h

ere
k

=
1,...,d

),
th

e
ex

a
m

p
les

o
f

cla
ss
k

are
co

n
sid

ered
a
s

ex
a
m

p
les

o
f

th
e

fi
rst

cla
ss

a
n

d
ex

a
m

p
les

of
th

e
a
ll

o
th

er
classes

1,...,(k
−

1),(k
+

1),...,d
a
re

con
sid

ered
a
s

th
e

seco
n

d
class.

U
sin

g
O

V
R

a
p

p
ro

a
ch

,
o
n

e
co

n
stru

cts
d

d
iff

eren
t

tw
o
-cla

ss
classifi

ca
tio

n
ru

les

y
=
θ(f

k (x
))

k
=

1,...,d
.

T
h

e
n

ew
o
b

ject
x
∗

is
assign

ed
to

th
e

class
k
,

w
h

ere
k
th

ru
le

p
rov

id
es

th
e

m
a
x
im

u
m

sco
re

fo
r
x
∗ :

k
=

argm
a
x{
s

1∗ ,...,s
d∗ },

w
h

ere
s
t∗

=
f
t (x
∗ ).

T
h

is
m

eth
o
d

o
f
d
-cla

ss
cla

ssifi
ca

tio
n

is
n

o
t

b
a
sed

o
n

a
clea

r
sta

tistical
fo

u
n

d
a
tion

4.
H

ere
w

e
im

p
lem

en
t

th
e

fo
llow

in
g

m
u

lti-cla
ss

classifi
ca

tio
n

p
ro

ced
u

re.
F

o
r

every
k

(w
h

ere
k

=
1,...,d

),
w

e
so

lv
e

th
e

co
rresp

on
d

in
g

O
V

R
S

V
M

p
ro

b
lem

,
fo

r
w

h
ich

a
ll

th
e

elem
en

ts
w

ith
th

e
o
rig

in
al

la
b

el
k

are
m

a
rked

w
ith

y
=

1,
w

h
ile

a
ll

th
e

o
th

er
elem

en
ts

a
re

m
a
rked

w
ith

y
=

0
.

U
p

on
so

lv
in

g
a
ll

th
ese

d
p

rob
lem

s,
w

e
can

,
fo

r
a
n
y

given
vector

x
a
n

d
a
n
y

cla
ss

k
,

co
m

p
u

te
its

sco
re
s
k (x

)
p

rov
id

ed
b
y

th
e
k
th

S
V

M
ru

le.
A

fter
th

a
t,

fo
r

ev
ery

k
(w

h
ere

k
=

1
,...,d

)
w

e
u

se
th

e
o
b

tain
ed

sco
res

fo
r

estim
a
tin

g
con

d
itio

n
a
l

p
ro

b
a
b

ility
of

th
e

class
k

b
ased

o
n

th
e

sco
res

( s
1,...,s

d)
w

h
ere

s
m

=

{
s
m

if
m

=
k

−
s
m

if
m
6=
k

T
h

is
tra

n
sfo

rm
atio

n
of

sco
res

is
u

sed
to

m
a
in

tain
th

e
m

on
o
to

n
icity

o
f

th
e

overa
ll

co
n

d
itio

n
a
l

p
ro

b
a
b

ility
fu

n
ctio

n
.

T
o

estim
a
te

th
e

fu
n

ctio
n

P
(k

)
=
P

(k| s
1,...,s

d),

as
in

S
ection

3
.3.2,

w
e

u
se

th
e

rep
resen

ta
tio

n

P
(k|s

1,...,s
d)

=
∑̀i=

1 
α
i m

in{
s
ki ,s

k}
+
β
i ∑t6=

k

m
in{

s
ti ,s

t} 
,
k

=
1,...,d

.

4
.

A
n
o
th

er
co

m
m

o
n

h
eu

ristics
ca

lled
o
n
e
versu

s
o
n
e

(O
V

O
):

it
su

g
g
ests

to
so

lv
e
C

2d
tw

o
-cla

ss
cla

ssifi
ca

tio
n

p
ro

b
lem

s
sep

a
ra

tin
g

a
ll

p
o
ssib

le
p
a
irs

o
f

cla
sses.

T
o

cla
ssify

a
n
ew

o
b

ject
x
∗,

o
n
e

u
ses

a
v
o
tin

g
sch

em
e

b
a
sed

o
n

th
e

o
b
ta

in
ed

C
2d

ru
les.
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V
a
p
n
ik

a
n
d

Iz
m

a
il

o
v

D
a
ta

set
C

lasses
F

eatu
res

T
rain

in
g

T
est

O
V

R
S

y
n

ergy
G

ain

V
eh

icle
4

1
8

709
236

17.45%
14.1

5%
18.9

1%

W
aveform

3
4
0

200
4800

20.10%
18.3

1%
8
.90%

C
a
rd

ioto
co

gra
p

h
y

3
2
1

300
1826

15.83%
12.0

5%
23.8

7%

T
ab

le
5:

S
y
n

ergy
for

m
u

lti-class
classifi

catio
n

.

F
in

ally,
w

e
rep

lace
th

e
h

eu
ristic

p
ro

ced
u

re
of

ch
o
osin

g
th

e
cla

ss
k

b
ased

on
m

ax
im

ization
of

u
n

d
erly

in
g

scores
w

ith
th

e
follow

in
g

p
ro

ced
u

re
th

at
is

b
a
sed

on
th

e
fra

m
ew

ork
d

escrib
ed

ab
ove;

th
is

p
ro

ced
u

re
u

ses
estim

ated
d

con
d

ition
al

p
rob

ab
ilities

P
(k|s

1 ,...,s
d )

(p
rob

ab
ility

of
class

k
=

1,...,d
given

all
d

scores)
an

d
ch

o
oses

th
e

class
t

corresp
on

d
in

g
to

th
e

m
ax

im
u

m
va

lu
e

o
f

th
e

con
d

ition
al

p
rob

ab
ility

:

t
=

argm
ax{

P
(1|s

1∗ ,...,s
d∗ ),...,P

(d|s
1∗ ,...,s

d∗ )}.

W
e

com
p

ared
ou

r
sy

n
ergy

ap
p

roach
w

ith
th

e
stan

d
ard

O
V

R
ap

p
roach

for
th

e
d

ata
sets

V
eh

icle,
W

avefo
rm

,
an

d
C

ard
ioto

cograp
h
y

from
U

C
I

M
a
ch

in
e

L
earn

in
g

R
ep

ository
(L

ich
-

m
a
n

(201
3)).

T
rain

in
g

an
d

test
sets

w
ere

selected
ran

d
om

ly
from

th
ese

d
ata

sets;
th

e
n
u

m
b

er
of

elem
en

ts
in

each
are

sh
ow

n
in

T
ab

le
5;

th
e

tab
le

a
lso

sh
ow

s
th

e
error

rates
ach

ieved
b
y

O
V

R
an

d
sy

n
ergy

algorith
m

,
alon

g
w

ith
relative

p
erform

an
ce

ga
in

ob
tain

ed
w

ith
ou

r
ap

p
roach

.
T

h
e

resu
lts

con
fi

rm
th

e
v
iab

ility
of

ou
r

fram
ew

ork
.

5
.
S
y
n
e
rg

y
o
f
L
e
a
rn

in
g
fro

m
S
e
v
e
ra

l
In

te
llig

e
n
t
T
e
a
ch

e
rs

In
(V

ap
n

ik
an

d
Izm

ailov
(2015d

)),
(V

ap
n

ik
an

d
Izm

ailov
(20

15b
)),

w
e

in
tro

d
u

ced
th

e
con

-
cep

t
o
f

kn
o
w

led
ge

tra
n

sfer
from

In
telligen

t
T

each
er

to
stu

d
en

t.
K

n
ow

led
ge

tran
sfer

is
p

ossi-
b

le
in

th
e

fram
ew

ork
of

L
earn

in
g

U
sin

g
P

riv
ileged

In
form

ation
(L

U
P

I)
p

arad
igm

in
tro

d
u

ced
in

(V
a
p

n
ik

(2006))
an

d
(V

ap
n

ik
an

d
V

ash
ist

(2009)).
A

ccord
in

g
to

th
is

p
arad

igm
,

iid
tra

in
-

in
g

ex
am

p
les

are
gen

erated
b
y

som
e

u
n

k
n

ow
n

gen
erator

P
(x

),x
∈
X

an
d

In
telligen

t
T

each
er

w
h

o
su

p
p

lies
v
ectors

x
w

ith
in

form
ation

(x
∗,y

)
accord

in
g

to
som

e
(u

n
k
n

ow
n

)
In

telligen
ce

gen
era

to
r
P

(x
∗,y|x

),x
∗∈

X
∗,y
∈
{−

1,1}
,

form
in

g
train

in
g

trip
lets

(x
1 ,x
∗1 ,y

1 ),...,(x
` ,x
∗` ,y

` ).
(47)

V
ecto

r
x
∗i

corresp
o
n

d
in

g
to

vector
x
i
is

called
p
rivileged

in
fo

rm
a
tio

n
,
a
n

d
gen

era
tor

P
(x
∗,y|x

)
is

called
g
en

erator
of

in
telligen

t
(d

u
e

to
x
∗)

in
form

ation
.

P
riv

ileged
in

form
ation

is
ava

ilab
le

on
ly

for
tra

in
in

g
ex

am
p

les
an

d
is

n
o
t

a
va

ila
ble

for
test

ex
am

p
les.

In
con

tra
st

to
L

U
P

I,
cla

ssica
l

learn
in

g
p

arad
igm

con
sid

ers
a

p
rim

itive
teach

er
th

at
ju

st
gen

era
tes

classifi
cation

y
for

a
n
y
x

accord
in

g
to
P

(y|x
)

(w
ith

n
o

ad
d

ition
al

ex
p

lan
ation

x
∗),

form
in

g
train

in
g

p
airs

(x
1 ,y

1 ),...,(x
` ,y

` ).
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S
y
n
e
r
g

y
o
f

M
o
n
o
t
o
n
ic

R
u
l
e
s

K
n

o
w

le
d

g
e

tr
a
n

sf
e
r

m
e
ch

a
n

is
m

.
C

on
si

d
er

th
e

se
co

n
d

5
m

ec
h

an
is

m
in

L
U

P
I

p
ar

a
d

ig
m

th
e

kn
o
w

le
d
ge

tr
a
n

sf
er

m
ec

h
a
n

is
m

to
co

n
st

ru
ct

a
b

et
te

r
d

ec
is

io
n

ru
le

.
G

iv
en

tr
ip

le
ts

(4
7
),

w
e

ca
n

co
n

si
d

er
tw

o
p

at
te

rn
re

co
gn

it
io

n
p

ro
b

le
m

s:
1
.

P
a
tt

er
n

re
co

gn
it

io
n

p
ro

bl
em

d
efi

n
ed

in
sp

a
ce
X

:
U

si
n

g
d
at

a,
(x

1
,y

1
),
..
.,

(x
`,
y `

),
fi

n
d

in
th

e
se

t
of

fu
n

ct
io

n
s
f

(x
,α

),
α
∈

Λ
th

e
ru

le
y

=
sg

n
{f
`(
x

)}
th

at
m

in
im

iz
es

th
e

p
ro

b
a
b

il
it

y
of

te
st

er
ro

rs
(i

n
sp

ac
e
X

).
2
.

P
a
tt

er
n

re
co

gn
it

io
n

p
ro

bl
em

d
efi

n
ed

in
sp

a
ce
X
∗ :

U
si

n
g

d
at

a,
(x
∗ 1
,y

1
),
..
.,

(x
∗ `,
y `

),
fi

n
d

in
th

e
se

t
of

fu
n

ct
io

n
s
f
∗ (
x
∗ ,
α
∗ )
,α
∗
∈

Λ
∗

th
e

ru
le
y

=
sg

n
{f
∗ `(
x
∗ )
}

th
a
t

m
in

im
iz

es
th

e
p

ro
b

ab
il

it
y

of
te

st
er

ro
rs

(i
n

sp
ac

e
X
∗ )

.

S
u

p
p

os
e

th
at

,
in

sp
ac

e
X
∗ ,

on
e

ca
n

fi
n

d
a

ru
le
y

=
sg

n
{f
∗ 0
(x
∗ )
}

th
a
t

is
b

et
te

r
(m

o
re

ac
cu

ra
te

)
th

an
th

e
co

rr
es

p
on

d
in

g
ru

le
y

=
sg

n
{f

0
(x

)}
in

sp
ac

e6
X

.
T

h
e

q
u

es
ti

on
ar

is
es

:
C

a
n

th
e

kn
o
w

le
d
ge

a
bo

u
t

a
go

od
ru

le

f
∗ `(
x
∗ )

=
∑̀ i=

1

y i
α
∗ iK
∗ (
x
∗ i,
x
∗ )

+
b∗

(4
8)

in
sp

ac
e
X
∗

h
el

p
to

fi
n

d
a

go
od

ru
le

f `
(x

)
=
∑̀ i=

1

y i
α
iK

(x
i,
x

)
+
b

(4
9)

in
sp

ac
e
X

?
C

on
si

d
er

th
e

fo
ll

ow
in

g
ex

am
p

le
.

S
u

p
p

os
e

th
at

ou
r

go
al

is
to

cl
as

si
fy

im
a
g
es
x
i

o
f

b
io

p
sy

in
p

ix
el

sp
ac

e
X

in
to

tw
o

ca
te

go
ri

es
:

ca
n

ce
r

an
d

n
on

-c
an

ce
r.

S
u

p
p

os
e

th
at

,
al

on
g

w
it

h
im

ag
es
x
i

in
p

ix
el

sp
ac

e
X

,
w

e
ar

e
gi

ve
n

d
es

cr
ip

ti
o
n

o
f

th
e

im
ag

es
x
∗ i
∈
X
∗

(p
ri

v
il

eg
ed

in
fo

rm
at

io
n

),
re

fl
ec

ti
n

g
th

e
ex

is
ti

n
g

m
o
d

el
of

d
ev

el
op

in
g

ca
n

ce
r:

•
A

gg
re

ss
iv

e
p
ro

li
fe

ra
ti

o
n

o
f

A
-c

el
ls

in
to

B
-c

el
ls

.

•
A

bs
en

ce
o
f

a
n

y
d
yn

a
m

ic
in

st
a
n

d
a
rd

p
ic

tu
re

o
f

se
ll

s
d
is

tr
ib

u
ti

o
n

.

S
in

ce
p

ix
el

sp
ac

e
X

is
u

n
iv

er
sa

l
(i

t
ca

n
b

e
u

se
d

fo
r

m
an

y
p

ro
b

le
m

s,
fo

r
ex

a
m

p
le

,
in

p
ix

el
sp

ac
e,

on
e

ca
n

d
is

ti
n

gu
is

h
m

al
e

fa
ce

s
fr

om
fe

m
al

e
on

es
),

an
d

sp
ac

e
o
f

d
es

cr
ip

ti
o
n

s
X
∗

re
fl

ec
ts

ju
st

th
e

m
o
d

el
of

ca
n

ce
r

d
ev

el
op

m
en

t7
,

th
e

V
C

d
im

en
si

on
of

th
e

co
rr

es
p

o
n
d

in
g

se
t

of
fu

n
ct

io
n

s
in
X

sp
ac

e
h

as
to

b
e

la
rg

er
th

an
th

e
V

C
d

im
en

si
on

of
th

e
co

rr
es

p
o
n

d
in

g
se

t
of

fu
n

ct
io

n
s

in
X
∗ .

T
h

er
ef

or
e

th
e

ru
le

co
n

st
ru

ct
ed

fr
om

`
ex

am
p

le
s

in
sp

ac
e
X
∗

w
il

l
b

e
m

o
re

ac
cu

ra
te

th
a
n

th
e

ru
le

co
n

st
ru

ct
ed

fr
om

`
ex

am
p

le
s

in
sp

ac
e
X

.
T

h
at

is
w

h
y

tr
an

sf
er

ri
n

g
th

e
ru

le
fr

o
m

sp
ac

e
X
∗

in
to

sp
ac

e
X

ca
n

b
e

h
el

p
fu

l.

5
.

T
h
e

fi
rs

t
m

ec
h
a
n
is

m
is

ca
ll
ed

si
m
il
a
ri
ty

co
n
tr
o
l

d
es

cr
ib

ed
in

(V
a
p
n
ik

a
n
d

Iz
m

a
il
ov

(2
0
1
5
d
))

,
(V

a
p
n
ik

a
n
d

Iz
m

a
il
ov

(2
0
1
5
b
))

.
T

h
e

se
co

n
d

m
ec

h
a
n
is

m
o
f

k
n
ow

le
d
g
e

tr
a
n
sf

er
,

d
es

cr
ib

ed
th

er
e

a
n
d

fu
rt

h
er

in
th

is
p
a
p

er
,

is
re

la
te

d
to

S
V

M
te

ch
n
o
lo

g
y.

H
ow

ev
er

,
th

e
id

ea
o
f

k
n
ow
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at
ri

ce
s

o
r

h
ig

h
er

ra
n
k

te
n
so

rs
.

M
an

op
t’

s
st

a
te

of
th

e
a
rt

R
ie

m
an

n
ia

n
T

ru
st

R
eg

io
n
s

so
lv

er
,

d
es

cr
ib

ed
in

A
b
si

l
et

a
l.

(2
00

7
),

re
q
u
ir

es
se

co
n
d

o
rd

er
d
ir

ec
ti

on
al

d
er

iv
at

iv
es

(o
r

a
n
u
m

er
ic

a
l

a
p
p
ro

x
im

a
ti

on
th

er
eo

f)
,

w
h
ic

h
a
re

p
a
rt

ic
u
la

rl
y

ch
al

le
n
g
in

g
to

w
o
rk

o
u
t

fo
r

th
e

av
er

ag
e

u
se

r,
an

d
m

or
e

er
ro

r
p
ro

n
e

an
d

te
d
io

u
s

ev
en

fo
r

an
ex

p
er

ie
n
ce

d
m

a
th

em
at

ic
ia

n
.

It
is

th
es

e
d
iffi

cu
lt

ie
s

w
h
ic

h
w

e
se

ek
to

a
d
d
re

ss
w

it
h

th
is

to
o
lb

ox
.

P
y
m

a
n
o
p
t

su
p
p

o
rt

s
a

va
ri

et
y

o
f

m
o
d
er

n
P

y
th

on
li
b
ra

ri
es

fo
r

au
to

m
a
te

d
d
iff

er
en

ti
at

io
n

o
f

co
st

fu
n
ct

io
n
s

a
ct

in
g

on
v
ec

to
rs

,
m

at
ri

ce
s

o
r

h
ig

h
er

ra
n
k

te
n
so

rs
.

C
om

b
in

in
g

op
ti

m
iz

a
ti

on
o
n

m
an

if
ol

d
s

a
n
d

au
to

m
a
te

d
d
iff

er
en

ti
at

io
n

en
a
b
le

s
a

co
n
v
en

ie
n
t

w
or

k
fl
ow

fo
r

ra
p
id

p
ro

to
ty

p
in

g
th

at
w

as
p
re

v
io

u
sl

y
u
n
av

a
il
a
b
le

to
p
ra

ct
it

io
n
er

s.
A

ll
th

a
t

is
re

q
u
ir

ed
of

th
e

u
se

r
is

to
in

st
a
n
ti

a
te

a
m

a
n
if

o
ld

,
d
efi

n
e

a
co

st
fu

n
ct

io
n
,

a
n
d

ch
o
os

e
on

e
o
f

P
y
m

a
n
o
p
t

’s
so

lv
er

s.
T

h
is

m
ea

n
s

th
a
t

th
e

R
ie

m
a
n
n
ia

n
T

ru
st

R
eg

io
n
s

so
lv

er
in

P
y
m

a
n
o
p
t

is
ju

st
as

ea
sy

to
u
se

as
on

e
of

th
e

d
er

iv
a
ti

ve
-f

re
e

or
fi
rs

t
o
rd

er
m

et
h
o
d
s.

2
.

T
h
e

P
o
te

n
ti

a
l

o
f

O
p
ti

m
iz

a
ti

o
n

o
n

M
a
n
if

o
ld

s
a
n
d

P
y
m

a
n
o
p
t

U
se

C
a
se

s

M
u
ch

of
th

e
th

eo
ry

of
h
ow

to
ad

ap
t

E
u
cl

id
ea

n
o
p
ti

m
iz

at
io

n
a
lg

or
it

h
m

s
to

(m
at

ri
x
)

m
an

if
ol

d
s

ca
n

b
e

fo
u
n
d

in
S
m

it
h

(1
99

4
);

E
d
el

m
an

et
al

.
(1

9
98

);
A

b
si

l
et

a
l.

(2
0
08

).
T

h
e

ap
p
ro

a
ch

of
o
p
ti

m
iz

at
io

n
on

m
an

if
ol

d
s

is
su

p
er

io
r

to
p

er
fo

rm
in

g
fr

ee
(E

u
cl

id
ea

n
)

op
ti

m
iz

a
ti

on
a
n
d

p
ro

je
ct

in
g

th
e

p
ar

a
m

et
er

s
b
ac

k
on

to
th

e
se

ar
ch

sp
ac

e
a
ft

er
ea

ch
it

er
a
ti

on
(a

s
in

th
e

p
ro

je
ct

ed
gr

a
d
ie

n
t

d
es

ce
n
t

m
et

h
o
d
),

a
n
d

h
as

b
ee

n
sh

ow
n

to
ou

tp
er

fo
rm

st
a
n
d
a
rd

al
g
or

it
h
m

s
fo

r
a

n
u
m

b
er

o
f

p
ro

b
le

m
s.

H
os

se
in

i
an

d
S
ra

(2
01

5)
d
em

on
st

ra
te

th
is

a
d
va

n
ta

ge
fo

r
a

w
el

l-
k
n
ow

n
p
ro

b
le

m
in

m
ac

h
in

e
le

a
rn

-
in

g,
n
am

el
y

in
fe

rr
in

g
th

e
m

ax
im

u
m

li
k
el

ih
o
o
d

p
a
ra

m
et

er
s

of
a

m
ix

tu
re

of
G

au
ss

ia
n

(M
o
G

)
m

o
d
el

.
T

h
ei

r
al

te
rn

at
iv

e
to

th
e

tr
a
d
it

io
n
a
l
ex

p
ec

ta
ti

on
m

ax
im

iz
at

io
n

(E
M

)
al

g
o
ri

th
m

u
se

s
o
p
ti

m
iz

at
io

n
ov

er
a

p
ro

d
u
ct

m
an

if
ol

d
o
f

p
os

it
iv

e
d
efi

n
it

e
(c

ov
ar

ia
n
ce

)
m

a
tr

ic
es

.
R

a
th

er
th

a
n

o
p
ti

m
iz

in
g

th
e

li
ke

li
h
o
o
d

fu
n
ct

io
n

d
ir

ec
tl

y,
th

ey
op

ti
m

iz
e

a
re

p
a
ra

m
et

er
iz

ed
v
er

si
o
n

w
h
ic

h
sh

ar
es

th
e

sa
m

e
lo

ca
l

op
ti

m
a
.

T
h
e

p
ro

p
os

ed
m

et
h
o
d
,

w
h
ic

h
is

o
n

p
a
r

w
it

h
E

M
an

d
sh

ow
s

le
ss

va
ri

ab
il
it

y
in

ru
n
n
in

g
ti

m
es

,
is

a
st

ri
k
-

in
g

ex
am

p
le

w
h
y

w
e

th
in

k
a

to
ol

b
ox

li
ke

P
y
m

a
n
o
p
t

,
w

h
ic

h
al

lo
w

s
th

e
u
se

r
to

re
a
d
il
y

ex
p

er
im

en
t

w
it

h
an

d
so

lv
e

p
ro

b
le

m
s

in
v
ol

v
in

g
op

ti
m

iz
at

io
n

on
m

an
if

ol
d
s,

ca
n

ac
ce

le
ra

te
a
n
d

p
av

e
th

e
w

ay
fo

r
im

p
ro

ve
d

m
ac

h
in

e
le

ar
n
in

g
al

g
or

it
h
m

s.
3

F
u
rt

h
er

su
cc

es
sf

u
l

a
p
p
li
ca

ti
o
n
s

of
o
p
ti

m
iz

at
io

n
o
n

m
an

if
o
ld

s
in

cl
u
d
e

m
at

ri
x

co
m

p
le

ti
o
n

ta
sk

s
(V

an
d
er

ey
ck

en
,

20
13

;
B

ou
m

al
a
n
d

A
b
si

l,
20

15
),

ro
b
u
st

P
C

A
(P

o
d
os

in
n
ik

ov
a

et
a
l.
,

20
1
4)

,
d
im

en
si

o
n

re
d
u
ct

io
n

fo
r

in
d
ep

en
d
en

t
co

m
p

on
en

t
an

a
ly

si
s

(I
C

A
)

(T
h
ei

s
et

a
l.
,

20
0
9)

,
k
er

n
el

IC
A

(S
h
en

et
a
l.
,

20
07

)
an

d
si

m
il
ar

it
y

le
a
rn

in
g

(S
h
al

it
et

al
.,

2
01

2
).

M
an

y
m

or
e

ap
p
li
ca

ti
on

s
to

m
a
ch

in
e

le
ar

n
in

g
an

d
ot

h
er

fi
el

d
s

ex
is

t.
W

h
il
e

a
fu

ll
su

rv
ey

on
th

e
u
se

fu
ln

es
s

of
th

es
e

m
et

h
o
d
s

is
w

el
l

b
ey

on
d

th
e

sc
op

e
o
f

th
is

m
an

u
sc

ri
p
t,

w
e

h
ig

h
li
gh

t
th

a
t

a
t

th
e

ti
m

e
of

w
ri

ti
n
g,

a
se

a
rc

h
fo

r
th

e
te

rm
“m

an
if

ol
d

o
p
ti

m
iz

at
io

n
”

o
n

th
e

IE
E

E
X

p
lo

re
D

ig
it

al
L

ib
ra

ry
li
st

s
1
06

5
re

su
lt

s;
th

e
M

a
n
o
p
t

to
o
lb

ox
it

se
lf

is
re

fe
re

n
ce

d
in

90
p
ap

er
s

in
d
ex

ed
b
y

G
o
o
g
le

S
ch

ol
a
r.

3
.

Im
p
le

m
e
n
ta

ti
o
n

O
u
r

to
ol

b
ox

is
w

ri
tt

en
in

P
y
th

on
an

d
u
se

s
N

u
m

P
y

a
n
d

S
ci

P
y

fo
r

co
m

p
u
ta

ti
on

a
n
d

li
n
ea

r
a
lg

eb
ra

o
p
-

er
at

io
n
s.

C
u
rr

en
tl

y
P

y
m

a
n
o
p
t

is
co

m
p
a
ti

b
le

w
it

h
co

st
fu

n
ct

io
n
s

d
efi

n
ed

u
si

n
g

A
u
to

gr
a
d

(M
ac

la
u
ri

n
et

al
.,

2
01

5)
,

T
h
ea

n
o

(A
l-

R
fo

u
et

al
.,

20
16

)
o
r

T
en

so
rF

lo
w

(A
b
a
d
i

et
a
l.
,

20
1
5)

.
P

y
m

a
n
o
p
t

it
se

lf
an

d
al

l
th

e
re

q
u
ir

ed
so

ft
w

ar
e

is
o
p

en
so

u
rc

e,
w

it
h

n
o

d
ep

en
d
en

ce
o
n

p
ro

p
ri

et
ar

y
so

ft
w

ar
e.

T
o

ca
lc

u
la

te
d
er

iv
at

iv
es

,
T

h
ea

n
o

u
se

s
sy

m
b

ol
ic

d
iff

er
en

ti
a
ti

on
,

co
m

b
in

ed
w

it
h

ru
le

-b
a
se

d
o
p
ti

-
m

iz
at

io
n
s,

w
h
il
e

b
ot

h
A

u
to

g
ra

d
a
n
d

T
en

so
rF

lo
w

u
se

re
ve

rs
e-

m
o
d
e

au
to

m
at

ic
d
iff

er
en

ti
at

io
n
.

F
or

a
d
is

cu
ss

io
n

of
th

e
d
is

ti
n
ct

io
n
s

b
et

w
ee

n
th

e
tw

o
ap

p
ro

a
ch

es
a
n
d

an
ov

er
v
ie

w
of

au
to

m
a
ti

c
d
iff

er
en

ti
a-

ti
on

in
th

e
co

n
te

x
t

o
f

m
ac

h
in

e
le

ar
n
in

g
,

w
e

re
fe

r
th

e
re

ad
er

to
B

ay
d
in

et
al

.
(2

0
1
5)

.

3
.

A
q
u

ic
k

ex
a
m

p
le

im
p

le
m

en
ta

ti
o
n

fo
r

in
fe

rr
in

g
M

o
G

p
a
ra

m
et

er
s

is
a
v
a
il

a
b

le
a
t
p
ym

a
n
o
p
t.
g
it
h
u
b
.i
o
/
M
o
G
.h
tm

l.

2
JM

L
R

 1
7(

13
7)

:1
-5



P
y
m

a
n
o
p
t
:

A
P

y
t
h
o
n

T
o
o
l
b
o
x

f
o
r

O
p
t
im

iz
a
t
io

n
o
n

M
a
n
if

o
l
d
s

u
sin

g
A

u
t
o
m

a
t
ic

D
if

f
e
r
e
n
t
ia

t
io

n

M
u
ch

of
th

e
stru

ctu
re

o
f

P
y
m

a
n
o
p
t

is
b
ased

on
th

at
of

th
e

M
a
n
op

t
M

atlab
to

o
lb

ox
.

F
or

th
is

ea
rly

release,
w

e
h
ave

im
p
lem

en
ted

all
o
f

th
e

solvers
an

d
a

n
u
m

b
er

of
th

e
m

an
ifold

s
fou

n
d

in
M

a
n
op

t,
a
n
d

p
la

n
to

im
p
lem

en
t

m
ore,

b
a
sed

o
n

th
e

n
eed

s
o
f

u
sers.

T
h
e

co
d
eb

a
se

is
stru

ctu
red

in
a

m
o
d
u
la

r
w

ay
a
n
d

th
o
ro

u
g
h
ly

com
m

en
ted

to
m

ak
e

ex
ten

sion
to

fu
rth

er
solvers,

m
an

ifold
s,

or
b
a
cken

d
s

fo
r

a
u
to

m
a
ted

d
iff

eren
tia

tio
n

as
straig

h
tfo

rw
a
rd

as
p

ossib
le.

B
oth

a
u
ser

an
d

d
evelop

er
d
o
cu

m
en

tatio
n

a
re

availa
b
le.

T
h
e

G
itH

u
b

rep
ository

at
gith

u
b
.com

/pym
an
op

t/pym
an
op

t
off

ers
a

con
ven

ien
t

w
ay

to
ask

fo
r

h
elp

or
req

u
est

fea
tu

res
b
y

ra
isin

g
a
n

issu
e,

a
n
d

con
ta

in
s

gu
id

elin
es

for
th

ose
w

ish
in

g
to

co
n
trib

u
te

to
th

e
p
ro

ject.

4
.

U
sa

g
e
:

A
S
im

p
le

In
stru

ctiv
e

E
x
a
m

p
le

A
ll

au
to

m
a
ted

d
iff

eren
tia

tio
n

in
P

y
m

a
n
o
p
t

is
p

erform
ed

b
eh

in
d

th
e

scen
es

so
th

a
t

th
e

am
ou

n
t

o
f

setu
p

co
d
e

req
u
ired

b
y

th
e

u
ser

is
m

in
im

a
l.

U
su

ally
on

ly
th

e
follow

in
g

step
s

a
re

req
u
ired

:

(a)
In

stan
tiatio

n
of

a
m

an
ifold

M
(b

)
D

efi
n
itio

n
of

a
cost

fu
n
ction

f
:M

→
R

(c)
In

sta
n
tiation

o
f

a
P

y
m

a
n
o
p
t

solver

W
e

b
riefl

y
d
em

on
stra

te
th

e
ea

se
of

u
se

w
ith

a
sim

p
le

ex
am

p
le.

C
on

sid
er

th
e

p
ro

b
lem

of
fi
n
d
in

g
an

n
×
n

p
o
sitive

sem
i-d

efi
n
ite

(P
S
D

)
m

a
trix

S
of

ran
k
k
<
n

th
a
t

b
est

ap
p
rox

im
ates

a
given

n
×
n

(sy
m

m
etric)

m
atrix

A
,

w
h
ere

closen
ess

b
etw

een
A

an
d

its
low

-ran
k

P
S
D

a
p
p
rox

im
ation

S
is

m
easu

red
b
y

th
e

fo
llow

in
g

loss
fu

n
ction

L
δ (S

,A
),

n
∑i=

1

n
∑j
=
1

H
δ

(s
i,j −

a
i,j )

for
som

e
δ
>

0
an

d
H
δ (x

)
,
√
x
2

+
δ
2−

δ
th

e
p
seu

d
o-H

u
b

er
loss

fu
n
ction

.
T

h
is

loss
fu

n
ctio

n
is

ro
b
u
st

a
ga

in
st

o
u
tliers

a
s
H
δ (x

)
ap

p
rox

im
a
tes|x|−

δ
fo

r
larg

e
va

lu
es

o
f
x

w
h
ile

b
ein

g
ap

p
rox

im
a
tely

q
u
a
d
ratic

for
sm

all
valu

es
of
x

(H
u
b

er,
19

64
).

T
h
is

can
b

e
form

u
lated

a
s

a
n

op
tim

iza
tion

p
ro

b
lem

o
n

th
e

m
an

ifold
o
f

P
S
D

m
atrices:

m
in

S∈P
SD

nk

L
δ (S

,A
)

w
h
ere
P
SD

nk
,
{M
∈
R
n×

n
:
M
�

0
,ra

n
k
(M

)
=
k}.

T
h
is

task
is

ea
sily

solved
u
sin

g
P

y
m

a
n
o
p
t

:

f
r
o
m
p
y
m
a
n
o
p
t
.
m
a
n
i
f
o
l
d
s
i
m
p
o
r
t
P
S
D
F
i
x
e
d
R
a
n
k

i
m
p
o
r
t
a
u
t
o
g
r
a
d
.
n
u
m
p
y
a
s
n
p

f
r
o
m
p
y
m
a
n
o
p
t
i
m
p
o
r
t
P
r
o
b
l
e
m

f
r
o
m
p
y
m
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3

Present

A
bsent

C
ategory 

boundary

A
B

C

Figure
1:A

n
illustration

ofthe
latentstructure

posited
by

cross-categorization
on

a
datasetofcom

m
on-

sensejudgm
entsaboutanim

als.T
he

figure
show

sthe
raw

inputdata
and

one
posteriorsam

ple
from

a
dataset

containing
anim

als
and

their
properties.

C
rossC

at
finds

three
independent

signals,or
view

s.
A

taxonom
ic

clustering
(left,

A
)

com
prises

groups
of

m
am

m
als,

am
phibians

and
reptiles,

birds,
and

invertebrates,
and

explains
prim

arily
anatom

icaland
physiologicalvariables.

A
n

ecologicalclustering
(right,C

)cross-cuts
the

taxonom
ic

groups
and

specifies
groups

ofcarnivorous
land

predators,sea
anim

als,flying
anim

als,and
other

land
anim

als,and
explains

prim
arily

habitat
and

behavior
variables.

Finally
all

anim
als

(except
frogs)

are
lum

ped
togetherinto

a
clusterofm

iscellaneous
features

(center,B
)thataccounts

fora
setofidiosyncratic

or
sparse

“noise”
variables.
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M
A

N
S

IN
G

K
H

A
E

T
A

L.

the
num

berofparam
etersto

estim
ate

(E
lidan,L

otner,Friedm
an,and

K
oller,2001;E

lidan
and

Friedm
an,2005).T

here
are

also
com

putationaldifficulties.First,there
are

no
know

n
scalable

techniques
for

fully
B

ayesian
learning

of
B

ayesian
netw

orks,so
posterior

uncertainty
about

the
dependence

structure
is

lost.
Second,even

w
hen

the
training

data
is

fully
observed,i.e.

allvariables
are

observed,search
through

the
space

ofnetw
orks

is
com

putationally
dem

and-
ing.

T
hird,if

the
data

is
incom

plete
(or

hidden
variables

are
posited),a

com
plex

inference
subproblem

needs
to

be
solved

in
the

innerloop
ofstructure

search.

2.
Param

etric
and

sem
i-param

etric
m

ixture
m

odeling.

M
ixtures

ofsim
ple

param
etric

m
odels

have
severalappealing

properties
in

this
setting.First,

they
can

accurately
em

ulate
the

jointdistribution
w

ithin
each

group
ofvariables

by
introduc-

ing
a

sufficiently
large

num
ber

of
m

ixture
com

ponents.
Second,

heterogeneous
data

types
are

naturally
handled

using
independent

param
etric

m
odels

for
each

variable
chosen

based
on

the
type

of
data

itcontains.
T

hird,learning
and

prediction
can

both
be

done
via

M
C

M
C

techniques
that

are
linear

tim
e

per
iteration,

w
ith

constant
factors

and
iteration

counts
that

are
often

acceptable
in

practice.
U

nfortunately,m
ixture

m
odels

assum
e

thatallvariables
are

(m
arginally)

coupled
through

the
latent

m
ixture

com
ponent

assignm
ents.

A
s

a
result,

pos-
terior

sam
ples

w
illoften

contain
good

categorizations
for

one
group

of
variables,butthese

sam
e

categories
treatallothergroups

ofm
utually

dependentvariables
as

noise.T
his

can
lead

to
dram

atic
under-fitting

in
high

dim
ensions

or
w

hen
m

issing
values

are
frequent;this

paper
includes

experim
ents

illustrating
this

failure
m

ode.
T

hus
if

the
totalnum

ber
of

variables
is

sm
allenough,and

the
naturalclusterstructure

ofallgroups
ofvariables

is
sufficiently

sim
ilar,

and
there

is
enough

data,m
ixture

m
odels

m
ay

perform
w

ell.

3.
M

ultivariate
G

aussians
w

ith
sparse

inverse
covariances.

H
igh-dim

ensionalcontinuous
distributions

are
often

m
odeled

as
m

ultivariate
G

aussians
w

ith
sparse

conditionaldependencies
(M

einshausen
and

B
ühlm

ann,2006).
Severalparam

eter
es-

tim
ation

techniques
are

available;
see

e.g.
(Friedm

an,
H

astie,
and

Tibshirani,
2008).

T
he

pairw
ise

dependencies
produced

by
these

m
ethods

form
an

undirected
graph.T

he
underlying

assum
ptions

are
m

ostappropriate
w

hen
the

num
ber

of
variables

and
observations

are
suffi-

ciently
large,the

data
is

naturally
continuous

and
fully

observed,and
the

jointdistribution
is

approxim
ately

unim
odal.

A
key

advantage
of

these
m

ethods
is

the
availability

of
fastalgo-

rithm
s

forparam
eterestim

ation
(though

extensions
forhandling

m
issing

values
require

solv-
ing

challenging
non-convex

optim
ization

problem
s

(Städler
and

B
ühlm

ann,2012)).
T

hese
m

ethods
also

have
tw

o
m

ain
lim

itations.First,the
assum

ption
ofjointG

aussianity
is

unreal-
istic

in
m

any
situations

(W
asserm

an,2011).Second,discrete
values

m
ustbe

transform
ed

into
num

ericalvalues;this
invalidates

estim
ates

of
predictive

uncertainty,and
can

generate
other

surprising
behaviors.

C
rossC

at
com

bines
key

com
putational

and
statistical

strengths
of

each
of

these
m

ethods.
A

s
w

ith
nonparam

etric
m

ixture
m

odeling,C
rossC

atadm
its

a
scalable

M
C

M
C

algorithm
for

posterior
sam

pling,handles
incom

plete
data,and

does
notim

pose
restrictions

on
data

types.
C

rossC
atalso

preserves
the

asym
ptotic

consistency
of

density
estim

ation
via

D
irichletprocess

m
ixture

m
odeling
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.
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e
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ra
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r
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re
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ra
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pr
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m
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based
on

inference
in

a
colum

n-w
ise

D
irichlet

process
m

ixture
of

D
irichlet

process
m

ixture
m

odels(E
scobarand

W
est,1995;R

asm
ussen,2000)overthe

row
s.T

he
“outer”

or“colum
n-

w
ise”

D
irichletprocessm

ixture
determ

inesw
hich

dim
ensions/variablesshould

be
m

odeled
together

atall,and
w

hich
should

be
m

odeled
independently.

T
he

“inner”
or

“row
-w

ise”
m

ixtures
are

used
to

sum
m

arize
the

joint
distribution

of
each

group
of

dim
ensions/variables

that
are

stochastically
assigned

to
the

sam
e

m
odeling

subproblem
.

T
his

paper
presents

the
D

irichletprocesses
in

C
rossC

atvia
the

convenientC
hinese

restaurant
process

representation
(Pitm

an,
1996).

R
ecall

that
the

D
irichlet

process
is

a
stochastic

process
that

m
aps

an
arbitrary

underlying
base

m
easure

into
a

m
easure

over
discrete

atom
s,

w
here

each
atom

is
associated

w
ith

a
single

draw
from

the
base

m
easure.

In
a

setof
repeated

draw
s

from
this

discrete
m

easure,som
e

atom
sare

likely
to

occurm
ultiple

tim
es.In

nonparam
etric

B
ayesian

m
ixture

m
odeling,each

atom
corresponds

to
a

set
of

param
eters

for
som

e
m

ixture
com

ponent;
“popular”

atom
s

correspond
to

m
ixture

com
ponents

w
ith

high
w

eight.
T

he
C

hinese
restaurant

process
is

a
stochastic

process
thatcorresponds

to
the

discrete
residue

of
the

D
irichletprocess.

Itis
sequential,

easy
to

describe,easy
to

sim
ulate,and

exchangeable.
Itis

often
used

to
representnonparam

etric
m

ixture
m

odels
as

follow
s.

E
ach

data
item

is
view

ed
as

a
custom

er
ata

restaurantw
ith

an
infinite

num
ber

of
tables.

E
ach

table
corresponds

to
a

m
ixture

com
ponent;

the
custom

ers
at

each
table

thus
com

prise
the

groups
of

data
that

are
m

odeled
by

the
sam

e
m

ixture
com

ponent.
T

he
choice

probabilities
follow

a
sim

ple
“rich-gets-richer”

schem
e.

L
etm

j be
the

num
ber

of
custom

ers
(data

item
s)

seated
at

a
given

table
j,and

zi be
the

table
assignm

ent
of

custom
er

i
(w

ith
the

first
table

z0
=

0),then
the

conditionalprobability
distribution

governing
the

C
hinese

restaurantprocess
w

ith
concentration

param
eterα

is:P
r(zi =

j)∝
{

α
if

j
=

m
ax(~z)

+
1

m
j

o.w
.

T
his

sequence
of

conditionalprobabilities
induces

a
distribution

over
the

partitions
of

the
data

thatis
equivalentto

the
m

arginaldistribution
on

equivalence
classes

ofatom
assignm

ents
underthe

D
irichletprocess.T

he
C

hinese
restaurantprocess

provides
a

sim
ple

butflexible
m

odeling
tool:the

num
ber

of
com

ponents
in

a
m

ixture
can

be
determ

ined
by

the
data,w

ith
supportover

alllogically
possible

clusterings.
In

C
rossC

at,
the

num
ber

of
C

hinese
restaurant

processes
(over

the
row

s)
is

determ
ined

by
the

num
ber

of
tables

in
a

C
hinese

restaurant
process

over
the

colum
ns.

T
he

data
itselfis

m
odeled

by
datatype-specific

com
ponentm

odels
foreach

dim
ension

(colum
n)ofthe

target
table.

2.1
T

he
G

enerative
Process

T
he

generative
process

behind
C

rossC
atunfolds

in
three

steps:

1.
G

enerating
hyper-param

eters
and

latent
structure.

First,
the

hyper-param
eters

~λ
d

for
the

com
ponent

m
odels

for
each

dim
ension

are
chosen

from
a

vague
hyper-prior

V
d

that
is

appropriate
1

for
the

type
of

data
in

d.
Second,the

concentration
param

eter
α

for
the

outer

1.T
he

hyper-prior
m

ustonly
assign

positive
density

to
valid

hyper-param
eter

values
and

be
sufficiently

broad
for

the
m

arginal
distribution

for
a

single
data

cell
has

com
parable

spread
to

the
actual

data
being

analyzed.
W

e
have

ex-
plored

m
ultiple

hyper-priors
thatsatisfy

these
constraints

on
analyses

sim
ilarto

those
from

this
paper;there

w
as

little

7
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C
hinese

restaurantprocess
is

sam
pled

from
a

vague
gam

m
a

hyper-prior.T
hird,a

partition
of

the
variables

into
view

s,~z,is
sam

pled
from

this
outerC

hinese
restaurantprocess.Fourth,for

each
view

,v∈
~z,a

concentration
param

eterα
v is

sam
pled

from
a

vague
hyper-prior.Fifth,for

each
view

v,a
partition

ofthe
row

s~y
vis

draw
n

using
the

appropriate
innerC

hinese
restaurant

process
w

ith
concentration

α
v .

2.
G

enerating
category

param
etersfor

uncollapsed
variables.T

his
paperuses

u
d

as
an

indi-
catorofw

hethera
given

variable/dim
ension

d
is

uncollapsed
(u

d
=

1)orcollapsed
(u

d
=

0).
For

each
uncollapsed

variable,param
eters

~θ
dc

m
ustbe

generated
for

each
category

c
from

a
datatype-com

patible
priorm

odelM
d .

3.
G

enerating
the

observed
data

given
hyper-param

eters,latent
structure,and

param
e-

ters.
T

he
datasetX

=
{x

(r,d
) }

is
generated

separately
for

each
variable

d
and

for
each

cat-
egory

c∈
~y

v
in

the
view

v
=

zd
for

thatvariable.
For

uncollapsed
dim

ensions,this
is

done
by

repeatedly
sim

ulating
from

a
likelihood

m
odelL

d .
For

collapsed
dim

ensions,w
e

use
an

exchangeably
coupled

m
odelM

L
d

to
generate

allthe
data

in
each

category
atonce.

T
he

details
ofthe

C
rossC

atgenerative
process

are
as

follow
s:

1.
G

enerate
α

D ,the
concentration

hyper-param
eter

for
the

C
hinese

R
estaurantProcess

over
di-

m
ensions,from

a
generic

G
am

m
a

hyper-prior:α
D
∼

G
am

m
a(k

=
1,θ

=
1
).

2.
Foreach

dim
ension

d∈
D

:

(a)
G

enerate
hyper-param

eters
~λ

d
from

a
data

type
appropriate

hyper-prior
w

ith
density

p
( ~λ

d )
=

V
d ( ~λ

d ),
as

described
above.

B
inary

data
is

handled
by

an
asym

m
etric

B
eta-

B
ernoullim

odelw
ith

pseudocounts ~λ
d

=
[α

d ,β
d ].

D
iscrete

data
is

handled
by

a
sym

-
m

etric
D

irichlet-D
iscrete

m
odel

w
ith

concentration
param

eter
λ

d .
C

ontinuous
data

is
handled

by
a

N
orm

al-G
am

m
a

m
odelw

ith
~λ

d
=

(µ
d ,κ

d ,υ
d ,τ

d ),w
here

µ
d

is
the

m
ean,

κ
d

is
the

effective
num

ber
of

observations,υ
d

is
the

degrees
of

freedom
,and

τ
d

is
the

sum
ofsquares.

(b)
A

ssign
dim

ension
d

to
a

view
zd

from
a

C
hinese

R
estaurantProcess

w
ith

concentration
hyper-param

eterα
D ,conditionalon

allprevious
draw

s:zd ∼
C

R
P

({z0 ,···,zd−
1 };α

D
)

3.
Foreach

view
v

in
the

dim
ension

partition
~z:

(a)
G

enerate
α

v ,the
concentration

hyper-param
eterforthe

C
hinese

R
estaurantProcessover

categories
in

view
v,from

a
generic

hyper-prior:α
v ∼

G
am

m
a(k

=
1
,θ

=
1).

(b)
Foreach

observed
data

point(i.e.row
ofthe

table)r∈
R

,generate
a

category
assignm

ent
y

vr
from

a
C

hinese
R

estaurantProcess
w

ith
concentration

param
eterα

v ,conditionalon
allprevious

draw
s:y

vr ∼
C

R
P

({y
v0 ,···,y

vr−
1 };α

v )

apparentvariation.E
xam

ples
forstrictly

positive,real-valued
hyper-param

eters
include

vague
G

am
m

a(k
=

1,θ
=

1)
hyper-prior,uniform

priors
overa

broad
range,and

both
linearand

logarithm
ic

discretizations.O
urreference

im
ple-

m
entation

uses
a

setof
sim

ple
data-dependentheuristics

to
determ

ine
sufficiently

broad
ranges.

C
hinese

restaurant
process

concentration
param

eters
are

given
100-bin

log-scale
grid

discrete
priors;

concentration
param

eters
for

the
finite-dim

ensional
D

irichlet
distributions

used
to

generate
com

ponent
param

eters
for

discrete
data

have
the

sam
e

form
.ForN

orm
al-G

am
m

a
m

odels,m
in(~x

(·,d
) )≤

µ
d ≤

m
ax(~x

(·,d
) ).

8
JM

L
R

 17(138):1-49



C
R

O
S

S
C

A
T

(c
)

Fo
re

ac
h

ca
te

go
ry

c
in

th
e

ro
w

pa
rt

iti
on

fo
rt

hi
s

vi
ew
~yv :

i.
Fo

re
ac

h
di

m
en

si
on

d
su

ch
th

at
u d

=
1

(i
.e

.i
ts

co
m

po
ne

nt
m

od
el

s
ar

e
un

co
lla

ps
ed

),
ge

ne
ra

te
co

m
po

ne
nt

m
od

el
pa

ra
m

et
er

s
~ θd c

fr
om

th
e

ap
pr

op
ri

at
e

pr
io

r
w

ith
de

ns
ity

M
d
(·;
~ λ

d
)

us
in

g
hy

pe
r-

pa
ra

m
et

er
s~

λ d
,a

s
fo

llo
w

s:
A

.
Fo

r
bi

na
ry

da
ta

,w
e

ha
ve

a
sc

al
ar

θd c
eq

ua
lt

o
th

e
pr

ob
ab

ili
ty

th
at

di
m

en
si

on
d

is
eq

ua
lt

o
1

fo
r

ro
w

s
fr

om
ca

te
go

ry
c,

dr
aw

n
fr

om
a

B
et

a
di

st
ri

bu
tio

n:
θd c
∼

B
et

a(
α d
,β

d
),

w
he

re
va

lu
es

fr
om

th
e

hy
pe

r-
pa

ra
m

et
er

ve
ct

or
~ λ

d
=

[α
d
,β

d
].

B
.

Fo
rc

at
eg

or
ic

al
da

ta
,w

e
ha

ve
a

ve
ct

or
-v

al
ue

d
~ θd c

of
pr

ob
ab

ili
tie

s,
dr

aw
n

fr
om

a
sy

m
m

et
ri

c
D

ir
ic

hl
et

di
st

ri
bu

tio
n

w
ith

co
nc

en
tr

at
io

n
pa

ra
m

et
er

λ d
:
~ θd c
∼

D
ir

ic
hl

et
(λ

d
).

C
.

Fo
r

co
nt

in
uo

us
da

ta
,

w
e

ha
ve

~ θd c
=

(µ
d c
,σ

d c
),

th
e

m
ea

n
an

d
va

ri
an

ce
of

th
e

da
ta

in
th

e
co

m
po

ne
nt

,d
ra

w
n

fr
om

a
N

or
m

al
-G

am
m

a
di

st
ri

bu
tio

n
(µ

d c
,σ

d c
)
∼

N
or

m
al

G
am

m
a(
~ λ

d
).

ii.
L

et
~xc (·,

d)
co

nt
ai

n
al

lx
(r
,d

)
in

th
is

co
m

po
ne

nt
,i

.e
.

fo
r

r
su

ch
th

at
yz d r

=
c.

G
en

er
at

e
th

e
da

ta
in

th
is

co
m

po
ne

nt
,a

s
fo

llo
w

s:
A

.
If

u d
=

1,
i.e

.
d

is
un

co
lla

ps
ed

,t
he

n
ge

ne
ra

te
ea

ch
x (

r,d
)

fr
om

th
e

ap
pr

op
ri

at
e

lik
el

ih
oo

d
m

od
el

L d
(·;
~ θd c

).
Fo

r
bi

na
ry

da
ta

,
w

e
ha

ve
x (

r,d
)
∼

B
er

no
ul

li(
θd c

);

fo
rc

at
eg

or
ic

al
da

ta
,w

e
ha

ve
x (

r,d
)
∼

M
ul

tin
om

ia
l(
~ θd c

);
fo

rc
on

tin
uo

us
da

ta
,w

e
ha

ve
x (

r,d
)
∼

N
or

m
al

(µ
d c
,σ

d c
).

B
.

If
u d

=
0,

so
d

is
co

lla
ps

ed
,g

en
er

at
e

th
e

en
tir

e
co

nt
en

ts
of
~xc (·,

d)
by

di
re

ct
ly

si
m

-

ul
at

in
g

fr
om

th
e

m
ar

gi
na

liz
ed

co
m

po
ne

nt
m

od
el

th
at

w
ith

de
ns

ity
M

L d
(~x

(·,
d)

;~ λ
d
).

O
ne

ap
pr

oa
ch

is
to

sa
m

pl
e

fr
om

th
e

se
qu

en
ce

of
pr

ed
ic

tiv
e

di
st

ri
bu

tio
ns

P
(x

(r
i,

d)
|~x−

r i
(·,

d)
.~ λ

d
),

in
du

ce
d

by
M

d
an

d
L d

,i
nd

ex
in

g
ov

er
ro

w
s

r i
in

c.

T
he

ke
y

st
ep

s
in

th
is

pr
oc

es
s

ca
n

be
co

nc
is

el
y

de
sc

ri
be

d:

α D
∼

G
am

m
a(

k
=

1,
θ

=
1)

~ λ
d
∼

V d
(·)

fo
re

ac
h

d
∈
{1
,·
··
,D
}

z d
∼

C
R

P(
{z

i
|i
6=

d}
;α

D
)

fo
re

ac
h

d
∈
{1
,·
··
,D
}

α v
∼

G
am

m
a(

k
=

1,
θ

=
1)

fo
re

ac
h

v
∈~

z

yv r
∼

C
R

P(
{y

v i
|i
6=

r}
;α

v)
fo

re
ac

h
v
∈~

z
an

d

r
∈
{1
,·
··
,R
}

~ θd c
∼

M
d
(·;
~ λ

d
)

fo
re

ac
h

v
∈~

z,
c
∈~

yv ,
an

d
d

su
ch

th
at

z d
=

v
an

d
u d

=
1

~xc (·,
d)

=
{x

(r
,d

)
|y

z d r
=

c}
∼
{

∏
r
L d

(~ θ
d c
)

if
u d

=
1

M
L d

(~ λ
d
)

if
u d

=
0

fo
re

ac
h

v
∈~

z
an

d
ea

ch
c
∈~

yv

2.
2

T
he

Jo
in

tP
ro

ba
bi

lit
y

D
en

si
ty

R
ec

al
l

th
at

th
e

fo
llo

w
in

g
da

ta
se

t-
sp

ec
ifi

c
in

fo
rm

at
io

n
is

ne
ed

ed
to

fu
lly

th
e

sp
ec

if
y

th
e

C
ro

ss
C

at
m

od
el

:
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L
.

1.
V d

(·)
,a

ge
ne

ri
c

hy
pe

r-
pr

io
ro

ft
he

ap
pr

op
ri

at
e

ty
pe

fo
rv

ar
ia

bl
e/

di
m

en
si

on
d.

2.
{u

d
},

th
e

in
di

ca
to

rs
fo

rw
hi

ch
va

ri
ab

le
s

ar
e

un
co

lla
ps

ed
.

3.
M

d
(·)

an
d

L D
(·)
∀

d
s.

t.
u d

=
1,

a
da

ta
ty

pe
-a

pp
ro

pr
ia

te
pa

ra
m

et
er

pr
io

r(
e.

g.
a

B
et

a
pr

io
rf

or
bi

na
ry

da
ta

,N
or

m
al

-G
am

m
a

fo
rc

on
tin

uo
us

da
ta

,o
rD

ir
ic

hl
et

fo
rd

is
cr

et
e

da
ta

)a
nd

lik
el

ih
oo

d
m

od
el

(e
.g

.B
er

no
ul

li,
N

or
m

al
or

M
ul

tin
om

ia
l)

.

4.
M

L d
(·)
∀

d
s.

t.
u d

=
0,

a
da

ta
ty

pe
-a

pp
ro

pr
ia

te
m

ar
gi

na
ll

ik
el

ih
oo

d
m

od
el

,e
.g

.
th

e
co

lla
ps

ed
ve

rs
io

n
of

th
e

co
nj

ug
at

e
pa

ir
fo

rm
ed

by
so

m
e

M
d

an
d

L d
.

5.
T d

({
x}

),
th

e
su

ffi
ci

en
t

st
at

is
tic

s
fo

r
th

e
co

m
po

ne
nt

m
od

el
fo

r
so

m
e

co
lla

ps
ed

di
m

en
si

on
d

fr
om

a
su

bs
et

of
th

e
da

ta
{x
}.

A
rb

itr
ar

y
no

n-
co

nj
ug

at
e

co
m

po
ne

nt
m

od
el

s
ca

n
be

nu
m

er
ic

al
ly

co
lla

ps
ed

by
ch

oo
si

ng
T d

({
x}

)
=
{x
}.

T
hi

s
pa

pe
rw

ill
us

e
C

C
to

de
no

te
th

e
in

fo
rm

at
io

n
ne

ce
ss

ar
y

to
ca

pt
ur

e
th

e
de

pe
nd

en
ce

of
C

ro
ss

-
C

at
on

th
e

da
ta

X
.

T
hi

s
in

cl
ud

es
th

e
vi

ew
co

nc
en

tr
at

io
n

pa
ra

m
et

er
α D

,t
he

va
ri

ab
le

-s
pe

ci
fic

hy
pe

r-
pa

ra
m

et
er

s
{~ λ

d
},

th
e

vi
ew

pa
rt

iti
on
~z,

th
e

vi
ew

-s
pe

ci
fic

co
nc

en
tr

at
io

n
pa

ra
m

et
er

s
{α

v}
an

d
ro

w
pa

rt
iti

on
{~y

v }
,a

nd
th

e
ca

te
go

ry
-s

pe
ci

fic
pa

ra
m

et
er

s
{θ

d c
}o

rs
uf

fic
ie

nt
st

at
is

tic
s

T d
(~x

(··
·,d

))
.T

hi
s

pa
-

pe
rw

ill
al

so
ov

er
lo

ad
M

L d
,M

d
,V

d
,L

d
,a

nd
C

R
P

to
ea

ch
re

pr
es

en
tb

ot
h

pr
ob

ab
ili

ty
de

ns
ity

fu
nc

tio
ns

an
d

st
oc

ha
st

ic
si

m
ul

at
or

s;
th

e
di

st
in

ct
io

n
sh

ou
ld

be
cl

ea
rb

as
ed

on
co

nt
ex

t.
G

iv
en

th
is

no
ta

tio
n,

w
e

ha
ve

:

P
(C

C
,X

)
=

P
(X
,{
~ θd c
},
{~y

v ,
α v
},
{~ λ

d
},~

z,
α D

)

=
e−

α D
( ∏

d∈
D

V d
(~ λ

d
))

C
R

P(
~z;

α D
)(

∏
v∈
~z

e−
α v

C
R

P(
~yv ;α

v)
)

×
∏ v∈
~z
∏ c∈
~yv

∏
d∈
{i

s.
t.

z i
=

v}

(
{

M
L d

(T
d
(~x

c (·,
d)

);~
λ d

)
if

u d
=

1

M
d
(~ θ

d c
;~ λ

d
) ∏

r∈
c
L d

(x
(r
,d

);
~ θd c

)
if

u d
=

0

)

2.
3

H
yp

ot
he

si
sS

pa
ce

an
d

M
od

el
in

g
C

ap
ac

ity

T
he

m
od

el
in

g
as

su
m

pt
io

ns
en

co
de

d
in

C
ro

ss
C

at
ar

e
de

si
gn

ed
to

en
ab

le
it

to
em

ul
at

e
a

br
oa

d
cl

as
so

f
da

ta
ge

ne
ra

to
rs

.
O

ne
w

ay
to

as
se

ss
th

is
cl

as
s

is
to

st
ud

y
th

e
fu

ll
hy

po
th

es
is

sp
ac

e
of

C
ro

ss
C

at
,t

ha
t

is
,a

ll
lo

gi
ca

lly
po

ss
ib

le
cr

os
s-

ca
te

go
ri

za
tio

ns
.

Fi
gu

re
2

ill
us

tr
at

es
th

e
ve

rs
io

n
of

th
is

sp
ac

e
th

at
is

in
du

ce
d

by
a

4
ro

w
,3

co
lu

m
n

da
ta

se
t.

E
ac

h
cr

os
s-

ca
te

go
ri

za
tio

n
co

rr
es

po
nd

st
o

a
m

od
el

st
ru

ct
ur

e
—

a
se

to
fd

ep
en

de
nc

e
an

d
in

de
pe

nd
en

ce
as

su
m

pt
io

ns
—

th
at

is
ap

pr
op

ri
at

e
fo

rs
om

e
se

to
fs

ta
tis

tic
al

si
tu

at
io

ns
.

Fo
r

ex
am

pl
e,

co
nd

iti
on

ed
on

th
e

hy
pe

r-
pa

ra
m

et
er

s,
th

e
de

pe
nd

en
ci

es
be

tw
ee

n
va

ri
ab

le
s

an
d

da
ta

va
lu

es
ca

n
be

ei
th

er
de

ns
e

or
sp

ar
se

.
A

gr
ou

p
of

de
pe

nd
en

ci
es

w
ill

ex
hi

bi
t

a
un

im
od

al
jo

in
td

is
tr

ib
ut

io
n

if
th

ey
ar

e
m

od
el

ed
us

in
g

on
ly

a
si

ng
le

cl
us

te
r.

St
ro

ng
ly

bi
m

od
al

or
m

ul
ti-

m
od

al
di

st
ri

bu
tio

ns
as

w
el

la
s

ne
ar

ly
un

im
od

al
di

st
ri

bu
tio

ns
w

ith
so

m
e

ou
tli

er
s

ar
e

re
co

ve
re

d
by

va
ry

in
g

th
e

nu
m

be
r

of
cl

us
te

rs
an

d
th

ei
r

si
ze

.
T

he
pr

io
r

fa
vo

rs
st

oc
ha

st
ic

re
la

tio
ns

hi
ps

be
tw

ee
n

gr
ou

ps
of

va
ri

ab
le

s,
bu

t
al

so
su

pp
or

ts
(n

ea
rl

y)
de

te
rm

in
is

tic
m

od
el

s;
th

es
e

co
rr

es
po

nd
to

st
ru

ct
ur

es
w

ith
a

la
rg

e
nu

m
be

ro
fc

lu
st

er
s

th
at

sh
ar

e
lo

w
-e

nt
ro

py
co

m
po

ne
nt

m
od

el
s.

T
he

C
ro

ss
C

at
ge

ne
ra

tiv
e

pr
oc

es
s

fa
vo

rs
hy

po
th

es
es

w
ith

m
ul

tip
le

vi
ew

s
an

d
m

ul
tip

le
ca

te
go

ri
es

pe
r

vi
ew

.
A

us
ef

ul
ru

le
of

th
um

b
is

to
ex

pe
ct

O
(l

og
(D

))
vi

ew
s

w
ith

O
(l

og
(R

))
ca

te
go

ri
es

ea
ch

a
pr

io
ri

.
A

ss
er

tin
g

th
at

a
da

ta
se

t
ha

s
se

ve
ra

l
vi

ew
s

an
d

se
ve

ra
l

ca
te

go
ri

es
pe

r
vi

ew
co

rr
es

po
nd

s
to

as
se

rt
in

g
th

at
th

e
un

de
rl

yi
ng

da
ta

ge
ne

ra
to

r
ex

hi
bi

ts
se

ve
ra

l
im

po
rt

an
t

st
at

is
tic

al
pr

op
er

tie
s.

T
he

fir
st

is
th

at
th

e
da

ta
se

tc
on

ta
in

s
va

ri
ab

le
s

th
at

ar
is

e
fr

om
se

ve
ra

ld
is

tin
ct

ca
us

al
pr

oc
es

se
s,

no
tj

us
ta
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C
R

O
S

SC
A

T

r1r2r3r4

r1r2r3r4

r1r2r3r4

r1r2r3r4

r1 r2r3r4

r1r2r3r4

r1r2r3r4

O
ne view

, 
O

ne category 
(D

 param
eters)

O
ne view

, 
Tw

o categories 
(2*D

 param
eters)

Tw
o view

s, 
Tw

o (different) categories each 
(2*D

 param
eters)

D
 view

s, 
R

 categories each 
(R

*D
 param

eters)

d
1

d
2

d
3

d
1

d
2

d
3

d
1

d
2

d
3

d
1

d
2

d
3

Figure
2:

M
odelstructures

draw
n

from
the

space
ofalllogically

possible
cross-categorizations

ofa
4

row
,3

colum
n

dataset.
In

each
structure,alldata

values
(cells)

thatare
governed

by
the

sam
e

param
etric

m
odel

are
show

n
in

the
sam

e
color.

If
tw

o
cells

have
different

colors,
they

are
m

odeled
as

conditionally
independentgiven

the
m

odelstructure
and

hyper-param
eters.In

general,the
space

ofallcross-categorizations
contains

a
broad

class
ofsim

ple
and

com
plex

data
generators.See

the
m

ain
textfordetails.

single
one.T

he
second

is
thatthese

processes
cannotbe

sum
m

arized
by

a
single

param
etric

m
odel,

and
thus

induce
non-G

aussian
orm

ulti-m
odaldependencies

betw
een

the
variables.

2.4
Posterior

Inference
A

lgorithm

Posteriorinference
is

carried
outby

sim
ulating

an
ergodic

M
arkov

chain
thatconverges

to
the

pos-
terior(G

ilks,1999;N
eal,1998).T

he
state

ofthe
M

arkov
chain

is
a

data
structure

storing
the

cross-
categorization,

sufficient
statistics,

and
all

uncollapsed
param

eters
and

hyper-param
eters.

Figure
3

show
s

several
sam

pled
states

from
a

typical
run

of
the

inference
schem

e
on

the
dataset

from
Figure

1.
T

he
C

rossC
atinference

M
arkov

chain
initializes

a
candidate

state
by

sam
pling

itfrom
the

prior 2

T
he

transition
operatorthatititerates

consists
ofan

outercycle
ofseveralkernels,each

perform
ing

cycle
sw

eeps
thatapply

other
transition

operators
to

each
segm

entof
the

latentstate.
T

he
firstis

a
cycle

kernelforinference
overthe

outerC
R

P
concentration

param
eterα

and
a

cycle
ofkernels

over
the

inner
C

R
P

concentration
param

eters{α
v }

for
each

view
.

T
he

second
is

a
cycle

of
kernels

for
inference

overthe
hyper-param

eters ~λ
d

foreach
dim

ension.T
he

third
is

a
kernelforinference

over
any

uncollapsed
param

eters
~θ

dc .
T

he
fourth

is
a

cycle
over

dim
ensions

of
an

inter-view
auxiliary

variable
G

ibbs
kernelthatshuffles

dim
ensions

betw
een

view
s.T

he
fifth

is
itselfa

cycle
overview

s
ofcycles

thatsw
eep

a
single-site

G
ibbs

sam
pleroverallthe

row
s

in
the

given
view

.T
his

chain
cor-

responds
to

the
defaultauxiliary

variable
G

ibbs
sam

plerthatthe
V

enture
probabilistic

program
m

ing
platform

(M
ansinghka,Selsam

,and
Perov,2014)produces

w
hen

given
the

C
rossC

atm
odelw

ritten
as

a
probabilistic

program
.

M
ore

form
ally,the

M
arkov

chain
used

forinference
is

a
cycle

overthe
follow

ing
kernels:

2.A
necdotally,this

initialization
appears

to
yield

the
bestinference

perform
ance

overall.O
ne

explanation
can

be
found

by
considering

a
representative

subproblem
ofinference

in
C

rossC
at:

perform
ing

inference
in

one
of

the
innerC

R
P

m
ixture

m
odels.

A
m

axim
ally

dispersed
initialization,w

ith
each

of
the

N
row

s
in

its
ow

n
category,requires

O
(N

2)
tim

e
forits

firstG
ibbs

sw
eep.A

n
initialization

thatplaces
allrow

s
in

a
single

category
requires

O
(1)

tim
e

forits
first

sw
eep

butcan
spend

m
any

iterations
stuck

in
ornearthe

“low
resolution”

m
odelencoded

by
this

initialconfiguration.
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M
A

N
S

IN
G

K
H

A
E

T
A

L.

Figure
3:Snapshotsofthe

M
arkov

chain
for

cross-categorization
on

a
datasetofhum

an
object-feature

judgm
ents.E

ach
ofthe

three
states

show
s

a
particularcross-categorization

thatarose
during

a
single

M
arkov

chain
run,autom

atically
rendered

using
the

latentstructure
from

cross-categorization
to

inform
the

layout.
B

lack
horizontal

lines
separate

categories
w

ithin
a

view
.

T
he

red
horizontal

line
follow

s
one

row
of

the
dataset.Taken

from
leftto

right,the
three

states
span

a
typicalrun

ofroughly
100

iterations;the
firstis

w
hile

the
chain

appears
to

be
converging

to
a

high
probability

region,w
hile

the
lasttw

o
illustrate

variability
w

ithin
thatregion.

1.
C

oncentration
hyper-param

eter
inference:updating

α
D

and
each

elem
entof{α

v }.Sam
-

ple
α

D
and

allthe
α

v s
for

each
view

via
a

discretized
G

ibbs
approxim

ation
to

the
posterior,

α
D
∼

P
(α

D |~z)
and

α
v ∼

P
(α

v | ~y
v).

For
each

α
,this

involves
scoring

the
C

R
P

m
arginallike-

lihood
ata

fixed
num

ber
of

grid
points

—
typically

∼
100

—
and

then
re-norm

alizing
and

sam
pling

from
the

resulting
discrete

approxim
ation.

2.
C

om
ponent

m
odel

hyper-param
eter

inference:
updating

the
elem

ents
of{ ~λ

d }.
For

each
dim

ension,for
each

hyper-param
eter,discretize

the
supportof

the
hyper-prior

and
nu-

m
erically

sam
ple

from
an

approxim
ate

hyper-posterior
distribution.

T
hat

is,
im

plem
ent

an
appropriately-binned

discrete
approxim

ation
to

a
G

ibbs
sam

pler
for ~λ

d ∼
P

( ~λ
d |~xd ,

~y zd)
(i.e.

w
e

condition
on

the
verticalslice

of
the

inputtable
described

by
the

hyper-param
eters,and

the
associated

latentvariables).
For

conjugate
com

ponentm
odels,the

probabilities
depend

only
on

the
sufficientstatistics

needed
to

evaluate
this

posterior.
E

ach
hyper-param

eter
ad-

justm
entrequires

an
operation

linear
in

the
num

ber
of

categories,since
the

scores
for

each
category

(i.e.the
m

arginalprobabilities)m
ustbe

recalculated,aftereach
category’s

statistics
are

updated.
T

hus
each

application
of

this
kernel

takes
tim

e
proportional

to
the

num
ber

of
dim

ensions
tim

es
the

m
axim

um
num

berofcategories
in

any
view

.

3.
C

ategory
inference:

updating
the

elem
ents

of{ ~y
v}

via
G

ibbs
w

ith
auxiliary

variables.
Foreach

entity
in

each
view

,this
transition

operatorsam
ples

a
new

category
assignm

entfrom
its

conditionalposterior.
A

variantof
A

lgorithm
8

from
(N

eal,1998)
(w

ith
m

=1)
is

used
to

handle
uncollapsed

dim
ensions.

T
he

category
inference

transition
operatorw

illsam
ple

y
vr ,the

categorization
forrow

r
in

view
v,according

to
its

conditioned
distribution

given
the

othercategory
assignm

ents
~y

v−
r ,param

-
eters{

~θ
dc }

and
auxiliary

param
eters.

If
u

d
=

0
∀d

s.t.zd
=

v,i.e.
there

are
no

uncollapsed
dim

ensions
in

this
view

,
then

this
reduces

to
the

usual
collapsed

G
ibbs

sam
pler

applied
to
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C
R

O
S

S
C

A
T

th
e

su
bs

et
of

da
ta

w
ith

in
th

e
vi

ew
.

O
th

er
w

is
e,

le
t{
~ φ

d
}

de
no

te
au

xi
lia

ry
pa

ra
m

et
er

s
fo

r
ea

ch
un

co
lla

ps
ed

di
m

en
si

on
d

(w
he

re
u d

=
1)

of
th

e
sa

m
e

fo
rm

as
~ θd c

.B
ef

or
e

ea
ch

tr
an

si
tio

n,
th

es
e

pa
ra

m
et

er
s

ar
e

ch
os

en
as

fo
llo

w
s:

~ φ
d
∼

  
δ
~ θd yv r

if
yv r

=
yv j
⇐
⇒

r
=

j

M
d
(~ λ

d
)

o.
w.

(y
v r
∈~

yv −
r)

In
th

is
se

ct
io

n,
c+

w
ill

de
no

te
th

e
ca

te
go

ry
as

so
ci

at
ed

w
ith

th
e

au
xi

lia
ry

va
ri

ab
le

.I
fy

v r
∈~

yv −
r,

th
en

c+
=

m
ax

(~y
−

r
v

)
+

1,
i.e

.a
w

ho
lly

ne
w

ca
te

go
ry

w
ill

be
cr

ea
te

d,
an

d
by

sa
m

pl
in

g~
φd

th
is

ca
te

go
ry

w
ill

ha
ve

ne
w

ly
sa

m
pl

ed
pa

ra
m

et
er

s.
O

th
er

w
is

e,
c+

=
yv r,

i.e
.r

ow
r

w
as

a
si

ng
le

to
n,

so
its

pr
ev

io
us

ca
te

go
ry

as
si

gn
m

en
ta

nd
pa

ra
m

et
er

s
w

ill
be

re
us

ed
.

G
iv

en
th

e
au

xi
lia

ry
va

ri
ab

le
s,

w
e

ca
n

de
riv

e
th

e
ta

rg
et

de
ns

ity
of

th
e

tr
an

si
tio

n
op

er
at

or
by

ex
pa

nd
in

g
th

e
jo

in
tp

ro
ba

bi
lit

y
de

ns
ity

:

yv r
∼

P
(y

v r
|~y

v −
r,
{~ λ

d
,{

x (
·,d

)}
|d

s.
t.

z d
=

v}
,{
{~ θ

d c
|c
∈~

yv −
r}
|d

s.
t.

z d
=

v
an

d
u d

=
1}
,{~

φd
})

∝
C

R
P(

yv r;
~yv −

r,
α v

)

×
∏

d∈
{i

s.
t.

z i
=

v}

  

    

M
L d

(T
d
(~x

c (·,
d)

),
~ λ

d
)

if
u d

=
0

M
d
(~ θ

d c
;~ λ

d
) ∏

r∈
c
L d

(x
(r
,d

);
~ θd c

)
if

u d
=

1
an

d
yv r
∈~

yv −
r

M
d
(~ φ

d c
;~ λ

d
) ∏

r∈
c
L d

(x
(r
,d

);
~ φd c

)
if

u d
=

1
an

d
yv r

=
c+

/∈~
yv −

r

  

T
he

pr
ob

ab
ili

tie
s

th
is

tr
an

si
tio

n
op

er
at

or
ne

ed
s

ca
n

be
ob

ta
in

ed
by

ite
ra

tin
g

ov
er

po
ss

ib
le

va
l-

ue
s

fo
ry

v r,
ca

lc
ul

at
in

g
th

ei
rj

oi
nt

de
ns

iti
es

,a
nd

re
-n

or
m

al
iz

in
g

nu
m

er
ic

al
ly

.T
he

se
op

er
at

io
ns

ca
n

be
im

pl
em

en
te

d
ef

fic
ie

nt
ly

by
m

ai
nt

ai
ni

ng
an

d
in

cr
em

en
ta

lly
m

od
if

yi
ng

a
re

pr
es

en
ta

tio
n

of
C

C
,

up
da

tin
g

su
ffi

ci
en

t
st

at
is

tic
s

an
d

a
jo

in
t

pr
ob

ab
ili

ty
ac

cu
m

ul
at

or
af

te
r

ea
ch

ch
an

ge
(M

an
si

ng
hk

a,
20

07
).

T
he

co
m

pl
ex

ity
of

re
sa

m
pl

in
g

yv r
fo

ra
ll

ro
w

sr
an

d
vi

ew
sv

is
O

(V
RC

D
),

w
he

re
V

is
th

e
nu

m
be

ro
fv

ie
w

s,
R

th
e

nu
m

be
ro

fr
ow

s,
C

th
e

m
ax

im
um

nu
m

be
ro

fc
at

eg
or

ie
s

in
an

y
vi

ew
,a

nd
D

is
th

e
nu

m
be

ro
fd

im
en

si
on

s.

4.
In

te
r-

vi
ew

in
fe

re
nc

e:
up

da
tin

g
th

e
el

em
en

ts
of
~z

vi
a

G
ib

bs
w

ith
au

xi
lia

ry
va

ri
ab

le
s.

Fo
r

ea
ch

di
m

en
si

on
d,

th
is

tr
an

si
tio

n
op

er
at

or
sa

m
pl

es
a

ne
w

vi
ew

as
si

gn
m

en
tz

d
fr

om
its

co
n-

di
tio

na
lp

os
te

ri
or

.
A

s
w

ith
th

e
ca

te
go

ry
in

fe
re

nc
e

ke
rn

el
,t

hi
s

ca
n

be
vi

ew
ed

as
a

va
ri

an
to

f
A

lg
or

ith
m

8
fr

om
(N

ea
l,

19
98

)(
w

ith
m

=
1)

,a
pp

lie
d

to
th

e
“o

ut
er

”
D

ir
ic

hl
et

pr
oc

es
s

m
ix

tu
re

m
od

el
in

C
ro

ss
C

at
.T

hi
s

m
ix

tu
re

ha
s

un
co

lla
ps

ed
,n

on
-c

on
ju

ga
te

co
m

po
ne

nt
m

od
el

s
th

at
ar

e
th

em
se

lv
es

D
ir

ic
hl

et
pr

oc
es

s
m

ix
tu

re
s.

L
et

v+
be

th
e

in
de

x
of

th
e

ne
w

vi
ew

.
T

he
au

xi
lia

ry
va

ri
ab

le
s

ar
e

α v
+

,~y
v+

an
d
{θ

d c
|c
∈~

yv+
}

(i
f

u d
=

1)
.

If
z d
∈~

z−
d
,t

he
n

v+
=

m
ax

(~z
)
+

1,
an

d
th

e
au

xi
lia

ry
va

ri
ab

le
s

ar
e

sa
m

pl
ed

fr
om

th
ei

r
pr

io
rs

.
O

th
er

w
is

e,
v+

=
z d

,a
nd

th
e

au
xi

lia
ry

va
ri

ab
le

s
ar

e
de

te
rm

in
is

tic
al

ly
se

tt
o

th
e

va
lu

es
as

so
ci

at
ed

w
ith

z d
.G

iv
en

va
lu

es
fo

rt
he

se
va

ri
ab

le
s,

th
e

co
nd

iti
on

al
di

st
ri

bu
tio

n
fo

rz
d

ca
n

be
de

riv
ed

as
fo

llo
w

s:

z d
∼

P
(z

d
|α

D
,~ λ

d
,~z
−

d
,α

v+
,{~

yv }
,{
{θ

d c
|c
∈~

yz j
}|

j∈
D
},

X
)

∝
C

R
P(

z d
;
~ z−

d
,α

D
)

∏ c∈
~yz d

(
{

M
L d

(T
d
(~x

c (·,
d)

),
~ λ

d
)

if
u d

=
1

M
d
(~ θ

d c
;~ λ

d
) ∏

r∈
c
L d

(x
(r
,d

);
~ θd c

)
if

u d
=

0

)
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T
hi

s
tr

an
si

tio
n

op
er

at
or

sh
uf

fle
s

in
di

vi
du

al
co

lu
m

ns
be

tw
ee

n
vi

ew
s,

w
ei

gh
in

g
th

ei
r

co
m

pa
t-

ib
ili

ty
w

ith
ea

ch
vi

ew
by

m
ul

tip
ly

in
g

lik
el

ih
oo

ds
fo

r
ea

ch
ca

te
go

ry
.

A
fu

ll
sw

ee
p

th
us

ha
s

tim
e

co
m

pl
ex

ity
O

(D
V

C
R

).
N

ot
e

th
at

if
a

gi
ve

n
va

ri
ab

le
is

a
po

or
fit

fo
r

its
cu

rr
en

tv
ie

w
,i

ts
hy

pe
r-

pa
ra

m
et

er
s

an
d

pa
ra

m
et

er
s

w
ill

be
dr

iv
en

to
re

du
ce

th
e

de
pe

nd
en

ce
of

th
e

lik
el

ih
oo

d
fo

rt
ha

tv
ar

ia
bl

e
on

its
cl

us
te

ri
ng

.T
hi

s
m

ak
es

it
m

or
e

lik
el

y
fo

rr
ow

ca
te

go
ri

za
tio

ns
pr

op
os

ed
fr

om
th

e
pr

io
rt

o
be

ac
ce

pt
ed

.

In
fe

re
nc

e
ov

er
th

e
el

em
en

ts
of
~z

ca
n

al
so

be
do

ne
vi

a
a

m
ix

tu
re

of
a

M
et

ro
po

lis
-H

as
tin

gs
bi

rt
h-

de
at

h
ke

rn
el

to
cr

ea
te

ne
w

vi
ew

s
w

ith
a

st
an

da
rd

G
ib

bs
ke

rn
el

to
re

as
si

gn
di

m
en

si
on

s
am

on
g

pr
e-

ex
is

tin
g

vi
ew

s.
In

ou
r

ex
pe

ri
en

ce
,b

ot
h

tr
an

si
tio

n
op

er
at

or
s

yi
el

d
co

m
pa

ra
bl

e
re

su
lts

on
re

al
-w

or
ld

da
ta

;t
he

G
ib

bs
au

xi
lia

ry
va

ri
ab

le
ke

rn
el

is
pr

es
en

te
d

he
re

fo
rs

im
pl

ic
ity

.

5.
C

om
po

ne
nt

m
od

el
pa

ra
m

et
er

in
fe

re
nc

e:
up

da
tin

g
{~ θ

d c
|u

d
=

1}
.E

ac
h

di
m

en
si

on
or

va
ri

-
ab

le
w

ho
se

co
m

po
ne

nt
m

od
el

s
ar

e
un

co
lla

ps
ed

m
us

t
be

eq
ui

pp
ed

w
ith

a
su

ita
bl

e
er

go
di

c
tr

an
si

tio
n

op
er

at
or

T
th

at
co

nv
er

ge
s

to
th

e
lo

ca
l

pa
ra

m
et

er
po

st
er

io
r

P
(~ θ

d c
|
~ xc (·,

d)
,~ λ

d
).

E
xa

ct
G

ib
bs

sa
m

pl
in

g
is

of
te

n
po

ss
ib

le
w

he
n

L d
an

d
M

d
ar

e
co

nj
ug

at
e.

C
ro

ss
C

at
’s

sc
al

ab
ili

ty
ca

n
be

as
se

ss
ed

by
m

ul
tip

ly
in

g
an

es
tim

at
e

of
ho

w
lo

ng
ea

ch
tr

an
si

tio
n

ta
ke

s
w

ith
an

es
tim

at
e

of
ho

w
m

an
y

tr
an

si
tio

ns
ar

e
ne

ed
ed

to
ge

t
go

od
re

su
lts

.
T

he
ex

pe
ri

m
en

ts
in

th
is

pa
pe

r
us

e
∼

10
-1

00
in

de
pe

nd
en

ts
am

pl
es

.
E

ac
h

sa
m

pl
e

w
as

ba
se

d
on

ru
ns

of
th

e
in

fe
re

nc
e

M
ar

ko
v

ch
ai

n
w

ith
∼

10
0-

1,
00

0
tr

an
si

tio
ns

.T
ak

in
g

th
es

e
nu

m
be

rs
as

ro
ug

h
co

ns
ta

nt
s,

sc
al

ab
ili

ty
is

go
ve

rn
ed

by
th

e
as

ym
pt

ot
ic

or
de

rs
of

gr
ow

th
.L

et
R

be
th

e
nu

m
be

ro
fr

ow
s,

D
th

e
nu

m
be

ro
fd

im
en

-
si

on
s,

V
th

e
m

ax
im

um
nu

m
be

r
of

vi
ew

s
an

d
C

th
e

m
ax

im
um

nu
m

be
r

of
ca

te
go

ri
es

.
T

he
m

em
or

y
ne

ed
ed

to
st

or
e

th
e

la
te

nt
st

at
e

is
th

e
su

m
of

th
e

m
em

or
y

ne
ed

ed
to

st
or

e
th

e
D

hy
pe

r-
pa

ra
m

et
er

s
an

d
vi

ew
as

si
gn

m
en

ts
,

th
e

V
C

pa
ra

m
et

er
s/

su
ffi

ci
en

t
st

at
is

tic
s,

an
d

th
e

V
R

ca
te

go
ry

as
si

gn
m

en
ts

,
or

O
(D

+
V

C
+

V
R

).
A

ss
um

in
g

a
fu

lly
de

ns
e

da
ta

m
at

ri
x,

th
e

lo
op

s
in

th
e

tr
an

si
tio

n
op

er
at

or
de

-
sc

ri
be

d
ab

ov
e

sc
al

e
as

O
(D

C
+

R
D

V
C

+
R

D
V

C
+

D
C

)
=

O
(R

D
V

C
),

w
ith

th
e

R
D

te
rm

ss
ca

lin
g

do
w

n
fo

llo
w

in
g

th
e

da
ta

de
ns

ity
.

T
hi

s
pa

pe
r

sh
ow

s
re

su
lts

fr
om

bo
th

op
en

-s
ou

rc
e

an
d

co
m

m
er

ci
al

im
pl

em
en

ta
tio

ns
on

da
ta

se
ts

of
up

to
∼

10
m

ill
io

n
ce

lls
3 .

B
ec

au
se

th
is

al
go

ri
th

m
is

as
ym

pt
ot

ic
al

ly
lin

ea
r

in
ru

nt
im

e
w

ith
lo

w
m

em
or

y
re

qu
ir

em
en

ts
,

a
nu

m
be

r
of

pe
rf

or
m

an
ce

en
gi

ne
er

in
g

an
d

di
st

ri
bu

te
d

te
ch

ni
qu

es
ca

n
be

ap
pl

ie
d

to
re

ac
h

la
rg

er
sc

al
es

at
lo

w
la

te
nc

ie
s.

Pe
rf

or
m

an
ce

en
gi

ne
er

in
g

de
ta

ils
ar

e
be

yo
nd

th
e

sc
op

e
of

th
is

pa
pe

r.

2.
5

E
xp

lo
ra

tio
n

an
d

Pr
ed

ic
tio

n
U

si
ng

Po
st

er
io

r
Sa

m
pl

es

E
ac

h
ap

pr
ox

im
at

e
po

st
er

io
rs

am
pl

e
pr

ov
id

es
an

es
tim

at
e

of
th

e
fu

ll
jo

in
td

is
tr

ib
ut

io
n

of
th

e
da

ta
.

It
al

so
co

nt
ai

ns
a

ca
nd

id
at

e
la

te
nt

st
ru

ct
ur

e
th

at
ch

ar
ac

te
ri

ze
s

th
e

de
pe

nd
en

ci
es

be
tw

ee
n

va
ri

ab
le

s
an

d
pr

ov
id

es
an

in
de

pe
nd

en
tc

lu
st

er
in

g
of

th
e

ro
w

s
w

ith
re

sp
ec

tt
o

ea
ch

gr
ou

p
of

de
pe

nd
en

tv
ar

ia
bl

es
.

T
hi

s
se

ct
io

n
gi

ve
s

ex
am

pl
es

of
ex

pl
or

at
or

y
an

d
pr

ed
ic

tiv
e

an
al

ys
is

pr
ob

le
m

s
th

at
ca

n
be

so
lv

ed
by

us
in

g
th

es
e

sa
m

pl
es

.
Pr

ed
ic

tio
n

is
ba

se
d

on
ca

lc
ul

at
in

g
or

sa
m

pl
in

g
fr

om
th

e
co

nd
iti

on
al

de
ns

iti
es

im
pl

ie
d

by
ea

ch
sa

m
pl

e
an

d
th

en
ei

th
er

av
er

ag
in

g
or

re
sa

m
pl

in
g

fr
om

th
e

re
su

lts
.

E
xp

lo
ra

to
ry

qu
er

ie
s

ty
pi

ca
lly

in
vo

lv
e

M
on

te
C

ar
lo

es
tim

at
io

n
of

po
st

er
io

r
pr

ob
ab

ili
tie

s
th

at
as

se
ss

st
ru

ct
ur

al

3.
A

va
ri

at
io

n
on

C
ro

ss
C

at
w

as
th

e
ba

si
s

of
V

er
ita

bl
e,

a
ge

ne
ra

l-
pu

rp
os

e
m

ac
hi

ne
le

ar
ni

ng
sy

st
em

bu
ilt

by
N

av
ia

Sy
s-

te
m

s/
Pr

io
r

K
no

w
le

dg
e

In
c.

T
hi

s
im

pl
em

en
ta

tio
n

be
ca

m
e

a
pa

rt
of

Sa
le

sf
or

ce
.c

om
’s

pr
ed

ic
tiv

e
an

al
yt

ic
s

in
fr

as
tr

uc
-

tu
re

.A
tN

av
ia

,C
ro

ss
C

at
w

as
ap

pl
ie

d
to

pr
op

ri
et

ar
y

da
ta

se
ts

fr
om

do
m

ai
ns

su
ch

as
op

er
at

io
ns

m
an

ag
em

en
tf

or
re

ta
il,

cl
in

ic
al

vi
ro

lo
gy

,a
nd

qu
an

tit
at

iv
e

fin
an

ce
.
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C
R

O
S

SC
A

T

properties
of

the
latentvariables

posited
by

C
rossC

atand
the

dependencies
they

im
ply.

E
xam

ples
include

obtaining
a

global
m

ap
of

the
pairw

ise
dependencies

betw
een

variables,
selecting

those
variables

thatare
probably

predictive
of

som
e

target,and
identifying

row
s

thatare
sim

ilar
in

light
ofsom

e
variables

ofinterest.

2.5.1
P

R
E

D
IC

T
IO

N

R
ecallthatC

C
represents

a
m

odelforthe
jointdistribution

over
the

variables
along

w
ith

sufficient
statistics,param

eters,a
partition

ofvariables
into

view
s,and

categorizations
ofthe

row
s

in
the

data
X

.V
ariables

representing
the

latentstructure
associated

w
ith

a
particularposteriorsam

ple
Ĉ

C
s w

ill
allbe

indexed
by

s,e.g.
z sd .

A
lso

letY
+v

representthe
category

assignm
entofa

new
row

in
view

v,
and

let{ti }
and{g

j }
be

the
sets

oftargetvariables
and

given
variables

in
a

given
predictive

query.
To

generate
predictions

by
sam

pling
from

the
conditionaldensity

on
targets

given
the

data,w
e

m
ustsim

ulate
{x̂ti }∼

p
({X

ti }|{X
g

i =
x

g
i }
,X

)

G
iven

a
setofm

odels,thiscan
be

done
in

tw
o

steps.First,from
each

m
odel,sam

ple
a

categorization
from

each
view

conditioned
on

the
values

of
the

given
variables.

Second,sam
ple

values
for

each
targetvariable

by
sim

ulating
from

the
targetvariable’s

com
ponentm

odelforthe
sam

pled
category:

Ĉ
C

s ∼
p(C

C|X
)

c
sv ∼

p(Y
+v
|{X

g
j =

x
g

j |z sg
j =

v})

x̂
sti ∼

p(X
ti |c

szti )
=

∫
L

(xti ; ~θ
tic sv )M

( ~θ
tic sv ; ~λ

ti )d ~θ

T
he

category
kernel

from
the

M
C

M
C

inference
algorithm

can
be

re-used
to

sam
ple

from
c

sv .
A

lso,
sam

pling
from

x̂
sti

can
be

done
directly

given
the

sufficient
statistics

for
data

types
w

hose
likelihood

m
odels

and
param

eterpriors
are

conjugate.In
othercases,either ~θ

w
illbe

represented
as

partofĈ
C

s orsam
pled

on
dem

and.
T

he
sam

e
latentvariables

are
also

usefulforevaluating
the

conditionaldensity
fora

desired
set

ofpredictions:

p({X
ti =

xti }|{X
g

j =
x

g
j },X

)

≈
1N

∑s
p
({X

ti =
xti }|{X

g
j =

x
g

j }
,C

C
=

Ĉ
C

s )

=
1N

∑s ∏v∈~z s ∑c
p
({X

ti =
xti |z sg

j =
v}|Y

+v
=

c)p
(Y

+v
=

c|{X
g

j =
x

g
j |z sg

j =
v})

M
any

problem
s

of
prediction

can
be

reduced
to

sam
pling

from
and/or

calculating
conditional

densities.
E

xam
ples

include
classification,

regression
and

im
putation.

E
ach

can
be

im
plem

ented
by

form
ing

estim
ates{X

∗ti }
of

the
targetvariables.

B
y

default,the
im

plem
entation

from
this

paper
im

plem
entation

uses
the

m
ean

of
the

predictive
to

im
pute

continuous
values.

T
his

is
equivalentto

choosing
the

value
thatm

inim
izes

the
expected

square
loss

underthe
em

piricaldistribution
induced

by
a

setofpredictive
sam

ples.Fordiscrete
values,the

im
plem

entation
usesthe

m
ostprobable

value,
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equivalentto
m

inim
izing

0-1
loss,and

calculates
itby

directly
evaluating

the
conditionaldensity

of
each

possible
value.

T
his

approach
to

prediction
can

also
handle

nonlinear
and/or

stochastic
relationships

w
ithin

the
setof

targetvariables{X
ti }

and
betw

een
the

given
variables{X

g
i }

and
the

targets.
Itis

easy
to

im
plem

entin
term

s
of

the
sam

e
sam

pling
and

probability
calculation

kernels
thatare

necessary
forinference.

T
hisform

ulation
ofprediction

scaleslinearly
in

the
num

berofvariables,categories,and
view

.It
is

also
sub-linearin

the
num

berofvariables
w

hen
dependencies

are
sparse,and

parallelizable
over

the
view

s,the
posterior

sam
ples,and

the
generated

sam
ples

from
the

conditionaldensity.
Future

w
ork

w
ill

explore
the

space
of

tradeoffs
betw

een
accuracy,

latency
and

throughput
that

can
be

achieved
using

this
basic

design.

2.5.2
D

E
T

E
C

T
IN

G
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E
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E
N

D
E

N
C
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B
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T
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E
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N
V
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L
E

S

To
detectdependencies
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groups
of

variables,itis
naturalto

use
a

M
onte

C
arlo

estim
ate

of
the

m
arginalposterior

probability
thata

setof
variables{q

i }
share

the
sam

e
posterior

view
.

U
sing

s
as

a
superscriptto

selectvalues
from

a
specific

sam
ple,w

e
have:

P
r[zq

0
=

zq
1

=
···=

zq
k |X

]≈
1N

∑s
P

r[z sq
0

=
z sq

1
=
···=

z sq
k |Ĉ

C
s ]

=
#({s|z sq

0
=

z sq
1

=
···=

z sq
k }

)

N

T
hese

probabilities
also

characterize
the

m
arginal

dependencies
and

independencies
that

are
ex-

plicitly
represented

by
C

rossC
at.

For
exam

ple,pairw
ise

co-assignm
entin

~z
determ

ines 4
pairw

ise
m

arginalindependence
underthe

generative
m

odel:

X
q

i

�X
q

j ⇐
⇒

zq
i 6=

zq
k

T
he

results
in

this
paper

often
include

the
“z-m

atrix”
of

m
arginal

dependence
probabilities

Z
=

[Z
(i,j) ],w

here
Z

(i,j)
=

1−
P

r[X
i

�X
j |X

].
T

his
m

easure
is

used
prim

arily
forsim

plicity;otherm
ea-

sures
ofthe

presence
orstrength

ofpredictive
relationships

are
possible.

2.5.3
E

S
T

IM
A

T
IN

G
S
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IL

A
R

IT
Y

B
E

T
W

E
E

N
R

O
W

S

E
xploratory

analyses
often

m
ake

use
of“sim

ilarity”
functions

defined
overpairs

ofrow
s.O

ne
use-

fulm
easure

ofsim
ilarity

is
given

by
the

probability
thattw

o
pieces

ofdata
w

ere
generated

from
the

sam
e

statisticalm
odel(Tenenbaum

and
G

riffiths,2001;G
hahram

aniand
H

eller,2006).
C

rossC
at

naturally
induces

a
context-sensitive

sim
ilarity

m
easure

betw
een

row
s

thathas
this

form
:

the
prob-

ability
thattw

o
item

s
com

e
from

the
sam

e
category

in
som

e
context.

H
ere,contexts

are
defined

by
targetvariables,and

com
prise

the
setofview

s
in

w
hich

thatvariable
participates

(w
eighted

by
their

probability).T
his

probability
is

straightforw
ard

to
estim

ate
given

a
collection

ofsam
ples:

4.T
his

paper
defines

independence
in

term
s

of
the

generative
process

and
latentvariables.

Tw
o

variables
in

different
view

sare
explicitly

independent,buttw
o

variablesin
the

sam
e

view
are

coupled
through

the
latentclusterassignm

ent.
T

his
is

clearifthere
are

m
ultiple

clusters.E
ven

ifthere
is

justone
cluster,ifα

v
rem

ains
nonzero

as
N

goes
to

infinity,
then

eventually
there

w
ill

be
m

ore
than

one
cluster.

A
predictive

definition
of

independence
in

term
s

of
nonzero

m
utualinform

ation
w

illdifferin
som

e
cases;a

com
parison

betw
een

these
candidate

m
easures

is
beyond

the
scope

of
this

paper..
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Figure
5:

A
quantitative

assessm
entofthe

convergence
rate

ofC
rossC

atinference
and

the
stability

of
posterior

estim
ates

on
a

real-w
orld

health
econom

ics
dataset.

(a)
show

s
the

evolution
of

sim
ple

M
onte

C
arlo

estim
ates

of
the

probability
of

dependence
of

three
pairs

of
variables,m

ade
from

independentchains
initialized

from
the

prior,as
a

function
of

the
num

ber
of

iterations
of

inference.
T

hick
error

bars
show

the
standard

deviation
of

estim
ates

across
50

repetitions,
each

w
ith

20
sam

ples;
thin

lines
show

the
standard

deviation
of

estim
ates

from
40

sam
ples.

E
stim

ates
stabilize

after∼
100

iterations.
(b)

show
s

the
num

ber
of

view
s

for50
ofthe

sam
e

M
arkov

chain
runs.A

fter∼
100

iterations,states
w

ith
4,5

or6
view

s
dom

inate
the

sam
ple,and

chains
stillcan

sw
itch

into
and

outofthis
region

after700
iterations.

by
the

categorization
in

its
currentview

.C
onditioned

on
such

a
categorization,the

posterioron
the

hyper-param
eterw

illfavorincreasing
the

expected
noisiness

ofthe
clusters,to

betteraccom
m

odate
the

data.
O

nce
the

hyper-param
eter

enters
this

regim
e,

the
m

odel
becom

es
less

sensitive
to

the
specific

clustering
used

to
explain

this
dim

ension.T
his

therefore
also

increases
the

probability
that

the
dim

ension
w

ill
be

reassigned
to

any
other

pre-existing
view

.
It

also
increases

the
acceptance

probability
for

proposals
thatcreate

a
new

view
w

ith
a

random
categorization.

O
nce

a
satisfactory

categorization
is

found,how
ever,the

B
ayesian

O
ccam

’s
R

azorfavors
reducing

the
expected

entropy
ofthe

clusters.Sim
ilardynam

ics
w

ere
described

in
(M

ansinghka,K
ulkarni,Perov,and

Tenenbaum
,

2013);a
detailed

study
is

beyond
the

scope
ofthis

paper.
T

he
third

sim
ulation,show

n
in

Figure
7,illustrates

C
rossC

at’s
behavior

on
datasets

w
ith

low
-

dim
ensional

signals
am

idst
high-dim

ensional
random

noise.
In

each
case,

C
rossC

at
rapidly

and
confidently

detects
the

independence
betw

een
the

“distractor”
dim

ensions,i.e.
itdoes

notover-fit.
A

lso,w
hen

the
signalis

strong
or

there
are

few
distractors,C

rossC
atconfidently

detects
the

true
predictive

relationships.A
s

the
signals

becom
e

w
eaker,C

rossC
at’s

confidence
decreases,and

varia-
tion

increases.T
hese

exam
ples

qualitatively
supportthe

use
ofC

rossC
at’s

estim
ates

ofdependence
probabilitiesasindicatorsofthe

presence
orabsence

ofpredictive
relationships.A

quantitative
char-

acterization
ofC

rossC
at’s

sensitivity
and

specificity,as
a

function
ofboth

sam
ple

size
and

strength
ofdependence,is

beyond
the

scope
ofthis

paper.
M

any
data

analysis
problem

s
require

sifting
through

a
large

poolof
candidate

variables
in

set-
tings

w
here

only
a

sm
all

fraction
are

relevant
for

any
given

prediction.
T

he
fourth

experim
ent,

show
n

in
Figure

7,illustrates
C

rossC
at’s

behaviorin
this

setting.T
he

testdatasets
contain

10
“sig-

nal”
dim

ensions
generated

from
a

5-com
ponentm

ixture
m

odel,plus
10-1,000

“distractor”
dim

en-
sions

generated
by

an
independent3-com

ponentm
ixture

thatclusters
the

data
differently.

A
s

the
num

ber
of

distractors
increases,the

likelihood
becom

es
dom

inated
by

the
distractors.

T
he

experi-
m

entcom
pares

im
putation

accuracy
for

severalm
ethods

—
C

rossC
at;m

ixture
m

odeling;colum
n-

w
ise

averaging;im
putation

by
random

ly
chosen

values;and
a

popularm
odel-free

im
putation

tech-
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6:

D
etected

dependencies
given

tw
o

correlated
signalvariables

and
m

ultiple
independent

dis-
tractors.

T
his

experim
entillustrates

C
rossC

at’s
sensitivity

and
specificity

to
pairw

ise
relationships

on
m

ul-
tivariate

G
aussian

datasets
w

ith
100

row
s.

In
each

dataset,tw
o

pairs
of

variables
have

nonzero
correlation

ρ.
T

he
rem

aining
D
−

4
dim

ensions
are

uncorrelated
distractors.

E
ach

row
show

s
the

inferred
dependencies

betw
een

20
random

ly
sam

pled
pairs

ofdistractors
(blue)and

the
tw

o
pairs

ofsignalvariables
(red).See

m
ain

textforfurtherdiscussion.
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Figure
8:

D
ependencies

betw
een

variables
the

D
artm

outh
A

tlas
data

aggregated
by

hospitalreferral
region.T

his
figure

show
s

the
z-m

atrix
Z

=
[Z

( i,j)]ofpairw
ise

dependence
probabilities,w

here
darkergreen

represents
higher

probability.
R

ow
s

and
colum

ns
are

sorted
by

hierarchicalclustering
and

severalportions
of

the
m

atrix
have

been
labeled.

T
he

isolation
of

[A
]

indicates
that

the
quality

score
variables

are
alm

ost
certainly

m
utually

dependent
but

independent
of

the
variables

describing
capacity

and
cost

structure.
[B

]
contains

three
distinctbutdependentm

easures
ofhospice

costand
capacity:the

percentofdeaths
in

hospice,
the

num
ber

of
hospice

days
per

decedent,and
the

totalM
edicare

spending
on

hospice
usage.

[C
]

contains
spending

on
hom

e
health

aides,equipm
ent,and

am
bulance

care.
[D

]
show

s
dependencies

betw
een

hospital
stays,surgeries

and
in-hospitaldeaths.

[E
]

contains
variables

characterizing
intensive

care,including
som

e
thatprobably

interactw
ith

surgery,and
others

thatinteractw
ith

generalspending
m

etrics
[F],such

as
usage

ofdoctors’tim
e

and
totalfulltim

e
equivalency

(FT
E

)head
count.
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arginal

probability
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reporting
regions

corresponding
to

the
row

and
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n
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from

the
sam
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category

in
the

view
.

T
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block
structure

in
this
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atrix

reflects
regionalvariation

in
IC
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and
in

othervariables
thatare

probably
predictive
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include
m

easures
ofhospitaland

intensive
care

capacity
and

usage.
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Figure
12:

A
com

parison
of

im
putation

accuracy
under

random
censoring.

T
he

error
(y

axis)
as

a
function

ofthe
fraction

ofm
issing

values
(x

axis)is
m

easured
on

a
scale

thathas
been

norm
alized

by
colum

n-
w

ise
variance,so

thathigh-variance
variables

do
notdom

inate
the

com
parison.

C
rossC

atis
m

ore
accurate

than
baselines

such
as

colum
n-w

ise
averaging,im

putation
using

a
random

ly
chosen

observation,a
state-of-

the-artvariantofk-nearest-neighbors,and
D

irichletprocess
m

ixtures
ofG

aussians.A
lso

note
the

collapse
of

m
ixture

m
odeling

to
colum

n-w
ise

averaging
w

hen
the

fraction
ofm

issing
values

grow
s

sufficiently
large.
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M
A

N
S

IN
G

K
H

A
E

T
A

L.

3.2
C

lassifying
Im

agesofH
andw

ritten
D

igits

T
he

M
N

IST
collection

of
handw

ritten
digitim

ages
(L

eC
un

and
C

ortes,2011)
can

be
used

to
ex-

plore
C

rossC
at’s

applicability
to

high-dim
ensional

prediction
problem

s
from

pattern
recognition.

Figure
13a

show
s

exam
ple

digits.Forallexperim
ents,each

im
age

w
as

dow
nsam

pled
to

16x16
pix-

els
and

represented
as

a
256-dim

ensionalbinary
vector.T

he
digitlabelw

as
treated

as
an

additional
categoricalvariable,observed

for
training

exam
ples

and
treated

as
m

issing
for

testing.
Figure

13b
show

s
the

inferred
dependence

probabilities
am

ong
pixels

and
betw

een
the

digitlabeland
the

pix-
els.

T
he

pixels
thatare

identified
as

independentof
the

digitclass
labellie

on
the

boundary
of

the
im

age,as
show

n
in

Figure
13c.

A
set

of
approxim

ate
posterior

sam
ples

from
C

rossC
at

can
be

used
to

com
plete

partially
ob-

served
im

ages
by

sam
pling

predictions
for

arbitrary
subsets

of
pixels.

Figure
14

illustrates
this:

each
panel

show
s

the
data,

m
arginal

predictive
im

ages,
and

predicted
im

age
com

pletions,
for

10
im

ages
from

the
dataset,one

per
digit.

W
ith

no
data,all10

predictive
distributions

are
equivalent,

butas
additionalpixels

are
observed,the

predictions
form

ostim
ages

concentrate
on

representations
of

the
correctdigit.

Som
e

digits
rem

ain
am

biguous
w

hen∼
30%

of
the

pixels
have

been
observed.

T
he

predictive
distributions

begin
as

highly
m

ulti-m
odaldistributions

w
hen

there
is

little
to

no
data,

butconcentrate
on

roughly
unim

odaldistributions
given

sufficiently
m

any
features.

T
he

predictive
distribution

can
also

be
used

to
infer

the
m

ost
probable

digit,
i.e.

solve
the

standard
M

N
IST

m
ulti-class

classification
problem

.
Figure

15
show

s
R

O
C

curves
for

C
rossC

at
on

this
problem

.
E

ach
panel

show
s

the
tradeoff

betw
een

true
and

false
positives

for
each

digit,
aggregated

from
the

overall
perform

ance
on

the
underlying

m
ulti-class

problem
.

T
he

figure
also

includes
R

O
C

curves
for

Support
V

ector
M

achines
w

ith
linear

and
G

aussian
kernels.

For
these

m
ethods,the

standard
one-vs-allapproach

w
as

used
to

reduce
the

m
ulti-class

problem
into

a
setof

binary
classification

problem
s.

T
he

regularization
and

kernelbandw
idth

param
eters

for
the

SV
M

s
w

ere
setvia

cross-validation
using

10%
of

the
training

data.
10

posterior
sam

ples
from

C
rossC

at
w

ere
used,each

obtained
after1,000

iterations
ofinference

from
a

random
initialization.C

rossC
at

w
as

m
ore

accurate
than

the
linear

discrim
inative

technique;
this

is
expected,as

C
rossC

atinduces
a

nonlinear
decision

boundary
even

if
classifying

based
on

a
single

posterior
sam

ple.
O

verall,the
10-sam

ple
m

odelused
here

m
ade

less
accurate

predictions
than

the
G

aussian
SV

M
baseline.A

lso,
in

anecdotalruns
thatw

ere
scored

by
overall0-1

loss
rather

than
per-digitaccuracy,perform

ance
w

as
sim

ilarly
m

ixed,and
less

favorable
forC

rossC
at.H

ow
ever,the

size
ofthe

kernelm
atrix

forthe
G

aussian
SV

M
scales

quadratically,w
hile

C
rossC

atscales
linearly.

A
s

a
classifier,C

rossC
atthus

offers
differenttradeoffs

betw
een

accuracy,am
ountof

training
data,test-tim

e
parallelism

(via
the

num
berofindependentsam

ples),and
latency

than
standard

techniques.
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xe
l.

T
he

10
re

m
ai

ni
ng
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lu

m
ns

sh
ow
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de

pe
nd

en
ts

am
pl

ed
pr

ed
ic

tio
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.I
n

th
e

le
ft

m
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,w
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da
ta
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10
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.

T
he

pr
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d

6)
af
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r

18
%

of
th

e
di
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ts

ha
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be
en

ob
se

rv
ed

.T
he

m
ar

gi
na

li
m

ag
es

fo
r1

,7
,a

nd
9

be
co

m
e

re
so

lv
ab

le
to

a
si

ng
le

pr
ot

ot
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al

ex
am

pl
e

af
te

r1
0%

of
th

e
25

6
pi

xe
ls

ha
ve
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en
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ed

.O
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m
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n
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ou
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Figure
15:

C
lassification

accuracy
on

handw
ritten

digits
from

M
N

IST.E
ach

panelshow
s

the
true

posi-
tive/false

positive
tradeoffcurves

forclassifying
each

digitfrom
0

through
9.D

igitim
ages

w
ere

represented
as

binary
vectors,

w
ith

one
dim

ension
per

pixel.
A

s
w

ith
the

im
age

com
pletion

exam
ple

from
Figure

14,
C

rossC
atw

as
applied

directly
to

this
data,w

ith
the

digitlabelappended
as

a
categoricalvariable;no

w
eight-

ing
or

tuning
for

the
supervised

setting
w

as
done.

Support
vector

m
achines

(SV
M

s)
w

ith
both

linear
and

G
aussian

kernels
are

provided
as

baselines.
R

egularization
and

kernel
bandw

idth
param

eters
w

ere
chosen

via
cross-validation

on
10%

ofthe
training

data,w
ith

m
ultiple

classes
treaded

via
a

one-versus-allreduction.
See

the
m

ain
textforfurtherdiscussion.
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N
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3.3
Voting

R
ecordsfor

the
111th

Senate

Voters
are

often
m

em
bers

of
m

ultiple
issue-dependentcoalitions.

For
exam

ple,U
S

senators
som

e-
tim

es
vote

according
to

party
lines,and

atothertim
es

vote
according

to
regionalinterests.B

ecause
this

com
m

on-sense
structure

is
typicalfor

the
C

rossC
atprior,voting

records
are

an
im

portanttest
case.T

his
setofexperim

ents
describes

the
results

ofa
C

rossC
atanalysis

ofthe
397

votes
held

by
the

111th
Senate

during
the

2009-2010
session.

In
this

dataset,each
colum

n
is

a
vote

or
bill,and

each
row

is
a

senator.
Figure

16
show

s
the

raw
voting

data,w
ith

severalvotes
and

senators
highlighted.

T
here

are
106

senators;
this

is
senators

is
larger

than
the

size
of

the
senate

by
6,

due
to

deaths,
replacem

entappointm
ents,party

sw
itches,and

specialelections.
W

hen
a

senator
did

notvote
on

a
given

issue,thatdatum
is

treated
as

m
issing.

Figure
16

also
includes

tw
o

posterior
sam

ples,one
thatreflects

partisan
alignm

entand
anotherthatposits

a
higher-resolution

m
odelforthe

votes.
T

his
kind

of
structure

is
also

apparentin
estim

ates
thataggregate

across
sam

ples.
D

ependence
probabilities

betw
een

votes
are

show
n

in
Figure

17.
T

he
visible

independencies
betw

een
blocks

are
com

patible
w

ith
a

com
m

on-sense
understanding

of
U

S
politics.

T
he

tw
o

votes
in

orange
are

partisan
issues.

T
he

tw
o

votes
in

green
have

broad
bipartisan

support.
T

he
vote

in
yellow

aim
ed

at
rem

oving
an

energy
subsidy

for
ruralareas,an

issue
thatcross-cuts

party
lines.

T
he

vote
in

purple
stipulates

that
the

D
epartm

ent
of

H
om

eland
Security

m
ust

spend
its

funding
through

com
petitive

processes,w
ith

an
exception

for
sm

allbusinesses
and

w
om

en
or

m
inority-ow

ned
businesses.

T
his

issue
subdivides

the
republican

party,isolating
m

any
of

the
m

ostfiscally
conservative.

Sim
ilarity

m
atrices

for
the

senators
w

ith
respectto

S.160
(orange)

and
an

am
endm

entto
H

.R
.2997

(yellow
)

are
show

n
in

Figure
18,w

ith
the

senators
w

hose
sim

ilarity
values

changed
the

m
ostbetw

een
these

tw
o

bills
highlighted

in
grey.

Itis
instructive

to
com

pare
the

latentstructure
and

predictions
inferred

by
C

rossC
atw

ith
struc-

tures
and

predictions
from

other
learning

techniques.
A

s
an

individual
voting

record
can

be
de-

scribed
by

397
binary

variables
and

the
m

issing
values

are
negligible,B

ayesian
netw

ork
structure

learning
is

a
suitable

benchm
ark.

Figure
19a

show
s

the
bestB

ayesian
netw

ork
structure

found
by

structure
learning

using
the

search-and-score
m

ethod
im

plem
ented

in
the

B
ayes

N
et

Toolbox
for

M
A

T
L

A
B

(M
urphy,2001).

T
his

search
is

based
on

localm
oves

sim
ilar

to
the

transition
operators

from
G

iudiciand
G

reen
(1999).

T
he

highestscoring
graphs

after500
iterations

contained
betw

een
143

and
193

links.
Figure

19b
show

s
the

m
arginal

dependencies
betw

een
votes

induced
by

this
B

ayesian
netw

ork;these
are

sparserthan
those

from
C

rossC
at.Figure

19c
show

s
the

m
ean

absolute
errors

forthis
B

ayes
netand

forC
rossC

aton
a

predictive
testw

here
25%

ofthe
votes

w
ere

held
out

and
predicted

for
senators

in
the

testset.
B

ayes
netC

PT
s

w
ere

estim
ated

using
a

sym
m

etric
B

eta-
B

ernoulli
m

odel
w

ith
hyper-param

eter
α

=
1.

C
rossC

at
predictions

w
ere

based
on

four
sam

ples,
each

obtained
after

250
iterations

of
inference.

C
om

pared
to

B
ayesian

netw
ork

structure
learning,

C
rossC

atm
akes

m
ore

accurate
predictions

and
also

finds
m

ore
intuitive

latentstructures.
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Figure
18:

C
ontext-sensitive

sim
ilarity

m
easures

for
senators

w
ith

respect
to

partisan
and

special-
interest

issues.
T

he
left

m
atrix

show
s

senator
sim

ilarity
for

S.
181,

the
L

illy
L

edbetter
Fair

Pay
A

ct
of

2009,a
billw

hose
senator

clusters
tend

to
respectparty

lines.
T

he
rightm

atrix
is

for
H

.R
.2997,a

billde-
signed

to
rem

ove
a

subsidy
for

energy
generation

system
s

in
ruralareas.

T
he

grey
senators

are
those

w
hose

sim
ilarities

changed
the

m
ostbetw

een
these

tw
o

bills.

(a)
(b)

(c)
C

ro
s
s
C

a
t

B
N

T
0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

Mean Absolute Error

C
rossC

at
B

ayes N
et

Mean Absolute Error 0.6
0.5

0.4

0.3

0.2

0.1

0.0

Figure
19:C

om
parison

oflatentstructuresand
predictiveaccuracy

forC
rossC

atand
B

ayesian
netw

ork
structure

learning.(a)T
he

B
ayesian

netw
ork

structure
found

by
structure

learning;each
node

is
a

vote,and
edge

indicates
a

conditionaldependence.
(b)

T
he

sparse
m

arginaldependencies
induced

by
this

B
ayes

net.
(c)

A
com

parison
of

the
predictive

accuracy
of

C
rossC

atand
B

ayesian
netw

orks.
See

m
ain

textfor
details

and
discussion.
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3.4
H

igh-D
im

ensionalG
ene

E
xpression

D
ata

H
igh-throughput

m
easurem

ent
techniques

in
m

odern
biology

generate
datasets

of
unusually

high
dim

ension.
T

he
num

ber
of

variables
typically

is
far

greater
than

the
sam

ple
size.

For
exam

ple,
m

icroarrays
can

be
used

to
assess

the
expression

levels
of

10,000
to

100,000
probe

sequences,
butdue

to
the

costof
clinicaldata

acquisition,typicaldatasets
m

ay
have

justtens
or

hundreds
of

tissue
sam

ples.
E

xploration
and

analysis
of

this
data

can
be

both
statistically

and
com

putationally
challenging.

Individualsam
ples

from
C

rossC
atcan

aid
exploration

ofthis
kind

ofdata.Figure
20

show
s

one
typicalsam

ple
obtained

from
the

data
in

R
aponietal.(2009).T

he
datasethad∼

1
m

illion
cells,w

ith
10,000

probes
(colum

ns)and
100

tissue
sam

ples
(row

s).T
his

sam
ple

has
m

ultiple
visually

coherent
view

s
w

ith
∼

50
genes,each

reflecting
a

particular
low

-dim
ensionalpattern.

Som
e

of
these

view
s

divide
the

row
s

into
clusters

w
ith

“low
”,“m

edium
”

or“high”
expression

levels;others
reflectm

ore
com

plex
patterns.

T
he

co-assignm
entofm

any
probes

to
a

single
view

could
indicate

the
existence

ofa
latentco-regulating

m
echanism

.T
he

structure
in

a
single

sam
ple

could
thus

potentially
inform

pathw
ay

searches
and

help
generate

testable
hypotheses.

Posterior
estim

ates
from

C
rossC

at
can

also
facilitate

exploration.
C

rossC
at

w
as

applied
to

estim
ate

dependence
probabilities

for
a

subset
of

the
arthritis

dataset
from

(B
ienkow

ska,
D

al-
gin,

B
atliw

alla,
A

llaire,
R

oubenoff,
G

regersen,
and

C
arulli,

2009)
(N

C
B

I
G

E
O

accession
num

-
ber

G
SE

15258).
T

his
dataset

contains
expression

levels
for∼

55,000
probes,

each
m

easured
for

87
patients.

Italso
contains

standard
m

easures
of

initialand
finaldisease

levels
and

a
categorical

“response”
variable

w
ith

3
classes.C

rossC
atw

as
applied

to
subsets

w
ith

1,000
and

5,000
colum

ns.
Figure

20
show

s
the

100
variables

m
ost

probably
predictive

of
a

3-class
treatm

ent
response

variable.
T

he
dependence

probabilities
w

ith
response

(outlined
in

red)
are

alllow
,i.e.

according
to

C
rossC

at,there
is

little
evidence

in
favor

of
the

existence
of

any
prognostic

biom
arker.

A
tfirst

glance
this

m
ay

seem
to

contradict
(B

ienkow
ska

et
al.,2009),w

hich
reports

8-gene
and

24-gene
biom

arkers
w

ith
prognostic

accuracies
of83%

-91%
.H

ow
ever,the

testsetfrom
(B

ienkow
ska

etal.,
2009)

has
11

out-of-sam
ple

patients,
9

of
w

hom
are

responders.
Predicting

according
to

class
m

arginalprobabilities
w

ould
yield

com
patible

accuracy.T
he

finaldisease
activation

level,outlined
in

blue,does
appearw

ithin
the

selected
setofvariables.C

rossC
atinfers

thatitprobably
depends

on
m

any
othergene

expression
levels;these

genes
could

potentially
reflectthe

progression
ofarthritis

in
physiologically

orclinically
usefulw

ays.
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Figure
21:

U
S

state-levelunem
ploym

ent
data

aligned
w

ith
officialbusiness

cycle
peaks

and
troughs.

(top)
U

nem
ploym

ent
rates

for
five

states
from

1976
to

2009,
colored

according
to

one
posterior

sam
ple.

(m
iddle)

T
he

national
unem

ploym
ent

rate
and

business
cycle

peaks
and

troughs
during

the
sam

e
period.

B
usiness

cycle
peaks

and
troughs

are
identified

using
m

ultiple
m

acroeconom
ic

signals;
see

m
ain

text
for

details.
U

nem
ploym

entgrow
s

during
recessions

(intervals
bounded

on
the

leftby
black

and
on

the
rightby

red)
and

shrinks
during

periods
of

grow
th

(intervals
bounded

on
the

leftby
red

and
on

the
rightby

black).
(bottom

)R
ealU

S
gross

dom
estic

product(G
D

P)sim
ilarly

decreases
orstays

constantduring
recessions

and
increases

during
periods

of
grow

th.
V

iew
boundaries

from
the

C
rossC

atsam
ple

pick
outthe

business
cycle

turning
points

around
1980,1990

and
2001.

(a)

(b)

Figure
22:

T
he

tem
poralstructure

in
a

single
posterior

sam
ple.

(a)
T

he
com

plete
state-level

m
onthly

em
ploym

ent
rate

dataset,
sorted

according
to

one
posterior

sam
ple.

T
his

sam
ple

divides
the

m
onths

into
5

tim
e

periods,
each

inducing
a

different
clustering

of
the

states.
(b)

T
he

frequency
of

years
and

quarters
for

each
view

show
s

thateach
view

reflects
tem

poralcontiguity:
each

view
either

corresponds
to

a
single,

tem
porally

contiguous
intervalor

to
the

union
of

tw
o

such
intervals.

T
his

tem
poralstructure

is
notgiven

to
C

rossC
at,butratherinferred

from
patterns

ofunem
ploym

entacross
clusters

ofstates.
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40Figure
23:

D
ependence

probabilities
betw

een
m

onthly
unem

ploym
ent

rates.
U

nem
ploym

ent
rates

are
sorted

by
date,beginning

w
ith

1976
in

the
bottom

leftcorner,w
ith

businesscycle
peaksand

troughsidentified
by

the
N

B
E

R
in

black
and

red.
T

he
beginnings

of
three

m
ajor

recessions
—

in
the

early
1980s,1990s,and

late
2001

—
are

identified
by

breaks
in

dependence
probability:unem

ploym
entrates

are
dependentw

ith
high

probability
w

ithin
these

periods,and
independentof

rates
from

the
previous

period.
See

m
ain

textfor
m

ore
discussion.
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et
ri

c
m

ix
tu

re
m

od
el

in
g:

α
=

0
=
⇒

#(
un

iq
ue

(~z
))

=
1

If
th

e
co

ns
tr

ai
nt

so
n

ca
te

go
ri

za
tio

ns
ar

e
re

la
xe

d,
bu

tt
he

ou
te

rC
R

P
is

st
ill

co
ns

tr
ai

ne
d

to
ge

ne
r-

at
e

a
si

ng
le

vi
ew

,t
he

n
C

ro
ss

C
at

re
co

ve
rs

a
st

an
da

rd
no

np
ar

am
et

ri
c

B
ay

es
ia

n
m

ix
tu

re
m

od
el

.
T

he
cu

rr
en

t
fo

rm
ul

at
io

n
of

C
ro

ss
C

at
ad

di
tio

na
lly

en
fo

rc
es

in
de

pe
nd

en
ce

be
tw

ee
n

fe
at

ur
es

.
T

hi
s

as
su

m
pt

io
n

is
st

an
da

rd
fo

r
m

ix
tu

re
s

ov
er

hi
gh

-d
im

en
si

on
al

di
sc

re
te

da
ta

.
M

ix
tu

re
s

of
hi

gh
-d

im
en

si
on

al
co

nt
in

uo
us

di
st

ri
bu

tio
ns

so
m

et
im

es
su

pp
or

td
ep

en
de

nc
e

be
tw

ee
n

va
ri

ab
le

s
w

ith
in

ea
ch

co
m

po
ne

nt
,r

at
he

rt
ha

n
m

od
el

al
ld

ep
en

de
nc

e
us

in
g

th
e

la
te

nt
co

m
po

ne
nt

as
si

gn
-

m
en

ts
.I

tw
ou

ld
be

ea
sy

an
d

na
tu

ra
lt

o
re

la
x

C
ro

ss
C

at
to

su
pp

or
tt

he
se

co
m

po
ne

nt
m

od
el

s
an

d
to

re
vi

se
th

e
ca

lc
ul

at
io

ns
of

m
ar

gi
na

ld
ep

en
de

nc
e

ac
co

rd
in

gl
y.
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3.
In

de
pe

nd
en

tu
ni

va
ri

at
e

m
ix

tu
re

s:
α

=
∞

=
⇒

#(
un

iq
ue

(~z
))

=
D

T
he

ou
te

rC
R

P
ca

n
be

fo
rc

ed
to

as
si

gn
ea

ch
va

ri
ab

le
to

a
se

pa
ra

te
vi

ew
by

se
tti

ng
its

co
nc

en
-

tr
at

io
n

pa
ra

m
et

er
α

to
∞

.
W

ith
th

is
se

tti
ng

,e
ac

h
cu

st
om

er
(v

ar
ia

bl
e)

w
ill

ch
oo

se
a

ne
w

ta
bl

e
(v

ie
w

)
w

ith
pr

ob
ab

ili
ty

1.
In

th
is

co
nfi

gu
ra

tio
n,

C
ro

ss
C

at
re

du
ce

s
to

a
se

t
of

in
de

pe
nd

en
t

D
ir

ic
hl

et
pr

oc
es

s
m

ix
tu

re
m

od
el

s,
on

e
pe

r
va

ri
ab

le
.

A
co

m
pl

ex
da

ta
se

t
w

ith
ab

so
lu

te
ly

no
de

pe
nd

en
ci

es
be

tw
ee

n
va

ri
ab

le
s

ca
n

in
du

ce
a

C
ro

ss
C

at
po

st
er

io
r

th
at

co
nc

en
tr

at
es

ne
ar

th
is

su
bs

pa
ce

.

4.
C

lu
st

er
in

g
w

ith
un

su
pe

rv
is

ed
fe

at
ur

e
se

le
ct

io
n:

#(
un

iq
ue

(~z
))

=
2,

w
ith

α 0
>

0
bu

tα
1

=
0

A
st

an
da

rd
m

ix
tu

re
m

us
tm

od
el

no
is

y
or

in
de

pe
nd

en
tv

ar
ia

bl
es

us
in

g
th

e
sa

m
e

cl
us

te
ra

ss
ig

n-
m

en
ts

as
th

e
va

ri
ab

le
s

th
at

su
pp

or
tt

he
cl

us
te

ri
ng

.I
tc

an
th

er
ef

or
e

be
us

ef
ul

to
in

te
gr

at
e

m
ix

-
tu

re
m

od
el

in
g

w
ith

fe
at

ur
e

se
le

ct
io

n,
by

pe
rm

itt
in

g
in

fe
re

nc
e

to
se

le
ct

va
ri

ab
le

s
th

at
sh

ou
ld

be
m

od
el

ed
in

de
pe

nd
en

tly
.

T
he

“i
rr

el
ev

an
t”

fe
at

ur
es

ca
n

be
m

od
el

ed
in

m
ul

tip
le

w
ay

s;
on

e
na

tu
ra

la
pp

ro
ac

h
is

to
us

e
a

si
ng

le
pa

ra
m

et
ri

c
m

od
el

th
at

ca
n

in
de

pe
nd

en
tly

ad
ju

st
th

e
en

tr
op

y
of

its
m

od
el

fo
re

ac
h

di
m

en
si

on
.C

ro
ss

C
at

co
nt

ai
ns

th
is

ex
te

ns
io

n
to

m
ix

tu
re

s
as

a
su

bs
pa

ce
.

T
he

em
pi

ri
ca

lr
es

ul
ts

su
gg

es
tt

ha
tC

ro
ss

C
at

’s
fle

xi
bi

lit
y

in
pr

in
ci

pl
e

m
an

if
es

ts
in

pr
ac

tic
e.

T
he

ex
pe

ri
m

en
ts

sh
ow

th
at

ca
n

ef
fe

ct
iv

el
y

em
ul

at
e

m
an

y
qu

al
ita

tiv
el

y
di

ff
er

en
t

da
ta

ge
ne

ra
tin

g
pr

o-
ce

ss
es

,i
nc

lu
di

ng
pr

oc
es

se
s

w
ith

va
ry

in
g

de
gr

ee
s

of
de

te
rm

in
is

m
an

d
di

ve
rs

e
de

pe
nd

en
ce

st
ru

ct
ur

es
.

H
ow

ev
er

,i
t

w
ill

st
ill

be
im

po
rt

an
tt

o
qu

an
tit

at
iv

el
y

ch
ar

ac
te

ri
ze

C
ro

ss
C

at
’s

ac
cu

ra
cy

as
a

de
ns

ity
es

tim
at

or
.

A
cc

ur
ac

y
as

se
ss

m
en

ts
w

ill
be

di
ffi

cu
lt

fo
rt

w
o

m
ai

n
re

as
on

s.
Fi

rs
t,

it
is

no
tc

le
ar

ho
w

to
de

fin
e

a
sp

ac
e

of
da

ta
ge

ne
ra

to
rs

th
at

sp
an

s
a

su
ffi

ci
en

tly
br

oa
d

cl
as

s
of

ap
pl

ie
d

st
at

is
tic

s
pr

ob
le

m
s.

C
ro

ss
-

C
at

its
el

f
co

ul
d

be
us

ed
as

a
st

ar
tin

g
po

in
t,

bu
tk

ey
st

at
is

tic
al

pr
op

er
tie

s
su

ch
as

th
e

m
ar

gi
na

la
nd

co
nd

iti
on

al
en

tr
op

ie
s

of
gr

ou
ps

of
va

ri
ab

le
s

ar
e

on
ly

im
pl

ic
itl

y
co

nt
ro

lla
bl

e.
Se

co
nd

,i
ti

s
no

tc
le

ar
ho

w
to

m
ea

su
re

th
e

qu
al

ity
of

an
em

ul
at

or
fo

rt
he

fu
ll

jo
in

td
is

tr
ib

ut
io

n.
M

et
ri

cs
fr

om
co

lla
bo

ra
tiv

e
fil

te
ri

ng
an

d
im

pu
ta

tio
n,

su
ch

as
th

e
m

ea
n

sq
ua

re
d

er
ro

ro
n

ra
nd

om
ly

ce
ns

or
ed

ce
lls

,d
o

no
ta

cc
ou

nt
fo

r
pr

ed
ic

tiv
e

un
ce

rt
ai

nt
y.

A
ls

o,
th

e
ac

cu
ra

cy
of

es
tim

at
es

of
jo

in
t

di
st

ri
bu

tio
ns

an
d

co
nd

iti
on

al
di

st
ri

bu
tio

ns
ca

n
di

ve
rg

e.
T

hu
s

th
e

na
tu

ra
lm

et
ri

c
ch

oi
ce

of
K

L
di

ve
rg

en
ce

be
tw

ee
n

th
e

em
ul

at
ed

an
d

tr
ue

jo
in

t
di

st
ri

bu
tio

ns
m

ay
be

m
is

le
ad

in
g

in
ap

pl
ic

at
io

ns
w

he
re

C
ro

ss
C

at
is

us
ed

to
re

sp
on

d
to

a
st

re
am

of
qu

er
ie

s
of

di
ff

er
en

ts
tr

uc
tu

re
s.

B
ec

au
se

th
er

e
ar

e
ex

po
ne

nt
ia

lly
m

an
y

po
ss

ib
le

qu
er

y
st

ru
ct

ur
es

,r
an

do
m

sa
m

pl
in

g
w

ill
m

os
tl

ik
el

y
be

ne
ed

ed
.

M
od

el
in

g
th

e
lik

el
y

qu
er

y
se

qu
en

ce
s

or
w

ei
gh

tin
g

qu
er

ie
s

ba
se

d
on

th
ei

ri
m

po
rt

an
ce

se
em

s
ul

tim
at

el
y

ne
ce

ss
ar

y
bu

td
iffi

cu
lt.

In
ad

di
tio

n
to

th
es

e
qu

es
tio

ns
,C

ro
ss

C
at

ha
s

se
ve

ra
lk

no
w

n
lim

ita
tio

ns
th

at
co

ul
d

be
ad

dr
es

se
d

by
ad

di
tio

na
lr

es
ea

rc
h:

1.
R

ea
l-

w
or

ld
da

ta
se

ts
m

ay
co

nt
ai

n
ty

pe
s

an
d/

or
sh

ap
es

of
da

ta
th

at
C

ro
ss

C
at

ca
n

on
ly

ha
nd

le
by

tr
an

sf
or

m
at

io
n.

Fi
rs

t,
se

ve
ra

l
co

m
m

on
da

ta
ty

pe
s

ar
e

po
or

ly
m

od
el

ed
by

th
e

se
t

of
co

m
po

ne
nt

m
od

el
s

th
at

C
ro

ss
C

at
cu

rr
en

tly
su

pp
or

ts
.E

xa
m

pl
es

in
cl

ud
e

tim
es

ta
m

ps
,g

eo
gr

ap
hi

ca
ll

oc
at

io
ns

,c
ur

re
nc

y
va

lu
es

,
an

d
ca

te
go

ri
ca

l
va

ri
ab

le
s

dr
aw

n
fr

om
op

en
se

ts
.

A
dd

iti
on

al
pa

ra
m

et
ri

c
co

m
po

ne
nt

m
od

el
s

—
or

no
np

ar
am

et
ri

c
m

od
el

s,
e.

g.
fo

r
op

en
se

ts
of

di
sc

re
te

va
lu

es
—

co
ul

d
be

in
te

-
gr

at
ed

.

Se
co

nd
,i

ti
s

un
cl

ea
rh

ow
to

be
st

ha
nd

le
tim

e
se

ri
es

da
ta

or
pa

ne
l/l

on
gi

tu
di

na
ls

et
tin

gs
.I

n
th

e
an

al
ys

is
of

st
at

e-
le

ve
lm

on
th

ly
un

em
pl

oy
m

en
td

at
a,

ea
ch

st
at

e
w

as
re

pr
es

en
te

d
as

a
ro

w
,a

nd
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C
R

O
S

SC
A

T

each
tim

e
pointw

as
a

separate
and

a
prioriindependentcolum

n.
T

he
authors

w
ere

surprised
thatC

rossC
atinferred

the
tem

poralstructure
ratherthan

under-fitby
ignoring

it.In
retrospect,

this
is

to
be

expected
in

circum
stances

w
here

the
tem

poralsignalis
sufficiently

strong,such
thatitcan

be
recovered

by
inference

over
the

view
s.

H
ow

ever,com
putationaland

statistical
lim

itationsseem
likely

to
lead

to
under-fitting

on
paneldata

w
ith

sufficiently
m

any
tim

e
points

and
variables

pertim
e

point.

O
ne

pragm
atic

approach
to

resolving
this

issue
is

to
transform

paneldata
into

cross-sectional
data

by
replacing

the
tim

e
series

foreach
m

em
berofthe

population
w

ith
the

param
eters

ofa
tim

e-series
m

odel.Separately
fitting

the
tim

e-series
m

odelcould
be

done
as

a
pre-processing

step,oralternated
w

ith
C

rossC
atinference

to
yield

a
jointG

ibbs
sam

pler.
A

notherapproach
w

ould
be

to
develop

a
sequential

extension
to

C
rossC

at.
For

exam
ple,

the
inner

D
irichlet

process
m

ixtures
could

be
replaced

w
ith

nonparam
etric

state
m

achines
(B

eal,G
hahram

ani,
and

R
asm

ussen,2001).E
ach

view
w

ould
share

a
com

m
on

state
m

achine,w
ith

com
m

on
states,

transition
m

odels,
and

observation
m

odels.
E

ach
group

of
dependent

variables
w

ould
thus

induce
a

division
ofthe

data
into

subpopulations,each
w

ith
a

distincthidden
state

sequence.

2.
D

iscrim
inative

learning
can

be
m

ore
accurate

than
C

rossC
aton

standard
classification

and
regression

problem
s.

D
iscrim

inative
techniques

can
deliver

higher
predictive

accuracy
than

C
rossC

atw
hen

input
features

are
fully

observed
during

both
training

and
testing

and
w

hen
there

is
enough

la-
beled

training
data.

O
ne

possible
rem

edy
is

to
integrate

C
rossC

atw
ith

discrim
inative

tech-
niques,e.g.

by
allow

ing
“discrim

inative
target”

variables
to

be
m

odeled
by

generic
regres-

sions
(e.g.

G
L

M
s

or
G

aussian
processes).

T
hese

regressions
w

ould
be

conditioned
on

the
non-discrim

inative
variables

thatw
ould

stillbe
m

odeled
by

C
rossC

at.

A
n

alternative
approach

is
to

distinguish
prediction

targets
w

ithin
the

C
rossC

at
m

odel.
A

t
present,the

C
rossC

atlikelihood
penalizes

prediction
errors

in
allfeatures

equally.T
his

could
be

fixed
by

e.g.
determ

inistically
constraining

the
D

irichletconcentration
hyper-param

eters
forclass-labelcolum

ns
to

be
equalto

0.T
his

forces
C

rossC
atto

assign
0

probability
density

to
states

thatputitem
s

from
differentclasses

into
the

sam
e

category
in

the
view

containing
the

class
label.

T
hese

purity
constraints

can
be

m
et

by
using

categories
that

either
exactly

correspond
to

the
finest-grained

classes
in

the
datasetorsubdivide

these
classes.C

onditioned
on

the
hyper-param

eters,
this

m
odification

reduces
joint

density
estim

ation
to

independent
nonparam

etric
B

ayesian
estim

ation
of

class-conditionaldensities
(M

ansinghka,R
oy,R

ifkin,
and

Tenenbaum
,2007).

3.
N

atural
variations

are
challenging

to
test

due
to

the
cost

and
difficulty

of
developing

fast
im

plem
entations.

T
he

authors
found

it
surprising

that
a

reliable
and

scalable
im

plem
entation

w
as

possible.
Severalauthors

w
ere

involved
in

the
engineering

of
m

ultiple
high-perform

ance
com

m
ercial

im
plem

entations.
O

ne
of

these
can

be
applied

to
m

ultiple
real-w

orld,
m

illion-row
datasets

w
ith

typicalruntim
es

ranging
from

m
inutes

to
hours

(O
berm

eyer,G
lidden,and

Jonas,2014).
N

o
fundam

entalchanges
to

the
G

ibbs
sam

pling
algorithm

w
ere

necessary
to

m
ake

itpossible
do

to
inference

on
these

scales.Instead,the
gains

w
ere

due
to

standard
softw

are
perform

ance
engineering

techniques.
E

xam
ples

include
custom

num
ericallibraries,carefuldata

structure
design,

and
adopting

a
stream

ing
architecture

and
com

pact
latent

state
representation

that
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reduce
the

tim
e

spent
w

aiting
for

m
em

ory
retrieval.

T
he

sim
plicity

of
the

G
ibbs

sam
pling

algorithm
thus

turned
outto

be
an

assetfor
achieving

high
perform

ance.
U

nfortunately,this
im

plem
entation

took
m

an-years
ofsoftw

are
engineering,and

is
harderto

extend
and

m
odify

than
slow

er,research-oriented
im

plem
entations.

Probabilistic
program

m
ing

technology
could

potentially
sim

plify
the

process
of

prototyping
variations

on
C

rossC
at

and
increm

entally
optim

izing
them

.
For

exam
ple,

V
enture

(M
ans-

inghka
etal.,2014)can

express
the

C
rossC

atm
odeland

inference
algorithm

from
this

paper
in
∼

40
lines

of
probabilistic

code.
A

t
the

tim
e

of
w

riting,the
prim

ary
open-source

im
ple-

m
entation

ofC
rossC

atis∼
4,000

lines
ofC

++.N
ew

datatypes,m
odelvariations,and

perhaps
even

m
ore

sophisticated
inference

strategies
could

potentially
be

tested
this

w
ay.

H
ow

ever,
the

perform
ance

engineering
w

illstillbe
difficult.

A
s

an
alternative

to
carefulperform

ance
engineering,the

authors
experim

ented
w

ith
m

ore
sophisticated

algorithm
s

and
initializations.

Transition
operators

such
as

the
split-m

erge
algorithm

from
(Jain

and
N

eal,2000)and
initial-

ization
schem

es
based

on
high-quality

approxim
ations

to
D

irichletprocess
posteriors

(L
iand

Shafto,2011)
did

notappear
to

help
significantly.

T
hese

com
plex

approaches
are

also
m

ore
difficultto

debug
and

optim
ize

than
single-site

G
ibbs.

T
his

m
ay

be
a

generalfeature:
reduc-

tionsin
the

totalnum
berofiterationscan

easily
be

offsetby
increasesin

the
com

putation
tim

e
required

foreach
transition.

T
here

is
a

w
idespread

need
for

statisticalm
ethods

thatare
effective

in
high

dim
ensions

butdo
notrely

on
restrictive

or
opaque

assum
ptions

(N
R

C
C

om
m

ittee
on

the
A

nalysis
of

M
assive

D
ata,

2013;W
asserm

an,2011).C
rossC

atattem
ptsto

addressthese
requirem

entsvia
a

divide-and-conquer
strategy.

E
ach

high-dim
ensionalm

odeling
problem

is
decom

posed
into

m
ultiple

independentsub-
problem

s,each
oflow

erdim
ension.E

ach
ofthese

subproblem
s

is
itselfdecom

posed
by

splitting
the

data
into

discrete
categories

thatare
separately

m
odeled

using
param

etric
B

ayesian
techniques.T

he
hypothesis

space
induced

by
these

stochastic
decom

positions
contains

proxies
for

a
broad

class
of

data
generators,including

som
e

generators
thatare

sim
ple

and
others

thatare
com

plex.
T

he
trans-

parency
of

sim
ple

param
etric

m
odels

is
largely

preserved,w
ithoutsacrificing

m
odeling

flexibility.
Itm

ay
be

possible
to

design
otherstatisticalm

odels
around

this
algorithm

ic
m

otif.
C

rossC
at

form
ulates

a
broad

class
of

supervised,sem
i-supervised,and

unsupervised
learning

problem
s

in
term

s
of

a
single

set
of

m
odels

and
a

single
pair

of
algorithm

s
for

learning
and

pre-
diction.

T
he

set
of

m
odels

and
queries

that
can

be
im

plem
ented

m
ay

be
large

enough
to

sustain
a

dedicated
probabilistic

program
m

ing
language.

Probabilistic
program

s
in

such
a

language
could

contain
m

odeling
constraints,translated

into
hyper-param

etersettings,butleave
the

rem
aining

m
od-

eling
details

to
be

filled
in

via
approxim

ate
B

ayesian
inference.

D
ata

exploration
using

C
rossC

at
sam

ples
can

be
cum

bersom
e,and

w
ould

be
sim

plified
by

a
query

language
w

here
each

query
could

reference
previous

results.
T

his
flexibility

com
es

w
ith

costs,especially
in

applications
w

here
only

a
single

repeated
predic-

tion
problem

is
im

portant.In
these

cases,itcan
be

m
ore

effective
to

use
a

statisticalprocedure
that

is
optim

ized
for

this
task,such

as
a

discrim
inative

learning
algorithm

.
Itseem

s
unlikely

thateven
a

highly
optim

ized
C

rossC
atim

plem
entation

w
illbe

able
to

m
atch

the
perform

ance
ofbest-in-class

supervised
learning

algorithm
s

w
hen

data
is

plentifuland
allfeatures

are
fully

observed.
H

ow
ever,justas

w
ith

softw
are,sophisticated

optim
izations

also
com

e
w

ith
costs,and

can
be

prem
ature.

For
exam

ple,som
e

researchers
have

suggested
thatthere

is
an

“illusion
of

progress”
in

classifier
technology

(H
and,2006)

in
w

hich
algorithm

ic
and

statisticalim
provem

ents
docum

ented
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e
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is
w

o
rk

(S
ection

5)
is
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p
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p
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b
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b
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b
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.
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e

d
ep

en
d

en
ce

of
th

e
p

o
licy

eva
lu

a
tio

n
erro

r
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p
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d
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m
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w
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b
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d
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c
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d
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.r.t.
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ra
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∞

.

D
e
fi

n
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P
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p
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ra
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p
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p
in

g
P

eva
lu

a
ted

3
JM

L
R

 17(139):1-66

F
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p
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∈
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P
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d
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b
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d
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b
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p
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receiv
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d
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con
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n
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p
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P
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∫
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=
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∈
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∫
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n
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d
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d
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a
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p
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b
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b
ou

n
d

ed
b
y
V

m
a
x

=
Q

m
a
x

=
R

m
a
x /
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e
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b
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∈
X

an
d
Q
∗(x

,a
)

=
su

p
π
Q
π
(x
,a

)
for

all
sta
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e
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e
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l
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∈
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∈
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m
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p
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ra
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→
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→
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d
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b
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b
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:

G
iv

en
so

m
e

ex
p

re
ss

io
n

in
vo

lv
in

g
T
π

o
n

e
ca

n
al

w
ay

s
d

et
er

m
in

e
w

h
ic

h
op

er
at

or
T
π

m
ea

n
s

b
y

lo
ok

in
g

at
th

e
ty

p
e

of
fu

n
ct

io
n
T
π

is
a
p

p
li

ed
to

.
It

is
k
n

ow
n

th
at

th
e

fi
x
ed

p
oi

n
t

of
th

e
B

el
lm

an
op

er
at

or
is

th
e

(a
ct

io
n

-)
va

lu
e

fu
n

ct
io

n
of

th
e

p
ol

ic
y
π

,
i.

e.
,
T
π
Q
π

=
Q
π

an
d
T
π
V
π

=
V
π
,

se
e

e.
g.

,
P

ro
p

os
it

io
n

4.
2
(b

)
o
f

B
er

ts
ek

as
an

d
S

h
re

ve
(1

97
8)

.
W

e
w

il
l

al
so

n
ee

d
to

d
efi

n
e

th
e

so
-c

al
le

d
B

el
lm

an
o
p
ti

m
a
li

ty
o
p

er
a
to

rs
:

D
e
fi

n
it

io
n

5
(B

e
ll

m
a
n

O
p

ti
m

a
li

ty
O

p
e
ra

to
rs

)
T

h
e

B
el

lm
a
n

o
p
ti

m
a
li

ty
o
pe

ra
to

rs
T
∗

:
B

(X
)
→

B
(X

)
(f

o
r

va
lu

e
fu

n
ct

io
n

s)
a
n

d
T
∗

:
B

(X
×
A

)
→

B
(X
×
A

)
(f

o
r

a
ct

io
n

-v
a
lu

e
fu

n
ct

io
n

s)
a
re

d
efi

n
ed

a
s

(T
∗ V

)(
x

)
,

m
ax a

{ r(
x
,a

)
+
γ

∫ X
V

(y
)P

(d
y
|x
,a

)}
,

(T
∗ Q

)(
x
,a

)
,
r(
x
,a

)
+
γ

∫ X
m

ax a′
Q

(y
,a
′ )
P

(d
y
|x
,a

).

A
ga

in
,

w
e

u
se

th
e

sa
m

e
sy

m
b

ol
to

d
en

ot
e

b
ot

h
op

er
at

or
s;

th
e

p
re

v
io

u
s

co
m

m
en

t
th

a
t

n
o

am
b

ig
u

it
y

sh
ou

ld
ar

is
e

b
ec

au
se

of
th

is
st

il
l

ap
p
li

es
.

T
h
e

B
el

lm
an

op
ti

m
al

it
y

o
p

er
at

o
rs

en
jo

y
a

fi
x
ed

-p
oi

n
t

p
ro

p
er

ty
si

m
il

ar
to

th
a
t

of
th

e
B

el
lm

an
op

er
at

or
s.

In
p

ar
ti

cu
la

r,
T
∗ V
∗

=
V
∗

an
d
T
∗ Q
∗

=
Q
∗ ,

se
e

e.
g.

,
P

ro
p

os
it

io
n

4.
2(

a)
of

B
er

ts
ek

as
an

d
S

h
re

ve
(1

97
8
).

T
h

e
B

el
lm

an
op

ti
m

al
it

y
op

er
at

or
th

u
s

p
ro

v
id

es
a

ve
h

ic
le

to
co

m
p
u

te
th

e
op

ti
m

al
ac

ti
o
n

-v
a
lu

e
fu

n
ct

io
n

an
d

th
er

ef
or

e
to

co
m

p
u

te
an

op
ti

m
al

p
ol

ic
y.

2
.

M
ea

su
ra

b
il
it

y
is

su
es

a
re

d
ea

lt
w

it
h

in
S
ec

ti
o
n

9
.5

o
f

th
e

sa
m

e
b

o
o
k
.

In
th

e
ca

se
o
f

fi
n
it

el
y

m
a
n
y

a
ct

io
n
s,

n
o

a
d
d
it

io
n
a
l
co

n
d
it

io
n

is
n
ee

d
ed

b
es

id
es

th
e

o
b
v
io

u
s

m
ea

su
ra

b
il

it
y

a
ss

u
m

p
ti

o
n
s

o
n

th
e

im
m

ed
ia

te
re

w
a
rd

fu
n
ct

io
n

a
n
d

th
e

tr
a
n
si

ti
o
n

k
er

n
el

(B
er

ts
ek

a
s

a
n
d

S
h
re

v
e,

1
9
7
8
,

C
o
ro

ll
a
ry

9
.1

7
.1

),
w

h
ic

h
w

e
w

il
l

a
ss

u
m

e
fr

o
m

n
ow

o
n
.
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F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
r
i,

a
n
d

M
a
n
n
o
r

2
.2

N
o
rm

s
a
n

d
F
u

n
c
ti

o
n

S
p

a
c
e
s

In
w

h
at

fo
ll

ow
s

w
e

u
se
F

:
X
→

R
to

d
en

o
te

a
su

b
se

t
o
f

m
ea

su
ra

b
le

fu
n

ct
io

n
s.

T
h

e
ex

a
ct

sp
ec

ifi
ca

ti
on

of
th

is
se

t
w

il
l

b
e

cl
ea

r
fr

o
m

th
e

co
n
te

x
t.

F
u

rt
h

er
,

w
e

le
t
F
|A
| :
X
×
A
→

R
|A
|

to
b

e
a

su
b

se
t

of
v
ec

to
r-

va
lu

ed
m

ea
su

ra
b

le
fu

n
ct

io
n

s
w

it
h

th
e

id
en

ti
fi

ca
ti

o
n

of

F
|A
| =

{ (Q
1
,.
..
,Q
|A
|)

:
Q
i
∈
F
,
i

=
1,
..
.,
|A
|}
.

W
e

sh
al

l
u

se
‖Q
‖ p
,ν

to
d

en
ot

e
th

e
L
p
(ν

)-
n

or
m

(1
≤
p
<
∞

)
o
f

a
m

ea
su

ra
b

le
fu

n
ct

io
n

Q
:
X
×
A
→

R
,

i.
e.

,
‖Q
‖p p
,ν
,
∫ X
×
A
|Q

(x
,a

)|p
d
ν

(x
,a

).

L
et
z 1

:n
d

en
ot

e
th

e
Z

-v
a
lu

ed
se

q
u

en
ce

(z
1
,.
..
,z
n
).

F
o
r
D n

=
z 1

:n
,

d
efi

n
e

th
e

em
p

ir
ic

a
l

n
or

m
of

fu
n

ct
io

n
f

:
Z
→

R
a
s

‖f
‖p p
,D
n

=
‖f
‖p p
,z

1
:n
,

1 n

n ∑ i=
1

|f
(z
i)
|p .

(1
)

W
h

en
th

er
e

is
n

o
ch

an
ce

of
co

n
fu

si
on

ab
o
u

t
D n

,
w

e
m

ay
d

en
ot

e
th

e
em

p
ir

ic
al

n
or

m
b
y

‖f
‖p p
,n

.
B

as
ed

on
th

is
d

efi
n

it
io

n
,

on
e

m
ay

d
efi

n
e
‖Q
‖ p
,D
n

w
it

h
th

e
ch

o
ic

e
o
f
Z

=
X
×
A

.
N

o
te

th
at

if
D n

=
(Z

i)
n i=

1
is

ra
n

d
o
m

w
it

h
Z
i
∼
ν

,
th

e
em

p
ir

ic
a
l

n
or

m
is

ra
n

d
om

to
o
,

a
n

d

fo
r

an
y

fi
x
ed

fu
n

ct
io

n
f

,
w

e
h

av
e
E
[ ‖
f
‖ p
,D
n

]
=
‖f
‖ p
,ν

.
W

h
en

p
=

2,
w

e
si

m
p

ly
u

se
‖·
‖ ν

an
d
‖·
‖ D

n
.

2
.3

O
ffl

in
e

L
e
a
rn

in
g

P
ro

b
le

m
a
n

d
E

m
p

ir
ic

a
l

B
e
ll

m
a
n

O
p

e
ra

to
rs

W
e

co
n

si
d

er
th

e
o
ffl

in
e

le
a
rn

in
g

sc
en

a
ri

o
w

h
en

w
e

ar
e

o
n

ly
g
iv

en
a

b
at

ch
of

d
at

a
3

D n
=
{(
X

1
,A

1
,R

1
,X
′ 1
),
..
.,

(X
n
,A

n
,R

n
,X
′ n)
},

(2
)

w
it

h
X
i
∼
ν X

,
A
i
∼
π
b
(·|
X
i)

,
a
n

d
(R

i,
X
′ i)
∼
P

(·,
·|X

i,
A
i)

fo
r
i

=
1,
..
.,
n

.
H

er
e
ν X
∈

M
(X

)
is

a
fi

x
ed

d
is

tr
ib

u
ti

o
n

ov
er

th
e

st
a
te

s
a
n

d
π
b

is
th

e
d

a
ta

g
en

er
a
ti

n
g

b
eh

av
io

r
p

o
li

cy
,

w
h

ic
h

is
a

st
o
ch

a
st

ic
st

a
ti

o
n

a
ry

M
a
rk

ov
p

o
li

cy
,

i.
e.

,
g
iv

en
a
n
y

st
a
te
x
∈
X

,
it

as
si

gn
s

a
p

ro
b

ab
il

it
y

d
is

tr
ib

u
ti

o
n

ov
er
A

.
W

e
sh

a
ll

a
ls

o
d

en
o
te

th
e

co
m

m
o
n

d
is

tr
ib

u
ti

o
n

u
n

d
er

ly
in

g
(X

i,
A
i)

b
y
ν
∈
M

(X
×
A

).

S
am

p
le

s
X
i

an
d
X
i+

1
m

ay
b

e
sa

m
p

le
d

in
d

ep
en

d
en

tl
y

(w
e

ca
ll

th
is

th
e

“
P

la
n

n
in

g
sc

e-
n

a
ri

o
”

),
or

m
ay

b
e

co
u

p
le

d
th

ro
u

g
h
X
′ i

=
X
i+

1
(“

R
L

sc
en

a
ri

o
”

).
In

th
e

la
tt

er
ca

se
th

e
d

at
a

co
m

es
fr

o
m

a
si

n
g
le

tr
a
je

ct
o
ry

.
U

n
d

er
ei

th
er

o
f

th
es

e
sc

en
a
ri

o
s,

w
e

sa
y

th
a
t

th
e

d
at

a
D n

m
ee

ts
th

e
st

a
n

d
a
rd

o
ffl

in
e

sa
m

p
li

n
g

a
ss

u
m

p
ti

o
n

.
W

e
a
n

al
y
ze

th
e

P
la

n
n

in
g

sc
en

a
ri

o
,

w
h

er
e

th
e

st
a
te

s
ar

e
in

d
ep

en
d

en
t,

b
u

t
o
n

e
m

ay
a
ls

o
a
n

a
ly

ze
d

ep
en

d
en

t
p

ro
ce

ss
es

b
y

co
n
-

si
d

er
in

g
m

ix
in

g
p

ro
ce

ss
es

an
d

u
si

n
g

to
ol

s
su

ch
a
s

th
e

in
d

ep
en

d
en

t
b

lo
ck

s
te

ch
n

iq
u

e
(Y

u
,

1
99

4
;
D

ou
k
h

an
,
19

94
),

a
s

h
a
s

b
ee

n
d

o
n

e
b
y

A
n
to

s
et

a
l.

(2
0
08

b
);

F
a
ra

h
m

an
d

a
n

d
S

ze
p

es
v
ár

i
(2

01
2)

.

T
h

e
d

a
ta

se
t
D n

al
lo

w
s

u
s

to
d

efi
n

e
th

e
so

-c
a
ll

ed
em

p
ir

ic
a
l

B
el

lm
a
n

o
pe

ra
to

rs
,

w
h

ic
h

ca
n

b
e

th
ou

gh
t

of
a
s

em
p

ir
ic

al
a
p

p
ro

x
im

a
ti

on
s

to
th

e
tr

u
e

B
el

lm
a
n

op
er

a
to

rs
.

3
.

In
w

h
a
t

fo
ll
ow

s,
w

h
en
{·
}

is
u

se
d

in
co

n
n
ec

ti
o
n

to
a

d
a
ta

se
t,

w
e

tr
ea

t
th

e
se

t
a
s

a
n

o
rd

er
ed

m
u
lt

is
et

,
w

h
er

e
th

e
o
rd

er
in

g
is

g
iv

en
b
y

th
e

ti
m

e
in

d
ic

es
o
f

th
e

d
a
ta

p
o
in

ts
.
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R
e
g

u
l
a
r
iz

e
d

P
o
l
ic

y
It

e
r
a
t
io

n
w

it
h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

D
e
fi

n
itio

n
6

(E
m

p
iric

a
l

B
e
llm

a
n

O
p

e
ra

to
rs)

L
etD

n
be

a
d
a
ta

set
a
s

a
bo

ve.
D

efi
n

e
th

e
o
rd

ered
m

u
ltiset

S
n

=
{(X

1 ,A
1 ),...,(X

n
,A

n
)}

.
F

o
r

a
given

fi
xed

po
licy

π
,

th
e

em
p
irica

l
B

ellm
a
n

o
pera

to
r
T̂
π

:R
S
n
→

R
n

is
d
efi

n
ed

a
s

(T̂
π
Q

)(X
i ,A

i ),
R
i
+
γ
Q

(X
′i ,π

(X
′i ))
,

1
≤
i≤

n
.

S
im

ila
rly,

th
e

em
p
irica

l
B

ellm
a
n

o
p
tim

a
lity

o
pera

to
r
T̂
∗

:R
S
n
→

R
n

is
d
efi

n
ed

a
s

(T̂
∗Q

)(X
i ,A

i ),
R
i
+
γ

m
a
x

a ′
Q

(X
′i ,a ′)

,
1
≤
i≤

n
.

In
w

ord
s,

th
e

em
p

irica
l

B
ellm

a
n

o
p

erato
rs

g
et

a
n
n

-elem
en

t
list

S
n

a
n

d
retu

rn
a
n
n

-
d

im
en

sion
a
l

rea
l-va

lu
ed

vecto
r

of
th

e
sin

g
le-sam

p
le

estim
a
te

of
th

e
B

ellm
a
n

o
p

era
to

rs
ap

-
p

lied
to

th
e

actio
n

-va
lu

e
fu

n
ction

Q
a
t

th
e

selected
p

o
in

ts.
It

is
easy

to
see

th
at

th
e

em
p

irica
l

B
ellm

a
n

o
p

era
to

rs
p

rov
id

e
a
n

u
n
b

ia
sed

estim
a
te

o
f

th
e

B
ellm

a
n

o
p

era
to

rs
in

th
e

follow
in

g
sen

se:
F

o
r

a
n
y

fi
x
ed

b
o
u

n
d

ed
m

ea
su

rab
le

d
eterm

in
istic

fu
n

ctio
n
Q

:X
×
A
→

R
,

p
olicy

π
a
n

d
1
≤

i
≤

n
,

it
h

old
s

th
a
t
E
[T̂

π
Q

(X
i ,A

i )|X
i ,A

i ]
=

T
π
Q

(X
i ,A

i )
a
n

d

E
[T̂
∗Q

(X
i ,A

i )|X
i ,A

i ]
=
T
∗Q

(X
i ,A

i ).

3
.
A
p
p
ro
x
im

a
te

P
o
licy

Ite
ra

tio
n

T
h

e
p

o
licy

iteratio
n

a
lgo

rith
m

com
p

u
tes

a
seq

u
en

ce
of

p
o
licies

su
ch

th
at

th
e

n
ew

p
o
licy

in
th

e
iteratio

n
is

greed
y

w
.r.t.

th
e

actio
n

-valu
e

fu
n

ctio
n

o
f

th
e

p
rev

io
u

s
p

o
licy.

T
h

is
p

ro
ced

u
re

req
u

ires
o
n

e
to

co
m

p
u

te
th

e
actio

n
-va

lu
e

fu
n

ction
o
f
th

e
m

o
st

recen
t

p
olicy

(p
o
licy

evalu
a
tio

n
step

)
follow

ed
b
y

th
e

com
p

u
tatio

n
o
f
th

e
greed

y
p

o
licy

(p
o
licy

im
p

rovem
en

t
step

).
In

A
P

I,
th

e
ex

a
ct,

b
u

t
in

fea
sib

le,
p

o
licy

eva
lu

atio
n

step
is

rep
la

ced
b
y

a
n

a
p

p
rox

im
ate

on
e.

T
h
u

s,
th

e
skeleton

of
A

P
I

m
eth

o
d

s
is

as
follow

s:
A

t
th

e
k

th
itera

tio
n

a
n

d
g
iven

a
p

o
licy

π
k ,

th
e

A
P

I
alg

orith
m

ap
p

rox
im

a
tely

eva
lu

a
tes

π
k

to
fi

n
d

a
Q
k .

T
h

e
a
ctio

n
-va

lu
e

fu
n

ctio
n
Q
k

is
ty

p
ically

ch
o
sen

to
b

e
su

ch
th

a
t
Q
k ≈

T
π
kQ

k ,
i.e.,

it
is

a
n

a
p

p
rox

im
a
te

fi
x
ed

p
o
in

t
o
f
T
π
k.

T
h

e
A

P
I

a
lgo

rith
m

th
en

ca
lcu

la
tes

th
e

g
reed

y
p

o
licy

w
.r.t.

th
e

m
o
st

recen
t

a
ctio

n
-va

lu
e

fu
n

ctio
n

to
o
b

tain
a

n
ew

p
olicy

π
k
+

1 ,
i.e.,

π
k
+

1
=
π̂

(·;Q
k ).

T
h

e
A

P
I

a
lg

orith
m

co
n
tin

u
es

b
y

rep
ea

tin
g

th
is

p
ro

cess
ag

a
in

a
n
d

g
en

era
tin

g
a

seq
u

en
ce

o
f

p
o
licies

a
n

d
th

eir
corresp

o
n

d
in

g
a
p

p
rox

im
a
te

action
-va

lu
e

fu
n

ctio
n

s
Q

0 →
π

1 →
Q

1 →
π

2 →
···. 4

T
h

e
su

ccess
of

a
n

A
P

I
a
lg

o
rith

m
h

in
g
es

on
th

e
w

ay
th

e
a
p

p
rox

im
a
te

p
o
licy

eva
lu

a
tio

n
step

is
im

p
lem

en
ted

.
A

p
p

rox
im

a
te

p
o
licy

eva
lu

a
tio

n
is

n
o
n

-triv
ia

l
fo

r
a
t

lea
st

tw
o

rea
so

n
s.

F
irst,

p
olicy

eva
lu

atio
n

is
a
n

in
verse

p
rob

lem
, 5

so
th

e
u

n
d
erly

in
g

lea
rn

in
g

p
ro

b
lem

is
u

n
like

a
sta

n
d

ard
su

p
erv

ised
learn

in
g

p
ro

b
lem

in
w

h
ich

th
e

d
a
ta

ta
ke

th
e

fo
rm

o
f

in
p

u
t-o

u
tp

u
t

p
a
irs.

T
h

e
seco

n
d

p
rob

lem
is

th
e

off
-p

o
licy

sa
m

p
lin

g
p

ro
b

lem
:

T
h

e
d
istrib

u
tio

n
of

(X
i ,A

i )
in

th
e

d
ata

sam
p

les
(p

o
ssib

ly
gen

erated
b
y

a
b

eh
av

io
r

p
o
licy

)
is

ty
p

ica
lly

d
iff

eren
t

from
th

e
d

istrib
u

tio
n

th
a
t

w
ou

ld
b

e
in

d
u

ced
if

w
e

fo
llow

ed
th

e
to-b

e-eva
lu

a
ted

p
o
licy

(i.e.,
ta

rg
et

p
olicy

).
T

h
is

ca
u
ses

a
p

ro
b

lem
sin

ce
th

e
m

eth
o
d

s
m

u
st

b
e

a
b

le
to

h
a
n

d
le

th
is

m
ism

atch
of

4
.

In
a
n

a
ctu

a
l

A
P

I
im

p
lem

en
ta

tio
n
,

o
n
e

d
o
es

n
o
t

n
eed

to
co

m
p
u
te
π
k
+
1

fo
r

a
ll

sta
tes,

w
h

ich
in

fa
ct

is
in

fea
sib

le
fo

r
la

rg
e

sta
te

sp
a
ces.

In
stea

d
,

o
n
e

u
ses

Q
k

to
co

m
p

u
te
π
k
+
1

a
t

so
m

e
select

sta
tes,

a
s

req
u
ired

in
th

e
a
p
p
rox

im
a
te

p
o
licy

eva
lu

a
tio

n
step

.
5
.

G
iv

en
a
n

o
p

era
to

r
L

:F
→
F

,
th

e
in

v
erse

p
ro

b
lem

is
th

e
p
ro

b
lem

o
f

so
lv

in
g
g

=
L
f

fo
r
f

w
h
en

g
is

k
n
ow

n
.

In
th

e
p

o
licy

eva
lu

a
tio

n
p
ro

b
lem

,L
=

I−
γ
P
π
,
g
(·)

=
r(·,π

(·)),
a
n

d
f

=
Q
π
.
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F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
r
i,

a
n
d

M
a
n
n
o
r

d
istrib

u
tion

s. 6
In

th
e

rest
of

th
is

section
,

w
e

rev
iew

gen
eric

L
S

T
D

an
d

B
R

M
m

eth
o
d

s
for

ap
p

rox
im

a
te

p
olicy

evalu
ation

.
W

e
in

tro
d

u
ce

ou
r

regu
larized

version
o
f

L
S

T
D

a
n

d
B

R
M

in
S

ectio
n

4.

3
.1

B
e
llm

a
n

R
e
sid

u
a
l

M
in

im
iz

a
tio

n

T
h

e
id

ea
o
f

B
R

M
go

es
b

ack
at

least
to

th
e

w
ork

of
S

ch
w

eitzer
a
n

d
S

eid
m

an
n

(1985).
It

w
as

later
u

sed
in

th
e

R
L

com
m

u
n

ity
b
y

W
illiam

s
an

d
B

aird
(199

4)
an

d
B

aird
(19

95).
T

h
e

b
asic

id
ea

of
B

R
M

com
es

from
n

oticin
g

th
at

th
e

action
-valu

e
fu

n
ction

is
th

e
u

n
iq

u
e

fi
x
ed

p
oin

t
of

th
e

B
ellm

an
op

erator:
Q
π

=
T
π
Q
π

(or
sim

ilarly
V
π

=
T
π
V
π

fo
r

th
e

valu
e

fu
n

ction
).

W
h

en
ever

w
e

rep
lace

Q
π

b
y

an
action

-valu
e

fu
n

ction
Q

d
iff

eren
t

from
Q
π
,

th
e

fi
x
ed

-p
oin

t
eq

u
atio

n
w

ou
ld

n
o
t

h
old

an
y
m

ore,
an

d
w

e
h

ave
a

n
on

-zero
resid

u
al

fu
n

ction
Q
−
T
π
Q

.
T

h
is

q
u

an
tity

is
called

th
e

B
ellm

a
n

resid
u

a
l

of
Q

.
T

h
e

sam
e

is
tru

e
for

th
e

B
ellm

a
n

op
tim

a
lity

o
p

era
to

r
T
∗.

T
h

e
B

R
M

algorith
m

m
in

im
izes

th
e

n
orm

of
th

e
B

ellm
an

resid
u

al
of
Q

,
w

h
ich

is
called

th
e

B
ellm

a
n

erro
r.

It
can

b
e

sh
ow

n
th

at
if‖Q

−
T
∗Q
‖

is
sm

all,
th

en
th

e
valu

e
fu

n
ction

o
f

th
e

greed
y

p
o
licy

w
.r.t.

Q
,

th
at

is
V
π̂

(·;Q
),

is
also

in
so

m
e

sen
se

close
to

th
e

op
tim

al
valu

e
fu

n
ction

V
∗,

see
e.g.,

W
illiam

s
an

d
B

aird
(1994);

M
u

n
os

(2003);
A

n
tos

et
a
l.

(2008
b

);
F

ara
h

m
an

d
et

al.
(2010),

an
d

T
h

eorem
13

of
th

is
w

ork
.

T
h

e
B

R
M

algorith
m

is
d

efi
n
ed

as
th

e
p

ro
ced

u
re

m
in

im
izin

g
th

e
follow

in
g

loss
fu

n
ction

:

L
B
R
M

(Q
;π

),
‖
Q
−
T
π
Q
‖

2ν
,

w
h

ere
ν

is
th

e
d

istrib
u

tion
of

state-action
s

in
th

e
in

p
u

t
d

a
ta.

U
sin

g
th

e
em

p
irica

l
L

2 -n
orm

d
efi

n
ed

in
(1

)
w

ith
sam

p
les
D
n

d
efi

n
ed

in
(2),

an
d

b
y

rep
lacin

g
(T

π
Q

)(X
t ,A

t )
w

ith
th

e
em

p
irical

B
ellm

an
op

erator
(D

efi
n

itio
n

6
),

th
e

em
p

irical
estim

ate
of
L
B
R
M

(Q
;π

)
can

b
e

w
ritten

a
s

L̂
B
R
M

(Q
;π
,n

),
∥∥∥
Q
−
T̂
π
Q
∥∥∥

2D
n

=
1n

n
∑t=

1 [Q
(X

t ,A
t )−

(
R
t
+
γ
Q
(X
′t ,π

(X
′t ) ) )]

2
.

(3)

N
everth

eless,
it

is
w

ell-k
n

ow
n

th
at
L̂
B
R
M

is
n

o
t

an
u

n
b

iased
estim

ate
of
L
B
R
M

w
h

en
th

e
M

D
P

is
n

o
t

d
eterm

in
istic

(L
agou

d
ak

is
a
n

d
P

arr,
2003;

A
n
tos

et
al.,

2008b
).

T
o

ad
d

ress
th

is
issu

e,
A

n
to

s
et

al.
(2008b

)
p

rop
ose

th
e

m
o
d

ifi
ed

B
R

M
loss

th
at

is
a

n
ew

em
p

irica
l

loss
fu

n
ctio

n
w

ith
a
n

ex
tra

d
e-bia

sin
g

term
.

T
h

e
id

ea
of

th
e

m
o
d

ifi
ed

B
R

M
is

to
can

cel
th

e
u

n
w

an
ted

varian
ce

b
y

in
tro

d
u

cin
g

an
au

x
iliary

fu
n

ction
h

an
d

a
n

ew
lo

ss
fu

n
ction

L
B
R
M

(Q
,h

;π
)

=
L
B
R
M

(Q
;π

)−
‖
h
−
T
π
Q
‖

2ν
,

(4)

an
d

a
p

p
rox

im
a
tin

g
th

e
action

-valu
e

fu
n

ction
Q
π

b
y

solv
in

g

Q
B
R
M

=
argm

in
Q
∈F
|A
|

su
p

h∈F
|A
| L

B
R
M

(Q
,h

;π
),

(5)

6
.

A
n
u
m

b
er

o
f

w
o
rk

s
in

th
e

d
o
m

a
in

a
d
a
p
ta

tio
n

litera
tu

re
co

n
sid

er
th

is
scen

a
rio

u
n
d
er

th
e

n
a
m

e
o
f

cova
ria

te
sh

ift
p
ro

b
lem

,
see

e.g
.,

B
en

-D
av

id
et

a
l.

2
0
0
6
;

M
a
n
so

u
r

et
a
l.

2
0
0
9
;

B
en

-D
av

id
et

a
l.

2
0
1
0
;

C
o
rtes

et
a
l.

2
0
1
5
.
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R
e
g

u
l
a
r
iz

e
d

P
o
l
ic

y
It

e
r
a
t
io

n
w

it
h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

w
h

er
e

th
e

su
p

re
m

u
m

co
m

es
fr

om
th

e
n

eg
at

iv
e

si
gn

of
‖h
−
T
π
Q
‖2 ν

.
T

h
ey

h
av

e
sh

ow
n

th
a
t

op
ti

m
iz

in
g

th
e

n
ew

lo
ss

fu
n

ct
io

n
st

il
l

m
ak

es
se

n
se

an
d

th
e

em
p

ir
ic

al
ve

rs
io

n
o
f

th
is

lo
ss

is
u

n
b

ia
se

d
.

T
h

e
m

in
-m

ax
op

ti
m

iz
at

io
n

p
ro

b
le

m
(5

)
is

eq
u

iv
al

en
t

to
th

e
fo

ll
ow

in
g

co
u

p
le

d
(n

es
te

d
)

op
ti

m
iz

at
io

n
p

ro
b

le
m

s:

h
(·;
Q

)
=

ar
gm

in
h
′ ∈
F
|A
|

∥ ∥ h
′ −

T
π
Q
∥ ∥2 ν
,

Q
B
R
M

=
ar

gm
in

Q
∈F
|A
|

[ ‖
Q
−
T
π
Q
‖2 ν
−
‖h

(·;
Q

)
−
T
π
Q
‖2 ν

] .
(6

)

In
p

ra
ct

ic
e,

th
e

n
or

m
‖·
‖ ν

is
re

p
la

ce
d

b
y

th
e

em
p

ir
ic

al
n
or

m
‖·
‖ D

n
an

d
T
π
Q

is
re

p
la

ce
d

b
y

it
s

sa
m

p
le

-b
as

ed
ap

p
ro

x
im

at
io

n
T̂
π
Q

,
i.

e.
,

ĥ
n
(·;
Q

)
=

ar
gm

in
h
∈F
|A
|

∥ ∥ ∥h
−
T̂
π
Q
∥ ∥ ∥2 D

n

,
(7

)

Q̂
B
R
M

=
ar

gm
in

Q
∈F
|A
|

[∥ ∥ ∥
Q
−
T̂
π
Q
∥ ∥ ∥2 D

n

−
∥ ∥ ∥ĥ

n
(·;
Q

)
−
T̂
π
Q
∥ ∥ ∥2 D

n

] .
(8

)

F
ro

m
n

ow
on

,
w

h
en

ev
er

w
e

re
fe

r
to

th
e

B
R

M
al

go
ri

th
m

,
w

e
ar

e
re

fe
rr

in
g

to
th

is
m

o
d

ifi
ed

B
R

M
.

3
.2

L
e
a
st

-S
q
u

a
re

s
T

e
m

p
o
ra

l
D

iff
e
re

n
c
e

L
e
a
rn

in
g

T
h

e
L

ea
st

-S
q
u

ar
es

T
em

p
or

al
D

iff
er

en
ce

le
ar

n
in

g
(L

S
T

D
)

al
go

ri
th

m
fo

r
p

o
li

cy
ev

a
lu

a
ti

o
n

w
as

fi
rs

t
p

ro
p

os
ed

b
y

B
ra

d
tk

e
an

d
B

ar
to

(1
99

6)
,

an
d

la
te

r
u

se
d

in
an

A
P

I
p

ro
ce

d
u

re
b
y

L
ag

ou
d

ak
is

an
d

P
ar

r
(2

00
3)

an
d

w
as

ca
ll

ed
L

ea
st

-S
q
u

ar
es

P
ol

ic
y

It
er

a
ti

o
n

(L
S

P
I)

.
T

h
e

or
ig

in
al

fo
rm

u
la

ti
on

of
L

S
T

D
fi

n
d

s
a

so
lu

ti
on

to
th

e
fi
x
ed

-p
oi

n
t

eq
u

at
io

n
Q

=
Π
ν
T
π
Q

,
w

h
er

e
Π
ν

is
th

e
si

m
p

li
fi

ed
n

ot
at

io
n

fo
r
ν

-w
ei

gh
te

d
p

ro
je

ct
io

n
o
p

er
a
to

r
o
n
to

th
e

sp
ac

e
of

ad
m

is
si

b
le

fu
n

ct
io

n
s
F
|A
| ,

i.
e.

,
Π
ν
,

Π
F
|A
|

ν
:
B

(X
×
A

)
→

B
(X
×
A

)
is

d
efi

n
ed

b
y

Π
F
|A
|

ν
Q

=
ar

gm
in
h
∈F
|A
|
‖h
−
Q
‖2 ν

fo
r
Q
∈
B

(X
×
A

).
W

e,
h

ow
ev

er
,

u
se

a
d

iff
er

en
t

op
ti

m
iz

at
io

n
-b

as
ed

fo
rm

u
la

ti
on

.
T

h
e

re
as

on
is

th
at

w
h

en
ev

er
ν

is
n

ot
th

e
st

a
ti

on
a
ry

d
is

tr
i-

b
u

ti
on

in
d

u
ce

d
b
y
π

,
th

e
op

er
at

or
(Π

ν
T
π
)

d
o
es

n
ot

n
ec

es
sa

ri
ly

h
av

e
a

fi
x
ed

p
o
in

t,
b

u
t

th
e

op
ti

m
iz

at
io

n
p

ro
b

le
m

is
al

w
ay

s
w

el
l-

d
efi

n
ed

.
W

e
d

efi
n

e
th

e
L

S
T

D
so

lu
ti

on
as

th
e

m
in

im
iz

er
of

th
e
L

2
-n

or
m

b
et

w
ee

n
Q

a
n

d
Π
ν
T
π
Q

:

L
L
S
T
D

(Q
;π

)
,
‖Q
−

Π
ν
T
π
Q
‖2 ν
.

(9
)

T
h

e
m

in
im

iz
er

of
L
L
S
T
D

(Q
;π

)
is

w
el

l-
d

efi
n

ed
,

an
d

w
h

en
ev

er
ν

is
th

e
st

at
io

n
a
ry

d
is

tr
ib

u
ti

on
of
π

(i
.e

.,
on

-p
ol

ic
y

sa
m

p
li

n
g)

,
th

e
so

lu
ti

on
to

th
is

op
ti

m
iz

at
io

n
p

ro
b

le
m

is
th

e
sa

m
e

a
s

th
e

so
lu

ti
on

to
Q

=
Π
ν
T
π
Q

.
T

h
e

L
S

T
D

so
lu

ti
on

ca
n

th
er

ef
or

e
b

e
w

ri
tt

en
a
s

th
e

so
lu

ti
o
n

to
th

e
fo

ll
ow

in
g

se
t

of
co

u
p

le
d

op
ti

m
iz

at
io

n
p

ro
b

le
m

s:

h
(·;
Q

)
=

a
rg

m
in

h
′ ∈
F
|A
|

∥ ∥ h
′ −

T
π
Q
∥ ∥2 ν
,

Q
L
S
T
D

=
ar

gm
in

Q
∈F
|A
|
‖Q
−
h

(·;
Q

)‖
2 ν
,

(1
0
)
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F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
r
i,

a
n
d

M
a
n
n
o
r

A
lg

o
ri

th
m

1
R

eg
u

la
ri

ze
d

P
ol

ic
y

It
er

a
ti

on
(K

,Q̂
(−

1
) ,
F
|A
| ,J

,{
(λ

(k
)

Q
,n
,λ

(k
)

h
,n

)}
K
−

1
k
=

0
)

//
K

:
N

u
m

b
er

of
it

er
at

io
n

s
//

Q̂
(−

1
) :

In
it

ia
l

a
ct

io
n

-v
al

u
e

fu
n

ct
io

n
//
F
|A
| :

T
h

e
ac

ti
o
n

-v
a
lu

e
fu

n
ct

io
n

sp
ac

e
/
/
J

:
T

h
e

re
gu

la
ri

ze
r

/
/
{(
λ

(k
)

Q
,n
,λ

(k
)

h
,n

)}
K k
=

0
:

T
h

e
re

gu
la

ri
za

ti
o
n

co
effi

ci
en

ts
fo

r
k

=
0

to
K
−

1
d

o
π
k
(·)
←
π̂

(·;
Q̂

(k
−

1
) )

G
en

er
a
te

tr
ai

n
in

g
sa

m
p

le
s
D

(k
)

n

Q̂
(k

)
←

R
E

G
-L

S
T

D
/
B

R
M

(π
k
,D

(k
)

n
;F
|A
| ,
J
,λ

(k
)

Q
,n
,λ

(k
)

h
,n

)
e
n

d
fo

r
re

tu
rn

Q̂
(K
−

1
)

a
n

d
π
K

(·)
=
π̂

(·;
Q̂

(K
−

1
) )

w
h

er
e

th
e

fi
rs

t
eq

u
a
ti

o
n

fi
n

d
s

th
e

p
ro

je
ct

io
n

o
f
T
π
Q

o
n
to
F
|A
| ,

a
n

d
th

e
se

co
n

d
on

e
m

in
im

iz
es

th
e

d
is

ta
n

ce
of
Q

a
n

d
th

e
p

ro
je

ct
io

n
.

T
h

e
co

rr
es

p
o
n

d
in

g
em

p
ir

ic
al

ve
rs

io
n

b
a
se

d
on

d
a
ta

se
t
D n

is

ĥ
n
(·;
Q

)
=

a
rg

m
in

h
∈F
|A
|

∥ ∥ ∥h
−
T̂
π
Q
∥ ∥ ∥2 D

n

,
(1

1)

Q̂
L
S
T
D

=
a
rg

m
in

Q
∈F
|A
|

∥ ∥ ∥Q
−
ĥ
n
(·;
Q

)∥ ∥ ∥2 D
n

.
(1

2)

F
or

g
en

er
al

sp
ac

es
F
|A
| ,

th
es

e
o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m
s

ca
n

b
e

d
iffi

cu
lt

to
so

lv
e,

b
u

t
w

h
en

F
|A
| i

s
a

li
n

ea
r

su
b

sp
a
ce

o
f
B

(X
×
A

),
th

e
m

in
im

iz
a
ti

on
p

ro
b

le
m

b
ec

o
m

es
co

m
p

u
ta

ti
o
n

a
ll

y
fe

as
ib

le
.

C
o
m

p
ar

is
on

of
B

R
M

an
d

L
S

T
D

is
n

ot
ew

o
rt

h
y.

T
h

e
p

op
u

la
ti

on
ve

rs
io

n
o
f

L
S

T
D

lo
ss

m
in

im
iz

es
th

e
d
is

ta
n
ce

b
et

w
ee

n
Q

an
d

Π
ν
T
π
Q

,
w

h
ic

h
is
‖Q
−

Π
ν
T
π
Q
‖2 ν

.
M

ea
n
w

h
il

e,
B

R
M

m
in

im
iz

es
an

ot
h

er
d

is
ta

n
ce

fu
n

ct
io

n
th

a
t

is
th

e
d

is
ta

n
ce

b
et

w
ee

n
T
π
Q

a
n

d
Π
ν
T
π
Q

su
b

-
tr

ac
te

d
fr

om
th

e
d

is
ta

n
ce

b
et

w
ee

n
Q

a
n

d
T
π
Q

,
i.
e.

,
‖Q
−
T
π
Q
‖2 ν
−
‖ĥ

n
(·;
Q

)
−
T
π
Q
‖2 ν

.
S
ee

F
ig

u
re

1a
fo

r
a

p
ic

to
ri

al
p

re
se

n
ta

ti
on

of
th

es
e

d
is

ta
n

ce
s.

W
h

en
F
|A
|

is
li

n
ea

r,
b

ec
a
u

se
of

th
e

P
y
th

ag
or

ea
n

th
eo

re
m

,
th

e
so

lu
ti

o
n

to
th

e
m

o
d

ifi
ed

B
R

M
(6

)
co

in
ci

d
es

w
it

h
th

e
L

S
T

D
so

lu
ti

on
(1

0
)

(A
n
to

s
et

a
l.

,
20

08
b

).

4
.
R
e
g
u
la
ri
ze

d
P
o
li
cy

It
e
ra

ti
o
n

A
lg
o
ri
th

m
s

In
th

is
se

ct
io

n
w

e
in

tr
o
d

u
ce

tw
o

R
eg

u
la

ri
ze

d
P

o
li

cy
It

er
a
ti

o
n

a
lg

o
ri

th
m

s,
w

h
ic

h
ar

e
in

st
an

ce
s

of
th

e
g
en

er
ic

A
P

I
al

g
o
ri

th
m

s.
T

h
es

e
a
lg

o
ri

th
m

s
ar

e
b

u
il

t
o
n

th
e

re
g
u

la
ri

ze
d

ex
te

n
si

on
s

of
B

R
M

(S
ec

ti
o
n

3.
1
)

a
n

d
L

S
T

D
(S

ec
ti

o
n

3
.2

)
fo

r
th

e
ta

sk
o
f

a
p

p
ro

x
im

at
e

p
ol

ic
y

ev
a
lu

at
io

n
.

T
h

e
p

se
u

d
o-

co
d

e
o
f

th
e

R
eg

u
la

ri
ze

d
P

o
li

cy
It

er
a
ti

o
n

a
lg

or
it

h
m

s
is

sh
ow

n
in

A
lg

o
ri

th
m

1.
T

h
e

a
lg

o
ri

th
m

re
ce

iv
es
K

(t
h

e
n
u

m
b

er
of

A
P

I
it

er
a
ti

o
n

s)
,

a
n

in
it

ia
l

ac
ti

on
-v

a
lu

e
fu

n
ct

io
n

Q̂
(−

1
) ,

th
e

fu
n

ct
io

n
sp

a
ce
F
|A
| ,

th
e

re
g
u

la
ri

ze
r
J

:
F
|A
|
→

R
,

an
d

a
se

t
o
f

re
g
u

la
ri

za
ti

o
n

co
effi

ci
en

ts
{(
λ

(k
)

Q
,n
,λ

(k
)

h
,n

)}
K
−

1
k
=

0
.

E
a
ch

it
er

a
ti

o
n

st
a
rt

s
w

it
h

a
st

ep
o
f

p
o
li

cy
im

p
ro

v
em

en
t,

i.
e.

,

1
0
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L

R
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R
e
g

u
l
a
r
iz

e
d

P
o
l
ic

y
It

e
r
a
t
io

n
w

it
h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

M
inim

ized by original BR
M

M
inim

ized by LSTD

+  +  +  +  +  +  +  +  
  -  -  -  -  -  -  -  -

(a
)

M
inim

ized by R
EG

-BR
M

M
inim

ized by R
EG

-LSTD

+  +  +  +  +  +  +  +  
  -  -  -  -  -  -  -  -

(b
)

F
ig

u
re

1
:

(a)
T

h
is

fi
gu

re
sh

ow
s

th
e

lo
ss

fu
n

ctio
n

s
m

in
im

ized
b
y

th
e

orig
in

a
l

B
R

M
,

th
e

m
o
d

ifi
ed

B
R

M
,

an
d

th
e

L
S

T
D

m
eth

o
d

s.
T

h
e

fu
n

ctio
n

sp
ace
F
|A
|

is
rep

resen
ted

b
y

th
e

p
la

n
e.

T
h

e
B

ellm
a
n

o
p

era
to

r
T
π

m
a
p

s
a
n

a
ctio

n
-va

lu
e

fu
n

ctio
n
Q
∈
F
|A
|

to
a

fu
n

ction
T
π
Q

.
T

h
e

fu
n

ctio
n
T
π
Q
−

Π
ν T

π
Q

is
o
rth

o
go

n
al

to
F
|A
|.

T
h

e
o
rig

in
al

B
R

M
lo

ss
fu

n
ction

is‖
Q
−
T
π
Q
‖

2ν
(so

lid
lin

e),
th

e
m

o
d

ifi
ed

B
R

M
lo

ss
is

‖Q
−
T
π
Q
‖

2ν −
‖
T
π
Q
−

Π
ν T

π
Q
‖

2ν
(th

e
d

iff
eren

ce
o
f

tw
o

so
lid

lin
e

seg
m

en
ts;

n
o
te

th
e

+
a
n

d
−

sy
m

b
ols),

a
n

d
th

e
L

S
T

D
lo

ss
is‖Q

−
Π
ν T

π
Q
‖

2ν
(d

a
sh

ed
lin

e).
L

S
T

D
a
n

d
th

e
m

o
d

ifi
ed

B
R

M
a
re

eq
u

iva
len

t
fo

r
lin

ea
r

fu
n

ctio
n

sp
a
ces.

(b
)

R
E

G
-L

S
T

D
a
n

d
R

E
G

-B
R

M
m

in
im

ize
reg

u
la

rized
o
b

jective
fu

n
ctio

n
s.

R
eg

u
la

riza
tio

n
m

a
kes

th
e

fu
n

ction
T
π
Q
−

Π
ν T

π
Q

to
b

e
n

on
-orth

og
o
n

a
l

to
F
|A
|.

T
h

e
d

a
sh

ed
ellip

soid
s

rep
resen

t
th

e
level-sets

d
efi

n
ed

b
y

th
e

reg
u

la
riza

tio
n

fu
n

ctio
n

al
J

.

π
k ←

π̂
(·;Q̂

(k−
1)

=
a
rg

m
ax

a ′∈A
Q̂

(k−
1
)(·,a ′).

F
o
r

th
e

fi
rst

itera
tio

n
(k

=
0
),

o
n

e
m

ay
ig

n
o
re

th
is

step
a
n

d
p

rov
id

e
a
n

in
itial

p
o
licy

π
0

in
stead

o
f
Q̂

(−
1
).

A
fterw

a
rd

s,
w

e
h

ave
a

d
a
ta

g
en

era
tin

g
step

:
A

t
ea

ch
itera

tion
k

=
0
,...,K

−
1
,

th
e

a
g
en

t
fo

llow
s

th
e

d
ata

g
en

era
tin

g

p
olicy

π
b
k

to
ob

ta
in
D

(k
)

n
=
{
(X

(k
)

t
,A

(k
)

t
,R

(k
)

t
,X
′t (k

))}
1≤
t≤
n
.

F
o
r

th
e
k

th
iteratio

n
o
f

th
e

alg
o
rith

m
,

w
e

u
se

tra
in

in
g

sa
m

p
lesD

(k
)

n
to

evalu
ate

p
olicy

π
k .

In
p

ractice,
on

e
m

ig
h
t

w
a
n
t

to
ch

a
n

g
e
π
b
k

a
t

ea
ch

itera
tio

n
in

su
ch

a
w

ay
th

a
t

th
e

ag
en

t
u

ltim
a
tely

ach
ieves

a
b

etter
p

erform
a
n

ce.
T

h
e

rela
tion

b
etw

een
th

e
p

erform
a
n

ce
a
n

d
th

e
ch

o
ice

o
f
d

a
ta

sa
m

p
les,

h
ow

ev
er,

is
com

p
lica

ted
.

F
or

sim
p

licity
o
f

an
aly

sis,
in

th
e

rest
o
f

th
is

w
ork

w
e

a
ssu

m
e

th
at

a
fi

x
ed

b
eh

av
io

r
p

olicy
is

u
sed

in
a
ll

iteratio
n

s,
i.e.,

π
b
k

=
π
b . 7

T
h

is
lea

d
s

to
K

in
d

ep
en

d
en

t
d

a
ta

setsD
(0

)
n
,...,D

(K
−

1
)

n
.

F
ro

m
n

ow
o
n

,
to

av
o
id

clu
tter,

w
e

u
se

sy
m

b
o
lsD

n
,X

t ,...
in

stea
d

of

D
(k

)
n
,X

(k
)

t
,...

w
ith

th
e

u
n

d
ersta

n
d

in
g

th
a
t

each
D
n

in
va

rio
u

s
itera

tion
s

is
referrin

g
to

a
n

in
d

ep
en

d
en

t
set

o
f

d
ata

sam
p

les,
w

h
ich

sh
o
u

ld
b

e
clea

r
fro

m
th

e
co

n
tex

t.

T
h

e
a
p

p
rox

im
a
te

p
o
licy

eva
lu

atio
n

step
is

p
erform

ed
b
y

R
E

G
-L

S
T

D
/B

R
M

,
w

h
ich

w
ill

b
e

d
iscu

ssed
sh

ortly.
R

E
G

-L
S

T
D

/B
R

M
receiv

es
p

o
licy

π
k ,

th
e

tra
in

in
g

sam
p

lesD
(k

)
n

,
th

e

fu
n

ctio
n

sp
a
ce
F
|A
|,

th
e

reg
u

larizer
J

,
a
n

d
th

e
reg

u
la

riza
tio

n
co

effi
cien

ts
(λ

(k
)

Q
,n
,λ

(k
)

h
,n

),
a
n

d

7
.

S
o

w
e

a
re

in
th

e
so

-ca
lled

o
ff

-po
licy

sa
m

p
lin

g
scen

a
rio

.
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F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
r
i,

a
n
d

M
a
n
n
o
r

retu
rn

s
a
n

estim
a
te

of
th

e
action

-valu
e

fu
n

ction
of

p
olicy

π
k .

T
h
is

p
ro

ced
u

re
rep

eats
for

K
itera

tio
n

s.
R

E
G

-B
R

M
ap

p
rox

im
ately

evalu
ates

p
o
licy

π
k

b
y

solv
in

g
th

e
follow

in
g

cou
p

led
op

ti-
m

iza
tion

p
rob

lem
s:

ĥ
n
(·;Q

)
=

argm
in

h∈F
|A
| [∥∥∥

h
−
T̂
π
kQ
∥∥∥

2D
n

+
λ

(k
)

h
,n
J

2(h
) ]
,

(13)

Q̂
(k

)
=

argm
in

Q
∈F
|A
| [∥∥∥

Q
−
T̂
π
kQ
∥∥∥

2D
n −

∥∥∥
ĥ
n
(·;Q

)−
T̂
π
kQ
∥∥∥

2D
n

+
λ

(k
)

Q
,n
J

2(Q
) ]
,

(14)

w
h

ere
J

:F
|A
|→

R
is

th
e

regu
larization

fu
n

ction
al

(or
sim

p
ly

regu
larizer

or
p

en
alizer),

an
d
λ

(k
)

h
,n
,λ

(k
)

Q
,n
>

0
are

regu
larization

co
effi

cien
ts.

T
h

e
regu

larizer
can

b
e

a
n
y

p
seu

d
o-n

orm

d
efi

n
ed

on
F
|A
|;

an
d
D
n

is
d

efi
n

ed
as

(2). 8
T

h
e

regu
larizer

is
often

ch
osen

su
ch

th
at

th
e

fu
n

ction
s

th
at

w
e

b
elieve

are
m

ore
“com

p
lex

”
h

ave
la

rger
valu

es
of
J

.
T

h
e

n
otion

of
com

p
lex

ity,
h

ow
ever,

is
su

b
jective

an
d

d
ep

en
d

s
on

th
e

ch
oice

ofF
|A
|

a
n

d
J

.
F

in
ally

n
o
te

th
at

w
e

call
J

(Q
)

th
e

sm
o
oth

n
ess

of
Q

,
ev

en
th

ou
gh

it
m

igh
t

n
ot

coin
cid

e
w

ith
th

e
con

ven
tion

al
d

erivative-b
ased

n
otion

s
of

sm
o
oth

n
ess.

A
n

ex
a
m

p
le

o
f

th
e

case
th

at
J

h
as

a
d

erivative-b
ased

in
terp

retatio
n

is
w

h
en

th
e

fu
n

ction
sp

aceF
|A
|

is
a

S
o
b

olev
sp

ace
an

d
th

e
regu

larizer
J

is
d

efi
n

ed
as

its
corresp

on
d
in

g
n

o
rm

.
In

th
is

ca
se,

w
e

a
re

p
en

alizin
g

th
e

w
eak

-d
erivativ

es
of

th
e

estim
a
te

(G
y
örfi

et
al.,

2002;
van

d
e

G
eer,

20
00).

O
n

e
can

gen
eralize

th
e

n
otion

of
sm

o
oth

n
ess

b
ey

on
d

th
e

u
su

al
d

erivative-
b

a
sed

on
es

(cf.
C

h
ap

ter
1

of
T

rieb
el

2006)
an

d
d

efi
n

e
fu

n
ction

sp
aces

su
ch

as
th

e
fam

ily
of

B
esov

sp
aces

(D
ev

ore,
1998).

T
h

e
R

K
H

S
n

orm
for

sh
ift-in

varian
t

an
d

ra
d

ia
l

kern
els

can
also

b
e

in
terp

reted
as

a
p

en
alizer

of
h

igh
er-freq

u
en

cy
term

s
of

th
e

fu
n

ctio
n

(i.e.,
a

low
-p

a
ss

fi
lter

E
v
gen

iou
et

al.
1999),

so
th

ey
eff

ectively
en

cou
rage

“sm
o
oth

er”
fu

n
ction

s.
T

h
e

ch
o
ice

o
f

k
ern

el
d

eterm
in

es
th

e
freq

u
en

cy
resp

on
se

of
th

e
fi

lter.
O

n
e

m
ay

also
u

se
oth

er
d

ata-d
ep

en
d

en
t

regu
larizers

su
ch

as
m

an
ifold

regu
larization

(B
elk

in
et

al.,
2
006)

an
d

S
a
m

p
le-b

ased
A

p
p

rox
im

ate
R

egu
larization

(B
ach

m
an

et
al.,

2014
).

A
s

a
fi

n
a
l

ex
am

p
le,

for
th

e
fu

n
ctio

n
s

in
th

e
form

of
Q

(x
,a

)
=
∑

i≥
1
φ
i (x
,a

)w
i ,

if
w

e
ch

o
ose

a
sp

arsity
-in

d
u

cin
g

regu
larizer

su
ch

as
J

(Q
),

∑
i≥

1 |w
i |

as
th

e
m

ea
su

re
of

sm
o
o
th

n
ess,

th
en

a
fu

n
ction

th
at

h
as

a
sp

a
rse

rep
resen

tation
in

th
e

d
iction

ary
{φ

i }
i≥

1
is,

b
y

d
efi

n
ition

,
a

sm
o
oth

fu
n

ction
—

even
th

o
u

gh
th

ere
is

n
ot

n
ecessarily

an
y

con
n

ection
to

th
e

d
erivativ

e-b
ased

sm
o
oth

n
ess.

R
E

G
-L

S
T

D
ap

p
rox

im
ately

evalu
ates

th
e

p
olicy

π
k

b
y

so
lv

in
g

th
e

follow
in

g
cou

p
led

o
p

tim
iza

tion
p

rob
lem

s:

ĥ
n
(·;Q

)
=

argm
in

h∈F
|A
| [∥∥∥

h
−
T̂
π
kQ
∥∥∥

2D
n

+
λ

(k
)

h
,n
J

2(h
) ]
,

(1
5)

Q̂
(k

)
=

argm
in

Q
∈F
|A
| [∥∥∥

Q
−
ĥ
n
(·;Q

) ∥∥∥
2D
n

+
λ

(k
)

Q
,n
J

2(Q
) ]
.

(16)

N
ote

th
a
t

th
e

d
iff

eren
ce

b
etw

een
(7)-(8)

((1
1)-(12))

an
d

(13
)-(14)

((15
)-(16))

is
th

e
ad

d
ition

of
th

e
regu

la
rizers

J
2(h

)
an

d
J

2(Q
).

U
n

like
th

e
n

o
n

-regu
larized

case
d

escrib
ed

in
S

ection
3,

th
e

solu
tion

s
of

R
E

G
-B

R
M

an
d

R
E

G
-L

S
T

D
are

n
ot

th
e

sam
e.

A
s

a
resu

lt
of

th
e

regu
la

rized
p

ro
jection

,
(13)

an
d

8
.

A
p
seu

d
o
-n

o
rm

J
sa

tisfi
es

a
ll

p
ro

p
erties

o
f

a
n
o
rm

ex
cep

t
th

a
t
J

(Q
)

=
0

d
o
es

n
o
t

im
p
ly

th
a
t
Q

=
0
.
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R
e
g

u
l
a
r
iz

e
d

P
o
l
ic

y
It

e
r
a
t
io

n
w

it
h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

(1
5)

,
th

e
fu

n
ct

io
n
ĥ
n
(·;
Q

)
−
T̂
π
k
Q

is
n

ot
or

th
og

on
al

to
th

e
fu

n
ct

io
n

sp
a
ce
F
|A
| —

ev
en

if
F
|A
|

is
a

li
n

ea
r

sp
ac

e.
T

h
er

ef
or

e,
th

e
P

y
th

ag
or

ea
n

th
eo

re
m

is
n

ot
ap

p
li

ca
b

le
a
n
y
m

or
e:

‖Q
−
ĥ
n
(·;
Q

)‖
2
6=
‖Q
−
T̂
π
k
Q
‖2
−
‖ĥ

n
(·;
Q

)
−
T̂
π
k
Q
‖2

(S
ee

F
ig

u
re

1b
).

O
n

e
m

ay
as

k
w

h
y

w
e

h
av

e
re

gu
la

ri
za

ti
on

te
rm

s
in

b
ot

h
op

ti
m

iz
at

io
n

p
ro

b
le

m
s,

as
op

-
p

os
ed

to
on

ly
in

th
e

p
ro

je
ct

io
n

te
rm

(1
5)

(s
im

il
ar

to
th

e
L

as
so

-T
D

al
go

ri
th

m
K

o
lt

er
a
n

d
N

g
20

09
;

G
h

av
am

za
d

eh
et

al
.

20
11

)
or

on
ly

in
(1

6)
(s

im
il

ar
to

G
ei

st
an

d
S

ch
er

re
r

2
01

2;
Á

v
il

a
P

ir
es

an
d

S
ze

p
es

v
ár

i
20

12
).

W
e

d
is

cu
ss

th
is

q
u

es
ti

on
in

S
ec

ti
on

4.
1.

B
ri

efl
y

sp
ea

k
in

g
,

fo
r

la
rg

e
fu

n
ct

io
n

sp
ac

es
su

ch
as

th
e

S
ob

ol
ev

sp
ac

es
or

th
e

R
K

H
S

w
it

h
u

n
iv

er
sa

l
ke

rn
el

s,
if

w
e

re
m

ov
e

th
e

re
gu

la
ri

za
ti

on
te

rm
in

(1
5)

,
th

e
co

u
p

le
d

op
ti

m
iz

at
io

n
p

ro
b

le
m

s
re

d
u

ce
s

to
(u

n
m

o
d

ifi
ed

)
B

R
M

,
w

h
ic

h
is

b
ia

se
d

as
d

is
cu

ss
ed

ea
rl

ie
r;

w
h

er
ea

s
if

th
e

re
g
u

la
ri

za
ti

o
n

te
rm

in
(1

6)
is

re
m

ov
ed

,
th

e
so

lu
ti

on
ca

n
b

e
ar

b
it

ra
ry

b
ad

d
u

e
to

ov
er

fi
tt

in
g.

F
in

al
ly

n
ot

e
th

at
th

e
ch

oi
ce

of
th

e
fu

n
ct

io
n

sp
ac

e
F
|A
| ,

th
e

re
gu

la
ri

ze
r
J

,
a
n

d
th

e

re
gu

la
ri

za
ti

on
co

effi
ci

en
ts
λ

(k
)

Q
,n

an
d
λ

(k
)

h
,n

al
l

a
ff

ec
t

th
e

sa
m

p
le

effi
ci

en
cy

o
f

th
e

al
g
o
ri

th
m

s.
If

on
e

k
n

ew
J

(Q
π
),

th
e

re
gu

la
ri

za
ti

on
co

effi
ci

en
ts

co
u

ld
b

e
ch

os
en

op
ti

m
a
ll

y.
N

o
n

et
h

el
es

s,
th

e
va

lu
e

of
J

(Q
π
)

is
of

te
n

n
ot

k
n

ow
n

,
so

on
e

h
as

to
u

se
a

m
o
d

el
se

le
ct

io
n

p
ro

ce
d

u
re

to
se

t
th

e
b

es
t

fu
n

ct
io

n
sp

ac
e

an
d

th
e

re
gu

la
ri

za
ti

on
co

effi
ci

en
ts

.
T

h
e

si
tu

a
ti

on
is

si
m

il
a
r

to
th

e
p

ro
b

le
m

of
m

o
d

el
se

le
ct

io
n

in
su

p
er

v
is

ed
le

ar
n

in
g

(t
h

ou
gh

th
e

so
lu

ti
o
n

s
a
re

d
iff

er
en

t)
.

A
ft

er
d

ev
el

op
in

g
so

m
e

to
ol

s
n

ec
es

sa
ry

fo
r

d
is

cu
ss

in
g

th
is

is
su

e
in

S
ec

ti
on

5
,

w
e

re
tu

rn
to

th
e

p
ro

b
le

m
of

ch
o
os

in
g

th
e

re
gu

la
ri

za
ti

on
co

effi
ci

en
ts

af
te

r
T

h
eo

re
m

11
as

w
el

l
a
s

in
S

ec
ti

on
6.

R
e
m

a
rk

7
T

o
th

e
be

st
o
f

o
u

r
kn

o
w

le
d
ge

,
A

n
to

s
et

a
l.

(2
0
0
8
b)

w
er

e
th

e
fi

rs
t

w
h
o

ex
p
li

ci
tl

y
co

n
si

d
er

ed
L

S
T

D
a
s

th
e

o
p
ti

m
iz

er
o

f
th

e
lo

ss
fu

n
ct

io
n

(9
).

T
h
ei

r
d
is

cu
ss

io
n

w
a
s

m
a
in

ly
to

p
ro

ve
th

e
eq

u
iv

a
le

n
ce

o
f

m
od

ifi
ed

B
R

M
(5

)
a
n

d
L

S
T

D
w

h
en
F
|A
|

is
a

li
n

ea
r

fu
n

ct
io

n
sp

a
ce

.
In

th
ei

r
w

o
rk

,
th

e
lo

ss
fu

n
ct

io
n

is
n

o
t

u
se

d
to

d
er

iv
e

a
n

y
n

ew
a
lg

o
ri

th
m

.
F

a
ra

h
m

a
n

d
et

a
l.

(2
0
0
9
b)

u
se

d
th

is
lo

ss
fu

n
ct

io
n

to
d
ev

el
o
p

th
e

re
gu

la
ri

ze
d

va
ri

a
n

t
o
f

L
S

T
D

(1
5)

-(
1
6
).

T
h
is

lo
ss

fu
n

ct
io

n
w

a
s

la
te

r
ca

ll
ed

m
ea

n
-s

q
u

ar
e

p
ro

je
ct

ed
B

el
lm

an
er

ro
r

by
S

u
tt

o
n

et
a
l.

(2
0
0
9
),

a
n

d
w

a
s

u
se

d
to

d
er

iv
e

th
e

G
T

D
2

a
n

d
T

D
C

a
lg

o
ri

th
m

s.

4
.1

W
h
y

T
w

o
R

e
g
u

la
ri

z
e
rs

?

W
e

d
is

cu
ss

w
h
y

u
si

n
g

re
gu

la
ri

ze
rs

in
b

ot
h

op
ti

m
iz

at
io

n
p

ro
b

le
m

s
(1

5)
a
n

d
(1

6
)

o
f

R
E

G
-

L
S

T
D

is
n

ec
es

sa
ry

fo
r

la
rg

e
fu

n
ct

io
n

sp
ac

es
su

ch
as

th
e

S
ob

ol
ev

sp
ac

es
a
n

d
th

e
R

K
H

S
w

it
h

u
n
iv

er
sa

l
k
er

n
el

s.
H

er
e

w
e

sh
ow

th
at

fo
r

la
rg

e
fu

n
ct

io
n

sp
ac

es
,

d
ep

en
d

in
g

o
n

w
h

ic
h

re
gu

la
ri

za
ti

on
te

rm
w

e
re

m
ov

e,
ei

th
er

th
e

co
u
p

le
d

op
ti

m
iz

at
io

n
p

ro
b

le
m

s
re

d
u

ce
s

to
th

e
re

gu
la

ri
ze

d
va

ri
an

t
of

th
e

u
n
m

o
d

ifi
ed

B
R

M
,
w

h
ic

h
h

as
a

b
ia

s,
or

th
e

so
lu

ti
on

ca
n

b
e

ar
b

it
ra

ry
b

ad
. L

et
u

s
fo

cu
s

on
R

E
G

-L
S

T
D

fo
r

a
gi

ve
n

p
ol

ic
y
π

.
A

ss
u

m
e

th
at

th
e

fu
n

ct
io

n
sp

a
ce

F
|A
|

is
ri

ch
en

ou
gh

in
th

e
se

n
se

th
at

it
is

d
en

se
in

th
e

sp
ac

e
of

co
n
ti

n
u

ou
s

fu
n

ct
io

n
s

w
.r

.t
.

th
e

su
p

re
m

u
m

n
or

m
.

T
h

is
is

sa
ti

sfi
ed

b
y

m
an

y
la

rg
e

fu
n

ct
io

n
sp

ac
es

su
ch

a
s

R
K

H
S

w
it

h
u

n
iv

er
sa

l
ke

rn
el

s
(D

efi
n

it
io

n
4.

52
of

S
te

in
w

ar
t

a
n
d

C
h

ri
st

m
an

n
20

08
)

an
d

th
e

S
o
b

o
le

v
sp

a
ce

s
on

co
m

p
ac

t
d

om
ai

n
s.

W
e

co
n

si
d

er
w

h
at

w
o
u

ld
h

ap
p

en
if

in
st

ea
d

of
th

e
cu

rr
en

t
fo

rm
u

la
ti

o
n

of
R

E
G

-L
S

T
D

(1
5)

-(
16

),
w

e
on

ly
u

se
d

a
re

gu
la

ri
ze

r
ei

th
er

in
th

e
fi

rs
t

or
se

co
n

d
o
p

ti
m

iz
at

io
n

p
ro

b
le

m
.

W
e

st
u

d
y

ea
ch

ca
se

se
p

ar
a
te

ly
.

F
or

n
ot

at
io

n
al

si
m

p
li

ci
ty

,
w

e
om

it
th

e
d

ep
en

d
en

ce
on

th
e

it
er

at
io

n
n
u

m
b

er
k
.
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:1
-6

6

F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
r
i,

a
n
d

M
a
n
n
o
r

C
a
se

1
.

In
th

is
ca

se
,

w
e

on
ly

re
g
u

la
ri

ze
th

e
em

p
ir

ic
a
l

er
ro

r
‖Q
−
ĥ
n
(·;
Q

)‖
2 D
n
,

b
u

t
w

e
d

o
n

ot
re

g
u

la
ri

ze
th

e
p

ro
je

ct
io

n
,

i.
e.

,

ĥ
n
(·;
Q

)
=

ar
gm

in
h
∈F
|A
|

∥ ∥ ∥h
−
T̂
π
Q
∥ ∥ ∥2 D

n

,

Q̂
=

a
rg

m
in

Q
∈F
|A
|

[ ∥ ∥ ∥
Q
−
ĥ
n
(·;
Q

)∥ ∥ ∥2 D
n

+
λ
Q
,n
J

2
(Q

)] .
(1

7)

W
h

en
th

e
fu

n
ct

io
n

sp
ac

e
F
|A
|

is
ri

ch
en

o
u

g
h

,
th

er
e

ex
is

ts
a

fu
n

ct
io

n
ĥ
n
∈
F
|A
|

th
a
t

fi
ts

p
er

fe
ct

ly
w

el
l

to
it

s
ta

rg
et

va
lu

es
a
t

d
a
ta

p
o
in

ts
{(
X
i,
A
i)
}n i=

1
,

th
a
t

is
,
ĥ
n
((
X
i,
A
i)

;Q
)

=
(T̂

π
Q

)(
X
i,
A
i)

fo
r
i

=
1,
..
.,
n

.9
S

u
ch

a
fu

n
ct

io
n

is
in

d
ee

d
th

e
m

in
im

iz
er

of
th

e
lo

ss
‖Q
−

ĥ
n
(·;
Q

)‖
2 D
n
.

T
h

e
se

co
n

d
o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m
(1

7)
b

ec
om

es

Q̂
=

a
rg

m
in

Q
∈F
|A
|

[ ∥ ∥ ∥
Q
−
T̂
π
Q
∥ ∥ ∥2 D

n

+
λ
Q
,n
J

2
(Q

)] .

T
h

is
is

th
e

re
g
u

la
ri

ze
d

ve
rs

io
n

o
f

th
e

o
ri

g
in

a
l

(i
.e

.,
u

n
m

o
d

ifi
ed

)
fo

rm
u

la
ti

o
n

of
th

e
B

R
M

a
lg

or
it

h
m

.
A

s
d

is
cu

ss
ed

in
S

ec
ti

o
n

3
.1

,
th

e
u

n
m

o
d

ifi
ed

B
R

M
a
lg

o
ri

th
m

is
b

ia
se

d
w

h
en

th
e

M
D

P
is

n
o
t

d
et

er
m

in
is

ti
c.

A
d

d
in

g
a

re
g
u

la
ri

ze
r

d
o
es

n
o
t

so
lv

e
th

e
b

ia
se

d
n

es
s

p
ro

b
le

m
of

th
e

u
n

m
o
d

ifi
ed

B
R

M
lo

ss
.

S
o

w
it

h
ou

t
re

gu
la

ri
zi

n
g

th
e

fi
rs

t
o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m
,

th
e

fu
n

ct
io

n
ĥ
n

ov
er

fi
ts

to
th

e
n

o
is

e
a
n

d
a
s

a
re

su
lt

th
e

w
h

ol
e

a
lg

or
it

h
m

b
ec

o
m

es
in

co
rr

ec
t.

C
a
se

2
.

In
th

is
ca

se
,

w
e

on
ly

re
g
u

la
ri

ze
th

e
em

p
ir

ic
al

p
ro

je
ct

io
n
‖h
−
T̂
π
Q
‖2 D

n
,

b
u

t
w

e
d

o

n
ot

re
g
u

la
ri

ze
‖Q
−
ĥ
n
(·;
Q

)‖
2 D
n
,

i.
e.

,

ĥ
n
(·;
Q

)
=

a
rg

m
in

h
∈F
|A
|

[ ∥ ∥ ∥
h
−
T̂
π
Q
∥ ∥ ∥2 D

n

+
λ
h
,n
J

2
(h

)] ,

Q̂
=

ar
gm

in
Q
∈F
|A
|

∥ ∥ ∥Q
−
ĥ
n
(·;
Q

)∥ ∥ ∥2 D
n

.
(1

8)

F
or

a
fi

x
ed

Q
,

th
e

fi
rs

t
op

ti
m

iz
a
ti

o
n

p
ro

b
le

m
is

th
e

st
an

d
ar

d
re

g
u

la
ri

ze
d

re
g
re

ss
io

n
es

-

ti
m

a
to

r
w

it
h

th
e

re
gr

es
si

on
fu

n
ct

io
n
E
[ (T̂

π
Q

)(
X
,A

)|X
=
x
,A

=
a
] =

(T
π
Q

)(
x
,a

).
T

h
er

e-

fo
re

,
if

th
e

fu
n

ct
io

n
sp

a
ce
F
|A
|

is
ri

ch
en

ou
g
h

a
n

d
w

e
se

t
th

e
re

g
u

la
ri

za
ti

on
co

effi
ci

en
t
λ
h
,n

p
ro

p
er

ly
,
‖h
−
T
π
Q
‖ ν

a
n

d
‖h
−
T
π
Q
‖ D

n
g
o

to
ze

ro
a
s

th
e

sa
m

p
le

si
ze

g
ro

w
s

(t
h

e
ra

te
o
f

co
n

-
ve

rg
en

ce
d

ep
en

d
s

on
th

e
co

m
p

le
x
it

y
o
f

th
e

ta
rg

et
fu

n
ct

io
n

;
cf

.
L

em
m

a
1
5

a
n

d
T

h
eo

re
m

16
).

S
o

w
e

ca
n

ex
p

ec
t
ĥ
n
(·;
Q

)
to

g
et

cl
os

er
to
T
π
Q

a
s

th
e

sa
m

p
le

si
ze

gr
ow

s.

F
o
r

si
m

p
li

ci
ty

o
f

d
is

cu
ss

io
n

,
su

p
p

o
se

th
at

w
e

ar
e

in
th

e
id

ea
l

si
tu

a
ti

on
w

h
er

e
fo

r
an

y
Q

,
w

e
h

av
e
ĥ
n
((
x
,a

);
Q

)
=

(T
π
Q

)(
x
,a

)
fo

r
a
ll

(x
,a

)
∈
{(
X
i,
A
i)
}n i=

1
∪
{(
X
′ i,
π

(X
′ i)

)}
n i=

1
,

th
a
t

9
.

T
o

b
e

m
o
re

p
re

ci
se

:
F

ir
st

,
fo

r
a
n

ε
>

0
,

w
e

co
n
st

ru
ct

a
co

n
ti

n
u
o
u
s

fu
n
ct

io
n

h̄
ε
(z

)
=

∑
Z
i
∈
{(
X
i
,A
i
)}
n i
=

1
m

a
x
{ 1
−
‖z
−
Z
i
‖

ε
,0
}

(T̂
π
Q

)(
Z
i
).

W
e

th
en

u
se

th
e

d
en

se
n
es

s
o
f

th
e

fu
n
ct

io
n

sp
a
ce
F
|A
|

in
th

e
su

p
re

m
u
m

n
o
rm

to
a
rg

u
e

th
a
t

th
er

e
ex

is
ts
h
ε
∈
F
|A
|

su
ch

th
a
t
∥ ∥ h

ε
−
h̄
ε

∥ ∥ ∞
is

a
rb

it
ra

ri
ly

cl
o
se

to
ze

ro
.

S
o

w
h
en
ε
→

0
,

th
e

va
lu

e
o
f

fu
n
ct

io
n
h
ε

is
a
rb

it
ra

ri
ly

cl
o
se

to
T
π
Q

a
t

d
a
ta

p
o
in

ts
.

W
e

th
en

ch
o
o
se

ĥ
n
(·;
Q

)
=
h
ε
.

T
h

is
co

n
st

ru
ct

io
n

is
si

m
il

a
r

to
T

h
eo

re
m

2
o
f

N
a
d
le

r
et

a
l.

(2
0
0
9
).

S
ee

a
ls

o
th

e
a
rg

u
m

en
t

in
C

a
se

2
fo

r
m

o
re

d
et

a
il
.
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R
e
g

u
l
a
r
iz

e
d

P
o
l
ic

y
It

e
r
a
t
io

n
w

it
h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

is,
w

e
p

recisely
k
n

ow
T
π
Q

a
t

a
ll

d
ata

p
o
in

ts. 1
0

S
u

b
stitu

tin
g

th
is
ĥ
n
((x

,a
);Q

)
in

th
e

seco
n

d
o
p

tim
iza

tion
p

ro
b

lem
(1

7),
w

e
get

th
a
t

w
e

a
re

so
lv

in
g

th
e

fo
llow

in
g

o
p

tim
izatio

n
p

ro
b

lem
:

Q̂
=

a
rg

m
in

Q
∈F
|A
| ‖
Q
−
T
π
Q
‖

2D
n
.

(1
9)

T
h

is
is

th
e

B
ellm

a
n

erro
r

m
in

im
iza

tion
p

ro
b

lem
.

W
e

d
o

n
o
t

h
ave

th
e

b
ia

sed
n

ess
p

ro
b

lem
h

ere
as

w
e

h
ave

T
π
Q

in
stea

d
of
T̂
π
Q

in
th

e
loss.

N
o
n

eth
eless,

w
e

fa
ce

a
n

oth
er

p
ro

b
lem

:
M

in
im

izin
g

th
is

em
p

irica
l

risk
m

in
im

iza
tio

n
w

ith
o
u

t
co

n
tro

llin
g

th
e

co
m

p
lex

ity
o
f

th
e

fu
n

c-
tio

n
sp

a
ce

m
ig

h
t

lead
to

a
n

overfi
tted

so
lu

tio
n

,
v
ery

sim
ila

r
to

th
e

sa
m

e
p

h
en

o
m

en
o
n

in
su

p
erv

ised
learn

in
g
.

T
o

see
it

m
o
re

p
recisely,

w
e

fi
rst

con
stru

ct
a

co
n
tin

u
o
u

s
fu

n
ction

Q̄
ε (z

)
=

∑

Z
i ∈{

(X
i ,A

i )}
ni=

1 ∪{
(X
′i ,π

(X
′i ))}

ni=
1

m
a
x {

1−
‖
z−

Z
i ‖

ε
,0 }

Q
π
(Z

i ),

w
h

ich
for

sm
a
ll

en
o
u

g
h
ε
>

0
h

a
s

th
e

p
rop

erty
th

a
t
∥∥
Q̄
ε −

T
π
Q̄
ε ∥∥

2D
n

is
zero

,
i.e.,

it
is

a

m
in

im
izer

o
f

th
e

em
p

irical
lo

ss.
D

u
e

to
th

e
d

en
sen

ess
o
fF
|A
|,

w
e

ca
n

fi
n

d
a
Q
ε
∈
F
|A
|

th
a
t

is
a
rb

itra
rily

close
to

th
e

con
tin

u
o
u

s
fu

n
ctio

n
Q̄
ε .

T
h

erefo
re,

fo
r

sm
a
ll

en
o
u

g
h
ε,

th
e

fu
n

ction
Q
ε

is
a

m
in

im
izer

o
f

(19
),

i.e.,
th

e
va

lu
e

of‖
Q
ε −

T
π
Q
ε ‖

2D
n

is
zero

.
B

u
t
Q
ε

is
n

ot
a

g
o
o
d

a
p

p
rox

im
atio

n
o
f
Q
π

b
eca

u
se
Q
ε

co
n

sists
o
f

sp
ikes

in
th

e
ε-n

eig
h
b

o
u

rh
o
o
d

o
f

d
ata

p
o
in

ts
a
n

d
zero

elsew
h

ere.
In

o
th

er
w

ord
s,
Q
ε

d
o
es

n
o
t

gen
era

lize
w

ell
b

ey
o
n

d
th

e
d

a
ta

p
o
in

ts
w

h
en

ε
is

ch
o
sen

to
b

e
sm

a
ll.

O
f

co
u

rse
th

e
solu

tio
n

is
to

con
tro

l
th

e
co

m
p

lex
ity

o
fF
|A
|

so
th

a
t

sp
ik

y
fu

n
ctio

n
s

su
ch

as
Q
ε

are
n

ot
selected

a
s

th
e

so
lu

tio
n

of
th

e
o
p

tim
iza

tion
p

ro
b

lem
.

W
h

en
w

e
reg

u
la

rize
b

o
th

o
p

tim
iza

tion
p

ro
b

lem
s,

a
s

w
e

d
o

in
th

is
w

o
rk

,
n

o
n

e
o
f

th
ese

p
ro

b
lem

s
h

a
p

p
en

.

T
h

is
a
rgu

m
en

t
a
p

p
lies

to
rich

fu
n

ctio
n

sp
aces

th
a
t

ca
n

ap
p

rox
im

a
te

a
n
y

rea
so

n
a
b

ly
com

p
lex

fu
n

ctio
n

s
(e.g

.,
con

tin
u

ou
s

fu
n

ctio
n

s)
arb

itra
rily

w
ell.

If
th

e
fu

n
ctio

n
sp

a
ce
F
|A
|

is
m

u
ch

m
o
re

lim
ited

,
fo

r
ex

a
m

p
le

if
it

is
a

p
a
ram

etric
fu

n
ctio

n
sp

a
ce,

w
e

m
a
y

n
o
t

n
eed

to
reg

u
larize

b
o
th

o
p

tim
izatio

n
p

ro
b

lem
s.

A
n

ex
a
m

p
le

o
f

su
ch

a
n

a
p

p
ro

a
ch

fo
r

p
a
ra

m
etric

sp
a
ces

h
as

b
een

a
n

a
ly

zed
b
y

Á
v
ila

P
ires

a
n

d
S

zep
esv

á
ri

(2
0
12

).

4
.2

C
lo

se
d

-F
o
rm

S
o
lu

tio
n

s

In
th

is
section

w
e

p
rov

id
e

a
clo

sed
-form

so
lu

tio
n

for
(1

3)-(14
)

a
n

d
(1

5
)-(1

6
)

fo
r

tw
o

ca
ses:

1)
W

h
en
F
|A
|
is

a
fi

n
ite

d
im

en
sio

n
al

lin
ea

r
sp

a
ce

a
n

d
J

2(·)
is

d
efi

n
ed

as
th

e
w

eig
h
ted

sq
u

a
red

su
m

o
f

p
a
ra

m
eters

d
escrib

in
g

th
e

fu
n

ctio
n

(a
setu

p
sim

ila
r

to
th

e
rid

ge
regressio

n
H

o
erl

a
n

d
K

en
n

a
rd

19
70

)
a
n

d
2
)F
|A
|

is
an

R
K

H
S

a
n

d
J

(·)
is

th
e

co
rresp

o
n

d
in

g
in

n
er-p

ro
d

u
ct

n
o
rm

,

i.e.,
J

2(·)
=
‖·‖

2H
.

H
ere

w
e

u
se

a
g
en

eric
π

an
d
D
n

in
stea

d
o
f
π
k

an
d
D

(k
)

n
at

th
e
k

th

itera
tio

n
.

1
0
.

T
h
is

is
a
n

id
ea

l
situ

a
tio

n
b

eca
u
se

1
)‖
h
−
T̂
π
Q
‖
ν

is
eq

u
a
l

to
zero

o
n
ly

a
sy

m
p
to

tica
lly

a
n
d

n
o
t

in
fi
n
ite

sa
m

p
les

reg
im

e,
a
n
d

2
)

ev
en

if‖
h−

T̂
π
Q
‖
ν

=
0
,

it
d
o
es

n
o
t

im
p
ly

th
a
t
ĥ
n
(x
,a

;Q
)

=
(T

π
Q

)(x
,a

)
a
lm

o
st

su
rely

o
n
X
×
A

.
N

o
n
eth

eless,
th

ese
sim

p
lifi

ca
tio

n
s

a
re

o
n
ly

in
fav

o
u
r

o
f

th
e

a
lg

o
rith

m
co

n
sid

ered
in

th
is

ca
se,

so
fo

r
sim

p
licity

o
f

d
iscu

ssio
n

w
e

a
ssu

m
e

th
a
t

th
ey

h
o
ld

.
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F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
r
i,

a
n
d

M
a
n
n
o
r

4
.2

.1
A

P
a
r
a
m

e
t
r
ic

F
o
r
m

u
l
a
t
io

n
f
o
r

R
E

G
-B

R
M

a
n
d

R
E

G
-L

S
T

D

In
th

is
section

w
e

con
sid

er
th

e
case

w
h

en
h

an
d
Q

are
b

oth
giv

en
as

lin
ear

com
b

in
ation

s
of

som
e

b
asis

fu
n

ctio
n

s:

h
(·)

=
φ

(·) >
u
,
Q

(·)
=
φ

(·) >
w
,

(20)

w
h

ere
u
,w
∈

R
p

are
p

aram
eter

v
ectors

an
d
φ

(·)
∈

R
p

is
a

v
ecto

r
o
f
p

lin
ea

rly
in

d
ep

en
-

d
en

t
b
asis

fu
n

ction
s

d
efi

n
ed

over
th

e
sp

ace
of

state-action
p

a
irs. 1

1
T

h
ese

b
a
sis

fu
n

ction
s

m
igh

t
b

e
p

red
efi

n
ed

(e.g.,
F

ou
rier

(K
on

id
aris

et
al.,

2011)
o
r

w
avelets)

o
r

co
n

stru
cted

d
a
ta-

d
ep

en
d

en
tly

b
y

on
e

of
alread

y
m

en
tion

ed
featu

re
gen

era
tion

m
eth

o
d

s.
W

e
fu

rth
er

a
ssu

m
e

th
a
t

th
e

regu
larization

term
s

take
th

e
form

J
2(h

)
=
u
>

Ψ
u
,

J
2(Q

)
=
w
>

Ψ
w
.

for
so

m
e

u
ser-d

efi
n

ed
ch

oice
of

p
ositive

d
efi

n
ite

m
atrix

Ψ
∈
R
p×
p.

A
sim

p
le

an
d

com
m

on
ch

o
ice

w
ou

ld
b

e
Ψ

=
I.

D
efi

n
e

Φ
,Φ
′∈

R
n×

p
an

d
r
∈
R
n

as
follow

s:

Φ
=
(
φ

(Z
1 ),...,φ

(Z
n
) )
>
,
Φ
′
=
(
φ

(Z
′1 ),...,φ

(Z
′n ) )
>
,
r

=
(
R

1 ,...,R
n )
>
,

(21)

w
ith

Z
i

=
(X

i ,A
i )

an
d
Z
′i
=

(X
′i ,π

(X
′i )).

T
h

e
so

lu
tio

n
to

R
E

G
-B

R
M

is
given

b
y

th
e

follow
in

g
p

rop
osition

.

P
ro

p
o
sitio

n
8

(C
lo

se
d

-fo
rm

so
lu

tio
n

fo
r

R
E

G
-B

R
M

)
U

n
d
er

th
e

settin
g

o
f

th
is

sec-
tio

n
,

th
e

a
p
p
ro

xim
a
te

a
ctio

n
-va

lu
e

fu
n

ctio
n

retu
rn

ed
by

R
E

G
-B

R
M

is
Q̂

(·)
=
φ

(·) >
w
∗,

w
h
ere

w
∗

=
[B
>
B
−
γ

2C
>
C

+
n
λ
Q
,n

Ψ
]−

1 (
B
>

+
γ
C
>

(Φ
A
−

I) )
r
,

w
ith
A

=
(Φ
>

Φ
+
n
λ
h
,n

Ψ
)−

1
Φ
>

,
B

=
Φ
−
γ
Φ
′,
C

=
(Φ
A
−

I)Φ
′.

P
ro

o
f

U
sin

g
(20)

an
d

(21),
w

e
can

rew
rite

(13)-(14)
a
s

u
∗(w

)
=

arg
m

in
u∈

R
p

{
1n [Φ

u
−

(r
+
γ
Φ
′w

) ]> [Φ
u
−

(r
+
γ
Φ
′w

) ]
+
λ
h
,n
u
>

Ψ
u }

,
(22)

w
∗

=
argm

in
w
∈
R
p

{
1n [Φ

w
−

(r
+
γ
Φ
′w

) ]> [Φ
w
−

(r
+
γ
Φ
′w

) ]−
(23)

1n [Φ
u
∗(w

)−
(r

+
γ
Φ
′w

) ]> [Φ
u
∗(w

)−
(r

+
γ
Φ
′w

) ]
+
λ
Q
,n
w
>

Ψ
w

}
.

T
ak

in
g

th
e

d
eriva

tiv
e

of
(22)

w
.r.t.

u
a
n

d
eq

u
atin

g
it

to
zero,

w
e

ob
tain

u
∗

as
a

fu
n

ction
of
w

:

u
∗(w

)
=
(
Φ
>

Φ
+
n
λ
h
,n

Ψ
)
−

1
Φ
>

(r
+
γ
Φ
′w

)
=
A

(r
+
γ
Φ
′w

).
(24)

P
lu

g
u
∗(w

)
from

(24)
in

to
(23),

take
th

e
d

erivative
w

.r.t.
w

an
d

eq
u

ate
it

to
zero

to
ob

tain
th

e
p

a
ra

m
eter

vector
w
∗

as
an

n
ou

n
ced

ab
ove.

T
h

e
so

lu
tion

retu
rn

ed
b
y

R
E

G
-L

S
T

D
is

given
in

th
e

follow
in

g
p
ro

p
ositio

n
.

1
1
.

A
t

th
e

co
st

o
f

u
sin

g
g
en

era
lized

in
v
erses,

ev
ery

th
in

g
in

th
is

sectio
n

ex
ten

d
s

to
th

e
ca

se
w

h
en

th
e

b
a
sis

fu
n
ctio

n
s

a
re

n
o
t

lin
ea

rly
in

d
ep

en
d
en

t.
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R
e
g

u
l
a
r
iz

e
d

P
o
l
ic

y
It

e
r
a
t
io

n
w

it
h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

P
ro

p
o
si

ti
o
n

9
(C

lo
se

d
-f

o
rm

so
lu

ti
o
n

fo
r

R
E

G
-L

S
T

D
)

U
n

d
er

th
e

se
tt

in
g

o
f

th
is

se
c-

ti
o
n

,
th

e
a
p
p
ro

xi
m

a
te

a
ct

io
n

-v
a
lu

e
fu

n
ct

io
n

re
tu

rn
ed

by
R

E
G

-L
S

T
D

is
Q̂

(·)
=
φ

(·)
>
w
∗ ,

w
h
er

e

w
∗

=
[ E
>
E

+
n
λ
Q
,n

Ψ
] −

1
E
>
A
r
,

w
it

h
A

=
( Φ
>

Φ
+
n
λ
h
,n

Ψ
) −

1
Φ
>

a
n

d
E

=
(Φ
−
γ
A

Φ
′ )

.

P
ro

o
f

U
si

n
g

(2
0)

an
d

(2
1)

,
w

e
ca

n
re

w
ri

te
(1

5)
-(

16
)

as

u
∗ (
w

)
=

ar
gm

in
u
∈R

p

{
1 n

[ Φ
u
−

(r
+
γ
Φ
′ w

)]
>
[ Φ
u
−

(r
+
γ
Φ
′ w

)]
+
λ
h
,n
u
>

Ψ
u

}
,

(2
5
)

w
∗

=
ar

gm
in

w
∈R

p

{ [
Φ
w
−

Φ
u
∗ (
w

)]
>
[ Φ
w
−

Φ
u
∗ (
w

)]
+
λ
Q
,n
w
>

Ψ
w
}
.

(2
6)

S
im

il
ar

to
th

e
p

ar
am

et
ri

c
R

E
G

-B
R

M
,

w
e

so
lv

e
(2

5)
an

d
ob

ta
in
u
∗ (
w

)
w

h
ic

h
is

th
e

sa
m

e
a
s

(2
4)

.
If

w
e

p
lu

g
th

is
u
∗ (
w

)
in

to
(2

6)
,

ta
ke

d
er

iv
at

e
w

.r
.t

.
w

,
an

d
fi

n
d

th
e

m
in

im
iz

er
,

th
e

p
ar

am
et

er
v
ec

to
r
w
∗

w
il

l
b

e
as

an
n

ou
n

ce
d

.

4
.2

.2
R

K
H

S
F

o
r
m

u
l
a
t
io

n
f
o
r

R
E

G
-B

R
M

a
n
d

R
E

G
-L

S
T

D

T
h

e
cl

as
s

of
re

p
ro

d
u
ci

n
g

ke
rn

el
H

il
b

er
t

sp
ac

es
p
ro

v
id

es
a

fl
ex

ib
le

an
d

p
ow

er
fu

l
fa

m
il

y
of

fu
n

ct
io

n
sp

ac
es

to
ch

o
os

e
F
|A
|

fr
om

.
A

n
R

K
H

S
H

:
X
×
A
→

R
is

d
efi

n
ed

b
y

a
p

os
it

iv
e

d
efi

n
it

e
ke

rn
el

k
:

(X
×
A

)×
(X
×
A

)
→

R
.

W
it

h
su

ch
a

ch
oi

ce
,
w

e
ca

n
u

se
th

e
co

rr
es

p
on

d
in

g
sq

u
ar

ed
R

K
H

S
n

or
m
‖·
‖2 H

as
th

e
re

gu
la

ri
ze

r
J

2
(·)

.
R

E
G

-B
R

M
w

it
h

an
R

K
H

S
fu

n
ct

io
n

sp
a
ce

F
|A
| =
H

w
ou

ld
b

e

ĥ
n
(·;
Q

)
=

ar
gm

in
h
∈F
|A
| [

=
H

]

[ ∥ ∥ ∥
h
−
T̂
π
Q
∥ ∥ ∥2 D

n

+
λ
h
,n
‖h
‖2 H
] ,

(2
7)

Q̂
=

ar
gm

in
Q
∈F
|A
| [

=
H

]

[ ∥ ∥ ∥
Q
−
T̂
π
Q
∥ ∥ ∥2 D

n

−
∥ ∥ ∥ĥ

n
(·;
Q

)
−
T̂
π
Q
∥ ∥ ∥2 D

n

+
λ
Q
,n
‖Q
‖2 H
] ,

(2
8)

an
d

th
e

co
u

p
le

d
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

fo
r

R
E

G
-L

S
T

D
ar

e

ĥ
n
(·;
Q

)
=

ar
gm

in
h
∈F
|A
| [

=
H

]

[ ∥ ∥ ∥
h
−
T̂
π
Q
∥ ∥ ∥2 D

n

+
λ
h
,n
‖h
‖2 H
] ,

(2
9
)

Q̂
=

ar
gm

in
Q
∈F
|A
| [

=
H

]

[ ∥ ∥ ∥
Q
−
ĥ
n
(·;
Q

)∥ ∥ ∥2 D
n

+
λ
Q
,n
‖Q
‖2 H
] .

(3
0
)

W
e

ca
n

so
lv

e
th

es
e

co
u

p
le

d
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

b
y

th
e

ap
p

li
ca

ti
on

o
f

th
e

g
en

er
a
li

ze
d

re
p

re
se

n
te

r
th

eo
re

m
fo

r
R

K
H

S
(S

ch
öl

ko
p

f
et

al
.,

20
01

).
T

h
e

re
su

lt
,

w
h

ic
h

is
st

at
ed

in
th

e
n

ex
t

th
eo

re
m

,
sh

ow
s

th
at

th
e

in
fi

n
it

e
d

im
en

si
on

al
op

ti
m

iz
at

io
n

p
ro

b
le

m
d

efi
n

ed
o
n
F
|A
| =
H

b
oi

ls
d

ow
n

to
a

fi
n

it
e

d
im

en
si

on
al

p
ro

b
le

m
w

it
h

th
e

d
im

en
si

on
tw

ic
e

th
e

n
u
m

b
er

o
f

d
a
ta

p
oi

n
ts

.

T
h

e
o
re

m
1
0

L
et
Z̃

be
a

ve
ct

o
r

d
efi

n
ed

a
s
Z̃

=
(Z

1
,.
..
,Z

n
,Z
′ 1
,.
..
,Z
′ n)
>

.
T

h
en

th
e

o
p
-

ti
m

iz
er

Q̂
∈
H

o
f

(2
7)

-(
28

)
ca

n
be

w
ri

tt
en

a
s
Q̂

(·)
=
∑

2
n
i=

1
α̃
ik

(Z̃
i,
·)

fo
r

so
m

e
va

lu
es

o
f
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F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
r
i,

a
n
d

M
a
n
n
o
r

α̃
∈
R

2
n

.
T

h
e

sa
m

e
h
o
ld

s
fo

r
th

e
so

lu
ti

o
n

to
(2

9
)-

(3
0
).

F
u

rt
h
er

,
th

e
co

effi
ci

en
t

ve
ct

o
rs

ca
n

be
o
bt

a
in

ed
in

th
e

fo
ll

o
w

in
g

fo
rm

:

R
E
G
-B

R
M

:
α̃

B
R
M

=
(C
K

Q
+
n
λ
Q
,n

I)
−

1
(D
>

+
γ
C
> 2
B
>
B

)r
,

R
E
G
-L

S
T
D
:

α̃
L
S
T
D

=
(F
>
F
K

Q
+
n
λ
Q
,n

I)
−

1
F
>
E
r
,

w
h
er

e
r

=
(R

1
,.
..
,R

n
)>

a
n

d
th

e
m

a
tr

ic
es
K

Q
,B

,C
,C

2
,D

,E
,F

a
re

d
efi

n
ed

a
s

fo
ll

o
w

s:
K

h
∈
R
n
×
n

is
d
efi

n
ed

a
s

[K
h
] i
j

=
k

(Z
i,
Z
j
),

1
≤
i,
j
≤
n

,
a
n

d
K

Q
∈
R

2
n
×

2
n

is
d
efi

n
ed

a
s

[K
Q

] i
j

=
k

(Z̃
i,
Z̃
j
),

1
≤
i,
j
≤

2
n

.
L

et
C

1
=
(

I n
×
n

0
n
×
n

)
a
n

d
C

2
=
(

0
n
×
n

I n
×
n

) .
D

en
o
te
D

=
C

1
−
γ
C

2
,
E

=
K

h
(K

h
+
n
λ
h
,n

I)
−

1
,
F

=
C

1
−
γ
E
C

2
,
B

=
K

h
(K

h
+

n
λ
h
,n

I)
−

1
−

I,
a
n

d
C

=
D
>
D
−
γ

2
(B
C

2
)>

(B
C

2
).

P
ro

o
f

S
ee

A
p

p
en

d
ix

A
.

5
.
T
h
e
o
re
ti
ca

l
A
n
a
ly
si
s

In
th

is
se

ct
io

n
,

w
e

an
al

y
ze

th
e

st
a
ti

st
ic

a
l

p
ro

p
er

ti
es

o
f

R
E

G
-L

S
P

I
a
n

d
p

ro
v
id

e
a

fi
n

it
e-

sa
m

p
le

u
p

p
er

b
ou

n
d

on
th

e
p

er
fo

rm
an

ce
lo

ss
‖Q
∗
−
Q
π
K
‖ 1
,ρ

.
H

er
e,
π
K

is
th

e
p

o
li

cy
g
re

ed
y

w
.r

.t
.
Q̂

(K
−

1
)

an
d
ρ

is
th

e
p

er
fo

rm
a
n
ce

ev
al

u
a
ti

o
n

m
ea

su
re

.
T

h
e

d
is

tr
ib

u
ti

o
n
ρ

is
ch

o
se

n
b
y

th
e

u
se

r
an

d
is

o
ft

en
d

iff
er

en
t

fr
o
m

th
e

sa
m

p
li

n
g

d
is

tr
ib

u
ti

on
ν

.

O
u

r
st

u
d

y
h

as
tw

o
m

ai
n

p
a
rt

s.
F

ir
st

,
w

e
a
n

a
ly

ze
th

e
p

ol
ic

y
ev

a
lu

a
ti

o
n

er
ro

r
o
f

R
E

G
-

L
S

T
D

in
S

ec
ti

on
5
.1

.
W

e
su

p
p

o
se

th
at

g
iv

en
a
n
y

p
o
li

cy
π

,
w

e
ob

ta
in
Q̂

b
y

so
lv

in
g

(1
5
)-

(1
6
)

w
it

h
π
k

in
th

es
e

eq
u

a
ti

o
n

s
b

ei
n

g
re

p
la

ce
d

b
y
π

.
T

h
eo

re
m

11
p

ro
v
id

es
an

u
p

p
er

b
ou

n
d

on
th

e
B

el
lm

an
er

ro
r
‖Q̂
−
T
π
Q̂
‖ ν

.
W

e
d

is
cu

ss
th

e
op

ti
m

al
it

y
o
f

th
is

u
p

p
er

b
o
u

n
d

fo
r

p
ol

ic
y

ev
a
lu

at
io

n
fo

r
so

m
e

g
en

er
a
l

cl
a
ss

es
of

fu
n

ct
io

n
sp

a
ce

s.
W

e
sh

ow
th

a
t

th
e

re
su

lt
is

n
ot

on
ly

o
p

ti
m

a
l

in
it

s
co

n
ve

rg
en

ce
ra

te
,

b
u

t
al

so
in

it
s

d
ep

en
d

en
ce

o
n
J

(Q
π
).

A
ft

er
th

at
in

S
ec

ti
on

5.
2,

w
e

sh
ow

h
ow

th
e

B
el

lm
a
n

er
ro

rs
o
f

th
e

p
ol

ic
y

ev
al

u
at

io
n

p
ro

ce
d

u
re

p
ro

p
a
ga

te
th

ro
u

g
h

th
e

A
P

I
p

ro
ce

d
u

re
(T

h
eo

re
m

1
3
).

T
h

e
m

a
in

re
su

lt
of

th
is

p
a
p

er
,

w
h

ic
h

is
a
n

u
p

p
er

b
o
u

n
d

on
th

e
p

er
fo

rm
a
n

ce
lo

ss
‖Q
∗
−
Q
π
K
‖ 1
,ρ

,
is

st
a
te

d
a
s

T
h

eo
re

m
1
4

in
S

ec
ti

on
5
.3

,
fo

ll
ow

ed
b
y

it
s

d
is

cu
ss

io
n

.
W

e
co

m
p

a
re

th
is

w
o
rk

’s
st

a
ti

st
ic

a
l

g
u

ar
an

te
e

w
it

h
so

m
e

o
th

er
p

a
p

er
s’

in
S

ec
ti

on
5.

3.
1
.

T
o

a
n

al
y
ze

th
e

st
at

is
ti

ca
l

p
er

fo
rm

a
n

ce
o
f

th
e

R
E

G
-L

S
P

I
p

ro
ce

d
u

re
,

w
e

m
a
k
e

th
e

fo
ll

ow
-

in
g

a
ss

u
m

p
ti

on
s.

W
e

d
is

cu
ss

th
ei

r
im

p
li

ca
ti

o
n

s
a
n

d
th

e
p

os
si

b
le

re
la

x
a
ti

on
s

af
te

r
st

at
in

g
ea

ch
o
f

th
em

.

A
ss

u
m

p
ti

o
n

A
1

(M
D

P
R

e
g
u

la
ri

ty
)

T
h

e
se

t
o
f

st
at

es
X

is
a

co
m

p
ac

t
su

b
se

t
o
f
R
d
.

T
h

e
ra

n
d

o
m

im
m

ed
ia

te
re

w
a
rd

s
R
t
∼
R

(·|
X
t,
A
t)

(t
=

1
,2
,.
..

)
a
s

w
el

l
as

th
e

ex
p

ec
te

d
im

m
ed

ia
te

re
w

ar
d
s
r(
x
,a

)
ar

e
u

n
if

o
rm

ly
b

o
u

n
d

ed
b
y
R

m
a
x
,

i.
e.

,
|R

t|
≤
R

m
a
x

(t
=

1
,2
,.
..

)
a
n

d
‖r
‖ ∞
≤
R

m
a
x
.

E
ve

n
th

ou
gh

th
e

al
g
o
ri

th
m

s
w

er
e

p
re

se
n
te

d
fo

r
a

ge
n

er
a
l

m
ea

su
ra

b
le

st
at

e
sp

a
ce
X

,
th

e
th

eo
re

ti
ca

l
re

su
lt

s
ar

e
st

a
te

d
fo

r
th

e
p

ro
b

le
m

s
w

h
o
se

st
a
te

sp
a
ce

is
a

co
m

p
a
ct

su
b

se
t

o
f
R
d
.

G
en

er
al

iz
in

g
A

ss
u

m
p

ti
on

A
1

to
o
th

er
st

at
e

sp
ac

es
sh

o
u

ld
b

e
p

o
ss

ib
le

u
n

d
er

ce
rt

a
in

re
gu

la
ri

ty
co

n
d

it
io

n
s.

O
n

e
ex

a
m

p
le

co
u

ld
b

e
a
n
y

P
o
li

sh
sp

a
ce

,
i.

e.
,

se
p

a
ra

b
le

co
m

p
le

te
ly
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R
e
g

u
l
a
r
iz

e
d

P
o
l
ic

y
It

e
r
a
t
io

n
w

it
h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

m
etrizab

le
top

o
lo

g
ical

sp
a
ce.

N
everth

eless,
w

e
d

o
n

ot
in

vestig
a
te

su
ch

g
en

eraliza
tio

n
s

h
ere.

T
h

e
b

o
u

n
d

ed
n

ess
o
f

th
e

rew
a
rd

s
is

a
rea

so
n

ab
le

assu
m

p
tio

n
th

a
t

can
b

e
rep

laced
b
y

a
m

o
re

relax
ed

con
d

ition
su

ch
as

its
su

b
-G

a
u

ssia
n

ity
(V

ersh
y
n

in
,

2
0
12

;
va

n
d

e
G

eer,
2
0
0
0
).

T
h

is
relax

a
tio

n
,

h
ow

ever,
in

crea
ses

th
e

tech
n

ica
lity

of
th

e
p

ro
ofs

w
ith
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p
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b
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olicy

sa
m

p
lin

g
settin

g
.

M
oreover,

ch
a
n

g
in

g
ν

at
each

iteration
b

ased
o
n

th
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p
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a
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a
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reu
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p
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p
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p
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p
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y

a
u

n
iv

ersa
l

k
ern

el
(cf.

A
ssu

m
p

tion
A

6),
en

su
res

th
e

co
n

sisten
cy

o
f

th
e

p
o
licy

eva
lu

a
tion

a
lg

o
rith

m
.

T
h

is
th

eo
rem

,
h

ow
ever,

is
m

u
ch

m
o
re

p
ow

erfu
l

th
a
n

a
con

sisten
cy

resu
lt

as
it

p
rov

id
es

a
fi

n
ite-sam

p
le

u
p

p
er

b
ou

n
d

g
u

aran
tee

fo
r

th
e

error,
to

o
.

If
th

e
p

a
ra

m
eters

o
f

th
e

R
E

G
-

L
S

T
D

a
lgo

rith
m

a
re

selected
p

rop
erly,

o
n

e
m

ay
a
ch

ieve
th

e
sa

m
p

le
co

m
p

lex
ity

u
p

p
er

b
o
u
n

d
o
f
O

(n
−

1
/
(1

+
α

)).
F

o
r

th
e

ca
se

o
f

th
e

S
o
b

o
lev

sp
a
ce

W
k(X

)
w

ith
X

b
ein

g
a
n

op
en

E
u

clid
ea

n
b

a
ll

in
R
d

an
d
k
>
d
/
2,

on
e

m
ay

ch
o
o
se
α

=
d
/2
k

to
o
b

ta
in

th
e

error
u

p
p

er
b

o
u

n
d

of
O

(n
−
d
/
(2
k
+
d
)). 1

4

T
o

stu
d

y
th

e
u

p
p

er
b

o
u

n
d

a
b

it
closer,

let
u

s
fo

cu
s

o
n

th
e

sp
ecial

ca
se

o
f
γ

=
0.

F
o
r

th
is

ch
o
ice

o
f

th
e

d
isco

u
n
t

fa
cto

r,
T
π
Q

is
eq

u
a
l

to
r
π

a
n

d
(T̂

π
Q

)(X
i ,A

i )
is

eq
u

a
l

to
R
i .

O
n

e
can

see
th

at
th

e
p

olicy
eva

lu
atio

n
p

rob
lem

b
ecom

es
a

reg
ressio

n
p

rob
lem

w
ith

th
e

regressio
n

fu
n

ction
r
π
.

T
h

e
g
u

a
ra

n
tee

o
f

th
is

th
eo

rem
w

o
u

ld
b

e
th

en
o
n
‖
Q̂
−
T
π
Q̂
‖

2ν
=
‖Q̂
−
r
π‖

2ν ,
w

h
ich

is
th

e
u

su
al

sq
u

ared
erro

r
in

th
e

reg
ressio

n
litera

tu
re.

H
en

ce
w

e
red

u
ced

a
reg

ression
p

rob
lem

to
a

p
olicy

eva
lu

a
tio

n
p

ro
b

lem
.

B
eca

u
se

o
f

th
is

red
u

ctio
n

,
a
n
y

low
er

b
ou

n
d

o
n

th
e

reg
ressio

n
w

o
u

ld
a
lso

b
e

a
low

er
b

o
u

n
d

o
n

th
e

p
olicy

eva
lu

a
tio

n
p

ro
b

lem
.

It
is

w
ell-k

n
ow

n
th

at
th

e
con

verg
en

ce
rate

o
f
n
−
d
/
(2
k
+
d
)

is
a
sy

m
p

to
tica

lly
m

in
im

a
x

o
p
ti-

m
a
l
fo

r
th

e
regression

estim
a
tio

n
fo

r
ta

rg
et

fu
n

ction
s

b
elon

g
in

g
to

th
e

S
o
b

o
lev

sp
ace

W
k(X

)
a
s

w
ell

as
som

e
oth

er
sm

o
oth

n
ess

cla
sses

w
ith

th
e
k

o
rd

er
o
f

sm
o
o
th

n
ess,

cf.
e.g

.,
N

u
ss-

b
a
u

m
(1

9
99

)
for

th
e

resu
lts

fo
r

th
e

S
o
b

o
lev

sp
a
ces,

S
to

n
e

(1
9
8
2)

fo
r

a
clo

sely
rela

ted
H

öld
er

sp
a
ce
C
p
,α

,
w

h
ich

w
ith

th
e

ch
o
ice

o
f
k

=
p

+
α

(k
∈
N

a
n

d
0
<
α
≤

1
)

h
a
s

th
e

sa
m

e
ra

te,
a
n

d
T

sy
b

akov
(2

00
9
)

for
severa

l
resu

lts
o
n

m
in

im
a
x

o
p

tim
a
lity

o
f
n

on
p

a
ra

m
etric

estim
a
to

rs.
M

o
re

g
en

erally,
th

e
ra

te
of
O

(n
−

1
/
(1

+
α
)

is
o
p

tim
a
l

to
o
:

F
o
r

a
reg

ressio
n

fu
n

ctio
n

b
elo

n
g
in

g
to

a
fu

n
ctio

n
sp

ace
F

w
ith

a
p

a
ck

in
g

en
trop

y
in

th
e

sa
m

e
fo

rm
as

in
th

e
u

p
p

er
b

o
u

n
d

o
f

A
ssu

m
p

tion
A

4,
th

e
ra

te
Ω

(n
−

1
/
(1

+
α

))
is

its
m

in
im

a
x

low
er

b
o
u

n
d

(Y
an

g
a
n

d
B

a
rro

n
,

1
9
99

),
m

ak
in

g
th

e
u

p
p

er
b

o
u

n
d

o
p

tim
a
l.

C
o
m

p
a
rin

g
th

ese
low

er
b

o
u

n
d

s
w

ith
th

e
u

p
p

er
b

o
u

n
d
O

(n
−

1
/
(1

+
α

))
(or

O
(n
−
d
/
(2
k
+
d
))

fo
r

th
e

S
o
b

o
lev

sp
a
ce)

o
f

th
is

th
eo

rem
in

d
icates

th
at

R
E

G
-L

S
T

D
a
lg

orith
m

h
as

th
e

op
tim

a
l

erro
r

ra
te

a
s

a
fu

n
ction

o
f

th
e

n
u

m
b

er
o
f

sa
m

p
les

n
,

w
h

ich
is

a
rem

a
rka

b
le

resu
lt.

F
u

rth
erm

o
re,

to
u

n
d

ersta
n

d
th

e
fi

n
e

b
eh

av
ior

o
f

th
e

u
p

p
er

b
o
u

n
d

,
b

ey
o
n

d
th

e
d

ep
en

-
d

en
ce

o
f

th
e

rate
on

n
a
n

d
α

,
w

e
fo

cu
s

o
n

th
e

m
u

ltip
lica

tive
term

c(δ).
A

g
a
in

w
e

co
n

sid
er

th
e

sp
ecia

l
case

o
f

regression
estim

atio
n

a
s

it
is

th
e

on
ly

ca
se

w
e

h
ave

so
m

e
k
n

ow
n

low
er

b
ou

n
d

s.
W

ith
th

e
ch

oice
o
f
γ

=
0,

w
e

h
ave

Q
π

=
r
π
,

so
J

(Q
π
)

=
J

(r
π
).

M
o
reover,

sin
ce

T
π
Q

=
r
π

+
0P

π
Q

=
r
π
,

w
e

ca
n

ch
o
o
se

L
R

=
J

(r
π
)

in
A

ssu
m

p
tio

n
A

7.
A

s
a

resu
lt

c(δ)
=
c

1
J

2
α

1
+
α

(r
π
)

ln
(1/

δ)
fo

r
a

co
n

sta
n
t
c

1
>

0.
W

e
a
re

in
terested

in
stu

d
y
in

g
th

e
d

e-
p

en
d

en
ce

o
f

th
e

u
p

p
er

b
o
u

n
d

on
J

(r
π
).

W
e

stu
d

y
its

b
eh

av
io

r
w

h
en

th
e

fu
n

ctio
n

sp
a
ce

is
th

e
S
o
b

olev
sp

ace
W
k([0,1

])
a
n

d
J

(·)
is

th
e

corresp
o
n

d
in

g
S

o
b

o
lev

sp
a
ce

n
o
rm

.
W

e
ch

o
ose

α
=

1/
2k

to
g
et
J

2
2
k
+
1(r

π
)

d
ep

en
d

en
ce

of
c(δ).

O
n

th
e

o
th

er
h

an
d

,
fo

r
th

e
reg

ressio
n

es-

tim
a
tio

n
p

ro
b

lem
w

ith
in

th
e

su
b

setF
|A
|

1
=
{
Q

(·,a
)∈

W
k([0,1

])
:
J

(Q
)≤

J
(r
π
),∀

a
∈
A
}

o
f

th
is

S
ob

o
lev

sp
ace,

th
e

fi
n

e
b

eh
av

io
r

o
f

th
e

a
sy

m
p

to
tic

m
in

im
a
x

ra
te

is
d

eterm
in

ed
b
y

1
4
.

F
o
r

ex
a
m

p
les

o
f

th
e

m
etric

en
tro

p
y

resu
lts

fo
r

th
e

S
o
b

o
lev

sp
a
ces,

refer
to

S
ectio

n
A

.5
.6

a
lo

n
g
sid

e
L

em
m

a
6
.2

1
o
f

S
tein

w
a
rt

a
n
d

C
h
ristm

a
n
n

(2
0
0
8
),

o
r

T
h
eo

rem
2
.4

o
f

va
n

d
e

G
eer

(2
0
0
0
)

fo
rX

=
[0
,1

]
o
r

L
em

m
a

2
0
.6

o
f

G
y
ö
rfi

et
a
l.

(2
0
0
2
)

fo
rX

=
[0
,1

] d.
A

lso
in

th
is

p
a
p

er
w

e
u
se

th
e

n
o
ta

tio
n
W
k
(X

)
to

refer
to

W
k
,2(X

),
th

e
S
o
b

o
lev

sp
a
ce

d
efi

n
ed

b
a
sed

o
n

th
e
L

2 -n
o
rm

o
f

th
e

w
ea

k
d
eriva

tiv
es.

2
3

JM
L

R
 17(139):1-66

F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
r
i,

a
n
d

M
a
n
n
o
r

th
e

so
-called

P
in

sker
con

stan
t,

w
h

ose
d

ep
en

d
en

ce
on

J
is

in
fact

J
2

2
k
+
1(r

π
),

cf.
e.g.,

N
u

ss-
b

au
m

(1
999,

1
985

);
G

olu
b

ev
an

d
N

u
ssb

au
m

(1990),
or

S
ection

3.1
of

T
sy

b
akov

(20
09). 1

5

T
h

erefo
re,

n
ot

on
ly

th
e

ex
p

on
en

t
of

th
e

rate
is

op
tim

al
for

th
is

fu
n

ction
sp

ace,
b
u

t
also

its
m

u
ltip

licative
d

ep
en

d
en

ce
on

th
e

sm
o
oth

n
ess

J
(r
π
)

is
op

tim
al.

F
o
r

fu
n

ctio
n

sp
aces

oth
er

th
an

th
is

ch
oice

of
S

ob
o
lev

sp
ace

(i.e.,
th

e
gen

eral
case

of
α

),
w

e

a
re

n
ot

aw
are

of
an

y
refi

n
ed

low
er

b
ou

n
d

th
at

in
d

icates
th

e
o
p

tim
ality

of
J

2
α

1
+
α

(r
π
).

W
e

n
ote

th
at

so
m

e
availab

le
u

p
p

er
b

ou
n

d
s

for
regression

w
ith

com
p

arab
le

assu
m

p
tio

n
s

on
th

e
m

etric
en

trop
y

h
ave

th
e

sam
e

d
ep

en
d

en
ce

on
J

(r
π
),

e.g.,
S

tein
w

art
et

al.
(2009)

1
6

o
r

F
arah

m
an

d
an

d
S

zep
esv

ári
(2

012),
w

h
ose

resu
lt

is
for

th
e

regression
settin

g
w

ith
ex

p
on

en
tial

β
-m

ix
in

g
in

p
u

t,
b

u
t

can
a
lso

b
e

sh
ow

n
for

i.i.d
.

d
ata.

W
e

con
jectu

re
th

at
u

n
d

er
ou

r
assu

m
p

tion
s

th
is

d
ep

en
d

en
ce

is
op

tim
al.

O
n

e
m

ay
n

ote
th

at
th

e
p

rop
er

selection
of

th
e

regu
larization

co
effi

cien
ts

to
ach

ieve
th

e
op

tim
al

rate
req

u
ires

th
e

k
n

ow
led

ge
of

an
u

n
k
n
ow

n
q
u

an
tity

J
(Q

π
).

T
h

is,
h

ow
ev

er,
is

n
ot

a
m

a
jor

con
cern

as
a

p
rop

er
m

o
d

el
selection

p
ro

ced
u

re
fi

n
d

s
p

aram
eters

th
at

resu
lt

in
a

p
erfo

rm
an

ce
w

h
ich

is
alm

ost
th

e
sa

m
e

as
th

e
op

tim
al

p
erform

an
ce.

W
e

com
m

en
t

on
th

is
issu

e
in

m
ore

d
eta

il
in

S
ection

6.

T
h

e
p

ro
of

of
th

is
th

eorem
req

u
ires

several
au

x
iliary

resu
lts,

w
h

ich
are

p
resen

ted
in

th
e

ap
p

en
d

ices,
b

u
t

th
e

m
ain

id
ea

b
eh

in
d

th
e

p
ro

of
is

a
s

follow
s.

S
in

ce
‖Q̂
−
T
π
Q̂
‖

2ν
≤

2‖Q̂
−
ĥ
n
(·;Q̂

)‖
2ν

+
2‖ĥ

n
(·;Q̂

)−
T
π
Q̂
‖

2ν ,
w

e
m

ay
u

p
p

er
b

o
u
n

d
th

e
B

ellm
an

error
b
y

u
p

p
er

b
o
u

n
d

in
g

each
term

in
th

e
righ

t-h
an

d
sid

e
(R

H
S

).
O

n
e

can
see

th
at

for
a

fi
x
ed

Q
,

th
e

o
p

tim
iza

tion
p

rob
lem

(15)
essen

tially
solves

a
regu

larized
least-sq

u
ares

reg
ression

p
rob

lem
,

w
h

ich
lead

s
to

sm
all

valu
e

of‖
ĥ
n
(·;Q̂

)−
T
π
Q̂
‖
ν ,

w
h

en
th

ere
are

en
ou

gh
sam

p
les

a
n

d
u

n
d

er
p

rop
er

con
d

ition
s.

T
h

e
relation

of
th

e
op

tim
ization

p
rob

lem
(16)

w
ith
‖
Q̂
−
ĥ
n
(·;Q̂

)‖
ν

is
ev

id
en

t
to

o
.

T
h

e
d

iffi
cu

lty,
h

ow
ever,

is
th

at
th

ese
tw

o
op

tim
izatio

n
p

rob
lem

s
are

cou
p

led
:

ĥ
n
(·;Q̂

)
is

a
fu

n
ction

of
Q̂

w
h

ich
itself

is
a

fu
n

ction
of
ĥ
n
(·;Q̂

).
T

h
u

s,
Q

ap
p

earin
g

in
(1

5)
is

n
ot

fi
x
ed

,
b

u
t

is
a

ran
d

om
fu

n
ction

Q̂
.

T
h

e
sam

e
is

tru
e

for
th

e
oth

er
op

tim
ization

p
rob

lem
as

w
ell.

T
h

e
cou

p
lin

g
of

th
e

op
tim

ization
p

rob
lem

s
m

akes
th

e
an

aly
sis

m
o
re

com
p

lica
ted

th
a
n

th
e

u
su

al
su

p
erv

ised
learn

in
g

ty
p

e
of

an
aly

sis.
T

h
e

d
ep

en
d
en

cies
b

etw
een

all
th

e
resu

lts
th

a
t

lea
d

to
th

e
p

ro
of

of
T

h
eorem

14
is

d
ep

icted
in

F
igu

re
2

in
A

p
p

en
d

ix
B

.

In
ord

er
to

o
b

tain
fast

con
vergen

ce
rates,

w
e

u
se

con
cep

ts
a
n

d
tech

n
iq

u
es

from
th

e
em

p
irical

p
ro

cess
th

eory
su

ch
as

th
e

p
eelin

g
d

ev
ice,

th
e

ch
a
in

in
g

tech
n

iq
u

e,
an

d
th

e
m

o
d
u

lu
s

of
co

n
tin

u
ity

o
f

th
e

em
p

irical
p

ro
cess,

cf.
e.g.,

va
n

d
e

G
eer

(20
00).

B
y

fo
cu

sin
g

on
th

e
b

eh
av

ior
of

th
e

em
p

irical
p

ro
cess

over
lo

cal
su

b
sets

of
th

e
fu

n
ction

sp
ace,

th
ese

tech
n

iq
u

es
allow

u
s

to
stu

d
y

th
e

d
ev

iation
s

of
th

e
p

ro
cess

in
a

m
ore

refi
n

ed
w

ay
com

p
ared

to
a

g
lob

al
ap

p
ro

ach
th

at
stu

d
ies

th
e

su
p

rem
u
m

of
th

e
em

p
irical

p
ro

cess
in

th
e

w
h

ole
fu

n
ction

sp
ace.

T
h

ese
tech

n
iq

u
es

are
cru

cial
to

ob
tain

a
fast

rate
for

large
fu

n
ction

sp
aces.

W
e

d
iscu

ss
th

em
in

m
ore

d
etail

as
w

e
p

ro
ceed

in
th

e
p

ro
ofs.

1
5
.

T
h
e

P
in

sk
er

co
n

sta
n
t

d
eterm

in
es

th
e

eff
ect

o
f

th
e

n
o
ise

va
ria

n
ce

to
o
.

W
e

d
o

n
o
t

p
resen

t
su

ch
in

fo
rm

a
tio

n
in

o
u
r

b
o
u
n
d
s.

A
lso

n
o
te

th
a
t

m
o
st

a
fo

rem
en

tio
n

ed
resu

lts,
ex

cep
t

G
o
lu

b
ev

a
n

d
N

u
ssb

a
u

m
(1

9
9
0
),

co
n

sid
er

a
n
o
rm

a
l

n
o
ise

m
o
d
el,

w
h
ich

is
d
iff

eren
t

fro
m

o
u
r

b
o
u
n
d
ed

n
o
ise.

1
6
.

T
h
is

is
o
b
ta

in
ed

b
y

u
sin

g
C

o
ro

lla
ry

3
o
f

S
tein

w
a
rt

et
a
l.

(2
0
0
9
)

a
fter

su
b
stitu

tin
g
A

2 (λ
)

b
y

its
u
p
p

er
b

o
u
n
d
λ‖
f‖

2H
,

w
h
ich

is
va

lid
w

h
en

ev
er
f
∗
∈
H

,
a
s

is
in

o
u
r

ca
se.

T
h

is
resu

lt
ca

n
b

e
u
sed

a
fter

o
n
e

co
n
v
erts

th
e

m
etric

en
tro

p
y

co
n
d
itio

n
to

th
e

co
n
d
itio

n
o
n

th
e

d
ecay

ra
te

o
f

eig
en

va
lu

es
o
f

a
certa

in
in

teg
ra

l
o
p

era
to

r.

24
JM

L
R

 17(139):1-66



R
e
g

u
l
a
r
iz

e
d

P
o
l
ic

y
It

e
r
a
t
io

n
w

it
h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

W
e

m
en

ti
on

ed
ea

rl
ie

r
th

at
on

e
ca

n
ac

tu
al

ly
re

u
se

a
si

n
gl

e
d

at
a

se
t

in
a
ll

it
er

at
io

n
s.

T
o

ke
ep

th
e

p
re

se
n
ta

ti
on

m
or

e
cl

ea
r,

w
e

ke
ep

th
e

cu
rr

en
t

se
tu

p
.

T
h

e
re

as
on

b
eh

in
d

th
is

ca
n

b
e

ex
p

la
in

ed
b

et
te

r
af

te
r

th
e

p
ro

of
of

T
h

eo
re

m
11

.
B

u
t

n
ot

e
th

at
fr

om
th

e
co

n
ve

rg
en

ce
-r

a
te

p
oi

n
t

of
v
ie

w
,

th
e

d
iff

er
en

ce
b

et
w

ee
n

re
u

si
n

g
d

at
a

or
n

ot
is

in
si

gn
ifi

ca
n
t.

If
w

e
h

av
e

a
b

a
tc

h
of

d
at

a
w

it
h

si
ze
n

an
d

w
e

d
iv

id
e

it
in

to
K

ch
u

n
k
s

an
d

on
ly

u
se

on
e

ch
u

n
k

p
er

it
er

a
ti

on
of

A
P

I,
th

e
ra

te
w

ou
ld

b
e
O

((
n K

)−
1

1
+
α

).
F

or
fi

n
it

e
K

,
or

sl
ow

ly
gr

ow
in

g
K

,
th

is
is

es
se

n
ti

a
ll

y

th
e

sa
m

e
as
O

(n
−

1
1
+
α

).

5
.2

E
rr

o
r

P
ro

p
a
g
a
ti

o
n

in
A

P
I

C
on

si
d

er
an

A
P

I
al

go
ri

th
m

th
at

ge
n

er
at

es
th

e
se

q
u

en
ce
Q̂

(0
)
→

π
1
→

Q̂
(1

)
→

π
2
→
··
·→

Q̂
(K
−

1
)
→

π
K
,

w
h

er
e
π
k

is
th

e
gr

ee
d

y
p

ol
ic

y
w

.r
.t

.
Q̂

(k
−

1
)

an
d
Q̂

(k
)

is
th

e
a
p

p
ro

x
im

at
e

ac
ti

on
-v

al
u

e
fu

n
ct

io
n

fo
r

p
ol

ic
y
π
k
.

F
or

th
e

se
q
u

en
ce

(Q̂
(k

) )
K
−

1
k
=

0
,

d
en

ot
e

th
e

B
el

lm
a
n

R
es

id
-

u
al

(B
R

)
of

th
e
k

th
ac

ti
on

-v
al

u
e

fu
n

ct
io

n
b
y

εB
R

k
=
Q̂

(k
)
−
T
π
k
Q̂

(k
) .

(3
1
)

T
h

e
go

al
of

th
is

se
ct

io
n

is
to

st
u

d
y

th
e

eff
ec

t
of

th
e
ν

-w
ei

gh
te

d
L

2
-n

or
m

o
f

th
e

B
el

lm
a
n

re
si

d
u

al
se

q
u

en
ce

(ε
B

R
k

)K
−

1
k
=

0
on

th
e

p
er

fo
rm

an
ce

lo
ss
‖Q
∗
−
Q
π
K
‖ 1
,ρ

of
th

e
re

su
lt

in
g

p
o
li

cy
π
K

.
B

ec
au

se
of

th
e

d
y
n

am
ic

al
n

at
u

re
of

th
e

M
D

P
,

th
e

p
er

fo
rm

an
ce

lo
ss
‖Q
∗
−
Q
π
K
‖ p
,ρ

d
ep

en
d

s
on

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
e

sa
m

p
li

n
g

d
is

tr
ib

u
ti

on
ν

an
d

th
e

fu
tu

re
st

a
te

-a
ct

io
n

d
is

tr
ib

u
ti

on
in

th
e

fo
rm

of
ρ
P
π
1
P
π
2
··
·.

T
h

e
p

re
ci

se
fo

rm
of

th
is

d
ep

en
d

en
ce

is
fo

rm
a
li

ze
d

in
T

h
eo

re
m

13
,

w
h

ic
h

is
a

sl
ig

h
t

m
o
d
ifi

ca
ti

on
of

a
re

su
lt

b
y

F
ar

ah
m

an
d

et
a
l.

(2
0
1
0
).

1
7

B
ef

or
e

st
at

in
g

th
e

re
su

lt
s,

w
e

d
efi

n
e

th
e

fo
ll

ow
in

g
co

n
ce

n
tr

a
bi

li
ty

co
effi

ci
en

ts
th

a
t

ar
e

u
se

d
in

a
ch

an
ge

of
m

ea
su

re
ar

gu
m

en
t,

se
e

e.
g.

,
M

u
n

os
(2

00
7)

;
A

n
to

s
et

al
.

(2
0
0
8b

);
F

ar
ah

-
m

an
d

et
al

.
(2

01
0)

.

D
e
fi

n
it

io
n

1
2

(E
x
p

e
c
te

d
C

o
n

c
e
n
tr

a
b

il
it

y
o
f

F
u

tu
re

S
ta

te
-A

c
ti

o
n

D
is

tr
ib

u
ti

o
n

s)
G

iv
en

th
e

d
is

tr
ib

u
ti

o
n

s
ρ
,ν
∈
M

(X
×
A

),
a
n

in
te

ge
r
m
≥

0
,

a
n

d
a
n

a
rb

it
ra

ry
se

qu
en

ce
o
f

st
a
ti

o
n

a
ry

po
li

ci
es

(π
m

) m
≥

1
,

le
t
ρ
P
π
1
P
π
2
··
·P

π
m
∈
M

(X
×
A

)
d
en

o
te

th
e

fu
tu

re
st

a
te

-a
ct

io
n

d
is

tr
ib

u
ti

o
n

o
bt

a
in

ed
w

h
en

th
e

fi
rs

t
st

a
te

-a
ct

io
n

is
d
is

tr
ib

u
te

d
a
cc

o
rd

in
g

to
ρ

a
n

d
th

en
w

e
fo

ll
o
w

th
e

se
qu

en
ce

o
f

po
li

ci
es

(π
k
)m k

=
1
.

D
efi

n
e

th
e

fo
ll

o
w

in
g

co
n

ce
n

tr
a
bi

li
ty

co
effi

ci
en

ts
:

c P
I 1
,ρ
,ν

(m
1
,m

2
;π

)
,

 
E

 ∣ ∣ ∣ ∣ ∣d
( ρ

(P
π
∗
)m

1
(P

π
)m

2
)

d
ν

(X
,A

)∣ ∣ ∣ ∣ ∣2
  

1 2

,

w
it

h
(X
,A

)
∼
ν

.
If

th
e

fu
tu

re
st

a
te

-a
ct

io
n

d
is

tr
ib

u
ti

o
n
ρ
(P

π
∗
)m

1
(P

π
)m

2
is

n
o
t

a
bs

o
lu

te
ly

co
n

ti
n

u
o
u

s
w

.r
.t

.
ν

,
th

en
w

e
ta

ke
c P

I 1
,ρ
,ν

(m
1
,m

2
;π

)
=
∞

.

In
or

d
er

to
co

m
p

ac
tl

y
p

re
se

n
t

ou
r

re
su

lt
s,

w
e

d
efi

n
e

th
e

fo
ll

ow
in

g
n

ot
at

io
n

:

a
k

=
(1
−
γ

)γ
K
−
k
−

1

1
−
γ
K

+
1

.
(0
≤
k
<
K

)
(3

2
)

1
7
.

T
h
e

d
iff

er
en

ce
o
f

th
es

e
tw

o
re

su
lt

s
is

in
th

e
w

ay
th

e
n
o
rm

o
f

fu
n
ct

io
n
s

fr
o
m

th
e

sp
a
ce
F
|A
|

is
d
efi

n
ed

,
w

h
ic

h
in

tu
rn

co
rr

es
p

o
n
d
s

to
w

h
et

h
er

th
e

d
is

tr
ib

u
ti

o
n
s
ν

a
n
d
ρ

a
re

d
efi

n
ed

ov
er

th
e

st
a
te

sp
a
ce
X

,
a
s

F
a
ra

h
m

a
n
d

et
a
l.

(2
0
1
0
)

d
efi

n
ed

,
o
r

ov
er

th
e

st
a
te

-a
ct

io
n

sp
a
ce
X
×
A

,
a
s

w
e

d
efi

n
e

h
er

e.
T

h
es

e
d
iff

er
en

ce
s

d
o

n
o
t

ch
a
n
g
e

th
e

g
en

er
a
l

fo
rm

o
f

th
e

p
ro

o
f.

S
ee

T
h
eo

re
m

3
.2

in
C

h
a
p
te

r
3

o
f

F
a
ra

h
m

a
n
d

(2
0
1
1
b
)

fo
r

th
e

p
ro

o
f

o
f

th
e

cu
rr

en
t

re
su

lt
.

25
JM

L
R

 1
7(

13
9)

:1
-6

6

F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
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a
t

le
a
st

1
−
δ.

In
th

is
th

eo
re

m
,

th
e

fu
n

ct
io

n
C

L
S

P
I(
δ,
K

;ρ
,ν

)
=
C

L
S

P
I(
δ,
K

;ρ
,ν

;L
R
,L

P
,α
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)
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C
L

S
P
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R
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P
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√
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e
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e
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y
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r
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t
io

n
w
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h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

w
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C
I (δ)

b
ein

g
d

efi
n

ed
a
s

C
I (δ)

=
su

p
π∈

Π̂
(F
|A
|) [

c
1 (1

+
(γ
L
P

)
2 )
J

2
α

1
+
α

(Q
π
)

ln (
Kδ

)
+
c

2 (
L

2
α

1
+
α

R
+

L
2R

[J
(Q

π
)]

2
1
+
α )
]
,

in
w

h
ich

c
1 ,c

2
>

0
a
re

u
n

iversal
con

sta
n
ts.

P
ro

o
f

F
ix

0
<
δ
<

1.
F

or
each

iteratio
n
k

=
0,...,K

−
1,

in
voke

T
h

eo
rem

1
1

w
ith

th
e

co
n

fi
d

en
ce

p
a
ram

eter
δ/K

a
n

d
ta

ke
th

e
su

p
rem

u
m

ov
er

a
ll

p
olicies

to
u

p
p

er
b

o
u

n
d

th
e

B
ellm

an
resid

u
a
l

erro
r‖
ε

B
R

k
‖
ν

as

∥∥∥
Q̂

(k
)−

T
π
kQ̂

(k
) ∥∥∥

2ν ≤
su

p
π∈

Π̂
(F
|A
|) c (

J
(Q

π
),L

R
,L

P
,α
,β
,γ
,
δK

)

︸
︷︷

︸
,
c ′

n
−

1
1
+
α
,

w
h

ich
h

o
ld

s
w

ith
p

ro
b

a
b

ility
at

least
1−

δK
.

H
ere

c(·)
is

d
efi

n
ed

as
in

T
h

eorem
1
1
.

F
or

a
n
y

r∈
[0,1

],
w

e
h

aveE
(ε

B
R

0
,...,ε

B
R

K
−

1 ;r)
=

K
−

1
∑k

=
0

a
2
r
k

∥∥
ε

B
R

k

∥∥
2ν ≤

c ′n
−

1
1
+
α

K
−

1
∑k

=
0

a
2
r
k

=
c ′n
−

1
1
+
α (

1−
γ

1−
γ
K

+
1 )

2
r

1−
(γ

2
r)
K

1−
γ

2
r
,

w
h

ere
w

e
u

sed
th

e
d

efi
n

itio
n

of
a
k

(32
).

W
e

th
en

ap
p

ly
T

h
eo

rem
1
3

w
ith

th
e

ch
o
ice

o
f
p

=
1

to
g
et

th
at

w
ith

p
ro

b
a
b

ility
at

lea
st

1−
δ,

w
e

h
ave

‖
Q
∗−

Q
π
K‖

1
,ρ ≤

2γ

(1−
γ

)
2 [C

L
S

P
I (ρ
,ν

;K
)n
−

1
1
+
α

+
γ
K
−

1R
m

a
x ]
.

H
ere

C
L

S
P

I (ρ
,ν

;K
)

=
√

su
p

π∈
Π̂

(F
|A
|) c (

J
(Q

π
),L

R
,L

P
,α
,γ
,
δK

)
in

f
r∈

[0
,1

] 

(
1−

γ

1−
γ
K

+
1 )

r √
1−

(γ
2
r)
K

1−
γ

2
r
C

12P
I,ρ
,ν (K

;r) 
.

T
h

eorem
14

u
p

p
er

b
o
u

n
d

s
th

e
p

erform
a
n

ce
loss

a
n

d
rela

tes
it

to
th

e
n
u

m
b

er
o
f

sa
m

p
les

n
,

th
e

ca
p

a
city

o
f

th
e

fu
n

ction
sp

ace
q
u

a
n
tifi

ed
b
y
α

,
th

e
n
u

m
b

er
o
f

itera
tion

s
K

,
th

e
co

n
cen

tra
b

ility
co

effi
cien

ts,
an

d
so

m
e

o
th

er
p

ro
p

erties
o
f

th
e

M
D

P
su

ch
a
s
L
R

,
L
P

,
an

d
γ

.
T

h
is

th
eo

rem
in

d
icates

th
a
t

th
e

b
eh

av
io

r
o
f

th
e

u
p

p
er

b
o
u

n
d

as
a

fu
n

ctio
n

o
f

th
e

n
u

m
b

er

o
f

sa
m

p
les

is
O

(n
−

1
2
(1

+
α
)).

T
h

is
u

p
p

er
b

o
u

n
d

is
n

o
ta

b
le

b
eca

u
se

o
f

its
m

in
im

ax
op

tim
a
lity,

as
d

iscu
ssed

in
d

eta
il

after
T

h
eo

rem
11

.
T

h
e

term
C

L
S

P
I

h
as

tw
o

m
a
in

com
p

o
n
en

ts.
T

h
e

fi
rst

is
C

P
I,ρ
,ν (·;r),

w
h

ich
d

escrib
es

th
e

eff
ect

of
th

e
sa

m
p

lin
g

d
istrib

u
tio

n
ν

a
n

d
th

e
eva

lu
a
tio

n
d

istrib
u

tion
ρ
,

a
s

w
ell

a
s

th
e
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F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
r
i,

a
n
d

M
a
n
n
o
r

tra
n

sition
p

rob
ab

ility
kern

el
of

th
e

M
D

P
itself

on
th

e
p

erform
an

ce
loss.

T
h

is
term

h
as

b
een

th
o
rou

gh
ly

d
iscu

ssed
b
y

F
arah

m
an

d
et

al.
(2010),

b
u

t
b

riefl
y

sp
eak

in
g

it
in

d
icates

th
at

ν
a
n

d
ρ

a
ff

ect
th

e
p

erform
an

ce
th

rou
gh

a
w

eigh
ted

su
m

m
a
tion

of
c

P
I
1
,ρ
,ν

(D
efi

n
itio

n
12).

T
h

e
con

cen
trab

ility
co

effi
cien

ts
c

P
I
1
,ρ
,ν

is
d

efi
n

ed
as

th
e

sq
u

are
ro

o
t

of
th

e
expected

sq
u

ared
R

ad
o
n

-N
iko

d
y
m

o
f

th
e

fu
tu

re
state-action

d
istrib

u
tion

s
startin

g
from

ρ
w

.r.t.
th

e
sa

m
p

lin
g

d
istrib

u
tion

ν
.

T
h

is
m

ay
b

e
m

u
ch

tigh
ter

com
p

a
red

to
th

e
p

rev
iou

s
resu

lts
(e.g.,

A
n
tos

et
al.

20
08b

)
th

at
d

ep
en

d
on

th
e

su
p
rem

u
m

of
th

e
R

ad
on

-N
iko

d
y
m

d
erivativ

e.
O

n
e

m
ay

a
lso

n
otice

th
at

T
h

eorem
13

actu
ally

p
rov

id
es

a
stron

ger
resu

lt
th

an
w

h
a
t

is
rep

orted
in

T
h

eo
rem

1
4:

T
h

e
eff

ect
of

errors
at

earlier
iteration

s
on

th
e

p
erform

an
ce

loss
is

geom
etrically

d
ecayed

.
S

o
o
n

e
m

ay
p

oten
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u
se

a
few

er
n
u

m
b

er
o
f

sam
p

les
in

th
e

earlier
iteration

s
o
f

R
E

G
-L

S
P

I
(or

an
y

oth
er

A
P

I
algorith

m
)

to
get

th
e

sam
e

gu
aran

tee
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th
e

p
erfo

rm
an

ce
loss.

W
e

ign
ore

th
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eff
ect

to
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p
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th
e

resu
lt.

T
h

e
oth

er
im

p
ortan

t
term

is
C

I ,
w

h
ich

m
a
in

ly
d

escrib
es

th
e

eff
ect

of
L
R

,
L
P

,
an

d
su

p
π∈

Π̂
(F
|A
|)
J

(Q
π
)

on
th

e
p

erform
an

ce
loss.

T
h

ese
q
u

an
tities

d
ep

en
d

on
th

e
M

D
P

,
as

w
ell
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th

e
fu

n
ction

sp
ace
F
|A
|.

If
th

e
fu

n
ction

sp
ace

is
“
m

atch
ed

”
w

ith
th

e
M

D
P

,
th

ese
q
u

a
n
tities

w
ou

ld
b

e
sm

all,
oth

erw
ise

th
ey

m
ay

even
b

e
in

fi
n

ity.

N
o
te

th
a
t
C

I
p

rov
id

es
an

u
p

p
er

b
ou

n
d

on
th

e
co

n
stan

t
in

fron
t

of
R

E
G
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S

T
D

p
ro
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u

re
b
y

tak
in

g
su

p
rem

u
m

over
all

p
olicies

in
Π̂

(F
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T
h

is
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igh
t

b
e

a
con

serva
tiv

e
estim

ate
as

th
e

actu
al

en
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n
tered

p
olicies

are
th

e
rath

er
restricted

ran
d

om
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u
en

ce
π

0 ,π
1 ,...,π

K
−

1

g
en

erated
b
y

th
e

R
E

G
-L

S
P

I
p

ro
ced

u
re.

O
n

e
m

igh
t

ex
p

ect
th

at
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th
e

seq
u

en
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Q̂
(k−

1
)

co
n
verg

e
to

a
n

eigh
b

ou
rh

o
o
d

of
Q
∗,

th
e

valu
e

fu
n

ction
Q
π
k

of
th

e
greed

y
p

olicy
π
k

=
π̂

(·;Q̂
(k−

1
)),

w
h

ich
is

th
e

p
olicy

b
ein

g
evalu

ated
,

con
verges

to
a

n
eigh

b
ou

rh
o
o
d

of
Q
∗

to
o.

T
h
u

s
w

ith
certain

assu
m

p
tion

s,
on

e
m

igh
t

b
e

ab
le

to
sh

ow
th

at
its

sm
o
oth

n
ess

J
(Q

π
k),

th
e

q
u

an
tity

th
at

ap
p

ears
in

th
e

u
p

p
er

b
ou

n
d

of
T

h
eorem

11,
b

elon
gs

to
a

n
eigh

b
o
u

rh
o
o
d

o
f
J

(Q
∗).

If
J

(Q
∗)

is
sm

all,
th

e
valu

e
of
J

(Q
π
k)

in
th

a
t

n
eigh

b
ou

rh
o
o
d

can
b

e
sm

aller
th

an
su

p
π∈

Π̂
(F
|A
|)
J

(Q
π
).

W
e

p
ostp

on
e

th
e

an
aly

sis
of

th
is

fi
n
er

stru
ctu

re
of

th
e

p
rob

lem
to

fu
tu

re
w

ork
.

F
in

ally
w

e
n

ote
th

at
th

e
op

tim
ality

of
th

e
error

b
ou

n
d

for
th

e
p

o
licy

evalu
ation

ta
sk

,
a
s

sh
ow

n
b
y

T
h

eo
rem

11,
d

o
es

n
ot

n
ecessarily

im
p

ly
th

at
th

e
R

E
G

-L
S
P

I
a
lgorith

m
h

as
th

e
o
p

tim
al

sam
p

le
co

m
p

lex
ity

rate
for

th
e

corresp
on

d
in

g
R

L
/P

la
n

n
in

g
p

rob
lem

a
s

w
ell.

T
h

e
rea

so
n

is
th

a
t

it
is

p
ossib

le
to

get
close

to
th

e
op

tim
al

p
o
licy,

w
h

ich
is

th
e

u
ltim

ate
goal

in
R

L
/P

lan
n

n
in

g,
ev

en
th

ou
gh

th
e

estim
ate

of
th

e
action

-valu
e

fu
n
ction

is
still

in
accu

ra
te.

T
o

act
op

tim
ally,

it
is

su
ffi

cien
t

to
h

ave
an

action
-valu

e
fu

n
ction

w
h

ose
greed

y
p

olicy
is

th
e

sa
m

e
as

th
e

op
tim

al
p

olicy.
T

h
is

can
h

ap
p

en
even

if
th

ere
is

som
e

error
in

th
e

estim
ated

a
ction

-valu
e

fu
n

ction
.

T
h

is
is

called
th

e
a
ctio

n
-ga

p
p
h
en

o
m

en
o
n

an
d

h
a
s

b
een

a
n

aly
zed

in
th

e
rein

forcem
en

t
learn

in
g

con
tex

t
b
y

F
arah

m
an

d
(2011a).

5
.3

.1
C

o
m

pa
r
iso

n
w

it
h

S
im

il
a
r

S
t
a
t
ist

ic
a
l

G
u
a
r
a
n
t
e
e
s

T
h

eo
rem

1
4

m
igh

t
b

e
com

p
ared

w
ith

th
e

resu
lts

of
A

n
tos

et
al.

(2008b
),

w
h

o
in

tro
d

u
ced

a
B

R
M

-b
a
sed

A
P

I
p

ro
ced

u
re

an
d

stu
d

ied
its

statistical
p

ro
p

erties,
L

azaric
et

al.
(2012),

w
h

o
a
n

a
ly

zed
L

S
P

I
w

ith
lin

ear
fu

n
ction

ap
p

rox
im

ators,
Á

v
ila

P
ires

an
d

S
zep

esv
ári

(201
2),

w
h

o
stu

d
ied

a
regu

larized
varian

t
of

L
S

T
D

,
an

d
G

h
avam

zad
eh

et
al.

(201
1),

w
h

o
an

aly
zed

th
e

sta
tistical

p
ro

p
erties

of
L

asso-T
D

.
A

lth
ou

g
h

th
ese

resu
lts

ad
d

ress
d

iff
eren

t
algorith

m
s,

co
m

p
arin

g
th

em
w

ith
th

e
resu

lts
of

th
is

w
ork

is
in

sigh
tfu

l.
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R
e
g

u
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r
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e
d

P
o
l
ic

y
It

e
r
a
t
io

n
w

it
h

N
o
n
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r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

W
e

fi
rs

t
fo

cu
s

on
A

n
to

s
et

al
.

(2
00

8b
).

T
h

ei
r

si
m

p
li
fi

ed
u

p
p

er
b

ou
n

d
fo

r
‖Q
∗
−
Q
π
K
‖ 1
,ρ

is
C

1
/
2

ρ
,ν

√
V
F

lo
g
(n

)
+

ln
(K
/δ

)
n
−

1
/
4
,

in
w

h
ic

h
V
F

is
th

e
“e

ff
ec

ti
ve

”
d

im
en

si
o
n

o
f
F

a
n

d
is

d
efi

n
ed

b
as

ed
on

th
e

p
se

u
d
o-

d
im

en
si

on
of

su
b

-g
ra

p
h

s
of
F

an
d

th
e

so
-c

al
le

d
“
V

C
-c

ro
ss

in
g

d
im

en
si

on
”

of
F

;
an

d
C
ρ
,ν

is
a

co
n

ce
n
tr

ab
il

it
y

co
effi

ci
en

t
an

d
p

la
y
s

a
si

m
il

a
r

ru
le

to
o
u

r

C
P

I,
ρ
,ν

(K
;r

).
In

co
n
tr

as
t,

ou
r

si
m

p
li

fi
ed

u
p

p
er

b
ou

n
d

is
C

L
S

P
I(
δ)
n
−

1
2
(1

+
α
)
,
in

w
h

ic
h
C

L
S

P
I(
δ)

ca
n

ro
u

gh
ly

b
e

fa
ct

or
ed

in
to
C

1 2 P
I,
ρ
,ν

(K
;r

)
C

1
(J

(Q
π
),
L
R
,L

P
)
√

ln
(K
/δ

).

O
n

e
im

p
or

ta
n
t

d
iff

er
en

ce
b

et
w

ee
n

th
es

e
tw

o
re

su
lt

s
is

th
at

A
n
to

s
et

a
l.

(2
0
0
8
b

)
co

n
-

si
d

er
ed

p
ar

am
et

ri
c

fu
n

ct
io

n
sp

ac
es

,
w

h
ic

h
h

av
e

fi
n

it
e

eff
ec

ti
v
e

d
im

en
si

o
n
V
F

,
w

h
il

e
th

is
w

or
k

co
n

si
d

er
s

n
on

p
ar

am
et

ri
c

fu
n

ct
io

n
sp

ac
es

,
w

h
ic

h
es

se
n
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al
ly

ar
e

in
fi

n
it

e
d

im
en

si
o
n

al
.

T
h

e
w

ay
th

ey
u

se
th

e
p

ar
am

et
ri

c
fu

n
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m
or

e
ge

n
er

al
fu

n
ct

io
n

sp
a
ce

s
th

a
n

th
e

S
o
b

o
le

v
sp

a
ce

s
co

n
si

d
er

ed
in

th
e

co
n

fe
re

n
ce

p
a
p

er
.

A
ss

u
m

p
ti

on
A

4
sp

ec
ifi

es
th

e
re

q
u

ir
em

en
t

o
n

th
e

ca
p

a
ci

ty
o
f

th
e

fu
n

ct
io

n
sp

a
ce

,
w

h
ic

h
is

sa
ti

sfi
ed

n
ot

on
ly

b
y

th
e

S
ob

o
le

v
sp

a
ce

s
(w

it
h

th
e

ch
o
ic

e
o
f
α

=
d
/
2k

fo
r
W
k
(X

)
w

it
h
X

b
ei

n
g

an
op

en
E

u
cl

id
ea

n
b
a
ll

in
R
d

an
d
k
>
d
/2

;
cf

.
S

ec
ti

o
n

A
.5

.6
al

o
n

g
si

d
e

L
em

m
a

6
.2

1
of

S
te

in
w

ar
t

an
d

C
h

ri
st

m
a
n

n
(2

0
08

),
o
r

T
h

eo
re

m
2
.4

o
f

va
n

d
e

G
ee

r
(2

0
00

)
fo

r
X

=
[0
,1

]
or

L
em

m
a

20
.6

o
f

G
y
ör

fi
et

a
l.

(2
0
0
2)

fo
r
X

=
[0
,1

]d
),

b
u

t
al

so
m

an
y

ot
h

er
la

rg
e

fu
n

ct
io

n
sp

ac
es

in
cl

u
d

in
g

se
ve

ra
l

co
m

m
on

ly
-u

se
d

R
K

H
S

.

6
.
C
o
n
cl
u
si
o
n

a
n
d

F
u
tu

re
W

o
rk

W
e

in
tr

o
d
u

ce
d

tw
o

re
g
u

la
ri

za
ti

on
-b

a
se

d
A

P
I

a
lg

o
ri

th
m

s,
n

a
m

el
y

R
E

G
-L

S
P

I
a
n

d
R

E
G

-
B

R
M

,
to

so
lv

e
R

L
/P

la
n

n
in

g
p

ro
b

le
m

s
w

it
h

la
rg

e
st

a
te

sp
a
ce

s.
O

u
r

fo
rm

u
la

ti
o
n

w
a
s

g
en

er
al

an
d

co
u

ld
in

co
rp

or
at

e
m

an
y

ty
p

es
of

fu
n

ct
io

n
sp

a
ce

s
a
n

d
re

g
u

la
ri

ze
rs

.
W

e
sp

ec
ifi

ca
ll

y
sh

ow
ed

h
ow

th
es

e
al

g
o
ri

th
m

s
ca

n
b

e
im

p
le

m
en

te
d

effi
ci

en
tl

y
w

h
en

th
e

fu
n

ct
io

n
sp

a
ce

is
th

e
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R
e
g

u
l
a
r
iz

e
d

P
o
l
ic

y
It

e
r
a
t
io

n
w

it
h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

sp
an

o
f

a
fi

n
ite

n
u

m
b

er
o
f

b
a
sis

fu
n

ctio
n

s
(p

ara
m

etric
m

o
d

el)
o
r

a
n

R
K

H
S

(n
o
n

p
a
ram

etric
m

o
d

el).

W
e

th
en

fo
cu

sed
o
n

th
e

sta
tistica

l
p

ro
p

erties
of

R
E

G
-L

S
P

I
a
n

d
p

rov
id

ed
its

p
erform

a
n

ce
lo

ss
u
p

p
er

b
o
u

n
d

(T
h

eorem
1
4
).

T
h

e
error

b
ou

n
d

d
em

o
n

stra
ted

th
e

ro
le

o
f

th
e

sa
m

p
le

size,
th

e
co

m
p

lex
ity

o
f

fu
n
ctio

n
sp

ace
to

w
h

ich
th

e
a
ction

-valu
e

fu
n

ctio
n

b
elon

g
s

(q
u

a
n
tifi

ed
b
y

its
m

etric
en

trop
y

in
A

ssu
m

p
tion

A
4
),

a
n

d
th

e
in

trin
sic

p
ro

p
erties

o
f

th
e

M
D

P
su

ch
a
s

th
e

b
eh

av
ior

of
con

cen
tra

b
ility

co
effi

cien
ts

a
n

d
th

e
sm

o
oth

n
ess-ex

p
a
n

sio
n

p
ro

p
erty

o
f

th
e

B
ellm

a
n

o
p

era
to

r
(D

efi
n

itio
n

1
2

a
n

d
A

ssu
m

p
tio

n
A

7
).

T
h

e
resu

lt
in

d
ica

ted
th

a
t

th
e

d
ep

en
d

en
ce

o
n

th
e

sam
p

le
size

fo
r

th
e

ta
sk

o
f

p
o
licy

eva
lu

a
tion

is
op

tim
a
l.

T
h

is
w

ork
(an

d
its

co
n

feren
ce

(F
ara

h
m

a
n

d
et

a
l.,

2
0
09

b
)

a
n

d
th

e
d

isserta
tio

n
(F

arah
-

m
a
n

d
,

2
0
11

b
)

v
ersio

n
s)

alon
gsid

e
th

e
w

o
rk

o
n

th
e

R
eg

u
la

rized
F

itted
Q

-Itera
tio

n
a
lgo

-
rith

m
(F

a
rah

m
an

d
et

a
l.,

2
00

8,
2
00

9
a
)

a
re

th
e

fi
rst

th
at

a
d

d
ress

th
e

sta
tistical

p
erform

a
n

ce
o
f

a
regu

la
rized

R
L

a
lg

orith
m

.
N

everth
eless,

th
ere

h
ave

b
een

a
few

o
th

er
w

o
rk

th
at

a
lso

u
sed

reg
u

larizatio
n

for
R

L
/P

la
n

n
in

g
p

ro
b

lem
s,

m
o
st

often
w

ith
o
u

t
a
n

a
ly

zin
g

th
eir

sta
tisti-

ca
l

p
ro

p
erties.

J
u

n
g

an
d

P
o
lan

i
(2

00
6
)

stu
d

ied
ad

d
in

g
reg

u
la

riza
tio

n
to

B
R

M
,

b
u

t
th

eir
so

lu
tio

n
is

re-
stricted

to
d

eterm
in

istic
p

ro
b

lem
s.

T
h

e
m

a
in

co
n
trib

u
tio

n
o
f
th

a
t

w
o
rk

w
a
s

th
e

d
evelo

p
m

en
t

o
f

fa
st

in
crem

en
ta

l
alg

o
rith

m
s

u
sin

g
th

e
spa

rsifi
ca

tio
n

tech
n

iq
u

e.
T

h
e
l1 -reg

u
la

riza
tio

n
h

as
b

een
con

sid
ered

b
y

L
oth

et
al.

(2
0
07

),
w

h
o

w
ere

sim
ila

rly
con

cern
ed

w
ith

in
crem

en
ta

l
im

-
p

lem
en

tatio
n

s
a
n

d
co

m
p

u
ta

tion
a
l

effi
cien

cy.
X

u
et

a
l.

(2
00

7
)

p
rov

id
ed

a
kern

el-b
a
sed

,
b

u
t

n
o
t

reg
u

larized
,

form
u

la
tion

o
f

L
S

P
I.

T
h

ey
u

sed
sp

arsifi
ca

tion
to

p
rov

id
e

b
a
sis

fu
n

ctio
n

s
fo

r
th

e
L

S
T

D
p

ro
ced

u
re.

S
p

arsifi
catio

n
lea

d
s

to
a

selectio
n

o
f

o
n

ly
a

su
b

set
o
f

d
a
ta

p
o
in

ts
to

b
e

u
sed

a
s

th
e

b
a
sis

fu
n

ctio
n

s,
th

u
s

in
d

irectly
co

n
trols

th
e

co
m

p
lex

ity
o
f

th
e

resu
ltin

g
fu

n
c-

tio
n

sp
ace.

T
h

is
sh

o
u

ld
b

e
con

tra
sted

w
ith

a
regu

lariza
tio

n
-b

a
sed

a
p

p
ro

ach
in

w
h
ich

th
e

regu
la

rizer
in

teracts
w

ith
th

e
em

p
irical

loss
to

join
tly

d
eterm

in
e

th
e

su
b

set
o
f

th
e

fu
n

ction
sp

a
ce

to
w

h
ich

th
e

estim
ate

b
elon

gs.

K
o
lter

an
d

N
g

(20
0
9)

fo
rm

u
la

ted
a
n
l1 -reg

u
la

riza
tio

n
fi

x
ed

-p
o
in

t
fo

rm
u

la
tion

L
S

T
D

,
w

h
ich

is
ca

lled
L

asso
-T

D
b
y

G
h

avam
za

d
eh

et
a
l.

(2
0
1
1),

a
n

d
p

rov
id

ed
L

A
R

S
-lik

e
a
lgo

-
rith

m
(E

fron
et

al.,
2
0
04

)
to

com
p

u
te

th
e

so
lu

tio
n

s.
J
o
h

n
s

et
al.

(20
1
0
)

co
n

sid
ered

th
e

sa
m

e
fi

x
ed

-p
o
in

t
fo

rm
u

latio
n

a
n

d
ca

st
it

a
s

a
lin

ea
r

co
m

p
lem

en
ta

rity
p

ro
b

lem
.

T
h
e

statistica
l

p
ro

p
erties

of
th

is
l1 -regu

la
rized

fi
x
ed

-p
o
in

t
fo

rm
u

la
tio

n
is

stu
d

ied
b
y

G
h

avam
za

d
eh

et
al.

(2
0
11

),
as

d
iscu

ssed
ea

rlier.
L

a
sso

-T
D

h
a
s

a
fi

x
ed

-p
o
in

t
fo

rm
u

latio
n

,
w

h
ich

lo
o
k
s

d
iff

eren
t

from
o
u

r
cou

p
led

o
p

tim
iza

tion
fo

rm
u

la
tio

n
(15

)-(1
6
),

b
u

t
u

n
d

er
o
n

-p
olicy

sa
m

p
lin

g
scen

a
rio,

it
is

eq
u

iva
len

t
to

a
p

a
rticu

la
r

v
ersio

n
of

R
E

G
-L

S
T

D
:

If
w

e
ch

o
o
se

a
fi

x
ed

lin
ea

r
fu

n
ction

a
p

p
rox

im
a
to

r
(p

a
ra

m
etric),

u
se

th
e
l1 -n

o
rm

in
th

e
p

ro
jectio

n
o
p

tim
iza

tio
n

p
rob

lem
(1

5),
b

u
t

d
o

n
ot

regu
larize

o
p

tim
iza

tio
n

p
ro

b
lem

(1
6
)

(i.e.,
λ
Q
,n

=
0
),

w
e

get
L

a
sso

-T
D

.
G

eist
a
n

d
S

ch
errer

(2
0
12

)
su

gg
ested

a
d

iff
eren

t
a
lgo

rith
m

w
h

ere
th

e
p

ro
jectio

n
is

n
o
t

reg
u

lar-
ized

(i.e.,
λ
h
,n

=
0
),

b
u

t
th

e
op

tim
iza

tio
n

p
rob

lem
(1

6
)

is
reg

u
la

rized
w

ith
th

e
l1 -n

o
rm

of
th

e
p

a
ram

eter
w

eig
h
ts.

T
h

e
ch

o
ice

o
f

o
n
ly

reg
u

la
rizin

g
(1

6
)

is
th

e
sa

m
e

a
s

th
e

o
n

e
in

th
e

a
lg

orith
m

in
tro

d
u

ced
a
n

d
a
n
aly

zed
b
y

Á
v
ila

P
ires

a
n
d

S
zep

esv
á
ri

(2
0
1
2
),

ex
cep

t
th

a
t

th
e

la
tter

w
ork

u
ses

th
e
l2 -n

orm
.

H
off

m
a
n

et
a
l.

(2
0
1
2
)

in
tro

d
u

ced
a
n

alg
o
rith

m
sim

ila
r

to
th

at
o
f

G
eist

an
d

S
ch

errer
(2

01
2)

w
ith

th
e

d
iff

eren
ce

th
a
t

th
e

p
ro

jectio
n

o
p

tim
iza

tio
n

(1
5)

u
ses

th
e
l2 -n

o
rm

(so
it

is
a

m
ix

ed
l1 /l2 -reg

u
la

rized
alg

o
rith

m
).

A
ll

th
ese

a
lg

orith
m

s
a
re

p
ara

m
etric.

S
everal

T
D

-b
a
sed

a
lg

orith
m

s
an

d
th

eir
reg

u
la

rized
va

ria
n
ts

a
re

d
iscu

ssed
in

a
su

rvey
b
y

D
an

n
et

a
l.

(20
14

).
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F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
r
i,

a
n
d

M
a
n
n
o
r

T
ay

lo
r

an
d

P
arr

(2009)
u

n
ifi

ed
sev

era
l
k
ern

elized
rein

forcem
en

t
learn

in
g

alg
orith

m
s,

an
d

sh
ow

ed
th

e
eq

u
iva

len
ce

of
kern

elized
valu

e
fu

n
ctio

n
ap

p
rox

im
ators

su
ch

as
G

P
T

D
(E

n
gel

et
al.,

20
05),

th
e

w
ork

of
X

u
et

al.
(2007),

an
d

a
few

oth
er

m
eth

o
d

s
w

ith
a

m
o
d

el-b
ased

rein
fo

rcem
en

t
learn

in
g

algorith
m

th
at

h
as

certain
regu

larization
on

th
e

tran
sition

kern
el

estim
ato

r,
rew

ard
estim

ator,
or

b
oth

.
T

h
eir

resu
lt

w
as

ob
ta

in
ed

b
y

con
sid

erin
g

tw
o

sep
a
rate

regu
larized

regression
p

rob
lem

s:
O

n
e

th
at

p
red

icts
th

e
rew

ard
fu

n
ction

given
th

e
cu

rren
t

state
a
n

d
th

e
oth

er
th

at
p

red
icts

th
e

n
ex

t-state
k
ern

el
valu

es
g
iven

th
e

cu
rren

t-sta
te

on
es.

T
h

eir
form

u
lation

is
d

iff
eren

t
from

ou
r

form
u
lation

th
at

is
stated

as
a

cou
p

led
op

tim
ization

p
rob

lem
in

an
R

K
H

S
.

S
im

ila
r

to
oth

er
kern

el-b
ased

algorith
m

s
(e.g.,

S
V

M
s,

G
au

ssian
P

ro
cess

R
egression

s,
S

p
lin

es,
etc.),

d
ev

isin
g

a
com

p
u

tation
ally

effi
cien

t
im

p
lem

en
tation

of
R

E
G

-L
S

P
I/B

R
M

is
im

p
o
rtan

t
to

en
su

re
th

at
it

is
a

p
ractical

algorith
m

for
large-scale

p
ro

b
lem

s.
A

n
aiv

e
im

p
le-

m
en

tation
of

th
ese

algorith
m

s
req

u
ires

th
e

com
p

u
tation

tim
e

o
f
O

(n
3K

),
w

h
ich

is
p

roh
ib

itiv
e

for
large

sam
p

le
sizes.

O
n

e
p

ossib
le

w
orkaro

u
n

d
is

to
red

u
ce

th
e

eff
ective

n
u

m
b

er
of

sam
p

les
b
y

th
e

sp
arsifi

cation
tech

n
iq

u
e

(E
n

gel
et

al.,
2005;

J
u

n
g

an
d

P
olan

i,
2006;

X
u

et
al.,

2007).
T

h
e

oth
er

is
to

u
se

elegan
t

v
ector-m

atrix
m

u
ltip

lication
m

eth
o
d

s,
w

h
ich

are
u

sed
in

iterative
m

eth
o
d

s
fo

r
m

atrix
in

version
,

su
ch

as
th

ose
b

ased
on

th
e

F
a
st

M
u

ltip
ole

M
eth

o
d

s
(B

eatson
a
n

d
G

reen
g
ard

,
1
997)

an
d

th
e

F
ast

G
au

ss
T

ran
sform

(Y
a
n

g
et

al.,
2004).

T
h

ese
m

eth
o
d

s
ca

n
red

u
ce

th
e

com
p

u
tation

al
cost

of
vector-m

atrix
m

u
ltip

licatio
n

from
O

(n
2)

to
O

(n
log

n
),

w
h

ich
resu

lts
in

com
p

u
tation

tim
e

of
O

(n
2K

log
n

)
for

R
E

G
-L

S
P

I/B
R

M
,
at

th
e

cost
of

som
e

sm
all,

b
u

t
con

trolled
,

n
u

m
erical

error.
A

n
oth

er
p

ossib
ility

is
to

u
se

sto
ch

astic
grad

ien
t-like

alg
orith

m
s

sim
ilar

to
th

e
w

ork
s

of
L

iu
et

al.
(2012);

Q
in

et
al.

(2014
).

T
h

e
u

se
of

sto
ch

astic
gra

d
ien

t-like
a
lgo

rith
m

s
is

esp
ecially

ap
p

ealin
g

in
th

e
ligh

t
o
f

resu
lts

su
ch

as
B

otto
u

an
d

B
ou

sq
u

et
(2

008);
S

h
alev
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ĥ
n
(·;Q

)
(cf.

(3
3)

b
elow

).
M

oreover,
w

e
sh

ou
ld

b
ou

n
d

th
e

ran
d

o
m

sm
o
oth

n
ess

J
(ĥ
n
(·;Q

))
b
y

som
e

d
eterm

in
istic

q
u

an
tities,

w
h

ich
tu

rn
s

ou
t

to
b

e
a

fu
n

ction
of
J

(T
π
Q

)
an

d
J

(Q
).

T
h

eorem
16

p
rov

id
es

u
s

w
ith

th
e

req
u

ired
u

p
p

er
b

o
u

n
d

s.
T

h
is

th
eorem

is
a

m
o
d

ifi
ca

tion
of

T
h

eorem
10

.2
b
y

van
d

e
G

eer
(2000),

w
ith

tw
o

m
ain

d
iff

eren
ces:

1)
It

h
old

s
u

n
iform

ly
ov

er
Q

an
d

2)
ĥ
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(ĥ
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−
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[

1
n
J
2
(Q

π
)

]
1

1
+
α

,
T

h
eo

re
m

16
im

p
li

es
th

at
th
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>
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>
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∈
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y
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m
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√
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−
δ.
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b
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w
h
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Q
π
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.
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h
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ĥ
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e

sm
o
ot

h
n

es
s

of
it

s
ta

rg
et

fu
n

ct
io

n
Q
π
.

T
h

is
is

in
tu

it
iv

e
w

h
en

ev
er

th
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re
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m
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re
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J
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an
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π
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w

h
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h
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n
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,
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th
e
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m

p
le

x
it

y
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th
e
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u

e
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e
p
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y
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p
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h
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á
r
i,

a
n
d

M
a
n
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r

L
e
m
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a
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8

(S
m

o
o
th

n
e
ss

o
f
Q̂

)
L

et
A

ss
u

m
p
ti

o
n

s
A

1
–
A

7
h
o
ld

,
a

n
d

le
t
Q̂

be
th

e
so

lu
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o
n

to
(1

6)
w

it
h

th
e

ch
o
ic

e
o
f

λ
h
,n

=
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1

n
J

2
(Q

π
)]

1
1
+
α

.

T
h
en

,
th

er
e

ex
is
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a

fi
n

it
e

co
n

st
a
n

t
c
>

0
su

ch
th

a
t

fo
r

a
n

y
n
∈
N

a
n

d
0
<
δ
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1
,

w
e

h
a
ve

λ
Q
,n
J

2
(Q̂

)
≤
λ
Q
,n
J

2
(Q

π
)

+
c
J

2
α

1
+
α

(Q
π
)

ln
(1
/δ

)

n
1

1
+
α

,

w
it

h
p
ro
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bi

li
ty

a
t

le
a
st

1
−
δ.
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ro

o
f

B
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ss

u
m

p
ti
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6
w

e
h

av
e
Q
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∈
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b
y
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e
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p
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m
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er

p
ro

p
er

ty
o
f
Q̂
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6)

),
w

e
ge

t

λ
Q
,n
J

2
(Q̂

)
≤
∥ ∥ ∥Q̂
−
ĥ
n
(·;
Q̂

)∥ ∥ ∥2 D
n

+
λ
Q
,n
J

2
(Q̂

)
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∥ ∥ ∥Q

π
−
ĥ
n
(·;
Q
π
)∥ ∥ ∥2 D

n

+
λ
Q
,n
J

2
(Q

π
).
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Q
π

=
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π
Q
π
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w
e
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‖Q

π
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Q
π
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‖T
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Q
π
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ĥ
n
(·;
Q
π
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D
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t
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it

h
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e
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ce

of
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h
,n
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[

1
n
J
2
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π
)
]

1
1
+
α

,
th

er
e
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a

fi
n
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e
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n

st
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n
t
c
>

0
su
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th
at
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r
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y
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∈
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d
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r
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δ
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0
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6
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9
,

w
e

h
av

e

∥ ∥ ∥Q
π
−
ĥ
n
(·;
Q
π
)∥ ∥ ∥2 D
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≤
c 1

( 1
∨
Q

2
(1

+
α

)
m

a
x

)
J

2
α

1
+
α

(Q
π
)
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(1
/δ

)

n
1

1
+
α

,
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5)

w
it

h
p

ro
b
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il

it
y

a
t

le
a
st

1
−
δ.

C
h

a
in

in
g

in
eq

u
al

it
ie

s
(3

4
)

a
n

d
(3

5)
fi

n
is

h
es

th
e

p
ro

o
f.

T
h

e
ot

h
er

m
a
in

in
g
re

d
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n
t

of
th

e
p

ro
of

o
f

T
h

eo
re

m
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a
n

u
p

p
er

b
ou

n
d

to
‖Q̂
−

ĥ
n
(·;
Q̂
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ν
,

w
h
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h
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o
se
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re
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te

d
to
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e

op
ti

m
iz

at
io

n
p

ro
b

le
m
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T
h
is

ta
sk
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d

o
n

e
b
y

L
em

m
a
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th

e
p

ro
of
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th

is
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m
m

a
,

w
e

ca
ll

L
em

m
a

2
1
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w
h
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h

sh
a
ll

b
e

st
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ed
a
n

d
p

ro
ve

n
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gh
t

a
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er
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is
re

su
lt

.

L
e
m

m
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o
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n

c
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o
f
‖Q̂
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Q̂
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L
et
Q̂

be
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e
so
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n
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th

e
se
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o
f
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u

p
le
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o
p
ti

m
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a
ti
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n

p
ro
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s
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6
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u
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th

a
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A
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u
m

p
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7
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en
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e
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a
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n
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e
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n
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a
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t
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>

0
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a
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r

a
n

y
n
∈
N

a
n

d
0
<
δ
<
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−

1
a
n

d
w

it
h
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e

ch
o
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e
o
f

λ
h
,n

=
λ
Q
,n

=

[
1

n
J

2
(Q

π
)]

1
1
+
α

,

w
e

h
a
ve

∥ ∥ ∥Q̂
−
ĥ
n
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c
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+
γ

2
L
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)α
J

2
α

1
+
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/
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2
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p
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−
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R
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g

u
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a
r
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e
d

P
o
l
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y
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e
r
a
t
io

n
w

it
h

N
o
n
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r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

P
ro

o
f

D
eco

m
p

ose
∥∥∥
Q̂
−
ĥ
n
(·;Q̂

) ∥∥∥
2ν

=
I

1
,n

+
I

2
,n
,

w
ith

12
I

1
,n

=
∥∥∥
Q̂
−
ĥ
n
(·;Q̂

) ∥∥∥
2D
n

+
λ
Q
,n
J

2(Q̂
),

I
2
,n

=
∥∥∥
Q̂
−
ĥ
n
(·;Q̂

) ∥∥∥
2ν −

I
1
,n
.

(36
)
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w

h
a
t

follow
s,

w
e

u
p

p
er

b
o
u

n
d

each
o
f
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term
s.

I
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,n

:
U
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th

e
o
p
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p
ro

p
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of
Q̂

to
g
et
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I

1
,n
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∥∥∥
Q̂
−
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(·;Q̂

) ∥∥∥
2D
n
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λ
Q
,n
J
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π
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J
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π
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p
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∥∥∥
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,
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F
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a
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n
t
c
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∈
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w
e
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2(Q
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)
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1
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2
α

1
+
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)

ln
(1/

δ
1 )

n
1

1
+
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w
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p
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b
a
b
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1−
δ
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2
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:
W
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r
ch

o
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o
f
λ
Q
,n

an
d
λ
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,n

,
L
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a
2
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h
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a
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b
e

p
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en
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ter,
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d
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th

a
t
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som
e
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n

ite
con
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n
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c
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0
su
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t

for
a
n
y
n
∈
N

a
n

d
fi

n
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J
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π
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L
R

,
a
n

d
L
P

,
a
n

d
0
<
δ

2
<

1,
w

e
h
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I
2
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≤
c

2
L

2
α

1
+
α

R
+

[J
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π
)]

2
α

1
+
α
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α
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α

n
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1
+
α

+
c

3
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+
γ
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λ
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w
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p
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ility

a
t

least
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F
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δ

2
<
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1
a
n

d
α
≥

0
,

w
e

h
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[ln
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α

1
+
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≤
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a
n

d
a
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1

n
λ
αQ
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π
)]

2
α

1
+
α

n
1

1
+
α

≤
[J

(Q
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2
α

1
+
α

n
1

1
+
α
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(1/
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)

W
ith

th
e
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h
t

ch
o
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o
f
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n
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n
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/
δ
2
)

n
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n
b

e
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sorb
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in
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th
e

oth
er
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S
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δ
1

=
δ

2
=
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.
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eq
u
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(3

7),
(3

8),
a
n

d
(3

9
)
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p
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th
at

w
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e

sp
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ed
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o
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λ
Q
,n

a
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d
λ
h
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,
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a

fi
n
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n
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>

0
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a
n
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γ
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2
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2
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p
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n
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u
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u
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p
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p
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g
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5
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b
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á
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g
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ĥ
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p
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w
e
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p
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p

o
n
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l
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eq

u
ality
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trol
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e
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d
ev
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th

e
em

p
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m
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e
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e
m
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em
m

a
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in
A

p
p

en
d
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C
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W

e
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u
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a

cov
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g
n
u

m
b

er
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w

h
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a
s

L
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m
a

20.
T

h
e
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n
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u

re
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a
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h
t

u
p
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b
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2
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,
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L

em
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o

p
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for
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e

p
eelin

g
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m
en
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d
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n

e
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e
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g
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F
σ
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f

:
f
∈
F
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σ
}
,

F
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|

σ
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{
f

:
f
∈
F
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)≤

σ
}
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L
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g
Q
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∑j=
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a
=
a
j }
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(40)

T
o

sim
p
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th

e
n

otation
,

w
e

u
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z

=
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,a

)
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d
Z

=
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,A

)
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rest
o
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is

section
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D
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n
e
G
σ
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2
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e
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g
Q
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n
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1
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g
Q
,h

:
R
d×
A
→

R
;Q
∈
F
|A
|

σ
1
,h
∈
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p
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b
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>
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d
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d
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m
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>
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m
ber

o
f

th
e

cla
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,ĥ
n

(·;
Q̂

)(
Z

)|D
n

]
>

1 2

}

≤
δ 1

+
∞ ∑ l=

0

P

  
su

p
g
Q
,h
∈G

σ
l 1
,σ
l 2

E
[g
Q
,h

(Z
)|D

n
]−

1 n

∑
n i=

1
g Q

,h
(Z

i)

2
l t

+
E

[g
Q
,h

(Z
)|D

n
]

>
1 2

  
.

(4
4)

L
et

u
s

st
u

d
y

th
e

b
eh

av
io

r
of

th
e
lt

h
te

rm
of

th
e

ab
ov

e
su

m
m

at
io

n
b
y

ve
ri

fy
in

g
th

e
co

n
d

it
io

n
s

of
L

em
m

a
22

w
it

h
th

e
ch

oi
ce

of
ε

=
1 2

an
d
η

=
2l
t.

41
JM

L
R

 1
7(

13
9)

:1
-6

6

F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
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.
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×
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∑
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∑
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d
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−
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=
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≥
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≤
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e
ex

p
on

en
ti

al
in

eq
u

a
li

ty
fo

r

P

{
m

a
x

j=
1
,.
..
,N
S

∣ ∣ ∣ ∣ ∣1 n
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b
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’s
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p
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≤
2
γ

2 [∥∥
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as

follow
s

P
1 ≤

S
∑s=

1

3
ex

p (−
n

(δ−
ε)

2η
2s

2×
3

5(R
L

)
22 −

2
s )

.
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w

it
h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

S
in

ce
η s
≥

2
−
s
√
s/

8
to

o,
w

e
h

av
e

P
1
≤

3
S ∑ s=

1

ex
p

( −
n

(δ
−
ε)

2
2
−

2
s
s

27
×

35
(R
L

)2
2−

2
s

)
≤

3
∞ ∑ s=

1

ex
p

( −
n

(δ
−
ε)

2
s

2
7
×

3
5
(R
L

)2

)

≤
3

ex
p
( −

n
(δ
−
ε)

2

2
7
×

3
5
(R
L

)2

)

1
−

ex
p
( −

n
(δ
−
ε)

2

2
7
×

3
5
(R
L

)2

)
≤

4
ex

p

( −
n

(δ
−
ε)

2

2
7
×

3
5
(R
L

)2

)
,

w
h

er
e

in
th

e
la

st
in

eq
u

al
it

y
w

e
u
se

d
th

e
as

su
m

p
ti

on
th

at
√
n

(δ
−
ε)
≥

72
√

6
lo

g
4
R
L

(c
f.

(6
1)

).
O

n
e

ca
n

sh
ow

th
at

(6
1)

is
sa

ti
sfi

ed
if

√
n

(δ
−
ε)
≥

36
√

6
L

∫
R ε

2
8
L

[l
og
N
∞

(u
,G
×
G′

)]
1
/
2
d
u
∨

72
√

6
lo

g
4
R
L
,

so
C

ca
n

b
e

ch
os

en
as
C

=
72
√

6
lo

g
4.

T
h

e
fo

ll
ow

in
g

le
m

m
a,

w
h

ic
h

is
b

u
il

t
on

L
em

m
a

23
,

is
a

re
su

lt
on

th
e

b
eh

av
io

r
o
f

th
e

m
o
d

u
lu

s
of

co
n
ti

n
u

it
y

an
d

w
il

l
b

e
u

se
d

in
th

e
p

ro
of

of
T

h
eo

re
m

16
.

T
h

is
le

m
m

a
p

ro
v
id

es
a

h
ig

h
-p

ro
b

ab
il

it
y

u
p

p
er

b
ou

n
d

on
su

p
(g
,g
′ )
∈G
×
G′
|〈
W

(g
′ )
,g
〉 n
|

‖g
‖1
−
α

P
n
J
α

(g
,g
′ )

.
H

er
e
J

(g
,g
′ )

is
a

re
g
u

la
ri

ze
r

th
at

is
d

efi
n

ed
on
G
×
G′

an
d

is
a

p
se

u
d

o-
n

or
m

.
T

h
is

re
su

lt
is

si
m

il
ar

in
sp

ir
it

to
L

em
m

a
8.

4
of

va
n

d
e

G
ee

r
(2

00
0)

,
w

it
h

tw
o

m
a
in

d
iff

er
en

ce
s:

T
h

e
fi

rs
t

is
th

at
h

er
e

w
e

p
ro

v
id

e
an

u
p

p
er

b
ou

n
d

on

su
p

(g
,g
′ )
∈G
×
G′
|〈
W

(g
′ )
,
g
〉 n
|

‖g
‖1
−
α

P
n
J
α
(g
,g
′ )
,

w
h

er
ea

s
in

L
em

m
a

8.
4

of
va

n
d

e
G

ee
r

(2
00

0)
,

th
e

u
p

p
er

b
ou

n
d

is
on

su
p

g
∈G

|〈
W
,
g
〉 n
|

‖g
‖1
−
α

P
n

.

T
h

e
n

or
m

al
iz

at
io

n
b
y
‖g
‖1
−
α

P
n
J
α
(g
,g
′ )

in
st

ea
d

of
‖g
‖1
−
α

P
n

is
im

p
or

ta
n
t

to
g
et

th
e

ri
gh

t
er

ro
r

b
ou

n
d

in
T

h
eo

re
m

16
.

T
h

e
ot

h
er

cr
u

ci
al

d
iff

er
en

ce
is

th
at

h
er

e
W

ar
e

ra
n

d
o
m

va
ri

a
b

le
s

th
at

ar
e

fu
n

ct
io

n
s

of
g
′ ∈
G′

,
w

h
il

e
th

e
re

su
lt

of
va

n
d

e
G

ee
r

(2
00

0)
is

fo
r

in
d

ep
en

d
en

t
W

.
T

h
e

p
ro

of
te

ch
n

iq
u
e

is
in

sp
ir

ed
b
y

L
em

m
as

5.
13

,
5.

14
,

an
d

8.
4

of
va

n
d

e
G

ee
r

(2
0
0
0
).

L
e
m

m
a

2
4

(M
o
d

u
lu

s
o
f

C
o
n
ti

n
u

it
y

fo
r

W
e
ig

h
te

d
S

u
m

s)
F

ix
th

e
se

qu
en

ce
(z
i)
n i=

1
⊂

Z
a
n

d
d
efi

n
e
P
n

=
1 n

∑
n i=

1
δ z
i
.

L
et

(Z
′ i)
n i=

1
⊂
Z
′

be
th

e
se

qu
en

ce
o
f

in
d
ep

en
d
en

t
ra

n
-

d
o
m

va
ri

a
bl

es
d
efi

n
ed

a
s

be
fo

re
.

A
ss

u
m

e
th

a
t

fo
r

so
m

e
co

n
st

a
n

t
L
>

0
,

it
h
o
ld

s
th

a
t

su
p
g
∈G
‖g
‖ P

n
≤
L

,
su

p
g
′ ∈
G′
‖g
′ ‖ ∞

≤
L

,
a
n

d
|R

i|
≤
L

(1
≤
i
≤
n

)
a
lm

o
st

su
re

ly
.

F
u

r-
th

er
m

o
re

,
su

p
po

se
th

a
t

th
er

e
ex

is
t

0
<
α
<

1
a
n

d
a

fi
n

it
e

co
n

st
a
n

t
A

su
ch

th
a
t

fo
r

a
ll

u
>

0
,

lo
g
N
∞
( u
,{

(g
,g
′ )
∈
G
×
G′

:
J

(g
,g
′ )
≤
B
})
≤
A

(
B u

) 2
α

.
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F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
r
i,

a
n
d

M
a
n
n
o
r

T
h
en

th
er

e
ex

is
ts

a
co

n
st

a
n

t
c
>

0
su

ch
th

a
t

fo
r

a
n

y
0
<
δ
<

1
,

w
e

h
a
ve

su
p

(g
,g
′ )
∈G
×
G′
|〈
W

(g
′ )
,
g
〉 n
|

‖g
‖1
−
α

P
n
J
α
(g
,g
′ )
≤
cL

1
+
α

√
ln

(1 δ
)

n
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ.

P
ro

o
f

T
h

e
p

ro
of

u
se

s
d

o
u
b

le
-p

ee
li

n
g
,

i.
e.

,
w

e
p

ee
l

o
n

b
o
th

J
(g
,g
′ )

a
n

d
‖g
‖ P

n
.

W
it

h
o
u

t
lo

ss
o
f

ge
n

er
a
li

ty
,

w
e

a
ss

u
m

e
th

a
t
L
≥

1
.

W
e

u
se
c 1
,c

2
,.
..
>

0
a
s

co
n

st
an

ts
.

F
ir

st
,

w
e

st
a
rt

b
y

p
ee

li
n

g
o
n
J

(g
,g
′ )

:

δ
,

P

{
su

p
(g
,g
′ )
∈G
×
G′
|〈
W

(g
′ )
,
g
〉 n
|

‖g
‖1
−
α

P
n
J
α
(g
,g
′ )
≥
t}

≤
∞ ∑ s=

0

P

  
su

p
(g
,g
′ )
∈G
×
G′
|〈
W

(g
′ )
,
g
〉 n
|

‖g
‖1
−
α

P
n

≥
t.

2α
s

︸︷
︷︸

,
τ s

,
2
s
I {
s6=

0
}
≤
J

(g
,g
′ )
<

2
s+

1

  
.

(6
2
)

L
et

u
s

d
en

ot
e

ea
ch

te
rm

in
th

e
R

H
S

b
y
δ s

.
T

o
u

p
p

er
b

o
u

n
d
δ s

,
n

o
ti

ce
th

a
t

b
y

as
su

m
p

ti
on

‖g
‖ P

n
≤
L

.
F

or
ea

ch
te

rm
,

w
e

p
ee

l
a
ga

in
,

th
is

ti
m

e
o
n
‖g
‖ P

n
,

an
d

ap
p
ly

L
em

m
a

23
:

δ s
≤
∑ r
≥

0

P{
su

p
(g
,g
′ )
∈G
×
G′
|〈
W

(g
′ )
,
g
〉 n
|

‖g
‖1
−
α

P
n

≥
τ s
,2
s
I {
s6=

0
}
≤
J

(g
,g
′ )
<

2
s+

1
,

2−
(r

+
1
) L

<
‖g
‖ P

n
≤

2
−
r
L

}

≤
∑ r
≥

0

P

{
su

p
(g
,g
′ )
∈G
×
G′
|〈
W

(g
′ )
,
g
〉 n
|≥

τ s

( 2
−

(r
+

1
) L
) 1
−
α
,J

(g
,g
′ )
<

2s
+

1
,‖
g
‖ P

n
≤

2
−
r
L

}

≤
∑ r
≥

0

4
ex

p

  
−
n
[ τ s
( 2−

(r
+

1
) L
) 1
−
α
] 2

27
×

3
5

(2
−
r
L

)2
L

2

  

=
∑ r
≥

0

4
ex

p

( −
2

2
r
α
n
τ

2 s

2
7
×

35
×

22
(1
−
α

) L
2
(1

+
α

)

)
=
c 2

ex
p

( −
c 1
n
τ

2 s

L
2
(1

+
α

)

)
.

(6
3)

T
h

e
la

st
in

eq
u

al
it

y
h

o
ld

s
on

ly
if

th
e

co
ve

ri
n

g
n
u

m
b

er
co

n
d

it
io

n
in

L
em

m
a

23
is

sa
ti

sfi
ed

,
w

h
ic

h
is

th
e

ca
se

w
h

en
ev

er

√
n
( τ s

(2
−

(r
+

1
) L

)1
−
α
)
≥
C
L

[ ∫
2
−
r
L

0

√
A

(
2s

+
1

u

) α
d
u
∨

2−
r
L

] .

S
u

b
st

it
u

ti
n

g
τ s

=
2α
s
t

a
n

d
so

lv
in

g
th

e
in

te
g
ra

l,
w

e
ge

t
th

a
t

th
e

co
n

d
it

io
n

is
√
n
t
2
α
s
(2
−

(r
+

1
) L

)1
−
α
≥
C
L
√
A
[ (2

s+
1
)α

(2
−
r
L

)1
−
α
∨

2
−
r
L
] ,

w
h

ic
h

w
ou

ld
b

e
sa

ti
sfi

ed
fo

r

t
≥
C
L
√
A

2
1
+
α

√
n

∨
2

1
−
α
C
L

1
+
α

√
n

=
c 3
L

1
+
α

√
n
.

(6
4)
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R
e
g

u
l
a
r
iz

e
d

P
o
l
ic

y
It

e
r
a
t
io

n
w

it
h

N
o
n
pa

r
a
m

e
t
r
ic

F
u
n
c
t
io

n
S
pa

c
e
s

P
lu

g
(6

3)
in

to
(6

2
)

to
g
et

th
a
t

δ≤
∞∑s=

0

c
2

ex
p (−

c
1 n
t 2

2
2
α
s

L
2
(1

+
α

)

)
=
c

4
ex

p (−
c

1 n
t 2

L
2
(1

+
α

) )
.

S
olv

in
g

for
δ,

w
e

h
ave

t≤
c

5 L
1
+
α √

ln
(1
/
δ
)

n
w

ith
p

ro
b

a
b

ility
a
t

lea
st

1−
δ.

T
h

is
a
lon

g
sid

e

th
e

co
n

d
itio

n
(64

)
lead

to
th

e
d

esired
resu

lt.

L
et

u
s

tu
rn

to
th

e
p

ro
o
f

of
T

h
eo

rem
1
6
.

T
h

e
p

ro
of

is
sim

ila
r

to
th

e
p

ro
o
f

o
f

T
h

eorem
1
0
.2

b
y

van
d

e
G

eer
(2

00
0),

b
u

t
w

ith
n

ecessa
ry

m
o
d

ifi
ca

tio
n

s
in

o
rd

er
to

g
et

a
h

ig
h

p
ro

b
a
b

ility
u

p
p

er
b

o
u

n
d

th
a
t

h
old

s
u

n
ifo

rm
ly

over
Q

.
W

e
d

iscu
ss

th
e

d
iff

eren
ces

in
m

o
re

d
etail

a
fter

th
e

p
ro

of.

P
ro

o
f

[P
ro

of
o
f

T
h

eorem
1
6]

R
eca

ll
th

a
t

in
th

e
o
p

tim
iza

tion
p

rob
lem

,
w

e
u

se
w
i

=
(X

i ,A
i ,R

i ,X
′i )

(i
=

1,...,n
)

to
d

en
o
te

th
e
i th

elem
en

ts
o
f
th

e
d

a
ta

setD
n

=
{
(X

i ,A
i ,R

i ,X
′i )}

ni=
1 .

A
lso

for
a

m
ea

su
ra

b
le

fu
n

ctio
n
f

:X
×
A
×
R
×
X
→

R
,

w
e

d
en

ote‖f‖
2n

=
1n ∑

ni=
1 |f

(w
i )| 2.

W
e

also
let

(X
,A

)∼
ν

,
R
∼
R

(·|X
,A

),
a
n

d
X
′∼

P
(·|X

,A
)

b
e

ran
d

o
m

varia
b

les
th

a
t

are
in

d
ep

en
d

en
t

o
fD

n
.

F
o
r

a
n
y
Q
∈
F
|A
|a

n
d

th
e

corresp
on

d
in

g
T
π
Q
∈
F
|A
|,

d
efi

n
e

th
e

m
a
p

p
in

g
W̄

(Q
,T

π
Q
,1

)
:

X
×
A
×
R
×
X
→

R
b
y
W̄

(Q
,T

π
Q
,1

)(X
,A
,R
,X
′)

=
R

1
+
γ
Q

(X
′,π

(X
′))−

T
π
Q

(X
,A

),
in

w
h

ich
1
∈
F
|A
|
is

th
e

con
stan

t
fu

n
ctio

n
d

efi
n

ed
o
n
X
×
A

w
ith

th
e

va
lu

e
o
f
o
n

e.
F

o
r

a
n
y

fi
x
ed

Q
a
n

d
i

=
1,...,n

,
d

efi
n

e
th

e
ra

n
d

o
m

va
ria

b
les

W
i (Q

)
=
W̄

(Q
,T

π
Q
,1

)(X
i ,A

i ,R
i ,X

′i )
a
n

d
let

W
(Q

)
d

en
ote

th
e

ra
n

d
o
m

vecto
r

[W
1 (Q

)
...W

n
(Q

)] >
.

N
o
tice

th
a
t
|W

i (Q
)|≤

3
Q

m
a
x ,

a
n

d
w

e
h

ave
E

[W
i (Q

)|
Q

]
=

0
(i

=
1,...,n

).

F
ro

m
th

e
op

tim
izer

p
rop

erty
of
ĥ
n

=
ĥ
n
(·,Q

),
w

e
h

ave

∥∥∥
ĥ
n
(Q

)−
[R

+
γ
Q

(X
′i ,π

(X
′i ))] ∥∥∥

2n
+
λ
h
,n
J

2(ĥ
n
(Q

))≤
∥∥
T
π
Q
−

[R
+
γ
Q

(X
′i ,π

(X
′i ))] ∥∥

2n
+
λ
h
,n
J

2(T
π
Q

).

A
fter

ex
p

an
d

in
g

an
d

rea
rra

n
g
in

g
,

w
e

g
et

∥∥∥
ĥ
n
(Q

)−
T
π
Q
∥∥∥

2n
+
λ
h
,n
J

2(ĥ
n
(Q

))≤
2 〈

W
(Q

)
,
ĥ
n
(Q

)−
T
π
Q
〉
n

+
λ
h
,n
J

2(T
π
Q

).
(6

5
)

W
e

evo
ke

L
em

m
a

2
4

to
u

p
p

er
b

o
u

n
d
∣∣∣ 〈
W

(Q
)
,
ĥ
n
(Q

)−
T
π
Q
〉
n ∣∣∣ .

T
h

e
fu

n
ctio

n
sp

a
ces

G
a
n

d
G
′

in
th

at
lem

m
a

are
set

a
s
G

:X
×
A
→

R
a
n

d
G
′
:X
×
A
×

R
×
X
→

R
3

w
ith

G
=
{
h
−
T
π
Q

:
h
,Q
∈
F
|A
| }
,

G
′
=
{

(Q
,T

π
Q
,1

)
:
Q
,T

π
Q
∈
F
|A
| }
.

A
ll

fu
n

ctio
n

s
in
F
|A
|

are
Q

m
a
x -b

ou
n

d
ed

,
so

th
e

fu
n
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té

p
h

an
e

R
os

s,
G

eo
ff

re
y

G
or

d
on

,
an

d
J
.

A
n

d
re

w
B

ag
n

el
l.

A
re

d
u

ct
io

n
of

im
it

a
ti

on
le

a
rn

in
g

an
d

st
ru

ct
u

re
d

p
re

d
ic

ti
on

to
n
o-

re
gr

et
on

li
n

e
le

ar
n

in
g.

In
P

ro
ce

ed
in

gs
o
f

th
e

1
4
th

In
te

r-
n

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

A
rt

ifi
ca

l
In

te
ll

ig
en

ce
a
n

d
S

ta
ti

st
ic

s
(A

IS
T

A
T

S
),

p
a
g
es

6
2
7–

6
3
5,

20
11

.
19

P
au

l-
M

ar
ie

S
am

so
n

.
C

on
ce

n
tr

at
io

n
of

m
ea

su
re

in
eq

u
al

it
ie

s
fo

r
M

ar
ko

v
ch

a
in

s
a
n

d
φ

-m
ix

in
g

p
ro

ce
ss

es
.

T
h
e

A
n

n
a
ls

o
f

P
ro

ba
bi

li
ty

,
28

(1
):

41
6
–4

61
,

20
00

.
19

B
er

n
h

ar
d

S
ch

öl
ko

p
f,

R
al

f
H

er
b

ri
ch

,
an

d
A

le
x

J
.

S
m

ol
a.

A
ge

n
er

al
iz

ed
re

p
re

se
n
te

r
th

eo
re

m
.

In
C

O
L

T
’0

1
/
E

u
ro

C
O

L
T

’0
1
:

P
ro

ce
ed

in
gs

o
f

th
e

1
4
th

A
n

n
u

a
l

C
o
n

fe
re

n
ce

o
n

C
o
m

p
u

-
ta

ti
o
n

a
l

L
ea

rn
in

g
T

h
eo

ry
a
n

d
a
n

d
5
th

E
u

ro
pe

a
n

C
o
n

fe
re

n
ce

o
n

C
o
m

p
u

ta
ti

o
n

a
l

L
ea

rn
in

g
T

h
eo

ry
,

p
ag

es
41

6–
42

6.
S

p
ri

n
ge

r-
V

er
la

g,
20

01
.

17
,

34

P
au

l
J
.

S
ch

w
ei

tz
er

an
d

A
b

ra
h

am
S

ei
d

m
an

n
.

G
en

er
al

iz
ed

p
ol

y
n

om
ia

l
a
p

p
ro

x
im

a
ti

o
n

s
in

M
ar

ko
v
ia

n
d
ec

is
io

n
p

ro
ce

ss
es

.
J

o
u

rn
a
l

o
f

M
a
th

em
a
ti

ca
l

A
n

a
ly

si
s

a
n

d
A

p
p
li

ca
ti

o
n

s,
11

0
:

56
8–

58
2,

19
85

.
8

S
h

ai
S

h
al

ev
-S

h
w

ar
tz

an
d

N
at

h
an

S
re

b
ro

.
S

V
M

op
ti

m
iz

at
io

n
:

In
ve

rs
e

d
ep

en
d

en
ce

on
tr

a
in

in
g

se
t

si
ze

.
In

P
ro

ce
ed

in
gs

o
f

th
e

2
5
th

in
te

rn
a
ti

o
n

a
l

co
n

fe
re

n
ce

o
n

M
a
ch

in
e

le
a
rn

in
g

(I
C

M
L

),
p

ag
es

92
8–

93
5.

A
C

M
,

20
08

.
32

S
te

ve
S

m
al

e
an

d
D

in
g-

X
u

an
Z

h
ou

.
E

st
im

at
in

g
th

e
ap

p
ro

x
im

at
io

n
er

ro
r

in
le

ar
n

in
g

th
eo

ry
.

A
n

a
ly

si
s

a
n

d
A

p
p
li

ca
ti

o
n

s,
1(

1)
:1

7–
4
1,

20
03

.
21

In
go

S
te

in
w

ar
t

an
d

A
n

d
re

as
C

h
ri

st
m

an
n

.
S

u
p
po

rt
V

ec
to

r
M

a
ch

in
es

.
S

p
ri

n
g
er

,
2
0
0
8.

1
3
,

20
,

21
,

23
,

30

In
go

S
te

in
w

ar
t,

D
on

H
u
sh

,
an

d
C

li
n
t

S
co

ve
l.

O
p

ti
m

al
ra

te
s

fo
r

re
gu

la
ri

ze
d

le
a
st

sq
u

ar
es

re
gr

es
si

on
.

In
in

P
ro

ce
ed

in
gs

o
f

th
e

2
2
n

d
A

n
n

u
a
l

C
o
n

fe
re

n
ce

o
n

L
ea

rn
in

g
T

h
eo

ry
(C

O
L

T
),

20
09

.
24

C
h

ar
le

s
J
.

S
to

n
e.

O
p

ti
m

al
gl

ob
al

ra
te

s
of

co
n
ve

rg
en

ce
fo

r
n

on
p

ar
am

et
ri

c
re

g
re

ss
io

n
.

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

10
(4

):
10

40
–1

05
3,

19
82

.
23

R
ic

h
ar

d
S

.
S

u
tt

on
an

d
A

n
d

re
w

G
.

B
ar

to
.

R
ei

n
fo

rc
em

en
t

L
ea

rn
in

g:
A

n
In

tr
od

u
ct

io
n

.
T

h
e

M
IT

P
re

ss
,

19
98

.
3

R
ic

h
ar

d
S

.
S

u
tt

on
,

H
am

id
R

ez
a

M
ae

i,
D

oi
n

a
P

re
cu

p
,

S
h

al
ab

h
B

h
at

n
ag

a
r,

D
av

id
S

il
ve

r,
C

sa
b

a
S

ze
p

es
v
ár

i,
an

d
E

ri
c

W
ie

w
io

ra
.

F
as

t
gr

ad
ie

n
t-

d
es

ce
n
t

m
et

h
o
d

s
fo

r
te

m
p

o
ra

l-
d

iff
er

en
ce

le
ar

n
in

g
w

it
h

li
n

ea
r

fu
n

ct
io

n
ap

p
ro

x
im

at
io

n
.

In
P

ro
ce

ed
in

gs
o
f

th
e

2
6
th

In
-

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(I

C
M

L
),

p
ag

es
99

3–
10

00
.

A
C

M
,

2
0
0
9.

1
3

C
sa

b
a

S
ze

p
es

v
ár

i.
A

lg
o
ri

th
m

s
fo

r
R

ei
n

fo
rc

em
en

t
L

ea
rn

in
g.

M
or

ga
n

C
la

y
p

o
o
l

P
u

b
li

sh
er

s,
20

10
.

3

65
JM

L
R

 1
7(

13
9)

:1
-6

6

F
a
r
a
h
m

a
n
d
,

G
h
a
v
a
m

z
a
d
e
h
,

S
z
e
p
e
sv

á
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ed
.

E
x
am

p
le

s
in

cl
u
d
e:

M
O

D
(E

n
ga

n
et

al
.,

19
99

a)
,

K
-S

V
D

(A
h
ar

on
et

al
.,

20
06

)
an

d
th

ei
r

va
ri

an
ts

.
D

ic
ti

on
ar

y
le

ar
n
in

g
te

ch
n
iq

u
es

h
av

e
b

ee
n

su
cc

es
sf

u
ll
y

ap
p
li
ed

to
so

m
e

lo
w

le
ve

l
im

ag
e

an
d

v
id

eo
p
ro

ce
ss

in
g

ta
sk

s,
su

ch
as

im
ag

e/
v
id

eo
d
en

oi
si

n
g

(E
la

d
an

d
A

h
ar

on
,

20
06

),
co

m
p
re

ss
io

n
(B

ry
t

an
d

E
la

d
,

20
08

a;
E

n
ga

n
et

al
.,

19
99

b
),

in
p
ai

n
ti

n
g

(M
ai

ra
l

et
al

.,
20

08
)

an
d

ot
h
er

re
st

or
at

io
n

ta
sk

s
(M

ai
ra

l
et

al
.,

20
07

)
w

it
h

st
at

e-
of

-t
h
e-

ar
t

p
er

fo
rm

an
ce

s.
In

ad
d
it

io
n
,

d
ic

ti
on

ar
y

le
ar

n
in

g
an

d
sp

ar
se

co
d
in

g
te

ch
n
iq

u
es

h
av

e
b

ee
n

ve
ry

p
op

u
la

r
in

h
ig

h
le

ve
l

ob
je

ct
re

co
gn

it
io

n
ta

sk
s

w
h
er

e
th

ei
r

fu
n
ct

io
n

is
to

ex
tr

ac
t

fe
at

u
re

s
fr

om
ra

w
d
at

a.
T

h
es

e
te

ch
n
iq

u
es

h
av

e
b

ee
n

u
se

d
su

cc
es

sf
u
ll
y

to
ex

tr
ac

t
v
is

u
al

fe
at

u
re

s
in

R
an

za
to

et
al

.
(2

00
7)

;
L

ee
et

al
.
(2

00
9)

;
J
ar

re
tt

et
al

.
(2

00
9)

.
A

t
th

e
ot

h
er

en
d

ar
e

th
e

m
or

e
tr

ad
it

io
n
al

m
et

h
o
d
ol

og
ie

s
of

d
es

ig
n
in

g
an

al
y
ti

c
ti

gh
t

fr
am

es
,

su
ch

as
F

ou
ri

er
b
as

is
,

w
av

el
et

fr
am

es
an

d
b
i-

fr
am

es
(D

au
b

ec
h
ie

s
et

al
.,

20
03

),
cu

rv
el

et
s

(C
an

d
es

an
d

D
on

oh
o,

20
00

),
co

n
to

u
rl

et
s

(D
o

an
d

V
et

te
rl

i,
20

02
),

et
c.

T
h
es

e
an

al
y
ti

c
ti

gh
t

fr
am

es
ar

e
ro

b
u
st

,
ea

sy
to

u
se

an
d

co
m

p
u
ta

ti
on

al
ly

effi
ci

en
t.

In
so

m
e

se
n
se

th
e

an
al

y
ti

c
ti

gh
t

fr
am

es
ca

n
al

so
b

e
v
ie

w
ed

as
a

d
ic

ti
on

ar
y.

T
h
e

se
t

of
si

gn
al

s
is

a
p
ar

ti
cu

la
r

sp
ac

e
of

fu
n
ct

io
n
s.

A
d
ic

ti
on

ar
y

is
fo

u
n
d

th
at

gi
ve

s
ri

se
to

th
e

op
ti

m
al

re
p
re

se
n
ta

ti
on

an
d

ap
p
ro

x
im

at
io

n
of

th
e

si
gn

al
s

in
th

at
fu

n
ct

io
n

cl
as

s.
T

h
e

re
su

lt
ed

d
ic

ti
on

ar
y

is
h
ig

h
ly

st
ru

ct
u
re

d
,

an
d

in
p
ar

ti
cu

la
r,

w
h
en

u
se

d
in

to
ap

p
li
ca

ti
on

s,
th

e
d
ic

ti
on

ar
y

at
om

s
ar

e
n
ev

er
ex

p
li
ci

tl
y

u
se

d
.

H
ow

ev
er

,
th

e
tw

o
ap

p
ro

ac
h
es

d
o

d
iff

er
fu

n
d
am

en
ta

ll
y

in
se

ve
ra

l
as

p
ec

ts
(s

ee
T

ab
le

1)
.

•
C

o
m

p
u
ta

ti
o
n
a
l

co
st

.
F

or
d
ic

ti
on

ar
y

le
ar

n
in

g,
th

e
co

m
p
u
ta

ti
on

al
co

st
co

n
-

si
st

s
of

tw
o

p
ar

ts
:

th
e

on
e

ti
m

e
co

st
of

le
ar

n
in

g
th

e
d
ic

ti
on

ar
y

at
om

s
an

d
th

e
re

p
ea

te
d

co
st

of
so

lv
in

g
th

e
sp

ar
se

co
d
in

g
p
ro

b
le

m
fo

r
th

e
te

st
si

gn
al

at
in

fe
r-

en
ce

ti
m

e.
A

m
on

g
th

e
tw

o,
it

is
th

e
la

tt
er

th
at

p
re

ve
n
ts

it
fr

om
b

ei
n
g

u
se

d
in

re
al

ti
m

e
si

tu
at

io
n
s.

D
es

p
it

e
th

e
eff

or
ts

d
ev

ot
ed

to
se

ek
in

g
m

or
e

effi
ci

en
t

sp
ar

se
co

d
in

g
al

go
ri

th
m

s
(D

au
b

ec
h
ie

s
et

al
.,

20
04

;
L

ee
et

al
.,

20
06

;
B

ec
k

an
d

T
eb

ou
ll
e,

20
09

),
n
on

e
of

th
e

av
ai

la
b
le

te
ch

n
iq

u
es

is
effi

ci
en

t
en

ou
gh

fo
r

la
rg

e
sc

al
e

v
is

u
al

fe
at

u
re

ex
tr

ac
ti

on
.

In
fa

ct
,

as
su

m
in

g
th

at
th

e
si

gn
al
x

is
of

le
n
gt

h
N

an
d

th
e

tr
ai

n
ed

d
ic

ti
on

ar
y
D
∈
R
m
×
N

is
st

or
ed

an
d

u
se

d
ex

p
li
ci

tl
y,

th
en

co
m

p
u
ti

n
g
D
x

al
on

e
re

q
u
ir

es
O

(m
N

)
op

er
at

io
n
s.

In
co

m
p
ar

is
on

,
an

al
y
ti

c
tr

an
sf

or
m

s
ar

e
fa

r
m

or
e

effi
ci

en
t:

fa
st

F
ou

ri
er

tr
an

sf
or

m
ta

ke
s
O

(N
lo

g
N

)
op

er
at

io
n
s

an
d

on
e

le
ve

l
w

av
el

et
tr

an
sf

or
m

ta
ke

s
on

ly
O

(N
)

op
er

at
io

n
s.

T
h
is

is
a

h
u
ge

effi
ci

en
cy

ga
p
.

In
ad

d
it

io
n
,

th
e

co
m

p
u
ta

ti
on

al
co

st
of

tr
ai

n
in

g
ca

n
n
ot

b
e

ig
n
or

ed
ei

th
er

.
T

h
e

2
JM

L
R

 1
7(
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:1
-3

8



M
u
lt

isc
a
l
e

A
d
a
p
t
iv

e
R

e
p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

learn
in

g
p
ro

ced
u
re

req
u
ires

solv
in

g
a

n
on

-con
vex

op
tim

ization
p
rob

lem
,
lim

itin
g

d
iction

ary
atom

s
to

low
d
im

en
sion

s.
P

artly
b

ecau
se

of
th

is,
in

im
age

p
ro

cessin
g

ap
p
lication

s,
d
iction

ary
atom

s
are

on
ly

ob
tain

ed
for

sm
all

im
age

p
atch

es.

•
M

u
lti-sca

le
fe

a
tu

re
s.

D
iction

aries
as

ob
tain

ed
b
y

M
O

D
an

d
K

-S
V

D
op

erate
at

a
sin

gle
sm

all
scale.

S
in

ce
th

e
d
iction

ary
atom

s
are

lim
ited

to
sm

all
sizes,

th
ere

is
n
ot

m
u
ch

ro
om

for
m

u
lti-scale

featu
res.

P
ast

ex
p

erien
ce

w
ith

w
avelets

h
as

tau
gh

t
u
s

th
at

often
tim

es
it

is
b

en
efi

cial
to

p
ro

cess
sign

als
at

several
scales,

an
d

op
erate

at
each

scale
sep

arately.

•
A

rtifa
cts.

In
low

level
task

s
su

ch
as

im
age

com
p
ression

,
th

e
d
iction

ary
learn

in
g

ap
p
roach

op
erates

in
a

p
atch

b
y

p
atch

m
an

n
er,

w
h
ich

p
ro

d
u
ces

v
isu

ally
u
n
p
leas-

an
t

b
lo

ck
eff

ects
alon

g
th

e
b

oard
ers

of
th

e
p
atch

es
(B

ry
t

an
d

E
lad

,
2008a).

P
ost

p
ro

cessin
g

is
often

n
eed

ed
to

rem
ove

th
ese

artifacts
(B

ry
t

an
d

E
lad

,
2008b

).

D
iction

ary
L

earn
in

g
W

avelet
T

igh
t

F
ram

es
A

d
ap

ted
to

d
ata

Y
e
s

N
o

C
om

p
u
tation

al
sp

eed
S
low

F
a
st

M
u
lti-scale

N
o

Y
e
s

R
ob

u
stn

ess
to

p
ertu

rb
ation

C
on

d
ition

ally
Y

e
s

P
erform

an
ce

on
real

d
ata

B
e
tte

r
W

orse

T
ab

le
1:

C
om

p
arison

b
etw

een
d
iction

ary
learn

in
g

an
d

w
avelet

tigh
t

fram
es

G
iven

th
e

relative
featu

res
of

d
iction

ary
learn

in
g

an
d

w
avelet

tigh
t

fram
es,

it
is

n
atu

ral
to

ask
w

h
eth

er
on

e
can

d
esign

b
ases

th
at

h
ave

th
e

b
en

efi
ts

of
b

oth
an

d
avoid

th
e

p
rob

lem
s.

In
oth

er
w

ord
s,

can
on

e
d
esign

b
ases

th
at

are
ad

ap
ted

to
th

e
d
ata

b
u
t

at
th

e
sam

e
tim

e
h
ave

th
e

m
u
lti-scale

stru
ctu

re
th

at
is

essen
tial

for
th

e
effi

cien
t

algorith
m

s
for

w
avelet

tigh
t

fram
es?

W
e

p
rop

ose
a

fram
ew

ork
of

con
stru

ctin
g

ad
ap

tive
fram

es
an

d
b
i-fram

es
(ab

b
rev

i-
ated

as
A

d
aF

ram
e).

T
h
is

fram
ew

ork
gives

m
u
lti-scale,

sp
arse

rep
resen

tation
s

of
th

e
sign

al,
w

ith
an

effi
cien

cy
com

p
arab

le
to

th
at

of
th

e
w

avelets
at

in
feren

ce
tim

e.
T

h
e

p
rop

osed
fram

ew
ork

is
form

ally
sim

ilar
to

th
e

fi
rst

few
layers

of
a

con
volu

-
tion

al
n
etw

ork
.

A
s

a
b
y
p
ro

d
u
ct,

w
e

sh
ow

th
at

th
e

p
rop

osed
fram

ew
ork

gives
a

b
etter

w
ay

of
v
isu

alizin
g

th
e

activation
s

of
th

e
in

term
ed

iate
layers

of
a

n
eu

ral
n
et

in
term

s
of

recon
stru

ction
error.

T
h
e

fram
ew

ork
p
resen

ted
h
ere

is
b

est
su

ited
for

d
atasets

su
ch

th
at

each
d
ata

p
oin

t
h
as

som
e

stru
ctu

re.
O

b
v
iou

s
ex

am
p
les

in
clu

d
e

tim
e

series,
im

ages
an

d
v
id

eos.
H

ow
ever,

as
in

th
e

case
of

w
avelets,

it
is

also
p

ossib
le

to
ex

ten
d

th
is

k
in

d
of

id
eas

to
less

stru
ctu

red
d
ata

su
ch

as
grap

h
s,

etc
(C

oifm
an

an
d

M
aggion

i,
2006).

In
C

ai
et

al.
(2014),

a
variation

al
m

o
d
el

is
p
rop

osed
to

learn
a

tigh
t

fram
e

sy
stem

th
at

is
ad

ap
ted

to
th

e
in

p
u
t

im
age.

T
h
e

m
o
d
elin

C
aiet

al.(2014)
an

d
ou

r
m

o
d
elsh

are

3
JM

L
R

 17(140):1-38

T
a
i

a
n
d

E

a
sim

ilar
ob

jective
an

d
b
u
ild

u
p

on
sim

ilar
m

ath
em

atical
fou

n
d
ation

s,
b
u
t

ou
r

w
ork

greatly
ex

ten
d
s

th
e

m
o
d
el

p
rop

osed
in

C
ai

et
al.

(2014)
w

h
ere

a
su

ffi
cien

t
con

d
ition

for
p

erfect
recon

stru
ction

is
rep

laced
b
y

a
su

ffi
cien

t
an

d
n
ecessary

con
d
ition

an
d

th
e

tigh
t

fram
e

is
ex

ten
d
ed

to
b
i-fram

e,
w

h
ich

is
m

u
ch

m
ore

fl
ex

ib
le.

M
ost

ex
am

p
les

d
iscu

ssed
in

th
is

p
ap

er
are

still
of

th
e

low
level

im
age

p
ro

cessin
g

ty
p

e.
In

a
su

b
seq

u
en

t
p
ap

er,
w

e
w

ill
d
iscu

ss
m

ore
th

orou
gh

ly
h
igh

er
level

task
s

su
ch

as
im

age
classifi

cation
.

T
h
e

organ
ization

of
th

is
p
ap

er
is

as
follow

s.
In

section
2,

w
e

in
tro

d
u
ce

sh
ift-

in
varian

t
fram

es
an

d
b
i-fram

es.
In

section
3,

w
e

in
tro

d
u
ce

th
e

ad
ap

tive
con

stru
ction

of
sh

ift-in
varian

t
fram

es.
In

section
4,

w
e

in
tro

d
u
ce

th
e

ad
ap

tive
con

stru
ction

of
sh

ift-
in

varian
t

b
i-fram

es.
In

section
5,

w
e

d
iscu

ss
m

u
lti-level

con
stru

ction
s.

In
section

6,
w

e
give

som
e

sim
p
le

illu
strative

ex
am

p
les

of
th

e
ad

ap
tively

con
stru

cted
fram

es
an

d
b
i-

fram
es.

In
section

7,
w

e
d
iscu

ss
th

e
con

n
ection

w
ith

p
red

efi
n
ed

w
avelets

an
d

w
avelet

fram
es.

In
section

8,
w

e
d
iscu

ss
ap

p
lication

s
to

im
age

p
ro

cessin
g

an
d

im
age

classifi
ca-

tion
.

In
section

9,
w

e
d
iscu

ss
con

n
ection

w
ith

d
econ

volu
tion

al
n
ets

an
d

recon
stru

ction
of

in
p
u
t

d
ata

from
featu

res
in

th
e

in
term

ed
iate

layers
of

th
e

con
volu

tion
al

n
ets.

S
om

e
con

clu
sion

s
are

d
raw

n
in

section
10.

2
.

S
h
ift-in

v
a
ria

n
t

F
ra

m
e
s

a
n
d

B
i-fra

m
e
s

A
n

im
p

ortan
t

startin
g

p
oin

t
is

th
e

con
cep

t
of

m
u
lti-resolu

tion
an

aly
sis

(M
R

A
)

in
tro-

d
u
ced

in
M

allat
(1989)

an
d

M
eyer

(1995),
of

w
h
ich

w
avelets

are
p
articu

larly
p

op
u
lar

ex
am

p
les.

O
n
e

m
ain

ad
van

tage
of

M
R

A
is

th
at

it
com

es
n
atu

rally
w

ith
fast

d
ecom

p
o-

sition
an

d
recon

stru
ction

algorith
m

s,
an

d
th

is
h
as

b
een

essen
tial

for
m

ak
in

g
w

avelets
a

p
ractical

to
ol

in
sign

al
p
ro

cessin
g

(D
au

b
ech

ies
et

al.,
2003;

S
h
en

,
2010).

A
lth

ou
gh

ou
r

w
ork

b
u
ild

s
u
p

on
th

e
th

eory
of

w
avelet

fram
es

in
th

e
con

tin
u
ou

s
settin

g,
w

e
d
ecid

e
to

in
tro

d
u
ce

ou
r

m
o
d
el

in
a

p
u
rely

d
iscrete

setu
p
.

T
h
is

h
as

th
e

ad
van

tage
th

at
it

is
m

ore
d
irect

an
d

m
ore

easily
lin

ked
w

ith
ex

istin
g

m
ach

in
e

learn
in

g
m

o
d
els,

in
clu

d
in

g
d
iction

ary
learn

in
g

an
d

con
volu

tion
al

n
etw

ork
s.

H
ow

ever,
as

n
oted

in
H

an
(2010),

th
ere

is
a

can
on

ical
lin

k
b

etw
een

affi
n
e

sy
stem

s
in

th
e

con
tin

u
ou

s
settin

g
an

d
fast

algorith
m

s
in

th
e

d
iscrete

fram
ew

ork
.

T
h
e

sign
als

an
d

th
e

fi
lters

are
all

assu
m

ed
to

b
e

d
iscrete

seq
u
en

ces
in
l2 (Z

d),
w

h
ere

d
is

th
e

d
im

en
sion

.
F

or
au

d
io,

im
age

an
d

v
id

eo
sign

als,
d

=
1,2,3

resp
ectively.

F
irst

let
u
s

d
efi

n
e

th
e

u
p
-

an
d

d
ow

n
-sam

p
lin

g
op

erators.
L

et
M

b
e

an
in

teger.
T

h
e

(on
e

d
im

en
sion

al)
d
ow

n
-sam

p
lin

g
an

d
u
p
-sam

p
lin

g
op

erator
are

d
efi

n
ed

b
y
:

[v
↓
M

](n
)

:=
v
(M

n
),

n
∈
Z

[↑
v
](n

)
:=

{
v
(k

),
n

=
M
k
,k
∈
Z

0,
oth

erw
ise

(2)

resp
ectively,

for
v
∈
l2 (Z

).
M

is
th

e
d
ecim

ation
factor.

S
im

ilarly
if
d
>

1,
d
en

ote
th

e
d
ecim

ation
factor

in
each

d
im

en
sion

b
y
M

1 ,M
2 ,···

,M
d .

F
or

con
ven

ien
ce

w
e

d
efi

n
e

a
m

atrix
M

=
D

iag(M
1 ,···

,M
d )∈

R
d×
d.

A
com

m
on

ch
oice

of
M

in
im

age
p
ro

cessin
g
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M
u
lt

is
c
a
l
e

A
d
a
p
t
iv

e
R

e
p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

is
M

=
2I

.
W

e
ca

ll
M

th
e

sa
m

pl
in

g
m

at
ri

x
an

d
u
se

th
e

sa
m

e
n
ot

at
io

n
as

in
(2

)
w

h
er

e
M
n

is
u
n
d
er

st
o
o
d

as
th

e
m

at
ri

x
-v

ec
to

r
m

u
lt

ip
li
ca

ti
on

.
In

ge
n
er

al
M

ca
n

b
e

an
in

ve
rt

ib
le

m
at

ri
x

w
h
os

e
en

tr
ie

s
ar

e
p

os
it

iv
e

in
te

ge
rs

or
ra

ti
on

al
n
u
m

b
er

s
th

at
ar

e
gr

ea
te

r
th

an
1.

K
ey

to
th

e
d
ec

om
p

os
it

io
n

an
d

re
co

n
st

ru
ct

io
n

al
go

ri
th

m
s

ar
e

th
e

tr
an

si
ti

on
an

d
su

b
d
iv

is
io

n
op

er
at

or
s.

F
or

a
d
at

a
se

q
u
en

ce
v
∈
l 2

(Z
d
),

a
fi
n
it

el
y

su
p
p

or
te

d
fi
lt

er
a
∈

l 2
(Z

d
)

an
d

a
sa

m
p
li
n
g

m
at

ri
x
M
∈
R
d
×
d
,

th
e

tr
an

si
ti

on
op

er
at

or
T a

:
l 2

(Z
d
)
7→

l 2
(Z

d
)

is
d
efi

n
ed

b
y

(T
a
,M
v
)(
n

)
:=
↓ M

[v
∗a

](
n

)
=
∑ k
∈Z

d

v
(k

) a
(k
−
M
n

),
(3

)

th
e

su
b

d
iv

is
io

n
op

er
at

or
S a

:
l 2

(Z
d
)
7→

l 2
(Z

d
)

is
d
efi

n
ed

b
y

(S
a
,M
v
)(
n

)
:=
|d

et
(M

)|[
a
∗(
↑
v
)]

(n
)

=
|d

et
(M

)|
∑ k
∈Z

d

v
(k

)a
(n
−
M
k
).

(4
)

T
o

m
ak

e
th

e
n
ot

at
io

n
s

m
or

e
co

n
ci

se
,

w
e

om
it
M

in
th

e
su

b
sc

ri
p
t.

G
iv

en
a

se
t

of
fi
n
it

el
y

su
p
p

or
te

d
fi
lt

er
s
A

=
{a

1
,·
··
,a

m
}

an
d

th
e

co
effi

ci
en

t
se

q
u
en

ce
v
∈
l 2

(Z
d
),

w
h
ic

h
co

u
ld

b
e

th
e

in
p
u
t

si
gn

al
it

se
lf

or
th

e
co

effi
ci

en
ts

co
m

p
u
te

d
at

so
m

e
d
ec

om
p

os
it

io
n

le
ve

l,
w

e
co

m
p
u
te

co
effi

ci
en

ts
of

th
e

n
ex

t
le

ve
l

b
y

v l
=
T a

l
v
,

l
=

1,
··
·,
m
.

(5
)

W
it

h
th

is
n
ot

at
io

n
,
th

e
on

e-
le

ve
ld

ec
om

p
os

it
io

n
op

er
at

or
W
A

:
l 2

(Z
d
)
7→

l 2
(Z

d
)
⊕
··
·⊕

l 2
(Z

d
)

︸
︷︷

︸
m

ti
m

es

is
d
efi

n
ed

as
:

W
A
v

:=
{v

1
,·
··
,v
l}

=
{T

a
1
v
,T

a
2
v
,·
··
,T

a
m
v
}.

(6
)

G
iv

en
a

se
t

of
fi
n
it

el
y

su
p
p

or
te

d
fi
lt

er
s
B

=
{b

1
,·
··
,b
m
},

th
e

on
e-

le
ve

l
re

co
n
st

ru
ct

io
n

op
er

at
or
R
b

:
l 2

(Z
d
)
⊕
··
·⊕

l 2
(Z

d
)

︸
︷︷

︸
m

ti
m

es

7→
l 2

(Z
d
)

is
d
efi

n
ed

as

R
B

(v
1
,·
··
,v
m

)
:=

m ∑ l=
1

S b
l
v l

(7
)

In
w

av
el

et
fr

am
es

,
th

e
fi
lt

er
s
A

u
se

d
fo

r
d
ec

om
p

os
it

io
n

an
d

th
e

fi
lt

er
s
B

u
se

d
fo

r
re

co
n
st

ru
ct

io
n

ar
e

co
n
n
ec

te
d

b
y

:
b l

(·)
=
a
l(
−
·),
l

=
1,
··
·,
m

,
w

h
er

e
a
l(
−
·)

m
ea

n
s

fl
ip

th
e

en
tr

ie
s

of
a
l

al
on

g
ea

ch
d
im

en
si

on
.

B
u
t

th
is

d
o
es

n
ot

h
av

e
to

b
e

th
e

ca
se

:
A

an
d
B

ca
n

b
e

d
iff

er
en

t
an

d
to

ge
th

er
th

ey
co

n
st

it
u
te

a
bi

-f
ra

m
e.

T
h
e

m
ai

n
re

q
u
ir

em
en

t
is

th
at

of
p

er
fe

ct
re

co
n
st

ru
ct

io
n
,

b
y

w
h
ic

h
w

e
m

ea
n
:

R
B
W
A
v

=
v
∀v
∈
l 2

(Z
d
).

(8
)

T
h
e

fo
ll
ow

in
g

re
su

lt
is

cr
u
ci

al
.
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T
a
i

a
n
d

E

T
h
e
o
re

m
1

(R
on

an
d

S
he

n
,

19
97

)
L

et
M
∈

R
d
×
d

be
a

sa
m

pl
in

g
m

at
ri

x,
le

t
A

=
{a

1
,·
··
,a

m
}

an
d
B

=
{b

1
,·
··
,b
m
}

be
tw

o
se

ts
of

fi
n

it
el

y
su

pp
or

te
d

se
qu

en
ce

s
in

l 2
(Z

d
).

T
he

n
th

e
pe

rf
ec

t
re

co
n

st
ru

ct
io

n
pr

op
er

ty

R
B
W
A
v

=
v
,
∀v
∈
l 2

(Z
d
)

(9
)

ho
ld

s
if

an
d

on
ly

if
,

fo
r

al
l
k
,j
∈
Zd

,

m ∑ l=
1

∑ n
∈Z

d

a
l(
M
n

+
j)
b l

(k
+
M
n

+
j)

=
|d

et
(M

)|−
1
δ k

(1
0)

w
he

re
δ k

=
1

if
k

=
0

an
d
δ k

=
0

ot
he

rw
is

e.

In
th

e
ca

se
of

w
av

el
et

ti
gh

t
fr

am
es

,
b l

(·)
=
a
l(
−
·),
l

=
1,
··
·,
m

,
an

d
w

e
h
av

e:

T
h
e
o
re

m
2

(R
on

an
d

S
he

n
,

19
97

)
L

et
M
∈

R
d
×
d

be
a

sa
m

pl
in

g
m

at
ri

x,
le

t
A

=
{a

1
,·
··
,a

m
}

be
a

se
t

of
fi

n
it

el
y

su
pp

or
te

d
se

qu
en

ce
s

in
l 2

(Z
d
).

T
he

n
th

e
pe

rf
ec

t
re

-
co

n
st

ru
ct

io
n

pr
op

er
ty

R
A
W
A
v

=
v
,
∀v
∈
l 2

(Z
d
).

(1
1)

ho
ld

s
if

an
d

on
ly

if
,

fo
r

al
l
k
,j
∈
Zd

,

m ∑ l=
1

∑ n
∈Z

d

a
l(
M
n

+
j)
a
l(
k

+
M
n

+
j)

=
|d

et
(M

)|−
1
δ k

(1
2)

In
p
ar

ti
cu

la
r,

if
th

e
d
at

a
ar

e
re

al
n
u
m

b
er

s
an

d
n
o

d
ow

n
-s

am
p
li
n
g

is
p

er
fo

rm
ed

,
th

en
th

e
p

er
fe

ct
re

co
n
st

ru
ct

io
n

co
n
d
it

io
n

(1
2)

b
ec

om
es

m ∑ i=
1

∑ n
∈Z

d

a
i(
k

+
n

)a
i(
n

)
=
δ k
,∀
k
∈
Zd
.

(1
3)

T
h
e

p
ro

of
of

T
h
eo

re
m

1
an

d
T

h
eo

re
m

2
ca

n
b

e
fo

u
n
d

in
D

au
b

ec
h
ie

s
et

al
.

(2
00

3)
.

F
or

co
m

p
le

te
n
es

s,
w

e
gi

ve
a

d
ir

ec
t

p
ro

of
fo

r
th

e
d
is

cr
et

e
ca

se
in

th
e

ap
p

en
d
ix

.
T

h
es

e
co

n
d
it

io
n
s

ar
e

re
fe

rr
ed

to
as

th
e

u
n
it

ar
y

ex
te

n
si

on
p
ri

n
ci

p
le

(U
E

P
)

in
w

av
el

et
fr

am
e

th
eo

ry
.

A
s

an
ex

am
p
le

,
th

e
li
n
ea

r
B

-s
p
li
n
e

w
av

el
et

ti
gh

t
fr

am
e

u
se

d
in

m
an

y
im

ag
e

re
st

or
a-

ti
on

ta
sk

s
is

co
n
st

ru
ct

ed
v
ia

th
e

U
E

P
.

It
s

as
so

ci
at

ed
fi
lt

er
s

ar
e

:

a
1

=
1 4

(1
,2
,1

)T
;

a
2

=

√
2 4

(1
,0
,−

1)
T

;
a

3
=

1 4
(−

1,
2,
−

1)
T
.

T
h
is

k
in

d
of

ti
gh

t
fr

am
es

ar
e

sh
if

t-
in

va
ri

an
t

sy
st

em
s

si
n
ce

th
e

tr
an

sf
or

m
s

ar
e

in
th

e
fo

rm
of

d
is

cr
et

e
co

n
vo

lu
ti

on
.

T
h
ey

ar
e

su
it

ed
fo

r
th

e
ca

se
w

h
en

,
b

el
ow

ce
rt

ai
n

sc
al

e,
th

e
st

at
is

ti
ca

l
p
ro

p
er

ti
es

of
th

e
si

gn
al

s
ar

e
tr

an
sl

at
io

n
in

va
ri

an
t.
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M
u
lt

isc
a
l
e

A
d
a
p
t
iv

e
R

e
p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

3
.

A
d
a
p
tiv

e
C

o
n
stru

ctio
n

o
f

F
ra

m
e
s

G
iven

a
set

of
sign

als
X

=
{
x

1 ,···
,x

N },
th

e
goal

is
to

con
stru

ct
w

avelet
fram

es
th

at
are

ad
ap

ted
to

th
is

set
of

sign
als

in
th

e
sen

se
th

at
sign

als
in

th
e

given
set

h
ave

a
sp

arse
rep

resen
tation

.
D

efi
n
eQ

to
b

e
th

e
set

of
fi
lters

th
at

satisfy
th

e
U

E
P

con
d
ition

:

Q
=
{{a

i }
mi=

1
:

m
∑l=

1

∑n∈
Z
d

a
l (M

n
+
j)a

l (M
n

+
k

+
j)

=
|d

et(M
)| −

1δ
k ,∀

k
,j∈

Z
d }
.

(14)
F

ilters
in

th
is

set
gen

erate
a

w
avelet

fram
e

th
at

p
rov

id
e

a
faith

fu
l

rep
resen

tation
for

all
sign

als
in
l2 (Z

d).
H

ow
ever,

w
e

are
n
ot

in
terested

in
all

sign
als

in
l2 (Z

d).
W

e
are

on
ly

in
terested

in
X

.
A

m
on

g
all

fi
lters

in
Q

,
w

e
w

an
t

to
select

th
e

on
e

th
at

is
m

ost
ad

ap
ted

to
X

.
In

im
age

restoration
task

s,
w

e
are

m
ostly

in
terested

in
w

avelet
fram

es
th

at
give

rise
to

a
sp

arse
rep

resen
tation

of
th

e
in

p
u
t

sign
al.

T
h
erefore

w
e

w
ill

u
se

sp
arsity

as
ou

r
gu

id
in

g
p
rin

cip
le

for
selectin

g
th

e
fi
lters.

O
th

er
gu

id
in

g
p
rin

cip
les

su
ch

as
th

e
d
iscrim

in
ative

criterion
can

also
b

e
u
sed

.
B

u
t

in
th

is
p
ap

er,
w

e
w

ill
fo

cu
s

on
sp

arsity.
L

et
Φ

b
e

a
sp

arsity
-in

d
u
cin

g
fu

n
ction

.
E

x
am

p
les

of
Φ

in
clu

d
e

th
e
l1

n
orm

,
l0

“n
orm

”,
or

th
e

H
u
b

er
loss

fu
n
ction

d
efi

n
ed

(com
p

on
en

t-w
ise)

b
y
:

L
δ (x

)
=

{
12 x

2,
|x|≤

δ
δ(|x|−

12 δ),
oth

erw
ise

.
(15)

G
iven

th
e

d
ata

X
,
th

e
ad

ap
tive

fi
lters

are
ch

osen
b
y

solv
in

g
th

e
follow

in
g

op
tim

ization
p
rob

lem
:

m
in

a
1
,···,a

m

N
∑j=

1

m
∑i=

1

Φ
(v
i,j )

su
b

ject
to

v
i,j

=
T
a
i x
j ,

i
=

1,···
,m

{
a
i }
mi=

1 ∈
Q

(16)

In
th

e
follow

in
g,

w
ith

ou
t

loss
of

gen
erality,

w
e

w
ill

assu
m

e
th

at
th

ere
is

on
ly

on
e

d
ata

p
oin

t
in

th
e

sign
al

set,
i.e.

N
=

1,
an

d
w

e
w

ill
om

it
th

e
su

b
scrip

t
j.

T
o

b
e

sp
ecifi

c,
w

e
u
se
l1

n
orm

as
th

e
m

easu
rem

en
t

of
sp

arsity
an

d
w

e
w

ill
n
ote

th
e

ch
an

ges
req

u
ired

if
th

e
l0

n
orm

is
u
sed

.
T

h
e

ab
ove

p
rob

lem
th

en
b

ecom
es

m
in

a
1
,···,a

m

m
∑i=

1 ‖T
a
i x‖

1

{
a
i }
mi=

1 ∈
Q

(17)

T
h
is

in
n
o
cen

t
lo

ok
in

g
op

tim
ization

p
rob

lem
is

d
iffi

cu
lt

to
solve

b
ecau

se
of

th
e

con
-

strain
t.

C
on

sid
er

th
e

sim
p
lest

case
w

h
en

th
e

sign
als

an
d

th
e

fi
lters

are
all

on
e-

d
im

en
sion

al.
A

ssu
m

e
each

fi
lter

h
as

su
p
p

ort
len

gth
r,

an
d

w
e

h
ave

r
of

th
em

.
F

or
a
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T
a
i

a
n
d

E

real
sy

m
m

etric
m

atrix
G

,
let

u
s

d
en

ote
b
y
T
r(G

,k
)

th
e

su
m

of
en

tries
alon

g
th

e
k
-th

su
b
-d

iagon
al.

F
or

ex
am

p
le,

T
r(G

,0)
is

th
e

u
su

al
trace

of
G

.
L

et
A

:=
(a

1 ,···
,a

m
).

T
h
en

th
e

con
strain

t{
a
i }
mi=

1 ∈
Q

is
eq

u
ivalen

t
to

T
r(A

A
T
,k

)
=
δ
k ,
k

=
0,···

,r−
1.

T
o

see
a

n
on

triv
ial

ex
am

p
le

w
h
ere

th
is

con
strain

t
is

satisfi
ed

,
take

an
orth

orgon
al

m
atrix

U
∈
R
r×
r,

an
d

let
a
i

=
1√r U
·,i ,i

=
1,···

,m
,

w
h
ere

U
·,i

m
ean

s
th

e
i-th

colu
m

n
of
U

.
H

ow
ever,

in
gen

eral,
th

e
algeb

raic
con

strain
t

ab
ove

is
d
iffi

cu
lt

to
d
eal

w
ith

.
N

ote
also

th
at

th
is

op
tim

ization
p
rob

lem
is

n
ot

con
vex

.

W
e

u
se

th
e

sp
lit

B
regm

an
algorith

m
(G

old
stein

an
d

O
sh

er,
2009)

to
solve

(17).
In

tro
d
u
ce

th
e

au
x
iliary

variab
le
D

=
(d

1 ,···
,d

m
)

w
h
ere

d
i

=
T
a
i x
,i

=
1,···

,m
.

D
efi

n
e

th
e

n
orm

‖D
‖

1
,1

:=
∑

mi=
1 ‖
d
i ‖

1 .
T

h
en

(17)
is

eq
u
ivalen

t
to:

m
in

A
,D
‖D
‖

1
,1

su
b

ject
to

D
=
W
A
x

A
∈
Q

(18)

A
p
p
ly

in
g

th
e

sp
lit

B
regm

an
m

eth
o
d
,

w
e

ob
tain

th
e

follow
in

g
algorith

m
:

A
lg

o
rith

m
1

A
d
ap

tive
con

stru
ction

of
fram

es

1:
In

p
u
t:
x
.

2
:

In
itia

lize
k

=
0,B

=
0
,A

=
A

0,D
=
W
A

0x
.

3
:

w
h
ile

“
n
o
t

co
n
v
e
rg

e
”

d
o

4
:

D
k
+

1←
arg

m
in
D
‖D
‖

1
,1

+
η2 ‖D

−
W
A
k x
−
B
k‖

2F

5
:

A
k
+

1←
arg

m
in
A ‖
W
A
x
−
D
k
+

1
+
B
k‖

2F
s.t.

A
∈
Q

.
6
:

B
k
+

1←
B
k

+
W
A
k
+
1 −

D
k
+

1.
7
:

k
←

k
+

1

8
:

re
tu

rn
A
k

T
o

im
p
lem

en
t

th
e

algorith
m

,
w

e
m

u
st

b
e

ab
le

to
solve

each
of

th
e

su
b
p
rob

lem
s

listed
in

step
s

4,
5

an
d

6.

T
o

solve
th

e
su

b
p
rob

lem
for

D
,

n
ote

th
at

th
e

p
rob

lem
d
ecou

p
les

for
each

d
i ,i

=
1,···

,m
.

In
fact,

d
k
+

1
i

=
arg

m
ind (‖

d‖
1

+
η2 ‖T

a
ki x
−
d

+
b
ki ‖ )

(19)

for
i

=
1,···

,m
.

It
is

easy
to

see
th

at
(19)

h
as

a
closed

form
solu

tion
given

b
y

d
k
+

1
i

=
sh

rin
k
(T
a
ki x

+
b
ki ,

1η
)

(20)
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p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

(a
)

(b
)

(c
)

F
ig

u
re

1:
(a

)
T

h
e

in
p
u
t

im
ag

e.
(b

)
T

h
e

fi
lt

er
s

le
ar

n
ed

u
si

n
g

A
lg

or
it

h
m

1,
m

=
20
,r

=
20

.(
c)

T
h
e

F
ou

ri
er

sp
ec

tr
u
m

of
th

e
co

rr
es

p
on

d
in

g
fi
lt

er
s.

N
ot

e
th

e
fi
rs

t
fi
lt

er
is

a
lo

w
-p

as
s

fi
lt

er
,

al
l

ot
h
er

fi
lt

er
s

ar
e

h
ig

h
-p

as
s

fi
lt

er
s

as
ca

n
b

e
se

en
fr

om
th

e
F

ou
ri

er
sp

ec
tr

u
m

.
T

h
e

se
co

n
d

an
d

th
ir

d
fi
lt

er
lo

ok
li
ke

ed
ge

d
et

ec
to

rs
al

on
g

th
e

ax
is

.
O

th
er

fi
lt

er
s

d
et

ec
t

os
ci

ll
at

io
n
s

al
on

g
d
iff

er
en

t
d
ir

ec
ti

on
s.

w
h
er

e
th

e
fu

n
ct

io
n

sh
ri

n
k

:
R
7→

R
is

d
efi

n
ed

as

sh
ri

n
k
(x
,a

)
=

{
(|x
|−

a
)s
ig
n

(x
),

if
|x
|>

a
0,

ot
h
er

w
is

e
.

(2
1)

W
h
en

sh
ri

n
ka

ge
-o

p
er

at
or

ac
ts

on
a

ve
ct

or
,

it
ac

ts
on

ea
ch

co
m

p
on

en
t

of
th

e
ve

ct
or

ac
co

rd
in

g
to

(2
1)

.
T

h
e

su
b
p
ro

b
le

m
fo

r
u
p

d
at

in
g
A

is
m

os
t

p
ro

b
le

m
at

ic
d
u
e

to
th

e
co

n
st

ra
in

t.
W

e
u
se

th
e

in
te

ri
or

-p
oi

n
t

m
et

h
o
d

fo
r

th
is

p
ar

t
of

th
e

al
go

ri
th

m
.

T
h
er

e
is

n
o

gu
ar

an
te

e
of

a
gl

ob
al

so
lu

ti
on

to
th

is
su

b
p
ro

b
le

m
.

T
h
e

u
p

d
at

e
fo

r
B

is
st

ra
ig

h
tf

or
w

ar
d
.

T
h
is

is
an

al
og

ou
s

to
th

e
st

ep
of

“a
d
d
in

g
th

e
n
oi

se
b
ac

k
”

in
th

e
R

O
F

m
o
d
el

fo
r

d
en

oi
si

n
g

(O
sh

er
et

al
.,

20
05

).
A

m
on

g
th

e
th

re
e

su
b
p
ro

b
le

m
s,

th
e

u
p

d
at

e
of
A

is
th

e
m

os
t

ti
m

e
co

n
su

m
in

g.
B

u
t

as
is

ob
se

rv
ed

b
y

m
an

y
au

th
or

s,
it

is
n
ot

n
ec

es
sa

ry
to

so
lv

e
A

to
fu

ll
co

n
ve

rg
en

ce
,

th
e

in
tu

it
iv

e
re

as
on

b
ei

n
g

th
at

if
th

e
er

ro
r

of
th

e
so

lu
ti

on
to

th
e

su
b
p
ro

b
le

m
is

sm
al

le
r

th
an
‖B

k
−
B
k
−

1
‖,

th
e

ex
tr

a
ac

cu
ra

cy
w

il
l

b
e

w
as

te
d
.

In
fa

ct
,

fo
r

u
p

d
at

in
g
A

,
w

e
on

ly
ru

n
a

fe
w

st
ep

s
of

th
e

in
te

ri
or

-p
oi

n
t

it
er

at
io

n
s

an
d

w
e

st
il
l

ob
se

rv
e

n
u
m

er
ic

al
co

n
ve

rg
en

ce
.

If
w

e
u
se

th
e
l 0

“n
or

m
”

as
th

e
m

ea
su

re
m

en
t

of
sp

ar
si

ty
,

th
e

on
ly

ch
an

ge
n
ee

d
ed

in
th

e
ab

ov
e

al
go

ri
th

m
is

in
th

e
D

st
ep

,
w

h
er

e
th

e
so

ft
-s

h
ri

n
ka

ge
op

er
at

or
is

re
p
la

ce
d

b
y

h
ar

d
-t

h
re

sh
ol

d
in

g
d
efi

n
ed

as
:

H
ar

d
(x
,a

)
=

{
x
,

if
|x
|>

a
0,

ot
h
er

w
is

e
.

(2
2)

T
o

gi
ve

th
e

re
ad

er
s

so
m

e
in

tu
it

io
n

ab
ou

t
h
ow

th
e

fi
lt

er
s

ob
ta

in
ed

lo
ok

li
ke

,
w

e
sh

ow
an

ex
am

p
le

in
F

ig
u
re

1.
M

or
e

ex
am

p
le

s
ar

e
gi

ve
n

in
se

ct
io

n
5.
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T
a
i

a
n
d

E

In
so

m
e

ap
p
li
ca

ti
on

s
su

ch
as

ob
je

ct
re

co
gn

it
io

n
,

p
er

fe
ct

re
co

n
st

ru
ct

io
n

is
u
n
n
ec

-
es

sa
ry

.
In

st
ea

d
,

w
ri

ti
n
g

th
e

in
p
u
t

si
gn

al
as

a
sp

ar
se

li
n
ea

r
co

m
b
in

at
io

n
of

a
fe

w
d
ic

ti
on

ar
y

at
om

s
is

on
ly

a
m

ea
n
s

to
ex

tr
ac

t
fe

at
u
re

s
to

b
e

u
se

d
b
y

ot
h
er

le
ar

n
in

g
al

go
ri

th
m

s.
S
p
ar

se
co

d
in

g
h
as

b
ee

n
q
u
it

e
p

op
u
la

r
in

se
rv

in
g

th
is

p
u
rp

os
e

fo
r

v
is

u
al

ob
je

ct
re

co
gn

it
io

n
ta

sk
s.

In
th

is
ca

se
,

it
is

p
os

si
b
le

to
re

la
x

th
e

co
n
st

ra
in

t
in

(1
7)

.
In

-
st

ea
d

of
so

lv
in

g
th

e
co

n
st

ra
in

ed
m

in
im

iz
at

io
n

p
ro

b
le

m
,

w
e

ca
n

u
se

a
p

en
al

ty
m

et
h
o
d

to
so

lv
e

an
u
n
co

n
st

ra
in

ed
p
ro

b
le

m
.

F
or

ex
am

p
le

,
in

1D
,

w
e

ca
n

so
lv

e

m
in A

m ∑ i=
1

‖W
A
x
‖ 1
,1

+
η
∑ k

(T
r(
A
A
T
,k

)
−
δ k

)2
(2

3)

w
h
er

e
η

is
a

p
ar

am
et

er
th

at
d
ep

en
d
s

on
ou

r
to

le
ra

n
ce

on
th

e
re

co
n
st

ru
ct

io
n

er
ro

r.
T

h
is

u
n
co

n
st

ra
in

ed
p
ro

b
le

m
is

re
la

ti
ve

ly
ea

sy
to

so
lv

e
u
si

n
g

fi
rs

t-
or

d
er

op
ti

m
iz

at
io

n
m

et
h
o
d
s.

T
h
e

op
ti

m
iz

at
io

n
p
ro

b
le

m
m

ay
ap

p
ea

r
si

m
il
ar

to
re

co
n
st

ru
ct

io
n

IC
A

(R
IC

A
)p

ro
p

os
ed

in
L

e
et

al
.
(2

01
1)

,
b
u
t

th
ey

ar
e

fu
n
d
am

en
ta

ll
y

d
iff

er
en

t.
T

h
er

e
p
ro

p
os

ed
m

o
d
el

gu
ar

-
an

te
es

p
er

fe
ct

re
co

n
st

ru
ct

io
n

w
h
il
e

R
IC

A
ap

p
ro

x
im

at
es

th
e

in
p
u
t

si
gn

al
.

P
er

fe
ct

re
co

n
st

ru
ct

io
n

in
R

IC
A

ca
n

on
ly

b
e

ac
h
ie

ve
d

in
th

e
li
m

it
w

h
er

e
th

e
w

ei
gh

t
of

th
e

re
co

n
st

ru
ct

io
n

te
rm

go
es

to
in

fi
n
it

y.
In

ad
d
it

io
n
,

R
IC

A
d
o
es

n
ot

h
av

e
a

m
u
lt

i-
sc

al
e

st
ru

ct
u
re

w
h
ic

h
is

es
se

n
ti

al
in

w
av

el
et

ti
gh

t
fr

am
es

.
T

h
e

go
al

s
of

R
IC

A
an

d
A

d
aF

ra
m

e
ar

e
d
iff

er
en

t,
in

IC
A

,
th

e
go

al
is

to
fi
n
d

in
d
ep

en
d
en

t
so

u
rc

es
w

h
er

e
as

in
A

d
aF

ra
m

e,
th

e
go

al
is

to
b
u
il
d

a
w

av
el

et
ti

gh
t

fr
am

e
th

at
sp

ar
se

ly
re

p
re

se
n
t

th
e

si
gn

al
.

4
.

A
d
a
p
ti

v
e

C
o
n
st

ru
ct

io
n

o
f

B
i-

fr
a
m

e
s

In
th

is
se

ct
io

n
,

w
e

in
tr

o
d
u
ce

th
e

ad
ap

ti
ve

co
n
st

ru
ct

io
n

of
w

av
el

et
b
i-

fr
am

es
.

C
om

-
p
ar

ed
w

it
h

th
e

w
av

el
et

fr
am

es
,

th
e

b
i-

fr
am

es
off

er
tw

o
d
is

ti
n
ct

ad
va

n
ta

ge
s:

T
h
e

fi
rs

t
is

th
at

th
e

co
n
st

ra
in

t
fo

r
th

e
fi
lt

er
s

b
ec

om
es

b
i-

li
n
ea

r
m

ak
in

g
it

ea
si

er
to

co
n
st

ru
ct

th
e

fi
lt

er
s.

T
h
e

se
co

n
d

is
th

at
th

e
ad

d
ed

re
d
u
n
d
an

cy
in

tr
o
d
u
ce

s
m

or
e

fl
ex

ib
it

y.
T

h
es

e
p
ro

ve
to

b
e

ve
ry

im
p

or
ta

n
t

in
p
ra

ct
ic

e.
L

et
Q

d
en

ot
e

th
e

se
t

of
p
ai

rs
A

an
d
B

,
A

=
(a

1
,·
··
,a

m
),
B

=
(b

1
,·
··
,b
m

),
th

at
sa

ti
sf

y
(1

0)
:

Q
:=
{ (A

,B
)

:
m ∑ l=

1

∑ n
∈Z

d

a
l(
M
n

+
j)
b l

(k
+
M
n

+
j)

=
|d

et
(M

)|−
1
δ k
,
∀k
,j
∈
Zd
} (2

4)
W

e
w

an
t

to
fi
n
d

fi
lt

er
p
ai

rs
(A
,B

)
w

it
h

d
es

ir
ed

p
ro

p
er

ti
es

w
h
il
e

re
sp

ec
t

th
e

co
n
st

ra
in

t
(A
,B

)
∈
Q

.
A

s
b

ef
or

e
w

e
w

il
l
on

ly
co

n
si

d
er

sp
ar

si
ty

.
G

iv
en

th
e

d
at

a
x

an
d

a
sa

m
p
li
n
g

m
at

ri
x
M

,
w

e
ai

m
to

so
lv

e
:

m
in

A
,B
‖W

A
x
‖ 1
,1

su
b

je
ct

to
(A
,B

)
∈
Q

(2
5)
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M
u
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a
l
e

A
d
a
p
t
iv

e
R

e
p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

T
h
e

con
strain

t
(A
,B

)∈
Q

in
b
i-lin

ear
in
A

an
d
B

.
L

et
u
s

fi
rst

cou
n
t

th
e

n
u
m

b
er

of
eq

u
ation

s.
W

e
start

w
ith

th
e

sim
p
lest

case
w

h
ere

th
e

sign
als

an
d

th
e

fi
lters

are
on

e
d
im

en
-

sion
al.

L
et
A
,B

b
e

d
efi

n
ed

as
b

efore
an

d
assu

m
e

th
at

each
fi
lter

a
i ,b

i ,i
=

1,···
,m

h
as

su
p
p

ort
size

r.
G

iven
th

e
d
ecim

ation
factor

M
,

d
efi

n
e

S
(r)

:=
{(k

,γ
)

:∃
n
∈
Z
,1≤

M
n

+
k

+
γ
≤
r,1≤

M
n

+
γ
≤
r}
,

(26)

th
en

each
(k
,γ

)∈
S

(r)
con

stitu
tes

an
eq

u
ation

.
T

h
is

gives

|S
(r)|

=
(2r−

M
)M

.
(27)

T
h
is

is
th

e
total

n
u
m

b
er

of
eq

u
ation

s.
T

h
e

total
n
u
m

b
er

of
u
n
k
n
ow

n
s

in
A

an
d
B

is
2rm

.
T

h
erefore

for
(10)

to
h
ave

a
solu

tion
,

w
e

ex
p

ect:

2rm
≥

(2r−
M

)M
.

(28)

In
th

e
gen

eral
case

w
h
ere

th
e

sign
als

an
d

th
e

fi
lters

live
in
d

d
im

en
sion

s,
w

e
can

d
o

a
sim

ilar
cou

n
tin

g.
A

ssu
m

e
th

e
su

p
p

ort
size

of
th

e
fi
lter

a
i ,b

i ,i
=

1,···
,m

is
r

=
(r

1 ,···
,r
d ),

an
d

assu
m

e
th

at
th

e
sam

p
lin

g
m

atrix
is
M

=
D

iag(M
1 ,···

,M
d ).

L
et

S
(r)

:=
{(k

,γ
)∈

Z
d

:∃
n
∈
Z
d,1
≤
M
n

+
k

+
γ
≤

r,1
≤
M
n

+
γ
≤

r}
,

(29)

w
h
ere

th
e

in
eq

u
ality

is
u
n
d
ersto

o
d

com
p

on
en

t-w
ise.

E
ach

(k
,γ

)∈
S

(r)
gives

rise
to

an
eq

u
ation

.
T

h
e

total
n
u
m

b
er

of
eq

u
ation

s
is

|S
(r)|

=
d
∏i=

1 (2r
i −

M
i )M

i .
(30)

T
h
e

n
u
m

b
er

of
u
n
k
n
ow

n
s

in
a

an
d
b

is
2m
∏

di=
1
r
i .

H
en

ce
to

h
ave

a
solu

tion
to

(10),
w

e
ex

p
ect:

2m
d
∏i=

1

r
i ≥

d
∏i=

1 (2r
i −

M
i )M

i .
(31)

T
w

o
cases

are
of

sp
ecial

in
terest.

•
R

e
d
u
n
d
a
n
t

ca
se

.
In

th
is

case,
th

e
n
u
m

b
er

of
fi
lters

m
is

large.
T

h
e

n
u
m

b
er

of
d
ecom

p
osition

co
effi

cien
ts

is
larger

th
an

th
e

size
of

th
e

in
p
u
t

sign
al.

H
en

ce
w

e
call

th
is

th
e

redu
n

dan
t

case.
F

or
th

e
op

tim
ization

p
rob

lem
,

w
e

h
ave

m
ore

u
n
k
n
ow

n
s

th
an

eq
u
ation

s.
In

p
articu

lar,
if
m
≥

2M
−
M

2/r
in

on
e

d
im

en
sion

,
an

d
m
∏

di=
1
r
i ≥

∏
di=

1 (2r
i −

M
i )M

i
in
d

d
im

en
sion

s,
for

m
ost

A
,

w
e

ex
p

ect
(10)

as
a

set
of

lin
ear

eq
u
ation

s
for

B
,

to
h
ave

a
solu

tion
.

T
h
erefore,

w
e

can
d
esign

A
an

d
B

sep
arately

:
W

e
can

d
esign

A
fi
rst

in
w

h
ich

ever
w

ay
w

e
w

an
t

as
lon

g
as

it
is

n
on

-d
egen

erate.
W

e
th

en
solve

(10)
to

get
B

.

11
JM

L
R

 17(140):1-38

T
a
i

a
n
d

E

•
C

ritica
lly

d
o
w

n
-sa

m
p
le

d
ca

se
.

In
th

is
case,

th
e

n
u
m

b
er

of
fi
lters

m
is

sm
all.

T
h
e

n
u
m

b
er

of
d
ecom

p
osition

co
effi

cien
ts

is
th

e
sam

e
as

th
at

of
th

e
in

p
u
t

sign
al

(d
ep

en
d
in

g
on

th
e

b
ou

n
d
ary

con
d
ition

s).
H

en
ce

w
e

call
th

is
th

e
critically

dow
n

-
sam

pled
case.

F
or

ex
am

p
le,

in
on

e
d
im

en
sion

,
m

=
M

.
In

th
is

d
ow

n
-sam

p
led

case,
for

a
ty

p
ical

A
,

it
is

likely
th

at
(10),

as
a

lin
ear

sy
stem

for
B

,
d
o
es

n
ot

h
ave

a
solu

tion
.

T
h
is

m
ean

s
th

at
w

e
m

u
st

con
sid

er
A

an
d
B

sim
u
ltan

eou
sly.

4
.1

R
e
d
u
n
d
a
n
t

C
a
se

4
.1

.1
D

e
sig

n
o
f

t
h
e

D
e
c
o
m

p
o
sit

io
n

F
ilt

e
r
s

A
s

d
iscu

ssed
ab

ove,
w

e
can

d
esign

A
in

th
e

fi
rst

p
h
ase,

an
d

th
en

ch
o
ose

B
th

at
satisfi

es
th

e
lin

ear
con

strain
t

(25)
in

th
e

secon
d

p
h
ase.

H
ow

ever,
th

e
ch

oice
of
A

h
as

a
sign

ifi
can

t
im

p
act

on
th

e
con

d
ition

n
u
m

b
er

of
(25).

H
en

ce
som

e
con

strain
ts

sh
ou

ld
b

e
ad

d
ed

.
W

h
ile

th
ere

are
a

lot
of

fl
ex

ib
ilities,

w
e

p
rop

ose
th

e
follow

in
g

form
u
lation

:m
in
A

‖
W
A
x‖

1
,1

su
b

ject
to

A
T
A

=
I

(32)

T
h
e

ad
d
ition

al
con

strain
t
A
T
A

=
I

is
ch

osen
b
ased

on
th

e
con

sid
eration

th
at

th
e

fi
lters

are
m

ost
in

coh
eren

t
am

on
g

th
em

selves.
T

o
solve

(32)
n
u
m

erically,
w

e
ap

p
ly

th
e

sp
lit

B
regm

an
m

eth
o
d
.

B
u
t

w
e

n
eed

to
h
an

d
le

th
e

ex
tra

orth
ogon

ality
con

strain
t

as
w

ell.
T

o
th

is
en

d
,

w
e

in
tro

d
u
ce

th
e

au
x
iliary

variab
le
P

=
A

as
a

m
ean

s
to

sp
lit

th
e

orth
ogon

ality
con

strain
t.

T
h
is

trick
h
as

b
een

u
sed

in
oth

er
p
rob

lem
s,

see
for

ex
am

p
le

L
ai

an
d

O
sh

er
(2014).

T
h
e

p
rob

lem
th

en
b

ecom
es:

m
in

A
,D
,P
‖
D
‖

1
,1

su
b

ject
to

D
=
W
A
x
,P

=
A
,P

T
P

=
I
.

(33)

T
h
e

algorith
m

is
th

en
:

A
lg

o
rith

m
2

A
d
ap

tive
con

stru
ction

of
b
i-fram

es:
red

u
n
d
an

t
case

1:
In

p
u
t:
x
.

2
:

In
itia

lize
k

=
0,F

=
0
,C

=
0
,A

=
A

0,D
=
W
A

0x
,P

=
A

.
3
:

w
h
ile

“
n
o
t

co
n
v
e
rg

e
”

d
o

4
:

fo
r

n
=

1
:N

d
o

5
:

D
k
+

1←
arg

m
in
D
‖D
‖

1
,1

+
η2 ‖D

−
W
A
k x
−
F
k‖

2F

6
:

A
k
+

1←
arg

m
in
A
η‖W

A
x
−
D
k
+

1
+
F
k‖

2F
+
λ‖
A
−
P
k

+
C
k‖

2F

7
:

P
k
+

1←
arg

m
in
P
‖A

k
+

1−
P

+
C
k‖

2F
s.t.

P
T
P

=
I

8
:

F
k
+

1←
F
k

+
W
A
k
+
1 x
−
D
k
+

1.
9
:

C
k
+

1←
C
k

+
A
k
+

1−
P
k
+

1

1
0
:

k
←

k
+

1

1
1
:

re
tu

rn
A
k
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M
u
lt

is
c
a
l
e

A
d
a
p
t
iv

e
R

e
p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

T
o

im
p
le

m
en

t
th

e
al

go
ri

th
m

,
w

e
m

u
st

b
e

ab
le

to
so

lv
e

ea
ch

of
th

e
su

b
p
ro

b
le

m
s

fo
r
D
,A

an
d
P

.
U

p
d
at

in
g
D

is
th

e
sa

m
e

as
in

A
lg

or
it

h
m

1.
T

h
e

su
b
p
ro

b
le

m
fo

r
A

is
a

q
u
ad

ra
ti

c
p
ro

gr
am

.
It

ca
n

b
e

d
ec

ou
p
le

d
in

to
m

sm
al

le
r

p
ro

b
le

m
s,

ea
ch

of
w

h
ic

h
in

vo
lv

es
on

e
co

lu
m

n
of

A
.

W
ri

ti
n
g
D

=
(d

1
,·
··
,d

m
),
P

=
(p

1
,·
··
,p

m
),

C
=

(c
1
,·
··
,c
m

)
an

d
F

=
(f

1
,·
··
,f
m

),
w

e
ca

n
p

er
fo

rm
th

e
op

ti
m

iz
at

io
n

in
a

co
lu

m
n

b
y

co
lu

m
n

fa
sh

io
n
:

a
k
+

1
i

=
ar

g
m

in a
η
‖T

a
x
−
d
k
+

1
i

+
f
k i
‖2 2

+
λ
‖a
−
pk i

+
ck i
‖2 2
,

i
=

1,
··
·,
m

(3
4)

E
ac

h
of

th
e
m

sm
al

le
r

p
ro

b
le

m
s

is
an

u
n
co

n
st

ra
in

ed
q
u
ad

ra
ti

c
p
ro

gr
am

.
M

an
y

op
ti

-
m

iz
at

io
n

te
ch

n
iq

u
es

ca
n

b
e

u
se

d
to

to
so

lv
e

th
is

p
ro

b
le

m
.

A
m

on
g

th
e

se
ve

ra
l

ch
oi

ce
s

of
it

er
at

iv
e

al
go

ri
th

m
s,

w
e

u
se

co
n
ju

ga
te

gr
ad

ie
n
t

(C
G

)
m

et
h
o
d

b
ec

au
se

th
e

ob
je

c-
ti

ve
fu

n
ct

io
n

va
lu

e
te

n
d
s

to
d
ec

re
as

e
ve

ry
q
u
ic

k
ly

in
th

e
fi
rs

t
fe

w
C

G
it

er
at

io
n
s,

th
u
s

gi
v
in

g
a

go
o
d

ap
p
ro

x
im

at
e

so
lu

ti
on

q
u
ic

k
ly

.
F

or
th

e
sa

m
e

re
as

on
as

in
A

lg
or

it
h
m

1,
it

er
at

io
n

to
co

n
ve

rg
en

ce
is

n
ot

n
ec

es
sa

ry
.

N
ex

t,
w

e
co

n
si

d
er

th
e

su
b
p
ro

b
le

m
fo

r
P

.
T

h
is

p
ro

b
le

m
is

eq
u
iv

al
en

t
to

:

m
ax P

T
ra

ce
((
A
k
+

1
+
C
k
)T
P

)
su

b
je

ct
to

P
T
P

=
I
.

(3
5)

T
h
is

is
th

e
cl

as
si

ca
l

or
th

og
on

al
p
ro

cr
u
st

es
p
ro

b
le

m
(G

ow
er

an
d

D
ij

k
st

er
h
u
is

,
20

04
)

an
d

h
as

a
cl

os
ed

fo
rm

so
lu

ti
on

w
h
ic

h
w

e
su

m
m

ar
iz

e
in

th
e

fo
ll
ow

in
g

le
m

m
a.

T
h
e

p
ro

of
ca

n
b

e
fo

u
n
d

in
li
n
ea

r
al

ge
b
ra

te
x
tb

o
ok

s,
e.

g.
H

or
n

an
d

J
oh

n
so

n
,

ch
ap

te
r

3.

L
e
m

m
a

1
L

et
Y
∈
R
n
×
m
,n
≥
m

an
d
Y

=
U
D
V
T

be
th

e
si

n
gu

la
r

va
lu

e
de

co
m

po
si

-
ti

on
of
Y

,
th

en
th

e
co

n
st

ra
in

ed
op

ti
m

iz
at

io
n

pr
ob

le
m

P
∗

=
ar

g
m

in
P
∈R

n
×
m
‖P
−
Y
‖2 F

su
bj

ec
t

to
P
T
P

=
I

(3
6)

ha
s

a
cl

os
ed

fo
rm

so
lu

ti
on

gi
ve

n
by

P
∗

=
U
I n
×
m
V
T

.

S
u
b
st

it
u
ti

n
g
Y

w
it

h
A
k
+

1
+
C
k
,

w
e

ge
t

th
e

fo
rm

u
la

fo
r

u
p

d
at

in
g
P

.
U

p
d
at

in
g

th
e

au
x
il
ia

ry
va

ri
ab

le
F

an
d
C

is
st

ra
ig

h
tf

or
w

ar
d
.

A
n

il
lu

st
ra

ti
on

of
su

ch
fi
lt

er
s

is
sh

ow
n

in
F

ig
u
re

8(
b
).

4
.1

.2
D

e
si

g
n

o
f

t
h
e

R
e
c
o
n
st

r
u
c
t
io

n
F

il
t
e
r
s

O
n
ce

A
=

(a
1
,·
··
,a

m
)

is
ob

ta
in

ed
,

w
e

m
ov

e
on

to
se

co
n
d

p
h
as

e
of

d
es

ig
n
in

g
th

e
re

co
n
st

ru
ct

io
n

fi
lt

er
s
B

.
F

or
fi
x
ed

A
an

d
sa

m
p
li
n
g

m
at

ri
x
M

,
th

e
co

n
st

ra
in

t
(1

0)
is

a
li
n
ea

r
sy

st
em

in
B

.
H

en
ce

w
e

w
il
l

w
ri

te
it

as
H

(A
)B

=
f

,
w

h
er

e
H

(A
)

d
en

ot
es

th
e

co
effi

ci
en

t
m

at
ri

x
ge

n
er

at
ed

u
si

n
g
A

.
T

o
ge

t
so

m
e

co
n
cr

et
e

id
ea

s,
le

t
u
s

lo
ok

at
a

si
m

p
le

ex
am

p
le

.
E

x
a
m

p
le

.
C

on
si

d
er

a
on

e
d
im

en
si

on
al

si
tu

at
io

n
w

h
er

e
m

=
2,
r

=
3.

A
ss

u
m

e
A

=
(a

1
,a

2
),
B

=
(b

1
,b

2
)
∈
R

3
×

2
,

A
=

 
a

1
1
a

2
1

a
1
2
a

2
2

a
1
3
a

2
3

 
,
B

=

 
b 1

1
b 2

1

b 1
2
b 2

2

b 1
3
b 2

3

 
,
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14
0)

:1
-3

8

T
a
i

a
n
d

E

A
ss

u
m

e
M

=
1,

th
at

is
,

n
o

d
ow

n
sa

m
p
li
n
g

is
p

er
fo

rm
ed

.
T

h
en

th
e

li
n
ea

r
eq

u
at

io
n

H
(A

)B
=
f

is

     

a
1
1
a

1
2
a

1
3
a

2
1
a

2
2
a

2
3

0
a

1
1
a

1
2

0
a

2
1
a

2
3

0
0

a
1
1

0
0

a
2
1

a
1
2
a

1
3

0
a

2
2
a

2
3

0
a

1
3

0
0

a
2
3

0
0

     

       

b 1
1

b 1
2

b 1
3

b 2
1

b 2
2

b 2
3

       
=

     

1 0 0 0 0     
.

T
h
is

is
a

sy
st

em
of

5
eq

u
at

io
n
d

w
it

h
6

u
n
k
n
ow

n
s.

T
h
er

ef
or

e,
w

e
h
av

e
on

e
ad

d
it

io
n
al

d
eg

re
e

of
fr

ee
d
om

le
ft

to
d
es

ig
n
B

.
In

ge
n
er

al
,

si
n
ce
m

is
la

rg
e,
H

(A
)B

=
f

is
an

u
n
d
er

-d
et

er
m

in
ed

li
n
ea

r
sy

st
em

.
M

or
eo

ve
r,

si
n
ce
A

is
ob

ta
in

ed
b
y

so
lv

in
g

(3
2)

w
it

h
re

sp
ec

t
to

th
e

or
th

og
on

al
it

y
co

n
-

st
ra

in
t,

th
e

co
effi

ci
en

t
m

at
ri

x
H

(A
)

te
n
d

to
h
av

e
a

go
o
d

co
n
d
it

io
n

n
u
m

b
er

.
T

h
is

w
el

l-
b

eh
av

ed
u
n
d
er

-d
et

er
m

in
ed

li
n
ea

r
sy

st
em

gi
ve

s
u
s

th
e

fr
ee

d
om

to
d
es

ig
n

th
e

re
-

co
n
st

ru
ct

io
n

fi
lt

er
s
B

w
it

h
ad

d
it

io
n
al

p
ro

p
er

ti
es

.
T

h
e

ge
n
er

al
fo

rm
u
la

ti
on

is
:

m
in B
G

(B
)

su
b

je
ct

to
H

(A
)B

=
f

an
d

ot
h
er

co
n
st

ra
in

ts
(3

7)

w
h
er

e
G

(B
)

is
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

th
at

w
e

u
se

to
im

p
os

e
th

e
ad

d
it

io
n
al

p
ro

p
er

ty
th

at
w

e
ex

p
ec

t
B

to
h
av

e.
F

or
ex

am
p
le

,
if

w
e

w
an

t
th

e
re

co
n
st

ru
ct

io
n

fi
lt

er
s

to
lo

ok
li
ke

p
ie

ce
w

is
e

sm
o
ot

h
fu

n
ct

io
n
,

w
e

ca
n

u
se

th
e

fo
ll
ow

in
g

fo
rm

u
la

ti
on

:

m
in B

G
(B

)
:=

m ∑ l=
1

‖∇
b l
‖ 1

su
b

je
ct

to
‖b
l‖ 2

=
α
,
l

=
1,
··
·,
m

H
(A

)B
=
f

(3
8)

w
h
er

e
∇

is
a

d
is

cr
et

e
gr

ad
ie

n
t

op
er

at
or

an
d
α

is
a

p
re

d
efi

n
ed

p
ar

am
et

er
w

h
os

e
p
u
rp

os
e

is
to

m
ak

e
th

e
si

ze
of
B

co
m

p
at

ib
le

w
it

h
th

e
co

n
st

ra
in

t
H

(A
)B

=
f

.
A

n
il
lu

st
ra

ti
on

of
th

e
re

co
n
st

ru
ct

io
n

fi
lt

er
s

is
gi

ve
n

in
F

ig
u
re

8(
b
).

4
.2

C
ri

ti
ca

ll
y

D
o
w

n
-s

a
m

p
le

d
C

a
se

In
th

is
ca

se
,

w
e

h
av

e
le

ss
fr

ee
d
om

an
d

m
u
st

co
n
si

d
er

th
e

d
ec

om
p

os
it

io
n

an
d

re
co

n
-

st
ru

ct
io

n
fi
lt

er
s

si
m

u
lt

an
eo

u
sl

y.
S
in

ce
th

e
co

n
st

ra
in

t
is

b
i-

li
n
ea

r
in
A

an
d
B

,
in

or
d
er

to
av

oi
d

th
e

tr
iv

ia
l

si
tu

at
io

n
w

h
er

e
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

is
m

in
im

iz
ed

b
y

sc
al

in
g

d
ow

n
th

e
d
ec

om
p

os
it

io
n

fi
lt

er
s
A

an
d

sc
al

in
g

u
p

th
e

re
co

n
st

ru
ct

io
n

fi
lt

er
s
B

,
w

e
re

-
q
u
ir

e
th

e
fi
lt

er
s
A

to
h
av

e
u
n
it

n
or

m
.

A
d
op

ti
n
g

th
e

sa
m

e
n
ot

at
io

n
as

b
ef

or
e,

(2
5)

b
ec

om
es

m
in

A
,B
‖W

A
x
‖ 1
,1

su
b

je
ct

to
H

(A
)B

=
f
.

‖a
i‖

2
=

1,
i

=
1,
··
·,
m

(3
9)
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M
u
lt

isc
a
l
e

A
d
a
p
t
iv

e
R

e
p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

A
gain

,
w

e
ap

p
ly

th
e

sp
lit

B
regm

an
algorith

m
to

solve
th

is
p
rob

lem
.

T
h
e

p
ro

ced
u
res

are
sim

ilar
to

th
e

red
u
n
d
an

t
case.

W
e

w
ill

form
u
late

th
e

algorith
m

d
irectly

as
follow

s:

A
lg

o
rith

m
3

A
d
ap

tive
con

stru
ction

of
b
i-fram

es:
critically

d
ow

n
-sam

p
led

case

1:
In

p
u
t:
x
.

2
:

In
itia

lize
k

=
0,F

=
0
,C

=
0
,A

=
A

0,B
=
B

0,D
=
W
A

0x
.

3
:

w
h
ile

“
n
o
t

co
n
v
e
rg

e
”

d
o

4
:

D
k
+

1←
arg

m
in
D
‖D
‖

1
,1

+
η2 ‖
D
−
W
A
k x
−
F
k‖

2F

5
:

A
k
+

1
←

arg
m

in
A
η‖W

A
x
−
D
k
+

1
+
F
k‖

2F
+
λ‖H

(A
)B

k−
f

+
C
k‖

2F
s.t.

‖
a
i ‖

2
=

1,i
=

1,···
,m

6
:

B
k
+

1←
arg

m
in
B
λ‖
H

(A
k
+

1
)B
−
f

+
C
k‖

2F

7
:

F
k
+

1←
F
k

+
W
A
k
+
1 x
−
D
k
+

1.
8
:

C
k
+

1←
C
k

+
H

(A
k
+

1)B
k
+

1−
f
−
P
k
+

1

9
:

k
←

k
+

1

1
0
:

re
tu

rn
A
k,B

k

U
p

d
atin

g
D

is
again

d
on

e
b
y

soft
th

resh
old

in
g.

T
h
e

u
p

d
ate

of
A

is
d
on

e
b
y

ru
n
n
in

g
a

few
iteration

s
of

th
e

in
terior-p

oin
t

m
eth

o
d
,

an
d

u
p

d
atin

g
B

is
d
on

e
b
y

ru
n
n
in

g
a

few
iteration

s
of

con
ju

gate
grad

ien
t

m
eth

o
d
.

T
h
e

m
ost

com
p
u
tation

ally
in

ten
sive

step
is

u
p

d
atin

g
A

.
B

u
t

sin
ce

in
ou

r
ap

p
lication

s,
th

e
su

p
p

ort
size

an
d

th
e

n
u
m

b
er

of
fi
lters

are
sm

all,
th

e
total

n
u
m

b
er

of
variab

les
is

n
orm

ally
a

few
h
u
n
d
red

,
h
en

ce
th

e
com

p
u
tation

al
cost

is
reason

ab
le.

5
.

M
u
lti-le

v
e
l

A
d
a
p
tiv

e
F
ra

m
e
s

G
oin

g
to

m
u
lti-level,

th
e

b
asic

id
ea

is
to

recu
rsively

u
se

th
e

fram
ew

ork
of

ad
ap

tive
fram

es
on

th
e

co
effi

cien
ts

ob
tain

ed
b
y

ap
p
ly

in
g

th
e

ad
ap

tive
fi
lters

to
th

e
sign

al.
T

h
ere

are
tw

o
p
ractical

issu
es

th
at

w
e

n
eed

to
con

sid
er.

T
h
e

fi
rst

is
w

h
eth

er
on

e
con

sid
ers

all
th

e
co

effi
cien

ts
or

a
su

b
set

of
co

effi
cien

ts
w

h
en

goin
g

to
coarser

level.
In

th
is

regard
th

e
d
iff

eren
ce

b
etw

een
low

-p
ass

an
d

h
igh

-p
ass

fi
lters

is
p
articu

larly
relevan

t.
R

ecall
th

at
a

low
p
ass

fi
lter

is
d
efi

n
ed

b
y

th
e

con
d
ition

th
at

th
e

F
ou

rier
co

effi
cien

t
â
(0)
6=

0.
T

h
e

secon
d

issu
e

is
w

h
eth

er
a

n
ew

set
of

ad
ap

tive
fi
lters

is
learn

ed
an

d
u
sed

at
each

level.
W

e
w

ill
d
iscu

ss
th

ree
d
iff

eren
t

strategies
th

at
are

m
otivated

b
y

th
ree

d
iff

eren
t

ex
am

p
les.

5
.1

T
h
e

M
R

A
a
p
p
ro

a
ch

T
h
e

b
asic

id
ea

of
M

R
A

is
to

ap
p
ly

th
e

sam
e

set
of

fi
lters

at
each

level
to

th
e

co
effi

cien
ts

from
th

e
low

-p
ass

fi
lters.

W
h
en

con
stru

ctin
g

trad
ition

al
w

avelet
fram

es
u
sin

g
M

R
A

,
th

ere
is

on
ly

on
e

low
-p

ass
fi
lter

at
each

level,
th

e
scalin

g
fu

n
ction

.
A

ll
oth

er
fi
lters

are
h
igh

p
ass

fi
lters

asso
ciated

w
ith

th
e

w
avelets.

O
u
r

ex
p

erien
ce

su
ggests

th
at

th
is

is
often

th
e

case
for

th
e

ad
ap

tively
learn

ed
fi
lters.

T
o

m
akes

su
re

th
at

th
is

is
in

d
eed

1
5

JM
L
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T
a
i

a
n
d

E

th
e

case,
w

e
can

also
ad

d
th

e
ad

d
ition

al
con

strain
t

â
1 (0)6=

0,â
i (0)

=
0,i

=
2,···

,m
(40)

to
(17).

A
s

a
lin

ear
con

strain
t,

th
is

d
o
es

n
ot

cau
se

m
u
ch

trou
b
le

in
th

e
op

tim
ization

algorith
m

.
W

ith
th

is,
th

e
ad

ap
tive

w
avelet

fram
es

can
b

e
u
sed

in
th

e
sam

e
w

ay
as

classical
w

avelet
fram

es.
S
p

ecifi
cally,

given
th

e
th

e
in

p
u
t

sign
al
x

,
th

e
m

u
lti-level

d
ecom

p
osition

p
ro

ceed
s

as
follow

s:
W

e
fi
rst

p
erform

a
on

e-level
d
ecom

p
osition

to
get

th
e

co
effi

cien
ts
v
i

=
T
a
i x
,i

=
1,···

,m
.
v

1
is

asso
ciated

w
ith

th
e

low
-p

ass
fi
lter,

w
h
ich

p
rov

id
es

th
e

coarse-grain
ed

ap
p
rox

im
ation

of
th

e
sign

al,
an

d
v
i ,i

=
2,···

,m
are

asso
ciated

w
ith

th
e

h
igh

-p
ass

fi
lters,

w
h
ich

p
rov

id
e

th
e

m
issin

g
d
etails

from
th

e
coarse-grain

in
g.

N
ex

t,
w

e
treat

v
1

as
th

e
in

p
u
t

sign
al

an
d

p
erform

an
oth

er
on

e-level
d
ecom

p
osition

u
sin

g
th

e
sam

e
set

of
fi
lters

to
get

th
e

secon
d
-level

co
effi

cien
ts.

T
h
is

p
ro

ced
u
re

can
th

en
b

e
con

tin
u
ed

.
S
ch

em
atically,

th
is

algorith
m

can
b

e
rep

resen
ted

as
a

tree
w

ith
on

e
b
ran

ch
in

g
p

oin
t

at
each

level,
as

sh
ow

n
in

F
igu

re
2(a).

5
.2

T
h
e

sca
tte

rin
g

tra
n
sfo

rm
a
p
p
ro

a
ch

B
y

ap
p
ly

in
g

each
fi
x
ed

fi
lter

to
th

e
sign

al,
on

e
ob

tain
s

a
set

of
co

effi
cien

ts,
called

a
featu

re
m

ap
.

If
th

e
in

p
u
t

sign
al

is
an

im
age,

th
e

featu
re

m
ap

is
also

an
im

age.
O

n
e

can
th

en
treat

th
is

n
ew

im
age

as
th

e
in

p
u
t

sign
al

an
d

fi
n
d

th
e

corresp
on

d
in

g
ad

ap
tive

fi
lters.

In
som

e
ap

p
lication

s,
th

is
can

b
e

p
reced

ed
b
y

som
e

com
p

on
en

t-w
ise

n
on

lin
ear

tran
sform

ation
.

T
h
is

is
sch

em
atically

sh
ow

n
in

F
igu

re
2(b

).
T

h
is

stru
ctu

re
is

u
sed

in
th

e
scatterin

g
tran

sform
s

p
rop

osed
in

B
ru

n
a

an
d

M
allat

(2013).
T

h
e

ob
v
iou

s
d
raw

b
ack

of
th

is
ap

p
roach

is
th

at
th

e
d
egrees

of
freed

om
in

crease
ex

p
on

en
tially

as
th

e
n
u
m

b
er

of
levels

in
creases.

N
everth

eless,
in

classifi
cation

task
s,

it
is

gen
erally

b
elieved

th
at

liftin
g

th
e

raw
d
ata

to
a

h
igh

d
im

en
sion

al
sp

ace
u
sin

g
som

e
n
on

lin
ear

tran
sform

s
can

h
elp

b
y

m
ak

in
g

th
e

d
ata

m
ore

lin
early

sep
arab

le.
T

h
is

is
th

e
u
n
d
erly

in
g

p
rin

cip
le

th
at

m
akes

kern
el

m
eth

o
d
s

eff
ective.

T
h
erefore

th
is

ap
p
roach

is
p

oten
tially

u
sefu

l
for

classifi
cation

task
s.

In
p
ractice,

w
e

can
also

ap
p
ly

som
e

p
ru

n
in

g
p
ro

ced
u
re

if
th

ere
are

m
an

y
layers.

F
or

ex
am

p
le,

w
e

can
stop

ex
p
an

d
in

g
th

e
n
o
d
e

if
it

h
as

very
sm

all
en

ergy.

5
.3

T
h
e

co
n
v
o
lu

tio
n
a
l

n
e
t

a
p
p
ro

a
ch

T
h
e

stru
ctu

re
sh

ow
n

in
F

igu
re

2(c)
resem

b
les

th
e

fi
rst

few
layers

of
a

con
volu

tion
al

n
et.

T
h
e

ro
ot

n
o
d
e

still
rep

resen
ts

th
e

in
p
u
t

sign
al,

th
e

fi
rst

layer
n
o
d
es

rep
resen

t
th

e
on

e-level
d
ecom

p
osition

co
effi

cien
ts.

T
h
e

co
effi

cien
ts

togeth
er

are
th

en
regard

ed
as

a
m

u
lti-ch

an
n
el

sign
al.

F
or

ex
am

p
le,

if
th

e
in

p
u
t

sign
al

is
a

m
on

o
ch

rom
e

tw
o

d
im

en
sion

al
im

age,
th

e
fi
rst

layer
co

effi
cien

ts
can

b
e

regard
s

as
a

th
ree

d
im

en
sion

al
im

age
b
y

stack
in

g
th

e
m

featu
res

m
ap

s.
O

n
ce

v
iew

ed
as

a
th

ree
d
im

en
sion

al
im

age,
w

e
can

con
stru

ct
ad

ap
tive

fram
es

an
d

b
i-fram

es
u
sin

g
th

ree
d
im

en
sion

al
fi
lters,

ex
cep

t
th

at
th

e
th

e
fi
lters

m
igh

t
n
ot

b
e

con
volu

tion
al

in
th

e
th

ird
d
im

en
sion

sin
ce

th
e

in
p
u
t

sign
al

is
n
ot

ex
p

ected
to

b
e

tran
slation

in
varian

t
in

th
at

d
irection

.
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M
u
lt

is
c
a
l
e

A
d
a
p
t
iv

e
R

e
p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

(a
)

(b
)

(c
)

F
ig

u
re

2:
th

re
e

st
ru

ct
u
re

s

F
ig

u
re

3:
Il

lu
st

ra
ti

on
of

th
e

d
iff

er
en

t
m

u
lt

i-
le

ve
l

st
ru

ct
u
re

s.
(a

)
T

h
e

st
ru

ct
u
re

u
se

d
in

th
e

M
R

A
ap

p
ro

ac
h
.

(b
)

T
h
e

st
ru

ct
u
re

u
se

d
in

th
e

sc
at

te
ri

n
g

tr
an

sf
or

m
ap

p
ro

ac
h
.

(c
)

T
h
e

st
ru

ct
u
re

u
se

d
in

th
e

co
n
vo

lu
ti

on
al

n
et

ap
p
ro

ac
h
.

O
b
v
io

u
sl

y
w

e
ar

e
n
ot

li
m

it
ed

b
y

th
es

e
th

re
e

ex
am

p
le

s
of

m
u
lt

i-
le

ve
l

st
ru

ct
u
re

s.
W

e
ca

ll
th

is
w

ay
of

re
p
re

se
n
ti

n
g

th
e

si
gn

al
m

u
lt

i-
sc

al
e

ad
ap

ti
ve

fr
am

es
an

d
bi

-f
ra

m
es

.
F

or
co

n
ve

n
ie

n
ce

w
e

ab
b
re

v
ia

te
it

as
:

A
da

F
ra

m
e.

6
.

E
x
a
m

p
le

s

6
.1

T
h
e

st
a
ir

ca
se

si
g
n
a
l

W
e

co
n
si

d
er

a
si

m
p
le

ex
am

p
le

w
h
er

e
th

e
si

gn
al

s
ar

e
b
in

ar
y,

ea
ch

co
n
si

st
s

of
lo

n
g

se
q
u
en

ce
s

of
+

1’
s

se
p
ar

at
ed

b
y

lo
n
g

se
q
u
en

ce
s

of
−

1’
s,

as
sh

ow
n

in
F

ig
u
re

4.
L

et
s

b
e

th
e

m
in

im
u
m

le
n
gt

h
of

co
n
se

cu
ti

ve
+

1
an

d
−

1
b
lo

ck
s.
s

is
a

m
ea

su
re

of
th

e
lo

w
es

t
fr

eq
u
en

cy
of

th
e

si
gn

al
.

W
e

u
se

A
lg

or
it

h
m

1
to

le
ar

n
th

e
fi
lt

er
s

w
it

h
η

=
10

2
.

T
h
e

fi
lt

er
s

le
ar

n
ed

ar
e

sh
ow

n
in

F
ig

u
re

5.

F
ig

u
re

4:
A

b
in

ar
y

si
gn

al

In
th

e
ca

se
w

h
en
m

=
2,
r

=
2,

w
e

re
co

ve
r

th
e

H
aa

r
w

av
el

et
b
as

is
as

sh
ow

n
F

ig
u
re

6.

T
h
is

ex
am

p
le

is
si

m
p
le

en
ou

gh
to

al
lo

w
fo

r
an

al
y
ti

c
ca

lc
u
la

ti
on

s.
In

fa
ct

,
on

e
ca

n
sh

ow
th

at
in

th
e

la
rg

e
s
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p
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p
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.
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p
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p
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h
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p
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n
t

im
ag

es
is

th
at

th
ey

co
n
ta

in
os

ci
ll
at

io
n
s

al
on

g
d
iff

er
en

t
d
ir

ec
ti

on
s.

A
s

ca
n

b
e

se
en

fr
om

th
e

F
ig

u
re

7,
th

is
fe

at
u
re

is
in

d
ee

d
ca

p
tu

re
d

b
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p
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u
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h
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p
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h
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.
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d
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p
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p
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n
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p
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t.(e)
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w
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p
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(f)
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p
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v
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d
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v
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recovered

u
sin

g
th

is
fram

ew
ork

.
N

atu
rally

w
e

ex
p

ect
th

at
if

th
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d
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d
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d
iff

eren
t

su
p
p

ort
size,

“d
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tran
sform

.

G
iven

a
sign

al,
th

e
ad

ap
tive

fi
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s
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p
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lters

ob
tain

ed
w

ith
th

e
origin

al
w

avelets
u
sed

to
con

stru
ct

th
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p
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lters.

(e)
F

ou
rier

sp
ectru

m
of

th
e

recon
stru

ction
fi
lters.

D
en

sity
d
b
2

d
b
3

d
b
12

d
b
24

0.1
1

1
1

1
0.2

1
1

1
1

0.3
1

1
1

1
0.4

1
1

0
0

0.5
0

0
0

0

T
ab

le
2:

R
atio

of
su

ccessfu
l
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p
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p
red

efi
n
ed

w
avelets

are
n
ot

op
tim

al,
an

d
th

e
sign

als
h
ave

a
sp

arser
rep

resen
tation

u
n
d
er

th
e

ad
ap

tive
fi
lters,

as
can

b
e

seen
from

F
igu

re
9(c).

T
h
e
L

1
n
orm

of
th

e
w

avelet
co

effi
cien

ts
is

u
sed

as
a

rob
u
st

m
easu

re
of

sp
arsity.

20
JM

L
R

 17(140):1-38



M
u
lt

is
c
a
l
e

A
d
a
p
t
iv

e
R

e
p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

0
2

0
4

0
6

0
8

0
1

0
0

1
2

0
1

4
0

1
6

0
1

8
0

2
0

0
4

5
0

5
0

0

5
5

0

6
0

0

6
5

0

7
0

0

7
5

0

8
0

0

8
5

0

It
e

ra
ti
o

n
s

Function value

 

 

D
a

u
b

e
c
h

ie
s

A
d

a
F

ra
m

e

(a
)

0
2
0

4
0

6
0

8
0

1
0
0

1
2
0

1
4
0

1
6
0

1
8
0

2
0
0

0

0
.2

0
.4

0
.6

0
.81

1
.2

1
.4

Difference

It
e
ra

ti
o
n
s

(b
)

0
1
0
0

2
0
0

3
0
0

4
0
0

5
0

0
6

0
0

7
0
0

8
0
0

9
0
0

1
0

0
0

2
3
0

2
4
0

2
5
0

2
6
0

2
7
0

2
8
0

2
9
0

3
0
0

3
1
0

It
e

ra
ti
o
n
s

Function value

 

 

A
d

a
F

ra
m

e

D
a

u
b
e
c
h
ie

s

(c
)

0
1
0
0

2
0
0

3
0
0

4
0
0

5
0
0

6
0
0

7
0
0

8
0
0

9
0
0

1
0
0
0

1
.1

1
.1

5

1
.2

1
.2

5

1
.3

1
.3

5

1
.4

1
.4

5

1
.5

1
.5

5

Difference

It
e
ra

ti
o
n
s

(d
)

1
2

3
4

5
6

7
8

9
1

0
−

0
.4

−
0

.20

0
.2

0
.4

0
.6

0
.81

(e
)

1
2

3
4

5
6

7
8

9
1

0
−

0
.8

−
0

.6

−
0

.4

−
0

.20

0
.2

0
.4

0
.6

0
.8

(f
)

1
2

3
4

5
6

7
8

9
1

0
−

0
.5

−
0

.4

−
0

.3

−
0

.2

−
0

.10

0
.1

0
.2

0
.3

0
.4

0
.5

(g
)

1
2

3
4

5
6

7
8

9
1

0
−

0
.6

−
0

.4

−
0

.20

0
.2

0
.4

0
.6

(h
)

F
ig

u
re

9:
(a

)
T

h
e

si
gn

al
is

ge
n
er

at
ed

u
si

n
g

sp
ar

se
li
n
ea

r
co

m
b
in

at
io

n
s

of
th

e
D

au
b

ec
h
ie

s
w

av
el

et
s.

T
h
e

b
la

ck
li
n
e

is
th

e
ob

je
ct

iv
e

fu
n
ct

io
n

va
lu

e
ev

al
u
at

ed
u
s-

in
g

th
e

D
au

b
ec

h
ie

s
w

av
el

et
s,

w
h
ic

h
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h
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h
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h
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.5

2
33

.3
2

33
.7

9
P

ep
p

er
s
σ

=
0.

1
31

.2
6

30
.7

8
30

.3
3

30
.9

1

T
ab

le
4:

C
om

p
ar

is
on

of
A

d
aF

ra
m

e
an

d
K

-S
V

D
,

p
er

fo
rm

an
ce

m
ea

su
re

d
in

P
S
N

R
,

th
e

u
n
it

is
d
B

.

ar
e

le
ar

n
ed

.
λ

is
ch

os
en

b
as

ed
on

th
e

n
oi

se
le

ve
l

an
d

is
se

t
to

b
e
λ

=
0.

00
5,

0.
01
,0
.0

25
re

sp
ec

ti
ve

ly
.

T
h
e

re
su

lt
is

sh
ow

n
in

T
ab

le
5.

A
s

a
la

st
d
en

oi
si

n
g

ex
am

p
le

,
w

e
ap

p
ly

A
d
aF

ra
m

es
to

so
m

e
ex

am
p
le

s
of

n
at

u
ra

l
p
h
ot

os
w

it
h

u
n
k
n
ow

n
n
oi

se
.

T
h
e

se
tt

in
g

is
th

e
sa

m
e

as
th

e
p
re

v
io

u
s

ex
am

p
le

.
W

e
le

ar
n

fi
lt

er
s

d
ir

ec
tl

y
fr

om
th

e
n
oi

sy
im

ag
es

.
S
in

ce
th

e
im

ag
e

h
as

R
G

B
ch

an
n
el

s,
w

e
le

ar
n

th
e

fi
lt

er
s

(o
f

su
p
p

or
t

si
ze

9
×

9)
fo

r
ea

ch
ch

an
n
el

se
p

er
at

el
y

w
it

h
th

e
sa

m
e

va
lu

e
of
λ

,
w

h
ic

h
is

ch
os

en
to

y
ie

ld
a

go
o
d

v
is

u
al

im
p
re

ss
io

n
.

T
h
e

re
su

lt
s

ar
e

sh
ow

n
in

F
ig

u
re

14
.

A
s

w
e

em
p
h
as

iz
ed

ea
rl

ie
r,

th
e

A
d
aF

ra
m

e
is

fa
st

er
th

an
sp

ar
se

co
d
in

g
te

ch
n
iq

u
e

at
in

fe
re

n
ce

ti
m

e.
W

e
re

co
rd

th
e

co
m

p
u
ta

ti
on

ti
m

e
fo

r
th

e
K

-S
V

D
d
en

oi
si

n
g

al
go

ri
th

m
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T
a
i

a
n
d

E

(a
)

(b
)

(c
)

(d
)

F
ig

u
re

14
:

(a
)(

c)
T

w
o

im
ag

es
fr

om
th

e
In

te
rn

et
.

(b
)(

d
)

D
en

oi
se

d
im

ag
es

u
si

n
g

A
d
aF

ra
m

e.

an
d

th
e

A
d
aF

ra
m

e
d
en

oi
si

n
g

al
go

ri
th

m
.

In
ou

r
la

p
to

p
w

it
h

th
e

sa
m

e
se

tu
p
,

th
e

K
-

S
V

D
al

go
ri

th
m

ta
ke

s
25

s
to

tr
ai

n
a

d
ic

ti
on

ar
y

w
it

h
25

6
at

om
s

of
su

p
p

or
t

si
ze

8
×

8
an

d
6.

5s
to

d
en

oi
se

th
e

im
ag

e.
T

h
e

so
ft

w
ar

e
w

e
u
se

is
d
ow

n
lo

ad
ed

fr
om

h
t
t
p
:
/
/

w
w
w
.
c
s
.
t
e
c
h
n
i
o
n
.
a
c
.
i
l
/
~
r
o
n
r
u
b
i
n
/
s
o
f
t
w
a
r
e
.

T
h
e

A
d
aF

ra
m

e
ta

ke
s

3.
7s

to
tr

ai
n

64
fi
lt

er
s

w
it

h
su

p
p

or
t

si
ze

8
×

8
an

d
ta

ke
s

0.
6s

to
d
en

oi
se

.
T

h
e

ti
m

e
fo

r
d
en

oi
si

n
g

sc
al

es
li
n
ea

rl
y

w
it

h
th

e
n
u
m

b
er

of
fi
lt

er
s.

8
.3

Im
a
g
e

C
la

ss
ifi

ca
ti

o
n

A
lt

h
ou

gh
A

d
aF

ra
m

es
ar

e
ai

m
ed

to
p
ro

d
u
ce

sp
ar

se
re

p
re

se
n
ta

ti
on

s,
th

ey
ca

n
al

so
b

e
u
se

d
to

fo
r

ot
h
er

ta
sk

s
su

ch
as

ex
tr

ac
ti

n
g

fe
at

u
re

s
fo

r
ob

je
ct

re
co

gn
it

io
n
.

In
fa

ct
,

it
ca

n
p
ro

v
id

e
a

fa
st

er
al

te
rn

at
iv

e
to

sp
ar

se
co

d
in

g.

T
o

d
em

on
st

ra
te

th
is

id
ea

,
in

th
e

fo
ll
ow

in
g

ex
am

p
le

,
w

e
ap

p
ly

A
d
aF

ra
m

es
to

ex
tr

ac
t

fe
at

u
re

s
in

or
d
er

to
cl

as
si

fy
th

e
h
an

d
w

ri
tt

en
d
ig

it
s.

T
h
e

d
at

as
et

w
e

u
se

d
is

M
N

IS
T

(L
eC

u
n

et
al

.,
19

98
).

It
co

n
ta

in
s

70
00

0
28
×

28
im

ag
es

of
d
ig

it
s

fr
om

0
to

9,
60

00
0

fo
r

tr
ai

n
in

g
an

d
10

00
0

fo
r

te
st

in
g.

A
n
on

li
n
ea

r
tr

an
sf

or
m

at
io

n
,

th
e

re
ct

ifi
ed

li
n
ea

r
fu

n
ct

io
n

d
efi

n
ed

b
y
re
lu

(x
)

=
m
a
x

(x
,0

)
is

ap
p
li
ed

to
th

e
co

effi
ci

en
ts

ob
ta

in
ed

u
si

n
g
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M
u
lt

isc
a
l
e

A
d
a
p
t
iv

e
R

e
p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

A
d
aF

ram
es.

T
h
e

resu
lts

are
sen

t
to

a
lin

ear
su

p
p

ort
vector

m
ach

in
e

(S
V

M
)

to
p

erform
th

e
classifi

cation
task

.
W

e
d
iscu

ss
th

ree
d
iff

eren
t

set
of

ex
p

erim
en

ts.
In

th
e

fi
rst

setu
p
,

w
e

u
se

A
lgorith

m
2

to
learn

th
e

fi
lters

w
ith

m
=

6,r
=

6,η
=

10
2,λ

=
10

3.
In

itialization
is

d
on

e
w

ith
ran

d
om

orth
ogon

al
fi
lters.

F
or

each
im

age,
w

e
p

erform
a

on
e-level

d
ecom

p
osition

to
get

th
e

co
effi

cien
ts.

T
h
e

secon
d

setu
p

is
id

en
tical

to
th

e
fi
rst

on
e,

ex
cep

t
m

=
12

in
stead

of
m

=
6.

It
is

gen
erally

b
elieved

th
at

liftin
g

th
e

raw
p
ix

els
to

som
e

h
igh

er-d
im

en
sion

al
featu

re
sp

ace
w

ill
b

e
h
elp

fu
l

for
classifi

cation
.

S
in

ce
w

e
u
se

m
ore

fi
lters

in
th

is
setu

p
,

th
e

featu
res

w
e

get
h
ave

h
igh

er
d
im

en
sion

s.
In

d
eed

th
e

resu
lts

are
b

etter
th

an
th

e
resu

lts
of

th
e

p
rev

iou
s

setu
p
.

In
th

e
th

ird
setu

p
,

w
e

u
se

a
tw

o-level
d
ecom

p
osition

.
W

e
u
se

A
lgorith

m
2

to
learn

th
e

fi
lters

w
ith

m
=

6,r
=

6,η
=

10
2,λ

=
10

3.
S
am

e
n
on

lin
ear

tran
sform

ation
as

in
th

e
p
rev

iou
s

setu
p
s

are
u
sed

.
In

th
is

w
ay,

w
e

ob
tain

6
featu

re
m

ap
s,

each
of

size
28×

28.
T

h
en

th
e

collection
of

th
e

featu
re

m
ap

s
are

treated
as

6
sets

of
n
ew

in
p
u
t

im
ages.

F
or

each
set,

w
e

u
se

A
lgorith

m
2

w
ith

m
=

4,r
=

6,η
=

10
2,λ

=
10

3
to

learn
th

e
fi
lters.

H
en

ce
w

e
h
ave

24
fi
lters

in
total.

F
or

each
featu

re
m

ap
,

w
e

p
erform

a
on

e-level
d
ecom

p
osition

u
sin

g
th

e
corresp

on
d
in

g
4

fi
lters

to
get

4
featu

re
m

ap
s.

A
gain

,
w

e
keep

th
e

p
ositive

co
effi

cien
ts

an
d

set
th

e
n
egative

co
effi

cien
ts

to
0.

T
h
ese

p
ositive

co
effi

cien
ts

in
th

e
fi
rst

an
d

secon
d

layers
are

th
e

ex
tracted

featu
res.

M
N

IS
T

R
aw

p
ix

el
I

II
III

P
recision

88.0
%

97.0
%

97.4%
99.0%

T
ab

le
5:

R
esu

lts
of

th
e

M
N

IS
T

classifi
cation

.
“R

aw
p
ix

el”
m

ean
s

th
at

th
e

featu
res

are
th

e
raw

p
ix

els.

T
h
ese

featu
res

are
sen

t
to

a
lin

ear
S
V

M
.
T

h
e

resu
lts

are
rep

orted
in

T
ab

le
5.

N
ote

th
at

th
ere

is
a

sign
ifi

can
t

red
u
ction

in
th

e
error

rates
com

p
ared

to
raw

p
ix

el
featu

res.
A

s
a

p
oin

t
of

com
p
arison

,
th

e
state-of-th

e-art
resu

lt
w

ith
p
rep

ro
cessin

g,
is

0.23%
,

w
h
ich

is
ob

tain
ed

u
sin

g
d
eep

con
volu

tion
al

n
eu

ral
n
etw

ork
s

(C
iresan

et
al.,

2012).

9
.

C
o
n
n
e
ctio

n
w

ith
D

e
-co

n
v
o
lu

tio
n
a
l

n
e
t

C
on

volu
tion

al
n
ets

h
ave

h
ad

rem
arkab

le
su

ccesses
in

a
variety

of
ch

allen
gin

g
ap

p
li-

cation
s

(L
eC

u
n

et
al.,

1998;
L

ee
et

al.,
2009;

K
rizh

ev
sk

y
et

al.,
2012).

A
ty

p
ical

su
p

erv
ised

con
volu

tion
al

n
et

con
sists

of
several

con
volu

tion
al

layers
an

d
fu

lly
con

-
n
ected

layers.
A

con
volu

tion
al

layer
h
as

th
e

stru
ctu

re
sh

ow
n

in
F

igu
re

15.
It

m
ap

s
th

e
featu

re
m

ap
s

p
ro

d
u
ced

b
y

th
e

p
rev

iou
s

layer
to

an
oth

er
set

of
featu

re
m

ap
s.

T
h
e

in
p
u
t

featu
re

m
ap

s
are

fi
rst

con
volved

w
ith

som
e

fi
lters,

w
h
ich

are
also

ob
tain

ed
from

train
in

g.
A

p
oin

t-w
ise

n
on

lin
ear

fu
n
ction

,
called

th
e

“activation
fu

n
ction

”,
su

ch
as

a
rectifi

ed
lin

ear
fu

n
ction

is
th

en
ap

p
lied

,
follow

ed
b
y

a
p

o
olin

g
p
ro

ced
u
re

in
ord

er
to

d
ow

n
-sam

p
le

th
e

set
of

featu
re

m
ap

s.
P

o
olin

g
is

u
su

ally
a

lo
cal

op
eration

.
M

ax
p

o
olin

g,
n
am

ely
p
ick

in
g

th
e

featu
re

m
ap

w
ith

th
e

m
ax

im
u
m

am
p
litu

d
e

in
a

sm
all
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T
a
i

a
n
d

E

n
eigh

b
orh

o
o
d

of
each

n
o
d
e,

is
th

e
m

ost
p

op
u
lar.

It
is

sim
ilar

to
sim

p
le

d
ow

n
-sam

p
lin

g
b
u
t

is
n
on

lin
ear.

A
lth

ou
gh

con
volu

tion
al

n
ets

are
d
esign

ed
for

featu
re

ex
traction

an
d

ob
ject

recog-
n
ition

,
it

is
an

in
terestin

g
q
u
estion

to
ask

h
ow

m
u
ch

of
th

e
in

p
u
t

d
ata

can
b

e
re-

con
stru

cted
from

th
e

in
form

ation
in

th
e

in
term

ed
iate

layers
of

th
e

n
etw

ork
.

F
or

on
e

th
in

g,
th

is
can

h
elp

u
s

to
gain

som
e

in
tu

ition
ab

ou
t

h
ow

con
volu

tion
al

n
ets

w
ork

.

F
igu

re
15:

T
h
e

left
fi
gu

re
sh

ow
s

th
e

ty
p
ical

stru
ctu

re
of

a
con

volu
tion

al
layer

from
a

con
volu

tion
al

n
et,

th
e

righ
t

fi
gu

re
sh

ow
s

th
e

stru
ctu

re
of

a
d
e-con

volu
tion

al
layer

from
a

d
e-con

volu
tion

al
n
et.

In
th

is
regard

th
e

m
ost

p
op

u
lar

ap
p
roach

in
th

e
literatu

re
is

th
e

“d
econ

volu
tion

al
n
et”

(Z
eiler

et
al.,

2010).
A

d
econ

volu
tion

al
n
et

can
b

e
th

ou
gh

t
of

as
a

con
volu

tion
al

n
et

th
at

u
ses

th
e

sam
e

com
p

on
en

ts
(fi

lterin
g,

n
on

lin
ear

activation
,

p
o
olin

g)
b
u
t

in
reverse

ord
er.

S
p

ecifi
cally

a
d
econ

volu
tion

al
n
et

con
sists

of
th

e
follow

in
g

step
s:

F
irst,

th
e

p
o
olin

g
p
ro

ced
u
re

is
reversed

.
If

averagin
g

or
oth

er
lin

ear
op

erator
is

u
sed

for
p

o
olin

g,
th

en
to

reverse
it,

on
e

sim
p
ly

ap
p
lies

its
tran

sp
ose

op
erator.

T
h
e

m
ax

-p
o
olin

g
p
ro

ced
u
re

is
a

n
on

-lin
ear

op
eration

.
F

or
an

im
age

I
,

th
e

m
ax

-p
o
olin

g
op

eration
h
as

tw
o

ou
tp

u
ts,

th
e

m
ax

im
u
m

valu
e

an
d

th
e

p
osition

w
h
ere

th
e

m
ax

im
u
m

valu
e

is
ob

tain
ed

,
d
efi

n
ed

as

(v
,p)(x

)
=

(sign
(I

(x
))·m

ax
x∈N
|I

(x
)|,arg

m
ax

x∈N
|I

(x
)|)

w
h
ereN

is
th

e
n
eigh

b
orh

o
o
d

of
x

.
T

o
reverse

m
ax

-p
o
olin

g,
w

e
set

I
(x

)
=

{
v

:
x

=
p,x
∈
N

0
:
x
6=
p,x
∈
N

T
h
e

secon
d

com
p

on
en

t
is

to
reverse

th
e

activation
fu

n
ction

.
F

or
in

vertib
le

fu
n
c-

tion
s

su
ch

as
th

e
sigm

oid
or

th
e

tan
h

fu
n
ction

(L
eC

u
n

et
al.,

1998),
w

e
sim

p
ly

take
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M
u
lt

is
c
a
l
e

A
d
a
p
t
iv

e
R

e
p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

th
ei

r
in

ve
rs

e.
T

h
e

si
tu

at
io

n
w

h
er

e
th

e
ac

ti
va

ti
on

fu
n
ct

io
n

is
n
on

-i
n
ve

rt
ib

le
as

is
th

e
ca

se
of

th
e

ab
so

lu
te

va
lu

e
fu

n
ct

io
n

is
m

or
e

co
m

p
li
ca

te
d

an
d

is
d
is

cu
ss

ed
in

W
al

d
-

sp
u
rg

er
et

al
.

(2
01

2)
.

T
h
e

th
ir

d
co

m
p

on
en

t
is

to
re

ve
rs

e
th

e
co

n
vo

lu
ti

on
op

er
at

or
,

h
en

ce
th

e
n
am

e
“d

e-
co

n
vo

lu
ti

on
n
et

”.
S
in

ce
co

n
vo

lu
ti

on
is

a
li
n
ea

r
op

er
at

or
,

to
re

ve
rs

e
it

,
on

e
ap

p
li
es

it
s

tr
an

sp
os

e
(Z

ei
le

r
an

d
F

er
gu

s,
20

13
).

T
h
e

ab
ov

e
p
ro

ce
d
u
re

is
su

m
m

ar
iz

ed
in

a
d
ia

gr
am

in
F

ig
u
re

15
.

N
ot

ic
e

th
e

si
m

-
il
ar

it
y

w
it

h
ap

p
ly

in
g

w
av

el
et

fr
am

e
tr

an
sf

or
m

s.
A

si
n
gl

e
le

ve
l

d
ec

om
p

os
it

io
n

an
d

re
co

n
st

ru
ct

io
n

st
ep

of
th

e
w

av
el

et
fr

am
e

tr
an

sf
or

m
ca

n
b

e
d
es

cr
ib

ed
as

in
F

ig
u
re

16
.

W
e

se
e

th
at

if
w

e
ig

n
or

e
th

e
p

oi
n
t-

w
is

e
n
on

li
n
ea

ri
ty

,
a

co
n
vo

lu
ti

on
al

or
a

d
ec

on
vo

-
lu

ti
on

al
la

ye
r

is
ve

ry
si

m
il
ar

to
a

d
ec

om
p

os
it

io
n

an
d

re
co

n
st

ru
ct

io
n

st
ep

in
w

av
el

et
b
i-

fr
am

e
tr

an
sf

or
m

re
sp

ec
ti

ve
ly

.

F
ig

u
re

16
:

O
n
e

le
ve

l
d
ec

om
p

os
it

io
n

an
d

re
co

n
st

ru
ct

io
n

of
A

d
aF

ra
m

e

T
h
er

e
is

a
su

b
tl

e
b
u
t

im
p

or
ta

n
t

d
iff

er
en

ce
.

In
d
ec

on
vo

lu
ti

on
al

n
et

,
d
ec

on
vo

lu
ti

on
is

d
on

e
b
y

ap
p
ly

in
g

th
e

tr
an

sp
os

e
of

th
e

co
n
vo

lu
ti

on
op

er
at

or
.

In
th

e
on

e
le

ve
l

w
av

el
et

b
i-

fr
am

e
re

co
n
st

ru
ct

io
n
,

th
is

is
d
on

e
u
si

n
g

th
e

re
co

n
st

ru
ct

io
n

fi
lt

er
s,

ob
ta

in
ed

b
y

so
lv

in
g

(1
0)

,
as

re
q
u
ir

ed
b
y

U
E

P
.

S
in

ce
th

er
e

is
n
o

gu
ar

an
te

e
th

at
th

e
U

E
P

co
n
d
it

io
n

is
sa

ti
sfi

ed
b
y

th
e

fi
lt

er
s

ob
ta

in
ed

in
th

e
co

n
vo

lu
ti

on
al

n
et

s,
on

e
ex

p
ec

ts
th

at
th

er
e

w
il
l

b
e

er
ro

rs
in

th
e

re
co

n
st

ru
ct

io
n

p
ro

ce
ss

,
i.
e.

th
e

d
ec

on
vo

lu
ti

on
al

n
et

s.
T

h
is

is
in

d
ee

d
th

e
ca

se
,

as
w

e
sh

ow
b

el
ow

.
T

h
e

si
m

il
ar

it
y

b
et

w
ee

n
th

e
co

n
vo

lu
ti

on
al

la
ye

r
an

d
on

e
le

ve
l

w
av

el
et

fr
am

e
tr

an
s-

fo
rm

su
gg

es
ts

a
n
at

u
ra

l
fi
x

fo
r

th
is

p
ro

b
le

m
.

In
st

ea
d

of
u
si

n
g

th
e

fl
ip

p
ed

co
n
vo

lu
ti

on
al

fi
lt

er
s

as
th

e
d
ec

on
vo

lu
ti

on
al

fi
lt

er
s,

w
e

v
ie

w
th

e
co

n
vo

lu
ti

on
al

fi
lt

er
s

as
th

e
d
ec

om
p

o-
si

ti
on

fi
lt

er
s

an
d

so
lv

e
(1

0)
to

ob
ta

in
th

e
re

co
n
st

ru
ct

io
n

fi
lt

er
s.

T
h
es

e
re

co
n
st

ru
ct

io
n

fi
lt

er
s

ar
e

th
en

u
se

d
as

th
e

d
ec

on
vo

lu
ti

on
al

fi
lt

er
s.

E
ve

ry
th

in
g

el
se

is
th

e
sa

m
e

as
in

th
e

or
ig

in
al

d
ec

on
vo

lu
ti

on
al

n
et

.
T

h
e

ex
is

te
n
ce

of
a

so
lu

ti
on

to
(1

0)
is

gu
ar

an
te

ed
b
y

th
e

fa
ct

th
at

in
a

ty
p
ic

al
co

n
vo

lu
ti

on
al

n
et

,
th

e
n
u
m

b
er

of
fi
lt

er
s

is
la

rg
e,

an
d

h
en

ce
w

e
ar

e
in

th
e

th
e

re
d
u
n
d
an

t
ca

se
fo

r
th

e
w

av
el

et
b
i-

fr
am

es
.

T
h
is

sm
al

l
ch

an
ge

to
th

e
d
ec

on
vo

lu
ti

on
al

n
et

y
ie

ld
s

m
u
ch

b
et

te
r

re
co

n
st

ru
ct

io
n

as
w

e
n
ow

d
em

on
st

ra
te

.

29
JM

L
R

 1
7(

14
0)

:1
-3

8

T
a
i

a
n
d

E

W
e

im
p
le

m
en

te
d

a
tw

o-
la

ye
r

co
n
vo

lu
ti

on
al

n
et

w
or

k
.

In
th

e
fi
rs

t
la

ye
r,

w
e

h
av

e
12

fi
lt

er
s

of
su

p
p

or
t

si
ze

6
×

6,
th

e
p

o
ol

in
g

p
ro

ce
d
u
re

is
ch

os
en

to
b

e
th

e
u
su

al
d
ow

n
-s

am
p
li
n
g

w
it

h
d
ec

im
at

io
n

fa
ct

or
(2
,2

).
T

o
co

n
st

ru
ct

th
e

se
co

n
d

la
ye

r,
w

e
st

ac
k

to
ge

th
er

th
e

fe
at

u
re

m
ap

s
fr

om
th

e
fi
rs

t
la

ye
r

an
d

fo
rm

a
th

re
e-

d
im

en
si

on
al

si
gn

al
.

W
e

th
en

le
ar

n
12

fi
lt

er
s

of
su

p
p

or
t

si
ze

4
×

4
×

2,
th

e
p

o
ol

in
g

p
ro

ce
d
u
re

is
al

so
d
ow

n
-

sa
m

p
li
n
g

w
it

h
d
ec

im
at

io
n

fa
ct

or
(2
,1
,2

).
T

h
e

ac
ti

va
ti

on
fu

n
ct

io
n

is
th

e
si

gm
oi

d
fu

n
ct

io
n
.

T
h
e

re
su

lt
s

of
re

co
n
st

ru
ct

in
g

th
e

in
p
u
t

im
ag

e
u
si

n
g

th
e

or
ig

in
al

d
ec

on
vo

-
lu

ti
on

al
n
et

an
d

th
e

m
o
d
ifi

ed
p
ro

ce
d
u
re

d
es

cr
ib

ed
ab

ov
e

ar
e

sh
ow

n
in

F
ig

u
re

17
.

A
s

on
e

ca
n

se
e,

u
si

n
g

th
e

d
ec

on
vo

lu
ti

on
al

n
et

ap
p
ro

ac
h
,

w
e

gr
ad

u
al

ly
lo

se
in

fo
rm

at
io

n
as

w
e

as
ce

n
d

in
th

e
la

ye
rs

,
w

h
il
e

u
si

n
g

th
e

A
d
aF

ra
m

e,
w

e
d
o

n
ot

lo
se

in
fo

rm
at

io
n
.

(a
)

(b
)

(c
)

(d
)

(e
)

F
ig

u
re

17
:

(a
)

T
h
e

in
p
u
t

im
ag

e.
(b

)
R

ec
on

st
ru

ct
io

n
fr

om
th

e
fi
rs

t
la

ye
r

ac
ti

va
ti

on
s

u
si

n
g

“d
ec

on
vo

lu
ti

on
al

n
et

”
ap

p
ro

ac
h
.

(c
)

R
ec

on
st

ru
ct

io
n

fr
om

th
e

se
co

n
d

la
ye

r
ac

-
ti

va
ti

on
s

u
si

n
g

th
e

“d
ec

on
vo

lu
ti

on
al

n
et

”
ap

p
ro

ac
h
.

(d
)

R
ec

on
st

ru
ct

io
n

fr
om

th
e

fi
rs

t
la

ye
r

ac
ti

va
ti

on
s

u
si

n
g

th
e

A
d
aF

ra
m

e.
(e

)
R

ec
on

st
ru

ct
io

n
fr

om
th

e
se

co
n
d

la
ye

r
ac

ti
va

ti
on

s
u
si

n
g

th
e

A
d
aF

ra
m

e.

In
ad

d
it

io
n

to
n
ea

r
p

er
fe

ct
re

co
n
st

ru
ct

io
n
,

A
d
aF

ra
m

e
h
as

th
e

p
ot

en
ti

al
to

b
e

u
se

d
as

an
in

it
ia

li
za

ti
on

m
et

h
o
d

fo
r

th
e

co
n
vo

lu
ti

on
al

p
ar

ts
of

a
ty

p
ic

al
co

n
vo

lu
ti

on
al

n
et

.
T

h
is

is
a

d
ir

ec
ti

on
fo

r
fu

tu
re

re
se

ar
ch

.

1
0
.

C
o
n
cl

u
si

o
n

P
re

d
efi

n
ed

w
av

el
et

s
an

d
d
ic

ti
on

ar
y

le
ar

n
in

g
h
av

e
b

ot
h

b
ee

n
ve

ry
su

cc
es

sf
u
l

in
th

ei
r

ow
n

w
ay

s.
In

th
is

p
ap

er
,

w
e

h
av

e
p
ro

p
os

ed
a

fr
am

ew
or

k
,

th
e

A
d
aF

ra
m

e,
th

at
n
at

u
-

ra
ll
y

co
m

b
in

es
th

e
ad

va
n
ta

ge
s

of
b

ot
h
.

It
is

m
u
lt

i-
sc

al
e

an
d

co
m

p
u
ta

ti
on

al
ly

effi
ci

en
t

as
p
re

-d
efi

n
ed

w
av

el
et

s
an

d
w

av
el

et
fr

am
es

,
w

h
il
e

b
ei

n
g

ad
ap

ti
ve

as
in

d
ic

ti
on

ar
y

le
ar

n
in

g.
U

n
li
ke

d
ic

ti
on

ar
y

le
ar

n
in

g,
th

e
p
ro

p
os

ed
fr

am
ew

or
k

gu
ar

an
te

es
p

er
fe

ct
re

-
co

n
st

ru
ct

io
n
,

w
h
ic

h
is

an
ap

p
ea

li
n
g

p
ro

p
er

ty
in

m
an

y
si

gn
al

p
ro

ce
ss

in
g

ta
sk

s.
B

et
w

ee
n

ad
ap

ti
ve

fr
am

es
an

d
ad

ap
ti

ve
b
i-

fr
am

es
,

ou
r

ex
p

er
ie

n
ce

su
gg

es
ts

th
at

ad
ap

ti
ve

b
i-

fr
am

es
ar

e
m

u
ch

ea
si

er
to

u
se

b
ec

au
se

of
th

e
ad

d
it

io
n
al

fl
ex

ib
il
it

y.
T
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e
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e
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e
p
r
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f

S
ig

n
a
l
s
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in

g
p
ro
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u
re
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w

h
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th
e

sy
stem
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u
n
d
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t
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w
h
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e
learn
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g

p
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u
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b

e
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t
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o
p
h
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b
y

learn
in

g
th

e
d
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p
osition
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d
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fi
lters

sep
arately.

In
ad

d
ition

to
th

e
ex

am
p
les

given
in

th
is

p
ap

er,
w

e
b

elieve
th

at
th

e
p
rop

osed
fram

ew
ork

can
b

e
u
sefu

l
in

m
an

y
oth

er
ap

p
lication

s.
It

is
n
ot

restricted
to

im
age

p
ro

cessin
g,

it
can

b
e

u
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on
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e
series,

v
id

eos
an

d
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grap
h
s.

W
e

w
ill

ex
p
lore
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ese

ap
p
lication

s
in

su
b
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u
en

t
p
ap

ers.
A

n
oth

er
d
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for
fu
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in
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is
to

u
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e

p
rop

osed
fram

ew
ork
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ex
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to

ols
for

m
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in
e

learn
in

g
task

s.
S
p
arse

co
d
in

g
h
as

b
een

p
op

u
lar

for
th

is
p
u
rp

ose.
B

u
t

th
e

p
rop

osed
fram

ew
ork

sh
ou

ld
b

e
a

p
rom

isin
g

altern
ative

sin
ce

it
is

m
ore

effi
cien

t
an

d
it

h
as

a
m

u
lti-scale

stru
ctu

re.
It

sh
ou

ld
b

e
p
articu
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ap

p
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g
w

h
en

th
e

com
p
u
tation

cost
is

th
e

m
ain

b
ottlen

eck
,

as
is

th
e

case
in

som
e

real-tim
e

ob
ject

recogn
ition

sy
stem

s.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h
is

w
ork
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p
p

orted
in

p
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b
y

th
e

973
p
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th

e
M
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S
cien
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an

d
T
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n
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C

h
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e
M

a
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P
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T
a
i

a
n
d

E

A
p
p

e
n
d
ix

P
ro

o
f

o
f

T
h
e
o
re

m
1

F
or

con
ven

ien
ce,

w
e

n
eed

th
e

follow
in

g
lem

m
a.

L
e
m

m
a

2
L

et
M

be
d
×
d

sam
plin

g
m

atrix
an

d
a
,b
∈
l2 (Z

d)
be

fi
n

itely
su

pported
sequ

en
ces.

T
hen

Ŝ
b v

(ξ)
=
|d

et(M
)|v̂

(M
T
ξ)b̂(ξ)

(43)

an
d

T̂
a (M

T
ξ)

=
|d

et(M
)| −

1
∑ω∈

Ω
M

v̂
(ξ

+
2π
ω

)â
(ξ

+
2π
ω

)
(44)

w
here

â
(ξ)

:=
∑k∈

Z
d

a
(k

)e −
ik·ξ

an
d

Ω
M

:=
[(M

T
) −

1Z
d]∩

[0,1)
d

P
ro

o
f

F
or

a
seq

u
en

ce
v
∈
l2 (Z

d),

Ŝ
b v

(ξ)
=
∑k∈

Z
d (S

b v
)(k

)e −
ik·ξ

=
|d

et(M
)| ∑k∈

Z
d ∑j∈

Z
d

v
(j)b(k−

M
j)e −

ik·ξ

=
|d

et(M
)| ∑k∈

Z
d

b(k−
M
j)e −

i(k−
M
j)·ξ ∑

j

v
(j)e −

iM
j·ξ

=
|d

et(M
)|b̂(ξ)v̂

(M
T
ξ).

(45)

L
et
û

(ξ)
=
∑

k∈
Z
d
v
(k

) a
(k−

n
),

th
en

û
(ξ)

=
v̂
(ξ)â

(ξ).
B

y
d
efi

n
ition

ofT
a ,

w
e

h
ave

(T
a )(n

)
=
u

(M
n

).
S
o

T̂
a v

(M
T
ξ)

=
∑n∈

Z
d (T

a v
)(n

)e −
in·M

T
ξ

=
∑n∈

Z
d

u
(M

n
)e −

k
M
n·ξ

(46)

O
n

th
e

oth
er

h
an

d
,∑ω∈

Ω
M

û
(ξ

+
2π
ω

)
=
∑k∈

Z
d

∑ω∈
Ω
M

e −
ik·(ξ

+
2
π
ω

)

=
∑k∈

Z
d

u
(k

)e −
ik·ξ

∑ω∈
Ω
M

e −
ik·2

π
ω
.

(47)

If
k
∈
M

Z
d,

th
en
∑

ω∈
Ω
M
e −

ik·2
π
ω

=
|d

et(M
)|;

if
k
∈

Z
d/M

Z
d, ∑

ω∈
Ω
M
e −

ik·2
π
ω

=
0,

so
w

e
h
ave

∑ω∈
Ω
M

û
(ξ

+
2π
ω

)
=
|d

et(M
)|
∑k∈
M

Z
d

u
(k

)e −
ik·ξ

=
|d

et(M
)| ∑n∈

Z
d

u
(M

n
)e −

iM
n·ξ.

(48)
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e
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d
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e
R

e
p
r
e
se

n
t
a
t
io

n
o
f

S
ig

n
a
l
s

C
om

b
in

in
g

th
is

w
it

h
(4

6)
,

w
e

ge
t

th
e

d
es

ir
ed

re
su

lt
.

L
e
m

m
a

3
L

et
M

be
d
×
d

sa
m

pl
in

g
m

at
ri

x
an

d
a
l,
b l
,l

=
1,
··
·,
m

be
m

fi
n

it
el

y
su

pp
or

te
d

se
qu

en
ce

s.
T

he
n

m ∑ l=
1

S b
l
T a

l
v

=
v
,
∀v
∈
l 2

(Z
d
)

(4
9)

if
an

d
on

ly
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∈
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)â
l(
ξ

+
2π
ω

)
=
δ(
ω

).
(5

0)

P
ro

o
f

B
y

d
efi

n
it
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(Ŝ
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(low
er

ca
se
c)

g
en

eric
a
b
so
lu
te

co
n
sta

n
ts

th
a
t
a
re

b
ig
g
er

(resp
.
sm

a
ller)

th
a
n
1
,

b
u
t
w
h
ich

m
ig
h
t
ch
a
n
g
e
fro

m
lin

e
to

lin
e.
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D
e
sh

pa
n
d
e

a
n
d

M
o
n
t
a
n
a
r
i

W
e

an
sw

er
th

is
q
u

estion
p

ositively
b
y

an
aly

zin
g

a
cova

ria
n
ce

th
resh

old
in

g
a
lgorith

m
th

at
p

ro
ceed

s,
b

riefl
y,

as
follow

s.
(A

p
recise,

gen
eral

d
efi

n
ition

,
w

ith
som

e
tech

n
ical

ch
an

ges
is

given
in

th
e

n
ex

t
section

.)

1.
F

orm
th

e
em

p
irical

covarian
ce

m
atrix

G
an

d
set

to
zero

all
its

en
tries

th
at

are
in

m
o
d

u
lu

s
sm

aller
th

an
τ
/ √

n
,

for
τ

a
su

itab
ly

ch
osen

con
stan

t.

2
.

C
om

p
u

te
th

e
p

rin
cip

al
eigen

vector
v̂

1
of

th
is

th
resh

old
ed

m
atrix

.

3.
D

en
o
te

b
y
B
⊆
{1
,...,p}

b
e

th
e

set
of

in
d

ices
corresp

on
d

in
g

to
th

e
s

0
largest

en
tries

o
f

v̂
1 .

4.
E

stim
ate

th
e

su
p

p
ort

of
v

b
y

‘clean
in

g’
th

e
set

B
.

(B
riefl

y,
v

is
estim

ated
b
y

th
resh

-
old

in
g

G
v̂
B

w
ith

v̂
B

ob
tain

ed
b
y

zeroin
g

th
e

en
tries

ou
tsid

e
B

.)

S
u

ch
a

covarian
ce

th
resh

old
in

g
ap

p
roach

w
as

p
rop

osed
in

K
rau

th
gam

er
et

a
l.

(20
15),

an
d

is
in

tu
rn

related
to

earlier
w

ork
b
y

B
ickel

an
d

L
ev

in
a

(2008b
);

C
ai

et
al.

(20
10).

T
h

e
form

u
la

tion
d

iscu
ssed

in
th

e
n

ex
t

section
p

resen
ts

so
m

e
tech

n
ical

d
iff

eren
ces

th
at

h
ave

b
een

in
tro

d
u

ced
to

sim
p

lify
th

e
an

aly
sis.

N
otice

th
at,

to
sim

p
lify

p
ro

o
fs,

w
e

assu
m

e
s

0
to

b
e

k
n

ow
n

:
th

is
issu

e
is

d
iscu

ssed
in

th
e

n
ex

t
tw

o
section

s.
T

h
e

rest
of

th
e

p
ap

er
is

organ
ized

as
follow

s.
In

th
e

n
ex

t
section

w
e

p
rov

id
e

a
d

etailed
d

escrip
tio

n
of

th
e

algorith
m

an
d

state
ou

r
m

ain
resu

lts.
T

h
e

p
ro

o
f

strateg
y

for
ou

r
resu

lts
is

ex
p

lain
ed

in
S
ection

3.
O

u
r

th
eoretical

resu
lts

assu
m

e
fu

ll
k
n

ow
led

ge
of

p
rob

lem
p

aram
eters

for
ease

of
p

ro
of.

In
ligh

t
of

th
is,

in
S

ection
4

w
e

d
iscu

ss
a

p
ractica

l
im

p
lem

en
tation

of
th

e
sa

m
e

id
ea

th
at

d
o
es

n
ot

req
u

ire
p

rior
k
n

ow
led

ge
of

p
rob

lem
p

ara
m

eters,
an

d
is

d
a
ta-d

riven
.

W
e

also
illu

strate
th

e
m

eth
o
d

th
rou

gh
sim

u
lation

s.
T

h
e

com
p

lete
p

ro
ofs

are
in

S
ection

s
5,

7
an

d
6

resp
ectively.

A
p

relim
in

a
ry

v
ersion

of
th

is
p

ap
er

ap
p

eared
in

(D
esh

p
an

d
e

an
d

M
on

tan
ari,

2
014).

T
h

is
p

ap
er

ex
ten

d
s

sig
n

ifi
can

tly
th

e
resu

lts
in

D
esh

p
an

d
e

an
d

M
on

tan
ari

(20
14).

In
p

articu
lar,

b
y

follow
in

g
a
n

an
alogou

s
strategy,

w
e

im
p
rove

greatly
th

e
b

ou
n

d
s

o
b

tain
ed

b
y

D
esh

p
an

d
e

a
n

d
M

on
tan

ari
(2014).

T
h
is

sign
ifan

tly
im

p
rov

es
th

e
regim

es
o
f

(s
0 ,p

,n
)

on
w

h
ich

w
e

can
o
b

ta
in

n
on

-triv
ial

resu
lts.

T
h

e
p

ro
ofs

follow
a

sim
ilar

strategy
b

u
t

are,
corresp

on
d

in
gly,

m
ore

ca
refu

l.

2
.
A
lg
o
rith

m
a
n
d

m
a
in

re
su

lts

W
e

p
rov

id
e

a
d

eta
iled

d
escrip

tion
of

th
e

covarian
ce

th
resh

old
in

g
algorith

m
for

th
e

gen
eral

m
o
d

el
(1)

in
T

ab
le

1.
F

or
n

otation
al

con
ven

ien
ce,

w
e

sh
all

assu
m

e
th

at
2
n

sam
p

le
vectors

a
re

giv
en

(in
stea

d
of
n

):{
x
i }

1≤
i≤

2
n
.

W
e

start
b
y

sp
littin

g
th

e
d

ata
in

to
tw

o
h
alv

es:
(x
i )

1≤
i≤
n

an
d

(x
i )
n
<
i≤

2
n

a
n

d
com

p
u

te
th

e
resp

ective
sam

p
le

covarian
ce

m
atrices

G
an

d
G
′
resp

ectively.
D

efi
n

e
Σ

to
b

e
th

e
p

op
u

lation
cova

ria
n

ce
m

in
u

s
id

en
tity.

i.e.

Σ
≡

r
∑q
=

1

β
q v

q v
Tq
.

(2)

T
h

rou
gh

ou
t,

w
e

let
Q
q

an
d
s
q

d
en

ote
th

e
su

p
p

ort
of

v
q

an
d

its
size

resp
ectively,

for
q
∈

{
1,2,...,r}

.
W

e
fu

rth
er

let
Q

=
∪
rq
=

1 Q
q

an
d
s

0
=
|Q|.

T
h

e
m

atrix
G

is
u

sed
,

in
step

s
1

to
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S
pa

r
se

P
C

A
v
ia

C
o
v
a
r
ia

n
c
e

T
h
r
e
sh

o
l
d
in

g

A
lg

o
ri

th
m

1
C

ov
ar

ia
n

ce
T

h
re

sh
ol

d
in

g

1
:

In
p

u
t:

D
at

a
(x
i)

1
≤
i≤

2
n
,

p
ar

am
et

er
s 0
∈
N

,
τ,
ρ
∈
R
≥

0
;

2
:

C
om

p
u

te
th

e
em

p
ir

ic
al

co
va

ri
an

ce
m

at
ri

ce
s

G
≡
∑

n i=
1
x
ix

T i
/n

,
G
′ ≡

∑
2
n
i=
n

+
1
x
ix

T i
/
n

;

3
:

C
om

p
u

te
Σ̂

=
G
−

I p
(r

es
p

.
Σ̂
′ =

G
′ −

I p
);

4
:

C
om

p
u

te
th

e
m

at
ri

x
η
(Σ̂

)
b
y

so
ft

-t
h

re
sh

ol
d

in
g

th
e

en
tr

ie
s

of
Σ̂

:

η
(Σ̂

) i
j

=

      

Σ̂
ij
−

τ √
n

if
Σ̂
ij
≥
τ
/
√
n

,

0
if
−
τ
/
√
n
<

Σ̂
ij
<
τ
/√

n
,

Σ̂
ij

+
τ √
n

if
Σ̂
ij
≤
−
τ
/
√
n

,

5
:

L
et

(v̂
q
) q
≤
r

b
e

th
e

fi
rs

t
r

ei
ge

n
ve

ct
or

s
of
η
(Σ̂

);

6
:

O
u

tp
u

t:
Q̂

=
{i
∈

[p
]

:
∃q

s.
t.
|(Σ̂
′ v̂
q
) i
|≥

ρ
}.

4
to

ob
ta

in
a

go
o
d

es
ti

m
at

e
η
(Σ̂

)
fo

r
th

e
lo

w
ra

n
k

p
ar

t
of

th
e

p
op

u
la

ti
on

co
va

ri
a
n

ce
Σ

.
T

h
e

al
go

ri
th

m
fi

rs
t

co
m

p
u

te
s

Σ̂
,

a
ce

n
te

re
d

ve
rs

io
n

of
th

e
em

p
ir

ic
al

co
va

ri
an

ce
o
f

th
e

sa
m

p
le

s
as

fo
ll

ow
s:

Σ̂
≡

G
−

I p
,

(3
)

w
h

er
e

G
=
n
−

1
∑

i≤
n

x
ix

T i
is

th
e

sa
m

p
le

co
va

ri
an

ce
m

at
ri

x
.

It
th

en
ob

ta
in

s
th

e
es

ti
m

at
e
η
(Σ̂

)
∈

R
p
×
p

b
y

so
ft

th
re

sh
o
ld

in
g

ea
ch

en
tr

y
of

Σ̂
a
t

a
th

re
sh

ol
d
τ
/
√
n

.
E

x
p

li
ci

tl
y
:

( η
(Σ̂

))
ij
≡
η

( Σ̂
ij

;
τ √
n

)
.

(4
)

H
er

e
η

:
R
×
R

+
→

R
is

th
e

so
ft

th
re

sh
ol

d
in

g
fu

n
ct

io
n

η
(z

;λ
)

=

    

z
−
λ

if
z
≥
λ

−
z

+
λ

if
z
≤
−
λ

0
ot

h
er

w
is

e.

(5
)

In
st

ep
5

of
th

e
al

go
ri

th
m

,
th

is
es

ti
m

at
e

is
u

se
d

to
co

n
st

ru
ct

go
o
d

es
ti

m
a
te

s
v̂
q

o
f

th
e

ei
ge

n
ve

ct
or

s
v
q
.

F
in

al
ly

,
in

st
ep

6,
th

es
e

es
ti

m
at

es
ar

e
co

m
b

in
ed

w
it

h
th

e
(i

n
d

ep
en

d
en

t)

se
co

n
d

h
al

f
of

th
e

d
at

a
G
′

to
co

n
st

ru
ct

es
ti

m
at

or
s
Q̂
q

fo
r

th
e

su
p

p
or

t
o
f

th
e

in
d

iv
id

u
a
l

ei
ge

n
ve

ct
or

s
v
q
.

In
th

e
fi

rs
t

tw
o

su
b

se
ct

io
n

s
w

e
w

il
l

fo
cu

s
on

th
e

es
ti

m
at

io
n

o
f

Σ
a
n

d
th

e
in

d
iv

id
u

al
p

ri
n

ci
p

al
co

m
p

on
en

ts
.

O
u

r
re

su
lt

s
on

su
p
p

or
t

re
co

ve
ry

ar
e

p
ro

v
id

ed
in

th
e

fi
n

a
l

su
b

se
ct

io
n

.

2
.1

E
st

im
a
ti

n
g

th
e

p
o
p

u
la

ti
o
n

c
o
v
a
ri

a
n

c
e

O
u

r
fi

rs
t

re
su

lt
b

ou
n

d
s

th
e

es
ti

m
at

io
n

er
ro

r
of

th
e

so
ft

th
re

sh
ol

d
in

g
p

ro
ce

d
u

re
in

o
p

er
a
to

r
n

or
m

.
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L
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 1
7(

14
1)

:1
-4

1

D
e
sh

pa
n
d
e

a
n
d

M
o
n
t
a
n
a
r
i

T
h

e
o
re

m
1

T
h
er

e
ex

is
t

n
u

m
er

ic
a
l

co
n

st
a
n

ts
C

1
,C

2
,C

>
0

su
ch

th
a
t

th
e

fo
ll

o
w

in
g

h
a
p
pe

n
s.

A
ss

u
m

e
n
>
C

lo
g
p
,
n
>
s2 0

a
n

d
le

t
τ ∗

=
C

1
(β
∨

1)
√

lo
g
(p
/
s2 0

).
W

e
ke

ep
th

e
th

re
sh

o
ld

in
g

le
ve

l
τ

a
cc

o
rd

in
g

to

τ
=

    

τ ∗
w

h
en

τ ∗
≤
√

lo
g
p
/
2
,
s2 0
≤
p
/
e

C
2
τ ∗

w
h
en

τ ∗
≥
√

lo
g
p
/
2
,
s 0
≤
p
/
e

0
o
th

er
w

is
e.

(6
)

.
T

h
en

w
it

h
p
ro

ba
bi

li
ty

1
−
o(

1)
:

∥ ∥ η
(Σ̂

)
−

Σ
∥ ∥ o
p
≤
C

√
s2 0

(β
2
∨

1)

n

( lo
g
p s2 0

∨
1
) .

(7
)

A
t

th
is

p
oi

n
t,

it
is

u
se

fu
l

to
co

m
p

a
re

T
h
eo

re
m

1
w

it
h

av
a
il

ab
le

re
su

lt
s

in
th

e
li

te
ra

tu
re

.
C

la
ss

ic
a
l

d
en

oi
si

n
g

th
eo

ry
(D

on
oh

o
a
n

d
J
oh

n
st

on
e,

1
99

4;
J
oh

n
st

on
e,

2
01

5)
p
ro

v
id

es
u

p
p

er
b

ou
n

d
s

on
th

e
es

ti
m

a
ti

on
er

ro
r

of
so

ft
-t

h
re

sh
ol

d
in

g
.

H
ow

ev
er

,
es

ti
m

at
io

n
er

ro
r

is
m

ea
su

re
d

b
y

(e
le

m
en

t-
w

is
e)
` p

n
o
rm

,
w

h
il

e
h

er
e

w
e

ar
e

in
te

re
st

ed
in

o
p

er
at

or
n

or
m

.
B

ic
k
el

an
d

L
ev

in
a

(2
0
08

a
,b

);
K

a
ro

u
i

(2
0
08

);
C

a
i,

Z
h

a
n

g
,

Z
h

o
u

,
et

al
.

(2
0
1
0)

;
C

ai
a
n

d
L

iu
(2

01
1)

co
n

si
d

er
ed

th
e

op
er

at
or

n
o
rm

er
ro

r
o
f

th
re

sh
o
ld

in
g

es
ti

m
a
to

rs
fo

r
st

ru
ct

u
re

d
co

va
ri

a
n

ce
m

at
ri

ce
s.

S
p

ec
ia

li
zi

n
g

to
o
u

r
ca

se
o
f

ex
a
ct

sp
a
rs

it
y,

th
e

re
su

lt
of

B
ic

k
el

a
n

d
L

ev
in

a
(2

00
8
a)

im
p

li
es

th
at

,
w

it
h

h
ig

h
p

ro
b

a
b

il
it

y
:

∥ ∥ η
H

(Σ̂
)
−

Σ
∥ ∥ o
p
≤
C

0

√
s2 0

lo
g
p

n
.

(8
)

H
er

e
η H

(·,
·)

is
th

e
h

ar
d

-t
h

re
sh

o
ld

in
g

fu
n

ct
io

n
:
η H

(z
)

=
z
I(
|z
|≥

τ
/
√
n

),
a
n

d
th

e
th

re
sh

o
ld

is
ch

o
se

n
to

b
e
τ

=
C

1
√

lo
g
p
.

A
ls

o
,
η H

(M
)

is
th

e
m

a
tr

ix
ob

ta
in

ed
b
y

th
re

sh
ol

d
in

g
th

e
en

tr
ie

s
o
f
M

.
In

fa
ct

,
C

a
i

et
al

.
(2

0
1
2)

sh
ow

ed
th

a
t

th
e

ra
te

in
(8

)
is

m
in

im
ax

op
ti

m
al

ov
er

th
e

cl
a
ss

of
sp

ar
se

p
o
p

u
la

ti
on

co
va

ri
an

ce
m

a
tr

ic
es

,
w

it
h

at
m

os
t
s 0

n
on

-z
er

o
en

tr
ie

s
p

er
ro

w
,

u
n

d
er

th
e

as
su

m
p

ti
o
n
s2 0
/
n
≤
C

(l
o
g
p
)−

3
.

T
h

eo
re

m
1

en
su

re
s

co
n

si
st

en
cy

u
n

d
er

a
w

ea
ke

r
sp

ar
si

ty
co

n
d

it
io

n
,

v
iz

.
s2 0
/
n
→

0
is

su
ffi

ci
en

t.
A

ls
o
,

th
e

re
su

lt
in

g
ra

te
d

ep
en

d
s

o
n

lo
g
(p
/
s2 0

)
in

st
ea

d
of

lo
g
p
.

In
o
th

er
w

or
d

s,

in
o
rd

er
to

ac
h
ie

ve
‖η

(Σ̂
)
−

Σ
‖ o
p
<
ε

fo
r

a
fi

x
ed

ε,
it

is
su

ffi
ci

en
t
s 0

.
ε√
n

a
s

o
p
p

os
ed

to
s 0

.
√
n
/

lo
g
p
.

C
ru

ci
al

ly
,

in
th

is
re

g
im

e
fo

r
s 0

=
Θ

(ε
√
n

),
T

h
eo

re
m

1
su

g
ge

st
s

a
th

re
sh

ol
d

of
or

d
er

τ
=

Θ
(√

lo
g
(1
/ε

))
a
s

op
p

o
se

d
to
τ

=
C

1
√

lo
g
p

w
h

ic
h

is
u

se
d

in
B

ic
ke

l
an

d
L

ev
in

a
(2

0
08

a
);

C
a
i

et
al

.
(2

01
2)

.
A

s
w

e
w

il
l

se
e

in
S

ec
ti

o
n

3
,

th
is

re
g
im

e
m

a
th

em
a
ti

ca
ll

y
m

o
re

ch
al

le
n

g
in

g
th

a
n

th
e

on
e

of
B

ic
ke

l
a
n

d
L

ev
in

a
(2

00
8
a
);

C
ai

et
a
l.

(2
0
1
2)

.
B

y
se

tt
in

g
τ

=
C

1
√

lo
g
p

fo
r

a
la

rg
e

en
ou

gh
co

n
st

a
n
t
C

1
,

a
ll

th
e

en
tr

ie
s

of
Σ̂

ou
ts

id
e

th
e

su
p

p
or

t
o
f

Σ
ar

e
se

t
to

0
.

In
co

n
tr

as
t,

a
la

rg
e

p
ar

t
of

ou
r

p
ro

o
f

is
d

ev
o
te

d
to

co
n
tr

o
l

th
e

o
p

er
a
to

r
n
o
rm

of
th

e
n

oi
se

p
ar

t
o
f

Σ̂
.

2
.2

E
st

im
a
ti

n
g

th
e

p
ri

n
c
ip

a
l

c
o
m

p
o
n

e
n
ts

W
e

n
ex

t
tu

rn
to

th
e

q
u

es
ti

on
o
f

es
ti

m
a
ti

n
g

th
e

p
ri

n
ci

p
a
l

co
m

p
o
n

en
ts

v
1
,.
..

v
r
.

O
f

co
u

rs
e,

th
es

e
ar

e
n
ot

id
en

ti
fi

ab
le

if
th

er
e

a
re

d
eg

en
er

a
ci

es
in

th
e

p
op

u
la

ti
on

ei
g
en

va
lu

es
β

1
,β

2
,.
..
,β
r
.

W
e

th
u

s
in

tr
o
d

u
ce

th
e

fo
ll

ow
in

g
id

en
ti

fi
a
b

il
it

y
co

n
d

it
io

n
.
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S
pa

r
se

P
C

A
v
ia

C
o
v
a
r
ia

n
c
e

T
h
r
e
sh

o
l
d
in

g

A
1

T
h

e
sp

ike
stren

gth
s
β

1
>
β

2
>
...β

r
a
re

a
ll

d
istin

ct.
W

e
d

en
o
te

b
y
β
≡

m
a
x
(β

1 ,...,β
r )

a
n

d
β

m
in ≡

m
in
q6=
q ′(β

1 −
β

2 ,β
2 −

β
3 ,...,β

r ).
N

a
m

ely,
β

is
th

e
larg

est
sig

n
a
l

stren
g
th

a
n

d
β

m
in

is
th

e
m

in
im

u
m

g
a
p

.

W
e

m
ea

su
re

estim
atio

n
erro

r
th

ro
u

gh
th

e
fo

llow
in

g
loss,

d
efi

n
ed

fo
r

x
,y
∈
S
p−

1≡
{v
∈

R
p

:
‖v‖

=
1}

:

L
(x
,y

)≡
12

m
in

s∈{
+

1
,−

1} ∥∥
x
−
s
y ∥∥

2
(9

)

=
1−
|〈x
,y〉|.

(10
)

N
o
tice

th
e

m
in

im
izatio

n
over

th
e

sig
n
s∈
{+

1,−
1}

.
T

h
is

is
req

u
ired

b
eca

u
se

th
e

p
rin

cip
al

co
m

p
o
n

en
ts

v
1 ,...,v

r
a
re

on
ly

id
en

tifi
a
b

le
u

p
to

a
sign

.
A

n
a
lo

g
o
u

s
resu

lts
ca

n
ob

ta
in

ed
fo

r
a
ltern

ate
loss

fu
n

ction
s

su
ch

a
s

th
e

p
ro

jectio
n

d
ista

n
ce:

L
p (x

,y
)≡

1√2 ‖x
x
T
−

y
y
T‖

F
=
√

1−
〈x
,y〉

2.
(1

1)

T
h

e
th

eo
rem

b
elow

is
a
n

im
m

ed
ia

te
con

seq
u

en
ce

o
f

T
h

eo
rem

1
.

In
p

articu
la

r,
it

u
ses

th
e

g
u

a
ra

n
tee

of
T

h
eorem

1
to

sh
ow

th
a
t

th
e

co
rresp

o
n

d
in

g
p

rin
cip

a
l

co
m

p
o
n

en
ts

o
f
η
(Σ̂

)
p

rov
id

e
g
o
o
d

estim
a
tes

o
f

th
e

p
rin

cip
al

co
m

p
o
n

en
ts

v
q ,1
≤
q≤

r.

T
h

e
o
re

m
2

T
h
ere

exists
a

n
u

m
erica

l
co

n
sta

n
t
C

su
ch

th
a
t

th
e

fo
llo

w
in

g
h
o
ld

s.
S

u
p
po

se
th

a
t

A
ssu

m
p
tio

n
A
1

h
o
ld

s
in

a
d
d
itio

n
to

th
e

co
n

d
itio

n
s
n
>
C

lo
g
p
,
s

20
<
n

,
a
n

d
s

20
<
p
/e.

S
et
τ

a
s

a
cco

rd
in

g
to

T
h
eo

rem
1
,

a
n

d
let

v̂
1 ,...,v̂

r
d
en

o
te

th
e
r

p
rin

cipa
l

eigen
vecto

rs
o
f

η
(Σ̂

;τ
/ √

n
).

T
h
en

,
w

ith
p
ro

ba
bility

1−
o(1

)

m
ax

q∈
[r

] L
(v̂
q ,v

q )≤
C

β
2m

in

s
20 (β

2∨
1
)

n
lo

g
ps
20

.
(1

2)

P
ro

o
f

L
et

∆
≡
η
(Σ̂

;τ
/ √

n
)−

Σ
.

B
y

D
av

is-K
a
h

n
sin

-th
eta

th
eorem

(D
av

is
a
n

d
K

a
h

a
n

,
1
9
70

),
w

e
h

ave,
fo

r
β

m
in
>
‖∆
‖
o
p ,

L
(v̂
q ,v

q )≤
12

(
‖
∆
‖
o
p

β
m

in −
‖
∆
‖
o
p )

2

.
(1

3)

F
or
β

2m
in
>

2
C

(s
20 (β

2∨
1
)/n

)
lo

g
(p
/
s

20 ),
th

e
cla

im
fo

llow
s

b
y

u
sin

g
T

h
eorem

1
.

If
β

2m
in
≤

2
C

(s
20 (β

2∨
1
)/
n

)
log

(p
/
s

20 ),
th

e
cla

im
is

ob
v
io

u
sly

tru
e

sin
ce
L

(v̂
q ,v

q )≤
1

a
lw

ay
s.

2
.3

S
u

p
p

o
rt

re
c
o
v
e
ry

F
in

ally,
w

e
con

sid
er

th
e

q
u

estio
n

o
f

su
p

p
o
rt

recov
ery

o
f

th
e

p
rin

cip
al

com
p

o
n

en
ts

v
q .

T
h

e
seco

n
d

p
h

a
se

o
f

o
u

r
a
lg

orith
m

a
im

s
a
t

estim
a
tin

g
u

n
io

n
o
f

th
e

su
p

p
o
rts

Q
=

Q
1 ∪
···∪

Q
r

fro
m

th
e

estim
ated

p
rin

cip
a
l
com

p
o
n

en
ts

v̂
q .

N
o
te

th
at,

a
lth

o
u

g
h

v̂
q

is
n

ot
even

ex
p

ected
to

b
e

sp
arse,

it
is

ea
sy

to
see

th
at

th
e

larg
est

en
tries

o
f
v̂
q

sh
o
u

ld
h

ave
sig

n
ifi

can
t

overla
p

w
ith

su
p

p
(v
q ).

S
tep

6
o
f

th
e

algo
rith

m
ex

p
lo

it
th

is
p

ro
p

erty
to

co
n

stru
ct

a
co

n
sisten

t
estim

a
tor

Q̂
q

o
f

th
e

su
p

p
o
rt

of
th

e
sp

ike
v
q .

W
e

w
ill

req
u

ire
th

e
fo

llow
in

g
a
ssu

m
p

tio
n

to
en

su
re

su
p

p
o
rt

recovery.
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D
e
sh

pa
n
d
e

a
n
d

M
o
n
t
a
n
a
r
i

A
2

T
h

ere
ex

ist
con

stan
ts
θ,γ

>
0

su
ch

th
at

th
e

follow
in

g
h

old
s.

T
h

e
n

o
n

-zero
en

tries
of

th
e

sp
ik

es
sa

tisfy
|v
q
,i |≥

θ/ √
s

0
for

all
i∈

Q
q .

F
u

rth
er,

for
an

y
q,q ′|v

q
,i /
v
q ′,i |≤

γ
for

every
i∈

Q
q ∩

Q
q ′.

W
ith

ou
t

loss
of

gen
erality,

w
e

w
ill

assu
m

e
γ
≥

1.

T
h

e
o
re

m
3

A
ssu

m
e

th
e

sp
iked

co
va

ria
n

ce
m

od
el

o
f

E
q.(1)

sa
tisfyin

g
a
ssu

m
p
tio

n
s
A
1

a
n

d
A
2,

a
n

d
fu

rth
er
n
>
C

log
p
,
s

20
<
n

,
a
n

d
s

20
<
p
/e

fo
r
C

a
la

rge
en

o
u

gh
n

u
m

erica
l

co
n

sta
n

t.
C

o
n

sid
er

th
e

C
o
va

ria
n

ce
T

h
resh

o
ld

in
g

a
lgo

rith
m

o
f

T
a
ble

1
,

w
ith

τ
a
s

in
T

h
eo

rem
1
ρ

=
β

m
in θ/(2 √

s
0 ).

T
h
en

th
ere

exists
K

0
=
K

0 (θ,γ
,β
,β

m
in )

su
ch

th
a
t,

if

n
≥
K

0 s
20 r

log
ps
20

(14)

th
en

th
e

a
lgo

rith
m

reco
vers

th
e

u
n

io
n

o
f

su
p
po

rts
o
f

v
q

w
ith

p
ro

ba
bility

1−
o(1)

(i.e.
w

e

h
a
ve

Q̂
=

Q
).

T
h

e
p

ro
of

in
S

ection
7

also
p

rov
id

es
an

ex
p

licit
ex

p
ression

for
th

e
con

stan
t
K

0 .

R
e
m

a
rk

4
In

A
ssu

m
p
tio

n
A
2,

th
e

requ
irem

en
t

o
n

th
e

m
in

im
u

m
size

o
f|v

q
,i |

is
sta

n
d
a
rd

in
su

p
po

rt
reco

very
litera

tu
re

(see,
e.g.

W
a
in

w
righ

t,
2
0
0
9
;

M
ein

sh
a
u

sen
a
n

d
B

ü
h
lm

a
n

n
,

2
0
0
6
).

A
d
d
itio

n
a
lly,

h
o
w

ever,
w

e
requ

ire
th

a
t

w
h
en

th
e

su
p
po

rts
o
f

v
q ,v

q ′
o
verla

p
,

th
ey

a
re

o
f

th
e

sa
m

e
o
rd

er,
qu

a
n

tifi
ed

by
th

e
pa

ra
m

eter
γ

.
R

ela
xin

g
th

is
co

n
d
itio

n
is

a
po

ten
tia

l
d
irectio

n
fo

r
fu

tu
re

w
o
rk.

R
e
m

a
rk

5
R

eco
verin

g
th

e
sign

ed
su

p
po

rts
Q
q
,+

=
{
i∈

[p
]

:
v
q
,i
>

0}
a
n

d
Q
q
,−

=
{
i∈

[p
]

:
v
q
,i
<

0}
,

u
p

to
a

sign
fl

ip
,

is
po

ssible
u

sin
g

th
e

sa
m

e
tech

n
iqu

e
a
s

reco
verin

g
th

e
su

p
po

rts
su

p
p

(v
q )

a
bo

ve,
a
n

d
po

ses
n

o
a
d
d
itio

n
a
l

d
iffi

cu
lty.

3
.
A
lg
o
rith

m
in
tu

itio
n

a
n
d

p
ro

o
f
stra

te
g
y

F
o
r

th
e

p
u
rp

oses
of

ex
p

osition
,

th
rou

gh
ou

t
th

is
section

,
w

e
w

ill
assu

m
e

th
at
r

=
1

an
d

d
ro

p
th

e
co

rresp
on

d
in

g
su

b
scrip

t
q.

D
en

o
tin

g
b
y

X
∈
R
n×

p
th

e
m

atrix
w

ith
row

s
x

1 ,
...x

n
,

b
y

Z
∈
R
n×

p
th

e
m

atrix
w

ith
row

s
z

1 ,
...z

n
,

an
d

lettin
g

u
=

(u
1 ,u

2 ,...,u
n
),

th
e

m
o
d

el
(1)

can
b

e
rew

ritten
as

X
=
√
β

u
v
T

+
Z
.

(15)

R
eca

ll
th

a
t

Σ̂
=
n
−

1X
T
X
−

Ip
=

G
−

Ip .
F

or
β
>
√
p
/n

,
th

e
p

rin
cip

al
eigen

vector
of

G
,

an
d

h
en

ce
of

Σ̂
is

p
ositiv

ely
correlated

w
ith

v
,

i.e.|〈v̂
1 (Σ̂

),v〉|
is

b
ou

n
d

ed
aw

ay
from

zero.
H

ow
ever,

fo
r
β
<
√
p
/n

,
th

e
n

oise
com

p
on

en
t

in
Σ̂

d
om

in
ates

an
d

th
e

tw
o

v
ectors

b
ecom

e

asy
m

p
to

tically
orth

ogon
al,

i.e.
for

in
stan

ce
lim

n→
∞
|〈v̂

1 (Σ̂
),v〉|

=
0.

In
ord

er
to

red
u

ce
th

e
n

oise
lev

el,
w

e
m

u
st

ex
p

loit
th

e
sp

arsity
of

th
e

sp
ike

v
.

N
ow

,
lettin

g
β
′≡

β‖u‖
2/n
≈
β

,
an

d
w
≡
√
β
Z
T
u
/n

,
w

e
can

rew
rite

Σ̂
as

Σ̂
=
β
′v

v
T

+
v

w
T

+
w

v
T

+
1n

Z
T
Z
−

Ip ,.
(16)
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S
pa

r
se

P
C

A
v
ia

C
o
v
a
r
ia

n
c
e

T
h
r
e
sh

o
l
d
in

g

F
or

a
m

om
en

t,
le

t
u

s
n

eg
le

ct
th

e
cr

os
s

te
rm

s
(v

w
T

+
w

v
T

).
T

h
e

‘s
ig

n
al

’
co

m
p

on
en

t
β
′ v

v
T

is
sp

ar
se

w
it

h
s2 0

en
tr

ie
s

of
m

ag
n

it
u

d
e
β
′ θ

2
/s

0
,

w
h

ic
h

(i
n

th
e

re
gi

m
e

of
in

te
re

st
s 0

=
√
n
/C

)
is

eq
u

iv
al

en
t

to
C
θ2
β
/√

n
.

T
h

e
‘n

oi
se

’
co

m
p

on
en

t
Z
T
Z
/n
−

I p
is

d
en

se
w

it
h

en
tr

ie
s

o
f

or
d

er
1
/√

n
.

A
ss

u
m

in
g
s 0
/
√
n
<
c

fo
r

so
m

e
sm

al
l

co
n

st
an

t
c,

it
sh

ou
ld

b
e

p
o
ss

ib
le

to
re

m
ov

e
m

os
t

of
th

e
n

oi
se

b
y

th
re

sh
ol

d
in

g
th

e
en

tr
ie

s
at

le
ve

l
of

or
d

er
1
/√

n
.

F
or

te
ch

n
ic

a
l

re
as

o
n

s,
w

e
u

se
th

e
so

ft
th

re
sh

ol
d

in
g

fu
n

ct
io

n
η

:
R
×
R
≥

0
→

R
,
η
(z

;τ
)

=
sg

n
(z

)(
|z
|−

τ
) +

.
W

e
w

il
l

om
it

th
e

se
co

n
d

ar
gu

m
en

t
fr

om
η
(·;
·)

w
h

er
ev

er
it

is
cl

ea
r

fr
om

co
n
te

x
t.

C
on

si
d

er
ag

ai
n

th
e

d
ec

om
p

os
it

io
n

(1
6)

.
S

in
ce

th
e

so
ft

th
re

sh
ol

d
in

g
fu

n
ct

io
n
η
(z

;τ
/
√
n

)
is

affi
n

e
w

h
en

z
�
τ
/
√
n

,
w

e
w

ou
ld

ex
p

ec
t

th
at

th
e

fo
ll

ow
in

g
d

ec
om

p
os

it
io

n
h

o
ld

s
a
p

p
ro

x
-

im
at

el
y

(f
or

in
st

an
ce

,
in

op
er

at
or

n
o
rm

):

η
(Σ̂

)
≈
η
( β
′ v

v
T
)

+
η

(
1 n
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→
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∈
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g
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‖
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‖
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+
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∆
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(m
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is

p
oi

n
t,

it
is

ea
sy

to
se

e
th

at
th

e
le

m
m

a
fo

ll
ow

s
if

w
e

ar
e

ab
le

to
co

n
tr

o
l

th
e

fi
rs

t
te

rm
in

E
q
.(

38
).

W
e

es
ta

b
li

sh
th

is
v
ia

th
e

M
au

re
y
-P

is
ie

r
m

et
h

o
d

.
D

efi
n

e
th

e
p

a
th

z
(θ

)
≡

z
si

n
θ

+
z
′ c

os
θ,

th
e

ve
lo

ci
ty

ż
≡

d
z
/
d
θ

=
z

co
s
θ
−

z
′ s

in
θ.

E{
φ
( m

ax s
[(
F
s
(z

)
−
F
s
(z
′ )

)2
]) ;G

}
=

∫
∞

0
P{
( m

ax s
[(
F
s
(z

)
−
F
s
(z
′ )

)2
]
−
a
) +

I(
G)
≥
x
} d
x (3

9
)

=

∫
∞

0
P{

m
ax s

[|F
s
(z

)
−
F
s
(z
′ )
|]
≥
√
x

+
a
;G
} d
x

(4
0)

≤
2
|S
|∫
∞

a
e−

λ
√
x

m
ax s

[ E{
ex

p
{λ

(F
s
(z

)
−
F
s
(z
′ )

)}
;G
}]

d
x
,

(4
1)

w
h

er
e,

in
th

e
la

st
in

eq
u

al
it

y
w

e
u
se

th
e

u
n

io
n

b
ou

n
d

fo
ll
ow

ed
b
y

M
ar

ko
v
’s

in
eq

u
a
li

ty
.

T
o

co
n
tr

ol
th

e
ex

p
on

en
ti

al
m

om
en

t,
n

ot
e

th
at
F
s
(z

)−
F
s
(z
′ )

=
∫ π

/
2

0
〈∇
F

(z
(θ

))
,ż

(θ
)〉

d
θ

w
h

en
ce

,

1
7
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L
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1)
:1

-4
1

D
e
sh

pa
n
d
e

a
n
d

M
o
n
t
a
n
a
r
i

u
si

n
g

J
en

se
n

’s
in

eq
u

a
li

ty
:

E{
ex

p
{ λ

(F
s
(z

)
−
F
s
(z
′ )

)}
;G
}

=
E{

ex
p
(∫

π
/
2

0
λ
〈∇
F
s
(z

(θ
))
,ż

(θ
)〉

d
θ)

;G
}

(4
2)

≤
2 π

∫
π
/
2

0
E{

ex
p
( λ
π
〈∇
F
s
(z

(θ
))
,ż

(θ
)〉
/
2
) ;G
} d
θ.

(4
3)

D
efi

n
e

th
e

se
t
G θ

=
{(

z
,z
′ )

:
m

ax
s
‖∇

F
s
(z

(θ
))
‖
≤
L
}.

T
h

en
:

E{
ex

p
{ λ

(F
s
(z

)
−
F
s
(z
′ )

)}
;G
}

(a
) ≤

2 π

∫
π
/
2

0
E{

ex
p
( λ
π
〈∇
F
s
(z

(θ
))
,ż

(θ
)〉
/
2)

;G
θ

} d
θ

(4
4
)

(b
)

=
2 π

∫
π
/
2

0
E{

ex
p
( λ

2
π

2
‖∇

F
s
(z

(θ
))
‖2

8
;G

θ

)}
d
θ

(4
5)

(c
) ≤

ex
p
( λ

2
π

2
L

2

8

) .
(4

6)

H
er

e
(a

)
fo

ll
ow

s
a
s
G θ
⊇
G.

E
q
u

al
it

y
(b

)
fo

ll
ow

s
fr

om
n

o
ti

n
g

th
at
G θ

is
m

ea
su

ra
b

le
w

it
h

re
sp

ec
t

to
z
(θ

)
an

d
,

h
en

ce
,

fi
rs

t
in

te
g
ra

ti
n

g
w

it
h

re
sp

ec
t

to
ż
(θ

)
=

z
co

s
θ
−

z
′ s

in
θ,

a
G

au
ss

ia
n

ra
n

d
o
m

va
ri

a
b

le
th

at
is

in
d

ep
en

d
en

t
o
f

z
(θ

).
T

h
e

fi
n

a
l

in
eq

u
a
li

ty
(c

)
fo

ll
ow

s
b
y

u
si

n
g

th
e

fa
ct

th
a
t
‖∇

F
s
(z

(θ
))
‖
≤
L

on
th

e
se

t
G θ

.
S

in
ce

th
is

b
ou

n
d

is
u

n
if

or
m

ov
er
s
∈
S

,
w

e
ca

n
u

se
it

in
(4

1
):

E
{ φ

(m
ax s

(F
s
(z

)
−
F
s
(z
′ )

)2
);
G}
≤

2
|S
|∫
∞

a
ex

p
(
−
λ
√
x

+
λ

2
π

2
L

2

8

) d
x

(4
7)

≤
4
|S
|

λ
2

(1
+
λ
√
a
)

ex
p
(
−
λ
√
a

+
λ

2
π

2
L

2

8

)
(4

8)

W
e

ca
n

n
ow

se
t
λ

=
4√

a
/
π

2
L

2
,

to
ob

ta
in

th
e

ex
p

o
n

en
t

ab
ov

e
as
−

2a
/
π

2
L

2
=
−

∆
2
/
π

2
L

2
.

T
h

e
p

re
fa

ct
or

(1
+
λ
√
a
)λ
−

2
is

b
ou

n
d

ed
b
y
C
L

2
m

a
x
(,
L

2
/∆

2
)

w
h

en
a

=
∆

2
/
2
.

T
h

er
ef

o
re

,
as

re
q
u

ir
ed

,
w

e
ob

ta
in

:

E
{ φ

(m
ax s

(F
s
(z

)
−
F
s
(z
′ )

)2
);
G}
≤
C

m
a
x
(1
,L

4
/
∆

4
)

ex
p
(
−

∆
2

C
L

2

)
(4

9)

C
o
m

b
in

in
g

th
is

w
it

h
E

q
.(

38
)

an
d

th
e

fa
ct

th
at
φ

(∆
2
)−

1
≤
C

∆
−

2
g
iv

es
E

q
.(

28
)

a
n

d
,

co
n

-
se

q
u

en
tl

y,
th

e
le

m
m

a
.

B
y

a
si

m
p

le
ap

p
li

ca
ti

o
n

o
f

C
au

ch
y
-S

ch
w

a
rz

,
th

is
le

m
m

a
im

p
li

es
th

e
fo

ll
ow

in
g
.

C
o
ro

ll
a
ry

1
0

U
n

d
er

th
e

sa
m

e
co

n
d
it

io
n

s
a
s

L
em

m
a

9
,

P{
m

a
x

s∈
S
|F
s
(z

)
−
EF

s
(z

)|
≥

∆
}
≤
C
|S
|e

x
p
(
−

∆
2

C
L

2

)

+
C ∆

2
E{

m
ax

s∈
S

[ (F
s
(z

)
−
F
s
(z
′ )

)4
]}

1
/
2
P{
Gc
}1
/
2
.

(5
0)

T
h

e
fo

ll
ow

in
g

tw
o

le
m

m
a
s

ar
e

w
el

l-
k
n

ow
n

co
n

ce
n
tr

a
ti

o
n

o
f
m

ea
su

re
re

su
lt

s.
T

h
e

fo
rm

s
b

el
ow

ca
n

b
e

fo
u

n
d

in
(V

er
sh

y
n

in
,

2
0
12

,
C

o
ro

ll
a
ry

5.
3
5
),

(L
a
u

re
n
t

a
n

d
M

as
sa

rt
,

2
00

0
,

L
em

m
a

1
)

re
sp

ec
ti

ve
ly

.
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S
pa

r
se

P
C

A
v
ia

C
o
v
a
r
ia

n
c
e

T
h
r
e
sh

o
l
d
in

g

L
e
m

m
a

1
1

L
et

A
∈

R
M
×
N

be
a

m
a
trix

w
ith

i.i.d
.

sta
n

d
a
rd

n
o
rm

a
l

en
tries,

i.e.
A
ij
∼

N
(0,1

).
T

h
en

,
fo

r
every

t≥
0
:

P
{‖A

‖
o
p ≥
√
M

+
√
N

+
t }
≤

ex
p (−

t 22 )
.

(5
1)

L
e
m

m
a

1
2

L
et

z
∼

N
(0,IN

).
T

h
en

P{‖z‖
2≥

N
+

2 √
N
t

+
2
t}
≤

ex
p

(−
t).

(5
2)

6
.
P
ro

o
f
o
f
T
h
e
o
re
m

1

S
in

ce
Σ̂

=
X

T
X
/
n
−

Ip ,
w

e
h

ave:

Σ̂
=

r
∑q
=

1 {
β
q ‖

u
q ‖

2

n
v
q (v

q )
T

+

√
β
q

n

(v
q (Z

T
u
q )

T
+

(Z
T
u
q )v

Tq ) }

+
∑q6=
q ′ {

√
β
q β
q ′〈u

q ,u
q ′〉

n
v
q (v

q ′)
T }

+
Z
T
Z

n
−

Ip
.

(5
3)

W
e

let
D

=
{(i,i)

:
i∈

[p
]\

Q}
b

e
th

e
d

ia
go

n
a
l

en
tries

n
o
t

in
clu

d
ed

in
an

y
su

p
p

o
rt.

(R
eca

ll
th

a
t
Q

=
∪
q Q

q
d

en
o
te

th
e

u
n

io
n

o
f

th
e

su
p

p
o
rts.)

F
u

rth
er

let
E

=
Q
×
Q

,
F

=
(Q

c×
Q
c)\D

,
a
n

d
G

=
[p

]×
[p

]\(D
∪
E
∪
F

),
or,

eq
u
ivalen

tly
G

=
(Q
×

Q
c)∪

(Q
c×

Q
).

S
in

ce
th

ese
a
re

d
isjo

in
t

w
e

h
ave:

η
(Σ̂

)
=
P
E {

η
(Σ̂

) }

︸
︷︷

︸
S

+
P
F {

η (
Σ̂
)}

︸
︷︷

︸
N

+
P
G {

η
(Σ̂

) }

︸
︷︷

︸
C

+
P
D

{
η
(Σ̂

) }

︸
︷︷

︸
D

.
(5

4)

T
h

e
fi

rst
term

corresp
on

d
s

to
th

e
‘sig

n
a
l’

com
p

o
n

en
t,

w
h

ile
th

e
la

st
th

ree
term

s
co

rresp
o
n

d
to

th
e

‘n
oise’

co
m

p
on

en
t.

T
h

eorem
1

is
a

d
irect

con
seq

u
en

ce
o
f

th
e

n
ex

t
fi

ve
p

ro
p

o
sition

s.
T

h
e

fi
rst

d
em

o
n

stra
tes

th
a
t,

ev
en

for
a

low
level

o
f

th
resh

o
ld

in
g
,

v
iz.

τ
<
√

log
p
/
2,

th
e

term
N

h
a
s

sm
a
ll

o
p

era
to

r
n

orm
.

T
h

e
secon

d
d

em
o
n

stra
tes

th
a
t

th
e

so
ft

th
resh

o
ld

in
g

o
p

era
tio

n
p

reserves
th

e
sig

n
a
l

in
th

e
term

S
.

T
h

e
n

ex
t

tw
o

p
rop

o
sitio

n
s

sh
ow

th
a
t

th
e

cross
a
n

d
d

ia
go

n
al

term
s

C
a
n

d
D

are
n

eg
lig

ib
le

a
s

w
ell.

F
in

a
lly,

in
th

e
la

st
p

ro
p

o
sitio

n
,

w
e

d
em

o
n

stra
te

th
a
t,

for
th

e
reg

im
e

of
th

resh
o
ld

in
g

far
ab

ove
th

e
n

o
ise

level,
i.e.

τ
>
C
√

log
p
,

th
e

n
o
ise

term
s

N
a
n

d
C

va
n

ish
en

tirely.

P
ro

p
o
sitio

n
1
3

L
et

N
d
en

o
te

th
e

seco
n

d
term

o
f

E
q.(5

4).
S

in
ce

F
=

Q
c×

Q
c\D

,

N
=
P
F (
η
(Σ̂

) )
=
P
F {

η (
1n

Z
T
Z )}

.
(5

5)

T
h
en

,
th

ere
exists

a
n

a
bso

lu
te

co
n

sta
n

t
C

su
ch

th
a
t

th
e

fo
llo

w
in

g
h
a

p
pen

s.
A

ssu
m

in
g

th
a
t

(i)
τ
<
√

log
p
/
2

a
n

d
(ii)

n
>
C

lo
g
p
,

th
en

w
ith

p
ro

ba
bility

1−
o(1

)

‖N
‖
o
p ≤

C

( √
pn
∨
pn )

e −
τ
2
/
C
.

(5
6)
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D
e
sh

pa
n
d
e

a
n
d

M
o
n
t
a
n
a
r
i

P
ro

p
o
sitio

n
1
4

L
et

S
d
en

o
te

th
e

fi
rst

term
in

E
q.(54):

S
=
P
E {

η
(Σ̂

) }
.

(57)

A
ssu

m
e

th
a
t

(i)
s

0 /n
<

1
a
n

d
(ii)n

>
C

log
p
:

T
h
en

w
ith

p
ro

ba
bility

1−
o(1):

∥∥
S
−

Σ
∥∥
o
p ≤

2
τ
s

0
√
n

+
C

(β
∨

1) √
s

0n
.

(58)

P
ro

p
o
sitio

n
1
5

L
et

C
d
en

o
te

th
e

m
a
trix

co
rrespo

n
d
in

g
to

th
e

th
ird

term
o
f

E
q.(54):

C
=
P
G {

η
(Σ̂

) }
.

A
ssu

m
in

g
th

e
co

n
d
itio

n
s

o
f

P
ro

po
sitio

n
1
3

a
n

d
,

a
d
d
itio

n
a
lly,

th
a
t
s

20 ≤
p
,

th
ere

exist
co

n
-

sta
n

ts
C
,c

su
ch

th
a
t

w
ith

p
ro

ba
bility

1−
o(1)

‖
C
‖
o
p ≤

C
τ
e −

cτ
2
/
(β∨

1
) √

pn
∨
pn
.

(59)

P
ro

p
o
sitio

n
1
6

L
et

D
d
en

o
te

th
e

m
a
trix

co
rrespo

n
d
in

g
to

th
e

th
ird

term
o
f

E
q.(54):

D
=
P
D

{
η
(Σ̂

) }
.

W
ith

p
ro

ba
bility

1−
o(1)

w
e

h
a
ve

th
a
t‖D

‖
o
p ≤

C
√
n
−

1
log

p
.

P
ro

p
o
sitio

n
1
7

F
o
r

so
m

e
a
bso

lu
te

co
n

sta
n

t
C

0 ,
w

e
h
a
ve

fo
r
τ
≥
C

0 (β
∨

1) √
log

p
th

a
t,

w
ith

p
ro

ba
bility

1−
o(1):

∀
i,j

N
ij

=
C
ij

=
0.

(60)

T
h
erefo

re,‖
N
‖
o
p

=
0

a
n

d
‖
C
‖
o
p

=
0.

R
e
m

a
rk

1
8

A
t

th
is

po
in

t
w

e
rem

a
rk

th
a
t

th
e

p
ro

ba
bility

1−
o(1)

ca
n

be
m

a
d
e

qu
a
n

tita
tive,

fo
r

e.g.
o
f

th
e

fo
rm

1−
ex

p
(−

m
in

( √
p
,n

)/C
1 ),

fo
r

every
n

la
rge

en
o
u

gh
.

F
o
r

sim
p
licity

o
f

expo
sitio

n
w

e
d
o

n
o
t

p
u

rsu
e

th
is

in
th

e
pa

per.

W
e

d
efer

th
e

p
ro

ofs
of

P
rop

ositio
n

s
13,

14,
15,

16
an

d
17

to
S

ection
s

6.1
,

6.2
,

6.3,
6
.4

a
n

d
6
.5

resp
ectively.

B
y

com
b

in
in

g
th

em
for

β
=
O

(1),
w

e
im

m
ed

iately
ob

tain
th

e
follow

in
g

b
o
u

n
d

.

T
h

e
o
re

m
1
9

T
h
ere

exist
n

u
m

erica
l

co
n

sta
n

ts
C

0 ,C
1

su
ch

th
a
t

th
e

fo
llo

w
in

g
h
a
p
pen

s.
A

s-
su

m
e
β
≤
C

0 ,
n
>
C

1
log

p
a
n

d
τ
≤
√

lo
g
p
/
2
.

T
h
en

w
ith

p
ro

ba
bility

1−
o(1):

∥∥
η
(Σ̂

)−
Σ
∥∥
o
p ≤

2τ
s

0
√
n

+
C
( √

pn
∨
pn )

e −
τ
2
/
C

+
C

√
s

0 ∨
log

p

n
.

(61)
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P
ro

o
f

T
h

e
p

ro
of

is
ob

ta
in

ed
b
y

ad
d

in
g

th
e

er
ro

r
te

rm
s

fr
om

P
ro

p
os

it
io

n
s

1
3
,

1
4
,

1
5

a
n

d
16

,
an

d
n

ot
in

g
th

at
β

is
b

ou
n

d
ed

.

U
si

n
g

P
ro

p
os

it
io

n
s

13
,

14
,

15
an

d
16

,
to

ge
th

er
w

it
h

a
su

it
ab

le
ch

oi
ce

o
f
τ
,

w
e

o
b

ta
in

th
e

p
ro

of
of

T
h

eo
re

m
1.

P
ro

o
f

[P
ro

of
of

T
h

eo
re

m
1]

N
ot

e
th

at
in

th
e

ca
se
s2 0
>
p
/e

th
er

e
is

n
o

th
re

sh
o
ld

in
g

a
n

d

h
en

ce
th

e
re

su
lt

fo
ll

ow
s

fr
om

th
e

fa
ct

th
at
‖Σ̂
−

Σ
‖ o
p
≤
C
√
p
/n

(V
er

sh
y
n

in
,

2
0
1
2
,

R
em

a
rk

5.
40

). W
e

as
su

m
e

n
ow

th
at
s2 0
≤
p
/e

an
d

th
e

ca
se

th
at
τ ∗

=
C

1
(β
∨

1)
√

lo
g
(p
/
s2 0

)
≤
√

lo
g
p
/
2.

In
th

at
ca

se
w

e
se

t
τ

=
τ ∗
≤
√

lo
g
p
/
2.

B
el

ow
w

e
w

il
l

ke
ep

C
1

a
la

rg
e

en
ou

g
h

co
n

st
an

t,
an

d
ch

ec
k

th
at

ea
ch

of
th

e
er

ro
r

te
rm

s
in

P
ro

p
os

it
io

n
s

13
,

14
,

15
an

d
16

is
u

p
p

er
b

o
u

n
d

ed
b
y

(a
co

n
st

an
t

ti
m

es
)

th
e

ri
gh

t-
h

an
d

si
d

e
of

E
q
.

(7
).

T
h

ro
u

gh
ou

t
C

w
il

l
d

en
o
te

a
g
en

er
ic

co
n

st
an

t
th

at
ca

n
b

e
m

ad
e

as
la

rg
e

as
w

e
w

an
t,

an
d

ca
n

ch
an

ge
fr

om
li

n
e

to
li

n
e.

W
e

st
ar

t
fr

om
P

ro
p

os
it

io
n

13
:

‖N
‖ o
p
≤
C

(√
p n
∨
p n

)
(
s2 0 p

) C
(6

2)

≤
C

√
p n

(
p s2 0

) −
C
−

1

∨
C

√
( p n

) 2
(
p s2 0

) −
C
−

2

(6
3)

≤
C

√
s2 0 n

(
p s2 0

) −
C

∨
C

√
(
s2 0 n

) 2
(
p s2 0

) −
C

(6
4)

≤
C

√
s2 0 n

lo
g
p s2 0

,
(6

5)

w
h

er
e

in
th

e
la

st
st

ep
w

e
u

se
d

(e
s2 0
/p

),
(s

2 0
/n

)
≤

1.
N

ex
t

co
n

si
d

er
P

ro
p

os
it

io
n

14
:

∥ ∥ S
−

Σ
∥ ∥ o
p
≤
C

√
s2 0
τ

2

n
+
C

√
s 0

(β
∨

1)
2

n
(6

6)

≤
C

√
s2 0

(β
2
∨

1)

n
lo

g
p s2 0

.
(6

7)

F
ro

m
P

ro
p

os
it

io
n

15
,

w
e

ge
t,

u
si

n
g

th
e

sa
m

e
ar

gu
m

en
t

as
in

E
q
.(

65
)

‖C
‖ o
p
≤
C
√
β
∨

1

(√
p n
∨
p n

)
(
s2 0 p

) C
(6

8)

≤
C

(β
∨

1)

√
s2 0 n

lo
g
p s2 0

.
(6

9)

F
in

al
ly

,
th

e
te

rm
of

P
ro

p
os

it
io

n
16

is
al

so
b

ou
n

d
ed

as
d

es
ir

ed
u
si

n
g

lo
g
p
≤
s2 0

lo
g
(p
/
s2 0

)
(d

iv
id

in
g

b
ot

h
si

d
es

b
y
p

an
d

u
si

n
g

th
e

fa
ct

th
at
x
7→
x

lo
g
(1
/x

)
is

in
cr

ea
si

n
g
).

T
h

e
ca

se
of
τ ∗
≥
√

lo
g
p
/
2

is
ea

si
er

.
In

th
at

ca
se

,
w

e
ca

n
ke

ep
τ

=
C

2
τ ∗

w
it

h
C

2
la

rg
e

en
ou

gh
so

th
at
τ
≥
C

0
(β
∨

1)
√

lo
g
p

fo
r
C

0
of

P
ro

p
os

it
io

n
17

.
T

h
en

,
b
y

P
ro

p
os

it
io

n
1
7
,

w
e
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D
e
sh

pa
n
d
e

a
n
d

M
o
n
t
a
n
a
r
i

k
n

ow
th

at
N

=
0

a
n

d
C

=
0
.

T
h

er
ef

o
re

w
e

o
n

ly
n

ee
d

co
n

si
d

er
th

e
te

rm
s

S
−

Σ
a
n

d
D

.
F

or
th

es
e

te
rm

s
w

e
ca

n
u

se
P

ro
p

os
it

io
n

s
1
4

a
n
d

1
6

re
sp

ec
ti

v
el

y
a
n

d
,

ar
g
u

in
g

as
in

th
e

ea
rl

ie
r

ca
se
τ ∗
≤
√

lo
g
p
,

w
e

o
b

ta
in

th
e

d
es

ir
ed

re
su

lt
.

6
.1

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

1
3

D
efi

n
e

Ñ
as

Ñ
=
P n

d

{ η

(
1 n

Z
T
Z

)}
.

S
in

ce
N

is
a

p
ri

n
ci

p
al

su
b

m
a
tr

ix
o
f
Ñ

,
it

su
ffi

ce
s

to
p

ro
ve

th
e

sa
m

e
b

o
u

n
d

fo
r

Ñ
.

O
u

r
m

a
in

to
ol

in
th

e
p

ro
of

w
il

l
b

e
th

e
co

n
ce

n
tr

a
ti

on
le

m
m

a
9

w
h

ic
h

w
e

u
se

o
n

m
u
lt

ip
le

o
cc

a
si

on
s.

W
it

h
a

v
ie

w
to

u
si

n
g

th
e

le
m

m
a
,

w
e

le
t

le
t

Z
′
∈

R
n
×
p

d
en

o
te

a
n

in
d

ep
en

d
en

t
co

p
y

o
f

Z
,

a
n

d
z̃
′ i

it
’s
it

h
co

lu
m

n
.

T
h

e
p

ro
o
f

re
li

es
on

tw
o

p
re

li
m

in
a
ry

le
m

m
a
s.

F
o
r

so
m

e
A
≥

1
(t

o
b

e
ch

o
se

n
la

te
r)

,
w

e
fi

rs
t

st
a
te

an
d

p
ro

v
e

th
e

fo
ll

ow
in

g
le

m
m

a
th

at
co

n
tr

ol
s

th
e

n
or

m
o
f

a
n

y
p
ri

n
ci

pa
l

su
bm

a
tr

ix
o
f

Ñ
of

si
ze

a
t

m
o
st
p
/A

.

L
e
m

m
a

2
0

F
ix

a
n

y
A
≥

1.
T

h
er

e
ex

is
ts

a
n

a
bs

o
lu

te
co

n
st

a
n

ts
C
,c

su
ch

th
a
t:

P{
m

ax
S
⊆

[p
],
|S
|≤
p
/A
‖P

S
×
S
(Ñ

)‖
o
p
≥

∆
}
≤
C

ex
p
( p

lo
g
C
A

A
−

n
2
∆

2

C
(n

+
p
))

+
C

(n
p
)C

∆
2

ex
p

(−
cn

).

(7
0)

P
ro

o
f

F
o
r

a
n
y

su
b

se
t
S
⊂

[p
]

re
ca

ll
th

a
t
T
ε p
(S

)
d

en
ot

es
an

ε-
n

et
o
f

u
n

it
ve

ct
o
rs

in
Sp
−

1

su
p

p
o
rt

ed
on

th
e

su
b

se
t
S

.
F

o
r

si
m

p
li

ci
ty

le
t
T

(A
)

=
∪ S

:|S
|≤
p
/A
T
ε p
(S

).
It

su
ffi

ce
s,

b
y

L
em

m
a

8,
to

co
n
tr

o
l
〈y
,Ñ

y
〉o

n
th

e
se

t
T

(A
).

In
p

ar
ti

cu
la

r:

P{
m

a
x

S
⊆

[p
],
|S
|≤
p
/A
‖P

S
×
S
(Ñ

)‖
o
p
≥

∆
}
≤

P{
m

a
x

y
∈T

(A
)
|〈y
,Ñ

y
〉|
≥

∆
(1
−

2
ε)
} .

(7
1)

C
o
n

si
d

er
th

e
go

o
d

se
t
G 1

gi
ve

n
b
y
:

G 1
=
{(

Z
,Z
′ )

:
m

ax
(‖

Z
‖,
‖Z
′ ‖)
≤
√

2
(√
n

+
√
p
))
}.

(7
2)

T
o

u
se

L
em

m
a

9,
w

e
n

ee
d

to
co

m
p

u
te

E〈
y
,Ñ

y
〉a

n
d

th
e

g
ra

d
ie

n
t

o
f
〈y
,Ñ

y
〉w

it
h

re
sp

ec
t

to
th

e
u

n
d

er
ly

in
g

ra
n

d
o
m

va
ri

a
b

le
s

Z
.

S
in

ce
η
(·)

is
a
n

o
d

d
fu

n
ct

io
n

th
e

ex
p

ec
ta

ti
o
n

va
n

is
h

es
.

T
o

co
m

p
u

te
th

e
gr

ad
ie

n
t,

w
e

le
t
t
∈

[0
,1

]
an

d
W

=
√
tZ

+
√

1
−
tZ
′ ,

a
n

d
co

n
si

d
er
〈y
,Ñ

y
〉=

〈y
,η

(W
T
W
/n

)y
〉a

s
a

fu
n

ct
io

n
o
f

th
e

W
.

T
a
k
in

g
th

e
g
ra

d
ie

n
t

w
it

h
re

sp
ec

t
to

a
co

lu
m

n
w̃
`

fo
r
`
∈
S

:

∇
w̃
`
〈y
,Ñ

y
〉=

y ` n

∑

i6=
`,
i∈

S

w̃
iy
i∂
η
(〈

w̃
i,

w̃
`〉/
n

)
(7

3)

=
y ` n

W
σ
,

(7
4)
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S
pa

r
se

P
C

A
v
ia

C
o
v
a
r
ia

n
c
e

T
h
r
e
sh

o
l
d
in

g

w
h

ere

σ
i

=

{
y
i ∂
η
(〈w̃

i ,w̃
` 〉/
n

)
if
i6=

`,i∈
S

0
o
th

erw
ise.

(7
5)

S
in

ce‖
σ‖
≤
‖y‖

=
1
,

w
e

h
ave

th
a
t‖∇

w̃
` 〈y

,Ñ
y〉‖

2≤
y

2` ‖
W
‖

2/
n

2.
S

u
m

m
in

g
over

`∈
S

w
e

o
b

tain
th

e
g
ra

d
ien

t
b

ou
n

d
,

h
o
ld

in
g

o
n

th
e

g
o
o
d

setG
1 :

‖∇
W
〈y
,Ñ

y〉‖
2≤

∑
`
y

2`

n
2
‖
W
‖

2
(7

6)

≤
C

(n
+
p
)

n
2

,
(7

7)

w
h

ich
h

old
s

b
eca

u
se

of
tria

n
g
le

in
eq

u
ality

an
d

th
e

fact
th

a
t
√
t

+
√

1−
t≤
√

2
.

W
e

ca
n

n
ow

a
p
p

ly
L

em
m

a
9

to
b

ou
n
d

th
e

R
H

S
o
f

E
q
.(7

1
)

an
d

g
et:

P {
m

a
x

S⊆
[p

],|S|≤
p
/A P

S×
S (Ñ

)≥
∆
}
≤
C
|T

(A
)|

ex
p (
−

n
2∆

2

C
(n

+
p
) )

+
C∆

2 E {
m

a
x

y∈
T 〈y

,Ñ
y〉

2;G
c1 }
.

(78
)

W
e

ca
n

sim
p

lify
th

e
term

s
on

th
e

righ
t-h

a
n

d
sid

e
to

o
b

tain
th

e
resu

lt
o
f

th
e

lem
m

a
.

W
ith

ε
=

1/
4
,

S
tirlin

g
’s

ap
p

rox
im

atio
n

a
n

d
L

em
m

a
7

w
e

h
ave:

|T
(A

)|≤
ex

p (
p

lo
g
C
A

A

)
.

(7
9)

W
e

u
se

a
cru

d
e

b
ou

n
d

o
n

th
e

co
m

p
lem

en
t

o
f

th
e

g
o
o
d

setG
1 .

It
is

ea
sy

to
see

th
a
t,

fo
r

a
n
y

u
n

it
vecto

r
y

,〈y
,Ñ

y〉
2≤
‖Ñ
‖

2F
≤
‖Z

T
Z‖

2F
/
n

2.
C

au
ch

y
-S

ch
w

a
rz

th
en

im
p

lies
th

at

E{m
a
x〈y

,Ñ
y〉

2;G
c1 }
≤
n
−

2 (E{‖
Z
T
Z‖

4F } )
1
/
2P{G

c1 }
1
/
2

(8
0)

≤
(n
p
)
C

ex
p

(−
c(n

+
p
)),

(8
1
)

w
h

ere
th

e
b

o
u

n
d

o
n
P{G

c1 }
follow

s
fro

m
L

em
m

a
11

.
T

h
is

con
clu

d
es

th
e

lem
m

a
.

N
o
te

th
a
t

L
em

m
a

2
0
,

w
ith

A
=

1,
tells

u
s

th
a
t
‖
Ñ
‖
o
p

is
of

o
rd

er
√
p
/
n

+
(p
/
n

)
2

(u
n

ifo
rm

ly
in
τ
)

w
ith

h
ig

h
p

ro
b

a
b

ility.
A

lrea
d

y
th

is
n

o
n
-a

sy
m

p
to

tic
b

o
u

n
d

is
n

o
n
-triv

ia
l,

sin
ce

th
e

p
rev

io
u

s
resu

lts
of

C
h

en
g

a
n

d
S

in
ger

(2
0
1
3)

an
d

F
a
n

an
d

M
o
n
ta

n
a
ri

(2
01

5
)

d
o

n
ot

ex
ten

d
to

th
is

case.
H

ow
ever,

P
ro

p
ositio

n
1
3

is
stron

g
er,

a
n

d
esta

b
lish

es
a

rate
o
f

d
ecay

w
ith

th
e

th
resh

o
ld

in
g

level
τ
.

T
h

e
seco

n
d

lem
m

a
w

e
req

u
ire

con
tro

ls
th

e
R

ay
leig

h
q
u

o
tien

t〈y
,Ñ

y〉
w

h
en

th
e

en
tries

of
y

are
“sp

rea
d

o
u

t”
.

L
e
m

m
a

2
1

A
ssu

m
e

th
a
t
τ
≤
√

lo
g
p
/
2.

G
iven

A
≥

1
a
n

d
a

u
n

it
vecto

r
y

,
let

S
=
{
i

:
|y
i |≤

√
A
/p}

a
n

d
y
S ,y

S
c

d
en

o
te

th
e

p
ro

jectio
n

s
o
f

y
o
n

to
su

p
po

rts
S
,S
c

respectively.
W

e
h
a
ve:

P {
m

a
x

y∈
T

1
/
4

p

|〈y
S ,Ñ

y
S 〉|≥

∆
}
≤
C

ex
p (
−
n

2∆
2

L
21

+
C
p )

+
(n
p
)
C

ex
p (−

c
m

in
( √
p
,n

) ),
(8

2)
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D
e
sh

pa
n
d
e

a
n
d

M
o
n
t
a
n
a
r
i

fo
r

a
n

y
∆
≥
L

1
w

h
ere

L
1

=
C

1 √
A

ex
p

(−
τ

2/
16)(n

+
p
)/
n

2.
T

h
e

sa
m

e
bo

u
n

d
h
o
ld

s
fo

r
P {

m
a
x
y∈
T

1
/
4

p
|〈y

S
c,Ñ

y
S 〉|≥

∆
}

.

P
ro

o
f

W
e

fi
rst

p
rove

th
e

claim
for〈y

S ,Ñ
y
S 〉.

F
irstly,

w
e

h
ave

E〈y
S ,Ñ

y
S 〉

=
0.

C
on

sid
er

th
e

“go
o
d

set”
G

2
of

p
airs

(W
,W

′)∈
R
n×

p×
R
n×

p
satisfy

in
g

th
e

con
d

itio
n

s:

‖
W
‖,‖W

′‖
≤
√

2( √
n

+
√
p
)
,

(83)

∀
i∈

[p
],

1p

∑j∈
[p

]\
i |I(〈w̃

i ,w̃
j 〉|≥

τ √
n
/
2)≤

2
ex

p
(−
τ

2/16)
,

(84)

∀
i∈

[p
],

1p

∑j∈
[p

]\
i |I(〈w̃

′i ,w̃
′j 〉|≥

τ √
n
/
2)≤

2
ex

p
(−
τ

2/16)
,

(85)

∀
i∈

[p
],

1p

∑j∈
[p

] I(|〈w̃
i ,w̃

′j 〉|≥
τ √

n
/
2)≤

2
ex

p
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Ñ
≥

∆
∗ }
≤
C

(n
p
)
C

ex
p [−

c
m

in (√
p
,n
,p

log
A

A

)].
(1

18
)

T
h

is
p

ro
b

a
b

ility
b

o
u

n
d

is
o(1

)
p

rov
id

ed
A

is
n

o
t

to
o

la
rg

e:
w

e
ch

o
o
se
A

=
0.2

5 √
τ

ex
p

(τ
2/1

6)�
√
p

w
h

ich
g
u

a
ran

tees
th

a
t

th
e

b
ou

n
d

a
b

ov
e

is
o(1

)
w

h
en
n
>
C

lo
g
p

fo
r

so
m

e
C

larg
e

en
o
u

g
h

.
T

h
is

co
n

clu
d

es
th

e
p

rop
o
sitio

n
.

27
JM

L
R

 17(141):1-41

D
e
sh

pa
n
d
e

a
n
d

M
o
n
t
a
n
a
r
i

6
.2

P
ro

o
f

o
f

P
ro

p
o
sitio

n
1
4

W
e

d
eco

m
p

ose
th

e
em

p
irical

covaria
n
ce

m
atrix

(53)
as

P
E
(Σ̂

)
=

Σ
+

∆
1

+
∆

2
+

∆
T2

+
P
E (

1n
Z
T
Z
−

Ip )
,

(119)

∆
1 ≡

r
∑q
,q ′=

1 √
β
q β
′q (

1n 〈u
q ,u
′q 〉−

1
q
=
q ′ )

v
q v
′Tq
,

(120)

∆
2 ≡

r
∑q
=

1 √
β
q

n
v
q (Z

T
u
q )

TQ
.

(121)

N
ex

t
n

o
tice

th
at,

for
an

y
x
∈
R

,

∣∣η
(x

)−
x ∣∣≤

τ√n
.

(122)

W
ith

a
v
iew

to
em

p
loy

in
g

th
is

in
eq

u
ality,

w
e

u
se

E
q
.(119)

an
d

th
e

trian
g
le

in
eq

u
ality

:

∥∥P
E
(η

(Σ̂
))−

Σ
∥∥
o
p

=
∥∥∥ P

E (η
(Σ̂

) )−
P
E (Σ̂

)−
∆

1 −
∆

2 −
∆

T2
−
P
E (

1n
Z
T
Z
−

Ip ) ∥∥∥
o
p

(123)

≤
∥∥P

E (η
(Σ̂

)−
Σ̂
) ∥∥
o
p

+
‖∆

1 ‖
o
p

+
2‖∆

2 ‖
o
p

+
∥∥∥ P

E (
1n

Z
T
Z
−

Ip ) ∥∥∥
o
p(124)

≤
s

0 τ
√
n

+
‖∆

1 ‖
o
p

+
2‖

∆
2 ‖
o
p

+
∥∥∥ P

E (
1n

Z
T
Z
−

Ip ) ∥∥∥
o
p ,

(125)

w
h

ere
th

e
last

lin
e

follow
s

b
y

n
oticin

g
th

at
th

e
fi

rst
term

is
su

p
p

orted
on

E
of

size
s

0 ×
s

0

an
d

th
en

u
sin

g
b
ias

b
ou

n
d

E
q
.(122)

en
try

-w
ise.

W
e

n
ex

t
b

o
u

n
d

each
of

th
e

th
ree

tern
s

on
th

e
righ

t
h

an
d

sid
e.

F
or

th
e

fi
rst

term
in

E
q

(125),
n

ote
th

at
w

ith
a

ch
a
n

ge
of

b
asis

to
th

e
orth

on
orm

al
set

v
1 ,...v

r
∆

1
is

eq
u

ivalen
t

to
an

r×
r

m
atrix

w
ith

en
tries

M
q
q ′ √

β
q β
q ′,

w
h

ere
M
q
q ′

=
(〈u

q ,u
′q 〉/n

−
1
q
=
q ′ ).

D
en

ote
b
y

B
∈

R
r×
r

th
e

d
iag

on
al

m
atrix

w
ith

B
q
q

=
√
β
q

an
d

b
y

U
∈
R
r×
n
,

th
e

m
a
trix

w
ith

colu
m

n
s

u
1 ,...u

r .
T

h
en

,
w

e
h

ave,
w

ith
h

igh
p

rob
ab

ility

‖
∆

1 ‖
o
p

=
‖
B

M
B
‖
o
p

(126)

≤
‖B
‖

2o
p ‖M

‖
o
p

=
β‖

1n
U

T
U
−

Ir×
r ∥∥
o
p

(127)

≤
C
β √

rn
.

(128)

T
h

e
la

st
in

eq
u

ality
follow

s
from

th
e

B
ai-Y

in
law

on
eig

en
va

lu
es

of
W

ish
art

m
atrices

(see
V

ersh
y
n

in
,

2012,
C

orollary
5.35).

C
on

sid
er

th
e

secon
d

term
in

E
q

(125).
B

y
orth

on
orm

ality
of

v
1 ,...,v

r ,
th

e
m

atrix
∆

2

is
orth

ogo
n

a
lly

eq
u

ivalen
t

to
B

Z
TQ
U
/n

,
w

h
ere

w
e

recall
th

a
t

Z
Q

d
en

otes
th

e
su

b
m

a
trix

of
Z

form
ed

b
y

th
e

colu
m

n
s

in
Q

.
D

en
otin

g
b
y

P
U

th
e

orth
ogon

al
p

ro
jector

on
to

th
e

colu
m

n

28
JM

L
R

 17(141):1-41



S
pa

r
se

P
C

A
v
ia

C
o
v
a
r
ia

n
c
e

T
h
r
e
sh

o
l
d
in

g

sp
ac

e
of

U
,

w
e

th
en

h
av

e,
w

it
h

h
ig

h
p

ro
b

ab
il

it
y,

‖∆
2
‖ o
p
≤

1 n
‖B
‖ o
p
‖Z

T Q
P
U

U
‖ o
p

(1
2
9)

≤
β n
‖P

U
Z
Q
‖ o
p
‖U
‖ o
p

(1
3
0)

≤
C
β n

( √
s 0

+
√
r)
( √
n

+
√
r)
≤
C
β

√
s 0 n
.

(1
31

)

H
er

e
th

e
p

en
u

lt
im

at
e

in
eq

u
al

it
y

fo
ll

ow
s

b
y

L
em

m
a

11
n

ot
in

g
th

at
,

b
y

in
va

ri
a
n
ce

u
n

d
er

ro
ta

ti
on

s
(a

n
d

si
n

ce
P
U

p
ro

je
ct

on
to

a
ra

n
d

om
su

b
sp

ac
e

of
r

d
im

en
si

on
s

in
d

ep
en

d
en

t
o
f

Z
),
‖P

U
Z
Q
‖ o
p

is
d

is
tr

ib
u

te
d

as
th

e
n

or
m

of
a

m
at

ri
x

w
it

h
i.

i.
d

.
st

an
d

ar
d

n
or

m
a
l

en
tr

ie
s,

w
it

h
d

im
en

si
on

s
|Q
|×

r,
|Q
|≤

s 0
.

F
in

al
ly

,
fo

r
th

e
th

ir
d

te
rm

of
E

q
.(

12
5)

w
e

u
se

th
e

B
ai

-Y
in

la
w

of
W

is
h

a
rt

m
a
tr

ic
es

(s
ee

V
er

sh
y
n

in
,

20
12

,
C

or
ol

la
ry

5.
35

)
to

ob
ta

in
,

w
it

h
h

ig
h

p
ro

b
ab

il
it

y
:

∥ ∥ ∥P
E

( 1 n
Z
T
Z
−

I p

)∥ ∥ ∥
o
p

=
∥ ∥ ∥1 n

Z
T Q
Z
Q
−

I s
0

∥ ∥ ∥ o
p

(1
32

)

≤
C

√
s 0 n
,

(1
33

)

F
in

al
ly

,
su

b
st

it
u

ti
n

g
th

e
ab

ov
e

b
ou

n
d

s
in

E
q
.

(1
25

),
w

e
ge

t

∥ ∥ P
E
(η

(Σ̂
))
−

Σ
∥ ∥ o
p

=
τ
s 0 √
n

+
C

(1
+
β

)√
s 0 n
,

(1
34

)

w
h

ic
h

im
p
li

es
th

e
p

ro
p

os
it

io
n

.

6
.3

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

1
5

N
ot

e
th

at
C

=
C̄

+
C̄

T
w

h
er

e
C̄

=
P Q
×
Q
c

( η
(Σ̂

))
.

It
is

th
er

ef
or

e
su

ffi
ci

en
t

to
co

n
tr

o
l

C̄
,

an
d

th
en

u
se

tr
ia

n
gl

e
in

eq
u

al
it

y.
T

h
e

p
ro

of
is

si
m

il
ar

to
th

at
of

P
ro

p
os

it
io

n
1
3
.

W
e

le
t

U
∈
R
n
×
r

d
en

ot
e

th
e

m
at

ri
x

w
it

h
co

lu
m

n
s

u
1
,
u

2
,.

..
u
r
,

an
d

in
tr

o
d

u
ce

th
e

se
t

U
≡
{ U
∈
R
n
×
r

:
∥ ∥ ∥1 n

U
T
U
−

I r
×
r

∥ ∥ ∥ o
p
≤

5

√
r n

}
.

(1
35

)

W
e

th
en

h
av

e

P(
‖C̄
‖ o
p
≥

∆
) ≤

su
p

U
∈U

P(
‖C̄
‖ o
p
≥

∆
∣ ∣ U
) +

P(
U
6∈
U)

.
(1

36
)

N
ot

ic
e

th
at

,
b
y

th
e

B
ai

-Y
in

la
w

on
ei

ge
n
va

lu
es

of
W

is
h

ar
t

m
at

ri
ce

s
(s

ee
V

er
sh

y
n

in
,

2
01

2,
C

or
ol

la
ry

5.
35

),
li

m
n
→
∞
P(

U
∈
U)

=
1

(t
h

ro
u

gh
ou

t
r
<
c
n

fo
r
c

a
sm

al
l

co
n

st
a
n
t)

.
It

is
th

er
ef

or
e

su
ffi

ci
en

t
to

sh
ow

su
p
U
∈U

P(
‖C̄
‖ o
p
≥

∆
∣ ∣ U
) →

0
fo

r
∆

as
in

th
e

st
a
te

m
en

t
of

th
e

th
eo

re
m

.
In

or
d

er
to

li
gh

te
n

th
e

n
ot

at
io

n
,

w
e

w
il

l
w

ri
te

P̃(
·)
≡

P(
·|U

)
an

d
b

ou
n

d
th

e
a
b

ov
e

p
ro

b
ab

il
it

y
u

n
if

or
m

ly
ov

er
U
∈
U.

(I
n

ot
h

er
w

or
d

s
P̃

d
en

ot
es

ex
p

ec
ta

ti
o
n

ov
er

Z
w

it
h

U
fi

x
ed

).
W

e
fi

rs
t

co
n
tr

ol
th

e
n

or
m

s
of

sm
al

l
su

b
m

at
ri

ce
s

of
C̄

,
fo

ll
ow

in
g

w
h

ic
h

w
e

co
n
tr

o
l

th
e

fu
ll

m
at

ri
x
.

29
JM

L
R

 1
7(

14
1)

:1
-4

1

D
e
sh

pa
n
d
e

a
n
d

M
o
n
t
a
n
a
r
i

L
e
m

m
a

2
2

F
ix

a
n
A
∈

[1
,p

1
/
3
],

a
n

d
le

t
L

=
√

((
β
∨

1)
n

+
p
)/
n

2
.

T
h
en

,
th

er
e

ex
is

ts
a
n

a
bs

o
lu

te
co

n
st

a
n

t
C
>

0
su

ch
th

a
t,

fo
r

a
n

y
∆
>

0
:

P̃{
m

a
x

Q
c
⊇
S

:|S
|≤
p
/A
‖P

Q
×
S

( η
(Σ̂

))
‖ o
p
≥

∆
}
≤
C

ex
p
( C

s 0
+
p

lo
g
(C
A

)

A
−

∆
2

C
L

2

)

+
L
−

2
(n
p
)C

ex
p

(−
n
/
C

).
(1

37
)

P
ro

o
f

L
et

,
as

b
ef

o
re

,
T
ε p
(S

)
d

en
ot

e
th

e
ε-

n
et

o
f

u
n

it
ve

ct
o
rs

su
p

p
o
rt

ed
on

S
⊂

Q
c

o
f

si
ze

at
m

os
t
p
/A

an
d

le
t
T

=
∪ S
T
ε p
(S

).
T

h
en

,
b
y

L
em

m
a

8,
w

it
h
ε

=
1/

4
:

P̃{
m

ax
S
⊆
Q
c
|S
|≤
p
/A

∥ ∥ P
Q
×
S

( η
(Σ̂

))
∥ ∥ o
p
≥

∆
}
≤

P̃{
m

a
x

y
∈T

,w
∈T

ε s
0

〈w
,C̄

y
〉≥

∆
(1
−

2ε
)/

2
} .

(1
38

)

It
n

ow
su

ffi
ce

s
to

co
n
tr

o
l

th
e

ri
g
h
t

h
a
n

d
si

d
e

v
ia

L
em

m
a

9
.

W
e

fi
rs

t
co

m
p

u
te

th
e

gr
a
d

ie
n
ts

w
it

h
re

sp
ec

t
to

z̃
`

as
b

ef
o
re

:

∇
z̃
`
〈w
,C̄

y
〉=

{
w
` n

∑
i∈

Q
c
y i
∂
η
(〈

x̃
`,

z̃
i〉/
n

)z̃
j

w
h

en
`
∈
Q
,.

y
` n

∑
i∈

Q
w
i∂
η
(〈

z̃
`,

x̃
i〉/
n

)x̃
i

w
h

en
`
∈
Q
c
,

(1
39

)

T
h

er
ef

or
e,

a
rg

u
in

g
a
s

in
p

ro
o
f

of
P

ro
p

os
it

io
n

1
3

(s
ee

L
em

m
a

2
0)

:

‖∇
Z
〈w
,C̄

y
〉‖

2 F
=
∑ `

‖∇
z̃
`
〈w
,C̄

y
〉‖

2
≤
‖Z
‖2

+
‖X

Q
‖2

n
2

.
(1

40
)

L
et

B
∈
R
r
×
r

b
e

th
e

d
ia

g
o
n

a
l
m

a
tr

ix
w

it
h

en
tr

ie
s
B
q
,q

=
√
β
q
,

a
n

d
V
∈
R
p
×
r

b
e

th
e

m
a
tr

ix
w

it
h

co
lu

m
n

s
v

1
,.
..
,v

r
.

W
e

th
en

h
av

e
X

=
U

B
V

T
+

Z
,

w
h

en
ce

,
re

ca
ll

in
g

U
∈
U,

a
n

d
r
≤
c
n

w
it

h
c

sm
a
ll

en
o
u

g
h ‖X

Q
‖
≤
‖X
‖
≤
‖U

B
V

T
‖+
‖Z
‖

(1
41

)

≤
√
β
‖U
‖+
‖Z
‖
≤

5
√
β
n

+
‖Z
‖.

(1
42

)

C
on

si
d

er
th

e
go

o
d

se
t
G 4

of
p

a
ir

s
( Z
,Z
′)

sa
ti

sf
y
in

g
:

m
a
x
(‖

Z
‖,
‖Z
′ ‖)
≤
√

2
n

+
√

2
p
,

(1
43

)

m
a
x
(‖

Z
Q
‖,
‖Z
′ Q
‖)
≤
√

2
n

+
√

2
k
.

(1
44

)

F
o
r
( (Z

,Z
′)
∈
G 4

,
an

d
t
∈

[0
,1

],
d

efi
n

e
Z

(t
)

=
√
tZ

+
√

1
−
tZ
′ .

N
ow

U
si

n
g

E
q
s.

(1
4
0
)

an
d

(1
42

,
th

e
g
ra

d
ie

n
t
∇
〈w
,C̄

y
〉e

va
lu

at
ed

a
t

Z
(t

)
sa

ti
sfi

es
:

‖∇
〈w
,C̄

y
〉‖

2
≤

3
‖Z

(t
)‖

2
+

1
0
β
n

n
2

(1
45

)

≤
C

(n
+
p
)

+
β
n

n
2

(1
46

)

≤
C

(β
∨

1
)n

+
p

n
2

.
(1

47
)

30
JM

L
R

 1
7(

14
1)

:1
-4

1



S
pa

r
se

P
C

A
v
ia

C
o
v
a
r
ia

n
c
e

T
h
r
e
sh

o
l
d
in

g

N
ow

ap
p
ly

in
g

C
oro

lla
ry

1
0,

for
L

=
C
√

((β
∨

1
)n

+
p
)/
n

2:

P̃ {
m

a
x

S⊆
Q
c|S|≤

p
/A ∥∥P

Q
×
S (η

(Σ̂
) ) ∥∥

o
p ≥

∆
}
≤
C
|T|

ex
p (
−

∆
2

C
L

2 )

+
C
L
−

2Ẽ{m
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e.
T

h
e

p
re

va
le

n
ce

of
im

ag
e

ta
gs

al
lo

w
s

se
a
rc

h
en

gi
n
es

to
q
u
ic

k
ly

p
ro

d
u
ce

a
se

t
o
f

im
ag

es
th

a
t

h
av

e
so

m
e

co
rr

es
p
o
n
d
en

ce
to

an
y

p
a
rt

ic
u
la

r
ca

te
go

ry
.

Im
ag

eN
et

(B
er

g
et

a
l.
,
20

12
),

fo
r

ex
a
m

p
le

,
h
as

m
ad

e
u
se

of
th

es
e

se
a
rc

h
re

su
lt

s
in

co
m

b
in

a
ti

on
w

it
h

m
an

u
al

o
u
tl

ie
r

d
et

ec
ti

on
to

p
ro

d
u
ce

a
la

rg
e

cl
as

si
fi
ca

ti
o
n

d
at

a
se

t
co

m
p
ri

se
d

o
f

ov
er

2
0
,0

0
0

ca
te

go
ri

es
.

W
h
il
e

th
is

d
at

a
ca

n
b
e

e↵
ec

ti
ve

ly
u
se

d
to

tr
a
in

o
b
je

ct
cl

as
si

fi
er

m
o
d
el

s,
it

la
ck

s
th

e
su

p
er

v
is

ed
a
n
n
ot

a
ti

on
s

n
ee

d
ed

to
tr

ai
n

st
at

e-
o
f-
th

e-
a
rt

d
et

ec
to

rs
.

P
re

v
io

u
s

m
et

h
o
d
s

em
p
lo

y
va

ry
in

g
co

m
b
in

a
ti

o
n
s

of
w

ea
k

an
d

st
ro

n
g

la
b
el

s
o
f
th

e
sa

m
e

ob
je

ct
ca

te
go

ry
to

le
ar

n
a

d
et

ec
to

r.
S
u
ch

m
et

h
o
d
s

se
ld

o
m

ex
p
lo

it
av

ai
la

b
le

st
ro

n
g
-l
a
b
el

ed
d
a
ta

of
d
i↵

er
en

t,
au

x
il
ia

ry
ca

te
go

ri
es

,
d
es

p
it

e
th

e
fa

ct
th

at
su

ch
d
a
ta

is
ve

ry
o
ft

en
av

ai
la

b
le

in
m

an
y

p
ra

ct
ic

a
l

sc
en

a
ri

o
s.

D
es

el
a
er

s
et

a
l.

(2
0
1
2
)

u
se

s
a
u
x
il
ia

ry
d
a
ta

to
le

a
rn

ge
n
er

ic
ob

je
ct

n
es

s
in

fo
rm

at
io

n
ju

st
a
s
a
n

in
it

ia
l
st

ep
,
b
u
t
d
o
es

n
’t

o
p
ti

m
iz

e
jo

in
tl

y
fo

r
w

ea
k
ly

la
b
el

ed
d
a
ta

. W
e

in
tr

o
d
u
ce

a
n
ew

m
o
d
el

fo
r

la
rg

e-
sc

a
le

le
a
rn

in
g

of
d
et

ec
to

rs
th

at
ca

n
jo

in
tl

y
ex

p
lo

it
w

ea
k

an
d

st
ro

n
g

la
b
el

s,
p
er

fo
rm

in
fe

re
n
ce

ov
er

la
te

n
t

re
g
io

n
s

in
w

ea
k
ly

la
b
el

ed
tr

a
in

in
g

ex
a
m

p
le

s,
an

d
ca

n
tr

a
n
sf

er
re

p
re

se
n
ta

ti
o
n
s

le
ar

n
ed

fr
o
m

re
la

te
d

ta
sk

s
(s

ee
F
ig

u
re

1)
.

In
p
ra

ct
ic

a
l

se
tt

in
gs

,
su

ch
a
s

le
a
rn

in
g

v
is

u
al

d
et

ec
to

r
m

o
d
el

s
fo

r
al

l
av

a
il
a
b
le

Im
a
ge

N
et

ca
t-

eg
o
ri

es
,

or
fo

r
le

a
rn

in
g

d
et

ec
to

r
v
er

si
o
n
s

of
ot

h
er

d
efi

n
ed

ca
te

g
or

ie
s

su
ch

a
s

S
en

ti
b
an

k
’s

ad
je

ct
iv

e-
n
o
u
n
-p

h
ra

se
m

o
d
el

s
(B

or
th

et
a
l.
,
2
0
1
3)

,
o
u
r

m
o
d
el

m
a
ke

s
g
re

a
te

r
u
se

o
f
av

a
il
a
b
le

d
a
ta

a
n
d

la
b
el

s
th

an
p
re

v
io

u
s

a
p
p
ro

a
ch

es
.

O
u
r

m
et

h
o
d

ta
ke

s
a
d
va

n
ta

g
e

o
f

su
ch

d
at

a
b
y

2
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L
a
r
g
e

S
c
a
l
e

V
isu

a
l

R
e
c
o
g
n
it

io
n

t
h
r
o
u
g
h

A
d
a
p
t
a
t
io

n

person'

bike'

?"

person'

bike'

person'

bike'

?"?"

Categories with Weak 
and Strong Labels

Categories with  
only Weak labels

dog
dog

person
bike

Category invariant  
representation adaptation

Category specific 
representation and 
m

odel adaptation

O
bject-centric im

ages 
(trains classifiers)

O
bjects in scenes 

(trains classification+localization)

F
ig

u
re

1
:

W
e

lea
rn

d
etecto

rs
(m

o
d
els

w
h
ich

cla
ssify

a
n
d

lo
ca

lize)
fo

r
ca

teg
ories

w
ith

on
ly

w
eak

lab
els

(bo
tto

m
ro

w
).

W
e

u
se

a
u
x
ilia

ry
ca

teg
o
ries

w
ith

ava
ila

b
le

p
a
ired

stro
n
g

a
n
d

w
eak

a
n
n
ota

tion
s

(to
p

ro
w

)
to

learn
to

a
d
a
p
t

a
v
isu

a
l

rep
resen

tatio
n

fro
m

w
h
o
le

im
a
ge

cla
ssifi

catio
n

to
lo

calized
regio

n
d
etectio

n
.

W
e

th
en

u
se

th
e

ad
ap

ted
rep

resen
tatio

n
to

tra
n
sfo

rm
th

e
cla

ssifi
ers

tra
in

ed
for

th
e

ca
teg

o
ries

w
ith

o
n
ly

w
ea

k
lab

els
a
n
d

jo
in

tly
so

lv
e

a
n

M
IL

p
rob

lem
to

m
in

e
lo

ca
lized

tra
in

in
g

d
a
ta

from
th

e
w

ea
k
ly

la
b
eled

scen
e-cen

tric
tra

in
in

g
d
ata

(green
–

bo
tto

m
righ

t).

u
sin

g
th

e
au

x
ilia

ry
stron

g
lab

els
to

im
p
rove

th
e

fea
tu

re
rep

resen
tatio

n
fo

r
d
etection

ta
sk

s,
a
n
d

u
ses

th
e

im
p
roved

rep
resen

ta
tio

n
to

lea
rn

a
stron

g
er

d
etecto

r
fro

m
w

ea
k

lab
els

in
a

d
eep

arch
itectu

re.

W
e

cast
th

e
task

a
s

a
d
o
m

a
in

a
d
a
p
ta

tio
n

p
rob

lem
,

co
n
sid

erin
g

th
e

d
ata

u
sed

to
tra

in
cla

ssifi
ers

(im
a
g
es

w
ith

ca
tego

ry
lab

els)
as

o
u
r

so
u
rce

d
om

ain
,
a
n
d

th
e

d
a
ta

u
sed

to
tra

in
d
etecto

rs
(im

a
ges

w
ith

b
o
u
n
d
in

g
b
ox

es
a
n
d

ca
tego

ry
lab

els)
a
s

o
u
r

ta
rg

et
d
om

ain
.

W
e

th
en

seek
to

fi
n
d

a
gen

era
l

tran
sform

atio
n

fro
m

th
e

so
u
rce

d
o
m

ain
to

th
e

ta
rg

et
d
o
m

a
in

,
th

at
ca

n
b
e

ap
p
lied

to
a
n
y

im
ag

e
cla

ssifi
er

to
ad

a
p
t

it
in

to
a

ob
ject

d
etecto

r
(see

F
ig

u
re

1
).

R
-C

N
N

(G
irsh

ick
et

al.,
2
01

4)
d
em

o
n
stra

ted
th

a
t

a
d
a
p
ta

tio
n
,
in

th
e

fo
rm

o
f
fi
n
e-tu

n
in

g
,
is

very
im

p
o
rta

n
t

fo
r

tra
n
sferrin

g
d
eep

fea
tu

res
fro

m
cla

ssifi
ca

tio
n

to
d
etection

a
n
d

p
a
rtia

lly
in

sp
ired

ou
r

a
p
p
ro

ach
.

H
ow

ever,
th

e
R

-C
N

N
a
lg

orith
m

u
ses

cla
ssifi

ca
tio

n
d
a
ta

o
n
ly

to
p
re-

tra
in

a
d
eep

n
etw

ork
an

d
th

en
req

u
ires

a
larg

e
n
u
m

b
er

o
f

b
o
u
n
d
in

g
b
ox

es
to

tra
in

ea
ch

d
etectio

n
categ

ory.

T
o

lea
rn

d
etectors,

w
e

ex
p
lo

it
w

ea
k
ly

lab
eled

d
a
ta

fo
r

a
con

cep
t,

in
clu

d
in

g
b
o
th

o
b
ject-

cen
tric

im
a
ges

(e.g
.,

from
Im

a
g
eN

et
classifi

ca
tion

tra
in

in
g

d
ata),

a
n
d

w
ea

k
ly

la
b
eled

scen
e-

cen
tric

im
a
gery

(e.g.,
fro

m
P
A

S
C

A
L

o
r

Im
ag

eN
et

d
etection

tra
in

in
g

d
a
ta

w
ith

b
o
u
n
d
in

g
b
ox

m
eta

d
a
ta

rem
oved

).
W

e
d
efi

n
e

a
n
ovel

m
u
ltip

le
in

sta
n
ce

learn
in

g
(M

IL
)

fra
m

ew
o
rk

th
a
t

in
clu

d
es

b
ag

s
d
efi

n
ed

o
n

b
o
th

ty
p
es

o
f
d
a
ta

,
an

d
a
lso

jo
in

tly
o
p
tim

izes
a
n

u
n
d
erly

in
g

p
ercep

tu
al

rep
resen

tatio
n

u
sin

g
stro

n
g

d
etectio

n
la

b
els

from
related

ca
teg

o
ries.

W
e

d
em

on
-

stra
te

th
at

a
go

o
d

p
ercep

tu
a
l
rep

resen
ta

tio
n

fo
r

d
etectio

n
ta

sk
s

ca
n

b
e

learn
ed

fro
m

a
set

o
f
p
aired

w
eak

a
n
d

stron
g

la
b
eled

ex
a
m

p
les

a
n
d

th
e

resu
ltin

g
ad

a
p
tatio

n
ca

n
b
e

tra
n
sferred

to
n
ew

ca
tego

ries,
even

th
o
se

for
w

h
ich

n
o

stro
n
g

lab
els

w
ere

ava
ila

b
le.
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H
o
f
f
m
a
n
,
P
a
t
h
a
k
,
T

z
e
n
g
,
L
o
n
g
,
G

u
a
d
a
r
r
a
m
a
,
D

a
r
r
e
l
l
,
a
n
d

S
a
e
n
k
o

W
e

a
d
d
ition

ally
sh

ow
th

at
ou

r
large-scale

d
etection

m
o
d
els

can
b
e

d
irectly

con
verted

in
to

m
o
d
els

w
h
ich

p
ro

d
u
ce

p
ix

el-lev
el

lo
calization

for
each

ca
tegory.

F
ollow

in
g

th
e

recen
t

resu
lt

of
L
on

g
et

al.
(2015),

w
e

ru
n

ou
r

m
o
d
els

fu
lly

-con
vo

lu
tio

n
ally

an
d

d
irectly

u
se

th
e

lea
rn

ed
d
etection

w
eigh

ts
to

p
red

ict
p
er-p

ix
el

lab
els.

W
e

evalu
ate

ou
r

d
etection

m
o
d
el

em
p
irically

on
th

e
largest

set
of

availa
b
le

grou
n
d
-tru

th
v
isu

a
l
d
ata

la
b
eled

w
ith

b
ou

n
d
in

g
b
ox

an
n
otation

s,
th

e
IL

S
V

R
C

13
d
etection

d
ata

set.
O

u
r

m
eth

o
d

ou
tp

erform
s

th
e

p
rev

iou
s

b
est

M
IL

-b
ased

ap
p
roach

es
for

w
eak

ly
lab

eled
d
etector

lea
rn

in
g

(W
a
n
g

et
al.,

2014)
on

IL
S
V

R
C

13
(R

u
ssakov

sk
y

et
al.,

2
014)

b
y

200
%

.
O

u
r

m
o
d
el

is
d
irectly

a
p
p
lica

b
le

to
learn

in
g

im
p
roved

“d
etectors

in
th

e
w

ild
”
,
in

clu
d
in

g
categories

in
Im

a
geN

et
b
u
t

n
ot

in
th

e
IL

S
V

R
C

13
d
etection

d
ataset,

o
r

ca
tegories

d
efi

n
ed

ad
-h

o
c

for
a

p
a
rticu

la
r

u
ser

or
task

w
ith

ju
st

a
few

train
in

g
ex

am
p
les

to
fi
n
e-tu

n
e

a
n
ew

cla
ssifi

cation
m

o
d
el.

S
u
ch

m
o
d
els

can
b
e

p
rom

oted
to

d
etecto

rs
w

ith
n
o

(or
few

)
lab

eled
b
ou

n
d
in

g
b
ox

es.

T
h
e

article
b
u
ild

s
on

tw
o

con
feren

ce
p
u
b
lication

s.
T

h
e

gen
eric

featu
re

ad
ap

tation
for

tra
n
sform

in
g

a
classifi

er
in

to
a

d
etector

w
as

fi
rst

p
resen

ted
in

H
o↵

m
a
n

et
al.

(2014).
H

o↵
m

a
n

et
a
l.

(201
5)

p
resen

ted
a

fu
rth

er
category

sp
ecifi

c
d
etector

an
d

rep
resen

tation
refi

n
em

en
t

w
ith

m
in

ed
lo

calization
lab

els.
In

th
is

w
ork

,
w

e
p
resen

t
an

d
com

p
are

th
e

tw
o

w
ork

s
an

d
ad

-
d
itio

n
ally

p
resen

t
a

n
ov

el
ex

ten
sion

for
fu

rth
er

p
ro

d
u
cin

g
p
er-p

ix
el

p
red

iction
s

for
a
d
ap

tin
g

to
th

e
sem

an
tic

segm
en

tation
task

.

2
.

R
e
la

te
d

W
o
rk

S
in

ce
its

in
cep

tion
,
th

e
m

u
ltip

le
in

stan
ce

learn
in

g
(M

IL
)
p
rob

lem
(D

ietterich
et

al.,
1997

),
or

lea
rn

in
g

from
a

set
of

lab
els

th
at

sp
ecify

at
least

on
e

in
stan

ce
in

a
b
ag

of
in

stan
ces,

h
as

b
een

attem
p
ted

in
several

fram
ew

ork
s,

in
clu

d
in

g
N

oisy
-O

R
an

d
b
o
o
stin

g
(A

li
an

d
S
aen

ko,
2014;

Z
h
a
n
g

et
a
l.,

20
05).

H
ow

ever,
m

ost
com

m
on

ly,
it

h
as

b
een

fram
ed

as
a

m
ax

-m
argin

classifi
-

catio
n

p
rob

lem
(A

n
d
rew

s
et

al.,
2002),

w
ith

la
ten

t
p
aram

eters
op

tim
ized

u
sin

g
altern

atin
g

op
tim

ization
(F

elzen
szw

alb
et

al.,
2010;

Y
u

an
d

J
oach

im
s,

200
9).

R
ecen

tly,
M

IL
h
as

also
b
een

u
sed

in
com

p
u
ter

v
ision

to
train

d
etectors

u
sin

g
w

eak
lab

els,
i.e.

im
ages

w
ith

category
lab

els
b
u
t

w
ith

ou
t

b
ou

n
d
in

g
b
ox

lab
els.

T
h
e

M
IL

p
arad

igm
estim

ates
la

ten
t

lab
els

of
ex

am
p
les

in
p
ositive

train
in

g
b
ags,

w
h
ere

ea
ch

p
ositive

b
ag

is
k
n
ow

n
to

co
n
tain

at
least

on
e

p
ositive

ex
am

p
le.

F
or

ex
am

p
le,

G
allegu

illos
et

a
l.

(2
008)

an
d

A
li

a
n
d

S
aen

k
o

(2014)
con

stru
ct

p
ositive

b
ags

from
all

ob
ject

p
rop

osa
l
regio

n
s

in
a

w
eak

ly
la

b
eled

im
ag

e
th

a
t

is
k
n
ow

n
to

con
tain

th
e

ob
ject

an
d

u
se

a
version

of
M

IL
to

learn
an

ob
ject

d
etecto

r.
O

verall,
M

IL
is

tack
led

in
tw

o
stages:

fi
rst,

fi
n
d
in

g
a

go
o
d

in
itialization

,
an

d
secon

d
,
u
sin

g
g
o
o
d

h
eu

ristics
for

op
tim

ization
.

A
n
u
m

b
er

of
m

eth
o
d
s

h
av

e
b
een

p
rop

osed
for

in
itia

liza
tion

w
h
ich

in
clu

d
e

u
sin

g
a

large
im

age
region

ex
clu

d
in

g
b
o
u
n
d
ary

(P
an

d
ey

an
d

L
azeb

n
ik

,
20

11),
u
sin

g
a

can
d
id

ate
set

w
h
ich

covers
th

e
train

in
g

d
ata

sp
ace

(S
on

g
et

al.,
20
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d
et

ec
ti

on
sc

en
ar

io
,

R
I

co
rr

es
p
on

d
s

to
th

e
se

t
of

p
os

si
b
le

b
o
u
n
d
in

g
b
ox

es
in

si
d
e

th
e

im
ag

e,
an

d
m

a
x
im

iz
in

g
ov

er
R

I
is

eq
u
iv

a
le

n
t
to

d
is

co
ve

ri
n
g

th
e

b
ou

n
d
in

g
b
ox

th
at

co
n
ta

in
s
th

e
p
os

it
iv

e
o
b
je

ct
.

W
e

d
efi

n
e

a
re

p
re

se
n
ta

ti
o
n
�
(x

i)
2

R
d

fo
r
ea

ch
in

st
an

ce
,
w

h
ic

h
is

th
e

fe
at

u
re

d
es

cr
ip

to
r

fo
r

th
e

co
rr

es
p
o
n
d
in

g
b
o
u
n
d
in

g
b
ox

,
a
n
d

fo
rm

u
la

te
th

e
M

I-
S
V

M
ob

je
ct

iv
e

as
fo

ll
ow

s:

m
in

w
2R

d

1 2
kw
k2 2

+
↵
X I

`⇣
Y

I
,m

ax
i2

R
I

w
T
�
(x

i)
⌘

(1
)

w
h
er

e
↵

is
a

h
y
p
er

-p
ar

am
et

er
a
n
d
`(

y
,ŷ

)
is

th
e

h
in

ge
lo

ss
.

In
te

re
st

in
g
ly

,
fo

r
n
eg

a
ti

ve
b
ag

s
i.
e.

Y
I

=
�

1,
th

e
k
n
ow

le
d
g
e

th
at

a
ll

in
st

a
n
ce

s
a
re

n
eg

a
ti

v
e

al
lo

w
s

u
s

to
u
n
fo

ld
th

e
m

a
x

op
er

at
io

n
in

to
a

su
m

ov
er

ea
ch

in
st

a
n
ce

.
T

h
u
s,

E
q
u
a
ti

on
(1

)
re

d
u
ce

s
to

a
st

a
n
d
a
rd

Q
P

w
it

h
re

sp
ec

t
to

w
.

F
or

th
e

ca
se

of
p
os

it
iv

e
b
a
g
s,

th
is

fo
rm

u
la

ti
o
n

re
d
u
ce

s
to

a
st

an
d
a
rd

S
V

M
if

th
e

m
ax

im
u
m

sc
o
ri

n
g

in
st

an
ce

is
k
n
ow

n
.

B
as

ed
on

th
is

id
ea

,
E

q
u
a
ti

o
n

(1
)

is
o
p
ti

m
iz

ed
u
si

n
g

a
cl

as
si

c
co

n
ca

v
e-

co
n
ve

x
p
ro

ce
-

d
u
re

(Y
u
il
le

a
n
d

R
a
n
g
a
ra

ja
n
,

20
0
3
),

w
h
ic

h
d
ec

re
a
se

s
th

e
o
b
je

ct
iv

e
va

lu
e

m
o
n
o
to

n
ic

al
ly

w
it

h
a

gu
ar

an
te

e
to

co
n
ve

rg
e

to
a

lo
ca

l
m

in
im

a
o
r

sa
d
d
le

p
oi

n
t.

D
u
e

to
th

is
re

a
so

n
,
w

ea
k
ly

tr
a
in

ed
M

IL
d
et

ec
to

rs
a
re

se
n
si

ti
ve

to
th

e
fe

a
tu

re
re

p
re

se
n
ta

ti
on

an
d

in
it

ia
l
d
et

ec
to

r
w

ei
g
h
ts

(i
.e

.
in

it
ia

li
za

ti
on

in
M

IL
)

(C
in

b
is

et
a
l.
,
2
0
14

;
S
o
n
g

et
a
l.
,
2
01

4
a
).

W
it

h
ou

r
al

g
o
ri

th
m

w
e

m
it

ig
a
te

th
es

e
se

n
si

ti
v
it

ie
s

b
y

le
ar

n
in

g
a

re
p
re

se
n
ta

ti
o
n

th
at

w
or

k
s

w
el

l
fo

r
d
et

ec
ti

o
n

a
n
d

b
y

p
ro

p
o
si

n
g

an
in

it
ia

li
za

ti
on

te
ch

n
iq

u
e

fo
r

th
e

w
ea

k
ly

tr
a
in

ed
d
et

ec
to

rs
w

h
ic

h
p
ro

ve
s

to
av

o
id

m
an

y
of

th
e

p
it

fa
ll
s

of
p
ri

or
M

IL
te

ch
n
iq

u
es

(s
ee

F
ig

7)
.

3
.

L
a
rg

e
S
ca

le
D

e
te

ct
io

n
th

ro
u
g
h

A
d
a
p
ta

ti
o
n

W
e

p
ro

p
os

e
a

le
ar

n
in

g
a
lg

o
ri

th
m

th
a
t

u
se

s
a

h
et

er
o
g
en

eo
u
s

d
at

a
so

u
rc

e,
co

n
ta

in
in

g
o
n
ly

w
ea

k
la

b
el

s
fo

r
so

m
e

ta
sk

s,
to

p
ro

d
u
ce

st
ro

n
g

v
is

u
a
l
re

co
g
n
it

io
n

m
o
d
el

s
fo

r
a
ll
.

O
u
r
a
p
p
ro

a
ch
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L
a
r
g
e

S
c
a
l
e

V
isu

a
l

R
e
c
o
g
n
it

io
n

t
h
r
o
u
g
h

A
d
a
p
t
a
t
io

n

is
to

ca
st

th
e

sh
ift

from
ta

sk
s

th
a
t

req
u
ire

w
ea

k
lab

els
to

ta
sk

s
th

a
t

req
u
ire

stron
g

la
b
els

a
s

a
d
o
m

a
in

a
d
a
p
ta

tion
p
rob

lem
.

W
e

th
en

con
sid

er
tran

sfo
rm

in
g

th
e

m
o
d
els

fo
r

th
e

w
eak

ly
la

b
eled

task
in

to
th

e
m

o
d
els

fo
r

th
e

stro
n
g
ly

la
b
eled

ta
sk

.
F
o
r

co
n
creten

ess,
w

e
w

ill
p
resen

t
o
u
r

alg
orith

m
ap

p
lied

to
th

e
sp

ecifi
c

ta
sk

sh
ift

o
f

cla
ssifi

ca
tio

n
to

d
etectio

n
,

ca
lled

L
a
rg

e
S
cale

D
etection

th
rou

gh
A

d
ap

tatio
n

(L
S
D

A
).

In
th

e
fo

llow
in

g
section

,
w

e
w

ill
ex

p
la

in
h
ow

to
sh

ift
to

a
d
i↵

eren
t

stro
n
g
ly

la
b
eled

ta
sk

o
f
sem

a
n
tic

segm
en

ta
tio

n
.

L
et

th
e

set
of

im
ag

es
w

ith
on

ly
w

ea
k

la
b
els

b
e

d
en

oted
a
s

W
an

d
th

e
set

o
f

im
a
g
es

w
ith

stro
n
g

lab
els

(b
ou

n
d
in

g
b
ox

a
n
n
o
ta

tion
s)

fro
m

au
x
ilia

ry
task

s
b
e

d
en

o
ted

asS
.

W
e

a
ssu

m
e

th
a
t

th
e

set
o
f
o
b
ject

ca
teg

o
ries

th
a
t

a
p
p
ea

r
in

th
e

w
ea

k
ly

la
b
eled

set,CW
,
d
o

n
o
t

overlap
w

ith
th

e
set

o
f

o
b
ject

catego
ries

th
a
t

ap
p
ea

r
in

th
e

stro
n
g
ly

la
b
eled

set,CS
.

F
o
r

ea
ch

im
a
g
e

in
th

e
w

ea
k
ly

lab
eled

set,
I
2

W
,

w
e

h
ave

a
n

im
ag

e-level
la

b
el

p
er

ca
teg

o
ry,

k
:

Y
kI
2

{1
,�

1}.
F
o
r

each
im

a
ge

in
th

e
stro

n
g
ly

lab
eled

set,
I
2

S
,

w
e

h
ave

a
la

b
el

p
er

ca
teg

o
ry,

k
,
p
er

reg
io

n
in

th
e

im
a
ge,

i2
R

I :
y

ki
2

{1,�
1}

.
W

e
seek

to
lea

rn
a

rep
resen

ta
tion

,
�
(·)

th
a
t

can
b
e

u
sed

to
tra

in
d
etecto

rs
fo

r
a
ll

o
b
ject

ca
teg

ories,C
=

{CW
[

CS }
.

F
o
r

a
ca

teg
o
ry

k
2

C
,

w
e

d
en

o
te

th
e

categ
o
ry

sp
ecifi

c
d
etectio

n
p
a
ra

m
eter

a
s

w
k

a
n
d

co
m

p
u
te

o
u
r

fi
n
a
l
d
etection

sco
res

p
er

reg
io

n
,
x
,
a
s

score
k (x

)
=

w
Tk
�
(x

).
W

e
p
rop

o
se

a
join

t
o
p
tim

iza
tio

n
a
lg

orith
m

w
h
ich

lea
rn

s
a

fea
tu

re
rep

resen
ta

tio
n
,
�
(·),

a
n
d

d
etection

m
o
d
el

p
aram

eters,
w

k ,
u
sin

g
th

e
co

m
b
in

a
tio

n
o
f
stro

n
g
ly

lab
eled

scen
e-cen

tric
d
ata

,S
,
w

ith
w

ea
k
ly

lab
eled

ob
ject

an
d

scen
e-cen

tric
d
ata,W

.
F
or

a
fi
x
ed

rep
resen

tatio
n
,

o
n
e

ca
n

d
irectly

train
d
etecto

rs
for

all
ca

teg
o
ries

rep
resen

ted
in

th
e

stro
n
g
ly

la
b
eled

set,
k
2

C
S
.

A
d
d
ition

ally,
fo

r
th

e
sa

m
e

fi
x
ed

rep
resen

ta
tio

n
,
w

e
rev

iew
ed

in
th

e
p
rev

io
u
s

section
tech

n
iq

u
es

to
tra

in
d
etecto

rs
for

th
e

categ
o
ries

in
th

e
w

ea
k
ly

la
b
eled

d
ata

set,
k
2

CW
.

O
u
r

in
sigh

t
is

th
a
t

th
e

k
n
ow

led
ge

from
th

e
stro

n
g

la
b
el

set
can

b
e

u
sed

to
h
elp

g
u
id

e
th

e
o
p
tim

iza
tion

for
th

e
w

ea
k

la
b
eled

set,
a
n
d

w
e

can
ex

p
licitly

a
d
a
p
t

o
u
r

rep
resen

ta
tio

n
fo

r
th

e
ca

teg
o
ries

of
in

terest
a
n
d

fo
r

th
e

gen
eric

d
etectio

n
ta

sk
.

B
elow

,
w

e
state

o
u
r

overa
ll

o
b
jective:

m
in

w
k
,�

k2C

X

k

�
(w

k )
+
↵

1 XI2W

Xp2CW
F

(Y
pI
,w

p )
+
↵

2 XI2S

Xi2
R

I Xq2CS
`(y

qi ,w
Tq
�
(x

i ))
(2)

w
h
ere

`(.)
is

th
e

cro
ss-en

tro
p
y

loss
fu

n
ctio

n
,F

is
th

e
regio

n
-b

a
sed

lo
ss

fu
n
ctio

n
over

w
eak

ca
teg

o
ries,

↵
1 ,↵

2
a
re

sca
la

r
h
y
p
er-p

a
ra

m
eters

an
d

�
(.)

is
a

reg
u
larizatio

n
ov

er
th

e
d
etecto

r
w

eig
h
ts.

W
e

u
se

co
n
volu

tio
n
a
l
n
eu

ral
n
etw

ork
s

(C
N

N
s)

to
d
efi

n
e

o
u
r

rep
resen

ta
tion

�
a
n
d

th
u
s

th
e

last
layer

w
eig

h
ts

serve
as

d
etection

w
eigh

ts
w

.
W

e
a
d
o
p
t

th
e

C
N

N
a
rch

itectu
re

o
f

K
rizh

ev
sk

y
et

al.
(2

01
2
)

(referred
to

a
s

A
lexN

et).
T

h
is

form
u
lation

is
d
i�

cu
lt

to
o
p
tim

ize
d
irectly,

so
w

e
p
ro

p
o
se

to
so

lve
th

is
o
b
jective

b
y

seq
u
en

tially
o
p
tim

izin
g

ea
sier

su
b
-p

rob
lem

s
w

h
ich

a
re

less
likely

to
d
iverg

e
(see

F
igu

re
2
).

L
ets

d
escrib

e
th

e
su

b
-p

ro
b
lem

s
fo

r
o
u
r

overa
ll

a
p
p
ro

a
ch

.
W

e
b
egin

b
y

in
itia

lizin
g

a
featu

re
rep

resen
ta

tion
�

a
n
d

th
e

d
etectio

n
w

eig
h
ts

w
u
sin

g
a
u
x
ilia

ry
w

ea
k
ly

la
b
eled

d
a
ta

(F
ig

u
re

2
:

blu
e

bo
xes).

T
h
ese

w
eig

h
ts

ca
n

b
e

u
sed

to
co

m
p
u
te

sco
res

p
er

regio
n

p
ro

p
o
sa

l
to

p
ro

d
u
ce

in
itia

l
d
etection

scores.
W

e
n
ex

t
u
se

ava
ila

b
le

stro
n
g
ly

la
b
eled

d
a
ta

fro
m

a
u
x
-

iliary
ta

sk
s

to
tran

sfer
ca

teg
ory

in
varia

n
t

in
fo

rm
a
tion

ab
o
u
t

th
e

d
etectio

n
p
ro

b
lem

.
W

e
a
cco

m
p
lish

th
is

th
ro

u
g
h

fu
rth

er
o
p
tim

izin
g

o
u
r

featu
re

rep
resen

ta
tio

n
an

d
lea

rn
in

g
g
en

eric
b
ack

g
ro

u
n
d

d
etection

w
eig

h
ts,

w
,�

,
(F

ig
u
re

2
:

red
bo

xes).
W

e
th

en
u
se

th
e

w
ell

tu
n
ed

d
e-

tectio
n

fea
tu

re
sp

ace
to

p
erfo

rm
M

IL
on

ou
r

w
ea

k
ly

la
b
eled

d
ata

to
fi
n
d

p
o
sitive

in
sta

n
ces

(F
ig

u
re

2
:
yello

w
bo

xes).
F
in

ally,
w

e
u
se

o
u
r

d
iscovered

p
o
sitive

in
sta

n
ces

tog
eth

er
w

ith
th

e
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H
o
f
f
m
a
n
,
P
a
t
h
a
k
,
T

z
e
n
g
,
L
o
n
g
,
G

u
a
d
a
r
r
a
m
a
,
D

a
r
r
e
l
l
,
a
n
d

S
a
e
n
k
o

F
igu

re
2:

O
u
r

m
eth

o
d

(L
S
D

A
)

join
tly

op
tim

izes
a

rep
resen

ta
tion

an
d

category
sp

ecifi
c

d
etectio

n
p
aram

eters
for

categories
w

ith
on

ly
w

eak
ly

lab
eled

d
a
ta.

W
e

fi
rst

learn
a

featu
re

rep
resen

ta
tion

con
d
u
cive

to
ad

ap
tation

b
y

in
itializin

g
all

p
aram

eters
w

ith
w

eak
ly

lab
eled

d
a
ta

.
W

e
th

en
collectively

refi
n
e

th
e

featu
re

sp
ace

w
ith

stron
gly

la
b
eled

d
a
ta

from
au

x
ilia

ry
task

s
to

a
d
a
p
t

th
e

category
in

varian
t

rep
resen

tation
from

classifi
cation

to
d
etection

(red
b
ox

es).
F
in

ally,
w

e
p
erform

category
sp

ecifi
c

ad
ap

tation
(green

b
ox

es)
eith

er
w

ith
ou

t
re-

tra
in

in
g

or
b
y

solv
in

g
M

IL
in

ou
r
d
etection

featu
re

sp
ace

a
n
d

u
sin

g
th

e
d
iscovered

b
ou

n
d
in

g
b
ox

es
to

fu
rth

er
refi

n
e

th
e

rep
resen

tation
an

d
d
etection

w
eigh

ts.

stro
n
gly

lab
eled

d
ata

from
au

x
iliary

task
s

to
join

tly
op

tim
ize

all
p
aram

eters
corresp

o
n
d
in

g
to

fea
tu

re
rep

resen
tation

an
d

d
etection

w
eigh

ts.
W

e
n
ow

d
escrib

e
each

o
f

th
ese

step
s

in
d
eta

il
in

th
e

follow
su

b
section

s.

3
.1

In
itia

liz
in

g
re

p
re

se
n
ta

tio
n

a
n
d

d
e
te

c
tio

n
p
a
ra

m
e
te

rs

A
s

m
en

tio
n
ed

earlier,
w

e
u
se

th
e

A
lex

N
et

arch
itectu

re
to

d
escrib

e
rep

resen
tation

�
an

d
d
etectio

n
w

eig
h
ts

w
.

S
in

ce
th

is
n
etw

ork
req

u
ires

a
large

am
ou

n
t

of
d
ata

an
d

tim
e

to
tra

in
its

ap
p
rox

im
ately

60
m

illion
p
aram

eters,
w

e
start

b
y

p
re-train

in
g

on
th

e
IL

S
V

R
C

2012
cla

ssifi
ca

tion
d
a
taset,

w
h
ich

w
e

refer
to

as
au

x
iliary

w
eak

ly
lab

eled
d
ata.

It
con

ta
in

s
1.2

m
illio

n
w

ea
k
ly

lab
eled

im
ages

of
1000

categories.
P

re-tra
in

in
g

on
th

is
d
ataset

h
as

b
een

sh
ow

n
to

b
e
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b
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rep
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f
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b
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ye

r,
ze

ro
in

it
ia

li
ze

d
,
�S

,
w

it
h

eq
u
iv

a
le

n
t

lo
ss

to
f
c S

,
a
n
d

ad
d
in

g
to

g
et

h
er

th
e

ou
tp

u
ts

of
�S

a
n
d

f
c S

.

L
et

u
s

d
efi

n
e

th
e

w
ei

g
h
ts

o
f
th

e
o
u
tp

u
t
la

ye
r

o
f
th

e
o
ri

g
in

a
l
cl

a
ss

ifi
ca

ti
o
n

n
et

w
or

k
a
s

W
c
,

an
d

th
e

w
ei

gh
ts

o
f
th

e
o
u
tp

u
t

la
ye

r
o
f
th

e
a
d
a
p
te

d
d
et

ec
ti

on
n
et

w
o
rk

as
W

d
.

W
e

k
n
ow

th
a
t

fo
r

a
ca

te
go

ry
i
2

C S
,
th

e
fi
n
al

d
et

ec
ti

o
n

w
ei

g
h
ts

sh
o
u
ld

b
e

co
m

p
u
te

d
a
s

W
d i

=
W

c i
+
�S

i.
H

ow
ev

er
,

si
n
ce

th
er

e
is

n
o

st
ro

n
g
ly

la
b
el

ed
d
a
ta

fo
r

ca
te

go
ri

es
in

C W
,

w
e

ca
n
n
o
t

d
ir

ec
tl

y
le

a
rn

a
co

rr
es

p
on

d
in

g
�W

la
ye

r
d
u
ri

n
g

fi
n
e-

tu
n
in

g
.

In
st

ea
d
,
w

e
ca

n
a
p
p
ro

x
im

a
te

th
e

fi
n
e-

tu
n
in

g
th

a
t

w
ou

ld
h
av

e
o
cc

u
rr

ed
to

f
c W

h
a
d

st
ro

n
g
ly

la
b
el

ed
d
a
ta

b
ee

n
av

ai
la

b
le

.
W

e
d
o

th
is

b
y

fi
n
d
in

g
th

e
n
ea

re
st

n
ei

g
h
b
or

s
ca

te
g
o
ri

es
in

se
t

C S
fo

r
ea

ch
ca

te
g
o
ry

in
se

t
C W

an
d

ap
p
ly

in
g

th
e

av
er

ag
e

ch
an

ge
.

W
e

a
ss

u
m

e
th

a
t

th
er

e
ar

e
ca

te
go

ri
es

in
se

t
C S

th
a
t

a
re

si
m

il
ar

to
th

o
se

in
se

t
C W

a
n
d

th
er

ef
or

e
h
av

e
si

m
il
a
r

w
ei

g
h
ts

a
n
d

si
m

il
a
r

g
ra

d
ie

n
t

d
es

ce
n
t

u
p
d
a
te

s.

H
er

e
w

e
d
efi

n
e

n
ea

re
st

n
ei

g
h
b
or

s
a
s
th

o
se

ca
te

g
o
ri

es
w

it
h

th
e

n
ea

re
st

(m
in

im
a
l
E

u
cl

id
ea

n
d
is

ta
n
ce

)
` 2

-n
or

m
a
li
ze

d
f
c 8

p
ar

am
et

er
s

in
th

e
cl

a
ss

ifi
ca

ti
o
n

n
et

w
or

k
.

T
h
is

co
rr

es
p
o
n
d
s

to
th

e
cl

a
ss

ifi
ca

ti
on

m
o
d
el

b
ei

n
g

m
o
st

si
m

il
a
r

a
n
d

h
en

ce
,

w
e

as
su

m
e,

th
e

d
et

ec
ti

o
n

m
o
d
el

sh
ou

ld
b
e

m
o
st

si
m

il
a
r.

W
e

d
en

o
te

th
e

k
th

n
ea

re
st

n
ei

g
h
b
or

in
se

t
C S

o
f

ca
te

g
or

y
j
2

C W
as

N
S
(j

,k
),

th
en

w
e

co
m

p
u
te

th
e

fi
n
a
l
o
u
tp

u
t

d
et

ec
ti

o
n

w
ei

g
h
ts

fo
r

ca
te

g
o
ri

es
in

se
t

C W
as

:

8j
2

C W
:
W

d j
=

W
c j
+

1 k

k X i=
1

�S
N

S
(j

,i
)

(5
)
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L
a
r
g
e

S
c
a
l
e

V
isu

a
l

R
e
c
o
g
n
it

io
n

t
h
r
o
u
g
h

A
d
a
p
t
a
t
io

n

T
h
u
s,

w
e

a
d
ap

t
th

e
categ

o
ry

sp
ecifi

c
p
ara

m
eters

even
w

ith
o
u
t
b
o
u
n
d
in

g
b
ox

es
for

ca
tego

ries
in

set
CW

.
In

section
5

w
e

ex
p
erim

en
t

w
ith

va
rio

u
s

va
lu

es
o
f

k
,

in
clu

d
in

g
tak

in
g

th
e

fu
ll

avera
ge:

k
=

|CS |.
W

e
w

ill
n
ow

refer
to

th
is

m
eth

o
d

as
‘L

S
D

A
rep

+
kN

N
’
in

ou
r
ex

p
erim

en
ts.

3
.3

.2
M

IL
t
r
a
in

in
g

b
a
se

d
a
d
a
p
t
a
t
io

n

T
h
e

p
rev

io
u
s

section
p
rov

id
es

a
tech

n
iq

u
e

fo
r

a
d
a
p
tin

g
th

e
ca

teg
ory

sp
ecifi

c
m

o
d
el

p
a
ra

m
-

eters
fo

r
th

e
w

eak
ly

lab
eled

ca
teg

ories
w

ith
o
u
t

a
n
y

fu
rth

er
C

N
N

tra
in

in
g
.

H
ow

ev
er,

w
e

m
ay

w
a
n
t

to
m

o
d
ify

o
u
r

rep
resen

tatio
n

a
n
d

m
o
d
el

p
a
ra

m
eters

b
y

ex
p
licitly

retra
in

in
g

w
ith

th
e

w
ea

k
ly

la
b
eled

d
a
ta.

T
o

d
o

th
is,

w
e

n
eed

to
d
iscover

lo
calizatio

n
in

form
a
tio

n
from

th
e

im
a
ge-level

la
b
els.

T
h
erefore,

w
e

w
ill

b
eg

in
b
y

so
lv

in
g

a
m

u
ltip

le
in

sta
n
ce

lea
rn

in
g

(M
IL

)
p
rob

lem
to

d
iscover

th
e

p
o
rtio

n
o
f
ea

ch
im

a
g
e

m
ost

lik
ely

corresp
o
n
d
in

g
to

th
e

w
eak

im
a
g
e-level

la
b
el.

W
ith

th
e

rep
resen

tation
,
�
,
th

a
t

h
a
s

n
ow

b
een

d
irectly

tu
n
ed

fo
r

d
etectio

n
,
w

e
fi
x

th
e

p
ara

m
eter

w
eigh

ts,
�
(·)

a
n
d

solve
fo

r
th

e
reg

ion
s

o
f

in
terest

in
ea

ch
w

ea
k

la
b
eled

im
ag

e.
T

h
is

corresp
on

d
s

to
so

lv
in

g
th

e
fo

llow
in

g
o
b
jectiv

e:

m
in

w
p

p2{CW
,b}

X

p

"
�
(w

p )
+
↵
XI2W

F
(Y

pI
,w

p ) #
(6

)

F
=

m
a
x

i2
R

I

w
Tp
�
(x

i )
(7)

N
o
te,

w
e

ca
n

d
eco

u
p
le

th
is

op
tim

iza
tio

n
p
ro

b
lem

an
d

in
d
ep

en
d
en

tly
so

lve
fo

r
each

ca
teg

o
ry

in
o
u
r

w
ea

k
ly

la
b
eled

d
a
ta

set,
p
2

CW
.

L
et’s

co
n
sid

er
a

sin
gle

ca
teg

o
ry

p
.

O
u
r

g
o
al

is
to

m
in

im
ize

th
e

lo
ss

fo
r

catego
ry

p
over

im
ag

es
I
2

W
.

W
e

w
ill

d
o

th
is

b
y

co
n
sid

erin
g

tw
o

ca
ses.

F
irst,

if
p

is
n
ot

in
th

e
w

ea
k

lab
el

set
o
f
an

im
a
ge

(Y
pI

=
�

1
),

th
en

all
reg

io
n
s

in
th

at
im

a
g
e

sh
ou

ld
b
e

co
n
sid

ered
n
ega

tive
fo

r
ca

teg
ory

p
.

S
eco

n
d
,
if

Y
pI

=
1,

th
en

w
e

p
o
sitively

la
b
el

a
reg

ion
x

i
if

it
h
a
s

th
e

h
ig

h
est

con
fi
d
en

ce
o
f

co
n
ta

in
in

g
o
b
ject

a
n
d

n
eg

a
tively

la
b
el

a
ll

o
th

er
regio

n
s.

W
e

p
erform

th
e

d
iscovery

o
f

th
is

top
regio

n
in

tw
o

step
s.

A
t

fi
rst,

w
e

n
arrow

d
ow

n
th

e
set

of
ca

n
d
id

a
te

b
o
u
n
d
in

g
b
ox

es
u
sin

g
th

e
score,

w
Tp
�
(x

i ),
from

ou
r

fi
x
ed

rep
resen

ta
tio

n
a
n
d

d
etecto

rs
fro

m
th

e
p
rev

io
u
s
op

tim
iza

tio
n

step
.

T
h
is

set
is

th
en

refi
n
ed

to
estim

a
te

th
e

m
o
st

likely
regio

n
to

co
n
ta

in
a

p
ositive

in
sta

n
ce

in
a

L
a
ten

t
S
V

M
fo

rm
u
latio

n
.

T
h
e

im
p
lem

en
ta

tion
d
etails

a
re

d
iscu

ssed
section

5
.4

.

O
u
r

fi
n
a
l

o
p
tim

izatio
n

step
is

to
u
se

th
e

d
iscovered

b
o
u
n
d
in

g
b
ox

es
fro

m
o
u
r

w
ea

k
d
ata

set
to

refi
n
e

o
u
r

d
etectors

an
d

fea
tu

re
rep

resen
tatio

n
fro

m
th

e
p
rev

io
u
s

o
p
tim

iza
tion

step
.

T
h
is

a
m

o
u
n
ts

to
th

e
su

b
seq

u
en

t
step

fo
r

m
in

im
iza

tio
n

o
f
th

e
jo

in
t

ob
jective

d
escrib

ed
in

E
q
u
a
tion

(2
).

W
e

co
llectively

u
tilize

th
e

stro
n
g

lab
els

o
f

im
a
g
es

in
S

an
d

estim
ated

b
o
u
n
d
in

g
b
ox

es
fo

r
th

e
w

ea
k
ly

la
b
eled

set,W
,
to

o
p
tim

ize
fo

r
d
etecto

r
w

eig
h
ts

a
n
d

fea
tu

re
rep

resen
ta

tio
n
,
as

follow
s:

m
in

w
k
,�

k2{C
,b}

X

k

"
�
(w

k )
+
↵

X

I2{W
[S} Xi2

R
I

`(y
ki
,w

Tk
�
(x

i )) #
(8)

T
h
is

is
ach

ieved
b
y

re-fi
n
etu

n
in

g
th

e
C

N
N

a
rch

itectu
re.

T
h
is

fi
n
a
l
m

eth
o
d

is
referred

to
a
s

‘L
S
D

A
rep

+
jo

in
t
ft’

in
o
u
r

ex
p
erim

en
ts.
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H
o
f
f
m
a
n
,
P
a
t
h
a
k
,
T

z
e
n
g
,
L
o
n
g
,
G

u
a
d
a
r
r
a
m
a
,
D

a
r
r
e
l
l
,
a
n
d

S
a
e
n
k
o

T
h
u
s,

th
e

overall
n
on

-con
v
ex

ob
jective

(2)
is

fi
rst

ap
p
rox

im
a
ted

th
rou

gh
in

itialization
in

(3
).

T
h
is

in
itialization

is
th

en
u
sed

to
solve

th
e

seq
u
en

tial
op

tim
ization

p
rob

lem
s

d
efi

n
ed

in
(4)

a
n
d

(6).
F
u
rth

er,
w

e
p
resen

t
tw

o
w

ay
s

to
solve

(6):
k
-N

N
b
ased

h
eu

ristic
ap

p
roach

in
(5)

a
n
d

M
IL

-b
ased

re-train
in

g
ap

p
roach

in
(7).

T
h
e

su
b
-p

rob
lem

d
efi

n
ed

in
(4)

d
ecreases

th
e

loss
for

stron
gly

la
b
eled

catego
ries

a
n
d

(8)
d
ecreases

th
e

loss
for

b
oth

w
eak

-stron
g

categories.
T

h
u
s,

th
is

en
su

res
th

at
th

e
overall

ob
jective

(2)
d
ecreases.

T
h
e

refi
n
ed

d
etector

w
eigh

ts
a
n
d

rep
resen

tation
can

b
e

u
sed

to
d
iscover

th
e

b
ou

n
d
in

g
b
ox

an
n
otation

s
for

w
eak

ly
lab

eled
d
ata

aga
in

,
an

d
th

is
p
ro

cess
can

b
e

iterated
over

(see
F
igu

re
2).

W
e

d
iscu

ss
re-train

in
g

strategies
an

d
evalu

ate
th

e
con

trib
u
tion

o
f
th

is
fi
n
al

op
tim

ization
step

in
S
ection

5.5.

3
.4

D
e
te

c
tio

n
w

ith
L
S
D

A
m

o
d
e
ls

W
e

n
ow

d
escrib

e
h
ow

ou
r

ad
ap

ted
n
etw

ork
is

u
sed

for
d
etection

at
test

tim
e

(d
ep

icted
in

F
igu

re
3).

F
o
r

each
test

im
age

w
e

ex
tract

region
p
rop

osals
an

d
gen

era
te

K
+

1
sco

res
p
er

reg
ion

(sim
ilar

to
th

e
R

-C
N

N
(G

irsh
ick

et
al.,

2014)
p
ip

elin
e),

on
e

score
for

each
catego

ry
an

d
a
n

a
d
d
itio

n
a
l
score

for
th

e
b
ack

grou
n
d

category.
T

h
e

score
is

gen
era

ted
b
y

p
assin

g
th

e
p
rop

erly
w

arp
ed

im
age

p
atch

th
rou

g
h

ou
r

ad
ap

ted
rep

resen
tation

layers
an

d
th

en
th

ro
u
gh

on
e

o
f

o
u
r

p
rop

o
sed

category
sp

ecifi
c

ad
ap

ted
lay

ers
(d

escrib
ed

in
th

e
p
rev

iou
s

section
s).

F
in

ally,
for

a
giv

en
region

,
th

e
score

for
category

i
is

com
p
u
ted

b
y

lin
ea

rly
com

b
in

in
g

th
e

p
er

categ
ory

score
w

ith
th

e
b
ack

grou
n
d

score:
score

i �
score

b
g .

input im
age

region 
proposals

w
arped 

region
LSD

A
 rep 

(Section 3.1)

fc
b

fcW

knn 
adapt

fcS

�S

cat: 0.90

dog: 0.45

+

bg: 0.25

fc
b

fcW

fcS

bg: 0.16

cat: 0.93

dog: 0.32

N
etw

ork 1 
LSD

A
 kN

N
  

(Section 3.2.1)

N
etw

ork 2 
LSD

A
 joint ft  

(Section 3.2.2)

……

……

produce  
predictions

cat

produce  
predictions

cat

F
igu

re
3:

D
etection

w
ith

th
e

L
S
D

A
n
etw

ork
(test

tim
e).

G
iven

an
im

age,
ex

tract
region

p
rop

osals,
resh

a
p
e

th
e

region
s

to
fi
t

in
to

th
e

n
etw

ork
size

a
n
d

p
ass

th
ro

u
g
h

o
u
r

ad
a
p
ted

n
etw

o
rk

.
U

se
th

e
a
d
ap

ted
rep

resen
tation

an
d

th
e

category
sp

ecifi
c

a
d
ap

ta
tion

eith
er

th
rou

gh
th

e
n
o

retrain
in

g
n
earest

n
eigh

b
or

m
eth

o
d

or
b
y

retrain
in

g
w

ith
ou

r
M

IL
b
ased

m
eth

o
d
.

F
in

ally
p
ro

d
u
ce

d
etection

scores
p
er

category
for

th
e

region
b
y

con
sid

erin
g

b
ack

grou
n
d

a
n
d

catego
ry

sco
res.

In
con

trast
to

th
e

R
-C

N
N

(G
irsh

ick
et

al.,
2014)

m
o
d
el

w
h
ich

train
s

S
V

M
s

on
th

e
ex

tracted
featu

res
from

lay
er

7
an

d
b
ou

n
d
in

g
b
ox

regression
on

th
e

ex
tracted

featu
res

from
layer

5,
w

e
d
irectly

u
se

th
e

fi
n
al

score
vector

to
p
ro

d
u
ce

th
e

p
red

iction
scores

w
ith

ou
t

eith
er

of
th

e
retra

in
in

g
step

s.
T

h
is

ch
oice

resu
lts

in
a

sm
all

p
erform

an
ce

loss,
b
u
t

o↵
ers

th
e

fl
ex

ib
ility

of
b
ein

g
ab

le
to

d
irectly

com
b
in

e
th

e
classifi

cation
p
ortion

o
f

th
e

n
etw

ork
th

at
h
a
s

n
o

d
etection

lab
eled

d
ata,

an
d

red
u
ces

th
e

train
in

g
tim

e
from

3
d
ay

s
to

rou
gh

ly
5.5

h
o
u
rs.
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b
ox

a
n
n
ot

a
ti

o
n
s
fo

r
2
0
0

ca
te

go
ri

es
.

T
h
e

d
a
ta

se
t
is

se
p
a
ra

te
d

in
to

th
re

e
p
ie

ce
s:

tr
a
in

,
va

l,
te

st
(s

ee
T
a
b
le

1
).

T
h
e

tr
ai

n
in

g
im

a
g
es

h
av

e
fe

w
er

o
b
je

ct
s

p
er

im
a
ge

on
an

av
er

a
g
e

th
a
n

va
li
d
a
ti

o
n

se
t

im
a
g
es

,
so

th
ey

co
n
st

it
u
te

cl
as

si
fi
ca

ti
o
n

st
y
le

d
a
ta

(H
o
↵
m

an
et

al
.,

20
1
4)

.
F
ol

lo
w

in
g

p
ri

or
w

o
rk

(G
ir

sh
ic

k
et

a
l.
,
2
01

4
),

w
e

u
se

th
e

fu
rt

h
er

se
p
ar

a
ti

on
of

th
e

va
li
d
at

io
n

se
t

in
to

va
l1

a
n
d

va
l2

.
O

ve
ra

ll
,
w

e
u
se

th
e

tr
a
in

a
n
d

va
l1

se
t

fo
r

ou
r

tr
ai

n
in

g
d
a
ta

so
u
rc

e
a
n
d

ev
a
lu

a
te

ou
r

p
er

fo
rm

an
ce

of
th

e
d
at

a
in

va
l2

.
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R
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p
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ayers
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p
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u
sin

g
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P
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)
m

A
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)

L
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eled
D

ata
W

ea
k

C
a
teg

o
ries

A
ll

C
a
teg

o
ries

N
o
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d
ap

t
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lassifi
ca

tion
N

etw
o
rk
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0.3

1
1
1
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0
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b
g
rn
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1
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1
3
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0
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b
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rn
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6
1
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2
1
9
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0
fc

b
g
rn
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7
1
4.5

7
1
9
.0

0
fc

b
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rn
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1
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4
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4
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7
1
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0
2
0
.0

0
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b
g
rn
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fc
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fc
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fcS

1
4.4

2
2
0
.4

0
fc

b
g
rn

d ,
layers

1
-7

,
fcS

1
5
.8

5
2
1
.8

3

T
ab

le
2
:

A
b
latio

n
stu

d
y

fo
r

d
i↵

eren
t

tech
n
iq

u
es

for
ca

teg
o
ry

in
d
ep

en
d
en

t
a
d
a
p
ta

tio
n

o
f
o
u
r

m
o
d
el

(L
S
D

A
rep

on
ly

).
W

e
con

sid
er

tra
in

in
g

w
ith

th
e

fi
rst

1
0
0

(a
lp

h
a
b
etica

lly
)

ca
teg

o
ries

o
f

th
e

IL
S
V

R
C

20
1
3

d
etection

valid
a
tio

n
set

(o
n

va
l1

)
an

d
rep

o
rt

m
ean

avera
g
e

p
recisio

n
(m

A
P

)
over

th
e

10
0

w
eak

ly
la

b
eled

ca
tego

ries
(o

n
va

l2
).

W
e

fi
n
d

th
e

b
est

im
p
rov

em
en

t
is

fro
m

fi
n
e-tu

n
in

g
all

layers.

5
.2

Q
u
a
n
tita

tiv
e

A
n
a
ly

sis
o
f
A

d
a
p
te

d
R

e
p
re

se
n
ta

tio
n

W
e

eva
lu

ate
th

e
im

p
o
rta

n
ce

of
ea

ch
com

p
on

en
t

o
f
o
u
r

a
lg

orith
m

th
ro

u
g
h

a
n

a
b
la

tio
n

stu
d
y.

A
s

a
b
aselin

e,
w

e
co

n
sid

er
train

in
g

th
e

n
etw

o
rk

w
ith

o
n
ly

th
e

w
ea

k
ly

la
b
eled

d
a
ta

(n
o

a
d
a
p
ta

tion
)

a
n
d

a
p
p
ly

in
g

th
e

n
etw

o
rk

to
th

e
regio

n
p
rop

o
sals.

In
T
ab

le
2
,

w
e

p
resen

t
a

d
eta

iled
a
n
a
ly

sis
o
f

th
e

d
i↵

eren
t

ca
tego

ry
in

d
ep

en
d
en

t
a
d
a
p
-

ta
tio

n
tech

n
iq

u
es

w
e

cou
ld

u
se

to
tra

in
th

e
n
etw

o
rk

.
W

e
ca

ll
th

is
m

eth
o
d

L
S
D

A
rep

o
n
ly.

W
e

fi
n
d

th
a
t

th
e

b
est

ca
teg

ory
in

varia
n
t

ad
a
p
ta

tio
n

a
p
p
ro

a
ch

is
to

lea
rn

th
e

b
a
ck

g
ro

u
n
d

ca
teg

o
ry

layer
an

d
a
d
a
p
t

all
con

vo
lu

tion
a
l
a
n
d

fu
lly

co
n
n
ected

layers,
b
rin

g
in

g
m

A
P

o
n

th
e

w
eak

ly
lab

eled
ca

tego
ries

from
1
0.3

1
%

u
p

to
1
5
.85

%
i.e.

th
is

a
ch

ieves
a

54
%

rela
tiv

e
m

A
P

b
o
o
st

ov
er

th
e

cla
ssifi

ca
tio

n
on

ly
n
etw

o
rk

.
W

e
la

ter
o
b
serve

th
a
t
th

e
m

o
st

im
p
orta

n
t
step

o
f

o
u
r

a
lg

o
rith

m
p
roved

to
b
e

a
d
a
p
tin

g
th

e
fea

tu
re

rep
resen

ta
tio

n
,
w

h
ile

th
e

lea
st

im
p
orta

n
t

w
as

a
d
ap

tin
g

th
e

ca
tego

ry
sp

ecifi
c

p
ara

m
eter.

T
h
is

fi
ts

w
ith

o
u
r

in
tu

itio
n

th
a
t

th
e

m
a
in

b
en

efi
t

o
f

ou
r

ap
p
ro

a
ch

is
to

tran
sfer

categ
o
ry

in
varian

t
in

fo
rm

a
tio

n
fro

m
catego

ries
w

ith
k
n
ow

n
b
ou

n
d
in

g
b
ox

a
n
n
otatio

n
to

th
o
se

w
ith

o
u
t

th
e

b
o
u
n
d
in

g
b
ox

a
n
n
o
ta

tion
s.

W
e

fi
n
d

th
a
t

on
e

o
f
th

e
b
igg

est
reaso

n
s

o
u
r

a
lgo

rith
m

im
p
roves

is
fro

m
red

u
cin

g
lo

cal-
iza

tio
n

error.
F
or

ex
am

p
le,

in
F
igu

re
4,

w
e

sh
ow

th
at

w
h
ile

th
e

cla
ssifi

ca
tio

n
on

ly
tra

in
ed

n
et

ten
d
s

to
fo

cu
s

on
th

e
m

o
st

d
iscrim

in
a
tive

p
art

o
f
a
n

o
b
ject

(ex
:

face
o
f
a
n

an
im

al)
a
fter

o
u
r

a
d
ap

ta
tio

n
,
w

e
lea

rn
to

lo
calize

th
e

w
h
o
le

o
b
ject

(ex
:

en
tire

b
o
d
y

o
f
th

e
a
n
im

a
l).

5
.3

E
rro

r
A

n
a
ly

sis
o
n

W
e
a
k
ly

L
a
b
e
le

d
C

a
te

g
o
rie

s

W
e

n
ex

t
p
resen

t
a
n

a
n
a
ly

sis
o
f

th
e

ty
p
es

o
f

errors
th

a
t

o
u
r

sy
stem

(L
S
D

A
)

m
a
kes

o
n

th
e

w
eak

ly
la

b
eled

o
b
ject

ca
teg

ories.
F
irst,

in
F
ig

u
re

5
,
w

e
co

n
sid

er
th

ree
ty

p
es

o
f
fa

lse
p
o
sitiv

e
erro

rs:
L
o
c

(lo
calizatio

n
errors),

B
G

(con
fu

sion
w

ith
b
a
ck

gro
u
n
d
),

an
d

O
th

(o
th

er
erro

r
ty

p
es,

w
h
ich

is
essen

tially
co

rrectly
lo

calizin
g

an
o
b
ject,

b
u
t

m
iscla

ssify
in

g
it).

A
fter

sep
a
-

ra
tin

g
a
ll

fa
lse

p
ositives

in
to

on
e

of
th

ese
th

ree
erro

r
ty

p
es

w
e

v
isu

a
lly

sh
ow

th
e

p
ercen

ta
ge
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H
o
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f
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,
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e
n
g
,
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n
g
,
G

u
a
d
a
r
r
a
m
a
,
D

a
r
r
e
l
l
,
a
n
d

S
a
e
n
k
o

F
igu

re
4:

W
e

sh
ow

ex
am

p
le

d
etection

s
o
n

w
eak

ly
lab

eled
categories,

for
w

h
ich

w
e

h
ave

n
o

d
e
te

c
tio

n
tra

in
in

g
d
a
ta

,
w

h
ere

L
S
D

A
(sh

ow
n

w
ith

green
b
ox

)
correctly

lo
calizes

an
d

la
b
els

th
e

ob
ject

of
in

terest,
w

h
ile

th
e

classifi
cation

n
etw

o
rk

b
aselin

e
(sh

ow
n

in
red

)
in

correctly
lo

calizes
th

e
ob

ject.
T

h
is

d
em

on
strates

th
at

ou
r

algorith
m

learn
s

to
ad

ap
t

th
e

cla
ssifi

er
in

to
a

d
etector

w
h
ich

is
sen

sitiv
e

to
lo

calization
an

d
b
ack

grou
n
d

rejection
.

of
errors

fou
n
d

in
each

ty
p
e

as
you

lo
ok

at
th

e
top

scorin
g

25-3200
false

p
ositives. 1

W
e

con
-

sid
er

th
e

b
aselin

e
of

startin
g

w
ith

th
e

classifi
cation

on
ly

n
etw

ork
an

d
sh

ow
th

e
false

p
ositive

b
reak

d
ow

n
in

F
ig

u
re

5a.
N

ote
th

at
th

e
m

a
jority

of
false

p
ositive

errors
a
re

con
fu

sion
w

ith
b
a
ck

gro
u
n
d

an
d

lo
calization

errors.
In

con
trast,

after
ad

a
p
tin

g
th

e
n
etw

ork
u
sin

g
L
S
D

A
w

e
fi
n
d

th
at

th
e

errors
fou

n
d

in
th

e
top

false
p
ositiv

es
are

far
less

d
u
e

to
lo

calization
a
n
d

b
a
ck

gro
u
n
d

con
fu

sion
(see

F
igu

re
5b

).
A

rgu
ab

ly
on

e
of

th
e

b
ig

gest
d
i↵

eren
ces

b
etw

een
clas-

sifi
ca

tion
a
n
d

d
etection

is
th

e
ab

ility
to

accu
rately

lo
calize

ob
jects

an
d

reject
b
ack

grou
n
d
.

T
h
erefore,

w
e

sh
ow

th
at

ou
r

m
eth

o
d

su
ccessfu

lly
ad

ap
ts

th
e

cla
ssifi

catio
n

p
aram

eters
to

b
e

m
ore

su
itab

le
for

d
etection

.
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L
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A
rep

+
k
n
n

F
igu

re
5
:

C
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p
arison
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error

ty
p
e

b
reak

d
ow

n
on

th
e

categories
w

h
ich

h
ave

n
o

train
in

g
b
o
u
n
d
in

g
b
ox

es
availab

le
(w

eak
ly

lab
eled

d
ata).

A
fter

ad
ap

tin
g

all
th

e
layers

in
th

e
n
etw

o
rk

(L
S
D

A
),

th
e

p
ercen

tage
of

false
p
ositive

errors
d
u
e

to
lo

calization
an

d
b
ack

grou
n
d

con
fu

sion
is

red
u
ced

(b
)

as
com

p
ared

to
d
irectly

u
sin

g
th

e
classifi

cation
n
etw

ork
for

d
etection

(a).

1
.

W
e

m
o
d
ifi

ed
th

e
a
n
a
ly

sis
so

ftw
a
re

m
a
d
e

ava
ila

b
le

b
y

H
o
eim

et
a
l.

(2
0
1
2
)

to
w

o
rk

o
n
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S
V

R
C
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0
1
3

d
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p
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r
ty

p
es
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r
L
S
D

A
o
n
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e

w
ea

k
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b
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d
at
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T

h
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m
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n
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e

d
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r
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ze

s
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co

rr
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t
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ct
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p
e.

F
or

ex
a
m

p
le

,
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e
m

ot
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e
d
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to

r
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d
an

d
m
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b
el
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b
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y
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e
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d
th

e
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m
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d
et
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r
lo
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d
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d
m
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la

b
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an
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ge

n
er

al
,
w

e
n
ot

ic
ed

th
at

m
an

y
of

th
e

to
p

fa
ls

e
p
os

it
iv

es
fr

o
m

th
e

O
th

er
ro

r
ty

p
e

w
er

e
co

n
fu

si
on

w
it

h
ve

ry
si

m
il
ar

ca
te

go
ri

es
.

T
h
is

is
d
is

cu
ss

ed
in

d
et

ai
l

in
n
ex

t
su

b
se

ct
io

n
.

m
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ro
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.0
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00

m
ic
ro
ph

on
e

m
in

is
ki

rt 
(s

im
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=0

.0
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 1
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00
m
in
is
ki
rt

m
ot

or
cy

cl
e 

(s
im
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.0

0 
 1
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00

m
ot
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): 
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00

m
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il 
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op
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0 
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−r
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m
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.0
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m
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F
ig

u
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6:
E

x
am

p
le

s
of

th
e

to
p

sc
or

in
g

fa
ls

e
p
os

it
iv

es
fr

om
ou

r
L
S
D

A
re

p
+

k
n
n

n
et

w
o
rk

.
M

an
y

of
ou

r
to

p
sc

or
in

g
fa

ls
e

p
os

it
iv

es
co

m
e

fr
om

co
n
fu

si
on

w
it

h
ot

h
er

ca
te

g
o
ri

es
.

5
.4

A
n
a
ly

si
s

o
f
D

is
c
o
v
e
re

d
B

o
x
e
s

W
e

n
ow

an
al

y
ze

th
e

q
u
al

it
y

of
b
ox

es
d
is

co
v
er

ed
u
si

n
g

ad
ap

ta
ti

on
of

al
l

la
ye

rs
in

cl
u
d
in

g
th

e
b
ac

k
gr

ou
n
d

cl
as

s.
O

n
e

of
th

e
ke

y
co

m
p
on

en
ts

of
ou

r
sy

st
em

is
u
si

n
g

st
ro

n
g

la
b
el

s
fr

om
au

x
il
ia

ry
ta

sk
s

to
le

ar
n

a
re

p
re

se
n
ta

ti
on

w
h
er

e
it

’s
p
os

si
b
le

to
d
is

co
ve

r
b
o
u
n
d
in

g
b
ox

es
th

at
co

rr
es

p
on

d
to

th
e

ob
je

ct
s

of
in

te
re

st
in

ou
r

w
ea

k
ly

la
b
el

ed
d
a
ta

so
u
rc

e.
W

e
b
eg

in
ou

r
an

al
y
si

s
b
y

st
u
d
y
in

g
th

e
b
ou

n
d
in

g
b
ox

d
is

co
ve

ry
th

at
ou

r
fe

at
u
re

sp
ac

e
en

a
b
le

s,
u
si

n
g

se
le

ct
iv

e
se

ar
ch

(U
ij
li
n
gs

et
al
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ria
b

le,
su

ch
as

tim
e,

w
e

m
ay

reso
rt

to
th

e
m

o
d

el
o
f

fu
n

ctio
n

a
l

d
ata

(see,
for

in
sta

n
ce,

R
am

say
a
n

d
S

ilverm
an

,
2
0
0
5;

H
orv

á
th

a
n

d
K

o
ko

szka,
20

1
2).

A
t

its
core

is
th

e
a
ssu

m
p

tio
n

th
a
t

d
a
ta

a
re

sa
m

p
le

m
easu

rem
en

ts
of

tra
jectories

o
f

sto
ch

astic
p

ro
cesses

va
lu

ed
in

su
itab

le
fu

n
ction

sp
aces.

In
th

e
fo

llow
in

g
w

e
recall

th
e

d
efi

n
itio

n
o
f

covaria
n

ce
op

erator
fo

r
fu

n
ctio

n
a
l

d
a
ta

,
a
lo

n
g

w
ith

its
m

ost
im

p
o
rta

n
t

p
ro

p
erties

(fo
r

m
o
re

d
etails

see,
e.g

.,
B

o
sq

,
2
00

0
).

L
et
X

b
e

a
sto

ch
a
stic

p
ro

cess
tak

in
g

va
lu

es
in
L

2(I
),

w
ith

I
⊂

R
a

co
m

p
a
ct

in
terva

l,
h

av
in

g
m

ean
fu

n
ctio

n
E

[X
]

=
µ

an
d

su
ch

th
a
t
E‖X

‖
2
<
∞

,
w

h
ere

w
e

d
en

o
te

b
y
‖·‖

th
e
L

2(I
)

n
o
rm

in
d

u
ced

b
y

th
e

scala
r

p
ro

d
u

ct〈·,·〉.
W

ith
ou

t
lo

ss
o
f

g
en

era
lity

w
e

can
a
ssu

m
e
µ

=
0

a
n

d
d

efi
n

e
th

e
fo

llow
in

g
cova

rian
ce

o
p

era
torC

∈
L
(L

2(I
);L

2(I
) ):

〈y
,C
x〉

=
E

[〈x
,X
〉〈y

,X
〉],

∀
x
,y
∈
L

2(I
).

(1
)

C
is

a
com

p
a
ct,

self-ad
jo

in
t,

p
o
sitive

sem
id

efi
n

ite
lin

ea
r

o
p

era
to

r
b

etw
een

L
2(I

)
a
n

d
L

2(I
).

T
h

erefore
it

ca
n

b
e

d
eco

m
p

osed
in

to
:C
=
∞∑k
=

1

λ
k
e
k ⊗

e
k ,

(2
)

w
h

ere⊗
in

d
icates

a
n

o
u

ter
p

ro
d

u
ct

in
L

2(I
),{

e
k } ∞k

=
1

is
th

e
seq

u
en

ce
o
f

o
rth

o
n

orm
a
l

eig
en

-
fu

n
ction

s,
form

in
g

a
b

asis
o
f
L

2(I
),

a
n

d
{λ

k } ∞k
=

1
is

th
e

seq
u

en
ce

o
f

eig
en

va
lu

es.
W

e
assu

m
e

th
a
t

eig
en

va
lu

es
a
re

sorted
in

d
ecrea

sin
g

o
rd

er,
so

th
a
t:

λ
1 ≥

λ
2 ≥

...≥
0
.

B
y

ex
p

ressin
g
X

w
ith

resp
ect

to
th

e
eig

en
fu

n
ctio

n
s

b
a
sis,X

=
∑
∞k
=

1
ξ
k e
k ,

it
h

o
ld

s

λ
k

=
〈e
k ,C

e
k 〉

=
E
[ξ

2k ]
,

th
u

s,
th

e
cova

ria
n

ce
o
p

erato
r

is
n
u

clea
r,

m
ea

n
in

g
th

a
t

E‖X
‖

2
=
∞∑k
=

1

λ
k

=
∞∑k
=

1 |λ
k |
<
∞
.

C
is

also
a

H
ilb

ert-S
ch

m
id

t
o
p

era
to

r
(see,

fo
r

in
sta

n
ce,

B
o
sq

,
2
0
0
0),

sin
ce

it
h

o
ld

s:

∞∑k
=

1

λ
2k
<
∞
.

(3
)
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Ie
v
a
,

P
a
g

a
n
o
n
i

a
n
d

T
a
r
a
b
e
l
l
o
n
i

W
e

eq
u

ip
th

e
sp

ace
of

H
ilb

ert-S
ch

m
id

t
op

erators
w

ith
th

e
H

ilb
ert-S

ch
m

id
t

n
orm

,
d

efi
n

ed
as

‖U‖
2S

=
∑
∞k
=

1
λ

2k ,
w

h
ere{

λ
k } ∞k

=
1

are
th

e
eigen

valu
es

ofU
.

T
h

is
is

in
d

u
ced

b
y

th
e

follow
in

g
sca

lar
p

ro
d

u
ct:

〈U
,V〉

S
=
√

T
r

(U
−
V

)
(U
−
V

) ∗,
(4)

w
h

ere
T

r(·)
d

en
otes

th
e

trace
op

erator,
an

d
U
∗

is
th

e
H

ilb
ertian

ad
join

t
o
fU

,
i.e.,

〈U
(x

),
y〉

=
〈x
,
U
∗(y

)〉
∀
x
,y
∈
L

2(I
).

T
h

e
sp

ace
of

H
ilb

ert-S
ch

m
id

t
op

erators
on

L
2(I

),
en

d
ow

ed
w

ith
th

e
scalar

p
ro

d
u

ct
(4

)
an

d
th

e
asso

ciated
n
o
rm

,
b

ecom
es

a
sep

arab
le

H
ilb

ert
sp

ace
itself.

W
ith

in
th

is
th

eoretic
fram

ew
ork

,
a

n
atu

ral
d

efi
n

ition
of

d
issim

ilarity
b

etw
een

H
ilb

ert-
S

ch
m

id
t

op
erators

(am
on

g
w

h
ich

are
covarian

ce
op

era
tors)

m
ay

b
e

th
e

H
ilb

ert-S
ch

m
id

t
d

istan
ce:

d
(U
,V

)
=
‖U
−
V‖

2S
=

∞∑k
=

1

η
2k ,

(5)

w
h

ere
{
η
k } ∞k

=
1

is
th

e
seq

u
en

ce
of

eigen
valu

es
ofU

−
V

.

3
.
C
o
v
a
ria

n
ce

-b
a
se
d

C
lu
ste

rin
g

W
e

face
n

ow
th

e
p

rob
lem

of
classify

in
g

ob
servation

s
b

elon
gin

g
to

tw
o

d
iff

eren
t

fu
n

ction
al

p
o
p

u
latio

n
s.

L
et
X

an
d
Y

b
e

sto
ch

astic
p

ro
cesses

on
L

2(I
)

gen
era

ted
b
y

th
e

law
s
P
X

an
d
P
Y

.
W

e
im

a
gin

e
to

h
av

e
a

set
of
N

d
ata

in
som

e
d

ata
set

D
(i.e.,

a
collection

of
o
b

serva
tion

s)
co

m
p

osed
in

th
e

follow
in

g
w

ay
b
y

an
eq

u
al

n
u

m
b

er
of

ob
servatio

n
s

from
tw

o
fa

m
ilies:

D
=
{
X

1 ,...,X
K
,Y

1 ,...,Y
K }

,
w

ith
K

=
N
/2

an
d

w
h
ere
{X

i }
Ki=

1
,{Y

j }
Kj=

1
are

i.i.d
a
n

d
follow

resp
ectively

P
X

an
d
P
Y

.
W

e
in

tro
d

u
ce

th
e

follow
in

g
q
u

an
tities:

µ
1

=
E

[X
i ],

C
1

=
E

[X
i ⊗

X
i ],

∀
i

=
1,...,K

,

µ
2

=
E

[Y
j ],

C
2

=
E

[Y
j ⊗

Y
j ],

∀
j

=
1,...,K

.

L
et

u
s

con
sid

er
th

e
v
ector

of
in

d
ex

es
of

u
n

its
con

stitu
tin

g
th

e
tw

o
p

op
u

latio
n

s
in
D

:

I
(0

)
=
(

I
(0

)
1

︷
︸︸

︷
1,2,...,K

,

I
(0

)
2

︷
︸︸

︷
K

+
1
,...,N

)
,

(6)

w
h

ich
is

u
n

iq
u
e,

p
rov

id
ed

w
e

d
on

’t
d

istin
gu

ish
am

on
g

p
erm

u
ta

tion
s

of
su

b
-in

tervals
I

(0
)

1
an

d

I
(0

)
2

.
In

th
e

fo
llow

in
g

w
e

sh
all

con
sid

er
recom

b
in

ation
s

of
th

ese
in

d
ex

es
in

to
tw

o
su

b
sets:

I
(i)

=
(
I

(i)
1

;
I

(i)
2

)
,

i∈
{1
,...,N

C }
,

(7)

w
h

ere
I

(i)
d

en
otes

th
e
i-th

com
b

in
ation

o
u

t
of
N
C

=
(
NK ),

h
ow

ever
en

u
m

erated
.

T
h

e
sam

p
le

estim
ators

of
m

ean
s

an
d

covarian
ce

op
erators

in
d

u
ced

b
y

th
is

su
b

d
iv

isio
n

are

d
en

o
ted

,
resp

ectively,
w

ith
µ̂

(i)
1

,
µ̂

(i)
2

an
d
Ĉ

(i)
1

,Ĉ
(i)
2

.
W

e
p

oin
t

ou
t

th
a
t,

w
h
en
i

=
0,

w
e

recov
er

th
e

estim
a
tors

of
µ

1 ,
µ

2
an

d
C

1
an

d
C

2 .
F

or
th

is
reason

w
e

ren
am

e
th

e
latter

q
u

an
tities

as
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C
o
v
a
r
ia

n
c
e

b
a
se

d
c
l
u
st

e
r
in

g
in

m
u
lt

iv
a
r
ia

t
e

a
n
d

f
u
n
c
t
io

n
a
l

d
a
t
a

a
n
a
ly

si
s

µ
(0

)
1

,
µ

(0
)

2
,

an
d
C(0

)
1

,
C(0

)
2

.

O
u

r
cl

u
st

er
in

g
m

et
h

o
d

is
b

as
ed

on
th

e
fo

ll
ow

in
g,

cr
u

ci
al

as
su

m
p

ti
on

:

A
ss

u
m

p
ti

o
n

1
W

e
a
ss

u
m

e
th

a
t

o
bs

er
va

ti
o
n

s
d
ra

w
n

fr
o
m

fa
m

il
ie

s
P
X

a
n

d
P
Y

co
n

st
it

u
ti

n
g

th
e

d
a
ta

se
t
D

m
a
y

be
d
is

ti
n

gu
is

h
ed

o
n

th
e

ba
si

s
o
f

th
ei

r
co

va
ri

a
n

ce
s,

bu
t

n
o
t

o
f

th
ei

r
m

ea
n

s,

i.
e.
µ

(0
)

1
=
µ

(0
)

2
a
n

d
C(0

)
1
6=
C(0

)
2

,
a
n

d
th

er
ef

o
re
‖µ

(0
)

1
−
µ

(0
)

2
‖

=
0

a
n

d
d
(C

(0
)

1
,C

(0
)

2
)
�

0.

A
s

a
co

n
se

q
u

en
ce

of
th

is
as

su
m

p
ti

on
w

e
co

n
ve

n
ie

n
tl

y
ce

n
te

r
d

at
a

an
d

as
su

m
e

th
ey

h
av

e
ze

ro
m

ea
n

s.

In
or

d
er

to
il

lu
st

ra
te

th
e

cl
u

st
er

in
g

m
et

h
o
d

w
e

p
ro

p
os

e,
le

t
u

s
co

n
si

d
er

a
si

tu
a
ti

on
w

h
er

e

th
e

or
ig

in
al

d
at

a
se

t
h

as
b

ee
n

sp
li

t
ac

co
rd

in
g

to
a

v
ec

to
r

of
in

d
ic

es
I

(i
)

=
[I

(i
)

1
;I

(i
)

2
].

F
or

th
e

sa
ke

of
si

m
p

li
ci

ty
,

le
t

u
s

en
co

d
e

th
is

th
ro

u
gh

th
e

b
in

ar
y

va
ri

ab
le

s
w
j,
g

=
1

(X
j
∈
I

(i
)

g
),

j
=

1,
..
.,
K

,
g

=
1,

2,
an

d
v j
,g

=
1

(Y
j
∈
I

(i
)

g
),
j

=
1,
..
.,
K

,
g

=
1,

2.
In

o
th

er
w

o
rd

s,
su

ch
va

ri
ab

le
s

ex
p

re
ss

th
e

fa
ct

th
at

ob
se

rv
at

io
n
j

fr
om

th
e

or
ig

in
al

p
op

u
la

ti
on
X

o
r
Y

b
el

on
g
s

to
th

e
fi

rs
t

(I
(i

)
1

)
or

se
co

n
d

(I
(i

)
2

)
gr

ou
p

in
to

w
h
ic

h
d
at

a
ar

e
sp

li
t.

A
cc

or
d

in
g

to
th

e
se

tt
in

g
p

re
v
io

u
sl

y
in

tr
o
d

u
ce

d
,

it
is

: K
=

2 ∑ g
=

1

K ∑ j=
1

w
j,
g
,

K
=

2 ∑ g
=

1

K ∑ j=
1

v j
,g
,

K
=

K ∑ j=
1

w
j,

1
+

K ∑ j=
1

v j
,1
,

K
=

K ∑ j=
1

w
j,

2
+

K ∑ j=
1

v j
,2
.

T
h

en
,

w
e

ca
n

re
-w

ri
te

th
e

sa
m

p
le

co
va

ri
an

ce
s
Ĉ(i

)
1

an
d
Ĉ(i

)
2

as
:

Ĉ(i
)

1
=

∑
K j=

1
w
j,

1
X
j
⊗
X
j

+
∑

K k
=

1
v k
,1
Y
k
⊗
Y
k

K
,

Ĉ(i
)

2
=

∑
K j=

1
w
j,

2
X
j
⊗
X
j

+
∑

K k
=

1
v k
,2
Y
k
⊗
Y
k

K
.

If
w

e
co

m
p

u
te

th
e

d
iff

er
en

ce
Ĉ(i

)
1
−
Ĉ(i

)
2

,
w

e
ob

ta
in

:

Ĉ(i
)

1
−
Ĉ(i

)
2

=
1 K

K ∑ j=
1

(w
j,

1
−
w
j,

2
)
X
j
⊗
X
j

+
1 K

K ∑ k
=

1

(v
k
,1
−
v k
,2

)
Y
k
⊗
Y
k
,
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7(

14
3)

:1
-2

1

Ie
v
a
,

P
a
g

a
n
o
n
i

a
n
d

T
a
r
a
b
e
l
l
o
n
i

h
en

ce
,

ex
p

lo
it

in
g

th
e

d
is

ta
n

ce
b

et
w

ee
n

co
va

ri
a
n

ce
o
p

er
a
to

rs
:

K
2
‖Ĉ

(i
)

1
−
Ĉ(i

)
2
‖2 S

=

∥ ∥ ∥ ∥ ∥ ∥

K ∑ j=
1

(w
j,

1
−
w
j,

2
)
X
j
⊗
X
j

∥ ∥ ∥ ∥ ∥ ∥2 S

+

∥ ∥ ∥ ∥ ∥ ∥

K ∑ j=
1

(v
j,

1
−
v j
,2

)
Y
j
⊗
Y
j

∥ ∥ ∥ ∥ ∥ ∥2 S

+

+
2

K ∑ j=
1

K ∑ k
=

1

(w
j,

1
−
w
j,

2
)

(v
k
,1
−
v k
,2

)
〈X

j
,Y

k
〉2

=

K ∑ j=
1

‖X
j
⊗
X
j
‖2 S

+
2
∑ j<
k

(w
j,

1
−
w
j,

2
)

(w
k
,1
−
w
k
,2

)
〈X

j
,X

k
〉2

+

+
K ∑ j=

1

‖Y
j
⊗
Y
j
‖2 S

+
2
∑ j<
k

(v
j,

1
−
v j
,2

)
(v
k
,1
−
v k
,2

)
〈Y
j
,Y

k
〉2

+

+
2

K ∑ j=
1

K ∑ k
=

1

(w
j,

1
−
w
j,

2
)

(v
k
,1
−
v k
,2

)
〈X

j
,Y

k
〉2
.

(8
)

L
et

u
s

n
ow

ca
ll
δX j
,k

=
(w

j,
1
−
w
j,

2
)

(w
k
,1
−
w
k
,2

),
δY j
,k

=
(v
j,

1
−
v j
,2

)
(v
k
,1
−
v k
,2

)
an

d
δX

Y
j,
k

=

(w
j,

1
−
w
j,

2
)

(v
k
,1
−
v k
,2

).
N

ow
,

it
is

:
δX j
,k

=
+

1
if

ob
se

rv
a
ti

on
s
X
j

an
d
X
k

a
re

as
si

gn
ed

to

th
e

sa
m

e
gr

ou
p

,
w

h
il

e
o
n

th
e

co
n
tr

a
ry

it
is
δX j
,k

=
−

1
.

T
h

e
sa

m
e

a
p

p
li
es

fo
r
δY j
,k

w
it

h
Y
j

a
n

d

Y
k
.

F
in

a
ll

y,
δX

Y
j,
k

=
+

1
if
X
j

a
n

d
Y
k

a
re

a
ss

ig
n

ed
to

d
iff

er
en

t
g
ro

u
p

s,
a
n

d
δX

Y
j,
k

=
−

1
o
n

th
e

co
n
tr

a
ry

.
It

is
n

ow
cl

ea
r

th
a
t,

th
e

d
is

ta
n

ce
b

et
w

ee
n

co
va

ri
an

ce
op

er
a
to

rs
is

in
cr

ea
se

d
w

h
en

tw
o

o
b

se
rv

a
ti

on
s

of
p

o
p

u
la

ti
o
n

s
X

o
r
Y

a
re

b
o
th

a
ss

ig
n

ed
to

th
e

sa
m

e
g
ro

u
p

,
o
r

w
h

en
tw

o
o
b

se
rv

a
ti

on
s

o
f

th
e

op
p

os
it

e
p

op
u

la
ti

on
s
X

a
n

d
Y

a
re

as
si

g
n

ed
to

d
iff

er
en

t
gr

o
u

p
s.

T
h

es
e

re
m

a
rk

s
su

gg
es

t
th

e
id

ea
th

at
,

u
n

d
er

th
e

p
re

v
io

u
s

a
ss

u
m

p
ti

o
n

,
b
y

re
co

v
er

in
g

th
e

o
ri

g
in

al
la

b
el

li
n

g
of

th
e

tw
o

p
o
p

u
la

ti
o
n

s
X

a
n

d
Y

th
e

d
is

ta
n

ce
b

et
w

ee
n

th
e

in
d
u

ce
d

co
va

ri
a
n

ce
op

-
er

a
to

rs
is

in
cr

ea
se

d
.

If
w

e
re

p
la

ce
th

e
es

ti
m

at
o
rs

o
f

co
va

ri
a
n

ce
o
p

er
a
to

rs
in

(8
)

w
it

h
th

ei
r

ex
p

ec
te

d
va

lu
es

,

E
[ Ĉ

(i
)

1

] =
C(i

)
1

=

∑
N j=

1
w
j,

1

K
C 1

+

∑
K j=

1
v j
,1

K
C 2
,

E
[ Ĉ

(i
)

2

] =
C(i

)
2

=

∑
N j=

1
w
j,

2

K
C 1

+

∑
K j=

1
v j
,2

K
C 2
,

th
en

,
b
y

d
en

ot
in

g
N

1
,2

=
∑

K j=
1
w
j,

2
an

d
al

so
co

n
si

d
er

in
g

th
e

re
la

ti
o
n

s
a
m

o
n

g
th

e
va

ri
a
b

le
s

w
j,
g

an
d
v j
,g

w
e

ge
t:

d
(C

(i
)

1
,C

(i
)

2
)

=
∥ ∥ ∥E
[ Ĉ

(i
)

1

] −
E
[ Ĉ

(i
)

2

]∥ ∥ ∥
2 S

=

( 1
−

2
N

1
,2

K

) 2
‖C

1
−
C 2
‖2 S
,

(9
)

sp
ec

if
y
in

g
th

at
th

e
m

ax
im

u
m

d
is

ta
n

ce
b

et
w

ee
n

(e
x
a
ct

)
co

va
ri

an
ce

s
is

a
tt

ai
n

ed
w

h
en

th
e

gr
ou

p
in

gs
co

in
ci

d
e

w
it

h
th

e
o
ri

g
in

a
l

b
u

t
u

n
k
n

ow
n

in
d

ex
in

g
o
f

th
e

d
a
ta

se
t.
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C
o
v
a
r
ia

n
c
e

b
a
se

d
c
l
u
st

e
r
in

g
in

m
u
lt

iv
a
r
ia

t
e

a
n
d

f
u
n
c
t
io

n
a
l

d
a
t
a

a
n
a
ly

sis

If
a
ssu

m
p

tio
n

(1)
is

tru
e

an
d

in
v
iew

of
(9

),
a

n
atu

ral
w

ay
to

recov
er

th
e

tru
e

in
d
ex

in
g

ca
n

b
e

to
fi

n
d

th
e

reco
m

b
in

a
tion

o
f

d
ata

in
tw

o
g
ro

u
p

s
m

a
x
im

isin
g

th
e

d
ista

n
ce

b
etw

een
th

e
in

d
u

ced
cova

ria
n

ce
o
p

era
to

rs,
i.e.,

to
so

lve
th

e
o
p

tim
iza

tion
p

ro
b

lem
:

[I ∗1
;I ∗2

]
=

a
rg

m
ax

i∈
R
C

{
d (C

(i)
1
,C

(i)
2

)}
,
R
C

=
{
1,...,N

C }
.

(P
)

Id
en

tity
(9)

en
su

res
th

a
t

eith
er
I ∗1

=
I

(0
)

1
a
n

d
I ∗2

=
I

(0
)

2
,

o
r
I ∗1

=
I

(0
)

2
a
n

d
I ∗2

=
I

(0
)

1
.

T
h

e
d

o
u

b
le

solu
tion

is
d

u
e

to
th

e
sy

m
m

etry
o
f

(9
),

yet
th

e
g
ro

u
p

s
rep

resen
t

th
e

sa
m

e
p

a
rtitio

n
o
f

d
a
ta

,
fo

r
th

is
reason

in
th

e
follow

in
g

w
e

w
ill

n
ot

d
istin

gu
ish

b
etw

een
th

em
.

P
ractica

lly,
o
n

ly
a
p

p
rox

im
a
te

estim
ates

o
fC

(i)
1

an
d
C

(i)
2

a
re

ava
ilab

le,
th

u
s

w
e

m
u
st

reca
st

p
ro

b
lem

(P
)

in
to

:[Î ∗1
;Î ∗2 ]

=
a
rg

m
a
x

i∈
R
C

{
d (Ĉ

(i)
1
,Ĉ

(i)
2

)}
,
R
C

=
{
1,...,N

C }
,

(P̂
)

T
h

e
m

eth
o
d

w
e

p
ro

p
ose

coin
cid

es
w

ith
fi

n
d

in
g

a
so

lu
tio

n
to

p
ro

b
lem

(P̂
).

In
g
en

eral
Î ∗1

a
n

d
Î ∗2

m
ay

d
iff

er
fro

m
I

(0
)

1
an

d
I

(0
)

2
,

sin
ce

th
ey

a
re

d
eterm

in
ed

b
a
sed

o
n

estim
a
tes

o
f

cova
ria

n
ce

o
p

erato
rs.

In
d

eed
,

p
rov

id
ed

th
a
t

th
e

ch
o
sen

d
ista

n
ce

is
ca

p
ab

le
of

em
p

h
a
sizin

g
th

e
a
ctu

a
l
d

iff
eren

ces
b

etw
een

cova
ria

n
ces

o
f

th
e

tw
o

p
o
p

u
latio

n
s,

resu
lts

co
u

ld
b

e
im

p
roved

b
y

en
h
an

cin
g

th
e

accu
racy

o
f

estim
ato

rs.
In

S
u

b
sectio

n
3
.2

w
e

w
ill

ad
d

ress
th

e
form

er
issu

e.

3
.1

G
re

e
d

y
fo

rm
u

la
tio

n

In
o
rd

er
to

so
lv

e
p

ro
b

lem
(P̂

),
it

w
ou

ld
b

e
req

u
ired

to
test

ea
ch

o
f

th
e
N
C

reco
m

b
in

atio
n

s
o
f

in
d

ex
es

in
ord

er
to

fi
n

d
th

e
d

esired
p

air
Î ∗1

a
n

d
Î ∗2

.
O

f
cou

rse,
th

e
n
u

m
b

er
o
f

tests
to

b
e

p
erfo

rm
ed

,
N
C

=
(
NK ),

w
ith

K
=
N
/2

,
u

n
d

erg
o
es

a
co

m
b

in
a
to

ria
lly

-fa
st

g
row

th
,

a
s
N

in
creases.

T
h
u

s,
u

n
less

w
e

h
av

e
o
n

ly
a

sm
a
ll

n
u

m
b

er
o
f

ob
servatio

n
s

in
o
u

r
d

ata
set,

th
e

n
a
ive

a
p

p
ro

ach
of

p
erform

in
g

a
n

ex
h

a
u

stiv
e

sea
rch

in
th

e
set

o
f

reco
m

b
in

a
tio

n
s

is
n

o
t

fea
sib

le.
T

h
is

calls
fo

r
a

p
ro

p
er

com
p

lex
ity

-red
u

ctio
n

stra
teg

y,
a
im

ed
a
t

restra
in

in
g

th
e

co
m

p
lex

ity
a
n

d
en

a
b

lin
g

th
e

a
p

p
lica

tion
o
f
ou

r
m

eth
o
d

a
lso

to
d

a
ta

sets
w

ith
a

co
m

m
o
n

size.

3
.1

.1
M

a
x
-S

w
a
p

a
l
g

o
r
it

h
m

W
e

p
ro

p
ose

to
rep

h
rase

p
ro

b
lem

(P̂
)

in
to

a
greed

y
a
lg

o
rith

m
,

w
ith

a
g
rea

tly
red

u
ced

co
m

-

p
lex

ity.
T

h
e

d
riv

in
g

id
ea

is
to

in
terp

ret
d
(Ĉ

(i)
1
,Ĉ

(i)
2

)
a
s

a
n

ob
jective

fu
n

ctio
n

o
f
i,

a
n

d
,

sta
rtin

g
from

an
in

itia
l

g
u

ess
(I

01
,I

02
),

to
itera

tiv
ely

in
crea

se
it

b
y

a
llow

in
g

ex
ch

a
n
g
es

of
u

n
its

b
etw

een
th

e
tw

o
grou

p
s.

T
h

e
ex

ch
a
n

g
e

of
d

a
ta

m
u

st
p

reserve
th

e
to

ta
l

n
u

m
b

er
of

u
n

its
in

sid
e

ea
ch

g
rou

p
,

so
ea

ch
g
ro

u
p

d
iscard

s
a
n

d
receives

a
n

eq
u

a
l

n
u

m
b

er
o
f

u
n

its,
say

u
p

to
J

p
er

grou
p

.
W

e
p

rop
o
se

to
ch

o
o
se

th
e

sw
ap

p
in

g
u

n
its

in
su

ch
a

w
ay

th
a
t

th
e

d
ista

n
ce

b
etw

een
th

e
estim

a
ted

cova
ria

n
ce

o
p

era
to

rs
at

th
e

n
ex

t
step

b
e

strictly
h

ig
h

er
th

a
n

th
e

p
rev

iou
s

o
n

e
a
n

d
,

h
eu

ristically,
th

e
h

ig
h

est
p

ossib
le.

C
on

verg
en

ce
is

reach
ed

w
h

en
n

o
fu

rth
er

sw
a
p

can
in

crea
se

th
a
t

d
istan

ce.
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Ie
v
a
,

P
a
g

a
n
o
n
i

a
n
d

T
a
r
a
b
e
l
l
o
n
i

T
h

is
strategy

can
b

e
also

m
otivated

b
y

(8),
sin

ce
it

p
erform

s
sw

a
p

s
b

etw
een

ob
serva

tion
s

in
o
rd

er
to

in
crease

‖Ĉ
(i)
1
−
Ĉ

(i)
2
‖
,

th
u

s
try

in
g

to
assign

th
e

co
rrect

valu
es

to
w
j,g

an
d
v
j,g .

A
lg

o
rith

m
1
:

M
ax

-S
w

ap
algorith

m

In
p

u
t:

In
itial

gu
ess: (I

01
,I

02 )

O
u

tp
u

t:
E

stim
ated

in
d

ex
in

g
(
Î ∗∗1

,Î ∗∗2

)

C
om

p
u

te
(Ĉ

01 ,Ĉ
02 )

in
d

u
ced

b
y
(I

01
,I

02 );

d
0

=
d (Ĉ

01 ,Ĉ
02 )

;

k
=

1;

(∆
d
)
k

=
1;

w
h

ile
(∆
d
)
k
>

0
d

o
fo

r
s∈

1,...,K
d

o
fo

r
t∈

1
,...,K

d
o

S
w

ap
in

fi
rst

grou
p

:
Ĩ

1
=
⋃
p6=
s
I
k−

1
1

(p
)∪

I
k−

1
2

(t);

S
w

a
p

in
secon

d
grou

p
:
Ĩ

2
=
⋃
q6=
t I
k−

1
2

(q)∪
I
k−

1
1

(s);

C
om

p
u

te
(C̃

1 ,C̃
2 )

in
d

u
ced

b
y

(Ĩ
1 ,Ĩ

2 );

D
s,t

=
d (C̃

1 ,C̃
2 )

;

(s ∗,t ∗)
=

arg
m

ax
s,t D

s,t ;

d
k

=
D
s ∗
,t ∗;

(∆
d
)
k

=
d
k−

d
k−

1;

I
k1

=
⋃
p6=
s ∗
I
k−

1
1

(p
)∪

I
k−

1
2

(t ∗);

I
k2

=
⋃
q6=
t ∗
I
k−

1
2

(q)∪
I
k−

1
1

(s ∗);
k

=
k

+
1;

d ∗∗
=
d
k−

1;

I ∗∗1
=
I
k−

1
1

;

I ∗∗2
=
I
k−

1
2

;

W
h

en
search

in
g

th
e

b
est

sw
ap

of
size

u
p

to
J

,
w

e
m

u
st

ex
p

lore
a

n
u

m
b

er
of

com
b

in
ation

s

of
th

e
cu

rren
t

grou
p

s
eq

u
al

to
∑

Ji=
1 (

Ki )
2.

T
h

erefore
it

is
ev

id
en

t
th

at
J

aff
ects

b
oth

th
e

com
p

u
tation

al
eff

ort
an

d
th

e
rob

u
stn

ess
of

ou
r

a
lgorith

m
:

th
e

low
er

is
J

,
th

e
less

p
erm

u
ta

tion
s

w
e

h
ave

to
search

am
on

g
to

fi
n

d
th

e
op

tim
al

sw
ap

;
th

e
greater

is
J

,
th

e
m

ore
likely

w
e

are
to

d
etect

an
d

ex
ch

an
ge

a
t

on
ce

a
b

lo
ck

o
f

tru
ly

ex
tran

eou
s

u
n

its.
W

e
p

oin
t

ou
t

th
at,

for
J

=
K

w
e

recover
th

e
origin

al
com

p
lex

ity
of

solv
in

g
p

rob
lem

(P̂
)

in
ju

st
o
n

e
step

,
sin

ce
it

h
old

s:
(
NK

)
=

K
∑i=

0 (
Ki )

2

=

K
∑i=

1 (
Ki )

2

+
1
.

W
e

p
rop

ose
to

set
J

=
1,

in
ord

er
to

sav
e

com
p

u
tatio

n
s,

an
d

to
ch

o
ose

th
e

u
n

its
to

b
e

ex
ch

a
n

ged
b
y

ex
p

lorin
g

th
e
K

2
sw

ap
s

of
on

e
u

n
it

from
th

e
fi

rst
grou

p
w

ith
an

oth
er

u
n

it
of
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C
o
v
a
r
ia

n
c
e

b
a
se

d
c
l
u
st

e
r
in

g
in

m
u
lt

iv
a
r
ia

t
e

a
n
d

f
u
n
c
t
io

n
a
l

d
a
t
a

a
n
a
ly

si
s

th
e

se
co

n
d

gr
ou

p
.

T
h

en
w

e
se

le
ct

th
e

on
e

y
ie

ld
in

g
th

e
m

ax
im

u
m

in
cr

em
en

t
in

th
e

d
is

ta
n

ce
.

T
h

e
co

m
p

le
te

fo
rm

u
la

ti
on

of
ou

r
M

ax
-S

w
ap

al
go

ri
th

m
is

su
m

m
ar

is
ed

in
A

lg
o
ri

th
m

1
,

w
h

er
e

w
e

sp
ec

if
y

fo
r

th
e

sa
ke

of
cl

ar
it

y
th

at
th

e
sy

m
b

ol
I
k 1
(p

),
fo

r
in

st
an

ce
,

in
d

ic
a
te

s
th

e
p
-t

h
el

em
en

t
of

th
e

se
t

of
in

d
ex

es
I
k 1
.

In
th

e
fo

ll
ow

in
g

w
e

w
il

l
d

en
ot

e
th

e
es

ti
m

a
te

d
se

t
of

in
d

ex
es

at
st

ep
k

of
al

go
ri

th
m

w
it

h
su

p
er

sc
ri

p
t
k

w
it

h
ou

t
b

ra
ck

et
s,

(I
k 1
,
I
k 2
).

3
.1

.2
C

o
n
v
e
r
g

e
n
c
e

W
e

tu
rn

n
ow

to
th

e
st

u
d

y
of

th
e

co
n
ve

rg
en

ce
of

ou
r

p
ro

p
os

ed
al

go
ri

th
m

.
W

it
h

re
fe

re
n

ce
to

th
e

n
ot

at
io

n
of

A
lg

or
it

h
m

1,
it

is
ea

sy
to

p
ro

ve
th

at

P
ro

p
o
si

ti
o
n

1
T

h
e

m
o
n

o
to

n
ic

it
y

co
n

st
ra

in
t:

(∆
d
)k
>

0
∀k
≥

1
,

(1
0)

en
su

re
s

th
a
t

co
n

ve
rg

en
ce

a
lw

a
ys

h
a
p
pe

n
s,

a
t

le
a
st

to
a

lo
ca

l
m

a
xi

m
u

m
o
f
d
(Ĉ

(i
)

1
,Ĉ

(i
)

2
).

P
ro

o
f

A
s

a
si

m
p

le
co

n
se

q
u

en
ce

of
(1

0)
,

th
e

li
st

of
in

te
rm

ed
ia

te
in

d
ex

in
g
s:

( I
0 1
,I

0 2

) ,
( I

1 1
,I

1 2

) ,
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so

lve
th

e
fo

llow
in

g
estim

a
tion

p
ro

b
lem

(E
):

Ĉ
∗

=
arg

m
in

Ĉ
M

S
E
S

(Ĉ
)

=
arg

m
in

Ĉ
E‖Ĉ
−
C‖

2S
,

(E
)

w
h

ere
th

e
m

in
im

u
m

is
so

u
g
h
t

am
o
n

g
all

p
o
ssib

le
estim

a
torsĈ

o
fC

.
W

e
p

o
in

t
o
u

t
th

a
t

in
M

S
E
S

w
e

u
se

o
u

r
selected

d
istan

ce
to

m
easu

re
th

e
d

iscrep
a
n

cy
o
f

estim
a
tio

n
.

O
f

cou
rse,

from
a

p
ractical

v
iew

p
oin

t,
on

ly
a

fi
n

ite-d
im

en
sion

a
l

estim
a
tio

n
o
fC

ca
n

b
e

attain
ed

,
g
iven

d
ata

.
In

a
d

d
itio

n
,
fu

n
ctio

n
a
l
d

a
ta

a
re

o
ften

ava
ila

b
le

fro
m

sou
rces

a
s

d
iscrete

m
ea

su
rem

en
ts

of
a

sign
al

over
so

m
e

o
n

e
d

im
en

sio
n

al
g
rid

.
L

et
u

s
in

d
ica

te
b
y
X
i

th
e
i-th

(o
u

t
of
N

)
sa

m
p

le
realisatio

n
o
f

p
ro

cessX
,

i.e,:

X
i

=
(X

i (tj ))
Pj=

1
,

I
h

=
[t1 ,...,tP

],
(1

1)

w
h

ere,
for

th
e

sa
ke

o
f

sim
p

licity,
w

e
h

av
e

im
a
g
in

ed
th

e
g
rid

I
h

to
b

e
reg

u
la

rly
sp

a
ced

(a
l-

th
o
u

g
h

th
is

is
n

ot
m

an
d

a
tory

),
i.e.,

tj+
1 −

tj
=
h
>

0
fo

r
j

=
1,...,P

−
1
.

A
cru

cia
l

p
oin

t
w

h
en

an
aly

sin
g

fu
n

ction
al

d
ata

is
to

recon
stru

ct
fu

n
ctio

n
s

fro
m

sca
ttered

m
ea

su
rem

en
ts

1
1
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Ie
v
a
,

P
a
g

a
n
o
n
i

a
n
d

T
a
r
a
b
e
l
l
o
n
i

X
i ,

w
h

ich
req

u
ires

th
e

u
se

of
som

e
p

rop
er

sm
o
oth

in
g

tech
n

iq
u

e.
F

u
rth

erm
ore,

th
e

so
called

p
h
a
se

va
ria

bility
o
f

recon
stru

cted
sign

als,
in

volv
in

g
th

e
d

isp
ersion

of
featu

res
alon

g
th

e
g
rid

ax
is,

ca
n

b
e

sep
ara

ted
from

a
m

p
litu

d
e

va
ria

bility,
ap

p
earin

g
as

th
e

d
isp

ersion
of

m
agn

itu
d

es
of

va
lu

es
of
X
i .

T
h

is
p

ro
cess

is
k
n

ow
n

as
registratio

n
(see,

for
in

stan
ce,

R
am

say
an

d
S

il-
verm

an
,

2005
).

O
n

ce
d

ata
h

ave
b

een
sm

o
oth

ed
an

d
registered

,
th

ey
can

b
e

re-eva
lu

ed
on

to
a
n

oth
er

o
n

e
d

im
en

sion
al

grid
.

T
o

save
n

otation
w

e
w

ill
assu

m
e

th
at

d
iscrete

rep
resen

tatio
n

s
in

(1
1)

h
ave

a
lrea

d
y

b
een

p
rep

ro
cessed

.

It
is

clear
th

at,
w

ith
in

th
is

h
ab

it,
covarian

ce
estim

ators
o
f
C

a
re

d
iscrete,

m
atrix

-ty
p

e
a
p

p
rox

im
atio

n
s

ob
tain

ed
startin

g
from

p
oin

tw
ise

ob
servation

s
X
i .

F
or

in
stan

ce,
stan

d
ard

sa
m

p
le

cova
rian

ce
estim

ator
for

zero-m
ean

d
ata

is:

S
=

1N

N
∑i=

1

X
i
X
Ti
.

(12)

If
w

e
d
en

ote
th

e
tru

e,
d

iscrete
covarian

ce
stru

ctu
re

related
to

each
X
i

b
y

C
th

e
d

iscrete
version

o
f

p
rob

lem
(E

)
is:

C
∗

=
arg

m
in

Ĉ

E‖
Ĉ
−

C
‖

2F
,

(Ê
)

w
h

ere
th

e
m

in
im

u
m

is
sou

gh
t

in
sid

e
th

e
set

of
sy

m
m

etric
an

d
p

ositively
d

efi
n

ed
m

atrix
-ty

p
e

estim
ators

of
d

im
en

sion
P

.
W

e
p

oin
t

ou
t

th
at

th
e

su
b

scrip
t

F
in

(Ê
)

in
d

icates
th

e
F

rob
en

iu
s

n
o
rm

,
th

at
is

th
e

fi
n
ite-d

im
en

sion
al

cou
n
terp

art
of

th
e

H
ilb

ert-S
ch

m
id

t
n

orm
fo

r
op

erators.

W
h

en
th

e
sam

p
le

size
N

is
low

com
p

ared
to

th
e

n
u

m
b

er
of

featu
res

P
,

sam
p

le
covarian

ce
m

ay
lo

ose
in

a
ccu

racy,
m

ean
in

g
th

at
th

e
actu

al
estim

ate
m

igh
t

b
e

q
u

ite
d

istan
t

fro
m

th
e

tru
e

covarian
ce

C
(th

is
can

b
e

seen
as

a
con

seq
u

en
ce

of
th

e
so-called

S
tein’s

p
h
en

o
m

en
o
n

,
S

tein
,

1
956

).
A

ty
p

ical
rem

ed
y

to
th

e
p

o
or

p
erform

an
ces

of
sam

p
le

covarian
ce,

often
u

sed
in

th
e

settin
g

o
f

L
a
rge

P
-

S
m

a
ll

N
p

rob
lem

s,
is

to
rep

lace
it

w
ith

a
b

iased
,

sh
rin

kage
estim

ator.
O

th
er

so
lu

tion
s

m
igh

t
b

e
jack

k
n
ife

or
b

o
otstrap

,
b
u

t
th

eir
com

p
u

tation
al

cost
ren

d
ers

th
em

p
rac-

tica
lly

u
seless

in
o
u

r
clu

sterin
g

algorith
m

,
w

h
ich

req
u

ires
to

rep
eated

ly
estim

ate
covarian

ce
m

atrices.
S

h
rin

kage
estim

ation
h

as
b

een
ex

p
licitly

ap
p

lied
to

th
e

con
tex

t
o
f

la
rge

covarian
ce

m
atrices

in
(L

ed
oit

an
d

W
olf,

2003,
2004)

an
d

(S
ch

afer
an

d
S

trim
m

er,
2005),

tu
rn

in
g

o
u

t
in

a
su

ffi
cien

tly
lig

h
tw

eigh
t

p
ro

ced
u

re.
In

th
ose

w
ork

s,
au

th
ors

sta
rt

from
p
rob

lem
(Ê

)
an

d
b

u
ild

an
estim

a
tor

th
at

is
asy

m
p

totically
m

ore
accu

rate
a
n

d
b

etter
con

d
ition

ed
th

an
sam

p
le

cova
ria

n
ce.

W
e

fo
llow

th
e

ap
p

roach
d

escrib
ed

in
(L

ed
oit

an
d

W
olf,

2004)
an

d
co

n
sid

er
th

e
cla

ss
of

lin
ear

sh
rin

kage
estim

ators
of

th
e

form
:

Ĉ
=
µ
γ

I
+

(1−
γ

)S
,

(13)

w
h

ere
I

is
th

e
P
×
P

id
en

tity
m

atrix
an

d
γ
∈

[0,1],
µ
∈
R

+
an

d
S

is
th

e
sam

p
le

cova
ria

n
ce

estim
ator.

O
b
v
iou

sly,
th

e
class

con
tain

s
th

e
sam

p
le

cova
ria

n
ce

estim
ator

itself.
T

h
en

(Ê
)

is
so

lv
ed

w
ith

resp
ect

to
th

e
op

tim
al

valu
es

of
µ

an
d
γ

:

(µ
∗,γ
∗)

=
arg

m
in

µ
,γ

E
‖
C
−
µ
γ
I−

(1−
γ

)S‖
2F

P
.

(14)
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C
o
v
a
r
ia

n
c
e

b
a
se

d
c
l
u
st

e
r
in

g
in

m
u
lt

iv
a
r
ia

t
e

a
n
d

f
u
n
c
t
io

n
a
l

d
a
t
a

a
n
a
ly

si
s

If
w

e
in

tr
o
d

u
ce

th
e

q
u

an
ti

ti
es

:

α
2

=
‖C
−
µ
I‖

2 F

P
,

β
2

=
E
‖S
−

C
‖2 F

P
,

δ2
=

E
‖S
−
µ
I‖

2 F

P
,

(1
5)

an
d

n
ot

e
th

at
th

es
e

ar
e

su
b

je
ct

ed
to
α

2
+
β

2
=
δ2

,
w

e
ca

n
p

er
fo

rm
th

e
ex

p
li

ci
t

m
in

im
iz

a
ti

o
n

in
eq

u
at

io
n

(1
4)

.
T

h
e

ex
p

re
ss

io
n

s
of
µ
∗

an
d
γ
∗

ar
e:

µ
∗

=
〈C
,I
〉 F

P
=

T
r

(C
)

P
,

γ
∗

=
β

2

δ2
,

(1
6)

w
h

er
e

w
e

h
av

e
u

se
d
µ

=
µ
∗

in
th

e
co

m
p

u
ta

ti
on

of
δ.

T
h

e
d

es
ir

ed
sh

ri
n

ka
g
e

es
ti

m
a
to

r
b

ec
om

es
:

S
∗

=
µ
∗β

2

δ2
I

+
α

2

δ2
S
.

(1
7)

O
f

co
u

rs
e,

es
ti

m
at

or
(1

7)
d

ep
en

d
s

on
th

e
u

n
k
n

ow
n

ex
ac

t
co

va
ri

an
ce

m
at

ri
x

C
,

ev
en

th
o
u

g
h

on
ly

th
ro

u
gh

fo
u

r
sc

al
ar

fu
n

ct
io

n
s.

In
(L

ed
oi

t
an

d
W

ol
f,

20
04

)
au

th
or

s
so

lv
e

th
is

p
ro

b
le

m
b
y

p
ro

p
os

in
g

th
e

fo
ll

ow
in

g
es

ti
m

at
or

s
fo

r
α

,
β

,
δ

an
d
µ
∗ :

µ̂
∗

=
T

r
(S

)

P
,

δ̂2
=
‖S
−
µ̂
∗ I
‖2 F

P
,

(1
8)

β̂
2

=
m

in

(
δ̂2

;
1 N

2

N ∑ k
=

1

‖X
k
X
T k
−

S
‖2 F

P

)
,

(1
9)

an
d
α̂

2
=
δ̂2
−
β̂

2
.

T
h

en
,

th
e

ac
tu

al
sh

ri
n

ka
ge

es
ti

m
at

or
is

:

Ŝ
∗

=
µ̂
∗β̂

2

δ̂2
I

+
α̂

2

δ̂2
S
.

(2
0)

In
(L

ed
oi

t
an

d
W

ol
f,

20
04

)
au

th
or

s
sh

ow
h

ow
es

ti
m

at
es

(1
8)

ar
e

co
n

si
st

en
t,

in
th

e
se

n
se

th
a
t

th
ey

co
n
ve

rg
e

to
th

e
ex

ac
t

va
lu

es
in

q
u

ad
ra

ti
c

m
ea

n
,

u
n

d
er

th
e

ge
n

er
al

a
sy

m
p

to
ti

c
li

m
it

s
of
P

an
d
N

,
i.

e.
,

w
h

en
b

ot
h
P

an
d
N

ar
e

al
lo

w
ed

to
go

to
in

fi
n

it
y

b
u

t
th

er
e

ex
is

ts
a
c
∈
R

in
d

ep
en

d
en

t
on

N
su

ch
th

at
P
/N

<
c

(s
ee

L
ed

oi
t

an
d

W
ol

f,
20

04
an

d
re

fe
re

n
ce

s
th

er
ei

n
fo

r
th

eo
re

ti
ca

l
d

et
ai

ls
on

ge
n

er
al

as
y
m

p
to

ti
cs

).
M

or
eo

ve
r,

es
ti

m
at

or
Ŝ
∗

is
a
n

a
sy

m
p

to
ti

ca
ll

y
op

ti
m

al
li

n
ea

r
sh

ri
n

ka
ge

es
ti

m
at

or
fo

r
co

va
ri

an
ce

m
at

ri
x

C
w

it
h

re
sp

ec
t

to
q
u

ad
ra

ti
c

lo
ss

.
B

es
id

es
it

s
as

y
m

p
to

ti
c

p
ro

p
er

ti
es

,
ex

te
n

si
v
e

u
se

in
ap

p
li

ca
ti

on
s

sh
ow

s
th

at
th

e
a
cc

u
ra

cy
ga

in
re

su
lt

in
g

fr
om

Ŝ
∗

in
te

rm
s

of
d

ec
re

as
e

in
M

S
E

is
su

b
st

an
ti

al
al

so
in

m
an

y
fi

n
it

e
sa

m
p

le
ca

se
s,

an
d

th
at

st
an

d
ar

d
co

va
ri

an
ce

is
al

m
os

t
al

w
ay

s
m

at
ch

ed
an

d
of

te
n

ou
tp

er
fo

rm
ed

b
y

Ŝ
∗ .

F
o
r

a
d

et
ai

le
d

d
es

cr
ip

ti
on

of
h

ow
an

d
w

h
en

sh
ri

n
ka

ge
es

ti
m

at
io

n
of

co
va

ri
an

ce
is

re
co

m
m

en
d

ed
ov

er
th

e
sa

m
p

le
es

ti
m

at
io

n
,

se
e

fo
r

in
st

an
ce

(L
ed

oi
t

an
d

W
ol

f,
20

04
).

4
.
C
a
se

S
tu

d
ie
s

In
th

is
se

ct
io

n
w

e
p

ro
v
id

e
th

re
e

si
m

u
la

ti
on

s
in

vo
lv

in
g

ou
r

p
ro

p
os

ed
cl

u
st

er
in

g
m

et
h
o
d

.
In

S
u

b
se

ct
io

n
4.

1
w

e
sh

ow
a

fi
rs

t
ex

am
p

le
,

re
ga

rd
in

g
st

an
d

ar
d

b
iv

ar
ia

te
d

a
ta

,
in

or
d

er
to
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14
3)

:1
-2

1

Ie
v
a
,

P
a
g

a
n
o
n
i

a
n
d

T
a
r
a
b
e
l
l
o
n
i

gi
ve

a
cl

ea
r

ge
o
m

et
ri

c
id

ea
of

cl
u

st
er

in
g

b
as

ed
o
n

co
va

ri
a
n

ce
st

ru
ct

u
re

s.
In

S
u

b
se

ct
io

n
4
.2

w
e

sh
ow

an
ap

p
li

ca
ti

on
to

sy
n
th

et
ic

fu
n
ct

io
n
a
l

d
a
ta

.
In

th
es

e
fo

rm
er

tw
o

ex
a
m

p
le

s
th

e
tr

u
e

su
b

d
iv

is
io

n
of

sa
m

p
le

s
is

k
n

ow
n

,
so

th
e

g
o
o
d
n

es
s

o
f

th
e

cl
u

st
er

in
g

a
ri

si
n

g
fr

o
m

M
a
x
-

S
w

ap
al

go
ri

th
m

is
a
ss

es
se

d
ag

a
in

st
th

e
tr

u
e

id
en

ti
ti

es
o
f

d
at

a
.

In
S

u
b

se
ct

io
n

4
.3

,
in

st
ea

d
,

w
e

ap
p

ly
th

e
cl

u
st

er
in

g
a
lg

o
ri

th
m

o
n

re
a
l

fu
n

ct
io

n
a
l

d
a
ta

ex
p

re
ss

in
g

th
e

co
n

ce
n
tr

a
ti

on
of

d
eo

x
y
ge

n
at

ed
h
em

og
lo

b
in

m
ea

su
re

d
in

h
u

m
an

su
b

je
ct

s’
b

ra
in

s.

4
.1

M
u

lt
iv

a
ri

a
te

d
a
ta

T
h

is
te

st
is

m
ea

n
t

to
p

ro
v
id

e
a

fi
rs

t,
v
is

u
a
l

ex
a
m

p
le

o
f

th
e

fe
a
tu

re
s

o
f

th
e

cl
u

st
er

in
g

a
ri

s-
in

g
fr

o
m

u
si

n
g

M
a
x
-S

w
a
p

a
lg

o
ri

th
m

.
In

o
rd

er
to

ea
se

th
e

g
eo

m
et

ri
ca

l
in

te
rp

re
ta

ti
on

,
w

e
ch

o
se

to
fo

cu
s

on
tw

o
b

iv
a
ri

a
te

d
a
ta

se
ts

,
co

m
p

o
se

d
o
f

si
m

u
la

te
d

d
a
ta

w
it

h
a-

p
ri

o
ri

d
es

ig
n

ed
co

va
ri

a
n

ce
s.

In
d

ee
d

,
b
y

re
p

re
se

n
ti

n
g

b
i-

d
im

en
si

on
al

d
a
ta

w
e

a
re

a
b

le
to

su
p

p
o
rt

o
u

r
co

n
-

si
d

er
a
ti

on
s

w
it

h
a

cl
ea

r
g
ra

p
h

ic
a
l

co
u
n
te

rp
a
rt

.
W

e
ex

p
lo

it
tw

o
re

fe
re

n
ce

d
a
ta

se
ts

h
av

in
g

th
e

sa
m

e
m

ea
n

s
b

u
t

d
iff

er
en

t
va

ri
an

ce
-c

ov
ar

ia
n

ce
st

ru
ct

u
re

s.
In

p
ar

ti
cu

la
r,

a
g
en

er
ic

cl
u

st
er

in
g

b
as

ed
on

lo
ca

ti
o
n

s
ru

n
on

th
es

e
d

at
a

is
m

ea
n
t

to
fa

il
.

T
h

e
fi

rs
t

se
t

o
f

d
at

a
,

h
er

ea
ft

er
h
o
u

rg
la

ss
d

a
ta

,
h

a
s

co
va

ri
a
n

ce
s

w
h

os
e

d
iff

er
en

ce
li

es
in

th
e

d
ir

ec
ti

on
s

a
lo

n
g

w
h

ic
h

va
ri

ab
il

it
y

ex
p

re
ss

es
.

W
e

ge
n

er
a
te

d
it

ac
co

rd
in

g
to

th
e

fo
ll

ow
in

g
la

w
s:

X
=
ρ
x

( co
s
θ x
,

si
n
θ x
) ,

ρ
x
∼
U

[−
1
,1

],
θ x
∼
U
[ π 1

2
,

5
π 1
2

] ,
Y

=
ρ
y

( co
s
θ y
,

si
n
θ y
) ,

ρ
y
∼
U

[−
1
,1

],
θ y
∼
U
[ 7
π 1
2
,

1
1
π

1
2

] ,

w
h

er
e

th
e

fo
u

r
ra

n
d

o
m

va
ri

ab
le

s,
ρ
x
,ρ
y
,θ
x
,θ
y

a
re

in
d

ep
en

d
en

t.
S
im

p
le

ca
lc

u
la

ti
o
n
s

re
ve

a
l

th
a
t
E

[X
]

=
0

an
d
E

[Y
]

=
0
,

w
h

il
e

co
va

ri
a
n

ce
s

a
re

:

C
x

=

(
1 /

6
√

3 /
4
π

√
3 /

4
π

1 /
6

)
,

C
y

=

(
1 /

6
−
√

3 /
4
π

−
√

3 /
4
π

1 /
6

)
.

N
o
te

th
at
X

an
d
Y

d
iff

er
o
n

ly
in

th
ei

r
co

va
ri

a
n

ce
s.

M
o
re

ov
er

,
si

n
ce

o
n

ly
o
ff

-d
ia

g
on

a
l

te
rm

s
o
f

C
x

a
n

d
C
y

ar
e

d
iff

er
en

t
(a

n
d

in
d

ee
d

o
p
p

o
se

d
),

th
e

tw
o

fa
m

il
ie

s
h

av
e

th
e

sa
m

e
k
in

d
o
f

va
ri

ab
il

it
y,

on
ly

ex
p

re
ss

ed
a
lo

n
g

or
th

og
o
n

al
d

ir
ec

ti
o
n

s
in

th
e

p
la

n
e.

W
e

ge
n

er
a
te

a
d

at
a

se
t

D
o
f
N

=
40

0
d

at
a
,

ac
co

rd
in

g
to

th
e

p
re

v
io

u
s

la
w

s,
m

a
d

e
u

p
of
K

=
2
00

sa
m

p
le

s
fr

o
m
X

a
n

d
K

=
20

0
sa

m
p

le
s

fr
o
m
Y

,
w

h
ic

h
a
re

d
is

p
la

ye
d

in
F

ig
u

re
1
.

W
e

co
n

si
d

er
ed

al
so

an
ot

h
er

d
at

a
se

t,
re

fe
rr

ed
to

a
s

bu
ll

’s
ey

e,
w

h
o
se

fe
a
tu

re
s

ar
e

so
m

eh
ow

co
m

p
le

m
en

ta
ry

to
th

e
o
n

es
of

h
o
u

rg
la

ss
,

si
n

ce
va

ri
ab

il
it

ie
s

o
f

bu
ll

’s
ey

e
su

b
-p

o
p

u
la

ti
o
n

s
ex

p
re

ss
a
lo

n
g

th
e

sa
m

e
d

ir
ec

ti
on

s,
th

o
u

g
h

w
it

h
d
iff

er
en

t
m

a
gn

it
u

d
es

.
In

p
a
rt

ic
u

la
r,

w
e

co
n

si
d

er
ed

th
e

fo
ll

ow
in

g
la

w
s:

X
=
ρ
x

( co
s
θ x
,

si
n
θ x
) ,

ρ
x
∼
U
[ 0
,

1 2

] ,
θ x
∼
U

[0
,2
π

],

Y
=
ρ
y

( co
s
θ y
,

si
n
θ y
) ,

ρ
y
∼
U
[ 2
,

5 2

] ,
θ y
∼
U

[0
,2
π

],

w
h

er
e,

st
il

l,
th

e
fo

u
r

ra
n

d
o
m

va
ri

ab
le

s
ρ
x
,ρ
y
,θ
x
,θ
y

a
re

in
d

ep
en

d
en

t.
T

h
is

le
ad

s
to

co
va

ri
-

a
n

ce
s:

C
x

=
1 2
4
I,

C
y

=
61 24

I,
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C
o
v
a
r
ia

n
c
e

b
a
se

d
c
l
u
st

e
r
in

g
in

m
u
lt

iv
a
r
ia

t
e

a
n
d

f
u
n
c
t
io

n
a
l

d
a
t
a

a
n
a
ly

sis

−
0.5

0.0
0.5

1.0

−1.0 −0.5 0.0 0.5 1.0

O
riginal data

XY

−
0.5

0.0
0.5

1.0
−1.0 −0.5 0.0 0.5 1.0

C
lustered data

C
l. 1

C
l. 2

F
ig

u
re

1
:

L
eft:

H
o
u

rgla
ss

d
a
ta

set
u

sed
in

th
e

fi
rst

m
u

ltiva
ria

te
ex

p
erim

en
t,

collectin
g

N
=

40
0

p
o
in

ts
su

b
d

iv
id

ed
in

to
fa

m
ily

X
(K

=
2
0
0

p
o
in

ts,
m

a
rked

b
y

+
)

a
n

d
fa

m
ily

Y
(K

=
2
00

p
o
in

ts,
m

a
rked

b
y
×

).
R

igh
t:

O
u

tco
m

e
o
f

clu
sterin

g
v
ia

M
ax

-S
w

ap
a
lg

o
rith

m
.

−
2

−
1

0
1

2

−2 −1 0 1 2

O
riginal data

XY

−
2

−
1

0
1

2

−2 −1 0 1 2

C
lustered data

C
l. 1

C
l. 2

F
ig

u
re

2
:

B
u

ll’s
ey

e
d

a
ta

set
u

sed
in

th
e

seco
n

d
m

u
ltiva

ria
te

ex
p

erim
en

t,
co

llectin
g
N

=
4
0
0

p
o
in

ts
su

b
d

iv
id

ed
in

to
fa

m
ily

X
(K

=
2
0
0

p
o
in

ts,
m

a
rked

b
y

+
)

a
n

d
fa

m
ily

Y
(K

=
2
00

p
o
in

ts,
m

a
rked

b
y
×

).
R

igh
t:

O
u

tco
m

e
of

clu
sterin

g
v
ia

M
a
x
-S

w
a
p

algo
rith

m
.
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Ie
v
a
,

P
a
g

a
n
o
n
i

a
n
d

T
a
r
a
b
e
l
l
o
n
i

th
a
t

clea
rly

d
iff

er
on

ly
in

term
s

of
th

eir
variab

ility
’s

m
agn

itu
d

e.
B

u
ll’s

eye
d

ata
set

is
gen

era
ted

accord
in

g
to

th
ese

law
s

for
an

ov
erall

card
in

ality
of
N

=
4
00

d
ata

su
b

d
iv

id
ed

in
tw

o
gro

u
p

s
o
f

size
K

=
200

each
,

an
d

it
is

sh
ow

n
in

F
igu

re
2.

W
e

p
oin

t
ou

t
th

at,
in

ord
er

to
im

p
rove

th
e

rob
u

stn
ess

of
resu

lts
w

ith
resp

ect
to

th
e

ch
an

ce
of

selectin
g

o
n

ly
a

lo
cal

m
ax

im
iser

of
th

e
d

istan
ce

b
etw

een
varian

ce-covarian
ce

stru
ctu

res,
M

ax
-S

w
ap

algorith
m

w
as

ru
n

for
10

tim
es,

keep
in

g
th

e
resu

lt
for

w
h

ich
th

e
ob

jective
fu

n
ction

w
as

h
igh

est.
S

in
ce

th
e

n
u

m
b

er
of

d
ata

in
each

su
b

-p
op

u
lation

,
K

,
is

h
igh

w
ith

resp
ect

to
th

eir
d

im
en

sion
ality,

P
=

2,
w

e
u

sed
M

ax
-S

w
ap

algorith
m

in
co

m
b

in
ation

w
ith

th
e

stan
d

a
rd

sam
p

le
estim

ator
of

covarian
ce,

S
.

T
h

e
resu

lts
of

th
e

clu
sterin

g
p

ro
ced

u
re

are
also

sh
ow

n
in

F
igu

re
1

an
d

F
igu

re
2

(righ
t

p
an

els),
w

h
ere

it
is

clear
h

ow
th

e
clu

sterin
g

m
eth

o
d

is
ab

le
to

d
etect

th
e

ob
servation

s
b

elon
gin

g
to

th
e

tw
o

p
op

u
latio

n
s,

w
h

ose
d

iff
eren

ce
is

is
on

ly
in

th
eir

covarian
ces.

S
in

ce
in

th
is

sim
u

lated
scen

ario
w

e
k
n

ow
th

e
law

g
en

eratin
g

ob
servation

s,
an

d
th

erefore
th

e
lab

els
of

th
e

gen
erated

d
ata,

w
e

are
ab

le
to

assess
th

e
p

erfo
rm

an
ces

of
th

e
clu

sterin
g

p
ro

ced
u

re
b
y

com
p

arin
g

th
e

tw
o

id
en

tifi
ed

grou
p

s
of

d
a
ta

w
ith

th
e

origin
al

la
b

els.
In

p
articu

lar,
in

th
e

case
of

h
ou

rglass
d

ata,
on

ly
3

ob
servation

s
ou

t
of

200
in

each
clu

ster
b

elon
g

to
th

e
oth

er
p

op
u

lation
,

an
d

are
all

lo
cated

v
ery

close
to

th
e

d
ata

cen
tre.

In
th

e
b

u
ll’s

ey
e

ex
am

p
le,

in
stead

,
th

e
tw

o
clu

sters
are

com
p

osed
of

elem
en

ts
com

in
g

from
on

ly
on

e
p

o
p

u
lation

.
T

h
e

o
u

tcom
e

of
stan

d
ard

clu
sterin

g
algorith

m
s,

like
K

-m
ea

n
s

o
r

h
ierarch

ical
clu

sterin
g,

sh
ow

th
e

com
p

lete
in

effi
cacy

of
lo

cation
-b

ased
clu

sterin
g

for
su

ch
d

ata
sets,

w
h

ere
d

a
ta

are
m

ostly
d

iff
eren

t
in

term
s

of
th

eir
variab

ility.
In

p
articu

la
r,

20
K

-m
ean

s
(K

=
2)

ru
n

s
o
n

B
u

ll’s
eye

a
n

d
H

ou
rglass

d
ata

sets
y
ield

,
if

com
p
ared

w
ith

th
e

tru
e

lab
ellin

g
of

ob
serva

tion
s,

a
m

is-classifi
cation

rate
of

0.27
±

0.01
an

d
0.47

±
0
.01,

resp
ectiv

ely,
w

h
ile

20
ru

n
s

of
a

h
iera

rch
ica

l
clu

sterin
g

w
ith

eu
clid

ean
d

istan
ce

an
d

W
ard

lin
kag

e
give

a
m

is-classifi
cation

ra
te

of
0.2

9±
0
.05

an
d

0.46±
0.04,

resp
ectively.

4
.2

S
y
n
th

e
tic

fu
n

c
tio

n
a
l

d
a
ta

In
th

is
su

b
section

w
e

ap
p

ly
ou

r
clu

sterin
g

algorith
m

to
fu

n
ction

al
d

ata
.

W
e

u
se

a
d

ata
set

com
p

o
sed

of
tw

o
p

op
u

lation
s

of
fu

n
ction

s,X
an

d
Y

,
w

ith
n
u

ll
m

ean
s

an
d

covarian
ce

op
era

tors:

C
x

=
L
∑i=

1

σ
i
e
i ⊗

e
i ,

C
y

=
L
∑i=

1

η
i
e
i ⊗

e
i ,

(21)

w
h

ere
{e
i }
Li=

1
are

th
e

fi
rst

L
elem

en
ts

o
f

th
e

orth
on

orm
al

F
ou

rier
b

a
sis

on
th

e
in

terval
I

=
[0,1],

save
fo

r
th

e
con

stan
t,

i.e.,:

e
2
k−

1
=
√

2
sin

(2
k
π
x

)
,

e
2
k

=
√

2
cos

(2
k
π
x

)
,

x
∈
I
,

fo
r
k

=
1,...,L

/
2,

an
d

th
e

eigen
valu

es
are

ch
osen

as:

σ
i

=
1,

η
i

=
σ
i
√

5
,
∀
i

=
1,...,L

.
(22)

In
w

h
at

follow
s

w
e

con
sid

ered
L

=
30.

A
v
isu

al
rep

resen
ta

tion
o
f

th
e

related
covarian

ce
fu

n
ctio

n
s

is
in

F
igu

re
3.

It
is

clear
from

(21)
an

d
from

F
igu

re
3

th
a
t

covarian
ces
C
x

an
d
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C
o
v
a
r
ia

n
c
e

b
a
se

d
c
l
u
st

e
r
in

g
in

m
u
lt

iv
a
r
ia

t
e

a
n
d

f
u
n
c
t
io

n
a
l

d
a
t
a

a
n
a
ly

si
s

F
ig

u
re

3:
C

on
to

u
r

p
lo

t
of

co
va

ri
an

ce
s
C x

an
d
C y

fo
r

th
e

ex
p

er
im

en
t

w
it

h
sy

n
th

et
ic

fu
n

ct
io

n
al

d
at

a.
T

h
e

d
iff

er
en

t
sc

al
es

of
co

n
to

u
r

p
lo

ts
sh

ow
th

at
th

e
d

iff
er

en
ce

b
et

w
ee

n
th

e
va

ri
an

ce
-c

ov
ar

ia
n

ce
st

ru
ct

u
re

s
is

on
ly

in
m

ag
n

it
u

d
e.

C y
ar

e
d
iff

er
en

t
on

ly
in

te
rm

s
of

va
ri

ab
il

it
y
’s

m
ag

n
it

u
d

es
,

w
h

il
e

th
ei

r
ei

ge
n

fu
n

ct
io

n
s

a
re

th
e

sa
m

e.

W
e

ge
n

er
at

ed
se

ve
ra

l
se

ts
of

th
e

fo
ll
ow

in
g

sy
n
th

et
ic

fa
m

il
ie

s
of

G
au

ss
ia

n
fu

n
ct

io
n

al
d

a
ta

h
av

in
g

co
va

ri
an

ce
s

li
k
e

in
(2

1)
:

X
i

=

L ∑ j=
1

ξ i
j
√
σ
j
e j
,

Y
i

=

L ∑ j=
1

ζ i
j
√
η j
e j
,

(2
3)

fo
r
i

=
1,
..
.,
K

,
w

h
er

e
ξ i
j
i.
i.
d ∼
N

(0
,1

),
an

d
ar

e
in

d
ep

en
d

en
t

fr
om

ζ i
j
i.
i.
d
.
∼
N

(0
,1

).
E

a
ch

sy
n
th

et
ic

fu
n

ct
io

n
al

u
n

it
h

as
b

ee
n

ev
al

u
at

ed
on

a
gr

id
of
P

=
10

0
p

oi
n
ts

,
ev

en
ly

sp
a
ce

d
o
n

I
.

T
h

e
d

iff
er

en
t

se
ts

h
av

e
b

ee
n

ge
n

er
at

ed
ch

o
os

in
g
K
∈
{2

0,
25
,3

0,
35

,
4
0,

4
5,

5
0
},

co
rr

e-
sp

on
d

in
g

to
to

ta
l

ca
rd

in
al

it
ie

s
of
N
∈
{4

0,
50
,6

0,
70
,8

0,
90
,1

00
}.

W
e

ap
p

li
ed

ou
r

cl
u

st
er

in
g

al
go

ri
th

m
to

ea
ch

sy
n
th

et
ic

d
at

a
se

t.
T

h
e

d
iff

er
en

t
va

lu
es

o
f

K
(i

.e
.,

of
N

)
al

lo
w

to
st

u
d

y
th

e
p

er
fo

rm
an

ce
s

of
cl

u
st

er
in

g
as

th
e

sa
m

p
le

si
ze

in
cr

ea
se

s.
T

h
is

is
of

in
te

re
st

si
n

ce
ou

r
m

et
h

o
d

re
li
es

on
th

e
es

ti
m

at
io

n
of

co
va

ri
an

ce
m

a
tr

ic
es

,
th

u
s

w
e

ex
p

ec
t

th
at

w
h

en
th

e
n
u

m
b

er
of

d
at

a
in

cr
ea

se
s

th
e

p
er

fo
rm
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m

ay
n

o
t

b
e

a
co

n
vex

fu
n

ctio
n

th
a
t

w
ill

p
rov

id
e

a
g
lob

ally
a
ccu

ra
te

ap
p

rox
im

atio
n

to
a

n
o
n

co
n
vex

fu
n

ctio
n

,
b

u
t

lo
cal

co
n
vex

a
p

p
rox

im
a
tion

s
m

ay
b

e
p

o
ssib

le.
C

o
n

sid
er

a
fa

m
ily

o
f

a
p

p
rox

im
atio

n
s

to
th

e
fu

n
ctio

n
s
F

a
n

d
G

,
in

d
ex

ed
b
y

(z
,v

)
∈

R
d×

R
m

,
th

e
(p

rim
a
l)

p
o
in

ts
a
t

w
h

ich
th

e
lo

ca
l

a
p

p
rox

im
atio

n
s

a
re

ta
ken

.
W

e
w

rite

1
.

T
h
e

o
rig

in
a
l

fo
rm

o
f

th
e

C
h
a
m

b
o
lle-P

o
ck

a
lg

o
rith

m
(C

h
a
m

b
o
lle

a
n
d

P
o
ck

,
2
0
1
1
),

w
ith

o
u

t
p
reco

n
d
itio

n
-

in
g
,

ca
n

b
e

o
b
ta

in
ed

fro
m

(3
)

b
y

rep
la

cin
g

Σ
,T

w
ith

σ
I,τ

I
fo

r
sca

la
r

step
size

p
a
ra

m
eters

σ
,τ
>

0
,

w
ith

co
n
v
erg

en
ce

resu
lts

p
rov

ed
if
σ
τ‖
K
‖
2
<

1
;

h
ow

ev
er,

in
g
en

era
l

th
e

p
reco

n
d
itio

n
ed

fo
rm

g
iv

es
b

etter
p

erfo
rm

a
n
ce

a
n
d

w
e

o
n
ly

co
n
sid

er
th

e
p
reco

n
d
itio

n
ed

v
ersio

n
h
ere.
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B
a
r
b
e
r

a
n
d

S
id

k
y

F
v

:
R
m
→

R
an

d
G
z

:
R
d
→

R
for

th
ese

ap
p

rox
im

ation
s,

an
d

from
th

is
p

oin
t

on
,

w
e

im
p

licitly
assu

m
e

th
at

th
e

ap
p

rox
im

ation
s

satisfy,
for

an
y

p
oin

ts
(z
,v

)∈
d
om

(G
)×

d
om

(F
),



d
om

(F
v )

=
d
om

(F
)

an
d
d
om

(G
z )

=
d
om

(G
);

F
v

an
d
G
z

are
con

vex
an

d
con

tin
u

ou
s

fu
n

ction
s;

F
v

an
d
G
z

are
accu

rate
u

p
to

fi
rst

ord
er:

F
−
F
v

an
d
G
−

G
z

are
d

iff
eren

tiab
le,

w
ith

(F
−
F
v )(v

)
=

0,
∇

(F
−
F
v )(v

)
=

0,
(G
−
G
z )(z

)
=

0,
∇

(G
−
G
z )(z

)
=

0.

(4)

(H
ere

d
om

(·)
d

en
otes

th
e

d
om

ain
of

a
fu

n
ction

,
i.e.

all
p

oin
ts

at
w

h
ich

th
e

fu
n

ction
tak

es
a

fi
n

ite
va

lu
e.)

In
p

articu
lar

th
is

assu
m

p
tion

im
p

licitly
req

u
ires

th
at

F
an

d
G

b
oth

h
ave

co
n
vex

d
om

a
in

s.
A

s
a

sp
ecia

l
case,

in
som

e
settin

g
s

w
e

can
con

sid
er

d
ecom

p
o
sin

g
each

fu
n

ction
in

to
th

e
su

m
o
f

a
co

n
vex

an
d

a
d

iff
eren

tiab
le

term
,
F

=
F

cvx
+
F

d
iff

an
d
G

=
G

cvx
+
G

d
iff

,
a
s

m
en

tion
ed

b
efore;

w
e

can
th

en
take

lin
ear

ap
p

rox
im

ation
s

to
F

d
iff

an
d

to
G

d
iff

at
th

e
p

o
in

ts
v

an
d
z
,

resp
ectively,

to
ob

tain

{
F
v (w

)
:=

F
cvx (w

)
+

[F
d

iff
(v

)
+
〈w
−
v
,∇

F
d

iff
(v

)〉],
G
z (x

)
:=

G
cvx (x

)
+

[G
d

iff
(z

)
+
〈x
−
z
,∇

G
d

iff
(z

)〉]
.

(5)

In
p

a
rticu

lar,
if
F

d
iff

an
d
G

d
iff

are
b

oth
con

cave
(an

d
th

u
s
F

an
d
G

are
each

con
vex

/con
cave),

th
ese

tw
o

a
p

p
rox

im
ation

s
are

stan
d

ard
con

v
ex

m
a
jorization

s
to

F
a
n

d
G

taken
a
t

p
oin

ts
v

an
d
z

(a
s

m
ig

h
t

b
e

u
sed

in
a

m
a

jorization
/m

in
im

ization
algo

rith
m

in
so

m
e

settin
gs).

S
in

ce
F
v ,G

z
are

con
vex

,
w

e
can

su
b

stitu
te

th
em

in
p

lace
of

F
,G

in
th

e
iteration

s
of

th
e

C
P

alg
orith

m
(3

):


x
t+

1
=

arg
m

in
x {〈K

x
,w

t 〉
+

G
z (x

)
+

12 ‖x
−
x
t ‖

2T
−
1 }
,

w
t+

1
=

arg
m

in
w

{−
〈K

x̄
t+

1 ,w〉
+
F
∗v (w

)
+

12 ‖
w
−
w
t ‖

2Σ
−
1 }
.

(6)

W
e

w
ill

see
later

o
n

(in
S

ection
3.3)

th
at

th
is

form
u

latio
n

is
closely

related
to

th
e

A
D

M
M

algo
rith

m
,

an
d

in
fact

in
th

e
sp

ecial
case

given
in

(5),
if
F

d
iff

a
n

d
G

d
iff

are
con

cave,
th

en
m

o
c
c
a

can
b

e
v
iew

ed
as

a
sp

ecial
case

of
B

regm
an

A
D

M
M

(W
a
n

g
an

d
B

an
erjee,

2014;
W

a
n

g
et

al.,
2014a).

O
f

co
u

rse,
a

key
q
u

estion
rem

ain
s:

w
h

ich
p

rim
al

p
oin

ts
(z
,v

)
sh

ou
ld

w
e

u
se

for
con

-
stru

ctin
g

th
e

con
v
ex

ap
p

rox
im

ation
s

to
F

an
d

to
G

,
at

iteration
t

of
th

e
a
lgorith

m
?

W
e

fi
n

d
th

at,
b

efore
solv

in
g

for
(x
t+

1 ,w
t+

1 ),
w

e
sh

ou
ld

u
se

ex
p

an
sion

p
oin

ts

(z
,v

)
=
(x

t ,Σ
−

1(w
t−

1 −
w
t )

+
K
x̄
t )
.

W
e

w
ill

retu
rn

sh
o
rtly

to
th

e
q
u

estion
of

h
ow

th
ese

valu
es

w
ere

ch
osen

;
w

ith
th

is
ch

o
ice

in
p

lace,
th

e
m

o
c
c
a

algorith
m

is
d

efi
n
ed

in
A

lgorith
m

1.
F

o
r

reason
s

o
f

stab
ility,

it
m

ay
som

etim
es

b
e

d
esirab

le
to

u
p

d
ate

th
e

ex
p

an
sion

p
oin

ts
(z
,v

)
o
n

ly
p

erio
d

ically,
an

d
w

e
w

ill
in

corp
orate

th
is

op
tion

in
to

a
m

ore
g
en

eral
version

of
m

o
c
c
a

,
g
iven

in
A

lgorith
m

2.
S

p
ecifi

cally,
at

th
e
tth

stag
e,

w
e

rep
eat

th
e

(x
,w

)
u

p
d
ates

L
t

m
an

y
tim

es;
w

e
refer

to
th

ese
rep

eated
u

p
d

ates
a
s

th
e

“in
n

er
lo

op
”.

In
fact,

th
e
tth

“
in

n
er
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M
O

C
C

A
:
M

ir
r
o
r
e
d

C
o
n
v
e
x
/
C

o
n
c
a
v
e

O
p
t
im

iz
a
t
io

n
f
o
r

N
o
n
c
o
n
v
e
x

C
o
m

p
o
si

t
e

F
u
n
c
t
io

n
s

A
lg

o
ri

th
m

1
m

o
c
c
a

al
go

ri
th

m

In
p

u
t:

F
u

n
ct

io
n

s
F
,G

w
it

h
lo

ca
l

co
n
v
ex

a
p

p
ro

x
im

at
io

n
s
F
v
,G

z
,

li
n

ea
r

op
er

at
or
K

,
p

o
si

-
ti

ve
d

ia
go

n
al

st
ep

si
ze

m
at

ri
ce

s
Σ
,T

,
ex

tr
ap

ol
at

io
n

p
ar

am
et

er
θ
∈

[0
,1

].
In

it
ia

li
z
e
:

P
ri

m
al

p
oi

n
t
x

0
∈

R
d
,

d
u

al
p

oi
n
t
w

0
∈

R
m

,
ex

p
an

si
on

p
o
in

ts
(z

0
,v

0
)
∈

R
d
×
R
m

.
fo

r
t

=
0,

1,
2,
..
.

d
o

U
p

d
at

e
x

an
d
w

va
ri

ab
le

s:
w

ri
ti

n
g
x̄
t+

1
=
x
t+

1
+
θ(
x
t+

1
−
x
t)

,
d

efi
n

e

  
x
t+

1
=

ar
g

m
in
x

{ 〈
K
x
,w

t〉
+
G
z t

(x
)

+
1 2
‖x
−
x
t‖

2 T
−
1

}
,

w
t+

1
=

ar
g

m
in
w

{ −
〈K

x̄
t+

1
,w
〉+

F
∗ v t

(w
)

+
1 2
‖w
−
w
t‖

2 Σ
−
1

}
.

U
p

d
at

e
ex

p
an

si
on

p
oi

n
ts

:
d

efi
n

e

{
z t

+
1

=
x
t+

1
,

v t
+

1
=

Σ
−

1
(w

t
−
w
t+

1
)

+
K
x̄
t+

1
∈
∂
F
∗ v t

(w
t+

1
).

u
n
ti

l
so

m
e

co
n
ve

rg
en

ce
cr

it
er

io
n

is
re

ac
h

ed
.

A
lg

o
ri

th
m

2
m

o
c
c
a

al
go

ri
th

m
(s

ta
b

le
ve

rs
io

n
w

it
h

“i
n

n
er

lo
op

”)

In
p

u
t

/
In

it
ia

li
z
e
:

S
am

e
as

fo
r

A
lg

or
it

h
m

1,
al

on
g

w
it

h
in

n
er

lo
op

le
n

g
th

s
L

1
,L

2
,.
..

fo
r
t

=
0,

1,
2,
..
.

d
o

D
efi

n
e

(x
t+

1
;0
,w

t+
1
;0

)
=

(x
t,
w
t)

.
fo

r
`

=
1,

2,
..
.,
L
t+

1
d

o
U

p
d

at
e
x

an
d
w

va
ri

ab
le

s:
w

ri
ti

n
g
x̄
t+

1
;`

=
x
t+

1
;`

+
θ(
x
t+

1
;`
−
x
t+

1
;`
−

1
),

d
efi

n
e

  
x
t+

1
;`

=
ar

g
m

in
x

{ 〈
K
x
,w

t+
1
;`
−

1
〉+

G
z t

(x
)

+
1 2
‖x
−
x
t+

1
;`
−

1
‖2 T
−
1

}
,

w
t+

1
;`

=
ar

g
m

in
w

{ −
〈K

x̄
t+

1
;`
,w
〉+

F
∗ v t

(w
)

+
1 2
‖w
−
w
t+

1
;`
−

1
‖2 Σ
−
1

}
.

e
n

d
fo

r
D

efi
n

e
(x
t+

1
,w

t+
1
)

=
1

L
t+

1

∑
L
t+

1

`=
1

(x
t+

1
;`
,w

t+
1
;`

).
U

p
d

at
e

ex
p

an
si

on
p

oi
n
ts

:
d

efi
n

e

{
z t

+
1

=
1

L
t+

1

∑
L
t+

1

`=
1
x
t+

1
;`
,

v t
+

1
=

1
L
t+

1

∑
L
t+

1

`=
1

( Σ
−

1
(w

t+
1
;`
−

1
−
w
t+

1
;`

)
+
K
x̄
t+

1
;`

) .

u
n
ti

l
so

m
e

co
n
ve

rg
en

ce
cr

it
er

io
n

is
re

ac
h

ed
.

lo
op

”
is

si
m

p
ly

ru
n

n
in

g
th

e
C

P
al

go
ri

th
m

fo
r

th
e

co
n
ve

x
p

ro
b

le
m

m
in
x
{F

v
t
(K

x
)

+
G
z t

(x
)}

.
T

h
en

,
w

e
av

er
ag

e
ov

er
th

e
in

n
er

lo
op

an
d

ca
lc

u
la

te
a

si
n

gl
e

u
p

d
at

e
of

th
e

ex
p

an
si

on
p

o
in

ts
(z
,v

).
O

b
se

rv
e

th
at

,
if

w
e

se
t
L
t

=
1

fo
r

al
l
t,

w
e

d
o

on
ly

a
si

n
gl

e
(x
,w

)
u
p

d
a
te

in
ea

ch
“i

n
n

er
lo

op
”

an
d

th
u

s
h

av
e

re
d

u
ce

d
to

th
e

b
as

ic
fo

rm
of

m
o
c
c
a

.
In

p
ra

ct
ic

e,
th

e
b

as
ic

fo
rm

(A
lg

or
it

h
m

1)
p

er
fo

rm
s

w
el

l,
an

d
th

e
m

or
e

st
ab

le
ve

rs
io

n
(A

lg
or

it
h

m
2
)

is
p

ri
m

ar
il

y

5
JM

L
R

 1
7(

14
4)

:1
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1

B
a
r
b
e
r

a
n
d

S
id

k
y

p
ro

p
o
se

d
h

er
e

fo
r

th
eo

re
ti

ca
l

p
u

rp
o
se

s,
a
s

so
m

e
o
f

o
u

r
co

n
ve

rg
en

ce
gu

a
ra

n
te

es
d

o
n

o
t

h
o
ld

fo
r

th
e

b
as

ic
ve

rs
io

n
.

H
ow

ev
er

,
in

so
m

e
se

tt
in

g
s

th
e

a
d

d
ed

st
ab

il
it

y
d

o
es

h
el

p
em

p
ir

ic
a
ll

y.
W

e
re

m
ar

k
th

at
F
,G

(a
n

d
th

ei
r

a
p

p
ro

x
im

a
ti

on
s
F
v
,G

z
)

a
re

a
ll

ow
ed

to
ta

ke
th

e
va

lu
e

+
∞

,
fo

r
in

st
an

ce
,

to
re

fl
ec

t
a

co
n

st
ra

in
t.

F
o
r

ex
a
m

p
le

w
e

m
ig

h
t

h
av

e
G

(x
)

=
δ{
‖x
‖ 2
≤

1}
,

th
e

co
n
ve

x
in

d
ic

at
o
r

fu
n

ct
io

n
ta

k
in

g
th

e
va

lu
e

+
∞

if
th

e
co

n
st

ra
in

t
‖x
‖ 2
≤

1
is

v
io

la
te

d
an

d
ze

ro
ot

h
er

w
is

e;
th

is
h

a
s

th
e

eff
ec

t
o
f

im
p

o
si

n
g

a
co

n
st

ra
in

t
o
n

th
e
x

u
p

d
at

e
st

ep
of

o
u

r
al

go
ri

th
m

.
F

u
rt

h
er

m
or

e,
in

se
tt

in
g
s

w
h

er
e
F
v

m
ay

n
ot

b
e

st
ro

n
g
ly

co
n
ve

x
,

it
s

co
n

ju
g
at

e
F
∗ v

m
ay

n
o
t

b
e

fi
n

it
el

y
va

lu
ed

;
w

e
w

o
u

ld
h

av
e
F
∗ v(
w

)
=

+
∞

(f
o
r

so
m

e,
b

u
t

n
o
t

a
ll

,
w

).
F

or
in

st
an

ce
if
F
v
(w

)
=
‖w
‖ 1

th
en

F
∗ v

=
δ{
‖w
‖ ∞
≤

1}
,

w
h

ic
h

h
a
s

th
e

eff
ec

t
o
f

im
p

os
in

g
a

co
n

st
ra

in
t

on
w

in
th

e
w

u
p

d
a
te

st
ep

o
f

o
u

r
a
lg

o
ri

th
m

.
O

u
r

th
eo

re
ti

ca
l

re
su

lt
s

in
th

is
p

a
p

er
h

o
ld

ac
ro

ss
al

l
th

es
e

se
tt

in
gs

,
i.

e.
w

e
d

o
n

o
t

a
ss

u
m

e
th

a
t

a
n
y

of
th

e
fu

n
ct

io
n

s
F
,G
,F
v
,G

z
,F
∗ v

ar
e

ev
er

y
w

h
er

e
fi

n
it

e,
b

u
t

in
st

ea
d

w
o
rk

in
th

e
d

o
m

a
in

s
o
f

th
es

e
fu

n
ct

io
n

s.

1
.1

.1
S
im

p
l
e

S
p
e
c
ia

l
C

a
se

s

B
ef

or
e

d
is

cu
ss

in
g

th
e

im
p

le
m

en
ta

ti
o
n

an
d

b
eh

av
io

r
o
f
m

o
c
c
a

fo
r

ge
n

er
a
l
n

on
co

n
ve

x
a
n

d
/
o
r

n
on

sm
o
o
th

p
ro

b
le

m
s,

w
e

p
au

se
to

il
lu

st
ra

te
th

a
t

m
o
c
c
a

ca
n

b
e

v
ie

w
ed

a
s

a
g
en

er
al

iz
at

io
n

of
m

a
n
y

ex
is

ti
n

g
te

ch
n

iq
u

es
.

•
If

F
,G

ar
e

b
o
th

co
n
ve

x
w

it
h

ea
sy

p
ro

x
im

al
m

a
p

s,
th

en
w

e
ca

n
o
f

co
u

rs
e

ch
o
o
se

th
e

tr
iv

ia
l

co
n
ve

x
fa

m
il

ie
s
F
v

=
F

a
n

d
G
z

=
G

;
th

e
m

o
c
c
a

a
lg

or
it

h
m

th
en

re
d

u
ce

s
to

th
e

C
h

a
m

b
ol

le
-P

o
ck

(C
h

a
m

b
o
ll

e
a
n

d
P

o
ck

,
2
0
11

)
o
r

P
ri

m
a
l-

D
u

a
l

H
y
b

ri
d

G
ra

d
ie

n
t

(E
ss

er
et

al
.,

2
00

9)
a
lg

o
ri

th
m

(d
ep

en
d

in
g

o
n

o
u
r

ch
oi

ce
o
f

th
e

ex
tr

a
p

ol
a
ti

o
n

p
a
ra

m
et

er
θ)

.
T

h
es

e
m

et
h

o
d

s
ca

n
h

an
d

le
co

m
p

os
it

e
o
b

je
ct

iv
e

fu
n

ct
io

n
s

w
it

h
co

n
ve

x
te

rm
s;

m
o
c
c
a

ex
te

n
d

s
th

es
e

m
et

h
o
d

s
to

a
se

tt
in

g
w

it
h

n
o
n

co
n
ve

x
te

rm
s.

•
In

th
e

se
tt

in
g

w
h

er
e

w
e

w
a
n
t

to
m

in
im

iz
e

a
fu

n
ct

io
n
G

(x
)

w
h

ic
h

is
a

su
m

o
f

a
co

n
ve

x
te

rm
an

d
a

d
iff

er
en

ti
a
b

le
te

rm
,
G

(x
)

=
g
(x

)
+
h

(x
),

w
e

ca
n

sh
ow

th
at

m
o
c
c
a

re
d

u
ce

s
to

p
ro

x
im

al
g
ra

d
ie

n
t

d
es

ce
n
t

(N
es

te
ro

v
,

2
0
1
3;

B
ec

k
a
n

d
T

eb
o
u

ll
e,

2
0
09

)
a
s

a
sp

ec
ia

l
ca

se
.

S
p

ec
ifi

ca
ll
y,

w
e

d
efi

n
e

th
e

a
p

p
ro

x
im

a
ti

o
n

s
G
z
(x

)
=
g
(x

)
+
h

(z
)
+
〈∇
h

(z
),
x
−
z
〉.

In
th

is
se

tt
in

g
th

er
e

is
n

o
F

fu
n

ct
io

n
,

an
d

h
en

ce
n

o
w

va
ri

a
b

le
;

ta
k
in

g
T

=
τ
·I
d
,

th
e

st
ep

s
of

A
lg

o
ri

th
m

1
b

ec
o
m

e
      

x
t+

1
=

ar
g

m
in
x

{ G
z t

(x
)

+
1 2
τ
‖x
−
x
t‖

2 2

}

=
ar

g
m

in
x

{ g
(x

)
+
〈∇
h

(z
t)
,x
〉+

1 2
τ
‖x
−
x
t‖

2 2

}
,

z t
+

1
=
x
t+

1
,

w
h

ic
h

si
m

p
li
fi

es
to

th
e

u
p

d
a
te

sc
h

em
e

x
t+

1
=

P
ro
x τ
·g

(x
t
−
τ
·∇

h
(x
t)

)
.

(7
)

T
h

is
is

ex
ac

tl
y

th
e

p
ro

x
im

a
l

gr
a
d

ie
n
t

d
es

ce
n
t

a
lg

o
ri

th
m

w
it

h
st

ep
si

ze
τ
.

P
ro

x
im

al
gr

a
d

ie
n
t

d
es

ce
n
t

ca
n

h
a
n

d
le

a
fu

n
ct

io
n

w
h

ic
h

co
m

b
in

es
a

d
iff

er
en

ti
a
b

le
te

rm
w

it
h

a
co

n
ve

x
te

rm
as

lo
n

g
a
s

th
e

co
n
ve

x
te

rm
h

a
s

a
n

ea
sy

p
ro

x
im

al
m

a
p

;
m

o
c
c
a

ex
te

n
d

s
th

is
m

et
h

o
d

to
a

se
tt

in
g

w
h

er
e

th
e

co
n
ve

x
te

rm
s

la
ck

an
ea

sy
p

ro
x
im

a
l

m
a
p

d
u

e
to

li
n

ea
r

tr
a
n

sf
or

m
at

io
n

s,
le

a
d

in
g

to
co

m
p

os
it

e
o
p

ti
m

iz
a
ti

on
p

ro
b

le
m

s.

W
e

w
il

l
d

is
cu

ss
o
th

er
ex

is
ti

n
g

m
et

h
o
d

s
in

m
or

e
d

et
ai

l
la

te
r

o
n

in
S

ec
ti

o
n

3
.
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M
O

C
C

A
:
M

ir
r
o
r
e
d

C
o
n
v
e
x
/
C

o
n
c
a
v
e

O
p
t
im

iz
a
t
io

n
f
o
r

N
o
n
c
o
n
v
e
x

C
o
m

p
o
sit

e
F

u
n
c
t
io

n
s

1
.1

.2
S
t
e
p

S
iz

e
P

a
r
a
m

e
t
e
r
s

Σ
a
n
d

T

W
e

n
ow

tu
rn

to
th

e
q
u

estio
n

of
ch

o
o
sin

g
th

e
d

ia
g
o
n

a
l

step
size

m
a
trices

Σ
a
n

d
T

.
A

s
w

e
w

ill
see

la
ter

o
n

,
go

o
d

co
n
verg

en
ce

p
ro

p
erties

a
re

a
tta

in
ed

w
h

en
Σ
,T

a
re

ch
o
sen

su
ffi

cien
tly

sm
a
ll,

to
satisfy

∥∥
Σ

1/
2K

T
1/

2 ∥∥
<

1
—

th
is

co
n

d
ition

o
n

Σ
a
n

d
T

is
d

eriv
ed

b
y

P
o
ck

a
n

d
C

h
am

b
o
lle

(20
1
1)

fo
r

th
e

p
reco

n
d

itio
n

ed
C

P
a
lg

o
rith

m
,

an
d

ap
p

ea
rs

in
ou

r
th

eo
ry

a
s

w
ell.

H
ere
‖·‖

is
th

e
m

a
trix

o
p

era
tor

n
orm

(i.e.
th

e
la

rg
est

sin
g
u

la
r

va
lu

e).
T

o
ch

o
o
se

m
atrices

th
a
t

sa
tisfy

th
is

req
u

irem
en

t,
P

o
ck

a
n

d
C

h
a
m

b
o
lle

(2
01

1
)

p
rop

o
se

a
p

a
ra

m
etrized

fa
m

ily
o
f

ch
oices:

a
fter

fi
x
in

g
so

m
e

p
a
ra

m
eter

λ
>

0,
d

efi
n

e
2

Σ
ii

=
λ

∑
j |K

ij |
an

d
T
jj

=
λ
−

1

∑
i |K

ij |
.

(8
)

E
m

p
irica

lly,
w

e
fi

n
d

th
at

h
igh

er
va

lu
es

o
f
λ

a
re

m
o
re

stab
le

b
u

t
lea

d
to

slow
er

co
n
vergen

ce;
it

seem
s

th
a
t

th
e

b
est

ch
oice

is
th

e
sm

a
llest

p
o
ssib

le
λ

su
ch

th
a
t

th
e

a
lg

o
rith

m
d

o
es

n
o
t

d
iverg

e.
It

m
ay

also
b

e
in

terestin
g

to
con

sid
er

va
ry

in
g
λ

a
d

a
p

tively
over

th
e

itera
tio

n
s

o
f

th
e

a
lg

o
rith

m
,

b
u

t
w

e
d

o
n

o
t

stu
d

y
th

is
ex

ten
sio

n
h

ere.

1
.1

.3
U

n
d
e
r
st

a
n
d
in

g
t
h
e

C
h
o
ic

e
o
f

E
x
pa

n
sio

n
P

o
in

t
s

W
e

n
ow

retu
rn

to
ou

r
ch

o
ice

o
f

th
e

ex
p

a
n

sio
n

p
oin

ts
(z
,v

)
∈

R
d×

R
m

.
W

e
w

ill
g
ive

an
in

tu
itio

n
fo

r
th

e
ch

o
ices

o
f

th
ese

p
o
in

ts
in

th
e

m
o
c
c
a

a
lg

o
rith

m
.

T
o

ex
a
m

in
e

th
is

q
u

estio
n

,
fi

rst
co

n
sid

er
th

e
g
o
al

for
o
p
tim

iza
tio

n
:

w
e

w
o
u

ld
like

to
fi

n
d

x
?∈

a
rg

m
in

x
{F

(K
x

)
+

G
(x

)}
,

or
if

th
is

p
ro

b
lem

is
n

on
con

v
ex

th
en

w
e

m
ay

b
e

sa
tisfi

ed
to

let
x
?

b
e

a
lo

ca
l

m
in

im
izer

o
r

critical
p

oin
t

o
f

th
is

ob
jectiv

e
fu

n
ctio

n
.

W
e

th
en

n
eed

to
fi

n
d

p
rim

a
l

p
o
in

ts
z
∈

R
d

a
n

d
v
∈
R
m

,
su

ch
th

a
t

rep
lacin

g
F

w
ith

F
v

a
n

d
G

w
ith

G
z

still
y
ield

s
th

e
sam

e
solu

tion
,

i.e.
so

th
at

x
?∈

a
rg

m
in

x
{F

v (K
x

)
+

G
z (x

)}
.

(9)

E
x
am

in
in

g
th

e
fi

rst-o
rd

er
op

tim
ality

co
n

d
itio

n
s

fo
r

ea
ch

of
th

ese
p
ro

b
lem

s,
it

follow
s

th
a
t

w
e

sh
o
u

ld
set

(z
,v

)
=

(x
?,K

x
?)

to
en

su
re

th
at

(9)
h
o
ld

s.
O

f
cou

rse,
x
?

is
u

n
k
n

ow
n

an
d

so
w

e
can

n
ot

set
(z
,v

)
=

(x
?,K

x
?).

In
stead

,
a

lo
g
ica

l
a
p

p
ro

a
ch

w
o
u

ld
b

e
to

set
(z
t ,v

t )
=

(x
t ,K

x
t ),

b
efo

re
solv

in
g

fo
r

(x
t+

1 ,w
t+

1 ).
T

h
en

,
h
o
p

e-
fu

lly,
a
s
x
t

co
n
verg

es
to
x
?

w
e

w
ill

a
lso

h
av

e
(z
t ,v

t )
co

n
verg

in
g

to
(x
?,K

x
?).

H
ow

ever,
in

p
ractice,

w
e

fi
n

d
th

at
th

is
ap

p
ro

ach
d

o
es

n
o
t

a
lw

ay
s

p
erfo

rm
a
s

w
ell

a
s

ex
p

ected
.

S
p

ecif-
ica

lly,
th

e
p

rob
lem

lies
w

ith
th

e
ch

o
ice

v
t

=
K
x
t ,

rela
tive

to
th

e
p

rim
a
l/

d
u

a
l

stru
ctu

re
of

th
e

alg
o
rith

m
.

T
o

u
n

d
ersta

n
d

w
h
y,

im
ag

in
e

th
a
t
F

a
n

d
G

a
re

a
ctu

a
lly

co
n
vex

,
b

u
t

w
e

n
o
n

eth
eless

a
re

ta
k
in

g
lo

cal
a
p

p
rox

im
a
tio

n
s
F
v

a
n

d
G
z

(w
h

ich
a
re

a
lso

co
n
vex

),
p

erh
a
p

s
fo

r
co

m
p

u
ta

tio
n

a
l

rea
son

s.
T

h
en

w
e

w
ou

ld
like

o
u

r
x

a
n

d
w

u
p

d
ate

step
s

(6
)

to
coin

cid
e

w
ith

th
e

u
p

d
a
tes

(3)
o
f

th
e

origin
al

C
P

a
lgo

rith
m

.
E

x
a
m

in
in

g
th

e
o
p

tim
a
lity

co
n

d
ition

s,
th

is
w

ill
o
ccu

r
w

h
en

∂
G

(x
t+

1 )
=
∂
G
z
t (x

t+
1 )

a
n

d
∂
F
∗(w

t+
1 )

=
∂
F
∗v
t (w

t+
1 )
.

(10
)

2
.

In
fa

ct
th

ese
ch

o
ices

fo
r

Σ
,T

sa
tisfy

th
e

m
a
trix

n
o
rm

co
n
stra

in
t

m
o
re

w
ea

k
ly,

w
ith

∥∥∥
Σ

1/
2K

T
1/

2 ∥∥∥
≤

1

ra
th

er
th

a
n

a
strict

in
eq

u
a
lity,

b
u
t

th
is

is
su

ffi
cien

t
in

p
ra

ctice.
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B
a
r
b
e
r

a
n
d

S
id

k
y

(H
ere

w
e

a
re

ig
n

orin
g

issu
es

of
m

u
ltivalu

ed
su

b
d

iff
eren

tials
sin

ce
o
u

r
a
im

is
on

ly
to

g
iv

e
in

tu
ition

.)
U

sin
g

th
e

d
efi

n
ition

s
of

G
an

d
G
z
t ,

for
th

e
x

step
ou

r
req

u
irem

en
t

in
(10)

is
eq

u
ivalen

t
to

∇
(G
−
G
z
t )(x

t+
1 )

=
0,

w
h

ich
w

ill
certa

in
ly

h
old

if
z
t

=
x
t+

1
b
y

ou
r

assu
m

p
tion

(4)
on

th
e

fu
n

ction
G
z
t .

S
in

ce
w

e
h

ave
n

ot
yet

solv
ed

for
x
t+

1 ,
w

e
in

stead
ch

o
ose

th
e

ex
p

an
sion

p
o
in

t
z
t

=
x
t

for
th

e
fu

n
ction

G
,

a
s

p
rev

iou
sly

p
rop

osed
.

F
o
r

th
e
w

step
,

ou
r

ou
tcom

e
w

ill
b

e
d
iff

eren
t.

S
u

b
grad

ien
ts

satisfy
a

d
u

ality
p

rop
erty,

n
a
m

ely,
w
∈
∂
F

(u
)

if
an

d
on

ly
if
u
∈
∂
F
∗(w

)
for

an
y

con
vex

fu
n

ction
F

a
n

d
its

con
ju

ga
te

F
∗.

T
h

e
req

u
irem

en
t
∂
F
∗(w

t+
1 )

=
∂
F
∗v
t (w

t+
1 )

in
(10)

th
erefo

re
y
ield

s
w
t+

1 ∈
∂
F

(∂
F
∗v
t (w

t+
1 ))

b
y

th
is

d
u

ality
p

rop
erty,

an
d

so
w

e
h

ave

w
t+

1 ∈
∂
F

(∂
F
∗v
t (w

t+
1 ))

=
∂
F
v
t (∂

F
∗v
t (w

t+
1 ))

+
∇

(F
−
F
v
t )(∂

F
∗v
t (w

t+
1 ))

=
w
t+

1
+
∇

(F
−
F
v
t )(∂

F
∗v
t (w

t+
1 ))

w
h

ere
th

e
la

st
step

again
h

old
s

from
th

e
d

u
ality

p
rop

erty
of

su
b

grad
ien

ts.
S
o,

w
e

see
th

at
w

e
w

ou
ld

like
∇

(F
−
F
v
t )(∂

F
∗v
t (w

t+
1 ))

=
0

w
h

ich
,

accord
in

g
to

ou
r

assu
m

p
tion

(4)
on

th
e

ex
p

an
sion

s
F
v
t ,

w
ill

h
old

if

v
t ∈

∂
F
∗v
t (w

t+
1 )
.

In
oth

er
w

ord
s,

w
e

w
ou

ld
like

v
t

to
b

e
th

e
p

rim
al

p
oin

t
th

at
corresp

on
d

s
to

th
e

d
u

al
p

oin
t

w
t+

1 —
th

at
is,

th
e

p
rim

al
p

oin
t

th
at

m
irro

rs
th

e
d

u
al

p
oin

t
w
t+

1 .
O

f
cou

rse,
th

is
is

n
ot

p
o
ssib

le
sin

ce
w

e
h
ave

n
ot

yet
com

p
u

ted
w
t+

1 ,
an

d
fu

rth
erm

ore
v
t

ap
p

ears
o
n

b
oth

sid
es

o
f

th
is

eq
u

atio
n

.
In

stead
,

w
e

take
v
t ∈

∂
F
∗v
t−

1 (w
t ).

L
o
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g

at
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rst-ord
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p
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e
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w

e
can

satisfy
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p
ression

b
y
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o
o
sin

g

v
t

=
Σ
−

1(w
t−

1 −
w
t )

+
K
x̄
t ∈

∂
F
∗v
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1 (w
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In
fact,
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v
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b
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C
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D
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M
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M
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D
M
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et

al.,
2011).
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or
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e

stab
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form
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o
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a

,
A

lgorith
m
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r
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oice
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r
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p
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p

o
in

ts
(z
,v
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takes

a
n
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e

over
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n

er
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op
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w
h

ich
w

e
w

ill
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ffi
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t
stab

ility
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n
verg

en
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lts
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h
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1
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C
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c
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e
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n
c
e
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w
e
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le
w
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w
h
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b
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c
c
a
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m
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lgorith
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ea
r
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p
o
in
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a
lo

cal
m

in
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u
m

).
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e
treat
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q
u
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form
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e
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lgorith

m
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in
ou

r
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lts
la

ter
on

.)
D
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e
fi

rst-ord
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ccu

racy
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e
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ap
p

rox
im

ation
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F

an
d
G

as
sp

ecifi
ed

in
(4),

a
critical

p
oin

t
x
∈
R
d

for
th

e
o
b

jective
fu

n
ction

F
(K

x
)

+
G

(x
)

is
ch

aracterized
b
y

th
e

fi
rst-ord

er
con

d
ition

0
∈
K
>
∂
F
K
x (K

x
)

+
∂
G
x (x

)
.

(11)
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∈
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∂
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p
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∂
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e
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d
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at
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y
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d
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n
it
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n

s
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1
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1
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w

e
ca

n
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ow
th
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0
∈
K
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w
t
+
∂
G
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(x
t+

1
)

+
T
−

1
(x
t+

1
−
x
t)
,

0
∈
−
K
x̄
t+

1
+
∂
F
∗ v t

(w
t+

1
)

+
Σ
−

1
(w

t+
1
−
w
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z t
=
x
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v t
=

Σ
−

1
(w

t
−
w
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1
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+
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h

er
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in
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th
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th

e
d
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of
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m
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e
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t

O
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(x
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1
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1
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=
∥ ∥ −
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t
−
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1
)

+
T
−

1
(x
t
−
x
t+

1
)∥ ∥

2 2
+
∥ ∥ K

(x
t
−
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t+

1
)

+
Σ
−

1
(w

t
−
w
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1
)∥ ∥

2 2

+
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t
−
x
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1
‖2 2

+
∥ ∥ K

(x
t−

1
−

2
x
t
+
x
t+

1
)

+
Σ
−

1
(w

t−
1
−
w
t)
∥ ∥2 2

=
O
(
∥ ∥ ∥ ∥(

x
t−

1
−
x
t

w
t−

1
−
w
t

)∥ ∥ ∥ ∥
2 2

+

∥ ∥ ∥ ∥(
x
t
−
x
t+

1

w
t
−
w
t+

1

)∥ ∥ ∥ ∥
2 2

)
.

In
ot

h
er

w
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e
ch

an
ge
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e
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le
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(x
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w
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n
ve
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to
ze

ro
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→
∞

,
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en
th

e
op

ti
m

al
it

y
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p
is

al
so
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n
ve
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in

g
to

ze
ro
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h
e
o
r
e
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R
e
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s
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p
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l
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th
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or
k
.

T
h

e
fi

rs
t

is
fa
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a
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e
re
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d
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eo
re

m
1

w
e

sh
ow

th
at

if
th
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e

to
a

p
o
in
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p
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n
t

of
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e
or

ig
in

al
op

ti
m

iz
at

io
n

p
ro

b
le

m
.

(S
in

ce
th

e
si

m
p

le
fo

rm
,

A
lg

or
it

h
m

1,
is

a
sp

ec
ia

l
ca

se
of

th
e

st
ab

le
fo

rm
,
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lg

or
it

h
m

2,
w

e
p
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ve
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is

re
su

lt
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r
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e
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ab
le

al
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m
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h
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7→
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x
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+
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)
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re
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p
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p
o
rt

an
t

to
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b
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b
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at
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r
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b

e
n

on
d

iff
er

en
ti

a
b

le
as

w
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b
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p
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ra
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p
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b
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ra
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p
ic

to
ta

l
va

ri
a
ti

o
n

p
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b
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e
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d
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p
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p
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p
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n
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p
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oi

si
n

g
p

ro
b

le
m

w
it

h
an

is
ot

ro
p

ic
to

ta
l

va
ri

a
ti

on
p

en
a
lt

y,

i.
e.

p
ro

b
le

m
s

of
th

e
fo

rm
m

in
x

{
1 2
‖b
−
x
‖2 2

+
ν
·‖
x
‖ is

o
T

V

} ,
w

er
e

st
u

d
ie

d
in

C
h

a
m

b
ol

le
a
n

d

P
o
ck

(2
01

5)
.

In
p

ra
ct

ic
e

th
e

is
ot

ro
p

ic
p

en
al

ty
is

of
te

n
p

re
fe

rr
ed

as
it

le
ad

s
to

sm
o
o
th

er
co

n
to

u
rs

,
av

oi
d

in
g

th
e

ar
ti

fi
ci

al
h

or
iz

on
ta

l
or

ve
rt

ic
al

ed
ge

s
th

at
m

ay
re

su
lt

fr
om

a
n

is
tr

o
p

ic
to

ta
l

va
ri

at
io

n
re

gu
la

ri
za

ti
on

.
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B
a
r
b
e
r

a
n
d

S
id

k
y

T
h

e
is

o
tr

op
ic

to
ta

l
va

ri
a
ti

on
p

en
a
lt

y
ca

n
b

e
ge

n
er

a
li

ze
d

to
p

en
a
lt

ie
s

o
f

th
e

fo
rm

P
en
al
ty

(x
)

=
ν
·
L ∑ `=

1

‖K
`x
‖ 2
,

w
h

er
e

ea
ch
K
`
∈
R
m
`
×
d

is
so

m
e

fi
x
ed

m
a
tr

ix
.

T
o

se
e

h
ow

th
is

d
et

er
m

in
es

an
is

o
tr

op
ic

to
ta

l
va

ri
a
ti

on
p

en
a
lt

y
in

tw
o

d
im

en
si

o
n

s,
w

e
le

t
`

in
d

ex
al

l
lo

ca
ti

o
n

s
(i
,j

);
th

en
th

e
co

rr
es

p
on

d
in

g
m

at
ri

x
K
`

h
a
s

tw
o

ro
w

s,
w

h
ic

h
w

h
en

m
u

lt
ip

ly
in

g
th

e
im

a
ge

x
,

ex
tr

a
ct

s
th

e
d

iff
er

en
ce

s
x
i,
j
−
x
i,
j+

1
a
n

d
x
i,
j
−
x
i+

1
,j

.
T

o
se

e
h

ow
th

is
sp

ec
ia

li
ze

s
to

th
e

u
su

a
l

g
en

er
a
li

ze
d
` 1

p
en

al
ty

,
‖K

x
‖ 1

fo
r

so
m

e
fi

x
ed

m
a
tr

ix
K
∈
R
m
×
d
,

si
m

p
ly

ta
ke
K
`

to
b

e
th

e
`t

h
ro

w
o
f

th
e

m
at

ri
x
K

fo
r

ea
ch

`
=

1,
..
.,
m

.

2
.2

.1
A

p
p
ly

in
g

t
h
e

M
O

C
C

A
A

l
g

o
r
it

h
m

W
e

n
ow

sh
ow

th
e

st
ep

s
o
f

th
e

m
o
c
c
a

a
lg

or
it

h
m

to
th

e
p

ro
b

le
m

o
f

m
in

im
iz

in
g

L(
x

)
+
ν
·
L ∑ `=

1

‖K
`x
‖ 2
,

(1
7)

w
h

er
e
L(
x

)
is

a
d

iff
er

en
ti

a
b

le
li

ke
li

h
o
o
d

te
rm

(s
u

ch
th

e
n

on
co

n
v
ex

li
ke

li
h

o
o
d

fo
r

re
g
re

ss
io

n
w

it
h

er
ro

rs
in

va
ri

a
b

le
s

a
s

a
b

ov
e)

.
W

e
d

efi
n

e
th

e
m

a
tr

ix
K

b
y

ve
rt

ic
a
ll

y
st

ac
k
in

g
th

e
K
`’

s,
a
n

d
d

efi
n

e
th

e
co

n
ve

x
fu

n
ct

io
n

F
(w

)
=
ν
·
L ∑ `=

1

‖w
B
`
‖ 2
,

w
h

er
e
w
B
`

is
u

n
d

er
st

o
o
d

to
b

e
th

e
`t

h
b

lo
ck

o
f

th
e

ve
ct

o
r
w

,
i.

e.

w
B
`

=
(w

m
1
+
···

+
m
`
−
1
+

1
,.
..
,w

m
1
+
···

+
m
`
).

W
e

ta
ke

th
e

tr
iv

ia
l

co
n
ve

x
a
p

p
ro

x
im

a
ti

o
n

s
F
v
(w

)
=

F
(w

)
at

an
y

ex
p

a
n

si
o
n

p
o
in

t
v
∈
R
m

,
an

d
d

efi
n

e
G

(x
)

an
d
G
z
(x

)
ex

ac
tl

y
a
s

b
ef

o
re

(a
s

fo
r

th
e

p
re

v
io

u
s

a
p

p
li

ca
ti

on
,

w
e

a
ll

ow
th

e
o
p

ti
o
n

o
f

re
st

ri
ct

in
g

to
‖x
‖ 1
≤
R

if
d

es
ir

ed
).

T
h

en
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
(1

7
)

is
eq

u
iv

a
le

n
t

to
m

in
im

iz
in

g
F

(K
x

)
+

G
(x

).
A

p
p

ly
in

g
A

lg
or

it
h

m
1
,

th
e

u
p

d
at

e
st

ep
s

ta
k
e

th
e

fo
rm

      

x
t+

1
=

a
rg

m
in
‖x
‖ 1
≤
R

{ ∥ ∥
x
−
[ x
t
−

T
( ∇
L(
x
t)

+
K
>
w
t)
]∥ ∥

2 T
−
1

}
,

w
t+

1
=

T
ru
n
ca
te
ν
·(B

m
1
×
···
×
B m

L
)
(w

t
+

Σ
K
x̄
t+

1
)
,

z t
+

1
=
x
t+

1
,

w
h

er
e
T
ru
n
ca
te
ν
·(B

m
1
×
···
×
B m

L
)(
w

)
p

ro
je

ct
s

ea
ch

b
lo

ck
w
B
`
∈
R
m
`

of
th

e
ve

ct
o
r
w

to
th

e
b

al
l

o
f

ra
d

iu
s
ν

,
ν
·B

m
`
⊆

R
m
`

(h
er

e
B m

`
is

th
e

u
n

it
b

a
ll

o
f

d
im

en
si

o
n
m
`

in
th

e
` 2

n
or

m
).

S
p

ec
ifi

ca
ll

y,
th

e
w

u
p

d
a
te

st
ep

ca
n

b
e

co
m

p
u

te
d

fo
r

ea
ch

b
lo

ck
a
s

(w
t+

1
) B

`
=

(w
t
+

Σ
K
x̄
t+

1
) B

`
·m

in

  
1,

ν
∥ ∥ ∥(
w
t
+

Σ
K
x̄
t+

1
) B

`

∥ ∥ ∥ 2

  

fo
r

ea
ch

`
=

1,
..
.,
L

,
a
n

d
is

th
er

ef
or

e
tr

iv
ia

l
to

co
m

p
u

te
.
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M
O

C
C

A
:
M

ir
r
o
r
e
d

C
o
n
v
e
x
/
C

o
n
c
a
v
e

O
p
t
im

iz
a
t
io

n
f
o
r

N
o
n
c
o
n
v
e
x

C
o
m

p
o
sit

e
F

u
n
c
t
io

n
s

2
.3

N
o
n

c
o
n
v
e
x

T
o
ta

l
V

a
ria

tio
n

P
e
n

a
ltie

s

A
s

d
iscu

ssed
in

S
ection

2
.1

,
to

tal
va

ria
tion

p
en

alties
are

com
m

o
n

in
m

an
y

a
p

p
lica

tion
s

w
h

ere
th

e
u

n
d

erly
in

g
sign

a
l

ex
h

ib
its

sm
o
o
th

o
r

lo
ca

lly
co

n
sta

n
t

sp
a
tia

l
stru

ctu
re

(in
o
n

e,
tw

o
,

o
r

m
o
re

d
im

en
sio

n
s).

In
co

n
vex

op
tim

izatio
n

,
w

e
a
re

fa
ced

w
ith

a
w

ell-k
n

ow
n

tra
d

eo
ff

b
etw

een
sp

arsity
a
n

d
b

ia
s—

u
sin

g
ν
·‖
x‖

T
V

a
s

o
u

r
p

en
alty

fu
n

ction
fo

r
so

m
e

p
a
ram

eter
ν
>

0
,

w
e

w
an

t
to

b
e

su
re

to
ch

o
ose

ν
large

en
o
u

g
h

th
a
t

th
e

resu
ltin

g
so

lu
tio

n
is

to
ta

l-va
ria

tio
n

-sp
a
rse,

to
avoid

overfi
ttin

g
w

h
en

th
e

sam
p

le
size

is
sm

a
ll

rela
tive

to
th

e
d

im
en

sio
n

o
f

th
e

im
a
g
e;

h
ow

ev
er,

la
rg

er
ν

lea
d

s
to

in
crea

sed
sh

rin
ka

g
e

o
f

th
e

sig
n

a
l,

lea
d

in
g

to
a
n

estim
a
te

th
a
t

is
b

iased
tow

ard
s

zero
.

O
n

e
w

ay
to

avo
id

th
is

tra
d

eo
ff

is
to

u
se

a
n

o
n

co
n
vex

p
en

a
lty,

w
h

ich
sh

ou
ld

b
eh

av
e

like
th

e
to

ta
l

varia
tion

n
o
rm

in
term

s
o
f

p
ro

m
otin

g
sp

a
rsity,

b
u
t

red
u

ce
th

e
a
m

o
u

n
t

of
sh

rin
ka

ge
fo

r
la

rg
er

sig
n

a
l

stren
g
th

.
In

th
is

sectio
n
,

w
e

w
ill

u
se
∇

T
V

to
d

en
o
te

th
e

d
iff

eren
ces

m
a
trix

in
th

e
ap

p
ro

p
riate

sp
a
ce

(e.g
.∇

T
V

=
∇

2
d

in
tw

o
d

im
en

sio
n

s),
so

th
a
t

‖
x‖

T
V

=
‖∇

T
V
x‖

1 .
F

o
r

sp
arse

regression
p

ro
b

lem
s

(i.e.
w

h
ere

th
e

sig
n

a
l
x

is
itself

sp
a
rse,

ra
th

er
th

a
n

sp
a
rsity

in
∇

T
V
x

),
m

a
n
y

n
o
n

co
n
vex

altern
a
tives

to
th

e
`
1

n
orm

p
en

a
lty
‖x‖

1
h

ave
b

een
stu

d
ied

,
d

em
o
n

stra
tin

g
m

o
re

a
ccu

ra
te

sign
a
l

recovery
em

p
irica

lly
a
s

w
ell

a
s

th
eo

retica
l

p
ro

p
erties

of
red

u
ced

b
ia

s,
su

ch
as

th
e

S
m

o
o
th

ly
C

lip
p

ed
A

b
solu

te
D

ev
ia

tio
n

(S
C

A
D

)
p

en
a
lty

(F
a
n

an
d

L
i,

2
0
01

),
th

e
`
q

p
en

alty
w

h
ich

p
en

a
lizin

g
∑

i |x
i | q

fo
r

so
m

e
q∈

(0,1
)

(K
n

ig
h
t

a
n

d
F

u
,

20
0
0;

C
h

artran
d

,
20

07
),

an
d

th
e

M
in

im
a
x

C
o
n

cav
e

P
en

a
lty

(M
C

P
)

w
h

ich
seek

s
to

m
in

im
ize

con
cav

ity
w

h
ile

avo
id

in
g

b
ia

s
(Z

h
an

g
,

20
1
0
).

A
n

o
th

er
o
p

tio
n

is
to

u
se

a
rew

eig
h
ted

`
1

n
o
rm

(C
a
n

d
ès

et
a
l.,

2
0
08

),
w

h
ere

sig
n

a
ls

estim
a
ted

to
b

e
la

rg
e

a
t

th
e

fi
rst

p
a
ss

a
re

th
en

p
en

a
lized

less
in

th
e

n
ex

t
p

a
ss

to
red

u
ce

b
ia

s
in

th
eir

estim
a
tes;

in
fa

ct,
C

a
n

d
ès

et
al.

(2
0
08

)
sh

ow
th

a
t

th
is

p
ro

ced
u

re
is

rela
ted

to
a

n
o
n

con
v
ex

log
-su

m
p

en
a
lty,

g
iven

b
y

p
en

alizin
g

ea
ch

co
m

p
o
n

en
t

of
x
i

a
s

lo
g
(|x

i |
+
ε)

fo
r

som
e

fi
x
ed

ε
>

0
.

F
or

th
e

p
ro

b
lem

o
f

to
ta

l
va

ria
tion

sp
a
rsity,

a
variety

o
f

n
o
n

co
n
vex

a
p

p
ro

a
ch

es
h

ave
a
lso

b
een

stu
d

ied
,

in
clu

d
in

g
a
p

p
ly

in
g

S
C

A
D

(C
h

op
ra

a
n

d
L

ian
,

2
01

0
),

an
`
q

n
o
rm

p
en

a
lty

fo
r

0
<
q
<

1
(S

id
k
y

et
a
l.,

2
01

4
;

L
u

a
n

d
H

u
a
n

g
,

2
01

4
),

o
r

a
log

-su
m

tota
l

va
ria

tion
p

en
alty

(S
elesn

ick
et

a
l.,

2
01

5
;

P
a
rek

h
a
n

d
S

elesn
ick

,
20

1
5)

to
th

e
to

tal
va

ria
tio

n
sp

a
rsity

settin
g
.

W
e

n
ow

co
n

sid
er

th
e

p
rob

lem
a
p

p
ly

in
g

a
lo

g
-su

m
p

en
a
lty

to
th

e
p

ro
b

lem
of

total
va

ri-
a
tion

sp
arsity.

H
ere

w
e

con
sid

er
th

e
fo

rm
o
f

th
is

p
en

a
lty

g
iven

b
y

logT
V
β
(x

)
=

logL
1
β
(∇

T
V
x

)
w

h
ere

logL
1
β
(w

)
=
∑

i

β
lo

g
(1

+
|w
i |/β

)
,

w
h

ere
β
>

0
is

a
n

on
con

vex
ity

p
a
ram

eter.
(W

e
ca

n
a
lso

co
n

sid
er

ap
p

ly
in

g
th

is
n

on
con

-
vex

p
en

alty
to

th
e

isotrop
ic

versio
n

o
f

tota
l

va
riatio

n
,

a
s

d
iscu

ssed
in

S
ectio

n
2
.2

,
b

u
t

for
sim

p
licity

w
e

d
o

n
o
t

g
ive

th
a
t

version
ex

p
licitly

h
ere.)

T
o

u
n

d
ersta

n
d

th
is

fu
n

ctio
n

,
o
b

serve
th

a
t

for
a
n
y
t,

th
e

fu
n
ctio

n

t7→
β

lo
g
(1

+
|t|/

β
)

is
a
p

p
rox

im
ately

eq
u

a
l

to
|t|

w
h

en
t≈

0
(th

a
t

is,
n

ea
r

zero
it

b
eh

aves
like

th
e
`
1

n
orm

),
b

u
t

is
n

on
con

vex
a
n

d
p

en
a
lizes

la
rg

e
va

lu
es

of
t

m
u

ch
less

h
eav

ily
th

a
n

a
n

ab
so

lu
te

va
lu

e
p

en
a
lty

of|t|.
T

h
e

p
a
ra

m
eter

β
con

tro
ls

th
e

a
m

ou
n
t

o
f

n
o
n

con
vex

ity
:

sm
a
ll
β

g
ives

a
h

igh
ly

n
o
n

co
n
vex

p
en

alty,
w

h
ile

fo
r

la
rg

e
β

th
e

p
en

a
lty

is
n

ea
rly

co
n
vex

,
w

ith
logT

V
β
(x

)≈
‖x‖

T
V

;
see

F
igu

re
1

fo
r

a
n

illu
stratio

n
.
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d
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-2
-1

0
1

2

t

0

0
.5 1

1
.5 2

β·  log(1+|t|/β)

β
=

1
β

=
2

β
=

1
0

β
=
∞

F
igu

re
1:

Illu
stration

of
th

e
n

on
con

vex
sp

arsity
-p

rom
otin

g
p

en
alty

d
iscu

ssed
in

S
ection

2
.3.

T
h

e
fi

gu
re

p
lots

th
e

fu
n

ction
t7→

β
·
log

(1
+
|t|/β

)
across

a
ran

g
e

of
valu

es
of
t,

for
β
∈
{
1,2,10,∞

}
;

for
β

=
∞

,
w

e
sh

ou
ld

in
terp

ret
th

is
as

th
e

ab
solu

te
valu

e
fu

n
ction

,
t7→

|t|.
W

e
see

th
at

all
th

e
fu

n
ction

s
a
p

p
ear

sim
ilar

for
t≈

0
,

w
ith

a
n

on
d

iff
eren

tiab
le

p
oin

t
at
t

=
0

w
h

ich
en

su
res

sp
arsity

w
h

en
th

is
fu

n
ction

is
u

sed
as

a
p

en
alty.

F
or

larger
valu

es
of
t,

sm
aller

va
lu

es
of
β

corresp
o
n

d
to

greater
n

o
n

co
n
vex

ity.

C
o
n

sid
er

th
e

p
rob

lem
of

m
in

im
izin

g
an

ob
jective

fu
n

ction

L
(x

)
+
ν
·logT

V
β
(x

)
,

(18)

w
h

ere
L

(x
)

is
som

e
likelih

o
o
d

or
loss

term
.

In
th

e
im

a
ge

d
en

oisin
g

settin
g
,

w
h

ere
L

(x
)

=
12 ‖
y−

x‖
22

(i.e.
w

h
en

y
is

a
n

oisy
ob

servation
of

th
e

sign
al
x

),
P

arek
h

an
d

S
elesn

ick
(2015)

a
p

p
roa

ch
th

is
o
p

tim
ization

p
rob

lem
w

ith
a

m
a

jorization
/m

in
im

ization
algorith

m
,

iterat-
in

g
th

e
step

s:
(1

)
fi

n
d

a
m

a
jorization

of
logT

V
β
(x

)
at

th
e

cu
rren

t
estim

ate
x
t ,

w
h

ich
ta

kes
th

e
form

of
a

rew
eigh

ted
T

V
n

orm
,

(2)
com

p
u

te
x
t+

1
as

th
e

m
in

im
izer

ofL
(x

)
+

ν·(th
e

m
a

jorized
p

en
alty

).
In

oth
er

settin
gs,

h
ow

ever,
for

a
g
en

eral
lossL

(x
),

step
(2)

m
ay

n
ot

b
e

p
o
ssib

le.

W
e

n
ow

sh
ow

h
ow

th
e

m
o
c
c
a

algorith
m

can
b

e
u

sed
to

o
p

tim
ize

o
b

jectiv
e

fu
n

ction
s

of
th

e
fo

rm
(18

).
F

or
sim

p
licity

w
e

sh
ow

th
e

step
s

for
th

e
case

th
atL

(x
)

is
co

n
v
ex

an
d

h
a
s

a
sim

p
le

p
rox

im
al

op
erator,

b
u

t
th

is
can

b
e

gen
eralized

as
n

eed
ed

.

F
irst,

w
e

d
efi

n
e

a
n

ew
fu

n
ction

h
β
(w

)
=

logL
1
β
(w

)−
‖
w‖

1
=
∑

i

β
log

(1
+
|w
i |/β

)−
‖
w‖

1
.

W
e

n
ote

an
im

p
ortan

t
p

rop
erty

of
th

is
fu

n
ction

:
h
β
(w

)
is

d
iff

eren
tiab

le
w

ith
(∇
h
β
(w

))
i

=
−

w
i

β
+
|w
i | .

F
or

a
fi

rst
ap

p
roach

,
w

e
w

ill
take

F
(w

)
=
ν
·logL

1
β
(w

)
an

d
G

(x
)

=
L

(x
).

N
ow

w
e

d
efi

n
e

a
lo

cal
con

v
ex

ap
p

rox
im

ation
to

F
b
y

w
ritin

g
F

(w
)

=
ν

(‖w‖
1

+
h
β
(w

))
an

d
ta

k
in

g
th

e
lin

ea
r

a
p

p
rox

im
ation

to
h
β
,

n
am

ely,

F
v (w

)
=
ν
·‖
w‖

1
+
ν

[h
β
(v

)
+
〈w
−
v
,∇
h
β
(v

)〉].
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M
O

C
C

A
:
M

ir
r
o
r
e
d

C
o
n
v
e
x
/
C

o
n
c
a
v
e

O
p
t
im

iz
a
t
io

n
f
o
r

N
o
n
c
o
n
v
e
x

C
o
m

p
o
si

t
e

F
u
n
c
t
io

n
s

A
n

d
,

si
n

ce
b
y

as
su

m
p

ti
on
L(
x

)
is

co
n
ve

x
an

d
h

as
a

si
m

p
le

p
ro

x
im

al
op

er
at

o
r,

w
e

ca
n

si
m

p
ly

d
efi

n
e

G
z
(x

)
=

G
(x

)
=
L(
x

).

T
h

en
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
(1

8)
is

eq
u

al
to

F
(∇

T
V
x

)
+

G
(x

),
an

d
ca

n
b

e
m

in
im

iz
ed

w
it

h
m

o
c
c
a

.
A

p
p

ly
in

g
A

lg
or

it
h
m

1,
th

e
u

p
d

at
e

st
ep

s
ta

ke
th

e
fo

rm

      

x
t+

1
=

ar
g

m
in
x

{ L
(x

)
+

1 2

∥ ∥ x
−
[ x
t
−

T
∇
> T

V
w
t]∥ ∥

2 T
−
1

}
,

w
t+

1
=

T
ru
n
ca
te
ν

(w
t
+

Σ
∇ T

V
x̄
t+

1
−
ν
∇
h
β
(v
t)

)
+
ν
∇
h
β
(v
t)
,

v t
+

1
=

Σ
−

1
(w

t
−
w
t+

1
)

+
K
x̄
t+

1
.

O
f

co
u

rs
e,

w
e

h
av

e
th

e
fl

ex
ib

il
it

y
to

ar
ra

n
ge

th
e

fu
n

ct
io

n
s

d
iff

er
en

tl
y

if
w

e
w

is
h

—
fo

r
ex

am
p

le
,

w
e

co
u

ld
in

st
ea

d
d

efi
n
e

F
(w

)
=
ν
·‖
w
‖ 1

an
d
G

(x
)

=
L(
x

)
+
ν
·h

β
(∇

T
V
x

).

In
th

is
ca

se
,

w
e

w
il

l
d

efi
n

e
th

e
lo

ca
l

ap
p

ro
x
im

at
io

n
s

as

F
v
(w

)
=

F
(w

)
=
ν
·‖
w
‖ 1

an
d

G
z
(w

)
=
L(
x

)
+
ν

[h
β
(∇

T
V
z
)

+
〈∇

T
V

(x
−
z
),
∇
h
β
(∇

T
V
z
)〉

].

In
th

is
ca

se
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
(1

8)
is

eq
u

al
to

F
(∇

T
V
x

)
+

G
(x

)
as

b
ef

o
re

.
In

th
is

ca
se

,
th

e
u

p
d

at
e

st
ep

s
ar

e

      

x
t+

1
=

ar
g

m
in
x

{ L
(x

)
+

1 2

∥ ∥ x
−
[ x
t
−

T
∇
> T

V
(ν
∇
h
β
(∇

T
V
z t

)
+
w
t)
]∥ ∥

2 T
−
1

}
,

w
t+

1
=

T
ru
n
ca
te
ν

(w
t
+

Σ
∇ T

V
x̄
t+

1
)
,

z t
+

1
=
x
t+

1
.

H
ow

ev
er

,
in

a
se

n
se

th
is

d
ec

om
p

os
it

io
n

is
le

ss
n

at
u

ra
l

as
it

sp
li

ts
th

e
p

en
a
lt

y
lo
gT

V
β
(x

)
ac

ro
ss

F
an

d
G

,
an

d
in

fa
ct

in
ou

r
ex

p
er

im
en

ts
in

S
ec

ti
on

5,
w

e
w

il
l

se
e

th
a
t

th
is

se
co

n
d

fo
rm

u
la

ti
on

gi
v
es

p
o
or

er
co

n
ve

rg
en

ce
re

su
lt

s
w

h
en

th
e

m
o
c
c
a

al
go

ri
th

m
is

a
p

p
li

ed
.

2
.4

A
p

p
li

c
a
ti

o
n

to
C

T
Im

a
g
e

R
e
c
o
n
st

ru
c
ti

o
n

T
h

e
in

it
ia

l
m

ot
iv

at
io

n
fo

r
d

ev
el

op
in

g
th

e
al

go
ri

th
m

p
re

se
n
te

d
h

er
e,

is
a

p
ro

b
le

m
a
ri

si
n

g
in

co
m

p
u

te
d

to
m

og
ra

p
h
y

(C
T

)
im

ag
in

g.
H

er
e

w
e

b
ri

efl
y

su
m

m
ar

iz
e

th
e

p
ro

b
le

m
a
n

d
o
u

r
ap

p
ro

ac
h

v
ia

th
e

m
o
c
c
a

al
go

ri
th

m
;

w
e

d
es

cr
ib

e
th

is
se

tt
in

g
fu

ll
y,

an
d

gi
ve

d
et

a
il

ed
re

su
lt

s,
in

B
ar

b
er

et
al

.
(2

01
6)

.

In
C

T
im

ag
in

g,
an

X
-r

ay
b

ea
m

is
se

n
t

al
on

g
m

an
y

ra
y
s

th
ro

u
gh

th
e

o
b

je
ct

o
f

in
te

re
st

.
T

y
p

ic
al

ly
,

th
e

m
ea

su
re

m
en

t
is

th
e

to
ta

l
en

er
gy

th
at

h
as

p
as

se
d

th
ro

u
gh

th
e

o
b

je
ct

,
a
lo

n
g

ea
ch

ra
y
;

co
m

p
ar

in
g

th
e

en
er

gy
re

tr
ie

ve
d

ag
ai

n
st

th
e

en
er

gy
of

th
e

en
te

ri
n

g
X

-r
ay

b
ea

m
,

gi
ve

s
in

fo
rm

at
io

n
ab

ou
t

th
e

m
at

er
ia

ls
in

si
d

e
th

e
ob

je
ct

,
si

n
ce

d
iff

er
en

t
m

at
er

ia
ls

h
av

e
d

iff
er

-
en

t
b

ea
m

at
te

n
u

at
io

n
p

ro
p

er
ti

es
.

A
re

ce
n
t

te
ch

n
ol

og
ic

al
d

ev
el

op
m

en
t

is
th

e
p

h
ot

on
co

u
n
ti

n
g
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:1
-5

1

B
a
r
b
e
r

a
n
d

S
id

k
y

d
et

ec
to

r,
w

h
ic

h
m

ea
su

re
s

th
e

ra
w

n
u

m
b

er
o
f

p
h

o
to

n
s

th
a
t

su
cc

es
sf

u
ll

y
p

a
ss

th
ro

u
g
h

th
e

o
b

-
je

ct
ra

th
er

th
an

th
e

to
ta

l
in

te
g
ra

te
d

en
er

g
y.

A
s

a
fi

rs
t

p
as

s,
th

is
tr

an
sm

is
si

o
n

m
o
d

el
ca

n
b

e
w

ri
tt

en
as

fo
ll

ow
s,

w
h

er
e

th
e

lo
ca

ti
on

~r `
(t

)
in

si
d

e
th

e
o
b

je
ct

p
a
ra

m
et

ri
ze

s
th

e
ra

y
`:

C
ou

n
t `
∼

P
oi
ss
on

 
∫ en

er
g
y
E

 
b

ea
m

in
te

n
si

ty
a
t

en
er

g
y
E

 
· 

d
et

ec
to

r
se

n
si

ti
v
it

y
to

en
er

g
y
E

 
·e

x
p

{ −
∫ t
µ

(E
,~r
`(
t)

)
d
t}

d
E

 
,

(1
9
)

w
h

er
e

th
e

o
n

ly
u
n

k
n

ow
n

s
ar

e
th

e
co

effi
ci

en
ts
µ

=
(µ

(E
,~r

))
,

in
d

ex
ed

ov
er

en
er

g
y

le
ve

l
E

a
n

d
lo

ca
ti

on
~r

in
si

d
e

th
e

ob
je

ct
.

H
er

e
µ

(E
,~r

)
is

th
e

a
tt

en
u

a
ti

o
n

fo
r

p
h

o
to

n
s

a
t

en
er

g
y
E

at
th

e
lo

ca
ti

on
~r
—

h
ig

h
er

va
lu

es
o
f
µ

(E
,~r

)
in

d
ic

a
te

th
a
t

a
p

h
ot

o
n

(a
t

en
er

g
y
E

)
is

m
or

e
li

ke
ly

to
b

e
ab

so
rb

ed
(a

t
lo

ca
ti

on
~r
).

T
h

e
ex

p
re

ss
io

n
ex

p
{−
∫ t
µ

(E
,~r
`(
t)

)
d
t}

d
et

er
m

in
es

,
fo

r
a

p
h

ot
on

at
en

er
g
y
E

th
at

en
te

rs
th

e
o
b

je
ct

a
lo

n
g

th
e

tr
a

je
ct

or
y

d
efi

n
ed

b
y

ra
y
`,

th
e

p
ro

b
a
b

il
it

y
th

at
th

e
p

h
ot

on
w

il
l

n
o
t

b
e

a
b

so
rb

ed
b
y

th
e

ob
je

ct
(i

.e
.

w
il

l
p

a
ss

th
ro

u
g
h

th
e

o
b

je
ct

).
T

h
es

e
co

effi
ci

en
ts
µ

(E
,~r

)
ca

n
b

e
fu

rt
h

er
d

ec
o
m

p
o
se

d
a
s

µ
(E
,~r

)
=

∑

m
a
te

ri
a
ls
m

µ
m

(E
)
·x

m
(~r

)
(2

0)

w
h

er
e
µ
m

(E
)

is
a

k
n

ow
n

q
u

an
ti

ty
d

et
er

m
in

in
g

th
e

ab
so

rp
ti

on
p

ro
p

er
ti

es
o
f

m
a
te

ri
al
m

a
t

en
er

gy
E

,
w

h
il

e
x
m

(~r
)

is
u

n
k
n

ow
n

,
re

p
re

se
n
ti

n
g

th
e

a
m

o
u

n
t

o
f

m
a
te

ri
a
l
m

th
a
t

is
p

re
se

n
t

at
lo

ca
ti

o
n
~r
.

In
p

ra
ct

ic
e,

th
e

o
b

je
ct

sp
ac

e
is

d
is

cr
et

iz
ed

in
to

p
ix

el
s,

so
th

at
x

is
fi
n

it
e-

d
im

en
si

o
n

a
l.

In
th

is
a
p

p
li

ca
ti

on
,

th
e

o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m
is

th
en

g
iv

en
b
y

x̂
=

ar
g

m
in

x

{
L(
x

)
+

∑

m
a
te

ri
a
ls
m

(t
ot

a
l

va
ri

a
ti

on
co

n
st

ra
in

t
on

m
a
te

ri
a
l

m
ap

x
m

)}
,

p
er

h
ap

s
w

it
h

ot
h

er
co

n
st

ra
in

ts
a
d

d
ed

as
w

el
l
(e

.g
.
n

on
n

eg
at

iv
it

y
o
f
th

e
m

a
te

ri
a
l
m

ap
s)

.
H

er
e

L(
x

)
is

th
e

n
eg

a
ti

ve
lo

g
-l

ik
el

ih
o
o
d

o
f
x

g
iv

en
th

e
P

oi
ss

on
m

o
d

el
fo

r
th

e
ob

se
rv

ed
p

h
o
to

n
co

u
n
ts

as
a

fu
n
ct

io
n

o
f
x

,
g
iv

en
b
y

(1
9
)

an
d

(2
0)

.
L(
x

)
is

a
n

o
n

co
n
ve

x
fu

n
ct

io
n

d
u

e
to

th
e

in
te

gr
at

io
n

ac
ro

ss
en

er
gy

le
ve

ls
.

B
o
th
L(
x

)
a
n

d
th

e
to

ta
l

va
ri

a
ti

on
co

n
st

ra
in

ts
a
re

b
et

te
r

re
p

re
se

n
te

d
as

fu
n

ct
io

n
s

of
li

n
ea

r
tr

a
n

sf
or

m
a
ti

o
n

s
o
f
x

;
th

e
p

re
se

n
ce

of
th

es
e

m
u

lt
ip

le
te

rm
s,

in
cl

u
d

in
g

n
o
n

co
n
v
ex

it
y

(f
ro

m
L)

an
d

n
o
n

d
iff

er
en

ti
a
b

il
it

y
(f

ro
m

to
ta

l
va

ri
a
ti

o
n

),
m

ea
n

th
at

ex
is

ti
n

g
m

et
h

o
d

s
ca

n
n

o
t

b
e

a
p

p
li

ed
to

so
lv

e
th

is
o
p

ti
m

iz
at

io
n

p
ro

b
le

m
s.

T
h

e
m

o
c
c
a

a
lg

o
ri

th
m

,
ap

p
li

ed
to

th
is

p
ro

b
le

m
,

g
iv

es
st

ro
n
g

p
er

fo
rm

a
n

ce
in

te
rm

s
of

fa
st

co
n
ve

rg
en

ce
an

d
a
cc

u
ra

te
im

a
ge

re
co

n
st

ru
ct

io
n

o
n

si
m

u
la

te
d

an
d

re
a
l

im
ag

in
g

d
a
ta

.
W

e
d

o
n

ot
gi

v
e

th
e

d
et

ai
ls

o
f

th
e

al
g
o
ri

th
m

im
p

le
m

en
ta

ti
o
n

o
r

a
n
y

em
p

ir
ic

a
l

re
su

lt
s

in
th

is
p

ap
er

,
b

u
t

in
st

ea
d

re
fe

r
th

e
re

a
d

er
to

o
u

r
w

o
rk

in
B

a
rb

er
et

al
.

(2
0
1
6)

fo
r

m
o
re

d
et

ai
ls

o
n

th
e

m
et

h
o
d

an
d

fo
r

em
p

ir
ic

a
l

re
su

lt
s

on
si

m
u

la
te

d
C

T
im

a
ge

d
a
ta

(r
es

u
lt

s
o
n

re
a
l

d
a
ta

ar
e

fo
rt

h
co

m
in

g)
.

3
.
B
a
ck

g
ro

u
n
d
:
O
p
ti
m
iz
in
g
C
o
n
v
e
x
a
n
d
N
o
n
co

n
v
e
x
C
o
m
p
o
si
te

F
u
n
ct
io
n
s

In
th

is
se

ct
io

n
s,

w
e

gi
ve

b
ac

k
gr

o
u

n
d

o
n

se
v
er

a
l

re
la

te
d

a
lg

o
ri

th
m

s
fo

r
so

lv
in

g
th

e
m

in
im

iz
a-

ti
on

p
ro

b
le

m
in

th
e

si
m

p
le

r
se

tt
in

g
w

h
er

e
F

an
d
G

ar
e

co
n
ve

x
,

a
n

d
in

th
e

m
o
re

ch
a
ll

en
g
in

g
n

o
n

co
n
ve

x
se

tt
in

g
.
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M
O

C
C

A
:
M

ir
r
o
r
e
d

C
o
n
v
e
x
/
C

o
n
c
a
v
e

O
p
t
im

iz
a
t
io

n
f
o
r

N
o
n
c
o
n
v
e
x

C
o
m

p
o
sit

e
F

u
n
c
t
io

n
s

3
.1

O
p

tim
iz

a
tio

n
W

h
e
n

F
is

C
o
n
v
e
x

W
h

en
F

is
con

vex
,

a
variety

o
f

ex
istin

g
m

eth
o
d

s
a
re

ava
ila

b
le

to
recov

er
th

e
(p

o
ssib

ly
n

o
n

-u
n

iq
u

e)
m

in
im

izer

x
?

=
a
rg

m
in{F

(K
x

)
+

G
(x

)}
.

In
m

a
n
y

settin
g
s,

th
e

fu
n

ctio
n

s
F

an
d
G

m
ay

each
h

ave
easily

co
m

p
u

ta
b

le
p

rox
im

a
l

o
p

era-
tors,

b
u

t
th

e
lin

ear
tra

n
sform

a
tion

in
sid

e
x
7→

F
(K

x
)

m
ig

h
t

m
a
k
e

th
e

fu
n

ctio
n

d
iffi

cu
lt

to
op

tim
ize

d
irectly

—
fo

r
ex

a
m

p
le,

w
e

m
ig

h
t

h
ave

F
(w

)
=
‖
w‖

1
w

ith
K

=
∇

2
d

ch
o
sen

so
th

at
F

(K
x

)
=
‖
x‖

T
V

,
th

e
tw

o
-d

im
en

sio
n

a
l

tota
l

va
ria

tio
n

n
o
rm

o
f
x

.
F

or
th

is
ty

p
e

of
settin

g
,

th
e

A
ltern

a
tin

g
D

irection
M

eth
o
d

o
f

M
u

ltip
liers

(A
D

M
M

)
refra

m
es

th
e

p
ro

b
lem

a
s

(x
?,u

?)
=

a
rg

m
in

x
,u
{F

(u
)

+
G

(x
)

:
K
x

=
u}

an
d

solves
fo

r
(x
?,u

?)
b
y

w
ork

in
g

w
ith

th
e

a
u

g
m

en
ted

L
a
g
ra

n
gia

n

m
in

x
,u

m
ax

∆
L

(x
,u
,∆

)
w

h
ere

L
(x
,u
,∆

)
=
{
F

(u
)

+
G

(x
)

+
〈∆
,K

x
−
u〉

+
ρ2
‖K

x
−
u‖

22 }
.

H
ere

∆
∈
R
m

is
th

e
d

u
al

va
ria

b
le

w
h

o
se

ro
le

is
to

en
fo

rce
th

e
co

n
stra

in
t
K
x

=
u

.
T

h
e

step
s

o
f

th
e

alg
orith

m
are,

for
ea

ch
t≥

1
,



x
t

=
arg

m
in
x {L

(x
,u

t−
1 ,∆

t−
1 )}

,

u
t

=
a
rg

m
in
u {L

(x
t ,u

,∆
t−

1 )}
,

∆
t

=
∆
t−

1
+
ρ
(K

x
t −

u
t ).

E
x
am

in
in

g
th

e
u

p
d

a
te

step
fo

r
fo

r
u

,
w

e
see

th
a
t

th
is

step
en

ta
ils

a
sin

g
le

u
se

o
f

th
e

p
rox

im
al

m
a
p

for
F

.
H

ow
ever,

th
e
x

u
p

d
a
te

step
is

m
o
re

com
p

lica
ted

d
u

e
to

th
e

lin
ear

o
p

era
to

r
K

;
th

is
step

ca
n

n
ot

b
e

so
lved

w
ith

o
n

e
u

se
of

th
e

p
rox

im
a
l

m
ap

fo
r
G

,
ex

cep
t

in
th

e
sp

ecial
ca

se
th

a
t
K
>
K

is
a

m
u

ltip
le

o
f

th
e

id
en

tity
m

a
trix

.
T

o
reso

lv
e

th
is,

w
e

ca
n

a
d

d
a
d

d
itio

n
a
l

cu
rvatu

re
to

th
e
x

u
p

d
ate

step
:

x
t

=
a
rg

m
in

x

{
L

(x
,u

t−
1 ,∆

t−
1 )

+
12

(x
−
x
t−

1 ) >
(λ

I−
ρ
K
>
K

)(x
−
x
t−

1 ) }
,

w
h

ere
λ
≥
ρ‖K

‖
2.

In
th

is
settin

g
,

th
e
x

u
p

d
ate

step
n

ow
b

eco
m

es
so

lvea
b

le
w

ith
th

e
p

rox
im

a
l
m

ap
fo

r
G

.
In

fa
ct,

th
is

p
reco

n
d

itio
n

ed
fo

rm
o
f

th
e

A
D

M
M

a
lg

orith
m

is
eq

u
iva

len
t

to
th

e
C

P
algo

rith
m

(3
);

for
d

etails
o
f

th
e

eq
u

iva
len

ce,
see

C
h

a
m

b
o
lle

a
n

d
P

o
ck

(2
0
11

).

In
a
d

d
ition

to
th

e
A

D
M

M
a
n

d
C

P
a
lgo

rith
m

s,
a
n

d
th

eir
varia

n
ts,

w
e

m
en

tio
n

on
e

o
th

er
o
p

tio
n

h
ere.

If
F

is
d

iff
eren

tia
b

le,
th

en
p

rox
im

al
g
ra

d
ien

t
d

escen
t

o
ff

ers
a

sim
p

le
p

ro
ced

u
re,

altern
a
tin

g
b

etw
een

ta
k
in

g
a

gra
d

ien
t

d
escen

t
step

on
th

e
term

F
(K

x
)

a
n

d
a

p
rox

im
a
l
op

erato
r

step
o
n
G

.
A

s
w

e
d

iscu
ssed

in
S

ectio
n

1
.1.1

,
th

e
p

rox
im

a
l
g
ra

d
ien

t
d

escen
t

a
lg

o
rith

m
ca

n
b

e
v
iew

ed
a
s

a
sim

p
le

sp
ecia

l
ca

se
o
f
m

o
c
c
a

(in
th

a
t

sectio
n

,
th

e
term

s
w

ere
arra

n
ged

slig
h
tly

d
iff

eren
tly,

w
ith

b
o
th

d
iff

eren
tiab

le
an

d
co

n
v
ex

term
s

a
ll

in
clu

d
ed

in
G

,
b

u
t

th
e

scen
ario

s
a
re

eq
u

iva
len

t).
O

f
cou

rse,
th

is
ty

p
e

o
f

m
eth

o
d

ca
n

n
o
t

h
an

d
le

scen
ario

s
w

ith
a

n
on

d
iff

eren
tia

b
le

F
,

w
h

ich
ca

n
a
rise

th
ro

u
gh

tota
l

va
ria

tio
n

p
en

a
lties

an
d

in
o
th

er
settin

g
s.
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B
a
r
b
e
r

a
n
d

S
id

k
y

3
.2

T
h

e
Issu

e
o
f

N
o
n

c
o
n
v
e
x
ity

N
ex

t,
w

e
tu

rn
to

th
e

settin
g

w
h

ere
F

an
d

/or
G

m
ay

b
e

n
on

con
vex

.

T
o

b
egin

,
w

e
con

sid
er

th
e

follow
in

g
in

terestin
g

scen
ario,

in
tro

d
u

ced
in

S
ection

1:
su

p
p

ose
th

at
G

is
itself

co
n
vex

,
w

ith
triv

ial
a
p

p
rox

im
ation

s
G
z

=
G

,
an

d
th

at
x
7→

F
(K

x
)

is
strictly

con
vex

even
th

ou
gh

F
is

n
on

con
vex

.
S

in
ce
x
7→

F
(K

x
)

+
G

(x
)

is
th

erefo
re

strictly
con

v
ex

,
th

e
o
p

tim
iza

tion
p
rob

lem
h

as
a

u
n

iq
u

e
glob

al
m

in
im

izer
x
?∈

R
d.

H
ow

ev
er,

sin
ce

F
itself

is
n

on
con

vex
,

th
en

th
e

strategies
for

op
tim

ization
d

escrib
ed

in
S

ectio
n

3
.1

m
ay

n
ot

b
e

d
irectly

ap
p

licab
le

for
th

e
task

of
fi

n
d

in
g
x
?.

H
ere

w
e

ou
tlin

e
th

e
d

iffi
cu

lties
faced

b
y

th
e

m
ain

ex
istin

g
ap

p
roach

es
ou

tlin
ed

in
S

ec-
tio

n
3.1

for
settin

gs
w

h
ere

F
an

d
/or

G
are

n
on

con
vex

(in
clu

d
in

g
th

e
scen

ario
ou

tlin
ed

ab
ove),

an
d

su
m

m
arize

th
e

m
ost

relevan
t

resu
lts

in
th

e
literatu

re.

T
o

see
th

is,
fi

rst
con

sid
er

th
e

A
D

M
M

algorith
m

.
S

u
p

p
ose

th
at

F
is

n
on

con
vex

,
an

d
in

p
articu

lar,
fo

r
som

e
v
ector

w
∈

R
m

,
th

e
fu

n
ction

s
7→

F
(s·

w
)

is
stron

gly
con

cave—
sp

ecifi
cally,

F
(s·

w
)≤

C
−
c·s

2
(2

1)

fo
r

som
e
C
<
∞
,c
>

0
an

d
all

s
>

0.
T

h
en

w
e

see
th

at
th

e
u

p
d

ate
step

u
t

=
arg

m
in

u
{
L

(x
t ,u

,∆
t−

1 )}

is
n

ot
w

ell-d
efi

n
ed

;
th

e
fu

n
ction

u
7→

L
(x
t ,u

,∆
t−

1 )
d

iverges
to
−
∞

w
h

en
w

e
set

u
=
s·
w

a
n

d
let

s
→
∞

.
T

h
erefore,

for
som

e
ty

p
es

of
n

on
con

vex
fu

n
ction

s,
th

e
A

D
M

M
algorith

m
w

ill
n

ot
b

e
im

p
lem

en
tab

le
d

u
e

to
th

is
d

ivergen
ce.

In
th

e
litera

tu
re,

th
eoretical

gu
aran

tees
for

th
e

p
erform

an
ce

of
A

D
M

M
on

n
on

con
vex

o
b

jective
fu

n
ction

s
h

ave
b

een
con

sid
ered

u
n

d
er

several
d

iff
eren

t
settin

gs.
B

road
ly

sp
eak

in
g,

w
e

can
su

m
m

arize
ex

istin
g

w
ork

as
fallin

g
in

to
on

e
of

tw
o

ca
tegories.

F
irst,

th
ere

are
settin

gs
w

h
ere

th
e

origin
al

form
of

th
e

A
D

M
M

u
p

d
ates

p
erform

w
ell.

F
or

in
stan

ce,
M

agn
ú

sson
et

al.
(2

01
5)

p
rov

es
con

vergen
ce

resu
lts

(for
a

sligh
tly

d
iff

eren
t

algo
rith

m
)

w
h

en
op

tim
ization

is
over

a
b

o
u

n
d

ed
set,

th
u

s
avoid

in
g

th
e

issu
e

of
d

ivergen
ce

arisin
g

fro
m

d
irectio

n
s

of
stron

g
co

n
cav

ity
in

F
a
s

m
en

tion
ed

ab
ove;

th
is

p
ap

er
also

p
rov

es
resu

lts
gu

aran
teein

g
op

tim
ality

of
a
n
y

lim
it

p
o
in

t,
if

on
e

ex
ists,

in
th

e
u

n
b

ou
n

d
ed

op
tim

ization
settin

g,
b

u
t

d
o
es

n
ot

gu
aran

tee
th

at
a

lim
it

p
o
in

t
is

reach
ed

.
In

L
i
an

d
P

on
g

(2015),
con

v
ergen

ce
resu

lts
are

p
roved

assu
m

in
g

th
at

on
e

of
th

e
tw

o
term

s
(i.e.

F
or

G
)

is
sm

o
oth

;
in

con
trast,

for
th

e
ap

p
licatio

n
s

con
sid

ered
h

ere,
in

clu
d

in
g

to
tal

variation
ty

p
e

p
en

alties
in

corp
orated

in
to

F
o
r

h
a
rd

con
strain

ts
in

G
,

it
is

critical
to

allow
for

n
on

d
iff

eren
tiab

le
F

an
d
G

.
T

h
e

sp
ecial

case
of

ap
p

ly
in

g
A

D
M

M
to

n
o
n

co
n
vex

con
sen

su
s

p
rob

lem
s

is
con

sid
ered

b
y

H
on

g
et

al.
(201

6),
w

ith
con

vergen
ce

gu
aran

tees
ag

ain
in

a
b

ou
n

d
ed

settin
g,

in
th

is
case

assu
m

in
g

th
a
t

an
y

n
on

con
vex

fu
n

ction
s

m
u

st
o
b

ey
a

low
er

b
ou

n
d

.

S
econ

d
,

w
h

en
th

e
origin

al
A

D
M

M
u

p
d

ates
can

n
ot

b
e

ex
p

ected
to

p
erform

w
ell—

if
for

in
sta

n
ce

F
h

as
d

irection
s

of
stron

g
con

cav
ity

—
th

en
th

e
A

D
M

M
can

b
e

m
o
d

ifi
ed

b
y

ad
d

in
g

cu
rvatu

re
to

ea
ch

u
p

d
ate

v
ia

a
B

regm
an

d
ivergen

ce
term

,
as

stu
d

ied
b
y

W
an

g
et

a
l.

(2
014a)

(w
ith

ex
ten

sion
s

to
m

u
lti-b

lo
ck

A
D

M
M

,
w

ith
m

ore
th

an
tw

o
term

s
in

th
e

ob
jective

fu
n

ction
(W

a
n

g
et

al.,
2
015a)).

T
h

is
w

ork
p
roves

con
v
ergen

ce
gu

aran
tees

for
th

e
algorith

m
,

b
u

t
req

u
ires

th
at

th
e

fu
n

ction
F

(after
con

vertin
g

to
ou

r
n

otatio
n

)
is

d
iff

eren
tiab

le
an

d
sm

o
oth

,
in

co
n
trast

to
ou

r
w

ork
w

h
ere

allow
in

g
for

n
on

d
iff

eren
tia

b
le

F
is

critical.
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M
O

C
C

A
:
M

ir
r
o
r
e
d

C
o
n
v
e
x
/
C

o
n
c
a
v
e

O
p
t
im

iz
a
t
io

n
f
o
r

N
o
n
c
o
n
v
e
x

C
o
m

p
o
si

t
e

F
u
n
c
t
io

n
s

N
ex

t,
co

n
si

d
er

th
e

C
P

al
go

ri
th

m
.

W
h

en
F

is
n

on
co

n
ve

x
,
it

is
n

o
lo

n
ge

r
th

e
ca

se
in

ge
n

er
a
l

th
at

F
(K

x
)

=
m

ax
w
{〈
K
x
,w
〉−

F
∗ (
w

)}
.

In
fa

ct
,

b
y

d
efi

n
it

io
n

of
co

n
ju

ga
te

fu
n

ct
io

n
s,

th
is

m
ax

im
u

m
d

efi
n
es

th
e

“c
on

ju
ga

te
of

th
e

co
n

ju
ga

te
”,

i.
e.

F
∗∗

(K
x

)
=

m
a
x

w
{〈
K
x
,w
〉−

F
∗ (
w

)}
.

It
is

k
n

ow
n

th
at

an
y

co
n

ju
ga

te
fu

n
ct

io
n

m
u

st
b

e
co

n
ve

x
,

i.
e.

F
∗∗

is
co

n
ve

x
.

T
h

is
im

p
li

es
th

at
F
∗∗
6=

F
.

T
h

er
ef

or
e,

th
e

sa
d

d
le

-p
oi

n
t

p
ro

b
le

m
d
o
es

n
ot

co
rr

es
p

on
d

to
th

e
o
ri

gi
n

al
op

ti
m

iz
at

io
n

p
ro

b
le

m
:

w
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s
h

er
e)

.
T

h
e

2
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O

C
C

A
:
M

ir
r
o
r
e
d

C
o
n
v
e
x
/
C

o
n
c
a
v
e

O
p
t
im

iz
a
t
io

n
f
o
r

N
o
n
c
o
n
v
e
x

C
o
m

p
o
sit

e
F

u
n
c
t
io

n
s

eq
u

iva
len

ce
b

etw
een

A
lgo

rith
m

s
1

an
d

3
is

sim
p

ly
a
n

ex
ten

sio
n

o
f

th
e

con
n
ectio

n
b

etw
een

th
e

C
h

a
m

b
o
lle-P

o
ck

algo
rith

m
an

d
a

p
reco

n
d
itio

n
ed

A
D

M
M

,
a
s

sh
ow

n
in

C
h

am
b

o
lle

an
d

P
o
ck

(20
1
1).

A
lg

o
rith

m
3

m
o
c
c
a

a
lgo

rith
m

:
A

D
M

M
versio

n

In
p

u
t:

C
on

vex
fu

n
ctio

n
s
F

cvx ,G
cvx ,

d
iff

eren
tia

b
le

fu
n

ctio
n

s
F

d
iff
,G

d
iff

,
lin

ea
r

op
era

to
r
K

,
p

ositive
d

ia
g
on

al
step

size
m

a
trices

Σ
,T

.
In

itia
liz

e
:

P
rim

al
variab

les
x

0 ∈
R
d,
u

0 ∈
R
m

,
d

u
a
l

va
ria

b
le

∆
0 ∈

R
m

.
fo

r
t

=
0,1,2,...

d
o

U
p

d
a
te

all
varia

b
les:



x
t+

1
=

a
rg

m
in
x {

G
x
t (x

)
+
〈x
,K
>

∆
t 〉

+
12 ‖K

x
−
u
t ‖

2Σ
+

12 ‖
x
−
x
t ‖

2T
−
1−
K
>

Σ
K }

,

∆
t+

1
=

∆
t
+

Σ
(K

x
t+

1 −
u
t ),

u
t+

1
=

a
rg

m
in
u {

F
u
t (u

)−
〈∆

t+
1 ,u〉

+
12 ‖
K
x
t+

1 −
u‖

2Σ }
,

u
n
til

som
e

co
n
vergen

ce
criterio

n
is

rea
ch

ed
.

T
h

is
A

D
M

M
fo

rm
u

latio
n

o
f
m

o
c
c
a

g
ives

u
s

a
clea

rer
u

n
d

ersta
n

d
in

g
o
f

th
e

ch
o
ice

o
f

th
e

ex
p

an
sio

n
p

o
in

ts
(z
,v

)
in

th
e

m
o
c
c
a

a
lgo

rith
m

.
R

eca
llin

g
th

e
sim

p
ler

fo
rm

of
th

e
m

o
c
c
a

a
lg

orith
m

g
iv

en
in

A
lgo

rith
m

1
w

h
ere

th
e

ex
p

a
n

sio
n

p
oin

ts
a
re

u
p

d
a
ted

a
t

ea
ch

itera
tion

(i.e.
th

ere
is

n
o

“
in

n
er

lo
op

”),
th

e
ex

p
a
n

sio
n

p
o
in

ts
w

ere
d

efi
n

ed
a
s

z
t+

1
=
x
t+

1
a
n

d
v
t+

1
=

Σ
−

1(w
t −

w
t+

1 )
+
K
x̄
t+

1
.

U
sin

g
o
u

r
co

n
version

b
etw

een
th

e
C

P
va

riab
les

(x
,w

)
a
n
d

th
e

A
D

M
M

va
ria

b
les

(x
,∆
,u

),
w

e
see

th
at

v
t+

1
=

Σ
−

1(w
t −

w
t+

1 )
+
K

(2x
t+

1 −
x
t )

sin
ce
θ

=
1

so
x̄
t+

1
=

2x
t+

1 −
x
t

=
Σ
−

1
(Σ

(K
x
t −

u
t )

+
∆
t −

Σ
(K

x
t+

1 −
u
t+

1 )−
∆
t+

1 )
+
K

(2x
t+

1 −
x
t )

=
Σ
−

1 (
Σ

(K
x
t −

u
t )

+
∆
t −

Σ
(K

x
t+

1 −
u
t+

1 )

−
(∆

t
+

Σ
(K

x
t+

1 −
u
t )) )

+
K

(2x
t+

1 −
x
t )

=
u
t+

1
,

w
h

ere
th

e
n

ex
t-to-la

st
step

u
ses

th
e

d
efi

n
ition

o
f

th
e

u
p

d
a
te

step
fo

r
∆
t+

1 .
In

o
th

er
w

o
rd

s,
after

th
e
tth

step
,

o
u

r
estim

ated
m

in
im

izers
fo

r{F
(u

)
+

G
(x

)
:
K
x

=
u}

a
re

g
iven

b
y
u
t+

1

a
n

d
x
t+

1 ,
an

d
ou

r
co

n
vex

a
p

p
rox

im
a
tion

s
to

F
a
n

d
to

G
fo

r
th

e
n

ex
t

step
a
re

con
seq

u
en

tly
ta

ken
a
t

th
e

va
lu

es
v

=
u
t+

1
an

d
z

=
x
t+

1 .

4
.
T
h
e
o
re
tica

l
R
e
su

lts

In
th

is
sectio

n
w

e
p

resen
t

ou
r

tw
o

m
a
in

th
eo

retica
l

resu
lts.

4
.1

C
o
n
v
e
rg

e
n

c
e

to
a

C
ritic

a
l

P
o
in

t

F
irst,

w
e

sh
ow

th
a
t

if
th

e
algo

rith
m

co
n
v
erg

es,
th

en
its

lim
it

p
o
in

t
is

a
solu

tio
n

to
ou

r
o
rig

in
a
l

p
ro

b
lem

.

23
JM

L
R

 17(144):1-51

B
a
r
b
e
r

a
n
d

S
id

k
y

T
h

e
o
re

m
1

A
ssu

m
e

th
a
t

th
e

fa
m

ilies
o
f

a
p
p
ro

xim
a
tio

n
s
F
v

a
n

d
G
z

sa
tisfy

(4
),

a
n

d
fu

r-
th

erm
o
re

th
a
t{

(v
,w

)7→
∇

(F
−

F
v )(w

)
is

co
n

tin
u

o
u

s
jo

in
tly

in
(v
,w

),
a
n

d

(z
,x

)7→
∇

(G
−
G
z )(x

)
is

co
n

tin
u

o
u

s
jo

in
tly

in
(z
,x

).
(23)

S
u

p
po

se
th

a
t

A
lgo

rith
m

2
co

n
verges

to
a

po
in

t,
w

ith

x
t;` →

x̂
w

h
ere

th
e

sequ
en

ce
(x
t;` )

is
in

terp
reted

a
s

(x
1
;0 ,x

1
;1 ,...,x

1
;L

1 ,x
2
;0 ,...),

w
t;` →

ŵ
w

h
ere

(w
t;` )

is
in

terp
reted

a
n

a
logo

u
sly,

z
t →

ẑ
,

v
t →

v̂
.

T
h
en

x̂
is

a
critica

l
po

in
t

o
f

th
e

o
rigin

a
l

o
p
tim

iza
tio

n
p
ro

blem
,

in
th

e
sen

se
th

a
t

0
∈
K
>
∂
F
K
x̂ (K

x̂
)

+
∂
G
x̂ (x̂

)
.

4
.2

G
u

a
ra

n
te

e
s

o
f

C
o
n
v
e
rg

e
n

c
e

W
e

n
ow

tu
rn

to
th

eoretical
resu

lts
p

rov
in

g
th

at
th

e
algorith

m
con

verg
es

(an
d

p
rov

in
g

rates
o
f

con
vergen

ce)
u

n
d

er
sp

ecifi
c

assu
m

p
tion

s
on

F
an

d
G

.
In

th
is

section
,

w
e

on
ly

con
sid

er
th

e
“
in

n
er

lo
op

”
form

of
m

o
c
c
a

,
given

in
A

lgorith
m

2.
W

e
sh

ow
th

at
if

ou
r

in
n

er
lo

o
p

len
g
th

(i.e.
L
t )

ten
d

s
to

in
fi

n
ity,

th
en

w
e

can
b

ou
n

d
th

e
error

of
th

e
algo

rith
m

.
W

e
b

egin
w

ith
an

assu
m

p
tion

on
th

e
step

size
p

aram
eters:

A
ssu

m
p

tio
n

1
T

h
e

extra
po

la
tio

n
pa

ra
m

eter
is

set
a
t
θ

=
1
,

a
n

d
th

e
d
ia

go
n

a
l

m
a
trices

Σ
a
n

d
T

a
re

ch
o
sen

su
ch

th
a
t

M
=

(
T
−

1
−
K
>

−
K

Σ
−

1

)
�

0
.

P
o
ck

an
d

C
h

a
m

b
olle

(2011)
in

tro
d

u
ce

th
is

assu
m

p
tion

for
th

e
(con

vex
)

p
recon

d
ition

ed
C

h
am

b
olle-P

o
ck

a
lgorith

m
,

an
d

give
a

sim
p

le
con

stru
ction

for
on

e
ch

oice
of

Σ
,T

to
sa

tisfy
th

is
w

ith
ou

t
calcu

latin
g

an
y

m
atrix

n
orm

s
or

oth
er

h
ig

h
-cost

op
eratio

n
s,

sp
ecifi

ed
in

(8)
a
b

ove.
N

ex
t,

w
e

tu
rn

to
th

e
con

vex
ity

an
d

sm
o
oth

n
ess

assu
m

p
tio

n
s

req
u

ired
for

o
u

r
con

verg
en

ce
g
u

ara
n
tee.

4
.2

.1
R

e
st

r
ic

t
e
d

C
o
n
v
e
x
it

y
a
n
d

S
m

o
o
t
h
n
e
ss

In
p
ractice,

F
an

d
/or

G
m

ay
each

con
sist

of
m

u
ltip

le
term

s,
com

b
in

in
g

ch
aracteristics

of
th

e
p

rob
lem

su
ch

as
a

lik
elih

o
o
d

calcu
lation

or
a

p
en

alty
or

con
strain

t
on

th
e

u
n

d
erly

in
g

sign
al.

T
o

acco
m

o
d

a
te

a
ran

ge
of

p
oten

tial
ap

p
lication

s,
in

p
articu

lar
th

o
se

a
risin

g
in

th
e

regression
an

d
im

ag
in

g
a
p

p
lication

s
d

escrib
ed

in
S

ection
2,

w
e

con
sid

er
a

b
road

settin
g

w
h

ere
ou

r
m

ain
assu

m
p

tion
s

in
v
olve

th
e

in
terp

lay
b

etw
een

con
vex

ity
an

d
n

eg
ativ

e
cu

rvatu
re

in
th

e
fu

n
ction

s
F
,G

.T
h

e
n

o
tion

o
f

restricted
stron

g
con

vex
ity

(R
S

C
),

in
tro

d
u

ced
b
y

N
eg

ah
b

an
et

al.
(20

09),
h

as
often

b
een

u
sed

in
h

igh
-d

im
en

sion
al

statistics
to

ex
p

ress
th

e
id

ea
th

at
likelih

o
o
d

fu
n

c-
tio

n
s

an
d

op
tim

ization
p

rob
lem

s,
w

h
ich

m
ay

n
ot

h
ave

d
esirab

le
stron

g
con

vex
ity

p
ro

p
erties
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O

C
C

A
:
M

ir
r
o
r
e
d

C
o
n
v
e
x
/
C

o
n
c
a
v
e

O
p
t
im

iz
a
t
io

n
f
o
r

N
o
n
c
o
n
v
e
x

C
o
m

p
o
si

t
e

F
u
n
c
t
io

n
s

gl
ob

al
ly

,
n

on
et

h
el

es
s

ex
h

ib
it

st
ro

n
g

co
n
ve

x
it

y
in

“d
ir

ec
ti

on
s

of
in

te
re

st
”.

F
or

ex
a
m

p
le

,
in

a
le

as
t-

sq
u

ar
es

re
gr

es
si

on
p

ro
b

le
m

w
it

h
d

es
ig

n
m

a
tr

ix
A
∈

R
n
×
d
,

w
it

h
n
�

d
,

th
e

le
as

t
sq

u
ar

es
lo

ss
fu

n
ct

io
n
L(
x

)
=

1 2
‖y
−
A
x
‖2 2

is
n

ot
st

ro
n

gl
y

co
n
ve

x
si

n
ce

A
>
A

is
ra

n
k

d
e-

fi
ci

en
t,

b
u

t
ca

n
y
ie

ld
go

o
d

st
at

is
ti

ca
l

p
ro

p
er

ti
es

if
A
>
A

is
st

ro
n

gl
y

co
n
ve

x
in

a
ll

sp
a
rs

e
d

ir
ec

ti
on

s,
th

at
is

,
x
>
A
>
A
x
≥
c
·‖
x
‖2 2

fo
r

al
l

sp
ar

se
(o

r
ap

p
ro

x
im

at
el

y
sp

a
rs

e)
ve

ct
o
rs
x

.
In

th
is

ca
se

,
th

e
lo

ss
fu

n
ct

io
n

is
gl

ob
al

ly
co

n
ve

x
,

b
u

t
it

is
th

e
R

S
C

p
ro

p
er

ty
th

at
en

su
re

s
h

ig
h

ac
cu

ra
cy

fo
r

sp
ar

se
re

gr
es

si
on

p
ro

b
le

m
s.

M
or

e
re

ce
n
tl

y,
L

oh
an

d
W

ai
n
w

ri
gh

t
(2

0
1
3)

p
ro

ve
d

th
at

th
e

R
S

C
p

ro
p

er
ty

,
al

on
g

w
it

h
an

an
al

og
ou

s
re

st
ri

ct
ed

sm
o
ot

h
n

es
s

p
ro

p
er

ty
,

ca
n

in
fa

ct
b

e
le

ve
ra

ge
d

ev
en

in
n

on
co

n
v
ex

op
ti

m
iz

at
io

n
p

ro
b

le
m

s,
su

ch
as

th
e

re
gr

es
si

o
n

-w
it

h
-e

rr
o
rs

-
in

-v
ar

ia
b

le
s

sc
en

ar
io

d
es

cr
ib

ed
in

S
ec

ti
on

2.
1.

T
h

ei
r

w
or

k
re

li
es

on
op

ti
m

iz
in

g
th

e
va

ri
a
b

le
x

w
it

h
in

so
m

e
b

ou
n

d
ed

se
t,

to
en

su
re

th
at

th
e

R
S

C
p

ro
p

er
ty

w
il

l
p

u
sh

x
to

w
a
rd

s
a

g
o
o
d

(l
o
ca

l)
m

in
im

u
m

ra
th

er
th

an
al

lo
w

in
g
x

to
d

iv
er

ge
.

F
or

in
st

an
ce

,
if

th
e

lo
ss

fu
n

ct
io

n
h

as
so

m
e

d
ir

ec
ti

on
s

of
st

ro
n

g
co

n
ca

v
it

y
—

as
is

th
e

ca
se

fo
r

re
gr

es
si

on
-w

it
h

-e
rr

or
s-

in
-v

a
ri

a
b

le
s

in
(1

4)
—

th
en

st
ay

in
g

w
it

h
in

a
b

ou
n

d
ed

se
t

is
cr

it
ic

al
.

In
th

eo
ry

,
th

ei
r

w
o
rk

fo
cu

se
s

o
n

p
ro

b
le

m
s

th
at

ta
ke

th
e

fo
rm

of
m

in
im

iz
in

g
a

p
en

al
iz

ed
lo

ss
fu

n
ct

io
n

ov
er

a
b

o
u

n
d

ed
se

t
{x

:
‖x
‖ 1
≤
R
},

w
h

er
e

w
e

th
in

k
of
R

a
s

a
la

rg
e

b
ou

n
d

,
re

q
u

ir
in

g
on

ly
a

lo
o
se

b
o
u

n
d

o
n

th
e
` 1

n
or

m
of

th
e

tr
u

e
si

gn
al

.
In

p
ra

ct
ic

e,
if

an
op

ti
m

iz
at

io
n

al
go

ri
th

m
is

in
it

ia
li

ze
d

at
ze

ro
,

th
en

it
is

of
te

n
th

e
ca

se
th

at
th

e
it

er
at

io
n

s
w

il
l

n
ev

er
le

av
e

a
b

ou
n

d
ed

re
g
io

n
,

w
it

h
o
u

t
im

p
os

in
g

an
y

ex
p

li
ci

t
co

n
st

ra
in

t.

In
ge

n
er

al
,

re
su

lt
s

u
si

n
g

th
e

R
S

C
co

n
d

it
io

n
ta

ke
th

e
fo

ll
ow

in
g

fo
rm

:
fi

rs
t,

th
e

lo
ss

fu
n

ct
io

n
or

ob
je

ct
iv

e
fu

n
ct

io
n
L(
x

)
is

sh
ow

n
to

sa
ti

sf
y

a
R

S
C

p
ro

p
er

ty
of

th
e

fo
rm

〈x
−
x
′ ,
∇
L(
x

)
−
∇
L(
x
′ )
〉≥

c
∥ ∥ x
−
x
′∥ ∥

2 2
−
τ

2
∥ ∥ x
−
x
′∥ ∥

2 re
st

ri
ct
,

fo
r

so
m

e
st

ru
ct

u
re

d
n

or
m
‖·
‖ re

st
ri

ct
(f

or
ex

am
p

le
,

th
e
` 1

n
or

m
).

H
er

e
c
>

0
is

a
co

n
st

a
n
t

w
h

il
e
τ

is
va

n
is

h
in

gl
y

sm
al

l,
fo

r
in

st
an

ce
c
∼

1
an

d
τ
∼
√

lo
g
(d

)
n

in
m

an
y

h
ig

h
d

im
en

si
on

al
re

gr
es

si
on

ap
p

li
ca

ti
on

s
w

it
h

sa
m

p
le

si
ze
n

.
T

h
e

so
lu

ti
on

x̂
is

th
en

sh
ow

n
to

co
n
v
er

g
e

to
th

e
tr

u
e

si
gn

al
x
?

u
p

to
an

er
ro

r
of

si
ze
τ
R

,
w

h
er

e
R

is
so

m
e

b
ou

n
d

on
th

e
si

gn
a
l
co

m
p

le
x
it

y,
fo

r
in

st
an

ce
R
∼
√
k

w
h

er
e
k

is
th

e
tr

u
e

sp
ar

si
ty

le
v
el

of
a

sp
ar

se
re

gr
es

si
on

p
ro

b
le

m
.

In
th

es
e

se
tt

in
gs

,
it

is
as

su
m

ed
th

at
τ
R

=
o(

1
),

an
d

th
at

er
ro

rs
of

th
is

m
ag

n
it

u
d

e
a
re

n
eg

li
g
ib

le
.

W
e

w
il

l
fo

ll
ow

th
is

ge
n

er
al

fr
am

ew
or

k
in

ou
r

co
n
v
er

ge
n

ce
gu

ar
an

te
e

as
w

el
l.

H
ow

ev
er

,
si

n
ce

w
e

co
n

si
d

er
se

tt
in

gs
w

h
er

e
th

e
si

gn
al

s
m

ay
n

ot
h

av
e

n
at

u
ra

l
sp

ar
si

ty
b

u
t

w
ou

ld
in

st
ea

d
h

av
e

a
d

iff
er

en
t

ty
p

e
of

st
ru

ct
u

re
(s

u
ch

as
to

ta
l

va
ri

at
io

n
sp

ar
si

ty
),

w
e

re
p

la
ce

th
e
` 1

n
or

m
w

it
h

a
ge

n
er

al
m

ea
su

re
of

si
gn

al
co

m
p

le
x
it

y,
‖·
‖ re

st
ri

ct
,

ch
os

en
w

it
h

re
sp

ec
t

to
th

e
p

ro
b

le
m

a
t

h
a
n

d
(f

or
in

st
an

ce
,

a
to

ta
l

va
ri

at
io

n
n

or
m

).

W
e

n
ow

sp
ec

if
y

ou
r

as
su

m
p

ti
on

s
on

co
n
ve

x
it

y
an

d
sm

o
ot

h
n

es
s

fo
r

th
e

fu
n

ct
io

n
s

in
vo

lv
ed

in
th

e
op

ti
m

iz
at

io
n

,
u

si
n

g
th

e
re

st
ri

ct
ed

st
ro

n
g

co
n
ve

x
it

y
/

re
st

ri
ct

ed
sm

o
ot

h
n

es
s

fr
a
m

ew
o
rk

fr
om

th
e

li
te

ra
tu

re
.

R
ou

gh
ly

sp
ea

k
in

g,
th

e
fo

ll
ow

in
g

as
su

m
p
ti

on
re

q
u

ir
es

th
at

th
e

er
ro

rs
of

th
e

co
n
ve

x
ap

p
ro

x
im

at
io

n
s
F
−

F
v
,
G
−

G
z

ar
e

co
u

n
te

rb
al

an
ce

d
b
y

st
ro

n
g

co
n
v
ex

it
y

in
th

e
co

m
p

os
it

e
ap

p
ro

x
im

at
io

n
s
F
v
(K

x
)
+
G
z
(x

).
F

or
th

e
te

rm
G

,
w

e
al

lo
w

fo
r

so
m

e
fl

ex
ib

il
it

y
b
y

co
n

si
d

er
in

g
re

st
ri

ct
ed

st
ro

n
g

co
n
ve

x
it

y
an

d
re

st
ri

ct
ed

sm
o
ot

h
n

es
s,

re
la

ti
ve

to
th

e
st

ru
ct

u
re

d
n

or
m
‖x
‖ re

st
ri

ct
.

A
ss

u
m

p
ti

o
n

2
T

h
e

a
p
p
ro

xi
m

a
ti

o
n

s
F
v

a
n

d
G
z

sa
ti

sf
y

th
e

co
n

d
it

io
n

s
(4

),
w

it
h

a
d
d
it

io
n

a
l

a
ss

u
m

p
ti

o
n

s
a
s

fo
ll

o
w

s.
F

o
r

th
e

fu
n

ct
io

n
F

a
n

d
it

s
fa

m
il

y
o
f

lo
ca

l
a
p
p
ro

xi
m

a
ti

o
n

s
F
v
,

w
e
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B
a
r
b
e
r

a
n
d

S
id

k
y

a
ss

u
m

e
th

a
t
F
v

is
st

ro
n

gl
y

co
n

ve
x,

w
h
il

e
F
−
F
v

is
sm

oo
th

:
fo

r
a
ll
u
,v
,w

,3

{
S

tr
o
n

g
co

n
ve

xi
ty

o
f
F
v
:
〈u
,∂

F
v
(w

+
u

)
−
∂
F
v
(w

)〉
≥
‖u
‖2 Λ

F
,

S
m

oo
th

n
es

s
o
f
F
−
F
v
:
|〈u
,∇

(F
−
F
v
)(
v

+
w

)〉
|≤

1 2

( ‖
u
‖2 Θ

F
+
‖w
‖2 Θ

F

) ,

fo
r

so
m

e
Λ

F
,Θ

F
�

0.
4

W
e

a
ls

o
a
ss

u
m

e
a

gr
a
d
ie

n
t

co
n

d
it

io
n

o
n
F
v
,

{ F
v

sa
ti

sfi
es

a
gr

a
d
ie

n
t

co
n

d
it

io
n

:
‖∂

F
v
(w

)
−
∂
F
v
(w
′ )
‖ 2
≤
C

L
ip

+
C

g
ra

d
‖w
−
w
′ ‖ 2
,

fo
r

so
m

e
C

L
ip
,C

g
ra

d
<
∞

.
(F

o
r

ex
a
m

p
le

,
th

is
is

sa
ti

sfi
ed

if
F
v

ca
n

be
w

ri
tt

en
a
s

th
e

su
m

o
f

a
L

ip
sc

h
it

z
fu

n
ct

io
n

a
n

d
a

sm
oo

th
fu

n
ct

io
n

.)
F

o
r

th
e

fu
n

ct
io

n
G

a
n

d
it

s
fa

m
il

y
o
f

lo
ca

l
a
p
p
ro

xi
m

a
ti

o
n

s
G
z
,

w
e

a
ss

u
m

e
th

a
t
G
z

sa
ti

sfi
es

re
st

ri
ct

ed
st

ro
n

g
co

n
ve

xi
ty

,
w

h
il

e
G
−

G
z

sa
ti

sfi
es

a
re

st
ri

ct
ed

sm
oo

th
n

es
s

a
ss

u
m

p
ti

o
n

:
fo

r
a
ll
x
,y
,z

,
      

R
es

tr
ic

te
d

st
ro

n
g

co
n

ve
xi

ty
o
f
G
z
:
〈y
,∂

G
z
(x

+
y
)
−
∂
G
z
(x

)〉
≥
‖y
‖2 Λ

G
−
τ

2
‖y
‖2 re

st
ri

ct
,

R
es

tr
ic

te
d

sm
oo

th
n

es
s

o
f
G
−
G
z
:

|〈y
,∇

(G
−
G
z
)(
z

+
x

)〉
|≤

1 2

( ‖
x
‖2 Θ

G
+
‖y
‖2 Θ

G

)
+

τ
2 2

( ‖
x
‖2 re

st
ri

ct
+
‖y
‖2 re

st
ri

ct

) ,

fo
r

so
m

e
Λ

G
,Θ

G
�

0
a
n

d
τ
<
∞

.
F

in
a
ll

y,
th

e
to

ta
l

co
n

ve
xi

ty
in

th
e

lo
ca

l
a
p
p
ro

xi
m

a
ti

o
n

s
F
v

a
n

d
G
z

m
u

st
(a

p
p
ro

xi
m

a
te

ly
)

o
u

tw
ei

gh
th

e
to

ta
l

cu
rv

a
tu

re
o
f

th
e

d
iff

er
en

ce
s
F
−
F
v

a
n

d
G
−
G
z
.

S
pe

ci
fi

ca
ll

y,
fo

r
a
ll
x
∈
R
d
,

w
e

re
qu

ir
e x
>

(K
>

Λ
F
K

+
Λ

G
)x
≥
x
>

(K
>

Θ
F
K

+
Θ

G
)x

+
C

cv
x
‖x
‖2 2
−
τ

2
‖x
‖2 re

st
ri

ct
,

fo
r

so
m

e
C

cv
x
>

0
a
n

d
τ
<
∞

.

In
g
en

er
al

,
gr

ea
te

r
co

n
v
ex

it
y

(i
.e

.
Λ

F
,Λ

G
as

st
ro

n
g
ly

p
o
si

ti
ve

d
efi

n
it

e
as

p
o
ss

ib
le

)
an

d
ti

g
h
te

r
b

ou
n

d
s

on
sm

o
ot

h
n

es
s

(i
.e

.
Θ

F
,Θ

G
a
s

sm
a
ll

a
s

p
o
ss

ib
le

)
a
ll

ow
fo

r
a

b
et

te
r

(i
.e

.
la

rg
er

)
co

n
st

a
n
t
C

cv
x

a
n

d
,

th
er

ef
or

e,
fa

st
er

co
n
ve

rg
en

ce
o
f

th
e

a
lg

o
ri

th
m

.
T

h
e

va
lu

e
o
f
τ

is
ty

p
ic

a
ll

y
of

a
ve

ry
sm

al
l

or
d

er
in

m
a
n
y

p
ro

b
le

m
s

a
ri

si
n

g
in

h
ig

h
-d

im
en

si
o
n

a
l

st
a
ti

st
ic

s,
a
s

d
is

cu
ss

ed
ab

ov
e

fo
r

th
e

sp
a
rs

e
re

g
re

ss
io

n
se

tt
in

g
.

It
is

cr
it

ic
a
l

to
n

o
te

th
at

th
is

a
ss

u
m

p
ti

on
d

o
es

n
o
t

re
q
u

ir
e

ei
th

er
F
v

or
G
z

to
b

e
st

ri
ct

ly
co

n
ve

x
—

if
th

e
m

a
tr

ic
es

Λ
F

o
r

Λ
G

a
re

n
o
t

fu
ll

ra
n

k
,

th
en

st
ri

ct
co

n
ve

x
it

y
h

a
s

n
o
t

b
ee

n
as

su
m

ed
.

In
st

ea
d

,
F
v

is
st

ro
n

g
ly

co
n
ve

x
in

a
n
y

d
ir

ec
ti

o
n

o
f
R
m

co
n
ta

in
ed

in
th

e
co

lu
m

n
sp

a
n

of
Λ

F
,

an
d

si
m

il
a
rl

y
fo

r
G
z

a
n

d
Λ

G
in

R
d
.

O
u
r

a
ss

u
m

p
ti

o
n

es
se

n
ti

a
ll

y
re

q
u

ir
es

th
at

th
e

co
m

b
in

at
io

n
o
f

th
es

e
d

ir
ec

ti
o
n

s
le

a
d

s
to

ov
er

a
ll

(a
p

p
ro

x
im

a
te

)
co

n
v
ex

it
y,

af
te

r
a
cc

ou
n
ti

n
g

fo
r

co
n

ca
v
it

y
th

at
m

ig
h
t

b
e

in
tr

o
d

u
ce

d
b
y

th
e

er
ro

rs
F
−
F
v

a
n

d
G
−
G
z
.

F
or

si
m

p
li

ci
ty

in
th

e
st

a
te

m
en

ts
a
n

d
p

ro
o
fs

o
f

o
u

r
re

su
lt

s,
w

e
g
ro

u
p

th
e

n
o
rm

s
o
f

al
l

m
at

ri
ce

s
fr

om
A

ss
u

m
p

ti
o
n

s
1

a
n

d
2

in
to

a
si

n
g
le

co
n

st
a
n
t:

C
m

a
tr

ix
=

m
a
x
{ ‖

Λ
F
‖,
‖Θ

F
‖,
‖Λ

G
‖,
‖Θ

G
‖,
‖M
‖,
∥ ∥ M

−
1
∥ ∥}

.

T
h

ro
u

g
h

o
u

t,
w

e
w

il
l
tr

ea
t
C

m
a

tr
ix

,
C

cv
x
,
C

L
ip

,
an

d
C

g
ra

d
a
s

fi
x
ed

fi
n

it
e

p
o
si

ti
ve

co
n
st

a
n
ts

,
a
n

d
d

ep
en

d
en

ce
on

th
es

e
va

lu
es

w
il

l
n

o
t

b
e

g
iv

en
ex

p
li

ci
tl

y
ex

ce
p

t
in

th
e

p
ro

o
fs

.
O

n
th

e
ot

h
er

h
an

d
,

th
e

ro
le

of
th

e
re

st
ri

ct
ed

co
n
ve

x
it

y
/s

m
o
o
th

n
es

s
p

a
ra

m
et

er
τ

w
il

l
b

e
sh

ow
n

ex
p

li
ci

tl
y.

3
.

W
e

im
p
li
ci

tl
y

re
st

ri
ct

a
ll

va
ri

a
b
le

s
to

th
e

d
o
m

a
in

o
f

th
e

a
p
p
ro

p
ri

a
te

fu
n
ct

io
n
,

th
ro

u
g
h
o
u
t.

4
.

F
o
r

a
fu

n
ct

io
n
F

w
it

h
a

m
u
lt

iv
a
lu

ed
su

b
d
iff

er
en

ti
a
l,

th
is

n
o
ta

ti
o
n

is
ta

k
en

to
m

ea
n

th
a
t

th
e

st
a
te

m
en

t
m

u
st

h
o
ld

fo
r

a
n
y

el
em

en
ts

o
f

th
e

su
b

d
iff

er
en

ti
a
ls

,
th

ro
u
g
h
o
u

t
th

e
p
a
p

er
.
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M
O

C
C

A
:
M

ir
r
o
r
e
d

C
o
n
v
e
x
/
C

o
n
c
a
v
e

O
p
t
im

iz
a
t
io

n
f
o
r

N
o
n
c
o
n
v
e
x

C
o
m

p
o
sit

e
F

u
n
c
t
io

n
s

4
.2

.2
C

o
n
v
e
r
g

e
n
c
e

G
u
a
r
a
n
t
e
e

C
h

o
ose

an
y

p
o
in

t
x
?∈

R
d

w
ith
‖
x
?‖

restrict ≤
R

,
w

h
ich

is
a

critica
l
p

o
in

t
fo

r
th

e
o
p

tim
iza

tio
n

p
ro

b
lem

m
in

‖
x‖

restrict ≤
R {F

(K
x

)
+

G
(x

)}
.

F
or

co
n
ven

ien
ce,

w
e

w
ill

n
ow

ab
sorb

th
e

co
n

stra
in

t‖
x‖

restrict ≤
R

in
to

th
e

fu
n

ctio
n

s
th

em
-

selves,
b
y

rep
la

cin
g
G

w
ith

th
e

fu
n
ctio

n

x
7→
{
G

(x
),

if
‖
x‖

restrict ≤
R
,

+
∞
,

if
‖
x‖

restrict
>
R
,

an
d

rep
la

cin
g
G
z

(for
ea

ch
z
)

w
ith

th
e

fu
n

ctio
n

x
7→
{
G
z (x

),
if
‖
x‖

restrict ≤
R
,

+
∞
,

if
‖
x‖

restrict
>
R
,

In
p

ractice,
a
s

m
en

tio
n

ed
b

efo
re,

w
e

ty
p

ica
lly

d
o

n
o
t

n
eed

to
ex

p
licitly

in
co

rp
o
ra

te
th

is
co

n
stra

in
t

in
to

th
e

o
p

tim
iza

tio
n

algo
rith

m
,

a
s

w
e

w
ill

gen
era

lly
o
n

ly
see

u
p

d
a
tes

th
at

all
lie

w
ith

in
a

b
o
u

n
d

ed
reg

io
n

.
H

ow
ev

er,
in

o
u

r
sta

tem
en

ts
a
n

d
p

ro
o
fs

o
f

th
eo

retica
l

resu
lts

fro
m

th
is

p
oin

t
on

w
a
rd

,
w

e
w

ill
assu

m
e

th
a
t
G
,G

z
restrict

th
e

d
o
m

a
in

o
f

th
e

va
ria

b
le
x

,
th

a
t

is,

G
(x

)
=

G
z (x

)
=

+
∞

w
h

en
ever

‖
x‖

restrict
>
R
.

(2
4)

W
e

w
ill

also
a
ssu

m
e

th
at
τ
R

is
b

o
u

n
d

ed
b
y

a
co

n
sta

n
t

w
ith

o
u

t
fu

rth
er

co
m

m
en

t;
sin

ce
o
u

r
resu

lts
give

co
n
vergen

ce
g
u

a
ra

n
tees

u
p

to
th

e
a
ccu

ra
cy

level
τ
R

,
th

e
resu

lts
a
re

m
ea

n
in

g
fu

l
on

ly
if
τ
R

is
sm

a
ll.

W
e

n
ow

sta
te

o
u

r
con

verg
en

ce
g
u

a
ra

n
tee

fo
r

th
e

sta
b

le
fo

rm
o
f

th
e

m
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h
n

=
20

0
ob

se
rv

at
io

n
s,

w
it

h
d

es
ig

n
m

a
tr

ix

5
.

C
o
d
e

fo
r

fu
ll
y

re
p
ro

d
u
ci

n
g

th
es

e
si

m
u
la

ti
o
n
s

is
av

a
il
a
b
le

a
t
h
t
t
p
:
/
/
w
w
w
.
s
t
a
t
.
u
c
h
i
c
a
g
o
.
e
d
u
/
~
r
i
n
a
/

m
o
c
c
a
.
h
t
m
l
.
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B
a
r
b
e
r

a
n
d

S
id

k
y

A
∈
R
n
×
d

w
it

h
A
ij

ii
d ∼
N
or
m
al

(0
,1

)
a
n

d
b
∈
R
n

w
it

h
en

tr
ie

s

b i
=

(A
·x

tr
u

e
) i

+
N
or
m
al

(0
,1

)
.

W
e

w
o
u

ld
th

en
li

ke
to

so
lv

e
a

p
en

a
li

ze
d

le
a
st

-s
q
u

a
re

s
p

ro
b

le
m

u
si

n
g

th
e

n
o
n

co
n
ve

x
to

ta
l

va
ri

at
io

n
p

en
al

ty
in

tr
o
d

u
ce

d
in

S
ec

ti
on

2
.3

,
n

a
m

el
y,

x̂
=

ar
g

m
in

x
{O

b
j(
x

)}
fo

r
O
b
j(
x

)
=

1 2
‖b
−
A
x
‖2 2

+
ν
·lo

gT
V
β
(x

)
,

(2
6
)

w
h

er
e

w
e

ch
o
o
se

p
en

al
ty

p
a
ra

m
et

er
ν

=
20

an
d

n
o
n

co
n
ve

x
it

y
p

a
ra

m
et

er
β

=
3

(r
ec

a
ll

th
a
t

a
lo

w
va

lu
e

o
f
β

co
rr

es
p

on
d

s
to

g
re

a
te

r
n

on
co

n
ve

x
it

y
),

a
n

d
w

h
er

e
th

e
lo
gT

V
β
(·)

p
en

a
lt

y
is

d
efi

n
ed

w
it

h
re

sp
ec

t
to

tw
o
-d

im
en

si
on

a
l

to
ta

l
va

ri
a
ti

on
—

re
ca

ll

lo
gT

V
β
(x

)
=

lo
gL

1 β
(∇

2
d
x

)
=
∑ i

β
lo

g
(1

+
|(∇

2
d
x

) i
|/
β

)
.

H
er

e
∇ 2

d
∈
R
m
×
d

is
th

e
tw

o-
d

im
en

si
o
n

a
l

fi
rs

t
d

iff
er

en
ce

s
m

at
ri

x
fo

r
th

e
ve

ct
o
ri

ze
d
d

1
×
d

2

g
ri

d
,

w
h

er
e
d

=
d

1
·d

2
is

th
e

to
ta

l
d
im

en
si

o
n

of
th

e
si

gn
al

w
h

il
e
m

=
d

1
(d

2
−

1
)+

d
2
(d

1
−

1)
is

th
e

n
u

m
b

er
of

fi
rs

t-
or

d
er

d
iff

er
en

ce
s

m
ea

su
re

d
;

in
o
u

r
ca

se
,

w
e

h
av

e
d

1
=
d

2
=

25
,
d

=
6
2
5,

a
n

d
m

=
12

00
.

N
ex

t,
w

e
im

p
le

m
en

t
th

e
m

o
c
c
a

a
lg

o
ri

th
m

w
it

h
th

e
tw

o
va

ri
a
n
ts

d
es

cr
ib

ed
in

S
ec

ti
on

2
.3

:
se

tt
in

g
K

=
∇ 2

d
,

w
e

co
n

si
d

er
th

e
m

o
re

n
a
tu

ra
l

fo
rm

w
h

er
e

th
e

p
en

a
lt

y
te

rm
is

co
n
ta

in
ed

in
F

,
gi

v
en

b
y

{
F

(w
)

=
ν
·lo

gL
1 β

(w
),

w
it

h
F
v
(w

)
=
ν
·‖
w
‖ 1

+
ν

[h
β
(v

)
+
〈w
−
v
,∇
h
β
(v

)〉
],

G
(x

)
=

G
z
(x

)
=

1 2
‖b
−
A
x
‖2 2
,

(2
7
)

w
h

er
e
h
β
(w

)
=

lo
gL

1 β
(w

)
−
‖w
‖ 1

is
a

d
iff

er
en

ti
a
b

le
co

n
ca

ve
fu

n
ct

io
n

a
s

d
is

cu
ss

ed
in

S
ec

-
ti

o
n

2
.3

.
W

e
al

so
co

n
si

d
er

th
e

le
ss

n
a
tu

ra
l

fo
rm

w
h

er
e

th
e

p
en

al
ty

te
rm

is
sp

li
t

a
cr

os
s
F

a
n

d
G

,
gi

ve
n

b
y

    

F
(w

)
=

F
v
(w

)
=
ν
·‖
w
‖ 1
,

G
(x

)
=

1 2
‖b
−
A
x
‖2 2

+
ν
·h

β
(∇

2
d
x

),

w
it

h
G
z
(x

)
=

1 2
‖b
−
A
x
‖2 2

+
ν

[h
β
(∇

2
d
z
)

+
〈∇

2
d
(x
−
z
),
∇
h
β
(∇

2
d
z
)〉

],

(2
8
)

W
e

w
il

l
re

fe
r

to
th

es
e

tw
o

ve
rs

io
n

s
a
s

m
o
c
c
a

(n
a
tu

ra
l)

a
n

d
m

o
c
c
a

(s
p

li
t)

,
re

sp
ec

ti
ve

ly
.

F
in

a
ll

y,
w

e
ch

o
os

e
st

ep
si

ze
p

a
ra

m
et

er
s

Σ
=
λ
·1 2

I m
a
n

d
T

=
λ
−

1
·1 4

I d
,

w
h

ic
h

en
su

re
s

th
a
t

th
e

p
o
si

ti
ve

se
m

id
efi

n
it

e
as

su
m

p
ti

o
n

,
A

ss
u

m
p

ti
o
n

1
,

w
il

l
h

o
ld

(a
lt

h
o
u

g
h

p
er

h
ap

s
n

ot
st

ri
ct

ly
)

a
s

in
P

o
ck

an
d

C
h
a
m

b
o
ll

e
(2

0
11

).
W

e
te

st
th

e
a
lg

o
ri

th
m

ac
ro

ss
a

ra
n

g
e

of
λ

va
lu

es
,
λ
∈
{4
,8
,1

6,
32
,6

4}
.

T
h

e
re

su
lt

s
a
re

sh
ow

n
in

F
ig

u
re

2
,

w
h

ic
h

p
lo

ts
th

e
lo

g
va

lu
e

o
f

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

O
b
j(
x

)
a
t

ea
ch

it
er

a
ti

o
n

,
a
n

d
a
ls

o
p

lo
ts

th
e

lo
g

o
f

th
e

ch
a
n

g
e

in
ea

ch
it

er
at

io
n

,

C
h
an
ge
t

=

∥ ∥ ∥ ∥(
x
t−

1
−
x
t

w
t−

1
−
w
t

)∥ ∥ ∥ ∥
2

.
(2

9)
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M
O

C
C

A
:
M

ir
r
o
r
e
d

C
o
n
v
e
x
/
C

o
n
c
a
v
e

O
p
t
im

iz
a
t
io

n
f
o
r

N
o
n
c
o
n
v
e
x

C
o
m

p
o
sit

e
F

u
n
c
t
io

n
s

0
5
0

1
0
0

1
5
0

2
0
0

Ite
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tio
n
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1
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M
O

C
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A
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a
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ra
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λ
=

4
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=
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λ
=

1
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λ
=
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λ
=

6
4

0
5
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1
0
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1
5
0

2
0
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n
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O
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A
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λ
=
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=
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λ
=

1
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λ
=

3
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λ
=

6
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1
0
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1
5
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2
0
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Ite
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M
O

C
C

A
(n

a
tu

ra
l)

λ
=

4
λ

=
8

λ
=

1
6

λ
=

3
2

λ
=

6
4

0
5
0

1
0
0

1
5
0

2
0
0

Ite
ra

tio
n

-2 -1 0 1 2 3 4 5 6 7
log(Change per iteration)

M
O

C
C

A
(s

p
lit)

λ
=

4
λ

=
8

λ
=

1
6

λ
=

3
2

λ
=

6
4

F
ig

u
re

2
:

R
esu

lts
fro

m
S

im
u

latio
n

1
.

T
h

e
top

row
p

lo
ts

th
e

lo
g

of
th

e
o
b

jective
fu

n
ction

va
lu

e
d

efi
n

ed
in

(26
)

a
g
ain

st
itera

tio
n

n
u
m

b
er,

w
h

ile
th

e
b

o
tto

m
row

p
lots

th
e

lo
g

of
th

e
ch

an
ge

in
th

e
(x
,w

)
varia

b
les

(2
9)

at
each

itera
tio

n
,

fo
r

severa
l

step
size

p
a
ra

m
eters

λ
.

(S
ectio

n
1.1.4

g
iv

es
a

d
irect

co
rresp

on
d

en
ce

b
etw

een
co

n
v
erg

en
ce

o
f

th
e

(x
,w

)
variab

les,
a
n

d
th

e
o
p

tim
a
lity

o
f

th
e
x

va
riab

le.)
T

h
e

p
lo

ts
sh

ow
resu

lts
fro

m
th

e
“
n

a
tu

ra
l”

(left)
a
n

d
“
sp

lit”
(rig

h
t)

versio
n

s
o
f

th
e

m
o
c
c
a

a
lgo

rith
m

,
d

efi
n

ed
in

(27
)

a
n

d
(28

),
resp

ectively.

(R
eca

ll
fro

m
S

ection
1.1.4

th
a
t,

if
C
h
an
ge
t →

0
,

th
en

th
e

o
p

tim
a
lity

g
a
p

o
f

th
e

so
lu

tio
n

ten
d

s
to

zero
;

th
a
t

is,
th

e
x

va
ria

b
le

is
clo

se
to

b
ein

g
a

critica
l

p
oin

t
for

th
e

o
p

tim
iza

tion
p

ro
b

lem
.)

L
o
o
k
in

g
fi

rst
a
t

th
e

resu
lts

fo
r

m
o
c
c
a

(n
a
tu

ra
l),

w
e

see
th

a
t

sm
aller

λ
va

lu
es

ten
d

to
lea

d
to

faster
co

n
verg

en
ce

at
th

e
very

early
sta

g
es,

b
u

t
p

o
orer

p
erfo

rm
a
n

ce
o
r

in
stab

ility
at

later
sta

ges.
(In

fa
ct,

th
is

su
gg

ests
th

e
p

o
ssib

ility
of

va
ry

in
g
λ

as
w

e
ru

n
m

o
re

itera
tio

n
s,

w
h

ich
w

e
leav

e
to

fu
tu

re
w

o
rk

.)

T
u

rn
in

g
to

m
o
c
c
a

(sp
lit),

w
e

see
th

at
th

e
p

erfo
rm

an
ce

is
w

orse
at

a
ll
λ

va
lu

es
a
s

co
m

-
p

a
red

w
ith

m
o
c
c
a

(n
a
tu

ral);
th

e
d

iff
eren

ce
is

m
in

or
fo

r
th

e
la

rg
est

λ
va

lu
es,

b
u

t
th

e
low

er
λ

va
lu

es
g
ive

fa
r

p
o
o
rer

resu
lts

a
n

d
fa

r
m

o
re

in
sta

b
ility

fo
r

m
o
c
c
a

(sp
lit)

a
s

co
m

p
a
red

to
m

o
c
c
a

(n
a
tu

ra
l).

T
h

is
h

igh
lig

h
ts

th
e

im
p

orta
n

ce
o
f

th
e

“
m

irrorin
g
”

step
in

o
u

r
alg

o
rith

m
,

3
1

JM
L
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B
a
r
b
e
r

a
n
d

S
id

k
y

w
h

ich
gives

u
s

th
e

fl
ex

ib
ility

of
p

lacin
g

th
e

n
on

con
vex

term
s

in
to

F
,

i.e.
th

e
fu

n
ction

w
h

ich
w

ill
b

e
op

tim
ized

v
ia

th
e

d
u

al
variab

le.
In

oth
er

scen
arios,

of
cou

rse,
a

d
iff

eren
t

arran
gem

en
t

of
th

e
term

s
m

ay
b

e
p

referab
le.

5
.2

S
im

u
la

tio
n

2
:

T
o
ta

l
V

a
ria

tio
n

P
e
n

a
lty

,
w

ith
E

rro
rs

in
V

a
ria

b
le

s

In
th

e
secon

d
sim

u
lation

,
w

e
treat

th
e

errors-in
-variab

les
settin

g
d

iscu
ssed

in
S

ection
2
.1.

W
e

gen
era

te
th

e
sign

al
x

tru
e ,

th
e

d
esign

m
atrix

A
,

an
d

th
e

resp
o
n

se
vector

b
as

in
S

im
u

lation
1.

N
ex

t,
su

p
p

ose
ou

r
m

easu
rem

en
t

of
A

is
itself

n
oisy

:
d

efi
n

e
Z
∈

R
n×

d
w

ith
Z
ij

=
A
ij

+
N
orm

al(0,σ
2A

),
w

h
ere

σ
A

=
0.2.

F
in

ally,
w

e
w

ou
ld

lik
e

to
m

in
im

ize
th

e
ob

jectiv
e

fu
n

ction

12
x
>
(
Z
>
Z
−
n
·σ

2A
I
d )
x
−
x
>
Z
>
b

+
ν‖
x‖

T
V
,

(30)

w
ith

p
en

a
lty

p
aram

eter
ν

=
20,

w
h

ere
again

w
e

u
se

tw
o-d

im
en

sion
al

total
variation

,
‖x‖

T
V

=
‖∇

2
d x‖

1 .
(H

ere
w

e
u

se
a

d
iff

eren
t

scalin
g

of
th

e
likelih

o
o
d

term
relative

to
S

ec-
tion

2.1
for

sim
p

ler
im

p
lem

en
tation

an
d

tu
n

in
g.)

O
f

cou
rse,

d
u

e
to

th
e

n
egative

q
u

ad
ratic

term
,

th
is

ob
jective

fu
n

ction
is

stron
gly

con
cave

in
som

e
d

irection
s

an
d

so
its

glob
al

m
in

-
im

u
m

is
“
at

in
fi

n
ity

”;
w

ith
in

a
b

ou
n

d
ed

set,
h

ow
ev

er,
th

e
p

en
alty

w
ill

en
su

re
th

at
th

e
o
b

jective
fu

n
ction

is
ap

p
rox

im
ately

con
vex

.
In

p
ractice,

in
itializin

g
ou

r
algorith

m
at
x

=
0

d
o
es

n
ot

lea
d

to
an

y
p

rob
lem

s,
an

d
w

e
con

v
erge

to
a

b
ou

n
d

ed
solu

tion
th

at
can

b
e

v
iew

ed
a
s

a
lo

cal
m

in
im

u
m

w
ith

in
a

b
ou

n
d

ed
set,

e.g.{x
:‖
x‖

T
V
≤
R}

for
som

e
ap

p
rop

riate
ch

oice
of
R

,
as

d
iscu

ssed
in

th
e

con
tex

t
of

restricted
stron

g
co

n
v
ex

ity
in

S
ection

4.2.1.
A

p
rox

im
a
l

grad
ien

t
d

escen
t

m
eth

o
d

,
as

p
rop

osed
b
y

L
oh

an
d

W
ain

w
righ

t
(2013)

for
th

is
ty

p
e

of
n

o
n

co
n
vex

p
en

alized
likelih

o
o
d

,
w

ou
ld

in
th

eo
ry

iterate
th

e
step

s

{
x̃
t+

1
=
x
t −

1η ((Z
>
Z
−
n
σ

2A
I
d )
x
t −

(Z
>
b) )

,

x
t+

1
=

arg
m

in
x {

12 ‖
x
−
x̃
t+

1 ‖
22

+
νη ‖
x‖

T
V }

,

w
h

ere
1η

is
a

step
size

p
aram

eter.
H

ow
ever,

th
e

secon
d

step
is

a
p

rox
im

al
op

erator
for

th
e

tota
l

variation
n

orm
‖
x‖

T
V

=
‖∇

2
d x‖

1 ,
w

h
ich

can
n

ot
b

e
calcu

la
ted

in
closed

form
.

In
stead

,
w

e
co

u
ld

ap
p

ly
th

e
C

P
algorith

m
to

th
e

con
v
ex

(su
b

)p
rob

lem
of

th
is

p
rox

im
ity

op
erator

w
ith

p
a
ram

eters
Σ

=
λ·

12 I
m

an
d

T
=
λ
−

1·
14 I
d ,

an
d

cou
ld

term
in

ate
th

is
in

n
er

“p
rox

lo
op

”
a
fter

som
e

con
vergen

ce
criterion

is
reach

ed
,

e.g.
after

som
e

fi
x
ed

n
u

m
b

er
n

step
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=
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a
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.
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∂
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∂
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∂
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∂
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∂
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∂
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∂
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∇
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F
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︷︷

︸
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(3
4)

N
ex

t,
sin

ce
th

e
solu

tion
co

n
verg

es,
w

e
see

th
a
t

w
t+

1
;1 →

ŵ
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∇
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∇
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∇
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ŵ
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∂
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∂
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∂
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∂
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ŵ
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ŵ
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∂
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∂
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c
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m
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′,w
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=
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′′−
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1 }

,

w
′
=
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+
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=
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th

e
tr

u
e

so
lu

ti
o
n

,
i.

e.
(z
,v

)
≈

(x
?
,K

x
?
),

th
en

th
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=

(
Θ

G
0

0
Θ
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∈
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)∥ ∥ ∥ ∥
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p
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∈
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=
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=
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=
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−
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−
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ṽ

=
1 L

L ∑ `=
1

( Σ
−

1
(w

(`
−

1
)
−
w

(`
) )

+
K

(2
x

(`
)
−
x

(`
−

1
) ))

.

T
h
en

th
er

e
ex

is
ts

a
co

n
st

a
n

t
C

it
er
<
∞

,
d
ep

en
d
in

g
o
n

ly
o
n
C

m
a

tr
ix
,C

cv
x
,C

L
ip
,C

g
ra

d
(a

n
d

in
pa

rt
ic

u
la

r,
n

o
t

d
ep

en
d
en

t
o
n
L

),
su

ch
th

a
t

∥ ∥ ∥ ∥(
z̃
−
x
? z
,v

ṽ
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r
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) ∥∥∥∥
2

+
τ
R )

+
(1−

C
co

n
tr )· ∥∥∥∥ (
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√
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√
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√
L
′m

+
1

C
1

+
τ
R 

+
(1−

C
co

n
tr )· 

C
2 √

1
+
δ

√
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b
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=
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) ∥∥∥∥
2 ≤

C
L

ip
+
C

excess ( ∥∥∥∥ (
z
t+

1 −
x
?

v
t+

1 −
K
x
?

) ∥∥∥∥
Θ

+
τ
R )

b
y

L
em

m
a

3

=
C

L
ip

+
C

excess 
C

2
√
L
′t+

1

+
(C

3
+

1)τ
R 

b
y

(37
)

at
step

t

≤
C

L
ip

+
C

excess (
C

2
√
L

m
in

+
(C

3
+

1)τ
R )

sin
ce
L
′t+

1 ≥
L

m
in
,

an
d

a
lso

,
w

e
h

av
e

∥∥∥∥ (
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√
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√
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b
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p
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−
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n

in
g

th
at

u
p

d
at

es
o
n

ly
o
cc

u
r

a
t

th
e

en
d

of
a
n

ep
is

o
d

e,
b

ec
au

se
th

e
λ

-r
et

u
rn

re
q
u

ir
es

d
a
ta

u
p

to
th

e
en

d
of

an
ep

is
o
d

e.
W

e
ex

te
n

d
th

is
fo

rw
a
rd

v
ie

w
to

th
e

o
n

li
n

e
ca

se
,

w
h

er
e

u
p

d
at

es
o
cc

u
r

a
t

ev
er

y
ti

m
e

st
ep

,
b
y

u
si

n
g

a
b

ou
n

d
ed

ve
rs

io
n

o
f

th
e
λ

-r
et

u
rn

th
at

gr
ow

s
ov

er
ti

m
e.

W
h

er
ea

s
T

D
(λ

)
ap

p
ro

x
im

a
te

s
th

e
tr

a
d

it
io

n
a
l

fo
rw

a
rd

v
ie

w
on

ly
at

th
e

en
d

o
f

a
n

ep
is

o
d

e,
w

e
sh

ow
th

at
T

D
(λ

)
a
p

p
ro

x
im

at
es

th
is

n
ew

o
n

li
n

e
fo

rw
a
rd

v
ie

w
at

a
ll

ti
m

e
st

ep
s.

T
ru

e
o
n

li
n

e
T

D
(λ

)
is

eq
u

iv
a
le

n
t

to
th

is
n

ew
o
n

li
n

e
fo

rw
a
rd

v
ie

w
a
t

al
l

ti
m

e
st

ep
s.

W
e

p
ro

ve
th

is
b
y

d
er

iv
in

g
th

e
tr

u
e

o
n

li
n

e
T

D
(λ

)
u

p
d

at
e

eq
u

at
io

n
s

d
ir

ec
tl

y
fr

o
m

th
e

o
n

li
n

e
fo
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a
rd
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T
r
u
e

O
n
l
in

e
T

e
m

p
o
r
a
l
-D

if
f
e
r
e
n
c
e

L
e
a
r
n
in

g

v
iew

u
p

d
ate

eq
u

a
tio

n
s.

T
h

is
d

eriva
tion

fo
rm

s
a

b
lu

ep
rin

t
fo

r
th

e
d

eriva
tio

n
o
f

o
th

er
tru

e
o
n

lin
e

m
eth

o
d

s.
B

y
m

a
k
in

g
varia

tio
n

s
to

th
e

o
n

lin
e

fo
rw

a
rd

v
iew

a
n

d
follow

in
g

th
e

sa
m

e
d

eriva
tio

n
as

for
tru

e
on

lin
e

T
D

(λ
),

w
e

d
erive

sev
era

l
o
th

er
tru

e
o
n

lin
e

m
eth

o
d

s.

T
h

is
a
rticle

is
o
rg

an
ized

as
fo

llow
s.

W
e

sta
rt

b
y

p
resen

tin
g

th
e

req
u

ired
b

a
ck

g
ro

u
n

d
in

S
ection

2
.

T
h

en
,

w
e

p
resen

t
th

e
n

ew
on

lin
e

fo
rw

a
rd

v
iew

in
S

ectio
n

3
,

fo
llow

ed
b
y

th
e

p
resen

tatio
n

of
tru

e
o
n
lin

e
T

D
(λ

)
in

S
ectio

n
4
.

S
ectio

n
5

p
resen

ts
th

e
em

p
irica

l
stu

d
y.

F
u

rth
erm

ore,
in

S
ectio

n
6,

w
e

p
resen

t
several

o
th

er
tru

e
o
n

lin
e

m
eth

o
d

s.
In

S
ection

7
,

w
e

d
iscu

ss
in

d
eta

il
rela

ted
p

ap
ers.

F
in

a
lly,

S
ection

8
con

clu
d

es.

2
.

B
a
ck

g
ro

u
n
d

H
ere,

w
e

p
resen

t
th

e
m

ain
lea

rn
in

g
fram

ew
o
rk

.
A

s
a

co
n
ven

tio
n

,
w

e
in

d
icate

sca
la

r-va
lu

ed
ra

n
d

om
va

ria
b

les
b
y

ca
p

ita
l

letters
(e.g.,

S
t ,
R
t ),

v
ecto

rs
b
y

b
o
ld

low
erca

se
letters

(e.g
.,
θ

,
φ

),
fu

n
ction

s
b
y

n
o
n

-b
o
ld

low
erca

se
letters

(e.g
.,
v
),

a
n

d
sets

b
y

calligra
p

h
ic

fo
n
t

(e.g.,S
,

A
). 1

2
.1

M
a
rk

o
v

D
e
c
isio

n
P

ro
c
e
sse

s

R
ein

fo
rcem

en
t

lea
rn

in
g

(R
L

)
p

ro
b

lem
s

a
re

often
fo

rm
a
lized

a
s

M
a
rko

v
d
ecisio

n
p
rocesses

(M
D

P
s),

w
h

ich
can

b
e

d
escrib

ed
a
s

5-tu
p

les
o
f

th
e

fo
rm
〈S
,A
,p
,r,γ〉,

w
h

ere
S

in
d

ica
tes

th
e

set
o
f

a
ll

states;A
in

d
ica

tes
th

e
set

o
f

a
ll

a
ctio

n
s;
p
(s ′|s,a

)
in

d
icates

th
e

p
ro

b
a
b

ility
of

a
tran

sitio
n

to
state

s ′∈
S

,
w

h
en

a
ctio

n
a
∈
A

is
ta

ken
in

sta
te
s
∈
S

;
r(s,a

,s ′)
in

d
icates

th
e

ex
p

ected
rew

a
rd

fo
r

a
tra

n
sitio

n
fro

m
sta

te
s

to
sta

te
s ′

u
n

d
er

actio
n
a
;

th
e

d
isco

u
n
t

fa
ctor

γ
sp

ecifi
es

h
ow

fu
tu

re
rew

ard
s

are
w

eig
h
ted

w
ith

resp
ect

to
th

e
im

m
ed

ia
te

rew
a
rd

.

A
ctio

n
s

a
re

taken
a
t

d
iscrete

tim
e

step
s
t

=
0,1

,2
,...

a
cco

rd
in

g
to

a
po

licy
π

:S
×
A
→

[0,1],
w

h
ich

d
efi

n
es

fo
r

each
a
ction

th
e

selectio
n

p
ro

b
a
b

ility
co

n
d

itio
n

ed
o
n

th
e

sta
te.

T
h

e
retu

rn
a
t

tim
e
t

is
d

efi
n

ed
a
s

th
e

d
isco

u
n
ted

su
m

o
f

rew
a
rd

s,
ob

served
after

t:

G
t

:=
R
t+

1
+
γ
R
t+

2
+
γ

2
R
t+

3
+
...

=

∞∑i=
1

γ
i−

1
R
t+
i ,

w
h

ere
R
t+

1
is

th
e

rew
a
rd

received
a
fter

ta
k
in

g
a
ction

A
t

in
sta

te
S
t .

S
o
m

e
M

D
P

s
co

n
tain

sp
ecial

states
ca

lled
term

in
a
l

sta
tes.

A
fter

reach
in

g
a

term
in

a
l

sta
te,

n
o

fu
rth

er
rew

a
rd

is
o
b

ta
in

ed
a
n

d
n

o
fu

rth
er

sta
te

tra
n

sitio
n

s
o
ccu

r.
H

en
ce,

a
term

in
a
l

sta
te

ca
n

b
e

in
terp

reted
a
s

a
sta

te
w

h
ere

ea
ch

actio
n

retu
rn

s
to

itself
w

ith
a

rew
ard

o
f

0
.

A
n

in
tera

ctio
n

seq
u

en
ce

fro
m

th
e

in
itia

l
sta

te
to

a
term

in
a
l

sta
te

is
called

a
n

ep
isod

e.

E
a
ch

p
o
licy

π
h

a
s

a
co

rresp
o
n

d
in

g
state-valu

e
fu

n
ctio

n
v
π
,

w
h

ich
m

a
p

s
a
n
y

sta
te
s∈
S

to
th

e
ex

p
ected

valu
e

o
f

th
e

retu
rn

fro
m

th
a
t

sta
te,

w
h

en
follow

in
g

p
o
licy

π
:

v
π
(s)

:=
E{G

t |S
t

=
s,π}

.

In
a
d

d
itio

n
,

th
e

a
ction

-va
lu

e
fu

n
ction

q
π

gives
th

e
ex

p
ected

retu
rn

fo
r

p
o
licy

π
,

g
iv

en
th

a
t

a
ctio

n
a
∈
A

is
ta

k
en

in
sta

te
s∈
S

:

q
π
(s,a

)
:=

E{G
t |S

t
=
s,A

t ,=
a
,π}

.

1
.

A
n

ex
cep

tio
n

to
th

is
co

n
v
en

tio
n

is
th

e
T

D
erro

r,
a

sca
la

r-va
lu

ed
ra

n
d
o
m

va
ria

b
le

th
a
t

w
e

in
d
ica

te
b
y
δ
t .
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v
a
n

S
e
ije

n
,

M
a
h
m

o
o
d
,

P
il

a
r
sk

i,
M

a
c
h
a
d
o

a
n
d

S
u
t
t
o
n

B
ecau

se
n

o
fu

rth
er

rew
ard

s
can

b
e

ob
tain

ed
fro

m
a

term
in

al
sta

te,
th

e
state-valu

e
an

d
actio

n
-va

lu
es

for
a

term
in

al
state

are
alw

ay
s

0.
T

h
ere

are
tw

o
task

s
th

at
are

ty
p

ically
asso

ciated
w

ith
an

M
D

P
.

F
irst,

th
ere

is
th

e
task

of
d

eterm
in

in
g

(an
estim

ate
of)

th
e

valu
e

fu
n

ction
v
π

for
som

e
given

p
o
licy

π
.

T
h

e
secon

d
,

m
ore

ch
allen

gin
g

task
is

th
at

of
d

eterm
in

in
g

(an
estim

ate
of)

th
e

op
tim

al
p

o
licy

π
∗ ,

w
h

ich
is

d
efi

n
ed

as
th

e
p

olicy
w

h
ose

corresp
on

d
in

g
valu

e
fu

n
ction

h
a
s

th
e

h
igh

est
valu

e
in

each
sta

te:
v
π
∗ (s)

:=
m

ax
π

v
π
(s)

,
for

ea
ch

s∈
S
.

In
R

L
,

th
ese

tw
o

task
s

are
con

sid
ered

u
n

d
er

th
e

con
d

ition
th

at
th

e
rew

ard
fu

n
ction

r
an

d
th

e
tra

n
sitio

n
-p

ro
b

ab
ility

fu
n

ction
p

are
u

n
k
n

ow
n

.
H

en
ce,

th
e

ta
sk

s
h

ave
to

b
e

solved
u

sin
g

sam
p

les
ob

tain
ed

from
in

teractin
g

w
ith

th
e

en
v
iron

m
en

t.

2
.2

T
e
m

p
o
ra

l-D
iff

e
re

n
c
e

L
e
a
rn

in
g

L
et’s

con
sid

er
th

e
task

of
learn

in
g

an
estim

ate
V

of
th

e
valu

e
fu

n
ction

v
π

from
sam

p
les,

w
h

ere
v
π

is
b

ein
g

estim
ated

u
sin

g
lin

ear
fu

n
ction

a
p

p
rox

im
ation

.
T

h
a
t

is,
V

is
th

e
in

n
er

p
ro

d
u

ct
b

etw
een

a
featu

re
vector

φ
(s)∈

R
n

of
s,

an
d

a
w

eigh
t

vector
θ
∈
R
n
:

V
(s,θ

)
=
θ
>
φ

(s)
.

If
s

is
a

term
in

al
state,

th
en

b
y

d
efi

n
ition

φ
(s)

:=
0

,
an

d
h
en

ce
V

(s,θ
)

=
0.

W
e

can
form

u
late

th
e

p
rob

lem
of

estim
atin

g
v
π

as
an

error-m
in

im
ization

p
rob

lem
,
w

h
ere

th
e

erro
r

is
a

w
eig

h
ted

average
of

th
e

sq
u

ared
d

iff
eren

ce
b

etw
een

th
e

valu
e

of
a

sta
te

an
d

its
estim

ate:

E
(θ

)
:=

12

∑

i

d
π
(s
i ) (
v
π
(s
i )−

θ
>
φ

(s
i ) )

2
,

w
ith

d
π

th
e

station
ary

d
istrib

u
tion

in
d

u
ced

b
y
π

.
T

h
e

ab
ove

erro
r

fu
n

ction
ca

n
b

e
m

in
i-

m
ized

b
y

u
sin

g
sto

ch
astic

grad
ien

t
d

escen
t

w
h

ile
sam

p
lin

g
fro

m
th

e
statio

n
ary

d
istrib

u
tion

,
resu

ltin
g

in
th

e
follow

in
g

u
p

d
ate

ru
le:

θ
t+

1
=
θ
t −

α
12 ∇

θ (
v
π
(S
t )−

θ
>
φ
t )

2
,

u
sin

g
φ
t

as
a

sh
o
rth

an
d

for
φ

(S
t ).

T
h

e
p

aram
eter

α
is

called
th

e
step

-size.
U

sin
g

th
e

ch
ain

ru
le,

w
e

can
rew

rite
th

is
u

p
d

ate
as:

θ
t+

1
=

θ
t
+
α (
v
π
(S
t )−

θ
>
φ
t )∇

θ (θ
>
φ
t )
,

=
θ
t
+
α (
v
π
(S
t )−

θ
>
φ
t )
φ
t .

B
ecau

se
v
π

is
in

g
en

eral
u

n
k
n

ow
n

,
an

estim
ate

U
t

of
v
π
(S
t )

is
u

sed
,

w
h

ich
w

e
call

th
e

u
pd

a
te

ta
rget,

resu
ltin

g
in

th
e

follow
in

g
gen

eral
u

p
d

ate
ru

le:

θ
t+

1
=
θ
t
+
α (U

t −
θ
>
φ
t )φ

t .
(1)

T
h

ere
a
re

m
an

y
d

iff
eren

t
u

p
d

ate
targets

p
ossib

le.
F

or
an

u
n
b
iased

estim
ato

r
th

e
fu

ll
retu

rn
can

b
e

u
sed

,
th

at
is,
U
t

=
G
t .

H
ow

ever,
th

e
fu

ll
retu

rn
h

as
th

e
d

isad
van

tage
th

a
t

its

4
JM

L
R

 17(145):1-40



T
r
u
e

O
n
l
in

e
T

e
m

p
o
r
a
l
-D

if
f
e
r
e
n
c
e

L
e
a
r
n
in

g

va
ri

an
ce

is
ty

p
ic

al
ly

ve
ry

h
ig

h
.

H
en

ce
,

le
ar

n
in

g
w

it
h

th
e

fu
ll

re
tu

rn
ca

n
b

e
sl

ow
.

T
em

p
o
ra

l-
d

iff
er

en
ce

(T
D

)
le

ar
n

in
g

ad
d

re
ss

es
th

is
is

su
e

b
y

u
si

n
g

u
p

d
at

e
ta

rg
et

s
b
as

ed
on

ot
h

er
va

lu
e

es
ti

m
at

es
.

W
h

il
e

th
e

u
p

d
at

e
ta

rg
et

is
n

o
lo

n
ge

r
u

n
b

ia
se

d
in

th
is

ca
se

,
th

e
va

ri
an

ce
is

ty
p

ic
al

ly
m

u
ch

sm
al

le
r,

an
d

le
ar

n
in

g
m

u
ch

fa
st

er
.

T
D

le
ar

n
in

g
u

se
s

th
e

B
el

lm
a
n

eq
u

a
ti

o
n

s
as

it
s

m
at

h
em

at
ic

al
fo

u
n

d
at

io
n

fo
r

co
n

st
ru

ct
in

g
u

p
d

at
e

ta
rg

et
s.

T
h

es
e

eq
u

a
ti

o
n

s
re

la
te

th
e

va
lu

e
of

a
st

at
e

to
th

e
va

lu
es

of
it

s
su

cc
es

so
r

st
at

es
:

v π
(s

)
=
∑ a

π
(s
,a

)
∑ s′

p
(s
′ |s
,a

)(
r(
s,
a
,s
′ )

+
γ
v π

(s
′ )
) .

W
ri

ti
n

g
th

is
eq

u
at

io
n

in
te

rm
s

of
an

ex
p

ec
ta

ti
on

y
ie

ld
s:

v π
(s

)
=

E{
R
t+

1
+
γ
v π

(S
t+

1
)|S

t
=
s}
π
,p
,r
.

S
am

p
li

n
g

fr
om

th
is

ex
p

ec
ta

ti
on

,
w

h
il

e
u

si
n

g
li

n
ea

r
fu

n
ct

io
n

ap
p

ro
x
im

at
io

n
to

a
p

p
ro

x
im

at
e

v π
,

re
su

lt
s

in
th

e
u

p
d

at
e

ta
rg

et
:

U
t

=
R
t+

1
+
γ
θ
>
φ
t+

1
.

T
h

is
u

p
d

at
e

ta
rg

et
is

ca
ll

ed
a

on
e-

st
ep

u
p

d
at

e
ta

rg
et

,
b

ec
au

se
it

is
b

as
ed

on
in

fo
rm

a
ti

on
fr

om
on

ly
on

e
ti

m
e

st
ep

ah
ea

d
.

A
p

p
ly

in
g

th
e

B
el

lm
an

eq
u

at
io

n
m

u
lt

ip
le

ti
m

es
re

su
lt

s
in

u
p

d
at

e
ta

rg
et

s
b
as

ed
on

in
fo

rm
at

io
n

fu
rt

h
er

ah
ea

d
.

S
u

ch
u

p
d

at
e

ta
rg

et
s

a
re

ca
ll

ed
m

u
lt

i-
st

ep
u

p
d

at
e

ta
rg

et
s.

2
.3

T
D

(λ
)

T
h

e
T

D
(λ

)
al

go
ri

th
m

im
p

le
m

en
ts

th
e

fo
ll
ow

in
g

u
p

d
at

e
eq

u
at

io
n

s:

δ t
=

R
t+

1
+
γ
θ
> t
φ
t+

1
−
θ
> t
φ
t
,

(2
)

e
t

=
γ
λ
e
t−

1
+
φ
t
,

(3
)

θ
t+

1
=

θ
t
+
α
δ t
e
t
,

(4
)

fo
r
t
≥

0,
an

d
w

it
h
e
−

1
=

0
.

T
h
e

sc
al

ar
δ t

is
ca

ll
ed

th
e

T
D

er
ro

r,
an

d
th

e
ve

ct
or
e
t

is
ca

ll
ed

th
e

el
ig

ib
il

it
y-

tr
a
ce

ve
ct

or
.

T
h

e
u

p
d

at
e

of
e
t

sh
ow

n
ab

ov
e

is
re

fe
rr

ed
to

as
th

e
a
cc

u
m

u
la

ti
n

g-
tr

a
ce

u
p

d
at

e.
A

s
a

sh
or

th
an

d
,

w
e

w
il

l
re

fe
r

to
th

is
v
er

si
on

of
T

D
(λ

)
as

‘a
cc

u
m

u
la

te
T

D
(λ

)’
,

to
d

is
ti

n
gu

is
h

it
fr

om
a

sl
ig

h
tl

y
d

iff
er

en
t

ve
rs

io
n

th
at

is
d

is
cu

ss
ed

b
el

ow
.

W
h

il
e

th
es

e
u

p
d

at
es

ap
p

ea
r

to
d

ev
ia

te
fr

om
th

e
ge

n
er

al
,

gr
ad

ie
n
t-

d
es

ce
n
t-

b
as

ed
u

p
d

a
te

ru
le

gi
ve

n
in

(1
),

th
er

e
is

a
cl

os
e

co
n

n
ec

ti
on

to
th

is
u

p
d

at
e

ru
le

.
T

h
is

co
n

n
ec

ti
on

is
fo

rm
a
li

ze
d

th
ro

u
g
h

th
e

fo
rw

ar
d

v
ie

w
of

T
D

(λ
),

w
h

ic
h

w
e

d
is

cu
ss

in
d

et
ai

l
in

th
e

n
ex

t
se

ct
io

n
.

A
lg

o
ri

th
m

1
sh

ow
s

th
e

p
se

u
d

o
co

d
e

fo
r

ac
cu

m
u

la
te

T
D

(λ
).

A
cc

u
m

u
la

te
T

D
(λ

)
ca

n
b

e
ve

ry
se

n
si

ti
ve

w
it

h
re

sp
ec

t
to

th
e
α

an
d
λ

p
a
ra

m
et

er
s.

E
sp

e-
ci

al
ly

,
a

la
rg

e
va

lu
e

of
λ

co
m

b
in

ed
w

it
h

a
la

rg
e

va
lu

e
of
α

ca
n

ea
si

ly
ca

u
se

d
iv

er
g
en

ce
,

ev
en

on
si

m
p

le
ta

sk
s

w
it

h
b

ou
n

d
ed

re
w

ar
d

s.
F

or
th

is
re

as
on

,
a

va
ri

an
t

of
T

D
(λ

)
is

so
m

et
im

es
u

se
d

th
at

is
m

or
e

ro
b

u
st

w
it

h
re

sp
ec

t
to

th
es

e
p

ar
am

et
er

s.
T

h
is

va
ri

an
t,

w
h

ic
h

a
ss

u
m

es
b

in
ar

y
fe

at
u

re
s,

u
se

s
a

d
iff

er
en

t
tr

ac
e-

u
p

d
at

e
eq

u
at

io
n

:

e
t[
i]

=

{
γ
λ
e
t−

1
[i

],
if
φ
t[
i]

=
0;

1
,

if
φ
t[
i]

=
1
,

fo
r

al
l

fe
at

u
re

s
i
.
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0

v
a
n

S
e
ij

e
n
,

M
a
h
m

o
o
d
,

P
il

a
r
sk

i,
M

a
c
h
a
d
o

a
n
d

S
u
t
t
o
n

A
lg

o
ri

th
m

1
a
cc

u
m

u
la

te
T

D
(λ

)

IN
P

U
T

:
α
,λ
,γ
,θ
in
it

θ
←
θ
in
it

L
o
o
p

(o
ve

r
ep

is
o
d

es
):

o
b

ta
in

in
it

ia
l
φ

e
←

0
W

h
il

e
te

rm
in

a
l

st
a
te

h
a
s

n
ot

b
ee

n
re

a
ch

ed
,

d
o
:

ob
ta

in
n

ex
t

fe
a
tu

re
ve

ct
or
φ
′

a
n

d
re

w
a
rd
R

δ
←
R

+
γ
θ
>
φ
′ −
θ
>
φ

e
←
γ
λ
e

+
φ

θ
←
θ

+
α
δe

φ
←
φ
′

w
h

er
e
x

[i
]

in
d

ic
at

es
th

e
i-

th
co

m
p

o
n

en
t

o
f

ve
ct

o
r
x

.
T

h
is

u
p

d
a
te

is
re

fe
rr

ed
to

a
s

th
e

re
p
la

ci
n

g-
tr

a
ce

u
p

d
at

e.
A

s
a

sh
or

th
an

d
,

w
e

w
il
l

re
fe

r
to

th
e

ve
rs

io
n

o
f

T
D

(λ
)

u
si

n
g

th
e

re
p

la
ci

n
g
-t

ra
ce

u
p

d
at

e
a
s

‘r
ep

la
ce

T
D

(λ
)’

.

3
.

T
h
e

O
n
li
n
e

F
o
rw

a
rd

V
ie

w

T
h

e
tr

ad
it

io
n

al
fo

rw
a
rd

v
ie

w
re

la
te

s
th

e
T

D
(λ

)
u

p
d

a
te

eq
u

a
ti

o
n

s
to

th
e

g
en

er
a
l

u
p

d
at

e
ru

le
sh

ow
n

in
E

q
u

a
ti

on
(1

).
S

p
ec

ifi
ca

ll
y,

fo
r

sm
a
ll

st
ep

-s
iz

es
th

e
w

ei
gh

t
ve

ct
or

at
th

e
en

d
o
f

a
n

ep
is

o
d

e
co

m
p

u
te

d
b
y

a
cc

u
m

u
la

te
T

D
(λ

)
is

a
p

p
ro

x
im

at
el

y
th

e
sa

m
e

a
s

th
e

w
ei

g
h
t

ve
ct

or
re

su
lt

in
g

fr
o
m

a
se

q
u

en
ce

of
E

q
u

a
ti

o
n

(1
)

u
p

d
at

es
(o

n
e

fo
r

ea
ch

v
is

it
ed

st
at

e)
u

si
n

g
a

p
a
rt

ic
u

la
r

m
u

lt
i-

st
ep

u
p

d
at

e
ta

rg
et

,
ca

ll
ed

th
e
λ

-r
et

u
rn

(S
u

tt
o
n

&
B

ar
to

,
19

9
8;

B
er

ts
ek

a
s

&
T

si
ts

ik
li

s,
19

9
6)

.
T

h
e
λ

-r
et

u
rn

fo
r

st
a
te
S
t

is
d

efi
n

ed
a
s:

G
λ t

:=
(1
−
λ

)

T
−
t−

1
∑ n

=
1

λ
n
−

1
G

(n
)

t
+
λ
T
−
t−

1
G
t
,

(5
)

w
h

er
e
T

is
th

e
ti

m
e

st
ep

th
e

te
rm

in
al

st
a
te

is
re

a
ch

ed
,

an
d
G

(n
)

t
is

th
e
n

-s
te

p
re

tu
rn

,
d

efi
n

ed
as

:

G
(n

)
t

:=
n ∑ k
=

1

γ
k
−

1
R
t+
k

+
γ
n
V

(S
t+
n
|θ
t+
n
−

1
).

W
e

ca
ll

a
m

et
h

o
d

th
a
t

u
p

d
a
te

s
th

e
va

lu
e

of
ea

ch
v
is

it
ed

st
a
te

a
t

th
e

en
d

of
th

e
ep

is
o
d

e
a
n

o
ffl

in
e

m
et

h
o
d

;
w

e
ca

ll
a

m
et

h
o
d

th
a
t

u
p

d
a
te

s
th

e
va

lu
e

o
f
ea

ch
v
is

it
ed

st
at

e
im

m
ed

ia
te

ly
af

te
r

th
e

v
is

it
(i

.e
.,

at
th

e
ti

m
e

st
ep

af
te

r
th

e
v
is

it
)

a
n

o
n

li
n

e
m

et
h

o
d

.
T

D
(λ

)
is

an
on

li
n

e
m

et
h

o
d

.
T

h
e

u
p

d
at

e
se

q
u

en
ce

o
f

th
e

tr
a
d

it
io

n
al

fo
rw

a
rd

v
ie

w
,

h
ow

ev
er

,
co

rr
es

p
o
n

d
s

w
it

h
an

offl
in

e
m

et
h

o
d

,
b

ec
a
u

se
th

e
λ

-r
et

u
rn

re
q
u

ir
es

d
a
ta

u
p

to
th

e
en

d
o
f

an
ep

is
o
d

e.
T

h
is

le
av

es
o
p

en
th

e
q
u

es
ti

o
n

o
f

h
ow

to
in

te
rp

re
t

th
e

w
ei

gh
ts

o
f

T
D

(λ
)

d
u

ri
n

g
a
n

ep
is

o
d

e.
In

th
is

se
ct

io
n

,
w

e
p

ro
v
id

e
an

an
sw

er
to

th
is

lo
n

g
-s

ta
n

d
in

g
op

en
q
u
es

ti
o
n
.

W
e

in
tr

o
d

u
ce

a
b

o
u

n
d

ed
ve

rs
io

n
o
f

th
e
λ

-r
et

u
rn

th
at

o
n

ly
u

se
s

in
fo

rm
at

io
n

u
p

to
a

ce
rt

a
in

h
o
ri

zo
n

a
n

d
w

e
u

se
th

is
to

co
n

st
ru

ct
an

o
n

li
n

e
fo

rw
a
rd

v
ie

w
.

T
h

is
o
n

li
n

e
fo

rw
a
rd

v
ie

w
a
p

p
ro

x
im

a
te

s
th

e
w

ei
gh

t
ve

ct
or

s
of

ac
cu

m
u

la
te

T
D

(λ
)

at
a
ll

ti
m

e
st

ep
s,

in
st

ea
d

o
f

on
ly

a
t

th
e

en
d

o
f

a
n

ep
is

o
d

e.
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0



T
r
u
e

O
n
l
in

e
T

e
m

p
o
r
a
l
-D

if
f
e
r
e
n
c
e

L
e
a
r
n
in

g

3
.1

T
h

e
O

n
lin

e
λ
-R

e
tu

rn
A

lg
o
rith

m

T
h

e
co

n
cep

t
o
f

a
n

on
lin

e
fo

rw
ard

v
iew

co
n
ta

in
s

a
p

a
ra

d
ox

.
O

n
th

e
o
n

e
h

a
n

d
,

m
u

lti-step
u

p
d

a
te

targ
ets

req
u

ire
d

a
ta

fro
m

tim
e

step
s

far
b

eyo
n

d
th

e
tim

e
a

sta
te

is
v
isited

;
o
n

th
e

oth
er

h
an

d
,

th
e

on
lin

e
asp

ect
req

u
ires

th
at

th
e

va
lu

e
of

a
v
isited

sta
te

is
u

p
d

a
ted

im
m

ed
iately.

T
h

e
solu

tion
to

th
is

p
ara

d
ox

is
to

a
ssig

n
a

seq
u

en
ce

o
f

u
p

d
a
te

ta
rgets

to
ea

ch
v
isited

sta
te.

T
h

e
fi

rst
u

p
d

ate
targ

et
in

th
is

seq
u

en
ce

co
n
tain

s
d

a
ta

fro
m

o
n

ly
th

e
n

ex
t

tim
e

step
,

th
e

secon
d

co
n
tain

s
d

ata
from

th
e

n
ex

t
tw

o
tim

e
step

s,
th

e
th

ird
fro

m
th

e
n

ex
t

th
ree

tim
e

step
s,

a
n

d
so

on
.

N
ow

,
g
iven

a
n

in
itial

w
eig

h
t

vecto
r

a
n

d
a

seq
u

en
ce

o
f

v
isited

sta
tes,

a
n

ew
w

eigh
t

v
ector

ca
n

b
e

co
n

stru
cted

b
y

u
p

d
a
tin

g
ea

ch
v
isited

sta
te

w
ith

a
n

u
p

d
a
te

ta
rget

th
a
t

co
n
ta

in
s

d
ata

u
p

to
th

e
cu

rren
t

tim
e

step
.

B
elow

,
w

e
fo

rm
a
lize

th
is

id
ea

.
W

e
d

efi
n

e
th

e
in

terim
λ

-retu
rn

fo
r

sta
te
S
k

w
ith

h
o
rizo

n
h
∈
N

+
,h
>
k

as
fo

llow
s:

G
λ|h
k

:=
(1−

λ
)

h−
k−

1
∑n

=
1

λ
n−

1G
(n

)
k

+
λ
h−

k−
1G

(h−
k
)

k
.

(6
)

N
o
te

th
a
t

th
is

u
p

d
ate

ta
rget

d
o
es

n
ot

u
se

d
a
ta

b
eyo

n
d

th
e

h
o
rizo

n
h

.
G
λ|h
k

im
p

licitly
d

efi
n

es

a
seq

u
en

ce
o
f
u
p

d
a
te

ta
rgets

fo
r
S
k :{G

λ|k
+

1
k

,G
λ|k

+
2

k
,G

λ|k
+

3
k

,...}.
A

s
tim

e
in

crea
ses,

u
p

d
ate

targets
b

ased
o
n

d
ata

fu
rth

er
aw

ay
b

ecom
e

ava
ila

b
le

for
sta

te
S
k .

A
t

a
p

a
rticu

la
r

tim
e

step
t,

a
n

ew
w

eigh
t

vecto
r

is
co

m
p

u
ted

b
y

p
erfo

rm
in

g
a
n

E
q
u

a
tio

n
(1

)
u

p
d

a
te

fo
r

ea
ch

v
isited

sta
te

u
sin

g
th

e
in

terim
λ

-retu
rn

w
ith

h
orizon

t,
sta

rtin
g

fro
m

th
e

in
itia

l
w

eig
h
t

v
ecto

r
θ
in
it .

H
en

ce,
a
t

tim
e

step
t,

a
seq

u
en

ce
o
f
t

u
p

d
ates

o
ccu

rs.
T

o
d

escrib
e

th
is

seq
u

en
ce

m
a
th

em
atica

lly,
w

e
u

se
w

eig
h
t

vecto
rs

w
ith

tw
o

in
d

ices:
θ
tk .

T
h

e
su

p
erscrip

t
in

d
icates

th
e

tim
e

step
at

w
h

ich
th

e
u

p
d

a
tes

a
re

p
erfo

rm
ed

(th
is

va
lu

e
co

rresp
on

d
s

w
ith

th
e

h
o
rizo

n
o
f

th
e

in
terim

λ
-retu

rn
s

th
a
t

a
re

u
sed

in
th

e
u

p
d

a
tes).

T
h

e
su

b
scrip

t
is

th
e

itera
tio

n
in

d
ex

of
th

e
seq

u
en

ce
(it

co
rresp

o
n

d
s

w
ith

th
e

n
u

m
b

er
o
f

u
p

d
a
tes

th
a
t

h
ave

b
een

p
erfo

rm
ed

a
t

a
p

articu
lar

tim
e

step
).

A
s

a
n

ex
am

p
le,

th
e

u
p

d
a
te

seq
u

en
ces

fo
r

th
e

fi
rst

th
ree

tim
e

step
s

are:

t
=

1
:
θ

11
=
θ

10
+
α (G

λ|1
0
−

(θ
10 ) >

φ
0 )φ

0
,

t
=

2
:
θ

21
=
θ

20
+
α (G

λ|2
0
−

(θ
20 ) >

φ
0 )φ

0
,

θ
22

=
θ

21
+
α (G

λ|2
1
−

(θ
21 ) >

φ
1 )φ

1
,

t
=

3
:
θ

31
=
θ

30
+
α (G

λ|3
0
−

(θ
30 ) >

φ
0 )φ

0
,

θ
32

=
θ

31
+
α (G

λ|3
1
−

(θ
31 ) >

φ
1 )φ

1
,

θ
33

=
θ

32
+
α (G

λ|3
2
−

(θ
32 ) >

φ
2 )φ

2
,

w
ith

θ
t0

:=
θ
in
it

for
a
ll
t.

M
o
re

g
en

era
lly,

th
e

u
p

d
a
te

seq
u

en
ce

a
t

tim
e

step
t

is:

θ
tk
+

1
:=
θ
tk

+
α (
G
λ|t
k
−

(θ
tk ) >

φ
k )
φ
k
,

fo
r

0
≤
k
<
t
.

(7)

W
e

d
efi

n
e
θ
t

(w
ith

o
u

t
su

p
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n
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p
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E
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n
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=
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b
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p
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b
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e
w

eigh
ts

u
sed

for
th

e
valu

e
estim

ates
are

th
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d
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T
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b
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con
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tran
sitio

n
s

w
ith

7
0%

p
rob

ab
ility

to
its

left
n

eigh
b

ou
r

an
d

w
ith

30%
p

ro
b

a
b

ility
to

its
righ
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p
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lin

e
λ

-retu
rn
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e
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b
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b
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∆
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∆
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∆
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d
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p
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ep

-s
iz

e
fo

r
a
cc

u
m

u
la

te
T

D
(λ

)
is

m
u

ch
sm

al
le

r
th

a
n

th
e

o
p

ti
m

al
st

ep
-s

iz
e

fo
r

th
e

on
li

n
e
λ

-r
et

u
rn

a
lg

or
it

h
m

in
F

ig
u

re
2

(α
≈

0.
1
5

ve
rs

u
s
α

=
1
,

re
sp

ec
ti

ve
ly

).
M

o
re

ov
er

,
b

ec
a
u

se
th

e
va

ri
a
n

ce
on

th
e

p
se

u
d

o
st

ep
-s

iz
e

is
h

ig
h

er
fo

r
a
cc

u
m

u
la

te
T

D
(λ

)
th

e
p

er
fo

rm
a
n

ce
a
t

th
e

o
p

ti
m

a
l

st
ep

-s
iz

e
fo

r
ac

cu
m

u
la

te
T

D
(λ

)
is

w
o
rs

e
th

an
th

e
p

er
fo

rm
a
n

ce
a
t

th
e

o
p

ti
m

al
st

ep
-s

iz
e

fo
r

th
e

o
n

li
n

e
λ

-r
et

u
rn

al
go

ri
th

m
.

3
.3

C
o
m

p
a
ri

so
n

to
R

e
p

la
c
e

T
D

(λ
)

T
h

e
se

n
si

ti
v
it

y
of

ac
cu

m
u

la
te

T
D

(λ
)

to
d

iv
er

g
en

ce
,
d

em
o
n

st
ra

te
d

in
th

e
p

re
v
io

u
s

su
b

se
ct

io
n

,
h

as
b

ee
n

k
n

ow
n

fo
r

lo
n

g.
In

fa
ct

,
re

p
la

ce
T

D
(λ

)
w

a
s

d
es

ig
n

ed
to

d
ea

l
w

it
h

th
is

.
B

u
t

w
h

il
e

re
p

la
ce

T
D

(λ
)

is
m

u
ch

m
o
re

ro
b

u
st

w
it

h
re

sp
ec

t
to

d
iv

er
g
en

ce
,

it
a
ls

o
h

a
s

it
s

li
m

it
a
ti

on
s.

O
n

e
ob

v
io

u
s

li
m

it
at

io
n

is
th

a
t

it
o
n

ly
a
p

p
li

es
to

b
in

a
ry

fe
at

u
re

s,
so

it
is

n
o
t

ge
n

er
a
ll

y
a
p

p
li

ca
b

le
.

B
u

t
ev

en
in

d
o
m

a
in

s
w

h
er

e
re

p
la

ce
T

D
(λ

)
ca

n
b

e
a
p

p
li

ed
,

it
ca

n
p

er
fo

rm
p

o
or

ly
.

T
h

e
re

as
o
n

is
th

a
t

re
p

la
ci

n
g

p
re

v
io

u
s

tr
a
ce

va
lu

es
,

ra
th

er
th

a
n

a
d

d
in

g
to

it
,

re
d

u
ce

s
th

e
m

u
lt

i-
st

ep
ch

ar
a
ct

er
is

ti
cs

o
f

T
D

(λ
).

T
o

il
lu

st
ra

te
th

is
,

co
n

si
d

er
th

e
tw

o
-s

ta
te

ex
a
m

p
le

sh
ow

n
in

th
e

le
ft

o
f

F
ig

u
re

3
.

It
is

ea
sy

to
se

e
th

at
th

e
va

lu
e

o
f

th
e

le
ft

-m
o
st

st
a
te

is
2

a
n

d
of

th
e

ot
h
er

st
a
te

is
0
.

T
h

e
st

at
e

re
p

re
se

n
ta

ti
on

co
n

si
st

s
o
f

on
ly

a
si

n
g
le

,
b

in
a
ry

fe
a
tu

re
th

at
is

1
in

b
o
th

st
a
te

s
a
n

d
0

in
th

e
te

rm
in

al
st

at
e.

B
ec

au
se

th
er

e
is

o
n

ly
a

si
n

g
le

fe
at

u
re

,
th

e
st

a
te

va
lu

es
ca

n
n

ot
b

e
re

p
re

se
n
te

d

10
JM

L
R

 1
7(

14
5)

:1
-4

0



T
r
u
e

O
n
l
in

e
T

e
m

p
o
r
a
l
-D

if
f
e
r
e
n
c
e

L
e
a
r
n
in

g

r =
 0

r =
 2

=
1

=
1

=
0

0
0
.2

0
.4

0
.6

0
.8

1

1

1
.1

1
.2

1
.3

1
.4

λ

RMS error

L
M

S
 s

o
lu

tio
n

re
p
la

c
e
 T

D
(λ

)

o
n
lin

e
 λ

 −
re

tu
rn

 a
lg

o
rith

m

a
c
c
u
m

u
la

te
 T

D
(λ

)

F
ig

u
re

3
:

L
eft:

T
w

o-state
ex

am
p

le.
R

igh
t:

T
h

e
R

M
S

erro
r

after
co

n
verg

en
ce

fo
r

d
iff

eren
t

λ
(at

α
=

0.01
).

W
e

con
sid

er
va

lu
es

to
b

e
co

n
verg

ed
if

th
e

erro
r

ch
a
n

ged
less

th
a
n

1%
over

th
e

la
st

1
0
0

tim
e

step
s.

ex
a
ctly.

T
h

e
w

eigh
t

th
a
t

m
in

im
izes

th
e

m
ea

n
sq

u
a
red

erro
r

a
ssign

s
a

valu
e

o
f

1
to

b
o
th

sta
tes,

resu
ltin

g
in

a
n

R
M

S
erro

r
o
f

1
.

N
ow

con
sid

er
th

e
g
ra

p
h

sh
ow

n
in

th
e

rig
h
t

o
f

F
ig

u
re

3
,

w
h

ich
sh

ow
s

th
e

a
sy

m
p

totic
R

M
S

erro
r

for
d

iff
eren

t
va

lu
es

o
f
λ

.
T

h
e

erro
r

fo
r

a
ccu

m
u

la
te

T
D

(λ
)

co
n
verg

es
to

th
e

least
m

ea
n

sq
u

a
res

(L
M

S
)

error
fo

r
λ

=
1
,
a
s

p
red

icted
b
y

th
e

th
eo

ry
(D

aya
n

,
1
9
92

).
T

h
e

o
n

lin
e
λ

-retu
rn

a
lg

orith
m

h
a
s

th
e

sam
e

co
n
verg

en
ce

b
eh

av
io

u
r

(d
u

e
to

T
h

eo
rem

1
).

B
y

co
n
trast,

rep
lace

T
D

(λ
)

co
n
verges

to
th

e
sam

e
va

lu
e

a
s

T
D

(0
)

fo
r

an
y

va
lu

e
of
λ

.
T

h
e

reaso
n

fo
r

th
is

b
eh

av
iou

r
is

th
a
t

b
eca

u
se

th
e

sin
gle

fea
tu

re
is

a
ctive

a
t

a
ll

tim
e

step
s,

th
e

m
u

lti-step
b

eh
av

iou
r

o
f

T
D

(λ
)

is
fu

lly
rem

oved
,

n
o

m
a
tter

th
e

valu
e

o
f
λ

.
H

en
ce,

rep
lace

T
D

(λ
)

b
eh

aves
ex

a
ctly

th
e

sa
m

e
a
s

T
D

(0
)

fo
r

a
n
y

va
lu

e
o
f
λ

a
t

a
ll

tim
e

step
s.

A
s

a
resu

lt,
it

a
lso

b
eh

aves
like

T
D

(0
)

a
sy

m
p

to
tically.

T
h

e
tw

o
-sta

te
ex

am
p

le
very

clea
rly

d
em

o
n

stra
tes

th
a
t

th
ere

is
a

p
rice

p
ayed

b
y

rep
la

ce
T

D
(λ

)
to

a
ch

ieve
rob

u
stn

ess
w

ith
resp

ect
to

d
ivergen

ce:
a

red
u

ctio
n

in
m

u
lti-step

b
eh

av
io

u
r.

B
y

co
n
tra

st,
th

e
o
n

lin
e
λ

-retu
rn

alg
o
rith

m
,
w

h
ich

is
a
lso

rob
u

st
to

d
ivergen

ce,
d

o
es

n
o
t

h
ave

th
is

d
isa

d
va

n
ta

ge.
O

f
cou

rse,
th

e
tw

o
-state

ex
a
m

p
le,

a
s

w
ell

as
th

e
o
n
e-sta

te
ex

a
m

p
le

fro
m

th
e

p
rev

io
u

s
sectio

n
,

are
ex

trem
e

ex
am

p
les,

m
erely

m
ean

t
to

illu
stra

te
w

h
a
t

ca
n

g
o

w
ro

n
g
.

B
u

t
in

p
ractise,

a
d

o
m

a
in

w
ill

o
ften

h
av

e
som

e
ch

a
racteristics

o
f

th
e

o
n

e-sta
te

ex
am

p
le

a
n

d
so

m
e

o
f

th
e

tw
o-sta

te
ex

a
m

p
le,

w
h

ich
n

eg
a
tiv

ely
im

p
a
cts

th
e

p
erfo

rm
a
n

ce
o
f

b
o
th

a
ccu

m
u

la
te

a
n

d
rep

la
ce

T
D

(λ
).

4
.

T
ru

e
O

n
lin

e
T

D
(λ

)

T
h

e
on

lin
e
λ

-retu
rn

alg
orith

m
is

im
p

ra
ctical

o
n

m
a
n
y

d
o
m

a
in

s:
th

e
m

em
o
ry

it
u

ses,
a
s

w
ell

a
s

th
e

com
p

u
tatio

n
req

u
ired

p
er

tim
e

step
in

crea
ses

lin
ea

rly
w

ith
tim

e.
F

o
rtu

n
a
tely,

it
is

p
ossib

le
to

rew
rite

th
e

u
p

d
ate

eq
u

atio
n

s
o
f

th
e

o
n

lin
e
λ

-retu
rn

a
lg

o
rith

m
to

a
d

iff
eren

t
set

o
f

u
p

d
ate

eq
u

a
tion

s
th

a
t

ca
n

b
e

im
p

lem
en

ted
w

ith
a

co
m

p
u

ta
tio

n
a
l

com
p

lex
ity

th
a
t

is
in

d
ep

en
d

en
t

of
tim

e.
In

fact,
th

is
a
ltern

ative
set

o
f

u
p

d
a
te

eq
u

a
tio

n
s

d
iff

ers
fro

m
th

e
u

p
d

ate
eq

u
a
tion

s
o
f

accu
m

u
la

te
T

D
(λ

)
o
n

ly
b
y

tw
o

ex
tra

term
s,

ea
ch

o
f

w
h

ich
ca

n
b

e
co

m
p

u
ted
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v
a
n

S
e
ije

n
,

M
a
h
m

o
o
d
,

P
il

a
r
sk

i,
M

a
c
h
a
d
o

a
n
d

S
u
t
t
o
n

A
lg

o
rith

m
2

tru
e

on
lin

e
T

D
(λ

)

IN
P

U
T

:
α
,λ
,γ
,θ
in
it

θ
←
θ
in
it

L
o
o
p

(over
ep

iso
d

es):
o
b

tain
in

itial
φ

e
←

0
;
V
o
ld ←

0
W

h
ile

term
in

al
state

h
as

n
ot

b
een

reach
ed

,
d

o:
ob

tain
n

ex
t

featu
re

vector
φ
′

an
d

rew
ard

R
V
←
θ
>
φ

V
′←

θ
>
φ
′

δ←
R

+
γ
V
′−

V
e
←
γ
λ
e

+
φ
−
α
γ
λ

(e >
φ

)
φ

θ
←
θ

+
α

(δ
+
V
−
V
o
ld )e
−
α

(V
−
V
o
ld )φ

V
o
ld ←

V
′

φ
←
φ
′

effi
cien

tly.
T

h
e

a
lgorith

m
im

p
lem

en
tin

g
th

ese
eq

u
ation

s
is

called
tru

e
on

lin
e

T
D

(λ
)

a
n

d
is

d
iscu

ssed
b

elow
.

4
.1

T
h

e
A

lg
o
rith

m

F
or

th
e

on
lin

e
λ

-retu
rn

algorith
m

,
at

each
tim

e
step

a
seq

u
en

ce
of

u
p

d
ates

is
p

erform
ed

.
T

h
e

len
gth

of
th

is
seq

u
en

ce,
an

d
h

en
ce

th
e

com
p

u
tation

p
er

tim
e

step
,

in
creases

over
tim

e.
H

ow
ever,

it
is

p
o
ssib

le
to

com
p

u
te

th
e

w
eigh

t
vector

resu
ltin

g
from

th
e

seq
u

en
ce

at
tim

e
step

t
+

1
d

irectly
from

th
e

w
eigh

t
vector

resu
ltin

g
from

th
e

seq
u

en
ce

at
tim

e
step

t.
T

h
is

resu
lts

in
th

e
follow

in
g

u
p

d
ate

eq
u

ation
s

(see
A

p
p

en
d

ix
B

for
th

e
d

erivation
):

δ
t

=
R
t+

1
+
γ
θ
>t
φ
t+

1 −
θ
>t
φ
t ,

(10)

e
t

=
γ
λ
e
t−

1
+
φ
t −

α
γ
λ

(e >t−
1
φ
t )
φ
t ,

(11)

θ
t+

1
=

θ
t
+
α
δ
t e

t
+
α

(θ
>t
φ
t −

θ
>t−

1 φ
t )(e

t −
φ
t )
,

(12)

for
t≥

0,
a
n

d
w

ith
e−

1
=

0
.

C
om

p
ared

to
accu

m
u

late
T

D
(λ

),
b

oth
th

e
tra

ce
u

p
d

ate
an

d
th

e
w

eigh
t

u
p

d
ate

h
ave

an
ad

d
ition

al
term

.
W

e
call

a
trace

u
p

d
a
ted

in
th

is
w

ay
a

d
u

tch
tra

ce
;

w
e

ca
ll

th
e

term
α

(θ
>t
φ
t −

θ
>t−

1 φ
t )(e

t −
φ
t )

th
e

T
D

-erro
r

tim
e-step

co
rrectio

n
,

or
sim

p
ly

th
e
δ-correction

.
A

lgorith
m

2
sh

ow
s

p
seu

d
o
co

d
e

th
a
t

im
p

lem
en

ts
th

ese
eq

u
ation

s. 3

In
term

s
o
f

com
p

u
tation

tim
e,

tru
e

on
lin

e
T

D
(λ

)
h

as
a

(sligh
tly

)
h

igh
er

cost
d

u
e

to
th

e
tw

o
ex

tra
term

s
th

at
h

ave
to

b
e

accou
n
ted

for.
W

h
ile

th
e

co
m

p
u

ta
tion

-tim
e

com
p

lex
ity

of
tru

e
on

lin
e

T
D

(λ
)

is
th

e
sam

e
as

th
a
t

of
accu

m
u

late/rep
lace

T
D

(λ
)—
O

(n
)

p
er

tim
e

step
w

ith
n

b
ein

g
th

e
n
u

m
b

er
of

featu
res—

,
th

e
actu

al
com

p
u

tation
tim

e
can

b
e

close
to

tw
ice

as
m

u
ch

in
som

e
cases.

In
oth

er
cases

(for
ex

am
p

le
if

sp
arse

fea
tu

re
vectors

are
u

sed
),

th
e

com
p

u
tation

tim
e

of
tru

e
on

lin
e

T
D

(λ
)

is
on

ly
a

fractio
n

m
ore

th
a
n

th
at

of

3
.

W
h
en

u
sin

g
a

tim
e-d

ep
en

d
en

t
step

-size
(e.g

.,
w

h
en

a
n
n
ea

lin
g

th
e

step
-size)

u
se

th
e

p
seu

d
o
co

d
e

fro
m

S
ectio

n
6
.1

.
F

o
r

rea
so

n
s

ex
p
la

in
ed

in
th

a
t

sectio
n

th
is

req
u
ires

a
m

o
d

ifi
ed

tra
ce

u
p

d
a
te.

T
h
a
t

p
seu

d
o
co

d
e

is
th

e
sa

m
e

a
s

th
e

p
seu

d
o
co

d
e

fro
m

va
n

S
eijen

&
S
u
tto

n
(2

0
1
4
).
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T
r
u
e

O
n
l
in

e
T

e
m

p
o
r
a
l
-D

if
f
e
r
e
n
c
e

L
e
a
r
n
in

g

ac
cu

m
u

la
te

/r
ep

la
ce

T
D

(λ
).

In
te

rm
s

of
m

em
or

y,
tr

u
e

on
li

n
e

T
D

(λ
)

h
as

th
e

sa
m

e
co

st
as

ac
cu

m
u

la
te

/r
ep

la
ce

T
D

(λ
).

4
.2

W
h

e
n

C
a
n

a
P

e
rf

o
rm

a
n

c
e

D
iff

e
re

n
c
e

b
e

E
x
p

e
c
te

d
?

In
S

ec
ti

on
3,

a
n
u

m
b

er
of

ex
am

p
le

s
w

er
e

sh
ow

n
w

h
er

e
th

e
on

li
n

e
λ

-r
et

u
rn

a
lg

o
ri

th
m

ou
t-

p
er

fo
rm

s
ac

cu
m

u
la

te
/r

ep
la

ce
T

D
(λ

).
B

ec
a
u

se
tr

u
e

on
li

n
e

T
D

(λ
)

is
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p
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ep
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p
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w
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p
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p
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b
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p
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w
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p
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p
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p
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m
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io
n

m
ak

es
u

se
of

an
ac

cu
m

u
la

ti
n

g
tr

ac
e

a
t

ti
m

e
st

ep
t
−

1
,

e
a
cc
t−
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e

p
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]

to
d

en
ot

e
th

e
i-

th
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p
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u
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]
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p
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p
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p
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n
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p
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b
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.

In
a
d

d
it

io
n

,
n

ot
e

th
a
t

th
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b
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u
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w
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h
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u
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p
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p
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p
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p
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p
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p
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p
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d
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e
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p
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m
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p
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b
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b
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p
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p
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.
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u

e
o
n

li
n

e
T

D
(λ

)
ar
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p
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ra
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p
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←
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b
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b
ased

o
n

sta
te
S
′

ψ
′←

fea
tu

res
co

rresp
on

d
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←
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←
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←
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ra
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p
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.
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p
lora

tion
stra

tegy
h

a
s

to
b

e
u

sed
.

A
sim

p
le,

b
u

t
o
ften

su
ffi

cien
t

stra
teg

y
is

to
u

se
an

ε-g
reed

y
b

eh
av

iou
r

p
olicy.

T
h

a
t

is,
g
iven

cu
rren

t
sta

te
S
t ,

w
ith

p
ro

b
a
b

ility
ε

a
ra

n
d

om
a
ctio

n
is

selected
,

a
n

d
w

ith
p

ro
b

a
b
ility

1−
ε

th
e

g
reed

y
actio

n
is

selected
:

A
g
r
eed

y
t

=
a
rg

m
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a
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a
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R
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p
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d
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p
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p
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p
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=
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p
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p
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u
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p
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d
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p
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b
y

d
iv

id
in

g
it

b
y

th
e

M
S

E
u

n
d

er
th

e
in

it
ia

l
w

ei
gh

t
es

ti
m

at
e.

F
ig

u
re

4
sh

ow
s

th
e

re
su

lt
s

fo
r

d
iff

er
en

t
λ

at
th

e
b

es
t

va
lu

e
of
α

.
In

A
p

p
en

d
ix

C
,

th
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h
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p
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p
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p
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p
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b
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p
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a
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p
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d

ic
ti

on
le

a
rn

in
g

ar
ch

it
ec

tu
re

a
s

p
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d
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p
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m
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p
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p
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p
p
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p
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p
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h
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w
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m
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0
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p
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p
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at
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p
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b
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P
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e
m

et
h

o
d

s.
T

h
e

p
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b
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latin

g
a
n
d

rep
lacin

g
tra

ces
on

p
ro

sth
etic

d
ata

from
th

e
sin

g
le

a
m

p
u
tee

su
b
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p
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p
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b
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accum
ulate TD(λ)
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p
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p
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p
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b
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d
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p
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p
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p
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p
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p
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su
ch

va
ri

a
ti

o
n

s.

6
.1

T
ru

e
O

n
li

n
e

T
D

(λ
)

w
it

h
T

im
e
-D

e
p

e
n

d
e
n
t

S
te

p
-S

iz
e

W
h

en
u

si
n

g
a

ti
m

e-
d

ep
en

d
en

t
st

ep
-s

iz
e

in
th

e
b

as
e

eq
u

at
io

n
o
f

th
e

fo
rw

a
rd

v
ie

w
(E

q
u

at
io

n
7)

an
d

d
er

iv
in

g
th

e
u

p
d

a
te

eq
u

at
io

n
s

fo
ll

ow
in

g
th

e
p

ro
ce

d
u

re
fr

o
m

A
p

p
en

d
ix

B
,

it
tu

rn
s

ou
t

th
at

a
sl

ig
h
tl

y
d

iff
er

en
t

tr
ac

e
d

efi
n

it
io

n
a
p

p
ea

rs
.

W
e

in
d

ic
a
te

th
is

n
ew

tr
a
ce

u
si

n
g

a
‘+

’
su

p
er

sc
ri

p
t:
e

+
.

F
or

fi
x
ed

st
ep

-s
iz

e,
th

is
n

ew
tr

a
ce

d
efi

n
it

io
n

is
eq

u
al

to
:

e
+ t

=
α
e
t
,

fo
r

a
ll
t.
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T
r
u
e

O
n
l
in

e
T

e
m

p
o
r
a
l
-D

if
f
e
r
e
n
c
e

L
e
a
r
n
in

g

A
lg

o
rith

m
4

tru
e

on
lin

e
T

D
(λ

)
w

ith
tim

e-d
ep

en
d

en
t

step
-size

IN
P

U
T

:
λ
,θ
in
it ,
α
t

fo
r
t≥

0
θ
←
θ
in
it ;

t←
0

L
o
o
p

(over
ep

iso
d

es):
o
b

ta
in

in
itia

l
φ

e
+
←

0
;
V
o
ld ←

0
W

h
ile

term
in

al
sta

te
is

n
o
t

rea
ch

ed
,

d
o
:

o
b

tain
n

ex
t

fea
tu

re
vecto

r
φ
′

an
d

rew
a
rd
R

V
←
θ
>
φ

V
′←

θ
>
φ
′

δ ′←
R

+
γ
V
′−

V
o
ld

e
+
←
γ
λ
e

+
+
α
t φ
−
α
t γ
λ

((e
+

) >
φ

)
φ

θ
←
θ

+
δ ′e

+
−
α
t (V
−
V
o
ld )φ

V
o
ld ←

V
′

φ
←
φ
′

t←
t

+
1

O
f

co
u

rse,
u

sin
g
e

+t
in

stea
d

of
e
t

a
lso

ch
a
n

g
es

th
e

w
eig

h
t

vecto
r

u
p

d
ate

slig
h
tly.

B
elow

,
th

e
fu

ll
set

o
f

u
p

d
a
te

eq
u

a
tio

n
s

is
sh

ow
n

:

δ
t

=
R
t+

1
+
γ
θ
>t
φ
t+

1 −
θ
>t
φ
t ,

e
+t

=
γ
λ
e

+t−
1

+
α
t φ

t −
α
t γ
λ ((e

+t−
1 ) >

φ
t )
φ
t ,

θ
t+

1
=

θ
t
+
δ
t e

+t
+
(θ
>t
φ
t −

θ
>t−

1 φ
t )(e

+t
−
α
t φ

t )
.

In
ad

d
itio

n
,
e

+−
1

:=
0
.

W
e

can
sim

p
lify

th
e

w
eig

h
t

u
p

d
a
te

eq
u

atio
n

slig
h
tly,

b
y

u
sin

g

δ ′t
=
δ
t
+
θ
>t
φ
t −

θ
>t−

1 φ
t ,

w
h

ich
ch

a
n

g
es

th
e

u
p

d
ate

eq
u

a
tio

n
s

to: 6

δ ′t
=

R
t+

1
+
γ
θ
>t
φ
t+

1 −
θ
>t−

1 φ
t ,

(15
)

e
+t

=
γ
λ
e

+t−
1

+
α
t φ

t −
α
t γ
λ ((e

+t−
1 ) >

φ
t )
φ
t ,

(1
6)

θ
t+

1
=

θ
t
+
δ ′t e

+t
−
α
t (θ
>t
φ
t −

θ
>t−

1 φ
t )φ

t .
(1

7)

A
lg

o
rith

m
2

sh
ow

s
th

e
corresp

on
d

in
g

p
seu

d
o
co

d
e.

O
f

co
u

rse,
th

is
p

seu
d

o
co

d
e

ca
n

also
b

e
u

sed
fo

r
co

n
sta

n
t

step
-size.

6
.2

T
ru

e
O

n
lin

e
V

e
rsio

n
o
f

W
a
tk

in
s’s

Q
(λ

)

S
o

fa
r,

w
e

ju
st

co
n

sid
ered

o
n

-po
licy

m
eth

o
d

s,
th

at
is,

m
eth

o
d

s
th

a
t

evalu
ate

a
p

olicy
th

at
is

th
e

sa
m

e
as

th
e

p
o
licy

th
a
t

g
en

era
tes

th
e

sa
m

p
les.

H
ow

ever,
th

e
tru

e
o
n

lin
e

p
rin

cip
le

can
a
lso

b
e

ap
p

lied
to

o
ff

-po
licy

m
eth

o
d

s,
fo

r
w

h
ich

th
e

eva
lu

a
tio

n
p

o
licy

is
d

iff
eren

t
from

th
e

b
eh

av
iou

r
p

olicy.
A

s
a

sim
p

le
ex

a
m

p
le,

co
n

sid
er

W
a
tk

in
s’s

Q
(λ

)
(W

a
tk

in
s,

1
9
8
9).

T
h

is
is

a
n

o
ff

-p
o
licy

m
eth

o
d

th
at

eva
lu

a
tes

th
e

greed
y

p
o
licy

g
iven

a
n

arb
itra

ry
b

eh
av

io
u

r
p

o
licy.

6
.

T
h
ese

eq
u
a
tio

n
s

a
re

th
e

sa
m

e
a
s

in
th

e
o
rig

in
a
l

tru
e

o
n
lin

e
p
a
p

er
(va

n
S
eijen

&
S
u
tto

n
,

2
0
1
4
).
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v
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n

S
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n
,

M
a
h
m

o
o
d
,

P
il

a
r
sk

i,
M

a
c
h
a
d
o

a
n
d

S
u
t
t
o
n

A
lg

o
rith

m
5

tru
e

on
lin

e
version

of
W

atk
in

s’s
Q

(λ
)

IN
P

U
T

:
α
,λ
,γ
,θ
in
it ,Ψ

θ
←
θ
in
it

L
o
o
p

(over
ep

iso
d

es):
o
b

tain
in

itial
state

S
select

actio
n
A

b
ased

on
state

S
(for

ex
am

p
le
ε-greed

y
)

ψ
←

featu
res

corresp
on

d
in

g
to
S
,A

e
←

0
;
Q
o
ld ←

0
W

h
ile

term
in

al
state

h
as

n
ot

b
een

reach
ed

,
d

o:
take

a
ction

A
,

ob
serv

e
n

ex
t

state
S
′

an
d

rew
ard

R
select

action
A
′

b
ased

on
state

S
′

A
∗←

arg
m

ax
a
θ
>
ψ

(S
′,a

)
(if

A
′

ties
for

th
e

m
ax

,
th

en
A
∗←

A
′)

ψ
′←

featu
res

corresp
on

d
in

g
to
S
′,A
∗

(if
S
′

is
term

in
al

sta
te,
ψ
′←

0
)

Q
←
θ
>
ψ

Q
′←

θ
>
ψ
′

δ←
R

+
γ
Q
′−

Q
e
←
γ
λ
e

+
ψ
−
α
γ
λ (e >

ψ
)
ψ

θ
←
θ

+
α

(δ
+
Q
−
Q
o
ld )
e
−
α

(Q
−
Q
o
ld )ψ

if
A
′6=

A
∗

:
e
←

0
Q
o
ld ←

Q
′

ψ
←
ψ
′;
A
←
A
′

It
d

o
es

th
is

b
y

co
m

b
in

in
g

accu
m

u
latin

g
traces

w
ith

a
T

D
error

th
at

u
ses

th
e

m
ax

im
u

m
sta

te-a
ction

valu
e

of
th

e
su

ccessor
state:

δ
t

=
R
t+

1
+

m
ax
a

Q
(S
t ,a

)−
Q

(S
t ,A

t )
.

In
ad

d
ition

,
traces

are
reset

to
0

w
h

en
ev

er
a

n
on

-greed
y

action
is

ta
ken

.

F
ro

m
an

on
lin

e
forw

ard
-v

iew
p

ersp
ective,

th
e

strateg
y

of
W

atk
in

s’s
Q

(λ
)

m
eth

o
d

can
b

e
in

terp
reted

a
s

a
grow

in
g

u
p

d
ate

target
th

at
stop

s
grow

in
g

on
ce

a
n

on
-greed

y
actio

n
is

taken
.

S
p

ecifi
cally,

let
τ

b
e

th
e

fi
rst

tim
e

step
a
fter

tim
e

step
t

th
at

a
n

o
n

-g
reed

y
action

is
ta

ken
,

th
en

th
e

in
terim

u
p

d
ate

target
for

tim
e

step
t

can
b

e
d

efi
n

ed
as:

U
ht

:=
(1−

λ
)

z−
t−

1
∑n

=
1

λ
n−

1G̃
(n

)
t

+
λ
z−
t−

1G̃
(z−

t)
t

,
z

=
m
in{

h
,τ}

,

w
ith

G̃
(n

)
t

=
n
∑k

=
1

γ
k−

1R
t+
k

+
γ
n

m
ax
a
θ
>t+
n−

1 ψ
(S
t+
n
,a

)
.

A
lg

orith
m

5
sh

ow
s

th
e

p
seu

d
o
co

d
e

for
th

e
tru

e
on

lin
e

m
eth

o
d

th
at

co
rresp

on
d

s
w

ith
th

is
u

p
d

a
te

target
d

efi
n

ition
.

A
p

rob
lem

w
ith

W
atk

in
s’s

Q
(λ

)
is

th
at

if
th

e
b

eh
av

iou
r

p
o
licy

is
very

d
iff

eren
t

fro
m

th
e

greed
y

p
olicy

traces
are

reset
very

often
,

red
u

cin
g

th
e

overall
eff

ect
o
f

th
e

traces.
In

S
ection

7,
w

e
d
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m
ore

ad
van
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-p
olicy

m
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o
d

s.

2
4

JM
L

R
 17(145):1-40



T
r
u
e

O
n
l
in

e
T

e
m

p
o
r
a
l
-D

if
f
e
r
e
n
c
e

L
e
a
r
n
in

g

A
lg

o
ri

th
m

6
ta

b
u

la
r

tr
u

e
on

li
n

e
T

D
(λ

)

in
it

ia
li

ze
v
(s

)
fo

r
al

l
s

L
o
op

(o
ve

r
ep

is
o
d

es
):

in
it

ia
li

ze
S

e(
s)
←

0
fo

r
al

l
s

V
o
ld
←

0
W

h
il

e
S

is
n

ot
te

rm
in

al
,

d
o:

ob
ta

in
n

ex
t

st
at

e
S
′

an
d

re
w

ar
d
R

∆
V
←
V

(S
)
−
V
o
ld

V
o
ld
←
V

(S
′ )

δ
←
R

+
γ
V

(S
′ )
−
V

(S
)

e(
S

)
←

(1
−
α

)e
(S

)
+

1
F

or
al

l
s:

V
(s

)
←
V

(s
)

+
α

(δ
+

∆
V

)e
(s

)
e(
s)
←
γ
λ
e(
s)

V
(S

)
←
V

(S
)
−
α

∆
V

S
←
S
′

6
.3

T
a
b

u
la

r
T

ru
e

O
n

li
n

e
T

D
(λ

)

T
ab

u
la

r
fe

at
u

re
s

ar
e

a
sp

ec
ia

l
ca

se
of

li
n

ea
r

fu
n

ct
io

n
ap

p
ro

x
im

at
io

n
.

H
en

ce
,

th
e

u
p

d
a
te

eq
u

at
io

n
s

fo
r

tr
u

e
on

li
n
e

T
D

(λ
)

th
at

ar
e

p
re

se
n
te

d
so

fa
r

al
so

ap
p

ly
to

th
e

ta
b

u
la

r
ca

se
.

H
ow

ev
er

,
w

e
d

is
cu

ss
it

h
er

e
se

p
ar

at
el

y,
b

ec
a
u

se
th

e
si

m
p
li

ci
ty

of
th

is
sp

ec
ia

l
ca

se
ca

n
p

ro
v
id

e
ex

tr
a

in
si

gh
t.

R
ew

ri
ti

n
g

th
e

tr
u

e
on

li
n

e
u

p
d

at
e

eq
u

at
io

n
s

(e
q
u

at
io

n
s

10
–

12
)

fo
r

th
e

sp
ec

ia
l

ca
se

o
f

ta
b

u
la

r
fe

at
u

re
s

re
su

lt
s

in
:

δ t
=

R
t+

1
+
γ
V
t(
S
t+

1
)
−
V
t(
S
t)
,

e t
(s

)
=

{
γ
λ
e t
−

1
(s

)
,

if
s
6=
S
t
;

(1
−
α

)γ
λ
e t
−

1
(s

)
+

1
,

if
s

=
S
t
,

V
t+

1
(s

)
=

{
V
t(
s)

+
α
( δ
t
+
V
t(
S
t)
−
V
t−

1
(S
t)
) e

t(
s)
,

if
s
6=
S
t
;

V
t(
s)

+
α
( δ
t
+
V
t(
S
t)
−
V
t−

1
(S
t)
) e

t(
s)
−
α
( V

t(
S
t)
−
V
t−

1
(S
t)
) ,

if
s

=
S
t
.

W
h

at
is

in
te

re
st

in
g

ab
ou

t
th

e
ta

b
u

la
r

ca
se

is
th

at
th

e
d

u
tc

h
-t

ra
ce

u
p

d
a
te

re
d

u
ce

s
to

a
p

ar
ti

cu
la

rl
y

si
m

p
le

fo
rm

.
In

fa
ct

,
fo

r
th

e
ta

b
u

la
r

ca
se

,
a

d
u

tc
h

-t
ra

ce
u

p
d

a
te

is
eq

u
a
l

to
th

e
w

ei
gh

te
d

av
er

ag
e

b
et

w
ee

n
an

ac
cu

m
u

la
ti

n
g-

tr
ac

e
u

p
d

at
e

an
d

a
re

p
la

ci
n

g-
tr

a
ce

u
p

d
a
te

,
w

it
h

th
e

w
ei

gh
t

of
th

e
fo

rm
er

(1
−
α

)
an

d
th

e
la

tt
er
α

.
A

lg
or

it
h

m
6

sh
ow

s
th

e
co

rr
es

p
on

d
in

g
p

se
u

d
o
co

d
e.

7
.

R
e
la

te
d

W
o
rk

S
in

ce
th

e
fi

rs
t

p
u

b
li
ca

ti
on

on
tr

u
e

on
li

n
e

T
D

(λ
)

(v
an

S
ei

je
n

&
S

u
tt

on
,

20
14

),
se

ve
ra

l
re

la
te

d
p

ap
er

s
h

av
e

b
ee

n
p

u
b

li
sh

ed
,

ex
te

n
d

in
g

th
e

u
n

d
er

ly
in

g
co

n
ce

p
ts

an
d

im
p

ro
v
in

g
th

e
p

re
se

n
-

ta
ti

on
.

In
se

ct
io

n
s

7.
1,

7.
2

an
d

7.
3,

w
e

re
v
ie

w
th

os
e

p
ap

er
s.

In
S

ec
ti

on
7.

4
,

w
e

d
is

cu
ss

o
th

er
va

ri
at

io
n

s
of

T
D

(λ
).
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e
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m
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u
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o
n

7
.1

T
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e
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L
e
a
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u
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h
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c
e
s

A
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w
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w
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h
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o
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b
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d
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g
a
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a
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b
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n
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a
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d
a

b
a
ck

w
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d
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n
a
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y
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d
o
n

th
e

fi
n

a
l

w
ei

gh
t
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o
r
θ
T
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T

h
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ch
a
n

g
ed

in
2
0
14

,
w

h
en

tw
o

p
ap

er
s

in
tr

o
d

u
ce

d
a
n

o
n

li
n

e
fo

rw
a
rd

v
ie

w
w

it
h

a
co

rr
es

p
o
n

d
in

g
b

a
ck

w
a
rd

v
ie

w
th

at
h

as
an

ex
a
ct

eq
u

iv
a
le

n
ce

a
t

ea
ch

m
o
m

en
t

in
ti

m
e

(v
an

S
ei

je
n

&
S

u
tt

on
,

20
1
4;

S
u

tt
on

et
al

.,
2
01

4
).

W
h

il
e

b
o
th

p
a
p

er
s

in
tr

o
d

u
ce

d
a
n

o
n

li
n

e
fo

rw
ar

d
v
ie

w
,

th
e

tw
o

fo
rw

ar
d

v
ie

w
s

p
re

se
n
te

d
a
re

ve
ry

d
iff

er
en

t
fr

o
m

ea
ch

o
th

er
.

O
n

e
d

iff
er

en
ce

is
th

a
t

th
e

fo
rw

a
rd

v
ie

w
in

tr
o
d

u
ce

d
b
y

va
n

S
ei

je
n

&
S

u
tt

on
is

a
n

on
-p

o
li

cy
fo

rw
a
rd

v
ie

w
,

w
h

er
ea

s
th

e
fo

rw
a
rd

v
ie

w
b
y

S
u

tt
o
n

et
al

.
is

an
off

-p
o
li

cy
fo

rw
a
rd

v
ie

w
.

H
ow

ev
er

,
th

er
e

is
an

ev
en

m
o
re

fu
n

d
am

en
ta

l
d

iff
er

en
ce

re
la

te
d

to
h

ow
th

e
fo

rw
a
rd

v
ie

w
s

a
re

co
n

st
ru

ct
ed

.
In

p
a
rt

ic
u

la
r,

th
e

fo
rw

a
rd

v
ie

w
b
y

va
n

S
ei

je
n

&
S

u
tt

o
n

is
co

n
st

ru
ct

ed
in

su
ch

a
w

ay
th

at
a
t

ea
ch

m
om

en
t

in
ti

m
e

th
e

w
ei

gh
t

ve
ct

o
r

ca
n

b
e

in
te

rp
re

te
d

a
s

th
e

re
su

lt
o
f

a
se

q
u

en
ce

o
f

u
p

d
a
te

s
o
f

th
e

fo
rm

:

θ
k
+

1
=
θ
k

+
α
( U

k
−
θ
> k
φ
k

) φ
k
,

fo
r

0
≤
k
<
t
.

(1
8
)

B
y

co
n
tr

a
st

,
th

e
fo

rw
a
rd

v
ie

w
b
y

S
u

tt
o
n

et
a
l.

g
iv

es
th

e
fo

ll
ow

in
g

in
te

rp
re

ta
ti

on
:

θ
t

=
θ

0
+
α
t−

1
∑ k

=
0

δ k
φ
k
,

(1
9)

w
it

h
δ k

so
m

e
m

u
lt

i-
st

ep
T

D
er

ro
r.

O
f

co
u

rs
e,

th
e

d
iff

er
en

t
fo

rw
a
rd

v
ie

w
s

a
ls

o
re

su
lt

in
d

iff
er

en
t

b
ac

k
w

ar
d

v
ie

w
s.

W
h

er
ea

s
th

e
b

a
ck

w
ar

d
v
ie

w
o
f

S
u

tt
on

et
al

.
u

se
s

a
ge

n
er

a
li

ze
d

ve
rs

io
n

of
an

ac
cu

m
u

la
ti

n
g

tr
ac

e,
th

e
b

a
ck

w
a
rd

v
ie

w
o
f

va
n

S
ei

je
n

&
S

u
tt

o
n

in
tr

o
d

u
ce

d
a

co
m

p
le

te
ly

n
ew

ty
p

e
o
f

tr
a
ce

.

T
h

e
a
d

va
n
ta

ge
of

a
fo

rw
ar

d
v
ie

w
b

a
se

d
o
n

(1
8
)

in
st

ea
d

o
f

(1
9)

is
th

a
t

it
re

su
lt

s
in

m
u

ch
m

or
e

st
ab

le
u

p
d

at
es

.
In

p
a
rt

ic
u

la
r,

th
e

se
n

si
ti

v
it

y
to

d
iv

er
g
en

ce
of

a
cc

u
m

u
la

te
T

D
(λ

)
is

a
ge

n
er

a
l

si
d

e-
eff

ec
t

o
f

(1
9
),

w
h

er
ea

s
(1

8
)

is
m

u
ch

m
or

e
ro

b
u

st
w

it
h

re
sp

ec
t

to
d

iv
er

g
en

ce
.

A
s

a
re

su
lt

,
tr

u
e

o
n

li
n

e
T

D
(λ

)
n

ot
on

ly
h

a
s

th
e

p
ro

p
er

ty
th

a
t

it
h

as
a
n

ex
ac

t
eq

u
iv

al
en

ce
w

it
h

a
n

on
li

n
e

fo
rw

ar
d

v
ie

w
a
t

a
ll

ti
m

es
,

it
co

n
si

st
en

tl
y

d
o
m

in
a
te

s
T

D
(λ

)
em

p
ir

ic
a
ll

y.

T
h

e
st

ro
n

g
p

er
fo

rm
a
n

ce
o
f

tr
u

e
o
n

li
n

e
T

D
(λ

)
m

ot
iv

a
te

d
va

n
H

a
ss

el
t

et
a
l.

(2
0
1
4
)

to
co

n
st

ru
ct

an
off

-p
ol

ic
y

v
er

si
on

o
f

th
e

fo
rw

a
rd

v
ie

w
o
f

tr
u

e
on

li
n

e
T

D
(λ

).
T

h
e

co
rr

es
p

on
d

in
g

b
a
ck

w
ar

d
v
ie

w
re

su
lt

ed
in

th
e

a
lg

or
it

h
m

tr
u

e
o
n

li
n

e
G

T
D

(λ
),

w
h

ic
h

em
p

ir
ic

al
ly

o
u

tp
er

fo
rm

s
G

T
D

(λ
).

T
h

ey
al

so
in

tr
o
d

u
ce

d
th

e
te

rm
‘d

u
tc

h
tr

a
ce

s’
fo

r
th

e
n

ew
el

ig
ib

li
ty

tr
ac

e.

V
an

H
as

se
lt

&
S

u
tt

o
n

(2
01

5
)

sh
ow

ed
th

a
t

d
u

tc
h

tr
a
ce

s
ar

e
n

o
t

on
ly

u
se

fu
l

fo
r

T
D

le
ar

n
in

g.
In

an
o
ffl

in
e

se
tt

in
g

w
it

h
n

o
b

o
o
ts

tr
a
p

p
in

g
u

si
n

g
d

u
tc

h
tr

a
ce

s
ca

n
re

su
lt

in
ce

rt
ai

n
co

m
p

u
ta

ti
on

al
ad

va
n
ta

ge
s.

T
o

u
n

d
er

st
an

d
w

h
y,

co
n

si
d

er
th

e
M

on
te

C
a
rl

o
a
lg

o
ri

th
m

(M
C

),
w

h
ic

h
u
p

d
at

es
st

a
te

va
lu

es
a
t

th
e

en
d

o
f

a
n

ep
is

o
d

e
u

si
n

g
(1

8)
,

w
it

h
th

e
fu

ll
re

tu
rn

as
u

p
d

at
e

ta
rg

et
.

M
C

re
q
u
ir

es
st

o
ri

n
g

a
ll

th
e

fe
a
tu

re
ve

ct
or

s
a
n

d
re

w
ar

d
s

d
u

ri
n

g
a
n

ep
is

o
d

e,
so

th
e

m
em

or
y

co
m

p
le

x
it

y
is

li
n

ea
r

in
th

e
le

n
g
th

of
th

e
ep

is
o
d

e.
M

o
re

ov
er

,
th

e
re

q
u
ir

ed
co

m
p

u
ta

ti
on

ti
m

e
is

d
is

tr
ib

u
te

d
ve

ry
u

n
ev

en
ly

:
d

u
ri

n
g

an
ep

is
o
d

e
a
lm

o
st

n
o

co
m

p
u

ta
ti

o
n

is
re

q
u

ir
ed

,
b

u
t

at
th

e
en

d
o
f

a
n

ep
is

o
d

e
th

er
e

is
a

h
u

g
e

p
ea

k
in

co
m

p
u

ta
ti

on
ti

m
e

d
u

e
to

al
l

th
e

u
p

d
at

es
th

at
n

ee
d

to
b

e
p

er
fo

rm
ed

.
W

it
h

d
u
tc

h
tr

a
ce

s
a
n

a
lt

er
n

a
ti

ve
im

p
le

m
en

ta
ti

on
ca

n
b

e
m

ad
e

th
at

re
su

lt
s

in
th

e
sa

m
e

fi
n

a
l
w

ei
g
h
t

v
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to
r

b
u

t
th
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d

o
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n
ot
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q
u
ir

e
st
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in

g
a
ll
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T
r
u
e

O
n
l
in

e
T

e
m

p
o
r
a
l
-D

if
f
e
r
e
n
c
e

L
e
a
r
n
in

g

th
e

featu
re

v
ecto

rs
a
n

d
w

h
ere

th
e

req
u

ired
co

m
p
u

ta
tio

n
tim

e
is

sp
rea

d
o
u

t
even

ly
ov

er
a
ll

th
e

tim
e

step
s.

V
an

H
a
sselt

&
S

u
tto

n
refer

to
th

is
a
p

p
ea

lin
g

p
ro

p
erty

as
sp

a
n

-in
d

ep
en

d
en

ce:
th

e
m

em
ory

an
d

com
p

u
tatio

n
tim

e
req

u
ired

p
er

tim
e

step
is

co
n

stan
t

a
n

d
in

d
ep

en
d

en
t

of
th

e
sp

an
o
f

th
e

p
red

ictio
n

. 7

7
.2

B
a
ck

w
a
rd

V
ie

w
D

e
riv

a
tio

n

T
h

e
task

o
f

fi
n

d
in

g
a
n

effi
cien

t
b

ack
w

ard
v
iew

th
a
t

co
rresp

on
d

s
ex

actly
w

ith
a

p
a
rticu

la
r

o
n

lin
e

fo
rw

a
rd

v
iew

is
n

o
t

easy.
M

oreover,
th

ere
is

n
o

gu
a
ra

n
tee

th
a
t

th
ere

ex
ists

a
n

effi
cien

t
im

p
lem

en
ta

tio
n

of
a

p
articu

lar
on

lin
e

fo
rw

a
rd

v
iew

.
O

ften
,

m
in

or
ch

a
n

g
es

in
th

e
fo

rw
ard

v
iew

d
eterm

in
e

w
h

eth
er

or
n

ot
a
n

effi
cien

t
b

a
ck

w
a
rd

v
iew

ca
n

b
e

co
n

stru
cted

.
T

h
is

created
th

e
d

esire
to

so
m

eh
ow

a
u

to
m

ate
th

e
p

ro
cess

o
f

co
n

stru
ctin

g
a
n

effi
cien

t
b

a
ck

w
ard

v
iew

.

V
a
n

S
eijen

&
S

u
tto

n
(2

0
14

)
d

id
n

ot
p

rov
id

e
a

d
irect

d
eriva

tion
o
f

th
e

b
ack

w
a
rd

v
iew

u
p

-
d

ate
eq

u
a
tio

n
s;

th
ey

sim
p

ly
p

rov
ed

th
a
t

th
e

fo
rw

a
rd

v
iew

a
n
d

th
e

b
ack

w
a
rd

v
iew

eq
u

atio
n

s
resu

lt
in

th
e

sam
e

w
eig

h
t

vecto
rs.

S
u

tto
n

et
a
l.

(2
01

4
)

w
ere

th
e

fi
rst

to
a
ttem

p
t

to
co

m
e

u
p

w
ith

a
gen

eral
stra

tegy
fo

r
d

eriv
in

g
a

b
ack

w
a
rd

v
iew

(a
lth

o
u

gh
for

fo
rw

ard
v
iew

s
b

a
sed

o
n

E
q
u

atio
n

1
9).

V
a
n

H
a
sselt

et
al.

(20
1
4
)

to
ok

th
e

a
p

p
ro

a
ch

o
f

p
rov

id
in

g
a

th
eo

rem
th

at
p

roves
eq

u
iva

len
ce

b
etw

een
a

gen
eral

fo
rw

ard
v
iew

an
d

a
co

rresp
o
n

d
in

g
g
en

eral
b

a
ck

w
a
rd

v
iew

.
T

h
ey

sh
ow

ed
th

at
th

e
fo

rw
ard

/
b

ack
w

a
rd

v
iew

o
f

tru
e

o
n

lin
e

T
D

(λ
)

is
a

sp
ecia

l
ca

se
of

th
is

gen
era

l
forw

ard
/b

ack
w

a
rd

v
iew

.
T

h
ey

sh
ow

ed
th

e
sam

e
fo

r
th

e
o
ff

-p
o
licy

m
eth

o
d

th
a
t

th
ey

in
tro

d
u

ced
—

tru
e

o
n

lin
e

G
T

D
(λ

).
R

ecen
tly,

M
a
h

m
o
o
d

&
S

u
tton

(2
01

5
)

ex
ten

d
ed

th
is

th
eo

rem
fu

rth
er

b
y

p
rov

in
g

eq
u

iva
len

ce
b

etw
een

a
n

even
m

o
re

gen
era

l
forw

a
rd

v
iew

a
n

d
b

a
ck

w
a
rd

v
iew

.

F
u

rth
erm

o
re,

van
H

asselt
&

S
u

tton
(2

01
5
)

d
erived

b
a
ck

w
a
rd

v
iew

s
fo

r
a

series
o
f

in
-

crea
sin

g
ly

co
m

p
lex

fo
rw

a
rd

v
iew

s.
T

h
e

d
eriva

tion
of

th
e

tru
e

o
n
lin

e
T

D
(λ

)
eq

u
a
tion

s
in

A
p

p
en

d
ix

B
is

sim
ila

r
to

th
o
se

d
eriva

tio
n

s.

7
.3

E
x
te

n
sio

n
to

N
o
n

-L
in

e
a
r

F
u

n
c
tio

n
A

p
p

ro
x
im

a
tio

n

T
h

e
lin

ea
r

u
p

d
ate

eq
u

a
tio

n
s

of
th

e
on

lin
e

fo
rw

a
rd

v
iew

p
resen

ted
in

S
ection

3
.1

ca
n

b
e

easily
ex

ten
d

ed
to

th
e

ca
se

of
n

o
n

-lin
ea

r
fu

n
ctio

n
a
p

p
rox

im
a
tio

n
.

U
n

fo
rtu

n
a
tely,

it
ap

p
ea

rs
to

b
e

im
p

o
ssib

le
to

co
n

stru
ct

a
n

effi
cien

t
b

a
ck

w
a
rd

v
iew

w
ith

ex
act

eq
u

iva
len

ce
in

th
e

ca
se

of
n

o
n

-lin
ear

fu
n

ctio
n

a
p

p
rox

im
atio

n
.

T
h

e
reaso

n
is

th
at

th
e

d
eriva

tion
in

A
p

p
en

d
ix

B
m

a
kes

u
se

o
f

th
e

fact
th

a
t

th
e

grad
ien

t
w

ith
resp

ect
to

th
e

va
lu

e
fu

n
ctio

n
is

in
d

ep
en

d
en

t
of

th
e

w
eigh

t
vector;

th
is

d
o
es

n
o
t

h
o
ld

fo
r

n
on

-lin
ea

r
fu

n
ctio

n
a
p

p
rox

im
a
tio

n
.

F
o
rtu

n
a
tely,

va
n

S
eijen

(2
01

6
)

sh
ow

s
th

a
t

m
an

y
of

th
e

b
en

efi
ts

o
f

tru
e

o
n

lin
e

learn
in

g
can

a
lso

b
e

ach
ieved

in
th

e
ca

se
o
f

n
o
n

-lin
ea

r
fu

n
ction

ap
p

rox
im

a
tio

n
b
y

u
sin

g
an

a
ltern

ativ
e

forw
a
rd

v
iew

(b
u

t
still

b
a
sed

o
n

E
q
u

a
tio

n
1
8
).

W
h

ile
th

is
a
ltern

a
tiv

e
fo

rw
ard

v
iew

is
n

ot
fu

lly
o
n

lin
e

(th
ere

is
a

d
elay

in
th

e
u

p
d

a
tes),

it
ca

n
b

e
im

p
lem

en
ted

effi
cien

tly.
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O
th

e
r

V
a
ria

tio
n

s
o
n

T
D

(λ
)

S
evera

l
variatio

n
s

o
n

T
D

(λ
)

o
th

er
th

a
n

th
o
se

trea
ted

in
th

is
article

h
ave

b
een

su
g
g
ested

in
th

e
litera

tu
re.

S
ch

ap
ire

&
W

a
rm

u
th

(1
9
96

)
in

tro
d

u
ced

a
va

ria
tio

n
o
f

T
D

(λ
)

fo
r

w
h

ich

7
.

T
h
e

sp
a
n

o
f

th
e

p
red

ictio
n

refers
to

th
e

tim
e

d
iff

eren
ce

b
etw

een
th

e
fi
rst

p
red

ictio
n

a
n
d

th
e

m
o
m

en
t

its
ta

rg
et

is
k
n
ow

n
(e.g

.,
fo

r
ep

iso
d
ic

ta
sk

s
it

co
rresp

o
n
d
s
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th

e
len

g
th

o
f

a
n

ep
iso

d
e).
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p
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n
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d
s

on
p
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an

ce
can

b
e

d
eriv

ed
an

d
p

roven
.

K
o
n

id
aris

et
a
l.

(2011)
in

tro
d

u
ced

T
D
γ ,

a
p

aram
eter-free

altern
a
tive

to
T

D
(λ

)
b

ased
on

a
m

u
lti-step

u
p

d
ate

ta
rget

called
th

e
γ

-retu
rn

.
T

D
γ

is
an

offl
in

e
algorith

m
w

ith
a

com
p

u
tation

al
cost

p
rop

ortion
al

to
th

e
ep

iso
d

e-len
gth

.
F

u
rth

erm
ore,

T
h
om

as
et

al.
(2015)

p
ro

p
osed

a
m

eth
o
d

b
a
sed

on
a

m
u

lti-step
u

p
d

a
te

target,
w

h
ich

th
ey

call
th

e
Ω

-retu
rn

.
T

h
e

Ω
-retu

rn
can

accou
n
t

for
th

e
co

rrela
tion

of
d

iff
eren

t
len

gth
retu

rn
s,

so
m

eth
in

g
th

at
b

oth
th

e
λ

-retu
rn

an
d

th
e
γ

-retu
rn

can
n

o
t.

H
ow

ever,
it

is
ex

p
en

sive
to

com
p

u
te

an
d

it
is

op
en

q
u

estion
w

h
eth

er
effi

cien
t

ap
p

rox
im

ation
s

ex
ist.

8
.

C
o
n
clu

sio
n
s

W
e

tested
th

e
h
y
p

oth
esis

th
at

tru
e

on
lin

e
T

D
(λ

)
(an

d
tru

e
on

lin
e

S
arsa(λ

))
d

om
in

ates
T

D
(λ

)
(an

d
S

a
rsa

(λ
))

w
ith

accu
m

u
latin

g
a
s

w
ell

as
w

ith
rep

lacin
g

traces
b
y

p
erfo

rm
in

g
ex

-
p

erim
en

ts
over

a
w

id
e

ran
ge

of
d

om
ain

s.
O

u
r

ex
ten

sive
resu

lts
su

p
p

ort
th

is
h
y
p

oth
esis.

In
term

s
o
f

lea
rn

in
g

sp
eed

,
tru

e
on

lin
e

T
D

(λ
)

w
as

often
b

etter,
b

u
t

n
ev

er
w

o
rse

th
an

T
D

(λ
)

w
ith

eith
er

a
ccu

m
u

latin
g

or
rep

lacin
g

traces,
across

all
d

om
ain

s/rep
resen

tation
s

th
at

w
e

tried
.

O
u

r
a
n

a
ly

sis
sh

ow
ed

th
at

esp
ecially

on
d

om
ain

s
w

ith
n

on
-sp

arse
featu

res
an

d
a

rela-
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low
va

rian
ce

on
th

e
retu

rn
a

large
d

iff
eren

ce
in

learn
in

g
sp

eed
can

b
e

ex
p

ected
.

M
ore

g
en

era
lly,

tru
e

on
lin

e
T

D
(λ

)
h

as
th

e
ad

van
tage

over
T

D
(λ

)
w

ith
rep

lacin
g

traces
th

at
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b

e
u
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w

ith
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o
n

-b
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e
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van

tage
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er
T

D
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)
w
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m
u

latin
g
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th

a
t
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sen
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w

ith
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p

aram
eters.

In
term

s
of

com
p

u
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n
tim

e,
T

D
(λ

)
h
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a

slig
h
t

ad
van

tage.
In

th
e

w
orst

case,
tru

e
on

lin
e

T
D

(λ
)

is
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ice
as

ex
p

en
sive.

In
th

e
ty

p
ical

case
of

sp
arse

featu
res,

it
is

on
ly

fraction
ally

m
o
re

ex
p

en
sive

th
an

T
D

(λ
).

M
em

ory
req

u
irem

en
ts

are
th

e
sam

e.
F

in
ally,

w
e

ou
tlin

ed
a
n

ap
p

roa
ch

for
d

eriv
in

g
n

ew
tru

e
o
n

lin
e

m
eth

o
d
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b

ased
on

rew
ritin

g
th

e
eq

u
ation

s
of

an
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lin
e

forw
ard

v
iew

.
T

h
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,
in

terestin
g
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o
d

s
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th
e
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d
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h

e
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e
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b
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b
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p
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c
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L
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in

g
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p
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n
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.

P
ro

o
f

o
f

T
h
e
o
re

m
1

T
h

e
o
re

m
1

L
et
θ

0
be

th
e

in
it

ia
l

w
ei

gh
t

ve
ct

o
r,
θ
td t

be
th

e
w

ei
gh

t
ve

ct
o
r

a
t

ti
m

e
t
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m

p
u

te
d

by
a
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u
m

u
la

te
T

D
(λ

),
a
n

d
θ
λ t

be
th

e
w

ei
gh

t
ve
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o
r

a
t

ti
m

e
t

co
m

p
u

te
d

by
th

e
o
n

li
n

e
λ

-r
et

u
rn

a
lg

o
ri

th
m

.
F

u
rt

h
er

m
o
re

,
a
ss

u
m

e
th

a
t
∑

t−
1

i=
0

∆
t i
6=

0
.

T
h
en

,
fo

r
a
ll

ti
m

e
st

ep
s
t:

||θ
td t
−
θ
λ t
||

||θ
td t
−
θ

0
||
→

0
,

a
s
α
→

0
.

P
ro

o
f

W
e

p
ro

ve
th

e
th

eo
re

m
b
y

sh
ow

in
g

th
a
t
||θ

td t
−
θ
λ t
||/
||θ

td t
−
θ

0
||

ca
n

b
e

a
p

p
ro

x
im

a
te

d
b
y
O

(α
)/
( C

+
O

(α
))

as
α
→

0,
w

it
h
C
>

0.
F

or
re

ad
ab

il
it

y,
w

e
w

il
l

n
ot

u
se

th
e

‘t
d

’
a
n

d
‘λ

’
su

p
er

sc
ri

p
ts

;
in

st
ea

d
,

w
e

al
w

ay
s

u
se

w
ei

gh
ts

w
it

h
d

ou
b

le
in

d
ic

es
fo

r
th

e
on

li
n

e
λ

-r
et

u
rn

al
go

ri
th

m
an

d
w

ei
gh

ts
w

it
h

si
n

gl
e

in
d

ic
es

fo
r

ac
cu

m
u

la
te

T
D

(λ
).

T
h

e
u

p
d

at
e

eq
u

at
io

n
s

fo
r

ac
cu

m
u

la
te

T
D

(λ
)

ar
e:

δ t
=

R
t+

1
+
γ
θ
> t
φ
t+

1
−
θ
> t
φ
t
,

e
t

=
γ
λ
e
t−

1
+
φ
t
,

θ
t+

1
=

θ
t
+
α
δ t
e
t
.

B
y

in
cr

em
en

ta
l

su
b

st
it

u
ti

on
,

w
e

ca
n

w
ri

te
θ
t

d
ir

ec
tl

y
in

te
rm

s
of
θ

0
:

θ
t

=
θ

0
+
α
t−

1
∑ j=

0

δ j
e
j
,

=
θ

0
+
α

t−
1

∑ j=
0

δ j

j ∑ i=
0

(γ
λ

)j
−
i
φ
i
,

=
θ

0
+
α

t−
1

∑ j=
0

j ∑ i=
0

(γ
λ

)j
−
i δ
j
φ
i
.

U
si

n
g

th
e

su
m

m
at

io
n

ru
le
∑

n j=
k

∑
j i=
k
a
i,
j

=
∑

n i=
k

∑
n j=
i
a
i,
j

w
e

ca
n

re
w

ri
te

th
is

as
:

θ
t

=
θ

0
+
α

t−
1

∑ i=
0

t−
1

∑ j=
i

(γ
λ

)j
−
i δ
j
φ
i
.

(2
0
)

A
s

p
ar

t
of

th
e

d
er

iv
at

io
n

sh
ow

n
in

A
p

p
en

d
ix

B
,

w
e

p
ro

v
e

th
e

fo
ll

ow
in

g
(s

ee
E

q
u

at
io

n
26

):

G
λ
|h

+
1

i
=
G
λ
|h
i

+
(λ
γ

)h
−
i δ
′ h
,

w
it

h
δ′ h

:=
R
h

+
1

+
γ
θ
> h
φ
h

+
1
−
θ
> h−

1
φ
h
.

B
y

ap
p

ly
in

g
th

is
se

q
u

en
ti

al
ly

fo
r
i

+
1
≤
h
<
t,

w
e

ca
n

d
er

iv
e:

G
λ
|t
i

=
G
λ
|i+

1
i

+

t−
1

∑

j=
i+

1

(γ
λ

)j
−
i δ
′ j.

(2
1)

29
JM

L
R

 1
7(

14
5)

:1
-4

0

v
a
n

S
e
ij

e
n
,

M
a
h
m

o
o
d
,

P
il

a
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h
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d

S
u
t
t
o
n

F
u
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h

er
m

or
e,
G
λ
|i+

1
i

ca
n

b
e

w
ri

tt
en

a
s:

G
λ
|i+

1
i

=
R
i+

1
+
γ
θ
> i
φ
i+

1
,

=
R
i+

1
+
γ
θ
> i
φ
i+

1
−
θ
> i−

1
φ
i
+
θ
> i−

1
φ
i
,

=
δ′ i

+
θ
> i−

1
φ
i
.

S
u

b
st

it
u

ti
n

g
th

is
in

(2
1
)

y
ie

ld
s: G
λ
|t
i

=
θ
> i−

1
φ
i
+

t−
1

∑ j=
i

(γ
λ

)j
−
i δ
′ j.

U
si

n
g

th
at
δ′ j

=
δ j

+
θ
> j
φ
j
−
θ
> j−

1
φ
j
,

it
fo

ll
ow

s
th

a
t

t−
1

∑ j=
i

(γ
λ

)j
−
i δ
j

=
G
λ
|t
i
−
θ
> i−

1
φ
i
−

t−
1

∑ j=
i

(γ
λ

)j
−
i (
θ
j
−
θ
j−

1
)>
φ
j
.

A
s
α
→

0,
w

e
ca

n
a
p

p
ro

x
im

a
te

th
is

as
:

t−
1

∑ j=
i

(γ
λ

)j
−
i δ
j

=
G
λ
|t
i
−
θ
> i−

1
φ
i
+
O

(α
)
,

=
Ḡ
λ
|t
i
−
θ
> 0
φ
i
+
O

(α
)
,

w
it

h
Ḡ
λ
|t
i

th
e

in
te

ri
m
λ

-r
et

u
rn

th
at

u
se

s
θ

0
fo

r
a
ll

va
lu

e
ev

al
u

at
io

n
s.

S
u

b
st

it
u

ti
n

g
th

is
in

(2
0
)

y
ie

ld
s:

θ
t

=
θ

0
+
α
t−

1
∑ i=

0

( Ḡ
λ
|t
i
−
θ
> 0
φ
i
+
O

(α
))
φ
i
.

(2
2)

F
o
r

th
e

o
n

li
n

e
λ

-r
et

u
rn

a
lg

or
it

h
m

,
w

e
ca

n
d

er
iv

e
th

e
fo

ll
ow

in
g

b
y

se
q
u

en
ti

al
su

b
st

it
u

ti
on

of
E

q
u

a
ti

on
(7

):

θ
t t

=
θ

0
+
α
t−

1
∑ i=

0

( G
λ
|t
i
−

(θ
t i)
>
φ
i) φ

i
.

A
s
α
→

0,
w

e
ca

n
a
p

p
ro

x
im

at
e

th
is

a
s:

θ
t t

=
θ

0
+
α
t−

1
∑ i=

0

( Ḡ
λ
|t
i
−
θ
> 0
φ
i
+
O

(α
)) φ

i
.

(2
3
)

C
om

b
in

in
g

(2
2)

a
n

d
(2

3
),

it
fo

ll
ow

s
th

a
t

as
α
→

0
:

||θ
t
−
θ
t t||

||θ
t
−
θ

0
||

=
||(
θ
t
−
θ
t t)
/
α
||

||(
θ
t
−
θ

0
)/
α
||

=
O

(α
)

C
+
O

(α
)
,

w
it

h

C
=

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣t−
1

∑ i=
0

( Ḡ
λ
|t
i
−
θ
> 0
φ
i) φ

i∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣
=

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣t−
1

∑ i=
0

∆
t i∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣.

F
ro

m
th

e
co

n
d

it
io

n
∑

t−
1

i=
0

∆
t i
6=

0
it

fo
ll

ow
s

th
a
t
C
>

0
.
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p
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p
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e
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p
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e
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e
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d
irectly
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eq
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an
d
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)
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n

d
θ
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:=
θ
in
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T
h

e
d
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n

ex
p

ressin
g
θ
t+

1
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1
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W
e
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d
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F

irst,
w
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(7)

a
s:

θ
tk
+

1
=

(I−
α
φ
k φ
>k

)
θ
tk

+
α
φ
k G

λ|t
k
,

w
ith

I
th

e
id

en
tity

m
a
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.
N

ow
,

co
n

sid
er
θ
tk

fo
r
k

=
1

an
d
k

=
2
:

θ
t1

=
(I−

α
φ

0 φ
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in
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+
α
φ

0 G
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0
,
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=
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α
φ
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+
α
φ

1 G
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α
φ
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>1
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α
φ
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>0

)θ
in
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+
α
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α
φ

1 φ
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φ
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.
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r
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l
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t,

w
e
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w

rite:

θ
tk

=
A
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1
0

θ
in
it

+
α

k−
1
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A
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1
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1
φ
i G

λ|t
i
,
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h
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A
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d

efi
n

ed
a
s:

A
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:=
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α
φ
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>j

)(I−
α
φ
j−

1 φ
>j−

1 )
...(I−

α
φ
i φ
>i
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i
,

a
n

d
A
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1
:=

I.
W

e
a
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a
b
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ex
p

ress
θ
tt

a
s:

θ
tt

=
A
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1
0
θ
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1
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A
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1
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1
φ
i G
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i
,

(24
)

B
eca

u
se

for
th

e
d

eriva
tion

o
f

tru
e
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w
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th
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efi
n
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n
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f

G
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p
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t
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b
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e
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α
( θ
> t
φ
t
−
θ
> t−

1
φ
t)
φ
t
,

w
it

h
e
t

:=
t ∑ i=
0

A
t i+

1
φ
i(
γ
λ

)t
−
i
,

=
θ
t
+
α
e
t(
δ t

+
θ
> t
φ
t
−
θ
> t−
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e
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b

e
d

ec
om

p
os

ed
as

`(
X
m

;B
s
t
,Θ

m
,1
≤
s
<
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≤
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−
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−
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−
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−
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−
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−
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−
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∑
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−
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p
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p
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b
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w
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h
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e

p
a
re

n
t

la
ye

r
to

th
e

re
sp

on
se

la
ye

r,
an

d
u

n
d

ir
ec

te
d

ed
g
es

w
it

h
in
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w
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d
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p
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w
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p
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p
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e

eff
ec

t
o
f
X

1
on
X

3
fr

o
m

th
at

o
f
X

2
on
X

3
.

T
h

e
(g

ro
u

p
)

id
en

ti
fi

ab
il

it
y
-t

y
p

e
co

n
d

it
io

n
is

th
u

s
im

p
o
se

d
to

ob
v
ia

te
su

ch
ci

rc
u

m
st

a
n

ce
s.

A
n

in
-d

ep
th

d
is

cu
ss

io
n

o
n

th
is

is
su

e
is

p
ro

v
id

ed
in

S
ec

ti
o
n

3.
4
.

2
.1

A
T

w
o
-l

a
y
e
re

d
N

e
tw

o
rk

S
e
tu

p
.
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d
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d
b
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b
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d
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p
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p
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d
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n
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.r.t.
Θ
X

,
resp

ectively.
Θ̂
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b
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R
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p
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d
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b
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a
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d
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d
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=
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√
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p

2|Σ
ε ⊗

I
n | −

1
/
2

ex
p {−

12 (Y
−
X
β

) >
(Σ

ε ⊗
I
n
) −

1(Y
−
X
β

) }
,

w
h

ereY
=
v
ec(Y

1 ,···
,Y

p
2 ),X

=
I
p

2 ⊗
X

a
n

d
β

=
v
ec(B

1 ,···
,B

p
2 ).

A
fter

w
ritin

g
o
u

t
th

e
K

ro
n

ecker
p

ro
d

u
ct,

th
e

log
-likelih

o
o
d

can
b

e
w

ritten
a
s

`(Y
|X

)
=

co
n

sta
n
t

+
n2

log
d
et

Θ
ε −

12

p
2
∑j=

1

p
2
∑i=

1

σ
ijε (Y

i −
X
B
i ) >

(Y
j −

X
B
j ).

H
ere,

σ
ijε

d
en

otes
th

e
ij-th

en
try

o
f

Θ
ε .

W
ith

`
1

p
en

alizatio
n

w
h

ich
in

d
u

ces
sp

a
rsity,

w
e

fo
rm

u
la

te
th

e
fo

llow
in

g
op

tim
iza

tio
n

p
ro

b
lem

u
sin

g
p

en
a
lized

lo
g-likelih

o
o
d

,
w

h
ich

w
as

in
itia

lly
p

rop
o
sed

in
R

o
th

m
an

et
a
l.

(2
01

0),
a
n

d
h

as
a
lso

b
een

ex
a
m

in
ed

in
L

ee
a
n

d
L

iu
(20

1
2):

m
in

B
∈
R
p
1 ×

p
2

Θ
ε ∈

S
p
2 ×

p
2

+
+


1n

p
2
∑j=

1

p
2
∑i=

1

σ
ijε (Y

i −
X
B
i ) >

(Y
j −

X
B
j )−

log
d

et
Θ
ε

+
λ
n

p
2
∑j=

1 ‖
B
j ‖

1
+
ρ
n ‖

Θ
ε ‖

1
,o

ff 
,

(2)
an

d
th

e
fi

rst
term

in
(2

)
ca

n
b

e
eq

u
ivalen

tly
w

ritten
as

tr 
1n 

(Y
1 −

X
B

1 ) >
...

(Y
p

2 −
X
B
p

2 ) > 
[(Y

1 −
X
B

1 )
···

(Y
p

2 −
X
B
p

2 ) ]
Θ
ε 

:=
tr(S

Θ
ε ).
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L
in

,
B

a
su

,
B

a
n
e
r
je

e
a
n
d

M
ic

h
a
il

id
is

w
h

ere
S

is
d

efi
n

ed
as

th
e

sam
p

le
covarian

ce
m

atrix
of
E
≡
Y
−
X
B

.
T

h
is

gives
rise

to
th

e
follow

in
g

o
p

tim
iza

tion
p

rob
lem

:

m
in

B
∈
R
p
1 ×

p
2

Θ
ε ∈

S
p
2 ×

p
2

+
+


tr(S

Θ
ε )−

log
d

et
Θ
ε

+
λ
n

p
2
∑j=

1 ‖
B
j ‖

1
+
ρ
n ‖

Θ
ε ‖

1
,o

ff 
≡
f

(B
,Θ

ε ),
(3)

w
h

ere
‖Θ
‖

1
,o

ff
is

th
e

ab
su

lote
su

m
of

th
e

off
-d

iagon
al

en
tries

in
Θ

,
λ
n

an
d
ρ
n

are
b

oth
p

ositive
tu

n
in

g
p

a
ram

eters.

N
o
te

th
at

th
e

ob
jective

fu
n
ction

(3)
is

n
o
t

jo
in

tly
co

n
vex

in
(B
,Θ

ε ),
b

u
t

on
ly

con
v
ex

in
B

for
fi

x
ed

Θ
ε

an
d

in
Θ
ε

for
fi

x
ed

B
;

h
en

ce,
it

is
b

i-con
v
ex

,
w

h
ich

in
tu

rn
im

p
lies

th
at

th
e

p
ro

p
osed

algorith
m

m
ay

fail
to

con
v
erge

to
th

e
glob

al
op

tim
u
m

,
esp

ecially
in

settin
gs

w
h

ere
p

1
>
n

,
as

p
oin

ted
ou

t
b
y

L
ee

an
d

L
iu

(2012).
A

s
is

th
e

case
w

ith
m

ost
n

on
-co

n
v
ex

p
ro

b
lem

s,
go

o
d

in
itial

p
aram

eters
are

b
en

efi
cial

for
fast

con
vergen

ce
o
f

th
e

alg
orith

m
,

a
fact

su
p

p
orted

b
y

ou
r

n
u

m
erical

w
ork

on
th

e
p

resen
t

p
rob

lem
.

F
u

rth
er,

a
go

o
d

in
itialization

is
critica

l
in

estab
lish

in
g

con
vergen

ce
of

th
e

algorith
m

for
th

is
p

rob
lem

(see
S

ection
3.1).

T
o

th
at

en
d

,
w

e
in

tro
d

u
ce

a
screen

in
g

step
for

ob
tain

in
g

a
go

o
d

in
itial

estim
ate

for
B

.
T

h
e

th
eo

retica
l

ju
stifi

cation
for

em
p

loy
in

g
th

e
screen

in
g

step
is

p
rov

id
ed

in
S

ectio
n

3.3.

A
n

o
u

tlin
e

of
th

e
com

p
u

tation
al

p
ro

ced
u

re
is

p
resen

ted
in

A
lg

orith
m

1
,

w
h

ile
th

e
d

etails
of

each
step

in
v
olved

are
d

iscu
ssed

n
ex

t.

S
creen

in
g.

F
o
r

each
variab

le
Y
j ,j

=
1,···

,p
2

in
th

e
resp

on
se

layer,
regress

Y
j

on
X

v
ia

th
e

d
e-b

iased
L

asso
p

ro
ced

u
re

p
rop

osed
b
y

J
avan

m
ard

an
d

M
on

tan
ari

(2
014).

T
h

e
ou

tp
u

t
co

n
sists

of
th

e
p
-valu

e(s)
for

each
p

red
ictor

in
each

regression
,

d
en

oted
b
y
P
j ,

w
ith

P
j
∈

[0,1] p
1.

T
o

con
trol

th
e

fam
ily

-w
ise

error
rate

of
th

e
estim

ates,
w

e
d

o
a

B
on

ferron
i

co
rrection

at
level

α
:

d
efi

n
e
α
?

=
α
/p

1 p
2

an
d

set
B
j,k

=
0

if
th

e
p
-valu

e
ob

tain
ed

for
th

e
k
’th

p
red

ictor
in

th
e
j’th

regression
P
j,k

ex
ceed

s
α
?.

F
u

rth
er,

let

B
j

=
{B

j ∈
R
p

1
:
B
j,k

=
0

if
k
∈
Ŝ
cj }
⊆

R
p

1,
(4)

w
h

ere
Ŝ
j

is
th

e
collection

of
in

d
ices

for
th

ose
p

red
ictors

d
eem

ed
“a

ctive”
for

resp
on

se
Y
j :

Ŝ
j

=
{k

:
P
j,k
<
α
?},

fo
r
j

=
1,···

,p
2 .

T
h

erefo
re,

su
b

seq
u

en
t

estim
ation

of
th

e
elem

en
ts

of
B

w
ill

b
e

restricted
to
B

1 ×
···×

B
p

2 .

A
ltern

a
tin

g
S

ea
rch

.
In

th
is

step
,

w
e

u
tilize

th
e

b
i-con

vex
ity

of
th

e
p

rob
lem

an
d

estim
ate

B
an

d
Θ
ε

b
y

m
in

im
izin

g
in

an
iterative

fash
ion

th
e

ob
jective

fu
n

ction
w

ith
resp

ect
to

(w
.r.t.)

o
n

e
set

of
p

aram
eters,

w
h

ile
h

old
in

g
th

e
oth

er
set

fi
x
ed

w
ith

in
each

iteratio
n

.

A
s

w
ith

m
o
st

iterative
algorith

m
s,

w
e

n
eed

an
in

itializer;
for

B̂
(0

)
it

corresp
on

d
s

to
a

L
asso/

R
id

ge
regression

estim
ate

w
ith

a
sm

all
p

en
alty,

w
h

ile
for

Θ̂
ε

w
e

u
se

th
e

G
rap

h
ical

L
asso

p
ro

ced
u
re

a
p

p
lied

to
th

e
resid

u
als

ob
tain

ed
from

th
e

fi
rst

stage
regression

.
T

h
at

is,
for

each
j

=
1,···

,p
2 ,

B̂
(0

)
j

=
argm

in
B
j ∈B

j

{‖Y
j −

X
B
j ‖

22
+
λ

0n ‖B
j ‖

1 }
,

(5)
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E
st

im
a
t
in

g
M

u
lt

i-
l
a
y
e
r
e
d

G
a
u
ss

ia
n

G
r
a
p
h
ic

a
l

M
o
d
e
l
s

A
lg

o
ri

th
m

1
:

C
om

p
u

ta
ti

on
al

p
ro

ce
d

u
re

fo
r

es
ti

m
at

in
g
B

an
d

Θ
ε

In
p

u
t

:
D

at
a

fr
om

th
e

p
ar

en
t

la
ye

r
X

an
d

th
e

re
sp

on
se

la
ye

r
Y

.

1
S

c
re

e
n

in
g
:

2
fo

r
j

=
1,
··
·,
p

2
d

o
re

gr
es

s
Y
j

on
X

u
si

n
g

th
e

d
e-

b
ia

se
d

L
as

so
p

ro
ce

d
u

re
in

J
av

an
m

a
rd

an
d

M
o
n
ta

n
ar

i
(2

01
4)

an
d

ob
ta

in
th

e
co

rr
es

p
on

d
in

g
ve

ct
or

of
p
-v

al
u

es
P
j
;

e
n

d

ob
ta

in
ad

ju
st

ed
p
-v

al
u

es
P̃
j

b
y

ap
p

ly
in

g
B

on
fe

rr
on

i
co

rr
ec

ti
on

to
ve

c(
P

1
,·
··
,P

j
);

d
et

er
m

in
e

th
e

su
p

p
or

t
se

t
B j

fo
r

ea
ch

re
gr

es
si

on
u

si
n

g
(4

).

3
In

it
ia

li
z
a
ti

o
n

:

4
In

it
ia

li
ze

co
lu

m
n
j

=
1,
··
·,
p

2
of
B̂

(0
)

b
y

so
lv

in
g

(5
).

In
it

ia
li

ze
Θ̂

(0
)

ε
b
y

so
lv

in
g

(9
)

u
si

n
g

th
e

gr
ap

h
ic

al
la

ss
o

(F
ri

ed
m

an
et

al
.,

2
0
08

).

5
w

h
il

e
|f

(B̂
(k

) ,
Θ̂

(k
)

ε
)
−
f

(B̂
(k

+
1
) ,

Θ̂
(k

+
1
)

ε
)|
≥
ε

d
o

6
u

p
d

at
e
B̂

w
it

h
(6

);

7
u

p
d

at
e

Θ̂
ε

w
it

h
(8

);

8
e
n

d

9
R

e
fi

tt
in

g
B

a
n

d
Θ
ε:

fo
r
j

=
1,
··
·,
p

2
d

o

O
b

ta
in

th
e

re
fi

tt
ed

B̃
j

u
si

n
g

(9
);

e
n

d

re
-e

st
im

at
e

Θ̃
ε

u
si

n
g

(1
0)

w
it

h
W

co
m

in
g

fr
om

st
ab

il
it

y
se

le
ct

io
n

.

O
u

tp
u

t:
F

in
al

E
st

im
at

es
B̃

an
d

Θ̃
ε.

w
h

er
e
λ

0 n
is

so
m

e
sm

al
l

tu
n

in
g

p
ar

am
et

er
fo

r
in

it
ia

li
za

ti
on

,
an

d
se

t
Ê

(0
)

j
:=

Y
j
−
X
B̂

(0
)

j
.

A
n

in
it

ia
l

es
ti

m
at

e
fo

r
Θ̂
ε

is
th

en
gi

ve
n

b
y

so
lv

in
g

fo
r

th
e

fo
ll

ow
in

g
op

ti
m

iz
at

io
n

p
ro

b
le

m
w

it
h

th
e

gr
ap

h
ic

al
la

ss
o

(F
ri

ed
m

an
et

al
.,

20
08

)
p

ro
ce

d
u

re
:

Θ̂
(0

)
ε

=
ar

gm
in

Θ
ε
∈S

p
2
×
p
2

+
+

{ lo
g

d
et

Θ
ε
−

tr
(Ŝ

(0
) Θ

ε)
+
ρ
n
‖Θ

ε‖
1
,o

ff

}
,

w
h

er
e
Ŝ

(0
)

is
th

e
sa

m
p

le
co

va
ri

an
ce

m
at

ri
x

b
a
se

d
on

(Ê
(0

)
1
,·
··
,Ê

(0
)

p
2

).

N
ex

t,
w

e
u

se
an

al
te

rn
at

in
g

b
lo

ck
co

or
d

in
at

e
d

es
ce

n
t

al
go

ri
th

m
w

it
h
` 1

p
en

a
li

za
ti

o
n

to
re

ac
h

a
st

at
io

n
ar

y
p

oi
n
t

of
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
(3

).

–
U

p
d

at
e
B

as

B̂
(k

+
1
)

=
ar

gm
in

B
∈B

1
×
···
×
B p

2

  
1 n

p
2 ∑ i=
1

p
2 ∑ j=
1

(σ̂
ij ε

)(k
) (Y

i
−
X
B
i)
>

(Y
j
−
X
B
j
)

+
λ
n

p
2 ∑ j=
1

‖B
j
‖ 1

  
,

(6
)

9
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 1
7(

14
6)

:1
-5

1

L
in

,
B

a
su

,
B

a
n
e
r
je

e
a
n
d

M
ic

h
a
il

id
is

w
h

ic
h

ca
n

b
e

o
b

ta
in

ed
b
y

cy
cl

ic
co

o
rd

in
a
te

d
es

ce
n
t

w
.r

.t
ea

ch
co

lu
m

n
B
j

o
f
B

,
th

a
t

is
,

u
p

d
at

e
ea

ch
co

lu
m

n
B
j

b
y
:

B̂
(t

+
1
)

j
=

ar
gm

in
B
j
∈B

j

{
(σ̂
j
j
ε

)(
k
)

n
‖Y

j
+
r(t

+
1
)

j
−
X
B
j
‖2 2

+
λ
n
‖B

j
‖ 1
}
,

(7
)

w
h

er
e r(t

+
1
)

j
=

1

(σ̂
jj ε

)(
k
)

 j−
1

∑ i=
1

(σ̂
ij ε

)(k
) (Y

i
−
X
B̂

(t
+

1
)

i
)

+

p
2 ∑

i=
j+

1

(σ̂
ij ε

)(k
) (Y

i
−
X
B̂

(t
)

i
) 
,

an
d

it
er

at
e

ov
er

a
ll

co
lu

m
n

s
u

n
ti

l
co

n
ve

rg
en

ce
.

H
er

e,
w

e
u

se
k

to
in

d
ex

th
e

o
u

te
r

it
er

at
io

n
w

h
il

e
m

in
im

iz
in

g
w

.r
.t

.
B

or
Θ
ε,

a
n

d
u

se
t

to
in

d
ex

th
e

in
n

er
it

er
a
ti

o
n

w
h

il
e

cy
cl

ic
al

ly
m

in
im

iz
in

g
w

.r
.t

.
ea

ch
co

lu
m

n
o
f
B

.

–
U

p
d

at
e

Θ
ε

as Θ̂
(k

+
1
)

ε
=

ar
gm

in
Θ
ε
∈S

p
2
×
p
2

+
+

{ lo
g

d
et

Θ
ε
−

tr
(Ŝ

(k
+

1
) Θ

ε)
+
ρ
n
‖Θ

ε‖
1
,o

ff

}
,

(8
)

w
h

er
e
Ŝ

(k
+

1
)

is
th

e
sa

m
p

le
co

va
ri

a
n

ce
m

a
tr

ix
b

a
se

d
o
n
Ê

(k
+

1
)

j
=
Y
j
−
X
B̂

(k
+

1
)

j
,j

=
1,
··
·,
p

2
.

R
efi

tt
in

g
a
n

d
S

ta
bi

li
zi

n
g.

A
s

n
ot

ed
in

th
e

in
tr

o
d

u
ct

io
n

,
th

is
st

ep
is

b
en

efi
ci

a
l

in
a
p

p
li

ca
-

ti
on

s,
es

p
ec

ia
ll

y
w

h
en

o
n

e
d

ea
ls

w
it

h
la

rg
e

sc
a
le

m
u

lt
i-

la
ye

r
n

et
w

o
rk

s
a
n

d
re

la
ti

ve
ly

sm
al

le
r

sa
m

p
le

si
ze

s.
D

en
o
te

th
e

so
lu

ti
o
n

o
b

ta
in

ed
b
y

th
e

ab
ov

e
it

er
a
ti

ve
p

ro
ce

d
u

re
b
y
B
∞

a
n

d
Θ
∞ ε

.
F

or
ea

ch
j

=
1,
··
·,
p

2
,

se
t
B̃ j

=
{B

j
:
B
j,
i

=
0

if
B
∞ j,i

=
0,
B
j
∈

R
p

1
}

a
n

d
th

e
fi
n

a
l

es
ti

m
at

e
fo

r
B
j

is
gi

v
en

b
y

o
rd

in
a
ry

le
a
st

sq
u

a
re

s:

B̃
j

=
a
rg

m
in

B
j
∈B̃

j

‖Y
j
−
X
B
j
‖2
.

(9
)

F
or

Θ
ε,

w
e

ob
ta

in
th

e
fi

n
al

es
ti

m
a
te

b
y

a
co

m
b

in
at

io
n

o
f
st

a
b

il
it

y
se

le
ct

io
n

(M
ei

n
sh

a
u

se
n

a
n

d
B

ü
h

lm
an

n
,

20
1
0)

a
n

d
g
ra

p
h

ic
a
l

la
ss

o
(F

ri
ed

m
an

et
a
l.

,
2
00

8
).

T
h

a
t

is
,

a
ft

er
o
b

ta
in

in
g

th
e

re
fi

tt
ed

re
si

d
u

al
s
Ẽ
j

:=
Y
j
−
X
B̃
j
,j

=
1
,·
··
,p

2
,

b
a
se

d
o
n

th
e

st
a
b

il
it

y
se

le
ct

io
n

p
ro

ce
d

u
re

w
it

h
th

e
gr

ap
h

ic
al

la
ss

o
,
w

e
o
b

ta
in

th
e

st
ab

il
it

y
p

at
h

,
o
r

p
ro

b
ab

il
it

y
m

a
tr

ix
W

fo
r

ea
ch

ed
g
e,

w
h

ic
h

re
co

rd
s

th
e

p
ro

p
o
rt

io
n

o
f

ea
ch

ed
ge

b
ei

n
g

se
le

ct
ed

b
as

ed
o
n

b
o
ot

st
ra

p
p

ed
sa

m
p

le
s

of
Ẽ
j
’s

.
T

h
en

,
u

si
n

g
th

is
p

ro
b

a
b

il
it

y
m

at
ri

x
W

a
s

a
w

ei
g
h
t

m
a
tr

ix
,

w
e

o
b

ta
in

th
e

fi
n

al

es
ti

m
at

e
of

Θ̃
ε

as
fo

ll
ow

:

Θ̃
ε

=
a
rg

m
in

Θ
ε
∈S

p
2
×
p
2

+
+

{ lo
g

d
et

Θ
ε
−

tr
(S̃

Θ
ε)

+
ρ̃
n
‖(

1
−
W

)
∗Θ

ε‖
1
,o

ff

}
,

(1
0
)

w
h

er
e

w
e

u
se
∗

to
d

en
o
te

th
e

el
em

en
t-

w
is

e
p

ro
d

u
ct

o
f

tw
o

m
a
tr

ic
es

,
a
n

d
S̃

is
th

e
sa

m
p

le
co

va
ri

a
n

ce
m

at
ri

x
b
as

ed
o
n

th
e

re
fi

tt
ed

re
si

d
u

a
ls
Ẽ

.
A

ga
in

,
(1

0)
ca

n
b

e
so

lv
ed

b
y

th
e

gr
a
p

h
ic

a
l

la
ss

o
p

ro
ce

d
u

re
(F

ri
ed

m
a
n

et
a
l.

,
2
0
0
8
),

w
it

h
ρ̃
n

p
ro

p
er

ly
ch

os
en

.
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E
st

im
a
t
in

g
M

u
lt

i-l
a
y
e
r
e
d

G
a
u
ssia

n
G

r
a
p
h
ic

a
l

M
o
d
e
l
s

2
.3

T
u

n
in

g
P

a
ra

m
e
te

r
S

e
le

c
tio

n
.

T
o

select
th

e
tu

n
in

g
p

a
ra

m
eters

(λ
n
,ρ
n
),

w
e

u
se

th
e

B
ayesia

n
In

fo
rm

a
tion

C
riterio

n
(B

IC
),

w
h

ich
is

th
e

su
m

m
a
tio

n
of

a
g
o
o
d

n
ess-o

f-fi
t

term
(lo

g
-likelih

o
o
d

)
a
n

d
a

p
en

a
lty

term
.

T
h

e
ex

p
licit

fo
rm

o
f

B
IC

(a
s

a
fu

n
ctio

n
of
B

an
d

Θ
ε )

in
o
u

r
settin

g
is

giv
en

b
y

B
IC

(B
,Θ

ε )
=
−

lo
g

d
et

Θ
ε

+
tr(S

Θ
ε )

+
lo

g
n

n
( ‖Θ

ε ‖
0 −

p
2

2
+
‖
B
‖

0 )

w
h

ere

S
:=

1n


(Y

1 −
X
B

1 ) >
...

(Y
p
2 −

X
B
p

2 ) > 
[(Y

1 −
X
B

1 )
···

(Y
p

2 −
X
B
p

2 ) ]
,

a
n

d
‖Θ

ε ‖
0

is
th

e
to

tal
n
u

m
b

er
o
f

n
on

zero
en

tries
in

Θ
ε .

H
ere

w
e

p
en

a
lize

th
e

n
o
n

-zero
elem

en
ts

in
th

e
u

p
p

er-tria
n

g
u

la
r

p
a
rt

o
f

Θ
ε

a
n

d
th

e
n

o
n

-zero
o
n

es
in
B

.
W

e
ch

o
ose

th
e

com
b

in
atio

n
(λ
∗n
,ρ ∗n

)
ov

er
a

grid
o
f

(λ
,ρ

)
va

lu
es,

a
n

d
(λ
∗n
,ρ ∗n

)
sh

o
u

ld
m

in
im

ize
th

e
B

IC
eva

lu
a
ted

at
(B
∞
,Θ
∞ε

).

3
.

T
h
e
o
re

tica
l

R
e
su

lts.

In
th

is
sectio

n
,

w
e

esta
b

lish
a

n
u

m
b

er
o
f

th
eo

retica
l

resu
lts

fo
r

th
e

p
ro

p
o
sed

itera
tiv

e
a
l-

go
rith

m
.

W
e

fo
cu

s
th

e
p

resen
tatio

n
o
n

th
e

tw
o
-layer

stru
ctu

re,
sin

ce
a
s

ex
p

la
in

ed
in

th
e

p
rev

io
u

s
section

th
e

m
u

lti-layer
estim

a
tio

n
p

rob
lem

d
eco

m
p

o
ses

to
a

series
of

tw
o
-layer

on
es.

A
s

m
en

tio
n
ed

in
th

e
in

tro
d

u
ction

,
o
n

e
key

ch
a
llen

g
e

fo
r

estab
lish

in
g

th
e

th
eo

retical
resu

lts
co

m
es

from
th

e
fa

ct
th

a
t

th
e

o
b

jective
fu

n
ctio

n
(3

)
is

n
o
t

join
tly

co
n
vex

in
B

a
n

d
Θ
ε .

C
on

seq
u

en
tly,

if
w

e
sim

p
ly

u
sed

p
ro

p
erties

o
f

b
lo

ck
-co

o
rd

in
a
te

d
escen

t
a
lgo

rith
m

s,
w

e
w

o
u

ld
n

o
t

b
e

a
b

le
to

p
rov

id
e

th
e

n
ecessa

ry
th

eo
retica

l
g
u
ara

n
tees

fo
r

th
e

estim
a
tes

w
e

o
b

-
tain

.
O

n
th

e
o
th

er
h

an
d

,
th

e
b

ico
n
vex

n
a
tu

re
o
f

th
e

o
b

jective
fu

n
ctio

n
a
llow

s
u

s
to

esta
b

lish
con

vergen
ce

o
f

th
e

a
ltern

atin
g

a
lgo

rith
m

to
a

statio
n

a
ry

p
oin

t,
p

rov
id

ed
it

is
in

itialized
from

a
p

o
in

t
clo

se
en

o
u

g
h

to
th

e
tru

e
p

a
ra

m
eters.

T
h

is
ca

n
b

e
a
cco

m
p

lish
ed

u
sin

g
a

L
a
sso-b

a
sed

in
itia

lizer
fo

r
B

an
d

Θ
ε

as
p

rev
io

u
sly

d
iscu

ssed
.

T
h

e
d

eta
ils

of
a
lgo

rith
m

ic
co

n
verg

en
ce

a
re

p
resen

ted
in

S
ection

3
.1.

A
n

o
th

er
tech

n
ica

l
ch

a
llen

g
e

is
th

at
ea

ch
u

p
d

a
te

in
th

e
a
ltern

a
tin

g
sea

rch
step

relies
on

estim
ated

q
u

an
tities—

n
a
m

ely
th

e
reg

ressio
n

a
n

d
p

recisio
n

m
a
trix

p
a
ram

eters—
ra

th
er

th
a
n

th
e

raw
d

a
ta,

w
h

o
se

estim
a
tio

n
p

recision
n

eed
s

to
b

e
con

tro
lled

u
n

ifo
rm

ly
a
cro

ss
all

itera
tio

n
s.

T
h

e
d

eta
ils

o
f
esta

b
lish

in
g

co
n

sisten
cy

o
f
th

e
estim

a
tes

for
b

o
th

fi
x
ed

a
n

d
ra

n
d

o
m

realizatio
n

s
a
re

g
iven

in
S

ection
3
.2

.
N

ex
t,

w
e

o
u

tlin
e

th
e

stru
ctu

re
of

th
is

section
.

In
S

ection
3
.1

T
h

eo
rem

1
,
w

e
sh

ow
th

at
fo

r
a
n
y

fi
x
ed

set
of

realizatio
n

o
f
X

a
n

d
E

,
2

th
e

itera
tive

a
lgo

rith
m

is
g
u

a
ra

n
teed

to
co

n
verg

e
to

a
sta

tio
n

a
ry

p
oin

t
if

estim
a
tes

fo
r

all
itera

tio
n

s
lie

in
a

com
p

a
ct

b
a
ll

a
rou

n
d

th
e

tru
e

va
lu

e
o
f

th
e

p
a
ra

m
eters.

In
S

ection
3.2

,
w

e
sh

ow
in

T
h

eo
rem

4
th

a
t

fo
r

a
n
y

ra
n

d
o
m
X

a
n

d
E

,
w

ith
h

ig
h

p
ro

b
a
b
ility,

th
e

estim
a
tes

for
a
ll

itera
tio

n
s

lie
in

a
co

m
p

a
ct

b
a
ll

aro
u

n
d

th
e

tru
e

valu
e

o
f

th
e

p
ara

m
eters.

T
h

en
in

S
ection

3
.3

,
w

e
sh

ow
th

at
a
sy

m
p

to
tically

w
ith

2
.

W
e

a
ctu

a
lly

o
b
serv

e
X

a
n
d
Y

,
w

h
ich

is
g
iv

en
b
y

a
co

rresp
o
n
d
in

g
set

o
f

rea
liza

tio
n

in
X

a
n
d
E

b
a
sed

o
n

th
e

m
o
d
el.
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L
in

,
B

a
su

,
B

a
n
e
r
je

e
a
n
d

M
ic

h
a
il

id
is

lo
g
(p

1 p
2 )/

n
→

0,
w

h
ile

keep
in

g
th

e
fam

ily
-w

ise
ty

p
e

I
error

u
n

d
er

som
e

p
re-sp

ecifi
ed

level,
th

e
screen

in
g

step
correctly

id
en

tifi
es

th
e

tru
e

su
p

p
ort

set
for

each
of

th
e

regression
s,

b
ased

u
p

on
w

h
ich

th
e

iterativ
e

algorith
m

is
p

rov
id

ed
w

ith
an

in
itializer

th
at

is
close

to
th

e
tru

e
valu

e
o
f

th
e

p
aram

eters.
F

in
ally

in
S

ection
3.4,

w
e

p
rov

id
e

su
ffi

cien
t

con
d

ition
s

for
b

oth
d

irected
a
n

d
u

n
d

irected
ed

ges
to

b
e

id
en

tifi
ab

le
(estim

ab
le)

for
m

u
lti-layered

n
etw

ork
.

T
o

aid
th

e
rea

d
ab

ility
of

th
e

m
ain

resu
lts,

w
e

on
ly

p
resen

t
statem

en
ts

of
th

eorem
s

a
n

d
p

rop
ositio

n
s,

w
h

ile
all

p
ro

ofs
are

relegated
to

th
e

A
p

p
en

d
ix

(S
ection

A
an

d
B

).
T

h
ro

u
gh

ou
t

th
is

section
,

to
d

istin
gu

ish
th

e
estim

ates
fro

m
th

e
tru

e
valu

es,
w

e
u

se
B
∗

an
d

Θ
∗ε

to
d

en
ote

th
e

tru
e

valu
es.

3
.1

C
o
n
v
e
rg

e
n

c
e

o
f

th
e

Ite
ra

tiv
e

A
lg

o
rith

m
.

In
th

is
su

b
section

,
w

e
p

rove
th

at
th

e
p

rop
osed

b
lo

ck
relax

ation
algo

rith
m

con
v
erges

to
a

statio
n

ary
p

o
in

t
for

an
y

fi
x
ed

set
of

d
ata,

p
rov

id
ed

th
at

th
e

estim
a
tes

for
all

iteratio
n

s
lie

in
a

com
p

act
b

a
ll

arou
n

d
th

e
tru

e
valu

e
of

th
e

p
aram

eters.
T

h
is

req
u

irem
en

t
is

sh
ow

n
to

b
e

satisfi
ed

w
ith

h
igh

p
rob

ab
ility

in
th

e
n

ex
t

su
b

section
3
.2.

D
eco

m
p

ose
th

e
op

tim
ization

p
rob

lem
in

(3)
as

follow
s:

m
in

B
∈
R
p
1 ×

p
2

Θ
ε ∈

S
p
2 ×

p
2

+
+

f
(B
,Θ

ε )≡
f

0 (B
,Θ

ε )
+
f

1 (B
)

+
f

2 (Θ
ε ),

w
h

ere

f
0 (B

,Θ
ε )

=
1n

p
2
∑j=

1

p
2
∑i=

1

σ
ijε (Y

i −
X
B
i ) ′(Y

j −
X
B
j )−

log
d

et
Θ
ε

=
tr(S

Θ
ε )−

lo
g

d
et

Θ
ε ,

f
1 (B

)
=
λ
n ‖B
‖

1 ,
f

2 (Θ
ε )

=
ρ
n ‖

Θ
ε ‖

1
,o

ff .

an
d
S
p

2 ×
p

2
+

+
is

th
e

collection
of
p

2 ×
p

2
sy

m
m

etric
p

ositive
d

efi
n

ite
m

atrices.
F

u
rth

er,
d

en
ote

th
e

lim
it

p
oin

t
(if

th
ere

is
an

y
)

of{B̂
(k

)}
an

d
{
Θ̂

(k
)

ε
}

b
y
B
∞

=
lim

k→
∞
B̂

(k
)

an
d

Θ
∞ε

=

lim
k→
∞

Θ̂
(k

)
ε

,
resp

ectively.

D
e
fi

n
itio

n
1

(station
ary

p
oin

t
(T

sen
g,

2001)
p

p
.479).

D
efi

n
e
z

to
b

e
a

station
ary

p
oin

t
of

f
if
z
∈

d
om

(f
)

an
d
f
′(z

;d
)≥

0,∀
d

irection
d

=
(d

1 ,···
,d
N

)
w

h
ere

d
t

is
th

e
t th

co
ord

in
ate

b
lo

ck
.

D
e
fi

n
itio

n
2

(R
egu

larity
(T

sen
g,

2001)
p

p
.479).

f
is

regu
lar

at
z
∈

d
o
m

(f
)

if
f
′(z

;d
)≥

0
fo

r
all

d
=

(d
1 ,···

,d
N

)
su

ch
th

at

f
′(z

;(0,···
,d
t ,···

,0))≥
0
,

t
=

1,2
,···

,N
.

D
e
fi

n
itio

n
3

(C
o
ord

in
ate-w

ise
m

in
im

u
m

).
D

efi
n

e
(B
∞
,Θ
∞ε

)
to

b
e

a
co

ord
in

a
te-w

ise
m

in
-

im
u

m
if

f
(B
∞
,Θ

ε )
≥

f
(B
∞
,Θ
∞ε

),
∀

Θ
ε ∈

S
p

2 ×
p

2
+

+
,

f
(B
,Θ
∞ε

)
≥

f
(B
∞
,Θ
∞ε

),
∀
B
∈
R
p

1 ×
p

2.

N
o
te

fo
r

ou
r

iterative
algorith

m
,
w

e
on

ly
h

ave
tw

o
b

lo
ck

s,
h

en
ce

w
ith

th
e

ab
ov

e
n

otation
,

N
=

2.
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M
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lt
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l
a
y
e
r
e
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G
a
u
ss

ia
n

G
r
a
p
h
ic

a
l

M
o
d
e
l
s

R
em

a
rk

3.
T

se
n

g
(2

00
1)

p
ro

ve
d

th
at

if
th

e
le

ve
l

se
t
{x

:
f

(x
)
≤
f

(x
0
)}

is
co

m
p

a
ct

a
n

d
f

sa
ti

sfi
es

ce
rt

ai
n

co
n

d
it

io
n

s
(T

se
n

g,
20

01
,

se
e

T
h

eo
re

m
4.

1
(a

),
(b

)
an

d
(c

)
fo

r
d

et
a
il

s)
,

th
e

li
m

it
p

oi
n
t

gi
ve

n
b
y

th
e

ge
n

er
al

b
lo

ck
-c

o
or

d
in

at
e

d
es

ce
n
t

al
go

ri
th

m
(w

it
h
N
≥

2
b

lo
ck

s)
is

a
st

at
io

n
ar

y
p

oi
n
t

of
f

.
H

ow
ev

er
,

th
e

co
n

d
it

io
n

s
gi

ve
n

in
T

h
eo

re
m

4.
1

(a
),

(b
)

a
n

d
(c

)
a
re

n
ot

sa
ti

sfi
ed

fo
r

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

at
h

an
d

.
H

en
ce

,
fo

r
th

e
p

ro
b
le

m
u

n
d

er
co

n
si

d
er

at
io

n
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,Θ̂

(k
)

ε

)
−

(B
∗ ,

Θ
∗ ε)
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con

cen
tra

tio
n

b
o
u

n
d

s
of

relevan
t

q
u

an
tities

w
ith

a
d

d
itio

n
a
l

ca
re.

T
h

is
p

a
rt

o
f

th
e

resu
lt

a
n

d
its

p
ro

o
f

a
re

sh
ow

n
in

T
h

eorem
4
.

A
s

a
ro

ad
m

a
p

tow
a
rd

o
u

r
d

esired
resu

lt
esta

b
lish

ed
in

T
h

eo
rem

4
,

w
e

fi
rst

sh
ow

in
T

h
eorem

2
th

a
t

for
a
n
y

fi
x
ed

rea
liza

tio
n

o
f
X

a
n

d
E

,
u

n
d

er
a

n
u

m
b

er
o
f

co
n
d

ition
s

o
n

(o
r

rela
ted

to
)
X

a
n

d
E

,
w

h
en
‖Θ̂

ε −
Θ
∗ε ‖∞

is
sm

a
ll

(u
p

to
a

certa
in

o
rd

er),
th

e
erro

r
of
β̂

is
w

ell-b
o
u

n
d

ed
.

W
e

th
en

verify
in

P
ro

p
o
sition

1
an

d
2

th
at

fo
r

ra
n

d
o
m
X

a
n

d
E

,
th

e
a
b

ove-m
en

tion
ed

con
d

itio
n

s
h

old
w

ith
h

ig
h

p
ro

b
a
b
ility.

S
im

ila
rly

in
T

h
eo

rem
3
,

w
e

sh
ow

th
at

for
fi

x
ed

rea
liza

tion
s

in
X

a
n

d
E

,
u

n
d

er
certa

in
co

n
d

itio
n

s
(verifi

ed
fo

r
ra

n
d

o
m

X
an

d
E

in
P

rop
o
sition

3),
th

e
erro

r
of

Θ̂
ε

is
a
lso

w
ell-b

o
u

n
d

ed
,

g
iven

‖
β̂
−
β
∗‖

1
b

ein
g

sm
all.

F
in

a
lly

in
T

h
eo

rem
4
,

w
e

sh
ow

th
a
t

fo
r

ran
d

om
X

a
n

d
E

,
w

ith
h

ig
h

p
ro

b
ab

ility,
th

e

itera
tive

a
lgo

rith
m

g
ives{(β̂

(k
),Θ

(k
)

ε
)}

th
a
t

lies
in

a
sm

a
ll

b
a
ll

cen
tered

a
t

(β
∗,Θ

∗ε ),
w

h
o
se

ra
d

iu
s

d
ep

en
d

s
o
n
p

1 ,
p

2 ,
n

a
n

d
th

e
sp

arsity
levels.

N
ex

t,
fo

r
esta

b
lish

in
g

th
e

m
a
in

p
rop

o
sition

s
an

d
th

eo
rem

s,
w

e
in

tro
d

u
ce

so
m

e
a
d

d
itio

n
al

n
o
ta

tio
n

s.

–
S

p
a
rsity

level
of
β
∗:
s ∗∗

:=
‖
β
∗‖

0
=
∑

p
2
j=

1 ‖
B
∗j ‖

0
=
∑

p
2
j=

1
s ∗j .

A
s

a
rem

in
d

er
o
f

th
e

p
rev

io
u

s
n

ota
tio

n
,

w
e

h
ave

s ∗
=

m
a
x

j=
1
,···,p

2

s ∗j .

–
T

ru
e

ed
g
e

set
o
f

Θ
∗ε :
S
∗ε ,

a
n

d
let

s ∗ε
:=
|S
∗ε |

b
e

its
ca

rd
in

a
lity.

–
H

essia
n

o
f

th
e

lo
g-d

eterm
in

an
t

b
a
rrier

lo
g

d
et

Θ
eva

lu
a
ted

at
Θ
∗ε :

H
∗

:=
d

2

d
Θ

2
lo

g
Θ
∣∣Θ
∗ε

=
Θ
∗−

1
ε
⊗

Θ
∗−

1
ε

.

–
M

atrix
in

fi
n

ity
n
orm

o
f

th
e

tru
e

erro
r

cova
ria

n
ce

m
a
trix

Σ
∗ε :

κ
Σ
∗ε

:=
|||Σ
∗ε |||∞

=
m

a
x

i=
1
,2
,···,p

2

p
2
∑j=

1 |Σ
∗ε,ij |.

–
M

a
trix

in
fi

n
ity

n
o
rm

of
th

e
H

essia
n

restricted
to

th
e

tru
e

ed
g
e

set:

κ
H
∗

:=
∣∣∣ ∣∣∣ ∣∣∣ (H

∗S
∗ε
S
∗ε ) ∣∣∣ ∣∣∣ ∣∣∣∞

=
m

a
x

i=
1
,2
,···,p

2

p
2
∑j=

1 ∣∣∣ H
∗S
∗ε
S
∗ε
,ij ∣∣∣ .

–
M

ax
im

u
m

d
egree

o
f

Θ
∗ε :
d

:=
m

a
x

i=
1
,2
,···,p

2 ‖
Θ
∗ε,i· ‖

0 .

–
W

e
w

rite
A

&
B

if
th

ere
ex

ists
so

m
e

a
b

so
lu

te
co

n
sta

n
t
c

th
a
t

is
in

d
ep

en
d

en
t

of
th

e
m

o
d

el
p

a
ra

m
eters

su
ch

th
at
A
≥
cB

.
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L
in

,
B

a
su

,
B

a
n
e
r
je

e
a
n
d

M
ic

h
a
il

id
is

D
e
fi

n
itio

n
4

(In
coh

eren
ce

con
d
ition

(R
av

ik
u

m
ar

et
al.,

2011)).
Θ
∗ε

satisfi
es

th
e

in
coh

eren
ce

co
n

d
ition

if:

m
ax

e∈
(S
∗ε
)
c ‖
H
∗eS
∗ε (H

∗S
∗ε
S
∗ε ) −

1‖
1 ≤

1−
ξ,

for
som

e
ξ∈

(0,1).

D
e
fi

n
itio

n
5

(R
estricted

eigen
valu

e
(R

E
)

con
d

ition
(L

oh
an

d
W

ain
w

righ
t,

20
12)).

A
sy

m
-

m
etric

m
atrix

A
∈

R
m
×
m

satisfi
es

th
e

R
E

con
d

ition
w

ith
cu

rvatu
re
ϕ
>

0
an

d
toleran

ce
φ
>

0,
d

en
o
ted

b
y
A
∼
R
E

(ϕ
,φ

)
if

θ ′A
θ≥

ϕ‖θ‖
2−

φ‖
θ‖

21 ,
∀
θ
∈
R
m
.

D
e
fi

n
itio

n
6

(D
iagon

al
d

om
in

an
ce).

A
m

atrix
A
∈
R
m
×
m

is
strictly

d
iag

on
ally

d
o
m

in
a
n
t

if

|a
ii |
>
∑j6=

i |a
ij |,

∀
i

=
1,···

,m
.

B
ased

on
th

e
m

o
d

el
in

S
ection

2.1,
sin

ce
w

e
are

assu
m

in
g
X

=
(X

1 ,···
,X

p
1 ) ′

an
d

ε
=

(ε
1 ,···

,ε
p

2 )
com

e
from

zero-m
ean

G
au

ssian
d

istrib
u

tion
s,

it
follow

s
th

at
X

an
d
ε

are
zero

-m
ea

n
su

b
-G

a
u

ssian
ran

d
om

vectors
w

ith
p

aram
eters

(Σ
X
,σ

2x )
an

d
(Σ
∗ε ,σ

2ε ),
resp

ec-
tively.

M
oreover,

th
rou

gh
ou

t
th

is
section

,
all

resu
lts

are
b

ased
on

th
e

assu
m

p
tion

th
at

Θ
∗ε

is
d

iago
n

a
lly

d
om

in
an

t.

R
em

a
rk

7.
B

efore
m

ov
in

g
on

to
th

e
m

ain
statem

en
ts

o
f

T
h

eo
rem

2,
w

e
w

o
u

ld
like

to
p

o
in

t
o
u

t
th

at
w

ith
a

sligh
t

ab
u

se
of

n
otation

,
for

T
h

eorem
2

an
d

its
rela

ted
p

rop
osition

s
a
n

d
coro

llaries,
th

e
statem

en
ts

an
d

an
aly

ses
are

b
ased

on
eq

u
ation

(12)
on

ly,
w

ith
a
n

y
d
eterm

in
istic

sym
m

etric
m

a
trix

Θ̂
ε

w
ith

in
a

sm
all

b
a
ll

arou
n

d
Θ
∗ε .

S
im

ilarly
in

T
h

eo
rem

3,
P

ro
p

osition
3

an
d

C
orollary

2,
th

e
an

a
ly

ses
are

b
ased

on
eq

u
ation

(13
)

on
ly,

fo
r

a
n

y
given

d
eterm

in
istic

β̂
w

ith
in

a
sm

all
b

all
arou

n
d
β
∗.

T
h

e
ran

d
om

n
ess

of
β̂

an
d

Θ̂
ε

d
u

rin
g

th
e

itera
tive

p
ro

ced
u

re
w

ill
b

e
taken

in
to

co
n

sid
eration

co
m

p
reh

en
sively

in
T

h
eorem

4.

T
h

e
o
re

m
2

(E
rror

b
ou

n
d

for
β̂

w
ith

fi
x
ed

realization
s

of
X

a
n

d
E

).
C

o
n

sid
er
β̂

given
by

(1
2
).

F
o
r

a
n

y
fi

xed
pa

ir
o
f

rea
liza

tio
n

s
o
f
X

a
n

d
E

,
a
ssu

m
e

th
e

fo
llo

w
in

g:

A
1
.

Θ̂
ε

is
a

d
eterm

in
istic

m
a
trix

sa
tisfyin

g
th

e
bo

u
n

d
‖Θ̂

ε −
Θ
∗ε ‖∞

≤
ν

Θ
w

h
ere

ν
Θ

=
η

Θ

(√
lo

g
p

2

n

)
a
n

d
η

Θ
is

so
m

e
co

n
sta

n
t

d
epen

d
in

g
o
n

ly
o
n

Θ
∗ε ;

A
2
.

Γ̂
∼
R
E

(ϕ
,φ

),
w

ith
s ∗∗φ

≤
ϕ
/32;

A
3
.

(Γ̂
,γ̂

)
sa

tisfi
es

th
e

d
evia

tio
n

bo
u

n
d

‖
γ̂
−

Γ̂
β
∗‖∞

≤
Q

(ν
Θ

) √
log

(p
1 p

2 )

n
,

w
h
ere

Q
(ν

Θ
)

is
so

m
e

qu
a
n

tity
d
epen

d
in

g
o
n
ν

Θ
.

T
h
en

,
fo

r
a
n

y
λ
n
≥

4Q
(ν

Θ
) √

lo
g
(p

1
p

2
)

n
,

th
e

fo
llo

w
in

g
bo

u
n

d
h
o
ld

s:

‖
β̂
−
β
∗‖

1 ≤
64s ∗∗λ

n
/ϕ
.
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E
st

im
a
t
in

g
M

u
lt

i-
l
a
y
e
r
e
d

G
a
u
ss

ia
n

G
r
a
p
h
ic

a
l

M
o
d
e
l
s

T
h

e
fo

ll
ow

in
g

tw
o

p
ro

p
os

it
io

n
s

ve
ri

fy
th

e
R

E
co

n
d

it
io

n
fo

r
Γ̂

an
d

d
ev

ia
ti

o
n

b
o
u
n

d
fo

r
(Γ̂
,γ̂

)
h

ol
d

w
it

h
h

ig
h

p
ro

b
ab

il
it

y
fo

r
a

ra
n

d
om

p
ai

r
(X
,E

),
gi

ve
n

an
y

sy
m

m
et

ri
c,

m
at

ri
x

Θ̂
ε

sa
ti

sf
y
in

g
(A

1)
.

P
ro

p
o
si

ti
o
n

1
(V

er
ifi

ca
ti

on
of

R
E

co
n

d
it

io
n

fo
r

ra
n

d
o
m
X

an
d
E

).
C

o
n

si
d
er

a
n

y
d
et

er
m

in
-

is
ti

c
m

a
tr

ix
Θ̂
ε

sa
ti

sf
yi

n
g

(A
1
).

L
et

th
e

sa
m

p
le

si
ze

sa
ti

sf
y
n
%

m
ax
{s
∗∗

lo
g
p

1
,d

2
lo

g
p

2
}.

W
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

2
ex

p
(−
c 3
n

)
fo

r
so

m
e

co
n

st
a
n

t
c 3
>

0,
Γ̂

sa
ti

sfi
es

th
e

fo
ll

o
w

in
g

R
E

co
n

d
it

io
n

: Γ̂
≡

Θ̂
ε
⊗

(X
′ X
/n

)
∼
R
E

( ϕ
∗ (

m
in i
ψ
i
−
d
ν Θ

),
φ
∗

m
ax i

(ψ
i
+
d
ν Θ

))
,

w
h
er

e
ϕ
∗

=
Λ

m
in

(Σ
∗ X

)
2

,
φ
∗

=
(ϕ
∗

lo
g
p

1
)/
n

,
a
n

d
ψ
i

is
d
efi

n
ed

a
s:

ψ
i

:=
σ
ii ε
−

p
2 ∑ j6=
i

σ
ij ε
,

w
h
er

e
σ
ij ε

’s
d
en

o
te

th
e

en
tr

ie
s

in
Θ
∗ ε

h
en

ce
ψ
i

is
th

e
ga

p
be

tw
ee

n
it

s
d
ia

go
n

a
l

en
tr

y
a
n

d
th

e
su

m
o
f

o
ff

-d
ia

go
n

a
l

en
tr

ie
s

fo
r

ro
w
i.

P
ro

p
o
si

ti
o
n

2
(D

ev
ia

ti
on

b
ou

n
d

fo
r

(Γ̂
,γ̂

)
fo

r
ra

n
d

om
X

an
d
E

).
C

o
n

si
d
er

a
n

y
d
et

er
m

in
-

is
ti

c
m

a
tr

ix
Θ̂
ε

sa
ti

sf
yi

n
g

(A
1
).

L
et

sa
m

p
le

si
ze
n

sa
ti

sf
y
n
%

lo
g
(p

1
p

2
).

W
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

12
c 1

ex
p

[−
(c

2 2
−

1)
lo

g
(p

1
p

2
)]

fo
r

so
m

e
c 1
>

0
,c

2
>

1,

th
e

fo
ll

o
w

in
g

bo
u

n
d

h
o
ld

s:

‖γ̂
−

Γ̂
β
∗ ‖
∞

=
1 n

∥ ∥ ∥X
′ E

Θ̂
ε∥ ∥ ∥ ∞

≤
Q

(ν
Θ

)√
lo

g
(p

1
p

2
)

n
,

w
h
er

e

Q
(ν

Θ
)

=
c 2

{
d
ν Θ

[Λ
m

a
x
(Σ
∗ X

)Λ
m

a
x
(Σ
∗ ε)

]1
/
2

+

[ Λ
m

a
x
(Σ
∗ X

)

Λ
m

in
(Σ
∗ ε)

] 1
/
2
}
.

(1
6)

R
em

a
rk

8.
In

P
ro

p
os

it
io

n
1,

th
e

q
u

an
ti

ty
d

2
lo

g
p

2
th

at
sh

ow
s

u
p

in
th

e
sa

m
p

le
si

ze
re

q
u

ir
e-

m
en

t
is

a
re

su
lt

of
ν Θ

=
O

(√
lo

g
p

2
/n

),
w

h
ic

h
is

th
e

co
m

m
on

or
d

er
of

er
ro

r
in

a
ge

n
er

ic
gr

ap
h

ic
al

L
as

so
p

ro
b

le
m

.
H

en
ce

h
er

e
w

e
ex

p
li

ci
tl

y
li

st
it

fo
r

th
e

p
u

rp
os

e
o
f

sh
ow

in
g

re
su

lt
s

fo
r

th
e

ge
n

er
ic

gr
ap

h
ic

al
L

as
so

es
ti

m
at

io
n

p
ro

b
le

m
.

In
ou

r
it

er
at

iv
e

al
go

ri
th

m
,

th
e

o
rd

er
o
f

ν
(k

)
Θ

d
ep

en
d

s
on

th
e

re
la

ti
ve

or
d

er
of
p

1
an

d
p

2
,

w
h
ic

h
m

ay
p

ot
en

ti
al

ly
m

ak
e

th
e

sa
m

p
le

si
ze

re
q
u

ir
em

en
t

m
or

e
st

ri
n

ge
n
t.

T
h

is
w

il
l
b

e
d

is
cu

ss
ed

in
m

or
e

d
et

ai
l
in

th
e

p
ro

o
f

o
f

T
h

eo
re

m
4
.

G
iv

en
th

e
re

su
lt

s
in

T
h

eo
re

m
2,

P
ro

p
o
si

ti
on

1
an

d
P

ro
p

os
it

io
n

2,
n

ex
t

w
e

p
ro

v
id

e
C

or
ol

la
ry

1,
w

h
ic

h
gi

ve
s

th
e

er
ro

r
b

ou
n

d
fo

r
β̂

fo
r

ra
n

d
om

re
al

iz
at

io
n

s
of
X

an
d
E

.

C
o
ro

ll
a
ry

1
(E

rr
or

B
ou

n
d

fo
r
β̂

fo
r

ra
n

d
om

X
an

d
E

).
C

o
n

si
d
er

a
n

y
d
et

er
m

in
is

it
ic

Θ̂
ε

sa
ti

sf
yi

n
g

th
e

fo
ll

o
w

in
g

el
em

en
t-

w
is

e
` ∞

-b
o
u

n
d
:

‖Θ̂
ε
−

Θ
∗ ε‖
∞
≤
ν Θ
,
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1

L
in

,
B

a
su

,
B

a
n
e
r
je

e
a
n
d

M
ic

h
a
il

id
is

w
it

h
ν Θ

=
η Θ

√
lo

g
p

2

n
.

T
h
en

fo
r

sa
m

p
le

si
ze

n
%

lo
g
(p

1
p

2
)
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>
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−
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−
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‖Ŝ
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Ŝ
=

1 n
(Y
−
X
B̂

)′
(Y
−
X
B̂

),

a
n

d
g
(ν
β
)

is
so

m
e

qu
a
n

ti
ty

d
ep

en
d
in
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d
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Θ
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p
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%
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e
in

co
h
er

en
ce

pa
ra

m
et

er
a
s

d
efi

n
ed

in
D

efi
n

it
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p
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d
er

co
n

d
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p
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−
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−
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−
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>
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h
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p
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(c
22 −

1
)

lo
g
(p

1 p
2 )],

fo
r

so
m

e
c

1
>
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r
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te

th
at

al
w

ay
s

h
ol

d
s

th
at

‖β̂
(k

)
R
−
β
∗ R
‖

=
‖β̂

(k
)
−
β
∗ ‖
.

N
ow

le
t

S̄
=

⋃

j∈
{1
,··
·,p

2
}S

j
,

an
d

le
t
s̄

b
e

it
s

ca
rd

in
al

it
y.

It
ca

n
b

e
sh

ow
n

th
at

th
e

b
es

t
ac

h
ie

va
b

le
er

ro
r

b
o
u

n
d

fo
r
β̂

(k
)

R
is

id
en

ti
ca

l
to
β̂

(k
)

S̄
,

w
h

er
e
β̂

(k
)

S̄
is

ob
ta

in
ed

b
y

co
n

si
d

er
in

g
co

va
ri

at
es
X
S̄

fo
r

a
ll
p

2
re

g
re

ss
io

n
s,

in
st

ea
d

of
th

e
en

ti
re
X

.
F

or
th

is
sp

ec
ifi

c
re

as
on

,
fo

rm
al

ly
,

w
e

st
at

e
th

e
th

eo
re

ti
ca

l
re

su
lt

s
fo

r
th

e
ca

se
w

h
er

e
w

e
co

n
si

d
er

re
gr

es
si

n
g

on
X
S̄

,
w

h
ic

h
is

al
m

os
t

id
en

ti
ca

l
to

th
e

g
en

er
ic

ca
se

. S
u

p
p

os
e

co
n

d
it

io
n

s
C

1,
C

2
an

d
C

3
in

T
h

eo
re

m
4

h
ol

d
,

th
en

th
er

e
ex

is
ts

co
n

st
an

ts
c 1
>

0
,c

2
>

1
,c

3
>

0
,τ

1
>

2
,τ

2
>

2
su

ch
th

at
:

(I
)

fo
r

sa
m

p
le

si
ze

sa
ti

sf
y
in

g
n
%

lo
g
(s̄
p

2
),

w
.p

.
at

le
as

t
1
−

2
ex

p
(−
c 3
n

)
−

6c
1

ex
p

[−
(c

2 2
−

1)
lo

g
(s̄
p

2
)]

,
fo

r
an

y

λ
0 n
≥

4
c 2

[ Λ
m

a
x
(Σ
∗ X
S̄
)Λ

m
a
x
(Σ
∗ ε)
] 1
/
2
√

lo
g
(s̄
p

2
)

n
,

th
e

in
it

ia
l

es
ti

m
at

e
β̂

(0
)

S̄
sa

ti
sfi

es
th

e
fo

ll
ow

in
g

b
ou

n
d

:

‖β̂
(0

)

S̄
−
β
∗ S̄‖

1
≤

64
s∗
∗ λ

0 n
/ϕ
∗ S̄
≡
ν

(0
)

β
S̄
,

w
h

er
e
ϕ
∗ S̄

=
Λ

m
in

(Σ
∗ X
S̄
)/

2.
M

or
eo

ve
r,

b
y

ch
o
os

in
g
ρ

0 n
=

(8 ξ
)g

(ν
(0

)
β
S̄

)
w

h
er

e
th

e
ex

p
re

ss
io

n
fo

r

g
(·)

is
gi

ve
n

in
(2

0)
,

w
it

h
p

ro
b

ab
il

it
y

at
le

as
t

1
−

1
/s̄
τ 1
−

2
−

1
/p
τ 2
−

2
2
−

2
ex

p
(−
c 3
n

)
−

6c
1

ex
p

[−
(c

2 2
−

1)
lo

g
(s̄
p

2
)]
,

th
e

fo
ll

ow
in

g
b

ou
n

d
h

ol
d

s:

‖Θ̂
(0

)
ε
−

Θ
∗ ε‖
∞
≤
{2

(1
+

8
ξ−

1
)κ
H
∗
}g

(ν
(0

)
β
S̄

)
≡
ν

(0
)

Θ
.

(I
I)

F
or

sa
m

p
le

si
ze

sa
ti

sf
y
in

g
n
%
d

2
lo

g
(s̄
p

2
),

fo
r

an
y

it
er

at
io

n
k
≥

1,
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−

1/
s̄τ

1
−

2
−

1/
p
τ 2
−

2
2
−

12
c 1

ex
p

[−
(c

2 2
>

1)
lo

g
(s̄
p

2
)]
−

2
ex

p
[−
c 3
n

],

th
e

fo
ll

ow
in

g
b

ou
n

d
h

ol
d

fo
r

al
l
β̂

(k
)

S̄
an

d
Θ̂

(k
)

ε
:

‖β̂
(k

)

S̄
−
β
∗ ‖

1
≤
C
β

( s∗
∗√

lo
g
(s̄
p

2
)

n

)
,
‖β̂

(k
)

S̄
−
β
∗ ‖
F
≤
C
′ β

(
√
s∗
∗

lo
g
(s̄
p

2
)

n

)
,

‖Θ̂
(k

)
ε
−

Θ
∗ ε‖
∞
≤
C

Θ

( √
lo

g
(s̄
p

2
)

n

)
,
‖Θ̂

(k
)

ε
−

Θ
∗ ε‖
F
≤
C
′ Θ

√
(s
∗ ε

+
p

2
)

lo
g
(s̄
p

2
)

n
,
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1

L
in

,
B

a
su

,
B

a
n
e
r
je

e
a
n
d

M
ic

h
a
il

id
is

w
h

er
e
s∗
∗

is
th

e
sp

a
rs

it
y

o
f
β
∗ ,
C
β
,
C
′ β,
C

Θ
an

d
C
′ θ

ar
e

a
ll

co
n

st
a
n
ts

th
a
t

d
o

n
o
t

d
ep

en
d

o
n

n
,S̄
,p

2
.

3
.3

F
a
m

il
y
-w

is
e

E
rr

o
r

R
a
te

C
o
n
tr

o
l

o
f

th
e

S
c
re

e
n

in
g

S
te

p
.

A
s

m
en

ti
on

ed
in

th
e

In
tr

o
d

u
ct

io
n

,
fo

r
th

e
it

er
a
ti

ve
a
lg

or
it

h
m

to
w

or
k

eff
ec

ti
ve

ly
,

it
is

cr
u

ci
al

to
in

it
ia

li
ze

fr
om

p
o
in

ts
th

a
t

ar
e

cl
o
se

to
th

e
tr

u
e

p
a
ra

m
et

er
s.

O
u

r
sc

re
en

in
g

st
ep

p
ro

v
id

es
su

ch
gu

ar
an

te
es

a
sy

m
p
to

ti
ca

ll
y.

B
a
se

d
o
n

th
e

sc
re

en
in

g
st

ep
d

es
cr

ib
ed

in
S

ec
ti

o
n

2.
2,

in
it

ia
l

es
ti

m
a
te

s
fo

r
ea

ch
co

lu
m

n
of

th
e

re
gr

es
si

o
n

m
a
tr

ix
a
re

ob
ta

in
ed

b
y

L
a
ss

o
or

R
id

ge
re

gr
es

si
o
n

w
it

h
th

e
su

p
p

or
t

se
t

re
st

ri
ct

ed
to

th
e

o
n

e
id

en
ti

fi
ed

b
y

th
e

sc
re

en
in

g
st

ep
.

It
is

d
es

ir
ab

le
fo

r
th

e
sc

re
en

in
g

st
ep

to
co

rr
ec

tl
y

id
en

ti
fy

th
e

tr
u

e
su

p
p

o
rt

se
t.

In
p

a
rt

ic
u

la
r,

w
e

w
o
u

ld
li

ke
to

re
ta

in
as

m
a
n
y

tr
u

e
p

os
it

iv
e

p
re

d
ic

to
r

va
ri

a
b

le
s

as
p

os
si

b
le

w
it

h
ou

t
d
is

co
ve

ri
n

g
to

o
m

a
n
y

fa
ls

e
p

os
it

iv
e

on
es

.
T

h
e

fo
ll

ow
in

g
th

eo
re

m
st

at
es

th
at

a
s

lo
n

g
a
s

lo
g
(p

1
p

2
)/
n

=
o(

1
)

a
n

d
th

e
sp

ar
si

ty
is

n
o
t

b
ey

on
d

a
sp

ec
ifi

ed
le

ve
l,

th
e

sc
re

en
in

g
st

ep
w

il
l

b
e

a
b

le
to

re
co

ve
r

a
ll

tr
u

e
p

os
it

iv
e

p
re

d
ic

to
rs

,
w

h
il

e
k
ee

p
in

g
th

e
fa

m
il

y
-w

is
e

ty
p

e
I

er
ro

r
u

n
d
er

co
n
tr

ol
.

T
h

e
o
re

m
5
.

L
et
S
∗ j

d
en

o
te

th
e

tr
u

e
su

p
po

rt
se

t
o
f

th
e
jt

h
re

gr
es

si
o
n

a
n

d
s∗ j

be
it

s
ca

rd
in

a
li

ty
.

S
u

p
po

se
th

a
t

lo
g
(p

1
p

2
)/
n
→

0
a
n

d
th

e
fo

ll
o
w

in
g

co
n

d
it

io
n

fo
r

sp
a
rs

it
y

h
o
ld

s:

m
a
x
{s
∗ j,
j

=
1,
··
·,
p

2
}

=
o(
√
n
/

lo
g
p

1
).

T
h
en

,
th

e
sc

re
en

in
g

st
ep

d
es

cr
ib

ed
in

S
ec

ti
o
n

2
.2

w
il

l
co

rr
ec

tl
y

re
co

ve
r
S
∗ j

fo
r

a
ll
j

=
1
,·
··
,p

2
w

it
h

p
ro

ba
bi

li
ty

a
p
p
ro

a
ch

in
g

to
1
,

w
h
il

e
ke

ep
in

g
th

e
fa

m
il

y-
w

is
e

ty
pe

I
er

ro
r

ra
te

u
n

d
er

th
e

p
re

sp
ec

ifi
ed

le
ve

l
α

.

R
em

a
rk

10
.

T
h

e
sp

ec
ifi

ed
le

ve
l

fo
r

sp
a
rs

it
y

is
n

ec
es

sa
ry

fo
r

th
e

d
e-

b
ia

se
d

L
a
ss

o
p

ro
ce

d
u

re
in

J
av

a
n

m
ar

d
an

d
M

on
ta

n
a
ri

(2
0
14

)
to

p
ro

d
u

ce
u

n
b

ia
se

d
es

ti
m

a
te

s
fo

r
th

e
re

g
re

ss
io

n
co

ef
-

fi
ci

en
ts

.
In

te
rm

s
of

su
p

p
o
rt

re
co

ve
ry

fo
r

th
e

sc
re

en
in

g
st

ep
,

w
it

h
lo

g
(p

1
p

2
)/
n

=
o(

1)
,

w
e

on
ly

re
q
u

ir
e
s∗

=
o(
p

1
),

w
h

ic
h

is
m

u
ch

w
ea

ke
r

an
d

ea
si

ly
sa

ti
sfi

ed
.

T
h

e
fo

ll
ow

in
g

co
ro

ll
a
ry

co
n

n
ec

ts
th

e
sc

re
en

in
g

st
ep

w
it

h
th

e
a
lt

er
n

a
ti

n
g

se
a
rc

h
st

ep
,

u
n

d
er

th
e

d
is

cu
ss

ed
a
sy

m
p

to
ti

c
re

g
im

e
:

C
o
ro

ll
a
ry

4
.

C
o
n

si
d
er

th
e

m
od

el
se

t-
u

p
gi

ve
n

in
S

ec
ti

o
n

2
.1

.
L

et
s∗

d
en

o
te

th
e

m
a
xi

m
u

m
sp

a
rs

it
y

fo
r

a
ll
B
∗ j,
j

=
2,
··
·,
p

2
,

a
n

d
d

d
en

o
te

th
e

m
a
xi

m
u

m
d

eg
re

e
o
f

Θ
∗ ε.

A
ls

o
,

le
t
s∗
∗

d
en

o
te

th
e

sp
a
rs

it
y

fo
r
β
∗

a
n

d
s∗ ε

d
en

o
te

th
e

sp
a
rs

it
y

fo
r

Θ
∗ ε.

A
ss

u
m

e
th

er
e

ex
is

t
po

si
ti

ve
co

n
st

a
n

ts
c s
∗
,c
s∗
∗
,c
d
,c
s̄
,c
p

2
sa

ti
sf

yi
n

g

0
<
c s
∗

+
c s̄
<

1
/2

;
0
<
c s
∗∗

+
c s̄
<

1
;

0
<

2
c d

+
c s̄
<

1
;

0
<

m
ax
{c
s∗ ε
,c
p

2
}+

c s̄
<

1

su
ch

th
a
t

s∗
=
O

(n
c s

);
s∗
∗

=
O

(n
c s
∗∗

);
s∗ ε

=
O

(n
c s
∗ ε
);

d
=
O

(n
c d

);
s̄

=
O

(e
n
c
p
1
);

p
2

=
O

(n
c p

2
).

A
s
n
→
∞

,

P
({

T
h
e

sc
re

en
in

g
st

ep
co

rr
ec

tl
y

re
co

ve
rs

th
e

tr
u

e
su

p
po

rt
se

t
fo

r
a
ll
B
j
,j

=
1,
··
·,
p
})
→

1
,

a
n

d
fo

r
a
ll

it
er

a
ti

o
n

s
k

:

m
a
x

k
≥

1

∥ ∥ ∥(
β̂

R
,Θ̂

(k
)

ε
)
−

(β
∗ R
,Θ
∗ ε)
∥ ∥ ∥

p →
0
.

T
h

e
p

ro
o
f

of
th

is
co

ro
ll

a
ry

fo
ll

ow
s

a
lo

n
g

th
e

sa
m

e
li

n
es

as
T

h
eo

re
m

4
,

a
n

d
w

e
le

av
e

th
e

d
et

a
il

s
to

th
e

re
ad

er
.
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E
st

im
a
t
in

g
M

u
lt

i-l
a
y
e
r
e
d

G
a
u
ssia

n
G

r
a
p
h
ic

a
l

M
o
d
e
l
s

3
.4

E
stim

a
tio

n
E

rro
r

a
n

d
Id

e
n
tifi

a
b

ility
.

In
th

is
su

b
sectio

n
,

w
e

d
iscu

ss
in

d
eta

il
th

e
co

n
d

ition
s

n
eed

ed
fo

r
th

e
p

a
ra

m
eters

in
o
u

r
m

u
lti-lay

ered
n

etw
ork

to
b

e
id

en
tifi

ab
le

(estim
a
b

le).
W

e
fo

cu
s

th
e

p
resen

ta
tio

n
fo

r
ease

of
ex

p
o
sitio

n
o
n

a
th

ree-layer
n

etw
o
rk

an
d

th
en

d
iscu

ss
th

e
gen

era
l
M

-layer
ca

se.
C

o
n

sid
er

a
3
-layer

g
rap

h
ical

m
o
d

el.
L

et
X̃

=
[(X

1) ′,(X
2) ′] ′

b
e

th
e

(p
1
+
p

2 )
d

im
en

sio
n

a
l

ra
n

d
o
m

variab
le,

w
h

ich
rep

resen
ts

th
e

“
su

p
er”

-layer
o
n

w
h

ich
w

e
reg

ress
X

3
to

estim
ate

B
1
3,
B

2
3

an
d

Σ
3.

A
s

sh
ow

n
in

T
h

eo
rem

2
,

th
e

estim
a
tion

erro
r

fo
r
β̂

ta
kes

th
e

fo
llow

in
g

fo
rm

:
‖
β̂
−
β
∗‖

1 ≤
6
4s ∗∗λ

n
/
ϕ
,

w
h

ere
ϕ

is
th

e
cu

rva
tu

re
p

ara
m

eter
fo

r
R

E
con

d
itio

n
th

a
t

scales
w

ith
Λ

m
in (Σ

X̃
)

(see
P

ro
p

o
-

sitio
n

1
).

T
h

erefore,
th

e
erro

r
o
f

estim
a
tin

g
th

ese
regressio

n
p

a
ra

m
eters

is
h
ig

h
er

w
h

en
Λ

m
in (Σ

X̃
)

is
sm

aller.
In

th
is

sectio
n

,
w

e
d
eriv

e
a

low
er

b
ou

n
d

o
n

th
is

q
u

an
tity

to
d

em
on

-
strate

h
ow

th
e

estim
a
tio

n
erro

r
d

ep
en

d
s

o
n

th
e

u
n
d

erly
in

g
stru

ctu
re

of
th

e
g
ra

p
h

.
F

o
r

th
e

u
n

d
irected

su
b

g
rap

h
w

ith
in

a
layer

k
,

w
e

d
en

o
te

its
m

a
x
im

u
m

n
o
d

e
cap

a
city

b
y

v
(Θ

k)
:=

m
a
x

1≤
i≤
p
k ∑

p
k
j=

1 |Θ
ij |.

F
o
r

th
e

d
irected

b
ip

a
rtite

su
b

g
ra

p
h

con
sistin

g
o
f

L
ayer

s→
t

ed
ges

(s
<
t),

w
e

sim
ilarly

d
efi

n
e

th
e

m
a
x
im

u
m

in
com

in
g

a
n

d
o
u

tg
oin

g
n

o
d

e
ca

p
a
cities

b
y

v
in

(B
st)

:=
m

ax
1≤
j≤
p
t ∑

p
s

i=
1 |B

st
ij |

a
n

d
v
o
u
t (B

st)
:=

m
a
x

1≤
i≤
p
s ∑

p
t

j=
1 |B

st
ij |.

T
h

e
fo

llow
in

g
p

rop
o
sitio

n
esta

b
lish

es
th

e
low

er
b

ou
n

d
in

term
s

o
f

th
ese

n
o
d
e

ca
p
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(Ŝ

(1
) Θ

ε)
+
ρ
n
‖Θ

ε‖
1
,o

ff

}
,

w
h

er
e
Ŝ
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th

th
e

d
irected

a
n

d
u

n
d

irected
ed

g
es,

sin
ce

it
w

a
s

a
ssu

m
ed

th
a
t

th
e

m
u

lti-layer
n

etw
o
rk

w
as

sp
a
rse

b
o
th

b
etw

een
layers

an
d

w
ith

in
layers.

In
m

a
n
y

scien
tifi

c
ap

p
lica

tio
n

s,
ex

tern
a
l

in
form

a
tion

m
ay

req
u

ire
im

p
o
sin

g
g
ro

u
p

p
en

a
lties,

p
rim

a
rily

o
n

th
e

d
irected

ed
g
e

p
a
ra

m
e-

ters
(B

).
F

or
ex

a
m

p
le,

in
a

gen
e-p

ro
tein

2
-layer

n
etw

o
rk

,
g
en

es
ca

n
b

e
g
rou

p
ed

a
cco

rd
in

g
to

th
eir

fu
n

ction
in

p
ath

w
ay

s
an

d
on

e
m

ay
b

e
in

terested
in

a
ssessin

g
th

e
p

a
th

w
ay

’s
im

p
act

o
n

p
ro

tein
s.

In
th

at
ca

se,
a

grou
p

la
sso

p
en

alty
ca

n
b

e
im

p
o
sed

.
In

g
en

era
l,

th
e

p
ro

p
o
sed

fra
m

ew
o
rk

ca
n

ea
sily

a
ccom

m
o
d

ate
o
th

er
ty

p
es

o
f

p
en

a
lties

in
acco

rd
a
n
ce

to
th

e
u

n
d

er-
ly

in
g

d
a
ta

g
en

era
tin

g
p

ro
ced

u
re.

T
h

e
ex

a
ct

fo
rm

of
th

e
erro

r
b

o
u

n
d

s
estab

lish
ed

w
ou

ld
b

e
d

iff
eren

t,
d

ep
en

d
in

g
on

th
e

ex
a
ct

ch
o
ice

o
f

p
en

a
lty

selected
.

N
everth

eless,
as

lo
n

g
a
s

th
e

p
en

a
lty

is
con

vex
,

all
argu

m
en

ts
reg

a
rd

in
g

b
i-co

n
vex

ity
an

d
co

n
verg

en
ce

fo
llow

,
a
n

d
w

e
ca

n
u

se
sim

ilar
strateg

ies
to

b
ou

n
d

th
e

sta
tistical

erro
r

o
f

th
e

estim
a
to

rs,
o
b

tain
ed

v
ia

th
e

iterative
a
lgo

rith
m

.
N

ex
t,

w
e

d
iscu

ss
con

n
ectio

n
s

o
f

th
is

w
ork

to
th

a
t

in
S

oh
n

a
n

d
K

im
(2

01
2
);

Y
u

a
n

a
n

d
Z

h
a
n

g
(2

01
4);

M
cC

arter
a
n

d
K

im
(2

0
14

).
In

th
ese

p
ap

a
p

ers,
a
n

a
ltern

a
tive

p
a
ram

eter-
iza

tion
of

th
e

2-layer
n

etw
o
rk

is
a
d
o
p

ted
.

S
p

ecifi
cally,

a
ll

n
o
d

es
in

lay
ersd

1
a
n

d
2

a
re

co
n

sid
ered

jo
in

tly
a
n

d
a
ssu

m
ed

to
b

e
d

raw
n

fro
m

th
e

fo
llow

in
g

G
a
u

ssia
n

d
istrib

u
tio

n
:

(
XY

)
∼
N
(

0, (
Ω
X

Ω
X
Y

Ω
Y
X

Ω
Y

)
−

1 )
,

a
n

d
b
y

co
n

d
ition

in
g
Y

on
X

,
o
n

e
ob

ta
in

s

Y
|X
∼
N
(−

Ω
−

1
Y

Ω
′X
Y
X
,Ω
−

1
Y

)
.

(2
4)

C
o
m

p
are

(24
)

w
ith

o
u

r
m

o
d

el
set-u

p
in

S
ection

2
.1

,
th

e
fo

llow
in

g
co

rresp
o
n

d
en

ce
h

o
ld

s:

B
=
−

Ω
X
Y

Ω
−

1
Y
,

Ω
Y

=
Θ
ε .

(25
)

N
o
te

th
a
t

th
e

co
rresp

o
n

d
en

ce
in

(25
)

is
o
n

ly
g
u

a
ran

teed
to

h
o
ld

in
selective

settin
g
s.

S
p

ecif-
ica

lly,
at

th
e

p
o
p

u
la

tion
level,

th
e

corresp
o
n

d
en

ce
b

etw
een

(Ω
X
Y
,Ω

Y
)

a
n

d
(B
,Θ

ε )
h
o
ld

s
in

th
e

a
b

sen
ce

o
f

a
n
y

sp
a
rsity

p
en

a
liza

tio
n

.
F

u
rth

er,
in

a
low

-d
im

en
sio

n
a
l

d
ata

settin
g

w
ith

o
u

t
p

en
alty

term
s

in
th

e
ob

jectiv
e

fu
n

ctio
n

,
th

e
estim

a
tes

fro
m

th
e

tw
o

p
a
ra

m
eteriza

-
tio

n
s

w
ou

ld
b

e
sim

ila
r

p
rov

id
ed

th
a
t

th
e

p
ro

b
lem

is
w

ell-co
n

d
itio

n
ed

a
n

d
th

e
sam

p
le

size
rea

so
n

a
b

ly
large.

H
ow

ever,
th

e
situ

atio
n

is
d

iff
eren

t
in

h
ig

h
-d

im
en

sio
n

a
l

settin
g
s

a
n

d
in

th
e

p
resen

ce
o
f

sp
a
rsity

p
en

a
lties.

S
p

ecifi
ca

lly,
g
iven

d
a
ta
X

a
n

d
Y

,
in

stea
d

of
p

a
ram

etrizin
g

th
e

m
o
d

el
in

term
s

o
f

(B
,Θ

ε ),
th

e
a
u

th
o
rs

in
S

o
h

n
a
n

d
K

im
(20

1
2
);

Y
u

a
n

a
n

d
Z

h
a
n

g
(20

1
4
);

M
cC

a
rter

a
n

d
K

im
(20

1
4)

co
n

sid
er

th
e

follow
in

g
o
p

tim
iza

tio
n

p
rob

lem
,

p
a
ra

m
etrized

in
(Ω

X
Y
,Ω

Y
):

m
in

Ω
X
Y
,Ω
Y

g
(Ω

X
Y
,Ω

Y
)≡

g
0 (Ω

X
Y
,Ω

Y
),+
R

(Ω
X
Y
,Ω

Y
)

(2
6
)

w
h

ere
g

0 (Ω
X
Y
,Ω

Y
)

=
−

log
d

et
Ω
Y

+
1n
tr [(Y

+
Ω
X
Y

Ω
−

1
Y
X

) ′Ω
Y

(Y
+

Ω
X
Y

Ω
−

1
Y
X

) ]
is

jo
in

tly
co

n
vex

in
(Ω

X
Y
,Ω

Y
),

a
n

d
R

(Ω
X
Y
,Ω

Y
)

is
so

m
e

reg
u

la
riza

tion
term

.
In

p
a
rticu

la
r,

th
e
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L
in

,
B

a
su

,
B

a
n
e
r
je

e
a
n
d

M
ic

h
a
il

id
is

elem
en

t-w
ise

`
1

n
o
rm

on
Ω
Y

,
an

d
th

e
elem

en
t-w

ise
`
1

or
co

lu
m

n
-w

ise
`
1

n
orm

(m
atrix

2
,1

n
o
rm

)
on

Ω
X
Y

are
th

e
m

ain
p

en
alties

u
n

d
er

con
sid

eration
in

th
ose

p
ap

ers.
D

esp
ite

th
e

co
n
vex

form
u

lation
in

(26),
w

e
w

ou
ld

like
to

p
oin

t
ou

t
th

a
t

in
gen

era
l,

th
e

sp
arsity

p
attern

in
B

an
d

Ω
X
Y

are
n

ot
tran

sferab
le

th
rou

gh
th

e
reg

u
la

riza
tion

term
,

w
h

ich
u

n
d

erlies
a

m
a

jo
r

d
iff

eren
ce

b
etw

een
th

e
form

u
la

tion
in

(26
)

an
d

th
e

on
e

p
resen

ted
in

th
is

p
a
p

er.
G

iven
th

e
corresp

on
d

en
ce

in
(25),

th
ere

are
tw

o
cases

w
h

ere
B

an
d

Ω
X
Y

sh
are

th
e

sa
m

e
sp

a
rsity

p
attern

:
1)

Ω
Y

(or
Θ
ε ,

eq
u

ivalen
tly

)
is

d
iagon

al,
or

2)
b

oth
th

e
i th

row
in

B
an

d
Ω
X
Y

a
re

id
en

tically
zero,

for
an

arb
itrary

i
=

1,···
,p

1 .
H

ow
ever,

b
oth

settin
gs

are
fairly

restrictive
a
n

d
u

n
like

to
o
ccu

r
in

m
an

y
ap

p
lication

s.
N

ote
th

at
th

e
lin

ear
m

o
d

el
rep

resen
ts

a
n

atu
ral

m
o
d

elin
g

to
ol

fo
r

a
n
u

m
b

er
of

p
rob

-
lem

s
a
n

d
th

e
reg

ression
co

effi
cien

ts
h

ave
a

sp
ecifi

c
scien

tifi
c

in
terp

retation
.

T
h

is
is

easily
acco

m
p

lish
ed

th
ro

u
gh

th
e

(B
,Θ

ε )-p
aram

etrization
,

b
y

ad
d

in
g

p
ro

p
er

regu
larizatio

n
to
B

(e.g
.,

p
en

alty
w

h
ich

en
forces

elem
en

t-w
ise

sp
arsity

or
grou

p
-L

asso
ty

p
e

of
sp

arsity,
etc)

if
n

ecessary.
H

ow
ever,

w
ith

th
e

(Ω
X
Y
,Ω

Y
)-p

aram
etrization

,
th

e
u

n
d

erly
in

g
sp

arsity
in

th
e

tru
e

d
a
ta

gen
era

tin
g

p
ro

ced
u

re,
en

co
d

ed
b
y
B

,
w

ill
n

ot
b

e
easily

in
corp

orated
,

an
d

to
ad

d
a

reg
u

la
rization

term
on

Ω
X
Y

m
ay

lose
th

e
scien

tifi
c

in
terp

retab
ility,

an
d

m
ay

a
lso

lead
to

a
n

estim
ated

B
w

h
ose

sp
arsity

p
attern

is
com

p
letely

m
is-sp

ecifi
ed

,
ob

tain
ed

from
(25)

w
ith

Ω̂
X
Y
,Ω̂

Y
p

lu
gged

in
.

A
n

o
th

er
d

iff
eren

ce
w

e
w

ou
ld

like
to

p
oin

t
ou

t
is

th
at

on
ce

w
e

ad
d

p
en

alty
term

s
to

th
e

o
b

jective
fu

n
ction

in
th

e
low

d
im

en
sion

al
settin

g,
o
r

sw
itch

to
th

e
h

igh
d

im
en

sion
al

settin
g

(as
co

n
sid

ered
in

S
oh

n
an

d
K

im
(2012)

an
d

Y
u

an
an

d
Z

h
an

g
(2014

)),
th

e
co

rresp
on

d
en

ce
b

etw
een

th
e

op
tim

izer(s)
of

(1)
an

d
th

e
op

tim
izer(s)

of
(26

)
b

ecom
e

d
iffi

cu
lt

to
con

n
ect

a
n

aly
tica

lly.

A
ck

n
o
w

le
d
g
m

e
n
ts

G
eorg

e
M

ich
ailid

is
w

as
su

p
p

orted
b
y

N
S

F
aw

ard
s

D
M

S
-122

8164
an

d
D

M
S

-15452
77

an
d

N
IH

aw
a
rd

7R
21G

M
10171903.

M
ou

lin
ath

B
an

erjee
w

as
su

p
p

o
rted

b
y

N
S

F
aw

ard
D

M
S
-

1
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E
st

im
a
t
in

g
M

u
lt

i-
l
a
y
e
r
e
d

G
a
u
ss

ia
n

G
r
a
p
h
ic

a
l

M
o
d
e
l
s

A
p
p

e
n
d
ix

A
.

P
ro

o
fs

fo
r

M
a
in

T
h
e
o
re

m
s

P
ro
o
f
o
f
T
h
eo

re
m

1
.

W
e

in
it

ia
li

ze
th

e
al

go
ri

th
m

at
(B̂

(0
) ,

Θ̂
(0

)
ε

)
∈

d
om

(f
).

T
h

en
fo

r
a
ll

k
≥

1,

B̂
(k

)
=

ar
gm

in
B

f
(B
,Θ̂

(k
−

1
)

ε
),

(2
7)

Θ̂
(k

)
ε

=
ar

gm
in

Θ
ε

f
(B̂

k
,Θ

ε)
.

(2
8)

N
ow

,
co

n
si

d
er

a
li

m
it

p
oi

n
t

(B
∞
,Θ
∞ ε

)
of

th
e

se
q
u

en
ce
{(
B̂

(k
) ,

Θ̂
(k

)
ε

)}
k
≥

1
.

N
o
te

th
a
t

su
ch

li
m

it
p

oi
n
t

ex
is

ts
b
y

B
ol

za
n

o-
W

ei
er

st
ra

ss
th

eo
re

m
si

n
ce

th
e

se
q
u

en
ce
{(
B̂

(k
) ,

Θ̂
(k

)
ε

)}
k
≥

1
is

b
ou

n
d

ed
.

C
on

si
d

er
a

su
b

se
q
u

en
ce
K
⊆
{1
,2
,·
··
}

su
ch

th
at

(B̂
(k

) ,
Θ̂

(k
)

ε
) k
∈K

co
n
ve

rg
es

to

(B
∞
,Θ
∞ ε

).
N

ow
fo

r
th

e
b

ou
n

d
ed

se
q
u

en
ce
{(
B̂

(k
+

1
) ,

Θ̂
(k

)
ε

)}
k
∈K

,
w

it
h

ou
t

lo
ss

of
g
en

er
a
li

ty
,5

w
e

ca
n

sa
y

th
at

{(
B̂

(k
+

1
) ,

Θ̂
(k

)
ε

)}
k
∈K
→

(B̃
∞
,Θ̃
∞ ε

),
fo

r
so

m
e

(B̃
∞
,Θ̃
∞ ε

)
∈

d
om

(f
).

B
y

(2
7)

it
fo

ll
ow

s
im

m
ed

ia
te

ly
th

at
Θ̃
∞ ε

=
Θ
∞ ε

.
A

ls
o,

th
e

fo
ll

ow
in

g
in

eq
u

a
li

ty
h

ol
d

s:

f
(B̂

(k
+

1
) ,

Θ̂
(k

+
1
)

ε
)
≤
f

(B̂
(k

+
1
) ,

Θ̂
(k

)
ε

)
≤
f

(B̂
(k

) ,
Θ̂

(k
)

ε
).

T
h
u

s,
b
y

le
tt

in
g
k
→
∞

ov
er
K

,
w

e
h

av
e

f
(B
∞
,Θ
∞ ε

)
≤
f

(B̃
∞
,Θ
∞ ε

)
≤
f

(B
∞
,Θ
∞ ε

),

si
n

ce
f

is
co

n
ti

n
u

ou
s.

T
h

is
im

p
li

es
th

at

f
(B̃
∞
,Θ
∞ ε

)
=
f

(B
∞
,Θ
∞ ε

).
(2

9
)

N
ex

t,
si

n
ce
f

(B̂
(k

+
1
) ,

Θ̂
(k

)
ε

)
≤
f

(B
,Θ̂

(k
)

ε
),

fo
r

al
l
B
∈

R
p

1
×
p

2
,

le
t
k

gr
ow

al
o
n

g
K

,
a
n

d
w

e
ob

ta
in

th
e

fo
ll

ow
in

g:

f
(B̃
∞
,Θ
∞ ε

)
≤
f

(B
,Θ
∞ ε

),
∀B
∈
R
p

1
×
p

2
.

It
th

en
fo

ll
ow

s
fr

om
(2

9)
th

at

f
(B
∞
,Θ
∞ ε

)
≤
f

(B
,Θ
∞ ε

),
∀B
∈
R
p

1
×
p

2
.

(3
0)

F
in

al
ly

,
n

ot
e

th
at

f
(B̂

(k
) ,

Θ̂
(k

)
ε

)
≤
f

(B̂
(k

) ,
Θ
ε)

,
fo

r
al

l
Θ
∈

Sp
2
×
p

2
+

+
.

A
s

b
ef

o
re

,
le

t
k

g
ro

w
al

on
g
K

an
d

w
it

h
th

e
co

n
ti

n
u

it
y

of
f

,
w

e
ob

ta
in

:

f
(B
∞
,Θ
∞ ε

)
≤
f

(B
∞
,Θ

ε)
,
∀Θ

ε
∈
Sp

2
×
p

2
+

+
.

(3
1)

N
ow

,
(3

0)
an

d
(3

1)
to

ge
th

er
im

p
ly

th
at

(B
∞
,Θ
∞ ε

)
is

a
co

or
d
in

at
e-

w
is

e
m

in
im

u
m

o
f
f

a
n

d
b
y

F
ac

t
1,

al
so

a
st

at
io

n
ar

y
p

oi
n
t

of
f

.

5
.

sw
it

ch
in

g
to

so
m

e
fu

rt
h
er

su
b
se

q
u
en

ce
o
f
K

if
n
ec

es
sa

ry
.
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:1
-5

1

L
in

,
B

a
su

,
B

a
n
e
r
je

e
a
n
d

M
ic

h
a
il

id
is

P
ro
o
f
o
f
T
h
eo

re
m

2
.

T
h

e
st

a
te

m
en

t
of

T
h

eo
re

m
2

is
a

va
ri

a
ti

o
n

o
f

P
ro

p
o
si

ti
o
n

4
.1

in
B

as
u

a
n

d
M

ic
h

ai
li

d
is

(2
01

5
),

a
n

d
it

s
p

ro
o
f

fo
ll

ow
s

d
ir

ec
tl

y
fr

om
th

e
p

ro
o
f

o
f

th
e

p
ro

p
o
si

ti
o
n

in
B

a
su

an
d

M
ic

h
a
il

id
is

(2
0
1
5,

A
p

p
en

d
ix

B
).

W
e

o
n

ly
o
u

tl
in

e
h

ow
th

e
st

at
em

en
t

d
iff

er
s.

In
th

e
o
ri

gi
n

al
st

at
em

en
t

o
f
P

ro
p

o
si

ti
on

4
.1

in
B

as
u

a
n

d
M

ic
h

a
il

id
is

(2
01

5)
,
th

e
a
u

th
o
rs

p
ro

v
id

e
th

e
er

ro
r

b
ou

n
d

fo
r
β̄

,
ob

ta
in

ed
a
s

p
er

(1
4
)

w
h

os
e

d
im

en
si

o
n

is
qp

2
w

it
h
q

d
en

o
ti

n
g

th
e

tr
u

e
la

g
of

th
e

ve
ct

o
r-

a
u

to
re

g
re

ss
iv

e
p

ro
ce

ss
,

u
n

d
er

an
R

E
co

n
d

it
io

n
fo

r
Γ̄

an
d

a
d

ev
ia

ti
o
n

b
o
u

n
d

fo
r

(γ̄
,Γ̄

).
F

o
r

ou
r

p
ro

b
le

m
,

w
e

im
p

o
se

a
si

m
il

a
r

R
E

co
n

d
it

io
n

on
Γ̂

a
n

d
d

ev
ia

ti
on

b
o
u

n
d

o
n

(γ̂
,Γ̂

),
so

as
to

y
ie

ld
a

b
ou

n
d

o
n
β̂

th
a
t

li
es

in
a
p

1
p

2
-d

im
en

si
on

al
sp

a
ce

.

P
ro
o
f
o
f
T
h
eo

re
m

3
.

T
h

e
st

at
em

en
t

o
f

th
is

th
eo

re
m

is
a

va
ri

a
ti

o
n

o
f

T
h

eo
re

m
1

in
R

av
ik

u
m

ar
et

al
.

(2
0
1
1)

,
so

h
er

e,
in

st
ea

d
of

p
ro

v
id

in
g

a
co

m
p

le
te

p
ro

of
o
f

th
e

th
eo

re
m

,
w

e
o
n

ly
ou

tl
in

e
h

ow
th

e
es

ti
m

a
ti

on
p

ro
b

le
m

d
iff

er
s

in
o
u

r
se

tt
in

g
,

as
w

el
l

a
s

th
e

re
q
u

ir
ed

ch
an

ge
s

in
it

s
p

ro
of

.
In

R
av

ik
u

m
ar

et
al

.
(2

0
11

),
th

e
a
u

th
o
rs

co
n
si

d
er

th
e

op
ti

m
iz

at
io

n
p

ro
b

le
m

in
(1

5
),

an
d

sh
ow

th
at

fo
r

a
ra

n
d

o
m

re
a
li

za
ti

o
n

,
w

it
h

ce
rt

a
in

sa
m

p
le

si
ze

re
q
u

ir
em

en
t

a
n

d
ch

o
ic

e
o
f

th
e

re
g
u

la
ri

za
ti

on
p

ar
a
m

et
er

,
th

e
fo

ll
ow

in
g

b
o
u

n
d

fo
r

Θ̄
ε

h
o
ld

s
w

it
h

p
ro

b
ab

il
it

y
a
t

le
a
st

1
−

1/
p
τ 2

fo
r

so
m

e
τ
>

2:
‖Θ̄

ε
−

Θ
∗ ε‖
∞
≤
{2

(1
+

8
ξ−

1
)κ
H
∗
}δ̄
f
(p
τ 2
,n

),
(3

2)

w
h

er
e
δ̄(
r,
n

)
is

d
efi

n
ed

a
s δ̄(
r,
n

)
:=

8(
1

+
4σ

2
)

m
a
x

i
(Σ
∗ ε,i
i)

√
2

lo
g
(4
r)

n
.

(3
3)

T
h

e
q
u

an
ti

ty
δ̄(
p
τ 2
,n

)
th

a
t

sh
ow

s
u

p
in

ex
p

re
ss

io
n

(3
2
)

is
th

e
b

o
u

n
d

fo
r
‖S
−

Σ
∗ ε‖
∞
≡

‖Σ̂
ε
−

Σ
∗ ε‖
∞

.
In

p
a
rt

ic
u

la
r,

in
L

em
m

a
8

(R
av

ik
u

m
a
r

et
a
l.

,
20

1
1)

,
th

ey
sh

ow
th

a
t

w
it

h
p

ro
b

ab
il

it
y

at
le

as
t

1
−

1
/p
τ 2
,
τ
>

2
,

th
e

fo
ll

ow
in

g
b

o
u

n
d

h
ol

d
s:

‖S
−

Σ
∗ ε‖
∞
≤
δ̄(
p
τ 2
,n

).

In
ou

r
o
p

ti
m

iz
at

io
n

p
ro

b
le

m
(1

3)
,

w
e

a
re

u
si

n
g
Ŝ

in
st

ea
d

o
f
S

,
h

en
ce

a
b

o
u

n
d

fo
r
‖Ŝ
−

Σ
∗ ε‖
∞

is
n

ec
es

sa
ry

,
an

d
th

e
re

m
a
in

in
g

ar
g
u

m
en

t
in

th
e

p
ro

o
f
o
f
T

h
eo

re
m

1
(R

av
ik

u
m

ar
et

a
l.

,
2
01

1
)

w
il

l
fo

ll
ow

th
ro

u
gh

.
T

h
er

ef
o
re

in
o
u

r
th

eo
re

m
st

at
em

en
t,

w
e

u
se
g
(ν
β
)

a
s

a
b

o
u

n
d

fo
r
‖Ŝ
−

Σ
∗ ε‖
∞

th
en

y
ie

ld

th
e

b
ou

n
d

fo
r
‖Θ̂

ε
−

Θ
∗ ε‖
∞

,
si

n
ce

w
e

ar
e

u
si

n
g

th
e

su
rr

o
ga

te
er

ro
r
Ê

=
Y
−
X
B̂

in
th

e
es

ti
m

at
io

n
,

in
st

ea
d

of
th

e
tr

u
e

er
ro

r
E

.

P
ro
o
f
o
f
T
h
eo

re
m

4
.

W
e

fi
rs

t
co

n
si

d
er

p
a
rt

(I
)

o
f

th
e

th
eo

re
m

.
N

o
te

th
a
t

b
y

(5
),
β̂

(0
)

ca
n

b
e

eq
u

iv
al

en
tl

y
w

ri
tt

en
a
s

β̂
(0

)
≡

a
rg

m
in

β
∈R

p
1
×
p
2

{ −
2
β
′ γ

0
+
β
′ Γ

0
β

+
λ

0 n
‖β
‖ 1
} ,

(3
4
)

w
h

er
e

Γ
(0

)
=

I
⊗
X
′ X n
,

γ
(0

)
=

(I
⊗
X
′ )

ve
cY
/n
.

C
o
n

si
d

er
th

e
fo

ll
ow

in
g

ev
en

ts
:

E
1
.
{
X
′ X n
∼
R
E

(ϕ
∗ ,
φ
∗ )
} ,
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E
st

im
a
t
in

g
M

u
lt

i-l
a
y
e
r
e
d

G
a
u
ssia

n
G

r
a
p
h
ic

a
l

M
o
d
e
l
s

E
2
.

{
1n ‖
X
′E
‖∞
≤
c

2
[Λ

m
a
x (Σ

∗X
)Λ

m
a
x (Σ

∗ε )] 1
/
2 √

lo
g
(p

1
p

2
)

n

}
.

N
o
te

th
a
t

E
1
∩

E
2

im
p

lies
th

e
fo

llow
in

g
even

ts:

Γ
(0

)≡
I⊗

X
′Xn
∼
R
E

(ϕ
∗,φ
∗),

w
h

ere
ϕ
∗

=
Λ

m
in (Σ

∗X
)/

2.

a
n

d

‖γ
(0

)−
Γ

(0
)β
∗‖∞

=
1n

∥∥
X
′E
∥∥∞
≤
c

2
[Λ

m
a
x (Σ

∗X
)Λ

m
a
x (Σ

∗ε )] 1
/
2 √

lo
g
(p

1 p
2 )

n
.

(3
5)

H
en

ce,
b
y

P
rop

o
sitio

n
4
.1

o
f

B
asu

a
n

d
M

ich
a
ilid

is
(2

0
15

),
th

e
b

o
u

n
d

(2
1)

h
o
ld

s
o
n

E
1
∩

E
2

.

B
y

L
em

m
a
s

1
an

d
2
,
P

(E
1

)
is

a
t

lea
st

1−
2

ex
p

(−
c

3 n
),

for
so

m
e
c

3
>

0
.

B
y

L
em

m
a

3
,

P
(E

2
)

is
a
t

least
1
−

6c
1

ex
p

[−
(c

22 −
1
)

lo
g
(p

1 p
2 )]

for
som

e
c

1
>

0,
c

2
>

1.
H

en
ce,

w
ith

p
rob

ab
ility

at
least

P
(E

1
∩

E
2

)≥
1−

P
(E

1
c)−

P
(E

2
c)
,

th
e

b
ou

n
d

in
(21

)
h

old
s,

w
h

ich
p

roves
th

e
fi

rst
p

a
rt

of
(I).

In
p

a
rticu

la
r,

w
e

h
ave‖

β̂
0−
β
∗‖

1 ≤
ν

(0
)

β
∼
O

( √
lo

g
(p

1 p
2 )/n

)
on

E
1
∩

E
2

.

T
o

p
rove

th
e

secon
d

p
a
rt

of
(I),

n
o
te

th
at

b
y

T
h

eo
rem

3
th

e
b

o
u

n
d

in
(2

2
)

h
old

s
w

h
en

B
1
-B

3
a
re

sa
tisfi

ed
.

N
ow

,
from

th
e

arg
u

m
en

t
a
b

ove,
B

1
h

old
s

on
th

e
ev

en
t

E
1
∩

E
2

.
A

lso,
from

th
e

p
ro

o
f

o
f

P
rop

o
sitio

n
3,

B
2

is
sa

tisfi
ed

,
i.e.,

∥∥∥
Ŝ

(0
)−

Σ
∗ε ∥∥∥∞

≤
g
(ν

(0
)

β
),

w
h

ere
Ŝ

(0
)

=
1n

(Y
−
X
B̂

(0
)) ′(Y

−
X
B̂

(0
)),

(3
6
)

o
n

E
1
∩

E
2
∩

E
3
∩

E
4

,
w

h
ere

th
e

even
ts

E
3

a
n

d
E

4
a
re

g
iv

en
b
y
:

E
3
.
{ ∥∥∥

E
′En
−

Σ
∗ε ∥∥∥∞

≤
√

lo
g

4
+
τ
2

lo
g
p

2

c ∗ε
n

}
for

so
m

e
τ

2
>

2
a
n

d
c ∗ε
>

0
th

a
t

d
ep

en
d

s
on

Σ
∗ε ,

E
4
.
{ ∥∥∥

X
′Xn
−

Σ
∗X ∥∥∥∞

≤
√

lo
g

4
+
τ
1

lo
g
p

1

c ∗X
n

}
for

som
e
τ

1
>

2
a
n

d
c
X ∗

>
0

th
a
t

d
ep

en
d

s
o
n

Σ
∗X

.

T
h

erefore,
th

e
p

rob
a
b

ility
o
f

th
e

b
o
u

n
d

fo
r

Θ̂
(0

)
ε

in
(2

2
)

to
h

o
ld

is
a
t

lea
st

P
(E

1
∩

E
2
∩

E
3
∩

E
4

)
,

(3
7)

B
y

L
em

m
a

2
,

L
em

m
a

3
a
n

d
th

e
p

ro
o
f

of
P

ro
p

ositio
n

3
,

th
e

p
ro

b
a
b
ility

in
(3

7
)

is
low

er
b

o
u

n
d

ed
b
y
:1−

2
ex

p
(−
c

3 n
)−

6c
1

ex
p

[−
(c

22 −
1
)

lo
g
(p

1 p
2 )]−

1/
p
τ
1 −

2
1
−

1
/
p
τ
2 −

2
2

.

C
on

sid
er

th
e

follow
in

g
tw

o
ca

ses
w

h
ere

th
e

rela
tive

o
rd

er
o
f
p

1
an

d
p

2
d

iff
er.

C
a
se

1
:

p
1
≺
p

2 ,
th

en
ν

(0
)

Θ
∼
O

( √
log

p
2 /
n

);
case

2
:
p

1
%
p

2 ,
th

en
ν

(0
)

Θ
∼
O

(lo
g
(p

1 p
2 )/n

).
In

eith
er

case,
sin

ce
w

e
a
re

assu
m

in
g

log
(p

1 p
2 )/

n
to

b
e

a
sm

a
ll

q
u

a
n
tity

a
n

d
it

fo
llow

s
th

at
√

lo
g
(p

1 p
2 )/

n
%

log
(p

1 p
2 )/n

,
th

e
fo

llow
in

g
b

ou
n

d
a
lw

ay
s

h
o
ld

s:

ν
(0

)
Θ
≤
C

Θ √
lo

g
(p

1 p
2 )

n
≡
M

Θ
,
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L
in

,
B

a
su

,
B

a
n
e
r
je

e
a
n
d

M
ic

h
a
il

id
is

w
h

ere
C

Θ
is

som
e

large
fi

x
ed

con
stan

t
th

at
b

ou
n

d
s

th
e

con
stan

t
term

s
in

fron
t

of √
log

(p
1 p

2 )/n
.

N
ow

w
e

con
sid

er
p

art
(II)

of
th

e
th

eorem
.

N
ote

th
at

for
each

k
≥

1,
β̂

(k
)

an
d

Θ̂
(k

)
ε

are
ob

tain
ed

v
ia

solv
in

g
th

e
follow

in
g

tw
o

op
tim

ization
s:

β̂
(k

)
=

argm
in

β∈
R
p
1 ×

p
2 {−

2
β
′γ̂

(k−
1
)

+
β
′Γ̂

(k−
1
)β

+
λ
n ‖
β‖

1 }
,

(38)

Θ̂
(k

)
ε

=
argm

in
Θ
ε ∈

S
p
2 ×

p
2

+
+

{
log

d
et

Θ
ε −

tr(Ŝ
(k

)Θ
ε )

+
ρ
n ‖

Θ
ε ‖

1
,o

ff }
,

(39)

w
h

ereγ̂
(k

)
=

Θ̂
(k

)⊗
X
′Yn
,

Γ̂
(k

)
=

Θ̂
(k

)⊗
X
′Xn
,

Ŝ
(k

)
=

1n
(Y
−
X
B̂

(k
)) ′(Y

−
X
B̂

(k
)).

C
o
n

sid
er

th
e

b
ou

n
d

on
β̂

(k
)

for
k

=
1.

T
h

e
argu

m
en

t
is

sim
ilar

to
th

at
of
β̂

(0
),

w
ith

a
p

p
rop

riate
m

o
d

ifi
cation

s
to

accou
n
t

for
th

e
fact

th
at

th
e

ob
jective

fu
n

ction
n

ow
in

volves
lo

g
likelih

o
o
d

in
stead

of
least

sq
u

ares.
F

orm
ally,

w
e

con
sid

er
th

e
even

t
E

1
∩

E
2
∩

E
3
∩

E
4
∩

E
5

,
w

h
ere

E
5
.

{
1n ‖
X
′E

Θ
∗ε ‖∞

≤
c

2 [
Λ

m
a
x
(Σ
∗X

)

Λ
m

in
(Σ
∗ε
) ]

1
/
2 √

lo
g
(p

1
p

2
)

n

}
.

N
o
te

th
at
{‖Θ̂

(0
)

ε
−

Θ
∗ε ‖∞

≤
ν

(0
)

Θ
}

h
old

s
on

th
is

even
t.

B
y

L
em

m
a

3
,
P

(E
5

)
≥

1
−

6
c

1
ex

p
[−

(c
22 −

1)
log

(p
1 p

2 )].
C

om
b

in
in

g
th

is
w

ith
th

e
low

er
b

ou
n
d

on
(37)

an
d

th
e

sam
-

p
le

size
req

u
irem

en
t

(n
ote

th
is

sam
p

le
size

req
u

irem
en

t
ca

n
b

e
relax

ed
to
n
%

log
(p

1 p
2 )

if
p

1 ≺
p

2 ),
w

e
ob

tain
th

at
w

ith
p

rob
ab

ility
at

least

1−
1/p

τ
1 −

2
1
−

1/p
τ
2 −

2
2
−

12c
1

ex
p

[−
(c

22 −
1)

log
(p

1 p
2 )]−

2
ex

p
[−
c

3 n
],

th
e

fo
llow

in
g

th
ree

even
ts

h
old

sim
u

ltan
eou

sly
:

A
1
’
‖Θ̂

(0
)

ε
−

Θ
∗ε ‖∞

≤
ν

(0
)

Θ
-
O

( √
lo

g
(p

1 p
2 )/n

);

A
2
’

Γ̂
(0

)∼
R
E

(ϕ
(0

),φ
(0

))
w

h
ere

ϕ
(0

)≥
Λ

m
in (Σ

∗X
)

2
(m

ini
ψ
i−

d
M

Θ
)

an
d

φ
(0

)≤
log

p
1

n

Λ
m

in (Σ
∗X

)

2
(m

ax
j
ψ
j

+
d
M

Θ
);

A
3
’
‖
γ̂

(0
)−

Γ̂
(0

)β
∗‖∞
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II
error)→

0,
⇔

P
(fam

ily
-w

ise
p

ow
er)→

1
.

T
h

is
is

eq
u

ivalen
t

to
estab

lish
in

g
th

at,
given

log
(p

1 p
2 )/n

→
0,

th
e

screen
in

g
step

recovers
th

e
tru

e
su

p
p

ort
sets

S
∗j

for
all

j
=

1,2,···
,p

2
w

ith
h

igh
p

rob
ab

ility,
w

h
ile

k
eep

in
g

th
e

fam
ily

-w
ise

ty
p

e
I

error
rate

u
n

d
er

con
trol.

A
p
p

e
n
d
ix

B
.

P
ro

o
fs

fo
r

P
ro

p
o
sitio

n
s

a
n
d

A
u
x
illa

ry
L

e
m

m
a
s

In
th

is
su

b
section

,
w

e
p

rov
id

e
p

ro
ofs

for
th

e
p

rop
osition

s
p

resen
ted

in
S

ectio
n

3,
w

h
ich

req
u

ires
sev

eral
au

x
illary

lem
m

as,
w

h
ose

p
ro

ofs
are

p
resen

ted
alon

g
th

e
con

tex
t.

T
o

p
rove

P
ro

p
osition

1,
w

e
n

eed
th

e
follow

in
g

tw
o

lem
m

a
s.

L
em

m
a

1
w

as
origin

ally
p

rov
id

ed
a
s

L
em

m
a

B
.1

in
B

asu
an

d
M

ich
ailid

is
(2015),

w
h

ich
states

th
at

if
th

e
sa

m
p

le
cova

ria
n

ce
m

a
trix

of
X

satisfi
es

th
e

R
E

con
d

ition
an

d
Θ

is
d

ia
gon

ally
d

om
in

an
t,

th
en

(X
′X
/n

)⊗
Θ

also
satisfi

es
th

e
R

E
co

n
d

ition
.

H
ere

w
e

om
it

its
p

ro
of

a
n

d
o
n

ly
state

th
e

m
ain

resu
lt.

L
em

m
a

2
verifi

es
th

at
w

ith
h

igh
p

rob
ab

ility,
th

e
sam

p
le

covaria
n

ce
m

atrix
of

th
e

d
esign

m
a
trix

X
satisfi

es
th

e
R

E
con

d
ition

.

L
e
m

m
a

1
.

If
X
′X
/n
∼
R
E

(ϕ
∗,φ
∗),

a
n

d
Θ

is
d
ia

go
n

a
lly

d
o
m

in
a
n

t,
th

a
t

is,
ψ
i

:=
σ
ii−

∑
j6=
i σ

ij
>

0
fo

r
a
ll
i

=
1,2

,···
,p

2 ,
w

h
ere

σ
ij

is
th

e
ijth

en
try

in
Θ

,
th

en

Θ
⊗
X
′X
/n
∼
R
E

(
ϕ
∗

m
ini
ψ
i,φ
∗

m
a
x

i
ψ
i )
.

L
e
m

m
a

2
.

W
ith

p
ro

ba
bility

a
t

lea
st

1−
2

ex
p

(−
c

3 n
),

fo
r

a
zero

-m
ea

n
su

b-G
a
u

ssia
n

ra
n

d
o
m

d
esign

m
a
trix

X
∈
R
n×

p
1,

its
sa

m
p
le

co
va

ria
n

ce
m

a
trix

Σ̂
X

sa
tisfi

es
th

e
R

E
co

n
d
itio

n
w

ith
pa

ra
m

eter
ϕ
∗

a
n

d
φ
∗,

i.e.,
Σ̂
X
∼
R
E

(ϕ
∗,φ
∗),

(46)

w
h
ere

Σ̂
X

=
X
′X
/
n

,
ϕ
∗

=
Λ

m
in (Σ

∗X
)/

2
,
φ
∗

=
ϕ
∗

log
p

1 /n
.

P
roo

f.
T

o
p

rove
th

is
lem

m
a,

w
e

fi
rst

u
se

L
em

m
a

15
in

L
o
h

an
d

W
ain

w
righ

t
(201

2),
w

h
ich

sta
tes

th
at

if
X
∈
R
n×

p
is

zero-m
ean

su
b

-G
au

ssian
w

ith
p

ara
m

eter
(Σ
,σ

2),
th

en
th

ere
ex

ists
a

u
n

iversal
co

n
stan

t
c
>

0
su

ch
th

at

P

(
su

p
v∈

K
(2
s) ∣∣∣∣ ‖

X
v‖

22

n
−
E
[‖
X
v‖

22

n

] ∣∣∣∣ ≥
t )
≤

2
ex

p (−
cn

m
in

(
t 2σ

4
,
tσ
2
)

+
2
s

log
p )

,
(47)

w
h

ere
K

(2s)
is

a
set

of
2s

sp
arse

v
ectors,

d
efi

n
ed

as

K
(2s)

:=
{
v
∈
R
p

:‖v‖
≤

1
,‖
v‖

0 ≤
2
s}.

B
y

tak
in

g
t

=
Λ

m
in

(Σ
∗X

)
5
4

,
w

ith
p

rob
ab

ility
at

least
1−

2
ex

p
(−
c ′n

+
2
s

log
p

1 )
for

som
e
c ′
>

0,
th

e
follow

in
g

b
ou

n
d

h
old

s:

|v ′(Σ̂
X
−

Σ
∗X

)v|≤
Λ

m
in (Σ

∗X
)

54
,
∀
v
∈
K

(2s).
(48)

4
0

JM
L

R
 17(146):1-51



E
st

im
a
t
in

g
M

u
lt

i-
l
a
y
e
r
e
d

G
a
u
ss

ia
n

G
r
a
p
h
ic

a
l

M
o
d
e
l
s
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p
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p

p
le

m
en

ta
ry

L
em

m
a

13
in

L
oh

an
d

W
ai

n
w

ri
gh

t
(2

01
2)

,
fo

r
a
n

es
ti

m
a
to

r
Σ̂
X

of
Σ
∗ X

sa
ti

sf
y
in

g
th

e
d

ev
ia

ti
on

co
n

d
it

io
n

in
(4

8)
,

th
e

fo
ll

ow
in

g
R

E
co

n
d

it
io

n
h

o
ld

s:

v
′ S
x
v
≥

Λ
m

in
(Σ
∗ X

)

2
‖v
‖2 2
−

Λ
m

in
(Σ
∗ X

)

2s
‖v
‖2 1
.

F
in

al
ly

,
se

t
s

=
c′
′ n
/4

lo
g
p

1
,

th
en

w
it

h
p

ro
b

ab
il

it
y

at
le

as
t

1
−

2
ex

p
(−
c 3
n

)
(c

3
>

0)
,

Σ̂
X
∼
R
E

(ϕ
∗ ,
φ
∗ )

w
it

h
ϕ
∗

=
Λ

m
in

(Σ
∗ X

)/
2,
φ
∗

=
ϕ
∗

lo
g
p

1
/n

.

W
it

h
th

e
ab

ov
e

tw
o

le
m

m
as

,
w

e
ar

e
re

ad
y

to
p

ro
ve

P
ro

p
os

it
io

n
1.

P
ro
o
f
o
f
P
ro

p
o
si
ti
o
n

1
.

W
e

fi
rs

t
sh

ow
th

at
if

Θ
∗ ε

is
d

ia
go

n
al

ly
d

om
in

an
t,

th
en

Θ̂
ε

is
a
ls

o
d

ia
go

n
al

ly
d

om
in

an
t

p
ro

v
id

ed
th

at
th

e
er

ro
r

of
Θ̂
ε

is
o
f

th
e

gi
ve

n
or

d
er

an
d
n

is
su

ffi
ci

en
tl

y
la

rg
e.

D
efi

n
e

ψ̂
i

=
σ̂
ii ε
−
∑ j6=

i

σ̂
ij ε
,

w
h

er
e
σ̂
ij ε

is
th

e
ij

th
en

tr
y

of
Θ̂
ε,

th
en

ψ̂
i

is
th

e
ga

p
b

et
w

ee
n

th
e

d
ia

go
n

a
l

en
tr

y
a
n

d
th

e
off

-d
ia

go
n

al
en

tr
ie

s
of

ro
w
i

in
m

at
ri

x
Θ̂
ε.

W
e

ca
n

d
ec

om
p

os
e
ψ̂
i

in
to

th
e

fo
ll

ow
in

g
:

ψ̂
i

=

  σ
ii ε
−
∑ j6=

i

σ
ij ε

 
+

  (
σ̂
ii ε
−
σ
ii ε

)
+
∑ j6=

i

(σ
ij ε
−
σ̂
ij ε

) 
.

R
ec

al
l

th
at

w
e

d
efi

n
e
ψ
i

as
ψ
i

=
σ
ii ε
−
∑

p
2

j6=
i
σ
ij ε

.
H

en
ce

m
in
ψ̂
i
≥

m
in i
ψ
i
−
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ̂

ε
−

Θ
∗ ε∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ∞

≥
m

in i
(σ
ii ε
−
∑ j6=

i

σ
ij ε

)
−
d
ν Θ

=
m

in
ψ
i
−
d
ν Θ
,

m
ax
ψ̂
i
≤

m
ax i
ψ
i
+
∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣Θ̂

ε
−

Θ
∗ ε∣ ∣ ∣∣ ∣ ∣∣ ∣ ∣ ∞

≤
m

ax i
(σ
ii ε
−
∑ j6=

i

σ
ij ε

)
+
d
ν Θ

=
m

ax
ψ
i
+
d
ν Θ
.

(4
9)

N
ow

gi
ve

n
ν Θ

=
η Θ

lo
g
p

2

n
=
O

(√
lo

g
p

2
/n

),
w

it
h
n
%
d

2
lo

g
p

2
,
d
ν Θ

=
o(

1
),

an
d

it
fo

ll
ow

s
th

at

m
in i
ψ
i
−
d
ν Θ
≥

0
.

N
ow

b
y

L
em

m
a

2,
X
′ X
/n
∼
R
E

(ϕ
∗ ,
φ
∗ )

w
it

h
h
ig

h
p

ro
b

ab
il

it
y.

C
om

b
in

e
w

it
h

L
em

m
a

1
an

d
in

eq
u

al
it

y
(4

9)
,

w
it

h
p

ro
b

ab
il

it
y

at
le

as
t

1
−

2
ex

p
(−
c 3
n

)
fo

r
so

m
e
c 3
>

0,
Γ̂

sa
ti

sfi
es

th
e

fo
ll

ow
in

g
R

E
co

n
d

it
io

n
:

Γ̂
=

Θ̂
ε
⊗

(X
′ X
/n

)
∼
R
E

( ϕ
∗ (

m
in i
ψ
i
−
d
ν Θ

),
φ
∗

m
ax i

(ψ
i
+
d
ν Θ

))
,

(5
0)

w
h

er
e
ϕ
∗

=
Λ

m
in

(Σ
∗ X

)/
2,
φ
∗

=
ϕ
∗

lo
g
p

1
/n

.

T
o

p
ro

ve
P

ro
p

os
it

io
n

2,
w

e
fi

rs
t

p
ro

ve
L

em
m

a
3.
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∈

R
n
×
p

be
a

ze
ro

-m
ea

n
su

b-
G

a
u
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n
m

a
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w
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h
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a
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d
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∈
R
n
×
p

2
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a
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ro
-m
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n

su
b-

G
a
u

ss
ia

n
m

a
tr

ix
w

it
h

pa
ra

m
et

er
s

(Σ
ε,
σ

2 ε
).

M
o
re

o
ve

r,
X

a
n

d
E

a
re

in
d
ep

en
d
en

t.
L

et
Θ
ε

:=
Σ
−

1
ε

,
th

en
if
n
%

lo
g
(p

1
p

2
),

th
e

fo
ll

o
w

in
g

tw
o

ex
p
re

ss
io

n
s

h
o
ld

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

6
c 1

ex
p

[−
(c

2 2
−

1
)

lo
g
(p

1
p

2
)]

fo
r

so
m

e
c 1

>
0,
c 2

>
1
,

re
sp

ec
ti

ve
ly

:

1 n

∥ ∥ X
′ E
∥ ∥ ∞
≤
c 2

[Λ
m

a
x
(Σ

X
)Λ

m
a
x
(Σ

ε)
]1
/
2

√
lo

g
(p

1
p

2
)

n
,

(5
1)

a
n

d
1 n

∥ ∥ X
′ E

Θ
ε∥ ∥
∞
≤
c 2

[ Λ
m

a
x
(Σ

X
)

Λ
m

in
(Σ

ε)

] 1
/
2
√

lo
g
(p

1
p

2
)

n
.

(5
2)

P
ro

o
f.

T
h

e
p

ro
of

o
f

th
is

le
m

m
a

u
se

s
L

em
m

a
1
4

in
L

o
h

a
n

d
W

a
in

w
ri

g
h
t

(2
0
12
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in

w
h

ic
h
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ey

sh
ow

th
at

if
X
∈
R
n
×
p

1
is

a
ze

ro
-m
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n

su
b

-G
au

ss
ia

n
m

a
tr

ix
w

it
h

p
ar
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et

er
s
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x
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2 x
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a
n

d
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∈

R
n
×
p

2
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a
ze

ro
-m

ea
n

su
b

-G
a
u

ss
ia

n
m

at
ri

x
w

it
h

p
ar
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et

er
s

(Σ
y
,σ

2 y
),

th
en

if
n
%

lo
g
(p

1
p

2
),

P
(∥ ∥ ∥ ∥

Y
′ X n
−
co
v
(y
i,
x
i)

∥ ∥ ∥ ∥ ∞
≥
t)
≤

6p
1
p

2
ex

p

( −
cn

m
in

{
t2

(σ
x
σ
y
)2
,

t

σ
x
σ
y

})
,

w
h

er
e
X
i

an
d
Y
i

a
re

th
e
it

h
ro

w
of
X

a
n

d
Y

,
re

sp
ec

ti
ve

ly
.

H
er

e,
w

e
re

p
la

ce
Y

b
y
E

,
a
n

d
si

n
ce
E

a
n

d
X

a
re

in
d

ep
en

d
en

t,
co
v
(X

i,
E
i)

=
0
.

L
et

t
=
c 2
σ
X
σ
ε√

lo
g
(p

1
p

2
)/
n

,
c 2
>

1
w

e
g
et

P

(
∥ ∥ ∥ ∥X

′ E n

∥ ∥ ∥ ∥ ∞
≥
c 2
σ
X
σ
ε√

lo
g
(p

1
p

2
)

n

)
≤

6
c 1

(p
1
p

2
)1
−
c2 2

=
6c

1
ex

p
[ −

(c
2 2
−

2
)

lo
g
(p

1
p

2
)]
.

N
ot

e
th

a
t

th
e

su
b

-G
au

ss
ia

n
p

a
ra

m
et

er
sa

ti
sfi

es
σ

2 X
≤

m
a
x
i(

Σ
X
,i
i)
≤

Λ
m

a
x
(Σ

X
).

T
h

is
d

ir
ec

tl
y

gi
ve

s
th

e
b

o
u

n
d

in
(5

1
).

T
o

o
b

ta
in

th
e

b
ou

n
d

in
(5

2)
,

w
e

n
o
te

th
a
t

if
E

is
su

b
-G

a
u

ss
ia

n
w

it
h

p
a
ra

m
et

er
s

(Σ
ε,
σ

2 ε
),

th
en

E
Θ

is
su

b
-G

a
u

ss
ia

n
w

it
h

p
ar

am
et

er
(Θ
,θ

2 ε
),

w
h

er
e

θ2 ε
≤

m
a
x

i
(Θ

ε,
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)
≤

Λ
m

a
x
(Θ

ε)
=

1

Λ
m

in
(Σ

ε)
.

T
h

en
w

e
re

p
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b
y
E

Θ
an

d
y
ie
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th

e
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o
u

n
d
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2
).

A
s

a
re

m
a
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,
h

er
e

w
e

n
ot

e
th

at
th

e
ev

en
t

in
(5

1
)

a
n

d
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2
)

m
ay

n
ot

b
e

in
d

ep
en

d
en

t.
H

ow
-

ev
er

,
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e
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o
ev

en
ts

h
o
ld

si
m

u
lt

a
n

eo
u

sl
y

w
it

h
p

ro
b

a
b

il
it

y
a
t

le
a
st

1
−

2
c 2

ex
p

[−
c 2

lo
g
(p

1
p

2
)]

,
w

it
h

th
is

cr
u

d
e

b
o
u

n
d

fo
r

p
ro

b
a
b

il
it

y
h

o
ld

fo
r

su
re

.

N
ow

w
e

a
re

re
a
d

y
to

p
ro

v
e

P
ro

p
os

it
io

n
2
.

P
ro
o
f
o
f
P
ro

p
o
si
ti
o
n

2
.

F
ir

st
w

e
n

o
te

th
a
t

X
′ E

Θ̂
ε

=
X
′ E

Θ
ε

+
X
′ E

(Θ̂
ε
−

Θ
∗ ε)
,

w
h

ic
h

d
ir

ec
tl

y
gi

ve
s

th
e

fo
ll

ow
in

g
in

eq
u

a
li

ty
:

‖γ̂
−

Γ̂
β
∗ ‖
∞

=
1 n

∥ ∥ ∥X
′ E

Θ̂
ε∥ ∥ ∥ ∞

≤
1 n

∥ ∥ X
′ E

Θ
∗ ε∥ ∥
∞

+
1 n

∥ ∥ ∥X
′ E

(Θ̂
ε
−

Θ
∗ ε)
∥ ∥ ∥ ∞

.
(5

3)
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á
č.
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�
-

co
n
d
u
ctan

ce,
w

h
ich

is
th

e
su

m
of

co
n
d
u
cta

n
ce

a
n
d

a
reg

u
la

riza
tion

term
w

h
o
se

in
fl
u
en

ce
is

co
n
tro

lled
b
y

a
p
a
ram

eter
�
.

In
terestin

g
ly,

th
e

ch
o
ice

o
f
�

h
as

a
d
irect

e↵
ect

o
n

th
e

n
u
m

b
er

o
f
lo

ca
l
op

tim
a

of
th

e
fu

n
ctio

n
,
w

h
ere

larg
er

va
lu

es
of
�

lea
d

to
m

o
re

lo
cal

o
p
tim

a.
In

p
a
rticu

lar,
w

e
p
rove

th
a
t

fo
r
�

>
2

all
d
iscrete

co
m

m
u
n
ities

a
re

lo
cal

o
p
tim

a
.

A
s

a
con

seq
u
en

ce,
d
u
e

to
th

e
seed

ex
p
a
n
sion

a
p
p
roa

ch
,

lo
cal

o
p
tim

iza
tio

n
o
f
�
-co

n
d
u
cta

n
ce

favors
sm

aller
com

m
u
n
ities

fo
r

larger
valu

es
of
�
.

1
.0

.3
A

l
g
o
r
it

h
m
s

L
o
ca

l
o
p
tim

iza
tio

n
o
f
�
-co

n
d
u
cta

n
ce

ca
n

b
e

ea
sily

p
erfo

rm
ed

u
sin

g
th

e
p
ro

jected
g
ra

d
ien

t
d
escen

t
m

eth
o
d
.

W
e

d
ev

elop
an

alg
o
rith

m
b
a
sed

o
n

th
is

m
eth

o
d
,
ca

lled
P
G

D
c
.

M
o
tiva

ted
b
y

th
e

rela
tio

n
b
etw

een
co

n
d
u
ctan

ce
a
n
d

k
-m

ea
n
s

clu
sterin

g,
w

e
in

tro
d
u
ce

an
E

x
p
ecta

tio
n
-

M
ax

im
iza

tio
n

(E
M

)
alg

o
rith

m
fo

r
�
-co

n
d
u
cta

n
ce

o
p
tim

iza
tion

,
ca

lled
E
M

c
.

W
e

sh
ow

th
at

for
�

=
0,

th
is

a
lgo

rith
m

is
a
lm

o
st

id
en

tica
l
to

p
ro

jected
g
ra

d
ien

t
d
escen

t
w

ith
a
n

in
fi
n
ite

step
size

in
ea

ch
itera

tio
n
.

W
e

th
en

p
rop

ose
a

h
eu

ristic
p
ro

ced
u
re

for
ch

o
o
sin

g
�

a
u
tom

a
t-

ica
lly

in
th

ese
a
lg

o
rith

m
s.

1
.0

.4
R

e
t
r
ie

v
in

g
C

o
m
m
u
n
it

ie
s

W
e

g
iv

e
a

th
eo

retic
ch

a
ra

cteriza
tion

o
f

a
cla

ss
of

com
m

u
n
ities,

ca
lled

d
en

se
an

d
iso

lated
co

m
m

u
n
ities,

fo
r

w
h
ich

P
G

D
c

an
d

E
M

c
p
erfo

rm
o
p
tim

ally.
F
o
r

th
is

cla
ss

o
f
co

m
m

u
n
ities

th
e

a
lg

orith
m

s
ex

actly
recover

a
co

m
m

u
n
ity

from
th

e
seed

s.
W

e
in

vestiga
te

th
e

rela
tion

b
etw

een
th

is
class

o
f

co
m

m
u
n
ities

an
d

th
e

n
o
tio

n
o
f

(↵
,�

)-clu
ster

p
ro

p
o
sed

b
y

(M
ish

ra
et

a
l.,

20
0
8)

fo
r

so
cia

l
n
etw

o
rk

s
a
n
a
ly

sis.
A

n
d

w
e

sh
ow

th
a
t,

w
h
ile

a
ll

m
ax

im
a
l
cliq

u
es

in
a

g
ra

p
h

a
re

(↵
,�

)-clu
sters,

th
ey

are
n
o
t

n
ecessa

rily
d
en

se
an

d
iso

la
ted

co
m

m
u
n
ities.

W
e

g
ive

a
sim

p
le

con
d
ition

on
th

e
d
eg

ree
o
f
th

e
n
o
d
es

of
a

com
m

u
n
ity

w
h
ich

g
u
a
ra

n
tees

th
a
t

a
d
en

se
an

d
iso

lated
co

m
m

u
n
ity

satisfy
in

g
su

ch
co

n
d
ition

is
a
lso

a
n

(↵
,�

)-clu
ster.

1
.0

.5
E
x
p
e
r
im

e
n
t
a
l

P
e
r
f
o
r
m
a
n
c
e

W
e

u
se

p
u
b
licly

ava
ila

b
le

a
rtifi

cia
l

a
n
d

rea
l-life

n
etw

o
rk

d
a
ta

w
ith

la
b
eled

g
ro

u
n
d
-tru

th
co

m
m

u
n
ities

to
a
ssess

th
e

p
erfo

rm
an

ce
of

P
G

D
c

a
n
d

E
M

c
.

R
esu

lts
o
f

th
e

tw
o

m
eth

o
d
s

a
re

very
sim

ila
r,

w
ith

P
G

D
c

p
erform

in
g

slig
h
tly

b
etter,

w
h
ile

E
M

c
is

sligh
tly

faster.
T

h
ese

resu
lts

are
co

m
p
a
red

w
ith

th
o
se

o
b
ta

in
ed

b
y

th
ree

sta
te-o

f-th
e-a

rt
a
lg

o
rith

m
s

fo
r

con
d
u
c-

ta
n
ce

op
tim

iza
tio

n
b
ased

on
th

e
lo

ca
l
g
ra

p
h

d
i↵

u
sio

n
:

th
e

p
op

u
lar

P
erso

n
a
lized

P
a
g
e

R
a
n
k

(P
P
R

)
d
i↵

u
sio

n
a
lgo

rith
m

b
y

A
n
d
ersen

a
n
d

L
a
n
g

(2
0
06

),
a

m
o
re

recen
t

va
ria

n
t

b
y

Y
an

g
a
n
d

L
eskovec

(201
2
)

(h
ere

ca
lled

Y
L

),
a
n
d

th
e

H
eat

K
ern

el
(H

K
)

d
i↵

u
sio

n
a
lg

o
rith

m
b
y

K
lo

ster
an

d
G

leich
(20

1
4).

O
n

la
rg

e
n
etw

ork
s
P
G

D
c

a
n
d

E
M

c
stay

lo
ca

lized
a
n
d

p
ro

d
u
ce

co
m

m
u
n
ities

w
h
ich

a
re

m
o
re

fa
ith

fu
l
to

th
e

gro
u
n
d

tru
th

th
a
n

th
o
se

g
en

era
ted

b
y

th
e

co
n
-

sid
ered

g
ra

p
h

d
i↵

u
sio

n
a
lgo

rith
m

s.
P
P
R

a
n
d

H
K

p
ro

d
u
ce

m
u
ch

larg
er

co
m

m
u
n
ities

w
ith

a
low

co
n
d
u
cta

n
ce,

w
h
ile

th
e

Y
L

stra
teg

y
o
u
tp

u
ts

very
sm

a
ll

co
m

m
u
n
ities

w
ith

a
h
ig

h
er

co
n
d
u
ctan

ce.
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v
a
n

L
a
a
r
h
o
v
e
n

a
n
d

M
a
r
c
h
io

r
i

1
.1

R
e
la

te
d

W
o
rk

T
h
e

en
orm

o
u
s

grow
th

of
n
etw

ork
d
ata

from
d
iverse

d
iscip

lin
es

su
ch

as
so

cial
an

d
in

for-
m

ation
scien

ce
an

d
b
iology

h
as

b
o
osted

research
on

n
etw

ork
com

m
u
n
ity

d
etection

(see
for

in
stan

ce
th

e
overv

iew
s

b
y

S
ch

ae↵
er

(2007)
an

d
F
ortu

n
ato

(2010)).
H

ere
w

e
con

fi
n
e

ou
rself

to
literatu

re
w

e
co

n
sid

er
to

b
e

relevan
t

to
th

e
p
resen

t
w

ork
,
n
am

ely
lo

cal
com

m
u
n
ity

d
etec-

tion
b
y

seed
ex

p
an

sion
,
an

d
rev

iew
related

w
ork

on
con

d
u
ctan

ce
as

ob
jective

fu
n
ction

an
d

its
lo

cal
op

tim
ization

.
W

e
also

b
riefl

y
rev

iew
research

on
oth

er
ob

jectives
fu

n
ctio

n
s,

an
d

on
p
rop

erties
o
f
com

m
u
n
ities

an
d

of
seed

s.

1
.1

.1
C

o
n
d
u
c
t
a
n
c
e

a
n
d

It
s

L
o
c
a
l

O
p
t
im

iz
a
t
io

n

C
o
n
d
u
ctan

ce
h
a
s
b
een

largely
u
sed

for
n
etw

ork
com

m
u
n
ity

d
etection

.
F
or

in
stan

ce
L
eskov

ec
et

al.
(200

8)
in

tro
d
u
ced

th
e

n
otion

of
n
etw

ork
com

m
u
n
ity

p
rofi

le
p
lot

to
m

easu
re

th
e

q
u
ality

of
a

‘b
est’

com
m

u
n
ity

as
a

fu
n
ction

of
com

m
u
n
ity

size
in

a
n
etw

o
rk

.
T

h
ey

u
sed

co
n
d
u
ctan

ce
to

m
easu

re
th

e
q
u
ality

of
a

com
m

u
n
ity

an
d

an
aly

ze
a

large
n
u
m

b
er

o
f

com
m

u
n
ities

of
d
i↵

eren
t

size
scales

in
real-w

orld
so

cial
an

d
in

form
ation

n
etw

ork
s.

D
irect

co
n
d
u
ctan

ce
op

tim
ization

w
as

sh
ow

n
to

favor
com

m
u
n
ities

w
h
ich

are
q
u
asi-cliq

u
es

(K
a
n
g

a
n
d

F
alo

u
tsos,

2011)
or

com
m

u
n
ities

of
la

rge
size

w
h
ich

in
clu

d
e

irrelevan
t

su
b
grap

h
s

(A
n
d
ersen

a
n
d

L
an

g,
2006;

W
h
an

g
et

al.,
2013).

P
op

u
la

r
alg

orith
m

s
for

lo
cal

com
m

u
n
ity

d
etection

em
p
loy

th
e

lo
cal

grap
h

d
i↵

u
sion

m
eth

o
d

to
fi
n
d

a
com

m
u
n
ity

w
ith

sm
all

con
d
u
cta

n
ce.

S
ta

rtin
g

from
th

e
sem

in
al

w
ork

b
y

S
p
ielm

an
an

d
T
en

g
(200

4)
vario

u
s

algorith
m

s
for

lo
cal

com
m

u
n
ity

d
etection

b
y

seed
ex

p
an

sion
b
ased

on
th

is
ap

p
roach

h
ave

b
een

p
rop

osed
(A

n
d
ersen

et
al.,

2006;
A

v
ron

an
d

H
oresh

,
2015;

C
h
u
n
g,

20
07;

K
loster

an
d

G
leich

,
2014;

Z
h
u

et
al.,

2
013a).

T
h
e

th
eoretical

an
aly

sis
in

th
ese

w
ork

s
is

larg
ely

b
ased

on
a

m
ix

in
g

resu
lt

w
h
ich

sh
ow

s
th

at
a

cu
t

w
ith

sm
all

con
d
u
ctan

ce
can

b
e

fou
n
d

b
y

sim
u
latin

g
a

ran
d
om

w
alk

startin
g

from
a

sin
gle

n
o
d
e

for
su

�
cien

tly
m

an
y

step
s

(L
ov

ász
an

d
S
im

on
ov

its,
1990).

T
h
is

resu
lt

is
u
sed

to
p
rove

th
at

if
th

e
seed

is
n
ear

to
a

set
w

ith
sm

all
con

d
u
ctan

ce
th

en
th

e
resu

lt
of

th
e

p
ro

ced
u
re

is
a

com
m

u
n
ity

w
ith

a
related

con
d
u
ctan

ce,
w

h
ich

is
retu

rn
ed

in
tim

e
p
rop

ortion
al

to
th

e
volu

m
e

of
th

e
com

m
u
n
ity

(u
p

to
a

logarith
m

ic
fa

ctor).

M
ah

on
ey

et
al.

(2012)
p
erform

ed
lo

cal
com

m
u
n
ity

d
etection

b
y

m
o
d
ify

in
g

th
e

sp
ectral

p
rog

ram
u
sed

in
stan

d
ard

glob
al

sp
ectral

clu
sterin

g.
S
p
ecifi

cally
th

e
au

th
ors

in
corp

ora
ted

a
b
ias

tow
ard

s
a

target
region

of
seed

n
o
d
es

in
th

e
form

of
a

con
strain

t
to

force
th

e
so

lu
tion

to
b
e

w
ell

co
n
n
ected

w
ith

or
to

lie
n
ear

th
e

seed
s.

T
h
e

d
egree

of
co

n
n
ected

n
ess

w
as

sp
ecifi

ed
b
y

settin
g

a
so-called

correlation
p
aram

eter.
T

h
e

au
th

ors
sh

ow
ed

th
at

th
e

op
tim

al
solu

tion
of

th
e

resu
ltin

g
con

strain
ed

op
tim

ization
p
rob

lem
is

a
gen

eralization
of

P
erson

alized
P
ageR

an
k

(A
n
d
ersen

a
n
d

L
an

g,
2006).

1
.1

.2
O

t
h
e
r

O
b
je

c
t
iv

e
s

C
o
n
d
u
ctan

ce
is

n
ot

th
e

on
ly

ob
jective

fu
n
ction

u
sed

in
lo

ca
l

com
m

u
n
ity

d
etection

algo-
rith

m
s.

V
ario

u
s

oth
er

ob
jective

fu
n
ction

s
h
ave

b
een

con
sid

ered
in

th
e

literatu
re.

F
o
r

in
-

sta
n
ce,

C
h
en

et
al.

(2009)
p
rop

osed
to

u
se

th
e

ratio
of

th
e

avera
ge

in
tern

al
an

d
ex

tern
al

d
eg

ree
of

n
o
d
es

in
a

com
m

u
n
ity

as
ob

jectiv
e

fu
n
ctio

n
.

C
lau

set
(2005

)
p
rop

osed
a

lo
cal

vari-
an

t
of

m
o
d
u
larity.

W
u

et
al.

(2015)
m

o
d
ifi

ed
th

e
classical

d
en

sity
ob

jectiv
e,

eq
u
al

to
th

e
su

m
o
f
ed

ges
in

th
e

com
m

u
n
ity

d
iv

id
ed

b
y

its
size,

b
y

rep
lacin

g
th

e
d
en

om
in

ator
w

ith
th

e
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L
o
c
a
l

N
e
t
w

o
r
k

C
o
m
m
u
n
it

y
D

e
t
e
c
t
io

n
w

it
h

C
o
n
t
in

u
o
u
s

O
p
t
im

iz
a
t
io

n

su
m

of
w

ei
gh

ts
of

th
e

co
m

m
u
n
it
y

n
o
d
es

,
w

h
er

e
th

e
w

ei
gh

t
of

a
n
o
d
e

q
u
an

ti
fi
es

it
s

p
ro

x
im

it
y

to
th

e
se

ed
s

an
d

is
co

m
p
u
te

d
u
si

n
g

a
gr

ap
h

d
i↵

u
si

on
m

et
h
o
d
.

A
co

m
p
ar

at
iv

e
ex

p
er

im
en

ta
l
an

al
y
si

s
of

ob
je

ct
iv

e
fu

n
ct

io
n
s

w
it

h
re

sp
ec

t
to

th
ei

r
ex

p
er

-
im

en
ta

l
an

d
th

eo
re

ti
ca

l
p
ro

p
er

ti
es

w
as

p
er

fo
rm

ed
e.

g.
in

(Y
an

g
an

d
L
es

k
ov

ec
,

2
0
1
2)

a
n
d

(W
u

et
al

.,
20

15
),

re
sp

ec
ti

ve
ly

.

1
.1

.3
P
r
o
p
e
r
t
ie

s
o
f

C
o
m
m
u
n
it

ie
s

In
st

ea
d

of
fo

cu
si

n
g

on
ob

je
ct

iv
e

fu
n
ct

io
n
s
an

d
m

et
h
o
d
s
fo

r
lo

ca
l
co

m
m

u
n
it
y

d
et

ec
ti

o
n
,
o
th

er
re

se
ar

ch
er

s
in

ve
st

ig
at

ed
p
ro

p
er

ti
es

of
co

m
m

u
n
it

ie
s.

M
is

h
ra

et
al

.
(2

00
8)

fo
cu

se
d

o
n

in
te

r-
es

ti
n
g

cl
as

se
s

of
co

m
m

u
n
it

ie
s

an
d

al
go

ri
th

m
s

fo
r

th
ei

r
ex

ac
t

re
tr

ie
va

l.
T

h
ey

d
efi

n
ed

th
e

so
ca

ll
ed

(↵
,�

)-
co

m
m

u
n
it

ie
s

an
d

d
ev

el
op

ed
al

go
ri

th
m

s
ca

p
ab

le
of

re
tr

ie
v
in

g
th

is
ty

p
e

of
co

m
m

u
n
it

ie
s

st
ar

ti
n
g

fr
om

a
se

ed
co

n
n
ec

te
d

to
a

la
rg

e
fr

ac
ti

on
of

th
e

m
em

b
er

s
of

th
e

co
m

-
m

u
n
it
y.

Z
h
u

et
al

.
(2

01
3b

)
co

n
si

d
er

ed
th

e
cl

as
s

of
w

el
l-
co

n
n
ec

te
d

co
m

m
u
n
it

ie
s,

w
h
ic

h
h
av

e
a

b
et

te
r

in
te

rn
al

co
n
n
ec

ti
v
it
y

th
an

co
n
d
u
ct

a
n
ce

.
In

te
rn

al
co

n
n
ec

ti
v
it
y

of
a

co
m

m
u
n
it
y

is
d
efi

n
ed

as
th

e
in

v
er

se
of

th
e

m
ix

in
g

ti
m

e
fo

r
a

ra
n
d
om

w
al

k
on

th
e

su
b
gr

a
p
h

in
d
u
ce

d
b
y

th
e

co
m

m
u
n
it
y.

T
h
ey

sh
ow

ed
th

at
fo

r
w

el
l-
co

n
n
ec

te
d

co
m

m
u
n
it

ie
s,

it
is

p
o
ss

ib
le

to
p
ro

v
id

e
an

im
p
ro

ve
d

p
er

fo
rm

an
ce

gu
ar

an
te

e,
in

te
rm

s
of

co
n
d
u
ct

an
ce

of
th

e
ou

tp
u
t,

fo
r

lo
ca

l
co

m
-

m
u
n
it
y

d
et

ec
ti

on
al

go
ri

th
m

s
b
as

ed
on

th
e

d
i↵

u
si

on
m

et
h
o
d
.

G
le

ic
h

an
d

S
es

h
a
d
h
ri

(2
0
12

)
in

ve
st

ig
at

ed
th

e
u
ti

li
ty

of
n
ei

gh
b
or

s
of

th
e

se
ed

;
in

p
ar

ti
cu

la
r

th
ey

sh
ow

ed
em

p
ir

ic
a
ll
y

th
a
t

su
ch

n
ei

gh
b
or

s
fo

rm
a

‘g
o
o
d
’
lo

ca
l
co

m
m

u
n
it
y

ar
ou

n
d

th
e

se
ed

.
Y

an
g

an
d

L
es

ko
ve

c
(2

01
2
)

in
ve

st
ig

at
ed

p
ro

p
er

ti
es

of
gr

ou
n
d

tr
u
th

co
m

m
u
n
it

ie
s
in

so
ci

al
,
in

fo
rm

at
io

n
a
n
d

te
ch

n
o
lo

g
ic

a
l

n
et

w
or

k
s.

L
an

ci
ch

in
et

ti
et

al
.

(2
01

1)
ad

d
re

ss
ed

th
e

p
ro

b
le

m
of

fi
n
d
in

g
a

si
gn

ifi
ca

n
t

lo
ca

l
co

m
-

m
u
n
it
y

fr
om

an
in

it
ia

l
gr

ou
p

of
n
o
d
es

.
T

h
ey

p
ro

p
os

ed
a

m
et

h
o
d

w
h
ic

h
lo

ca
ll
y

o
p
ti

m
iz

es
th

e
st

at
is

ti
ca

l
si

gn
ifi

ca
n
ce

of
a

co
m

m
u
n
it
y,

d
efi

n
ed

w
it

h
re

sp
ec

t
to

a
gl

ob
al

n
u
ll

m
o
d
el

,
b
y

it
er

at
iv

el
y

ad
d
in

g
ex

te
rn

al
si

gn
ifi

ca
n
t

n
o
d
es

an
d

re
m

ov
in

g
in

te
rn

al
n
o
d
es

th
a
t

a
re

n
o
t

st
a
-

ti
st

ic
al

ly
re

le
va

n
t.

T
h
e

re
su

lt
in

g
co

m
m

u
n
it
y

is
n
ot

gu
ar

an
te

ed
to

co
n
ta

in
th

e
n
o
d
es

o
f
th

e
in

it
ia

l
co

m
m

u
n
it
y.

1
.1

.4
P
r
o
p
e
r
t
ie

s
o
f

S
e
e
d
s

P
ro

p
er

ti
es

of
se

ed
s

in
re

la
ti

on
to

th
e

p
er

fo
rm

an
ce

of
al

go
ri

th
m

s
w

er
e

in
ve

st
ig

at
ed

b
y

e.
g
.

K
lo

u
m

an
n

an
d

K
le

in
b
er

g
(2

01
4)

.
T

h
ey

co
n
si

d
er

ed
d
i↵

er
en

t
ty

p
es

of
al

go
ri

th
m

s,
in

p
a
rt

ic
-

u
la

r
a

gr
ee

d
y

se
ed

ex
p
an

si
on

al
go

ri
th

m
w

h
ic

h
at

ea
ch

st
ep

ad
d
s

th
e

n
o
d
e

th
a
t

y
ie

ld
s

th
e

m
os

t
n
eg

at
iv

e
ch

an
ge

in
co

n
d
u
ct

an
ce

(M
is

lo
ve

et
al

.,
20

10
).

W
h
an

g
et

a
l.

(2
0
1
3
)

in
ve

st
i-

ga
te

d
va

ri
ou

s
m

et
h
o
d
s
fo

r
ch

o
os

in
g

th
e

se
ed

s
fo

r
a

P
ag

eR
an

k
b
as

ed
al

go
ri

th
m

fo
r
co

m
m

u
n
it
y

d
et

ec
ti

on
.

C
h
en

et
al

.
(2

01
3)

in
tr

o
d
u
ce

d
th

e
n
ot

io
n

of
lo

ca
l
d
eg

re
e

ce
n
tr

al
n
o
d
e,

w
h
o
se

d
e-

gr
ee

is
gr

ea
te

r
th

an
or

eq
u
al

to
th

e
d
eg

re
e

of
it

s
n
ei

gh
b
or

n
o
d
es

.
A

n
ew

lo
ca

l
co

m
m

u
n
it
y

d
et

ec
ti

on
m

et
h
o
d

is
in

tr
o
d
u
ce

d
b
as

ed
on

th
e

lo
ca

l
d
eg

re
e

ce
n
tr

al
n
o
d
e.

In
th

is
m

et
h
o
d
,
th

e
lo

ca
l
co

m
m

u
n
it
y

is
n
ot

d
is

co
ve

re
d

fr
om

th
e

gi
ve

n
st

ar
ti

n
g

n
o
d
e,

b
u
t

fr
om

th
e

lo
ca

l
d
eg

re
e

ce
n
tr

al
n
o
d
e

th
at

is
as

so
ci

at
ed

w
it

h
th

e
gi

ve
n

st
ar

ti
n
g

n
o
d
e.

1
.2

N
o
ta

ti
o
n

W
e

st
ar

t
b
y

in
tr

o
d
u
ci

n
g

th
e

n
ot

at
io

n
u
se

d
in

th
e

re
st

of
th

is
p
ap

er
.

W
e

d
en

o
te

b
y

V
th

e
se

t
of

n
o
d
es

in
a

n
et

w
or

k
or

gr
ap

h
G

.
A

co
m

m
u
n
it
y,

al
so

ca
ll
ed

a
cl

u
st

er
,
C
✓

V
w

il
l
b
e

a
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v
a
n

L
a
a
r
h
o
v
e
n

a
n
d

M
a
r
c
h
io

r
i

su
b
se

t
of

n
o
d
es

,
a
n
d

it
s

co
m

p
le

m
en

t
C

=
V

\C
co

n
si

st
s

o
f

al
l
n
o
d
es

n
o
t

in
C

.
N

o
te

th
a
t

w
e

co
n
si

d
er

an
y

su
b
se

t
o
f
n
o
d
es

to
b
e

a
co

m
m

u
n
it
y,

a
n
d

th
e

g
oa

l
of

co
m

m
u
n
it
y

d
et

ec
ti

o
n

is
to

fi
n
d

a
go

od
co

m
m

u
n
it
y.

L
et

A
b
e

th
e

ad
ja

ce
n
cy

m
a
tr

ix
o
f
G

,
w

h
er

e
a

ij
d
en

o
te

s
th

e
w

ei
g
h
t

of
an

ed
ge

b
et

w
ee

n
n
o
d
es

i
an

d
j.

In
u
n
w

ei
g
h
te

d
g
ra

p
h
s

a
ij

is
ei

th
er

0
o
r

1
,
an

d
in

u
n
d
ir

ec
te

d
g
ra

p
h
s

a
ij

=
a

ji
.

In
th

is
p
ap

er
w

e
w

o
rk

on
ly

w
it

h
u
n
w

ei
g
h
te

d
u
n
d
ir

ec
te

d
g
ra

p
h
s.

W
e

ca
n

ge
n
er

a
li
ze

th
is

n
o
ta

ti
on

to
se

ts
of

n
o
d
es

,
a
n
d

w
ri

te
a

x
y

=
P

i2
x

P
j2

y
a

ij
.

W
it

h
th

is
n
ot

a
ti

on
in

h
a
n
d

w
e

ca
n

w
ri

te
co

n
d
u
ct

a
n
ce

as

�
(C

)
=

a
C

C

a
C

V
=

1
�

a
C

C

a
C

V
.

A
co

m
m

o
n

al
te

rn
at

iv
e

d
efi

n
it

io
n

is �
a
lt
(C

)
=

a
C

C

m
in

(a
C

V
,a

C
V

),

w
h
ic

h
co

n
si

d
er

s
th

e
co

m
m

u
n
it
y

to
b
e

th
e

sm
a
ll
es

t
o
f

C
a
n
d

C
.

F
or

in
st

an
ce

K
lo

st
er

a
n
d

G
le

ic
h

(2
01

4)
an

d
A

n
d
er

se
n

an
d

L
an

g
(2

00
6
)
u
se

th
is

a
lt

er
n
at

iv
e

d
efi

n
it

io
n
,
w

h
il
e

Y
an

g
a
n
d

L
es

ko
ve

c
(2

01
2
)

u
se
�
.

N
o
te

th
at

�
h
as

a
tr

iv
ia

l
op

ti
m

u
m

w
h
en

a
ll

n
o
d
es

b
el

o
n
g

to
th

e
co

m
m

u
n
it
y,

w
h
il
e

�
a
lt

w
il
l

u
su

al
ly

h
av

e
a

gl
o
b
a
l

o
p
ti

m
u
m

w
it

h
ro

u
g
h
ly

h
a
lf

of
th

e
n
o
d
es

b
el

o
n
g
in

g
to

th
e

co
m

m
u
n
it
y.

N
ei

th
er

o
f
th

es
e

o
p
ti

m
a

a
re

d
es

ir
a
b
le

fo
r

fi
n
d
in

g
a

si
n
g
le

sm
al

l
co

m
m

u
n
it
y.

W
it

h
a

se
t

X
w

e
a
ss

o
ci

a
te

a
n

in
d
ic

at
o
r

ve
ct

o
r

[X
]
o
f

le
n
g
th

|V
|,

su
ch

th
at

[X
] i

=
1

if
i
2

X
a
n
d

[X
] i

=
0

ot
h
er

w
is

e.
W

e
w

il
l
u
su

a
ll
y

ca
ll

th
is

ve
ct

or
x
.

2
.

C
o
n
ti
n
u
o
u
s

R
e
la

x
a
ti
o
n

o
f
C

o
n
d
u
ct

a
n
ce

If
w

e
w

an
t

to
ta

lk
a
b
o
u
t

d
ir

ec
tl

y
o
p
ti

m
iz

in
g

co
n
d
u
ct

a
n
ce

,
th

en
w

e
n
ee

d
to

d
efi

n
e

w
h
at

(l
o
ca

l)
o
p
ti

m
a

ar
e.

T
h
e

n
ot

io
n

o
f
lo

ca
l
o
p
ti

m
a

d
ep

en
d
s

o
n

th
e

to
p
ol

o
g
y

o
f
th

e
in

p
u
t

sp
ac

e,
th

a
t

is
to

sa
y,

on
w

h
at

co
m

m
u
n
it

ie
s

w
e

co
n
si

d
er

to
b
e

n
ei

g
h
b
o
rs

o
f
o
th

er
co

m
m

u
n
it

ie
s.

W
e

co
u
ld

,
fo

r
in

st
a
n
ce

,
d
efi

n
e

th
e

n
ei

g
h
b
o
rs

of
a

co
m

m
u
n
it
y

to
b
e

al
l
co

m
m

u
n
it

ie
s

th
a
t

ca
n

b
e

cr
ea

te
d

b
y

a
d
d
in

g
o
r

re
m

ov
in

g
a

si
n
g
le

n
o
d
e.

B
u
t

th
is

is
an

a
rb

it
ra

ry
ch

o
ic

e,
a
n
d

w
e

co
u
ld

eq
u
a
ll
y

w
el

l
d
efi

n
e

th
e

n
ei

g
h
b
or

s
to

b
e

a
ll

co
m

m
u
n
it

ie
s

re
a
ch

ed
b
y

a
d
d
in

g
o
r

re
m

ov
in

g
u
p

to
tw

o
n
o
d
es

.
A

n
a
lt

er
n
at

iv
e

is
to

m
ov

e
to

th
e

co
n
ti

n
u
o
u
s

w
o
rl

d
,

w
h
er

e
w

e
ca

n
u
se

o
u
r

k
n
ow

le
d
g
e

o
f
ca

lc
u
lu

s
to

g
iv

e
u
s

a
n
o
ti

on
o
f
lo

ca
l
o
p
ti

m
a
.

T
o

tu
rn

co
m

m
u
n
it
y

fi
n
d
in

g
in

to
a

co
n
ti

n
u
o
u
s

p
ro

b
le

m
,
in

st
ea

d
o
f
a

se
t

C
w

e
n
ee

d
to

se
e

th
e

co
m

m
u
n
it
y

as
a

ve
ct

o
r
c

o
f
re

a
l
n
u
m

b
er

s
b
et

w
ee

n
0

a
n
d

1,
w

h
er

e
c i

d
en

o
te

s
th

e
d
eg

re
e

to
w

h
ic

h
n
o
d
e

i
is

a
m

em
b
er

o
f

th
e

co
m

m
u
n
it
y.

G
iv

en
a

d
is

cr
et

e
co

m
m

u
n
it
y

C
,

w
e

h
av

e
c

=
[C

],
b
u
t

th
e

in
ve

rs
e

is
n
ot

a
lw

ay
s

p
o
ss

ib
le

,
so

th
e

ve
ct

o
ri

a
l
se

tt
in

g
is

m
o
re

g
en

er
a
l.

T
h
e

ed
g
e

w
ei

g
h
t

b
et

w
ee

n
se

ts
o
f

n
o
d
es

ca
n

b
e

ea
si

ly
g
en

er
al

iz
ed

to
th

e
ed

g
e

w
ei

g
h
t

o
f

m
em

b
er

sh
ip

v
ec

to
rs

,

a
x
y

=
x

T
A
y

=
X i2

V

X j2
V

x
ia

ij
y j

.

N
ow

w
e

ca
n

re
in

te
rp

re
t

th
e

p
re

v
io

u
s

d
efi

n
it

io
n

o
f
co

n
d
u
ct

a
n
ce

as
a

fu
n
ct

io
n

o
f
re

al
ve

ct
or

s,
w

h
ic

h
w

e
co

u
ld

ex
p
a
n
d

a
s

�
(c

)
=

1
�
P

i,
j2

V
c i

a
ij
c j

P
i,
j2

V
c i

a
ij

.
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L
o
c
a
l

N
e
t
w

o
r
k

C
o
m
m
u
n
it

y
D

e
t
e
c
t
io

n
w

it
h

C
o
n
t
in

u
o
u
s

O
p
t
im

iz
a
t
io

n

W
ith

th
is

d
efi

n
ition

w
e

ca
n

ap
p
ly

th
e

va
st

litera
tu

re
o
n

co
n
stra

in
ed

op
tim

iza
tio

n
of

d
i↵

er-
en

tia
b
le

fu
n
ctio

n
s.

In
p
a
rticu

la
r,

w
e

can
lo

o
k

fo
r

lo
cal

o
p
tim

a
o
f
th

e
co

n
d
u
cta

n
ce,

su
b
ject

to
th

e
con

stra
in

t
th

a
t

0


c
i 

1.
T

h
ese

lo
ca

l
o
p
tim

a
w

ill
sa

tisfy
th

e
K

a
ru

sh
-K

u
h
n
-T

u
cker

co
n
d
ition

s,
w

h
ich

in
th

is
case

am
o
u
n
ts

to
,
fo

r
a
ll

i2
V

,

0


c
i 

1

r
�
(c

)
i �

0
if

c
i
=

0

r
�
(c

)
i
=

0
if

0
<

c
i
<

1
,

r
�
(c

)
i 

0
if

c
i
=

1.

T
o

u
se

th
e

ab
ove

o
p
tim

izatio
n

p
ro

b
lem

fo
r

fi
n
d
in

g
com

m
u
n
ities

fro
m

seed
s,

w
e

a
d
d

o
n
e

a
d
d
ition

al
co

n
strain

t.
G

iven
a

set
S

o
f
seed

s
w

e
req

u
ire

th
a
t

c
i �

s
i ;

in
o
th

er
w

o
rd

s,
th

a
t

th
e

seed
n
o
d
es

a
re

m
em

b
ers

of
th

e
co

m
m

u
n
ity.

T
h
is

is
th

e
o
n
ly

w
ay

in
w

h
ich

th
e

seed
s

a
re

u
sed

,
a
n
d

th
e

o
n
ly

w
ay

in
w

h
ich

w
e

ca
n

u
se

th
e

seed
s

w
ith

ou
t

m
a
k
in

g
ex

tra
a
ssu

m
p
tio

n
s.

2
.1

A
L
o
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ita
tio

n
of

th
e

ra
n

d
o
m

ized
a
llo

ca
tion

strategy.
In

sp
ite

o
f

th
is

su
b

-op
tim

a
lity,

ou
r

resu
lt

ex
p

licitly
sh

ow
s

b
oth

th
e

b
ia

s-va
rian

ce
tra

d
eo

ff
a
n

d
th

e
ex

p
lo

ratio
n

-ex
p

lo
ita

tio
n

tra
d

eo
ff

,
w

h
ich

refl
ects

th
e

u
n

d
erly

in
g

n
a
tu

re
o
f

th
e

p
ro

p
o
sed

a
lg

o
rith

m
fo

r
th

e
M

A
B

C
p

rob
lem

.
W

ith
a

m
o
d

el
co

m
b

in
in

g
stra

teg
y

a
n

d
d

im
en

sio
n

red
u

ctio
n

tech
n

iq
u

e
to

b
e

in
-

tro
d

u
ced

later,
th

e
kern

el
estim

a
tio

n
b

a
sed

ra
n

d
o
m

ized
allo

catio
n

strategy
ca

n
b

e
q
u

ite
fl

ex
ib

le
w

ith
w

id
e

p
oten

tial
p

ractica
l

u
se.

M
oreover,

in
A

p
p

en
d

ix
A

,
w

e
in

co
rp

o
ra

te
th

e
kern

el
estim

atio
n

in
to

a
U

C
B

-ty
p

e
a
lg

orith
m

w
ith

ran
d
om

izatio
n

a
n

d
sh

ow
th

at
its

reg
ret

ra
te

b
eco

m
es

m
in

im
a
x

op
tim

al
u

p
to

a
lo

g
a
rith

m
ic

fa
cto

r.

O
n

e
n

atu
ra

l
a
n

d
in

terestin
g

issu
e

in
th

e
ran

d
om

ized
allo

ca
tion

stra
teg

y
in

M
A

B
C

is
h

ow
to

ch
o
o
se

th
e

m
o
d

elin
g

m
eth

o
d

s
a
m

o
n

g
n
u

m
ero

u
s

n
o
n

p
a
ra

m
etric

a
n

d
p

a
ra

m
etric

estim
ato

rs.
T

h
e

m
o
tiva

tio
n

of
su

ch
a

q
u

estion
sh

a
res

th
e

fl
avo

r
of

m
o
d

el
a
g
g
reg

a
tio

n
/
com

b
in

in
g

in
sta

tistica
l

lea
rn

in
g

(see,
e.g

.,
A

u
d

ib
ert,

2
0
09

;
R

ig
ollet

a
n

d
T

sy
b

a
kov

,
2
0
1
2
;

W
a
n

g
et

a
l.,

20
1
4

a
n

d
referen

ces
th

erein
).

In
th

e
b

a
n

d
it

p
ro

b
lem

litera
tu

re,
m

o
d

el
co

m
b

in
in

g
is

also
q
u

ite
relevan

t
to

th
e

a
d

versa
ry

b
an

d
it

p
rob

lem
(e.g

.,
C

esa
-B

ia
n

ch
i

a
n

d
L

u
g
o
si,

2
0
0
6;

A
u

er
et

a
l.,

20
0
3).

A
s

a
recen

t
ex

a
m

p
le,

M
aillard

a
n

d
M

u
n
o
s

(2
0
1
1)

stu
d

y
th

e
h

istory
-d

ep
en

d
en

t
ad

versa
ria

l
b

a
n

d
it

to
ta

rg
et

th
e

b
est

a
m

o
n

g
a

p
o
o
l

o
f

h
isto

ry
cla

ss
m

a
p

p
in

g
stra

tegies.

A
s

an
em

p
irical

solu
tion

to
th

e
d

iffi
cu

lty
in

ch
o
o
sin

g
th

e
b

est
estim

a
tio

n
m

eth
o
d

for
each

a
rm

in
th

e
ra

n
d

om
ized

a
llo

ca
tion

stra
teg

y
for

M
A

B
C

,
w

e
in

tro
d

u
ce

a
fu

lly
d

a
ta

-d
riven

m
o
d

el
com

b
in

in
g

tech
n

iq
u

e
m

o
tiva

ted
b
y

th
e

A
F

T
E

R
algo

rith
m

,
w

h
ich

h
as

sh
ow

n
su

ccess
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Q
ia

n
a
n
d

Y
a
n
g

b
oth

th
eoretically

(Y
an

g,
2004)

an
d

em
p

irically
(e.g.,

Z
o
u

an
d

Y
an

g
,

20
04;

W
ei

an
d

Y
an

g,
20

1
2).

W
e

in
tegrate

a
m

o
d

el
com

b
in

in
g

step
b
y

A
F

T
E

R
for

rew
ard

fu
n

ction
estim

ation
in

to
th

e
ran

d
o
m

ized
a
llo

cation
strategy

for
M

A
B

C
.

P
relim

in
ary

sim
u

lation
resu

lts
o
f

com
b

in
in

g
va

riou
s

d
im

en
sion

red
u

ction
m

eth
o
d

s
are

rep
orted

in
Q

ian
an

d
Y

an
g

(201
2).

H
ow

ever,
n

o
th

eo
retica

l
ju

stifi
cation

is
given

th
ere.

A
s

an
oth

er
con

trib
u

tion
of

th
is

p
a
p

er,
w

e
p

resen
t

h
ere

n
ew

th
eoretical

an
d

n
u

m
erical

resu
lts

on
th

e
p

rop
osed

com
b

in
in

g
algorith

m
.

In
p

a
rticu

lar,
th

e
stron

g
con

sisten
cy

of
th

e
m

o
d

el
com

b
in

in
g

allo
cation

strategy
is

estab
lish

ed
.

T
h

e
rest

of
th

is
p

ap
er

is
organ

ized
as

follow
s.

W
e

p
resen

t
a

g
en

eral
an

d
fl

ex
ib

le
p

rob
lem

setu
p

fo
r

M
A

B
C

in
S
ection

2.
W

e
d

escrib
e

th
e

algorith
m

in
S
ection

3
a
n

d
stu

d
y

th
e

stron
g

con
sisten

cy
an

d
th

e
fi

n
ite-tim

e
regret

an
aly

sis
of

kern
el

estim
atio

n
m

eth
o
d

s
in

S
ection

4.
W

e
also

in
tro

d
u

ce
a

d
im

en
sion

red
u

ction
su

b
-p

ro
ced

u
re

to
h

an
d

le
th

e
situ

ation
th

at
th

e
cova

ria
te

d
im

en
sion

is
h

igh
.

T
h

e
asy

m
p

totic
resu

lts
o
f

th
e

m
o
d

el
com

b
in

in
g

allo
cation

stra
teg

y
is

estab
lish

ed
in

S
ection

5.
W

e
sh

ow
in

S
ection

6
an

d
S
ection

7
th

e
n
u

m
erical

p
er-

form
a
n

ce
of

th
e

p
rop

osed
allo

cation
strategy

u
sin

g
sim

u
lation

s
an

d
a

w
eb

-b
ased

n
ew

s
article

reco
m

m
en

d
ation

d
ata

set,
resp

ectively.
A

b
rief

con
clu

sion
is

g
iven

in
S

ection
8.

T
h

e
k
ern

el
estim

atio
n

b
ased

U
C

B
-ty

p
e

algorith
m

w
ith

ran
d

om
ization

is
d

escrib
ed

in
A

p
p

en
d

ix
A

,
all

tech
n

ical
lem

m
a
s

an
d

p
ro

ofs
are

given
in

A
p

p
en

d
ix

B
,

an
d

ad
d

ition
al

n
u

m
erical

resu
lts

of
th

e
im

p
lem

en
ted

algorith
m

s
are

left
in

A
p

p
en

d
ix

C
.

2
.
P
ro

b
le
m

S
e
tu

p

S
u

p
p

ose
a

b
a
n

d
it

p
rob

lem
h

as
l

(l≥
2)

can
d

id
ate

arm
s

to
p

lay.
A

t
ea

ch
tim

e
p

oin
t

of
th

e
ga

m
e,

a
d
-d

im
en

sion
al

covariate
x

is
ob

serv
ed

b
efore

w
e

d
ecid

e
w

h
ich

arm
to

p
u

ll.
A

ssu
m

e
th

at
th

e
cova

ria
te
x

takes
valu

es
in

th
e

h
y
p

ercu
b

e
[0
,1] d.

A
lso

assu
m

e
th

e
(con

d
ition

al)
m

ean
rew

ard
for

a
rm

i
given

x
,

d
en

oted
b
y
f
i (x

),
is

u
n

iform
ly

u
p

p
er

b
ou

n
d

ed
an

d
u

n
k
n

ow
n

to
gam

e
p

layers.
T

h
e

ob
served

rew
ard

is
m

o
d

eled
as
f
i (x

)
+
ε,

w
h

ere
ε

is
a

ran
d

om
error

w
ith

m
ean

0
.

L
et{

X
n
,
n
≥

1}
b

e
a

seq
u

en
ce

of
in

d
ep

en
d

en
t

covariates
gen

erated
from

an
u

n
d

erly
in

g
p

ro
b

a
b

ility
d

istrib
u

tion
P
X

su
p

p
orted

in
[0,1] d.

A
t

each
tim

e
n
≥

1,
w

e
n

eed
to

ap
p

ly
a

seq
u

en
tial

allo
cation

ru
le
η

to
d
ecid

e
w

h
ich

arm
to

p
u

ll
b

ased
on

X
n

a
n

d
th

e
p

rev
iou

s
ob

servation
s.

W
e

d
en

ote
th

e
ch

osen
arm

b
y
I
n

an
d

th
e

ob
served

rew
ard

of
p

u
llin

g
th

e
arm

I
n

=
i

at
tim

e
n

b
y
Y
i,n

,
1
≤
i≤

l.
A

s
a

resu
lt,

Y
I
n
,n

=
f
I
n
(X

n
)

+
ε
n
,

w
h

ere
ε
n

is
th

e
ran

d
om

error
w

ith
E

(ε
n |X

n
)

=
0.

D
iff

eren
t

from
Y

an
g

an
d

Z
h
u

(200
2),

th
e

error
ε
n

m
ay

b
e

d
ep

en
d

en
t

on
th

e
covariate

X
n
.

C
on

sid
er

th
e

sim
p

le
scen

a
rio

of
on

lin
e

ad
vertisin

g
w

h
ere

th
e

resp
on

se
is

b
in

ary
(click

:
Y

=
1;

n
o

click
:
Y

=
0).

G
iven

an
a
rm

i
an

d
covariate

x
∈

[0,1],
su

p
p

o
se

th
e

m
ean

rew
ard

fu
n

ction
satisfi

es
e.g.,

f
i (x

)
=
x

.
T

h
en

it
is

easy
to

see
th

at
th

e
d

istrib
u

tion
of

th
e

ran
d

om
error

ε
d

ep
en

d
s

on
x

.
In

case
of

a
con

tin
u

ou
s

resp
on

se,
it

is
also

w
ell-k

n
ow

n
th

at
h

eterosced
astic

errors
com

m
on

ly
o
ccu

r.

B
y

th
e

p
rev

io
u

s
d

efi
n

ition
s,

w
e

k
n

ow
th

at
at

tim
e
n

,
an

allo
cation

strategy
ch

o
oses

th
e

a
rm

I
n

b
ased

on
X
n

an
d

(X
j ,
I
j ,
Y
I
j ,j ),

1
≤
j≤

n
−

1.
T

o
evalu

ate
th

e
p

erform
a
n

ce
of

th
e

a
llo

catio
n

stra
teg

y,
let

i ∗(x
)

=
argm

ax
1≤
i≤
l f
i (x

)
an

d
f
∗(x

)
=
f
i ∗

(x
) (x

)
(an

y
tie-b

reak
in

g
ru

le
ca

n
b

e
ap

p
lied

if
th

ere
are

ties).
W

ith
ou

t
th

e
k
n

ow
led

ge
of

ran
d

om
error

ε
j ,

th
e

op
tim

al
p

erfo
rm

an
ce

o
ccu

rs
w

h
en

I
j

=
i ∗(X

j ),
an

d
th

e
corresp

o
n

d
in

g
op

tim
al

cu
m

u
lative

rew
ard

given
X

1 ,···
,X

n
can

b
e

rep
resen

ted
as
∑

nj=
1
f
∗(X

j ).
T

h
e

cu
m

u
lative

m
ean

rew
ard

of
th

e
a
p

p
lied

allo
ca

tion
ru

le
can

b
e

rep
resen

ted
as ∑

nj=
1
f
I
n
(X

j ).
T

h
u

s
w

e
can

m
easu

re
th

e
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B
a
n
d
it

P
r
o
b
l
e
m

w
it

h
C

o
v
a
r
ia

t
e
s

p
er

fo
rm

an
ce

of
an

al
lo

ca
ti

on
ru

le
η

b
y

th
e

cu
m

u
la

ti
ve

re
gr

et

R
n
(η

)
=

n ∑ j=
1

( f
∗ (
X
j
)
−
f I
j
(X

j
))
.

W
e

sa
y

th
e

al
lo

ca
ti

on
ru

le
η

is
st

ro
n

gl
y

co
n

si
st

en
t

if
R
n
(η

)
=
o(
n

)
w

it
h

p
ro

b
ab

il
it

y
o
n

e.
A

ls
o,
R
n
(η

)
is

co
m

m
on

ly
u
se

d
fo

r
fi

n
it

e-
ti

m
e

re
gr

et
an

al
y
si

s.
In

ad
d

it
io

n
,

d
efi

n
e

th
e

p
er

-
ro

u
n

d
re

gr
et
r n

(η
)

b
y

r n
(η

)
=

1 n

n ∑ j=
1

( f
∗ (
X
j
)
−
f I
j
(X

j
))
.

T
o

m
ai

n
ta

in
th

e
re

ad
ab

il
it

y
fo

r
th

e
re

st
of

th
is

p
ap

er
,

w
e

u
se
i

on
ly

fo
r

b
a
n

d
it

a
rm

s,
j

an
d
n

on
ly

fo
r

ti
m

e
p

oi
n
ts

,
r

an
d
s

on
ly

fo
r

re
w

ar
d

fu
n

ct
io

n
es

ti
m

at
io

n
m

et
h

o
d

s,
an

d
t

a
n

d
T

on
ly

fo
r

th
e

to
ta

l
n
u

m
b

er
of

ti
m

es
a

sp
ec

ifi
c

ar
m

is
p

u
ll

ed
.

3
.
A
lg
o
ri
th

m

In
th

is
se

ct
io

n
,

w
e

p
re

se
n
t

th
e

m
o
d

el
-c

om
b

in
in

g-
b

as
ed

ra
n

d
om

iz
ed

al
lo

ca
ti

on
st

ra
te

gy
.

A
t

ea
ch

ti
m

e
n
≥

1,
d

en
ot

e
th

e
se

t
of

p
as

t
ob

se
rv

at
io

n
s
{(
X
j
,I
j
,Y

I j
,j

)
:

1
≤
j
≤
n
−

1
}

b
y

Z
n
,

an
d

d
en

ot
e

th
e

ar
m
i

as
so

ci
at

ed
su

b
se

t
{(
X
j
,I
j
,Y

I j
,j

)
:
I j

=
i,

1
≤
j
≤
n
−

1
}

b
y
Z
i,
n
.

F
or

es
ti

m
at

in
g

th
e
f i

’s
,
su

p
p

os
e

w
e

h
av

e
m

ca
n

d
id

at
e

re
gr

es
si

on
es

ti
m

at
io

n
p

ro
ce

d
u

re
s

(e
.g

.,
h

is
to

gr
am

,
ke

rn
el

es
ti

m
at

io
n

,
et

c.
),

an
d

w
e

d
en

ot
e

th
e

cl
as

s
of

th
es

e
ca

n
d

id
a
te

p
ro

ce
d

u
re

s
b
y

∆
=
{δ

1
,·
··
,δ
m
}.

L
et

f̂ i
,n
,r

d
en

ot
e

th
e

re
gr

es
si

on
es

ti
m

at
e

of
p

ro
ce

d
u

re
δ r

b
a
se

d

on
Z
i,
n
,

an
d

le
t
f̂ i
,n

d
en

ot
e

th
e

w
ei

gh
te

d
av

er
ag

e
of
f̂ i
,n
,r

’s
,

1
≤
r
≤
m

,
b
y

th
e

m
o
d

el
co

m
b

in
in

g
al

go
ri

th
m

to
b

e
gi

ve
n

.
L

et
{π

n
,
n
≥

1}
b

e
a

d
ec

re
as

in
g

se
q
u

en
ce

o
f

p
o
si

ti
ve

n
u

m
b

er
s

ap
p

ro
ac

h
in

g
0,

an
d

as
su

m
e

th
at

(l
−

1)
π
n
<

1
fo

r
al

l
n
≥

1.
T

h
e

m
o
d

el
co

m
b

in
in

g
al

lo
ca

ti
on

st
ra

te
gy

in
cl

u
d

es
th

e
fo

ll
ow

in
g

st
ep

s.

S
T

E
P

1
.

In
it

ia
li

ze
w

it
h

fo
rc

ed
ar

m
se

le
ct

io
n

s.
G

iv
e

ea
ch

ar
m

a
sm

al
l

n
u

m
b

er
o
f

a
p

p
li

ca
-

ti
on

s.
F

or
ex

am
p

le
,

w
e

m
ay

p
u

ll
ea

ch
ar

m
n

0
ti

m
es

at
th

e
b

eg
in

n
in

g
b
y

ta
k
in

g
I 1

=
1
,

I 2
=

2,
··
·I
l

=
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b
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−
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=
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∨
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p
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w
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m
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d
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con
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a
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b
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re
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d
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n
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∆
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∞
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d
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d
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d
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p
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d
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d
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p
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d
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≤
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.
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=
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p
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d
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>
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n
k
n

ow
n

in
p

ra
ct

ic
e,

a
n

d
it

is
n

ec
es

sa
ry

to
fi

rs
t

o
b

ta
in

th
e

es
ti

m
a
te

o
f
s i

.
In

ad
d

it
io

n
,

w
e

as
su

m
e

th
a
t
s i

is
a

li
n

ea
r

re
d

u
ct

io
n

fu
n

ct
io

n
in

th
e

se
n

se
th

at
s i

(x
)

=
B
T i
x

,
w

h
er

e
B
i
∈
R
d
×
r i

is
a

d
im

en
si

o
n

re
d

u
ct

io
n

m
a
tr

ix
.

It
is

w
or

th
m

en
ti

o
n

in
g

th
a
t
s i

is
n

ot
u

n
iq

u
e,

i.
e.

,
s i

(x
)

=
Ã
B
T i
x

is
a

va
li

d
re

d
u

ct
io

n
fu

n
ct

io
n

fo
r

a
n
y

fu
ll

ra
n

k
m

a
tr

ix
Ã
∈
R
r i
×
r i

.
T

h
er

ef
or

e,
it

su
ffi

ce
s

to
es

ti
m

a
te

th
e

d
im

en
si

on
re

d
u

ct
io

n
su

b
sp

a
ce

s
p
a
n
(B

i)
sp

a
n

n
ed

b
y

th
e

co
lu

m
n
s

o
f
B
i,

a
n

d
o
b
ta

in
ŝ i
,n

(x
)

=
B̂
T i,
n
x

,
w

h
er

e
B̂
i,
n
∈
R
d
×
r i

is
on

e
b

as
is

m
a
tr

ix
of

th
e

es
ti

m
at

ed
su

b
sp

a
ce

at
ti

m
e
n

,
a
n

d
ŝ i
,n

is
th

e
es

ti
m

at
e

o
f
s i

.

D
im

en
si

on
re

d
u

ct
io

n
m

et
h

o
d

s
su

ch
a
s

sl
ic

ed
in

ve
rs

e
re

gr
es

si
on

(a
ls

o
k
n

ow
n

a
s

S
IR

,
se

e
L

i,
19

9
1)

ca
n

b
e

ap
p

li
ed

to
(X

i,
n
,
Y
i,
n
)

to
o
b

ta
in
B̂
i,
n
.

In
p

ra
ct

ic
e,

it
is

co
n
ve

n
ie

n
t

to
h

av
e
X
i,
n

w
o
rk

on
th

e
st

a
n

d
a
rd

iz
ed

sc
al

e
(i

.e
.,

th
e

sa
m

p
le

m
ea

n
is

ze
ro

a
n

d
th

e
sa

m
p

le
co

va
ri

a
n

ce
m

at
ri

x
is

th
e

id
en

ti
ty

m
a
tr

ix
;

L
i,

1
9
9
1
;

C
o
o
k
,

20
0
7)

.
S

u
p
p

o
se

th
e

N
ad

a
ra

ya
-

W
a
ts

o
n

es
ti

m
at

io
n

is
u

se
d

w
it

h
K
i(
u

)
:
R
r i
→

R
b

ei
n

g
a

m
u

lt
iv

ar
ia

te
sy

m
m

et
ri

c
ke

rn
el

fu
n

ct
io

n
fo

r
ar

m
i.

R
ec

al
l
J
i,
n

=
{j

:
I j

=
i,

1
≤
j
≤
n
−

1
}

is
th

e
se

t
o
f

p
a
st

ti
m

e
p

o
in

ts

at
w

h
ic

h
ar

m
i

is
p

u
ll

ed
.

T
h

en
,

w
e

ca
n

o
b

ta
in
f̂ i
,n

w
it

h
th

e
fo

ll
ow

in
g

st
ep

s.

S
te

p
1
.

T
ra

n
sf

o
rm

X
i,
n

to
th

e
st

a
n

d
a
rd

iz
ed

-s
ca

le
m

a
tr

ix
X
n
,i ∗
:

tr
an

sf
or

m
th

e
o
ri

gi
n

a
l

co
-

va
ri

at
es
X
j
’s

b
y
X
∗ j

=
Σ̂
−

1
/
2

i,
n

(X
j
−
X̄
i,
n
)

fo
r

ev
er

y
j
∈
J
i,
n
,

w
h

er
e
X̄
i,
n

a
n

d
Σ̂
i,
n

ar
e

th
e

sa
m

p
le

m
ea

n
ve

ct
o
r

an
d

th
e

sa
m

p
le

co
va

ri
a
n

ce
m

a
tr

ix
o
f
X
i,
n
,

re
sp

ec
ti

ve
ly

.
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B
a
n
d
it

P
r
o
b
l
e
m

w
it

h
C

o
v
a
r
ia

t
e
s

S
te

p
2
.

A
p

p
ly

a
d

im
en

sion
red

u
ctio

n
m

eth
o
d

to
(X

i,n
∗

,
Y
i,n

)
to

o
b

ta
in

th
e

estim
ated

d×
r
i

d
im

en
sio

n
red

u
ction

m
atrix

B̂
∗i,n

,
w

h
ere

B̂
∗
T
i,n
B̂
∗i,n

=
I
r
i .

F
o
r

ex
a
m

p
le,

w
e

ca
n

a
p

p
ly

S
IR

(L
i,

19
9
1)

to
ob

ta
in
B̂
∗i,n

b
y

u
sin

g
th

e
M

A
T

L
A

B
p

a
cka

g
e

L
D

R
(C

o
o
k

et
a
l.,

2
0
11

,
ava

ila
b

le
a
t
h
t
t
p
s
:
/
/
s
i
t
e
s
.
g
o
o
g
l
e
.
c
o
m
/
s
i
t
e
/
l
i
l
i
a
n
a
f
o
r
z
a
n
i
/
l
d
r
-
p
a
c
k
a
g
e
)

S
te

p
3
.

G
iven

x
∈
R
d,

let
x
∗

=
Σ̂
−

1
/
2

i,n
(x
−
X̄
i,n

)
b

e
th

e
tra

n
sfo

rm
ed

x
a
t

th
e

sta
n

d
a
rd

ized
sca

le.
T

h
e

N
ad

araya
-W

a
tson

estim
a
to

r
o
f
f
i (x

)
is

f̂
i,n

(x
)

=

∑j∈
J
i,n

Y
i,j K

i (
B̂
∗
T
i,n
x
∗−

B̂
∗
T
i,n
X
∗j

h
n−

1

)

∑j∈
J
i,n

K
i (

B̂
∗
T
i,n
x
∗−

B̂
∗
T
i,n
X
∗j

h
n−

1

)
.

(5)

In
a
d

d
itio

n
to

estim
a
tin

g
th

e
rew

a
rd

fu
n

ctio
n

for
ea

ch
a
rm

,
it

is
so

m
etim

es
o
f

in
terest

to
k
n

ow
w

h
ich

variab
les

co
n
trib

u
te

to
th

e
rew

ard
fo

r
each

a
rm

,
a
n

d
so

m
e

sp
a
rse

d
im

en
-

sio
n

red
u

ction
tech

n
iq

u
es

can
b

e
a
p

p
lied

.
In

p
a
rticu

lar,
C

h
en

et
a
l.

(2
0
1
0
)

p
ro

p
o
se

th
e

co
o
rd

in
a
te-in

d
ep

en
d

en
t

sp
arse

estim
a
tio

n
(C

IS
E

)
to

g
ive

sp
a
rse

d
im

en
sio

n
red

u
ctio

n
m

a
-

trix
su

ch
th

at
th

e
estim

ated
co

effi
cien

ts
o
f

so
m

e
p

red
icto

rs
a
re

zero
fo

r
a
ll

red
u

ction
d

irec-
tio

n
s

(i.e.,
so

m
e

row
vecto

rs
in
B̂
∗i,n

b
eco

m
e

0
).

W
h

en
th

e
S

IR
o
b

jective
fu

n
ction

is
u

sed
,

th
e

co
rresp

o
n

d
in

g
C

IS
E

m
eth

o
d

is
d

en
o
ted

b
y

C
IS

-S
IR

.
T

o
o
b

ta
in
B̂
∗i,n

in
S

tep
2

a
b

ove
u

sin
g

C
IS

-S
IR

,
w

e
ca

n
a
p

p
ly

th
e

M
A

T
L

A
B

p
acka

g
e

C
IS

E
(C

h
en

et
a
l.,

2
0
1
0
,

availa
b

le
a
t

h
t
t
p
:
/
/
w
w
w
.
s
t
a
t
.
n
u
s
.
e
d
u
.
s
g
/
~
s
t
a
c
x
/
).

T
h

e
sim

u
la

tio
n

ex
am

p
le

in
S

ectio
n

6
a
n

d
th

e
rea

l
d

ata
ex

a
m

p
le

in
S

ectio
n

7
b

o
th

u
se

th
e

a
lg

o
rith

m
s

d
escrib

ed
h

ere.
T

h
e

sim
u

latio
n

ex
a
m

p
le

is
im

p
lem

en
ted

in
M

A
T

L
A

B
a
n

d
th

e
rea

l
d

a
ta

ex
am

p
le

is
im

p
lem

en
ted

in
C

+
+

.
T

h
e

m
a

jor
sou

rce
co

d
e

illu
stra

tin
g

th
e

p
ro

p
o
sed

a
lg

o
rith

m
s

is
ava

ila
b

le
u

p
on

req
u
est.

5
.
S
tro

n
g
C
o
n
siste

n
cy

in
M

o
d
e
l
C
o
m
b
in
in
g
B
a
se
d

A
llo

ca
tio

n

N
ex

t,
w

e
con

sid
er

th
e

g
en

eral
ca

se
th

a
t

m
u

ltip
le

fu
n

ctio
n

estim
a
tio

n
m

eth
o
d

s
a
re

u
sed

fo
r

m
o
d

el
co

m
b

in
in

g.
In

gen
eral,

it
is

tech
n

ically
d

iffi
cu

lt
to

v
erify

stro
n

g
co

n
sisten

cy
in

L
∞

n
orm

for
a

reg
ressio

n
m

eth
o
d

.
A

lso,
p

ra
ctica

lly,
it

is
likely

th
a
t

so
m

e
m

eth
o
d

s
m

ay
g
ive

g
o
o
d

estim
a
tion

for
o
n

ly
a

su
b

set
of

th
e

a
rm

s,
b

u
t

p
erform

s
p

o
o
rly

fo
r

th
e

rest.
N

o
t

k
n

ow
in

g
w

h
ich

m
eth

o
d

s
w

o
rk

w
ell

fo
r

w
h

ich
a
rm

s,
w

e
p

ro
p

o
sed

th
e

co
m

b
in

in
g

a
lg

o
rith

m
in

S
ectio

n
3

to
a
d

d
ress

th
is

issu
e.

W
e

w
ill

sh
ow

th
a
t

even
in

th
e

p
resen

ce
of

b
a
d

-p
erfo

rm
in

g
reg

ressio
n

m
eth

o
d

s,
th

e
stro

n
g

co
n

sisten
cy

o
f

o
u

r
a
llo

ca
tio

n
stra

teg
y

still
h

o
ld

s
if

for
a
n
y

g
iven

arm
,

th
ere

is
a
t

least
o
n

e
g
o
o
d

regressio
n

m
eth

o
d

in
clu

d
ed

for
co

m
b

in
in

g.

G
iven

a
n

arm
i,

let
N

(i)
t

=
in

f {
n

: ∑
nj=
n
0
l+

1
I
(I
j

=
i)≥

t }
,
t≥

1
,

b
e

th
e

ea
rliest

tim
e

p
oin

t
w

h
ere

a
rm

i
is

p
u

lled
ex

a
ctly

t
tim

es
a
fter

th
e

fo
rced

sam
p

lin
g

p
erio

d
.

F
o
r

n
o
tatio

n

b
rev

ity,
w

e
u

se
N
t

in
stea

d
of
N

(i)
t

in
th

e
rest

o
f

th
is

sectio
n

.
C

o
n

sid
er

th
e

a
ssu

m
p

tion
s

a
s

fo
llow

s.

A
ssu

m
p

tio
n

A
.

G
iven

a
n

y
a
rm

1
≤
i≤

l,
th

e
ca

n
d
id

a
te

regressio
n

p
roced

u
res

in
∆

ca
n

be
ca

tego
rized

in
to

o
n

e
o
f

th
e

tw
o

su
bsets

d
en

o
ted

by
∆
i1

(n
o
n

-em
p
ty)

a
n

d
∆
i2 .

A
ll

p
roced

u
res
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Q
ia

n
a
n
d

Y
a
n
g

in
∆
i1

a
re

stro
n

gly
co

n
sisten

t
in
L
∞

n
o
rm

fo
r

a
rm

i,
w

h
ile

p
roced

u
res

in
∆
i2

a
re

less
w

ell-
perfo

rm
in

g
in

th
e

sen
se

th
a
t

fo
r

ea
ch

p
roced

u
re
δ
s

in
∆
i2 ,

th
ere

exist
a

p
roced

u
re
δ
r

in
∆
i1

a
n

d
so

m
e

co
n

sta
n

ts
b
>

0.5,
c

1
>

0
su

ch
th

a
t

lim
in

f
T→
∞

T
∑t=

1 (f̂
i,N

t ,s (X
N
t )−

f
i (X

N
t ) )

2−
T
∑t=

1 (f̂
i,N

t ,r (X
N
t )−

f
i (X

N
t ) )

2

√
T

(log
T

)
b

>
c

1

w
ith

p
ro

ba
bility

o
n

e.

A
ssu

m
p

tio
n

B
.

T
h
e

m
ea

n
fu

n
ctio

n
s

sa
tisfy

A
=

su
p

1≤
i≤
l su

p
x∈

[0
,1

] d (f
∗(x

)−
f
i (x

))
<
∞

.

A
ssu

m
p

tio
n

C
.‖f̂

i,n
,r −

f
i ‖∞

is
u

p
per

bo
u

n
d
ed

by
a

co
n

sta
n

t
c

2
fo

r
a
ll

1
≤
i≤

l,
n
≥
n

0 l+
1

a
n

d
1
≤
r≤

m
.

A
ssu

m
p

tio
n

D
.

T
h
e

va
ria

n
ce

estim
a
tes

v̂
i,n

a
re

u
p
per

bo
u

n
d
ed

by
a

po
sitive

co
n

sta
n

t
q

w
ith

p
ro

ba
bility

o
n

e
fo

r
a
ll

1
≤
i≤

l
a
n

d
n
≥
n

0 l
+

1
.

A
ssu

m
p

tio
n

E
.

T
h
e

sequ
en

ce
{π

n
,n
≥

1}
sa

tisfi
es

th
a
t ∑

∞n
=

1
π
n

d
iverges.

N
ote

th
at

A
ssu

m
p

tion
A

is
au

tom
atically

satisfi
ed

if
all

th
e

regression
m

eth
o
d
s

h
ap

-
p

en
to

b
e

stro
n

g
ly

con
sisten

t
(i.e.,

∆
i2

is
em

p
ty

).
W

h
en

a
b

ad
-p

erfo
rm

in
g

m
eth

o
d

d
o
es

ex
ist,

A
ssu

m
p

tio
n

A
req

u
ires

th
at

th
e

d
iff

eren
ce

of
th

e
m

ean
sq

u
are

errors
b

etw
een

a
go

o
d

-p
erform

in
g

m
eth

o
d

an
d

a
b
ad

-p
erform

in
g

m
eth

o
d

d
ecreases

slow
er

th
a
n

th
e

ord
er

of
(log

T
)
b/ √

T
.

If
a

p
aram

etric
m

eth
o
d
δ
s

in
∆

is
b

ased
on

a
w

ron
g

m
o
d

el, ∑
Tt=

1 (f̂
i,N

t ,s (X
N
t )−

f
i (X

N
t ) )

2
is

of
o
rd

er
T

,
an

d
th

en
th

e
req

u
irem

en
t

in
A

ssu
m

p
tion

A
is

m
et.

F
or

an
in

effi
cien

t
n

on
p

a
ra

m
etric

m
eth

o
d

,
th

e
en

largem
en

t
of

th
e

m
ean

sq
u

are
error

b
y

th
e

ord
er

larg
er

th
an

(log
T

)
b/ √

T
is

n
atu

ral
to

ex
p

ect.
A

ssu
m

p
tion

B
is

a
n

atu
ral

con
d

ition
in

th
e

con
tex

t
of

o
u

r
b

an
d

it
p

rob
lem

.
A

ssu
m

p
tion

s
C

an
d

D
are

im
m

ed
iately

satisfi
ed

if
th

e
resp

on
se

is
b

ou
n

d
ed

an
d

th
e

estim
ator

is,
e.g.,

a
w

eigh
ted

averag
e

of
som

e
p

rev
iou

s
ob

servation
s.

A
ssu

m
p

tion
E

en
su

res
th

at
N
t

is
fi

n
ite

as
sh

ow
n

in
L

em
m

a
5

in
th

e
A

p
p

en
d

ix
.

A
s

im
p

lied
in

L
em

m
a

5,
if

w
e

are
allow

ed
to

p
lay

th
e

gam
e

in
fi

n
itely

m
an

y
tim

es,
each

arm
w

ill
b

e
p

u
lled

b
eyon

d
an

y
g
iven

in
teger.

T
h

is
gu

aran
tees

th
at

each
“in

ferior”
arm

ca
n

b
e

p
u

lled
reason

ab
ly

often
to

en
su

re
en

ou
gh

ex
p

loration
.

T
h

e
o
re

m
3
.

U
n

d
er

A
ssu

m
p
tio

n
0

a
n

d
A
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fo
r

ea
ch

o
f

th
e

re
m

ai
n

in
g

ar
m

s.
T

h
at

is
,

I n
=

{
ĩ n
,

w
it

h
p

ro
b

ab
il

it
y

1
−

(l
−

1)
π
n
,

i,
w

it
h

p
ro

b
ab

il
it

y
π
n
,
i
6=
ĩ n
,

1
≤
i
≤
l.
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Q
ia

n
a
n
d

Y
a
n
g

C
le

a
rl

y,
(6

)
sh

ow
s

a
U

C
B

-t
y
p

e
al

g
o
ri

th
m

th
at

n
a
tu

ra
ll
y

ex
te

n
d

s
fr

o
m

th
e

U
C

B
1

of
A

u
er

et
al

.
(2

0
02

)
an

d
th

e
U

C
B

og
ra

m
o
f

R
ig

ol
le

t
a
n

d
Z

ee
v
i

(2
01

0
).

In
d

ee
d

,
gi

ve
n

th
e

u
n

if
o
rm

ke
rn

el
K

(u
)

=
I
(‖
u
‖ ∞
≤

1
),

w
e

h
av

e
U
i,
n
(x

)
=
c̃√

lo
g
N

N
i,
n

(x
)
,

w
h

er
e
N
i,
n
(x

)
is

th
e

n
u

m
b

er
of

ti
m

es
ar

m
i

ge
ts

p
u

ll
ed

in
si

d
e

th
e

cu
b

e
th

a
t

ce
n
te

rs
a
t
x

w
it

h
b

in
w

id
th

2h
n
−

1
.

F
or

p
re

se
n
ta

ti
on

cl
ar

it
y,

w
e

a
ss

u
m

e
K

(·)
is

th
e

u
n

if
o
rm

ke
rn

el
,

b
u

t
th

e
re

su
lt

s
ca

n
b

e
g
en

er
a
li

ze
d

to
ke

rn
el

fu
n

ct
io

n
s

th
at

sa
ti

sf
y

A
ss

u
m

p
ti

o
n

4
.

A
s

sh
ow

n
in

T
h
eo

re
m

4
b

el
ow

,
th

e
fi

n
it

e-
ti

m
e

re
g
re

t
u

p
p

er
b

o
u

n
d

o
f

th
e

U
C

B
-t

y
p

e
a
lg

or
it

h
m

a
ch

ie
v
es

th
e

m
in

im
ax

ra
te

u
p

to
a

lo
ga

ri
th

m
ic

fa
ct

o
r.

T
h

e
o
re

m
4
.

S
u

p
po

se
A

ss
u

m
p
ti

o
n

s
0
-1

h
o
ld

a
n

d
th

e
u

n
if

o
rm

ke
rn

el
fu

n
ct

io
n

is
u

se
d
.

T
h
en

fo
r

th
e

m
od

ifi
ed

a
lg

o
ri

th
m

,
if
n

0
=
lN
h
κ
,
c̃
>

m
ax
{2
√

3v
,1

2c
},
h

=
h
n

=
1
/
d(

N
lo

g
N

)
1

2
κ
+
d
e

a
n

d
π
n
≤

1 l
∧

1 c
(lo

g
N
n

)
1

2
+
d
/
κ

,
th

e
m

ea
n

o
f

cu
m

u
la

ti
ve

re
gr

et
sa

ti
sfi

es

E
R
N

(η
)
<
C̃
∗ N

1
−

1
2
+
d
/
κ
(l

o
g
N

)
1

2
+
d
/
κ
.

(7
)

It
is

w
or

th
n

o
ti

n
g

th
at

d
es

p
it

e
th

e
se

em
in

g
ly

m
in

o
r

al
g
o
ri

th
m

ic
m

o
d

ifi
ca

ti
o
n
,

th
e

p
ro

of
te

ch
n

iq
u

es
u

se
d

b
y

T
h

eo
re

m
2

a
n

d
T

h
eo

re
m

4
ar

e
q
u

it
e

d
iff

er
en

t.
T

h
e

ke
y

d
iff

er
en

ce
is

th
a
t:

th
e

U
C

B
-t

y
p

e
cr

it
er

io
n

en
a
b

le
s

u
s

to
p

ro
v
id

e
u

p
p

er
b

ou
n

d
s

(w
it

h
h

ig
h

p
ro

b
a
b

il
it

y
)

fo
r

th
e

n
u

m
b

er
of

ti
m

es
th

e
“
in

fe
ri

o
r”

a
rm

s
ar

e
se

le
ct

ed
,

a
n

d
th

es
e

b
o
u

n
d

s
a
re

d
ep

en
d

en
t

o
n

th
e

re
w

ar
d

d
iff

er
en

ce
b

et
w

ee
n

th
e

“
o
p
ti

m
a
l”

a
n

d
th

e
“
in

fe
ri

o
r”

a
rm

s;
fo

r
th

e
al

g
o
ri

th
m

b
ef

o
re

m
o
d

ifi
ca

ti
on

,
w

e
h

av
e

to
re

ly
on

st
u

d
y
in

g
th

e
es

ti
m

a
ti

o
n

er
ro

rs
of

th
e

re
w

a
rd

fu
n

ct
io

n
s

a
n

d
th

e
U

C
B

-t
y
p

e
ar

gu
m

en
ts

d
o

n
ot

ap
p

ly
.

It
is

n
o
t

se
tt

le
d

ye
t

a
s

to
w

h
et

h
er

th
e

su
b

op
ti

m
a
l

ra
te

o
f

th
e
ε-

gr
ee

d
y

ty
p

e
al

go
ri

th
m

is
in

tr
in

si
c

to
th

e
m

et
h

o
d

o
r

is
th

e
li

m
it

a
ti

on
of

th
e

p
ro

o
f

te
ch

n
iq

u
es

.
B

u
t

w
e

te
n

d
to

th
in

k
th

a
t

th
e

ra
te

g
iv

en
fo

r
th

e
ε-

g
re

ed
y

ty
p

e
a
lg

or
it

h
m

is
in

tr
in

si
c

to
th

e
m

et
h

o
d

.
A

ls
o
,

a
lt

h
o
u

gh
th

e
U

C
B

-t
y
p

e
a
lg

or
it

h
m

le
ad

s
to

an
im

p
ro

v
ed

re
gr

et
ra

te
,

it
is

n
o
t

ye
t

cl
ea

r
h

ow
it

co
u
ld

b
e

u
se

d
to

co
n

st
ru

ct
a

m
o
d

el
co

m
b

in
a
ti

on
al

go
ri

th
m

.

A
p
p
e
n
d
ix

B
.
L
e
m
m
a
s
a
n
d

P
ro

o
fs

B
.1

P
ro

o
f

o
f

T
h

e
o
re

m
1

L
e
m

m
a

1
.

S
u

p
po

se
{F

j
,j

=
1,

2
,·
··
}

is
a
n

in
cr

ea
si

n
g

fi
lt

ra
ti

o
n

o
f
σ

-fi
el

d
s.

F
o
r

ea
ch
j
≥

1
,

le
t
ε j

be
a
n
F j

+
1
-m

ea
su

ra
bl

e
ra

n
d
o
m

va
ri

a
bl

e
th

a
t

sa
ti

sfi
es
E

(ε
j
|F
j
)

=
0
,

a
n

d
le

t
T
j

be
a
n

F j
-m

ea
su

ra
bl

e
ra

n
d
o
m

va
ri

a
bl

e
th

a
t

is
u

p
pe

r
bo

u
n

d
ed

by
a

co
n

st
a
n

t
C
>

0
in

a
bs

o
lu

te
va

lu
e

a
lm

o
st

su
re

ly
.

If
th

er
e

ex
is

t
po

si
ti

ve
co

n
st

a
n

ts
v

a
n

d
c

su
ch

th
a
t

fo
r

a
ll
k
≥

2
a
n

d
j
≥

1
,

E
(|ε

j
|k |
F j

)
≤
k
!v

2
ck
−

2
/
2,

th
en

fo
r

ev
er

y
ε
>

0
a
n

d
ev

er
y

in
te

ge
r
n
≥

1,

P
(

n ∑ j=
1

T
j
ε j
≥
n
ε)
≤

ex
p
( −

n
ε2

2
C

2
(v

2
+
cε
/
C

)) .
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B
a
n
d
it

P
r
o
b
l
e
m

w
it

h
C

o
v
a
r
ia

t
e
s

P
roo

f
o
f

L
em

m
a

1
.

N
o
te

th
at

P
(

n
∑j=

1

T
j ε
j ≥

n
ε )
≤
e −

tn
εE
[

ex
p (
t

n
∑j=

1

T
j ε
j )]

=
e −

tn
εE
[E
(

ex
p (t

n
∑j=

1

T
j ε
j )|F

n )]

=
e −

tn
εE
[ex

p (
t
n−

1
∑j=

1

T
j ε
j )
E

(e
tT
n
ε
n|F

n
) ].

B
y

th
e

m
o
m

en
t

co
n

d
itio

n
o
n
ε
n

a
n

d
T

ay
lo

r
ex

p
a
n

sio
n

,
w

e
h

av
e

lo
g
E

(e
tT
n
ε
n|F

n
)≤

E
(e
tT
n
ε
n|F

n
)−

1

≤
tT
n
E

(ε
n |F

n
)

+

∞∑k
=

2

t k|T
n | k
k
!

E
(|ε

n | k|F
n
)

≤
v

2C
2t 2

2
(1

+
cC
t

+
(cC

t)
2

+
···)

=
v

2C
2t 2

2(1−
cC
t)

for
t
<

1/cC
.

T
h
u

s,
it

fo
llow

s
b
y

in
d

u
ctio

n
th

a
t

P
(

n
∑j=

1

T
j ε
j ≥

n
ε )
≤

ex
p (−

tn
ε

+
n
v

2C
2t 2

2
(1−

cC
t) )

≤
ex

p (−
n
ε
2

2
C

2(v
2

+
cε/

C
) )
,

w
h

ere
th

e
la

st
in

eq
u

a
lity

is
o
b

ta
in

ed
b
y

m
in

im
iza

tion
ov

er
t.

T
h

is
co

m
p

letes
th

e
p

ro
of

of
L

em
m

a
1
.

L
e
m

m
a

2
.

S
u

p
po

se{F
j ,j

=
1,2

,···}
is

a
n

in
crea

sin
g

fi
ltra

tio
n

o
f
σ

-fi
eld

s.
F

o
r

ea
ch
j≥

1
,

let
W
j

be
a
n
F
j -m

ea
su

ra
ble

B
ern

o
u

lli
ra

n
d
o
m

va
ria

ble
w

h
o
se

co
n

d
itio

n
a
l

su
ccess

p
ro

ba
bility

sa
tisfi

es

P
(W

j
=

1|F
j−

1 )≥
β
j

fo
r

so
m

e
0
≤
β
j ≤

1.
T

h
en

given
n
≥

1
,

P
(

n
∑j=

1

W
j ≤

(
n
∑j=

1

β
j )/

2 )
≤

ex
p (−

3 ∑
nj=

1
β
j

2
8

)
.

L
em

m
a

2
is

k
n

ow
n

a
s

a
n

ex
ten

d
ed

B
ern

stein
in

eq
u

a
lity

(see,
e.g

.,
Y

an
g

a
n

d
Z

h
u

(2
00

2
),

S
ectio

n
A

.4.).
F

or
co

m
p

leten
ess,

w
e

g
ive

a
b

rief
p

ro
o
f

h
ere.
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Q
ia

n
a
n
d

Y
a
n
g

P
roo

f
o
f

L
em

m
a

2
.

S
u

p
p

ose
W̃
j ,

1
≤
j
≤
n

are
in

d
ep

en
d

en
t

B
ern

ou
lli

ra
n

d
om

va
riab

les
w

ith
su

ccess
p

rob
ab

ility
β
j ,

an
d

are
assu

m
ed

to
b

e
in

d
ep

en
d

en
t

ofF
n
.

B
y

B
ern

stein
’s

in
eq

u
a
lity

(e.g.,
C

esa-B
ian

ch
i

an
d

L
u

gosi,
2006,

C
orollary

A
.3),

P
(

n
∑j=

1

W̃
j ≤

(
n
∑j=

1

β
j )/

2 )
≤

ex
p (−

3 ∑
nj=

1
β
j

28

)
.

A
lso

, ∑
nj=

1
W
j

is
sto

ch
astically

n
o

sm
aller

th
an
∑

nj=
1
W̃
j ,

th
at

is,
for

every
t,
P

( ∑
nj=

1
W
j
>

t)≥
P

( ∑
nj=

1
W̃
j
>
t).

In
d

eed
,

n
otin

g
th

at
P

(W
n
>
t|F

n−
1 )≥

P
(W̃

n
>
t)

for
every

t,
w

e
h

ave

P
(W

1
+
···

+
W
n
>
t|F

n−
1 )≥

P
(W

1
+
···

+
W
n−

1
+
W̃
n
>
t|F

n−
1 ).

S
im

ilarly,
b
y
P

(W
n−

1
>
t|F

n−
2 )≥

P
(W̃

n−
1
>
t)

for
every

t
an

d
th

e
in

d
ep

en
d

en
ce

of
W̃
j ’s,

P
(W

1
+
···+

W
n−

1
+
W̃
n
>
t|F

n−
2 ,W̃

n
)≥

P
(W

1
+
···+

W
n−

2
+
W̃
n−

1
+
W̃
n
>
t|F

n−
2 ,W̃

n
).

C
on

tin
u

in
g

th
e

p
ro

cess
ab

ove,
w

e
can

see
th

at
P

( ∑
nj=

1
W
j
>
t)≥

P
( ∑

nj=
1
W̃
j
>
t)

h
old

s.

L
e
m

m
a

3
.

U
n

d
er

th
e

settin
gs

o
f

th
e

kern
el

estim
a
tio

n
in

S
ectio

n
4
.1

,
given

a
rm

i
a
n

d
a

cu
be
A
⊂

[0,1] d
w

ith
sid

e
w

id
th
h

,
if

A
ssu

m
p
tio

n
s

0
,

3
a
n

d
4

a
re

sa
tisfi

ed
,

th
en

fo
r

a
n

y
ε
>

0
,

P
(

su
p

x∈
A

∑

j∈
J
i,n

+
1

ε
j K
(
x
−
X
j

h
n

)
>

n
ε

1−
1
/ √

2 )

≤
ex

p (−
n
ε
2

4c
24 v

2 )
+

ex
p (−

n
ε

4
c

4 c )
+

∞∑k
=

1

2
k
d

ex
p (−

2
kn
ε
2

λ
2v

2 )
+

∞∑k
=

1

2
k
d

ex
p (−

2
k
/
2n
ε

2λ
c

)
.

P
roo

f
o
f

L
em

m
a

3
.

A
t

each
tim

e
p

oin
t
j,

let
W
j

=
1

if
a
rm

i
is

p
u

lled
(i.e.,

I
j

=
i),

an
d

W
j

=
0

oth
erw

ise.
D

en
ote

G
(x

)
=
∑

nj=
1
ε
j W

j K
(
x−

X
j

h
n

).
T

h
en

,
to

fi
n

d
an

u
p

p
er

b
ou

n
d

fo
r
P

(su
p
x∈
A
G

(x
)
>
n
ε/

(1−
1
/ √

2)),
w

e
u

se
a

“ch
ain

in
g”

argu
m

en
t.

F
or

each
k
≥

0,
let

γ
k

=
h
n
/
2
k,

an
d

w
e

can
p

artition
th

e
cu

b
e
A

in
to

2
k
d

b
in

s
w

ith
b

in
w

id
th

γ
k .

L
et
F
k

d
en

o
te

th
e

set
co

n
sistin

g
of

th
e

cen
ter

p
oin

ts
of

th
ese

2
k
d

b
in

s.
C

lea
rly,

card
(F

k )
=

2
k
d,

a
n

d
F
k

is
a
γ
k /

2
-n

et
of
A

in
th

e
sen

se
th

at
for

every
x
∈
A

,
w

e
can

fi
n

d
a
x
′∈

F
k

su
ch

th
at

‖
x
−
x
′‖∞
≤
γ
k /

2
.

L
et
τ
k (x

)
=

argm
in
x
′∈
F
k ‖x
−
x
′‖∞

b
e

th
e

closest
p

oin
t

to
x

in
th

e
n

et
F
k .

W
ith

th
e

seq
u

en
ce
F

0 ,F
1 ,F

2 ,···
of
γ

0 /
2,γ

1 /2
,γ

2 /2
,···

n
ets

in
A

,
it

is
ea

sy
to

see
th

at
for

ev
ery

x
∈
A

,‖τ
k (x

)−
τ
k−

1 (x
)‖∞
≤
γ
k /2

an
d

lim
k→
∞
τ
k (x

)
=
x

.
T

h
u

s,
b
y

th
e

co
n
tin

u
ity

o
f

th
e

kern
el

fu
n

ction
,

w
e

h
ave

lim
k→
∞
G

(τ
k (x

))
=
G

(x
).

It
follow

s
th

at

G
(x

)
=
G

(τ
0 (x

))
+
∞∑k
=

1 [G
(τ
k (x

))−
G

(τ
k−

1 (x
)) ].
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B
a
n
d
it

P
r
o
b
l
e
m

w
it

h
C

o
v
a
r
ia

t
e
s

T
h
u

s,

P
( su

p
x
∈A
G

(x
)
>

n
ε

1
−

1/
√

2

)

=
P
( su

p
x
∈A

{ G
(τ

0
(x

))
+
∞ ∑ k
=

1

[ G
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Ã
k )≤

c
3 cL

d1 π
n

2

)

=
P
(

n
∑j=

1

I
(I
j

=
i,X

j ∈
Ã
k )≤

cn
(L

1 h
n
)
dπ

n

2

)
.

(1
4)

N
otin

g
th

at
P

(I
j

=
i,X

j ∈
Ã
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ĩ n

=
i)

+
N ∑ n
=

1

A
I
(I
n
6=
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ñ
)

+
U
ī,ñ
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A
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d
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m
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o

p
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l

A
b
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ra
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A
g
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l
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y
m

p
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ti
c

fr
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r
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u
d
y
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g
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n
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st
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p
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p
er

ti
es
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p
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n
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-
p
a
l
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m
p

on
en

t
a
n
a
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s

(P
C

A
).

O
u
r

fr
am
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rk
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u
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es

se
ve

ra
l
p
re
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d
d
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s
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e

to
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e
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d
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p
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b
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en
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si

st
en
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a
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d

st
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n
g
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st
en
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C
A
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d
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e

b
o
u
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d
-
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s
am
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.
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e
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b
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e
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p
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n
d
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g
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n
ve
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en
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h
in
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g
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n
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n
d
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n
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a
l
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e
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m
o
d
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e
d
im

en
si

o
n

(o
r

n
u
m

b
er

o
f

va
ri
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le
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u
ra
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e
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n
si

st
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cy
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P
C
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w
h
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e
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e
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m

p
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si
ze
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d

sp
ik

e
in
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at
io

n
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h
e

re
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ti
ve

si
ze

of
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e
p

o
p
u
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o
n

ei
ge

n
va
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u
ra
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P

C
A
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st
en
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.

O
u
r

fr
a
m
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or
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n
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y

il
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st
ra

te
s

th
e

re
la

ti
o
n
sh

ip
a
m
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g
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e
th
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e

ty
p
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of

in
fo

rm
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io
n

in
te

rm
s

of
d
im

en
si

on
,

sa
m

p
le

si
ze

an
d

sp
ik

e
si

ze
,

an
d

ri
go

ro
u
sl

y
ch

ar
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te
ri

ze
s

h
ow

th
ei

r
re

la
ti

on
sh

ip
s
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t
P

C
A

co
n
si

st
en

cy
.

K
e
y
w

o
rd

s:
H

ig
h

d
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en
si

o
n

lo
w

sa
m

p
le

si
ze

,
P

C
A

,
R

an
d
o
m

m
a
tr
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,

S
p
ik

e
m

o
d
el

1
.
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tr

o
d
u
ct
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n

P
ri

n
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p
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C
om

p
on

en
t

A
n

al
y
si

s
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C
A

)
is

an
im

p
or

ta
n
t

v
is

u
al

iz
at

io
n

an
d

d
im

en
si

on
re

d
u
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io

n
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ol
w

h
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h
fi

n
d

s
or
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al

d
ir

ec
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on
s
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ec
ti

n
g

m
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im
al

va
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at
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n
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th
e

d
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h
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s
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e

lo
w

d
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en
si
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p
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n
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d
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b
y

p
ro
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g

d
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a
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to
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e

d
ir
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P
C

A
is

u
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ed

b
y
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ge
n
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om
p

os
it

io
n

of
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e
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m
p

le
va
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n
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m
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e
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P

ro
p

er
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e
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m

p
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ei
ge

n
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d
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n
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h
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e
b
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n
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n
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y
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d
u

n
d
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l
d
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m

p
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.
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p
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w

e
d

ev
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op
a

ge
n

er
a
l

a
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m
p
to

ti
c
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a
m
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o
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p
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te
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st
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g
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-
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on
s
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g
th

e
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m

p
to
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c
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n

s.
T

h
e

ge
n

er
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k
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u

d
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e
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a
d
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c ©
2
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1
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D
a
n

S
h

en
,
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S
h
e
n
,

S
h
e
n

a
n
d

M
a
r
r
o
n

ti
on

a
l

as
y
m

p
to

ti
c

se
tu

p
s
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s
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ia
l

ca
se
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a
n

d
fu
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h

er
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o
re

it
al
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w

s
a
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re
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l
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u

d
y

o
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e
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n

n
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ti
on

s
a
m
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g

th
e

va
ri

o
u
s
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tu

p
s.

M
o
re

im
p

or
ta

n
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y,
w

e
in

v
es

ti
g
at

e
a

w
id

e
ra

n
g
e

o
f

in
te

re
st

in
g

sc
en

ar
io

s
th

a
t

h
av

e
n

o
t

b
ee

n
co

n
si

d
er

ed
b

ef
o
re

,
a
n
d

off
er

n
ew

in
si

g
h
ts

in
to

th
e

co
n

si
st

en
cy

(i
n

th
e

se
n

se
th

a
t

th
e

a
n

g
le

b
et

w
ee

n
es

ti
m

at
ed

an
d

p
o
p

u
la

ti
o
n

ei
g
en

d
ir

ec
ti

o
n

s
te

n
d

s
to

0,
or

th
e

in
n

er
p

ro
d

u
ct

te
n

d
s

to
1
)

a
n

d
st

ro
n

g-
in

co
n

si
st

en
cy

(w
h

er
e

th
e

an
g
le

te
n

d
s

to
π
/2

,
i.

e.
,

th
e

in
n

er
p

ro
d

u
ct

te
n

d
s

to
0
)

p
ro

p
er

ti
es

of
P

C
A

,
a
lo

n
g

w
it

h
so

m
e

te
ch

n
ic

a
ll

y
ch

a
ll

en
gi

n
g

co
n
ve

rg
en

ce
ra

te
s.

E
x
is

ti
n

g
as

y
m

p
to

ti
c

st
u

d
ie

s
of

P
C

A
ro

u
gh

ly
fa

ll
in

to
fo

u
r

d
o
m

a
in

s:

(a
)

th
e

c
la

ss
ic

a
l

d
om

a
in

o
f

a
sy

m
p

to
ti

cs
,

u
n

d
er

w
h

ic
h

th
e
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m

p
le
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n
→
∞

a
n

d
th

e
d
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en
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d
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x
ed

(h
en
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th

e
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ti
o
n
/
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→
∞
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F

o
r
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a
m

p
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,
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e
G
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k

(1
9
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);
L
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le

y
(1

95
6
);

A
n

d
er

so
n

(1
9
6
3
,

1
98

4
);

J
a
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n

(1
9
9
1)

.
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)

th
e

ra
n

d
o
m

m
a
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d
o
m
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n

,
w

h
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e
b

o
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e

sa
m

p
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n

a
n

d
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e
d
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o
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d
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n
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w
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h
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e

ra
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n
/
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→
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a
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n
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a
n
t

m
o
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a
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u
m
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b
e

w
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h
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n
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d
M
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at
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n
d

N
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R
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m
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n
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d
R
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ra
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m
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e

st
a
ti

st
ic

al
p

h
y
si

cs
li

te
ra
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w
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n
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0
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0
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n
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;
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u
d
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ra
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p
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p
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b
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p
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b
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b
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c
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p

to
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u
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d
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p
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p
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p
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b
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.
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m

m
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ic
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d
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e
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e
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e
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m
o
d
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,
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y
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o
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u
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d
b
y

J
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n
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e
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T

h
is
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o
d

el
h

a
s

b
ee

n
u
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b
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p
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d
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J
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n
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d
L

u
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0
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n
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M
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n
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R
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u
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e
P

C
A
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u
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)
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d
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u
d

ie
s
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y
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p
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c

p
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p
er
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u
n
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e

sp
ik

e
m

o
d
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in
g
,
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o
re
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n

er
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,
m

o
d

el
h
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b

ee
n
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d
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b
y
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en
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ch
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n
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N
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a
k
u
d
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i
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0
1
1
).
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n
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d
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t
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w
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n
va
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p
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e
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a
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s
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h
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e
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ti
o
n

sh
ip

s
d
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e
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p
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C
A

,
n
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y
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)

th
e
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m

p
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si
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:
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e
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m
p
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u
ra
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s
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e
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n

si
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en
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e
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p
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,
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n
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g
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t
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p
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s
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:
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e
d
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o
n
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d
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co
u

ra
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e
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n
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p
le

ei
g
en
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g
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h
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u
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;
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)
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e
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a
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e

re
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G
e
n
e
r
a
l

F
r
a
m

e
w

o
r
k

f
o
r

P
C

A
C

o
n
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e
n
c
y

O
u

r
g
en
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fram

ew
ork
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n
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in
creasin

g
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p
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,

in
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d
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en
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,

an
d
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sin
g
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al.
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e
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d
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n
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con
sisten

cy
an

d
stro

n
g
-in

con
sisten

cy
o
f
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,
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e
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o
u

n
d
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.
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p
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d
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ra
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p
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n

d
in
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g

d
im

en
sio

n
d
,
w

h
ile

fi
x
in

g
th

e
sp

ike
sign

a
l;

th
e

H
D

L
S

S
d

o
m

a
in

((c)
a
b

ove)
fi

x
es

th
e

sam
p

le
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an
d

in
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th
e

d
im

en
sio

n
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n

d
th

e
sp

ike
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n
a
l;

th
e

in
crea

sin
g
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n

a
l
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g
th
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o
m
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((d
)

a
b

ove)
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ssu

m
es

in
creasin

g
th

e
sp

ike
sig

n
a
l,

w
h

ile
fi

x
in

g
th

e
sa

m
p

le
size
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n

d
th

e
d

im
en

sion
;

th
u

s
each

o
f

th
ese

th
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d
o
m
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in

s
is

a
b

o
u

n
d

a
ry

ca
se
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f

o
u

r
fram

ew
o
rk

.
O

u
r

th
eorem

s,
w

h
en

restricted
to

th
ese
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istin

g
d

o
m

a
in
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o
f

a
sy

m
p

totics,
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re

co
n
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t

w
ith
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n

ow
n

resu
lts.

In
ad

d
itio

n
,

o
u

r
th
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rem

s
g
o

b
eyo

n
d

th
ese

k
n

ow
n

resu
lts

to
d

em
o
n
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te

th
e
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n

si-
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a
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g
th

e
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o
m
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o
f
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p
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n
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th
e

b
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u

r
k
n

ow
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g
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en
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e
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u
n
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in
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con
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g
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F
in

ally,
w

e
a
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b
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ra
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n
verg

en
ce.
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s

3
an

d
4

form
a
lly
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l

th
eorem

s
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m
p
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en
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o
d
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F

o
r

illu
stra
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p
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section
w

e
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rst
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n
sid

er
E
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p
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1
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n

d
2
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n
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m
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g
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p
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e
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u
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3
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n

d
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.
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d

d
itio

n
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w
e
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E
x
a
m
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3
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u
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l

stu
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th
e
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r
m
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d
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n
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b
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F
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et
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l.
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1
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r

E
x
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p
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to
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d
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eir
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b
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α
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e
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m
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W
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con
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o
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u
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u

r
resu
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n
w
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h

e
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n
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p
h
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F
ig

u
re
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d
d
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ssed
b
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E
x
a
m

p
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1
S
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g
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o
m

p
o
n

e
n
t

S
p

ik
e

M
o
d
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l

A
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X
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m

p
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m
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im

en
sio

n
a
l

d
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n
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m
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Σ
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w
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ere

th
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12X
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n
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m
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u
n

it
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en
t.
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l
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im

en
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n
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istribu

tio
n
N
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In
a
d
d
itio

n
,

a
ssu

m
e

th
a
t

th
e

sa
m

p
le
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n
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d
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≥

0
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d
efi

n
ed

a
s

th
e

sa
m

p
le

in
d
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a
n

d
th

e
co

va
ria

n
ce

m
a
trix

Σ
h
a
s

th
e
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llo

w
in

g
eigen

va
lu

es:

λ
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=
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α
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2
=
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=
λ
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=
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≥
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w
h
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th
e

co
n

sta
n

t
α

is
d
efi

n
ed
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s

th
e

sp
ike

in
d
ex.

C
o
ro
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ry

B
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th

e
su

p
p
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en

ta
ry

m
a
teria

ls,
w

h
en

a
p
p
lied

to
th

is
exa

m
p
le,

sh
o
w

s
th

a
t

th
e

m
a
xim

a
l

sa
m

p
le

eigen
vecto

r
is

co
n

sisten
t

w
h
en

α
+
γ
>

1
(grey

regio
n

in
F

igu
re

1
(A
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a
n

d
stro

n
gly

in
co

n
sisten

t
w

h
en

0
≤
α

+
γ
<

1
(w

h
ite

tria
n

gle
in

F
igu

re
1
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)).
T

h
ese

very
gen

era
l

n
ew

resu
lts

n
icely

co
n

n
ect

w
ith

m
a
n

y
existin

g
o
n

es:

•
P
re
v
io
u
s
R
e
su

lts
I
-
th
e
c
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ssica

l
d
o
m
a
in

:

U
n

d
er

th
e

n
o
rm

a
l

a
ssu

m
p
tio

n
,

T
h
eo

rem
1

o
f

A
n

d
erso

n
(1

9
6
3
)

im
p
lied

th
a
t

fo
r

fi
xed

d
im

en
sio

n
d

a
n

d
fi

n
ite

eigen
va

lu
es,

w
h
en

th
e

sa
m

p
le

size
n
→
∞

(i.e.
γ
→
∞

,
th

e
lim

it
o
n

th
e
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l

a
xis),

th
e

m
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xim

a
l
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p
le

eigen
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r
is

co
n
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h
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u

p
per

left
co

rn
er

o
f

F
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re
1
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Sample Index      (Johnstone and Lu (2009)) 
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d
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con
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P
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,
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e
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d
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e
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p
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d
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sp
ik

e
m

o
d
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E
x
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p
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an
d
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sisten
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th

e
w
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≤
α

+
γ
<
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P

a
n
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u
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o
d
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E
x
am

p
le

2:
th

e
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rst
m

sam
p

le
P

C
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e
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+
γ
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su
b

sp
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e
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e
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=
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d
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th
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w
h
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+
γ
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1).

•
P
re
v
io
u
s
R
e
su

lts
II

-
th
e
ra

n
d
o
m

m
a
trix

d
o
m
a
in

:
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)

A
ssu

m
in

g
n

o
rm

a
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th
e

resu
lts

o
f

J
o
h
n

sto
n

e
a
n

d
L

u
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0
0
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a
p
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r
o
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e
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l
a
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P

a
n

el
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w

h
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th
e

sp
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d
ex
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0
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s
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x
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e

sp
ike

in
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p
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p
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N
a
d
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n
d
a
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f
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1
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c
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r
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t
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a
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d
sh

o
w

ed
th

a
t
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((λ
1 −

1
)
2−
c)

+
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p
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a
n
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co
ver

th
is

bo
u

n
d
a
ry

ca
se

a
n

d
th

is
bo

u
n

d
a
ry

resu
lt

is
a

co
m

p
lem

en
t

o
f

o
u

r
th

eo
retica

l
resu
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lts
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a
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e

sa
m

p
le

in
d
ex

γ
=
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p
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p
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h
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e
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d
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=
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≥
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−
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tio
n

o
f

(1
).

J
u

n
g

a
n

d
M

a
rron

(20
09

)
a
ssu

m
es

th
a
t

Z
i

=
(z
i,1 ,···

,z
i,d )

T
,

i
=

1,···
,n
,

(2
)

are
in

d
ep

en
d

en
t

a
n

d
th

e
elem

en
ts
z
i,j

w
ith

in
Z
i

a
re
ρ
-m

ix
in

g
.

T
h

is
a
ssu

m
p

tion
lea

d
s

to
th

e
co

n
vergen

ce
in

p
ro

b
a
b

ility
resu

lts
u

n
d

er
th

e
H

D
L

S
S

d
o
m

a
in

in
J
u

n
g

a
n

d
M

a
rro

n
(2

0
0
9).

H
ere

w
e

a
ssu

m
e

th
a
t

th
e

elem
en

ts
z
i,j

w
ith

in
Z
i

are
a
lso

in
d

ep
en

d
en

t.
T

h
is

h
elp

s
to

g
et

th
e

a
lm

o
st

su
re

con
verg

en
ce

resu
lts

u
n

d
er

o
u

r
g
en

era
l

fra
m

ew
o
rk

,
w

h
ich

in
clu

d
es

th
e

H
D

L
S

S
d

o
m

a
in

.
A

ssu
m

p
tion

1
is

n
ecessa

ry
to

sa
tisfy

th
e

co
n

d
ition

s
o
f

L
em

m
a

1
-

th
e

B
a
i-Y

in
’s

law
(B

ai
an

d
Y

in
,

1
99

3
),

w
h

ich
is

im
p

o
rta

n
t

fo
r

o
u

r
resu

lts,
fo

r
ex

a
m

p
le,

T
h

eorem
1
.

D
en

ote
th

e
sa

m
p

le
covarian

ce
m

atrix
b
y

Σ̂
=
n
−

1X
X
T

,
w

h
ere

X
=

[X
1 ,...,X

n
].

N
o
te

th
a
t

Σ̂
can

a
lso

b
e

d
eco

m
p

osed
a
s

Σ̂
=
Û

Λ̂
Û
T
,

(3)

w
h

ere
Λ̂

is
th

e
d

ia
go

n
a
l

m
a
trix

o
f

sa
m

p
le

eig
en

va
lu

es
λ̂

1
≥
λ̂

2
≥
...≥

λ̂
d ,

a
n

d
Û

is
th

e
m

a
trix

o
f

co
rresp

on
d

in
g

sam
p

le
eigen

vecto
rs

w
h

ere
Û

=
[û

1 ,...,û
d ].

B
elow

w
e

in
tro

d
u

ce
a
sy

m
p

totic
n

o
ta

tio
n

s
th

a
t

w
ill

b
e

u
sed

in
ou

r
th

eoretical
stu

d
ies.

L
et
τ

sta
n

d
fo

r
eith

er
n

o
r
d
,

d
ep

en
d

in
g

o
n

th
e

co
n
tex

t.
A

ssu
m

e
th

a
t{
ξ
τ

:
τ

=
1,...,∞

}
is

a
seq

u
en

ce
o
f

ran
d

o
m

va
ria

b
les,

a
n

d
{a

τ
:
τ

=
1,...,∞

}
is

a
seq

u
en

ce
of

co
n

sta
n
t

valu
es.
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S
h
e
n
,

S
h
e
n

a
n
d

M
a
r
r
o
n

•
D

en
o
te
ξ
τ

=
o

a
.s

(a
τ )

if
lim

τ→
∞
ξ
τ

a
τ

=
0

alm
ost

su
rely.

•
D

en
ote

ξ
τ

=
O

a
.s

(a
τ )

if
lim

τ→
∞
∣∣∣
ξ
τ

a
τ ∣∣∣ ≤

M
,

w
h

ere
M

is
a

p
ositiv

e
con

sta
n
t.

•
D

en
ote

alm
o
st

su
rely

ξ
τ
�
a
τ

if
c

2 ≤
lim

τ→
∞
ξ
τ

a
τ
≤

lim
τ→
∞
ξ
τ

a
τ
≤
c

1
alm

ost
su

rely,
for

tw
o

con
sta

n
ts
c

1 ≥
c

2
>

0.

In
ad

d
ition

,
w

e
in

tro
d

u
ce

th
e

follow
in

g
n

otion
s

to
h

elp
u

n
d

ersta
n

d
th

e
assu

m
p

tion
s

on
th

e
p

op
u

la
tion

eig
en

valu
es

in
ou

r
th

eorem
s

an
d

corollaries.
A

ssu
m

e
th

at{
a
τ

:
τ

=
1,...,∞

}
a
n

d
{
b
τ

:
τ

=
1,...,∞

}
are

tw
o

seq
u

en
ces

of
real

valu
ed

n
u

m
b

ers.

•
D

en
ote

a
τ �

b
τ

if
lim

τ→
∞
b
τ
a
τ

=
0.

•
D

en
ote

a
τ �

b
τ

if
c

2 ≤
lim

τ→
∞
a
τ
b
τ
≤

lim
τ→
∞
a
τ
b
τ
≤
c

1
fo

r
tw

o
con

stan
ts
c

1 ≥
c

2
>

0.

2
.2

C
o
n

c
e
p

ts

W
e

n
ow

list
severa

l
con

cep
ts

ab
ou

t
con

sisten
cy

an
d

stron
g

in
con

sisten
cy,

som
e

of
w

h
ich

are
m

o
d

ifi
ed

from
th

e
related

con
cep

ts
in

J
u

n
g

an
d

M
arron

(2009)
an

d
S

h
en

et
a
l.

(20
13).

L
et
H

b
e

an
in

d
ex

set,
e.g.

H
=
{m

+
1,···

,d},
an

d
th

en
d

en
ote

S
=

sp
an{

u
k ,k
∈
H
}

as
th

e
lin

ear
sp

a
n

gen
erated

b
y
{
u
k ,k
∈
H
}.

D
efi

n
e

an
gle(û

j ,S
)

as
th

e
an

gle
b

etw
een

th
e

estim
ator

û
j

an
d

th
e

su
b

sp
ace

S
,
w

h
ich

is
th

e
an

gle
b

etw
een

th
e

estim
a
tor

an
d

its
p

ro
jection

on
to

th
e

su
b

sp
ace

(J
u

n
g

an
d

M
arron

,
2009).

F
or

fu
rth

er
clarifi

cation
,
w

e
p

rov
id

e
a

grap
h

ical
illu

stration
of

th
e

an
gle

in
S

ection
B

of
th

e
su

p
p

lem
en

t
(S

h
en

et
al.,

2015).
A

s
p

oin
ted

ou
t

earlier,
let

τ
sta

n
d

for
eith

er
n

or
d
,

d
ep

en
d

in
g

on
th

e
co

n
tex

t.

•
If

as
τ
→
∞

,
an

gle(û
j ,S

)
a
.s
→

0,
th

en
û
j

is
su

b
sp

a
c
e

c
o
n
siste

n
t

w
ith

S
.

If
H

on
ly

in
clu

d
es

on
e

in
d

ex
j

su
ch

th
at
S

=
sp

an{
u
j }

,
th

en
an

g
le(û

j ,S
)

a
.s
→

0
is

eq
u

ivalen
t

to

|
<
û
j ,u

j
>
|

a
.s
→

1,
an

d
û
j

is
c
o
n

siste
n
t

w
ith

u
j .

•
If

as
τ
→
∞

,|
<
û
j ,u

j
>
|

a
.s
→

0,
th

en
û
j

is
stro

n
g
ly

in
c
o
n

siste
n
t

w
ith

u
j .

3
.

C
a
se

s
w

ith
in

cre
a
sin

g
sa

m
p
le

size
n

W
e

stu
d

y
sp

ike
m

o
d

els
w

ith
in

creasin
g

sam
p

le
size

n
→
∞

in
th

is
sectio

n
.

A
s

su
ch

,
th

e
eig

en
va

lu
es
λ
j

an
d

th
e

d
im

en
sion

d
d

ep
en

d
on

th
e

sam
p

le
size

n
,

a
n

d
w

ill
b

e
d

en
oted

as

λ
(n

)
j

an
d
d
(n

)
th

ro
u

gh
ou

t
th

is
section

.
T

h
ey

can
b

e
v
iew

ed
as

seq
u

en
ces

of
con

stan
t

valu
es

in
d

ex
ed

b
y
n

.
T

h
is

section
con

sid
ers

m
u

ltip
le-com

p
o
n

en
t

sp
ike

m
o
d

els
w

ith
in

sep
arab

le
eigen

valu
es

a
n

d
p

resen
ts

th
e

m
ain

th
eorem

of
ou

r
p

ap
er.

S
ection

B
of

th
e

su
p

p
lem

en
-

tary
m

aterials
rep

orts
th

e
corollaries

for
m

u
ltip

le
com

p
on

en
t

sp
ik

e
m

o
d

els
w

ith
d

istin
ct

eig
en

va
lu

es
a
n

d
sin

gle
sp

ike
m

o
d

els.

W
e

con
sid

er
m

u
ltip

le
sp

ike
m

o
d

els
w

ith
m

(a
fi

n
ite

in
teger)

d
om

in
atin

g
eigen

va
lu

es.
T

h
ese

m
eigen

valu
es

can
b

e
grou

p
ed

in
to
r

tiers,
w

h
ere

th
e

eigen
valu

es
w

ith
in

th
e

sam
e

tier
h

ave
th

e
sam

e
lim

it.
T

o
fi

x
ed

id
eas,

th
e

fi
rst

m
eigen

valu
es

are
grou

p
ed

in
to
r

tiers
w

h
ere

th
ere

are
q
l (>

0)
eigen

valu
es

in
th

e
lth

tier
w

ith
∑

rl=
1
q
l

=
m

.
D

efi
n

e
q

0
=

0,
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G
e
n
e
r
a
l

F
r
a
m

e
w

o
r
k

f
o
r

P
C

A
C

o
n
si

st
e
n
c
y

q r
+

1
=
d
(n

)
−
∑

r l=
1
q l

,
an

d
th

e
in

d
ex

se
t

of
th

e
ei

ge
n
va

lu
es

in
th

e
lt

h
ti

er
a
s

H
l

=

{
l−

1
∑ k

=
0

q k
+

1
,
l−

1
∑ k

=
0

q k
+

2
,·
··
,
l−

1
∑ k

=
0

q k
+
q l

}
,

l
=

1,
··
·,
r

+
1
.

(4
)

A
ss

u
m

e
th

e
ei

ge
n
va

lu
es

in
th

e
lt

h
ti

er
h

av
e

th
e

sa
m

e
li

m
it
δ(n

)
l

(>
0)

,
i.

e.

A
ss

u
m

p
ti

o
n

2
li

m
n
→
∞
λ
(n

)
j

δ
(n

)
l

=
1,
j
∈
H
l,
l

=
1,
··
·,
r.

A
cc

or
d

in
g

to
th

e
ab

ov
e

as
su

m
p
ti

on
,

th
e

ei
ge

n
va

lu
es

th
at

ar
e

in
th

e
sa

m
e

ti
er

w
il

l
h

av
e

th
e

sa
m

e
li

m
it

as
n

go
es

to
in

fi
n

it
y.

A
s

a
re

su
lt

,
w

e
ca

n
sh

ow
th

at
th

e
co

rr
es

p
o
n
d

in
g

sa
m

p
le

ei
ge

n
ve

ct
or

s
ca

n
n

ot
b

e
co

n
si

st
en

tl
y

es
ti

m
at

ed
in

d
iv

id
u

al
ly

.
T

h
is

m
o
ti

ve
s

u
s

to
co

n
-

si
d

er
su

b
sp

ac
e

co
n

si
st

en
cy

.
In

ad
d

it
io

n
,

w
e

as
su

m
e

th
at

th
e

fi
rs

t
m

p
op

u
la

ti
o
n

ei
g
en

va
lu

es
fr

om
d

iff
er

en
t

ti
er

s
ar

e
as

y
m

p
to

ti
ca

ll
y

d
iff

er
en

t,
an

d
d

om
in

at
e

th
e

ad
d

it
io

n
a
l

p
o
p

u
la

ti
o
n

ei
ge

n
va

lu
es

b
ey

on
d

th
e

fi
rs

t
r

ti
er

s
th

at
h

av
e

th
e

sa
m

e
li

m
it
c λ

:

A
ss

u
m

p
ti

o
n

3
a
s
n
→
∞

,
δ(n

)
1

>
··
·>

δ(n
)

r
>
λ

(n
)

m
+

1
→
··
·→

λ
(n

)
d
(n

)
→
c λ
>

0.

F
or
i
<
j,
δ(n

)
i

>
δ(n

)
j

m
ea

n
s

th
at

li
m
n
→
∞
δ
(n

)
i δ
(n

)
j

>
1.

T
h

is
as

su
m

p
ti

on
al

lo
w

s
δ(n

)
i
→
∞

a
n

d

δ(n
)

i
�

δ(n
)

j
,

w
h

ic
h

is
n

ot
th

e
ca

se
in

P
au

l
(2

00
7)

.
R

eg
ar

d
in

g
th

e
co

n
st

a
n
t
c λ

,
th

e
se

co
n

d
re

m
ar

k
af

te
r

T
h

eo
re

m
1

d
is

cu
ss

es
w

h
at

h
ap

p
en

s
w

h
en

c λ
=

0.
T

h
e

ab
ov

e
as

su
m

p
ti

on
s

co
ve

r
a

ge
n

er
al

cl
as

s
of

m
u

lt
ip

le
sp

ik
e

m
o
d

el
s

w
it

h
ti

er
ed

ei
ge

n
-

va
lu

es
.

A
si

m
p

le
sp

ec
ia

l
ca

se
is

th
e

on
e

w
h

er
e

th
e

ei
ge

n
va

lu
e

m
at

ri
x

Λ
is

b
lo

ck
d

ia
go

n
al

:

fo
r

1
≤
h
≤
r,

th
e
h

-t
h

b
lo

ck
of

Λ
is
λ

(n
)

h
I q
h

w
h

er
e
I q
h

is
th

e
q h
×
q h

id
en

ti
ty

m
at

ri
x
,

w
it

h

λ
(n

)
1

>
λ

(n
)

2
>
..
.
>
λ

(n
)

r
,

q 1
+
q 2

+
..
.
+
q r

=
m
<
d
;

an
d

th
e

la
st

b
lo

ck
of

Λ
is
c λ
I d

(n
)−
m

w
it

h
c λ
<
λ

(n
)

r
.

U
n

d
er

th
e

ab
ov

e
se

tu
p

,
T

h
eo

re
m

1
sh

ow
s

th
at

th
e

ei
ge

n
ve

ct
or

es
ti

m
at

es
a
re

ei
th

er
su

b
-

sp
ac

e
co

n
si

st
en

t
w

it
h

th
e

li
n

ea
r

sp
ac

e
sp

an
n

ed
b
y

th
e

p
op

u
la

ti
on

ei
ge

n
ve

ct
or

s,
o
r

st
ro

n
g
ly

in
co

n
si

st
en

t.
A

s
d

is
cu

ss
ed

in
th

e
In

tr
o
d

u
ct

io
n

,
T

h
eo

re
m

1
co

n
si

d
er

s
th

e
d

el
ic

a
te

b
a
la

n
ce

am
on

g
th

e
sa

m
p
le

si
ze

n
,

th
e

sp
ik

e
si

gn
a
l
δ(n

)
l

,
an

d
th

e
d
im

en
si

o
n
d
(n

),
a
n

d
ch

a
ra

ct
er

-
iz

e
th

e
va

ri
ou

s
P

C
A

co
n

si
st

en
cy

an
d

st
ro

n
g-

in
co

n
si

st
en

cy
re

gi
on

s.
T

h
e

th
re

e
sc

en
a
ri

o
s

of
T

h
eo

re
m

1
ar

e
ar

ra
n

ge
d

in
th

e
or

d
er

of
a

d
ec

re
as

in
g

am
ou

n
t

of
si

gn
al

:

•
T

h
eo

re
m

1(
a)

:
If

th
e

am
ou

n
t

of
si

gn
a
l

d
om

in
at

es
th

e
am

ou
n
t

of
n

o
is

e
u

p
to

th
e

rt
h

ti
er

,
i.

e.
d
(n

)

n
δ
(n

)
r

→
0,

th
en

th
e

es
ti

m
at

es
fo

r
th

e
ei

ge
n
ve

ct
or

s
in

th
e

fi
rs

t
r

ti
er

s

ar
e

su
b

sp
ac

e
co

n
si

st
en

t,
an

d
th

e
es

ti
m

at
es

fo
r

th
e

h
ig

h
er

or
d

er
ei

ge
n
ve

ct
o
rs

a
re

a
ls

o
su

b
sp

ac
e

co
n

si
st

en
t

(b
u

t)
at

a
d

iff
er

en
t

ra
te

;

•
T

h
eo

re
m

1(
b

):
O

th
er

w
is

e,
if

th
e

am
ou

n
t

of
si

gn
al

d
om

in
at

es
th

e
am

o
u

n
t

o
f

n
o
is

e
on

ly

u
p

to
th

e
h

th
ti

er
(1
≤
h
<
r)

,
i.

e.
d
(n

)

n
δ
(n

)
h

→
0

an
d

d
(n

)

n
δ
(n

)
h
+
1

→
∞

,
th

en
th

e
es

ti
m

a
te

s
fo

r

th
e

ei
ge

n
ve

ct
or

s
in

th
e

fi
rs

t
h

ti
er

s
ar

e
su

b
sp

ac
e

co
n

si
st

en
t,

an
d

th
e

es
ti

m
a
te

s
fo

r
th

e
ot

h
er

ei
ge

n
ve

ct
or

s
ar

e
st

ro
n

gl
y
-i

n
co

n
si

st
en

t;
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S
h
e
n
,

S
h
e
n

a
n
d

M
a
r
r
o
n

•
T

h
eo

re
m

1
(c

):
F

in
a
ll

y,
if

th
e

a
m

o
u

n
t

of
n

o
is

e
a
lw

ay
s

d
o
m

in
a
te

s,
i.

e.
d
(n

)

n
λ
(n

)
1

→
∞

,
th

en

th
e

sa
m

p
le

ei
ge

n
va

lu
es

a
re

as
y
m

p
to

ti
ca

ll
y

in
d

is
ti

n
g
u

is
h

a
b

le
,

a
n

d
th

e
sa

m
p

le
ei

g
en

ve
c-

to
rs

ar
e

st
ro

n
g
ly

in
co

n
si

st
en

t.

B
ef

or
e

st
at

in
g

T
h

eo
re

m
1,

w
e

fi
rs

t
in

tr
o
d

u
ce

se
ve

ra
l

n
ot

a
ti

on
s.

D
efi

n
e

th
e

su
b

sp
ac

e

S
l

=
sp

an
{u

k
,k
∈
H
l}

fo
r
l

=
1,
··
·,
r

+
1

an
d

d
en

o
te
δ(n

)
0

=
∞

fo
r

ev
er

y
n

.

T
h

e
o
re

m
1

U
n

d
er

A
ss

u
m

p
ti

o
n

s
1
,

2
a
n

d
3
,

a
s
n
→
∞

,
th

e
fo

ll
o
w

in
g

re
su

lt
s

h
o
ld

.

(a
)

If
d
(n

)

n
δ
(n

)
r

→
0,

th
en

λ̂
j

λ
(n

)
j

a
.s →

1
,
j

=
1,
··
·,
m

,
a
n

d
a
n

gl
e(
û
j
,S

l)
=

o a
.s

(
{
δ
(n

)
l

δ
(n

)
l−

1

∨
δ
(n

)
l+

1

δ
(n

)
l

}
1 2

)
,

j
∈
H
l,
l

=
1,
··
·,
r
−

1.
In

a
d
d
it

io
n

,

•
If

d
(n

)
n
→

0
,

th
en

a
n

gl
e(
û
j
,S

l)
=

o
a
.s

(
{
δ
(n

)
l

δ
(n

)
l−

1

∨
1

δ
(n

)
l

}
1 2

)
,
j
∈
H
l

fo
r
l

=
r,

a
n

d

o a
.s

( {
1

δ
(n

)
r

}
1 2

)
fo

r
l

=
r

+
1
.

•
If

d
(n

)
n
→
c,

0
<
c
≤
∞

,
th

en
a
n

gl
e(
û
j
,S

l)
=

o a
.s

(
{
δ
(n

)
l

δ
(n

)
l−

1

}
1 2

)
∨O

a
.s

(
{

d
(n

)

n
δ
(n

)
l

}
1 2

)
,

j
∈
H
l

fo
r
l

=
r,

a
n

d
O

a
.s

( {
d
(n

)

n
δ
(n

)
r

}
1 2

)
fo

r
l

=
r

+
1
.

(b
)

If
d
(n

)

n
δ
(n

)
h

→
0

a
n

d
d
(n

)

n
δ
(n

)
h
+
1

→
∞

,
w

h
er

e
1
≤
h
<
r,

th
en

λ̂
j

λ
(n

)
j

a
.s →

1,
j
∈
H
l,
l

=
1
,·
··
,h

,

a
n

d
th

e
o
th

er
n

o
n

-z
er

o
n
λ̂
j

d
(n

)

a
.s →
c λ

.
In

a
d
d
it

io
n

,
a
n

gl
e(
û
j
,S

l)
=

o a
.s

(
{
δ
(n

)
l

δ
(n

)
l−

1

∨
δ
(n

)
l+

1

δ
(n

)
l

}
1 2

)
,

j
∈
H
l

fo
r
l

=
1,
··
·,
h
−

1,
a
n

d
o

a
.s

(
{
δ
(n

)
h

δ
(n

)
h
−
1

}
1 2

)
∨O

a
.s

(
{

d
(n

)

n
δ
(n

)
h

}
1 2

)
fo

r
l

=
h

.
F

in
a
ll

y,

|<
û
j
,u

j
>
|=

O
a
.s

(
{
n
λ
(n

)
j

d
(n

)

}
1 2

)
,
j
∈
H
l,
l

=
h

+
1
,·
··
,r

,
a
n

d
O

a
.s

( {
n
d
(n

)

}
1 2

) ,

j
>
m

.

(c
)

If
d
(n

)

n
δ
(n

)
1

→
∞

,
th

en
th

e
n

o
n

-z
er

o
n
λ̂
j

d
(n

)

a
.s →
c λ

.
In

a
d
d
it

io
n

,
|<

û
j
,u

j
>
|=

O
a
.s

(
{
n
λ
(n

)
j

d
(n

)

}
1 2

)
,

j
=

1,
··
·,
m

,
a
n

d
O

a
.s

( {
n
d
(n

)

}
1 2

) ,
j
>
m

.

T
h

e
fo

ll
ow

in
g

co
m

m
en

ts
ca

n
b

e
m

a
d

e
fo

r
th

e
re

su
lt

s
o
f

T
h

eo
re

m
1
.

•
N

o
te

th
at

,
fo

r
j
∈
H

1
,

th
e

su
b

sp
a
ce

co
n

si
st

en
cy

ra
te

fo
r
û
j

is

{
δ
(n

)
2 δ
(n

)
1

}
1 2

.
B

y
d

efi
n

in
g

δ(n
)

0
=
∞

,
th

e
co

n
si

st
en

cy
ra

te
ex

p
re

ss
io

n

{
δ
(n

)
l

δ
(n

)
l−

1

∨
δ
(n

)
l+

1

δ
(n

)
l

}
1 2

re
m

a
in

s
va

li
d

fo
r
l

=
1
.
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G
e
n
e
r
a
l

F
r
a
m

e
w

o
r
k

f
o
r

P
C

A
C

o
n
sist

e
n
c
y

•
If
c
λ

=
0

in
A

ssu
m

p
tion

3
,

th
en

th
a
t

assu
m

p
tio

n
ca

n
b

e
rew

ritten
a
s

δ ∗
(n

)
1

>
···

>
δ ∗

(n
)

r
>
λ
∗

(n
)

m
+

1 →
···→

λ
∗

(n
)

d
(n

)
=

1,

w
h

ere
δ ∗

(n
)

j
=

δ
(n

)
j

λ
(n

)
d
(n

)

an
d
λ
∗

(n
)

j
=

λ
(n

)
j

λ
(n

)
d
(n

) .
W

e
co

m
m

en
t

th
a
t

th
e

a
sy

m
p

to
tic

p
ro

p
erties

of

û
j

th
en

d
ep

en
d

o
n

th
e

resca
led

eig
en

va
lu

es
λ
∗

(n
)

j
,

in
stea

d
o
f

th
e

raw
eig

en
va

lu
es
λ

(n
)

j
.

In
p

a
rticu

lar,
w

ith
c
λ

=
0
,

T
h

eorem
1

ca
n

b
e

slig
h
tly

m
o
d

ifi
ed

b
y

rep
la

cin
g
δ

(n
)

j
w

ith

δ ∗
(n

)
j

,
“
n
λ̂
j

d
(n

)

a
.s
→
c
λ ”

w
ith

“
n
λ̂
j

d
(n

)λ
(n

)
d
(n

)

a
.s
→

1
”,

a
n

d
th

e
stro

n
g
ly

in
co

n
sisten

cy
ra

te {
n
λ
(n

)
j

d
(n

) }
12

w
ith

{
n
λ
∗
(n

)
j

d
(n

)

}
12,

resp
ectively.

•
In

A
ssu

m
p

tio
n

3
,

if
th

ere
is

a
b

ig
g
a
p

b
etw

een
δ

(n
)

r
a
n

d
λ

(n
)

m
+

1
su

ch
th

at
δ

(n
)

r
�
λ

(n
)

m
+

1 ,

th
en
λ

(n
)

m
+

1 →
···→

λ
(n

)
d
(n

) →
c
λ

ca
n

b
e

w
ea

k
en

ed
to
λ

(n
)

m
+

1 �
···�

λ
(n

)
d
(n

) �
1
.

It
fo

llow
s

th
a
t

th
e

con
sisten

cy
resu

lts
o
f

th
e

fi
rst

r
tiers

o
f

sam
p

le
eig

en
va

lu
es

in
S

cen
a
rio

(a)
or

th
e

fi
rst

h
tiers

in
S

cen
a
rio

(b
)

rem
ain

th
e

sam
e,

w
h

ile
a
ll

oth
er

resu
lts

o
f

th
e

fo
rm

“
a
.s
−→

”
fo

r
th

e
sa

m
p

le
eigen

va
lu

es
sh

o
u

ld
b

e
rep

la
ced

b
y

a
lm

ost
su

rely
“
�

”
.

T
h

e
resu

lts
fo

r
th

e
sam

p
le

eigen
vecto

rs
rem

a
in

th
e

sam
e.

•
O

n
e

n
eed

s
λ

(n
)

m
+

1
→
···→

λ
(n

)
d
(n

)
→

c
λ ,

or
λ

(n
)

m
+

1
�
···λ

(n
)

d
(n

)
�

1
,

to
o
b

ta
in

g
en

eral

co
n
verg

en
ce

resu
lts

fo
r

th
e

n
o
n

-sp
ike

sa
m

p
le

eig
en

va
lu

es
λ̂
j ,
j
>
m

,
u

n
d

er
th

e
w

id
e

ra
n

g
e

o
f

scen
a
rio

s:
d
(n

)
n
→

0
,
d
(n

)
n
→
∞

,
o
r

lim
n→
∞
d
(n

)
n

=
c

(0
<
c
<
∞

).
W

h
en

o
n

e
fo

cu
sses

o
n

ly
on

th
e

sp
ike

eig
en

va
lu

es,
a

w
ea

ker
assu

m
p

tio
n

,
su

ch
a
s

th
e

slow
ly

d
ecay

in
g

n
on

-sp
ike

eigen
valu

es
assu

m
ed

b
y

B
a
i

a
n

d
Y

a
o

(2
01

2
),

is
su

ffi
cien

t.
T

h
en

,

th
e

sp
ike

co
n

d
ition

δ
(n

)
r
�

λ
(n

)
m

+
1

is
en

ou
gh

to
g
en

era
te

th
e

co
n

sisten
cy

p
ro

p
erties

o
f

λ̂
j

an
d
û
j ,
j
≤
m

in
S

cen
a
rio

(a).
In

th
a
t

case,
th

e
b

eh
av

io
rs

of
th

e
o
th

er
sa

m
p

le

eig
en

va
lu

es
a
n

d
eig

en
vecto

rs
a
re

scen
a
rio

sp
ecifi

c,
d

ep
en

d
in

g
o
n

w
h

eth
er

d
(n

)
n
→

0,
d
(n

)
n
→
∞

,
o
r

lim
n→
∞
d
(n

)
n

=
c

(0
<
c
<
∞

).

•
T

h
e

cases
covered

b
y

T
h

eo
rem

1
are

n
ot

stu
d

ied
in

P
a
u

l
(2

0
0
7
),

w
h

ere
th

e
eig

en
valu

es
are

con
sid

ered
to

b
e

in
d

iv
id

u
ally

estim
a
b

le.

•
In

T
h

eorem
1
,

th
e

d
im

en
sio

n
d

ca
n

b
e

fi
x
ed

.
In

ad
d

itio
n

,
su

p
p

o
se
∞

>
δ

(n
)

1
>
···

>

δ
(n

)
r

>
λ

(n
)

m
+

1
→
···→

λ
(n

)
d
→

c
λ ,

a
n

d
th

e
eig

en
va

lu
es

sa
tisfy

A
ssu

m
p

tion
2
.

T
h

en
,

th
e

resu
lts

o
f

T
h

eo
rem

1
(a

)
a
re

con
sisten

t
w

ith
th

e
cla

ssica
l

asy
m

p
to

tic
su

b
sp

a
ce

co
n

sisten
cy

resu
lts

im
p

lied
b
y

T
h
eo

rem
1

o
f

A
n

d
erso

n
(1

96
3
).

4
.

C
a
se

s
w

ith
fi
x
e
d
n

T
h

is
section

stu
d

ies
sp

ike
m

o
d

els
w

h
en

th
e

sam
p

le
size

n
is

fi
x
ed

.
N

ow
th

e
eigen

va
lu

es
a
re

d
en

o
ted

as
λ

(d
)

j
,

a
seq

u
en

ce
in

d
ex

ed
b
y

th
e

d
im

en
sio

n
d
.

W
e

fi
rst

rep
ort

h
ere

th
e

th
eo

retical
resu

lts
for

sp
ike

m
o
d
els

w
ith

in
sep

a
rab

le
eigen

valu
es.

T
h

e
co

rresp
o
n

d
in

g
resu

lts
fo

r
m

o
d

els
w

ith
d

istin
ct

eig
en

va
lu

es
a
re

p
resen

ted
in

S
ectio

n
C

o
f

th
e

su
p

p
lem

en
ta

ry
m

ateria
ls.
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S
h
e
n
,

S
h
e
n

a
n
d

M
a
r
r
o
n

T
h

eorem
2

su
m

m
arizes

th
e

resu
lts

for
sp

ike
m

o
d

els
w

ith
tiered

eigen
valu

es.
In

com
p

ar-
iso

n
w

ith
J
u

n
g

an
d

M
arron

(2009),
w

e
m

ake
m

ore
gen

eral
assu

m
p

tion
s

on
th

e
p

o
p

u
lation

eig
en

va
lu

es,
an

d
o
b

tain
th

e
con

vergen
ce

rate
resu

lts;
fu

rth
erm

ore,
w

e
ob

tain
alm

ost
su

re
con

vergen
ce,

in
stead

of
con

vergen
ce

in
p

rob
ab

ility.
A

ssu
m

e
th

a
t

as
d
→
∞

,
th

e
fi

rst
m

eigen
valu

es
fall

in
to
r

tiers,
w

h
ere

th
e

eigen
valu

es
in

th
e

sam
e

tier
a
re

asy
m

p
totically

eq
u

ivalen
t,

as
stated

in
th

e
fo

llow
in

g
assu

m
p

tion
:

A
ssu

m
p

tio
n

4
fo

r
fi

xed
n

,
a
s
d
→
∞

,
λ

(d
)

j
�
δ

(d
)

l
,
j∈

H
l ,
l

=
1,···

,r.

D
iff

eren
t

from
A

ssu
m

p
tion

2
for

d
ivergin

g
sam

p
le

size
n

,
n

ow
w

ith
a

fi
x
ed

n
,

th
e

eigen
-

valu
es

w
ith

in
th

e
sam

e
tier

are
assu

m
ed

to
b

e
of

th
e

sam
e

o
rd

er,
rath

er
th

a
n

of
th

e
sa

m
e

lim
it

w
h

en
n

in
creases

to
∞

.
A

s
w

e
w

ill
see

b
elow

in
T

h
eo

rem
2,

on
e

can
n

o
lon

ger
sep

a-
rately

estim
ate

th
e

eigen
valu

es
of

th
e

sam
e

ord
er

w
h

en
n

is
fi

x
ed

,
w

h
ich

is
feasib

le
w

ith
an

in
crea

sin
g
n

as
lon

g
as

th
ey

d
o

n
ot

h
ave

th
e

sam
e

lim
it

as
sh

ow
n

in
T

h
eorem

1.
In

a
d

d
ition

,
w

e
assu

m
e

th
at

th
e

p
op

u
lation

eigen
valu

es
from

d
iff

eren
t

tiers
are

of
d

iff
eren

t
o
rd

ers
an

d
d

o
m

in
ate

th
e

h
igh

er-ord
er

eigen
valu

es
w

h
ich

a
re

asy
m

p
totically

eq
u

ivalen
t:

A
ssu

m
p

tio
n

5
fo

r
fi

xed
n

,
a
s
d
→
∞

,
δ

(d
)

1
�
···�

δ
(d

)
r
�
λ

(d
)

m
+

1 �
···�

λ
(d

)
d
�

1
.

N
ote

th
at

for
fi

x
ed
n

an
d
d
→
∞

,
th

e
assu

m
p

tion
δ

(d
)

l
>
δ

(d
)

l+
1

can
n

ot
gu

aran
tee

asy
m

p
totic

sep
a
ra

tion
of

th
e

corresp
on

d
in

g
sam

p
le

eigen
valu

es
λ̂
j

for
j
∈
H
l

an
d
j
∈
H
l+

1 .
T

h
u

s,
w

e
n

eed
to

rep
lace

A
ssu

m
p

tion
3

w
ith

A
ssu

m
p

tion
5

in
ord

er
to

asy
m

p
totically

sep
ara

te
th

e
fi

rst
r

su
b

grou
p

s
of

sam
p

le
eigen

valu
es.

B
efo

re
form

ally
statin

g
T

h
eorem

2,
w

e
fi

rst
in

tro
d

u
ce

sev
eral

n
ota

tion
s.

D
en

ote
δ

(d
)

0
=
∞

for
every

d
,

w
h

ich
is
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û
j ,u

j
>
|
=

O
a
.s (
{
λ
(d

)
jd

}
12 )

,
j∈

H
l ,
l

=
h

+
1
,···

,r,
a
n

d
O

a
.s ({

1d }
12 )

,
j
>
m

.

12
JM

L
R

 17(150):1-34



G
e
n
e
r
a
l

F
r
a
m

e
w

o
r
k

f
o
r

P
C

A
C

o
n
si

st
e
n
c
y

(b
)

If
d

δ
(d

)
1

→
∞

,
th

en
th

e
n

o
n

-z
er

o
n
λ̂
j

d
a
.s →
K

.
In

a
d
d
it

io
n

,
|<

û
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1 n

m ∑ j=
1

λ
(n

)
j
Z̃
j
Z̃
T j
,

B
=

1 n

d
(n

)
∑

j=
m

+
1

λ
(n

)
j
Z̃
j
Z̃
T j
.

(9
)

F
ir

st
,

w
e

st
u

d
y

th
e

a
sy

m
p

to
ti

c
p

ro
p

er
ti

es
o
f

th
e

ei
g
en

va
lu

es
of
A

an
d
B

in
L

em
m

a
s

3
a
n

d
4,

re
sp

ec
ti

ve
ly

.
T

h
en

,
th

e
W

ey
l

In
eq

u
a
li

ty
a
n

d
d
u

a
l

W
ey

l
In

eq
u

a
li

ty
(T

a
o,

2
0
10

),
n

ow
re

st
at

ed
as

L
em

m
a

2
,

en
a
b

le
u

s
to

es
ta

b
li

sh
th

e
as

y
m

p
to

ti
c

p
ro

p
er

ti
es

of
th

e
ei

ge
n
va

lu
es

o
f
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G
e
n
e
r
a
l

F
r
a
m

e
w

o
r
k

f
o
r

P
C

A
C

o
n
sist

e
n
c
y

th
e

d
u

a
l
m

a
trix

Σ̂
D

in
S

ection
7.3.

F
in

a
lly,

w
e

d
erive

th
e

a
sy

m
p

to
tic

p
ro

p
erties

o
f
th

e
sa

m
p

le
eig

en
vectors

of
Σ̂

in
S
ectio

n
7
.4.

S
o
m

e
in

tu
itive

id
ea

s
a
re

p
rov

id
ed

in
th

e
su

p
p
lem

en
t

(S
h

en
et

a
l.,

2
0
15

)
to

h
elp

u
n
d

ersta
n

d
in

g
th

e
p

ro
o
f.

7
.2

L
e
m

m
a
s

W
e

list
fou

r
lem

m
a
s

th
a
t

a
re

u
sed

in
o
u

r
p

ro
of.

L
em

m
a

1
stu

d
ies

a
sy

m
p

to
tic

p
ro

p
erties

of
th

e
la

rg
est

an
d

sm
allest

n
on

-zero
eigen

va
lu

es
o
f

a
ra

n
d

o
m

m
a
trix

.

L
e
m

m
a

1
S

u
p
po

se
B

=
1q V

V
T

w
h
ere

V
is

a
n
p
×
q

ra
n

d
o
m

m
a
trix

co
m

po
sed

o
f

i.i.d
.

ra
n

d
o
m

va
ria

bles
w

ith
zero

m
ea

n
,

u
n

it
va

ria
n

ce
a
n

d
fi

n
ite

fo
u

rth
m

o
m

en
t.

A
s
q
→
∞

a
n

d
pq
→

c∈
[0,∞

),
th

e
la

rgest
a
n

d
sm

a
llest

n
o
n

-zero
eigen

va
lu

es
o
f
B

co
n

verge
a
lm

o
st

su
rely

to
(1

+
√
c)

2
a
n

d
(1−

√
c)

2,
respectively.

R
e
m

a
rk

1
L

em
m

a
1

is
kn

o
w

n
a
s

th
e

B
a
i-Y

in’s
la

w
(B

a
i

a
n

d
Y

in
,

1
9
9
3
).

A
s

in
R

em
a
rk

1
o
f

B
a
i

a
n

d
Y

in
(1

9
9
3
),

th
e

sm
a
llest

n
o
n

-zero
eigen

va
lu

e
is

th
e
p−

q
+

1
sm

a
llest

eigen
va

lu
e

o
f
B

fo
r
c
>

1.

L
em

m
a

2
is

ab
o
u

t
th

e
W

ey
l

In
eq

u
a
lity

a
n

d
th

e
d

u
a
l

W
ey

l
In

eq
u

a
lity

(T
ao

,
2
01

0
),

w
h

ich
a
p

p
ea

r
b

elow
a
s

th
e

rig
h
t-h

a
n

d
-sid

e
in

eq
u

a
lity

a
n

d
th

e
left-h

a
n

d
-sid

e
in

eq
u

ality,
resp

ec-
tively.

L
e
m

m
a

2
If
A
,B

a
re
p×

p
rea

l
sym

m
etric

m
a
trices,

th
en

fo
r

a
ll
j

=
1,...,p

,



λ
j (A

)
+

λ
p (B

)
λ
j+

1 (A
)

+
λ
p−

1 (B
)

...
λ
p (A

)
+

λ
j (B

)


≤
λ
j (A

+
B

)≤



λ
j (A

)
+

λ
1 (B

)
λ
j−

1 (A
)

+
λ

2 (B
)

...
λ

1 (A
)

+
λ
j (B

)


,

w
h
ere

λ
j (·)

is
th

e
j-th

la
rgest

eigen
va

lu
e

o
f

th
e

m
a
trix.

L
e
m

m
a

3
A

s
n
→
∞

,
th

e
eigen

va
lu

es
o
f

th
e

m
a
trix

A
in

(9)
sa

tisfy

λ
j (A

)

λ
(n

)
j

a
.s
−→

1
,

fo
r

j
=

1,···
,m

.

P
ro

o
f

D
efi

n
e

th
e
m

-d
im

en
sio

n
a
l

ra
n

d
o
m

v
ecto

rs
X
∗i

=
[I
m
,0
m
×

(d−
m

) ]
X
i ,
i

=
1
,···

,n
.

T
h

en
,
X
∗i

h
a
s

m
ea

n
zero

an
d

th
e

fo
llow

in
g

cova
ria

n
ce

m
atrix

Σ
∗:

Σ
∗

=


λ

(n
)

1
···

0
...

...
...

0
···

λ
(n

)
m


.
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S
h
e
n
,

S
h
e
n

a
n
d

M
a
r
r
o
n

L
et
A
∗

b
e

th
e

d
u

a
l

m
atrix

of
th

e
m

atrix
A

.
T

h
e

sam
p

le
covarian

ce
m

atrix
of
X
∗i

is

A
∗

=
1n

n
∑i=

1

X
∗i X
∗i
T

=
λ

(n
)

1
×



1n ∑
ni=

1
z

2i,1
···

{
λ
(n

)
m

λ
(n

)
1

}
12

1n ∑
ni=

1
z
i,1 z

i,m

...
...

...
{
λ
(n

)
m

λ
(n

)
1

}
12

1n ∑
ni=

1
z
i,1 z

i,m
···

λ
(n

)
m

λ
(n

)
1

1n ∑
ni=

1
z

2i,m


,

(10)

w
h

ere
th

e
z
i,j ’s

are
d

efi
n

ed
in

(1).
S

in
ce
A
∗

is
th

e
d

u
al

m
atrix

of
A

,
th

en
A

an
d
A
∗

sh
are

th
e

sam
e

n
o
n

-zero
eigen

valu
es.

B
elow

w
e

stu
d

y
th

e
eigen

valu
es

of
A

th
rou

gh
th

e
d

u
al

m
atrix

A
∗.

T
h

e
i.i.d

.
an

d
u

n
it

varian
ce

p
rop

erties
of

th
e
z
i,j ’s

y
ield

th
at

as
n
→
∞

,

1n

n
∑i=

1

z
i,k z

i,l
a
.s
−→

{
1

1
≤
k

=
l≤

m
0

1
≤
k
6=
l≤

m
.

(1
1)

D
en

o
te
b
k

=
lim

n→
∞
λ
(n

)
k

λ
(n

)
1

≤
1,
k

=
1,···

,m
.

T
h

en
it

follow
s

from
(1

0)
an

d
(1

1)
th

at
as

n
→
∞

,

1

λ
(n

)
1

A
∗

a
.s
−→


1
···

0
...

...
...

0
···

b
m 

,

w
h

ich
fu

rth
er

y
ield

s
λ

1 (A
)

λ
(n

)
1

=
λ

1 (A
∗)

λ
(n

)
1

a
.s
−→

1
.

(12)

S
im

ila
rly,

for
k

=
2,···

,m
,

w
e

h
ave

th
at

as
n
→
∞

,

λ
1 (

1n ∑
mj=
k
λ

(n
)

j
Z̃
j Z̃

Tj
)

λ
(n

)
k

a
.s
−→

1.
(13)

N
ex

t
w

e
d

eriv
e

th
e

u
p

p
er

an
d

low
er

b
ou

n
d

s
for

λ
k (A

),
k

=
2,···

,m
.

A
ccord

in
g

to
L

em
m

a
2,

w
e

h
ave

th
e

follow
in

g
in

eq
u

ality
:

λ
k (A

)
=
λ
k (

1n

m
∑j=

1

λ
(n

)
j
Z̃
j Z̃

Tj
)≤

λ
1 (

1n

m
∑j=
k

λ
(n

)
j
Z̃
j Z̃

Tj
)

+
λ
k (

1n

k−
1

∑j=
1

λ
(n

)
j
Z̃
j Z̃

Tj
).

S
in

ce
th

e
ran

k
o
f

1n ∑
k−

1
j=

1
λ

(n
)

j
Z̃
j Z̃

Tj
is

at
m

ost
k−

1,
th

en
λ
k (

1n ∑
k−

1
j=

1
λ

(n
)

j
Z̃
j Z̃

Tj
)

=
0,

w
h

ich
togeth

er
w

ith
(13),

y
ield

s
th

at

λ
k (A

)

λ
(n

)
k

≤
1

λ
(n

)
k

×
λ

1 (
1n

m
∑j=
k

λ
(n

)
j
Z̃
j Z̃

Tj
).

(14)
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G
e
n
e
r
a
l

F
r
a
m

e
w

o
r
k

f
o
r

P
C

A
C

o
n
si

st
e
n
c
y

F
or

th
e

lo
w

er
b

ou
n

d
,

it
fo

ll
ow

s
fr

om
E

q
u

at
io

n
(5

.9
)

in
J
u

n
g

an
d

M
ar

ro
n

(2
0
0
9)

th
a
t

λ
1
(λ

(n
)

k n
Z̃
k
Z̃
T k

)
+
λ
n
(
1 n

m ∑

j=
k
+

1

λ
(n

)
j
Z̃
j
Z̃
T j

)
≤
λ
k
(A

).
(1

5
)

G
iv

en
th

at
th

e
ra

n
k

of
1 n

∑
m j=
k
+

1
λ

(n
)

j
Z̃
j
Z̃
T j

is
at

m
os

t
m

w
it

h
m
<
n

,
th

en
λ
n
(

1 n

∑
m j=
k
+

1
λ

(n
)

j
Z̃
j
Z̃
T j

)
=

0,
w

h
ic

h
to

ge
th

er
w

it
h

(1
5)

,
y
ie

ld
s

th
at

λ
k
(A

)

λ
(n

)
k

≥
1

λ
(n

)
k

×
λ

1
(λ

(n
)

k n
Z̃
k
Z̃
T k

).
(1

6)

N
ot

e
th

at
as
n
→
∞

,

1

λ
(n

)
k

×
λ

1
(λ

(n
)

k n
Z̃
k
Z̃
T k

)
=

1 n
Z̃
T k
Z̃
k

a
.s −→

1.
(1

7)

It
fo

ll
ow

s
fr

om
(1

3)
,

(1
4)

,
(1

6)
an

d
(1

7)
th

at
,

fo
r
k

=
2,
··
·,
m

,

λ
k
(A

)

λ
(n

)
k

a
.s −→

1,
as

n
→
∞
.

(1
8)

T
h

e
co

m
b

in
at

io
n

of
(1

2)
an

d
(1

8)
p

ro
ve

s
L

em
m

a
6.

1.

L
e
m

m
a

4
A

ss
u

m
e

th
a
t

li
m
n
→
∞
d
(n

)
n

=
c,

w
h
er

e
0
≤
c
≤
∞

,
a
n

d
le

t
λ

m
a
x
(·)

a
n

d
λ

m
in

(·)
be

th
e

la
rg

es
t

a
n

d
sm

a
ll

es
t

n
o
n

-z
er

o
ei

ge
n

va
lu

es
o
f

th
e

m
a
tr

ix
,

re
sp

ec
ti

ve
ly

.
A

s
n
→
∞

,
λ

m
a
x
(B

)
a
n

d
λ

m
in

(B
),

w
h
er

e
B

in
(9

),
sa

ti
sf

y

λ
m

a
x
(B

)
an

d
λ

m
in

(B
)

a
.s →
c λ
,

fo
r

c
=

0,
(1

9)
n

d
(n

)λ
m

a
x
(B

)
an

d
n

d
(n

)λ
m

in
(B

)
a
.s →
c λ
,

fo
r

c
=
∞
,

(2
0
)

a
n

d

λ
m

a
x
(B

)
a
.s →
c λ

(1
+
√
c)

2
an

d
λ

m
in

(B
)

a
.s →
c λ

(1
−
√
c)

2
,

fo
r

0
<
c
<
∞
.

(2
1)

R
e
m

a
rk

2
If
λ

(n
)

m
+

1
→
··
·→

λ
(n

)
d
(n

)
is

re
la

xe
d

to
λ

(n
)

m
+

1
�
··
·�

λ
(n

)
d
(n

),
th

en
“

a
.s →

”
is

re
p
la

ce
d

by
a
lm

o
st

su
re

ly
“
�

”.

P
ro

o
f

D
efi

n
e
B
∗

=
1 n

∑
d
(n

)
j=
m

+
1
Z̃
j
Z̃
T j

.
T

h
e

p
ro

of
u

se
s

th
e

fo
ll

ow
in

g
in

eq
u

a
li

ti
es

fo
r
k
≥

1
:

λ
(n

)
d
(n

)
×
λ
k
(B
∗ )
≤
λ
k
(B

)
≤
λ

(n
)

m
+

1
×
λ
k
(B
∗ )
.

(2
2
)
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S
h
e
n
,

S
h
e
n

a
n
d

M
a
r
r
o
n

W
e

fi
rs

t
p

ro
ve

th
e

ri
gh

t
in

eq
u

a
li

ty
o
f

(2
2
).

N
o
te

th
a
t
λ

(n
)

m
+

1
B
∗

ca
n

b
e

re
w

ri
tt

en
as

λ
(n

)
m

+
1
B
∗

=
B

+
B
∗ R

,
w

h
er

e
B
∗ R

=
1 n

∑
d
(n

)
j=
m

+
1
(λ

(n
)

m
−
λ

(n
)

j
)Z̃

j
Z̃
T j

an
d

is
a

n
o
n

-n
eg

a
ti

ve
m

a
tr

ix
.

It
th

en
fo

ll
ow

s
fr

om
L

em
m

a
2

th
a
t

fo
r
k
≥

1
,

λ
(n

)
m

+
1
×
λ
k
(B
∗ )

=
λ
k
(λ

(n
)

m
+

1
B
∗ )
≥
λ
k
(B

)
+
λ
n
(B
∗ R

)
≥
λ
k
(B

),

w
h

ic
h

y
ie

ld
s

th
e

ri
gh

t
in

eq
u

a
li
ty

o
f

(2
2
).

F
or

th
e

le
ft

in
eq

u
al

it
y

in
(2

2)
,
n

o
te

th
a
t
B

=
λ

(n
)

d
(n

)B
∗ +
B
∗ L
,
w

h
er

e
B
∗ L

=
1 n

∑
d
(n

)
j=
m

+
1
(λ

(n
)

j
−

λ
(n

)
d
(n

))
Z̃
j
Z̃
T j

an
d

is
a

n
o
n

-n
eg

a
ti

ve
m

a
tr

ix
.

L
em

m
a

2
im

p
li

es
th

a
t

fo
r
k
≥

1
,

λ
k
(B

)
≥
λ
k
(λ

(n
)

d
(n

)B
∗ )

+
λ
n
(B
∗ L
)
≥
λ
k
(λ

(n
)

d
(n

)B
∗ )

=
λ

(n
)

d
(n

)
×
λ
k
(B
∗ )
,

w
h

ic
h

y
ie

ld
s

th
e

le
ft

in
eq

u
al

it
y

o
f

(2
2)

.
N

ot
e

th
a
t
B
∗

ca
n

b
e

re
w

ri
tt

en
a
s
B
∗

=
1 n
V
V
T

,
w

h
er

e
V

=
[Z̃
m

+
1
,·
··
,Z̃

d
(n

)]
is

an

n
×

(d
(n

)
−
m

)
m

a
tr

ix
.

If
li

m
n
→
∞
d
(n

)
n

=
li

m
n
→
∞
d
(n

)−
m

n
=
∞

,
th

en
ac

co
rd

in
g

to
L

em
m

a
1
,

w
e

h
av

e
th

at
1

d
(n

)
−
m
λ

m
a
x
(V
V
T

)
a
n

d
1

d
(n

)
−
m
λ

m
in

(V
V
T

)
a
.s →

1
.

It
th

en
fo

ll
ow

s
th

at
n
d
(n

)
λ

m
a
x
(B
∗ )

an
d

n
d
(n

)
λ

m
in

(B
∗ )

a
.s →

1,
w

h
ic

h
,

to
g
et

h
er

w
it

h
(2

2
)

a
n

d

λ
(n

)
m

+
1
→
λ

(n
)

d
(n

)
→
c r

,
y
ie

ld
s

(2
0)

.

N
ow

co
n

si
d

er
th

e
ca

se
li

m
n
→
∞
d
(n

)
n

=
li

m
n
→
∞
d
(n

)−
m

n
=
c
<
∞

.
S

in
ce
B
∗

=
1 n
V
V
T

an
d

1 n
V
T
V

sh
a
re

th
e

n
o
n

-z
er

o
ei

g
en

va
lu

es
,

th
en

w
e

st
u

d
y

th
e

ei
g
en

va
lu

es
of
B
∗

th
ro

u
g
h

1 n
V
T
V

.
A

p
p

ly
in

g
L

em
m

a
1

to
1 n
V
T
V

y
ie

ld
s

th
a
t

λ
m

a
x
(
1 n
V
T
V

)
a
.s →

(1
+
√
c)

2
a
n

d
λ

m
in

(
1 n
V
T
V

)
a
.s →

(1
−
√
c)

2
.

It
th

en
fo

ll
ow

s
th

at
λ

m
a
x
(B
∗ )

a
.s →

(1
+
√
c)

2
an

d
λ

m
in

(B
∗ )

a
.s →

(1
−
√
c)

2
.

In
a
d

d
it

io
n

,
g
iv

en

th
a
t
λ

(n
)

m
+

1
→

λ
(n

)
d
(n

)
→

c r
an

d
(2

2)
,

th
en

w
e

h
av

e
λ

m
a
x
(B

)
a
.s →
c r

(1
+
√
c)

2
an

d
λ

m
in

(B
)

a
.s →

c r
(1
−
√
c)

2
fo

r
0
≤
c
<
∞

,
w

h
ic

h
y
ie

ld
s

(1
9
)

(c
=

0)
a
n

d
(2

1
)

(0
<
c
<
∞

)
.

7
.3

A
sy

m
p

to
ti

c
p

ro
p

e
rt

ie
s

o
f

th
e

sa
m

p
le

e
ig

e
n
v
a
lu

e
s

W
e

n
ow

st
u

d
y

th
e

a
sy

m
p

to
ti

c
p
ro

p
er

ti
es

o
f

th
e

sa
m

p
le

ei
ge

n
va

lu
es
λ̂
j

fo
r
j

=
1,
··
·,

[n
∧

d
(n

)]
,

w
h

ic
h

ar
e

th
e

sa
m

e
as

th
os

e
of

th
e

d
u

a
l

m
a
tr

ix
Σ̂
D

,
d

en
o
te

d
as
λ
j
(Σ̂

D
)

=
λ
j
(A

+
B

).

7
.3

.1
S
c
e
n
a
r
io

(a
)

in
T

h
e
o
r
e
m

1

S
ce

n
a
ri

o
(a

)
co

n
ta

in
s

th
re

e
d

iff
er

en
t

ca
se

s:
li

m
n
→
∞
d
(n

)
n

=
0
,
∞

,
o
r
c

(0
<
c
<
∞

).
T

h
e

p
ro

o
fs

ar
e

d
iff

er
en

t
fo

r
ea

ch
ca

se
an

d
a
re

p
ro

v
id

ed
se

p
ar

a
te

ly
b

el
ow

.
C

o
n

si
d

er
th

e
fi

rs
t

ca
se

:
li
m
n
→
∞
d
(n

)
n

=
0
.

A
cc

o
rd

in
g

to
L

em
m

a
2
,

w
e

h
av

e
th

at

λ
j
(A

)

λ
(n

)
j

≤
λ̂
j

λ
(n

)
j

≤
λ
j
(A

)

λ
(n

)
j

+
λ

1
(B

)

λ
(n

)
j

.
(2

3)
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G
e
n
e
r
a
l

F
r
a
m

e
w

o
r
k

f
o
r

P
C

A
C

o
n
sist

e
n
c
y

If
λ

(n
)

m
→
∞

,
it

fo
llow

s
fro

m
(19

)
th

a
t
λ
1
(B

)

λ
(n

)
j

a
.s
→

0
fo

r
j

=
1,···

,m
.

T
h

en
th

e
co

m
b

in
a
tio

n

o
f

L
em

m
a

3
an

d
(2

3)
p

roves
th

a
t,

a
s
n
→
∞

,

λ̂
j

λ
(n

)
j

a
.s
→

1,
j

=
1,···

,m
.

(2
4)

If
λ

(n
)

m
<
∞

,
a
ccord

in
g

to
T

h
eo

rem
1

(c
=

0)
o
f

B
aik

a
n

d
S

ilv
erstein

(2
0
06

),
w

e
still

h
ave

(24
).

In
a
d

d
itio

n
,

a
cco

rd
in

g
to

L
em

m
a

2
,

w
e

h
ave

λ
j (B

)≤
λ̂
j ≤

λ
j (A

)
+
λ

1 (B
).

(25
)

S
in

ce
th

e
ra

n
k

of
A

is
at

m
ost

m
,

th
en

λ
j (A

)
=

0
fo

r
j≥

m
+

1
,

w
h

ich
,

to
g
eth

er
w

ith
(2

5
),

y
ield

s
th

a
t

fo
r
j

=
m

+
1
,···

,[n
∧

(d
(n

)−
m

)],

λ
m

in (B
)≤

λ̂
j ≤

λ
m

a
x (B

).
(2

6)

T
h
u

s
it

follow
s

fro
m

(19
)

an
d

(26
)

th
a
t

a
s
n
→
∞

,

λ̂
j

a
.s
→
c
r ,

j
=
m

+
1
,···

,[n
∧

(d
(n

)−
m

)].

N
ow

co
n
sid

er
th

e
secon

d
ca

se:
lim

n→
∞
d
(n

)
n

=
∞

.
S

in
ce

d
(n

)

n
λ
(n

)
m

→
0,

th
en

λ
(n

)
m
→
∞

,

w
h

ich
,

to
geth

er
w

ith
(2

0
),

(23
)

a
n

d
L

em
m

a
3
,

y
ield

s
(2

4
).

S
in

ce
lim

n→
∞
d
(n

)
n

=
∞

,
th

en
[n
∧

(d
(n

)−
m

)]
=

[n
∧
d
(n

)]
=
n

a
s
n
→
∞

.
It

follow
s

fro
m

(2
0
)

a
n

d
(2

6
)

th
a
t

n

d
(n

) λ̂
j

a
.s
→
c
r ,

j
=
m

+
1
,···

,[n
∧
d
(n

)].

F
in

a
lly,

co
n

sid
er

th
e

th
ird

ca
se:

lim
n→
∞
d
(n

)
n

=
c

(0
<
c
<
∞

).
S

im
ila

rly,
it

fo
llow

s

fro
m

d
(n

)

n
λ
(n

)
m

→
0

th
a
t
λ

(n
)

m
→
∞

,
w

h
ich

,
join

tly
w

ith
(2

1
),

(2
3
)

a
n

d
L

em
m

a
3
,

y
ield

s
(2

4
).

In

a
d

d
itio

n
,

n
o
te

th
a
t

(21
)

an
d

(2
6
),

an
d

th
en

a
lm

o
st

su
rely

w
e

h
ave

c
r (1−

√
c)

2≤
lim

n→
∞
λ̂
j ≤

lim
n→
∞
λ̂
j ≤

c
r (1

+
√
c)

2,
j

=
m

+
1
,···

,[n
∧

(d
(n

)−
m

)].

A
ll

to
geth

er,
w

e
h

av
e

p
roven

th
e

co
n

sisten
cy

o
f

th
e

fi
rst

m
sa

m
p

le
eig

en
va

lu
es

u
n

d
er

S
cen

ario
(a

),
a
s

stated
in

(2
4).

7
.3

.2
S
c
e
n
a
r
io

(b
)

in
T

h
e
o
r
e
m

1

G
iven

d
(n

)

n
δ
(n

)
h
+
1

→
∞

a
n

d
(8

),
th

en
d
(n

)
n
→
∞

a
n

d
d
(n

)

n
λ
(n

)
j

→
0

fo
r
j
∈
H
l ,l

=
1
,···

,h
.

T
h
u

s,

a
cco

rd
in

g
to

(20
),

w
e

h
ave

th
a
t
λ
1
(B

)

λ
(n

)
j

=
[

n
d
(n

) λ
1 (B

) ] [
d
(n

)

n
λ
(n

)
j

]
a
.s
→

0
for

j
∈
H
l ,l

=
1,···

,h
.

F
u

rth
erm

o
re,

it
fo

llow
s

fro
m

L
em

m
a

3
a
n

d
(23

)
th

at
a
s
n
→
∞

,

λ̂
j

λ
(n

)
j

a
.s
→

1
,

j∈
H
l ,l

=
1,···

,h
.

(2
7)
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S
h
e
n
,

S
h
e
n

a
n
d

M
a
r
r
o
n

N
o
te

th
at

(2
5)

ca
n

b
e

rew
ritten

as

n

d
(n

) λ
j (B

)≤
n

d
(n

) λ̂
j ≤

n

d
(n

) λ
j (A

)
+

n

d
(n

) λ
1 (B

),
(28)

w
h

ich
y
ield

s
th

a
t

for
j

=
j
h

+
1
,···

,[n
∧

(d
(n

)−
m

)],

n

d
(n

) λ
m

in (B
)≤

n

d
(n

) λ̂
j ≤

n

d
(n

) λ
j (A

)
+

n

d
(n

) λ
m

a
x (B

).
(29)

N
ote

th
at

for
j

=
j
h

+
1
,···

,[n
∧

(d
(n

)−
m

)],
w

e
h

ave

n

d
(n

) λ
j (A

)≤
n

d
(n

) λ
(n

)
j
h
+
1 (A

)
=

{
n
δ

(n
)

h
+

1

d
(n

)

}

λ

(n
)

j
h
+
1 (A

)

δ
(n

)
h

+
1


.

It
th

en
follow

s
from

d
(n

)

n
δ
(n

)
h
+
1

→
∞

an
d

L
em

m
a

3
th

at
n
d
(n

) λ
j (A

)
a
.s
→

0.
S

in
ce

d
(n

)
n
→
∞

,
th

en

[n
∧

(d
(n

)−
m

)]
=

[n
∧
d
(n

)]
=
n

,
as
n
→
∞

.
T

h
en

it
fo

llow
s

from
(20)

a
n

d
(29)

th
at

as
n
→
∞

n

d
(n

) λ̂
j

a
.s
→
c
λ ,

j
=
j
h

+
1
,···

,[n
∧
d
(n

)].
(30)

T
h

e
com

b
in

ation
of

(27)
an

d
(30)

y
ield

s
th

e
asy

m
p

totic
p

rop
erties

of
th

e
n
o
n

-zero
sam

p
le

eig
en

va
lu

es
in

S
cen

ario
(b

).

7
.3

.3
S
c
e
n
a
r
io

(c)
in

T
h
e
o
r
e
m

1

S
in

ce
d
(n

)

n
δ
(n

)
1

→
∞

,
th

en
d
(n

)
n
→
∞

.
A

ccord
in

g
to

(28),
w

e
h

ave
th

at
fo

r
j

=
1,···

,[n
∧

(d
(n

)−
m

)],
n

d
(n

) λ
m

in (B
)≤

n

d
(n

) λ̂
j ≤

n

d
(n

) λ
1 (A

)
+

n

d
(n

) λ
m

a
x (B

).
(31)

S
in

ce
d
(n

)

n
δ
(n

)
1

→
∞

,
it

follow
s

from
(8)

an
d

L
em

m
a

3
th

at

n

d
(n

) λ
1 (A

)
=

[
n
δ

(n
)

1

d
(n

) ]
×
[
λ

(n
)

1

δ
(n

)
1

]
×
[
λ

1 (A
)

λ
(n

)
1

]
a
.s
→

0.

A
ga

in
n

ote
th

at
[n
∧

(d
(n

)−
m

)]
=

[n
∧
d
(n

)]
=
n

,
as
n
→
∞

.
T

h
en

it
follow

s
from

(20)
a
n

d
(31

)
th

at
n

d
(n

) λ̂
j

a
.s
→
c
λ ,

j
=

1,···
,[n
∧
d
(n

)].

7
.4

A
sy

m
p

to
tic

p
ro

p
e
rtie

s
o
f

th
e

sa
m

p
le

e
ig

e
n
v
e
c
to

rs

W
e

fi
rst

state
tw

o
resu

lts
th

at
sim

p
lify

th
e

p
ro

of.
A

s
aforem

en
tion

ed
,

in
ligh

t
of

th
e

in
vari-

an
ce

p
rop

erty
of

th
e

an
gle,

w
e

ch
o
ose

th
e

p
op

u
lation

eig
en

vectors
u
j ,
j

=
1,...,d

(n
),

as
th

e
b
a
sis

of
th

e
d
-d

im
en

sion
al

sp
ace.

It
th

en
follow

s
th

at
u
j

=
e
j

w
h

ere
th

e
jth

com
p

on
en

t
o
f
e
j

eq
u

als
to

1
an

d
all

th
e

oth
er

com
p

on
en

ts
eq

u
al

to
zero.

T
h

is
su

ggests
th

a
t

|<
û
j ,u

j
>
| 2=
|<

û
j ,e

j
>
| 2=

û
2j,j ,

(32)

2
0
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G
e
n
e
r
a
l

F
r
a
m

e
w

o
r
k

f
o
r

P
C

A
C

o
n
si

st
e
n
c
y

an
d

fo
r

an
y

in
d

ex
se

t
H

, co
s

[a
n

gl
e

(û
j
,s

p
an
{u

k
,k
∈
H
})

]
=
∑ k
∈H

û
2 k
,j
.

(3
3)

A
s

a
re

m
in

d
er

,
th

e
p

op
u

la
ti

on
ei

ge
n
va

lu
es

ar
e

gr
ou

p
ed

in
to
r

+
1

ti
er

s
a
n

d
th

e
in

d
ex

se
t

of
th

e
ei

ge
n
va

lu
es

in
th

e
lt

h
ti

er
H
l

is
d

efi
n

ed
in

(4
).

D
efi

n
e

Û
k
,l

=
(û
i,
j
) i
∈H

k
,j
∈H

l
,

1
≤
k
,l
≤
r

+
1
.

T
h

en
,

th
e

sa
m

p
le

ei
ge

n
ve

ct
or

m
at

ri
x
Û

ca
n

b
e

re
w

ri
tt

en
as

th
e

fo
ll

ow
in

g:

Û
=

[û
1
,û

2
,·
··
,û

d
(n

)]
=

    

Û
1
,1

Û
1
,2

··
·

Û
1
,r

+
1

Û
2
,1

Û
2
,2

··
·

Û
2
,r

+
1

. . .
. . .

. . .

Û
r
+

1
,1

Û
r
+

1
,2
··
·

Û
r
+

1
,r

+
1

    
.

T
o

d
er

iv
e

th
e

as
y
m

p
to

ti
c

p
ro

p
er

ti
es

of
th

e
sa

m
p

le
ei

ge
n
ve

ct
or

s
û
j
,

w
e

co
n

si
d

er
th

e
th

re
e

sc
en

ar
io

s
of

T
h

eo
re

m
1

se
p
ar

at
el

y.

7
.4

.1
S
c
e
n
a
r
io

(b
)

in
T

h
e
o
r
e
m

1

U
n

d
er

S
ce

n
ar

io
(b

),
th

er
e

ex
is

ts
a

co
n

st
an

t
h
∈

[1
,r

],
su

ch
th

at
d
(n

)

n
δ
(n

)
h

→
0

a
n

d
d
(n

)

n
δ
(n

)
h
+
1

→
∞

.

In
or

d
er

to
ob

ta
in

th
e

th
e

su
b

sp
ac

e
co

n
si

st
en

cy
p

ro
p

er
ti

es
in

S
ce

n
ar

io
(b

),
a
cc

or
d

in
g

to
(3

3)
,

w
e

on
ly

n
ee

d
to

sh
ow

th
at

as
n
→
∞

,

∑ k
∈H

l

û
2 k
,j

=
1

+
o

a
.s

{
δ(n

)
l

δ(n
)

l−
1

∨
δ(n

)
l+

1

δ(n
)

l

}
,

j
∈
H
l,

l
=

1,
··
·,
h
−

1,
(3

4)

∑ k
∈H

h

û
2 k
,j

=
1

+
o

a
.s

{
δ(n

)
h

δ(n
)

h
−

1

}
∨

O
a
.s

{
d
(n

)

n
δ(n

)
h

}
,

j
∈
H
h
,

(3
5)

w
h

ic
h

ar
e

re
sp

ec
ti

ve
ly

eq
u

iv
al

en
t

to

∑ j∈
H
l

∑ k
∈H

l

û
2 k
,j

=
|H

l|
+

o
a
.s

{
δ(n

)
l

δ(n
)

l−
1

∨
δ(n

)
l+

1

δ(n
)

l

}
,

l
=

1,
··
·,
h
−

1
,

(3
6)

∑ j∈
H
h

∑ k
∈H

h

û
2 k
,j

=
|H

h
|+

o
a
.s

{
δ(n

)
h

δ(n
)

h
−

1

}
∨

O
a
.s

{
d
(n

)

n
δ(n

)
h

}
,

(3
7)

w
h

er
e
|H

l|
is

th
e

n
u

m
b

er
of

el
em

en
ts

in
H
l

an
d

le
ss

th
an

m
.

S
in

ce
∑

j∈
H
l

∑
k
∈H

l
=

∑
k
∈H

l

∑
j∈
H
l
,

th
en

in
or

d
er

to
ob

ta
in

(3
6)

an
d

(3
7)

,
w

e
ju

st
n

ee
d

to
p

ro
ve

th
at

a
s
n
→
∞

,

∑ j∈
H
l

û
2 k
,j

=
1

+
o
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∨
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û
2 k
,j

=
O

a
.s

{
d
(n

)

n
δ(n

)
h

}
.

(4
5
)

2
2

JM
L

R
 1

7(
15

0)
:1

-3
4



G
e
n
e
r
a
l

F
r
a
m

e
w

o
r
k

f
o
r

P
C

A
C

o
n
sist

e
n
c
y

T
h

erefo
re,

in
o
rd

er
to

sh
ow

(4
1),

w
e

n
eed

to
p

rov
e

(45
).

B
efore

p
rov

in
g

(4
5
),

w
e

n
eed

so
m

e
p

rep
a
ra

tio
n

.
D

en
o
te
S

=
Λ
−

12Û
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+
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∞
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.
S

in
ce
j h
<
m

is
fi

n
it

e
an

d
∑

j h
−
1

j=
1

=
∑

h
−

1
l=

1

∑
j∈
H
l
,

it
fo

ll
ow

s
fr

om
(4

2)
th

at
as
n
→
∞

,

j h ∑

k
=
j h
−
1
+

1

j h
−
1

∑ j=
1

û
2 k
,j

=

j h ∑

k
=
j h
−
1
+

1

 
h
−

1
∑ l=

1

∑ j∈
H
l

û
2 k
,j

 
=

o a
.s

{
δ(n

)
h

δ(n
)

h
−

1

}
.

(6
1)

L
et
l

=
h
−

1
in

(5
3)

to
ob

ta
in

th
at
∑

d
(n

)
k
=
j h

+
1

∑
j h
−
1

j=
1
û

2 k
,j

=
O

a
.s

{
d
(n

)

n
δ
(n

)
h
−
1

} .
S

in
ce
δ(n

)
h

>
>

d
(n

)
n

,

it
fo

ll
ow

s
fr

om
(6

1)
th

at
as
n
→
∞

,

d
(n

)
∑

k
=
j h
−
1
+

1

j h
−
1

∑ j=
1

û
2 k
,j

=

j h ∑

k
=
j h
−
1
+

1

j h
−
1

∑ j=
1

û
2 k
,j

+

d
(n

)
∑

k
=
j h

+
1

j h
−
1

∑ j=
1

û
2 k
,j

=
o

a
.s

{
δ(n

)
h

δ(n
)

h
−

1

}
+

O
a
.s

{
d
(n

)

n
δ(n

)
h
−

1

}
=

o a
.s

{
δ(n

)
h

δ(n
)

h
−

1

}
.

(6
2)
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S
h
e
n
,

S
h
e
n

a
n
d

M
a
r
r
o
n

L
et
l

=
h
−

1
in

(4
4
),

w
h

ic
h

to
ge

th
er

w
it

h
(6

2
),

p
ro

v
es

th
a
t

a
s
n
→
∞

,

j h
−
1

∑ k
=

1

d
(n

)
∑

j=
j h
−
1
+

1

û
2 k
,j

=

d
(n

)
∑

k
=
j h
−
1
+

1

j h
−
1

∑ j=
1

û
2 k
,j

=
o a
.s

{
δ(n

)
h

δ(n
)

h
−

1

}
.

(6
3)

S
in

ce
∑

d
(n

)
j=
j h
−
1
+

1
û

2 k
,j
≤
∑

j h
−
1

k
=

1

∑
d
(n

)
j=
j h
−
1
+

1
û

2 k
,j

fo
r
k
∈
H
h
−

1
,

th
en

(5
9)

fo
ll

ow
s

fr
o
m

(6
3)

.

N
ow

w
e

sh
ow

th
e

p
ro

o
f

o
f

(6
0
)

to
fi

n
is

h
th

e
se

co
n

d
st

ep
.

S
in

ce
1 n

∑
n i=

1
z

2 i,
k

a
.s →

1
,

it
fo

ll
ow

s
fr

om
(4

7)
th

a
t

fo
r
k
∈
H
h
−

1
,

1

λ
(n

)
k

h
−

2
∑ l=

1

∑ j∈
H
l

λ̂
j
û

2 k
,j

+
1

λ
(n

)
k

∑

j∈
H
h
−
1

λ̂
j
û

2 k
,j

+
1

λ
(n

)
k

d
(n

)
∑

j=
j h
−
1
+

1

λ̂
j
û

2 k
,j

=
1

λ
(n

)
k

d
(n

)
∑ j=

1

λ̂
j
û

2 k
,j

a
.s →

1
.

(6
4)

S
in

ce
1

λ
(n

)
k

∑
d
(n

)
j=
j h
−
1
+

1
λ̂
j
û

2 k
,j
≤

1

λ
(n

)
k

λ̂
j h
−
1
+

1
∑

d
(n

)
j=
j h
−
1
+

1
û

2 k
,j

an
d

λ̂
j
h
−
1
+
1

λ
(n

)
k

a
.s →

li
m
n
→
∞

δ
(n

)
h

δ
(n

)
h
−
1

<
1

fo
r
k
∈
H
h
−

1
,

it
fo

ll
ow

s
fr

o
m

(5
9)

th
a
t

1

λ
(n

)
k

d
(n

)
∑

j=
j h
−
1
+

1

λ̂
j
û

2 k
,j

a
.s →

0
,

w
h

ic
h

to
g
et

h
er

w
it

h
(5

5)
an

d
(6

4
),

y
ie

ld
s

h
−

2
∑ l=

1

δ(n
)

l

δ(n
)

h
−

1

∑ j∈
H
l

û
2 k
,j

+
∑

j∈
H
h
−
1

û
2 k
,j

a
.s →

1
,

k
∈
H
h
−

1
.

(6
5)

In
ad

d
it

io
n

,
si

n
ce

h
−

2
∑ l=

1

∑ j∈
H
l

û
2 k
,j

+
∑

j∈
H
h
−
1

û
2 k
,j

+

d
(n

)
∑

j=
j h
−
1
+

1

û
2 k
,j

=

d
(n

)
∑ j=

1

û
2 k
,j

=
1,

it
fo

ll
ow

s
fr

om
(5

9)
th

a
t h
−

2
∑ l=

1

∑ j∈
H
l

û
2 k
,j

+
∑

j∈
H
h
−
1

û
2 k
,j

a
.s →

1
,

k
∈
H
h
−

1
.

(6
6)

N
o
te

th
at

li
m
n
→
∞

δ
(n

)
l

δ
(n

)
h
−
1

>
1

fo
r
l
<
h
−

1
.

T
h

en
th

e
co

m
b

in
a
ti

on
o
f

(6
5
)

a
n

d
(6

6
)

g
iv

es

∑
j∈
H
h
−
1
û

2 k
,j

a
.s →

1
fo

r
k
∈
H
h
−

1
,

w
h

ic
h

to
g
et

h
er

w
it

h
(6

5)
,

y
ie

ld
s

h
−

2
∑ l=

1

δ(n
)

l

δ(n
)

h
−

1

∑ j∈
H
l

û
2 k
,j

a
.s →

0
,

k
∈
H
h
−

1
.

(6
7)

S
in

ce
li

m
n
→
∞

δ
(n

)
l

δ
(n

)
h
−
1

≥
li

m
n
→
∞
δ
(n

)
h
−
2

δ
(n

)
h
−
1

fo
r
l
≤
h
−

2,
it

fo
ll

ow
s

fr
o
m

(6
7
)

th
a
t

as
n
→
∞

,

h
−

2
∑ l=

1

∑ j∈
H
l

û
2 k
,j

=
o a
.s

{
δ(n

)
h
−

1

δ(n
)

h
−

2

}
,

k
∈
H
h
,
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G
e
n
e
r
a
l

F
r
a
m

e
w

o
r
k

f
o
r

P
C

A
C

o
n
sist

e
n
c
y

w
h

ich
is

(6
0).

T
h

e
T

h
ird

S
te

p
:

P
ro

o
f

o
f

(4
0).

A
cco

rd
in

g
to

(4
7
),

w
e

h
ave

1

λ
(n

)
j

λ̂
j û

2j,j ≤
1n ∑

ni=
1
z

2i,j

for
j

=
1,···

,d
(n

),
w

h
ich

y
ield

s

λ̂
j
[n∧

d
(n

)] ×
m

ax
j
h

+
1≤
j≤

[n∧
d
(n

)] {
1

λ
(n

)
j

û
2j,j }

≤
m

a
x
j
h

+
1≤
j≤

[n∧
d
(n

)] {
λ̂
j

λ
(n

)
j

û
2j,j }

≤
m

a
x

1≤
j≤

[n∧
d
(n

)] {
λ̂
j

λ
(n

)
j

û
2j,j }

≤
m

a
x

1≤
j≤

[n∧
d
(n

)] {
1n

n
∑i=

1

z
2i,j }

.
(6

8)

S
elect

th
e

fi
rst

[n
∧
d
(n

)]
row

s
of
Z

in
(46

)
a
n

d
d

en
o
te

th
e

resu
ltin

g
ra

n
d

om
m

a
trix

as
Z
∗.

S
in

ce
1n ∑

ni=
1
z

2i,j
is

th
e
j-th

d
ia

g
o
n

a
l

en
try

of
1n
Z
∗Z
∗
T

fo
r

1
≤
j≤

[n∧
d
(n

)],
it

fo
llow

s
th

at
1n

n
∑i=

1

z
2i,j ≤

λ
m

a
x (

1n
Z
∗Z
∗
T

),
1
≤
j≤

[n
∧
d
(n

)],

w
h

ich
y
ield

s

m
ax

1≤
j≤

[n∧
d
(n

)] {
1n

n
∑i=

1

z
2i,j }
≤
λ

m
a
x (

1n
Z
∗Z
∗
T

).

T
h

en
from

(6
8),

{
n

d
(n

) λ̂
j
[n∧

d
(n

)] }
×

m
a
x
j
h

+
1≤
j≤

[n∧
d
(n

)] {
d
(n

)

n
λ

(n
)

j

û
2j,j }

≤
λ

m
a
x (

1n
Z
∗Z
∗
T

).
(6

9)

S
in

ce
d
(n

)
n
→
∞

h
ere,

[n
∧
d
(n

)]
=
n

.
A

cco
rd

in
g

to
L

em
m

a
1
,

w
e

h
ave

λ
m

a
x (

1n
Z
∗Z
∗
T

)
a
.s
→

4,
w

h
ich

tog
eth

er
w

ith
(3

0)
a
n

d
(6

9),
y
ield

s
(4

0
).

7
.4

.2
S
c
e
n
a
r
io

(a
)

in
T

h
e
o
r
e
m

1

S
cen

a
rio

(a)
con

ta
in

s
th

ree
d

iff
eren

t
ca

ses:
lim

n→
∞
d
(n

)
n

=
0,∞

,
o
r
c

(0
<
c
<
∞

).
T

h
e

p
ro

o
fs

a
re

sligh
tly

d
iff

eren
t

fo
r

each
ca

se
an

d
are

p
rov

id
ed

sep
a
ra

tely
b

elow
.

C
on

sid
er

th
e

case
lim

n→
∞
d
(n

)
n

=
∞

.
S

in
ce
λ

(n
)

j
→
c
λ

for
j∈

H
r
+

1 ,
th

en
d
(n

)

n
δ
(n

)
r

→
0

a
n

d

d
(n

)

n
λ
(n

)
j

→
∞

for
j∈

H
r
+

1 .
T

h
u

s
h

in
(34

)
a
n

d
(3

5
)

b
eco

m
es
r

su
ch

th
at

a
s
n
→
∞

,

∑k∈
H
l û

2k
,j

=
1

+
o

a
.s {

δ
(n

)
l

δ
(n

)
l−

1 ∨
δ

(n
)

l+
1

δ
(n

)
l

}
,

j∈
H
l ,

l
=

1,···
,r−

1
,

(7
0)

∑k∈
H
r

û
2k
,j

=
1

+
o

a
.s {

δ
(n

)
r

δ
(n

)
r−

1 }
∨

O
a
.s {

d
(n

)

n
δ

(n
)

r

}
,

j∈
H
r .

(7
1)

S
in

ce
j
r

=
m

,
th

en
(5

0)
b

ecom
es

th
a
t

a
s
n
→
∞

,

d
(n

)
∑k
=
m

+
1

m
∑j=

1

û
2k
,j

=
O

a
.s {

d
(n

)

n
δ

(n
)

r

}
,
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S
h
e
n
,

S
h
e
n

a
n
d

M
a
r
r
o
n

w
h

ich
to

geth
er

w
ith

(44),
y
ield

s
th

at

m
∑k

=
1

d
(n

)
∑j=
m

+
1

û
2k
,j

=
O

a
.s {

d
(n

)

n
δ

(n
)

r

}
.

(72)

S
in

ce

1
≥

∑k∈
H
r
+
1

û
2k
,j

=
1−

m
∑k

=
1

û
2k
,j ≥

1−
m
∑k

=
1

d
(n

)
∑j=
m

+
1

û
2k
,j ,

j
>
m
,

(73)

it
fo

llow
s

fro
m

(72)
th

at

∑k∈
H
r
+
1

û
2k
,j

=
1

+
O

a
.s {

d
(n

)

n
δ
r }

,
j

=
m

+
1
,···

,[n
∧
d
(n

)].
(74)

N
ow

con
sid

er
th

e
secon

d
case

lim
n→
∞
d
(n

)
n

=
c

(0
<
c
<
∞

).
N

ote
th

at
th

e
su

b
sp

ace
con

sisten
cy

o
f
th

e
sam

p
le

eigen
v
ectors

in
(70)

on
ly

d
ep

en
d

s
on

th
e

th
e

asy
m

p
totic

p
ro

p
erties

of
th

e
sam

p
le

eig
en

valu
es
λ̂
j ,
j

=
1,···

,m
.

A
ccord

in
g

to
S

ection
7.3

.1,
th

e
asy

m
p

totic

p
rop

erties
of
λ̂
j ,
j

=
1,···

,m
,

on
ly

d
ep

en
d

s
d
(n

)

n
δ
(n

)
r

→
0,

an
d

is
th

e
sam

e
as

in
th

e
fi

rst
ca

se

lim
n→
∞
d
(n

)
n

=
∞

.
T

h
u

s
(70)

rem
ain

s
valid

h
ere.

H
ow

ever,
th

e
su

b
sp

ace
con

sisten
cy

of
th

e
oth

er
eigen

vectors
also

d
ep

en
d

s
on

λ̂
j ,
j
>
m

,
w

h
o
se

p
rop

erties
a
re

d
iff

eren
t

from
th

e
fi

rst
case.

In
fact

(71
)

an
d

(74)
resp

ectively
b

ecom
e

th
at

as
n
→
∞

,

∑k∈
H
r

û
2k
,j

=
1

+
o

a
.s {

δ
(n

)
r

δ
(n

)
r−

1 }
∨

O
a
.s {

1

δ
(n

)
r

}
,

j∈
H
r ,

(75)

∑k∈
H
r
+
1

û
2k
,j

=
1

+
O

a
.s {

1

δ
(n

)
r

}
,

j
=
m

+
1
,···

,[n
∧
d
(n

)].
(76)

In
ord

er
to

ob
ta

in
(75),

follow
in

g
th

e
fi

rst
step

p
ro

of
p

ro
ced

u
re

in
S

ection
7.4.1,

w
e

on
ly

n
eed

to
sh

ow
th

at
as
n
→
∞

,

m
∑k

=
1

d
(n

)
∑j=
m

+
1

û
2k
,j

=
O

a
.s {

1

δ
(n

)
r

}
.

(77)

S
in

ce
lim

n→
∞
d
(n

)
n

=
c

(0
<
c
<
∞

),
th

en
(72)

b
ecom

es
(77

).
In

ad
d

ition
,

it
follow

s
from

(73)
an

d
(7

7)
th

at
(76)

is
estab

lish
ed

.

N
ote

th
a
t

w
e

can
com

b
in

e
th

e
fi

rst
an

d
th

e
secon

d
cases

togeth
er

as
follow

s.
If

d
(n

)
n
→
c,

0
<
c≤
∞

,
th

en
th

e
com

b
in

ation
of

(71)
an

d
(75)

p
rov

id
es

∑k∈
H
r

û
2k
,j

=
1

+
o

a
.s {

δ
(n

)
r

δ
(n

)
r−

1 }
∨

O
a
.s {

d
(n

)

n
δ

(n
)

r

}
,

j∈
H
r ,
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G
e
n
e
r
a
l

F
r
a
m

e
w

o
r
k

f
o
r

P
C

A
C

o
n
si

st
e
n
c
y

an
d

th
e

co
m

b
in

at
io

n
of

(7
4)

an
d

(7
7)

y
ie

ld
s

∑

k
∈H

r
+
1

û
2 k
,j

=
1

+
O

a
.s

{
d
(n

)

n
δ r

}
,

j
=
m

+
1
,·
··
,[
n
∧
d
(n

)]
.

In
ad

d
it

io
n

,
(7

0)
re

m
ai

n
s

va
li

d
fo

r
b

ot
h

ca
se

s.
T

h
u

s
it

fo
ll

ow
s

fr
om

(3
3
)

th
a
t

w
e

h
av

e
fi

n
is

h
ed

th
e

p
ro

of
of

th
e

se
co

n
d

b
u
ll

et
p

oi
n
t

in
S

ce
n

ar
io

(a
).

F
in

al
ly

,
co

n
si

d
er

th
e

la
st

ca
se

li
m
n
→
∞
d
(n

)
n

=
0.

It
is

cl
ea

r
th

at
(7

0)
st

il
l
h

o
ld

s.
A

cc
o
rd

in
g

to
(3

3)
,

in
or

d
er

to
fi

n
is

h
th

e
p

ro
of

of
th

e
fi

rs
t

b
u

ll
et

p
oi

n
t

in
S

ce
n

ar
io

(a
),

w
e

o
n

ly
n

ee
d

to
sh

ow
th

at
as
n
→
∞

, ∑ k
∈H

r

û
2 k
,j

=
1

+
o

a
.s

{
δ(n

)
r

δ(n
)

r
−

1

∨
1

δ(n
)

r

}
,

j
∈
H
r
,

(7
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û
2 k
,j

=

d
(n

)
∑ k

=
1

s2 k
,j
≤
λ

m
ax

(
1 n
Z
Z
T

),
j

=
1,
··
·,
d
(n

).
(8

3
)

2
9

JM
L

R
 1

7(
15

0)
:1

-3
4

S
h
e
n
,

S
h
e
n

a
n
d

M
a
r
r
o
n

S
in

ce
li

m
n
→
∞
d
(n

)
n

=
0,

it
fo

ll
ow

s
fr

o
m

L
em

m
a

1
th

a
t
λ

m
in

(
1 n
Z
Z
T

)
a
n

d
λ

m
a
x

(
1 n
Z
Z
T

)
a
.s →

1.

In
ad

d
it

io
n

,
si

n
ce

λ̂
j

λ
(n

)
j

a
.s →

1
fo

r
j

=
1,
··
·,
m

(S
ec

ti
o
n

7
.3

.1
),

it
fo

ll
ow

s
fr

o
m

(8
3)

th
a
t

d
(n

)
∑ k

=
1

λ
(n

)
j

1

λ
(n

)
k

û
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û
2k
,j

a
.s
→

1.
(9

1)

S
in

ce
λ

(n
)

j
1

λ
(n

)
k

→
1

fo
r
k
,j∈

H
l ,

it
follow

s
fro

m
(70

)
th

at

∑k∈
H
l λ

(n
)

j

1

λ
(n

)
k

û
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ra
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th
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he
se
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re
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at
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FF
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ot
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e
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ze
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ar
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ra
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ifi
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ns
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ai
nt
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s

L
eb

es
gu

e
m

ea
su

re
ze

ro
(M

ee
k,

19
95

).
In

th
e

ca
se

of
de

te
rm

in
is

tic
re

la
tio

ns
,a

ll
bu

to
ne

pr
ob

ab
i-

lit
y

is
ze

ro
fo

r
ea

ch
in

pu
ts

ta
te

.
T

hi
s
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un

lik
el
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ch
an
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en
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re
ce

iv
es
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eb

es
gu
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ea
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fo

llo
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n
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on

So
lo
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on
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U

ni
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rs
al

Pr
io

r
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ol
om
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f,
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64
)

w
hi

ch
as

si
gn

s
no

n-
ze

ro
pr

ob
ab

ili
ty

to
th

os
e

po
in

ts
in

pa
ra

m
et

er
sp

ac
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th
at

ha
ve

a
fin

ite
de

sc
ri

pt
io

n
(L

em
ei

re
an

d
Ja

nz
in

g,
20

13
).

Po
in

ts
re

fle
ct

in
g

so
m

e
re

gu
la

ri
ty

(a
l-

lo
w

in
g

co
m

pr
es

si
on

of
th

e
de

sc
ri

pt
io

n)
w

ill
re

ce
iv

e
a

hi
gh

pr
ob

ab
ili

ty
.

T
he

U
ni

ve
rs

al
Pr

io
r

fa
vo

rs
si

m
pl

e
C

PD
s,

an
d

th
er

ef
or

e
re

sp
ec

ts
O

cc
am

’s
ra

zo
r.

T
he

re
as

on
in

g
is

th
at

pa
tte

rn
s

or
re

gu
la

ri
tie

s
ar

e
lik

el
y

to
oc

cu
r;

pa
tte

rn
s

ha
ve

to
be

ex
pe

ct
ed

.
W

hi
ch

is
no

t
th

e
ca

se
if

pa
ra

m
et

er
s

ar
e

ra
n-

do
m

ly
ch

os
en

ac
co

rd
in

g
to

fo
ri

ns
ta

nc
e

a
un

if
or

m
di

st
ri

bu
tio

n.
O

n
th

e
ot

he
rh

an
d,

IC
fo

llo
w

s
FF

by
ex

cl
ud

in
g

‘n
on

-g
en

er
ic

’
pa

ra
m

et
er

co
nfi

gu
ra

tio
ns

.
IC

as
su

m
es

th
at

C
PD

s
co

rr
es

po
nd

to
in

de
pe

n-
de

nt
m

ec
ha

ni
sm

s
w

hi
ch

w
er

e
‘c

ho
se

n’
in

de
pe

nd
en

tly
.W

hi
le

FF
ex

cl
ud

es
al

ln
on

-t
riv

ia
lc

on
st

ra
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ts
am

on
g

so
m

e
pa

ra
m

et
er

s
of

C
PD

s,
IC

w
ill

in
ge

ne
ra

le
xc

lu
de

C
Is

fo
llo

w
in

g
fr

om
sp

ec
ifi

c
pa

ra
m

et
er

m
at

ch
es

be
tw

ee
n

di
ffe

re
nt

co
nd

iti
on

al
s.

T
he

la
tte

rw
ill

be
ex

pr
es

se
d

fo
rm

al
ly

by
th

e
no

ve
lc

on
di

tio
n

In
de

pe
nd

en
ce

fr
om

Pr
od

uc
tC

on
st

ra
in

ts
(I

PC
).

T
he

co
nd

iti
on

is
in

tr
od

uc
ed

to
an

al
yz

e
th

e
re

la
tio

n
be

tw
ee

n
IC

an
d

FF
.I

n
th

is
pa

pe
rw

e
an

al
yz

e
th

e
re

la
tio

n
be

tw
ee

n
th

e
3

co
nd

iti
on

s.
W

e
fir

st
re

ca
ll

th
e

de
fin

iti
on

s.
T

he
n

w
e

di
sc

us
sC

Is
th

at
do

no
tf

ol
lo

w
fr

om
th

e
M

ar
ko

v
co

nd
iti

on
an

d
w

e
in

tr
od

uc
e

th
e

ne
w

IP
C

cr
ite

ri
on

.
T

he
n,

w
e

an
al

yz
e

w
he

n
C

Is
vi

ol
at

e
th

e
IC

co
nd

iti
on

.
Se

ct
io

n
5

es
ta

bl
is

he
s

th
e

lin
k

be
tw

ee
n

IC
/I

PC
an

d
fa

ith
fu

ln
es

s.
N

ex
tw

e
pr

ov
e

th
e

lin
k

be
tw

ee
n

IC
an

d
IP

C
.B

ef
or

e
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di
ng

,w
e

di
sc
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s

th
e

pr
ac

tic
al
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th

es
e
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su

lts
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2.
D

efi
ni

tio
ns

A
B

ay
es

ia
n

ne
tw

or
k

co
ns

is
ts

of
a

D
ir

ec
te

d
A

cy
cl

ic
G

ra
ph

(D
A

G
)a

nd
a

se
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fC
on

di
tio
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ro
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-

lit
y

D
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fin
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er
va
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X

1
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..
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ch
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th

e
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y
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n
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th

e
fo

llo
w
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g

fa
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or
iz

at
io

n:

P
(X

1
,.
..
,X

n
)

=
∏ i

P
(X

i|P
a
re
n
ts

(X
i)

)
(1

)

w
ith

P
a
re
n
ts

(X
i)

th
e

pa
re

nt
no

de
s

of
no

de
X
i

in
th

e
D

A
G

.A
B

ay
es

ia
n

ne
tw

or
k

is
ed
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at
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w
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C
onditionalIndependence

(C
I)is

defined
as

U
⊥⊥
W
|V
⇔

∀v∈
V
d
o
m
,
w
∈
W
d
o
m

:
P

(U
|v,w

)
=
P

(U
|v)

w
henever

P
(v,w

)
>

0
.

(2)

w
here

X
d
o
m

is
the

dom
ain

ofvariable
X

.Single
random

variables
are

denoted
by

capitalletters
and

sets
of

variables
by

boldface
capital

letters.
V

alues
of

variables
are

denoted
by

low
ercase

letters.
N

ote
thatthe

conditionaldistribution
P

(U
|v,w

)
is

only
defined

in
points

w
here

P
(v,w

)
>

0.
T

he
M

arkov
condition

gives
allconditionalindependencies

follow
ing

from
the

above
factori-

zation
(H

ausm
an

and
W

oodw
ard,1999,p.

532):
E

very
variable

is
conditionally

independentof
its

non-descendants
(exceptforitself),given

its
parents.T

hese
M

arkovian
independencies

hold
forall

param
eterizations

ofthe
C

PD
s.T

hese
independencies

can
be

identified
graphically

by
d-separation.

A
path

1
is

said
to

be
blocked

by
Z

ifitcontains
a

collider→
·←

w
hose

descendants
are

notin
Z

or
a

non-collider→
·→

or←
·→

or←
·←

thatis
in

Z
.X

and
Y

are
d-separated

by
Z

ifevery
path

betw
een

X
and

Y
is

blocked
by

Z
.
d-separation

is
denoted

by
the

ternary
operator

.⊥
.|
.:

X
⊥

Y
|Z
.

A
B

ayesian
netw

ork
is

said
to

be
faithful

if
the

M
arkovian

C
Is

are
the

only
independencies

present
in

the
joint

probability
distribution;

in
other

w
ords,

there
are

no
C

Is
not

follow
ing

from
M

arkov.
W

e
callthem

non-M
arkovian

C
Is.

W
here

the
M

arkovian
C

Is
occur

for
every

param
eteri-

zation
ofthe

C
PD

s,non-M
arkovian

C
Is

only
occurforspecific

param
eterizations

ofthe
m

odel.A
s

w
e

w
illsee,specific

param
eterconstraints

should
be

m
et.

N
extw

e
provide

the
definition

of
the

IC
condition.

Itis
based

on
K

olm
ogorov

com
plexity

or
algorithm

ic
inform

ation
of

a
binary

string
s,denoted

by
K

(s).
For

a
binary

string
s
∈
{
0,1} ∗

the
algorithm

ic
inform

ation
K

(s)
(or‘K

olm
ogorov

com
plexity’)is

defined
as

the
length

ofthe
shortest

program
on

a
universal

prefix-free
Turing

m
achine

that
generates

s
and

then
stops

(Solom
onoff,

1960;K
olm

ogorov,1965;C
haitin,1966,1975).Prefix-free

m
eans

thatthe
program

has
to

be
given

w
ith

respectto
an

encoding
w

here
no

allow
ed

program
code

is
the

prefix
ofanotherone.T

hus,the
program

does
notrequire

an
extra

sym
bolindicating

its
end.

B
ased

on
K

olom
ogorov

com
plexity

w
e

can
define

algorithm
ic

independence.

D
efinition

1
(A

lgorithm
ic

Independence)
B

inary
strings

s
1
...s

n
are

algorithm
ically

indepen-
dentif

K
(s

1 ,...,s
n
)

+=
n
∑

i

K
(s
i )
.

(3)

N
ote

thathere
and

throughoutthe
paper

w
e

consider
the

num
ber

n
ofstrings

as
a

constant.
A

c-
cordingly,in

the
follow

ing
the

num
ber

n
ofnodes

w
illalso

be
considered

as
a

constant.

A
s

usualin
algorithm

ic
inform

ation
theory,

+=
denotes

equality
up

to
a

constantthatis
independent

ofthe
string

s,butdoes
depend

on
the

Turing
m

achine.Forfixed
strings,w

e
have

to
interpret

+=
in

the
sense

of
‘equality

up
to

a
sm

allnum
ber’

w
ithoutfurther

specifying
w

hat‘sm
all’

m
eans.

T
his

arbitrariness
in

setting
a

threshold
is

sim
ilar

to
the

freedom
of

choosing
the

significance
levelin

a
statisticaldependence

test.

1.A
path

is
a

setofconsecutive
edges

(independentofthe
direction)thatdo

notvisita
vertex

m
ore

than
once.
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Figure
1:

B
inary

variable
X

isdeterm
ined

by
G

aussian
variable

Y
by

a
thresholding

m
echanism

,i.e.,X
=

1
for

all
y
>
y
0 ,and

X
=

0
otherw

ise.
T

his
is

show
n

on
the

left.
T

he
causalhypothesis

Y
→

X
is

plausible:
the

conditional
P

(X
|Y

)
corresponds

to
setting

X
=

1
for

all
Y

above
a

certain
threshold.

O
n

the
other

hand,
X
→

Y
is

rejected
by

IC
because

P
(Y
|X

)
and

P
(X

)
share

algorithm
ic

inform
ation:

given
P

(Y
|X

),only
specific

choices
of
P

(X
)

reproduce
the

G
aussian

P
(Y

),w
hereas

generic
choices

of
P

(X
)

w
ould

yield
‘odd’densities

ofthe
type

on
the

right.T
he

figures
are

taken
from

(Janzing
etal.,2009).

A
ssum

ption
1

(C
PD

shave
finite

description
length)

W
e

assum
e

thateach
param

etervector
λ
j ∈

R
k
j

has
finite

description
length.To

be
precise,there

is
a

program
thatcom

putes
the

lth
com

ponent
of
λ
j

up
to

the
precision

of
d

digits
ifitgets

the
input

(l,j). 2
Then,K

(λ
j )

denotes
the

length
ofthe

shortestprogram
ofthis

type.

N
ow

w
e

are
ready

to
define

the
IC

condition
(L

em
eire

and
Janzing,2013):

D
efinition

2
(Independence

ofC
onditionals)

The
conditionalprobability

densities
C
P
D

1 ,...,C
P
D
n

corresponding
to

a
D

AG
G

w
ith
n

nodes
are

said
to

satisfy
the

A
lgorithm

ic
Independence

ofC
onditionals,or

Independence
ofC

onditionals
(IC

)for
short,ifthe

corresponding
param

eter
vectors

λ
j

satisfy

K
(λ

1 ,...,λ
n
)

+=
n
∑j=

1

K
(λ

j )
,

(4)

T
he

uncom
putability

of
K

olm
ogorov

com
plexity

hinders
the

applicability
of

these
concepts.

A
pplications

rely
on

som
e

approxim
ative

m
easure

ofalgorithm
ic

com
plexity

or,as
in

the
follow

ing
exam

ple,on
an

approxim
ative

m
easure

of‘correlation’betw
een

tw
o

distributions.
A

n
exam

ple
of

the
usage

of
the

IC
condition

for
causal

inference
is

given
by

Fig.1
(Janzing

etal.,2009).
C

onsider
that

Y
causes

X
:
Y
→

X
.

L
et
Y

be
a

G
aussian

variable
w

ith
zero

m
ean

and
standard

deviation
1

(i.e.,described
by

a
zero-dim

ensionalparam
eterspace).L

et
X

be
a

binary
variable

determ
inistically

determ
ined

by
Y

by
a

thresholding
m

echanism
,i.e.,X

=
1

forall
y
>
y

0

w
here

y
0 ∈

R
is

som
e

threshold,and
X

=
0

otherw
ise.H

ere,P
(X
|Y

)
is

described
by

1
param

eter,
nam

ely
y

0 .W
e

now
describe

the
jointdistribution

P
(X
,Y

)
in

the
w

rong
causaldirection,i.e.w

ith
P

(X
)

and
P

(Y
|X

).
W

e
observe

thatthe
setof

possible
P

(X
)

is
notrestricted,i.e.,w

e
have

the
one-dim

ensionalparam
eter

θ
1

=
P

(X
=

0).T
he

setofpossible
conditionals

P
(Y
|X

)
obtained

by

2.Since
the

inputconsists
of

tw
o

strings
and

the
outputof

k
j

strings
plus

extra
inform

ation
specifying

the
position

of
the

com
m

a,w
e

use
som

e
canonicalbijection

betw
een{

0
,1} ∗

and
({
0
,1} ∗)

d
forappropriate

d
forinputand

output.
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C
O

N
D

IT
IO

N
A

L
IN

D
E

P
E

N
D

E
N

C
IE

S
U

N
D

E
R

IC

th
e

ab
ov

e
m

od
el

cl
as

s
is

al
so

de
te

rm
in

ed
by

a
on

e-
di

m
en

si
on

al
pa

ra
m

et
er
θ 2

=
y 0

th
at

de
te

rm
in

es
th

e
cu

to
ff

.W
e

th
en

ob
se

rv
e

th
at
θ 1

an
d
θ 2

ar
e

re
la

te
d

by

θ 1
=

1 √
2
π

∫
θ 2 −
∞
e−

y
2
/
2
d
y

=
er

f(
θ 2

)
.

H
en

ce
,I

C
is

vi
ol

at
ed

w
he

ne
ve

rK
(θ

1
)

+ >
K

(e
rf

):

K
(λ

X
)

+
K

(λ
Y

)
≥
K

(θ
1
)

+
K

(θ
2
)

+ >
K

(e
rf

)
+

K
(θ

2
)

+ =
K

(θ
1
|θ 2

)
+
K

(θ
2
)

≥
K

(θ
1
,θ

2
)

+ =
K

(λ
X

+
λ
Y

)

N
ot

e
th

at
IC

is
no

tv
io

la
te

d
fo

ry
0

=
0:

th
en
K

(θ
1
)

=
K

(1
/
2)

+ =
0

an
d
K

(θ
2
)

=
K

(0
)

+ =
0.

3.
N

on
-M

ar
ko

vi
an

co
nd

iti
on

al
in

de
pe

nd
en

ci
es

W
e

st
ar

tt
he

in
ve

st
ig

at
io

n
by

an
al

yz
in

g
th

e
C

Is
th

at
do

no
tf

ol
lo

w
fr

om
th

e
M

ar
ko

v
co

nd
iti

on
.N

on
-

tr
iv

ia
lp

ol
yn

om
ia

lc
on

st
ra

in
ts

m
us

tb
e

sa
tis

fie
d

fo
rn

on
-M

ar
ko

vi
an

co
nd

iti
on

al
in

de
pe

nd
en

ci
es

.T
hi

s
is

sh
ow

n
fo

r
di

sc
re

te
B

ay
es

ia
n

ne
tw

or
ks

by
M

ee
k

(1
99

5)
an

d
th

e
lin

ea
r

ca
se

fo
r

di
st

ri
bu

tio
ns

ov
er

co
nt

in
uo

us
va

ri
ab

le
s

by
Sp

ir
te

s
et

al
.(

19
93

).
Fo

r
a

gi
ve

n
D

A
G
G

an
d

an
in

de
pe

nd
en

ce
,w

e
de

fin
e

th
e

In
de

pe
nd

en
ce

Pa
ra

m
et

er
Su

bs
pa

ce
as

th
e

se
to

fa
ll

pa
ra

m
et

er
iz

at
io

ns
λ

of
a

D
A

G
G

fo
rw

hi
ch

th
e

in
de

pe
nd

en
ce

ho
ld

s.
Fo

rM
ar

ko
vi

an
C

Is
th

is
is

th
e

co
m

pl
et

e
sp

ac
e

S
:=
×
n j=

1
S j

,w
he

re
S j

is
th

e
se

to
f

po
ss

ib
le

pa
ra

m
et

er
ve

ct
or

s
λ
j
.

Fo
rn

on
-M

ar
ko

vi
an

C
Is

th
is

is
a

su
bs

pa
ce

of
S.

A
s

al
re

ad
y

po
in

te
d

ou
ti

n
th

e
in

tr
od

uc
tio

n
an

d
L

em
ei

re
an

d
Ja

nz
in

g
(2

01
3)

,d
et

er
m

in
is

tic
re

la
-

tio
ns

be
tw

ee
n

so
m

e
va

ri
ab

le
s

m
ay

in
du

ce
co

nd
iti

on
al

in
de

pe
nd

en
ci

es
th

at
do

no
tf

ol
lo

w
fr

om
th

e
M

ar
ko

v
co

nd
iti

on
.F

or
Y
⊥⊥
Z
|X

in
th

e
ex

am
pl

e
X
→
Y
→
Z

,a
su

ffi
ci

en
tc

on
di

tio
n

is
th

e
fu

nc
tio

n
Y

=
f

(X
).

T
he

in
de

pe
nd

en
ce

pa
ra

m
et

er
su

bs
pa

ce
fo

rY
⊥⊥
Z
|X

ca
n

be
re

pr
es

en
te

d
by

Fi
g.

2(
a)

in
th

e
ca

se
of

de
te

rm
in

is
tic

re
la

tio
n
Y

=
f

(X
).

If
λ
Y
⊂

R
Y

w
he

re
R
Y

re
pr

es
en

ts
al

lf
un

ct
io

ns
,t

he
n

w
e

ha
ve

th
e

co
nd

iti
on

al
in

de
pe

nd
en

ce
in
P

(X
,Y
,Z

).
λ
Y

de
no

te
s

th
e

pa
ra

m
et

er
ve

ct
or

of
th

e
C

PD
of

va
ri

ab
le
Y

,λ
Z

th
at

of
Z

,a
nd

so
on

.
A

s
an

ot
he

r
ex

am
pl

e,
co

ns
id

er
th

e
D

A
G

in
Fi

g.
3

an
d

co
ns

id
er

th
e

ca
se

w
he

re
A

an
d
D

ar
e

in
de

pe
nd

en
t

be
ca

us
e

th
e

in
flu

en
ce

vi
a
B

co
m

pe
ns

at
es

fo
r

th
e

in
flu

en
ce

vi
a
C

.
A

ss
um

e
th

at
al

l
C

PD
s

ar
e

gi
ve

n
by

lin
ea

rs
tr

uc
tu

re
eq

ua
tio

ns
:

B
=
α
A

+
U
B
,

C
=
β
A

+
U
C
,

D
=
γ
B

+
δC

+
U
D
,

w
he

re
U
B
,U

C
an

d
U
D

ar
e

un
ob

se
rv

ed
di

st
ur

ba
nc

es
or

‘n
oi

se
’

te
rm

s
th

at
ar

e
jo

in
tly

st
at

is
tic

al
ly

in
de

pe
nd

en
ta

nd
in

de
pe

nd
en

to
fA

.T
he

n
th

e
tw

o
in

flu
en

ce
s

of
A

on
D

ca
nc

el
fo

r

α
γ

=
−
β
δ
,

(5
)
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re
ea
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ax
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pr
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en
ts

th
e
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ss
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pa
ra

m
et

er
ve

ct
or

s
of

a
si

ng
le

C
PD

.I
n

(d
)p

oi
nt

s
c

an
d

a
ar

e
pe

rm
itt

ed
by

IP
C

,w
hi

le
b

is
no

t.

Fi
gu

re
3:

C
au

sa
lm

od
el

w
ith

lin
ea

ri
nfl

ue
nc

es
de

sc
ri

be
d

by
pa

ra
m

et
er

s
α
,β
,γ
,δ

.
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E
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IC

such
that

A⊥⊥
D

.
O

bviously,
FF

rejects
the

causal
D

A
G

of
Fig.

3
because

A
and

D
are

not
d-

separated
by

the
em

pty
setand

thus
should

notbe
independent.

T
he

independence
param

eter
sub-

space
for

A⊥⊥
D

can
be

represented
by

Fig.2(b).
N

ote
that

γ
and

δ
are

represented
together

by
dim

ension
λ
D

.
A

s
a

third
exam

ple,
consider

the
causal

m
odel

W
→

X
→

Y
→

Z
w

ith
X

=
g
(W

)
and

Y
=
f

(X
).

Itfollow
s

that
Y
⊥⊥
Z|W

.
Fig.2(c)represents

the
param

etersubspace
forthis

C
I:both

λ
X

and
λ
Y

are
restricted

for
the

C
I

to
hold.

B
ut

both
restrictions

do
not

depend
on

each
other:

the
param

eter
subspace

can
be

described
by

the
productR

X
×

R
Y

.
T

he
forthcom

ing
IPC

criterion
w

illrejectthe
independence

follow
ing

from
E

q.5
butaccepts

the
lastexam

ple
because

the
latter

param
etersub

space
is

a
so-called

productsubspace.
To

form
alize

the
analysis

of
the

independence
param

eter
subspaces,

w
e

need
the

follow
ing

postulate
based

on
the

results
of(M

eek,1995)and
(Spirtes

etal.,1993).

Postulate
1

There
exists

a
com

plexity
m

easure
C

(.)
on

polynom
ialequations

such
thatfor

a
given

D
AG

the
presence

ofany
conditionalindependence

can
be

identified
by

a
unique

m
inim

alsetofun-
decom

posable
polynom

ialconstraints
on

the
param

eterization
ofthe

D
AG

.W
ith

‘undecom
posable’

w
e

m
ean

thata
constraint

c
cannotbe

w
ritten

as
(c

1
or
c

2 )
(one

ofboth
constraints

should
be

true)
w

ith
C

(c)≥
C

(c
1 )

+
C

(c
2 ).B

y
‘m

inim
al’w

e
m

ean
thatthere

is
no

sm
aller

such
set.

N
ote

that
K

olm
ogorov

com
plexity

is
not

appropriate
as

com
plexity

m
easure

since
it

attributes
0

com
plexity

to
polynom

ial
functions

w
ith

sim
ple

coefficients.
A

m
easure

such
as

A
IC

or
B

IC
is

m
ore

appropriate
to

capture
the

com
plexities

of
polynom

ialequations.
H

ow
ever,itw

ould
lead

us
too

farto
prove

fora
com

plexity
m

easure
thatitleads

to
a

unique
decom

position
fornon-M

arkovian
C

Is.H
ence

the
postulate.

T
he

postulate
im

plies
thatthe

param
etersub

space
ofa

C
Ican

be
described

in
a

unique,‘canoni-
cal’w

ay
asa

union
ofareas,w

here
each

ofthe
areasreflects1

basic
polynom

ialconstraint.Fig.2(d)
show

s
a

generalexam
ple

ofa
param

etersub
space.

T
he

sub
space

can
be

decom
posed

into
4

basic
areas

w
hich

cannotbe
furtherdecom

posed
w

ithoutincreasing
its

descriptive
com

plexity.
Som

e
areas

can
be

described
by

a
productof

param
eter

constraints
and

som
e

areas
can’t.

T
he

latter
m

eans
that

the
C

I
does

not
follow

from
a

product
constraint

on
the

param
eters

of
different

C
PD

s,
but

from
a

constraint
that

is
defined

over
different

C
PD

s.
T

hose
param

eterizations
w

ill
be

refuted:
param

eter
configuration

b
in

Fig.2(d)
is

refuted
w

hile
a

and
c

are
perm

itted.
T

his
is

expressed
by

the
Independence

from
ProductC

onstraints
(IPC

)
condition:

a
param

eterization
w

ill
be

rejected
if

itgives
rise

to
a

C
I

w
hich

is
partof

an
area

in
the

param
eter

subspace
w

hich
cannot

be
described

by
a

productofsubspaces.

D
efinition

3
(Independence

from
ProductC

onstraints(IPC
))

Leta
B

ayesian
netw

ork
be

descri-
bed

by
the

param
eters

λ
:=

(λ
1 ,...,λ

n
).Then

itis
said

to
satisfy

the
Independence

from
P

roduct
C

onstraints
C

ondition
iffor

every
independence

thatholds
true

for
λ

,the
param

eterization
satisfies

a
constraintofthe

m
inim

alsetofundecom
posable

constraints
ofthe

independence
w

hich
is

a
pro-

ductconstraint.A
productconstraintis

a
constraint

c
thatcan

be
w

ritten
as

(c
1
a
n
d
c

2
...

a
n
d
c
l )

w
here

each
c
j

is
a

constrainton
exactly

one
λ
j .

IC
,how

ever,w
illonly

rejectnon-productconstraints
if

itresults
in

a
com

pression
of

the
para-

m
eters.T

his
is

investigated
in

the
nextsection.
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L
E

M
E
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E

4.C
onditionalindependenciesresulting

in
violationsofIC

A
lthough

the
IPC

condition
reflects

the
principle

that‘non-generic’
relations

am
ong

C
PD

s
are

re-
jected,notallnon-M

arkovian
C

Is
are

rejected
by

IC
.To

analyze
this

in
detail,w

e
have

to
recallthe

follow
ing

theorem
on

the
violation

ofIC
(L

em
eire

and
Janzing,2013,T

heorem
3):

T
heorem

4
For

a
given

D
AG

G
,letthe

setofpossible
C

P
D

s
P

(X
j |P

a
ren

ts(X
j ))

be
param

eter-
ized

by
som

e
param

eter
set
λ
j

:=
{
λ

1j ,...,λ
k
j

j
}

ofparam
eters.

A
ssum

e
thatthe

param
eter

values
for

som
e

specific
choice

C
P
D

1 ,...,C
P
D
n

ofconditionalprobability
densities

satisfy
a

functional
relation

in
the

sense
that

θ
1

=
f

(θ
2 ,...,θ

k ),w
here

f
is

som
e

function
and

θ
1 ,...,θ

k
are

param
e-

ters
taken

from
at

least
tw

o
different

sets
λ
j .

A
ssum

e
furtherm

ore
that

θ
1

corresponds
to
C
P
D

1

(w
ithoutloss

ofgenerality).Then
the

follow
ing

condition
im

plies
violation

ofIC
:

K
(f

)
+<
K

(θ
1 |C

P
D
\
θ
1
,∗

1
)
,

(6)

w
here

C
P
D
\
θ
1

1
denotes

the
param

eters
of
C
P
D

1
w

ithout
θ

1
(recall

that
the

asterisk
denotes

the
shortestcom

pression).

T
he

theorem
states

thata
constraintresults

in
a

violation
ofIC

provided
thatthe

param
eters

are
sufficiently

com
plex

com
pared

to
the

com
plexity

ofthe
constraint.

A
pplied

on
the

exam
ple

of
Fig.3,the

constraintdefined
by

E
q.5

leads
to

a
violation

of
IC

if
α
,β
,γ

and
δ

have
com

plex
values.D

escribing
the

JPD
by

separate
descriptions

of
P

(A
),P

(B
|A

),
P

(C
|A

)
and

P
(D
|B
,C

)
is

redundant
because

the
param

eter
γ

in
P

(D
|B
,C

)
can

be
com

puted
from

the
param

eters
of

the
other

C
PD

s
via

E
q.5.

T
he

constraintis
an

unlikely
coincidence

if
all

real-valued
param

eters
are

chosen
independently

(according
to

som
e

continuous
distribution

on
R

).
N

ext,
consider

causal
structure

X
→

Y
←

Z
over

binary
variables

X
,
Y

and
Z

.
P

(Z
)

is
param

eterized
w

ith
P

(Z
=

0)
=
α

and
P

(Z
=

1)
=

1−
α

,and
P

(Y
|X
,Z

)
w

ith
4

param
eters:

P
(Y

=
0|X

,Z
)

Z
=

0
Z

=
1

X
=

0
a

b
X

=
1

c
d

T
hen,non-M

arkovian
independence

X
⊥⊥
Y

holds
w

hen

P
(Y

=
0|X

=
0)

=
P

(Y
=

0|X
=

1)

⇔
P

(Z
=

0).P
(Y

=
0|X

=
0,Z

=
0)

+
P

(Z
=

1).P
(Y

=
0|X

=
0,Z

=
1)

=
P

(Z
=

0).P
(Y

=
0|X

=
1,Z

=
0)

+
P

(Z
=

1).P
(Y

=
0|X

=
1,Z

=
1)

⇔
α
.a

+
(1−

α
).b

=
α
.c

+
(1−

α
).d

.

N
ote

thatthis
constraintdoes

notdepend
on

the
param

eterization
of
P

(X
).

T
his

equation
can

be
rew

ritten
in

the
follow

ing
constraint

betw
een

the
param

eters
of
P

(Z
)

and
P

(Y
|X
,Z

)
w

ith
T

a
constant:

α

1−
α

=
d−

b

a−
c

=
T

(7)

T
his

equation
holds

forthe
follow

ing
particularparam

eterization:

8
JM

L
R

 17(151):1-20



C
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IC

•
P

(Z
=

0)
=
P

(Z
=

1)
=

0
.5

•
P

(Y
|X
,Z

)
is

a
no

is
y

ex
cl

us
iv

e
or

(w
ith

re
al

-v
al

ue
d
E
∈]

0,
1[

re
pr

es
en

tin
g

th
e

no
is

e)
:

P
(Y
|X
,Z

)
Z

=
0

Z
=

1

X
=

0
E

1
−
E

X
=

1
1
−
E

E

It
ca

n
ea

si
ly

be
ve

ri
fie

d
th

at
E

q.
7

ho
ld

s
fo

r
al

lv
al

ue
s

of
E

an
d

th
at
P

(Y
=

1|
X

=
x

)
=
P

(Y
=

1)
=

0
.5

fo
r

al
lv

al
ue

s
of
X

.
A

lth
ou

gh
in

th
is

ex
am

pl
e

th
e

pa
ra

m
et

er
s

of
bo

th
C

PD
s

ar
e

tig
ht

en
ed

by
th

e
co

ns
tr

ai
nt

,o
ne

ca
n

ha
rd

ly
sa

y
th

at
th

e
pa

ra
m

et
er

of
on

e
C

PD
he

lp
s

th
e

de
sc

ri
pt

io
n

of
so

m
e

pa
ra

m
et

er
of

th
e

ot
he

rC
PD

.T
=

1
an

d
th

er
ef

or
e

si
m

pl
e.

A
ls

o
α

ha
s

co
ns

ta
nt

co
m

pl
ex

ity
.

E
ve

n
if

E
is

co
m

pl
ex

an
d
K

(a
)

th
er

ef
or

e
to

o,
K

(a
|b,
c,
d
)

ha
s

lo
w

co
m

pl
ex

ity
.

E
q.

6
of

T
he

or
em
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=
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overlap.
IC

rules
outallatypicalconstraints

on
param

eters
betw

een
different

C
PD

s.
IPC

only
rules

out
the

constraints
leading

to
conditional

independencies,w
hile

IC
allow

s
conditional

independencies
w

hen
m

atches
are

to
be

expected
because

of
low

com
plexity

of
the

param
eters.

T
he

theorem
on

the
relation

betw
een

IC
and

IPC
is

based
on

the
factthatnon-trivialpolynom

ial
constraintm

ustbe
satisfied

fornon-M
arkovian

conditionalindependencies.

T
heorem

13
G

iven
P

a
distribution

over
n

variables
and

a
D

AG
G

w
ith

C
P

D
s

param
eterized

by
θ

1 ,...,θ
n

describing
a

factorization
of
P

.
Ifthe

param
eter

vectors
satisfy

IP
C

,there
exists

a
param

eterization
θ ′1 ,...,θ ′n

ofthe
C

P
D

s
w

hich
has

the
sam

e
independencies

as
P

and
for

w
hich

IC
holds.

For
discrete

B
ayesian

netw
orks

and
the

linear
case

for
continuous

distributions,
if

the
factoriza-

tion
satisfies

IC
and

C
O

M
P

LE
X

(the
param

eters
θ
ji

ofthe
param

eter
vectors

θ
1 ,...,θ

n
have

non-

constantcom
plexity:

K
(θ
ji |C

P
D
\
θ
ji ,∗

i
)

+>
0),then

IP
C

holds
as

w
ell.

T
he

proof
is

given
in

the
appendix.

W
e

believe
that

it
is

provable
that

under
IPC

,m
ost

param
e-

terizations
satisfy

IC
as

w
ell.

T
he

proof,how
ever,need

som
e

quite
technicaldetails

to
be

w
orked

out.

7.Practicalapplication

D
espite

the
uncom

putability
of

K
olm

ogorov
com

plexity,severalnovelapproaches
to

causalinfe-
rence

are
based

on
the

notion
of

IC
,see

for
instance

Janzing
and

Schölkopf
(2010);

Janzing
and

Steudel(2010);D
aniusis

etal.(2010);Janzing
etal.(2012);C

hen
etal.(2014).A

s
m

ore
algorithm

s
w

illpop
up,a

philosophicaland
theoreticalunderpinning

is
im

portant.T
his

papertries
to

contribute
to

this
endeavour.

A
lthough

w
e

advocate
that

IC
is

m
ore

fundam
ental

than
FF

(L
em

eire
and

Janzing,
2013),

independence-based
learning

rem
ainsa

pow
erfulapproach.H

ow
ever,w

e
believe

thatnon-M
arkovian

C
Is

should
be

taken
into

accountand
deserve

an
in-depth

study.
A

ccordingly,independence-based
learning

algorithm
s

have
been

adopted
in

the
pastto

incorporate
the

presence
ofdeterm

inistic
rela-

tionships
(L

em
eire

etal.,2012)
and

pC
PD

s
(violations

of
orientation

faithfulness)
(R

am
sey

etal.,
2006).

T
he

theoreticalresults
ofthis

paperm
ighthelp

to
understand

the
nature

ofthe
C

Is.W
e

show
ed

thatthe
appearance

ofC
Is

happens
atdifferentlevels:
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(E
q.10)that∀

x
1 ,x

2 :

P
(u

1 |
x

1 ,W
)P

(Y
|
x

1 ,u
1 ,W

)
+
P

(u
2 |
x

1 ,W
)P

(Y
|
x

1 ,u
2 ,W

)
+
...

=
P

(u
1 |
x

2 ,W
)P

(Y
|
x

2 ,u
1 ,W

)
+
P

(u
2 |
x

2 ,W
)P

(Y
|
x

2 ,u
2 ,W

)
+
...

In
this

equation,P
(Y
|
x
i ,u

j ,W
)6=

P
(Y
|
x
k ,u

j ,W
)

foratleastone
setofindices

i,j,k
since,by

M
IN

,
P

(Y
|
P
a
ren

ts(Y
))6=

P
(Y
|
P
a
ren

ts(Y
)\

X
).

T
he

equation
w

ould
therefore

only
hold

w
hen

there
is

a
constraintsatisfied

betw
een

C
P
D
Y

and
the

C
PD

s
defining

P
(U
|
X
,W

),w
hich

is
ruled

outby
IPC

.T
he

latter
follow

s
from

the
postulate

and
the

exclusion
of

non-m
inim

ality,the
only

case
in

w
hich

a
productconstraintcan

lead
to

independence
X
⊥⊥
Y

.

L
em

m
a

7
A

ssum
e

thatM
IN

and
IP

C
holds

for
som

e
B

ayesian
netw

ork
defined

over
discrete

varia-
bles.

Let
X

2Y
|Z’

w
here

X
,Y

are
arbitrary

nodes
and

Z’
is

a
setofnodes.

LetU
denote

the
set

ofallvariables
on

the
non-blocked

paths
betw

een
X

and
Y

,including
X

and
Y

.
Then,for

every
setZ”

⊂
Z’∪

U
,w

hen

X
⊥⊥
Y
|Z’,Z”

holds,there
are

determ
inistic

relationships.

Proof
W

e
have

to
check

w
hen

P
(Y
|
X
,Z’,Z”

)
=

P
(Y
|

Z’,Z”
).

W
riting

P
(Y
|
X
,Z’)

in
function

of
the

factors
of

the
factorization

results
in

a
function

containing
the

C
P
D
U

’s
for

all
U
∈

U
and

factors
describing

P
(p
a
rU

)
w

ith
p
a
rU
∈
P
a
ren

ts(U
)

for
each

U
.

D
ependency

Y

2X
|

Z’
m

eans
that

the
distribution

P
(Y
|
X
,Z’)

depends
on

X
.

C
onditioning

on
Z
′′∈

Z”
results

in
a

new
distribution

for
every

value
of
Z
′′.

W
e

w
ant

to
know

w
hen

this
can

result
in

a
distribution

thatbecom
es

independentfrom
X

.
W

e
have

to
consider

3
differenttypes

of
variables

ofZ”
by

looking
how

they
participate

in
the

C
PD

s
containing

variables
ofU

.
(1)

C
onsider

that
Z
′′is

a
m

em
ber

of
a
P
a
ren

ts(U
)

setbutno
other

parentof
that

U
is

in
U

.
C

onditioning
on
Z
′′w

illonly
change

P
(U

),w
hich

cannotaffectthe
dependence

betw
een

X
and

Y
underIPC

unless
U

is
determ

ined
by
Z
′′w

hich
is

discussed
below

.
(2)C

onsiderthat
Z
′′is

a
m

em
berofa

P
a
ren

ts(U
)

and
there

is
anotherparentof

U
in

U
.

T
hen

Z
′′participates

in
a

C
PD

of
the

form
P

(U
1 |U

2 ,Z
′′).

C
onditioning

on
Z
′′results

in
a

new
C

PD
P

(U
1 |U

2 ).T
his

can
only

affectthe
dependence

betw
een

X
and

Y
ifitm

akes
U

1
independentfrom

U
2 .T

his
is

ruled
outby

L
em

m
a

6
and

M
IN

.
(3)If

Z
′′is

a
descendantofsom

e
U

,
X

or
Y

,then
w

e
apply

B
ayes’theorem

:

P
(Y
|
X
,Z’,Z”

)
=
P

(Y
|
X
,Z’) P

(Z”
|
X
,Y
,Z’)

P
(Z”
|
X
,Z’)

(11)
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L
E

M
E

IR
E

Z”
is

not
present

in
the

first
factor

w
hich

depends
on

X
.

T
herefore,

for
independence

of
X

,
a

constraint
betw

een
the

three
factors

of
E

q.11
m

ust
be

m
et.

B
y

construction,this
w

ill
result

in
a

constraint
betw

een
the

param
eters

of
several

C
PD

s,
w

hich
is

excluded
by

IPC
or

a
determ

inistic
relation

m
ustbe

present.T
his

is
proved

in
the

follow
ing.

To
get

independence
w

ithout
a

constraint
am

ong
different

C
PD

s,a
factor

of
the

form
P

(K
|

L
,M

)
m

ustbecom
e

equalto
P

(K
|M

).T
his

m
eans

that

P
(K
|
l1 ,M

)
=
P

(K
|
l2 ,M

)
∀
l1 ,l2 ∈

L
d
o
m

T
he

conditionaldistribution
ofthe

lefthand
side

is
undefined

w
henever

P
(l,m

)
=

0.Ifw
e

rule
out

constraints
leading

to
independence

(IPC
),independence

can
only

happen
w

hen

P
(l1 ,m

)
=

0
or

P
(l2 ,m

)
=

0
w
h
en
ev
er
P

(K
|
l1 ,m

)6=
P

(K
|
l2 ,m

).
(12)

T
he

condition
can

only
apply

for
one

C
PD

(IPC
),so

itm
ustbe

a
condition

on
C
P
D
L

or
C
P
D
M

w
hich

holds
forallparam

eterizations
ofthe

otherC
PD

s.T
hen

E
q.12

only
holds

if
P

(l,m
)6=

0
for

exactly
one

value
of
lgiven

m
.Itfollow

s
that

L
=
f

(M
).

L
em

m
a

9
IfM

IN
,IN

D
E

T,IP
C

holds
for

a
factorization

ofa
jointprobability

distribution
defined

over
discrete

variables,
then

for
any

v-structure
X
→

Z
←

Y
in

the
D

AG
and

for
all

W
not

containing
X

,Y
or
Z

:

X
⊥⊥
Y
|
Z
,W
⇔

X
⊥⊥
Y
a
n
d
P

(Z
|
X
,Y

)
is

a
p
rop

ortion
a
l
C
P
D

∀
U
d
escen

d
a
n
ts

of
Z

:
X

2Y
|
U
,W

(13)

Proof
A

ssum
e

that
Y

is
notan

ancestorof
X

(otherw
ise

sw
ap
X

and
Y

in
the

follow
ing).(1)First

w
e

prove
the

firstequation
foran

em
pty

setW
and

U
6=
Z

.

P
(Y
|
X
,Z

)
=
P

(Z
|
X
,Y

).P
(Y
|
X

)

P
(Z
|
X

)

=
P

(Z
|
X
,Y

).P
(Y
|
X

)
∑

y ′ P
(Z
|
y ′,X

)P
(y ′|

X
)

Itfollow
s

that(using
A
/B

=
1/

(B
/A

))

P
(y
|
X
,Z

)
=

1

1
+

∑
y ′6=

y
P

(Z
|y ′,X

)P
(y ′|X

)

P
(Z
|y
,X

).P
(y|X

)

∀
y

T
hen,for

X
⊥⊥
Y
|Z

E
q.10

gives:

P
(Z
|
y
,x

1 ).P
(y|x

1 )
∑

y ′6=
y
P

(Z
|
y ′,x

1 )P
(y ′|x

1 )
=

P
(Z
|
y
,x

2 ).P
(y|x

2 )
∑

y ′6=
y
P

(Z
|
y ′,x

2 )P
(y ′|x

2 )
∀
x

1 ,x
2

T
his

equation
defines

a
constraint

betw
een

P
(Z
|
X
,Y

)
and

P
(Y
|
X

)
unless

Y
⊥⊥
X

and
the

dom
ain

of
Y

contains
only

tw
o

values,
y

1
and

y
2 .

T
hen

w
e

have
P

(Y
|
X

)
=
P

(Y
)

and
P

(y
2 )

=
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JM

L
R

 17(151):1-20



C
O

N
D

IT
IO

N
A

L
IN

D
E

P
E

N
D

E
N

C
IE

S
U

N
D

E
R

IC

1
−
P

(y
1
),

w
hi

ch
re

su
lts

in
a

co
ns

tr
ai

nt
on
P

(Z
|X

,Y
):

P
(Z
|y

1
,x

1
).
P

(y
1
)

P
(Z
|y

2
,x

1
)(

1
−
P

(y
1
))

=
P

(Z
|y

1
,x

2
).
P

(y
1
)

P
(Z
|y

2
,x

2
)(

1
−
P

(y
1
))
∀x

1
,x

2

⇒
P

(Z
|y

1
,x

1
)

P
(Z
|y

2
,x

1
)

=
P

(Z
|y

1
,x

2
)

P
(Z
|y

2
,x

2
)

=
..
.

=
P

(Z
|y

1
,x

n
)

P
(Z
|y

2
,x

n
)

(1
4)

W
hi

ch
is

a
re

la
tio

n
on

ly
de

pe
nd

in
g

on
th

e
pa

ra
m

et
er

iz
at

io
n

of
P

(Z
|X

,Y
).

In
fu

nc
tio

n
of
C
P
D
Z

it
gi

ve
s: P

(Z
|x
,y

)
=
∑ o

P
(o
|x
,y

)P
(Z
|x
,y
,o

)
w
it
h

o
∈
d
om

a
in
of

P
a
re
n
ts

(Z
)
\X
\Y

Si
nc

e
E

q.
14

m
us

t
ho

ld
in

de
pe

nd
en

t
of
P

(o
|x
,y

)
it

fo
llo

w
s

th
at
C
P
D
Z

m
us

t
be

a
pr

op
or

tio
na

l
C

P
T

(E
q.

9)
.

N
ex

t,
w

e
co

ns
id

er
th

at
th

e
W

is
no

te
m

pt
y.

(2
)F

or
th

e
ot

he
rp

ar
en

ts
of
Z

,W
’⊂

W
it

le
ad

s
in

a
si

m
ila

rw
ay

to
a

pC
PD

:

P
(Z
|y

1
,x

1
,W

’)
P

(Z
|y

2
,x

1
,W

’)
=
P

(Z
|y

1
,x

2
,W

’)
P

(Z
|y

2
,x

2
,W

’)
=
..
.

=
P

(Z
|y

1
,x

n
,W

’)
P

(Z
|y

2
,x

n
,W

’)
.

(3
)C

on
di

tio
ni

ng
on

so
m

e
ot

he
rv

ar
ia

bl
es

W
”
⊂

W
ca

nn
ot

le
ad

to
in

de
pe

nd
en

ce
by

le
m

m
a

7.
(4

)
Fo

r
pr

ov
in

g
th

e
se

co
nd

eq
ua

tio
n

(E
q.

13
),

w
e

fir
st

pr
ov

e
it

fo
r

an
em

pt
y

se
t.

W
e

w
ri

te
th

e
eq

ua
tio

n
fo

rP
(Y
|X

,U
)

in
fu

nc
tio

n
of
P

(Z
|X

,Y
)

w
ith

B
ay

es
’t

he
or

em
:

P
(Y
|X

,U
)

=
P

(U
|X

,Y
).
P

(Y
|X

)

P
(U
|X

)

P
(Y
|X

,U
)

=

∑
z
P

(U
|z
,X
,Y

).
P

(z
|X

,Y
).
P

(Y
|X

)
∑

z
P

(U
|z
,X

).
P

(z
|X

)

Si
nc

e
Y

is
no

ta
n

as
ce

nd
an

to
f
X

,e
ac

h
of

th
e

eq
ua

tio
n’

s
fa

ct
or

s
de

pe
nd

s
on

di
ff

er
en

tC
PD

s
of

th
e

fa
ct

or
iz

at
io

n.
In

de
pe

nd
en

ce
of
X

ca
nn

ot
be

ob
ta

in
ed

by
a

co
ns

tr
ai

nt
on

on
e

C
PD

un
le

ss
Z

=
f

(U
)

w
hi

ch
is

ex
cl

ud
ed

by
D

E
T.

(5
)

If
X

2Y
|U

ho
ld

s
un

co
nd

iti
on

al
ly

,c
on

di
tio

ni
ng

on
so

m
e

ot
he

r
va

ri
ab

le
s

W
ca

nn
ot

le
ad

to
in

-
de

pe
nd

en
ce

by
le

m
m

a
7.

T
he

or
em

10
If

fo
r

a
gi

ve
n

fa
ct

or
iz

at
io

n
of

a
JP

D
de

fin
ed

ov
er

di
sc

re
te

va
ri

ab
le

s
th

e
co

nd
iti

on
s

IP
C

,M
IN

,I
N

D
E

T
an

d
N

O
pC

P
D

ar
e

m
et

,t
he

n
fa

ith
fu

ln
es

s
ho

ld
s:

∀
d
is
jo
in
t
su
bs
et
s

X
,Y
,Z
⊂

V
:

X
⊥

Y
|Z
⇔

X
⊥⊥

Y
|Z

w
ith

V
th

e
se

to
fa

ll
va

ri
ab

le
s

un
de

r
co

ns
id

er
at

io
n.

Pr
oo

f
W

e
pr

ov
e

th
at
X

0Y
|Z
⇒

X

2Y
|Z

.
T

he
pr

oo
f

re
cu

rs
iv

el
y

cu
ts

th
e

no
n-

bl
oc

ke
d

pa
th

s
be

-
tw

ee
n
X

an
d
Y

in
to

su
bp

at
hs

un
til

w
e

en
d

up
w

ith
a

ba
si

c
co

nn
ec

tio
n

th
at

fo
llo

w
s

un
de

r
le

m
m

a
6

or
le

m
m

a
9.

W
ith

th
es

e
le

m
m

as
it

w
ill

be
pr

ov
en

th
at

th
e

va
ri

ab
le

s
at

th
e

ou
te

re
nd

s
of

ea
ch

su
bp

at
h
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15
1)

:1
-2

0

L
E

M
E

IR
E

ar
e

de
pe

nd
en

tu
nd

er
th

e
4

co
nd

iti
on

s.
Se

co
nd

ly
,w

e
w

ill
pr

ov
e

th
at

co
m

bi
ni

ng
su

bp
at

hs
re

su
lts

in
a

de
pe

nd
en

ce
.

To
ill

us
tr

at
e

th
is

co
ns

id
er
X
→

U
→

Y
.

T
he

pa
th

be
tw

ee
n
X

an
d
Y

is
cu

tb
y
U

.
Fi

rs
t,
X

2U
an

d
U

2Y
ar

e
pr

ov
en

an
d,

se
co

nd
ly

,t
ha

tt
he

co
nc

at
en

at
io

n
of

su
bp

at
hs
X
→

U
an

d
U
→
Y

le
ad

s
to

a
X

2Y
.

W
ith

ou
tl

os
s

of
ge

ne
ra

lit
y,

w
e

m
ay

co
ns

id
er

th
at
X

is
no

ta
de

sc
en

da
nt

of
Y

.
If
X

an
d
Y

ar
e

ad
ja

ce
nt

,L
em

m
a

6
pr

ov
es

th
e

de
pe

nd
en

cy
.

If
X

an
d
Y

ar
e

pa
rt

of
a

v-
st

ru
ct

ur
e
X
→

Z
←

X
of

w
hi

ch
Z

or
de

sc
en

da
nt

s
of
Z

ar
e

in
Z,

L
em

m
a

9
pr

ov
es

th
e

de
pe

nd
en

cy
.

If
th

ey
ar

e
pa

rt
of

se
ve

ra
l

su
ch

v-
st

ru
ct

ur
es

,t
he

sa
m

e
ap

pr
oa

ch
as

in
th

e
pr

oo
fo

fL
em

m
a

9
ca

n
be

us
ed

to
pr

ov
e

de
pe

nd
en

cy
.

O
th

er
w

is
e,

ta
ke

a
m

in
im

al
or

de
re

d
cu

ts
et

U
⊂

V
\{
X
,Y
}s

uc
h

th
at
X
⊥
Y
|Z
,U

.M
in

im
al

m
ea

ns
th

at
om

itt
in

g
an

y
el

em
en

to
f

th
e

se
tw

ou
ld

le
ad

to
a
d

-c
on

ne
ct

io
n.

O
rd

er
ed

m
ea

ns
th

at
U
i
∈

U
is

no
ta

de
sc

en
da

nt
(i

n
th

e
D

A
G

co
rr

es
po

nd
in

g
to

th
e

fa
ct

or
iz

at
io

n)
of
U
j
∈

U
w

he
ne

ve
ri
<
j.

Fr
om

X
⊥
Y
|Z
,U

fo
llo

w
s
X
⊥⊥
Y
|Z
,U

,t
hu

s:

P
(Y
|X

,Z
)

=
∑ u

1

..
.∑ u

n

P
(Y
|Z
,u

1
,.
..
,u

n
).
P

(u
1
..
.u

n
|X

,Z
)

=
∑ u

1

..
.∑ u

n

P
(Y
|Z
,u

1
,.
..
,u

n
).
P

(u
1
|X

,Z
)
n ∏ i=

2

P
(u
i
|X

,Z
,u

1
..
.u

i−
1
)

(1
5)

W
e

w
ill

pr
ov

e
th

at
(1

)
no

u
i

ca
n

be
re

m
ov

ed
fr

om
th

e
fir

st
fa

ct
or

(Y

2U
i
|Z
,U
\U

i)
an

d
th

at
X

ca
nn

ot
be

re
m

ov
ed

fr
om

th
e

fo
llo

w
in

g
fa

ct
or

s
(X

2U
i
|Z
,U

i+
1
..
.U

n
fo

r
al

lv
al

ue
s

of
i)

.
U

nd
er

th
es

e
de

pe
nd

en
ci

es
w

e
w

ill
pr

ov
e

(2
)

th
at

th
e

ri
gh

t
ha

nd
si

de
of

th
e

eq
ua

tio
n

do
es

no
t

le
ad

to
a

di
st

ri
bu

tio
n

w
hi

ch
is

in
de

pe
nd

en
to

fX
.

(1
)T

he
de

pe
nd

en
ci

es
ar

e
of

th
e

fo
rm

K

2L
|M

.T
he
d

-c
on

ne
ct

io
n

of
al

ld
ep

en
de

nc
ie

s,
K

0L
|

M
,f

ol
lo

w
s

fr
om

th
e

m
in

im
al

ity
of

th
e

se
tU

.T
ha

tt
he

de
pe

nd
en

ci
es

fo
llo

w
fr

om
th

e
d

-c
on

ne
ct

io
ns

is
pr

ov
en

in
th

e
sa

m
e

w
ay

as
X
⊥
Y
|Z

.
T

he
no

n-
bl

oc
ke

d
pa

th
s

be
tw

ee
n
K

an
d
L

ar
e

cu
t

in
to

su
bp

at
hs

un
til

th
e

no
de

s
K

an
d
L

ar
e

ad
ja

ce
nt

or
co

nn
ec

te
d

by
a

v-
st

ru
ct

ur
e.

In
th

at
ca

se
le

m
m

as
6

an
d

9
ap

pl
y

an
d

pr
ov

e
th

e
de

pe
nd

en
cy

.
(2

)B
ec

au
se

of
th

e
de

pe
nd

en
ci

es
,E

q.
15

ca
nn

ot
be

re
du

ce
d.

T
he

fir
st

fa
ct

or
de

pe
nd

s
on
C
P
D
Y

,
th

e
fo

llo
w

in
g

on
C
P
D
U
i
.

T
he

re
fo

re
,

in
de

pe
nd

en
ce

of
X

an
d
Y

ca
n

on
ly

co
m

e
fr

om
a

sp
ec

ifi
c

pa
ra

m
et

er
iz

at
io

n
of

at
le

as
tt

hr
ee

C
PD

s.

T
he

or
em

12
If

fo
r

a
gi

ve
n

fa
ct

or
iz

at
io

n
of

a
JP

D
de

fin
ed

ov
er

di
sc

re
te

va
ri

ab
le

s
th

e
co

nd
iti

on
s

IC
,

C
O

M
P

LE
X

,M
IN

,I
N

D
E

T
an

d
N

O
pC

P
D

ar
e

m
et

,t
he

n
fa

ith
fu

ln
es

s
ho

ld
s:

∀
d
is
jo
in
t
su
bs
et
s

X
,Y
,Z
⊂

V
:

X
⊥

Y
|Z
⇔

X
⊥⊥

Y
|Z

w
ith

V
th

e
se

to
fa

ll
va

ri
ab

le
s

un
de

r
co

ns
id

er
at

io
n.

Pr
oo

f
In

th
e

pr
ev

io
us

pr
oo

fs
,c

on
st

ra
in

ts
am

on
g

pa
ra

m
et

er
s

fr
om

di
ff

er
en

tC
PD

s
w

he
re

ru
le

d
ou

t
by

IP
C

an
d

po
st

ul
at

e
2.

C
on

di
tio

ns
C

O
M

PL
E

X
an

d
IC

w
ill

ru
le

ou
tt

he
sa

m
e

co
ns

tr
ai

nt
s

by
T

he
o-

re
m

4.

T
he

or
em

13
G

iv
en
P

a
di

st
ri

bu
tio

n
ov

er
n

va
ri

ab
le

s
an

d
a

D
AG

G
w

ith
C

P
D

s
pa

ra
m

et
er

iz
ed

by
θ 1
,.
..
,θ
n

de
sc

ri
bi

ng
a

fa
ct

or
iz

at
io

n
of
P

.

18
JM

L
R

 1
7(

15
1)

:1
-2

0



C
O

N
D

IT
IO

N
A

L
IN

D
E

P
E

N
D

E
N

C
IE

S
U

N
D

E
R

IC

Ifthe
param

eter
vectors

satisfy
IP

C
,there

exists
a

param
eterization

θ ′1 ,...,θ ′n
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w
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→
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.
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e
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ro
u

g
h

fi
n

ite
sa

m
p

le
sets.

P
ó
czo

s
et

a
l.

estim
a
ted

th
ese

d
istrib

u
-

tio
n

s
th

ro
u
gh

a
kern

el
d

en
sity

estim
a
to

r
(a

ssu
m

in
g

th
ese

d
istrib

u
tion

s
h

ave
a

d
en

sity
)

a
n

d
th

en
co

n
stru

cted
a

k
ern

el
reg

resso
r

th
a
t

a
cts

o
n

th
ese

kern
el

d
en

sity
estim

ates. 3
U

sin
g

th
e

classica
l

b
ias-va

rian
ce

d
eco

m
p

ositio
n

a
n

a
ly

sis
fo

r
kern

el
reg

ressors,
th

ey
sh

ow
ed

th
e

co
n

sis-
ten

cy
of

th
e

con
stru

cted
kern

el
regresso

r,
a
n

d
p

rov
id

ed
a

p
o
ly

n
o
m

ia
l

u
p

p
er

b
ou

n
d

o
n

th
e

rates,
assu

m
in

g
th

e
tru

e
regressor

to
b

e
H

öld
er

co
n
tin

u
o
u

s,
a
n

d
th

e
m

eta
d

istrib
u

tio
n

th
a
t

g
en

erates
th

e
covariates

x
i

to
h

ave
fi

n
ite

d
ou

b
lin

g
d

im
en

sio
n

(K
p

o
tu

fe,
20

1
1
). 4

O
n

e
can

d
efi

n
e

kern
el

learn
in

g
a
lg

orith
m

s
o
n

b
a
g
s

b
ased

o
n

set
kern

els
(G

ä
rtn

er
et

al.,
2
00

2
)

b
y

co
m

p
u

tin
g

th
e

sim
ila

rity
o
f

th
e

sets/
b

a
g
s

o
f

sa
m

p
les

rep
resen

tin
g

th
e

in
p

u
t

d
is-

trib
u

tio
n

s;
set

kern
els

are
a
lso

ca
lled

ca
lled

m
u

lti-in
sta

n
ce

kern
els

o
r

en
sem

b
le

kern
els,

an
d

a
re

ex
a
m

p
les

of
co

n
volu

tion
kern

els
(H

a
u

ssler,
19

99
).

In
th

is
ca

se,
th

e
sim

ila
rity

o
f

tw
o

sets

2
.

O
liva

et
a
l.

(2
0
1
3
,

2
0
1
5
)

co
n
sid

er
th

e
ca

se
w

h
ere

th
e

resp
o
n
ses

a
re

a
lso

d
istrib

u
tio

n
s

o
r

fu
n
ctio

n
s.

3
.

W
e

w
o
u
ld

lik
e

to
cla

rify
th

a
t

th
e

k
ern

els
u
sed

in
th

eir
w

o
rk

a
re

cla
ssica

l
sm

o
o
th

in
g

k
ern

els—
ex

ten
siv

ely
stu

d
ied

in
n
o
n
-p

a
ra

m
etric

sta
tistics

(G
y
ö
rfi

et
a
l.,

2
0
0
2
)—

a
n
d

n
o
t

th
e

rep
ro

d
u
cin

g
k
ern

els
th

a
t

a
p
p

ea
r

th
ro

u
g
h
o
u
t

o
u
r

p
a
p

er.
4
.

U
sin

g
a

ra
n
d
o
m

k
itch

en
sin

k
s

a
p
p
ro

a
ch

,
w

ith
o
rth

o
n
o
rm

a
l
b
a
sis

p
ro

jectio
n

estim
a
to

rs
O

liva
et

a
l.

(2
0
1
4
);

S
u
th

erla
n
d

et
a
l.

(2
0
1
6
)

p
ro

p
o
se

d
istrib

u
tio

n
reg

ressio
n

a
lg

o
rith

m
s

th
a
t

ca
n

co
m

p
u
ta

tio
n
a
lly

h
a
n
d
le

la
rg

e
sca

le
d
a
ta

sets;
a
s

w
ith

P
ó
czo

s
et

a
l.

(2
0
1
3
),

th
ese

a
p
p
ro

a
ch

es
a
re

b
a
sed

o
n

d
en

sity
estim

a
tio

n
in

R
d.

3
JM

L
R

 17(152):1-40

S
z
a
b
ó

e
t

a
l
.

is
m

easu
red

b
y

th
e

average
p

airw
ise

p
oin

t
sim

ilarities
b

etw
een

th
e

sets.
F

ro
m

a
th

eoretical
p

ersp
ective,

n
oth

in
g

is
k
n

ow
n

ab
ou

t
th

e
con

sisten
cy

of
set

kern
el

b
ased

lea
rn

in
g

m
eth

o
d

sin
ce

th
eir

in
tro

d
u

ction
in

1999
(H

au
ssler,

1999;
G

ärtn
er

et
al.,

20
02):

i.e.
in

w
h

at
sen

se
(an

d
w

ith
w

h
at

rates)
is

th
e

learn
in

g
algorith

m
con

sisten
t,

w
h

en
th

e
n
u

m
b

er
of

item
s

p
er

b
a
g,

an
d

th
e

n
u

m
b

er
of

b
ags,

are
allow

ed
to

in
crease?

It
is

p
ossib

le,
h

ow
ever,

to
v
iew

set
kern

els
in

a
d

istrib
u

tion
settin

g,
as

th
ey

rep
resen

t
va

lid
kern

els
b

etw
een

(m
ean

)
em

b
ed

d
in

gs
of

em
p

irical
p

ro
b

ab
ility

m
easu

res
in

to
a

rep
ro-

d
u

cin
g

kern
el

H
ilb

ert
sp

ace
(R

K
H

S
;

B
erlin

et
a
n

d
T

h
om

as-A
g
n

an
,

2
004).

T
h

e
p

op
u

lation
lim

its
a
re

w
ell-d

efi
n

ed
as

b
ein

g
d
ot

p
ro

d
u

cts
b

etw
een

th
e

em
b

ed
d

in
gs

of
th

e
g
en

eratin
g

d
istrib

u
tio

n
s

(A
ltu

n
an

d
S

m
ola,

2006),
an

d
for

ch
aracteristic

kern
els

th
e

d
istan

ce
b

etw
een

em
b

ed
d

in
g
s

d
efi

n
es

a
m

etric
on

p
rob

ab
ility

m
easu

res
(S

rip
eru

m
b

u
d

u
r

et
al.,

20
11;

G
retton

et
al.,

20
12).

W
h

en
b

ou
n

d
ed

k
ern

els
are

u
sed

,
m

ean
em

b
ed

d
in

gs
ex

ist
for

all
p

rob
ab

ility
m

easu
res

(F
u

k
u

m
izu

et
al.,

2004).
W

h
en

w
e

con
sid

er
th

e
d

istrib
u

tion
regression

settin
g,

h
ow

ev
er,

th
ere

is
n

o
reason

to
lim

it
ou

rselves
to

set
kern

els.
E

m
b

ed
d

in
gs

of
p

rob
ab

ility
m

ea-
su

res
to

R
K

H
S

are
u

sed
b
y

C
h
ristm

an
n

an
d

S
tein

w
art

(201
0)

in
d

efi
n

in
g

a
yet

larger
class

of
easily

co
m

p
u

ta
b

le
kern

els
on

d
istrib

u
tion

s,
v
ia

op
eration

s
p

erform
ed

on
th

e
em

b
ed

d
in

gs
an

d
th

eir
d

istan
ces.

N
ote

th
at

th
e

relation
b

etw
een

set
k
ern

els
an

d
k
ern

els
on

d
istrib

u
-

tio
n

s
w

as
a
lso

ap
p

lied
b
y

M
u

an
d

et
et

al.
(2012)

for
classifi

catio
n

on
d

istrib
u

tion
-valu

ed
in

p
u

ts,
h

ow
ever

con
sisten

cy
w

as
n

ot
stu

d
ied

in
th

at
w

ork
.

W
e

also
n

o
te

th
at

m
otivated

b
y

th
e

cu
rren

t
p

ap
er,

L
op

ez-P
az

et
al.

(2
015)

h
ave

recen
tly

p
resen

ted
th

e
fi

rst
th

eoretical
resu

lts
ab

ou
t

su
rrogate

risk
gu

aran
tees

on
a

class
(rely

in
g

on
u

n
iform

ly
b

ou
n

d
ed

L
ip

sch
itz

fu
n

ctio
n

als)
of

soft
d

istrib
u

tion
-classifi

cation
p

rob
lem

s.

O
u

r
c
o
n
trib

u
tio

n
in

th
is

p
ap

er
is

to
estab

lish
th

e
learn

in
g

th
eo

ry
of

a
sim

p
le,

m
ean

em
b

ed
d

in
g

b
ased

rid
ge

regression
(M

E
R

R
)

m
eth

o
d

for
th

e
d

istrib
u

tion
regression

p
rob

lem
.

T
h

is
resu

lt
ap

p
lies

b
oth

to
th

e
b

asic
set

kern
els

of
H

au
ssler

(1999);
G

ä
rtn

er
et

a
l.

(2002),
th

e
d
istrib

u
tion

kern
els

of
C

h
ristm

an
n

an
d

S
tein

w
art

(2010),
an

d
ad

d
ition

al
related

k
ern

els.
W

e
p

rov
id

e
fi
n

ite-sam
p

le
ex

cess
risk

b
ou

n
d

s,
p

rove
con

sisten
cy,

a
n

d
sh

ow
h

ow
th

e
tw

o-stage
sam

p
led

n
atu

re
o
f

th
e

p
rob

lem
(b

ag
size)

govern
s

th
e

co
m

p
u

ta
tion

al-statistical
effi

cien
cy

of
th

e
M

E
R

R
estim

a
tor.

M
ore

sp
ecifi

cally,
in

th
e

1
.

w
e
ll-sp

e
c
ifi

e
d

c
a
se

:
W

e

(a)
d

erive
fi

n
ite-sam

p
le

b
ou

n
d

s
on

th
e

ex
cess

risk
:

W
e

con
stru

ct
R

[f̂
]−
R

[f∗ ]
≤

r(l,N
,λ

)
b

ou
n

d
s

h
old

in
g

w
ith

h
igh

p
rob

ab
ility,

w
h

ere
λ

is
th

e
regu

larizatio
n

p
a-

ram
eter

in
th

e
rid

ge
p

rob
lem

(λ
→

0,
l→
∞

,
N

=
N
i →
∞

).

(b
)

estab
lish

con
sisten

cy
an

d
com

p
u
tation

al-statistical
effi

cien
cy

trad
e-off

of
th

e
M

E
R

R
estim

a
tor

on
a

gen
eral

p
rior

fam
ily
P

(b,c)
as

d
efi

n
ed

b
y

C
ap

on
n

etto
an

d
D

e
V

ito
(20

07),
w

h
ere

b
cap

tu
res

th
e

eff
ective

in
p

u
t

d
im

en
sion

,
a
n

d
larger

c
m

ean
s

sm
o
oth

er
f∗

(1
<
b,
c∈

(1,2]).
In

p
articu

lar,
w

h
en

th
e

n
u

m
b

er
of

sam
p

les
p

er
b

ag
is

ch
osen

as
N

=
l a

log
(l)

an
d
a
≥

b(c+
1
)

bc+
1

,
th

en
th

e
learn

in
g

ra
te

satu
rates

at
l −

b
c

b
c
+
1,

w
h

ich
is

k
n

ow
n

to
b

e
on

e-stage
sam

p
led

m
in

im
ax

op
tim

al
(C

ap
on

n
etto

an
d

D
e

V
ito,

2007).
In

oth
er

w
ord

s,
b
y

ch
o
osin

g
a

=
b(c+

1
)

bc+
1
<

2,
w

e
su

ff
er

n
o

lo
ss

in
sta

tistica
l

perfo
rm

a
n

ce
com

p
ared

w
ith

th
e

best
po

ssible
o
n

e-sta
ge

sa
m

p
led

estim
a
to

r.

N
ote:

th
e

ad
van

tage
of

con
sid

erin
g

th
e
P

(b,c)
fam

ily
is

tw
o-fold

.
It

d
o
es

n
ot

assu
m

e
p

aram
etric

d
istrib

u
tion

s,
yet

certain
co

m
p

lex
ity

term
s

can
b

e
ex

p
licitly

u
p

p
er

b
ou

n
d

ed
in

th
e

fa
m

ily.
T

h
is

p
rop

erty
w

ill
b

e
ex

p
lo

ited
in

ou
r

an
aly

sis.
M

oreover,
(for

sp
ecial
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L
e
a
r
n
in

g
T

h
e
o
r
y

f
o
r

D
is

t
r
ib

u
t
io

n
R

e
g

r
e
ss

io
n

in
p

u
t

d
is

tr
ib

u
ti

on
s)

th
e

p
ar

am
et

er
b

ca
n

b
e

re
la

te
d

to
th

e
sp

ec
tr

al
d

ec
ay

of
G

a
u

ss
ia

n
G

ra
m

m
at

ri
ce

s,
an

d
ex

is
ti

n
g

an
al

y
si

s
te

ch
n

iq
u

es
(S

te
in

w
ar

t
an

d
C

h
ri

st
m

a
n

n
,

20
0
8
)

m
ay

b
e

u
se

d
in

in
te

rp
re

ti
n

g
th

es
e

d
ec

ay
co

n
d

it
io

n
s.

2.
m

is
sp

e
c
ifi

e
d

c
a
se

:
W

e
es

ta
b

li
sh

co
n

si
st

en
cy

an
d

co
n
ve

rg
en

ce
ra

te
s

ev
en

if
f ∗

/∈
H

.
P

ar
ti

cu
la

rl
y,

b
y

d
er

iv
in

g
fi

n
it

e-
sa

m
p

le
b

ou
n

d
s

on
th

e
ex

ce
ss

ri
sk

w
e

(a
)

p
ro

ve
th

at
th

e
M

E
R

R
es

ti
m

at
or

ca
n

ac
h

ie
ve

th
e

b
es

t
p

os
si

b
le

ap
p

ro
x
im

a
ti

o
n

a
cc

u
-

ra
cy

fr
om

H
,

i.
e.

th
e
R

[f̂
]−
R

[f
∗]
−
D

2 H
q
u

an
ti

ty
ca

n
b

e
d

ri
ve

n
to

ze
ro

(r
ec

a
ll

th
at

D
H

=
in

f f
∈H
‖f
∗
−
f
‖ 2

).
S

p
ec

ifi
ca

ll
y,

th
is

re
su

lt
im

p
li

es
th

at
if
H

is
d

en
se

in
L

2

(D
H

=
0)

,
th

en
th

e
ex

ce
ss

ri
sk
R

[f̂
]
−
R

[f
∗]

co
n
ve

rg
es

to
ze

ro
.

(b
)

an
al

y
se

th
e

co
m

p
u

ta
ti

on
al

-s
ta

ti
st

ic
al

effi
ci

en
cy

tr
ad

e-
off

:
W

e
sh

ow
th

a
t

b
y

ch
o
o
si

n
g

th
e

b
ag

si
ze

as
N

=
l2
a

lo
g
(l

)
(a
>

0)
on

e
ca

n
ge

t
ra

te
l−

2
s
a

s
+
1

fo
r
a
≤

s+
1

s+
2
,

a
n

d
th

e

ra
te

sa
tu

ra
te

s
fo

r
a
≥

s+
1

s+
2

at
l−

2
s

s
+
2
,

w
h

er
e

th
e

d
iffi

cu
lt

y
of

th
e

re
gr

es
si

o
n

p
ro

b
le

m
is

ca
p

tu
re

d
b
y
s
∈

(0
,1

]
(a

la
rg

er
s

m
ea

n
s

an
ea

si
er

p
ro

b
le

m
).

T
h

is
m

ea
n

s
th

a
t

ea
si

er

ta
sk

s
gi

ve
ri

se
to

fa
st

er
co

n
ve

rg
en

ce
(f

or
s

=
1,

th
e

ra
te

is
l−

2 3
),

th
e

b
a
g

si
ze
N

ca
n

ag
ai

n
b

e
su

b-
qu

a
d
ra

ti
c

in
l

(2
a
≤

2
(s

+
1
)

s+
2
≤

4 3
<

2)
,

an
d

th
e

ra
te

at
sa

tu
ra

ti
o
n

is
cl

os
e

to
r̃(
l)

=
l−

2
s

2
s
+
1
,

w
h

ic
h

is
th

e
as

y
m

p
to

ti
ca

ll
y

op
ti

m
al

ra
te

in
th

e
o
n

e-
st

a
g
e

sa
m

p
le

d
se

tu
p

,
w

it
h

re
al

-v
al

u
ed

ou
tp

u
t

an
d

st
ri

ct
er

ei
ge

n
va

lu
e

d
ec

ay
co

n
d

it
io

n
s

(S
te

in
w

ar
t

et
al

.,
20

09
).

D
u

e
to

th
e

d
iff

er
en

ce
s

in
th

e
as

su
m

p
ti

on
s

m
ad

e
an

d
th

e
lo

ss
fu

n
ct

io
n

u
se

d
,

a
d

ir
ec

t
co

m
-

p
ar

is
on

of
ou

r
th

eo
re

ti
ca

l
re

su
lt

an
d

th
at

of
P

óc
zo

s
et

al
.

(2
01

3)
re

m
ai

n
s

a
n

o
p

en
q
u

es
ti

o
n

,
h

ow
ev

er
w

e
m

ak
e

th
re

e
ob

se
rv

at
io

n
s.

F
ir

st
,

ou
r

ap
p

ro
ac

h
is

m
or

e
ge

n
er

a
l,

si
n

ce
w

e
m

ay
re

gr
es

s
fr

om
an

y
p

ro
b

ab
il

it
y

m
ea

su
re
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ó

e
t

a
l
.

fo
r

ex
a
m

p
le

b
y

ra
n

ge
sp

ac
es

o
f

(f
ra

ct
io

n
a
l)

p
ow

er
s

o
f

in
te

g
ra

l
op

er
a
to

rs
as

so
ci

a
te

d
to

H
.

In
d

ee
d

,
th

er
e

ex
is

t
se

ve
ra

l
re

su
lt

s
al

o
n

g
th

es
e

li
n

es
w

it
h

K
R

R
fo

r
th

e
ca

se
o
f

re
a
l-

va
lu

ed
ou

tp
u

ts
:

se
e

fo
r

ex
am

p
le

(S
u

n
a
n

d
W

u
,

2
00

9
a
,

T
h

eo
re

m
1.

1
),

(S
u
n

a
n

d
W

u
,

2
0
0
9
b

,
C

or
ol

-
la

ry
3.

2
),

(M
en

d
el

so
n

an
d

N
ee

m
an

,
2
0
10

,
T

h
eo

re
m

3
.7

w
it

h
A

ss
u

m
p

ti
o
n

3
.2

).
T

h
e

q
u

es
ti

o
n

of
op

ti
m

al
ra

te
s

h
a
s

al
so

b
ee

n
a
d

d
re

ss
ed

fo
r

th
e

se
m

i-
su

p
er

v
is

ed
K

R
R

se
tt

in
g

(C
a
p

o
n

n
et

to
,

20
06

,
T

h
eo

re
m

1)
,

an
d

fo
r

cl
ip

p
ed

K
R

R
es

ti
m

a
to

rs
(S

te
in

w
ar

t
et

a
l.

,
2
00

9
)

w
it

h
in

te
gr

al
op

er
a
to

rs
of

ra
p

id
ly

d
ec

ay
in

g
sp

ec
tr

u
m

.
O

u
r

re
su

lt
s

a
p

p
ly

m
o
re

g
en

er
a
ll
y

to
th

e
tw

o-
st

a
g
e

sa
m

p
le

d
se

tt
in

g
a
n

d
to

ve
ct

or
va

lu
ed

o
u

tp
u

ts
b

el
o
n

g
in

g
to

se
p

a
ra

b
le

H
il

b
er

t
sp

a
ce

s.
M

o
re

-
ov

er
,

w
e

ob
ta

in
a

ge
n

er
a
l

co
n

si
st

en
cy

re
su

lt
w

it
h

ou
t

ra
n

ge
sp

ac
e

as
su

m
p

ti
on

s,
sh

ow
in

g
th

a
t

th
e

m
o
d

el
li

n
g

p
ow

er
o
f
H

ca
n

b
e

fu
ll

y
ex

p
lo

it
ed

,
a
n

d
co

n
ve

rg
en

ce
to

th
e

b
es

t
ap

p
ro

x
im

at
io

n
av

ai
la

b
le

fr
om

H
ca

n
b

e
re

al
iz

ed
.5

T
h

er
e

ar
e

n
u

m
er

ou
s

a
re

a
s

in
m

ac
h

in
e

le
ar

n
in

g
a
n

d
st

a
ti

st
ic

s,
w

h
er

e
es

ti
m

a
ti

n
g

ve
ct

or
-

va
lu

ed
fu

n
ct

io
n

s
h

as
cr

u
ci

a
l

im
p

o
rt

a
n
ce

.
O

ft
en

in
st

a
ti

st
ic

s,
o
n

e
is

n
o
t

o
n

ly
co

n
fr

o
n
te

d
w

it
h

th
e

es
ti

m
at

io
n

of
a

sc
a
la

r
p

ar
am

et
er

,
b

u
t

w
it

h
a

ve
ct

o
r

o
f

p
a
ra

m
et

er
s.

O
n

th
e

m
a
ch

in
e

le
a
rn

in
g

si
d

e,
m

u
lt

i-
ta

sk
le

a
rn

in
g

(E
v
g
en

io
u

et
a
l.

,
20

05
),

fu
n

ct
io

n
a
l

re
sp

on
se

re
gr

es
si

o
n

(K
ad

ri
et

al
.,

20
1
6)

,
o
r

st
ru

ct
u

re
d

o
u

tp
u

t
p

re
d

ic
ti

o
n

(B
ro

u
a
rd

et
al

.,
20

1
1;

K
a
d

ri
et

a
l.

,
20

13
)

fa
ll

u
n

d
er

th
e

sa
m

e
u

m
b

re
ll

a:
th

ey
ca

n
b

e
n

a
tu

ra
ll

y
p

h
ra

se
d

a
s

le
a
rn

in
g

ve
ct

o
r-

va
lu

ed
fu

n
ct

io
n

s
(M

ic
ch

el
li

a
n
d

P
o
n
ti

l,
2
00

5
).

T
h

e
id

ea
u

n
d

er
ly

in
g

a
ll

th
es

e
ta

sk
s

is
si

m
p

le
an

d
in

tu
it

iv
e:

if
m

u
lt

ip
le

p
re

d
ic

ti
o
n

p
ro

b
le

m
s

h
av

e
to

b
e

so
lv

ed
si

m
u

lt
a
n

eo
u

sl
y,

it
m

ig
h
t

b
e

b
en

efi
ci

a
l

to
ex

p
lo

it
th

ei
r

d
ep

en
d

en
ci

es
.

Im
ag

in
e

fo
r

ex
am

p
le

th
a
t

th
e

ta
sk

is
to

p
re

d
ic

t
th

e
m

ot
io

n
of

a
d

a
n

ce
r:

ta
k
in

g
in

to
a
cc

o
u

n
t

th
e

in
te

rr
el

at
io

n
o
f

th
e

a
ct

o
r’

s
b

o
d

y
p

a
rt

s
is

li
ke

ly
to

le
ad

to
m

o
re

a
cc

u
ra

te
es

ti
m

a
ti

o
n

,
a
s

o
p

p
os

ed
to

p
re

d
ic

ti
n

g
th

e
in

d
iv

id
u

al
p

ar
ts

on
e

b
y

on
e,

in
d

ep
en

d
en

tl
y.

S
u

cc
es

sf
u

l
re

a
l-

w
o
rl

d
a
p

p
li

ca
ti

o
n

s
of

a
m

u
lt

i-
ta

sk
ap

p
ro

ac
h

in
cl

u
d

e
fo

r
ex

am
p

le
p

re
fe

re
n

ce
m

o
d

el
li

n
g

o
f

u
se

rs
w

it
h

si
m

il
ar

d
em

og
ra

p
h

ic
s

(E
v
ge

n
io

u
et

al
.,

20
05

),
p

re
d

ic
ti

o
n

of
th

e
d

a
il

y
p

re
ci

p
it

a
ti

on
p

ro
fi

le
s

of
w

ea
th

er
st

a
ti

o
n

s
(K

ad
ri

et
al

.,
20

10
),

a
co

u
st

ic
-t

o-
a
rt

ic
u

la
to

ry
sp

ee
ch

in
ve

rs
io

n
(K

a
d

ri
et

a
l.

,
2
0
1
6
),

id
en

ti
fy

in
g

b
io

m
ar

ke
rs

ca
p

a
b

le
of

tr
ac

k
in

g
th

e
p

ro
g
re

ss
o
f

A
lz

h
ei

m
er

’s
d

is
ea

se
(Z

h
o
u

et
a
l.

,
20

13
),

p
er

so
n

a
li

ze
d

h
u

m
a
n

ac
ti

v
it

y
re

co
g
n

it
io

n
b

as
ed

on
iP

o
d

/
iP

h
o
n

e
a
cc

el
er

om
et

er
d

a
ta

(S
u

n
et

a
l.

,
20

1
3)

,
fi

n
ge

r
tr

a
je

ct
or

y
p

re
d

ic
ti

o
n

in
b

ra
in

-c
o
m

p
u

te
r

in
te

rf
ac

es
(K

a
d

ri
et

al
.,

20
1
2)

o
r

ec
ol

o
g
ic

a
l

in
fe

re
n

ce
(F

la
x
m

an
et

a
l.

,
2
01

5)
;

fo
r

a
re

ce
n
t

re
v
ie

w
o
n

m
u

lt
i-

o
u

tp
u

t
p

re
d

ic
ti

on
m

et
h

o
d

s
se

e
(Á
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p
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h
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d
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con
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p

tion
s

w
ith

co
n

crete
ex

a
m

p
les.

2
.

T
h
e

D
istrib

u
tio

n
R

e
g
re

ssio
n

P
ro

b
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d
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u
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b
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⊆
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d
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b
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b
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ra
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.

If
(X
,d

)
is

a
m

etric
sp

a
ce,

th
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b
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e

op
en

sets
in

d
u

ced
b
y

m
etric

d
.
M

+1
(X

)
d

en
o
tes

th
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p
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b
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p
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ra
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2 ∈
S

2 ).
T

h
e

w
eak

to
p

olo
g
y

(τ
w

=
τ
w

(X
,τ

))
on

M
+1

(X
)

is
d

efi
n
ed

a
s

th
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∫
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con
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∈
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.
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c
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rs;
if
N

1
=
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‖
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=
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b
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∈
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rs
(S

tein
w

a
rt

a
n

d
C

h
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b
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p
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b
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con
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→
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b
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p
tio

n
s,

see
S

ection
7.2.6.

In
th

is
case,

th
e

in
clu

sion
S
∗K

:
H
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ad
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=

∫
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=
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b
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p
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∈
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w
it

h
th

e
p

ro
d

u
ct
σ

-a
lg

eb
ra

.
U

n
li

ke
in

cl
as

si
ca

l
su

p
er

v
is

ed
le

ar
n

in
g

p
ro

b
le

m
s,

th
e

p
ro

b
le

m
at

h
an

d
in

vo
lv

es
tw

o
le

ve
ls

o
f

ra
n

d
om

n
es

s,
w

h
er

ei
n

fi
rs

t
z

is
d

ra
w

n
fr

om
M

,
an

d
th

en
ẑ

is
ge

n
er

at
ed

b
y

sa
m

p
li

n
g

p
o
in

ts
fr

om
x
i

fo
r

al
l
i

=
1,
..
.,
l.

T
h

e
go

al
is

to
le

ar
n

th
e

re
la

ti
on

b
et

w
ee

n
th

e
ra

n
d

o
m

d
is

tr
ib

u
ti

o
n

x
an

d
re

sp
on

se
y

b
as

ed
on

th
e

ob
se

rv
ed

ẑ
.

F
or

n
ot

at
io

n
al

si
m

p
li

ci
ty

,
w

e
w

il
l

as
su

m
e

th
at

N
=
N
i

(∀
i)

.
A

s
in

th
e

cl
as

si
ca

l
re

gr
es

si
on

p
ro

b
le

m
(R

d
→

R
),

d
is

tr
ib

u
ti

on
re

gr
es

si
o
n

ca
n

b
e

ta
ck

le
d

v
ia

ke
rn

el
ri

d
ge

re
gr

es
si

on
(u

si
n

g
a

sq
u

ar
ed

lo
ss

as
th

e
d

is
cr

ep
an

cy
cr

it
er

io
n

).
T

h
e

k
er

n
el

(s
ay

K
G
)

is
d

efi
n

ed
on

M
+ 1

(X
),

an
d

th
e

re
gr

es
so

r
is

th
en

m
o
d

el
le

d
b
y

a
n

el
em

en
t

in
th

e
R

K
H

S
G

=
G

(K
G
)

of
fu

n
ct

io
n

s
m

ap
p

in
g

fr
om

M
+ 1

(X
)

to
Y

.
In

th
is

p
a
p

er
,

w
e

ch
o
os

e
K

G
(x
,x
′ )

=
K

(µ
x
,µ

x
′ )

w
h

er
e
x
,x
′ ∈

M
+ 1

(X
)

an
d

so
th

at
th

e
fu

n
ct

io
n

(i
n
G

)
to

d
es

cr
ib

e
th

e
(x
,y

)
ra

n
d

om
re

la
ti

on
is

co
n

st
ru

ct
ed

as
a

co
m

p
os

it
io

n
f
◦µ

x
,

i.
e.

M
+ 1

(X
)
µ −→
X

(⊆
H

=
H

(k
))

f
∈H

=
H

(K
)

−−
−−
−−
−→

Y
.

(7
)

In
ot

h
er

w
or

d
s,

th
e

d
is

tr
ib

u
ti

on
x
∈

M
+ 1

(X
)

is
fi
rs

t
m

ap
p

ed
to

X
⊆

H
b
y

th
e

m
ea

n
em

b
ed

d
in

g
µ

,
an

d
th

e
re

su
lt

is
co

m
p

os
ed

w
it

h
f

,
an

el
em

en
t

of
th

e
R

K
H

S
H

.
L

et
th

e
ex

p
ec

te
d

ri
sk

fo
r

a
f̃

:
X
→
Y

(m
ea

su
ra

b
le

)
fu

n
ct

io
n

b
e

d
efi

n
ed

a
s

R
[ f̃
] =

E (
x
,y

)∼
M
∥ ∥ f̃

(µ
x
)
−
y
∥ ∥2 Y
,

w
h

ic
h

is
m

in
im

iz
ed

b
y

th
e
f ρ

re
gr

es
si

on
fu

n
ct

io
n

.
T

h
e

cl
as

si
ca

l
re

gu
la

ri
za

ti
o
n

a
p

p
ro

a
ch

is
to

op
ti

m
iz

e

f
λ z

=
ar

g
m

in
f
∈H

1 l

l ∑ i=
1

‖f
(µ
x
i
)
−
y i
‖2 Y

+
λ
‖f
‖2 H

(8
)

in
st

ea
d

of
R

,
b

as
ed

on
sa

m
p

le
s

z
.

S
in

ce
z

is
n

ot
av

ai
la

b
le

,
w

e
co

n
si

d
er

th
e

o
b

je
ct

iv
e

fu
n

ct
io

n
d

efi
n

ed
b
y

th
e

ob
se

rv
ab

le
q
u

an
ti

ty
ẑ
,

f
λ ẑ

=
ar

g
m

in
f
∈H

1 l

l ∑ i=
1

‖f
(µ
x̂
i
)
−
y i
‖2 Y

+
λ
‖f
‖2 H

,
(9

)

w
h

er
e
x̂
i

=
1 N

∑
N n

=
1
δ x
i,
n

is
th

e
em

p
ir

ic
a
l

d
is

tr
ib

u
ti

on
d

et
er

m
in

ed
b
y
{x

i,
n
}N i=

1
.

T
h

e
ri

d
ge

re
gr

es
si

on
ob

je
ct

iv
e

fu
n

ct
io

n
h

as
an

an
al

y
ti

ca
l

so
lu

ti
on

:
gi

ve
n

tr
ai

n
in

g
sa

m
p

le
s

ẑ
,

th
e

p
re

-
d

ic
ti

on
fo

r
a

n
ew

t
te

st
d

is
tr

ib
u

ti
on

is

(f
λ ẑ
◦µ

)(
t)

=
k

(K
+
lλ
I
)−

1
[y

1
;.
..

;y
l]
,

(1
0
)

w
h

er
e

k
=

[K
(µ
x̂
1
,µ

t)
,.
..
,K

(µ
x̂
l
,µ

t)
]
∈

L
(Y

)1
×
l ,

K
=

[K
(µ
x̂
i
,µ

x̂
j
)]
∈

L
(Y

)l
×
l ,

[y
1
;.
..

;y
l]
∈
Y
l .

9
JM

L
R
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0

S
z
a
b
ó

e
t

a
l
.

R
e
m

a
rk

1

•
It

is
im

po
rt

a
n

t
to

n
o
te

th
a
t

th
e

a
lg

o
ri

th
m

h
a
s

a
cc

es
s

to
th

e
sa

m
p
le

po
in

ts
o
n

ly
v
ia

th
ei

r
m

ea
n

em
b

ed
d

in
g
s
{µ

x̂
i
}l i=

1
in

E
q.

(9
).

•
T

h
er

e
is

a
tw

o-
st

ag
e

sa
m

p
li

n
g

d
iffi

cu
lt

y
to

ta
ck

le
:

T
h
e

tr
a
n

si
ti

o
n

fr
o
m
f ρ

to
f
λ z

re
p
-

re
se

n
ts

th
e

fa
ct

th
a
t

w
e

h
a
ve

o
n

ly
l

d
is

tr
ib

u
ti

o
n

sa
m

p
le

s
(z

);
th

e
tr

a
n

si
ti

o
n

fr
o
m
f
λ z

to
f
λ ẑ

m
ea

n
s

th
a
t

th
e
x
i

d
is

tr
ib

u
ti

o
n

s
ca

n
be

a
cc

es
se

d
o
n

ly
vi

a
sa

m
p
le

s
(ẑ

).

•
W

h
il

e
ri

d
ge

re
gr

es
si

o
n

ca
n

be
pe

rf
o
rm

ed
u

si
n

g
th

e
ke

rn
el
K

G
,

th
e

tw
o
-s

ta
ge

sa
m

-
p
li

n
g

m
a
ke

s
it

d
iffi

cu
lt

to
w

o
rk

w
it

h
a
rb

it
ra

ry
K

G
.

B
y

co
n

tr
a
st

,
o
u

r
ch

o
ic

e
o
f

K
G
(x
,x
′ )

=
K

(µ
x
,µ

x
′ )

en
a
bl

es
u

s
to

h
a
n

d
le

th
e

tw
o
-s

ta
ge

sa
m

p
li

n
g

by
es

ti
m

a
ti

n
g

µ
x

w
it

h
a
n

em
p
ir

ic
a
l

es
ti

m
a
to

r,
a
n

d
u

si
n

g
it

in
th

e
a
lg

o
ri

th
m

a
s

sh
o
w

n
a
bo

ve
.

•
In

ca
se

o
f

sc
a
la

r
o
u

tp
u

t
(Y

=
R

),
L

(Y
)

=
L

(R
)

=
R

a
n

d
(1

0)
is

a
st

a
n

d
a
rd

li
n

ea
r

eq
u

a
ti

o
n

w
it

h
K
∈
R
l×
l ,

k
∈
R

1
×
l .

M
o
re

ge
n

er
a
ll

y,
if
Y

=
R
d
,

th
en

L
(Y

)
=

L
(R

d
)

=
R
d
×
d

a
n

d
(1

0
)

is
st

il
l

a
fi

n
it

e-
d
im

en
si

o
n

a
l

li
n

ea
r

eq
u

a
ti

o
n

w
it

h
K
∈

R
(d
l)
×

(d
l)

a
n

d
k
∈
R
d
×

(d
l)

.

•
O

n
e

co
u

ld
a
ls

o
fo

rm
u

la
te

th
e

p
ro

bl
em

(a
n

d
ge

t
gu

a
ra

n
te

es
)

fo
r

m
o
re

a
bs

tr
a
ct
X
⊆

H
→
Y

re
gr

es
si

o
n

ta
sk

s
[s

ee
E

q.
(7

)]
o
n

a
co

n
ve

x
se

t
X

w
it

h
H

a
n

d
Y

be
in

g
ge

n
er

a
l,

se
pa

ra
bl

e
H

il
be

rt
sp

a
ce

s.
S

in
ce

d
is

tr
ib

u
ti

o
n

re
gr

es
si

o
n

is
p
ro

ba
bl

y
th

e
m

o
st

a
cc

es
si

-
bl

e
ex

a
m

p
le

w
h
er

e
tw

o
-s

ta
ge

sa
m

p
li

n
g

a
p
pe

a
rs

,
a
n

d
in

o
rd

er
to

ke
ep

th
e

p
re

se
n

ta
ti

o
n

si
m

p
le

,
w

e
d
o

n
o
t

co
n

si
d
er

su
ch

ex
te

n
d
ed

fo
rm

u
la

ti
o
n

s
in

th
is

w
o
rk

.

O
u

r
m

ai
n

go
a
ls

in
th

is
p

a
p

er
ar

e
a
s

fo
ll

ow
s:

fi
rs

t,
to

a
n

a
ly

se
th

e
ex

ce
ss

ri
sk

E(
f
λ ẑ
,f
ρ

) :=
R

[f
λ ẑ
]−
R

[f
ρ
],

b
ot

h
w

h
en
f ρ
∈
H

(t
h

e
w

el
l-

sp
ec

ifi
ed

ca
se

)
a
n

d
f ρ
∈
L

2 ρ
X
\H

(t
h

e
m

is
sp

ec
ifi

ed
ca

se
);

se
co

n
d

,

to
es

ta
b

li
sh

co
n

si
st

en
cy

(E
( f

λ ẑ
,f
ρ

)
→

0,
o
r

in
th

e
m

is
sp

ec
ifi

ed
ca

se
E
( f

λ ẑ
,f
ρ

) −
D

2 H
→

0
,

w
h

er
e
D

2 H
:=

in
f q
∈H
‖f
ρ
−
S
∗ K
q‖

2 ρ
is

th
e

a
p

p
ro

x
im

at
io

n
er

ro
r

o
f
f ρ

b
y

a
fu

n
ct

io
n

in
H

);
a
n

d
th

ir
d

,
to

d
er

iv
e

a
n

ex
a
ct

co
m

p
u

ta
ti

o
n

a
l-

st
a
ti

st
ic

a
l

effi
ci

en
cy

tr
ad

e-
o
ff

a
s

a
fu

n
ct

io
n

o
f

th
e

(l
,N
,λ

)
tr

ip
le

t,
an

d
o
f

th
e

d
iffi

cu
lt

y
o
f

th
e

p
ro

b
le

m
.

3
.

A
ss

u
m

p
ti

o
n
s

In
th

is
se

ct
io

n
,

w
e

d
et

a
il

o
u

r
a
ss

u
m

p
ti

on
s

on
th

e
(X
,Y
,k
,K

)
q
u

a
rt

et
.

O
u

r
an

al
y
si

s
fo

r
th

e
w

el
l-

sp
ec

ifi
ed

ca
se

u
se

s
ex

is
ti

n
g

ri
d

ge
re

gr
es

si
o
n

re
su

lt
s

(C
a
p

on
n

et
to

a
n

d
D

e
V

it
o
,

2
00

7)
fo

cu
si

n
g

o
n

p
ro

b
le

m
(8

)
w

h
er

e
o
n

ly
a

si
n

gl
e-

st
ag

e
sa

m
p

li
n

g
is

p
re

se
n
t,

h
en

ce
w

e
h

av
e

to
ve

ri
fy

th
e

a
ss

o
ci

at
ed

co
n

d
it

io
n

s.
T

h
o
u

gh
w

e
m

a
ke

u
se

o
f

th
es

e
re

su
lt

s,
th

e
a
n

a
ly

si
s

st
il

l
re

m
ai

n
s

ch
al

le
n
gi

n
g
;

th
e

av
a
il

a
b

le
b

ou
n

d
s

ca
n

m
o
d

er
a
te

ly
sh

o
rt

en
o
u

r
p

ro
of

.
W

e
m

u
st

ta
ke

p
a
rt

ic
u

la
r

ca
re

in
ve

ri
fy

in
g

th
at

C
ap

o
n

n
et

to
a
n

d
D

e
V

it
o

(2
0
07

)’
s

co
n

d
it

io
n

s
a
re

m
et

,
si

n
ce

th
ey

n
ee

d
to

h
ol

d
fo

r
th

e
sp

ac
e

o
f

m
ea

n
em

be
d
d
in

gs
o
f

th
e

d
is

tr
ib

u
ti

o
n

s
(X

=
µ
( M

+ 1
(X

))
),

w
h

o
se

p
ro

p
er

ti
es

a
s

a
fu

n
ct

io
n

of
X

an
d
H

m
u

st
th

em
se

lv
es

b
e

es
ta

b
li

sh
ed

.

O
u

r
a
ss

u
m

p
ti

o
n

s
ar

e
a
s

fo
ll

ow
s:

1.
(X
,τ

)
is

a
se

p
ar

a
b

le
,

to
p

ol
o
gi

ca
l

sp
a
ce

. 1
0
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L

R
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L
e
a
r
n
in

g
T

h
e
o
r
y

f
o
r

D
ist

r
ib

u
t
io

n
R

e
g

r
e
ssio

n

2
.
Y

is
a

sep
a
rab

le
H

ilb
ert

sp
a
ce.

3
.
k

is
b

o
u

n
d

ed
,
in

o
th

er
w

o
rd

s∃
B
k
<
∞

su
ch

th
a
t

su
p
u∈

X
k
(u
,u

)≤
B
k ,

a
n

d
co

n
tin

u
o
u

s.
4
.

T
h

e
{
K
µ
a }
µ
a ∈
X

o
p

erato
r

fa
m

ily
is

u
n

iform
ly

b
ou

n
d

ed
in

H
ilb

ert-S
ch

m
id

t
n

o
rm

a
n

d
H

ö
ld

er
con

tin
u

o
u

s
in

o
p

era
to

r
n

o
rm

.
F

o
rm

a
lly,∃

B
K
<
∞

su
ch

th
a
t

‖
K
µ
a ‖

2L
2
(Y
,H

)
=
T
r (K

∗µ
a K

µ
a )≤

B
K
,

(∀
µ
a ∈

X
),

(11)

a
n

d
∃
L
>

0,
h
∈

(0,1
]
su

ch
th

at
th

e
m

a
p

p
in

g
K

(·)
:
X
→

L
(Y
,H

)
is

H
öld

er
co

n
tin

u
o
u

s:

‖
K
µ
a −

K
µ
b ‖

L
(Y
,H

) ≤
L
‖µ

a −
µ
b ‖
hH
,
∀
(µ
a ,µ

b )∈
X
×
X
.

(1
2)

5.
y

is
b

o
u

n
d

ed
:∃
C
<
∞

su
ch

th
at‖y‖

Y
≤
C

a
lm

o
st

su
rely.

T
h

ese
req

u
irem

en
ts

h
o
ld

u
n

d
er

m
ild

co
n

d
ition

s:
in

S
ectio

n
8
,

w
e

p
rov

id
e

in
sig

h
t

in
to

th
e

co
n

seq
u

en
ces

o
f

o
u

r
a
ssu

m
p

tion
s,

w
ith

severa
l

co
n

crete
illu

stra
tio

n
s

(e.g
.

regressio
n

w
ith

set-
an

d
R

B
F

-ty
p

e
kern

els).

4
.

E
rro

r
B

o
u
n
d
s,

C
o
n
siste

n
cy

&
C

o
m

p
u
ta

tio
n
a
l-S

ta
tistica

l
E

ffi
cie

n
cy

T
ra

d
e
-o

ff

In
th

is
section

,
w

e
p

resen
t

ou
r

a
n

a
ly

sis
o
f

th
e

co
n

sisten
cy

of
th

e
m

ea
n

em
b

ed
d

in
g

b
a
sed

rid
g
e

reg
ression

(M
E

R
R

)
m

eth
o
d

.

G
iven

th
e

estim
ator

(f
λẑ
)

in
E

q
.

(9
),

w
e

d
eriv

e
fi

n
ite-sa

m
p

le
h

ig
h

p
ro

b
a
b

ility
u

p
p
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λẑ

[E
q
.

(9)],

11
JM

L
R

 17(152):1-40

S
z
a
b
ó
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ó
et

a
l.,

2015,
S

ection
A

.1.8):

E (f
λẑ
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n

n
(2

0
0
8
)

fo
r

a
d
is

cu
ss

io
n

o
f

th
es

e
sp

ec
tr

a
l

d
ec

a
y

p
ro

pe
rt

ie
s.

In
th

e
P

(b
,c

)
fa

m
il

y,
th

e
b

eh
av

io
u

r
of

A
(λ

),
B

(λ
)

an
d
N

(λ
)

is
k
n

ow
n

:
A

(λ
)
≤
R
λ
c
,
B

(λ
)
≤

R
λ
c−

1
,
N

(λ
)
≤
β

b
b−

1
λ
−

1 b
.

S
p

ec
ia

li
zi

n
g

T
h
eo

re
m

2
an

d
re

ta
in

in
g

it
s

as
su

m
p

ti
o
n

s,
w

e
g
et

:

T
h

e
o
re

m
4

(F
in

it
e
-s

a
m

p
le

e
x
c
e
ss

ri
sk

b
o
u

n
d

fo
r
ρ
∈
P

(b
,c

))
S

u
p
po

se
th

e
co

n
d
it

io
n

s
in

T
h
eo

re
m

2
h
o
ld

.
L

et
ρ
∈
P

(b
,c

),
w

h
er

e
1
<
b

a
n

d
c
∈

(1
,2

].
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S
z
a
b
ó

e
t

a
l
.

T
h
en

E
( f

λ ẑ
,f
ρ

)
≤

5

{
4
L

2
( 1

+
√

lo
g
(l

)
+
δ)

2
h

(2
B
k
)h

λ
N
h

[ C
2

+
4
B
K
×

×
(
C
η

{
2 λ

[ M
2
B
K

l2
λ

+
Σ

2
β
b

(b
−

1)
lλ

1 b

]
+

3

4λ
2

[ 4
B

2 K
R
λ
c−

1

l2
+
B
K
R
λ
c

l

]}
+
R
λ
c−

1
+
‖f
ρ
‖2 H

)
]

+
R
λ
c

+
C
η

[ B
2 K
R
λ
c−

2

l2
+
B
K
R
λ
c−

1

4l
+
B
K
M

2

l2
λ

+
Σ

2
β
b

(b
−

1
)l
λ

1 b

]}
.

D
is

ca
rd

in
g

th
e

co
n

st
a
n
ts

in
T

h
eo

re
m

4
,

th
e

st
u

d
y

o
f

co
n
ve

rg
en

ce
o
f

th
e

ex
ce

ss
ri

sk
E(
f
λ ẑ
,f
ρ
)

to
0

b
o
il

s
d

ow
n

to
fi
n

d
in

g
N

an
d
λ

(a
s

a
fu

n
ct

io
n

o
f
l)

w
h

er
e
N
→
∞

,
λ
→

0
an

d

r(
l,
N
,λ

)
=

lo
g
h
(l

)

N
h
λ

(
1

λ
2
l2

+
1

+
1

lλ
1
+

1 b

)
+
λ
c

+
1 l2
λ

+
1

lλ
1 b

→
0
,

s.
t.
lλ

b
+
1
b
≥

1,
lo

g
(l

)

λ
2 h

≤
N

(1
9)

as
l
→
∞

.
L

et
u

s
ch

o
os

e
N

=
la h

lo
g
(l

);
in

th
is

ca
se

E
q
.

(1
9)

re
d

u
ce

s
to

r(
l,
λ

)
=

1

l2
+
a
λ

3
+

1 la
λ

+
1

la
+

1
λ

2
+

1 b

+
λ
c

+
1 l2
λ

+
1

lλ
1 b

→
0
,

s.
t.
lλ

b
+
1
b
≥

1
,
la
λ

2
≥

1
.

(2
0)

O
n

e
ca

n
a
ss

u
m

e
th

a
t
a
>

0
,

o
th

er
w

is
e
r(
l,
λ

)
→

0
fa

il
s

to
h

o
ld

;
in

o
th

er
w

o
rd

s,
N

sh
o
u

ld
gr

ow
fa

st
er

th
an

lo
g
(l

).
M

a
tc

h
in

g
th

e
‘b

ia
s’

(λ
s
)

a
n

d
‘v

a
ri

a
n

ce
’

(o
th

er
)

te
rm

s
in
r(
l,
λ

)
to

ch
o
o
se
λ

,
an

d
g
u

ar
an

te
ei

n
g

th
a
t

th
e

m
a
tc

h
ed

te
rm

s
d

o
m

in
a
te

an
d

th
e

co
n

st
ra

in
ts

in
E

q
.

(2
0
)

h
ol

d
,

o
n

e
g
et

s
th

e
fo

ll
ow

in
g

si
m

p
le

d
es

cr
ip

ti
o
n

fo
r

th
e

co
m

p
u

ta
ti

o
n

a
l-

st
a
ti

st
ic

al
effi

ci
en

cy
tr

a
d

e-
off

:8

T
h

e
o
re

m
5

(C
o
m

p
u

ta
ti

o
n

a
l-

st
a
ti

st
ic

a
l

e
ffi

c
ie

n
c
y

tr
a
d

e
-o

ff
;

w
e
ll

-s
p

e
c
ifi

e
d

c
a
se

;
ρ
∈
P

(b
,c

))
S

u
p
po

se
th

e
co

n
d
it

io
n

s
in

T
h
eo

re
m

2
h
o
ld

.
L

et
ρ
∈
P

(b
,c

)
a
n

d
N

=
la h

lo
g
(l

),
w

h
er

e
0
<
a

,
1
<
b,
c
∈

(1
,2

].
If

•
a
≤

b(
c+

1
)

bc
+

1
,

th
en
E
( f

λ ẑ
,f
ρ

) =
O
p

( l−
a
c

c
+
1

)
w

it
h
λ

=
l−

a
c
+
1
,

•
a
≥

b(
c+

1
)

bc
+

1
th

en
E
( f

λ ẑ
,f
ρ

) =
O
p

( l−
b
c

b
c
+
1

)
w

it
h
λ

=
l−

b
b
c
+
1
.

R
e
m

a
rk

6
T

h
eo

re
m

5
fo

rm
u

la
te

s
a
n

ex
a
ct

co
m

p
u

ta
ti

o
n

a
l-

st
a
ti

st
ic

a
l

effi
ci

en
cy

tr
a
d
e-

o
ff

fo
r

th
e

ch
o
ic

e
o
f

th
e

ba
g

si
ze

(N
)

a
s

a
fu

n
ct

io
n

o
f

th
e

n
u

m
be

r
o
f

d
is

tr
ib

u
ti

o
n

s
(l

)
a
n

d
p
ro

bl
em

d
iffi

cu
lt

y
(b

,
c)

.

•
a
-d

ep
en

d
en

ce
:

A
sm

a
ll

er
ba

g
si

ze
(s

m
a
ll

er
a

;
N

=
la h

lo
g
(l

))
m

ea
n

s
co

m
p
u

ta
ti

o
n

a
l

sa
vi

n
gs

,
bu

t
re

d
u

ce
d

st
a
ti

st
ic

a
l

effi
ci

en
cy

.
It

is
n

o
t

w
o

rt
h

in
cr

ea
si

n
g
a

a
bo

ve
b(
c+

1
)

bc
+

1

si
n

ce
fr

o
m

th
a
t

po
in

t
th

e
ra

te
be

co
m

es
r(
l)

=
l−

b
c

b
c
+
1
;

re
m

a
rk

a
bl

y,
th

is
ra

te
is

m
in

im
a
x

in
th

e
o
n

e-
st

a
ge

sa
m

p
le

d
se

tu
p

(C
a
po

n
n

et
to

a
n

d
D

e
V

it
o
,

2
0
0
7
).

T
h
e

se
n

si
bl

e
ch

o
ic

e

a
=

b(
c+

1
)

bc
+

1
<

2
m

ea
n

s
th

a
t

th
e

o
n

e-
st

a
ge

sa
m

p
le

d
m

in
im

a
x

ra
te

ca
n

be
a
ch

ie
ve

d
in

th
e

tw
o
-s

ta
ge

sa
m

p
le

d
se

tt
in

g
w

it
h

ba
g

si
ze
N

su
b-

qu
a
d
ra

ti
c

in
l.

8
.

T
h
e

d
er

iv
a
ti

o
n
s

a
re

av
a
il

a
b
le

in
th

e
su

p
p
le

m
en

t
o
f
h
t
t
p
:
/
/
a
r
x
i
v
.
o
r
g
/
p
d
f
/
1
4
1
1
.
2
0
6
6
.
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L
e
a
r
n
in

g
T

h
e
o
r
y

f
o
r

D
ist

r
ib

u
t
io

n
R

e
g

r
e
ssio

n

•
h

-d
ep

en
d

en
ce:

In
a
cco

rd
w

ith
o
u

r
‘sm

oo
th

n
ess’

a
ssu

m
p
tio

n
s

it
is

rew
a
rd

in
g

to
u

se
sm

oo
th

er
K

kern
els

(la
rger

h
∈

(0,1])
sin

ce
th

is
red

u
ces

th
e

ba
g

size
[N

=
l
ah

log
(l)].

•
c-d

ep
en

d
en

ce:
T

h
e

strictly
d
ecrea

sin
g

p
ro

perty
o
f
c
7→

b(c+
1
)

bc+
1

im
p
lies

th
a
t

fo
r

‘sm
oo

th
er’

p
ro

blem
s

(la
rger

c)
few

er
sa

m
p
les

(N
)

a
re

su
ffi

cien
t.

B
elow

w
e

elab
orate

o
n

th
e

sketch
ed

h
ig

h
-level

id
ea

a
n

d
p

rove
T

h
eo

rem
2.

P
ro

o
f

o
f

T
h

e
o
re

m
2

(d
eta

iled
d

eriva
tion

s
o
f

ea
ch

step
ca

n
b

e
fo

u
n

d
in

S
ectio

n
7
.1

)

1
.

D
e
c
o
m

p
o
sitio

n
o
f

th
e

e
x
c
e
ss

risk
:

W
e

h
ave

th
e

fo
llow

in
g

u
p

p
er

b
o
u

n
d

fo
r

th
e

ex
cess

risk

E (f
λẑ
,f
ρ )

=
R
[f
λẑ ]−

R
[f
ρ ]≤

5
[S
−

1
+
S

0
+
A

(λ
)

+
S

1
+
S

2 ].
(2

1)

2
.

It
is

su
ffi

c
ie

n
t

to
u

p
p

e
r

b
o
u

n
d
S
−

1
a
n

d
S

0 :
C

a
p

o
n

n
etto

a
n

d
D

e
V

ito
(2

0
0
7
)

h
ave

sh
ow

n
th

a
t

for
∀
η
>

0
if
l≥

2
C
η B

K
N

(λ
)/
λ

,
λ
≤
‖
T‖

L
(H

) ,
th

en
P

(Θ
(λ
,z

)
≤

1/
2
)
≥

1−
η
/3

,
w

h
ere

Θ
(λ
,z

)
=
∥∥

(T
−
T
x
)(T

+
λ
I
) −

1 ∥∥
L

(H
)
,

(22
)

u
sin

g
w

h
ich

u
p

p
er

b
ou

n
d

s
on

S
1

a
n

d
S

2
th

a
t

h
o
ld

w
ith

p
rob

a
b

ility
1−

η
a
re

ob
ta

in
ed

.
It

is
k
n

ow
n

th
a
t
A

(λ
)≤

R
λ
c.

3
.

P
ro

b
a
b

ilistic
b

o
u

n
d

s
o
n
‖g

ẑ −
g
z ‖

2H
,‖
T
x −

T
x̂ ‖

2L
(H

) ,‖ √
T

(T
x̂

+
λ
I
) −

1‖
2L

(H
) ,‖f

λz ‖
2H

:
O

n
e

ca
n

b
ou

n
d
S
−

1
a
n

d
S

0
as

S
−

1 ≤
∥∥ √

T
(T

x̂
+
λ
I
) −

1 ∥∥
2L

(H
) ‖
g
ẑ −

g
z ‖

2H

an
d

S
0 ≤

∥∥ √
T

(T
x̂

+
λ
I
) −

1 ∥∥
2L

(H
) ‖
T
x −

T
x̂ ‖

2L
(H

) ∥∥
f
λz ∥∥

2H
.

F
o
r

th
e

term
s

on
th

e
r.h

.s.,
w

e
d

erive
u

p
p

er
b

o
u

n
d

s
[fo

r
th

e
d
efi

n
itio

n
o
f
α

,
see

E
q
.

(2
4
)]

‖g
ẑ −

g
z ‖

2H
≤
L

2C
2
(1

+
√
α

)
2
h

(2B
k )
h

N
h

,
∥∥∥ √

T
(T

x̂
+
λ
I
) −

1 ∥∥∥
L

(H
) ≤

2√λ
,

‖
T
x −

T
x̂ ‖

2L
(H

) ≤
(1

+
√
α

)
2
h

2
h

+
2(B

k )
hB

K
L

2

N
h

,

a
n

d

∥∥∥
f
λz ∥∥∥

2H
≤

6 (
1
6λ

lo
g

2 (
6η )
[
M

2B
K

l 2λ
+

Σ
2N

(λ
)

l

]
(2

3)

+
4λ
2

lo
g

2 (
6η )
[

4B
2K
B

(λ
)

l 2
+
B
K
A

(λ
)

l

]
+
B

(λ
)

+
‖f
ρ ‖

2H )
.

T
h

e
b

o
u

n
d

s
h

o
ld

u
n

d
er

th
e

fo
llow

in
g

co
n

d
itio

n
s:

1
5
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S
z
a
b
ó

e
t

a
l
.

•
‖
g
ẑ −

g
z ‖

2H
(see

S
ection

7.1.1):
if

th
e

em
p

irical
m

ean
em

b
ed

d
in

g
s

are
clo

se
to

th
eir

p
op

u
lation

cou
n
terp

arts,
i.e.,

‖
µ
x
i −

µ
x̂
i ‖
H
≤

(1
+
√
α

) √
2
B
k

√
N

,
(∀
i

=
1,...,l).

(24)

T
h

is
ev

en
t

h
as

p
rob

ab
ility

1−
le −

α
over

all
i

=
1
,...,l

sam
p

les;
see

(A
ltu

n
an

d
S

m
ola,

2006)
an

d
(S

zab
ó

et
al.,

2015,
S

ection
A

.1.10).

•
‖
T
x −

T
x̂ ‖

2L
(H

)
(see

S
ection

7.1.2):
(24)

is
assu

m
ed

.

•
‖ √

T
(T

x̂
+
λ
I
) −

1‖
2L

(H
)

(S
zab

ó
et

al.,
2015

,
S

ectio
n

A
.1.1

1):
(24),

Θ
(λ
,z

)≤
12 ,

a
n

d

(1
+
√
α

)
2

2
h
+
6

h
B
k (B

K
)
1h
L

2h

λ
2h

≤
N
.

(25)

•
‖
f
λz ‖

2H
:

T
h

e
b

ou
n

d
is

gu
aran

teed
to

h
old

u
n

d
er

th
e

co
n

d
ition

s
o
f

th
e

b
ou

n
d

s
of
S

1

an
d
S

2 . 8

4.
U

n
io

n
b

o
u

n
d

:
B

y
ap

p
ly

in
g

an
α

=
log

(l)
+
δ

rep
aram

eterization
,

an
d

com
b

in
in

g
th

e
received

u
p

p
er

b
ou

n
d

s
w

ith
C

ap
on

n
etto

an
d

D
e

V
ito

(20
07)’s

resu
lts

for
S

1
an

d
S

2 ,
T

h
eorem

2
fo

llow
s

(S
ection

7.1.3)
w

ith
a

u
n

ion
b

ou
n

d
.

F
in

ally,
w

e
n

ote
th

at
ex

istin
g

resu
lts/id

eas
w

ere
u

sed
at

tw
o

p
oin

ts
to

sim
p

lify
o
u

r
an

al-

y
sis:

b
ou

n
d

in
g
S

1 ,
S

2 ,
Θ

(λ
,z

), ∥∥
f
λz ∥∥

2H
(C

ap
on

n
etto

an
d

D
e

V
ito,

2
007)

a
n

d
‖
µ
x
i −

µ
x̂
i ‖
H

(A
ltu

n
a
n

d
S

m
ola

,
2006). 9
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R
e
su

lts
fo

r
th

e
M

issp
e
c
ifi

e
d

C
a
se

In
th

is
section

,
w

e
fo

cu
s

on
th

e
m

issp
ecifi

ed
case

(f
ρ ∈

L
2ρ
X \

H
)

an
d

p
resen

t
ou

r
secon

d
m

ain
resu

lt,
w

h
ich

w
a
s

in
sp

ired
b
y

th
e

p
ro

of
tech

n
iq

u
e

of
S

rip
eru

m
b

u
d

u
r

et
al.

(201
4,

T
h

eo
rem

12
).

W
e

d
erive

a
h

igh
p

rob
ab

ility
u

p
p

er
b

ou
n

d
fo

r
E
(f

λẑ
,f
ρ ),

i.e.,
th

e
ex

cess
risk

o
f

th
e

M
E

R
R

m
eth

o
d

(T
h

eorem
7)

w
h

ich
gives

rise
to

con
sisten

cy
resu

lts
(3

rd
b

u
llet

of
R

em
ark

8)
an

d
p

recise
com

p
u

tation
al-statistical

effi
cien

cy
trad

e-off
(T

h
eorem

9).
T

h
eorem

7
con

sists
of

tw
o

fi
n

ite-sam
p

le
b

ou
n

d
s:

1.
T

h
e

fi
rst,

m
ore

gen
eral

b
ou

n
d

[E
q
.

(27)]
w

ill
b

e
u

sed
to

sh
ow

con
sisten

cy
in

th
e

m
issp

ecifi
ed

case
(see

th
e

3rd
b

u
llet

of
R

em
ark

8),
in

o
th

er
w

ord
s

th
atE

(f
λẑ
,f
ρ )

can
b

e
d

riven
to

its
sm

allest
p

ossib
le

valu
e

d
eterm

in
ed

b
y

th
e

“rich
n

ess”
of

H
:

D
2H

:=
in

f
q∈

H
‖
f
ρ −

S
∗K
q‖

2ρ
.

(26)

T
h

e
va

lu
e

of
D

H
eq

u
als

th
e

ap
p

rox
im

ation
error

of
f
ρ

b
y

a
fu

n
ction

from
H

.
S

p
ecifi

-
cally,

if
H

[p
recisely

S
∗K

(H
)

=
{
S
∗K
q

:
q∈

H
}
⊆
L

2ρ
X

]
is

d
en

se
in
L

2ρ
X

,
th

en
D

H
=

0.

9
.

W
e

a
lso

co
rrected

so
m

e
co

n
sta

n
ts

in
th

e
p
rev

io
u
s

w
o
rk

s
(A

ltu
n

a
n
d

S
m

o
la

,
2
0
0
6
;

C
a
p

o
n
n
etto

a
n

d
D

e
V

ito
,

2
0
0
7
).
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L
e
a
r
n
in

g
T

h
e
o
r
y

f
o
r

D
is

t
r
ib

u
t
io

n
R

e
g

r
e
ss

io
n

2.
T

h
e

se
co

n
d

,
sp

ec
ia

li
ze

d
re

su
lt

[E
q
.

(2
8)

]
u

n
d

er
ad

d
it

io
n

al
sm

o
ot

h
n

es
s

a
ss

u
m

p
ti

o
n

s
on

f ρ
w

il
l

gi
v
e

ri
se

to
a

p
re

ci
se

co
m

p
u

ta
ti

on
al

-s
ta

ti
st

ic
al

effi
ci

en
cy

tr
a
d

e-
o
ff

in
te

rm
s

of
th

e
p

ro
b

le
m

d
iffi

cu
lt

y
(s

)
an

d
sa

m
p

le
n
u

m
b

er
s

(l
,
N

);
th

is
re

su
lt

ca
n

b
e

se
en

a
s

th
e

m
is

sp
ec

ifi
ed

an
al

og
u

e
of

T
h

eo
re

m
5.

A
ft

er
st

at
in

g
ou

r
re

su
lt

s,
th

e
m

ai
n

id
ea

s
of

th
e

p
ro

of
fo

ll
ow

;
fu

rt
h

er
te

ch
n

ic
a
l

d
et

a
il

s
ar

e
av

ai
la

b
le

in
S

ec
ti

on
7.

2.
O

u
r

m
ai

n
th

eo
re

m
fo

r
b

ou
n

d
in

g
th

e
ex

ce
ss

ri
sk

is
a
s

fo
ll

ow
s:

T
h

e
o
re

m
7

(F
in

it
e
-s

a
m

p
le

e
x
c
e
ss

ri
sk

b
o
u

n
d

s;
m

is
sp

e
c
ifi

e
d

c
a
se

)
L

et
l
∈

Z+
,

N
∈

Z+
,

0
<
λ

,
0
<
η
<

1,
0
<
δ

a
n

d
C
η

=
lo

g
( 6 η

) .
A

ss
u

m
e

th
a
t
( 1

2
B
K

λ
C
η

) 2
≤
l

a
n

d
( 1

+
√

lo
g
(l

)
+
δ)

2
2
h
+
6

h
B
k
(B

K
)
1 h
L

2 h
/λ

2 h
≤
N

.

1
.

T
h
en

fo
r

a
rb

it
ra

ry
q
∈
H

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
η
−
e−

δ

√
E
( f

λ ẑ
,f
ρ

) ≤
2
L
C
( 1

+
√

lo
g
(l

)
+
δ)

h
(2
B
k
)h 2

√
λ
N

h 2

( 1
+

2
√
B
K

√
λ

)
+

(2
7)

2
C
η

√
λ

{
(

2
C
√
B
K

l
+
C
√
B
K

√
l

)
+

(
2
B
K l

+
σ √
l)

1 λ

√
λ
‖f
ρ
‖ ρ
D
a
(λ
,q

)}
+
D
a
(λ
,q

),

w
h
er

e
D
a
(λ
,q

)
=
‖f
ρ
−
S
∗ K
q‖
ρ

+
m

ax
(1
,‖
T
‖ L

(H
))
λ

1 2
‖q
‖ H

.

2
.

In
a
d
d
it

io
n

,
su

p
po

se
f ρ
∈
I
m

(T̃
s
)

fo
r

so
m

e
s
>

0
,

w
h
er

e
T̃

is
d
efi

n
ed

in
E

q.
(6

).
T

h
en

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
η
−
e−

δ
,

w
e

h
a
ve

√
E
( f

λ ẑ
,f
ρ

) ≤
2
L
C
( 1

+
√

lo
g
(l

)
+
δ)

h
(2
B
k
)h 2

√
λ
N

h 2

( 1
+

2
√
B
K

√
λ

)
+

2
C
η

√
λ

{
(

2C
√
B
K

l
+
C
√
B
K

√
l

)
+

(
2B

K l
+

σ √
l)

1 λ
×

√
m

ax

( 1
,∥ ∥ ∥
T̃
∥ ∥ ∥s L

(L
2 ρ
X

))
λ
∥ ∥ ∥T̃
−
s
f ρ

∥ ∥ ∥ ρ
D
b
(λ
,s

)}
+
D
b
(λ
,s

),
(2

8)

w
h
er

e
D
b
(λ
,s

)
=

m
ax

(1
,‖
T̃
‖s
−

1
L

(L
2 ρ
X

))
λ

m
in

(1
,s

) ‖
T̃
−
s
f ρ
‖ ρ

.

R
e
m

a
rk

8
W

e
gi

ve
a

sh
o
rt

in
si

gh
t

in
to

th
e

a
ss

u
m

p
ti

o
n

s
o
f

T
h
eo

re
m

7
,

fo
ll

o
w

ed
by

co
n

se
-

qu
en

ce
s

o
f

th
e

th
eo

re
m

.
•

R
an

ge
sp

ac
e

as
su

m
p

ti
on

on
f ρ

:
T

h
e

ra
n

ge
sp

a
ce

a
ss

u
m

p
ti

o
n

fo
r

th
e

co
m

pa
ct

,
po

si
-

ti
ve

,
se

lf
-a

d
jo

in
t

o
pe

ra
to

r,
T̃

=
T̃

(K
)

:
L

2 ρ
X
→

L
2 ρ
X

in
th

e
2
n

d
pa

rt
o
f

T
h
eo

re
m

7
ca

n
be

in
te

rp
re

te
d

si
m

il
a
rl

y
to

th
a
t

o
n
T

;
se

e
E

q.
(1

8)
.

O
n

e
ca

n
a
ls

o
p
ro

ve
a
lt

er
n

a
-

ti
ve

d
es

cr
ip

ti
o
n

s
fo

r
I
m

(T̃
s
)

in
te

rm
s

o
f

in
te

rp
o
la

ti
o
n

sp
a
ce

s
(S

te
in

w
a
rt

a
n

d
S

co
ve

l,
2
0
1
2
,

T
h
eo

re
m

4
.6

,
pa

ge
3
8
7
),

o
r

th
e

d
ec

a
y

o
f

th
e

2
-a

p
p
ro

xi
m

a
ti

o
n

er
ro

r
fu

n
ct

io
n

,

A
2
(λ

)
=

in
f f
∈H

(K
)

( λ
‖f
‖2 H

(K
)

+
R

[f
]−
R

[f
ρ
])

(S
m

a
le

a
n

d
Z

h
o
u

,
2
0
0
3
;

S
te

in
w

a
rt

et
a
l.

,

2
0
0
9
).
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S
z
a
b
ó

e
t

a
l
.

•
√
E
( f

λ ẑ
,f
ρ

) :
N

o
ti

ce
th

a
t

in
th

e
bo

u
n

d
s

[(
2
7
),

(2
8)

],
in

st
ea

d
o
f

th
e

ex
ce

ss
ri

sk
,

it
s

sq
u

a
re

ro
o
t

a
p
pe

a
rs

;
th

is
h
a
s

te
ch

n
ic

a
l

re
a
so

n
s,

a
s

it
is

ea
si

er
to

h
a
ve

th
e
D
a
(λ
,q

)
qu

a
n

ti
ty

(w
it

h
o
u

t
m

u
lt

ip
li

ca
ti

ve
co

n
st

a
n

ts
)

a
p
pe

a
r

o
n

th
e

r.
h
.s

.
o
f

E
q.

(2
7
)

w
it

h
th

is
fo

rm
.

•
C

o
n

si
st

en
cy

in
th

e
m

is
sp

ec
ifi

ed
ca

se
:

T
h
e

co
n

se
qu

en
ce

o
f

T
h
eo

re
m

7
(1

)
is

a
s

fo
ll

o
w

s.
D

is
ca

rd
in

g
th

e
co

n
st

a
n

ts
in

E
q.

(2
7
),

w
e

o
bt

a
in

th
e

u
p
pe

r
bo

u
n

d
(n

o
ti

ce
th

a
t

th
e

co
n

st
a
n

t
m

u
lt

ip
li

er
o
f
‖f
ρ
−
S
∗ K
q‖
ρ

in
th

e
la

st
te

rm
w

a
s

o
n

e)
:

√
r(
l,
N
,λ
,q

)
=

lo
g
h 2
(l

)

N
h 2
λ

+
1 √
lλ

+

√
∥ ∥ f

ρ
−
S
∗ K
q∥ ∥

ρ
+
√
λ
‖q
‖ H

λ
√
l

+
‖f
ρ
−
S
∗ K
q‖
ρ

+
√
λ
‖q
‖ H

.

B
y

ch
oo

si
n

g
N

=
l1
/
h

lo
g
l,
√
r(
l,
λ

)
is

bo
u

n
d
ed

by

in
f

q
∈H

  
‖f
ρ
−
S
∗ K
q‖
ρ

+

√
∥ ∥ f

ρ
−
S
∗ K
q∥ ∥

ρ

λ
√
l

+

√
‖q
‖ H

λ
3 4

√
l

+
√
λ
‖q
‖ H

  
+
O
p

(
1 √
λ
l)

.

O
u

r
go

a
l

is
to

in
ve

st
ig

a
te

th
e

be
h
a
vi

o
r

o
f

th
e

bo
u

n
d

a
s
l
→
∞

,
λ
→

0
a
n

d
λ
√
l
→

∞
.

D
efi

n
e
K

(α
,β
,γ

)
:=

in
f q
∈H
{ ‖
f ρ
−
S
∗ K
q‖
ρ

+
α
√
∥ ∥ f

ρ
−
S
∗ K
q∥ ∥

ρ
+
β
√
‖q
‖ H

+
γ
‖q
‖ H
} .

K
(α
,β
,γ

)
is

th
e

po
in

tw
is

e
in

fi
m

u
m

o
f

a
ffi

n
e

fu
n

ct
io

n
s,

th
er

ef
o
re

it
is

u
p
pe

r
se

m
i-

co
n

ti
n

u
o
u

s
a
n

d
co

n
ca

ve
o
n

R
3

(A
li

p
ra

n
ti

s
a
n

d
B

o
rd

er
,

2
0
0
6
,

L
em

m
a
s

2
.4

1
a
n

d
5
.4

0
);

it
is

co
n

ti
n

u
o
u

s
o
n
×

3 i=
1
R
>

0
(R

oc
ka

fe
ll

a
r

a
n

d
W

et
s,

2
0
0
8
,

T
h
eo

re
m

2
.3

5
).

M
o
re

-
o
ve

r,
by

a
p
p
ly

in
g

(R
oc

ka
fe

ll
a
r

a
n

d
W

et
s,

2
0
0
8
,

C
o
ro

ll
a
ry

2
.3

7
)

it
ex

te
n

d
s

co
n

ti
n

u
o
u

sl
y

to
×

3 i=
1
R
≥

0
;

sp
ec

ifi
ca

ll
y

it
is

co
n

ti
n

u
o
u

s
a
t

(α
,β
,γ

)
=

0
.

In
o
th

er
w

o
rd

s,
a
s
l
→
∞

,
λ
→

0

a
n

d
λ
√
l
→
∞

,
K

(
1
λ
√
l,

1

λ
3 4
√
l,
√
λ

)
→

D
H

a
n

d
w

e
ge

t
co

n
si

st
en

cy
in

th
e

m
is

sp
ec

ifi
ed

ca
se

,1
0

√
r(
N
,l
,λ

)
→
D

H
.

D
is

ca
rd

in
g

th
e

co
n

st
a
n
ts

in
E

q
.

(2
8
)

w
e

g
et

1
0

√
r(
l,
N
,λ

)
=

lo
g
h 2
(l

)

N
h 2
λ

+
1 √
lλ

+

√
λ

m
in

(1
,s

)

λ
√
l

+
λ

m
in

(1
,s

) ,
su

b
je

ct
to

1 λ
2
≤
l.

(2
9)

O
u

r
go

al
is

to
d

ri
ve

r(
l,
N
,λ

)
to

ze
ro

w
it

h
a

su
it

a
b

le
ch

o
ic

e
o
f

th
e

(l
,N
,λ

)
tr

ip
le

t
u

n
d

er
th

e
st

ro
n

ge
r

ra
n

ge
sp

a
ce

a
ss

u
m

p
ti

on
.

S
in

ce
in

E
q
.

(2
9
)

m
in

(1
,s

)
a
p

p
ea

rs
,

on
e

ca
n

as
su

m
e

w
it

h
ou

t
lo

ss
of

ge
n

er
al

it
y

th
a
t
s
∈

(0
,1

];
co

n
se

q
u

en
tl

y
1
−

s 2
∈
[ 1 2
,1
)

a
n

d
1

l1 2
λ

1 2
≤

1

λ
1
−
s 2
l1 2

.

L
et

u
s

ch
o
os

e
N

=
l2
a
/
h

lo
g
(l

);
in

th
is

ca
se

u
si

n
g

th
e

p
re

v
io

u
s

d
o
m

in
a
n

ce
n

o
te

,
E

q
.

(2
9
)

re
d

u
ce

s
to

th
e

st
u

d
y

o
f √
r(
l,
λ

)
=

1 la
λ

+
1

λ
1
−
s 2
l1 2

+
λ
s
→

0,
s.

t.
lλ

2
≥

1.
(3

0
)

O
n

e
ca

n
as

su
m

e
th

at
a
>

0,
o
th

er
w

is
e
r(
l,
λ

)
→

0
fa

il
s

to
h

o
ld

:
in

ot
h

er
w

o
rd

s,
N

sh
o
u

ld
g
ro

w
fa

st
er

th
an

lo
g
(l

).
M

a
tc

h
in

g
th

e
‘b

ia
s’

(λ
s
)

a
n

d
‘v

a
ri

a
n

ce
’

(o
th

er
)

te
rm

s
in
r(
l,
λ

)
to

ch
o
os

e
λ

,
g
u

ar
an

te
ei

n
g

th
at

th
e

m
a
tc

h
ed

te
rm

s
d

o
m

in
a
te

a
n

d
th

e
co

n
st

ra
in

t
in

E
q
.

(3
0)

h
o
ld

,
o
n

e
ca

n
a
rr

iv
e

a
t

th
e

fo
ll

ow
in

g
co

m
p
u

ta
ti

o
n

a
l-

st
at

is
ti

ca
l

effi
ci

en
cy

tr
ad

e-
off

:8

1
0
.

W
e

h
av

e
d
is

ca
rd

ed
th

e
lo

g
(l

)/
λ

2 h
≤
N

co
n
st

ra
in

t
im

p
li

ed
b
y

th
e

co
n
v
er

g
en

ce
o
f

th
e

fi
rs

t
te

rm
in
√
r.
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L
e
a
r
n
in

g
T

h
e
o
r
y

f
o
r

D
ist

r
ib

u
t
io

n
R

e
g

r
e
ssio

n

T
h

e
o
re

m
9

(C
o
m

p
u

ta
tio

n
a
l-sta

tistic
a
l

e
ffi

c
ie

n
c
y

tra
d

e
-o

ff
;

m
issp

e
c
ifi

e
d

c
a
se

,

f
ρ
∈
I
m

(T̃
s))

S
u

p
po

se
th

a
t
f
ρ
∈
I
m

(T̃
s)

a
n

d
N

=
l
2
ah

lo
g
(l),

w
h
ere

s
∈

(0,1
],
a
>

0
.

If

•
a
≤

s+
1

s+
2 ,

th
en
E
(f

λẑ
,f
ρ )

=
O
p (
l −

2
s
a

s
+
1 )

w
ith

λ
=
l −

a
s
+
1,

•
a
≥

s+
1

s+
2 ,

th
en
E
(f

λẑ
,f
ρ )

=
O
p (
l −

2
s

s
+
2 )

w
ith

λ
=
l −

1
s
+
2.

R
e
m

a
rk

1
0

T
h
eo

rem
9

p
ro

vid
es

a
co

m
p
lete

co
m

p
u

ta
tio

n
a
l-sta

tistica
l

effi
cien

cy
tra

d
e-o

ff
d
escrip

tio
n

fo
r

th
e

ch
o
ice

o
f

th
e

ba
g

size
(N

)
a
s

a
n

u
m

ber
o
f

th
e

d
istribu

tio
n

s
(l).

•
a
-d

ep
en

d
en

ce:
A

sm
a
ller

va
lu

e
o
f

‘a
’

(sm
a
ller

ba
gs
N

=
l 2
a
/
h

log
(l))

lea
d
s

to
a

co
m

p
u

-
ta

tio
n

a
l

a
d
va

n
ta

ge,
bu

t
o
n

e
loo

ses
in

sta
tistica

l
effi

cien
cy.

A
s

‘a
’

rea
ch

es
s+

1
s+

2 ,
th

e
ra

te

beco
m

es
r(l)

=
l −

2
s

s
+
2

a
n

d
o
n

e
d
oes

n
o
t

ga
in

fro
m

fu
rth

er
in

crea
sin

g
th

e
va

lu
e

o
f
a

.
T

h
e

sen
sible

ch
o
ice

o
f
a

=
s+

1
s+

2
≤

23
m

ea
n

s
th

a
t
N

ca
n

a
ga

in
be

su
b

-q
u

a
d

ra
tic

(2a
<

43
<

2)
in
l.

•
h

-d
ep

en
d

en
ce:

B
y

u
sin

g
sm

oo
th

er
K

kern
els

(la
rger

h
∈

(0,1
])

o
n

e
ca

n
red

u
ce

th
e

size
o
f

th
e

ba
gs:

h
7→

2
a
/
h

is
d
ecrea

sin
g

in
h

.
T

h
is

is
co

m
pa

tible
w

ith
o
u

r
sm

oo
th

n
ess

requ
irem

en
t

o
n
f
ρ .

•
s-d

ep
en

d
en

ce:
“

E
a
sier”

ta
sks

(la
rger

s)
give

rise
to

fa
ster

co
n

vergen
ce.

In
d
eed

,
in

th
e

r(l)
=
l −

2
s

s
+
2

ra
te

th
e
s
7→

2
s

s+
2

expo
n

en
t

is
strictly

in
crea

sin
g

fu
n

ctio
n

o
f

th
e

p
ro

blem
d
iffi

cu
lty

(s).
F

o
r

exa
m

p
le,

fo
r

extrem
ely

n
o
n

-sm
oo

th
regressio

n
p
ro

blem
s

(s
≈

0)
th

e
co

n
vergen

ce
ca

n
be

a
rbitra

ry
slo

w
(lim

s→
0

2
s

s+
2

=
0
).

In
th

e
sm

oo
th

ca
se

(s
=

1
)

lim
s→

1
2
s

s+
2

=
23

a
n

d
o
n

e
ca

n
a
ch

ieve
th

e
r(l)

=
l −

23
ra

te.

•
W

e
m

a
y

co
m

pa
re

o
u

r
r(l)

=
l −

2
s

s
+
2

resu
lt

w
ith

th
e
r
o (l)

=
l −

2
s

2
s
+
1

(o
n

e-sta
ge

sa
m

p
led

)
ra

te
(S

tein
w

a
rt

et
a
l.,

2
0
0
9
,
β
/2

:=
s,
q

:=
2,
p

:=
1

in
C

o
ro

lla
ry

6
),

w
h
ich

w
a
s

sh
o
w

n
to

be
a
sym

p
to

tica
lly

o
p
tim

a
l

o
n
Y

=
R

fo
r

co
n

tin
u

o
u

s
k

o
n

co
m

pa
ct

m
etric

X
.

S
tein

w
a
rt

et
a
l.’s

resu
lt

is
m

o
re

gen
era

l
in

term
s

o
f
q

(‖f‖
qH

ba
sed

regu
la

riza
tio

n
)

a
n

d
p

(‖
f‖∞

≤
C
‖
f‖

pH
‖f‖

1−
p

ρ
,
∀
f
∈

H
;

in
o
u

r
ca

se
p

=
1
),

a
lth

o
u

gh
it

im
po

ses
a
n

ad
d

ition
al

eigen
va

lu
e

co
n

stra
in

t
[(S

tein
w

a
rt

et
a
l.,

2
0
0
9
,

E
q.

(6
))]

a
s

w
ell

a
s
f
ρ ∈

I
m

(T̃
s).

M
o
reo

ver,
o
n

e
ca

n
o
bserve

th
a
t
r
o (l)

≤
r(l)

w
ith

a
sm

a
ll

ga
p
,

a
n

d
th

a
t

fo
r
s
→

0
a
n

d
s

=
1
,
r
o (l)

=
r(l);

see
F

ig.
1
.

W
e

fu
rth

er
rem

in
d

th
e

rea
d
er

th
a
t

o
u

r
M

E
R

R
a
n

a
lysis

a
lso

h
o
ld

s
fo

r
sep

a
ra

b
le

H
ilb

ert
o
u

tp
u

t
spa

ces
Y

,
sep

a
ra

b
le

to
p

o
lo

g
ica

l
d
o
m

a
in

s
X

en
rich

ed
w

ith
a

bo
u

n
d
ed

,
co

n
tin

u
o
u

s
kern

el
k

,
a
n

d
th

a
t

w
e

h
a
n

d
le

th
e

tw
o-

stag
e

sam
p

led
settin

g.

T
h

e
m

ain
step

s
of

th
e

p
ro

o
f

o
f

T
h

eo
rem

7
a
re

a
s

fo
llow

s:

P
ro

o
f

o
f

T
h

e
o
re

m
7

(th
e

d
eta

ils
o
f

th
e

d
eriva

tio
n

a
re

availa
b

le
in

S
ectio

n
7
.2)

S
tep

s
1
-7

w
ill

b
e

id
en

tica
l

in
b

oth
p

ro
o
fs, 1

1
an

d
w

e
p

resen
t

th
em

join
tly.

1
.

D
e
c
o
m

p
o
sitio

n
o
f

th
e

e
x
c
e
ss

risk
:

B
y

th
e

tria
n

g
le

in
eq

u
a
lity,

w
e

h
ave

√
E
(f

λẑ
,f
ρ )

=
∥∥
S
∗K
f
λẑ
−
f
ρ ∥∥
ρ ≤

∥∥
S
∗K (f

λẑ
−
f
λz ) ∥∥

ρ
+
∥∥
S
∗K
f
λz
−
f
ρ ∥∥
ρ .

(31
)

1
1
.

Im
p

o
rta

n
tly,

w
ith

a
slig

h
t

m
o
d
ifi

ca
tio

n
o
f

th
e

m
o
re

g
en

era
l,

fi
rst

p
a
rt

o
f

T
h
eo

rem
7
,

o
n
e

ca
n

g
et

th
e

sp
ecia

lized
seco

n
d

settin
g

o
f

th
e

th
eo

rem
(see

S
tep

8
).
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S
z
a
b
ó

e
t

a
l
.

0
0
.2

0
.4

0
.6

0
.8

1
0

0
.2

0
.4

0
.6

0
.8

S
m

o
o
th

n
e
s
s
 (s

)

Rate

 

 

−
lo

g
l [ro (l)]=

2
s
/(2

s
+

1
)

−
lo

g
l [r(l)]=

2
s
/(s

+
2
)

F
igu

re
1
:

C
om

p
arison

of
th

e
r
o (l)

=
l −

2
s

2
s
+
1

an
d
r(l)

=
l −

2
s

s
+
2

rates
as

fu
n

ctio
n

of
th

e
p

ro
b

lem
d

iffi
cu

lty
/sm

o
oth

n
ess

(s).

2.
B

o
u

n
d

o
n
∥∥
S
∗K
(f

λẑ
−
f
λz ) ∥∥

ρ :
U

sin
g

1
2

th
e

fact
th

at

‖S
∗K
h‖

2ρ
=
∥∥ √

T
h ∥∥

2H
(∀
h
∈
H

),
(32)

a
n

d
th

e
d

efi
n

ition
s

of
S
−

1
an

d
S

0
[see

E
q
s.

(15)-(16)],
w

e
ob

tain
∥∥
S
∗K (f

λẑ
−
f
λz ) ∥∥

ρ
=
∥∥ √

T (f
λẑ
−
f
λz ) ∥∥

H
≤
√
S
−

1
+
√
S

0 ,
(33)

th
rou

gh
an

a
p

p
lication

of
trian

gle
in

eq
u

ality.
O

n
e

can
d

erive
w

ith
ou

t
a
P

(b,c)
p

rior
a
ssu

m
p

tion
(S

ection
7.2.1)

th
e

u
p

p
er

b
ou

n
d

1
3

√
S
−

1
+
√
S

0 ≤
2L
C

(1
+
√
α

)
h(2B

k )
h2

√
λ
N

h2

[
1

+
2 √

B
K

√
λ

]

fo
r

th
e

r.h
.s.

of
E

q
.

(33)
u

n
d

er
th

e
con

d
ition

s
th

at
Θ

(λ
,z

)
≤

12
(w

h
ich

h
old

s
w

ith

p
rob

ab
ility

1−
η

if
[12
B
K

log
(2/η

)/λ
] 2≤

l),
an

d
th

at
E

q
s.

(24)-(25)
h

old
.

3.
D

e
c
o
m

p
o
sitio

n
o
f ∥∥
S
∗K
f
λz
−
f
ρ ∥∥
ρ :

B
y

th
e

trian
gle

in
eq

u
ality

an
d

E
q
.

(32),
w

e
h

av
e

∥∥
S
∗K
f
λz
−
f
ρ ∥∥
ρ

=
∥∥
S
∗K (f

λz
−
f
λ )

+
S
∗K
f
λ−

f
ρ ∥∥
ρ ≤

∥∥
S
∗K (f

λz
−
f
λ ) ∥∥

ρ
+
∥∥
S
∗K
f
λ−

f
ρ ∥∥
ρ

=
∥∥ √

T (f
λz
−
f
λ ) ∥∥

H
+
∥∥
S
∗K
f
λ−

f
ρ ∥∥
ρ .

(34)

4.
D

e
c
o
m

p
o
sitio

n
o
f ∥∥ √

T
(f

λz
−
f
λ ) ∥∥

H
:

M
ak

in
g

u
se

of
th

e
a
n

aly
tical

ex
p

ression
s

for
f
λz

an
d
f
λ

[see
E

q
.
(13)

an
d

E
q
.
(17)],

an
d

th
e

op
erator

W
o
o
d

b
u

ry
form

u
la

(D
in

g
an

d
Z

h
ou

,
20

08
,

T
h

eo
rem

2.1,
p

age
724)

w
e

arrive
at

th
e

d
ecom

p
o
sition

(see
S

ection
7.2.2

)

∥∥ √
T (f

λz
−
f
λ ) ∥∥

H
≤
∥∥ √

T
(T

x
+
λ
I
) −

1 ∥∥
L

(H
) (‖g

z −
g
ρ ‖

H
+

‖T
−
T
x ‖

L
(H

)
λ
−

1 ∥∥
S
K [f

ρ −
(T̃

+
λ
I
) −

1S
∗K
S
K
f
ρ ] ∥∥

H )
,

w
h

ere
g
ρ

=
S
K
f
ρ .

A
s

it
is

k
n

ow
n

(C
ap

on
n

etto
an

d
D

e
V

ito,
2007,

p
age

348)‖ √
T

(T
x

+
λ
I
) −

1‖
L

(H
) ≤

1/ √
λ

p
rov

id
ed

th
at

Θ
(λ
,z

)≤
12 .

1
2
.

S
ee

fo
r

ex
a
m

p
le

d
e

V
ito

et
a
l.

(2
0
0
6
)

o
n

p
a
g
e

8
8

w
ith

th
e

(H
,G
,A
,T

)
:=

(H
,L

2ρ
X
,S
∗K
,T

)
ch

o
ice.

1
3
.

S
ee

th
e

rem
a
rk

a
t

th
e

en
d

o
f

S
ectio

n
7
.2

.1
.

20
JM

L
R

 17(152):1-40



L
e
a
r
n
in

g
T

h
e
o
r
y

f
o
r

D
is

t
r
ib

u
t
io

n
R

e
g

r
e
ss

io
n

5.
B

o
u

n
d

o
n
‖g

z
−
g ρ
‖ H

,
‖T
−
T
x
‖ L

(H
):

B
y

co
n

ce
n
tr

at
io

n
ar

gu
m

en
ts

th
e

b
o
u

n
d

s

‖g
z
−
g ρ
‖ H
≤
(

4
C
√
B
K

l
+

2C
√
B
K

√
l

)
lo

g

(
2 η

)
,
‖T
−
T
x
‖ L

(H
)
≤
(

4
B
K l

+
4σ √
l)

lo
g

(
2 η

)

h
ol

d
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
η
,

ea
ch

(s
ee

S
ec

ti
on

7.
2.

3,
7.

2.
4)

.

6.
D

e
c
o
m

p
o
si

ti
o
n

o
f
∥ ∥ S

K

[ f
ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ
]∥ ∥

2 H
:

E
x
p

lo
it

in
g

th
e

an
a
ly

ti
ca

l
fo

rm
u

la

fo
r
f
λ
,

on
e

ca
n

co
n

st
ru

ct
(S

ec
ti

on
7.

2.
5)

th
e

u
p

p
er

b
ou

n
d

∥ ∥ S
K

[ f
ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ
]∥ ∥

2 H
≤
∥ ∥ T̃
[ f
ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ
]∥ ∥
ρ

∥ ∥ S
∗ K
f
λ
−
f ρ
∥ ∥ ρ
.

7.
B

o
u

n
d

o
n
∥ ∥ T̃
[ f
ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ
]∥ ∥
ρ
:

U
si

n
g

ou
r

as
su

m
p

ti
on

s
th

at
f ρ
∈
I
m

(T̃
s
)

(s
≥

0)
1
4

an
d

ex
p

lo
it

in
g

th
e

se
p

ar
ab

il
it

y
of
L

2 ρ
X

,
b
y

L
em

m
a

7.
3.

2
(K

=
L

2 ρ
X

,
f

=
f ρ

,

M
=
T̃

,
a

=
1)

an
d
T̃

=
S
∗ K
S
K

w
e

ob
ta

in
th

e
u

p
p

er
b

ou
n

d
∥ ∥ T̃
[ f
ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ
]∥ ∥
ρ

=
∥ ∥ T̃
[ f
ρ
−

(T̃
+
λ
I
)−

1
T̃
f ρ
]∥ ∥
ρ

≤
m

ax
( 1
,‖
T̃
‖s L

(L
2 ρ
X

)) λ
m

in
(1
,s

+
1
)∥ ∥
T̃
−
s
f ρ
∥ ∥ ρ

=
m

ax
( 1,
‖T̃
‖s L

(L
2 ρ
X

)) λ
∥ ∥ T̃
−
s
f ρ
∥ ∥ ρ
,

w
h

er
e

w
e

u
se

d
at

th
e

la
st

st
ep

th
at

m
in

(1
,s

+
1)

=
1;

th
is

fo
ll

ow
s

fr
om

s
≥

0
.

8.
B

o
u

n
d

o
n
∥ ∥ S
∗ K
f
λ
−
f ρ
∥ ∥ ρ

:

(a
)

N
o

ra
n

g
e

sp
a
c
e

a
ss

u
m

p
ti

o
n

:
O

n
e

ca
n

co
n

st
ru

ct
(S

ec
ti

on
7.

2.
6
)

th
e

b
o
u

n
d

∥ ∥ S
∗ K
f
λ
−
f ρ
∥ ∥ ρ
≤
‖f
ρ
−
S
∗ K
q‖
ρ

+
m

ax
( 1
,‖
T
‖ L

(H
)

) λ
1 2
‖q
‖ H

,

w
h

ic
h

h
ol

d
s

fo
r

ar
b

it
ra

ry
q
∈
H

.

(b
)

R
a
n

g
e

sp
a
c
e

a
ss

u
m

p
ti

o
n

in
L

2 ρ
X

:
U

si
n

g
th

e
S
∗ K
f
λ

=
(T̃

+
λ
I
)−

1
T̃
f ρ

id
en

ti
ty

[s
ee

E
q
.

(4
3)

],
an

d
L

em
m

a
7.

3.
2

(M
=
T̃

,
K

=
L

2 ρ
X

,
a

=
0)

,
w

e
ge

t

∥ ∥ S
∗ K
f
λ
−
f ρ
∥ ∥ ρ

=
∥ ∥ (
T̃

+
λ
I
)−

1
T̃
f ρ
−
f ρ
∥ ∥ ρ
≤

m
ax
( 1
,∥ ∥
T̃
∥ ∥s
−

1

L
(L

2 ρ
X

)) λ
m

in
(1
,s

)∥ ∥
T̃
−
s
f ρ
∥ ∥ ρ
.

9.
U

n
io

n
b

o
u

n
d

:
A

p
p

ly
in

g
an

α
=

lo
g
(l

)
+
δ

re
p

ar
am

et
er

iz
at

io
n

,
ch

an
g
in

g
η

to
η 3

a
n

d
co

m
b

in
in

g
th

e
d

er
iv

ed
re

su
lt

s
(i

n
ca

se
of

th
e

fi
rs

t
st

at
em

en
t

w
it

h
s

=
0)

w
it

h
a

u
n

io
n

b
ou

n
d

,
T

h
eo

re
m

7
fo

ll
ow

s.

R
e
m

a
rk

1
1

T
o

co
n

tr
a
st

th
e

d
er

iv
a
ti

o
n

o
f

th
e

w
el

l-
a
n

d
th

e
m

is
sp

ec
ifi

ed
ca

se
s,

w
e

n
o
te

th
a
t

p
re

vi
o
u

s
re

su
lt

s
[S

ec
ti

o
n

4
.1

,
o
r

C
a
po

n
n

et
to

a
n

d
D

e
V

it
o

(2
0
0
7
)’

s
bo

u
n

d
]

w
er

e
u

se
d

a
t

tw
o

po
in

ts
:

(a
)

In
S

te
p

2
by

u
si

n
g

E
q.

(3
2)

a
n

d
tr

a
n

sf
o
rm

in
g

th
e
L

2 ρ
X

er
ro

r
∥ ∥ S
∗ K
( f

λ ẑ
−
f
λ z

)∥ ∥
ρ

to
H

,
w

e
co

u
ld

re
ly

o
n

o
u

r
p
re

vi
o
u

s
bo

u
n
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e
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a
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b
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p
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p
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u
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p
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b
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p
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d
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w
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p
tio

n
co

m
es

fro
m

d
ru

g
d
iscov

ery
:

if
a

m
o
lecu

le
h
a
s

a
t

lea
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b
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b
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b
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p
resu

m
ed

to
b

e
sto

ch
a
stically

d
eterm

in
ed

b
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d
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b
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c
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c
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a
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a
l.,

2009;
K

w
ok

an
d

C
h

eu
n

g,
2007),

clu
sterin
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a
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k
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a
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al.,
2010;

C
arter

et
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Z
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b
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algorith
m

s. 1
7

P
rob

ab
ly

on
e

of
th

e
m

o
st

w
ell-k
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p
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h
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b
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m
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m
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ca
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d
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c
learn

in
g

p
rob

lem
s.

F
u

n
c
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b
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p
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b
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con
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ab
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h
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d
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ab
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d

u
cin

g
kern

els,
an

d
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d
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b
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al.,

2015).
W

e
d

erived
ex

p
licit

b
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d
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b
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a
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w
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m
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w
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n
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.
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p
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d
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.
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l-
sp

ec
ifi

ed
ca

se
(r

es
p
.

m
is

sp
ec

ifi
ed

se
tt

in
g)

.
T

h
e

u
se

d
le

m
m

a
s

ar
e

en
li

st
ed

in
S

ec
ti

on
7.

3.

7
.1

P
ro

o
fs

o
f

th
e

W
e
ll

-s
p

e
c
ifi

e
d

C
a
se

W
e

gi
ve

p
ro

of
d

et
ai

ls
co

n
ce

rn
in

g
th

e
ex

ce
ss

ri
sk

in
th

e
w

el
l-

sp
ec

ifi
ed

ca
se

(T
h

eo
re

m
2
).

7
.1

.1
P

r
o
o
f

o
f

t
h
e

b
o
u
n
d

o
n
‖g

ẑ
−
g z
‖2 H

B
y

(1
3)

,
(1

4)
w

e
ge

t
g ẑ
−
g z

=
1 l

∑
l i=

1

( K
µ
x̂
i
−
K
µ
x
i

) y
i;

h
en

ce
b
y

ap
p

ly
in

g
th

e
H

ö
ld

er
p

ro
p

er
ty

of
K

(·)
,

th
e

b
ou

n
d

ed
n

es
s

of
y i

(‖
y i
‖ Y
≤
C

)
an

d
(2

4)
,

w
e

ob
ta

in

‖g
ẑ
−
g z
‖2 H
≤

1 l2
l

l ∑ i=
1

∥ ∥(
K
µ
x̂
i
−
K
µ
x
i

) y
i∥ ∥

2 H
≤

1 l

l ∑ i=
1

∥ ∥ K
µ
x̂
i
−
K
µ
x
i

∥ ∥2 L
(Y
,H

)
‖y
i‖

2 Y

≤
L

2 l

l ∑ i=
1

‖y
i‖

2 Y
‖µ

x̂
i
−
µ
x
i
‖2
h
H
≤
L

2
C

2

l

l ∑ i=
1

[ (1
+
√
α

)
√

2B
k

√
N

] 2
h

=
L

2
C

2
(1

+
√
α

)2
h

(2
B
k
)h

N
h

w
it

h
p

ro
b

ab
il

it
y

at
le

as
t

1
−
le
−
α
,

b
as

ed
on

a
u

n
io

n
b

ou
n

d
.

1
8
.

F
o
r

co
d
e,

se
e
h
t
t
p
s
:
/
/
b
i
t
b
u
c
k
e
t
.
o
r
g
/
s
z
z
o
l
i
/
i
t
e
/
.
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S
z
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7
.1

.2
P

r
o
o
f

o
f

t
h
e

b
o
u
n
d

o
n
‖T

x
−
T
x̂
‖2 L

(H
)

U
si

n
g

th
e

d
efi

n
it

io
n

of
T
x

a
n

d
T
x̂
,

a
n

d
ex

p
lo

it
in

g
(w

it
h
‖·
‖ L

(H
))

th
a
t

in
a

n
or

m
ed

sp
ac

e1
9

(N
,‖
·‖

),
f i
∈
N

,
(i

=
1,
..
.,
n

) ∥ ∥∑
n i=

1
f i
∥ ∥2
≤
n
∑

n i=
1
‖f
i‖

2
,

(3
5)

w
e

g
et

‖T
x
−
T
x̂
‖2 L

(H
)
≤

1 l2
l

l ∑ i=
1

∥ ∥ ∥T
µ
x
i
−
T
µ
x̂
i

∥ ∥ ∥2 L
(H

)
.

(3
6
)

T
o

u
p

p
er

b
ou

n
d
‖T

µ
x
i
−
T
µ
x̂
i
‖2 L

(H
),

le
t

u
s

se
e

h
ow

T
µ
u

=
K
µ
a
K
∗ µ a

a
ct

s.
T

h
e

ex
is

te
n

ce
o
f

a
n

E
≥

0
co

n
st

an
t

sa
ti

sf
y
in

g
‖(
T
µ
u
−
T
µ
v
)(
f

)‖
H
≤
E
‖f
‖ H

im
p

li
es
‖T

µ
u
−
T
µ
v
‖ L

(H
)
≤
E

.
W

e

co
n
ti

n
u

e
w

it
h

th
e

l.
h

.s
.

o
f

th
is

eq
u

a
ti

on
u

si
n

g
E

q
.

(3
5
):

‖(
T
µ
u
−
T
µ
v
)(
f

)‖
2 H

=
∥ ∥ K

µ
u
K
∗ µ u

(f
)
−
K
µ
v
K
∗ µ v

(f
)∥ ∥

2 H

=
∥ ∥ K

µ
u

[ K
∗ µ u

(f
)
−
K
∗ µ v

(f
)]

+
(K

µ
u
−
K
µ
v
)
K
∗ µ v

(f
)∥ ∥

2 H

≤
2
[ ∥ ∥
K
µ
u

[ K
∗ µ u

(f
)
−
K
∗ µ v

(f
)]
∥ ∥2 H

+
∥ ∥ (
K
µ
u
−
K
µ
v
)
K
∗ µ v

(f
)∥ ∥

2 H

] .

B
y

E
q
.

(4
5)

an
d

th
e

H
ö
ld

er
co

n
ti

n
u

it
y

o
f
K

(·)
,

o
n

e
ar

ri
ve

s
a
t

∥ ∥ K
µ
u

[ K
∗ µ u

(f
)
−
K
∗ µ v

(f
)]
∥ ∥2 H
≤
‖K

µ
u
‖2 L

(Y
,H

)

∥ ∥ K
∗ µ u

(f
)
−
K
∗ µ v

(f
)∥ ∥

2 Y

≤
‖K

µ
u
‖2 L

(Y
,H

)

∥ ∥ K
∗ µ u
−
K
∗ µ v
∥ ∥2 L

(H
,Y

)
‖f
‖2 H

=
‖K

µ
u
‖2 L

(Y
,H

)
‖(
K
µ
u
−
K
µ
v
)∗
‖2 L

(H
,Y

)
‖f
‖2 H

=
‖K

µ
u
‖2 L

(Y
,H

)
‖K

µ
u
−
K
µ
v
‖2 L

(Y
,H

)
‖f
‖2 H
≤
B
K
L

2
‖µ

u
−
µ
v
‖2
h
H
‖f
‖2 H

,
∥ ∥ (
K
µ
u
−
K
µ
v
)
K
∗ µ v

(f
)∥ ∥

2 H
≤
‖K

µ
u
−
K
µ
v
‖2 L

(Y
,H

)

∥ ∥ K
∗ µ v

(f
)∥ ∥

2 Y

≤
‖K

µ
u
−
K
µ
v
‖2 L

(Y
,H

)

∥ ∥ K
∗ µ v
∥ ∥2 L

(H
,Y

)
‖f
‖2 H
≤
B
K
L

2
‖µ

u
−
µ
v
‖2
h
H
‖f
‖2 H

.

H
en

ce
‖(
T
µ
u
−
T
µ
v
)(
f

)‖
2 H
≤

4
B
K
L

2
‖µ

u
−
µ
v
‖2
h
H
‖f
‖2 H
⇒

E
2

=
4
B
K
L

2
‖µ

u
−
µ
v
‖2
h
H

.
E

x
-

p
lo

it
in

g
th

is
p
ro

p
er

ty
in

(3
6)

w
it

h
E

q
.

(2
4
)

w
e

a
rr

iv
e

to
th

e
b

o
u

n
d

‖T
x
−
T
x̂
‖2 L

(H
)
≤

4B
K
L

2

l

l ∑ i=
1

‖µ
x
i
−
µ
x̂
i
‖2
h
H
≤

4B
K
L

2

l

l ∑ i=
1

(1
+
√
α

)2
h

(2
B
k
)h

N
h

=
(1

+
√
α

)2
h

2
h

+
2
(B

k
)h
B
K
L

2

N
h

.
(3

7)

7
.1

.3
P

r
o
o
f
:

f
in

a
l

u
n
io

n
b
o
u
n
d

in
T

h
e
o
r
e
m

2

U
n
ti

l
n

ow
,

w
e

ob
ta

in
ed

th
at

if
(i

)
th

e
sa

m
p

le
n
u

m
b

er
N

sa
ti

sfi
es

E
q
.

(2
5)

,
(i

i)
(2

4
)

h
o
ld

s
(w

h
ic

h
h

as
p

ro
b
ab

il
it

y
a
t

le
as

t
1
−
le
−
α

=
1
−
e−

[α
−

lo
g
(l

)]
=

1
−
e−

δ
a
p

p
ly

in
g

a
u

n
io

n
b

ou
n

d

1
9
.

E
q
.

(3
5
)

h
o
ld

s
si

n
ce
‖·
‖2

is
co

n
v
ex

fu
n

ct
io

n
,

th
u
s
∥ ∥1 n
∑
n i=

1
f i
∥ ∥2
≤

1 n

∑
n i=

1
‖f
i
‖2

.
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L
e
a
r
n
in

g
T

h
e
o
r
y

f
o
r

D
ist

r
ib

u
t
io

n
R

e
g

r
e
ssio

n

a
rgu

m
en

t;
α

=
log

(l)
+
δ),

an
d

(iii)
Θ

(λ
,z

)≤
12

is
fu

lfi
lled

[see
E

q
.

(2
2
)],

th
en

S
−

1
+
S

0 ≤
4λ

[
L

2C
2
(1

+
√
α

)
2
h

(2B
k )
h

N
h

+
(1

+
√
α

)
2
h

2
h

+
2(B

k )
hB

K
L

2

N
h

×

×
(

lo
g

2 (
6η )
{

6
4λ

[
M

2B
K

l 2λ
+

Σ
2N

(λ
)

l

]
+

2
4

λ
2 [

4B
2K
B

(λ
)

l 2
+
B
K
A

(λ
)

l

]}
+
B

(λ
)

+
‖f
ρ ‖

2H )]

=
4
L

2
(1

+
√
α

)
2
h

(2B
k )
h

λ
N
h

[
C

2
+

4
B
K
×

×
(

lo
g

2 (
6η )
{

6
4λ

[
M

2B
K

l 2λ
+

Σ
2N

(λ
)

l

]
+

2
4

λ
2 [

4B
2K
B

(λ
)

l 2
+
B
K
A

(λ
)

l

]}
+
B

(λ
)

+
‖f
ρ ‖

2H )]
.

B
y

ta
k
in

g
in

to
a
ccou

n
t

C
a
p

on
n

etto
a
n

d
D

e
V

ito
(2

0
0
7
)’s

b
o
u

n
d

s
fo

r
S

1
a
n

d
S

2 ,
S

1
≤

3
2

log
2 (

6η )[
B
K
M

2

l 2
λ

+
Σ

2
N

(λ
)

l

],
S

2 ≤
8

lo
g

2 (
6η )[

4
B

2K
B

(λ
)

l 2
λ

+
B
K
A

(λ
)

lλ

],
p

lu
g
g
in

g
a
ll

th
e

ex
p

res-

sio
n

s
to

(2
1),

w
e

o
b

ta
in

T
h

eo
rem

2
w

ith
a

u
n

io
n

b
o
u

n
d

.

7
.2

P
ro

o
fs

o
f

th
e

M
issp

e
c
ifi

e
d

C
a
se

W
e

p
resen

t
th

e
p

ro
o
f

d
eta

ils
con

cern
in

g
th

e
ex

cess
risk

in
th

e
m

issp
ecifi

ed
ca

se
(T

h
eo

rem
7
).

7
.2

.1
P

r
o
o
f

o
f

t
h
e

b
o
u
n
d

o
n
√
S
−

1
+
√
S

0
w

it
h
o
u
t
P

(b,c)

T
h

e
u

p
p

er
b

o
u

n
d

s
o
n
S
−

1
a
n

d
S

0
[w

h
ich

a
re

d
efi

n
ed

in
E

q
s.

(1
5
),

(1
6
)]

rem
ain

valid
w

ith
-

o
u

t
m

o
d

ifi
ca

tion
p

rov
id

ed
th

a
t

(i)
Θ

(λ
,z

)
=
‖(T
−
T
x
)(T

+
λ

) −
1‖

L
(H

) ≤
‖(T
−
T
x
)(T

+

λ
) −

1‖
L
2
(H

)
≤

12 ,
w

h
ere

w
e

u
sed

E
q
.

(1),
(ii)

E
q
.

(2
4
)

is
satisfi

ed
(w

h
ich

h
as

p
rob

a
b

ility

1−
le −

α
)

an
d

(iii)
E

q
.

(2
5)

h
old

s.
O

u
r

go
al

b
elow

is
to

g
u
ara

n
tee

th
e

Θ
(λ
,z

)≤
12

co
n

d
itio

n
w

ith
h

ig
h

p
rob

a
b

ility
w

ith
o
u

t
a
ssu

m
in

g
th

a
t

th
e

p
rior

b
elon

g
s

to
P

(b,c).

R
e
q
u

ire
m

e
n
t

Θ
(λ
,z

)≤
12 :

L
et

u
s

d
efi

n
e
ξ
i

=
T
µ
x
i (T

+
λ

) −
1∈

L
2 (H

),
(i

=
1,...,l).

W
ith

th
is

ch
oice

w
e

get
E

[ξ
i ]

=
T

(T
+
λ

) −
1,

(T
−
T
x
)(T

+
λ

) −
1

=
E

[ξ
i ]−

1l ∑
li=

1
ξ
i

a
n

d

‖ξ
i ‖

L
2
(H

) ≤
∥∥
T
µ
x
i ∥∥

L
2
(H

) ∥∥
(T

+
λ

) −
1 ∥∥

L
(H

) ≤
B
K
/
λ
⇒

E [‖
ξ
i ‖

2L
2
(H

) ]≤
(B

K
)
2/
λ

2,

w
h

ere
w

e
m

a
d
e

u
se

of
(2),

th
e
‖T

µ
x
i ‖

L
2
(H

) ≤
B
K

id
en

tity
fo

llow
in

g
fro

m
th

e
b

ou
n

d
ed

n
ess

o
f
K

(C
ap

o
n

n
etto

a
n

d
D

e
V

ito
,

20
0
7
,

p
a
g
e

3
41

,
E

q
.

(1
3
)),

a
n

d
th

e
sp

ectra
l

th
eo

rem
.

C
on

seq
u

en
tly,

b
y

th
e

B
ern

stein
’s

in
eq

u
ality

(L
em

m
a

7
.3

.1
w

ith
K

=
L

2 (H
),
B

=
2
B
K
/
λ

,
σ

=
B
K
/
λ

)
w

e
o
b

tain
th

at
fo

r∀
η
∈

(0,1)

P
(∥∥

(T
−
T
x
)(T

+
λ

) −
1 ∥∥

L
2
(H

) ≤
2 (

2B
K

λ
l

+
B
K
√
lλ )

lo
g (

2η ))
≥

1−
η
.

T
h
u

s,
fo

r
Θ

(λ
,z

)≤
12

w
ith

p
rob

ab
ility

1−
η

it
is

su
ffi

cien
t

to
h

ave

2 (
2
B
K

λ
l

+
B
K
√
lλ )

log (
2η )
≤

6
B
K

√
lλ

log (
2η )
≤

12
⇔
[

12B
K

λ
log (

2η )]
2≤

l.
(3

8)
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S
z
a
b
ó

e
t

a
l
.

U
n

d
er

th
ese

con
d

ition
s,

w
e

arriv
ed

at
th

e
u

p
p

er
b

ou
n

d

√
S
−

1
+
√
S

0 ≤

√
4
L

2C
2

(1
+
√
α

)
2
h

(2B
k )
h

λ
N
h

[√
1

+

√
4
B
K

λ

]

=
2L
C

(1
+
√
α

)
h(2B

k )
h2

√
λ
N

h2

[
1

+
2 √

B
K

√
λ

]
,

w
h

ere
a
s

o
p

p
osed

to
S

ection
7.1.3

an
d

E
q
.

(23)
w

e
u

sed
a

sligh
tly

cru
d

er
∥∥
f
λz ∥∥

2H
≤

C
2

λ

b
ou

n
d

;
it

h
o
ld

s
w

ith
ou

t
th

eP
(b,c)

assu
m

p
tion

b
y

th
e

d
efi

n
ition

of
f
λz

an
d

th
e

b
ou

n
d

ed
n

ess

of
y

sin
ce
λ ∥∥

f
λz ∥∥

2H
≤

1l ∑
li=

1 ‖
y
i ‖

2Y
≤
C

2.

R
e
m

a
rk

:
N

otice
th

at
th

e
p

rice
w

e
p

ay
for

n
ot

assu
m

in
g

th
a
t

th
e

p
rior

b
elon

gs
to

th
e

P
(b,c)

class
(b
>

1)
is

a
sligh

tly
tigh

ter
1λ
2
≤
l

con
strain

t
[E

q
.

(38)]
in

stead
of

1

λ
1
+

1b
≤
l

in

E
q
.

(1
9),

an
d

a
som

ew
h

at
lo

oser ∥∥
f
λz ∥∥

2H
b

ou
n

d
.

7
.2

.2
P

r
o
o
f

o
f

t
h
e

d
e
c
o
m

p
o
sit

io
n

o
f
∥∥ √

T
(f

λz
−
f
λ ) ∥∥

H

U
sin

g
th

e
an

aly
tical

form
u

la
of
f
λz

[see
E

q
.

(13)]
an

d
th

at
of
f
λ

[see
E

q
.(17)]

f
λ

=
(S
K
S
∗K

+
λ
I
) −

1S
K
f
ρ

=
(T

+
λ
I
) −

1S
K
f
ρ

(39)

on
e

g
ets

(T
+
λ
I
)f
λ

=
S
K
f
ρ
⇒

λ
f
λ

=
S
K
f
ρ −

T
f
λ

an
d

f
λz
−
f
λ

=
(T

x
+
λ
I
) −

1g
z −

f
λ

=
(T

x
+
λ
I
) −

1g
z −

(T
x

+
λ
I
) −

1(T
x

+
λ
I
)f
λ

=
(T

x
+
λ
I
) −

1 [g
z −

(T
x

+
λ
I
)f
λ ]

=
(T

x
+
λ
I
) −

1 (g
z −

T
x
f
λ−

λ
f
λ )

=
(T

x
+
λ
I
) −

1 (g
z −

T
x
f
λ−

S
K
f
ρ

+
T
f
λ )

=
(T

x
+
λ
I
) −

1
(g

z −
S
K
f
ρ )

+
(T

x
+
λ
I
) −

1(T
−
T
x
)f
λ

=
(T

x
+
λ
I
) −

1
(g

z −
S
K
f
ρ )

+
(T

x
+
λ
I
) −

1(T
−
T
x
)(T

+
λ
I
) −

1S
K
f
ρ .

(4
0)

L
et

u
s

rew
rite

(T
+
λ
I
) −

1
b
y

th
e

(A
+
U
V

) −
1

=
A
−

1−
A
−

1U
(I

+
V
A
−

1U
)−

1
V
A
−

1
o
p

erator
W

o
o
d

b
u

ry
form

u
la

(D
in

g
an

d
Z

h
ou

,
2008,

T
h

eorem
2.1,

p
age

7
24)

(T
+
λ
I
) −

1
=

(λ
I

+
S
K
S
∗K

) −
1

=
(λ
−

1I
)−

(λ
−

1I
)S
K

[I
+
S
∗K

(λ
−

1I
)S
K ]−

1
S
∗K

(λ
−

1I
)

=
(λ
−

1I
)−

λ
−

1S
K

(λ
I

+
T̃

) −
1S
∗K
.

B
y

th
e

d
eriv

ed
ex

p
ression

for
(T

+
λ
I
) −

1,
w

e
g
et

(T
+
λ
I
) −

1S
K
f
ρ

=
λ
−

1S
K
f
ρ −

λ
−

1S
K

(λ
I

+
T̃

) −
1S
∗K
S
K
f
ρ

=
λ
−

1S
K [f

ρ −
(T̃

+
λ
I
) −

1S
∗K
S
K
f
ρ ].

P
lu

g
gin

g
th

is
resu

lt
to

E
q
.

(40),
in

tro-
d

u
cin

g
th

e
g
ρ

=
S
K
f
ρ

n
otation

,
u

sin
g

th
e

trian
gle

in
eq

u
ality

w
e

g
et

∥∥ √
T (f

λz
−
f
λ ) ∥∥

H
=

=
∥∥∥ √

T
(T

x
+
λ
I
) −

1 {
(g

z −
S
K
f
ρ )

+
(T
−
T
x
)λ
−

1S
K

[f
ρ −

(T̃
+
λ
I
) −

1S
∗K
S
K
f
ρ ]} ∥∥∥

H

≤
∥∥ √

T
(T

x
+
λ
I
) −

1 ∥∥
L

(H
) (‖

g
z −

g
ρ ‖

H
+
‖
T
−
T
x ‖

L
(H

)
λ
−

1 ∥∥
S
K [f

ρ −
(T̃

+
λ
I
) −

1S
∗K
S
K
f
ρ ] ∥∥

H )
.

2
8

JM
L

R
 17(152):1-40



L
e
a
r
n
in

g
T

h
e
o
r
y

f
o
r

D
is

t
r
ib

u
t
io

n
R

e
g

r
e
ss

io
n

7
.2

.3
P

r
o
o
f

o
f

t
h
e

b
o
u
n
d

o
n
‖g

z
−
g ρ
‖ H

A
s

is
k
n

ow
n
g z

=
1 l

∑
l i=

1
K
µ
x
i
y i

[s
ee

E
q
.
(1

3)
]
an

d
g ρ

=
∫ X

K
µ
x
f ρ

(µ
x
)d
ρ
X

(µ
x
)

(C
ap

on
n

et
to

an
d

D
e

V
it

o,
20

07
,

E
q
.

(2
3)

,
p

ag
e

34
4)

.
L

et
ξ i

=
K
µ
x
i
y i
∈

H
(i

=
1,
..
.,
l)

.
In

th
is

ca
se

E[
ξ i

]
=
g ρ

,
g ρ
−
g z

=
E[
ξ i

]
−

1 l

∑
l i=

1
ξ i

,
an

d
‖ξ
i‖

2 H
=
∥ ∥ K

µ
x
i
y i
∥ ∥2 H
≤
∥ ∥ K

µ
x
i

∥ ∥2 L
(Y
,H

)
‖y
i‖

2 Y
≤

B
K
C

2
⇒
‖ξ
i‖

H
≤

C
√
B
K
⇒

E[
‖ξ
i‖

2 H

]
≤

C
2
B
K

u
si

n
g

th
e

b
ou

n
d

ed
n

es
s

of
ke

rn
el
K

(∥ ∥
K
µ
x
i

∥ ∥2 L
(Y
,H

)
≤
B
K

)
an

d
th

e
b

ou
n

d
ed

n
es

s
of

ou
tp

u
t
y

(‖
|y
‖ Y
≤
C

).
A

p
p

ly
in

g
th

e
B

er
n

-

st
ei

n
in

eq
u

al
it

y
(s

ee
L

em
m

a
7.

3.
1

w
it

h
K

=
H

,
B

=
2
C
√
B
K

,
σ

=
C
√
B
K

)
o
n

e
g
et

s
th

a
t

fo
r

an
y
η
∈

(0
,1

) P

(
‖g

z
−
g ρ
‖ H
≤

2

(
2C
√
B
K

l
+
C
√
B
K

√
l

)
lo

g

(
2 η

))
≥

1
−
η
.

7
.2

.4
P

r
o
o
f

o
f

t
h
e

b
o
u
n
d

o
n
‖T
−
T
x
‖ L

(H
)

L
et
ξ i

=
T
µ
x
i
∈
L

2
(H

)
(i

=
1,
..
.,
l)

,
th

en
E[
ξ i

]
=
T

,
T
−
T
x

=
T
−

1 l

∑
l i=

1
T
µ
x
i
,
‖ξ
i‖

L
2
(H

)
=

‖T
µ
x
i
‖ L

2
(H

)
≤
B
K

,
E
[ ‖
ξ i
‖2 L

2
(H

)]
≤
B

2 K
.

A
p

p
ly

in
g

th
e
‖T
−
T
x
‖ L

(H
)
≤
‖T
−
T
x
‖ L

2
(H

)

re
la

ti
on

[s
ee

E
q
.

(1
)]

an
d

th
e

B
er

n
st

ei
n

in
eq

u
al

it
y

(s
ee

L
em

m
a

7.
3.

1
w

it
h

K
=

L
2
(H

),
B

=
2B

K
,
σ

=
B
K

),
w

e
ob

ta
in

th
at

fo
r

an
y
η
∈

(0
,1

)

P
( ‖
T
−
T
x
‖ L

(H
)
≤

2

(
2
B
K l

+
σ √
l)

lo
g

(
2 η

))
≥

1
−
η
.

7
.2

.5
P

r
o
o
f

o
f

t
h
e

d
e
c
o
m

p
o
si

t
io

n
o
f
∥ ∥ S

K

( f
ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ
)∥ ∥

2 H

S
in

ce
‖S

K
a
‖2 H

=
〈S
K
a
,S

K
a
〉 H

=
〈S
∗ K
S
K
a
,a
〉 ρ

=
〈 T̃
a
,a
〉 ρ

(∀
a
∈
L

2 ρ
X

)
b
y

th
e

d
efi

n
it

io
n

o
f

th
e

ad
jo

in
t

op
er

at
or

an
d
T̃

=
S
∗ K
S
K

[s
ee

E
q
.

(6
)]

,
w

e
ca

n
re

w
ri

te
th

e
ta

rg
et

te
rm

a
s

∥ ∥ ∥S
K

[ f ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ

]∥ ∥ ∥
2 H

=

=
〈 T̃
[ f ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ

] ,f
ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ

〉 ρ

≤
∥ ∥ ∥T̃
[ f ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ

]∥ ∥ ∥
ρ

∥ ∥ ∥f
ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ

∥ ∥ ∥ ρ
,

w
h

er
e

th
e

C
B

S
(C

au
ch

y
-B

u
n
ya

ko
v
sk

y
-S

ch
w

ar
z)

in
eq

u
al

it
y

w
as

ap
p

li
ed

.
S

in
ce

(S
∗ K
S
K

+
λ
I
)S
∗ K

=
S
∗ K

(S
K
S
∗ K

+
λ
I
)

S
∗ K

(S
K
S
∗ K

+
λ
I
)−

1
=

(S
∗ K
S
K

+
λ
I
)−

1
S
∗ K

S
∗ K

(S
K
S
∗ K

+
λ
I
)−

1
S
K

=
(S
∗ K
S
K

+
λ
I
)−

1
S
∗ K
S
K

(4
1)

S
∗ K

(T
+
λ
I
)−

1
S
K

=
(T̃

+
λ
I
)−

1
T̃

(4
2)

u
si

n
g

E
q
.

(4
1)

an
d

th
e

an
al

y
ti

ca
l

ex
p

re
ss

io
n

fo
r
f
λ

[s
ee

E
q
.

(3
9)

]
w

e
h

av
e

(T̃
+
λ
I
)−

1
T̃
f ρ

=
(T̃

+
λ
I
)−

1
S
∗ K
S
K
f ρ

=
(S
∗ K
S
K

+
λ
I
)−

1
S
∗ K
S
K
f ρ

=
S
∗ K

(S
K
S
∗ K

+
λ
I
)−

1
S
K
f ρ

=
S
∗ K
f
λ

(4
3)

an
d
∥ ∥ S

K

[ f
ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ
]∥ ∥

2 H
≤
∥ ∥ T̃
[ f
ρ
−

(T̃
+
λ
I
)−

1
S
∗ K
S
K
f ρ
]∥ ∥
ρ

∥ ∥ S
∗ K
f
λ
−
f ρ
∥ ∥ ρ

.

29
JM

L
R

 1
7(

15
2)

:1
-4

0

S
z
a
b
ó
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öld

er
p

rop
erty

of
K

(·) ,
it

is
con

tin
u

ou
s

im
p

ly
in

g
th

a
t
B
K
<
∞

.

•
K

p
ro

p
e
rtie

s:
It

is
k
n

ow
n

(C
ap

on
n

etto
an

d
D

e
V

ito
,

20
07,

p
a
ge

339-340)
th

at

K
(µ
a ,µ

b )
=
K
∗µ
a K

µ
b ,

(∀
µ
a ,µ

b ∈
X

)
(44)

‖
K
µ
a ‖

L
(Y
,H

)
=
∥∥
K
∗µ
a ∥∥

L
(H
,Y

) ≤
√
B
K
,

(∀
µ
a ∈

X
).

(45)

R
e
m

a
rk

:
In

term
s

of
E

q
.

(44),
th

e
E

q
.

(11)
assu

m
p

tion
m

ean
s

th
at

th
e

{K
(µ
a ,µ

a )}
µ
a ∈
X

op
erators

are
trace

class,
sp

ecifi
cally

th
ey

are
com

p
a
ct

op
erators.

•
S

e
p

a
ra

b
ility

o
f
H

:
T

h
e

sep
arab

ility
of
X

an
d

th
e

con
tin

u
ity

of
K

im
p

ly
th

e
sep

ara-
b

ility
of

H
.

In
d

eed
,

sin
ce
µ
a 7→

K
µ
a

is
H
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äu

ser
B

a
sel,

2
0
1
3.

M
arco

C
u

tu
ri,

K
en

ji
F

u
k
u

m
izu

,
an

d
J
ea

n
-P

h
ilip

p
e

V
ert.

S
em

igro
u

p
k
ern

els
o
n

m
ea

su
res.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
6:1

1
69

1
1
9
8,

2
0
0
5
.

E
rn

esto
d

e
V

ito,
L

o
ren

zo
R

o
sa

sco
,

a
n

d
A

n
d

rea
C

a
p

o
n

n
etto.

D
iscretiza

tio
n

erro
r

a
n

aly
sis

for
T

ik
h

on
ov

reg
u

lariza
tio

n
.

A
n

a
lysis

a
n

d
A

p
p
lica

tio
n

s,
4
:8

1
–9

9
,

2
0
0
6.

T
h

om
as

G
.

D
ietterich

,
R

ich
ard

H
.

L
ath

ro
p

,
a
n

d
T

om
á
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ré

F
.

T
.

M
ar

ti
n

s,
N

oa
h

A
.

S
m

it
h

,
E

ri
c

P
.

X
in

g,
P

ed
ro

M
.

Q
.

A
gu

ia
r,

a
n

d
M

á
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óc

zo
s,

an
d

J
eff

S
ch

n
ei

d
er

.
D

is
tr

ib
u

ti
on

to
d

is
tr

ib
u

ti
o
n

re
g
re

ss
io

n
.

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(I

C
M

L
;

J
M

L
R

W
&

C
P

),
28

:1
0
49

–
1
0
57

,
20

13
.

J
u

n
ie

r
O

li
va

,
W

il
li

am
N

ei
sw

an
ge

r,
B

ar
n

ab
ás

P
ó
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óc
zo

s,
L

ia
n

g
X

io
n

g
,

a
n

d
J
eff

S
ch

n
ei

d
er

.
N

o
n

p
a
ra

m
et

ri
c

d
iv

er
g
en

ce
es

ti
m

at
io

n
w

it
h

a
p

p
li

ca
ti

on
s

to
m

a
ch

in
e

le
a
rn

in
g

o
n

d
is

tr
ib

u
ti

o
n

s.
In

U
n

ce
rt

a
in

ty
in

A
rt

ifi
ci

a
l

In
te

l-
li

ge
n

ce
(U

A
I)

,
p

a
ge

s
5
99

–6
08

,
20

1
1.

B
ar

n
a
b

á
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b

li
sh

ed
an

d
em

p
ir

ic
al

ly
ob

se
rv

ed
.

S
om

e
st

an
d

ar
d

n
ot

at
io

n
s

u
se

d
th

ro
u

gh
ou

t
th

e
p

ap
er

ar
e

co
ll

ec
te

d
h

er
e.

W
e

d
en

ot
e

b
y

F L
th

e
cl

as
s

of
co

n
ve

x
fu

n
ct

io
n

s
f

w
it

h
L

–L
ip

sc
h

it
z

co
n
ti

n
u

ou
s

gr
ad

ie
n
ts

d
efi

n
ed

o
n
R
n
,

i.
e.

,
f

is
co

n
ve

x
,

co
n
ti

n
u

ou
sl

y
d

iff
er

en
ti

ab
le

,
an

d
sa

ti
sfi

es

‖∇
f

(x
)
−
∇
f

(y
)‖
≤
L
‖x
−
y
‖

fo
r

an
y
x
,y
∈

R
n
,

w
h

er
e
‖·
‖

is
th

e
st

an
d

ar
d

E
u

cl
id

ea
n

n
or

m
an

d
L
>

0
is

th
e

L
ip

sc
h

it
z

co
n

st
an

t.
N

ex
t,
S µ

d
en

ot
es

th
e

cl
as

s
of
µ

–s
tr

on
gl

y
co

n
v
ex

fu
n

ct
io

n
s
f

on
R
n

w
it

h
co

n
ti

n
u

ou
s

gr
ad

ie
n
ts

,
i.

e.
,
f

is
co

n
ti

n
u

ou
sl

y
d

iff
er

en
ti

ab
le

an
d
f

(x
)
−
µ
‖x
‖2
/
2

is
co

n
ve

x
.

W
e

se
t
S µ

,L
=

F L
∩
S µ

.

2
.

D
e
ri

v
a
ti

o
n

F
ir

st
,

w
e

sk
et

ch
an

in
fo

rm
al

d
er

iv
at

io
n

of
th

e
O

D
E

(3
).

A
ss

u
m

e
f
∈
F L

fo
r
L
>

0
.

C
om

b
in

in
g

th
e

tw
o

eq
u

at
io

n
s

of
(1

)
an

d
ap

p
ly

in
g

a
re

sc
al

in
g

gi
ve

s

x
k
+

1
−
x
k

√
s

=
k
−

1

k
+

2

x
k
−
x
k
−

1
√
s

−
√
s∇
f

(y
k
).

(4
)

In
tr

o
d

u
ce

th
e

A
n

sa
tz
x
k
≈
X

(k
√
s)

fo
r

so
m

e
sm

o
ot

h
cu

rv
e
X

(t
)

d
efi

n
ed

fo
r
t
≥

0
.

P
u

t
k

=
t/
√
s.

T
h

en
as

th
e

st
ep

si
ze

s
go

es
to

ze
ro

,
X

(t
)
≈
x
t/
√
s

=
x
k

an
d
X

(t
+
√
s)
≈

x
(t

+
√
s)
/
√
s

=
x
k
+

1
,

an
d

T
ay

lo
r

ex
p

an
si

on
gi

ve
s

(x
k
+

1
−
x
k
)/
√
s

=
Ẋ

(t
)

+
1 2
Ẍ

(t
)√
s

+
o(
√
s)
,

(x
k
−
x
k
−

1
)/
√
s

=
Ẋ

(t
)
−

1 2
Ẍ

(t
)√
s

+
o(
√
s)

an
d
√
s∇
f

(y
k
)

=
√
s∇
f

(X
(t

))
+
o(
√
s)

.
T

h
u

s
(4

)
ca

n
b

e
w

ri
tt

en
as

Ẋ
(t

)
+

1 2
Ẍ

(t
)√
s

+
o(
√
s)

=
( 1
−

3√
s

t

)(
Ẋ

(t
)
−

1 2
Ẍ

(t
)√
s

+
o(
√
s)
)
−
√
s∇
f

(X
(t

))
+
o(
√
s)
.

(5
)

B
y

co
m

p
ar

in
g

th
e

co
effi

ci
en

ts
of
√
s

in
(5

),
w

e
ob

ta
in

Ẍ
+

3 t
Ẋ

+
∇
f

(X
)

=
0.

T
h

e
fi

rs
t

in
it

ia
l

co
n

d
it

io
n

is
X

(0
)

=
x

0
.

T
ak

in
g
k

=
1

in
(4

)
y
ie

ld
s

(x
2
−
x

1
)/
√
s

=
−
√
s∇
f

(y
1
)

=
o(

1)
.

H
en

ce
,

th
e

se
co

n
d

in
it

ia
l

co
n

d
it

io
n

is
si

m
p

ly
Ẋ

(0
)

=
0

(v
an

is
h

in
g

in
it

ia
l

ve
lo

ci
ty

).

O
n

e
p

op
u

la
r

al
te

rn
at

iv
e

m
om

en
tu

m
co

effi
ci

en
t

is
θ k

(θ
−

1
k
−

1
−

1)
,

w
h

er
e
θ k

a
re

it
er

at
iv

el
y

d
efi

n
ed

as
θ k

+
1

=
(√

θ4 k
+

4
θ2 k
−
θ2 k

) /2
,

st
ar

ti
n

g
fr

om
θ 0

=
1

(N
es

te
ro

v
,

1
9
8
3
;

B
ec

k
a
n

d
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S
u
,

B
o
y
d

a
n
d

C
a
n
d
è
s

T
eb

o
u

ll
e,

20
09

).
S

im
p

le
a
n

al
y
si

s
re

ve
a
ls

th
a
t
θ k

(θ
−

1
k
−

1
−

1)
a
sy

m
p

to
ti

ca
ll

y
eq

u
al

s
1
−

3
/
k

+
O

(1
/k

2
),

th
u

s
le

ad
in

g
to

th
e

sa
m

e
O

D
E

as
(1

).
C

la
ss

ic
a
l

re
su

lt
s

in
O

D
E

th
eo

ry
d

o
n
o
t

d
ir

ec
tl

y
im

p
ly

th
e

ex
is

te
n

ce
or

u
n

iq
u

en
es

s
o
f

th
e

so
lu

ti
o
n

to
th

is
O

D
E

b
ec

a
u

se
th

e
co

effi
ci

en
t

3/
t

is
si

n
gu

la
r

at
t

=
0.

In
a
d

d
it

io
n

,
∇
f

is
ty

p
ic

al
ly

n
ot

an
al

y
ti

c
at
x

0
,
w

h
ic

h
le

a
d

s
to

th
e

in
a
p

p
li

ca
b

il
it

y
of

th
e

p
ow

er
se

ri
es

m
et

h
o
d

fo
r

st
u

d
y
in

g
si

n
g
u

la
r

O
D

E
s.

N
ev

er
th

el
es

s,
th

e
O

D
E

is
w

el
l

p
o
se

d
:

th
e

st
ra

te
g
y

w
e

em
p

lo
y

fo
r

sh
ow

in
g

th
is

co
n

st
ru

ct
s

a
se

ri
es

of
O

D
E

s
a
p

p
ro

x
im

at
in

g
(3

),
an

d
th

en
ch

o
o
se

s
a

co
n
ve

rg
en

t
su

b
se

q
u

en
ce

b
y

so
m

e
co

m
p

a
ct

n
es

s
a
rg

u
m

en
ts

su
ch

a
s

th
e

A
rz

el
á
-A

sc
o
li

th
eo

re
m

.
B

el
ow

,
C

2
((

0,
∞

);
R
n
)

d
en

o
te

s
th

e
cl

a
ss

of
tw

ic
e

co
n
ti

n
u

o
u

sl
y

d
iff

er
en

ti
a
b

le
m

a
p

s
fr

o
m

(0
,∞

)
to

R
n
;

si
m

il
a
rl

y,
C

1
([

0,
∞

);
R
n
)

d
en

o
te

s
th

e
cl

a
ss

o
f

co
n
ti

n
u

o
u

sl
y

d
iff

er
en

ti
a
b

le
m

ap
s

fr
o
m

[0
,∞

)
to

R
n
.

T
h

e
o
re

m
1

F
o
r

a
n

y
f
∈
F ∞

:=
∪ L

>
0
F L

a
n

d
a
n

y
x

0
∈
R
n

,
th

e
O

D
E

(3
)

w
it

h
in

it
ia

l
co

n
d
i-

ti
o
n

s
X

(0
)

=
x

0
,Ẋ

(0
)

=
0

h
a
s

a
u

n
iq

u
e

gl
o
ba

l
so

lu
ti

o
n
X
∈
C

2
((

0,
∞

);
R
n
)∩
C

1
([

0,
∞

);
R
n
).

T
h

e
n

ex
t

th
eo

re
m

,
in

a
ri

go
ro

u
s

w
ay

,
gu

ar
a
n
te

es
th

e
va

li
d

it
y

of
th

e
d

er
iv

a
ti

on
o
f

th
is

O
D

E
.

T
h

e
p

ro
of

s
o
f

b
o
th

th
eo

re
m

s
ar

e
d

ef
er

re
d

to
th

e
a
p

p
en

d
ic

es
.

T
h

e
o
re

m
2

F
o
r

a
n

y
f
∈
F ∞

,
a
s

th
e

st
ep

si
ze
s
→

0
,

N
es

te
ro

v’
s

sc
h
em

e
(1

)
co

n
ve

rg
es

to
th

e
O

D
E

(3
)

in
th

e
se

n
se

th
a
t

fo
r

a
ll

fi
xe

d
T
>

0,

li
m

s→
0

m
a
x

0
≤
k
≤

T √
s

∥ ∥ x
k
−
X
( k
√
s)
∥ ∥

=
0.

2
.1

S
im

p
le

P
ro

p
e
rt

ie
s

W
e

co
ll

ec
t

so
m

e
el

em
en

ta
ry

p
ro

p
er

ti
es

th
a
t

a
re

h
el

p
fu

l
in

u
n

d
er

st
a
n
d

in
g

th
e

O
D

E
.

T
im

e
In

v
a
ri

a
n

c
e
.

If
w

e
a
d

o
p

t
a

li
n

ea
r

ti
m

e
tr

a
n

sf
o
rm

at
io

n
,
t̃

=
ct

fo
r

so
m

e
c
>

0
,

b
y

th
e

ch
a
in

ru
le

it
fo

ll
ow

s
th

a
t

d
X d
t̃

=
1 c

d
X d
t
,

d
2
X

d
t̃2

=
1 c2

d
2
X

d
t2
.

T
h

is
y
ie

ld
s

th
e

O
D

E
p

a
ra

m
et

er
iz

ed
b
y
t̃,

d
2
X

d
t̃2

+
3 t̃

d
X d
t̃

+
∇
f

(X
)/
c2

=
0.

A
ls

o
n

ot
e

th
a
t

m
in

im
iz

in
g
f
/c

2
is

eq
u

iv
a
le

n
t

to
m

in
im

iz
in

g
f

.
H

en
ce

,
th

e
O

D
E

is
in

va
ri

a
n
t

u
n

d
er

th
e

ti
m

e
ch

an
ge

.
In

fa
ct

,
it

is
ea

sy
to

se
e

th
at

ti
m

e
in

va
ri

a
n

ce
h

o
ld

s
if

a
n

d
o
n

ly
if

th
e

co
effi

ci
en

t
o
f
Ẋ

h
as

th
e

fo
rm

C
/
t

fo
r

so
m

e
co

n
st

an
t
C

.
R

o
ta

ti
o
n

a
l

In
v
a
ri

a
n

c
e
.

N
es

te
ro

v
’s

sc
h

em
e

an
d

o
th

er
g
ra

d
ie

n
t-

b
as

ed
sc

h
em

es
ar

e
in

-
va

ri
a
n
t

u
n

d
er

ro
ta

ti
o
n

s.
A

s
ex

p
ec

te
d

,
th

e
O

D
E

is
a
ls

o
in

va
ri

a
n
t

u
n

d
er

or
th

og
on

al
tr

a
n

s-
fo

rm
at

io
n

.
T

o
se

e
th

is
,

le
t
Y

=
Q
X

fo
r

so
m

e
o
rt

h
o
g
on

a
l

m
a
tr

ix
Q

.
T

h
is

le
a
d

s
to

Ẏ
=
Q
Ẋ
,Ÿ

=
Q
Ẍ

an
d
∇
Y
f

=
Q
∇
X
f

.
H

en
ce

,
d

en
o
ti

n
g

b
y
Q
T

th
e

tr
a
n

sp
os

e
o
f
Q

,
th

e
O

D
E

in
th

e
n
ew

co
or

d
in

a
te

sy
st

em
re

a
d

s
Q
T
Ÿ

+
3 t
Q
T
Ẏ

+
Q
T
∇
Y
f

=
0,

w
h

ic
h

is
o
f

th
e

sa
m

e
fo

rm
a
s

(3
)

o
n

ce
m

u
lt

ip
ly

in
g
Q

o
n

b
o
th

si
d

es
.

In
it

ia
l

A
sy

m
p

to
ti

c
.

A
ss

u
m

e
su

ffi
ci

en
t

sm
o
o
th

n
es

s
o
f
X

su
ch

th
a
t

li
m
t→

0
Ẍ

(t
)

ex
is

ts
.

T
h

e
m

ea
n

va
lu

e
th

eo
re

m
g
u

a
ra

n
te

es
th

e
ex

is
te

n
ce

o
f

so
m

e
ξ
∈

(0
,t

)
th

a
t

sa
ti

sfi
es
Ẋ

(t
)/
t

=
(Ẋ

(t
)
−
Ẋ

(0
))
/
t

=
Ẍ

(ξ
).

H
en

ce
,

fr
om

th
e

O
D

E
w

e
d

ed
u

ce
Ẍ

(t
)

+
3Ẍ

(ξ
)

+
∇
f

(X
(t

))
=

0.
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A
n

O
D

E
f
o
r

M
o
d
e
l
in

g
N

e
st

e
r
o
v
’s

S
c
h
e
m

e

T
ak

in
g

th
e

lim
it
t→

0
giv

es
Ẍ

(0
)

=
−
∇
f

(x
0 )/4

.
H

en
ce,

for
sm

all
t

w
e

h
ave

th
e

a
sy

m
p

to
tic

fo
rm

:

X
(t)

=
−
∇
f

(x
0 )t 2

8
+
x

0
+
o(t 2).

T
h

is
a
sy

m
p

totic
ex

p
an

sio
n

is
co

n
sisten

t
w

ith
th

e
em

p
irica

l
o
b

serva
tio

n
th

a
t

N
esterov

’s
sch

em
e

m
oves

slow
ly

in
th

e
b

eg
in

n
in

g.

2
.2

O
D

E
fo

r
C

o
m

p
o
site

O
p

tim
iz

a
tio

n

It
is

in
terestin

g
a
n

d
im

p
o
rta

n
t

to
g
en

eralize
th

e
O

D
E

to
m

in
im

izin
g
f

in
th

e
co

m
p

o
site

form
f

(x
)

=
g
(x

)
+
h

(x
),

w
h
ere

th
e

sm
o
o
th

p
a
rt
g
∈
F
L

a
n

d
th

e
n

o
n

-sm
o
o
th

p
a
rt
h

:
R
n
→

(−
∞
,∞

]
is

a
stru

ctu
red

g
en

eral
co

n
v
ex

fu
n

ctio
n

.
B

o
th

N
esterov

(2
0
1
3)

a
n

d
B

eck
a
n

d
T

eb
ou

lle
(2

00
9
)

o
b

ta
in
O

(1/
k

2)
co

n
verg

en
ce

ra
te

b
y

em
p

loy
in

g
th

e
p

rox
im

a
l

stru
ctu

re
o
f
h

.
In

an
alo

g
y

to
th

e
sm

o
oth

ca
se,

a
n

O
D

E
fo

r
co

m
p

osite
f

is
d

eriv
ed

in
th

e
a
p

p
en

d
ix

.

3
.

C
o
n
n
e
ctio

n
s

a
n
d

In
te

rp
re

ta
tio

n
s

In
th

is
sectio

n
,

w
e

ex
p

lo
re

th
e

ap
p

rox
im

a
te

eq
u

iva
len

ce
b

etw
een

th
e

O
D

E
an

d
N

esterov
’s

sch
em

e,
a
n

d
p

rov
id

e
ev

id
en

ce
th

a
t

th
e

O
D

E
ca

n
serve

a
s

an
a
m

en
ab

le
to

o
l

for
in

terp
retin

g
an

d
an

a
ly

zin
g

N
esterov

’s
sch

em
e.

T
h

e
fi

rst
su

b
sectio

n
ex

h
ib

its
in

verse
q
u

a
d

ratic
co

n
ver-

gen
ce

ra
te

fo
r

th
e

O
D

E
so

lu
tio

n
,

th
e

n
ex

t
tw

o
a
d

d
ress

th
e

o
scilla

tion
p

h
en

o
m

en
o
n

d
iscu

ssed
in

S
ectio

n
1
.1

,
an

d
th

e
la

st
su

b
sectio

n
is

d
evo

ted
to

co
m

p
arin

g
N

esterov
’s

sch
em

e
w

ith
g
ra-

d
ien

t
d

escen
t

fro
m

a
n
u

m
erical

p
ersp

ective.

3
.1

A
n

a
lo

g
o
u

s
C

o
n
v
e
rg

e
n

c
e

R
a
te

T
h

e
o
rig

in
a
l

resu
lt

fro
m

N
esterov

(19
8
3
)

sta
tes

th
a
t,

fo
r

a
n
y
f
∈
F
L

,
th

e
seq

u
en

ce
{
x
k }

g
iven

b
y

(1)
w

ith
step

size
s≤

1/L
sa

tisfi
es

f
(x
k )−

f
?≤

2‖
x

0 −
x
?‖

2

s(k
+

1
)
2
.

(6)

O
u

r
n

ex
t

resu
lt

in
d

ica
tes

th
a
t

th
e

tra
jecto

ry
o
f

(3
)

clo
sely

resem
b

les
th

e
seq

u
en

ce
{x

k }
in

term
s

of
th

e
co

n
verg

en
ce

rate
to

a
m

in
im

izer
x
?.

C
o
m

p
a
red

w
ith

th
e

d
iscrete

ca
se,

th
is

p
ro

of
is

sh
orter

a
n

d
sim

p
ler.

T
h

e
o
re

m
3

F
o
r

a
n

y
f
∈
F
∞

,
let

X
(t)

be
th

e
u

n
iqu

e
glo

ba
l

so
lu

tio
n

to
(3

)
w

ith
in

itia
l

co
n

d
itio

n
s
X

(0)
=
x

0 ,Ẋ
(0)

=
0.

T
h
en

,
fo

r
a
n

y
t
>

0,

f
(X

(t))−
f
?≤

2‖x
0 −

x
?‖

2

t 2
.

(7
)

P
ro

o
f

C
on

sid
er

th
e

en
erg

y
fu

n
ctio

n
a
l 1

d
efi

n
ed

asE
(t)

=
t 2(f

(X
(t))−

f
?)

+
2‖
X

+
tẊ
/
2−

x
?‖

2,
w

h
ose

tim
e

d
eriva

tiv
e

is

Ė
=

2t(f
(X

)−
f
?)

+
t 2〈∇

f
,Ẋ
〉

+
4 〈

X
+
t2
Ẋ
−
x
?,

32
Ẋ

+
t2
Ẍ

〉
.

1
.

W
e

m
ay

a
lso

v
iew

th
is

fu
n
ctio

n
a
l
a
s

th
e

n
eg

a
tiv

e
en

tro
p
y.

S
im

ila
rly,

fo
r

th
e

g
ra

d
ien

t
fl
ow

Ẋ
+
∇
f

(X
)

=
0
,

a
n

en
erg

y
fu

n
ctio

n
o
f

fo
rm
E
g
ra

d
ie
n
t (t)

=
t(f

(X
(t))−

f
?)

+
‖
X

(t)−
x
?‖

2/
2

ca
n

b
e

u
sed

to
d
eriv

e
th

e

b
o
u
n
d
f

(X
(t))−

f
?≤

‖
x
0 −
x
?‖

2

2
t

.
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S
u
,

B
o
y
d

a
n
d

C
a
n
d
è
s

S
u

b
stitu

tin
g

3
Ẋ
/
2

+
tẌ
/
2

w
ith
−
t∇
f

(X
)/

2
,

th
e

ab
ove

eq
u

a
tion

giv
es

Ė
=

2t(f
(X

)−
f
?)

+
4〈X

−
x
?,−

t∇
f

(X
)/

2〉
=

2t(f
(X

)−
f
?)−

2t〈X
−
x
?,∇

f
(X

)〉≤
0,

w
h

ere
th

e
in

eq
u

ality
follow

s
from

th
e

con
vex

ity
of
f

.
H

en
ce

b
y

m
o
n

oton
icity

ofE
an

d
n

o
n

-n
eg

ativ
ity

of
2‖
X

+
tẊ
/
2−

x
?‖

2,
th

e
gap

satisfi
es

f
(X

(t))−
f
?≤
E

(t)

t 2
≤
E

(0)

t 2
=

2‖
x

0 −
x
?‖

2

t 2
.

M
ak

in
g

u
se

of
th

e
ap

p
rox

im
ation

t≈
k √

s,
w

e
ob

serve
th

at
th

e
con

vergen
ce

ra
te

in
(6)

is
essen

tially
a

d
iscrete

version
of

th
at

in
(7),

p
rov

id
in

g
y
et

a
n

o
th

er
p

iece
o
f

ev
id

en
ce

for
th

e
ap

p
rox

im
a
te

eq
u

ivalen
ce

b
etw

een
th

e
O

D
E

an
d

th
e

sch
em

e.
W

e
fi

n
ish

th
is

su
b

section
b
y

sh
ow

in
g

th
at

th
e

n
u

m
b

er
2

ap
p

earin
g

in
th

e
n
u

m
erator

of
th

e
error

b
ou

n
d

in
(7)

is
op

tim
al.

C
on

sid
er

an
arb

itrary
f
∈
F
∞

(R
)

su
ch

th
at
f

(x
)

=
x

for
x
≥

0
.

S
tartin

g
from

som
e
x

0
>

0,
th

e
solu

tion
to

(3)
is
X

(t)
=
x

0 −
t 2/

8
b

efore
h

ittin
g

th
e

origin
.

H
en

ce,
t 2(f

(X
(t))−

f
?)

=
t 2(x

0 −
t 2/

8)
h

as
a

m
a
x
im

u
m

2x
20

=
2|x

0 −
0| 2

ach
ieved

at
t

=
2 √

x
0 .

T
h

erefore,
w

e
can

n
ot

rep
lace

2
b
y

an
y

sm
aller

n
u
m

b
er,

an
d

w
e

can
ex

p
ect

th
a
t

th
is

tig
h
tn

ess
also

ap
p

lies
to

th
e

d
iscrete

an
alog

(6).

3
.2

Q
u

a
d

ra
tic

f
a
n

d
B

e
sse

l
F
u

n
c
tio

n
s

F
o
r

q
u

a
d

ratic
f

,
th

e
O

D
E

(3)
ad

m
its

a
solu

tion
in

closed
form

.
T

h
is

closed
form

solu
tion

tu
rn

s
o
u

t
to

b
e

very
u

sefu
l

in
u

n
d

erstan
d

in
g

th
e

issu
es

raised
in

th
e

in
tro

d
u

ction
.

L
et
f

(x
)

=
12 〈x

,A
x〉

+
〈b,x〉,

w
h

ere
A
∈
R
n×

n
is

a
p

ositiv
e

sem
id

efi
n

ite
m

atrix
an

d
b

is
in

th
e

co
lu

m
n

sp
a
ce

of
A

b
ecau

se
oth

erw
ise

th
is

fu
n
ction

can
a
ttain

−
∞

.
T

h
en

a
sim

p
le

tran
slation

in
x

can
ab

sorb
th

e
lin

ear
term

〈b,x〉
in

to
th

e
q
u

ad
ratic

term
.

S
in

ce
b

oth
th

e
O

D
E

an
d

th
e

sch
em

e
m

ove
w

ith
in

th
e

affi
n

e
sp

a
ce

p
erp

en
d

icu
lar

to
th

e
kern

el
of
A

,
w

ith
ou

t
loss

of
g
en

erality,
w

e
assu

m
e

th
at
A

is
p

ositive
d

efi
n

ite,
ad

m
ittin

g
a

sp
ectral

d
ecom

p
o
sition

A
=
Q
T

Λ
Q

,
w

h
ere

Λ
is

a
d

iagon
al

m
atrix

form
ed

b
y

th
e

eigen
valu

es.
R

ep
lacin

g
x

w
ith

Q
x

,
w

e
assu

m
e
f

=
12 〈x

,Λ
x〉

from
n

ow
on

.
N

ow
,

th
e

O
D

E
for

th
is

fu
n

ctio
n

a
d

m
its

a
sim

p
le

d
ecom

p
osition

of
form

Ẍ
i
+

3t
Ẋ
i
+
λ
i X

i
=

0,
i

=
1,...,n

w
ith

X
i (0)

=
x

0
,i ,Ẋ

i (0)
=

0.
In

tro
d

u
ce
Y
i (u

)
=
u
X
i (u
/ √

λ
i ),

w
h

ich
satisfi

es

u
2Ÿ
i
+
u
Ẏ
i
+

(u
2−

1)Y
i

=
0.

T
h

is
is

B
essel’s

d
iff

eren
tial

eq
u

ation
of

ord
er

on
e.

S
in

ce
Y
i

va
n

ish
es

a
t
u

=
0,

w
e

see
th

at
Y
i

is
a

co
n

stan
t

m
u
ltip

le
of
J

1 ,
th

e
B

essel
fu

n
ction

of
th

e
fi

rst
k
in

d
of

o
rd

er
on

e. 2
It

h
as

an
an

aly
tic

ex
p

a
n

sion
:

J
1 (u

)
=
∞∑m
=

0

(−
1)
m

(2m
)!!(2m

+
2)!! u

2
m

+
1,

2
.

U
p

to
a

co
n
sta

n
t

m
u
ltip

lier,
J
1

is
th

e
u

n
iq

u
e

so
lu

tio
n

to
th

e
B

essel’s
d
iff

eren
tia

l
eq

u
a
tio

n
u
2J̈

1
+
u
J̇
1

+
(u

2−
1
)J

1
=

0
th

a
t

is
fi
n
ite

a
t

th
e

o
rig

in
.

In
th

e
a
n
a
ly

tic
ex

p
a
n
sio

n
o
f
J
1 ,
m

!!
d

en
o
tes

th
e

d
o
u
b
le

fa
cto

ria
l

d
efi

n
ed

a
s
m

!!
=
m
×

(m
−

2
)×
···×

2
fo

r
ev

en
m

,
o
r
m

!!
=
m
×

(m
−

2
)×
···×

1
fo

r
o
d

d
m

.
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A
n

O
D

E
f
o
r

M
o
d
e
l
in

g
N

e
st

e
r
o
v
’s

S
c
h
e
m

e

w
h

ic
h

gi
v
es

th
e

as
y
m

p
to

ti
c

ex
p

an
si

on J
1
(u

)
=

(1
+
o(

1)
)u

2

w
h

en
u
→

0.
R

eq
u

ir
in

g
X
i(

0)
=
x

0
,i
,

h
en

ce
,

w
e

ob
ta

in

X
i(
t)

=
2x

0
,i

t√
λ
i
J

1
(t
√
λ
i)
.

(8
)

F
or

la
rg

e
t,

th
e

B
es

se
l

fu
n

ct
io

n
h

as
th

e
fo

ll
ow

in
g

as
y
m

p
to

ti
c

fo
rm

(s
ee

e.
g
.

W
a
ts

o
n

,
1
9
9
5)

:

J
1
(t

)
=

√
2 π
t( co

s(
t
−

3
π
/4

)
+
O

(1
/t

)) .
(9

)

T
h

is
as

y
m

p
to

ti
c

ex
p

an
si

on
y
ie

ld
s

(n
ot

e
th

at
f
?

=
0)

f
(X

(t
))
−
f
?

=
f

(X
(t

))
=

n ∑ i=
1

2x
2 0
,i

t2
J

1

( t√
λ
i) 2

=
O

(
‖x

0
−
x
?
‖2

t3
√

m
in
λ
i

)
.

(1
0)

O
n

th
e

ot
h

er
h

an
d

,
(9

)
an

d
(1

0)
gi

ve
a

lo
w

er
b

ou
n

d
:

li
m

su
p

t→
∞

t3
(f

(X
(t

))
−
f
?
)
≥

li
m

t→
∞

1 t

∫
t

0
u

3
(f

(X
(u

))
−
f
?
)d
u

=
li

m
t→
∞

1 t

∫
t

0

n ∑ i=
1

2x
2 0
,i
u
J

1
(u
√
λ
i)

2
d
u

=
n ∑ i=

1

2x
2 0
,i

π
√
λ
i
≥

2
‖x

0
−
x
?
‖2

π
√
L

,

(1
1)

w
h

er
e
L

=
‖A
‖ 2

is
th

e
sp

ec
tr

al
n

or
m

of
A

.
T

h
e

fi
rs

t
in

eq
u

al
it

y
fo

ll
ow

s
b
y

in
te

rp
re

ti
n

g
li

m
t→
∞

1 t

∫ t 0
u

3
(f

(X
(u

))
−
f
?
)d
u

as
th

e
m

ea
n

of
u

3
(f

(X
(u

))
−
f
?
)

on
(0
,∞

)
in

ce
rt

a
in

se
n

se
.

In
v
ie

w
of

(1
0)

,
N

es
te

ro
v
’s

sc
h

em
e

m
ig

h
t

p
os

si
b

ly
ex

h
ib

it
O

(1
/k

3
)

co
n
v
er

ge
n

ce
ra

te
fo

r
st

ro
n

gl
y

co
n
ve

x
fu

n
ct

io
n

s.
T

h
is

co
n
ve

rg
en

ce
ra

te
is

co
n

si
st

en
t

w
it

h
th

e
se

co
n

d
in

eq
u

al
it

y
in

T
h

eo
re

m
6.

In
S

ec
ti

on
4.

3,
w

e
p

ro
v
e

th
e
O

(1
/t

3
)

ra
te

fo
r

a
ge

n
er

al
iz

ed
ve

rs
io

n
of

(3
).

H
ow

ev
er

,
(1

1)
ru

le
s

ou
t

th
e

p
os

si
b

il
it

y
of

a
h

ig
h

er
or

d
er

co
n
ve

rg
en

ce
ra

te
.

R
ec

al
l

th
at

th
e

fu
n

ct
io

n
co

n
si

d
er

ed
in

F
ig

u
re

1
is
f

(x
)

=
0.

02
x

2 1
+

0
.0

05
x

2 2
,

st
a
rt

in
g

fr
om

x
0

=
(1
,

1)
.

A
s

th
e

st
ep

si
ze
s

b
ec

om
es

sm
al

le
r,

th
e

tr
a
je

ct
or

y
of

N
es

te
ro

v
’s

sc
h

em
e

co
n
ve

rg
es

to
th

e
so

li
d

cu
rv

e
re

p
re

se
n
te

d
v
ia

th
e

B
es

se
l
fu

n
ct

io
n

.
W

h
il

e
ap

p
ro

a
ch

in
g

th
e

m
in

-
im

iz
er
x
?
,

ea
ch

tr
a

je
ct

or
y

d
is

p
la

y
s

th
e

os
ci

ll
at

io
n

p
at

te
rn

,
as

w
el

l-
ca

p
tu

re
d

b
y

th
e

zo
o
m

ed
F

ig
u

re
1b

.
T

h
is

p
re

v
en

ts
N

es
te

ro
v
’s

sc
h

em
e

fr
om

ac
h

ie
v
in

g
b

et
te

r
co

n
ve

rg
en

ce
ra

te
.

T
h

e
re

p
re

se
n
ta

ti
on

(8
)

off
er

s
ex

ce
ll

en
t

ex
p

la
n

a
ti

on
as

fo
ll

ow
s.

D
en

ot
e

b
y
T

1
,T

2
,

re
sp

ec
ti

v
el

y,
th

e
ap

p
ro

x
im

at
e

p
er

io
d

ic
it

ie
s

of
th

e
fi
rs

t
co

m
p

on
en

t
|X

1
|i

n
ab

so
lu

te
va

lu
e

a
n

d
th

e
se

co
n

d
|X

2
|.

B
y

(9
),

w
e

ge
t
T

1
=
π
/√

λ
1

=
5π

an
d
T

2
=
π
/√

λ
2

=
10
π

.
H

en
ce

,
a
s

th
e

am
p

li
tu

d
e

gr
ad

u
al

ly
d

ec
re

as
es

to
ze

ro
,

th
e

fu
n

ct
io

n
f

=
2x

2 0
,1
J

1
(√
λ

1
t)

2
/t

2
+

2x
2 0
,2
J

1
(√
λ

2
t)

2
/
t2

h
as

a
m

a
jo

r
cy

cl
e

of
10
π

,
th

e
le

as
t

co
m

m
on

m
u

lt
ip

le
of
T

1
an

d
T

2
.

A
ca

re
fu

l
lo

o
k

at
F

ig
u

re
1
c

re
ve

al
s

th
at

w
it

h
in

ea
ch

m
a
jo

r
b

u
m

p
,

ro
u

gh
ly

,
th

er
e

ar
e

10
π
/T

1
=

2
m

in
o
r

p
ea

k
s.
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15
3)

:1
-4

3

S
u
,

B
o
y
d

a
n
d

C
a
n
d
è
s

3
.3

F
lu

c
tu

a
ti

o
n

s
o
f

S
tr

o
n

g
ly

C
o
n
v
e
x
f

T
h

e
an

al
y
si

s
ca

rr
ie

d
ou

t
in

th
e

p
re

v
io

u
s

su
b

se
ct

io
n

o
n

ly
a
p

p
li

es
to

co
n
ve

x
q
u

a
d

ra
ti

c
fu

n
c-

ti
o
n

s.
In

th
is

su
b

se
ct

io
n

,
w

e
ex

te
n

d
th

e
d

is
cu

ss
io

n
to

o
n

e-
d

im
en

si
o
n

a
l

st
ro

n
gl

y
co

n
ve

x
fu

n
ct

io
n

s.
T

h
e

S
tu

rm
-P

ic
o
n

e
th

eo
ry

(s
ee

e.
g
.

H
in

to
n

,
2
00

5)
is

ex
te

n
si

v
el

y
u

se
d

a
ll

al
on

g
th

e
an

al
y
si

s.
L

et
f
∈
S µ

,L
(R

).
W

it
h

ou
t

lo
ss

o
f

g
en

er
a
li

ty
,

as
su

m
e
f

a
tt

a
in

s
m

in
im

u
m

at
x
?

=
0.

T
h

en
,

b
y

d
efi

n
it

io
n
µ
≤
f
′ (
x

)/
x
≤
L

fo
r

an
y
x
6=

0
.

D
en

o
ti

n
g

b
y
X

th
e

so
lu

ti
o
n

to
th

e
O

D
E

(3
),

w
e

co
n

si
d

er
th

e
se

lf
-a

d
jo

in
t

eq
u

a
ti

o
n

,

(t
3
Y
′ )
′ +

t3
f
′ (
X

(t
))

X
(t

)
Y

=
0,

(1
2)

w
h

ic
h

,
a
p

p
ar

en
tl

y,
ad

m
it

s
a

so
lu

ti
o
n
Y

(t
)

=
X

(t
).

T
o

a
p

p
ly

th
e

S
tu

rm
-P

ic
o
n

e
co

m
p

a
ri

so
n

th
eo

re
m

,
co

n
si

d
er

(t
3
Y
′ )
′ +

µ
t3
Y

=
0

fo
r

a
co

m
p

a
ri

so
n

.
T

h
is

eq
u

a
ti

o
n

a
d

m
it

s
a

so
lu

ti
o
n
Ỹ

(t
)

=
J

1
(√
µ
t)
/
t.

D
en

o
te

b
y
t̃ 1
<
t̃ 2
<

··
·

al
l

th
e

p
o
si

ti
v
e

ro
o
ts

o
f
J

1
(t

),
w

h
ic

h
sa

ti
sf

y
(s

ee
e

.g
.

W
a
ts

o
n

,
19

9
5
)

3
.8

3
17

=
t̃ 1
−
t̃ 0
>
t̃ 2
−
t̃ 3
>
t̃ 3
−
t̃ 4
>
··
·>

π
,

w
h

er
e
t̃ 0

=
0
.

T
h

en
,

it
fo

ll
ow

s
th

a
t

th
e

p
o
si

ti
ve

ro
o
ts

of
Ỹ

a
re
t̃ 1
/√

µ
,
t̃ 2
/√

µ
,.
..

.
S

in
ce

t3
f
′ (
X

(t
))
/X

(t
)
≥
µ
t3

,
th

e
S

tu
rm

-P
ic

o
n

e
co

m
p

a
ri

so
n

th
eo

re
m

a
ss

er
ts

th
a
t
X

(t
)

h
a
s

a
ro

ot
in

ea
ch

in
te

rv
al

[t̃
i/
√
µ
,t̃
i+

1
/√

µ
].

T
o

o
b

ta
in

a
si

m
il

a
r

re
su

lt
in

th
e

o
p

p
o
si

te
d

ir
ec

ti
o
n

,
co

n
si

d
er

(t
3
Y
′ )
′ +

L
t3
Y

=
0.

(1
3)

A
p

p
ly

in
g

th
e

S
tu

rm
-P

ic
o
n

e
co

m
p

a
ri

so
n

th
eo

re
m

to
(1

2
)

a
n

d
(1

3)
,

w
e

en
su

re
th

at
b

et
w

ee
n

an
y

tw
o

co
n

se
cu

ti
v
e

p
o
si

ti
ve

ro
o
ts

of
X

,
th

er
e

is
a
t

le
a
st

o
n

e
t̃ i
/√

L
.

N
ow

,
w

e
su

m
m

ar
iz

e
ou

r
fi

n
d

in
gs

in
th

e
fo

ll
ow

in
g
.

R
o
u

g
h
ly

sp
ea

k
in

g,
th

is
re

su
lt

co
n

cl
u

d
es

th
a
t

th
e

os
ci

ll
at

io
n

fr
eq

u
en

cy
of

th
e

O
D

E
so

lu
ti

o
n

is
b

et
w

ee
n
O

(√
µ

)
a
n

d
O

(√
L

).

T
h

e
o
re

m
4

D
en

o
te

by
0
<
t 1
<
t 2
<
··
·

a
ll

th
e

ro
o
ts

o
f
X

(t
)
−
x
?
.

T
h
en

th
es

e
ro

o
ts

sa
ti

sf
y,

fo
r

a
ll
i
≥

1
, t 1

<
7.

6
6
35

√
µ

,
t i

+
1
−
t i
<

7.
66

3
5

√
µ

,
t i

+
2
−
t i
>

π √
L
.

3
.4

N
e
st

e
ro

v
’s

S
ch

e
m

e
C

o
m

p
a
re

d
w

it
h

G
ra

d
ie

n
t

D
e
sc

e
n
t

T
h

e
an

sa
tz
t
≈
k
√
s

in
re

la
ti

n
g

th
e

O
D

E
a
n

d
N

es
te

ro
v
’s

sc
h

em
e

is
fo

rm
al

ly
co

n
fi

rm
ed

in
T

h
eo

re
m

2.
C

o
n
se

q
u
en

tl
y,

fo
r

a
n
y

co
n

st
a
n
t
t c
>

0
,

th
is

im
p

li
es

th
a
t
x
k

d
o
es

n
o
t

ch
a
n

g
e

m
u

ch
fo

r
a

ra
n

ge
of

st
ep

si
ze

s
s

if
k
≈
t c
/
√
s.

T
o

em
p

ir
ic

al
ly

su
p

p
o
rt

th
is

cl
a
im

,
w

e
p

re
se

n
t

an
ex

a
m

p
le

in
F

ig
u

re
3a

,
w

h
er

e
th

e
sc

h
em

e
m

in
im

iz
es
f

(x
)

=
‖y
−
A
x
‖2
/
2

+
‖x
‖ 1

w
it

h
y

=
(4
,

2
,

0)
a
n

d
A

(:
,1

)
=

(0
,

2
,

4
),
A

(:
,2

)
=

(1
,

1,
1)

st
ar

ti
n

g
fr

om
x

0
=

(2
,

0)
(h

er
e

A
(:
,j

)
is

th
e
jt

h
co

lu
m

n
o
f
A

).
F

ro
m

th
is

fi
gu

re
,

w
e

ar
e

d
el

ig
h
te

d
to

o
b

se
rv

e
th

a
t
x
k

w
it

h
th

e
sa

m
e
t c

a
re

v
er

y
cl

o
se

to
ea

ch
o
th

er
.
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e

T
h

is
in
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g

sq
u

a
re-ro

o
t

sca
lin

g
h

as
th

e
p

o
ten

tia
l

to
sh

ed
ligh

t
o
n

th
e

su
p

eriority
o
f

N
esterov

’s
sch

em
e

over
g
ra

d
ien

t
d

escen
t.

R
ou

gh
ly

sp
ea

k
in

g
,

ea
ch

itera
tio

n
in

N
esterov

’s
sch

em
e

am
ou

n
ts

to
travelin

g
√
s

in
tim

e
a
lo

n
g

th
e

in
teg

ra
l

cu
rve

o
f

(3),
w

h
erea

s
it

is
k
n

ow
n

th
a
t

th
e

sim
p

le
g
ra

d
ien

t
d

escen
t
x
k
+

1
=
x
k −

s∇
f

(x
k )

m
oves

s
alo

n
g

th
e

in
teg

ra
l

cu
rve

o
f
Ẋ

+
∇
f

(X
)

=
0
.

W
e

ex
p

ect
th

a
t

fo
r

sm
all

s
N

esterov
’s

sch
em

e
m

oves
m

o
re

in
ea

ch
itera

tio
n

sin
ce
√
s

is
m

u
ch

larger
th

an
s.

F
igu

re
3
b

illu
strates

an
d

su
p

p
o
rts

th
is

cla
im

,
w

h
ere

th
e

fu
n

ctio
n

m
in

im
ized

is
f

=
|x

1 | 3
+

5|x
2 | 3

+
0
.0

01
(x

1
+
x

2 )
2

w
ith

step
size

s
=

0.05
(T

h
e

co
ord

in
a
tes

a
re

a
p

p
ro

p
riately

rota
ted

to
a
llow

x
0

a
n

d
x
?

lie
o
n

th
e

sam
e

h
o
rizo

n
ta

l
lin

e).
T

h
e

circles
a
re

th
e

itera
tes

fo
r
k

=
1,1

0,2
0,3

0,4
5
,6

0,9
0,1

20
,1

5
0
,1

9
0
,25

0
,3

00
.

F
o
r

N
esterov

’s
sch

em
e,

th
e

seven
th

circle
h

a
s

alread
y

p
a
ssed

t
=

1
5
,

w
h

ile
fo

r
g
rad

ien
t

d
escen

t
th

e
last

p
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t
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a
s

m
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a
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a
t
t

=
1
5
.
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N
e

s
te

ro
v

G
ra

d
ie

n
t

t =
 5

t =
 5

t =
 1

5

t =
 1

5

(b
)

R
ace

b
etw

een
N

esterov
’s

a
n
d

gra
d
ien

t.

F
ig

u
re

3
:

In
(a),

th
e

circles,
cro

sses
a
n

d
tria

n
g
les

a
re
x
k

evalu
ated

a
t
k

=
d1/ √

se
,d2/ √

se
a
n

d
d3
/ √

se,
resp

ectively.
In

(b
),

th
e

circles
a
re

itera
tio

n
s

g
iven

b
y

N
esterov

’s
sch

em
e

o
r

g
rad

ien
t

d
escen

t,
d

ep
en

d
in

g
on

th
e

co
lo

r,
a
n

d
th

e
sta

rs
a
re
X

(t)
o
n

th
e

in
teg

ra
l

cu
rves

fo
r

t
=

5,15
.

A
secon

d
lo

ok
at

F
igu

re
3b

su
gg

ests
th

a
t

N
esterov

’s
sch

em
e

allow
s

a
la

rge
d

ev
ia

tio
n

fro
m

its
lim

it
cu

rve,
a
s

co
m

p
ared

w
ith

g
rad

ien
t

d
escen

t.
T

h
is

ra
ises

th
e

q
u

estio
n

of
th

e
sta

b
le

step
size

a
llow

ed
fo

r
n
u

m
erically

solv
in

g
th

e
O

D
E

(3
)

in
th

e
p

resen
ce

o
f

a
ccu

m
u

la
ted

errors.
T

h
e

fi
n

ite
d

iff
eren

ce
a
p

p
rox

im
a
tion

b
y

th
e

fo
rw

a
rd

E
u

ler
m

eth
o
d

is

X
(t

+
∆
t)−

2X
(t)

+
X

(t−
∆
t)

∆
t 2

+
3t

X
(t)−

X
(t−

∆
t)

∆
t

+
∇
f

(X
(t))

=
0
,

(1
4)

w
h

ich
is

eq
u

iva
len

t
to

X
(t

+
∆
t)

=
(

2−
3
∆
t

t

)
X

(t)−
∆
t 2∇

f
(X

(t))−
(

1−
3∆

t

t

)
X

(t−
∆
t).

(1
5
)

A
ssu

m
in

g
f

is
su

ffi
cien

tly
sm

o
oth

,
w

e
h

ave
∇
f

(x
+
δx

)
≈
∇
f

(x
)

+
∇

2f
(x

)δx
fo

r
sm

all
p

ertu
rb

atio
n

s
δx

,
w

h
ere
∇

2f
(x

)
is

th
e

H
essia

n
o
f
f

eva
lu

a
ted

a
t
x

.
Id

en
tify

in
g
k

=
t/

∆
t,

1
1

JM
L

R
 17(153):1-43

S
u
,

B
o
y
d

a
n
d

C
a
n
d
è
s

th
e

ch
aracteristic

eq
u

ation
of

th
is

fi
n

ite
d

iff
eren

ce
sch

em
e

is
ap

p
rox

im
ately

d
et (

λ
2−

(
2−

∆
t 2∇

2f
−

3∆
t

t

)
λ

+
1−

3∆
t

t

)
=

0.
(16)

T
h

e
n
u

m
erical

stab
ility

of
(14)

w
ith

resp
ect

to
accu

m
u

lated
errors

is
eq

u
ivalen

t
to

th
is:

all
th

e
ro

o
ts

of
(16

)
lie

in
th

e
u

n
it

circle
(see

e.g.
L

ead
er,

2004).
W

h
en
∇

2f
�
L
I
n

(i.e.
L
I
n −

∇
2f

is
p

ositive
sem

id
efi

n
ite),

if
∆
t/t

sm
a
ll

an
d

∆
t
<

2
/ √

L
,

w
e

see
th

at
all

th
e

ro
ots

of
(16)

lie
in

th
e

u
n

it
circle.

O
n

th
e

oth
er

h
an

d
,

if
∆
t
>

2/ √
L

,
(16)

ca
n

p
ossib

ly
h

ave
a

ro
ot

λ
ou

tsid
e

th
e

u
n

it
circle,

cau
sin

g
n
u

m
erical

in
stab

ility.
U

n
d

er
ou

r
id

en
tifi

cation
s

=
∆
t 2,

a
step

size
o
f
s

=
1
/
L

in
N

esterov
’s

sch
em

e
(1)

is
ap

p
rox

im
ately

eq
u

ivalen
t

to
a

step
size

of
∆
t

=
1/ √

L
in

th
e

forw
ard

E
u

ler
m

eth
o
d

,
w

h
ich

is
stab

le
for

n
u

m
erically

in
tegratin

g
(14).

A
s

a
com

p
arison

,
n

ote
th

at
th

e
fi

n
ite

d
iff

eren
ce

sch
em

e
o
f
th

e
O

D
E
Ẋ

(t)+
∇
f

(X
(t))

=
0,

w
h

ich
m

o
d

els
grad

ien
t

d
escen

t
w

ith
u

p
d

ates
x
k
+

1
=
x
k −

s∇
f

(x
k ),

h
as

th
e

ch
a
racteristic

eq
u

ation
d

et(λ
−

(1−
∆
t∇

2f
))

=
0.

T
h
u

s,
to

gu
aran

tee
−
I
n
�

1−
∆
t∇

2f
�
I
n

in
w

orst
ca

se
an

a
ly

sis,
on

e
can

on
ly

ch
o
ose

∆
t≤

2/L
for

a
fi

x
ed

step
size,

w
h

ich
is

m
u

ch
sm

aller
th

an
th

e
step

size
2
/ √

L
for

(14)
w

h
en
∇
f

is
v
ery

variab
le,

i.e.,
L

is
large.

4
.

T
h
e

M
a
g
ic

C
o
n
sta

n
t

3

R
ecall

th
at

th
e

con
stan

t
3

ap
p

earin
g

in
th

e
co

effi
cien

t
of
Ẋ

in
(3)

o
rig

in
a
tes

from
(k

+
2)−

(k
−

1
)

=
3
.

T
h

is
n
u

m
b

er
lead

s
to

th
e

m
om

en
tu

m
co

effi
cien

t
in

(1)
tak

in
g

th
e

form
(k−

1
)/

(k
+

2)
=

1−
3/k

+
O

(1/k
2).

In
th

is
section

,
w

e
d

em
on

strate
th

at
3

can
b

e
rep

laced
b
y

a
n
y

la
rg

er
n
u

m
b

er,
w

h
ile

m
ain

tain
in

g
th

e
O

(1/k
2)

co
n
vergen

ce
rate.

T
o

b
egin

w
ith

,
let

u
s

con
sid

er
th

e
fo

llow
in

g
O

D
E

p
aram

eterized
b
y

a
con

stan
t
r:

Ẍ
+
rt
Ẋ

+
∇
f

(X
)

=
0

(17)

w
ith

in
itial

con
d
ition

s
X

(0)
=
x

0 ,Ẋ
(0)

=
0.

T
h

e
p

ro
o
f

o
f

T
h

eorem
1,

w
h

ich
seam

lessly
a
p

p
lies

h
ere,

gu
aran

tees
th

e
ex

isten
ce

an
d

u
n

iq
u

en
ess

of
th

e
solu

tion
X

to
th

is
O

D
E

.
In

terp
retin

g
th

e
d

am
p

in
g

ratio
r/t

as
a

m
easu

re
of

friction
3

in
th

e
d

am
p

in
g

sy
stem

,
o
u

r
resu

lts
say

th
at

m
ore

friction
d

o
es

n
ot

en
d

th
e
O

(1/t 2)
an

d
O

(1/k
2)

con
vergen

ce
rate.

O
n

th
e

o
th

er
h

an
d

,
in

th
e

low
er

friction
settin

g,
w

h
ere

r
is

sm
aller

th
an

3,
w

e
can

n
o

lo
n

ger
ex

p
ect

in
v
erse

q
u

ad
ratic

con
vergen

ce
rate,

u
n

less
som

e
ad

d
ition

al
stru

ctu
res

of
f

are
im

p
o
sed

.
W

e
b

elieve
th

at
th

is
strik

in
g

p
h

ase
tran

sition
a
t

3
d

eserves
m

o
re

atten
tion

a
s

an
in

terestin
g

research
ch

allen
ge.

4
.1

H
ig

h
F
ric

tio
n

H
ere,

w
e

stu
d

y
th

e
con

v
ergen

ce
rate

of
(17)

w
ith

r
>
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Ẍ

+
rẊ
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Ẍ
(t

)
+

3 t s
r
Ẋ
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(4/

(5 √
L

))‖
2

log
5
T √

L

4
.

H
en

ce,
w

e
get

an
u

p
p

er
b

ou
n

d
for

T
,

T
≤

4

5 √
L

ex
p (

f
(x

0 )−
f

(X
(T

))

3‖
Ẋ
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d
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0
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ra
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=
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x
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0.0
5i/

(2p
)).

L
a
sso

.
f

(x
)

=
12 ‖A

x−
b‖
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=
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x
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=
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∑
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∑
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=
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ra
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b
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d
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d
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p
tion

s
in

T
h

eorem
10

.
A

m
o
n

g
a
ll

th
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b
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b
y

sig
n
ifi

can
tly

red
u

cin
g

b
u

m
p

s
in

th
e

o
b

jective
va

lu
es.

T
h
is

leaves
u

s
a
n

o
p

en
p

ro
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d
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.
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a
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p
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d
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h
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p
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p
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ra
te
O

(1/
k

2),
a
n

d
(2

)
a

resta
rtin

g
sch

em
e

p
rova

b
ly

a
ch

iev
in

g
a

lin
ear

co
n
verg

en
ce

ra
te

w
h

en
ever

f
is

stro
n

g
ly

co
n
vex

.
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m
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d
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l
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e
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p
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p
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ely,

ex
isten

ce
an

d
u

n
iq

u
en

ess.

L
e
m

m
a

1
4

F
o
r

a
n

y
f
∈
F
∞
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0 ∈
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b
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b
egin

w
ith

,
fo

r
an

y
δ
>

0
con

sid
er

th
e

sm
o
oth

ed
O

D
E

Ẍ
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∇
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=
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∇
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b
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=
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Ẋ
δ (u

)‖
/u

over
u
∈
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b
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Ẋ
δ (0)‖
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‖Ẍ
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b
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√
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p

le
le

m
m

a.

L
e
m

m
a

1
6

F
o
r

a
n

y
u
>
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∇
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∫
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L
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∇
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∇
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∇
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‖∇

f
(x

0
)‖

+
L
M
δ
(δ

)δ
2

6
.

T
ak

in
g

th
e

su
p

re
m

u
m

of
‖Ẋ

δ
(t

)‖
/t

ov
er

0
<
t
≤
δ

an
d

re
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b
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√
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√
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∇
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d

C
a
n
d
è
s

H
en

ce
,

b
y

in
te

gr
a
ti

on
,
t3
Ẋ
δ
(t

)
is

eq
u

a
l

to

−
∫
t

δ
u

3
∇
f

(X
δ
(u

))
d
u

+
δ3
Ẋ
δ
(δ

)
=
−
∫
t

δ
u

3
∇
f

(x
0
)d
u
−
∫
t

δ
u

3
(∇
f

(X
δ
(u

))
−
∇
f

(x
0
))

d
u

+
δ3
Ẋ
δ
(δ

).

T
h

er
ef

or
e

b
y

L
em

m
a
s

16
a
n

d
15

,
w

e
ge

t

‖Ẋ
δ
(t

)‖
t

≤
t4
−
δ4

4
t4
‖∇

f
(x

0
)‖

+
1 t4

∫
t

δ

1 2
L
M
δ
(u

)u
5
d
u

+
δ4 t4
‖Ẋ

δ
(δ

)‖
δ

≤
1 4
‖∇

f
(x

0
)‖

+
1 12
L
M
δ
(t

)t
2

+
‖∇

f
(X

0
)‖

1
−
L
δ2
/6
,

w
h

er
e

th
e

la
st

ex
p

re
ss

io
n

is
a
n

in
cr

ea
si

n
g

fu
n

ct
io

n
o
f
t.

S
o

fo
r

an
y
δ
<
t′
<
t,

it
fo

ll
ow

s
th

at

‖Ẋ
δ
(t
′ )
‖

t′
≤

1 4
‖∇

f
(x

0
)‖

+
1 1
2
L
M
δ
(t

)t
2

+
‖∇

f
(x

0
)‖

1
−
L
δ2
/
6
,

w
h

ic
h

al
so

h
ol

d
s

fo
r
t′
≤
δ.

T
ak

in
g

th
e

su
p

re
m

u
m

ov
er
t′
∈

(0
,t

)
g
iv

es

M
δ
(t

)
≤

1 4
‖∇

f
(x

0
)‖

+
1 1
2
L
M
δ
(t

)t
2

+
‖∇

f
(X

0
)‖

1
−
L
δ2
/
6
.

T
h

e
d

es
ir

ed
re

su
lt

fo
ll

ow
s

fr
om

re
a
rr

a
n

g
in

g
th

e
in

eq
u

a
li

ty
.

L
e
m

m
a

1
8

T
h
e

fu
n

ct
io

n
cl

a
ss
F

=
{X

δ
:
[ 0
,√

6/
L
]
→

R
n
∣ ∣ δ

=
√

3
/L
/2
m
,m

=
0
,1
,.
..
}

is
u

n
if

o
rm

ly
bo

u
n

d
ed

a
n

d
eq

u
ic

o
n

ti
n

u
o
u

s.

P
ro

o
f

B
y

L
em

m
as

1
5

a
n

d
17

,
fo

r
a
n
y
t
∈

[0
,√

6
/
L

],
δ
∈

(0
,√

3/
L

)
th

e
g
ra

d
ie

n
t

is
u

n
if

o
rm

ly
b

ou
n

d
ed

as

‖Ẋ
δ
(t

)‖
≤
√

6/
L
M
δ
(√

6
/
L

)
≤
√

6
/
L

m
a
x
{
‖∇

f
(x

0
)‖

1
−

1 2

,
5
‖∇

f
(x

0
)‖

4(
1
−

1 2
)(

1
−

1 2
)}

=
5√

6/
L
‖∇

f
(x

0
)‖
.

T
h
u

s
it

im
m

ed
ia

te
ly

im
p

li
es

th
at
F

is
eq

u
ic

o
n
ti

n
u

o
u

s.
T

o
es

ta
b

li
sh

th
e

u
n

if
o
rm

b
o
u

n
d

ed
-

n
es

s,
n

ot
e

th
at

‖X
δ
(t

)‖
≤
‖X

δ
(0

)‖
+

∫
t

0
‖Ẋ

δ
(u

)‖
d
u
≤
‖x

0
‖+

3
0
‖∇

f
(x

0
)‖
/
L
.

W
e

ar
e

n
ow

re
a
d

y
fo

r
th

e
p

ro
of

o
f

L
em

m
a

1
4
.

P
ro

o
f

B
y

th
e

A
rz

el
á
-A

sc
o
li

th
eo

re
m

an
d

L
em

m
a

1
8
,
F

co
n
ta

in
s

a
su

b
se

q
u

en
ce

co
n
v
er

g
in

g
u

n
if

o
rm

ly
on

[0
,√

6
/
L

].
D

en
o
te

b
y
{X

δ m
i
} i∈

N
th

e
co

n
ve

rg
en

t
su

b
se

q
u

en
ce

a
n

d
X̆

th
e

li
m

it
.

A
b

ov
e,
δ m

i
=
√

3/
L
/2
m
i

d
ec

re
as

es
a
s
i

in
cr

ea
se

s.
W

e
w

il
l

p
ro

ve
th

at
X̆

sa
ti

sfi
es

(3
)

a
n

d

th
e

in
it

ia
l

co
n

d
it

io
n

s
X̆

(0
)

=
x

0
,

˙̆ X
(0

)
=

0
.
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A
n

O
D

E
f
o
r

M
o
d
e
l
in

g
N

e
st

e
r
o
v
’s

S
c
h
e
m

e

F
ix

a
n

a
rb

itrary
t0 ∈

(0, √
6
/L

).
S

in
ce‖Ẋ

δ
m
i (t0 )‖

is
b

o
u

n
d

ed
,
w

e
can

p
ick

a
su

b
seq

u
en

ce

o
f
Ẋ
δ
m
i (t0 )

w
h

ich
con

verg
es

to
a

lim
it,

d
en

o
ted

b
y
X
Dt0

.
W

ith
ou

t
lo

ss
o
f

g
en

era
lity,

a
ssu

m
e

th
e

su
b

seq
u

en
ce

is
th

e
o
rigin

a
l
seq

u
en

ce.
D

en
o
te

b
y
X̃

th
e

lo
ca

l
so

lu
tio

n
to

(3
)

w
ith

X
(t0 )

=
X̆

(t0 )
a
n

d
Ẋ

(t0 )
=
X
Dt0

.
N

ow
recall

th
a
t
X
δ
m
i

is
th

e
so

lu
tio

n
to

(3)
w

ith
X

(t0 )
=
X
δ
m
i (t0 )

a
n

d
Ẋ

(t0 )
=
Ẋ
δ
m
i (t0 )

w
h

en
δ
m
i
<
t0 .

S
in

ce
b

o
th

X
δ
m
i (t0 )

a
n

d
Ẋ
δ
m
i (t0 )

a
p

p
ro

ach
X̆

(t0 )

an
d
X
Dt0

,
resp

ectively,
th

ere
ex

ists
ε
0
>

0
su

ch
th

a
t

su
p

t
0 −
ε
0
<
t<
t
0
+
ε
0 ‖
X
δ
m
i (t)−

X̃
(t)‖
→

0

as
i→
∞

.
H

ow
ever,

b
y

d
efi

n
itio

n
w

e
h

ave

su
p

t
0 −
ε
0
<
t<
t
0
+
ε
0 ‖
X
δ
m
i (t)−

X̆
(t)‖
→

0
.

T
h

erefo
re
X̆

a
n

d
X̃

h
ave

to
b

e
id

en
tica

l
o
n

(t0 −
ε
0 ,t0

+
ε
0 ).

S
o
X̆

satisfi
es

(3
)

a
t
t0 .

S
in

ce
t0

is
arb

itra
ry,

w
e

co
n

clu
d
e

th
a
t
X̆

is
a

so
lu

tio
n

to
(3

)
o
n

(0, √
6/
L

).
B

y
ex

ten
sio

n
,
X̆

can
b

e
a

g
lob

a
l

solu
tion

to
(3)

o
n

(0,∞
).

It
o
n

ly
leaves

to
verify

th
e

in
itia

l
co

n
d

itio
n

s
to

co
m

p
lete

th
e

p
ro

o
f.

T
h

e
fi

rst
co

n
d

ition
X̆

(0)
=
x

0
is

a
d

irect
co

n
seq

u
en

ce
of
X
δ
m
i (0

)
=
x

0 .
T

o
ch

eck
th

e
seco

n
d

,
p

ick
a

sm
all

t
>

0
an

d
n

o
te

th
a
t

‖
X̆

(t)−
X̆

(0
)‖

t
=

lim
i→
∞

‖
X
δ
m
i (t)−

X
δ
m
i (0)‖

t
=

lim
i→
∞
‖
Ẋ
δ
m
i (ξ

i )‖

≤
lim

su
p

i→
∞

tM
δ
m
i (t)≤

5
t √

6
/
L‖∇

f
(x

0 )‖
,

w
h

ere
ξ
i ∈

(0,t)
is

given
b
y

th
e

m
ean

va
lu

e
th

eo
rem

.
T

h
e

d
esired

resu
lt

fo
llow

s
fro

m
ta

k
in

g
t→

0
.

N
ex

t,
w

e
a
im

to
p

rove
th

e
u

n
iq

u
en

ess
o
f

th
e

so
lu

tio
n

to
(3

).

L
e
m

m
a

1
9

F
o
r

a
n

y
f
∈
F
∞

,
th

e
O

D
E

(3
)

h
a
s

a
t

m
o
st

o
n

e
loca

l
so

lu
tio

n
in

a
n

eigh
bo

rh
ood

o
f
t

=
0.

S
u

p
p

ose
o
n

th
e

co
n
tra

ry
th

a
t

th
ere

a
re

tw
o

so
lu

tio
n

s,
n

a
m

ely,
X

an
d
Y

,
b

o
th

d
efi

n
ed

o
n

(0,α
)

for
so

m
e
α
>

0
.

D
efi

n
e
M̃

(t)
to

b
e

th
e

su
p

rem
u

m
o
f‖
Ẋ

(u
)−

Ẏ
(u

)‖
over

u
∈

[0,t).
T

o
p

ro
ceed

,
w

e
n

eed
a

sim
p

le
a
u

x
ilia

ry
lem

m
a
.

L
e
m

m
a

2
0

F
o
r

a
n

y
t∈

(0,α
),

w
e

h
a
ve

‖∇
f

(X
(t))−

∇
f

(Y
(t))‖

≤
L
tM̃

(t).

P
ro

o
f

B
y

L
ip

sch
itz

co
n
tin

u
ity

of
th

e
g
ra

d
ien

t,
on

e
h

as

‖∇
f

(X
(t))−

∇
f

(Y
(t))‖

≤
L‖
X

(t)−
Y

(t)‖
=
L ∥∥∥ ∫

t

0
Ẋ

(u
)−

Ẏ
(u

)d
u

+
X

(0)−
Y

(0) ∥∥∥

≤
L

∫
t

0
‖
Ẋ

(u
)−

Ẏ
(u

)‖
d
u
≤
L
tM̃

(t).
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S
u
,

B
o
y
d

a
n
d

C
a
n
d
è
s

N
ow

w
e

p
rov

e
L

em
m

a
19.

P
ro

o
f

S
im

ilar
to

th
e

p
ro

of
of

L
em

m
a

17,
w

e
get

t 3(Ẋ
(t)−

Ẏ
(t))

=
−
∫
t

0
u

3(∇
f

(X
(u

))−
∇
f

(Y
(u

)))d
u
.

A
p

p
ly

in
g

L
em

m
a

20
gives

t 3‖
Ẋ

(t)−
Ẏ

(t)‖
≤
∫
t

0
L
u

4M̃
(u

)d
u
≤

15
L
t 5M̃

(t),

w
h

ich
can

b
e

sim
p

lifi
ed

as
‖Ẋ

(t)−
Ẏ

(t)‖
≤
L
t 2M̃

(t)/
5.

T
h
u

s,
for

an
y
t ′≤

t
it

is
tru

e
th

a
t‖
Ẋ

(t ′)−
Ẏ

(t ′)‖
≤
L
t 2M̃

(t)/
5.

T
ak

in
g

th
e

su
p

rem
u

m
of‖

Ẋ
(t ′)−

Ẏ
(t ′)‖

over
t ′∈

(0,t)
gives

M̃
(t)≤

L
t 2M̃

(t)/
5.

T
h

erefore
M̃

(t)
=

0
for

t
<

m
in

(α
, √

5
/L

),
w

h
ich

is
eq

u
ivalen

t
to

say
in

g
Ẋ

=
Ẏ

on
[0
,m

in
(α
, √

5/L
)).

W
ith

th
e

sam
e

in
itial

valu
e
X

(0)
=
Y

(0)
=
x

0

an
d

th
e

sam
e

gra
d

ien
t,

w
e

con
clu

d
e

th
at
X

an
d
Y

are
id

en
tical

on
(0,m

in
(α
, √

5
/L

)),
a

co
n
trad

iction
.

G
iven

all
of

th
e

aforem
en

tion
ed

lem
m

as,
T

h
eorem

1
follow

s
from

a
com

b
in

ation
of

L
em

m
as

14
an

d
19.

A
p
p

e
n
d
ix

B
.

P
ro

o
f

o
f

T
h
e
o
re

m
2

Id
en

tify
in

g
√
s

=
∆
t,

th
e

com
p

arison
b

etw
een

(4
)

an
d

(15
)

revea
ls

th
at

N
esterov

’s
sch

em
e

is
a

d
iscrete

sch
em

e
for

n
u

m
erically

in
tegratin

g
th

e
O

D
E

(3).
H

ow
ever,

its
sin

gu
larity

of
th

e
d

a
m

p
in

g
co

effi
cien

t
at
t

=
0

lead
s

to
th

e
n

on
ex

isten
ce

of
off

-th
e-sh

elf
O

D
E

th
eory

for
p

rov
in

g
T

h
eorem

2.
T

o
ad

d
ress

th
is

d
iffi

cu
lty,

w
e

u
se

th
e

sm
o
o
th

ed
O

D
E

(31)
to

ap
p

rox
im

ate
th

e
origin

al
on

e;
th

en
b

ou
n

d
th

e
d

iff
eren

ce
b

etw
een

N
esterov

’s
sch

em
e

an
d

th
e

forw
ard

E
u

ler
sch

em
e

o
f

(31),
w

h
ich

m
ay

take
th

e
follow

in
g

form
:

X
δk+

1
=
X
δk

+
∆
tZ

δk

Z
δk+

1
=
(

1−
3∆

t

m
ax{

δ,k
∆
t} )

Z
δk −

∆
t∇
f

(X
δk )

(32)

w
ith

X
δ0

=
x

0
a
n

d
Z
δ0

=
0.

L
e
m

m
a

2
1

W
ith

step
size

∆
t

=
√
s,

fo
r

a
n

y
T
>

0
w

e
h
a
ve

m
ax

1≤
k≤

T√
s ‖X

δk −
x
k ‖
≤
C
δ

2
+
o
s (1)

fo
r

so
m

e
co

n
sta

n
t
C

.

P
ro

o
f

L
et
z
k

=
(x
k
+

1 −
x
k )/ √

s.
T

h
en

N
esterov

’s
sch

em
e

is
eq

u
ivalen

t
to

x
k
+

1
=
x
k

+
√
sz
k

z
k
+

1
=
(

1−
3

k
+

3 )
z
k −
√
s∇
f (
x
k

+
2
k

+
3

k
+

3

√
sz
k )
.

(33)
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E
f
o
r

M
o
d
e
l
in

g
N

e
st

e
r
o
v
’s

S
c
h
e
m

e

D
en

ot
e

b
y
a
k

=
‖X

δ k
−
x
k
‖,

b k
=
‖Z

δ k
−
z k
‖,

w
h

os
e

in
it

ia
l

va
lu

es
ar

e
a

0
=

0
a
n

d
b 0

=
‖∇

f
(x

0
)‖
√
s.

T
h

e
id

ea
of

th
is

p
ro

of
is

to
b

ou
n

d
a
k

v
ia

si
m

u
lt

an
eo

u
sl

y
es

ti
m

at
in

g
a
k

a
n

d
b k

.
B

y
co

m
p

ar
in

g
(3

2)
an

d
(3

3)
,

w
e

ge
t

th
e

it
er

at
iv

e
re

la
ti

on
sh

ip
fo

r
a
k
:
a
k
+

1
≤
a
k

+
√
sb
k
.

D
en

ot
in

g
b
y
S
k

=
b 0

+
b 1

+
··
·+

b k
,

th
is

y
ie

ld
s

a
k
≤
√
sS

k
−

1
.

(3
4)

S
im

il
ar

ly
,

fo
r

su
ffi

ci
en

tl
y

sm
al

l
s

w
e

ge
t

b k
+

1
≤
∣ ∣ ∣1
−

3

m
ax
{δ
/√

s,
k
}∣ ∣ ∣b k

+
L
√
sa
k

+
(∣ ∣ ∣

3

k
+

3
−

3

m
ax
{δ
/√

s,
k
}∣ ∣ ∣+

2
L
s)
‖z
k
‖

≤
b k

+
L
√
sa
k

+
(∣ ∣ ∣

3

k
+

3
−

3

m
ax
{δ
/√

s,
k
}∣ ∣ ∣+

2
L
s)
‖z
k
‖.

T
o

u
p

p
er

b
ou

n
d
‖z
k
‖,

d
en

ot
in

g
b
y
C

1
th

e
su

p
re

m
u

m
of
√

2L
(f

(y
k
)
−
f
?
)

ov
er

al
l
k

a
n

d
s,

w
e

h
av

e

‖z
k
‖
≤
k
−

1

k
+

2
‖z
k
−

1
‖+
√
s‖
∇
f

(y
k
)‖
≤
‖z
k
−

1
‖+

C
1

√
s,

w
h

ic
h

gi
v
es
‖z
k
‖
≤
C

1
(k

+
1)
√
s.

H
en

ce
,

(∣ ∣ ∣
3

k
+

3
−

3

m
ax
{δ
/√

s,
k
}∣ ∣ ∣+

2
L
s)
‖z
k
‖
≤
{
C

2
√
s,

k
≤

δ √
s

C
2
√
s

k
<

C
2
s
δ
,

k
>

δ √
s
.

M
ak

in
g

u
se

of
(3

4)
gi

ve
s b k
+

1
≤
{
b k

+
L
sS

k
−

1
+
C

2
√
s,

k
≤
δ/
√
s

b k
+
L
sS

k
−

1
+

C
2
s
δ
,

k
>
δ/
√
s.

(3
5)

B
y

in
d

u
ct

io
n

on
k
,

fo
r
k
≤
δ/
√
s

it
h

ol
d

s
th

at

b k
≤
C

1
L
s

+
C

2
+

(C
1

+
C

2
)√
L
s

2√
L

(1
+
√
L
s)
k
−

1
−
C

1
L
s

+
C

2
−

(C
1

+
C

2
)√
L
s

2√
L

(1
−
√
L
s)
k
−

1
.

H
en

ce
,

S
k
≤
C

1
L
s

+
C

2
+

(C
1

+
C

2
)√
L
s

2L
√
s

(1
+
√
L
s)
k
+
C

1
L
s

+
C

2
−

(C
1

+
C

2
)√
L
s

2L
√
s

(1
−
√
L
s)
k
−

C
2

L
√
s
.

L
et

ti
n

g
k
?

=
bδ
/√

sc
,

w
e

ge
t

li
m

su
p

s→
0

√
sS

k
?
−

1
≤
C

2
eδ
√
L

+
C

2
e−

δ
√
L
−

2C
2

2L
=
O

(δ
2
),

w
h

ic
h

al
lo

w
s

u
s

to
co

n
cl

u
d

e
th

at a
k
≤
√
sS

k
−

1
=
O

(δ
2
)

+
o s

(1
)

(3
6)

fo
r

al
l
k
≤
δ/
√
s.
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S
u
,

B
o
y
d

a
n
d

C
a
n
d
è
s

N
ex

t,
w

e
b

ou
n

d
b k

fo
r
k
>
k
?

=
bδ
/√

sc
.

T
o

th
is

en
d

,
w

e
co

n
si

d
er

th
e

w
or

st
ca

se
of

(3
5)

,
th

a
t

is
,

b k
+

1
=
b k

+
L
sS

k
−

1
+
C

2
s

δ

fo
r
k
>
k
?

a
n

d
S
k
?

=
S
k
?
+

1
=
C

3
δ2
/√

s
+
o s

(1
/√

s)
fo

r
so

m
e

su
ffi

ci
en

tl
y

la
rg

e
C

3
.

In
th

is
ca

se
,
C

2
s/
δ
<
sS

k
−

1
fo

r
su

ffi
ci

en
tl

y
sm

a
ll
s.

H
en

ce
,

th
e

la
st

d
is

p
la

y
g
iv

es

b k
+

1
≤
b k

+
(L

+
1
)s
S
k
−

1
.

B
y

in
d

u
ct

io
n

,
w

e
g
et

S
k
≤
C

3
δ2
/√

s
+
o s

(1
/
√
s)

2

( (1
+
√

(L
+

1
)s

)k
−
k
?

+
(1
−
√

(L
+

1
)s

)k
−
k
?
) .

L
et

ti
n

g
k
�

=
bT
/
√
sc

,
w

e
fu

rt
h

er
g
et

li
m

su
p

s→
0

√
sS

k
�
≤
C

3
δ2

(e
(T
−
δ
)√
L

+
1

+
e−

(T
−
δ
)√
L

+
1
)

2
=
O

(δ
2
),

w
h

ic
h

y
ie

ld
s

a
k
≤
√
sS

k
−

1
=
O

(δ
2
)

+
o s

(1
)

fo
r
k
?
<
k
≤
k
� .

L
as

t,
co

m
b

in
in

g
(3

6
)

a
n

d
th

e
la

st
d

is
p

la
y,

w
e

g
et

th
e

d
es

ir
ed

re
su

lt
.

N
ow

w
e

tu
rn

to
th

e
p

ro
o
f

o
f

T
h

eo
re

m
2
.

P
ro

o
f

N
ot

e
th

e
tr

ia
n

g
u

la
r

in
eq

u
a
li

ty

‖x
k
−
X

(k
√
s)
‖
≤
‖x

k
−
X
δ k
‖+
‖X

δ k
−
X
δ
(k
√
s)
‖+
‖X

δ
(k
√
s)
−
X

(k
√
s)
‖,

w
h

er
e
X
δ
(·)

is
th

e
so

lu
ti

o
n

to
th

e
sm

o
o
th

ed
O

D
E

(3
1)

.
T

h
e

p
ro

o
f

o
f

L
em

m
a

1
4

im
p

li
es

th
at

,
w

e
ca

n
ch

o
o
se

a
se

q
u

en
ce
δ m
→

0
su

ch
th

at

su
p

0
≤
t≤
T
‖X

δ m
(t

)
−
X

(t
)‖
→

0
.

T
h

e
se

co
n

d
te

rm
‖X

δ m k
−
X
δ m

(k
√
s)
‖

w
il

l
u

n
if

or
m

ly
va

n
is

h
a
s
s
→

0
an

d
so

d
o
es

th
e

fi
rs

t

te
rm
‖x

k
−
X
δ m k
‖

if
fi

rs
t
s
→

0
a
n

d
th

en
δ m
→

0
.

T
h

is
co

m
p

le
te

s
th

e
p

ro
of

.

A
p
p

e
n
d
ix

C
.

O
D

E
fo

r
C

o
m

p
o
si

te
O

p
ti

m
iz

a
ti

o
n

In
a
n

al
og

y
to

(3
)

fo
r

sm
o
ot

h
f

in
S

ec
ti

o
n

2
,

w
e

d
ev

el
o
p

a
n

O
D

E
fo

r
co

m
p

os
it

e
o
p

ti
m

iz
a
ti

on
,

m
in

im
iz

e
f

(x
)

=
g
(x

)
+
h

(x
),

(3
7)

w
h

er
e
g
∈
F L

an
d
h

is
a

ge
n

er
a
l
co

n
ve

x
fu

n
ct

io
n

p
o
ss

ib
ly

ta
k
in

g
o
n

th
e

va
lu

e
+
∞

.
P

ro
v
id

ed
it

is
ea

sy
to

ev
al

u
at

e
th

e
p

ro
x
im

a
l

of
h

,
B

ec
k

a
n

d
T

eb
ou

ll
e

(2
00

9
)

p
ro

p
o
se

a
p

ro
x
im

al
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A
n

O
D

E
f
o
r

M
o
d
e
l
in

g
N

e
st

e
r
o
v
’s

S
c
h
e
m

e

g
rad

ien
t

version
o
f

N
esterov

’s
sch

em
e

for
so

lv
in

g
(3

7
).

It
is

to
rep

ea
t

th
e

fo
llow

in
g

recu
rsio

n
for

k
≥

1,
x
k

=
y
k−

1 −
sG

t (y
k−

1 )

y
k

=
x
k

+
k−

1

k
+

2
(x
k −

x
k−

1 ),

w
h

ere
th

e
p

rox
im

a
l

su
b

g
ra

d
ien

t
G
s

h
a
s

b
een

d
efi

n
ed

in
S

ectio
n

4
.1

.
If

th
e

co
n

sta
n
t

step
size

s≤
1/
L

,
it

is
g
u

a
ra

n
teed

th
a
t

(B
eck

a
n

d
T

eb
o
u

lle,
2
0
0
9)

f
(x
k )−

f
?≤

2‖
x

0 −
x
?‖

2

s(k
+

1
)
2
,

w
h

ich
in

fa
ct

is
a

sp
ecial

ca
se

of
T

h
eo

rem
6
.

C
o
m

p
a
red

to
th

e
sm

o
o
th

ca
se,

it
is

n
o
t

a
s

clea
r

to
d

efi
n

e
th

e
d

riv
in

g
fo

rce
a
s∇

f
in

(3
).

A
t

fi
rst,

it
m

ig
h
t

b
e

a
g
o
o
d

try
to

d
efi

n
e

G
(x

)
=

lim
s→

0 G
s (x

)
=

lim
s→

0 x
−

arg
m

in
z (‖z−

(x
−
s∇
g
(x

))‖
2/

(2s)
+
h

(z
) )

s
,

if
it

ex
ists.

H
ow

ev
er,

as
im

p
lied

in
th

e
p

ro
o
f

o
f

T
h

eo
rem

2
4

stated
b

elow
,

th
is

d
efi

n
itio

n
fa

ils
to

ca
p

tu
re

th
e

d
irectio

n
a
l

a
sp

ect
o
f

th
e

su
b

g
ra

d
ien

t.
T

o
th

is
en

d
,

w
e

d
efi

n
e

th
e

su
b

g
ra

d
ien

ts
th

rou
gh

th
e

follow
in

g
lem

m
a
.

L
e
m

m
a

2
2

(R
ocka

fella
r,

1
9
9
7
)

F
o
r

a
n

y
co

n
vex

fu
n

ctio
n
f

a
n

d
a
n

y
x
,p
∈

R
n

,
th

e
d
irec-

tio
n

a
l

d
eriva

tive
lim

t→
0
+

(f
(x

+
sp

)−
f

(x
))/
s

exists,
a
n

d
ca

n
be

eva
lu

a
ted

a
s

lim
s→

0
+

f
(x

+
sp

)−
f

(x
)

s
=

su
p

ξ∈
∂
f

(x
) 〈ξ,p〉.

N
o
te

th
a
t

th
e

d
irectio

n
a
l

d
erivative

is
sem

ilin
ea

r
in
p

b
ecau

se

su
p

ξ∈
∂
f

(x
) 〈ξ,cp〉

=
c

su
p

ξ∈
∂
f

(x
) 〈ξ,p〉

for
a
n
y
c
>

0
.

D
e
fi

n
itio

n
2
3

A
B

o
rel

m
ea

su
ra

ble
fu

n
ctio

n
G

(x
,p

;f
)

d
efi

n
ed

o
n
R
n×

R
n

is
sa

id
to

be
a

d
irectio

n
a
l

su
bgra

d
ien

t
o
f
f

if

G
(x
,p

)∈
∂
f

(x
),

〈G
(x
,p

),p〉
=

su
p

ξ∈
∂
f

(x
) 〈ξ,p〉

fo
r

a
ll
x
,p

.

C
o
n
vex

fu
n

ction
s

a
re

n
a
tu

ra
lly

lo
cally

L
ip

sch
itz,

so
∂
f

(x
)

is
co

m
p

a
ct

fo
r

a
n
y
x

.
C

o
n

-
seq

u
en

tly
th

ere
ex

ists
ξ
∈
∂
f

(x
)

w
h

ich
m

a
x
im

izes
〈ξ,p〉.

S
o

L
em

m
a

22
g
u

a
ran

tees
th

e
ex

isten
ce

o
f

a
d

irection
al

su
b

grad
ien

t.
T

h
e

fu
n

ctio
n
G

is
essen

tia
lly

a
fu

n
ctio

n
d

efi
n

ed
on

R
n×

S
n−

1
in

th
a
t

w
e

ca
n

d
efi

n
e

G
(x
,p

)
=
G

(x
,p
/‖
p‖),

a
n

d
G

(x
,0

)
to

b
e

a
n
y

elem
en

t
in
∂
f

(x
).

N
ow

w
e

g
ive

th
e

m
a
in

th
eo

rem
.

H
ow

ever,
n

ote
th

at
w

e
d

o
n

ot
g
u

a
ran

tee
th

e
ex

isten
ce

o
f

so
lu

tio
n

to
(38

).
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S
u
,

B
o
y
d

a
n
d

C
a
n
d
è
s

T
h

e
o
re

m
2
4

G
iven

a
co

n
vex

fu
n

ctio
n
f

(x
)

w
ith

d
irectio

n
a
l

su
bgra

d
ien

t
G

(x
,p

;f
),

a
ssu

m
e

th
a
t

th
e

seco
n

d
o
rd

er
O

D
E

Ẍ
+

3t
Ẋ

+
G

(X
,Ẋ

)
=

0,
X

(0)
=
x

0 ,Ẋ
(0)

=
0

(38)

a
d
m

its
a

so
lu

tio
n
X

(t)
o
n

[0,α
)

fo
r

so
m

e
α
>

0.
T

h
en

fo
r

a
n

y
0
<
t
<
α

,
w

e
h
a
ve

f
(X

(t))−
f
?≤

2‖x
0 −

x
?‖

22

t 2
.

P
ro

o
f

It
su

ffi
ces

to
estab

lish
th

atE
,
fi

rst
d

efi
n

ed
in

th
e

p
ro

of
of

T
h

eorem
3,

is
m

o
n

oton
ically

d
ecreasin

g.
T

h
e

d
iffi

cu
lty

com
es

from
th

at
E

m
ay

n
ot

b
e

d
iff

eren
tiab

le
in

th
is

settin
g.

In
stead

,
w

e
stu

d
y

(E
(t

+
∆
t)−

E
(t))/

∆
t

for
sm

all
∆
t
>

0.
In
E

,
th

e
secon

d
term

2‖X
+

tẊ
/
2−

x
?‖

2
is

d
iff

eren
tiab

le,
w

ith
d

erivativ
e

4〈X
+

t2 Ẋ
−
x
?,

32 Ẋ
+

t2 Ẍ
〉.

H
en

ce,

2‖X
(t

+
∆
t)

+
t2
Ẋ

(t
+

∆
t)−

x
?‖

2−
2‖X

(t)
+
t2
Ẋ

(t)−
x
?‖

2

=
4〈X

+
t2
Ẋ
−
x
?,

32
Ẋ

+
t2
Ẍ
〉∆
t

+
o(∆

t)

=
−
t 2〈Ẋ

,G
(X
,Ẋ

)〉∆
t−

2
t〈X
−
x
?,G

(X
,Ẋ

)〉∆
t

+
o(∆

t).

(39)

F
or

th
e

fi
rst

term
,

n
ote

th
at

(t
+

∆
t)

2(f
(X

(t
+

∆
t))−

f
?)−

t 2(f
(X

(t))−
f
?)

=
2
t(f

(X
(t

+
∆
t))−

f
?)∆

t+

t 2(f
(X

(t
+

∆
t))−

f
(X

(t)))
+
o(∆

t).

S
in

ce
f

is
lo

cally
L

ip
sch

itz,
o(∆

t)
term

d
o
es

n
ot

aff
ect

th
e

fu
n

ction
in

th
e

lim
it,

f
(X

(t
+

∆
t))

=
f

(X
+

∆
tẊ

+
o(∆

t))
=
f

(X
+

∆
tẊ

)
+
o(∆

t).
(4

0)

B
y

L
em

m
a

22,
w

e
h

ave
th

e
ap

p
rox

im
ation

f
(X

+
∆
tẊ

)
=
f

(X
)

+
〈Ẋ
,G

(X
,Ẋ

)〉∆
t

+
o(∆

t).
(41)

C
o
m

b
in

in
g

all
of

(39),
(40)

an
d

(41),
w

e
ob

tain

E
(t

+
∆
t)−
E

(t)
=

2
t(f

(X
(t

+
∆
t))−

f
?)∆

t
+
t 2〈Ẋ

,G
(X
,Ẋ

)〉∆
t−

t 2〈Ẋ
,G

(X
,Ẋ

)〉∆
t

−
2t〈X

−
x
?,G

(X
,Ẋ

)〉∆
t

+
o(∆

t)

=
2t(f

(X
)−

f
?)∆

t−
2
t〈X
−
x
?,G

(X
,Ẋ

)〉∆
t

+
o(∆

t)≤
o(∆

t),

w
h

ere
th

e
la

st
in

eq
u

ality
follow

s
from

th
e

con
vex

ity
of
f

.
T

h
u

s,

lim
su

p
∆
t→

0
+

E
(t

+
∆
t)−
E

(t)

∆
t

≤
0,

w
h

ich
a
lon

g
w

ith
th

e
con

tin
u

ity
ofE

,
con

clu
d

es
th

atE
(t)

is
a

n
on

-in
creasin

g
fu

n
ction

of
t.
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o
v
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S
c
h
e
m

e

W
e

gi
ve

a
si

m
p

le
ex

am
p

le
as

fo
ll

ow
s.

C
on

si
d

er
th

e
L

as
so

p
ro

b
le

m

m
in

im
iz

e
1 2
‖y
−
A
x
‖2

+
λ
‖x
‖ 1
.

A
n
y

d
ir

ec
ti

on
al

su
b

gr
ad

ie
n
ts

ad
m

it
s

th
e

fo
rm

G
(x
,p

)
=
−
A
T

(y
−
A
x

)
+
λ

sg
n

(x
,p

),
w

h
er

e

sg
n

(x
,p

) i
=

    

sg
n

(x
i)
,

x
i
6=

0

sg
n

(p
i)
,

x
i

=
0,
p
i
6=

0

∈
[−

1
,1

],
x
i

=
0,
p
i

=
0.

T
o

en
co

u
ra

ge
sp

ar
si

ty
,

fo
r

an
y

in
d

ex
i

w
it

h
x
i

=
0,
p
i

=
0,

w
e

le
t

G
(x
,p

) i
=

sg
n
( A

T i
(A
x
−
y
))
( |A

T i
(A
x
−
y
)|
−
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(t)

=
−
t 44 ∇

f
(x

0 )−
∫
t

0
u

3(∇
f

(X
(u

))−
∇
f

(x
0 ))d

u
=
−
t 44 ∇

f
(x

0 )−
I
(t).

(48)

D
iv

id
in

g
(48)

b
y
t 4

an
d

ap
p

ly
in

g
th

e
b

ou
n

d
on

I
(t),

w
e

ob
tain

‖
Ẋ
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Ẋ

,

Ẋ
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è
s

A
.
B

ec
k

a
n

d
M

.
T

eb
o
u
ll

e.
A

fa
st

it
er

a
ti

ve
sh

ri
n

ka
g
e-

th
re

sh
ol

d
in

g
a
lg

or
it

h
m

fo
r

li
n

ea
r

in
ve

rs
e

p
ro

b
le

m
s.

S
IA

M
J

o
u

rn
a
l

o
n

Im
a
gi

n
g

S
ci

en
ce

s,
2
(1

):
1
8
3
–2

0
2
,

2
00

9.

S
.

B
ec

ke
r,

J
.

B
ob

in
,

a
n

d
E

.
J
.

C
an

d
ès

.
N

E
S

T
A

:
A

fa
st

a
n

d
a
cc

u
ra

te
fi

rs
t-

o
rd

er
m

et
h

o
d

fo
r

sp
a
rs

e
re

co
ve

ry
.

S
IA

M
J

o
u

rn
a
l

o
n

Im
a
gi

n
g

S
ci

en
ce

s,
4
(1

):
1
–3

9,
2
0
1
1
.

M
.

B
og

d
an

,
E

.
v
.

d
.

B
er

g,
C

.
S

ab
at

ti
,

W
.

S
u

,
a
n

d
E

.
J
.

C
an

d
ès

.
S

L
O

P
E

–
ad

ap
ti

v
e

va
ri

a
b

le
se

le
ct

io
n

v
ia

co
n
ve

x
op

ti
m

iz
at

io
n

.
T

h
e

A
n

n
a
ls

o
f

A
p
p
li

ed
S

ta
ti

st
ic

s,
9
(3

):
1
1
03

–1
1
40

,
20

1
5.

S
.

B
oy

d
an

d
L

.
V

a
n

d
en

b
er

g
h

e.
C

o
n

ve
x

O
p
ti

m
iz

a
ti

o
n

.
C

a
m

b
ri

d
g
e

U
n

iv
er

si
ty

P
re

ss
,

20
0
4.

S
.

B
oy

d
,

N
.

P
ar

ik
h

,
E

.
C

h
u

,
B

.
P

el
ea

to
,

a
n

d
J
.

E
ck

st
ei

n
.

D
is

tr
ib

u
te

d
o
p

ti
m

iz
a
ti

o
n

a
n

d
st

a
ti

st
ic

al
le

ar
n

in
g

v
ia

th
e

a
lt

er
n

a
ti

n
g

d
ir

ec
ti

on
m

et
h

o
d

o
f

m
u

lt
ip

li
er

s.
F

o
u

n
d
a
ti

o
n

s
a
n

d
T

re
n

d
s

in
M

a
ch

in
e

L
ea

rn
in

g,
3
(1

):
1
–
1
2
2,

2
0
1
1
.

H
.-

B
.

D
ü
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b
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b
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l
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ra
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v
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p
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p
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b
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b
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b
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v
e

lo
ss

.
In

p
a
rt

ic
u
la

r,
w

e
sh

ow
th

a
t

th
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w
el

l-
k
n
ow

n
F

o
ll
ow

-t
h
e-

P
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p
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p
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p
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p
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p
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p
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p
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p
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b
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p
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b
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p
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b
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b
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b
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p
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p
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p
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p
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d
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p
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p
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m

a
n
y

p
ra
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p
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p
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P
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p
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ó
k
.

JM
L

R
 1

7(
15

4)
:1

-2
1

N
e
u

a
n
d

B
a
r
t
ó
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⊆
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b
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p
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b
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ra
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p
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.
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h
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.
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b
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b
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b
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m
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d
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b
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h
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p
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e

lo
ss

ve
ct

or
` t

to
d
ep

en
d

o
n

th
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p
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ra
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b
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p
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p
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d
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ó
k

W
h
ile

K
o
olen

et
al.

(2
010

)
list

som
e

fu
rth

er
ex

am
p
les

w
h
ere

O
S
M
D

ca
n

b
e

im
p
lem

en
ted

effi
cien

tly,
w

e
con

clu
d
e

th
at

th
ere

is
n
o

gen
eral

effi
cien

t
algo

rith
m

w
ith

n
ear-op

tim
al

p
erfo

rm
an

ce
gu

ara
n
tees

for
learn

in
g

in
com

b
in

atorial
sem

i-b
an

d
its.

T
h
e

F
ollow

-th
e-P

ertu
rb

ed
-L

ead
er

(F
P
L
)

p
red

iction
m

eth
o
d

(fi
rst

p
ro

p
o
sed

b
y

H
an

n
an

,
195

7
an

d
later

red
iscovered

b
y

K
ala

i
a
n
d

V
em

p
ala

,
20

05)
o
ff

ers
a

com
p
u
tatio

n
a
lly

effi
cien

t
solu

tion
fo

r
th

e
on

lin
e

com
b
in

atorial
o
p
tim

ization
p
ro

b
lem

given
th

a
t

th
e

sta
tic

com
b
in

atorial
op

tim
iza

tion
p
ro

b
lem

m
in

v∈S
v

T`
ad

m
its

co
m

p
u
ta

tion
ally

effi
cien

t
so

lu
tion

s
fo

r
an

y
`
∈

R
d.

T
h
e

id
ea

u
n
d
erly

in
g
F
P
L

is
very

sim
p
le:

in
every

ro
u
n
d
t,

th
e

lea
rn

er
d
raw

s
som

e
ran

d
o
m

p
ertu

rb
ation

s
Z
t ∈

R
d

an
d

selects
th

e
action

th
at

m
in

im
izes

th
e

p
ertu

rb
ed

total
losses:

V
t

=
a
rg

m
in

v∈S
v

T (
t−

1
∑s
=

1

`
s −

Z
t )

.

D
esp

ite
its

con
cep

tu
a
l

sim
p
licity

a
n
d

com
p
u
tation

a
l

effi
cien

cy,
F
P
L

h
ave

b
een

rela
tively

overlo
oked

u
n
til

v
ery

recen
tly,

d
u
e

to
tw

o
m

ain
rea

son
s:

•
T

h
e

b
est

k
n
ow

n
b

ou
n
d

for
F
P
L

in
th

e
fu

ll
in

form
ation

settin
g

is
O
(m
√
d
T ),

w
h
ich

is
w

orse
th

an
th

e
b

ou
n
d
s

for
b

oth
E
W
A

a
n
d
O
S
M
D

th
at

sca
le

o
n
ly

loga
rith

m
ica

lly
w

ith
d
.

•
C

on
sid

erin
g

b
an

d
it

in
form

a
tio

n
,

n
o

effi
cien

t
F
P
L
-sty

le
alg

o
rith

m
is

k
n
ow

n
to

ach
ieve

a
regret

o
f

O
( √
T ).

O
n

on
e

h
an

d
,
it

is
rela

tiv
ely

stra
igh

tforw
a
rd

to
p
rove

O
(T

2
/
3 )

b
o
u
n
d
s

o
n

th
e

ex
p

ected
regret

for
an

effi
cien

t
F
P
L
-varia

n
t

(see,
e.g.,

A
w

erb
u
ch

an
d

K
lein

b
erg

,
200

4
a
n
d

M
cM

a
h
an

a
n
d

B
lu

m
,

2004).
P

o
lan

d
(2

00
5)

p
rov

ed
b

ou
n
d
s

of
O
(√
N
T

lo
g
N
)

in
th

e
N

-arm
ed

b
an

d
it

settin
g
,

h
ow

ev
er,

th
e

p
ro

p
o
sed

algo
rith

m
req

u
ires

O
(T

2 )
n
u
m

erical
op

era
tion

s
p

er
ro

u
n
d
.

T
h
e

m
ain

ob
stacle

for
co

n
stru

ctin
g

a
co

m
p
u
ta

tion
ally

effi
cien

t
F
P
L
-va

rian
t

th
a
t

w
ork

s
w

ith
p
a
rtia

l
in

form
ation

is
p
recisely

th
e

lack
of

clo
sed

-fo
rm

ex
p
ressio

n
s

fo
r

im
p

orta
n
ce

w
eigh

ts.
In

th
e

cu
rren

t
p
ap

er,
w

e
ad

d
ress

th
e

ab
ove

tw
o

issu
es

a
n
d

sh
ow

th
a
t

an
effi

cien
t
F
P
L
-b

a
sed

algo
rith

m
u
sin

g
in

d
e-

p
en

d
en

t
ex

p
on

en
tially

d
istrib

u
ted

p
ertu

rb
a
tion

s
can

ach
ieve

as
go

o
d

p
erfo

rm
a
n
ce

gu
ara

n
tees

a
s
E
W
A

in
on

lin
e

com
b
in

atorial
op

tim
ization

.
O

u
r

w
ork

con
trib

u
tes

to
a

n
ew

w
av

e
o
f

p
o
sitive

resu
lts

con
cern

in
g
F
P
L
.

B
esid

es
th

e
reservation

s
tow

ard
s
F
P
L

m
en

tio
n
ed

a
b

ove,
th

e
rep

u
ta

tio
n

o
f
F
P
L

h
a
s

b
een

also
su

ff
erin

g
from

th
e

fact
th

at
th

e
n
atu

re
of

regu
larization

a
risin

g
from

p
ertu

rb
a
tion

s
is

n
ot

a
s

w
ell-u

n
d
ersto

o
d

as
th

e
ex

p
licit

reg
u
-

la
rization

sch
em

es
u
n
d
erly

in
g
O
S
M
D

o
r
E
W
A
.

V
ery

recen
tly,

A
b

ern
eth

y
et

al.
(20

1
4)

h
ave

sh
ow

n
th

a
t

F
P
L

im
p
lem

en
ts

a
fo

rm
of

stron
gly

con
vex

regu
larizatio

n
over

th
e

co
n
v
ex

h
u
ll

o
f

th
e

d
ecision

sp
ace.

F
u
rth

erm
ore,

R
ak

h
lin

et
al.

(2
012

)
sh

ow
ed

th
at

F
P
L

ru
n

w
ith

a
sp

ecifi
c

p
ertu

rb
a
tion

sch
em

e
ca

n
b

e
rega

rd
ed

as
a

relax
a
tion

of
th

e
m

in
im

a
x

a
lgorith

m
.

A
n
oth

er
recen

tly
in

itia
ted

lin
e

o
f

w
o
rk

sh
ow

s
th

at
in

tu
itive

pa
ra

m
eter-free

va
rian

ts
of

F
P
L

can
ach

ieve
ex

cellen
t

p
erfo

rm
an

ce
in

fu
ll-in

fo
rm

atio
n

settin
gs

(D
ev

roye
et

al.,
20

13
a
n
d

V
a
n

E
rv

en
et

a
l.,

20
14

).

1
.3

O
u

r
R

e
su

lts

In
th

is
p
ap

er,
w

e
p
rop

o
se

a
lo

ss-estim
a
tion

sch
em

e
ca

lled
G

eom
etric

R
esam

p
lin

g
to

effi
cien

tly
co

m
-

p
u
te

im
p

ortan
ce

w
eigh

ts
for

th
e

o
b
served

com
p

o
n
en

ts
of

th
e

lo
ss

vecto
r.
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con
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b
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b
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b
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√
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b
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b
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p
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b
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p
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c
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.
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.
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er

of
n
ec

es
sa

ry
sa

m
p
le

s
K
t

is
cl

ea
rl

y
N

,
th

e
a
ct

u
a
l

n
u
m

b
er

o
f

sa
m

p
le

s
m

ig
h
t

b
e

m
u
ch

la
rg

er
.

In
th

e
n
ex

t
se

ct
io

n
,

w
e

o
ff

er
a

re
m

ed
y

to
th

is
p
ro

b
le

m
,

a
s

w
el

l
a
s

ge
n
er

al
iz

e
th

e
ap

p
ro

ac
h

to
w

or
k

in
th

e
co

m
b
in

at
or

ia
l

se
m

i-
b
a
n
d
it

ca
se

.

3
.

A
n

E
ffi

ci
e
n
t

A
lg

o
ri

th
m

fo
r

C
o
m

b
in

a
to

ri
a
l

S
e
m

i-
B

a
n
d
it

s

In
th

is
se

ct
io

n
,

w
e

p
re

se
n
t

ou
r

m
ai

n
re

su
lt

:
an

effi
ci

en
t

re
d
u
ct

io
n

fr
o
m

o
ffl

in
e

to
o
n
li
n
e

co
m

b
in

a
to

ri
a
l

op
ti

m
iz

at
io

n
u
n
d
er

se
m

i-
b
an

d
it

fe
ed

b
ac

k
.

T
h
e

m
os

t
cr

it
ic

a
l
el

em
en

t
in

o
u
r

te
ch

n
iq

u
e

is
ex

te
n
d
in

g
th

e
G

eo
m

et
ri

c
R

es
am

p
li
n
g

id
ea

to
th

e
ca

se
o
f

co
m

b
in

a
to

ri
a
l

a
ct

io
n

se
ts

.
F

o
r

d
efi

n
in

g
th

e
p
ro

ce
d
u
re

,
le

t
u
s

a
ss

u
m

e
th

at
w

e
ar

e
ru

n
n
in

g
a

ra
n
d
om

iz
ed

al
go

ri
th

m
m

ap
p
in

g
h
is

to
ri

es
to

p
ro

b
a
b
il
it

y
d
is

tr
ib

u
ti

o
n
s

ov
er

th
e

ac
ti

on
se

t
S:

le
tt

in
g
F t
−

1
d
en

ot
e

th
e

si
gm

a
-a

lg
eb

ra
in

d
u
ce

d
b
y

th
e

h
is

to
ry

of
in

te
ra

ct
io

n
b

et
w

ee
n

th
e

le
ar

n
er

an
d

th
e

en
v
ir

on
m

en
t,

th
e

a
lg

o
ri

th
m

p
ic

k
s

ac
ti

on
v
∈
S

w
it

h
p
ro

b
ab

il
it

y
p
t
(v

)
=

P
[V
t

=
v
|F
t−

1
].

A
ls

o
in

tr
o
d
u
ci

n
g
q t
,i

=
E

[V
t,
i
|F
t−

1
],

w
e

ca
n

d
efi

n
e

th
e

co
u
n
te

rp
ar

t
o
f

th
e

st
a
n
d
a
rd

im
p

o
rt

a
n
ce

-w
ei

gh
te

d
lo

ss
es

ti
m

at
es

of
E

q
u
at

io
n

2
as

th
e

ve
ct

o
r
̂̀∗ t

w
it

h
co

m
p

on
en

ts

̂̀∗ t,
i

=
V
t,
i

q t
,i
` t
,i
.

(4
)

A
ga

in
,

th
e

p
ro

b
le

m
w

it
h

th
es

e
es

ti
m

at
es

is
th

at
fo

r
m

an
y

al
g
or

it
h
m

s
o
f

p
ra

ct
ic

al
in

te
re

st
,

th
e

im
p

o
r-

ta
n
ce

w
ei

gh
ts
q t
,i

ca
n
n
ot

b
e

co
m

p
u
te

d
in

cl
o
se

d
fo

rm
.

W
e

n
ow

ex
te

n
d

th
e

G
eo

m
et

ri
c

R
es

a
m

p
li
n
g

p
ro

ce
d
u
re

d
efi

n
ed

in
th

e
p
re

v
io

u
s

se
ct

io
n

to
es

ti
m

at
e

th
e

im
p

o
rt

a
n
ce

w
ei

g
h
ts

in
a
n

effi
ci

en
t

m
an

-
n
er

.
O

n
e

ad
ju

st
m

en
t

w
e

m
a
ke

to
th

e
p
ro

ce
d
u
re

p
re

se
n
te

d
in

th
e

p
re

v
io

u
s

se
ct

io
n

is
ca

p
p
in

g
o
ff

th
e

n
u
m

b
er

of
sa

m
p
le

s
at

so
m

e
fi
n
it

e
M

>
0
.

W
h
il
e

th
is

ca
p
p
in

g
o
b
v
io

u
sl

y
in

tr
o
d
u
ce

s
so

m
e

b
ia

s,
w

e
w

il
l

sh
ow

la
te

r
th

at
fo

r
ap

p
ro

p
ri

at
e

va
lu

es
of
M

,
th

is
b
ia

s
d
o
es

n
o
t

h
u
rt

th
e

p
er

fo
rm

a
n
ce

of
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Im
p
o
r
t
a
n
c
e

W
e
ig

h
t
in

g
W

it
h
o
u
t

Im
p
o
r
t
a
n
c
e

W
e
ig

h
t
s

th
e

overall
learn

in
g

a
lgorith

m
to

o
m

u
ch

.
T

h
u
s,

w
e

d
efi

n
e

th
e

G
eom

etric
R

esam
p
lin

g
p
ro

ced
u
re

fo
r

com
b
in

atorial
sem

i-b
an

d
its

a
s

fo
llow

s:

G
e
o
m

e
tric

R
e
sa

m
p

lin
g

fo
r

c
o
m

b
in

a
to

ria
l

se
m

i-b
a
n

d
its

1.
T

h
e

lea
rn

er
d
raw

s
V
t ∼

p
t .

2
.

F
o
r
k

=
1,2

,...,M
,

d
raw

V
′t (k

)∼
p
t .

3
.

F
o
r
i

=
1,2

,...,d
,

K
t,i

=
m

in ({
k

:
V
′t,i (k

)
=

1 }
∪
{
M
} ).

B
a
sed

o
n

th
e

ra
n
d
o
m

variab
les

ou
tp

u
t

b
y

th
e
G
R

p
ro

ced
u
re,

w
e

con
stru

ct
o
u
r

loss-estim
a
te

vecto
r

̂̀
t ∈

R
d

w
ith

com
p

o
n
en

ts

̂̀
t,i

=
K
t,i V

t,i `
t,i

(5
)

fo
r

all
i

=
1
,2,...,d

.
S
in

ce
V
t,i

are
n
on

zero
on

ly
for

co
ord

in
ates

fo
r

w
h
ich

`
t,i

is
ob

served
,

th
ese

estim
a
tes

a
re

w
ell-d

efi
n
ed

.
It

a
lso

follow
s

th
a
t

th
e

sam
p
lin

g
p
ro

ced
u
re

can
b

e
term

in
ated

on
ce

fo
r

every
i

w
ith

V
t,i

=
1,

th
ere

is
a

co
p
y
V
′t (k

)
su

ch
th

a
t
V
′t,i (k

)
=

1.
N

ow
every

th
in

g
is

rea
d
y

to
d
efi

n
e

ou
r

alg
orith

m
:
F
P
L
+
G
R
,

stan
d
in

g
for

F
ollow

-th
e-P

ertu
rb

ed
-

L
ead

er
w

ith
G

eo
m

etric
R

esa
m

p
lin

g.
D

efi
n
in

g
L̂
t

=
∑
ts
=

1 ̂̀
s ,

at
tim

e
step

t
F
P
L
+
G
R

d
raw

s
th

e
co

m
p

on
en

ts
o
f

th
e

p
ertu

rb
ation

vector
Z
t

in
d
ep

en
d
en

tly
from

a
sta

n
d
a
rd

ex
p

o
n
en

tia
l

d
istrib

u
tio

n
an

d
selects

a
ctio

n
3

V
t

=
a
rg

m
in

v∈S
v

T (
η
L̂
t−

1 −
Z
t )
,

(6
)

w
h
ere

η
>

0
is

a
p
aram

eter
of

th
e

a
lgorith

m
.

A
s

w
e

m
en

tion
ed

earlier,
th

e
d
istrib

u
tio

n
p
t ,

w
h
ile

im
p
licitly

sp
ecifi

ed
b
y
Z
t

an
d

th
e

estim
ated

cu
m

u
la

tive
losses

L̂
t−

1 ,
ca

n
n
ot

u
su

ally
b

e
ex

p
ressed

in
closed

form
fo

r
F
P
L
. 4

H
ow

ev
er,

sa
m

p
lin

g
th

e
a
ctio

n
s
V
′t (·)

ca
n

b
e

ca
rried

ou
t

b
y

d
raw

in
g

ad
d
itio

n
a
l

p
ertu

rb
ation

vecto
rs
Z
′t (·)

in
d
ep

en
d
en

tly
fro

m
th

e
sam

e
d
istrib

u
tion

as
Z
t

a
n
d

th
en

solv
in

g
a

lin
ear

o
p
tim

izatio
n

task
.

W
e

em
p
h
a
size

th
at

th
e

a
b

ove
a
d
d
itio

n
al

a
ctio

n
s

a
re

n
ever

a
ctu

a
lly

p
la

yed
by

th
e

a
lgo

rith
m

,
b
u
t

a
re

on
ly

n
ecessa

ry
for

con
stru

ctin
g

th
e

lo
ss

estim
a
tes.

T
h
e

p
ow

er
o
f
F
P
L
+
G
R

is
th

at,
u
n
like

oth
er

alg
orith

m
s

for
co

m
b
in

atorial
sem

i-b
an

d
its,

its
im

p
lem

en
tation

on
ly

req
u
ires

access
to

a
lin

ea
r

op
tim

izatio
n

o
racle

overS
.

W
e

p
oin

t
th

e
rea

d
er

to
S
ection

3.2
for

a
m

o
re

d
etailed

d
iscu

ssio
n

o
f

th
e

ru
n
n
in

g
tim

e
o
f
F
P
L
+
G
R
.

P
seu

d
o
co

d
e

for
F
P
L
+
G
R

is
sh

ow
n

on
as

A
lgorith

m
1
.

A
s

w
e

w
ill

sh
ow

sh
ortly,

F
P
L
+
G
R

as
d
efi

n
ed

ab
ove

com
es

w
ith

stron
g

p
erfo

rm
an

ce
gu

aran
tees

th
a
t

h
o
ld

in
expecta

tio
n

.
O

n
e

ca
n

th
in

k
of

sev
eral

p
ossib

le
w

ay
s

to
ro

b
u
stify

F
P
L
+
G
R

so
th

a
t

it
p
rov

id
es

b
ou

n
d
s

th
at

h
o
ld

w
ith

h
igh

p
ro

b
a
b
ility.

O
n
e

p
ossib

le
p
ath

is
to

follow
A

u
er

et
al.

(2
002

)
an

d
d
efi

n
e

th
e

loss-estim
ate

vecto
r
˜̀ ∗t

w
ith

com
p

on
en

ts

˜̀ ∗t,i
=
̂̀
t,i −

βq
t,i

for
so

m
e
β
>

0.
T

h
e

ob
v
io

u
s

p
rob

lem
w

ith
th

is
d
efi

n
itio

n
is

th
at

it
req

u
ires

p
erfect

k
n
ow

led
g
e

o
f

th
e

im
p

ortan
ce

w
eigh

ts
q
t,i

fo
r

a
ll
i.

W
h
ile

it
is

p
ossib

le
to

ex
ten

d
G

eom
etric

R
esam

p
lin

g
d
evelop

ed
in

th
e

p
rev

io
u
s

sectio
n
s

to
co

n
stru

ct
a

relia
b
le

p
rox

y
to

th
e

a
b

ove
loss

estim
ate,

th
ere

are
severa

l
d
ow

n
sid

es
to

th
is

a
p
p
roa

ch
.

F
irst,

o
b
serve

th
at

on
e

w
ou

ld
n
eed

to
o
b
tain

estim
ates

of
1/q

t,i
fo

r
every

sin
gle

i—
even

fo
r

th
e

on
es

for
w

h
ich

V
t,i

=
0
.

D
u
e

to
th

is
n
ecessity,

th
ere

is
n
o

h
op

e
to

term
in

ate

3
B

y
th

e
d

efi
n

itio
n

o
f

th
e

p
ertu

rb
a
tio

n
d

istrib
u
tio

n
,

th
e

m
in

im
u

m
is

u
n

iq
u

e
a
lm

o
st

su
rely.

4
O

n
e

n
o
ta

b
le

ex
cep

tio
n

is
w

h
en

th
e

p
ertu

rb
a
tio

n
s

a
re

d
ra

w
n

in
d

ep
en

d
en

tly
fro

m
sta

n
d

a
rd

G
u

m
b

el
d

istrib
u

tio
n

s,
a
n

d
th

e
d
ecisio

n
set

is
th

e
d
-d

im
en

sio
n

a
l

sim
p

lex
:

in
th

is
ca

se,
F
P
L

is
k
n

o
w

n
to

b
e

eq
u

iv
a
len

t
w

ith
E
W
A
—

see,
e.g

.,
A

b
ern

eth
y

et
a
l.

(2
0
1
4
)

fo
r

fu
rth

er
d

iscu
ssio

n
.
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N
e
u

a
n
d

B
a
r
t
ó
k

A
lg

o
rith

m
1
:
F
P
L
+
G
R

im
p
lem

en
ted

w
ith

a
w

a
itin

g
list.

T
h
e

n
o
tation

a
◦
b

stan
d
s

for
elem

en
-

tw
ise

p
ro

d
u
ct

of
vectors

a
a
n
d
b
:

(a
◦
b
)
i

=
a
i b
i

fo
r

all
i.

In
p

u
t:S

⊆
{0
,1}

d,
η
∈
R

+
,
M
∈
Z

+
;

In
itia

liz
a
tio

n
:
L̂

=
0
∈
R
d;

fo
r

t=
1
,...,T

d
o

D
raw

Z
∈
R
d

w
ith

in
d
ep

en
d
en

t
co

m
p

on
en

ts
Z
i ∼

E
x
p
(1);

C
h
o
ose

action
V

=
arg

m
in

v∈S

{
v

T (
η
L̂
−
Z
)}

;
/
*

F
o
l
l
o
w

t
h
e

p
e
r
t
u
r
b
e
d

l
e
a
d
e
r

*
/

K
=

0;
r

=
V

;
/
*

I
n
i
t
i
a
l
i
z
e

w
a
i
t
i
n
g

l
i
s
t

a
n
d

c
o
u
n
t
e
r
s

*
/

fo
r

k=
1
,...,M

d
o

/
*

G
e
o
m
e
t
r
i
c

R
e
s
a
m
p
l
i
n
g

*
/

K
=
K

+
r

;
/
*

I
n
c
r
e
m
e
n
t

c
o
u
n
t
e
r

*
/

D
raw

Z
′∈

R
d

w
ith

in
d
ep

en
d
en

t
co

m
p

on
en

ts
Z
′i ∼

E
x
p
(1);

V
′

=
arg

m
in

v∈S

{
v

T (
η
L̂
−
Z
′ )}

;
/
*

S
a
m
p
l
e

a
c
o
p
y

o
f
V

*
/

r
=
r
◦
V
′;

/
*

U
p
d
a
t
e

w
a
i
t
i
n
g

l
i
s
t

*
/

if
r

=
0

th
e
n

b
reak

;
/
*

A
l
l

i
n
d
i
c
e
s

r
e
c
u
r
r
e
d

*
/

e
n

d

L̂
=
L̂

+
K
◦
V
◦
`;

/
*

U
p
d
a
t
e

c
u
m
u
l
a
t
i
v
e

l
o
s
s

e
s
t
i
m
a
t
e
s

*
/

e
n

d

th
e

sam
p
lin

g
p
ro

ced
u
re

in
rea

son
ab

le
tim

e.
S
econ

d
,

relia
b
le

estim
ation

req
u
ires

m
u
ltip

le
sa

m
p
les

o
f

K
t,i ,

w
h
ere

th
e

sa
m

p
le

size
h
a
s

to
ex

p
licitly

d
ep

en
d

on
th

e
d
esired

con
fi
d
en

ce
level.

T
h
u
s,

w
e

follow
a

d
iff

eren
t

p
a
th

:
M

otiva
ted

b
y

th
e

w
o
rk

of
A

u
d
ib

ert
an

d
B

u
b

eck
(2

010
),

w
e

p
rop

o
se

to
u
se

a
loss-estim

ate
vecto

r
˜̀
t

w
ith

co
m

p
on

en
ts

o
f

th
e

fo
rm

˜̀
t,i

=
1β

lo
g (

1
+
β ̂̀
t,i )

(7
)

w
ith

an
ap

p
rop

riately
ch

o
sen

β
>

0
.

T
h
en

,
d
efi

n
in

g
L̃
t−

1
=
∑
t−

1
s
=

1 ˜̀
s ,

w
e

p
rop

ose
a

varia
n
t

of
F
P
L
+
G
R

th
a
t

sim
p
ly

rep
laces

L̂
t−

1
b
y
L̃
t−

1
in

th
e

ru
le

(6
)

fo
r

ch
o
o
sin

g
V
t .

W
e

refer
to

th
is

varia
n
t

o
f
F
P
L
+
G
R

a
s
F
P
L
+
G
R
.
P
.

In
th

e
n
ex

t
sectio

n
,

w
e

p
rov

id
e

p
erform

an
ce

gu
ara

n
tees

fo
r

b
o
th

a
lgorith

m
s.

3
.1

P
e
rfo

rm
a
n

c
e

G
u

a
ra

n
te

e
s

N
ow

w
e

are
read

y
to

sta
te

ou
r

m
ain

resu
lts.

P
ro

ofs
w

ill
b

e
p
resen

ted
in

S
ection

4.
F

irst,
w

e
p
resen

t
a

p
erfo

rm
an

ce
gu

ara
n
tee

for
F
P
L
+
G
R

in
term

s
of

th
e

expected
regret:

T
h

e
o
re

m
1

T
h
e

expected
regret

o
f
F
P
L
+
G
R

sa
tisfi

es

R̂
T
≤
m

(log
(d
/m

)
+

1)

η
+

2
η
m
d
T

+
d
T

eM

u
n

d
er

sem
i-ba

n
d
it

in
fo

rm
a
tio

n
.

In
pa

rticu
la

r,
w

ith

η
=

√
log

(d
/
m

)
+

1

2
d
T

a
n

d
M

=

⌈
√
d
T

em
√

2
(lo

g
(d
/
m

)
+

1) ⌉
,

th
e

expected
regret

o
f
F
P
L
+
G
R

is
bo

u
n

d
ed

a
s

R̂
T
≤

3m

√
2
d
T

(
log

dm
+

1 )
.
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R
.
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.
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h

e
o
re

m
2

F
ix

a
n

a
rb

it
ra

ry
δ
>

0.
W

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st
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−
δ,

th
e

re
gr

et
o
f
F
P
L
+
G
R
.
P

sa
ti

sfi
es

R
T
≤
m

(l
og

(d
/
m

)
+

1
)

η
+
η

(
M
m

√
2
T

lo
g

5 δ
+

2
m
d

√
T

lo
g

5 δ
+

2
m
d
T

)
+
d
T

eM

+
β

(
M

√
2
m
T

lo
g

5 δ
+

2
d

√
T

lo
g

5 δ
+

2
d
T

)
+
m

lo
g
(5
d
/δ

)

β

+
m
√

2
(e
−

2)
T

lo
g

5 δ
+

√
8T

lo
g

5 δ
+
√

2
(e
−

2
)T
.

In
pa

rt
ic

u
la

r,
w

it
h

M
=

⌈ √
d
T m

⌉
,

β
=

√
m d
T
,

a
n

d
η

=

√
lo

g
(d
/m

)
+

1

d
T

,

th
e

re
gr

et
o
f
F
P
L
+
G
R
.
P

is
bo

u
n

d
ed

a
s

R
T
≤

3m

√
d
T

( lo
g
d m

+
1

)
+
√
m
d
T

( lo
g

5
d δ

+
2

)
+

√
2m

T
lo

g
5 δ

(
√

lo
g
d m

+
1

+
1)

+
1
.2
m
√
T

lo
g

5 δ
+
√
T

(
√

8
lo

g
5 δ

+
1
.2

)
+

2

√
d

lo
g

5 δ

(
m

√
lo

g
d m

+
1

+
√
m

)

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ.

3
.2

R
u

n
n

in
g

T
im

e

L
et

u
s

n
ow

tu
rn

ou
r

at
te

n
ti

o
n

to
co

m
p
u
ta

ti
o
n
al

is
su

es
.

F
ir

st
,

w
e

n
ot

e
th

at
th

e
effi

ci
en

cy
of

F
P
L
-

ty
p

e
al

g
or

it
h
m

s
cr

u
ci

a
ll
y

d
ep

en
d
s

o
n

th
e
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ai

la
b
il
it

y
of

an
effi

ci
en

t
o
ra

cl
e

th
a
t

so
lv

es
th

e
st

at
ic

co
m

b
in

at
or

ia
l

o
p
ti

m
iz

a
ti

on
p
ro

b
le

m
of

fi
n
d
in

g
a
rg

m
in

v
∈S
v

T
`.

C
o
m

p
u
ti

n
g

th
e

ru
n
n
in

g
ti

m
e

of
th

e
fu

ll
-i

n
fo

rm
a
ti

on
va

ri
an

t
of

F
P
L

is
st

ra
ig

h
tf

o
rw

a
rd

:
a
ss

u
m

in
g

th
at

th
e

o
ra

cl
e

co
m

p
u
te

s
th

e
so

lu
ti

on
to

th
e

st
a
ti

c
p
ro

b
le

m
in
O

(f
(S

))
ti

m
e,

F
P
L

re
tu

rn
s

it
s

p
re

d
ic

ti
o
n

in
O

(f
(S

)
+
d
)

ti
m

e
(w

it
h

th
e

d
ov

er
h
ea

d
co

m
in

g
fr

om
th

e
ti

m
e

n
ec

es
sa

ry
to

g
en

er
at

e
th

e
p

er
tu

rb
at

io
n
s)

.
N

a
tu

ra
ll
y,

o
u
r

lo
ss

es
ti

m
a
ti

on
sc

h
em

e
m

u
lt

ip
li
es

th
es

e
co

m
p
u
ta

ti
on

s
b
y

th
e

n
u
m

b
er

o
f

sa
m

p
le

s
ta

ke
n

in
ea

ch
ro

u
n
d
.

W
h
il
e

te
rm

in
at

in
g

th
e

es
ti

m
at

io
n

p
ro

ce
d
u
re

af
te

r
M

sa
m

p
le

s
h
el

p
s

in
co

n
tr

ol
li
n
g

th
e

ru
n
n
in

g
ti

m
e

w
it

h
h
ig

h
p
ro

b
ab

il
it

y,
ob

se
rv

e
th

a
t

th
e

n
ä
ıv

e
b

o
u
n
d

o
f
M
T

on
th

e
n
u
m

b
er

of
sa

m
p
le

s
b

ec
o
m

es
w

ay
to

o
la

rg
e

w
h
en

se
tt

in
g
M

as
su

gg
es

te
d

b
y

T
h
eo

re
m

s
1

an
d

2
.

T
h
e

n
ex

t
p
ro

p
os

it
io

n
sh

ow
s

th
at

th
e

am
or

ti
ze

d
ru

n
n
in

g
ti

m
e

of
G

eo
m

et
ri

c
R

es
am

p
li
n
g

re
m

ai
n
s

as
lo

w
a
s
O

(d
)

ev
en

fo
r

la
rg

e
va

lu
es

of
M

.

P
ro

p
o
si

ti
o
n

3
L

et
S
t

d
en

o
te

th
e

n
u

m
be

r
o
f

sa
m

p
le

a
ct

io
n

s
ta

ke
n

by
G
R

in
ro

u
n

d
t.

T
h
en

,
E

[S
t
]
≤
d

.
A

ls
o
,

fo
r

a
n

y
δ
>

0,
T ∑ t=

1

S
t
≤

(e
−

1
)d
T

+
M

lo
g

1 δ

h
o
ld

s
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ.

P
ro

o
f

F
o
r

p
ro

v
in

g
th

e
fi
rs

t
st

at
em

en
t,

le
t

u
s

fi
x

a
ti

m
e

st
ep

t
an

d
n
ot

ic
e

th
at

S
t

=
m

ax
j
:V

t
,j

=
1
K
t,
j

=
m

a
x

j
=

1
,2
,.
..
,d
V
t,
j
K
t,
j
≤

d ∑ j
=

1

V
t,
j
K
t,
j
.
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1

N
e
u

a
n
d

B
a
r
t
ó
k

N
ow

,
ob

se
rv

e
th

at
E

[K
t,
j
|F

t−
1
,V
t,
j
]
≤

1
/E

[V
t,
j
|F

t−
1
],

w
h
ic

h
gi

ve
s
E

[S
t
]
≤
d
,

th
u
s

p
ro

v
in

g
th

e
fi
rs

t
st

at
em

en
t.

F
or

th
e

se
co

n
d

p
ar

t,
n
o
ti

ce
th

at
X
t

=
(S
t
−
E

[S
t
|F

t−
1
])

is
a

m
ar

ti
n
g
al

e-
d
iff

er
en

ce
se

q
u
en

ce
w

it
h

re
sp

ec
t

to
(F

t
)

w
it

h
X
t
≤
M

an
d

w
it

h
co

n
d
it

io
n
al

va
ri

an
ce

V
ar

[X
t
|F

t−
1
]

=
E
[ (S

t
−

E
[S
t
|F

t−
1
])

2
∣ ∣ ∣F

t−
1

] ≤
E
[ S

2 t

∣ ∣ F
t−

1

]

=
E
[ m

ax j
(V
t,
j
K
t,
j
)2

∣ ∣ ∣ ∣F
t−

1

]
≤

E

 
d ∑ j
=

1

V
t,
j
K

2 t,
j

∣ ∣ ∣ ∣ ∣ ∣F
t−

1

 

≤
d ∑ j
=

1

m
in

{
2 q t
,j
,M

}
≤
d
M
,

w
h
er

e
w

e
u
se

d
E
[ K

2 t,
i∣ ∣
F t
−

1

] =
2
−
q
t
,i

q
2 t
,i

.
T

h
en

,
th

e
se

co
n
d

st
at

em
en

t
fo

ll
ow

s
fr

o
m

ap
p
ly

in
g

a
ve

rs
io

n

of
F

re
ed

m
an

’s
in

eq
u
a
li
ty

d
u
e

to
B

ey
ge

lz
im

er
et

a
l.

(2
01

1)
(s

ta
te

d
as

L
em

m
a

16
in

th
e

a
p
p

en
d
ix

)
w

it
h
B

=
M

an
d

Σ
T
≤
d
M
T

.

N
ot

ic
e

th
at

ch
o
os

in
g
M

=
O
(√
d
T
)

as
su

gg
es

te
d

b
y

T
h
eo

re
m

s
1

a
n
d

2
,

th
e

ab
ov

e
re

su
lt

gu
ar

a
n
te

es

th
at

th
e

am
or

ti
ze

d
ru

n
n
in

g
ti

m
e

o
f
F
P
L
+
G
R

is
O
( (d

+
√
d
/T

)
·(
f

(S
)

+
d
))

w
it

h
h
ig

h
p
ro

b
ab

il
it

y.

4
.

A
n
a
ly

si
s

T
h
is

se
ct

io
n

p
re

se
n
ts

th
e

p
ro

of
s

o
f

T
h
eo

re
m

s
1

an
d

2.
In

a
d
id

a
ct

ic
at

te
m

p
t,

w
e

p
re

se
n
t

st
a
te

m
en

ts
co

n
ce

rn
in

g
th

e
lo

ss
-e

st
im

a
ti

o
n

p
ro

ce
d
u
re

a
n
d

th
e

le
ar

n
in

g
al

go
ri

th
m

se
p
a
ra

te
ly

:
S
ec

ti
o
n

4
.1

p
re

se
n
ts

va
ri

ou
s

im
p

or
ta

n
t

p
ro

p
er

ti
es

of
th

e
lo

ss
es

ti
m

at
es

p
ro

d
u
ce

d
b
y

G
eo

m
et

ri
c

R
es

am
p
li
n
g,

S
ec

ti
on

4
.2

p
re

se
n
ts

ge
n
er

al
to

o
ls

fo
r

an
a
ly

zi
n
g

F
o
ll
ow

-t
h
e-

P
er

tu
rb

ed
-L

ea
d
er

m
et

h
o
d
s.

F
in

a
ll
y,

S
ec

ti
on

s
4
.3

an
d

4.
4

p
u
t

th
es

e
re

su
lt

s
to

ge
th

er
to

p
ro

v
e

T
h
eo

re
m

s
1

an
d

2
,

re
sp

ec
ti

ve
ly

.

4
.1

P
ro

p
e
rt

ie
s

o
f

G
e
o
m

e
tr

ic
R

e
sa

m
p

li
n

g

T
h
e

b
as

ic
id

ea
u
n
d
er

ly
in

g
G

eo
m

et
ri

c
R

es
am

p
li
n
g

is
re

p
la

ci
n
g

th
e

im
p

o
rt

an
ce

w
ei

gh
ts

1
/q
t,
i

b
y

ap
p
ro

p
ri

at
el

y
d
efi

n
ed

ra
n
d
om

va
ri

ab
le

s
K
t,
i.

A
s

w
e

h
av

e
se

en
ea

rl
ie

r
(S

ec
ti

o
n

2)
,

ru
n
n
in

g
G
R

w
it

h
M

=
∞

am
ou

n
ts

to
sa

m
p
li
n
g

ea
ch

K
t,
i

fr
o
m

a
ge

om
et

ri
c

d
is

tr
ib

u
ti

o
n

w
it

h
ex

p
ec

ta
ti

on
1/
q t
,i

,
y
ie

ld
in

g
an

u
n
b
ia

se
d

lo
ss

es
ti

m
at

e.
In

p
ra

ct
ic

e,
o
n
e

w
ou

ld
w

an
t

to
se

t
M

to
a

fi
n
it

e
va

lu
e

to
en

su
re

th
at

th
e

ru
n
n
in

g
ti

m
e

o
f

th
e

sa
m

p
li
n
g

p
ro

ce
d
u
re

is
b

o
u
n
d
ed

.
N

o
te

h
ow

ev
er

th
at

ea
rl

y
te

rm
in

a
ti

o
n

of
G
R

in
tr

o
d
u
ce

s
a

b
ia

s
in

th
e

lo
ss

es
ti

m
a
te

s.
T

h
is

se
ct

io
n

is
m

ai
n
ly

co
n
ce

rn
ed

w
it

h
th

e
n
at

u
re

o
f

th
is

b
ia

s.
W

e
em

p
h
as

iz
e

th
at

th
e

st
a
te

m
en

ts
p
re

se
n
te

d
in

th
is

se
ct

io
n

re
m

a
in

va
li
d

n
o

m
a
tt

er
w

h
a
t

ra
n
d
om

iz
ed

al
go

ri
th

m
ge

n
er

at
es

th
e

ac
ti

on
s
V
t
.

O
u
r

fi
rs

t
le

m
m

a
gi

ve
s

a
n

ex
p
li
ci

t
ex

p
re

ss
io

n
o
n

th
e

ex
p

ec
ta

ti
o
n

of
th

e
lo

ss
es

ti
m

at
es

ge
n
er

at
ed

b
y
G
R
.

L
e
m

m
a

4
F

o
r

a
ll
j

a
n

d
t

su
ch

th
a
t
q t
,j
>

0,
th

e
lo

ss
es

ti
m

a
te

s
(5

)
sa

ti
sf

y

E
[ ̂̀
t,
j

∣ ∣ ∣F
t−

1

] =
( 1
−

(1
−
q t
,j

)M
) `
t,
j
.

P
ro

o
f

F
ix

an
y
j,
t

sa
ti

sf
y
in

g
th

e
co

n
d
it

io
n

of
th

e
le

m
m

a
.

S
et

ti
n
g
q

=
q t
,j

fo
r

si
m

p
li
ci

ty
,

w
e

w
ri

te

E
[K

t,
j
|F
t−

1
]

=
∞ ∑ k
=

1

k
(1
−
q)
k
−

1
q
−
∞ ∑ k
=
M

(k
−
M

)(
1
−
q)
k
−

1
q

=

∞ ∑ k
=

1

k
(1
−
q)
k
−

1
q
−

(1
−
q)
M

∞ ∑ k
=
M

(k
−
M

)(
1
−
q)
k−
M
−1
q

=
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−

(1
−
q)
M
)
∞ ∑ k
=

1

k
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−
q)
k
−

1
q

=
1
−

(1
−
q)
M

q
.
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h
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ro
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=
q
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t,j |F
t−
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T
h
e

fo
llow

in
g
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m

a
sh

ow
s
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im
p
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t

p
ro

p
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o
f
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e
G
R

lo
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estim
ates

(5).
R
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g
h
ly

sp
eak

in
g
,
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e
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p
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at
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g
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o
n

th
ese

estim
ates
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ill
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e
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th
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t
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e
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y
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w
ill

b
e

u
n
d
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a
ted
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ex

p
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.
T

h
e
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d
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en

su
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th
a
t
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e
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er
w
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e
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o
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in
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its
ow

n
p
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o
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a
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v
∈
S

a
n

d
t,

th
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∈
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b
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=
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=
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b
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Ṽ
j ̂̀
t,j ) ∣∣∣∣∣∣ F
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Ṽ
j K

t,j V
t,j `

t,j ) ∣∣∣∣∣∣ F
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p
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/
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+
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h
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p
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p
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m

et
er

iz
ed

in
fi
m

u
m

o
f

q
u
ad

ra
ti

cs
,

an
d

w
h
ic

h
w

e
ca

ll
th

e
b

ox
-n

or
m

.
W

e
sh

ow
th

at
th

e
k
-s

u
p
p

o
rt

n
or

m
,

a
re

g
u
la

ri
ze

r
p
ro

p
o
se

d
b
y

A
rg

y
ri

ou
et

a
l.

(2
0
12

)
fo

r
sp

a
rs

e
v
ec

to
r

p
re

d
ic

ti
on

p
ro

b
le

m
s,

b
el

on
g
s

to
th

is
fa

m
il
y,

a
n
d

th
e

b
ox

-n
o
rm

ca
n

b
e

ge
n
er

at
ed

a
s

a
p

er
tu

rb
at

io
n

o
f

th
e

fo
rm

er
.

W
e

d
er

iv
e

an
im

p
ro

ve
d

al
go

ri
th

m
to

co
m

p
u
te

th
e

p
ro

x
im

it
y

op
er

a
to

r
o
f

th
e

sq
u
a
re

d
b

ox
-n

o
rm

,
a
n
d

w
e

p
ro

v
id

e
a

m
et

h
o
d

to
co

m
p
u
te

th
e

n
o
rm

.
W

e
ex

te
n
d

th
e

n
or

m
s

to
m

at
ri

ce
s,

in
tr

o
d
u
ci

n
g

th
e

sp
ec

tr
al

k
-s

u
p
p

o
rt

n
or

m
an

d
sp

ec
tr

al
b

ox
-n

o
rm

.
W

e
n
o
te

th
at

th
e

sp
ec

tr
al

b
ox

-n
o
rm

is
es

se
n
ti

al
ly

eq
u
iv

a
le

n
t

to
th

e
cl

u
st

er
n
or

m
,

a
m

u
lt

it
a
sk

le
a
rn

in
g

re
g
u
la

ri
ze

r
in

tr
o
d
u
ce

d
b
y

J
a
co

b
et

al
.

(2
0
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a)
,

a
n
d

w
h
ic

h
in

tu
rn

ca
n

b
e

in
te

rp
re

te
d

a
s

a
p

er
tu

rb
a
ti

on
of

th
e

sp
ec

tr
a
l
k
-s

u
p
p

o
rt

n
o
rm

.
C

en
te

ri
n
g

th
e

n
or

m
is

im
p

o
rt

a
n
t

fo
r

m
u
lt

it
as

k
le

a
rn

in
g

an
d

w
e

a
ls

o
p
ro

v
id

e
a

m
et

h
o
d

to
u
se

ce
n
te

re
d

ve
rs

io
n
s

of
th

e
n
or

m
s
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re

gu
la

ri
ze

rs
.

N
u
m

er
ic

al
ex

p
er

im
en

ts
in

d
ic

a
te

th
at

th
e

sp
ec

tr
al
k
-s

u
p
p

or
t

a
n
d

b
ox

-n
or

m
s

a
n
d

th
ei

r
ce

n
te
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d
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an
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p
ro

v
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e
st

a
te

o
f

th
e

ar
t

p
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rm

a
n
ce

in
m

at
ri

x
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m
p
le

ti
on

an
d

m
u
lt

it
as

k
le

a
rn

in
g

p
ro

b
le

m
s

re
sp

ec
ti

ve
ly

.

K
e
y
w

o
rd

s:
C

on
ve

x
o
p
ti

m
iz

a
ti

on
,

m
at

ri
x

co
m

p
le

ti
o
n
,

m
u
lt

it
as

k
le

ar
n
in

g
,

sp
ec

tr
a
l

re
gu

-
la

ri
za

ti
on

,
st

ru
ct

u
re

d
sp

a
rs

it
y.

1
.
In

tr
o
d
u
ct
io
n

W
e

co
n
ti

n
u

e
th

e
st

u
d

y
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a
fa

m
il

y
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n
or

m
s

w
h
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h
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e
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ta

in
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b
y

ta
k
in

g
th

e
in

fi
m

u
m

o
f

a
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s
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q
u

ad
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ti
c

fu
n

ct
io

n
s.

T
h

es
e

n
or

m
s

ca
n

b
e

u
se

d
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a
re

gu
la

ri
ze

r
in

li
n

ea
r

re
g
re

ss
io

n
le

ar
n

in
g

p
ro

b
le

m
s,

w
h

er
e

th
e

p
ar
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et

er
se

t
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n
b

e
ta

il
or
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su

m
p

ti
on

s
o
n
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e

u
n

d
er

ly
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g
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o
d

el
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T
h
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m
il

y
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n
or

m
s
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ffi
ci

en
tl

y
ri

ch
to

en
co

m
p
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s

re
gu
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ze
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ch
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th

e
` p

n
or

m
s,

th
e

gr
ou

p
L
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w
it

h
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er
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p
(J
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ob

et
al

.,
20

09
b

)
an

d
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e
n

o
rm

of
M
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ch
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li

et
al

.
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.
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w
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s
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a

p
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la
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m
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k
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e

b
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o
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—
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d
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il
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s
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o
n
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d

S
t
a
m
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w
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h
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e
p
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b
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n
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e
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t
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b

e
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p
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f
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b
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b
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b
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u
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h
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m
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o
u

r
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a
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a
l
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a
m
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k
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w

s
u

s
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st
u

d
y
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en
t
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ri
th

m
s
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m
p

u
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th
e

n
o
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s
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d
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e
p
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x
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y
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a
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r
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e
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u
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e
n
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er
m
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n
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p
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d
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e
k
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u
p

p
o
rt
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d
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or
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a

m
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x
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in
g
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c
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b
y
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p

p
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g
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u
m

o
f

a
m
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x
w

e
o
b
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tw
o

o
rt

h
o
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a
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y
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t
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a
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n
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m

s.
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d
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n
,

w
e

o
b
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e
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a
t
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e
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b
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m
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n
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u
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en
t
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n
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m
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o
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r
m

u
lt
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a
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u
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g
,

w
h
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h
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n
b

e
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d
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a
p
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n
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a
l
k
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p
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h

e
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p
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p
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e
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o
r

n
o
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s
tr

an
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e

in
a

n
a
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ra
l

m
a
n

n
er
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m

a-
tr

ic
es

.
In

p
ar

ti
cu

la
r,

th
e

u
n

it
b

a
ll

of
sp

ec
tr

a
l
k
-s

u
p

p
o
rt

n
o
rm

is
th

e
co

n
v
ex

h
u

ll
o
f

th
e

se
t

of
m

a
tr

ic
es

o
f

ra
n

k
n

o
g
re

a
te

r
th

a
n
k
,

an
d

F
ro

b
en

iu
s

n
o
rm

b
ou

n
d

ed
b
y

o
n

e.
In

n
u

m
er

i-
ca

l
ex

p
er

im
en

ts
w

e
p

re
se

n
t

em
p

ir
ic

al
ev

id
en

ce
o
n

th
e

st
ro

n
g

p
er

fo
rm

an
ce

of
th

e
sp

ec
tr

al
k
-s

u
p

p
o
rt

n
or

m
in

lo
w

ra
n

k
m

a
tr

ix
co

m
p

le
ti

o
n

a
n

d
m

u
lt

it
as

k
le

ar
n

in
g

p
ro

b
le

m
s.

M
o
re

ov
er

,
ou

r
co

m
p

u
ta

ti
o
n

o
f

th
e

ve
ct

or
b

ox
-n

o
rm

an
d

it
s

p
ro

x
im

it
y

o
p

er
at

o
r

ex
te

n
d

s
n

at
u

ra
ll

y
to

th
e

sp
ec

tr
al

ca
se

,
w

h
ic

h
al

lo
w

s
u

s
to

u
se

p
ro

x
im

a
l

gr
a
d

ie
n
t

m
et

h
o
d
s

to
so

lv
e

re
gu

la
ri

za
ti

on
p

ro
b

le
m

s
u

si
n

g
th

e
cl

u
st

er
n

o
rm

.
F

in
al

ly
,

w
e

p
ro

v
id

e
a

m
et

h
o
d

to
u

se
th

e
ce

n
te

re
d

ve
rs

io
n

s
o
f

th
e

p
en

a
lt

ie
s,

w
h

ic
h

a
re

im
p

or
ta

n
t

in
a
p

p
li

ca
ti

o
n

s
(s

ee
e.

g
.

E
v
ge

n
io

u
et

a
l.

,
20

0
7;

J
a
co

b
et

a
l.

,
2
0
09

a
).

1
.1

R
e
la

te
d

W
o
rk

O
u

r
w

or
k

b
u
il

d
s

u
p

on
a

re
ce

n
t

li
n

e
of

p
a
p

er
s

w
h

ic
h

co
n

si
d

er
ed

co
n
ve

x
re

g
u

la
ri

ze
rs

d
efi

n
ed

as
a
n

in
fi

m
u

m
p

ro
b

le
m

ov
er

a
p

a
ra

m
et

ri
c

fa
m

il
y

o
f

q
u

a
d

ra
ti

cs
,

a
s

w
el

l
a
s

re
la

te
d

in
fi

m
a
l

co
n
vo

lu
ti

o
n

p
ro

b
le

m
s

(s
ee

J
ac

o
b

et
a
l.

,
2
0
09

b
;

B
a
ch

et
a
l.

,
2
0
1
1
;

M
au

re
r

a
n

d
P

o
n
ti

l,
2
0
1
2;

M
ic

ch
el

li
an

d
P

on
ti

l,
2
00

5
;

O
b

oz
in

sk
i

a
n

d
B

a
ch

,
2
01

2
,

a
n

d
re

fe
re

n
ce

s
th

er
ei

n
).

R
el

a
te

d
va

ri
a
ti

on
al

fo
rm

u
la

ti
on

s
fo

r
th

e
L

as
so

h
av

e
al

so
b

ee
n

d
is

cu
ss

ed
in

(G
ra

n
d

va
le

t,
1
9
9
8
)

an
d

fu
rt

h
er

st
u

d
ie

d
in

(S
za

fr
a
n

sk
i

et
a
l.

,
2
0
0
7
).

T
o

o
u

r
k
n

ow
le

d
ge

,
th

e
b

ox
-n

o
rm

w
a
s

fi
rs

t
su

gg
es

te
d

b
y

J
a
co

b
et

a
l.

(2
00

9
a)

a
n

d
u

se
d

a
s

a
sy

m
m

et
ri

c
g
au

ge
fu

n
ct

io
n

in
m

a
tr

ix
le

a
rn

in
g

p
ro

b
le

m
s.

T
h

e
in

d
u

ce
d

o
rt

h
og

o
n

al
ly

in
va

ri
an

t
m

a
tr

ix
n

or
m

is
n

a
m

ed
th

e
cl

u
st

er
n

o
rm

in
(J

a
co

b
et

a
l.

,
20

0
9a

)
a
n

d
w

a
s

m
o
ti

va
te

d
as

a
co

n
ve

x
re

la
x
at

io
n

of
a

m
u

lt
it

a
sk

cl
u

st
er

in
g

p
ro

b
le

m
.

H
er

e
w

e
fo

rm
a
ll

y
p

ro
ve

th
a
t

th
e

cl
u

st
er

n
or

m
is

in
d

ee
d

an
o
rt

h
o
go

n
a
l

in
va

ri
a
n
t

n
o
rm

.
M

or
e

im
p

or
ta

n
tl

y,
w

e
ex

p
li

ci
tl

y
co

m
p

u
te

th
e

n
or

m
a
n

d
it

s
p

ro
x
im

it
y

o
p

er
at

o
r.

A
ke

y
ob

se
rv

at
io

n
of

th
is

p
a
p

er
is

th
e

li
n

k
b

et
w

ee
n

th
e

b
ox

-n
or

m
a
n

d
th

e
k
-s

u
p

p
o
rt

n
or

m
a
n

d
in

tu
rn

th
e

li
n

k
b

et
w

ee
n

th
e

cl
u

st
er

n
o
rm

an
d

th
e

sp
ec

tr
al
k
-s

u
p

p
or

t
n

or
m

.
T

h
e

k
-s

u
p

p
o
rt

n
or

m
w

a
s

p
ro

p
os

ed
in

(A
rg

y
ri

o
u

et
a
l.

,
2
01

2)
fo

r
sp

ar
se

ve
ct

o
r

p
re

d
ic

ti
o
n

a
n

d
w

a
s

sh
ow

n
to

em
p

ir
ic

al
ly

o
u

tp
er

fo
rm

th
e

L
a
ss

o
(T

ib
sh

ir
a
n

i,
1
9
9
6)

an
d

E
la

st
ic

N
et

(Z
o
u

an
d

H
as

ti
e,

2
00

5)
p

en
al

ti
es

.
S

ee
al

so
G

k
ir

tz
o
u

et
a
l.

(2
0
13

)
fo

r
fu

rt
h

er
em

p
ir

ic
al

re
su

lt
s.

In
re

ce
n
t

ye
ar

s
th

er
e

h
a
s

b
ee

n
a

g
re

at
d

ea
l

o
f

in
te

re
st

in
th

e
p
ro

b
le

m
of

le
ar

n
in

g
a

lo
w

ra
n

k
m

at
ri

x
fr

om
a

se
t

of
li

n
ea

r
m

ea
su

re
m

en
ts

.
A

w
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el
y

st
u

d
ie

d
a
n

d
su

cc
es

sf
u

l
in

st
a
n

ce
o
f

th
is

p
ro

b
le

m
ar

is
es

in
th

e
co

n
te

x
t

o
f

m
a
tr

ix
co

m
p

le
ti

o
n

or
co

ll
a
b

o
ra

ti
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fi
lt

er
in

g
,

in
w

h
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h
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N
e
w

P
e
r
sp

e
c
t
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e
s

o
n
k
-S

u
p
p
o
r
t

a
n
d

C
l
u
st

e
r

N
o
r
m

s

w
e

w
a
n
t

to
recover

a
low

ra
n

k
(or

a
p

p
rox

im
a
tely

low
ra

n
k
)

m
atrix

fro
m

a
sm

all
sa

m
p

le
o
f

its
en

tries,
see

e.g
.

S
reb

ro
et

a
l.

(2
0
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);
A

b
ern

eth
y

et
a
l.

(2
0
0
9)

an
d

referen
ces

th
erein

.
O

n
e

p
ro

m
in

en
t

m
eth

o
d

of
so

lv
in

g
th

is
p

ro
b

lem
is

tra
ce

n
o
rm

reg
u

la
riza

tio
n

:
w

e
lo

o
k

fo
r

a
m

atrix
w

h
ich

clo
sely

fi
ts

th
e

ob
served

en
tries

a
n

d
h

a
s

a
sm

a
ll

tra
ce

n
o
rm

(su
m

of
sin

g
u

la
r

va
lu

es)
(J

ag
gi

a
n

d
S

u
lov

sk
y
,

2
01

0;
T

oh
a
n

d
Y

u
n

,
2
0
11

;
M

azu
m

d
er

et
a
l.,

2
0
10

).
In

o
u

r
n
u

m
erica

l
ex

p
erim

en
ts

w
e

co
n

sid
er

th
e

sp
ectral

k
-su

p
p

o
rt

n
o
rm

a
n

d
sp

ectra
l

b
ox

-n
o
rm

as
a
ltern

a
tives

to
th

e
tra

ce
n

orm
a
n

d
co

m
p

a
re

th
eir

p
erfo

rm
a
n

ce.

A
n

o
th

er
a
p

p
licatio

n
o
f
m

a
trix

learn
in

g
is

m
u

ltitask
learn

in
g.

In
th

is
fra

m
ew

o
rk

a
n
u

m
b

er
o
f

ta
sk

s,
su

ch
a
s

cla
ssifi

ers
or

reg
resso

rs,
a
re

learn
ed

b
y

ta
k
in

g
a
d

va
n
tag

e
o
f

co
m

m
o
n
alities

b
etw

een
th

em
.

T
h

is
can

im
p

rove
u

p
o
n

lea
rn

in
g

th
e

task
s

sep
a
rately,

fo
r

in
sta

n
ce

w
h

en
in

su
ffi

cien
t

d
a
ta

is
ava

ila
b

le
to

so
lve

ea
ch

ta
sk

in
iso

latio
n

(see
e.g

.
E

v
g
en

iou
et

a
l.,

20
0
5
;

A
rg

y
rio

u
et

al.,
2
0
07

,
20

08
;
J
a
cob

et
a
l.,

2
0
0
9a

;
C

ava
lla

n
ti

et
a
l.,

2
0
10

;
M

a
u

rer,
2
0
0
6
;
M

a
u

rer
a
n

d
P

on
til,

2
00

8
).

A
n

ap
p

ro
ach

w
h

ich
h

as
b

een
su

ccessfu
l

is
th

e
u
se

o
f

sp
ectra

l
reg

u
la

rizers
su

ch
a
s

th
e

trace
n

o
rm

to
lea

rn
a

m
a
trix

w
h

ere
th

e
co

lu
m

n
s

rep
resen

t
th

e
in

d
iv

id
u

al
ta

sk
s,

a
n

d
in

th
is

p
ap

er
w

e
com

p
are

th
e

p
erfo

rm
an

ce
o
f

th
e

sp
ectra

l
k
-su

p
p

ort
a
n

d
b

ox
-n

o
rm

s
a
s

p
en

a
lties

in
m

u
ltita

sk
lea

rn
in

g
p

ro
b

lem
s.

F
in

ally,
w

e
n

ote
th

at
th

is
is

a
lo

n
g
er

version
o
f

th
e

con
feren

ce
p

a
p

er
(M

cD
o
n

a
ld

et
a
l.,

2
0
14

)
a
n

d
in

clu
d

es
n

ew
th

eoretical
a
n

d
ex

p
erim

en
ta

l
resu

lts.

1
.2

C
o
n
trib

u
tio

n
s

W
e

su
m

m
a
rise

th
e

m
ain

con
trib

u
tio

n
s

of
th

is
p

a
p

er.

•
W

e
sh

ow
th

a
t

th
e

vecto
r
k
-su

p
p

o
rt

n
o
rm

is
a

sp
ecia

l
case

o
f

th
e

m
ore

gen
era

l
bo

x-
n

o
rm

,
w

h
ich

in
tu

rn
ca

n
b

e
seen

a
s

a
p

ertu
rb

atio
n

o
f

th
e

fo
rm

er.
T

h
e

b
ox

-n
o
rm

ca
n

b
e

w
ritten

a
s

a
p

a
ra

m
eterized

in
fi

m
u

m
o
f

q
u

ad
ra

tics,
a
n

d
th

is
fra

m
ew

o
rk

is
in

stru
m

en
ta

l
in

d
eriv

in
g

a
fast

a
lg

orith
m

to
co

m
p

u
te

th
e

n
o
rm

a
n

d
th

e
p

rox
im

ity
o
p

era
to

r
of

th
e

sq
u

a
red

n
o
rm

in
O

(d
lo

g
d
)

tim
e.

A
p

a
rt

fro
m

im
p

rov
in

g
o
n

th
e
O

(d
(k

+
lo

g
d
))

alg
orith

m
fo

r
th

e
p

rox
im

ity
o
p

erato
r

in
A

rgy
rio

u
et

a
l.

(2
0
1
2),

th
is

m
eth

o
d

a
llow

s
o
n

e
to

u
se

o
p

tim
a
l
fi

rst
ord

er
o
p

tim
iza

tio
n

a
lg

orith
m

s
(N

esterov
,
2
0
07

)
fo

r
th

e
b

ox
-n

orm
1.

•
W

e
ex

ten
d

th
e
k
-su

p
p

ort
a
n

d
b

ox
-n

o
rm

s
to

o
rth

o
go

n
ally

in
va

ria
n
t

m
a
trix

n
orm

s.
W

e
n

o
te

th
at

th
e

sp
ectra

l
b

ox
-n

o
rm

is
essen

tia
lly

eq
u

iva
len

t
to

th
e

clu
ster

n
orm

,
w

h
ich

in
tu

rn
can

b
e

in
terp

reted
as

a
p

ertu
rb

atio
n

o
f

th
e

sp
ectra

l
k
-su

p
p

o
rt

n
o
rm

in
th

e
sen

se
o
f

th
e

M
oreau

en
velop

e.
O

u
r

com
p

u
tatio

n
o
f

th
e

vecto
r

b
ox

-n
o
rm

a
n

d
its

p
rox

im
ity

o
p

era
to

r
a
lso

ex
ten

d
s

n
a
tu

ra
lly

to
th

e
sp

ectral
case.

T
h

is
a
llow

s
u

s
to

u
se

p
rox

im
al

g
rad

ien
t

m
eth

o
d

s
for

th
e

clu
ster

n
orm

.
F

u
rth

erm
o
re,

w
e

p
rov

id
e

a
m

eth
o
d

to
a
p

p
ly

th
e

cen
tered

versio
n

s
of

th
e

p
en

a
lties,

w
h

ich
are

im
p

orta
n
t

in
ap

p
lica

tion
s.

•
W

e
p

resen
t

ex
ten

sive
n
u

m
erica

l
ex

p
erim

en
ts

o
n

b
o
th

sy
n
th

etic
an

d
rea

l
m

a
trix

lea
rn

-
in

g
d

ata
sets.

O
u

r
fi
n

d
in

gs
in

d
ica

te
th

a
t

reg
u

la
riza

tio
n

w
ith

th
e

sp
ectra

l
k
-su

p
p

o
rt

a
n

d
b

ox
-n

o
rm

s
p

ro
d

u
ces

state-o
f-th

e
a
rt

resu
lts

o
n

a
n
u

m
b

er
o
f

p
o
p

u
lar

m
atrix

co
m

-
p

letio
n

b
en

ch
m

a
rk

s
a
n

d
cen

tered
va

ria
n
ts

of
th

e
n

o
rm

s
sh

ow
a

sign
ifi

ca
n
t

im
p

rovem
en

t

1
.

W
e

n
o
te

th
a
t

recen
tly

C
h
a
tterjee

et
a
l.

(2
0
1
4
)

sh
ow

ed
th

a
t

th
e

p
rox

im
ity

o
p

era
to

r
o
f

th
e

v
ecto

r
k
-su

p
p

o
rt

n
o
rm

ca
n

b
e

co
m

p
u
ted

in
O

(d
lo

g
d
).

H
ere

w
e

d
irectly

fo
llow

A
rg

y
rio

u
et

a
l.

(2
0
1
2
)

a
n
d

co
n
sid

er
th

e
sq

u
a
red

k
-su

p
p

o
rt

n
o
rm

.
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M
c
D

o
n
a
l
d
,

P
o
n
t
il

a
n
d

S
t
a
m

o
s

in
p

erform
an

ce
over

th
e

cen
tered

trace
n

orm
an

d
th

e
m

atrix
elastic

n
et

o
n

m
u

ltitask
learn

in
g

b
en

ch
m

ark
s.

1
.3

N
o
ta

tio
n

W
e

u
se

N
n

fo
r

th
e

set
of

in
tegers

from
1

u
p

to
an

d
in

clu
d

in
g
n

.
W

e
let

R
d

b
e

th
e
d

d
im

en
sion

al
rea

l
v
ector

sp
ace,

w
h

ose
elem

en
ts

are
d

en
o
ted

b
y

low
er

case
letters.

W
e

let
R
d+

an
d
R
d+

+
b

e
th

e
su

b
sets

of
vectors

w
ith

n
on

n
egative

a
n

d
strictly

p
ositive

com
p

o
n
en

ts,

resp
ectively.

W
e

d
en

ote
b
y

∆
d

th
e

u
n

it
d
-sim

p
lex

,
∆
d

=
{
λ
∈
R
d
+

1
: ∑

d
+

1
i=

1
λ
i

=
1}.

F
or

a
n
y

vecto
r
w
∈
R
d,

its
su

p
po

rt
is

d
efi

n
ed

as
su

p
p

(w
)

=
{
i

:
w
i 6=

0}
⊆

N
d .

W
e

u
se

1
to

d
en

ote
eith

er
th

e
scalar

or
a

v
ector

of
all

on
es,

w
h

ose
d

im
en

sion
is

d
eterm

in
ed

b
y

its
con

tex
t.

G
iven

a
su

b
set

g
ofN

d ,
th

e
d
-d

im
en

sion
al

vector
1
g

h
as

on
es

on
th

e
su

p
p

ort
g
,
an

d
zeros

elsew
h

ere.
W

e
let

R
d×
T

b
e

th
e

sp
ace

of
d×

T
real

m
atrices

an
d

w
rite

W
=

[w
1 ,...,w

T
]

to
d

en
ote

th
e

m
a
trix

w
h

o
se

colu
m

n
s

are
form

ed
b
y

th
e

vectors
w

1 ,...,w
T
∈
R
d.

F
or

a
vector

σ
∈
R
d,

w
e

d
en

o
te

b
y

d
iag

(σ
)

th
e
d×

d
d

iagon
al

m
atrix

h
av

in
g

elem
en

ts
σ
i

on
th

e
d

iagon
al.

W
e

say
m

atrix
W
∈
R
d×
T

is
d

iagon
al

if
W
ij

=
0

w
h

en
ever

i6=
j.

W
e

d
en

ote
th

e
trace

of
a

m
atrix

W
b
y

tr(W
),

an
d

its
ran

k
b
y

ran
k
(W

).
W

e
let

σ
(W

)∈
R
r+

b
e

th
e

vector
form

ed
b
y

th
e

sin
gu

la
r

valu
es

of
W

,
w

h
ere

r
=

m
in

(d
,T

),
an

d
w

h
ere

w
e

assu
m

e
th

a
t

th
e

sin
gu

lar
valu

es
a
re

ord
ered

n
on

in
creasin

g,
i.e.

σ
1 (W

)≥
...≥

σ
r (W

)≥
0.

W
e

u
se

S
d

to
d

en
ote

th
e

set
of

real
d×

d
sy

m
m

etric
m

atrices,
an

d
S
d+

to
d

en
ote

th
e

su
b

set
o
f

p
ositiv

e
sem

id
efi

n
ite

m
atrices.

W
e

u
se
�

to
d

en
ote

th
e

p
ositive

sem
id

efi
n

ite
ord

erin
g

o
n

S
d.

T
h

e
n

otatio
n
〈·,·〉

d
en

otes
th

e
stan

d
ard

in
n

er
p

ro
d

u
cts

on
R
d

an
d
R
d×
T

,
th

at
is〈x

,y〉
=
∑

di=
1
x
i y
i

for
x
,y
∈
R
d,

a
n

d
〈X
,Y
〉

=
tr(X

>
Y

),
for

X
,Y
∈

R
d×
T

.
G

iven
a

n
orm

‖·‖
on

R
d

or
R
d×
T

,‖·‖∗
d

en
otes

th
e

co
rresp

on
d

in
g

d
u
al

n
orm

,
given

b
y
‖
u‖∗

=
su

p{〈u
,w〉

:‖w‖
≤

1}.
O

n
R
d

w
e

d
en

ote
b
y
‖·‖

2
th

e
E

u
clid

ean
n

orm
,

an
d

on
R
d×
T

w
e

d
en

ote
b
y
‖·‖

F
th

e
F

rob
en

iu
s

n
orm

a
n

d
b
y

‖·‖
tr

th
e

tra
ce

n
orm

,
th

at
is

th
e

su
m

of
sin

gu
lar

valu
es.

1
.4

O
rg

a
n

iz
a
tio

n

T
h

e
p

ap
er

is
organ

ized
as

follow
s.

In
S

ection
2,

w
e

rev
iew

a
gen

eral
class

of
n

orm
s

an
d

ch
ara

cterize
th

eir
u

n
it

b
all.

In
S

ection
3,

w
e

sp
ecialize

th
ese

n
orm

s
to

th
e

b
ox

-n
o
rm

,
w

h
ich

w
e

sh
ow

is
a

p
ertu

rb
ation

of
th

e
k
-su

p
p

ort
n

orm
.

W
e

stu
d

y
th

e
p

rop
erties

of
th

e
n

orm
s

an
d

w
e

d
escrib

e
th

e
geom

etry
of

th
e

u
n

it
b

alls.
In

S
ection

4,
w

e
com

p
u

te
th

e
b

ox
-n

orm
an

d
w

e
p

rov
id

e
an

effi
cien

t
m

eth
o
d

to
com

p
u

te
th

e
p

rox
im

ity
op

erator
of

th
e

sq
u

ared
n

orm
.

In
S

ectio
n

5,
w

e
ex

ten
d

th
e

n
orm

s
to

orth
ogon

ally
in

varian
t

m
atrix

n
orm

s—
th

e
sp

ectral
k
-su

p
p

ort
an

d
sp

ectral
b

ox
-n

orm
s—

an
d

w
e

sh
ow

th
at

th
ese

ex
h

ib
it

a
n
u

m
b

er
of

p
rop

erties
w

h
ich

rela
te

to
th

e
v
ector

p
rop

erties
in

a
n

atu
ral

m
an

n
er.

In
S

ection
6,

w
e

rev
iew

th
e

clu
stered

m
u

ltitask
learn

in
g

settin
g,

w
e

recall
th

e
clu

ster
n

orm
in

tro
d
u

ced
b
y

J
aco

b
et

al.
(2

00
9a)

an
d

w
e

sh
ow

th
at

th
e

clu
ster

n
orm

corresp
on

d
s

to
th

e
sp

ectral
b

ox
-n

orm
.

W
e

also
p

rov
id

e
a

m
eth

o
d

for
solv

in
g

th
e

resu
ltin

g
m

atrix
regu

larizatio
n

p
rob

lem
u
sin

g
“cen

tered
”

n
orm

s.
In

S
ection

7,
w

e
ap

p
ly

th
e

n
orm

s
to

m
atrix

learn
in

g
p

rob
lem

s
on

a
n
u

m
b

er
of

sim
u

la
ted

an
d

real
d

ata
sets

an
d

rep
ort

on
th

eir
p

erform
an

ce.
In

S
ection

8,
w

e
d

iscu
ss

ex
ten

sion
s

to
th

e
fram

ew
ork

an
d

su
ggest

d
irection

s
for

fu
tu

re
research

.
F

in
ally,

in
S

ection
9,

w
e

co
n

clu
d

e.
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N
e
w

P
e
r
sp

e
c
t
iv

e
s

o
n
k
-S

u
p
p
o
r
t

a
n
d

C
l
u
st

e
r

N
o
r
m

s

2
.
P
re
li
m
in
a
ri
e
s

In
th

is
se

ct
io

n
w

e
re

v
ie

w
a

fa
m

il
y

of
n

o
rm

s
p

ar
am

et
er

iz
ed

b
y

a
se

t
Θ

,
a
n

d
w

h
ic

h
w

e
ca

ll
th

e
Θ

-n
or

m
s.

T
h

ey
ar

e
cl

os
el

y
re

la
te

d
to

th
e

n
or

m
s

co
n

si
d

er
ed

in
M

ic
ch

el
li

et
a
l.

(2
0
1
0,

20
13

).
S

im
il

ar
n

or
m

s
ar

e
al

so
d

is
cu

ss
ed

in
B

ac
h

et
al

.
(2

01
1,

S
ec

t.
1.

4.
2
)

w
h

er
e

th
ey

ar
e

ca
ll

ed
H

-n
or

m
s.

W
e

fi
rs

t
re

ca
ll

th
e

d
efi

n
it

io
n

of
th

e
n

or
m

.

D
e
fi

n
it

io
n

1
L

et
Θ

be
a

co
n

ve
x

bo
u

n
d
ed

su
bs

et
o
f

th
e

o
pe

n
po

si
ti

ve
o
rt

h
a
n

t.
F

o
r
w
∈
R
d

th
e

Θ
-n

o
rm

is
d
efi

n
ed

a
s

‖w
‖ Θ

=

√ √ √ √
in

f
θ
∈Θ

d ∑ i=
1

w
2 i

θ i
.

(1
)

N
ot

e
th

at
th

e
fu

n
ct

io
n

(w
,θ

)
7→
∑

d i=
1
w

2 i
θ i

is
st

ri
ct

ly
co

n
ve

x
on

R
d
×

R
d +

+
,

h
en

ce
ev

er
y

m
in

im
iz

in
g

se
q
u

en
ce

co
n
ve

rg
es

to
th

e
sa

m
e

p
oi

n
t.

T
h

e
in

fi
m

u
m

is
,

h
ow

ev
er

,
n

ot
a
tt

ai
n

ed
in

ge
n

er
al

b
ec

au
se

a
m

in
im

iz
in

g
se

q
u

en
ce

m
ay

co
n
v
er

ge
to

a
p

oi
n
t

on
th

e
b

o
u

n
d

a
ry

o
f

Θ
.

F
or

in
st

an
ce

,
if

Θ
=
{θ
∈
R
d +

+
:
∑

d i=
1
θ i
≤

1}
,

th
en
‖w
‖ Θ

=
‖w
‖ 1

an
d

th
e

m
in

im
iz

in
g

se
q
u

en
ce

co
n
ve

rg
es

to
th

e
p

oi
n
t

(
|w

1
|

‖w
‖ 1
,.
..
,
|w
d
|

‖w
‖ 1

),
w

h
ic

h
b

el
on

gs
to

Θ
on

ly
if

al
l

th
e

co
m

p
on

en
ts

o
f
w

ar
e

d
iff

er
en

t
fr

om
ze

ro
.

P
ro

p
o
si

ti
o
n

2
T

h
e

Θ
-n

o
rm

is
w

el
l

d
efi

n
ed

a
n

d
th

e
d
u

a
l

n
o
rm

is
gi

ve
n

,
fo

r
u
∈
R
d
,

by

‖u
‖ ∗
,Θ

=

√ √ √ √
su

p
θ
∈Θ

d ∑ i=
1

θ i
u

2 i
.

(2
)

P
ro

o
f

C
on

si
d

er
th

e
ex

p
re

ss
io

n
fo

r
th

e
d

u
al

n
or

m
.

T
h

e
fu

n
ct

io
n
‖·
‖ ∗
,Θ

is
a

n
o
rm

si
n

ce
it

is
a

su
p

re
m

u
m

of
n

or
m

s.
R

ec
al

l
th

at
th

e
F

en
ch

el
co

n
ju

ga
te
h
∗

of
a

fu
n

ct
io

n
h

:
R
d
→

R
is

d
efi

n
ed

fo
r

ev
er

y
u
∈

R
d

as
h
∗ (
u

)
=

su
p
{ 〈
u
,w
〉−

h
(w

)
:
w
∈
R
d
} .

It
is

a
st

a
n

d
ar

d
re

su
lt

fr
om

co
n
ve

x
an

al
y
si

s
th

at
fo

r
an

y
n

or
m
‖·
‖,

th
e

F
en

ch
el

co
n

ju
ga

te
of

th
e

fu
n

ct
io

n
h

:=
1 2
‖·
‖2

sa
ti

sfi
es
h
∗

=
1 2
‖·
‖2 ∗

,
w

h
er

e
‖·
‖ ∗

is
th

e
co

rr
es

p
on

d
in

g
d

u
al

n
or

m
(s

ee
,

e.
g.

L
ew

is
,

19
9
5
).

B
y

th
e

sa
m

e
re

su
lt

,
fo

r
an

y
n

or
m

th
e

b
ic

on
ju

ga
te

is
eq

u
al

to
th

e
n

or
m

,
th

at
is

(‖
·‖
∗ )
∗

=
‖·
‖.

A
p

p
ly

in
g

th
is

to
th

e
d

u
al

n
or

m
w

e
h

av
e,

fo
r

ev
er

y
w
∈
R
d
,

th
at

h
(w

)
=

su
p

u
∈R

d

{〈
w
,u
〉−

h
∗ (
u

)}
=

su
p

u
∈R

d

in
f

θ
∈Θ

{
d ∑ i=

1

( w
iu
i
−

1 2
θ i
u

2 i

)}
.

T
h

is
is

a
m

in
im

ax
p

ro
b

le
m

in
th

e
se

n
se

of
vo

n
N

eu
m

an
n

(s
ee

e.
g.

P
ro

p
.

2.
6.

3
in

B
er

ts
ek

as
et

al
.,

20
03

),
an

d
w

e
ca

n
ex

ch
an

ge
th

e
or

d
er

of
th

e
in

f
an

d
th

e
su

p
,

an
d

so
lv

e
th

e
la

tt
er

(w
h

ic
h

is
in

fa
ct

a
m

ax
im

u
m

)
co

m
p

on
en

tw
is

e.
T

h
e

gr
ad

ie
n
t

w
it

h
re

sp
ec

t
to
u
i

is
ze

ro
fo

r
u
i

=
w
i
θ i

,
an

d
su

b
st

it
u

ti
n

g
th

is
in

to
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
w

e
ob

ta
in
h

(w
)

=
1 2
‖w
‖2 Θ

.
It

fo
ll

ow
s

th
at

th
e

ex
p

re
ss

io
n

in
(1

)
d

efi
n

es
a

n
or

m
,

an
d

it
s

d
u
al

n
or

m
is

d
efi

n
ed

b
y

(2
),

as
re

q
u

ir
ed

.

T
h

e
Θ

-n
or

m
(1

)
en

co
m

p
as

se
s

a
n
u

m
b

er
of

w
el

l
k
n

ow
n

n
or

m
s.

F
or

in
st

an
ce

,
fo

r
p
∈

[1
,∞

)

th
e
` p

n
or

m
is

d
efi

n
ed

,
fo

r
ev

er
y
w
∈

R
d
,

as
‖w
‖ p

=
( ∑

d i=
1
|w
i|p
)1 p

,
if
p
∈

[1
,∞

)
a
n

d
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M
c
D

o
n
a
l
d
,

P
o
n
t
il

a
n
d

S
t
a
m

o
s

‖w
‖ ∞

=
m

ax
d i=

1
|w
i|.

F
or

p
∈

[1
,2

),
o
n

e
ca

n
sh

ow
(M

ic
ch

el
li

a
n

d
P

on
ti

l,
2
00

5,
L

em
m

a

26
),

th
at
‖w
‖ p

=
‖w
‖ Θ

p
,

w
h

er
e

w
e

h
av

e
d

efi
n

ed
Θ
p

=
{ θ
∈

R
d +

+
:
∑

d i=
1
θ

p
2
−
p

i
≤

1}
.

F
or

p
=

1
th

is
co

n
fi

rm
s

th
e

se
t

Θ
co

rr
es

p
o
n

d
in

g
to

th
e
` 1

n
o
rm

a
s

cl
a
im

ed
a
b

ov
e.

S
im

il
a
rl

y,
fo

r
p
∈

(2
,∞

]
w

e
h

av
e

th
at
‖w
‖ p

=
‖w
‖ ∗
,Θ
q
,

w
h

er
e

1 p
+

1 q
=

1
.

T
h

e
` 2

-n
o
rm

is
ob

ta
in

ed
as

b
ot

h
a

p
ri

m
al

an
d

d
u

a
l

Θ
-n

o
rm

in
th

e
li

m
it

a
s
p

te
n

d
s

to
2
.

S
ee

a
ls

o
A

fl
al

o
et

a
l.

(2
0
11

)
w

h
o

co
n

si
d

er
ed

th
e

ca
se

of
p
>

2.
O

th
er

n
or

m
s

w
h

ic
h

b
el

on
g

to
th

e
fa

m
il

y
(1

)
a
re

p
re

se
n
te

d
in

(M
ic

ch
el

li
et

a
l.

,
2
01

3)
an

d
co

rr
es

p
on

d
to

ch
o
o
si

n
g

Θ
=
{θ
∈

Λ
:
∑

d i=
1
θ i
≤

1}
,

w
h

er
e

Λ
⊆

R
d +

+
is

a
co

n
ve

x
co

n
e.

A
sp

ec
ifi

c
ex

a
m

p
le

d
es

cr
ib

ed
th

er
ei

n
is

th
e

w
ed

g
e

p
en

al
ty

,
w

h
ic

h
co

rr
es

p
on

d
s

to
ch

o
o
si

n
g

Λ
=
{θ
∈
R
d +

+
,
θ 1
≥
..
.
≥
θ d
}.

W
e

n
ow

d
es

cr
ib

e
th

e
u

n
it

b
a
ll

o
f

th
e

Θ
-n

o
rm

w
h

en
th

e
se

t
Θ

is
a

p
ol

y
h

ed
ro

n
a
n

d
w

e
ch

a
ra

ct
er

iz
e

th
e

u
n

it
b

al
l
of

th
e

n
or

m
.

T
h

is
se

tt
in

g
ap

p
li

es
to

a
n
u

m
b

er
of

n
o
rm

s
o
f

p
ra

ct
ic

a
l

in
te

re
st

,
in

cl
u

d
in

g
th

e
gr

ou
p

la
ss

o
w

it
h

ov
er

la
p

,
th

e
w

ed
g
e

n
o
rm

m
en

ti
on

ed
a
b

ov
e

an
d

,
a
s

w
e

sh
al

l
se

e,
th

e
k
-s

u
p

p
o
rt

n
o
rm

.
T

o
d

es
cr

ib
e

o
u

r
o
b

se
rv

a
ti

o
n

,
fo

r
ev

er
y

v
ec

to
r
γ
∈
R
d +

,
w

e
d

efi
n

e
th

e
se

m
in

o
rm

‖w
‖ γ

=

√ √ √ √
∑ i:
γ
i
>

0

w
2 i

γ
i
.

P
ro

p
o
si

ti
o
n

3
L

et
γ

1
,.
..
,γ

m
∈

R
d +

su
ch

th
a
t
∑

m `=
1
γ
`
∈

R
d +

+
a
n

d
le

t
Θ

=
{θ
∈

R
d +

+
:

θ
=
∑

m `=
1
λ
`γ
` ,
λ
∈

∆
m
−

1
}.

T
h
en

w
e

h
a
ve

,
fo

r
ev

er
y
w
∈
R
d
,

th
a
t

‖w
‖ Θ

=
in

f

{
m ∑ `=

1

‖v
`‖
γ
`

:
v `
∈
R
d
,

su
p

p
(v
`)
⊆

su
p

p
(γ
` )
,
`
∈
N
m
,

m ∑ `=
1

v `
=
w

}
.

(3
)

M
o
re

o
ve

r,
th

e
u

n
it

ba
ll

o
f

th
e

n
o
rm

is
gi

ve
n

by
th

e
co

n
ve

x
h
u

ll
o
f

th
e

se
t

m ⋃ `=
1

{ w
∈
R
d

:
su

p
p

(w
)
⊆

su
p

p
(γ
` )
,‖
w
‖ γ

`
≤

1}
.

(4
)

T
h

e
p

ro
o
f

o
f

th
is

re
su

lt
is

p
re

se
n
te

d
in

th
e

ap
p

en
d

ix
.

It
is

b
a
se

d
on

o
b

se
rv

in
g

th
at

th
e

M
in

ko
w

sk
i

fu
n

ct
io

n
a
l

(s
ee

e.
g
.

R
u

d
in

,
1
9
9
1)

o
f

th
e

co
n
ve

x
h
u

ll
o
f

th
e

se
t

(4
)

is
a

n
or

m
a
n

d
it

is
g
iv

en
b
y

th
e

ri
g
h
t

h
an

d
si

d
e

o
f

eq
u

a
ti

o
n

(3
);

w
e

th
en

p
ro

ve
th

a
t

th
is

n
o
rm

co
in

ci
d

es
w

it
h
‖·
‖ Θ

b
y

n
ot

in
g

th
at

b
o
th

n
o
rm

s
sh

a
re

th
e

sa
m

e
d

u
a
l
n

o
rm

.
T

o
il

lu
st

ra
te

an
a
p

p
li

ca
ti

on
of

th
e

p
ro

p
o
si

ti
on

,
w

e
sp

ec
ia

li
ze

it
to

th
e

g
ro

u
p

L
as

so
w

it
h

ov
er

la
p

(J
ac

o
b

et
a
l.

,
20

0
9b

).

C
o
ro

ll
a
ry

4
If
G

is
a

co
ll

ec
ti

o
n

o
f

su
bs

et
s

o
f
N
d

su
ch

th
a
t
⋃
g
∈G
g

=
N
d

a
n

d
Θ

is
th

e

in
te

ri
o
r

o
f

th
e

se
t

co
{1
g

:
g
∈
G}

,
th

en
w

e
h
a
ve

,
fo

r
ev

er
y
w
∈
R
d
,

th
a
t

‖w
‖ Θ

=
in

f

  
∑ g
∈G
‖v
g
‖ 2

:
v g
∈
R
d
,

su
p

p
(v
g
)
⊆
g
,
∑ g
∈G
v g

=
w

  
.

(5
)

M
o
re

o
ve

r,
th

e
u

n
it

ba
ll

o
f

th
e

n
o
rm

is
gi

ve
n

by
th

e
co

n
ve

x
h
u

ll
o
f

th
e

se
t

⋃ g
∈G

{ w
∈
R
d

:
su

p
p

(w
)
⊆
g
,‖
w
‖ 2
≤

1}
.

(6
)
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N
e
w

P
e
r
sp

e
c
t
iv

e
s

o
n
k
-S

u
p
p
o
r
t

a
n
d

C
l
u
st

e
r

N
o
r
m

s

W
e

d
o

n
ot

cla
im

an
y

o
rig

in
a
lity

in
th

e
a
b

ove
coro

lla
ry

a
n

d
p

ro
p

o
sitio

n
,

a
lth

ou
g
h

w
e

ca
n

n
ot

fi
n

d
a

sp
ecifi

c
referen

ce.
T

h
e

u
tility

o
f

th
e

resu
lt

is
th

a
t

it
lin

k
s

seem
in

g
ly

d
iff

eren
t

n
orm

s
su

ch
a
s

th
e

gro
u

p
L

a
sso

w
ith

ov
erla

p
an

d
th

e
Θ

-n
o
rm

s,
w

h
ich

p
rov

id
e

a
m

o
re

co
m

p
act

rep
resen

ta
tio

n
,

in
vo

lv
in

g
o
n

ly
d

a
d

d
ition

a
l

va
ria

b
les.

T
h
is

fo
rm

u
la

tion
is

esp
ecially

u
sefu

l
w

h
en

ever
th

e
op

tim
izatio

n
p

rob
lem

(1
)

can
b

e
so

lved
in

clo
sed

fo
rm

.
O

n
e

su
ch

ex
a
m

p
le

is
p

rov
id

ed
b
y

th
e

w
ed

ge
n

o
rm

d
escrib

ed
a
b

ov
e.

In
th

e
n

ex
t

sectio
n

w
e

d
iscu

ss
on

e
m

o
re

im
p

o
rtan

t
ca

se,
th

e
b

ox
-n

o
rm

,
w

h
ich

p
lay

s
a

cen
tra

l
role

in
th

is
p

a
p

er.

3
.
T
h
e
B
o
x
-N

o
rm

a
n
d

th
e
k
-S

u
p
p
o
rt

N
o
rm

W
e

n
ow

sp
ecia

lize
o
u

r
an

aly
sis

to
th

e
ca

se
th

a
t

Θ
=

{
θ∈

R
d

:
a
≤
θ
i ≤

b,
d
∑i=

1

θ
i ≤

c }
(7

)

w
h

ere
0
<
a
≤
b

an
d
c
∈

[a
d
,bd

].
W

e
ca

ll
th

e
n

o
rm

d
efi

n
ed

b
y

(1)
th

e
bo

x-n
o
rm

a
n

d
w

e
d

en
ote

it
b
y
‖·‖

b
o
x .

T
h

e
stru

ctu
re

o
f

set
Θ

for
th

e
b

ox
-n

o
rm

w
ill

b
e

fu
n

d
a
m

en
tal

in
co

m
p

u
tin

g
th

e
n

o
rm

an
d

d
eriv

in
g

th
e

p
rox

im
ity

op
era

to
r

in
S

ection
4
.

F
u

rth
erm

o
re,

w
e

n
o
te

th
a
t

th
e

co
n

stra
in

ts
are

in
va

ria
n
t

w
ith

resp
ect

to
p

erm
u

tatio
n

s
of

th
e

com
p

o
n

en
ts

o
f

Θ
a
n

d
,

a
s

w
e

sh
a
ll

see
in

S
ectio

n
5,

th
is

p
rop

erty
is

key
to

ex
ten

d
in

g
th

e
n

o
rm

to
m

a
trices.

F
in

a
lly,

w
h

ile
a

restriction
of

th
e

g
en

eral
fa

m
ily,

th
e

b
ox

-n
o
rm

n
ev

erth
eless

en
co

m
p

asses
a

n
u

m
b

er
o
f

n
o
rm

s
in

clu
d

in
g

th
e
`
1

a
n

d
`
2

n
orm

s,
a
s

w
ell

as
th

e
k
-su

p
p

o
rt

n
o
rm

,
w

h
ich

w
e

n
ow

reca
ll.

F
or

ev
ery

k
∈

N
d ,

th
e
k
-su

p
p

o
rt

n
o
rm
‖·‖

(k
)

(A
rg

y
rio

u
et

a
l.,

2
0
1
2)

is
d

efi
n

ed
a
s

th
e

n
o
rm

w
h

o
se

u
n

it
b

all
is

th
e

co
n
vex

h
u

ll
o
f

th
e

set
o
f

vecto
rs

o
f

ca
rd

in
a
lity

a
t

m
o
st
k

a
n
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.
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R
d,
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k

v
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∈
R
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p
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b
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a
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ra
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b
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b
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w
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a
rin
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u
a
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4
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en
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e
k
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p
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rm

is
a

Θ
-n

orm
w

h
ere
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∈
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∆
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b
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is
a

sp
ecia

l
case

of
th

e
b

ox
-n

o
rm

.
D

esp
ite

th
e
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e
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e
`
2 -n

o
rm

o
f

th
e
k

larg
est

co
m

p
on

en
ts,

‖u‖∗
,(k

)
=

√√√√
k
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d
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b
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b
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=
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exceed
in

g
ρ

.

P
ro

o
f

W
e

n
eed

to
solve

p
rob

lem
(2).

W
e

m
ake

th
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∈

(0,1] d,
∑

di=
1
φ
i ≤

ρ }
,

w
h

ere
ρ

=
c−
d
a

b−
a

.
F

u
rth

erm
ore

∑
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e
su

p
rem

u
m

ov
er
φ

.

W
e

see
from

eq
u

a
tion

(10)
th

at
th

e
d

u
al

n
orm

d
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h
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th
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.
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p
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b
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p
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∈
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∈
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(11)
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re
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n
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et
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th
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∈
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∈
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‖ Φ
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∈Φ
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e
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b
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at
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p
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ra
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∈
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α

+
β

Θ
,
α
,β

>
0.

In
p

a
rt

ic
u

la
r

w
e

se
e

fr
o
m

(1
4)

th
at

th
e

sq
u

a
re

d
b

ox
-n

o
rm

,
sc

a
le

d
b
y

a
fa

ct
o
r

of
(b
−
a
),

is
a

M
o
re

a
u

en
ve

lo
p

e
o
f

th
e

sq
u

a
re

d
k
-s

u
p

p
or

t
n

or
m

as
w

e
h

av
e

(b
−
a
)‖
w
‖2 b

o
x

=
m

in
z
∈R

d

{ ‖
z
‖2 (k

)
+

1 2
ρ
‖w
−
z
‖2 2

}
=

:
e ρ
f

(w
),

(1
5)

w
h

er
e
f

(w
)

=
‖w
‖2 (k

)
a
n

d
ρ

=
1 2

a
b−
a
.

P
ro

p
os

it
io

n
8

fu
rt

h
er

a
ll

ow
s

u
s

to
d

ec
o
m

p
o
se

th
e

so
lu

ti
on

to
a

ve
ct

o
r

le
a
rn

in
g

p
ro

b
le

m
u

si
n

g
th

e
sq

u
ar

ed
b

ox
-n

o
rm

in
to

tw
o

co
m

p
o
n

en
ts

w
it

h
p

ar
ti

cu
la

r
st

ru
ct

u
re

.
S

p
ec

ifi
ca

ll
y,

co
n

si
d

er
th

e
re

gu
la

ri
za

ti
o
n

p
ro

b
le

m

m
in

w
∈R

d
‖X

w
−
y
‖2 2

+
λ
‖w
‖2 b

o
x

(1
6)

w
it

h
d

at
a
X
∈
R
n
×
d

an
d

re
sp

o
n

se
y
∈
R
n
.

U
si

n
g

P
ro

p
os

it
io

n
8

a
n

d
se

tt
in

g
w

=
u

+
z
,

w
e

se
e

th
a
t

(1
6
)

is
eq

u
iv

a
le

n
t

to

m
in

u
,z
∈R

d

{ ‖
X

(u
+
z
)
−
y
‖2 2

+
λ a
‖u
‖2 2

+
λ

b
−
a
‖z
‖2 (k

)}
.

(1
7)

F
u

rt
h

er
m

or
e,

if
(û
,ẑ

)
so

lv
es

p
ro

b
le

m
(1

7
)

th
en
ŵ

=
û

+
ẑ

so
lv

es
p

ro
b

le
m

(1
6)

.
T

h
e

so
lu

ti
o
n

ŵ
ca

n
th

er
ef

or
e

b
e

in
te

rp
re

te
d

as
th

e
su

p
er

p
o
si

ti
o
n

o
f

a
ve

ct
or

w
h

ic
h

h
as

sm
a
ll
` 2

n
o
rm

,
an

d
a

ve
ct

or
w

h
ic

h
h

as
sm

a
ll
k
-s

u
p

p
or

t
n

o
rm

,
w

it
h

th
e

p
ar

a
m

et
er
a

re
gu

la
ti

n
g

th
es

e
tw

o
co

m
p

on
en

ts
.

S
p

ec
ifi

ca
ll
y,

a
s
a

te
n

d
s

to
ze

ro
,

in
o
rd

er
to

p
re

v
en

t
th

e
ob

je
ct

iv
e

fr
om

b
lo

w
in

g
u

p
,
û

m
u

st
al

so
te

n
d

to
ze

ro
a
n

d
w

e
re

co
ve

r
k
-s

u
p

p
or

t
n

o
rm

re
g
u

la
ri

za
ti

o
n

.
S

im
il

ar
ly

,
as
a

te
n

d
s

to
b,
ẑ

va
n

is
h

es
an

d
w

e
h

av
e

a
si

m
p

le
ri

d
ge

re
g
re

ss
io

n
p

ro
b

le
m

.
A

fu
rt

h
er

co
n

se
q
u

en
ce

o
f

P
ro

p
o
si

ti
o
n

8
is

th
e

d
iff

er
en

ti
a
b

il
it

y
o
f

th
e

sq
u

ar
ed

b
ox

-n
o
rm

.

P
ro

p
o
si

ti
o
n

1
0

If
a
>

0
th

e
sq

u
a
re

d
bo

x-
n

o
rm

is
d
iff

er
en

ti
a
bl

e
o
n
R
d

a
n

d
it

s
gr

a
d
ie

n
t

∇
(‖
·‖

2 b
o
x
)

=
2 a

( Id
−

p
ro

x
ρ
‖·
‖2 (k

)

)

is
L

ip
sc

h
it

z
co

n
ti

n
u

o
u

s
w

it
h

pa
ra

m
et

er
2 a
.

P
ro

o
f

L
et

ti
n

g
f

(w
)

=
‖w
‖2 (k

),
ρ

=
1 2

a
b−
a
,

b
y

(1
5
)

w
e

h
av

e
e ρ
f

(w
)

=
(b
−
a
)‖
w
‖2 b

o
x
.

T
h

e

re
su

lt
fo

ll
ow

s
d

ir
ec

tl
y

fr
o
m

B
au

sc
h

k
e

an
d

C
o
m

b
et

te
s

(2
01

0,
P

ro
p

.
1
2.

2
9
),

a
s
f

is
co

n
ve

x
a
n

d
co

n
ti

n
u

ou
s

o
n
R
d

a
n

d
th

e
g
ra

d
ie

n
t

is
g
iv

en
as
∇

(e
ρ
f

)
=

1 ρ
(I

d
−

p
ro

x
ρ
f
).

P
ro

p
o
si

ti
on

10
es

ta
b

li
sh

es
th

a
t

th
e

sq
u

a
re

o
f

th
e

b
ox

-n
o
rm

is
d

iff
er

en
ti

ab
le

a
n

d
it

s
sm

o
ot

h
n

es
s

is
co

n
tr

ol
le

d
b
y

th
e

p
a
ra

m
et

er
a
.

F
u
rt

h
er

m
o
re

,
th

e
g
ra

d
ie

n
t

ca
n

b
e

d
et

er
m

in
ed

fr
o
m

th
e

p
ro

x
im

it
y

o
p

er
at

o
r,

w
h

ic
h

w
e

co
m

p
u

te
in

S
ec

ti
on

4
.
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N
e
w

P
e
r
sp

e
c
t
iv

e
s

o
n
k
-S

u
p
p
o
r
t

a
n
d

C
l
u
st

e
r

N
o
r
m

s

3
.2

G
e
o
m

e
try

o
f

th
e

N
o
rm

s

In
th

is
section

,
w

e
b
riefl

y
in

vestig
ate

th
e

g
eo

m
etry

o
f
th

e
b

ox
-n

o
rm

.
F

ig
u

re
1

d
ep

icts
th

e
u

n
it

b
a
lls

fo
r

th
e
k
-su

p
p

o
rt

n
o
rm

in
R

3
fo

r
va

riou
s

p
a
ra

m
eter

va
lu

es,
settin

g
b

=
1

th
ro

u
g
h

ou
t.

F
o
r
k

=
1

an
d
k

=
3

w
e

recog
n

ize
th

e
`
1

a
n

d
`
2

b
alls

resp
ectively.

F
o
r
k

=
2

th
e

u
n

it
b

a
ll

reta
in

s
ch

a
racteristics

of
b

o
th

n
o
rm

s,
an

d
in

p
a
rticu

la
r

w
e

n
o
te

th
e

d
isco

n
tin

u
ities

a
lo

n
g

each
of
x

,
y

a
n

d
z

p
la

n
es,

a
s

in
th

e
ca

se
o
f

th
e
`
1

n
o
rm

.

F
ig

u
re

2
d

ep
icts

th
e

u
n

it
b

a
lls

fo
r

th
e

b
ox

-n
o
rm

fo
r

a
ra

n
g
e

o
f

va
lu

es
o
f
a

an
d
k
,

w
ith

c
=

(b−
a
)k

+
d
a
.

W
e

see
th

at
in

g
en

eral
th

e
b

alls
in

crea
se

in
volu

m
e

w
ith

ea
ch

o
f
a

a
n

d
k
,

h
o
ld

in
g

th
e

oth
er

p
ara

m
eter

fi
x
ed

.
C

o
m

p
a
rin

g
th

e
k
-su

p
p

o
rt

n
o
rm

(k
=

1
),

th
a
t

is
th

e
`
1

n
o
rm

,
a
n

d
th

e
b

ox
-n

o
rm

(k
=

1
,
a

=
0
.1

5),
w

e
see

th
a
t

th
e

p
a
ra

m
eter

a
sm

o
o
th

s
o
u

t
th

e
sh

arp
ed

ges
o
f

th
e
`
1

n
o
rm

.
T

h
is

is
also

v
isib

le
w

h
en

co
m

p
arin

g
th

e
k
-su

p
p

o
rt

(k
=

2)
an

d
th

e
b

ox
(k

=
2,
a

=
0
.15

).
T

h
is

illu
stra

tes
th

e
sm

o
o
th

in
g

eff
ect

o
f

th
e

p
ara

m
eter

a
,

as
su

g
gested

b
y

P
ro

p
osition

1
0
.

W
e

ca
n

g
a
in

fu
rth

er
in

sigh
t

in
to

th
e

sh
a
p

e
o
f

th
e

u
n
it

b
a
lls

o
f

th
e

b
ox

-n
o
rm

fro
m

C
o
rollary

6
.

E
q
u

a
tio

n
(11

)
sh

ow
s

th
a
t

th
e

p
rim

a
l

u
n

it
b

all
is

th
e

co
n
vex

h
u

ll
of

ellip
so

id
s

in
R
d,

w
h

ere
fo

r
ea

ch
g
rou

p
g

th
e

sem
i-p

rin
cip

le
a
x
is

a
lo

n
g

d
im

en
sio

n
i

h
as

len
g
th
√
b

if
i∈

g
,

a
n

d
len

g
th
√
a

if
i
/∈
g
.

S
im

ila
rly,

th
e

u
n

it
b

a
ll

o
f

th
e

d
u

al
b

ox
-n

o
rm

is
th

e
in

tersectio
n

of
ellip

soid
s

in
R
d

w
h

ere
fo

r
each

g
ro

u
p
g

th
e

sem
i-p

rin
cip

le
ax

is
in

d
im

en
sio

n
i

h
a
s

len
gth

1
/ √

b
if
i
∈
g
,

an
d

len
g
th

1/ √
a

if
i
/∈
g

(see
a
lso

E
q
u

a
tio

n
3
7

in
th

e
a
p

p
en

d
ix

).
It

is
in

stru
ctive

to
fu

rth
er

con
sid

er
th

e
eff

ect
o
f

th
e

p
a
ram

eter
a

o
n

th
e

u
n

it
b

a
lls

for
fi

x
ed

k
.

T
o

th
is

en
d

,
reca

ll
th

at
sin

ce
c

=
(b−

a
)k

+
d
a
,

w
h

en
k

=
d

w
e

h
ave

c
=
bd

.
In

th
is

ca
se,

fo
r

all
valu

es
of
a

in
(0,b],

th
e

ob
jective

in
(1

)
is

a
tta

in
ed

b
y

settin
g
θ
i

=
b

for
a
ll
i,

a
n

d
w

e
recover

th
e
`
2 -n

orm
,

scaled
b
y

1
/ √

b,
for

th
e

p
rim

al
b

ox
-n

o
rm

.
S

im
ila

rly
in

(2
),

th
e

d
u

al
n

orm
g
ives

rise
to

th
e
`
2 -n

o
rm

,
sca

led
b
y
√
b.

In
th

e
rem

a
in

d
er

o
f

th
is

sectio
n

w
e

th
erefo

re
o
n

ly
co

n
sid

er
th

e
cases

k
∈
{1
,2}

in
R

3

F
o
r
k

=
1,G

k
=
{{1}

,{
2},{3}}.

T
h

e
u

n
it

b
a
ll

o
f

th
e

p
rim

a
l

b
ox

-n
o
rm

is
th

e
co

n
v
ex

h
u

ll
o
f

th
e

ellip
so

id
s

d
efi

n
ed

b
y

w
21b

+
w

22

a
+
w

23

a
=

1,
w

21

a
+
w

22b
+
w

23

a
=

1,
an

d
w

21

a
+
w

22

a
+
w

23b
=

1,
(1

8)

a
n

d
th

e
u

n
it

b
a
ll

of
th

e
d

u
a
l

b
ox

-n
o
rm

is
th

e
in

tersectio
n

o
f

th
e

ellip
so

id
s

d
efi

n
ed

b
y

w
21

b −
1

+
w

22

a −
1

+
w

23

a −
1

=
1,

w
21

a −
1

+
w

22

b −
1

+
w

23

a −
1

=
1,

a
n

d
w

21

a −
1

+
w

22

a −
1

+
w

23

b −
1

=
1.

(1
9)

F
or
k

=
2,G

k
=
{{1}

,{
2}
,{

3}
,{

1,2}
,{

2
,3},{1

,3}}.
T

h
e

u
n

it
b

a
ll

o
f

th
e

p
rim

a
l

b
ox

-n
o
rm

is
th

e
co

n
vex

h
u

ll
of

th
e

ellip
so

id
s

d
efi

n
ed

b
y

(1
8
)

in
a
d

d
ition

to
th

e
fo

llow
in

g

w
21b

+
w

22b
+
w

23

a
=

1,
w

21

a
+
w

22b
+
w

23b
=

1,
an

d
w

21b
+
w

22

a
+
w

23b
=

1,
(2

0)

a
n

d
th

e
u
n

it
b

all
o
f

th
e

d
u

al
b

ox
-n

o
rm

is
th

e
in

tersectio
n

o
f

th
e

ellip
so

id
s

d
efi

n
ed

b
y

(19
)

in
a
d

d
itio

n
to

th
e

fo
llow

in
g

w
21

b −
1

+
w

22

b −
1

+
w

23

a −
1

=
1,

w
21

a −
1

+
w

22

b −
1

+
w

23

b −
1

=
1,

an
d

w
21

b −
1

+
w

22

a −
1

+
w

23

b −
1

=
1.

(2
1)
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M
c
D

o
n
a
l
d
,

P
o
n
t
il

a
n
d

S
t
a
m

o
s

F
or

th
e

p
rim

a
l
n

orm
,
n

ote
th

at
sin

ce
b
>
a
,
each

of
th

e
ellip

so
id

s
in

(18)
is

en
tirely

con
tain

ed
w

ith
in

o
n

e
of

th
ose

d
efi

n
ed

b
y

(20),
h

en
ce

w
h

en
tak

in
g

th
e

con
vex

h
u

ll
w

e
n

eed
on

ly
co

n
sid

er
th

e
la

tter
set.

S
im

ilarly
for

th
e

d
u

al
n

orm
,

sin
ce

1b
<

1a
,

each
o
f

th
e

ellip
so

id
s

in
(19

)
is

con
tain

ed
w

ith
in

on
e

of
th

ose
d

efi
n

ed
b
y

(21),
h

en
ce

w
h

en
ta

k
in

g
th

e
in

tersection
w

e
n

eed
on

ly
co

n
sid

er
th

e
latter

set.

F
ig

u
res

3
an

d
4

d
ep

ict
th

e
con

stitu
en

t
ellip

ses
for

variou
s

p
aram

eter
valu

es
for

th
e

p
rim

al
an

d
d

u
al

n
orm

s.
A

s
a

ten
d

s
to

zero
th

e
ellip

ses
b

ecom
e

d
egen

erate.
F

or
k

=
1,

tak
in

g
th

e
con

vex
h
u
ll

w
e

recover
th

e
`
1

u
n

it
b

all
in

th
e

p
rim

al
n

o
rm

,
an

d
ta

k
in

g
th

e
in

tersectio
n

w
e

recover
th

e
`∞

u
n

it
b

all
in

th
e

d
u

al
n

orm
.

A
s
a

ten
d

s
to

1
w

e
recover

th
e
`
2

n
o
rm

in
b

oth
th

e
p

rim
al

a
n

d
th

e
d

u
al.

4
.
C
o
m
p
u
ta
tio

n
o
f
th

e
N
o
rm

a
n
d

th
e
P
ro
x
im

ity
O
p
e
ra

to
r

In
th

is
section

,
w

e
com

p
u

te
th

e
n

orm
an

d
th

e
p

rox
im

ity
op

erator
o
f

th
e

sq
u

ared
b

ox
-n

orm
b
y

ex
p

licitly
so

lv
in

g
th

e
op

tim
ization

p
rob

lem
(1).

W
e

also
sp

ecialize
ou

r
resu

lts
to

th
e

k
-su

p
p

ort
n

orm
an

d
com

m
en

t
on

th
e

im
p

rov
em

en
t

w
ith

resp
ect

th
e

m
eth

o
d

b
y

A
rg

y
rio

u
et

a
l.

(2
012).

R
ecall

th
at,

for
ev

ery
vector

w
∈
R
d,|w| ↓

d
en

otes
th

e
vector

o
b

tain
ed

from
w

b
y

reord
erin

g
its

com
p

on
en

ts
so

th
at

th
ey

a
re

n
on

-in
creasin

g
in

ab
solu

te
valu

e.

T
h

e
o
re

m
1
1

F
o
r

every
w
∈
R
d

it
h
o
ld

s
th

a
t

‖
w‖

2b
o
x

=
1b ‖
w
Q ‖

22
+

1p ‖
w
I ‖

21
+

1a ‖
w
L ‖

22 ,
(22)

w
h
ere

w
Q

=
(|w| ↓1 ,...,|w| ↓q ),

w
I

=
(|w| ↓q

+
1 ,...,|w| ↓d−

` ),
w
L

=
(|w| ↓d−

`+
1 ,...,|w| ↓d ),

q
a
n

d
`

a
re

th
e

u
n

iqu
e

in
tegers

in
{
0,...,d}

th
a
t

sa
tisfy

q
+
`≤

d
,

|w
q |
b
≥

1p

d−∑̀

i=
q
+

1 |w
i |
>
|w
q
+

1 |
b

,
|w
d−
` |

a
≥

1p

d−∑̀

i=
q
+

1 |w
i |
>
|w
d−
`+

1 |
a

,
(23)

p
=
c−

qb−
`a

a
n

d
w

e
h
a
ve

d
efi

n
ed
|w

0 |
=
∞

a
n

d
|w
d
+

1 |
=

0.
F

u
rth

erm
o
re,

th
e

m
in

im
izer

θ
h
a
s

th
e

fo
rm

θ
i

=



b,
if
i∈
{1,...,q},

p
|w
i |

∑
d−
`

j
=
q
+

1 |w
j | ,

if
i∈
{q

+
1
,...,d−

`},
a
,

o
th

erw
ise.

P
ro

o
f

W
e

solve
th

e
con

strain
ed

op
tim

ization
p

rob
lem

in
f {

d
∑i=

1

w
2i

θ
i

:
a
≤
θ
i ≤

b,

d
∑i=

1

θ
i ≤

c }
.

(24)

T
o

sim
p

lify
th

e
n

otation
w

e
assu

m
e

w
ith

ou
t

loss
of

gen
erality

th
a
t
w
i

are
p

o
sitive

an
d

ord
ered

n
on

in
creasin

g,
an

d
n

ote
th

at
th

e
op

tim
al
θ
i

are
ord

ered
n

on
in

crea
sin

g
.

T
o

see
th

is,

let
θ ∗

=
arg

m
in
θ∈

Θ

∑
di=

1
w

2i
θ
i
.

N
ow

su
p

p
ose

th
at
θ ∗i

<
θ ∗j

for
som

e
i
<
j

an
d

d
efi

n
e
θ̂

to
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N
e
w

P
e
r
sp

e
c
t
iv

e
s

o
n
k
-S

u
p
p
o
r
t

a
n
d

C
l
u
st

e
r

N
o
r
m

s

F
ig

u
re

1:
U

n
it

b
al

ls
of

th
e
k
-s

u
p

p
or

t
n

or
m

fo
r
k
∈
{1
,2
,3
}.

F
ig

u
re

2:
U

n
it

b
al

ls
of

th
e

b
ox

-n
or

m
,

(k
,a

)
∈
{(

1,
0
.1

5
),

(2
,0
.1

5)
,(

2,
0
.4

0
)}

.

F
ig

u
re

3:
P

ri
m

al
b

ox
-n

or
m

co
m

p
on

en
t

el
li

p
so

id
s,

(k
,a

)
∈
{(

1,
0.

15
),

(2
,0
.1

5)
,(

2,
0
.4

0
)}

.

F
ig

u
re

4:
D

u
al

b
ox

-n
or

m
u

n
it

b
al

ls
an

d
el

li
p

so
id

s,
(k
,a

)
∈
{(

1,
0
.1

5)
,(

2,
0
.1

5
),

(2
,0
.4

0
)}

.
F

or
k

=
2,

on
ly

3
ti

gh
te

st
el

li
p

so
id

s
ar

e
sh

ow
n

.

1
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M
c
D

o
n
a
l
d
,

P
o
n
t
il

a
n
d

S
t
a
m

o
s

b
e

id
en

ti
ca

l
to
θ∗

,
ex

ce
p

t
w

it
h

th
e
i

an
d
j

el
em

en
ts

ex
ch

an
g
ed

.
T

h
e

d
iff

er
en

ce
in

o
b

je
ct

iv
e

va
lu

es
is

d ∑ i=
1

w
2 i

θ̂ i
−

d ∑ i=
1

w
2 i

θ∗ i
=

(w
2 i
−
w

2 j
)

(
1 θ∗ j
−

1 θ∗ i

)
,

w
h

ic
h

is
n

eg
a
ti

ve
so
θ∗

ca
n

n
o
t

b
e

a
m

in
im

iz
er

.
W

e
fu

rt
h

er
as

su
m

e
w

it
h

ou
t

lo
ss

o
f

ge
n

er
a
li

ty
th

a
t
w
i
6=

0
fo

r
al

l
i,

a
n

d
c
≤
d
b

(s
ee

R
em

ar
k

1
2

b
el

ow
).

T
h

e
o
b

je
ct

iv
e

is
co

n
ti

n
u

o
u

s
a
n

d
w

e
ta

ke
th

e
in

fi
m

u
m

ov
er

a
cl

o
se

d
b

o
u

n
d

ed
se

t,
so

a
so

lu
ti

o
n

ex
is

ts
an

d
it

is
u

n
iq

u
e

b
y

st
ri

ct
co

n
v
ex

it
y.

F
u

rt
h

er
m

o
re

,
si

n
ce

c
≤
d
b,

th
e

su
m

co
n

st
ra

in
t

w
il

l
b

e
ti

g
h
t

a
t

th
e

o
p

ti
m

u
m

.
C

o
n

si
d

er
th

e
L

a
g
ra

n
gi

a
n

fu
n

ct
io

n

L
(θ
,α

)
=

d ∑ i=
1

w
2 i

θ i
+

1 α
2

(
d ∑ i=

1

θ i
−
c)

,
(2

5)

w
h

er
e

1
/α

2
is

a
st

ri
ct

ly
p

os
it

iv
e

m
u

lt
ip

li
er

,
a
n

d
α

is
to

b
e

ch
os

en
to

m
a
ke

th
e

su
m

co
n

st
ra

in
t

ti
g
h
t,

ca
ll

th
is

va
lu

e
α
∗ .

L
et
θ∗

b
e

th
e

m
in

im
iz

er
of
L

(θ
,α
∗ )

ov
er
θ

su
b

je
ct

to
a
≤
θ i
≤
b.

W
e

cl
ai

m
th

at
θ∗

so
lv

es
eq

u
at

io
n

(2
4)

.
In

d
ee

d
,

fo
r

an
y
θ
∈

[a
,b

]d
,
L

(θ
∗ ,
α
∗ )
≤
L

(θ
,α
∗ )

,
w

h
ic

h
im

p
li

es
th

at

d ∑ i=
1

w
2 i

θ∗ i
≤

d ∑ i=
1

w
2 i

θ i
+

1

(α
∗ )

2

(
d ∑ i=

1

θ i
−
c)

.

If
in

a
d

d
it

io
n

w
e

im
p

os
e

th
e

co
n

st
ra

in
t
∑

d i=
1
θ i
≤
c,

th
e

se
co

n
d

te
rm

o
n

th
e

ri
g
h
t

h
a
n

d
si

d
e

is
a
t

m
o
st

ze
ro

,
so

w
e

h
av

e
fo

r
al

l
su

ch
θ

th
a
t

d ∑ i=
1

w
2 i

θ∗ i
≤

d ∑ i=
1

w
2 i

θ i
,

w
h

en
ce

it
fo

ll
ow

s
th

at
θ∗

is
th

e
m

in
im

iz
er

o
f

(2
4)

.
W

e
ca

n
th

er
ef

o
re

so
lv

e
th

e
or

ig
in

a
l

p
ro

b
le

m
b
y

m
in

im
iz

in
g

th
e

L
ag

ra
n
gi

a
n

(2
5)

ov
er

th
e

b
ox

co
n

st
ra

in
t.

D
u

e
to

th
e

co
u

p
li

n
g

eff
ec

t
o
f

th
e

m
u

lt
ip

li
er

,
th

e
p

ro
b

le
m

is
se

p
a
ra

b
le

,
an

d
w

e
ca

n
so

lv
e

th
e

si
m

p
li

fi
ed

p
ro

b
le

m
co

m
p

o
n

en
tw

is
e

(s
ee

M
ic

ch
el

li
et

a
l.

,
2
01

3
,

T
h

eo
re

m
3.

1
).

F
o
r

co
m

p
le

te
n

es
s

w
e

re
p

ea
t

th
e

ar
g
u

m
en

t
h

er
e.

F
o
r

ev
er

y
w
i
∈

R
a
n

d
α
>

0,
th

e

u
n

iq
u

e
so

lu
ti

on
to

th
e

p
ro

b
le

m
m

in
{w

2 i θ
+

θ α
2

:
a
≤
θ
≤
b}

is
g
iv

en
b
y

θ
=

    

b,
if
α
|w
i|
>
b,

α
|w
|,

if
b
≥
α
|w
i|
≥
a
,

a
,

if
a
>
α
|w
i|.

(2
6)

In
d

ee
d

,
fo

r
fi
x
ed

w
i,

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

is
st

ri
ct

ly
co

n
ve

x
o
n
R
d +

+
a
n

d
h

a
s

a
u

n
iq

u
e

m
in

im
u

m
o
n

(0
,∞

)
(s

ee
F

ig
u

re
1
.b

in
M

ic
ch

el
li

et
al

.
(2

01
3
)

fo
r

an
il

lu
st

ra
ti

on
).

T
h

e
d

er
iv

a
ti

v
e

of
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
is

ze
ro

fo
r
θ

=
θ∗

:=
α
|w
i|,

st
ri

ct
ly

p
os

it
iv

e
b

el
ow

θ∗

an
d

st
ri

ct
ly

in
cr

ea
si

n
g

a
b

ov
e
θ∗

.
C

on
si

d
er

in
g

th
es

e
th

re
e

ca
se

s
th

e
re

su
lt

fo
ll

ow
s

an
d
θ

is
d

et
er

m
in

ed
b
y

(2
6)

w
h

er
e
α

sa
ti

sfi
es
∑

d i=
1
θ i

(α
)

=
c.

1
4

JM
L

R
 1

7(
15

5)
:1

-3
8



N
e
w

P
e
r
sp

e
c
t
iv

e
s

o
n
k
-S

u
p
p
o
r
t

a
n
d

C
l
u
st

e
r

N
o
r
m

s

T
h

e
m

in
im

izer
th

en
h

as
th

e
fo

rm

θ
=

(b,...,b
︸
︷︷
︸

q

,θ
q
+

1 ,...,θ
d−
` ,a

,...,a
︸
︷︷

︸
`

),

w
h

ere
q,`∈

{0,...,d}
are

d
eterm

in
ed

b
y

th
e

va
lu

e
o
f
α

w
h

ich
sa

tisfi
es

S
(α

)
=

d
∑i=

1

θ
i (α

)
=
qb

+

d−∑̀

i=
q
+

1

α|w
i |

+
`a

=
c,

i.e.
α

=
p
/ (∑

d−
`

i=
q
+

1 |w
i | )

,
w

h
ere

p
=
c−

qb−
`a

.

T
h

e
va

lu
e

of
th

e
n

o
rm

fo
llow

s
b
y

su
b

stitu
tin

g
θ

in
to

th
e

o
b

jective
a
n

d
w

e
g
et

‖
w‖

2b
o
x

=

q
∑i=

1 |w
i | 2
b

+
1p (

d−∑̀

i=
q
+

1 |w
i | )

2
+

d
∑

i=
d−
`+

1 |w
i | 2
a

=
1b ‖w

Q ‖
22

+
1p ‖w

I ‖
21

+
1a ‖w

L ‖
22 ,

a
s

req
u

ired
.

W
e

ca
n

fu
rth

er
ch

ara
cterize

q
a
n

d
`

b
y

co
n

sid
erin

g
th

e
fo

rm
o
f
θ.

B
y

co
n

stru
c-

tio
n

w
e

h
ave

θ
q ≥

b
>
θ
q
+

1
a
n

d
θ
d−
`
>
a
≥
θ
d−
`+

1 ,
or

eq
u

iva
len

tly

|w
q |
b
≥

1p

d−∑̀

i=
q
+

1 |w
i |
>
|w
q
+

1 |
b

a
n

d
|w
d−
` |

a
≥

1p

d−∑̀

i=
q
+

1 |w
i |
>
|w
d−
`+

1 |
a

.

T
h

e
p

ro
o
f

is
co

m
p

leted
.

R
e
m

a
rk

1
2

T
h
e

ca
se

w
h
ere

so
m

e
w
i

a
re

zero
fo

llo
w

s
fro

m
th

e
ca

se
th

a
t

w
e

h
a
ve

co
n

sid
ered

in
th

e
th

eo
rem

.
If
w
i

=
0

fo
r
n
<
i≤

d
,

th
en

clea
rly

w
e

m
u

st
h
a
ve
θ
i

=
a

fo
r

a
ll

su
ch
i.

W
e

th
en

co
n

sid
er

th
e
n

-d
im

en
sio

n
a
l

p
ro

blem
o
f

fi
n

d
in

g
(θ

1 ,...,θ
n
)

th
a
t

m
in

im
izes

∑
ni=

1
w

2i
θ
i

,
su

bject
to
a
≤
θ
i ≤

b,
a
n

d
∑

ni=
1
θ
i ≤

c ′,
w

h
ere

c ′
=
c−

(d−
n

)a
.

A
s
c≥

d
a

by
a
ssu

m
p
tio

n
,

w
e

a
lso

h
a
ve
c ′≥

n
a

,
so

a
so

lu
tio

n
exists

to
th

e
n

-d
im

en
sio

n
a
l

p
ro

blem
.

If
c ′≥

bn
,

th
en

a
so

lu
tio

n
is

trivia
lly

given
by

θ
i

=
b

fo
r

a
ll
i

=
1
,...,n

.
In

gen
era

l,
c ′
<
bn

,
a
n

d
w

e
p
roceed

a
s

per
th

e
p
roo

f
o
f

th
e

th
eo

rem
.

F
in

a
lly,

a
vecto

r
th

a
t

so
lves

th
e

o
rigin

a
l
d

-d
im

en
sio

n
a
l

p
ro

blem
w

ill
be

given
by

(θ
1 ,...,θ

n
,a
,...,a

).

T
h

eo
rem

11
su

g
gests

tw
o

m
eth

o
d

s
fo

r
co

m
p

u
tin

g
th

e
b

ox
-n

orm
.

F
irst,

w
e

ca
n

fi
n

d
α

su
ch

th
at

S
(α

)
=
c;

th
is

va
lu

e
u

n
iq

u
ely

d
eterm

in
es
θ

in
(2

6
),

a
n

d
th

e
n

o
rm

fo
llow

s
b
y

su
b

stitu
tio

n
in

to
th

e
ob

jective
in

(2
5
).

A
ltern

atively,
w

e
id

en
tify

q
a
n

d
`

th
a
t

jo
in

tly
sa

tisfy
(23

)
a
n

d
w

e
com

p
u

te
th

e
n

o
rm

u
sin

g
(22

).
T

a
k
in

g
a
d

van
ta

ge
o
f

th
e

stru
ctu

re
o
f
θ

in
th

e
fo

rm
er

m
eth

o
d

lea
d

s
to

a
com

p
u

ta
tio

n
tim

e
th

a
t

isO
(d

lo
g
d
).

T
h

e
o
re

m
1
3

T
h
e

co
m

p
u

ta
tio

n
o
f

th
e

bo
x-n

o
rm

ca
n

be
co

m
p
leted

in
O

(d
lo

g
d
)

tim
e.

P
ro

o
f

F
o
llow

in
g

T
h

eorem
1
1,

w
e

n
eed

to
d

eterm
in

e
α
∗

to
sa

tisfy
th

e
co

u
p

lin
g

co
n

stra
in

t
S

(α
∗)

=
c.

E
a
ch

co
m

p
on

en
t
θ
i

is
a

p
iecew

ise
lin

ea
r

fu
n

ctio
n

in
th

e
fo

rm
o
f

a
step

fu
n

ction

w
ith

a
con

sta
n
t

p
o
sitive

slo
p

e
b

etw
een

th
e

va
lu

es
a
/|w

i |
a
n

d
b/|w

i |.
L

et {
α
i }

2
d

i=
1

b
e

th
e

1
5
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M
c
D

o
n
a
l
d
,

P
o
n
t
il

a
n
d

S
t
a
m

o
s

set
of

th
e

2d
critical

p
oin

ts,
w

h
ere

th
e
α
i

are
ord

ered
n

on
d

ecreasin
g
.

T
h

e
fu

n
ction

S
(α

)
is

a
n

o
n

d
ecrea

sin
g

p
iecew

ise
lin

ear
fu

n
ction

w
ith

at
m

ost
2d

critical
p

oin
ts.

W
e

can
fi

n
d
α
∗

b
y

fi
rst

sortin
g

th
e

p
oin

ts{
α
i},

fi
n

d
in

g
α
i

an
d
α
i+

1
su

ch
th

a
t

S
(α

i)≤
c≤

S
(α

i+
1)

b
y

b
in

ary
search

,
an

d
th

en
in

terp
olatin

g
α
∗

b
etw

een
th

e
tw

o
p

o
in

ts.
S

ortin
g

takesO
(d

log
d
).

C
o
m

p
u

tin
g
S

(α
i)

at
each

step
of

th
e

b
in

a
ry

search
isO

(d
),

so
O

(d
log

d
)

overall.
G

iven
α
i

a
n

d
α
i+

1,
in

terp
o
latin

g
α
∗

isO
(1),

so
th

e
overall

algorith
m

isO
(d

lo
g
d
)

as
claim

ed
.

T
h

e
k
-su

p
p

ort
n

orm
is

a
sp

ecial
case

of
th

e
b

ox
-n

orm
,

an
d

as
a

d
irect

coro
llary

of
T

h
eorem

11
a
n

d
T

h
eorem

13,
w

e
recover

(A
rgy

riou
et

al.,
2012,

P
rop

osition
2
.1).

C
o
ro

lla
ry

1
4

F
o
r
w
∈
R
d,

a
n

d
k
≤
d

,

‖
w‖

(k
)

=

(
q
∑j=

1 (|w| ↓j )
2

+
1

k−
q (

d
∑j=
q
+

1 |w
↓j | )

2 )
12,

w
h
ere

q
is

th
e

u
n

iqu
e

in
teger

in
{0
,k−

1}
sa

tisfyin
g

|w
q |≥

1

k−
q

d
∑j=
q
+

1 |w
j |
>
|w
q
+

1 |,
(27)

a
n

d
w

e
h
a
ve

d
efi

n
ed
w

0
=
∞

.
F

u
rth

erm
o
re,

th
e

n
o
rm

ca
n

be
co

m
p
u

ted
in
O

(d
lo

g
d
)

tim
e.

4
.1

P
ro

x
im

ity
O

p
e
ra

to
r

P
rox

im
al

gra
d

ien
t

m
eth

o
d

s
can

b
e

u
sed

to
solve

op
tim

iza
tion

p
rob

lem
s

of
th

e
form

m
in
w
f

(w
)

+
λ
g
(w

),
w
∈
R
d,

w
h

ere
f

is
a

con
vex

loss
fu

n
ction

w
ith

L
ip

sch
itz

con
tin

u
ou

s
g
rad

ien
t,
λ
>

0
is

a
regu

larization
p

ara
m

eter,
an

d
g

is
a

con
vex

fu
n

ction
for

w
h

ich
th

e
p

rox
im

ity
op

era
tor

can
b

e
com

p
u

ted
effi

cien
tly,

see
N

esterov
(2007);

C
om

b
ettes

an
d

P
esq

u
et

(2011
);

B
eck

an
d

T
eb

ou
lle

(20
09)

an
d

referen
ces

th
erein

.
T

h
e

p
rox

im
ity

op
erator

of
g

w
ith

p
aram

eter
ρ
>

0
is

d
efi

n
ed

as

p
rox

ρ
g (w

)
=

arg
m

in {
12 ‖x
−
w‖

2
+
ρ
g
(x

)
:
x
∈
R
d }

.

W
e

n
ow

u
se

th
e

in
fi

m
u

m
form

u
lation

of
th

e
b

ox
-n

orm
to

d
erive

th
e

p
rox

im
ity

o
p

erato
r

of
th

e
sq

u
ared

n
orm

.

T
h

e
o
re

m
1
5

T
h
e

p
ro

xim
ity

o
pera

to
r

o
f

th
e

squ
a
re

o
f

th
e

bo
x-n

o
rm

a
t

po
in

t
w
∈
R
d

w
ith

pa
ra

m
eter

λ2
is

given
by

p
rox

λ2 ‖·‖
2b

o
x (w

)
=

(
θ
1
w

1
θ
1
+
λ
,...,

θ
d
w
d

θ
d
+
λ

),
w

h
ere

θ
i

=



b,
if
α|w

i |−
λ
>
b,

α|w
i |−

λ
,

if
b≥

α|w
i |−

λ
≥
a
,

a
,

if
a
>
α|w

i |−
λ
,

1
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e
w

P
e
r
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e
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t
iv

e
s

o
n
k
-S

u
p
p
o
r
t

a
n
d

C
l
u
st

e
r

N
o
r
m

s

a
n

d
α

is
ch

o
se

n
su

ch
th

a
t
S

(α
)

:=
∑

d i=
1
θ i

(α
)

=
c.

F
u

rt
h
er

m
o
re

,
th

e
co

m
p
u

ta
ti

o
n

o
f

th
e

p
ro

xi
m

it
y

o
pe

ra
to

r
ca

n
be

co
m

p
le

te
d

in
O

(d
lo

g
d
)

ti
m

e.

P
ro

o
f

U
si

n
g

th
e

in
fi
m

u
m

fo
rm

u
la

ti
on

of
th

e
n

or
m

,
w

e
so

lv
e

m
in

x
∈R

d
in

f
θ
∈Θ

{
1 2

d ∑ i=
1

(x
i
−
w
i)

2
+
λ 2

d ∑ i=
1

x
2 i θ i

}
.

W
e

ca
n

ex
ch

an
ge

th
e

or
d

er
of

th
e

op
ti

m
iz

at
io

n
an

d
so

lv
e

fo
r
x

fi
rs

t.
T

h
e

p
ro

b
le

m
is

se
p

a
ra

b
le

an
d

a
d

ir
ec

t
co

m
p

u
ta

ti
on

y
ie

ld
s

th
at
x
i

=
θ i
w
i

θ i
+
λ

.
D

is
ca

rd
in

g
a

m
u
lt

ip
li

ca
ti

v
e

fa
ct

o
r

o
f
λ
/
2
,

an
d

n
ot

in
g

th
at

th
e

in
fi

m
u

m
is

at
ta

in
ed

,
th

e
p

ro
b

le
m

in
θ

b
ec

om
es

m
in θ

{
d ∑ i=

1

w
2 i

θ i
+
λ

:
a
≤
θ i
≤
b,

d ∑ i=
1

θ i
≤
c

} .

N
ot

e
th

at
th

is
is

th
e

sa
m

e
as

co
m

p
u

ti
n

g
a

b
ox

-n
or

m
in

ac
co

rd
an

ce
w

it
h

P
ro

p
o
si

ti
on

8.
S

p
ec

ifi
ca

ll
y,

th
is

is
ex

ac
tl

y
li

ke
p

ro
b

le
m

(2
4)

af
te

r
th

e
ch

an
ge

of
va

ri
ab

le
θ′ i

=
θ i

+
λ

.
T

h
e

re
m

ai
n

in
g

p
ar

t
of

th
e

p
ro

of
th

en
fo

ll
ow

s
in

a
si

m
il

ar
m

an
n

er
to

th
e

p
ro

of
o
f

T
h

eo
re

m
1
1
.

A
lg

or
it

h
m

1
il

lu
st

ra
te

s
th

e
co

m
p

u
ta

ti
on

of
th

e
p

ro
x
im

it
y

op
er

at
or

fo
r

th
e

sq
u

a
re

d
b

ox
-

n
or

m
in
O

(d
lo

g
d
)

ti
m

e.
T

h
is

in
cl

u
d

es
th

e
k
-s

u
p

p
or

t
as

a
sp

ec
ia

l
ca

se
,

w
h

er
e

w
e

le
t
a

te
n

d
to

ze
ro

,
an

d
se

t
b

=
1

an
d
c

=
k
,

w
h

ic
h

im
p

ro
ve

s
u

p
on

th
e

co
m

p
le

x
it

y
o
f

th
e
O

(d
(k

+
lo

g
d
))

co
m

p
u

ta
ti

on
p

ro
v
id

ed
in

A
rg

y
ri

ou
et

al
.

(2
01

2)
,

an
d

w
e

il
lu

st
ra

te
th

e
im

p
ro

ve
m

en
t

em
p

ir
ic

al
ly

in
T

ab
le

1.
W

e
su

m
m

ar
iz

e
th

is
in

th
e

fo
ll

ow
in

g
co

ro
ll

ar
y.

C
o
ro

ll
a
ry

1
6

T
h
e

p
ro

xi
m

it
y

o
pe

ra
to

r
o
f

th
e

sq
u

a
re

o
f

th
e
k

-s
u

p
po

rt
n

o
rm

a
t

po
in

t
w

w
it

h
pa

ra
m

et
er

λ 2
is

gi
ve

n
by

p
ro

x
λ 2
‖·
‖2 Θ

(w
)

=
x

,
w

h
er

e
x
i

=
θ i
w
i

θ i
+
λ

,
a
n

d

θ i
=

    

1,
if
α
|w
i|
>
λ

+
1
,

α
|w
i|
−
λ
,

if
λ

+
1
≥
α
|w
i|
≥
λ

0,
if
λ
>
α
|w
i|,

w
h
er

e
α

is
ch

o
se

n
su

ch
th

a
t
S

(α
)

=
k

.
F

u
rt

h
er

m
o
re

,
th

e
p
ro

xi
m

it
y

o
pe

ra
to

r
ca

n
be

co
m

p
u

te
d

in
O

(d
lo

g
d
)

ti
m

e.

5
.
S
p
e
ct
ra

l
N
o
rm

s

W
e

n
ow

tu
rn

ou
r

fo
cu

s
to

th
e

m
at

ri
x

n
or

m
s.

F
or

th
is

p
u
rp

os
e,

w
e

re
ca

ll
th

a
t

a
n

or
m
‖·
‖

on
R
d
×
T

is
ca

ll
ed

or
th

og
on

al
ly

in
va

ri
an

t
if
‖W
‖

=
‖U
W
V
‖,

fo
r

an
y

or
th

o
go

n
al

m
a
tr

ic
es

U
∈

R
d
×
d

an
d
V
∈

R
T
×
T

.
A

cl
as

si
ca

l
re

su
lt

b
y

V
on

N
eu

m
an

n
(1

93
7)

es
ta

b
li
sh

es
th

at
a

n
or

m
is

or
th

og
on

al
ly

in
va

ri
an

t
if

an
d

on
ly

if
it

is
of

th
e

fo
rm
‖W
‖

=
g
(σ

(W
))

,
w

h
er

e
σ

(W
)

is
th

e
ve

ct
or

fo
rm

ed
b
y

th
e

si
n

gu
la

r
va

lu
es

of
W

in
n

on
in

cr
ea

si
n

g
or

d
er

,
an

d
g

is
a

sy
m

m
et

ri
c

ga
u

ge
fu

n
ct

io
n

,
th

at
is

a
n

or
m

w
h
ic

h
is

in
va

ri
an

t
u

n
d

er
p

er
m

u
ta
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o
n

s
a
n

d
si

g
n

ch
an

ge
s

of
th

e
ve

ct
or
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m

p
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en
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.
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M
c
D

o
n
a
l
d
,

P
o
n
t
il

a
n
d

S
t
a
m

o
s

A
lg

o
ri

th
m

1
C

o
m

p
u

ta
ti

on
o
f
x

=
p

ro
x
λ 2
‖·
‖2 b

o
x

(w
).

R
e
q
u

ir
e
:

p
a
ra

m
et

er
s
a
,
b,
c,
λ

.

1
.

S
or

t
p

o
in

ts
{ α

i}
2
d

i=
1

=
{
a
+
λ

|w
j
|,
b+
λ

|w
j
|} d j=

1
su

ch
th

a
t
α
i
≤
α
i+

1
;

2
.

Id
en

ti
fy

p
oi

n
ts
α
i

a
n

d
α
i+

1
su

ch
th

a
t
S

(α
i )
≤
c

a
n

d
S

(α
i+

1
)
≥
c

b
y

b
in

a
ry

se
a
rc

h
;

3
.

F
in

d
α
∗

b
et

w
ee

n
α
i

a
n

d
α
i+

1
su

ch
th

at
S

(α
∗ )

=
c

b
y

li
n

ea
r

in
te

rp
ol

a
ti

o
n

;
4
.

C
om

p
u

te
θ i

(α
∗ )

fo
r
i

=
1
..
.,
d
;

5
.

R
et

u
rn
x
i

=
θ i
w
i

θ i
+
λ

fo
r
i

=
1
..
.,
d
.

L
e
m

m
a

1
7

If
Θ

is
a

co
n

ve
x

bo
u

n
d
ed

su
bs

et
o
f

th
e

st
ri

ct
ly

po
si

ti
ve

o
rt

h
a
n

t
in

R
d

w
h
ic

h
is

in
va

ri
a
n

t
u

n
d
er

pe
rm

u
ta

ti
o
n

s,
th

en
‖·
‖ Θ

is
a

sy
m

m
et

ri
c

ga
u

ge
fu

n
ct

io
n

.

P
ro

o
f

L
et
g
(w

)
=
‖w
‖ Θ

.
W

e
n

ee
d

to
sh

ow
th

a
t
g

is
a

n
o
rm

w
h

ic
h

is
in

va
ri

a
n
t

u
n

d
er

p
er

m
u

ta
ti

o
n

s
an

d
si

gn
ch

a
n

ge
s.

B
y

P
ro

p
os

it
io

n
2,
g

is
a

n
or

m
,

so
it

re
m

a
in

s
to

sh
ow

th
at

g
(w

)
=
g
(P
w

)
fo

r
ev

er
y

p
er

m
u

ta
ti

o
n

m
a
tr

ix
P

,
a
n

d
g
(J
w

)
=
g
(w

)
fo

r
ev

er
y

d
ia

go
n
a
l
m

at
ri

x
J

w
it

h
en

tr
ie

s
±

1.
T

h
e

fo
rm

er
p

ro
p

er
ty

fo
ll

ow
s

si
n

ce
th

e
se

t
Θ

is
p

er
m

u
ta

ti
on

in
va

ri
an

t.
T

h
e

la
tt

er
p

ro
p

er
ty

is
tr

u
e

b
ec

au
se

th
e

o
b

je
ct

iv
e

fu
n

ct
io

n
in

(1
)

in
vo

lv
es

th
e

sq
u

ar
es

o
f

th
e

co
m

p
o
n

en
ts

o
f
w

.

In
p

a
rt

ic
u

la
r,

th
is

re
a
d

il
y

a
p

p
li

es
to

b
o
th

th
e
k
-s

u
p

p
o
rt

n
o
rm

an
d

th
e

b
ox

-n
o
rm

.
W

e
ca

n
th

er
ef

or
e

ex
te

n
d

b
ot

h
n

o
rm

s
to

o
rt

h
o
go

n
a
ll

y
in

va
ri

a
n
t

n
o
rm

s,
w

h
ic

h
w

e
te

rm
th

e
sp

ec
tr

a
l

k
-s

u
p

p
or

t
n

or
m

an
d

th
e

sp
ec

tr
al

b
ox

-n
or

m
re

sp
ec

ti
ve

ly
,

an
d

w
h

ic
h

w
e

w
ri

te
(w

it
h

so
m

e
ab

u
se

of
n

ot
at

io
n

)
a
s
‖W
‖ (
k
)

=
‖σ

(W
)‖

(k
)

an
d
‖W
‖ b

o
x

=
‖σ

(W
)‖

b
o
x
.

W
e

n
ot

e
th

a
t

si
n

ce
th

e
k
-s

u
p

p
or

t
n

or
m

su
b

su
m

es
th

e
` 1

a
n

d
` 2

-n
o
rm

s
fo

r
k

=
1

a
n

d
k

=
d

re
sp

ec
ti

ve
ly

,
th

e
co

rr
es

p
on

d
in

g
sp

ec
tr

a
l
k
-s

u
p

p
o
rt

n
o
rm

s
a
re

eq
u

a
l

to
th

e
tr

a
ce

a
n

d
F

ro
b

en
iu

s
n

o
rm

s
re

sp
ec

ti
ve

ly
.

A
n
u

m
b

er
o
f

p
ro

p
er

ti
es

of
th

e
ve

ct
o
r

n
o
rm

s
tr

a
n

sl
at

e
in

th
e

n
a
tu

ra
l

m
a
n

n
er

to
th

e
m

a
tr

ix
n

or
m

s.
W

e
fi

rs
t

ch
ar

ac
te

ri
ze

th
e

u
n

it
b

a
ll

o
f

th
e

sp
ec

tr
al
k
-s

u
p

p
o
rt

n
o
rm

.

P
ro

p
o
si

ti
o
n

1
8

T
h
e

u
n

it
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ll
o
f

th
e

sp
ec

tr
a
l
k

-s
u

p
po

rt
n

o
rm

is
th

e
co

n
ve

x
h
u

ll
o
f

th
e

se
t

o
f

m
a
tr

ic
es

o
f

ra
n

k
a
t

m
o

st
k

a
n

d
F

ro
be

n
iu

s
n

o
rm

n
o

gr
ea

te
r

th
a
n

o
n

e.

P
ro

o
f

F
or

an
y
W
∈
R
d
×
T

,
d

efi
n

e
th

e
fo

ll
ow

in
g

se
ts

T
k

=
{W
∈
R
d
×
T

:
ra

n
k
(W

)
≤
k
,
‖W
‖ F
≤

1}
,

A
k

=
co

(T
k
),

an
d

co
n

si
d

er
th

e
fo

ll
ow

in
g

fu
n

ct
io

n
a
l

λ
(W

)
=

in
f{
λ
>

0
:
W
∈
λ
A
k
},

W
∈
R
d
×
T
.

(2
8
)

W
e

w
il
l
ap

p
ly

L
em

m
a

2
3

in
th

e
a
p

p
en

d
ix

to
th

e
se

t
A
k
.

T
o

d
o

th
is

,
w

e
n

ee
d

to
sh

ow
th

a
t

th
e

se
t
A
k

is
b

o
u

n
d

ed
,

co
n
ve

x
,

sy
m

m
et

ri
c

a
n

d
ab

so
rb

in
g
.

T
h
e

fi
rs

t
th

re
e

a
re

cl
ea

rl
y

sa
ti

sfi
ed

.
T

o
se

e
th

at
it

is
ab

so
rb

in
g,

le
t
W
∈

R
d
×
T

h
av

e
si

n
g
u

la
r

va
lu

e
d

ec
o
m

p
os

it
io

n
U

Σ
V
>

,
a
n

d
le

t
r

=
m

in
(d
,T

).
If
W

is
ze

ro
th

en
cl

ea
rl

y
W
∈
A
k
,

so
as

su
m

e
it

is
n

on
ze

ro
.
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u
p
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o
r
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a
n
d

C
l
u
st

e
r

N
o
r
m

s

F
o
r
i∈

N
r

let
S
i ∈

R
d×
T

h
ave

en
try

(i,i)
eq

u
a
l

to
1
,

a
n
d

a
ll

rem
a
in

in
g

en
tries

zero
.

W
e

th
en

h
av

e

W
=
U

Σ
V
>

=
U

(
r
∑i=

1

σ
i S
i )
V
>

=

(
d
∑i=

1

σ
i )

r
∑i=

1

σ
i

∑
rj=

1
σ
j
(U
S
i V
>

)
=

:
λ

r
∑i=

1

β
i Z
i .

N
ow

fo
r

ea
ch
i,‖Z

i ‖
F

=
‖S

i ‖
F

=
1,

a
n

d
ra

n
k
(Z

i )
=

ran
k
(S
i )

=
1
,

so
Z
i ∈

T
k

for
a
n
y
k
≥

1
.

F
u

rth
erm

ore
β
i ∈

[0,1
]

a
n

d
∑

ri=
1
β
i

=
1
,

th
a
t

is
(β

1 ,...,β
r )∈

∆
r−

1,
so

1λ
W

is
a

co
n
vex

co
m

b
in

a
tio

n
of
Z
i ,

in
o
th

er
w

o
rd

s
W
∈
λ
A
k ,

a
n

d
w

e
h

ave
sh

ow
n

th
a
t
A
k

is
a
b

sorb
in

g
.

It
follow

s
th

at
A
k

satisfi
es

th
e

h
y
p

oth
eses

o
f

L
em

m
a

2
3
,

w
h

ere
w

e
let

C
=
A
k ,

h
en

ce
λ

d
efi

n
es

a
n

o
rm

on
R
d×
T

w
ith

u
n

it
b
a
ll

eq
u

a
l

to
A
k .

S
in

ce
th

e
co

n
stra

in
ts

in
T
k

in
vo

lv
e

sp
ectra

l
fu

n
ction

s,
th

e
sets

T
k

a
n

d
A
k

a
re

in
varia

n
t

to
left

a
n

d
rig

h
t

m
u

ltip
lica

tio
n

b
y

o
rth

o
go

n
a
l

m
a
trices.

It
fo

llow
s

th
a
t
λ

is
a

sp
ectra

l
fu

n
ctio

n
,

th
a
t

is
λ

(W
)

is
d

efi
n

ed
in

term
s

o
f

th
e

sin
g
u

la
r

va
lu

es
o
f
W

.
B

y
vo

n
N

eu
m

a
n

n
’s

T
h

eo
rem

(V
on

N
eu

m
an

n
,

19
3
7)

th
e

n
o
rm

it
d

efi
n

es
is

o
rth

o
g
on

a
lly

in
va

rian
t

a
n

d
w

e
h

av
e

λ
(W

)
=

in
f{
λ
>

0
:
W
∈
λ
A
k }

=
in

f{λ
>

0
:
σ

(W
)∈

λ
C
k }

=
‖
σ

(W
)‖

(k
)

w
h

ere
w

e
h

ave
u

sed
C

o
ro

lla
ry

24
,

w
h

ich
sta

tes
th

at
C
k

is
th

e
u

n
it

b
all

o
f

th
e
k
-su

p
p

ort
n

o
rm

.
It

fo
llow

s
th

a
t

th
e

n
orm

d
efi

n
ed

b
y

(2
8
)

is
th

e
sp

ectra
l
k
-su

p
p

ort
n

o
rm

w
ith

u
n

it
b

a
ll

g
iven

b
y
A
k .

R
eferrin

g
to

th
e

u
n

it
b

a
ll

ch
ara

cterizatio
n

of
th

e
k
-su

p
p

o
rt

n
o
rm

,
w

e
n

o
te

th
a
t

th
e

restriction
on

th
e

ca
rd

in
ality

o
f

th
e

vecto
rs

w
h

ich
d

efi
n

e
th

e
ex

trem
e

p
o
in

ts
o
f

th
e

u
n

it
b

a
ll

n
a
tu

ra
lly

ex
ten

d
s

to
a

restrictio
n

on
th

e
ra

n
k

op
era

tor
in

th
e

m
a
trix

settin
g
.

F
u

rth
erm

o
re,

as
n
oted

b
y

A
rgy

rio
u

et
al.

(2
01

2
),

reg
u

la
riza

tio
n

u
sin

g
th

e
k
-su

p
p

o
rt

n
o
rm

en
co

u
ra

g
es

vectors
to

b
e

sp
a
rse,

b
u

t
less

so
th

a
n

th
e
`
1 -n

orm
.

In
m

a
trix

reg
u

la
riza

tio
n

p
ro

b
lem

s,
P

ro
p

osition
1
8

su
g
g
ests

th
at

th
e

sp
ectra

l
k
-su

p
p

ort
n

o
rm

fo
r
k
>

1
en

co
u
ra

g
es

m
a
trices

to
h

ave
low

ra
n

k
,

b
u

t
less

so
th

an
th

e
tra

ce
n

orm
.

T
h

is
is

in
tu

itive
as

th
e

ex
trem

e
p

o
in

ts
o
f

th
e

u
n

it
b
a
ll

h
ave

ra
n
k

a
t

m
o
st
k
.

A
s

in
th

e
ca

se
o
f

th
e

vector
n

o
rm

(P
ro

p
ositio

n
8
),

th
e

sp
ectra

l
b

ox
-n

o
rm

(o
r

clu
ster

n
o
rm

—
see

b
elow

)
can

b
e

w
ritten

as
a

p
ertu

rb
a
tio

n
of

th
e

sp
ectra

l
k
-su

p
p

o
rt

n
o
rm

w
ith

a
q
u

a
d

ratic
term

.

P
ro

p
o
sitio

n
1
9

L
et‖·‖

b
o
x

be
a

m
a
trix

bo
x-n

o
rm

w
ith

pa
ra

m
eters

a
,b,c

a
n

d
let

k
=

c−
d
a

b−
a

.
T

h
en

‖
W
‖

2b
o
x

=
m

in
Z
∈
R
d×
T {

1a ‖W
−
Z‖

2F
+

1

b−
a ‖Z‖

2(k
) }
.

P
ro

o
f

B
y

v
o
n

N
eu

m
a
n

n
’s

trace
in

eq
u

ality
(T

h
eorem

2
5

in
th

e
a
p

p
en

d
ix

)
w

e
h

ave

1a ‖
W
−
Z‖

2F
+

1

b−
a ‖
Z‖

2(k
)

=
1a

(‖
W
‖

2F
+
‖
Z‖

2F
−

2〈W
,Z〉 )

+
1

b−
a ‖
Z‖

2(k
)

≥
1a

(‖
σ

(W
)‖

22
+
‖σ

(Z
)‖

22 −
2〈σ

(W
),σ

(Z
)〉 )

+
1

b−
a ‖σ

(Z
)‖

2(k
)

=
1a ‖σ

(W
)−

σ
(Z

)‖
22

+
1

b−
a ‖σ

(Z
)‖

2(k
) .
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M
c
D

o
n
a
l
d
,

P
o
n
t
il

a
n
d

S
t
a
m

o
s

F
u

rth
erm

ore
th

e
in

eq
u

ality
is

tigh
t

if
W

an
d
Z

h
ave

th
e

sa
m

e
ord

ered
set

of
sin

gu
lar

vecto
rs.

H
en

ce

m
in

Z
∈
R
d×
T {

1a ‖
W
−
Z‖

2F
+

1

b−
a ‖
Z‖

2(k
) }

=
m

in
z∈

R
d {

1a ‖σ
(W

)−
z‖

22
+

1

b−
a ‖
z‖

2(k
) }

=
‖σ

(W
)‖

2b
o
x ,

w
h

ere
th

e
last

eq
u

ality
follow

s
b
y

P
rop

osition
8.

In
o
th

er
w

o
rd

s,
th

is
resu

lt
sh

ow
s

th
at

th
e

(scaled
)

sq
u

ared
sp

ectral
b

ox
-n

orm
can

b
e

seen
as

th
e

M
orea

u
en

velop
e

of
a

sq
u

ared
sp

ectral
k
-su

p
p

ort
n

orm
.

5
.1

P
ro

x
im

ity
O

p
e
ra

to
r

fo
r

O
rth

o
g
o
n

a
lly

In
v
a
ria

n
t

N
o
rm

s

T
h

e
com

p
u

tation
al

con
sid

eration
s

ou
tlin

ed
in

S
ection

4
can

b
e

n
atu

rally
ex

ten
d

ed
to

th
e

m
atrix

settin
g

b
y

u
sin

g
v
on

N
eu

m
an

n
’s

trace
in

eq
u

ality
stated

in
th

e
ap

p
en

d
ix

.
H

ere
w

e
com

m
en

t
on

th
e

com
p

u
tation

of
th

e
p

rox
im

ity
op

erator,
w

h
ich

is
im

p
orta

n
t

for
ou

r
n
u

m
erical

ex
p

erim
en

ts
in

S
ection

7.
T

h
e

p
rox

im
ity

op
erator

of
an

orth
ogon

ally
in

va
ria

n
t

n
o
rm
‖·‖

=
g
(σ

(·))
is

given
b
y

p
rox‖·‖ (W

)
=
U

d
iag(p

rox
g (σ

(W
)))V

>
,

W
∈
R
m
×
T
,

w
h

ere
U

a
n

d
V

are
th

e
m

atrices
form

ed
b
y

th
e

left
an

d
righ

t
sin

gu
lar

v
ectors

o
f
W

(see
e.g

.
A

rgy
riou

et
al.,

2011,
P

rop
.

3.1).
U

sin
g

th
is

resu
lt

w
e

can
em

p
loy

p
rox

im
al

grad
ien

t
m

eth
o
d

s
to

so
lve

m
atrix

regu
larization

p
rob

lem
s

u
sin

g
th

e
sq

u
are

of
th

e
sp

ectral
k
-su

p
p

ort
an

d
b

ox
-n

o
rm

s.

6
.
M

u
ltita

sk
L
e
a
rn

in
g

In
th

is
section

,
w

e
ad

d
ress

m
u
ltitask

learn
in

g,
a

fram
ew

ork
in

w
h

ich
sp

ectral
regu

larizers
h

ave
su

ccessfu
lly

b
een

u
sed

to
learn

a
set

of
regression

or
b

in
ary

classifi
cation

task
s.

W
ith

in
th

is
settin

g
each

colu
m

n
of

th
e

m
atrix

W
rep

resen
ts

on
e

of
th

e
task

w
eigh

t
vectors.

B
y

levera
gin

g
th

e
co

m
m

on
alities

b
etw

een
th

e
task

s,
learn

in
g

can
often

b
e

im
p

roved
co

m
p

ared
to

solv
in

g
each

task
in

isolation
(see

e.g.
E

v
gen

iou
et

al.,
2005

;
A

rgy
riou

et
al.,

2
007,

2
008;

J
a
cob

et
al.,

2
009

a;
C

avallan
ti

et
al.,

2010,
an

d
referen

ces
th

erein
).

A
n

atu
ral

assu
m

p
tion

th
at

a
rises

in
ap

p
lication

s
is

th
at

th
e

task
s

are
clu

stered
.

T
h

e
clu

ster
n

orm
w

as
in

tro
d

u
ced

b
y

J
aco

b
et

al.
(2

009a)
as

a
m

ean
s

to
favou

r
th

is
stru

ctu
re.

W
e

sh
ow

th
at

th
is

n
orm

is
eq

u
ivalen

t
to

th
e

sp
ectral

b
ox

-n
orm

an
d

th
en

ad
d

ress
th

e
issu

e
of

cen
terin

g
th

e
n

orm
.

6
.1

C
lu

ste
rin

g
th

e
T

a
sk

s

A
g
en

era
l

ap
p

roach
to

m
u

ltitask
learn

in
g

is
b

ased
on

th
e

regu
lariza

tion
p

rob
lem

m
in

W
∈
R
d×
T L

(W
)

+
λ

Ω
(W

)

w
h

ere
W

=
[w

1 ,...,w
T

]
is

th
e
d
×
T

m
atrix

w
h

ose
colu

m
n

s
rep

resen
t

th
e

task
vectors,

Ω
is

a
regu

larizer
w

h
ich

in
corp

ora
tes

p
rior

k
n

ow
led

ge
of

sh
arin

g
b

etw
een

ta
sk

s
a
n

d
L

is
th

e
co

m
p

ou
n

d
em

p
irical

error.
T

h
at

is,
L

(W
)

=
1T
n ∑

Tt=
1 ∑

ni=
1
`(y

ti ,〈w
t ,x

ti 〉)
w

h
ere
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C
l
u
st

e
r

N
o
r
m

s

(x
t 1
,y
t 1
),
..
.,

(x
t n
,y
t n
)
∈

R
d
×

R
ar

e
th

e
tr

ai
n

in
g

p
oi

n
ts

fo
r

ta
sk
t

(f
or

si
m

p
li

ci
ty

w
e

as
su

m
e

th
at

ea
ch

ta
sk

h
as

th
e

sa
m

e
n
u
m

b
er
n

of
tr

ai
n

in
g

p
oi

n
ts

)
an

d
`

is
a

co
n
ve

x
lo

ss
fu

n
ct

io
n

.
J
ac

ob
et

al
.

(2
00

9a
)

co
n

si
d

er
a

co
m

p
os

it
e

p
en

al
ty

w
h

ic
h

en
co

u
ra

ge
s

th
e

ta
sk

s
to

b
e

cl
u

st
er

ed
in

to
Q
<
T

gr
ou

p
s.

T
o

in
tr

o
d

u
ce

th
ei

r
se

tt
in

g
w

e
re

q
u

ir
e

so
m

e
m

o
re

n
ot

at
io

n
.

L
et
J q
⊆

N
T

b
e

th
e

se
t

of
ta

sk
s

in
cl

u
st

er
q
∈

N
Q

an
d

le
t
T
q

=
|J
q
|≥

0
b

e
th

e
n
u

m
b

er

of
ta

sk
s

in
cl

u
st

er
q,

so
th

at
∑

Q q
=

1
T
q

=
T

.
T

h
e

cl
u

st
er

in
g

u
n

iq
u

el
y

d
efi

n
es

th
e
T
×
T

n
or

m
al

iz
ed

co
n

n
ec

ti
v
it

y
m

at
ri

x
M

w
h

er
e
M
st

=
1 T
q

if
s,
t
∈
J q

an
d
M
st

=
0

o
th

er
w

is
e.

W
e

le
t
w̄

=
1 T

∑
T t=

1
w
t

b
e

th
e

m
ea

n
w

ei
gh

t
v
ec

to
r,
w̄
q

=
1 T
q

∑
t∈
J q
w
t

b
e

th
e

m
ea

n
w

ei
g
h
t

v
ec

to
r

of
ta

sk
s

in
cl

u
st

er
q

an
d

d
efi

n
e

th
e
T
×
T

or
th

og
on

al
p

ro
je

ct
io

n
m

at
ri

ce
s
U

=
11
>
/
T

a
n

d
Π

=
I
−
U

.
N

ot
e

th
at
W

Π
=

[w
1
−
w̄
,.
..
,w

T
−
w̄

].
F

in
al

ly
,

le
t
r

=
m

in
(d
,T

).
U

si
n

g
th

is
n

ot
at

io
n

,
w

e
in

tr
o
d

u
ce

th
e

th
re

e
se

m
in

or
m

s

Ω
m

(W
)

=
T
‖w̄
‖2

=
tr

(W
U
W
>

)

Ω
b
(W

)
=

Q ∑ q
=

1

T
q
‖w̄

q
−
w̄
‖2

=
tr

(W
(M
−
U

)W
>

)

Ω
w

(W
)

=

Q ∑ q
=

1

∑ t∈
J q
‖w

t
−
w̄
q
‖2

=
tr

(W
(I
−
M
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>

)
,

ea
ch

of
w

h
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h
ca

p
tu

re
s

a
d

iff
er

en
t

as
p

ec
t

of
th

e
cl

u
st

er
in

g:
Ω

m
p

en
al

iz
es

th
e

to
ta

l
m
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n
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th

e
w
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gh

t
v
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to
rs

,
Ω

b
m
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su

re
s

h
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e
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ch

ot
h

er
th

e
cl

u
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er
s
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e

(b
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w
ee

n
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u
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te
r
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an
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an

d
Ω

w
m
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re
s
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e
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m

p
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es

s
of

th
e
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u

st
er

s
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it
h
in

cl
u

st
er

va
ri

a
n

ce
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S
ca

li
n

g
th

e
th

re
e

p
en

al
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b
y

p
os

it
iv

e
p
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et
er

s
ε m

,
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d
ε w

re
sp
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,
w

e
o
b
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th
e
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m

p
os

it
e

p
en

al
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ε m

Ω
m

+
ε b

Ω
b

+
ε w

Ω
w

.
T

h
e

fi
rs

t
te

rm
Ω

m
d

o
es

n
ot

d
ep

en
d

o
n

th
e

co
n

n
ec

ti
v
it

y
m

at
ri

x
M

,
an

d
it

ca
n

b
e

in
cl

u
d

ed
in

th
e

er
ro

r
te

rm
.

T
h

e
re

m
a
in

in
g

tw
o

te
rm

s
d

ep
en

d
on

M
,

w
h

ic
h

in
ge

n
er

al
m

ay
n

ot
b

e
k
n

ow
n

a
-p

ri
o
ri

.
J
ac

ob
et

al
.

(2
0
0
9a

)
p

ro
p

o
se

to
le

ar
n

th
e

cl
u

st
er

in
g

b
y

m
in

im
iz

in
g

w
it

h
re

sp
ec

t
to

m
at

ri
x
M

,
u

n
d

er
th

e
as

su
m

p
ti

o
n

th
a
t

ε w
≥
ε b

;
th

is
as

su
m

p
ti

on
is

re
as

on
ab

le
as

w
e

ca
re

m
or

e
ab

ou
t

en
fo

rc
in

g
a

sm
al

l
va

ri
a
n
ce

of
p

ar
am

et
er

s
w

it
h
in

th
e

cl
u

st
er

s
th

an
b

et
w

ee
n

th
em

.
U

si
n

g
th

e
el

em
en

ta
ry

p
ro

p
er

ti
es

th
at

M
−
U

=
M

Π
=

Π
M

Π
an

d
I
−
M

=
(I
−
M

)Π
=

Π
(I
−
M

)Π
an

d
le

tt
in

g
M̃

=
M

Π
,

w
e

re
w

ri
te

ε b
Ω

b
(W

)
+
ε w

Ω
w

(W
)

=
tr
( W

Π
( ε

b
M̃

+
ε w

(I
−
M̃

))
Π
W
>
)

=
tr
( W

Π
Σ
−

1
Π
W
>
)

(2
9
)

w
h

er
e

w
e

h
av

e
d

efi
n

ed
Σ
−

1
=
ε b
M̃

+
ε w

(I
−
M̃

).
S

in
ce
M̃

is
an

or
th

og
on

a
l

p
ro

je
ct

io
n

,
th

e
m

at
ri

x
Σ

is
w

el
l

d
efi

n
ed

an
d

w
e

h
av

e

Σ
=

(ε
−

1
b
−
ε−

1
w

)M̃
+
ε−

1
w
I
.

(3
0)

T
h

e
ex

p
re

ss
io

n
in

th
e

ri
gh

t
h

an
d

si
d

e
of

eq
u

at
io

n
(2

9)
is

jo
in

tl
y

co
n
ve

x
in
W

a
n

d
Σ

(s
ee

e.
g.

B
oy

d
an

d
V

an
d

en
b

er
gh

e,
20

04
),

h
ow

ev
er

th
e

se
t

of
m

at
ri

ce
s

Σ
d

efi
n

ed
b
y

eq
u

a
ti

o
n

(3
0
),

ge
n

er
at

ed
b
y

le
tt

in
g
M̃

=
M

Π
va

ry
,

is
n

on
co

n
ve

x
,

b
ec

au
se
M

ta
ke

s
va

lu
es

o
n

a
n

o
n

co
n
v
ex

se
t.

T
o

ad
d

re
ss

th
is

,
J
ac

ob
et

al
.

(2
00

9a
)

re
la

x
th

e
co

n
st

ra
in

t
on

m
at

ri
x
M̃

to
th

e
se

t

{0
�
M̃
�
I
,

tr
M̃
≤
Q
−

1}
.

T
h

is
in

tu
rn

in
d

u
ce

s
th

e
co

n
ve

x
co

n
st

ra
in

t
se

t
fo

r
Σ

S Q
,T

=
{ Σ
∈
R
T
×
T

:
Σ

=
Σ
>
,
ε−

1
w
I
�

Σ
�
ε−

1
b
I
,

tr
Σ
≤

(ε
−

1
b
−
ε−

1
w

)(
Q
−

1)
+
ε−

1
w
T
} .

2
1

JM
L

R
 1

7(
15

5)
:1

-3
8

M
c
D

o
n
a
l
d
,

P
o
n
t
il

a
n
d

S
t
a
m

o
s

In
su

m
m

a
ry

J
ac

ob
et

a
l.

(2
0
0
9a

)
ar

ri
ve

a
t

th
e

op
ti

m
iz

at
io

n
p

ro
b

le
m

m
in

W
∈R

d
×
T
L̄(
W

)
+
λ
‖W

Π
‖2 cl

(3
1)

w
h

er
e
L̄(
W

)
=
L(
W

)+
λ
ε m

tr
(W

U
W
>

)
a
n

d
‖·
‖ c

l
is

th
e

cl
u

st
er

n
o
rm

d
efi

n
ed

b
y

th
e

eq
u

at
io

n

‖W
‖ c

l
=
√

in
f

Σ
∈S

Q
,T

tr
(Σ
−

1
W
>
W

).
(3

2
)

6
.2

T
h

e
C

lu
st

e
r

N
o
rm

a
n

d
th

e
S

p
e
c
tr

a
l

B
o
x
-N

o
rm

W
e

n
ow

d
is

cu
ss

th
e

cl
u

st
er

n
o
rm

in
th

e
co

n
te

x
t

o
f

th
e

sp
ec

tr
a
l

b
ox

-n
o
rm

.
J
a
co

b
et

al
.

(2
0
09

a
)

st
at

e
th

a
t

th
e

cl
u

st
er

n
o
rm

of
W

eq
u

a
ls

w
h

at
w

e
in

th
is

p
a
p

er
h

av
e

te
rm

ed
th

e
sp

ec
tr

a
l

b
ox

-n
or

m
,

w
it

h
p

a
ra

m
et

er
s
a

=
ε w
−

1
,
b

=
ε−

1
b

an
d
c

=
(T
−
Q

+
1
)ε
−

1
w

+
(Q
−

1
)ε
−

1
b

.
H

er
e

w
e

p
ro

ve
th

is
fa

ct
.

D
en

ot
e

b
y
λ
i(
·)

th
e

ei
g
en

va
lu

es
o
f

a
m

a
tr

ix
w

h
ic

h
w

e
w

ri
te

in
n

on
in

cr
ea

si
n

g
or

d
er
λ

1
(·)
≥
λ

2
(·)
≥
..
.
≥
λ
d
(·)

.
N

o
te

th
a
t

if
θ i

ar
e

th
e

ei
g
en

va
lu

es
o
f

Σ
th

en
θ i

=
λ
d
−
i+

1
(Σ
−

1
).

W
e

h
av

e
th

at

tr
(Σ
−

1
W
>
W

)
≥

r ∑ i=
1

λ
d
−
i+

1
(Σ
−

1
)λ
i(
W
>
W

)
=

r ∑ i=
1

σ
2 i
(W

)

θ i

w
h

er
e

th
e

in
eq

u
al

it
y

fo
ll

ow
s

b
y

L
em

m
a

26
(s

ta
te

d
in

th
e

ap
p

en
d

ix
)

fo
r
A

=
Σ
−

1
an

d
B

=
W
>
W
�

0.
S
in

ce
th

is
in

eq
u
al

it
y

is
a
tt

a
in

ed
w

h
en

ev
er

Σ
=
U

d
ia

g
(θ

)U
,

w
h

er
e
U

ar
e

th
e

ei
ge

n
ve

ct
or

s
of
W
>
W

,
w

e
se

e
th

a
t

th
e

cl
u

st
er

n
or

m
co

in
ci

d
es

w
it

h
th

e
sp

ec
tr

a
l

b
ox

-n
or

m
,

th
at

is
‖W
‖ c

l
=
‖σ

(W
)‖

Θ
fo

r
Θ

=
{θ
∈

[a
,b

]r
:
∑

r i=
1
θ i
≤
c}

.
In

li
g
h
t

o
f

o
u

r
o
b

se
rv

a
ti

on
s

in
S

ec
ti

on
5,

w
e

a
ls

o
se

e
th

a
t

th
e

sp
ec

tr
a
l
k
-s

u
p

p
o
rt

n
or

m
is

a
sp

ec
ia

l
ca

se
of

th
e

cl
u
st

er
n

or
m

,
w

h
er

e
w

e
le

t
a

te
n

d
to

ze
ro

,
b

=
1

a
n

d
c

=
k
,

w
h

er
e
k

=
Q
−

1.
M

or
e

im
p

or
ta

n
tl

y
th

e
cl

u
st

er
n

o
rm

is
a

p
er

tu
rb

a
ti

o
n

of
th

e
sp

ec
tr

a
l
k
-s

u
p

p
o
rt

n
o
rm

.
M

o
re

ov
er

,
th

e
m

et
h

o
d

s
to

co
m

p
u

te
th

e
n

o
rm

a
n

d
it

s
p

ro
x
im

it
y

o
p

er
at

o
r

(c
f.

T
h

eo
re

m
s

11
a
n

d
1
5)

ca
n

d
ir

ec
tl

y
b

e
ap

p
li

ed
to

th
e

cl
u
st

er
n

o
rm

u
si

n
g

vo
n

N
eu

m
an

n
’s

tr
ac

e
in

eq
u

a
li

ty
(s

ee
T

h
eo

re
m

25
in

th
e

a
p

p
en

d
ix

).

6
.3

O
p

ti
m

iz
a
ti

o
n

w
it

h
C

e
n
te

re
d

S
p

e
c
tr

a
l

Θ
-N

o
rm

s

C
en

te
ri

n
g

a
m

at
ri

x
h

as
b

ee
n

sh
ow

n
to

im
p

ro
ve

le
ar

n
in

g
in

ot
h

er
m

u
lt

it
a
sk

le
a
rn

in
g

p
ro

b
le

m
s,

fo
r

ex
a
m

p
le

E
v
ge

n
io

u
et

a
l.

(2
0
05

)
re

p
o
rt

ed
im

p
ro

v
ed

re
su

lt
s

u
si

n
g

th
e

tr
ac

e
n

o
rm

.
It

is
th

er
ef

or
e

va
lu

a
b

le
to

a
d

d
re

ss
th

e
p

ro
b

le
m

o
f

h
ow

to
so

lv
e

a
re

g
u

la
ri

za
ti

on
p

ro
b

le
m

o
f

th
e

ty
p

e

m
in

W
∈R

d
×
T
L̄(
W

)
+
λ
‖W

Π
‖2 Θ

(3
3)

in
w

h
ic

h
th

e
re

gu
la

ri
ze

r
is

a
p

p
li

ed
to

th
e

m
at

ri
x
W

Π
=

[w
1
−
w̄
,.
..
,w

T
−
w̄

].
T

o
th

is
en

d
,

le
t

Θ
b

e
a

b
ou

n
d

ed
a
n

d
co

n
ve

x
su

b
se

t
o
f
R
r +

+
w

h
ic

h
is

in
va

ri
a
n
t

u
n

d
er

p
er

m
u

ta
ti

on
.

W
e

h
av

e
al

re
ad

y
n

ot
ed

th
at

th
e

fu
n

ct
io

n
d

efi
n

ed
,

fo
r

ev
er

y
W
∈
R
d
×
T

,
a
s

‖W
‖ Θ

:=
‖σ

(W
)‖

Θ
,

22
JM

L
R

 1
7(

15
5)

:1
-3
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N
e
w

P
e
r
sp

e
c
t
iv

e
s

o
n
k
-S

u
p
p
o
r
t

a
n
d

C
l
u
st

e
r

N
o
r
m

s

is
a
n

orth
o
g
on

ally
in

va
ria

n
t

n
orm

.
In

p
a
rticu

lar,
p

ro
b

lem
(3

3)
in

clu
d

es
reg

u
la

riza
tion

w
ith

th
e

cen
tered

clu
ster

n
o
rm

ou
tlin

ed
a
b

ove.
N

ote
th

at
righ

t
m

u
ltip

lica
tion

b
y

th
e

cen
terin

g
op

era
to

r
Π

,
is

in
va

ria
n
t

to
a

tra
n

sla
tion

o
f

th
e

colu
m

n
s

o
f

th
e

m
a
trix

b
y

a
fi

x
ed

vecto
r,

th
a
t

is,
fo

r
every

z
∈

R
d,

w
e

h
ave

[w
1

+
z
,...,w

T
+
z
]Π

=
W

Π
.

T
h

e
q
u

a
d

ra
tic

term
ε
m

tr(W
U
W
>

),
w

h
ich

is
in

clu
d

ed
in

th
e

erro
r,

im
p

lem
en

ts
sq

u
are

n
orm

regu
larizatio

n
o
f

th
e

m
ea

n
o
f

th
e

ta
sk

s,
w

h
ich

ca
n

h
elp

to
p

reven
t

overfi
ttin

g
.

H
ow

ever,
in

th
e

rem
a
in

d
er

o
f

th
is

sectio
n

th
is

term
p

lay
s

n
o

ro
le

in
th

e
an

a
ly

sis,
w

h
ich

eq
u
a
lly

ap
p

lies
to

th
e

ca
se

th
at
ε
m

=
0
.

In
o
rd

er
to

solve
th

e
p

rob
lem

(3
3)

w
ith

a
cen

tered
regu

larizer
th

e
fo

llow
in

g
lem

m
a

is
key.

L
e
m

m
a

2
0

L
et
r

=
m

in
(d
,T

)
a
n

d
let

Θ
be

a
bo

u
n

d
ed

a
n

d
co

n
vex

su
bset

o
f
R
r+

+
w

h
ich

is
in

va
ria

n
t

u
n

d
er

perm
u

ta
tio

n
.

F
o
r

every
W

=
[w

1 ,...,w
T

]∈
R
d×
T

,
it

h
o
ld

s
th

a
t

‖
W

Π‖
Θ

=
m

in
z∈

R
d ‖

[w
1 −

z
,...,w

T
−
z
]‖

Θ
.

P
ro

o
f

G
iven

th
e

set
Θ

w
e

d
efi

n
e

th
e

set
Θ

(T
)

=
{
Σ
∈

S
T+

+
,
λ

(Σ
)∈

Θ
}

a
n

d
Θ

(d
)

=
{
D
∈

S
d+

+
:
λ

(D
)∈

Θ
}
.

It
follow

s
from

L
em

m
a

2
6

th
a
t

‖W
‖

2Θ
≡
‖σ

(W
)‖

2Θ
=

in
f

Σ∈
Θ

(T
) tr (Σ

−
1W

>
W
)

=
in

f
D
∈

Θ
(d

) tr (D
−

1W
W
> )
.

U
sin

g
th

e
seco

n
d

id
en

tity
an

d
reca

llin
g

th
a
t
W

Π
=

[w
1 −

w̄
,...,w

T
−
w̄

],
w

e
h

ave
th

at

‖
W

Π‖
2Θ

=
in

f
D
∈

Θ
(d

) tr((W
Π

) >
D
−

1(W
Π

))

=
in

f
D
∈

Θ
(d

)

T
∑t=

1 (w
t −

w̄
) >
D
−

1(w
t −

w̄
)

=
in

f
D
∈

Θ
(d

)

m
in

z∈
R
d

T
∑t=

1 (w
t −

z
) >
D
−

1(w
t −

z
)

w
h

ere
in

th
e

la
st

step
w

e
u

sed
th

e
fa

ct
th

a
t

th
e

q
u

a
d

ra
tic

fo
rm
∑

Tt=
1 (w

t −
z
) >
D
−

1(w
t −

z
)

is
m

in
im

ized
a
t
z

=
w̄

.
T

h
e

resu
lt

n
ow

fo
llow

s
b
y

in
terch

a
n

g
in

g
th

e
in

fi
m

u
m

a
n

d
th

e
m

in
i-

m
u

m
in

th
e

last
ex

p
ression

a
n

d
u

sin
g

th
e

d
efi

n
ition

o
f

th
e

Θ
-n

o
rm

.

U
sin

g
th

is
lem

m
a
,

w
e

rew
rite

p
rob

lem
(3

1
)

a
s

m
in

W
∈
R
d×
T

m
in

z∈
R
d L̄

(W
)

+
λ‖[w

1 −
z
,...,w

T
−
z
]‖

Θ
.

L
ettin

g
v
t

=
w
t −

z
,

a
n

d
V

=
[v

1 ,...,v
T

],
w

e
o
b

ta
in

th
e

eq
u
ivalen

t
p

ro
b

lem

m
in

(V
,z

)∈
R
d×
T×

R
d L̄

(V
+
z
1
>

)
+
λ‖
V
‖

2Θ
.

(3
4)

T
h

is
p

rob
lem

is
of

th
e

fo
rm

f
(V
,z

)
+
λ
g
(V
,z

),
w

h
ere

g
(V
,z

)
=
‖
V
‖

Θ
.

U
sin

g
th

is
fo

rm
u

-
la

tion
,

w
e

ca
n

d
irectly

ap
p

ly
th

e
p

rox
im

a
l

gra
d

ien
t

m
eth

o
d

u
sin

g
th

e
p

rox
im

ity
o
p

era
to

r
co

m
p

u
ta

tio
n

fo
r

th
e

v
ector

n
o
rm

,
sin

ce
p

rox
g (V

0 ,z
0 )

=
(p

rox
λ‖·‖

Θ
(V

0 ),z
0 ).

T
h

is
o
b

serva
tio

n
esta

b
lish

es
th

a
t,

w
h

en
ever

th
e

p
rox

im
ity

o
p

era
to

r
o
f

th
e

sp
ectra

l
Θ

-n
o
rm

is
ava

ila
b

le,
w

e
can

u
se

p
rox

im
a
l

grad
ien
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n
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p
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⊆
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∈
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∈
λ
C

for
som

e
λ
>

0.

L
e
m

m
a

2
3

L
et
C
⊆
X

be
a

bo
u

n
d
ed

,
co

n
vex,

ba
la

n
ced

,
a
n

d
a
bso

rbin
g

set.
T

h
e

M
in

ko
w

ski
fu

n
ctio

n
a
l
µ
C

o
f
C

,
d
efi

n
ed

,
fo

r
every

w
∈
X

,
a
s

µ
C

(w
)

=
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p
p
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p
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p
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p
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∈
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∈
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w
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∈
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p
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p
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‖
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b
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p

ro
ve

P
ro

p
os

it
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∈
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⊆
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b
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∑
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b
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d
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=
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m

in
im

ised
w

ith
resp

ect
to

a
kern

el
d

en
sity

estim
a
to

r
th

a
t

em
p

loy
s

iso
tro

p
ic

G
a
u

ssia
n

ker-
n

els.
T

h
e

d
en

sity
o
n

a
h
y
p

erp
lan

e
p

rov
id

es
a

u
n

ifo
rm

u
p

p
er

b
o
u

n
d

o
n

th
e

va
lu

e
of

th
e

em
p

irica
l

d
en

sity
a
t

p
o
in

ts
th

a
t

b
elo

n
g

to
th

e
h
y
p

erp
lan

e.
T

h
is

b
o
u

n
d

is
tig

h
t

a
n

d
p

rop
o
r-

tion
al

to
th

e
d

en
sity

o
n

th
e

h
y
p

erp
la

n
e.

T
h

erefo
re,

th
e

sm
a
llest

u
p

p
er

b
ou

n
d

on
th

e
va

lu
e

of
th

e
em

p
irica

l
d

en
sity

o
n

a
h
y
p

erp
la

n
e

is
ach

ieved
b
y

h
y
p

erp
la

n
es

th
at

m
in

im
ise

th
e

d
en

-
sity

o
n

a
h
y
p

erp
la

n
e

criterio
n

.
A

n
im

p
orta

n
t

featu
re

o
f

th
e

p
ro

p
o
sed

a
p

p
ro

a
ch

is
th

at
th

e
d

en
sity

o
n

a
h
y
p

erp
lan

e
ca

n
b

e
evalu

ated
ex

a
ctly

th
rou

g
h

a
o
n

e-d
im

en
sio

n
a
l

k
ern

el
d

en
sity

estim
ator,

co
n

stru
cted

fro
m

th
e

p
ro

jection
s

o
f

th
e

d
a
ta

sa
m

p
le

o
n
to

th
e

v
ector

n
o
rm

a
l

to
th

e
h
y
p

erp
la

n
e.

T
h

is
ren

d
ers

th
e

co
m

p
u

ta
tion

o
f

m
in

im
u
m

d
en

sity
h
y
p

erp
la

n
es

tra
ctab

le
even

in
h

igh
d

im
en

sio
n

a
l

ap
p

lica
tion

s.

W
e

esta
b

lish
a

co
n

n
ection

b
etw

een
th

e
m

in
im

u
m

d
en

sity
h
y
p

erp
la

n
e

a
n

d
th

e
m

a
x
im

u
m

m
a
rg

in
h
y
p

erp
la

n
e

in
th

e
fi

n
ite

sam
p
le

settin
g
.

In
p

a
rticu

la
r,

a
s

th
e

b
a
n

d
w

id
th

o
f

th
e

kern
el

d
en

sity
estim

ato
r

is
red

u
ced

tow
ard

s
zero

,
th

e
m

in
im

u
m

d
en

sity
h
y
p

erp
lan

e
co

n
verg

es
to

th
e

m
a
x
im

u
m

m
argin

h
y
p

erp
la

n
e.

A
n

in
term

ed
ia

te
resu

lt
esta

b
lish

es
th

a
t

th
ere

ex
ists

a
p

ositive
b

a
n

d
w

id
th

su
ch

th
at

th
e

p
a
rtition

of
th

e
d

a
ta

sa
m

p
le

in
d

u
ced

b
y

th
e

m
in

im
u

m
d

en
sity

h
y
p

erp
la

n
e

is
id

en
tica

l
to

th
a
t

of
th

e
m

a
x
im

u
m

m
a
rgin

h
y
p

erp
la

n
e.

T
h

e
rem

ain
in

g
p

a
p

er
is

o
rg

a
n

ised
a
s

follow
s:

T
h

e
fo

rm
u

latio
n

o
f

th
e

m
in

im
u

m
d

en
-

sity
h
y
p

erp
la

n
e

p
rob

lem
a
s

w
ell

a
s

b
a
sic

p
ro

p
erties

are
p

resen
ted

in
S

ectio
n

2.
S

ectio
n

3
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P
a
v
l
id

is,
H

o
f
m

e
y
r

a
n
d

T
a
so

u
l
is

esta
b

lish
es

th
e

con
n

ection
b

etw
een

m
in

im
u

m
d

en
sity

h
y
p

erp
lan

es
an

d
m

ax
im

u
m

m
argin

h
y
p

erp
la

n
es.

S
ection

4
d

iscu
sses

th
e

estim
ation

o
f

m
in

im
u

m
d

en
sity

h
y
p

erp
lan

es
an

d
th

e
com

p
u

tatio
n

a
l

co
m

p
lex

ity
of

th
e

resu
ltin

g
algorith

m
.

E
x
p

erim
en

ta
l

resu
lts

are
p

resen
ted

in
S

ection
5,

follow
ed

b
y

con
clu

d
in

g
rem

ark
s

an
d

fu
tu

re
research

d
irection

s
in

S
ection

6.

2
.
P
ro

b
le
m

F
o
rm

u
la
tio

n

W
e

stu
d

y
th

e
p

rob
lem

of
estim

atin
g

a
h
y
p

erp
lan

e
to

p
a
rtition

a
fi

n
ite

d
ata

set,
X

=
{
x
i }
ni=

1 ⊂
R
d,

w
ith

ou
t

sp
littin

g
an

y
of

th
e

h
igh

-d
en

sity
clu

sters
p

resen
t.

W
e

assu
m

e
th

a
tX

is
a
n

i.i.d
.

sam
p

le
of

a
ran

d
om

variab
le

X
on

R
d,

w
ith

u
n
k
n

ow
n

p
rob

ab
ility

d
en

sity
fu

n
ction

p
:R

d
→

R
+

.
A

h
y
p

erp
lan

e
is

d
efi

n
ed

as
H

(v
,b)

:=
{x
∈

R
d|v
·
x

=
b}

,
w

h
ere

w
ith

ou
t

loss
o
f

g
en

erality
w

e
restrict

atten
tion

to
h
y
p

erp
lan

es
w

ith
u

n
it

n
orm

al
v
ecto

r,
i.e.,

th
ose

p
a
ram

eterised
b
y

(v
,b)
∈
S
d−

1×
R

,
w

h
ere
S
d−

1
=
{
v
∈

R
d ∣∣‖v‖

=
1}

.
F

ollow
in

g
B

en
-

D
av

id
et

al.
(20

09)
w

e
d

efi
n

e
th

e
d
en

sity
o
n

th
e

h
yperp

la
n

e
H

(v
,b)

a
s

th
e

in
tegral

of
th

e
p

ro
b

ab
ility

d
en

sity
fu

n
ction

alon
g

th
e

h
y
p

erp
lan

e,

I
(v
,b)

:=

∫

H
(v
,b)
p
(x

)d
x
.

(1)

W
e

ap
p

rox
im

a
te
p
(x

)
th

rou
gh

a
kern

el
d

en
sity

estim
ator

w
ith

isotrop
ic

G
au

ssian
kern

els,

p̂
(x|X

,h
2I

)
=

1

n
(2π

h
2)
d
/
2

n
∑i=

1

ex
p {−

‖x
−

x
i ‖

2

2h
2

}
.

(2)

T
h

is
class

of
kern

el
d

en
sity

estim
ators

h
as

th
e

u
sefu

l
p

rop
erty

th
at

th
e

in
tegral

in
E

q
u

a-
tion

(1
)

can
b

e
evalu

ated
ex

actly
b
y

p
ro

jectin
g
X

on
to

v
;

con
stru

ctin
g

a
on

e-d
im

en
sio

n
al

d
en

sity
estim

ato
r

w
ith

G
au

ssian
kern

els
an

d
b

an
d

w
id

th
h

;
a
n

d
evalu

atin
g

th
e

d
en

sity
at
b,

Î
(v
,b|X

,h
2I

)
:=

∫

H
(v
,b)
p̂ (x|X

,h
2I )

d
x
,

=
1

n √
2π
h

2

n
∑i=

1

ex
p {−

(b−
v
·
x
i )

2

2
h

2

}
=
p̂ (b|{v

·x
i }
ni=

1 ,h
2 )
.

(3)

T
h

e
u

n
ivariate

kern
el

estim
ator

p̂ (·|{
v
·x

i }
ni=

1 ,h
2 )

ap
p

rox
im

ates
th

e
p
ro

jected
d
en

sity
o
n

v
,

th
at

is,
th

e
d

en
sity

fu
n

ction
of

th
e

ran
d

om
varia

b
le,

X
v

=
X
·
v

.
H

en
ceforth

w
e

u
se
Î
(v
,b)

to
a
p

p
rox

im
ate

I
(v
,b).

T
o

sim
p

lify
term

in
ology

w
e

refer
to
Î
(v
,b)

as
th

e
d
en

-
sity

o
n
H

(v
,b),

or
th

e
d
en

sity
in

tegra
l

o
n
H

(v
,b),

rath
er

th
an

th
e

em
p

irical
d

en
sity,

or
th

e
em

p
irical

d
en

sity
in

tegral,
resp

ectively.
F

or
n

otation
al

con
ven

ien
ce

w
e

w
rite

Î
(v
,b)

for
Î
(v
,b|X

,h
2I

),
w

h
ere
X

an
d
h

are
ap

p
aren

t
from

con
tex

t.
T

h
e

follow
in

g
L

em
m

a,
ad

ap
ted

from
(T

asou
lis

et
al.,

2010
,
L

em
m

a
3),

sh
ow

s
th

at
Î
(v
,b)

p
rov

id
es

an
u

p
p

er
b

ou
n

d
for

th
e

m
ax

im
u

m
valu

e
of

th
e

em
p

irical
d

en
sity

at
an

y
p

oin
t

th
at

b
elo

n
gs

to
th

e
h
y
p

erp
lan

e.

L
e
m

m
a

1
L

et
X

=
{
x
i }
ni=

1
⊂

R
d,

a
n

d
p̂
(x|X

,h
2I

)
be

a
kern

el
d
en

sity
estim

a
to

r
w

ith
iso

tro
p
ic

G
a
u

ssia
n

kern
els.

T
h
en

,
fo

r
a
n

y
(v
,b)∈

S
d−

1×
R

,

m
ax

x∈
H

(v
,b) p̂

(x|X
,h

2I
)6

(2
π
h

2 )
1−
d

2
Î
(v
,b),

fo
r

a
ll

x
∈
H

(v
,b).

(4)
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M
in

im
u
m

D
e
n
si

t
y

H
y
p
e
r
p
l
a
n
e
s

T
h

is
le

m
m

a
sh

ow
s

th
at

a
h
y
p

er
p

la
n

e,
H

(v
,b

),
ca

n
n

ot
in

te
rs

ec
t

le
ve

l
se

ts
o
f

th
e

em
p

ir
ic

al

d
en

si
ty

w
it

h
le

ve
l

h
ig

h
er

th
an
( 2π

h
2
)1
−
d

2
Î
(v
,b

).
T

h
e

p
ro

of
of

th
e

le
m

m
a

re
li

es
o
n

th
e

fa
ct

th
at

p
ro

je
ct

io
n

co
n
tr

ac
ts

d
is

ta
n

ce
s,

an
d

fo
ll

ow
s

fr
om

si
m

p
le

al
ge

b
ra

.
In

E
q
u

a
ti

on
(4

)
eq

u
al

it
y

h
ol

d
s

if
an

d
on

ly
if

th
er

e
ex

is
ts

x
∈
H

(v
,b

)
an

d
c
∈

R
n

su
ch

th
a
t

a
ll

x
i
∈
X

,
ca

n
b

e
w

ri
tt

en
as

x
i

=
x

+
c i

v
.

It
is

th
er

ef
or

e
n

ot
p

os
si

b
le

to
ob

ta
in

a
u

n
if

or
m

u
p

p
er

b
ou

n
d

on
th

e
va

lu
e

of
th

e
em

p
ir

ic
al

d
en

si
ty

at
p

oi
n
ts

th
at

b
el

on
g

to
H

(v
,b

)
th

a
t

is
lo

w
er

th
an
( 2π

h
2
)1
−
d

2
Î
(v
,b

)
u

si
n

g
on

ly
on

e-
d

im
en

si
on

al
p

ro
je

ct
io

n
s.

S
in

ce
th

e
u

p
p

er
b

o
u
n

d
o
f

L
em

m
a

1
is

ti
gh

t
an

d
p

ro
p

or
ti

on
al

to
Î
(v
,b

),
m

in
im

is
in

g
th

e
d

en
si

ty
on

th
e

h
y
p

er
p

la
n

e
le

ad
s

to
th

e
lo

w
es

t
u

p
p

er
b

ou
n

d
on

th
e

m
ax

im
u

m
va

lu
e

of
th

e
em

p
ir

ic
al

d
en

si
ty

a
lo

n
g

th
e

h
y
p

er
p

la
n

e
se

p
ar

at
or

.
T

o
ob

ta
in

h
y
p

er
p

la
n

e
se

p
ar

at
or

s
th

at
ar

e
m

ea
n

in
gf

u
l

fo
r

cl
u

st
er

in
g

an
d

se
m

i-
su

p
er

v
is

ed
cl

as
si

fi
ca

ti
on

,
it

is
n

ec
es

sa
ry

to
co

n
st

ra
in

th
e

se
t

of
fe

as
ib

le
so

lu
ti

on
s,

b
ec

a
u

se
th

e
d

en
si

ty
on

a
h
y
p

er
p

la
n

e
ca

n
b

e
m

ad
e

ar
b

it
ra

ri
ly

lo
w

b
y

co
n

si
d

er
in

g
a

h
y
p

er
p

la
n

e
th

a
t

in
te

rs
ec

ts
on

ly
th

e
ta

il
of

th
e

d
en

si
ty

.
In

ot
h

er
w

or
d

s,
fo

r
an

y
v

,
Î
(v
,b

)
ca

n
b

e
m

a
d

e
a
rb

it
ra

ri
ly

lo
w

fo
r

su
ffi

ci
en

tl
y

la
rg

e
|b|

.
In

b
ot

h
p

ro
b

le
m

s
th

e
co

n
st

ra
in

ts
re

st
ri

ct
th

e
fe

a
si

b
le

se
t

to
a

su
b

se
t

of
th

e
h
y
p

er
p

la
n

es
th

at
in

te
rs

ec
t

th
e

in
te

ri
or

of
th

e
co

n
ve

x
h
u

ll
of
X

.
In

d
et

a
il

,
le

t
co

n
v
X

d
en

ot
e

th
e

co
n
ve

x
h
u

ll
of
X

,
an

d
as

su
m

e
In

t(
co

n
v
X

)
6=
∅.

D
efi

n
e
C

to
b

e
th

e
se

t
of

h
y
p

er
p

la
n

es
th

at
in

te
rs

ec
t

In
t(

co
n
v
X

),

C
=
{ H

(v
,b

)
∣ ∣ ∣(

v
,b

)
∈
Sd
−

1
×
R
,
∃z
∈

In
t(

co
n
v
X

)
s.

t.
v
·z

=
b}
.

(5
)

T
h

en
d

en
ot

e
b
y
F

th
e

se
t

of
fe

as
ib

le
h
y
p

er
p

la
n

es
,

w
h

er
e
F
⊂
C

.
W

e
d

efi
n

e
th

e
m

in
im

u
m

d
en

si
ty

h
yp

er
p
la

n
e

(M
D

H
),
H

(v
?
,b
?
)
∈
F

to
sa

ti
sf

y,

Î
(v
?
,b
?
)

=
m

in
(v
,b

)|H
(v
,b

)∈
F
Î
(v
,b

).
(6

)

In
th

e
fo

ll
ow

in
g

su
b

se
ct

io
n

s
w

e
d

is
cu

ss
th

e
sp

ec
ifi

c
fo

rm
u

la
ti

on
s

fo
r

cl
u

st
er

in
g

a
n

d
se

m
i-

su
p

er
v
is

ed
cl

as
si

fi
ca

ti
on

in
tu

rn
.

2
.1

C
lu

st
e
ri

n
g

S
in

ce
h

ig
h

-d
en

si
ty

cl
u

st
er

s
ar

e
fo

rm
ed

ar
ou

n
d

th
e

m
o
d

es
of
p
(x

),
th

e
co

n
v
ex

h
u

ll
of

th
es

e
m

o
d

es
w

ou
ld

b
e

a
n

at
u

ra
l

ch
oi

ce
to

d
efi

n
e

th
e

se
t

of
fe

as
ib

le
h
y
p

er
p

la
n

es
.

U
n

fo
rt

u
n

at
el

y,
th

is
co

n
v
ex

h
u

ll
is

u
n

k
n

ow
n

an
d

d
iffi

cu
lt

to
es

ti
m

at
e.

W
e

in
st

ea
d

p
ro

p
o
se

to
co

n
st

ra
in

th
e

d
is

ta
n

ce
of

h
y
p

er
p

la
n

es
to

th
e

or
ig

in
,
b.

S
u

ch
a

co
n

st
ra

in
t

is
in

ev
it

ab
le

a
s

fo
r

an
y

v
∈
Sd
−

1
,
Î
(v
,b

)
ca

n
b

ec
om

e
ar

b
it

ra
ri

ly
cl

os
e

to
ze

ro
fo

r
su

ffi
ci

en
tl

y
la

rg
e
|b|

.
O

b
v
io

u
sl

y,
su

ch
h
y
p

er
p

la
n

es
ar

e
in

ap
p

ro
p

ri
at

e
fo

r
th

e
p

u
rp

os
es

of
b

i-
p

ar
ti

ti
on

in
g

a
s

th
ey

a
ss

ig
n

a
ll

th
e

d
at

a
to

th
e

sa
m

e
p

ar
ti

ti
on

.
R

at
h

er
th

an
fi

x
in

g
b

to
a

co
n

st
an

t,
w

e
co

n
st

ra
in

it
in

th
e

in
te

rv
al

,
F

(v
)

=
[µ

v
−
α
σ
v
,µ

v
+
α
σ
v
],

(7
)

w
h

er
e
µ
v

an
d
σ
v

d
en

ot
e

th
e

m
ea

n
an

d
st

an
d

ar
d

d
ev

ia
ti

on
,

re
sp

ec
ti

ve
ly

,
o
f

th
e

p
ro

je
ct

io
n

s
{v
·x

i}
n i=

1
.

T
h

e
p

ar
am

et
er
α
>

0,
co

n
tr

ol
s

th
e

w
id

th
of

th
e

in
te

rv
al

,
an

d
h

a
s

a
p
ro

b
a
b

il
is

ti
c

in
te

rp
re

ta
ti

on
fr

om
C

h
eb

y
sh

ev
’s

in
eq

u
al

it
y.

S
m

al
le

r
va

lu
es

of
α

fa
vo

u
r

m
o
re

b
a
la

n
ce

d
p

a
r-

ti
ti

on
s

of
th

e
d

at
a

at
th

e
ri

sk
of

ex
cl

u
d

in
g

lo
w

d
en

si
ty

h
y
p

er
p

la
n

es
th

at
se

p
a
ra

te
cl

u
st

er
s

m
or

e
eff

ec
ti

ve
ly

.
O

n
th

e
ot

h
er

h
an

d
,

in
cr

ea
si

n
g
α

in
cr

ea
se

s
th

e
ri

sk
of

se
p

a
ra

ti
n

g
o
u

t
o
n

ly
a
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P
a
v
l
id

is
,

H
o
f
m

e
y
r

a
n
d

T
a
so

u
l
is

fe
w

ou
tl

y
in

g
o
b

se
rv

a
ti

on
s.

W
e

d
is

cu
ss

in
d

et
a
il

h
ow

to
se

t
th

is
p

a
ra

m
et

er
in

th
e

ex
p

er
im

en
-

ta
l

re
su

lt
s

se
ct

io
n

.
If

In
t(

co
n
v
X

)
6=
∅,

th
en

th
er

e
ex

is
ts
α
>

0
su

ch
th

a
t

th
e

se
t

o
f

fe
a
si

b
le

h
y
p

er
p

la
n

es
fo

r
cl

u
st

er
in

g
,
F

C
L
,

sa
ti

sfi
es

,

F
C

L
=
{ H

(v
,b

)
∣ ∣ ∣(

v
,b

)
∈
Sd
−

1
×
R
,
b
∈
F

(v
)}
⊂
C
,

(8
)

w
h

er
e
C

is
th

e
se

t
o
f

h
y
p

er
p

la
n

es
th

a
t

in
te

rs
ec

t
In

t(
co

n
v
X

),
a
s

d
efi

n
ed

in
E

q
u

a
ti

on
(5

).
T

h
e

m
in

im
u

m
d

en
si

ty
h
y
p

er
p

la
n

e
fo

r
cl

u
st

er
in

g
is

th
e

so
lu

ti
o
n

to
th

e
fo

ll
ow

in
g

co
n

-
st

ra
in

ed
op

ti
m

is
at

io
n

p
ro

b
le

m
,

m
in

(v
,b

)∈
Sd
−
1
×
R
Î
(v
,b

),
(9

a
)

su
b

je
ct

to
:
b
−
µ
v

+
α
σ
v
>

0
,

(9
b

)

µ
v

+
α
σ
v
−
b
>

0
.

(9
c)

S
in

ce
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
a
n

d
th

e
co

n
st

ra
in

ts
ar

e
co

n
ti

n
u

o
u

sl
y

d
iff

er
en

ti
a
b

le
,

M
D

H
s

ca
n

b
e

es
ti

m
at

ed
th

ro
u

gh
co

n
st

ra
in

ed
op

ti
m

is
a
ti

o
n

m
et

h
o
d

s
li

k
e

se
q
u

en
ti

a
l

q
u

ad
ra

ti
c

p
ro

gr
am

-
m

in
g

(S
Q

P
).

U
n

fo
rt

u
n
a
te

ly
th

e
p

ro
b

le
m

o
f

lo
ca

l
m

in
im

a
d

u
e

to
th

e
n

o
n

co
n
ve

x
it

y
o
f

th
e

o
b

je
ct

iv
e

fu
n

ct
io

n
se

ri
o
u

sl
y

h
in

d
er

s
th

e
eff

ec
ti

v
en

es
s

o
f

th
is

ap
p
ro

ac
h

.
T

o
m

it
ig

at
e

th
is

w
e

p
ro

p
os

e
a

p
ar

a
m

et
er

is
ed

o
p

ti
m

is
a
ti

o
n

fo
rm

u
la

ti
o
n

,
w

h
ic

h
g
iv

es
ri

se
to

a
p

ro
je

ct
io

n
p

u
rs

u
it

a
p

p
ro

a
ch

.
P

ro
je

ct
io

n
p

u
rs

u
it

m
et

h
o
d

s
op

ti
m

is
e

a
m

ea
su

re
o
f

“
in

te
r-

es
ti

n
gn

es
s”

of
a

li
n

ea
r

p
ro

je
ct

io
n

o
f

a
d

a
ta

sa
m

p
le

,
k
n

ow
n

a
s

th
e

p
ro

je
ct

io
n

in
d

ex
.

F
o
r

ou
r

p
ro

b
le

m
th

e
n

at
u

ra
l

ch
o
ic

e
of

p
ro

je
ct

io
n

in
d

ex
fo

r
v

is
th

e
m

in
im

u
m

va
lu

e
o
f

th
e

p
ro

je
ct

ed
d

en
si

ty
w

it
h

in
th

e
fe

a
si

b
le

re
g
io

n
,

m
in
b∈
F

(v
)
Î
(v
,b

).
T

h
is

in
d

ex
g
iv

es
th

e
m

in
im

u
m

d
en

si
ty

in
te

g
ra

l
of

fe
as

ib
le

h
y
p

er
p

la
n

es
w

it
h

n
o
rm

a
l

v
ec

to
r

v
.

T
o

en
su

re
th

e
d

iff
er

en
ti

a
b

il
it

y
o
f

th
e

p
ro

je
ct

io
n

in
d

ex
w

e
in

co
rp

o
ra

te
a

p
en

a
lt

y
te

rm
in

to
th

e
o
b

je
ct

iv
e

fu
n

ct
io

n
.

W
e

d
efi

n
e

th
e

p
en

a
li

se
d

d
en

si
ty

in
te

gr
al

as
,

f C
L
(v
,b

)
=
Î
(v
,b

)
+
L η
ε

m
ax
{0
,µ

v
−
α
σ
v
−
b,
b
−
µ
v
−
α
σ
v
}1

+
ε
,

(1
0
)

w
h

er
e,
L

=
( e

1
/
2
h

2
√

2
π
) −

1
>

su
p
b∈

R

∣ ∣ ∣∂
Î
(v
,b

)
∂
b

∣ ∣ ∣,
ε
∈

(0
,1

)
is

a
co

n
st

an
t

te
rm

th
a
t

en
su

re
s

th
at

th
e

p
en

al
ty

fu
n

ct
io

n
is

ev
er

y
w

h
er

e
co

n
ti

n
u

o
u

sl
y

d
iff

er
en

ti
ab

le
,

a
n

d
η
∈

(0
,1

).
O

th
er

p
en

a
lt

y
fu

n
ct

io
n

s
ar

e
p

os
si

b
le

,
b

u
t

w
e

o
n

ly
co

n
si

d
er

th
e

ab
ov

e
d

u
e

to
it

s
si

m
p

li
ci

ty
,

a
n

d
th

e
fa

ct
th

a
t

it
s

p
a
ra

m
et

er
s

o
ff

er
a

d
ir

ec
t

in
te

rp
re

ta
ti

o
n

:
L

in
te

rm
s

of
th

e
d

er
iv

a
ti

ve
o
f

th
e

p
ro

je
ct

ed
d

en
si

ty
on

v
;

a
n

d
η

in
te

rm
s

o
f

th
e

d
es

ir
ed

ac
cu

ra
cy

o
f

th
e

m
in

im
is

er
s

o
f
f C

L
(v
,b

)
re

la
ti

ve
to

th
e

m
in

im
is

er
s

o
f

E
q
u

at
io

n
(9

),
as

d
is

cu
ss

ed
in

th
e

fo
ll

ow
in

g
p

ro
p

os
it

io
n

.

P
ro

p
o
si

ti
o
n

2
F

o
r

v
∈
Sd
−

1
,

d
efi

n
e,

th
e

se
t

o
f

m
in

im
is

er
s,

B
(v

)
=

ar
g

m
in

b∈
F

(v
)
Î
(v
,b

),
(1

1
)

B
C

(v
)

=
ar

g
m

in
b∈

R
f C

L
(v
,b

)
(1

2)

F
o
r

ev
er

y
b?
∈
B

(v
)

th
er

e
ex

is
ts
b? C
∈
B
C

(v
)

su
ch

th
a
t
|b?
−
b? C
|6

η
.

M
o
re

o
ve

r,
th

er
e

a
re

n
o

m
in

im
is

er
s

o
f
f C

L
(v
,b

)
o
u

ts
id

e
th

e
in

te
rv

a
l

[µ
v
−
α
σ
v
−
η
,µ

v
+
α
σ
v

+
η
],

B
C

(v
)
∩
R
\[
µ
v
−
α
σ
v
−
η
,µ

v
+
α
σ
v

+
η
]

=
∅.
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M
in

im
u
m

D
e
n
sit

y
H

y
p
e
r
p
l
a
n
e
s

P
ro

o
f

A
n
y

m
in

im
iser

in
th

e
in

terio
r

o
f
th

e
fea

sib
le

reg
io

n
,
b
?∈

B
(v

)∩
In

t(F
(v

)),
a
lso

m
in

im
ises

th
e

p
en

a
lised

fu
n

ctio
n

,
sin

ce
f

C
L
(v
,b)

=
Î
(v
,b)

fo
r

a
ll
b∈

In
t(F

(v
)),

h
en

ce
b
?∈

B
C

(v
).

N
ex

t
w

e
con

sid
er

th
e

ca
se

w
h

en
eith

er
o
r

b
o
th

of
th

e
b

o
u

n
d

a
ry

p
o
in

ts
o
f
F

(v
),
b −

=
µ
v −

α
σ
v

a
n

d
b
+

=
µ
v
+
α
σ
v
,

a
re

con
ta

in
ed

in
B

(v
).

It
su

ffi
ces

to
sh

ow
th

a
t,
f

C
L
(v
,b)

>
Î
(v
,b −

)
fo

r
a
ll
b
<
b −
−
η
,

a
n

d
f

C
L
(v
,b)

>
Î
(v
,b

+
)

fo
r

a
ll
b
>
b
+

+
η
.

W
e

d
iscu

ss
o
n

ly
th

e
ca

se
b
>
b
+

+
η

a
s

th
e

trea
tm

en
t

of
b
<
b −
−
η

is
id

en
tica

l.
A

ssu
m

e
th

at
Î
(v
,b)

<
Î
(v
,b

+
)

(sin
ce

in
th

e
o
p

p
o
site

case
th

e
resu

lt
fo

llow
s

im
m

ed
iately

:
f

C
L
(v
,b)

>
Î
(v
,b)

>
Î
(v
,b

+
)).

F
ro

m
th

e
m

ea
n

va
lu

e
th

eo
rem

th
ere

ex
ists

ξ∈
(b

+
,b)

su
ch

th
a
t,

Î
(v
,b

+
)

=
Î
(v
,b)−

(b−
b
+

)
∂
Î
(v
,b)

∂
b

∣∣∣∣∣b=
ξ

6
Î
(v
,b)

+
(b−

b
+

)L

<
Î
(v
,b)

+
L

(b−
b
+

)
1
+
ε

η
ε

=
f

C
L
(v
,b).

In
th

e
ab

ove
w

e
u

sed
th

e
fo

llow
in

g
fa

cts:
∂
Î
(v
,b)

∂
b

∣∣∣b=
ξ
<

0
,
L
>

su
p
b∈

R ∣∣∣
∂
Î
(v
,b)

∂
b

∣∣∣ ,
a
n

d
b−
b
+

η
>

1.

W
e

d
efi

n
e

th
e

p
ro

jectio
n

in
d

ex
fo

r
th

e
clu

sterin
g

p
ro

b
lem

as
th

e
m

in
im

u
m

of
th

e
p

e-
n

alised
d

en
sity

in
tegral,

φ
C

L
(v

)
=

m
in

b∈
R
f

C
L
(v
,b).

(13
)

S
in

ce
th

e
op

tim
isa

tio
n

p
rob

lem
o
f

E
q
u

a
tion

(1
3
)

is
o
n

e-d
im

en
sio

n
al

it
is

sim
p

le
to

co
m

p
u

te
th

e
set

o
f

g
lo

b
al

m
in

im
isers

B
C

(v
).

A
s

w
e

d
iscu

ss
in

S
ection

4
,

th
is

is
n

ecessa
ry

to
co

m
p

u
te

d
irectio

n
a
l

d
erivativ

es
of

th
e

p
ro

jection
in

d
ex

,
as

w
ell

a
s,

to
d

eterm
in

e
w

h
eth

er
φ

C
L

is
d

if-
feren

tia
b

le.
W

e
call

th
e

o
p

tim
isa

tio
n

of
φ

C
L
,

m
in

im
u

m
d
en

sity
p
ro

jectio
n

p
u

rsu
it

(M
D

P
2).

F
o
r

ea
ch

v
,

M
D

P
2

co
n

sid
ers

on
ly

th
e

o
p

tim
a
l

ch
o
ice

of
b.

T
h

is
en

a
b

les
it

to
avo

id
lo

cal
m

in
im

a
o
f
Î
(v
,·).

M
o
st

im
p

o
rta

n
tly

M
D

P
2

is
ab

le
to

a
cco

m
m

o
d

a
te

a
d

isco
n
tin

u
o
u

s
ch

a
n

g
e

in
th

e
lo

ca
tio

n
of

th
e

glo
b

a
l

m
in

im
iser(s),

a
rg

m
in
b∈

R
f

C
L
(v
,b),

as
v

ch
a
n

g
es.

N
eith

er
of

th
e

a
b

ove
ca

n
b

e
ach

ieved
w

h
en

th
e

o
p

tim
isa

tio
n

is
jo

in
tly

over
(v
,b)

a
s

in
th

e
o
rig

in
al

con
strain

ed
o
p

tim
isa

tion
p

rob
lem

,
E

q
u

a
tio

n
(9

).
T

h
e

p
ro

jectio
n

in
d

ex
φ

C
L

is
co

n
tin

u
ou

s,
b

u
t

it
is

n
ot

gu
ara

n
teed

to
b

e
every

w
h

ere
d

iff
eren

tia
b

le
w

h
en
B
C

(v
)

is
n

o
t

a
sin

g
leto

n
.

T
h

e
resu

ltin
g

o
p

tim
isa

tio
n

p
ro

b
lem

is
th

erefore
n

on
sm

o
o
th

a
n

d
n

o
n

co
n
vex

.
T

o
illu

strate
th

e
eff

ectiven
ess

of
M

D
P

2
to

estim
a
te

M
D

H
s,

w
e

co
m

p
a
re

th
is

a
p

p
ro

ach
w

ith
a

d
irect

op
tim

isatio
n

o
f

th
e

co
n

stra
in

ed
p

ro
b

lem
g
iven

in
E

q
u

a
tion

(9
)

u
sin

g
S

Q
P

.
T

o
en

ab
le

v
isu

a
lisa

tion
w

e
co

n
sid

er
th

e
tw

o
-d

im
en

sio
n

a
l

S
1

d
a
ta

set
(F

rä
n
ti

a
n

d
V

irm
a

jo
k
i,

2
0
06

),
co

n
stru

cted
b
y

sa
m

p
lin

g
fro

m
a

G
a
u

ssia
n

m
ix

tu
re

d
istrib

u
tion

w
ith

fi
fteen

com
p

o
-

n
en

ts,
w

h
ere

ea
ch

com
p

o
n

en
t

co
rresp

o
n

d
s

to
a

clu
ster.

F
ig

u
re

1
d

ep
icts

th
e

M
D

H
s

o
b

ta
in

ed
over

1
0
0

ra
n

d
o
m

in
itia

lisa
tion

s
of

S
Q

P
a
n

d
M

D
P

2.
It

is
ev

id
en

t
th

a
t

S
Q

P
freq

u
en

tly
y
ield

s
h
y
p

erp
lan

es
th

a
t

in
tersect

regio
n

s
w

ith
h

ig
h

p
ro

b
a
b

ility
d

en
sity

th
u

s
sp

littin
g

clu
sters.

A
s

S
Q

P
alw

ay
s

con
verg

ed
in

th
ese

ex
p

erim
en

ts
th

e
p

o
or

p
erfo

rm
a
n

ce
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ca

ti
o
n

p
ro

b
le

m
s

th
is

co
m

p
ac

tn
es

s
h

o
ld

s
b
y

co
n

st
ru

ct
io

n
.

F
or

an
y
h
>

0,
le

t
(v
? h
,b
? h
)
∈
Sd
−

1
×

R
p

ar
a
m

et
er

is
e

a
h
y
p

er
p

la
n

e
w

h
ic

h
a
ch

ie
ve

s
th

e
m

in
im

al
d

en
si

ty
in

te
g
ra

l
ov

er
al

l
h
y
p

er
p

la
n

es
in
F

,
fo

r
b
a
n

d
w

id
th

m
at

ri
x
h

2
I
.

T
h

a
t

is
,

Î
(v
? h
,b
? h
)

=
m

in
(v
,b

)|H
(v
,b

)∈
F
Î
(v
,b

).
(2

0)

F
ol

lo
w

in
g

th
e

a
p

p
ro

ac
h

of
T

on
g

a
n

d
K

o
ll

er
(2

0
0
0)

w
e

fi
rs

t
sh

ow
th

a
t

a
s

th
e

b
an

d
w

id
th

,
h

,
is

re
d

u
ce

d
to

w
ar

d
s

ze
ro

,
th

e
d

en
si

ty
o
n

a
h
y
p

er
p

la
n

e
is

d
o
m

in
a
te

d
b
y

it
s

n
ea

re
st

p
o
in

t.
T

h
is

is
ac

h
ie

v
ed

b
y

es
ta

b
li

sh
in

g
th

a
t

fo
r

al
l

su
ffi

ci
en

tl
y

sm
al

l
va

lu
es

o
f
h

,
a

h
y
p

er
p

la
n

e
w

it
h

n
on

-z
er

o
m

ar
gi

n
h

a
s

lo
w

er
d

en
si

ty
in

te
g
ra

l
th

a
n

a
n
y

o
th

er
h
y
p

er
p

la
n

e
w

it
h

sm
a
ll

er
m

a
rg

in
.

L
e
m

m
a

3
T

a
ke

H
(v
,b

)
∈
F

w
it

h
n

o
n

-z
er

o
m

a
rg

in
a
n

d
0
<
δ
<

m
ar

g
in
H

(v
,b

)
:=

M
v
,b

.
T

h
en
∃h
′
>

0
su

ch
th

a
t
h
∈

(0
,h
′ )

a
n

d
M

w
,c

:=
m

a
rg

in
H

(w
,c

)
6

M
v
,b
−
δ

im
p
li

es

Î
(v
,b

)
<
Î
(w
,c

).

P
ro

o
f

U
si

n
g

E
q
u

a
ti

on
(3

)
it

is
ea

sy
to

se
e

th
at

,

Î
(v
,b

)
6

1

h
√

2
π

ex
p

{
−
M

2 v
,b

2h
2

}
,

in
f
{ Î

(w
,c

)
|M

w
,c
6
M

v
,b
−
δ}

>
1

n
h
√

2
π

ex
p

{ −
(M

v
,b
−
δ)

2

2h
2

}
.
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M
in

im
u
m

D
e
n
sit

y
H

y
p
e
r
p
l
a
n
e
s

T
h

erefo
re,0

6
lim
h→

0
+

Î
(v
,b)

in
f {
Î
(w
,c)|M

w
,c 6

M
v
,b −

δ }
6

lim
h→

0
+

n
ex

p {−
M

2v
,b

2
h
2 }

ex
p {−

(M
v
,b −

δ
)
2

2
h
2

}
=

0.

T
h

erefo
re,∃

h
′
>

0
su

ch
th

at
h
∈

(0,h
′)⇒

Î
(v
,b)

in
f {
Î
(w
,c) ∣∣M

w
,c 6

M
v
,b −

δ }
<

1
.

A
n

im
m

ed
ia

te
co

ro
lla

ry
o
f

L
em

m
a

3
is

th
at

as
h

ten
d

s
to

zero
th

e
m

a
rg

in
o
f

th
e

M
D

H
ten

d
s

to
th

e
m

a
x
im

u
m

m
a
rg

in
.

H
ow

ever,
th

is
d

o
es

n
ot

n
ecessa

rily
en

su
re

th
e

stro
n

g
er

resu
lt

th
a
t

th
e

seq
u

en
ce

o
f

M
D

H
s

con
verg

es
to

th
e

M
M

H
.

T
o

esta
b

lish
th

is
w

e
req

u
ire

tw
o

tech
n

ical
resu

lts,
w

h
ich

d
escrib

e
som

e
alg

eb
ra

ic
p

rop
erties

o
f

th
e

M
M

H
,

a
n

d
are

p
rov

id
ed

a
s

p
a
rt

of
th

e
p

ro
o
f

o
f

T
h
eo

rem
5

w
h

ich
is

given
in

A
p

p
en

d
ix

A
.

T
h

e
n

ex
t

lem
m

a
u

ses
th

e
p

rev
io

u
s

resu
lt

to
sh

ow
th

at
th

ere
ex

ists
a

p
o
sitive

b
a
n

d
w

id
th

,
h
′
>

0,
su

ch
th

a
t

an
M

D
H

estim
ated

u
sin

g
h
∈

(0,h
′)

in
d

u
ces

th
e

sa
m

e
p

a
rtition

o
fX

as
th

e
M

M
H

.
T

h
e

resu
lt

assu
m

es
th

a
t

th
e

M
M

H
is

u
n

iq
u

e.
N

o
tice

th
a
t

ifX
is

a
sa

m
p

le
of

rea
lisa

tio
n

s
of

a
con

tin
u

ou
s

ran
d

o
m

va
riab

le
th

en
th

is
u

n
iq

u
en

ess
h

old
s

w
ith

p
ro

b
ab

ility
1
.

L
e
m

m
a

4
S

u
p
po

se
th

ere
is

a
u

n
iqu

e
h
yperp

la
n

e
in
F

w
ith

m
a
xim

u
m

m
a
rgin

,
w

h
ich

ca
n

be
pa

ra
m

eterised
by

(v
m
,b
m

)∈
S
d−

1×
R

.
T

h
en
∃
h
′
>

0
s.t.

h
∈

(0,h
′)⇒

H
(v
?h ,b

?h )
in

d
u

ces
th

e
sa

m
e

pa
rtitio

n
o
fX

a
s
H

(v
m
,b
m

).

P
ro

o
f

L
et
M

=
m

argin
H

(v
m
,b
m

),
a
n

d
let

P
b

e
th

e
co

llectio
n

o
f

h
y
p

erp
la

n
es

th
a
t

in
d

u
ce

th
e

sa
m

e
p

a
rtitio

n
o
fX

as
th

a
t

in
d

u
ced

b
y
H

(v
m
,b
m

).
S

in
ce
X

is
fi

n
ite

a
n

d
H

(v
m
,b
m

)
is

u
n

iq
u

e,∃
δ
>

0
s.t.

H
(w
,c)

/∈
P
⇒

m
a
rg

in
H

(w
,c)6

M
−
δ.

B
y

L
em

m
a

3
,∃
h
′
>

0
s.t.,

h
∈

(0,h
′)⇒

H
(v
?h ,b

?h )
/∈
{H

(w
,c)|m

arg
in
H

(w
,c)6

M
−
δ}
,

th
erefo

re
H

(v
?h ,b

?h )∈
P

.

T
h

e
n

ex
t

th
eorem

is
th

e
m

ain
resu

lt
of

th
is

sectio
n

,
an

d
sta

tes
th

a
t

th
e

M
D

H
co

n
v
erg

es
to

th
e

M
M

H
as

th
e

b
an

d
w

id
th

p
a
ra

m
eter

is
red

u
ced

to
zero.

N
o
tice

th
a
t

b
y

th
e

n
on

-u
n

iq
u

e
rep

resen
ta

tion
o
f

h
y
p

erp
la

n
es,

th
e

m
a
x
im

u
m

m
arg

in
h
y
p

erp
la

n
e

h
a
s

tw
o

p
a
ram

eterisatio
n

s
in
C

,
n

a
m

ely
(v
m
,b
m

)
an

d
(−

v
m
,−
b
m

).
C

on
verg

en
ce

to
th

e
m

a
x
im

u
m

m
arg

in
h
y
p

erp
la

n
e

is
th

erefo
re

eq
u

iva
len

t
to

sh
ow

in
g

th
a
t,

m
in{‖(v

?h ,b
?h )−

(v
m
,b
m

)‖,‖(v
?h ,b

?h )
+

(v
m
,b
m

)‖}
→

0
a
s
h
→

0
+
.

T
h

e
o
re

m
5

S
u

p
po

se
th

ere
is

a
u

n
iqu

e
h
yperp

la
n

e
in
F

w
ith

m
a
xim

u
m

m
a
rgin

,
w

h
ich

ca
n

be
pa

ra
m

eterised
by

(v
m
,b
m

)∈
S
d−

1×
R

.
T

h
en

,

lim
h→

0
+

m
in{‖(v

?h ,b
?h )−

(v
m
,b
m

)‖,‖(v
?h ,b

?h )
+

(v
m
,b
m

)‖}
=

0.
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P
a
v
l
id

is,
H

o
f
m

e
y
r

a
n
d

T
a
so

u
l
is

T
h

e
set

F
u

sed
in

T
h

eorem
5

is
gen

eric
so

it
can

cap
tu

re
th

e
con

strain
ts

asso
ciated

w
ith

b
oth

clu
sterin

g
a
n

d
sem

i-su
p

erv
ised

classifi
cation

,
E

q
u

a
tion

s
(9)

an
d

(14)
resp

ectively.
In

th
e

case
of

sem
i-su

p
erv

ised
classifi

cation
w

e
m

u
st

also
a
ssu

m
e

th
a
t

th
e

lab
elled

d
ata

are
lin

early
sep

arab
le.

T
h

eorem
5

is
n

ot
d

irectly
ap

p
licab

le
to

th
e

M
D

P
2

form
u

latio
n

s
as

in
th

is
case

th
e

fu
n

ction
b

ein
g

m
in

im
ised

is
n

ot
th

e
d

en
sity

on
a

h
y
p

erp
lan

e.
T

h
e

n
ex

t
tw

o
su

b
section

s
estab

lish
th

is
resu

lt
for

th
e

M
D

P
2

form
u

lation
o
f

th
e

clu
sterin

g
an

d
sem

i-
su

p
erv

ised
classifi

cation
p

rob
lem

.

3
.1

M
D

P
2

fo
r

C
lu

ste
rin

g

W
e

h
av

e
sh

ow
n

th
at

for
th

e
con

strain
ed

op
tim

isation
form

u
lation

th
e

M
D

H
con

verges
to

th
e

M
M

H
w

ith
in

th
e

feasib
le

set,
F

C
L
⊂
C

.
In

ad
d

ition
,

for
a

fi
x
ed

v
,

P
rop

osition
2

b
ou

n
d

s
th

e
d

istan
ce

b
etw

een
m

in
im

isers
of

th
e

p
en

alised
fu

n
ctio

n
f

C
L
,

a
rg

m
in
b∈

R
f

C
L
(v
,b),

an
d

th
e

o
p

tim
a
l
b

of
th

e
con

strain
ed

p
rob

lem
,

arg
m

in
b∈
F

(v
)
Î
(v
,b).

C
om

b
in

in
g

th
ese

w
e

can

sh
ow

th
at

th
e

op
tim

al
solu

tion
to

th
e

p
en

alised
M

D
P

2
form

u
latio

n
con

verges
to

th
e

m
ax

i-
m

u
m

m
argin

h
y
p

erp
lan

e
in
F

C
L
,

p
rov

id
ed

th
e

p
aram

eters
w

ith
in

th
e

p
en

alty
term

su
itab

ly
d

ep
en

d
o
n

th
e

b
an

d
w

id
th

p
aram

eter,
h

.
W

h
ile

th
e

gen
eral

case
can

b
e

sh
ow

n
,

for
ease

of
ex

p
o
sition

w
e

m
ake

th
e

sim
p

lify
in

g
assu

m
p

tion
th

at
th

e
m

ax
im

u
m

m
argin

h
y
p

erp
la

n
e

is
strictly

feasib
le,

i.e.,
if

(v
m
,b
m

)
p

aram
eterises

th
e

m
ax

im
u

m
m

argin
h
y
p

erp
lan

e
th

en
b
m
∈

(µ
v
m
−
α
σ
v
m
,µ

v
m

+
α
σ
v
m

).

F
o
r
h
,η
,L

>
0

d
efi

n
e

(v
?h
,η
,L
,b
?h
,η
,L

)
to

b
e

an
y

glob
al

m
in

im
iser

of
f

C
L
,

i.e.,

f
C

L
(v
?h
,η
,L
,b
?h
,η
,L

)
=

m
in

(v
,b)∈S

d−
1×

R
f

C
L
(v
,b).

L
e
m

m
a

6
S

u
p
po

se
th

ere
is

a
u

n
iqu

e
h
yperp

la
n

e
in
F

C
L

w
ith

m
a
xim

u
m

m
a
rgin

,
w

h
ich

ca
n

be
pa

ra
m

eterised
by

(v
m
,b
m

)∈
S
d−

1×
R

.
S

u
p
po

se
fu

rth
er

th
a
t
b
m
∈

(µ
v
m
−
α
σ
v
m
,µ

v
m

+
α
σ
v
m

).
F

o
r
h
>

0
,

let
L

(h
)

=
(e

1
/
2h

2 √
2π

) −
1,

a
n

d
0
<
η
(h

)6
h

.
T

h
en

,

lim
h→

0
+

m
in{‖(v

?h
,η

(h
),L

(h
) ,b

?h
,η

(h
),L

(h
) )−

(v
m
,b
m

)‖
,‖

(v
?h
,η

(h
),L

(h
) ,b

?h
,η

(h
),L

(h
) )

+
(v
m
,b
m

)‖}
=

0.

P
ro

o
f

L
et
M

=
m

a
rgin

H
(v
m
,b
m

)
an

d
as

in
th

e
p

ro
o
f

of
L

em
m

a
4,

let
δ
>

0
b

e
su

ch
th

at
a
n
y

h
y
p

erp
lan

e
in

d
u

cin
g

a
d

iff
eren

t
p

artition
from

H
(v
m
,b
m

)
h

as
m

argin
a
t

m
ost

M
−
δ.

C
o
n

sid
er

th
e

set
F
δC
L

:=
{(v

,b)∈
S
d−

1×
R|b
∈

B
δ
/
2 (F

(v
))}

,
w

h
ere

w
e

u
sed

th
e

n
otation

B
δ
/
2 (F

(v
))

to
d

en
ote

th
e

n
eigh

b
ou

rh
o
o
d

of
F

(v
)

given
b
y
{r
∈
R|d

(r,F
(v

))
<
δ/

2}.
T

h
e

set
F
δC
L

in
creases

th
e

feasib
le

set
of

h
y
p

erp
lan

es
b
y

allow
in

g
b

to
ran

ge
in
b∈

B
δ
/
2 (F

(v
)).

F
or

an
y

fi
x
ed

v
,

th
e

m
ax

im
u

m
m

argin
o
f

all
h
y
p

erp
lan

es
w

ith
n

o
rm

al
vecto

r
v

can
in

crease
b
y

at
m

o
st
δ/2

.
T

h
u

s,
an

y
h
y
p

erp
lan

e
in

d
u

cin
g

a
d

iff
eren

t
p

a
rtition

com
p

a
red

to
H

(v
m
,b
m

)
h

as
a

m
argin

at
m

ost
M
−
δ/2.

S
in

ce
H

(v
m
,b
m

)
is

strictly
feasib

le
it

th
erefo

re
rem

ain
s

th
e

u
n

iq
u

e
m

ax
im

u
m

m
argin

h
y
p

erp
lan

e
in
F
δC
L
.

O
b

serv
e

n
ow

th
at

for
0
<
h
<
δ/

2
w

e
h

av
e

H
(v
?h
,η

(h
),L

(h
) ,b

?h
,η

(h
),L

(h
) )∈

F
δC
L
,

b
y

P
rop

osition
2.

In
ad

d
ition

,
b
y

T
h

eorem
5,

w
e

k
n

ow

th
at

th
e

m
in

im
isers

of
Î
(v
,b)

over
F
δC
L
,

say
H

(v
δh ,b

δh ),
satisfy

lim
h→

0
+

m
in {‖

(v
δh ,b

δh )−
(v
m
,b
m

)‖,‖(v
δh ,b

δh )
+

(v
m
,b
m

)‖ }
=

0.
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M
in

im
u
m

D
e
n
si

t
y

H
y
p
e
r
p
l
a
n
e
s

M
M

H
M

D
H

 h
: 0

.0
5

M
D

H
 h

: 0
.4

3
M

D
H

 h
: 0

.0
3

M
D

H
 h

: 0
.2

2
M

D
H

 h
: 0

.0
1

M
D

H
 h

: 0
.1

1

F
ig

u
re

3:
C

on
v
er

ge
n

ce
of

th
e

M
D

H
to

th
e

m
ax

im
u

m
m

ar
gi

n
h
y
p

er
p

la
n

e
fo

r
a

d
ec

re
a
si

n
g

se
q
u

en
ce

of
b

an
d

w
id

th
p

ar
am

et
er

s,
h

.

N
ow

,
si

n
ce
H

(v
m
,b
m

)
is

st
ri

ct
ly

fe
as

ib
le
∃ε
′ >

0
s.

t.
(v
,b

)
∈
B ε
′ (
{(

v
m
,b
m

),
−

(v
m
,b
m

)}
)
⇒

H
(v
,b

)
∈
F

C
L
.

T
h

en
fo

r
an

y
0
<
ε
<
ε′

th
er

e
ex

is
ts
h
′
>

0
s.

t.
fo

r
0
<
h
<
h
′

b
o
th

(v
δ h
,b
δ h
)
∈

B ε
({

(v
m
,b
m

),
−

(v
m
,b
m

)}
)
⇒

H
(v
δ h
,b
δ h
)
∈
F

C
L

a
n

d
H

(v
? h
,η

(h
),
L

(h
),
b? h
,η

(h
),
L

(h
))
∈

F
δ C
L
.

N
ow

fo
r
H

(v
,b

)
∈
F
δ C
L
\F

C
L

w
e

k
n

ow
th

at
Î
(v
,b

)
<
f C

L
(v
,b

),
w

h
er

ea
s

fo
r
H

(v
,b

)
∈

F
C

L
,Î

(v
,b

)
=
f C

L
(v
,b

)
an

d
th

er
ef

or
e

th
e

m
in

im
is

er
of
f C

L
(v
,b

)
m

u
st

li
e

in
th

e
n

ei
g
h
b

o
u
r-

h
o
o
d
B ε

({
(v
m
,b
m

),
−

(v
m
,b
m

)}
),

an
d

th
e

re
su

lt
fo

ll
ow

s.

T
o

il
lu

st
ra

te
th

e
co

n
v
er

ge
n

ce
of

th
e

M
D

H
to

th
e

M
M

H
w

e
u

se
th

e
tw

o
-d

im
en

si
o
n

a
l

d
at

a
se

t
sh

ow
n

in
F

ig
u
re

3.
T

h
e

d
at

a
is

sa
m

p
le

d
fr

om
a

m
ix

tu
re

of
tw

o
G

a
u

ss
ia

n
d

is
-

tr
ib

u
ti

on
s

w
it

h
eq

u
al

co
va

ri
an

ce
m

at
ri

x
.

T
h

e
M

D
H

w
it

h
re

sp
ec

t
to

th
e

tr
u

e
u

n
d

er
ly

in
g

d
en

si
ty

is
H

((
1,
−

1)
,0

).
A

la
rg

e
m

ar
gi

n
se

p
ar

at
or

is
ar

ti
fi

ci
al

ly
in

tr
o
d

u
ce

d
b
y

re
m

ov
in

g
a

fe
w

ob
se

rv
at

io
n

s
in

a
n

ar
ro

w
m

ar
gi

n
ar

ou
n

d
a

h
y
p

er
p

la
n

e
d

iff
er

en
t

fr
om

H
((

1
,−

1
),

0)
.

T
h

e
m

ar
gi

n
is

in
te

n
ti

on
al

ly
sm

al
l

to
en

su
re

th
at

id
en

ti
fy

in
g

th
e

M
M

H
is

n
on

-t
ri

v
ia

l.
F

ig
u
re

3
il

lu
st

ra
te

s
th

e
M

D
H

so
lu

ti
on

s
ar

is
in

g
fr

om
th

e
M

D
P

2
m

et
h

o
d

fo
r

a
d

ec
re

a
si

n
g

se
q
u

en
ce

o
f

b
an

d
w

id
th

s,
h

.
In

it
ia

ll
y

th
e

M
D

H
ap

p
ro

x
im

at
el

y
co

in
ci

d
es

w
it

h
th

e
op

ti
m

a
l

M
D

H
w

it
h

re
sp

ec
t

to
th

e
tr

u
e

d
en

si
ty

of
th

e
G

au
ss

ia
n

m
ix

tu
re

.
A

s
h

d
ec

re
as

es
,

th
e

M
D

H
a
p

p
ro

a
ch

es
th

e
M

M
H

an
d

fo
r

th
e

sm
al

le
st

va
lu

es
of
h

th
e

tw
o

ar
e

in
d

is
ti

n
gu

is
h

ab
le

.

3
.2

M
D

P
2

fo
r

S
e
m

i-
S

u
p

e
rv

is
e
d

C
la

ss
ifi

c
a
ti

o
n

D
en

ot
e

th
e

se
t

of
h
y
p

er
p

la
n

es
w

h
ic

h
co

rr
ec

tl
y

cl
as

si
fy

th
e

la
b

el
le

d
d

at
a

b
y
F

L
B

.
U

n
d

er
th

e
as

su
m

p
ti

on
th

at
∃H

(v
,b

)
∈
F

L
B
∩
F

C
L

w
it

h
n

on
-z

er
o

m
ar

gi
n

,
w

e
ca

n
sh

ow
th

a
t,

p
ro

v
id

ed
th

e
p

ar
am

et
er
γ

d
o
es

n
ot

sh
ri

n
k

to
o

q
u

ic
k
ly

w
it

h
h

,
th

e
h
y
p

er
p

la
n

e
th

a
t

m
in

im
is

es
f S

S
C

co
n
ve

rg
es

to
th

e
M

M
H

co
n
ta

in
ed

in
F

L
B
∩F

C
L
,
w

h
er

e
as

b
ef

or
e

w
e

as
su

m
e

th
a
t

su
ch

a
n

M
M

H
is

st
ri

ct
ly

fe
as

ib
le

.
T

o
es

ta
b

li
sh

th
is

re
su

lt
it

is
su

ffi
ci

en
t

to
sh

ow
th

at
th

er
e

ex
is

ts
h
′ >

0
su

ch
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P
a
v
l
id

is
,

H
o
f
m

e
y
r

a
n
d

T
a
so

u
l
is

th
a
t

fo
r

al
l
h
∈

(0
,h
′ )

,
th

e
o
p

ti
m

al
h
y
p

er
p

la
n

e
H

(v
? h
,η
,L
,γ
,b
? h
,η
,L
,γ

)
co

rr
ec

tl
y

cl
a
ss

ifi
es

a
ll

th
e

la
b

el
le

d
ex

am
p

le
s.

If
th

is
h

ol
d

s,
th

en
f S

S
C

(v
? h
,η
,L
,γ
,b
? h
,η
,L
,γ

)
=
f C

L
(v
? h
,η
,L
,γ
,b
? h
,η
,L
,γ

)
fo

r
al

l
su

ffi
ci

en
tl

y
sm

al
l
h

,
a
n

d
h

en
ce

L
em

m
a

6
ca

n
b

e
a
p

p
li

ed
to

es
ta

b
li

sh
th

e
re

su
lt

.
T

h
e

p
ro

of
re

li
es

on
th

e
fa

ct
th

a
t

th
e

p
en

a
lt

y
te

rm
s

a
ss

o
ci

a
te

d
w

it
h

th
e

k
n

ow
n

la
b

el
s

in
E

q
u

a
ti

on
(1

6)
ar

e
p

ol
y
n

om
ia

ls
in
b.

P
ro

v
id

ed
th

a
t
γ

is
b

o
u

n
d

ed
b

el
ow

b
y

a
p

o
ly

n
o
m

ia
l

in
h

,
th

e
va

lu
e

of
th

e
p

en
a
lt

y
te

rm
s

fo
r

h
y
p

er
p

la
n

es
th

a
t

d
o

n
o
t

co
rr

ec
tl

y
cl

a
ss

if
y

th
e

la
b

el
le

d
d

at
a

d
om

in
at

e
th

e
va

lu
e

o
f

th
e

d
en

si
ty

in
te

g
ra

l
a
s
h

a
p

p
ro

a
ch

es
ze

ro
.

T
h

er
ef

or
e

th
e

o
p

ti
m

a
l

h
y
p

er
p

la
n

e
m

u
st

co
rr

ec
tl

y
cl

as
si

fy
th

e
la

b
el

le
d

d
a
ta

fo
r

sm
a
ll

va
lu

es
o
f
h

.

L
e
m

m
a

7
D

efi
n

e
F

L
B

=
{H

(v
,b

)∣ ∣ y
i(

v
·x
i
−
b)
>

0
,∀
i

=
1,
..
.,
`}

a
n

d
F

C
L

=
{H

(v
,b

)∣ ∣ µ
v
−

α
σ
v
6
b
6
µ
v

+
α
σ
v
}

a
n

d
a
ss

u
m

e
th

a
t
F

S
S

C
=
F

L
B
∩
F

C
L
6=
∅

a
n

d
th

a
t
∃H

(v
,b

)
∈
F

S
S

C

w
it

h
n

o
n

-z
er

o
m

a
rg

in
.

F
o
r
h
>

0,
le

t
L

(h
)

=
(e

1
/
2
h

2
√

2
π

)−
1
,

0
<
η
(h

)
6
h

a
n

d
γ

(h
)
>
h
r

fo
r

so
m

e
r
>

0.
T

h
en
∃h
′ >

0
s.

t.
h
∈

(0
,h
′ )
⇒
H

(v
? h
,η

(h
),
L

(h
),
γ

(h
),
b? h
,η

(h
),
L

(h
),
γ

(h
))
∈
F

L
B

.

P
ro

o
f

C
on

si
d

er
H

(v
,b

)
6∈
F

L
B

.
T

h
en

,

f S
S

C
(v
,b

)
>

1

n
√

2
π
h

ex
p

(−
ν

2 ?
/
2h

2
)

+
γ

(h
)ν

1
+
ε

?
>
γ

(h
)ν

1
+
ε

?
,

w
h

er
e
ν ?
>

0
m

in
im

is
es

1
n
√

2
π
h

ex
p

(−
ν

2
/2
h

2
)+
γ

(h
)ν

1
+
ε .

T
h

er
ef

o
re

,
ν ?

is
th

e
u

n
iq

u
e

p
o
si

ti
ve

n
u

m
b

er
sa

ti
sf

y
in

g,

1

n
√

2π
h

ex
p

( −
ν

2 ?

2
h

2

)
( −

ν ? h
2

)
+

(1
+
ε)
γ

(h
)ν
ε ?

=
0

⇒
ν

1
−
ε

?
=

(1
+
ε)
γ

(h
)n
√

2
π
h

3
ex

p

(
ν

2 ?

2
h

2

)

⇒
ν ?

>
( (1

+
ε)
γ

(h
)n
√

2
π
h

3
) 1
/
1
−
ε
.

W
e

th
er

ef
or

e
h

av
e,

f S
S

C
(v
,b

)
>

γ
(h

)
( (1

+
ε)
γ

(h
)n
√

2π
h

3
)1

+
ε

1
−
ε

=
K
γ

(h
)

2
1
−
ε
h

3
(1

+
ε
)

1
−
ε

>
K
h

2
r
+
3
(1

+
ε
)

1
−
ε

,

w
h

er
e
K

is
a

co
n

st
a
n
t

w
h

ic
h

ca
n

b
e

ch
o
se

n
in

d
ep

en
d

en
t

o
f

(v
,b

).
F

in
a
ll

y,
fo

r
a
n
y
H

(v
′ ,
b′

)
∈

F
S

S
C

w
it

h
n

on
-z

er
o

m
a
rg

in
,
∃h
′ >

0
s.

t.

h
∈

(0
,h
′ )
⇒
f S

S
C

(v
′ ,
b′

)
=
Î
(v
′ ,
b′

)
<
K
h

2
r
+
3
(1

+
ε
)

1
−
ε

<
f S

S
C

(v
,b

).

S
in

ce
K

is
in

d
ep

en
d

en
t

of
(v
,b

),
th

e
re

su
lt

fo
ll

ow
s.

T
h

e
fi

n
al

se
t

o
f

in
eq

u
al

it
ie

s
h

ol
d

s
si

n
ce

th
e

h
y
p

er
p

la
n

e
H

(v
′ ,
b′

)
is

as
su

m
ed

to
h

av
e

n
o
n

-z
er

o
m

a
rg

in
,

sa
y
M

v
′ ,
b′
>

0
,

a
n

d
h

en
ce

Î
(v
′ ,
b′

)
6

1
h
√

2
π

ex
p
{−
M

v
′ ,
b′
/
2
h

2
},

w
h

ic
h

te
n

d
s

to
ze

ro
fa

st
er

th
a
n

a
n
y

p
o
ly

n
o
m

ia
l

in
h

.
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M
in

im
u
m

D
e
n
sit

y
H

y
p
e
r
p
l
a
n
e
s

4
.
E
stim

a
tio

n
o
f
M

in
im

u
m

D
e
n
sity

H
y
p
e
rp

la
n
e
s

In
th

is
sectio

n
w

e
d

iscu
ss

th
e

co
m

p
u

ta
tion

o
f

M
D

H
s.

W
e

fi
rst

in
vestig

a
te

th
e

con
tin

u
ity

a
n

d
d

iff
eren

tia
b

ility
p

rop
erties

req
u

ired
to

op
tim

ise
th

e
p

ro
jection

in
d

ices
φ

C
L
(v

)
an

d
φ

S
S

C
(v

).
S

in
ce

th
e

d
o
m

a
in

o
f

b
o
th

p
ro

jectio
n

in
d

ices,
φ

C
L
(v

)
a
n

d
φ

S
S

C
(v

),
is

th
e

b
ou

n
d

a
ry

of
th

e
u

n
it-sp

h
ere

in
R
d

it
is

m
ore

co
n
ven

ien
t

to
ex

p
ress

v
in

term
s

o
f

sp
h

erical
co

o
rd

in
a
tes,

v
i (θ)

=

{
co

s(θ
i ) ∏

i−
1

j=
1

sin
(θ
j ),

i
=

1,...,d−
1

∏
d−

1
j=

1
sin

(θ
j ),

i
=
d
,

(21
)

w
h

ere
θ∈

Θ
=

[0,π
] d−

2×
[0,2

π
]

is
called

th
e

p
ro

jectio
n

a
n

gle
.

U
sin

g
sp

h
erica

l
co

ord
in

ates
ren

d
ers

th
e

d
o
m

ain
,

Θ
,

co
n
v
ex

an
d

co
m

p
a
ct,

an
d

red
u

ces
d

im
en

sio
n

a
lity

b
y

o
n

e.
A

s
th

e
fo

llow
in

g
d

iscu
ssio

n
a
p

p
lies

to
b

o
th

φ
C

L
(v

)
a
n

d
φ

S
S

C
(v

)
w

e
d

en
o
te

a
g
en

eric
p

ro
jectio

n
in

d
ex

φ
:

Θ
→

R
,

a
n

d
th

e
a
sso

cia
ted

set
o
f

m
in

im
isers,

as,

φ
(θ)

=
m

in
b∈
A
f

(v
(θ),b),

(22)

B
(θ)

=
{
b∈

A
∣∣
f

(v
(θ),b)

=
φ

(θ) }
,

(2
3)

w
h

ere
f

(v
(θ),b)

is
con

tin
u

o
u

sly
d

iff
eren

tia
b

le,
A
⊂

R
is

co
m

p
a
ct

a
n

d
co

n
vex

,
an

d
th

e
co

rresp
o
n

d
en

ce
B

(θ)
g
ives

th
e

set
o
f
g
lo

b
a
l
m

in
im

isers
of
f

(v
(θ),b)

fo
r

ea
ch
θ.

T
h

e
d

efi
n

itio
n

o
f
A

is
n

ot
critica

l
in

o
u

r
fo

rm
u

la
tio

n
.

S
ettin

g,

A
⊃
[

m
in

v∈S
d−

1 {µ
v }−

α
σ

p
c
1 −

η
,

m
ax

v∈S
d−

1 {
µ
v }

+
α
σ

p
c
1

+
η ]
,

(2
4)

w
h

ere
σ

2p
c
1

is
th

e
va

ria
n

ce
of

th
e

p
ro

jectio
n

s
a
lo

n
g

th
e

fi
rst

p
rin

cip
a
l

co
m

p
o
n

en
t,

en
su

res
th

a
t

th
e

set
of

h
y
p

erp
lan

es
th

a
t

sa
tisfy

th
e

co
n

stra
in

t
o
f

E
q
u

a
tio

n
(7

)
w

ill
b

e
a

su
b

set
o
f
A

for
a
ll

v
.

B
erg

e’s
m

ax
im

u
m

th
eorem

(B
erg

e,
1
96

3
;

P
ola

k
,

1
9
87

),
esta

b
lish

es
th

e
co

n
tin

u
ity

o
f
φ

(θ)
a
n

d
th

e
u

p
p

er-sem
ico

n
tin

u
ity

(u
.s.c.)

of
th

e
co

rresp
o
n

d
en

ce
B

(θ).
T

h
eo

rem
3
.1

in
(P

ola
k
,

1
98

7
)

en
a
b

les
u

s
to

esta
b

lish
th

a
t
φ

(θ)
is

lo
ca

lly
L

ip
sch

itz
co

n
tin

u
o
u

s.
U

sin
g

T
h

eo
rem

4
.13

o
f

B
o
n

n
a
n

s
a
n

d
S

h
ap

iro
(2

0
00

)
w

e
ca

n
fu

rth
er

sh
ow

th
a
t
φ

(θ)
is

d
irectio

n
a
lly

d
iff

eren
tia

b
le

every
w

h
ere.

T
h

e
d

irection
al

d
erivative

a
t
θ

in
th

e
d

irectio
n
ν

is
giv

en
b
y,

d
φ

(θ;ν
)

=
m

in
b∈
B

(θ
) D

θ f
(v

(θ),b)·ν
,

(25
)

w
h

ere
D
θ

d
en

o
tes

th
e

d
erivative

w
ith

resp
ect

to
θ.

It
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clear
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m
E

q
u

a
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)
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φ

(θ)
is

d
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tia

b
le
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D
θ f

(v
(θ),b)
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th
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m
e
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r
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B
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B
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con
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p
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con
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p
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a
rd

b
an

d
w

id
th

selectio
n

ru
les

B
(θ)
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p
o
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d
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tia
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u
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{
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=
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t-b
ased

m
eth

o
d

s
can

fail
to

con
verge
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b
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p
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p
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p
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p
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p
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p
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th
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th
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p
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ro
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roved
fast

G
au

ss
tran

sform
(M

orariu
et

al.,
2008)

th
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op
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e

p
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.
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=
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erivative
of

v
w

ith
resp

ect
to

th
e

p
ro

jectio
n

a
n

g
le,

w
h

ich
y
ield

s
a
d
×

(d
−
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u
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p
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p
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p
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p
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p
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d
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p
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d
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w
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d
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p
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b
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ed

ge
s

b
et

w
ee

n
tw

o
sa

m
p

le
s

m
ay

re
p

re
se

n
t

or
b

e
re

la
te

d
to

th
e

si
m

il
ar

it
y

o
f

th
ei

r
la

b
el

s.
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O
p
t
im

a
l

F
r
e
e

R
e
sp

o
n
se

s
o
f

G
S
F
A

a
n
d

t
h
e

D
e
sig

n
o
f

T
r
a
in

in
g

G
r
a
p
h
s

In
m

ath
em

atica
l

term
s,

th
e

tra
in

in
g

d
a
ta

is
rep

resen
ted

a
s

a
tra

in
in

g
gra

p
h
G

=
(V
,E

)
(illu

strated
in

F
ig

u
re

3.a
)

w
ith

a
set

V
=
{
x

(n
)}
n

o
f

vertices,
ea

ch
vertex

b
ein

g
a

sam
p

le
(i.e.,

a
vecto

r
of

len
gth

I
),

an
d

a
set

E
of

ed
g
es

(x
(n

),x
(n
′)),

w
h

ich
a
re

p
a
irs

of
sam

p
les,

w
ith

1
≤
n
,n
′≤

N
.

T
h

e
in

d
ex
n

(or
n
′)

rep
la

ces
th

e
tim

e
varia

b
le
t

u
sed

b
y

S
F
A

.
T

h
e

ed
ges

are
d

irected
b

u
t

ty
p

ically
h

ave
sy

m
m

etric
w

eig
h
ts

Γ
T

=
Γ

=
{γ

n
,n
′}
n
′,n

;
w

eig
h
ts
v
n
>

0
a
re

a
sso

cia
ted

w
ith

th
e

vertices
x

(n
)

a
n

d
ca

n
b

e
u

sed
to

refl
ect

th
eir

im
p

o
rta

n
ce,

freq
u

en
cy,

o
r

reliab
ility.

T
h

is
rep

resen
ta

tion
in

clu
d

es
th

e
sta

n
d

a
rd

tim
e

series
o
f

S
F
A

as
a

sp
ecial

ca
se

in
w

h
ich

th
e

g
ra

p
h

h
as

a
lin

ea
r

stru
ctu

re
(see

F
ig

u
re

3
.b

).

In
ord

er
to

so
lve

cla
ssifi

catio
n

p
ro

b
lem

s
w

ith
G

S
F
A

fea
tu

res,
o
n

e
sh

ou
ld

u
se

tra
in

in
g

g
ra

p
h

s
th

a
t

favor
con

n
ectio

n
s

b
etw

een
sa

m
p

les
fro

m
th

e
sa

m
e

class
b
y

m
ea

n
s

o
f

la
rger

ed
g
e

w
eig

h
ts

co
m

p
a
red

to
th

o
se

of
d

iff
eren

t
classes.

W
h

en
o
n

e
is

in
terested

in
reg

ression
p

rob
lem

s,
th

e
tra

in
in

g
g
ra

p
h

s
sh

o
u

ld
favo

r
co

n
n

ection
s

b
etw

een
sam

p
les

w
ith

sim
ila

r
la

b
els.

F
ig

u
re

3
:

(a)
E

x
a
m

p
le

of
a

tra
in

in
g

gra
p

h
w

ith
N

=
7

vertices.
(b

)
A

reg
u

la
r

sa
m

p
le

seq
u

en
ce

(tim
e

series),
w

h
ich

can
b

e
u

sed
to

tra
in

S
F
A

.
T

h
is

seq
u

en
ce

is
rep

re-
sen

ted
h

ere
a
s

a
lin

ear
gra

p
h

th
a
t

can
b

e
u

sed
w

ith
G

S
F
A

.
If

lab
els

are
ava

ila
b

le
a
n

d
th

e
sam

p
les

h
ave

b
een

reo
rd

ered
b
y

in
crea

sin
g
/
d

ecrea
sin

g
la

b
el

(e.g
.,

in
stea

d
o
f

h
av

in
g

b
een

ord
ered

b
y

tim
e),

th
e

g
ra

p
h

is
called

sa
m

p
le

reo
rd

erin
g

g
rap

h
.

(F
ig

u
re

from
E

sca
la

n
te-B

.
an

d
W

isk
o
tt,

20
1
3
).

T
h

e
co

n
cep

t
o
f

slow
n

ess
h

as
b

een
orig

in
ally

d
efi

n
ed

fo
r

seq
u

en
ces

o
f

sa
m

p
les,

b
u

t
it

h
a
s

b
een

g
en

era
lized

for
G

S
F
A

to
tra

in
in

g
g
ra

p
h

s.
T

h
e

g
en

era
l

g
o
al

o
f

G
S

F
A

is
to

ex
tra

ct
fea

tu
res

th
a
t

fu
lfi

ll
certa

in
n

o
rm

a
liza

tion
restrictio

n
s

a
n

d
m

in
im

ize
th

e
su

m
o
f

th
e

w
eig

h
ted

sq
u

a
red

ou
tp

u
t

d
iff

eren
ces

of
a
ll

co
n

n
ected

sa
m

p
les.

M
o
re

fo
rm

a
lly,

th
e

G
S

F
A

op
tim

iza
tio

n
p

ro
b

lem
(E

sca
la

n
te-B

.
a
n

d
W

iskott,
2
01

3)
ca

n
b

e
sta

ted
as

fo
llow

s:
F

o
r

1
≤
j≤

J
,

w
h

ere
J

is
th

e
n
u

m
b

er
of

o
u

tp
u

t
fea

tu
res,

fi
n

d
fea

tu
res

y
j (n

)
d

ef
=
g
j (x

(n
)),

w
h

ere
1
≤
n
≤
N

,
N

is
th

e
n
u

m
b

er
of

sam
p

les,
an

d
g
j

is
a

fu
n

ctio
n

b
elo

n
g
in

g
to

a
fea

tu
re

sp
a
ceF

(freq
u

en
t

ch
o
ices

for
F

are
all

lin
ear

o
r

q
u

a
d
ra

tic
tran

sfo
rm

a
tio

n
s

o
f

th
e

in
p

u
ts),

su
ch

th
a
t

th
e

o
b

jective
fu

n
ctio

n
(w

eig
h
ted

d
elta

va
lu

e)∆
j

d
ef

=
1R

∑n
,n
′ γ
n
,n
′(y

j (n
′)−

y
j (n

))
2

is
m

in
im

a
l

(1)
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E
sc

a
l
a
n
t
e
-B

.
a
n
d

W
isk

o
t
t

u
n

d
er

th
e

con
strain

ts

1Q

∑

n

v
n
y
j (n

)
=

0
,

(2)

1Q

∑

n

v
n
(y
j (n

))
2

=
1
,

an
d

(3)

1Q

∑

n

v
n
y
j (n

)y
j ′(n

)
=

0
,

for
j ′
<
j
,

(4)

w
ith

Q
d

ef
=
∑

n

v
n

an
d
R

d
ef

=
∑n
,n
′ γ
n
,n
′.

(5)

T
h

e
ob

jective
fu

n
ction

p
en

alizes
th

e
sq

u
ared

ou
tp

u
t

d
iff

eren
ces

b
etw

een
arb

itrary
p

airs
o
f

sa
m

p
les

u
sin

g
th

e
ed

ge
w

eigh
ts

as
w

eigh
tin

g
factors.

T
h

e
featu

re
y

1 (n
),

for
1
≤
n
≤

N
,

is
th

e
slow

est
on

e,
y

2 (n
)

is
th

e
secon

d
slow

est,
an

d
so

on
.

C
on

strain
ts

(2)–(4)
are

called
w

eigh
ted

zero
m

ean
,

w
eigh

ted
u

n
it

varian
ce,

an
d

w
eigh

ted
d

eco
rrela

tion
,

resp
ectively.

T
h

ey
are

sim
ilar

to
th

e
n
orm

alization
con

strain
ts

of
S

F
A

,
ex

cep
t

for
th

e
in

clu
sion

of
v
ertex

w
eigh

ts.
T

h
e

facto
rs

1/R
an

d
1/Q

are
n

ot
essen

tial
for

th
e

op
tim

ization
p

rob
lem

,
b

u
t

th
ey

p
rov

id
e

in
va

rian
ce

to
th

e
scale

of
th

e
ed

ge
w

eigh
ts

as
w

ell
as

to
th

e
scale

of
th

e
v
ertex

w
eigh

ts,
an

d
serve

a
n

orm
alization

p
u

rp
ose.

W
e

w
rite

vectors
an

d
m

atrices
in

b
old

ty
p

e.
F

or
in

sta
n

ce,
y
j

is
th

e
j-th

fea
tu

re
vector

of
size

N
,
y
j (n

)
is

th
e
j-th

featu
re

of
sam

p
le
n

,
an

d
x

(n
)

is
th

e
n

-th
in

p
u

t
sa

m
p

le
o
f

size
I
.

3
.2

L
in

e
a
r

G
S

F
A

A
lg

o
rith

m

T
h

e
lin

ear
G

S
F
A

algorith
m

is
sim

ilar
to

stan
d

ard
S

F
A

(W
iskott

a
n

d
S

ejn
ow

sk
i,

2002
)

an
d

on
ly

d
iff

ers
in

th
e

com
p

u
tation

of
th

e
m

atrices
C

an
d

Ċ
,

w
h

ich
in

G
S

F
A

ta
kes

in
to

accou
n
t

th
e

n
eig

h
b

orh
o
o
d

stru
ctu

re
sp

ecifi
ed

b
y

th
e

tra
in

in
g

grap
h

(sa
m

p
les,

ed
ges,

an
d

w
eigh

ts).
T

h
e

sam
p

le
covarian

ce
m

atrix
C

G
is

d
efi

n
ed

as:

C
G

d
ef

=
1Q

∑

n

v
n
(x

(n
)−

x̃
)(x

(n
)−

x̃
)
T
,

w
h

ere
x

(n
)

an
d
v
n

d
en

ote
an

in
p
u

t
sam

p
le

an
d

its
w

eigh
t,

resp
ectiv

ely,
a
n
d

x̃
d

ef
=

1Q

∑

n

v
n
x

(n
)

is
th

e
w

eigh
ted

average
of

all
sam

p
les.

T
h
e

d
erivative

secon
d

-m
om

en
t

m
atrix

Ċ
G

is
d

efi
n

ed
as:

Ċ
G

d
ef

=
1R

∑n
,n
′ γ
n
,n
′ (x

(n
′)−

x
(n

) )(x
(n
′)−

x
(n

) )
T
,

(6)

w
h

ere
ed

g
e

w
eigh

ts
γ
n
,n
′

are
d

efi
n

ed
as

0
if

th
e

grap
h

d
o
es

n
ot

h
ave

an
ed

g
e

(x
(n

),x
(n
′)).

G
iven

th
ese

m
atrices,

a
sp

h
erin

g
m

atrix
S

an
d

a
rotation

m
atrix

R
are

com
p

u
ted

w
ith

S
T
C

G
S

=
I
,

an
d

R
T
S
T
Ċ

G
S

R
=

Λ
,
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O
p
t
im

a
l

F
r
e
e

R
e
sp

o
n
se

s
o
f

G
S
F
A

a
n
d

t
h
e

D
e
si

g
n

o
f

T
r
a
in

in
g

G
r
a
p
h
s

w
h

er
e

Λ
is

a
d
ia

go
n

al
m

at
ri

x
w

it
h

d
ia

go
n

al
el

em
en

ts
λ

1
≤
λ

2
≤
··
·≤

λ
J
.

F
in

al
ly

th
e

al
go

ri
th

m
re

tu
rn

s
∆

(y
1
),
..
.,

∆
(y
J
),

W
an

d
y

(n
),

w
h

er
e

W
=

S
R
,

an
d

y
(n

)
=

W
T

(x
(n

)
−

x̃
)
.

(7
)

It
h

as
b

ee
n

sh
ow

n
th

at
th

e
G

S
F
A

al
go

ri
th

m
p
re

se
n
te

d
ab

ov
e

in
d

ee
d

so
lv

es
th

e
o
p

ti
m

iz
a-

ti
on

p
ro

b
le

m
(1

)–
(4

)
in

th
e

li
n

ea
r

fu
n

ct
io

n
sp

ac
e.

T
h
e

p
ro

of
is

si
m

il
ar

to
th

e
co

rr
es

p
o
n

d
in

g
p

ro
of

of
st

an
d

ar
d

li
n

ea
r

S
F
A

(W
is

ko
tt

an
d

S
ej

n
ow

sk
i,

20
02

).
T

h
e

ch
oi

ce
of

th
e

tr
ai

n
in

g
gr

ap
h

Γ
is

im
p

or
ta

n
t

b
ec

au
se

it
d

efi
n

es
th

e
ty

p
es

o
f

fe
a
tu

re
s

to
b

e
ex

tr
ac

te
d

.
F

ig
u

re
5

sh
ow

s
a

se
ri

al
gr

ap
h

u
se

fu
l

fo
r

re
gr

es
si

on
,

w
h

er
ea

s
F

ig
u

re
9

sh
ow

s
a

cl
u

st
er

ed
gr

ap
h

u
se

fu
l

fo
r

cl
as

si
fi
ca

ti
on

.

3
.3

P
ro

b
a
b

il
is

ti
c

in
te

rp
re

ta
ti

o
n

o
f

a
g
ra

p
h

In
te

re
st

in
gl

y,
if

th
e

gr
ap

h
is

co
n

n
ec

te
d

an
d

th
e

fo
ll

ow
in

g
co

n
si

st
en

cy
re

st
ri

ct
io

n
is

fu
lfi

ll
ed

∀n
:
v n
/Q

=
∑ n
′
γ
n
,n
′ /
R
,

(8
)

th
en

G
S
F
A

y
ie

ld
s

th
e

sa
m

e
fe

at
u

re
s

as
st

an
d

ar
d

S
F
A

tr
ai

n
ed

on
a

se
q
u

en
ce

g
en

er
a
te

d
b
y

u
si

n
g

th
e

gr
ap

h
as

a
M

ar
k
ov

ch
ai

n
w

it
h

tr
an

si
ti

on
p

ro
b

ab
il

it
ie

s
γ
n
,n
′ /
R

(s
ee

K
la

m
p

fl
a
n

d
M

aa
ss

,
20

10
;

E
sc

al
an

te
-B

.
an

d
W

is
ko

tt
,

20
13

).
T

h
u

s,
on

e
ca

n
u

se
S

F
A

to
em

u
la

te
G

S
F
A

.
H

ow
ev

er
,

d
ep

en
d

in
g

on
th

e
tr

ai
n

in
g

gr
ap

h
ch

os
en

,
em

u
la

ti
n

g
G

S
F
A

w
it

h
S

F
A

m
ay

b
e

m
o
re

ex
p

en
si

ve
co

m
p

u
ta

ti
on

al
ly

.

3
.4

G
S

F
A

O
p

ti
m

iz
a
ti

o
n

P
ro

b
le

m
in

M
a
tr

ix
N

o
ta

ti
o
n

In
or

d
er

to
ap

p
ly

li
n

ea
r

al
ge

b
ra

m
et

h
o
d

s
to

an
al

y
ze

G
S

F
A

,
w

e
u

se
m

at
ri

x
n

o
ta

ti
o
n
.

In
w

h
at

fo
ll

ow
s

w
e

as
su

m
e

th
at

th
e

ed
ge

w
ei

gh
ts

ar
e

sy
m

m
et

ri
c2

(Γ
=

Γ
T

)
an

d
th

a
t

th
e

co
n

si
st

en
cy

re
st

ri
ct

io
n

(8
)

is
fu

lfi
ll

ed
.

T
h

is
re

st
ri

ct
io

n
ca

n
al

so
b

e
w

ri
tt

en
as

v
(8

)
=
Q R

Γ
1
,

(9
)

w
h

er
e

1
is

a
ve

ct
or

of
on

es
of

le
n

gt
h
N

.
If

y
is

a
fe

as
ib

le
so

lu
ti

on
(i

.e
.,

sa
ti

sf
y
in

g
(2

)
an

d
(3

))
an

d
th

e
gr

ap
h

fu
lfi

ll
s

th
e

co
n

si
st

en
cy

re
st

ri
ct

io
n

(8
),

th
e

w
ei

gh
te

d
d

el
ta

va
lu

e
(1

)
ca

n
b

e
si

m
p
li

fi
ed

as
fo

ll
ow

s,

∆
y

(1
)

=
1 R

∑ n
,n
′
γ
n
,n
′ (
y
(n
′ )
−
y
(n

))
2

=
1 R

( ∑

n
′

(y
(n
′ )

)2
∑ n

γ
n
,n
′
+
∑ n

(y
(n

))
2
∑ n
′
γ
n
,n
′
−

2
∑ n
,n
′
γ
n
,n
′ y

(n
′ )
y
(n

))

(8
)

=
1 R

( ∑

n
′

(y
(n
′ )

)2
R Q
v
(n
′ )

+
∑ n

(y
(n

))
2
R Q
v
(n

)
−

2
y
T
Γ

y
)

(3
)

=
2
−

2 R
y
T
Γ

y
.

(1
0)

2
.

A
n

a
sy

m
m

et
ri

c
ed

g
e-

w
ei

g
h
t

m
a
tr

ix
Γ

ca
n

b
e

co
n
v
er

te
d

in
to

a
sy

m
m

et
ri

c
o
n
e
Γ
′
d
e
f

=
Γ
+
Γ
T

2
w

it
h
o
u
t

a
lt

er
in

g
th

e
so

lu
ti

o
n

to
th

e
o
p
ti

m
iz

a
ti

o
n

p
ro

b
le

m
.
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E
sc

a
l
a
n
t
e
-B

.
a
n
d

W
is

k
o
t
t

T
h

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
ca

n
th

en
b

e
st

at
ed

a
s

fo
ll

ow
s:

F
o
r

1
≤
j
≤
J

,
fi

n
d

ve
ct

o
rs

y
j

o
f

le
n

gt
h
N

,
w

it
h
y j

(n
)

d
ef =
g j

(x
(n

))
a
n

d
g j
∈
F

,
m

in
im

iz
in

g

∆
j

(1
,3
,8

)
=

2
−

2 R
y
T j
Γ

y
j

(1
1
)

su
b

je
ct

to
:

v
T
y
j

(2
)

=
0

(1
2
)

y
T j

D
ia

g(
v

)y
j

(3
)

=
Q

(1
3)

y
T j

D
ia

g
(v

)y
j′

(4
)

=
0,

fo
r
j′
<
j
,

(1
4
)

w
h

er
e

Q
(5
.a

)
=

1
T
v
,

(1
5)

R
(5
.b

)
=

1
T
Γ

1
,

(1
6)

an
d

D
ia

g(
v

)
d

en
o
te

s
a

d
ia

g
on

al
m

a
tr

ix
w

it
h

d
ia

g
on

al
v

.
T

h
e

u
se

of
m

a
tr

ix
n

o
ta

ti
on

w
il

l
fa

ci
li

ta
te

th
e

st
u

d
y

o
f

G
S

F
A

a
n

d
th

e
d

ev
el

o
p

m
en

t
o
f

th
e

E
L

L
m

et
h

o
d

in
th

e
n

ex
t

se
ct

io
n

.

4
.
E
x
p
li
ci
t
L
a
b
e
l
L
e
a
rn

in
g
fo
r
R
e
g
re
ss
io
n

P
ro

b
le
m
s

In
th

is
se

ct
io

n
,

w
e

p
ro

p
os

e
th

e
E

L
L

m
et

h
o
d

.
F

ir
st

,
w

e
co

m
p

u
te

th
e

op
ti

m
a
l

fr
ee

re
sp

o
n

se
s

of
G

S
F
A

gi
ve

n
a
n
y

tr
a
in

in
g

gr
a
p

h
.

T
h

en
,

w
e

sh
ow

h
ow

to
co

n
st

ru
ct

a
g
ra

p
h

u
se

fu
l

to
le

a
rn

an
y

p
ar

ti
cu

la
r

la
b

el
o
r

m
u

lt
ip

le
la

b
el

s.
A

ft
er

w
ar

d
s,

w
e

sh
ow

h
ow

to
co

n
v
er

t
gr

ap
h

s
w

it
h

n
eg

at
iv

e
ed

ge
w

ei
g
h
ts

in
to

g
ra

p
h

s
w

it
h

n
o
n

-n
eg

a
ti

ve
w

ei
g
h
ts

o
n

ly
(s

u
ch

a
m

et
h

o
d

is
u

se
fu

l
to

a
ll

ow
th

e
p

ro
b

a
b

il
is

ti
c

in
te

rp
re

ta
ti

o
n

o
f

th
e

g
ra

p
h

a
n

d
to

gu
a
ra

n
te

e
th

a
t

th
e

∆
va

lu
es

of
al

l
fe

a
tu

re
s

li
e

b
et

w
ee

n
0

an
d

4
).

T
h

en
,

w
e

m
o
ti

va
te

th
e

u
se

of
a
u

x
il

ia
ry

la
b

el
s

to
im

p
ro

ve
le

ar
n

in
g
.

F
in

a
ll

y,
w

e
a
n

a
ly

ze
th

e
co

m
p

u
ta

ti
on

al
co

m
p

le
x
it

y
of

th
e

E
L

L
m

et
h

o
d

.

4
.1

O
p

ti
m

a
l

F
re

e
R

e
sp

o
n

se
s

o
f

G
S

F
A

In
th

is
se

ct
io

n
,

w
e

ca
lc

u
la

te
th

e
sl

ow
es

t
p

o
ss

ib
le

so
lu

ti
on

s
(o

p
ti

m
a
l

fr
ee

re
sp

o
n

se
s)

to
th

e
G

S
F
A

p
ro

b
le

m
(1

1)
–
(1

4)
th

a
t

o
n

e
co

u
ld

fi
n

d
if

th
e

fe
a
tu

re
sp

a
ce

w
er

e
u

n
li

m
it

ed
.

A
s

w
e

w
il

l
se

e,
th

e
op

ti
m

al
fr

ee
re

sp
on

se
s

to
g
et

h
er

w
it

h
th

ei
r

co
rr

es
p

o
n

d
in

g
∆

va
lu

es
,

p
ro

v
id

e
an

al
te

rn
a
ti

ve
re

p
re

se
n
ta

ti
on

o
f

th
e

tr
a
in

in
g

g
ra

p
h

a
n

d
ar

e
a

u
se

fu
l

to
o
l

to
u

n
d

er
st

a
n

d
it

s
st

ru
ct

u
re

.
W

e
u

se
th

e
L

a
g
ra

n
g
e

m
u

lt
ip

li
er

m
et

h
o
d

to
fi

n
d

cr
it

ic
a
l

p
o
in

ts
y

th
a
t

a
re

ca
n

d
id

a
te

s
fo

r
th

e
o
p

ti
m

al
fr

ee
re

sp
o
n

se
s.

F
or

th
e

m
o
m

en
t,

w
e

ig
n

or
e

th
e

w
ei

gh
te

d
d

ec
o
rr

el
a
ti

on
co

n
st

ra
in

t
(1

4
)

to
so

lv
e

fo
r

th
e

fi
rs

t
o
p

ti
m

a
l

fr
ee

re
sp

o
n

se
,

b
u

t
w

e
co

n
si

d
er

th
e

re
m

ai
n

in
g

re
sp

o
n

se
s

la
te

r.
T

h
e

m
et

h
o
d

o
f

W
is

ko
tt

(2
0
03

)
a
n

d
F

ra
n

zi
u

s
et

al
.

(2
00

7
)

fo
r

co
m

p
u

ti
n

g
o
p

ti
m

a
l

fr
ee

re
sp

o
n

se
s

of
S

F
A

re
li

es
o
n

a
co

n
ti

n
u

o
u

s
ti

m
e

va
ri

a
b

le
t

a
n

d
ca

n
n

o
t

b
e

a
p

p
li

ed
to

G
S

F
A

d
u

e
th

e
d

is
cr

et
e

in
d

ex
n

.
D

u
e

to
th

e
cl

o
se

re
la

ti
o
n

sh
ip

b
et

w
ee

n
G

S
F
A

a
n

d
L

P
P

,
th

e
ap

p
ro

ac
h

b
el

ow
is

st
ro

n
gl

y
re

la
te

d
to

L
a
p

la
ci

a
n

E
ig

en
m

a
p

s
(B

el
k
in

a
n

d
N

iy
o
gi

,
2
0
03

).
L

et

L
d

ef =
( 2
−

2 R
y
T
Γ

y
) +

α
v
T
y

+
β
( y

T
D

ia
g(

v
)y
−
Q
)

(1
7)
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O
p
t
im

a
l

F
r
e
e

R
e
sp

o
n
se

s
o
f

G
S
F
A

a
n
d

t
h
e

D
e
sig

n
o
f

T
r
a
in

in
g

G
r
a
p
h
s

b
e

a
L

a
g
ra

n
g
ia

n
co

rresp
o
n

d
in

g
to

th
e

o
b

jectiv
e

fu
n

ction
(1

1),
u

n
d

er
th

e
co

n
stra

in
ts

(12
)

a
n

d
(13

).
A

sig
n

a
l

y
is

a
critica

l
p

oin
t

if
th

e
p

a
rtia

l
d

eriva
tives

o
f
L

w
ith

resp
ect

to
α
,β

,
an

d
y
(n

),
fo

r
1
≤
n
≤
N

,
a
re

sim
u

lta
n

eo
u

sly
zero:

∂
L
/∂
α

(1
7
)

=
v
T
y

!=
0
,

(1
8)

∂
L
/
∂
β

(1
7
)

=
y
T

D
ia

g
(v

)y
−
Q

!=
0

,
a
n

d
(19

)

∂
L
/∂

y
(1

7
)

=
−

4R
Γ

y
+
α

v
+

2
β

D
iag

(v
)y

!=
0
,

(2
0
)

w
h

ere
0

is
a

vector
o
f

zeros.
E

q
u

a
tio

n
s

(1
8
)

an
d

(1
9)

m
erely

req
u

ire
th

a
t

th
e

ou
tp

u
t

y
h

a
s

w
eigh

ted
zero

m
ea

n
a
n

d
w

eig
h
ted

u
n

it
varia

n
ce,

resp
ectively.

M
u

ltip
ly

in
g

(2
0
)

w
ith

1
T

fro
m

th
e

left
a
n

d
ta

k
in

g
in

to

a
ccou

n
t

th
a
t

1
T

D
ia

g(v
)

=
v
T

,
1
T
v

(1
5
)

=
Q

,1
T
Γ

(9
)

=
RQ

v
T

,
an

d
Q
>

0
resu

lts
in

−
4R

(
RQ

v
T )

y
+
α
Q

+
2
β
v
T
y

=
0
,

im
p

ly
in

g
α

=
0

d
u

e
to

(1
8
).

T
h

erefore,
(2

0
)

ca
n

b
e

sim
p

lifi
ed

to
:

(
−

4R
Γ

+
2
β

D
iag

(v
) )

y
=

0
,

⇔
D

ia
g(v
−

1
/
2) (

4R
Γ
−

2β
D

ia
g(v

) )
D

ia
g(v
−

1
/
2)D

ia
g
(v

1
/
2)y

=
0
,

⇔
(

4R
D

ia
g
(v
−

1
/
2)

Γ
D

ia
g
(v
−

1
/
2)−

2
β
I )(D

ia
g
(v

1
/
2)y )

=
0
,

⇔
(

D
ia

g(v
−

1
/
2)

Γ
D

ia
g
(v
−

1
/
2)−

R
β2

I )(D
ia

g
(v

1
/
2)y )

=
0
,

(2
1
)

w
h

ere
v

1
/
2

is
d

efi
n

ed
as

th
e

elem
en

t-w
ise

sq
u

a
re

ro
o
t

of
th

e
elem

en
ts

o
f

v
,

a
n
d

v
−

1
/
2

is
d

efi
n

ed
sim

ila
rly

(a
s

u
su

a
l,

w
eigh

ts
v
j

are
req

u
ired

to
b

e
strictly

p
o
sitive).

In
a

few
w

ord
s,

y
is

a
critica

l
p

o
in

t
if

it
fu

lfi
lls

th
e

w
eig

h
ted

n
o
rm

a
liza

tion
co

n
stra

in
ts

a
n

d
th

e
vecto

r
D

iag
(v

1
/
2)y

is
a
n

eig
en

vecto
r

o
f

th
e

m
a
trix

M
d

efi
n

ed
a
s

M
d

ef
=

D
ia

g
(v
−

1
/
2)

Γ
D

iag
(v
−

1
/
2)
.

(22)

T
h

e
corresp

o
n

d
in

g
eigen

valu
e

is
d

en
o
ted

λ
=
R
β2
.

(2
3)

W
e

d
en

o
te

th
e

(o
rth

o
go

n
a
l)

eigen
vecto

rs
o
f
m

a
trix

M
a
s
u
j

w
ith

u
Tj
u
j

=
1
.

E
a
ch

eig
en

vecto
r

u
j

g
ives

rise
to

a
critica

l
p

oin
t

y
j

d
ef

=
Q

1
/
2D

ia
g
(v
−

1
/
2)u

j
as

lon
g

as
also

th
e

w
eigh

ted
n

o
rm

alizatio
n

co
n

stra
in

ts
(12

)
a
n

d
(13

)
a
re

sa
tisfi

ed
b
y

y
j .

T
h

e
slow

est
p

o
ssib

le
so

lu
tio

n
is

th
e

critical
p

o
in

t
y
j

w
ith

th
e

sm
allest

∆
-va

lu
e.

A
s

w
e

sh
ow

b
elow

,
th

e
∆

-va
lu

e
of

a
critical

p
o
in

t
y
j

is
d

irectly
rela

ted
to

th
e

eig
en

va
lu

e
λ
j

o
f

th
e

eig
en

v
ecto

r
u
j

=
Q
−

1
/
2D

ia
g
(v

1
/
2)y

j

o
f

M
a
n

d
ca

n
b

e
co

m
p

u
ted

a
s

fo
llow

s.

1
1

JM
L

R
 17(157):1-36

E
sc

a
l
a
n
t
e
-B

.
a
n
d

W
isk

o
t
t

∆
y
j

(1
1
)

=
2−

2R
(y
j )
T
Γ

y
j

(2
2
)

=
2−

2R
(y
j )
T

D
iag(v

1
/
2)

M
(D

iag(v
1
/
2)y

j )

(2
3
)

=
2−

2R
(y
j )
T

D
iag(v

1
/
2)λ

j D
iag(v

1
/
2)y

j

(1
3
)

=
2−

2QR
λ
j
.

(24)

T
h
u

s,
th

e
slow

est
solu

tion
is

th
e

critical
p

oin
t

y
j

w
ith

th
e

largest
eigen

valu
e
λ
j .

T
h

e
rem

a
in

in
g

op
tim

al
free

resp
on

ses
can

n
ow

b
e

ad
d
ressed

.
T

h
ey

are
given

b
y

th
e

rem
a
in

in
g

critical
p

oin
ts,

w
h

ere
th

eir
corresp

on
d

in
g

eigen
va

lu
e

d
efi

n
es

th
eir

ord
er,

from
largest

to
sm

a
llest.

T
h

e
w

eigh
ted

d
ecorrelation

con
d

ition
(14)

is
fu

lfi
lled

au
tom

atically
d

u
e

to
th

e
orth

og
on

ality
of

th
e

eigen
v
ectors:

u
Tj
u
j ′

=
0
⇔

1Q
y
Tj

D
iag(v

)y
j ′

=
0

(follow
s

fro
m

th
e

d
efi

n
ition

o
f

y
j

ab
ove).

O
n

e
sp

ecia
l

ca
se

is
w

h
en

an
eigen

valu
e

h
as

m
u

ltip
licities.

T
h

is
m

ean
s

th
at

tw
o

or
m

ore
op

tim
al

free
resp

o
n

ses
h

ave
th

e
sam

e
∆

valu
e,

w
h

ich
is

in
fact

th
e

sam
e

∆
valu

e
of

an
y

ro
ta

tion
of

su
ch

free
resp

on
ses.

T
h

erefore,
op

tim
al

free
resp

on
ses

w
ith

th
e

sa
m

e
∆

va
lu

e
are

n
ot

u
n

iq
u

ely
d

efi
n

ed
an

d
an

y
rotation

of
th

em
is

eq
u

ivalen
t.

4
.2

D
e
sig

n
o
f

a
T

ra
in

in
g

G
ra

p
h

fo
r

L
e
a
rn

in
g

O
n

e
o
r

M
u

ltip
le

L
a
b

e
ls

G
iven

a
set

of
sam

p
les{

x
(1),...,x

(N
)}

w
ith

lab
el
`

=
(`

1 ,...,`
N

),
w

e
sh

ow
h

ow
to

gen
erate

a
tra

in
in

g
grap

h
,

su
ch

th
at

th
e

slow
est

featu
re

th
at

cou
ld

b
e

ex
tracted

b
y

G
S

F
A

is
eq

u
al

to
a

n
o
rm

alized
version

of
th

e
lab

el.
N

otice
th

at
th

is
p

rob
lem

(d
eterm

in
in

g
th

e
stru

ctu
re

of
a

tra
in

in
g

grap
h

,
or

m
ore

con
cretely,

its
ed

ge-w
eigh

t
m

atrix
Γ

,
h

av
in

g
a

p
articu

lar
op

tim
al

solu
tio

n
)

d
iff

ers
con

sid
erab

ly
from

th
e

origin
al

G
S

F
A

p
rob

lem
of

fi
n

d
in

g
an

op
tim

al
solu

tion
given

a
train

in
g

grap
h

an
d

a
featu

re
sp

ace.
T

h
e

ap
p

roach
can

b
e

ex
ten

d
ed

to
m

u
ltip

le
lab

els
p

er
sam

p
le.

T
o

d
istin

gu
ish

th
em

,
w

e
in

tro
d

u
ce

an
in

d
ex

1
≤
j
≤
L

,
m

ak
in

g
`
j

d
en

ote
th

e
j-th

lab
el.

T
h

e
L

lab
els

can
th

en
b

e
ex

p
ressed

as
an

a
ffi

n
e

tran
sform

ation
of

th
e

fi
rst

L
free

resp
on

ses,
as

d
escrib

ed
b

elow
.

V
ertex

-w
eigh

ts
v
n

in
d

icate
a

p
rio

ri
likelih

o
o
d

in
form

ation
a
b

o
u

t
th

e
sam

p
les,

a
n

d
are

th
u

s
assu

m
ed

to
b

e
given

an
d

strictly
p

ositive.
If

th
is

in
form

ation
is

ab
sen

t,
on

e
m

ay
set

th
e

v
ertex

w
eigh

ts
con

stan
t,

e.g.
v

=
1N

1
.

D
u

e
to

th
e

n
orm

alization
con

stra
in

ts,
th

e
ou

tp
u
ts

gen
erated

b
y

G
S

F
A

m
u

st
h

ave
w

eigh
ted

zero
m

ea
n

(12
)

a
n

d
w

eigh
ted

u
n

it
varian

ce
(13).

T
h

erefo
re,

to
lea

rn
a

sin
g
le

la
b

el
`

w
e

n
orm

alize
it

as
follow

s:
L

et
µ
`

=
1Q
v
T
`

b
e

th
e

w
eigh

ted
lab

el
average

an
d
σ

2`
=

1Q
(`−

µ
` 1

)
T

D
iag(v

)(`−
µ
` 1

)
b

e
th

e
w

eigh
ted

lab
el

varian
ce.

T
h

en
,

th
e

n
orm

alized
la-

b
el

is
com

p
u

ted
as

˜̀
=

1σ
`
(`−

µ
` 1

)
.

(25)

H
en

ce,
it

is
triv

ial
to

con
vert

a
n

orm
alized

lab
el

in
to

a
n

on
-n

orm
alized

lab
el

a
n

d
vice

versa
.

In
o
rd

er
for

th
e

con
stru

ction
to

w
ork

w
h

en
sam

p
les

h
ave

m
u

ltip
le

lab
els,

w
e

m
u

st
w

eigh
t

d
ecorrelate

th
em

fi
rst.

T
o

d
ecorrelate

tw
o

lab
els
`
j ′

an
d
`
j ,

w
ith

j ′
>
j,

on
e

ca
n

p
ro

ject
`
j

o
u

t
o
f
`
j ′;
`
d

ec
j ′

(n
)

=
`
j ′(n

)−
1Q (`

Tj ′ D
iag(v

)`
j )`

j (n
),

w
h

ich
is

a
n

in
vertib

le
lin

ear
op

era
tion

.
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O
p
t
im

a
l

F
r
e
e

R
e
sp

o
n
se

s
o
f

G
S
F
A

a
n
d

t
h
e

D
e
si

g
n

o
f

T
r
a
in

in
g

G
r
a
p
h
s

F
ro

m
n

ow
on

,
w

e
as

su
m

e
th

at
th

e
la

b
el

s
` 1
,.
..
,`
L

h
av

e
b

ee
n

d
ec

or
re

la
te

d
a
n

d
n

o
rm

al
-

iz
ed

.
W

e
sh

ow
h

ow
to

co
m

p
u

te
ed

g
e

w
ei

gh
ts
γ
n
,n
′

su
ch

th
at

th
e
j-

th
op

ti
m

a
l

fr
ee

re
sp

o
n

se
is

eq
u

al
to
` j

(w
it

h
ar

b
it

ra
ry

p
ol

ar
it

y
).

D
efi

n
e

Γ
E
L
L

d
ef =

D
ia

g(
v

1
/
2
)
M

E
L
L

D
ia

g(
v

1
/
2
)
,

(2
6
)

w
h

er
e

M
E
L
L

d
ef =

N
−

1
∑ j=

0

λ
j
u

E
L
L

j
(u

E
L
L

j
)T
.

(2
7)

If
L
<
N
−

1
on

e
ca

n
se

t
λ
j>
L

=
0.

T
h

e
m

at
ri

x
Γ

E
L
L

is
sy

m
m

et
ri

c
b
y

co
n

st
ru

ct
io

n
.

T
h

e
ei

ge
n
ve

ct
or

s
an

d
ei

ge
n
va

lu
es

of
M

E
L
L
,

w
h

ic
h

ar
e

ex
p

li
ci

t
in

it
s

ei
ge

n
ve

ct
o
r

d
ec

o
m

p
o
si

-
ti

on
(2

7)
,

d
ir

ec
tl

y
d

efi
n

e
th

e
m

at
ri

x
Γ

E
L
L

an
d

d
et

er
m

in
e

th
e

op
ti

m
al

fr
ee

re
sp

on
se

s
o
f

th
e

re
su

lt
in

g
gr

ap
h

.
C

on
cr

et
el

y,
fo

r
ea

ch
j
≥

1
on

e
se

ts
u

E
L
L

j
ac

co
rd

in
g

to
th

e
d

es
ir

ed
la

b
el
` j

(i
gn

or
e

u
E
L
L

0
an

d
λ

0
fo

r
th

e
ti

m
e

b
ei

n
g)

.

u
E
L
L

j
=
Q
−

1
/
2
D

ia
g(

v
1
/
2
)`
j
,

fo
r
j
≥

1
(2

8
)

N
ot

ic
e

th
at

th
e

w
ei

gh
te

d
d

ec
or

re
la

ti
on

of
th

e
la

b
el

s
tr

an
sl

at
es

d
ir

ec
tl

y
in

to
th

e
o
rt

h
og

-
on

al
it

y
of

th
e

co
rr

es
p

on
d

in
g

ei
ge

n
ve

ct
or

s,
th

at
is

1 Q
(`
j
)T

D
ia

g(
v

)`
j′

(1
4
)

=
0

(2
8
)
⇔

(u
E
L
L

j
)T

u
E
L
L

j′
=

0
(2

9)

O
n

ce
th

e
ei

ge
n
ve

ct
or

s
ar

e
co

m
p

u
te

d
w

e
m

u
st

d
ec

id
e

w
h

ic
h

ei
ge

n
va

lu
es

w
e

w
a
n
t

to
g
iv

e
th

em
.

A
lt

er
n

at
iv

el
y,

w
e

ca
n

d
ec

id
e

w
h

ic
h

∆
va

lu
es

w
e

gi
ve

to
th

e
la

b
el

s,
b

ec
au

se
∆
` j

a
n

d

λ
j

ar
e

d
ir

ec
tl

y
re

la
te

d
:
λ
j

(2
4
)

=
R 2
Q

(2
−

∆
` j

).

L
ar

ge
r

ei
ge

n
va

lu
es

(e
q
u

iv
al

en
t

to
sm

al
le

r
∆

va
lu

es
)

m
ig

h
t

re
su

lt
in

h
ig

h
er

a
cc

u
ra

cy
fo

r
th

e
co

rr
es

p
on

d
in

g
la

b
el

.
W

e
gi

ve
so

m
e

in
tu

it
io

n
on

h
ow

to
ch

o
os

e
th

e
ei

g
en

va
lu

es
of

th
e

ei
ge

n
ve

ct
or

s.
a)

In
ge

n
er

al
,

im
p

or
ta

n
t

la
b

el
s

sh
ou

ld
h

av
e

la
rg

er
ei

ge
n
va

lu
es

th
a
n

le
ss

im
p

or
ta

n
t

on
es

.
b

)
T

h
e

gl
ob

al
sc

al
e

of
th

e
ei

ge
n
va

lu
es
λ
j>

0
is

ir
re

le
va

n
t,

o
n

ly
th

ei
r

re
la

ti
v
e

sc
al

es
m

at
te

r.
F

or
co

n
ve

n
ie

n
ce

on
e

ca
n

sc
al

e
th

em
so

th
at
∑
λ
j>

0
=

1.
c)

If
tw

o
la

b
el

s
a
re

si
m

il
ar

ly
im

p
or

ta
n
t,

th
ei

r
ei

ge
n
va

lu
es

sh
ou

ld
b

e
al

so
si

m
il
ar

.

F
or

ex
am

p
le

,
if

on
e

on
ly

w
an

ts
to

le
ar

n
a

si
n

gl
e

la
b

el
` 1

w
it

h
a

d
el

ta
va

lu
e

∆
` 1

=
0,

o
n

e
ca

n
se

t
u

E
L
L

1
=
Q
−

1
/
2
D

ia
g(

v
1
/
2
)`

1
,
λ

1
=

1,
a
n

d
th

e
ei

ge
n
va

lu
es
λ
j>

1
to

ze
ro

.
If
` 1

ta
ke

s
on

ly
tw

o
p

os
si

b
le

va
lu

es
(e

.g
.,
−

1
an

d
1)

,
th

e
re

su
lt

in
g

gr
ap

h
w

il
l

b
e

d
is

co
n

n
ec

te
d

an
d

co
n
ta

in
tw

o
cl

u
st

er
s.

O
th

er
w

is
e,

th
e

re
su

lt
in

g
gr

ap
h

w
il

l
b

e
co

n
n

ec
te

d
,

an
d

th
e

co
n

d
it

io
n

∆
` 1

=
0

n
ec

es
sa

ri
ly

im
p

li
es

th
at

so
m

e
of

th
e

re
su

lt
in

g
ed

ge
w

ei
gh

ts
w

il
l
b

e
n

eg
at

iv
e,

a
co

n
d

it
io

n
th

a
t

w
e

d
ea

l
w

it
h

in
S

ec
ti

on
4.

3.

T
h

e
an

al
y
si

s
of

S
ec

ti
on

4.
1,

w
h

ic
h

is
u

se
d

b
y

th
e

E
L

L
m

et
h

o
d

re
q
u

ir
es

th
a
t

th
e

g
ra

p
h

fu
lfi

ll
s

th
e

co
n

si
st

en
cy

re
st

ri
ct

io
n

(9
).

W
e

se
t

th
e

re
m

ai
n

in
g

ei
ge

n
ve

ct
or

u
E
L
L

0
=
Q
−

1
/
2
v

1
/
2
,

(3
0)
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E
sc

a
l
a
n
t
e
-B

.
a
n
d

W
is

k
o
t
t

w
it

h
ei

ge
n
va

lu
e
λ

0
=
R
/Q

.
T

h
is

en
su

re
s

th
a
t

(u
E
L
L

0
)T

u
E
L
L

0
=

1
a
n

d
(9

)
is

fu
lfi

ll
ed

,
a
s

fo
ll

ow
s.

Γ
E
L
L
1

(2
6
,2

7
)

=
D

ia
g(

v
1
/
2
)(
∑

λ
j
u

E
L
L

j
(u

E
L
L

j
)T
) D

ia
g
(v

1
/
2
)1

(3
0
)

=
D

ia
g
(v

1
/
2
)(
∑

λ
j
u

E
L
L

j
(u

E
L
L

j
)T
) u

E
L
L

0
Q

1
/
2

(3
0
)

=
D

ia
g
(v

1
/
2
)λ

0
u

E
L
L

0
Q

1
/
2

=
(R
/
Q

)v
.

(3
1)

T
h

e
a
ss

ig
n

m
en

t
o
f

u
E
L
L

0
a
n

d
λ

0
a
b

ov
e

a
ls

o
en

su
re

s
th

at
1
T
Γ

E
L
L
1

(1
5
,3

1
)

=
R

.
T

h
e

fr
ee

p
se

u
d

o
-r

es
p

on
se
` 0

(2
8
)

=
1

co
rr

es
p

on
d

in
g

to
u

E
L
L

0
fu

lfi
ll

s
eq

u
a
ti

on
s

(1
3
)

a
n

d
(1

4
)

b
u

t
n

ot
(1

2)
.

T
h

er
ef

or
e,
` 0

is
n

o
t

a
fe

as
ib

le
so

lu
ti

o
n

,
b

u
t

it
h

a
s

si
m

il
a
r

p
ro

p
er

ti
es

to
th

e
o
p

ti
m

a
l

fr
ee

re
sp

o
n

se
s.

T
h

e
in

tr
o
d

u
ct

io
n

of
u

E
L
L

0
d

o
es

n
ot

re
d

u
ce

th
e

g
en

er
a
li
ty

o
f

th
e

la
b

el
s
` j
>

0

th
a
t

ca
n

b
e

le
a
rn

ed
;

o
rt

h
og

o
n

a
li

ty
b

et
w

ee
n

u
E
L
L

0
a
n

d
u

E
L
L

j>
0

is
eq

u
iv

al
en

t
to

(1
2
),

i.
e.

,
th

e
w

ei
gh

te
d

ze
ro

m
ea

n
o
f
` j
>

0
,

a
co

n
d

it
io

n
th

a
t

is
re

q
u

ir
ed

a
n
y
w

ay
fo

r
a
n
y

fe
a
si

b
le

so
lu

ti
o
n

:

(u
E
L
L

0
)T

u
E
L
L

j>
0

=
0

(2
9
)
⇔

(Q
−

1
/
2
v

1
/
2
)T
Q
−

1
/
2
D

ia
g
(v

1
/
2
)`
j>

0
=
Q
−

1
v
T
` j
>

0
=

0
.

A
lt

h
ou

gh
on

ly
L

fr
ee

re
sp

on
se

s
a
re

ex
p
li

ci
tl

y
d

efi
n

ed
,
N
−
L
−

1
ad

d
it

io
n

al
o
p

ti
m

a
l

fr
ee

re
sp

o
n

se
s

a
re

d
efi

n
ed

im
p

li
ci

tl
y

w
it

h
a
n

ei
g
en

va
lu

e
o
f

0
,

co
rr

es
p

on
d

in
g

to
∆

=
2
.0

.
T

h
is

∆
va

lu
e

h
as

a
p

ar
ti

cu
la

r
m

ea
n

in
g,

b
ec

a
u

se
a
s

w
e

p
ro

ve
in

th
e

n
ex

t
p

a
ra

gr
ap

h
,

it
is

th
e

∆
va

lu
e

of
u

n
it

-v
ar

ia
n

ce
ze

ro
-m

ea
n

i.
i.

d
.

n
oi

se
fo

r
ce

rt
a
in

g
ra

p
h

s.

4
.2

.1
E

x
p
e
c
t
e
d

W
e
ig

h
t
e
d

∆
V

a
l
u
e

o
f

a
N

o
is

e
F

e
a
t
u
r
e

L
et

y
b

e
a

n
o
is

e
fe

a
tu

re
ra

n
d

o
m

ly
sa

m
p

le
d

fr
o
m

a
ze

ro
-m

ea
n

u
n

it
-v

a
ri

a
n

ce
d

is
tr

ib
u

ti
o
n
D

,
i.

e.
,
y
(n

)
←
D

(0
,1

).
O

n
av

er
ag

e,
y

fu
lfi

ll
s

th
e

w
ei

g
h
te

d
n

o
rm

a
li

za
ti

on
co

n
st

ra
in

ts
(1

2
)

an
d

(1
3
),

a
s

ca
n

b
e

se
en

a
s

fo
ll

ow
s.

(1
2
):

〈v
T
y
〉 D

=
v
T
〈y
〉 D

=
0
,

(3
2)

(1
3
):

〈y
T

D
ia

g(
v

)y
〉 D

=
〈∑

n

v n
y
(n

)2
〉 D

=
∑ n

v n
〈y

(n
)2
〉 D

=
Q
,

(3
3
)

w
h

er
e
〈·〉
D

d
en

ot
es

ex
p

ec
te

d
va

lu
e

w
h

en
sa

m
p

li
n

g
ov

er
D

.
T

h
e

ex
p

ec
te

d
d

el
ta

va
lu

e
ca

n
b

e
co

m
p

u
te

d
as 〈∆

y
〉 D

(1
)

=
1 R

∑ n
,n
′
γ
n
,n
′ 〈(
y
(n
′ )
−
y
(n

))
2
〉 D

=
1 R

(
∑

n
,n
′ ,
n
6=
n
′γ
n
,n
′ 〈(
y
(n
′ )
−
y
(n

))
2
〉 D

+
∑ n

γ
n
,n
〈(
y
(n

)
−
y
(n

))
2
〉 D
)

=
1 R

(
∑

n
,n
′ ,
n
6=
n
′γ
n
,n
′( 〈
y
(n
′ )

2
〉 D

+
〈y

(n
)2
〉 D
−

2
〈y

(n
′ )
〉 D
〈y

(n
)〉
D
) +

0
)

=
1 R

∑

n
,n
′ ,
n
6=
n
′γ
n
,n
′ (

1
+

1
−

0)

=
2 R

(∑ n
,n
′
γ
n
,n
′
−
∑ n

γ
n
,n

)
(5

)
=

2
(R
−
∑

n
γ
n
,n

)

R
.

(3
4)

14
JM

L
R

 1
7(

15
7)

:1
-3

6



O
p
t
im

a
l

F
r
e
e

R
e
sp

o
n
se

s
o
f

G
S
F
A

a
n
d

t
h
e

D
e
sig

n
o
f

T
r
a
in

in
g

G
r
a
p
h
s

T
h

erefo
re,

if
th

e
g
rap

h
h

as
n

o
self-lo

o
p

s
(i.e.,∀

n
:
γ
n
,n

=
0
),

th
e

ex
p

ected
∆

va
lu

e
〈∆

y 〉D
o
f

a
n

o
ise

featu
re

y
is

2.0
.

T
h

e
self-lo

o
p

s
o
f

a
g
ra

p
h

(e.g
.,

o
n

e
co

n
stru

cted
u

sin
g

th
e

E
L

L
m

eth
o
d

)
can

b
e

rem
ov

ed
(i.e.,

th
eir

w
eig

h
t

b
e

set
to

zero
).

T
h

is
d

o
es

n
o
t

ch
a
n

g
e

th
e

free
resp

o
n

ses,
o
n
ly

th
e

sca
le

of
th

e
∆

va
lu

es
is

m
o
d

ifi
ed

d
u

e
to

th
e

ch
an

g
e

in
R

.
T

h
e

co
n

sisten
cy

restrictio
n

m
igh

t
b

e
b

roken
,

th
o
u

g
h

.

4
.3

E
lim

in
a
tio

n
o
f

N
e
g
a
tiv

e
E

d
g
e

W
e
ig

h
ts

F
ro

m
th

e
o
b

jective
fu

n
ction

(1
),

it
is

o
b
v
iou

s
th

a
t

a
p

o
sitive

ed
g
e

w
eig

h
t

co
n

n
ectin

g
tw

o
sa

m
p

les
ex

p
resses

th
at

th
o
se

sam
p

les
sh

ou
ld

b
e

m
a
p
p

ed
clo

se
to

ea
ch

o
th

er
in

fea
tu

re
sp

a
ce.

In
con

tra
st,

a
n

eg
ative

ed
g
e

w
eig

h
t

ex
p
resses

th
a
t

tw
o

sa
m

p
les

sh
o
u

ld
b

e
m

a
p

p
ed

a
s

far
a
p

a
rt

a
s

p
o
ssib

le,
th

u
s

en
co

d
in

g
o
u

tp
u

t
d

issim
ilarities.

N
everth

eless,
th

e
w

eig
h
ted

u
n

it
varian

ce
co

n
strain

t
still

a
p
p

lies,
so

th
e

so
lu

tio
n

s
a
re

n
o
t

u
n
b

o
u

n
d

ed
.

If
th

e
ed

g
e

w
eigh

ts
a
re

n
on

-n
ega

tive,
th

e
sm

a
llest

p
o
ssib

le
∆

va
lu

e
is

∆
=

0
.

H
ow

ever,
if

n
eg

a
tiv

e
ed

g
e

w
eig

h
ts

a
re

a
llow

ed
,

so
m

e
fea

sib
le

fea
tu

res
m

ig
h
t

h
ave

∆
<

0
.

A
fea

tu
re

w
ith

∆
<

0
w

o
u

ld
a
p

p
ear

to
b

e
“
slow

er”
th

a
n

th
e

in
fea

sib
le

co
n

sta
n
t

fea
tu

re
y

=
1

w
ith

∆
=

0,
co

n
tra

d
ictin

g
th

e
in

tu
itiv

e
in

terp
reta

tio
n

o
f

slow
n

ess.
M

o
reover,

n
eg

a
tive

ed
g
e

w
eig

h
ts

h
in

d
er

th
e

p
rob

ab
ilistic

in
terp

reta
tio

n
o
f

th
e

g
rap

h
(see

S
ectio

n
3
.2

),
b

ecau
se

so
m

e
o
f

th
e

tran
sition

p
ro

b
a
b

ilities
γ
n
,n
′/
R

o
f

th
e

resu
ltin

g
M

a
rkov

ch
a
in

w
ou

ld
b

e
n

ega
tive.

T
ra

in
in

g
g
ra

p
h

s
co

n
stru

cted
u

sin
g

th
e

E
L

L
m

eth
o
d

m
igh

t
in

clu
d

e
n

eg
a
tiv

e
ed

ge
w

eig
h
ts,

w
h

ich
w

o
u

ld
resu

lt
in

th
e

d
isa

d
va

n
ta

g
es

d
escrib

ed
a
b

ove.
T

h
erefo

re,
in

th
is

sectio
n

,
w

e
a
d

d
a
n

a
d

d
itio

n
a
l

step
to

th
e

E
L

L
m

eth
o
d

to
en

su
re

th
a
t

th
e

tra
in

in
g

gra
p

h
h

a
s

n
o
n

-n
eg

a
tive

ed
ge

w
eig

h
ts.

M
o
re

con
cretely,

w
e

sh
ow

h
ow

to
tran

sfo
rm

a
tra

in
in

g
g
ra

p
h

w
ith

strictly
p

o
sitive

v
ertex

w
eigh

ts
v
n

a
n

d
a
rb

itra
ry

ed
g
e

w
eigh

ts
Γ

(p
o
sitive

a
n

d
n

eg
a
tive)

in
to

a
gra

p
h

w
ith

th
e

sam
e

vertex
w

eigh
ts

a
n

d
o
n

ly
n

o
n

-n
eg

a
tive

ed
g
e

w
eig

h
ts

Γ
′.

T
h

e
o
p

tim
izatio

n
p

ro
b

lem
d

efi
n

ed
b
y

Γ
′

is
eq

u
iva

len
t

to
th

e
o
rig

in
a
l

o
p

tim
iza

tio
n

p
ro

b
lem

in
term

s
o
f

its
so

lu
tio

n
s

an
d

th
eir

o
rd

er.
O

n
ly

th
e

va
lu

e
of

th
e

o
b

jective
fu

n
ctio

n
is

lin
ea

rly
ch

a
n
g
ed

(or,
m

ore
p

recisely,
ch

an
ged

b
y

an
affi

n
e

fu
n

ctio
n

).
A

ssu
m

e
th

a
t∀
n

:
v
n
>

0,
a
n

d
th

a
t

th
ere

is
a
t

lea
st

o
n

e
elem

en
t
γ
n
,n
′
<

0
.

L
et

c
d

ef
=

m
a
x
n
,n
′ −
γ
n
,n
′

v
n
v
n
′
.

(3
5)

T
h

e
n

ew
ed

g
e

w
eig

h
ts

Γ
′

a
re

d
efi

n
ed

a
s

Γ
′

d
ef

=
1

1
+
cQ

2/R
(Γ

+
cv

v
T

).
(3

6)

N
ow

,
w

e
sh

ow
th

e
p

rop
erties

o
f

Γ
′

co
m

p
a
red

to
th

ose
o
f

Γ
:

1
.

A
ll

elem
en

ts
of

Γ
′

a
re

g
rea

ter
o
r

eq
u

a
l

to
zero

,
a
s

d
esired

.
(F

o
llow

s
from

(3
5
),

w
h

ich
im

p
lies

γ
n
,n
′
+
cv
n
v
n
′≥

0
.)

2
.

S
y
m

m
etry

is
p

reserved
b
y

(3
6).

C
lea

rly
Γ
′
is

sy
m

m
etric

if
a
n

d
o
n

ly
if

Γ
is

sy
m

m
etric.

3
.

T
h

e
su

m
o
f

ed
g
e-w

eig
h
ts

is
p

reserved
:

R
′

(1
6
)

=
1
T
Γ
′1

(3
6
)

=
R

+
cQ

2

1
+
cQ

2/
R

=
R
.

(3
7)
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E
sc

a
l
a
n
t
e
-B

.
a
n
d

W
isk

o
t
t

4.
F

u
lfi

llm
en

t
o
f

th
e

grap
h

con
sisten

cy
restriction

(9)
is

p
reserv

ed
:

1
T
Γ

(9
)

=
R
/Q

v
T

⇒
1
T
Γ
′

(3
6
)

=
1

1
+
cQ

2/R
(1
T
Γ

+
c1
T
v
v
T

)

(9
)

=
1

1
+
cQ

2/R
(R
/Q

v
T

+
cQ

v
T

)

=
R
/Q

1
+
cQ

2/R
(1

+
cQ

2/
R

)v
T

=
R
/Q

v
T
.

5
.

Γ
an

d
Γ
′

d
efi

n
e

eq
u

ivalen
t

op
tim

ization
p

rob
lem

s.
L

et
y

b
e

a
feasib

le
solu

tion
.

T
h

e
co

n
strain

ts
o
f

th
e

op
tim

ization
p

rob
lem

are
in

d
ep

en
d

en
t

of
Γ
′,

a
n

d
on

ly
th

e
ob

jectiv
e

fu
n

ction
is

m
o
d

ifi
ed

as
follow

s:

∆
′y

(1
0
)

=
2−

2R
′ y
T
Γ
′y

(3
6
,3

7
)

=
2−

2

R
(1

+
cQ

2/R
) (y

T
Γ

y
+
cy

T
v
v
T
y )

(1
2
)

=
2−

2

R
(1

+
cQ

2/R
) y

T
Γ

y

(1
0
)

=
2−

2

R
(1

+
cQ

2/R
)

R2
(2−

∆
y
)

(38)

=
1

(1
+
cQ

2/R
) (

∆
y

+
2
cQ

2

R

)
.

(39)

T
h

erefo
re,

th
e

ob
jectiv

e
fu

n
ction

is
o
n

ly
m

o
d

ifi
ed

b
y

a
p

ositive
scalin

g
facto

r
a
n

d
a

con
stan

t
p

ositive
off

set,
p

rov
in

g
th

at
th

e
op

tim
al

free
so

lu
tio

n
s

to
th

e
train

in
g

grap
h

rem
a
in

stab
le,

as
w

ell
as

th
eir

ord
er.

6
.

In
p

articu
la

r,
a

featu
re

y
w

ith
∆

y
=

2
p

reserves
its

d
elta

valu
e,

i.e.
∆

y
=

2
(3

8
)
⇔

∆
′y

=
2.

4
.4

A
u

x
ilia

ry
L

a
b

e
ls

fo
r

B
o
o
stin

g
E

stim
a
tio

n
A

c
c
u

ra
c
y

It
is

p
o
ssib

le
to

p
rov

id
e

ad
d

ition
al

a
u

xilia
ry

lab
els

d
eriv

ed
fro

m
th

e
origin

al
on

e
`

1
to

im
p

rove
th

e
estim

ation
accu

racy
w

h
en

G
S

F
A

is
ap

p
lied

rep
eated

ly
(e.g.,

ca
scad

ed
or

in
a

con
vergen

t
h

ierarch
ical

G
S

F
A

n
etw

ork
).

C
on

sid
er

tw
o

G
S

F
A

n
o
d

es,
on

e
stacked

o
n

top
of

th
e

oth
er.

If
th

e
fi

rst
G

S
F
A

n
o
d

e
is

n
ot

b
e

ab
le

to
ex

tract
`

1
accu

rately,
it

m
igh

t
still

b
e

cap
ab

le
of

ap
p

rox
im

atin
g

lab
els
`
k

=
f
k (`

1 ),
for

2
≤
k
≤
K

,
w

h
ere

th
e

fu
n

ctio
n

s
f
k (·)

are
n

on
lin

ear.
S

in
ce

th
ese

featu
res

are
d

erived
from

th
e

origin
al

lab
el
`

1 ,
th

ey
con

tain
a

certain
a
m

ou
n
t

of
in

form
a
tion

ab
ou

t
it.

In
th

is
case,

th
e

ou
tp

u
t

featu
res

are
likely

to
con

tain
lin

ear
co

m
b

in
a
tion

s
o
f

th
e

lab
els

`
1 ,...,`

k
p

rov
id

in
g

a
red

u
n

d
an

t
co

d
in

g
of
`

1 .
T

h
ese

featu
res

a
re

likely
to

b
e

easier
to

d
isen

tan
gle

b
y

th
e

secon
d

n
o
d

e
to

b
etter

ap
p
rox

im
ate

th
e

o
rigin

al
lab

el
`

1 .
T

h
erefore,

w
e

su
ggest

to
ex

p
licitly

p
rom

ote
th

e
ap

p
eara

n
ce

of
th

ese
featu

res
b
y

learn
in

g
also

a
u

x
iliary

lab
els.

T
h

e
fu

n
ction

s
f
k

can
b

e
d

efi
n

ed
arb

itrarily,
w

e
su

ggest
to

u
se

`
k (n

)
=

cos (
`
1 (n

)−
m

in
(`

1 )

m
ax

(`
1 )−

m
in

(`
1 ) π

k )
,

for
2
≤
k
≤
K
,

(40)
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O
p
t
im

a
l

F
r
e
e

R
e
sp

o
n
se

s
o
f

G
S
F
A

a
n
d

t
h
e

D
e
si

g
n

o
f

T
r
a
in

in
g

G
r
a
p
h
s

w
h

er
e

m
ax

(`
1
)

is
th

e
la

rg
es

t
la

b
el

va
lu

e,
an

d
m

in
(`

1
)

is
th

e
sm

al
le

st
on

e.
A

s
u

su
a
l,

w
e

as
su

m
e

th
e

la
b

el
s
` 1

to
` K

ar
e

w
ei

gh
t

d
ec

or
re

la
te

d
an

d
n

or
m

al
iz

ed
b

ef
or

e
th

e
E

L
L

m
et

h
o
d

is
ap

p
li

ed
.

T
h

e
ei

ge
n
va

lu
es

co
rr

es
p

on
d

in
g

to
th

e
au

x
il

ia
ry

la
b

el
s

m
u

st
b

e
se

t
sm

al
le

r
th

a
n

th
os

e
o
f

th
e

or
ig

in
al

la
b

el
.

O
th

er
w

is
e,

th
e

sl
ow

es
t

fe
at

u
re

s
m

ig
h
t

b
e

m
or

e
si

m
il

ar
to

th
e

au
x
il

ia
ry

la
b

el
s

th
an

to
th

e
or

ig
in

al
on

e.
F

ro
m

n
ow

on
,

th
e

te
rm

ta
rg

et
la

b
el

s
w

il
l

b
e

u
se

d
to

re
fe

r
to

th
e

or
ig

in
al

an
d

au
x
il

ia
ry

la
b

el
s,

if
p

re
se

n
t.

T
h

e
u

se
of

au
x
il

ia
ry

sa
m

p
le

s
ca

n
b

e
ju

st
ifi

ed
fr

om
in

fo
rm

at
io

n
th

eo
ry

.
A

ss
u

m
e

th
at

th
e

sa
m

p
le

s
h

av
e

b
ee

n
or

d
er

ed
b
y

in
cr

ea
si

n
g

la
b

el
` 1

.
T

h
is

im
p

li
es

th
at

fo
r
` k

th
e

a
rg

u
m

en
t

of
th

e
co

si
n

e
fu

n
ct

io
n

ra
n

ge
s

fr
om

0
to

k
π

.
T

h
u

s
` 2

d
es

cr
ib

es
1

os
ci

ll
at

io
n

,
` 3

d
es

cr
ib

es
1.

5
os

ci
ll

at
io

n
s,

et
c.

In
th

is
se

n
se

,
th

e
au

x
il

ia
ry

la
b

el
s

ar
e

“h
ig

h
er

-f
re

q
u

en
cy

”
v
er

si
o
n

s
of

` 1
.

N
ot

ic
e

th
at
` 2

co
n
ta

in
s

al
m

os
t

al
l

th
e

in
fo

rm
at

io
n

ab
ou

t
` 1

ex
ce

p
t

fo
r

1
b

it
.

T
h

a
t

is
,

I
(`

1
,`

2
)

=
H

(`
1
)
−

1,
w

h
er

e
I

is
m

u
tu

al
in

fo
rm

at
io

n
an

d
H

is
en

tr
op

y.
S

im
il

a
rl

y,
` 4

lo
se

s
2

b
it

s
of

in
fo

rm
at

io
n

ab
ou

t
` 1

,
` 8

lo
se

s
3

b
it

s,
an

d
so

on
.

T
h
u

s,
au

x
il

ia
ry

la
b

el
s

co
n
ta

in
a

la
rg

e
am

ou
n
t

of
in

fo
rm

at
io

n
ab

ou
t
` 1

.

M
or

eo
ve

r,
th

e
u

se
of

au
x
il

ia
ry

la
b

el
s

su
p

p
or

ts
th

e
go

al
th

at
sa

m
p

le
s

x
(n

)
a
n

d
x

(n
′ )

w
it

h
si

m
il

ar
la

b
el

s
` 1

(n
)

an
d
` 1

(n
′ )

sh
ou

ld
h

av
e

si
m

il
ar

ou
tp

u
t

fe
at

u
re

s
y j

(n
)

a
n

d
y j

(n
′ )

o
n

av
er

ag
e,

fo
r

1
≤
j
≤
J

,
an

d
n

ot
on

ly
th

e
sl

ow
es

t
fe

at
u

re
s
y 1

(n
)

an
d
y 1

(n
′ )

.
T

h
is

is
a

re
su

lt
of

th
e

“s
m

o
ot

h
n

es
s”

of
th

e
au

x
il

ia
ry

la
b

el
s

in
te

rm
s

of
` 1

(i
.e

.,
h
ow

fa
st

th
ey

ch
a
n

g
e

w
.r

.t
.

` 1
).

N
ot

ic
e

th
at
` 1
,`

2
,.
..
,`
J

w
ou

ld
b

e
or

d
er

ed
b
y

d
ec

re
as

in
g

sm
o
ot

h
n
es

s.

In
te

re
st

in
gl

y,
in

re
gu

la
r

S
F
A

(o
r

G
S

F
A

tr
ai

n
ed

w
it

h
th

e
re

or
d
er

in
g

gr
a
p

h
)

th
e

in
cl

u
si

o
n

of
au

x
il

ia
ry

la
b

el
s

o
cc

u
rs

au
to

m
at

ic
al

ly
.

T
h

e
sl

ow
es

t
fr

ee
re

sp
on

se
is

a
h

a
lf

p
er

io
d

o
f

a
co

si
n

e
fu

n
ct

io
n

,
an

d
th

e
su

b
se

q
u

en
t

fr
ee

re
sp

on
se

s
ar

e
th

e
h

ig
h

er
-f

re
q
u

en
cy

h
ar

m
o
n

ic
s

of
th

e
fi

rs
t

on
e

(s
ee

S
ec

ti
on

5.
2,

p
ar

ti
cu

la
rl

y
F

ig
u

re
7)

.

4
.5

C
o
m

p
u

ta
ti

o
n

a
l

C
o
m

p
le

x
it

y
o
f

E
x
p

li
c
it

L
a
b

e
l

L
e
a
rn

in
g

T
h

e
m

ai
n

d
ra

w
b

ac
k

of
E

L
L

is
it

s
co

m
p

u
ta

ti
on

al
effi

ci
en

cy
co

m
p
ar

ed
to

effi
ci

en
t

p
re

-d
efi

n
ed

tr
ai

n
in

g
gr

ap
h

s,
w

h
ic

h
is

m
or

e
m

ar
k
ed

fo
r

la
rg

e
N

.
W

e
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ry

la
b

el
s

h
as

b
ee

n
ju

st
ifi

ed
b

as
ed

o
n

th
e

fa
ct

th
at

th
es

e
la

b
el

s
co

n
ta

in
su

b
st

an
ti

al
in

fo
rm

at
io

n
ab

ou
t

th
e

o
ri

g
in

a
l

la
b

el
(S

ec
ti

on
4
.4

).
F

or
in

st
an

ce
,

a
s

ex
p

la
in

ed
b

ef
or

e,
th

e
fi

rs
t

au
x
il

ia
ry

la
b

el
` 2

o
n

ly
la

ck
s

on
e

b
it

o
f

in
fo

rm
a
ti

on
ab

ou
t

th
e

o
ri

g
in

al
la

b
el
` 1

.
T

h
er

ef
o
re

,
ev

en
if
` 1

d
o
es

n
ot

b
el

o
n

g
to

th
e

fe
a
tu

re
sp

a
ce

o
f

a
n

o
d

e,
th

e
au

x
il

ia
ry

la
b

el
s

m
ig

h
t

b
e

(a
p

p
ro

x
im

a
te

ly
)

ex
tr

a
ct

ed
,

p
re

se
rv

in
g

in
fo

rm
a
ti

on
ab

o
u

t
` 1

.
A

G
S

F
A

n
o
d

e
(o

r
a
n
y

su
p

er
v
is

ed
le

a
rn

in
g

a
lg

or
it

h
m

)
h

ig
h

er
in

th
e

h
ie

ra
rc

h
y

m
ay

th
en

b
e

3
0
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O
p
t
im

a
l

F
r
e
e

R
e
sp

o
n
se

s
o
f

G
S
F
A

a
n
d

t
h
e

D
e
sig

n
o
f

T
r
a
in

in
g

G
r
a
p
h
s

a
b

le
to

ap
p

rox
im

a
te
`

1
m

o
re

accu
rately

b
y

m
a
k
in

g
u

se
of

th
e

in
fo

rm
a
tio

n
ca

rried
b
y

th
e

a
u

x
iliary

lab
els.

A
d

d
itio

n
a
lly,

a
u

x
ilia

ry
la

b
els

h
ave

a
lso

b
een

ju
stifi

ed
b
y

a
sm

o
o
th

n
ess

h
eu

ristic,
w

h
ere

sam
p

les
n

a
n

d
n
′
h

av
in

g
sim

ila
r

lab
els

`
1 (n

)
an

d
`
1 (n
′)

sh
ou

ld
h

ave
sim

ila
r

o
u

tp
u

t
featu

res
y
j (n

)
a
n

d
y
j (n
′),

fo
r

1
≤
j
≤
J

.
W

ith
o
u

t
a
u

x
ilia

ry
lab

els
o
n

ly
th

e
fi

rst
o
u

tp
u

t
featu

re
w

ou
ld

h
ave

th
is

p
rop

erty,
a
n

d
th

e
rem

ain
in

g
featu

res
m

ig
h
t

va
ry

q
u

ick
ly

w
.r.t.

th
e

o
rig

in
a
l

la
b

el.

6
.2

A
p

p
lic

a
tio

n
o
f

th
e

E
L

L
M

e
th

o
d

T
h

e
ex

p
erim

en
ts

o
n

g
en

d
er

(an
d

sk
in

-co
lo

r)
estim

a
tio

n
fro

m
a
rtifi

cia
l

fa
ce

im
a
g
es

d
em

o
n

-
stra

te
th

a
t

th
e

E
L

L
m

eth
o
d

a
lso

w
o
rk

s
in

p
ra

ctice
w

h
en

u
sed

h
ierarch

ica
lly.

T
h

e
ex

p
erim

en
ts

of
S

ectio
n

5.1
a
n

d
th

e
a
n

a
ly

tica
l
resu

lts
of

S
ectio

n
5
.2

sh
ow

th
e

stren
g
th

o
f

th
e

seria
l
grap

h
w

h
en

on
ly

a
sin

gle
la

b
el

is
ava

ila
b
le.

In
th

is
case,

th
e

E
L

L
g
ra

p
h

p
rov

id
ed

m
argin

ally
b

etter
estim

a
tion

s
th

a
n

th
e

seria
l

gra
p

h
(a

n
R

M
S

E
o
f

0
.3

4
5

w
ith

th
e

E
L

L
g-40

g
ra

p
h

v
s.

0
.3

49
w

ith
th

e
serial

g
ra

p
h

,
in

b
o
th

ca
ses

u
sin

g
3

fea
tu

res,
th

e
so

ft
G

C
p

o
st-

p
ro

cessin
g

m
eth

o
d

,
a
n

d
avera

g
in

g
over

1
0

ru
n

s),
b

u
t

th
e

com
p

u
tatio

n
tim

e
w

a
s

25
tim

es
lo

n
g
er.

W
e

v
erifi

ed
th

a
t

th
e

d
iff

eren
ce

is
sta

tistically
sig

n
ifi

ca
n
t.

A
lth

o
u

gh
th

e
sh

a
p

e
o
f

th
e

slow
est

fea
tu

re
ex

tra
cted

w
ith

th
e

seria
l

g
rap

h
m

ay
b

e
less

sim
ila

r
to

th
e

la
b

el,
a

m
on

oto
n

ic
tra

n
sfo

rm
a
tion

o
f
th

e
slow

est
fea

tu
re

lea
rn

ed
b
y

a
n

o
n

lin
ea

r
su

p
erv

ised
step

(e.g
.

so
ft

G
C

)
m

ay
su

ffi
ce

to
a
p

p
rox

im
a
te

it.

H
ow

ever,
th

e
resu

lts
su

g
gest

th
at

if
tw

o
o
r

m
o
re

(in
trin

sica
lly

co
n

n
ected

)
la

b
els

a
re

availab
le,

th
e

accu
ra

cy
of

u
sin

g
E

L
L

g
ra

p
h

s
fu

rth
er

in
creases.

E
ffi

cien
t

p
re-d

efi
n

ed
g
rap

h
s

a
re

n
o
t

ava
ila

b
le

in
th

is
case.

In
th

e
g
en

d
er

estim
a
tion

ex
p

erim
en

t,
th

e
R

M
S

E
w

as
im

p
roved

to
0
.2

7
7

b
y

join
tly

lea
rn

in
g

g
en

d
er

a
n

d
sk

in
(E

L
L
g
,c-(2×

5
)

g
ra

p
h

,
3

fea
tu

res,
so

ft
G

C
).

T
h

is
is

m
u

ch
b

etter
th

a
n

th
e

seria
l

gra
p

h
.

H
en

ce,
a

p
a
rticu

larly
p

ro
m

isin
g

a
p

p
lica

tio
n

fo
r

th
e

E
L

L
m

eth
o
d

is
m

u
ltip

le
lab

el
lea

rn
in

g
.

V
ariou

s
m

eth
o
d

s
fo

r
m

a
p

p
in

g
th

e
slow

est
fea

tu
re

to
a

la
b

el
w

ere
tested

.
T

h
e

a
ffi

n
e

m
a
p

p
in

g
m

eth
o
d

is
in

terestin
g

from
a

th
eo

retical
p

o
in

t
of

v
iew

.
H

ow
ever,

a
s

o
n

e
w

o
u

ld
ex

p
ect,

th
e

so
ft

G
C

m
eth

o
d
,

w
h

ich
is

n
on

lin
ea

r
an

d
su

p
erv

ised
,

p
rov

id
es

b
etter

a
ccu

ra
cy

on
test

d
a
ta.

T
h

erefo
re,

th
e

la
tter

m
ig

h
t

b
e

p
referred

in
p

ra
ctica

l
a
p

p
licatio

n
s.

M
o
reover,

in
th

is
scen

a
rio

,
su

p
erv

ised
p

o
st-p

ro
cessin

g
m

eth
o
d

s
m

igh
t

b
e

co
m

p
u

ta
tio

n
a
lly

in
ex

p
en

sive,
b

ecau
se

th
eir

in
p

u
t

is
freq

u
en

tly
low

-d
im

en
sion

a
l

(e.g
.,

w
e

o
n

ly
u

sed
1

to
3

slow
fea

tu
res

for
gen

d
er

estim
ation

).

6
.3

C
la

ssifi
c
a
tio

n
w

ith
E

L
L

A
lth

o
u

g
h

E
L

L
w

a
s

o
rig

in
a
lly

d
esign

ed
fo

r
regressio

n
,

w
e

h
ave

sh
ow

n
th

at
it

ca
n

a
lso

b
e

u
sefu

l
fo

r
cla

ssifi
ca

tion
w

h
en

p
articu

la
r

la
b

els
are

learn
ed

.
T

h
e

ex
p

erim
en

t
o
n

tra
ffi

c
sign

cla
ssifi

ca
tion

sh
ow

s
th

e
b

en
efi

t
of

u
sin

g
co

m
p

a
ct

d
iscrim

in
a
tive

fea
tu

res,
im

p
lem

en
ted

h
ere

b
y

learn
in

g
m

u
ltip

le
b

in
ary

lab
els.

T
h

e
resu

ltin
g

sy
stem

h
a
s

a
m

u
ch

sm
a
ller

classifi
ca

tio
n

error
th

an
th

e
clu

stered
grap

h
(eq

u
iva

len
t

to
n

o
n
lin

ea
r

F
D

A
)

w
h
en

th
e

n
u

m
b

er
o
f

o
u

tp
u

t
d

im
en

sio
n

s
is

less
th

an
C
−

1
,

w
h

ere
C

is
th

e
n
u

m
b

er
o
f

cla
sses.

T
h

e
co

m
p

a
ctn

ess
o
f

th
e

featu
re

set
ca

n
b

e
u

sefu
l
to

d
o

cla
ssifi

ca
tion

w
ith

m
a
n
y

cla
sses.

T
h

is
is

p
a
rticu

la
rly

b
en

efi
cial

for
h

ierarch
ica

l
G

S
F
A

b
ecau

se
less

fea
tu

res
h

ave
to

b
e

p
ro

p
a
g
ated

b
y

th
e

n
etw

o
rk

,
w

h
ich

m
igh

t
also

red
u

ce
overfi

ttin
g
.

A
lth

o
u

g
h

id
ea

lly
lo

g
2 (C

)
b
in

a
ry

ta
rget

la
b

els
su

ffi
ce

fo
r

3
1

JM
L

R
 17(157):1-36

E
sc

a
l
a
n
t
e
-B

.
a
n
d

W
isk

o
t
t

p
erfect

classifi
cation

,
th

e
ex

p
erim

en
ts

sh
ow

th
at

ad
d

itio
n

a
l

target
lab

els
v
ia

au
x
iliary

lab
els

im
p

rove
classifi

ca
tion

accu
racy

in
p

ractice.

In
terestin

gly,
th

e
clu

stered
grap

h
for

C
classes

(eq
u

ivalen
t

to
F

D
A

)
an

d
th

e
com

p
a
ct+

(C
−

1)
grap

h
are

eq
u

ivalen
t

if
th

e
latter

is
con

stru
cted

w
ith

con
stan

t
p

o
sitive

eigen
valu

es
λ

1
=
···

=
λ
C
−

1
=

1/
(C
−

1).
T

h
e

reason
for

th
is

eq
u

ivalen
ce

is
th

a
t

th
is

com
p

act+
(C
−

1)
gra

p
h

w
o
u

ld
on

ly
h
ave

w
ith

in
-class

tran
sition

s,
b

ecau
se

tran
sition

s
b

etw
een

d
iff

eren
t

classes
can

cel
ou

t
ea

ch
oth

er.
T

h
erefore,

th
e

clu
stered

gra
p

h
can

b
e

seen
as

a
sp

ecial
ca

se
of

th
e

com
p

a
ct+

(C
−

1)
grap

h
,

w
ith

m
ax

im
u

m
lab

el
red

u
n

d
an

cy
(C
−

1
target

lab
els)

an
d

giv
in

g
eq

u
al

im
p

o
rtan

ce
(eigen

valu
es)

to
all

of
th

em
.

F
or

sim
p

licity
w

e
u

sed
b

in
ary

target
lab

els,
b

u
t

it
is

also
p

o
ssib

le
to

u
se
C

-valu
ed

lab
els.

F
or

in
stan

ce,
th

e
fi

rst
lab

el
can

b
e

th
e

class
n
u

m
b

er,
an

d
ad

d
ition

al
lab

els
ca

n
b

e
ra

n
d

om
p

erm
u

ta
tion

s
o
f

th
is

assign
m

en
t

(lab
el

d
ecorrelation

an
d

n
orm

a
liza

tion
still

ap
p

ly
).

Id
eally,

th
ese

la
b

els
m

igh
t

resu
lt

in
an

even
m

ore
co

m
p

act
rep

resen
ta

tion
,

b
ecau

se
a

sin
g
le

op
tim

al
free

resp
on

se
en

co
d

es
th

e
class

in
form

ation
.

C
o
n
trary

to
m

an
y

ap
p

roach
es

for
classifi

catio
n

b
ased

on
L

P
P

,
th

e
goal

of
th

e
E

L
L

m
eth

o
d

is
strictly

fo
cu

sed
on

learn
in

g
th

e
lab

el
in

form
ation

w
h

ile
b

ein
g

in
varian

t
to

an
y

o
th

er
a
sp

ect
o
f

th
e

d
ata.

S
in

ce
w

e
d

o
n

ot
in

ten
d

to
learn

th
e

in
p

u
t

m
an

ifold
,

w
e

d
o

n
ot

u
se

n
earest

n
eigh

b
ors

to
com

p
u

te
th

e
train

in
g

grap
h

.
H

ow
ever,

as
sh

ow
n

b
y

th
e

(regression
)

ex
p

erim
en

ts
on

sim
u

ltan
eou

s
gen

d
er

a
n

d
color

estim
ation

,
learn

in
g

sp
ecifi

c
ad

d
ition

al
la

b
els

ca
n

also
b

e
u

sefu
l

to
b

etter
d

isen
tan

gle
th

e
d

iscrim
in

ative
in

form
a
tion

.

6
.4

E
ffi

c
ie

n
c
y

o
f

E
L

L

T
h

e
co

m
p

lex
ity

of
train

in
g

a
sin

gle
G

S
F
A

n
o
d

e
w

ith
an

E
L

L
grap

h
isO

(I
N

2
+
I

2N
+
I

3)
op

era
tio

n
s,

w
h

ere
I

is
th

e
in

p
u

t
d

im
en

sio
n

ality
(p

ossib
ly

after
a

n
on

lin
ear

ex
p

an
sion

),
an

d
N

>
I

is
th

e
n
u

m
b

er
of

sam
p

les.
F

o
r

com
p

arison
,

th
e

serial
g
rap

h
h

a
s

a
com

p
lex

ity
of

O
(I

2N
+
I

3).
T

h
u
s,

th
e

m
ain

lim
itation

of
u

sin
g

E
L

L
grap

h
s

is
th

e
train

in
g

com
p

lex
ity

w
h

en
N

is
large.

H
ow

ever,
th

is
m

igh
t

n
ot

b
e

a
b

ig
d

isad
van

tage
for

th
e

follow
in

g
reason

s:
(1)

T
h

e
com

p
lex

ity
of

th
e

E
L

L
m

eth
o
d

is
com

p
arab

le
to

th
e

co
m

p
lex

ity
of

L
P

P
.

S
im

ilarity
m

atrices
in

L
P

P
are

ty
p

ically
com

p
u

ted
u

sin
g

n
earest

n
eigh

b
ors.

In
p

ractice,
th

e
com

p
lex

ity
of

com
p

u
tin

g
th

ese
m

atrices
is

sim
ilar

to
O

(I
N

2)
(H

e,
2005),

a
n

d
th

e
rem

ain
in

g
step

s
of

L
P

P
h

av
e

com
p

lex
ity
O

(I
2N

+
I

3)
if

th
e

n
u

m
b

er
of

ed
ges

is
lin

ea
r

w
.r.t.

N
.

(2
)

T
h

e
ex

p
erim

en
t

on
th

e
estim

ation
of

gen
d

er
sh

ow
s

th
at

it
is

feasib
le

to
a
p

p
ly

th
e

E
L

L
m

eth
o
d

to
10

,800
64×

64
im

ages
in

250
m

in
(sin

gle
th

rea
d
,

In
tel

C
o
re

i7-870
2.93G

H
z,

16
G

B
y
te

R
A

M
).

T
h

is
m

igh
t

b
e

fast
en

ou
gh

for
som

e
real-life

ap
p

lication
s.

(3
)

T
h

e
E

L
L

m
eth

o
d

is
of

th
eoretical

in
terest

in
an

y
case,

a
llow

in
g

th
e

an
aly

sis
of

tra
in

in
g

gra
p

h
s

a
n

d
p
rov

id
in

g
in

sigh
ts

for
th

e
d

esign
of

b
etter

h
an

d
-crafted

grap
h

s.

In
ca

se
b

etter
effi

cien
cy

is
still

n
ecessary,

w
e

ou
tlin

e
a

few
ex

ten
sion

s
to

th
e

E
L

L
m

eth
o
d

in
S

ection
6
.5,

tw
o

of
th

em
trad

in
g

accu
racy

for
sp

eed
.

6
.5

E
x
te

n
sio

n
s

o
f

E
L

L

W
e

h
ave

d
ev

ised
th

e
follow

in
g

p
ossib

le
ex

ten
sion

s
(w

h
ich

m
ay

b
e

co
m

b
in

ed
):

(1
)

G
ra

p
h

trim
m

in
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) ,
..
.,
v

(0
) )
→

1
.

N
o
te

th
a
t

gi
ve

n
th

e
v
is

ib
le

st
at

e
a
t

ti
m

e
t,

th
e

st
a
te

o
f

th
e

co
n
tr

o
l

n
o
d

es
at

ti
m

e
t

is
co

n
d

it
io

n
a
ll

y
in

d
ep

en
d

en
t

of
al

l
ot

h
er

p
re

v
io

u
s

st
a
te

s.
W

it
h

th
is

in
m

in
d

,
w

e
ca

n
w

ri
te

th
e

p
ro

b
a
b

il
it

y
of

a
co

n
tr

ol
n

o
d

e
b

ei
n

g
o
n

a
t

ti
m

e
t

a
s

P
(h

(t
)

c,
v

=
1|
v

(t
) ,
..
.,
v

(0
) )

=
σ

(
∑ i

v
(t

)
i
w
i,

(c
,v

)
+
b (
c,
v
))

,

w
h

er
e
σ

is
th

e
lo

gi
st

ic
fu

n
ct

io
n

.
N

o
te

th
at

fo
r

a
ll
v

(t
)
∈
{0
,1
}n

an
d
v
∈
{0
,1
}n

,
∑ i
v

(t
)

i
w
i,

(c
,v

)
=

a
β
−
bβ

w
h

er
e
a

is
th

e
n
u

m
b

er
of

n
o
d

es
on

in
b

o
th

v
an

d
v

(t
)

a
n

d
b

is
th

e
n
u

m
b

er
o
f

n
o
d

es
on

in
v

(t
)

b
u

t
o
ff

in
v
.

S
in

ce
b (
c,
v
)

=
−

(k
−

0.
5)
β

if
v
6=
v

(t
) ,

th
en

ei
th

er
a
<
k
,

in
w

h
ic

h
ca

se
∑ i
v

(t
)

i
w
i,

(c
,v

)
+
b (
c,
v
)
≤
−

0.
5
β

,
o
r
a

=
k

a
n

d
b
≥

1
,

w
h

ic
h

a
g
ai

n
im

p
li

es

∑ i
v

(t
)

i
w
i,

(c
,v

)
+
b (
c,
v
)
≤
−

0.
5β

.
If
v

=
v

(t
)

th
en

a
β
−
bβ

+
b (
c,
v
)

=
k
β
−

(k
−

0
.5

)β
=

0
.5
β

.

T
h
u

s
if
v

=
v

(t
) ,

σ

(
∑ i

v
(t

)
i
w
i,

(c
,v

)
+
b (
c,
v
))

)
=
σ

(0
.5
β

).

O
th

er
w

is
e

σ

(
∑ i

v
(t

)
i
w
i,

(c
,v

)
+
b (
c,
v
))
≤
σ

(−
0.

5β
).

S
o

as
β
→
∞

,
P

(H
(t

)

c,
v
(t
)
|v

(t
) ,
..
.,
v

(0
) )
→

1
.

In
o
th

er
w

or
d

s,
fo

r
a
ll
v

(t
) ,
..
.,
v

(0
)

a
n

d
al

l

ε 0
>

0
th

er
e

ex
is

ts
so

m
e
β

0
su

ch
th

a
t
β
>

β
0

im
p

li
es
|1
−
P

(H
(t

)

c,
v
(t
)
|v

(t
) ,
..
.,
v

(0
) )
|

=

P
(H̄

(t
)

c,
v
(t
)
|v

(t
) ,
..
.,
v

(0
) )
<
ε 0

.

S
te

p
2:

H
er

e
w

e
sh

ow
th

at
b
y

m
a
k
in

g
β

la
rg

e
en

ou
gh

w
e

ca
n

m
ak

e
th

e
eff

ec
t

of
th

e
co

n
tr

o
l

n
o
d

es
on

th
e

v
is

ib
le

d
is

tr
ib

u
ti

o
n

a
t

th
e

sa
m

e
ti

m
e

st
ep

n
eg

li
gi

b
le

.
T

ak
e

an
y
v

(t
) ,

fo
r

a
ll
h

(t
−

1
) ,

w
e

h
av

e

P
(v

(t
) |h

(t
−

1
) )

=
P

(v
(t

) |h
(t
−

1
) )

∑ v
(t
)

P
(v

(t
) |h

(t
−

1
) )

=

∑

h
(t
)
∈H

(t
)

c
,v

(t
)

P
(v

(t
) ,
h

(t
) |h

(t
−

1
) )

+
∑

h
(t
)
∈H̄

(t
)

c
,v

(t
)

P
(v

(t
) ,
h

(t
) |h

(t
−

1
) )

∑ v
(t
)

∑

h
(t
)
∈H

(t
)

c
,v

(t
)

P
(v

(t
) ,
h

(t
) |h

(t
−

1
) )

+
∑ v
(t
)

∑

h
(t
)
∈H̄

(t
)

c
,v

(t
)

P
(v

(t
) ,
h

(t
) |h

(t
−

1
) )
.

(1
)

W
e

al
so

h
av

e
th

at
P

(v
(t

) ,
h

(t
) |h

(t
−

1
) )

=
P

(h
(t

) |v
(t

) ,
h

(t
−

1
) )
P

(v
(t

) |h
(t
−

1
) )

fo
r

a
ll
h

(t
) ,
v

(t
)

a
n

d
b
y

d
efi

n
it

io
n

∑

h
(t
)
∈H̄

(t
)

c
,v

(t
)

P
(h

(t
) |v

(t
) ,
h

(t
−

1
) )P

(v
(t

) |h
(t
−

1
) )

=
P

(H̄
(t

)

c,
v
(t
)
|v

(t
) ,
h

(t
−

1
) )P

(v
(t

) |h
(t
−

1
) ).
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U
n
iv
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sa

l
A

p
p
r
o
x
im
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t
io

n
R

e
su

lt
s

f
o
r

t
h
e

T
R

B
M

a
n
d

R
T

R
B

M

B
y

S
tep

1
,

th
ere

ex
ists

a
β

0
su

ch
th

a
t

fo
r

an
y
β
>
β

0
w

e
h

ave
P

(H̄
(t)

c,v
(t) |v

(t),...,v
(0

))
<
ε
0

for
a
ll
v

(t),...,v
(t−

1
).

S
in

ce
th

e
o
n

ly
co

n
n

ectio
n

s
g
o
in

g
to

a
co

n
tro

l
n

o
d

e
a
re

fro
m

th
e

v
isib

le
u

n
its,

g
iv

en
v

(t),
th

e
sta

te
o
f

th
e

co
n
tro

l
n

o
d

es
are

con
d

itio
n
ally

in
d

ep
en

d
en

t
of

v
(t−

1
),...,v

(0
)

an
d
h

(t−
1
)

.
S

in
ce

P
(v

(t)|h
(t−

1)
<

1
,

w
e

h
ave

th
a
t
β
>

β
0

im
p

lies
th

at

P
(H̄

(t)

c,v
(t) |v

(t),h
(t−

1
))P

(v
(t)|h

(t−
1)
<
ε
0 ,

g
iv

in
g

u
s

th
a
t

fo
r
β
>
β

0
an

d
a
ll
v

(t),

∑

h
(t)∈

H̄
(t)

c
,v

(t)

P
(v

(t),h
(t)|h

(t−
1
))
<
ε
0 .

(2
)

N
ote

th
a
t

th
is

in
eq

u
ality

is
in

d
ep

en
d

en
t

o
f
α

.
In

creasin
g
α

h
a
s

n
o

eff
ect

o
n
P

(H̄
(t)

c,v
(t) |v

(t),h
(t−

1
))

an
d
P

(v
(t)|h

(t−
1
))

is
b

ou
n

d
ed

ab
ov

e
b
y

1
so

even
a
fter

in
crea

sin
g
α

a
rb

itra
rily

th
e

in
-

eq
u

a
lity

w
ill

h
o
ld

w
ith

th
e

sa
m

e
ch

oice
of

β
.

L
o
o
k
in

g
b

a
ck

to
eq

u
a
tio

n
(1

),
as

β
→

∞
th

e
rig

h
t

h
an

d
term

s
in

b
o
th

th
e

n
u

m
era

to
r

a
n
d

d
en

o
m

in
a
to

r
go

to
0
.

C
o
n

sid
er

∑

h
(t)∈

H
(t)

c
,v

(t)

P
(v

(t),h
(t)|h

(t−
1
)).

F
o
r

a
ll
v

(t),
th

is
is

b
o
u

n
d

ed
ab

ove
b
y

1
a
n

d
sin

ce
w

e
are

su
m

m
in

g
over

h
(t)∈

H
(t)

c,v
(t) ,

S
tep

1
tells

u
s

th
is

is
strictly

in
crea

sin
g

in
β

.
T

h
is

tells
u

s
th

at

lim
it

o
f

th
e

n
u

m
era

to
r

a
n

d
d

en
om

in
ato

r
of

(1
)

are
b

o
th

fi
n

ite
a
n

d
n

o
n

-zero
g
iv

in
g

u
s

th
a
t

lim
β→
∞
P

(v
(t)|h

(t−
1
))

=
lim
β→
∞

∑

h
(t)∈

H
(t)

c
,v

(t)

P
(v

(t),h
(t)|h

(t−
1
))

∑v
(t)

∑

h
(t)∈

H
(t)

c
,v

(t)

P
(v

(t),h
(t)|h

(t−
1
)) .

D
efi

n
e

P̃
(v

(t)|h
(t−

1
))

:=

∑

h
(t)∈

H
(t)

c
,v

(t)

P
(v

(t),h
(t)|h

(t−
1
))

∑v
(t)

∑

h
(t)∈

H
(t)

c
,v

(t)

P
(v

(t),h
(t)|h

(t−
1
))

=

∑

h
(t)∈

H
(t)

c
,v

(t)

ex
p (

∑
i,j:h

j ∈
(H
\
H
c ) v

(t)
i
h

(t)
j
w
i,j

+
∑

j:h
j ∈

(H
\
H
c ) b

j h
(t)
j

+
0
.5
β

+
∑i,j
h

(t)
i
h

(t−
1
)

j
w
′i,j )

∑v
(t)

∑

h
(t)∈

H
(t)

c
,v

(t)

ex
p (

∑
i,j:h

j ∈
(H
\
H
c ) v

(t)
i
h

(t)
j
w
i,j

+
∑

j:h
j ∈

(H
\
H
c ) b

j h
(t)
j

+
0
.5
β

+
∑i,j
h

(t)
i
h

(t−
1
)

j
w
′i,j )

=

∑

h
(t)∈

H
(t)

c
,v

(t)

ex
p (

∑
i,j:h

j ∈
(H
\
H
c ) v

(t)
i
h

(t)
j
w
i,j

+
∑

j:h
j ∈

(H
\
H
c ) b

j h
(t)
j

+
∑i,j
h

(t)
i
h

(t−
1
)

j
w
′i,j )

∑v
(t)

∑

h
(t)∈

H
(t)

c
,v

(t)

ex
p (

∑
i,j:h

j ∈
(H
\
H
c ) v

(t)
i
h

(t)
j
w
i,j

+
∑

j:h
j ∈

(H
\
H
c ) b

j h
(t)
j

+
∑i,j
h

(t)
i
h

(t−
1
)

j
w
′i,j )

,
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O
d
e
n
se

a
n
d

E
d
w

a
r
d
s

b
u

t
th

is
is

ju
st

th
e

p
rob

ab
ility

of
v

(t)
w

h
en

w
e

rem
ov

e
th

e
con

tro
l

n
o
d

es.
T

h
u

s
for

an
y
v

(t)
an

d
ε
1
>

0
th

ere
ex

ists
a
β

0
su

ch
th

at
β
>

β
0

im
p

lies
th

a
t

for
a
ll
h

(t−
1
),

|P
(v

(t)|h
(t−

1
))−

P̃
(v

(t)|h
(t−

1
))|
<
ε
1 .

F
u

rth
erm

ore,
th

is
is

u
n

ch
an

ged
b
y

in
creasin

g
α

.

S
tep

3:
In

th
is

step
,
rem

em
b

erin
g

th
at
P
v

is
th

e
d

istrib
u

tion
of

th
e

R
B

M
corresp

on
d

in
g

to
R

1 (·|v
(t−

1
)

=

v
),

w
e

sh
ow

th
at

a
s
α

an
d
β

are
in

creased
to

in
fi

n
ity,

if
h

(t−
1
)∈

H
(t−

1
)

c,v
th

en
P

(v
(t)|h

(t−
1
))→

P
v (v

(t))
fo

r
all

v
(t).

F
irst

n
ote

th
at

sin
ce

th
e

states
of

an
y

tw
o

h
id

d
en

n
o
d

es
at

tim
e
t

are

in
d

ep
en

d
en

t,
P

(h
(t)
j

=
1|v

(t),h
(t−

1
))

=
P̃

(h
(t)
j

=
1|v

(t),h
(t−

1
)).

H
ere

P̃
is

th
e

sy
stem

w
ith

ou
t

con
trol

n
o
d

es,
d

efi
n

ed
in

th
e

p
rev

iou
s

step
.

T
ake

an
y
v

(t)
an

d
con

sid
er

som
e

con
fi

gu
ration

h
(t−

1
)∈

H
(t−

1
)

c,v
.

W
e

h
ave

h
(t−

1
)

c,v ′
=

0
for

all
v ′6=

v
an

d
w
j,(c,v

)
=

0
for

h
j ∈

H
v ,

giv
in

g
u
s

P̃
(h

(t)
j

=
1|v

(t),h
(t−

1
))

=
σ

(
∑

i

v
(t)
i
w
i,j

+
b
j )

.

T
h

is
is
P
v (h

(t)
j

=
1|v

(t)).
N

ow
take

a
h

id
d

en
u

n
it
h
j ∈

H
v ′

w
ith

v ′6=
v
.

S
in

ce
v ′6=

v
an

d

h
(t−

1
)∈

H
(t−

1
)

c,v
,

th
en

h
(t−

1
)

c,v
=

1
an

d
w
j,(c,v

)
=
−
α

.
T

h
is

gives
u

s

P̃
(h

(t)
j

=
1|v

(t),h
(t−

1
))

=
σ

(
∑

i

v
(t)
i
w
i,j

+
b
j −

α )
.

S
in

ce
h
j

is
n

o
t

a
con

trol
n

o
d

e,
w
i,j

is
fi

x
ed

for
all

v
i .

T
h
u
s

as
α
→
∞

,
P̃

(h
(t)
j

=

1|v
(t),h

(t−
1
))
→

0
.

S
o

for
an

y
ε
0
>

0
th

ere
ex

ists
α

0
su

ch
th

at
α
>
α

0
im

p
lies

th
at

if

h
j ∈

H
v ′

w
ith

v
6=
v ′,|P̃

(h
(t)
j

=
1|v

(t),h
(t−

1
))|
<
ε
0 .

N
ow

w
e

h
ave

P̃
(v

(t)|h
(t−

1
))

=
∑

h
(t)∈

(H
\
H
c )

(t) P̃
(v

(t),h
(t)|h

(t−
1
))

=
∑

h
(t)∈

H
(t)
v

P̃
(v

(t),h
(t)|h

(t−
1
))

+
∑

h
(t)∈

(H
\
H
c )

(t)\
H

(t)
v

P̃
(v

(t),h
(t)|h

(t−
1
)).

(3)

N
ote

th
a
t
P̃

(v
(t),h

(t)|h
(t−

1
))

=
P̃

(h
(t)|v

(t),h
(t−

1
))P̃

(v
(t)|h

(t−
1
)),

h
(t)
j

an
d
h

(t)
i

are
in

d
ep

en
-

d
en

t
fo

r
a
ll
i,j,

an
d
P̃

(v
(t)|h

(t−
1
))

<
1.

T
h
u

s
w

e
h

ave
th

at
α
>

α
0

im
p

lies
th

at
if

h
(t)∈

(H
\H

c )
(t)\H

(t)
v

,
th

en
P̃

(h
(t)|v

(t),h
(t−

1
))P̃

(v
(t)|h

(t−
1
))
<
ε
0 .

S
o

as
α
→
∞

,
th

e
righ

t
h

a
n

d
term

o
f

(3)
go

es
to

0.
S

o
for

an
y
ε
1

th
ere

ex
ists

an
α

1
su

ch
th

a
t
α
>
α

1
im

p
lies

|P̃
(v

(t)|h
(t−

1
))−

∑

h
(t)∈

H
(t)
v

P̃
(v

(t),h
(t)|h

(t−
1
))|
<
ε
1 .

N
ote

th
at

sin
ce

th
ere

are
a

fi
n

ite
n
u

m
b

er

of
co

n
fi

g
u

ra
tion

s,
v

(t),
w

e
can

take
α

large
en

ou
gh

so
th

at
th

is
is

tru
e

for
all

v
(t).

S
o

for
an

y
ε
1

w
e

ca
n

ch
o
o
se
α
>
α

1
so

th
at

∣∣∣∣∣∣∣∣ P̃
(v

(t)|h
(t−

1
))−

∑

h
(t)∈

H
(t)
v

P̃
(v

(t),h
(t)|h

(t−
1
))

∑

v
(t),h

(t)∈
H

(t)
v

P̃
(v

(t),h
(t)|h

(t−
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−
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−
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−
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d
th
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−
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−
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ra
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d
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b
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p
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p
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−
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−
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e
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ro
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il
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b
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ow
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t
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p
or

al
co

n
n

ec
ti

o
n

s
ca

n
in

st
ea

d
b

e
g
iv

en
b
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w
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d
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ev
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d
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−
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d
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u
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−
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e
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th
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d
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u
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b
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d
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id

d
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n
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d
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−
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−
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v
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d
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d
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<
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−
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−
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−
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−
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−
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−
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=
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∈
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−
k
)′
6=
v

(t
−
k
)

fo
r

so
m

e
k
.

T
h

en
b
y

co
n

st
ru

ct
io

n
th

er
e

is
so

m
e

h
id

d
en

n
o
d

e
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−
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−
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b
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−
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−
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b
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−
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−
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−
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=
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−
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p
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b
y

m
ak

in
g
β

a
rb

it
ra

ri
ly

la
rg

e
w

e
m

ak
e

th
e

te
m

p
o
ra

l
te

rm
s

a
rb

it
ra

ri
ly

cl
o
se

to
0
.

T
h
u

s
as

β
→
∞

,
th

e
te

m
p

or
al

te
rm

s
fr

om
h

(t
−
i)

c,
v

a
re

ei
th

er
−
α

or
0

as
n

ee
d

ed
.

W
e

k
n

ow
fr

om
T

h
eo

re
m

2
th

a
t

w
e

ca
n

co
n

st
ru

ct
a

T
R

B
M

w
it

h
d

is
tr

ib
u

ti
o
n
P

su
ch

th
a
t

fo
r
t
≥
m

an
d

al
l
v

(t
) ,
|P

(v
(t

) |v
(t
−

1
) ,
..
.,
v

(0
) )
−
R

(v
(t

) |v
(t
−

1
) ,
..
.,
v

(t
−
m

) )
|<

ε
fo

r
a
n
y
ε
>

0.
T

h
e

ab
ov

e
a
rg

u
m

en
t

sh
ow

s
th

a
t

w
e

ca
n

co
n

st
ru

ct
a
n

R
T

R
B

M
b
y

re
p

la
ci

n
g

th
e

co
n

-

n
ec

ti
o
n

s
w

(i
)

(c
,v

),
j

in
th

e
T

R
B

M
w

it
h

th
e

ch
a
in

d
es

cr
ib

ed
a
b

ov
e

so
th

at
fo

r
an

y
ε′
>

0

14
JM

L
R

 1
7(

15
8)

:1
-2

1



U
n
iv

e
r
sa
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A

p
p
r
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t
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n
R

e
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o
r
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h
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T
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B
M
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T
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B

M

h
c,v

g
v
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···
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v
,m
−

1

H
v
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H
v
(1

),v
(2
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)
···

H
v
(1

),...,v
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) ′

1

−
α

1
1

−
α

−
α

F
ig

u
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T
h

e
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n
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c
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c
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c
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)...,v
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p
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ε ′.
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p
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a
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b
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b
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w
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p
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e
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n
o
f

th
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d

w
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e
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m
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u
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e
R

T
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B
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d
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n
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n
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en
a
b
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A
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b
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e

con
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f

T
h

eo
rem

2
a
n

d
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ce

th
e

lo
n

g
-term

tem
p

o
ral

co
n

n
ectio

n
s

w
ith

a
ch

a
in

.
T

o
b

eg
in

,
a
d

d
ea

ch
H

(i)
d

escrib
ed

in
T

h
eorem

2
w

ith
th

e
tem

p
o
ra

l
co

n
n

ection
s

a
g
a
in

rep
la

ced
b
y

th
e

ch
a
in

s
d

escrib
ed

in
th

e
ab

ove
step

.
N

ow
w

e
ju

st
n

eed
to

rep
la

ce
th

e
m

in
itia

l
b

iases.
F

irst
a
d

d
−
γ

to
th

e
b

ia
s

o
f

ea
ch

n
o
d

e
in
H

(i) .
A

d
d

h
id

d
en

u
n

its
l0 ,...,lm

−
1

w
ith

co
n

n
ection

s
b

etw
een

th
em

w
(l,i),(l,i+

1
)

=
δ

a
n

d
b

ia
ses−

δ
for

l0 ,l1
a
n

d
−

0.5δ
fo

r
l2 ,...,lm

−
1 .

F
o
r

every
i
>

0,
d

efi
n

e
th

e
tem

p
o
ra

l
co

n
n

ection
s

to
b

e
2
γ

fro
m
li

to
every

n
o
d

e
in
H

(i)
a
n

d

−
2γ

to
every

n
o
d

e
in
H
v
(t−

1
),...,v

(t−
m

)
for

a
ll
v

(t−
1
),...,v

(t−
m

).
N

ow
set

th
e

in
itia

l
b

iases
fo

r
every

li
to

b
e

0
ex

cep
t

fo
r
l0 .

S
et

th
is

in
itial

b
ia

s
to

b
e

2δ.
D

efi
n

e
th

e
in

itia
l

b
ia

s
fo

r
every

oth
er

n
on

-co
n
tro

l
n

o
d

e
to

b
e−

δ
w

ith
th

e
ex

cep
tio

n
o
f
H

(0
)

w
h

o
se

in
itia

l
b

ia
s

is
0

(see
F

ig
3.).

F
irst

w
e

ca
lcu

la
te

th
e
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es
l (t)
i

.
S

in
ce
l0

h
a
s

b
ia

s
o
f−

δ
a
n

d
in

itial
b

ia
s

o
f

2δ,
w

e
h

ave

l (0
)

0
=
σ

(δ),
an

d
l (1

)
1

=
σ

(δσ
(δ)−

δ).
T

a
k
in

g
th

e
lim

it
a
s
δ→

∞
w

e
h

ave
l (0

)
0

=
1

a
n

d

lim
δ→
∞
l (1

)
1

=
lim
δ→
∞
σ

(δ(σ
(δ)−

1
))

=
lim
δ→
∞
σ

(
−
δ

1
+

ex
p

(δ) )
=
σ

(0
)

=
0.5.

N
ex

t
w

e
ca

lcu
late

th
e
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it

o
f
l (2

)
2

as
δ→

∞
:

lim
δ→
∞
l (2

)
2

=
lim
δ→
∞
σ

(δl (1
)

1
−

0
.5
δ)

=
lim
δ→
∞
σ


δ1

(l (1
)

1
−

0
.5

) 
=

lim
δ→
∞
σ

(
−

(l (1
)

1
−

0
.5

)
2

ddδ l (1
)

1

)
.

N
o
te

th
a
t
ddδ l (1

)
1

is
fi

n
ite

an
d

n
o
n
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evalu
atin

g
th

e
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it
w

e
g
et

lim
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∞
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)
2

=
σ
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=
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T
h

en
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y

in
d

u
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n
l (i)
i

=
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fo
r
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>

1
.
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w
e

lo
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e

case
w
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i.
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o
r
j
>

0
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O
d
e
n
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a
n
d

E
d
w

a
r
d
s

w
e

h
ave

l (j)
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=
σ

(−
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1
)

1
=
σ

(l (j)
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−
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d
ar

d
M

ar
ko

v
ch

a
in

M
o
n
te

C
ar

lo
(M

C
M

C
)

al
go

ri
th

m
s

to
la

rg
e

d
a
ta

se
ts

is
co

m
p
u
ta

ti
o
n
a
ll
y

in
fe

a
si

b
le

.
T

h
e

re
ce

n
tl

y
p
ro

p
os

ed
st

o
ch

a
st

ic
gr

ad
ie

n
t

L
a
n
ge

v
in

d
y
n
a
m

ic
s

(S
G

L
D

)
m

et
h
o
d

ci
rc

u
m

ve
n
ts

th
is

p
ro

b
le

m
in

th
re

e
w

ay
s:

it
g
en

er
at

es
p
ro

p
os

ed
m

ov
es

u
si

n
g

o
n
ly

a
su

b
se

t
of

th
e

d
a
ta

,
it

sk
ip

s
th

e
M

et
ro

p
ol

is
-H

as
ti

n
g
s

a
cc

ep
t-

re
je

ct
st

ep
,

an
d

it
u
se

s
se

q
u
en

ce
s

o
f

d
ec

re
as

in
g

st
ep

si
ze

s.
In

T
eh

et
al

.
(2

01
4)

,
w

e
p
ro

v
id

ed
th

e
m

a
th

em
a
ti

ca
l

fo
u
n
d
at

io
n
s

fo
r

th
e

d
ec

re
as

in
g

st
ep

si
ze

S
G

L
D

,
in

cl
u
d
in

g
co

n
si

st
en

cy
an

d
a

ce
n
tr

al
li
m

it
th

eo
re

m
.

H
ow

ev
er

,
in

p
ra

ct
ic

e
th

e
S
G

L
D

is
ru

n
fo

r
a

re
la

ti
ve

ly
sm

al
l

n
u
m

b
er

of
it

er
at

io
n
s,

a
n
d

it
s

st
ep

si
ze

is
n
o
t

d
ec

re
a
se

d
to

ze
ro

.
T

h
e

p
re

se
n
t

a
rt

ic
le

in
v
es

ti
ga

te
s

th
e

b
eh

av
io

u
r

of
th

e
S
G

L
D

w
it

h
fi
x
ed

st
ep

si
ze

.
In

p
ar

ti
cu

la
r

w
e

ch
ar

ac
te

ri
se

th
e

as
y
m

p
to

ti
c

b
ia

s
ex

p
li
ci

tl
y,

a
lo

n
g

w
it

h
it

s
d
ep

en
d
en

ce
on

th
e

st
ep

si
ze

an
d

th
e

va
ri

an
ce

of
th

e
st

o
ch

a
st

ic
gr

ad
ie

n
t.

O
n

th
a
t

b
a
si

s
a

m
o
d
ifi

ed
S
G

L
D

w
h
ic

h
re

m
ov

es
th

e
a
sy

m
p
to

ti
c

b
ia

s
d
u
e

to
th

e
va

ri
an

ce
o
f

th
e

st
o
ch

a
st

ic
g
ra

d
ie

n
ts

u
p

to
fi
rs

t
or

d
er

in
th

e
st

ep
si

ze
is

d
er

iv
ed

.
M

o
re

ov
er

,
w

e
ar

e
ab

le
to

o
b
ta

in
b

ou
n
d
s

on
th

e
fi
n
it

e-
ti

m
e

b
ia

s,
va

ri
a
n
ce

an
d

m
ea

n
sq

u
ar

ed
er

ro
r

(M
S
E

).
T

h
e

th
eo

ry
is

il
lu

st
ra

te
d

w
it

h
a

G
au

ss
ia

n
to

y
m

o
d
el

fo
r

w
h
ic

h
th

e
b
ia

s
an

d
th

e
M

S
E

fo
r

th
e

es
ti

m
a
ti

on
o
f

m
o
m

en
ts

ca
n

b
e

o
b
ta

in
ed

ex
p
li
ci

tl
y.

F
or

th
is

to
y

m
o
d
el

w
e

st
u
d
y

th
e

ga
in

of
th

e
S
G

L
D

ov
er

th
e

st
an

d
a
rd

E
u
le

r
m

et
h
o
d

in
th

e
li
m

it
of

la
rg

e
d
a
ta

se
ts

.

K
e
y
w

o
rd

s:
M

a
rk

ov
C

h
ai

n
M

o
n
te

C
a
rl

o,
L

an
ge

v
in

d
y
n
a
m

ic
s,

b
ig

d
at

a,
fi
x
ed

st
ep

si
ze

.

1
.
In

tr
o
d
u
ct
io
n

A
st

an
d

ar
d

ap
p

ro
ac

h
to

es
ti

m
at

in
g

ex
p

ec
ta

ti
on

s
u

n
d

er
a

gi
ve

n
ta

rg
et

d
en

si
ty

π
(θ

)
is

to
co

n
st

ru
ct

an
d

si
m

u
la

te
fr

om
M

ar
ko

v
ch

ai
n

s
w

h
os

e
eq

u
il

ib
ri

u
m

d
is

tr
ib

u
ti

o
n

s
a
re

d
es

ig
n

ed
to

b
e
π

B
ro

ok
s

et
al

.
(2

01
1)

.
A

w
el

l-
st

u
d

ie
d

ap
p

ro
ac

h
,

fo
r

ex
am

p
le

in
m

o
le

cu
la

r
d

y
n

a
m

-
ic

s
L

ei
m

k
u

h
le

r
an

d
M

at
th

ew
s

(2
01

3)
;

N
aw

af
an

d
V

an
d

en
-E

ij
n

d
en

(2
01

0)
an

d
th

ro
u

g
h

o
u

t
B

ay
es

ia
n

st
at

is
ti

cs
M

il
st

ei
n

an
d

T
re

ty
ak

ov
(2

00
7)

;
N

ea
l

(2
01

1)
,

is
to

u
se

M
a
rk

ov
ch

a
in

s
co

n
st

ru
ct

ed
as

n
u

m
er

ic
al

sc
h
em

es
w

h
ic

h
ap

p
ro

x
im

at
e

th
e

ti
m

e
d

y
n

am
ic

s
o
f

st
o
ch

a
st

ic
d

if
-

fe
re

n
ti

al
eq

u
at

io
n

s
(S

D
E

s)
.

In
th

is
p

ap
er

w
e

w
il

l
fo

cu
s

on
th

e
ca

se
of

fi
rs

t
o
rd

er
L

a
n

g
ev

in
d

y
n

am
ic

s,
w

h
ic

h
h

as
th

e
fo

rm

d
θ(
t)

=
1 2
∇

lo
g
π

(θ
(t

))
d
t

+
d
W
t,

(1
)

∗.
v
o
ll
m

er
@

st
a
ts

.o
x
.a

c.
u
k

†.
k
zy

g
a
la

k
@

ed
.a

c.
u
k

‡.
y.

w
.t

eh
@

st
a
ts

.o
x
.a

c.
u
k

c ©
2
0
0
0

S
eb

a
st

ia
n

J
.

V
o
ll

m
er

,
K

o
n

st
a
n
ti

n
o
s

C
.

Z
y
g
a
la

k
is

a
n

d
Y

ee
W

h
y
e

T
eh

.
JM

L
R
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5

V
o
l
l
m

e
r
,

Z
y
g

a
l
a
k
is

a
n
d

T
e
h

w
h

er
e
t
∈

R
+

,
θ
∈

R
d

an
d
W
t

is
a
d
-d

im
en

si
o
n

al
st

a
n

d
a
rd

B
ro

w
n

ia
n

m
o
ti

o
n

.
U

n
d

er
ap

p
ro

p
ri

a
te

a
ss

u
m

p
ti

on
s

o
n
π

(θ
),

it
is

p
os

si
b

le
to

sh
ow

th
a
t

th
e

d
y
n

a
m

ic
s

ge
n

er
a
te

d
b
y

E
q
u

at
io

n
(1

)
ar

e
er

go
d

ic
w

it
h

re
sp

ec
t

to
π

(θ
).

T
h

e
si

m
p

le
st

p
os

si
b

le
n
u

m
er

ic
a
l

sc
h

em
e

fo
r

ap
p

ro
x
im

a
ti

n
g

E
q
u

at
io

n
(1

)
is

th
e

E
u

le
r-

M
a
ru

ya
m

a
m

et
h

o
d

.
L

et
h
>

0
b

e
a

st
ep

si
ze

.
A

b
u

si
n

g
n

o
ta

ti
o
n

,
th

e
d

iff
u

si
o
n
θ(
k
·h

)
a
t

ti
m

e
k
·h

is
ap

p
ro

x
im

a
te

d
b
y
θ k

,
w

h
ic

h
is

o
b

ta
in

ed
u

si
n

g
th

e
fo

ll
ow

in
g

re
cu

rs
io

n
eq

u
a
ti

on

θ k
+

1
=
θ k

+
h 2
∇

lo
g
π

(θ
k
)

+
√
h
ξ k
,

(2
)

w
h

er
e
ξ k

is
a

st
an

d
a
rd

G
a
u

ss
ia

n
ra

n
d

o
m

va
ri

ab
le

o
n
R
d
.

O
n

e
ca

n
u

se
th

e
n
u

m
er

ic
al

tr
a

je
c-

to
ri

es
ge

n
er

at
ed

b
y

th
is

sc
h

em
e

fo
r

th
e

co
n

st
ru

ct
io

n
o
f

a
n

em
p

ir
ic

al
m

ea
su

re
π
h
(θ

)
ei

th
er

b
y

av
er

ag
in

g
ov

er
on

e
si

n
g
le

lo
n

g
tr

a
je

ct
or

y
o
r

b
y

av
er

a
gi

n
g

ov
er

m
a
n
y

re
a
li

sa
ti

o
n

s
in

o
rd

er
to

o
b

ta
in

a
fi

n
it

e
en

se
m

b
le

av
er

a
ge

(s
ee

fo
r

ex
a
m

p
le

M
il

st
ei

n
a
n

d
T

re
ty

a
k
ov

(2
00

7
))

.
H

ow
ev

er
,

a
s

d
is

cu
ss

ed
in

R
o
b

er
ts

a
n

d
T

w
ee

d
ie

(1
9
9
6)

,
o
n

e
n

ee
d

s
to

b
e

ca
re

fu
l

w
h

en
d

o
in

g
th

is
a
s

it
co

u
ld

b
e

th
e

ca
se

th
a
t

th
e

d
is

cr
et

e
M

a
rk

ov
ch

a
in

g
en

er
at

ed
b
y

E
q
u
a
ti

o
n

(2
)

is
n

o
t

er
g
o
d

ic
.

B
u

t
ev

en
if

th
e

re
su

lt
in

g
M

ar
ko

v
C

h
a
in

is
er

g
o
d

ic
,
π
h
(θ

)
w

il
l

n
o
t

b
e

eq
u

a
l

to
π

(θ
)

M
a
tt

in
g
ly

et
a
l.

(2
01

0
);

A
b

d
u

ll
e

et
a
l.

(2
01

4)
w

h
ic

h
th

u
s

im
p

li
es

th
a
t

th
e

re
su

lt
in

g
sa

m
p

le
av

er
a
ge

is
b

ia
se

d
.

A
n

al
te

rn
a
ti

ve
st

ra
te

g
y

th
a
t

av
oi

d
s

th
is

d
is

cr
et

iz
a
ti

o
n

b
ia

s
a
n

d
th

e
er

g
o
d

ic
it

y
o
f

th
e

n
u

m
er

ic
al

p
ro

ce
d

u
re

,
is

to
u

se
E

q
u

at
io

n
(2

)
as

a
p

ro
p

o
sa

l
fo

r
a

M
et

ro
p

ol
is

-H
a
st

in
g
s

(M
H

)
M

C
M

C
al

go
ri

th
m

B
ro

ok
s

et
al

.
(2

01
1
),

w
it

h
a
n

a
d

d
it

io
n

a
l

a
cc

ep
t-

re
je

ct
st

ep
w

h
ic

h
co

rr
ec

ts
th

e
d

is
cr

et
iz

at
io

n
er

ro
r.

In
th

is
p

ap
er

w
e

a
re

in
te

re
st

ed
in

si
tu

a
ti

o
n

s
w

h
er

e
π

ar
is

es
a
s

th
e

p
o
st

er
io

r
in

a
B

ay
es

ia
n

in
fe

re
n

ce
p

ro
b

le
m

w
it

h
p

ri
o
r

d
en

si
ty
π

0
(θ

)
a
n

d
a

la
rg

e
n
u

m
b

er
N
�

1
of

i.
i.

d
.

ob
se

rv
a
ti

on
s

X
i

w
it

h
li

ke
li

h
o
o
d

s
π

(X
i|θ

).
In

th
is

ca
se

,
w

e
ca

n
w

ri
te

π
(θ

)
∝
π

0
(θ

)
N ∏ i=

1

π
(X

i|θ
),

(3
)

an
d

w
e

h
av

e
th

e
fo

ll
ow

in
g

g
ra

d
ie

n
t,

∇
lo

g
π

(θ
)

=
∇

lo
g
π

0
(θ

)
+

N ∑ i=
1

∇
lo

g
π

(X
i|θ

).
(4

)

In
th

es
e

si
tu

at
io

n
s

ea
ch

u
p

d
a
te

(2
)

h
a
s

a
n

im
p

ra
ct

ic
a
ll

y
h

ig
h

co
m

p
u

ta
ti

o
n

a
l

co
st

of
O

(N
)

si
n

ce
it

in
vo

lv
es

co
m

p
u

ta
ti

on
s

o
n

al
l
N

it
em

s
in

th
e

d
a
ta

se
t.

L
ik

ew
is

e,
ea

ch
M

H
a
cc

ep
t-

re
je

ct
st

ep
is

im
p

ra
ct

ic
a
ll

y
ex

p
en

si
ve

.
In

co
n
tr

a
st

,
th

e
re

ce
n
tl

y
p

ro
p

o
se

d
st

o
ch

as
ti

c
g
ra

d
ie

n
t

L
an

g
ev

in
d

y
n

am
ic

s
(S

G
L

D
)

al
-

go
ri

th
m

W
el

li
n

g
an

d
T

eh
(2

01
1
)

ci
rc

u
m

ve
n
ts

th
is

p
ro

b
le

m
b
y

g
en

er
a
ti

n
g

p
ro

p
os

a
ls

w
h

ic
h

ar
e

on
ly

b
a
se

d
on

a
su

b
se

t
of

th
e

d
a
ta

,
b
y

sk
ip

p
in

g
th

e
a
cc

ep
t-

re
je

ct
st

ep
a
n

d
b
y

u
si

n
g

a
d

ec
re

as
in

g
st

ep
-s

iz
e

se
q
u

en
ce

(h
k
) k
≥

0
.

In
p

a
rt

ic
u

la
r

on
e

h
as

θ k
+

1
=
θ k

+
h
k 2
∇̂

lo
g
π

(θ
k
)

+
√
h
k
ξ k
,

(5
)

∇̂
lo

g
π

(θ
k
)

=
∇

lo
g
π

0
(θ
k
)

+
N n

n ∑ i=
1

∇
lo

g
π

(X
τ k
i
|θ k

)
(6

)
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B
ia

s
a
n
d

V
a
r
ia

n
c
e

o
f

S
t
o
c
h
a
st

ic
G

r
a
d
ie

n
t

L
a
n
g

e
v
in

D
y
n
a
m

ic
s

w
h

ere
ξ
k

a
re

in
d

ep
en

d
en

t
stan

d
a
rd

G
au

ssian
ra

n
d

o
m

va
ria

b
les

o
n
R
d,

a
n

d
τ
k

=
(τ
k
1 ,···

,τ
k
n
)

is
a

ran
d

o
m

su
b

set
of

[N
]

:=
{1
,···

,N
}

o
f

size
n

,
g
en

era
ted

,
fo

r
ex

a
m

p
le,

b
y

sam
p

lin
g

w
ith

o
r

w
ith

o
u

t
rep

la
cem

en
t

from
[N

].
T

h
e

id
ea

b
eh

in
d

th
is

alg
o
rith

m
is

th
a
t,

sin
ce

th
e

sto
ch

astic
g
ra

d
ien

t
a
p

p
ea

rin
g

in
E

q
u

a
tion

(5
)

is
a
n

u
n
b

ia
sed

estim
a
to

r
of

th
e

tru
e

gra
d

ien
t∇

lo
g
π

(θ),
th

e
a
d

d
itio

n
a
l

p
ertu

rb
atio

n
d

u
e

to
th

e
g
ra

d
ien

t
sto

ch
a
sticity

is
o
f

ord
er
h

,
sm

a
ller

th
a
n

th
e
√
h

o
rd

er
o
f

th
e

in
jected

n
oise,

a
n

d
so

th
e

lim
itin

g
d

y
n

a
m

ics
(k
→
∞

)
o
f

E
q
u

a
tio

n
(5

)
sh

ou
ld

b
eh

ave
sim

ila
rly

to
th

e
ca

se
n

=
N

.
In

T
eh

et
a
l.

(2
0
1
4
)

it
w

a
s

sh
ow

n
th

a
t

in
th

is
ca

se
th

a
t

th
e
K

-step
size

w
eigh

ted
sa

m
p

le
avera

g
e

is
co

n
sisten

t
an

d
sa

tisfi
es

a
C

L
T

w
ith

rate
d

ep
en

d
in

g
o
n

th
e

d
ecay

o
f
h
k .

T
h

e
o
p

tim
a
l

ra
te

is
lim

ited
to
K
−

13
a
n

d
a
ch

ieved
b
y

an
a
sy

m
p

totic
step

size
d

ecay
of�

K
−

13.
T

h
e

p
ro

b
lem

w
ith

d
ecay

in
g

step
sizes

is
th

at
th

e
effi

cien
cy

o
f

th
e

a
lg

orith
m

slow
s

th
e

lo
n

g
er

it
is

ru
n

fo
r.

A
com

m
o
n

p
ra

ctice
fo

r
th

e
S

G
L

D
a
n

d
its

ex
ten

sio
n

s,
th

e
S

to
ch

astic
G

ra-
d

ien
t

H
am

ilto
n

ia
n

M
o
n
te

C
a
rlo

C
h

en
et

a
l.

(20
1
4
)

a
n

d
th

e
S

to
ch

a
stic

G
rad

ien
t

T
h

erm
o
sta

t
M

o
n
te

C
a
rlo

algo
rith

m
D

in
g

et
al.

(2
0
1
4
),

is
to

u
se

step
sizes

th
a
t

a
re

o
n

ly
d
ecrea

sin
g

u
p

to
a

p
oin

t.
T

h
e

p
rim

a
ry

a
im

of
th

is
p

a
p

er
is

to
a
n

a
ly

se
th

e
b

eh
av

io
u

r
o
f

S
G

L
D

w
ith

fi
x
ed

step
sizes

o
f
h
k

=
h

.
W

e
p

rov
id

e
tw

o
com

p
lem

en
tary

a
n

a
ly

ses
in

th
is

settin
g
,

o
n

e
a
sy

m
p

to
tic

in
n

a
tu

re
an

d
on

e
fi

n
ite

tim
e.

L
et
φ

:R
d
→

R
b

e
a

test
fu

n
ctio

n
w

h
ose

ex
p

ecta
tio

n
w

e
are

in
terested

in
estim

a
tin

g
.

U
sin

g
sim

u
latio

n
s

o
f

th
e

d
y
n

a
m

ics
g
ov

ern
ed

b
y

E
q
u

a
tio

n
(5

),
w

e
ca

n
estim

a
te

th
e

ex
p

ectatio
n

u
sin

gE
π
[φ

(θ)]≈
1K

K
∑k

=
1

φ
(θ
k )

(7
)

for
so

m
e

larg
e

n
u

m
b

er
o
f
step

s
K

.
O

u
r

a
n

a
ly

ses
sh

ed
lig

h
t

o
n

th
e

b
eh

av
io

u
r

o
f
th

is
estim

a
to

r.
In

th
e

fi
rst

a
n

a
ly

sis,
w

e
a
re

in
terested

in
th

e
a
sy

m
p

to
tic

b
ia

s
of

th
e

estim
a
to

r
(7

)
a
s

K
→
∞

,

lim
K
→
∞

1K

K
∑k

=
1

φ
(θ
k )−

E
π
[φ

(θ)].
(8

)

A
ssu

m
in

g
for

th
e

m
o
m

en
t

th
a
t

th
e

d
y
n

a
m

ics
g
overn

ed
b
y

E
q
u

a
tio

n
(5

)
is

ergo
d

ic,
w

ith
in

-
va

ria
n
t

m
ea

su
re
π
h (θ;n

),
th

e
a
b

ove
a
sy

m
p

to
tic

b
ia

s
sim

p
ly

b
eco

m
esE

π
h

(·;n
) [φ

(θ)]−
E
π
[φ

(θ)].
In

th
e

ca
se

o
f

E
u

ler-M
aru

ya
m

a
,

w
h

ere
n

=
N

a
n

d
th

e
g
ra

d
ien

t
is

com
p

u
ted

ex
a
ctly,

th
e

a
sy

m
p

totic
b

eh
av

io
u

r
o
f

th
e

d
y
n

a
m

ics
is

w
ell

u
n

d
ersto

o
d

,
in

p
articu

la
r

its
a
sy

m
p

to
tic

b
ias

isO
(h

)
M

a
ttin

g
ly

et
a
l.

(2
01

0
).

W
h

en
n
<
N

,
u

sin
g

th
e

recen
t

gen
era

lisa
tio

n
s

A
b

d
u

lle
et

a
l.

(2
01

4
);

S
a
to

a
n

d
N

a
ka

gaw
a

(20
14

)
o
f

th
e

ap
p

ro
a
ch

b
y

T
a
lay

a
n

d
T

u
b

a
ro

(1
9
9
0)

rev
iew

ed
in

S
ectio

n
3,

w
e

a
re

a
b

le
to

d
erive

a
n

ex
p

a
n

sio
n

o
f

th
e

a
sy

m
p

to
tic

b
ia

s
in

p
ow

ers
o
f

th
e

step
size

h
.

T
h

is
allow

s
u

s
to

ex
p
licitly

id
en

tify
th

e
eff

ect,
o
n

th
e

lea
d

in
g

o
rd

er
term

in
th

e
a
sy

m
p

to
tic

b
ia

s,
of

rep
la

cin
g

th
e

tru
e

g
rad

ien
t

(4
)

w
ith

th
e

u
n
b
ia

sed
estim

a
to

r
(6

).
In

p
ar-

ticu
la

r,
w

e
sh

ow
in

S
ectio

n
4

th
at,

rela
tiv

e
to

E
u
ler-M

a
ru

y
a
m

a
,

th
e

lea
d

in
g

term
co

n
ta

in
s

a
n

ad
d

ition
al

fa
ctor

related
to

th
e

cova
ria

n
ce

o
f

th
e

su
b

sa
m

p
led

gra
d

ien
t

estim
ators

(6).
B

a
sed

on
th

is
resu

lt,
in

S
ectio

n
4
.2

,
w

e
p

rop
ose

a
m

o
d

ifi
ca

tio
n

o
f

th
e

S
G

L
D

(referred
to

sim
p

ly
as

m
S

G
L

D
)

w
h

ich
h

a
s

th
e

sa
m

e
a
sy

m
p

totic
b

ia
s

a
s

th
e

E
u

ler-M
aru

ya
m

a
m

eth
o
d

u
p

to
fi

rst
o
rd

er
in
h

.
T

h
e

m
S

G
L

D
is

giv
en

b
y

θ
k
+

1
=
θ
k

+
h2 ∇̂

lo
g
π

(θ
k )

+
√
h (

I−
h2

C
ov [∇̂

lo
g
π

(θ
k ) ] )

ξ
j

(9)
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V
o
l
l
m

e
r
,

Z
y
g

a
l
a
k
is

a
n
d

T
e
h

w
h

ere
C

ov [∇̂
log

π
(θ
k ) ]

is
th

e
covarian

ce
of

th
e

grad
ien

t
estim

ato
r.

W
h

en
th

e
covarian

ce
is

u
n

k
n

ow
n

,
it

ca
n

in
tu

rn
b

e
estim

ated
b
y

su
b

sam
p

lin
g

as
w

ell.
T

h
is

m
o
d

ifi
catio

n
is

d
iff

eren
t

from
th

e
S

to
ch

astic
G

rad
ien

t
F

ish
er

S
corin

g
S

.
A

h
n

an
d

W
ellin

g
(2012),

a
m

o
d

ifi
cation

of
th

e
in

jected
n

o
ise

in
ord

er
to

b
etter

m
atch

th
e

B
ern

stein
von

M
ises

p
osterior.

In
co

n
trast,

th
e

m
S

G
L

D
is

a
lo

ca
l

m
o
d

ifi
cation

b
ased

on
th

e
estim

ated
varian

ce
of

th
e

sto
ch

astic
grad

ien
t.

T
h

e
secon

d
con

trib
u

tion
p

rov
id

es
a

com
p

lem
en

tary
fi

n
ite

tim
e

an
aly

sis.
In

th
e

fi
n

ite
tim

e
case

b
oth

th
e

b
ias

an
d

th
e

varian
ce

of
th

e
estim

ator
are

n
on

-n
eg

ligib
le,

an
d

ou
r

an
aly

sis
acco

u
n
ts

fo
r

b
oth

b
y

fo
cu

ssin
g

on
b

ou
n

d
in

g
th

e
m

ean
sq

u
ared

error
(M

S
E

)
of

th
e

estim
ator

(7).
O

u
r

resu
lts,

p
resen

ted
in

S
ection

5,
sh

ow
th

at,

E

 (
1K

K
−

1
∑k

=
0

φ
(θ
k )−

π
(φ

) )
2 
≤
C

(n
) (
h

2
+

1K
h )

,
(10)

w
h

ere
th

e
R

H
S

on
ly

d
ep

en
d

s
on

n
th

rou
gh

th
e

con
stan

t
C

(n
),

th
e
h

2
term

is
a

co
n
trib

u
tion

o
f
th

e
(sq

u
are

of
th

e)
b

ias
w

h
ile

th
e

1/K
h

term
is

a
con

trib
u

tion
of

th
e

va
ria

n
ce.

W
e

see
th

at
th

ere
is

a
b

ias-varian
ce

trad
e-off

,
w

ith
b

ias
in

creasin
g

an
d

varian
ce

d
ecreasin

g
m

on
oto

n
ically

w
ith

h
.

In
tu

itively,
w

ith
larger

h
th

e
M

arkov
ch

ain
can

con
verge

faster
(low

er
varian

ce)
w

ith
th

e
sa

m
e

n
u

m
b

er
of

step
s,

b
u

t
th

is
in

cu
rs

h
igh

er
d

iscretizatio
n

erro
r.

O
u

r
resu

lt
is

ach
ieved

b
y

ex
ten

d
in

g
th

e
w

ork
of

M
attin

gly
et

al.
(20

10)
from

T
d

to
R
d.

T
h

e
m

a
in

d
iffi

cu
lty

in
ach

iev
in

g
th

is
relates

to
com

b
in

in
g

th
e

resu
lts

of
P

ard
o
u

x
a
n

d
V

ereten
n

ikov
(2001)

a
n

d
T

eh
et

al.
(20

14),
in

ord
er

to
estab

lish
th

e
ex

isten
ce

of
n

ice,
w

ell
con

trolled
so

lu
tio

n
s

to
th

e
co

rresp
on

d
in

g
P

oisson
eq

u
ation

M
attin

gly
et

a
l.

(2010
).

W
e

can
m

in
im

ise
E

q
u

ation

(1
0)

ov
er
h

,
fi

n
d

in
g

th
at

th
e

m
in

im
izin

g
h

is
on

th
e

ord
er

o
f
K
−

13,
an

d
y
ield

s
an

M
S

E

of
ord

er
K
−

23.
T

h
is

agrees,
su

rp
risin

gly,
w

ith
th

e
sca

lin
g

of
K
−

13
fo

r
th

e
cen

tra
l

lim
it

th
eo

rem
estab

lish
ed

for
th

e
case

of
d

ecreasin
g

step
sizes,

fo
r

th
e

E
u

ler-M
aru

yam
a

sch
em

e
in

L
am

b
erton

an
d

P
ages

(2002)
an

d
for

S
G

L
D

in
T

eh
et

al.
(201

4).
T

h
is

u
n

ex
p

ected
resu

lt,
th

a
t

th
e

d
ecreasin

g
step

size
an

d
fi

x
ed

step
size

d
iscretisatio

n
s

h
ave,

u
p

to
a

con
stan

t,
th

e
sam

e
effi

cien
cy

seem
s

to
b

e
m

issin
g

from
th

e
literatu

re.
O

u
r

th
eo

retica
l

fi
n

d
in

gs
are

con
fi

rm
ed

b
y

n
u

m
erica

l
sim

u
latio

n
s.

M
ore

p
recisely,

w
e

sta
rt

b
y

stu
d

y
in

g
a

on
e

d
im

en
sion

al
G

au
ssian

toy
m

o
d

el
b

oth
in

term
s

of
th

e
asy

m
p

to
tic

b
ias

a
n

d
th

e
M

S
E

of
tim

e
averages

in
S

ection
2.

T
h

e
sim

p
licity

o
f

th
is

m
o
d

el
allow

s
u

s
to

o
b

tain
ex

p
licit

ex
p

ression
s

for
th

ese
q
u

an
tities

an
d

th
u

s
illu

strate
in

a
clear

w
ay

th
e

con
n

ection
w

ith
th

e
th

eory.
M

ore
p

recisely,
w

e
con

fi
rm

th
at

th
e

scalin
g

o
f

th
e

step
size

an
d

th
e

n
u

m
b

er
of

step
s

for
a

p
rescrib

ed
M

S
E

ob
tain

ed
from

th
e

u
p

p
er

b
ou

n
d

in
E

q
u

ation
(10)

m
atch

es
th

e
scalin

g
d

erived
from

th
e

an
aly

tic
ex

p
ression

for
th

e
M

S
E

for
th

is
toy

m
o
d

el.
M

ore
im

p
ortan

tly,
th

is
sim

p
licity

allow
s

u
s

to
m

ake
sign

ifi
can

t
an

aly
tic

p
ro

gress
in

th
e

stu
d

y
of

th
e

a
sy

m
p

to
tic

b
ias

an
d

M
S

E
of

tim
e

averages
in

th
e

lim
it

o
f

large
d

ata
sets

N
→
∞

.
In

p
articu

lar,
w

e
a
re

ab
le

to
sh

ow
th

at
th

e
S

G
L

D
red

u
ces

th
e

com
p

u
tation

al
co

m
p

lex
ity

b
y

o
n

e
ord

er
o
f

m
agn

itu
d

e
in
N

.
for

th
e

estim
ation

of
th

e
secon

d
m

om
en

t
in

com
p

arison
w

ith
th

e
E

u
ler

m
eth

o
d

if
th

e
error

is
q
u

an
tifi

ed
th

rou
gh

th
e

M
S

E
.

In
su

m
m

ary,
th

is
p

ap
er

is
organ

ised
as

follow
s.

W
e

p
resen

t
o
u

r
fi

rst
ex

p
loration

s
of

th
e

S
G

L
D

a
p

p
lied

to
a

on
e-d

im
en

sion
al

G
au

ssian
toy

m
o
d

el
in

S
ection

2.
F

or
th

is
m

o
d

el
w

e
ob

tain
an

a
n

aly
tic

ch
aracterisation

of
its

b
ias

an
d

varian
ce.

T
h

is
serves

as
in

tu
ition

an
d

b
en

ch
m

ark
for

th
e

tw
o

an
aly

ses
d

evelop
ed

in
S

ection
s

3
to

5
.

In
S

ectio
n

3
w

e
rev

iew
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B
ia

s
a
n
d

V
a
r
ia

n
c
e

o
f

S
t
o
c
h
a
st

ic
G

r
a
d
ie

n
t

L
a
n
g

e
v
in

D
y
n
a
m

ic
s

so
m

e
k
n

ow
n

re
su

lt
s

ab
ou

t
th

e
eff

ec
t

of
th

e
n
u

m
er

ic
al

d
is

cr
et

is
at

io
n

of
E

q
u

a
ti

o
n

(1
)

in
te

rm
s

of
th

e
fi

n
it

e
ti

m
e

w
ea

k
er

ro
r

as
w

el
l

as
in

te
rm

s
of

th
e

in
va

ri
an

t
m

ea
su

re
a
p

p
ro

x
im

a
ti

on
.

In
S

ec
ti

on
4

w
e

ap
p

ly
th

es
e

re
su

lt
s

to
an

al
y
se

th
e

fi
n

it
e

an
d

lo
n

g
ti

m
e

p
ro

p
er

ti
es

o
f

th
e

S
G

L
D

,
as

w
el

l
as

to
co

n
st

ru
ct

th
e

m
o
d

ifi
ed

S
G

L
D

al
go

ri
th

m
w

h
ic

h
,

as
y
m

p
to

ti
ca

ll
y

in
h

,
b

eh
av

es
ex

ac
tl

y
as

th
e

E
u
le

r-
M

ar
u

y
am

a
m

et
h
o
d

(n
=
N

)
w

h
il

e
st

il
l

su
b

-s
a
m

p
li

n
g

th
e

d
at

a
se

t
at

ea
ch

st
ep

.
F

u
rt

h
er

m
or

e,
in

S
ec

ti
on

5
w

e
d

is
cu

ss
th

e
p

ro
p

er
ti

es
of

th
e

fi
n

it
e

ti
m

e
sa

m
p

le
av

er
ag

es
,

in
cl

u
d

e
it

s
M

S
E

.
In

S
ec

ti
on

6
w

e
re

v
is

it
th

e
G

au
ss

ia
n

to
y

m
o
d

el
to

o
b

ta
in

a
m

or
e

p
re

ci
se

u
n

d
er

st
an

d
in

g
of

th
e

b
eh

av
io

u
r

of
S

G
L

D
in

a
la

rg
e

d
at

a
an

d
h

ig
h

a
cc

u
ra

cy
re

gi
m

e.
T

h
is

is
ac

h
ie

ve
d

u
si

n
g

an
al

y
ti

c
ex

p
re

ss
io

n
s

of
th

e
ex

p
ec

ta
ti

on
s

of
th

e
sa

m
p

le
av

er
a
ge

w
h

ic
h

ar
e

ob
ta

in
ed

u
si

n
g

th
e

M
at

h
em

at
ic

a
R ©

n
ot

eb
o
ok

th
at

is
av

ai
la

b
le

u
p

o
n

re
q
u

es
t

fr
om

th
e

fi
rs

t
au

th
or

d
es

cr
ib

ed
in

d
et

ai
l

in
A

p
p

en
d

ix
10

.
F

in
al

ly
,

in
S

ec
ti

on
7

w
e

d
em

o
n

st
ra

te
th

e
ob

se
rv

ed
p

er
fo

rm
an

ce
of

S
G

L
D

fo
r

a
B

ay
es

ia
n

lo
gi

st
ic

re
gr

es
si

on
m

o
d

el
w

h
ic

h
m

a
tc

h
es

th
e

th
eo

ry
,

w
h

il
e,

w
e

co
n

cl
u

d
e

th
is

p
ap

er
in

S
ec

ti
on

8
w

it
h

a
d

is
cu

ss
io

n
o
n

so
m

e
p

os
si

b
le

ex
te

n
si

on
s

of
th

is
w

or
k
.

2
.
E
x
p
lo
ri
n
g
a
o
n
e
-d

im
e
n
si
o
n
a
l
G
a
u
ss
ia
n

T
o
y
M

o
d
e
l

In
th

is
se

ct
io

n
,

w
e

d
ev

el
op

re
su

lt
s

fo
r

a
si

m
p

le
to

y
m

o
d

el
,

w
h
ic

h
w

il
l

se
rv

e
a
s

a
b

en
ch

m
ar

k
fo

r
th

e
th

eo
ry

d
ev

el
op

ed
in

S
ec

ti
on

s
3

to
5.

In
p

ar
ti

cu
la

r,
w

e
ob

ta
in

an
al

y
ti

c
ex

p
re

ss
io

n
s

fo
r

th
e

b
ia

s
an

d
th

e
va

ri
an

ce
of

th
e

sa
m

p
le

av
er

ag
e

of
th

e
S

G
L

D
,

al
lo

w
in

g
u
s

to
ch

ar
a
ct

er
is

e
it

s
p

er
fo

rm
an

ce
in

d
et

ai
l.

W
e

co
n

si
d

er
a

on
e-

d
im

en
si

on
al

li
n

ea
r

G
au

ss
ia

n
m

o
d

el
,

θ
∼
N

(0
,σ

2 θ
),

X
i
|θ

i.
i.
d
.
∼
N

(θ
,σ

2 x
)

fo
r
i

=
1,
..
.,
N

.
(1

1)

T
h

e
p

os
te

ri
or

is
gi

ve
n

b
y

π
=
N

(µ
p
,σ

2 p
)

=
N

 
∑

N i=
1
X
i

σ
2 x

σ
2 θ

+
N
,(

1 σ
2 θ

+
N σ

2 x

) −
1
 
.

(1
2)

F
or

th
is

ch
oi

ce
of
π

,
th

e
L

an
ge

v
in

d
iff

u
si

on
(1

)
b

ec
om

es
,

d
θ(
t)

=
−

1 2

(
θ(
t)
−
µ
p

σ
2 p

)
d
t

+
d
W
t,

(1
3)

an
d

it
s

n
u

m
er

ic
al

d
is

cr
et

is
at

io
n

b
y

th
e

S
G

L
D

w
it

h
st

ep
si

ze
h

re
ad

s
as

fo
ll

ow
s,

θ k
+

1
=

(1
−
A
h

)θ
k

+
B
k
h

+
√
h
ξ k
,

(1
4)

w
h

er
e
ξ k

i.
i.
d
.
∼
N

(0
,1

)
an

d

A
=

1 2

(
1 σ
2 θ

+
N σ

2 x

)
,

B
k

=
N n

∑
n i=

1
X
τ k
i

2σ
2 x

,
(1

5)

5
JM

L
R

 1
7(

15
9)

:1
-4

5

V
o
l
l
m

e
r
,

Z
y
g

a
l
a
k
is

a
n
d

T
e
h

w
h

er
e
τ k

=
(τ
k
1
,·
··
,τ
k
n
)

d
en

o
te

a
ra

n
d

o
m

su
b

se
t

o
f

[N
]

=
{1
,·
··
,N
}

ge
n

er
at

ed
,

fo
r

ex
am

p
le

,
b
y

sa
m

p
li

n
g

w
it

h
or

w
it

h
o
u

t
re

p
la

ce
m

en
t

fr
om

[N
],

in
d

ep
en

d
en

tl
y

fo
r

ea
ch
k
.

W
e

n
ot

e
th

at
th

e
u

p
d

a
te

s
(1

4
)

w
il

l
b

e
st

ab
le

on
ly

if
0
≤

1
−
A
h
<

1
,

th
a
t

is
,

0
<
h
<

1/
A

1
In

th
e

fo
ll

ow
in

g
w

e
w

il
l

a
ls

o
co

n
si

d
er

p
ar

a
m

et
er

is
in

g
th

e
st

ep
si

ze
a
s
h

=
r/
A

w
h

er
e

0
<
r
<

1.
W

e
d

en
ot

e
B

=
(B

k
) k
≥

0
.

A
t

th
e

ri
sk

o
f

o
b

fu
sc

a
ti

n
g

th
e

n
o
ta

ti
o
n

,
w

e
w

il
l

d
en

ot
e

b
y

V
a
r(
B

)
th

e
co

m
m

on
va

ri
a
n

ce
o
f
B
k

fo
r

a
ll
k
.

F
or

sa
m

p
li

n
g

w
it

h
re

p
la

ce
m

en
t,

w
e

h
av

e

V
ar

(B
)

=
1

4
σ

4 x

N n

N ∑ j=
1

(
X
i
−

1 N

N ∑ i=
1

X
i)

2

=
1

4
σ

4 x

N
(N
−

1)

n
V

a
r(
X

),

w
h

er
e

V
a
r(
X

)
is

th
e

ty
p

ic
al

u
n
b

ia
se

d
em

p
ir

ic
a
l

es
ti

m
a
te

o
f

th
e

va
ri

a
n
ce

of
{X

1
,.
..
,X

N
}.

F
or

sa
m

p
li

n
g

w
it

h
o
u

t
re

p
la

ce
m

en
t

w
e

h
av

e,

V
ar

(B
)

=
1

4σ
4 x

N
(N
−
n

)

n
(N
−

1)

N ∑ i=
1

(
X
i
−

1 N

N ∑ i=
1

X
i)

2

=
1

4σ
4 x

N
(N
−
n

)

n
V

a
r(
X

).
(1

6)

2
.1

A
n

a
ly

si
s

o
f

th
e

A
sy

m
p

to
ti

c
B

ia
s

W
e

st
ar

t
b
y

in
sp

ec
ti

n
g

th
e

es
ti

m
at

e
of

th
e

p
o
st

er
io

r
m

ea
n

.
In

p
a
rt

ic
u

la
r,

u
si

n
g

E
q
u

at
io

n
(1

4)
a
n

d
ta

k
in

g
ex

p
ec

ta
ti

o
n

s
w

it
h

re
sp

ec
t

to
ξ k

,
w

e
h

av
e

E(
θ k

+
1
|B

)
=

(1
−
A
h

)E
(θ
k
|B

)
+
B
k
h

(1
7)

w
h

ic
h

ca
n

b
e

so
lv

ed
in

or
d

er
to

o
b

ta
in

E(
θ M
|B

)
=

(1
−
A
h

)M
E(
θ 0

)
+
M
−

1
∑ k

=
0

h
(1
−
A
h

)k
B
M
−
k
−

1
.

If
w

e
n

ow
ta

k
e

th
e

ex
p

ec
ta

ti
o
n

w
it

h
re

sp
ec

t
to

th
e

ra
n

d
om

su
b
se

ts
B
k
,

u
si

n
g

th
e

fa
ct

th
at

E(
B
k
)

=
E(
B

)
an

d
ta

ke
th

e
li

m
it

o
f
M
→
∞

,
w

e
h

av
e

E(
θ ∞

)
=
∞ ∑ k
=

0

(1
−
A
h

)k
h
E(
B

)
=
h
/(

1
−

(1
−
A
h

))
E(
B

)
=

E(
B

)

A
=

∑
N i=

1
X
i

σ
2 x

σ
2 θ

+
N
.

W
e

th
u

s
se

e
th

at
th

e
S

G
L

D
is

ca
p

tu
ri

n
g

th
e

co
rr

ec
t

li
m

it
in

g
m

ea
n

o
f

th
e

p
o
st

er
io

r
in

d
e-

p
en

d
en

tl
y

of
th

e
ch

o
ic

e
of

th
e

st
ep

si
ze
h

.
In

o
th

er
w

or
d

s,
fo

r
th

e
te

st
fu

n
ct

io
n
φ

(θ
)

=
θ,

th
e

a
sy

m
p

to
ti

c
b

ia
s

is
n

il
.

W
e

n
ow

in
ve

st
ig

at
e

th
e

b
eh

av
io

u
r

o
f

th
e

li
m

it
in

g
va

ri
a
n

ce
u

n
d

er
th

e
S

G
L

D
.

S
ta

rt
in

g
w

it
h

th
e

la
w

of
to

ta
l

va
ri

a
n

ce
,

V
a
r[
θ k

+
1
]

=
E(

V
a
r[
θ k

+
1
|B

])
+

V
a
r(
E[
θ k

+
1
|B

])
,

a
si

m
p

le
ca

lc
u

la
ti

on
n

ow
sh

ow
s

th
a
t

V
ar

[θ
k
+

1
|B

]
=

(1
−
A
h

)2
V

a
r[
θ k
|B

]+
h

1
.

N
o
te

th
a
t

th
e

p
o
st

er
io

r
va

ri
a
n

ce
is
�

1
/A

,
so

th
a
t

st
ep

s
o
f

si
ze
�

1
/A

a
re

1
/
√
A

sm
a
ll
er

th
a
n

th
e

w
id

th
o
f

th
e

p
o
st

er
io

r.
H

ow
ev

er
th

e
in

je
ct

ed
n
o
is

e
h

a
s

va
ri

a
n
ce
�

1
/A

w
h
ic

h
m

a
tc

h
es

th
e

p
o
st

er
io

r
va

ri
a
n
ce

.
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B
ia

s
a
n
d

V
a
r
ia

n
c
e

o
f

S
t
o
c
h
a
st

ic
G

r
a
d
ie

n
t

L
a
n
g

e
v
in

D
y
n
a
m

ic
s

a
n

d
V

ar(E
[θ
k
+

1 |
B

])
=

(1−
A
h

)
2

V
a
r(E

[θ
k |
B

])
+
h

2
V

a
r(B

k ).

C
o
m

b
in

in
g

th
ese

tw
o

resu
lts,

w
e

see
th

a
t

V
ar(θ

k
+

1 )
=

(1−
A
h

)
2

V
a
r(θ

k )
+
h

+
h

2
V

a
r(B

k ).

If
w

e
n

ow
tak

e
th

e
lim

it
o
f
k
→
∞

,
w

e
h

ave
th

a
t

V
a
r(θ∞

)
=

1

2A
−
A

2h
+
h

V
a
r(B

)

2
A
−
A

2h
.

(1
8)

w
h

ere
V

a
r(B

)
is

th
e

com
m

o
n

va
lu

e
o
f

V
a
r(B

k )
for

all
k
≥

0
.

W
e

n
o
te

h
ere

th
at

in
th

e
case

of
th

e
E

u
ler-M

aru
ya

m
a

m
eth

o
d

(fro
m

h
ere

on
w

e
w

ill
sim

p
ly

refer
to

th
is

a
s

th
e

E
u

ler
m

eth
o
d

)
w

h
ere

n
=
N

an
d

V
a
r(B

)
=

0
,

on
ly

th
e

fi
rst

term
rem

a
in

s.
In

o
th

er
w

o
rd

s,
th

e
fi

rst
term

is
a
n

(ov
er-)estim

ate
o
f

th
e

p
osterior

varian
ce
σ

2p
=

1/
2A

o
b

ta
in

ed
b
y

th
e

E
u

ler-M
a
ru

yam
a

d
iscretisa

tio
n

a
t

step
size

h
.

O
u

r
resu

lt
h

ere
coin

cid
es

w
ith

Z
y
g
ala

k
is

(2
0
1
1).

O
n

th
e

o
th

er
h

a
n

d
,

th
e

secon
d

term
is

a
n

a
d

d
itio

n
a
l

b
ia

s
term

d
u

e
to

th
e

va
ria

b
ility

o
f

th
e

sto
ch

a
stic

g
ra

d
ien

ts.
F

u
rth

er,
u

sin
g

a
T

ay
lo

r
ex

p
a
n

sio
n

in
h

o
f

th
e

seco
n

d
su

m
m

a
n

d
,

w
e

see
th

a
t

th
e

S
G

L
D

h
as

an
ex

cess
b

ias,
relative

to
th

e
E

u
ler

m
eth

o
d

,
w

ith
fi
rst

o
rd

er
term

eq
u

a
l

to

h
V

ar(B
)

2
A

.
(1

9)

U
sin

g
th

e
fact

th
a
t

V
a
r(θ∞

)
=

E
[θ

2∞
]−

E
[θ∞

] 2,
an

d
th

a
t

th
e

a
sy

m
p

to
tic

b
ias

of
estim

a
tin

g
E

[θ]
is

n
il

in
th

is
sim

p
le

m
o
d

el,
w

e
see

th
a
t

th
e

a
b

ove
g
ives

th
e

a
sy

m
p

to
tic

b
iases

of
th

e
E

u
ler

m
eth

o
d

a
n

d
S

G
L

D
in

th
e

ca
se

o
f

th
e

test
fu

n
ctio

n
φ

(θ)
=
θ

2.
W

e
n

ow
con

sid
er

th
e

m
o
d

ifi
ed

S
G

L
D

g
iv

en
in

E
q
u

a
tio

n
(9

)
a
n

d
to

b
e

d
iscu

ssed
in

S
ectio

n
4.2

.
In

th
is

ca
se

th
e

n
u

m
erica

l
d

iscretisatio
n

o
f

E
q
u

a
tio

n
(1

3
)

b
eco

m
es

θ
k
+

1
=
θ
k −

A
h
θ
k

+
B
k h

+
√
h (

1−
h2

V
a
r(B

) )
ξ
k

(2
0)

A
sim

ilar
ca

lcu
latio

n
a
s

fo
r

th
e

S
G

L
D

sh
ow

s
th

at

E
(θ∞

)
=

∑
Ni=

1
X
i

σ
2x

σ
2θ

+
N

V
a
r(θ∞

)
=

1

2A
−
A

2h
+

h
2

V
a
r
2(B

)

4
(2
A
−
A

2h
) .

(2
1)

w
ith

th
e

last
term

b
ein

g
th

e
ex

cess
a
sy

m
p

to
tic

b
ia

s.
A

T
ay

lo
r

ex
p

a
n

sio
n

o
f

th
e

ex
cess

b
ia

s
term

sh
ow

s
th

at
th

e
term

o
f

o
rd

er
h

va
n

ish
es

an
d

th
e

lea
d

in
g

term
h

a
s

ord
er
h

2.
H

en
ce,

for
sm

a
ll
h

,
th

e
ex

cess
b

ia
s

is
n
eglig

ib
le

co
m

p
a
red

to
th

e
a
sy

m
p

to
tic

b
ias

o
f

th
e

E
u

ler
m

eth
o
d

,
a
n

d
w

e
can

say
th

a
t,

u
p

to
fi

rst
o
rd

er
a
n

d
in

th
is

sim
p
le

ex
a
m

p
le,

th
e

m
S

G
L

D
h

a
s

th
e

sam
e

a
sy

m
p

to
tic

b
ia

s
a
s

fo
r

th
e

E
u

ler
m

eth
o
d

.
In

S
ectio

n
4
.2,

w
e

w
ill

sh
ow

th
a
t

th
ese

resu
lts

h
o
ld

m
o
re

g
en

era
lly.

It
is

u
sefu

l
to

v
isu

a
lise

th
e

a
b

ov
e

a
n

a
ly

tic
resu

lts
for

th
e

a
sy

m
p

to
tic

b
ia

ses
of

th
e

E
u

ler
m

eth
o
d

,
S

G
L

D
an

d
m

S
G

L
D

.
In

F
ig

u
re

1
w

e
sh

ow
th

is
for

a
d

ata
set

of
1
0
0
0

p
o
in

ts
d

raw
n
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V
o
l
l
m

e
r
,

Z
y
g

a
l
a
k
is

a
n
d

T
e
h

F
igu

re
1:

C
om

p
arison

of
th

e
asy

m
p

totic
b

iases
for

th
e

S
G

L
D

,
th

e
m

S
G

L
D

an
d

th
e

E
u

ler
m

eth
o
d

for
th

e
test

fu
n

ction
φ

(θ)
=
θ

2.
F

or
all

sim
u

la
tion

s,
w

e
h

ave
u

sed
N

=
1
0

3.
W

e
u

sed
n

=
10

on
th

e
L

H
S

an
d
n

=
200

on
th

e
R

H
S

.

a
ccord

in
g

to
th

e
m

o
d

el.
In

p
articu

lar,
after

ch
o
osin

g
th

e
d

ata
set,

th
en

w
e

calcu
la

te
an

-
a
ly

tically
V

ar(B
)

for
each

ch
oice

of
n

u
sin

g
(16),

an
d

th
en

u
se

(18),
(21)

to
eva

lu
a
te

th
e

a
sy

m
p

totic
b

ias
for

each
of

th
e

m
eth

o
d

s.
T

h
e

fi
rst

ob
servation

is
th

at
th

e
E

u
ler

m
eth

o
d

h
a
s

low
est

asy
m

p
totic

b
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o
d
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rse
it

is
also

th
e

m
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m

p
u

ta
tion

ally
ex

p
en

sive;
see

S
ection

6).
W

e
ob

serve
th

at
if

w
e

ch
o
ose

n
=

1
0

p
o
in
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for
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ch

g
ra

d
ien

t
eva

lu
ation

,
for

large
va

lu
es

of
th

e
step

size
h

,
th

e
S

G
L

D
is

su
p

erior
to

th
e

m
S

G
L

D
.

H
ow

ever,
as
h

is
red

u
ced

,
th

is
is

n
o

lon
ger

th
e

case.
F

u
rth

erm
ore,

if
w

e
u

se
a

m
ore

accu
ra

te
g
ra

d
ien

t
estim

ation
w

ith
n

=
200

d
ata

p
oin

ts,
w

e
see

th
a
t

m
S

G
L

D
ou

tp
erform

s
S

G
L

D
for

all
th

e
step

sizes
u

sed
,

b
u

t
m

ore
im

p
ortan

tly
its

asy
m
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to

tic
b

ias
is

n
ow

d
irectly

com
p

ara
b

le
w

ith
th

e
E

u
ler

m
eth

o
d

w
h

ere
all

th
e

d
ata

p
oin

ts
a
re

u
sed

fo
r

evalu
atin

g
th

e
grad

ien
t.
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s

In
th

e
p

re
v
io

u
s

su
b

se
ct

io
n

w
e

an
al

y
se

d
th
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ra
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an

d
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te
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st
in
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to
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er

st
an

d
th

e
b

eh
av

io
u

rs
of

th
e
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go
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th
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s
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sc

en
ar

io
.
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it

h
a

fi
n

it
e

n
u

m
b

er
of

sa
m

p
le

s,
in

ad
d

it
io

n
to

b
ia
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w

e
a
ls

o
h

av
e

to
ac

co
u

n
t

fo
r

va
ri

an
ce

d
u

e
to

th
e

M
on

te
C

ar
lo

es
ti

m
at

io
n

.
A

se
n

si
b

le
an

al
y
si

s
ac

co
u

n
ti

n
g

fo
r

b
ot

h
b

ia
s

an
d

va
ri

an
ce

is
to

st
u

d
y

th
e

b
eh

av
io

u
r

o
f

th
e

m
ea

n
sq

u
ar

ed
er

ro
r

(M
S

E
),

sa
y

in
th

e
M

on
te

C
ar

lo
es

ti
m

at
io

n
fo

r
th

e
se

co
n

d
m

o
m

en
t,

M
S

E
2

:=
E

(
1 K

K
−

1
∑ k

=
0

θ2 k
−

(µ
2 p

+
σ

2 p
))

2

.
(2

2)

W
e

ca
n

ex
p

an
d

th
e

q
u

ad
ra

ti
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an
d

ex
p

re
ss

M
S

E
2

as
a

li
n

ea
r

co
m

b
in

at
io

n
of

te
rm

s
of

th
e

fo
rm

E[
θp j

]
fo

r
p

=
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3
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E

ac
h
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te

rm
s
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n

b
e
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lc

u
la

te
d

an
al

y
ti
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ll
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d
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g
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th
e
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th

e
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b
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el
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as

th
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le

d
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th
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e
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ti
on
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p
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b
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r
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th
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re
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lt
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g

M
S

E
2
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r

a
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d
a
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t

w
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h
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=
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it

em
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an
d

w
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h
sc

al
ed

st
ep

si
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r
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.
F

or
th

e
sa

m
e

n
u

m
b

er
o
f

st
ep

s
M

,
th
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le

ft
fi
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re
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th
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S
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an
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b
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p
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p
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u
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ie
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p
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io
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A
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1/

20
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S
G

L
D

h
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w

er
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y
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p
to

ti
c

b
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th
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S
G

L
D
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er
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S

E
2
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re
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se
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it

h
in
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ea
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su

b
se
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si

ze
n
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an

d
ar

e
h

ig
h

er
th

an
th

at
fo

r
th

e
E

u
le

r
m

et
h

o
d
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n
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1
0
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S
in

ce
S

G
L

D
an

d
m

S
G

L
D
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m

p
u

ta
ti
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al

co
st

s
p

er
st
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ar

e
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n
ea

r
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n

,
th

e
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gh
t

fi
g
u

re
in

st
ea

d
p

lo
ts

th
e

sa
m

e
M

S
E

2
’s
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n
st

th
e

(e
ff
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ti

ve
)

n
u

m
b

er
of

p
as

se
s

th
ro

u
gh

th
e

d
a
ta

se
t,

th
a
t

is
,

n
u

m
b

er
of

st
ep

s
ti

m
es
n
/N

.
T

h
is

q
u

an
ti

ty
is

n
ow

p
ro

p
or

ti
on

al
to

th
e

co
m

p
u

ta
ti

o
n

al
b

u
d

ge
t.

N
ow

w
e

se
e

th
at

sm
al

le
r

su
b

se
t

si
ze

s
p

ro
d

u
ce

in
it

ia
l

ga
in

s,
b

u
t

as
y
m

p
to

te
at

h
ig

h
er

b
ia

se
s.

T
h

es
e

an
al

y
ti

ca
l

re
su

lt
s

fo
r

a
si

m
p

le
G

au
ss

ia
n

m
o
d

el
d

em
on

st
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te
th

e
m

o
re

ge
n

er
al

th
eo

ry
w

h
ic

h
fo

rm
s

th
e

co
re

co
n
tr

ib
u

ti
on

s
of

th
is

p
ap

er
.

S
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ti
on

s
3

an
d

4
d

ev
el

op
a

m
et

h
o
d

to
st

u
d

y
th

e
as

y
m

p
to

ti
c

b
ia

s
as

a
T

ay
lo

r
ex

p
an

si
on

in
h

,
w

h
il

e
S

ec
ti

on
5

p
ro

v
id

es
a

fi
n

it
e

ti
m

e
an

al
y
si

s
in

te
rm

s
of

th
e

m
ea

n
sq

u
ar

ed
er

ro
r.

B
ot

h
an

al
y
se

s
ar

e
b

as
ed

o
n

th
e

b
eh

av
io

u
r

of
th

e
al

go
ri

th
m

s
fo

r
sm

al
l

st
ep

si
ze

s,
a
n

d
in

th
is

re
gi

m
e

w
e

se
e

th
at

m
S
G

L
D

h
a
s

b
et

te
r

p
er

fo
rm

an
ce

th
an

S
G

L
D

.
In

S
ec

ti
on

6
w

e
w

il
l

re
tu

rn
to

th
e

si
m

p
le

G
au

ss
ia

n
m

o
d

el
to

st
u

d
y

th
e

b
eh

av
io

u
r

of
th

e
al

go
ri

th
m

s
u

si
n

g
d

iff
er

en
t

m
ea

su
re

s
of

p
er

fo
rm

an
ce

a
n
d

in
d
iff

er
en

t
re

gi
m

es
.

In
p

ar
ti

cu
la

r,
w

e
w

il
l

se
e

th
at

fo
r

la
rg

er
st

ep
si

ze
s

S
G

L
D

h
as

b
et

te
r

p
er

fo
rm

an
ce

th
an

m
S

G
L

D
.

3
.
R
e
v
ie
w

o
f
W

e
a
k
O
rd

e
r
R
e
su

lt
s

In
th

is
se

ct
io

n
w

e
re

v
ie

w
so

m
e

ex
is

ti
n

g
re

su
lt

s
re

ga
rd

in
g

th
e

er
go

d
ic

it
y

a
n

d
a
cc

u
ra

cy
o
f

n
u

m
er

ic
al

ap
p

ro
x
im

at
io

n
s

of
S

D
E

s.
W

e
st

ar
t

in
S

ec
ti

on
3.

1
b
y

in
tr

o
d

u
ci

n
g

th
e

fr
am

ew
or

k
an

d
n

ot
at

io
n
,

th
e

F
ok

ke
r-

P
la

n
ck

an
d

b
ac

k
w

ar
d

K
ol

m
og

or
ov

eq
u

at
io

n
s,

an
d

w
it

h
so

m
e

p
re

-
li

m
in

ar
y

re
su

lt
s

on
lo

ca
l

w
ea

k
er

ro
rs

of
n
u

m
er

ic
al

on
e-

st
ep

in
te

gr
at

or
s.

S
ec

ti
on

3.
2

p
re

se
n
ts

as
su

m
p

ti
on

s
n

ec
es

sa
ry

fo
r

er
go

d
ic

it
y,

an
d

ex
te

n
d

s
th

e
re

su
lt

s
to

a
gl

ob
al

er
ro

r
ex

p
a
n

si
on

o
f
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5

V
o
l
l
m

e
r
,

Z
y
g

a
l
a
k
is

a
n
d

T
e
h

F
ig

u
re

2:
M

S
E

2
o
f
th

e
sa

m
p

le
av

er
a
g
e

fo
r

th
e

S
G

L
D

a
n

d
th

e
m

S
G

L
D

fo
r

th
e

se
co

n
d

m
o
m

en
t

of
th

e
p

o
st

er
io

r.

th
e

w
ea

k
er

ro
r

as
w

el
l

as
th

e
er

ro
r

in
th

e
a
p

p
ro

x
im

at
io

n
of

th
e

in
va

ri
a
n
t

m
ea

su
re

.
F

in
a
ll

y,
in

S
ec

ti
on

3.
3

w
e

ap
p

ly
o
u

r
re

su
lt

s
to

ex
p

li
ci

tl
y

ca
lc

u
la

te
th

e
le

a
d

in
g

o
rd

er
er

ro
r

te
rm

o
f

th
e

n
u
m

er
ic

a
l

a
p

p
ro

x
im

at
io

n
of

a
n

O
rn

st
ei

n
-U

h
le

n
b

ec
k

so
lv

ed
b
y

th
e

E
u

le
r

m
et

h
o
d

.

3
.1

O
n

e
-s

te
p

N
u

m
e
ri

c
a
l

A
p

p
ro

x
im

a
ti

o
n

s
o
f

L
a
n

g
e
v
in

D
iff

u
si

o
n

s

L
et

u
s

d
en

ot
e

b
y
ρ
(y
,t

)
th

e
p

ro
b

ab
il

it
y

d
en

si
ty

o
f
θ(
t)

d
efi

n
ed

b
y

th
e

L
an

ge
v
in

d
iff

u
si

on
(1

)
w

it
h

in
it

ia
l

co
n
d

it
io

n
θ(

0
)

=
θ

a
n

d
ta

rg
et

d
en

si
ty
π

(y
).

T
h

en
ρ
(y
,t

)
is

th
e

so
lu

ti
on

o
f

th
e

F
ok

ke
r-

P
la

n
ck

eq
u

at
io

n
,

∂
ρ

∂
t

=
L∗
ρ
,

(2
3)

w
it

h
in

it
ia

l
co

n
d

it
io

n
ρ
(y
,0

)
=
δ(
y
−
θ)

,
a

D
ir

a
c

m
a
ss

fo
r

th
e

d
et

er
m

in
is

ti
c

in
it

ia
l

co
n

d
it

io
n

,
an

d
th

e
op

er
at

or
L∗

g
iv

en
b
y

L∗
ρ

=
−

1 2
∇
θ
·(
∇

lo
g
π

(θ
)ρ

)
+

1 2
∇
θ
·∇

θ
·ρ
.

(2
4
)

T
h

is
o
p

er
a
to

r
is

th
e
L

2
-a

d
jo

in
t

of
th

e
ge

n
er

a
to

r
o
f

th
e

M
a
rk

ov
p

ro
ce

ss
(θ

(t
))
t≥

0
g
iv

en
b
y

(1
),

L
=

1 2
∇
θ

lo
g
π

(θ
)
·∇

θ
+

1 2
∆
θ
,

(2
5
)

G
iv

en
a

te
st

fu
n

ct
io

n
φ

,
d

efi
n

e
u

(θ
,t

)
to

b
e

th
e

ex
p

ec
ta

ti
o
n

,

u
(θ
,t

)
=

E
(φ

(θ
(t

))
|θ(

0)
=
θ)
,

(2
6)
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e
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D
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ith
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ect

to
th

e
d

iff
u

sio
n

at
tim

e
t

w
h

en
sta

rted
w

ith
in

itia
l

con
d

itio
n
θ(0

)
=
θ.

W
e

n
o
te

th
a
t
u

(θ,t)
is

th
e

solu
tio

n
of

th
e

b
a
ck

w
a
rd

K
olm

o
g
o
rov

eq
u

a
tio

n

∂
u∂
t

=
L
u
,

(2
7)

u
(θ,0

)
=
φ

(θ).

A
fo

rm
al

T
ay

lo
r

series
ex

p
a
n

sio
n

fo
r
u

in
term

s
o
f

th
e

g
en

era
tor
L

w
a
s

d
erived

in
Z

y
ga

lak
is

(20
1
1)

a
n

d
m

a
d

e
rig

o
ro

u
s

b
y

D
eb

u
ssch

e
a
n

d
F

a
o
u

(2
0
1
2
)

fo
r

th
e

ca
se

w
h

ere
th

e
state

sp
a
ce

is
θ
∈
T
d.

T
h

e
T

ay
lo

r
series

is
of

th
e

follow
in

g
fo

rm
,

u
(θ,h

)
=
φ

(θ)
+

l
∑j=

1

h
j

j! L
jφ

(θ)
+
h
l+

1r
l (θ),

(2
8)

for
a
ll

p
ositive

in
teg

ers
l,

w
ith

th
e

rem
a
in

d
er

sa
tisfy

in
g

a
b

o
u

n
d

o
f

th
e

form
|r
l (θ)|

≤
c
l (1

+
|θ| κ

l)
fo

r
som

e
co

n
stan

ts
c
l ,κ

l
d

ep
en

d
in

g
o
n
π

an
d
φ

.

R
e
m

a
rk

1
A

n
o
th

er
w

a
y

to
tu

rn
u

(θ,h
)

=
φ

(θ)
+
hL
φ

+
h
22 L

2φ
+
···
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a
rigo

ro
u

s
ex-

pa
n

sio
n

,
see

E
qu

a
tio

n
(28

),
is

to
fo

llo
w

th
e

a
p
p
roa

ch
in

(T
a
la

y
a
n

d
T

u
ba

ro
,

1
9
9
0
,

L
em

m
a

2
)

a
n

d
to

a
ssu

m
e

th
a
t

lo
g
π

is
C
∞

w
ith

bo
u

n
d
ed

d
eriva
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o
f

a
n

y
o
rd

er
(a

n
d

th
is

is
th

e
a
p
p
roa

ch
w

e
fo

llo
w

h
ere).

T
h
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fa
ct,

togeth
er

w
ith

th
e

a
ssu

m
p
tio

n
th

a
t

|φ
(θ)|≤

C
(1

+
|θ| s)

(29
)

fo
r

so
m

e
po

sitive
in

teger
s
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en

o
u

gh
to

p
ro

ve
th

a
t

th
e

so
lu

tio
n
u

o
f

E
qu

a
tio

n
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7
)

h
a
s

d
eriva
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o
f

a
n

y
o
rd

er
th

a
t

h
a
ve
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po

lyn
o
m

ia
l
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w
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o
f

th
e
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rm
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f

E
qu

a
tio

n
(29

),
w

ith
o
th

er
co

n
sta

n
ts
C
,s

th
a
t

a
re

in
d
epen

d
en

t
o
f
t
∈

[0,T
].

In
tu

rn
,
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regu
la
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u
n

d
s
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th
a
t

E
qu

a
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n
(2

8
)

h
o
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W

e
m
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n
h
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th
a
t
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e
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n
d
itio

n
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w
h
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w
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K

o
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(2
0
1
4
)
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ellip
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K
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0
1
5
)
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a
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m
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a
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e
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E
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n
u
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lly
w
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in
teg

ra
to

r,
w
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b
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+
1

=
Ψ
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n
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n
),
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0
)

w
h
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θ

0
=
θ(0

),
h
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otes
th
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size,
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iid
N
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),
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d
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n

d
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e
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a
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∈
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√
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)
=

E
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)
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e
test
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d
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p
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t
th

e
in

teg
ra
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r:
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V
o
l
l
m

e
r
,
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y
g

a
l
a
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a
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d

T
e
h

A
ssu

m
p

tio
n

2
W

e
a
ssu

m
e
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a
t
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e

fo
llo

w
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g
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o
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:

•
∇
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θ
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θ
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C
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ra
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n
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d
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0 .

•
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n
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n
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e

fo
rm

U
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(θ)
+
h
A

0 (π
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(θ)
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1 (π
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d
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∇

log
π

(θ)
a
n

d
its

d
eriva

tives
(d

epen
d

in
g

o
n

th
e

ch
o
ice

o
f

th
e

in
tegra

to
r).

•
A

0 (π
)

co
in
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n
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R
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m

a
rk

3
E
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a
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n
(33)
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o
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s
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r
a
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o
st
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n

y
T

a
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m
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a
p
p
lied
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(1

)
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t
a
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l

S
D

E
s

w
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m
u
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lica

tive
n

o
ise.

T
h
is

is
d
iscu

ssed
fu

rth
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in
A

bd
u

lle
et

a
l.

(2
0
1
2
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w
h
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a
lso
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n
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s
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m
p
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n
u

m
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l
m

eth
od

s,
o
th

er
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a
n

th
e

E
u

ler-M
a
ryu

a
m

a
m

eth
od

,
fo

r
w

h
ich

(33)
h
o
ld

s.

A
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m
p
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s

2
im

m
ed

iately
im

p
ly

th
e

ex
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ce
of

a
rigorou

s
ex

p
an
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U
(θ,h

)
=
φ

(θ)
+

l
∑i=

0

h
i+

1A
i (π

)φ
(θ)

+
h
l+

2R
l (θ)

(34)

fo
r

a
ll

p
ositive

in
tegers

l,
w

ith
a

rem
ain

d
er

satisfy
in

g
|R

l (θ)|
≤
C
l (1

+
|θ| K

l)
fo

r
som

e
co
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ts
C
l ,K

l .
W

e
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e

n
u

m
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lo
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l
w

eak
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er
p
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s
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e
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an
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(33)
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e
n
u

m
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ap
p

rox
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ation
ag
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w
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th

at
(28)

for
th

e
ex

a
ct

d
iff

u
sion

.
In

th
is

case,
it

is
easy

to
see

th
at

th
e
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in

g
lo

cal
error

form
u

la
h

old
s,

E
(φ

(θ(h
))|θ(0

)
=
θ)−

E
(φ

(θ
1 )|θ

0
=
θ)

=
h
p
+

1 (
L
p
+

1

(p
+

1)! −
A
p )

φ
(θ)

+
O

(h
p
+

2).
(35)

3
.2

G
lo

b
a
l

W
e
a
k

E
rro

r
E

x
p

a
n

sio
n

In
th

is
su

b
section

,
w

e
w

ill
ex

ten
d

th
e

lo
ca

l
w

eak
error

ex
p

an
sio

n
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a
glob

al
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e.
S

p
ecifi
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after

M
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s
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th
e

n
u

m
erical
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tegrator

w
ith

step
size

h
,

w
e

are
in
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in

th
e

d
iff

eren
ce

b
etw

een
θ
M

an
d

th
e

ex
act

d
iff

u
sion

θ(T
)

w
h

ere
T

=
M
h

,
as

evalu
ated

b
y

th
e

d
iff

eren
ce

b
etw

een
th

e
corresp

on
d

in
g

ex
p

ectation
s

of
φ

,

E
(φ
,h
,T

)
=

E
(φ

(θ(T
))|θ(0)

=
θ)−

E
(φ

(θ
M

)|θ
0

=
θ),

(36)
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s
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at
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a
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d
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b
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p
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d
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∇
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∀
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at
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h
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d
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b
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at
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p
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re
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b
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b
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at
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p
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p
ti

o
n

s
2

a
n

d
4

h
o
ld

,
a
n

d
th

a
t

th
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≥
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d
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p
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t
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e

gl
o
ba

l
er

ro
r

(3
6)

,
fo

r
a
ll
φ
∈
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+
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=
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+
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=
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p
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h
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d
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d
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e
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T
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h
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p
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r
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h
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-
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n
d
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R
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→

R
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∞
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+
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d
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∞
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t
d
y
,

(4
1)

a
n

d
u

(y
,t

)
sa

ti
sfi

es
E

qu
a
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b
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w
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d
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p
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p
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+
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p
le

W
e

il
lu

st
ra

te
th

e
w

ea
k

or
d

er
re

su
lt

s
a
b

ov
e

in
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p
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th
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p
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∇
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p
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√
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ra
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∇
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ψ
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v
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=
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+
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+
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=
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=
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−
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=
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−
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+
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+
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√
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−
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+
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m

w
h

ich
h

a
s

an
erro

r
th

a
t

is,
a
sy

m
p

to
tica

lly
in

h
,

id
en

tical
to

th
e

erro
r

of
th
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p
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h
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b
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d
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p
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p
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b
y

rew
ritin

g
th

e
S

G
L

D
m

eth
o
d

in
th

e
follow

in
g

form
θ
j+

1
=
θ
j

+
h
f̂
j (θ

j )
+
√
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+
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+
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p
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+
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+
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d
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p
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con
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=
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d
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(θ)) )
d

2

d
θ

2
(50)

W
e

th
u

s
see

th
at

in
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con
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=

0.
T

h
is

can
b

e
u

n
d

ersto
o
d

as
th

e
p

en
alty

asso
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.
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d
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p
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.
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e
fo

rm
u

la
(4

1)
gi

ve
s

th
a
t

th
e

o
ve

ra
ll

co
n

-
tr

ib
u

ti
o
n

o
f

th
e

ex
tr

a
te

rm
,

w
h
ic

h
is

,

σ
p

V
ar

(B
)

=
V

ar
(B

)

2
A

,

a
n

d
th

u
s

a
gr

ee
in

g
w

it
h

E
qu

a
ti

o
n

(1
9)

d
er

iv
ed

in
t

S
ec

ti
o
n

2
.1

.

4
.2

M
o
d

ifi
e
d

S
G

L
D

A
s

w
e

h
av

e
se

en
in

th
e

p
re

v
io

u
s

se
ct

io
n

,
th

e
S

G
L

D
m

et
h

o
d

in
tr

o
d

u
ce

s
a
n

ex
tr

a
te

rm
−

1 2
V

ar
(f̂

(θ
))
∇

2 θ
in

th
e

le
ad

in
g

or
d

er
er

ro
r

te
rm

re
la

te
d

to
th

e
w

ea
k

er
ro

r
(T

h
eo

re
m

5)
an

d
to

th
e

er
go

d
ic

av
er

ag
es

(T
h

eo
re

m
6)

.
W

h
en

n
�

N
,

th
is

te
rm

is
o
f

or
d

er
O

(h
N

2
).

In
th

is
se

ct
io

n
w

e
w

il
l

ex
p

lo
re

a
m

o
d

ifi
ca

ti
on

of
S

G
L

D
(m

S
G

L
D

)
fo

r
w

h
ic

h
th

is
te

rm
is

re
m

ov
ed

,
so

th
at

th
e

le
ad

in
g

or
d

er
te

rm
is

ex
ac

tl
y

th
e

sa
m

e
as

fo
r

th
e

E
u

le
r-

M
ar

u
ya

m
a

sc
h

em
e.

S
p

ec
ifi

ca
ll

y,
th

e
m

S
G

L
D

u
p

d
at

es
ar

e,

θ j
+

1
=
θ j

+
h
f̂

(θ
j
)

+
√
h

( 1
−
h 2

V
ar
f̂

(θ
j
))
ξ j
.

(5
1)

W
e

ca
n

ag
ai

n
d

er
iv

e
th

e
w

ea
k

or
d

er
ex

p
an

si
on

as
in

th
e

p
re

v
io

u
s

su
b

se
ct

io
n

.
O

u
r

fi
rs

t
st

ep
is

to
ex

p
an

d
φ

(θ
j+

1
)

in
p

ow
er

s
of
h

an
d

th
en

ta
ke

ex
p

ec
ta

ti
on

s
w

it
h

re
sp

ec
t

to
th

e
ra

n
d

o
m

va
ri

ab
le
ξ j

.
In

p
ar

ti
cu

la
r,

w
e

ob
ta

in

E ξ
j
(φ

(θ
j+

1
))

=
φ

(θ
j
)

+
h

( f̂ j
(θ
j
)φ
′ (
θ j

)
+

1 2
φ
′′ (
θ j

))

+
h

2 2

( [
f̂

2 j
(θ
j
)
−

V
ar
f̂

(θ
j
)] φ

′′ (
θ j

)
+
f̂ j

(θ
j
)φ

(3
) (θ

j
)

+
1 4
φ

(4
) (θ

j
))

+
O

(h
3
).

T
ak

in
g

ex
p

ec
ta

ti
on

s
w

it
h

re
sp

ec
t

to
th

e
ra

n
d

om
sa

m
p

li
n

g
an

d
u

si
n

g
E

q
u

a
ti

o
n

(4
8
),

w
e

ob
ta

in

E(
φ

(θ
j+

1
))

=
φ

(θ
j
)

+
h
Lφ

(θ
j
)

(5
2
)

+
h

2 2

( [
E τ

j
(f̂

2 j
(θ
j
))
−

V
ar
f̂

(θ
j
)] φ

′′ (
θ j

)
+
f

(θ
j
)φ

(3
) (θ

j
)

+
1 4
φ

(4
) (θ

j
))

+
O

(h
3
),

w
h

er
e
L

is
th

e
ge

n
er

at
or

of
E

q
u

at
io

n
(1

).
W

e
th

u
s

se
e

th
at

th
e

m
S

G
L

D
is

a
fi

rs
t

o
rd

er
w

ea
k

m
et

h
o
d

an
d A
1
(π

)φ
=

1 2

( [
E τ

(f̂
2
(θ

))
−

V
ar
f̂

(θ
)] φ

′′
+
f

(θ
)φ

(3
)

+
1 4
φ

(4
))
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V
o
l
l
m

e
r
,

Z
y
g

a
l
a
k
is

a
n
d

T
e
h

U
si

n
g

th
e

ex
p

re
ss

io
n

fo
r
L2

a
s

in
th

e
ca

se
o
f

S
G

L
D

,
w

e
h

av
e

th
at

,

1 2
L2
−
A

1
=

1 2

( f
(θ

)f
′ (
θ)

+
1 2
f
′′ (
θ)

)
d d
θ

+
1 2

( f
′ (
θ)

+
f

2
(θ

)
−
E τ

(f̂
2
(θ

))
+

V
a
rf̂

(θ
))

d
2

d
θ2

=
1 2

( f
(θ

)f
′ (
θ)

+
1 2
f
′′ (
θ)

)
d d
θ

+
1 2
f
′ (
θ)
d

2

d
θ2

(5
3
)

W
e

se
e

th
a
t

th
e

le
a
d

in
g

o
rd

er
te

rm
in

th
e

w
ea

k
er

ro
r

a
n

d
th

e
er

ro
r

fo
r

th
e

er
go

d
ic

av
er

ag
es

is
th

e
sa

m
e

as
fo

r
th

e
E

u
le

r
m

et
h

o
d

,
w

h
ic

h
u

se
s

a
ll

d
a
ta

a
t

ev
er

y
st

ep
.

In
h

ig
h

er
d

im
en

si
on

s,
a

si
m

il
a
r

ca
lc

u
la

ti
o
n

g
iv

es
th

e
m

S
G

L
D

u
p

d
a
te

s,

θ j
+

1
=
θ j

+
h
f̂ j

(θ
j
)

+
√
h

( I
−
h 2

C
ov
f̂

(θ
j
))
ξ j

(5
4)

w
h

er
e

C
ov
f̂

(θ
)

=
E
[ (
f̂

(θ
)
−
E(
f̂

(θ
))
)(

f̂
(θ

)
−
E(
f̂

(θ
))
) >
]

a
n

d
ξ j

is
a
d
-d

im
en

si
o
n

a
l

st
a
n

d
ar

d
n
or

m
a
l

ra
n

d
o
m

va
ri

a
b

le
.

R
e
m

a
rk

7
E

xc
ep

t
fo

r
sp

ec
ia

l
ca

se
s,

V
a
rf

(θ
j
)

d
oe

s
n

o
t

h
a
ve

a
cl

o
se

d
fo

rm
.

T
h
e

si
m

p
le

st
po

ss
ib

le
w

a
y

to
p
ro

ce
ed

w
it

h
o
u

t
it

is
to

re
p
la

ce
it

by
a
n

u
n

bi
a
se

d
es

ti
m

a
to

r,
fo

r
ex

a
m

p
le

in
ca

se
o
f

sa
m

p
li

n
g

w
it

h
o
u

t
re

p
la

ce
m

en
t,

V̂
a
rf̂
j
(θ

)
:=

N
(N
−
n

)

n
(n
−

1
)

n ∑ i=
1

(
∇

lo
g
π
( x

τ j
i
|θ
) −

f̂ j
(θ

)

N

)
2

.

T
h
is

re
p
la

ce
m

en
t

d
oe

s
n

o
t

ch
a
n

ge
E

qu
a
ti

o
n

(5
3)

be
ca

u
se

th
e

sm
a
ll

es
t

o
rd

er
co

n
tr

ib
u

ti
o
n

to
E

qu
a
ti

o
n

(4
9
)

is
o
f

th
e

fo
rm

−
h

2
E
[ V̂

a
rf

(θ
j
)ξ

2 j

] =
−
h

2
V

a
rf

(θ
j
).

H
o
w

ev
er

,
es

ti
m

a
ti

n
g

th
e

va
ri

a
n

ce
o
f

th
e

st
oc

h
a
st

ic
gr

a
d
ie

n
t

w
il

l
a
ff

ec
t

h
ig

h
er

o
rd

er
te

rm
s

in
h

.
F

o
r

fi
xe

d
h

th
es

e
te

rm
s

m
a
y

h
a
ve

la
rg

er
co

n
tr

ib
u

ti
o
n

to
th

e
o
ve

ra
ll

er
ro

r
d
ep

en
d
in

g
o
n

th
e

ch
o
ic

e
o
f
n

a
n

d
N

.
In

fa
ct

,
th

is
is

tr
u

e
ev

en
if

w
e

u
se

th
e

ex
a
ct

va
ri

a
n

ce
fo

r
th

e
to

y
m

od
el

in
S

ec
ti

o
n

2
.1

.
M

o
re

p
re

ci
se

ly
,

w
e

co
m

pa
re

th
e

bi
a
s

o
f

th
e

m
S

G
L

D
a
n

d
th

e
S

G
L

D
in

E
qu

a
ti

o
n

(7
0
)

n
o
ti

ce
th

a
t
h

2
te

rm
m

ig
h
t

be
la

rg
er

d
ep

en
d
in

g
o
n

th
e

ch
o
ic

e
o
f
n

a
n

d
N

.

5
.
F
in
it
e
T
im

e
S
a
m
p
le

A
v
e
ra

g
e
s

H
av

in
g

fo
cu

se
d

o
n

th
e

S
G

L
D

in
th

e
a
sy

m
p
to

ti
c

re
gi

m
e,

w
e

w
il

l
n

ow
p

ro
v
id

e
n

o
n

-a
sy

m
p

to
ti

c
an

al
y
si

s
of

th
e

m
ea

n
sq

u
a
re

d
er

ro
r

(M
S

E
)

o
f

th
e

fi
n

it
e

ti
m

e
sa

m
p
le

av
er

ag
es

of
th

e
S

G
L

D
.

In
p

a
rt

ic
u

la
r,

w
e

w
il

l
d

ec
o
m

p
o
se

th
e

M
S

E
in

to
b
ia

s
a
n

d
va

ri
a
n

ce
.

T
h

e
m

a
in

re
su

lt
o
f

th
is

se
ct

io
n

w
il

l
b

e
of

th
e

fo
rm

B
ia

s:

∣ ∣ ∣ ∣ ∣E
1 K

K
−

1
∑ i=

0

φ
(θ
i)
−
ˆ

φ
(x

)π
(x

)d
x

∣ ∣ ∣ ∣ ∣=
O

( h
+

1 K
h

)

M
S

E
:

E

(
1 K

K
−

1
∑ i=

0

φ
(θ
i)
−
ˆ

φ
(x

)π
(x

)d
x

)
2

=
O

( h
2

+
1 K
h

)
(5

5)
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B
ia

s
a
n
d

V
a
r
ia

n
c
e

o
f

S
t
o
c
h
a
st

ic
G

r
a
d
ie

n
t

L
a
n
g

e
v
in

D
y
n
a
m

ic
s

R
e
m

a
rk

8
In

T
eh

et
a
l.

(2
0
1
4
),

a
cen

tra
l

lim
it

th
eo

rem
w

a
s

p
ro

vid
ed

fo
r

th
e

d
ecrea

sin
g

step

size
S

G
L

D
w

h
ich

sh
o
w

s
a

co
n

vergen
ce

ra
te

o
f
O

(K
−

13).
A

t
fi

rst
sigh

t,
th

e
bo

u
n

d
in

E
qu

a
tio

n
(55

)
seem

s
better

beca
u

se
o
f

th
e

1
K
h

term
in

th
e

u
p
per

bo
u

n
d
.

H
o
w

ever,
d
u

e
to

th
e

bia
s,

a
n

a
d
d
itio

n
a
l

term
o
f

o
rd

er
O

(h
2)

a
p
pea

rs.
In

o
rd

er
to

co
m

pa
re

(5
5)

w
ith

th
e

p
revio

u
s

resu
lt

o
f

T
eh

et
a
l.

(2
0
1
4
),

w
e

o
p
tim

ise
th

e
su

m
o
f

bo
th

term
s

o
ver

th
e

step
size

h
.

T
h
is

resu
lts

in
a

bo
u

n
d

o
n

th
e

M
S

E
o
f

th
e

S
G

L
D

o
f

o
rd

er
O

(K
−

23)
a
n

d
a
grees

w
ith

th
e

ra
te

a
ch

ieved
by

th
e

d
ecrea

sin
g

step
size

S
G

L
D

.
T

h
is

a
greem

en
t

betw
een

d
ecrea

sin
g

step
size

d
iscretisa

tio
n

a
n

d
fi

xed
step

size
d
iscretisa

tio
n

is,
to

o
u

r
kn

o
w

led
ge,

n
o
t

a
w

id
ely-kn

o
w

n
o
bserva

tio
n

in
th

e
litera

tu
re.

In
co

n
tra

st,
fo

r
sta

n
d
a
rd

M
C

M
C

a
lgo

rith
m

s
th

e
M

S
E

is
bo

u
n

d
ed

by
o
rd

er
O

(K
−

1)
d
u

e
to

th
e

M
etro

po
lis-H

a
stin

gs
co

rrectio
n

th
a
t

rem
o
ves

th
e

bia
s.

N
everth

eless,
experim

en
ta

l
resu

lts
in

th
e

litera
tu

re
d
em

o
n

stra
te

th
a
t

th
e

S
G

L
D

m
igh

t
be

a
d
va

n
ta

geo
u

s
in

th
e

in
itia

l
tra

n
sien

t
p
h
a
se

o
f

lea
rn

in
g,

see
e.g.P

a
tterso

n
a
n

d
T

eh
(2

0
1
3
);

C
h
en

et
a
l.

(2
0
1
4
)

In
S

ectio
n

5
.2

w
e

w
ill

fo
cu

s
on

esta
b
lish

in
g

th
e

b
o
u

n
d

in
E

q
u

a
tion

(5
5
)

w
h

ich
is

a
n

ex
ten

sio
n

of
th

e
w

o
rk

b
y

M
attin

gly
et

a
l.

(2
01

0
).

T
h

e
a
u

th
o
rs

o
b

tain
ed

sim
ila

r
resu

lts
for

fi
n

ite
tim

e
sa

m
p

le
avera

g
es

o
f

d
iscretisa

tion
s

o
f

d
iff

u
sio

n
s

o
f

th
e

form

d
θ
t

=
f

(θ
t )

+
g
(θ
t )d
W
t

(56
)

o
n

th
e

to
ru

s
w

h
ich

w
e

rev
iew

su
b

seq
u

en
tly

in
S

ectio
n

5
.1

.

5
.1

P
re

lim
in

a
rie

s
o
n

th
e

P
o
isso

n
E

q
u

a
tio

n
a
n

d
T

im
e

A
v
e
ra

g
e
s

In
th

e
fo

llow
in

g
a

co
n

n
ectio

n
b

etw
een

tim
e

averag
es

o
f

th
e

d
iff

u
sio

n
a
n

d
th

e
corresp

o
n

d
in

g
P

oisso
n

eq
u

a
tion

w
ill

b
e

p
resen

ted
.

F
o
r

a
m

o
re

elab
ora

te
d
escrip

tio
n

o
f

th
is

tech
n

iq
u

e
w

e
p

o
in

t
th

e
rea

d
er

to
S

ectio
n

4.2
o
f

M
a
ttin

g
ly

et
a
l.

(2
0
1
0)

a
n

d
referen

ces
th

erein
.

T
h

e
P

oisso
n

eq
u

atio
n

is
a
n

ellip
tic

P
D

E
o
n

th
e

b
a
sis

o
f

th
e

g
en

era
to

r
a
sso

ciated
w

ith
E

q
u

a
tio

n
(5

6).
T

h
e

g
en

era
to

r
o
f

E
q
u

atio
n

(5
6
)

is

L
ψ

=
∇
ψ
·∇

f
+

12
g
(θ) >∇

2ψ
g
(θ),

w
h

ile
th

e
P

o
isso

n
eq

u
a
tion

is
g
iven

b
yL
ψ

=
φ
−
φ̄

on
R
d

(57
)

w
h

ere
φ

is
a

test
fu

n
ctio

n
a
n

d
φ̄

:=
´

φ
(x

)π
(d
x

)
w

ith
π

b
ein

g
th

e
in

va
rian

t
d

istrib
u

tio
n

o
f

(5
6).

F
or

ap
p

lica
tio

n
s

in
B

ayesia
n

sta
tistics

π
rep

resen
ts

th
e

p
o
sterio

r
a
n

d
th

e
q
u

a
n
tity

φ̄
th

e
p

o
sterio

r
ex

p
ecta

tio
n

o
f

in
terest.

T
h

e
p

osterior
ex

p
ecta

tion
φ̄

is
estim

a
ted

b
y

th
e

tim
e

avera
ge

1t

´

t0
φ

(θ(s))d
s

of
th

e
L

a
n

g
ev

in
d

y
n

a
m

ics.
T

h
e

d
iff

eren
ce

b
etw

een
th

e
tw

o
can

b
e

ex
p

ressed
ex

p
licitly

b
y

u
sin

g
Itô’s

fo
rm

u
la

o
n

th
e

solu
tio

n
ψ

of
th

e
P

o
isson

eq
u

atio
n

ψ
(θ(t))−
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o
u

n
d

ed
a
s

fo
llow

s

1T
E
S

1
,K

.
1T
E
K
−

1
∑k

=
0

h
2V

p
ψ
,2

k
E
τ
k ∥∥∥
f̂
k ∥∥∥

2

.
1T

K
−

1
∑k

=
0

h
2

su
pi
E
V
p
ψ
,2

+
1

i
.

1T
h

2K
.
h
.

T
h

e
d

etails
o
f

th
is

co
m

p
u

tatio
n

a
re

con
ta

in
ed

in
A

p
p

en
d

ix
9
.

T
h

eorem
9

a
n

d
th

e
resu

lts
fo

r
th

e
d

ecreasin
g

step
size

S
G

L
D

T
eh

et
a
l.

(2
0
1
4)

h
old

u
n

d
er

a
ssu

m
p

tio
n

s
fo

rm
u

la
ted

in
term

s
o
f

th
e

solu
tion

ψ
o
f

th
e

P
oisso

n
eq

u
a
tio

n
.

M
ore

p
recisely,

th
e

cru
cial

step
is

to
esta

b
lish

a
b

ou
n

d
o
f

th
e

form

su
pk
E
∥∥∥
ψ
k
+

1
(i)

(θ
k ) ∥∥∥

<
∞

for
k

=
1,...,4

.

T
h

is
b

ou
n

d
is

esta
b

lish
ed

u
sin

g
E

q
u

a
tion

s
(6

2)
a
n

d
(6

4
)

su
pk
E
∥∥∥
D

(i)ψ
(θ
k ) ∥∥∥

.
su

pk
E
‖
V
‖
p
ψ
,i
<
∞

fo
r
i

=
1,...,4

.

T
h
u

s,
w

e
are

left
w

ith
fi

n
d

in
g

a
n

a
p

p
ro

p
ria

te
L

y
a
p

u
n

ov
fu

n
ctio

n
V

su
ch

th
at

E
q
u

atio
n

s
(62

)
a
n

d
(6

4)
h

o
ld

.
In

A
p

p
en

d
ix

9
.1

,
w

e
fo

rm
u

la
te

stro
n

g
su

ffi
cien

t
co

n
d

itio
n

s
on

π
th

at
en

su
re

th
a
t

th
ese

assu
m

p
tio

n
s

are
satisfi

ed
an

d
th

at
T

h
eorem

9
is

ap
p

licab
le.
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V
o
l
l
m

e
r
,

Z
y
g

a
l
a
k
is

a
n
d

T
e
h

6
.
A
n

A
n
a
ly
tic

In
v
e
stig

a
tio

n
o
f
th

e
T
o
y
M

o
d
e
l

W
e

n
ow

ex
ten

d
ou

r
an

aly
sis

of
th

e
on

e-d
im

en
sion

al
G

au
ssia

n
toy

m
o
d

el
in

tro
d

u
ced

in
S

ec-
tion

2
b

eyo
n

d
th

e
gen

eral
resu

lts
of

th
e

p
rev

iou
s

tw
o

section
s.

M
ore

p
recisely,

in
S

ectio
n

6.1
,

w
e

com
p

are
th

e
E

u
ler

m
eth

o
d
,

th
e

S
G

L
D

an
d

th
e

m
S

G
L

D
b
y

com
p

arin
g

th
e

co
m

p
u

ta-
tion

a
l

cost
for

fi
x
ed

level
accu

racy
sp

ecifi
ed

in
term

s
of

th
e

m
ean

sq
u

are
error

in
estim

atin
g

th
e

secon
d

m
om

en
t

(M
S

E
2 ),

op
tim

isin
g

ov
er

th
e

step
size

h
,

th
e

su
b

sam
p

le
size

n
an

d
th

e
n
u

m
b

er
of

step
s
M

.
A

n
u

m
erical

solu
tion

to
th

e
resu

ltin
g

op
tim

isa
tion

p
rob

lem
d

em
on

-
stra

tes
th

a
t

th
e

S
G

L
D

is
ad

van
tageou

s
in

th
e

low
er

accu
racy

regim
e

w
h

ile
it

d
egen

erates
to

n
=
N

in
th

e
h

ig
h

accu
racy

regim
e.

O
n

th
e

oth
er

h
an

d
th

e
m

S
G

L
D

d
o
es

n
ot

d
egen

erate
an

d
seem

s
to

m
ain

tain
a

con
stan

t
sp

eed
u

p
com

p
ared

to
th

e
E

u
ler

m
eth

o
d

.
In

S
ection

6.2
w

e
th

en
co

n
sid

er
th

e
M

S
E

2
an

d
u

se
an

an
aly

tic
ex

p
ression

to
stu

d
y

th
e

b
eh

av
iou

r
of

th
ese

alg
orith

m
s

for
grow

in
g
N

.
T

h
is

allow
s

u
s

to
ex

ten
d

th
e

a
n

aly
sis

of
S

ectio
n

s
2

a
n

d
4

(in
w

h
ich

w
e

on
ly

con
sid

er
th

e
case

lim
it
h
→

0)
an

d
stu

d
y

th
e

asy
m

p
totic

b
ias

of
th

e
S

G
L

D
an

d
th

e
m

S
G

L
D

b
y

scalin
g

b
oth

n
an

d
h

in
N

.
In

S
ection

6.3
w

e
fi

n
ally

ad
op

t
a

d
iff

eren
t

v
iew

p
oin

t
b
y

con
sid

erin
g

a
fi

x
ed

valu
e

of
ou

r
p

a
ra

m
eter

θ,
d

en
o
ted

b
y
θ †,

w
h

ile
w

e
tak

e
ex

p
ectation

s
w

ith
resp

ect
to

th
e

realisation
of

th
e

d
ata
{
X
i }

.
T

h
is

en
ab

les
u

s
to

stu
d

y
h

ow
E
X

(M
S

E
2 )

b
eh

av
es

in
th

e
lim

it
of
N
→
∞

.
In

p
a
rticu

lar,
w

e
fi

n
d

th
at

for
th

e
case

of
th

e
S

G
L

D
,

th
e

com
p

u
tation

al
co

st
in

ord
er

for
E
X

(M
S

E
2 )→

0
is

red
u

ced
b
y

a
factor

of
N

w
h

en
com

p
ared

to
th

e
E

u
ler

m
eth

o
d

.
A

sim
ilar

a
n

aly
sis

for
th

e
ex

p
ected

relative
error

in
estim

atin
g

th
e

p
osterior

varian
ce

(E
R

E
)

E
R

E
=

E
{
θ
i }
i

1K

∑
K
−

1
i=

0
θ

2i −
(

1K

∑
K
−

1
i=

0
θ
i )

2

σ
2p

−
1
.

(68)

revea
ls

th
a
t

u
n

d
er

th
e

con
strain

t
E
X

(E
R

E
)→

0
th

e
E

u
ler

m
eth

o
d

an
d

th
e

S
G

L
D

h
av

e
th

e
sam

e
co

m
p
u

ta
tion

al
cost

on
th

e
algeb

raic
scale

in
N

.

6
.1

M
in

im
isin

g
C

o
m

p
u

ta
tio

n
a
l

E
ff

o
rt

fo
r

C
o
n

stra
in

e
d

M
S

E
2

In
S

ection
2.2

w
e

com
p

ared
th

e
E

u
ler

m
eth

o
d

,
th

e
S
G

L
D

an
d

th
e

m
S
G

L
D

for
th

e
sam

e
ch

o
ice

of
r

=
hA
.

In
th

e
follow

in
g

w
e

n
u

m
erically

m
in

im
ise

th
e

com
p

u
tation

al
eff

ort
w

ith
resp

ect
to

th
e

con
d

ition
M

S
E

2 ≤
ε
2.

W
e

assu
m

e
th

at
th

e
co

m
p

u
ta

tion
al

cost
is

p
rop

ortion
al

to
M
·
n

w
h

ich
lead

s
to

th
e

p
rob

lem
of

so
lv

in
g

m
in
F

M
·n

(69)

su
b

ject
to

M
S

E
2 (r,M

,n
)≤

ε
2

w
.r.t.

r
<

1
,M

,n
.

E
ven

th
ou

gh
w

e
h

ave
an

aly
tic

ex
p

ression
s

for
th

e
M

S
E

2 ,
th

e
solu

tion
to

th
e

o
p

tim
isa

tion
p

rob
lem

d
o
es

n
o
t

h
av

e
a

closed
form

.
T

o
con

clu
d
e

ou
r

an
aly

sis,
w

e
illu

strate
th

e
n
u

m
erical

solu
tio

n
to

th
is

p
rob

lem
for

N
=

10
00

for
th

e
E

u
ler

m
eth

o
d

,
th

e
S

G
L

D
an

d
th

e
m

S
G

L
D

.
T

h
e

resu
lts,

d
ep

icted
in

F
igu

re
3,

can
b

e
su

m
m

arised
as

fo
llow

s:

1.
as
ε

b
ecom

es
sm

aller,
th

e
gain

of
th

e
S

G
L

D
over

th
e

E
u

ler
m

eth
o
d

in
term

s
of

com
-

p
u

ta
tion

al
eff

ort
d

ecreases
(d

u
e

to
th

e
fact

th
at
n

in
crea

ses);
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B
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a
n
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V
a
r
ia

n
c
e

o
f

S
t
o
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h
a
st
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G

r
a
d
ie

n
t

L
a
n
g

e
v
in

D
y
n
a
m

ic
s
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)

M
in

im
is

ed
co

m
p
u
ta

ti
o
n
a
l

co
st

fo
r

th
e

E
u
-

le
r,

th
e

S
G

L
D

a
n
d

th
e

m
S
G

L
D

a
lg

o
ri

th
m

(b
)

S
u
b
se

t
si

ze
n

fo
r

m
in

im
is

ed
co

m
p
u
ta

ti
o
n
a
l

co
st

(c
)

S
te

p
si

ze
r

=
h A

fo
r

m
in

im
is

ed
co

m
p
u
ta

-
ti

o
n
a
l

co
st F

ig
u

re
3:

M
in

im
is

it
io

n
of

co
m

p
u

ta
ti

on
al

co
st
∝
M
·n

su
b

je
ct

to
M
S
E
≤
ε2

2.
as
ε

b
ec

om
es

sm
al

le
r,

th
e

m
S

G
L

D
ga

in
s

effi
ci

en
cy

ov
er

th
e

S
G

L
D

(t
h

e
re

a
so

n
b

ei
n

g
th

at
n

se
em

s
to

as
y
m

p
to

te
as
ε

d
ec

re
as

es
).

T
h

e
u

p
p

er
b

ou
n

d
ob

ta
in

ed
in

E
q
u

at
io

n
(6

7)
su

gg
es

ts
a

sc
al

in
g

of
M
∼
ε−

3
a
n

d
r
∼
ε

to
ob

ta
in

an
M

S
E

of
or

d
er
ε2

w
it

h
m

in
im

al
co

m
p
u

ta
ti

on
al

eff
or

t.
T

h
e

n
u

m
er

ic
a
l

m
in

im
is

a
ti

on
of
M

w
it

h
re

sp
ec

t
to
r

an
d
M

su
b

je
ct

to
th

e
co

n
d

it
io

n
M

S
E

(r
,M

)
≤
ε2

co
n

fi
rm

s
th

is
sc

al
in

g
em

p
ir

ic
al

ly
,

se
e

F
ig

u
re

4.

6
.2

T
h

e
M

S
E

2
fo

r
fi

x
e
d

a
n

d
in

c
re

a
si

n
g
N

W
e

n
ow

co
n

si
d

er
th

e
b

eh
av

io
u

r
fo

r
gr

ow
in

g
d

at
a

si
ze
N

w
h

er
e

a
n

ew
d

at
a

se
t
X

is
ge

n
er

a
te

d
in

ea
ch

in
st

an
ce

.
F

ig
u
re

5
d

ep
ic

ts
th

e
M

S
E

2
fo

r
N

=
10
i

w
it

h
i

=
1
,.
..
,4

fo
r

th
e

su
b

se
t

ch
oi

ce
s
n

=
N

0
.1
,N

0
.5

an
d
N

0
.9

;
ea

ch
co

m
p

ar
ed

to
th

e
E

u
le

r
m

et
h

o
d

co
rr

es
p

on
d

in
g

to
n

=
N

.
In

th
is

p
lo

t
w

e
n

ot
ic

e
th

at
th

e
S

G
L

D
ou

tp
er

fo
rm

s
th

e
m

S
G

L
D

fo
r
n

=
N

0
.1

a
n

d
n

=
N

0
.5

.
T

h
e

b
eh
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io

u
r

in
F

ig
u

re
5

su
gg

es
ts

th
at

th
e

m
S

G
L

D
h

as
a

la
rg

er
b

ia
s

th
a
n

th
e

S
G

L
D

w
h

ic
h

se
em

s
to

co
n
tr

ad
ic

t
th

e
fi

n
d

in
gs

of
S

ec
ti

on
2

an
d

4.
P

re
v
io

u
sl

y,
w

e
h

av
e

ju
st

co
n

si
d

er
ed

th
e

as
y
m

p
to

ti
c

of
h
→

0.
In

co
n
tr

as
t,

w
e

sc
al

e
b

ot
h
h

=
r

1
A

(N
)

a
n

d
n

=
N
p

in
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e
r
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Z
y
g

a
l
a
k
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a
n
d

T
e
h

(a
)

L
in

e
fi
t

y
ie
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s
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(ε
)
∼
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3
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a
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ε
→

0
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)
L

in
e

fi
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s
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∼
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.9
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a
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→

0

F
ig

u
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li

n
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n

d
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m
in

im
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m

p
u
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b
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re
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b
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e
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b
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F
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si
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w
e
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d

er
sa

m
p
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n

g
w
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o
u
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p
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ce
m

en
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u
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g
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e
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q
u
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-
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o
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il

a
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u
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s
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fo
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p
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p
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ce
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en
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at
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at
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e

st
ep

si
ze

,
th

e
ex

ce
ss

as
y
m

p
to
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b
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=
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−
n
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.
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p
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.
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∑
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=
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ψ
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h
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h
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∥ ∥ ∇

2
ψ
i∥ ∥

E τ
∥ ∥ ∥f̂

i∥ ∥ ∥2
∥ ∥ ∇

2
ψ
j

∥ ∥ E
τ

∥ ∥ ∥f̂
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ié

ry
,

an
d

S
.

J
.

V
ol

lm
er

.
C

on
si

st
en

cy
an

d
fl
u

ct
u

at
io

n
s

fo
r

st
o
ch

a
st

ic
gr

ad
ie

n
t

L
an

ge
v
in

d
y
n

am
ic

s.
A

rX
iv

e-
p
ri

n
ts

,
20

14
.

A
cc

ep
te

d
b
y

J
.

M
a
ch

.
L

ea
rn

.
R

es
.

M
.

W
el

li
n

g
an

d
Y

.
W

.
T

eh
.

B
ay

es
ia

n
le

ar
n

in
g

v
ia

S
to

ch
as

ti
c

G
ra

d
ie

n
t

L
an

ge
v
in

D
y
n

a
m

ic
s.

In
P

ro
ce

ed
in

gs
o
f

th
e

2
8
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(I

C
M

L
-1

1
),

p
ag

es
68

1–
68

8,
20

11
.

K
.

C
.

Z
y
ga

la
k
is

.
O

n
th

e
ex

is
te

n
ce

an
d

ap
p
li

ca
ti

on
s

of
m

o
d

ifi
ed

eq
u

at
io

n
s

fo
r

st
o
ch

a
st

ic
d

iff
er

en
ti

al
eq

u
at

io
n

s.
S

IA
M

J
.

S
ci

.
C

o
m

p
u

t.
,

33
:1

02
–1

30
,

20
11

.

45
JM

L
R

 1
7(

15
9)

:1
-4

5

 



 
 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
7

(2
0
1
6
)

1
-5

3
S

u
b

m
it

te
d

1
2
/
1
5
;

R
ev

is
ed

4
/
1
6
;

P
u

b
li

sh
ed

9
/
1
6

A
G
e
n
e
ra

l
F
ra

m
e
w
o
rk

fo
r
C
o
n
st
ra

in
e
d

B
a
y
e
si
a
n

O
p
ti
m
iz
a
ti
o
n

u
si
n
g
In

fo
rm

a
ti
o
n
-b

a
se
d

S
e
a
rc
h

J
o
sé
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a
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b
y

B
ro

ch
u

et
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a
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a
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a
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;
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;
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u
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isitio
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p
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b
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e

search
sp

a
ce

sa
tisfi

es
th
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b
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b
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con
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p
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b
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p
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p
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p
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b
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u
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p
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p
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a
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b
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á
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b
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p
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p
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b
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b
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b
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.
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p

erform
em

p
irical

evalu
ation

s
of

P
E

S
C

on
cou

p
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con
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R
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con
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b
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b
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b
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b
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d
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b
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=

∫
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φ
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,
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a
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p
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b
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p
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ts

is
to

d
efi

n
e

im
p

ro
v
em

en
t

a
s

o
n

ly
o
cc

u
rr

in
g

w
h

en
th

e
co

n
st

ra
in

ts
ar

e
sa

ti
sfi

ed
.

B
ec

au
se

w
e

ar
e

u
n

ce
rt

ai
n

ab
ou

t
th

e
va

lu
es

of
th

e
co

n
st

ra
in

ts
,

w
e

m
u

st
w

ei
gh

t
th

e
or

ig
in

al
E

I
va

lu
e

b
y

th
e

p
ro

b
ab

il
it

y
of

th
e

co
n

st
ra

in
ts

b
ei

n
g

sa
ti

sfi
ed

.
T

h
is

re
su

lt
s

in
w

h
at

w
e

ca
ll

E
x
p

ec
te

d
Im

p
ro

ve
m

en
t

w
it

h
C

on
st

ra
in

ts
(E

IC
):

α
E

IC
(x

)
=
α

E
I(

x
)
K ∏ k
=

1

P
r(
c k

(x
)
≥

0|
D

)
=
α

E
I(

x
)
K ∏ k
=

1

Φ

(
µ
k
(x

)

σ
k
(x

)

)
,

(3
)

T
h

e
co

n
st

ra
in

t
sa

ti
sf

ac
ti

on
p
ro

b
ab

il
it

y
fa

ct
or

iz
es

b
ec

au
se
f

an
d
c 1
,.
..
,c
K

ar
e

m
o
d

el
ed

b
y

in
d

ep
en

d
en

t
G

P
s.

In
th

is
ex

p
re

ss
io

n
µ
k

an
d
σ

2 k
ar

e
th

e
p

os
te

ri
or

p
re

d
ic

ti
v
e

m
ea

n
an

d
va

ri
an

ce
fo

r
c k

(x
).

E
IC

w
as

in
it

ia
ll

y
p

ro
p

os
ed

b
y

S
ch

on
la

u
et

al
.

(1
99

8
)

a
n

d
h

a
s

b
ee

n
re

v
is

it
ed

b
y

P
ar

r
(2

01
3)

,
S

n
o
ek

(2
01

3)
,

G
ar

d
n

er
et

a
l.

(2
01

4)
an

d
G

el
b

ar
t

et
a
l.

(2
0
14

).
In

th
e

co
n

st
ra

in
ed

se
tt

in
g,

th
e

in
cu

m
b

en
t
η

ca
n

b
e

d
efi

n
ed

as
th

e
m

in
im

u
m

ex
p

ec
te

d
ob

je
ct

iv
e

va
lu

e
su

b
je

ct
to

al
l

th
e

co
n

st
ra

in
ts

b
ei

n
g

sa
ti

sfi
ed

at
th

e
co

rr
es

p
o
n

d
in

g
lo

ca
ti

on
.

H
ow

ev
er

,
w

e
ca

n
n

ev
er

gu
ar

an
te

e
th

at
al

l
th

e
co

n
st

ra
in

ts
w

il
l

b
e

sa
ti

sfi
ed

w
h

en
th

ey
a
re

on
ly

ob
se

rv
ed

th
ro

u
gh

n
oi

sy
ev

al
u

at
io

n
s.

T
o

ci
rc

u
m

ve
n
t

th
is

p
ro

b
le

m
,

G
el

b
ar

t
et

a
l.

(2
0
1
4)

d
efi

n
e
η

as
th

e
lo

w
es

t
ex

p
ec

te
d

ob
je

ct
iv

e
va

lu
e

su
b

je
ct

to
al

l
th

e
co

n
st

ra
in

ts
b

ei
n

g
sa

ti
sfi

ed
w

it
h

p
os

te
ri

or
p

ro
b

ab
il

it
y

la
rg

er
th

an
th

e
th

re
sh

o
ld

1
−
δ,

w
h

er
e
δ

is
a

sm
a
ll

n
u

m
b

er
su

ch
as

0.
05

.
H

ow
ev

er
,

th
is

va
lu

e
fo

r
η

st
il

l
ca

n
n

ot
b

e
co

m
p

u
te

d
w

h
en

th
er

e
is

n
o

p
oi

n
t

in
th

e
se

ar
ch

sp
ac

e
th

at
sa

ti
sfi

es
th

e
co

n
st

ra
in

ts
w

it
h

p
os

te
ri

or
p

ro
b

ab
il

it
y

h
ig

h
er

th
a
n

1
−
δ.

F
or

ex
am

p
le

,
b

ec
au

se
of

la
ck

of
d

at
a

fo
r

th
e

co
n

st
ra

in
ts

.
In

th
is

ca
se

,
G

el
b

ar
t

et
al

.
ch

an
g
e

th
e

or
ig

in
al

ac
q
u

is
it

io
n

fu
n

ct
io

n
gi

ve
n

b
y

E
q
.
(3

)
an

d
ig

n
or

e
th

e
fa

ct
or
α

E
I(

x
)

in
th

a
t

ex
p

re
ss

io
n

.
T

h
is

al
lo

w
s

th
em

to
se

ar
ch

on
ly

fo
r

a
fe

as
ib

le
lo

ca
ti

on
,

ig
n

or
in

g
th

e
ob

je
ct

iv
e
f

en
ti

re
ly

a
n

d
ju

st
op

ti
m

iz
in

g
th

e
co

n
st

ra
in

t
sa

ti
sf

ac
ti

on
p

ro
b

ab
il

it
y.

H
ow

ev
er

,
th

is
ca

n
le

a
d

to
in

effi
ci

en
t

op
ti

m
iz

at
io

n
in

p
ra

ct
ic

e
b

ec
au

se
th

e
d

at
a

co
ll

ec
te

d
fo

r
th

e
ob

je
ct

iv
e
f

is
n

o
t

u
se

d
to

m
a
ke

op
ti

m
al

d
ec

is
io

n
s.

2
.2

In
te

g
ra

te
d

E
x
p

e
c
te

d
C

o
n

d
it

io
n

a
l

Im
p

ro
v
e
m

e
n
t

G
ra

m
ac

y
an

d
L

ee
(2

01
1)

p
ro

p
os

e
an

ac
q
u
is

it
io

n
fu

n
ct

io
n

ca
ll

ed
th

e
in

te
g
ra

te
d

ex
p

ec
te

d
co

n
d

it
io

n
al

im
p

ro
v
em

en
t

(I
E

C
I)

,
d

efi
n

ed
as

α
IE

C
I(

x
)

=

∫ X

[ α
E

I(
x
′ )
−
α

E
I(

x
′ |x

)]
h

(x
′ )

d
x
′ .

(4
)

H
er

e,
α

E
I(

x
′ )

is
th

e
ex

p
ec

te
d

im
p

ro
ve

m
en

t
at

x
′ ,
α

E
I(

x
′ |x

)
is

th
e

ex
p

ec
te

d
im

p
ro

ve
m

en
t

at
x
′ g

iv
en

th
at

th
e

ob
je

ct
iv

e
h

as
b

ee
n

ob
se

rv
ed

at
x

(b
u

t
w

it
h

ou
t

m
ak

in
g

a
n
y

as
su

m
p

ti
o
n

s
ab

ou
t

th
e

ob
se

rv
ed

va
lu

e)
,

an
d
h

(x
′ )

is
an

ar
b

it
ra

ry
d

en
si

ty
ov

er
x
′ .

T
h

e
IE

C
I

a
t

x
is

th
e

ex
p

ec
te

d
re

d
u

ct
io

n
in

E
I

at
x
′ ,

u
n

d
er

th
e

d
en

si
ty
h

(x
′ )

,
ca

u
se

d
b
y

ob
se

rv
in

g
th

e
ob

je
ct

iv
e

at
x

.
G

ra
m

ac
y

an
d

L
ee

u
se

IE
C

I
fo

r
co

n
st

ra
in

ed
B

O
b
y

se
tt

in
g
h

(x
′ )

to
th

e
p

ro
b
ab

il
it

y
of

th
e

co
n

st
ra

in
ts

b
ei

n
g

sa
ti

sfi
ed

at
x
′ .

T
h

ey
d

efi
n

e
th

e
in

cu
m

b
en

t
η

as
th

e
lo

w
es

t
p

o
st

er
io

r
m

ea
n

fo
r

th
e

ob
je

ct
iv

e
f

ov
er

th
e

w
h

ol
e

o
p

ti
m

iz
at

io
n

d
om

ai
n

,
ig

n
or

in
g

th
e

fa
ct

th
a
t

th
e

lo
w

es
t

p
os

te
ri

or
m

ea
n

fo
r

th
e

ob
je

ct
iv

e
m

ay
b

e
ac

h
ie

ve
d

in
an

in
fe

as
ib

le
lo

ca
ti

o
n

.
T

h
e

m
ot

iv
at

io
n

fo
r

IE
C

I
is

th
at

co
ll

ec
ti

n
g

d
at

a
a
t

an
in

fe
as

ib
le

lo
ca

ti
on

m
ay

a
ls

o
p

ro
v
id

e
u

se
fu

l
in

fo
rm

at
io

n
.

E
IC

st
ro

n
gl

y
d

is
co

u
ra

ge
s

th
is

,
b

ec
au

se
E

q
.

(3
)

al
w

ay
s

ta
ke

s
ve

ry
lo

w

5
JM

L
R

 1
7(

16
0)

:1
-5

3

H
e
r
n
á
n
d
e
z
-L

o
b
a
t
o
,

G
e
l
b
a
r
t
,

A
d
a
m

s,
H

o
f
f
m

a
n

a
n
d

G
h
a
h
r
a
m

a
n
i

va
lu

es
w

h
en

th
e

co
n

st
ra

in
ts

a
re

u
n

li
ke

ly
to

b
e

sa
ti

sfi
ed

.
T

h
is

is
n

o
t

th
e

ca
se

w
it

h
IE

C
I

b
ec

a
u

se
E

q
.
(4

)
co

n
si

d
er

s
th

e
E

I
ov

er
th

e
w

h
o
le

o
p

ti
m

iz
a
ti

on
d

o
m

ai
n

in
st

ea
d

of
fo

cu
si

n
g

o
n

ly
on

th
e

E
I

a
t

th
e

cu
rr

en
t

ev
al

u
a
ti

on
lo

ca
ti

o
n

,
w

h
ic

h
m

ay
b

e
in

fe
a
si

b
le

w
it

h
h

ig
h

p
ro

b
ab

il
it

y.
G

el
b

ar
t

et
al

.
(2

01
4
)

co
m

p
ar

e
IE

C
I

w
it

h
E

IC
fo

r
o
p

ti
m

iz
in

g
th

e
h
y
p

er
-p

a
ra

m
et

er
s

o
f

a
to

p
ic

m
o
d

el
w

it
h

co
n

st
ra

in
ts

on
th

e
en

tr
o
p
y

o
f

th
e

p
er

-t
o
p

ic
w

o
rd

d
is

tr
ib

u
ti

o
n

a
n

d
sh

ow
th

a
t

E
IC

ou
tp

er
fo

rm
s

IE
C

I
on

th
is

p
ro

b
le

m
.

2
.3

E
x
p

e
c
te

d
V

o
lu

m
e

M
in

im
iz

a
ti

o
n

A
n

al
te

rn
at

iv
e

ap
p

ro
a
ch

is
g
iv

en
b
y

P
ic

h
en

y
(2

0
1
4
),

w
h

o
p

ro
p

o
se

s
to

se
q
u

en
ti

a
ll

y
ex

p
lo

re
th

e
lo

ca
ti

on
th

at
m

o
st

d
ec

re
a
se

s
th

e
ex

p
ec

te
d

vo
lu

m
e

(E
V

)
o
f

th
e

fe
as

ib
le

re
gi

o
n

b
el

ow
th

e
b

es
t

fe
as

ib
le

ob
je

ct
iv

e
va

lu
e
η

fo
u

n
d

so
fa

r.
T

h
is

q
u

a
n
ti

ty
is

co
m

p
u

te
d

b
y

in
te

g
ra

ti
n

g
th

e
p

ro
d

u
ct

o
f

th
e

p
ro

b
ab

il
it

y
o
f

im
p

ro
v
em

en
t

an
d

th
e

p
ro

b
a
b

il
it

y
of

fe
as

ib
il

it
y.

T
h

at
is

,

α
E

V
(x

)
=

∫
p
[f

(x
′ )
≤
η
]h

(x
′ )
d
x
′ −
∫
p
[f

(x
′ )
≤

m
in

(η
,f

(x
))

]h
(x
′ )
d
x
′ ,

(5
)

w
h

er
e,

as
in

IE
C

I,
h

(x
′ )

is
th

e
p

ro
b

a
b

il
it

y
th

a
t

th
e

co
n

st
ra

in
ts

a
re

sa
ti

sfi
ed

at
x
′ .

P
ic

h
en

y
co

n
si

d
er

s
n

o
is

el
es

s
ev

al
u

at
io

n
s

fo
r

th
e

o
b

je
ct

iv
e

a
n
d

co
n

st
ra

in
t

fu
n

ct
io

n
s

a
n

d
d

efi
n

es
η

a
s

th
e

b
es

t
fe

a
si

b
le

o
b

je
ct

iv
e

va
lu

e
se

en
so

fa
r

o
r

+
∞

w
h

en
n

o
fe

a
si

b
le

lo
ca

ti
on

h
a
s

b
ee

n
fo

u
n

d
.

A
d

is
a
d

va
n
ta

g
e

o
f

P
ic

h
en

y
’s

m
et

h
o
d

is
th

a
t

it
re

q
u

ir
es

th
e

in
te

gr
al

in
E

q
.

(5
)

to
b

e
co

m
p

u
te

d
ov

er
th

e
en

ti
re

se
a
rc

h
d

o
m

a
in
X

,
w

h
ic

h
is

d
on

e
n
u
m

er
ic

a
ll
y

ov
er

a
g
ri

d
o
n

x
′ .

T
h

e
re

su
lt

in
g

ac
q
u

is
it

io
n

fu
n

ct
io

n
m

u
st

th
en

b
e

g
lo

b
a
ll

y
op

ti
m

iz
ed

.
T

h
is

is
of

te
n

p
er

fo
rm

ed
b
y

fi
rs

t
ev

al
u

a
ti

n
g

th
e

ac
q
u
is

it
io

n
fu

n
ct

io
n

on
a

g
ri

d
o
n

x
.

T
h

e
b

es
t

p
o
in

t
in

th
is

se
co

n
d

g
ri

d
is

th
en

u
se

d
as

th
e

st
ar

ti
n

g
p

o
in

t
o
f

a
n
u

m
er

ic
a
l
o
p

ti
m

iz
er

fo
r

th
e

a
cq

u
is

it
io

n
fu

n
ct

io
n

.
T

h
is

n
es

ti
n

g
o
f

g
ri

d
op

er
a
ti

o
n

s
li

m
it

s
th

e
a
p

p
li
ca

ti
o
n

o
f

th
is

m
et

h
o
d

to
sm

a
ll

in
p

u
t

d
im

en
si

on
D

.
T

h
is

is
a
ls

o
th

e
ca

se
fo

r
IE

C
I

w
h

os
e

a
cq

u
is

it
io

n
fu

n
ct

io
n

in
E

q
.

(4
)

a
ls

o
in

cl
u

d
es

a
n

in
te

gr
a
l

ov
er
X

.
O

u
r

m
et

h
o
d

P
E

S
C

re
q
u

ir
es

a
si

m
il

a
r

in
te

g
ra

l
in

th
e

fo
rm

of
an

ex
p

ec
ta

ti
on

w
it

h
re

sp
ec

t
to

th
e

p
os

te
ri

o
r

d
is

tr
ib

u
ti

o
n

o
f

th
e

gl
o
b

a
l

fe
a
si

b
le

m
in

im
iz

er
x
?
.

N
ev

er
th

el
es

s,
th

is
ex

p
ec

ta
ti

on
ca

n
b

e
effi

ci
en

tl
y

ap
p

ro
x
im

a
te

d
b
y

av
er

a
g
in

g
ov

er
sa

m
p

le
s

o
f
x
?

d
ra

w
n

u
si

n
g

th
e

a
p

p
ro

ac
h

p
ro

p
o
se

d
b
y

H
er

n
á
n

d
ez

-L
o
b

a
to

et
a
l.

(2
0
14

).
T

h
is

a
p

p
ro

a
ch

is
fu

rt
h

er
d

es
cr

ib
ed

in
A

p
p

en
d

ix
B

.3
.

N
ot

e
th

a
t

th
e

in
te

g
ra

ls
in

E
q
.

(5
)

co
u

ld
in

p
ri

n
ci

p
le

b
e

a
ls

o
a
p

p
ro

x
im

at
ed

b
y

u
si

n
g

M
a
rc

ov
ch

a
in

M
on

te
C

a
rl

o
(M

C
M

C
)

to
sa

m
p

le
fr

o
m

th
e

u
n

n
or

m
a
li

ze
d

d
en

si
ty

h
(x
′ )

.
H

ow
ev

er
,

th
is

w
as

n
o
t

p
ro

p
o
se

d
b
y

P
ic

h
en

y
a
n

d
h

e
o
n
ly

d
es

cr
ib

ed
th

e
g
ri

d
b

a
se

d
m

et
h

o
d

.

2
.4

M
o
d

e
li

n
g

a
n

A
u

g
m

e
n
te

d
L

a
g
ra

n
g
ia

n

G
ra

m
ac

y
et

al
.(

20
1
6)

p
ro

p
o
se

to
u

se
a

co
m

b
in

a
ti

o
n

o
f
E

I
a
n

d
th

e
au

g
m

en
te

d
L

ag
ra

n
gi

an
(A

L
)

m
et

h
o
d

:
a
n

al
go

ri
th

m
w

h
ic

h
tu

rn
s

a
n

o
p
ti

m
iz

a
ti

on
p

ro
b

le
m

w
it

h
co

n
st

ra
in

ts
in

to
a

se
q
u

en
ce

o
f

u
n

co
n

st
ra

in
ed

op
ti

m
iz

at
io

n
p

ro
b

le
m

s.
G

ra
m

a
cy

et
al

.
u

se
B

O
te

ch
n

iq
u

es
b

a
se

d
o
n

E
I

to
so

lv
e

th
e

u
n

co
n

st
ra

in
ed

in
n

er
lo

o
p

o
f

th
e

A
L

p
ro

b
le

m
.

W
h

en
f

a
n

d
c 1
,.
..
,c
K

ar
e

k
n
ow

n
th

e
u

n
co

n
st

ra
in

ed
A

L
ob

je
ct

iv
e

is
d

efi
n

ed
a
s

L
A

(x
|λ

1
,.
..
,λ

K
,p

)
=
f

(x
)

+

K ∑ k
=

1

[
1 2
p

m
in

(0
,c
k
(x

))
2
−
λ
k
c k

(x
)]
,

(6
)

6
JM

L
R

 1
7(

16
0)

:1
-5

3



C
o
n
st

r
a
in

e
d

B
a
y
e
sia

n
O

p
t
im

iz
a
t
io

n
u
sin

g
In

f
o
r
m

a
t
io

n
-b

a
se

d
S
e
a
r
c
h

w
h

ere
p
>

0
is

a
p

en
a
lty

p
aram

eter
a
n

d
λ

1 ≥
0,...,λ

K
≥

0
serv

e
a
s

L
a
g
ra

n
g
e

m
u

ltip
liers.

T
h

e
A

L
m

eth
o
d

itera
tively

m
in

im
izes

E
q
.

(6
)

w
ith

d
iff

eren
t

va
lu

es
fo

r
p

a
n

d
λ

1 ,...,λ
K

at

each
itera

tio
n

.
L

et
x

(n
)

?
b

e
th

e
m

in
im

izer
o
f
E

q
.
(6

)
at

itera
tio

n
n

u
sin

g
p

a
ra

m
eter

va
lu

es
p

(n
)

a
n

d
λ

(n
)

1
,...,λ

(n
)

K
.

T
h

e
n

ex
t

p
aram

eter
valu

es
a
re

λ
(n

+
1
)

k
=

m
ax

(0,λ
(n

)
k
−
c
k (x

(n
)

?
)/
p

(n
))

for
k

=
1,...,K

a
n

d
p

(n
+

1
)

=
p

(n
)

if
x

(n
)

?
is

feasib
le

a
n

d
p

(n
+

1
)

=
p

(n
)/

2
oth

erw
ise.

W
h

en
f

a
n

d
c

1 ,...,c
K

a
re

u
n

k
n

ow
n

w
e

ca
n

n
o
t

d
irectly

m
in

im
ize

E
q
.

(6
).

H
ow

ever,
if

w
e

h
av

e
o
b

serva
tion

s
for

f
an

d
c

1 ,...,c
K

,
w

e
can

th
en

m
a
p

su
ch

d
a
ta

in
to

o
b

serva
tion

s
for

th
e

A
L

o
b

jective.
G

ra
m

acy
et

al.
fi

t
a

G
P

m
o
d

el
to

th
e

A
L

o
b

serva
tio

n
s

an
d

th
en

select
th

e
n

ex
t

eva
lu

a
tio

n
lo

catio
n

u
sin

g
th

e
E

I
h

eu
ristic.

A
fter

collectin
g

th
e

d
a
ta

,
th

e
A

L
p

a
ram

eters
a
re

u
p

d
a
ted

a
s

a
b

ov
e

u
sin

g
th

e
n

ew
valu

es
fo

r
th

e
co

n
stra

in
ts

an
d

th
e

w
h

ole
p

ro
cess

rep
eats.

A
d

isa
d

va
n
ta

ge
of

th
is

a
p

p
ro

ach
is

th
a
t

it
a
ssu

m
es

th
at

th
e

th
e

co
n

stra
in

ts
c

1 ,...,c
k

are
n

o
iseless

to
gu

aran
tee

th
a
t

th
at
p

a
n

d
λ

1 ,...,λ
K

ca
n

b
e

co
rrectly

u
p

d
a
ted

.
F

u
rth

erm
o
re,

G
ra

m
a
cy

et
a
l.

(20
1
6)

fo
cu

s
o
n

ly
on

th
e

case
in

w
h

ich
th

e
o
b

jective
f

is
k
n

ow
n

,
a
lth

o
u

g
h

th
ey

p
rov

id
e

su
g
g
estion

s
for

ex
ten

d
in

g
th

eir
m

eth
o
d

to
u

n
k
n
ow

n
f

.
In

sectio
n

6
.3

w
e

sh
ow

th
at

P
E

S
C

an
d

E
IC

p
erfo

rm
b

etter
th

an
th

e
A

L
a
p

p
ro

a
ch

o
n

th
e

sy
n
th

etic
b

en
ch

m
a
rk

p
ro

b
lem

co
n

sid
ered

b
y

G
ram

acy
et

a
l.,

even
w

h
en

th
e

A
L

m
eth

o
d

h
as

a
ccess

to
th

e
tru

e
o
b

jective
fu

n
ction

an
d

P
E

S
C

a
n

d
E

IC
d

o
n

o
t.

2
.5

E
x
istin

g
M

e
th

o
d

s
fo

r
D

e
c
o
u

p
le

d
E

v
a
lu

a
tio

n
s

T
h

e
m

eth
o
d

s
d

escrib
ed

a
b

ove
ca

n
b

e
u

sed
to

so
lve

co
n

stra
in

ed
B

O
p

ro
b

lem
s

w
ith

co
u

p
led

eva
lu

a
tio

n
s.

T
h

ese
a
re

p
rob

lem
s

in
w

h
ich

a
ll

th
e

fu
n

ction
s

(o
b

jective
a
n

d
co

n
strain

ts)
a
re

a
lw

ay
s

evalu
a
ted

jo
in

tly
a
t

th
e

sa
m

e
in

p
u

t.
G

elb
a
rt

et
a
l.

(20
1
4
)

co
n

sid
er

ex
ten

d
in

g
th

e
E

IC
m

eth
o
d

from
S

ectio
n

2
.1

to
th

e
d
eco

u
p
led

settin
g
,

w
h

ere
th

e
d

iff
eren

t
fu

n
ctio

n
s

ca
n

b
e

in
d

ep
en

d
en

tly
eva

lu
ated

at
d

iff
eren

t
in

p
u

t
lo

ca
tio

n
s.

H
ow

ever,
th

ey
id

en
tify

a
p

rob
lem

w
ith

E
IC

in
th

e
d

eco
u

p
led

scen
a
rio

.
In

p
a
rticu

lar,
th

e
E

IC
u

tility
fu

n
ctio

n
req

u
ires

tw
o

con
d
itio

n
s

to
p

ro
d

u
ce

p
o
sitiv

e
va

lu
es.

F
irst,

th
e

eva
lu

atio
n

fo
r

th
e

o
b

jective
m

u
st

a
ch

ieve
a

low
er

va
lu

e
th

an
th

e
b

est
fea

sib
le

solu
tion

so
fa

r
a
n

d
,

secon
d

,
th

e
eva

lu
a
tion

s
fo

r
th

e
co

n
stra

in
ts

m
u

st
p

ro
d

u
ce

n
o
n

-n
ega

tive
va

lu
es.

W
h

en
w

e
eva

lu
a
te

o
n

ly
o
n

e
fu

n
ctio

n
(o

b
jective

o
r

co
n

stra
in

t),
th

e
con

ju
n

ctio
n

o
f

th
ese

tw
o

co
n

d
ition

s
can

n
ot

b
e

sa
tisfi

ed
b
y

a
sin

g
le

o
b

serva
tio

n
u

n
d

er
a

m
yo

p
ic

search
p

olicy.
T

h
u

s,
th

e
n

ew
eva

lu
a
tio

n
lo

ca
tio

n
ca

n
n

ever
b

eco
m

e
th

e
n

ew
in

cu
m

b
en

t
an

d
th

e
E

IC
is

zero
ev

ery
w

h
ere.

T
h

erefo
re,

sta
n

d
a
rd

E
IC

fails
in

th
e

d
eco

u
p

led
settin

g
.

G
elb

art
et

al.
(2

01
4
)

circu
m

ven
t

th
e

p
ro

b
lem

m
en

tio
n

ed
a
b

ove
b
y

treatin
g

d
eco

u
p

lin
g

as
a

sp
ecia

l
ca

se
an

d
u

sin
g

a
tw

o
-sta

ge
a
cq

u
isitio

n
fu

n
ctio

n
:

fi
rst,

th
e

n
ex

t
eva

lu
a
tio

n
lo

ca
tion

x
is

ch
o
sen

w
ith

E
IC

,
an

d
th

en
,

g
iv

en
x

,
th

e
ta

sk
(w

h
eth

er
to

eva
lu

a
te

th
e

o
b

jective
o
r

o
n

e
of

th
e

con
strain

ts)
is

ch
osen

a
cco

rd
in

g
to

th
e

ex
p

ected
red

u
ctio

n
in

th
e

en
trop

y
o
f

th
e

glo
b

al
feasib

le
m

in
im

izer
x
? ,

w
h

ere
th

e
en

tro
p
y

com
p

u
ta

tio
n

is
a
p

p
rox

im
a
ted

u
sin

g
M

on
te

C
a
rlo

sa
m

p
lin

g
a
s

p
rop

osed
b
y

V
illem

on
teix

et
a
l.

(2
0
0
9
).

W
e

call
th

e
resu

ltin
g

m
eth

o
d

E
IC

-D
.

N
ote

th
at

th
e

tw
o
-sta

g
e

d
ecision

p
ro

cess
u

sed
b
y

E
IC

-D
is

su
b

-op
tim

a
l

a
n

d
a

join
t

selection
of

x
an

d
th

e
ta

sk
sh

o
u

ld
p

ro
d

u
ce

b
etter

resu
lts.

A
s

d
iscu

ssed
in

th
e

sectio
n

s
th

at
fo

llow
,

o
u

r
m

eth
o
d

,
P

E
S

C
,

d
o
es

n
ot

su
ff

er
fro

m
th

is
d

isa
d

va
n
tag

e
a
n

d
fu

rth
erm

ore,
ca

n
b

e
ex

ten
d

ed
to

a
w

id
er

ra
n

g
e

o
f

d
ecou

p
led

p
ro

b
lem

s
th

an
E

IC
-D

ca
n

.
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H
e
r
n
á
n
d
e
z
-L

o
b
a
t
o
,

G
e
l
b
a
r
t
,

A
d
a
m

s,
H

o
f
f
m

a
n

a
n
d

G
h
a
h
r
a
m

a
n
i

3
.
D
e
co

u
p
le
d

F
u
n
ctio

n
E
v
a
lu
a
tio

n
s
a
n
d

R
e
so

u
rce

A
llo

ca
tio

n

W
e

p
resen

t
a

fram
ew

ork
for

d
escrib

in
g

con
strain

ed
B

O
p

rob
lem

s.
W

e
say

th
at

a
set

of
fu

n
ction

s
(o

b
jective

or
con

strain
ts)

are
co

u
p
led

w
h

en
th

ey
alw

ay
s

req
u

ire
join

t
evalu

ation
at

th
e

sa
m

e
in

p
u

t
lo

cation
.

W
e

say
th

at
th

ey
are

d
eco

u
p
led

w
h

en
th

ey
can

b
e

evalu
a
ted

in
d

ep
en

d
en

tly
a
t

d
iff

eren
t

in
p

u
ts.

In
p

ractice,
a

p
articu

lar
p

rob
lem

m
ay

ex
h

ib
it

cou
p

led
o
r

d
ecou

p
led

fu
n

ction
s

or
a

com
b

in
ation

of
b

oth
.

A
n

ex
am

p
le

o
f

a
p

rob
lem

w
ith

cou
p

led
fu

n
ctio

n
s

is
given

b
y

a
fi

n
an

cial
sim

u
lator

th
at

gen
erates

m
an

y
sam

p
les

from
th

e
d

istrib
u

tio
n

o
f

p
ossib

le
fi

n
an

cial
ou

tcom
es.

If
th

e
ob

jective
fu

n
ction

is
th

e
ex

p
ected

p
rofi

t
an

d
th

e
co

n
stra

in
t

is
a

m
ax

im
u

m
tolerab

le
p

rob
ab

ility
of

d
efau

lt,
th

en
th

ese
tw

o
fu

n
ction

s
a
re

co
m

p
u

ted
jo

in
tly

b
y

th
e

sam
e

sim
u

lation
an

d
are

th
u

s
cou

p
led

to
each

o
th

er.
A

n
ex

am
p

le
o
f

a
p

ro
b

lem
w

ith
d

ecou
p

led
fu

n
ction

s
is

th
e

op
tim

ization
of

th
e

p
red

ictive
accu

racy
of

a
n

eu
ra

l
n

etw
ork

sp
eech

recogn
ition

sy
stem

su
b

ject
to

p
red

iction
tim

e
con

stra
in

ts.
In

th
is

ca
se

d
iff

eren
t

n
eu

ral
n

etw
ork

arch
itectu

res
m

ay
p

ro
d

u
ce

d
iff

eren
t

p
red

ictive
a
ccu

racies
an

d
d

iff
eren

t
p

red
ictio

n
tim

es.
A

ssessin
g

th
e

p
red

iction
tim

e
m

ay
n

ot
req

u
ire

tra
in

in
g

th
e

n
eu

ral
n

etw
ork

an
d

cou
ld

b
e

d
on

e
u

sin
g

arb
itrary

n
etw

ork
w

eigh
ts.

T
h
u

s,
w

e
can

evalu
ate

th
e

tim
in

g
con

strain
t

w
ith

ou
t

evalu
atin

g
th

e
accu

racy
ob

jective.

W
h

en
p

rob
lem

s
ex

h
ib

it
a

com
b

in
ation

of
cou

p
led

an
d

d
ecou

p
led

fu
n

ction
s,

w
e

can
th

en
p

a
rtitio

n
th

e
d

iff
eren

t
fu

n
ction

s
in

to
su

b
sets

of
fu

n
ctio

n
s

th
a
t

req
u

ire
cou

p
led

evalu
ation

.
W

e
ca

ll
th

ese
su

b
sets

of
cou

p
led

fu
n

ction
s

ta
sks.

In
th

e
fi

n
an

cial
sim

u
lator

ex
am

p
le,

th
e

o
b

jective
an

d
th

e
con

strain
t

form
th

e
on

ly
task

.
In

th
e

sp
eech

recogn
ition

sy
stem

th
ere

are
tw

o
ta

sk
s,

on
e

fo
r

th
e

ob
jectiv

e
an

d
on

e
for

th
e

con
strain

t.
F

u
n

ction
s

w
ith

in
d

iff
eren

t
task

s
a
re

d
eco

u
p

led
an

d
can

b
e

evalu
ated

in
d

ep
en

d
en

tly.
T

h
ese

task
s

m
ay

o
r

m
ay

n
ot

com
p

ete
for

a
lim

ited
set

of
reso

u
rces.

F
or

ex
am

p
le,

tw
o

task
s

th
at

b
oth

req
u

ire
th

e
p

erform
an

ce
of

ex
p

en
sive

com
p

u
tation

s
m

ay
h

ave
to

com
p

ete
for

u
sin

g
a

sin
gle

availab
le

C
P

U
.

A
n

ex
am

p
le

w
ith

n
o

com
p

etition
is

given
b
y

tw
o

ta
sk

s,
on

e
w

h
ich

p
erform

s
com

p
u

tatio
n

s
in

a
C

P
U

an
d

a
n

oth
er

on
e

w
h

ich
p

erform
s

com
p

u
tation

s
in

a
G

P
U

.
F

in
ally,

tw
o

com
p

etitive
task

s
m

ay
a
lso

h
av

e
d

iff
eren

t
evalu

ation
costs

an
d

th
is

sh
ou

ld
b

e
tak

en
in

to
accou

n
t

w
h

en
d

ecid
in

g
w

h
ich

on
e

is
goin

g
to

b
e

evalu
ated

n
ex

t.

In
th

e
p

rev
iou

s
section

w
e

sh
ow

ed
th

at
m

ost
ex

istin
g

m
eth

o
d

s
for

con
strain

ed
B

O
can

o
n

ly
ad

d
ress

p
rob

lem
s

w
ith

cou
p

led
fu

n
ction

s.
F

u
rth

erm
ore,

th
e

ex
ten

sion
of

th
ese

m
eth

o
d

s
to

th
e

d
ecou

p
led

settin
g

is
d

iffi
cu

lt
b

ecau
se

m
ost

of
th

em
are

b
ased

on
th

e
E

I
h

eu
ristic

a
n

d
,

a
s

illu
strated

in
S

ection
2.5,

im
p

rovem
en

t
can

b
e

im
p

ossib
le

w
ith

d
ecou

p
led

evalu
atio

n
s.

A
d

eco
u

p
led

p
rob

lem
can

,
of

cou
rse,

b
e

cou
p

led
artifi

cially
an

d
th

en
solv

ed
a
s

a
cou

p
led

p
ro

b
lem

w
ith

ex
istin

g
m

eth
o
d

s.
W

e
ex

am
in

e
th

is
ap

p
ro

ach
h

ere
w

ith
a

th
ou

g
h
t

ex
p

eri-
m

en
t

an
d

w
ith

em
p

irical
evalu

ation
s

in
S

ection
7.

R
etu

rn
in

g
to

ou
r

tim
e-lim

ited
sp

eech
recogn

itio
n

sy
stem

,
let

u
s

con
sid

er
th

e
cost

of
evalu

atin
g

each
of

th
e

task
s.

E
valu

atin
g

th
e

o
b

jective
req

u
ires

train
in

g
th

e
n

eu
ral

n
etw

ork
,

w
h

ich
is

a
very

ex
p

en
sive

p
ro

cess.
O

n
th

e
o
th

er
h

a
n

d
,

evalu
a
tin

g
th

e
con

strain
t

(ru
n

tim
e)

req
u

ires
on

ly
to

tim
e

th
e

p
red

iction
s

m
ad

e
b
y

th
e

n
eu

ral
n

etw
ork

an
d

th
is

cou
ld

b
e

d
on

e
w

ith
o
u

t
train

in
g,

u
sin

g
arb

itrary
n

etw
ork

w
eig

h
ts.

T
h

erefore,
evalu

atin
g

th
e

con
strain

t
is

in
th

is
case

m
u

ch
faster

th
an

evalu
atin

g
th

e
o
b

jective.
In

a
d

ecou
p

led
fram

ew
ork

,
on

e
cou

ld
fi

rst
m

easu
re

th
e

ru
n

tim
e

at
several

eva
lu

atio
n

lo
cation

s,
gain

in
g

a
sen

se
of

th
e

con
strain

t
su

rface.
O

n
ly

th
en

w
ou

ld
w

e
in

cu
r

th
e

sig
n

ifi
can

t
ex

p
en

se
of

evalu
atin

g
th

e
ob

jective
task

,
h

eav
ily

b
ia

sin
g

ou
r

sea
rch

tow
ard

s
lo

ca
tio

n
s

th
at

are
con

sid
ered

to
b

e
feasib

le
w

ith
h

igh
p

rob
ab

ility.
P

u
t

an
oth

er
w

ay,
a
rtifi

-

8
JM

L
R

 17(160):1-53



C
o
n
st

r
a
in

e
d

B
a
y
e
si

a
n

O
p
t
im

iz
a
t
io

n
u
si

n
g

In
f
o
r
m

a
t
io

n
-b

a
se

d
S
e
a
r
c
h

ci
al

ly
co

u
p

li
n

g
th

e
ta

sk
s

b
ec

om
es

in
cr

ea
si

n
gl

y
in

effi
ci

en
t

as
th

e
co

st
d

iff
er

en
ti

a
l

is
in

cr
ea

se
d

;
fo

r
ex

am
p

le
,

on
e

m
ig

h
t

sp
en

d
a

w
ee

k
ex

am
in

in
g

on
e

as
p

ec
t

of
a

d
es

ig
n

th
a
t

co
u

ld
h
av

e
b

ee
n

ru
le

d
ou

t
w

it
h
in

se
co

n
d

s
b
y

ex
am

in
in

g
an

ot
h

er
as

p
ec

t.

In
th

e
fo

ll
ow

in
g

se
ct

io
n
s

w
e

p
re

se
n
t

a
fo

rm
al

iz
at

io
n

of
co

n
st

ra
in

ed
B

ay
es

ia
n

o
p

ti
m

iz
a
ti

on
p

ro
b

le
m

s
th

at
en

co
m

p
as

se
s

al
l
of

th
e

ca
se

s
d

es
cr

ib
ed

ab
ov

e.
W

e
th

en
sh

ow
th

at
o
u

r
m

et
h

o
d

,
P

E
S

C
(S

ec
ti

on
4)

,
is

an
eff

ec
ti

ve
p

ra
ct

ic
al

so
lu

ti
on

to
th

es
e

p
ro

b
le

m
s

b
ec

a
u

se
it

n
a
tu

ra
ll

y
se

p
ar

at
es

th
e

co
n
tr

ib
u

ti
on

s
of

th
e

d
iff

er
en

t
fu

n
ct

io
n

ev
al

u
at

io
n

s
in

it
s

ac
q
u

is
it

io
n

fu
n

ct
io

n
.

3
.1

C
o
m

p
e
ti

ti
v
e

V
e
rs

u
s

N
o
n

-c
o
m

p
e
ti

ti
v
e

D
e
c
o
u

p
li

n
g

a
n

d
P

a
ra

ll
e
l

B
O

W
e

d
iv

id
e

th
e

cl
as

s
of

p
ro

b
le

m
s

w
it

h
d

ec
ou

p
le

d
fu

n
ct

io
n

s
in

to
tw

o
su

b
-c

la
ss

es
,

w
h

ic
h

w
e

ca
ll

co
m

pe
ti

ti
ve

d
ec

o
u

p
li

n
g

(C
D

)
an

d
n

o
n

-c
o
m

pe
ti

ti
ve

d
ec

o
u

p
li

n
g

(N
C

D
).

C
D

is
th

e
fo

rm
of

d
ec

ou
p

li
n

g
co

n
si

d
er

ed
b
y

G
el

b
ar

t
et

al
.

(2
01

4)
,

in
w

h
ic

h
tw

o
or

m
or

e
ta

sk
s

co
m

p
et

e
fo

r
th

e
sa

m
e

re
so

u
rc

e.
T

h
is

h
ap

p
en

s
w

h
en

th
er

e
is

on
ly

on
e

C
P

U
av

ai
la

b
le

an
d

th
e

o
p

ti
m

iz
a
ti

on
p

ro
b

le
m

in
cl

u
d

es
tw

o
ta

sk
s

w
it

h
ea

ch
of

th
em

re
q
u

ir
in

g
a

C
P

U
to

p
er

fo
rm

so
m

e
ex

p
en

si
ve

si
m

u
la

ti
on

s.
In

co
n
tr

as
t,

N
C

D
re

fe
rs

to
th

e
ca

se
in

w
h

ic
h

ta
sk

s
re

q
u

ir
e

th
e

u
se

o
f

d
iff

er
-

en
t

re
so

u
rc

es
an

d
ca

n
th

er
ef

or
e

b
e

ev
al

u
at

ed
in

d
ep

en
d

en
tl

y,
in

p
ar

al
le

l.
T

h
is

o
cc

u
rs

,
fo

r
ex

am
p

le
,

w
h

en
on

e
of

th
e

tw
o

ta
sk

s
u

se
s

a
C

P
U

an
d

th
e

ot
h

er
ta

sk
u

se
s

a
G

P
U

.

N
ot

e
th

at
N

C
D

is
v
er

y
re

la
te

d
to

pa
ra

ll
el

B
ay

es
ia

n
op

ti
m

iz
at

io
n

(s
ee

e.
g.

,
G

in
sb

o
u

rg
er

et
al

.,
20

11
;

S
n

o
ek

et
al

.,
20

12
).

In
b

ot
h

p
ar

al
le

l
B

O
an

d
N

C
D

w
e

p
er

fo
rm

m
u

lt
ip

le
ta

sk
ev

al
u

at
io

n
s

co
n

cu
rr

en
tl

y,
w

h
er

e
ea

ch
n

ew
ev

al
u

at
io

n
lo

ca
ti

on
is

se
le

ct
ed

o
p

ti
m

a
ll

y
ac

co
rd

-
in

g
to

th
e

av
ai

la
b

le
d

at
a

an
d

th
e

lo
ca

ti
on

s
of

al
l

th
e

cu
rr

en
tl

y
p

en
d

in
g

ev
a
lu

a
ti

o
n

s.
T

h
e

d
iff

er
en

ce
b

et
w

ee
n

p
ar

al
le

l
B

O
an

d
N

C
D

is
th

at
in

N
C

D
th

e
ta

sk
s

w
h

os
e

ev
a
lu

a
ti

o
n

s
a
re

cu
rr

en
tl

y
p

en
d

in
g

m
ay

b
e

d
iff

er
en

t
fr

om
th

e
ta

sk
th

at
w

il
l

b
e

ev
al

u
at

ed
n

ex
t,

w
h

il
e

in
p

ar
-

al
le

l
B

O
th

er
e

is
on

ly
a

si
n

gl
e

ta
sk

.
P

ar
al

le
l
B

O
co

n
ve

n
ie

n
tl

y
fi
ts

in
to

th
e

g
en

er
al

fr
am

ew
or

k
d

es
cr

ib
ed

b
el

ow
.

3
.2

F
o
rm

a
li

z
a
ti

o
n

o
f

C
o
n

st
ra

in
e
d

B
a
y
e
si

a
n

O
p

ti
m

iz
a
ti

o
n

P
ro

b
le

m
s

W
e

n
ow

p
re

se
n
t

a
fr

am
ew

or
k

fo
r

d
es

cr
ib

in
g

co
n

st
ra

in
ed

B
O

p
ro

b
le

m
s

of
th

e
fo

rm
g
iv

en
b
y

E
q
.

(1
).

O
u

r
fr

am
ew

or
k

ca
n

b
e

u
se

d
to

re
p

re
se

n
t

ge
n

er
al

p
ro

b
le

m
s

w
it

h
in

a
n
y

o
f

th
e

ca
te

-
go

ri
es

p
re

v
io

u
sl

y
d

es
cr

ib
ed

,
in

cl
u
d

in
g

co
u

p
le

d
an

d
d

ec
ou

p
le

d
fu

n
ct

io
n

s
th

a
t

m
ay

o
r

m
ay

n
ot

co
m

p
et

e
fo

r
a

li
m

it
ed

n
u
m

b
er

of
re

so
u

rc
es

,
ea

ch
of

w
h

ic
h

m
ay

b
e

re
p

li
ca

te
d

m
u

lt
ip

le
ti

m
es

.
L

et
F

b
e

th
e

se
t

of
fu

n
ct

io
n

s
{f
,c

1
,.
..
,c
K
}a

n
d

le
t

th
e

se
t

of
ta

sk
s
T

b
e

a
p

a
rt

it
io

n
o
f
F

in
-

d
ic

at
in

g
w

h
ic

h
fu

n
ct

io
n

s
ar

e
co

u
p

le
d

an
d

m
u

st
b

e
jo

in
tl

y
ev

al
u

at
ed

.
L

et
R

=
{r

1
,.
..
,r
|R
|}

b
e

th
e

se
t

of
re

so
u

rc
es

av
ai

la
b

le
to

so
lv

e
th

is
p

ro
b

le
m

.
W

e
en

co
d

e
th

e
re

la
ti

o
n

sh
ip

b
e-

tw
ee

n
ta

sk
s

an
d

re
so

u
rc

es
w

it
h

a
b

ip
ar

ti
te

gr
ap

h
G

=
(V
,E

)
w

it
h

ve
rt

ic
es
V

=
T
∪
R

a
n

d
ed

ge
s
{t
∼
r}
∈
E

su
ch

th
at
t
∈
T

an
d
r
∈
R

.
T

h
e

in
te

rp
re

ta
ti

on
of

an
ed

g
e
{t
∼
r}

is
th

at
ta

sk
t

ca
n

b
e

p
er

fo
rm

ed
on

re
so

u
rc

e
r.

(W
e

d
o

n
ot

ad
d

re
ss

th
e

ca
se

in
w

h
ic

h
a

ta
sk

re
q
u

ir
es

m
u

lt
ip

le
re

so
u

rc
es

to
b

e
ex

ec
u

te
d

;
w

e
le

av
e

th
is

as
fu

tu
re

w
or

k
.)

W
e

a
ls

o
in

tr
o-

d
u

ce
a

ca
pa

ci
ty
ω

m
a
x

fo
r

ea
ch

re
so

u
rc

e
r.

T
h

e
ca

p
ac

it
y
ω

m
a
x
(r

)
∈
N

re
p

re
se

n
ts

h
ow

m
a
n
y

ta
sk

s
m

ay
b

e
si

m
u

lt
an

eo
u

sl
y

ex
ec

u
te

d
on

re
so

u
rc

e
r;

fo
r

ex
am

p
le

,
if
r

re
p

re
se

n
ts

a
cl

u
st

er
of

C
P

U
s,
ω

m
a
x
(r

)
w

ou
ld

b
e

th
e

n
u

m
b

er
of

C
P

U
s

in
th

e
cl

u
st

er
.

In
tr

o
d

u
ci

n
g

th
e

n
o
ti

o
n

of
ca

p
ac

it
y

is
si

m
p

ly
a

m
at

te
r

of
co

n
v
en

ie
n

ce
si

n
ce

it
is

eq
u

iv
al

en
t

to
se

tt
in

g
a
ll

ca
p

a
ci

ti
es

to
on

e
an

d
re

p
li

ca
ti

n
g

ea
ch

re
so

u
rc

e
n

o
d

e
in
G

ac
co

rd
in

g
to

it
s

ca
p

ac
it

y.

9
JM

L
R

 1
7(

16
0)

:1
-5

3

H
e
r
n
á
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se

n
t

a
g
en

er
al

al
g
o
ri

th
m

fo
r

so
lv

in
g

co
n

st
ra

in
ed

B
ay

es
ia

n
op

ti
m

iz
a
ti

on
p

ro
b

le
m

s
sp

ec
ifi

ed
ac

co
rd

in
g

to
th

e
fo

rm
al

iz
at

io
n

fr
om

th
e

p
re

v
io

u
s

se
ct

io
n

.
O

u
r

ap
p

ro
a
ch

re
li

es
on

an
ac

q
u

is
it

io
n

fu
n

ct
io

n
th

a
t

ca
n

m
ea

su
re

th
e

ex
p

ec
te

d
u

ti
li

ty
o
f

ev
al

u
at

in
g

a
n
y

a
rb

it
ra

ry
su

b
se

t
o
f

fu
n

ct
io

n
s,

th
a
t

is
,

o
f

an
y

p
o
ss

ib
le

ta
sk

.
W

h
en

a
n

a
cq

u
is

it
io

n
fu

n
ct

io
n

sa
ti

sfi
es

th
is

re
q
u

ir
em

en
t

w
e

sa
y

th
a
t

it
is

se
pa

ra
bl

e.
A

s
d

is
cu

ss
ed

in
S

ec
ti

on
4.

1
,

o
u

r
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C
o
n
st

r
a
in

e
d

B
a
y
e
sia

n
O

p
t
im

iz
a
t
io

n
u
sin

g
In

f
o
r
m

a
t
io

n
-b

a
se

d
S
e
a
r
c
h

A
lg

o
rith

m
1

A
gen

eral
m

eth
o
d

fo
r

con
strain

ed
B

ayesian
o
p

tim
iza

tio
n

.

1
:

In
p

u
t:F

,G
=

(T
∪
R
,E

),
α
t

fo
r
t∈
T

,X
,M

,D
,
ω

,
ω

m
a
x

a
n

d
δ.

2
:

re
p

e
a
t

3
:

fo
r
r∈
R

su
ch

th
a
t
ω

(r)
<
ω

m
a
x (r)

d
o

4
:

U
p

d
ate
M

w
ith

a
n
y

n
ew

d
a
ta

in
D

5
:

fo
r
t∈
T

su
ch

th
at{

t∼
r}
∈
E

d
o

6
:

x
∗t ←

a
rg

m
a
x
x∈X

α
t (x|M

)
7
:

α
∗t ←

α
t (x
∗t |M

)
8
:

e
n

d
fo

r
9
:

t ∗←
a
rg

m
ax

t
α
∗t

1
0
:

S
u

b
m

it
task

t ∗
a
t

in
p

u
t

x
∗t ∗

to
resou

rce
r

1
1
:

U
p

d
a
te
M

w
ith

th
e

n
ew

p
en

d
in

g
eva

lu
a
tio

n
1
2
:

e
n

d
fo

r
1
3
:

u
n
til

term
in

ation
co

n
d

ition
is

m
et

1
4
:

O
u

tp
u

t:
arg

m
in

x∈X
E
M

[f
(x

)]
s.t.

p
(c

1 (x
)≥

0,...,c
K

(x
)≥

0|M
)≥

1−
δ

m
eth

o
d

P
E

S
C

h
as

th
is

p
ro

p
erty,

w
h

en
th

e
fu

n
ctio

n
s

a
re

m
o
d

eled
a
s

in
d

ep
en

d
en

t.
T

h
is

p
ro

p
erty

m
akes

P
E

S
C

a
n

eff
ective

solu
tion

fo
r

th
e

p
ra

ctica
l

im
p

lem
en

ta
tio

n
of

o
u

r
g
en

era
l

a
lg

orith
m

.
B

y
co

n
tra

st,
th

e
E

IC
-D

m
eth

o
d

o
f

G
elb

a
rt

et
a
l.

(2
0
1
4)

is
n
ot

sep
a
ra

b
le

a
n

d
ca

n
n

o
t

b
e

ap
p

lied
in

th
e

gen
era

l
ca

se
p

resen
ted

h
ere.

A
lg

o
rith

m
1

p
rov

id
es

a
g
en

eral
p

ro
ced

u
re

fo
r

so
lv

in
g

co
n

stra
in

ed
B

ayesian
o
p

tim
iza

tion
p

ro
b

lem
s.

T
h

e
in

p
u

ts
to

th
e

a
lgo

rith
m

a
re

th
e

set
o
f

fu
n

ctio
n

s
F

,
th

e
set

of
ta

sk
s
T

,
th

e
set

of
resou

rcesR
,

th
e

ta
sk

-resou
rce

gra
p
h
G

=
(T
∪
R
,E

),
a
n

a
cq

u
isitio

n
fu

n
ctio

n
fo

r
ea

ch
ta

sk
,

th
at

is,
α
t

for
t
∈
T

,
th

e
search

sp
a
ce
X

,
a

B
ayesian

m
o
d

elM
,

th
e

in
itial

d
a
ta

setD
,

th
e

reso
u

rce
q
u

ery
fu

n
ctio

n
s
ω

a
n

d
ω

m
a
x

a
n

d
a

con
fi

d
en

ce
level

δ
fo

r
m

a
k
in

g
a

fi
n

a
l

recom
m

en
d

a
tio

n
.

R
ecall

th
a
t
ω

m
a
x

in
d

ica
tes

h
ow

m
an

y
ta

sk
s

can
b

e
sim

u
ltan

eou
sly

ex
ecu

ted
on

a
p

a
rticu

lar
reso

u
rce.

T
h
e

fu
n

ctio
n
ω

is
in

tro
d

u
ced

h
ere

to
in

d
ica

te
h

ow
m

a
n
y

ta
sk

s
a
re

cu
rren

tly
b

ein
g

eva
lu

a
ted

in
a

reso
u
rce.

T
h

e
acq

u
isitio

n
fu

n
ction

α
t

m
ea

su
res

th
e

u
tility

o
f

eva
lu

a
tin

g
task

t
a
t

th
e

lo
ca

tio
n

x
.

T
h

is
a
cq

u
isitio

n
fu

n
ctio

n
d

ep
en

d
s

o
n

th
e

p
red

ictio
n

s
o
f

th
e

B
ayesia

n
m

o
d

elM
.

T
h

e
sep

ara
b

ility
p

ro
p

erty
of

th
e

orig
in

a
l

acq
u

isition
fu

n
ctio

n
gu

aran
tees

th
a
t

w
e

ca
n

com
p

u
te

a
n
α
t

fo
r

ea
ch

t∈
T

.

A
lgo

rith
m

1
w

o
rk

s
as

fo
llow

s.
F

irst,
in

lin
e

3
,

w
e

itera
te

ov
er

th
e

reso
u

rces,
ch

eck
in

g
if

th
ey

a
re

availab
le.

R
eso

u
rce

r
is

ava
ila

b
le

if
its

n
u

m
b

er
of

cu
rren

tly
ru

n
n

in
g

jo
b

s
ω

(r)
is

less
th

an
its

cap
acity

ω
m

a
x (r).

W
h

en
ever

reso
u

rce
r

is
ava

ila
b

le,
w

e
ch

eck
in

lin
e

4
if

a
n
y

n
ew

fu
n

ction
o
b

servation
s

h
ave

b
een

collected
.

If
th

is
is

th
e

ca
se,

w
e

th
en

u
p

d
a
te

th
e

B
ayesia

n
m

o
d

elM
w

ith
th

e
n

ew
d
ata

(in
m

ost
cases

w
e

w
ill

h
ave

n
ew

d
a
ta

sin
ce

th
e

reso
u

rce
r

p
ro

b
a
b

ly
b

eca
m

e
ava

ila
b

le
d

u
e

to
th

e
com

p
letion

o
f

a
p

rev
io

u
s

ta
sk

).
N

ex
t,

w
e

iterate
in

lin
e

5
over

th
e

ta
sk

s
t

th
at

ca
n

b
e

eva
lu

a
ted

in
th

e
n

ew
ava

ila
b

le
reso

u
rce

r
a
s

d
icta

ted
b
y
G

.
In

lin
e

6
w

e
fi

n
d

th
e

eva
lu

a
tio

n
lo

ca
tio

n
x
∗t

th
a
t

m
a
x
im

izes
th

e
u

tility
o
b

tain
ed

b
y

th
e

eva
lu

a
tio

n
o
f

task
t,

a
s

in
d

ica
ted

b
y

th
e

task
-sp

ecifi
c

a
cq

u
isitio

n
fu

n
ctio

n
α
t .

In
lin

e
7

w
e

o
b

tain
th

e
corresp

on
d

in
g

m
ax

im
u

m
ta

sk
u

tility
α
∗t .

In
lin

e
9
,

w
e

th
en

m
a
x
im

ize
over

task
s,

selectin
g

th
e

ta
sk
t ∗

w
ith

h
ig

h
est

m
a
x
im

u
m

ta
sk

u
tility

α
∗t

(th
is

is
th

e
“
co

m
p

etition
”

in
C

D
).

U
p

on
d

oin
g

so
,

th
e

p
a
ir

(t ∗,x
∗t ∗ )

fo
rm

s
th

e
n

ex
t

su
ggestio

n
.

T
h

is
p

air
rep

resen
ts

th
e

ex
p

erim
en

t
w

ith
th

e
h

ig
h

est
acq

u
isitio

n
fu

n
ctio

n
va

lu
e

ov
er

a
ll

p
o
ssib

le
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H
e
r
n
á
n
d
e
z
-L

o
b
a
t
o
,

G
e
l
b
a
r
t
,

A
d
a
m

s,
H

o
f
f
m

a
n

a
n
d

G
h
a
h
r
a
m

a
n
i

(t,x
)

p
airs

in
T
×
X

th
at

can
b

e
ru

n
on

resou
rce

r.
In

lin
e

1
0,

w
e

evalu
ate

th
e

selected
task

at
reso

u
rce

r
an

d
in

lin
e

11
w

e
u

p
d

ate
th

e
B

ayesian
m

o
d

elM
to

ta
ke

in
to

accou
n
t

th
a
t

w
e

a
re

ex
p

ectin
g

to
collect

d
ata

for
task

t ∗
at

in
p

u
t

x
∗t ∗ .

T
h

is
can

b
e

d
on

e
for

ex
am

p
le

b
y

d
raw

in
g

v
irtu

al
d

ata
from

M
’s

p
red

ictive
d

istrib
u

tion
an

d
th

en
avera

gin
g

across
th

e
p

red
iction

s
m

ad
e

w
h

en
each

v
irtu

al
d

ata
p

oin
t

is
assu

m
ed

to
b

e
th

e
d

a
ta

actu
ally

co
llected

b
y

th
e

p
en

d
in

g
evalu

ation
(S

ch
on

lau
et

al.,
1998;

S
n

o
ek

et
al.,

2
012).

In
lin

e
13

th
e

w
h

ole
p

ro
cess

rep
eats

u
n
til

a
term

in
ation

co
n

d
ition

is
m

et.
F

in
ally,

in
lin

e
14,

w
e

give
to

th
e

u
ser

a
fi

n
a
l

reco
m

m
en

d
a
tio

n
of

th
e

solu
tion

to
th

e
op

tim
ization

p
rob

lem
.

T
h

is
is

th
e

in
p

u
t

th
at

attain
s

th
e

low
est

ex
p

ected
ob

jective
valu

e
su

b
ject

to
all

th
e

con
strain

ts
b

ein
g

satisfi
ed

w
ith

p
osterio

r
p

rob
ab

ility
larger

th
an

1−
δ,

w
h

ere
δ

is
m

ax
im

u
m

allow
ab

le
p

rob
ab

ility
of

th
e

reco
m

m
en

d
atio

n
b

ein
g

in
feasib

le
accord

in
g

to
M

.

A
lg

orith
m

1
can

solve
p

rob
lem

s
th

at
ex

h
ib

it
an

y
com

b
in

a
tion

of
cou

p
lin

g
,

p
arallelism

,
N

C
D

,
a
n

d
C

D
.

3
.4

In
c
o
rp

o
ra

tin
g

C
o
st

In
fo

rm
a
tio

n

A
lg

orith
m

1
alw

ay
s

selects,
am

on
g

a
grou

p
of

com
p

etitive
task

s,
th

e
on

e
w

h
ose

evalu
ation

p
ro

d
u

ces
th

e
h

igh
est

u
tility

valu
e.

H
ow

ev
er,

oth
er

cost
factors

m
ay

ren
d

er
th

e
evalu

ation
o
f

o
n

e
ta

sk
m

ore
d

esirab
le

th
an

an
oth

er.
T

h
e

m
ost

salien
t

of
th

ese
costs

is
th

e
ru

n
tim

e
o
r

d
u

ration
of

th
e

task
’s

evalu
ation

,
w

h
ich

cou
ld

d
ep

en
d

on
th

e
evalu

ation
lo

catio
n

x
.

F
or

ex
a
m

p
le,

in
th

e
n
eu

ral
n

etw
ork

sp
eech

recogn
ition

sy
stem

,
on

e
of

th
e

variab
les

to
b

e
op

tim
ized

m
ay

b
e

th
e

n
u

m
b

er
of

h
id

d
en

u
n

its
in

th
e

n
eu

ral
n

etw
o
rk

.
In

th
is

case,
th

e
ru

n
tim

e
of

a
n

evalu
ation

of
th

e
p

red
ictive

accu
racy

of
th

e
sy

stem
is

a
fu

n
ction

of
x

sin
ce

th
e

train
in

g
tim

e
for

th
e

n
etw

ork
scales

w
ith

its
size.

S
n

o
ek

et
al.

(2012)
co

n
sid

er
th

is
issu

e
b
y

au
tom

atically
m

easu
rin

g
th

e
d

u
ration

of
fu

n
ction

evalu
atio

n
s.

T
h

ey
m

o
d

el
th

e
d

u
ratio

n
as

a
fu

n
ction

of
x

w
ith

an
ad

d
ition

al
G

au
ssian

p
ro

cess
(G

P
).

S
w

ersk
y

et
al.

(2013)
ex

ten
d

th
is

con
cep

t
over

m
u

ltip
le

op
tim

ization
task

s
so

th
at

an
in

d
ep

en
d

en
t

G
P

is
u

sed
to

m
o
d

el
th

e
u

n
k
n

ow
n

d
u

ration
of

each
task

.
T

h
is

ap
p

roach
can

b
e

ap
p

lied
in

A
lgorith

m
1

b
y

p
en

a
lizin

g
th

e
acq

u
isition

fu
n

ction
for

task
t

w
ith

th
e

ex
p

ected
cost

of
evalu

atin
g

th
at

ta
sk

.
In

p
articu

la
r,

w
e

can
ch

an
ge

lin
es

6
an

d
7

in
A

lgorith
m

1
to

6
:

x
∗t ←

arg
m

ax
x∈X

α
t (x|M

)/ζ
t (x

)

7:
α
∗t ←

α
t (x
∗t |M

)/ζ
t (x
∗t )

w
h

ere
ζ
t (x

)
is

th
e

ex
p

ected
cost

asso
ciated

w
ith

th
e

evalu
atio

n
of

task
t

at
x

,
a
s

estim
ated

b
y

a
m

o
d

el
of

th
e

collected
cost

d
ata.

W
h

en
tak

in
g

in
to

accou
n
t

task
co

sts
m

o
d

eled
b
y

G
a
u

ssian
p

ro
cesses,

th
e

to
tal

n
u

m
b

er
of

G
P

m
o
d

els
u

sed
b
y

A
lgo

rith
m

1
is

eq
u

al
to

th
e

n
u

m
b

er
of

fu
n

ctio
n

s
in

th
e

con
strain

ed
B

O
p

rob
lem

p
lu

s
th

e
n
u

m
b

er
of

task
s,

th
at

is,|F
|

+
|T
|.

A
ltern

atively,
on

e
cou

ld
fi

x
th

e
cost

fu
n

ction
s
ζ
t (x

)
a

p
rio

ri
in

stead
of

learn
in

g
th

em
from

co
llected

d
ata.

4
.
P
re
d
ictiv

e
E
n
tro

p
y
S
e
a
rch

w
ith

C
o
n
stra

in
ts

(P
E
S
C
)

T
o

im
p

lem
en

t
A

lgorith
m

1
in

p
ractice

w
e

n
eed

to
com

p
u

te
an

acq
u

isition
fu

n
ction

th
a
t

is
sep

a
ra

b
le

an
d

can
m

easu
re

th
e

u
tility

of
evalu

atin
g

an
arb

itra
ry

su
b

set
o
f

fu
n

ction
s.

In
th

is
section

w
e

d
escrib

e
h

ow
to

ach
ieve

th
is.

1
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C
o
n
st

r
a
in

e
d

B
a
y
e
si

a
n

O
p
t
im

iz
a
t
io

n
u
si

n
g

In
f
o
r
m

a
t
io

n
-b

a
se

d
S
e
a
r
c
h

O
u

r
ac

q
u

is
it

io
n

fu
n

ct
io

n
ap

p
ro

x
im

at
es

th
e

ex
p

ec
te

d
ga

in
of

in
fo

rm
at

io
n

a
b

ou
t

th
e

so
-

lu
ti

on
to

th
e

co
n
st

ra
in

ed
op

ti
m

iz
at

io
n

p
ro

b
le

m
,

w
h

ic
h

is
d

en
ot

ed
b
y

x
?
.

Im
p

o
rt

an
tl

y,
o
u

r
ap

p
ro

x
im

at
io

n
is

ad
d

it
iv

e.
F

or
ex

am
p

le
,

le
t
A

b
e

a
se

t
of

fu
n

ct
io

n
s

an
d

le
t
I
(A

)
b

e
th

e
am

ou
n
t

of
in

fo
rm

at
io

n
th

at
w

e
ap

p
ro

x
im

at
el

y
ga

in
in

ex
p

ec
ta

ti
on

b
y

jo
in

tl
y

ev
al

u
at

in
g

th
e

fu
n

ct
io

n
s

in
A

.
T

h
en

I
(A

)
=
∑

a
∈A

I
({
a
})

.
A

lt
h

ou
gh

ou
r

ac
q
u

is
it

io
n

fu
n

ct
io

n
is

a
d

d
it

iv
e,

th
e

ex
ac

t
ex

p
ec

te
d

ga
in

of
in

fo
rm

at
io

n
is

n
ot

.
A

d
d

it
iv

it
y

is
th

e
re

su
lt

o
f

a
fa

ct
or

iz
at

io
n

as
su

m
p

ti
on

in
ou

r
ap

p
ro

x
im

at
io

n
(s

ee
S

ec
ti

on
4.

2
fo

r
fu

rt
h

er
d

et
ai

ls
).

T
h

e
go

o
d

re
su

lt
s

ob
ta

in
ed

in
ou

r
ex

p
er

im
en

ts
se

em
to

su
p

p
or

t
th

at
th

is
is

a
re

as
on

ab
le

as
su

m
p

ti
on

.
B

ec
a
u

se
of

th
is

ad
d

it
iv

e
p

ro
p

er
ty

,
w

e
ca

n
co

m
p

u
te

an
ac

q
u

is
it

io
n

fu
n
ct

io
n

fo
r

an
y

p
o
ss

ib
le

su
b

se
t

of
f

,
c 1
,.
..
,c
K

u
si

n
g

th
e

in
d

iv
id

u
al

ac
q
u

is
it

io
n

fu
n

ct
io

n
s

fo
r

th
es

e
fu

n
ct

io
n

s
a
s

b
u

il
d

in
g

b
lo

ck
s.

W
e

fo
ll

ow
M

ac
K

ay
(1

99
2)

an
d

m
ea

su
re

in
fo

rm
at

io
n

ab
ou

t
x
?

b
y

th
e

d
iff

er
en

ti
a
l

en
tr

o
p
y

of
p
(x
?
|D

),
w

h
er

e
D

is
th

e
d

at
a

co
ll

ec
te

d
so

fa
r.

T
h

e
d

is
tr

ib
u

ti
on

p
(x
?
|D

)
is

fo
rm

al
ly

d
efi

n
ed

in
th

e
u

n
co

n
st

ra
in

ed
ca

se
b
y

H
en

n
ig

an
d

S
ch

u
le

r
(2

01
2)

.
In

th
e

co
n

st
ra

in
ed

ca
se
p
(x
?
|D

)
ca

n
b

e
u

n
d
er

st
o
o
d

as
th

e
p

ro
b

ab
il

it
y

d
is

tr
ib

u
ti

on
d

et
er

m
in

ed
b
y

th
e

fo
ll

ow
in

g
sa

m
p

li
n

g
p

ro
ce

ss
.

F
ir

st
,

w
e

d
ra

w
f

,
c 1
,.
..
,c
K

fr
om

th
ei

r
p

os
te

ri
or

d
is

tr
ib

u
ti

on
s

gi
ve

n
D

a
n

d
se

co
n

d
,

w
e

m
in

im
iz

e
th

e
sa

m
p

le
d
f

su
b

je
ct

to
th

e
sa

m
p

le
d
c 1
,.
..
,c
K

b
ei

n
g

n
on

-n
eg

a
ti

ve
,
th

a
t

is
,
w

e
so

lv
e

E
q
.

(1
)

fo
r

th
e

sa
m

p
le

d
fu

n
ct

io
n

s.
T

h
e

so
lu

ti
on

to
E

q
.

(1
)

ob
ta

in
ed

b
y

th
is

p
ro

ce
d

u
re

re
p

re
se

n
ts

th
en

a
sa

m
p

le
fr

om
p
(x
?
|D

).

W
e

co
n

si
d

er
fi

rs
t

th
e

ca
se

in
w

h
ic

h
al

l
th

e
b

la
ck

-b
ox

fu
n

ct
io

n
s
f
,c

1
,.
..
,c
K

a
re

ev
al

u
-

at
ed

at
th

e
sa

m
e

ti
m

e
(c

ou
p

le
d

).
L

et
H

[x
?
|D

]
d

en
ot

e
th

e
d

iff
er

en
ti

al
en

tr
o
p
y

o
f
p
(x
?
|D

)
an

d
le

t
y f

,
y c

1
,.
..
,y
c K

d
en

ot
e

th
e

m
ea

su
re

m
en

ts
ob

ta
in

ed
b
y

q
u

er
y
in

g
th

e
b

la
ck

-b
ox

es
fo

r
f

,
c 1
,.
..
,c
K

at
th

e
in

p
u

t
lo

ca
ti

on
x

.
W

e
en

co
d

e
th

es
e

m
ea

su
re

m
en

ts
in

ve
ct

o
r

fo
rm

as
y

=
(y
f
,y
c 1
,.
..
,y
c K

)T
.

N
ot

e
th

at
y

co
n
ta

in
s

th
e

re
su

lt
of

th
e

ev
al

u
at

io
n

o
f

al
l

th
e

fu
n

c-
ti

on
s

at
x

,
th

at
is

,
th

e
ob

je
ct

iv
e
f

an
d

th
e

co
n

st
ra

in
ts
c 1
,.
..
,c
K

.
W

e
ai

m
to

co
ll

ec
t

d
a
ta

at
th

e
lo

ca
ti

on
th

at
m

ax
im

iz
es

th
e

ex
p

ec
te

d
in

fo
rm

a
ti

on
ga

in
or

th
e

ex
p

ec
te

d
re

d
u

ct
io

n
in

th
e

en
tr

op
y

of
p
(x
?
|D

).
T

h
e

co
rr

es
p

on
d

in
g

ac
q
u

is
it

io
n

fu
n

ct
io

n
is

α
(x

)
=

H
[x
?
|D

]
−
E y
|D
,x

[H
[x
?
|D
∪
{(

x
,y

)}
]]
.

(7
)

In
th

is
ex

p
re

ss
io

n
,

H
[x
?
|D
∪
{(

x
,y

)}
]

is
th

e
am

ou
n
t

of
in

fo
rm

at
io

n
on

x
?

th
a
t

is
av

a
il

a
b

le
on

ce
w

e
h

av
e

co
ll

ec
te

d
n

ew
d

at
a

y
at

th
e

in
p

u
t

lo
ca

ti
on

x
.

H
ow

ev
er

,
th

is
n

ew
y

is
u

n
k
n

ow
n

b
ec

au
se

it
h

as
n

ot
b

ee
n

co
ll

ec
te

d
y
et

.
T

o
ci

rc
u

m
ve

n
t

th
is

p
ro

b
le

m
,

w
e

ta
ke

th
e

ex
p

ec
ta

ti
on

w
it

h
re

sp
ec

t
to

th
e

p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

on
fo

r
y

gi
ve

n
x

an
d
D

.
T

h
is

p
ro

d
u

ce
s

a
n

ex
p

re
ss

io
n

th
at

d
o
es

n
ot

d
ep

en
d

on
y

an
d

co
u

ld
in

p
ri

n
ci

p
le

b
e

re
ad

il
y

co
m

p
u

te
d

.

A
d

ir
ec

t
co

m
p

u
ta

ti
on

of
E

q
.
(7

)
is

ch
al

le
n

gi
n

g
b

ec
au

se
it

re
q
u

ir
es

ev
al

u
a
ti

n
g

th
e

en
tr

o
p
y

of
th

e
in

tr
ac

ta
b

le
d

is
tr

ib
u

ti
on

p
(x
?
|D

)
w

h
en

d
iff

er
en

t
p

ai
rs

(x
,y

)
ar

e
ad

d
ed

to
th

e
d

a
ta

.
T

o
si

m
p

li
fy

co
m

p
u
ta

ti
on

s,
w

e
n

ot
e

th
at

E
q
.

(7
)

is
th

e
m

u
tu

al
in

fo
rm

at
io

n
b

et
w

ee
n

x
?

a
n

d
y

gi
ve

n
D

an
d

x
,

w
h

ic
h

w
e

d
en

ot
e

b
y

M
I(

x
?
,y

).
T

h
e

m
u

tu
al

in
fo

rm
at

io
n

o
p

er
a
to

r
is

sy
m

m
et

ri
c,

th
at

is
,

M
I(

x
?
,y

)
=

M
I(

y
,x

?
).

T
h

er
ef

or
e,

w
e

ca
n

fo
ll

ow
H

ou
ls

b
y

et
a
l.

(2
01

2
)

an
d

sw
ap

th
e

ra
n

d
om

va
ri

ab
le

s
y

an
d

x
?

in
E

q
.

(7
).

T
h

e
re

su
lt

is
a

re
fo

rm
u

la
ti

o
n

o
f

th
e

or
ig

in
al

eq
u

at
io

n
th

at
is

n
ow

ex
p

re
ss

ed
in

te
rm

s
of

en
tr

op
ie

s
of

p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

o
n

s,
w

h
ic

h
ar

e
ea

si
er

to
ap

p
ro

x
im

at
e:

α
(x

)
=

H
[y
|D
,x

]−
E x

?
|D

[H
[y
|D
,x
,x

?
]]
.

(8
)

13
JM

L
R

 1
7(

16
0)

:1
-5

3

H
e
r
n
á
n
d
e
z
-L

o
b
a
t
o
,

G
e
l
b
a
r
t
,

A
d
a
m

s,
H

o
f
f
m

a
n

a
n
d

G
h
a
h
r
a
m

a
n
i

T
h

is
is

th
e

sa
m

e
re

fo
rm

u
la

ti
on

u
se

d
b
y

P
re

d
ic

ti
ve

E
n
tr

o
p
y

S
ea

rc
h

(P
E

S
)

(H
er

n
á
n

d
ez

-L
o
b

a
to

et
al

.,
20

1
4)

fo
r

u
n

co
n

st
ra

in
ed

B
ay

es
ia

n
o
p

ti
m

iz
at

io
n

,
b

u
t

ex
te

n
d

ed
to

th
e

ca
se

w
h

er
e

y
is

a
ve

ct
o
r

ra
th

er
th

an
a

sc
al

a
r.

S
in

ce
w

e
fo

cu
s

on
co

n
st

ra
in

ed
o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m
s,

w
e

ca
ll

ou
r

m
et

h
o
d

P
re

d
ic

ti
ve

E
n
tr

op
y

S
ea

rc
h

w
it

h
C

on
st

ra
in

ts
(P

E
S

C
).

E
q
.

(8
)

is
u

se
d

b
y

P
E

S
C

to
effi

ci
en

tl
y

so
lv

e
co

n
st

ra
in

ed
B

ay
es

ia
n

o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m
s

w
it

h
d

ec
o
u

p
le

d
fu

n
ct

io
n

ev
a
lu

at
io

n
s.

In
th

e
fo

ll
ow

in
g

se
ct

io
n

w
e

d
es

cr
ib

e
h

ow
to

o
b

ta
in

a
co

m
p

u
ta

ti
on

al
ly

effi
ci

en
t

ap
p

ro
x
im

at
io

n
to

E
q
.

(8
).

W
e

a
ls

o
sh

ow
th

a
t

th
e

re
su

lt
in

g
a
p

p
ro

x
im

at
io

n
is

se
p

a
ra

b
le

.

4
.1

T
h

e
P

E
S

C
A

c
q
u

is
it

io
n

F
u

n
c
ti

o
n

W
e

a
ss

u
m

e
th

at
th

e
fu

n
ct

io
n

s
f

,
c 1
,.
..
,c
K

ar
e

in
d

ep
en

d
en

t
sa

m
p

le
s

fr
o
m

G
au

ss
ia

n
p

ro
ce

ss
(G

P
)

p
ri

o
rs

an
d

th
at

th
e

n
o
is

y
m

ea
su

re
m

en
ts

y
re

tu
rn

ed
b
y

th
e

b
la

ck
-b

ox
es

a
re

o
b

ta
in

ed
b
y

ad
d

in
g

G
au

ss
ia

n
n

o
is

e
to

th
e

n
o
is

e-
fr

ee
fu

n
ct

io
n

ev
a
lu

a
ti

o
n

s
at

x
.

U
n

d
er

th
is

B
ay

es
ia

n
m

o
d

el
fo

r
th

e
d

at
a
,

th
e

fi
rs

t
te

rm
in

E
q
.

(8
)

ca
n

b
e

co
m

p
u

te
d

ex
a
ct

ly
.

In
p

a
rt

ic
u

la
r,

H
[y
|D
,x

]
=

K
+

1
∑ i=

1

1 2
lo

g
σ

2 i
(x

)
+
K

+
1

2
lo

g
(2
π
e)
,

(9
)

w
h

er
e
σ

2 i
(x

)
is

th
e

p
re

d
ic

ti
v
e

va
ri

a
n

ce
fo

r
y i

at
x

a
n

d
y i

is
th

e
i-

th
en

tr
y

in
y

.
T

o
ob

ta
in

th
is

fo
rm

u
la

w
e

h
av

e
u

se
d

th
e

fa
ct

th
a
t
f

,
c 1
,.
..
,c
K

ar
e

ge
n

er
a
te

d
in

d
ep

en
d

en
tl

y,
so

th
a
t

H
[y
|D
,x

]
=
∑

K
+

1
i=

1
H

[y
i
|D
,x

],
a
n

d
th

a
t
p
(y
i
|D
,x

)
is

G
a
u

ss
ia

n
w

it
h

va
ri

a
n

ce
p

ar
am

et
er

σ
2 i
(x

)
g
iv

en
b
y

th
e

G
P

p
re

d
ic

ti
ve

va
ri

a
n

ce
(R

as
m

u
ss

en
an

d
W

il
li

am
s,

2
00

6
):

σ
2 i
(x

)
=
k
i(

x
)
−

k
i(

x
)T

K
−

1
i

k
i(

x
)

+
ν i
,

i
=

1,
..
.,
K

+
1
,

(1
0)

w
h

er
e
ν i

is
th

e
va

ri
an

ce
o
f

th
e

a
d

d
it

iv
e

G
a
u

ss
ia

n
n

oi
se

in
th

e
i-

th
b

la
ck

-b
ox

,
w

it
h
f

b
ei

n
g

th
e

fi
rs

t
on

e
a
n

d
c K

th
e

la
st

on
e.

T
h

e
sc

a
la

r
k
i(

x
)

is
th

e
p

ri
or

va
ri

a
n

ce
o
f

th
e

n
o
is

e-
fr

ee
b

la
ck

-b
ox

ev
al

u
at

io
n

s
a
t

x
.

T
h

e
ve

ct
o
r

k
i(

x
)

co
n
ta

in
s

th
e

p
ri

o
r

co
va

ri
a
n

ce
s

b
et

w
ee

n
th

e
b

la
ck

-b
ox

va
lu

es
a
t

x
a
n

d
a
t

th
os

e
lo

ca
ti

o
n
s

fo
r

w
h

ic
h

d
at

a
fr

o
m

th
e

b
la

ck
-b

ox
is

av
a
il

a
b

le
.

F
in

al
ly

,
K
i

is
a

m
at

ri
x

w
it

h
th

e
p

ri
o
r

co
va

ri
a
n

ce
s

fo
r

th
e

n
o
is

e-
fr

ee
b

la
ck

-b
ox

ev
a
lu

a
ti

on
s

a
t

th
o
se

lo
ca

ti
on

s
fo

r
w

h
ic

h
d

at
a

is
av

a
il

a
b

le
.

T
h

e
se

co
n

d
te

rm
in

E
q
.

(8
),

th
a
t

is
,
E x

?
|D

[H
[y
|D
,x
,x

?
]]

,
ca

n
n

ot
b

e
co

m
p

u
te

d
ex

a
ct

ly
an

d
n

ee
d

s
to

b
e

ap
p

ro
x
im

a
te

d
.

W
e

d
o

th
is

o
p

er
a
ti

o
n

as
fo

ll
ow

s.
1

:
T

h
e

ex
p

ec
ta

ti
o
n

w
it

h
re

sp
ec

t
to
p
(x
?
|D

)
is

a
p

p
ro

x
im

a
te

d
w

it
h

a
n

em
p

ir
ic

a
l

av
er

a
ge

ov
er
M

sa
m

p
le

s
d

ra
w

n
fr

o
m

p
(x
?
|D

).
T

h
es

e
sa

m
p

le
s

ar
e

ge
n

er
a
te

d
b
y

fo
ll

ow
in

g
th

e
ap

p
ro

ac
h

p
ro

p
o
se

d
b
y

H
er

n
á
n

d
ez

-
L

ob
at

o
et

a
l.

(2
0
14

)
fo

r
sa

m
p

li
n

g
x
?

in
th

e
u

n
co

n
st

ra
in

ed
ca

se
.

W
e

d
ra

w
a
p

p
ro

x
im

at
e

p
os

-
te

ri
or

sa
m

p
le

s
of
f
,c

1
,.
..
,c
K

,
a
s

d
es

cr
ib

ed
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p
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e

ev
a
lu

at
io

n
s

o
f
f

,
c 1
,.
..
,c
K

at
x

a
re

in
d

ep
en

d
en

t
g
iv

en
D

an
d

x
?
.

T
h

is
fa

ct
or

iz
at

io
n

a
ss

u
m

p
ti

o
n

g
u

a
ra

n
te

es
th

a
t

th
e

a
cq

u
is

it
io

n
fu

n
ct

io
n

u
se

d
b
y

P
E

S
C

is
ad

d
it

iv
e

ac
ro

ss
th

e
d

iff
er

en
t

fu
n

ct
io

n
s

th
a
t

ar
e

b
ei

n
g

ev
a
lu

a
te

d
.

3
:

L
et

x
j ?

b
e

th
e
j-

th
sa

m
p

le
fr

om
p
(x
?
|D

).
W

e
th

en
fi

n
d

a
G

a
u

ss
ia

n
a
p

p
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b
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b
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b
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d
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︸
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p
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b
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c
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d
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p
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h
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p
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h
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b
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d
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in
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d
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p
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d
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p
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n
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p
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d
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p
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a
l

so
lu

ti
on

to
th

e
co

n
st

ra
in

ed
op

ti
m

iz
at

io
n

p
ro

b
le

m
.

T
h

e
fa

ct
or

s
p
(f
,c

1
,.
..
,c
K
|D

)
a
n

d
p
(y
|f,

c
1
,.
..
,c
K
,x

)
in

E
q
.

(1
7)

a
re

G
a
u

ss
ia

n
.

T
h
u

s,
th

ei
r

p
ro

d
u

ct
is

al
so

G
a
u

ss
ia

n
an

d
tr

a
ct

a
b

le
.

H
ow

ev
er

,
th

e
in

te
gr

a
l

in
E

q
.

(1
7
)

d
o
es

n
ot
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C
o
n
st

r
a
in

e
d

B
a
y
e
sia

n
O

p
t
im

iz
a
t
io

n
u
sin

g
In

f
o
r
m

a
t
io

n
-b

a
se

d
S
e
a
r
c
h

h
ave

a
clo

sed
fo

rm
so

lu
tio

n
b

ecau
se

o
f

th
e

co
m

p
lex

ity
in

tro
d

u
ced

b
y

th
e

th
e

p
ro

d
u

ct
of

in
d

icator
fu

n
ctio

n
s

Γ
a
n

d
Ψ

.
T

h
is

m
ea

n
s

th
a
t

E
q
.

(1
7
)

ca
n

n
o
t

b
e

ex
a
ctly

co
m

p
u

ted
a
n

d
h

as
to

b
e

a
p

p
rox

im
a
ted

.
F

o
r

th
is,

w
e

u
se

E
P

to
fi

t
a

G
a
u

ssia
n

a
p

p
rox

im
a
tio

n
to

th
e

p
ro

d
u

ct
o
f
p
(f,c

1 ,...,c
K |D

)
a
n

d
th

e
in

d
ica

to
r

fu
n

ctio
n

s
Γ

a
n

d
Ψ

in
E

q
.
(1

7),
w

h
ich

w
e

h
ave

d
en

o
ted

b
y
f

(f,c
1 ,...,c

K |x
j? ),

w
ith

a
tra

cta
b

le
G

a
u

ssia
n

d
istrib

u
tio

n
g
iven

b
y

q(f,c
1 ,...,c

K |x
j? )

=
N

(f|m
1 ,V

1 )N
(c

1 |m
2 ,V

2 )···N
(c
K |m

K
+

1 ,V
K

+
1 )
,

(1
9)

w
h

ere
m

1 ,...,m
K

+
1

a
n

d
V

1 ,...,V
K

+
1

a
re

m
ean

vecto
rs

a
n

d
cova

rian
ce

m
a
trices

to
b

e
d

eterm
in

ed
b
y

th
e

ex
ecu

tio
n

of
E

P
.

L
et
v
i (x

)
b

e
th

e
d

ia
g
on

a
l

en
try

o
f
V
i

co
rresp

o
n

d
in

g
to

th
e

eva
lu

a
tion

lo
catio

n
g
iven

b
y

x
,

w
h

ere
i

=
1,...,K

+
1
.

S
im

ilarly,
let

m
i (x

)
b

e
th

e
en

try
o
f

m
i

co
rresp

on
d

in
g

to
th

e
eva

lu
a
tio

n
lo

ca
tio

n
x

fo
r
i

=
1
,...,K

+
1
.

T
h

en
,

b
y

rep
la

cin
g

f
(f,c

1 ,...,c
K |x

j? )
in

E
q
.

(1
7)

w
ith

q(f,c
1 ,...,c

K |x
j? ),

w
e

o
b

ta
in

p
(y|D

,x
,x

j? )≈
K

+
1

∏i=
1

N
(y
i |m

i (x
),v

i (x
)

+
ν
i )
.

(20)

C
o
n

seq
u

en
tly,

σ
2i (x|x

j? )
=
v
i (x

)
+
ν
i

ca
n

b
e

u
sed

to
co

m
p

u
te
α̃
i (x|x

j? )
in

E
q
.

(13
).

T
h

e
p

rev
io

u
s

a
p

p
roa

ch
d
o
es

n
o
t

w
ork

w
h

en
th

e
sea

rch
sp

a
ce
X

h
a
s

in
fi

n
ite

size,
for

ex
a
m

p
le

w
h

en
X

=
[0,1

] d
w

ith
d

b
ein

g
th

e
d

im
en

sio
n

o
f

th
e

in
p

u
ts

to
f
,c

1 ,...,c
K

.
In

th
is

ca
se

th
e

p
ro

d
u

ct
o
f

in
d

ica
to

rs
in

E
q
.

(1
7)

in
clu

d
es

a
n

in
fi

n
ite

n
u

m
b

er
o
f

facto
rs

Ψ
(x
′),

o
n

e
fo

r
ea

ch
p

o
ssib

le
x
′∈
X

.
T

o
solve

th
is

p
rob

lem
w

e
p

erfo
rm

a
n

a
d

d
ition

a
l

a
p

p
rox

im
a
tio

n
.

F
o
r

th
e

com
p

u
tatio

n
o
f

E
q
.

(1
7),

w
e

con
sid

er
th

a
tX

is
w

ell
a
p

p
rox

im
a
ted

b
y

th
e

fi
n
ite

set
Z

,
w

h
ich

co
n
ta

in
s

on
ly

th
e

lo
catio

n
s

a
t

w
h

ich
th

e
o
b

jective
f

h
as

b
een

eva
lu

a
ted

so
fa

r,
th

e
va

lu
e

o
f

x
j?

a
n

d
x

.
T

h
erefore,

w
e

a
p

p
rox

im
a
te

th
e

factor ∏
x
′∈X

Ψ
(x
′)

in
E

q
.

(1
7)

w
ith

th
e

factor ∏
x
′∈Z

Ψ
(x
′),

w
h

ich
h

a
s

n
ow

fi
n

ite
size.

W
e

ex
p

ect
th

is
a
p

p
rox

im
a
tio

n
to

b
eco

m
e

m
o
re

a
n

d
m

ore
accu

rate
as

w
e

in
crease

th
e

a
m

o
u

n
t

o
f

d
a
ta

co
llected

fo
r
f

.
N

o
te

th
a
t

o
u

r
a
p

p
rox

im
a
tion

to
X

is
fi

n
ite,

b
u

t
it

is
also

d
iff

eren
t

fo
r

each
lo

catio
n

x
at

w
h

ich
w

e
w

a
n
t

to
eva

lu
ate

E
q
.

(1
7)

sin
ceZ

is
d

efi
n

ed
to

co
n
tain

x
.

A
d

eta
iled

d
escrip

tio
n

o
f

th
e

resu
ltin

g
E

P
alg

o
rith

m
,

in
d

ica
tin

g
h
ow

to
co

m
p

u
te

th
e

va
ria

n
ce

fu
n

ctio
n

s
v
i (x

)
sh

ow
n

in
E

q
.

(2
0),

is
g
iv

en
in

A
p

p
en

d
ix

A
.

T
h

e
E

P
a
p

p
rox

im
a
tio

n
to

E
q
.

(2
0
),

p
erfo

rm
ed

after
rep

la
cin

g
X

w
ith
Z

,
d

ep
en

d
s

on
th

e
va

lu
es

o
fD

,
x
j?

a
n

d
x

.
H

av
in

g
to

re-ru
n

E
P

fo
r

ea
ch

va
lu

e
o
f

x
a
t

w
h

ich
w

e
m

ay
w

a
n
t

to
eva

lu
ate

th
e

a
cq

u
isition

fu
n

ctio
n

g
iv

en
b
y

E
q
.

(1
2
)

is
a

v
ery

ex
p

en
sive

o
p

era
tio

n
.

T
o

avo
id

th
is,

w
e

sp
lit

th
e

E
P

com
p
u

tatio
n

s
b

etw
een

th
ose

th
a
t

d
ep

en
d

o
n

ly
o
n
D

a
n

d
x
j? ,

w
h

ich
a
re

th
e

m
o
st

ex
p

en
sive

on
es,

a
n

d
th

o
se

th
a
t

d
ep

en
d

o
n

ly
o
n

th
e

va
lu

e
o
f

x
.

W
e

p
erform

th
e

form
er

com
p

u
tatio

n
s

o
n
ly

o
n

ce
a
n

d
th

en
reu

se
th

em
fo

r
each

d
iff

eren
t

va
lu

e
o
f

x
.

T
h

is
allow

s
u

s
to

eva
lu

a
te

th
e

E
P

ap
p

rox
im

a
tio

n
to

E
q
.

(1
7
)

a
t

d
iff

eren
t

va
lu

es
o
f

x
in

a
co

m
p

u
ta

tion
ally

effi
cien

t
w

ay.
S

ee
A

p
p

en
d

ix
A

fo
r

fu
rth

er
d

eta
ils.

4
.3

E
ffi

c
ie

n
t

M
a
rg

in
a
liz

a
tio

n
o
f

th
e

M
o
d

e
l

H
y
p

e
r-p

a
ra

m
e
te

rs

S
o

fa
r

w
e

h
av

e
a
ssu

m
ed

to
k
n

ow
th

e
o
p

tim
al

h
y
p

er-p
a
ra

m
eter

va
lu

es,
th

a
t

is,
th

e
a
m

p
litu

d
e

an
d

th
e

len
gth

-scales
fo

r
th

e
G

P
s

a
n

d
th

e
n

o
ise

va
ria

n
ces

fo
r

th
e

b
lack

-b
ox

es.
H

ow
ever,

in
p

ractice,
th

e
h
y
p

er-p
aram

eter
va

lu
es

a
re

u
n

k
n

ow
n

a
n

d
h

ave
to

b
e

estim
a
ted

fro
m

d
a
ta.

T
h

is
ca

n
b

e
d

o
n

e
for

ex
a
m

p
le

b
y

d
raw

in
g

sa
m

p
les

fro
m

th
e

p
o
sterio

r
d

istrib
u

tio
n

o
f

th
e
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H
e
r
n
á
n
d
e
z
-L

o
b
a
t
o
,

G
e
l
b
a
r
t
,

A
d
a
m

s,
H

o
f
f
m

a
n

a
n
d

G
h
a
h
r
a
m

a
n
i

h
y
p

er-p
aram

eters
u
n

d
er

som
e

n
on

-in
form

ativ
e

p
rior.

Id
eally,

w
e

sh
ou

ld
th

en
average

th
e

G
P

p
red

ictiv
e

d
istrib

u
tion

s
w

ith
resp

ect
to

th
e

gen
erated

sam
p

les
b

efo
re

ap
p

rox
im

a
tin

g
th

e
in

form
ation

ga
in

.
H

ow
ever,

th
is

ap
p

ro
ach

is
to

o
com

p
u

tation
ally

ex
p

en
sive

in
p
ractice.

In
stead

,
w

e
follow

S
n

o
ek

et
al.

(2012)
an

d
average

th
e

P
E

S
C

acq
u

isition
fu

n
ction

w
ith

resp
ect

to
th

e
gen

erated
h
y
p

er-p
aram

eter
sam

p
les.

In
ou

r
case,

th
is

in
vo

lves
m

argin
alizin

g
each

of
th

e
fu

n
ction

-sp
ecifi

c
acq

u
isition

fu
n

ction
s

from
E

q
.

(13).
F

or
th

is,
w

e
fo

llow
th

e
m

eth
o
d

p
rop

o
sed

b
y

H
ern

án
d

ez-L
ob

ato
et

al.
(2014)

to
average

th
e

acq
u
isition

fu
n

ction
of

P
red

ictive
E

n
trop

y
S

earch
in

th
e

u
n

con
strain

ed
case.

L
et

Θ
d

en
ote

th
e

m
o
d

el
h
y
p

er-
p

a
ra

m
eters.

F
irst,

w
e

d
raw

M
sam

p
les

Θ
1,...,Θ

M
from

th
e

p
osterior

d
istrib

u
tion

of
Θ

g
iven

th
e

d
ata
D

.
T

y
p

ically,
for

each
of

th
e

p
osterior

sam
p

les
Θ
j

o
f

Θ
w

e
d

raw
a

sin
g
le

corresp
on

d
in

g
sam

p
le

x
j?

from
th

e
p

osterior
d

istrib
u

tio
n

of
x
?

given
Θ
j,

th
a
t

is,
p
(x
? |D

,Θ
j).

L
et
σ

2i (x|Θ
j)

b
e

th
e

varian
ce

of
th

e
G

P
p

red
ictive

d
istrib

u
tion

for
y
i

w
h

en

th
e

h
y
p

er-p
aram

eter
valu

es
are

fi
x
ed

to
Θ
j,

th
at

is,
p
(y
i |D

,x
,Θ

j),
an

d
let

σ
2i (x|x

j? ,Θ
j)

b
e

th
e

varian
ce

of
th

e
G

au
ssian

ap
p

rox
im

ation
to

th
e

p
red

ictive
d

istrib
u

tion
for

y
i

w
h

en
w

e
con

d
ition

to
th

e
solu

tion
of

th
e

op
tim

ization
p

rob
lem

b
ein

g
x
j?

an
d

th
e

h
y
p

er-p
aram

eter
va

lu
es

b
ein

g
Θ
j.

T
h

en
,

th
e

v
ersion

of
E

q
.

(13)
th

at
m

argin
alizes

ou
t

th
e

m
o
d

el
h
y
p

er-
p

a
ram

eters
is

given
b
y

α̃
i (x

)
=

1M

M∑j=
1 {

12
log

σ
2i (x|Θ

j)−
12

log
σ

2i (x|x
j? ,Θ

j) }
,

i
=

1,...,K
+

1
.

(21)

N
o
te

th
at
j

is
n

ow
an

in
d

ex
over

join
t

p
osterior

sam
p

les
of

th
e

m
o
d

el
h
y
p

er-p
aram

eters
Θ

an
d

th
e

co
n

stra
in

ed
m

in
im

izer
x
? .

T
h

erefore,
w

e
can

m
argin

alize
ou

t
th

e
h
y
p

er-p
aram

eter
va

lu
es

w
ith

ou
t

ad
d

in
g

an
y

ad
d

ition
al

co
m

p
u

ta
tion

al
com

p
lex

ity
to

ou
r

m
eth

o
d

b
ecau

se
a

lo
op

over
M

sam
p

les
of

x
?

is
ju

st
rep

laced
w

ith
a

lo
op

ov
er
M

jo
in

t
sam

p
les

of
(Θ
,x

? ).
T

h
is

is
a

con
seq

u
en

ce
of

ou
r

reform
u
lation

of
E

q
.

(7)
in

to
E

q
.

(8).
B

y
con

trast,
oth

er
tech

n
iq

u
es

th
a
t

w
ork

b
y

ap
p
rox

im
atin

g
th

e
origin

al
form

of
th

e
acq

u
isition

fu
n

ction
u

sed
in

E
q
.

(7)
d

o
n

o
t

h
ave

th
is

p
rop

erty.
A

n
ex

am
p
le

in
th

e
u

n
con

strain
ed

settin
g

is
E

n
trop

y
S

ea
rch

(H
en

n
ig

an
d

S
ch

u
ler,

2012),
w

h
ich

req
u

ires
re-com

p
u

tin
g

an
a
p

p
rox

im
ation

to
th

e
acq

u
isition

fu
n

ction
for

each
h
y
p

er-p
aram

eter
sam

p
le

Θ
j.

4
.4

C
o
m

p
u

ta
tio

n
a
l

C
o
m

p
le

x
ity

In
th

e
cou

p
led

settin
g,

th
e

com
p

lex
ity

of
P

E
S

C
isO

(M
K
N

3),
w

h
ere

M
is

th
e

n
u

m
b

er
of

p
osterior

sa
m

p
les

of
th

e
glob

al
con

strain
ed

m
in

im
izer

x
? ,
K

is
th

e
n
u

m
b

er
of

con
strain

ts,
an

d
N

is
th

e
n
u

m
b

er
of

collected
d

ata
p

oin
ts.

T
h

is
cost

is
d

eterm
in

ed
b
y

th
e

cost
of

each
E

P
iteration

,
w

h
ich

req
u

ires
com

p
u

tin
g

th
e

in
verse

of
th

e
covarian

ce
m

atrices
V

1 ,...,V
K

+
1

in
E

q
.

(20).
T

h
e

d
im

en
sion

ality
of

each
of

th
ese

m
atrices

grow
s

w
ith

th
e

size
o
fZ

,
w

h
ich

is
d

eterm
in

ed
b
y

th
e

n
u

m
b

er
N

of
ob

jective
evalu

ation
s

(see
th

e
last

p
aragrap

h
of

S
ection

4.2).
T

h
erefo

re
each

E
P

iteration
h

as
cost

O
(K

N
3)

an
d

w
e

h
av

e
to

ru
n

an
in

stan
ce

of
E

P
for

ea
ch

of
th

e
M

sam
p

les
of

x
? .

If
M

is
also

th
e

n
u

m
b

er
o
f

p
osterior

sam
p

les
for

th
e

G
P

h
y
p

erp
aram

eters,
as

ex
p

lain
ed

in
S

ection
4.3,

th
is

is
th

e
sam

e
com

p
u

tation
al

co
m

p
lex

ity
a
s

in
E

IC
.

H
ow

ever,
in

p
ractice

P
E

S
C

is
slow

er
th

an
E

IC
b

ecau
se

o
f

th
e

cost
of

ru
n

n
in

g
m

u
ltip

le
iteration

s
of

th
e

E
P

algorith
m

.
In

th
e

d
ecou

p
led

settin
g

th
e

cost
of

P
E

S
C

isO
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b
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b
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d
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.
In

th
is

ca
se

,
a

cu
m

b
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b
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p
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p
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h
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m

th
a
t

ca
n

a
d

a
p
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tr

o
d

u
ce

ad
d

it
io

n
a
l

ap
p

ro
x
im

a
ti

o
n

s
in

th
e

co
m

p
u

ta
ti

on
s

m
ad

e
b
y

P
E

S
C

to
re

d
u

ce
th

ei
r

co
st

w
h

en
n

ec
es

sa
ry

.
T

h
e

n
ew

m
et

h
o
d

th
a
t

a
d

a
p
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p
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p
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c
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p
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p
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d
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.
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p
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p
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isitio
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b
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p
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d
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b
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o
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b
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p
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con
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reu
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p
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p
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reu
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b
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p
recisio
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b
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e
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p
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p
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d
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p
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a
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l
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b
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p
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τ
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p
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ra
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ra
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ra
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p
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b
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p
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d
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at
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d
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b
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d
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e
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p
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←
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←
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p
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p
u

te
th

e
E

P
solu

tion
s

from
scratch

1
1
:

τ
slo

w
←
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st ←
cu

rren
t

tim
e

1
3
:

{x
∗,t ∗}
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e
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t ∗
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a
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p
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p
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b
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τ
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at
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d
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b
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com

p
u

tatio
n

s
as

w
e

w
ou

ld
ex

p
ect.

O
n

th
e

o
th

er
h
an

d
,

if
th

e
evalu

ation
of

th
e

b
lack

-b
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u
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p
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e

a
cq

u
is

it
io

n
fu

n
ct

io
n

ob
ta

in
ed

b
y

re
je

ct
io

n
sa

m
p

li
n
g

(R
S

).
T

h
e

R
S

m
et

h
o
d

w
o
rk

s
b
y

d
is

cr
et

iz
in

g
th

e
se

ar
ch

sp
ac

e
u

si
n

g
a

fi
n

e
u

n
if

o
rm

g
ri

d
.

T
h

e
ex

p
ec

ta
ti

o
n

w
it

h
re

sp
ec

t
to
p
(x
?
|D

)
in

E
q
.

(8
)

is
th

en
ap

p
ro

x
im

at
ed

b
y

M
o
n
te

C
a
rl

o
.

T
o

a
ch

ie
ve

th
is

,
f
,c

1
,.
..
,c
K

ar
e

sa
m

p
le

d
o
n

th
e

gr
id

a
n

d
th

e
gr

id
ce

ll
w

it
h

n
on

-n
eg

a
ti

ve
c 1
,.
..
,c
K

(f
ea

si
b

il
it

y
)

a
n

d
th

e
lo

w
es

t
va

lu
e

o
f
f

(o
p

ti
m

a
li

ty
)

is
se

le
ct

ed
.

F
or

ea
ch

sa
m

p
le

o
f
x
?
,

H
[ y
f
,y

1
,.
..
,y
K
|D
,x
,x

?

] is
ap

p
ro

x
im

a
te

d
b
y

re
je

ct
io

n
sa

m
p

li
n

g:
w

e
sa

m
p

le
f
,c

1
,.
..
,c
K

o
n

th
e

g
ri

d
a
n

d
se

le
ct

th
o
se

sa
m

p
le

s
w

h
o
se

co
rr

es
p

o
n

d
in

g
fe

as
ib

le
o
p

ti
m

a
l

so
lu

ti
on

is
th

e
sa

m
p

le
d

x
?

a
n

d
re

je
ct

th
e

o
th

er
sa

m
p

le
s.

W
e

as
su

m
e

th
at

th
e

se
le

ct
ed

sa
m

p
le

s
fo

r
f
,c

1
,.
..
,c
K

h
av

e
a

m
u

lt
iv

a
ri

a
te

G
a
u

ss
ia

n
d

is
tr

ib
u

ti
o
n

.
U

n
d

er
th

is
as

su
m

p
ti

o
n

,
H
[ y
f
,y

1
,.
..
,y
K
|D
,x
,x

?

] ca
n

b
e

a
p

p
ro

x
im

at
ed

u
si

n
g

th
e

fo
rm

u
la

fo
r

th
e

en
tr

op
y

of
a

m
u

lt
iv

ar
ia

te
G

a
u

ss
ia

n
d

is
tr

ib
u

ti
o
n

,
w

it
h

th
e

co
va

ri
a
n

ce
p

a
ra

m
et

er
in

th
e

fo
rm

u
la

b
ei

n
g

eq
u

al
to

th
e

em
p

ir
ic

a
l

co
va

ri
a
n

ce
o
f

th
e

se
le

ct
ed

sa
m

p
le

s
fo

r
f

an
d

c 1
,.
..
,c
K

at
x

p
lu

s
th

e
co

rr
es

p
o
n

d
in

g
n

o
is

e
va

ri
a
n

ce
s
ν 1

a
n

d
ν 2
,.
..
,ν
K

+
1

in
it

s
d

ia
go

n
a
l.

In
o
u

r
ex

p
er

im
en

ts
,

th
is

a
p

p
ro

a
ch

p
ro

d
u

ce
s

en
tr

o
p
y

es
ti

m
a
te

s
th

at
ar

e
ve

ry
si

m
il

ar
,

fa
st

er
to

ob
ta

in
an

d
le

ss
n

oi
sy

th
a
n

th
e

o
n

es
ob

ta
in

ed
w

it
h

n
on

-p
a
ra

m
et

ri
c

en
tr

o
p
y

es
ti

m
at

o
rs

.
W

e
co

m
p

ar
ed

th
is

im
p

le
m

en
ta

ti
on

of
R

S
w

it
h

a
n

o
th

er
ve

rs
io

n
th

a
t

ig
n

or
es

co
rr

el
a
ti

o
n

s
in

th
e

sa
m

p
le

s
of
f

an
d
c 1
,.
..
,c
K

.
In

p
ra

ct
ic

e,
b

o
th

m
et

h
o
d

s
p

ro
d

u
ce

d
eq

u
iv

al
en

t
re

su
lt

s.
T

h
er

ef
o
re

,
to

sp
ee

d
u

p
th

e
m

et
h

o
d

,
w

e
ig

n
o
re

co
rr

el
a
ti

on
s

in
ou

r
im

p
le

m
en

ta
ti

on
o
f

R
S

.

F
ig

u
re

3(
a)

sh
ow

s
th

e
p

o
st

er
io

r
d

is
tr

ib
u

ti
o
n

fo
r
f

a
n

d
c 1

g
iv

en
5

o
b

se
rv

at
io

n
s

sa
m

p
le

d
fr

om
th

e
G

P
p
ri

o
r

w
it

h
D

=
1.

T
h

e
p

o
st

er
io

r
is

co
m

p
u

te
d

u
si

n
g

th
e

o
p

ti
m

a
l

G
P

h
y
p

er
-
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C
o
n
st

r
a
in

e
d

B
a
y
e
sia

n
O

p
t
im

iz
a
t
io

n
u
sin

g
In

f
o
r
m

a
t
io

n
-b

a
se

d
S
e
a
r
c
h

p
ara

m
eters.

T
h

e
co

rresp
o
n

d
in

g
ap

p
rox

im
a
tio

n
s

to
th

e
a
cq

u
isitio

n
fu

n
ctio

n
gen

era
ted

b
y

P
E

S
C

a
n

d
R

S
a
re

sh
ow

n
in

F
ig

.
3
(b

).
In

th
e

fi
g
u

re,
b

o
th

P
E

S
C

an
d

R
S

u
se

a
to

ta
l

of
M

=
5
0

sam
p

les
from

p
(x
? |D

)
w

h
en

a
p

p
rox

im
a
tin

g
th

e
ex

p
ectatio

n
in

E
q
.

(8
).

T
h

e
P

E
S

C
a
p

p
rox

im
atio

n
is

q
u

ite
a
ccu

rate,
a
n

d
im

p
o
rta

n
tly

its
m

a
x
im

u
m

va
lu

e
is

very
clo

se
to

th
e

m
a
x
im

u
m

va
lu

e
of

th
e

R
S

a
p

p
rox

im
a
tion

.
T

h
e

a
p

p
rox

im
atio

n
p

ro
d

u
ced

b
y

th
e

version
o
f

R
S

th
a
t

d
o
es

n
ot

ig
n

o
re

co
rrela

tio
n

s
in

th
e

sa
m

p
les

o
f
f
,c

1 ,...,c
K

(n
o
t

sh
ow

n
)

ca
n
n

ot
b

e
v
isu

a
lly

d
istin

g
u

ish
ed

from
th

e
o
n

e
sh

ow
n

in
F

ig
.

3
(b

).

O
n

e
d

isa
d

van
tag

e
o
f

th
e

R
S

m
eth

o
d

is
its

h
ig

h
co

st,
w

h
ich

scales
w

ith
th

e
size

of
th

e
g
rid

u
sed

.
T

h
is

g
rid

h
a
s

to
b

e
larg

e
to

g
u

a
ra

n
tee

g
o
o
d

p
erfo

rm
a
n

ce,
esp

ecia
lly

w
h

en
D

is
la

rg
e.

A
n

altern
a
tive

is
to

u
se

a
sm

all
d

y
n

a
m

ic
g
rid

th
a
t

ch
a
n

g
es

a
s

d
ata

is
co

llected
.

S
u

ch
a

g
rid

ca
n

b
e

o
b

ta
in

ed
b
y

sa
m

p
lin

g
fro

m
p
(x
? |D

)
u

sin
g

th
e

sa
m

e
a
p

p
roa

ch
a
s

in
P

E
S

C
to

gen
era

te
th

ese
sam

p
les

(a
sim

ila
r

a
p
p

ro
a
ch

is
ta

ken
b
y

H
en

n
ig

a
n

d
S

ch
u

ler
(20

1
2
),

in
w

h
ich

th
e

d
y
n

a
m

ic
g
rid

is
sa

m
p

led
fro

m
th

e
E

I
a
cq

u
isitio

n
fu

n
ctio

n
).

T
h

e
sa

m
p

les
o
b
tain

ed
th

en
form

th
e

d
y
n

am
ic

grid
,

w
ith

th
e

id
ea

th
a
t

g
rid

p
oin

ts
a
re

m
o
re

co
n

cen
tra

ted
in

a
reas

th
a
t

w
e

ex
p

ect
p
(x
? |D

)
to

b
e

h
igh

.
T

h
e

resu
ltin

g
m

eth
o
d

is
ca

lled
R

ejectio
n

S
am

p
lin

g
w

ith
a

D
y
n

a
m

ic
G

rid
(R

S
D

G
).

W
e

co
m

p
a
re

th
e

p
erfo

rm
an

ce
o
f

P
E

S
C

,
R

S
a
n

d
R

S
D

G
in

ex
p

erim
en

ts
w

ith
sy

n
th

etic
d

a
ta

co
rresp

on
d
in

g
to

50
0

p
a
irs

of
f

a
n

d
c

1
sa

m
p

led
fro

m
th

e
G

P
p

rio
r

w
ith

D
=

1
.

R
S

a
n

d
R

S
D

G
d

raw
th

e
sam

e
n
u

m
b

er
o
f

sa
m

p
les

o
f

x
?

a
s

P
E

S
C

.
W

e
a
ssu

m
e

th
a
t

th
e

G
P

h
y
p

er-p
aram

eters
a
re

k
n

ow
n

to
ea

ch
m

eth
o
d

a
n

d
fi

x
δ

=
0.0

5
,

th
a
t

is,
recom

m
en

d
a
tio

n
s

a
re

m
ad

e
b
y

fi
n

d
in

g
th

e
lo

catio
n

w
ith

h
ig

h
est

p
o
sterio

r
m

ean
fo

r
f

su
ch

th
a
t
c

1
is

n
on

-
n

eg
a
tive

w
ith

p
rob

a
b

ility
a
t

least
1−

δ.
F

o
r

rep
o
rtin

g
p

u
rp

oses,
w

e
set

th
e

u
tility

u
(x

)
o
f

a
reco

m
m

en
d

ation
x

to
b

e
f

(x
)

if
x

sa
tisfi

es
th

e
co

n
stra

in
t,

a
n

d
o
th

erw
ise

a
p

en
a
lty

va
lu

e
o
f

th
e

w
o
rst

(la
rg

est)
o
b

jective
fu

n
ction

va
lu

e
a
ch

ieva
b

le
in

th
e

sea
rch

sp
a
ce.

F
o
r

ea
ch

recom
m

en
d

a
tio

n
x

,
w

e
com

p
u

te
th

e
u

tility
g
a
p
|u

(x
)−

u
(x
? )|,

w
h

ere
x
?

is
th

e
tru

e
so

lu
tio

n
to

th
e

o
p

tim
izatio

n
p

rob
lem

.
E

a
ch

m
eth

o
d

is
in

itialized
w

ith
th

e
sa

m
e

th
ree

ra
n

d
o
m

p
oin

ts
d

raw
n

w
ith

L
atin

h
y
p

ercu
b

e
sam

p
lin

g
.

F
ig

u
re

3
(c)

sh
ow

s
th

e
m

ed
ia

n
o
f

th
e

u
tility

g
a
p

fo
r

ea
ch

m
eth

o
d

fo
r

th
e

5
0
0

rea
liza

tion
s

o
f
f

a
n

d
c

1 .
T

h
e
x

-ax
is

in
th

is
p

lot
is

th
e

n
u

m
b

er
o
f

join
t

fu
n

ctio
n

eva
lu

a
tio

n
s

fo
r
f

a
n

d
c

1 .
W

e
rep

o
rt

th
e

m
ed

ian
b

eca
u

se
th

e
em

p
irica

l
d

istrib
u

tio
n

o
f

th
e

u
tility

ga
p

is
h

eav
y
-ta

iled
a
n

d
in

th
is

ca
se

th
e

m
ed

ia
n

is
m

o
re

rep
resen

tative
o
f
th

e
lo

ca
tio

n
of

th
e

b
u

lk
o
f
th

e
d
a
ta

th
a
n

th
e

m
ea

n
.

T
h

e
h

eav
y

ta
ils

a
rise

b
eca

u
se

w
e

a
re

av
era

g
in

g
over

5
0
0

d
iff

eren
t

o
p

tim
iza

tion
p

ro
b

lem
s

w
ith

v
ery

d
iff

eren
t

d
eg

rees
o
f
d

iffi
cu

lty.
In

th
is

a
n

d
a
ll

o
f
th

e
fo

llow
in

g
ex

p
erim

en
ts,

u
n

less
oth

erw
ise

sp
ecifi

ed
,

error
b

ars
are

com
p

u
ted

u
sin

g
th

e
b

o
o
tstra

p
m

eth
o
d

.
T

h
e

p
lot

sh
ow

s
th

a
t

P
E

S
C

a
n

d
R

S
are

b
etter

th
a
n

R
S

D
G

.
F

u
rth

erm
o
re,

P
E

S
C

is
v
ery

sim
ila

r
to

R
S

,
w

ith
P

E
S
C

ev
en

p
erform

in
g

slig
h
tly

b
etter,

p
erh

a
p

s
b

eca
u

se
P

E
S

C
is

n
o
t

co
n

fi
n

ed
to

a
g
rid

as
R

S
is.

T
h

ese
resu

lts
seem

to
in

d
icate

th
a
t

P
E

S
C

y
ield

s
a
n

accu
ra

te
a
p

p
rox

im
atio

n
o
f

th
e

in
form

a
tio

n
g
ain

.

6
.2

S
y
n
th

e
tic

F
u

n
c
tio

n
s

in
2

a
n

d
8

In
p

u
t

D
im

e
n

sio
n

s

W
e

co
m

p
a
re

th
e

p
erfo

rm
a
n

ce
of

P
E

S
C

an
d

R
S

D
G

w
ith

E
IC

u
sin

g
th

e
sa

m
e

ex
p

erim
en

ta
l

p
ro

to
co

l
as

in
th

e
p

rev
io

u
s

sectio
n

,
b

u
t

w
ith

d
im

en
sio

n
alities

D
=

2
a
n

d
D

=
8
.

W
e

d
o

n
ot

co
m

p
a
re

w
ith

R
S

h
ere

b
eca

u
se

its
u

se
o
f

g
rid

s
d

o
es

n
o
t

sca
le

to
h

igh
er

d
im

en
sio

n
s.

F
ig

.
4

sh
ow

s
th

e
u

tility
g
ap

for
ea

ch
m

eth
o
d

a
cro

ss
5
0
0

d
iff

eren
t

sa
m

p
les

of
f

a
n

d
c

1
fro

m
th

e
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r
n
á
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d
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z
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o
b
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t
o
,

G
e
l
b
a
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t
,

A
d
a
m
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H

o
f
f
m

a
n

a
n
d

G
h
a
h
r
a
m

a
n
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=

2
an

d
(b

)
D

=
8.

O
verall,

P
E

S
C

is
th

e
b

est
m

eth
o
d

,
follow

ed
b
y

R
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p
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+
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+
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C
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r
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ẽ
kn

o
f

th
e

a
p

p
rox

im
a
te

factor
Ψ̃

(x
nf
)

u
sin

g
E

P
.

E
P

p
erform

s
th

is
o
p

era
tion

b
y

m
in

im
izin

g
th

e
fo

llow
in

g
K

u
llb

a
ck

-L
eib

ler
d

iverg
en

ce:

K
L

[Ψ
(x
nf
)q ¬

n
(f,c

1 ,...,c
K

)||Ψ̃
(x
nf
)q ¬

n
(f,c

1 ,...,c
K

)],
(3

5)

w
h

ere
q ¬
n
(f,c

1 ,...,c
K

)
is

th
e

cav
ity

d
istrib

u
tion

g
iven

b
y

q ¬
n
(f,c

1 ,...,c
K

)
=
q(f,c

1 ,...,c
K

)[Ψ̃
(x
nf
)] −

1
,

(3
6)

4
3

JM
L

R
 17(160):1-53

H
e
r
n
á
n
d
e
z
-L

o
b
a
t
o
,

G
e
l
b
a
r
t
,

A
d
a
m

s,
H

o
f
f
m

a
n

a
n
d

G
h
a
h
r
a
m

a
n
i

If
w

e
m

argin
alize

ou
t

all
variab

les
ex

cep
t

th
ose

w
h

ich
Ψ̃

(x
nf
)

d
ep

en
d

s
o
n

,
n

am
ely

β
n
(f)

an
d

c
1 (x

nf
),...,c

K
(x
nf
),

th
en

q ¬
n

takes
th

e
form

q ¬
n
[β
n
(f),c

1 (x
nf
),...,c

K
(x
nf
)]∝

N
(β

n
(f)|b

¬
n
,A
¬
n
) {

K∏k
=

1 N
(c
k (x

nf
)|e ¬

n
k
,d ¬

n
k

) }
,

(37)

w
h

ere
th

e
p

aram
eters

b
¬
n
,
A
¬
n
,
e ¬
n

k
an

d
d ¬

n
k

of
th

ese
G

au
ssian

d
istrib

u
tion

s
are

o
b

tain
ed

from
th

e
ratio

of
q

an
d

Ψ̃
(x
nf
)

b
y

u
sin

g
th

e
form

u
la

for
d

iv
id

in
g

G
au

ssian
s:

A
¬
n

=
{

V
−

1
β
n

(f) −
Ã
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[ẽ
kn
]n

ew
=

{
d ¬

n
k
−
[
∂

2
log

Z

∂
[e ¬

n
k

] 2 ]−
1
∂

log
Z

∂
e ¬
n

k

}
[d̃
kn
] n

ew
,

(42)

W
e

n
ow

p
erform

th
e

an
alogou

s
op

eration
s

to
u

p
d

ate
Ã
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..
,K

.
T

h
es

e
p

ar
am

et
er

s
ca

n
th

en
b

e
u

se
d

to
effi

ci
en

tl
y

co
m

p
u

te
V
γ

(f
),

m
γ

(f
),

v c
1
(x

),
..
.,
v c
K

(x
)

an
d
m
c 1

(x
),
..
.,
m
c K

(x
)

fo
r

a
n
y

a
rb

it
ra

ry
va

lu
e

o
f

x
.

F
o
r

th
is

,
w

e
u

se
E

q
s.
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r
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e
d

B
a
y
e
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n
O

p
t
im

iz
a
t
io

n
u
sin

g
In

f
o
r
m

a
t
io

n
-b

a
se

d
S
e
a
r
c
h

(3
.2

2)
a
n

d
(3

.24
)

in
(R

a
sm

u
ssen

an
d

W
illia

m
s,

20
0
6
)

to
o
b

tain

[m
γ

(f) ]
1

=
k

1(x
) >
[K

1?
,? ]−

1
m
′1
,

[m
γ

(f) ]
2

=
[m
′1 ]
N

1
+

1
,

[V
γ

(f) ]
1
,1

=
k

1(x
,x

)−
k

1(x
) >
{[K

1?
,? ]−

1
+
[K

1?
,? ]−

1
V
′1 [K

1?
,? ]−

1 }
k

1(x
)
,

[V
γ

(f) ]
2
,2

=
[V
′1 ]
N

1
+

1
,N

1
+

1
,

[V
γ

(f) ]
1
,2

=
k

1(x
,x

j? )−
k

1(x
) >
{

[K
1?
,? ] −

1
+

[K
1?
,? ] −

1V
′1 [K

1?
,? ] −

1 }
k

1(x
j? )
,

m
c
k
(x

)
=

k
k
+

1(x
) >
[K

k
+

1
?
,?

]−
1
m
′k
+

1
,

v
c
k
(x

)
=
k
k
+

1(x
,x

)−
k
k
+

1(x
) >
{[K

k
+

1
?
,?

]−
1

+
[K

k
+

1
?
,?

]−
1
V
′k
+

1 [K
k
+

1
?
,?

]−
1 }

k
k
+

1(x
)
,

for
k

=
1,...,K

,
w

h
ere

k
i(x

)
is

th
e

(N
1

+
1
)-d

im
en

sio
n

a
l

vecto
r

w
ith

th
e

p
rio

r
cro

ss-
covarian

ces
b

etw
een

th
e

va
lu

e
o
f

th
e
i-th

fu
n

ctio
n

in
{f
,c

1 ,...,c
K }

a
t

x
an

d
th

e
valu

es
o
f

th
a
t

fu
n

ctio
n

a
t

x
1f ,...,x

N
1

f
,x

j? ,
K
i?
,?

is
an

(N
1

+
1
)×

(N
1

+
1
)

m
a
trix

w
ith

th
e

p
rior

covarian
ces

b
etw

een
th

e
va

lu
es

o
f

th
a
t

fu
n

ctio
n

at
x

1f ,...,x
N

1
f
,x

j?
a
n

d
k
i(x

,x
)

co
n
ta

in
s

th
e

p
rio

r
varia

n
ce

of
th

e
va

lu
es

of
th

a
t

fu
n

ctio
n

at
x

,
fo

r
i

=
1,...,K

+
1
.

F
in

a
lly,

k
1(x

,x
j? )

co
n
ta

in
s

th
e

p
rio

r
cova

ria
n

ce
b

etw
een

f
(x

)
a
n

d
f

(x
j? ).

O
n

ce
w

e
h

ave
co

m
p

u
ted

th
e

p
a
ram

eters
of
q[γ

(f)c
1 (x

),...,c
K

(x
)]

in
E

q
.

(5
6
)

u
sin

g
th

e
fo

rm
u

la
s

ab
ove,

w
e

o
b

ta
in

th
e

m
a
rgin

al
m

ea
n

s
an

d
varian

ces
fo

r
f

(x
),c

1 (x
),...,c

K
(x

)
w

ith
resp

ect
to
q[γ

(f),c
1 (x

),...,c
K

(x
)]Ψ

(x
).

L
et
m

1 (x
),...,m

K
+

1 (x
)

a
n

d
v

1 (x
),...,v

K
+

1 (x
)

b
e

th
ese

m
argin

al
m

ea
n

s
a
n

d
va

ria
n

ces.
T

h
en

,
w

e
h

av
e

th
e

a
p

p
rox

im
atio

n

∫
q[γ

(f),c
1 (x

),...,c
K

(x
)]Ψ

(x
)df

(x
j? )≈

N
(f

(x
)|m

1 (x
),v

1 (x
))

K∏k
=

1 N
(c
k (x

)|m
k
+

1 (x
),v

k
+

1 (x
))
,

w
h

ere
m

1 (x
),...,m

K
+

1 (x
)

an
d
v

1 (x
),...,v

K
+

1 (x
)

can
b

e
o
b

tain
ed

fro
m

th
e

n
o
rm

a
liza

tio
n

co
n

sta
n
t

of
q[γ

(f),c
1 (x

),...,c
K

(x
)]Ψ

(x
)

u
sin

g
E

q
s.

(5
.12

)
a
n

d
(5.1

3
)

in
(M

in
ka

,
2
0
0
1
b

).
T

h
is

n
orm

a
liza

tio
n

co
n

sta
n
t

is
g
iv

en
b
y

Z
=

∫
q[γ

(f),c
1 (x

),...,c
K

(x
)]Ψ

(x
)
d
γ

(f)
d
c

1 (x
)
d
c
K

(x
)

=
Φ

(α
)
K∏k
=

1

Φ
(α

k )
+

1−
K∏k
=

1

Φ
(α

k )
,

w
h

ere

α
k

=
m
c
k
(x

)
√
v
c
k
(x

)
,

α
=

[1,−
1
]m

γ
(f)

√
s

,
s

=
[V

γ
(f) ]

1
,1

+
[V

γ
(f) ]

2
,2 −

2 [V
γ

(f) ]
1
,2
.

(5
7)
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H
e
r
n
á
n
d
e
z
-L

o
b
a
t
o
,

G
e
l
b
a
r
t
,

A
d
a
m

s,
H

o
f
f
m

a
n

a
n
d

G
h
a
h
r
a
m

a
n
i

G
iven

Z
,

w
e

th
en

com
p

u
te
m

1 (x
),...,m

K
+

1 (x
)

an
d
v

1 (x
),...,v

K
+

1 (x
)

u
sin

g
E

q
s.

(5.12)
a
n

d
(5.13)

in
(M

in
ka,

2001b
):

v
1 (x

)
=
[V

γ
(f) ]

1
,1 −

βs
(β

+
α

) {[V
γ

(f) ]
1
,1 −

[V
γ

(f) ]
1
,2 }

2
,

(58)

m
1 (x

)
=
[m

γ
(f) ]

1
+
{[V

γ
(f) ]

1
,1 −

[V
γ

(f) ]
1
,2 }

β√s
,

(59)

v
k
+

1 (x
)

=
{
v −

1
c
k
(x

)
+
ã
k }
−

1
,

for
k

=
1,...,K

,
(60)

m
k
+

1 (x
)

=
v
k
+

1 (x
) {
m
c
k
(x

) v −
1

c
k
(x

)
+
b̃
k }

,
for

k
=

1,...,K
,

(61)

w
h

ere

β
=
Z
−

1φ
(α

)
K∏k
=

1

Φ
[α
k ],

ã
k

=
−
{
∂

2
log

Z

∂
m

2c
k
(x

)

+
v
c
k
(x

) }
−

1

,
(62)

b̃
k

=
ã
k {

m
c
k
(x

)
+

√
v
c
k
(x

)

α
k

+
β
k }

,
∂

2
log

Z

∂
m

2c
k
(x

)

=
−
β
k {
α
k

+
β
k }

v
c
k
(x

)
,

(63)

β
k

=
φ

(α
n
)

Z
Φ

(α
n
) (Z
−

1)
.

(64)

E
q
s.

(5
8)

to
(61)

a
re

th
e

ou
tp

u
t

of
ou

r
E

P
algorith

m
.

T
h

ese
q
u

an
tities

are
u

sed
in

E
q
.

(20)
to

evalu
ate

P
E

S
C

’s
acq

u
isition

fu
n

ction
.

A
p
p
e
n
d
ix

B
.
Im

p
le
m
e
n
ta
tio

n
C
o
n
sid

e
ra

tio
n
s

W
e

g
ive

d
etails

on
th

e
p
ractical

im
p

lem
en

tation
of

P
E

S
C

.

B
.1

In
itia

liz
a
tio

n
,

C
o
n
v
e
rg

e
n

c
e

o
f

E
P

a
n

d
P

a
ra

lle
l

E
P

U
p

d
a
te

s

W
e

start
b
y

fi
x
in

g
th

e
p

aram
eters

of
all

th
e

ap
p

rox
im

ate
fa

ctors
Γ̃

(x
j? ),Ψ̃

(x
1f ),...,Ψ̃

(x
N

1
f

)
to

b
e

zero.
W

e
stop

E
P

w
h

en
th

e
ab

solu
te

ch
an

ge
in

th
e

m
ean

s
an

d
covarian

ce
m

a
trices

for
th

e
fi

rst
N

1
+

1
elem

en
ts

of
f

an
d

c
1 ,...,c

K
in

E
q
s.

(24)
an

d
(2

5),
accord

in
g

to
q

in
E

q
.

(32
),

is
b

elow
10 −

4.
T

h
e

ap
p

rox
im

ate
factors

Γ̃
(x
j? ),Ψ̃

(x
1f ),...,Ψ̃

(x
N

1
f

)
are

u
p

d
ated

in
p

ara
llel

to
sp

eed
u

p
con

vergen
ce

(G
erven

et
al.,

2009).
W

ith
p

arallel
u

p
d

ates
q

in
E

q
.

(2
0)

is
o
n

ly
u

p
d

a
ted

on
ce

p
er

iteration
,

after
all

th
e

ap
p

rox
im

ate
fa

ctors
h

ave
b

een
refi

n
ed

.

B
.2

E
P

w
ith

D
a
m

p
in

g

T
o

im
p

rove
th

e
con

vergen
ce

of
E

P
,
w

e
u

se
d

a
m

p
in

g
(M

in
ka

a
n

d
L

aff
erty

,
2002

).
If

Ψ̃
(x
nf
)
n

ew

is
th

e
va

lu
e

o
f

a
n

ap
p

rox
im

ate
factor

th
at

m
in

im
izes

th
e

K
L

-d
iverg

en
ce,

d
am

p
in

g
en

tails
u

sin
g

in
stead

Ψ̃
(x
nf
)
d

a
m

p
ed

as
th

e
n

ew
factor

valu
e,

as
d

efi
n

ed
b

elow
:

Ψ̃
(x
nf
)
d

a
m

p
ed

=
[Ψ̃

(x
nf
)
n

ew
] ε

+
[Ψ̃

(x
nf
)
o
ld] 1−

ε
,

(65)

w
h

ere
Ψ̃

(x
nf
)
o
ld

is
th

e
factor

valu
e

b
efore

p
erform

in
g

th
e

u
p

d
ate.

W
e

d
o

th
e

sam
e

for
Γ̃

(x
j? ).

T
h

e
p

ara
m

eter
ε

con
trols

th
e

am
ou

n
t

of
d

am
p

in
g,

w
ith

ε
=

1
co

rresp
on

d
in

g
to

n
o

d
am

p
in

g.
W

e
in

itia
lize

ε
to

1
an

d
m

u
ltip

ly
it

b
y

a
factor

of
0.99

at
each

iteration
.
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B
a
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si
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n

O
p
t
im

iz
a
t
io

n
u
si

n
g

In
f
o
r
m

a
t
io

n
-b

a
se

d
S
e
a
r
c
h

D
u

ri
n

g
th

e
ex

ec
u

ti
on

of
E

P
,

so
m

e
co

va
ri

an
ce

m
at

ri
ce

s
in
q

or
in

th
e

ca
v
it

y
d

is
tr

ib
u

ti
o
n

s
m

ay
b

ec
om

e
n

on
-p

os
it

iv
e-

d
efi

n
it

e
d

u
e

to
an

ex
ce

ss
iv

el
y

la
rg

e
st

ep
si

ze
(i

.e
.

la
rg

e
ε)

.
If

th
is

is
su

e
is

en
co

u
n
te

re
d

d
u

ri
n

g
an

E
P

it
er

at
io

n
,

th
e

d
am

p
in

g
p

ar
am

et
er

is
re

d
u

ce
d

b
y

h
a
lf

an
d

th
e

it
er

at
io

n
is

re
p

ea
te

d
.

B
.3

S
a
m

p
li

n
g

x
?

in
P

E
S

C

W
e

sa
m

p
le

x
?

fr
om

it
s

p
os

te
ri

or
d

is
tr

ib
u

ti
on

u
si

n
g

an
ex

te
n

si
on

of
th

e
m

et
h

o
d

d
es

cr
ib

ed
b
y

H
er

n
án

d
ez

-L
ob

at
o

et
al

.
(2

01
4)

to
sa

m
p

le
x
?

in
th

e
u

n
co

n
st

ra
in

ed
se

tt
in

g
.

W
e

p
er

fo
rm

a
fi

n
it

e
b

as
is

ap
p

ro
x
im

at
io

n
to

th
e

G
P

s
u

se
d

to
d

es
cr

ib
e

th
e

d
at

a
fo

r
th

e
o
b

je
ct

iv
e

a
n

d
th

e
co

n
st

ra
in

ts
.

T
h

is
al

lo
w

s
u

s
to

sa
m

p
le

an
al

y
ti

c
ap

p
ro

x
im

at
e

sa
m

p
le

s
fr

o
m

th
e

th
e

G
P

p
os

te
ri

or
d

is
tr

ib
u

ti
on

.
W

e
th

en
so

lv
e

th
e

op
ti

m
iz

at
io

n
p

ro
b

le
m

gi
v
en

b
y

E
q
.

(1
),

w
h

en
th

e
fu

n
ct

io
n

s
f

,
c 1
,.
..
,c
K

ar
e

re
p

la
ce

d
b
y

th
e

ge
n

er
at

ed
sa

m
p

le
s.

F
o
r

th
is

,
w

e
u

se
a

n
u

m
er

ic
al

m
et

h
o
d

fo
r

so
lv
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g
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n
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ra

in
ed

op
ti

m
iz

at
io

n
p

ro
b

le
m

s:
th

e
M

et
h

o
d

o
f

M
ov

in
g

A
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m
p
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te

s
(M

M
A

)
(S

va
n
b

er
g,

20
02

)
as

im
p

le
m

en
te

d
in

th
e

N
L

op
t

p
a
ck

a
g
e

(J
o
h

n
so

n
,

20
14

).
W

e
ev

al
u

at
e

th
e

sa
m

p
le

d
fu

n
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io
n

s
in

a
u

n
if
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m

gr
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si

ze
10

3
a
n

d
o
b

ta
in

th
e

b
es

t
fe
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ib

le
re
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lt

in
th

at
gr

id
.

W
e

ad
d

to
th

e
p
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n
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in
th

e
u

n
if

or
m

gr
id

th
e

ev
a
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a
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it

ia
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at
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.

T
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e
N

L
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n
ve
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n
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is
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6
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e
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p
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u
n
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e
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at
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d
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b
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at
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d
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er
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b
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ss

ia
n

d
a
ta

an
d

al
so

p
ro

v
id

e
m

a
tc

h
in

g
m

in
im

ax
lo

w
er

b
ou

n
d
s

in
b

ot
h

G
a
u
ss

ia
n

a
n
d

b
in

a
ry

ca
se

s.
D

u
e

to
th

e
cl

o
se

co
n
n
ec

ti
on

o
f

gr
ap

h
on

to
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

s,
a
n

im
m

ed
ia

te
co

n
se

q
u
en

ce
of

ou
r

ge
n
er

al
re

su
lt

s
is

a
m

in
im

a
x

ra
te

-o
p
ti

m
al

es
ti

m
at

o
r

fo
r

sp
ar

se
g
ra

p
h
on

s.

K
e
y
w

o
rd

s:
B

ic
lu

st
er

in
g
,

gr
a
p
h
o
n
,

m
a
tr

ix
co

m
p
le

ti
o
n
,

m
is

si
n
g

d
at

a,
st

o
ch

as
ti

c
b
lo

ck
m

o
d
el

s,
sp

a
rs

e
n
et

w
or

k

1
.
In

tr
o
d
u
ct
io
n

In
a

ra
n

ge
of

im
p

or
ta

n
t

d
at

a
an

al
y
ti

c
sc

en
ar

io
s,

w
e

en
co

u
n
te

r
m

at
ri

ce
s

w
it

h
b

ic
lu

st
er

in
g

st
ru

ct
u

re
s.

F
or

in
st

an
ce

,
in

ge
n

e
ex

p
re

ss
io

n
st

u
d

ie
s,

on
e

ca
n

or
ga

n
iz

e
th

e
ro

w
s

of
a

d
at

a
m

at
ri

x
to

co
rr

es
p

on
d

to
in

d
iv

id
u

al
ca

n
ce

r
p

at
ie

n
ts

an
d

th
e

co
lu

m
n

s
to

tr
an

sc
ri

p
ts

.
T

h
en

th
e

p
at

ie
n
ts

ar
e

ex
p

ec
te

d
to

fo
rm

gr
ou

p
s

ac
co

rd
in

g
to

d
iff

er
en

t
ca

n
ce

r
su

b
ty

p
es

a
n

d
th

e
g
en

es
ar

e
al

so
ex

p
ec

te
d

to
ex

h
ib

it
cl

u
st

er
in

g
eff

ec
t

ac
co

rd
in

g
to

th
e

d
iff

er
en

t
p

at
h
w

ay
s

th
ey

b
el

o
n

g
to

.
T

h
er

ef
or

e,
af

te
r

ap
p

ro
p

ri
at

e
re

or
d

er
in

g
of

th
e

ro
w

s
an

d
th

e
co

lu
m

n
s,

th
e

d
a
ta

m
a
tr

ix
is

ex
p

ec
te

d
to

h
av

e
a

b
ic

lu
st

er
in

g
st

ru
ct

u
re

co
n
ta

m
in

at
ed

b
y

n
oi

se
s

(L
ee

et
al

.,
2
01

0
).

H
er

e,
th

e
ob

se
rv

ed
ge

n
e

ex
p

re
ss

io
n

le
v
el

s
ar

e
re

al
n
u

m
b

er
s.

In
a

d
iff

er
en

t
co

n
te

x
t,

su
ch

a
b
ic

lu
st

er
in

g
st

ru
ct

u
re

ca
n

al
so

b
e

p
re

se
n
t

in
n
et

w
or

k
d

at
a.

F
or

ex
am

p
le

,
st

o
ch

as
ti

c
b

lo
ck

m
o
d

el
(S

B
M

fo
r

sh
or

t)
(H

ol
la

n
d

et
al

.,
19

83
)

is
a

p
op

u
la

r
m

o
d

el
fo

r
ex

ch
an

ge
ab

le
n

et
w

o
rk

s.
In

S
B

M
s,

th
e

gr
ap

h
n

o
d

es
ar

e
p

ar
ti

ti
on

ed
in

to
k

d
is

jo
in

t
co

m
m

u
n

it
ie

s
an

d
th

e
p

ro
b

a
b

il
it

y
th

a
t

a
n
y

p
ai

r
of

n
o
d

es
ar

e
co

n
n

ec
te

d
is

d
et

er
m

in
ed

en
ti

re
ly

b
y

th
e

co
m

m
u

n
it

y
m

em
b

er
sh

ip
s

of
th

e
n

o
d

es
.

C
on

se
q
u

en
tl

y,
if

on
e

re
ar

ra
n

ge
s

th
e

n
o
d

es
fr

om
th

e
sa

m
e

co
m

m
u

n
it

ie
s

to
ge

th
er

in

c ©
2
0
1
6

C
h

a
o

G
a
o
,

Y
u

L
u

,
Z

o
n

g
m

in
g

M
a

a
n

d
H

a
rr

is
o
n

H
.

Z
h

o
u

.
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G
a
o
,

L
u
,

M
a

a
n
d

Z
h
o
u

th
e

g
ra

p
h

ad
ja

ce
n

cy
m

at
ri

x
,

th
en

th
e

m
ea

n
a
d

ja
ce

n
cy

m
at

ri
x
,

w
h

er
e

ea
ch

o
ff

-d
ia

g
on

al
en

tr
y

eq
u

a
ls

th
e

p
ro

b
ab

il
it

y
o
f

a
n

ed
g
e

co
n

n
ec

ti
n

g
th

e
n

o
d

es
re

p
re

se
n
te

d
b
y

th
e

co
rr

es
p

o
n

d
in

g
ro

w
an

d
co

lu
m

n
,

a
ls

o
h

a
s

a
b

ic
lu

st
er

in
g

st
ru

ct
u

re
.

T
h

e
go

al
o
f

th
e

p
re

se
n
t

p
a
p

er
is

to
d
ev

el
o
p

a
th

eo
ry

fo
r

th
e

es
ti

m
a
ti

on
(a

n
d

co
m

p
le

ti
on

w
h

en
th

er
e

ar
e

m
is

si
n

g
en

tr
ie

s)
o
f

m
a
tr

ic
es

w
it

h
b

ic
lu

st
er

in
g

st
ru

ct
u

re
s.

T
o

th
is

en
d

,
w

e
p

ro
p

o
se

to
co

n
si

d
er

th
e

fo
ll

ow
in

g
g
en

er
a
l

m
o
d

el

X
ij

=
θ i
j

+
ε i
j
,

i
∈

[n
1
],
j
∈

[n
2
],

(1
)

w
h

er
e

fo
r

an
y

p
os

it
iv

e
in

te
ge

r
m

,
w

e
le

t
[m

]
=
{1
,.
..
,m
}.

H
er

e,
fo

r
ea

ch
(i
,j

),
θ i
j

=
E[
X
ij

]
an

d
ε i
j

is
an

in
d

ep
en

d
en

t
p

ie
ce

o
f

m
ea

n
ze

ro
su

b
-G

a
u

ss
ia

n
n

o
is

e.
M

or
eo

ve
r,

w
e

a
ll

ow
en

tr
ie

s
to

b
e

m
is

si
n

g
co

m
p

le
te

ly
a
t

ra
n

d
o
m

(R
u

b
in

,
1
9
7
6
).

T
h
u

s,
le

t
E
ij

b
e

i.
i.

d
.

B
er

n
o
u

ll
i

ra
n
d

om
va

ri
a
b

le
s

w
it

h
su

cc
es

s
p

ro
b

ab
il

it
y
p
∈

(0
,1

]
in

d
ic

a
ti

n
g

w
h

et
h

er
th

e
(i
,j

)t
h

en
tr

y
is

o
b

se
rv

ed
,

an
d

d
efi

n
e

th
e

se
t

of
ob

se
rv

ed
en

tr
ie

s

Ω
=
{(
i,
j)

:
E
ij

=
1}
.

(2
)

O
u

r
fi

n
al

ob
se

rv
a
ti

on
s

a
re

X
ij
,

(i
,j

)
∈

Ω
.

(3
)

T
o

m
o
d

el
th

e
b

ic
lu

st
er

in
g

st
ru

ct
u

re
,
w

e
fo

cu
s

o
n

th
e

ca
se

w
h

er
e

th
er

e
a
re
k

1
ro

w
cl

u
st

er
s

a
n

d
k

2
co

lu
m

n
cl

u
st

er
s,

an
d

th
e

va
lu

es
of
{θ
ij
}a

re
ta

k
en

as
co

n
st

an
t

if
th

e
ro

w
s

an
d

th
e

co
lu

m
n
s

b
el

o
n

g
to

th
e

sa
m

e
cl

u
st

er
s.

T
h

e
go

a
l

is
th

en
to

re
co

v
er

th
e

si
g
n

a
l

m
a
tr

ix
θ
∈
R
n
1
×
n
2

fr
o
m

th
e

o
b

se
rv

at
io

n
s

(3
).

T
o

a
cc

o
m

o
d

a
te

m
o
st

in
te

re
st

in
g

ca
se

s,
es

p
ec

ia
ll

y
th

e
ca

se
o
f
u

n
d

ir
ec

te
d

n
et

w
o
rk

s,
w

e
sh

al
l

al
so

co
n

si
d

er
th

e
ca

se
w

h
er

e
th

e
d

at
a

m
a
tr

ix
X

is
sy

m
m

et
ri

c
w

it
h

ze
ro

d
ia

go
n

al
s.

In
su

ch
ca

se
s,

w
e

al
so

re
q
u

ir
e
X
ij

=
X
ji

an
d
E
ij

=
E
ji

fo
r

al
l
i
6=
j.

M
a
in

c
o
n
tr

ib
u

ti
o
n

s
In

th
is

p
a
p

er
,

w
e

p
ro

p
o
se

a
u

n
ifi

ed
es

ti
m

a
ti

on
p

ro
ce

d
u

re
fo

r
p

ar
-

ti
a
ll

y
o
b

se
rv

ed
d

at
a

m
a
tr

ix
g
en

er
a
te

d
fr

o
m

m
o
d

el
(1

)
–

(3
).

W
e

es
ta

b
li

sh
h

ig
h

p
ro

b
a
b

il
it

y
u

p
p

er
b

o
u

n
d

s
fo

r
th

e
m

ea
n

sq
u

ar
ed

er
ro

rs
o
f

th
e

re
su

lt
in

g
es

ti
m

a
to

rs
.

In
a
d

d
it

io
n

,
w

e
sh

ow
th

at
th

es
e

u
p

p
er

b
o
u

n
d

s
ar

e
m

in
im

ax
ra

te
-o

p
ti

m
al

in
b

ot
h

th
e

co
n
ti

n
u

o
u

s
ca

se
a
n

d
th

e
b

in
ar

y
ca

se
b
y

p
ro

v
id

in
g

m
at

ch
in

g
m

in
im

a
x

lo
w

er
b

o
u

n
d
s.

F
u

rt
h

er
m

o
re

,
S

B
M

ca
n

b
e

v
ie

w
ed

a
s

a
sp

ec
ia

l
ca

se
o
f

th
e

sy
m

m
et

ri
c

ve
rs

io
n

o
f

(1
).

T
h
u

s,
an

im
m

ed
ia

te
ap

p
li

ca
ti

on
o
f

o
u

r
re

su
lt

s
is

th
e

n
et

w
o
rk

co
m

p
le

ti
o
n

p
ro

b
le

m
fo

r
S

B
M

s.
W

it
h

p
a
rt

ia
ll

y
o
b

se
rv

ed
n

et
w

or
k

ed
ge

s,
ou

r
m

et
h

o
d

g
iv

es
a

ra
te

-o
p

ti
m

a
l

es
ti

m
at

o
r

fo
r

th
e

p
ro

b
ab

il
it

y
m

a
tr

ix
o
f

th
e

w
h

ol
e

n
et

w
or

k
in

b
ot

h
th

e
d

en
se

a
n
d

th
e

sp
a
rs

e
re

g
im

es
,

w
h

ic
h

fu
rt

h
er

le
ad

s
to

ra
te

-o
p

ti
m

a
l

g
ra

p
h

o
n

es
ti

m
at

io
n

in
b

o
th

re
gi

m
es

.

C
o
n

n
e
c
ti

o
n

to
th

e
li

te
ra

tu
re

If
o
n

ly
a

lo
w

ra
n

k
co

n
st

ra
in

t
is

im
p

os
ed

on
th

e
m

ea
n

m
at

ri
x
θ,

th
en

(1
)

–
(3

)
b

ec
o
m

es
w

h
at

is
k
n

ow
n

in
th

e
li

te
ra

tu
re

a
s

th
e

m
a
tr

ix
co

m
p

le
ti

o
n

p
ro

b
le

m
(R

ec
h
t

et
a
l.

,
2
0
10

).
A

n
im

p
re

ss
iv

e
li

st
o
f

a
lg

or
it

h
m

s
a
n

d
th

eo
ri

es
h

av
e

b
ee

n
d

e-
ve

lo
p

ed
fo

r
th

is
p

ro
b

le
m

,
in

cl
u
d

in
g

b
u

t
n

ot
li

m
it

ed
to

C
an

d
ès

an
d

R
ec

h
t

(2
0
0
9
);

K
es

h
av

a
n

et
al

.
(2

00
9)

;
C

an
d

ès
an

d
T

a
o

(2
01

0
);

C
a
n

d
es

a
n

d
P

la
n

(2
0
1
0)

;
C

a
i

et
a
l.

(2
0
1
0)

;
K

es
h

a
-

va
n

et
al

.
(2

01
0)

;
R

ec
h
t

(2
0
1
1)

;
K

o
lt

ch
in

sk
ii

et
al

.
(2

0
11

).
In

th
is

p
a
p

er
,

w
e

in
ve

st
ig

at
e

a
n

al
te

rn
at

iv
e

b
ic

lu
st

er
in

g
st

ru
ct

u
ra

l
a
ss

u
m

p
ti

o
n

fo
r

th
e

m
a
tr

ix
co

m
p

le
ti

o
n

p
ro

b
le

m
,

w
h

ic
h

w
as

fi
rs

t
p

ro
p

o
se

d
b
y

J
oh

n
H

ar
ti

ga
n

(H
ar

ti
g
a
n

,
19

72
).

N
o
te

th
a
t

a
b

ic
lu

st
er

in
g

st
ru

ct
u

re
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M
a
t
r
ix

C
o
m

p
l
e
t
io

n
w

it
h

B
ic

l
u
st

e
r
in

g
S
t
r
u
c
t
u
r
e
s

a
u

to
m

a
tica

lly
im

p
lies

low
-ra

n
k
n

ess.
H

ow
ever,

if
o
n

e
a
p

p
lies

a
low

ra
n

k
m

atrix
co

m
p

le-
tio

n
alg

o
rith

m
d

irectly
in

th
e

cu
rren

t
settin

g,
th

e
resu

ltin
g

estim
a
to

r
su

ff
ers

an
in

ferior
erro

r
b

o
u

n
d

to
th

e
m

in
im

a
x

ra
te-op

tim
al

on
e.

T
h
u

s,
a

fu
ll

ex
p

lo
ita

tion
o
f

th
e

b
iclu

sterin
g

stru
ctu

re
is

n
ecessa

ry,
w

h
ich

is
th

e
fo

cu
s

of
th

e
cu

rren
t

p
a
p

er.

T
h

e
resu

lts
o
f

ou
r

p
ap

er
also

im
p

ly
ra

te-op
tim

a
l

estim
a
tio

n
fo

r
sp

arse
g
ra

p
h

o
n

s.
P

rev
i-

o
u

s
resu

lts
o
n

grap
h

on
estim

atio
n

in
clu

d
e

A
iro

ld
i

et
a
l.

(20
1
3
);

W
o
lfe

a
n

d
O

lh
ed

e
(2

01
3
);

O
lh

ed
e

a
n

d
W

o
lfe

(2
0
14

);
B

o
rg

s
et

al.
(2

0
15

);
C

h
o
i

(2
01

5
)

a
n

d
th

e
referen

ces
th

erein
.

T
h

e
m

in
im

a
x

ra
tes

fo
r

d
en

se
g
ra

p
h

on
estim

a
tio

n
w

ere
d

erived
b
y

G
a
o

et
a
l.

(2
01

5
a
).

D
u

rin
g

th
e

tim
e

w
h

en
th

is
p

a
p

er
w

a
s

w
ritten

,
w

e
b

eca
m

e
aw

are
of

a
n

in
d

ep
en

d
en

t
resu

lt
on

o
p

tim
al

sp
arse

g
ra

p
h

on
estim

a
tio

n
b
y

K
lo

p
p

et
a
l.

(20
15

).

T
h

ere
a
re

also
an

in
terestin

g
lin

e
o
f

w
o
rk

s
o
n

b
iclu

sterin
g

(F
ly

n
n

a
n

d
P

erry
,

2
0
1
2
;

R
o
h

e
et

a
l.,

20
12

;
C

h
o
i

a
n

d
W

o
lfe,

2
0
14

).
W

h
ile

th
ese

p
a
p

ers
a
im

to
recov

er
th

e
clu

sterin
g

stru
ctu

res
o
f

row
s

a
n

d
co

lu
m

n
s,

th
e

g
oa

l
of

th
e

cu
rren

t
p

a
p

er
is

to
estim

a
te

th
e

u
n

d
erly

in
g

m
ea

n
m

a
trix

w
ith

op
tim

al
ra

tes.

O
rg

a
n

iz
a
tio

n
A

fter
a

b
rief

in
tro

d
u

ctio
n

to
n

o
ta

tio
n

,
th

e
rest

o
f

th
e

p
a
p

er
is

o
rg

a
n

ized
a
s

fo
llow

s.
In

S
ectio

n
2
,

w
e

in
tro

d
u

ce
th

e
p

recise
fo

rm
u

la
tion

o
f

th
e

p
ro

b
lem

a
n

d
p

ro
p

o
se

a
co

n
stra

in
ed

lea
st

sq
u

ares
estim

ato
r

fo
r

th
e

m
ea

n
m

a
trix

θ.
In

S
ectio

n
3
,

w
e

sh
ow

th
a
t

th
e

p
ro

p
o
sed

estim
a
to

r
lea

d
s

to
m

in
im

a
x

o
p

tim
a
l

p
erfo

rm
a
n

ce
fo

r
b

o
th

G
a
u
ssia

n
a
n

d
b

in
a
ry

d
ata.

S
ectio

n
4

p
resen

ts
som

e
ex

ten
sion

s
o
f

o
u

r
resu

lts
to

sp
a
rse

g
ra

p
h

o
n

estim
atio

n
a
n

d
a
d

a
p

ta
tio

n
.

Im
p

lem
en

ta
tion

a
n

d
sim

u
la

tion
resu

lts
a
re

given
in

S
ection

5
.

In
S

ectio
n

6
,

w
e

d
iscu

ss
th

e
key

p
o
in

ts
of

th
e

p
ap

er
a
n

d
p

ro
p

o
se

so
m

e
o
p

en
p

ro
b

lem
s

fo
r

fu
tu

re
resea

rch
.

T
h

e
p

ro
ofs

of
th

e
m

a
in

resu
lts

a
re

la
id

o
u

t
in

S
ectio

n
7
,

w
ith

so
m

e
a
u

x
iliary

resu
lts

d
eferred

to
th

e
ap

p
en

d
ix

.

N
o
ta

tio
n

F
o
r

a
vector

z
∈

[k
] n

,
d

efi
n

e
th

e
set

z −
1(a

)
=
{
i∈

[n
]

:
z
(i)

=
a}

fo
r
a
∈

[k
].

F
o
r

a
set

S
,|S|

d
en

o
tes

its
ca

rd
in

a
lity

a
n

d
1
S

d
en

o
tes

th
e

in
d

icato
r

fu
n

ctio
n

.
F

or
a

m
atrix

A
=

(A
ij )
∈

R
n
1 ×
n
2,

th
e
`
2

n
o
rm

an
d
`∞

n
o
rm

a
re

d
efi

n
ed

b
y
‖A‖

=
√
∑

ij
A

2ij
a
n

d

‖
A‖∞

=
m

a
x
ij |A

ij |,
resp

ectively.
T

h
e

in
n

er
p

ro
d

u
ct

fo
r

tw
o

m
a
trices

A
a
n

d
B

is〈A
,B
〉

=
∑

ij
A
ij B

ij .
G

iven
a

su
b

set
Ω
∈

[n
1 ]×

[n
2 ],

w
e

u
se

th
e

n
otatio

n
〈A
,B
〉
Ω

=
∑

(i,j)∈
Ω
A
ij B

ij

a
n

d
‖A‖

Ω
=
√
∑

(i,j)∈
Ω
A

2ij .
G

iven
tw

o
n
u

m
b

ers
a
,b
∈

R
,

w
e

u
se
a
∨
b

=
m

a
x
(a
,b)

a
n
d

a
∧
b

=
m

in
(a
,b).

T
h
e

fl
o
o
r

fu
n

ctio
n
bac

is
th

e
la

rg
est

in
teg

er
n

o
grea

ter
th

a
n
a
,

an
d

th
e

ceilin
g

fu
n

ctio
n
dae

is
th

e
sm

allest
in

teg
er

n
o

less
th

an
a
.

F
o
r

tw
o

p
o
sitive

seq
u

en
ces

{
a
n }
,{
b
n }

,
a
n

.
b
n

m
ean

s
a
n
≤
C
b
n

fo
r

som
e

con
sta

n
t
C
>

0
in

d
ep

en
d

en
t

o
f
n

,
a
n

d
a
n
�
b
n

m
ean

s
a
n
.
b
n

a
n

d
b
n
.
a
n
.

T
h

e
sy

m
b

o
ls

P
an

d
E

d
en

o
te

g
en

eric
p

ro
b

a
b

ility
a
n

d
ex

p
ecta

tion
o
p

era
tors

w
h

ose
d

istrib
u

tio
n

is
d

eterm
in

ed
fro

m
th

e
co

n
tex

t.

2
.
C
o
n
stra

in
e
d

le
a
st

sq
u
a
re
s
e
stim

a
tio

n

R
eca

ll
th

e
g
en

erativ
e

m
o
d

el
d

efi
n

ed
in

(1
)

an
d

also
th

e
d

efi
n

ition
o
f

th
e

set
Ω

in
(2)

o
f

th
e

o
b

served
en

tries.
A

s
w

e
h

ave
m

en
tio

n
ed

,
th

ro
u

g
h

o
u
t

th
e

p
a
p

er,
w

e
a
ssu

m
e

th
a
t

th
e
ε
ij ’s

a
re

in
d

ep
en

d
en

t
su

b
-G

a
u

ssia
n

n
oises

w
ith

su
b

-G
a
u

ssia
n
ity

p
a
ra

m
eter

u
n

ifo
rm

ly
b

o
u
n

d
ed

fro
m

a
b

ove
b
y
σ
>

0
.

M
ore

p
recisely,

w
e

a
ssu

m
e

E
e
λ
ε
ij≤

e
λ
2
σ
2
/
2,

fo
r

a
ll
i∈

[n
1 ],j∈

[n
2 ]

an
d
λ
∈
R
.

(4
)
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G
a
o
,

L
u
,

M
a

a
n
d

Z
h
o
u

W
e

co
n

sid
er

tw
o

ty
p

es
of

b
iclu

sterin
g

stru
ctu

res.
O

n
e

is
rectan

gu
lar

an
d

asy
m

m
etric,

w
h

ere
w

e
assu

m
e

th
at

th
e

m
ean

m
atrix

b
elon

gs
to

th
e

follow
in

g
p

aram
eter

sp
ace

Θ
k
1
k
2 (M

)
=
{
θ

=
(θ
ij )∈

R
n
1 ×
n
2

:
θ
ij

=
Q
z
1
(i)z

2
(j) ,z

1 ∈
[k

1 ] n
1,z

2 ∈
[k

2 ] n
2,

Q
∈

[−
M
,M

] k
1 ×
k
2 }
.

(5)

In
o
th

er
w

o
rd

s,
th

e
m

ean
valu

es
w

ith
in

each
b

iclu
ster

is
h

om
ogen

ou
s,

i.e.,
θ
ij

=
Q
a
b

if
th

e
ith

row
b

elon
gs

to
th

e
a
th

row
clu

ster
an

d
th

e
jth

colu
m

n
b

elo
n

g
to

th
e
bth

colu
m

n
clu

ster.
T

h
e

o
th

er
ty

p
e

o
f

stru
ctu

res
w

e
con

sid
er

is
th

e
sq

u
are

an
d

sy
m

m
etric

case.
In

th
is

case,
w

e
im

p
o
se

sy
m

m
etry

req
u

irem
en

t
on

th
e

d
ata

gen
eratin

g
p

ro
cess,

i.e.,
n

1
=
n

2
=
n

an
d

X
ij

=
X
ji ,

E
ij

=
E
ji ,

for
all

i6=
j.

(6)

S
in

ce
th

e
case

is
m

ain
ly

m
otivated

b
y

u
n

d
irected

n
etw

ork
d

ata
w

h
ere

th
ere

is
n

o
ed

ge
lin

k
in

g
an

y
n

o
d

e
to

itself,
w

e
also

assu
m

e
X
ii

=
0

for
all

i∈
[n

].
F

in
ally,

th
e

m
ean

m
atrix

is
assu

m
ed

to
b

elo
n

g
to

th
e

follow
in

g
p

aram
eter

sp
ace

Θ
sk (M

)
=
{
θ

=
(θ
ij )∈

R
n×

n
:
θ
ii

=
0,
θ
ij

=
θ
ji

=
Q
z
(i)z

(j)
for

i
>
j,z
∈

[k
] n
,

Q
=
Q
T
∈

[−
M
,M

] k×
k }
.

(7)

W
e

p
ro

ceed
b
y

assu
m

in
g

th
at

w
e

k
n

ow
th

e
p

aram
eter

sp
a
ce

Θ
w

h
ich

can
b

e
eith

er
Θ
k
1
k
2 (M

)
o
r

Θ
sk (M

)
an

d
th

e
rate

p
of

an
in

d
ep

en
d

en
t

en
try

b
ein

g
ob

serv
ed

.
T

h
e

issu
es

of
ad

a
p

ta
tion

to
u

n
k
n

ow
n

n
u

m
b

ers
of

clu
sters

an
d

u
n

k
n
ow

n
ob

servation
rate

p
are

ad
d

ressed
later

in
S

ection
4.1

an
d

S
ection

4.2.
G

iven
Θ

an
d
p
,

w
e

p
rop

ose
to

estim
ate

θ
b
y

th
e

fo
llow

in
g

p
rog

ram

m
in

θ∈
Θ

{‖θ‖
2−

2p
〈X
,θ〉

Ω }
.

(8)

If
w

e
d

efi
n

e

Y
ij

=
X
ij E

ij /p
,

(9)

th
en

(8)
is

eq
u

ivalen
t

to
th

e
follow

in
g

con
strain

ed
least

sq
u

ares
p

rob
lem

m
in

θ∈
Θ
‖Y
−
θ‖

2,
(10)

a
n

d
h

en
ce

th
e

n
am

e
of

ou
r

estim
ator.

W
h

en
th

e
d

ata
is

b
in

a
ry,

Θ
=

Θ
sk (1

)
an

d
p

=
1,

th
e

p
ro

b
lem

sp
ecia

lizes
to

estim
atin

g
th

e
m

ean
ad

jacen
cy

m
atrix

in
sto

ch
a
stic

b
lo

ck
m

o
d

els,
a
n

d
th

e
estim

ator
d

efi
n

ed
as

th
e

solu
tion

to
(10)

red
u

ces
to

th
e

least
sq

u
ares

estim
ato

r
in

G
a
o

et
al.

(2015
a).

3
.
M

a
in

re
su

lts

In
th

is
section

,
w

e
p

rov
id

e
th

eoretical
ju

stifi
cation

s
of

th
e

con
strain

ed
least

sq
u

ares
estim

ator
d

efi
n

ed
as

th
e

solu
tion

to
(10).

O
u

r
fi

rst
resu

lt
is

th
e

fo
llow

in
g

u
n

iversal
h

igh
p

rob
ab

ility
u

p
p

er
b

ou
n

d
s.
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M
a
t
r
ix

C
o
m

p
l
e
t
io

n
w

it
h

B
ic

l
u
st

e
r
in

g
S
t
r
u
c
t
u
r
e
s

T
h

e
o
re

m
1
.

F
o
r

a
n

y
gl

o
ba

l
o
p
ti

m
iz

er
o
f

(1
0
)

a
n

d
a
n

y
co

n
st

a
n

t
C
′
>

0,
th

er
e

ex
is

ts
a

co
n

st
a
n

t
C
>

0
o
n

ly
d
ep

en
d
in

g
o
n
C
′

su
ch

th
a
t

‖θ̂
−
θ‖

2
≤
C
M

2
∨
σ

2

p
(k

1
k

2
+
n

1
lo

g
k

1
+
n

2
lo

g
k

2
)
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

ex
p

(−
C
′ (
k

1
k

2
+
n

1
lo

g
k

1
+
n

2
lo

g
k

2
))

u
n

if
o
rm

ly
o
ve

r
θ
∈

Θ
k
1
k
2
(M

)
a
n

d
a
ll

er
ro

r
d
is

tr
ib

u
ti

o
n

s
sa

ti
sf

yi
n

g
(4

).
F

o
r

th
e

sy
m

m
et

ri
c

pa
ra

m
et

er
sp

a
ce

Θ
s k
(M

),
th

e
bo

u
n

d
is

si
m

p
li

fi
ed

to

‖θ̂
−
θ‖

2
≤
C
M

2
∨
σ

2

p

( k
2

+
n

lo
g
k
) ,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

ex
p
( −
C
′(
k

2
+
n

lo
g
k
))

u
n

if
o
rm

ly
o
ve

r
θ
∈

Θ
s k
(M

)
a
n

d
a
ll

er
ro

r
d
is

tr
ib

u
ti

o
n

s
sa

ti
sf

yi
n

g
(4

).

W
h

en
(M

2
∨
σ

2
)

is
b

ou
n

d
ed

,
th

e
ra

te
in

T
h

eo
re

m
1

is
(k

1
k

2
+
n

1
lo

g
k

1
+
n

2
lo

g
k

2
)
/
p

w
h

ic
h

ca
n

b
e

d
ec

om
p

os
ed

in
to

tw
o

p
ar

ts
.

T
h

e
p

ar
t

in
vo

lv
in

g
k

1
k

2
re

fl
ec

ts
th

e
n
u

m
b

er
of

p
ar

am
et

er
s

in
th

e
b

ic
lu

st
er

in
g

st
ru

ct
u

re
,

w
h

il
e

th
e

p
ar

t
in

vo
lv

in
g

(n
1

lo
g
k

1
+
n

2
lo

g
k

2
)

re
su

lt
s

fr
om

th
e

co
m

p
le

x
it

y
of

es
ti

m
at

in
g

th
e

cl
u

st
er

in
g

st
ru

ct
u

re
s

of
ro

w
s

a
n

d
co

lu
m

n
s.

It
is

th
e

p
ri

ce
on

e
n

ee
d

s
to

p
ay

fo
r

n
ot

k
n

ow
in

g
th

e
cl

u
st

er
in

g
in

fo
rm

at
io

n
.

In
co

n
tr

a
st

,
th

e
m

in
im

ax
ra

te
fo

r
m

at
ri

x
co

m
p

le
ti

on
u

n
d

er
lo

w
ra

n
k

as
su

m
p

ti
on

w
ou

ld
b

e
(n

1
∨
n

2
)(
k

1
∧

k
2
)/
p

(K
ol

tc
h

in
sk

ii
et

al
.,

20
11

;
M

a
an

d
W

u
,

20
15

),
si

n
ce

w
it

h
ou

t
an

y
ot

h
er

co
n

st
ra

in
t

th
e

b
ic

lu
st

er
in

g
as

su
m

p
ti

on
im

p
li

es
th

at
th

e
ra

n
k

of
th

e
m

ea
n

m
at

ri
x
θ

is
a
t

m
o
st
k

1
∧
k

2
.

T
h

er
ef

or
e,

w
e

h
av

e
(k

1
k

2
+
n

1
lo

g
k

1
+
n

2
lo

g
k

2
)
/p
�

(n
1
∨
n

2
)(
k

1
∧
k

2
)/
p

a
s

lo
n

g
a
s

b
o
th

n
1
∨
n

2
an

d
k

1
∧
k

2
te

n
d

to
in

fi
n

it
y.

T
h
u

s,
b
y

fu
ll

y
ex

p
lo

it
in

g
th

e
b

ic
lu

st
er

in
g

st
ru

ct
u

re
,

w
e

ob
ta

in
a

b
et

te
r

co
n
ve

rg
en

ce
ra

te
th

an
on

ly
u

si
n

g
th

e
lo

w
ra

n
k

as
su

m
p

ti
on

.
In

th
e

re
st

of
th

is
se

ct
io

n
,
w

e
d

is
cu

ss
tw

o
m

os
t

re
p

re
se

n
ta

ti
ve

ca
se

s,
n

am
el

y
th

e
G

au
ss

ia
n

ca
se

an
d

th
e

sy
m

m
et

ri
c

B
er

n
ou

ll
i

ca
se

.
T

h
e

la
tt

er
ca

se
is

al
so

k
n

ow
n

in
th

e
li

te
ra

tu
re

a
s

st
o
ch

as
ti

c
b

lo
ck

m
o
d
el

s.

T
h

e
G

a
u

ss
ia

n
c
a
se

S
p

ec
ia

li
zi

n
g

T
h

eo
re

m
1

to
G

au
ss

ia
n

ra
n

d
om

va
ri

a
b

le
s,

w
e

o
b

ta
in

th
e

fo
ll

ow
in

g
re

su
lt

.

C
o
ro

ll
a
ry

2
.

A
ss

u
m

e
ε i
j
ii
d ∼
N

(0
,σ

2
)

a
n

d
M
≤
C

1
σ

fo
r

so
m

e
co

n
st

a
n

t
C

1
>

0
.

F
o
r

a
n

y
co

n
st

a
n

t
C
′ >

0
,

th
er

e
ex

is
ts

so
m

e
co

n
st

a
n

t
C

o
n

ly
d
ep

en
d
in

g
o
n
C

1
a
n

d
C
′

su
ch

th
a
t

‖θ̂
−
θ‖

2
≤
C
σ

2 p
(k

1
k

2
+
n

1
lo

g
k

1
+
n

2
lo

g
k

2
)
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

ex
p

(−
C
′ (
k

1
k

2
+
n

1
lo

g
k

1
+
n

2
lo

g
k

2
))

u
n

if
o
rm

ly
o
ve

r
θ
∈

Θ
k
1
k
2
(M

).
F

o
r

th
e

sy
m

m
et

ri
c

pa
ra

m
et

er
sp

a
ce

Θ
s k
(M

),
th

e
bo

u
n

d
is

si
m

p
li

fi
ed

to

‖θ̂
−
θ‖

2
≤
C
σ

2 p

( k
2

+
n

lo
g
k
) ,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

ex
p
( −
C
′(
k

2
+
n

lo
g
k
))

u
n

if
o
rm

ly
o
ve

r
θ
∈

Θ
s k
(M

).

W
e

n
ow

p
re

se
n
t

a
ra

te
m

at
ch

in
g

lo
w

er
b

ou
n

d
in

th
e

G
au

ss
ia

n
m

o
d

el
to

sh
ow

th
a
t

th
e

re
su

lt
of

C
or

ol
la

ry
2

is
m

in
im

ax
op

ti
m

al
.

T
o

th
is

en
d

,
w

e
u
se

P (
θ
,σ

2
,p

)
to

in
d

ic
a
te

th
e

p
ro

b
ab

il
it

y
d

is
tr

ib
u

ti
on

of
th

e
m

o
d

el
X
ij
in
d ∼
N

(θ
ij
,σ

2
)

w
it

h
ob

se
rv

at
io

n
ra

te
p
.
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G
a
o
,

L
u
,

M
a

a
n
d

Z
h
o
u

T
h

e
o
re

m
3
.

A
ss

u
m

e
σ
2 p

(
k
1
k
2

n
1
n
2

+
lo

g
k
1

n
2

+
lo

g
k
2

n
1

)
.
M

2
.

T
h
er

e
ex

is
t

so
m

e
co

n
st

a
n

ts
C
,c
>

0
,

su
ch

th
a
t

in
f
θ̂

su
p

θ
∈Θ

k
1
k
2
(M

)
P (
θ
,σ

2
,p

)

( ‖
θ̂
−
θ‖

2
>
C
σ

2 p
(k

1
k

2
+
n

1
lo

g
k

1
+
n

2
lo

g
k

2
))

>
c,

w
h
en

lo
g
k

1
�

lo
g
k

2
,

a
n

d

in
f
θ̂

su
p

θ
∈Θ

s k
(M

)
P (
θ
,σ

2
,p

)

( ‖
θ̂
−
θ‖

2
>
C
σ

2 p

( k
2

+
n

lo
g
k
))

>
c.

T
h

e
sy

m
m

e
tr

ic
B

e
rn

o
u

ll
i

c
a
se

W
h

en
th

e
o
b

se
rv

ed
m

at
ri

x
is

sy
m

m
et

ri
c

w
it

h
ze

ro
d

ia
g
on

al
an

d
B

er
n

o
u

ll
i

ra
n

d
o
m

va
ri

a
b

le
s

a
s

it
s

su
p

er
-d

ia
g
o
n

al
en

tr
ie

s,
it

ca
n

b
e

v
ie

w
ed

as
th

e
ad

ja
ce

n
cy

m
at

ri
x

o
f

a
n

u
n

d
ir

ec
te

d
n

et
w

o
rk

an
d

th
e

p
ro

b
le

m
of

es
ti

m
a
ti

n
g

it
s

m
ea

n
m

at
ri

x
w

it
h

m
is

si
n

g
d

at
a

ca
n

b
e

v
ie

w
ed

a
s

a
n

et
w

o
rk

co
m

p
le

ti
o
n

p
ro

b
le

m
.

G
iv

en
a

p
a
rt

ia
ll

y
ob

se
rv

ed
B

er
n

o
u

ll
i

a
d

ja
ce

n
cy

m
at

ri
x
{X

ij
} (
i,
j)
∈Ω

,
o
n

e
ca

n
p

re
d

ic
t

th
e

u
n

o
b

se
rv

ed
ed

ge
s

b
y

es
ti

m
at

in
g

th
e

w
h

o
le

m
ea

n
m

at
ri

x
θ.

A
ls

o
,

w
e

as
su

m
e

th
a
t

ea
ch

ed
ge

is
o
b

se
rv

ed
in

d
ep

en
d

en
tl

y
w

it
h

p
ro

b
ab

il
it

y
p
.

G
iv

en
a

sy
m

m
et

ri
c

a
d

ja
ce

n
cy

m
a
tr

ix
X

=
X
T
∈
{0
,1
}n
×
n

w
it

h
ze

ro
d

ia
go

n
a
ls

,
th

e
st

o
ch

a
st

ic
b

lo
ck

m
o
d

el
(H

o
ll

a
n

d
et

al
.,

19
8
3
)

a
ss

u
m

es
{X

ij
} i>

j
a
re

in
d

ep
en

d
en

t
B

er
n

o
u

ll
i

ra
n

d
om

va
ri

ab
le

s
w

it
h

m
ea

n
θ i
j

=
Q
z
(i

)z
(j

)
∈

[0
,1

]
w

it
h

so
m

e
m

a
tr

ix
Q
∈

[0
,1

]k
×
k

an
d

so
m

e
la

b
el

ve
ct

o
r
z
∈

[k
]n

.
In

o
th

er
w

or
d

s,
th

e
p

ro
b

a
b

il
it

y
th

at
th

er
e

is
a
n

ed
ge

b
et

w
ee

n
th

e
it

h
an

d
th

e
jt

h
n

o
d

es
o
n

ly
d

ep
en

d
s

on
th

ei
r

co
m

m
u

n
it

y
la

b
el

s
z
(i

)
a
n

d
z
(j

).
T

h
e

fo
ll

ow
in

g
cl

a
ss

th
en

in
cl

u
d

es
a
ll

p
os

si
b

le
m

ea
n

m
a
tr

ic
es

o
f

st
o
ch

a
st

ic
b

lo
ck

m
o
d

el
s

w
it

h
n

n
o
d

es
a
n

d
k

cl
u

st
er

s
an

d
w

it
h

ed
ge

p
ro

b
a
b

il
it

ie
s

u
n

if
o
rm

ly
b

o
u

n
d

ed
b
y
ρ
:

Θ
+ k

(ρ
)

=
{ θ
∈

[0
,1

]n
×
n

:
θ i
i

=
0,
θ i
j

=
θ j
i

=
Q
z
(i

)z
(j

),
Q

=
Q
T
∈

[0
,ρ

]k
×
k
,z
∈

[k
]n
}
.

(1
1
)

B
y

th
e

d
efi

n
it

io
n

in
(7

),
Θ

+ k
(ρ

)
⊂

Θ
s k
(ρ

).
A

lt
h

ou
gh

th
e

ta
il

p
ro

b
a
b

il
it

y
o
f

B
er

n
ou

ll
i

ra
n

d
o
m

va
ri

a
b

le
s

d
o
es

n
ot

sa
ti

sf
y

th
e

su
b

-
G

a
u

ss
ia

n
as

su
m

p
ti

o
n

(4
),

a
sl

ig
h
tl

y
m

o
d
ifi

ca
ti

o
n

o
f

th
e

p
ro

o
f

o
f

T
h

eo
re

m
1

le
ad

s
to

th
e

fo
ll

ow
in

g
re

su
lt

.
T

h
e

p
ro

o
f

of
C

or
o
ll

a
ry

4
w

il
l

b
e

g
iv

en
in

S
ec

ti
o
n

A
in

th
e

ap
p

en
d

ix
.

C
o
ro

ll
a
ry

4
.

C
o
n

si
d
er

th
e

o
p
ti

m
iz

a
ti

o
n

p
ro

bl
em

(1
0
)

w
it

h
Θ

=
Θ
s k
(ρ

).
F

o
r

a
n

y
gl

o
ba

l

o
p
ti

m
iz

er
θ̂

a
n

d
a
n

y
co

n
st

a
n

t
C
′
>

0
,

th
er

e
ex

is
ts

a
co

n
st

a
n

t
C
>

0
o
n

ly
d
ep

en
d
in

g
o
n
C
′

su
ch

th
a
t

‖θ̂
−
θ‖

2
≤
C
ρ p

( k
2

+
n

lo
g
k
) ,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

ex
p
( −
C
′(
k

2
+
n

lo
g
k
))

u
n

if
o
rm

ly
o
ve

r
θ
∈

Θ
s k
(ρ

)
⊃

Θ
+ k

(ρ
).

W
h

en
ρ

=
p

=
1,

C
o
ro

ll
a
ry

4
im

p
li

es
T

h
eo

re
m

2.
1

in
G

a
o

et
al

.
(2

0
15

a)
.

A
ra

te
m

at
ch

in
g

lo
w

er
b

ou
n

d
is

gi
ve

n
b
y

th
e

fo
ll

ow
in

g
th

eo
re

m
.

W
e

d
en

o
te

th
e

p
ro

b
ab

il
it

y
d

is
tr

ib
u

ti
on

o
f

a
st

o
ch

a
st

ic
b

lo
ck

m
o
d
el

w
it

h
m

ea
n

m
a
tr

ix
θ
∈

Θ
+ k

(ρ
)

an
d

ob
se

rv
a
ti

on
ra

te
p

b
y
P (
θ
,p

).

T
h

e
o
re

m
5
.

F
o
r

st
oc

h
a
st

ic
bl

oc
k

m
od

el
s,

w
e

h
a
ve

in
f
θ̂

su
p

θ
∈Θ

+ k
(ρ

)

P (
θ
,p

)

(
‖θ̂
−
θ‖

2
>
C

(
ρ
( k

2
+
n

lo
g
k
)

p
∧
ρ

2
n

2

)
)
>
c,

fo
r

so
m

e
co

n
st

a
n

ts
C
,c
>

0.
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M
a
t
r
ix

C
o
m

p
l
e
t
io

n
w

it
h

B
ic

l
u
st

e
r
in

g
S
t
r
u
c
t
u
r
e
s

T
h

e
low

er
b

o
u

n
d

is
th

e
m

in
im

u
m

o
f

tw
o

term
s.

W
h

en
ρ
≥

k
2
+
n

lo
g
k

p
n
2

,
th

e
ra

te
b

eco
m

es
ρ
(k

2
+
n

lo
g
k
)

p
∧
ρ

2n
2�

ρ
(k

2
+
n

lo
g
k
)

p
.

It
is

a
ch

iev
ed

b
y

th
e

co
n

stra
in

ed
least

sq
u

a
res

estim
a
tor

a
cco

rd
in

g
to

C
oro

lla
ry

4
.

W
h

en
ρ
<

k
2
+
n

lo
g
k

p
n
2

,
th

e
ra

te
is

d
o
m

in
a
ted

b
y
ρ

2n
2.

In
th

is
case,

a
triv

ia
l

zero
estim

a
to

r
ach

ieves
th

e
m

in
im

a
x

rate.
In

th
e

ca
se

of
p

=
1
,

a
com

p
arab

le
resu

lt
h

a
s

b
een

fo
u

n
d

in
d

ep
en

d
en

tly
b
y

K
lop

p
et

a
l.

(20
1
5
).

H
ow

ev
er,

ou
r

resu
lt

h
ere

is
m

o
re

g
en

eral
as

it
a
cco

m
m

o
d

a
tes

m
issin

g
o
b
serva

tion
s.

M
o
reover,

th
e

g
en

era
l

u
p

p
er

b
o
u

n
d

s
in

T
h

eo
rem

1
even

h
old

fo
r

n
etw

o
rk

s
w

ith
w

eigh
ted

ed
g
es.

4
.
E
x
te
n
sio

n
s

In
th

is
sectio

n
,

w
e

ex
ten

d
s

th
e

estim
a
tion

p
ro

ced
u

re
a
n

d
th

e
th

eory
in

S
ectio

n
s

2
a
n

d
3

tow
a
rd

th
ree

d
irectio

n
s:

a
d

a
p

tatio
n

to
u

n
k
n

ow
n

o
b

serva
tio

n
ra

te,
a
d

a
p

ta
tio

n
to

u
n

k
n

ow
n

m
o
d

el
p

ara
m

eters,
an

d
sp

arse
g
rap

h
o
n

estim
a
tio

n
.

4
.1

A
d

a
p

ta
tio

n
to

u
n

k
n

o
w

n
o
b

se
rv

a
tio

n
ra

te

T
h

e
estim

ato
r

(10
)

d
ep

en
d

s
o
n

th
e

k
n

ow
led

g
e

o
f

th
e

o
b

serva
tio

n
ra

te
p
.

W
h

en
p

is
n
o
t

to
o

sm
a
ll,

su
ch

a
k
n

ow
led

g
e

is
n

o
t

n
ecessa

ry
fo

r
a
ch

iev
in

g
th

e
d

esired
ra

tes.
D

efi
n

e

p̂
=

∑
n
1
i=

1 ∑
n
2
j=

1
E
ij

n
1 n

2
(1

2)

for
th

e
a
sy

m
m

etric
an

d

p̂
=

∑
1≤
i<
j≤
n
E
ij

12 n
(n
−

1
)

(1
3)

for
th

e
sy

m
m

etric
case,

an
d

red
efi

n
e

Y
ij

=
X
ij E

ij /
p̂

(14
)

w
h

ere
th

e
a
ctu

a
l

d
efi

n
itio

n
of
p̂

is
ch

o
sen

b
etw

een
(12

)
a
n

d
(1

3
)

d
ep

en
d

in
g

o
n

w
h

eth
er

o
n

e
is

d
ea

lin
g

w
ith

th
e

asy
m

m
etric

o
r

sy
m

m
etric

p
a
ram

eter
sp

ace.
T

h
en

w
e

h
ave

th
e

follow
in

g
resu

lt
for

th
e

so
lu

tio
n

to
(10

)
w

ith
Y

red
efi

n
ed

b
y

(1
4
).

T
h

e
o
re

m
6
.

F
o
r

Θ
=

Θ
k
1
k
2 (M

),
su

p
po

se
fo

r
so

m
e

a
bso

lu
te

co
n

sta
n

t
C

1
>

0
,

p
≥
C

1
[lo

g
(n

1
+
n

2 )] 2

k
1 k

2
+
n

1
lo

g
k

1
+
n

2
lo

g
k

2
.

L
et
θ̂

be
th

e
so

lu
tio

n
to

(1
0)

w
ith

Y
d
efi

n
ed

a
s

in
(1

4).
T

h
en

fo
r

a
n

y
co

n
sta

n
t
C
′
>

0
,

th
ere

exists
a

co
n

sta
n

t
C
>

0
o
n

ly
d
epen

d
in

g
o
n
C
′

a
n

d
C

1
su

ch
th

a
t

‖
θ̂−

θ‖
2≤

C
M

2∨
σ

2

p
(k

1 k
2

+
n

1
lo

g
k

1
+
n

2
lo

g
k

2 )
,

w
ith

p
ro

ba
bility

a
t

lea
st

1
−

(n
1 n

2 ) −
C
′

u
n

ifo
rm

ly
o
ver

θ
∈

Θ
a
n

d
a
ll

erro
r

d
istribu

tio
n

s
sa

tisfyin
g

(4
).

F
o
r

Θ
=

Θ
sk (M

),
th

e
sa

m
e

resu
lt

h
o
ld

s
if

w
e

rep
la

ce
n

1
a
n

d
n

2
w

ith
n

a
n

d
k

1
a
n

d
k

2

w
ith

k
in

th
e

fo
rego

in
g

sta
tem

en
t.
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G
a
o
,

L
u
,

M
a

a
n
d

Z
h
o
u

4
.2

A
d

a
p

ta
tio

n
to

u
n

k
n

o
w

n
m

o
d

e
l

p
a
ra

m
e
te

rs

W
e

n
ow

p
rov

id
e

an
ad

ap
tive

p
ro

ced
u

re
for

estim
atin

g
θ

w
ith

ou
t

assu
m

in
g

th
e

k
n

ow
led

ge
of

th
e

m
o
d

el
p

a
ra

m
eters

k
1 ,
k

2
an

d
M

.
T

h
e

p
ro

ced
u

re
can

b
e

regard
ed

as
a

variation
of

a
2-fo

ld
cro

ss
va

lid
ation

(W
old

,
1978).

W
e

give
d

etails
on

th
e

p
ro

ced
u

re
for

th
e

asy
m

m
etric

p
a
ram

eter
sp

a
ces

Θ
k
1
k
2 (M

),
an

d
th

at
for

th
e

sy
m

m
etric

p
ara

m
eter

sp
aces

Θ
sk (M

)
can

b
e

ob
ta

in
ed

sim
ila

rly.

T
o

ad
ap

t
to
k

1 ,
k

2
an

d
M

,
w

e
sp

lit
th

e
d

ata
in

to
tw

o
h

alves.
N

a
m

ely,
sam

p
le

i.i.d
.
T
ij

fro
m

B
ern

ou
lli(

12 ).
D

efi
n

e
∆

=
{(i,j)∈

[n
1 ]×

n
2

:
T
ij

=
1}.

D
efi

n
e
Y

∆ij
=

2X
ij E

ij T
ij /p

an
d
Y

∆
c

ij
=

2X
ij E

ij (1−
T
ij )/p

for
all

(i,j)∈
[n

1 ]×
[n

2 ].
T

h
en

,
for

som
e

g
iven

(k
1 ,k

2 ,M
),

th
e

least
sq

u
ares

estim
ators

u
sin

g
Y

∆
an

d
Y

∆
c

are
giv

en
b
y

θ̂
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∆
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∆
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2 ,M̂
)

=
argm

in
(k

1
,k

2
,M

)∈
[n

1
]×

[n
2
]×
M
‖
θ̂
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∆
c‖

2∆
c ,

w
h

ere
M

=
{

h
n
1
+
n
2

:
h
∈

[(n
1

+
n

2 )
6] }

,
an

d
d

efi
n

e
θ̂

∆
=
θ̂
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∆
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∆
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b
y

θ̂
ij

=

{
θ̂

∆
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∆
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∆
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+
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+
n

2 )
5−

(n
1

+
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>
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+
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b
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+
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+
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+
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+
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b
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+
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∈
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re
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f
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p
l
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∈
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d
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n
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n

,
20

07
;

L
ov

ás
z,

20
12

)
an

d
th

e
st

u
d

ie
s

of
ex

ch
an

g
ea

b
le

ar
ra

y
s

(A
ld

ou
s,

19
81

;
K

al
le

n
b

er
g,

19
89

).
It

is
th

e
u

n
d

er
ly

in
g

n
on

p
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ra
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p
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w
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d
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m
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∇
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bα
c

,

w
h

er
e
D

=
{(
x
,y

)
∈
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=
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√
ρ
,f

(x
,y

)
=
f

(y
,x

)
fo

r
al

l
x
∈
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b
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w
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b
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b
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m
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Θ
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p
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.
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∑
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−
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−
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∈
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P ξ
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∈
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b
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−
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−
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h
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.
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p
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=
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p

ti
m

iz
e

ov
er

(Q
,z

1
,z

2
)

w
it

h
ex

p
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.
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e

o
b

je
ct

iv
e

fu
n

ct
io

n
.

It
is

w
o
rt

h
n

o
ti

n
g

th
a
t

A
lg

or
it

h
m

1
ca

n
b

e
v
ie

w
ed

as
a

tw
o
-w

ay
ex

te
n

si
o
n

fo
r

th
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p
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b
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d
b
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p
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p
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.
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p
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o
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p
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p
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verge
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.
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=
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∑j=

1 (Q
a
z
2
(j) −

A
ij )

2.
(17

)

4
U

p
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u
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√
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p
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∈
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b
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√

p
n

lo
g
k
.

T
h

e
cu

rves
for

d
iff

eren
t
k

align
w

ell
w

ith
each

oth
er

a
n

d
th

e
erro

r
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con
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=
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=
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=
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=

1
6

(b
)

F
igu

re
1:

P
lots

of
1n ‖
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p
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p
le

size
n

.
(b

)
P
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√
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d
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∈
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h
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2
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w
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w
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m
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o
f
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2
=
n

1
log

k
1 /
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k

2 .
P

an
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(a)
of

F
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re
2
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ow

s
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e
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versu
s
n

1 .
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an

el
(b
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w
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rescale
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e
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-ax
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b
y
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√
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1
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g
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A
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,
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e
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=
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=
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=
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=
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=
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=
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=
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=
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=
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=
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(b
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F
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P
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er
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1
√
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1
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θ‖

w
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en
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E
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p
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r
ag
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P
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r
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√
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u
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ig

u
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p
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te

rs
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e

u
se
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p
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∈
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d
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en
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n
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ra
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en
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r
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m
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√
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√
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√
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at
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d
A
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ra
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∈
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ra
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=
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=
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=
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‖θ̂
−
θ‖

w
h

en
u
si

n
g

o
u

r
al

g
o
ri

th
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p
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p
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√
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p
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b
y

co
m

p
a
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p
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ra
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b
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p
ro

g
re

ss
es

in
h

ig
h

-d
im

en
si

o
n

al
es

ti
m

a
ti

o
n

m
ai

n
ly

fo
cu

s
o
n

sp
ar

se
a
n

d
lo

w
ra

n
k

st
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.
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e
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w
e
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e
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p
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m
e

p
o
ss

ib
le

fu
tu

re
d

ir
ec

ti
o
n

s
o
f

re
se

a
rc

h
.
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b
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p
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b
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lo
ri

n
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b
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b
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ra
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p
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ra
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b
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er
st

ru
ct

u
re

s.
A

n
at

u
ra

l
q
u

es
ti

o
n

to
in

ve
st

ig
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b
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b
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d
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u
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.
T

h
e

p
a
p
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G

a
o
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l.
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0
15

b
)
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a
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b
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)
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b
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w
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=
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F
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u
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n
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e
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e
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p
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h
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b
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(10
)

is
n

ot
co

n
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,
th
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b
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q
u
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ra
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b
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e
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7
.
P
ro

o
fs

7
.1

P
ro

o
f

o
f

T
h

e
o
re

m
1

B
elow

,
w

e
fo

cu
s

on
th

e
p

ro
of

fo
r

th
e
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m

etric
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m
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a
ce

Θ
k
1
k
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).
T

h
e
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fo
r

th
e
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m

m
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p
a
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m
eter

sp
a
ce

Θ
sk (M

)
ca

n
b

e
ob

ta
in

ed
b
y
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g
k

1
=
k

2
a
n

d
b
y

tak
in

g

ca
re

o
f

th
e

d
ia

g
on

al
en

tries.
S

in
ce
θ̂
∈

Θ
k
1
k
2 (M

),
th

ere
ex

ists
ẑ

1
∈

[k
1 ] n

1,
ẑ

2
∈

[k
2 ] n

2
a
n

d
Q̂
∈

[−
M
,M

] k
1 ×
k
2

su
ch

th
a
t
θ̂
ij

=
Q̂
ẑ
1
(i)ẑ

2
(j) .

F
o
r

th
is

(ẑ
1 ,ẑ

2 ),
w

e
d

efi
n

e
a

m
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θ̃
b
y

θ̃
ij

=
1

|ẑ −
1

1
(a

)||ẑ −
1

2
(b)|

∑

(i,j)∈
ẑ −

1
1

(a
)×
ẑ −

1
2

(b) θ
ij ,
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a
n
y

(i,j)∈
ẑ −

1
1

(a
)×

ẑ −
1

2
(b)

a
n

d
a
n
y

(a
,b)∈

[k
1 ]×

[k
2 ].

T
o
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cilita

te
th

e
p

ro
o
f,

w
e

n
eed

to
fo

llow
in

g
th

ree
lem

m
as,

w
h
ose

p
ro

o
fs

are
g
iven

in
th

e
su

p
p

lem
en

ta
ry

m
a
teria

l.

L
e
m

m
a

1
0
.

F
o
r

a
n

y
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n
sta

n
t
C
′
>

0
,

th
ere

exists
a
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n
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n

t
C

1
>

0
o
n

ly
d
epen

d
in

g
o
n

C
′,

su
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a
t

‖
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C
1
M
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σ
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1
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g
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n

2
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g
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+
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>
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>
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g
o
n
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su
ch

th
a
t
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e

in
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a
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‖θ̃−
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C
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2∨
σ
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1

lo
g
k

1
+
n

2
log

k
2 )/

p
im

p
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∣∣∣∣∣ 〈
θ̃−

θ

‖
θ̃−
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−
θ 〉
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√
C

2
M

2∨
σ

2

p
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1 k
2

+
n

1
lo

g
k

1
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n

2
log

k
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a
t

lea
st
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ex
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(−
C
′(k

1 k
2

+
n

1
log

k
1

+
n

2
log

k
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L
e
m

m
a

1
2
.

F
o
r

a
n

y
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n
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n
t
C
′
>

0
,
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exists
a
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n

sta
n

t
C

3
>

0
o
n

ly
d
epen

d
in

g
o
n

C
′,

su
ch

th
a
t
∣∣∣ 〈
θ̂−

θ̃,Y
−
θ 〉 ∣∣∣ ≤

C
3
M

2∨
σ

2

p
(k

1 k
2

+
n

1
log

k
1

+
n

2
log

k
2 ),

w
ith

p
ro

ba
bility

a
t

lea
st

1−
ex

p
(−
C
′(k

1 k
2

+
n

1
log

k
1

+
n

2
log

k
2 )).

P
roo

f
o
f

T
h
eo

rem
1
.

A
p

p
ly

in
g

u
n

ion
b

ou
n

d
,

th
e

resu
lts

of
L

em
m

a
10-1

2
h

old
w

ith
p
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a-

b
ility

at
least

1−
3

ex
p

(−
C
′(k

1 k
2

+
n

1
log

k
1

+
n

2
log

k
2 )).

W
e

con
sid

er
th

e
fo

llow
in

g
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o
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ses.

C
a
se

1
:
‖θ̃−

θ‖
2≤

C
2 (M

2∨
σ

2)(k
1 k

2
+
n

1
log

k
1

+
n

2
log

k
2 )/p

.
T

h
en

w
e

h
ave

‖
θ̂−

θ‖
2≤

2‖
θ̂−

θ̃‖
2

+
2‖
θ̃−

θ‖
2≤

2(C
1

+
C

2 ) M
2∨

σ
2

p
(k

1 k
2

+
n

1
log

k
1

+
n

2
lo

g
k

2 )

b
y

L
em

m
a

10
.

C
a
se

2
:
‖θ̃−

θ‖
2
>
C

2 (M
2∨

σ
2)(k

1 k
2

+
n

1
log

k
1

+
n

2
log

k
2 )/p

.
B

y
th

e
d

efi
n

ition
of

th
e

estim
ator,

w
e

h
ave‖

θ̂−
Y
‖

2≤
‖θ−

Y
‖

2.
A

fter
rearran

g
em

en
t,

w
e

h
ave

‖
θ̂−

θ‖
2
≤

2 〈
θ̂−

θ,Y
−
θ 〉

=
2 〈
θ̂−

θ̃,Y
−
θ 〉

+
2 〈
θ̃−

θ,Y
−
θ 〉

≤
2 〈
θ̂−

θ̃,Y
−
θ 〉

+
2‖θ̃−

θ‖ ∣∣∣∣∣ 〈
θ̃−

θ

‖θ̃−
θ‖
,Y
−
θ 〉
∣∣∣∣∣

≤
2 〈
θ̂−

θ̃,Y
−
θ 〉

+
2(‖

θ̃−
θ̂‖

+
‖
θ̂−

θ‖) ∣∣∣∣∣ 〈
θ̃−

θ

‖θ̃−
θ‖
,Y
−
θ 〉
∣∣∣∣∣

≤
2(C

2
+
C

3
+
√
C

1 C
2 ) M

2∨
σ

2

p
(k

1 k
2

+
n

1
log

k
1

+
n

2
log

k
2 )
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θ̂−

θ‖
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h
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lea

d
s
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e
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+
√
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1 C
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p
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1 k
2
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n

1
log

k
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+
n

2
log

k
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C
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+
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+
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√
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d
ep

en
d
en

t
su

b-
G

a
u

ss
ia

n
ra

n
d
o
m

va
ri

a
bl

es
w

it
h

m
ea

n
θ i
∈
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d
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.
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d
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∨
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≤
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+

2
σ
2
)λ

2
/
p
.

M
o
re

o
ve

r,
fo

r
∑
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) )
W̄
a
b (ẑ
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(ẑ

)
−
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ot
h

es
is

sp
ac

e
H

co
n

si
st

of
el

ev
en

cl
a
ss

ifi
er

s
H

=
{h

θ
|θ
∈
{1
..
.1

1}
}.

L
et

th
e

le
ar

n
er

b
e

a
v
er

si
on

-s
p

ac
e

le
ar

n
er

,
n

am
el

y
it

m
a
in

ta
in

s
a

ve
rs

io
n

sp
ac

e
{h

θ
∈
H
|h

θ
co

n
si

st
en

t
w

it
h

th
e

tr
ai

n
in

g
se

t}
.

E
q
u

iv
al

en
tl

y,
th

e
le

a
rn

er
is

a
0-

1
lo

ss
em

p
ir

ic
al

ri
sk

m
in

im
iz

er
(E

R
M

)
w

h
ic

h
fi

n
d

s
al

l
m

o
d

el
s

w
it

h
ze

ro
tr

a
in

in
g

er
ro

r.
If

w
e

w
an

t
to

te
ac

h
a

ta
rg

et
m

o
d

el
(i

n
th

is
p

ap
er

w
e

u
se

h
y
p

ot
h

es
is

an
d

m
o
d

el
ex

ch
a
n

ge
a
b

ly
),

sa
y
h

9
,

to
su

ch
a

le
ar

n
er

,
w

e
ca

n
co

n
st

ru
ct

a
tr

ai
n

in
g

se
t

th
at

re
su

lt
s

in
a

si
n

g
le

to
n

ve
rs

io
n

sp
ac

e
{h

9
}.

It
is

ea
sy

to
se

e
th

at
th

e
tr

ai
n

in
g

se
t
D

=
{(
x

1
=

8,
y 1

=
−

1)
,(
x

2
=

9,
y 2

=
1
)}

is
th

e
sm

al
le

st
se

t
fo

r
th

is
p

u
rp

os
e.

W
e

sa
y

th
at

th
e

te
ac

h
in

g
d

im
en

si
on

o
f
h

9
w

it
h

re
sp

ec
t

c ©
2
0
1
6

J
i

L
iu

a
n

d
X

ia
o

ji
n

Z
h
u

.
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L
iu

a
n
d

Z
h
u

to
H

is
T
D

(h
9
)

=
|D
|=

2.
S

im
il

ar
ly

,
T
D

(h
1
1
)

=
1

b
ec

au
se
D

=
{(
x

1
=

1
0
,y

1
=
−

1)
}

su
ffi

ce
s.

In
fa

ct
,
T
D

(h
∗ θ)

=
1

fo
r

ta
rg

et
m

o
d

el
θ∗

=
1

o
r

11
,

a
n

d
2

fo
r
θ∗

=
2,

3
,.
..
,1

0.

T
h

e
as

tu
te

re
ad

er
m

ay
n

o
ti

ce
th

at
th

is
ex

a
m

p
le

d
o
es

n
o
t

a
p

p
ly

to
co

n
ti

n
u

o
u

s
sp

a
ce

s.
T

o
se

e
th

is
,

le
t

u
s

ex
te

n
d
x
∈
R

a
n

d
H

=
{h

θ
|θ
∈
R
}.

T
h

e
le

a
rn

er
’s

ve
rs

io
n

sp
a
ce

u
n

d
er

an
y

li
n

ea
rl

y
se

p
ar

ab
le

tr
a
in

in
g

se
t

w
o
u

ld
n
ow

b
e

re
p

re
se

n
te

d
b
y

th
e

in
te

rv
a
l

b
et

w
ee

n
th

e
tw

o
cl

o
se

st
op

p
o
si

te
ly

la
b

el
ed

it
em

s.
It

is
im

p
o
ss

ib
le

fo
r

th
e

ve
rs

io
n
-s

p
a
ce

le
ar

n
er

to
p
ic

k
ou

t
a

u
n

iq
u

e
ta

rg
et

m
o
d

el
h
θ
∗

w
it

h
a

fi
n

it
e

tr
a
in

in
g

se
t.

In
o
th

er
w

o
rd

s,
T
D

(h
θ
∗
)

=
∞

fo
r

a
ll

ta
rg

et
m

o
d

el
s
θ∗

.
T

h
is

is
co

u
n
te

ri
n
tu

it
iv

e
b

ec
a
u

se
o
st

en
si

b
ly

w
e

ca
n

te
ac

h
a
n
y

o
n

e
of

th
e

“m
o
d

er
n

”
m

ac
h

in
e

le
a
rn

in
g

al
g
o
ri

th
m

s
su

ch
a
s

a
su

p
p

o
rt

ve
ct

o
r

m
a
ch

in
e

(S
V

M
)

w
it

h
on

ly
tw

o
tr

ai
n

in
g

it
em

s:
D

=
{(
x

1
=
θ∗
−
ε,
y 1

=
−

1
),

(x
2

=
θ∗

+
ε,
y 2

=
1
)}

w
it

h
a
n
y
ε
>

0
.

T
h

e
is

su
e

h
er

e
is

th
a
t

a
ve

rs
io

n
-s

p
a
ce

le
a
rn

er
is

n
o
t

eq
u

ip
p

ed
w

it
h

th
e

a
b

il
it

y
to

p
ic

k
th

e
m

ax
-m

ar
gi

n
(o

r
a
n
y

o
th

er
sp

ec
ifi

c)
h
y
p

ot
h

es
is

fr
o
m

th
e

ve
rs

io
n

sp
a
ce

.
In

co
n
tr

a
st

,
an

S
V

M
is

n
o
t

a
ve

rs
io

n
-s

p
a
ce

le
a
rn

er
in

ou
r

te
rm

in
o
lo

g
y
;

w
e

h
av

e
st

ro
n

g
er

k
n
ow

le
d

g
e

fr
om

o
p

ti
m

iz
at

io
n

o
n

h
ow

it
p

ic
k
s

a
sp

ec
ifi

c
h
y
p

o
th

es
is

fr
om

th
e

h
y
p

ot
h

es
is

sp
ac

e.
T

h
is

p
a
p

er
w

il
l

u
ti

li
ze

su
ch

k
n

ow
le

d
g
e

to
d

er
iv

e
te

ac
h

in
g

d
im

en
si

o
n

s
th

a
t

ar
e

d
is

ti
n

ct
fr

o
m

cl
as

si
c

te
ac

h
in

g
d

im
en

si
on

an
al

y
si

s
(e

.g
.

D
o
li

w
a

et
a
l.

(2
0
1
4)

).
S

p
ec

ifi
ca

ll
y,

w
e

ex
te

n
d

te
a
ch

in
g

d
im

en
si

o
n

to
li

n
ea

r
le

ar
n

er
s

th
a
t

le
a
rn

b
y

re
gu

la
ri

ze
d

su
rr

o
ga

te
-l

o
ss

em
p

ir
ic

al
ri

sk
m

in
im

iz
a
ti

on
:

A
o
p
t(
D

)
:=

A
rg

m
in
θθ θ
∈R

d

n ∑ i=
1

`(
x
> i
θθ θ
,y
i)

+
λ 2
‖θθ θ
‖2 A

︸
︷︷

︸
=

:f
(θθ θ

)

.
(1

)

H
er

e,
w

e
id

en
ti

fy
H

w
it

h
R
d
,
h

w
it

h
θθ θ
,

th
e

su
rr

o
ga

te
lo

ss
fu

n
ct

io
n
`

is
ei

th
er

sm
o
ot

h
or

co
n
ve

x
in

th
e

fi
rs

t
a
rg

u
m

en
t,
λ
>

0
is

th
e

re
gu

la
ri

za
ti

o
n

co
effi

ci
en

t,
a
n

d
A

is
a

p
o
si

ti
v
e

se
m

id
efi

n
it

e
m

at
ri

x
.
‖·
‖ A

is
th

e
M

a
h

a
la

n
o
b

is
n

o
rm

:
‖θθ θ
‖ A

:=
√
θθ θ
>
A
θθ θ
.

T
h

is
co

v
er

s
b

o
th

h
o
m

og
en

eo
u

s
(e

.g
.
A

=
I
)

a
n

d
in

h
o
m

o
g
en

eo
u

s
(e

.g
.
A

=
[I
,0

;0
,I

])
le

a
rn

er
s.

W
e

fo
ll

ow
th

e
co

n
ve

n
ti

on
in

op
ti

m
iz

at
io

n
w

h
en

w
e

u
se

th
e

ca
p

it
a
li

ze
d

A
rg

m
in

to
em

p
h

a
si

ze
th

a
t

it
re

tu
rn

s
a

se
t

th
at

a
ch

ie
ve

s
th

e
m

in
im

u
m

.
T

h
e

te
a
ch

er
ca

n
co

n
st

ru
ct

a
tr

a
in

in
g

se
t

w
it

h
an

y
it

em
s

in
R
d
.

T
h

e
al

te
rn

at
iv

e
p

o
ol

-b
a
se

d
te

a
ch

in
g

se
tt

in
g
,

w
h

er
e

th
e

te
a
ch

er
is

gi
ve

n
a

fi
n

it
e

p
o
ol

of
ca

n
d

id
at

e
tr

a
in

in
g

it
em

s
an

d
m

u
st

se
le

ct
it

em
s

fr
om

th
a
t

p
o
ol

,
is

n
ot

st
u

d
ie

d
in

th
is

p
ap

er
.

B
y

li
n

ea
r

le
ar

n
er

s
w

e
m

ea
n

th
e

in
p

u
t

x
an

d
th

e
p

ar
a
m

et
er
θθ θ

in
te

ra
ct

o
n

ly
v
ia

th
ei

r
in

n
er

p
ro

d
u

ct
x
>
θθ θ
.

L
in

ea
r

le
a
rn

er
s

in
cl

u
d

e
S

V
M

s,
lo

g
is

ti
c

re
gr

es
si

on
,

a
n
d

li
n

ea
r

re
gr

es
si

on
.

O
u

r
a
n

a
ly

si
s

te
ch

n
iq

u
e

in
vo

lv
es

a
n

ov
el

a
p

p
li

ca
ti

o
n

o
f

th
e

K
a
ru

sh
-K

u
h

n
-T

u
ck

er
(K

K
T

)
co

n
d

it
io

n
s.

h
o
m

og
en

eo
u

s
in

h
om

o
ge

n
eo

u
s

ri
d

ge
S

V
M

lo
g
is

ti
c

ri
d

g
e

S
V

M
lo

g
is

ti
c

ex
a
ct

p
ar

a
m

et
er

1
⌈ λ
‖θθ θ
∗ ‖

2
⌉
⌈ λ
‖θθ θ

∗ ‖
2

τ m
a
x

⌉
2

2
⌈ λ
‖w

∗ ‖
2

2

⌉ †
2
⌈ λ
‖w

∗ ‖
2

2
τ m

a
x

⌉ †

d
ec

is
io

n
b

ou
n

d
ar

y
-

1
1

-
2

2

T
a
b

le
1
:

T
h

e
te

ac
h

in
g

d
im

en
si

o
n

o
f

ri
d

g
e

re
g
re

ss
io

n
,

S
V

M
,

a
n

d
lo

gi
st

ic
re

g
re

ss
io

n
.

(†
:

u
p

to
ro

u
n

d
in

g
eff

ec
t,

se
e

se
ct

io
n

3
.3

).
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T
h
e

T
e
a
c
h
in

g
D

im
e
n
sio

n
o
f

L
in

e
a
r

L
e
a
r
n
e
r
s

T
o

o
u

r
k
n

ow
led

ge,
th

is
p

ap
er

gives
th

e
fi

rst
k
n

ow
n

va
lu

es
of

tea
ch

in
g

d
im

en
sio

n
fo

r
rid

g
e

reg
ression

,
S

V
M

,
an

d
lo

g
istic

regressio
n

.
W

e
su

m
m

a
rize

ou
r

m
a
in

resu
lts

in
T

a
b

le
1.

T
h

e
ta

b
le

sep
a
ra

tely
lists

h
o
m

og
en

eo
u

s
(w

ith
o
u

t
a

b
ias

term
)

a
n

d
in

h
o
m

o
g
en

eou
s

(w
ith

a
b

ia
s

term
)

versio
n

s
o
f

th
e

lin
ea

r
lea

rn
ers.

T
h

e
tea

ch
in

g
g
o
a
l

refers
to

th
e

in
ten

tio
n

o
f

th
e

tea
ch

er:
is

teach
in

g
con

sid
ered

su
ccessfu

l
o
n

ly
w

h
en

th
e

lea
rn

er
lea

rn
s

th
e

ex
a
ct

ta
rg

et
p

ara
m

eter,
or

w
h

en
th

e
lea

rn
er

learn
s

th
e

correct
d

ecisio
n

b
ou

n
d

ary
(w

h
ich

ca
n

b
e

a
ch

iev
ed

b
y

an
y

p
o
sitive

sca
lin

g
of

th
e

target
p

a
ram

eter)?
S

ee
sectio

n
3

for
d

efi
n

itio
n

o
f

th
e

ta
rget

p
ara

m
eters

θ θθ ∗,w
∗

a
n

d
th

e
co

n
sta

n
t
τ

m
a
x .

T
h

e
targ

et
p

a
ra

m
eters

a
re

a
ssu

m
ed

to
b

e
n

o
n

zero.
W

e
w

ill
a
lso

p
resen

t
th

e
co

rresp
o
n

d
in

g
m

in
im

u
m

tea
ch

in
g

set
co

n
stru

ctio
n

in
sectio

n
3
.

2
.
C
la
ssic

T
e
a
ch

in
g
D
im

e
n
sio

n
a
n
d

its
L
im

ita
tio

n
s

L
et
X

d
en

ote
th

e
in

p
u

t
sp

a
ce

an
d
Y
⊆

R
th

e
o
u

tp
u

t
sp

a
ce.

A
h
y
p

o
th

esis
is

a
fu

n
ctio

n
h

:X
→
Y

.
In

th
is

section
w

e
id

en
tify

a
h
y
p

oth
esis

h
θ θθ

w
ith

its
m

o
d

el
p

a
ra

m
eter

θ θθ.
T

h
e

h
y
p

o
th

esis
sp

aceH
is

a
set

o
f

h
y
p

o
th

eses.
B

y
train

in
g

item
w

e
m

ea
n

a
p

a
ir

(x
,y

)∈
X
×
Y

.
A

tra
in

in
g

set
is

a
m

u
ltiset

D
=
{(x

1 ,y
1 )
...(x

n
,y
n
)}

w
h

ere
rep

ea
ted

item
s

a
re

allow
ed

.
Im

p
o
rtan

tly,
fo

r
th

e
p

u
rp

o
se

o
f

tea
ch

in
g

w
e

d
o

n
o
t

assu
m

e
th

at
D

b
e

d
raw

n
i.i.d

.
fro

m
a

d
istrib

u
tio

n
.

L
et

D
=
∪
∞n

=
1 (X
×
Y

)
n

d
en

o
te

th
e

set
of

a
ll

train
in

g
sets

o
f

a
ll

sizes.
A

lea
rn

in
g

alg
orith

m
A

:D
→

2 H
ta

kes
in

a
tra

in
in

g
set

D
∈
D

a
n

d
o
u

tp
u

ts
a

su
b

set
o
f

th
e

h
y
p

o
th

esis
sp

a
ce
H

.
T

h
at

is,A
d

o
es

n
o
t

n
ecessa

rily
retu

rn
a

u
n

iq
u

e
h
y
p

o
th

esis.

C
la

ssic
tea

ch
in

g
d

im
en

sion
a
n

a
ly

sis
is

restricted
to

th
e

versio
n

-sp
a
ce

lea
rn

erA
v
s :

A
v
s (D

)
=
{h
∈
H
|∀

(x
,y

)∈
D
,h

(x
)

=
y}
.

(2
)

T
h

a
t

is,
th

e
learn

erA
v
s

keep
s

tra
ck

o
f

th
e

v
ersio

n
sp

ace
co

n
sistin

g
of

a
ll

h
y
p

o
th

eses
h

th
at

a
re

con
sisten

t
w

ith
D

.
L

et
th

e
target

m
o
d

el
b

e
h
θ θθ ∗
∈
H

.
T

ea
ch

in
g

is
su

ccessfu
l

if
th

e
teach

er
id

en
tifi

es
a

train
in

g
set

D
∈

D
su

ch
th

atA
v
s (D

)
=
{
h
θ θθ ∗}

th
e

sin
g
leto

n
set.

S
u

ch
a
D

is
ca

lled
a

te
a
ch

in
g

se
t

o
f
h
θ θθ ∗

w
ith

resp
ect

to
H

.
T

h
e

teach
in

g
d

im
en

sion
o
f

th
e

h
y
p

oth
esis

h
θ θθ ∗

is
th

e
m

in
im

u
m

size
o
f

th
e

tea
ch

in
g

set:

T
D

(h
θ θθ ∗)

=

{
m

in
D
∈
D |D
|,

fo
r
D

a
tea

ch
in

g
set

o
f
h
θ θθ ∗

∞
,

if
n

o
tea

ch
in

g
set

ex
ists

F
u

rth
erm

o
re,

th
e

tea
ch

in
g

d
im

en
sio

n
o
f

th
e

w
h

ole
h
y
p

o
th

esis
sp

a
ce
H

is
d

efi
n

ed
b
y

th
e

h
a
rd

est
h
y
p

o
th

esis:
T
D

(H
)

=
m

a
x
h∈H

T
D

(h
).

In
th

is
p

a
p

er
w

e
w

ill
fo

cu
s

o
n

th
e

fi
n

e-
g
ra

in
ed

tea
ch

in
g

d
im

en
sion

o
f

in
d

iv
id

u
a
l

h
y
p

o
th

esis
T
D

(h
).

C
la

ssic
tea

ch
in

g
d

im
en

sio
n

an
aly

sis
h

a
s

severa
l

lim
ita

tio
n

s:
th

e
lea

rn
er

is
a
ssu

m
ed

to
b

e
a

versio
n

-sp
a
ce

learn
erA

v
s ,

an
d

th
e

h
y
p

o
th

esis
sp

ace
is

ty
p

ically
fi

n
ite

o
r

co
u

n
tab

ly
in

fi
n

ite.
A

s
th

e
ex

a
m

p
le

in
section

1
sh

ow
ed

,
th

ese
fa

il
to

cap
tu

re
th

e
tea

ch
in

g
d

im
en

sio
n

of
“
m

o
d

ern
”

m
a
ch

in
e

learn
ers

w
h

ich
h

a
s
R
d

a
s

in
p

u
t

sp
a
ce

a
n

d
p

ick
s

a
u

n
iq

u
e

h
y
p

o
th

esis
v
ia

regu
la

rized
em

p
irica

l
risk

m
in

im
izatio

n
(1

).
F

u
rth

erm
ore,

th
e

ta
rg

et
m

o
d

el
ca

n
b

e
a
m

b
ig

u
o
u

s
w

h
en

th
e

learn
er

is
a

cla
ssifi

er:
sh

ou
ld

th
e

lea
rn

er
lea

rn
th

e
ex

a
ct

ta
rget

p
a
ra

m
eter

θ θθ ∗,
or

th
e

ta
rg

et
d

ecisio
n

b
o
u

n
d

a
ry

?
In

lin
ea

r
m

o
d

els
an

y
scaled

p
a
ra

m
eter

cθ θθ ∗
w

ith
c
>

0
p

ro
d

u
ces

th
e

sa
m

e
targ

et
d

ecisio
n

b
o
u

n
d

a
ry.

T
h

ese
lim

itatio
n

s
m

o
tiva

te
u

s
to

g
en

era
lize

th
e

tea
ch

in
g

d
im

en
sion

in
th

e
n

ex
t

section
.
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L
iu

a
n
d

Z
h
u

3
.
M

a
in

R
e
su

lts

T
o

m
ake

o
u

r
teach

in
g

d
im

en
sion

’s
d

ep
en

d
en

cy
on

th
e

learn
in

g
algorith

m
ex

p
licit,

h
en

ceforth
w

e
w

rite
tea

ch
in

g
d

im
en

sion
w

ith
tw

o
argu

m
en

ts
as

T
D

(h
∗,A

)

w
h

ere
h
∗∈
H

is
th

e
target

m
o
d

el,
an

d
A

:D
→

2 H
is

th
e

lea
rn

in
g

algorith
m

w
h

ich
given

a
tra

in
in

g
set

D
∈
D

retu
rn

s
a

set
of

h
y
p

oth
esesA

(D
).

W
e

d
efi

n
e

teach
in

g
d
im

en
sion

to
b

e
th

e
size

of
th

e
sm

allest
train

in
g

set
D

su
ch

th
atA

(D
)

=
{h
∗},

th
e

sin
gleton

set
con

tain
in

g
th

e
ta

rget
m

o
d

el.
W

ith
th

is
n

otation
,

th
e

classic
teach

in
g

d
im

en
sion

is
T
D

(h
∗,A

v
s )

w
h

ere
A
v
s

is
th

e
version

sp
ace

learn
in

g
algorith

m
(2).

In
th

is
p

a
p

er
w

e
fo

cu
s

o
n
A
o
p
t

in
(1)

in
stead

,
n

am
ely

lin
ea

r
learn

ers
in

R
d.

L
in

ear
learn

ers
in

clu
d

e
m

a
n
y

p
op

u
la

r
m

em
b

ers
su

ch
as

b
o
th

h
om

ogen
eou

s
an

d
in

h
om

ogen
eou

s
version

s
of

lin
ear

regressio
n

,
S

V
M

,
an

d
lo

gistic
regression

.
In

ad
d

ition
,

th
e

lin
ear

in
teraction

b
etw

een
x

an
d
θ θθ

m
akes

th
e

loss
fu

n
ctio

n
su

b
gra

d
ien

t
easy

to
com

p
u

te,
th

ou
gh

in
p
rin

cip
le

ou
r

an
aly

sis
tech

n
iq

u
e

is
ap

p
licab

le
to

oth
er

op
tim

ization
-

b
ased

learn
ers,

to
o
.

In
th

is
section

ou
r

goal
is

to
teach

th
e

ex
a
ct

p
aram

eter
θ θθ ∗,

con
seq

u
en

tly
o
u

r
tea

ch
in

g
d

im
en

sion
of

in
terest

is

T
D

(θ θθ ∗,A
o
p
t ).

L
ater

in
sectio

n
4

for
classifi

cation
w

e
w

ill
teach

th
e

d
ecision

b
ou

n
d

ary
in

stead
.

H
ow

to
rea

son
ab

ou
t

ou
r

teach
in

g
d

im
en

sion
T
D

(θ θθ ∗,A
o
p
t )?

It
is

th
e

size
of

th
e

sm
a
llest

tra
in

in
g

set
D

w
ith

w
h
ich

(1)
h

as
a

u
n

iq
u

e
solu

tion
θ θθ ∗.

O
u

r
strategy

is
to

fi
rst

estab
lish

a
n
u

m
b

er
of

low
er

b
ou

n
d
s
L
B
≤
T
D

(θ θθ ∗,A
o
p
t )

b
y

sh
ow

in
g

th
at

an
y

train
in

g
set

w
ith

w
h

ich
(1)

h
as

a
u

n
iq

u
e

so
lu

tion
θ θθ ∗

m
u

st
h

ave
at

least
L
B

item
s.

S
ection

3.1
is

d
evoted

to
su

ch
low

er
b

ou
n

d
s.

T
h

e
actu

al
teach

in
g

d
im

en
sion

is
lea

rn
er

d
ep

en
d

en
t.

In
section

s
3.2

an
d

3.3
w

e
con

stru
ct

sp
ecifi

c
teach

in
g

sets
for

th
ree

p
op

u
lar

learn
ers:

rid
g
e

regressio
n

,
S

V
M

,
an

d
logistic

regression
.

T
h

ese
teach

in
g

sets
u

n
iq

u
ely

retu
rn

s
θ θθ ∗

v
ia

(1
).

B
y

d
efi

n
itio

n
,

th
e

size
o
f

th
ese

teach
in

g
sets

is
an

u
p

p
er

b
ou

n
d

on
T
D

(θ θθ ∗,A
o
p
t ),

resp
ectiv

ely.
If

th
e

low
er

an
d

u
p

p
er

b
ou

n
d

s
m

a
tch

,
w

e
w

ou
ld

h
ave

id
en

tifi
ed

th
e

teach
in

g
d

im
en

sion
T
D

(θ θθ ∗,A
o
p
t ).

3
.1

L
o
w

e
r

B
o
u

n
d

s
o
n

T
e
a
ch

in
g

D
im

e
n

sio
n
T
D

(θ θθ ∗,A
o
p
t )

In
th

is
section

w
e

p
rov

id
e

th
ree

gen
eral

low
er

b
ou

n
d

s
on

th
e

teach
in

g
d

im
en

sion
.

T
h

ese
low

er
b

ou
n
d

s
cap

tu
re

d
iff

eren
t

asp
ects

of
a

teach
in

g
set,

an
d

sh
ou

ld
b

e
u

sed
in

con
ju

n
ction

(i.e.
tak

in
g

th
e

m
ax

im
u

m
)

w
h

en
ap

p
licab

le.
W

e
w

ill
in

stan
tiate

th
ese

low
er

b
o
u

n
d

s
for

sp
ecifi

c
learn

ers
in

section
3.2.

In
th

e
follow

in
g

let
X

an
d
Y

b
e

th
e

feasib
le

region
of

all
x
i ’s

an
d
y
i ’s

resp
ectiv

ely.
W

e
w

ill
u

se
th

e
n

otation
∂

1 `(·,·)
in

th
e

follow
in

g
w

ay
:

if
`(·,·)

is
sm

o
o
th

,
th

en
it

d
en

otes
a

sin
gleto

n
set

on
ly

con
tain

in
g

th
e

grad
ien

t
w

.r.t.
th

e
fi

rst
a
rg

u
m

en
t;

if
`(·,·)

is
con

vex
,

th
en

it
d

en
otes

th
e

su
b

d
iff

eren
tia

l
w

.r.t
th

e
fi

rst
arg

u
m

en
t.

L
B

1
com

es
from

a
d

egree-of-freed
om

p
ersp

ective.
It

is
n

ecessary
to

h
ave

th
is

am
ou

n
t

of
train

in
g

item
s

for
a

u
n

iq
u

e
solu

tion
to

ex
ist

in
(1).

T
h

e
o
re

m
1

G
iven

a
n

y
ta

rget
m

od
el
θ θθ ∗,

th
ere

is
a

d
egree-o

f-freed
o
m

lo
w

er
bo

u
n

d
o
n

th
e

n
u

m
ber

o
f

tra
in

in
g

item
s

to
o
bta

in
a

u
n

iqu
e

so
lu

tio
n
θ θθ ∗

fro
m

so
lvin

g
(1):

L
B

1
=

{
d−

R
a
n

k(A
)

+
1
,

if
A
θ θθ ∗6=

0

d−
R

a
n

k(A
),

o
th

erw
ise.

(3)
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T
h
e

T
e
a
c
h
in

g
D

im
e
n
si

o
n

o
f

L
in

e
a
r

L
e
a
r
n
e
r
s

P
ro

o
f

L
et
n
∗

b
e

th
e

m
in

im
al

n
u

m
b

er
of

tr
ai

n
in

g
it

em
s

to
en

su
re

a
u

n
iq

u
e

so
lu

ti
o
n
θθ θ
∗ .

F
ir

st
co

n
si

d
er

th
e

ca
se
n
∗

=
0.

It
h

ap
p

en
s

if
an

d
on

ly
if
θθ θ
∗

=
0

an
d

R
an

k
(A

)
=
d
,

w
h

ic
h

is
a

sp
ec

ia
l

ca
se

of
A
θθ θ
∗

=
0

.
C

le
ar

ly
,

th
is

ca
se

is
co

n
si

st
en

t
w

it
h

L
B

1.
N

ex
t

co
n

si
d

er
th

e
ca

se
n
∗
≥

1.
S

in
ce
θθ θ
∗

so
lv

es
(1

),
th

e
K

K
T

co
n

d
it

io
n

h
ol

d
s:

−
λ
A
θθ θ
∗
∈

n
∗ ∑ i=
1

∂
1
`(

x
> i
θθ θ
∗ ,
y i

)x
i.

(4
)

W
e

se
ek

al
l
δδ δ

su
ch

th
at
θθ θ
∗

+
δδ δ

sa
ti

sfi
es

A
(θθ θ
∗

+
δδ δ
)

=
A
θθ θ
∗

an
d

x
> i

(θθ θ
∗

+
δδ δ
)

=
x
> i
θθ θ
∗
∀i

=
1,
··
·,
n
∗ ,

(5
)

F
or

an
y

su
ch
δδ δ
,

si
m

p
le

al
ge

b
ra

v
er

ifi
es

th
at
θθ θ
∗

+
tδδ δ

sa
ti

sfi
es

th
e

K
K

T
co

n
d

it
io

n
(4

)
fo

r
a
n
y

t
∈

[0
,1

].
C

on
se

q
u

en
tl

y,
θθ θ
∗

+
δδ δ

al
so

so
lv

es
th

e
p

ro
b

le
m

in
(1

).
T

o
se

e
th

is
,

w
e

co
n

si
d

er
tw

o
si

tu
at

io
n

s:

•
If

th
e

lo
ss

fu
n

ct
io

n
`(
·,·

)
is

co
n
ve

x
in

th
e

fi
rs

t
ar

gu
m

en
t,

th
e

K
K

T
co

n
d

it
io

n
is

a
su

ffi
ci

en
t

op
ti

m
al

it
y

co
n

d
it

io
n

,
w

h
ic

h
m

ea
n

s
th

at
θθ θ
∗

+
δδ δ

so
lv

es
(1

).

•
If

th
e

lo
ss

fu
n

ct
io

n
`(
·,·

)
is

sm
o
ot

h
(n

ot
n

ec
es

sa
ry

co
n
ve

x
)

in
th

e
fi

rs
t

a
rg

u
m

en
t,

w
e

h
av

e
f

(θθ θ
∗ )

=
f

(θθ θ
∗ +
δδ δ
)

b
y

u
si

n
g

th
e

T
ay

lo
r

ex
p

an
si

on
(r

ec
al

l
f

is
d

efi
n

ed
in

eq
u

at
io

n
1
):

f
(θθ θ
∗

+
δδ δ
)

=
f

(θθ θ
∗ )

+
〈∇
f

(θθ θ
∗

+
tδδ δ

),
δδ δ
〉

(f
or

so
m

e
t
∈

[0
,1

])

=
f

(θθ θ
∗ )

+

〈
n
∗ ∑ i=
1

∇
1
`(

x
> i

(θθ θ
∗

+
tδδ δ

),
y i

)x
i
+
λ
A

(θθ θ
∗

+
tδδ δ

))
,
δδ δ

〉

=
f

(θθ θ
∗ )

+

〈
n
∗ ∑ i=
1

∇
1
`(

x
> i
θθ θ
∗ ,
y i

)x
i
+
λ
A
θθ θ
∗

︸
︷︷

︸
=
0

d
u

e
to

th
e

K
K

T
co

n
d

it
io

n
(4

)

,
δδ δ

〉

=
f

(θθ θ
∗ )
.

T
h

er
ef

or
e,
θθ θ
∗

+
δδ δ

al
so

so
lv

es
(1

).
H

ow
ev

er
,

th
e

u
n

iq
u

en
es

s
of
θθ θ
∗

re
q
u

ir
es
δδ δ

=
0

to
b

e
th

e
on

ly
va

lu
e

sa
ti

sf
y
in

g
(5

).
T

h
is

is
eq

u
iv

al
en

t
to

sa
y

N
u

ll
(A

)
∩

N
u

ll
(S

p
an
{x

1
,·
··
,x

n
∗
})

=
{0
}.

(6
)

It
in

d
ic

at
es

th
at

R
an

k
(A

)
+

D
im

(S
p

an
{x

1
,·
··
,x

n
∗
})
≥
d
.

F
ro

m
n
∗
≥

D
im

(s
p

an
{x

1
,·
··
,x

n
∗
})

,
w

e
h

av
e
n
∗
≥
d
−

R
an

k
(A

).
W

e
p
ro

ve
d

th
e

g
en

er
a
l

ca
se

fo
r

L
B

1.
If

w
e

h
av

e
A
θθ θ
∗
6=

0
,

w
e

ca
n

fu
rt

h
er

im
p

ro
ve

L
B

1.
L

et
g
∗

=
(g
∗ 1
,.
..
,g
∗ n∗

)>
b

e
th

e
v
ec

to
r

sa
ti

sf
y
in

g

−
λ
A
θθ θ
∗

=

n
∗ ∑ i=
1

g
∗ ix

i
an

d
g
∗ i
∈
∂

1
`(

x
> i
θθ θ
∗ ,
y i

)
∀i

=
1,

2,
··
·,
n
∗ .

(7
)
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5

L
iu

a
n
d

Z
h
u

S
in

ce
θθ θ
∗

sa
ti

sfi
es

th
e

K
K

T
co

n
d

it
io

n
,

su
ch

ve
ct

or
g
∗

m
u

st
ex

is
t.

A
p

p
ly

in
g
A
θθ θ
∗
6=

0
to

(7
),

w
e

h
av

e
g
∗
6=

0
a
n

d D
im

(S
p

a
n
{A

.1
,A

.2
,·
··
,A

.d
}∩

S
p

a
n
{x

1
,·
··
,x

n
∗
})
≥

1
.

(8
)

T
o

sa
ti

sf
y

(6
),

w
e

m
u

st
h

av
e

d
=

D
im

(S
p

a
n
{A

.1
,A

.2
,·
··
,A

.d
,x

1
,·
··
,x

n
∗
})
.

U
si

n
g

th
e

fa
ct

in
li

n
ea

r
a
lg

eb
ra

D
im

(S
p

a
n
{A

.1
,A

.2
,·
··
,A

.d
,x

1
,·
··
,x

n
∗
})

=
D

im
(S

p
a
n
{A

.1
,A

.2
,·
··
,A

.d
})

︸
︷︷

︸
=

R
a
n

k
(A

)

+

D
im

(S
p

a
n
{x

1
,·
··
,x

n
∗
})

︸
︷︷

︸
≤
n
∗

−

D
im

(S
p

a
n
{A

.1
,A

.2
,·
··
,A

.d
}∩

S
p

a
n
{x

1
,·
··
,x

n
∗
})

︸
︷︷

︸
≥

1
(f

ro
m

(8
))

W
e

co
n

cl
u

d
e

th
at
n
∗
≥
d
−

R
a
n

k
(A

)
+

1
.

W
e

co
m

p
le

te
d

th
e

p
ro

of
fo

r
L

B
1
.

L
B

2
o
b

se
rv

es
th

at
th

e
re

g
u

la
ri

ze
r

a
ct

s
a
s

a
p

ri
o
r.

If
λ

is
la

rg
e,

m
or

e
it

em
s

a
re

n
ee

d
ed

to
sw

ay
th

e
p

ri
or

to
w

a
rd

th
e

ta
rg

et
θθ θ
∗ .

T
h

e
o
re

m
2

G
iv

en
a
n

y
ta

rg
et

m
od

el
θθ θ
∗ ,

th
er

e
is

a
st

re
n

gt
h
-o

f-
re

gu
la

ri
za

ti
o
n

lo
w

er
bo

u
n

d
o
n

th
e

re
qu

ir
ed

n
u

m
be

r
o
f

tr
a
in

in
g

it
em

s
to

o
bt

a
in

a
u

n
iq

u
e

so
lu

ti
o
n
θθ θ
∗

fr
o
m

so
lv

in
g

(1
):

L
B

2
=

  

⌈ λ
( su

p
α
∈R

,y
∈Y

,g
∈−

∂
1
`(
α
‖θθ θ

∗ ‖
2 A
,y

)
α
g
) −

1
⌉ ,

if
A

h
a
s

fu
ll

ra
n

k
a
n

d
θθ θ
∗
6=

0

0
,

o
th

er
w

is
e.

(9
)

P
ro

o
f

W
h

en
A

h
a
s

fu
ll

ra
n

k
w

e
h

av
e

a
n

eq
u
iv

a
le

n
t

ex
p

re
ss

io
n

fo
r

th
e

K
K

T
co

n
d

it
io

n
(4

):

−
λ
A

1 2
θθ θ
∗
∈

n
∗ ∑ i=
1

A
−

1 2
x
i∂

1
`(

x
> i
θθ θ
∗ ,
y i

)
∀i

=
1,
··
·,
n
∗ .

(1
0
)

L
et

u
s

d
ec

om
p

os
e
A
−

1 2
x
i

fo
r

a
ll
i

=
1,
··
·,
n
∗

in
to
A
−

1 2
x
i

=
α
iA

1 2
θθ θ
∗ +

u
i,

w
h

er
e

u
i

is
o
rt

h
o
g
-

on
a
l
to
A

1 2
θθ θ
∗ :

u
> i
A

1 2
θθ θ
∗

=
0
.

E
q
u

iv
a
le

n
tl

y
x
i

=
α
iA
θθ θ
∗ +

A
1 2
u
i.

A
p

p
ly

in
g

th
is

d
ec

om
p

o
si

ti
on

,
w

e
h

av
e

x
> i
θθ θ
∗

=
α
i‖θ
θ θ
∗ ‖

2 A
+

u
> i
A

1 2
θθ θ
∗

=
α
i‖θ
θ θ
∗ ‖

2 A
.

P
u

tt
in

g
it

b
ac

k
in

(1
0
)

w
e

ob
ta

in

−
λ
A

1 2
θθ θ
∗
∈

n
∗ ∑ i=
1

( α
iA

1 2
θθ θ
∗

+
u
i) ∂

1
`(
α
i‖θ
θ θ
∗ ‖

2 A
,y
i)
∀i

=
1,
··
·,
n
∗ .

(1
1
)
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T
h
e

T
e
a
c
h
in

g
D

im
e
n
sio

n
o
f

L
in

e
a
r

L
e
a
r
n
e
r
s

S
in

ce
u
i

is
orth

og
o
n

a
l

to
A

12θ θθ ∗,
(1

1)
ca

n
b

e
rew

ritten
a
s

∃
α
i ∈

R
,
∃
y
i ∈
Y
,
∃
g
i ∈

∂
1 `(α

i ‖θ θθ ∗‖
2A
,y
i )
∀
i

=
1,···

,n
∗

sa
tisfy

in
g

n
∗
∑i=

1

g
i u
i

=
0

−
λ
A

12θ θθ ∗
=
A

12θ θθ ∗
n
∗
∑i=

1

α
i g
i

(12
)

S
in

ce
A
θ θθ ∗6=

0,
w

e
h

av
e
A

12θ θθ ∗6=
0

an
d

(12
)

is
eq

u
iva

len
t

to
−
λ

=
∑

n
∗
i=

1
α
i g
i .

It
fo

llow
s

th
at

λ
=
−

n
∗
∑i=

1

α
i g
i ≤

n
∗

su
p

α∈
R
,y∈Y

,g∈
∂
1
`(α‖θ θθ ∗‖

2A
,y

) −
α
g

=
n
∗

su
p

α∈
R
,y∈Y

,g∈−
∂
1
`(α‖θ θθ ∗‖

2A
,y

) α
g

It
in

d
icates

th
e

low
er

b
ou

n
d

for
n
∗

n
∗≥

⌈
λ

su
p
α∈

R
,y∈Y

,g∈−
∂
1
`(α‖θ θθ ∗‖

2A
,y

)
α
g ⌉

.

L
B

1
a
n

d
L

B
2

a
p

p
ly

to
a
ll

g
en

era
lized

lin
ea

r
lea

rn
ers.

D
u

e
to

th
e

p
o
p

u
la

rity
o
f

in
h
o
m

o-
g
en

eo
u

s
m

a
rgin

-b
ased

lin
ea

r
learn

ers
(w

h
ich

in
clu

d
e

th
e

sta
n

d
a
rd

fo
rm

o
f

S
V

M
an

d
lo

g
istic

reg
ression

),
w

e
p

rov
id

e
a

tig
h
ter

low
er

b
o
u

n
d

L
B

3
fo

r
su

ch
learn

ers
in

T
h

eo
rem

3.
F

o
r

in
h

o
m

og
en

eou
s

m
a
rg

in
-b

ased
lin

ea
r

lea
rn

ers
th

e
lea

rn
in

g
a
lg

o
rith

m
A
o
p
t

solves
a

sp
ecial

fo
rm

o
f

(1
):

A
o
p
t (D

)
=

A
rgm

in
w
,b

n
∑i=

1

`(y
i (x
>i

w
+
b))

+
λ2 ‖

w
‖

2A
.

(1
3)

L
B

3
w

ill
p

rov
e

to
b

e
in

stru
m

en
ta

l
in

co
m

p
u

tin
g

th
e

tea
ch

in
g

d
im

en
sio

n
fo

r
th

ose
lea

rn
ers.

F
o
llow

in
g

stan
d

a
rd

n
o
tatio

n
,

w
e

d
efi

n
e
θ θθ

=
[w

;b]
w

h
ere

w
∈

R
d

is
th

e
w

eig
h
t

vecto
r

a
n

d
b∈

R
th

e
b

ia
s

(o
ff

set)
term

.
N

o
te
θ θθ∈

R
d
+

1
n

ow
.

T
h

e
d×

d
reg

u
la

riza
tio

n
m

atrix
A

a
p

p
lies

on
ly

to
w

w
h

ile
b

is
n

ot
regu

larized
.

F
u

rth
erm

o
re,

m
a
rg

in
-b

a
sed

lin
ear

lea
rn

ers
h

ave
lo

ss
fu

n
ction

s
d

efi
n

ed
on

th
e

m
arg

in
y
(x
>

w
+
b).

T
h

is
lo

ss
fu

n
ction

stru
ctu

re
w

ill
p

lay
a

k
ey

ro
le

in
o
b

tain
in

g
L

B
3.

T
h

e
o
re

m
3

A
ssu

m
e

m
a
trix

A
in

(1
3)

h
a
s

fu
ll

ra
n

k
a
n

d
w
∗6=

0
.

G
iven

a
n

y
ta

rget
m

od
el

[w
∗;b ∗],

th
ere

is
a
n

in
h
o
m

ogen
eo

u
s-m

a
rgin

lo
w

er
bo

u
n

d
o
n

th
e

requ
ired

n
u

m
ber

o
f

tra
in

in
g

item
s

to
o
bta

in
a

u
n

iqu
e

so
lu

tio
n

[w
∗;b ∗]

fro
m

so
lvin

g
(1

3
):

L
B

3
=


λ (

su
p

α∈
R
,g∈−

∂
`(α‖

w
∗‖

2A
) α
g )
−

1 
.

(1
4)
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L
iu

a
n
d

Z
h
u

P
ro

o
f

L
et
D

=
{x

i ,y
i }
i=

1
,···,n

b
e

a
teach

in
g

set
for

[w
∗;b ∗].

T
h

e
follow

in
g

K
K

T
co

n
d

ition
n

eed
s

to
b

e
sa

tisfi
ed

:

0
∈

n
∑i=

1

∂
`(y

i (x
>i

w
∗

+
b ∗))y

i [
x
i

1 ]
+

[
λ
A

w
∗

0

]
.

(15)

If
w

e
con

stru
ct

a
n

ew
train

in
g

set

D̂
=

{
x̂
i

=
x
i
+

b ∗

‖
w
∗‖

2A

A
w
∗,
ŷ
i

=
y
i }

i=
1
,···,n

th
en

[w
∗;0

]
satisfi

es
th

e
K

K
T

con
d

ition
d

efi
n

ed
on

D̂
.

T
h

is
can

b
e

verifi
ed

a
s

follow
s:

n
∑i=

1

∂
`(ŷ

i (x̂
>i

w
∗))ŷ

i [
x̂
i

1 ]
+

[
λ
A

w
∗

0

]

=
n
∑i=

1

∂
`(y

i (x
>i

w
∗

+
b ∗))y

i [
x
i
+

b ∗
‖
w

∗‖
2A
A

w
∗

1

]
+

[
λ
A

w
∗

0

]

=

n
∑i=

1

∂
`(y

i (x
>i

w
∗

+
b ∗))y

i [
x
i

1 ]
+

[
λ
A

w
∗

0

]

︸
︷︷

︸
3
0

fro
m

(1
5
)

+

[
b ∗

‖
w

∗‖
2A
A

w
∗

0

]
n
∑i=

1

∂
`(y

i (x
>i

w
∗

+
b ∗))y

i

︸
︷︷

︸
3

0
fro

m
(1

5
)

3
0

w
h

ere
0
∈
∑

ni=
1
∂
`(y

i (x
>i

w
∗

+
b ∗))y

i
is

from
th

e
b

ias
d

im
en

sion
in

(15
).

It
follow

s
th

at

0
∈

n
∑i=

1

∂
`(ŷ

i x̂
>i

w
∗)ŷ

i x̂
i
+
λ
A

w
∗

w
h

ich
is

eq
u

ivalen
t

to

0
∈

n
∑i=

1

∂
`(ŷ

i x̂
>i

w
∗)A

−
12
ŷ
i x̂
i

︸︷︷︸
=

:z
i

+
λ
A

12w
∗

=

n
∑i=

1

∂
`(z >i

w
∗)A

−
12z
i
+
λ
A

12w
∗.

(16)

W
e

d
ecom

p
o
se

A
−

12z
i

=
α
i A

12w
∗

+
u
i

w
h

ere
u
i

satisfi
es

u
>i
A

12w
∗

=
0.

A
p

p
ly

in
g

th
is

d
eco

m
p

o
sition

to
(16),

w
e

h
ave

λ
A

12w
∗∈

n
∑i=

1 −
∂
`(α

i ‖
w
∗‖

2A
)(α

i A
12w
∗

+
u
i ).

(17)

S
in

ce
u
i

is
o
rth

ogon
al

to
A

12w
∗,

(17)
im

p
lies

th
at

λ
A

12w
∗∈

n
∑i=

1 −
∂
`(α

i ‖
w
∗‖

2A
)α

i A
12w
∗.
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T
h
e

T
e
a
c
h
in

g
D

im
e
n
si

o
n

o
f

L
in

e
a
r

L
e
a
r
n
e
r
s

S
in

ce
w
∗
6=

0
w

e
h

av
e

λ
∈

n ∑ i=
1

−
∂
`(
α
i‖

w
∗ ‖

2 A
)α

i.

T
og

et
h

er
w

it
h

n ∑ i=
1

−
∂
`(
α
i‖

w
∗ ‖

2 A
)α

i
≤
n

su
p

α
∈R

,g
∈−

∂
`(
α
‖w

∗ ‖
2 A

)

α
g
,

w
e

ob
ta

in
L

B
3.

3
.2

T
h

e
T

e
a
ch

in
g

D
im

e
n

si
o
n
T
D

(θθ θ
∗ ,
A
o
p
t)

o
f

T
h

re
e

H
o
m

o
g
e
n

e
o
u

s
L

e
a
rn

e
rs

W
e

n
ow

tu
rn

to
u

p
p

er
b

ou
n

d
in

g
te

ac
h

in
g

d
im

en
si

on
b
y

co
n

st
ru

ct
in

g
te

ac
h

in
g

se
ts

.
T

o
p

ro
ve

th
at

w
e

in
d

ee
d

h
av

e
a

te
ac

h
in

g
se

t
fo

r
a

ta
rg

et
θθ θ
∗ ,

w
e

n
ee

d
to

sh
ow

th
a
t
θθ θ
∗

is
a

so
lu

ti
o
n

of
(1

),
an

d
th

e
so

lu
ti

on
is

u
n

iq
u

e.
T

h
e

si
ze

of
an

y
su

ch
te

ac
h

in
g

se
t

is
a
n

u
p

p
er

b
o
u

n
d

on
th

e
te

ac
h

in
g

d
im

en
si

on
.

T
h
e

te
ac

h
in

g
d

im
en

si
on

it
se

lf
is

d
et

er
m

in
ed

if
su

ch
an

u
p

p
er

b
ou

n
d

m
at

ch
es

th
e

co
rr

es
p

on
d

in
g

lo
w

er
b

ou
n

d
.

W
e

sh
ow

th
at

th
is

is
in

d
ee

d
th

e
ca

se
fo

r
o
u

r
co

n
st

ru
ct

ed
te

ac
h

in
g

se
ts

.
F

or
th

e
sa

ke
of

re
fe

re
n

ce
w

e
p

re
v
ie

w
in

T
ab

le
2

th
e

in
st

an
ti

a
te

d
lo

w
er

b
ou

n
d

s
th

at
w

e
w

il
l

u
se

in
th

is
se

ct
io

n
;

th
ei

r
d

er
iv

at
io

n
w

il
l

b
e

sh
ow

n
b

el
ow

.

h
om

og
en

eo
u

s
in

h
om

og
en

eo
u

s
lo

w
er

b
ou

n
d

ri
d

ge
S

V
M

lo
gi

st
ic

ri
d

ge
S

V
M

lo
g
is

ti
c

L
B

1
1

1
1

2
2

2

L
B

2
0

⌈ λ
‖θθ θ
∗ ‖

2
⌉
⌈ λ
‖θθ θ

∗ ‖
2

τ m
a
x

⌉
0

0
0

L
B

3
-

-
-

-
⌈ λ
‖w
∗ ‖

2
⌉
⌈ λ
‖w

∗ ‖
2

τ m
a
x

⌉

T
ab

le
2:

L
ow

er
b

ou
n

d
s

of
te

ac
h

in
g

d
im

en
si

on
T
D

(θθ θ
∗ ,
A
o
p
t)

fo
r

h
om

og
en

eo
u

s
a
n

d
in

h
o
m

o
-

ge
n

eo
u

s
v
er

si
on

s
of

ri
d

ge
re

gr
es

si
on

,
S

V
M

,
an

d
lo

gi
st

ic
re

gr
es

si
on

.

T
ea

ch
in

g
d

im
en

si
on

is
le

ar
n

er
-d

ep
en

d
en

t.
W

e
ch

o
os

e
th

re
e

le
ar

n
er

s
to

st
u
d

y
th

ei
r

te
a
ch

-
in

g
d

im
en

si
on

d
u

e
to

th
es

e
le

ar
n
er

s’
p

op
u

la
ri

ty
in

m
ac

h
in

e
le

ar
n

in
g:

ri
d

ge
re

g
re

ss
io

n
,

S
V

M
,

an
d

lo
gi

st
ic

re
gr

es
si

on
.

It
tu

rn
s

ou
t

th
at

h
om

og
en

eo
u

s
an

d
in

h
om

og
en

eo
u

s
ve

rs
io

n
s

o
f

th
es

e
le

ar
n

er
s

re
q
u

ir
e

d
iff

er
en

t
an

al
y
si

s.
W

e
d

ev
o
te

th
is

se
ct

io
n

to
th

e
h

om
og

en
eo

u
s

ve
rs

io
n

w
h

er
e

th
e

re
gu

la
ri

ze
r

m
at

ri
x
A

=
I

th
e

id
en

ti
ty

m
at

ri
x
,
an

d
th

e
n

ex
t

se
ct

io
n

to
th

e
in

h
o
m

og
en

eo
u

s
ve

rs
io

n
.

It
is

p
os

si
b

le
to

ex
te

n
d

ou
r

an
al

y
si

s
to

ot
h

er
li

n
ea

r
le

ar
n

er
s

of
th

e
fo

rm
(1

).
It

is
ea

sy
to

se
e

th
at

if
th

e
ta

rg
et

m
o
d

el
θθ θ
∗

=
0

,
w

e
d
o

n
ot

n
ee

d
an

y
tr

a
in

in
g

d
a
ta

to
u

n
iq

u
el

y
ob

ta
in

th
e

ta
rg

et
m

o
d

el
fr

om
(1

).
In

th
e

fo
ll

ow
in

g,
w

e
on

ly
co

n
si

d
er

th
e

n
o
n
tr

iv
ia

l
ca

se
θθ θ
∗
6=

0
.

H
o
m

o
g
e
n

e
o
u

s
ri

d
g
e

re
g
re

ss
io

n
so

lv
es

th
e

fo
ll

ow
in

g
op

ti
m

iz
at

io
n

p
ro

b
le

m
:

m
in

θθ θ
∈R

d

n ∑ i=
1

1 2
(x
> i
θθ θ
−
y i

)2
+
λ 2
‖θθ θ
‖2
.

(1
8)

W
e

on
ly

n
ee

d
on

e
tr

ai
n

in
g

it
em

to
u

n
iq

u
el

y
ob

ta
in

an
y

n
on

ze
ro

ta
rg

et
m

o
d

el
θθ θ
∗ ,

as
th

e
fo

ll
ow

in
g

co
n

st
ru

ct
io

n
sh

ow
s.
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5

L
iu

a
n
d

Z
h
u

P
ro

p
o
si

ti
o
n

1
G

iv
en

a
n

y
ta

rg
et

m
od

el
θθ θ
∗
6=

0,
th

e
fo

ll
o
w

in
g

is
a

te
a
ch

in
g

se
t

fo
r

h
o
m

og
e-

n
eo

u
s

ri
d
ge

re
gr

es
si

o
n

(1
8
):

x
1

=
aθ
θ θ
∗ ,

y 1
=
λ

+
‖x

1
‖2

a
(1

9)

w
h
er

e
a

ca
n

be
a
n

y
n

o
n

ze
ro

re
a
l

n
u

m
be

r.

P
ro

o
f

W
e

si
m

p
ly

v
er

if
y

th
e

K
K

T
co

n
d

it
io

n
to

se
e

th
a
t
θθ θ
∗

is
a

so
lu

ti
o
n

to
(1

8
)

b
y

a
p

p
ly

in
g

th
e

co
n
st

ru
ct

io
n

in
(1

9
).

T
h

e
u

n
iq

u
en

es
s

of
θθ θ
∗

is
g
u
a
ra

n
te

ed
b
y

th
e

st
ro

n
g

co
n
ve

x
it

y
o
f

(1
8
). It

is
w

o
rt

h
to

n
ot

e
th

a
t

th
e

te
ac

h
in

g
se

t
is

in
co

n
si

st
en

t
w

it
h

th
e

ta
rg

et
m

o
d

el
,

th
a
t

is
,

x
> 1
θθ θ
∗

=
a
‖θθ θ
∗ ‖

2
6=
y 1

=
λ a

+
a
‖θθ θ
∗ ‖

2
,

u
n

le
ss

th
e

re
g
u

la
ri

za
ti

on
is

ab
se

n
t
λ

=
0
.

T
h

e
te

ac
h

er
in

te
n
ti

o
n

a
ll

y
ov

er
sh

o
o
ts

th
e

ta
rg

et
in

o
rd

er
to

p
re

ci
se

ly
co

u
n
te

r
th

e
le

a
rn

er
’s

re
g
u

la
ri

ze
r.

T
h

is
h

as
b

ee
n

ob
se

rv
ed

b
ef

or
e

fo
r

B
ay

es
ia

n
le

a
rn

er
s,

to
o

(Z
h
u

,
2
01

3
).

W
e

en
co

u
ra

ge
th

e
re

a
d

er
to

d
is

ti
n

gu
is

h
tw

o
se

n
se

s
o
f

u
n

iq
u

en
es

s.
T

h
e

te
a
ch

in
g

se
t

it
se

lf
is

n
o
t

n
ec

es
sa

ri
ly

u
n

iq
u

e.
In

th
e

co
n

st
ru

ct
io

n
(1

9
),

a
n
y
a
6=

0
le

a
d

s
to

a
va

li
d

te
a
ch

in
g

se
t.

N
o
n

et
h

el
es

s,
a
n
y

on
e

o
f

th
e

te
a
ch

in
g

se
ts

w
il

l
le

a
d

to
th

e
u

n
iq

u
e

so
lu

ti
o
n
θθ θ
∗

in
(1

8
).

C
o
ro

ll
a
ry

1
T

h
e

te
a
ch

in
g

d
im

en
si

o
n
T
D

(θθ θ
∗ ,
A
h
o
m

r
id
g
e
)

=
1

fo
r

h
o
m

og
en

eo
u

s
ri

d
ge

re
gr

es
si

o
n

a
n

d
ta

rg
et
θθ θ
∗
6=

0
.

P
ro

o
f

S
u

b
st

it
u

ti
n

g
A

b
y
I

in
L

B
1

(3
),

w
e

o
b

ta
in

th
e

lo
w

er
b

o
u

n
d
d
−

R
a
n

k
(I

)
+

1
=

1
w

h
ic

h
m

at
ch

es
th

e
te

ac
h

in
g

se
t

si
ze

in
(1

9
).

H
o
m

o
g
e
n

e
o
u

s
S

V
M

so
lv

es
th

e
p

ro
b

le
m

:

m
in

θθ θ
∈R

d

n ∑ i=
1

m
a
x
(1
−
y i

x
> i
θθ θ
,

0
)

+
λ 2
‖θθ θ
‖2
.

(2
0
)

T
o

te
ac

h
th

is
le

a
rn

er
o
n

e
tr

ai
n

in
g

it
em

is
in

g
en

er
a
l

n
ot

en
o
u

g
h

:
w

e
w

il
l

sh
ow

th
a
t

w
e

n
ee

d
⌈ λ
‖θθ θ
∗ ‖

2
⌉ tr

ai
n

in
g

it
em

s.
In

fa
ct

,
w

e
w

il
l
co

n
st

ru
ct

su
ch

a
te

a
ch

in
g

se
t

co
n

si
st

in
g

o
f

id
en

ti
ca

l
tr

a
in

in
g

it
em

s.
It

is
w

el
l-

k
n

ow
n

in
th

e
te

a
ch

in
g

li
te

ra
tu

re
th

at
a

te
a
ch

in
g

se
t

d
o
es

n
o
t

n
ee

d
to

co
n

si
st

of
i.
i.
d
.

sa
m

p
le

s
fr

o
m

a
d

is
tr

ib
u

ti
on

,
a
n

d
ca

n
lo

o
k

u
n
u
su

a
l.

It
is

p
o
ss

ib
le

to
in

co
rp

or
at

e
ad

d
it

io
n

a
l

co
n
st

ra
in

ts
in

to
a

te
a
ch

in
g

p
ro

b
le

m
if

o
n

e
w

a
n
ts

th
e

tr
ai

n
in

g
it

em
s

to
b

e
d

iv
er

se
,

b
u

t
w

e
d

o
n

o
t

co
n

si
d

er
th

a
t

in
th

e
p

re
se

n
t

p
a
p

er
.

P
ro

p
o
si

ti
o
n

2
G

iv
en

a
n

y
ta

rg
et

m
od

el
θθ θ
∗
6=

0,
th

e
fo

ll
o
w

in
g

is
a

te
a
ch

in
g

se
t

fo
r

h
o
m

og
e-

n
eo

u
s

S
V

M
(2

0)
.

T
h
er

e
a
re
n

=
⌈ λ
‖θθ θ
∗ ‖

2
⌉

id
en

ti
ca

l
tr

a
in

in
g

it
em

s,
ea

ch
ta

ki
n

g
th

e
fo

rm

x
i

=
λ
θθ θ
∗

dλ
‖θθ θ
∗ ‖

2
e,

y i
=

1.
(2

1)

P
ro

o
f

W
e

on
ly

n
ee

d
to

v
er

if
y

th
a
t

th
e

K
K

T
co

n
d

it
io

n
h

o
ld

s
fo

r
θθ θ
∗ .

D
u

e
to

th
e

st
ro

n
g

co
n
ve

x
it

y
of

(2
0
)

u
n

iq
u

en
es

s
is

g
u

a
ra

n
te

ed
a
u

to
m

a
ti

ca
ll

y.
W

e
d

en
o
te

th
e

su
b

g
ra

d
ie

n
t
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T
h
e

T
e
a
c
h
in

g
D

im
e
n
sio

n
o
f

L
in

e
a
r

L
e
a
r
n
e
r
s

∂
a

m
a
x
(1−

a
,0)

=
−
∂

1
m

ax
(1−

a
,0)

=
−

I(a
),

w
h

ere

I(a
)

=



1
,

if
a
<

1

[0,1
],

if
a

=
1

0
,

o
th

erw
ise

.
(2

2)

T
h

e
K

K
T

co
n

d
ition

is

n
∑i=

1 −
y
i x
i ∂

1
m

a
x
(1−

y
i x
>i
θ θθ ∗,0

)
+
λ
θ θθ ∗

=

n
∑i=

1 −
y
i x
i I(y

i x
>i
θ θθ ∗)

+
λ
θ θθ ∗

=
−
n

λ
θ θθ ∗

dλ‖θ θθ ∗‖
2e

I (
λ‖θ θθ ∗‖

2

dλ‖θ θθ ∗‖
2e )

+
λ
θ θθ ∗

=
−
λ
θ θθ ∗I (

λ‖θ θθ ∗‖
2

dλ‖θ θθ ∗‖
2e )

+
λ
θ θθ ∗

3
0

w
h

ere
th

e
last

lin
e

is
d

u
e

to
I (

λ‖θ θθ ∗‖
2

dλ‖θ θθ ∗‖
2e )

giv
in

g
eith

er
th

e
set

[0
,1

]
o
r

th
e

va
lu

e
1
.

C
o
ro

lla
ry

2
T

h
e

tea
ch

in
g

d
im

en
sio

n
T
D

(θ θθ ∗,A
h
o
m

sv
m

)
=
⌈λ‖θ θθ ∗‖

2 ⌉
fo

r
h
o
m

ogen
eo

u
s

S
V

M
a
n

d
ta

rget
θ θθ ∗6=

0
.

P
ro

o
f

W
e

sh
ow

th
is

n
u
m

b
er

m
atch

es
L

B
2
.

L
et
A

=
I
,
`(a

,b)
=

m
a
x
(1
−
a
b,0

),
a
n

d
co

n
sid

er
th

e
d

en
om

in
ato

r
o
f

(9
):

su
p

α∈
R
,y∈Y

,g∈−
∂
1
`(α‖θ θθ ∗‖

2
,y

) α
g

=
su

p
α
,y∈{−

1
,1}
,g∈

y
I(y

α‖θ θθ ∗‖
2
) α
g

=
su

p
α
,g∈

I(α‖θ θθ ∗‖
2
) α
g

=
1

‖θ θθ ∗‖
2

w
h

ere
th

e
fi

rst
eq

u
a
lity

is
d

u
e

to
∂

1 `(a
,b)

=
−
bI(a

b).
T

h
erefo

re,
L
B

2
=
⌈λ‖θ θθ ∗‖

2 ⌉
w

h
ich

m
a
tch

es
th

e
con

stru
ctio

n
in

(21
).

H
o
m

o
g
e
n

e
o
u

s
lo

g
istic

re
g
re

ssio
n

so
lves

th
e

p
ro

b
lem

:

m
in

θ θθ∈
R
d

n
∑i=

1

lo
g
(1

+
ex

p{−
y
i x
>i
θ θθ})

+
λ2 ‖θ θθ‖

2
(2

3)

w
h

ere
lo

g
h

as
b

ase
e.

T
h

e
situ

a
tion

is
sim

ila
r

to
h

o
m

o
g
en

eo
u

s
S

V
M

.
H

ow
ever,

d
u

e
to

th
e

n
eg

ative
lo

g
lik

elih
o
o
d

term
w

e
h

ave
a

co
effi

cien
t

d
efi

n
ed

b
y

th
e

L
a
m

b
ert

W
fu

n
ction

(C
o
r-

less
et

a
l.,

1
99

6
),

w
h

ich
w

e
d

en
ote

b
y
W

la
m

.
R

eca
ll

th
e

d
efi

n
in

g
eq

u
a
tio

n
fo

r
L

a
m

b
ert

W
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L
iu

a
n
d

Z
h
u

fu
n

ction
is
W

la
m

(x
)e
W

la
m

(x
)

=
x

.
W

e
fu

rth
er

d
efi

n
e

τ
m

a
x

:=
m

ax
t

t

1
+
e
t

=
W

la
m

(1/e)≈
0
.278

5,

w
h

ere
th

e
eq

u
a
lity

can
b

e
d

erived
in

follow
in

g:
T

h
e

op
tim

al
t ∗

satisfi
es

1
+
e
t ∗

=
t ∗e

t ∗
⇔

(t ∗−
1)e

t ∗−
1

=
1/e

w
h

ich
su

ggests
t ∗

=
W

la
m

(1/e)
+

1.
W

e
ap

p
ly

th
e

op
tim

ality
con

d
ition

ab
ove

an
d

th
e

op
tim

al
valu

e
o
f
t ∗

to
ob

tain

m
ax
t

t

1
+
e
t

=
t ∗

1
+
e
t ∗

=
1e
t ∗

=
1

e·
e
W

la
m

(1
/
e)

=
W

la
m

(1/e).

F
o
r

an
y

valu
e
a
≤
τ

m
a
x ,

w
e

d
efi

n
e
τ −

1(a
)

as
th

e
solu

tion
to
a

=
t

1
+
e
t .

B
y

u
sin

g
th

e
L

am
b

ert

W
fu

n
ctio

n
τ −

1(a
)

can
b

e
ex

p
ressed

as
τ −

1(a
)
≡
a
−
W

la
m

(−
a
e
a),

w
h

ich
can

b
e

d
erived

from
t

1
+
e
t

=
a−

W
la

m
(−
a
e
a)

1
+
e
a−

W
la
m

(−
a
e
a
)

=
a

+
a
e
a/e

W
la
m

(−
a
e
a
)

1
+
e
a−

W
la
m

(−
a
e
a
)

=
a
.

P
ro

p
o
sitio

n
3

G
iven

a
n

y
ta

rget
m

od
el
θ θθ ∗6=

0,
th

e
fo

llo
w

in
g

is
a

tea
ch

in
g

set
fo

r
h
o
m

oge-

n
eo

u
s

logistic
regressio

n
(23).

T
h
ere

a
re
n

=
⌈
λ‖θ θθ ∗‖

2

τ
m
a
x

⌉
id

en
tica

l
tra

in
in

g
item

s,
ea

ch
ta

kin
g

th
e

fo
rm

x
i

=
τ −

1 (
λ‖θ θθ ∗‖

2 ⌈
λ‖θ θθ ∗‖

2

τ
m

a
x

⌉
−

1 )
θ θθ ∗

‖θ θθ ∗‖
2
,

y
i

=
1.

(24)

P
ro

o
f

W
e

fi
rst

verify
th

at
θ θθ ∗

is
a

solu
tion

to
(23)

b
ased

on
th

e
tea

ch
in

g
set

co
n

stru
ction

in
(2

4).
W

e
on

ly
n

eed
to

verify
th

e
grad

ien
t

of
(23)

is
zero.

C
om

p
u

tin
g

th
e

grad
ien

t
of

(23),
w

e
h

ave
n
∑i=

1

−
y
i x
i

1
+

ex
p{y

i x
>i
θ θθ ∗}

+
λ
θ θθ ∗

=
−
n

x
i

1
+

ex
p {

τ −
1 (

λ‖θ θθ ∗‖
2 ⌈

λ‖θ θθ ∗‖
2

τ
m
a
x

⌉−
1 )}

+
λ
θ θθ ∗

=
−
n

τ −
1 (

λ‖θ θθ ∗‖
2 ⌈

λ‖θ θθ ∗‖
2

τ
m
a
x

⌉−
1 )

1
+

ex
p {

τ −
1 (

λ‖θ θθ ∗‖
2 ⌈

λ‖θ θθ ∗‖
2

τ
m
a
x

⌉−
1 )}

θ θθ ∗

‖θ θθ ∗‖
2

+
λ
θ θθ ∗

=
−
n
λ‖θ θθ ∗‖

2 ⌈
λ‖θ θθ ∗‖

2

τ
m

a
x

⌉
−

1
θ θθ ∗

‖θ θθ ∗‖
2

+
λ
θ θθ ∗

=
0
,

w
h

ere
th

e
th

ird
eq

u
ality

u
ses

th
e

fact
λ‖θ θθ ∗‖

2 ⌈
λ‖θ θθ ∗‖

2

τ
m
a
x

⌉−
1
≤
τ

m
a
x

an
d

th
e

p
rop

erty
a

=

τ −
1
(a

)

1
+
e
τ −

1
(a

) .
T

h
e

stron
g

con
vex

ity
of

(23)
au

tom
atically

im
p

lies
u

n
iq

u
en

ess.
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T
h
e

T
e
a
c
h
in

g
D

im
e
n
si

o
n

o
f

L
in

e
a
r

L
e
a
r
n
e
r
s

C
o
ro

ll
a
ry

3
T

h
e

te
a
ch

in
g

d
im

en
si

o
n
T
D

(θθ θ
∗ ,
A
h
o
m

lo
g

)
=
⌈ λ
‖θθ θ

∗ ‖
2

τ m
a
x

⌉
fo

r
h
o
m

og
en

eo
u

s
lo

gi
st

ic

re
gr

es
si

o
n

a
n

d
ta

rg
et
θθ θ
∗
6=

0
.

P
ro

o
f

W
e

sh
ow

th
at

th
e

n
u

m
b

er
m

at
ch

es
L

B
2
.

In
(9

)
le

t
A

=
I

an
d
`(
a
,b

)
=

lo
g
(1

+
ex

p
{−
a
b}

).
T

h
e

d
en

om
in

at
or

of
L

B
2

is
:

su
p

α
∈R

,y
∈Y

,g
∈−

∂
1
`(
α
‖θθ θ

∗ ‖
2
,y

)

α
g

=
su

p
α
,y
∈{
−

1
,1
},
g
=
y
(1

+
ex

p
{y
α
‖θθ θ

∗ ‖
2
})

−
1

α
g

=
su

p
α
,g

=
(1

+
ex

p
{α
‖θθ θ

∗ ‖
2
})

−
1

α
g

=
su

p
α

α

1
+

ex
p
{α
‖θθ θ
∗ ‖

2
}

=
‖θθ θ
∗ ‖
−

2
su

p t

t

1
+

ex
p
{t
}

=
τ m

a
x

‖θθ θ
∗ ‖

2
,

w
h

ic
h

im
p
li

es
L
B

2
=
⌈ λ
‖θθ θ

∗ ‖
2

τ m
a
x

⌉ .

3
.3

T
h

e
T

e
a
ch

in
g

D
im

e
n

si
o
n
T
D

(θθ θ
∗ ,
A
o
p
t)

o
f

T
h

re
e

In
h

o
m

o
g
e
n

e
o
u

s
L

e
a
rn

e
rs

In
h

om
og

en
eo

u
s

le
ar

n
er

s
ar

e
d

efi
n

ed
b
y
θθ θ

=
[w

;b
]

w
h

er
e

th
e

w
ei

gh
t

ve
ct

or
w
∈
R
d

a
n

d
th

e
sc

al
ar

off
se

t
b
∈
R

.
T

h
e

off
se

t
b

is
n

ot
re

gu
la

ri
ze

d
.

S
im

il
ar

to
th

e
p

re
v
io

u
s

se
ct

io
n

,
w

e
n

ee
d

to
in

st
an

ti
at

e
th

e
te

ac
h

in
g

d
im

en
si

on
lo

w
er

b
ou

n
d

s
an

d
d

es
ig

n
th

e
te

ac
h

in
g

se
ts

.
W

e
sh

ow
th

at
th

e
si

ze
of

ou
r

te
ac

h
in

g
se

t
ex

ac
tl

y
m

at
ch

es
th

e
lo

w
er

b
ou

n
d

fo
r

in
h

o
m

o
ge

n
eo

u
s

ri
d

g
e

re
gr

es
si

on
,

an
d

d
iff

er
s

fr
om

th
e

lo
w

er
b

ou
n

d
of

in
h

om
og

en
eo

u
s

S
V

M
an

d
lo

g
is

ti
c

re
g
re

ss
io

n
b
y

at
m

os
t

on
e

d
u

e
to

ro
u

n
d

in
g.

T
h

er
ef

or
e,

u
p

to
ro

u
n

d
in

g
w

e
al

so
es

ta
b

li
sh

th
e

te
a
ch

in
g

d
im

en
si

on
fo

r
th

es
e

in
h

om
og

en
eo

u
s

le
ar

n
er

s.
In

h
o
m

o
g
e
n

e
o
u

s
ri

d
g
e

re
g
re

ss
io

n
so

lv
es

th
e

p
ro

b
le

m
:

m
in

w
∈R

d
,b
∈R

n ∑ i=
1

1 2
(x
> i

w
+
b
−
y i

)2
+
λ 2
‖w
‖2

(2
5)

P
ro

p
o
si

ti
o
n

4
G

iv
en

a
n

y
ta

rg
et

m
od

el
[w
∗ ;
b∗

],
if

w
∗

=
0

(b
∗

ca
n

be
a
n

a
rb

it
ra

ry
va

lu
e)

,
th

e
fo

ll
o
w

in
g

is
a

te
a
ch

in
g

se
t

fo
r

in
h
o
m

og
en

eo
u

s
ri

d
ge

re
gr

es
si

o
n

(2
5)

w
it

h
n

=
1:

x
1

=
0
,

y 1
=
b∗
.

(2
6)

If
w
∗
6=

0
,

a
n

y
n

=
2

it
em

s
sa

ti
sf

yi
n

g
th

e
fo

ll
o
w

in
g

a
re

a
te

a
ch

in
g

se
t

fo
r
a
6=

0:

x
1
−

x
2

=
a
w
∗ ,

y 1
=

x
> 1

w
∗

+
b∗

+
λ a
,

y 2
=
y 1
−
a
‖w
∗ ‖

2
−

2
λ a
.

(2
7)

P
ro

o
f

W
e

fi
rs

t
p

ro
ve

th
e

ca
se

fo
r

w
∗

=
0

.
W

e
ca

n
ve

ri
fy

th
at

th
e

K
K

T
co

n
d

it
io

n
is

sa
ti

sfi
ed

b
y

d
es

ig
n

in
g

x
1

an
d
y 1

as
in

(2
6)

:

(x
> 1

w
∗

+
b∗
−
y 1

)x
1

+
λ
w
∗

=
0

x
> 1

w
∗

+
b∗
−
y 1

=
0.
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L
iu

a
n
d

Z
h
u

T
h

e
u

n
iq

u
en

es
s

of
[w
∗ ;
b∗

]
is

in
d

ic
a
te

d
b
y

th
e

st
ro

n
g

co
n
ve

x
it

y
of

(2
5
)

w
h

en
n

=
1.

W
e

th
en

p
ro

ve
th

e
ca

se
fo

r
w
∗
6=

0
.

W
it

h
si

m
p

le
a
lg

eb
ra

,
w

e
ca

n
ve

ri
fy

th
e

K
K

T
co

n
d

it
io

n
h

ol
d

s
v
ia

th
e

co
n

st
ru

ct
io

n
in

(2
7
):

(x
> 1

w
∗

+
b∗
−
y 1

)x
1

+
(x
> 2

w
∗

+
b∗
−
y 2

)x
2

+
λ
w
∗

=
0

(x
> 1

w
∗

+
b∗
−
y 1

)
+

(x
> 2

w
∗

+
b∗
−
y 2

)
=

0.

S
im

il
ar

ly
,

th
e

u
n

iq
u

en
es

s
is

im
p

li
ed

b
y

th
e

st
ro

n
g

co
n
v
ex

it
y

o
f

(2
5)

w
h
en

n
=

2
.

C
o
ro

ll
a
ry

4
T

h
e

te
a
ch

in
g

d
im

en
si

o
n

fo
r

in
h
o
m

og
en

eo
u

s
ri

d
ge

re
gr

es
si

o
n

w
it

h
ta

rg
et
θθ θ
∗

=
[w
∗ ;
b∗

]
is
T
D

(θθ θ
∗ ,
A
in
h

r
id
g
e
)

=
1

if
ta

rg
et

w
∗

=
0

,
o
r
T
D

(θθ θ
∗ ,
A
in
h

r
id
g
e
)

=
2

if
w
∗
6=

0
,

re
ga

rd
le

ss
o
f

th
e

ta
rg

et
o
ff

se
t
b∗

.

P
ro

o
f

W
e

m
a
tc

h
th

e
lo

w
er

b
ou

n
d

L
B

1
in

(3
).

N
o
te
θθ θ
∗

=
[w
∗ ;
b∗

]
∈

R
d
+

1
,

an
d
A

in
th

is
ca

se
is

a
(d

+
1
)
×

(d
+

1)
m

at
ri

x
w

it
h

th
e
d
×
d

id
en

ti
ty

m
at

ri
x
I d

p
a
d

d
ed

w
it

h
on

e
ad

d
it

io
n

al
ro

w
a
n

d
co

lu
m

n
of

ze
ro

s
fo

r
th

e
o
ff

se
t.

T
h

er
ef

o
re
R
a
n
k
(A

)
=
R
a
n
k
(I
d
)

=
d
.

W
h

en
w
∗

=
0

,
A
θθ θ
∗

=
0

an
d
L
B

1
=

(d
+

1)
−
R
a
n
k
(A

)
=

1.
W

h
en

w
∗
6=

0
,
A
θθ θ
∗
6=

0
a
n

d
L
B

1
=

(d
+

1)
−
R
a
n
k
(A

)
+

1
=

2
.

T
h

es
e

lo
w

er
b

o
u

n
d

s
m

a
tc

h
th

e
te

ac
h

in
g

se
t

si
ze

s
in

(2
6)

a
n

d
(2

7
),

re
sp

ec
ti

v
el

y.

In
h

o
m

o
g
e
n

e
o
u

s
S

V
M

so
lv

es
th

e
p

ro
b

le
m

:

m
in

w
∈R

d
,b
∈R

n ∑ i=
1

m
a
x
(1
−
y i

(x
> i

w
+
b)
,

0
)

+
λ 2
‖w
‖2
.

(2
8
)

P
ro

p
o
si

ti
o
n

5
G

iv
en

a
n

y
ta

rg
et

m
od

el
[w
∗ ;
b∗

]
w

it
h

w
∗
6=

0,
th

e
fo

ll
o
w

in
g

is
a

te
a
ch

in
g

se
t

fo
r

in
h
o
m

og
en

eo
u

s
S

V
M

(2
8
).

W
e

n
ee

d
n

=
2
⌈ λ
‖w

∗ ‖
2

2

⌉
tr

a
in

in
g

it
em

s,
h
a
lf

o
f

w
h
ic

h

a
re

id
en

ti
ca

l
po

si
ti

ve
it

em
s

x
i

=
x

+
,

y i
=

1,
∀i
∈
{ 1,
··
·,

n 2

}
a
n

d
h
a
lf

id
en

ti
ca

l
n

eg
a
ti

ve
it

em
s

x
i

=
x
−
,

y i
=
−

1,
∀i
∈
{ n 2

+
1
,·
··
,n
} .

x
+

a
n

d
x
−

ca
n

be
d
es

ig
n

ed
a

s
a
n

y
ve

ct
o
rs

sa
ti

sf
yi

n
g

x
> +

w
∗

=
1
−
b∗
,

x
−

=
x

+
−

2
w
∗

‖w
∗ ‖

2
.

(2
9)

P
ro

o
f

U
n

li
ke

in
p

re
v
io

u
s

le
a
rn

er
s

(i
n

cl
u

d
in

g
h

o
m

o
g
en

eo
u

s
S

V
M

),
w

e
n

o
lo

n
g
er

h
av

e
st

ro
n

g
co

n
ve

x
it

y
w

.r
.t

.
b.

In
or

d
er

to
p

ro
ve

th
a
t

(2
9
)

is
a

te
a
ch

in
g

se
t,

w
e

n
ee

d
to

v
er

if
y

th
e

K
K

T
co

n
d

it
io

n
an

d
v
er

if
y

so
lu

ti
o
n

u
n

iq
u

en
es

s.

W
e

fi
rs

t
v
er

if
y

th
e

K
K

T
co

n
d

it
io

n
to

sh
ow

th
a
t

th
e

so
lu

ti
on

u
n

d
er

(2
9
)

in
cl

u
d

es
th

e
ta

rg
et

m
o
d

el
[w
∗ ;
b∗

].
F

ro
m

(2
9
),

w
e

h
av

e

x
> +

w
∗

+
b∗

=
1,

x
> −

w
∗

+
b∗

=
−

1.
(3

0
)
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T
h
e

T
e
a
c
h
in

g
D

im
e
n
sio

n
o
f

L
in

e
a
r

L
e
a
r
n
e
r
s

A
p

p
ly

in
g

th
em

to
th

e
K

K
T

co
n
d

itio
n

a
n

d
u

sin
g

th
e

n
o
ta

tio
n

in
(2

2)
w

e
o
b

tain

−
n2

I(x
>+

w
∗

+
b ∗) [

x
+1

]
+
n2

I(−
x
>−

w
∗−

b ∗) [
x
−1

]
+

[
λ
w
∗

0

]

=
−
n2

I(1
) [

x
+1

]
+
n2

I(1
) [

x
−1

]
+

[
λ
w
∗

0

]

⊃
n2

I(1) [
x
−
−

x
+

0

]
+

[
λ
w
∗

0

]
settin

g
th

e
last

d
im

en
sio

n
to

0

=
I(1

) [−
n

‖
w

∗‖
2 w
∗

0

]
+

[
λ
w
∗

0

]
a
p

p
ly

in
g

(2
9
)

⊇
I(1

) [−
λ
w
∗

0

]
+

[
λ
w
∗

0

]
o
b

serv
in

g
n
≥
λ‖

w
∗‖

2

3
0
.

It
p

rov
es

th
a
t

[w
∗;b ∗]

solv
es

(28
)

b
y

o
u

r
tea

ch
in

g
set

co
n

stru
ctio

n
.

N
ex

t
w

e
p

rove
u

n
iq

u
en

ess
b
y

co
n
trad

iction
.

W
e

u
se
f

(w
,b)

to
d

en
ote

th
e

o
b

jective
fu

n
ctio

n
in

(2
8)

u
n

d
er

th
e

teach
in

g
set.

It
is

ea
sy

to
verify

th
a
t
f

(w
∗,b ∗)

=
λ2 ‖

w
∗‖

2.
A

ssu
m

e
th

a
t

th
ere

ex
ists

a
n

o
th

er
so

lu
tion

[w̄
;b̄]

d
iff

eren
t

fro
m

[w
∗;b ∗].

W
e

ca
n

o
b

tain
‖
w̄
‖

2≤
‖w
∗‖

2
d

u
e

to

λ2 ‖
w
∗‖

2
=
f

(w
∗,b ∗)

=
f

(w̄
,b̄)≥

λ2 ‖
w̄
‖

2.

T
h

e
seco

n
d

eq
u

a
lity

is
d

u
e

to
[w̄

;b̄]
b

ein
g

a
so

lu
tio

n
;

th
e

in
eq

u
a
lity

is
d

u
e

to
w

h
o
le-p

a
rt

rela
tio

n
sh

ip
.

T
h

erefo
re,

th
ere

are
o
n

ly
tw

o
p

o
ssib

ilities
fo

r
th

e
n

o
rm

o
f

w̄
:‖

w̄
‖

=
‖
w
∗‖

or
‖
w̄
‖

=
t‖w

∗‖
fo

r
so

m
e

0
≤
t
<

1
.

N
ex

t
w

e
w

ill
sh

ow
th

a
t

b
o
th

ca
ses

are
im

p
o
ssib

le.
(C

a
se

1)
F

o
r

th
e

ca
se
‖
w̄
‖

=
‖
w
∗‖

,
w

e
h

ave

f
(w̄
,b̄)

=
n2

m
a
x (

1−
(x
>+

w̄
+
b̄),0 )

+
n2

m
a
x (

1
+

(x
>−

w̄
+
b̄),0 )

+
λ2 ‖w̄

‖
2

=
n2

m
a
x 

x
>+

(w
∗−

w̄
)

+
(b ∗−

b̄)
︸

︷︷
︸

=
:∆

+

,0 
+
n2

m
a
x 
−

x
>−

(w
∗−

w̄
)−

(b ∗−
b̄)

︸
︷︷

︸
=

:∆
−

,0 

+
λ2 ‖

w
∗‖

2

=
n2

m
a
x

(∆
+
,0

)
+
n2

m
a
x

(∆
−
,0

)
+
f

(w
∗,b ∗).

F
ro

m
f

(w̄
,b̄)

=
f

(w
∗,b ∗),

it
follow

s
∆

+
≤

0
a
n

d
∆
−
≤

0
.

S
in

ce

0
≥

∆
+

+
∆
−

=
(x

+
−

x
−

) >
(w
∗−

w̄
)

=
2
(w
∗) >

(w
∗−

w̄
)

‖w
∗‖

2
=

2−
2
w̄
>

w
∗

‖
w
∗‖

2
,

w
e

h
ave

w̄
>

w
∗≥
‖
w
∗‖

2.
B

u
t

b
eca

u
se
‖
w̄
‖

=
‖
w
∗‖,

w
e

m
u

st
h

ave
w̄

=
w
∗.

A
p

p
ly

in
g

th
is

n
ew

o
b

serva
tio

n
to

∆
+
≤

0
a
n

d
∆
−
≤

0
,

w
e

o
b

ta
in
b ∗

=
b̄.

It
m

ean
s

th
a
t

[w
∗;b ∗]

=
[w̄

;b̄],
co

n
tra

d
ictin

g
o
u

r
assu

m
p

tio
n

[w
∗;b ∗]6=

[w̄
;b̄].
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L
iu

a
n
d

Z
h
u

(C
ase

2)
N

ex
t

w
e

tu
rn

to
th

e
case‖

w̄
‖

=
t‖w

∗‖
for

som
e
t∈

[0,1).
R

eca
ll

ou
r

assu
m

p
-

tion
th

a
t

[w̄
;b̄]

solves
(28).

T
h

en
it

follow
s

th
at

th
e

follow
in

g
sp

ecifi
c

co
n

stru
ction

[ŵ
,b̂]

solves
(28)

a
s

w
ell:

ŵ
=
tw
∗,

b̂
=
tb ∗.

(31)

T
o

see
th

is,
w

e
con

sid
er

th
e

follow
in

g
op

tim
ization

p
rob

lem
:

m
in

w
,b

L
(w
,b)

:=
n2

m
ax

(1−
(x
>+

w
+
b),0)

+
n2

m
ax

(1
+

(x
>−

w
+
b),0)

s.t.
‖
w
‖
≤
t‖

w
∗‖.

(32)

S
in

ce
[w̄

;b̄]
solv

es
(28),

it
is

easy
to

see
th

at
[w̄

;b̄]
solv

es
(32

)
to

o,
oth

erw
ise

th
ere

ex
ists

a
so

lu
tion

for
(32)

w
h

ich
gives

a
low

er
fu

n
ction

valu
e

on
(2

8).
T

h
en

w
e

ca
n

verify
th

at
[ŵ

;b̂]
solves

(3
2)

a
s

w
ell

b
y

sh
ow

in
g

th
e

follow
in

g
geom

etric
op

tim
ality

con
d

ition
h

old
s:

−
[
∂
L

(w
,b)

∂
w

∂
L

(w
,b)

∂
b

] ∣∣∣∣∣[ŵ
;b̂] ∩

N
‖
w
‖≤
t‖
w

∗‖ (ŵ
,b̂)

︸
︷︷

︸
N

o
rm

a
l

co
n

e
to

th
e

set{
[w

;b]
:‖

w
‖
≤
t‖
w

∗‖}
a
t

[ŵ
;b̂] 6=

∅.

G
iven

a
con

vex
closed

set
Ω

an
d

a
p

oin
t
θ θθ
∈

Ω
,

th
e

n
orm

al
con

e
at

p
oin

t
θ θθ

is
d

efi
n

ed
to

b
e

a
set

N
Ω

(θ θθ)
=
{φ φφ

:
〈φ φφ
,ψ ψψ
−
θ θθ〉≤

0
∀
ψ ψψ
∈

Ω}
.

T
h

e
op

tim
ality

con
d

ition
b

asically
su

ggests
th

at
at

th
e

op
tim

alp
oin

t,
th

e
n

egativ
e

(su
b

)grad
ien

t
d

irectio
n

overla
p

s
w

ith
th

e
n

orm
al

con
e.

In
oth

er
w

ord
s,

th
ere

d
o
es

n
o
t

ex
ist

an
y

valid
d

i-
rectio

n
to

d
ecrea

se
th

e
ob

jective
at

th
e

op
tim

al
p

oin
t.

R
ead

ers
can

refer
to

N
o
ced

a
l

an
d

W
righ

t
(200

6)
or

B
ertsekas

an
d

N
ed

ic
(2003)

for
m

ore
ex

p
lan

ation
s

ab
o
u

t
th

e
geom

etric
op

tim
ality

con
d

ition
.

B
ecau

se
of

(30)
an

d
(31),

w
e

h
ave

x
>+

ŵ
+
b̂

=
t
<

1.
T

h
u

s
at

[ŵ
;b̂]

th
e

su
b

grad
ien

t
is

−
[
∂
L

(w
,b)

∂
w

∂
L

(w
,b)

∂
b

] ∣∣∣∣∣[ŵ
;b̂]

=
n2

[
x

+
−

x
−

0

]
=

[
n
w

∗
‖
w

∗‖
2

0

]

A
n

d
th

e
n

orm
al

con
e

is

N
‖
w
‖≤
t‖
w

∗‖ (ŵ
,b̂)

=

{
s [

w
∗0

]
∣∣∣∣∣
s≥

0 }
.

T
h

e
in

tersection
is

n
on

-em
p

ty
b
y

ch
o
osin

g
s

=
n

‖
w

∗‖
2 .

S
in

ce
b

o
th

[ŵ
;b̂]

an
d

[w̄
;b̄]

solve

(3
2),

w
e

h
ave

L
(ŵ
,b̂)

=
L

(w̄
,b̄).

T
ogeth

er
w

ith
‖ŵ
‖

=
‖
w̄
‖
,

w
e

h
ave

f
(ŵ
,b̂)

=
L

(ŵ
,b̂)

+
λ2 ‖

ŵ
‖

2
=
f

(w̄
,b̄)

=
f

(w
∗,b ∗).
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T
h
e

T
e
a
c
h
in

g
D

im
e
n
si

o
n

o
f

L
in

e
a
r

L
e
a
r
n
e
r
s

T
h

er
ef

or
e,

w
e

p
ro

ve
d

th
at

[ŵ
;b̂

]
so

lv
es

(2
8)

as
w

el
l.

T
o

se
e

th
e

co
n
tr

ad
ic

ti
o
n

,
le

t
u

s
ch

ec
k

th
e

fu
n

ct
io

n
va

lu
e

of
f

(ŵ
,b̂

)
v
ia

a
d

iff
er

en
t

ro
u

te
:

f
(ŵ
,b̂

)
=
f

(t
w
∗ ,
tb
∗ )

=

n 2 ∑ i=
1

m
ax
( 1
−
t(

x
> +

w
∗

+
b∗

),
0)

+

n 2 ∑ i=
1

m
ax
( 1

+
t(

x
> −

w
∗

+
b∗

),
0)

+
λ 2
‖w
∗ ‖

2
t2

=

n 2 ∑ i=
1

m
ax

(1
−
t,

0)
+

n 2 ∑ i=
1

m
ax

(1
−
t,

0)
+
λ 2
‖w
∗ ‖

2
t2

=
n

(1
−
t)
−
λ 2
‖w
∗ ‖

2
(1
−
t2

)
+
λ 2
‖w
∗ ‖

2

≥
n

(1
−
t)
−
n 2

(1
−
t2

)
+
λ 2
‖w
∗ ‖

2

=
n 2

(1
−
t)

2
+
f

(w
∗ ,
b∗

)

>
f

(w
∗ ,
b∗

),

w
h

er
e

th
e

fi
rs

t
in

eq
u

al
it

y
u

se
s

th
e

fa
ct

th
at
n
≥
λ
‖w
∗ ‖

2
.

It
co

n
tr

ad
ic

ts
o
u

r
ea

rl
y

a
ss

er
ti

o
n

f
(ŵ
,b̂

)
=
f

(w
∗ ,
b∗

).
P

u
tt

in
g

ca
se

s
1

an
d

2
to

ge
th

er
w

e
p

ro
ve

u
n

iq
u
en

es
s.

O
u

r
co

n
st

ru
ct

io
n

of
th

e
te

ac
h

in
g

se
t

in
(2

9)
re

q
u

ir
es
n

=
2
⌈ λ
‖w

∗ ‖
2

2

⌉
tr

a
in

in
g

it
em

s.

T
h

is
is

an
u

p
p

er
b

ou
n

d
on

th
e

te
ac

h
in

g
d

im
en

si
on

.
M

ea
n
w

h
il

e,
w

e
sh

ow
b

el
ow

th
a
t

th
e

in
h

om
og

en
eo

u
s

S
V

M
lo

w
er

b
ou

n
d

is
L
B

3
=
⌈ λ
‖w
∗ ‖

2
⌉ .

T
h

er
e

ca
n

b
e

a
d

iff
er

en
ce

o
f

a
t

m
o
st

on
e

b
et

w
ee

n
th

e
lo

w
er

an
d

u
p

p
er

b
ou

n
d

s,
w

h
ic

h
w

e
ca

ll
th

e
“r

ou
n

d
in

g
eff

ec
t.

”
W

e
su

sp
ec

t
th

at
th

is
sm

al
l

ga
p

is
a

te
ch

n
ic

al
it

y
an

d
n

o
t

in
tr

in
si

c.
H

ow
ev

er
,

at
p

re
se

n
t

w
e

d
o

n
o
t

h
av

e
a

te
ac

h
in

g
se

t
co

n
st

ru
ct

io
n

th
at

b
ri

d
ge

s
th

is
ga

p
.

T
h

er
ef

or
e,

w
e

st
at

e
th

e
te

ac
h

in
g

d
im

en
si

o
n

as
an

in
te

rv
al

in
th

e
fo

ll
ow

in
g

co
ro

ll
ar

y
an

d
le

av
e

th
e

p
re

ci
se

va
lu

e
as

an
o
p

en
q
u

es
ti

on
fo

r
fu

tu
re

re
se

ar
ch

.

C
o
ro

ll
a
ry

5
T

h
e

te
a
ch

in
g

d
im

en
si

o
n

fo
r

in
h
o
m

og
en

eo
u

s
S

V
M

a
n

d
ta

rg
et
θθ θ
∗

=
[w
∗ ;
b∗

]

w
h
er

e
w
∗
6=

0
is

in
th

e
in

te
rv

a
l
⌈ λ
‖w
∗ ‖

2
⌉ ≤

T
D

(θθ θ
∗ ,
A
in
h

sv
m

)
≤

2
⌈ λ
‖w

∗ ‖
2

2

⌉ .

P
ro

o
f

T
h

e
u

p
p

er
b

ou
n

d
d

ir
ec

tl
y

fo
ll

ow
s

P
ro

p
os

it
io

n
5.

W
e

on
ly

n
ee

d
to

sh
ow

th
e

lo
w

er
b

ou
n

d
L
B

3
=
⌈ λ
‖w
∗ ‖

2
⌉

in
T

h
eo

re
m

3.
L

et
A

=
I
,
`(
a
)

=
m

ax
(1
−
a
,0

),
a
n

d
co

n
si

d
er

th
e

d
en

om
in

at
or

of
(1

4)
:

su
p

α
∈R

,g
∈−

∂
`(
α
‖w

∗ ‖
2
)

α
g

=
su

p
α
,g
∈I

(α
‖w

∗ ‖
2
)

α
g

=
1

‖w
∗ ‖

2

w
h

er
e

th
e

fi
rs

t
eq

u
al

it
y

is
d

u
e

to
∂
`(
a
)

=
−

I(
a
).

T
h

er
ef

or
e,
L
B

3
=
⌈ λ
‖w
∗ ‖

2
⌉

w
h

ic
h

p
ro

ve
s

th
e

lo
w

er
b

ou
n

d
.

In
h

o
m

o
g
e
n

e
o
u

s
lo

g
is

ti
c

re
g
re

ss
io

n
so

lv
es

th
e

p
ro

b
le

m

m
in

w
∈R

d
,b
∈R

n ∑ i=
1

lo
g
(1

+
ex

p
{−
y i

(x
> i

w
+
b)
})

+
λ 2
‖w
‖2
.

(3
3)
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L
iu

a
n
d

Z
h
u

P
ro

p
o
si

ti
o
n

6
T

o
cr

ea
te

a
te

a
ch

in
g

se
t

fo
r

ta
rg

et
m

od
el

[w
∗ ;
b∗

]
w

it
h

n
o
n

ze
ro

w
∗

fo
r

in
-

h
o
m

og
en

eo
u

s
lo

gi
st

ic
re

gr
es

si
o
n

(3
3
),

w
e

ca
n

u
se

n
=

2
⌈ λ
‖w

∗ ‖
2

2
τ m

a
x

⌉
tr

a
in

in
g

it
em

s
w

h
er

e

x
i

=
x

+
,

y i
=

1
,
∀i
∈
{ 1
,·
··
,
n 2

}
a
n

d
x
i

=
x
−
,

y i
=
−

1,
∀i
∈
{ n 2

+
1
,·
··
,n
} .

x
+

a
n

d
x
−

ca
n

be
d
es

ig
n

ed
a
s

a
n

y
ve

ct
o
rs

sa
ti

sf
yi

n
g

x
> +

w
∗

=
t
−
b∗
,

x
−

=
x

+
−

2t

‖w
∗ ‖

2
w
∗ ,

(3
4)

w
h
er

e
th

e
co

n
st

a
n

t
t

is
d
efi

n
ed

by
t

:=
τ
−

1
( λ
‖w

∗ ‖
2

n

) .

P
ro

o
f

W
e

fi
rs

t
p

o
in

t
o
u

t
th

at
fo

r
t

to
b

e
w

el
l-

d
efi

n
ed

th
e

ar
g
u

m
en

t
to
τ
−

1
()

h
a
s

to
b

e

b
ou

n
d

ed
λ
‖w

∗ ‖
2

n
≤
τ m

a
x
.

T
h

is
im

p
li

es
n
≥

λ
‖w

∗ ‖
2

τ m
a
x

.
T

h
e

si
ze

o
f

o
u

r
p

ro
p

o
se

d
te

ac
h

in
g

se
t

is
th

e
sm

a
ll

es
t

am
on

g
a
ll

su
ch

sy
m

m
et

ri
c

co
n

st
ru

ct
io

n
th

a
t

sa
ti

sf
y

th
is

co
n

st
ra

in
t.

W
e

ve
ri

fy
th

at
th

e
K

K
T

co
n

d
it

io
n

to
sh

ow
th

e
co

n
st

ru
ct

io
n

in
(3

4
)

in
cl

u
d

es
th

e
so

lu
ti

on
[w
∗ ;
b∗

].
F

ro
m

(3
4)

,
w

e
h

av
e

x
> +

w
∗

+
b∗

=
t

x
> −

w
∗

+
b∗

=
−
t.

W
e

a
p

p
ly

th
em

an
d

th
e

te
ac

h
in

g
se

t
co

n
st

ru
ct

io
n

to
co

m
p

u
te

th
e

g
ra

d
ie

n
t

o
f

(3
3
):

−
n 2

1

1
+

ex
p
{x
> +

w
∗

+
b∗
}

[ x
+ 1

] +
n 2

1

1
+

ex
p
{−

x
> −

w
∗
−
b∗
}

[ x
− 1

] +

[ λ
w
∗

0

]

=
−
n 2

1

1
+

ex
p
{t
}

[ x
+ 1

] +
n 2

1

1
+

ex
p
{t
}

[ x
− 1

] +

[ λ
w
∗

0

]

=
−

n

‖w
∗ ‖

2

t

1
+

ex
p
{t
}

[ w
∗ 0

] +

[ λ
w
∗

0

]

=
−

n

‖w
∗ ‖

2

λ
‖w
∗ ‖

2

n

[ w
∗ 0

] +

[ λ
w
∗

0

]

=
0
.

T
h

is
v
er

ifi
es

th
e

K
K

T
co

n
d

it
io

n
.

F
in

al
ly

w
e

sh
ow

u
n

iq
u

en
es

s.
T

h
e

H
es

si
a
n

m
a
tr

ix
of

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

(3
3)

u
n

d
er

o
u

r
tr

a
in

in
g

se
t

(3
4
)

is
:

n 2

ex
p
{t
}

(1
+

ex
p
{t
})

2

︸
︷︷

︸
:=
a

[ x
+

x
> +

+
x
−

x
> −

x
+

+
x
−

x
> +

+
x
> −

2

]

︸
︷︷

︸
:=
A

+
λ

[
I

0
0
>

0

]

︸
︷︷

︸
:=
B

.

N
o
te
a
>

0
an

d
A

=

[ x
+ 1

] [
x

+
1]

+

[ x
− 1

] [
x
−

1]
is

p
o
si

ti
ve

se
m

i-
d

efi
n

it
e.

W
e

sh
ow

th
at

a
A

+
λ
B

is
p

o
si

ti
ve

d
efi

n
it

e.
S

u
p

p
o
se

n
o
t.

T
h

en
th

er
e

ex
is

ts
[u

;v
]
6=

0
su

ch
th

a
t

[u
;v

]>
(a
A

+
λ
B

)[
u

;v
]

=
0.

T
h

is
im

p
li

es
[u

;v
]>

(a
A

)[
u

;v
]+

λ
u
>

u
=

0
.

S
in

ce
th

e
fi

rs
t

te
rm

is
n

o
n

-n
eg

at
iv

e
d

u
e

to
A

b
ei

n
g

p
o
si

ti
ve

se
m

i-
d

efi
n

it
e,

u
=

0
.

B
u

t
th

en
w

e
h

av
e

2
a
v

2
=

0
w

h
ic

h
im

p
li

es
[u

;v
]

=
0

,
a

co
n
tr

a
d

ic
ti

on
.

T
h

er
ef

o
re

u
n

iq
u

en
es

s
is

g
u

ar
an

te
ed

.
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T
h
e

T
e
a
c
h
in

g
D

im
e
n
sio

n
o
f

L
in

e
a
r

L
e
a
r
n
e
r
s

C
o
ro

lla
ry

6
T

h
e

tea
ch

in
g

d
im

en
sio

n
fo

r
in

h
o
m

ogen
eo

u
s

logistic
regressio

n
a
n

d
ta

rget
θ θθ ∗

=

[w
∗;b ∗]

w
h
ere

w
∗6=

0
is

in
th

e
in

terva
l ⌈

λ‖
w

∗‖
2

τ
m
a
x

⌉
≤
T
D

(θ θθ ∗,A
in
h

lo
g

)≤
2 ⌈

λ‖
w

∗‖
2

2
τ
m
a
x

⌉
.

P
ro

o
f

T
h

e
u

p
p

er
b

o
u
n

d
d

irectly
fo

llow
s

P
ro

p
o
sitio

n
6
.

W
e

o
n

ly
n

eed
to

sh
ow

th
e

low
er

b
o
u

n
d
⌈
λ‖

w
∗‖

2

τ
m
a
x

⌉
b
y

a
p

p
ly

in
g
L
B

3
in

T
h

eo
rem

3.
L

et
A

=
I

a
n

d
`(a

)
=

lo
g
(1

+
ex

p{−
a}

)

a
n

d
co

n
sid

er
th

e
d

en
o
m

in
a
to

r
o
f

(14
):

su
p

α∈
R
,g∈

∂
`(−

α‖
w

∗‖
2
) α
g

=
su

p
α
,g

=
(1

+
ex

p{
α‖

w
∗‖

2}
) −

1

α
g

=
su

pα

α

1
+

ex
p{
α‖w

∗‖
2}

=
‖w
∗‖ −

2
su

pt

t

1
+

ex
p{
t}

=
τ

m
a
x

‖
w
∗‖

2
,

w
h

ich
im

p
lies

L
B

3
=
⌈
λ‖

w
∗‖

2

τ
m
a
x

⌉
.

4
.
T
e
a
ch

in
g
a
D
e
cisio

n
B
o
u
n
d
a
ry

In
ste

a
d

o
f
a
P
a
ra

m
e
te
r

In
sectio

n
3

w
e

con
sid

ered
th

e
tea

ch
in

g
go

a
l

w
h

ere
th

e
lea

rn
er

is
req

u
ired

to
lea

rn
th

e
ex

a
ct

ta
rget

pa
ra

m
eter

θ θθ ∗.
B

u
t

w
h

en
th

e
lea

rn
er

is
a

cla
ssifi

er
o
ften

a
w

ea
ker

tea
ch

in
g

g
o
a
l

is
su

ffi
cien

t,
n

a
m

ely
teach

in
g

th
e

lea
rn

er
a

ta
rget

d
ecisio

n
bo

u
n

d
a
ry.

In
th

is
sectio

n
w

e
con

sid
er

th
is

tea
ch

in
g

go
al.

E
q
u

iva
len

tly,
su

ch
a

g
o
a
l

is
d

efi
n

ed
b
y

th
e

set
o
f

p
a
ra

m
eters

th
a
t

p
ro

d
u

ce
th

e
ta

rg
et

d
ecision

b
o
u

n
d

a
ry.

T
ea

ch
in

g
is

su
ccessfu

l
if

th
e

learn
er

arrives
a
t

an
y

o
n

e
p

ara
m

eter
w

ith
in

th
at

set.
In

th
e

case
o
f

in
h

o
m

og
en

eo
u

s
lin

ea
r

lea
rn

ers,
th

e
lin

ea
r

d
ecision

b
o
u

n
d

ary
{x
|
x
>

w
∗

+
b ∗

=
0}

is
id

en
tifi

ed
w

ith
th

e
p

a
ra

m
eter

set
{t[w

∗;b ∗]
:
t
>

0}.
H

ere
w

e
a
ssu

m
e

w
∗

is
n

on
zero

.
T

h
e

p
a
ra

m
eter

θ θθ ∗
=

[w
∗;b ∗]
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a
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e
m
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b
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f
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e
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H
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m
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u
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u
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b ∗.
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e
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n
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g
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d
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n
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u

n
d
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d
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y
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D
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p
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u
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rlier
d

ef-
in
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e

tea
ch

in
g

go
a
l

is
for

th
e

lea
rn

ed
m

o
d

el
to

b
e

a
n

elem
en

t
in

th
e

set.
It

im
m

ed
iately

follow
s

th
a
t

T
D

({
tθ θθ ∗},A
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b
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e
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b
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tθ θθ ∗},A

h
o
m

sv
m

)
=

1
;

19
JM

L
R

 17(162):1-25

L
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u
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√
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√
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√
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√
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√
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b
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s
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al.
(2014).
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eoretically

elegan
t

tea
ch

in
g

d
efi

n
ition

s
d

iverge
from

th
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at
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e
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w
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n
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d
istin

ction
b

etw
een

T
D

an
d

V
C

d
im

en
sion

is
a
lso

p
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b
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en
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w
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en
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e
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R
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o
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n
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d
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en

sion
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g

h
y
p
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R
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O
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th
e

oth
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h
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d
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th
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d
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en
sion

for
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h
o
m
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en

eou
s

h
y
p

erp
lan
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R
d

is
d

+
1.

F
u

rth
erm

ore,
th

ere
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an
in

terestin
g

con
n

ection
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sam
p

le
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p
ression
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F

loy
d

an
d

W
arm

u
th

(1995).
O

u
r

teach
in

g
set

ca
n

b
e

v
iew

ed
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th
e

com
p

ressed
sam

p
le,

b
u

t
w

ith
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o
gen

eralization
s:

(i)
th

e
origin

al
“sam

p
le”

is
th

e
w

h
o
le

in
p

u
t

sp
ace,

an
d

(ii)
th

e
lab
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allow
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to
d

iverge
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th
e

ta
rget

m
o
d

el.
F

u
rth
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q
u

an
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of

th
ese

con
n
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s

rem
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s
an

op
en

research
q
u
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.

T
h

e
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ch
in

g
settin

g
w

e
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sid
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is
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d
istin
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active
learn
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g.
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g
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e

tea
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er
k
n
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e
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o
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a

p
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d
h
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to
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e
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e
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m
o
d
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a
s

a
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T
h
e

T
e
a
c
h
in
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e
n
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L
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r

L
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e
d
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c
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T
h
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m
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io
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p
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ti
ve

h
ig

h
li
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e

d
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v
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h
y
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h
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d
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e
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d
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ra
m

at
ic

al
ly

sm
al

le
r

th
an

th
e
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p
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er

an
d

h
y
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e.
F
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p
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,
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h
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d
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st
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te
d

th
a
t
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le

a
rn

a
1D

th
re
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ol

d
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si

fi
er

w
it

h
in
ε

er
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r,
th

e
te

ac
h

in
g

d
im

en
si
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is

a
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n
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an
t

T
D

=
2
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g
ar

d
le
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of
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w
h

il
e

ac
ti

ve
le

ar
n

in
g

w
ou

ld
re

q
u

ir
e
O

(l
og
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)

q
u

er
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s
w

h
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h
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n
b

e
a
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it
ra
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er
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T
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W
h
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e

th
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p
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n
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th
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ry
of
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ti

m
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te
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h
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e
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re

p
ra
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ic

a
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ap
p
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ti
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O

n
e

su
ch

ap
p
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ca

ti
on
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co

m
p

u
te
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ed

p
er

so
n

al
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ed
ed
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o
n
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h
e

h
u
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u
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o
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b
y
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m
p

u
ta

ti
on

al
co

gn
it

iv
e

m
o
d
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.
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b
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d
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a
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b
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n
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r
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u
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en
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;

K
h

an
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.,
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ex
p

er
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en
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il
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l.

sh
ow

ed
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h
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d
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n
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et
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p

o
ra

ry
co

gn
it

iv
e

m
o
d
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u
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h
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.
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m
al

te
ac

h
in

g
is

th
e

m
at

h
em

at
ic

al
fo

rm
al

is
m

to
st

u
d

y
th

e
so

-c
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at
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p
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d
iffi

cu
lt

y
of

d
at

a-
p

oi
so

n
in

g
a
tt

a
ck

s,
a
n

d
su

p
p
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ra
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ra
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h
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at
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p
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b
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d
m

an
an

d
M

at
h

ia
s

(1
99

6)
d
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p
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d
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p
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b
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b
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h
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d
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n
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p
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u
e
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b
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is

v
ie

w
,

th
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∈
D

a
n

d
ou

tp
u

ts
a

su
b

se
t

o
f

th
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p
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a
ch

er
th

en
u

se
s

a
fi

x
ed

st
ra

te
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p
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t

th
at
A

re
tu

rn
s

th
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p
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p
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e

ta
rg

et
is

th
e

se
t

Θ
∗

=
{t
θθ θ
∗
|t
>
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a
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b
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b
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d
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g

h
y
p
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=
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b
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=
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c
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b
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d
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b
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h
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p
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=
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.
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b
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p
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at
is

,
th

e
si

ze
o
f

th
e

tr
a
in
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p
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d
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0
}

fo
r

a
n
y
i
6=
j.
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∈
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=
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b
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h
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.
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s

e
t

a
l.

,
2
0
1
1
).

S
in

ce
th

e
te

a
ch

in
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h
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p
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d
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∈
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T
h
e

T
e
a
c
h
in

g
D
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e
n
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n
o
f

L
in

e
a
r

L
e
a
r
n
e
r
s

•
A

c
o
d

in
g
-trick

le
a
rn

e
rA

c1 .
T

h
is

“
lea

rn
er”

u
ses

x
to

en
co

d
e

h
y
p

o
th

esis:A
c1 ({(x

i ,y
)})

=
{h

i }
for

i
=

1
...n

reg
a
rd

less
o
f
y
,

a
n

d
a
ll

n
on

-sin
g
leto

n
tra

in
in

g
set

m
a
p

s
to

h
0 :

A
c1 (D

)
=
{h
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if|D

|6=
1.
A
c1

is
m

a
th

em
a
tica

lly
w

ell-d
efi

n
ed

fo
r

tea
ch

in
g

in
(3

5
),

b
u

t
on

e
ca

n
argu

e
th

a
t

it
d

o
es

n
ot
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a
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n
a
b

le
lea

rn
er:

it
ig

n
o
res

y
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m
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p
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an
d
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u

s
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in
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t

(alth
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g
h
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o
d
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u
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em
p
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izers
(1

)
can

b
e

in
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•
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n
o
th

e
r
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o
d

in
g
-trick

le
a
rn
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r
A
c2 .

T
h

is
“learn

er”
u
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in
in

g
set
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to

en
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d
e
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e

h
y
p

o
th
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w

h
ile

ign
orin

g
th

e
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n
ten

t
o
f
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e

tra
in
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g

set:
A
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=
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n
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d
∅
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|
>
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.
A

g
a
in
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is
m

a
th
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lly
w

ell-d
efi

n
ed

b
u

t
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o
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o
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le
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er.
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a
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p
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ow
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o
u

r
a
ltern

ativ
e
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o
f
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g
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)
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n
o
t

reso
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e
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o
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b
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reaso
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ever,
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r
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b
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efi
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e
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p
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b
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h
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ra
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d
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b
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p
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b
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a
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u
l

C
o
u
n
t

D
is

t
r
ib

u
t
io

n
s

a
n
d

T
h
e
ir

R
e
l
a
t
io

n
sh

ip
s

L
et

th
e

C
h

in
es

e
re

st
au

ra
n
t

ta
b

le
(C

R
T

)
d

is
tr

ib
u

ti
on

l
∼

C
R

T
(n
,r

)
re

p
re

se
n
t

th
e

ra
n

d
om

n
u

m
b

er
of

ta
b

le
s

se
at

ed
b
y
n

cu
st

om
er

s
in

a
C

h
in

es
e

re
st

au
ra

n
t

p
ro

ce
ss

(B
la

ck
w

el
l
a
n

d
M

a
c-

Q
u

ee
n

,
19

73
;

A
n
to

n
ia

k
,

19
74

;
A

ld
ou

s,
19

85
;

P
it

m
an

,
20

06
)

w
it

h
co

n
ce

n
tr

a
ti

o
n

p
ar

a
m

et
er
r.

It
s

p
ro

b
ab

il
it

y
m

as
s

fu
n

ct
io

n
(P

M
F

)
ca

n
b

e
ex

p
re

ss
ed

as

P
(l
|n
,r

)
=

Γ
(r

)r
l

Γ
(n

+
r)
|s(
n
,l

)|,

w
h

er
e
l
∈
Z,

Z
:=
{0
,1
,.
..
,n
},

an
d
|s(
n
,l

)|
ar

e
u

n
si

gn
ed

S
ti

rl
in

g
n
u

m
b

er
s

o
f

th
e

fi
rs

t
k
in

d
.

A
C

R
T

d
is

tr
ib

u
te

d
sa

m
p

le
ca

n
b

e
ge

n
er

a
te

d
b
y

ta
k
in

g
th

e
su

m
m

at
io

n
o
f
n

in
d

ep
en

d
en

t
B

er
n

ou
ll

i
ra

n
d

om
va

ri
ab

le
s

as

l
=

n ∑ i=
1

b i
,
b i
∼

B
er

n
ou

ll
i[
r/

(r
+
i
−

1)
].

L
et
u
∼

L
og

(p
)

d
en

ot
e

th
e

lo
ga

ri
th

m
ic

d
is

tr
ib

u
ti

on
(F

is
h

er
et

al
.,

19
43

;
A

n
sc

o
m

b
e,

1
9
50

;
J
oh

n
so

n
et

al
.,

19
97

)
w

it
h

P
M

F

P
(u
|p

)
=

1

−
ln

(1
−
p
)

p
u u
,

w
h

er
e
u
∈
{1
,2
,.
..
},

an
d

le
t
n
∼

N
B

(r
,p

)
d

en
o
te

th
e

n
eg

at
iv

e
b

in
om

ia
l

(N
B

)
d

is
tr

ib
u

ti
o
n

(G
re

en
w

o
o
d

an
d

Y
u

le
,

19
20

;
B

li
ss

an
d

F
is

h
er

,
19

53
)

w
it

h
P

M
F

P
(n
|r
,p

)
=

Γ
(n

+
r)

n
!Γ

(r
)
p
n
(1
−
p
)r
,

w
h

er
e
n
∈

Z.
T

h
e

N
B

d
is

tr
ib

u
ti

on
n
∼

N
B

(r
,p

)
ca

n
b

e
ge

n
er

at
ed

as
a

g
a
m

m
a

m
ix

ed
P

oi
ss

on
d
is

tr
ib

u
ti

on
as

n
∼

P
oi

s(
λ

),
λ
∼

G
am

[r
,p
/(

1
−
p
)]
,

w
h

er
e
p
/
(1
−
p
)

is
th

e
ga

m
m

a
sc

al
e

p
ar

am
et

er
.

A
s

sh
ow

n
in

(Z
h

ou
an

d
C

ar
in

,
20

15
),

th
e

jo
in

t
d

is
tr

ib
u

ti
on

of
n

an
d
l

g
iv

en
r

an
d
p

in

l
∼

C
R

T
(n
,r

),
n
∼

N
B

(r
,p

),

w
h

er
e
l
∈
{0
,.
..
,n
}

an
d
n
∈
Z,

is
th

e
sa

m
e

as
th

at
in

n
=
∑

l t=
1
u
t,
u
t
∼

L
og

(p
),
l
∼

P
oi

s[
−
r

ln
(1
−
p
)]
,

(4
)

w
h

ic
h

is
ca

ll
ed

th
e

P
oi

ss
on

-l
og

ar
it

h
m

ic
b

iv
a
ri

at
e

d
is

tr
ib

u
ti

on
,

w
it

h
P

M
F

P
(n
,l
|r
,p

)
=
|s(
n
,l

)|r
l

n
!

p
n
(1
−
p
)r
.

W
e

w
il

l
ex

p
lo

it
th

es
e

re
la

ti
on
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ip

s
to

d
er

iv
e

effi
ci

en
t
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n

ce
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r
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e
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d
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Z
h
o
u
,

C
o
n
g

,
a
n
d

C
h
e
n

2
.1

.2
B

e
r
n
o
u
l
l
i-

P
o
is

so
n

L
in

k
a
n
d

T
r
u
n
c
a
t
e
d

P
o
is

so
n

D
is

t
r
ib

u
t
io

n

A
s

in
Z

h
ou

(2
01

5)
,

th
e

B
er

n
ou

ll
i-

P
o
is

so
n

(B
er

P
o
)

li
n

k
th

re
sh

o
ld

s
a

ra
n

d
om

co
u

n
t

a
t

o
n

e
to

ob
ta

in
a

b
in

a
ry

va
ri

a
b

le
a
s

b
=

1
(m
≥

1
),
m
∼

P
o
is

(λ
),

(5
)

w
h

er
e
b

=
1

if
m
≥

1
a
n

d
b

=
0

if
m

=
0
.

If
m

is
m

a
rg

in
a
li

ze
d

ou
t

fr
o
m

(5
),

th
en

gi
ve

n
λ

,
o
n

e
o
b

ta
in

s
a

B
er

n
o
u

ll
i

ra
n

d
o
m

va
ri

ab
le

a
s
b
∼

B
er
( 1
−
e−

λ
) .

T
h

e
co

n
d

it
io

n
al

p
o
st

er
io

r
of

th
e

la
te

n
t

co
u

n
t
m

ca
n

b
e

ex
p

re
ss

ed
a
s

(m
|b
,λ

)
∼
b
·P

oi
s +

(λ
),

w
h

er
e
x
∼

P
oi

s +
(λ

)
fo

ll
ow

s
a

tr
u

n
ca

te
d

P
o
is

so
n

d
is

tr
ib

u
ti

on
,

w
it

h
P

(x
=

k
)

=
(1
−

e−
λ
)−

1
λ
k
e−

λ
/k

!
fo

r
k
∈
{1
,2
,.
..
}.

T
h
u

s
if
b

=
0
,

th
en

m
=

0
a
lm

os
t

su
re

ly
(a

.s
.)

,
a
n

d
if
b

=
1,

th
en

m
∼

P
o
is

+
(λ

),
w

h
ic

h
ca

n
b

e
si

m
u

la
te

d
w

it
h

a
re

je
ct

io
n

sa
m

p
le

r
th

a
t

h
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a
m

in
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al
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ce
p

ta
n

ce
ra

te
of

6
3.

2
%

a
t
λ

=
1

(Z
h
o
u

,
2
0
1
5)

.
G

iv
en

th
e

la
te

n
t
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u

n
t
m

a
n

d
a

ga
m

m
a

p
ri
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λ
,

o
n

e
ca

n
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en
u

p
d

a
te
λ

u
si

n
g

th
e

ga
m

m
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P
o
is

so
n

co
n

ju
g
a
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.
T

h
e

B
er

P
o
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n

k
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a
re

s
so

m
e

si
m

il
ar
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s
w

it
h

th
e

p
ro

b
it

li
n

k
th

a
t

th
re

sh
o
ld

s
a

n
o
rm
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ra

n
d
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va

ri
a
b

le
at

ze
ro

,
a
n

d
th

e
lo

gi
st

ic
li

n
k

th
at

le
ts
b
∼

B
er

[e
x
/
(1

+
ex

)]
.

W
e

a
d

vo
ca

te
th

e
B

er
P

o
li

n
k

a
s

a
n

al
te

rn
at

iv
e

to
th

e
p

ro
b

it
an

d
lo

g
is

ti
c

li
n

k
s

si
n

ce
if
b

=
0
,

th
en

m
=

0
a.

s.
,

w
h

ic
h

co
u
ld

le
a
d

to
si

gn
ifi

ca
n
t

co
m

p
u

ta
ti

o
n

a
l

sa
v
in

g
s

if
th

e
b

in
a
ry

v
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to
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a
re

sp
ar

se
.
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ad

d
it

io
n

,
th

e
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n
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g
ac

y
b

et
w

ee
n

th
e

g
am

m
a

a
n

d
P

o
is

so
n

d
is

tr
ib

u
ti

o
n

s
m

a
ke

s
it
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n
ve

n
ie

n
t

to
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n
st
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ct

h
ie
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h
ic

a
l

B
ay

es
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n
m

o
d

el
s

a
m

en
a
b

le
to

p
o
st

er
io

r
si

m
u

la
ti

o
n

.
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P

o
is

so
n

R
a
n
d
o
m
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e
d

G
a
m

m
a

a
n
d

T
r
u
n
c
a
t
e
d

B
e
ss

e
l

D
is

t
r
ib

u
t
io

n
s

T
o

m
o
d

el
n

on
n

eg
at

iv
e

d
a
ta

th
at

in
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u
d

e
b

ot
h

ze
ro

s
a
n

d
p

o
si

ti
ve

ob
se

rv
a
ti

on
s,

w
e

in
tr

o
d

u
ce

th
e

P
oi

ss
on

ra
n

d
om

iz
ed

g
am

m
a

(P
R

G
)

d
is

tr
ib

u
ti

o
n

a
s

x
∼

P
R

G
(λ
,c

),

w
h

o
se

d
is

tr
ib

u
ti

on
h

a
s

a
p

o
in

t
m

as
s

a
t
x

=
0

a
n

d
is

co
n
ti

n
u

o
u

s
fo

r
x
>

0
.

T
h

e
P

R
G

d
is

tr
ib

u
ti

o
n

is
g
en

er
a
te

d
a
s

a
P

oi
ss

on
m

ix
ed

ga
m

m
a

d
is

tr
ib

u
ti

o
n

a
s

x
∼

G
a
m

(n
,1
/
c)
,
n
∼

P
oi

s(
λ

),

in
w

h
ic

h
w

e
d

efi
n

e
G

a
m

(0
,1
/c

)
=

0
a
.s

.
a
n

d
h

en
ce
x

=
0

if
a
n

d
o
n

ly
n

=
0
.

T
h
u

s
th

e
P

M
F

of
x
∼

P
R

G
(λ
,c

)
ca

n
b

e
ex

p
re

ss
ed

as

f X
(x
|λ
,c

)
=
∞ ∑ n
=

0

G
a
m

(x
;n
,1
/
c)

P
o
is

(n
;λ

)

=
( e−

λ
) 1

(x
=

0
)
[ e−

λ
−
cx

√
λ
c x
I −

1

( 2
√
λ
cx
)]

1
(x
>

0
)

,
(6

)

w
h

er
e

I −
1
(α

)
=
( α

2

) −
1
∞ ∑ n
=

1
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2 4

) n

n
!Γ
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),

α
>

0

6
JM

L
R

 1
7(

16
3)

:1
-4

4



A
u
g

m
e
n
t
a
b
l
e

G
a
m

m
a

B
e
l
ie

f
N

e
t
w

o
r
k
s

is
th

e
m

o
d

ifi
ed

B
essel

fu
n

ctio
n

o
f

th
e

fi
rst

k
in

d
I
ν (α

)
w

ith
ν

fi
x
ed

a
t−

1.
U

sin
g

th
e

law
s

o
f

to
ta

l
ex

p
ecta

tion
a
n

d
total

varian
ce,

o
r

u
sin

g
th

e
P

M
F

d
irectly,

o
n

e
m

ay
sh

ow
th

a
t

E
[x|λ

,c]
=
λ
/
c,

va
r[x|λ

,c]
=

2
λ
/
c

2.

T
h
u

s
th

e
va

ria
n

ce-to
-m

ea
n

ra
tio

o
f

th
e

P
R

G
d

istrib
u

tio
n

is
2/c,

a
s

co
n
tro

lled
b
y
c.

T
h

e
con

d
itio

n
a
l

p
osterio

r
o
f
n

g
iven

x
,
λ

,
a
n

d
c

ca
n

b
e

ex
p

ressed
a
s

f
N

(n|x
,λ
,c)

=
G

am
(x

;n
,1
/
c)P

o
is(n

;λ
)

P
R

G
(x

;λ
,c)

=
1

(x
=

0)δ
0

+
1

(x
>

0
)

∞∑n
=

1

1

I−
1 (

2 √
λ
cx )

(λ
cx

)
n−

12

n
!Γ

(n
)
δ
n

=
1

(x
=

0)δ
0

+
1

(x
>

0
)
∞∑n
=

1

B
essel−

1 (n
;2 √

cx
λ

)δ
n
,

(7)

w
h

ere
w

e
d

efi
n

e
n
∼

B
essel−

1 (α
)

as
th

e
tru

n
ca

ted
B

essel
d

istrib
u

tio
n

,
w

ith
P

M
F

B
essel−

1 (n
;α

)
=

(
α2 )

2
n−

1

I−
1 (α

)n
!Γ

(n
) ,

n
∈
{1
,2
,...}

.

T
h
u

s
n

=
0

if
a
n

d
o
n

ly
if
x

=
0
,

a
n

d
n

is
a

p
ositive

in
teg

er
d

raw
n

fro
m

a
tru

n
cated

B
essel

d
istrib

u
tion

if
x
>

0
.

In
A

p
p

en
d

ix
A

,
w

e
p

lo
t

th
e

p
ro

b
a
b

ility
d

istrib
u

tio
n

fu
n

ctio
n

s
of

th
e

p
ro

p
o
sed

P
R

G
an

d
tru

n
cated

B
essel

d
istrib

u
tio

n
s

an
d

sh
ow

h
ow

th
ey

d
iff

er
fro

m
th

e
ran

d
o
m

ized
ga

m
m

a
a
n

d
B

essel
d

istrib
u

tio
n

s
(Y

u
an

a
n

d
K

a
lb

fl
eisch

,
2
00

0
),

resp
ectiv

ely.

2
.2

L
in

k
F
u

n
c
tio

n
s

fo
r

T
h

re
e

D
iff

e
re

n
t

T
y
p

e
s

o
f

O
b

se
rv

a
tio

n
s

If
th

e
o
b

serva
tio

n
s

are
m

u
ltiva

ria
te

co
u

n
t

vectors
x

(1
)

j
∈

Z
V

,
w

h
ere

V
:=

K
0 ,

th
en

w
e

lin
k

th
e

in
teg

er-valu
ed

v
isib

le
u

n
its

to
th

e
n

o
n

n
eg

a
tive

real
h

id
d

en
u

n
its

a
t

layer
o
n

e
u

sin
g

P
o
isso

n
fa

ctor
a
n

a
ly

sis
(P

F
A

)
as

x
(1

)
j
∼

P
ois (

Φ
(1

)θ
(1

)
j

)
.

(8
)

U
n

d
er

th
is

co
n

stru
ction

,
th

e
correla

tion
s

b
etw

een
th

e
K

0
row

s
(fea

tu
res)

o
f

(x
(1

)
1
,...,x

(1
)

J
)

a
re

cap
tu

red
b
y

th
e

co
lu

m
n

s
of

Φ
(1

).
D

eta
iled

d
escrip

tio
n

s
o
n

h
ow

P
F
A

is
rela

ted
to

a
w

id
e

va
riety

o
f

d
iscrete

la
ten

t
variab

le
m

o
d

els,
in

clu
d

in
g

n
o
n

n
eg

a
tiv

e
m

a
trix
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cto

riza
tio

n
(L
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a
n

d
S
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n

g
,
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00

1
),
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ten

t
D

irich
let

a
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tio

n
(B
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et

a
l.,

2
0
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),
th

e
ga

m
m

a
-P

o
isso

n
m

o
d

el
(C

a
n

n
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,

2
0
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),
d
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P

rin
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a
l

com
p

o
n

en
t
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n
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sis
(B

u
n
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e
a
n

d
J
a
k
u

lin
,

20
0
6
),
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d

th
e
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sed
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ic
m

o
d

el
(W
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m

so
n

et
a
l.,

2
0
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),
ca

n
b

e
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u
n

d
in

Z
h

o
u

et
a
l.

(20
1
2
)

an
d

Z
h

ou
a
n

d
C

a
rin

(2
01

5
).

W
e
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P

F
A

u
sin
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th

e
G

B
N

in
(1

)
a
s

th
e

p
rio

r
on
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r
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P
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am

m
a

b
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n
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(P
G

B
N

),
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=
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ro
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n
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th
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al.,

20
14a).

In
th

e
p

rop
osed

P
G

B
N

,
w

e
ch

ain
th

e
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e

g
am

m
a

sh
ap

e
p

aram
eters.

B
oth

strategies
w

orth
th

rou
gh

in
v
estiga

tion
.

W
e

p
refer

ch
a
in

-
in
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d
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e
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b
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.
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r
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r
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d
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h
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d
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b
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b
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b
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p
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d
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p
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p
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a
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.
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p
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p
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m
etric

d
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b
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p
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b
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n
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ra
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istin

g
estim

a
to

rs
a
re

sp
ecia

l
ca

ses
o
f

o
u

rs.
W

e
a
lso

in
vestig

ate
th
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p
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p
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d
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p
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d
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n
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p
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D
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n
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for
each

m
(x
i+
k ),

m
(x
i+
k )

=
m

(x
i+
l )

+
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b
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.
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∑
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=
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d
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estim
ation

b
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2 ∑
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=
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d
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.

In
ad

d
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∑

rk
=

0 (k−
l)
i,

l
=

0,...,r
an

d
i

=
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p
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h
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d
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≤
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−
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=
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e
jt

h
co

lu
m

n
o
f

th
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p
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p
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p
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d
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c
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ra
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−
d
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d
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d
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b
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⊂
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p
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d
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b
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w
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ta
n

t
d
es

ig
n

,
m

(x
)

h
a
s

a
fi

n
it
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=
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b
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.
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u

m
in

g
r

=
n
λ

an
d

2/
3
<
λ
<

1,
w

e
ca

n
es

ta
b

li
sh

th
e

p
oi

n
t-

w
is

e
co

n
si

st
en

cy
of

ou
r

es
ti

m
at

or
,
m̂
′ q(
x
i+
l)

P −→
m
′ (
x
i+
l)

,
w

h
er

e
“
P −→

”
m

ea
n

s
co

n
ve

rg
en

ce
in

p
ro

b
ab

il
it

y.

C
o
ro

ll
a
ry

1
A

ss
u

m
e

th
a
t

th
e

co
n

d
it

io
n

s
in

T
h
eo

re
m

1
h
o
ld

.
W

h
en

r
is

ev
en

a
n

d
l

=
r/

2
,

m̂
′ 2
v
(x
i+
r
/
2
)

=
m̂
′ 2
v
+

1
(x
i+
r
/
2
),

v
=

1,
2
,.
..
,[ q
−

1

2

] ,

w
h
er

e
[x

]
d
en

o
te

s
th

e
gr

ea
te

st
in

te
ge

r
le

ss
th

a
n

o
r

eq
u

a
l

to
x

.
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D
a
i,

T
o
n
g

a
n
d

G
e
n
t
o
n

T
h

is
m

ea
n
s

th
at

,
w

h
en

w
e

em
p

lo
y

a
sy

m
m

et
ri

c
fo

rm
fo

r
o
u

r
es

ti
m

a
to

r,
th

e
o
p

ti
m

a
l

se
q
u

en
ce

is
th

e
sa

m
e

fo
r
q

=
2v

a
n

d
q

=
2v

+
1
.

In
o
th

er
w

or
d

s,
th

e
sy

m
m

et
ri

c
fo

rm
fu

rt
h

er
re

d
u

ce
s

th
e

o
rd

er
o
f

es
ti

m
a
ti

o
n

b
ia

s
w

it
h

ou
t

an
y

in
cr

ea
se

in
th

e
es

ti
m

a
ti

o
n

va
ri

a
n

ce
.

H
en

ce
,

it
is

n
at

u
ra

l
to

u
se

th
e

sy
m

m
et

ri
c

fo
rm

(r
is

ev
en

a
n

d
l

=
r/

2
)

fo
r

th
e

in
te

ri
o
r

p
oi

n
ts

,
{x

i
:

1
+
r/

2
≤
i
≤
n
−
r/

2}
,

w
h

en
th

e
d

es
ig

n
p

o
in

ts
a
re

eq
u

id
is

ta
n
t.

A
ls

o,
w

e
ca

n
sh

ow
th

a
t

th
e

tw
o

ex
is

ti
n

g
es

ti
m

a
to

rs
fo

r
th

e
fi

rs
t-

o
rd

er
d

er
iv

at
iv

e
(D

e
B

ra
b

an
te

r
et

al
.,

20
13

;
W

an
g

an
d

L
in

,
20

1
5)

ar
e

sp
ec

ia
l

ca
se

s
of

o
u

r
m

et
h

o
d

.

W
h

en
q

=
2

o
r
q

=
3
,

w
e

g
et

th
e

sa
m

e
se

q
u

en
ce

a
s

(d
k
) 1
,2

=
(d
k
) 1
,3

=
6n

(2
k
−
r)

r(
r

+
1
)(
r

+
2)
,

k
=

0,
..
.,
r.

T
h

is
re

su
lt

s
in

th
e

em
p

ir
ic

a
l

es
ti

m
a
to

r
in

D
e

B
ra

b
a
n
te

r
et

a
l.

(2
01

3
),

d
en

o
te

d
b
y
m̂
′ em

p
.

A
ss

u
m

in
g

th
e

re
gr

es
si

o
n

fu
n

ct
io

n
h

a
s

a
fi

n
it

e
th

ir
d

-o
rd

er
d

er
iv

at
iv

e
o
n

[0
,1

],
th

e
es

ti
m

a
ti

o
n

va
ri

an
ce

an
d

b
ia

s
ar

e
re

sp
ec

ti
ve

ly

va
r[
m̂
′ 2
(x
i+
r
/
2
)]

=
1
2n

2
σ

2

r(
r

+
1
)(
r

+
2)

a
n

d
b

ia
s[
m̂
′ 2
(x
i+
r
/
2
)]

=
r2

4
0n

2
m

(3
) (x

i+
r
/
2
)

+
o

(
r2 n

2

)
.

W
h

en
q

=
4

o
r
q

=
5
,

w
e

g
et

th
e

sa
m

e
se

q
u

en
ce

as

(d
k
) 1
,4

=
(d
k
) 1
,5

=
n
[ I

(r
/
2
)

6
(k
−

r 2
)
−
I

(r
/
2
)

4
(k
−

r 2
)3
]

I
(r
/
2
)

2
I

(r
/
2
)

6
−
I

(r
/
2
)

4

2
,

k
=

0,
..
.,
r.

T
h

is
re

su
lt

s
in

th
e

le
a
st

sq
u

a
re

s
es

ti
m

a
to

r
in

W
a
n

g
a
n

d
L

in
(2

0
15

),
d

en
ot

ed
b
y
m̂
′ ls

e
.

W
it

h
in

ou
r

fr
a
m

ew
or

k
,
it

is
cl

ea
r

th
a
t

th
e

le
as

t
sq

u
ar

es
es

ti
m

a
to

r
ca

n
b

e
re

g
a
rd

ed
a
s

a
b

ia
s-

re
d

u
ct

io
n

m
o
d

ifi
ca

ti
on

o
f

th
e

em
p

ir
ic

a
l

es
ti

m
a
to

r.

F
ig

u
re

1
p
re

se
n
ts

an
ex

am
p

le
of
m
′ q(
x
i)

w
it

h
d
iff

er
en

t
le

v
el

s
of

co
n
tr

ol
fo

r
th

e
es

ti
m

at
io

n

b
ia

s
(q

=
3
,5

an
d

7
).

W
e

fo
ll

ow
th

e
re

g
re

ss
io

n
fu

n
ct

io
n
m

(x
)

=
√
x

(1
−
x

)
·s

in
{2
.1
π
/(
x

+
0
.0

5)
}

fo
r

m
o
d

el
(1

)
fr

o
m

D
e

B
ra

b
a
n
te

r
et

a
l.

(2
0
13

)
an

d
W

a
n

g
a
n

d
L

in
(2

01
5)

.
F

iv
e

h
u

n
d

re
d

d
es

ig
n

p
oi

n
ts

ar
e

eq
u

id
is

ta
n
t

o
n

[0
.2

5,
1]

a
n

d
th

e
ra

n
d

o
m

er
ro

rs
a
re

g
en

er
a
te

d
fr

om
a

G
au

ss
ia

n
d

is
tr

ib
u

ti
o
n

,
N

(0
,0
.1

2
).

S
eq

u
en

ce
o
rd

er
s

a
re

ch
o
se

n
a
s
{5

0
,1

0
0
}.

W
e

ob
se

rv
e

th
at

th
e

es
ti

m
a
ti

on
cu

rv
es

ar
e

sm
o
o
th

er
fo

r
sm

a
ll

er
q,

an
d

th
e

b
ia

s
in

os
ci

ll
at

in
g

a
re

as
d

ec
re

as
es

si
gn

ifi
ca

n
tl

y
fo

r
la

rg
er
q.

T
h

es
e

re
su

lt
s

a
re

co
n

si
st

en
t

w
it

h
o
u

r
th

eo
re

ti
ca

l
re

su
lt

s.
W

it
h

va
ri

ou
s

le
ve

ls
o
f

b
ia

s
co

n
tr

o
l,

w
e

m
ay

a
ch

ie
ve

a
b

et
te

r
co

m
p

ro
m

is
e

in
th

e
tr

ad
e-

o
ff

b
et

w
ee

n
th

e
es

ti
m

at
io

n
va

ri
a
n

ce
a
n

d
b

ia
s.

2
.3

B
e
h

a
v
io

r
o
n

th
e

b
o
u

n
d

a
ri

e
s

If
w

e
u

se
a

se
q
u

en
ce

w
it

h
o
rd

er
r,

th
en

th
e

b
o
u

n
d

ar
y

re
g
io

n
w

il
l
b

e
{x

i
:

1
≤
i
≤

[r
/2

]
or
n
−

[r
/2

]+
1
≤
i
≤
n
.}

.
W

it
h

in
o
u

r
fr

am
ew

o
rk

,
w

e
h

av
e

tw
o

ty
p

es
of

es
ti

m
a
to

rs
fo

r
es

ti
m

a
ti

n
g

d
er

iv
at

iv
es

fo
r

th
e

b
o
u

n
d

a
ry

ar
ea

.
O

n
e

ch
o
ic

e
is

to
u

se
a

se
q
u

en
ce

w
it

h
sm

a
ll

er
or

d
er

,
so

th
a
t

w
e

ca
n

st
il

l
u

se
th

e
sy

m
m

et
ri

c
es

ti
m

a
to

r
a
s

su
gg

es
te

d
fo

r
th

e
in

te
ri

or
p

oi
n
ts

.
T

h
is

so
lu

ti
on

is
al

so
su

gg
es

te
d

b
y

b
ot

h
D

e
B

ra
b

a
n
te

r
et

a
l.

(2
01

3)
a
n

d
W

a
n

g
a
n

d
L

in
(2

01
5
).

T
h

e
o
th

er
is

to
h

ol
d

th
e

se
q
u

en
ce

o
rd

er
w

h
il

e
u

si
n

g
a
n

a
sy

m
m

et
ri

c
fo

rm
o
f

th
e

es
ti

m
at

o
r

in
st

ea
d

.
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O
p
t
im

a
l

E
st

im
a
t
io

n
o
f

D
e
r
iv

a
t
iv

e
s

in
N

o
n
pa

r
a
m

e
t
r
ic

R
e
g

r
e
ssio

n

0
.4

0
.6

0
.8

1
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r
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5
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0
.4

0
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0
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1
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r
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1
0
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F
ig

u
re

1
:

F
irst-o

rd
er

d
eriva

tive
estim

a
tes

w
ith

d
iff

eren
t

levels
o
f

b
ia

s
red

u
ction

.
R

ed
lin

es
(d

o
tted

):
q

=
3;

green
lin

es
(lon

g
d

ash
):
q

=
5
;

b
lu

e
lin

es
(d

o
t

d
ash

):
q

=
7

a
n

d
b

la
ck

lin
es

(so
lid

):
th

e
tru

e
fi

rst-o
rd

er
d

eriva
tiv

e.

F
o
r

th
e

sy
m

m
etric

estim
a
to

r,
w

e
ca

n
ch

o
o
se

a
n

even
-o

rd
er

t
sa

tisfy
in

g
1
≤

t/
2
≤

m
in

(i−
1
,n
−
i,[r/2

]).
B

y
T

h
eo

rem
1
,

w
e

h
ave

va
r[m̂
′q (x

i )]
=
O

(
n

2

t 3 )
a
n

d
b

ia
s[m̂
′q (x

i )]
=
O

(
t q−

1

n
q−

1 )
,

for
2
≤
i≤

[r/2
]

or
n
−

[r/2]
+

1
≤
i≤

n
−

1
.

T
h

e
clo

ser
x
i

lo
ca

tes
to

th
e

en
d

p
oin

ts,
th

e
sm

a
ller

th
e

la
rg

est
ord

er
o
f

th
e

ch
osen

seq
u

en
ce,

w
h

ich
m

ea
n

s
th

a
t

th
e

in
fo

rm
a
tio

n
w

e
ca

n
in

co
rp

orate
in

to
th

e
estim

ator
b

eco
m

es
very

lim
ited

.
A

s
a

co
n

seq
u

en
ce,

th
e

estim
a
tion

varian
ce

w
ill

even
tu

a
lly

rea
ch

an
o
rd

er
of
O

(n
2),

w
h

ich
is

ra
th

er
n

oisy.
T

h
e

a
sy

m
m

etric
estim

ator
d

o
es

n
o
t

req
u

ire
th

e
estim

a
ted

p
o
in

t
to

b
e

lo
ca

ted
a
t

th
e

m
id

d
le

of
th

e
in

terval.
W

e
ca

n
still

u
se

a
rela

tively
la

rg
e

seq
u

en
ce

o
rd

er
to

in
clu

d
e

a
s

m
u

ch
in

fo
rm

a
tion

as
in

clu
d

ed
in

th
e

in
terio

r
p

oin
ts.

T
h

e
th

eo
retica

l
resu

lts
w

ere
p

rov
id

ed
in

T
h

eorem
1:

va
r[m̂
′q (x

i )]
=
O

(
n

2

r
3 )

a
n

d
b

ia
s[m̂
′q (x

i )]
=
O

(
r
q−

1

n
q−

1 )
.

W
ith

a
p

ro
p

er
ch

oice
o
f
r,

w
e

can
still

g
et

a
co

n
sisten

t
estim

a
te

fo
r

th
e

d
erivatives

a
t

th
e

b
o
u

n
d

a
ry

region
.

A
n

oth
er

ad
van

ta
ge

of
th

is
a
sy

m
m

etric
fo

rm
is

th
at

it
is

a
p

p
lica

b
le

to
all

th
e

b
o
u

n
d

ary
p

o
in

ts
in

clu
d

in
g
x

1
an

d
x
n
,

w
h

ich
can

n
ever

b
e

h
an

d
led

b
y

th
e

sy
m

m
etric-

fo
rm

estim
ators.

It
is

n
o
tew

o
rth

y
th

a
t

W
a
n

g
an

d
L

in
(20

15
)

a
lso

p
ro

p
o
sed

left-sid
e

an
d

rig
h
t-sid

e
w

eig
h
ted

least
sq

u
a
res

estim
a
to

rs
fo

r
th

e
b

ou
n

d
a
ry

p
o
in

ts.
T

h
eir

estim
a
to

rs
are,

h
ow

ever,
tw

o
sp

ecial
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D
a
i,

T
o
n
g

a
n
d

G
e
n
t
o
n

cases
o
f

ou
r

asy
m

m
etric

estim
ator

w
ith

q
=

2
an

d
l

=
0

(rig
h
t-sid

e)
or
l

=
r

(left-sid
e).

T
h

e
estim

ation
b

ias
fo

r
m̂
′2 (x

i+
l )

is

b
ias[m̂

′2 (x
i+
l )]

=
r−

2l

2n
m
′′(x

i+
l )

+
o (

rn )
.

T
o

m
in

im
ize

th
e

estim
ation

b
ias

on
th

ese
b

ou
n

d
ary

p
oin

ts,
w

e
recom

m
en

d
th

e
follow

in
g

criterion
:

m̂
′2 (x

i )
=

{
D
Y

1
1
≤
i≤

[r/2],
D
Y
n−

r
n
−

[r/2]+
1
≤
i≤

n
.

T
h

en
,

th
e

sm
allest

ab
solu

te
estim

ation
b

ias
can

b
e

sim
p
ly

d
erived

as

|E
[m̂
′2 (x

i )]−
m
′(x

i )|
=
r−

2m
in

(i−
1
,n
−
i)

2n
|m
′′(x

i )|+
o (

rn )
.

In
su

m
m

ary,
th

e
asy

m
m

etric
estim

ator
gen

erates
a

sm
aller

varian
ce,

w
h

ile
its

estim
ation

b
ias

is
of

a
h

igh
er

ord
er.

C
on

seq
u

en
tly,

th
e

seq
u

en
ce

ord
er

sh
ou

ld
b

e
selected

to
ach

ieve
th

e
b

est
trad

e-off
b

etw
een

th
e

estim
ation

varian
ce

a
n

d
b

ias.
In

v
iew

of
th

is,
w

e
reco

m
m

en
d

u
sin

g
th

e
asy

m
m

etric
estim

ator
w

h
en

th
e

regression
fu

n
ction

is
fl

at
at

th
e

b
ou

n
d

ary
region

or
w

h
en

σ
2

is
larg

e;
oth

erw
ise,

th
e

sy
m

m
etric

form
sh

o
u

ld
b

e
em

p
loyed

.

3
.
H
ig
h
e
r-o

rd
e
r
d
e
riv

a
tiv

e
e
stim

a
tio

n

In
th

is
section

,
w

e
ex

ten
d

ou
r

m
eth

o
d

an
d

p
rop

ose
h

igh
er-o

rd
er

d
erivative

estim
ators

for
m

o
d

el
(1).

W
e

fu
rth

er
d

em
on

strate
th

at
th

e
n

ew
estim

ators
p

ossess
th

e
op

tim
al

estim
ation

va
rian

ce,
w

h
ich

is
n

ot
ach

ieved
b
y

th
e

tw
o

aforem
en

tion
ed

m
eth

o
d

s
(D

e
B

rab
a
n
ter

et
al.,

20
1
3;

W
a
n

g
an

d
L

in
,

2015).
O

u
r

n
ew

estim
ators

also
ach

ieve
th

e
o
p

tim
al

co
n
vergen

ce
rate

for
M

S
E

.

3
.1

T
h

e
o
re

tic
a
l

re
su

lts

T
o

d
efi

n
e

an
estim

ator
for

m
(p

)(x
i+
l )

w
ith

a
b

ias-red
u

ction
level

u
p

to
m

(q
)(x

i+
l ),

w
e

con
-

stru
ct

th
e

n
ew

con
d

ition
s

on
th

e
co

effi
cien

ts
as

C
p
,l

=
1

an
d
C
j,l

=
0,

0
≤
j6=

p
≤
q−

1.
(4)

T
h

en
,

th
e

o
p

tim
a
l

seq
u

en
ce

can
b

e
d

erived
as

th
e

solu
tion

(s)
of

th
e

follow
in

g
o
p

tim
iza

tion
p

rob
lem

:

(d
0 ,...,d

r )
p
,q

=
argm

in
(d

0
,...,d

r
)∈

R
r
+
1

r
∑k

=
0

d
2k ,

s.t.
con

d
ition

(4
)

h
old

s.

W
e

p
resen

t
th

e
resu

lt
for

(d
0 ,...,d

r )
p
,q

in
th

e
follow

in
g

p
rop

osition
.

P
ro

p
o
sitio

n
2

A
ssu

m
e

th
a
t

m
od

el
(1

)
h
o

ld
s

w
ith

equ
id

ista
n

t
d
esign

a
n

d
m

(x
)

h
a
s

a
fi

n
ite

qth
-o

rd
er

d
eriva

tive
o
n

[0,1].
F

o
r

1
≤
i
≤
n
−
r

a
n

d
0
≤
l
≤
r,

th
e

u
n

iqu
e

va
ria

n
ce

m
in

im
izin

g
sequ

en
ce

is

(d
k )
p
,q

=
p
!n
p
q−

1
∑j=

0

V
(l)

(j+
1
,p

+
1
) (k−

l)
j,

k
=

0,...,r,
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O
p
t
im

a
l

E
st

im
a
t
io

n
o
f

D
e
r
iv

a
t
iv

e
s

in
N

o
n
pa

r
a
m

e
t
r
ic

R
e
g

r
e
ss

io
n

fo
r

es
ti

m
a
ti

n
g
m

(p
) (
x
i+
l)

w
it

h
a
n

o
rd

er
o
f

a
cc

u
ra

cy
u

p
to
m

(q
) (
x
i+
l)

,
q
≥
p

+
1
.

P
ro

o
f:

se
e

A
p
pe

n
d
ix

C
.

T
o

ex
te

n
d

th
e

re
su

lt
to

eq
u

id
is

ta
n
t

d
es

ig
n

s
on

an
ar

b
it

ra
ry

in
te

rv
a
l,

[a
,b

]
⊂

R
,

w
e

ca
n

si
m

p
ly

u
se

(d
k
) p
,q
/
(b
−
a
)p

in
st

ea
d

.
W

e
tr

ea
t

th
e
D
Y
i

b
u

il
t

on
(d

0
,.
..
,d
r
) p
,q

a
s

th
e

es
ti

m
at

or
fo

r
th

e
p
th

-o
rd

er
d

er
iv

at
iv

e
w

it
h

a
b

ia
s-

re
d

u
ct

io
n

le
v
el

u
p

to
m

(q
) (
x
i+
l)

,
d

en
o
te

d

as
m̂

(p
)

q
(x
i+
l)

.

T
h

e
o
re

m
2

A
ss

u
m

e
th

a
t

m
od

el
(1

)
h
o
ld

s
w

it
h

eq
u

id
is

ta
n

t
d
es

ig
n

,
m

(x
)

h
a
s

a
fi

n
it

e
qt

h
-

o
rd

er
d
er

iv
a
ti

ve
o
n

[0
,1

]
a
n

d
r

=
o(
n

),
r
→
∞

.
F

o
r

1
≤
i
≤
n
−
r

a
n

d
0
≤
l
≤
r,

w
e

h
a
ve

va
r[
m̂

(p
)

q
(x
i+
l)

]
=

(p
!)

2
n

2
p
V

(l
)

(p
+

1
,p

+
1
)σ

2
=
O

(
n

2
p

r2
p
+

1

)
,

b
ia

s[
m̂

(p
)

q
(x
i+
l)

]
=

p
!

q!
n
q
−
p

q
−

1
∑ j=

0

V
(l

)
(j

+
1
,p

+
1
)I

(l
)

j+
q
m

(q
) (x

i+
l)

+
o

(
rq
−
p

n
q
−
p

)
.

P
ro

o
f:

se
e

A
p
pe

n
d
ix

D
.

F
or

a
fi

x
ed

p
an

d
an

in
cr

ea
si

n
g
q,

w
e

ca
n

re
d

u
ce

th
e

es
ti

m
at

io
n

b
ia

s
to

a
lo

w
er

or
d

er
w

h
il

e
ke

ep
in

g
th

e
or

d
er

of
va

ri
an

ce
u

n
ch

an
ge

d
.

W
h

en
ev

er
w

e
k
ee

p
th

e
d

iff
er

en
ce

b
et

w
ee

n
q

an
d
p

co
n

st
an

t,
th

e
co

n
ve

rg
en

ce
ra

te
of

th
e

b
ia

s
is

p
re

se
rv

ed
fo

r
d

iff
er

en
t
p
.

W
h

en
r

is
an

ev
en

n
u

m
b

er
an

d
l

=
r/

2,
w

e
ca

n
d

er
iv

e
th

at
(d
k
) p
,q

=
(−

1)
p
(d
n
−
k
) p
,q

.
C

o
n

se
q
u

en
tl

y
in

th
is

ca
se

,
th

e
op

ti
m

al
se

q
u

en
ce

re
m

ai
n

s
th

e
sa

m
e

w
h
en

w
e

in
cr

ea
se
q

fr
o
m
p

+
2
ν
−

1
to

p
+

2ν
,
ν

=
1,

2
,.
..

,
w

h
ic

h
m

ea
n

s
m̂

(p
)

p
+

2
ν
−

1
(x
i+
r
/
2
)

=
m̂

(p
)

p
+

2
ν
(x
i+
r
/
2
).

H
en

ce
,

fo
r

th
is

k
in

d
of

es
ti

m
at

or
,

th
e

sy
m

m
et

ri
c

fo
rm

is
al

so
th

e
m

os
t

fa
v
or

ab
le

ch
oi

ce
fo

r
th

e
in

te
ri

o
r

p
o
in

ts
.

T
h

e
op

ti
m

al
M

S
E

of
ou

r
es

ti
m

at
or

is
of

or
d

er
O

(n
−

2
(q
−
p
)/

(2
q
+

1
) )

,
w

h
ic

h
a
ch

ie
ve

s
th

e
as

y
m

p
to

ti
ca

ll
y

op
ti

m
al

ra
te

es
ta

b
li

sh
ed

b
y

S
to

n
e

(1
98

0)
.

F
or

co
m

p
ar

is
on

,
w

e
n

o
te

th
a
t

th
e

op
ti

m
al

M
S

E
of

th
e

em
p

ir
ic

al
es

ti
m

at
or

in
D

e
B

ra
b

an
te

r
et

al
.

(2
0
1
3
)

is
o
f

o
rd

er
O

(n
−

4
/
(2
p
+

5
) )

,
th

at
is

,
th

ei
r

es
ti

m
at

or
is

of
th

e
op

ti
m

al
or

d
er

on
ly

w
h

en
q

=
p

+
2.

W
h

il
e

fo
r

th
e

le
as

t
sq

u
ar

es
es

ti
m

at
or

in
W

an
g

an
d

L
in

(2
01

5)
,

th
ey

p
ro

v
id

ed
a
sy

m
p

to
ti

c
re

su
lt

s
on

ly
fo

r
th

e
fi
rs

t-
an

d
se

co
n

d
-o

rd
er

d
er

iv
at

iv
e

es
ti

m
at

or
.

T
h

ei
r

op
ti

m
al

M
S

E
is

o
f

or
d

er
O

(n
−

8
/
1
1
)

fo
r
p

=
1

an
d
O

(n
−

8
/
1
3
)

fo
r
p

=
2,

w
h

ic
h

co
rr

es
p

on
d

s
w

it
h

tw
o

sp
ec

ia
l

ca
se

s,
i.

e.
,

w
h

en
(p
,q

)
=

(1
,5

)
or

(2
,6

).
F

ro
m

th
is

p
o
in

t
of

v
ie

w
,

ou
r

m
et

h
o
d

h
as

g
re

at
ly

im
p

ro
v
ed

th
e

li
te

ra
tu

re
in

d
er

iv
at

iv
e

es
ti

m
at

io
n

an
d

it
ac

h
ie

ve
s

th
e

op
ti

m
al

ra
te

of
M

S
E

fo
r

a
n
y

(p
,q

)
fr

om
T

h
eo

re
m

2.
A

s
m

en
ti

on
ed

at
th

e
b

eg
in

n
in

g
of

th
is

se
ct

io
n

,
th

e
n

ew
ly

d
efi

n
ed

es
ti

m
a
to

r
is

op
ti

m
a
l

fo
r

th
e

es
ti

m
at

io
n

va
ri

an
ce

,
w

h
ic

h
is

su
p

er
io

r
to

ex
is

ti
n

g
es

ti
m

at
or

s.
In

w
h

at
fo

ll
ow

s,
w

e
il

lu
st

ra
te

th
is

ad
va

n
ta

ge
in

d
et

ai
l

w
it

h
th

e
se

co
n

d
-o

rd
er

d
er

iv
at

iv
e

es
ti

m
a
to

r,
w

h
ic

h
is

u
su

al
ly

of
gr

ea
te

st
in

te
re

st
af

te
r

th
e

fi
rs

t-
or

d
er

d
er

iv
at

iv
e

in
p

ra
ct

ic
e.

A
si

m
il

a
r

a
n

a
ly

si
s

ca
n

b
e

m
ad

e
fo

r
ot

h
er

h
ig

h
er

-o
rd

er
d

er
iv

at
iv

e
es

ti
m

at
or

s.
F

or
th

e
es

ti
m

a
to

r
w

it
h

o
u

t
b

ia
s-

co
n
tr

ol
,

e.
g.
m̂
′′ 4
,

w
e

d
er

iv
e

th
e

fo
ll

ow
in

g
re

su
lt

s:

va
r[
m̂
′′ 4
(x
i+
r
/
2
)]

=
4
n

4
σ

2
I

(r
/
2
)

0

I
(r
/
2
)

0
I

(r
/
2
)

4
−
I

(r
/
2
)

2

2
,

b
ia

s[
m̂
′′ 4
(x
i+
r
/
2
)]

=
r2

14
n

2
m

(4
) (x

i+
r
/
2
)

+
o

(
r2 n

2

)
.

9
JM

L
R

 1
7(

16
4)

:1
-2

5

D
a
i,

T
o
n
g

a
n
d

G
e
n
t
o
n

5
0

1
0
0

1
5
0

2
0
0

1.51.61.71.81.92.0

r

Ratio

(a
)

5
0

1
0
0

1
5
0

2
0
0

1.001.051.101.15

r

Ratio

(b
)

F
ig

u
re

2:
T

h
e

ra
ti

o
of

es
ti

m
a
ti

o
n

va
ri

a
n

ce
is

p
lo

tt
ed

ag
ai

n
st

th
e

se
q
u

en
ce

o
rd

er
,
r.

S
et

-
ti

n
g:

n
=

5
0
0

a
n

d
r

is
ch

o
se

n
as

a
n

ev
en

in
te

g
er

ra
n

g
in

g
fr

om
2
0

to
2
00

.
(a

),
va

r(
m̂
′′ em

p
)/

va
r(
m̂
′′ 4
);

(b
),

va
r(
m̂
′′ ls

e
)/

va
r(
m̂
′′ 6
).

T
h

e
co

rr
es

p
on

d
in

g
m

et
h

o
d

is
m̂
′′ em

p
in

D
e

B
ra

b
a
n
te

r
et

a
l.

(2
0
1
3)

w
it

h
re

g
ar

d
to

th
e

a
cc

u
ra

te
le

ve
l.

In
st

ea
d

of
m

in
im

iz
in

g
th

e
es

ti
m

at
io

n
va

ri
a
n

ce
,

th
ey

in
tu

it
iv

el
y

ch
o
os

e
th

e
w

ei
g
h
t

se
q
u

en
ce

s
fo

r
h

ig
h

er
-o

rd
er

d
er

iv
a
ti

ve
es

ti
m

at
o
rs

,
w

h
ic

h
m

a
ke

s
it

q
u

it
e

d
iffi

cu
lt

to
d

er
iv

e
an

a
ly

ti
ca

l
as

y
m

p
to

ti
c

re
su

lt
s.

H
en

ce
,

w
e

m
a
ke

a
fi

n
it

e
sa

m
p

le
co

m
p

ar
is

on
of

th
e

va
ri

a
n

ce
of

th
e

tw
o

es
ti

m
at

o
rs

.
W

e
se

t
n

=
5
0
0

a
n

d
ca

lc
u

la
te

th
e

co
rr

es
p

o
n

d
in

g
se

q
u

en
ce

s
fo

r
m̂
′′ 4

w
it

h
an

ev
en

or
d

er
r

ra
n

g
in

g
fr

om
2
0

to
2
0
0

a
n

d
l

=
r/

2
.

F
or
m̂
′′ em

p
,

w
e

ch
o
o
se

(k
1
,k

2
),

w
h

ic
h

ac
h

ie
v
es

th
e

sm
a
ll

es
t

es
ti

m
at

io
n

va
ri

an
ce

fr
o
m
{(
k

1
,k

2
)

:
k

1
≤
k

2
,
k

1
+
k

2
=
r/

2}
.

W
e

d
o

n
ot

n
ee

d
a

sp
ec

ifi
ed

fo
rm

of
th

e
re

g
re

ss
io

n
fu

n
ct

io
n

,
si

n
ce

it
is

n
o
t

re
la

te
d

w
it

h
th

e
es

ti
m

a
ti

on
va

ri
an

ce
.

W
e

il
lu

st
ra

te
th

e
ra

ti
o
,

va
r(
m̂
′′ em

p
)/

va
r(
m̂
′′ 4
),

in
th

e
le

ft
p

a
n

el
o
f

F
ig

u
re

2.
O

b
v
io

u
sl

y,
th

e
n

ew
es

ti
m

a
to

r
im

p
ro

v
es

th
e

es
ti

m
a
ti

o
n

va
ri

an
ce

si
g
n

ifi
ca

n
tl

y,
w

h
ic

h
re

su
lt

s
in

a
sm

al
le

r
M

S
E

fo
r

sm
o
o
th

re
g
re

ss
io

n
fu

n
ct

io
n

s.

A
si

m
il

ar
co

m
p

a
ri

so
n

is
ca

rr
ie

d
o
u

t
b

et
w

ee
n
m̂
′′ ls

e
a
n

d
m̂
′′ 6

u
n

d
er

th
e

sa
m

e
se

tt
in

gs
,

an
d

th
e

ra
ti

o
of

va
r(
m̂
′′ ls

e
)/

va
r(
m̂
′′ 6
)

is
p

re
se

n
te

d
in

th
e

ri
g
h
t

p
a
n

el
of

F
ig

u
re

2
.

W
a
n

g
an

d
L

in
(2

01
5
)

b
u

il
t

a
li

n
ea

r
m

o
d

el
w

it
h

co
rr

el
a
te

d
re

g
re

ss
o
rs

b
u

t
em

p
lo

ye
d

th
e

w
ei

gh
te

d
le

a
st

sq
u

ar
es

re
g
re

ss
io

n
,

ra
th

er
th

an
th

e
g
en

er
al

iz
ed

le
as

t
sq

u
ar

es
te

ch
n

iq
u
e,

to
d

er
iv

e
th

e
es

ti
m

at
or

.
It

ca
n

b
e

sh
ow

n
th

a
t

ou
r

m
et

h
o
d

is
eq

u
iv

al
en

t
w

it
h

th
e

g
en

er
a
li

ze
d

le
a
st

sq
u

a
re

s
es

ti
m

at
or

fo
r

th
ei

r
m

o
d

el
.

A
s

ex
p

ec
te

d
,
w

e
fi

n
d

th
at

ou
r

p
ro

p
os

ed
es

ti
m

a
to

r
p

er
fo

rm
s

sl
ig

h
t-

ly
b

et
te

r
in

te
rm

s
o
f

th
e

fi
n

it
e

sa
m

p
le

th
a
n

th
e

le
a
st

sq
u

ar
es

es
ti

m
at

o
r.

In
ad

d
it

io
n

th
ei

r
as

y
m

p
to

ti
c

va
ri

a
n

ce
s

a
n

d
b

ia
se

s
a
re

eq
u

iv
a
le

n
t

fo
r

th
e

fi
rs

t-
o
rd

er
te

rm
.

F
or

th
e

b
o
u

n
d

a
ry

p
oi

n
ts

,
ou

r
se

co
n
d

-o
rd

er
es

ti
m

at
or

a
ls

o
m

ai
n
ta

in
s

th
e

sa
m

e
a
d

va
n
ta

g
es

ov
er

th
e

ex
is

ti
n

g
es

ti
m

at
or

s
as

d
is

cu
ss

ed
in

S
ec

ti
on

2.
2

fo
r

th
e

fi
rs

t-
o
rd

er
es

ti
m

at
o
rs

.
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O
p
t
im

a
l

E
st

im
a
t
io

n
o
f

D
e
r
iv

a
t
iv

e
s

in
N

o
n
pa

r
a
m

e
t
r
ic

R
e
g

r
e
ssio

n

3
.2

T
u

n
in

g
p

a
ra

m
e
te

r
se

le
c
tio

n

A
s

sh
ow

n
in

F
igu

re
1,

th
e

ord
er,

r,
an

d
th

e
b

ia
s-red

u
ction

lev
el,

q,
a
re

b
o
th

critica
l

to
th

e
p

ro
p

o
sed

estim
a
to

rs.
F

or
p

ra
ctica

l
im

p
lem

en
ta

tio
n

,
(r,q)

sh
o
u

ld
b

e
ch

o
sen

to
a
ch

ieve
a

b
etter

tra
d

e-off
b

etw
een

th
e

estim
a
tio

n
va

ria
n

ce
a
n

d
b

ia
s.

B
y

T
h

eorem
2
,

th
e

ap
p

rox
im

a
ted

M
S

E
o
f
m̂

(p
)

q
(x
i+
l )

is

M
S

E
[m̂

(p
)

q
(x
i+
l )]'

(p
!)

2n
2
pV

(l)
(p

+
1
,p

+
1
) σ

2
+


p
!

q!n
q−
p

q−
1

∑j=
0

V
(l)

(j+
1
,p

+
1
) I

(l)
j+
q m

(q
)(x

i+
l ) 

2

.

W
e

d
efi

n
e

th
e

avera
g
ed

m
ea

n
sq

u
a
red

error
(A

M
S

E
)

a
s

a
m

ea
su

re
o
f

th
e

g
o
o
d

n
ess

of
fi

t
for

a
ll

th
e

d
esign

p
o
in

ts,

A
M

S
E

(m̂
(p

)
q

)
=

1n

n
∑i=

1

M
S

E
[m̂

(p
)

q
(x
i )].

A
u

n
ifo

rm
seq

u
en

ce
is

p
referred

for
th

e
estim

a
te

a
t

m
o
st

p
o
in

ts
(a

ll
th

e
in

terio
r

p
o
in

ts
for

ex
a
m

p
le)

ov
er

d
iff

eren
t

seq
u

en
ces

fo
r

ea
ch

d
esig

n
p

o
in

t.
H

en
ce,

w
e

ca
n

ch
o
o
se

th
e

p
ara

m
eters

(r,q)
m

in
im

izin
g

th
e

A
M

S
E

.
T

o
a
ch

ieve
th

is,
w

e
rep

lace
th

e
u

n
k
n
ow

n
q
u

a
n
tities,

σ
2

a
n

d
m

(q
)(x

i+
l ),

w
ith

th
eir

con
sisten

t
estim

ates.
T

h
e

error
va

ria
n

ce
ca

n
b

e
estim

a
ted

b
y

th
e

m
eth

o
d

in
T

on
g

a
n

d
W

an
g

(2
0
05

)
a
n

d
T

o
n

g
et

al.
(2

01
3
)

a
n

d
m

(q
)(x

i )
ca

n
b

e
estim

a
ted

b
y

th
e

lo
ca

l
p

o
ly

n
o
m

ia
l

reg
ression

o
f

o
rd

er
q

+
2
.

F
o
r

th
e

h
ig

h
-o

rd
er

d
eriva

tives
a
t

th
e

b
ou

n
d

ary
p

o
in

ts,
w

e
reco

m
m

en
d

rep
la

cin
g

th
e

A
M

S
E

for
a
ll

th
e

p
o
in

ts
w

ith
th

e
fo

llow
in

g
ad

ju
sted

form
:

A
M

S
E

a
d

j (m̂
(p

)
q

)
=

1

n
−
r

n−
r
/
2

∑

i=
1
+
r
/
2

M
S

E
[m̂

(p
)

q
(x
i )]'

B
1 σ

2
+

B
2

n
−
r

n−
r
/
2

∑

i=
1
+
r
/
2 [m

(q
)(x

i )] 2,
(5)

w
h

ere
B

1
=

(p
!)

2n
2
pV

(r
/
2
)

(p
+

1
,p

+
1
)

an
d
B

2
=
[

p
!

q
!n
q−
p ∑

q−
1

j=
0
V

(r
/
2
)

(j+
1
,p

+
1
) I

(r
/
2
)

j+
q

]
2.

G
iven

a
ll

th
e

p
ara

m
eters

fo
r

a
sp

ecifi
c

p
ro

b
lem

,
B

1
a
n

d
B

2
a
re

availa
b

le
q
u
a
n
tities.

T
h

e
a
d

ju
sted

A
M

S
E

in
clu

d
es

o
n

ly
d

eriva
tives

a
t

th
e

in
terio

r
p

o
in

ts
th

a
t

sh
a
re

th
e

id
en

tica
l

d
iff

eren
ce

seq
u

en
ce

fo
r

a
n

even
r

an
d
l

=
r/2

.
A

n
o
th

er
ad

van
ta

ge
is

th
a
t

w
e

on
ly

n
eed

V
(r
/
2
)

a
n

d
I

(r
/
2
)

j+
q

in
stea

d

of
V

(l)
a
n

d
I

(l)
j+
q

fo
r
l

=
0,...,r,

w
h

ich
g
rea

tly
red

u
ces

th
e

co
m

p
u

ta
tio

n
tim

e.
F

o
r

th
e

tu
n

in
g

p
ara

m
eter

sp
a
ce

o
f

th
e

seq
u

en
ce

ord
er,

w
e

reco
m

m
en

d
r∈

O
=
{
2i

:
1
≤

i≤
k

0 }
,

w
h

ere
k

0
<

[n
/
4],

to
k
eep

a
sy

m
m

etric
fo

rm
(l

=
r/2)

fo
r

th
e

in
terio

r
p

o
in

ts
an

d
to

m
a
ke

su
re

th
a
t

th
e

n
u

m
b

er
of

b
ou

n
d

a
ry

p
oin

ts
w

ill
b

e
less

th
a
n

th
a
t

o
f

th
e

in
terio

r
p

oin
ts.

F
or

th
e

b
ias-red

u
ctio

n
lev

el
of
m̂

(p
)

q
,

w
e

con
sid

er
q∈

Q
=
{
p

+
2ν

:
ν

=
1,2

,...,ν
0 }

,
w

h
ere

p
+

2ν
0

is
th

e
h

igh
est

level
ch

o
sen

b
y

u
sers.

O
n

ly
even

d
iff

eren
ces

a
re

co
n

sid
ered

fo
r
q−

p
,

sin
ce
m̂

(p
)

p
+

2
ν
0 −

1
=
m̂

(p
)

p
+

2
ν
0

w
h

en
w

e
u

se
th

e
reco

m
m

en
d

ed
sy

m
m

etric
form

.

4
.
S
im

u
la
tio

n
stu

d
y

In
th

is
section

,
w

e
con

d
u

ct
sim

u
la

tion
stu

d
ies

to
a
ssess

th
e

fi
n

ite
sa

m
p

le
p

erfo
rm

an
ce

o
f

th
e

p
ro

p
osed

estim
a
tors,

m̂
(p

)
q

,
a
n

d
m

a
ke

com
p

a
riso

n
s

w
ith

th
e

em
p

irica
l

estim
a
to

r,
m̂

(p
)

em
p ,
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D
a
i,

T
o
n
g

a
n
d

G
e
n
t
o
n

in
D

e
B

rab
an

ter
et

al.
(2013)

an
d

th
e

least
sq

u
ares

estim
ator,

m̂
(p

)
lse

,
in

W
a
n

g
an

d
L

in
(2

015
).

W
e

ap
p

ly
th

e
th

ree
m

eth
o
d
s

to
b

oth
in

terior
(In

t)
an

d
b

ou
n

d
ary

(B
d

)
areas,

w
h

ere
In

t
=
{
x
i

:
k

0
+

1
≤
i≤

n
−
k

0 }
an

d
B

d
=
{x

i
:

1
≤
i≤

k
0
or

n
−
k

0
+

1
≤
i≤

n}
.

T
h

rou
g
h

o
u

t
th

e
sim

u
lation

,
w

e
set

k
0

=
[n
/10],

w
h

ich
m

ean
s

th
at

w
e

treat
ten

p
ercen

t
of

th
e

d
esign

p
oin

ts
o
n

b
oth

sid
es

of
th

e
in

terval
as

b
ou

n
d

ary
p

oin
ts.

W
e

also
tried

som
e

oth
er

p
ro

p
o
rtion

s
an

d
th

e
resu

lts
w

ere
sim

ilar.
F

or
th

e
in

terior
p

art,
w

e
keep

th
e

sy
m

m
etric

form

for
m̂

(p
)

q
b
y

settin
g
r

as
an

even
n
u

m
b

er
an

d
l

=
r/2,

as
su

ggested
in

th
e

th
eoretical

resu
lts.

F
o
r

th
e

b
ou

n
d

ary
p

art,
w

e
ap

p
ly

th
e

follow
in

g
criterion

fo
r

th
e

p
ro

p
o
sed

estim
ators:

m̂
(p

)
q

(x
i )

=

{
D
Y

1
1
≤
i≤

[r/2],
D
Y
n−

r
n
−

[r/2]+
1
≤
i≤

n
.

T
h

e
m

o
d

ifi
ed

version
of
m̂

(p
)

em
p

in
D

e
B

rab
an

ter
et

al.
(2013

)
an

d
th

e
on

e-sid
e

w
eigh

ted
lea

st
sq

u
ares

estim
ators

in
W

an
g

an
d

L
in

(2015)
are

in
vestigated

fo
r

th
e

em
p

irical
an

d
lea

st
sq

u
ares

estim
ators,

resp
ectively

on
th

e
b

ou
n

d
ary

p
oin

ts.
W

e
con

sid
er

estim
ators

for
b

o
th

fi
rst-

an
d

secon
d

-ord
er

d
erivatives,

w
h

ich
are

of
m

ost
in

terest
in

p
ra

ctice.
S

im
ilar

to
D

e
B

rab
an

ter
et

a
l.

(2013)
an

d
W

an
g

an
d

L
in

(2015),
th

e
m

ean
ab

solu
te

error
(M

A
E

)
is

u
sed

as
a

m
ea

su
re

of
estim

ation
accu

racy.
It

is
d

efi
n

ed
as

fo
llow

s:

M
A

E
=

1

#
A
∑x
i ∈

A |m̂
(p

)(x
i )−

m
(p

)(x
i )|,

w
h

ere
A

=
In

t
or

B
d

an
d

#
A

d
en

o
tes

th
e

n
u

m
b

er
of

elem
en

ts
in

set
A

.

W
e

con
sid

er
th

e
follow

in
g

regression
fu

n
ction

,

m
(x

)
=

5
sin

(w
π
x

),

w
ith

ω
=

1,
2,

4
corresp

on
d

in
g

to
d

iff
eren

t
levels

of
oscilla

tion
s.

T
h

e
n

=
100

an
d

500
sam

p
le

sizes
are

in
vestigated

.
W

e
set

th
e

d
esign

p
oin

ts
as

x
i

=
i/n

an
d

gen
erate

th
e

ra
n

d
o
m

erro
rs,

ε
i ,

in
d

ep
en

d
en

tly
from

N
(0,σ

2).
F

or
each

regression
fu

n
ction

,
w

e
con

sid
er

σ
=

0.1
,

0
.5

a
n

d
2

to
cap

tu
re

th
e

sm
all,

m
o
d
erate

an
d

large
va

rian
ces,

resp
ectiv

ely.
In

total,
w

e
h

av
e

18
com

b
in

ation
s

of
sim

u
lation

settin
gs.

F
ollow

in
g

th
e

d
efi

n
ition

s
o
f

In
t

an
d

B
d

,
w

e
select

th
e

seq
u

en
ce

ord
er
r

from
O

=
{
2i

:
1
≤
i≤

k
0 }.

W
e

ch
o
o
se

th
e

b
ias-red

u
ction

level,
q,

from
Q

=
{
p

+
2,p

+
4,p

+
6}

,
w

ith
q

=
p

+
2

a
n
d
q

=
p

+
4

corresp
on

d
in

g
to

m̂
(p

)
em

p
a
n

d
m̂

(p
)

lse
,

resp
ectively,

an
d
q

=
p

+
6

as
an

even
h

ig
h

er
level.

W
e

d
en

ote
b
y
m̂

(p
)

o
p

t

th
e

estim
a
tor

w
ith

th
e

selected
tu

n
in

g
p

aram
eters.

F
or
m̂

(p
)

em
p

an
d
m̂

(p
)

lse
,

th
e

p
aram

eter
k

is
ch

o
sen

from
{i

:
1
≤
i≤

k
0 }

.
W

e
in

vestigate
tw

o
scen

arios
(for

th
e

tu
n

in
g

p
aram

eters
selectio

n
criterion

):
o
ra

cle
an

d
p
lu

g-in
(see

b
elow

).
F

or
ea

ch
ru

n
of

th
e

sim
u

lation
,

w
e

com
p

u
te

th
e

M
A

E
of

th
e

estim
ators

at
b

oth
In

t
an

d
B

d
an

d
rep

eat
th

e
p

ro
ced

u
re

10
00

tim
es

fo
r

each
settin

g.
T

h
e

sim
u

lation
resu

lts
for

w
=

2
are

rep
orted

as
b

ox
-p

lot
fi

gu
res.

O
th

er
resu

lts
are

p
rov

id
ed

in
th

e
su

p
p

lem
en

tary
m

aterials.

O
ra

c
le

p
a
ra

m
e
te

rs

O
racle

p
a
ram

eters
are

selected
b
y

assu
m

in
g

th
at

w
e

k
n

ow
th

e
tru

e
regression

(d
eriva-

tive)
fu

n
ction

,
th

e
p

u
rp

ose
of

w
h

ich
is

to
illu

strate
th

e
p

ossib
le

b
est

p
erform

an
ce

of
each

1
2
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O
p
t
im

a
l

E
st

im
a
t
io

n
o
f

D
e
r
iv

a
t
iv

e
s

in
N

o
n
pa

r
a
m

e
t
r
ic

R
e
g

r
e
ss

io
n

es
ti

m
at

or
.

S
p

ec
ifi

ca
ll

y
fo

r
m̂

(p
)

q
,

th
e

p
ai

r
of

tu
n

in
g

p
ar

am
et

er
s

is
ch

os
en

a
s

(r
,q

) o
p

t
=

ar
gm

in
r∈

O
,q
∈Q

( M
A

E
(m̂

(p
)

q
)) .

T
h

e
b

an
d

w
id

th
s

of
m̂

(p
)

em
p

an
d
m̂

(p
)

ls
e

ar
e

se
le

ct
ed

th
ro

u
gh

a
si

m
il

ar
p

ro
ce

d
u

re
.

F
or

th
e

fi
rs

t-
or

d
er

d
er

iv
at

iv
e,

w
e

in
ve

st
ig

at
e
m̂
′ o
p

t,
m̂
′ em

p
an

d
m̂
′ ls

e
an

d
re

p
o
rt

th
e

si
m

-
u

la
ti

on
re

su
lt

s
in

F
ig

u
re

3.
O

n
th

e
in

te
ri

or
p

oi
n
ts

,
m̂
′ o
p

t
al

w
ay

s
p

os
se

ss
es

th
e

sa
m

e
M

A
E

as
th

e
sm

al
le

r
on

e
of
m̂
′ em

p
an

d
m̂
′ ls

e
,

d
u

e
to

th
e

fa
ct

th
at
m̂
′ em

p
an

d
m̂
′ ls

e
a
re

tw
o

sp
ec

ia
l

ca
se

s
of
m̂
′ q

in
th

is
ar

ea
.

O
n

th
e

b
ou

n
d

ar
y

p
oi

n
ts

,
m̂
′ o
p

t
is

u
n

if
or

m
ly

b
et

te
r

th
a
n

th
e

o
th

er
tw

o
m

et
h

o
d
s.

T
o

fu
rt

h
er

ex
p

lo
re

th
e

re
as

on
fo

r
th

e
b

ou
n

d
ar

y
b

eh
av

io
r,

w
e

u
se

an
ex

a
m

p
le

fr
om

D
e

B
ra

b
an

te
r

et
al

.
(2

01
3)

an
d

W
an

g
an

d
L

in
(2

01
5)

.
T

h
e

fi
tt

ed
re

su
lt

s
fo

r
th

e
th

re
e

es
ti

m
at

or
s

ar
e

il
lu

st
ra

te
d

in
F

ig
u

re
4,

w
h

er
e

th
e

re
d

p
oi

n
ts

re
p

re
se

n
t

th
e

b
o
u

n
d

ar
y

p
ar

ts
.

T
h

e
em

p
ir

ic
al

es
ti

m
at

or
su

ff
er

s
a

lo
t

fr
o
m

th
e

in
cr

ea
si

n
g

va
ri

an
ce

w
h

en
th

e
es

ti
m

a
te

d
p

o
in

ts
ge

t
cl

os
e

to
th

e
en

d
p

oi
n
ts

of
th

e
in

te
rv

al
.

T
h

e
le

as
t

sq
u

ar
es

es
ti

m
at

or
si

m
p

ly
es

ti
m

a
te

s
th

e
b

ou
n

d
ar

y
p

ar
ts

b
y

sh
if

ti
n

g
th

e
es

ti
m

at
es

of
th

e
in

te
ri

or
p

oi
n
ts

n
ea

rb
y,

w
h

ic
h

re
su

lt
s

in
v
er

y
se

ri
ou

s
es

ti
m

at
io

n
b

ia
s.

O
u

r
es

ti
m

at
or

fi
ts

th
e

b
ou

n
d

ar
y

p
oi

n
ts

ve
ry

w
el

l,
re

su
lt

in
g

fr
o
m

th
e

fl
ex

ib
il

it
y
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d
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N
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Figure
1:

D
ifferentinterfaces

fora
task

thatrequires
the

w
orkerto

answ
erthe

question
“Is

this
the

G
olden

G
ate

B
ridge?”:(a)the

conventionalinterface;(b)w
ith

an
option

to
skip;(c)w

ith
m

ultiple
confidence

levels.

outregard
to

the
question

being
asked,in

the
hope

of
earning

som
e

free
m

oney,and
are

know
n

to
existin

large
num

bers
on

crow
dsourcing

platform
s

(W
ais

etal.,2010;B
ohannon,2011;K

azaietal.,
2011;V

uurens
etal.,2011).

T
he

presence
ofspam

m
ers

can
significantly

affectthe
perform

ance
of

any
m

achine
learning

algorithm
thatistrained

on
thisdata.Itisthusofinterestto

deterspam
m

ersby
paying

them
as

low
as

possible.A
n

intuitive
objective,to

this
end,is

to
ensure

a
m

inim
um

possible
paym

entto
spam

m
ers

w
ho

answ
er

random
ly.

For
instance,in

a
task

w
ith

binary-choice
questions,

a
spam

m
er

is
expected

to
have

half
of

the
attem

pted
answ

ers
incorrect;

one
m

ay
thus

w
ish

to
set

the
paym

entto
its

m
inim

um
possible

value
if

half
or

m
ore

of
the

attem
pted

answ
ers

are
w

rong.
In

this
paper,how

ever,w
e

im
pose

strictly
and

significantly
w

eaker
requirem

ent,and
then

show
that

there
is

one
and

only
one

incentive-com
patible

m
echanism

thatcan
satisfy

this
w

eak
requirem

ent.
O

ur
requirem

entis
referred

to
as

the
“no-free-lunch”

axiom
.

In
the

skip-based
setting,itsays

that
if

all
the

questions
attem

pted
by

the
w

orker
are

answ
ered

incorrectly,
then

the
paym

ent
m

ust
be

the
m

inim
um

possible.
T

he
no-free-lunch

axiom
for

the
generalconfidence-based

setting
is

even
w

eaker:ifthe
w

orkerindicates
the

highestconfidence
levelforallthe

questions
she

attem
pts

in
the

gold
standard,and

furtherm
ore

if
allthese

responses
are

incorrect,then
the

paym
entm

ustbe
the

m
inim

um
possible.

W
e

term
this

condition
the

“no-free-lunch”
axiom

.
In

the
generalconfidence-

based
setting,w

e
w

antto
m

ake
the

m
inim

um
possible

paym
entif

the
w

orker
indicates

the
highest

confidence
levelforallthe

questions
she

attem
pts

and
ifallthese

responses
are

incorrect.

In
order

to
test

w
hether

our
m

echanism
is

practically
viable,

and
to

assess
the

quality
of

the
finallabels

obtained,w
e

conducted
experim

ents
on

the
A

m
azon

M
echanicalTurk

crow
dsourcing

platform
.

In
our

prelim
inary

experim
ents

that
involved

several
hundred

w
orkers,

w
e

found
that

the
quality

of
data

consistently
im

proved
by

use
of

our
schem

es
as

com
pared

to
the

standard
set-

tings,often
by

tw
o-fold

or
higher,w

ith
the

totalm
onetary

expenditure
being

the
sam

e
or

low
er

as
com

pared
to

the
conventionalbaseline.
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1.1
Sum

m
ary

ofC
ontributions

W
e

propose
a

paym
entm

echanism
for

the
aforem

entioned
setting

(“incentive
com

patibility”
plus

“no-free-lunch”),and
show

thatsurprisingly,thisisthe
only

possible
m

echanism
.W

e
also

show
that

additionally,ourm
echanism

m
akes

the
sm

allestpossible
paym

entto
spam

m
ers

am
ong

allpossible
incentive

com
patible

m
echanism

s
that

m
ay

or
m

ay
not

satisfy
the

no-free-lunch
axiom

.
Interest-

ingly,ourpaym
entm

echanism
takes

a
m

ultiplicative
form

:
the

evaluation
ofthe

w
orker’s

response
to

each
question

is
a

certain
score,and

the
finalpaym

entis
a

productof
these

scores.
T

his
m

echa-
nism

has
additionalappealing

features
in

thatitis
sim

ple
to

com
pute,and

is
also

sim
ple

to
explain

to
the

w
orkers.O

urm
echanism

is
applicable

to
any

type
ofobjective

questions,including
m

ultiple
choice

annotation
questions,transcription

tasks,etc.
In

prelim
inary

experim
ents

on
A

m
azon

M
e-

chanicalTurk
involving

over900
w

orker-task
pairs,the

quality
ofdata

im
proved

significantly
under

our
unique

m
echanism

,w
ith

the
totalm

onetary
expenditure

being
the

sam
e

or
low

er
as

com
pared

to
the

conventionalbaseline.

1.2
R

elated
L

iterature

T
he

fram
ew

ork
of“strictly

properscoring
rules”

(B
rier,1950;Savage,1971;G

neiting
and

R
aftery,

2007;L
am

bertand
Shoham

,2009)
provides

a
generaltheory

for
eliciting

inform
ation

for
settings

w
here

this
inform

ation
can

subsequently
be

verified
by

the
m

echanism
designer,for

exam
ple,by

observing
the

true
value

som
e

tim
e

in
the

future.In
ourw

ork,this
verification

is
perform

ed
via

the
presence

ofsom
e

“gold
standard”

questions
in

the
task.C

onsequently,ourm
echanism

s
can

also
be

called
“strictly

proper
scoring

rules”.
Itis

im
portantto

note
thatthe

fram
ew

ork
of

strictly
proper

scoring
rules,how

ever,provides
a

large
collection

of
possible

m
echanism

s
and

does
notguide

the
choice

ofa
specific

m
echanism

from
this

collection
(G

neiting
and

R
aftery,2007).In

this
w

ork,w
e

show
thatfor

the
crow

dsourcing
setups

considered,under
a

very
m

ild
condition

w
e

term
the

“no-
free-lunch”

axiom
,the

m
echanism

proposed
in

this
paperis

the
one

and
only

strictly
properscoring

rule.Interestingly,
proper

scoring
rules

have
another

interesting
connection

w
ith

m
achine

learning
techniques:quoting

B
uja

etal.(2005),“properscoring
rules

com
prise

m
ostloss

functions
currently

in
use:

log-loss,squared
error

loss,boosting
loss,and

as
lim

iting
cases

cost-w
eighted

m
isclassifi-

cation
losses.”

T
he

presentpaper
does

notinvestigate
this

aspectof
proper

scoring
rules,and

w
e

refer
the

reader
to

B
ühlm

ann
and

H
othorn

(2007);M
ease

etal.(2007);B
uja

etal.(2005)
for

m
ore

details.
In

this
paper,

w
e

assum
e

the
existence

of
som

e
gold

standard
questions

w
hose

answ
ers

are
know

n
a

priorito
the

system
designer.

A
s

a
result,the

paym
entto

a
w

orker
is

determ
ined

solely
by

her
ow

n
w

ork.
T

here
are

settings
w

here
gold

standard
questions

m
ay

notbe
available,for

in-
stance,w

hen
obtaining

gold
standard

questions
is

too
expensive,or

w
hen

the
questions

pertain
to

subjective
preferences

(Shah
and

W
ainw

right,2015;Shah
etal.,2016b;C

hen
etal.,2016)

instead
oflabeling

data.A
parallelline

ofliterature
(M

illeretal.,2005;D
asgupta

and
G

hosh,2013;Prelec,
2004;W

olfers
and

Z
itzew

itz,2004;C
onitzer,2009)

addresses
such

settings
w

ithoutgold
standard

questions.
T

he
idea

in
the

m
echanism

s
designed

therein
is

to
rew

ard
the

agents
based

on
certain

criteria
thatcom

pares
certain

elicited
data

from
the

agents
w

ith
each

other,and
typically

involves
asking

agents
to

predictother
agents’

responses.
T

he
m

echanism
s

designed
often

provide
w

eaker
guarantees

(such
as

that
of

truth-telling
being

a
N

ash
equilibrium

)
due

to
the

absence
of

a
gold

standard
answ

er
to

com
pare

w
ith.

T
his

line
of

literature
includes

w
ork

on
peer-prediction

(M
iller
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es
tio

n
w

as
an

sw
er

ed

1.
W

he
n

th
e

ta
sk

is
pr

es
en

te
d

to
th

e
w

or
ke

rs
,t

he
w

or
d

‘s
ki

p’
or

th
e

nu
m

be
rs
{1
,.
..
,L

}a
re

re
pl

ac
ed

by
m

or
e

co
m

pr
e-

he
ns

ib
le

ph
ra

se
s

su
ch

as
“I

do
n’

tk
no

w
”,

“m
od

er
at

el
y

su
re

”,
“a

bs
ol

ut
el

y
su

re
”,

et
c.
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correctly
w

ith
confidence

land
x
i

=
−
lifthe

question
w

as
answ

ered
incorrectly

w
ith

confidence
l.

T
he

function
f

:{−
L
,...,+

L}
G
→

R
specifies

the
paym

entto
be

m
ade

to
the

w
orker.

T
he

paym
ent

is
further

associated
to

tw
o

param
eters,

µ
m

a
x

and
µ

m
in .

T
he

param
eter

µ
m

a
x

denotes
the

budget,i.e.,the
m

axim
um

am
ountthatis

paid
to

any
individualw

orkerforthis
task:

m
a
x

x
1
,...,x

G

f
(x

1 ,...,x
G

)
=
µ

m
a
x .

T
he

am
ountµ

m
a
x

isthusthe
am

ountofcom
pensation

paid
to

a
perfectw

orkerforherw
ork.Further,

one
m

ay
often

also
have

the
requirem

entof
paying

a
certain

m
inim

um
am

ountto
any

w
orker.

T
he

param
eter

µ
m

in
(≤

µ
m

a
x )

denotes
this

m
inim

um
paym

ent:the
paym

entfunction
m

ustalso
satisfy

m
in

x
1
,...,x

G

f
(x

1 ,...,x
G

)≥
µ

m
in .

Forinstance,crow
dsourcing

platform
s

today
allow

paym
ents

to
w

orkers,butdo
notallow

im
posing

penalties:this
condition

gives
µ

m
in

=
0.

W
e

assum
e

thatthe
w

orker
attem

pts
to

m
axim

ize
her

overallexpected
paym

ent.
In

w
hatfol-

low
s,the

expression
‘the

w
orker’s

expected
paym

ent’
w

illrefer
to

the
expected

paym
entfrom

the
w

orker’s
pointof

view
,and

the
expectation

w
illbe

taken
w

ith
respectto

the
w

orker’s
confidences

aboutheransw
ers

and
the

uniform
ly

random
choice

ofthe
G

gold
standard

questions
am

ong
the

N
questions

in
the

task.A
paym

entfunction
f

is
called

incentive
com

patible
ifthe

expected
paym

ent
of

the
w

orker
under

this
paym

ent
function

is
strictly

m
axim

ized
w

hen
the

w
orker

answ
ers

in
the

m
anner

desired. 2
T

he
specific

requirem
ents

of
the

skip-based
and

the
confidence-based

settings
are

discussed
subsequently

in
their

respective
sections

to
follow

.
In

the
rem

ainder
of

this
section,

w
e

form
ally

define
the

concepts
ofthe

w
orker’s

expected
paym

entand
incentive

com
patibility;the

reader
interested

in
understanding

the
paper

ata
higher

levelm
ay

skip
directly

to
the

nextsection
w

ithoutloss
in

continuity.
L

et
Ω

denote
the

setofoptions
foreach

question.W
e

assum
e

that
Ω

is
a

finite
set,forinstance,

the
set{Y

es,N
o}

fora
task

w
ith

binary-choice
questions,orthe

setofallstrings
ofatm

osta
certain

length
for

a
task

w
ith

textualresponses.
L

et
Q
∈

[0,1] |Ω|×
N

denote
the

beliefs
of

a
w

orker
for

the
N

questions
asked.Specifically,forany

question
i∈

[N
]and

any
option

ω
∈

Ω
,let

Q
ω
,i represent

the
probability,according

to
the

w
orker’s

belief,thatoption
ω

is
the

correctansw
er

to
question

i.
T

hen
from

the
law

of
totalprobability,any

valid
Q

m
usthave ∑

ω∈
Ω
Q
ω
,i

=
1

for
every

i∈
[N

].
T

he
value

of
Q

is
unknow

n
to

the
m

echanism
.

L
et

us
first

define
the

notion
of

the
expected

paym
ent

(from
the

w
orker’s

point
of

view
)

for
any

given
response

of
the

w
orker

to
the

questions.
For

any
question

i∈
[N

],suppose
the

w
orker

indicatesthe
confidence-levelξ

i ∈
{0,...,L}.Forevery

question
i∈

[N
]such

thatξ
i 6=

0,letω
i ∈

Ω
denote

the
option

selected
by

the
w

orker;w
henever

ξ
i

=
0,indicating

a
skip,w

e
let
ω
i take

any
arbitrary

value
in

Ω
.

Furtherm
ore,let

p
i

=
Q
ω
i ,i denote

the
probability,according

to
the

w
orker’s

belief,thatthe
chosen

option
ω
i is

the
correctansw

erto
question

i.Fornotationalpurposes,w
e

also
define

a
vector

E
=

(ε
1 ,...,ε

G
)∈
{−

1
,1}

G
.T

hen
forthe

given
responses,forthe

w
orkerbeliefs

Q
,and

underpaym
entm

echanism
f,the

w
orker’expected

paym
entΓ

Q
,f

:
({

0,...,L}×
Ω

)
N
→

R

2.Such
a

notion
of

incentive
com

patibility
is

often
called

“strict
incentive

com
patibility”;

w
e

drop
the

prefix
term

“strict”
forbrevity.
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is
given

by
the

expression:

Γ
Q
,f (ξ

1 ,
ω

1 ,
...,

ξ
N
,
ω
N

)

=
1
(
NG )

∑

(j
1
,...,j

G
)

⊆
{
1
,...,N

}

∑

E
∈{−

1
,1}

G (
f

(ε
1 ξ
j
1 ,...,ε

G
ξ
j
G

)
G∏i=

1 (p
j
i )

1
+
ε
i

2
(1−

p
j
i )

1−
ε
i

2

)
.

(1)

In
the

expression
(1),the

outerm
ostsum

m
ation

corresponds
to

the
expectation

w
ith

respectto
the

random
ness

arising
from

the
unknow

n
positions

of
the

gold
standard

questions.
T

he
inner

sum
-

m
ation

corresponds
to

the
expectation

w
ith

respectto
the

w
orker’s

beliefs
aboutthe

correctness
of

her
responses.

N
ote

thatthe
righthand

side
of

(1)
im

plicitly
depends

on
(ω

1 ,...,ω
N

)
through

the
values

(p
1 ,...,p

N
).A

lso
note

thatforevery
question

i
such

that
ξ
i

=
0,the

righthand
side

of(1)
does

notdepend
on

the
values

of
ω
i and

p
i ;this

is
because

the
choice

ξ
i

=
0

ofskipping
question

i
im

plies
thatthe

w
orkerdid

notselectany
particularoption.

W
e

w
illnow

use
the

the
definition

ofthe
expected

paym
entofthe

w
orkerto

define
the

notion
of

incentive
com

patibility.
To

this
end,forany

valid
probabilities

Q
,letA

(Q
)⊆

({
0,...,L}×

Ω
)
N

denote
an

associated
setof“desired”

responses.B
y

this
w

e
m

ean
thatevery

a
∈

({
0,...,L}×

Ω
)
N

represents
a

possible
response

to
the

setof
N

questions,and
the

goalis
to

incentivize
the

w
orkerto

provide
any

one
response

in
the

setA
(Q

).T
hen

a
m

echanism
f

is
term

ed
incentive

com
patible

if

Γ
Q
,f (a

)
>

Γ
Q
,f (a ′)

forevery
a
∈
A

(Q
),every

a ′
/∈
A

(Q
),and

every
valid

Q
.

T
he

goalis
to

design
m

echanism
s

thatare
incentive

com
patible,thatis,incentivize

the
w

orkers
to

respond
in

a
certain

m
anner.

T
he

specific
choice

of
“desired

responses”
for

the
skip-based

and
the

confidence-based
settings

are
discussed

subsequently
in

theirrespective
sections.W

e
begin

w
ith

the
skip-based

setting.

3.Skip-based
Setting

In
this

section,w
e

consider
the

setting
w

here
for

every
question,the

w
orker

can
choose

to
either

answ
erthe

question
orto

skip
it;no

additionalinform
ation

is
asked

from
the

w
orker.See

Figure
1b

foran
illustration.

3.1
Setting

L
etT
∈

(0,1
)

be
a

predefined
value.T

he
goalis

to
design

paym
entm

echanism
s

thatincentivize
the

w
orkerto

skip
the

questions
forw

hich
herconfidence

is
low

erthan
T

,and
answ

erthose
forw

hich
herconfidence

is
higherthan

T
.

3
M

oreover,forthe
questions

thatshe
attem

pts
to

answ
er,she

m
ust

be
incentivized

to
selectthe

answ
erthatshe

believes
is

m
ostlikely

to
be

correct.T
he

value
of
T

is
chosen

a
prioribased

on
factors

such
as

budgetconstraints,the
targeted

quality
oflabels,and/orthe

choice
of

the
algorithm

used
to

subsequently
aggregate

the
responses

of
m

ultiple
w

orkers.
In

this
paper,w

e
assum

e
thatthe

value
ofthe

threshold
T

is
specified

to
us.

N
ow

the
space

of
allpossible

m
echanism

s
for

this
problem

m
ay

be
rather

w
ide.

T
hus

in
order

to
narrow

dow
n

oursearch,w
e

im
pose

the
follow

ing
additionalsim

ple
and

naturalrequirem
ent:

3.In
the

eventthatthe
confidence

abouta
question

is
exactly

equalto
T

,the
w

orkerm
ay

choose
to

answ
erorskip.
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A
xi

om
1

(N
o-

fr
ee

-lu
nc

h
A

xi
om

)
If

al
lt

he
an

sw
er

s
at

te
m

pt
ed

by
th

e
w

or
ke

r
in

th
e

go
ld

st
an

da
rd

ar
e

w
ro

ng
,t

he
n

th
e

pa
ym

en
ti

s
th

e
m

in
im

um
po

ss
ib

le
.

M
or

e
fo

rm
al

ly
,f

(x
1
,.
..
,x

G
)

=
µ

m
in

fo
r

ev
er

y
ev

al
ua

tio
n

(x
1
,.
..
,x

G
)

su
ch

th
at

0
<
∑

G i=
1
1
{x

i
6=

0}
=
∑

G i=
1
1
{x

i
=
−

1}
.

O
ne

m
ay

ex
pe

ct
a

pa
ym

en
tm

ec
ha

ni
sm

to
im

po
se

th
e

re
st

ri
ct

io
n

of
m

in
im

um
pa

ym
en

tt
o

sp
am

m
er

s
w

ho
an

sw
er

ra
nd

om
ly

.F
or

in
st

an
ce

,i
n

a
ta

sk
w

ith
bi

na
ry

-c
ho

ic
e

qu
es

tio
ns

,a
sp

am
m

er
is

ex
pe

ct
ed

to
ha

ve
50

%
of

th
e

at
te

m
pt

ed
an

sw
er

s
in

co
rr

ec
t;

on
e

m
ay

th
us

w
is

h
to

se
ta

th
e

m
in

im
um

po
ss

i-
bl

e
pa

ym
en

t
if

50
%

or
m

or
e

of
th

e
at

te
m

pt
ed

an
sw

er
s

w
er

e
in

co
rr

ec
t.

T
he

no
-f

re
e-

lu
nc

h
ax

io
m

w
hi

ch
w

e
im

po
se

is
ho

w
ev

er
a

si
gn

ifi
ca

nt
ly

w
ea

ke
r

co
nd

iti
on

,m
an

da
tin

g
m

in
im

um
pa

ym
en

ti
f

al
l

at
te

m
pt

ed
an

sw
er

s
ar

e
in

co
rr

ec
t.

3.
2

Pa
ym

en
tM

ec
ha

ni
sm

W
e

no
w

pr
es

en
to

ur
pr

op
os

ed
pa

ym
en

tm
ec

ha
ni

sm
in

A
lg

or
ith

m
1.

A
lg

or
ith

m
1:

In
ce

nt
iv

e
m

ec
ha

ni
sm

fo
rs

ki
p-

ba
se

d
se

tti
ng

•
In

pu
ts

:

I
T

hr
es

ho
ld
T

I
B

ud
ge

tp
ar

am
et

er
s
µ

m
a
x

an
d
µ

m
in

I
E

va
lu

at
io

ns
(x

1
,.
..
,x

G
)
∈
{−

1
,0
,+

1
}G

of
th

e
w

or
ke

r’
s

an
sw

er
s

to
th

e
G

go
ld

st
an

da
rd

qu
es

tio
ns

•
Se

tα
−

1
=

0,
α

0
=

1,
α

+
1

=
1 T

•
T

he
pa

ym
en

ti
s

f
(x

1
,.
..
,x

G
)

=
κ

G ∏ i=
1

α
x
i

+
µ

m
in
,

w
he

re
κ

=
(µ

m
a
x
−
µ

m
in

)T
G

.

T
he

pr
op

os
ed

m
ec

ha
ni

sm
ha

s
a

m
ul

tip
lic

at
iv

e
fo

rm
:

ea
ch

an
sw

er
in

th
e

go
ld

st
an

da
rd

is
gi

ve
n

a
sc

or
e

ba
se

d
on

w
he

th
er

it
w

as
co

rr
ec

t(
sc

or
e

=
1 T

),
in

co
rr

ec
t(

sc
or

e
=

0
)

or
sk

ip
pe

d
(s

co
re

=
1

),
an

d
th

e
fin

al
pa

ym
en

t
is

si
m

pl
y

a
pr

od
uc

t
of

th
es

e
sc

or
es

(s
ca

le
d

an
d

sh
if

te
d

by
co

ns
ta

nt
s)

.
T

he
m

ec
ha

ni
sm

is
ea

sy
to

de
sc

ri
be

to
w

or
ke

rs
:

Fo
r

in
st

an
ce

,i
f
T

=
1 2
,G

=
3,
µ

m
a
x

=
8
0

ce
nt

s
an

d
µ

m
in

=
0

ce
nt

s,
th

en
th

e
de

sc
ri

pt
io

n
re

ad
s:

“T
he

re
w

ar
d

st
ar

ts
at

10
ce

nt
s.

Fo
r

ev
er

y
co

rr
ec

ta
ns

w
er

in
th

e
3

go
ld

st
an

da
rd

qu
es

tio
ns

,
th

e
re

w
ar

d
w

ill
do

ub
le

.H
ow

ev
er

,i
fa

ny
of

th
es

e
qu

es
tio

ns
ar

e
an

sw
er

ed
in

co
rr

ec
tly

,t
he

n
th

e
re

w
ar

d
w

ill
be

co
m

e
ze

ro
.S

o
pl

ea
se

us
e

th
e

‘I
’m

no
ts

ur
e’

op
tio

n
w

is
el

y.
”

O
bs

er
ve

ho
w

th
is

pa
ym

en
tr

ul
e

is
si

m
ila

r
to

th
e

po
pu

la
r

‘d
ou

bl
e

or
no

th
in

g’
pa

ra
di

gm
(D

ou
bl

e
or

N
ot

hi
ng

,2
01

4)
.

T
he

al
go

ri
th

m
m

ak
es

a
m

in
im

um
pa

ym
en

ti
fo

ne
or

m
or

e
at

te
m

pt
ed

an
sw

er
si

n
th

e
go

ld
st

an
da

rd
ar

e
w

ro
ng

.
N

ot
e

th
at

th
is

pr
op

er
ty

is
si

gn
ifi

ca
nt

ly
st

ro
ng

er
th

an
th

e
no

-f
re

e-
lu

nc
h

ax
io

m
w

hi
ch

w
e

or
ig

in
al

ly
re

qu
ir

ed
,w

he
re

w
e

w
an

te
d

a
m

in
im

um
pa

ym
en

to
nl

y
w

he
n

al
la

tte
m

pt
ed

an
sw

er
s

w
er

e
w

ro
ng

.S
ur

pr
is

in
gl

y,
as

w
e

pr
ov

e
sh

or
tly

,A
lg

or
ith

m
1

is
th

e
on

ly
in

ce
nt

iv
e-

co
m

pa
tib

le
m

ec
ha

ni
sm

th
at

sa
tis

fie
s

no
-f

re
e-

lu
nc

h.
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T
he

fo
llo

w
in

g
th

eo
re

m
sh

ow
s

th
at

th
is

m
ec

ha
ni

sm
in

de
ed

in
ce

nt
iv

iz
es

a
w

or
ke

r
to

sk
ip

th
e

qu
es

tio
ns

fo
r

w
hi

ch
he

r
co

nfi
de

nc
e

is
be

lo
w
T

,w
hi

le
an

sw
er

in
g

th
os

e
fo

r
w

hi
ch

he
r

co
nfi

de
nc

e
is

gr
ea

te
rt

ha
n
T

.I
n

th
e

la
tte

rc
as

e,
th

e
w

or
ke

ri
s

in
ce

nt
iv

iz
ed

to
se

le
ct

th
e

an
sw

er
w

hi
ch

sh
e

th
in

ks
is

m
os

tl
ik

el
y

to
be

co
rr

ec
t.

T
he

or
em

2
Th

e
m

ec
ha

ni
sm

of
A

lg
or

ith
m

1
is

in
ce

nt
iv

e-
co

m
pa

tib
le

an
d

sa
tis

fie
s

th
e

no
-f

re
e-

lu
nc

h
ax

io
m

.

In
th

e
re

m
ai

nd
er

of
th

is
su

bs
ec

tio
n,

w
e

pr
es

en
t

th
e

pr
oo

f
of

T
he

or
em

2.
T

he
re

ad
er

m
ay

go
di

re
ct

ly
to

su
bs

ec
tio

n
3.

3
w

ith
ou

tl
os

s
in

co
nt

in
ui

ty
.

Pr
oo

fo
fT

he
or

em
2.

T
he

pr
op

os
ed

pa
ym

en
tm

ec
ha

ni
sm

sa
tis

fie
sn

o-
fr

ee
-l

un
ch

si
nc

e
th

e
pa

ym
en

t
is
µ

m
in

w
he

n
th

er
e

ar
e

on
e

or
m

or
e

w
ro

ng
an

sw
er

s
in

th
e

go
ld

st
an

da
rd

.I
tr

em
ai

ns
to

sh
ow

th
at

th
e

m
ec

ha
ni

sm
is

in
ce

nt
iv

e
co

m
pa

tib
le

.T
o

th
is

en
d,

ob
se

rv
e

th
at

th
e

pr
op

er
ty

of
in

ce
nt

iv
e-

co
m

pa
tib

ili
ty

do
es

no
tc

ha
ng

e
up

on
an

y
sh

if
to

f
th

e
m

ec
ha

ni
sm

by
a

co
ns

ta
nt

va
lu

e
or

an
y

sc
al

in
g

by
a

po
si

tiv
e

co
ns

ta
nt

va
lu

e.
A

s
a

re
su

lt,
fo

rt
he

pu
rp

os
es

of
th

is
pr

oo
f,

w
e

ca
n

as
su

m
e

w
ith

ou
tl

os
s

of
ge

ne
ra

lit
y

th
at
µ

m
in

=
0.

W
e

w
ill

fir
st

as
su

m
e

th
at

,f
or

ev
er

y
qu

es
tio

n
th

at
th

e
w

or
ke

rd
oe

sn
ot

sk
ip

,s
he

se
le

ct
st

he
an

sw
er

w
hi

ch
sh

e
be

lie
ve

s
is

m
os

tl
ik

el
y

to
be

co
rr

ec
t.

U
nd

er
th

is
as

su
m

pt
io

n
w

e
w

ill
sh

ow
th

at
th

e
w

or
ke

r
is

in
ce

nt
iv

iz
ed

to
sk

ip
th

e
qu

es
tio

ns
fo

r
w

hi
ch

he
r

co
nfi

de
nc

e
is

sm
al

le
r

th
an
T

an
d

at
te

m
pt

if
it

is
gr

ea
te

r
th

an
T

.
Fi

na
lly

,w
e

w
ill

sh
ow

th
at

th
e

m
ec

ha
ni

sm
in

de
ed

in
ce

nt
iv

iz
es

th
e

w
or

ke
r

to
se

le
ct

th
e

an
sw

er
w

hi
ch

sh
e

be
lie

ve
s

is
m

os
tl

ik
el

y
to

be
co

rr
ec

tf
or

th
e

qu
es

tio
ns

th
at

sh
e

do
es

n’
ts

ki
p.

In
w

ha
tf

ol
lo

w
s,

w
e

w
ill

em
pl

oy
th

e
no

ta
tio

n
κ

=
µ

m
a
x
T
G

.
L

et
us

fir
st

co
ns

id
er

th
e

ca
se

w
he

n
G

=
N

.L
et
p

1
,.
..
,p
N

be
th

e
co

nfi
de

nc
es

of
th

e
w

or
ke

rf
or

qu
es

tio
ns

1
,.
..
,N

re
sp

ec
tiv

el
y.

Fu
rt

he
r,

le
tp

(1
)
≥
··
·≥

p
(m

)
>
T
>
p

(m
+

1
)
≥
··
·≥

p
(N

)
be

th
e

or
de

re
d

pe
rm

ut
at

io
n

of
th

es
e

co
nfi

de
nc

es
(f

or
so

m
e

nu
m

be
rm

).
L

et
{(

1)
,.
..
,(
N

)}
de

no
te

th
e

co
rr

es
po

nd
in

g
pe

rm
ut

at
io

n
of

th
e
N

qu
es

tio
ns

.
If

th
e

m
ec

ha
ni

sm
is

in
ce

nt
iv

e
co

m
pa

tib
le

,t
he

n
th

e
ex

pe
ct

ed
pa

ym
en

tr
ec

ei
ve

d
by

th
is

w
or

ke
rs

ho
ul

d
be

m
ax

im
iz

ed
w

he
n

th
e

w
or

ke
ra

ns
w

er
sq

ue
st

io
ns

(1
),
..
.,

(m
)

an
d

sk
ip

s
th

e
re

st
.U

nd
er

th
e

m
ec

ha
ni

sm
pr

op
os

ed
in

A
lg

or
ith

m
1,

th
is

ac
tio

n
fe

tc
he

s
th

e
w

or
ke

ra
n

ex
pe

ct
ed

pa
ym

en
to

f

κ
p

(1
)

T
··
·p

(m
)

T
.

A
lte

rn
at

iv
el

y,
if

th
e

w
or

ke
r

an
sw

er
s

th
e

qu
es

tio
ns
{i

1
,.
..
,i
β
},

w
ith

p
i 1
>
··
·
>
p
i ν
>
T
>

p
i ν

+
1
>
··
·>

p
i β

fo
rs

om
e

va
lu

e
ν

,t
he

n
th

e
ex

pe
ct

ed
pa

ym
en

ti
s

p
i 1
··
·p
i β

κ T
β

=
κ
p
i 1 T
··
·p

i β T
(2

)

≤
κ
p
i 1 T
··
·p

i ν T
(3

)

≤
κ
p

(1
)

T
··
·p

(m
)

T
,

(4
)

w
he

re
in

eq
ua

lit
y

(3
)

ho
ld

s
be

ca
us

e
p
i j T
≤

1
∀
j
>
ν

an
d

ho
ld

s
w

ith
eq

ua
lit

y
on

ly
w

he
n
β

=
ν

.
In

eq
ua

lit
y

(4
)i

s
a

re
su

lt
of

p
(j

)

T
≥

1
∀
j
≤
m

an
d

ho
ld

s
w

ith
eq

ua
lit

y
on

ly
w

he
n
ν

=
m

.I
tf

ol
lo

w
s

th
at

th
e

ex
pe

ct
ed

pa
ym

en
ti

s
(s

tr
ic

tly
)m

ax
im

iz
ed

w
he

n
i 1

=
(1

),
..
.,
i β

=
(m

)
as

re
qu

ir
ed

.
T

he
ca

se
of
G

<
N

is
a

di
re

ct
co

ns
eq

ue
nc

e
of

th
e

re
su

lt
fo

r
G

=
N

,
as

fo
llo

w
s.

W
he

n
G
<
N

,f
ro

m
a

w
or

ke
r’

s
po

in
to

fv
ie

w
,t

he
se

to
fG

qu
es

tio
ns

is
di

st
ri

bu
te

d
un

if
or

m
ly

at
ra

nd
om

in
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G

the
supersetof

N
questions.

H
ow

ever,for
every

setof
G

questions,the
relations

(2),(3),(4)
and

their
associated

equality/strict-inequality
conditions

hold.
T

he
expected

paym
entis

thus
(strictly)

m
axim

ized
w

hen
the

w
orker

answ
ers

the
questions

for
w

hich
her

confidence
is

greater
than

T
and

skips
those

forw
hich

herconfidence
is

sm
allerthan

T
.

O
ne

can
see

thatfor
every

question
thatthe

w
orker

chooses
to

answ
er,the

expected
paym

ent
increases

w
ith

an
increase

in
her

confidence.
T

hus,the
w

orker
is

incentivized
to

selectthe
answ

er
thatshe

thinks
is

m
ostprobably

correct.
Finally,

since
κ

=
µ

m
a
x T

G
>

0
and

T
∈

(0,1
),

the
paym

ent
is

alw
ays

non-negative
and

satisfies
the

µ
m

a
x -budgetconstraint.

3.3
U

niquenessofthisM
echanism

W
hile

w
e

started
outw

ith
a

very
w

eak
condition

ofno-free-lunch
ofthatrequires

a
m

inim
um

pay-
m

ent
w

hen
all

attem
pted

answ
ers

are
w

rong,
the

m
echanism

proposed
in

A
lgorithm

1
is

signifi-
cantly

m
ore

strictand
pays

the
m

inim
um

am
ountw

hen
any

of
the

attem
pted

answ
ers

is
w

rong.
A

naturalquestion
thatarises

is:can
w

e
design

an
alternative

m
echanism

satisfying
incentive

com
pat-

ibility
and

no-free-lunch
thatoperates

som
ew

here
in

betw
een?

T
he

follow
ing

theorem
answ

ers
this

question
in

the
negative.

T
heorem

3
The

m
echanism

ofA
lgorithm

1
is

the
only

incentive-com
patible

m
echanism

thatsatis-
fies

the
no-free-lunch

axiom
.

T
heorem

3
gives

a
strong

resultdespite
im

posing
very

w
eak

requirem
ents.

To
see

this,recall
ourearlierdiscussion

on
deterring

spam
m

ers,thatis,m
aking

a
low

paym
entto

w
orkers

w
ho

answ
er

random
ly.

For
instance,w

hen
the

task
com

prises
binary-choice

questions,one
m

ay
w

ish
to

design
m

echanism
s

w
hich

m
ake

the
m

inim
um

possible
paym

entw
hen

the
responses

to
50

%
orm

ore
ofthe

questionsin
the

gold
standard

are
incorrect.T

he
no-free-lunch

axiom
isa

m
uch

w
eakerrequirem

ent,
and

the
only

m
echanism

thatcan
satisfy

this
requirem

entis
the

m
echanism

ofA
lgorithm

1.
T

he
proofofT

heorem
3

is
based

on
the

follow
ing

key
lem

m
a,establishing

a
condition

thatany
incentive-com

patible
m

echanism
m

ust
necessarily

satisfy.
N

ote
that

this
lem

m
a

does
not

require
the

no-free-lunch
axiom

.

L
em

m
a

4
A

ny
incentive-com

patible
m

echanism
f

m
ust

satisfy,
for

every
gold

standard
question

i∈
{1
,...,G

}
and

every
(y

1 ,...,y
i−

1 ,y
i+

1 ,...,y
G

)∈
{−

1
,0
,1}

G
−

1,

T
f

(y
1 ,...,y

i−
1 ,1,y

i+
1 ,...,y

G
)

+
(1−

T
)f

(y
1 ,...,y

i−
1 ,−

1
,y
i+

1 ,...,y
G

)

=
f

(y
1 ,...,y

i−
1 ,0,y

i+
1 ,...,y

G
)
.

T
he

proof
of

L
em

m
a

4
is

provided
in

A
ppendix

A
.1.

U
sing

this
lem

m
a,w

e
w

illnow
prove

T
heo-

rem
3.

T
he

reader
interested

in
further

results
and

notthe
proof

m
ay

feelfree
to

jum
p

to
Subsec-

tion
3.4

w
ithoutany

loss
in

continuity.

ProofofT
heorem

3.
T

he
property

of
incentive-com

patibility
does

notchange
upon

any
shiftof

the
m

echanism
by

a
constantvalue

or
any

scaling
by

a
positive

constantvalue.
A

s
a

result,for
the

purposes
ofthis

proof,w
e

can
assum

e
w

ithoutloss
ofgenerality

that
µ

m
in

=
0.
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S
H

A
H

A
N

D
Z

H
O

U

W
e

w
illfirstprove

thatany
incentive-com

patible
m

echanism
satisfying

the
no-free-lunch

axiom
m

ust
m

ake
a

zero
paym

ent
if

one
or

m
ore

answ
ers

in
the

gold
standard

are
incorrect.

T
he

proof
proceeds

by
induction

on
the

num
ber

of
skipped

questions
S

in
the

gold
standard.

L
etus

assum
e

for
now

thatin
the

G
questions

in
the

gold
standard,the

firstquestion
is

answ
ered

incorrectly,the
next

(G
−

1
−
S

)
questions

are
answ

ered
by

the
w

orker
and

have
arbitrary

evaluations,
and

the
rem

aining
S

questions
are

skipped.T
he

proofproceeds
by

an
induction

on
S

.Suppose
S

=
G
−

1.
In

this
case,the

only
attem

pted
question

is
the

firstquestion
and

the
answ

erprovided
by

the
w

orker
to

this
question

is
incorrect.T

he
no-free-lunch

axiom
necessitates

a
zero

paym
entin

this
case,thus

satisfying
the

base
case

ofourinduction
hypothesis.N

ow
w

e
prove

the
hypothesisforsom

e
S

under
the

assum
ption

ofitbeing
true

w
hen

the
num

berofquestions
skipped

in
the

gold
standard

is
(S

+
1)

orm
ore.From

L
em

m
a

4
(w

ith
i

=
G
−
S
−

1)w
e

have

T
f

(−
1
,y

2 ,...,y
G
−
S−

2 ,1
,0
,...,0)

+
(1−

T
)f

(−
1,y

2 ,...,y
G
−
S−

2 ,−
1
,0
,...,0)

=
f

(−
1
,y

2 ,...,y
G
−
S−

2 ,0
,0
,...,0

)

=
0,

w
here

the
finalequation

is
a

consequence
ofourinduction

hypothesis:
T

he
induction

hypothesis
is

applicable
since

f
(−

1
,y

2 ,...,y
G
−
S−

2 ,0
,0
,...,0)

corresponds
to

the
case

w
hen

the
last

(S
+

1)
questions

are
skipped

and
the

firstquestion
is

answ
ered

incorrectly.N
ow

,since
the

paym
ent

f
m

ust
be

non-negative
and

since
T
∈

(0,1),itm
ustbe

that

f
(−

1
,y

2 ,...,y
G
−
S−

2 ,1
,0
,...,0)

=
0,

and

f
(−

1,y
2 ,...,y

G
−
S−

2 ,−
1,0,...,0)

=
0.

T
his

com
pletes

the
proof

of
our

induction
hypothesis.

Furtherm
ore,each

of
the

argum
ents

above
hold

forany
perm

utation
ofthe

G
questions,thus

proving
the

necessity
ofzero

paym
entw

hen
any

one
orm

ore
answ

ers
are

incorrect.
W

e
w

illnow
prove

thatw
hen

no
answ

ers
in

the
gold

standard
are

incorrect,the
paym

entm
ust

be
of

the
form

described
in

A
lgorithm

1.
L

et
κ

be
the

paym
entw

hen
all

G
questions

in
the

gold
standard

are
skipped.

L
et
C

be
the

num
ber

of
questions

answ
ered

correctly
in

the
gold

standard.
Since

there
are

no
incorrectansw

ers,itfollow
s

thatthe
rem

aining
(G
−
C

)
questions

are
skipped.

L
etus

assum
e

fornow
thatthe

first
C

questions
are

answ
ered

correctly
and

the
rem

aining
(G
−
C

)
questions

are
skipped.

W
e

repeatedly
apply

L
em

m
a

4,and
the

factthatthe
paym

entm
ustbe

zero
w

hen
one

orm
ore

answ
ers

are
w

rong,

f
(1,...,1
︸
︷︷

︸
C
−

1

,1
,0
,...,0
︸
︷︷

︸
G
−
C

)
=

1T
f

(1,...,1
︸
︷︷

︸
C
−

1

,0
,0
,...,0
︸
︷︷

︸
G
−
C

)−
1−

T

T
f

(1,...,1
︸
︷︷

︸
C
−

1

,−
1
,0
,...,0
︸
︷︷

︸
G
−
C

)

=
1T
f

(1,...,1
︸
︷︷

︸
C
−

1

,0
,0
,...,0
︸
︷︷

︸
G
−
C

),

and
so

on
to

obtain

f
(1,...,1
︸
︷︷

︸
C
−

1

,1,0,...,0
︸
︷︷

︸
G
−
C

)
=

1T
C
f

(0,...,0
︸
︷︷

︸
G

)

=
1T
C
κ
.
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In
or

de
r

to
ab

id
e

by
th

e
bu

dg
et

,w
e

m
us

th
av

e
th

e
m

ax
im

um
pa

ym
en

ta
s
µ

m
a
x

=
κ

1
T
G

.
It

fo
llo

w
s

th
at
κ

=
µ

m
a
x
T
G

.
Fi

na
lly

,t
he

ar
gu

m
en

ts
ab

ov
e

ho
ld

fo
r

an
y

pe
rm

ut
at

io
n

of
th

e
G

qu
es

tio
ns

,t
hu

s
pr

ov
in

g
th

e
un

iq
ue

ne
ss

of
th

e
m

ec
ha

ni
sm

of
A

lg
or

ith
m

1.

3.
4

O
pt

im
al

ity
ag

ai
ns

tS
pa

m
m

in
g

B
eh

av
io

r

A
s

di
sc

us
se

d
ea

rl
ie

r,
cr

ow
ds

ou
rc

in
g

ta
sk

s,
es

pe
ci

al
ly

th
os

e
w

ith
m

ul
tip

le
ch

oi
ce

qu
es

tio
ns

,
of

te
n

en
co

un
te

rs
pa

m
m

er
s

w
ho

an
sw

er
ra

nd
om

ly
w

ith
ou

th
ee

d
to

th
e

qu
es

tio
n

be
in

g
as

ke
d.

Fo
ri

ns
ta

nc
e,

un
de

r
a

bi
na

ry
-c

ho
ic

e
se

tu
p,

a
sp

am
m

er
w

ill
ch

oo
se

on
e

of
th

e
tw

o
op

tio
ns

un
if

or
m

ly
at

ra
nd

om
fo

r
ev

er
y

qu
es

tio
n.

A
hi

gh
ly

de
si

ra
bl

e
ob

je
ct

iv
e

in
cr

ow
ds

ou
rc

in
g

se
tti

ng
s

is
to

de
te

r
sp

am
m

er
s.

To
th

is
en

d,
on

e
m

ay
w

is
h

to
im

po
se

a
co

nd
iti

on
of

m
ak

in
g

th
e

m
in

im
um

po
ss

ib
le

pa
ym

en
tw

he
n

th
e

re
sp

on
se

s
to

50
%

or
m

or
e

of
th

e
at

te
m

pt
ed

qu
es

tio
ns

in
th

e
go

ld
st

an
da

rd
ar

e
in

co
rr

ec
t.

A
se

co
nd

de
si

ra
bl

e
m

et
ri

c
co

ul
d

be
to

m
in

im
iz

e
th

e
ex

pe
nd

itu
re

on
a

w
or

ke
r

w
ho

si
m

pl
y

sk
ip

s
al

l
qu

es
tio

ns
.

W
hi

le
th

e
af

or
em

en
tio

ne
d

re
qu

ir
em

en
ts

w
er

e
de

te
rm

in
is

tic
fu

nc
tio

ns
of

th
e

w
or
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r
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d
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.

O
ne

ca
n

al
so

se
e

th
at

th
at

as
gu

ar
an

te
ed

by
ou

r
th
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h
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r
m
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re
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e

at
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e
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tiv
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ha
ni
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w
he

re
th

e
w
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sk
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o

th
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en
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th
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N
ote

thatso
farw

e
considered

the
case

w
hen

the
w

orkerattem
pts

the
first

(G
−
A

)
questions.T

he
argum

ents
above

hold
for

any
choice

of
the

(G
−
A

)
attem

pted
questions,

and
consequently

the
results

show
n

so
far

in
this

proof
hold

for
all

perm
utations

of
the

argum
ents

to
f
′.

In
particular,

the
m

echanism
f
′

m
ust

m
ake

a
zero

paym
ent

w
hen

any
(G
−

1
)

questions
in

the
gold

standard
are

skipped
and

the
rem

aining
question

is
answ

ered
incorrectly.

A
nother

repeated
application

of
L

em
m

a
4

to
this

resultgives

f
′(y

1 ,...,y
G

)
=

0
∀

(y
1 ,...,y

G
)∈
{0
,−

1}
G\{0}

G
.

T
his

condition
is

precisely
the

no-free-lunch
axiom

,and
in

T
heorem

3
w

e
had

show
n

that
A

lgo-
rithm

1
is

the
only

incentive-com
patible

m
echanism

that
satisfies

this
axiom

.
It

follow
s

that
our

m
echanism

,A
lgorithm

1
strictly

m
inim

izes
the

expected
paym

entin
the

setting
under

considera-
tion.C

ase
II

(A
=
G

):
In

order
to

achieve
the

bound
(6)

w
ith

equality,the
m

echanism
f
′m

ustalso
achieve

the
bound

(5)
w

ith
equality.

N
oting

thatw
e

have
A

=
G

in
this

case,itfollow
s

thatthe
m

echanism
f
′m

ustsatisfy

f
′(−

1
,0
,...,0)

=
0.

T
his

condition
is

identical
to

(7)
established

for
C

ase
I

earlier,
and

the
rest

of
the

argum
ent

now
proceeds

in
a

m
anneridenticalto

the
subsequentargum

ents
in

C
ase

I.
Part

B
(D

eterm
inistic).

G
iven

our
result

of
T

heorem
3,

the
proof

for
the

determ
inistic

part
is

straightforw
ard.

A
lgorithm

1
m

akes
a

paym
ent

of
zero

w
hen

one
or

m
ore

of
the

answ
ers

to
questions

in
the

gold
standard

are
incorrect.

C
onsequently,

for
every

value
of

param
eter

B
∈

(0,1
],A

lgorithm
1

m
akes

a
zero

paym
entw

hen
a

fraction
B

orm
ore

ofthe
attem

pted
answ

ers
are

incorrect.
A

ny
other

m
echanism

doing
so

m
ustsatisfy

the
no-free-lunch

axiom
.

In
T

heorem
3

w
e

had
show

n
thatA

lgorithm
1

is
the

only
incentive-com

patible
m

echanism
thatsatisfies

this
axiom

.
It

follow
s

that
our

m
echanism

,
A

lgorithm
1,

strictly
m

inim
izes

the
paym

ent
in

the
event

under
consideration.

4.C
onfidence-based

Setting

In
this

section,w
e

w
illdiscuss

incentive
m

echanism
s

w
hen

the
w

orkeris
asked

to
selectfrom

m
ore

than
one

confidence-levelforevery
question

(Figure
1c).In

particular,forsom
e
L
≥

1,the
w

orker
is

asked
to

indicate
a

confidence-level
in

the
range

{
0,...,L}

for
every

answ
er.

L
evel

0
is

the
‘skip’

level,and
level

L
denotes

the
highestconfidence.

N
ote

thatw
e

do
notsolicitan

answ
er

if
the

w
orker

indicates
a

confidence-levelof
0

(skip),butthe
w

orker
m

ustprovide
an

answ
er

if
she

indicatesa
confidence-levelof

1
orhigher.T

hism
akesthe

case
ofhaving

only
a

‘skip’asconsidered
in

Section
3

a
specialcase

ofthis
setting,and

corresponds
to
L

=
1.

W
e

generalize
the

requirem
entofno-free-lunch

to
the

confidence-based
setting

as
follow

s.

A
xiom

6
(G

eneralized-no-free-lunch
axiom

)
If

all
the

answ
ers

attem
pted

by
the

w
orker

in
the

gold
standard

are
selected

as
the

highest
confidence-level

(level
L

),
and

all
of

them
turn

out
to

be
w

rong,
then

the
paym

ent
is
µ

m
in .

M
ore

form
ally,

w
e

require
the

m
echanism

f
to

satisfy
f

(x
1 ,...,x

G
)

=
µ

m
in

for
every

evaluation
(x

1 ,...,x
G

)
that

satisfies
0
<
∑

Gi=
1
1{x

i 6=
0}

=
∑

Gi=
1
1{
x
i

=
−
L}.

15
JM

L
R

 17(165):1-52

S
H

A
H

A
N

D
Z

H
O

U

In
the

confidence-based
setting,w

e
require

specification
of

a
setof

thresholds{S
l ,T

l }
Ll=

1
that

determ
ine

the
confidence-levels

that
the

w
orkers

should
indicate.

T
hese

thresholds
are

used
to

choose
the

paym
entm

echanism
in

a
principled

m
anner.

In
particular,w

e
w

illrequire
specification

of
tw

o
reference

points
for

each
confidence

level,and
this

specification
generalizes

the
skip-based

setting.

•
T

he
firstsetofthresholds

specifies
a

com
parison

ofany
confidence

levelw
ith

the
skipping

option
as

a
fixed

reference.
To

this
end,recallthatin

the
skip-based

setting,the
threshold

T
specified

w
hen

the
w

orkershould
skip

a
question

and
w

hen
she

should
attem

ptto
answ

er.T
his

is
general-

ized
to

the
confidence-based

setting
w

here
for

every
level

l∈
[L

],a
fixed

threshold
S
l specifies

the
‘strength’

of
confidence-level

l:
If

restricted
to

only
the

tw
o

options
of

skipping
or

selecting
confidence-level

lfor
any

question,the
w

orker
should

be
incentivized

to
selectconfidence-level

lifherconfidence
is

higherthan
S
l and

skip
ifherconfidence

is
low

erthan
S
l .

•
T

he
second

setofthresholds
specifies

a
com

parison
ofany

confidence
levelw

ith
its

neighbors.If
a

w
orkerdecides

to
notskip

a
question,she

m
ustchoose

one
ofm

ultiple
confidence-levels.A

set
{
T
l }
Ll=

1
of

thresholds
specify

the
boundaries

betw
een

differentconfidence-levels.
In

particular,
w

hen
the

confidence
of

the
w

orker
for

a
question

lies
in

(T
l−

1 ,T
l+

1 ),then
the

w
orker

m
ustbe

incentivized
to

indicate
confidence-level

(l−
1)

ifherconfidence
is

low
erthan

T
l and

to
indicate

confidence-level
l

if
her

confidence
is

higher
than

T
l .

T
his

includes
selecting

level
L

if
her

confidence
is

higherthan
T
L

and
selecting

level
0

ifherconfidence
is

low
erthan

T
1 .

W
e

w
illcalla

paym
entm

echanism
as

incentive-com
patible

ifitsatisfies
the

tw
o

requirem
ents

listed
above,and

also
incentivizes

the
w

orker
to

selectthe
answ

er
thatshe

believes
is

m
ostlikely

to
be

correctforevery
question

forw
hich

herconfidence
is

higherthan
T

1 .
T

he
problem

setting
inherently

necessitates
certain

restrictions
in

the
choice

of
the

thresholds.
Since

w
e

require
the

w
orker

to
choose

a
higher

levelw
hen

her
confidence

is
higher,the

thresholds
m

ustnecessarily
be

m
onotonic

and
satisfy

0
<
S

1
<
S

2
<
···

<
S
L
<

1
and

0
<
T

1
<
T

2
<
···

<
T
L
<

1.A
lso

observe
thatthe

definitions
of
S

1
and

T
1

coincide,and
hence

S
1

=
T

1 .A
dditionally,

w
e

can
show

(Proposition
18

in
A

ppendix
A

.5)thatforincentive-com
patible

m
echanism

s
to

exist,it
m

ustbe
that

T
l
>
S
l ∀

l∈
{
2,...,L}.A

s
a

result,the
thresholds

m
ustalso

satisfy
T

1
=
S

1 ,
T

2
>

S
2 ,...,T

L
>
S
L .T

hese
thresholds

m
ay

be
chosen

based
on

various
factors

ofthe
problem

athand,
forexam

ple,on
the

post-processing
algorithm

s,any
statistics

on
the

distribution
ofw

orkerabilities,
budgetconstraints,etc.In

this
paper,w

e
w

illassum
e

thatthese
values

are
given

to
us.

4.1
Paym

entM
echanism

In
this

section,
w

e
present

our
proposed

paym
ent

m
echanism

,
and

prove
that

it
is

guaranteed
to

satisfy
ourrequirem

ents.W
e

begin
w

ith
a

description
ofthe

m
echanism

in
A

lgorithm
2.
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e
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-b
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ed
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ct

io
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ra
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w
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h
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.
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T
he

im
possibility

result
of

Proposition
10

relies
on

trying
to

incentivize
an

unknow
ledgeable

w
orker

to
act

as
desired.

Since
no

m
echanism

can
be

incentive
com

patible
for

unknow
ledgeable

w
orkers,w

e
w

ill
now

consider
only

w
orkers

w
ho

are
know

ledgeable.
T

he
follow

ing
proposition

show
s

thatthe
strong-no-free-lunch

axiom
is

too
strong

even
forthis

relaxed
setting.

Proposition
11

W
hen

G
<
N

,there
exists

no
m

echanism
thatis

incentive-com
patible

for
know

l-
edgeable

w
orkers

and
satisfies

the
strong-no-free-lunch

axiom
.

G
iven

this
im

possibility
result

for
G
<
N

,
w

e
are

left
w

ith
G

=
N

w
hich

m
eans

that
the

true
answ

ers
to

allthe
questions

are
know

n
a

priori.T
his

condition
is

clearly
notapplicable

to
a

crow
d-

sourcing
setup;nevertheless,itis

m
athem

atically
interesting

and
m

ay
be

applicable
to

otherscenar-
ios

such
as

testing
and

elicitation
ofbeliefs

aboutfuture
events.

Proposition
12

below
presents

a
m

echanism
for

this
case

and
proves

its
uniqueness.

W
e

previ-
ously

saw
thatan

unknow
ledgeable

w
orker

cannotbe
incentivized

to
skip

allthe
questions

(even
w

hen
G

=
N

).
T

hus,in
our

paym
entm

echanism
,w

e
do

the
nextbestthing:

Incentivize
the

un-
know

ledgeable
w

orker
to

answ
er

only
one

question,thatw
hich

she
is

m
ostconfidentabout,w

hile
incentivizing

the
know

ledgeable
w

orker
to

answ
er

questions
for

w
hich

her
confidence

is
greater

than
T

and
skip

those
forw

hich
herconfidence

is
sm

allerthan
T

.

Proposition
12

LetC
be

the
num

berofcorrectansw
ersand

W
be

the
num

berofw
rong

answ
ers(in

the
gold

standard).Letthe
paym

entbe
µ

m
in

ifW
>

0
or
C

=
0,and

be
(µ

m
a
x −

µ
m

in )T
G
−
C

+
µ

m
in

otherw
ise.

U
nder

this
m

echanism
,

w
hen

G
=
N

,
an

unknow
ledgeable

w
orker

is
incentivized

to
answ

er
only

one
question,

that
for

w
hich

her
confidence

is
the

m
axim

um
,

and
a

know
ledgeable

w
orker

is
incentivized

to
answ

er
the

questions
for

w
hich

her
confidence

is
greater

than
T

and
skip

those
for

w
hich

her
confidence

is
sm

aller
than

T
.

F
urtherm

ore,w
hen

G
=
N

,this
m

echanism
is

the
one

and
only

m
echanism

thatobeys
the

strong-no-free-lunch
axiom

and
is

incentive-com
patible

for
know

ledgeable
w

orkers.

T
he

follow
ing

proposition
show

s
thatthe

strong-no-free-lunch
axiom

leads
to

negative
results

in
the

confidence-based
setting

(L
>

1)
as

w
ell.

T
he

strong-no-free-lunch
axiom

is
stilldefined

as
in

the
beginning

ofSection
5,i.e.,the

paym
entis

zero
ifnone

ofthe
answ

ers
are

correct.

Proposition
13

W
hen

L
>

1,for
any

values
of
N

and
G

(≤
N

),itis
im

possible
for

any
m

echa-
nism

to
satisfy

the
strong-no-free-lunch

axiom
and

be
incentive-com

patible
even

w
hen

the
w

orker
is

know
ledgeable.

6.Sim
ulationsand

E
xperim

ents

In
this

section,w
e

presentsynthetic
sim

ulations
and

real-w
orld

experim
ents

to
evaluate

the
effects

ofoursetting
and

ourm
echanism

on
the

finallabelquality.

6.1
Synthetic

Sim
ulations

W
e

em
ploy

synthetic
sim

ulationsto
understand

the
effectsofvariousdistributionsofthe

confidences
and

labeling
errors.

W
e

consider
binary-choice

questions
in

this
set

of
sim

ulations.
W

henever
a

w
orker

answ
ers

a
question,her

confidence
for

the
correct

answ
er

is
draw

n
from

a
distribution

P
independentof

allelse.
W

e
investigate

the
effects

of
the

follow
ing

five
choices

of
the

distribution
P

:
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e

Figure
2:

E
rrorunderdifferentinterfaces

forsynthetic
sim

ulations
offive

distributions
ofthe

w
ork-

ers’errorprobabilities.

•
T

he
uniform

distribution
on

the
support

[0.5
,1].

•
A

triangulardistribution
w

ith
low

erend-point
0.2,upperend-point

1
and

a
m

ode
of

0
.6.

•
A

beta
distribution

w
ith

param
etervalues

α
=

5
and

β
=

1.

•
T

he
ham

m
er-spam

m
erdistribution

(K
argeretal.,2011):uniform

on
the

discrete
set{

0.5,1}.

•
A

truncated
G

aussian
distribution:a

truncation
ofN

(0.7
5,0

.5)
to

the
interval

[0,1].

W
e

com
pare

(a)
the

setting
w

here
w

orkers
attem

pt
every

question,w
ith

(b)
the

setting
w

here
w

orkers
skip

questions
for

w
hich

their
confidence

is
below

a
certain

threshold
T

.
In

this
set

of
sim

ulations,w
e

set
T

=
0.75.

In
either

setting,w
e

aggregate
the

labels
obtained

from
the

w
orkers

foreach
question

via
a

m
ajority

vote
on

the
tw

o
classes.Ties

are
broken

by
choosing

one
ofthe

tw
o

options
uniform

ly
atrandom

.
Figure

2
depicts

the
results

from
these

sim
ulations.E

ach
barrepresents

the
fraction

ofquestions
thatare

labeled
incorrectly,and

isan
average

across
50,000

trials.(T
he

standard
errorofthe

m
ean

is
too

sm
allto

be
visible.)

W
e

see
thatthe

skip-based
setting

consistently
outperform

sthe
conventional

setting,and
the

gains
obtained

are
m

oderate
to

high
depending

on
the

underlying
distribution

ofthe
w

orkers’
errors.

In
particular,the

gains
are

quite
striking

under
the

ham
m

er-spam
m

er
m

odel:
this

resultis
notsurprising

since
the

m
echanism

(ideally)screens
the

spam
m

ers
outand

leaves
only

the
ham

m
ers

w
ho

answ
erperfectly.

T
he

setup
of

the
sim

ulations
described

above
assum

es
thatthe

w
orkers

confidences
equalthe

true
error

probabilities.
In

practice,
how

ever,
the

w
orkers

m
ay

have
incorrect

beliefs.
T

he
setup

also
assum

es
that

ties
are

broken
random

ly;
how

ever
in

practice,
ties

m
ay

be
broken

in
a

m
ore

system
atic

m
anner

by
eliciting

additionallabels
for

only
these

hard
questions.

W
e

now
presenta

second
setofsim

ulations
thatm

itigates
these

biases.In
particular,w

hen
a

w
orkerhas

a
confidence

of
p,the

actualprobability
oferroris

assum
ed

to
be

draw
n

from
a

G
aussian

distribution
w

ith
m

ean
p

and
standard

deviation
0.1,truncated

to
[0,1].In

addition,w
hen

evaluating
the

perform
ance

ofthe
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is
pl

at
fo

rm
,

in
di

vi
du

al
s

or
bu

si
ne

ss
es

(c
al

le
d

‘r
eq

ue
st

er
s’

)
ca

n
po

st
ta

sk
s,

an
d

an
y

in
di

vi
du

al
(c

al
le

d
a

‘w
or

ke
r’

)
m

ay
co

m
pl

et
e

th
e

ta
sk

ov
er

th
e

In
te

rn
et

in
ex

ch
an

ge
fo

ra
pr

e-
sp

ec
ifi

ed
pa

ym
en

t.
T

he
pa

ym
en

tm
ay

co
m

pr
is

e
of

tw
o

pa
rt

s:
a

fix
ed

co
m

po
ne

nt
w

hi
ch

is
id

en
tic

al
fo

r
al

lw
or

ke
rs

pe
rf

or
m

in
g

th
at

ta
sk

,a
nd

a
‘b

on
us

’
w

hi
ch

m
ay

be
di

ff
er

en
tf

or
di

ff
er

en
t

w
or

ke
rs

an
d

is
pa

id
at

th
e

di
sc

re
tio

n
of

th
e

re
qu

es
te

r.

W
e

de
si

gn
ed

ni
ne

ex
pe

ri
m

en
ts

(t
as

ks
)r

an
gi

ng
fr

om
im

ag
e

an
no

ta
tio

n
to

te
xt

an
d

sp
ee

ch
re

co
g-

ni
tio

n.
T

he
in

di
vi

du
al

ex
pe

ri
m

en
ts

ar
e

de
sc

ri
be

d
in

m
or

e
de

ta
il

in
A

pp
en

di
x

B
.A

ll
ex

pe
ri

m
en

ts
in

vo
lv

ed
ob

je
ct

iv
e

qu
es

tio
ns

,a
nd

th
e

re
sp

on
se

s
el

ic
ite

d
w

er
e

m
ul

tip
le

ch
oi

ce
in

fiv
e

of
th

e
ex

pe
ri

-
m

en
ts

an
d

fr
ee

-f
or

m
te

xt
in

th
e

re
st

.
Fo

r
ea

ch
ex

pe
ri

m
en

t,
w

e
te

st
ed

th
re

e
se

tti
ng

s:
(i

)
th

e
ba

se
lin

e
co

nv
en

tio
na

ls
et

tin
g

(F
ig

ur
e

1a
)w

ith
a

m
ec

ha
ni

sm
of

pa
yi

ng
a

fix
ed

am
ou

nt
pe

rc
or

re
ct

an
sw

er
,(

ii)
ou

rs
ki

p-
ba

se
d

se
tti

ng
(F

ig
ur

e
1b

)w
ith

ou
rm

ul
tip

lic
at

iv
e

m
ec

ha
ni

sm
,a

nd
(i

ii)
ou

rc
on

fid
en

ce
-b

as
ed

se
tti

ng
(F

ig
ur

e
1c

)w
ith

ou
rc

on
fid

en
ce

-b
as

ed
m

ec
ha

ni
sm

.F
or

ea
ch

m
ec

ha
ni

sm
in

ea
ch

ex
pe

ri
m

en
t,

w
e

sp
ec

ifi
ed

th
e

re
qu

ir
em

en
to

f
35

w
or

ke
rs

in
de

pe
nd

en
tly

pe
rf

or
m

in
g

th
e

ta
sk

.
T

hi
s

am
ou

nt
s

to
a

to
ta

lo
f

94
5

w
or

ke
r-

ta
sk

s
(3

15
w

or
ke

r-
ta

sk
s

fo
r

ea
ch

m
ec

ha
ni

sm
).

W
e

al
so

se
tt

he
fo

llo
w

in
g

co
n-

st
ra

in
ts

fo
ra

w
or

ke
rt

o
at

te
m

pt
ou

rt
as

ks
:

th
e

w
or

ke
rm

us
th

av
e

co
m

pl
et

ed
at

le
as

t1
00

ta
sk

s
pr

ev
i-

ou
sl

y,
an

d
m

us
th

av
e

a
hi

st
or

y
of

ha
vi

ng
at

le
as

t9
5%

of
he

rp
ri

or
w

or
k

ap
pr

ov
ed

by
th

e
re

sp
ec

tiv
e

re
qu

es
te

rs
.

In
ea

ch
ex

pe
ri

m
en

t,
w

e
of

fe
re

d
a

ce
rt

ai
n

sm
al

l
fix

ed
pa

ym
en

t
(i

n
or

de
r

to
at

tr
ac

t
th

e
w

or
ke

rs
in

th
e

fir
st

pl
ac

e)
an

d
ex

ec
ut

ed
th

e
va

ri
ab

le
pa

rt
of

ou
rm

ec
ha

ni
sm

s
vi

a
a

bo
nu

s
pa

ym
en

t.

6.
2.

3
R

E
S

U
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S
:

R
A

W
D

A
TA

Fi
gu

re
4

pl
ot

s,
fo

r
th

e
ba

se
lin

e,
sk

ip
-b

as
ed

an
d

co
nfi

de
nc

e-
ba

se
d

m
ec

ha
ni

sm
s

fo
r

al
l

ni
ne

ex
pe

r-
im

en
ts

,t
he

(i
)

fr
ac

tio
n

of
qu

es
tio

ns
th

at
w

er
e

an
sw

er
ed

in
co

rr
ec

tly
,(

ii)
fr

ac
tio

n
of

qu
es

tio
ns

th
at

w
er

e
an

sw
er

ed
in

co
rr

ec
tly

am
on

g
th

os
e

th
at

w
er

e
at

te
m

pt
ed

,(
iii

)
th

e
av

er
ag

e
pa

ym
en

tt
o

a
w

or
ke

r
(i

n
ce

nt
s)

,a
nd

(iv
)

br
ea

k
up

of
th

e
an

sw
er

s
in

te
rm

s
of

th
e

fr
ac

tio
n

of
an

sw
er

s
in

ea
ch

co
nfi

de
nc

e
le

ve
l.

T
he

pa
ym

en
tf

or
va

ri
ou

s
ta

sk
s

pl
ot

te
d

in
Fi

gu
re

4
is

co
m

pu
te

d
as

th
e

av
er

ag
e

of
th

e
pa

ym
en

ts
ac

ro
ss

1
00

(r
an

do
m

)s
el

ec
tio

ns
of

th
e

go
ld

st
an

da
rd

qu
es

tio
ns

,i
n

or
de

rt
o

pr
ev

en
ta

ny
di

st
or

tio
n

of
th

e
re

su
lts

du
e

to
th

e
ra

nd
om

ne
ss

in
th

e
ch

oi
ce

of
th

e
go

ld
st

an
da

rd
qu

es
tio

ns
.

T
he

fig
ur

e
sh

ow
s

th
at

th
e

am
ou

nt
of

er
ro

rs
am

on
g

th
e

at
te

m
pt

ed
qu

es
tio

ns
is

m
uc

h
lo

w
er

in
th

e
sk

ip
an

d
th

e
co

nfi
de

nc
e-

ba
se

d
se

tti
ng

st
ha

n
th

e
ba

se
lin

e
se

tti
ng

.A
ls

o
ob

se
rv

e
th

at
in

th
e

co
nfi

de
nc

e-
ba

se
d

se
tti

ng
,a

s
ex

pe
ct

ed
,t

he
an

sw
er

s
se

le
ct

ed
w

ith
hi

gh
er

co
nfi

de
nc

e-
le

ve
ls

ar
e

m
or

e
co

rr
ec

t.
T

he
to

ta
l

m
on

ey
sp

en
t

un
de

r
ea

ch
of

th
es

e
se

tti
ng

s
is

si
m

ila
r,

w
ith

th
e

sk
ip

an
d

th
e

co
nfi

de
nc

e-
ba

se
d

se
tti

ng
s

fa
ri

ng
be

tte
r

in
m

os
t

ca
se

s.
W

e
al

so
el

ic
ite

d
fe

ed
ba

ck
fr

om
th

e
w

or
ke

rs
,

in
w

hi
ch

w
e

re
ce

iv
ed

se
ve

ra
lp

os
iti

ve
co

m
m

en
ts

(a
nd

no
ne

ga
tiv

e
co

m
m

en
ts

).
E

xa
m

pl
es

of
co

m
m

en
ts

th
at

w
e

re
ce

iv
ed

:
“I

w
as

w
on

de
ri

ng
if

it
w

ou
ld

po
ss

ib
le

to
in

cr
ea

se
th

e
m

ax
im

um
nu

m
be

r
of

H
IT

s
I

m
ay

co
m

pl
et

e
fo

ry
ou

.
A

s
Is

ai
d

be
fo

re
,t

he
y

w
er

e
fu

n
to

co
m

pl
et

e.
It

hi
nk

Id
id

a
go

od
jo

b
co

m
pl

et
in

g
th

em
,a

nd
it

w
ou

ld
be

gr
ea

tt
o

co
m

pl
et

e
so

m
e

m
or

e
fo

ry
ou

.”
;“

Ia
m

ea
ge

rl
y

w
ai

tin
g

fo
ry

ou
rb

on
us

.”
;

“E
nj

oy
ab

le
.T

ha
nk

s.”
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R

E
S

U
LT

S:
A

G
G

R
E

G
A

T
E

D
D

A
TA

W
e

saw
in

the
previous

section
thatunderthe

skip-based
setting,the

am
ountoferroram

ong
the

at-
tem

pted
questions

w
as

significantly
low

erthan
the

am
ountoferrorin

the
baseline

setting.H
ow

ever,
the

skip-based
setting

w
as

also
associated,by

design,to
lesseram

ountofdata
by

virtue
ofquestions

being
skipped

by
the

w
orkers.A

naturalquestion
thatarises

is
how

the
baseline

and
the

skip-based
m

echanism
s

w
illcom

pare
in

term
s

ofthe
finaldata

quality,i.e.,the
am

ountoferroronce
data

from
m

ultiple
w

orkers
is

aggregated.
To

this
end,w

e
considered

the
five

experim
ents

thatconsisted
ofm

ultiple-choice
questions.W

e
leta

param
eter

n
u
m
w
o
r
k
e
r
s

take
values

in{
3,

5,
7,

9
,

1
1}.Foreach

ofthe
five

experim
ents

and
for

each
of

the
five

values
of
n
u
m
w
o
r
k
e
r
s,w

e
perform

the
follow

ing
actions

1,0
00

tim
es:

for
each

question,w
e

choose
n
u
m
w
o
r
k
e
r
s

w
orkers

and
perform

a
m

ajority
vote

on
theirresponses.

If
the

correctansw
er

for
thatquestion

does
notlie

in
the

setof
options

given
by

the
m

ajority,w
e

consider
itas

an
accuracy

of
zero.

O
therw

ise,if
there

are
m

options
tied

in
the

m
ajority

vote,and
the

correctansw
er

is
one

of
these

m
,then

w
e

consider
itas

an
accuracy

of
1
0
0

m
%

(hence,
1
00

%
if

the
correctansw

eris
the

only
answ

erpicked
by

the
m

ajority
vote).W

e
average

the
accuracy

across
allquestions

and
across

alliterations.
W

e
choose

m
ajority

voting
as

the
m

eans
of

aggregation
since

(a)
it

is
the

sim
plest

and
still

m
ostpopular

aggregation
m

ethod,and
(b)

to
enable

an
apples-to-apples

com
parison

design
since

w
hile

m
ore

advanced
aggregation

algorithm
s

have
been

developed
for

the
baseline

setting
w

ithout
the

skip
(R

aykar
et

al.,
2010;

Z
hou

et
al.,

2012;
W

authier
and

Jordan,
2011;

C
hen

et
al.,

2013;
K

hetan
and

O
h,2016;D

aw
id

and
Skene,1979;K

argeretal.,2011;L
iu

etal.,2012;V
em

paty
etal.,

2014;Z
hang

etal.,2014;Ipeirotis
etal.,2014;Z

hou
etal.,2015;Shah

etal.,2016c),butdesign
of

analogous
algorithm

s
forthe

new
skip-based

setting
is

stillopen.
T

he
results

are
presented

in
Figure

5.
W

e
see

that
in

m
ost

cases,
our

skip-based
m

echanism
induces

a
low

erlabeling
erroratthe

aggregate
levelthan

the
baseline.Furtherm

ore,in
m

any
ofthe

instances,the
reduction

is
tw

o-fold
orhigher.

A
llin

all,in
the

experim
ents,w

e
observe

a
substantialreduction

in
the

error-rates
w

hile
expend-

ing
the

sam
e

or
low

er
am

ounts
and

receiving
no

negative
com

m
ents

from
the

w
orkers,suggesting

thatthese
m

echanism
s

can
w

ork;the
fundam

entaltheory
underlying

the
m

echanism
s

ensures
that

the
system

cannotbe
gam

ed
in

the
long

run.
O

ur
proposed

settings
and

m
echanism

s
thus

have
the

potentialto
provide

m
uch

higherquality
labeled

data
as

inputto
m

achine
learning

algorithm
s.

7.D
iscussion

and
C

onclusions

In
this

concluding
section,w

e
firstdiscuss

the
m

odeling
assum

ptions
thatw

e
m

ade
in

this
paper,

follow
ed

by
a

discussion
on

future
w

ork
and

concluding
rem

arks.

7.1
M

odeling
A

ssum
ptions

W
hen

form
ing

the
m

odelfor
our

problem
,as

in
any

other
field

of
theoreticalresearch,w

e
had

to
m

ake
certain

assum
ptions

and
choices.

In
w

hatfollow
s,w

e
discuss

the
reasons

for
the

m
odeling

choices
w

e
m

ade.

•
U

se
ofgold

standard
questions.W

e
assum

e
the

existence
ofgold

standard
questions

in
the

task,
i.e.,a

subsetofquestions
to

w
hich

the
answ

ers
are

know
n

to
the

system
designer.T

he
existence

ofgold
standard

is
com

m
onplace

in
crow

dsourcing
platform

s
(L

e
etal.,2010;C

hen
etal.,2011).
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S
H

A
H

A
N

D
Z

H
O

U

Iden%fy	  the	  Golden	  Gate	  Bridge	  
a 

Transcribe	  the	  license	  plate	  num
ber	  

b 

M
ark	  the	  breed	  of	  the	  dog	  

c 

Iden%fy	  heads	  of	  countries	  
d 

M
ark	  the	  con%nent	  to	  w

hich	  the	  flag	  belongs	  
e 

Iden%fy	  the	  texture	  
f 

Transcribe	  text	  (playscript)	  
g 

Transcribe	  text	  (cer%ficate)	  
h 

Transcribe	  the	  audio	  clip	  
i 

B
aseline  

m
echanism

 

Skip-based  
m

ultiplicative  
m

echanism
 

C
onfidence-based  

m
ultiplicative  

m
echanism

 

absolutely sure  
&

 w
rong 

m
oderately sure  

&
 w

rong 

skipped 

m
oderately sure  

&
 correct 

absolutely sure  
&

 correct 

Legend	  

B	  S	  C	  C
onfidence-based  

m
ultiplicative 

 m
echanism

: 

skipped 

Skip-based  
m

ultiplicative  
m

echanism
: 

B
reak up: 

Figure
4:

T
he

error-rates
in

the
raw

data
and

paym
ents

in
the

nine
experim

ents.E
ach

individualbar
in

the
plots

corresponds
to

one
m

echanism
in

one
experim

entand
is

generated
from

35
distinctw

orkers
(this

totals
to

945
w

orker-tasks).
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(a
) I

de
nt

ify
 th

e 
G

ol
de

n 
G

at
e 

B
rid

ge
 

(b
) I

de
nt

ify
 b

re
ed

 o
f d

og
s 

(c
) I

de
nt

ify
 h

ea
ds

 o
f c

ou
nt

rie
s 

(d
) I

de
nt

ify
 th

e 
co

nt
in

en
t f

ro
m

 fl
ag

s 
(e

) I
de

nt
ify

 te
xt

ur
e 

in
 im

ag
es

 

Co
nv
en

&o
na
l)

Sk
ip
.b
as
ed

)m
ul
&p

lic
a&

ve
)

Le
ge
nd

:)

Co
nfi

de
nc
e.
ba
se
d)
m
ul
&p

lic
a&

ve
)

%)wrong) %)wrong)

Fi
gu

re
5:

E
rr

or
-r

at
es

in
th

e
ag

gr
eg

at
ed

da
ta

in
th

e
fiv

e
ex

pe
ri

m
en

ts
in

vo
lv

in
g

m
ul

tip
le

-c
ho

ic
e

ta
sk

s.

•
W

or
ke

rs
ai

m
in

g
to

m
ax

im
iz

e
th

ei
r

ex
pe

ct
ed

pa
ym

en
ts

:
W

e
as

su
m

e
th

at
th

e
w

or
ke

rs
ai

m
to

m
ax

-
im

iz
e

th
ei

r
ex

pe
ct

ed
pa

ym
en

ts
.

In
m

an
y

ot
he

r
pr

ob
le

m
s

in
ga

m
e

th
eo

ry
,

on
e

of
te

n
m

ak
es

th
e

as
su

m
pt

io
n

th
at

pe
op

le
ar

e
“r

is
k-

av
er

se
”,

an
d

ai
m

to
m

ax
im

iz
e

th
e

ex
pe

ct
ed

va
lu

e
of

so
m

e
“u

til
ity

fu
nc

tio
n”

of
th

ei
r

pa
ym

en
ts

.
W

hi
le

w
e

ex
te

nd
ou

r
re

su
lts

to
ge

ne
ra

l
ut

ili
ty

fu
nc

tio
ns

in
A

pp
en

di
x

C
in

or
de

rt
o

ac
co

m
m

od
at

e
su

ch
re

qu
ir

em
en

ts
,w

e
al

so
th

in
k

th
at

th
e

as
su

m
pt

io
n

of
w

or
ke

rs
m

ax
im

iz
in

g
th

ei
re

xp
ec

te
d

pa
ym

en
ts

is
a

pe
rf

ec
tly

re
as

on
ab

le
as

su
m

pt
io

n
fo

rt
he

cr
ow

d-
so

ur
ci

ng
se

tti
ng

s
co

ns
id

er
ed

he
re

.T
he

re
as

on
is

th
at

ea
ch

su
ch

ta
sk

la
st

s
fo

ra
ha

nd
fu

lo
fm

in
ut

es
an

d
is

w
or

th
a

fe
w

te
ns

of
ce

nt
s.

W
or

ke
rs

ty
pi

ca
lly

pe
rf

or
m

te
ns

to
hu

nd
re

ds
of

ta
sk

s
pe

r
da

y,
an

d
co

ns
eq

ue
nt

ly
th

ei
re

m
pi

ri
ca

lh
ou

rl
y

w
ag
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D
O

U
B

L
E

O
R

N
O

T
H

IN
G

to
an

expertorto
m

ore
non-expertw

orkers.Secondly,the
theoreticalguarantees

ofthe
m

echanism
m

ay
allow

forbetterpost-processing
ofthe

data,incorporating
the

confidence
inform

ation
and

im
-

proving
the

overallaccuracy.T
he

sim
plicity

ofthe
rules

ofourm
echanism

s
m

ay
facilitate

an
easier

adoption
am

ong
the

w
orkers.

In
conclusion,

given
the

uniqueness
in

theory,
sim

plicity,
and

good
perform

ance
observed

in
practice,

w
e

envisage
our

‘m
ultiplicative’

m
echanism

s
to

be
of

interest
to

m
achine

learning
re-

searchers
and

practitioners
w

ho
use

crow
dsourcing

to
collectlabeled

data.
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A
ppendix

A
.Proofs

In
this

section,w
e

prove
the

claim
ed

theoreticalresults
w

hose
proofs

are
notincluded

in
the

m
ain

textofthe
paper.

T
he

property
of

incentive-com
patibility

does
notchange

upon
any

shiftof
the

m
echanism

by
a

constantvalue
or

any
scaling

by
a

positive
constantvalue.

A
s

a
result,for

the
purposes

of
these

proofs,w
e

can
assum

e
w

ithoutloss
ofgenerality

that
µ

m
in

=
0.

A
.1

ProofofL
em

m
a

4:T
he

W
orkhorse

L
em

m
a

Firstw
e

consider
the

case
of
G

=
N

.
In

the
set{y

1 ,...,y
i−

1 ,y
i+

1 ,...,y
G },for

som
e

(η
,γ

)
∈

{
0,...,G

−
1}

2
such

that
η

+
γ

+
1
≤
G

,suppose
there

are
η

elem
ents

w
ith

a
value

1,γ
elem

ents
w

ith
a

value
−

1,
and

(G
−

1
−
η
−
γ

)
elem

ents
w

ith
a

value
0.

L
et

us
assum

e
for

now
that

i
=
η

+
γ

+
1,y

1
=

1,...,y
η

=
1,y

η
+

1
=
−

1,...,y
η
+
γ

=
−

1,y
η
+
γ

+
2

=
0,...,y

G
=

0.

Suppose
the

w
orkerhas

confidences
(p

1 ,...,p
η
+
γ )∈

(T
,1

] η
+
γ

forthe
first

(η
+
γ

)
questions,

a
confidence

of
q
∈

(0,1
]for

the
nextquestion,and

confidences
sm

aller
than

T
for

the
rem

aining
(G
−
η−

γ−
1
)

questions.T
he

m
echanism

m
ustincentivize

the
w

orkerto
answ

erthe
first

(η
+
γ

)
questions

and
skip

the
last

(G
−
η−

γ−
1
)

questions;forquestion
(η

+
γ

+
1
),itm

ustincentivize
the

w
orker

to
answ

er
if
q
>
T

and
skip

if
q
<
T

.
Supposing

the
w

orker
indeed

attem
pts

the
first

(η
+
γ

)questionsand
skipsthe

last(G
−
η−

γ−
1
)questions,letx

=
{x

1 ,...,x
η
+
γ }
∈
{−

1,1}
η
+
γ

denote
the

the
evaluation

of
the

w
orker’s

answ
ers

to
the

first
(η

+
γ

)
questions.

D
efine

quantities
{
r
j }
j∈

[η
+
γ

] as
r
j

=
1−

p
j

for
j∈
{1,...,η},and

r
j

=
p
j

for
j∈
{η

+
1,η

+
γ}.T

he
requirem

ent
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ofincentive
com

patibility
necessitates

q
∑

x∈{−
1
,1}

η
+
γ 

f
(x

1 ,...,x
η ,−

x
η
+

1 ,...,−
x
η
+
γ ,1,0,...,0)

∏j∈
[η

+
γ

] r
1−
x
j

2
j

(1−
r
j )

1
+
x
j

2



+
(1−

q)
∑

x∈{−
1
,1}

η
+
γ 
f

(x
1 ,...,x

η ,−
x
η
+

1 ,...,−
x
η
+
γ ,−

1
,0
,...,0)

∏j∈
[η

+
γ

] r
1−
x
j

2
j

(1−
r
j )

1
+
x
j

2



q
<
T

≶q
>
T

∑

x∈{−
1
,1}

η
+
γ 

f
(x

1 ,...,x
η ,−

x
η
+

1 ,...,−
x
η
+
γ ,0

,0
,...,0)

∏j∈
[η

+
γ

] r
1−
x
j

2
j

(1−
r
j )

1
+
x
j

2


.

T
he

left
hand

side
of

this
expression

is
the

expected
paym

ent
if

the
w

orker
chooses

to
answ

er
question

(η
+
γ

+
1),w

hile
the

righthand
side

is
the

expected
paym

entif
she

chooses
to

skip
it.

Forany
real-valued

variable
q,and

forany
real-valued

constants
a,b

and
c,

a
q
q
<
c

≶q
>
c
b
⇒

a
c

=
b
.

A
s

a
result,

T
∑

x∈{−
1
,1}

η
+
γ 

f
(x

1 ,...,x
η ,−

x
η
+

1 ,...,−
x
η
+
γ ,1

,0
,...,0)

∏j∈
[η

+
γ

] r
1−
x
j

2
j

(1−
r
j )

1
+
x
j

2



+
(1−

T
)

∑

x∈{−
1
,1}

η
+
γ 
f

(x
1 ,...,x

η ,−
x
η
+

1 ,...,−
x
η
+
γ ,−

1
,0
,...,0)

∏j∈
[η

+
γ

] r
1−
x
j

2
j

(1−
r
j )

1
+
x
j

2



−
∑

x∈{−
1
,1}

η
+
γ 
f

(x
1 ,...,x

η ,−
x
η
+

1 ,...,−
x
η
+
γ−

1 ,0
,0
,...,0)

∏j∈
[η

+
γ

] r
1−
x
j

2
j

(1−
r
j )

1
+
x
j

2


=

0.

(8)

T
he

lefthand
side

of
(8)

represents
a

polynom
ialin

(η
+
γ

)
variables{

r
j }
η
+
γ

j=
1

w
hich

evaluates
to

zero
for

all
values

of
the

variables
w

ithin
a

(η
+
γ

)-dim
ensional

solid
E

uclidean
ball.

T
hus,

the
coefficients

ofthe
m

onom
ials

in
this

polynom
ialm

ustbe
zero.In

particular,the
constantterm

m
ust

be
zero.T

he
constantterm

appears
w

hen
x
j

=
1∀

j
in

the
sum

m
ations

in
(8).Setting

the
constant

term
to

zero
gives

T
f

(x
1

=
1,...,x

η
=

1,−
x
η
+

1
=
−

1,...,−
x
η
+
γ

=
−

1,1,0,...,0)

+
(1−

T
)f

(x
1

=
1,...,x

η
=

1,−
x
η
+

1
=
−

1
,...,−

x
η
+
γ

=
−

1
,−

1,0,...,0)

−
f

(x
1

=
1,...,x

η
=

1,−
x
η
+

1
=
−

1
,...,−

x
η
+
γ

=
−

1
,0
,0
,...,0)

=
0,

as
desired.

Since
the

argum
ents

above
hold

forany
perm

utation
ofthe

G
questions,this

com
pletes

the
proofforthe

case
of
G

=
N

.
N

ow
consider

the
case

G
<
N

.
L

et
g

:{−
1,0,1}

N
→

R
+

representthe
expected

paym
ent

given
an

evaluation
of

all
the

N
answ

ers,
w

hen
the

identities
of

the
gold

standard
questions

are
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D
O

U
B

L
E

O
R

N
O

T
H

IN
G

un
kn

ow
n.

H
er

e,
th

e
ex

pe
ct

at
io

n
is

w
ith

re
sp

ec
t

to
th

e
(u

ni
fo

rm
ly

ra
nd

om
)

ch
oi

ce
of

th
e
G

go
ld

st
an

da
rd

qu
es

tio
ns

.
If

(x
1
,.
..
,x

N
)
∈
{−

1
,0
,1
}N

ar
e

th
e

ev
al

ua
tio

ns
of

th
e

w
or

ke
r’

s
an

sw
er

s
to

th
e
N

qu
es

tio
ns

th
en

th
e

ex
pe

ct
ed

pa
ym

en
ti

s

g
(x

1
,.
..
,x

N
)

=
1 ( N G

)
∑

(i
1
,.
..
,i
G

)⊆
{1
,.
..
,N
}f

(x
i 1
,.
..
,x

i G
).

(9
)

N
ot

ic
e

th
at

w
he

n
G

=
N

,t
he

fu
nc

tio
ns
f

an
d
g

ar
e

id
en

tic
al

.
In

th
e

se
t{
y 1
,.
..
,y
i−

1
,y
i+

1
,.
..
,y
G
},

fo
r

so
m

e
(η
,γ

)
∈
{0
,.
..
,G
−

1}
2

w
ith

η
+
γ
<
G

,
su

pp
os

e
th

er
e

ar
e
η

el
em

en
ts

w
ith

a
va

lu
e

1
,γ

el
em

en
ts

w
ith

a
va

lu
e
−

1
,a

nd
(G
−

1
−
η
−
γ

)
el

em
en

ts
w

ith
a

va
lu

e
0

.
L

et
us

as
su

m
e

fo
r

no
w

th
at
i

=
η

+
γ

+
1,
y 1

=
1,
..
.,
y η

=
1,
y η

+
1

=
−

1,
..
.,
y η

+
γ

=
−

1,
y η

+
γ

+
2

=
0,
..
.,
y G

=
0.

Su
pp

os
e

th
e

w
or

ke
r

ha
s

co
nfi

de
nc

es
{p

1
,.
..
,p
η
+
γ
}
∈

(T
,1

]η
+
γ

fo
r

th
e

fir
st

(η
+
γ

)
of

th
e
N

qu
es

tio
ns

,a
co

nfi
de

nc
e

of
q
∈

(0
,1

]
fo

r
th

e
ne

xt
qu

es
tio

n,
an

d
co

nfi
de

nc
es

sm
al

le
r

th
an
T

fo
r

th
e

re
m

ai
ni

ng
(N
−
η
−
γ
−

1)
qu

es
tio

ns
.

T
he

m
ec

ha
ni

sm
m

us
ti

nc
en

tiv
iz

e
th

e
w

or
ke

r
to

an
sw

er
th

e
fir

st
(η

+
γ

)
qu

es
tio

ns
an

d
sk

ip
th

e
la

st
(N
−
η
−
γ
−

1)
qu

es
tio

ns
;f

or
th

e
(η

+
γ

+
1
)th

qu
es

tio
n,

th
e

m
ec

ha
ni

sm
m

us
ti

nc
en

tiv
iz

e
th

e
w

or
ke

r
to

an
sw

er
if
q
>
T

an
d

sk
ip

if
q
<
T

.
Su

pp
os

in
g

th
e

w
or

ke
ri

nd
ee

d
at

te
m

pt
s

th
e

fir
st

(η
+
γ

)
qu

es
tio

ns
an

d
sk

ip
s

th
e

la
st

(N
−
η
−
γ
−

1
)

qu
es

tio
ns

,l
et

x
=
{x

1
,.
..
,x

η
+
γ
}
∈
{−

1,
1}
η
+
γ

de
no

te
th

e
th

e
ev

al
ua

tio
n

of
th

e
w

or
ke

r’
s

an
sw

er
s

to
th

e
fir

st
(η

+
γ

)
qu

es
tio

ns
.D

efi
ne

qu
an

tit
ie

s
{r
j
} j
∈[
η
+
γ

]
as
r j

=
1
−
p
j

fo
rj
∈
{1
,.
..
,η
},

an
d
r j

=
p
j

fo
r

j
∈
{η

+
1
,η

+
γ
}.

T
he

re
qu

ir
em

en
to

fi
nc

en
tiv

e
co

m
pa

tib
ili

ty
ne

ce
ss

ita
te

s

q
∑

x
∈{
−

1
,1
}η

+
γ

 
g
(x

1
,.
..
,x

η
,−
x
η
+

1
,.
..
,−
x
η
+
γ
,1
,0
,.
..
,0

)
∏

j∈
[η

+
γ

]

r
1
−
x
j

2
j

(1
−
r j

)1
+
x
j

2

 

+
(1
−
q)

∑

x
∈{
−

1
,1
}η

+
γ  g

(x
1
,.
..
,x

η
,−
x
η
+

1
,.
..
,−
x
η
+
γ
,−

1,
0,
..
.,

0)
∏

j∈
[η

+
γ

]

r
1
−
x
j

2
j

(1
−
r j

)1
+
x
j

2

 

q
<
T ≶

q
>
T

∑

x
∈{
−

1
,1
}η

+
γ 
g
(x

1
,.
..
,x

η
,−
x
η
+

1
,.
..
,−
x
η
+
γ
,0
,0
,.
..
,0

)
∏

j∈
[η

+
γ

]

r
1
−
x
j

2
j

(1
−
r j

)1
+
x
j

2

 
. (1
0)

A
ga

in
,a

pp
ly

in
g

th
e

fa
ct

th
at

fo
r

an
y

re
al

-v
al

ue
d

va
ri

ab
le
q

an
d

fo
r

an
y

re
al

-v
al

ue
d

co
ns

ta
nt

s
a

,b

an
d
c,
a
q
q
<
c ≶ q

>
c
b
⇒

a
c

=
b,

w
e

ge
tt

ha
t

T
g
(x

1
=

1,
..
.,
x
η

=
1,
−
x
η
+

1
=
−

1
,.
..
,−
x
η
+
γ

=
−

1
,1
,0
,.
..
,0

)

+
(1
−
T

)g
(x

1
=

1,
..
.,
x
η

=
1,
−
x
η
+

1
=
−

1
,.
..
,−
x
η
+
γ

=
−

1
,−

1
,0
,.
..
,0

)

−
g
(x

1
=

1,
..
.,
x
η

=
1,
−
x
η
+

1
=
−

1,
..
.,
−
x
η
+
γ

=
−

1,
0,

0,
..
.,

0
)

=
0.

(1
1)

T
he

pr
oo

f
no

w
pr

oc
ee

ds
vi

a
in

du
ct

io
n

on
th

e
qu

an
tit

y
(G
−
η
−
γ
−

1)
,i

.e
.,

on
th

e
nu

m
be

r
of

sk
ip

pe
d

qu
es

tio
ns

in
{y

1
,.
..
,y
i−

1
,y
i+

1
,.
..
,y
G
}.

W
e

be
gi

n
w

ith
th

e
ca

se
of

(G
−
η
−
γ
−

1
)

=
G
−

1
w

hi
ch

im
pl

ie
s
η

=
γ

=
0.

In
th

is
ca

se
(1

1)
si

m
pl

ifi
es

to

T
g
(1
,0
,.
..
,0

)
+

(1
−
T

)g
(−

1
,0
,.
..
,0

)
=
g
(0
,0
,.
..
,0

)
.
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A
pp

ly
in

g
th

e
ex

pa
ns

io
n

of
fu

nc
tio

n
g

in
te

rm
s

of
fu

nc
tio

n
f

fr
om

(9
)g

iv
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T
(c

1
f

(1
,0
,.
..
,0

)
+
c 2
f

(0
,0
,.
..
,0

))
+

(1
−
T

)
(c

1
f

(−
1,

0
,.
..
,0

)
+
c 2
f

(0
,0
,.
..
,0

))

=
(c

1
f

(0
,0
,.
..
,0

)
+
c 2
f

(0
,0
,.
..
,0

))

fo
r

co
ns

ta
nt

s
c 1
>

0
an

d
c 2
>

0
th

at
re

sp
ec

tiv
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y
de

no
te

th
e

pr
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ili

tie
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th
at

th
e

fir
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qu
es

tio
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ck
ed

an
d

no
tp
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ke

d
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th
e

se
to

fG
go

ld
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an
da

rd
qu

es
tio
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an
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lin
g
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he
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m
m
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te

rm
s

on
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th
si

de
s

of
th

e
eq

ua
tio

n,
w

e
ge

tt
he

de
si

re
d

re
su

lt

T
f

(1
,0
,.
..
,0

)
+

(1
−
T

)f
(−

1
,0
,.
..
,0

)
=
f

(0
,0
,.
..
,0
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N
ex

t,
w

e
co

ns
id

er
th

e
ca

se
w

he
n

(G
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−

1)
qu

es
tio
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e
sk
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d
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th
e

go
ld

st
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da
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nd

as
su

m
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th
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th
e

re
su
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w
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n
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or
e

th
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γ
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1
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qu
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tio
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ar
e

sk
ip

pe
d

in
th

e
go

ld
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an
da

rd
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(1

1)
,

th
e

fu
nc

tio
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g

de
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m
po
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to
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of
th

e
co
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fu
nc

tio
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T

he
se

co
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tit
ue

nt
fu

nc
tio
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ar
e

of
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o
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pe
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th
e

fir
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re
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th
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at
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−
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−

(l
+

1
)

=
T
l+

1
α
l
+

(1
−
T
l+

1
)α
−
l,

(1
2a

)

an
d

S
l+

1
α
l+

1
+

(1
−
S
l+

1
)α
−

(l
+

1
)

=
α

0
=

1.
(1

2b
)

L
em

m
a

15
α
L
>
α
L
−

1
>
··
·>

α
−
L

=
0.

L
em

m
a

16
Fo

r
an

y
m
∈
{1
,.
..
,L
},

an
y
p
>
T
m

an
d

an
y
z
<
m

,

p
α
m

+
(1
−
p
)α
−
m
>
p
α
z

+
(1
−
p
)α
−
z
,

(1
3a

)

an
d

fo
r

an
y
m
∈
{0
,.
..
,L
−

1
},

an
y
p
<
T
m

+
1

an
d

an
y
z
>
m

,

p
α
m

+
(1
−
p
)α
−
m
>
p
α
z

+
(1
−
p
)α
−
z
.

(1
3b

)
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T
he

proof
of

these
results

are
available

atthe
end

of
this

subsection.
A

ssum
ing

these
lem

m
as

hold,w
e

w
illnow

com
plete

the
proofofT

heorem
7.

T
he

choice
of
α
−
L

=
0

m
ade

in
A

lgorithm
2

ensures
thatthe

paym
entis

zero
w

henever
any

answ
er

in
the

gold
standard

evaluates
to
−
L

.
T

his
choice

ensures
thatthe

no-free-lunch
axiom

is
satisfied.

O
ne

can
easily

verify
thatthe

paym
entlies

in
the

interval
[0,µ

m
a
x ].

Itrem
ains

to
prove

thatthe
proposed

m
echanism

is
incentive-com

patible.
D

efine
E

=
(ε

1 ,...,ε
G

)
∈
{−

1
,1}

G
and

E
\
1

=
(ε

2 ,...,ε
G

).
Suppose

the
w

orker
has

confidences
p

1 ,...,p
N

for
her

N
answ

ers.
For

som
e

(s(1
),...,s(N

))
∈
{
0
,...,L}

N
suppose

p
i ∈

(T
s(i) ,

T
s(i)+

1 )∀
i∈
{
1
,...,N

},i.e.,
s(1),...,s(N

)
are

the
correctconfidence-levels

for
heransw

ers.C
onsiderany

othersetofconfidence-levels
s ′(1

),...,s ′(N
).W

hen
the

m
echanism

of
A

lgorithm
2

is
em

ployed,the
expected

paym
ent(from

the
pointofview

ofthe
w

orker)on
selecting

confidence-levels
s(1),...,s(N

)
is

E
[Pay]

=
1
(
NG )

∑

(j
1
,...,j

G
)

⊆
{
1
,...,N

}

∑

E
∈{−

1
,1}

G

G∏i=
1

α
ε
i s(j

i ) (p
j
i )

1
+
ε
i

2
(1−

p
j
i )

1−
ε
i

2
(14a)

=
1
(
NG )

∑

(j
1
,...,j

G
)

⊆
{
1
,...,N

}

∑

E
\
1 ∈{−

1
,1}

G
−
1 (p
j
1 α

s(j
1
)

+
(1−

p
j
1 )α
−
s(j

1
) )

G∏i=
2

α
ε
i s(j

i ) (p
j
i )

1
+
ε
i

2
(1−

p
j
i )

1−
ε
i

2

(14b)
...

=
1
(
NG )

∑

(j
1
,...,j

G
)

⊆
{
1
,...,N

}

G∏i=
1 (p

j
i α
s(j

i )
+

(1−
p
j
i )α
−
s(j

i ) )
(14c)

>
1
(
NG )

∑

(j
1
,...,j

G
)

⊆
{
1
,...,N

}

G∏i=
1 (p

j
i α
s ′(j

i )
+

(1−
p
j
i )α
−
s ′(j

i ) )
(14d)

w
hich

is
the

expected
paym

entunder
any

other
setof

confidence-levels
s ′(1

),...,s ′(N
).

T
he

last
inequality

is
a

consequence
ofL

em
m

a
16.

A
n

argum
entsim

ilarto
the

above
also

proves
thatforany

m
∈
{1,...,L},ifallow

ed
to

choose
betw

een
only

skipping
and

confidence-level
m

,
the

w
orker

is
incentivized

to
choose

confidence-
level

m
overskip

ifherconfidence
is

greater
S
m

,and
choose

skip
overlevel

m
ififherconfidence

is
sm

aller
than

S
m

.
Finally,from

L
em

m
a

15
w

e
have

α
L
>
···

>
α
−
L

=
0.

Itfollow
s

thatthe
expected

paym
ent(14c)

is
strictly

increasing
in

each
of

the
values

p
1 ,...,p

N
.

T
hus

the
w

orker
is

incentivized
to

reportthe
answ

erthatshe
thinks

is
m

ostlikely
to

be
correct.

A
.2.1

P
R

O
O

F
O

F
L

E
M

M
A

14

A
lgorithm

2
states

that
α
−
l

=
1−
α
l S
l

1−
S
l

for
all
l∈

[L
].

A
sim

ple
rearrangem

entof
the

term
s

in
this

expression
gives

(12b).
Tow

ards
the

goalofproving
(12a),w

e
w

illfirstprove
an

interm
ediate

result:

α
l
>

1
>
α
−
l ∀

l∈
{L
,...,1}

.
(15)
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S
H

A
H

A
N

D
Z

H
O

U

T
he

proofproceeds
via

an
induction

on
l∈
{L
,...,2}.T

he
case

of
l

=
1

w
illbe

proved
separately.

T
he

induction
hypothesis

involves
tw

o
claim

s:
α
l
>

1
>
α
−
l and

T
l α
l +

(1−
T
l )α
−
l
>

1.T
he

base
case

is
l

=
L

forw
hich

w
e

know
that

α
L

=
1S
L
>

1
>

0
=
α
−
L

and
T
l α
l +

(1−
T
l )α
−
l

=
T
l
S
l
>

1.
N

ow
suppose

thatthe
induction

hypothesisistrue
for

(l+
1).R

earranging
the

term
sin

the
expression

defining
α
l in

A
lgorithm

2
and

noting
that

1
>
T
l+

1
>
S
l ,w

e
get

α
l

=
(1−

S
l ) (T

l+
1 α

l+
1

+
(1−

T
l+

1 )α
−

(l+
1
) )−

(1−
T
l+

1 )

(1−
S
l )−

(1−
T
l+

1 )
(16)

>
(1−

S
l )−

(1−
T
l+

1 )

(1−
S
l )−

(1−
T
l+

1 )

=
1.

From
(12b)

w
e

see
that

the
value

1
is

a
convex

com
bination

of
α
l

and
α
−
l .

Since
α
l
>

1
and

S
l ∈

(0,1),itm
ustbe

that
α
−
l
<

1.Furtherm
ore,since

T
l
>
S
l w

e
get

T
l α
l
+

(1−
T
l )α
−
l
>
S
l α
l
+

(1−
S
l )α
−
l

=
1
.

T
his

proves
the

induction
hypothesis.

L
etus

now
consider

l
=

1.
If
L

=
1

then
w

e
have

α
L

=
1S
L
>

1
>

0
=
α
−
L

and
w

e
are

done.
If
L
>

1
then

w
e

have
already

proved
that

α
2
>

1
>
α
−

2

and
T

2 α
2

+
(1−

T
2 )α
−

2
>

1.A
n

argum
entidenticalto

(16)onw
ards

proves
that

α
1
>

1
>
α
−

1 .
N

ow
thatw

e
have

proved
α
l
>
α
−
l ∀
l∈

[L
],w

e
can

rew
rite

the
expression

defining
α
−
l

in
A

lgorithm
2

as

S
l

=
1−

α
−
l

α
l −

α
−
l .

Substituting
this

expression
for

S
l in

the
definition

of
α
l in

A
lgorithm

2
and

m
aking

som
e

sim
ple

rearrangem
ents

gives
the

desired
result(12a).

A
.2.2

P
R

O
O

F
O

F
L

E
M

M
A

15

W
e

have
already

show
n

(15)in
the

proofofL
em

m
a

14
above

that
α
l
>

1
>
α
−
l ∀

l∈
[L

].
N

extw
e

w
illshow

that
α
l+

1
>
α
l and

α
−

(l+
1
)
<
α
−
l ∀

l≥
0.

Firstconsider
l

=
0,forw

hich
A

lgorithm
2

sets
α

0
=

1,and
w

e
have

already
proved

that
α

1
>

1
>
α
−

1 .
N

ow
considersom

e
l
>

0.O
bserve

thatsince
S
l α
l +

(1−
S
l )α
−
l

=
1

(L
em

m
a

14),S
l+

1
>
S
l

and
α
l
>
α
−
l ,itm

ustbe
that

S
l+

1 α
l
+

(1−
S
l+

1 )α
−
l
>

1
.

(17)

From
L

em
m

a
14,w

e
also

haveS
l+

1 α
l+

1
+

(1−
S
l+

1 )α
−

(l+
1
)

=
1
.

(18)

Subtracting
(17)from

(18)w
e

get

S
l+

1 (α
l+

1 −
α
l )

+
(1−

S
l+

1 )(α
−

(l+
1
) −

α
−
l )
<

0
.

(19)

32
JM

L
R

 17(165):1-52



D
O

U
B

L
E

O
R

N
O

T
H

IN
G

Fr
om

L
em

m
a

14
w

e
al

so
ha

ve

T
l+

1
α
l+

1
+

(1
−
T
l+

1
)α
−

(l
+

1
)

=
T
l+

1
α
l
+

(1
−
T
l+

1
)α
−
l

(2
0)

⇒
T
l+

1
(α

l+
1
−
α
l)

+
(1
−
T
l+

1
)(
α
−

(l
+

1
)
−
α
−
l)

=
0
.

(2
1)

Su
bt

ra
ct

in
g

(1
9)

fr
om

(2
1)

gi
ve

s

(T
l+

1
−
S
l+

1
)[

(α
l+

1
−
α
l)

+
(α
−
l
−
α
−

(l
+

1
))

]
>

0
.

(2
2)

Si
nc

e
T
l+

1
>
S
l+

1
by

de
fin

iti
on

,i
tm

us
tb

e
th

at

α
l+

1
−
α
l
>
α
−

(l
+

1
)
−
α
−
l
.

(2
3)

N
ow

,r
ea

rr
an

gi
ng

th
e

te
rm

s
in

(2
0)

gi
ve

s

(α
l+

1
−
α
l)
T
l+

1
=
−

(α
−

(l
+

1
)
−
α
−
l)

(1
−
T
l+

1
)
.

(2
4)

Si
nc

e
T
l+

1
∈

(0
,1

),
it

fo
llo

w
s

th
at

th
e

te
rm

s
(α

l+
1
−
α
l)

an
d

(α
−

(l
+

1
)
−
α
−
l)

ha
ve

op
po

si
te

si
gn

s.
U

si
ng

(2
3)

w
e

co
nc

lu
de

th
at
α
l+

1
−
α
l
>

0
an

d
α
−

(l
+

1
)
−
α
−
l
<

0
.

A
.2

.3
P

R
O

O
F

O
F

L
E

M
M

A
16

L
et

us
fir

st
pr

ov
e

(1
3a

).
Fi

rs
tc

on
si

de
rt

he
ca

se
z

=
m
−

1
.F

ro
m

L
em

m
a

14
w

e
kn

ow
th

at

T
m
α
m
−

1
+

(1
−
T
m

)α
−

(m
−

1
)

=
T
m
α
m

+
(1
−
T
m

)α
−
m
,

an
d

he
nc

e

0
=
T
m

(α
m
−
α
m
−

1
)

+
T
m

(α
−

(m
−

1
)
−
α
−
m

)
−

(α
−

(m
−

1
)
−
α
−
m

)

<
p
(α

m
−
α
m
−

1
)

+
p
(α
−

(m
−

1
)
−
α
−
m

)
−

(α
−

(m
−

1
)
−
α
−
m

)
,

(2
5)

w
he

re
(2

5)
is

a
co

ns
eq

ue
nc

e
of
p
>
T
m

an
d

L
em

m
a

15
.A

si
m

pl
e

re
ar

ra
ng

em
en

to
ft

he
te

rm
si

n
(2

5)
gi

ve
s

(1
3a

).
N

ow
,f

or
an

y
z
<
m

,r
ec

ur
si

ve
ly

ap
pl

y
th

is
re

su
lt

to
ge

t

p
α
m

+
(1
−
p
)α
−
m
>
p
α
m
−

1
+

(1
−
p
)α
−

(m
−

1
)

>
p
α
m
−

2
+

(1
−
p
)α
−

(m
−

2
)

. . . >
p
α
z

+
(1
−
p
)α
−
z
.

L
et

us
no

w
pr

ov
e

(1
3b

).
W

e
fir

st
co

ns
id

er
th

e
ca

se
z

=
m

+
1

.F
ro

m
L

em
m

a
14

w
e

kn
ow

th
at

T
m

+
1
α
m

+
(1
−
T
m

+
1
)α
−
m

=
T
m

+
1
α
m

+
1

+
(1
−
T
m

+
1
)α
−

(m
+

1
),

an
d

he
nc

e

0
=
T
m

+
1
(α

m
+

1
−
α
m

)
+
T
m

+
1
(α
−
m
−
α
−

(m
+

1
))
−

(α
−
m
−
α
−

(m
+

1
))

>
p
(α

m
+

1
−
α
m

)
+
p
(α
−
m
−
α
−

(m
+

1
))
−

(α
−
m
−
α
−

(m
+

1
))
,

(2
6)
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w
he

re
(2

6)
is

a
co

ns
eq

ue
nc

e
of
p
<
T
m

+
1

an
d

L
em

m
a

15
.

A
si

m
pl

e
re

ar
ra

ng
em

en
to

f
th

e
te

rm
s

in
(2

6)
gi

ve
s

(1
3b

).
Fo

ra
ny
z
>
m

,a
pp

ly
in

g
th

is
re

su
lt

re
cu

rs
iv

el
y

gi
ve

s

p
α
m

+
(1
−
p
)α
−
m
>
p
α
m

+
1

+
(1
−
p
)α
−

(m
+

1
)

>
p
α
m

+
2

+
(1
−
p
)α
−

(m
+

2
)

. . . >
p
α
z

+
(1
−
p
)α
−
z
.

A
.3

Pr
oo

fo
fT

he
or

em
9:

U
ni

qu
en

es
so

fA
lg

or
ith

m
2

W
e

w
ill

fir
st

de
fin

e
on

e
ad

di
tio

na
l

pi
ec

e
of

no
ta

tio
n.

L
et
g

:
{−
L
,.
..
,L
}N
→

R
+

de
no

te
th

e
ex

pe
ct

ed
pa

ym
en

tg
iv

en
an

ev
al

ua
tio

n
of

th
e
N

an
sw

er
s,

w
he

re
th

e
ex

pe
ct

at
io

n
is

w
ith

re
sp

ec
tt

o
th

e
(u

ni
fo

rm
ly

ra
nd

om
)c

ho
ic

e
of

th
e
G

go
ld

st
an

da
rd

qu
es

tio
ns

.I
f(
x

1
,.
..
,x

N
)
∈
{−
L
,.
..
,L
}N

ar
e

th
e

ev
al

ua
tio

ns
of

th
e

w
or

ke
r’

s
an

sw
er

s
to

th
e
N

qu
es

tio
ns

th
en

th
e

ex
pe

ct
ed

pa
ym

en
ti

s

g
(x

1
,.
..
,x

N
)

=
1 ( N G

)
∑

(i
1
,.
..
,i
G

)⊆
{1
,.
..
,N
}f

(x
i 1
,.
..
,x

i G
)
.

(2
7)

N
ot

ic
e

th
at

w
he

n
G

=
N

,t
he

fu
nc

tio
ns
f

an
d
g

ar
e

id
en

tic
al

.
T

he
pr

oo
fo

fu
ni

qu
en

es
s

is
ba

se
d

on
a

ce
rt

ai
n

co
nd

iti
on

ne
ce

ss
ita

te
d

by
in

ce
nt

iv
e-

co
m

pa
tib

ili
ty

st
at

ed
in

th
e

fo
rm

of
L

em
m

a
17

be
lo

w
.

N
ot

e
th

at
th

is
le

m
m

a
do

es
no

tr
eq

ui
re

th
e

ge
ne

ra
liz

ed
-n

o-
fr

ee
-l

un
ch

ax
io

m
,a

nd
m

ay
be

of
in

de
pe

nd
en

ti
nt

er
es

t.

L
em

m
a

17
A

ny
in

ce
nt

iv
e-

co
m

pa
tib

le
m

ec
ha

ni
sm

m
us

ts
at

is
fy

,f
or

ev
er

y
qu

es
tio

n
i
∈
{1
,.
..
,G
},

ev
er

y
(y

1
,.
..
,y
i−

1
,y
i+

1
,.
..
,y
G

)
∈
{−
L
,.
..
,L
}G
−

1
,a

nd
ev

er
y
m
∈
{1
,.
..
,L
},

T
m
f

(y
1
,.
..
,y
i−

1
,m

,y
i+

1
,.
..
,y
G

)
+

(1
−
T
m

)f
(y

1
,.
..
,y
i−

1
,−
m
,y
i+

1
,.
..
,y
G

)

=
T
m
f

(y
1
,.
..
,y
i−

1
,m
−

1,
y i

+
1
,.
..
,y
G

)
+

(1
−
T
m

)f
(y

1
,.
..
,y
i−

1
,−

(m
−

1
),
y i

+
1
,.
..
,y
G

)
(2

8a
)

an
d

S
m
f

(y
1
,.
..
,y
i−

1
,m

,y
i+

1
,.
..
,y
G

)
+

(1
−
S
m

)f
(y

1
,.
..
,y
i−

1
,−
m
,y
i+

1
,.
..
,y
G

)

=
f

(y
1
,.
..
,y
i−

1
,0
,y
i+

1
,.
..
,y
G

).
(2

8b
)

N
ot

e
th

at
(2

8a
)a

nd
(2

8b
)c

oi
nc

id
e

w
he

n
m

=
1,

si
nc

e
T

1
=
S

1
by

de
fin

iti
on

.
W

e
fir

st
pr

ov
e

th
at

an
y

in
ce

nt
iv

e
co

m
pa

tib
le

m
ec

ha
ni

sm
th

at
sa

tis
fie

s
th

e
no

-f
re

e-
lu

nc
h

ax
io

m
m

us
tg

iv
e

a
ze

ro
pa

ym
en

tw
he

n
on

e
or

m
or

e
qu

es
tio

ns
ar

e
se

le
ct

ed
w

ith
a

co
nfi

de
nc

e
L

an
d

tu
rn

ou
t

to
be

in
co

rr
ec

t.
L

et
us

as
su

m
e

fo
rn

ow
th

at
in

th
e
G

qu
es

tio
ns

in
th

e
go

ld
st

an
da

rd
,t

he
fir

st
qu

es
tio

n
is

an
sw

er
ed

in
co

rr
ec

tly
w

ith
a

co
nfi

de
nc

e
of
L

,t
he

ne
xt

(G
−

1
−
S

)
qu

es
tio

ns
ar

e
an

sw
er

ed
by

th
e

w
or

ke
r

an
d

ha
ve

ar
bi

tr
ar

y
ev

al
ua

tio
ns

,a
nd

th
e

re
m

ai
ni

ng
S

qu
es

tio
ns

ar
e

sk
ip

pe
d.

T
he

pr
oo

f
pr

oc
ee

ds
by

an
in

du
ct

io
n

on
S

.I
fS

=
G
−

1,
th

e
on

ly
at

te
m

pt
ed

qu
es

tio
n

is
th

e
fir

st
qu

es
tio

n
an

d
th

is
is

in
co

rr
ec

t
w

ith
co

nfi
de

nc
e
L

.
T

he
no

-f
re

e-
lu

nc
h

ax
io

m
ne

ce
ss

ita
te

s
a

ze
ro

pa
ym

en
t

in
th

is
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T
H

IN
G

case,thus
satisfying

the
base

case
of

our
induction

hypothesis.
N

ow
w

e
prove

the
hypothesis

for
som

e
S

under
the

assum
ption

thatthe
hypothesis

is
true

for
every

S
′
>
S

.
From

L
em

m
a

4
w

ith
m

=
1,w

e
have

T
1 f

(−
L
,y

2 ,...,y
G
−
S−

1 ,1
,0
,...,0

)
+

(1−
T

1 )f
(−
L
,y

2 ,...,y
G
−
S−

1 ,−
1
,0
,...,0

)

=
T

1 f
(−
L
,y

2 ,...,y
G
−
S−

1 ,0,0,...,0)
+

(1−
T

1 )f
(−
L
,y

2 ,...,y
G
−
S−

1 ,0
,0
,...,0

)

=
f

(−
L
,y

2 ,...,y
G
−
S−

1 ,0
,0
,...,0

)

=
0
,

(29)

w
here

the
final

equation
(29)

is
a

consequence
of

our
induction

hypothesis
given

the
fact

that
f

(−
L
,y

2 ,...,y
G
−
S−

1 ,0,0,...,0
)

corresponds
to

the
case

w
hen

the
last

(S
+

1
)

questions
are

skipped
and

the
firstquestion

is
answ

ered
incorrectly

w
ith

confidence
L

.N
ow

,since
the

paym
ent

f
m

ustbe
non-negative

and
since

T
∈

(0,1
),itm

ustbe
that

f
(−
L
,y

2 ,...,y
G
−
S−

1 ,1
,0
,...,0

)
=

0
(30a)

and

f
(−
L
,y

2 ,...,y
G
−
S−

1 ,−
1
,0
,...,0

)
=

0.
(30b)

R
epeatedly

applying
the

sam
e

argum
entto

m
=

2,...,L
gives

thatforevery
value

of
m

,itm
ustbe

that
f

(−
L
,y

2 ,...,y
G
−
S−

1 ,m
,0,...,0

)
=
f

(−
L
,y

2 ,...,y
G
−
S−

1 ,−
m
,0,...,0

)
=

0.T
his

com
-

pletes
the

proof
of

our
induction

hypothesis.
O

bserve
thateach

of
the

aforem
entioned

argum
ents

hold
forany

perm
utation

ofthe
G

questions,thus
proving

the
necessity

ofzero
paym

entw
hen

any
one

orm
ore

answ
ers

are
incorrect.

W
e

w
illnow

prove
thatw

hen
no

answ
ers

in
the

gold
standard

are
incorrectw

ith
confidence

L
,

the
paym

entm
ustbe

of
the

form
described

in
A

lgorithm
1.

L
et
κ

denote
the

paym
entw

hen
all
G

questions
in

the
gold

standard
are

skipped,i.e.,

κ
=
f

(0,...,0
)
.

N
ow

consider
any

S
∈
{
0
,...,G

−
1}

and
any

(y
1 ,...,y

G
−
S−

1 ,m
)
∈
{−
L
,...,L}

G
−
S.

T
he

paym
ents{f

(y
1 ,...,y

G
−
S−

1 ,m
,0
,...,0

)}
Lm

=
−
L

m
ustsatisfy

the
(2L
−

1
)

linearconstraints
aris-

ing
out

of
L

em
m

a
17

and
m

ust
also

satisfy
f

(y
1 ,...,y

G
−
S−

1 ,−
L
,0,...,0

)
=

0.
T

his
set

of
conditions

com
prises

a
totalof

2
L

linearly
independentconstraints

on
the

setof
(2L

+
1)

values
{f

(y
1 ,...,y

G
−
S−

1 ,m
,0,...,0

)}
Lm

=
−
L .T

he
only

setofsolutions
thatm

eetthese
constraints

are

f
(y

1 ,...,y
G
−
S−

1 ,m
,0,...,0

)
=
α
m
f

(y
1 ,...,y

G
−
S−

1 ,0
,0
,...,0

),

w
here

the
constants{α

m }
Lm

=
−
L

are
as

specified
in

A
lgorithm

2.
A

pplying
this

argum
ent

G
tim

es,
starting

from
S

=
0

to
S

=
G
−

1,gives

f
(y

1 ,...,y
G

)
=
κ

G∏j=
1

α
y
j .

Finally,the
budgetrequirem

entnecessitates
µ

m
a
x

=
κ

(α
L

)
G

,w
hich

m
andates

the
value

of
κ

to
be

µ
m

a
x (

1α
L )

G
.T

his
is

precisely
the

m
echanism

described
in

A
lgorithm

2.
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ProofofL
em

m
a

17:N
ecessary

condition
for

any
incentive-com

patible
m

echanism

Firstconsiderthe
case

of
G

=
N

.Forevery
j∈
{1,...,i−

1
,i

+
1
,...,G

},define

r
j

=

{
1−

p
j

if
y
j ≥

0

p
j

if
y
j
<

0
.

D
efine

E
\
i

=
{
ε
1 ,...,ε

i−
1 ,ε

i+
1 ,...,ε

G }.
For

any
l
∈
{−
L
,...,L}

let
Λ
l
∈

R
+

denote
the

expected
paym

ent(from
the

w
orker’s

pointof
view

)
w

hen
her

answ
er

to
the

i th
question

evaluates
to
l:Λ
l =

∑

E
\
i ∈{−

1
,1}

G
−
1 
f

(y
1 ε

1 ,...,y
i−

1 ε
i−

1 ,l,y
i+

1 ε
i+

1 ,...,y
G
ε
G

)
∏

j∈
[G

]\{
i}
r

1−
ε
j

2
j

(1−
r
j )

1
+
ε
j

2


.(31)

C
onsidera

w
orkerw

ho
has

confidences{p
1 ,...,p

i−
1 ,p

i+
1 ,...,p

G }
∈

(0,1
)
G
−

1
forquestions

{
1,...,i−

1
,i

+
1,...,G

}
respectively,and

for
question

i
suppose

she
has

a
confidence

of
q
∈

(T
m
−

1 ,T
m

+
1 ).

For
question

i,
w

e
m

ust
incentivize

the
w

orker
to

select
confidence-level

m
if

q
>
T
m

,and
to

select
(m
−

1)
if
q
<
T
m

.T
his

necessitates

qΛ
m

+
(1−

q)Λ
−
m

q
<
T
m

≶q
>
T
m

qΛ
m
−

1
+

(1−
q)Λ

−
(m
−

1
) .

(32)

A
lso,forquestion

i,the
requirem

entof
level

m
having

a
higher

incentive
as

com
pared

to
skipping

w
hen

q
>
S
m

and
vice

versa
w

hen
q
<
S
m

necessitates

qΛ
m

+
(1−

q)Λ
−
m

q
<
S
m

≶q
>
S
m

Λ
0 .

(33)

N
ow

,note
thatforany

real-valued
variable

q,and
forany

real-valued
constants

a,b
and

c,

a
q
q
<
c

≶q
>
c
b
⇒

a
c

=
b
.

A
pplying

this
factto

(32)and
(33)gives

(T
m

Λ
m

+
(1−

T
m

)Λ
−
m

)−
(T
m

Λ
m
−

1
+

(1−
T
m

)Λ
−

(m
−

1
) )

=
0
,

(34a)

(S
m

Λ
m

+
(1−

S
m

)Λ
−
m

)−
Λ

0
=

0.
(34b)

From
the

definition
of

Λ
l in

(31),w
e

see
thatthe

lefthand
sides

of
(34a)

and
(34b)

are
both

poly-
nom

ials
in

(G
−

1
)

variables{
r
j }
j∈

[G
]\{
i}

and
take

a
value

ofzero
forallvalues

ofthe
variables

in
a

(G
−

1
)-dim

ensionalsolid
ball.

T
hus,each

of
the

coefficients
(of

the
m

onom
ials)

in
both

poly-
nom

ials
m

ustbe
zero,and

in
particular,the

constantterm
s

m
ustalso

be
zero.

O
bserve

thatin
both

these
polynom

ials,
the

constant
term

arises
only

w
hen

ε
j

=
1
∀
j
∈

[G
]\{i}

(w
hich

m
akes

the
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D
O

U
B

L
E

O
R

N
O

T
H

IN
G

ex
po

ne
nt

of
r j

to
be

0
an

d
th

at
of

(1
−
r j

)
to

be
1)

.
T

hu
s,

se
tti

ng
th

e
co

ns
ta

nt
te

rm
to

ze
ro

in
th

e
tw

o
po

ly
no

m
ia

ls
re

su
lts

in

T
m
f

(y
1
,.
..
,y
i−

1
,m

,y
i+

1
,.
..
,y
G

)
+

(1
−
T
m

)f
(y

1
,.
..
,y
i−

1
,−
m
,y
i+

1
,.
..
,y
G

)

=
T
m
f

(y
1
,.
..
,y
i−

1
,m
−

1,
y i

+
1
,.
..
,y
G

)
+

(1
−
T
m

)f
(y

1
,.
..
,y
i−

1
,−

(m
−

1
),
y i

+
1
,.
..
,y
G

)
(3

5a
)

an
d

S
m
f

(y
1
,.
..
,y
i−

1
,m

,y
i+

1
,.
..
,y
G

)
+

(1
−
S
m

)f
(y

1
,.
..
,y
i−

1
,−
m
,y
i+

1
,.
..
,y
G

)

=
f

(y
1
,.
..
,y
i−

1
,0
,y
i+

1
,.
..
,y
G

)
(3

5b
)

th
us

pr
ov

in
g

th
e

cl
ai

m
fo

rt
he

ca
se

of
G

=
N

.
N

ow
co

ns
id

er
th

e
ca

se
w

he
n
G

<
N

.
In

or
de

r
to

si
m

pl
if

y
no

ta
tio

n,
le

t
us

as
su

m
e
i

=
1

w
ith

ou
tl

os
so

fg
en

er
al

ity
(s

in
ce

th
e

ar
gu

m
en

ts
pr

es
en

te
d

ho
ld

fo
ra

ny
pe

rm
ut

at
io

n
of

th
e

qu
es

tio
ns

).
Su

pp
os

e
a

w
or

ke
r’

s
an

sw
er

s
to

qu
es

tio
ns
{2
,.
..
,G
}e

va
lu

at
e

to
(y

2
,.
..
,y
G

)
∈
{−
L
,.
..
,L
}G
−

1
,

an
d

fu
rt

he
r

su
pp

os
e

th
at

th
e

w
or

ke
r

sk
ip

s
th

e
re

m
ai

ni
ng

(N
−
G

)
qu

es
tio

ns
.

B
y

go
in

g
th

ro
ug

h
ar

gu
m

en
ts

id
en

tic
al

to
th

os
e

fo
rG

=
N

,b
ut

w
ith

f
re

pl
ac

ed
by
g

,w
e

ge
tt

he
ne

ce
ss

ity
of

T
m
g
(m
,y

2
,.
..
,y
G
,0
,.
..
,0

)
+

(1
−
T
m

)g
(−
m
,y

2
,.
..
,y
G
,0
,.
..
,0

)

=
T
m
g
(m
−

1
,y

2
,.
..
,y
G
,0
,.
..
,0

)
+

(1
−
T
m

)g
(−

(m
−

1)
,y

2
,.
..
,y
G
,0
,.
..
,0

)
(3

6a
)

an
d

S
m
g
(m
,y

2
,.
..
,y
G
,0
,.
..
,0

)+
(1
−
S
m

)g
(−
m
,y

2
,.
..
,y
G
,0
,.
..
,0

)=
g
(0
,y

2
,.
..
,y
G
,0
,.
..
,0

).
(3

6b
)

W
e

no
w

us
e

th
is

re
su

lt
in

te
rm

s
of

fu
nc

tio
n
g

to
ge

ta
n

eq
ui

va
le

nt
re

su
lt

in
te

rm
s

of
fu

nc
tio

n
f

.F
or

so
m

e
S
∈
{0
,.
..
,G
−

1}
,s

up
po

se
y G
−
S

+
1

=
0,
..
.,
y G

=
0.

T
he

re
m

ai
ni

ng
pr

oo
f

pr
oc

ee
ds

vi
a

an
in

du
ct

io
n

on
S

.W
e

be
gi

n
w

ith
S

=
G
−

1
.I

n
th

is
ca

se
,(

36
a)

an
d

(3
6b

)s
im

pl
if

y
to

T
m
g
(m
,0
,.
..
,0

)
+

(1
−
T
m

)g
(−
m
,0
,0
,.
..
,0

)

=
T
m
g
(m
−

1
,0
,.
..
,0

)
+

(1
−
T
m

)g
(−

(m
−

1)
,0
,.
..
,0

)
(3

7a
)

an
d

S
m
g
(m
,0
,.
..
,0

)
+

(1
−
S
m

)g
(−
m
,0
,.
..
,0

)
=
g
(0
,0
,.
..
,0

)
.

(3
7b

)

A
pp

ly
in

g
th

e
de

fin
iti

on
of

fu
nc

tio
n
g

fr
om

(2
7)

le
ad

s
to

T
m

(c
1
f

(m
,0
,.
..
,0

)
+
c 2
f

(0
,0
,.
..
,0

))
+

(1
−
T
m

)
(c

1
f

(−
m
,0
,.
..
,0

)
+
c 2
f

(0
,0
,.
..
,0

))

=
T
m

(c
1
f

(m
−

1,
0,
..
.,

0)
+
c 2
f

(0
,0
,.
..
,0

))

+
(1
−
T
m

)
(c

1
f

(−
(m
−

1)
,0
,.
..
,0

)
+
c 2
f

(0
,0
,.
..
,0

))
,

(3
8a

)

an
d S
m

(c
1
f

(m
,0
,.
..
,0

)
+
c 2
f

(0
,0
,.
..
,0

))
+

(1
−
S
m

)
(c

1
f

(−
m
,0
,.
..
,0

)
+
c 2
f

(0
,0
,.
..
,0

))

=
(c

1
f

(0
,0
,.
..
,0

)
+
c 2
f

(0
,0
,.
..
,0

))
(3

8b
)
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S
H

A
H

A
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H
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U

fo
r

co
ns

ta
nt

s
c 1
>

0
an

d
c 2
>

0
th

at
re

sp
ec

tiv
el

y
de

no
te

th
e

pr
ob

ab
ili

tie
s

th
at

th
e

fir
st

qu
es

tio
n

is
pi

ck
ed

an
d

no
tp

ic
ke

d
in

th
e

se
to

f
G

go
ld

st
an

da
rd

qu
es

tio
ns

.
C

an
ce

lli
ng

ou
tt

he
co

m
m

on
te

rm
s

on
bo

th
si

de
s

of
th

e
eq

ua
tio

n,
w

e
ge

tt
he

de
si

re
d

re
su

lts

T
m
f

(m
,0
,.
..
,0

)
+

(1
−
T
m

)f
(−
m
,0
,.
..
,0

)

=
T
m
f

(m
−

1,
0,
..
.,

0
)

+
(1
−
T
m

)f
(−

(m
−

1
),

0
,.
..
,0

)

an
d

S
m
f

(m
,0
,.
..
,0

)
+

(1
−
S
m

)f
(−
m
,0
,.
..
,0

)
=
f

(0
,0
,.
..
,0

).

N
ex

t,
w

e
co

ns
id

er
th

e
ca

se
of

a
ge

ne
ra

l
S
∈
{0
,.
..
,G
−

2
}

an
d

as
su

m
e

th
at

th
e

re
su

lt
is

tr
ue

w
he

n
y G
−
S

=
0,
..
.,
y G

=
0.

In
(3

6a
)

an
d

(3
6b

),
th

e
fu

nc
tio

ns
g

de
co

m
po

se
in

to
a

su
m

of
th

e
co

ns
tit

ue
nt
f

fu
nc

tio
ns

.
T

he
se

co
ns

tit
ue

nt
fu

nc
tio

ns
f

ar
e

of
tw

o
ty

pe
s:

th
e

fir
st

w
he

re
al

lo
f

th
e

fir
st

(G
−
S

)
qu

es
tio

ns
ar

e
in

cl
ud

ed
in

th
e

go
ld

st
an

da
rd

,a
nd

th
e

se
co

nd
w

he
re

on
e

or
m

or
e

of
th

e
fir

st
(G
−
S

)
qu

es
tio

ns
ar

e
no

ti
nc

lu
de

d
in

th
e

go
ld

st
an

da
rd

.
T

he
se

co
nd

ca
se

co
rr

e-
sp

on
ds

to
si

tu
at

io
ns

w
he

re
th

er
e

ar
e

m
or

e
th

an
S

qu
es

tio
ns

sk
ip

pe
d

in
th

e
go

ld
st

an
da

rd
,i

.e
.,

w
he

n
y G
−
S

=
0
,.
..
,y
G

=
0

,a
nd

he
nc

e
sa

tis
fie

s
ou

r
in

du
ct

io
n

hy
po

th
es

is
.

T
he

te
rm

s
co

rr
es

po
nd

in
g

to
th

es
e

fu
nc

tio
ns

th
us

ca
nc

el
ou

ti
n

th
e

ex
pa

ns
io

n
of

(3
6a

)a
nd

(3
6b

).
T

he
re

m
ai

nd
er

co
m

pr
is

es
on

ly
ev

al
ua

tio
ns

of
fu

nc
tio

n
f

fo
ra

rg
um

en
ts

in
w

hi
ch

th
e

fir
st

(G
−
S

)
qu

es
tio

ns
ar

e
in

cl
ud

ed
in

th
e

go
ld

st
an

da
rd

:s
in

ce
th

e
la

st
(N
−
G

+
S

)
qu

es
tio

ns
ar

e
sk

ip
pe

d
by

th
e

w
or

ke
r,

th
e

re
m

ai
nd

er
ev

al
ua

te
s

to

T
m
c 3
f

(y
1
,.
..
,y
i−

1
,m

,y
i+

1
,.
..
,y
G

)
+

(1
−
T
m

)c
3
f

(y
1
,.
..
,y
i−

1
,−
m
,y
i+

1
,.
..
,y
G

)

=
T
m
c 3
f

(y
1
,.
..
,y
i−

1
,m
−

1
,y
i+

1
,.
..
,y
G

)

+
(1
−
T
m

)c
3
f

(y
1
,.
..
,y
i−

1
,−

(m
−

1
),
y i

+
1
,.
..
,y
G

),

an
d

S
m
c 3
f

(y
1
,.
..
,y
i−

1
,m

,y
i+

1
,.
..
,y
G

)
+

(1
−
S
m

)c
3
f

(y
1
,.
..
,y
i−

1
,−
m
,y
i+

1
,.
..
,y
G

)

=
c 3
f

(y
1
,.
..
,y
i−

1
,0
,y
i+

1
,.
..
,y
G

),

fo
rs

om
e

co
ns

ta
nt
c 3
>

0
.D

iv
id

in
g

th
ro

ug
ho

ut
by
c 3

gi
ve

s
th

e
de

si
re

d
re

su
lt.

Fi
na

lly
,t

he
ar

gu
m

en
ts

ab
ov

e
ho

ld
fo

ra
ny

pe
rm

ut
at

io
n

of
th

e
fir

st
G

qu
es

tio
ns

,t
hu

s
co

m
pl

et
in

g
th

e
pr

oo
f.

A
.5

N
ec

es
si

ty
of
T
l
>
S
l

fo
r

th
e

Pr
ob

le
m

to
be

W
el

lD
efi

ne
d

W
e

no
w

sh
ow

th
at

th
e

re
st

ri
ct

io
n
T
l
>
S
l

w
as

ne
ce

ss
ar

y
w

he
n

de
fin

in
g

th
e

th
re

sh
ol

ds
in

Se
ct

io
n

4.

Pr
op

os
iti

on
18

In
ce

nt
iv

e-
co

m
pa

tib
ili

ty
ne

ce
ss

ita
te

s
T
l
>
S
l
∀
l
∈
{2
,.
..
,L
},

ev
en

in
th

e
ab

se
nc

e
of

th
e

ge
ne

ra
liz

ed
-n

o-
fr

ee
-l

un
ch

ax
io

m
.

Fi
rs

to
bs

er
ve

th
at

th
e

pr
oo

fo
fL

em
m

a
17

di
d

no
te

m
pl

oy
th

e
ge

ne
ra

liz
ed

-n
o-

fr
ee

-l
un

ch
ax

io
m

,
ne

ith
er

di
d

it
as

su
m

e
T
l
>
S
l.

W
e

w
ill

th
us

us
e

th
e

re
su

lt
of

L
em

m
a

17
to

pr
ov

e
ou

rc
la

im
.
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Suppose
the

confidence
ofthe

w
orkerforallbutthe

firstquestion
is

low
erthan

T
1

and
thatthe

w
orkerdecides

to
skip

allthese
questions.Suppose

the
w

orkerattem
pts

the
firstquestion.In

order
to

ensure
thatthe

w
orkerselects

the
answ

erthatshe
believes

is
m

ostlikely
to

be
true,itm

ustbe
that

f
(l,0

,...,0
)
>
f

(−
l,0,...,0)

∀
l∈

[L
].

W
e

now
callupon

L
em

m
a

17
w

here
w

e
set

i
=

1,m
=
l,y

2
=
...,y

G
=

0.U
sing

the
factthat

T
l
>
T
l−

1 ∀
l∈
{2
,...,L},w

e
get

T
l f

(l,0,...,0
)

+
(1−

T
l )f

(−
l,0
,...,0

)

=
T
l f

(l−
1,0,...,0

)
+

(1−
T
l )f

(−
(l−

1
),0

,...,0)

>
T
l−

1 f
(l−

1
,0
,...,0

)
+

(1−
T
l−

1 )f
(−

(l−
1
),0

,...,0)

=
T
l−

1 f
(l−

2
,0
,...,0

)
+

(1−
T
l−

1 )f
(−

(l−
2
),0

,...,0)

>
T
l−

2 f
(l−

2
,0
,...,0

)
+

(1−
T
l−

2 )f
(−

(l−
2
),0

,...,0)

...>
T

1 f
(1,0,...,0)

+
(1−

T
1 )f

(−
1
,0
,...,0)

=
f

(0,...,0
)

=
S
l f

(l,0
,...,0

)
+

(1−
S
l )f

(−
l,0
,...,0

).

Since
f

(l,0,...,0)
>
f

(−
l,0
,...,0

),w
e

have
the

claim
ed

result.

A
.6

A
Stronger

N
o-free-lunch

A
xiom

:Im
possibility

R
esults

In
this

section,
w

e
prove

the
various

claim
s

regarding
the

strong
no-free-lunch

axiom
studied

in
Section

5.

A
.6.1

P
R

O
O

F
O

F
P

R
O

P
O

S
IT

IO
N

10

Ifthe
w

orkerskips
allquestions,then

the
expected

paym
entis

zero
underthe

strong-no-free-lunch
axiom

.
O

n
the

other
hand,in

order
to

incentivize
know

ledgeable
w

orkers
to

selectansw
ers

w
hen-

ever
their

confidences
are

greater
than

T
,there

m
ustexistsom

e
situation

in
w

hich
the

paym
entis

strictly
larger

than
zero.

Suppose
the

paym
ent

is
strictly

positive
w

hen
questions{1

,...,z}
are

answ
ered

correctly,questions{
z

+
1,...,z ′}

are
answ

ered
incorrectly,and

the
rem

aining
questions

are
skipped.

If
the

confidence
of

the
unknow

ledgeable
w

orker
is

in
the

interval
(0,T

)
for

every
question,then

attem
pting

to
answ

er
questions{1

,...,z ′}
and

skipping
the

restfetches
her

a
pay-

m
entthatis

strictly
positive

in
expectation.

T
hus,this

unknow
ledgeable

w
orker

is
incentivized

to
answ

eratleastone
question.

A
.6.2

P
R

O
O

F
O

F
P

R
O

P
O

S
IT

IO
N

11

C
onsider

a
(know

ledgeable)
w

orker
w

ho
has

a
confidence

of
p
∈

(T
,1]for

the
firstquestion,

q
∈

(0,1
)

for
the

second
question,and

confidences
in

the
interval

(0,T
)

for
the

rem
aining

questions.
Suppose

the
w

orkerattem
pts

to
answ

erthe
firstquestion

(and
selects

the
answ

erthe
believes

is
m

ost
likely

to
be

correct)
and

skips
the

last
(N
−

2
)

questions
as

desired.
N

ow
,in

order
to

incentivize
her

to
answ

er
the

second
question

if
q
>
T

and
skip

the
second

question
if
q
<
T

,the
paym

ent

39
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S
H

A
H

A
N

D
Z

H
O

U

m
echanism

m
ustsatisfy

p
qg

(1,1
,0
,...,0)

+
(1−

p
)qg

(−
1
,1
,0
,...,0)

+
p
(1−

q)g
(1,−

1,0,...,0)

+
(1−

p
)(1−

q)g
(−

1,−
1,0,...,0)

q
<
T

≶q
>
T
p
g
(1,0

,0
,...,0)

+
(1−

p
)g

(−
1,0,0,...,0).

Forany
real-valued

variable
q,and

forany
real-valued

constants
a,b

and
c,

a
q
q
<
c

≶q
>
c
b
⇒

a
c

=
b
.

A
s

a
result,

p
T
g
(1,1,0,...,0)

+
(1−

p
)T
g
(−

1
,1
,0
,...,0)

+
p
(1−

T
)g

(1,−
1
,0
,...,0)

+
(1−

p
)(1−

T
)g

(−
1
,−

1
,0
,...,0)−

p
g
(1,0,0,...,0)−

(1−
p
)g

(−
1
,0
,0
,...,0

)
=

0.

T
he

left
hand

side
of

this
equation

is
a

polynom
ialin

variable
p

and
takes

a
value

of
zero

for
all

values
of
p

in
a

one-dim
ensionalbox

(T
,1].Itfollow

s
thatthe

m
onom

ials
ofthis

polynom
ialm

ust
be

zero,and
in

particularthe
constantterm

m
ustbe

zero:

T
g
(−

1
,1
,0
,...,0)

+
(1−

T
)g

(−
1
,−

1
,0
,...,0)−

g
(−

1
,0
,0
,...,0

)
=

0.

T
he

strong-no-free-lunch
axiom

im
plies

f
(−

1,−
1,0,...,0)

=
f

(−
1,0,...,0)

=
f

(0,...,0)
=

0,and
hence

g
(−

1
,−

1,0,...,0)
=
g
(−

1
,0
,0
,...,0)

=
0.Since

T
∈

(0,1),w
e

have

0
=
g
(−

1,1,0,...,0)

=
c

1 f
(−

1
,1
,0
,...,0)

+
c

2 f
(−

1
,0
,...,0)

+
c

2 f
(1,0

,...,0),
(39)

for
som

e
constants

c
1
>

0
and

c
2
>

0
thatrepresentthe

probability
thatthe

firsttw
o

questions
are

included
in

the
gold

standard,and
the

probability
thatthe

first(or,second)
butnotthe

second
(or,

first)questions
are

included
in

the
gold

standard.Since
f

is
a

non-negative
function,itm

ustbe
that

f
(1,0

,...,0
)

=
0.

N
ow

suppose
a

(know
ledgeable)

w
orker

has
a

confidence
of
p
∈

(T
,1

]for
the

firstquestion
and

confidences
low

erthan
T

forthe
rem

aining
(N
−

1)
questions.Suppose

the
w

orkerchooses
to

skip
the

last
(N
−

1)
questions

as
desired.In

orderto
incentivize

the
w

orkerto
answ

erthe
firstquestion,

the
m

echanism
m

ustsatisfy
forall

p
∈

(T
,1],

0
<
p
g
(1,0

,...,0)
+

(1−
p
)g

(−
1,0,...,0)−

g
(0,0,...,0)

=
p
c

3 f
(1,0,...,0)

+
p
c

4 f
(0,0,...,0)

+
(1−

p
)c

3 f
(−

1,0,...,0)

+
(1−

p
)c

4 f
(0,0,...,0)−

f
(0,0,...,0

)

=
0,

w
here

c
3
>

0
and

c
4
>

0
are

som
e

constants.
T

he
final

equation
is

a
result

of
the

strong-no-
free-lunch

axiom
and

the
factthat

f
(1,0

,...,0)
=

0
as

proved
above.

T
his

yields
a

contradiction,
and

hence
no

incentive-com
patible

m
echanism

f
can

satisfy
the

strong-no-free-lunch
axiom

w
hen

G
<
N

even
w

hen
allow

ed
to

address
only

know
ledgeable

w
orkers.

Finally,as
a

sanity
check,note

thatif
G

=
N

then
c

2
=

0
in

(39).T
he

proofabove
thus

doesn’t
hold

w
hen

G
=
N

.
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A
.6

.3
P

R
O

O
F

O
F

P
R

O
P

O
S

IT
IO

N
12

W
e

w
ill

fir
st

sh
ow

th
at

th
e

m
ec

ha
ni

sm
w

or
ks

as
de

si
re

d.
Fi

rs
tc

on
si

de
rt

he
ca

se
w

he
n

th
e

w
or

ke
ri

s
un

kn
ow

le
dg

ea
bl

e
an

d
he

rc
on

fid
en

ce
s

ar
e

of
th

e
fo

rm
T
>
p

(1
)
≥
p

(2
)
≥
p

(3
)
≥
··
·≥

p
(G

).
If

sh
e

an
sw

er
s

on
ly

th
e

fir
st

qu
es

tio
n,

th
en

he
r

ex
pe

ct
ed

pa
ym

en
ti

s

κ
p

(1
)

T
.

L
et

us
no

w
se

e
he

r
ex

pe
ct

ed
pa

ym
en

t
if

sh
e

do
es

n’
t

fo
llo

w
th

is
an

sw
er

pa
tte

rn
.

T
he

st
ro

ng
-n

o-
fr

ee
-l

un
ch

ax
io

m
im

pl
ie

s
th

at
if

th
e

w
or

ke
rd

oe
sn

’t
an

sw
er

an
y

qu
es

tio
n

th
en

he
re

xp
ec

te
d

pa
ym

en
t

is
ze

ro
.

Su
pp

os
e

th
e

w
or

ke
r

ch
oo

se
s

to
an

sw
er

qu
es

tio
ns
{i

1
,.
..
,i
z
}.

In
th

at
ca

se
,h

er
ex

pe
ct

ed
pa

ym
en

ti
s

κ
p
i 1
··
·p
i z

T
z

=
κ
p
i 1 T
··
·p

i z T
(4

0)

≤
κ
( p

(1
)

T

) z
(4

1)

≤
κ
p

(1
)

T
,

(4
2)

w
he

re
(4

2)
us

es
th

e
fa

ct
th

at
p

(1
)
<
T

.
T

he
in

eq
ua

lit
y

in
(4

2)
be

co
m

es
an

eq
ua

lit
y

on
ly

w
he

n
z

=
1

.
N

ow
w

he
n
z

=
1,

th
e

in
eq

ua
lit

y
in

(4
1)

be
co

m
es

an
eq

ua
lit

y
on

ly
w

he
n
i 1

=
(1

).
T

hu
s

th
e

un
kn

ow
le

dg
ea

bl
e

w
or

ke
ri

s
in

ce
nt

iv
iz

ed
to

an
sw

er
on

ly
on

e
qu

es
tio

n
–

th
e

on
e

th
at

sh
e

ha
s

th
e

hi
gh

es
tc

on
fid

en
ce

in
.

N
ow

co
ns

id
er

a
kn

ow
le

dg
ea

bl
e

w
or

ke
r

an
d

su
pp

os
e

he
r

co
nfi

de
nc

es
ar

e
of

th
e

fo
rm

p
(1

)
≥

··
·≥

p
(m

)
>
T
>
p

(m
+

1
)
≥
··
·≥

p
(G

)
fo

r
so

m
e
m
≥

1.
If

th
e

w
or

ke
r

an
sw

er
s

qu
es

tio
ns

(1
),
..
.,

(m
)

as
de

si
re

d,
he

re
xp

ec
te

d
pa

ym
en

ti
s

κ
p

(1
)

T
··
·p

(m
)

T
.

N
ow

le
tu

s
se

e
w

ha
th

ap
pe

ns
if

th
e

w
or

ke
rd

oe
s

no
tf

ol
lo

w
th

is
an

sw
er

pa
tte

rn
.T

he
st

ro
ng

-n
o-

fr
ee

-
lu

nc
h

ax
io

m
im

pl
ie

s
th

at
if

th
e

w
or

ke
r

do
es

n’
ta

ns
w

er
an

y
qu

es
tio

n
th

en
he

r
ex

pe
ct

ed
pa

ym
en

ti
s

ze
ro

.N
ow

,i
fs

he
an

sw
er

s
so

m
e

ot
he

rs
et

of
qu

es
tio

ns
,s

ay
qu

es
tio

ns
{i

1
,.
..
,i
z
}w

ith
p

(1
)
≤
p
i 1
<

··
·<

p
i y
≤
p

(m
)
<
p
i y

+
1
<
··
·p
i z
≤
p

(G
).

T
he

ex
pe

ct
ed

pa
ym

en
ti

n
th

at
ca

se
is

κ
p
i 1
··
·p
i z

T
z

=
κ
p
i 1 T
··
·p

i z T

≤
κ
p
i 1 T
··
·p

i y T
(4

3)

≤
κ
p

(1
)

T
··
·p

(m
)

T
(4

4)

w
he

re
in

eq
ua

lit
y

(4
3)

is
a

re
su

lt
of

p
i j T
≤

1
∀
j
>
y

an
d

ho
ld

s
w

ith
eq

ua
lit

y
on

ly
w

he
n
y

=
z

.
In

eq
ua

lit
y

(4
4)

is
a

re
su

lt
of

p
(j

)

T
≥

1
∀
j
≤
m

an
d

ho
ld

s
w

ith
eq

ua
lit

y
on

ly
w

he
n
y

=
m

.
T

hu
s

th
e

ex
pe

ct
ed

pa
ym

en
ti

s
m

ax
im

iz
ed

w
he

n
i 1

=
(1

),
..
.,
i z

=
(m

)
as

de
si

re
d.

Fi
na

lly
,t

he
pa

ym
en

t
st

ri
ct

ly
in

cr
ea

se
s

w
ith

an
in

cr
ea

se
in

th
e

co
nfi

de
nc

es
,a

nd
he

nc
e

th
e

w
or

ke
ri

s
in

ce
nt

iv
iz

ed
to

al
w

ay
s

co
ns

id
er

th
e

an
sw

er
th

at
sh

e
be

lie
ve

s
is

m
os

tl
ik

el
y

to
be

co
rr

ec
t.

W
e

no
w

sh
ow

th
at

th
is

m
ec

ha
ni

sm
is

un
iq

ue
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H

A
H

A
N

D
Z

H
O

U

T
he

ne
ce

ss
ar

y
co

nd
iti

on
s

de
riv

ed
in

L
em

m
a

4,
w

he
n

re
st

ri
ct

ed
to

th
e

ca
se

of
G

=
N

an
d

(y
1
,.
..
,y
i−

1
,y
i+

1
,.
..
,y
G

)
6=
{0
}N
−

1
,i

s
al

so
ap

pl
ic

ab
le

to
th

e
pr

es
en

ts
et

tin
g.

T
hi

s
is

be
ca

us
e

th
e

st
ro

ng
-n

o-
fr

ee
-l

un
ch

ax
io

m
as

su
m

ed
he

re
is

a
st

ro
ng

er
co

nd
iti

on
th

an
th

e
no

-f
re

e-
lu

nc
h

ax
io

m
co

ns
id

er
ed

in
L

em
m

a
4,

an
d

m
or

eo
ve

r,
(y

1
,.
..
,y
i−

1
,y
i+

1
,.
..
,y
G

)
6=
{0
}N
−

1
av

oi
ds

th
e

us
e

of
un

kn
ow

le
dg

ea
bl

e
w

or
ke

rs
in

th
e

pr
oo

fo
fL

em
m

a
4.

It
fo

llo
w

st
ha

tf
or

ev
er

y
qu

es
tio

n
i∈
{1
,.
..
,G
}

an
d

ev
er

y
(y

1
,.
..
,y
i−

1
,y
i+

1
,.
..
,y
G

)
∈
{−

1
,0
,1
}G
−

1
\{

0}
G
−

1
,i

tm
us

tb
e

th
at

T
f

(y
1
,.
..
,y
i−

1
,1
,y
i+

1
,.
..
,y
G

)
+

(1
−
T

)f
(y

1
,.
..
,y
i−

1
,−

1
,y
i+

1
,.
..
,y
G

)

=
f

(y
1
,.
..
,y
i−

1
,0
,y
i+

1
,.
..
,y
G

)
.

(4
5)

W
e

cl
ai

m
th

at
th

e
pa

ym
en

t
m

us
t

be
ze

ro
w

he
ne

ve
r

th
e

nu
m

be
r

of
in

co
rr

ec
t

an
sw

er
s
W

>
0

.
T

he
pr

oo
f

pr
oc

ee
ds

by
in

du
ct

io
n

on
th

e
nu

m
be

r
of

co
rr

ec
ta

ns
w

er
s
C

.
Fi

rs
ts

up
po

se
C

=
0

(a
nd

W
>

0
).

T
he

n
al

l
qu

es
tio

ns
ar

e
ei

th
er

w
ro

ng
or

sk
ip

pe
d,

an
d

he
nc

e
by

th
e

st
ro

ng
-n

o-
fr

ee
-l

un
ch

ax
io

m
,t

he
pa

ym
en

tm
us

tb
e

ze
ro

.
N

ow
su

pp
os

e
th

e
pa

ym
en

ti
s

ne
ce

ss
ar

ily
ze

ro
w

he
ne

ve
rW

>
0

an
d

th
e

to
ta

ln
um

be
r

of
co

rr
ec

ta
ns

w
er

s
is

(C
−

1)
or

lo
w

er
,f

or
so

m
e
C
∈

[G
−

1
].

C
on

si
de

r
an

y
ev

al
ua

tio
n

(y
1
,.
..
,y
G

)
∈
{−

1
,0
,1
}G

in
w

hi
ch

th
e

nu
m

be
ro

fi
nc

or
re

ct
an

sw
er

s
is

m
or

e
th

an
ze

ro
an

d
th

e
nu

m
be

r
of

co
rr

ec
ta

ns
w

er
s

is
C

.
Su

pp
os

e
y i

=
1

fo
r

so
m

e
i
∈

[G
],

an
d
y j

=
−

1
fo

r
so

m
e

j
∈

[G
]\
{i
}.

T
he

n
fr

om
th

e
in

du
ct

io
n

hy
po

th
es

is
,w

e
ha

ve
f

(y
1
,.
..
,y
i−

1
,−

1
,y
i+

1
,.
..
,y
G

)
=

f
(y

1
,.
..
,y
i−

1
,0
,y
i+

1
,.
..
,y
G

)
=

0.
A

pp
ly

in
g

(4
5)

an
d

no
tin

g
th

at
T
∈

(0
,1

),
w

e
ge

t
th

at
f

(y
1
,.
..
,y
i−

1
,1
,y
i+

1
,.
..
,y
G

)
=

0
as

cl
ai

m
ed

.T
hi

s
re

su
lt

al
so

al
lo

w
s

us
to

si
m

pl
if

y
(4

5)
to

:
Fo

r
ev

er
y

qu
es

tio
n
i
∈
{1
,.
..
,G
}a

nd
ev

er
y

(y
1
,.
..
,y
i−

1
,y
i+

1
,.
..
,y
G

)
∈
{−

1
,0
,1
}G
−

1
\{

0}
G
−

1
,

f
(y

1
,.
..
,y
i−

1
,1
,y
i+

1
,.
..
,y
G

)
=

1 T
f

(y
1
,.
..
,y
i−

1
,0
,y
i+

1
,.
..
,y
G

)
.

(4
6)

W
e

no
w

sh
ow

th
at

w
he

n
C
>

0
an

d
W

=
0,

th
e

pa
ym

en
t

m
us

t
ne

ce
ss

ar
ily

be
of

th
e

fo
rm

de
sc

ri
be

d
in

th
e

st
at

em
en

t
of

Pr
op

os
iti

on
12

.
T

he
pr

oo
f

ag
ai

n
pr

oc
ee

ds
vi

a
an

in
du

ct
io

n
on

th
e

nu
m

be
ro

fc
or

re
ct

an
sw

er
s
C

(≥
1)

.D
efi

ne
a

qu
an

tit
y
κ
>

0
as

κ
=
T
f

(1
,0
,.
..
,0

)
.

(4
7)

N
ow

co
ns

id
er

th
e

pa
ym

en
tf

(1
,y

2
,.
..
,y
G

)
fo

r
so

m
e

(y
2
,.
..
,y
G

)
∈
{0
,1
}G
−

1
\{

0
}G
−

1
w

ith
C

co
rr

ec
ta

ns
w

er
s.

A
pp

ly
in

g
(4

6)
re

pe
at

ed
ly

(o
nc

e
fo

re
ve

ry
i

su
ch

th
at
y i

=
1)

,w
e

ge
t

f
(1
,y

2
,.
..
,y
G

)
=

κ T
C
.

U
nl

ik
e

ot
he

rr
es

ul
ts

in
th

is
pa

pe
r,

at
th

is
po

in
tw

e
ca

nn
ot

cl
ai

m
th

e
re

su
lt

to
ho

ld
fo

ra
ll

pe
rm

ut
a-

tio
ns

of
th

e
qu

es
tio

ns
.T

hi
si

sb
ec

au
se

w
e

ha
ve

de
fin

ed
th

e
qu

an
tit

y
κ

in
an

as
ym

m
et

ri
c

m
an

ne
r(

47
),

in
te

rm
s

of
th

e
pa

ym
en

tf
un

ct
io

n
w

he
n

th
e

fir
st

qu
es

tio
n

is
co

rr
ec

ta
nd

th
e

re
st

ar
e

sk
ip

pe
d.

In
w

ha
t

fo
llo

w
s,

w
e

w
ill

pr
ov

e
th

at
th

e
re

su
lt

cl
ai

m
ed

in
th

e
st

at
em

en
to

fP
ro

po
si

tio
n

12
in

de
ed

ho
ld

s
fo

ra
ll

pe
rm

ut
at

io
ns

of
th

e
qu

es
tio

ns
.

Fr
om

(4
6)

w
e

ha
ve

f
(0
,1
,0
,.
..
,0

)
=
T
f

(1
,1
,0
,.
..
,0

)

=
f

(1
,0
,0
,.
..
,0

)

=
κ
.
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D
O

U
B

L
E

O
R

N
O

T
H

IN
G

T
hus

the
paym

entm
ustbe

κ
even

if
the

second
answ

er
in

the
gold

standard
is

correctand
the

rest
are

skipped.
In

fact,the
argum

entholds
w

hen
any

one
answ

er
in

the
gold

standard
is

correctand
the

restare
skipped.T

hus
the

definition
of
κ

is
notrestricted

to
the

firstquestion
alone

as
originally

defined
in

(47),
but

holds
for

all
perm

utations
of

the
questions.

T
his

allow
s

the
other

argum
ents

above
to

be
applicable

to
any

perm
utation

of
the

questions.
Finally,the

budgetconstraintof
µ

m
a
x

fixes
the

value
of
κ

to
thatclaim

ed,thereby
com

pleting
the

proof.

A
.6.4

P
R

O
O

F
O

F
P

R
O

P
O

S
IT

IO
N

13

Proposition
12

proved
that

under
the

skip-based
setting

w
ith

the
strong-no-free-lunch

axiom
,

the
paym

entm
ustbe

zero
w

hen
one

or
m

ore
answ

ers
are

incorrect.
T

his
partof

the
proof

of
Proposi-

tion
12

holds
even

w
hen

L
>

1.Itfollow
s

thatforany
question,the

penalty
foran

incorrectansw
er

is
the

sam
e

forany
confidence-levelin{

1,...,L}.T
hus

the
w

orkeris
incentivized

to
alw

ays
select

thatconfidence-levelforw
hich

the
paym

entisthe
m

axim
um

w
hen

the
answ

eriscorrect,irrespective
ofherow

n
confidence

aboutthe
question.T

his
contradicts

ourrequirem
ents.

A
ppendix

B
.D

etailsofE
xperim

ents

In
thissection,w

e
provide

furtherdetailsaboutthe
experim

entsdescribed
earlierin

Section
6.2.T

he
experim

ents
w

ere
carried

outon
the

A
m

azon
M

echanicalTurk
(m
t
u
r
k
.
c
o
m)

online
crow

dsourc-
ing

platform
in

the
tim

e
period

June
to

O
ctober2013.Figure

6
illustrates

the
interface

show
n

to
the

w
orkers

foreach
ofthe

experim
ents

described
in

Section
6.2,w

hile
Figure

7
depicts

the
instructions

given
to

the
w

orkers.T
he

follow
ing

are
m

ore
details

ofeach
individualexperim

ent.In
the

descrip-
tion,the

notation
κ

is
as

defined
in

A
lgorithm

1
and

A
lgorithm

2,nam
ely,

κ
=

(µ
m

a
x −

µ
m

in )T
G

forthe
skip-based

setting
and

κ
=

(µ
m

a
x −

µ
m

in ) (
1α
L )

G
forthe

confidence-based
setting.

B
.1

R
ecognizing

the
G

olden
G

ate
B

ridge

A
setof

2
1

photographs
of

bridges
w

ere
show

n
to

the
w

orkers,and
for

each
photograph,they

had
to

identify
if

it
depicted

the
G

olden
G

ate
B

ridge
or

not.
A

n
exam

ple
of

this
task

is
depicted

in
Figure

6a,and
the

instructions
provided

to
the

w
orker

under
the

three
m

echanism
s

are
depicted

in
Figure

7.
T

he
fixed

am
ount

offered
to

w
orkers

w
as
µ

m
in

=
3

cents
for

the
task,

and
the

bonus
w

as
based

on
3

gold
standard

questions.W
e

com
pared

(a)the
baseline

m
echanism

w
ith

5
cents

for
each

correctansw
erin

the
gold

standard,(b)the
skip-based

m
echanism

w
ith

κ
=

5.9
and

1T
=

1.5,
and

(c)
the

confidence-based
m

echanism
w

ith
κ

=
5.9

cents,
L

=
2,
α

2
=

1.5,
α

1
=

1.4,
α

0
=

1
,
α
−

1
=

0.5,
α
−

2
=

0.T
he

results
ofthis

experim
entare

presented
in

Figure
4a.

B
.2

Transcribing
Vehicles’L

icense
Plate

N
um

bersfrom
Photographs

T
histask

presented
the

w
orkersw

ith
18

photographsofcarsand
asked

them
to

transcribe
the

license
plate

num
bers

from
each

of
them

(source
of

photographs:
http://w

w
w

.coolpl8z.com
).

A
n

exam
ple

of
this

task
is

depicted
in

Figure
6b.

T
he

fixed
am

ount
offered

to
w

orkers
w

as
µ

m
in

=
4

cents
for

the
task,and

the
bonus

w
as

based
on

4
gold

standard
questions.

W
e

com
pared

(a)
the

baseline
m

echanism
w

ith
10

centsforeach
correctansw

erin
the

gold
standard,(b)the

skip-based
m

echanism
w

ith
κ

=
0.62

and
1T

=
3,and

(c)
the

confidence-based
m

echanism
w

ith
κ

=
3.1

cents,
L

=
2,

α
2

=
2,
α

1
=

1.95,
α

0
=

1,
α
−

1
=

0.5
α
−

2
=

0.T
he

results
ofthis

experim
entare

presented
in
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Figure
4b.

W
hen

evaluating,in
the

w
orker’s

answ
ers

as
w

ellas
in

the
true

solutions,w
e

converted
alltextto

uppercase,and
rem

oved
allspaces

and
punctuations.W

e
then

declared
a

w
orker’s

answ
er

to
be

in
errorifitdid

nothave
an

exactm
atch

w
ith

the
true

solution.

B
.3

C
lassifying

B
reedsofD

ogs

T
his

task
required

w
orkers

to
identify

the
breeds

of
dogs

show
n

in
85

im
ages

(source
of

im
-

ages:K
hosla

etal.(2011);D
eng

etal.(2009)).
For

each
im

age,the
w

orker
w

as
given

ten
breeds

to
choose

from
.

A
n

exam
ple

of
this

task
is

depicted
in

Figure
6c.

T
he

fixed
am

ount
offered

to
w

orkers
w

as
µ

m
in

=
5

cents
for

the
task,and

the
bonus

w
as

based
on

7
gold

standard
questions.

W
e

com
pared

(a)the
baseline

m
echanism

w
ith

8
cents

foreach
correctansw

erin
the

gold
standard,

(b)the
skip-based

m
echanism

w
ith

κ
=

0
.78

and
1T

=
2,and

(c)the
confidence-based

m
echanism

w
ith

κ
=

0.78
cents,

L
=

2,
α

2
=

2,
α

1
=

1.66,
α

0
=

1,
α
−

1
=

0.6
7,
α
−

2
=

0.
T

he
results

of
this

experim
entare

presented
in

Figure
4c.

B
.4

Identifying
H

eadsofC
ountries

N
am

es
of

20
personalities

w
ere

provided
and

had
to

be
classified

as
to

w
hether

they
w

ere
ever

the
(a)

President
of

the
U

SA
,(b)

President
of

India,
(c)

Prim
e

M
inister

of
C

anada,
or

(d)
neither

of
these.

A
n

exam
ple

of
this

task
is

depicted
in

Figure
6d.

T
he

fixed
am

ountoffered
to

w
orkers

w
as

µ
m

in
=

2
cents

for
the

task,
and

the
bonus

w
as

based
on

4
gold

standard
questions.

W
hile

the
ground

truth
in

m
ostotherm

ultiple-choice
experim

ents
had

approxim
ately

an
equalrepresentation

from
all

classes,
this

experim
ent

w
as

heavily
biased

w
ith

one
of

the
classes

never
being

correct
and

another
being

correctfor
just

3
of

the
20

questions.
W

e
com

pared
(a)

the
baseline

m
echanism

w
ith

2
.5

cents
for

each
correct

answ
er

in
the

gold
standard,

(b)
the

skip-based
m

echanism
w

ith
κ

=
0.2

5
and

1T
=

3,
and

(c)
the

confidence-based
m

echanism
w

ith
κ

=
1.3

cents,
L

=
2,

α
2

=
2,
α

1
=

1.9
5,
α

0
=

1,
α
−

1
=

0.5
,
α
−

2
=

0.T
he

results
ofthis

experim
entare

presented
in

Figure
4d.

B
.5

Identifying
Flags

T
his

w
as

a
relatively

long
task,w

ith
126

questions.
E

ach
question

required
the

w
orkers

to
identify

ifa
displayed

flag
belonged

to
a

place
in

(a)A
frica,(b)

A
sia/O

ceania,(c)E
urope,or(d)

neitherof
these.

A
n

exam
ple

of
this

task
is

depicted
in

Figure
6e.

T
he

fixed
am

ountoffered
to

w
orkers

w
as

µ
m

in
=

4
cents

for
the

task,and
the

bonus
w

as
based

on
8

gold
standard

questions.
W

e
com

pared
(a)

the
baseline

m
echanism

w
ith

4
cents

for
each

correctansw
er

in
the

gold
standard,(b)

the
skip-

based
m

echanism
w

ith
κ

=
0
.2

and
1T

=
2,and

(c)the
confidence-based

m
echanism

w
ith

κ
=

0
.2

cents,
L

=
2,
α

2
=

2
,
α

1
=

1.66,
α

0
=

1
,
α
−

1
=

0
.67,

α
−

2
=

0.T
he

results
ofthis

experim
ent

are
presented

in
Figure

4e.

B
.6

D
istinguishing

Textures

T
his

task
required

the
w

orkers
to

identify
the

textures
show

n
in

24
grayscale

im
ages

(source
of

im
ages:L

azebnik
etal.(2005,D

ata
set1:

Textured
surfaces)).

For
each

im
age,the

w
orker

had
to

choose
from

8
differentoptions.

Such
a

task
has

applications
in

com
puter

vision,w
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depicted
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m
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=
3

cents
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the

bonus
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based

on
4

gold
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eneralU
tility

Functions

In
thissection,w

e
considera

setting
w

here
the

w
orker,instead

ofm
axim

izing
herexpected

paym
ent,

aim
s

to
m

axim
ize

the
expected

value
ofsom

e
utility

function
ofherpaym

ent.C
onsiderany

function
U

:R
+
→
I

,w
hereI

is
any

intervalon
the

realnum
berline.W

e
w

illrequire
the

function
U

to
be

strictly
increasing

and
to

have
an

inverse.
E

xam
ples

of
such

functions
include

U
(x

)
=

log
(1

+
x

)
w

ithI
=

R
+

,
U

(x
)

=
√
x

w
ithI

=
R

+
,and

U
(x

)
=

1−
e −

x
w

ithI
=

[0
,1

].
For

any
paym

ent
f

m
ade

to
the

w
orker

(based
on

the
evaluation

of
her

answ
ers

to
the

gold
standard

questions),her
utility

for
this

paym
entis

U
(f

).
T

he
w

orker
aim

s
to

m
axim

ize
the

expected
value

of
U

(f
),w

here
the

expectation
is

w
ith

respectto
herbeliefs

regarding
correctness

ofheransw
ers

and
the

uniform
ly

random
distribution

of
the

G
gold

standard
questions

am
ong

the
setof

N
questions.

T
he

function
U

is
assum

ed
to

be
know

n
to

the
w

orkeras
w

ellas
the

system
designer.

C
onsiderthe

confidence-based
setting

ofSection
4

(ofw
hich,the

skip-based
setting

ofSection
3

is
a

specialcase).
R

ecallthe
notation{x

i }
Gi=

1 ,{
α
j }
Lj=
−
L

and
κ

from
A

lgorithm
2.

A
lso

recallthe
(generalized-)no-free-lunch

axiom
w

hich
m

andates
a

zero
paym

ent
if,

in
the

gold
standard,

(all
attem

pted
questions

are
m

arked
as

the
highestconfidence

L
and)

the
answ

ers
to

allthe
attem

pted
questions

are
incorrect.

T
he

follow
ing

proposition
extends

the
results

of
the

m
ain

textin
the

paper
to

this
setting

w
ith

utility
functions.

Proposition
19

For
a

w
orker

w
ho

aim
s

to
m

axim
ize

function
U

ofthe
paym

ent,the
one

and
only

m
echanism

thatis
incentive-com

patible
and

satisfies
the

(generalized-)no-free-lunch
axiom

is

Paym
ent(x

1 ,...,x
G

)
=
U
−

1 (
κ

G∏i=
1

α
x
i

+
U

(µ
m

in ) )
,

w
here

the
constants{

α
j }
Lj=
−
L

are
as

defined
in

A
lgorithm

2
and

κ
=

(U
(µ

m
a
x )−

U
(µ

m
in ))α

−
G

L
.

N
ote

thatfor
the

problem
to

be
w

elldefined,the
interval

[µ
m

in ,µ
m

a
x ]should

be
contained

in
the

intervalI
.

T
he

proof
of

Proposition
19

follow
s

easily
from

the
results

proved
earlier

in
the

paper,
and

is
provided

below
forcom

pleteness.

ProofofProposition
19.

W
e

w
illfirstverify

thatthe
proposed

paym
entis

alw
ays

non-negative
and

satisfiesthe
(generalized-)no-free-lunch

axiom
.R

ecallfrom
T

heorem
7

thatforevery
evaluation

{
x

1 ,...,x
G }

forw
hich

the
(generalized-)no-free-lunch

axiom
m

andates
a

zero
paym

ent,the
value

of
κ ∏

Gi=
1
α
x
i

is
zero.

It
follow

s
that

the
paym

ent
U
−

1 (
κ ∏

Gi=
1
α
x
i

+
U

(µ
m

in ) )
=
U
−

1(0
+

U
(µ

m
in ))

=
µ

m
in ,

w
here

the
final

equation
is

a
consequence

of
the

invertibility
of
U

.
Further,

recallthatthe
value

of
κ ∏

Gi=
1
α
x
i in

A
lgorithm

2
is

neversm
allerthan

zero.
Since

the
function

U
is

increasing,so
is
U
−

1,and
hence

the
paym

entis
alw

ays
non-negative.

W
e

w
illnow

prove
thatthe

proposed
paym

entis
incentive-com

patible.To
this

end,observe
that

the
utility

ofthe
proposed

paym
entis

U
(Paym

ent)
=
U

(
U
−

1 (
κ

G∏i=
1

α
x
i

+
U

(µ
m

in ) )
)

=
κ

G∏i=
1

α
x
i

+
U

(µ
m

in )
.
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S
H

A
H

A
N

D
Z

H
O

U

N
oting

that
U

(0)
is

a
constantindependentofthe

w
orker’s

answ
ers,the

resultofT
heorem

7
im

plies
thatthe

expectation
of
U

(P
ay

m
en

t)
behaves

exactly
as

required
forincentive-com

patibility.
W

e
w

ill
now

prove
uniqueness

of
this

m
echanism

.
R

eplacing
f

(·)
by

U
(Paym

ent(·))
in

the
proofofT

heorem
9,w

e
getthatthe

function
U

(Paym
ent)

m
ustbe

ofthe
form

U
(Paym

ent(x
1 ,...,x

G
))

=
c

1

G∏i=
1

α
x
i

+
c

2 ,

forsom
e

constants
c

1
and

c
2 ,w

here{
α
x
j }
Lj=
−
L

are
as

defined
in

A
lgorithm

2.
In

otherw
ords,the

paym
entm

ustbe
ofthe

form

Paym
ent(x

1 ,...,x
G

)
=
U
−

1 (
c

1

G∏i=
1

α
x
i

+
c

2 )
.

O
ne

can
evaluate

that
the

m
axim

um
value

of
this

paym
ent

is
c

1
+
c

2 .
From

our
µ

m
a
x -budget

constraint,
w

e
then

have
c

1
+
c

2
=

µ
m

a
x .

Furtherm
ore,

W
hen

the
evaluations

x
1 ,...,x

G
are

such
thatthe

(generalized-)no-free-lunch
applies,w

e
need

Paym
ent

=
µ

m
in .

Itfollow
s

that
c

2
=

U
(µ

m
in ),and

consequently
c

1
=
U

(µ
m

a
x )−

U
(µ

m
in ),thereby

com
pleting

the
proof.
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S

oreticalguarantees
are

provided
form

ore
generalsettings.

Finally,m
any

papers
only

presentalgo-
rithm

s
forjointestim

ation
ofthe

G
aussian

graphicalm
odels

underconsideration,butno
theoretical

properties
ofthe

estim
ates

(H
onorio

and
Sam

aras,2010;C
hiquetetal.,2011;D

anaheretal.,2014;
M

ohan
etal.,2014).

In
this

paper,w
e

investigate
estim

ation
of

m
ultiple

graphicalm
odels

under
com

plex
structural

relationships,assum
ing

thatthere
exists

prior
inform

ation
on

their
specification.

In
m

any
applica-

tions,such
inform

ation
isavailable

and
m

ay
com

e
from

priorknow
ledge

in
the

literature
ofrelation-

ships
am

ong
differentnode

subsets
ofthe

graphicalm
odels

underconsideration,orfrom
clustering

ofallgraphs.T
he

approach
allow

s
sharing

com
m

on
sub-graph

com
ponents

betw
een

differentm
od-

els
and

does
notrequire

sharing
of

values
for

the
sam

e
elem

entacross
m

ultiple
precision

m
atrices.

T
he

proposed
m

ethod,called
the

JointStructuralE
stim

ation
M

ethod
(JS

E
M

),leverages
structured

sparsity
patterns

as
illustrated

in
Section

2
and

is
a

tw
o-step

procedure.
In

the
firststep,w

e
infer

the
sparse

graphicalm
odels

by
incorporating

the
available

structure
through

a
group

lasso
penalty.

In
the

second
step,

w
e

m
axim

ize
the

G
aussian

log-likelihood
subject

to
the

edge
set

constraints
obtained

from
the

previous
step.

N
um

erically,
JS

E
M

dem
onstrates

superior
perform

ance
in

con-
trolling

both
the

num
ber

of
false

positive
and

false
negative

edges
com

pared
to

available
m

ethods.
W

hen
applied

to
jointm

odeling
ofclim

ate
netw

orks,ourresults
highlightthe

differentroles
clim

ate
defining

factors
play

atdifferentregions
of

the
U

nited
States.

In
another

application
to

breastcan-
cer

gene
expression

data,the
JS

E
M

m
ethodology

reveals
interesting

differences
in

the
m

olecular
netw

ork
rew

iring
betw

een
the

E
R

+
and

E
R

-
classes

(see
extensive

discussion
in

Section
5.2).

U
n-

derstanding
the

rew
iring

ofbiologicalnetw
orks

underdifferentconditions
provides

deeperinsights
into

biological
m

echanism
s

of
disease,

especially
w

hen
com

bined
w

ith
topology-based

pathw
ay

enrichm
entm

ethods
as

discussed
and

illustrated
in

M
a

etal.(2016)and
K

aushik
etal.(2016).

T
he

contributions
of

this
w

ork
are

three-fold.
First,

w
e

develop
a

general
fram

ew
ork

for
the

problem
ofjointestim

ation
ofm

ultiple
G

aussian
graphicalm

odels.T
he

m
ethod

can
incorporate

de-
tailed

structuralinform
ation

regarding
relationships

betw
een

subsets
ofthe

graphicalm
odels,w

hile
in

the
absence

ofsuch
inform

ation
reduces

to
the

group
graphicallasso

procedure
ofD

anaheretal.
(2014).

Further,w
e

establish
thatthe

JS
E

M
estim

atoris
consistentw

ith
a

fastrate
ofconvergence

in
term

softhe
Frobeniusnorm

forthe
estim

ated
precision

m
atrices.W

e
also

establish
rigorously

the
consistentrecovery

of
the

edge
sets

for
JS

E
M

under
suitable

regularity
conditions.

Finally,w
hen

the
externally

provided
structured

sparsity
pattern

is
m

oderately
m

isspecified,w
e

provide
a

m
od-

ified
estim

ator
thatreduces

the
num

ber
of

false
positive

edges
identified

due
to

prior
inform

ation
m

isspecification,thus
furtherenhancing

the
applicability

of
JS

E
M

.
T

he
paper

is
organized

as
follow

s.
Section

2
discusses

the
structuralrelationships

m
odelused

in
this

w
ork

and
presents

the
estim

ation
procedure.

Section
3

presents
the

theoreticalproperties
of

the
proposed

m
ethod,follow

ed
by

sim
ulation

studies
in

Section
4

and
tw

o
realdata

applications—
clim

ate
m

odeling
and

genom
ics

of
breastcancer—

are
presented

in
Section

5.
W

e
conclude

w
ith

a
discussion

in
Section

6.
M

ostdetails
of

the
theoreticalanalysis

and
proofs,additionalsim

ulation
results

as
w

ellas
additionalanalyses

on
the

applications
are

relegated
to

the
A

ppendix.

2.T
he

JointStructuralE
stim

ation
M

ethod

Suppose
w

e
are

interested
in

estim
ating

K
G

aussian
graphicalm

odels
from

theircorresponding
K

independentdata
sets,assum

ing
thatthe

m
odels

exhibitcom
plex

relationships
betw

een
their

edge
sets.T

he
data

in
the

k-th
m

odelare
organized

in
an
n
k ×

p
m

atrix
X
k

=
(X

k1 ,···
,X

kp ),w
here

each
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Figure
1:

Im
age

plots
of

the
adjacency

m
atrices

for
four

graphical
m

odels
w

ith
vertex

set
{
1,...,p}.

T
he

black
color

represents
presence

of
an

edge.
T

he
structured

sparsity
pattern

is
encoded

in
G

=
∪

1≤
i<
j≤
p G

ij,
w

here
G
ij

=
{[1,3],[2,4]}

for
(i,j)

∈
{bp

/
2c

+
1
,...,p}

and
G
ij

=
{[1,2],[3,4]}

forallotherpairs
of

(i,j).

row
represents

one
observation

from
N

(0
,Σ

k0 ),
k

=
1,...,K

.T
hroughoutthe

rem
aining

sections,
w

e
reserve

the
notations

Σ
0 ,Ω

0 ,...to
denote

the
population

param
eters

in
the

true
m

odeland
use

Σ
,Ω
,...to

denote
generic

param
eters.

W
ithoutloss

of
generality,w

e
assum

e
the

colum
ns

of
X
k

are
centered

and
standardized

to
have

m
ean

zero
and

unitvariance.
For

ease
of

presentation,itis
assum

ed
thatthe

sam
ple

size
n
k

=
n

forall
k

=
1,...,K

,butthe
m

odeling
fram

ew
ork

can
easily

accom
m

odate
unequalsam

ple
sizes.

O
ur

goalis
to

estim
ate

jointly
Ω
k0

=
(Σ

k0 ) −
1

for
all
k,under

the
assum

ption
thatthe

K
corresponding

graphs
are

related
via

a
structured

sparsity
pattern

G
.For

exam
ple,considerclim

ate
m

odels
capturing

relationships
betw

een
clim

ate
forcing

variables
defined

overa
pre-specified

spatialdom
ain.M

odelsthatbelong
to

the
sam

e
clim

ate
zone

m
ay

exhibitgreater
sim

ilarity
in

theirgraph
structures

than
those

from
differentzones.T

hus,one
can

define
G

based
on

theirspatiallocations.Figure
1

gives
an

illustration
ofthe

structured
sparsity

am
ong

fourgraphical
m

odels
in

term
s

of
their

adjacency
m

atrices.
T

his
pattern

indicates
thatsharing

of
structures

m
ay

occur
atdifferentsubsets

of
the

edge
set,w

hich
m

otivates
us

to
develop

a
jointestim

ation
m

ethod
thatcan

incorporate
such

rich
and

com
plex

structuralinform
ation.

2.1
N

eighborhood
Selection

N
eighborhood

selection
w

asintroduced
by

M
einshausen

and
B

ühlm
ann

(2006)asan
efficientm

ethod
to

constructG
aussian

graphicalm
odels

from
high-dim

ensionaldata.Foreach
node

i
=

1
,...,p

in
the

graphicalm
odel,consider

the
optim

alprediction
of

the
random

variable
X
i as

a
linear

com
bi-

nation
ofthe

rem
aining

variables:

X
i

=
∑j6=

i

θ
ij X

j
+
ε
i ,

w
here

θ
ij

(j
6=
i)

are
the

regression
coefficients

and
ε
i ⊥
{X

j
:
j
6=
i}.

T
he

m
atrix

(θ
ij )

1≤
i,j≤

p

is
determ

ined
by

the
inverse

covariance
m

atrix
Ω

=
(ω
ij )

1≤
i,j≤

p .
Specifically,itholds

that
θ
ij

=
−
ω
ij /ω

ii ,for
all

j
6=
i.

T
he

setof
nonzero

coefficients
of
θ
ij

(j
6=
i)

is
thus

the
sam

e
as

the
set

of
nonzero

entries
in

the
row

vector
of
ω
ij

(j
6=
i),w

hich
defines

the
setof

neighbors
of

node
i.

U
sing

an
l1 -penalized

regression,M
einshausen

and
B

ühlm
ann

(2006)
estim

ated
the

neighborhood
foreach

node
and

com
bined

the
estim

ates
to

obtain
the

underlying
graph.
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tu
pl

es
(i
,j
,g

).
In

th
e

se
qu

el
,w

e
pr

es
en

tr
es

ul
ts

6
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F
M

U
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IP
L

E
G

R
A

P
H

IC
A

L
M

O
D

E
L

S

based
on

the
latter

approach.
W

e
recom

m
end

choosing
the

tuning
param

eters
via

the
B

ayesian
inform

ation
criterion

(B
IC).Specifically,fora

given
λ,w

e
define

B
IC

forthe
proposed

m
ethod

as

B
IC

(λ
)

=

K
∑k

=
1 {

tr(Σ̂
kΩ̂

kλ )−
log

d
et(Ω̂

kλ )
+

lo
g
(n
k )

n
k
|Ê

k| }
,

w
here

Ω̂
kλ

(k
=

1
,...,K

)
are

the
estim

ated
precision

m
atrices

from
the

data.
T

he
optim

altuning
param

eter
is

thus
λ
∗

=
arg

m
in
λ∈D

n
B

IC
(λ

),
w

here
the

set
of

valuesD
n

is
chosen

such
that

for
every

λ
j ∈
D
n

(n
k

=
n

):

λ
j

=
c
j (|g

m
a
x |+

√
log

G
0 )/√

n
,

c
j

=
0.0

2∗
j,

j
=

1,...,2
0.

H
ere
|g

m
a
x |

and
G

0
refer,

respectively,
to

the
m

axim
um

size
of

groups
in

G
and

m
axim

um
total

num
berofgroups

in
allregressions.T

hey
can

be
conveniently

defined
by

the
inputsparsity

pattern.
In

practice,
it

is
also

recom
m

ended
to

apply
the

stability
selection

procedure
(M

einshausen
and

B
ühlm

ann,2010;
Shah

and
Sam

w
orth,2013)

to
select

graphical
m

odels
that

are
both

stable
and

interpretable.

3.T
heoreticalR

esults

T
he

JS
E

M
estim

atorenjoys
nice

theoreticalproperties
undercertain

regularity
conditions.Specifi-

cally,w
e

establish
the

norm
consistency

ofthe
estim

ated
precision

m
atrices,asw

ellasthe
consistent

recovery
ofthe

edge
setsofthe

variousgraphicalm
odelsunderconsideration

based
on

the
structured

sparsity
pattern

G
.

3.1
E

stim
ation

C
onsistency

L
etN

i(p−
1
)K

=
{
(j,k

)
:
j6=

i,k
=

1,...,K
}

be
the

variable
index

setforequation
(2)w

ith
a

fixed
node

i.G
iven

the
structuralinform

ation
G

,the
grouped

variable
index

set{(j,g
)

:
j6=

i,g
∈

G
ij}

defines
a

partition
ofN

i(p−
1
)K

.
D

enote
by

G
i

the
cardinality

of
the

set{
(j,g

)
:
j
6=
i,g
∈

G
ij}.

T
hen

1
≤
G
i ≤

(p−
1)K

.L
et
J

(Θ
0
,i )

=
{(j,g

)
:
j6=

i,g
∈

G
ij,θ

[g
]

0
,ij 6=

0}
be

the
setofnonzero

groups
in

the
i-th

regression.
W

e
assum

e
an

overallsparsity
atthe

group
level,thatis,the

size
of

J
(Θ

0
,i )

is
s
i
<
<
G
i .L

etG
0

=
m

ax
i=

1
,...,p

G
i ,

s
0

=
m

a
x

i=
1
,...,p

s
i ,

S
0

=

p
∑i=

1

s
i ,

and
also

let|g|be
the

size
ofthe

group
g

w
ith|g

m
a
x |

=
m

a
x
g∈

G
|g|.

L
etM

(p
,K

)
representthe

setof
all
p×

K
m

atrices.
For

∆
=

(δ
1,...,δ

K
)∈

M
(p
,K

)
and

a
group

g
⊂
{
1,...,K

},
denote

by
δ

[g
]

j
the

vector
com

posed
of

all
δ
kj

for
w

hich
k
∈
g.

W
rite

J
=
{
J

(Θ
0
,1 ),...,J

(Θ
0
,p )},the

collection
ofsets

ofnonzero
groups

in
all
p

regressions.Forany
J
∈
J

,denote
∆
J

the
nonzero

m
atrix

in
M

(p
,K

),w
hich

has
the

sam
e

coordinates
as

∆
on
J

and
zero

elsew
here.

L
et
J
c

denote
the

com
plem

entof
the

index
set

J
.

W
rite

0
as

the
zero

m
atrix

in
M

(p
,K

).W
e

m
ake

the
follow

ing
assum

ptions.
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(A
1)

For
0
<
s
<
G

0 ,there
exists

κ
=
κ

(s)
>

0,such
that

m
in

J∈J
,|J|≤

s
m

in
∆
∈F

J ∑
Kk
=

1 ‖X
kδ

k‖
2/n

‖
∆
J ‖

2F

≥
κ

2(s),

w
here

for
isatisfying

J
(Θ

0
,i )

=
J

,F
J

is
defined

as

F
J

=
{∆

:
∆
∈
M

(p
,K

)\{0 }
,
∑(j,g

)∈
J
c

λ
gij ‖
δ

[g
]

j
‖
≤

3
∑(j,g

)∈
J

λ
gij ‖δ

[g
]

j
‖}.

(A
2)

Forevery
k

=
1,...,K

and
i

=
1,...,p,V

ar(X
ki )

=
1.Further,there

existconstants
c

0
and

d
0

such
thatforevery

k,

0
<

1
/c

0 ≤
φ

m
in (Σ

k0 )≤
φ

m
a
x (Σ

k0 )≤
1
/d

0
<
∞
,

w
here

φ
m

in (Σ
k0 )

and
φ

m
a
x (Σ

k0 )
are

the
m

inim
um

and
m

axim
um

eigenvalues
of

the
m

atrix
Σ
k0 ,respectively.

A
ssum

ption
(A

1)
is

a
generalization

of
the

R
estricted

E
igenvalue

assum
ption

for
the

L
asso

in
B

ickeletal.(2009)
to

the
group

lasso
setting

in
our

problem
and

requires
the

super
design

m
atrix

d
iag

(X
1,...,X

K
)

to
be

w
ell

conditioned
over

the
restricted

set
of

vectors
under

consideration.
O

ne
sufficientcondition

is
thatthe

eigenvalues
ofthe

G
ram

m
atrix

of
d

ia
g
(X

1,...,X
K

)
is

positive
w

hen
restricted

to
the

subsetofsparse
vectors

w
ith

cardinality
no

greaterthan
2s.

T
he

equalvariance
requirem

entin
assum

ption
(A

2)can
be

easily
achieved

by
appropriate

scal-
ing

of
the

data.
T

he
second

partof
the

assum
ption

explicitly
excludes

singular
or

nearly
singular

covariance
m

atrices
and

guarantees
that

Ω
k0

exists
forevery

m
odel

k
=

1,...,K
.

W
e

are
now

ready
to

state
ourfirstresult.

T
heorem

1
C

onsider
Ω̂
k

(k
=

1
,...,K

)
defined

in
(4).

LetA
ssum

ption
(A

1)
w

ith
s

=
2
s

0
and

A
ssum

ption
(A

2)be
satisfied.For

every
regression

defined
in

(2),choose

λ
gij

=
2
√
n
d

0 (√
|g

m
a
x |

+
π√2 √

q
log

G
0 )

,

w
ith

q
>

1.Then,w
ith

probability
atleast

1−
2
p
G

1−
q

0
,w

e
have

1K

K
∑k

=
1 ‖

Ω̂
k−

Ω
k0 ‖
F
≤
O

(
√

S
0

n
K

{√
|g

m
a
x |

+
π√2 √

q
log

G
0 } )

,
(5)

w
here

G
0

is
the

m
axim

um
num

ber
ofgroups

in
allregressions,

S
0

is
the

totalnum
ber

ofrelevant
groups

and|g
m

a
x |is

the
m

axim
um

group
size.

Proof
of

T
heorem

1
is

available
in

A
ppendix

A
.N

ote
the

rate
in

(5)
im

proves
over

estim
ating

each
precision

m
atrix

separately,
as

long
as

the
sparsity

pattern
G

is
appropriately

specified
and

nontrivial,i.e.
there

exists
structural

sim
ilarity

am
ong

the
considered

graphical
m

odels.
Further,

the
proposed

procedure
obtains

a
faster

convergence
rate

than
that

of
G

uo
et

al.
(2011)

in
som

e
scenarios.
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Fo
re

xa
m

pl
e,

if
al

lK
gr

ap
hs

sh
ar

e
th

e
sa

m
e

st
ru

ct
ur

e,
th

en
|g m

a
x
|=

K
an

d
G

0
=
p
−

1.
T

hu
s,

JS
E

M
ac

hi
ev

es
a

co
nv

er
ge

nc
e

ra
te

of
th

e
or

de
ro

f

O

(
√
S

0 n

{
1

+
π √
2

√
q

lo
g
(p
−

1)

K

}
)
.

(6
)

In
co

nt
ra

st
,s

ep
ar

at
e

es
tim

at
io

n
of

Ω
k

is
kn

ow
n

to
be

of
th

e
or

de
ro

f

O

(
√
∑ k

‖Ω
k
,−

0
‖ 0

lo
g
p

n
K

)
,

w
he

re
‖Ω

k
,−

0
‖ 0

de
no

te
s

th
e

nu
m

be
r

of
no

nz
er

o
of

f-
di

ag
on

al
en

tr
ie

s
in

Ω
k 0

an
d
∑

k
is

sh
or

t-
ha

nd
no

ta
tio

n
fo

r∑
K k
=

1
.T

he
jo

in
te

st
im

at
io

n
m

et
ho

d
by

G
uo

et
al

.(
20

11
)h

as
th

e
fo

llo
w

in
g

co
nv

er
ge

nc
e

ra
te

O

(
√

(p
+
m

)lo
g
p

n
K

)
,

w
he

re
m

=
|∪
{k

=
1,
..
.,
K

:
ω
k 0
,i
j
6=

0}
|.

U
nd

er
co

rr
ec

tly
sp

ec
ifi

ed
G

,
w

e
ha

ve
S

0
=
m

.
T

hu
s,

JS
E

M
ha

s
a

lo
w

er
es

tim
at

io
n

er
ro

rr
at

e
th

an
th

e
jo

in
te

st
im

at
io

n
m

et
ho

d
of

G
uo

et
al

.(
20

11
).

JS
E

M
al

so
ou

tp
er

fo
rm

s
se

pa
ra

te
es

tim
at

io
n

if
S

0
�
‖Ω

k
,−

0
‖ 0

,w
he

re
�

m
ea

ns
th

at
th

e
ex

pr
es

si
on

s
on

bo
th

si
de

s
ar

e
of

th
e

sa
m

e
or

de
r.

O
n

th
e

ot
he

rh
an

d,
th

e
ra

te
in

(6
)c

ou
ld

be
w

or
se

if
th

e
sp

ar
si

ty
pa

tte
rn

G
is

hi
gh

ly
m

is
sp

ec
ifi

ed
su

ch
th

at
th

e
nu

m
be

ro
fn

on
ze

ro
pa

ra
m

et
er

s
S

0
>
∑

k
‖Ω

k
,−

0
‖ 0
≥

m
.T

he
is

su
e

of
sp

ar
si

ty
pa

tte
rn

m
is

sp
ec

ifi
ca

tio
n

is
ad

dr
es

se
d

in
th

e
ne

xt
se

ct
io

n.

3.
2

G
ra

ph
Se

le
ct

io
n

C
on

si
st

en
cy

To
un

de
rs

ta
nd

ho
w

JS
E

M
pe

rf
or

m
s

in
se

le
ct

in
g

th
e

ed
ge

se
ts

of
th

e
gr

ap
hi

ca
lm

od
el

s,
it

su
ffi

ce
s

to
fo

cu
so

n
ea

ch
of

th
e

gr
ou

p
la

ss
o

es
tim

at
io

n
pr

ob
le

m
s(

2)
,a

sc
on

si
st

en
tg

ra
ph

se
le

ct
io

n
re

lie
so

n
co

n-
si

st
en

tv
ar

ia
bl

e
se

le
ct

io
n

in
al

lp
re

gr
es

si
on

s.
U

nl
ik

e
th

e
si

gn
co

ns
is

te
nc

y
in

th
e

la
ss

o
se

tti
ng

(Z
ha

o
an

d
Y

u,
20

06
),

va
ri

ab
le

se
le

ct
io

n
pr

op
er

tie
s

w
ith

a
gr

ou
p

la
ss

o
pe

na
lty

ar
e

m
uc

h
m

or
e

co
m

pl
ic

at
ed

be
ca

us
e

th
e

la
tte

r
se

le
ct

s
w

ho
le

gr
ou

ps
ra

th
er

th
an

in
di

vi
du

al
va

ri
ab

le
s

(s
ee

B
as

u
et

al
.,

20
15

,a
nd

th
e

di
sc

us
si

on
th

er
ei

n)
.

T
he

B
as

u
et

al
.(

20
15

)p
ap

er
of

fe
rs

a
ge

ne
ra

liz
at

io
n

an
d

in
tr

od
uc

es
th

e
no

-
tio

n
of

di
re

ct
io

n
co

ns
is

te
nc

y
fo

r
th

e
gr

ou
p

la
ss

o.
Sp

ec
ifi

ca
lly

,f
or

a
no

nz
er

o
ve

ct
or
ξ

,i
ts

di
re

ct
io

n
ve

ct
or

is
de

fin
ed

as
D

(ξ
)

=
ξ
/‖
ξ
‖a

nd
D

(0
)

=
0

.A
n

es
tim

at
or

Θ̂
i

of
(2

)i
s

di
re

ct
io

n
co

ns
is

te
nt

at
ra

te
α
n

if
fo

ra
se

qu
en

ce
of

po
si

tiv
e

re
al

nu
m

be
rs
α
n
→

0
,

P(
‖D

(θ̂
[g

]

ij
)
−
D

(θ
[g

]
0
,i
j
)‖
<
α
n
,
∀

(j
,g

)
∈
J

(Θ
0
,i
);
θ̂

[g
]

ij
=

0
,
∀

(j
,g

)
/∈
J

(Θ
0
,i
))
→

1,

as
n
,p
→
∞

.I
n

ge
ne

ra
l,

di
re

ct
io

n
co

ns
is

te
nc

y
do

es
no

tg
ua

ra
nt

ee
si

gn
co

ns
is

te
nc

y,
es

pe
ci

al
ly

w
he

n
th

er
e

ar
e

m
ul

tip
le

m
em

be
rs

w
ith

in
on

e
gr

ou
p.

H
ow

ev
er

,i
f

th
e

gr
ou

p
is

se
le

ct
ed

,a
ll

th
e

m
em

be
rs

w
ith

in
th

e
gr

ou
p

ar
e

se
le

ct
ed

,
w

hi
ch

is
su

ffi
ci

en
t

fo
r

jo
in

t
ne

ig
hb

or
ho

od
se

le
ct

io
n

fo
r

ea
ch

no
de

an
d

su
bs

eq
ue

nt
se

le
ct

io
n

of
gr

ap
hs

.
M

ot
iv

at
ed

by
th

e
ab

ov
e

id
ea

,w
e

es
ta

bl
is

h
th

e
gr

ap
h

se
le

ct
io

n
co

ns
is

te
nc

y
pr

op
er

ty
of

JS
E

M
in

T
he

or
em

2,
w

hi
ch

ca
n

be
co

nv
en

ie
nt

ly
m

od
ifi

ed
to

ad
ju

st
fo

r
th

e
m

is
sp

ec
ifi

ca
tio

n
in

th
e

pr
io

r
in

fo
rm

at
io

n
G

.
B

ef
or

e
w

e
pr

es
en

tt
he

m
ai

n
re

su
lt,

w
e

ne
ed

m
or

e
no

ta
tio

ns
.

C
on

si
de

rt
he

gr
ou

p
la

ss
o

es
tim

at
io

n
pr

ob
le

m
(2

)f
or

no
de
i.

Fo
rs

im
pl

ic
ity

,w
e

di
sc

us
s

th
e

es
ti-

m
at

io
n

co
ns

is
te

nc
y

pr
op

er
tie

s
w

ith
a

co
m

m
on

tu
ni

ng
pa

ra
m

et
er
λ

fo
ra

ll
(j
,g

).
Fo

rk
=

1
,.
..
,K

,
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de
no

te
X
k I k

th
e
n
×
|I k
|s

ub
-m

at
ri

x
co

ns
is

tin
g

of
al

lr
el

ev
an

tv
ar

ia
bl

es
fr

om
th

e
k

-t
h

m
od

el
.I

n
ot

he
r

w
or

ds
,f

or
al

lj
∈
I k

,t
he

re
ex

is
ts

a
gr

ou
p
g
3
k

su
ch

th
at

(j
,g

)
∈
J

(Θ
0
,i
).

N
ot

e
th

e
de

pe
nd

en
cy

of
ea

ch
in

de
x

se
tI
k

on
i

is
m

ad
e

im
pl

ic
it

he
re

fo
r

no
ta

tio
na

lc
on

ve
ni

en
ce

.
Fu

rt
he

r,
le

tξ
k
∈

R
|I k
| b

e
a

ve
ct

or
in

de
xe

d
by
I k

.T
he

fo
llo

w
in

g
as

su
m

pt
io

n
ad

ap
ts

th
e

U
ni

fo
rm

Ir
re

pr
es

en
ta

bi
lit

y
C

on
di

tio
n

(I
C

)i
n

B
as

u
et

al
.(

20
15

)t
o

ou
rs

et
tin

g:

(A
3)

T
he

re
ex

is
ts

a
po

si
tiv

e
co

ns
ta

nt
η

su
ch

th
at

fo
ra

ll
ξ

=
((
ξ

1
)T
,.
..
,(
ξ
K

)T
)T
∈
R
∑
k
|I k
| w

ith
m

a
x

(j
,g

)
‖ξ

[g
]

j
‖
≤

1
an

d
al

l(
j,
g
)
/∈
J

(Θ
0
,i
),

 
∑ k
∈g

[ (X
k j
)T

X
k I k

{ (X
k I k

)T
X
k I k

} −
1
ξ
k
] 2
 

1
/
2

≤
1
−
η
.

(7
)

N
ot

e
th

e
gr

ou
p

le
ve

lc
on

st
ra

in
t(

7)
is

re
qu

ir
ed

to
ho

ld
fo

ra
ll
p

re
gr

es
si

on
s

an
d

is
le

ss
st

ri
ng

en
tt

ha
n

th
e

IC
fo

r
th

e
se

le
ct

io
n

co
ns

is
te

nc
y

of
la

ss
o.

In
ge

ne
ra

l,
it

is
no

te
as

y
to

ve
ri

fy
A

ss
um

pt
io

n
(A

3)
.

O
ne

su
ffi

ci
en

tc
on

di
tio

n,
as

su
gg

es
te

d
in

Z
ha

o
an

d
Y

u
(2

00
6)

,i
s

th
at

th
e

re
gr

es
si

on
co

ef
fic

ie
nt

s
of

X
k j

on
X
k I k

(k
=

1,
..
.,
K

)
ha

ve
E

uc
lid

ea
n

no
rm

le
ss

th
an

1
fo

ra
ll

(j
,g

)
/∈
J

(Θ
0
,i
).

T
he

or
em

2
Le

tA
ss

um
pt

io
n

(A
1)

w
ith

s
=
s 0

,(
A

2)
an

d
(A

3)
be

sa
tis

fie
d.

A
ss

um
e

fu
rt

he
r

th
at

th
e

sp
ar

si
ty

pa
tte

rn
G

is
co

rr
ec

tly
sp

ec
ifi

ed
.F

or
ev

er
y

re
gr

es
si

on
de

fin
ed

in
(2

),
ch

oo
se

λ
≥

m
ax

i,
(j
,g

)
/∈J

(Θ
0
,i

)

1 η

1
√
n
d

0

( √
|g
|+

π √
2

√
q

lo
g
G

0

) ,
(8

)

α
n
≥

m
ax

i,
(j
,g

)∈
J

(Θ
0
,i

)

1

κ
(s

0
)

1

‖θ
[g

]
0
,i
j
‖

{ λ

√
s 0

κ
(s

0
)

+
1
√
n
d

0

( √
|g
|+

π √
2

√
q

lo
g
G

0

)}
,

(9
)

w
ith

q
>

1
.T

he
n

w
ith

pr
ob

ab
ili

ty
at

le
as

t1
−

4
p
G

1
−
q

0
,w

e
ha

ve
si

m
ul

ta
ne

ou
sl

y
fo

r
al

li

1.
θ̂

[g
]

ij
=

0
,f

or
al

l(
j,
g
)
/∈
J

(Θ
0
,i
),

2.
‖θ̂

[g
]

ij
−
θ

[g
]

0
,i
j
‖
<
α
n
‖θ

[g
]

0
,i
j
‖,

an
d

he
nc

e
‖D

(θ̂
[g

]

ij
)
−
D

(θ
[g

]
0
,i
j
)‖
<

2
α
n

fo
r

al
l(
j,
g
)
∈
J

(Θ
0
,i
).

F
ur

th
er

,i
fα

n
<

1
,t

he
n

P(
Ê
k

=
E
k 0
,∀
k

=
1,
..
.,
K

)
≥

1
−

4p
G

1
−
q

0
.

w
he

re
Ê
k

is
de

fin
ed

in
(3

).

N
ot

e
th

e
ch

oi
ce

of
λ

in
(8

)i
s

of
th

e
sa

m
e

or
de

ra
s

th
e

tu
ni

ng
pa

ra
m

et
er

re
qu

ir
ed

fo
re

st
im

at
io

n
co

ns
is

te
nc

y
in

T
he

or
em

1.
W

ith
th

e
ab

ov
e

ch
oi

ce
of
λ

,
α
n

ca
n

be
ch

os
en

to
be

of
th

e
or

de
r

of
O

(√
s 0

(√
|g m

a
x
|+
√

lo
g
G

0
)/
√
n

).
A

pr
oo

fo
fT

he
or

em
2

ca
n

be
fo

un
d

in
A

pp
en

di
x

B
.

B
ac

h
(2

00
8)

us
in

g
a

st
ro

ng
ir

re
pr

es
en

ta
bi

lit
y

as
su

m
pt

io
n

al
so

es
ta

bl
is

he
s

gr
ou

p
su

pp
or

tr
ec

ov
-

er
y.

In
th

is
w

or
k,

w
e

ta
ke

a
di

ff
er

en
t

ro
ut

e,
w

he
re

a
si

m
ila

r
st

ro
ng

ir
re

pr
es

en
ta

bi
lit

y
as

su
m

pt
io

n
le

ad
s

to
di

re
ct

io
n

co
ns

is
te

nc
y.

T
he

n,
w

e
le

ve
ra

ge
th

e
no

tio
n

of
di

re
ct

io
n

co
ns

is
te

nc
y

to
pr

op
os

e
w

ith
in

gr
ou

p
th

re
sh

ol
di

ng
w

hi
ch

al
lo

w
s

us
to

ha
nd

le
su

cc
es

sf
ul

ly
m

od
er

at
e

m
is

sp
ec

ifi
ca

tio
n

of
th

e
gr

ou
p

st
ru

ct
ur

es
,a

s
di

sc
us

se
d

ne
xt

.
Fu

rt
he

r,
fr

om
a

te
ch

ni
ca

lp
er

sp
ec

tiv
e,

w
e

bu
ild

on
th

e
K

ar
us

h-
K

uh
n-

Tu
ck

er
(K

K
T

)
co

nd
iti

on
s

in
ve

rs
io

n
sc

he
m

e
in

tr
od

uc
ed

in
Z

ha
o

an
d

Y
u

(2
00

6)
,

an
d

no
tin

g
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thatthe
sign

(·)
function

in
standard

lasso
K

K
T

conditions
is

replaced
by

the
D

(·)
function

in
the

group
lasso

K
K

T
conditions.

T
herefore,

sign
consistency

has
a

natural
generalized

counterpart
w

hen
considering

optim
ization

overgroups.
W

hen
G

is
m

isspecified,
it

is
possible

that
not

all
the

m
em

bers
w

ithin
a

group
have

nonzero
effects.

H
ow

ever,
the

group
lasso

penalty
m

ay
fail

to
exclude

m
em

bers
w

ith
actual

zero
effect

w
ithin

the
m

isspecified
group,

leading
to

the
recovery

of
spurious

edges.
T

he
follow

ing
result

im
plies

thatthe
property

ofdirection
consistency

helps
identify

influentialm
em

bers
w

ithin
a

group,
thatis,those

w
ith

noticeable
nonzero

effects.

C
orollary

3
Let

A
ssum

ption
(A

1)
w

ith
s

=
s

0 ,
(A

2)
and

(A
3)

be
satisfied.

For
every

regression
defined

in
(2),choose

λ
and

α
n

as
in

Theorem
2.D

efine

θ̂
k
,th
r

ij
=
θ̂
kij 1{θ̂

kij /‖
θ̂

[g
]

ij ‖
>

2
α
n },∀

k
∈
g
,∀

(j,g
)∈

J
(Θ

0
,i ),

and
Ê
k
,th
r

=
{
(i,j)

:
1
≤
i
<
j≤

p
,θ̂
k
,th
r

ij
6=

0
O

R
θ̂
k
,th
r

ji
6=

0}
.

Iffor
all

g
∈

G
,m

in
k∈
g
θ
k0
,ij /‖

θ
[g

]
0
,ij ‖

>
2α

n ,then

P
(Ê

k
,th
r

=
E
k0
,∀
k

=
1,...,K

)≥
1−

4
p
G

1−
q

0
.

T
he

resultin
C

orollary
3

im
plies

im
m

ediately
thatJS

E
M

w
ith

an
additionalthresholding

step

on
the

estim
ated

direction
vectors

D
(‖
θ̂

[g
]

ij ‖
)

can
be

applied
to

reduce
false

discoveries
and

thus
im

prove
selection

of
the

edge
sets

w
hen

the
structured

pattern
G

is
m

oderately
m

isspecified
(that

is,m
ost

of
the

structural
relationships

specified
in

G
are

reliable).
T

his
is

illustrated
in

the
third

sim
ulation

study
ofSection

4.

4.Perform
ance

E
valuation

W
e

presentthree
sim

ulation
studiesto

evaluate
the

perform
ance

ofJS
E

M
.O

therm
ethodscom

pared
include

the
separate

estim
ation

m
ethod

G
lasso,w

here
the

G
raphicallasso

by
Friedm

an
etal.(2008)

is
applied

to
each

graphical
m

odel
separately,

joint
estim

ation
by

G
uo

et
al.

(2011),
denoted

by
JE

M
-G

,the
G

roup
G

raphicalL
asso

denoted
by

G
G

L
by

D
anaher

etal.(2014),and
the

structural
pursuitm

ethod
M

G
G

M
by

Z
hu

etal.(2014).
N

ote
w

e
choose

M
G

G
M

over
the

Fused
G

raphical
L

asso
m

ethod
(D

anaher
etal.,2014),as

the
form

er
has

been
consistently

show
n

to
exhibitbetter

perform
ance.

T
he

firststudy
considers

a
single

com
m

on
structure

across
allgraphicalm

odels,w
hile

the
sec-

ond
one

features
a

m
ore

com
plex

structured
sparsity

pattern.
O

ur
com

parisons
are

based
on

the
overallperform

ance
of

differentm
ethods

in
term

s
of

their
R

O
C

curves,as
w

ellas
their

finite
sam

-
ple

perform
ance

in
identifying

the
corresponding

graphicalm
odels.

For
the

latter,w
e

use
B

IC
to

selectthe
tuning

param
eters

forallm
ethods;in

addition,the
m

axim
um

likelihood
refitting

step
(4)

is
added

to
alljointestim

ation
m

ethods
to

ensure
faircom

parison.W
e

pointoutthatthe
firststudy

is
favorable

to
existing

jointestim
ation

m
ethods

due
to

high
degree

of
structuralsim

ilarity,w
hile

the
second

one
w

ith
varying

degrees
ofstructuralsim

ilarity
is

m
ore

favorable
to

the
JS

E
M

procedure.
N

evertheless,the
results

show
that

JS
E

M
outperform

s
these

com
peting

m
ethods

in
both

settings,
even

w
hen

the
structured

pattern
is

m
oderately

m
isspecified.
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M
A

A
N

D
M

IC
H

A
IL

ID
IS

T
he

third
sim

ulation
com

pares
JS

E
M

w
ith

its
thresholded

version
under

m
isspecified

G
using

the
experim

entalsettings
ofthe

firsttw
o

studies.
In

this
setting,one

also
needs

to
selectthe

w
ithin

group
thresholding

α
n

besides
λ.

A
s

in
previous

sim
ulations,w

e
firstselect

λ
via

B
IC

w
ithoutany

thresholding.A
tthe

optim
al
λ,w

e
select

α
n

from
the

grid
ofvalues

α
n
(c)

=
c (|g

m
a
x |

+
√

log
G

0 )/√
n
,

c∈
{0
.1
,0
.2
,...,1}

,

w
here|g

m
a
x |and

G
0

are
defined

by
the

inputsparsity
pattern.T

he
optim

al
α
∗n

is
selected

as
the

one
thatm

inim
izes

the
corresponding

B
IC.

W
e

refer
readers

to
A

ppendix
C

for
additionalsim

ulation
results,including

com
parison

of
all

jointestim
ation

m
ethods

w
ith

and
w

ithoutm
axim

um
likelihood

refitting
step

(4),and
large

p
set-

tings.

4.1
Sim

ulation
Study

1

In
our

first
sim

ulation,
w

e
set

K
=

5,
w

ith
each

graphical
m

odel
being

of
size

p
=

1
00.

T
he

structured
pattern

is
constructed

as
follow

s:w
e

firstgenerate
a

scale-free
netw

ork
w

ith
edge

set
E

0

as
the

com
m

on
structure

shared
across

allgraphs,show
n

in
the

leftpanelof
Figure

2.
To

generate
the

edge
set

E
k,w

e
random

ly
selecta

pair
of

(i,j),i
<
j

such
that

(i,j)
/∈
E

0
and

add
itto

E
k.

T
his

procedure
w

as
repeated

ρ|E
0 |tim

es
for

each
k,w

here
ρ

is
a

positive
num

ber
corresponding

to
the

ratio
of

individual
edges

to
com

m
on

ones.
In

this
exam

ple,
w

e
set

ρ
=

0.1
to

allow
high

structural
sim

ilarity
across

graphs.
T

hus,
all

graphical
m

odels
have

the
sam

e
degree

of
sparsity,

w
ith

108
or2.2%

ofallpossible
edges

present.N
ote

thatdue
to

the
sparse

structure
ofeach

graph,
the

proportion
ofshared

non-edges
(com

m
on

zeros
in

the
adjacency

m
atrices)am

ong
allm

odels
is

98%
.G
iven

the
edge

set
E
k,

w
e

then
constructed

the
inverse

covariance
m

atrix
w

ith
the

nonzero
off-diagonalentries

in
Ω
k

being
uniform

ly
generated

from
the

[−
1
,−

0
.5]∪

[0.5,1]interval.
T

he
positive

definiteness
of

Ω
k

is
guaranteed

by
setting

the
diagonalelem

ents
to

be|φ
m

in (Ω
k)|

+
0
.1.

T
he

covariance
m

atrix
Σ
k

is
then

determ
ined

by

Σ
kij

=
(Ω

k) −
1

ij
/ √

(Ω
k) −

1
ii

(Ω
k) −

1
jj
.

B
y

construction,each
Σ
k

corresponds
to

the
correlation

m
atrix

for
the

k-th
graphicalm

odel.
T

he
sparsity

pattern
supplied

forJS
E

M
is

G
=
{1
,...,K

},thatis
assum

ing
allgraphicalm

odels
share

the
sam

e
structure.N

ote
by

setting
the

param
eter

ρ
=

0
.1,w

e
have

created
a

situation
w

here
about

10%
of

the
inform

ation
in

G
is

m
isspecified

for
JS

E
M

.T
his

is
of

interest
for

us
to

see
w

hether
JS

E
M

is
robustto

pattern
m

isspecification.
To

com
pare

the
overallperform

ance
of

allm
ethods,w

e
generated

n
k

=
5
0

sam
ples

from
each

k
=

1
,...,K

and
com

puted
the

average
false

positive
and

true
positive

rates
of

the
estim

ated
precision

m
atrices

over
a

fine
grid

of
tuning

param
eters

from
20

replications.
T

he
resulting

R
O

C
curves

are
show

n
in

the
rightpanelof

Figure
2.

Since
both

G
G

L
and

M
G

G
M

require
tw

o
tuning

param
eters,

one
for

controlling
the

sparsity
of

individual
graph

and
the

other
for

controlling
the

sim
ilarity

across
allgraphs,w

e
com

puted
the

R
O

C
curves

overa
fine

grid
ofthe

sparsity
param

eter
w

hile
fixing

the
sim

ilarity
regularization

atfour
differentlevels

(from
low

to
high

sim
ilarity),and

plotted
the

one
thathas

the
largestvalue

of
area

under
the

curve
(A

U
C

).T
he

graph
U

supplied
for

M
G

G
M

is
a

com
plete

graph
such

thateach
pair

of
graphicalm

odels
is

included
in

the
fused

lasso
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0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

0.00.20.40.60.81.0

Fa
ls

e 
po

si
tiv

e 
ra

te
True positive rate

Fi
gu

re
2:

Si
m

ul
at

io
n

st
ud

y
1:

le
ft

pa
ne

ls
ho

w
st

he
im

ag
e

pl
ot

of
th

e
ad

ja
ce

nc
y

m
at

ri
x

co
rr

es
po

nd
in

g
to

th
e

sh
ar

ed
st

ru
ct

ur
e

ac
ro

ss
al

lg
ra

ph
s.

E
ac

h
bl

ac
k

ce
ll

in
di

ca
te

s
pr

es
en

ce
of

an
ed

ge
.

T
he

ri
gh

tp
an

el
sh

ow
s

th
e

R
O

C
cu

rv
es

fo
rs

am
pl

e
si

ze
n
k

=
50

:G
la

ss
o

(d
ot

te
d

in
bl

ac
k)

,
JE

M
-G

(d
ot

da
sh

in
bl

ue
),

G
G

L
(s

ol
id

in
re

d)
,M

G
G

M
(d

as
he

d
in

pu
rp

le
),

JS
E

M
(l

on
g-

da
sh

in
gr

ee
n)

.

pe
na

lty
.

In
th

is
ex

am
pl

e,
it

tu
rn

s
ou

tt
ha

tG
G

L
pe

rf
or

m
s

th
e

be
st

w
he

n
th

er
e

is
on

ly
re

gu
la

ri
za

tio
n

on
th

e
si

m
ila

ri
ty

,i
.e

.a
gr

ou
p

la
ss

o
pe

na
lty

on
th

e
sa

m
e

en
tr

y
ac

ro
ss

al
lK

pr
ec

is
io

n
m

at
ri

ce
s,

w
hi

ch
w

e
ex

pe
ct

to
ex

hi
bi

ta
si

m
ila

rp
er

fo
rm

an
ce

to
th

e
pr

op
os

ed
JS

E
M

.I
n

th
e

ri
gh

tp
an

el
of

Fi
gu

re
2,

th
e

R
O

C
cu

rv
e

of
G

G
L

fa
lls

sl
ig

ht
ly

be
lo

w
th

at
of

JS
E

M
.I

n
co

m
pa

ri
so

n,
M

G
G

M
do

es
no

tp
er

fo
rm

as
w

el
ld

es
pi

te
th

e
fle

xi
bl

e
pe

na
lty

.
T

he
be

st
cu

rv
e

w
e

go
tf

ro
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Figure
3:

Sim
ulation

study
2:

im
age

plots
of

the
adjacency

m
atrices

from
all

graphical
m

odels.
G

raphs
in

the
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e
row

share
the

sam
e

connectivity
pattern

at
the

bottom
right

block,
w
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graphs

in
the

sam
e

colum
n

share
the

sam
e

pattern
atrem

aining
locations.
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group.A

s
ρ
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<
ρ
≤

0
.4),JS

E
M
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incorrectly
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m
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than
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ation
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G
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0
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am

ountofpattern
m
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w
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ing
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ote
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ρ
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50
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for
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the
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norm
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and
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ation

is
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m
ended.

4.3
Sim

ulation
Study

3

Finally,w
e

illustrate
how

direction
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im

prove
the

estim
ation

of
graphicalm

odels
using

the
previous

tw
o

experim
ental

settings.
Table

3
presents

the
perform

ance
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JS

E
M

w
hen

G
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m
oderately

m
isspecified

w
ith

individualto
com

m
on

ratio
ρ

=
0.3,based

on
50

replications.
N

ote
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e
used

a
larger
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n
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=
2
0
0

in
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settings
to

ensure
thatthe

U
niform

IC
required

for
direction

consistency
holds.

T
he

advantage
of

thresholding
w

ithin
groups

is
obvious

in
both

settings,w
here
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JS
E

M
significantly

reduces
the

num
ber

of
false
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Figure
4:

Sim
ulation

study
2:

R
O

C
curves

for
sam

ple
size

n
k

=
10

0:
G

lasso
(dotted

in
black),

JE
M

-G
(dotdash

in
blue),G

G
L

(solid
in

red),M
G

G
M

(dashed
in

purple),JS
E

M
(long-

dash
in

green).
T

he
m

isspecification
ratio

ρ
varies

from
(leftto

right):
0
,0
.2

(top
row

)
and

0
.4
,0
.6

(bottom
row

).

positive
edges

w
ith

only
a

sm
allloss

in
the

presence
of

false
negative

edges.
O

ne
m

ay
notice

the
slightincrease

in
Frobenius

norm
loss

for
thresholded

JSE
M

,w
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is
likely

due
to

the
increased

presence
offalse

negative
edges.N

evertheless,the
thresholded

version
of

JS
E

M
obtains

higher
F

1

scores,indicating
an

overallim
provem

entin
the

structuralestim
ation

ofallgraphs.
W

e
pointoutthatthe

JS
E

M
w

ith
thresholding

procedure
ism

osteffective
w

hen
ρ

ism
oderate

to
sm

all,such
as
ρ
<

0.5
in

this
exam

ple.In
otherw

ords,one
believes

m
ostofthe

structuralrelation-
ships

are
fairly

reliable.
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is
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picture

ofthe
27

netw
orks

from
allthe

27
locations

under
study,as

w
ell

as
m

ore
detailed

com
parisons.

A
lthough

w
e

do
not

im
pose

the
assum

ption
on

sharing
of

a
single

com
m

on
structure

across
alllocations,there

are
com

m
on

edges
(solid)

identified
for

allclim
ate

zones,reflecting
key

features
of

clim
ate

defining
regardless

of
ge-

ographicallocation.Such
relationships

are
consistentw

ith
how

the
corresponding

clim
ate

defining
variables

are
defined,as

w
ellas

how
the

data
are

collected
(H

arris
etal.,2014).

T
he

M
id-latitude

D
esertand

Sem
iarid

Steppe
clim

ate
zones

share
the

edge
betw

een
D

T
R

and
C

L
D

,indicating
that

they
are

correlated
conditional

on
all

other
variables.

Sim
ilar

relationships
have

also
been

found
over

drier
regions

in
Z

hou
et

al.(2009).
In

addition,
one

can
see

that
the

variable
FR

S
interacts

m
ainly

w
ith

PE
T

atM
id-latitude

D
esertand

Sem
iarid

Steppe
clim

ates,w
hereas

itis
partially

corre-
lated

w
ith

both
PR

E
and

T
M

N
(or

T
M

X
)

atC
ontinentalclim

ates.
T

his
can

be
explained

from
the

distinction
betw

een
these

clim
ate

zones.
A

tH
um

id
C

ontinentalclim
ate,precipitation

is
relatively

w
elldistributed

year-round
in

m
ostareas

and
snow

falloccurs
in

allareas.
Itis

thus
notdifficultto

see
w

hy
precipitation

(PR
E

)
and

tem
perature

related
variables

correlate
w

ith
the

num
ber

of
frost

days
(FR

S).Further,a
prim

ary
criterion

ofan
area

characterized
as

M
id-latitude

D
esertorSem

iarid
Steppe

is
thatitreceives

precipitation
below

potentialevapotranspiration
(PE

T
),w

hich
possibly

ex-
plains

w
hy

FR
S

is
partially

correlated
only

w
ith

PE
T

for
M

id-latitude
D

esertand
Sem

iarid
Steppe

clim
ate.

Finally,
w

e
point

out
that

the
inferred

netw
orks

at
neighboring

clim
ate

zones
are

m
ore

sim
ilar,such

as
Sem

iarid
Steppe

(hotarid
and

cold
arid),or

H
um

id
C

ontinental(hotsum
m

er
and
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Figure
6:

E
stim

ated
clim

ate
netw

orks
at

the
six

distinct
clim

ate
zones

using
JSE

M
,

w
ith

edges
shared

across
alllocations

blue
solid

and
differentialedges

red
dashed.

w
arm

sum
m

er),w
hereas

those
w

ith
dram

atically
differentclim

ate
show

significantly
differentcon-

nectivity
patterns.

T
hese

com
m

on
and

individual
interactions

can
prove

critical
in

understanding
the

m
echanism

s
ofclim

ate
defining,and

facilitate
decision

m
aking

in
m

aintaining
the

bestenviron-
m

entalresults.

5.2
A

pplication
to

B
reastC

ancer

B
reastcancer

is
the

m
ostcom

m
on

cancer
in

w
om

en
w

orldw
ide,w

ith
nearly

1.7
m

illion
new

cases
diagnosed

in
2012

(second
m

ostcom
m

on
canceroverall).T

hisrepresentsabout12%
ofallnew

can-
cer

cases
and

25%
of

allcancers
in

w
om

en
(Ferlay

etal.,2013).
B

reastcancer
is

horm
one

related
and

this
leads

to
a

basic
classification

of
cancer

cells.
Specifically,

a
cancer

is
called

estrogen-
receptor-positive

(or
E

R
+)

if
ithas

receptors
for

estrogen,and
hence

the
cells

receive
signals

from
estrogen

thatcould
prom

ote
their

grow
th.

Itis
estim

ated
thatabout80%

of
allbreastcancer

cases
are

E
R

+
and

they
are

m
ore

likely
to

respond
to

horm
one

therapy.
Further,E

R
+

status
is

associated
w

ith
better

survivalrates,especially
if

the
cancer

is
diagnosed

early.
O

n
the

other
hand,the

E
R

-
status

lacks
the

estrogen
receptor

and
in

generalexhibits
poorer

survivalrates.
N

ote
thatthe

pres-
ence/absence

of
other

horm
one

receptors
(progesterone

and
H

E
R

2)
also

play
an

im
portantrole

in
breastcancertum

orclassification,therapeutic
strategies

and
survivalrates.

T
he

breast
cancer

data
set

(T
C

G
A

,
2012)

contains
R

N
A

-seq
m

easurem
ents

for
17296

genes
from

1033
breastcancer

specim
ens,including

E
R

+,E
R

-
and

other
unevaluated

cases.
D

ue
to

the
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E
stim

ated
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E
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-classes
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edges
shared

across
all

locations
blue

solid
and

differential
edges

red
dashed

(E
R

+)
/

green
dashed

(E
R

-).

specified
structured

sparsity
pattern.

O
n

the
otherhand,ifm

ore
structuralinform

ation
is

available,
one
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ay

generalize
the

group
lasso

penalty
to

incorporate
additionalstructuralconstraints.
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he

theoretical
guarantees

of
JS

E
M

rely
on

tw
o

im
portant,but

standard
in

the
literature,as-

sum
ptions:

the
restricted

eigenvalue
assum

ption
(A

1)
and

the
uniform

IC
assum

ption
in

(A
3).

In
practice,itm

ightbe
difficultto
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hether
these

assum
ptions

are
fulfilled,especially

the
m

ore
stringentassum

ption
(A

3).
For

the
latter

condition,M
einshausen

and
Y

u
(2009)

observe
thatthe

irrepresentability
condition

(a
variantofA

3)m
ay

be
violated

in
practicalsettings

in
the

presence
of

highly
correlated

variables;nevertheless,the
lasso

estim
ates

are
still

`
2

consistent,under(A
1).
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A
ppendix

A
.ProofofT

heorem
1

To
prove

the
rate

of
convergence

in
T

heorem
1,w

e
look

at
three

key
steps:

nodew
ise

regression
in

subsection
A

.1,
selecting

the
edge

set
in

A
.2

and
m

axim
um

likelihood
refitting

in
A

.3.
M

ore
inform

ation
can

be
found

in
A

ppendix
E

.W
hen

itis
clear,w

e
shalluse ∑

k
as

a
shortnotation

for
∑

Kk
=

1 .

A
.1

R
egression

For
j
6=
i,g
∈

G
ij,k

∈
g,let

ε
ki

=
X
ki −

∑
j6=
i θ
k0
,ij X

kj .
L

et〈a
,b〉

representthe
inner

product

betw
een

tw
o

vectors
a

and
b.

D
enote

ζ
kij

=
〈ε
ki ,X

kj 〉/n
and

ζ
[g

]
ij

=
(ζ
kij )
k∈
g
∈

R
|g|.

C
onsider

the

random
eventA

=
⋂i,j6=
i,g A

gij ,w
hereA

gij
=
{
2‖
ζ

[g
]

ij ‖
≤
λ
gij }.B

y
L

em
m

a
E

.2,ifw
e

choose
λ
gij

as

λ
gij ≥

m
ax

k∈
g

2
√
n
ω
k0
,ii (√

|g|+
π√2 √

q
lo

g
G

0 )
(10)

w
ith

q
>

1,then
P

(A
)≥

1−
2p
G

1−
q

0
.

W
e

firstpresentthe
follow

ing
proposition

thatestablishes
oracle

bounds
for

Θ̂
i −

Θ
0
,i underthe

chosen
λ
gij .

Proposition
A

.1
For

i
=

1,...,p,consider
the

problem
(2)

and
choose

λ
gij

as
in

(10).
Let

Θ̂
i

be
the

solution
to

problem
(2).IfA

ssum
ption

(A
1)holds

w
ith

κ
2

=
κ

2(s
0 ),then

for
any

solution
Θ̂
i of

problem
(2),w

e
have

on
the

eventA
∑

j6=
i,g∈

G
ij ‖
θ̂

[g
]

ij
−
θ

[g
]

0
,ij ‖
≤

16

κ
2λ

m
in

∑

(j,g
)∈
J

(Θ
0
,i ) (λ

gij )
2,

(11)

M
(Θ̂

i )≤
64φ

m
a
x

κ
2λ

2m
in

∑

(j,g
)∈
J

(Θ
0
,i ) (λ

gij )
2,

(12)

w
here

λ
m

in
=

m
in

i,j6=
i,g∈

G
ij λ

gij ,M
(Θ̂

i )
=
|J

(Θ̂
i )|and

φ
m

a
x

isthe
m

axim
aleigenvalue

of(X
k)
T
X
k/n

for
all

k
=

1,···
,K

.If,in
addition,A

ssum
ption

(A
1)holds

w
ith

κ
2(2s

0 ),then
for

any
solution

Θ̂
i

ofproblem
(2)w

e
have

that‖
Θ̂
i −

Θ
0
,i ‖

F
≤

4 √
10

κ
2(2s

0 ) ∑
(j,g

)∈
J

(Θ
0
,i ) (λ

gij )
2

λ
m

in √
s
i

.
(13)

B
y

A
ssum

ption
(A

2),
ω
k0
,ii ≥

φ
m

in (Ω
k0 )

=
φ
−

1
m

a
x (Σ

k0 )≥
d

0
for

all
i,k.

T
hus,(10)

im
plies

that
w

e
can

choose
λ
gij

=
λ

m
a
x

as

λ
m

a
x

=
2
√
n
d

0 (√
|g

m
a
x |+

π√2 √
q

log
G

0 )
,

(14)
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e
φ

m
in

(Ω
k 0
)
≥
d

0
by

A
ss

um
pt

io
n

(A
2)

,w
e

ha
ve

φ
m

in
(Ω̃

k
)
≥
φ

m
in

(Ω
k 0
)
−
‖Ω̃

k
−

Ω
k 0
‖
≥
φ

m
in

(Ω
k 0
)
−
‖Ω̃

k
−

Ω
k 0
‖ F

≥
φ

m
in

(Ω
k 0
)
−
{
∑ k

‖Ω̃
k
−

Ω
k 0
‖2 F
} 1

/
2
≥

(1
−
τ 1

)d
0
>

0
,

(1
9)

In
ad

di
tio

n,
w

e
ha

ve
an

up
pe

rb
ou

nd
fo

rt
he

m
ax

im
um

ei
ge

nv
al

ue
of

Ω̃
k
,

φ
m

a
x
(Ω̃

k
)
≤
φ

m
a
x
(Ω

k 0
)

+
‖Ω̃

k
−

Ω
k 0
‖
≤
φ

m
a
x
(Ω

k 0
)

+
‖Ω̃

k
−

Ω
k 0
‖ F

≤
φ

m
a
x
(Ω

k 0
)

+
{
∑ k

‖Ω̃
k
−

Ω
k 0
‖2 F
} 1

/
2
≤
c 0

+
τ 1
d

0
<
∞
.

(2
0)

A
.3

R
efi

tt
in

g

L
et

Ω̂
k

(k
=

1,
..
.,
K

)
be

de
fin

ed
in

(4
)a

nd

r n
=
C

b
ia

s√
S

0 n

( √
|g m

a
x
|+

π √
2

√
q

lo
g
G

0

)
.

(2
1)

Pr
oo

f[
of

T
he

or
em

1.
]

In
vi

ew
of

C
or

ol
la

ry
A

.1
,i

ts
uf

fic
es

to
sh

ow
th

at
∑ k

‖Ω̂
k
−

Ω̃
k
‖2 F
≤
O
( r

2 n

) ,

si
nc

e
by

C
au

ch
y-

Sc
hw

ar
z

in
eq

ua
lit

y,

1 K

∑ k

‖Ω̂
k
−

Ω̃
k
‖ F
≤

1 √
K

{ ∑

k

‖Ω̂
k
−

Ω̃
k
‖2 F
} 1

/
2
,

an
d

by
tr

ia
ng

le
in

eq
ua

lit
y,

1 K

∑ k

‖Ω̂
k
−

Ω
k 0
‖ F
≤

1 K

∑ k

‖Ω̂
k
−

Ω̃
k
‖ F

+
1 K

∑ k

‖Ω̃
k
−

Ω
k 0
‖ F
.

Fo
rk

=
1,
..
.,
K

,l
et

∆
k

=
Ω
k
−

Ω̃
k
∈
M

(p
,p

)
an

d
∆̂
k

=
Ω̂
k
−

Ω̃
k
.L

et

Q
(Ω

)
=
∑ k

{ tr
(Σ̂

k
Ω
k
)
−

lo
g

d
et

(Ω
k
)
−

tr
(Σ̂

k
Ω̃
k
)

+
lo

g
d

et
(Ω̃

k
)} .

Si
nc

e
(Ω̂

k
)K k

=
1

m
in

im
iz

es
Q

(Ω
),

(∆̂
k
)K k

=
1

m
in

im
iz

es
G

(∆
)

=
Q

(Ω̃
+

∆
).

R
ec

al
l

th
e

de
fin

iti
on

S+ E
=
{Γ
∈
R
p
×
p

:
Γ
�

0
an

d
Γ
ij

=
0,

fo
ra

ll
(i
,j

)
/∈
E

w
he

re
i
6=
j}

.F
or
k

=
1,
..
.,
K

,d
efi

ne
a

se
qu

en
ce

of
co

nv
ex

se
ts

U n
(Ω̃

k
)

=
{Γ
−

Ω̃
k
|Γ
∈
S+ Ê

k
}.

T
he

m
ai

n
id

ea
of

th
e

pr
oo

fi
s

as
fo

llo
w

s.
Fo

ra
su

ffi
ci

en
tly

la
rg

e
M

>
0

,c
on

si
de

rt
he

se
t

T n
=
{(

∆
1
,.
..
,∆

K
)

:
∆
k
∈
U n

(Ω̃
k
),
∑ k

‖∆
k
‖2 F

=
M
r2 n
}.
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W
rite

0
p×
p

the
zero

m
atrix

in
M

(p
,p

).
It

is
clear

that
G

(∆
)

is
a

convex
function

and
G

(∆̂
)
≤

G
(0
p×
p )

=
0.

T
hus

if
w

e
can

show
in

f
∆
∈T

n
G

(∆
)
>

0
,

the
m

inim
izer

∆̂
m

ust
be

inside
the

ball
defined

by
T
n .

T
hat

is
∑

k ‖∆̂
k‖

2F
≤

M
r

2n .
To

see
this,

note
that

the
convexity

of
Q

(Ω
)

im
plies

that
in

f
∆
∈T

n
Q

(Ω̃
+

∆
)
>
Q

(Ω̃
)

=
0
.T

here
exists

therefore
a

localm
inim

izer
in

the
ball

{
Ω̃
k

+
∆
k

: ∑
k ‖∆

k‖
2F
≤
M
r

2n },orequivalently, ∑
k ‖∆̂

k‖
2F
≤
M
r

2n .
In

the
rem

ainderofthe
proof,w

e
focus

on

G
(∆

)
=
∑

k

{
tr(Σ̂

k∆
k)−

lo
g

d
et(Ω̃

k
+

∆
k)

+
lo

g
d

et(Ω̃
k) }

.

A
pplying

Taylorexpansion
to

the
logarithm

term
s

in
the

above
equation,w

e
have

lo
g

d
et(Ω̃

k
+

∆
k)−

lo
g

d
et(Ω̃

k)

=
tr(Σ̃

k∆
k)−

vec(∆
k)
T

{∫
1

0
(1−

t)(Ω̃
k

+
t∆

k) −
1⊗

(Ω̃
k

+
t∆

k) −
1d
t }

vec(∆
k),

w
here⊗

is
the

K
ronecker

product,and
vec(∆

k)
is

∆
k

vectorized
to

m
atch

the
dim

ensions
of

the
K

roneckerproduct.T
herefore,w

e
can

rew
rite

G
(∆

)
=
L

1 −
L

2
+
L

3 ,w
ith

L
1

=
∑

k

tr {
(Σ̂

k−
Σ
k0 )∆

k }
,

L
2

=
∑

k

tr {
(Σ̃

k−
Σ
k0 )∆

k }
,

L
3

=
∑

k

vec(∆
k)
T

{∫
1

0
(1−

t)(Ω̃
k

+
t∆

k) −
1⊗

(Ω̃
k

+
t∆

k) −
1d
t }

vec(∆
k).

N
extw

e
bound

each
term

separately.
R

ecall
for

every
k,

Σ
k0

and
Σ̂
k

represent
the

correlation
and

the
sam

ple
correlation

m
atrix,

respectively.B
y

L
em

m
a

14
ofZ

hou
etal.(2011)[see

details
on

page
3003],

P {|σ̂
kij −

σ
k0
,ij |≥

t }
≤

ex
p (
−

3n
t 2

1
0{

1
+

(σ
k0
,ij )

2} )
≤

ex
p (
−

3n
t 2

2
0

)
,

(22)

for
0
≤
t≤
{1

+
(σ
k0
,ij )

2}
/2.T

hen
the

union
sum

inequality
and

(22)im
ply

that,w
ith

probability
tending

to
1,

m
a
x

k
,i6=

j |σ̂
kij −

σ
k0
,ij |≤

c
1 √

1

n
K

(√
|g

m
a
x |+

π√2 √
q

lo
g
G

0 )
,

provided
thatthe

sam
ple

size
satisfies

n
≥

4c
21

K

(√
|g

m
a
x |+

π√2 √
q

log
G

0 )
2

,

w
here

c
1
>

0
is

a
constant.

W
rite

∆
k

=
∆
k
,+

+
∆
k
,−

such
that

∆
k
,+

=
d

ia
g
(∆

k)
and

∆
k
,−

consists
ofthe

off-diagonalentries
of

∆
k.T

hen

|L
1 |≤

∑

k

∑i6=
j |σ̂

kij −
σ
k0
,ij ||∆

kij |≤
c

1 √
1

n
K

(√
|g

m
a
x |

+
π√2 √

q
log

G
0 )
∑

k

‖∆
k
,−‖

1 .
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B
y

C
auchy-Schw

arz
inequality

and
the

definition
of

∆
k∈
U
n
(Ω̃

k),

∑

k

‖
∆
k
,−‖

1 ≤
∑

k

(2|Ê
k|)

1
/
2‖

∆
k
,−‖

F
≤

m
ax
k

(2|Ê
k|)

1
/
2 √
K
(∑

k

‖
∆
k‖

2F )
1
/
2.

U
sing

the
bound

of
Ê
k

in
(17)and

the
definition

of
r
n ,w

e
obtain

|L
1 |≤

c
1 √

1n

(√
|g

m
a
x |

+
π√2 √

q
log

G
0 )

8 √
2
φ

m
a
x S

0

κ
(s

0 )

(∑

k

‖
∆
k‖

2F )
1
/
2

=
8 √

2
c

1 √
φ

m
a
x

C
b

ia
s κ

(s
0 )

r
n (
M
r

2n )
1
/
2

=
8 √

2
c

1 √
φ

m
a
x

C
b

ia
s κ

(s
0 )

√
M
r

2n ,
(23)

w
here

the
firstequality

in
(23)follow

s
from

the
definition

of
r
n

in
(21).

U
sing

results
from

(19)and
(18)togetherw

ith
C

auchy-Schw
arz

inequality,the
second

term
L

2

can
be

bounded
by

|L
2 |≤

∑

k

|〈Σ̃
k−

Σ
k0 ,∆

k〉|≤
∑

k

‖Σ̃
k−

Σ
k0 ‖
F ‖∆

k‖
F
≤
∑

k

‖∆
k‖
F

‖Ω̃
k−

Ω
k0 ‖
F

φ
m

in (Ω̃
k)φ

m
in (Ω

k0 )
(24)

≤
1

(1−
τ

1 )d
0

2 (∑

k

‖∆
k‖

2F )
1
/
2 (∑

k

‖Ω̃
k−

Ω
k0 ‖

2F )
1
/
2≤

√
M
r

2n

(1−
τ

1 )d
0

2
,

w
here

the
lastinequality

in
(24)com

es
from

the
rotation

invariantproperty
ofthe

Frobenius
norm

.
Finally

w
e

bound
L

3 .
Suppose

for
a

sm
all

constant
0
<
τ

2
<

1
such

that
τ

1
+
τ

2
<

1,the
sam

ple
size

n
satisfiesn

≥
M
S

0 (√
|g

m
a
x |

+
π√2 √

q
log

G
0 )

2 (
C

b
ia

s

τ
2 d

0 )
2

,

then √
M
r
n
≤
τ

2 d
0 .B

y
(20),φ

m
a
x (Ω̃

k)
is

bounded
above

by
c

0
+
τ

1 d
0 .T

herefore
for

∆
∈
T
n ,

φ
m

a
x (Ω̃

k
+

∆
k)≤

c
0

+
τ

1 d
0

+
‖
∆
k‖
≤
c

0
+
τ

1 d
0

+
‖∆

k‖
F

≤
c

0
+
τ

1 d
0

+
(∑

k

‖
∆
k‖

2F )
1
/
2≤

c
0

+
(τ

1
+
τ

2 )d
0 ,

φ
m

in (Ω̃
k

+
∆
k)≥

(1−
τ

1 )d
0 −
‖
∆
k‖
≥

(1−
τ

1 )d
0 −
‖
∆
k‖
F

≥
(1−

τ
1 )d

0 −
(∑

k

‖
∆
k‖

2F )
1
/
2≥

(1−
τ

1 −
τ

2 )d
0
>

0.

For
Ω̃
k

and
∆
k

defined
above,Z

hou
et

al.(2011)
show

ed
that

Ω̃
k

+
t∆

k
�

0,t
∈

[0,1],for
all

k
=

1
,...,K

on
the

eventA
.

T
hus,follow

ing
sim

ilarargum
ents

as
in

R
othm

an
etal.(2008,page

502),w
e

have|L
3 |≥

12 ∑

k

φ
2m

in (Ω̃
k

+
∆
k) −

1‖
∆
k‖

2F
=

12 ∑

k

φ
−

2
m

a
x (Ω̃

k
+

∆
k)‖

∆
k‖

2F

≥
M
r

2n

2(c
0

+
τ

1 d
0

+
τ

2 d
0 )

2
.
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C
om

bi
ni

ng
th

e
ab

ov
e

th
re

e
bo

un
ds

,w
e

th
us

ha
ve

G
(∆

)
≥
|L

3
|−
|L

1
|−
|L

2
|

≥
M
r2 n

2(
c 0

+
τ 1
d

0
+
τ 2
d

0
)2
−

8√
2
c 1
√
φ

m
a
x

C
b

ia
sκ

(s
0
)

√
M
r2 n
−

√
M
r2 n

(1
−
τ 1

)d
0

2

≥
M
r2 n

{
1

2(
c 0

+
τ 1
d

0
+
τ 2
d

0
)2
−

8
c 1
√

2
φ

m
a
x

C
b

ia
sκ

(s
0
)

1 √
M
−

1

(1
−
τ 1

)d
0

2
√
M

}
>

0
,

fo
rM

su
ffi

ci
en

tly
la

rg
e.

A
pp

en
di

x
B

.P
ro

of
of

T
he

or
em

2

C
on

si
de

rt
he

gr
ou

p
la

ss
o

es
tim

at
or

Θ̂
i

de
fin

ed
in

(2
).

Si
nc

e
th

e
pr

ob
le

m
(2

)i
s

a
sp

ec
ia

lc
as

e
of

th
e

ge
ne

ri
c

gr
ou

p
la

ss
o

in
B

as
u

et
al

.(
20

15
),

w
e

ad
ap

tt
he

ir
re

su
lts

in
T

he
or

em
4.

1
to

ou
rd

es
ig

n.
Pr

oo
f

L
et
X i

be
th

e
bl

oc
k

di
ag

on
al

m
at

ri
x

co
m

po
se

d
of

al
lv

ar
ia

bl
es

bu
tX

k i
(k

=
1
,.
..
,K

),
th

at
is

X i
=

  
X

1 −
i

. .
.

X
K −
i  

.

A
ft

er
re

ar
ra

ng
in

g
th

e
co

lu
m

ns
of
X i

,
w

e
as

su
m

e
w

ith
ou

t
lo

ss
of

ge
ne

ra
lit

y
X i

=
(X

i,
(1

),
X i
,(

2
))

su
ch

th
at

X i
,(

1
)

=
d

ia
g
(X

1 I 1
,.
..
,X

K I K
)

is
th

e
su

b-
m

at
ri

x
co

ns
is

tin
g

of
al

lr
el

ev
an

tv
ar

ia
bl

es
.D

en
ot

e
th

e
G

ra
m

m
at

ri
x

C
=

1 n
X
T i
X i

=

( C
1
1

C
1
2

C
2
1

C
2
2

)

w
ith

C
1
1

=
X
T i,
(1

)X
i,

(1
)/
n

an
d
C

2
2

=
X
T i,
(2

)X
i,

(2
)/
n

.
C

1
2

an
d
C

2
1

ar
e

al
so

de
fin

ed
ac

co
rd

in
gl

y.
N

ot
e

du
e

to
th

e
bl

oc
k

di
ag

on
al

st
ru

ct
ur

e
of
X i
,(

1
),
C

1
1

is
al

so
bl

oc
k

di
ag

on
al

.
N

ow
co

ns
id

er
in

te
rc

ha
ng

in
g

th
e

co
lu

m
ns

of
X i

su
ch

th
at

X̃ i
=
X i

d
ia

g
(R

1
,R

2
)

=
(X

i,
(1

)R
1
,X

i,
(2

)R
2
)

=
(X̃

i,
(1

),
X̃ i
,(

2
))
,

w
he

re
th

e
co

lu
m

ns
of
X̃ i
,(

1
)

an
d
X̃ i
,(

2
)

ar
e

or
de

re
d

in
gr

ou
ps

of
va

ri
ab

le
s.

H
er

e
R
l

is
th

e
pr

od
-

uc
t

of
el

em
en

ta
ry

co
lu

m
n

sw
itc

hi
ng

m
at

ri
ce

s
an

d
sa

tis
fie

s
R
−

1
l

=
R
T l

(l
=

1
,2

).
N

ot
e
R

1
∈

M
(∑

k
|I k
|,∑

k
|I k
|).

B
as

ed
on
X̃ i

,w
e

ca
n

de
fin

e
C̃

1
1
,C̃

2
1

an
d
C̃

2
2

si
m

ila
rl

y
as

ab
ov

e.
T

he
ad

va
n-

ta
ge

of
us

in
g
X̃ i

as
th

e
de

si
gn

m
at

ri
x

is
th

at
it

or
de

rs
th

e
va

ri
ab

le
s

ba
se

d
on

th
e

gr
ou

pi
ng

st
ru

ct
ur

es
,

an
d

is
in

th
e

fo
rm

of
th

e
ge

ne
ri

c
gr

ou
p

la
ss

o
de

si
gn

in
B

as
u

et
al

.(
20

15
).

It
is

th
us

m
or

e
st

ra
ig

ht
-

fo
rw

ar
d

to
ad

ap
tt

he
ir

re
su

lts
us

in
g
X̃ i

.
M

or
eo

ve
r,

si
nc

e
ea

ch
gr

ou
p

of
va

ri
ab

le
s

(j
,g

)
co

rr
es

po
nd

s
to

re
gr

es
si

on
co

ef
fic

ie
nt

s
at

th
e

sa
m

e
(i
,j

)
po

si
tio

n
ac

ro
ss

di
ff

er
en

t
m

od
el

s
in
g

,
th

e
m

at
ri

x
C̃

1
1

is
in

fa
ct

a
bl

oc
k

m
at

ri
x,

w
ho

se
di

ag
on

al
bl

oc
ks

ar
e

al
l

id
en

tit
y

m
at

ri
ce

s.
To

se
e

th
is

,
co

ns
id

er
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M
A

A
N

D
M

IC
H

A
IL

ID
IS

g
=
{k

1
,k

2
},

th
e

co
lu

m
ns

of
X̃ i
,(

1
)

th
at

co
rr

es
po

nd
to

th
e

gr
ou

p
(j
,g

)
is

X
g j

=

         

0
0

. . .
. . .

X
k
1
j

0

0
X
k
2
j

. . .
. . .

0
0

         

.

H
en

ce
th

e
(j
,g

)-
th

di
ag

on
al

bl
oc

k
(C̃

1
1
) [
j,
g
]
=

(X
g j
)T

X
g j
/
n

=
I 2

.
W

ith
th

e
ab

ov
e

no
ta

tio
ns

,
th

e
U

ni
fo

rm
IC

in
A

ss
um

pt
io

n
(A

3)
is

eq
ui

va
le

nt
to

sa
yi

ng
fo

r
al

l
ξ

=
((
ξ

1
)T
,.
..
,(
ξ
K

)T
)T
∈
R
∑
k
|I k
| w

ith
m

a
x

(j
,g

)∈
J

(Θ
0
,i

)‖
ξ

[g
]

j
‖
≤

1
an

d
al

l(
j,
g
)
/∈
J

(Θ
0
,i
)

‖[
C̃

2
1
(C̃

1
1
)−

1
ξ̃
] [j
,g

]‖
≤

1
−
η
,

w
he

re
ξ̃

=
R
T 1
ξ

.
It

re
m

ai
ns

to
se

le
ct
λ

an
d
α
n

to
en

su
re

th
at

th
e

di
re

ct
io

n
co

ns
is

te
nc

y
re

su
lts

ho
ld

si
m

ul
ta

ne
ou

sl
y

fo
ra

ll
i

w
ith

pr
ob

ab
ili

ty
te

nd
in

g
to

1.
Fo

ra
ny

(j
,g

)
∈
J

(Θ
0
,i
),

de
no

te
(C̃

1
1
)−

1
[j
,g

]
th

e
di

ag
on

al
bl

oc
k

in
C̃
−

1
1
1

co
rr

es
po

nd
in

g
to

th
e

gr
ou

p
(j
,g

).
B

y
T

he
or

em
4.

1
of

B
as

u
et

al
.(

20
15

),
it

su
ffi

ce
s

to
fin

d
th

e
up

pe
r

bo
un

ds
fo

r
‖C̃
−

1
1
1
‖,
‖(
C̃

1
1
)−

1
[j
,g

]‖,
‖(
C̃

2
2
) [
j,
g
]‖

an
d

su
bs

tit
ut

e
th

e
co

ns
ta

nt
va

ri
an

ce
σ

w
ith

th
e

ap
pr

op
ri

at
e

bo
un

d
fo

rV
a
r(
X
k i
|X

k −
i)

=
1
/
ω
k 0
,i
i

(k
=

1,
..
.,
K

).
B

y
de

fin
iti

on
an

d
th

e
fa

ct
th

at
th

e
co

lu
m

ns
of

X
k

ar
e

ce
nt

er
ed

an
d

st
an

da
rd

iz
ed

to
ha

ve
m

ea
n

ze
ro

an
d

un
it

va
ri

an
ce

,(
C̃

1
1
) [
j,
g
]

is
th

e
id

en
tit

y
m

at
ri

x
of

si
ze
|g
|×
|g
|.

It
fo

llo
w

s
th

at

1
=
φ
−

1
m

in
((
C̃

1
1
) [
j,
g
])
≤
φ

m
a
x
((
C̃

1
1
)−

1
[j
,g

])
=
‖(
C̃

1
1
)−

1
[j
,g

]‖
≤
‖(
C̃

1
1
)−

1
‖,

(2
5)

w
he

re
th

e
la

st
st

ep
is

ob
ta

in
ed

by
ap

pl
yi

ng
C

ou
ra

nt
m

in
im

ax
pr

in
ci

pl
e

si
nc

e
0
≺

(C̃
1
1
)−

1
[j
,g

]
�

(C̃
1
1
)−

1
.S

im
ila

rl
y,

fo
ra

ny
(j
,g

)
/∈
J

(Θ
0
,i
),

(C̃
2
2
) [
j,
g
]

is
th

e
id

en
tit

y
m

at
ri

x
an

d

‖(
C̃

2
2
) [
j,
g
]‖

=
1.

(2
6)

M
or

eo
ve

r,
th

e
va

ri
an

ce
fo

rt
he

ra
nd

om
de

si
gn

in
ou

rp
ro

bl
em

V
a
r(
X
k i
|X

k −
i)

=
1/
ω
k 0
,i
i
≤

1/
d

0
,
∀
k
,

(2
7)

by
A

ss
um

pt
io

n
(A

2)
.

It
re

m
ai

ns
to

fin
d

an
up

pe
r

bo
un

d
fo

r
‖C̃
−

1
1
1
‖.

U
nd

er
A

ss
um

pt
io

n
(A

1)
w

ith
s

=
s 0

,i
f

w
e

se
t

∆
∈
F

su
ch

th
at
δ

[g
]

j
=

0
fo

ra
ny

(j
,g

)
/∈
J

(Θ
0
,i
),

th
en

∑
k
‖X

k
δ
k
‖2
/n

‖∆
J

(Θ
0
,i

)‖
2 F

=
ξ
T
C

1
1
ξ

ξ
T
ξ

,
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U
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IP
L

E
G

R
A

P
H

IC
A

L
M

O
D

E
L

S

w
here

ξ
=

((ξ
1)
T
,...,(ξ

K
)
T

)
T
∈

R
∑
k |I

k |such
thateach

ξ
k

corresponds
to

the
nonzero

partof
δ
k.

Ifw
e

choose
∆

such
that

ξ
is

the
eigenvectorcorresponding

to
the

sm
allesteigenvalue

of
C

1
1 ,

then

κ
2(s

0 )≤
∑

k ‖
X
kδ

k‖
2/
n

‖
∆
J

(Θ
0
,i ) ‖

2F

=
ξ
T
C

1
1 ξ

ξ
T
ξ

=
φ

m
in (C

1
1 ).

Since
R
−

1
1

=
R
T1

,C
1
1

and
C̃

1
1

are
sim

ilar(there
existsa

non-singularm
atrix

P
such

thatP
−

1C
1
1 P

=
C̃

1
1 )and

thus
share

the
sam

e
setofeigenvalues.T

herefore
φ

m
in (C̃

1
1 )≥

κ
2(s

0 )
and

‖
C̃
−

1
1
1 ‖
≤
κ
−

2(s
0 ).

(28)

C
om

bining
the

upper
bounds

in
(25),

(26),
(27)

and
(28),

T
heorem

4.1
of

B
asu

et
al.(2015)

im
plies

thatif
w

e
select

λ
and

α
n

as
in

(8)
and

(9),respectively,the
direction

consistency
results

follow
by

considering
the

union
bound

on
allprobabilities

m
ade

across
i

=
1,...,p.

Further,if
α
n
<

1,the
direction

consistency
property

of
Θ̂
i im

pliesexactrecovery
ofallnonzero

entries
in

the
inverse

covariance
m

atrices,provided
thatthe

sparsity
pattern

G
is

correctly
specified.

In
otherw

ords,the
setin

(3)estim
ates

correctly
the

true
edge

set
E
k0

forall
k.

T
he

probability
statem

ent
1−

4
p
G

1−
q

0
follow

s
from

considering
the

union
bound

of
the

above
resultoverall

p
regressions.

T
his

com
pletes

the
proof.

A
ppendix

C
.A

dditionalSim
ulation

R
esults

C
.1

Perform
ance

w
ith

and
w

ithoutm
axim

um
likelihood

refitting

In
the

m
ain

paper,w
e

have
com

pared
the

perform
ance

of
differentm

ethods
in

estim
ating

m
ultiple

G
aussian

graphical
m

odels
under

optim
ally

chosen
tuning

param
eters

w
ith

the
results

show
n

in
Tables

1
and

2.
A

ll
joint

estim
ation

m
ethods

w
ere

evaluated
by

adding
the

m
axim

um
likelihood

refitting
Step

(II)
for

fair
com

parisons.
To

confirm
that

this
is

indeed
the

case,w
e

present
in

the
follow

ing
additionalsim

ulation
resultsforcasesevaluated

w
ithoutthe

m
axim

um
likelihood

refitting
step.Table

5
presentsthe

com
plete

table
ofdeviance

m
easuresforvariousm

ethodsconsidered
in

sim
-

ulation
study

1.T
hese

m
ethodsinclude

the
separate

estim
ation

m
ethod

G
lasso,w

here
the

G
raphical

lasso
by

Friedm
an

etal.(2008)
is

applied
to

each
graphicalm

odelseparately,jointestim
ation

by
G

uo
et

al.(2011),
denoted

by
JE

M
-G

,the
G

roup
G

raphical
L

asso
denoted

by
G

G
L

by
D

anaher
etal.(2014),and

the
structuralpursuitm

ethod
M

G
G

M
by

Z
hu

etal.(2014).
For

the
latter

three
m

ethods,w
e

also
presentdeviance

m
easures

for
w

hich
the

m
axim

um
likelihood

refitting
Step

(II)
is

notincluded,denoted
respectively

by
JE

M
-G

1,G
G

L
1

and
M

G
G

M
1.

For
the

proposed
tw

o-step
m

ethod
JSE

M
,deviance

m
easures

based
on

Step
I

only
is

presented
under

the
nam

e
JSE

M
1.

It
is

clear
from

Table
5

that
the

refitting
step

generally
does

not
introduce

m
ore

errors
in

term
s

of
structuralestim

ation,butcan
significantly

reduce
the

estim
ation

errors
in

Frobenius
norm

.
Table

6
presents

the
perform

ance
of

different
regularization

m
ethods

in
estim

ating
m

ultiple
inverse

covariance
m

atrices
in

sim
ulation

study
2.

H
ere

w
e

observe
sim

ilarpattern
as

thatin
Table

5,w
hich

confirm
s

again
thatcontribution

from
the

m
axim

um
likelihood

refitting
step

is
m

ainly
in

reducing
the

Frobenius
norm

loss.
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M
ethod

FP
FN

SH
D

F1
FL

G
lasso

35(6)
81(2)

116(5)
0.32(0.02)

0.73(<
0.01)

JE
M

-G
1

22(4)
40(4)

62(6)
0.69(0.03)

0.28(0.03)
JE

M
-G

22(4)
40(4)

62(6)
0.69(0.03)

0.28(0.02)
G

G
L

1
18(7)

73(2)
91(7)

0.44(0.03)
0.70(0.01)

G
G

L
17(6)

73(2)
90(6)

0.44(0.03)
0.29(0.02)

M
G

G
M

1
291(14)

47(3)
339(14)

0.26(0.01)
0.69(0.02)

M
G

G
M

286(13)
49(3)

335(13)
0.26(0.01)

0.64(0.02)
JSE

M
1

20(4)
34(3)

54(6)
0.73(0.03)

0.71(0.04)
JS

E
M

19(4)
35(3)

54(6)
0.73(0.03)

0.25(0.02)

Table
5:

Perform
ance

ofdifferentregularization
m

ethods
forestim

ating
graphicalm

odels
in

Sim
u-

lation
Study

1:average
FP,FN

,SH
D

,F1
and

FL
(SE

)forsam
ple

size
n
k

=
50.JE

M
-G

1,
G

G
L

1,M
G

G
M

1
and

JSE
M

1
correspond

to
respective

m
ethod

w
ithoutthe

m
axim

um
like-

lihood
refitting

step.T
he

bestcases
are

highlighted
in

bold.

C
.2

Perform
ance

asa
function

of
p

and
n

Table
7

presents
the

perform
ance

of
JS

E
M

for
p

=
500

and
p

=
100

0
w

ith
sam

ple
sizes

n
varying

from
100,200

to
500.T

he
sim

ulation
setup

is
sim

ilarto
thatin

Sim
ulation

Study
1:ateach

p,there
are

K
=

5
graphicalm

odels
sharing

a
single

com
m

on
structure.Individualstructures

w
ith

ρ
=

0.1
are

added
to

each
graph

separately
such

thatabout10%
of

the
edges

in
each

graph
are

unique
to

them
selves.Itis

clearthatas
the

sam
ple

size
n

increases,the
perform

ance
of

JS
E

M
also

im
proves

w
ith

sm
allerstructuralham

m
ing

distances(SH
D

),higher
F

1
score

(F1)and
sm

allerFrobenius
norm

loss
(FL

).In
particular,the

num
beroffalsely

rejected
edges

(FN
)has

decreased
significantly.

A
ppendix

D
.R

ealD
ata

A
nalysis

D
.1

C
lim

ate
data

sourcesand
pre-processing

T
he

data
w

e
use

in
this

study
com

e
from

m
ultiple

sources
and

are
collected

underdifferentresolu-
tions

forvarying
lengths

oftim
e

periods.Specifically,the
sources

w
e

considerinclude:

(1)
C

R
U

:C
lim

ate
R

esearch
U

nitprovidesm
onthly

clim
atology

data
(h
t
t
p
:
/
/
w
w
w
.
c
r
u
.
u
e
a
.

a
c
.
u
k
/
c
r
u
/
d
a
t
a)

for
10

surface
variables

including
m

ean
tem

perature
(T

M
P),

diurnal
tem

perature
range

(D
T

R
),m

axim
um

and
m

inim
um

tem
perature

(T
M

X
,T

M
N

),precipitation
(PR

E
),vapor

pressure
(VA

P),cloud
cover

(C
L

D
),rainday

counts
(W

E
T

),potential
evapo-

transpiration
(PE

T
)

and
frost

days
(FR

S)
from

1901
to

2013
at

the
0.5

degree
latitude

and
longitude

resolution.
N

ote
these

high-resolution
gridded

data
sets

are
constructed

using
not

only
directly

observed
data,butalso

derived
and

estim
ated

values
w

ith
w

ell-know
n

form
ulae

w
hereverthe

observed
data

are
notavailable

(see
details

in
H

arris
etal.,2014).

(2)
N

A
SA

:T
he

G
oddard

E
arth

SciencesD
ata

and
Inform

ation
ServicesC

enter(G
E

S
D

ISC
)from

the
N

ationalA
eronautics

and
Space

A
dm

inistration
(N

A
SA

)
has

collected
aerosolm

easure-
m

ents
using

M
oderate

R
esolution

Im
aging

Spectroradiom
eter

(M
O

D
IS)

on
satellites.

T
he
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H

IC
A
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ρ
M

et
ho

d
FP

FN
SH

D
F1

FL

0

G
la

ss
o

15
4(

4)
38

(1
)

19
2(

4)
0.

51
(0
.0

1)
0.

60
(0
.0

0
5

)
JE

M
-G

1
87

(2
)

36
(2

)
12

3(
3)

0.
62

(0
.0

1)
0.

41
(0

.0
1)

JE
M

-G
86

(3
)

36
(2

)
12

2(
3)

0.
62

(0
.0

1)
0.

31
(0
.0

1)
G

G
L

1
15

2(
3)

38
(1

)
19

1(
4)

0.
51

(0
.0

1)
0.

60
(0

.0
1)

G
G

L
14

4(
3)

39
(1

)
18

4(
4)

0.
52

(0
.0

1)
0.

37
(0
.0

1)
M

G
G

M
1

30
(2

)
67

(1
)

97
(2

)
0.

59
(0

.0
1)

0.
37

(0
.0

1)
M

G
G

M
30

(2
)

67
(1

)
97

(2
)

0.
59

(0
.0

1)
0.

36
(0
.0

1)
JS

E
M

1
22

(2
)

42
(2

)
64

(3
)

0.
75

(0
.0

1)
0.

68
(0

.0
1)

JS
E

M
21

(2
)

42
(2

)
63

(3
)

0.
75

(0
.0

1)
0.

28
(0
.0

1)

0
.2

G
la

ss
o

16
4(

3)
47

(1
)

21
1(

4)
0.

53
(0
.0

1)
0.

59
(0
.0

05
)

JE
M

-G
1

94
(3

)
57

(2
)

15
1(

3)
0.

59
(0

.0
1)

0.
44

(0
.0

1)
JE

M
-G

92
(3

)
57

(2
)

14
9(

3)
0.

59
(0
.0

1)
0.

35
(0
.0

1)
G

G
L

1
16

3(
3)

47
(1

)
21

0(
4)

0.
53

(0
.0

1)
0.

59
(0

.0
05

)
G

G
L

15
5(

3)
48

(1
)

20
3(

3)
0.

53
(0
.0

1)
0.

37
(0
.0

1)
M

G
G

M
1

98
(4

)
63

(1
)

16
1(

4)
0.

56
(0

.0
1)

0.
38

(0
.0

1)
M

G
G

M
94

(3
)

64
(1

)
15

8(
4)

0.
56

(0
.0

1)
0.

37
(0
.0

1)
JS

E
M

1
33

(3
)

64
(2

)
97

(3
)

0.
67

(0
.0

1)
0.

77
(0

.0
1)

JS
E

M
32

(3
)

64
(2

)
96

(3
)

0.
67

(0
.0

1)
0.

32
(0
.0

1)

0
.4

G
la

ss
o

15
9(

3)
59

(1
)

21
8(

4)
0.

55
(0
.0

1)
0.

57
(0
.0

05
)

JE
M

-G
1

10
1(

3)
77

(2
)

17
8(

3)
0.

56
(0
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or
m
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di

ff
er

en
tr

eg
ul
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iz

at
io

n
m

et
ho

ds
fo

re
st

im
at

in
g

gr
ap

hi
ca

lm
od

el
s

in
Si

m
u-

la
tio

n
St

ud
y

2:
av

er
ag

e
FP

,F
N

,S
H

D
,F

1
an

d
FL

(S
E

)f
or

sa
m

pl
e

si
ze
n
k

=
1
00

.J
E

M
-G

1,
G

G
L

1,
M

G
G

M
1

an
d

JS
E

M
1

co
rr

es
po

nd
to

re
sp

ec
tiv

e
m

et
ho

d
w

ith
ou

tt
he

m
ax

im
um

lik
e-

lih
oo

d
re

fit
tin

g
st

ep
.T

he
be

st
ca

se
s

ar
e

hi
gh
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ht

ed
in

bo
ld

.

33
JM

L
R

 1
7(

16
6)

:1
-4

8

M
A

A
N

D
M

IC
H

A
IL

ID
IS

p
n

FP
FN

SH
D

F1
FL

50
0

10
0

20
(4

)
17

9(
8)

20
0(

9)
0.

79
(0

.0
1)

0.
21

(0
.0

1)
20

0
40

(5
)

50
(3

)
90

(6
)

0.
92

(0
.0

05
)

0.
14

(0
.0

1)
50

0
49

(3
)

36
(1

)
85

(3
)

0.
92

(0
.0

02
)

0.
09

(0
.0

03
)

10
00

10
0

17
(4

)
64

3(
14

)
66

1(
15

)
0.

58
(0

.0
1)

0.
23

(0
.0

05
)

20
0

34
(5

)
18

7(
9)

22
1(

10
)

0.
89

(0
.0

05
)

0.
14

(0
.0

05
)

50
0

77
(6

)
80

(2
)

15
7(

5)
0.

93
(0

.0
02

)
0.

10
(0

.0
03

)

Ta
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e
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Pe
rf

or
m

an
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JS

E
M
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a

fu
nc

tio
n

of
p

an
d
n

:
av

er
ag

e
FP

,F
N

,S
H

D
,F

1
an

d
FL

(S
E

).
T

he
se

tu
p

is
si

m
ila

rt
o

th
at

in
Si

m
ul

at
io

n
St

ud
y

1.

da
ta

se
to

bt
ai

ne
d

fr
om

Te
rr

a
sa

te
lli

te
co

ns
is

ts
of

m
on

th
ly

av
er

ag
e

ae
ro

so
lo

pt
ic

al
de

pt
h

(A
E

R
)

at
th

e
1

de
gr

ee
la

tit
ud

e
by

1
de

gr
ee

lo
ng

itu
de

re
so

lu
tio

n
fr

om
M

ar
ch

20
00

to
A

ug
us

t2
01

4.

(3
)

N
C

D
C

:T
he

N
at

io
na

lS
ol

ar
R

ad
ia

tio
n

D
at

ab
as

e
(N

SR
D

B
)1

99
1-

20
10

(a
co

lla
bo

ra
tiv

e
pr

oj
ec

t
be

tw
ee

n
T

he
N

at
io

na
lR

en
ew

ab
le

E
ne

rg
y

L
ab

or
at

or
y

(N
R

E
L

)a
nd

th
e

N
at

io
na

lC
lim

at
ic

D
at

a
C

en
te

r(
N

C
D

C
))

pr
ov

id
es

st
at

is
tic

al
su

m
m

ar
ie

s
fo

rs
ol

ar
da

ta
(f
t
p
:
/
/
f
t
p
.
n
c
d
c
.
n
o
a
a
.

g
o
v
/
p
u
b
/
d
a
t
a
/
n
s
r
d
b
-
s
o
l
a
r
/

)
fr

om
86

0
di

ff
er

en
tl

oc
at

io
ns

ac
ro

ss
th

e
U

ni
te

d
St

at
es

.
T

he
lo

ca
tio

ns
ar

e
re

co
rd

ed
us

in
g

th
ei

rl
at

itu
de

,l
on

gi
tu

de
an

d
al

tit
ud

e.
W

e
us

ed
m

ea
su

re
m

en
ts

fo
rg

lo
ba

lh
or

iz
on

ta
lr

ad
ia

tio
n

(S
O

L
)a

t2
42

cl
as

s
Is

ta
tio

ns
th

at
ha

ve
hi

gh
-q

ua
lit

y
da

ta
.

(4
)

N
O

A
A

:T
he

cl
im

at
e

da
ta

ce
nt

er
of

N
at

io
na

lO
ce

an
ic

an
d

A
tm

os
ph

er
ic

A
dm

in
is

tr
at

io
n

(N
O

A
A

)
ha

s
ar

ch
iv

ed
th

e
tr

ac
e

ga
se

s
da

ta
,i

nc
lu

di
ng

ca
rb

on
di

ox
id

e
(C

O
2)

,c
ar

bo
n

m
on

ox
id

e
(C

O
),

m
et

ha
ne

(C
H

4)
an

d
hy

dr
og

en
(H

2)
,

fr
om

17
0

w
or

ld
w

id
e

st
at

io
ns

(h
t
t
p
:
/
/
w
w
w
.
e
s
r
l
.

n
o
a
a
.
g
o
v
/
g
m
d
/
d
v
/
f
t
p
d
a
t
a
.
h
t
m
l

).
T

he
se

da
ta

se
ts

co
ns

is
t

of
m

ea
su

re
m

en
ts

sp
an

-
ni

ng
di

ff
er

en
tt

im
e

pe
ri

od
s,

w
ith

C
O

2
ra

ng
in

g
fr

om
19

68
to

20
13

(t
he

lo
ng

es
t)

an
d

H
2

fr
om

19
92

to
20

05
(t

he
sh

or
te

st
).

In
ad

di
tio

n,
th

ey
co

m
e

w
ith

re
la

tiv
el

y
lo

w
re

so
lu

tio
n

co
m

pa
re

d
to

ot
he

rv
ar

ia
bl

es
du

e
to

th
e
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d
nu

m
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ro
fs

ta
tio

ns
.

To
en

su
re

co
m

pa
tib

ili
ty

an
d

co
ns
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te

nc
y

am
on

g
m

ul
tip

le
da

ta
so

ur
ce

s,
w

e
pe

rf
or

m
ed

th
e

fo
l-

lo
w

in
g

pr
e-

pr
oc

es
si

ng
:

(1
)

N
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m
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iz
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io
n:

W
e

fir
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tr
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m
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t

in
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m
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ns

in
a
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g
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n
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d
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e
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s
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a
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e
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e
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e.
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)
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n
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W
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N
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N
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A
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to

a
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m
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5
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e
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m
m
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5
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2.
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)
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d
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W

e
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d
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e
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t-

te
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to
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io
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by
ag
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th

e
tim

e
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JO
IN

T
S

T
R

U
C

T
U

R
A

L
E

S
T

IM
A

T
IO

N
O

F
M

U
LT

IP
L

E
G

R
A

P
H

IC
A

L
M

O
D

E
L

S

firstdifferences
on

the
quarterly

data.T
he

resulting
data,consisting

of17
m

easurem
ents,are

assum
ed

to
be

independentsam
ples

forthe
corresponding

variable
atthe

specified
location.

T
he

finaldata
are

organized
as

an
n
×
p

m
atrix

ateach
of

the
27

locations
considered,w

here
n

=
17

and
p

=
16.

D
.2

A
dditionalresultsin

clim
ate

m
odeling

T
he

inferred
netw

orks
atthe

six
distinctclim

ate
zones

using
JS

E
M

are
presented

in
Section

5.T
he

estim
ated

netw
orks

at
the

27
distinct

locations
are

also
presented

in
Figure

8
for

reference.
For

notationalconvenience,w
e

have
renam

ed
the

clim
ate

zones
such

thatB
W

for
M

idlatitude
D

esert,
C

fa
forH

um
id

Subtropical,B
sh

forSem
iarid

Steppe
(hotarid),B

sk
forSem

iarid
Steppe

(cold
arid),

D
fa

forH
um

id
C

ontinental(hotsum
m

er),and
D

fb
forH

um
id

C
ontinental(w

arm
sum

m
er).

T
he

netw
orks

in
Figure

8
are

ordered
such

thatthose
in

the
sam

e
row

belong
to

the
sam

e
cli-

m
ate

zone;further,netw
orks

in
the

third
and

forth
row

s
representthose

from
the

Sem
iarid

Steppe
group,w

hereas
netw

orks
in

the
lasttw

o
row

s
are

allfrom
the

H
um

id
C

ontinentalgroup.
Such

an
ordering

respects
how

the
structural

inform
ation

is
defined

and
helps

visualize
sim

ilarities
across

netw
orks.

Indeed,by
com

paring
netw

orks
atlocations

from
geographicalsouth,thatis

netw
orks

entitled
‘South’,w

e
notice

thatthe
interactions

betw
een

A
E

R
,SO

L
and

the
rem

aining
variables

are
very

sim
ilar.

For
exam

ple,alm
ostallof

them
share

the
edges

A
E

R
—

SO
L

and
SO

L
—

H
2,except

at
tw

o
locations

‘B
W

South
desert

3’
and

‘B
W

South
desert

7’.
In

contrast,
netw

orks
from

the
geographicalnorth

allshare
the

edges
A

E
R

—
H

2
and

SO
L

—
H

2.
Further,the

interactions
betw

een
variables

on
greenhouse

gases
(C

O
2,C

O
,C

H
4

and
H

2)and
others

have
fourdistinctpatterns

atthe
fourdistinctclim

ate
groups.Forexam

ple,greenhouse
gases

interactw
ith

VA
P

forthe
desertgroup,

w
hereas

they
interactw

ith
C

L
D

in
the

subtropicalgroup.T
he

partialcorrelation
betw

een
C

L
D

and
greenhouse

gases
atsubtropicalclim

ate
m

akes
sense

because
such

hum
id

areas
are

m
ore

likely
to

be
cloudy,thereby

influencing
the

concentration
of

C
O

2
(G

raham
etal.,2003).

Finally,variables
excluding

A
E

R
,SO

L
and

those
on

greenhouse
gases

show
distinctinteraction

patterns
w

ith
others

atthe
six

distinctclim
ate

zones.
In

particular,one
can

see
thatthe

variable
FR

S
interacts

m
ainly

w
ith

PE
T

atD
esertand

Steppe
clim

ate,w
hereas

itis
partially

correlated
w

ith
both

PR
E

and
T

M
N

(orT
M

X
)atC

ontinentalclim
ate.T

his
can

be
explained

from
the

distinction
betw

een
these

clim
ate

zones.A
tH

um
id

C
ontinentalclim

ate,precipitation
is

relatively
w

elldistributed
year-round

in
m

ost
areas

and
snow

fall
occurs

in
all

areas.
It

is
thus

not
difficult

to
see

w
hy

precipitation
(PR

E
)

and
tem

perature
related

variables
correlate

w
ith

the
num

beroffrostdays
(FR

S).Further,a
prim

ary
cri-

terion
ofan

area
being

M
idlatitude

D
esertorSem

iarid
Steppe

is
thatitreceives

precipitation
below

potential
evapotranspiration

(PE
T

),w
hich

possibly
explains

w
hy

FR
S

is
partially

correlated
only

w
ith

PE
T

forD
esertand

Steppe
clim

ate.W
e

also
pointoutthatnetw

orks
atadjacentclim

ate
zones

are
very

sim
ilar.Forexam

ple,netw
orks

at‘B
sh

Steppe’and
‘B

sk
Steppe’share

sim
ilartopologies.

A
s

a
com

parison,w
e

also
applied

otherjointestim
ation

m
ethods

JE
M

-G
,G

G
L

and
M

G
G

M
on

the
sam

e
data

set.
For

each
of

the
three

m
ethods

considered
here,w

e
used

B
IC

on
the

norm
alized

data
to

select
the

optim
al

tuning
param

eters
and

coupled
each

m
ethod

w
ith

com
plem

entary
pairs

stability
selection

(Shah
and

Sam
w

orth,2013)to
inferthe

related
clim

ate
netw

orks.
A

s
in

the
case

ofJSE
M

,w
e

run
each

m
ethod

50
tim

es
on

tw
o

random
ly

draw
n

com
plem

entary
pairs

ofsize
8

and
9

and
keptonly

edges
thatare

selected
above

a
certain

threshold.T
he

selection
probability

used
for

JS
E

M
is

70%
.H

ow
ever,as

the
second

sim
ulation

study
indicates

JE
M

-G
and

G
G

L
tend

to
produce

higherfalse
positives,especially

G
G

L
,w

e
increased

the
probability

threshold
forJE

M
-G

and
G

G
L
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Figure
11:

E
stim

ated
clim

ate
netw

orks
atthe

six
distinctclim

ate
zones

using
M

G
G

M
,w

ith
edges

shared
across

alllocations
solid

and
differentialedges

dashed.

L
em

m
a

E
.1

Let
Z
k×

1 ∼
N

(0
,Σ

).Then
for

any
t
>

0,the
follow

ing
inequalities

hold:

P
( ∣∣‖
Z‖−

E
‖Z‖ ∣∣

>
t )≤

2
ex

p (−
2t 2

π
2‖

Σ‖ )
,

E
‖
Z‖
≤
√
k √
‖Σ‖

.

T
he

nextlem
m

a
provides

a
concentration

bound
for

the
random

eventA
used

in
the

proof
of

T
heorem

1.

L
em

m
a

E
.2

C
onsider

the
random

eventA
=

⋂i,j6=
i,g A

gij ,w
hereA

gij
=
{2‖ζ

[g
]

ij ‖
≤
λ
gij }

and
ζ

[g
]

ij
is

defined
in

Section
A

.1
ofthe

A
ppendix.For

each
com

bination
of

(i,j6=
i,g

),choose

λ
gij ≥

m
a
x

k∈
g

2
√
n
ω
k0
,ii (√

|g|+
π√2 √

q
lo

g
G

0 )
.

(29)

w
here

q
>

1
and

G
0

is
the

m
axim

um
num

ber
ofgroups

in
allregressions.Then

P
(A

)≥
1−

2
p
G

1−
q

0
.

Proof
B

y
B

onferroni
inequality,P

(A
c)
≤

∑i,j6=
i,g P

({A
gij }

c).
For

any
3-tuple

of
(i,j

6=
i,g

),
it

suffices
to

find
an

upperbound
forP

({A
gij }

c).D
enote

Ψ
kj

=
(X

kj )
T
X
kj /n

and
Φ
kj

=
X
kj (X

kj )
T
/n,
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w
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edges
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blue
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differentialedges

red
dashed

(E
R
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dashed

(E
R

-).

both
ofrank

1.T
he

eigendecom
position

of
Φ
kj

is
Φ
kj

=
Q
kV

k(Q
k)
T
,w

here
Q
k

is
the

orthogonal
m

atrix
w

hose
colum

ns
are

the
eigenvectors

of
Φ
kj

and
V
k

is
the

diagonalm
atrix

w
hose

diagonal
elem

ents
are

the
corresponding

eigenvalues.
Itis

clear
thatthe

only
non-zero

eigenvalue
of

Φ
kj

is
given

by
γ
kj

=
‖
X
kj ‖

2/n
=

1.L
et
Q
k1

be
the

eigenvectorcorresponding
to
γ
kj .T

herefore

‖
ζ

[g
]

ij ‖
2

=
∑k∈
g (
ζ
kij )

2
=
∑k∈
g

1n
2
(ε
ki )
T
X
kj (X

kj )
T
ε
ki

=
1n

∑k∈
g (ε

ki )
T
Q
kV

k(Q
k)
T
ε
ki ,

=
1n

∑k∈
g (ε

ki )
T
Q
k1 γ

kj (Q
k1 )
T
ε
ki

=
1n ‖Z

[g
]‖

2,

w
here

Z
[g

]
=

(Z
k)
k∈
g

w
ith
Z
k

=
(Q

k1 )
T
ε
ki .B

y
definition

of
ε
ki ,V

ar(Z
k)

=
1/ω

k0
,ii and

V
ar(Z

[g
])

is
a

diagonalm
atrix

w
ith

the
diagonal

(1/ω
k0
,ii )

k∈
g .N

ote
thatthe

independence
of
Z
k

and
Z
k ′

(k
6=

k ′)
com

es
from

the
factthat

ε
ki

and
ε
k ′i

are
independent.T

herefore

P
({A

gij }
c)

=
P

(‖
Z

[g
]‖
/ √

n
>
λ
gij /2

)
=

P
(‖Z

[g
]‖−

E
‖Z

[g
]‖
>
√
n
λ
gij /

2−
E
‖
Z

[g
]‖).
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+
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re
en

da
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g
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m
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)
≤
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|‖
Z
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−
E
‖Z
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] ‖|

>
√
n
λ
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−
E
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] ‖)
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√
n
λ
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−
q
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2 √
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√
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g
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√
‖V
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2
√
n
ω
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i

( √
|g
|+

π √
2

√
q
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g
G

0

)
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L
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m

a
E
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ith
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e
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e
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ce
of
λ
g ij
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P(
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c
)
≤

p ∑ i=
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i
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P(
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)
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G

1
−
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0
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≥
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−
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−
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.
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∈
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m
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a
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1

of
L
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et
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.
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s

st
ra

ig
ht

fo
rw

ar
d

to
ve

ri
fy

th
e

fo
llo

w
in
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K ∑ k
=

1

1 n
‖X

k −
i(
θ̂
k i
−
θ
k 0
,i
)‖

2
+
∑ j6=

i

∑ g
∈G

ij

λ
g ij
‖θ̂

[g
]

ij
−
θ

[g
]

ij
‖

≤
K ∑ k
=

1

1 n
‖X

k −
i(
θ
k i
−
θ
k 0
,i
)‖

2
+

4
∑

(j
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)∈
J
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i
)

λ
g ij

m
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( ‖
θ
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]

ij
‖,
‖θ̂
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]

ij
−
θ
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]

ij
‖)
,
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0)
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∑ k
∈g
〈n
−

1
X
k j
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k −
i(
θ̂
k i
−
θ
k 0
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)〉

2
} 1

/
2
≤

3
λ
g ij 2
,

(3
1)

M
(Θ̂

i)
≤

4
φ

m
a
x

λ
2 m

in

K ∑ k
=

1

1 n
‖X

k −
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θ̂
k i
−
θ
k 0
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)‖

2
,
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w
he
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λ

m
in

an
d
φ

m
a
x

ar
e

de
fin

ed
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Pr
op
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iti
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A

.1
.

L
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∆
=
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1
,.
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K

)
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a
m
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x
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M
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)
su
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d
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=
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‖,

(3
3)

w
he

re
th

e
se

co
nd

in
eq

ua
lit

y
fo

llo
w

s
fr

om
se

tti
ng

Θ
i

=
Θ
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∑
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∑
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∆
∈
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A
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κ
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0
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∑
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‖
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∑
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∑
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)∈
J

(Θ
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∑
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w
here

the
lastinequality

in
(36)com

es
from

(34).C
anceling

outthe
extra

B
in

(36),w
e

get

B
2

=
∑

k

1n ‖
X
k−
i (θ̂

ki −
θ
k0
,i )‖

2≤
1
6

κ
2

∑

(j,g
)∈
J

(Θ
0
,i ) (λ

gij )
2.

(37)

To
show

the
inequality

in
(11),w

e
note

by
(33),the

C
auchy-Schw

arz
inequality,(34)and

(37),
∑j6=

i

∑g∈
G
ij ‖
δ

[g
]

j
‖
≤

1

λ
m

in ∑j6=
i

∑g∈
G
ij

λ
gij ‖δ

[g
]

j
‖
≤

4

λ
m

in

∑

(j,g
)∈
J

(Θ
0
,i ) λ

gij ‖
δ

[g
]

j
‖

≤
4

λ
m

in {
∑

(j,g
)∈
J

(Θ
0
,i ) ‖
δ

[g
]

j
‖

2 }
1
/
2 {

∑

(j,g
)∈
J

(Θ
0
,i ) (λ

gij )
2 }

1
/
2

≤
4

λ
m

in

Bκ

{
∑

(j,g
)∈
J

(Θ
0
,i ) (λ

gij )
2 }

1
/
2

≤
1
6

κ
2λ

m
in

∑

(j,g
)∈
J

(Θ
0
,i ) (λ

gij )
2.

(12)follow
s

readily
from

(32)and
(37)

M
(Θ̂

i )≤
4φ

m
a
x

λ
2m

in

B
2≤

6
4φ

m
a
x

κ
2λ

2m
in

∑

(j,g
)∈
J

(Θ
0
,i ) (λ

gij )
2.

Finally,w
e

prove
(13).

L
et
J

0
=
J

(Θ
0
,i )

and
J

1
denote

the
setof

indices
in
J
c0

corresponding
to

the
s
i

largestvalues
of
λ
gij ‖δ

[g
]

j
‖.

T
he

dependence
of
J

0
and

J
1

on
i

is
m

ade
im

plicithere
for

clarity.L
et
J

0
1

=
J

0 ∪
J

1 .So|J
0
1 |≤

2
s
i .L

et
(j
` ,g

` )
be

the
index

ofthe
`th

largestelem
entofthe

set{λ
gij ‖
δ

[g
]

j
‖

:
(j,g

)∈
J
c0 }
.T

henλ
g
`
ij
` ‖∆

[g
` ]

ij
` ‖
≤

∑(j,g
)∈
J
c0

λ
gij ‖
δ

[g
]

j
‖

`
.

C
om

bining
w

ith
the

factthat
∆
∈
F

,w
e

have
on

the
eventA

,

∑

(j,g
)∈
J
c0
1 (
λ
gij ‖
δ

[g
]

j
‖ )

2≤
∑(j,g

)∈
J
c0 (
λ
gij ‖
δ

[g
]

j
‖ )

2≤
∞∑

`=
s
i +

1 (∑
(j,g

)∈
J
c0
λ
gij ‖
δ

[g
]

j
‖ )

2

`
2

≤
1s
i (

∑(j,g
)∈
J
c0

λ
gij ‖
δ

[g
]

j
‖ )

2

≤
9s
i (

∑(j,g
)∈
J
0

λ
gij ‖
δ

[g
]

j
‖ )

2

≤
9s
i

∑(j,g
)∈
J
0 (λ

gij )
2‖

∆
J
0 ‖

2F
(38)

≤
9s
i

∑(j,g
)∈
J
0 (λ

gij )
2‖

∆
J
0
1 ‖

2F
,
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w
here

(38)com
es

from
the

C
auchy-Schw

arz
inequality.Itfollow

s
im

m
ediately

that

λ
2m

in

∑

(j,g
)∈
J
c0
1 ‖
δ

[g
]

j
‖

2≤
9s
i

∑(j,g
)∈
J
0 (λ

gij )
2‖∆

J
0
1 ‖

2F
.

H
ence

‖Θ̂
i −

Θ
0
,i ‖

2F
=
∑j6=

i

∑g∈
G
ij ‖δ

[g
]

j
‖

2
=
‖∆

J
0
1 ‖

2F
+
‖
∆
J
c0
1 ‖

2F

≤
‖∆

J
0
1 ‖

2F
+

9

s
i λ

2m
in

∑(j,g
)∈
J
0 (λ

gij )
2‖∆

J
0
1 ‖

2F

≤
10

s
i λ

2m
in

∑(j,g
)∈
J
0 (λ

gij )
2‖

∆
J
0
1 ‖

2F
.

(39)

N
ow

w
e

bound‖∆
J
0
1 ‖
F

.N
ote

(35)im
plies

that

B
2≤

4 {
∑(j,g

)∈
J
0 (λ

gij )
2 }

1
/
2‖

∆
J
0 ‖
F
≤

4 {
∑(j,g

)∈
J
0 (λ

gij )
2 }

1
/
2‖

∆
J
0
1 ‖
F
.

Furtherw
e

have
B

2≥
κ

2(2s
0 )‖∆

J
0
1 ‖

2F
underA

ssum
ption

(A
1)w

ith
s

=
2s

0 .So

‖∆
J
0
1 ‖

2F
≤

B
2

κ
2(2s

0 )
≤

4

κ
2(2s

0 ) {
∑(j,g

)∈
J
0 (λ

gij )
2 }

1
/
2‖∆

J
0
1 ‖
F
,

w
hich

im
plies

‖∆
J
0
1 ‖
F
≤

4

κ
2(2s

0 ) {
∑(j,g

)∈
J
0 (λ

gij )
2 }

1
/
2.

(40)

Plugging
the

bound
in

(40)into
(39),w

e
obtain

‖Θ̂
i −

Θ
0
,i ‖

2F
≤
{

4 √
10

κ
2(2s

0 ) }
2 {
∑

(j,g
)∈
J
0 (λ

gij )
2

λ
m

in √
s
i

}
2

,

orequivalently

‖
Θ̂
i −

Θ
0
,i ‖

F
≤

4 √
10

κ
2(2s

0 ) ∑
(j,g

)∈
J

(Θ
0
,i ) (λ

gij )
2

λ
m

in √
s
i

.
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fin
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k 0
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j

=
−
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ω
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an
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,ω

k 0
,i
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≤
φ

m
a
x
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k 0
)
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φ
−

1
m
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k 0
)
≤
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ll
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k

.T
he

re
fo

re

∑ k

‖Ω̃
k
−

Ω
k 0
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=
∑ k

p ∑ i=
1

∑
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J
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0
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J

(Θ̂
i
)c
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k 0
,i
j
ω
k 0
,i
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2

=
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1

∑
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J

(Θ
0
,i
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J

(Θ̂
i
)c

∑ g
∈G

ij
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∈g

(θ
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≤
c 0

2
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0
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i
)c
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∈G

ij

‖θ
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]
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2
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∑ j6=
i

∑ g
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ij
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]
0
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−
θ̂
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]

ij
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.

U
nd

er
A

ss
um

pt
io

n
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w

ith
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2s

0
,a

pp
ly

in
g

Pr
op

os
iti

on
A

.1
w

ith
λ
g ij

=
λ

m
a
x

in
(1

4)
,

∑ j6=
i

∑ g
∈G

ij

‖θ
[g

]
0
,i
j
−
θ̂

[g
]

ij
‖2
≤
{

4√
10

κ
2
(2
s 0

)λ
m

a
x

}
2

s i
.

T
he

re
fo

re
,

∑ k

‖Ω̃
k
−

Ω
k 0
‖2 F
≤
{

4√
10
c 0

κ
2
(2
s 0

)
λ

m
a
x

}
2

p ∑ i=
1

s i
=

{
4
√

10
c 0

κ
2
(2
s 0

)
λ

m
a
x

}
2

S
0
.

It
fo

llo
w

s
im
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köppen-
geiger

clim
ate

classification.
H

ydrology
and

E
arth

System
Sciences

D
iscussions

D
iscussions,4

(2):439–473,2007.

B
ertrand

Perroud,Jinoo
L

ee,N
elly

V
alkova,A

m
y

D
hirapong,Pei-Y

in
L

in,O
liver

Fiehn,D
ietm

ar
K
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,
an

d
d

ec
is

io
n

tr
ee

s
(H

a
st

ie
et

a
l.

,
2
0
09

).
In

p
a
rt

ic
u

la
r,

su
p

p
o
rt

ve
ct

o
r

m
a
ch

in
e

is
am

on
g

on
e

of
th

e
m

os
t

p
op

u
la

r
a
n

d
su

cc
es

sf
u

l
le

a
rn

in
g

m
et

h
o
d

s
in

p
ra

ct
ic

e
(M

o
g
u

er
a
za

a
n

d
M

u
n

oz
,
20

0
6;

O
rr

u
et

a
l.

,
2
0
12

).
F

ro
m

th
e

tr
a
in

in
g

d
a
ta

,
su

p
p

o
rt

ve
ct

or
m

a
ch

in
e

fi
n

d
s

a
h
y
-

p
er

p
la

n
e

th
at

se
p

ar
a
te

s
th

e
d

a
ta

in
to

tw
o

cl
a
ss

es
a
s

ac
cu

ra
te

ly
as

p
o
ss

ib
le

a
n

d
h

as
a

si
m

p
le
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S
u
p
p
o
r
t

V
e
c
t
o
r

H
a
z
a
r
d
s

M
a
c
h
in

e

g
eo

m
etric

in
terp

retatio
n

.
In

ad
d

itio
n

,
th

e
a
lg

o
rith

m
ca

n
b

e
w

ritten
a
s

a
strictly

co
n
vex

o
p

-
tim

iza
tion

p
rob

lem
,

w
h

ich
lead

s
to

a
u

n
iq

u
e

g
lo

b
a
l

o
p

tim
u

m
a
n

d
in

co
rp

o
ra

tes
n

o
n

-lin
ea

rity
in

an
au

to
m

atic
m

an
n

er
u

sin
g

va
rio

u
s

kern
el

m
ach

in
es.

B
y

refo
rm

u
la

tin
g

th
e

a
lg

orith
m

in
to

a
m

in
im

izatio
n

o
f

regu
la

rized
em

p
irica

l
risk

,
S

tein
w

a
rt

(2
0
0
2)

esta
b

lish
ed

th
e

u
n

iver-
sa

l
con

sisten
cy

a
n

d
learn

in
g

ra
te

o
n

so
m

e
fu

n
ctio

n
a
l

sp
a
ce.

S
u

p
p

o
rt

vecto
r

m
a
ch

in
es

h
ave

a
lso

b
een

ap
p

lied
to

co
n
tin

u
ou

s
ou

tcom
es

th
rou

gh
reg

ressio
n

(S
m

o
la

a
n

d
S

ch
ölko

p
f,

2
00

4
),

m
u

ltica
teg

ory
d

iscrete
o
u

tco
m

es
(L

ee
et

al.,
20

0
4
),

a
n

d
stru

ctu
red

cla
ssifi

ca
tio

n
p

ro
b

lem
s

(W
a
n

g
et

a
l.,

20
1
1).

F
o
r

tim
e-to

-even
t

ou
tcom

es,
rig

h
t

cen
so

rin
g

m
a
kes

d
evelo

p
in

g
su

p
erv

ised
lea

rn
in

g
tech

-
n

iq
u

es
ch

allen
g
in

g
d

u
e

to
m

issin
g

even
t

tim
es

fo
r

cen
so

red
su

b
jects

a
n

d
a

la
ck

o
f

sta
n

d
ard

p
red

ictio
n

lo
ss

fu
n

ctio
n

.
R

ip
ley

a
n

d
R

ip
ley

(2
00

1)
a
n

d
R

ip
ley

et
al.

(2
00

4
)

d
iscu

ssed
m

o
d

els
for

su
rv

iva
l

a
n

a
ly

sis
b
a
sed

on
n

eu
ra

l
n

etw
o
rk

.
B

o
u

-H
a
m

a
d

et
a
l.

(20
1
1
)

rev
iew

ed
su

rv
ival

tree
a
p

p
ro

ach
es

in
th

e
recen

t
w

o
rk

a
s

n
on

-p
a
ra

m
etric

a
ltern

a
tiv

es
to

sem
ip

ara
m

etric
m

o
d

-
els.

C
om

p
a
red

to
su

rv
iva

l
trees,

eff
ectively

ex
ten

d
in

g
th

e
su

p
p

o
rt

vecto
r–

b
a
sed

m
eth

o
d

s
to

cen
so

red
d

a
ta

is
still

an
o
n

-g
o
in

g
resea

rch
.

S
h
iva

sw
a
m

y
et

a
l.

(2
00

7
)

an
d

K
h

a
n

a
n

d
Z

u
b

ek
(2

00
8
)

p
rop

o
sed

a
sy

m
m

etric
m

o
d

ifi
ca

tio
n

s
to

th
e
ε-in

sen
sitive

lo
ss

fu
n

ction
o
f

su
p
-

p
o
rt

v
ecto

r
regressio

n
(S

V
R

)
to

h
an

d
le

cen
sorin

g
.

S
p

ecifi
cally,

th
ey

p
en

a
lized

th
e

cen
so

red
a
n

d
n

on
-cen

sored
su

b
jects

u
sin

g
d

iff
eren

t
lo

ss
fu

n
ctio

n
s

to
ex

tra
ct

in
co

m
p

lete
in

fo
rm

a
tion

d
u

e
to

cen
so

rin
g.

V
a
n

B
elle

et
al.

(2
0
1
0
)

p
ro

p
o
sed

a
lea

st-sq
u

a
res

su
p

p
ort

v
ecto

r
m

a
ch

in
e,

w
h

ere
th

ey
a
d

o
p

ted
th

e
con

cep
t

o
f

co
n

co
rd

a
n

ce
in

d
ex

a
n

d
a
d

d
ed

ra
n

k
co

n
stra

in
ts

to
h

a
n

d
le

cen
sored

d
a
ta

.
In

th
eir

m
eth

o
d

,
th

e
em

p
irical

risk
o
f

m
iss-ra

n
k
in

g
tw

o
d

ata
p

o
in

ts
w

ith
resp

ect
to

th
eir

ev
en

t
tim

es
w

as
m

in
im

ized
.

F
u

rth
erm

o
re,

V
a
n

B
elle

et
al.

(2
0
11

)
co

n
d

u
cted

n
u

m
erica

l
ex

p
erim

en
ts

to
com

p
a
re

som
e

recen
t

m
a
ch

in
e

lea
rn

in
g

m
eth

o
d

s
fo

r
cen

sored
d

a
ta

a
n

d
p

rop
o
sed

a
m

o
d

ifi
ed

p
ro

ced
u

re
to

a
d

ju
st

fo
r

cen
so

rin
g

b
a
sed

on
b

o
th

ra
n

k
a
n

d
reg

res-
sio

n
con

stra
in

ts.
T

h
eir

resu
lts

in
d

ica
te

th
a
t

in
clu

d
in

g
tw

o
ty

p
es

o
f

co
n

stra
in

ts
p

erfo
rm

s
th

e
b

est
rega

rd
in

g
th

e
p

red
ictio

n
a
ccu

ra
cy.

N
on

e
o
f

th
e

a
b

ove
m

eth
o
d

s
h

a
s

th
eo

retica
l

ju
stifi

ca
tion

a
n

d
th

e
rela

tio
n

sh
ip

b
etw

een
th

eir
o
b

jective
lo

ss
fu

n
ctio

n
s

to
b

e
m

in
im

ized
a
n

d
th

e
go

a
l

o
f

p
red

ictin
g

su
rv

iva
l

tim
e

rem
a
in

s
u

n
clea

r.
T

h
e

ra
n

k
-b

a
sed

m
eth

o
d
s

o
n

ly
u

se
feasib

le
p

a
irs

o
f

o
b

serva
tion

s
w

h
o
se

ran
k
s

a
re

co
m

p
a
ra

b
le

so
th

a
t

it
m

ay
resu

lt
in

p
oten

tial
selection

b
ia

s
w

h
en

co
n

stru
ctin

g
p

red
ictio

n
ru

les,
esp

ecia
lly

w
h

en
th

e
cen

so
rin

g
m

ech
a
-

n
ism

is
n

o
t

com
p

letely
a
t

ra
n

d
o
m

(e.g.,
cen

sorin
g

tim
e

d
ep

en
d

s/
co

rrelates
w

ith
a

su
b

ject’s
cova

ria
tes).

R
ecen

tly,
G

o
ld

b
erg

a
n

d
K

o
soro

k
(20

1
3
)

u
sed

in
verse-p

ro
b

a
b

ility
-o

f-cen
so

rin
g

w
eig

h
tin

g
to

a
d

ap
t

sta
n

d
a
rd

su
p

p
o
rt

vecto
r

m
eth

o
d

s
fo

r
co

m
p

lete
d

a
ta

to
cen

so
red

d
a
ta

.
H

ow
ever,

in
verse

w
eig

h
tin

g
is

k
n

ow
n

to
b

e
in

effi
cien

t
(R

o
b

in
s

et
a
l.,

1
99

5
)

d
u

e
to

th
e

fa
ct

th
a
t

it
d

iscard
s

u
sefu

l
in

fo
rm

atio
n

fo
r

so
m

e
su

b
jects

k
n

ow
n

to
su

rv
ive

lo
n
g
er

th
a
n

o
b

serv
ed

tim
es,

a
n

d
in

a
d

d
itio

n
,

th
is

m
eth

o
d

m
ay

ex
h

ib
it

severe
b

ia
s

w
h

en
th

e
cen

so
rin

g
d

istrib
u

tio
n

is
m

issp
ecifi

ed
.

A
d

d
itio

n
a
lly,

th
e

w
eig

h
ts

u
sed

in
th

e
in

verse
w

eig
h
tin

g
ca

n
b

e
larg

e
in

so
m

e
situ

atio
n

s,
a
n

d
co

m
p

u
ta

tio
n

o
f

G
o
ld

b
erg

a
n

d
K

o
so

ro
k

(2
0
1
3
)

b
eco

m
es

n
u

m
erica

lly
u

n
sta

b
le

a
n

d
even

in
fea

sib
le.

In
th

is
w

ork
,

w
e

p
ro

p
ose

a
n

ew
su

p
p

o
rt

vecto
r

h
aza

rd
s

m
a
ch

in
e

(S
V

H
M

)
fra

m
ew

o
rk

to
lea

rn
risk

sco
res

for
su

rv
iva

l
ou

tco
m

es
u

sin
g

th
e

co
n

cep
t

o
f

cou
n
tin

g
p

ro
cess.

W
e

aim
to

m
ax

im
a
lly

sep
a
ra

te
even

t
a
n

d
n
o-even

t
su

b
jects

a
m

o
n

g
a
ll

su
b

jects
a
t

risk
,

an
d

allow
cen

sorin
g

tim
es

to
d

ep
en

d
on

cova
ria

tes
w

ith
ou

t
m

o
d

elin
g

th
e

cen
sorin

g
d

istrib
u

tio
n

.
O

n
e

m
a

jo
r

ch
a
llen

ge
in

p
red

ictin
g

cen
so

red
even

t
tim

es
is

th
e

d
iffi

cu
lty

o
f

d
efi

n
in

g
a

sen
sib

le
loss

fu
n

ctio
n

for
p

red
ictio

n
.

B
eca

u
se

o
f

th
e

eq
u

iva
len

ce
of

a
n

even
t

tim
e

to
its

cou
n
tin

g
p

ro
cess,
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W
a
n
g

,
C

h
e
n

a
n
d

Z
e
n
g

if
a

p
red

iction
ru

le
can

ad
eq

u
ately

p
red

ict
th

e
even

t
tim

e,
th

e
sam

e
ru

le
sh

ou
ld

also
p

red
ict

th
e

cou
n
tin

g
p

ro
cess

at
an

y
given

tim
e

th
at

a
su

b
ject

is
still

at
risk

.
W

e
p

rop
ose

a
fl

ex
ib

le
n

o
n

p
aram

etric
d

ecision
fu

n
ction

w
ith

an
ad

d
itive

stru
ctu

re
fo

r
th

e
cou

n
tin

g
p

ro
cess,

w
h

ich
gives

th
e

d
esirab

le
risk

scores
b

u
t

also
in

clu
d

es
a

tim
e-vary

in
g

o
ff

set
to

a
ccou

n
t

for
d

iff
eren

t
at-risk

p
o
p

u
lation

as
tim

e
p

rogresses.
E

m
p

irically,
w

e
tran

sform
th

e
p

red
iction

of
a
n

even
t

tim
e

to
p

red
ictin

g
a

seq
u

en
ce

of
b

in
ary

ou
tcom

es
for

w
h

ich
a
lgorith

m
su

ch
as

su
p

p
ort

vector
m

ach
in

e
(S

V
M

)
is

stan
d

ard
an

d
com

m
on

ly
u

sed
.

T
h

is
tran

sform
ation

allow
s

for
th

e
su

ccess-
fu

l
sta

tistical
learn

in
g

to
ols

d
esign

ed
for

classifi
cation

an
d

p
red

iction
of

b
in

ary
ou

tcom
es

to
b

e
u

sed
for

cen
sored

ou
tcom

es
w

ith
ou

t
m

o
d

elin
g

th
e

cen
sorin

g
d

istrib
u

tion
.

T
h

e
d

evelop
ed

alg
orith

m
form

u
la

tion
is

sim
ilar

to
th

e
stan

d
ard

su
p

p
ort

vector
m

ach
in

es
a
n

d
can

b
e

solved
con

ven
ien

tly
u

sin
g

an
y

con
vex

q
u

ad
ratic

p
rogram

m
in

g
p

acka
ges.

In
ad

d
ition

,
th

eoretical
an

aly
sis

sh
ow

s
th

at
th

e
op

tim
al

ru
le

o
b

tain
ed

from
S

V
H

M
is

eq
u

iva
len

t
to

m
a
x
im

izin
g

th
e

d
iff

eren
ce

b
etw

een
th

e
in

stan
tan

eou
s

su
b

ject-sp
ecifi

c
h

azard
s

a
n

d
p

op
u

latio
n

-av
erage

h
a
zard

,
w

h
ich

in
tu

itively
lin

k
s

S
V

H
M

to
th

e
com

m
on

ly
u

sed
h

azard
s

regression
m

o
d

els
in

tra
d

itio
n

a
l

su
rv

ival
an

aly
sis.

T
h

e
p

rofi
le

loss
sh

ares
sim

ilarity
w

ith
C

ox
p

artia
l

lik
elih

o
o
d

.
U

n
d

er
som

e
reg

u
larity

con
d

ition
s,

w
e

sh
ow

th
e

u
n

iversal
co

n
sisten

cy
of

S
V

H
M

a
n

d
d
eriv

e
corresp

o
n

d
in

g
fi

n
ite

sam
p

le
b

ou
n

d
s

o
n

th
e

d
ev

iation
from

th
e

o
p

tim
al

risk
.

N
u

m
eric

sim
u

-
la

tion
s

a
n
d

ap
p

lication
s

to
real

w
orld

stu
d

ies
sh

ow
su

p
erior

p
erform

an
ce

in
d

istin
gu

ish
in

g
h

igh
risk

versu
s

low
risk

su
b

jects.

2
.
L
e
a
rn

in
g
R
isk

S
co

re
s
w
ith

S
V
H
M

In
th

is
section

,
w

e
fi

rst
in

tro
d

u
ce

th
e

p
op

u
lation

loss
fu

n
ction

th
at

S
V

H
M

aim
s

to
op

tim
ize

w
ith

in
fi

n
ite

sam
p

le
an

d
its

corresp
on

d
in

g
B

ayes
risk

.
N

ex
t,

w
e

lay
ou

t
th

e
algorith

m
to

em
p

irica
lly

learn
th

e
risk

scores
an

d
assess

th
e

em
p

irical
risk

.

2
.1

R
e
v
ie

w
o
f

S
u

rv
iv

a
l

A
n

a
ly

sis
a
n

d
In

tro
d

u
c
tio

n
o
f

C
o
u

n
tin

g
P

ro
c
e
ss

F
ra

m
e
w

o
rk

fo
r

S
V

H
M

W
e

b
eg

in
b
y

b
riefl

y
in

tro
d

u
cin

g
b

asic
con

cep
ts

an
d

n
otation

of
classical

su
rv

ival
an

aly
sis

(c.f.
F

lem
in

g
an

d
H

arrin
gton

,
1991).

S
u

rv
ival

an
aly

sis
fo

cu
ses

on
u

sin
g

covariates
to

p
red

ict
tim

e
to

even
t

ou
tcom

es.
T

h
e

even
ts

of
in

terest
can

b
e

d
ea

th
,

d
ia

gn
osis

o
f

a
d

isease,
on

set
of

can
cer

m
etasta

sis,
or

failu
re

of
a

m
ach

in
e

com
p

on
en

t.
A

n
even

t
tim

e
of

in
terest

(i.e.,
ag

e
at

on
set

of
a

d
isease)

is
u

su
ally

d
en

oted
b
y
T

,
an

d
a

vector
of

b
aselin

e
cova

ria
tes

(e.g.,
gen

o
m

ic
risk

factors)
is

d
en

oted
b
y

X
.

T
h

e
m

a
in

goals
of

su
rv

ival
an

aly
sis

are
to

u
n
d

ersta
n

d
asso

cia
tion

b
etw

een
X

an
d
T

or
p

red
ictin

g
T

from
X

.
A

fu
n

d
a
m

en
tal

p
rob

lem
o
f

su
rv

ival
an

a
ly

sis
is

to
d

eal
w

ith
in

com
p

lete
ob

servation
of
T

d
u

e
to

th
at

th
e

even
t

m
ay

n
ot

o
ccu

r
in

som
e

o
f

th
e

su
b

jects
d

u
e

to
stu

d
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ta
ti

on
as

th
e

re
ci

p
ro

ca
l

of
th

e
em

p
ir

ic
a
l

p
ro

b
ab

il
it

y
o
f

re
m

ai
n

in
g

ev
en

t
fr

ee
o
r

ex
p

e-
ri

en
ci

n
g

a
n

ev
en

t
a
t

th
e

o
b

se
rv

ed
ev

en
t

ti
m

e.
S

u
ch

w
ei

gh
ts

b
a
la

n
ce

th
e

d
iff

er
en

ti
a
l

si
ze

o
f

ev
en

t
cl

a
ss

a
n

d
n

on
-e

ve
n
t

cl
a
ss

a
t

ti
m

e
t j

.
T

h
en

a
n

o
p

ti
m

a
l
d

ec
is

io
n

fu
n

ct
io

n
th

a
t

m
in

im
iz

es
th

e
em

p
ir

ic
al

ve
rs

io
n

o
f
R

0
(f

)
is

to
m

in
im

iz
e

th
e

fo
ll

ow
in

g
w

ei
g
h
te

d
to

ta
l

m
is

cl
a
ss

ifi
ca

ti
on

er
ro

r:

R
0
n
(f

)
=
n
−

1
n ∑ i=

1

m ∑ j=
1

w
i(
t j

)Y
i(
t j

)I
(δ
N
i(
t j

)f
(t
j
,X

i)
<

0
),

(3
)

w
h

er
e

th
e

te
rm

Y
i(
t j

)
re

fl
ec

ts
th

at
o
n

ly
su

b
je

ct
s

st
il

l
a
t

ri
sk

w
il

l
co

n
tr

ib
u

te
to

w
ar

d
s

p
re

d
ic

-
ti

on
. D

ir
ec

tl
y

m
in

im
iz

in
g

(3
)

is
d

iffi
cu

lt
d

u
e

to
n

o
n

-s
m

o
o
th

n
es

s
of

th
e

0
-1

lo
ss

in
th

e
in

d
ic

a
to

r
fu

n
ct

io
n

.
F

u
rt

h
er

m
o
re

,
n

o
re

st
ri

ct
io

n
on

th
e

co
m

p
le

x
it

y
of
f

le
a
d

s
to

p
ot

en
ti

a
l

ov
er

fi
tt

in
g
.

T
o

h
an

d
le

th
es

e
is

su
es

,
w

e
a
d

o
p

t
th

e
sa

m
e

id
ea

as
S

V
M

fo
r

su
p

er
v
is

ed
le

a
rn

in
g

to
re

p
la

ce
th

e
0-

1
lo

ss
in

(1
)

b
y

th
e

h
in

g
e

lo
ss

,
a
n

d
im

p
os

e
re

g
u

la
ri

za
ti

o
n

to
es

ti
m

a
te
f

.
S

p
ec

ifi
ca

ll
y,

w
e

p
ro

p
os

e
to

m
in

im
iz

e
th

e
fo

ll
ow

in
g

re
g
u

la
ri

ze
d

S
V

H
M

lo
ss

:

R
n
(f

)
+
λ
n
‖f
‖2
,
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S
u
p
p
o
r
t

V
e
c
t
o
r

H
a
z
a
r
d
s

M
a
c
h
in

e

w
ith
R
n
(f

)≡
n
−

1
n
∑i=

1

m
∑j=

1

w
i (tj )Y

i (tj )[1−
f

(tj ,X
i )δN

i (tj )]+
,

(4
)

w
h

ere
[1−

x
]+

=
m

a
x
(1−

x
,0)

is
th

e
h

in
g
e

loss,‖·‖
is

a
su

ita
b

le
n

orm
o
r

sem
i-n

o
rm

fo
r

f
to

b
e

d
iscu

ssed
in

th
e

follow
in

g
sectio

n
s,

a
n

d
λ
n

is
th

e
reg

u
la

riza
tio

n
p

a
ra

m
eter.

T
h

is
m

in
im

iza
tion

is
eq

u
iva

len
t

to
m

a
x
im

izin
g

th
e

m
arg

in
b

etw
een

su
b

jects
in

th
e

ev
en

t
a
n

d
n

o
n
-

even
t

classes
su

b
ject

to
a
n

u
p

p
er

b
o
u

n
d

o
n

th
e

m
isclassifi

ca
tio

n
ra

te.
S

in
ce

th
is

learn
in

g
m

eth
o
d

is
a

w
eigh

ted
v
ersion

o
f

th
e

sta
n

d
ard

su
p

p
o
rt

vecto
r

m
ach

in
es

an
d

lea
rn

in
g
f

(t,x
)

is
essen

tia
lly

learn
in

g
th

e
h

aza
rd

ra
te

fu
n

ction
,

w
e

refer
o
u

r
p

ro
p

o
sed

m
eth

o
d

a
s

“
su

p
p

o
rt

vecto
r

h
aza

rd
s

m
a
ch

in
e”

.

2
.2

L
e
a
rn

in
g

A
lg

o
rith

m

N
ex

t,
w

e
d

escrib
e

th
e

co
m

p
u

tatio
n

a
l

a
lg

o
rith

m
to

so
lve

th
e

o
p

tim
iza

tion
in

(4).
W

e
d

o
n

o
t

im
p

ose
a
n
y

restrictio
n

o
n
α

(t),
an

d
a
ssu

m
e
g
(x

)
lies

in
a

rep
ro

d
u
cin

g
kern

el
H

ilb
ert

sp
ace

H
n

w
ith

a
kern

el
fu

n
ction

K
(x
,x
′).

C
o
m

m
o
n

ly
u

sed
kern

els
in

clu
d

e
lin

ear
k
ern

el,
w

h
ere

K
(x
,x
′)

=
〈x
,x
′〉;

ra
d

ia
l

b
a
sis

kern
el,

w
h

ere
K

(x
,x
′)

=
ex

p
(−
‖x
−

x
′‖

2/
σ

);
a
n

d
lth

-d
eg

ree
p

o
ly

n
o
m

ial
kern

el,
w

h
ere

K
(x
,x
′)

=
(1

+
〈x
,x
′〉)

l.
F

u
rth

erm
o
re,

let‖
f‖

=
‖
g‖H

n
w

h
ich

is
th

e
n

o
rm

in
th

e
rep

ro
d

u
cin

g
kern

el
H

ilb
ert

sp
a
ce
H
n
.

T
h

e
m

in
im

iza
tio

n
in

(3
),

m
in

α
,g

1n

n
∑i=

1

m
∑j=

1

w
i (tj )Y

i (tj )[1−
(α

(tj )
+
g
(X

i ))δN
i (tj )]+

+
λ
n ‖g‖

2H
n
,

(5
)

is
eq

u
iva

len
t

to

m
in

α
,g

12
‖g‖

2H
n

+
C
n

n
∑i=

1

m
∑j=

1

w
i (tj )Y

i (tj )ζ
i (tj ),

(6)

su
b

ject
to

Y
i (tj )ζ

i (tj )≥
0,i

=
1,···

,n
,j

=
1,···

,m
,

Y
i (tj )δN

i (tj ){
α

(tj )
+
g
(X

i )}
≥
Y
i (tj ){

1−
ζ
i (tj )},i

=
1,···

,n
,j

=
1,···

,m
,

w
h

ere
th

e
valu

e
ζ
i (tj )

is
th

e
p

ro
p

ortio
n

a
l

a
m

o
u

n
t

b
y

w
h

ich
th

e
p

red
ictio

n
is

o
n

th
e

w
ron

g
sid

e
of

its
m

a
rg

in
at

tim
e
tj ,

a
n

d
C
n

is
th

e
co

st
p

a
ra

m
eter.

T
h

e
co

n
strain

ed
op

tim
izatio

n
in

(6
)

is
u

su
ally

solved
b
y

tu
rn

in
g

it
in

to
its

d
u

al
fo

rm
(th

rou
gh

in
clu

d
in

g
L

ag
ra

n
g
e

m
u

ltip
liers

o
f

th
e

con
strain

ts
in

to
th

e
ob

jective
fu

n
ctio

n
).

W
e

co
n
vert

th
e

a
b

ove
p

ro
b

lem
to

its
d

u
a
l

fo
rm

b
y

u
sin

g
th

e
co

rresp
o
n

d
in

g
L

a
g
ra

n
gia

n
fu

n
ction

L
p

=
12
‖
g‖

2H
n

+
C
n

n
∑i=

1

m
∑j=

1

w
i (tj )Y

i (tj )ζ
i (tj )−

n
∑i=

1

m
∑j=

1

µ
ij Y

i (tj )ζ
i (tj )

−
n
∑i=

1

m
∑j=

1

γ
ij [Y

i (tj )δN
i (tj ){

α
(tj )

+
g
(X

i )}−
Y
i (tj ){1−

ζ
i (tj )}

],

w
h

ere
µ
ij ≥

0
an

d
γ
ij ≥

0
are

th
e

co
rresp

o
n

d
in

g
L

ag
ra

n
g
e

m
u

ltip
liers.

L
et{φ

1 ,φ
2 ,...}

b
e

th
e

o
rth

orn
o
m

a
l

b
asis

sy
stem

in
H
n

a
n

d
g
(X

)
=
∑
∞k
=

1
β
k φ

k (X
).

T
h

en
a
fter

d
iff

eren
tiatin

g

7
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W
a
n
g

,
C

h
e
n

a
n
d

Z
e
n
g

th
e

L
ag

ran
gian

fu
n

ction
w

ith
resp

ect
to
β

’s,
α

(tj )’s
an

d
ζ
i (tj )’s,

w
e

o
b

tain

β
k

=
n
∑i=

1

m
∑j=

1

γ
ij Y

i (tj )δN
i (tj )φ

k (X
i ),

k
=

1,2,···
,

n
∑i=

1

γ
ij Y

i (tj )δN
i (tj )

=
0
,

C
n
w
i (tj )Y

i (tj )−
µ
ij Y

i (tj )
=
γ
ij Y

i (tj ),
i

=
1,···

,n
,
j

=
1,···

,m
,

a
s

w
ell

as
th

e
p

ositiv
ity

con
strain

ts
γ
ij ,

µ
ij ,

ζ
i (tj )

≥
0

for
all

i
an

d
j.

B
y

su
b

stitu
tin

g
th

ese
b

ack
to
L
p

a
n

d
n

otin
g

th
at ∑

∞k
=

1
φ
k (X

i )φ
k (X

)
=
K

(X
i ,X

)
(T

h
eo

rem
4
.2,

S
tein

w
art

(2
00

2)),
w

e
ob

tain
th

e
d

u
al

ob
jective

fu
n

ctio
n

to
b

e

L
D

=

n
∑i=

1

m
∑j=

1

γ
ij Y

i (tj )−
12

n
∑i=

1

n
∑i ′=

1

m
∑j=

1

m
∑j ′=

1

γ
ij γ

i ′j ′Y
i (tj )Y

i ′(tj ′)δN
i (tj )δN

i ′(tj ′)K
(X

i ,X
i ′),(7)

a
n

d
th

e
op

tim
ization

is
carried

ou
t

b
y

m
ax

im
izin

g
L
D

w
ith

resp
ective

to
γ
ij

su
b

ject
to

0
≤
γ
ij
≤
w
i (tj )C

n
an

d
∑

ni=
1
γ
ij Y

i (tj )δN
i (tj )

=
0

for
i

=
1
,...,n

an
d
j

=
1
,...,m

.
T

h
is

op
tim

iza
tion

can
b

e
solved

u
sin

g
q
u

ad
ra

tic
p

rogram
m

in
g

p
a
ckages

ava
ilab

le
in

m
an

y
so

ftw
ares

(for
ex

a
m

p
le,

M
O

S
E

K
to

olb
ox

in
M

atlab
).

T
h

e
tu

n
in

g
p

ara
m

eter
C
n

is
ch

osen
b
y

cro
ss-va

lid
ation

search
in

g
over

a
grid

of
valu

es.
D

en
ote

γ̂
ij

as
th

e
solu

tion
s

fo
r
γ
ij

o
b

tain
ed

from
th

e
op

tim
ization

p
ro

ced
u

re
in

(7).
C

om
p

arin
g

(7)
w

ith
ex

istin
g

stan
d

ard
su

p
p

o
rt

v
ecto

r
m

ach
in

e
algorith

m
s,

w
e

see
th

at
th

e
ob

jective
fu

n
ction

su
m

s
across

all
at-

risk
su

b
jects

a
n

d
across

all
tim

e
p

oin
ts

for
w

h
ich

th
ey

are
at

risk
.

C
o
n

stra
in

ts
are

p
laced

o
n

th
o
se

su
b

jects
an

d
tim

e
p

oin
ts.

N
ex

t,
from

th
e

eq
u

alities
b

etw
een

β
k ’s

an
d
γ
ij ’s

in
th

e
ab

ove
d

u
ality

d
erivation

,
th

e

solu
tion

s
fo

r
β
k

(d
en

oted
as
β̂
k )

are
given

b
y

β̂
k

=
n
∑i=

1

m
∑j=

1

γ̂
ij Y

i (tj )δN
i (tj )φ

k (X
i ),

k
=

1,2,···
.

T
h
u

s,
th

e
solu

tio
n

for
g

th
at

m
in

im
zies

(5),
w

h
ich

is
th

e
risk

sco
re

for
a

fu
tu

re
su

b
ject

w
ith

b
a
selin

e
covariates

x
,

is

ĝ
(x

)
=
∞∑k
=

1

β̂
k φ

k (x
)

=
n
∑i=

1

m
∑j=

1

γ̂
ij Y

i (tj )δN
i (tj )

∞∑k
=

1

φ
k (X

i )φ
k (x

)

=
n
∑i=

1

m
∑j=

1

γ̂
ij δN

i (tj )K
(x
,X

i ).

It
follow

s
th

at
th

o
se

d
ata

p
oin

ts
w

ith
γ̂
ij
>

0
form

su
p

p
ort

vectors
an

d
d

eterm
in

e
g
(X

).
F

u
rth

erm
ore,

to
d

eterm
in

e
th

e
solu

tion
to
α

(tj )
at

each
tj ,

d
en

oted
b
y
α̂

(tj ),
w

e
solv

e
th

e
K

a
ru

sh
-K

u
h

n
-T

u
cker

(K
K

T
)

con
d

ition
s

γ
ij [Y

i (tj )δN
i (tj ){α

(tj )
+
g
(X

i )}−
Y
i (tj ){

1−
ζ
i (tj )}

]
=

0
,
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S
u
p
p
o
r
t

V
e
c
t
o
r

H
a
z
a
r
d
s

M
a
c
h
in

e

Y
i(
t j

)ζ
i(
t j

)
≥

0
,

Y
i(
t j

)δ
N
i(
t j

){
α

(t
j
)

+
g
(X

i)
}−

Y
i(
t j

){
1
−
ζ i

(t
j
)}
≥

0
.

S
p

ec
ifi

ca
ll

y,
if

th
er

e
ar

e
so

m
e

su
p

p
or

t
ve

ct
or

s
ly

in
g

on
th

e
ed

ge
of

th
e

m
a
rg

in
w

h
ic

h
ar

e
ch

ar
ac

te
ri

ze
d

b
y

0
<
γ̂
ij
<
w
i(
t j

)C
n
,
α̂

(t
j
)

=
1
/δ
N
i(
t j

)
−
ĝ
(X

i)
fo

r
th

es
e

p
o
in

ts
,

a
n

d
w

e
ta

ke
th

e
av

er
ag

e
of

al
l

th
e

so
lu

ti
on

s
fo

r
n
u

m
er

ic
al

st
ab

il
it

y.
If

al
l

th
e

su
p

p
or

t
ve

ct
or

s
at
t j

ar
e
γ̂
ij

=
C
n
w
i(
t j

),
α̂

(t
j
)

is
n

ot
u

n
iq

u
e

an
d

fa
ll

s
in

to
a

ra
n
ge

m
in

Y
i
(t
j
)=

1
,γ̂
ij

=
C
n
w
i
(t
j
),

δ
N
i
(t
j
)=

1

{1
−
ĝ
(X

i)
}
≥
α̂

(t
j
)
≥

m
ax

Y
i
(t
j
)=

1
,γ̂
ij

=
C
n
w
i
(t
j
),

δ
N
i
(t
j
)=
−

1

{−
1
−
ĝ
(X

i)
}.

In
th

is
ca

se
,

w
e

ta
ke
α̂

(t
j
)

=
1
−
ĝ
(X

i)
w

h
er

e
δN

i(
t j

)
=

1
fo

r
so

m
e
i

w
it

h
Y
i(
t j

)
=

1
.

S
in

ce
a

h
ig

h
er

va
lu

e
of

th
e

p
re

d
ic

ti
on

fu
n

ct
io

n
α̂

(t
)

+
ĝ
(x

)
le

ad
s

to
a

g
re

a
te

r
li

ke
li

h
o
o
d

of
h

av
in

g
an

ev
en

t
at

an
ea

rl
ie

r
ti

m
e,

th
e

m
ag

n
it

u
d

e
of
ĝ
(x

)
in

d
u
ce

s
a

n
a
tu

ra
l

o
rd

er
in

g
of

th
e

ri
sk

s.
L

as
tl

y,
th

e
le

ar
n

ed
ri

sk
sc

or
es

ca
n

b
e

u
se

d
to

p
re

d
ic

t
th

e
ev

en
t

ti
m

e
fo

r
a
n
y

fu
tu

re
su

b
je

ct
s

u
si

n
g

th
ei

r
b

as
el

in
e

co
va

ri
at

es
x

.
T

o
th

is
en

d
,

co
n

si
d

er
th

e
n

ea
re

st
-n

ei
g
h
b

o
r

p
re

d
ic

ti
on

:
fo

r
a

fu
tu

re
su

b
je

ct
w

it
h

X
=

x
,

fi
n
d
k

(k
=

1
or

3
in

ou
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d
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d
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p
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c
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p
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p
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p
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ct

or
-b

as
ed

ap
p

ro
ac

h
es

in
m

ac
h

in
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b
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at
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er
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m

p
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n
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e

d
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u
ti
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M
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t
of

th
es

e
ap

p
ro

ac
h

es
(S

h
iv

as
w

am
y

et
al

.,
20

07
;

V
an

B
el

le
et

a
l.

,
2
0
1
0,

20
11

)
ad

ap
t

th
e
ε-

in
se

n
si

ti
ve

lo
ss

fo
r

S
V

R
to

ac
co

u
n
t

fo
r

in
co

m
p

le
te

ob
se

rv
a
ti

o
n

s
in

ti
m

e-
to

-
ev

en
t

d
at

a.
T

o
im

p
ro

ve
p

er
fo

rm
an

ce
,

m
o
d

ifi
ed

S
V

R
(V

an
B

el
le

et
al

.,
20

11
)

fu
rt

h
er

p
la

ce
s

ra
n

k
in

g
co

n
st

ra
in

ts
u

n
d

er
th

e
ε-

in
se

n
si

ti
ve

lo
ss

.
T

h
e

fo
rm

u
la

ti
on

of
th

e
p

ro
b

le
m

is

m
in

w
,ε
,ξ
,ξ
∗

1 2
w
T
w

+
λ

1

∑ i

ε i
+
λ

2

∑ i

(ξ
i
+
ξ∗ i

),
(8

)

su
b

je
ct

to
w
T

(ϕ
(X

i)
−
ϕ

(X
j(
i)

)
≥
Y
i
−
Y
j(
i)
−
ε i
,i

=
1,
··
·,
n
,

w
T
ϕ

(X
i)

+
b
≥
Y
i
−
ξ i
,i

=
1,
··
·,
n
,

∆
i(

w
T
ϕ

(X
i)

+
b)
≥
−

∆
iY
i
−
ξ∗ i
,i

=
1,
··
·,
n
,

ε i
≥

0,
ξ i
≥

0,
ξ∗ i
≥

0
,i

=
1,
··
·,
n
,

w
h

er
e
Y
i

=
T
i
∧
C
i,
ϕ

(·)
is

th
e

fe
at

u
re

m
ap

th
at

d
o
es

n
ot

n
ee

d
to

b
e

sp
ec

ifi
ed

ex
p

li
ci

tl
y

in
a

ke
rn

el
-b

as
ed

m
et

h
o
d

,
an

d
j(
i)

in
d

ic
at

es
th

e
su

b
je

ct
w

it
h

th
e

la
rg

es
t

ev
en

t
ti

m
e

sm
a
ll

er
th

a
n

Z
i.

T
h

e
fi

rs
t

se
t

of
co

n
st

ra
in
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ab

ov
e

ai
m

s
at

en
su

ri
n

g
ra

n
k

co
n

si
st

en
cy
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m

a
x
im

iz
e

C
-

in
d

ex
fo

r
p

re
d

ic
ti

n
g

su
rv

iv
al
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tc

om
es

,
an

d
th

e
se

co
n

d
an

d
th

ir
d

se
ts

of
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n
st

ra
in
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ar

e
th

e
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W
a
n
g

,
C

h
e
n

a
n
d

Z
e
n
g

sa
m

e
a
s

th
e

re
gr

es
si

o
n

co
n

st
ra

in
ts

in
S

h
iv

as
w

a
m

y
et

al
.

(2
0
07

)
fo

r
th

e
m

o
d

ifi
ed
ε-

in
se

n
si

ti
ve

lo
ss

fo
r

su
rv

iv
al

o
u

tc
om

es
.

O
n

e
p

ot
en

ti
a
l

p
ro

b
le

m
w

it
h

th
e
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ov

e
o
p

ti
m

iz
a
ti

o
n

is
th

at
th

e
ob

se
rv

at
io

n
s

co
n
tr

ib
u

ti
n

g
to

th
es

e
th

re
e

se
ts

o
f

co
n

st
ra

in
ts

m
ay

co
n

si
st

o
f

a
se

le
ct

ed
(n

o
n

-
ce

n
so

re
d

)
sa

m
p

le
fr

om
th

e
fu

ll
d

a
ta

;
th

u
s,

th
e

d
er

iv
ed

p
re

d
ic

ti
o
n

ru
le

w
il

l
li

ke
ly

fa
vo

r
th

o
se

ob
se

rv
at

io
n

s
w

h
ic

h
co

n
tr

ib
u

te
m

o
st

.

F
u

rt
h

er
m

or
e,

co
m

p
a
ri

n
g

th
e

m
o
d

ifi
ed

S
V

R
in

(8
)

w
it

h
S

V
H

M
in

(6
),

w
e

se
e

th
at

th
e

lo
ss

fu
n

ct
io

n
fo

r
th

e
fo

rm
er

is
th

e
ε-

in
se

n
si

ti
v
it

y
lo

ss
p

lu
s

th
e

lo
ss
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su

lt
in

g
fr

o
m

v
io
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n
g

ra
n

k
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n
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en
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w
h

il
e
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r
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e
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er
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is
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m
o
f

a
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q
u
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o
f

h
in

g
e
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.

T
h

e
ob

je
ct

iv
e

fu
n

ct
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n
an

d
th

e
sl

ac
k

va
ri

a
b

le
s

(i
.e

.,
ε i
,ξ
i,
ξ∗ i

)
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r
th

e
m

o
d
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S
V

R
,

h
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ev
er

,
a
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m

e-
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an
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w
h

il
e

th
e
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a
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va
ri

a
b
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s

fo
r

S
V

H
M

(i
.e
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ζ i
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j
)
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a
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m
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.
T
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u

s,
w

e
ex

p
ec

t
b

et
te

r
co

n
tr

o
l

o
f

th
e

p
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b
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H
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p
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p
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d
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p
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b
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c
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d
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o
rt

h
to
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w
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n
n
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o
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b
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w
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n
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V
H

M
a
n
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o
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re
ti
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p
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p
er
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o
f

S
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H
M
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T
o

th
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en
d

,
w

e
fu

rt
h
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p

lo
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th
e

o
p

ti
m

iz
at
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n
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)
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m

p
a
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e

S
V

H
M

o
b

je
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iv
e

fu
n

ct
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n
an

d
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e
C

ox
p

a
rt

ia
l
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k
el
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o
o
d

.
F

ir
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n
o
te

th
a
t

th
e

fu
n
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n
α

(t
)

in
(5

)
is

an
a
lo

go
u

s
to

th
e

b
as

el
in

e
h

az
a
rd

fu
n

ct
io

n
in

th
e

C
ox

m
o
d

el
(C

ox
,
1
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2)
,

w
h

ic
h

is
tr

ea
te

d
as

a
n
u

is
a
n

ce
p

ar
a
m

et
er

a
n

d
p

ro
fi

le
d

o
u

t
fo

r
in

fe
re

n
ce

.
T

h
u

s,
w

e
a
ls

o
p

ro
fi

le
ou

t
α

(t
)

to
in

ve
st

ig
at

e
th

e
p

ro
fi

le
ri

sk
fu

n
ct

io
n

fo
r

S
V

H
M

(e
.g

.,
su

b
st

it
u

te
fi

tt
ed

α
(t

)
in

th
e

or
ig

in
al

ri
sk

fu
n

ct
io

n
).

F
o
r

a
fi

x
ed

g
(x

),
fr

o
m

th
e

d
er

iv
at

io
n

si
m

il
a
r

to
H

as
ti

e
et

a
l.

(2
0
09

)
(p

42
1
)

a
n
d

A
b

e
(2

0
1
0)

(p
77

),
w

e
ca

n
sh

ow
th

at
at

ea
ch

t j
,

if
th

er
e

a
re

so
m

e
su

p
p

o
rt

ve
ct

o
rs

ly
in

g
o
n

th
e

ed
g
e

of
th

e
m

ar
g
in

w
h

ic
h

ar
e

ch
a
ra

ct
er

iz
ed

b
y

0
<
γ
ij
<
w
i(
t j

)C
n
,

th
es

e
m

ar
gi

n
p

o
in

ts
ca

n
b

e
u

se
d

to
so

lv
e

fo
r
α

(t
j
).

T
h

is
y
ie

ld
s α̂

(t
j
)

=
1
−
g
(X

i)
,
δN

i(
t j

)
=

1.

N
ot

e
th

at
X
i

is
th

e
co

va
ri

a
te

va
lu

e
fo

r
th

e
su

b
je

ct
w

h
o

h
a
s

a
n

ev
en

t
at
t j

.
H

ow
ev

er
,

if
γ
ij

is
n

ot
w

it
h

in
(0
,w

i(
t j

)C
n
,
α̂

(t
j
)

ca
n

b
e

an
y

va
lu

e
sa

ti
sf

y
in

g

m
in

γ̂
ij

=
C
n
w
i
(t
j
),

δ
N
i
(t
j
)=

1

{1
−
g
(X

i)
}
≥
α

(t
j
)
≥

m
a
x

γ̂
ij

=
C
n
w
i
(t
j
),

δ
N
i
(t
j
)=
−

1

{−
1
−
g
(X

i)
}.
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S
u
p
p
o
r
t

V
e
c
t
o
r

H
a
z
a
r
d
s

M
a
c
h
in

e

In
th

is
ca

se,
ta

k
in

g
α̂

(tj )
=

1−
g
(X

i )
w

h
ere

δN
i (tj )

=
1

sa
tisfi

es
th

ese
co

n
stra

in
ts.

F
u

rth
er

n
ote

th
at

op
tim

izin
g

(5
)

is
eq

u
iva

len
t

to
m

in
im

izin
g

1n

n
∑i=

1

d
∑j=

1

Y
i (tj )w

i (tj )[1−
(α

(t)
+
g
(X

i ))δN
i (tj )]+

+
λ
n ‖
g‖H

n

=
1n

n
∑i=

1 ∫
[1−

(α
(t)

+
g
(X

i ))]+
d
N
i (t)

+
1n

∫
∑

ni=
1
Y
i (t)[1

+
(α

(t)
+
g
(X

i ))]+
∑

ni=
1
Y
i (t)

d {
n
∑i=

1

N
i (t) }

−
1n

n
∑i=

1 ∫
1

∑
ni=

1
Y
i (t)

([1−
(α

(t)
+
g
(X

i ))]+
+

[1
+

(α
(t)

+
g
(X

i ))]+
)
d
N
i (t)

+
λ
n ‖g‖H

n
.

A
fter

w
e

p
lu

g
th

e
ex

p
ressio

n
o
f
α̂

(t)
=
∑

ni=
1 (1
−
g
(X

i ))I
(δN

i (t)
=

1)
in

to
th

e
a
b

ove
ex

p
ressio

n
,

w
e

o
b

tain

1n

n
∑i=

1 ∫
[1−

(α̂
(t)

+
g
(X

i ))]+
d
N
i (t)

=
1n

n
∑i=

1

∆
i [1−

(1−
g
(X

i )
+
g
(X

i ))])+
=

0
,

a
n

d
sim

ilarly,

1n

n
∑i=

1 ∫
1

∑
ni=

1
Y
i (t)

([1−
(α̂

(t)
+
g
(X

i ))]+
+

[1
+

(α̂
(t)

+
g
(X

i ))]+
)
d
N
i (t)

=
2n

n
∑i=

1 ∫
d
N
i (t)

∑
ni=

1
Y
i (t) .

A
d

d
itio

n
ally,

1n

∫
∑

ni=
1
Y
i (t)[1

+
(α̂

(t)
+
g
(X

i ))]+
∑

ni=
1
Y
i (t)

d {
n
∑i=

1

N
i (t) }

=
1n

n
∑k

=
1

∆
k ∑

ni=
1
I
(Y
i ≥

Y
k )[1

+
(α̂

(X
k )

+
g
(X

j ))]+
∑

ni=
1
I
(Y
i ≥

Y
k )

=
1n

n
∑k

=
1 ∑

ni=
1
I
(Y
i ≥

Y
k )[2−

g
(X

k )
+
g
(X

i )]+
∑

ni=
1
I
(Y
i ≥

Y
k )

∆
k .

T
h

e
o
b

jective
fu

n
ction

(5
)

can
b

e
w

ritten
a
sP
R
n
(g

)
+
λ
n ‖
g‖

2H
n
,

w
h

ere

P
R
n
(g

)
=

1n

n
∑i=

1 ∫
∑

nk
=

1
Y
k (t)[2−

g
(X

i )
+
g
(X

k )]+
∑

nk
=

1
Y
k (t)

d
N
i (t)−

2n

n
∑i=

1 ∫
d
N
i (t)

∑
nk
=

1
Y
k (t)

=
1n

n
∑i=

1

∆
i ∑

nk
=

1
I
(Y
k ≥

Y
i )[2−

g
(X

i )
+
g
(X

k )]+
∑

nk
=

1
I
(Y
k ≥

Y
i )

−
2n

n
∑i=

1

∆
i

∑
nk
=

1
I
(Y
k ≥

Y
i )

=
P
n (

∆
P̃
n {
I
(Ỹ
≥
Y

)[2
+
g
(X̃

)−
g
(X

)]+ }
P̃
n
[I

(Ỹ
≥
Y

)]

)
−

2n
P
n {

∆

P̃
n
[I

(Ỹ
≥
Y

)] }
.

H
ere,

P
n

d
en

o
tes

th
e

em
p

irica
l
m

ea
su

re
fro

m
n

o
b

servatio
n

s
a
n

d
P̃
n

is
th

e
em

p
irica

l
m

ea
su

re
a
p

p
lied

to
(Ỹ
,X̃

,∆̃
),

an
i.i.d

co
p
y

o
f

(Y
,X

,∆
).

T
h
u

s,
ĝ
(x

)
m

in
im

izesP
R
n
(g

)
+
λ
n ‖
g‖

2H
n
.
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W
a
n
g

,
C

h
e
n

a
n
d

Z
e
n
g

If
w

e
let

f̂
(x
,t)

=
α̂

(t)
+
ĝ
(x

)
b

e
th

e
fu

n
ction

m
in

im
izin

g
(5)

ov
er
g
∈
H
n
,

th
en
R
n
(f̂

)
=

P
R
n
(ĝ

).

In
a

C
ox

p
a
rtial

lik
elih

o
o
d

fu
n

ction
,
g
(X

)
is

estim
ated

b
y

m
in

im
izin

g

P
n (

∆
log

P̃
n {
I
(Ỹ
≥
Y

)
ex

p{
g
(X̃

)−
g
(X

)}}
P̃
n
[I

(Ỹ
≥
Y

)]

)
.

T
h

erefore,
it

is
w

o
rth

y
to

p
oin

t
ou

t
on

e
in

terestin
g

ob
servatio

n
:

b
oth
P
R
n
(g

)
an

d
th

e
C

ox
p

artial
likelih

o
o
d

take
a

sim
ilar

form
w

h
ich

essen
tially

evalu
ates

a
lo

ss
com

p
a
rin

g
th

e
risk

scores
from

th
e

su
b

jects
at

risk
versu

s
th

e
on

e
from

th
e

su
b

ject
w

h
o

h
as

an
even

t
at

th
e

sam
e

tim
e.

S
V

H
M

u
ses

a
h

in
ge

loss
w

h
ile

C
ox

p
artial

likelih
o
o
d

u
ses

an
ex

p
o
n

en
tial

lo
ss

an
d

a
lo

garith
m

tran
sform

ation
,

w
h

ich
is

sim
ilar

to
th

e
con

trast
b

etw
een

S
V

M
an

d
logistic

regressio
n

.
T

h
e

ro
b

u
stn

ess
of

h
in

ge
loss

com
p
ared

to
ex

p
o
n

en
tial

loss
su

ggests
S

V
H

M
w

ill
b

e
less

sen
sitiv

e
to

ex
trem

e
ob

serva
tion

s.
In

ad
d

ition
,

th
is

con
n

ectio
n

sh
ed

s
ligh

ts
on

th
e

th
eoretical

op
tim

ality
of

S
V

H
M

w
h

ich
w

e
p

rove
in

th
e

n
ex

t
section

.

3
.
T
h
e
o
re
tica

l
P
ro

p
e
rtie

s

In
th

is
section

,
w

e
stu

d
y

th
e

asy
m

p
totic

p
rop

erties
of

S
V

H
M

a
n

d
th

e
p

red
icted

risk
.

W
e

fi
rst

d
erive

th
e

p
op

u
la

tion
risk

fu
n

ction
fo

r
th

e
p

rop
osed

S
V

H
M

.
N

ex
t,

w
e

d
erive

th
e

o
p

tim
al

fu
lly

n
o
n

p
aram

etric
d

ecision
ru

le
for

th
is

risk
fu

n
ction

an
d

sh
ow

th
at

it
also

op
tim

izes
th

e
0-1

lo
ss

co
rresp

on
d

in
g

to
(3).

W
e

h
igh

ligh
t

im
p

ortan
t

d
iff

eren
ces

in
th

e
th

eoretical
p

ro
of

th
at

d
istin

gu
ish

th
is

w
ork

from
th

e
stan

d
ard

p
ro

ofs
in

th
e

statistical
learn

in
g

th
eories.

3
.1

R
isk

F
u

n
c
tio

n
a
n

d
O

p
tim

a
l

R
isk

C
la

ssifi
c
a
tio

n
R

u
le

T
o

d
erive

th
e

p
op

u
lation

risk
fu

n
ction

fo
r

S
V

H
M

,
w

e
fi

rst
ex

am
in

e
th

e
p

op
u

lation
version

(th
e

ex
p

ecta
tion

)
ofR

n
(f

).
R

ecall
th

e
d

efi
n

ition
ofR

n
(f

)
is

given
in

(4)
as

R
n
(f

)
=
n
−

1
n
∑i=

1

m
∑j=

1

I{δN
i (tj )

=
1}( ∑

nl=
1
Y
l (tj )−

1
)

∑
nl=

1
Y
l (tj )

[1−
f

(tj ,X
i )]+

+
n
−

1
n
∑i=

1

m
∑j=

1

I{
δN

i (tj )
=

1}
∑

nl=
1
Y
l (tj )

[1
+
f

(tj ,X
i )]+

.

A
fter

re-a
rra

n
g
in

g
th

e
term

s
an

d
ad

op
tin

g
cou

n
tin

g
p

ro
cess

n
otation

,
w

e
can

rew
riteR

n
(f

)
a
s

R
n
(f

)
=

1n

n
∑i=

1 ∫
Y
i (t)[1−

f
(t,X

i )]+
d
N
i (t)

+
1n

∫
∑

ni=
1
Y
i (t)[1

+
f

(t,X
i )]+

∑
ni=

1
Y
i (t)

d {
n
∑i=

1

N
i (t) }

−
1n

n
∑i=

1 ∫
1

∑
ni=

1
Y
i (t)

([1−
f

(t,X
i )]+

+
[1

+
f

(t,X
i )]+

)
d
N
i (t).

N
ote

th
at

th
e

last
term

in
R
n
(f

)
is

on
th

e
o
rd

er
of
O

(1/n
),

so
it

van
ish

es
a
s
n

go
es

to
in

fi
n

ity.
B

y
th

e
cen

tral
lim

it
th

eorem
,

w
e

ob
tain

th
e

asy
m

p
totic

lim
it

ofR
n
(f

),
d

en
oted

as
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S
u
p
p
o
r
t

V
e
c
t
o
r

H
a
z
a
r
d
s

M
a
c
h
in

e

R
(f

),
to

b
e

R
(f

)
=
E

( ∫
Y

(t
)[

1
−
f

(t
,X

)]
+
d
N

(t
))

+

∫
E

(Y
(t

)[
1

+
f

(t
,X

)]
+

)

E
(Y

(t
))

E
(d
N

(t
))
.

L
ik

ew
is

e,
si

m
il

ar
ar

gu
em

en
ts

sh
ow

th
at

th
e

em
p

ir
ic

al
ri

sk
b

as
ed

on
th

e
p

re
d

ic
ti

o
n

er
ro

r
in

(1
),

i.
e.

,
R

0
n
(f

),
co

n
ve

rg
es

to
R

0
(f

).
L

et
f
∗ (
t,

x
)

d
en

ot
e

th
e

li
m

it
of

th
e

ri
sk

fu
n
ct

io
n

es
ti

m
at

ed
b
y

S
V

H
M

(i
.e

.,
th

e
o
p

ti
m

al
fu

n
ct

io
n

m
in

im
iz

in
g
R

(f
))

.
S

in
ce

th
e

d
iff

er
en

ce
b

et
w

ee
n
R

(f
)

an
d
R

0
(f

)
is

th
e

h
in

ge
lo

ss
v
er

su
s

th
e

ze
ro

-o
n

e
lo

ss
,

on
e

q
u

es
ti

on
is

w
h
et

h
er
f
∗ (
t,

x
)

al
so

m
in

im
iz

es
R

0
(f

).
T

h
e

fo
ll

ow
in

g
th

eo
re

m
gi

ve
s

su
ch

a
re

su
lt

fo
r
f
∗ (
t,

x
).

T
h

e
o
re

m
3
.1

L
et
h

(t
,x

)
d
en

o
te

th
e

co
n

d
it

io
n

a
l

h
a
za

rd
ra

te
fu

n
ct

io
n

o
f
T

=
t

gi
ve

n
X

=
x

a
n

d
le

t
h̄

(t
)

=
E

[d
N

(t
)/
d
t]
/E

[Y
(t

)]
=
E

[h
(t
,X

)|Y
(t

)
=

1]
be

th
e

a
ve

ra
ge

h
a
za

rd
ra

te
a
t

ti
m

e
t.

T
h
en

f
∗ (
t,

x
)

=
si

gn
(h

(t
,x

)
−
h̄

(t
))

m
in

im
iz

es
R

(f
).

F
u

rt
h
er

m
o
re

,
f
∗ (
t,

x
)

a
ls

o
m

in
im

iz
es
R

0
(f

)
a
n

d

R
0
(f
∗ )

=
P

(T
≤
C

)
−

1 2
E

[ ∫
E

(Y
(t

)|X
=

x
)|h

(t
,x

)
−
h̄

(t
)|d
t] .

In
a
d
d
it

io
n

,
fo

r
a
n

y
f

(t
,x

)
∈

[−
1
,1

],

R
0
(f

)
−
R

0
(f
∗ )
≤
R

(f
)
−
R

(f
∗ )
,

w
h
er

e
h

(t
,x

)
d
en

o
te

s
th

e
co

n
d
it

io
n

a
l

h
a
za

rd
ra

te
o
f
T

=
t

gi
ve

n
X

=
x

a
n

d
h̄

(t
)

is
th

e
po

p
u

la
ti

o
n

a
ve

ra
ge

h
a
za

rd
a
t

ti
m

e
t,

h̄
(t

)
=
E

[d
N

(t
)]
/d
t

E
[Y

(t
)]

=
E

[h
(t
,X

)|Y
(t

)
=

1]
.

T
h

e
p

ro
of

of
T

h
eo

re
m

3.
1

is
p

ro
v
id

ed
in

th
e

A
p

p
en

d
ix

B
.

T
h
eo

re
m

3.
1

re
se

m
b

le
s

th
e

ex
ce

ss
ri

sk
in

m
os

t
le

ar
n

in
g

th
eo

ri
es

(B
ar

tl
et

t
et

al
.,

20
06

);
h

ow
ev

er
,

th
e

lo
ss

fu
n

ct
io

n
in

ou
r

ca
se

is
so

m
e

co
m

p
os

it
e

ex
p

ec
ta

ti
on

,
R

0
(f

),
w

h
ic

h
is

n
ot

co
ve

re
d

b
y

B
ar

tl
et

t
et

a
l.

(2
00

6)
.

F
ro

m
T

h
eo

re
m

3.
1,

w
e

se
e

th
at

th
e

op
ti

m
al

ru
le

is
es

se
n
ti

al
ly

to
p

re
d

ic
t

w
h

et
h

er
an

at
-r

is
k

su
b

je
ct

w
il

l
ex

p
er

ie
n

ce
an

ev
en

t
b
y

co
m

p
ar

in
g

th
e

su
b

je
ct

-s
p

ec
ifi

c
h

a
za

rd
ra

te
d

ep
en

d
in

g
on

th
e

co
va

ri
at

e
to

th
e

p
op

u
la

ti
on

-a
ve

ra
ge

h
az

ar
d

ra
te

ob
ta

in
ed

fr
o
m

al
l

a
t-

ri
sk

su
b

je
ct

s
at

a
gi

ve
n

ti
m

e
p

oi
n
t.

S
in

ce
th

e
m

in
im

iz
er

of
R

(f
)

al
so

m
in

im
iz

es
R

0
(f

),
th

is
th

eo
ry

ju
st

ifi
es

th
e

u
se

of
h

in
ge

-l
os

s
in

S
V

H
M

to
m

in
im

iz
e

th
e

w
ei

gh
te

d
p

re
d

ic
ti

o
n

er
ro

r
in
R

0
(f

).
T

h
e

la
st

in
eq

u
al

it
y

in
T

h
eo

re
m

3.
1

p
ro

v
es

th
at

a
d

ec
is

io
n

fu
n

ct
io

n
w

it
h

a
sm

a
ll

ex
ce

ss
h
in

ge
-l

os
s–

b
as

ed
ri

sk
w

il
l

le
ad

to
a

sm
al

l
ex

ce
ss

0-
1

lo
ss

–b
as

ed
ri

sk
.

3
.2

A
sy

m
p

to
ti

c
P

ro
p

e
rt

ie
s

H
er

e,
w

e
st

u
d

y
th

e
as

y
m

p
to

ti
c

p
ro

p
er

ti
es

of
S

V
H

M
w

h
en

th
e

d
ec

is
io

n
fu

n
ct

io
n

ta
ke

s
th

e
fo

rm
in

(1
).

S
p

ec
ifi

ca
ll

y,
w

e
ex

am
in

e
a

st
o
ch

as
ti

c
b

ou
n

d
fo

r
th

e
ex

ce
ss

ri
sk

w
h

en
u

si
n

g
ĝ
,

th
e

es
ti

m
at

or
fr

om
n

ob
se

rv
at

io
n

s.
T

h
is

b
ou

n
d

w
il

l
b

e
gi

ve
n

in
te

rm
s

of
th

e
sa

m
p

le
si

ze
n

,
th

e
tu

n
in

g
p

ar
am

et
er
λ
n

an
d

th
e

b
an

d
w

id
th

of
th

e
ke

rn
el

fu
n

ct
io

n
σ
n
.

D
en

ot
e
H
n

as

1
3

JM
L

R
 1

7(
16

7)
:1

-3
7

W
a
n
g

,
C

h
e
n

a
n
d

Z
e
n
g

a
re

p
ro

d
u

ci
n

g
ke

rn
el

H
il

b
er

t
sp

ac
e

fr
o
m

a
G

a
u

ss
ia

n
ke

rn
el
k
(x
,x
′ )

=
ex

p
{−
‖x
−
x
′ ‖2
/
σ
n
}.

In
st

ea
d

of
co

n
si

d
er

in
g

th
e

ri
sk

fo
r
R

(f
),

w
e

co
n

si
d

er

P
R

(g
)

=
m

in
α

(t
)
R

(α
(t

)
+
g
(x

))

a
n

d
re

fe
r

it
as

“p
ro

fi
le

ri
sk

”
,

si
n

ce
α

(t
)

is
p

ro
fi

le
d

o
u

t
fr

om
th

e
or

ig
in

al
ri

sk
fu

n
ct

io
n

.
In

ot
h

er
w

or
d

s,
P
R

(g
)

is
th

e
b

es
t

ex
p

ec
te

d
ri

sk
fo

r
a

gi
ve

n
sc

or
e
g
(x

)
a
ft

er
ac

co
u

n
ti

n
g

fo
r

α
(t

). T
o

o
b

ta
in

an
ex

p
li
ci

t
ex

p
re

ss
io

n
o
f
P
R

(g
),

w
e

fi
rs

t
n

ot
e

th
a
t

R
(α

(t
)

+
g
(x

))
=

E

( ∫
Y

(t
)[

1
−
f

(t
,X

)]
+
d
N

(t
))

+

∫
E

(Y
(t

)[
1

+
f

(t
,X

)]
+

)

E
(Y

(t
))

E
(d
N

(t
))

=

∫
E

[Y
(t

)h
(t
,X

)]

[ E
[Y

(t
)h

(t
,X

)]
−
E

[Y
(t

)g
(X

)h
(t
,X

)]

E
[Y

(t
)h

(t
,X

)]
−
α

(t
)] +

d
t

+

∫
h̄

(t
)E

[Y
(t

)]

[ E
[Y

(t
)]

+
E

[Y
(t

)g
(X

)]

E
[Y

(t
)]

+
α

(t
)] +

d
t.

S
in

ce
α

(t
)

is
ar

b
it

ra
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25th percentile 50th percentile 75th percentile
Imaginga Method C-index Logrank χ2 b HRc Logrank χ2 HR Logrank χ2 HR

No Modified SVR 0.70 43.55 3.24 25.85 3.23 15.53 5.07
IPCW-KM 0.47 0.04 1.05 0.04 1.04 0.31 1.12
IPCW-Cox 0.48 1.05 1.23 0.05 1.05 0.08 1.06

SVHM (Linear)d 0.73 53.41 3.61 32.72 4.22 9.02 4.21

Yes Modified SVR 0.70 47.85 3.41 38.36 3.40 27.44 5.65
IPCW-KM 0.47 0.76 1.31 0.14 1.08 0.04 1.04
IPCW-Cox 0.47 1.47 1.57 0.07 1.05 0.90 1.49

SVHM (Linear) 0.74 71.26 4.42 46.73 5.02 14.75 4.06
SVHM (Gaussian)e 0.79 105.99 5.86 67.66 7.44 25.31 7.18

a Whether structural MRI imaging biomarkers were included in the analysis.
b Logrank χ2: Chi-square statistics from Logrank tests for two groups separated using the 25th percentile, 50th

percentile, and 75th percentile of predicted values.
c HR: Hazard Ratios comparing two groups separated using the 25th percentile, 50th percentile, and 75th percentile

of predicted values.
d SVHM with linear kernel.
e SVHM with Gaussian kernel.

Table 4: Comparison of prediction capability for different methods using PREDICT-HD data with and without structural MRI
imaging measures (n = 647)
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H
a
z
a
r
d
s

M
a
c
h
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e

25th percentile 50th percentile 75th percentile
Kernel Method C-index Logrank χ2 a HR b Logrank χ2 HR Logrank χ2 HR

Linear Modified SVR 0.74 90.52 4.63 59.11 4.16 31.85 5.01
IPCW-KM 0.69 54.90 3.48 29.53 2.64 22.92 3.45
IPCW-Cox 0.71 48.34 3.24 39.70 3.12 27.63 4.32

SVHM 0.76 95.09 4.78 67.06 4.63 34.93 5.36

Gaussian Modified SVR 0.76 105.10 5.12 70.41 4.87 37.66 6.39
IPCW-KM 0.70 58.15 3.61 33.49 2.81 19.61 3.00
IPCW-Cox 0.72 52.77 3.39 47.10 3.50 27.99 4.37

SVHM 0.77 111.10 5.31 64.79 4.53 35.60 5.76
a Logrank χ2, Chi-square statistics from Logrank tests for two groups separated using the 25th percentile, 50th percentile, and

75th percentile of predicted values.
b HR, Hazard Ratios comparing two groups separated using the 25th percentile, 50th percentile, and 75th percentile of predicted

values.

Table 6: Comparison of prediction capability for different methods using Atherosclerosis Risk in Communities data
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(Ỹ
≥
Y

)[
2

+
g
(X̃

)
−
g
(X

)]
+
}

P̃
n
[I

(Ỹ
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N }

are
also

d
istrib

u
ted

accord
in

g
to

th
e

follow
in

g
stan

d
ard

d
en

sity
:

f
(Y
|α
,β
,γ
,µ

)
=
f

(Ỹ
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llow
s.

S
ectio

n
2

is
d

evoted
to

a
d

eta
iled

d
escrip

-
tio

n
o
f

th
e

p
rob

lem
b

a
ck

grou
n

d
an

d
th

e
m

otivatio
n

fo
r

th
e

p
rop

o
sed

a
p

p
ro

a
ch

.
S

ectio
n

3
p

resen
ts

th
e

solu
tio

n
p

rop
o
sed

to
ta

ck
le

th
is

p
ro

b
lem

.
In

S
ectio

n
4

w
e

d
erive

th
e

th
eo

retical
resu

lts
fo

r
b

ou
n
d

in
g

th
e

fea
sib

le
so

lu
tio

n
set

o
f

th
e

p
ro

b
lem

an
d

d
iscu

ss
th

ese
resu

lts.
In

S
ection

5
w

e
valid

a
te

th
e

p
ro

p
osed

m
eth

o
d

o
n

rea
l

w
o
rld

p
ro

b
lem

s
an

d
d

iscu
ss

th
e

ex
p

eri-
m

en
ta

l
resu

lts.
F

in
ally,

S
ectio

n
6

su
m

m
a
rizes

th
e

p
ap

er
w

ith
so

m
e

co
n

clu
d

in
g

rem
a
rk

s.

2
.
P
ro

b
le
m

F
o
rm

u
la
tio

n
in

a
G
lo
b
a
l
O
p
tim

iza
tio

n
C
o
n
te
x
t

H
erea

fter,
w

e
con

sid
er

feed
forw

a
rd

n
eu

ra
l

n
etw

o
rk

s
h

av
in

g
3

layers
w

ith
n
,h

,
a
n

d
o

n
o
d

es
in

th
e

in
p

u
t,

th
e

h
id

d
en

an
d

th
e

ou
tp

u
t

layers,
resp

ectively.
It

h
as

b
een

p
roved

th
a
t

stan
-

d
ard

feed
forw

a
rd

n
etw

ork
s

w
ith

o
n

ly
a

sin
g
le

h
id

d
en

layer
ca

n
ap

p
rox

im
a
te

a
n
y

co
n
tin

u
o
u

s
fu

n
ctio

n
u

n
ifo

rm
ly

o
n

an
y

co
m

p
act

set
a
n

d
a
n
y

m
ea

su
ra

b
le

fu
n

ctio
n

to
a
n
y

d
esired

d
eg

ree
of

a
ccu

ra
cy

(C
y
b

en
ko

,
19

8
9;

H
orn

ik
et

a
l.,

19
8
9
;

K
rein

ov
ich

a
n

d
S

irisa
en

g
ta

k
sin

,
1
99

3
;

W
h

ite,
1
9
90

).
H

en
ce,

it
h

as
g
en

eral
im

p
o
rta

n
ce

to
stu

d
y

3
-layer

n
eu

ra
l

n
etw

o
rk

s.
O

n
th

e
o
th

er
h

an
d

,
as

it
w

ill
b

e
sh

ow
n

,
th

e
assu

m
p

tio
n

reg
a
rd

in
g

th
e

n
u

m
b

er
o
f

layers
is

n
o
t

restrictive,
g
iven

th
at

th
e

w
eig

h
ts

o
f

ea
ch

layer
a
re

trea
ted

w
ith

resp
ect

to
th

e
o
u

tp
u

t
ran

g
e

o
f

th
e

p
rev

io
u

s
layer

a
n

d
th

e
in

p
u

t
d

om
ain

of
th

e
n

ex
t

o
n

e.
H

en
ce,

it
is

stra
igh

tfo
rw

a
rd

to
ex

ten
d

3
JM

L
R

 17(169):1-40

A
d
a
m

,
M

a
g

o
u
l
a
s,

K
a
r
r
a
s

a
n
d

V
r
a
h
a
t
is

th
is

a
n

a
ly

sis
to

n
etw

ork
s

w
ith

m
u

ltip
le

h
id

d
en

layers.
M

oreover,
d

esp
ite

th
e

variety
of

acti-
va

tion
fu

n
ction

s
fou

n
d

in
th

e
literatu

re
(D

u
ch

an
d

J
an

kow
sk

i,
19

99),
in

th
is

p
ap

er
w

e
h

av
e

reta
in

ed
th

e
m

ost
com

m
on

assu
m

p
tion

s
ad

op
ted

for
M

L
P

s.
T

h
is

m
ean

s
th

at
th

e
n

o
d

es
in

th
e

h
id

d
en

layer
are

su
p

p
osed

to
h

ave
a

sigm
oid

activation
fu

n
ction

w
h

ich
m

ay
b

e
on

e
of

th
e

follow
in

g
:

lo
gistic

sigm
oid

:σ
1 (n

et)
=

1

1
+
e −

α
n
et ,

(1a)

h
y
p

erb
olic

tan
gen

t
:σ

2 (n
et)

=
tan

h
(β
n
et)

=
e
β
n
et−

e −
β
n
et

e
β
n
et

+
e −

β
n
et ,

or
(1b

)

σ
2 (n

et)
=

2

1
+
e −

2
β
n
et −

1,

w
h

ere
n
et

d
en

otes
th

e
in

p
u

t
to

a
n

o
d

e
an

d
α
,
β

are
th

e
slo

p
e

p
aram

eters
of

th
e

sigm
oid

s.
H

erea
fter,

let
u

s
assu

m
e

th
at
α

=
β

=
1

an
d

n
ote

th
at

th
is

assu
m

p
tion

h
as

n
o

eff
ect

on
th

e
th

eo
retica

l
a
n

a
ly

sis
p

resen
ted

in
th

is
p

ap
er.

N
everth

eless,
for

ap
p

lication
p

u
rp

o
ses

u
sin

g
d

iff
eren

t
valu

es
for

th
e

slop
e

p
aram

eters
h

as
an

aff
ect

on
th

e
resu

lts
ob

ta
in

ed
,

as
it

w
ill

b
e

ex
p

lain
ed

later
in

S
u

b
section

3.2.
In

ad
d

ition
to

th
e

p
rev

iou
s

assu
m

p
tion

s,
let

u
s

su
p

p
ose

th
a
t

th
e

n
o
d

es
in

th
e

ou
tp

u
t

layer
m

ay
h

ave
eith

er
on

e
of

th
e

a
b

ove
sigm

oid
activatio

n
fu

n
ction

s
o
r

th
e

lin
ear

on
e.

F
in

ally,
w

e
assu

m
e

th
at

all
n

o
d

es
in

th
e

h
id

d
en

layer
u

se
th

e
sam

e
activation

fu
n

ction
an

d
th

e
sam

e
stan

d
s

for
th

e
ou

tp
u

t
layer

n
o
d

es.
W

ith
resp

ect
to

th
e

ab
ove

assu
m

p
tion

s
th

e
fu

n
ction

com
p

u
ted

b
y

a
feed

forw
ard

n
eu

ral
n

etw
o
rk

can
b

e
d

efi
n

ed
as
F

:R
n×

R
(n

+
1
)h×

R
(h

+
1
)o→

R
o,

w
h

ere
F

(X
,W

1 ,W
2 )

d
en

otes
th

e
a
ctu

al
n

etw
ork

ou
tp

u
t,

X
∈
R
n

refers
to

th
e

in
p

u
t

p
a
ttern

s,
W

1 ∈
R

(n
+

1
)h

is
th

e
m

atrix
o
f

th
e

in
p

u
t-to-h

id
d

en
layer

con
n

ection
w

eigh
ts

an
d

b
iases,

an
d

W
2 ∈

R
(h

+
1
)o

d
en

o
tes

th
e

m
atrix

of
th

e
h

id
d

en
-to-ou

tp
u

t
layer

con
n

ection
w

eigh
ts

an
d

b
iases.

M
oreover,

let
u
s

d
en

ote
T
∈
R
o

th
e

ta
rg

et
ou

tp
u

t
of

th
e

fu
n

ction
ap

p
rox

im
ated

b
y

th
e

n
etw

ork
.

O
b
v
iou

sly,
if

an
y

of
th

e
p

a
ram

eters,
X
,W

1 ,W
2 ,

an
d

T
is

in
terval

valu
ed

th
en

th
e

n
etw

ork
is

an
in

terval
n

eu
ral

n
etw

ork
(H

u
et

a
l.,

1998).
T

h
e

p
ro

cess
o
f
n

eu
ral

n
etw

ork
s

train
in

g
aim

s
to

solv
e

th
e

follow
in

g
op

tim
izatio

n
p

rob
lem

:

arg
m

in
W

1 ∈
R
(n

+
1
)h
,W

2 ∈
R
(h

+
1
)o ‖
F

(X
,W

1 ,W
2 )−

T‖
q

(2)

for
so

m
e

ap
p

rop
riate

n
orm

‖·‖
q ,

con
sid

erin
g

th
at

th
e

id
eal

m
in

im
u

m
o
f‖

F
(X
,W

1 ,W
2 )−

T
‖
q

is
0,

w
h

ich
m

ean
s

th
at
F

(X
,W

1 ,W
2 )

=
T

.
A

s
said

ab
ov

e,
train

in
g

th
e

n
etw

ork
is

d
efi

n
in

g
th

e
valu

es
of

th
e

elem
en

ts
of

th
e

m
atrices

W
1

an
d

W
2

th
at

solve
th

e
p

rev
iou

s
u

n
con

strain
ed

m
in

im
izatio

n
p

rob
lem

.
T

h
e

d
om

ain
of

th
ese

w
eigh

ts
is

n
o
t

k
n

ow
n

in
ad

van
ce

an
d

so,
in

p
ractice,

th
e

glob
al

op
tim

izatio
n

p
ro

ced
u

res
u

sed
to

solve
th

is
p

rob
lem

search
for

th
e

glob
a
l

m
in

im
u

m
in

a
b

ox
D

w
⊂
R

(n
+

1
)h×

R
(h

+
1
)o.

T
h

is
m

ean
s

th
at

th
e

in
itial

u
n

con
strain

ed
glob

al
op

tim
iza

tion
p

rob
lem

is
arb

itrarily
con

-
verted

to
an

ad
-h

o
c

b
ou

n
d

con
stra

in
ed

op
tim

ization
o
n

e.
T

h
e

b
ou

n
d

s
of

th
is

b
ox

a
n

d
th

erefore
its

size
a
re

d
efi

n
ed

in
tu

itively.
S

u
ch

a
ch

oice
m

ay
lead

to
u

n
su

ccessfu
l

train
in

g
or

g
ive

a
com

p
u

tatio
n

ally
ex

p
en

sive
solu

tion
th

at
is

im
p

ractical
to

u
se

in
real

life
p

rob
lem

s.
T

h
e

arg
u

m
en

t
th

at
th

e
b

ox
D

w
is

in
tu

itively
d
efi

n
ed

is
su

p
p

o
rted

b
y

a
n
u

m
b

er
of

ex
am

p
les

fou
n

d
in

th
e

literatu
re.

F
o
r

in
stan

ce,
S

araev
(2012)

gives
an

ex
am

p
le

of
in

terval
glob

al
op

tim
ization

for
train

in
g

a
n

etw
o
rk

th
at

a
p

p
rox

im
ates

th
e

fu
n

ction
z

=
0.5

sin (π
x

2 )
sin

(2π
y
)

an
d

d
efi

n
es

th
e

in
itial

4
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L
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B
o
u
n
d
in

g
G

l
o
b
a
l

O
p
t
im

iz
a
t
io

n
T

r
a
in

in
g

v
ia

In
t
e
r
v
a
l

A
n
a
ly

si
s

b
ox

to
b

e
[w

] 0
=

[−
10
,1

0]
s
,

w
h

er
e
s

is
th

e
n
u

m
b

er
of

u
n

k
n

ow
n

w
ei

gh
ts

.
T

h
e

re
su

lt
s

re
-

p
or

te
d

in
th

e
p

ap
er

in
d

ic
at

e
th

at
th

e
gl

ob
al

op
ti

m
iz

at
io

n
te

ch
n

iq
u

e
su

cc
ee

d
ed

in
tr

a
in

in
g

th
e

n
et

w
or

k
u

si
n

g
th

is
in

it
ia

l
b

ox
.

H
ow

ev
er

,
th

e
a
u

th
or

d
o
es

n
ot

p
ro

v
id

e
a
n
y

ju
st

ifi
ca

ti
o
n

on
h

ow
th

e
in

it
ia

l
se

ar
ch

b
ox

w
as

d
efi

n
ed

.
A

n
ot

h
er

ex
am

p
le

is
gi

ve
n

b
y

th
e

ap
p

ro
ac

h
fo

rm
u

la
te

d
b
y

J
am

et
t

an
d

A
cu

ñ
a

(2
00

6)
to

so
lv

e
th

e
p

ro
b

le
m

of
w

ei
gh

t
in

it
ia

li
za

ti
on

fo
r

an
M

L
P

b
as

ed
on

in
te

rv
al

a
n

a
ly

si
s.

T
h

es
e

re
se

ar
ch

er
s

ar
gu

e
th

at
th

ei
r

ap
p

ro
ac

h
“s

ol
ve

s
th

e
n

et
w

or
k

w
ei

gh
t

in
it

ia
li

za
ti

o
n

p
ro

b
le

m
p

er
-

fo
rm

in
g

an
ex

h
au

st
iv

e
gl

ob
al

se
ar

ch
fo

r
m

in
im

u
m

s
in

th
e

w
ei

gh
t

sp
ac

e
b
y

m
ea

n
s

o
f

in
te

rv
a
l

ar
it

h
m

et
ic

.
T

h
e

gl
ob

al
m

in
im

u
m

is
ob

ta
in

ed
on

ce
th

e
se

ar
ch

h
as

b
ee

n
li

m
it

ed
to

th
e

es
-

ti
m

at
ed

re
gi

on
of

co
n
ve

rg
en

ce
.”

F
or

th
e

ex
p

er
im

en
ta

l
ev

al
u

at
io

n
p

ro
p

os
ed

in
J
a
m

et
t

a
n

d
A

cu
ñ

a
(2

00
6)

th
e

in
te

rv
al

w
ei

gh
ts

ar
e

in
it

ia
ll

y
d

efi
n

ed
as

w
id

e
as

n
ec

es
sa

ry
,

w
it

h
w

id
th

s
u

p
to

10
6
.

In
H

u
et

al
.

(1
99

8)
th

e
au

th
or

s
co

n
si

d
er

a
3-

la
ye

r
in

te
rv

al
n

eu
ra

l
n

et
w

o
rk

a
n

d
th

ey
p

ro
-

p
os

e
to

ad
ju

st
th

e
in

te
rv

al
w

ei
gh

ts
w

it
h

th
e

u
se

of
th

e
N

ew
to

n
in

te
rv

al
m

et
h

o
d

so
lv

in
g

a
sy

st
em

of
n

on
li

n
ea

r
eq

u
at

io
n

s
of

th
e
h

(n
+
o)

u
n

k
n

ow
n

w
ei

gh
ts

.
T

h
is

is
p

o
ss

ib
le

u
n

d
er

th
e

h
y
p

ot
h

es
is

th
at

th
e

n
et

w
or

k
is

,
w

h
at

th
ey

ca
ll

,
a

T
y
p

e
1

in
te

rv
al

n
eu

ra
l

n
et

w
o
rk

,
i.

e.
,

a
n

et
w

or
k

fo
r

w
h

ic
h

th
e

n
u

m
b

er
lo

of
n

on
li

n
ea

r
eq

u
at

io
n

s,
fo

rm
ed

u
si

n
g

al
l

av
a
il

a
b

le
p

a
tt

er
n

s
x
k
,1

6
k
6
l,

sa
ti

sf
y

th
e

in
eq

u
al

it
y
lo

6
h

(n
+
o)

.
W

h
en

th
is

in
eq

u
al

it
y

is
n

ot
tr

u
e

th
ey

p
ro

p
os

e
to

u
se

an
in

te
rv

al
b

ra
n

ch
-a

n
d

-b
ou

n
d

al
go

ri
th

m
to

so
lv

e
th

e
m

in
im

iz
a
ti

o
n

p
ro

b
le

m
re

la
te

d
to

th
e

n
et

w
or

k
tr

ai
n

in
g.

H
ow

ev
er

,
th

e
au

th
or

s
d

o
n

ot
p

ro
v
id

e
an

y
k
in

d
o
f

co
n

cr
et

e
ex

p
er

im
en

t
w

h
er

e
in

te
rv

al
gl

ob
al

op
ti

m
iz

at
io

n
is

ac
tu

al
ly

u
se

d
fo

r
tr

ai
n

in
g

th
e

n
et

w
o
rk

.
In

ad
d

it
io

n
to

th
e

ab
ov

e,
on

e
sh

ou
ld

m
en

ti
on

th
e

p
ro

b
le

m
s

re
la

te
d

to
th

e
in

it
ia

li
za

-
ti

on
an

d
th

e
b

ou
n

d
s

of
th

e
se

ar
ch

re
gi

on
re

p
or

te
d

w
it

h
h

eu
ri

st
ic

an
d

p
op

u
la

ti
on

b
a
se

d
ap

p
ro

ac
h

es
w

h
en

so
lv

in
g

gl
ob

al
op

ti
m

iz
at

io
n

p
ro

b
le

m
s

an
d

m
or

e
sp

ec
ifi

ca
ll

y
w

h
en

tr
a
in

in
g

M
L

P
s.

F
or

in
st

an
ce

,
H

el
w

ig
an

d
W

an
ka

(2
00

8)
sh

ow
ed

th
at

w
h

en
P

S
O

is
u

se
d

to
so

lv
e

p
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p
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e

se
ar

ch
sp

ac
e

ra
n

ge
,

th
e

co
n
ve

rg
en

ce
ra

te
of

P
S

O
d

ec
re

as
ed

an
d

th
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d
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p
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een

real
m

a
ch

in
e

n
u

m
b

ers.
F

or
th

e
in

terva
ls

[x
]

a
n

d
[y

]
it

ca
n

b
e

sh
ow

n
th

at
th

e
a
b

ove
d

efi
n

itio
n

p
ro

d
u

ces
th

e
follow

in
g

in
tervals

fo
r

ea
ch

arith
m

etic
op

eratio
n

:

[x
]+

[y
]

=
[x

+
y
,x

+
y
],

[x
]−

[y
]

=
[x
−
y
,x
−
y
],

[x
]×

[y
]

=
{

m
in (x

y
,x
y
,x
y
,x
y )
,m

a
x (x

y
,x
y
,x
y
,x
y )}

,

[x
]÷

[y
]

=
[x

]×
1[y
] ,

w
ith

1[y
]

=

[
1y
,

1y ]
,

p
rov

id
ed

th
a
t

0
/∈
[y
,y ]

.

T
h

e
u

su
a
l

a
lg

eb
ra

ic
law

s
o
f

arith
m

etic
o
p

era
tio

n
s

a
p
p

lied
to

rea
l

n
u

m
b

ers
n

eed
to

b
e

re-
co

n
sid

ered
reg

ard
in

g
fi

n
ite

arith
m

etic
o
n

in
terva

ls.
F

o
r

in
sta

n
ce,

a
n

o
n

-d
eg

en
era

te
(th

ick
)

in
terva

l
h

as
n

o
in

verse
w

ith
resp

ect
to

ad
d

itio
n

a
n

d
m

u
ltip

lica
tion

.
S

o
,

if
[x

],[y
],

an
d

[z
]

a
re

n
o
n

-d
eg

en
era

te
in

terva
ls

th
en

,

[x
]+

[y
]

=
[z

];
[x

]
=

[z
]−

[y
],

[x
]×

[y
]

=
[z

];
[x

]
=

[z
]×

1[y
] .

T
h

e
fo

llow
in

g
su

b
-d

istrib
u

tive
law

h
o
ld

s
for

n
o
n

-d
eg

en
erate

in
terva

ls
[x

],[y
],

a
n

d
[z

],

[x
]×

([y
]+

[z
])⊆

[x
]×

[y
]+

[x
]×

[z
].

N
o
te

th
a
t

th
e

u
su

al
d

istrib
u

tive
law

h
o
ld

s
in

som
e

p
a
rticu

la
r

ca
ses;

if
[x

]
is

a
p

o
in

t
in

terval,
if

b
o
th

[y
]

a
n

d
[z

]
a
re

p
o
in

t
in

terva
ls,

o
r

if
[y

]
a
n

d
[z

]
lie

on
th

e
sa

m
e

sid
e

o
f

0
.

H
erea

fter,
th

e
m

u
ltip

lica
tio

n
o
p

erator
sig

n
×

w
ill

b
e

o
m

itted
a
s

in
u

su
a
l

a
lg

eb
ra

ic
ex

p
ressio

n
s

w
ith
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A
d
a
m

,
M

a
g

o
u
l
a
s,

K
a
r
r
a
s

a
n
d

V
r
a
h
a
t
is

rea
l

n
u

m
b

ers.
In

terval
arith

m
etic

op
eration

s
are

said
to

b
e

in
clu

sio
n

iso
to

n
ic

o
r

in
clu

sio
n

m
o
n

o
to

n
ic

or
ev

en
in

clu
sio

n
m

o
n

o
to

n
e

given
th

at
th

e
fo

llow
in

g
relation

s
h

o
ld

,

if
[a

],[b],[c],[d
]∈
IR

an
d

[a
]⊆

[b],
[c]⊆

[d
]

th
en

[a
]�

[c]⊆
[b]�

[d
],

for
�
∈
{
+
,−
,×
,÷
}
.

T
h

e
p

rop
erty

of
in

clu
sio

n
iso

to
n

y
for

in
terval

arith
m

etic
op

eration
s

is
con

sid
ered

to
b

e
th

e
fu

n
d
am

en
ta

l
p

rin
cip

le
of

in
terval

an
aly

sis.
M

ore
d

etails
on

in
terval

arith
m

etic
an

d
its

ex
ten

sio
n

s
can

b
e

fou
n

d
in

A
lefeld

an
d

M
ayer

(2000);
H

an
sen

an
d

W
alster

(2004),
a
n

d
N

eu
m

a
ier

(19
90).

S
tan

d
a
rd

in
terval

fu
n

ction
s
ϕ

are
ex

ten
sion

s
of

th
e

co
rresp

on
d

in
g

real
fu

n
ction

s
F

=
{
sin

(),co
s(),ta

n
(),arctan

(),ex
p

(),ln
(),ab

s(),sq
r(),sq

rt()}
a
n

d
th

ey
are

d
efi

n
ed

v
ia

th
eir

ran
ge,

i.e.,
ϕ

([x
])

=
{
ϕ

(x
)|x
∈

[x
]},

for
ϕ
∈
F

,
(A

lefeld
an

d
M

ayer,
2000).

G
iven

th
at,

th
ese

real
fu

n
ctio

n
s

are
co

n
tin

u
ou

s
an

d
p

iecew
ise

m
on

oton
e

on
an

y
com

p
act

in
terval

in
th

eir
d

om
a
in

o
f

d
efi

n
itio

n
,

th
e

valu
es
ϕ

([x
])

can
b

e
com

p
u

ted
d

irectly
from

th
e

valu
es

at
th

e
b

ou
n

d
s

of
[x

].
F

o
r

n
o
n

-m
on

o
ton

ic
fu

n
ction

s
su

ch
a
s

th
e

trigon
om

etric
on

es
th

e
com

p
u

tation
is

m
ore

co
m

p
licated

.
F

o
r

in
stan

ce,
sin

([0,π
])

=
[0
,1]

w
h

ich
d

iff
ers

from
th

e
in

terval
[sin

(0
),sin

(π
)].

In
th

ese
ca

ses,
th

e
com

p
u

tation
is

carried
ou

t
u

sin
g

an
algorith

m
(J

au
lin

et
al.,

2001
).

F
in

a
lly,

it
m

u
st

b
e

n
oted

th
at

th
e

stan
d

ard
in

terval
fu

n
ctio

n
s

are
in

clu
sion

m
on

o
ton

ic.
L

et
f

:
D
⊂
R
→
R

b
e

a
real

fu
n

ction
an

d
[x

]⊆
D

an
in

terval
in

its
d

o
m

ain
of

d
efi

n
ition

.
T

h
e

ra
n

g
e

of
valu

es
of
f

over
[x

]
m

ay
b

e
d

en
o
ted

b
y
R

(f
;[x

])
(A

lefeld
an

d
M

ayer,
20

00)
o
r

sim
p

ly
f

([x
]).

C
om

p
u

tin
g

th
e

ran
ge

f
([x

])
of

a
real

fu
n

ction
b
y

in
terva

l
an

a
ly

sis
to

o
ls

p
ra

ctically
com

es
to

en
closin

g
th

e
ra

n
ge
f

([x
])

b
y

an
in

terval
w

h
ich

is
a
s

n
a
rrow

as
p

o
ssib

le.
T

h
is

is
an

im
p

ortan
t

task
in

in
terva

l
an

aly
sis

w
h

ich
can

b
e

u
sed

for
variou

s
rea

son
s,

su
ch

a
s

lo
calizin

g
an

d
en

closin
g

glob
al

m
in

im
izers

an
d

glob
al

m
in

im
a

of
f

on
[x

],
verify

in
g

th
at

f
([x

])⊆
[y

]
for

so
m

e
given

in
terval

[y
],

verify
in

g
th

e
n

on
ex

isten
ce

of
a

zero
of
f

in
[x

]
etc.

E
n

clo
sin

g
th

e
ran

ge
of
f

over
an

in
terval

[x
]

is
ach

ieved
b
y

d
efi

n
in

g
a

su
itab

le
in

terval
fu

n
ctio

n
[f

]
:IR
→
IR

su
ch

th
at∀

[x
]∈
IR

,
f

([x
])⊂

[f
]([x

]).
T

h
is

in
terval

fu
n

ction
is

called
a
n

in
clu

sion
fu

n
ction

of
f

.
W

h
at

is
im

p
orta

n
t

w
h

en
con

sid
erin

g
an

in
clu

sion
fu

n
ction

[f
]

is
th

at
it

p
erm

its
to

com
p

u
te

a
b

ox
[f

]([x
])

w
h

ich
is

gu
aran

teed
to

con
tain

f
([x

]),
w

h
atev

er
th

e
sh

a
p

e
of
f

([x
])

(J
au

lin
et

al.,
2001).

N
ote

th
at

th
e

so-called
n
atu

ral
in

clu
sion

fu
n

ction
is

d
efi

n
ed

if
f

(x
),x
∈
D

is
com

p
u

ted
as

a
fi

n
ite

com
p

osition
of

elem
en

tary
arith

m
etic

o
p

erators
{
+
,−
,×
,÷
}

an
d

stan
d

ard
fu

n
ction

s
ϕ
∈
F

as
ab

ove.
T

h
e

n
atu

ral
in

clu
sion

fu
n

ction
o
f
f

is
ob

tain
ed

b
y

rep
lacin

g
th

e
real

variab
le
x

b
y

an
in

terval
va

riab
le

[x
]⊆

D
,

each
op

erato
r

or
fu

n
ction

b
y

its
in

terval
cou

n
terp

art
an

d
evalu

atin
g

th
e

resu
ltin

g
in

terval
ex

p
ression

u
sin

g
th

e
ru

les
in

th
e

p
rev

iou
s

p
a
ragrap

h
s.

T
h

e
n

atu
ral

in
clu

sion
fu

n
ction

h
as

im
p

o
rta

n
t

p
rop

erties
su

ch
as

b
ein

g
in

clu
sion

m
on

oton
ic

an
d

if
f

in
volv

es
on

ly
con

tin
u

ou
s

op
era

tors
an

d
con

tin
u

ou
s

stan
d

ard
fu

n
ction

s
it

is
con

verg
en

t
(see

J
au

lin
et

al.,
2001).

3
.2

W
e
ig

h
ts

o
f

H
id

d
e
n

-to
-o

u
tp

u
t

L
a
y
e
r

C
o
n

n
e
c
tio

n
s

L
et

u
s

com
p

u
te

th
e

b
ou

n
d

s
of

th
e

in
tervals

of
th

e
w

eig
h
ts

for
an

y
ou

tp
u

t
n

o
d

e.
A

s
w

e
w

ill
see

th
e

p
ro

ced
u

re
d

escrib
ed

h
erein

d
o
es

n
ot

d
ep

en
d

on
th

e
n
u

m
b

er
of

in
p

u
ts

to
th

e
n

o
d

e
b

u
t

m
erely

on
th

e
ty

p
e

of
its

activation
fu

n
ction

.
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B
o
u
n
d
in

g
G

l
o
b
a
l

O
p
t
im

iz
a
t
io

n
T

r
a
in

in
g

v
ia

In
t
e
r
v
a
l

A
n
a
ly

si
s

T
h

e
ou

tp
u

t
z k

of
th

e
k
-t

h
n

o
d

e
in

th
e

ou
tp

u
t

la
y
er

is
gi

ve
n

b
y

z k
=
σ

 
h ∑ j=

1

w
k
j
y j

+
w
k
b

 
,

(3
)

w
h

er
e
y j

is
th

e
ou

tp
u

t
of

th
e
j-

th
n

o
d

e
in

th
e

h
id

d
en

la
ye

r.
D

u
ri

n
g

tr
ai

n
in

g
th

e
o
u

tp
u

t
z k

m
ay

b
e

an
y

va
lu

e
in

th
e

ra
n

ge
of

th
e

si
gm

oi
d

a
ct

iv
at

io
n

fu
n

ct
io

n
σ

u
se

d
b
y

th
e

o
u

tp
u

t
la

ye
r

n
o
d

es
.

S
o,
z k
∈

[0
,1

]
fo

r
th

e
lo

gi
st

ic
si

gm
oi

d
an

d
z k
∈

[−
1
,1

]
fo

r
th

e
h
y
p

er
b

o
li

c
ta

n
g
en

t.
T

h
e

ac
ti

va
ti

on
fu

n
ct

io
n

s
d

efi
n

ed
in

(1
)

ar
e

b
ij

ec
ti

ve
an

d
so

th
ey

ar
e

in
ve

rt
ib

le
.

U
si

n
g

th
e

in
v
er

se
σ
−

1
of

th
e

ac
ti

va
ti

on
fu

n
ct

io
n
σ

on
b

ot
h

si
d

es
of

(3
)

gi
ve

s:

σ
−

1
(z
k
)

=
σ
−

1

 
σ

 
h ∑ j=

1

w
k
j
y j

+
w
k
b

 
 

an
d

fi
n

al
ly

th
e

eq
u

at
io

n
,

h ∑ j=
1

w
k
j
y j

+
w
k
b

=
σ
−

1
(z
k
).

(4
)

T
h

e
in

ve
rs

e
of

th
e

ac
ti

va
ti

on
fu

n
ct

io
n

s
a
re

fo
r

th
e

lo
gi

st
ic

si
gm

oi
d

:
σ
−

1
1

=
−

ln
1
−
x

x
,

an
d

fo
r

th
e

h
y
p

er
b

ol
ic

ta
n
ge

n
t

:
σ
−

1
2

=
at

an
h

(x
)

=
1 2

ln

(
1

+
x

1
−
x

)
.

T
h

e
ou

tp
u

t
of

ea
ch

ac
ti

va
ti

on
fu

n
ct

io
n

is
an

in
te

rv
al

.
S

o,
th

e
va

lu
es

of
th

e
in

ve
rs

e
o
f

th
e

ac
ti

va
ti

on
fu

n
ct

io
n

s
ar

e, fo
r

th
e

lo
gi

st
ic

si
gm

oi
d

:
σ
−

1
1

([
0,

1]
)

=
[−
∞
,+
∞

],

fo
r

th
e

h
y
p

er
b

ol
ic

ta
n
ge

n
t

:
σ
−

1
2

([
−

1
,1

])
=

[−
∞
,+
∞

].

F
or

n
o
d

es
w

it
h

si
gm

oi
d

ac
ti

va
ti

on
fu

n
ct

io
n

s
w

h
en

th
e

ou
tp

u
t

va
lu

e
is

on
e

of
th

e
ex

a
ct

b
o
u

n
d

s
of

th
e

in
te

rv
al

s
[0
,1

]
or

[−
1,

1]
,

th
en

th
e

co
rr

es
p

on
d

in
g

n
o
d

e
is

sa
tu

ra
te

d
.

T
h

is
im

p
li

es
th

a
t

co
n

n
ec

ti
on

w
ei

gh
ts

ta
ke

ve
ry

la
rg

e
va

lu
es

.
H

ow
ev

er
,

in
p

ra
ct

ic
e

th
is

is
ra

re
ly

a
ch

ie
ve

d
a
n

d
as

R
u

m
el

h
ar

t
et

al
.

(1
98

6)
n

ot
e:

“T
h

e
sy

st
em

ca
n

n
ot

ac
tu

al
ly

re
ac

h
it

s
ex

tr
em

e
va

lu
es

of
1

or
0

w
it

h
ou

t
in

fi
n

it
el

y
la

rg
e

w
ei

gh
ts

.
T

h
er

ef
or

e,
in

a
p

ra
ct

ic
al

le
ar

n
in

g
si

tu
a
ti

o
n

in
w

h
ic

h
th

e
d
es

ir
ed

ou
tp

u
ts

ar
e

b
in

ar
y
{0
,1
},

th
e

sy
st

em
ca

n
n

ev
er

ac
tu

al
ly

ac
h

ie
ve

th
es

e
va

lu
es

.
T

h
er

ef
or

e,
w

e
ty

p
ic

al
ly

u
se

th
e

va
lu

es
of

0
.1

an
d

0
.9

as
th

e
ta

rg
et

s,
ev

en
th

o
u

g
h

w
e

w
il

l
ta

lk
as

if
va

lu
es

of
{0
,1
}

ar
e

so
u

gh
t.

”
T

h
is

co
n

si
d

er
at

io
n

is
ad

op
te

d
fo

r
th

e
va

lu
es

of
th

e
ou

tp
u

t
la

y
er

n
o
d

es
in

va
ri

ou
s

p
ra

ct
ic

al
p

at
te

rn
re

co
gn

it
io

n
ap

p
li
ca

ti
on

s
of

M
L

P
s

a
s

w
el

l
as

in
re

se
ar

ch
p

ap
er

s
su

ch
as

S
p

ri
n

k
h
u

iz
en

-K
u

y
p

er
an

d
B

o
er

s
(1

99
9)

;
Y

am
a
n

d
C

h
ow

(2
0
01

).
T

h
is

m
ea

n
s

th
at

a
n

o
d

e
w

it
h

a
si

gm
oi

d
ac

ti
va

ti
on

fu
n

ct
io

n
b

ec
om

es
sa

tu
ra

te
d

w
it

h
in

p
u

t
va

lu
es

m
u

ch
gr

ea
te

r
th

an
−
∞

an
d

d
ra

st
ic

al
ly

sm
al

le
r

th
an

+
∞

,
an

d
it

s
o
u

tp
u

t
is

st
il

l
co

n
si

d
er

ed
to

b
e

0
(o

r
−

1)
,

an
d

1,
re

sp
ec

ti
ve

ly
.

H
en

ce
,

as
fa

r
as

sa
tu

ra
ti

o
n

o
f

th
e

n
o
d

e
is

co
n

ce
rn

ed
,

fo
r

p
ra

ct
ic

al
u

se
in

st
ea

d
of

th
e

in
te

rv
al

[−
∞
,+
∞

]
on

e
m

ay
co

n
si

d
er

a
su

b
st

it
u

te
[−

b
,b

],
w

h
er

e
b
>

0.
In

co
n

se
q
u

en
ce

,
th

e
n

o
d

e
ou

tp
u

t
is

n
ot

an
y

of
th

e
“i

d
ea

l”
in

te
rv

al
s
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0

A
d
a
m

,
M

a
g

o
u
l
a
s,

K
a
r
r
a
s

a
n
d

V
r
a
h
a
t
is

[0
,1

]
or

[−
1
,1

]
b

u
t

m
er

el
y

so
m

e
a
p

p
ro

x
im

a
ti

o
n

su
ch

a
s

[0
+
ε,

1
−
ε]

or
[−

1
+
ε,

1
−
ε]

w
h

er
e

ε
d

ep
en

d
s

on
th

e
va

lu
e

o
f
b

a
n

d
,

ob
v
io

u
sl

y,
it

sh
ou

ld
sa

ti
sf

y
th

e
p

re
ci

si
on

re
q
u

ir
ed

fo
r

th
e

p
ro

b
le

m
.

H
en

ce
fo

rt
h

,
th

e
in

te
rv

a
l

[−
b
,b

],
fo

r
so

m
e
b
>

0
,

w
il

l
b

e
u

se
d

in
st

ea
d

o
f

th
e

[−
∞
,+
∞

]
fo

r
th

e
in

p
u

t
va

lu
es

of
th

e
si

g
m

oi
d

a
ct

iv
a
ti

o
n

fu
n

ct
io

n
o
f

an
y

n
o
d

e
in

th
e

ou
tp

u
t,

or
in

th
e

h
id

d
en

,
la

ye
r.

W
it

h
th

is
a
ss

u
m

p
ti

on
th

e
in

te
rv

a
ls

re
su

lt
in

g
fo

r
th

e
in

ve
rs

e
of

th
e

a
ct

iv
a
ti

on
fu

n
ct

io
n

s
of

th
e

ou
tp

u
t

la
ye

r
n

o
d

es
ar

e:

fo
r

th
e

lo
g
is

ti
c

si
g
m

o
id

:
σ
−

1
1

([
0

+
ε,

1
−
ε]

)
=

[−
b
1
,b

1
],

(5
a)

fo
r

th
e

h
y
p

er
b

ol
ic

ta
n

g
en

t
:
σ
−

1
2

([
−

1
+
ε,

1
−
ε]

)
=

[−
b
2
,b

2
].

(5
b

)

S
o,

b
1

an
d

b
2

ar
e

su
ch

th
a
t
σ

1
([
−
b
1
,b

1
])

=
[0

+
ε,

1
−
ε]

,
[0
,1

] ε
an

d
σ

2
([
−
b
2
,b

2
])

=
[−

1
+
ε,

1
−
ε]

,
[−

1
,1

] ε
.

W
it

h
th

es
e

re
su

lt
s

(4
)

im
p

li
es

th
a
t h ∑ j=

1

w
k
j
y j

+
w
k
b
∈

[−
b
,b

],
(6

)

w
h

er
e
b

=
b
1

or
b

=
b
2

d
ep

en
d

in
g

o
n

th
e

ty
p

e
o
f

th
e

a
ct

iv
a
ti

on
fu

n
ct

io
n

u
se

d
.

R
ec

a
ll

th
at

in
S

ec
ti

on
2

w
e

a
ss

u
m

ed
th

a
t

th
e

sl
o
p

e
p

a
ra

m
et

er
s
α

a
n

d
β

o
f

th
e

si
g
m

o
id

s
a
re

co
n

si
d

er
ed

to
b

e
eq

u
al

to
1.

If
th

is
a
ss

u
m

p
ti

on
d

o
es

n
o
t

h
o
ld

th
en

it
is

ea
sy

to
se

e
th

at
th

e
b

o
u

n
d

s
b
1

an
d
b
2
,

d
efi

n
ed

h
er

e,
n

ee
d

to
b

e
d

iv
id

ed
b
y
α

a
n

d
β

,
re

sp
ec

ti
ve

ly
.

T
ak

in
g

in
to

ac
co

u
n
t

th
e

ty
p

e
of

th
e

a
ct

iv
a
ti

on
fu

n
ct

io
n

of
th

e
h

id
d

en
la

y
er

n
o
d

es
w

e
h

av
e

th
a
t
y j
∈

[0
,1

]
fo

r
th

e
lo

gi
st

ic
si

g
m

oi
d

a
n
d
y j
∈

[−
1,

1
]

fo
r

th
e

h
y
p

er
b

ol
ic

ta
n

g
en

t.
H

ow
ev

er
,

w
e

n
o
te

th
at

th
e

a
b

ov
e

a
ss

u
m

p
ti

o
n

s,
re

g
ar

d
in

g
th

e
a
p

p
ro

x
im

at
io

n
s

o
f

th
e

in
te

rv
a
l

[−
∞
,+
∞

],
a
ls

o
h

ol
d

fo
r

th
e

si
gm

o
id

a
ct

iv
a
ti

on
fu

n
ct

io
n

s
of

th
e

h
id

d
en

la
ye

r
n

o
d

es
.

S
o,

in
p

ra
ct

ic
al

si
tu

at
io

n
s,

w
e

co
n

si
d

er
th

at
y j
∈

[0
,1

] ε
a
n

d
y j
∈

[−
1
,1

] ε
,

w
h

er
e

[0
,1

] ε
⊂

[0
,1

]
an

d
[−

1,
1]
ε
⊂

[−
1,

1]
.

T
h

en
,

b
ec

a
u
se

o
f

th
e

in
cl

u
si

on
m

o
n

o
to

n
ic

it
y

p
ro

p
er

ty
o
f

th
e

in
te

rv
a
l

ar
it

h
m

et
ic

op
er

at
or

s
a
n
d

th
e

ac
ti

va
ti

o
n

fu
n

ct
io

n
s,

in
th

e
a
n

a
ly

si
s

p
re

se
n
te

d
in

th
is

p
a
p

er
,

fo
r

th
e

in
te

rv
al

eq
u

a
ti

o
n

s
w

e
u

se
th

e
in

te
rv

a
ls

[0
,1

]
a
n

d
[−

1,
1]

in
st

ea
d

of
[0
,1

] ε
a
n

d
[−

1
,1

] ε
,

re
sp

ec
ti

ve
ly

.
T

h
is

m
ea

n
s

th
at

a
n
y

so
lu

ti
o
n

se
t

o
r

en
cl

os
u

re
o
f

a
so

lu
ti

o
n

se
t

d
et

er
m

in
ed

,
h

er
ei

n
,

fo
r

an
in

te
rv

a
l

eq
u
a
ti

o
n

u
si

n
g

th
e

w
id

er
in

te
rv

a
ls

[0
,1

]
an

d
[−

1
,1

]
a
ls

o
co

n
st

it
u

te
en

cl
os

u
re

s
of

th
e

so
lu

ti
on

se
t

o
f

th
e

sa
m

e
eq

u
a
ti

on
u

si
n

g
th

e
n

a
rr

ow
er

on
es

,
[0
,1

] ε
a
n

d
[−

1
,1

] ε
.

U
si

n
g

a
ll

th
es

e
re

su
lt

s
w

e
m

ay
fo

rm
u

la
te

th
e

fo
ll

ow
in

g
tw

o
li

n
ea

r
in

te
rv

al
in

eq
u

a
li

ti
es

fo
r

th
e

u
n
k
n

ow
n

w
ei

gh
ts

o
f

th
e

h
id

d
en

-t
o
-o

u
tp

u
t

la
ye

r
co

n
n

ec
ti

on
s:

h ∑ j=
1

[w
k
j
][

0,
1
]+

[w
k
b
]
6

[−
b
,b

],

h ∑ j=
1

[w
k
j
][
−

1,
1
]+

[w
k
b
]
6

[−
b
,b

].

H
en

ce
,

th
e

in
te

rv
al

[−
b
,b

]
d

et
er

m
in

es
an

en
cl

os
u

re
o
f

th
e

in
te

rv
al

s
[w
k
j
],

1
6
j
6
h

.
H

ow
-

ev
er

,
as

th
e

a
im

o
f

th
is

p
a
p

er
is

to
b

o
u

n
d

th
e

b
ox

co
n
ta

in
in

g
th

e
va

lu
es

o
f
w
k
j

w
h

ic
h

so
lv

e
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B
o
u
n
d
in

g
G

l
o
b
a
l

O
p
t
im

iz
a
t
io

n
T

r
a
in

in
g

v
ia

In
t
e
r
v
a
l

A
n
a
ly

sis

E
q
u

a
tio

n
(4),

in
stea

d
of

solv
in

g
th

e
a
b

ove
in

eq
u

a
lities

w
e

m
ay,

eq
u

iva
len

tly,
co

n
sid

er
th

e
follow

in
g

eq
u

atio
n

s
an

d
d

efi
n

e
a
p

p
rox

im
a
tion

s
o
f

th
e

co
rresp

o
n

d
in

g
so

lu
tion

sets:

h
∑j=

1 [w
k
j ][0,1

]+
[w
k
b ]

=
[−

b
,b

],
(7

a)

h
∑j=

1 [w
k
j ][−

1,1
]+

[w
k
b ]

=
[−

b
,b

].
(7

b
)

B
efo

re,
ex

am
in

in
g

solva
b

ility
issu

es
a
n

d
th

e
rela

tio
n

o
f

th
e

so
lu

tio
n

s
to

th
ese

eq
u

a
tio

n
s

w
ith

th
e

p
ro

b
lem

a
t

h
a
n
d

,
let

u
s

d
iscu

ss,
h

erea
fter,

so
m

e
issu

es
co

n
cern

in
g

th
e

p
a
ra

m
eter

b
a
n

d
its

rela
tio

n
to
ε.

3
.2

.1
O

n
t
h
e

d
e
f
in

it
io

n
o
f

t
h
e

pa
r
a
m

e
t
e
r
s
b

a
n
d
ε

T
h

e
p

rev
io

u
s

a
n

a
ly

sis
in

tro
d

u
ced

th
e

in
terva

l
[−

b
,b

]
fo

r
th

e
in

p
u

t
va

lu
es

o
f

a
sig

m
o
id

a
ctiva

tio
n

fu
n

ctio
n

.
T

h
is

in
terval

m
ay

a
lso

b
e

d
efi

n
ed

fo
r

o
th

er
ty

p
es

of
a
ctiva

tion
fu

n
ctio

n
s

a
n

d
so

its
b

o
u

n
d

s
d

ep
en

d
o
n

th
e

ty
p

e
o
f

th
e

activa
tion

fu
n

ctio
n

.
In

th
e

fo
llow

in
g

sectio
n

s
w

e
w

ill
sh

ow
th

a
t

th
ese

b
o
u

n
d

s,
actu

a
lly,

d
efi

n
e

th
e

vo
lu

m
e

of
th

e
a
rea

in
th

e
n

etw
o
rk

w
eig

h
t

sp
a
ce

w
h

ere
glob

al
m

in
im

izers
o
f

th
e

n
etw

o
rk

’s
erro

r
fu

n
ctio

n
a
re

lo
ca

ted
.

T
h
e

a
n

a
ly

sis
p

resen
ted

in
th

is
p

a
p

er
d

o
es

n
o
t

rely
o
n

som
e

sp
ecifi

c
va

lu
es

o
f

th
e

b
o
u

n
d

s
o
f

th
e

in
terval

[−
b
,b

].
In

stea
d

,
th

e
resu

lts
ob

ta
in

ed
d

ep
en

d
o
n

th
e

a
ctiva

tion
fu

n
ctio

n
s

o
f

th
e

n
etw

o
rk

n
o
d

es
a
n

d
th

e
ca

lcu
latio

n
p

recisio
n

set
fo

r
th

e
p

ro
b

lem
.

S
o
,

th
ey

h
av

e
b
’s

as
p

a
ra

m
eters.

A
s

n
oted

a
b

ov
e,

for
sigm

o
id

a
ctiva

tion
fu

n
ctio

n
s,

th
e

in
terval

[−
b
,b

]
im

p
licitly

d
efi

n
es

th
e

in
terva

ls
[0
,1

]ε
o
r

[−
1,1

]ε
w

h
ich

ap
p

rox
im

a
te

th
e

in
terva

ls
[0
,1

]
o
r

[−
1
,1

],
resp

ectively.
C

o
n
versely,

b
y

settin
g

som
e

sp
ecifi

c
va

lu
e

to
ε

a
n

d
u

sin
g

th
e

in
verse

o
f

th
e

a
ctiva

tion
fu

n
ctio

n
s,

o
n

e
is

a
b

le
to

d
efi

n
e

a
valu

e
fo

r
b
,

a
n

d
in

co
n

seq
u

en
ce

th
e

w
id

th
o
f

th
e

in
terval

[−
b
,b

].
A

s
th

is
in

terva
l

d
eterm

in
es

en
clo

su
res

fo
r

th
e

in
tervals

[w
k
j ],

1
6
j
6
h

,
it

is
o
b
v
io

u
s

th
a
t

its
w

id
th

d
eterm

in
es

th
e

m
ag

n
itu

d
es

of
th

e
co

rresp
o
n

d
in

g
d

im
en

sion
s

o
f

th
e

m
in

im
izers’

search
a
rea

.
H

ere,
th

is
sea

rch
a
rea

is
con

sid
ered

to
b

e
a

h
y
p

er-b
ox

in
th

e
w

eigh
t

sp
a
ce,

d
eterm

in
ed

b
y

th
e

in
terva

ls
[−

b
,b

],
fo

r
a
ll

n
etw

o
rk

n
o
d

es.
O

n
th

e
oth

er
h

a
n

d
,

selectin
g

so
m

e
sp

ecifi
c

va
lu

e
fo

r
ε

d
eterm

in
es

th
e

n
u

m
erical

p
recision

u
sed

b
y

th
e

n
etw

o
rk

ou
tp

u
t

for
so

lv
in

g
th

e
p

rob
lem

a
t

h
a
n

d
.

T
h

erefo
re,

a
n

in
terva

l
[−

b
,b

]
d

efi
n

es
so

m
e
ε

in
d

u
cin

g
som

e
n
u

m
erica

l
p

recisio
n

for
th

e
p

ro
b

lem
,

an
d

v
ice-versa

.
T

h
e

sm
a
ller

th
e

area
d

efi
n

ed
b
y

sm
all

valu
es

of
b

th
e

b
ig

ger
th

e
valu

es
of
ε

a
n

d
so

th
e

low
er

th
e

p
recision

.
C

o
n
versely,

th
e

h
igh

est
th

e
p

recisio
n

fo
r

co
m

p
u

tin
g

th
e

n
etw

o
rk

o
u

tp
u

ts
th

e
sm

a
ller

th
e

va
lu

es
o
f
ε

a
n

d
so

th
e

larger
th

e
sea

rch
a
rea

d
efi

n
ed

b
y

larg
er

b
’s.

T
h

is
p

rob
lem

ca
n

b
e

form
u

la
ted

in
th

e
fo

llow
in

g
term

s:
‘H

ow
la

rg
e

ca
n
ε

b
e

in
o
rd

er
to

m
in

im
ize

b
a
n

d
in

con
seq

u
en

ce
th

e
sea

rch
a
rea

o
f

glo
b

a
l

m
in

im
izers

w
ith

o
u

t
co

m
p

rom
isin

g
th

e
n
u

m
erica

l
p

recision
fo

r
so

lv
in

g
th

e
p

ro
b

lem
’.

H
en

ce,
so

m
e

trad
eoff

b
etw

een
b

(vo
lu

m
e

o
f

th
e

search
a
rea)

a
n

d
ε

(n
u

m
erica

l
p

recisio
n

)
seem

s
to

b
e

req
u

ired
h

ere.
T

h
e

im
p

a
ct

o
f

selectin
g

a
valu

e
for

b
,

o
r

eq
u

iva
len

tly
fo

r
ε,

o
n

th
e

n
u

m
erical

p
recision

o
f

th
e

p
ro

b
lem

m
ain

ly
co

n
cern

s
th

e
a
ccu

ra
cy

req
u

ired
fo

r
th

e
n

etw
o
rk

o
u

tp
u

t
in

o
rd

er
to

m
a
tch

th
e

p
ro

b
lem

req
u

irem
en

ts.
In

a
cla

ssifi
ca

tio
n

co
n
tex

t
a
n

d
fo

r
p

ractica
l
ap

p
licatio

n
s,

th
is

issu
e

is
p

rob
a
b

ly
in

sig
n

ifi
ca

n
t

given
th

a
t,

ty
p

ica
lly,

fo
r

su
ch

p
rob

lem
s

a
n

a
p

p
rox

im
a
te

resp
o
n

se
o
f

th
e

ord
er

o
f
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A
d
a
m

,
M

a
g

o
u
l
a
s,

K
a
r
r
a
s

a
n
d

V
r
a
h
a
t
is

ε
=

0.1
is

su
ffi

cien
t

for
th

e
classifi

cation
task

.
O

n
th

e
oth

er
h

an
d

,
for

fu
n

ction
ap

p
rox
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p
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w
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p
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d
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b
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p
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b
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b
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d
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p
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p
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b
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p
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l
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p
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p
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p
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=
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p
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tation
,

201
4)

a
s

w
ell

as
for

th
e

m
a

jo
rity

of
th

e
p
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w
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c
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al.

(1986
)

th
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e

in
verse

of
th

e
activation

fu
n

ction
s

of
th
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p
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e
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p
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p
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e
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e
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e
er

ro
n

eo
u

s
d

im
en

si
on

s
of

th
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]+
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][
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··
·+
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h
][
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+
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][
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=
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],
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d
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d
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d
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b
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e
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p
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f
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ra
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so

lu
ti

on
s

(S
h

a
ry

,
1
99

7
)

to
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a
ti
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re
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ed
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efi
n
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g

th
es

e
a
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ra
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so
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tw
o

is
su

es
;

o
n

e
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n
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so

lv
a
b
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it
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o
f
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q
u

a
ti

on
s
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a
n

d
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b
)

a
n

d
th

e
o
th

er
d

ea
li

n
g

w
it

h
eff

ec
ti

ve
ly

so
lv

in
g

th
es

e
eq

u
at

io
n
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S

o
lv

ab
il

it
y

of
th

e
ab

ov
e

E
q
u

a
ti

o
n

s
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a)
a
n

d
(7

b
)

ca
n

b
e

st
u

d
ie

d
ei

th
er

co
n

si
d

er
in

g
ea

ch
eq

u
a
ti

o
n

as
an

1
×

(h
+

1)
sy

st
em

a
n

d
u

si
n

g
th

e
re

su
lt

s
in

R
oh

n
(2

00
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,
o
r

a
p

p
ly

in
g

th
e

co
n

cl
u

si
on

s
o
f

R
at

sc
h

ek
an

d
S

a
u

er
(1

9
82
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U

si
n

g
th

e
la

tt
er

in
ou

r
ca

se
is

m
o
re

a
p

p
ro

p
ri

a
te

gi
ve
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at
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h
ek
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n

d
S

au
er
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9
82

)
h

av
e

co
n

si
d

er
ed

th
e

co
n

ce
p

t
o
f

th
e

a
lg

eb
ra

ic
so

lu
ti

on
to

an
in
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rv

a
l

li
n

ea
r

eq
u

at
io

n
(s

ee
a
ls

o
S

h
a
ry

,
1
9
96

).
H

en
ce

,
th

e
co

n
cl

u
si

o
n

s
co

n
ce

rn
in

g
th

e
so

lv
a
b

il
ty

of
a

si
n

g
le

in
te

rv
a
l
eq

u
a
ti

o
n

o
f

th
e

ge
n

er
a
l
fo

rm
A

1
x

1
+
A

2
x

2
+
··
·+

A
n
x
n

=
B

,
as

d
en

ot
ed

an
d

st
u

d
ie

d
in

R
at

sc
h

ek
a
n

d
S

au
er

(1
98

2
),

ap
p

ly
al

so
in

o
u

r
ca

se
.

T
h

e
h
y
p

o
th

es
es

of
R

a
ts

ch
ek

an
d

S
a
u

er
(1

9
82

,
T

h
eo

re
m

1
)

a
re

sa
ti

sfi
ed

an
d

so
th

e
a
b

ov
e

E
q
u

a
ti

on
s

(7
a
)

a
n

d
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b
)

ar
e

so
lv

ab
le

h
av

in
g

ev
en

tu
al

ly
m

u
lt

ip
le

so
lu

ti
o
n

s.
S

o
lv

in
g

a
li

n
ea

r
in

te
rv

a
l

eq
u

at
io

n
or

d
efi

n
in

g
a
n

o
p

ti
m

a
l

en
cl

o
su

re
o
f

th
e

so
lu

ti
o
n

se
t

is
a

m
a
tt

er
a
d

d
re

ss
ed

b
y

se
v
er

a
l

re
se

a
rc

h
er

s;
se

e
fo

r
ex

a
m

p
le

B
ea

u
m

o
n
t

(1
99

8)
;

H
a
n

se
n

(1
96

9)
;

H
an

se
n

an
d

S
en

gu
p

ta
(1

9
81

);
J
a
n
ss

o
n

(1
99

7)
;

K
re

in
ov

ic
h

et
al

.
(1

99
3
);

N
eu

m
a
ie

r
(1

98
6)

;
R

o
h

n
(1

98
9
,

1
99

5
);

S
h

ar
y

(1
9
95

)
a
n

d
ex

te
n

si
ve

re
fe

re
n

ce
s

th
er

ei
n

.
H

ow
ev

er
,

th
er

e
is

q
u

it
e

a
li
tt

le
w

or
k

d
on

e
o
n

so
lv

in
g

a
n

u
n

d
er

d
et

er
m

in
ed

li
n

ea
r

in
te

rv
a
l

eq
u
a
ti

on
.

T
o

th
e

b
es

t
of

o
u

r
k
n
ow

le
d

g
e,

fo
r

th
is

m
a
tt

er
N

eu
m

a
ie

r
(1

98
6)

re
fe

rs
to

th
e

w
o
rk

o
f

R
u

m
p

(1
9
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)
w

h
il

e
th

e
w

o
rk
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P

op
ov

a
(2

0
0
6)

p
ro

p
o
se

s
an

a
lg

o
ri

th
m

w
h
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h
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p
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v
es

th
e

a
p

p
ro

a
ch

u
se

d
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H
öl

b
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a
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d
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rä
m
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0
0
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rä
m

er
et

al
.

(2
00

6)
.

In
a
d

d
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p
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g

u
n
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ed
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r
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o
f
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a
l
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u
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n

s
w

h
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h
,

h
ow

ev
er

,
d

o
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n
o
t
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em
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n
ve
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e

in
al

l
ca

se
s.

F
in
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,
n

o
te

th
at

R
at

sc
h

ek
a
n

d
S

a
u

er
(1

9
8
2
)

ex
a
m

in
ed

in
d

et
a
il

th
e

co
n
ve

x
it

y
o
f

th
e

so
lu

ti
o
n

se
t

of
th

e
eq

u
a
ti

o
n
A

1
x

1
+

A
2
x

2
+
··
·+

A
n
x
n

=
B

if
th

is
eq

u
a
ti

o
n

is
so

lv
a
b

le
.

A
cc

or
d

in
g

to
R

a
ts

ch
ek

a
n

d
S

a
u

er
(1

98
2
,
T

h
eo

re
m

6
)

th
e

so
lu

ti
o
n

se
t

to
ea

ch
of

th
e

E
q
u

at
io

n
s

(7
a
)

an
d

(7
b

)
is

n
o
t

co
n
ve

x
.

H
ow

ev
er

,
th

e
a
p

p
ro

a
ch

p
ro

p
os

ed
in

th
e

n
ex

t
se

ct
io

n
re

su
lt

s
in

d
efi

n
in

g
a
n

ou
te

r
a
p

p
ro

x
im

a
ti

on
w

h
ic

h
is

a
co

n
ve

x
se

t.

3
.3

W
e
ig

h
ts

o
f

In
p

u
t-

to
-h

id
d

e
n

L
a
y
e
r

C
o
n

n
e
c
ti

o
n

s

T
h

e
o
u

tp
u

t
of

th
e
j-

th
n

o
d

e
in

th
e

h
id

d
en

la
ye

r
u

se
d

in
th

e
p

re
v
io

u
s

su
b
se

ct
io

n
is

d
efi

n
ed

b
y

y j
=
σ

(
n ∑ i=

1

w
ji
x
i
+
w
jb

)
,

(8
)

w
h

er
e
x
i

is
th

e
i-

th
in

p
u

t,
i.

e.
,

th
e

o
u

tp
u

t
o
f

th
e
i-

th
n

o
d

e
in

th
e

in
p

u
t

la
y
er

.
H

er
e,

le
t

u
s

as
su

m
e

th
at

sc
al

in
g

is
ap

p
li

ed
(B

is
h

op
,

1
99

5
)

to
th

e
n

eu
ra

l
n

et
w

o
rk

in
p

u
ts
x
i

in
o
rd

er
to

fa
ci

li
ta

te
tr

ai
n

in
g

(L
eC

u
n

,
1
9
93

),
a
n

d
so
x
i
∈
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]
o
r
x
i
∈
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1,

1
].
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o
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ov
er

,
th

e
o
u

tp
u

t
y j
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ay

b
e
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y
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lu
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th
e

ra
n

g
e

o
f

th
e
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g
m

o
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a
ct

iv
a
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o
n

fu
n

ct
io

n
σ

u
se

d
b
y

th
e

h
id

d
en

la
ye

r
n

o
d
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.
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o
,
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∈
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]
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r
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e
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g
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c
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g
m

o
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n

d
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∈
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r
th

e
h
y
p
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o
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c
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n
g
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d
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B
o
u
n
d
in

g
G

l
o
b
a
l

O
p
t
im

iz
a
t
io

n
T

r
a
in

in
g

v
ia

In
t
e
r
v
a
l

A
n
a
ly

sis

w
eig

h
ts

o
f

th
e

h
id

d
en

-to-ou
tp

u
t

layer
co

n
n

ectio
n

s
of

th
e

p
rev

io
u

s
su

b
sectio

n
.

In
co

n
se-

q
u

en
ce,

w
e

fo
rm

u
late

th
e

fo
llow

in
g

eq
u

a
tion

s:

n
∑i=

1

[w
ji ][0,1]+

[w
jb ]

=
[−

b
,b

],
(9

a)

h
∑i=

1

[w
ji ][−

1
,1

]+
[w
jb ]

=
[−

b
,b

].
(9

b
)

T
h

e
sam

e
argu

m
en

ts
a
s

th
ose

in
th

e
p

rev
iou

s
su

b
sectio

n
a
p

p
ly

co
n

cern
in

g
th

e
so

lva
b

il-
ity

o
f

E
q
u

atio
n

s
(9

a
)

a
n

d
(9b

).
In

a
d

d
itio

n
,

so
lv

in
g

th
ese

eq
u

a
tio

n
s

a
n

d
d

efi
n

in
g

ou
ter

a
p

p
rox

im
a
tio

n
s

o
f

th
e

co
rresp

o
n

d
in

g
solu

tion
sets

is
covered

b
y

th
e

sam
e

a
n

a
ly

sis
a
s

in
th

e
p

rev
iou

s
su

b
sectio

n
.

4
.
A
n

A
lg
e
b
ra

ic
S
o
lu
tio

n
to

B
o
u
n
d
in
g
th

e
W

e
ig
h
t
S
p
a
ce

F
o
r

th
e

n
eu

ra
l
n

etw
ork

tra
in

in
g

p
rob

lem
d

efi
n

ed
in

(2),
th

e
so

lu
tio

n
set

o
f

each
of

th
e

resu
lt-

in
g

E
q
u

atio
n

s
(7

a
),

(7
b

)
a
n

d
(9a

),
(9

b
)

is
ex

trem
ely

d
iffi

cu
lt

to
b

e
d

escrib
ed

a
n

a
ly

tica
lly.

H
en

ce,
in

th
is

sectio
n

,
w

e
d

erive
a
n

o
u

ter
a
p

p
rox

im
a
tio

n
(a

n
en

clo
su

re)
o
f

a
n

a
lgeb

ra
ic

so
lu

tion
,

th
a
t

is
m

o
re

p
ra

ctica
l

to
d

efi
n

e
a
n

d
u

se.
T

h
is

en
clo

su
re

is
a

con
v
ex

p
o
ly

to
p

e,
d

ep
en

d
in

g
o
n

th
e

M
L

P
a
rch

itectu
re,

a
n

d
m

o
re

sp
ecifi

ca
lly

o
n

th
e

ty
p

e
of

th
e

a
ctivatio

n
fu

n
ctio

n
of

th
e

n
etw

o
rk

n
o
d

es,
an

d
is

d
eriv

ed
u

n
d

er
th

e
a
ssu

m
p

tio
n

th
a
t

th
e

n
eu

ra
l

n
et-

w
o
rk

in
p

u
ts
x
i

are
scaled

in
th

e
in

terva
l

[0
,1

]
o
r

[−
1
,1

].
F

irst,
th

e
th

eo
retica

l
resu

lts
are

d
erived

a
n

d
th

en
th

e
co

n
d

ition
s

fo
r

th
eir

a
p

p
lica

b
ility

are
d

iscu
ssed

.

4
.1

T
h

e
o
re

tic
a
l

R
e
su

lts

A
s

seen
in

S
u

b
sectio

n
3.2

,
a
b

ove,
a
n

a
lgeb

ra
ic

so
lu

tio
n

ex
ists

fo
r

each
o
f

th
e

E
q
u

a
tio

n
s

(7
a
),

(7
b

)
a
n

d
(9a

),
(9b

).
H

ere,
g
iv

en
an

alg
eb

ra
ic

so
lu

tio
n

[w
a
]

w
e

p
ro

ceed
w

ith
co

m
p

u
tin

g
lim

it
valu

es
fo

r
th

e
b

o
u

n
d

s
o
f

th
e

in
terva

l
co

m
p

on
en

ts
of

[w
a
].

In
th

e
seq

u
el,

g
iven

th
ese

lim
it

valu
es

w
e

d
erive

ou
ter

a
p

p
rox

im
atio

n
s

o
f

th
e

so
lu

tio
n

s
o
f

E
q
u

a
tio

n
s

(7
a),

(7
b

)
a
n

d
(9

a
),

(9
b

).In
o
rd

er
to

sim
p

lify
th

eir
rep

resen
ta

tio
n

,
w

e
d

efi
n
e

th
e

o
u

ter
ap

p
rox

im
a
tio

n
s

o
f

th
e

so
lu

tio
n

s
as

con
vex

sets
or

co
n
vex

p
oly

to
p

es.
H

ow
ever,

w
h

a
t

rea
lly

m
a
tters

w
ith

th
ese

o
u

ter
a
p

p
rox

im
atio

n
s

fo
r

ea
ch

o
f

th
e

eq
u

a
tio

n
s

is
th

a
t,

th
ey

en
close

th
e

so
lu

tio
n

s
co

n
ta

in
in

g
th

e
co

n
n

ection
w

eig
h
ts

w
h

ich
a
re

th
e

glo
b

a
l

m
in

im
izers

of
th

e
p

ro
b

lem
d

efi
n

ed
b
y

(2
).

T
h

e
o
re

m
1

C
o
n

sid
er

th
e

equ
a
tio

n
,

[w
1 ][0,1]+

[w
2 ][0,1

]+
···

+
[w
n
][0,1

]+
[w
b ][1,1]

=
[−

b
,b

].
(10

)

T
h
en

,
w

h
en

ever
a
n

a
lgebra

ic
so

lu
tio

n
is

rega
rd

ed
fo

r
th

is
equ

a
tio

n
,

th
e

fo
llo

w
in

g
sta

tem
en

ts
a
re

va
lid

:

(i)
F

o
r

a
n

y
va

ria
ble

[w
i ]

=
[w

i , w
i ],1

6
i6

n
th

e
m

a
xim

u
m

po
ssible

va
lu

e
o
f
w
i

is
2
b

o
r

th
e

m
in

im
u

m
po

ssible
va

lu
e

o
f
w
i

is−
2
b

.

(ii)
F

o
r

th
e

va
ria

ble
[w
b ]

=
[w

b ,w
b ]

th
e

m
a
xim

u
m

po
ssible

va
lu

e
o
f
w
b

is
b

a
n

d
th

e
m

in
i-

m
u

m
po

ssible
va

lu
e

o
f
w
b

is−
b

.
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A
d
a
m

,
M

a
g

o
u
l
a
s,

K
a
r
r
a
s

a
n
d

V
r
a
h
a
t
is

P
ro

o
f

F
irst,

let
u

s
n

ote
th

at
for

th
e

p
ro

d
u

ct
[x
,y

][0,1]
th

e
fo

llow
in

g
eq

u
alities

are
valid

d
ep

en
d

in
g

on
th

e
valu

es
of
x

an
d
y
:

[x
,y

][0,1]
=

[0,y
],

if
0
6
x
6
y
,

(11a)

[x
,y

][0,1]
=

[x
,0],

if
x
6
y
6

0
,

(11b
)

[x
,y

][0,1]
=

[x
,y

],
if
x
6

0
6
y
.

(11c)

In
a
d

d
ition

let
[tj ]

d
en

ote
th

e
p

ro
d

u
ct

[w
j ][0,1],

for
1
6
j
6
n

.
T

h
en

,
w

ith
resp

ect
to

th
e

ab
ove

E
q
u

a
lities

(11)
th

e
su

m
of

all
term

s
[tj ]

of
th

e
left

h
a
n

d
sid

e
o
f

E
q
u

ation
(10),

th
a
t

is,
[t1 ]

+
[t2 ]

+
···

+
[tn

]
m

ay
b

e
w

ritten
as

th
e

su
m

of
th

ree
in

terva
ls

of
th

e
form

[0,s
k ]+

[−
s
l ,0]+

[−
s
Lm
,s
Hm ]

d
efi

n
ed

as
follow

s:

[t1 ]+
[t2 ]+

···
+

[tk ]
=

[0
,s
k ],

0
6
k
6
n
,

(12a)

[t1 ]+
[t2 ]+

···
+

[tl ]
=

[−
s
l ,0],

0
6
l6

n
,

(12
b

)

[t1 ]+
[t2 ]+

···
+

[tm
]

=
[−
s
Lm
,s
Hm ]

,
0
6
m

6
n
,

(12c)

w
ith

k
+
l
+
m

=
n

,
s
k
>

0,
s
l >

0
an

d
s
Lm
,s
Hm

>
0.

S
ta

tem
en

t
(i)

L
et
i

b
e

an
in

d
ex

su
ch

th
at

for
th

e
in

terval
[w

i , w
i ]

w
e

h
ave

w
i
>

0.
W

e
w

ill
sh

ow
th

at
w
i ≯

2
b
.

E
x
clu

d
in

g
th

e
term

[ti ]
let

u
s

con
sid

er
th

at
th

e
ab

ov
e

in
tegers

k
,l,

an
d
m

are
d

efi
n

ed
for

th
e

su
m

[t1 ]+
[t2 ]+

···+
[ti−

1 ]+
[ti+

1 ]+
···+

[tn
].

T
h

is
m

ean
s

th
at,

0
6
k
6
n−

1,
0
6
l6

n
−

1,
0
6
m

6
n
−

1,
an

d
k

+
l+

m
=
n
−

1.
In

ad
d

ition
,

[ti ]
=
[ti ,ti ]

w
ith

ti
=
w
i

an
d

ti
=

{
0

if
0
6
w
i

w
i

if
w
i
<

0.

T
h

en
E

q
u

ation
(10)

b
ecom

es,

[0,s
k ]+

[−
s
l ,0]+

[−
s
Lm
,s
Hm ]

+
[ti ,w

i ]+
[w

b ,w
b ]

=
[−

b
,b

],

or
ev

en
,

[−
s
l −

s
Lm
−
|ti |

+
w
b ,s

k
+
s
Hm

+
w
i
+
w
b ]

=
[−

b
,b

].

T
h

is
in

terva
l

eq
u

ation
tran

slates
to:

s
k

+
s
Hm

+
w
i
+
w
b

=
b
,

(13a)

−
s
l −

s
Lm
−
|ti |

+
w
b

=
−
b
.

(1
3b

)

F
u

rth
erm

ore,
let

u
s

su
p

p
ose

th
at
w
i
>

b
.

G
iv

en
th

at
s
k

+
s
Hm

>
0

th
en

(1
3a)

h
old

s
tru

e
if

w
b
<

0
an

d
w
b 6

b−
(s
k

+
s
Hm

+
w
i ).

S
ettin

g
w
i

=
b

+
x

,
w

h
ere

x
>

0,
th

en
th

e
p

rev
iou

s
in

eq
u

ality
giv

es
th

at
w
b 6

b−
(s
k

+
s
Hm

+
b

+
x

),
or

else,
w
b 6
−

(s
k

+
s
Hm

)−
x
<

0.
O

n
th

e
oth

er
h

an
d

[w
b , w

b ]
is

a
valid

in
terval

if
w
b 6

w
b .

It
follow

s
th

at
w
b
<

0.
U

sin
g

(13b
)

w
e

h
ave

th
a
t
w
b

=
−
b

+
s
l
+
s
Lm

+
|ti |.

F
rom

th
is

eq
u

ation
w

e
d

ed
u

ce
th

at
th

e
m

in
i-

m
u

m
p

ossib
le

valu
e

for
w
b

is−
b

attain
ed

w
h

en
s
l
+
s
Lm

+
|ti |

=
0
.

In
con

seq
u

en
ce

w
e

h
ave

−
b
6
w
b 6

w
b 6
−

(s
k

+
s
Hm

)−
x

.
S

o,−
b
6
−

(s
k

+
s
Hm

)−
x

.
T

h
e

last
in

eq
u

a
lity

giv
es

th
at

−
b

+
(s
k

+
s
Hm

)
6
−
x

,
an

d
fi

n
ally,

x
6

b−
(s
k

+
s
Hm

).
T

h
is

su
ggests

th
at
x
6

b
a
n

d
th

e
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B
o
u
n
d
in

g
G

l
o
b
a
l

O
p
t
im

iz
a
t
io

n
T

r
a
in

in
g

v
ia

In
t
e
r
v
a
l

A
n
a
ly

si
s

m
ax

im
u

m
va

lu
e

is
at

ta
in

ed
w

h
en

s k
+
sH m

=
0.

H
en

ce
,
w
i
6

2b
.

N
ot

e
th

a
t
w
i

=
2b

w
h

en
[w

1
]

=
[w

2
]

=
··
·=

[w
i−

1
]

=
[w
i+

1
]

=
··
·=

[w
n
]

=
[0

],
w
i

=
0,

an
d

[w
b
]

=
[−

b
,−

b
].

N
ow

,
su

p
p

os
e

th
at
w
i
<
−
b

an
d

[w
i]

=
[w

i,
w
i]

.
T

h
en

fo
ll

ow
in

g
th

e
sa

m
e

re
a
so

n
in

g
as

ab
ov

e
w

e
m

ay
in

fe
re

th
at
−

2
b
6
w
i.

In
th

is
ca

se
w
b

is
a

p
os

it
iv

e
n
u

m
b

er
th

a
t

d
im

in
is

h
es

th
e

ex
ce

ss
on

th
e

lo
w

er
b

ou
n

d
of

th
e

le
ft

h
an

d
si

d
e

in
te

rv
al

of
th

e
E

q
u

at
io

n
(1

0)
p

ro
d

u
ce

d
b
y
w
i.

N
ot

e
th

at
w
i

=
−

2b
w

h
en

[w
1
]

=
[w

2
]

=
··
·=

[w
i−

1
]

=
[w
i+

1
]

=
··
·=

[w
n
]

=
[0

],
w
i

=
0,

an
d

[w
b
]

=
[b
,b

].

S
ta

te
m

en
t

(i
i)

In
or

d
er

to
p

ro
v
e

th
is

st
at

em
en

t
le

t
u

s
su

p
p

os
e

th
at

[w
b
,w

b
]

is
su

ch
th

at
w
b
>

b
.

In
th

is
ca

se
w
b

=
b

+
x

w
it

h
x
>

0.
C

on
si

d
er

in
g

E
q
u

al
it

ie
s

(1
2)

w
e

re
w

ri
te

E
q
u

a
ti

o
n

(1
0
)

a
s,

[0
,s
k
]+

[−
s l
,0

]+
[ −
sL m
,s
H m

] +
[w

b
,w

b
]

=
[−

b
,b

],

w
h

ic
h

gi
v
es

,

s k
+
sH m

+
w
b

=
b
,

−
s l
−
sL m

+
w
b

=
−
b
.

T
h

e
h
y
p

ot
h

es
is
w
b

=
b

+
x

w
it

h
x
>

0
im

p
li

es
th

at
s k

+
sH m

=
b
−
w
b

=
−
x

.
T

h
is

is
im

p
os

si
b

le
gi

ve
n

th
at

,
b
y

d
efi

n
it

io
n

,
s k

+
sH m

>
0.

H
en

ce
,

th
e

on
ly

p
os

si
b

il
it

y
fo

r
x

is
to

h
av

e
x

=
0

w
h

ic
h

m
ea

n
s

th
at
w
b
6

b
.

U
si

n
g

th
e

sa
m

e
re

as
on

in
g

w
e

m
ay

in
fe

r
th

at
−
b
6
w
b
.

T
h

e
ab

ov
e

th
eo

re
m

d
efi

n
es

m
ax

im
u

m
a
n

d
m

in
im

u
m

va
lu

es
fo

r
th

e
b

ou
n

d
s

o
f
a
n
y

in
te

rv
a
l

p
ar

am
et

er
in

E
q
u

at
io

n
s

(7
a)

an
d

(9
a)

.
M

or
eo

ve
r,

it
su

gg
es

ts
th

at
in

E
q
u

a
ti

o
n

(1
0)

th
e

in
te

rv
al

[w
b
]

ac
ts

as
a

te
rm

th
at

cu
ts

off
th

e
ex

ce
ss

in
th

e
u

p
p

er
or

th
e

lo
w

er
b

o
u

n
d

o
f

th
e

su
m

of
th

e
w

ei
gh

t
in

te
rv

al
s.

H
ow

ev
er

,
th

is
is

tr
u

e
on

ly
fo

r
ei

th
er

th
e

u
p

p
er

or
th

e
lo

w
er

b
ou

n
d

b
u

t
n

ot
fo

r
b

ot
h

b
ou

n
d

s
at

th
e

sa
m

e
ti

m
e.

T
h

e
fo

ll
ow

in
g

T
h

eo
re

m
2

co
n

st
it

u
te

s
a

ge
n

er
al

iz
at

io
n

of
st

a
te

m
en

t
(i

)
in

th
e

p
ro

of
of

T
h

eo
re

m
1.

T
h

e
o
re

m
2

S
u

p
po

se
th

a
t

th
e

in
te

rv
a
l

ve
ct

o
r

([
w
∗ 1
],

[w
∗ 2
],
··
·,

[w
∗ n]
,[
w
∗ b]

)>
is

a
n

a
lg

eb
ra

ic
so

lu
ti

o
n

o
f

E
qu

a
ti

o
n

(1
0)

o
f

T
h
eo

re
m

1
.

If
S
⊆
I n

=
{1
,2
,·
··
,n
}

d
en

o
te

s
a

se
t

o
f

in
d
ic

es
{i

1
,i

2
,·
··
,i
q
}

su
ch

th
a
t

a
ll

[w
∗ i j

]
6=

0,
1
6
j
6
q,

th
en

o
n

ly
o
n

e
o
f

th
e

fo
ll

o
w

in
g

tw
o

re
la

ti
o
n

s
ca

n
be

tr
u

e:

(i
)
−

2b
6

q ∑ j=
1

w
∗ i j
<
−
b
,

o
r

(i
i)

b
<

q ∑ j=
1

w
∗ i j
6

2
b
.

P
ro

o
f

T
h

e
p

ro
of

is
ob

ta
in

ed
u

si
n

g
th

e
sa

m
e

re
as

on
in

g
as

fo
r

T
h

eo
re

m
1.

C
o
ro

ll
a
ry

3
S

u
p
po

se
th

a
t

th
e

in
te

rv
a
l

ve
ct

o
r

([
w
∗ 1
],

[w
∗ 2
],
··
·,

[w
∗ n]
,[
w
∗ b]

)>
is

a
n

a
lg

eb
ra

ic
so

lu
ti

o
n

o
f

th
e

eq
u

a
ti

o
n

[w
1
][

0,
1]

+
[w

2
][

0,
1]

+
··
·+

[w
n
][

0,
1]

+
[w
b
][

1,
1
]

=
[−

b
,b

].
T

h
en

fo
r

a
n

y
in

te
rv

a
l

[w
∗ i]

bo
th

th
e

u
p
pe

r
a
n

d
th

e
lo

w
er

bo
u

n
d
s

o
f

th
is

in
te

rv
a
l

ca
n

n
o
t

ex
ce

ed
th

e
bo

u
n

d
s

o
f

th
e

in
te

rv
a
l

[−
b
,b

].
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7(

16
9)

:1
-4

0

A
d
a
m

,
M

a
g

o
u
l
a
s,

K
a
r
r
a
s

a
n
d

V
r
a
h
a
t
is

P
ro

o
f

S
u

p
p

os
e

th
a
t

th
er

e
ex

is
ts

a
n

in
d

ex
i

su
ch

th
a
t

fo
r

th
e

in
te

rv
al

[w
∗ i,
w
∗ i]

b
o
th

in
eq

u
a
li

ti
es
w
∗ i
<
−
b

a
n

d
b
<
w
∗ i

h
ol

d
tr

u
e.

T
h

a
t

is
[−

b
,b

]
<

[w
∗ i,
w
∗ i]

.
U

si
n

g
th

e
re

a
so

n
in

g
of

T
h

eo
re

m
1

in
o
rd

er
to

re
d

u
ce

th
e

ex
ce

ss
iv

e
eff

ec
t

p
ro

d
u

ce
d

b
y

[w
∗ i,
w
∗ i]

on
th

e
le

ft
h

an
d

si
d

e
of

th
e

in
te

rv
a
l

o
f

th
e

eq
u

a
ti

o
n

w
e

n
ee

d
to

d
efi

n
e

[w
b
,w

b
]

w
it

h
w
b
>

0
a
n

d
w
b
<

0
w

h
ic

h
ob

v
io

u
sl

y
is

n
o
t

a
va

li
d

in
te

rv
a
l.

H
en

ce
,

it
is

im
p

o
ss

ib
le

fo
r

so
m

e
va

ri
ab

le
[w

i,
w
i]

to
h

av
e

a
so

lu
ti

o
n

su
ch

th
at

[−
b
,b

]
<

[w
∗ i,
w
∗ i]

.

T
h

eo
re

m
2

a
n

d
C

o
ro

ll
a
ry

3
,

d
er

iv
ed

a
b

ov
e,

sh
ow

th
e

co
m

p
le

x
it

y
o
f

th
e

se
t

co
n
ta

in
in

g
th

e
al

g
eb

ra
ic

so
lu

ti
o
n

s
o
f

E
q
u

a
ti

o
n

s
(7

a
)

an
d

(9
a)

.
H

ow
ev

er
,

th
e

fo
ll

ow
in

g
C

o
ro

ll
ar

y
d

efi
n

es
a
n

ou
te

r
ap

p
ro

x
im

a
ti

on
o
f

th
is

so
lu

ti
o
n

se
t

w
h

ic
h

is
a

co
n
v
ex

se
t

(p
o
ly

to
p

e)
.

C
o
ro

ll
a
ry

4
T

h
e

a
lg

eb
ra

ic
so

lu
ti

o
n

s
o
f

E
qu

a
ti

o
n

(1
0
)

o
f

T
h
eo

re
m

1
a
re

en
cl

o
se

d
in

th
e

po
ly

to
pe

d
efi

n
ed

by
[−

2b
,2
b
]n
×

[−
b
,b

].

P
ro

o
f

L
et

th
e

in
te

rv
a
l

ve
ct

or
([
w
∗ 1
],

[w
∗ 2
],
··
·,

[w
∗ n]
,[
w
∗ b]

)>
b

e
a

so
lu

ti
on

of
E

q
u

at
io

n
(1

0)
.

T
h

en
fo

r
ea

ch
[w
∗ j]

,
1
6
j
6
n

w
e

h
av

e
th

a
t

[w
∗ j]
<

[−
2
b
,2
b
].

M
o
re

ov
er

[w
∗ b]
<

[−
b
,b

].
T

h
is

p
ro

ve
s

th
e

C
o
ro

ll
ar

y.

T
h

e
o
re

m
5

C
o
n

si
d
er

th
e

eq
u

a
ti

o
n

,

[w
1
][
−

1
,1

]+
[w

2
][
−

1,
1
]+
··
·+

[w
n
][
−

1,
1]

+
[w
b
][

1,
1
]

=
[−

b
,b

].
(1

4
)

T
h
en

,
w

h
en

ev
er

a
n

a
lg

eb
ra

ic
so

lu
ti

o
n

is
re

ga
rd

ed
fo

r
th

is
eq

u
a
ti

o
n

,
fo

r
a
n

y
va

ri
a
bl

e
[w
i]

=
[w

i,
w
i]
,1

6
i
6
n

th
e

m
a
xi

m
u

m
po

ss
ib

le
va

lu
e

o
f
w
i

is
b

a
n

d
th

e
m

in
im

u
m

po
ss

ib
le

va
lu

e
o
f

w
i

is
−
b

.
T

h
e
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m

e
h
o
ld

s
fo

r
th

e
m

a
xi

m
u

m
po

ss
ib

le
va

lu
e

o
f
w
b

a
n

d
th

e
m

in
im

u
m

po
ss

ib
le

va
lu

e
o
f
w
b
.

P
ro

o
f

F
ir

st
n

ot
e

th
at

a
n
y

in
te

rv
a
l

m
u

lt
ip

li
ed

b
y

[−
1,

1
]

gi
ve

s
a

sy
m

m
et

ri
c

in
te

rv
a
l.

A
ct

u
-

al
ly

,
[x
,y

][
−

1
,1

]
=

[−
m
,m

],
w

h
er

e
m

=
m

a
x
{|
x
|,|
y
|}

,
fo

r
a
n
y

in
te

rv
a
l

[x
,y

].
If

[t
j
]

d
en

o
te

s
[w
j
][
−

1
,1

],
fo

r
1
6
j
6
n

,
th

en
E

q
u

at
io

n
(1

4
)

b
ec

o
m

es
[t

1
]
+

[t
2
]
+
··
·+

[t
n
]
+

[w
b
,w

b
]

=
[−

b
,b

],
w

it
h

al
l

[t
j
]

b
ei

n
g

sy
m

m
et

ri
c

in
te

rv
al

s.
S

o
,

th
e

fo
ll

ow
in

g
tw

o
eq

u
al

it
ie

s
m

u
st

h
o
ld

:

t 1
+
t 2

+
··
·+

t n
+
w
b

=
−
b
,

(1
5a

)

t 1
+
t 2

+
··
·+

t n
+
w
b

=
b
,

(1
5b

)

w
it

h
t j

6
0

an
d

0
6
t j

fo
r
j

=
1,

2,
..
.,
n

.
L

et
i

b
e

an
in

d
ex

su
ch

th
at

fo
r

th
e

in
te

rv
al

[w
i,
w
i]

w
e

h
av

e
w
i
<
−
b

a
n

d
b
<
w
i.

T
h
u

s,
th

e
te

rm
[ t
i,
t i
] >

[−
b
,b

].
T

h
en

(1
5a

)
is

tr
u

e
if
t 1

+
t 2

+
··
·+

t i
−

1
+
t i

+
1

+
··
·+

t n
=

0
a
n

d
w
b
>

0
.

In
a
d

d
it

io
n

(1
5b

)
is

tr
u

e
if
t 1

+
t 2

+
··
·+

t i
−

1
+
t i

+
1

+
··
·+

t n
=

0
an

d
w
b
<

0
.

T
h

e
ab

ov
e

su
g
g
es

t
th

a
t

[w
b
,w

b
]

d
efi

n
ed

so
it

is
n

o
t

a
va

li
d

in
te

rv
al

.
In

co
n

se
q
u

en
ce

th
e

in
te

rv
a
l
[ t
i,
t i
] 6

[−
b
,b

]
a
n

d
so

n
ei

th
er
b
<
w
i

n
o
r
w
i
<
−
b.

H
en

ce
,

[w
i,
w
i]
6

[−
b
,b

].
F

or
th

e
in

te
rv

al
[w

b
,w

b
]

su
p

p
os

e
th

a
t
w
b
<
−
b
.

T
h

is
m

ea
n

s
th

at
w
b

=
−
b
−
x

fo
r

so
m

e
x
>

0
.

U
n

d
er

th
es

e
as

su
m

p
ti

o
n

s
(1

5
a
)

h
o
ld

s
tr

u
e

if
t 1

+
t 2

+
··
·+
t n

=
x

,
w

h
ic

h
is

im
p

o
ss

ib
le

g
iv

en
th

at
t 1

+
t 2

+
··
·+

t n
<

0
.

T
h

e
re

as
o
n

in
g

is
th

e
sa

m
e

if
w

e
su

p
p

o
se

th
a
t
w
b
>

b
.

H
en

ce
th

e
m

in
im

u
m

p
os

si
b

le
va

lu
e

o
f
w
b

is
−
b

a
n

d
th

e
m

a
x
im

u
m

p
o
ss

ib
le

va
lu

e
o
f
w
b

is
b
.

T
h

e
fo

ll
ow

in
g

co
ro

ll
ar

y
is

a
d

ir
ec

t
co

n
cl

u
si

o
n

o
f

T
h

eo
re

m
5.
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p
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t
e
r
v
a
l

A
n
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ly

sis

C
o
ro
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ry

6
T

h
e

a
lgebra

ic
so

lu
tio

n
s

o
f

E
qu

a
tio

n
(1

4)
o
f

T
h
eo

rem
5

a
re

en
clo

sed
in

th
e

h
ypercu

be
[−

b
,b

] n
+

1.

P
ro

o
f

L
et

th
e

in
terva

l
vecto

r
([w
∗1 ],[w

∗2 ],···
,[w
∗n ],[w

∗b ]) >
b

e
a

so
lu

tio
n

o
f

E
q
u

a
tio

n
(1

4
).

T
h

en
fo

r
each

[w
∗j ],

1
6
j
6
n

w
e

h
ave

th
a
t

[w
∗j ]6

[−
b
,b

].
T

h
e

sam
e

sta
n

d
s

fo
r

[w
∗b ].

T
h

is
p

roves
th

e
C

o
ro

lla
ry.

T
h

eorem
5

an
d

C
o
ro

lla
ry

6
h

elp
d

efi
n

in
g

a
co

n
vex

o
u

ter
a
p

p
rox

im
a
tio

n
o
f
th

e
set

o
f
a
lg

eb
ra

ic
so

lu
tio

n
s

to
E

q
u
a
tion

s
(7

b
)

a
n

d
(9b

).

4
.2

E
v
a
lu

a
tio

n
o
f

th
e

T
h

e
o
re

tic
a
l

R
e
su

lts

In
th

e
co

n
tex

t
o
f

ou
r

m
in

im
iza

tion
p

rob
lem

,
so

lv
in

g
th

e
lin

ea
r

in
terva

l
E

q
u

a
tio

n
s

(7
a
),

(7
b

),
(9

a
)

a
n

d
(9

b
)

is
eq

u
iva

len
t

to
d

efi
n

in
g

a
so

lu
tio

n
in

th
e

to
lera

n
ce

so
lu

tio
n

set
o
f

ea
ch

o
f

th
ese

eq
u

atio
n

s.
T

h
is

is
ach

ieved
co

n
sid

erin
g

alg
eb

raic
so

lu
tio

n
s

fo
r

th
e

fo
llow

in
g

rea
so

n
s.

F
irst,

su
ch

a
n

in
terva

l
solu

tion
is

p
roven

to
ex

ist
(R

atsch
ek

an
d

S
au

er,
1
9
82

)
fo

r
ea

ch
o
f

th
ese

eq
u

atio
n

s.
M

o
reover,

th
e

a
lg

eb
ra

ic
solu

tion
o
f

a
lin

ea
r

in
terva

l
sy

stem
is

a
solu

tion
to

th
e

co
rresp

o
n

d
in

g
lin

ear
in

terva
l

to
lera

n
ce

p
ro

b
lem

(S
h

a
ry

,
1
9
96

,
P

ro
p

o
sitio

n
1
).

F
in

a
lly,

o
u

r
a
im

is
n

ot
to

d
efi

n
e

ex
act

b
ou

n
d

s
o
f
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e

a
lgeb

ra
ic

solu
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u
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u
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d

s
of
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n
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of
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e

a
lgeb

ra
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lu

tio
n
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R
ecall

th
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t

S
h
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(20

0
2)

d
efi

n
ed

th
e

to
lera

n
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(or
tolerab
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so

lu
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n
set

o
f

a
n

in
terva

l
eq
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n
F

([a],x
)

=
[b

]
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s
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e
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ed

b
y

a
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o
in

t
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rs
x
∈
R
n

su
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th
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r

a
n
y

ã
∈

[a
]

th
e

im
ag

e
F

(ã,x
)∈

[b
].

T
h

is
can

b
e

w
ritten

in
o
n

e
o
f

th
e

fo
llow

in
g
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o

fo
rm

s:

∑
to
l (F

,[a
],[b

])
=
{x
∈
R
n|(∀

ã
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[a])(∃
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[b
])

(F
(ã,x

)
=
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)}
,

∑
⊆

(F
,[a

],[b
])

=
{x
∈
R
n|F

([a
],x

)⊆
[b

]}.

T
h

e
th

eo
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l
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lts
o
f

th
e

p
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p
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it
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d
efi

n
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b
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n
vex
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e
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lgeb

ra
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o
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E
q
u

a
tion

s
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an
d

h
y
p
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b

es
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r
th

e
a
lg

eb
ra

ic
solu

tio
n

s
of

E
q
u

a
tio

n
s

(7b
),

(9
b

).
T

h
e

a
lgeb

ra
ic

so
lu

tion
s

o
f

th
e

lin
ea

r
in

terval
E

q
u

a
tion

s
(7a

),
(7

b
)

an
d

(9
a),

(9
b

),
en

clo
sed

in
th

eir
resp

ectiv
e

co
n
vex

sets,
a
re

also
so

-
lu

tio
n

s
in

th
e

co
rresp

on
d
in

g
tolera

n
ce

so
lu

tio
n

sets
o
f

th
ese

lin
ear

eq
u

a
tio

n
s

w
h

ich
m

ay
w

ell
b

e
th

e
a
ctiva

tio
n

fu
n

ctio
n

s
o
f

an
y

o
u

tp
u

t
n

o
d

e.
W

e
are

n
ow

in
terested

in
ex
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in

in
g

th
e

rela
tion

o
f

th
ese

con
v
ex

sets
w

ith
E

q
u

a
tion

s
(3

)
a
n

d
(8

).
L

et
u

s
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n
sid

er
th

e
follow

in
g

n
o
n

-lin
ear

in
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l
eq

u
a
tion

s:σ
1 

h
∑j=

1 [w
k
j ][y

j ]+
[w
k
b ] 

=
[0,1],

(1
6
a)

σ
2 

h
∑j=

1 [w
k
j ][y

j ]+
[w
k
b ] 

=
[−

1,1
],

(1
6
b

)
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u
l
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r
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d
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h
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σ
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n
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jb ] )

=
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(17a)

σ
2 (

n
∑i=

1 [w
ji ][x

i ]+
[w
jb ] )

=
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1
,1],

(17
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)

d
efi
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r
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n
y
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d
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j
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e
h
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d
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u

sin
g

a
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oid
activation

fu
n
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.

N
ote

th
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d
en
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e
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terval
of
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e
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u
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e
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in
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n
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W
e

w
ill

sh
ow

th
at
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vex

p
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d
erived
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e
p
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stitu
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in

n
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rox
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of
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e
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solu

tion
sets

for
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e
in

terval
E

q
u

a
tion

s
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6)
an

d
(1

7),
n

a
m

ely
th

e
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vex
p

oly
top

e
for

th
e

E
q
u

atio
n

s
(16

)
an

d
(17)

h
av

in
g

[y
j ]

=
[0,1]

a
n

d
[x
i ]

=
[0
,1]

w
h

ile
th

e
h
y
p

ercu
b

e
d

o
es

it,
for

th
e

sam
e

eq
u

ation
s,

w
h

en
[y
j ]

=
[−

1,1]
an

d
[x
i ]

=
[−

1
,1].

F
irst,

let
u

s
fo

rm
u

late
th

e
follow

in
g

P
rop

osition
rega

rd
in

g
E

q
u

ation
s

(16a),
(16b

)
an

d
(17

a),
(1

7b
).

P
ro

p
o
sitio

n
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T
h
e

to
lera

n
ce

so
lu

tio
n

set
co

rrespo
n

d
in

g
to

ea
ch

o
f

th
e

E
qu

a
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n
s

(16a),
(16

b
)

a
n

d
(1

7a),
(17b

)
is

u
n

bo
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n
d
ed

.

P
ro

o
f

L
et

u
s

con
sid

er
E

q
u

ation
(16a)

an
d

a
real

v
ector

w
1∈

R
h

+
1

su
ch

th
at

σ
1 

h
∑j=

1

w
1j [y

j ]+
w

1h
+

1 
⊆

[0,1].

T
h

en
,

th
ere

ex
ists

a
real

vector
w

2
∈
R
h

+
1

for
w

h
ich

w
16̇

w
2,

w
h

ere
th

e
op

era
tor

“6̇
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d
en

o
tes

th
e

com
p
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en
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ise

op
erator
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”.
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stead
of

th
e

real
vectors

w
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con
sid

er
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terva
l

cou
n
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th
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d
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an
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v
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s
th

at
[w

1]⊆
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2].
T

h
en
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th
at

th
e
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oid

σ
1

is
in

clu
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m
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oton
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w
e

h
ave

th
a
t

σ
1 
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∑j=

1

w
1j [y

j ]+
w

1h
+
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⊆
σ
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h
∑j=

1

w
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j ]+
w
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+
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⊆
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H
en

ce,
for

an
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tion
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th
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w
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u
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terval
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w

ill
en
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e
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u

t
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terval
com

p
u
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r
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e
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set
of

E
q
u

ation
(16a)
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u

n
b
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n

d
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h
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e
oth
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u
a
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s.
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v
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e
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P
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e
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m
p
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e
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o
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1
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s
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n
d
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g

a
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n
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p
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sigm
oid

.
A

ctu
a
lly,

th
is

is

20
JM

L
R

 17(169):1-40



B
o
u
n
d
in

g
G

l
o
b
a
l

O
p
t
im

iz
a
t
io

n
T

r
a
in

in
g

v
ia

In
t
e
r
v
a
l

A
n
a
ly

si
s

h
ow

w
e

p
ro

ce
ed

ed
in

S
u

b
se

ct
io

n
3.

2.
S

u
b

se
q
u

en
tl

y,
th

e
d

ir
ec

t
co

n
se

q
u

en
ce

o
f

th
is

a
p

p
ro

a
ch

is
to

co
n

si
d

er
th

e
so

lu
ti

on
se

t
of

so
m

e
li

n
ea

r
in

te
rv

al
eq

u
at

io
n

su
it

ab
ly

d
efi

n
ed

to
ta

ke
in

to
ac

co
u

n
t

th
e

in
p

u
t

va
lu

es
of

a
n
o
d

e.
S

o,
fo

r
ea

ch
of

th
e

n
on

-l
in

ea
r

E
q
u

at
io

n
s

(1
6
a
)

a
n

d
(1

6
b

)
of

so
m

e
n

o
d

e
in

th
e

ou
tp

u
t

la
ye

r
tw

o
li

n
ea

r
in

te
rv

al
eq

u
at

io
n

s,
n

am
el

y
(7

a
)

a
n

d
(7

b
),

ar
e

d
efi

n
ed

d
ep

en
d

in
g

on
th

e
ty

p
e

of
th

e
si

gm
oi

d
u

se
d

.
In

ad
d

it
io

n
,

fo
r

ea
ch

o
f

th
e

n
on

-l
in

ea
r

in
te

rv
al

E
q
u

at
io

n
s

(1
7a

)
an

d
(1

7b
)

of
an

y
n

o
d

e
in

th
e

h
id

d
en

la
y
er

th
e

tw
o

li
n

ea
r

in
te

rv
a
l

eq
u

at
io

n
s

d
er

iv
ed

ar
e

(9
a)

an
d

(9
b

).
F

or
an

y
n

o
d

e
w

it
h

a
si

gm
oi

d
ac

ti
va

ti
on

fu
n

ct
io

n
th

er
e

ar
e

tw
o

p
os

si
b

le
ty

p
es

o
f

b
ox

es
,

a
s

d
efi

n
ed

b
y

C
or

ol
la

ri
es

4
an

d
6,

d
ep

en
d

in
g

on
th

e
in

te
rv

al
s

of
th

e
in

p
u

t
va

lu
es

.
H

er
e,

le
t

u
s

ex
am

in
e

th
e

ra
n

ge
of

ap
p

li
ca

ti
on

of
th

es
e

b
ox

es
in

te
rm

s
of

th
ei

r
u

sa
ge

in
(1

6
a
),

(1
6
b

)
a
n

d
(1

7a
),

(1
7b

).
T

h
e

co
n
ve

x
p

ol
y
to

p
e

[−
2b
,2
b
]h
×

[−
b
,b

]
is

u
se

d
w

h
en

ev
er

th
e

in
p

u
t

si
g
n

a
ls

ar
e

in
th

e
in

te
rv

al
[0
,1

].
T

h
en

,
fr

om
(1

6a
)

an
d

(1
6b

)
w

e
d

er
iv

e
th

e
fo

ll
ow

in
g

re
la

ti
o
n

s:

σ
1

 
h ∑ j=

1

[−
2
b
1
,2
b
1
][

0,
1]

+
[−

b
1
,b

1
] 
⊆

[0
,1

],

σ
2

 
h ∑ j=

1

[−
2
b
2
,2
b
2
][

0,
1]

+
[−

b
2
,b

2
] 
⊆

[−
1
,1

].

A
d

ir
ec

t
co

n
cl

u
si

on
of

th
es

e
re

la
ti

on
s

is
th

at
th

e
co

n
ve

x
p

ol
y
to

p
e

[−
2b

1
,2
b
1
]h
×

[−
b
1
,b

1
]

co
n

st
it

u
te

s
an

in
n

er
ap

p
ro

x
im

at
io

n
of

th
e

to
le

ra
n

ce
so

lu
ti

on
se

t
of

th
e

n
o
n

-l
in

ea
r

in
te

rv
al

eq
u

at
io

n
(1

6a
).

T
h

e
sa

m
e

st
an

d
s

fo
r

th
e

b
ox

[−
2
b
2
,2
b
2
]h
×

[−
b
2
,b

2
]

an
d

th
e

n
on

-l
in

ea
r

in
te

rv
al

eq
u

at
io

n
(1

6b
).

O
b
v
io

u
sl

y,
th

e
h
y
p

er
cu

b
es

[−
b
1
,b

1
](h

+
1
)

an
d

[−
b
2
,b

2
](h

+
1
)

a
re

u
se

d
in

st
ea

d
of

th
e

co
rr

es
p

on
d

in
g

co
n
ve

x
p

ol
y
to

p
es

w
h

en
th

e
in

p
u

t
si

gn
al

s
to

a
n

o
d

e
a
re

in
th

e
in

te
rv

al
[−

1
,1

].
T

h
e

sa
m

e
re

as
o
n

in
g

ap
p

li
es

to
E

q
u

at
io

n
s

(1
7a

)
an

d
(1

7
b

).

B
es

id
es

th
es

e
co

n
cl

u
si

on
s

ot
h

er
in

te
re

st
in

g
re

su
lt

s
ar

e
d
er

iv
ed

,
h

er
ea

ft
er

,
fo

r
th

e
ab

ov
e

co
n
ve

x
p

ol
y
to

p
es

.
F

ir
st

,
it

is
ea

sy
to

v
er

if
y

th
at

th
e

fo
ll

ow
in

g
tw

o
eq

u
at

io
n

s
h

ol
d

tr
u

e:

h ∑ j=
1

[−
2
b
1
,2
b
1
][

0,
1]

+
[−

b
1
,b

1
]

=
(2
h

+
1)

[−
b
1
,b

1
],

h ∑ j=
1

[−
2
b
2
,2
b
2
][
−

1,
1]

+
[−

b
2
,b

2
]

=
(2
h

+
1)

[−
b
2
,b

2
].

S
o,

w
e

h
av

e
th

e
re

la
ti

on
s:

σ
1

((
2
h

+
1)

[−
b
1
,b

1
])
⊆

[0
,1

],

σ
2

((
2
h

+
1)

[−
b
2
,b

2
])
⊆

[−
1,

1]
.

If
w

e
se

t
λ

=
λ

(h
),

a
sm

al
l

n
u

m
b

er
,

0
<
λ
�

1,
d

ep
en

d
in

g
on

th
e

n
u

m
b

er
o
f

in
p

u
ts
h

of
th

e
n

o
d

e
th

en
w

e
m

ay
w

ri
te

th
at

σ
1
((

2h
+

1)
[−

b
1
,b

1
])

=
[0

+
λ
,1
−
λ

]
=

[0
,1

] λ
⊆

[0
,1

],
an

d

σ
2
((

2h
+

1)
[−

b
2
,b

2
])

=
[−

1
+
λ
,1
−
λ

]
=

[−
1
,1

] λ
⊆

[−
1,

1
].

21
JM

L
R

 1
7(

16
9)

:1
-4

0

A
d
a
m

,
M

a
g

o
u
l
a
s,

K
a
r
r
a
s

a
n
d

V
r
a
h
a
t
is

In
co

n
se

q
u

en
ec

e,
re

ca
ll

in
g

th
e

d
efi

n
it

io
n

o
f
th

e
in

te
rv

a
ls

[−
b
1
,b

1
]
a
n

d
[−

b
2
,b

2
],

in
S

u
b

se
ct

io
n

3.
2
,

it
is

ob
v
io

u
s

th
at

th
e

fo
ll

ow
in

g
tw

o
re

la
ti

on
s

h
o
ld

tr
u

e:

[0
,1

] ε
=

[0
+
ε,

1
−
ε]
⊂

[0
+
λ
,1
−
λ

]
=

[0
,1

] λ
,

(1
8
a)

[−
1
,1

] ε
=

[−
1

+
ε,

1
−
ε]
⊂

[−
1

+
λ
,1
−
λ

]
=

[−
1,

1
] λ
.

(1
8
b

)

In
co

n
se

q
u

en
ce

w
e

m
ay

st
at

e
th

a
t,

fo
r

a
n
y

n
o
d

e
in

th
e

ou
tp

u
t

la
ye

r
u

si
n

g
a

si
g
m

o
id

a
ct

iv
a
ti

on
fu

n
ct

io
n

,
h

av
in

g
in

p
u

t
si

g
n

a
ls

in
th

e
in

te
rv

a
l

[0
,1

]
an

d
co

n
n

ec
ti

on
w

ei
g
h
ts

in
th

e
co

n
ve

x
p

ol
y
to

p
e

[−
2b
,2
b
]h
×

[−
b
,b

]
th

en
th

e
ra

n
g
e

o
f

o
u

tp
u

t
va

lu
es

a
re

in
th

e
in

te
rv

a
l
[0
,1

] λ
o
r

[−
1,

1]
λ

fo
r

so
m

e
λ

sm
a
ll

er
th

a
n

th
e

p
re

ci
si

o
n
ε

u
se

d
fo

r
th

e
p

ro
b

le
m

.
W

h
en

th
e

in
p

u
ts

to
a

n
o
d

e
a
re

in
th

e
in

te
rv

a
l

[−
1
,1

]
th

en
u

si
n

g
th

e
b

ox
[−

b
,b

](h
+

1
)

w
e

ar
ri

ve
to

si
m

il
ar

re
su

lt
s

an
d

fo
rm

u
la

te
a

si
m

il
a
r

st
a
te

m
en

t.
F

in
al

ly
,

n
o
te

th
a
t,

u
si

n
g

th
e

sa
m

e
re

as
on

in
g

w
e

g
et

ex
ac

tl
y

th
e

sa
m

e
re

su
lt

s
fo

r
a
n
y

n
o
d

e
in

th
e

h
id

d
en

la
ye

r
b

ri
n

g
in

g
ou

t
th

e
va

li
d
it

y
of

th
e

th
eo

re
ti

ca
l

re
su

lt
s

w
h

en
u

se
d

in
(1

7a
)

a
n

d
(1

7b
)

co
rr

es
p

o
n

d
in

g
to

E
q
u

at
io

n
s

(9
a)

an
d

(9
b

).
T

o
fu

rt
h
er

ad
va

n
ce

th
is

re
a
so

n
in

g
su

p
p

o
se

th
a
t

th
e

re
al

m
a
tr

ic
es

W
s 1
∈
R

(n
+

1
)h

a
n

d
W

s 2
∈
R

(h
+

1
)o

co
n

st
it

u
te

a
gl

ob
al

m
in

im
iz

er
o
f

th
e

m
in

im
iz

a
ti

o
n

p
ro

b
le

m
(2

),
i.

e.
,

th
e

d
is

ta
n

ce
‖F

(X
,W

s 1
,W

s 2
)
−

T
‖ q

6
ε,

w
h

er
e
ε

is
th

e
m

a
ch

in
e

p
re

ci
si

on
o
r

th
e

b
es

t
p

re
ci

si
on

se
t

fo
r

th
e

p
ro

b
le

m
.

A
ls

o,
su

p
p

o
se

th
a
t
p

p
a
tt

er
n

s
a
re

av
a
il

a
b

le
fo

r
th

e
p

ro
b

le
m

,
w

h
ic

h
m

ea
n

s
th

at
X

=
{x

1
,x

2
,.
..
,x
p
}a

n
d

th
e

co
rr

es
p

on
d

in
g

ta
rg

et
ou

tp
u

ts
ar

e
T

=
{t

1
,t

2
,.
..
,t
p
}.

T
h

e
in

p
u

t
p

at
te

rn
s

ar
e
n

-d
im

en
si

o
n

a
l

ve
ct

o
rs

w
h

il
e

th
e

ta
rg

et
ou

tp
u

ts
ar

e
o-

d
im

en
si

on
al

.
F

o
r

a
n
y

in
p

u
t

p
a
tt

er
n

x
l,

w
h

er
e

1
6
l
6
p
,

le
t

z l
b

e
th

e
o-

d
im

en
si

o
n

a
l

n
et

w
or

k
ou

tp
u

t
fo

r
th

is
p

a
tt

er
n

,
th

a
t

is
,

z l
=
F

(x
l,

W
s 1
,W

s 2
).

N
ow

,
if

th
e

n
or

m
q

is
su

ch
th

a
t

1
6
q

a
n

d
co

n
si

d
er

in
g

th
a
t

th
e

to
ta

l
n

et
w

or
k

ou
tp

u
t

er
ro

r
is

av
er

ag
ed

ov
er

a
ll

p
at

te
rn

s
th

en
w

e
ca

n
se

t
th

e
n

et
w

or
k

ou
tp

u
t

er
ro

r
fo

r
th

e
l-

th
p

a
tt

er
n

to
b

e
(∑

o k
=

1
|z k

,l
−
t k
,l
|q )

1
/
q
6
ε.

F
ro

m
th

is
,

fo
r

th
e
k
-t

h
o
u

tp
u

t
n

o
d

e
w

e
m

ay
co

n
si

d
er

th
a
t
|z k

,l
−
t k
,l
|q

6
∑

o k
=

1
|z k

,l
−
t k
,l
|q

6
εq

.
H

en
ce

,
|z k

,l
−
t k
,l
|q

6
εq

,
w

h
ic

h
gi

ve
s

th
at
|z k

,l
−
t k
,l
|6

ε.
In

co
n

se
q
u

en
ce

,
t k
,l
−
ε
6
z k
,l
6
t k
,l

+
ε.

S
o
,

if
t k
,l

=
0

or
t k
,l

=
−

1
th

en
z k
,l
∈

[0
,0

+
ε]

or
z k
,l
∈

[−
1,
−

1
+
ε]

.
S

im
il

a
rl

y,
if
t k
,l

=
1

th
en

z k
,l
∈

[1
−
ε,

1]
.

H
en

ce
,

w
e

m
ay

su
p

p
o
se

th
a
t

th
er

e
ex

is
ts

so
m

e
sm

a
ll

p
o
si

ti
ve

co
n

st
an

t,
sa

y
λ

,
su

ch
th

at
0

+
λ
6
z k
,l
6

0
+
ε,

or
,
−

1
+
λ
6
z k
,l
6
−

1
+
ε,

a
n

d
1
−
ε
6
z k
,l
6

1
−
λ

.
T

h
en

,
w

e
m

ay
d
ed

u
ce

th
at

[0
+
ε,

1
−
ε]
⊂

[0
+
λ
,1
−
λ

]
a
n

d
[−

1
+
ε,

1
−
ε]
⊂

[−
1

+
λ
,1
−
λ

].
T

h
is

is
ex

ac
tl

y
w

h
a
t

h
as

b
ee

n
d

er
iv

ed
a
b

ov
e

w
it

h
re

la
ti

o
n

s
(1

8
).

S
o
,

w
e

d
ed

u
ce

th
at

th
e

re
a
l

m
at

ri
ce

s
W

s 1
∈
R

(n
+

1
)h

an
d

W
s 2
∈
R

(h
+

1
)o

su
p

p
o
se

d
to

co
n

st
it

u
te

a
gl

ob
a
l

m
in

im
iz

er
of

th
e

m
in

im
iz

at
io

n
p

ro
b

le
m

(2
)

a
re

,
in

d
ee

d
,

lo
ca

te
d

in
th

e
co

rr
es

p
o
n

d
in

g
co

n
ve

x
p

o
ly

to
p

e,
a
s

d
efi

n
ed

ab
ov

e.
T

h
e

re
a
so

n
in

g
is

si
m

il
ar

if
q

is
th

e
in

fi
n

it
y

n
o
rm

.
F

o
ll

ow
in

g
th

e
ab

ov
e

d
is

cu
ss

io
n

w
e

co
n

si
d

er
th

a
t

it
is

le
g
it

im
at

e
to

a
rg

u
e

th
a
t

th
e

co
n
ve

x
p

ol
y
to

p
es

id
en

ti
fi

ed
b
y

th
e

p
ro

p
os

ed
m

et
h

o
d

a
re

g
u

a
ra

n
te

ed
,

w
it

h
in

th
e

m
a
ch

in
e

p
re

ci
si

o
n

a
cc

u
ra

cy
,

to
en

cl
o
se

so
m

e
gl

ob
al

m
in

im
iz

er
s

o
f

th
e

n
et

w
or

k
o
u

tp
u

t
er

ro
r

fu
n

ct
io

n
.

4
.3

D
is

c
u

ss
io

n
o
n

th
e

T
h

e
o
re

ti
c
a
l

R
e
su

lt
s

T
h

e
p

ro
p

os
ed

ap
p

ro
ac

h
o
p

er
a
te

s
u

n
d

er
th

e
as

su
m

p
ti

o
n

th
a
t

th
e

in
p

u
t

d
a
ta

to
a

d
es

ti
n

a
ti

o
n

n
o
d

e
ar

e
ei

th
er

in
th

e
in

te
rv

al
[0
,1

]
or

in
[−

1
,1

].
T

y
p

ic
a
ll

y,
th

is
h

a
p

p
en

s
in

p
a
tt

er
n

re
co

g-
n

it
io

n
o
r

cl
as

si
fi

ca
ti

on
a
p

p
li

ca
ti

o
n

s;
fo

r
ex

a
m

p
le

,
th

is
is

th
e

ca
se

fo
r

th
e

in
te

rv
a
l

u
se

d
fo

r
co

d
in

g
th

e
co

rr
es

p
on

d
in

g
co

m
p

o
n

en
ts

o
f

th
e

in
p

u
t

p
a
tt

er
n

s
if

th
e

w
ei

g
h
ts

co
n

ce
rn

in
p
u

t-
to

-
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B
o
u
n
d
in

g
G

l
o
b
a
l

O
p
t
im

iz
a
t
io

n
T

r
a
in

in
g

v
ia

In
t
e
r
v
a
l

A
n
a
ly

sis

h
id

d
en

layer
co

n
n

ectio
n

s.
F

o
r

a
w

eig
h
t

o
f

a
h

id
d

en
-to

-ou
tp

u
t

layer
co

n
n

ectio
n

th
is

in
terval

is
th

e
ran

ge
o
f

valu
es

of
th

e
sig

m
oid

a
ctiva

tio
n

fu
n
ctio

n
o
f

th
e

co
rresp

o
n

d
in

g
h

id
d

en
n

o
d

e.
S

o,
for

a
n

in
p
u

t
d

a
ta

p
oin

t
in

[0
,1

],
th

e
in

itia
l

in
terval

fo
r

th
e

va
lu

e
o
f

th
e

co
rresp

o
n

d
in

g
w

eig
h
t

is
[−

2
b
,2
b
];

o
th

erw
ise,

if
th

e
va

lu
e

o
f

th
e

in
p

u
t

d
a
ta

p
o
in

t
is

in
[−

1
,1

]
th

en
th

e
in

itial
in

terva
l

for
th

e
co

rresp
o
n

d
in

g
w

eig
h
t

is
co

n
sid

ered
to

b
e

[−
b
,b

].
In

a
ll

cases,
th

e
in

terva
l

for
th

e
valu

e
of

an
y

b
ia

s
w

eigh
t

is
[−

b
,b

].
D

ep
en

d
in

g
o
n

th
e

ty
p

e
o
f

th
e

a
ctiva

tio
n

fu
n

ctio
n

p
a
ra

m
eter

b
is

d
en

o
ted

b
y
b
1

fo
r

th
e

lo
g
istic

sig
m

oid
,
b
2

fo
r

th
e

h
y
p

erb
o
lic

tan
g
en

t,
a
n

d
b
3

fo
r

th
e

p
u

re
lin

ea
r

a
ctiva

tio
n

fu
n

ctio
n

.
M

oreover,
reca

ll
th

at
th

e
sp

ecifi
c

va
lu

e
in

ea
ch

ca
se

is
im

p
lem

en
ta

tio
n

d
ep

en
d

en
t

b
ein

g
a

fu
n

ctio
n

o
f

th
e

p
recisio

n
ε

set
fo

r
th

e
p

rob
lem

.
In

th
is

p
a
p

er,
w

e
co

n
sid

er
th

a
t
ε

is
th

e
m

a
ch

in
e

ep
silo

n
co

rresp
on

d
in

g
to

d
o
u

b
le

p
recisio

n
a
n

d
so

th
e

sp
ecifi

c
valu

es
fo

r
b

sh
o
u

ld
b

e
b

=
b
1
>

3
6.0

5
an

d
b

=
b
2
>

18
.4

,
w

h
ile

th
e

sp
ecifi

c
va

lu
e

fo
r
b

=
b
3

is
d

efi
n

ed
b
y

th
e

p
rob

lem
d

a
ta

.
T

a
b

le
1

su
m

m
arizes

th
ese

resu
lts

fo
r

a
3-layer

p
ercep

tro
n

h
av

in
g
n
,h

a
n

d
o

n
o
d

es
in

th
e

in
p

u
t,

th
e

h
id

d
en

an
d

th
e

o
u

tp
u

t
layers

resp
ectively,

a
n

d
tw

o
p

o
ssib

le
ra

n
g
es,

[0,1
]

a
n

d
[−

1,1
],

fo
r

th
e

in
p

u
t

d
ata

co
d

in
g
.

T
h

e
co

n
vex

sets
in

T
a
b

le
1

a
re

d
efi

n
ed

a
cco

rd
in

g
to

th
e

a
b

ov
e

th
eo

retica
l

resu
lts

a
n

d
m

ore
sp

ecifi
ca

lly
th

e
co

n
clu

sion
s

o
f

C
o
ro

lla
ries

4
a
n

d
6
.

H
ow

ev
er,

if
o
n

e
a
d

o
p

ts
a

“
b

ro
ad

in
terp

reta
tion

”
o
f

C
o
rollary

3
it

w
o
u

ld
b

e
p

o
ssib

le
to

co
n

sid
er

n
arrow

er
in

terva
ls

fo
r

n
o
d

es
w

ith
in

p
u

ts
in

th
e

in
terva

l
[0
,1

].
S

o
,

in
stea

d
o
f

th
e

in
terva

l
[−

2
b
,2
b
]

o
n

e
w

ou
ld

ra
th

er
con

-
sid

er
th

e
in

terva
l

[−
b
,b

].
O

b
v
iou

sly
w

ith
th

is
a
rg

u
m

en
t

th
e

co
n
vex

set
d

efi
n

ed
,

in
th

is
ca

se,
is

n
o

lo
n

g
er

a
p

o
ly

top
e,

in
gen

era
l

term
s,

b
u

t
ra

th
er

a
h
y
p

ercu
b

e.
H

ow
ever,

w
e

sh
o
u

ld
n

o
te

th
a
t

th
is

resu
lt

is
b

ased
on

h
eu

ristic
co

n
sid

era
tion

s,
as

th
e

co
m

p
lex

ity
o
f

th
e

stru
ctu

re
o
f

th
e

solu
tio

n
sets

o
f

E
q
u

a
tion

s
(7

a
)

a
n

d
(9a

)
leaves

n
o

sp
a
ce

fo
r

su
ch

a
th

eo
retica

l
co

n
clu

sio
n

.
T

h
e

va
lid

ity
of

th
is

h
eu

ristic
con

jectu
re

is
tested

in
th

e
fo

llow
in

g
S

ectio
n

5
.

T
h

e
valu

es
d

efi
n

ed
,

p
rev

iou
sly,

fo
r
b

a
n

d
th

e
su

b
seq

u
en

t
vo

lu
m

es
o
f

th
e

con
vex

p
oly

-
to

p
es,

th
o
u

g
h

fo
rm

ally
p

roven
,

a
re

relatively
la

rg
e.

S
o,

th
ey

m
ay

b
e

n
o
t

co
n
v
in

cin
g

re-
g
a
rd

in
g

th
e

ad
va

n
ta

g
e

o
ff

ered
to

th
e

g
lo

b
a
l

o
p

tim
iza

tio
n

b
a
sed

tra
in

in
g

b
y

th
e

p
ro

p
osed

a
p

p
ro

a
ch

.
H

ere,
let

u
s

recall
th

e
a
ssu

m
p

tio
n

th
a
t,

o
ften

,
in

p
ractica

l
a
p
p

licatio
n

s,
th

e
o
u

t-
p

u
t

valu
es

of
a

n
o
d

e
are

ex
p

ected
to

b
e

in
th

e
in

terva
l

[0.1
,0
.9

]
fo

r
th

e
sig

m
o
id

a
ctiva

tion
fu

n
ctio

n
o
r

in
th

e
in

terva
l

[−
0
.9
,0
.9

]
fo

r
th

e
h
y
p

erb
o
lic

tan
g
en

t.
T

h
en

a
ccord

in
g

to
P

a
ra

-
g
ra

p
h

3
.2

.1
th

e
corresp

o
n

d
in

g
va

lu
es

fo
r
b
,

d
en

o
ted

h
ere

b
y
b ∗,

sh
ou

ld
b

e
b ∗1 >

2
.2
≈

2.1
9
72

a
n

d
b ∗2

>
1
.5
≈

1
.47

2
2.

D
esp

ite
th

e
a
p

p
a
ren

t
d

isa
g
reem

en
t

o
f

th
e

in
terva

ls
[0.1

,0
.9

]
an

d
[−

0
.9
,0
.9

]
w

ith
th

e
lin

ea
r

in
terval

eq
u

a
tio

n
s

(1
0
)

a
n
d

(14
),

resp
ectively,

th
e

p
rev

io
u

s
th

e-
o
retica

l
resu

lts
a
re

still
va

lid
.

A
s

a
n

ex
am

p
le,

let
u

s
co

m
p

u
te

th
e

b
ou

n
d

s
o
f

th
e

w
eig

h
ts

for
th

e
k
-th

o
u

tp
u

t
n

o
d

e
h

av
in

g
a

sigm
o
id

a
ctiva

tion
fu

n
ctio

n
w

ith
o
u

tp
u

t
in

th
e

in
terva

l
[0.1

,0
.9

]
an

d
in

p
u

ts
y
j

in
th

e
in

terva
l

[0
.1,0.9

]
su

p
p

o
sin

g
th

a
t

a
n
y

n
o
d

e
in

th
e

h
id

d
en

lay
er

h
a
s

th
e

log
istic

sig
m

oid
a
ctiva

tio
n

fu
n

ction
,

as
w

ell.
W

ith
th

ese
h
y
p

o
th

eses
E

q
u

a
tio

n
(7

a)
b

eco
m

es
h
∑j=

1 [w
k
j ][0

.1
,0
.9

]+
[w
k
b ]

=
[−

b ∗,b ∗],
(1

9)

w
h

ere
b ∗

is
th

e
sp

ecifi
c
b

a
s

n
oted

p
rev

io
u

sly.
In

a
d

d
ition

,
d

u
e

to
in

clu
sio

n
m

o
n

oto
n

icity
∑

hj=
1 [w

k
j ][0.1,0.9

]
+

[w
k
b ]⊆

∑
hj=

1 [w
k
j ][0,1

]
+

[w
k
b ].

O
n

th
e

oth
er

h
a
n

d
,

a
t

th
e

ex
p

en
se

o
f

low
er

p
recision

,
w

e
m

ay
h

av
e

th
e

eq
u

a
tio

n
∑

hj=
1 [w

k
j ][0,1]

+
[w
k
b ]

=
[−

b ∗,b ∗].
T

h
en

,
th

e
so

lu
tio

n
set

d
efi

n
ed

for
th

is
sp

ecifi
c

fo
rm

o
f

E
q
u

a
tion

(7
a
)

is
a

to
lera

n
ce

so
lu

tio
n

set
o
f
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A
d
a
m

,
M

a
g

o
u
l
a
s,

K
a
r
r
a
s

a
n
d

V
r
a
h
a
t
is

th
e

lin
ear

in
terval

eq
u

ation
(19).

In
con

seq
u

en
ce,

th
e

con
vex

p
oly

top
e

[−
2
b
,2
b
] h×

[−
b
,b

],
fo

r
an

y
b

=
b ∗1

>
2
.2,

is
a

toleran
ce

solu
tion

set
of

th
e

lin
ea

r
in

terva
l

eq
u

ation
(19

),
a
n

d
con

stitu
tes

an
in

n
er

ap
p

rox
im

ation
of

th
e

toleran
ce

solu
tion

set
of

th
e

n
on

-lin
ear

in
terval

eq
u

a
tion

σ
1 

h
∑j=

1 [w
k
j ][y

j ]+
[w
k
b ] 

=
[0.1

,0
.9],

(20)

w
h

ere
[y
j ]

=
[0
.1,0

.9]
for

1
6
j
6
h

.
It

is
ob

v
iou

s
th

at
th

is
rea

son
in

g
ap

p
lies

to
an

y
lin

ear
in

terva
l

eq
u

atio
n

,
su

ch
as

(7a),
(7b

),
(9a)

an
d

(9b
).

If
th

e
sca

lin
g

assu
m

p
tion

of
th

e
n

eu
ral

n
etw

ork
in

p
u

ts
x
i

d
o
es

n
ot

h
old

(th
is

m
ay

h
ap

p
en

w
ith

fu
n

ction
ap

p
rox

im
ation

or
regression

p
rob

lem
s),

it
is

still
p

ossib
le

to
solv

e
th

e
p

rob
lem

;
h

ow
ev

er,
th

e
so

lu
tion

d
o
es

n
ot

com
p

ly
w

ith
th

e
algeb

raic
form

alism
ad

op
ted

in
th

e
p

rev
iou

s
section

.
In

th
is

case,
let

u
s

su
p

p
ose

th
at
x
i ∈

[x
i ,x

i ],
for

i
=

1,2,...,n
w

h
ere

th
e

valu
e

of
th

e
fu

n
ction

al
χ
([x

i ,x
i ])
∈

[−
1
,1]

(see
R

atsch
ek

an
d

S
au

er,
1
982),

w
h

ich
m

ean
s

th
at

th
e

b
ou

n
d

s
of

th
e

in
terval [x

i ,x
i ]

m
ay

h
ave

an
y

valu
e

p
rov

id
ed

th
at
x
i 6

x
i .

F
or

th
e

b
ias

w
e

h
ave

th
at

th
e

in
p
u

t
is
χ

([1,1])
=

1,
so

th
e

h
y
p

oth
eses

of
R

atsch
ek

an
d

S
au

er
(19

82,
T

h
eorem

1)
a
re

satisfi
ed

an
d

in
con

seq
u

en
ce

ev
en

in
th

is
ca

se
th

e
E

q
u

ation
s

(9
a)

an
d

(9b
)

h
ave

a
solu

tion
.

H
ow

ever,
it

is
clear

th
a
t

th
e

resu
ltin

g
eq

u
ation

d
o
es

n
ot

com
p

ly
w

ith
th

e
form

a
lism

a
d

o
p

ted
in

th
e

p
rev

iou
s

su
b

section
for

th
e

E
q
u

atio
n

s
(7a),

(7b
)

an
d

(9a),
(9b

).
A

lth
ou

g
h

a
d

eta
iled

coverage
of

th
is

issu
e

is
co

n
sid

ered
ou

t-of-th
e-sco

p
e

of
th

is
p

ap
er,

it
can

b
riefl

y
b

e
stated

th
at

th
is

situ
ation

can
b

e
d

ealt
w

ith
b
y

con
sid

erin
g

th
e

w
ork

o
f

P
op

ova
(200

6)
a
n

d
th

e
algorith

m
p

rop
osed

th
erein

.

5
.
T
e
stin

g

In
th

is
section

w
e

give
som

e
con

crete
ex

am
p

les
of

th
e

ap
p

ro
ach

p
resen

ted
ab

ove.
O

u
r

ob
-

jective
is

to
p

erfo
rm

som
e

tests,
u

sin
g

w
ell

k
n

ow
n

b
en

ch
m

ark
s,

in
ord

er
to

sh
ow

th
at

th
e

con
vex

sets,
d

erived
follow

in
g

th
e

an
aly

sis
of

th
is

p
ap

er,
in

d
eed

en
close

glob
a
l

m
in

im
izers

of
th

e
cost

fu
n

ctio
n

asso
ciated

w
ith

th
e

ou
tp

u
t

of
th

e
M

L
P

u
sed

for
each

p
rob

lem
.

T
o

th
is

en
d

,
th

e
in

terval
glob

al
op

tim
ization

softw
are

(G
O

P
),

p
rov

id
ed

b
y

P
àl

a
n

d
C

sen
d

es
(2

009),
is

u
sed

.
T

h
e

reason
for

ad
op

tin
g

an
in

terval
glob

al
op

tim
ization

p
ro

ced
u

re
in

stead
of

som
e

ver-
sio

n
o
f

P
S

O
or

a
G

A
-b

ased
ap

p
roach

is
easily

u
n

d
ersto

o
d

if
o
n

e
takes

in
to

accou
n
t

th
e

fact
th

at
in

terval
glob

al
op

tim
ization

is
a

d
eterm

in
istic

ap
p

roach
w

h
ich

is
gu

ara
n
teed

to
lo-

cate
th

e
b

est
availab

le
m

in
im

izers
an

d
th

e
in

terval
for

th
e

corresp
on

d
in

g
glob

al
m

in
im

u
m

.
O

n
th

e
oth

er
h

an
d

,
con

v
ergen

ce
cap

ab
ilities

of
p

op
u

latio
n

b
ased

an
d

h
eu

ristic
ap

p
roach

es
d

ep
en

d
on

a
n
u

m
b

er
of

h
eu

ristically
d

efi
n

ed
ran

d
om

p
aram

eters.
H

en
ce,

a
p
ro

of
of

con
ver-

gen
ce

for
th

ese
m

eth
o
d

s
is

eith
er

p
rob

ab
ilistic

(B
ertsim

as
an

d
T

sitsik
lis,

19
93;

E
ib

en
et

al.,
19

9
1),

or
it

relies
on

em
p

irical
resu

lts
(P

ed
ersen

,
2010).

T
h

is
m

ea
n

s
th

a
t,

b
y

u
sin

g
a

glo
b

al
search

m
eth

o
d

o
f

th
is

class,
it

is
p

ractically
im

p
ossib

le
to

verify
th

at
th

e
b

ox
es

d
erived

b
y

th
e

p
ro

p
o
sed

ap
p

roach
in

d
eed

con
tain

th
e

b
est

availab
le

m
in

im
izers.
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B
o
u
n
d
in

g
G

l
o
b
a
l

O
p
t
im

iz
a
t
io

n
T

r
a
in

in
g

v
ia

In
t
e
r
v
a
l

A
n
a
ly

si
s

T
ab

le
1:

A
p
p
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0
]···

[−
1
.5

0
00

0
00

0
00

0
00

0
,1
.50

00
0
00

0
00

0
00

0]
T
h
e

g
l
o
b
a
l

m
i
n
i
m
u
m

i
s

e
n
c
l
o
s
e
d
i
n
:

[0.0
00

0
0
00

00
0
00

0
00

0
00
,8.91

0
00

0
00

0
00

01
4
22

51
].

T
h

e
resu

lts
of

th
e

fi
rst

ex
p

erim
en

t
co

n
fi

rm
th

e
th

eo
retica

l
co

n
clu

sio
n

s
reg

a
rd

in
g

th
e

lo
-

ca
tio

n
o
f

th
e

g
lo

b
a
l

m
in

im
izers.

In
a
d

d
itio

n
,

th
e

seco
n

d
ex

p
erim

en
t

co
n

fi
rm

s
th

e
h
y
p

oth
esis

th
a
t

th
e

n
a
rrow

er
b

ox
,

d
eriv

ed
u

sin
g

th
e

in
terva

l
[−

0.9,0.9
]

fo
r

th
e

ran
g
e

o
f

th
e

h
y
p

er-
b

olic
a
ctivatio

n
fu

n
ctio

n
s,

ca
n

b
e

eff
ectiv

ely
u

sed
fo

r
sea

rch
in

g
th

e
g
lo

b
a
l

m
in

im
izers

o
f

th
e

n
etw

o
rk

learn
in

g
erro

r.

5
.2

.4
A

P
r
o
b
l
e
m

–
N

e
t
w

o
r
k

w
it

h
H

y
p
e
r
b
o
l
ic

T
a
n
g

e
n
t

a
n
d

A
P

u
r
e

L
in

e
a
r

A
c
t
iv

a
t
io

n
F

u
n
c
t
io

n

A
sin

u
so

id
a
l

fu
n

c
tio

n
a
p

p
ro

x
im

a
tio

n
p

ro
b
le

m
:

C
on

sid
er

th
e

3-lay
er

2
-2

1
-1

n
etw

o
rk

u
sed

fo
r

a
p

p
rox

im
a
tin

g
th

e
fu

n
ctio

n
y

=
0
.5

sin (π
x

21 )
sin

(2π
x

2 )
d

efi
n

ed
in

th
e

o
rig

in
al

p
ap

er
o
f

N
gu

yen
an

d
W

id
row

(N
g
u
y
en

a
n

d
W

id
row

,
1
9
9
0
)

w
h

ere
th

ey
in

tro
d

u
ce

th
eir

w
eig

h
t

in
itializa

tion
m

eth
o
d

.
In

p
u

ts
fo

r
th

is
p

ro
b

lem
are

in
th

e
in

terva
l

[−
1
,1],

a
ll

n
o
d

es
in

th
e

h
id

d
en

layer
u

se
th

e
h
y
p

erb
o
lic

ta
n

g
en

t
sig

m
o
id

a
ctiva

tio
n

fu
n

ctio
n

an
d

n
o
d
es

in
th

e
o
u

tp
u

t
layer

a
re

lin
ea

r.
T

h
e

n
etw

o
rk

is
fu

lly
co

n
n

ected
a
n

d
so

th
ere

a
re

2∗
2
1

+
21∗

1
=

63
u

n
k
n

ow
n

w
eig

h
ts

as
w

ell
a
s

2
1

+
1

=
2
2

b
ia

s
w

eigh
ts.

T
h

e
in

terval
eq

u
a
tio

n
o
f

th
e

w
eig

h
ts
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A
d
a
m

,
M

a
g

o
u
l
a
s,

K
a
r
r
a
s

a
n
d

V
r
a
h
a
t
is

to
an

y
n

o
d

e
in

th
e

h
id

d
en

layer
is

(7b
).

R
etain

in
g

for
b

=
b

2
=

18.04,
as

in
th

e
p

rev
iou

s
b

en
ch

m
a
rk

,
w

e
h

ave

[w
1 ][−

1
,1]+

[w
2 ][−

1,1]+
···

+
[w
n
][−

1,1]+
[w
b ][1,1]

=
[−

1
8.4
,18.4].

M
oreover,

th
e

in
terval

eq
u

ation
of

th
e

w
eigh

ts
to

an
y

n
o
d

e
in

th
e

ou
tp

u
t

lay
er

is,

[w
1 ][−

1
,1]+

[w
2 ][−

1
,1]+

···
+

[w
n
][−

1
,1]+

[w
b ][1,1]

=
[−

0
.5
,0
.5].

S
o
,

th
e

in
itia

l
b

ox
u

sed
for

search
in

g
th

e
glob

al
m

in
im

izers
is

[−
18.4

,18
.4] (2

+
1
)∗

2
1

︸
︷︷

︸
H

id
d

en
la

y
er

×
[−

0
.5,0

.5] (2
1
+

1
)∗

1

︸
︷︷

︸
O

u
tp

u
t

la
y
er

.

T
h

e
o
u

tp
u

t
p
rov

id
ed

b
y

G
O

P
for

th
e

ab
ove

n
etw

ork
is:

F
u
n
c
t
i
o
n

n
a
m
e
:

F
U
N
C
T
I
O
N
A
P
P
R
O
X
I
M
A
T
I
O
N

T
h
e

s
e
t

o
f

g
l
o
b
a
l
m
i
n
i
m
i
z
e
r
s
i
s
l
o
c
a
t
e
d

i
n
t
h
e

u
n
i
o
n
o
f
t
h
e
f
o
l
l
o
w
i
n
g
b
o
x
e
s
:

c
1
:

[−
1
8.4000

0000000000,18.40000000000000]···
[−

0
.50

000
000

000000
,0
.50000000000000]

T
h
e

g
l
o
b
a
l

m
i
n
i
m
u
m

i
s
e
n
c
l
o
s
e
d
i
n
:

[0.0
0
000

000
00000

0
0000

,0.048430679703413922].

5
.3

D
isc

u
ssio

n
a
n
d

O
p

e
n

P
ro

b
le

m
s

T
h

e
a
b

ov
e

ex
p

erim
en

ts
p

rov
id

e
su

b
stan

tial
ev

id
en

ce
regard

in
g

th
e

valid
ity

of
th

e
th

eoretical
resu

lts,
sh

ow
in

g
th

at
th

e
con

vex
set

com
p

u
ted

b
y

th
e

p
ro

p
osed

ap
p

roach
for

each
p

rob
lem

con
tain

s
som

e
glob

al
m

in
im

izers
of

th
e

n
etw

ork
’s

error
fu

n
ctio

n
.

In
ad

d
ition

,
it

is
ea

sy
to

see
th

at
th

ere
ex

ist
areas

in
th

e
w

eig
h
t

sp
ace

w
h

ich
d

o
n

ot
con

tain
g
lob

al
m

in
im

izers.
In

a
ll

cases
th

e
ap

p
roach

for
evalu

a
tin

g
th

e
th

eoretical
resu

lts
w

as
b

ased
o
n

a
n

in
terval

glo
b

al
op

tim
izatio

n
p
ro

ced
u

re.
H

ow
ever,

th
e

th
eoretical

a
n

a
ly

sis
p

resen
ted

in
S

ection
4

m
ad

e
n

o
assu

m
p

tion
regard

in
g

th
e

glob
al

op
tim

ization
p

ro
ced

u
re

u
sed

to
m

in
im

ize
th

e
error

fu
n

ction
of

th
e

M
L

P
.

T
h

erefore,
th

e
set

of
b

ox
es

en
closin

g
th

e
glob

al
m

in
im

izers
is

d
eterm

in
ed

in
d

ep
en

d
en

tly
of

th
e

glob
al

op
tim

ization
m

eth
o
d

u
sed

for
train

in
g,

an
d

so
it

is
also

valid
for

p
op

u
lation

-b
ased

or
sto

ch
astic

glob
al

search
m

eth
o
d

s.
It

is
w

orth
n

otin
g

h
ere

th
at

th
e

resu
lts

rep
orted

b
y

G
u

d
ise

an
d

V
en

ay
agam

o
orth

y
(2

003)
con

stitu
te

an
ex

p
erim

en
tal

verifi
ca

tion
of

th
is

statem
en

t
w

h
en

P
S

O
is

u
sed

to
train

an
M

L
P

.
M

oreover,
th

e
ex

p
erim

en
tal

an
aly

sis
p

rov
id

ed
in

th
at

p
ap

er,
con

cern
in

g
th

e
com

p
u

tation
al

co
st

in
d

u
ced

b
y

th
e

train
in

g
p

ro
ced

u
re

in
relation

w
ith

th
e

w
id

th
of

th
e

search
sp

ace,
m

ay
b

e
seen

a
s

an
ev

id
en

ce
of

th
e

ad
va

n
ta

ge
o
ff

ered
b
y

ou
r

ap
p

roach
.

A
n

in
terestin

g
p

oin
t

of
th

e
ab

ove
ex

p
erim

en
ts

con
cern

s
th

e
resu

lts
ob

tain
ed

w
h

en
th

e
b

ox
es

are
d

efi
n

ed
u

n
d

er
th

e
assu

m
p

tion
th

at
th

e
ou

tp
u

ts
of

th
e

sig
m

oid
an

d
th

e
h
y
p

erb
olic

tan
g
en

t
activation

fu
n

ction
s

are
[0
.1
,0
.9]

an
d

[−
0.9,0.9]

in
stead

of
[0
,1]

an
d

[−
1,1].

T
h

ese
resu

lts
in

d
icate

th
at

th
e

w
eigh

t
b

ox
es

d
efi

n
ed

so,
b

esid
es

b
ein

g
th

in
n

er,
also

resu
lt

in
a

n
a
rrow

er
in

terva
l

en
closin

g
th

e
glob

al
m

in
im

u
m

.
W

e
n

ote
h

ere,
w

ith
ou

t
fu

rth
er

d
etails,

th
a
t

th
e

d
erivatio

n
of

th
ese

b
ox

es
an

d
th

e
en

tailin
g

resu
lts,

m
ay

b
e

ju
stifi

ed
u

sin
g

th
e

follow
in

g
th

eorem
b
y

M
o
ore

(1966)
as

form
u

lated
in

A
lefeld

a
n

d
M

ayer
(2

000,
T

h
eorem

1).
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B
o
u
n
d
in

g
G

l
o
b
a
l

O
p
t
im

iz
a
t
io

n
T

r
a
in

in
g

v
ia

In
t
e
r
v
a
l

A
n
a
ly

si
s

T
h

e
o
re

m
8

L
et
f

:
D
⊂
R
n
→
R

be
co

n
ti

n
u

o
u

s
a
n

d
le

t
[x

]
⊆

[x
]0
⊆
D

.
T

h
en

(u
n

d
er

m
il

d
a
d
d
it

io
n

a
l

a
ss

u
m

p
ti

o
n

s)
q(
R

(f
;[
x

])
,[
f

](
[x

])
)
6
γ
‖d

([
x

])
‖ ∞

,
γ
>

0,
a
n

d
d

([
f

](
[x

])
)
6

δ‖
d

([
x

])
‖ ∞

,
δ
>

0
.

H
er

e,
q(
·,·

)
is

th
e

H
au

sd
or

ff
d

is
ta

n
ce

b
et

w
ee

n
in

te
rv

al
s

w
h

ic
h

m
ea

su
re

s
th

e
q
u

a
li

ty
o
f

th
e

in
te

rv
al

in
cl

u
si

on
fu

n
ct

io
n

[f
]

as
an

en
cl

os
u

re
of

th
e

ra
n

ge
of
f

ov
er

an
in

te
rv

al
[x

].
T

h
is

T
h

eo
re

m
st

at
es

th
at

if
th

e
in

cl
u

si
on

fu
n

ct
io

n
ex

is
ts

th
en

th
e

H
au

sd
or

ff
d

is
ta

n
ce

b
et

w
ee

n
R

(f
;[
x

])
an

d
[f

](
[x

])
go

es
li

n
ea

rl
y

to
ze

ro
w

it
h

th
e

d
ia

m
et

er
d

([
x

])
(A

le
fe

ld
a
n

d
M

ay
er

,
20

00
).

In
ad

d
it

io
n

th
e

d
ia

m
et

er
of

th
e

in
cl

u
si

on
fu

n
ct

io
n

go
es

li
n

ea
rl

y
to

ze
ro

if
d

([
x

])
is

ap
p

ro
ac

h
in

g
ze

ro
.

T
h

e
va

lu
es

of
p

ar
am

et
er

s
γ

an
d
δ

ar
e

ve
ry

im
p

or
ta

n
t

fo
r

d
efi

n
in

g
th

in
n

er
b

ox
es

.
R

eg
ar

d
in

g
th

e
p

re
v
io

u
s

co
m

m
en

t
it

is
im

p
or

ta
n
t

to
n

ot
e

th
at

co
n

si
d

er
in

g
n

a
rr

ow
er

in
-

te
rv

al
s

fo
r

th
e

ou
tp

u
ts

of
th

e
n

on
li

n
ea

r
ac

ti
va

ti
on

fu
n

ct
io

n
s

of
th

e
n

o
d

es
ca

n
n

o
t

b
e

d
o
n

e
ar

b
it

ra
ri

ly
.

A
ct

u
al

ly
,

n
ar

ro
w

in
g

th
e

in
te

rv
al

s
of

th
e

ac
ti

va
ti

on
fu

n
ct

io
n

s’
o
u

tp
u

t
va

lu
es

ca
u

se
s

a
d

ec
re

as
e

in
th

ei
r

le
ve

l
of

sa
tu

ra
ti

on
w

h
ic

h
tr

an
sl

at
es

to
le

ss
sh

a
rp

va
lu

es
fo

r
th

e
n

et
w

or
k

ou
tp

u
ts

.
O

b
v
io

u
sl

y,
th

is
in

tr
o
d

u
ce

s
a

d
eg

re
e

of
u

n
ce

rt
ai

n
ty

to
th

e
n

et
w

or
k

ou
t-

p
u

ts
an

d
th

er
eb

y
to

th
e

n
et

w
or

k
fu

n
ct

io
n

it
se

lf
.

T
h

e
im

p
or

ta
n

ce
of

th
is

o
u

tc
o
m

e
se

em
s

to
b

e
p

ro
b

le
m

d
ep

en
d

en
t.

If
th

e
u

n
d

er
ly

in
g

p
ro

b
le

m
d

ea
ls

w
it

h
p

at
te

rn
cl

a
ss

ifi
ca

ti
o
n

th
is

ou
tc

om
e

m
ay

h
av

e
n

o
eff

ec
t

on
th

e
cl

as
si

fi
ca

ti
o
n

ta
sk

an
d

in
th

e
b

es
t

ca
se

ev
en

in
cr

ea
se

th
e

ge
n

er
al

iz
at

io
n

ab
il
it

y
of

th
e

n
et

w
or

k
.

O
n

th
e

ot
h

er
h

an
d

w
h

en
d

ea
li

n
g

w
it

h
a

fu
n

ct
io

n
ap

p
ro

x
im

at
io

n
or

re
gr

es
si

on
p
ro

b
le

m
d

efi
n

in
g

le
ss

sh
ar

p
va

lu
es

fo
r

th
e

n
et

w
o
rk

o
u

tp
u

ts
is

ve
ry

li
k
el

y
to

ca
u

se
la

rg
e

d
ev

ia
ti

on
s

fr
om

th
e

ta
rg

et
ou

tp
u

ts
.

T
o

th
e

b
es

t
o
f

o
u

r
k
n

ow
le

d
g
e

th
er

e
is

n
o

re
se

ar
ch

re
p

or
t

at
te

m
p

ti
n

g
to

d
efi

n
e

an
y

p
ro

p
er

sa
tu

ra
ti

on
le

ve
l

fo
r

th
e

a
ct

iv
a
-

ti
on

fu
n

ct
io

n
s

in
or

d
er

to
fi

t
an

y
u

n
k
n

ow
n

fu
n

ct
io

n
w

it
h

in
fi

n
it

e
ac

cu
ra

cy
.

F
in

al
ly

,
an

is
su

e
th

at
n
ee

d
s

to
b

e
co

m
m

en
te

d
co

n
ce

rn
s

th
e

im
p

ac
t

o
f

th
e

p
ro

p
o
se

d
m

et
h

o
d

on
th

e
gl

ob
al

op
ti

m
iz

at
io

n
p

ro
ce

d
u

re
,

in
te

rm
s

of
co

m
p

u
ta

ti
on

a
l

co
m

p
le

x
it

y
a
n

d
co

st
.

A
s

th
e

re
su

lt
s

of
th

e
ex

p
er

im
en

ts
u

n
d

er
li

n
e,

th
is

is
su

e
h

as
n

ot
b

ee
n

a
d

d
re

ss
ed

in
th

is
p

ap
er

m
ai

n
ly

fo
r

tw
o

re
as

on
s;

fi
rs

t
th

e
ob

je
ct

iv
e

of
ou

r
p

ap
er

is
n

ot
to

d
et

ec
t

th
e

gl
o
b

a
l

m
in

im
iz

er
s

of
th

e
n

et
w

or
k

er
ro

r
fu

n
ct

io
n

b
u

t
m

er
el

y
to

d
el

im
it

th
e

ar
ea

w
h

er
e

a
g
lo

b
a
l

o
p

-
ti

m
iz

at
io

n
p

ro
ce

d
u
re

sh
ou

ld
se

ar
ch

fo
r

th
em

.
S

ec
on

d
ly

,
ev

al
u

at
in

g
th

e
co

m
p

u
ta

ti
o
n

al
co

st
of

ou
r

ap
p

ro
ac

h
re

q
u

ir
es

ei
th

er
a

su
it

ab
le

m
at

h
em

at
ic

al
fo

rm
u

la
ti

on
or

si
g
n

ifi
ca

n
t

co
m

p
u

-
ta

ti
on

al
eff

or
t

in
or

d
er

to
eff

ec
ti

ve
ly

m
ea

su
re

th
e

im
p

ac
t

of
ou

r
ap

p
ro

ac
h

o
n

sp
ec

ifi
c

g
lo

b
a
l

op
ti

m
iz

at
io

n
p

ro
ce

d
u

re
s.

D
efi

n
it

el
y,

th
is

is
su

e
co

n
st

it
u

te
s

ou
r

m
ai

n
co

n
ce

rn
fo

r
co

n
ti

n
u

in
g

th
is

re
se

ar
ch

.

6
.
C
o
n
cl
u
si
o
n

T
h

e
ap

p
ro

ac
h

p
re

se
n
te

d
in

th
is

p
ap

er
d

ea
ls

w
it

h
co

m
p

u
ti

n
g

gu
ar

an
te

ed
b

ou
n

d
s

fo
r

th
e

re
g
io

n
w

h
er

e
gl

ob
al

op
ti

m
iz

at
io

n
p

ro
ce

d
u

re
s

sh
ou

ld
se

ar
ch

fo
r

gl
ob

al
m

in
im

iz
er

s
w

h
en

tr
ai

n
in

g
a
n

M
L

P
.
In

co
n
tr

as
t

to
cu

rr
en

t
p

ra
ct

ic
e,

w
h

ic
h

d
efi

n
es

th
es

e
b

ou
n

d
s

h
eu

ri
st

ic
a
ll

y,
th

e
p

ro
p

o
se

d
ap

p
ro

ac
h

re
li

es
on

in
te

rv
al

an
al

y
si

s
an

d
ex

p
lo

it
s

b
ot

h
th

e
n

et
w

or
k

ar
ch

it
ec

tu
re

a
n

d
in

fo
r-

m
at

io
n

of
th

e
in

p
u

t
p

at
te

rn
s

fo
r

sh
ap

in
g

th
e

se
ar

ch
re

gi
on

.
T

h
e

re
su

lt
in

g
fe

a
si

b
le

d
o
m

a
in

of
th

e
n

et
w

or
k
’s

ou
tp

u
t

er
ro

r
fu

n
ct

io
n

is
ra

th
er

co
m

p
li

ca
te

d
an

d
so

a
su

it
a
b

le
ap

p
ro

x
im

a-
ti

on
is

d
er

iv
ed

in
th

e
fo

rm
of

a
co

n
ve

x
p

ol
y
to

p
e

or
a

h
y
p

er
cu

b
e

d
ep

en
d

in
g

o
n

th
e

n
et

w
or

k
ar

ch
it

ec
tu

re
an

d
th

e
p

ro
b

le
m

at
h

an
d

.
T

h
e

an
al

y
si

s
p

re
se

n
te

d
d

ea
ls

w
it

h
3-

la
ye

r
fe

ed
fo

rw
ar

d
n

eu
ra

l
n

et
w

or
k
s

b
u

t
th

e
re

su
lt

s

33
JM

L
R

 1
7(

16
9)

:1
-4

0

A
d
a
m

,
M

a
g

o
u
l
a
s,

K
a
r
r
a
s

a
n
d

V
r
a
h
a
t
is

ca
n

ea
si

ly
b

e
ex

te
n

d
ed

to
n

et
w

o
rk

s
w

it
h

m
o
re

th
a
n

on
e

h
id

d
en

la
ye

r.
M

o
re

ov
er

,
th

is
a
n

al
y
-

si
s

co
ve

rs
th

e
w

id
el

y
u

se
d

ty
p

e
o
f

fe
ed

fo
rw

ar
d

n
eu

ra
l

n
et

w
o
rk

s
u

si
n

g
so

m
e

k
in

d
of

si
g
m

oi
d

ac
ti

va
ti

o
n

fu
n

ct
io

n
fo

r
th

e
n

o
d

es
in

th
e

h
id

d
en

la
ye

r.
N

o
d

es
in

th
e

o
u

tp
u

t
la

ye
r

m
ay

u
se

ei
th

er
a

si
gm

oi
d

o
r

a
li

n
ea

r
ac

ti
va

ti
on

fu
n

ct
io

n
.

T
h

e
co

n
cl

u
si

on
s

d
er

iv
ed

a
re

a
p

p
li

ca
b

le
to

b
ot

h
st

a
n

d
ar

d
M

L
P

s
a
n
d

in
te

rv
al

fe
ed

fo
rw

a
rd

n
eu

ra
l

n
et

w
o
rk

s.
T

h
e

ex
am

p
le

s
a
n

d
th

e
ex

p
er

im
en

ts
g
iv

en
on

w
el

l
k
n

ow
n

b
en

ch
m

ar
k
s

h
ig

h
li

gh
t

th
e

ap
-

p
li

ca
ti

o
n

of
th

e
th

eo
re

ti
ca

l
re

su
lt

s
fo

rm
a
ll

y
d

er
iv

ed
in

th
e

p
ap

er
.

T
h

e
re

su
lt

s
o
f

th
e

ex
p

er
-

im
en

ts
p

ro
v
id

e
si

g
n

ifi
ca

n
t

ev
id

en
ce

th
a
t

th
e

gl
o
b
a
l

m
in

im
iz

er
s

of
th

e
co

n
si

d
er

ed
n

et
w

o
rk

er
ro

r
fu

n
ct

io
n

s
fa

ll
w

it
h

in
th

e
b

o
u

n
d

s
o
f

th
e

p
o
ly

to
p

e
d

efi
n

ed
b
y

ou
r

m
et

h
o
d

.
M

o
re

ov
er

,
th

e
p

ro
p

os
ed

a
p

p
ro

ac
h

is
n

o
t

re
st

ri
ct

iv
e

in
te

rm
s

of
th

e
h

id
d

en
la

ye
rs

co
n

si
d

er
ed

fo
r

th
e

M
L

P
or

th
e

b
ou

n
d
s

of
th

e
in

te
rv

a
l

fo
r

n
o
d

e’
s

ou
tp

u
t

va
lu

es
.

A
th

or
ou

g
h

p
er

fo
rm

a
n

ce
a
n

a
ly

si
s

o
f

g
lo

b
a
l

o
p

ti
m

iz
a
ti

on
p

ro
ce

d
u

re
s

w
it

h
a
n

d
w

it
h

o
u

t
u

si
n

g
th

e
p

ro
p

o
se

d
a
p

p
ro

a
ch

w
a
s

n
o
t

p
a
rt

o
f

th
e

o
b

je
ct

iv
es

of
th

is
p

a
p

er
—

th
is

w
il

l
b

e
co

n
si

d
er

ed
in

fu
tu

re
w

o
rk

.
A

ls
o
,

w
e

a
re

p
la

n
n
in

g
to

in
ve

st
ig

a
te

th
e

p
o
ss

ib
il

it
y

o
f

d
ea

li
n

g
w

it
h

M
L

P
s

th
at

u
se

o
th

er
ty

p
es

o
f

a
ct

iv
a
ti

o
n

fu
n

ct
io

n
s

a
s

w
el

l
as

ex
p

lo
re

th
e

a
p

p
li

ca
b

il
it

y
of

th
e

re
su

lt
s

to
o
th

er
ty

p
es

o
f

n
et

w
o
rk

s
su

ch
a
s

th
e

ra
d

ia
l

b
as

is
fu

n
ct

io
n

a
n

d
th

e
re

cu
rr

en
t

n
et

w
o
rk

s.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h

e
a
u

th
or

s
w

ou
ld

li
ke

to
th

a
n
k

th
e

a
n

o
n
y
m

o
u

s
re

v
ie

w
er

s
fo

r
th

ei
r

va
lu

a
b
le

su
gg

es
ti

o
n

s
an

d
co

m
m

en
ts

on
ea

rl
ie

r
ve

rs
io

n
o
f

th
e

m
a
n
u

sc
ri

p
t,

th
a
t

h
el

p
ed

to
si

g
n

ifi
ca

n
tl

y
im

p
ro

ve
th

e
p

a
p

er
at

h
an

d
.

A
p
p
e
n
d
ix

A
.
S
a
m
p
le

C
o
d
e
fo
r
a
n

M
L
P

N
a
tu

ra
l
In

cl
u
si
o
n

F
u
n
ct
io
n

H
er

e,
w

e
g
iv

e
a
n

ex
a
m

p
le

o
f

th
e

M
A

T
L

A
B

co
d

e
u

se
d

fo
r

th
e

n
at

u
ra

l
in

cl
u

si
on

fu
n

ct
io

n
of

th
e

fu
n

ct
io

n
im

p
le

m
en

te
d

b
y

a
3
-l

ay
er

M
L

P
fo

r
th

e
X

O
R

b
en

ch
m

a
rk

.
It

is
st

ra
ig

h
tf

o
rw

ar
d

to
o
b

ta
in

th
e

n
a
tu

ra
l

in
cl

u
si

o
n

fu
n

ct
io

n
b
y

si
m

p
ly

re
p

la
ci

n
g

re
al

va
ri

a
b

le
s

b
y

th
ei

r
in

te
rv

al
co

u
n
te

rp
ar

ts
.

S
o,

al
l
va

ri
ab

le
s

co
rr

es
p

o
n

d
in

g
to

th
e

w
ei

g
h
ts

o
f

th
e

M
L

P
,
a
s

w
el

l
as

th
e

q
u

an
-

ti
ti

es
co

m
p

u
te

d
w

it
h

th
es

e
va

ri
ab

le
s,

ar
e

in
te

rv
a
ls

.
In

te
rv

al
co

m
p

u
ta

ti
on

s
a
re

a
u

to
m

at
ic

a
ll

y
ca

rr
ie

d
ou

t
u

si
n

g
IN

T
L

A
B

(R
u

m
p

,
1
9
99

).

%
t
h
e

f
o
l
l
o
w
i
n
g
d
e
f
i
n
e
t
h
e
a
c
t
i
v
a
t
i
o
n
f
u
n
c
t
i
o
n
s

a
v
f
H
L

=
@
(
x
)
[
1
.
/
(
1
+
e
x
p
(
-
x
)
)
]
;

%
f
o
r
t
h
e
h
i
d
d
e
n
l
a
y
e
r

a
v
f
O
L

=
@
(
x
)
[
1
.
/
(
1
+
e
x
p
(
-
x
)
)
]
;

%
f
o
r
t
h
e
o
u
t
p
u
t
l
a
y
e
r

%
t
h
e

c
o
d
e

f
o
r

t
h
e
i
n
c
l
u
s
i
o
n
f
u
n
c
t
i
o
n

f
u
n
c
t
i
o
n

y
=

e
v
x
o
r
(
W
0
)

%
W
0

i
s

t
h
e

v
e
c
t
o
r
o
f
t
h
e
w
e
i
g
h
t
i
n
t
e
r
v
a
l
s

%
g
l
o
b
a
l

n
e
t
w
o
r
k

p
a
r
a
m
e
t
e
r
s

a
n
d
t
r
a
i
n
i
n
g
d
a
t
a

g
l
o
b
a
l

p
t

n
p

n
h

o
a
v
f
H
L

a
v
f
O
L

W
1

=
r
e
s
h
a
p
e
(
W
0
(
1
:
h
*
n
,
1
)
,
h
,
n
)
;

34
JM

L
R

 1
7(

16
9)

:1
-4

0



B
o
u
n
d
in

g
G

l
o
b
a
l

O
p
t
im

iz
a
t
io

n
T

r
a
in

in
g

v
ia

In
t
e
r
v
a
l

A
n
a
ly

sis

b
1

=
r
e
p
m
a
t
(
r
e
s
h
a
p
e
(
W
0
(
(
h
*
n
)
+
1
:
(
h
*
n
)
+
h
*
1
,
1
)
,
h
,
1
)
,
1
,
n
p
)
;

W
2

=
r
e
s
h
a
p
e
(
W
0
(
(
h
*
(
n
+
1
)
)
+
1
:
(
h
*
(
n
+
1
)
)
+
o
*
h
,
1
)
,
o
,
h
)
;

b
2

=
r
e
p
m
a
t
(
r
e
s
h
a
p
e
(
W
0
(
h
*
(
n
+
1
)
+
o
*
h
+
1
:
e
n
d
,
1
)
,
o
,
1
)
,
1
,
n
p
)
;

y
=

s
u
m
(
(
t
-
a
v
f
O
L
(
W
2
*
a
v
f
H
L
(
W
1
*
p
+
b
1
)
+
b
2
)
)
.
^
2
)
.
/
n
p
;

%
e
n
d

f
u
n
c
t
i
o
n

R
e
fe
re
n
ce

s

S
.P

.
A

d
a
m

,
D

.A
.

K
a
rra

s,
G

.D
.

M
a
g
o
u

las,
an

d
M

.N
.

V
ra

h
a
tis.

S
o
lv

in
g

th
e

lin
ear

in
terva

l
toleran

ce
p

ro
b

lem
fo

r
w

eig
h
t

in
itializatio

n
of

n
eu

ra
l
n

etw
o
rk

s.
N

eu
ra

l
N

etw
o
rks,

5
4
:17

–
3
7,

2
0
1
4.

G
.

A
lefeld

an
d

G
.

M
ay

er.
In

terval
a
n

a
ly

sis:
th

eo
ry

a
n

d
a
p

p
lica

tio
n

s.
J

o
u

rn
a
l

o
f

C
o
m

p
u

ta
-

tio
n

a
l

a
n

d
A

p
p
lied

M
a
th

em
a
tics,

1
2
1
:4

2
1
–4

6
4
,

2
0
0
0.

A
.M

.
B

ag
irov

,
A

.M
.

R
u

b
in

ov
,

an
d

J
.

Z
h

an
g.

A
m

u
ltid

im
en

sio
n

a
l

d
escen

t
m

eth
o
d

fo
r

g
lo

b
al

o
p

tim
iza

tio
n

.
O

p
tim

iza
tio

n
,

5
8
(5

):6
11

–
6
2
5,

2
0
0
9
.

O
.

B
ea

u
m

o
n
t.

S
o
lv

in
g

in
terva

l
lin

ear
sy

stem
s

w
ith

lin
ea

r
p

rog
ra

m
m

in
g

tech
n

iq
u

es.
L

in
ea

r
A

lgebra
a
n

d
its

A
p
p
lica

tio
n

s,
28

1
:29

3
–
3
09

,
1
9
9
8.

D
.

B
ertsim

as
an

d
J
.

T
sitsik

lis.
S

im
u

la
ted

a
n

n
ea

lin
g
.

S
ta

tistica
l

S
cien

ce,
8(1

):10
–
1
5
,

19
9
3
.

C
.M

.
B

ish
op

.
N

eu
ra

l
N

etw
o
rks

fo
r

P
a
ttern

R
ecogn

itio
n

.
O

x
fo

rd
U

n
iv

ersity
P

ress,
N

ew
Y

o
rk

,
1
99

5
.

C
.G

.E
.

B
o
en

d
er,

A
.H

.G
.

R
in

n
o
oy

K
a
n

,
G

.T
.

T
im

m
er,

a
n

d
L

.
S
to

u
g
ie.

A
sto

ch
a
stic

m
eth

o
d

fo
r

g
lo

b
a
l

o
p
tim

iza
tion

.
M

a
th

em
a
tica

l
P

rogra
m

m
in

g,
2
2:1

2
5
–1

4
0
,

1
9
82

.

S
.H

.
B

ro
o
k
s.

A
d

iscu
ssion

o
f

ra
n

d
o
m

m
eth

o
d

s
fo

r
seek

in
g

m
a
x
im

a
.

O
pera

tio
n

s
R

esea
rch

,
6

(2):2
4
4–

25
1
,

19
5
8.

R
.E

.
C

a
fl

isch
.

M
on

te
C

a
rlo

a
n

d
q
u

a
si-M

o
n
te

C
arlo

m
eth

o
d

s.
A

cta
N

u
m

erica
,

7
:1–

4
9
,

1
9
98

.

O
.

C
a
p

ran
i,

B
.

G
o
d
th

a
ab

,
a
n

d
K

.
M

a
d

sen
.

U
se

of
a

rea
l-va

lu
ed

lo
ca

l
m

in
im

u
m

in
p

a
ra

llel
in

terva
l

g
lo

b
a
l

op
tim

iza
tion

.
In

terva
l

C
o
m

p
u

ta
tio

n
s,

2
:7

1
–
8
2,

1
9
9
3
.

P
.A

.
C

a
stillo

,
J
.J

.
M

erelo
,
A

.
P

rieto
,
V

.
R

iva
s,

an
d

G
.
R

o
m

ero
.

G
-p

ro
p

:
G

lo
b
a
l
o
p

tim
iza

tion
o
f

m
u

ltilayer
p

ercep
tro

n
s

u
sin

g
G

A
s.

N
eu

roco
m

p
u

tin
g,

3
5
:14

9
–
1
63

,
2
0
0
0.

M
.

C
lerc

an
d

J
.

K
en

n
ed

y.
T

h
e

p
a
rticle

sw
a
rm

–
ex

p
lo

sion
,

sta
b

ility,
an

d
co

n
v
erg

en
ce

in
a

m
u

ltid
im

en
sio

n
a
l

com
p

lex
sp

ace.
IE

E
E

T
ra

n
sa

ctio
n

s
o
n

E
vo

lu
tio

n
a
ry

C
o
m

p
u

ta
tio

n
,

6
(1

):58
–
73

,
2
00

2
.

M
.

C
o
u

rb
aria

u
x
,

Y
.

B
en

gio
,

a
n

d
J
-P

.
D

av
id

.
T

rain
in

g
d

eep
n

eu
ra

l
n

etw
ork

s
w

ith
low

p
recisio

n
m

u
ltip

lica
tion

s.
A

rX
iv

e-p
rin

ts,
a
b

s/
1
4
12

.7
02

4
,

2
01

4
.

A
va

ilab
le

electron
ica

lly
v
ia

h
ttp

://
a
rx

iv
.o

rg
/
ab

s/1
4
12

.70
2
4
.

3
5

JM
L

R
 17(169):1-40

A
d
a
m

,
M

a
g

o
u
l
a
s,

K
a
r
r
a
s

a
n
d

V
r
a
h
a
t
is

G
.

C
y
b

en
ko.

A
p

p
rox

im
ation

b
y

su
p

erp
o
sition

s
of

a
sigm

oid
al

fu
n

ction
.

M
a
th

em
a
tics

o
f

C
o
n

tro
l

S
ign

a
ls

a
n

d
S

ystem
s,

2:303–314,
1989.

D
.H

.
D

eterd
in

g.
S

pea
ker

N
o
rm

a
lisa

tio
n

fo
r

A
u

to
m

a
tic

S
peech

R
ecogn

itio
n

.
P

h
D

th
esis,

U
n

iversity
o
f

C
am

b
rid

ge,
1989.

S
.

D
ragh

ici.
O

n
th

e
cap

ab
ilities

of
n

eu
ral

n
etw

ork
s

u
sin

g
lim

ited
p

recision
w

eig
h
ts.

N
eu

ra
l

N
etw

o
rks,

15(3):395–414,
2002.

W
.

D
u

ch
an

d
N

.
J
an

kow
sk

i.
S

u
rvey

of
n

eu
ral

tran
sfer

fu
n

ction
s.

N
eu

-
ra

l
C

o
m

p
u

tin
g

S
u

rveys,
2:163–212,

1999.
A

vailab
le

electron
ically

at
ftp

:/
/ftp

.icsi.b
erkeley.ed

u
/p

u
b

/ai/
ja

gota/vol2
6.p

d
f.

W
.

D
u

ch
an

d
J
.

K
orczak

.
O

p
tim

ization
an

d
glob

al
m

in
im

izatio
n

m
eth

o
d

s
su

itab
le

for
n

eu
ra

l
n

etw
ork

s.
N

eu
ra

l
C

o
m

p
u

tin
g

S
u

rveys,
2:163–212,

1
998.

A
vailab

le
electron

ically
v
ia

h
ttp

://w
w

w
.fizy

ka.u
m

k
.p

l/p
u

b
lication

s/k
m

k
/99glo

b
m

in
.h

tm
l.

A
.E

.
E

ib
en

,
E

.H
.L

.
A

arts,
an

d
K

.M
.

V
an

H
ee.

G
lob

al
con

verg
en

ce
o
f

gen
etic

a
lgorith

m
s:

A
M

a
rkov

ch
ain

an
aly

sis.
In

H
an

s-P
au

l
S

ch
w

efel
an

d
R

ein
h

ard
M

an
n

er,
ed

itors,
P

a
ra

llel
P

ro
blem

S
o
lvin

g
fro

m
N

a
tu

re,
volu

m
e

49
6

of
L

ectu
re

N
o
tes

in
C

o
m

p
u

ter
S

cien
ce,

p
ages

3
–12

.
S

p
rin

ger,
B

erlin
,

1991.

J
.

E
n

g
el.

T
ea

ch
in

g
feed

-forw
ard

n
eu

ral
n

etw
ork

s
b
y

sim
u

lated
an

n
ealin

g.
C

o
m

p
lex

S
ystem

s,
2
(6

):64
1–6

48,
1
988.

V
.G

.
G

u
d

ise
a
n

d
G

.K
.

V
en

ayagam
o
orth

y.
C

om
p

arison
o
f

p
article

sw
arm

op
tim

iza
tion

an
d

b
ack

p
rop

aga
tion

as
train

in
g

algorith
m

s
for

n
eu

ral
n

etw
ork

s.
In

P
roceed

in
gs

o
f

th
e

IE
E

E
S

w
a
rm

In
telligen

ce
S

ym
po

siu
m

,
S

IS
’0

3
,

p
ages

110–117,
20

03.

S
.

G
u

p
ta,

A
.

A
graw

al,
K

.
G

op
alak

rish
n

an
,

an
d

P
.

N
arayan

an
.

D
eep

learn
in

g
w

ith
lim

ited
n
u

m
erical

p
recision

.
In

D
av

id
B

lei
an

d
F

ran
cis

B
ach

,
ed

itors,
P

roceed
in

gs
o
f

th
e

3
2
n

d
In

-
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g
(IC

M
L

-1
5
),

p
ages

17
37–17

46.
J
M

L
R

W
ork

-
sh

op
a
n

d
C

on
feren

ce
P

ro
ceed

in
gs,

2
015.

L
.G

.C
.

H
am

ey.
A

n
aly

sis
of

th
e

error
su

rface
of

th
e

X
O

R
n

etw
ork

w
ith

tw
o

h
id

d
en

n
o
d

es.
C

om
p

u
tin

g
R

ep
ort

95/167C
,

D
ep

artm
en

t
of

C
om

p
u

tin
g,

M
a
cq

u
a
rie

U
n

iv
ersity,

N
S

W
2
109

,
A

u
stralia,

1995.

L
.G

.C
.

H
am

ey.
X

O
R

h
as

n
o

lo
cal

m
in

im
a:

A
case

stu
d

y
in

n
eu

ra
l

n
etw

ork
error

su
rface

a
n

a
ly

sis.
N

eu
ra

l
N

etw
o
rks,

1(4):669–681,
199

8.

E
.R

.
H

an
sen

.
O

n
th

e
solu

tion
of

lin
ear

algeb
raic

eq
u

ation
s

w
ith

in
terval

co
effi

cien
ts.

L
in

ea
r

A
lgebra

a
n

d
its

A
p
p
lica

tio
n

s,
2(2):153–165,

196
9.

E
.R

.
H

an
sen

an
d

S
.

S
en

gu
p

ta.
B

ou
n

d
in

g
solu

tion
s

of
sy

stem
s

of
eq

u
ation

s
u

sin
g

in
terval

a
n

a
ly

sis.
B

IT
N

u
m

erica
l

M
a
th

em
a
tics,

21:203–211,
1981.

E
.R

.
H

an
sen

an
d

G
.W

.
W

alster.
G

lo
ba

l
O

p
tim

iza
tio

n
U

sin
g

In
terva

l
A

n
a
lysis.

M
arcel

D
ek

ker,
N

ew
Y

ork
,

2004.

36
JM

L
R

 17(169):1-40



B
o
u
n
d
in

g
G

l
o
b
a
l

O
p
t
im

iz
a
t
io

n
T

r
a
in

in
g

v
ia

In
t
e
r
v
a
l

A
n
a
ly

si
s

S
.

H
ay

k
in

.
N

eu
ra

l
N

et
w

o
rk

s
A

C
o
m

p
re

h
en

si
ve

F
o
u

n
d
a
ti

o
n

.
P

re
n
ti

ce
-H

al
l,

U
p

p
er

S
ad

d
le

R
iv

er
,

N
ew

J
er

se
y,

19
99

.

S
.

H
el

w
ig

an
d

R
.

W
an

ka
.

T
h

eo
re

ti
ca

l
an

al
y
si

s
of

in
it

ia
l

p
ar

ti
cl

e
sw

ar
m

b
eh

av
io

r.
In

G
.

R
u

d
ol

p
h

,
T

.
J
an

se
n

,
S

.
L

u
ca

s,
C

.
P

ol
on

i,
an

d
N

.
B

eu
m

e,
ed

it
or

s,
P

a
ra

ll
el

P
ro

bl
em

S
o
lv

in
g

fr
o
m

N
a
tu

re
–

P
P

S
N

X
,

v
ol

u
m

e
51

99
of

L
ec

tu
re

N
o
te

s
in

C
o
m

p
u

te
r

S
ci

en
ce

,
p

ag
es

88
9–

89
8.

S
p

ri
n

ge
r,

B
er

li
n

,
2
00

8.

N
.

H
ig

h
am

.
A

cc
u

ra
cy

a
n

d
S

ta
bi

li
ty

o
f

N
u

m
er

ic
a
l

A
lg

o
ri

th
m

s.
S

o
ci

et
y

fo
r

In
d

u
st

ri
a
l

a
n

d
A

p
p

li
ed

M
at

h
em

at
ic

s,
P

h
il

ad
el

p
h

ia
,

2
00

2.

M
.

H
o
eh

fe
ld

an
d

S
.

E
.

F
ah

lm
an

.
L

ea
rn

in
g

w
it

h
li

m
it

ed
n
u

m
er

ic
al

p
re

ci
si

o
n

u
si

n
g

th
e

ca
sc

ad
e-

co
rr

el
at

io
n

al
go

ri
th

m
.

IE
E

E
T

ra
n

sa
ct

io
n

s
o
n

N
eu

ra
l

N
et

w
o
rk

s,
3
(4

):
6
02

–
6
1
1,

19
92

.

C
.

H
öl

b
ig

an
d

W
.

K
rä
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gs
,

or
th

e
d

a
ta

p
re

p
ro

ce
ss

in
g
.

m
l
r

im
p

le
-

m
en

ts
jo

in
t

op
ti

m
iz

at
io

n
o
f

h
y
p

er
p

a
ra

m
et

er
s

o
f

a
n
y

le
a
rn

in
g

a
lg

or
it

h
m

a
n

d
a
n
y

p
re

-
a
n

d
p

os
tp

ro
ce

ss
in

g
m

et
h

o
d

s
fo

r
a
n
y

ta
sk

,
a
n
y

re
sa

m
p

li
n

g
st

ra
te

g
y,

an
d

a
n
y

p
er

fo
rm

a
n

ce
m

ea
-

su
re

,
in

cl
u

d
in

g
ca

te
go

ri
ca

l
an

d
co

n
d

it
io

n
a
l

h
y
p

er
p

ar
a
m

et
er

s.
R

an
d

o
m

se
a
rc

h
,

g
ri

d
se

ar
ch

,
ev

o
lu

ti
on

ar
y

al
g
or

it
h

m
s,

it
er

a
te

d
F

-r
a
ci

n
g
,

an
d

se
q
u

en
ti

a
l

m
o
d

el
-b

a
se

d
o
p

ti
m

iz
a
ti

on
ar

e
av

ai
la

b
le

.

F
ea

tu
re

S
el

ec
ti

o
n

.
F

ea
tu

re
se

le
ct

io
n

ca
n

im
p

ro
ve

th
e

in
te

rp
re

ta
b

il
it

y
an

d
p

er
fo

rm
an

ce
of

a
le

a
rn

ed
p

re
d

ic
ti

ve
m

o
d

el
.

m
l
r

su
p

p
or

ts
fi

lt
er

a
n

d
w

ra
p
pe

r
ap

p
ro

ac
h

es
,

w
h
il

e
em

be
d
d
ed

te
ch

n
iq

u
es

li
ke

L
1
-p

en
al

iz
a
ti

on
ar

e
in

cl
u

d
ed

d
ir

ec
tl

y
in

th
e

le
ar

n
er

s.
S

u
p

p
or

te
d

se
le

ct
io

n
te

ch
n

iq
u

es
in

cl
u

d
e

in
fo

rm
a
ti

on
ga

in
,

M
R

M
R

,
an

d
R

E
L

IE
F

,
w

it
h

fo
rw

a
rd

a
n

d
b

a
ck

w
a
rd

se
ar

ch
.

F
il

te
r

sc
or

es
a
n

d
se

q
u

en
ti

a
l

w
ra

p
p

er
se

a
rc

h
re

su
lt

s
ca

n
b

e
v
is

u
a
li

ze
d

.

W
ra

p
pe

r
E

xt
en

si
o
n

s.
m

l
r

’s
w

ra
p

p
er

m
ec

h
a
n

is
m

a
ll

ow
s

to
ex

te
n

d
le

a
rn

er
s

th
ro

u
g
h

p
re

-
tr

a
in

,
p

o
st

-t
ra

in
,

p
re

-p
re

d
ic

t,
a
n

d
p

os
t-

p
re

d
ic

t
h

o
o
k
s.

W
e

p
ro

v
id

e
w

ra
p
p

er
s

fo
r

m
is

si
n

g
va

lu
e

im
p

u
ta

ti
on

,
u

se
r-

d
efi

n
ed

p
re

p
ro

ce
ss

in
g
,

cl
a
ss

im
b

al
a
n

ce
co

rr
ec

ti
on

,
fe

at
u

re
se

le
ct

io
n

,
tu

n
in

g
,
b

a
gg

in
g
,
an

d
st

a
ck

in
g
.

W
ra

p
p

er
s

ca
n

b
e

n
es

te
d

to
co

m
b

in
e

fu
n

ct
io

n
a
li

ti
es

.
W

ra
p

p
ed

le
a
rn

er
s

b
eh

av
e

li
ke

b
as

e
le

a
rn

er
s,

w
it

h
a
d

d
ed

fu
n

ct
io

n
a
li

ty
an

d
ex

p
an

d
ed

h
y
p

er
p

a
ra

m
et

er
se

t.
D

u
ri

n
g

re
sa

m
p

li
n

g,
a
ll

ad
d

ed
st

ep
s

a
re

ca
rr

ie
d

o
u

t
in

ea
ch

it
er

at
io

n
.

D
u

ri
n

g
tu

n
in

g,
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m
l
r
:

M
a
c
h
in

e
L

e
a
r
n
in

g
in

R

th
e

join
t

p
a
ra

m
eter

sp
a
ce

ca
n

b
e

o
p

tim
ized

.
F

o
r

ex
a
m

p
le

th
resh

o
ld

s
fo

r
fea

tu
re

fi
lterin

g
ca

n
b

e
tu

n
ed

jo
in

tly
w

ith
o
th

er
h
y
p

erp
a
ra

m
eters

(L
an

g
et

a
l.,

2
01

5
).

B
en

ch
m

a
rkin

g
a
n

d
P

a
ra

lleliza
tio

n
.

T
h

e
b
e
n
c
h
m
a
r
k

fu
n

ctio
n

eva
lu

ates
th

e
p

erform
a
n

ce
o
f

m
u

ltip
le

lea
rn

ers
o
n

m
u

ltip
le

ta
sk

s.
A

s
b

en
ch

m
a
rk

stu
d

ies
can

q
u

ick
ly

b
eco

m
e

very
resou

rce-d
em

a
n

d
in

g
,
m

l
r

n
a
tively

su
p

p
o
rts

p
a
ra

llelization
th

ro
u

g
h

th
e

pa
r
a
l
l
e
l
M

a
p

p
ack

-
a
ge

(B
isch

l
a
n

d
L

an
g
,

2
0
15

)
th

at
can

u
se

lo
ca

l
m

u
lticore,

so
cket,

a
n

d
M

P
I

co
m

p
u

ta
tion

m
o
d

es.
B

a
t
c
h
J
o
b
s

(B
isch

l
et

a
l.,

20
1
5
)

p
rov

id
es

d
istrib

u
tio

n
o
n

co
m

p
u

te
clu

sters.
O

p
er-

a
tio

n
s

to
b

e
p

a
ra

llelized
ca

n
b

e
selected

ex
p

licitly.

P
ro

perties
a
n

d
P

a
ra

m
eters.

M
an

y
o
f

th
e

m
l
r

o
b

jects
h

ave
p

rop
erties

th
a
t

a
llow

th
em

to
b

e
u

sed
p

ro
gra

m
m

atica
lly,

e.g
.,

ch
eck

w
h

eth
er

a
ta

sk
h

as
m

issin
g

valu
es,

w
h

eth
er

a
lea

rn
er

ca
n

h
a
n

d
le

ca
tego

rica
l

va
ria

b
les,

or
list

a
ll

lea
rn

ers
su

ita
b

le
fo

r
a

g
iv

en
ta

sk
.

E
very

lea
rn

er
in

clu
d

es
a

d
escrip

tion
ob

ject
th

at
d

efi
n

es
a
ll

h
y
p

erp
a
ra

m
eters,

in
clu

d
in

g
ty

p
e,

d
efa

u
lt

va
lu

e,
a
n

d
feasib

le
ra

n
ge.

T
h

is
in

fo
rm

atio
n

is
u

su
a
lly

n
o
t

rea
d

ily
ava

ila
b

le
fro

m
th

e
im

p
lem

en
ta

tio
n

o
f

a
n

in
tegra

ted
learn

in
g

m
eth

o
d

a
n

d
m

ay
o
n

ly
b

e
listed

in
its

d
o
cu

m
en

tatio
n

.

3
.
E
x
a
m
p
le

T
h

e
fo

llow
in

g
ex

a
m

p
le

d
em

o
n

stra
tes

th
e

u
se

of
m

l
r

.
A

fter
lo

ad
in

g
req

u
ired

p
a
cka

g
es

a
n

d
th

e
“S

on
a
r”

d
a
ta

set
(L

in
e

1
),

w
e

crea
te

a
cla

ssifi
ca

tio
n

task
a
n

d
a

su
p

p
o
rt

v
ecto

r
m

ach
in

e
learn

er
(L

in
es

2
–3

).
T

h
e

resam
p

le
d

escrip
tio

n
tells

m
l
r

to
u

se
a

5
-fold

cro
ss-valid

a
tio

n
(L

in
e

4
).

H
y
p

erp
a
ra

m
eters

a
n

d
b

ox
-co

n
stra

in
ts

for
tu

n
in

g
are

sp
ecifi

ed
in

L
in

es
5
–1

1
.

W
e

o
p

tim
ize

over
th

e
ch

oice
o
f
a

p
oly

n
o
m

ia
l
versu

s
a

G
a
u

ssia
n

kern
el

b
y

m
ak

in
g

th
eir

in
d

iv
id

u
a
l

p
a
ram

eters
d

ep
en

d
en

t
o
n

th
e

kern
el

v
ia

th
e
r
e
q
u
i
r
e
s

settin
g

(L
in

es
9

a
n

d
1
1
).

W
e

u
se

ra
n

d
o
m

sea
rch

w
ith

at
m

o
st

5
0

eva
lu

a
tion

s
(L

in
e

12
).

T
h

e
valu

es
for

C
a
n

d
s
i
g
m
a

are
sa

m
p

led
o
n

a
lo

g-sca
le

th
rou

gh
th

e
tra

n
sfo

rm
a
tion

fu
n

ctio
n
s

g
iv

en
as

th
e
t
r
a
f
o

a
rgu

m
en

t
(L

in
es

7–
8
).

L
in

e
1
3

b
in

d
s

every
th

in
g

tog
eth

er
an

d
op

tim
izes

fo
r

m
ea

n
m

iscla
ssifi

ca
tion

erro
r

(m
m

ce).
r
e
s

h
o
ld

s
th

e
b

est
co

n
fi

g
u

ratio
n

a
n

d
in

form
a
tio

n
on

th
e

eva
lu

a
ted

p
ara

m
eters.

1
l
i
b
r
a
r
y
(
m
l
r
)
;

l
i
b
r
a
r
y
(
m
l
b
e
n
c
h
)
;

d
a
t
a
(
S
o
n
a
r
)

2
t
a
s
k

=
m
a
k
e
C
l
a
s
s
i
f
T
a
s
k
(
d
a
t
a
=
S
o
n
a
r
,

t
a
r
g
e
t
=
"
C
l
a
s
s
"
)

3
l
r
n

=
m
a
k
e
L
e
a
r
n
e
r
(
"
c
l
a
s
s
i
f
.
k
s
v
m
"
)

4
r
d
e
s
c

=
m
a
k
e
R
e
s
a
m
p
l
e
D
e
s
c
(
m
e
t
h
o
d
=
"
C
V
"
,

i
t
e
r
s
=
5
)

5
p
s

=
m
a
k
e
P
a
r
a
m
S
e
t
(

6
m
a
k
e
D
i
s
c
r
e
t
e
P
a
r
a
m
(
"
k
e
r
n
e
l
"
,

v
a
l
u
e
s
=
c
(
"
p
o
l
y
d
o
t
"
,

"
r
b
f
d
o
t
"
)
)
,

7
m
a
k
e
N
u
m
e
r
i
c
P
a
r
a
m
(
"
C
"
,

l
o
w
e
r
=
-
1
5
,

u
p
p
e
r
=
1
5
,

t
r
a
f
o
=
f
u
n
c
t
i
o
n
(
x
)

2
^
x
)
,

8
m
a
k
e
N
u
m
e
r
i
c
P
a
r
a
m
(
"
s
i
g
m
a
"
,

l
o
w
e
r
=
-
1
5
,

u
p
p
e
r
=
1
5
,

t
r
a
f
o
=
f
u
n
c
t
i
o
n
(
x
)

2
^
x
,

9
r
e
q
u
i
r
e
s

=
q
u
o
t
e
(
k
e
r
n
e
l

=
=

"
r
b
f
d
o
t
"
)
)
,

1
0

m
a
k
e
I
n
t
e
g
e
r
P
a
r
a
m
(
"
d
e
g
r
e
e
"
,

l
o
w
e
r

=
1
,

u
p
p
e
r

=
5
,

1
1

r
e
q
u
i
r
e
s

=
q
u
o
t
e
(
k
e
r
n
e
l

=
=

"
p
o
l
y
d
o
t
"
)
)
)

1
2

c
t
r
l

=
m
a
k
e
T
u
n
e
C
o
n
t
r
o
l
R
a
n
d
o
m
(
m
a
x
i
t
=
5
0
)

1
3

r
e
s

=
t
u
n
e
P
a
r
a
m
s
(
l
r
n
,

t
a
s
k
,

r
d
e
s
c
,

p
a
r
.
s
e
t
=
p
s
,

c
o
n
t
r
o
l
=
c
t
r
l
,

m
e
a
s
u
r
e
s
=
m
m
c
e
)

4
.
A
v
a
ila

b
ility,

D
o
cu

m
e
n
ta
tio

n
,
M

a
in
te
n
a
n
ce

,
a
n
d

C
o
d
e
Q
u
a
lity

C
o
n
tro

l

T
h

e
m

l
r

so
u

rce
co

d
e

is
availab

le
u

n
d

er
th

e
B

S
D

2-cla
u
se

licen
se

a
n

d
h

o
sted

o
n

G
itH

u
b

(h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
m
l
r
-
o
r
g
/
m
l
r
).

S
ta

b
le

relea
ses

are
freq

u
en

tly
p

u
b

lish
ed

o
n

th
e

C
o
n

-
trib

u
ted

R
A

rch
ive

N
etw

ork
(C

R
A

N
),

w
h

ich
lists

m
l
r

in
T

a
sk

V
iew

‘M
a
ch

in
e

L
ea

rn
in

g
&

S
ta

tistica
l

L
ea

rn
in

g
’.

W
e

p
rov

id
e

ex
ten

sive
A

P
I

d
o
cu

m
en

ta
tio

n
th

ro
u

g
h

R
’s

in
tern

al
h

elp

3
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B
isc

h
l
,

L
a
n
g

,
K

o
t
t
h
o
f
f
,

S
c
h
if

f
n
e
r
,

R
ic

h
t
e
r
,

S
t
u
d
e
r
u
s,

C
a
sa

l
ic

c
h
io

a
n
d

J
o
n
e
s

sy
stem

a
n

d
a

very
d

etailed
tu

torial
(S

ch
iff

n
er

et
al.,

20
16)

th
at

gu
id

es
th

e
u

ser
from

very
b

a
sic

task
s

to
com

p
lex

ap
p

lication
s

w
ith

w
orked

ex
am

p
les

an
d

is
con

tin
u

ou
sly

ex
ten

d
ed

.
A

n
issu

e
tracker,

th
e

test
fram

ew
ork

t
e
st

t
h
a
t

(w
ith

m
ore

th
an

10
,000

lin
es

of
tests

a
n

d
m

ore
th

a
n

1,2
00

assertion
s),

an
d

th
e

C
I

sy
stem

s
T

rav
is

an
d

J
en

k
in

s
su

p
p

ort
th

e
correctn

ess
of

th
e

co
d

e
b

ase.
In

ad
d

ition
,

w
e

p
rov

id
e

d
o
cu

m
en

tation
an

d
co

d
in

g
gu

id
elin

es
for

d
evelop

ers
an

d
co

n
trib

u
to

rs.

5
.
C
o
m
p
a
riso

n
to

S
im

ila
r
T
o
o
lk
its/

F
ra

m
e
w
o
rk

s

S
evera

l
oth

er
R

p
ackages

p
rov

id
e

fram
ew

ork
s

for
h

an
d

lin
g

p
red

iction
m

o
d

els,
in

clu
d

in
g

c
a
r
e
t

(K
u

h
n

,
2
008),

D
M

w
R

(T
orgo,

2010),
C

O
R

E
l
e
a
r
n

(R
o
b

n
ik

-S
ikon

ja
an

d
w

ith
con

-
trib

u
tion

s
from

J
oh

n
A

d
eyan

ju
A

lao,
2016),

r
a
t
t
l
e

(W
illiam

s,
2011

),
r
m

in
e
r

(C
ortez,

2
01

0),
C

M
A

(S
law

sk
i

et
al.,

2008),
an

d
ip

r
e
d

(P
eters

an
d

H
oth

o
rn

,
2015).

T
h

e
fi

rst
5

o
n

ly
su

p
p

ort
classifi

cation
an

d
regression

,
C

M
A

on
ly

classifi
cation

.
m

l
r

’s
gen

eric
w

rap
-

p
er

m
ech

an
ism

is
n

ot
p

rov
id

ed
b
y

an
y

oth
er

p
ackage

in
th

is
form

.
A

lth
ou

gh
c
a
r
e
t

an
d

C
M

A
ca

n
fu

se
a

learn
er

w
ith

a
p

rep
ro

cessin
g

or
variab

le
selectio

n
m

eth
o
d

,
on

ly
m

l
r

can
sea

m
lessly

tu
n

e
th

ese
m

eth
o
d

s
sim

u
ltan

eou
sly

(K
o
ch

et
al.,

201
2).

O
n

ly
m

l
r

,
r
m

in
e
r

,
an

d
C

M
A

su
p

p
o
rt

n
ested

cross-valid
ation

.
A

sim
ilar

d
egree

of
fl

ex
ib

ility
can

b
e

ach
ieved

in
c
a
r
e
t

,
b

u
t

req
u

ires
cu

stom
im

p
lem

en
tation

s.
O

n
ly

m
l
r

su
p

p
orts

en
sem

b
le

learn
in

g
th

rou
g
h

stack
in

g
n

atively,
m

l
r

an
d
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u
r

fea
tu

re-level
d

o
m

ain
a
d

a
p

ta
tio

n
(f

l
d
a

)
a
p

p
ro

a
ch

is
a
n

ex
am

p
le

o
f

a
sa

m
p

le-tran
sfo

rm
a
tion

a
p

p
ro

a
ch

.

2
.1

Im
p

o
rta

n
c
e

W
e
ig

h
tin

g

Im
p

orta
n

ce-w
eigh

tin
g

ap
p

ro
a
ch

es
assig

n
a

w
eig

h
t

to
ea

ch
so

u
rce

sa
m

p
le

in
su

ch
a

w
ay

a
s

to
m

a
ke

th
e

rew
eigh

ed
version

o
f

th
e

so
u

rce
d

istrib
u

tio
n

a
s

sim
ila

r
to

th
e

ta
rg

et
d

istrib
u

tion
a
s

p
o
ssib

le
(S

h
im

o
d

a
ira

,
2
00

0;
H

u
a
n

g
et

a
l.,

2
0
0
6;

C
o
rtes

et
a
l.,

2
00

8
;

G
retto

n
et

al.,
2
0
09

;
C

ortes
an

d
M

o
h

ri,
2
01

1
;

G
on

g
et

a
l.,

2
0
13

;
B

a
k
tash

m
o
tlag

h
et

a
l.,

20
1
4
).

If
th

e
cla

ss
p

o
s-

terio
rs

a
re

id
en

tical
in

b
o
th

d
o
m

ain
s

(th
a
t

is,
th

e
cova

ria
te-sh

ift
a
ssu

m
p

tio
n

h
o
ld

s)
a
n

d
th

e
im

p
orta

n
ce

w
eig

h
ts

a
re

u
n
b

ia
sed

estim
a
tes

o
f

th
e

ratio
o
f

th
e

targ
et

d
en

sity
to

th
e

so
u

rce
d

en
sity,

th
en

th
e

im
p

orta
n

ce-w
eigh

ted
cla

ssifi
er

co
n
verg

es
to

th
e

classifi
er

th
a
t

w
o
u

ld
h

ave
b

een
lea

rn
ed

on
th

e
ta

rg
et

d
a
ta

if
lab

els
fo

r
th

a
t

d
ata

w
ere

ava
ila

b
le

(S
h

im
o
d

aira,
2
0
00

).
D

e-
sp

ite
th

eir
th

eo
retic

a
p

p
eal,

im
p

ortan
ce-w

eig
h
tin

g
a
p

p
ro

ach
es

gen
era

lly
d

o
n

ot
to

p
erfo

rm
very

w
ell

w
h

en
th

e
d

ata
set

is
sm

a
ll,

o
r

w
h

en
th

ere
is

little
”
overlap

”
b

etw
een

th
e

sou
rce

a
n

d
ta

rg
et

d
o
m

a
in

.
In

su
ch

scen
arios,

on
ly

a
very

sm
a
ll

set
o
f

sa
m

p
les

fro
m

th
e

sou
rce

d
om

a
in

is
a
ssig

n
ed

a
large

w
eigh

t.
A

s
a

resu
lt,

th
e

eff
ectiv

e
size

o
f

th
e

train
in

g
set

o
n

w
h

ich
th

e
classifi

er
is

tra
in

ed
is

very
sm

a
ll,

w
h

ich
lea

d
s

to
a

p
o
or

cla
ssifi

ca
tio

n
m

o
d

el.
In

co
n
trast

to
im

p
orta

n
ce-w

eig
h
tin

g
ap

p
roa

ch
es,

o
u

r
a
p

p
ro

a
ch

p
erfo

rm
s

a
fea

tu
re-level

rew
eig

h
in

g
.

S
p

ecif-
ically,

f
l
d
a

assign
s

a
d

a
ta-d

ep
en

d
en

t
w

eigh
t

to
ea

ch
o
f

th
e

fea
tu

res
th

a
t

rep
resen

ts
h

ow
in

fo
rm

a
tive

th
is

fea
tu

re
is

in
th

e
ta

rg
et

d
o
m

a
in

.
T

h
is

a
p

p
ro

a
ch

eff
ectiv

ely
u

ses
all

th
e

d
ata

in
th

e
sou

rce
d

o
m

ain
a
n

d
th

erefo
re

su
ff

ers
less

fro
m

th
e

sm
a
ll

sa
m

p
le

size
p

ro
b

lem
.

2
.2

S
a
m

p
le

T
ra

n
sfo

rm
a
tio

n

S
am

p
le-tran

sform
atio

n
ap

p
roa

ch
es

lea
rn

fu
n

ctio
n

s
th

at
m

ake
th

e
so

u
rce

d
istrib

u
tion

m
ore

sim
ila

r
to

th
e

ta
rg

et
d

istrib
u

tion
(B

litzer
et

a
l.,

2
0
06

,
2
0
1
1
;

P
a
n

et
a
l.,

2
01

1
;

G
op

a
la

n
et

a
l.,
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K
o
u
w

,
K

r
ijt

h
e
,

L
o
o
g

a
n
d

V
a
n

d
e
r

M
a
a
t
e
n

20
1
1;

G
on

g
et

al.,
2012;

B
ak

tash
m

otlagh
et

al.,
2013;

D
in

h
et

a
l.,

201
3;

F
ern

an
d

o
et

al.,
20

1
3;

S
h

ao
et

a
l.,

2014).
M

ost
sam

p
le-tran

sform
ation

a
p

p
roach

es
learn

g
lob

al
(n

o
n

)lin
ear

tra
n

sform
ation

s
th

at
m

ap
sou

rce
an

d
target

d
ata

p
oin

ts
in

to
th

e
sam

e,
sh

ared
featu

re
sp

ace
in

su
ch

a
w

ay
as

to
m

ax
im

ize
th

e
overlap

b
etw

een
th

e
tran

sform
ed

sou
rce

d
ata

an
d

th
e

tra
n

sform
ed

target
d

ata
(G

op
alan

et
al.,

2011;
P

an
et

al.,
2
011;

G
on

g
et

a
l.,

2
012;

F
ern

an
d

o
et

al.,
2013;

B
ak

tash
m

otlagh
et

al.,
2013).

A
p

p
roach

es
th

at
learn

a
sh

ared
su

b
sp

ace
in

w
h

ich
b

oth
th

e
sou

rce
an

d
th

e
target

d
ata

are
em

b
ed

d
ed

often
m

in
im

ize
th

e
m

ax
im

u
m

m
ean

d
iscrep

an
cy

(M
M

D
)

b
etw

een
th

e
tran

sfo
rm

ed
sou

rce
d

ata
an

d
th

e
tran

sform
ed

target
d

a
ta

(P
a
n

et
al.,

2
011;

B
ak

tash
m

otlagh
et

al.,
2013).

If
u

sed
in

com
b

in
ation

w
ith

a
u

n
iversal

kern
el,

th
e

M
M

D
criterion

is
zero

w
h

en
all

th
e

m
om

en
ts

of
th

e
(tran

sform
ed

)
sou

rce
a
n

d
targ

et
d

istrib
u

tion
are

id
en

tical.
M

ost
m

eth
o
d

s
m

in
im

ize
th

e
M

M
D

su
b

ject
to

con
strain

ts
th

a
t

h
elp

to
avo

id
triv

ial
solu

tion
s

(su
ch

as
collap

sin
g

all
d

a
ta

on
to

th
e

sam
e

p
oin

t)
v
ia

som
e

k
in

d
of

sp
ectral

an
aly

sis.
A

n
altern

ative
to

th
e

M
M

D
is

th
e

su
b

sp
ace

d
isagreem

en
t

m
easu

re
(S

D
M

)
of

G
on

g
et

al.
(2012),

w
h

ich
m

easu
res

th
e

d
iscrep

an
cy

of
th

e
an

gles
b

etw
een

th
e

p
rin

cip
al

com
p

on
en

ts
of

th
e

tran
sform

ed
sou

rce
d

ata
an

d
th

e
tran

sform
ed

targ
et

d
ata.

M
ost

cu
rren

t
sam

p
le-tran

sform
ation

ap
p
roach

es
w

ork
w

ell
for

”glob
al”

d
o
m

ain
sh

ifts
su

ch
as

tran
sla

tion
s

or
rotation

s
in

th
e

featu
re

sp
ace,

b
u

t
th

ey
are

less
eff

ective
w

h
en

th
e

d
om

ain
sh

ift
is

”
lo

cal”
in

th
e

sen
se

th
at

it
stron

gly
n

on
lin

ear.
S

im
ila

r
lim

itation
s

ap
p

ly
to

th
e

f
l
d
a

ap
p

roach
w

e
ex

p
lore,

b
u

t
it

d
iff

ers
in

th
at

(1)
ou

r
tran

sfer
m

o
d

el
d

o
es

n
ot

learn
a

su
b

sp
ace

b
u

t
op

erates
in

th
e

origin
al

featu
re

sp
ace

an
d

(2
)

th
e

m
easu

re
it

m
in

im
izes

to
m

o
d

el
th

e
tran

sfer
is

d
iff

eren
t,

n
am

ely,
th

e
n

egative
log-lik

elih
o
o
d

of
th

e
target

d
ata

u
n

d
er

th
e

tran
sferred

so
u

rce
d

istrib
u

tion
.

2
.3

F
e
a
tu

re
A

u
g
m

e
n
ta

tio
n

S
evera

l
d

om
a
in

-ad
ap

tation
ap

p
roach

es
ex

ten
d

th
e

sou
rce

d
ata

an
d

th
e

target
d

ata
w

ith
ad

d
ition

al
featu

res
th

at
are

sim
ilar

in
b

oth
d

om
ain

s
(B

litzer
et

al.,
2
006;

L
i

et
a
l.,

2014).
S

p
ecifi

cally,
th

e
a
p

p
roach

b
y

B
litzer

et
al.

(2006)
tries

to
in

d
u

ce
corresp

on
d

en
ces

b
etw

een
th

e
featu

res
in

b
o
th

d
om

ain
s

b
y

id
en

tify
in

g
so-called

p
iv

ot
featu

res
th

at
ap

p
ear

freq
u

en
tly

in
b

oth
d

om
a
in

s
b

u
t

th
at

b
eh

ave
d

iff
eren

tly
in

each
d

om
ain

;
S

V
D

is
ap

p
lied

o
n

th
e

resu
ltin

g
p

ivot
featu

res
to

ob
tain

a
low

-d
im

en
sion

al,
real-valu

ed
featu

re
rep

resen
tation

th
at

is
u

sed
to

au
g
m

en
t

th
e

o
rigin

al
featu

res.
T

h
is

ap
p

roach
w

ork
s

w
ell

for
n

atu
ral

lan
gu

age
p

ro
cessin

g
p

rob
lem

s
d

u
e

to
th

e
n

atu
ral

p
resen

ce
of

corresp
on

d
en

ces
b

etw
een

featu
res,

e.g.
w

ord
s

th
a
t

sign
al

each
o
th

er.
T

h
e

ap
p

roach
of

B
litzer

et
al.

(200
6)

is
rela

ted
to

m
an

y
of

th
e

in
stan

tiatio
n

s
of

f
l
d
a

th
at

w
e

con
sid

er
in

th
is

p
ap

er,
b

u
t

it
is

d
iff

eren
t

in
th

e
sen

se
th

at
w

e
on

ly
u

se
in

form
ation

on
d

iff
eren

ces
in

featu
re

p
resen

ce
b

etw
een

th
e

sou
rce

an
d

th
e

targ
et

d
o
m

ain
to

rew
eigh

th
ose

featu
res

(th
at

is,
w

e
d

o
n
ot

ex
p

licitly
au

gm
en

t
th

e
featu

re
rep

resen
tation

).
M

oreov
er,

th
e

form
u

latio
n

of
f
l
d
a

is
m

ore
gen

eral,
a
n

d
can

b
e

ex
ten

d
ed

th
rou

g
h

a
relativ

ely
large

fam
ily

of
tran

sfer
m

o
d

els.

3
.
F
e
a
tu

re
-L

e
v
e
l
D
o
m
a
in

A
d
a
p
ta
tio

n

S
u

p
p

ose
w

e
w

ish
to

train
a

sen
tim

en
t

classifi
er

for
rev

iew
s,

a
n

d
w

e
h

ave
a

d
ata

set
w

ith
b

o
o
k

rev
iew

s
a
n

d
asso

ciated
sen

tim
en

t
lab

els
(p

ositive
or

n
egative

rev
iew

)
availab

le.
A

fter
h

av
in

g
train

ed
a

lin
ear

classifi
er

on
w

ord
-cou

n
t

rep
resen

tation
s

of
th

e
b

o
o
k

rev
iew

s,
w

e
w

ish
to

d
ep

loy
it

to
p

red
ict

th
e

sen
tim

en
t

of
k
itch

en
ap

p
lia

n
ce

rev
iew

s.
T

h
is

leav
es

u
s
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F
e
a
t
u
r
e
-L

e
v
e
l

D
o
m

a
in

A
d
a
p
t
a
t
io

n

w
it

h
a

d
om

ai
n

-a
d

ap
ta

ti
on

p
ro

b
le

m
on

w
h

ic
h

th
e

cl
as

si
fi
er

tr
ai

n
ed

on
b

o
o
k

re
v
ie

w
s

w
il

l
li

ke
ly

n
ot

w
or

k
ve

ry
w

el
l:

th
e

cl
as

si
fi

er
w

il
l

as
si

gn
la

rg
e

p
os

it
iv

e
w

ei
gh

ts
to

,
fo

r
in

st
a
n

ce
,

w
or

d
s

su
ch

as
”i

n
te

re
st

in
g”

an
d

”i
n

si
gh

tf
u

l”
as

th
es

e
su

gg
es

t
p

os
it

iv
e

b
o
o
k

re
v
ie

w
s

a
n

d
w

il
l

b
e

as
si

gn
ed

la
rg

e
p

os
it

iv
e

w
ei

gh
ts

b
y

a
li

n
ea

r
cl

as
si

fi
er

.
B

u
t

th
es

e
w

o
rd

s
h

a
rd

ly
ev

er
ap

p
ea

r
in

re
v
ie

w
s

of
k
it

ch
en

ap
p

li
an

ce
s.

A
s

a
re

su
lt

,
a

cl
as

si
fi

er
tr

ai
n

ed
n

ai
ve

ly
o
n

th
e

b
o
ok

re
v
ie

w
s

m
ay

p
er

fo
rm

p
o
or

ly
on

k
it

ch
en

ap
p

li
an

ce
re

v
ie

w
s.

S
in

ce
th

e
ta

rg
et

d
o
m

a
in

d
a
ta

(t
h

e
k
it

ch
en

ap
p

li
an

ce
re

v
ie

w
s)

ar
e

av
ai

la
b

le
at

tr
ai

n
in

g
ti

m
e,

a
n

at
u

ra
l
ap

p
ro

ac
h

to
re

so
lv

in
g

th
is

p
ro

b
le

m
m

ay
b

e
to

d
ow

n
-w

ei
gh

fe
at

u
re

s
co

rr
es

p
on

d
in

g
to

w
or

d
s

th
at

d
o

n
o
t

a
p

p
ea

r
in

th
e

ta
rg

et
re

v
ie

w
s,

fo
r

in
st

an
ce

,
b
y

ap
p

ly
in

g
a

h
ig

h
le

ve
l

of
d

ro
p

ou
t

(H
in

to
n

et
al

.,
20

1
2
)

to
th

e
co

rr
es

p
on

d
in

g
fe

at
u

re
s

in
th

e
so

u
rc

e
d

at
a

w
h

en
tr

ai
n

in
g

th
e

cl
as

si
fi

er
.

T
h

e
u

se
o
f

d
ro

p
o
u

t
m

im
ic

s
th

e
ta

rg
et

d
om

ai
n

sc
en

ar
io

in
w

h
ic

h
th

e
”i

n
te

re
st

in
g”

an
d

”i
n

si
gh

tf
u

l”
fe

at
u

re
s

a
re

h
ar

d
ly

ev
er

ob
se

rv
ed

d
u

ri
n

g
th

e
tr

ai
n

in
g

of
th

e
cl

as
si

fi
er

,
an

d
p

re
v
en

ts
th

a
t

th
es

e
fe

a
tu

re
s

ar
e

as
si

gn
ed

la
rg

e
p

os
it

iv
e

w
ei

gh
ts

d
u

ri
n

g
tr

ai
n

in
g.

F
ea

tu
re

-l
ev

el
d

om
ai

n
a
d

a
p

ta
ti

o
n

f
l
d
a

ai
m

s
to

fo
rm

al
iz

e
th

is
id

ea
in

a
tw

o-
st

ag
e

ap
p

ro
ac

h
th

at
(1

)
fi

ts
a

p
ro

b
a
b

il
is

ti
c

sa
m

p
le

tr
an

sf
or

m
at

io
n

m
o
d

el
th

at
ai

m
s

to
m

o
d

el
th

e
tr

an
sf

er
b

et
w

ee
n

so
u

rc
e

an
d

ta
rg

et
d

o
m

a
in

an
d

(2
)

tr
ai

n
s

a
cl

as
si

fi
er

b
y

m
in

im
iz

in
g

th
e

ri
sk

of
th

e
so

u
rc

e
d

at
a

u
n

d
er

th
e

tr
a
n

sf
er

m
o
d

el
.

In
th

e
fi

rs
t

st
ag

e,
f
l
d
a

m
o
d

el
s

th
e

tr
an

sf
er

b
et

w
ee

n
th

e
so

u
rc

e
an

d
th

e
ta

rg
et

d
om

a
in

:
th

e
tr

an
sf

er
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(y
,h

(z
))
pY

,Z
,X

(y
,z
,x

)
d
x

d
z

=

∫Z

∑y∈
Y

∫X
L

(y
,h

(z
))
pY
|Z
,X

(y|
z
,x

)
pZ
|X

(z|
x

)
pX

(x
)

d
x

d
z
.

U
sin

g
th

e
a
ssu

m
p

tio
n
pY
|Z
,X

=
pY
|X

(o
r

eq
u

iva
len

tly,Y
⊥⊥
Z
|X

)
in

tro
d

u
ced

a
b

ove,
w

e
ca

n
rew

rite
th

is
ex

p
ressio

n
as:

R
Z

(h
)

=

∫Z

∑y∈
Y

∫X
L

(y
,h

(z
))
pY
|X

(y|x
)
pZ
|X

(z|x
)
pX

(x
)

d
x

d
z

=

∫Z
E
Y
,X [L

(y
,h

(z
))
pZ
|X

(z|x
) ]

d
z
.

N
ex

t,
w

e
rep

lace
th

e
ta

rg
et

risk
R
Z

(h
)

w
ith

its
em

p
irica

l
estim

a
te
R̂
Z

(h|S
)

b
y

p
lu

g
gin

g
in

sou
rce

d
a
ta
S

fo
r

th
e

sou
rce

jo
in

t
d

istrib
u

tion
pY

,X
:

R̂
Z

(h
|S

)
=

1|S| ∫Z

∑

(x
i ,y
i )∈

S

L
(y
i ,h

(z
))
pZ
|X

(z|x
=

x
i )

d
z

=
1|S|

∑

(x
i ,y
i )∈

S

E
Z
|X

=
x
i [L

(y
i ,h

(z
)) ]

.
(1)

F
ea

tu
re-level

d
o
m

a
in

a
d

a
p

tatio
n

(f
l
d
a

)
tra

in
s

cla
ssifi

ers
b
y

co
n

stru
ctin

g
a

p
ara

m
etric

m
o
d

el
o
f

th
e

tran
sfer

d
istrib

u
tion

pZ
|X

a
n

d
,

su
b

seq
u

en
tly,

m
in

im
izin

g
th

e
ex

p
ected

lo
ss

in
E

q
u

atio
n

1
o
n

th
e

so
u

rce
d
a
ta

w
ith

resp
ect

to
th

e
p

a
ram

eters
o
f

th
e

cla
ssifi

er.
F

o
r

lin
ear

cla
ssifi

ers,
th

e
ex

p
ected

loss
in

E
q
u

atio
n

1
ca

n
b

e
co

m
p

u
ted

a
n

aly
tica

lly
fo

r
q
u

a
d

ra
tic

a
n

d
ex

p
o
n

en
tia

l
losses

if
th

e
tra

n
sfer

d
istrib

u
tio

n
fa

cto
rizes

over
d

im
en

sio
n

s
a
n

d
is

in
th

e
n

a
tu

ral
ex

p
o
n
en

tial
fam

ily
;

for
th

e
lo

gistic
an

d
h

in
g
e

lo
sses,

it
ca

n
b

e
u

p
p

er-b
o
u

n
d

ed
or

a
p

p
rox

im
a
ted

effi
cien

tly
u

n
d

er
th

e
sam

e
a
ssu

m
p

tio
n

s
(V

a
n

d
er

M
a
a
ten

et
a
l.,

20
1
3
;

W
a
g
er

et
a
l.,

20
1
3;

C
h

en
et

a
l.,

20
1
4).

N
o
te

th
at

n
o

o
b

served
ta

rget
sa

m
p

les
z
j

are
in

vo
lved

E
q
u

a
tio

n
1;

th
e

ex
p

ecta
tion

is
ov

er
th

e
tra

n
sfer

m
o
d

el
pZ
|X

,
co

n
d

itio
n

ed
o
n

a
p

a
rticu

lar
sam

p
le

x
i .

T
h

e
target

d
ata

is
o
n

ly
u

sed
to

estim
a
te

th
e

p
a
ra

m
eters

o
f

th
e

tra
n

sfer
m

o
d

el.

3
.3

T
ra

n
sfe

r
M

o
d

e
l

T
h

e
tra

n
sfer

d
istrib

u
tio

n
pZ
|X

d
escrib

es
th

e
relatio

n
b

etw
een

th
e

so
u

rce
a
n

d
th

e
targ

et
d

o
m

a
in

:
given

a
p

a
rticu

la
r

sou
rce

sa
m

p
le,

it
p

ro
d

u
ces

a
d
istrib

u
tio

n
o
f

w
h

ich
targ

et
sa

m
p

les
a
re

likely
to

b
e

ob
serv

ed
(w

ith
th

e
sam

e
la

b
el).

T
h

e
tra

n
sfer

d
istrib

u
tio

n
is

m
o
d

eled
b
y

selectin
g

a
p

ara
m

etric
d

istrib
u

tion
a
n

d
lea

rn
in

g
th

e
p

a
ram

eters
o
f

th
is

d
istrib

u
tio

n
from

th
e

so
u

rce
an

d
ta

rg
et

d
ata

(w
ith

o
u

t
lo

o
k
in

g
a
t

th
e

so
u

rce
la

b
els).

P
rior

k
n

ow
led

g
e

o
n

th
e

rela
tion

b
etw

een
so

u
rce

a
n

d
target

d
o
m

a
in

m
ay

b
e

in
co

rp
o
rated

in
th

e
m

o
d

el
v
ia

th
e

ch
oice
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K
o
u
w

,
K

r
ijt

h
e
,

L
o
o
g

a
n
d

V
a
n

d
e
r

M
a
a
t
e
n

for
a

p
articu

lar
fa

m
ily

of
d

istrib
u

tion
s.

F
or

in
stan

ce,
if

w
e

k
n

ow
th

at
th

e
m

ain
variation

b
etw

een
tw

o
d

om
ain

s
con

sists
of

p
articu

lar
w

ord
s

th
at

are
freq

u
en

tly
u

sed
in

o
n

e
d

om
ain

(say,
n

ew
s

a
rticles)

b
u

t
in

freq
u

en
tly

in
an

oth
er

d
om

ain
(say,

tw
eets),

th
en

w
e

ch
o
ose

a
d

istrib
u

tion
th

a
t

a
lters

th
e

relative
freq

u
en

cy
of

w
ord

s.

G
iven

a
m

o
d

el
of

th
e

tran
sfer

d
istrib

u
tion

pZ
|X

an
d

a
m

o
d

el
of

th
e

sou
rce

d
istrib

u
tion

pX
,

w
e

can
w

ork
o
u

t
th

e
m

argin
al

d
istrib

u
tion

over
th

e
targ

et
d

om
ain

a
s

qZ
(z|θ,η

)
=

∫X
pZ
|X

(z|x
,θ)

pX
(x
|η

)
d
x
,

(2)

w
h

ere
θ

rep
resen

ts
th

e
p

aram
eters

of
th

e
tran

sfer
m

o
d

el,
an

d
η

th
e

p
aram

eters
of

th
e

sou
rce

m
o
d

el.
W

e
learn

th
ese

p
aram

eters
sep

arately
:

fi
rst,

w
e

learn
η

b
y

m
ax

im
izin

g
th

e
likelih

o
o
d

of
th

e
sou

rce
d
ata

u
n

d
er

th
e

m
o
d

el
pX

(x
|
η
)

an
d

,
su

b
seq

u
en

tly,
w

e
learn

θ
b
y

m
ax

im
izin

g
th

e
likelih

o
o
d

of
th

e
target

d
ata

u
n

d
er

th
e

com
p

ou
n

d
m

o
d

el
qZ

(z
|
θ,η

).
H

en
ce,

w
e

fi
rst

estim
a
te

th
e

valu
e

of
η

b
y

solv
in

g:

η̂
=

arg
m

ax
η

∑x
i ∈
T

log
pX

(x
i |η

)
.

S
u

b
seq

u
en

tly,
w

e
estim

ate
th

e
valu

e
of
θ

b
y

solv
in

g:

θ̂
=

arg
m

ax
θ

∑z
j ∈
T

log
qZ

(z
j |
θ,η̂

)
.

(3)

In
th

is
p

a
p

er,
w

e
fo

cu
s

p
rim

arily
on

d
om

ain
-ad

ap
tation

p
rob

lem
s

in
volv

in
g

b
in

a
ry

an
d

co
u

n
t

featu
res.

In
su

ch
p

rob
lem

s,
w

e
w

ish
to

en
co

d
e

ch
a
n

g
es

in
th

e
m

argin
al

lik
elih

o
o
d

o
f

ob
serv

in
g

n
o
n

-zero
valu

es
in

th
e

tran
sfer

m
o
d

el.
T

o
th

is
en

d
,

w
e

em
p

loy
a

d
ro

p
o
u

t
d

istrib
u

tion
as

tra
n

sfer
m

o
d

el
th

at
can

m
o
d

el
d

om
ain

-sh
ifts

in
w

h
ich

a
fea

tu
re

o
ccu

rs
less

o
ften

in
th

e
ta

rget
d

om
ain

th
an

in
th

e
sou

rce
d

om
ain

.
L

ea
rn

in
g

a
f
l
d
a

m
o
d

el
w

ith
a

d
ro

p
ou

t
tran

sfer
m

o
d

el
h

as
th

e
eff

ect
of

stron
gly

regu
larizin

g
w

eigh
ts

on
featu

res
th

at
o
ccu

r
in

freq
u

en
tly

in
th

e
target

d
om

ain
.

3
.3

.1
D

r
o
p
o
u
t

T
r
a
n
sf

e
r

T
o

d
efi

n
e

ou
r

tra
n

sfer
m

o
d

el
for

b
in

ary
or

co
u

n
t

featu
res,

w
e

fi
rst

set
u

p
a

m
o
d

el
th

at
d

escrib
es

th
e

likelih
o
o
d

of
ob

serv
in

g
n

on
-zero

featu
res

in
th

e
sou

rce
d

ata
.

T
h

is
m

o
d

el
co

m
p

rises
a

p
ro

d
u

ct
of

in
d

ep
en

d
en

t
B

ern
ou

lli
d

istrib
u

tion
s:

pX
(x
i |
η
)

=
m∏d
=

1

η
1
x
id 6=

0

d
(1−

η
d )

1−
1
x
id 6=

0
,

(4)

w
h

ere
1

is
th

e
in

d
icator

fu
n

ction
an

d
η
d

is
th

e
su

ccess
p

rob
a
b

ility
(p

rob
ab

ility
of

n
o
n

-zero
valu

es)
o
f

fea
tu

re
d
.

F
or

th
is

m
o
d

el,
th

e
m

ax
im

u
m

likelih
o
o
d

estim
ate

of
η
d

is
sim

p
ly

th
e

sam
p

le
average:

η̂
d

=
|S| −

1 ∑
x
i ∈
S
1
x
id 6=

0 .

N
ex

t,
w

e
d

efi
n

e
a

tran
sfer

m
o
d

el
th

at
d
escrib

es
h
ow

often
a

featu
re

h
as

a
valu

e
o
f

zero
in

th
e

target
d

om
ain

w
h

en
it

h
as

a
n

on
-zero

valu
e

in
th

e
sou

rce
d

o
m

ain
.

W
e

assu
m

e
an
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F
e
a
t
u
r
e
-L

e
v
e
l

D
o
m

a
in

A
d
a
p
t
a
t
io

n

u
n
b

ia
se

d
d

ro
p

ou
t

d
is

tr
ib

u
ti

on
(W

ag
er

et
al

.,
20

13
;

R
os

ta
m

iz
ad

eh
et

al
.,

2
0
11

)
th

at
se

ts
an

ob
se

rv
ed

fe
at

u
re

in
th

e
so

u
rc

e
d

om
ai

n
to

ze
ro

in
th

e
ta

rg
et

d
om

ai
n

w
it

h
p

ro
b

a
b

il
it

y
θ d

:

p
Z
|X

(z
−
d
|x

=
x
id
,θ
d
)

=

{
θ d

if
z −

d
=

0

1
−
θ d

if
z −

d
=
x
id
/
(1
−
θ d

)
,

(5
)

w
h

er
e
∀d

:
0
≤
θ d
≤

1,
th

e
su

b
sc

ri
p

t
of
z −

d
d

en
ot

es
th

e
d
-t

h
fe

at
u
re

fo
r

a
n
y

ta
rg

et
sa

m
p

le
,

an
d

w
h

er
e

th
e

ou
tc

om
e

of
n

ot
d
ro

p
p
in

g
o
u

t
is

sc
al

ed
b
y

a
fa

ct
or

1
/
(1
−
θ d

)
in

o
rd

er
to

ce
n
te

r
th

e
d

ro
p

ou
t

d
is

tr
ib

u
ti

on
on

th
e

p
ar

ti
cu

la
r

so
u

rc
e

sa
m

p
le

.
W

e
as

su
m

e
th

e
tr

a
n

sf
er

d
is

tr
ib

u
ti

on
fa

ct
or

iz
es

ov
er

fe
at

u
re

s
to

ob
ta

in
:
p
Z
|X

(z
|x

=
x
i,
θ)

=
∏
m d
p
Z
|X

(z
−
d
|x
−
d

=
x
id
,θ
d
).

T
h

e
eq

u
at

io
n

ab
ov

e
d

efi
n

es
a

tr
an

sf
er

d
is

tr
ib

u
ti

on
fo

r
ev

er
y

so
u

rc
e

sa
m

p
le

.
W

e
ob

ta
in

ou
r

fi
n

al
tr

an
sf

er
m

o
d

el
b
y

sh
ar

in
g

th
e

p
ar

a
m

et
er

s
θ

b
et

w
ee

n
al

l
tr

an
sf

er
d

is
tr

ib
u

ti
on

s
an

d
av

er
ag

in
g

ov
er

al
l

so
u

rc
e

sa
m

p
le

s.

T
o

co
m

p
u

te
th

e
m

ax
im

u
m

li
ke

li
h

o
o
d

es
ti

m
at

e
of
θ,

th
e

d
ro

p
ou

t
tr

an
sf

er
m

o
d

el
fr

o
m

E
q
u

at
io

n
5

an
d

th
e

so
u

rc
e

m
o
d

el
fr

om
E

q
u

at
io

n
4

ar
e

p
lu

gg
ed

in
to

E
q
u

a
ti

o
n

2
to

o
b

ta
in

(s
ee

A
p

p
en

d
ix

A
fo

r
d

et
ai

ls
):

q Z
(z
|θ
,η

)
=

m ∏ d
=

1

∫ X
p
Z
|X

(z
−
d
|x
−
d
,θ
d
)
p
X

(x
−
d
|η
d
)

d
x
−
d

=

m ∏ d
=

1

( (1
−
θ d

)
η d

) 1
z
−
d
6=
0
( 1
−

(1
−
θ d

)
η d

) 1
−
1
z
−
d
6=
0

.
(6

)

P
lu

gg
in

g
th

is
ex

p
re

ss
io

n
in

to
E

q
u

at
io

n
3

an
d

m
ax

im
iz

in
g

w
it

h
re

sp
ec

t
to
θ,

w
e

ob
ta

in
:

θ̂ d
=

m
ax
{0
,1
−
ζ̂ d η̂ d
},

w
h

er
e
ζ̂ d

is
th

e
sa

m
p

le
av

er
ag

e
of

th
e

d
ic

h
ot

om
iz

ed
ta

rg
et

sa
m

p
le

s,
|T
|−

1
∑

z
j
∈T

1
z j
d
6=

0
,

an
d

w
h

er
e
η̂ d

is
th

e
sa

m
p

le
av

er
ag

e
of

th
e

d
ic

h
ot

om
iz

ed
so

u
rc

e
sa

m
p

le
s,
|S
|−

1
∑

x
i
∈S

1
x
id
6=

0
.

W
e

n
ot

e
th

at
ou

r
p

ar
ti

cu
la

r
ch

oi
ce

fo
r

th
e

tr
an

sf
er

m
o
d

el
ca

n
n

ot
re

p
re

se
n
t

ra
te

ch
a
n

g
es

in
th

e
va

lu
es

of
n
on

-z
er

o
co

u
n
t

fe
at

u
re

s,
su

ch
as

w
h

et
h

er
a

w
or

d
is

u
se

d
on

av
er

a
g
e

1
0

ti
m

es
in

a
d

o
cu

m
en

t
ve

rs
u

s
u

se
d

on
av

er
a
ge

on
ly

3
ti

m
es

.
T

h
e

on
ly

va
ri

at
io

n
th

a
t

o
u

r
d

ro
p

o
u

t
d

is
tr

ib
u

ti
on

ca
p

tu
re

s
is

th
e

va
ri

at
io

n
in

w
h

et
h

er
or

n
ot

a
fe

at
u

re
o
cc

u
rs

(z
−
d
6=

0
).

B
ec

au
se

ou
r

d
ro

p
ou

t
tr

an
sf

er
m

o
d

el
fa

ct
or

iz
es

ov
er

fe
at

u
re

s
an

d
is

in
th

e
n

a
tu

ra
l

ex
p

o-
n

en
ti

al
fa

m
il

y,
th

e
ex

p
ec

ta
ti

on
in

E
q
u

at
io

n
1

ca
n

b
e

an
al

y
ti

ca
ll

y
co

m
p

u
te

d
.

In
p

ar
ti

cu
la

r,
fo

r
a

tr
an

sf
er

d
is

tr
ib

u
ti

on
co

n
d

it
io

n
ed

on
so

u
rc

e
sa

m
p

le
x
i,

it
s

m
ea

n
an

d
va

ri
a
n

ce
a
re

:

E Z
|x
i

[ z
] =

x
i

V
Z
|x
i

[ z
] =

d
ia

g
(

θ

1
−
θ

) ◦
x
ix
> i
,

w
h

er
e
◦d

en
ot

es
th

e
el

em
en

t-
w

is
e

p
ro

d
u

ct
of

tw
o

m
at

ri
ce

s
an

d
w

e
u

se
th

e
sh

o
rt

h
a
n

d
n

ot
at

io
n

E Z
|X

=
x
i

=
E Z
|x
i
.

T
h

e
va

ri
an

ce
is

a
d

ia
go

n
al

m
at

ri
x

d
u

e
to

ou
r

as
su

m
p

ti
o
n

o
f

in
d

ep
en

d
en

t
tr

an
sf

er
d

is
tr

ib
u

ti
on

s
p

er
fe

at
u

re
.

W
e

w
il

l
u

se
th

es
e

ex
p

re
ss

io
n

s
b

el
ow

in
ou

r
d

es
cr

ip
ti

o
n

of
h

ow
to

le
ar

n
th

e
p

ar
am

et
er

s
of

th
e

d
om

ai
n

-a
d

ap
te

d
cl

as
si

fi
er

s.

9
JM

L
R

 1
7(

17
1)

:1
-3

2

K
o
u
w

,
K

r
ij

t
h
e
,

L
o
o
g

a
n
d

V
a
n

d
e
r

M
a
a
t
e
n

3
.4

C
la

ss
ifi

c
a
ti

o
n

In
o
rd

er
to

p
er

fo
rm

cl
a
ss

ifi
ca

ti
o
n

w
it

h
th

e
ri

sk
fo

rm
u

la
ti

o
n

in
E

q
u

a
ti

o
n

1
,

w
e

n
ee

d
to

se
le

ct
a

lo
ss

fu
n

ct
io

n
L

.
P

o
p

u
la

r
ch

o
ic

es
fo

r
th

e
lo

ss
fu

n
ct

io
n

in
cl

u
d

e
th

e
q
u

a
d

ra
ti

c
lo

ss
(u

se
d

in
le

as
t-

sq
u

a
re

s
cl

a
ss

ifi
ca

ti
on

),
th

e
ex

p
o
n

en
ti

a
l

lo
ss

(u
se

d
in

b
o
o
st

in
g
),

th
e

h
in

g
e

lo
ss

(u
se

d
in

su
p

p
o
rt

ve
ct

o
r

m
ac

h
in

es
)

a
n

d
th

e
lo

g
is

ti
c

lo
ss

(u
se

d
in

lo
g
is

ti
c

re
g
re

ss
io

n
).

T
h

e
fo

rm
u

la
ti

on
in

(1
)

h
as

b
ee

n
st

u
d

ie
d

b
ef

o
re

in
th

e
co

n
te

x
t

of
d
ro

po
u

t
tr

a
in

in
g

fo
r

th
e

q
u

a
d

ra
ti

c,
ex

p
o
n

en
ti

a
l,

a
n

d
lo

gi
st

ic
lo

ss
b
y

W
a
g
er

et
al

.
(2

01
3)

;
V

a
n

d
er

M
aa

te
n

et
a
l.

(2
01

3)
,

an
d

fo
r

h
in

g
e

lo
ss

b
y

C
h

en
et

al
.
(2

0
14

).
In

th
is

p
a
p

er
,
w

e
fo

cu
s

o
n

th
e

q
u

ad
ra

ti
c

a
n

d
lo

g
is

ti
c

lo
ss

fu
n

ct
io

n
s,

b
u

t
w

e
n

o
te

th
a
t

th
e

f
l
d
a

a
p

p
ro

a
ch

ca
n

al
so

b
e

u
se

d
in

co
m

b
in

at
io

n
w

it
h

ex
p

o
n

en
ti

a
l

a
n

d
h

in
ge

lo
ss

es
.

3
.4

.1
Q

u
a
d
r
a
t
ic

L
o
ss

A
ss

u
m

in
g

b
in

a
ry

la
b

el
s
Y

=
{−

1,
+

1}
,

a
li

n
ea

r
cl

as
si

fi
er
h

(z
)

=
w
>

z
p

a
ra

m
et

ri
ze

d
b
y

w
,

a
n

d
a

q
u

a
d

ra
ti

c
lo

ss
fu

n
ct

io
n
L

=
(y
−

w
>

z
)2

,
th

e
ex

p
ec

ta
ti

on
in

E
q
u

a
ti

on
1

ca
n

b
e

ex
p

re
ss

ed
as

:

R̂
Z

(w
|S

)
=

∑

(x
i
,y
i
)∈
S

E Z
|x
i

[ (y
i
−

w
>

z
)2
]

=
y
>

y
−

2
w
>
E Z
|X

[Z
]y
>

+
w
>
( E
Z
|X

[Z
]E
Z
|X

[Z
]>

+
V
Z
|X

[Z
]) w

,

in
w

h
ic

h
th

e
d

a
ta

is
au

gm
en

te
d

w
it

h
1

to
ca

p
tu

re
th

e
in

te
rc

ep
t,

a
n

d
in

w
h

ic
h

w
e

d
en

ot
e

th
e

(m
+

1)
×
|S
|m

a
tr

ix
of

ex
p

ec
ta

ti
o
n

s
a
s
E Z
|X

=
X

[Z
]

=
[ E Z

|X
=
x
1
[z

],
..
.,

E Z
|X

=
x
|S
|[
z
]]

a
n

d
th

e
(m

+
1
)×

(m
+

1)
d

ia
go

n
al

m
a
tr

ix
o
f

va
ri

a
n

ce
s

a
s
V
Z
|X

=
X

[Z
]

=
∑

x
i
∈S

V
Z
|X

=
x
i
[z

].
D

er
iv

in
g

th
e

g
ra

d
ie

n
t

fo
r

th
is

lo
ss

fu
n

ct
io

n
a
n
d

se
tt

in
g

it
to

ze
ro

y
ie

ld
s

th
e

fo
ll

ow
in

g
cl

os
ed

-
fo

rm
so

lu
ti

on
fo

r
th

e
cl

a
ss

ifi
er

w
ei

g
h
ts

:

w
=
( E Z

|X
[Z

]E
Z
|X

[Z
]>

+
V
Z
|X

[Z
]) −

1
E Z
|X

[Z
]y
>
.

(7
)

In
th

e
ca

se
of

a
m

u
lt

i-
cl

a
ss

p
ro

b
le

m
,

i.
e.
Y

=
{1
,.
..
,K
},
K

p
re

d
ic

to
rs

ca
n

b
e

b
u

il
t

in
an

on
e-

v
s-

al
l

fa
sh

io
n

o
r
K

(K
−

1
)/

2
p

re
d

ic
to

rs
in

a
n

o
n

e-
v
s-

on
e

fa
sh

io
n
.

T
h

e
so

lu
ti

on
in

E
q
u

a
ti

on
7

is
ve

ry
si

m
il

a
r

to
th

e
so

lu
ti

o
n

o
f

a
st

an
d

ar
d

ri
d

g
e

re
gr

es
si

on
m

o
d

el
;
w

=
( X

X
>

+
λ
I)
−

1
X

y
>

.
T

h
e

m
ai

n
d

iff
er

en
ce

is
th

at
,

in
a

st
an

d
a
rd

ri
d

g
e

re
g
re

ss
o
r,

th
e

re
gu

la
ri

za
ti

on
is

in
d
ep

en
d

en
t

o
f

th
e

d
a
ta

.
B

y
co

n
tr

as
t,

th
e

re
gu

la
ri

za
ti

o
n

o
n

th
e

w
ei

g
h
ts

of
th

e
f
l
d
a

so
lu

ti
on

is
d

et
er

m
in

ed
b
y

th
e

va
ri

a
n

ce
o
f
th

e
tr

an
sf

er
m

o
d

el
:

h
en

ce
,
it

is
d

iff
er

en
t

fo
r

ea
ch

d
im

en
si

on
a
n

d
it

d
ep

en
d

s
o
n

th
e

tr
a
n

sf
er

fr
o
m

so
u

rc
e

to
ta

rg
et

d
o
m

ai
n

.
A

lg
o
ri

th
m

1
su

m
m

ar
iz

es
th

e
tr

a
in

in
g

o
f

a
b

in
a
ry

q
u

a
d

ra
ti

c-
lo

ss
f
l
d
a

cl
a
ss

ifi
er

w
it

h
d

ro
p

ou
t

tr
a
n
sf

er
.
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F
e
a
t
u
r
e
-L

e
v
e
l

D
o
m

a
in

A
d
a
p
t
a
t
io

n

A
lg

o
rith

m
1

B
in

ary
f
l
d
a

w
ith

d
rop

o
u

t
tra

n
sfer

m
o
d

el
a
n

d
q
u

a
d

ra
tic

lo
ss

fu
n

ctio
n

.

p
ro

c
e
d

u
re

f
l
d
a
-q

(S
,T

)
fo

r
d

=
1
,...,

m
d

o
η̂
d

=
|S| −

1 ∑
x
i ∈
S
1
x
id 6=

0

ζ̂
d

=
|T| −

1 ∑
z
j ∈
T
1
z
j
d 6=

0

θ
d

=
m

a
x {

0
,1−

ζ̂
d
/
η̂
d }

e
n

d
fo

r
w

=
(X

X
>

+
d

ia
g (

θ
1−
θ )◦

X
X
> )−

1X
y
>

.
◦

E
lem

en
t-w

ise
p

ro
d

u
ct

re
tu

rn
sign

(w
>

Z
)

e
n

d
p

ro
c
e
d

u
re

3
.4

.2
L

o
g

ist
ic

L
o
ss

F
o
llow

in
g

th
e

sam
e

ch
oice

o
f

lab
els

an
d

h
y
p

oth
esis

cla
ss

a
s

fo
r

th
e

q
u

a
d

ra
tic

lo
ss,

th
e

log
istic

versio
n

ca
n

b
e

ex
p

ressed
as:

R̂
Z

(w
|S

)
=

1|S|
∑

(x
i ,y
i )∈

S

E
Z
|
x
i [−

y
i w
>

z
+

lo
g
∑y ′∈
Y

ex
p

(y ′w
>

z
) ]

=
1|S|

∑

(x
i ,y
i )∈

S −
y
i w
>E
Z
|
x
i [z

]+
E
Z
|
x
i [

lo
g
∑y ′∈
Y

ex
p

(y ′w
>

z
) ]
.

(8)

T
h

is
is

a
co

n
v
ex

fu
n

ction
in

w
b

eca
u

se
th

e
lo

g
-su

m
-ex

p
of

a
n

a
ffi

n
e

fu
n

ctio
n

is
co

n
vex

,
a
n

d
b

eca
u

se
th

e
ex

p
ected

va
lu

e
o
f

a
co

n
vex

fu
n

ctio
n

is
co

n
vex

.
H

ow
ever,

th
e

ex
p

ecta
tio

n
ca

n
n

o
t

b
e

co
m

p
u

ted
an

aly
tica

lly.
F

ollow
in

g
W

a
g
er

et
a
l.

(20
1
3
),

w
e

ap
p

rox
im

a
te

th
e

ex
p

ecta
tion

o
f

th
e

log
-p

artitio
n

fu
n

ctio
n
,
A

(w
>

z
)

=
lo

g ∑
y ′∈

Y
ex

p
(y ′w

>
z
),

u
sin

g
a

T
ay

lo
r

ex
p

a
n

sio
n

a
rou

n
d

th
e

va
lu

e
a
i

=
w
>

x
i :

E
Z
|
x
i [A

(w
>

z
) ]≈

A
(a
i )

+
A
′(a

i )(E
Z
|
x
i [w
>

z
]−

a
i )

+
12
A
′′(a

i )(E
Z
|
x
i [w
>

z
]−

a
i )

2

=
co

n
st

+
σ

(−
2
w
>

x
i )σ

(2w
>

x
i )w
>V
Z
|
x
i [z

]w
,

(9
)

w
h

ere
σ

(x
)

=
1
/(1

+
ex

p
(−
x

))
is

th
e

sig
m

oid
fu

n
ctio

n
.

In
th

e
T

ay
lo

r
a
p

p
rox

im
a
tio

n
,

th
e

fi
rst-o

rd
er

term
d

isap
p

ears
b

ecau
se

w
e

ch
o
se

a
n

u
n
b

ia
sed

tra
n

sfer
m

o
d

el:
E
Z
|
x
i [w
>

z
]

=

w
>

x
i .

T
h

e
ap

p
rox

im
atio

n
can

n
o
t

b
e

m
in

im
ized

in
clo

sed
-fo

rm
:

w
e

rep
eated

ly
take

step
s

in
th

e
d

irectio
n

o
f

its
g
ra

d
ien

t
in

o
rd

er
to

m
in

im
ize

th
e

a
p

p
rox

im
atio

n
o
f

th
e

risk
in

E
q
u

a
tion

8,
a
s

d
escrib

ed
in

A
lgo

rith
m

2
(see

A
p

p
en

d
ix

B
fo

r
th

e
g
ra

d
ien

t
d

eriva
tio

n
).

T
h

e
a
lg

orith
m

can
b

e
read

ily
ex

ten
d

ed
to

m
u

lti-cla
ss

p
ro

b
lem

s
b
y

rep
la

cin
g

w
b
y

a
(m

+
1
)×

K
m

a
trix

a
n

d
u

sin
g

an
o
n

e-h
o
t

en
co

d
in

g
fo

r
th

e
la

b
els

(see
A

p
p

en
d

ix
C

).

4
.
E
x
p
e
rim

e
n
ts

In
o
u

r
ex

p
erim

en
ts,

w
e

fi
rst

stu
d

y
th

e
em

p
irica

l
b

eh
av

ior
o
f
f
l
d
a

o
n

a
rtifi

cial
d

a
ta

fo
r

w
h

ich
w

e
k
n

ow
th

e
tru

e
tra

n
sfer

d
istrib

u
tion

.
F

o
llow

in
g

th
a
t,

w
e

m
ea

su
re

th
e

p
erform

a
n

ce
o
f

o
u

r
m

eth
o
d

in
a

”
m

issin
g

d
a
ta

at
test

tim
e”

scen
a
rio

,
as

w
ell

a
s

on
tw

o
im

a
g
e

d
a
ta

sets
an

d
th

ree
tex

t
d

a
ta

sets
w

ith
vary

in
g

am
o
u

n
ts

o
f

d
o
m

a
in

tra
n

sfer.
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K
o
u
w

,
K

r
ijt

h
e
,

L
o
o
g

a
n
d

V
a
n

d
e
r

M
a
a
t
e
n

A
lg

o
rith

m
2

B
in

ary
f
l
d
a

w
ith

d
rop

ou
t

tran
sfer

m
o
d

el
an

d
log

istic
loss

fu
n
ction

.

p
ro

c
e
d

u
re

f
l
d
a
-l

(S
,T

)
fo

r
d

=
1,...,

m
d

o
η̂
d

=
|S| −

1 ∑
x
i ∈
S
1
x
id 6=

0

ζ̂
d

=
|T| −

1 ∑
z
j ∈
T
1
z
j
d 6=

0

θ
d

=
m

ax {
0,1−

ζ̂
d
/
η̂
d }

e
n

d
fo

r
w

=
arg

m
in

w
′
−
∑

(x
i ,y
i )∈

S [y
i w
>

x
i ] ]

+
w
′ > (∑

(x
i ,y
i )∈

S [σ (−
2
w
>

x
i )σ (2w

>
x
i )d

ia
g (

θ
1−
θ )x

i x
>i ])w

′

re
tu

rn
sig

n
(w
>

Z
)

e
n

d
p

ro
c
e
d

u
re

4
.1

A
rtifi

c
ia

l
D

a
ta

W
e

fi
rst

in
vestigate

th
e

b
eh

av
ior

of
f
l
d
a

o
n

a
p

rob
lem

in
w

h
ich

th
e

m
o
d

el
assu

m
p

tion
s

are
satisfi

ed
.

W
e

create
su

ch
a

p
rob

lem
settin

g
b
y

fi
rst

sam
p

lin
g

a
sou

rce
d

o
m

ain
d

ata
set

from
k
n

ow
n

class-con
d

ition
al

d
istrib

u
tion

s.
S

u
b

seq
u

en
tly,

w
e

con
stru

ct
a

target
d

om
ain

d
ata

set
b
y

sa
m

p
lin

g
ad

d
ition

al
sou

rce
d

ata
an

d
tran

sform
in

g
it

u
sin

g
a

p
re-d

efi
n

ed
(d

rop
o
u

t)
tra

n
sfer

m
o
d

el.

4
.1

.1
A

d
a
p
t
a
t
io

n
u
n
d
e
r

C
o
r
r
e
c
t

M
o
d
e
l

A
ssu

m
p
t
io

n
s

W
e

p
erfo

rm
ex

p
erim

en
ts

in
w

h
ich

th
e

d
om

ain
-ad

ap
ted

classifi
er

estim
ates

th
e

tran
sfer

m
o
d

el
an

d
train

s
on

th
e

sou
rce

d
ata;

w
e

evalu
ate

th
e

q
u

ality
of

th
e

resu
ltin

g
classifi

er
b
y

co
m

p
arin

g
it

to
a
n

ora
cle

classifi
er

th
at

w
as

train
ed

on
th

e
target

d
ata

(th
at

is,
th

e
classifi

er
on

e
w

ou
ld

tra
in

if
lab

els
for

th
e

target
d
ata

w
ere

availab
le

at
train

in
g

tim
e).

In
th

e
fi

rst
ex

p
erim

en
t,

w
e

gen
erate

b
in

ary
featu

res
b
y

d
raw

in
g

100
,00

0
sa

m
p

les
from
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p
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p
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(ra
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p
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f
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h
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p
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d
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p
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n
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d
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re
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l.

,
2
0
1
3
).

F
o
r

in
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ra

ti
c

lo
ss

fu
n

ct
io

n
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d
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f
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d
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h
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r
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.3
6
9
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→
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.0
95

D
→

E
.2

01
.2

02
.2

0
5

.2
0
7

.4
03

.4
8
0

.3
8
5

.3
6
9

.1
9
6

.1
16

D
→

K
.1

8
2

.1
8
2

.1
8
5

.1
90

.3
3
0

.4
9
4

.3
60

.3
7
9

.1
8
5

.0
95

E
→

K
.1

08
.1

10
.1

0
6

.1
1
2

.3
11

.4
1
6

.2
6
1

.3
0
8

.1
0
4

.0
95

D
→

B
.1

92
.1

90
.1

9
1

.2
0
2

.3
51
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=
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ö
lk

op
f.

C
ov

a
ri

at
e

sh
if

t
b
y

ke
rn

el
m

ea
n

m
at

ch
in

g
.

In
Q

u
iñ
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s

su
ch

a
n

ap
p

ro
a
ch

.
H

ow
ev

er
,

a
n
y

op
ti

m
iz

at
io

n
a
p

p
ro

a
ch

co
u

ld
b

e
u

se
d

fo
r

o
b

ta
in

in
g

th
e

K
u

ll
b

a
ck

-L
ei

b
le

r
o
p

ti
m

a
l
p

a
ra

m
et

er
s

su
ch

as
N

ew
to

n
-R

a
p

h
so

n
it

er
at

io
n

,
q
u

as
i-

N
ew

to
n

it
er

a
ti

on
,

st
o
ch

a
st

ic
g
ra

d
ie

n
t

d
es

ce
n
t,

th
e

N
el

d
er

-M
ea

d
si

m
p

le
x

m
et

h
o
d

a
n

d
va

ri
ou

s
h
y
b

ri
d

s
a
n

d
m

o
d

ifi
ca

ti
o
n

s
o
f

su
ch

m
et

h
o
d

s.

•
S

om
e

ar
ti

cl
es

,
su

ch
a
s

th
e

re
ce

n
t

C
h

a
ll

is
a
n
d

B
ar

b
er

(2
01

3)
,

a
re

co
n

ce
rn

ed
so

le
ly

w
it

h
a
p

p
ro

x
im

at
e

in
fe

re
n

ce
v
ia

m
in

im
u

m
d

iv
er

g
en

ce
a
cc

o
rd

in
g

to
th

e
p

re
-s

p
ec

ifi
ca

ti
o
n

th
at
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S
e
m

ipa
r
a
m

e
t
r
ic

M
e
a
n

F
ie

l
d

V
a
r
ia

t
io

n
a
l

B
a
y
e
s

th
e

p
o
sterio

r
is

w
ith

in
a

p
a
ra

m
etric

fa
m

ily
su

ch
a
s

M
u

ltivaria
te

N
o
rm

a
l

w
ith

b
a
n

d
ed

C
h

o
lesk

y
covaria

n
ce

m
atrix

facto
rs.

T
h

ese
co

n
trib

u
tio

n
s

rep
resen

t
sp

ecia
l

ca
ses

of
sem

ip
a
ra

m
etric

m
ea

n
fi

eld
va

ria
tio

n
a
l

B
ay

es
a
n

d
th

eir
fi

n
d

in
g
s

h
av

e
relevan

ce
to

th
e

m
o
re

g
en

eral
situ

atio
n

.

T
h

e
m

a
in

p
u

rp
oses

of
th

is
a
rticle

a
re:

(1)
B

rin
g

to
geth

er
th

e
literatu

re
on

sem
ip

a
ra

m
etric

m
ean

fi
eld

varia
tion

a
l

B
ayes

a
n

d
id

en
tify

its
co

re
ten

ets.

(2)
L

ay
o
u

t
a
n
d

d
iscu

ss
n
u

m
erica

l
issu

es
th

a
t

a
rise

in
sem

ip
a
ra

m
etric

m
ea

n
fi

eld
varia

-
tio

n
a
l

B
ayes,

w
h

ich
h

av
e

a
sig

n
ifi

ca
n
t

p
ractica

l
im

p
lica

tio
n

s
for

th
is

b
o
d

y
of

m
eth

o
d

-
o
lo

g
y.

T
h

e
resu

ltin
g

ex
p

osition
co

n
stitu

tes
th

e
fi

rst
co

m
p

en
d

iu
m

o
n

sem
ip

a
ram

etric
m

ea
n

fi
eld

variatio
n

a
l

B
ayes

at
its

fu
llest

level
of

g
en

era
lity.

It
ca

n
a
lso

b
e

u
sed

a
s

a
b

a
sis

for
en

h
a
n

ce-
m

en
ts

o
f

sem
ip

a
ra

m
etric

m
ean

fi
eld

va
ria

tion
al

B
ayes

m
eth

o
d

o
log

y.

W
e

u
se

tw
o

ex
am

p
les

to
elu

cid
a
te

th
e

g
en

era
l

p
rin

cip
les

a
n

d
n
u

m
erica

l
issu

es.
T

h
e

fi
rst,

E
x
a
m

p
le

1
,

in
vo

lv
es

a
B

ay
esia

n
m

o
d

el
w

ith
a

sin
g
le

p
ara

m
eter

a
n

d
,

h
en

ce,
is

su
ch

th
a
t

m
ea

n
fi

eld
a
p

p
rox

im
a
tion

is
n

o
t

req
u

ired
.

T
h

e
sim

p
licity

o
f

E
x
am

p
le

1
a
llow

s
a

d
eep

a
p

p
recia

tion
o
f

th
e

va
rio

u
s

issu
es

w
ith

m
in

im
a
l

n
ota

tio
n

al
overh

ead
.

E
x
a
m

p
le

2
is

th
e

B
ayesian

P
o
isso

n
m

ix
ed

m
o
d
el

trea
ted

in
W

an
d

(2
0
14

)
an

d
b

en
efi

ts
fro

m
sem

ip
a
ram

etric
m

ea
n

fi
eld

variatio
n

a
l

B
ayes

m
eth

o
d

o
lo

g
y.

It
d

em
o
n

stra
tes

issu
es

w
ith

h
ig

h
-d

im
en

sio
n

al
o
p

tim
iza

tio
n

p
ro

b
lem

s
th

a
t

a
re

in
trin

sic
to

p
ra

ctica
l

im
p

lem
en

ta
tio

n
.

O
n

e
o
f

th
e

m
a
in

o
u

tco
m

es
of

ou
r

n
u

m
erica

l
in

v
estig

a
tio

n
s

is
th

a
t

fi
ttin

g
ex

p
on

en
tia

l
fam

ily
d

en
sity

fu
n

ctio
n

s
v
ia

n
a
tu

ra
l

fi
x
ed

-p
o
in

t
itera

tio
n

h
a
s

som
e

a
ttra

ctive
p

ro
p

erties.
B

y
‘n

atu
ra

l’,
w

e
m

ea
n

a
sim

p
le

v
ersion

o
f

fi
x
ed

-p
o
in

t
itera

tio
n

th
a
t

a
rises

w
h

en
n

a
tu

ral
p

ara
m

etriza
tio

n
s

a
re

u
sed

.
A

s
w

e
ex

p
la

in
in

S
ection

4,
n

a
tu

ra
l

fi
x
ed

-p
oin

t
iteratio

n
s

u
se

R
iem

a
n

n
ia

n
grad

ien
ts

to
step

th
ro

u
g
h

th
e

p
a
ra

m
eter

sp
a
ce,

w
h

ich
is

gen
era

lly
m

ore
effi

cien
t

th
a
n

ord
in

ary
g
ra

d
ien

ts.
T

h
e

b
en

efi
ts

o
f
R

iem
a
n

n
ia

n
g
rad

ien
t-b

a
sed

a
lg

o
rith

m
s

fo
r

M
a
ch

in
e

L
ea

rn
in

g
p

rob
lem

s
go

es
b

a
ck

a
t

lea
st

to
A

m
ari

(1
9
9
8).

S
u

ch
a
lg

o
rith

m
s

a
re

th
e

b
a
sis

o
f

th
e

sem
ip

aram
etric

m
ea

n
fi

eld
variatio

n
a
l

B
ayes

ap
p
ro

a
ch

o
f

H
o
n

kela
et

al.
(2

0
1
0
).

In
S

ection
2

w
e

d
escrib

e
sem

ip
a
ra

m
etric

m
ean

fi
eld

va
riatio

n
al

B
ayes

in
fu

ll
g
en

era
lity.

A
g
en

era
l

overv
iew

o
f

op
tim

ization
stra

tegies,
p

ertin
en

t
to

sem
ip

a
ram

etric
m

ea
n

fi
eld

va
ri-

a
tio

n
a
l

B
ayes,

is
g
iven

in
S

ection
3.

T
h

e
im

p
orta

n
t

sp
ecial

ca
se

o
f

p
re-sp

ecifi
ed

ex
p

o
n

en
tia

l
fam

ily
d

en
sity

fu
n
ction

s
is

trea
ted

in
S

ectio
n

4
.

S
ectio

n
5

d
ea

ls
w

ith
th

e
m

ore
d

iffi
cu

lt
n

on
-ex

p
o
n

en
tia

l
fa

m
ily

ca
se

v
ia

a
n

illu
stra

tive
ex

a
m

p
le.

S
om

e
clo

sin
g

rem
a
rk

s
a
re

g
iven

in
S

ection
6
.

2
.

G
e
n
e
ra

l
P

rin
cip

le
s

S
em

ip
a
ra

m
etric

m
ea

n
fi

eld
variatio

n
a
l

B
ayes

is
a
n

a
p

p
rox

im
ate

B
ayesia

n
in

feren
ce

m
eth

o
d

b
ased

o
n

th
e

p
rin

cip
le

o
f

m
in

im
u

m
K

u
llb

ack
-L

eib
ler

d
iverg

en
ce.

F
o
r

arb
itra

ry
d

en
sity

fu
n

ctio
n

s
p

1
a
n

d
p

2
o
n
R
d,

K
L

(p
1 ‖
p

2 )≡
∫

R
d

p
1 (x

)
lo

g {
p

1 (x
)/
p

2 (x
) }
d
x

3
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R
o
h
d
e

a
n
d

W
a
n
d

d
en

o
tes

th
e

K
u

llba
ck-L

eibler
d
ivergen

ce
of
p

2
from

p
1 .

N
ote

th
at

K
L

(p
1 ‖
p

2 )≥
0

for
an

y
p

1
a
n

d
p

2 .
(1)

C
on

sid
er

a
gen

eric
B

ayesian
m

o
d

el
w

ith
ob

served
d

ata
D DD

an
d

p
ara

m
eter

vector
(θ
,φ

).
T

h
e

rea
so

n
for

th
is

n
otation

al
d

ecom
p

osition
of

th
e

p
aram

eter
vector

w
ill

so
on

b
ecom

e
a
p

p
a
ren

t.
T

h
rou

gh
ou

t
th

is
section

w
e

assu
m

e
th

at
(θ
,φ

)
an

d
D DD

are
con

tin
u

o
u

s
ran

d
om

vecto
rs

w
ith

d
en

sity
fu

n
ction

s
p
(θ
,φ

)
an

d
p
(D DD

).
T

h
e

situ
ation

w
h

ere
som

e
com

p
o
n

en
ts

are
d

iscrete
h

as
sim

ila
r

treatm
en

t
w

ith
su

m
m

ation
s

rep
lacin

g
in

tegrals.
B

ayesian
in

feren
ce

for
θ

an
d
φ

is
b

ased
on

th
e

p
osterior

d
en

sity
fu

n
ction

p
(θ
,φ|D DD

)
=
p
(D DD
,θ
,φ

)

p
(D DD

)
.

T
h

e
d

en
om

in
ator,

p
(D DD

),
is

u
su

ally
referred

to
as

th
e

m
a
rgin

a
l

likelih
ood

or
th

e
m

od
el

evi-
d
en

ce.
L

et
q(θ

,φ
)

b
e

an
arb

itrary
d

en
sity

fu
n

ction
over

th
e

p
a
ram

eter
sp

ace
of

(θ
,φ

).
T

h
e

essen
ce

of
variation

al
ap

p
rox

im
ate

in
feren

ce
is

to
restrict

q(θ
,φ

)
to

som
e

class
o
f

d
en

sity
fu

n
ctio

n
sQ

an
d

th
en

u
se

th
e

op
tim

al
q-d

en
sity

fu
n

ction
,

given
b
y

q ∗(θ
,φ

)
=

argm
in

q∈Q
K

L {
q(θ

,φ
) ∥∥∥
p
(θ
,φ|D DD

) }
,

(2)

a
s

an
ap

p
rox

im
a
tion

to
th

e
p

osterior
d

en
sity

fu
n

ction
p
(θ
,φ|D DD

).
S

im
p

le
algeb

ra
ic

argu
m

en
ts

(e.g.
S

ection
2.1

of
O

rm
ero

d
an

d
W

an
d

,
201

0)
lea

d
to

log
p
(D DD

)
=

K
L {
q(θ

,φ
) ∥∥∥
p
(θ
,φ|D DD

) }
+

log
p
(D DD

;q)
(3)

w
h

ere

p
(D DD

;q)≡
ex

p [∫
∫
q(θ

,φ
)

log {
p
(y
,θ
,φ

)

q(θ
,φ

)

}
d
θ
d
φ ]

.
(4)

F
rom

(1
)

w
e

h
ave

p
(D DD

;q)≤
p
(D DD

)
for

an
y
q(θ

,φ
)

sh
ow

in
g

th
at

p
(D DD

;q)
is

a
low

er
b

o
u

n
d

o
n

th
e

m
arg

in
a
l

lik
elih

o
o
d

.
T

h
e

n
on

-n
egativ

ity
con

d
ition

(1)
m

ea
n

s
th

at
an

eq
u
ivalen

t
form

for
th

e
op

tim
al
q-d

en
sity

fu
n

ction
is

q ∗(θ
,φ

)
=

argm
ax

q∈Q
p
(D DD

;q).
(5)

T
h

is
altern

ative
o
p

tim
ization

p
rob

lem
h
as

th
e

attractive
in

terp
retation

of
q ∗(θ

,φ
)

b
ein

g
ch

o
sen

to
m

ax
im

ize
a

low
er

b
ou

n
d

on
th

e
m

argin
al

likelih
o
o
d

.
F

o
r

th
e

rem
ain

d
er

of
th

is
a
rticle

w
e

w
ork

w
ith

(5)
rath

er
th

an
(2).

P
a
ra

m
etric

va
riation

al
ap

p
rox

im
ate

in
feren

ce
in

volves
settin

g

Q
=
{q(θ

,φ
;ξ

)
:
ξ
∈

Ξ}
,

corresp
o
n

d
in

g
to

a
p

aram
etric

fam
ily

of
d

en
sity

fu
n

ction
s

w
ith

p
a
ram

eter
vecto

r
ξ

ran
gin

g
over

Ξ
.

In
th

is
case

(5)
red

u
ces

to

q ∗(θ
,φ

)
=

argm
ax

ξ∈
Ξ

p
(D DD

;q,ξ
),

(6)
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S
e
m

ip
a
r
a
m

e
t
r
ic

M
e
a
n

F
ie

l
d

V
a
r
ia

t
io

n
a
l

B
a
y
e
s

w
h

er
e
p
(DD D

;q
,ξ

)
is

th
e

m
ar

gi
n

al
li
k
el

ih
o
o
d

lo
w

er
b

ou
n

d
d

efi
n

ed
b
y

(4
),

b
u

t
w

it
h

th
e

d
ep

en
-

d
en

ce
on
ξ

re
fl

ec
te

d
in

th
e

n
ot

at
io

n
.

A
n

ea
rl

y
co

n
tr

ib
u

ti
on

of
th

is
ty

p
e

is
H

in
to

n
an

d
va

n
C

am
p

(1
99

3)
w

h
o

u
se

d
m

in
im

u
m

K
u

ll
b

ac
k
-L

ei
b

le
r

d
iv

er
ge

n
ce

fo
r

G
au

ss
ia

n
ap

p
ro

x
im

at
io

n
of

p
os

te
ri

or
d

en
si

ty
fu

n
ct

io
n

s
in

n
eu

ra
l

n
et

w
or

k
s

m
o
d

el
s.

G
au

ss
ia

n
Q

fa
m

il
ie

s
h

av
e

al
so

b
ee

n
u

se
d

b
y

L
a
p

p
a
la

in
en

a
n

d
H

on
ke

la
(2

00
0)

,
A

rc
h

am
b

ea
u

et
al

.
(2

00
7)

,
R

ai
k
o

et
al

.
(2

00
7)

,
N

ic
k
is

ch
a
n

d
R

a
sm

u
ss

en
(2

00
8)

,
H

on
ke

la
an

d
V

al
p

ol
a

(2
00

5)
,

H
on

ke
la

et
al

.
(2

00
7)

,
H

on
ke

la
et

al
.

(2
0
0
8
)

a
n

d
O

p
p

er
an

d
A

rc
h

am
b

ea
u

(2
00

9)
.

T
h

e
re

ce
n
t

co
n
tr

ib
u

ti
on

b
y

C
h

al
li

s
an

d
B

ar
b

er
(2

0
1
3)

is
a
n

in
-

d
ep

th
co

ve
ra

ge
of

G
au

ss
ia

n
m

in
im

u
m

K
u

ll
b

ac
k
-L

ei
b

le
r

ap
p

ro
x
im

at
e

in
fe

re
n

ce
.

S
a
li

m
a
n

s
an

d
K

n
ow

le
s

(2
01

3)
d

ev
is

ed
a

st
o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
al

go
ri

th
m

fo
r

so
lv

in
g

(6
)

w
h

en
Q

is
a

p
ar

am
et

ri
c

fa
m

il
y

of
ex

p
on

en
ti

al
fa

m
il

y
fo

rm
.

G
er

sh
m

an
et

al
.

(2
01

2)
a
n

d
Z

o
b

ay
(2

01
4)

in
ve

st
ig

at
ed

G
au

ss
ia

n
-m

ix
tu

re
ex

te
n

si
on

s.
In

w
h

at
on

e
m

ay
la

b
el

a
n

o
n

pa
ra

m
et

ri
c

va
ri

at
io

n
al

ap
p
ro

x
im

at
io

n
ap

p
ro

ac
h

,
o
rd

in
a
ry

m
ea

n
fi

el
d

va
ri

at
io

n
al

B
ay

es
u

se
s

re
st

ri
ct

ed
q-

d
en

si
ty

sp
ac

es
su

ch
as

Q
=
{q

(θ
,φ

)
:
q(
θ
,φ

)
=
q(
θ

1
)
··
·q

(θ
M

)
q(
φ

)}
fo

r
so

m
e

p
ar

ti
ti

on
{θ

1
,.
..
,θ

M
}

o
f
θ
.

(7
)

T
h

e
w

or
d

‘n
on

p
ar

am
et

ri
c’

is
ju

st
ifi

ed
b
y

th
e

fa
ct

th
at

th
er

e
is

n
o

p
re

-s
p

ec
ifi

ca
ti

o
n

th
a
t

th
e

q-
d

en
si

ty
,

or
an

y
of

it
s

fa
ct

or
s,

b
el

on
g

to
a

p
ar

ti
cu

la
r

p
ar

am
et

ri
c

fa
m

il
y.

R
es

tr
ic

ti
o
n

of
q(
θ
,φ

)
to

a
p

ro
d

u
ct

d
en

si
ty

fo
rm

is
th

e
on

ly
p

re
-s

p
ec

ifi
ca

ti
on

b
ei

n
g

m
ad

e.
A

n
it

er
a
ti

ve
sc

h
em

e
fo

r
so

lv
in

g
(5

)
u

n
d

er
(7

)
fo

ll
ow

s
fr

om
th

e
la

st
d

is
p

la
y
ed

eq
u

at
io

n
g
iv

en
in

S
ec

ti
on

10
.1

.1
of

B
is

h
op

(2
00

6)
.

T
h

e
sc

h
em

e
is

li
st

ed
ex

p
li

ct
ly

as
A

lg
or

it
h

m
1

of
O

rm
er

o
d

an
d

W
a
n

d
(2

01
0)

.
N

ot
e

th
at

a
si

m
p

le
ad

ju
st

m
en

t
th

at
ca

te
rs

fo
r

(θ
,φ

),
ra

th
er

th
an
θ

,
is

re
q
u

ir
ed

fo
r

n
ot

at
io

n
b

ei
n

g
u

se
d

h
er

e.
G

er
sh

m
an

et
a
l.

(2
01

2)
al

so
u

se
th

e
w

or
d

‘n
o
n

p
ar

a
m

et
ri

c’
to

d
es

cr
ib

e
a

va
ri

at
io

n
al

ap
p

ro
x
im

at
io

n
ap

p
ro

ac
h

.
H

ow
ev

er
,

th
ei

r
m

et
h

o
d

ol
o
gy

is
p

a
ra

m
et

ri
c

in
th

e
se

n
se

of
th

e
te

rm
in

ol
og

y
th

at
w

e
ar

e
u

si
n

g
h

er
e.

W
e

p
ro

p
os

e
th

at
th

e
te

rm
se

m
ip

a
ra

m
et

ri
c

m
ea

n
fi

el
d

va
ri

a
ti

o
n

a
l

B
a
ye

s
b

e
u

se
d

fo
r

re
st

ri
ct

io
n

s
of

th
e

fo
rm

:

Q
=
{q

(θ
,φ

)
:
q(
θ
,φ

)
=
q(
θ

1
)
··
·q

(θ
M

)
q(
φ

;ξ
),
ξ
∈

Ξ
}

(8
)

w
h

er
e
{q

(φ
;ξ

)
:
ξ
∈

Ξ
}

is
a

p
re

-s
p

ec
ifi

ed
p

ar
am

et
ri

c
fa

m
il

y
of

d
en

si
ty

fu
n

ct
io

n
s

in
φ

.
U

n
-

d
er

(8
)

th
er

e
is

n
o

in
si

st
en

ce
on

th
e
q(
θ
i)

h
av

in
g

a
p

ar
ti

cu
la

r
p

ar
am

et
ri

c
fo

rm
.

F
or

m
o
d

el
s

p
os

se
ss

in
g

p
ar

ti
cu

la
r

co
n

ju
ga

cy
p
ro

p
er

ti
es

th
e

op
ti

m
al
q-

d
en

si
ti

es
,
q∗

(θ
i)

,
w

il
l

b
el

o
n

g
to

re
le

va
n
t

co
n
ju

ga
te

fa
m

il
ie

s.
H

ow
ev

er
,

in
ge

n
er

al
,

th
e

op
ti

m
al
q-

d
en

si
ti

es
o
f

th
e
θ i

ca
n

a
s-

su
m

e
ar

b
it

ra
ry

fo
rm

s;
se

e,
fo

r
ex

am
p

le
,

F
ig

u
re

6
of

P
h

am
et

al
.

(2
01

3)
.

T
h

e
q
u

a
li

ty
o
f

a
va

ri
at

io
n

al
ap

p
ro

x
im

at
io

n
is

li
m

it
ed

b
y

th
e

re
st

ri
ct

io
n

s
im

p
os

ed
b
y

th
e

p
a
rt

ic
u

la
r

ch
o
ic

e
of

Q
.

S
em

ip
ar

am
et

ri
c

m
ea

n
fi

el
d

va
ri

a
ti

on
al

B
ay

es
im

p
o
se

s
a

p
ro

d
u

ct
d

en
si

ty
re

st
ri

ct
io

n
an

d
th

en
a

p
ar

am
et

ri
c

co
n

st
ra

in
t

on
on

e
of

th
e

fa
ct

or
s.

T
h

e
ov

er
al

l
q
u

al
it

y
of

th
e

ap
p

ro
x
im

a
ti

on
is

d
et

er
m

in
ed

b
y

th
e

co
m

b
in

at
io

n
of

th
es

e
tw

o
re

st
ri

ct
io

n
s.

W
h

il
e

th
e

es
ti

m
at

ed
n

o
n

p
a
ra

-
m

et
ri

c
fa

ct
or

s
ar

e
op

ti
m

al
gi

ve
n

th
e

p
ro

d
u

ct
re

st
ri

ct
io

n
,

a
p

ar
am

et
ri

c
re

st
ri

ct
io

n
w

it
h

fe
w

er
p

ro
d

u
ct

as
su

m
p

ti
on

s
m

ay
b

e
m

or
e

ac
cu

ra
te

.
W

e
n

ow
tu

rn
to

th
e

p
ra

ct
ic

al
p

ro
b

le
m

of
so

lv
in

g
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
(5

)
w

h
en

th
e

q-
d

en
si

ty
re

st
ri

ct
io

n
is

of
th

e
fo

rm
(8

).
A

p
p

ro
p

ri
at

e
st

ra
te

gi
es

fo
r

so
lv

in
g

(5
)

d
ep

en
d

o
n

th
e

n
at

u
re

of
q(
φ

;ξ
)

as
a

fu
n

ct
io

n
of
ξ

an
d

th
e

se
t

Ξ
.

S
om

e
p

os
si

b
il
it

ie
s

ar
e:

(A
)

Ξ
is

a
fi

n
it

e
se

t.

5
JM

L
R

 1
7(

17
2)

:1
-4

7

R
o
h
d
e

a
n
d

W
a
n
d

(B
)

Ξ
is

an
o
p

en
su

b
se

t
o
f
R
d

fo
r

so
m

e
d
∈

N
a
n

d
q(
φ

;ξ
)

is
sm

o
ot

h
fu

n
ct

io
n

of
ξ

ov
er

ξ
∈

Ξ
.

(C
)

Ξ
is

an
op

en
su

b
se

t
o
f
R
d

fo
r

so
m

e
d
∈

N
a
n

d
q(
φ

;ξ
)

is
a

n
o
n

-s
m

o
o
th

fu
n

ct
io

n
o
f
ξ

ov
er
ξ
∈

Ξ
.

(D
)

Ξ
is

a
co

m
p

li
ca

te
d

se
t

th
at

d
o
es

n
o
t

sa
ti

sf
y

an
y

of
th

e
d

es
cr

ip
ti

o
n

s
gi

v
en

in
(A

)–
(C

).

F
or

th
e

va
st

m
a
jo

ri
ty

of
m

o
d

el
s

in
co

m
m

o
n

u
se

a
n

d
q(
φ

;ξ
)

fa
m

il
ie

s
(B

)
a
p

p
li

es
an

d
m

o
st

o
f

th
e

re
m

ai
n

d
er

of
th

is
ar

ti
cl

e
is

d
ev

o
te

d
to

th
at

ca
se

.
H

ow
ev

er
,

w
e

w
il

l
fi

rs
t

b
ri

efl
y

d
ea

l
w

it
h

(A
)

in
S

ec
ti

on
2.

1
,

si
n

ce
it

a
id

s
u

n
d
er

st
a
n

d
in

g
of

th
e

se
m

ip
ar

a
m

et
ri

c
ex

te
n

si
on

o
f

m
ea

n
fi

el
d

va
ri

at
io

n
al

B
ay

es
.

T
o

d
a
te

,
w

e
ar

e
u

n
aw

a
re

o
f

an
y

se
m

ip
ar

a
m

et
ri

c
m

ea
n

fi
el

d
va

ri
a
ti

on
al

B
ay

es
co

n
tr

ib
u

ti
o
n

s
w

h
er

e
(C

)
or

(D
)

a
p

p
ly

,
so

th
es

e
ca

se
s

a
re

le
ft

a
si

d
e.

2
.1

F
in

it
e

P
a
ra

m
e
te

r
S

p
a
c
e

C
a
se

S
u

p
p

o
se

th
at

Ξ
is

a
fi

n
it

e
se

t.
T

h
en

A
lg

o
ri

th
m

1
is

th
e

n
a
tu

ra
l

ex
te

n
si

o
n

o
f

th
e

m
ea

n
fi

el
d

va
ri

at
io

n
al

B
ay

es
co

or
d

in
a
te

a
sc

en
t

al
g
o
ri

th
m

g
iv

en
,
fo

r
ex

a
m

p
le

,
in

S
ec

ti
on

10
.1

.1
o
f
B

is
h

op
(2

00
6)

a
n

d
A

lg
or

it
h

m
1

o
f

O
rm

er
o
d

a
n

d
W

an
d

(2
01

0
).

In
A

lg
or

it
h

m
1
,

a
n

d
el

se
w

h
er

e,
th

e
n

o
ta

ti
on
θ
\θ

i
d

en
ot

es
th

e
ve

ct
o
r
θ

w
it

h
th

e
en

tr
ie

s
o
f
θ
i

ex
cl

u
d

ed
.

F
or

ea
ch
ξ
∈

Ξ
:

In
it

ia
li

ze
:
q(
θ

2
),
..
.,
q(
θ
M

).

C
y
cl

e: q(
θ

1
)
←

ex
p
[ E

q(
θ
\θ

1
)
q(
φ
;ξ

){
lo

g
p
(y
,θ
,φ

)}
]

∫
ex

p
[ E

q(
θ
\θ

1
)
q(
φ
;ξ

){
lo

g
p
(y
,θ
,φ

)}
] d
θ

1

. . .

q(
θ
M

)
←

ex
p
[ E

q(
θ
\θ

M
)
q(
φ
;ξ

){
lo

g
p
(y
,θ
,φ

)}
]

∫
ex

p
[ E

q(
θ
\θ

M
)
q(
φ
;ξ

){
lo

g
p
(y
,θ
,φ

)}
] d
θ
M

u
n
ti

l
th

e
in

cr
ea

se
in
p
(DD D

;q
,ξ

)
is

n
eg

li
gi

b
le

.

q∗
(θ
i;
ξ
)
←
q(
θ
i)
,

1
≤
i
≤
M

;
p
(DD D

;q
∗ ,
ξ
)
←
p
(DD D

;q
,ξ

).

ξ
∗
←

a
rg

m
a
x

ξ
∈Ξ

p
(DD D

;q
∗ ,
ξ
)

;
q∗

(θ
i)
←
q∗

(θ
i;
ξ
∗ )
,

1
≤
i
≤
M

.

A
lg

o
ri

th
m

1
:

C
oo

rd
in

a
te

a
sc

en
t

a
lg

o
ri

th
m

fo
r

se
m

ip
a
ra

m
et

ri
c

m
ea

n
fi

el
d

va
ri

a
ti

o
n

a
l

B
a
ye

s
w

h
en

Ξ
is

a
fi

n
it

e
pa

ra
m

et
er

sp
a
ce

.

F
or

ea
ch

va
lu

e
o
f
ξ

in
Ξ

,
A

lg
o
ri

th
m

1
is

es
se

n
ti

a
ll

y
th

e
or

d
in

a
ry

m
ea

n
fi

el
d

va
ri

a
ti

o
n

al
B

ay
es

it
er

a
ti

ve
al

g
or

it
h

m
—

b
u

t
w

it
h

th
e

d
en

si
ty

fu
n

ct
io

n
o
f
φ

se
t

to
th

e
p

a
ra

m
et

ri
c

d
en

si
ty

fu
n

ct
io

n
q(
φ

;ξ
).

T
h

e
op

ti
m

al
ξ

is
th

en
fo

u
n

d
b
y

m
a
x
im

iz
in

g
ov

er
th

e
a
p

p
ro

x
im

at
e

m
a
rg

in
a
l

li
ke

li
h

o
o
d

va
lu

es
th

at
ar

e
re

co
rd

ed
fo

r
ea

ch
el

em
en

t
o
f

Ξ
.
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S
e
m

ipa
r
a
m

e
t
r
ic

M
e
a
n

F
ie

l
d

V
a
r
ia

t
io

n
a
l

B
a
y
e
s

2
.2

In
fi

n
ite

P
a
ra

m
e
te

r
S

p
a
c
e

C
a
se

A
lg

o
rith

m
1

sh
ow

s
h

ow
to

ob
tain

th
e

K
u
llb

ack
-L

eib
ler-o

p
tim

a
l
q(θ

i )
an

d
q(φ

;ξ
)

d
en

sities
in

th
e

ca
se

w
h

ere
Ξ

is
fi

n
ite.

H
ow

ever,
fo

r
co

m
m

on
p

aram
etric

fa
m

ilies
su

ch
as

th
e

N
o
rm

al
a
n

d
G

a
m

m
a
,

Ξ
is

in
fi

n
ite

a
n

d
th

e
so

lu
tio

n
of

(5
)

u
n

d
er

(8
)

is
m

ore
d

elica
te.

T
h

e
co

ord
in

ate
a
scen

t
id

ea
u

sed
to

ob
tain

th
e
q ∗(θ

i )
in

A
lg

o
rith

m
1

can
still

b
e

en
terta

in
ed

.
H

ow
ev

er,
it

n
eed

s
to

b
e

co
m

b
in

ed
w

ith
a
n

o
p

tim
iza

tio
n

sch
em

e
th

a
t

sea
rch

es
fo

r
th

e
o
p

tim
al
ξ

over
th

e
in

fi
n

ite
sp

a
ce

Ξ
.

F
o
r

th
e

rem
a
in

d
er

of
th

is
article

w
e

fo
cu

s
on

th
e

p
ro

b
lem

o
f

so
lv

in
g

(5)
u

n
d

er
restric-

tion
(B

)
o
n

th
e
q-d

en
sity

p
aram

eter
sp

a
ce

Ξ
.

W
e

sta
rt

b
y

stu
d
y
in

g
th

e
criterio

n
fu

n
ctio

n
p
(D DD

;q,ξ
)

a
n

d
sp

ecial
form

s
th

a
t

it
ta

kes
u

n
d

er
th

e
m

ean
fi

eld
restriction

.
T

h
e

n
o
tio

n
s

of
en

tro
p
y

a
n
d

facto
r

grap
h

s
are

sh
ow

n
to

b
e

very
releva

n
t

a
n

d
u

sefu
l.

W
e

th
en

in
tro

d
u

ce
tw

o
ru

n
n

in
g

ex
a
m

p
les,

E
x
am

p
le

1
a
n

d
E

x
a
m

p
le

2,
to

illu
stra

te
th

e
issu

es
in

v
o
lved

.
S

in
ce

E
x
a
m

p
le

1
h

as
on

ly
o
n
e

p
a
ra

m
eter

req
u

irin
g

in
feren

ce,
th

is
is

n
o
t

a
fu

lly
-fl

ed
g
ed

sem
ip

a
ra

-
m

etric
m

ean
fi

eld
va

riatio
n

a
l

B
ayes

p
ro

b
lem

an
d

th
e

o
p

tim
iza

tio
n

p
ro

b
lem

is
o
f

th
e

fo
rm

(6
).

A
d

d
ition

ally,
(6)

for
E

x
am

p
le

1
is

a
b

iva
ria

te
o
p

tim
iza

tion
p

ro
b

lem
w

h
ich

a
llow

s
d

eep
er

p
ro

b
in

g
o
f

th
e

n
u

m
erical

an
aly

tic
issu

es.
E

x
a
m

p
le

2
u

ses
th

e
P

o
isson

m
ix

ed
m

o
d

el,
treated

in
S

ectio
n

5.1
o
f

W
an

d
(2

01
4
),

a
s

o
u

r
m

a
in

sem
ip

ara
m

etric
m

ea
n

fi
eld

va
ria

tio
n

al
B

ayes
ex

a
m

p
le.

It
is

su
b

stan
tia

l
en

ou
gh

to
co

n
vey

va
rio

u
s

p
ra

ctica
l

issu
es

b
u

t
also

h
a
s

a
clo

sed
form

lo
g
p
(q;ξ

)
ex

p
ressio

n
th

a
t

a
llow

s
p
u

rely
a
lg

eb
ra

ic
ex

p
o
sition

.

2
.2

.1
E

n
t
r
o
p
y
,

F
a
c
t
o
r

G
r
a
p
h
s

a
n
d

t
h
e

M
a
r
g

in
a
l

L
o
g

-L
ik

e
l
ih

o
o
d

L
o
w

e
r

B
o
u
n
d

If
x

is
a

ra
n

d
om

vecto
r

h
av

in
g

d
en

sity
fu

n
ction

p
th

en
th

e
co

rresp
on

d
in

g
en

tro
p
y

is
g
iven

b
y

E
n
tro

p
y
(p

)≡
E
p {−

lo
g
p
(x

)}
.

F
o
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Γ
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Γ
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=
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f
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0 .
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φ
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d
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ξ
′ ∈

Ξ

{ lo
g
p
(DD D

;q
,ξ
′ )

[φ
]}

q(
θ

1
)
←

ex
p
[ E

q(
θ
\θ

1
)
q(
φ
;ξ

){
lo

g
p
(y
,θ
,φ

)}
]

∫
ex

p
[ E

q(
θ
\θ

1
)
q(
φ
;ξ

){
lo

g
p
(y
,θ
,φ

)}
] d
θ

1

. . .

q(
θ
M

)
←

ex
p
[ E

q(
θ
\θ

M
)
q(
φ
;ξ

){
lo

g
p
(y
,θ
,φ

)}
]

∫
ex

p
[ E

q(
θ
\θ

M
)
q(
φ
;ξ

){
lo

g
p
(y
,θ
,φ

)}
] d
θ
M

u
n
ti

l
th

e
ab

so
lu

te
ch

an
ge

in
lo

g
p
(DD D

;q
,ξ

)
is

n
eg

li
g
ib

le
.

A
lg

o
ri

th
m

2:
T

h
e

ge
n

er
a
l

se
m

ip
a
ra

m
et

ri
c

m
ea

n
fi

el
d

va
ri

a
ti

o
n

a
l

B
a
ye

s
a
lg

o
ri

th
m

fo
r

re
st

ri
c-

ti
o
n

(8
)

w
it

h
lo

g
p
(DD D

;q
,ξ

)[φ
]

d
efi

n
ed

w
it

h
re

sp
ec

t
to

fa
ct

o
r

gr
a
p
h

o
f
p
(x
,θ
,φ

)
w

it
h

st
oc

h
a
st

ic
n

od
es
θ

1
,.
..
,θ

M
a
n

d
φ

.

F
or

ea
ch

of
th

es
e

a
p

p
ro

a
ch

es
,

th
er

e
re

m
a
in

s
th

e
p

ra
ct

ic
a
l

p
ro

b
le

m
of

d
ev

is
in

g
a
n

op
ti

-
m

iz
a
ti

o
n

sc
h

em
e

fo
r

lo
g
p
(DD D

;q
,ξ

)[φ
]

an
d

en
su

ri
n

g
th

a
t

it
le

a
d

s
to

th
e

op
ti

m
a
l

p
a
ra

m
et

er
s

b
ei

n
g

ch
os

en
.

S
ec

ti
on

3
d

ea
ls

w
it

h
th

is
p

ro
b

le
m

.

2
.3

R
e
la

ti
o
n

sh
ip

to
E

x
is

ti
n

g
L

it
e
ra

tu
re

T
h

e
g
en

er
al

p
ri

n
ci

p
le

o
f

se
m

ip
ar

am
et

ri
c

m
ea

n
fi

el
d

va
ri

a
ti

on
a
l

B
ay

es
th

at
w

e
h
av

e
la

id
ou

t
in

th
is

se
ct

io
n

is
n

o
t

b
ra

n
d

n
ew

an
d

,
in

fa
ct

,
in

st
an

ce
s

o
f

th
is

p
ri

n
ci

p
le

h
av

e
m

a
d

e
ap

p
ea

ra
n

ce
s

in
th

e
li

te
ra

tu
re

si
n

ce
th

e
la

te
19

9
0
s

—
a
lt

h
o
u

gh
th

ey
ar

e
fe

w
in

n
u

m
b

er
.

W
e

n
ow

b
ri

efl
y

su
rv

ey
a
rt

ic
le

s
k
n

ow
n

to
u

s
th

a
t

h
av

e
a

se
m

ip
ar

a
m

et
ri

c
m

ea
n

fi
el

d
va

ri
a
ti

o
n

al
B

ay
es

co
m

p
o
n

en
t.

A
s

w
e

w
il

l
se

e,
th

e
te

rm
in

o
lo

gy
va

ri
es

q
u

it
e

co
n

si
d

er
a
b

ly
.

B
a
rb

er
an

d
B

is
h

o
p

(1
99

7)
u

se
s

th
e

te
rm

s
en

se
m

bl
e

le
a
rn

in
g

an
d

h
yp

er
pa

ra
m

et
er

a
d
a
p
-

ta
ti

o
n

fo
r

w
h

at
es

se
n
ti

al
ly

is
a

se
m

ip
a
ra

m
et

ri
c

m
ea

n
fi

el
d

va
ri

a
ti

o
n

al
B

ay
es

a
p

p
ro

a
ch

to
fi

tt
in

g
m

u
lt

i-
la

ye
r

n
eu

ra
l

n
et

w
or

k
s.

T
h

ey
p

re
-s

p
ec

if
y

M
u

lt
iv

a
ri

a
te

N
o
rm

a
l

d
is

tr
ib

u
ti

on
s

fo
r

th
e

co
effi

ci
en

t
ve

ct
or

b
u

t,
in

th
ei

r
S

ec
ti

o
n

2
.1

,
a
ll

ow
co

va
ri

a
n

ce
m

at
ri

x
p

a
ra

m
et

er
s

to
b

e
u

n
-

sp
ec

ifi
ed

ex
ce

p
t

fo
r

m
ea

n
fi

el
d

a
ss

u
m

p
ti

o
n

s.
H

ow
ev

er
,

th
ey

d
o

n
ot

in
cl

u
d

e
n
u
m

er
ic

a
l

d
et

a
il

s
fo

r
m

in
im

iz
in

g
K

u
ll

b
a
ck

-L
ei

b
le

r
d

iv
er

g
en

ce
ov

er
th

e
M

u
lt

iv
a
ri

a
te

N
o
rm

a
l

p
ar

a
m

et
er

s.
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S
e
m

ipa
r
a
m

e
t
r
ic

M
e
a
n

F
ie

l
d

V
a
r
ia

t
io

n
a
l

B
a
y
e
s

H
on

kela
et

a
l.

(2
01

0
)

a
d

o
p

t
th

e
p

h
ra

se
fi

xed
-fo

rm
va

ria
tio

n
a
l

B
a
yes

in
w

h
a
t

is
a

q
u

ite
g
en

eral
ap

p
roa

ch
to

sem
ip

a
ra

m
etric

m
ea

n
fi

eld
va

ria
tio

n
a
l
B

ayes
a
s

su
m

m
a
rized

in
th

eir
A

l-
g
orith

m
1.

O
p

tim
iza

tion
o
f

th
e

p
re-sp

ecifi
ed

p
a
ra

m
etric

co
m

p
o
n

en
t

p
a
ra

m
eters

is
a
ch

ieved
u

sin
g

th
e

n
o
n

lin
ea

r
co

n
ju

ga
te

gra
d
ien

t
m

eth
od

,
w

h
ich

w
e

d
escrib

e
in

S
ectio

n
3
.2.

H
ow

ever,
H

o
n

kela
et

al.
(2

01
0
)

w
o
rk

w
ith

w
ith

R
iem

a
n

n
ia

n
g
ra

d
ien

ts
w

h
ich

,
th

ey
a
rg

u
e,

a
re

m
o
re

effi
cien

t
th

a
n

E
u

clid
ea

n
g
rad

ien
ts.

In
K

n
ow

les
an

d
M

in
ka

(2
01

1
)

th
e

fo
cu

s
is

in
co

rp
o
ra

tio
n

o
f

p
re-sp

ecifi
ed

ex
p

on
en

tial
fa

m
ily

d
istrib

u
tio

n
s

w
h

ilst
p

reserv
in

g
th

e
m

essa
g
e

p
a
ssin

g
a
sp

ect
o
f

a
m

o
d

u
lar

a
p

p
ro

ach
to

m
ea

n
fi

eld
va

ria
tion

al
B

ayes,
k
n

ow
n

as
va

ria
tio

n
a
l

m
essa

ge
pa

ssin
g.

T
h

ey
a
rrive

a
t

a
n

ex
ten

sion
w

h
ich

th
ey

lab
el

n
o
n

-co
n

ju
ga

te
va

ria
tio

n
a

l
m

essa
ge

pa
ssin

g.
T

h
e

ex
p

o
n

en
tia

l
fam

ily
d

istrib
u
tio

n
p

a
ra

m
eters

a
re

ch
o
sen

v
ia

fi
x
ed

-p
o
in

t
itera

tio
n

,
w

h
ich

w
e

d
escrib

e
in

d
eta

il
in

S
ection

3
.1

.

T
a
n

a
n

d
N

o
tt

(20
1
3)

ta
k
e

a
sem

ip
ara

m
etric

m
ea

n
fi

eld
varia

tion
a
l

B
ayes

ap
p

ro
a
ch

to
a
p

p
rox

im
ate

in
feren

ce
in

B
ay

esian
g
en

eralized
lin

ear
m

ix
ed

m
o
d

els
for

g
rou

p
ed

d
a
ta

.
T

h
ey

u
se

p
re-sp

ecifi
ed

M
u

ltiva
ria

te
N

o
rm

a
l
d

en
sity

fu
n

ctio
n

s
fo

r
th

e
ra

n
d

o
m

eff
ects

of
ea

ch
g
ro

u
p

w
ith

m
ea

n
fi

eld
p

ro
d

u
ct

restriction
s

a
n

d
a
ch

ieve
g
o
o
d

a
p

p
rox

im
a
tio

n
accu

ra
cy

v
ia

so
-called

p
artia

lly
n

o
n

cen
tered

p
aram

eterizatio
n

s.

In
th

e
ca

se
of

p
re-sp

ecifi
ed

M
u

ltiva
ria

te
N

o
rm

a
l

d
en

sity
fu

n
ction

s,
W

an
d

(2
0
1
4)

o
b

-
ta

in
s

a
n

ex
p

licit
fo

rm
fo

r
th

e
fi

x
ed

-p
o
in

t
itera

tio
n

sch
em

e
o
f

K
n

ow
les

an
d

M
in

ka
(2

0
11

)
a
n

d
illu

stra
ted

its
u

se
for

th
e

P
o
isso

n
m

ix
ed

m
o
d

el
d

escrib
ed

in
S

ectio
n

2
.2.3

.
In

L
u

ts
a
n

d
W

a
n

d
(2

0
15

)
a
n

d
M

en
icta

s
an

d
W

a
n

d
(2

0
1
5),

sem
ip

a
ram

etric
m

ea
n

fi
eld

va
riatio

n
al

B
ayes

w
ith

M
u

ltivariate
N

o
rm

al
p

re-sp
ecifi

ca
tio

n
is

a
p

p
lied

,
resp

ectively,
to

co
u

n
t

resp
on

se
sem

ip
aram

etric
reg

ression
a
n

d
h

etero
sced

astic
sem

ip
ara

m
etric

reg
ressio

n
.

2
.4

A
d

v
a
n
ta

g
e
s

a
n

d
L

im
ita

tio
n

s
o
f

A
lg

o
rith

m
2

A
s

ju
st

d
escrib

ed
in

S
ectio

n
2
.3,

A
lg

o
rith

m
2

is
a

very
u

sefu
l

g
en

era
liza

tion
of

th
e

o
rd

in
a
ry

m
ea

n
fi

eld
va

riatio
n

al
B

ayes
alg

orith
m

a
n

d
a
llow

s
fo

r
tra

cta
b

le
h

a
n

d
lin

g
of

a
w

id
er

class
o
f

m
o
d

els.
F

or
ex

am
p

le,
th

e
h

etero
sced

a
stic

n
o
n

p
a
ra

m
etric

reg
ressio

n
m

o
d

el
o
f

M
en

icta
s

a
n

d
W

a
n

d
(2

01
5)

is
su

ch
th

a
t

ord
in

a
ry

m
ean

fi
eld

varia
tio

n
a
l

B
ay

es
is

n
u

m
erica

lly
ch

a
llen

g
in

g
if

o
n

e
u

ses
th

e
sa

m
e

p
ro

d
u

ct
restrictio

n
s

a
s

u
sed

in
h

o
m

osced
a
stic

n
o
n

p
a
ra

m
etric

reg
ressio

n
.

T
h

e
sem

ip
a
ram

etric
m

ea
n

fi
eld

va
ria

tion
a
l

B
ayes

ex
ten

sio
n

,
b

ased
on

M
u

ltiva
riate

N
o
rm

al
p

re-sp
ecifi

catio
n

o
f

b
a
sis

fu
n

ction
co

effi
cien

ts,
lea

d
s

to
an

itera
tive

sch
em

e
w

ith
clo

sed
fo

rm
u

p
d

a
tes.

S
im

u
latio

n
stu

d
ies

sh
ow

very
g
o
o
d

a
ccu

ra
cy

co
m

p
a
red

w
ith

M
a
rk

ov
ch

a
in

M
o
n
te

C
a
rlo

-b
ased

in
feren

ce.
H

ow
ever

A
lg

o
rith

m
2

is
n

o
t

g
u

a
ran

teed
to

co
n
verg

e
a
n

d
,

w
h

en
it

d
o
es

co
n
verg

e,
m

ay
resu

lt
in

m
ed

io
cre

a
p

p
rox

im
a
te

B
ayesia

n
in

feren
ce.

W
e

close
th

is
sectio

n
b
y

b
riefl

y
d

iscu
ssin

g
su

ch
lim

itatio
n
s

o
f

A
lg

o
rith

m
2.

In
cases

w
h

ere
a

g
en

eric
itera

tive
p

ro
ced

u
re

is
u

sed
to

so
lve

a
rg

m
a
x
ξ ′∈

Ξ {
lo

g
p
(D

;q,ξ ′)}
th

ere
is

n
o

gu
a
ra

n
tee

th
at

th
e

low
er

b
o
u

n
d

is
in

crea
sed

in
a

p
a
rticu

la
r

itera
tio

n
o
r

o
f

co
n
verg

en
ce

in
gen

era
l.

A
s

a
co

n
seq

u
en

ce,
th

e
con

verg
en

ce
gu

a
ra

n
tees

en
joy

ed
b
y

o
rd

in
a
ry

m
ea

n
fi

eld
va

riatio
n

a
l

B
ayes

a
lg

orith
m

s
a
re

n
o
t

sh
a
red

b
y

th
eir

sem
ip

a
ra

m
etric

ex
ten

sion
.

A
s

w
e

d
em

o
n

stra
te

in
S

ectio
n

4
.2

,
co

n
verg

en
ce

d
o
es

n
o
t

o
ccu

r
fo

r
p

a
rticu

lar
n
u

m
erical

o
p

tim
iza

tion
stra

tegies.

L
a
stly,

th
ere

is
th

e
lim

itatio
n

im
p

osed
b
y

th
e

m
ean

fi
eld

restrictio
n

.
E

ven
th

o
u

g
h

m
ea

n
fi

eld
variatio

n
a
l

B
ayes

can
lea

d
to

very
a
ccu

ra
te

a
p

p
rox

im
a
te

in
feren

ce,
th

ere
a
re
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R
o
h
d
e

a
n
d

W
a
n
d

circu
m

stan
ces

w
h

ere
its

accu
racy

is
q
u

ite
p

o
or.

S
om

e
ex

am
p

les,
w

ith
ex

p
la

n
ation

s
for

th
e

in
accu

racy,
are

given
in

W
an

g
an

d
T

itterin
gton

(2005)
an

d
N

ev
ille

et
al.

(2014).
S

em
ip

ara-
m

etric
m

ea
n

fi
eld

variation
al

B
ayes

sh
ares

th
is

lim
itation

sin
ce

p
aram

etric
p

re-sp
ecifi

cation
im

p
oses

a
d

egra
d
ation

in
accu

racy
com

p
ared

w
ith

ord
in

ary
m

ean
fi
eld

variation
al

B
ayes.

3
.

N
u
m

e
rica

l
O

p
tim

iza
tio

n
S
tra

te
g
ie

s

In
ord

in
ary

m
ea

n
fi

eld
variation

al
B

ay
es,

p
aram

eter
op

tim
iza

tion
is

ach
ieved

u
sin

g
a

con
v
ex

op
tim

iza
tion

algorith
m

th
at

con
verges

u
n

d
er

reason
ab

le
a
ssu

m
p

tion
s

(e.g.
L

u
en

b
erg

er
an

d
Y

e,
200

8).
In

th
e

sem
ip

aram
etric

ex
ten

sion
th

ere
is

n
o

su
ch

con
vex

o
p

tim
ization

th
eory

an
d

gen
eral

n
u

m
erical

op
tim

ization
h

as
to

b
e

called
u

p
on

to
op

tim
ize

th
e

p
aram

eters
in

th
e

p
re-sp

ecifi
ed

p
aram

etric
d

en
sity

fu
n

ction
.

N
u

m
erical

op
tim

ization
is

a
m

a
jor

area
of

m
ath

em
atical

stu
d

y
w

ith
an

en
orm

ou
s

lit-
era

tu
re.

R
ecen

t
su

m
m

aries
are

given
in

,
fo

r
ex

am
p

le,
G

iven
s

an
d

H
o
etin

g
(2

005)
an

d
A

ck
leh

et
al.

(2
010),

w
ith

th
e

form
er

b
ein

g
geared

tow
ard

s
o
p

tim
iza

tion
p

rob
lem

s
arisin

g
in

S
tatistics.

T
h

e
ch

oice
of

op
tim

ization
m

eth
o
d

ty
p

ically
is

d
riven

b
y

facto
rs

su
ch

as
th

e
sm

o
oth

n
ess

o
f

th
e

fu
n

ction
req

u
irin

g
op

tim
ization

an
d

availa
b

ility
of

ex
p

ression
s

for
low

-o
rd

er
d

eriva
tiv

es.
O

p
tim

ization
m

eth
o
d

s
w

ith
d

erivativ
e

in
form

ation
in

variab
ly

take
th

e
fo

rm
of

iterativ
e

sch
em

es.
S

em
ip

aram
etric

m
ean

fi
eld

variation
al

B
ay

es
often

h
a
s

th
e

lu
x
u

ries
o
f

sm
o
oth

n
ess

an
d

d
erivative

ex
p

ression
s.

It
is

also
b

en
efi

cial
to

h
ave

relatively
sim

-
p

le
iterative

u
p

d
ates

given
th

e
overarch

in
g

go
al
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e
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f
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⊆

R
d
→

R
b

e
a
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con
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p
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0 ⊆
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u
m
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D
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∂∂
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h

is
co
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D
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d
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ra
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(d
efi

n
ed

form
ally

in
A

p
p

en
d

ix
A

.1
)

ex
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d
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b
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p
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b
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m
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⊆
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fi
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ed
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at
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te
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n
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∈
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←
g

(x
)

u
n
ti

l
co

n
ve

rg
en

ce
.

A
lg

or
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.
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at
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d
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b
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m
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e
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p
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.
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or
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p
le

T
h
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d
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ra
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b
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m
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h
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d
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√
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p
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.
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b
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D
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D
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D
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b
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∈D

0

‖D
x
g

(x
)‖

sp
e
c
≤
α
<

1

th
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∈
D

0
(T

h
eo

re
m

s
8
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p
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h
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p
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p
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n
d
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p
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( D
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( D
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at
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is

w
ou

ld
in

d
ic

a
te

co
n
ve

rg
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p
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p
le

,
in

th
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a
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&
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p
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ca
se

o
f

fi
x
ed

-p
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e
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e
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d
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e
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p
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t
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N
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)
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d
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n
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if

D
x
f
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T

h
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A
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o
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th
m
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w

h
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h
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n
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y
s
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e

g
en
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o
f

N
ew

to
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∈
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←
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A
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a
p
h
so

n
a
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m
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n
er

ic
fo

rm
.

S
o
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p
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m

4
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T

h
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n
g
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h

a
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e

p
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p
er
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x
g

N
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4
)
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r
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n
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p
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x
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A
p

ro
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g
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en
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p
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A
.4

.
T
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o
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T
h
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m
8
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.
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n
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d
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h
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R
o
h
d
e

a
n
d

W
a
n
d

u
se

d
to

a
ss

es
s

th
e

q
u

a
li

ty
o
f

th
e

sc
h

em
e.

In
S

ec
ti

o
n

4
w

e
w

il
l

ex
p

la
in

h
ow

a
p

ar
ti

cu
la

r
fi

x
ed

-
p

oi
n
t

it
er

a
ti

on
sc

h
em

e,
w

h
ic

h
w

e
ca

ll
n

a
tu

ra
l

fi
x
ed

-p
o
in

t
it

er
at

io
n

,
h

a
s

a
tt

ra
ct

iv
e

p
ro

p
er

ti
es

w
h

en
q(
·;ξ

)
is

an
ex

p
on

en
ti

a
l
fa

m
il

y
d

en
si

ty
fu

n
ct

io
n

.
W

e
w

il
l
al

so
re

v
is

it
E

x
a
m

p
le

s
1

a
n

d
2

in
S

ec
ti

o
n

4
an

d
m

ak
e

so
m

e
co

m
p

ar
is

on
s

a
m

on
g

va
ri

o
u

s
n
u

m
er

ic
a
l

o
p

ti
m

iz
a
ti

o
n

st
ra

te
g
ie

s.
N

at
u

ra
l

fi
x
ed

-p
oi

n
t

it
er

at
io

n
is

se
en

to
p

er
fo

rm
p

a
rt

ic
u

la
rl

y
w

el
l.

4
.

E
x
p

o
n
e
n
ti

a
l

F
a
m

il
y

S
p

e
ci

a
l

C
a
se

W
e

n
ow

fo
cu

s
on

th
e

im
p

or
ta

n
t

sp
ec

ia
l

ca
se

w
h

er
e

th
e

p
a
ra

m
et

ri
c

d
en

si
ty

fu
n
ct

io
n

fa
m

il
y

{q
(φ

;ξ
)

:
ξ
∈

Ξ
}

ca
n

b
e

ex
p

re
ss

ed
in

ex
p

o
n

en
ti

a
l

fa
m

il
y

fo
rm

:

q(
φ

;η
)

=
ex

p
{T

(φ
)T
η
−
A

(η
)}
h

(φ
),

η
∈
H
,

(3
9)

w
h

er
e
η

is
a

on
e-

to
-o

n
e

tr
a
n

sf
o
rm

at
io

n
of
ξ

a
n

d
H

is
th

e
im

ag
e

o
f

Ξ
u

n
d

er
th

is
tr

a
n

sf
o
rm

a
-

ti
on

.
In

(3
9
)
A

(η
)

is
ca

ll
ed

th
e

lo
g-

pa
rt

it
io

n
fu

n
ct

io
n

a
n

d
h

(φ
)

is
ca

ll
ed

th
e

ba
se

m
ea

su
re

.
F

o
r

ex
am

p
le

,
th

e
U

n
iv

a
ri

at
e

N
o
rm

al
d

en
si

ty
fu

n
ct

io
n

fa
m

il
y

u
se

d
in

E
x
a
m

p
le

1
:

q(
φ

;µ
q
(φ

),
σ

2 q
(φ

))
=

1
√

2π
σ

2 q
(φ

)

ex
p

{
−

(φ
−
µ
q
(φ

))
2

2σ
2 q
(φ

)

}
,

µ
q
(φ

)
∈
R
,σ

2 q
(φ

)
>

0
,

ca
n

b
e

ex
p

re
ss

ed
as

(3
9)

w
it

h

T
(φ

)
=

[
φ φ
2

] ,
η
≡
[
η 1 η 2

]
=

[
µ
q
(φ

)/
σ

2 q
(φ

)

−
1/

(2
σ

2 q
(φ

))

] ,
A

(η
)

=
−

1 4
η

2 1
/
η 2
−

1 2
lo

g
(−

2η
2
)

an
d
h

(φ
)

=
(2
π

)−
1
/
2
.

T
h

e
n

a
tu

ra
l

p
a
ra

m
et

er
sp

a
ce

is
H

=
{(
η 1
,η

2
)

:
η 1
∈
R
,η

2
<

0
}.

E
ve

n
th

ou
g
h

se
m

ip
ar

am
et

ri
c

m
ea

n
fi

el
d

va
ri

a
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on
a
l

B
ay

es
ca

n
in

vo
lv

e
p

re
-s

p
ec

ifi
ca

ti
on

o
f

an
a
r-

b
it

ra
ry

p
ar

am
et

ri
c

fa
m

il
y,

v
ir

tu
al

ly
a
ll

m
et

h
o
d

o
lo

g
y

an
d

ex
am

p
le

s
in

th
e

ex
is

ti
n

g
li

te
ra

tu
re

in
vo

lv
es

p
re

-s
p

ec
ifi

ca
ti

on
w

it
h

in
a
n

ex
p

o
n
en

ti
a
l

fa
m

il
y.

E
x
p

o
n

en
ti

a
l

fa
m

il
y

d
is

tr
ib

u
ti

on
s

al
so

p
la

y
a
n

im
p

or
ta

n
t

ro
le

in
th

e
th

eo
ry

o
f

m
ea

n
fi
el

d
va

ri
at

io
n

a
l

B
ay

es
(e

.g
.

S
a
to

,
20

0
1;

B
ea

l
an

d
G

h
ah

ra
m

a
n

i,
2
0
06

;
W

ai
n
w

ri
g
h
t

a
n

d
J
or

d
a
n

,
20

08
).

N
ow

co
n

si
d

er
th

e
ge

n
er

a
l
fa

ct
or

gr
a
p

h
se

t-
u

p
d

es
cr

ib
ed

in
S

ec
ti

o
n

2
.2

.1
w

it
h

th
e

ap
p

ro
x
-

im
at

e
m

ar
gi

n
al

lo
g
-l

ik
el

ih
o
o
d

lo
g
p
(DD D

;q
,η

)[φ
]

gi
ve

n
b
y

(1
3)

b
u

t
a
s

a
fu

n
ct

io
n

o
f

th
e

n
a
tu

ra
l

p
a
ra

m
et

er
v
ec

to
r
η

.
D

efi
n

e

N
o
n

E
n
tr

o
p
y
{q

(φ
;η

)}
≡

∑

j∈
n

ei
g
h
b

o
rs

(φ
)

E
q
(φ

;η
){

lo
g
(f
j
)}

so
th

at
lo

g
p
(DD D

;q
,η

)[φ
]
=

E
n
tr

o
p
y
{q

(φ
;η

)}
+

N
o
n

E
n
tr

o
p
y
{q

(φ
;η

)}
.

A
n

a
d

va
n
ta

g
e

of
w

o
rk

in
g

w
it

h
ex

p
o
n

en
ti

a
l
fa

m
il

y
d

en
si

ty
fu

n
ct

io
n

s
is

th
a
t

th
e

en
tr

o
p
y

ta
ke

s
th

e
si

m
p

le
fo

rm
:

E
n
tr

o
p
y
{q

(φ
;η

)}
=
A

(η
)
−
D
η
A

(η
)
η

+
E

[e
x
p
{h

(φ
)}

]

w
h

er
e

th
e

n
ot

at
io

n
o
f

A
p
p

en
d

ix
A

.2
is

b
ei

n
g

u
se

d
.

M
o
re

ov
er

,
a
s

sh
ow

n
in

L
em

m
a

1
of

A
p

p
en

d
ix

A
.5

,
th

e
d

er
iv

a
ti

ve
v
ec

to
r

o
f

E
n
tr

o
p
y
{q

(φ
;η

)}
is

si
m

p
ly

D
η

E
n
tr

op
y
{q

(φ
;η

)}
=
−
η
T
H
η
A

(η
).

(4
0
)
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T
h

is
im

p
lies

th
a
t

th
e

sta
tio

n
a
ry

p
o
in

t
co

n
d

itio
n

{D
η

lo
g
p
(q;η

)
[φ

]}
T

=
0

(4
1)

is
eq

u
iva

len
t

to
η

=
{H

η
A

(η
)} −

1D
η
N

o
n

E
n
tro

p
y{
q(φ

;η
)}
T
.

(42
)

A
lg

o
rith

m
1

o
f

K
n

ow
les

an
d

M
in

ka
(20

1
1
)

is
a

fi
x
ed

-p
oin

t
itera

tio
n

sch
em

e
b
a
sed

o
n

(4
2
).

O
n

e
fu

rth
er

in
terestin

g
an

d
u

sefu
l

con
n

ectio
n

con
cern

s
th

e
m

ea
n

pa
ra

m
eter

vector

τ
≡
E
{T

(φ
)}

w
h

ich
is

rela
ted

to
th

e
n

a
tu

ra
l

p
a
ra

m
eter

v
ecto

r
v
ia

τ
=

D
η
A

(η
)
T
.

U
n

d
er

su
itab

le
tech

n
ica

l
co

n
d

ition
s
τ

is
a

o
n

e-to
-o

n
e

tra
n

sform
a
tio

n
o
f
η

.
A

lso
th

e
ch

a
in

ru
le

for
d
iff

eren
tia

tion
o
f

a
sm

o
oth

fu
n

ctio
n
s,

listed
a
s

L
em

m
a

2
in

A
p

p
en

d
ix

A
.5

,
is

D
η
s

=
(D
τ
s)(D

η
τ

)
=

(D
τ
s)
D
η {D

η
A

(η
)
T}

=
(D
τ
s)

H
η
A

(η
).

w
h

ich
lea

d
s

to
D
τ
s

=
{H

η
A

(η
)} −

1D
η
s.

(4
3)

P
u

ttin
g

a
ll

o
f

th
ese

rela
tion

sh
ip

s
to

geth
er

w
e

h
ave:

R
e
su

lt
1

L
et
ξ

be
a
n

a
rbitra

ry
d
iff

eren
tia

ble
o
n

e-to
-o

n
e

tra
n

sfo
rm

a
tio

n
o
f
η

.
T

h
en

th
e

sta
tio

n
a
ry

po
in

t
co

n
d
itio

n
(4

1
)

is
equ

iva
len

t
to

ea
ch

th
e

fo
llo

w
in

g
co

n
d
itio

n
s:

(a
)
η

=
{H

η
A

(η
)} −

1
D
η
N

on
E

n
tro

p
y{q(φ

;η
)}
T
,

(b)
η

=
{H

η
A

(η
)} −

1(D
η
ξ
)
T
D
ξ N

o
n

E
n
tro

p
y{
q(φ

;ξ
)}
T
,

(c)
η

=
D
τ

N
o
n

E
n
tro

p
y{
q(φ

;τ
)}
T

a
n

d

(d
)
η

=
(D
τ
ξ
)
T
D
ξ N

o
n

E
n
trop

y{
q(φ

;ξ
)}
T
.

W
e

m
a
ke

th
e

fo
llow

in
g

rem
ark

s
con

cern
in

g
R

esu
lt

1
:

•
R

esu
lt

1(a)
im

m
ed

ia
tely

g
iv

es
rise

to
th

e
follow

in
g

fi
x
ed

-p
o
in

t
itera

tio
n

sch
em

e
in

th
e

n
a
tu

ral
p

a
ra

m
eter

sp
a
ce
η
∈
H

:

η
←
{H

η
A

(η
)} −

1D
η
N

on
E

n
tro

p
y{
q(φ

;η
)}
T
.

(44
)

W
e

refer
to

(4
4)

a
s

th
e

n
a
tu

ra
l

fi
xed

-po
in

t
itera

tio
n

sch
em

e
a
n

d
d

en
o
te

th
e

co
rre-

sp
o
n

d
in

g
fi

x
ed

-p
oin

t
fu

n
ctio

n
b
y

g
n
a
t (η

)≡
{H

η
A

(η
)} −

1D
η
N

on
E

n
tro

p
y{
q(φ

;η
)}
T
.

A
ccord

in
g

to
th

e
th

eo
ry

o
f

fi
x
ed

-p
o
in

t
itera

tio
n

d
iscu

ssed
in

S
ectio

n
3
.1

,
co

n
vergen

ce
o
f

(4
4)

is
im

p
lied

b
y

ρ (D
η
g

n
a
t (η

) )
<

1

in
a

n
eigh

b
o
rh

o
o
d

of
th

e
m

a
x
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izer
η
∗.23
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a
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d

W
a
n
d

•
R

esu
lt

1(b
)–(d

)
off

er
th

e
p

ossib
ility

of
m

ore
con

ven
ien

t
form

s
for

th
e

fi
x
ed

-p
oin

t
u

p
-

d
ates

in
term

s
of

d
erivatives

of
th

e
com

m
on

p
aram

eters
or

m
ean

p
aram

eters.
P

ar-
ticu

la
rly

n
otew

orth
y

is
th

e
fact

th
at

R
esu

lt
1(c)–(d

)
d

o
n

ot
req

u
ire

com
p

u
tatio

n
of

{H
η
A

(η
)} −

1.
W

e
m

ake
u

se
of

th
is

situ
ation

for
th

e
M

u
ltivariate

N
orm

al
fam

ily
in

S
ection

4.1.

•
T

h
e

F
ish

er
in

form
ation

of
q(φ

:
η

)
is

−
E
{H

η
log

q(φ
;η

)}
=

H
η
A

(η
)

w
h

ich
im

p
lies

th
at

th
e

n
atu

ral
fi

x
ed

-p
oin

t
iteration

sch
em

e
(44)

in
volv

es
u

p
d

a
tin

g
η

accord
in

g
to

n
atu

ral
R

iem
an

n
ian

grad
ien

ts
of

N
on

E
n
trop

y
(q;τ

).
F

rom
R

esu
lt

1(c),
an

eq
u

ivalen
t

u
p

d
atin

g
sch

em
e

is

η
←

D
τ

N
on

E
n
trop

y{q(φ
;τ

)}
T

w
h

ich
sim

p
ly

in
volves

u
p

d
atin

g
η

accord
in

g
to

th
e

d
irection

of
m

ax
im

u
m

slo
p

e
on

th
e

N
on

E
n
tro

p
y
(q;τ

)
su

rface
in

th
e
τ

sp
ace.

•
T

h
e

form
s

for
th

e
station

ary
p

oin
t

in
R

esu
lt

1
can

also
b

e
u

sed
to

d
erive

iterative
N

ew
ton

-R
a
p

h
son

sch
em

es
for

m
ax

im
izin

g
log

p
(q;η

)
[φ

].
A

n
ex

am
p

le,
corresp

on
d

in
g

to
R

esu
lt

1(a)
an

d
op

tim
ization

w
ith

in
th

e
η

sp
ace,

is

η
←
η
−
[H
η
N

on
E

n
trop

y{
q(φ

;η
)}−

H
η
A

(η
)−

(η
T
⊗
I

)D
η
vec{H

η
A

(η
)} ]−

1

×
[D
η
N

on
E

n
trop

y{
q(φ

;η
)}
T
−
H
η
A

(η
)η

].

T
h

e
vec

op
era

tor
fl

atten
s

a
sq

u
are

m
atrix

in
to

a
colu

m
n

vector
an

d
is

d
efi

n
ed

form
ally

in
A

p
p

en
d

ix
A

.1
.

A
n
y

of
th

e
oth

er
op

tim
ization

m
eth

o
d

s
m

en
tion

ed
in

S
ection

3
can

also
b

e
ap

p
lied

to
th

e
p

ro
b

lem
of

ob
tain

in
g

η
∗≡

a
rgm

a
x

η∈
H
{log

p
(D DD

;q,ξ
)
[φ

]}
=

argm
ax

η∈
H

[A
(η

)−
D
η
A

(η
)η

+
N

on
E

n
trop

y{q(φ
;η

)}
]

a
n

d
th

o
se

in
vo

lv
in

g
grad

ien
ts

b
en

efi
t

from
th

e
en

trop
y

d
erivative

resu
lt

(40).
A

d
d

ition
ally,

relatio
n

sh
ip

(43)
im

p
lies

th
at

n
atu

ral
(R

iem
an

n
ian

)
grad

ien
ts

o
f

th
e

ob
jectiv

e
fu

n
ction

in
th

e
n

a
tu

ral
p

aram
eter

sp
ace

are
eq

u
ivalen

t
to

ord
in

ary
E

u
clid

ean
grad

ien
ts

in
th

e
m

ean
p

ara
m

eter
sp

ace.

4
.1

M
u

ltiv
a
ria

te
N

o
rm

a
l

S
p

e
c
ia

l
C

a
se

W
e

n
ow

fo
cu

s
on

th
e

im
p

ortan
t

sp
ecial

case
of
q(φ

;ξ
)

b
ein

g
a
d
-variate

M
u

ltivariate
N

o
rm

al
d

en
sity

fu
n

ction
:

q(φ
;µ

q
(φ

) ,Σ
q
(φ

) )
=

(2
π

) −
d
/
2|Σ

q
(φ

) | −
1
/
2

ex
p{−

12 (φ
−
µ
q
(φ

) )
T
Σ
−

1
q
(φ

) (φ
−
µ
q
(φ

) )}
.

L
et

ξ
≡
[

µ
q
(φ

)

vec(Σ
q
(φ

) )

]
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r
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d
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d
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p
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p
er

p
a
n

els
an

d
th

e
su

b
seq

u
en

t
iterates

are
ou

tsid
e

of
th

e
im

ag
e

p
lot

b
ou

n
d

aries.

µ
q(φ)

log(σq(φ)
2)

−
4.0

−
3.5

−
3.0

−
2.5

−
2.0

●

●

● ●

●

●

●

●

●

●

●●

●●

−
0.4

−
0.2

0.0
0.2

0.4●

●

● ●

●

●

● ●

●

●

● ●

●●

−
0.4

−
0.2

0.0
0.2

0.4

●

● ●

●

●

● ●

●

●

●●

●

●● ●

●●
−

4.0

−
3.5

−
3.0

−
2.5

−
2.0

●

● ●

●

●

● ●

● ●
●●

●

● ● ●

●●

N
ew

ton−
R

aphson
natural fixed−

point
non−

lin. conjugate grad.
R

iem
. non−

lin. conj. grad.
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ra
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p
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=
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d
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ra
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d
ien

t
m

eth
od

.

28
JM

L
R

 17(172):1-47



S
e
m

ip
a
r
a
m

e
t
r
ic

M
e
a
n

F
ie

l
d

V
a
r
ia

t
io

n
a
l

B
a
y
e
s

T
h

e
m

os
t

st
ri

k
in

g
fe

at
u

re
of

F
ig

u
re

5
is

th
e

d
ir

ec
tn

es
s

w
it

h
w

h
ic

h
n

at
u

ra
l

fi
x
ed

-p
oi

n
t

it
er

at
io

n
an

d
th

e
R

ie
m

an
n

ia
n

n
on

-l
in

ea
r

co
n

ju
ga

te
gr

ad
ie

n
t

m
et

h
o
d

co
n
ve

rg
e

fr
o
m

a
ll

fo
u

r
st

ar
ti

n
g

p
oi

n
ts

an
d

th
e

si
m

il
ar

it
y

of
th

ei
r

tr
a
je

ct
or

ie
s.

T
h

is
b

eh
av

io
r

is
in

ke
ep

in
g

w
it

h
th

e
fa

ct
th

at
b

ot
h

w
or

k
w

it
h

th
e

m
or

e
ap

p
ro

p
ri

at
e

R
ie

m
a
n

n
ia

n
gr

ad
ie

n
ts

.
T

h
e

o
rd

in
a
ry

n
o
n
-

li
n

ea
r

co
n

ju
ga

te
gr

ad
ie

n
t

tr
a
je

ct
or

ie
s

ar
e

n
ot

as
d

ir
ec

t.
S

im
il

ar
ob

se
rv

at
io

n
s

a
re

m
a
d

e
in

H
on

ke
la

et
al

.
(2

01
0)

.
A

s
d

em
on

st
ra

te
d

th
er

e,
th

e
p

ay
off

s
fr

om
u

si
n

g
R

ie
m

a
n

n
ia

n
g
ra

d
ie

n
ts

in
n

on
-l

in
ea

r
co

n
ju

ga
te

gr
ad

ie
n
t

u
p

d
at

in
g

ar
e

gr
ea

te
r

in
h

ig
h
er

-d
im

en
si

o
n
a
l

ve
rs

io
n

s
of

se
m

ip
ar

am
et

ri
c

m
ea

n
fi

el
d

va
ri

at
io

n
al

B
ay

es
.

B
as

ed
on

F
ig

u
re

5,
w

e
an

ti
ci

p
at

e
th

a
t

n
a
tu

ra
l

fi
x
ed

-p
oi

n
t

it
er

at
io

n
is

al
so

v
er

y
go

o
d

in
h

ig
h

er
d

im
en

si
on

s,
an

d
th

is
is

co
rr

o
b

o
ra

te
d

b
y

ex
p

er
im

en
ts

fo
r

E
x
am

p
le

2
d

es
cr

ib
ed

in
S

ec
ti

on
4.

3.
N

ew
to

n
-R

ap
h

so
n

fi
x
ed

-p
o
in

t
it

er
a
ti

o
n

is
se

en
to

b
e

u
n

re
li

ab
le

fo
r

th
is

op
ti

m
iz

at
io

n
p

ro
b

le
m

an
d

n
ow

h
er

e
n

ea
r

as
ro

b
u

st
a
s

n
a
tu

ra
l

fi
x
ed

-p
oi

n
t

it
er

at
io

n
.

L
as

tl
y,

w
e

n
ot

e
th

at
th

e
b

eh
av

io
r

re
p
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p
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p
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+
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σ
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p
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d
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e
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1
.

In
ad

d
it

io
n

w
e

le
t

ve
ch

(A
)

d
en

o
te

th
e

1 2
d
(d

+
1)
×

1
ve

ct
or

ob
ta

in
ed

fr
om

ve
c(
A

)
b
y

el
im

in
at

in
g

th
e

ab
ov

e-
d

ia
go

n
a
l

en
tr

ie
s

of
A

.
If
A

is
sy

m
m

et
ri

c
th

en
ve

ch
(A

)
co

n
ta

in
s

a
ll

of
th

e
u

n
iq

u
e

en
tr

ie
s

o
f
A

.
T

h
e

d
er

iv
at

io
n

s
al

so
re

q
u

ir
e

th
e

co
m

m
u

ta
ti

o
n

an
d

d
u

p
li

ca
ti

o
n

m
a
tr

ix
n

o
ta

ti
o
n

of
M

a
g
-

n
u

s
an

d
N

eu
d

ec
ke

r
(1

99
9
).

If
A

is
a
n

a
rb

it
ra

ry
d
×
d

m
a
tr

ix
th

en
th

e
co

m
m

u
ta

ti
o
n

m
a
tr

ix
o
f

o
rd

er
d
,

d
en

ot
ed

b
y
K

d
,

is
th

e
th

e
d

2
×
d

2
m

a
tr

ix
o
f

ze
ro

es
an

d
on

es
fo

r
w

h
ic

h

K
d

ve
c(
A

)
=

ve
c(
A
T

).

If
B

is
a

sy
m

m
et

ri
c

b
u

t
o
th

er
w

is
e

a
rb

it
ra

ry
d
×
d

m
a
tr

ix
th

en
th

e
d
u

p
li

ca
ti

o
n

m
a
tr

ix
o
f

o
rd

er
d

is
th

e
d

2
×

1 2
d
(d

+
1)

m
a
tr

ix
of

ze
ro

es
an

d
on

es
fo

r
w

h
ic

h

D
d
ve

ch
(B

)
=

ve
c(
B

).

T
h

e
M

o
or

e-
P

en
ro

se
in

ve
rs

e
o
f
D
d

is D
+ d
≡

(D
T d
D
d
)−

1
D
T d
.

N
ot

e
th

at
D

+ d
ve

c(
B

)
=

ve
ch

(B
).

(5
1
)

A
n

ot
h

er
u

se
fu

l
n

o
ta

ti
o
n

is

Q
(A

)
≡

(A
⊗

1
T

)
�

(1
T
⊗
A

)

fo
r

a
ge

n
er

a
l
m
×
n

m
a
tr

ix
A

a
n

d
1

a
n
×

1
ve

ct
o
r

o
f

o
n

es
.

T
h

e
sy

m
b

ol
�

d
en

o
te

s
el

em
en

t-
w

is
e

p
ro

d
u

ct
.
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S
e
m

ipa
r
a
m

e
t
r
ic

M
e
a
n

F
ie

l
d

V
a
r
ia

t
io

n
a
l

B
a
y
e
s

T
h

e
fo

llow
in

g
w

ell-k
n

ow
n

m
a
trix

id
en

tity
is

u
sed

severa
l

tim
es

in
th

e
d

eriva
tio

n
s:

vec(A
B
C

)
=

(C
T
⊗
A

)
vec(B

).
(5

2)

A
.2

D
e
riv

a
tiv

e
M

a
trix

a
n

d
H

e
ssia

n
M

a
trix

N
o
ta

tio
n

O
u

r
su

m
m

a
ry

o
f

d
eriva

tive-b
ased

o
p

tim
iza

tio
n

,
a
n

d
su

b
seq

u
en

t
d

iscu
ssio

n
,

b
en

efi
ts

from
d

eriva
tiv

e
vector

a
n

d
H

essia
n

m
atrix

n
ota

tion
.

S
u

ch
n

o
ta

tio
n

is
n

ot
u

n
iversa

l,
a
n

d
th

ro
u

g
h

-
ou

t
th

is
a
rticle

w
e

follow
th

e
con

ven
tio

n
s

of
M

a
g
n
u

s
an

d
N

eu
d

ecker
(1

9
9
9
).

If
h

is
a
R
p-va

lu
ed

w
ith

arg
u

m
en

t
x
∈
R
d

th
en

th
e

d
eriva

tive
m

a
trix

o
f
h

w
ith

resp
ect

to
x

,
d

en
o
ted

b
y
D
x
h

(x
),

is
th

e
p×

d
m

atrix
w

ith
(i,j)

en
try

∂
h

(x
)
i

∂
x
j

A
co

n
crete

d
eriva

tive
vector

ex
a
m

p
le

is
g
iven

in
S

ectio
n

2
.3

o
f

W
a
n

d
(2

0
1
4
).

In
th

e
case

p
=

1
,

th
e

H
essia

n
m

a
trix

o
f
h

w
ith

resp
ect

to
x

is
th

e
d×

d
m

a
trix

H
x
h

(x
)≡

D
x

[{D
x
h

(x
)}
T

].

A
.3

E
x
a
m

p
le

2
D

e
riv

a
tio

n
a
l

D
e
ta

ils

H
ere

p
rov

id
e

d
eriva

tio
n

a
l

d
etails

p
erta

in
in

g
to

E
x
a
m

p
le

2
d

iscu
ssed

in
S

ectio
n

2
.2

.3
.

A
cco

rd
in

g
to

p
ro

d
u

ct
restrictio

n
(2

2
),

th
e

o
p

tim
al
q-d

en
sity

fu
n

ctio
n

s
sa

tisfy

q ∗(β
,u

)
∝

ex
p

[E
q
(σ

2
,a

)
lo

g{
p
(y
,β
,u
,σ

2,a
)}],

q ∗(σ
2)
∝

ex
p

[E
q
(β
,u
,a

)
lo

g{
p
(y
,β
,u
,σ

2,a
)}]

an
d

q ∗(a
)
∝

ex
p

[E
q
(β
,u
,σ

2
)
lo

g{
p
(y
,β
,u
,σ

2,a
)}]

(e.g
.

B
ish

o
p

,
2
0
06

,
S

ection
1
0.1

.1).
S

im
p

le
alg

eb
raic

step
s

lea
d

to
th

e
fo

rm
s

g
iven

in
(23

).
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R
o
h
d
e

a
n
d

W
a
n
d

F
irst

w
e

con
sid

er
gen

eral
p

re-sp
ecifi

ed
q-d

en
sity

fam
ilies

of
th

e
form

q(β
,u

;ξ
),
ξ
∈

Ξ
.

W
ith

th
e

h
elp

o
f

(10)
each

of
th

e
term

s
in

(27),
can

b
e

ex
p

ressed
as

follow
s:

E
n
trop

y{
q(β

,u
;ξ

)}
=
−
∫R

K
+
2

log{
q(β

,u
;ξ

)}
q(β

,u
;ξ

)
d
β
d
u
,

E
n
tro

p
y{
q(σ

2)}
=

log
(B

q
(σ

2
) )

+
12 (K

+
1
)

+
log{Γ

(
12 (K

+
1))}

−
12 (K

+
3)d

igam
m

a{
12 (K

+
1)},

E
n
trop

y{
q(a

)}
=

log
(B

q
(a

) )
+

1−
2

d
iga

m
m

a(1
),

E
q {log

p
(y|β

,u
)}

=
y
T{X

E
q
(β
,u

;ξ
) (β

)
+
Z
E
q
(β
,u

;ξ
) (u

)}
−

1
T
E
q
(β
,u

;ξ
) {

ex
p

(X
β

+
Z
u

)}−
1
T

log
(y

!),

E
q {log

p
(β
,u|σ

2)}
=
−

12 (p
+
K

)
log

(2
π

)−
12
p

lo
g
(σ

2β
)

−
12
K
{log{

B
q
(σ

2
) }−

d
igam

m
a{

12 (K
+

1)}}

−
1

2
σ
2β [‖

E
q
(β
,u

;ξ
) (β

)‖
2

+
tr{

C
ov
q
(β
,u

;ξ
) (β

)} ]

−
12
µ
q
(1
/
σ
2
) [‖

E
q
(β
,u

;ξ
) (u

)‖
2

+
tr{

C
ov
q
(β
,u

;ξ
) (u

)} ]
,

E
q {log

p
(σ

2|a
)}

=
−

12
log

(π
)−

12 {
log{B

q
(a

) }−
d

igam
m

a(1)}

−
32 {

log{B
q
(σ

2
) }−

d
igam

m
a{

12 (K
+

1)}
−
µ
q
(1
/
a
) µ
q
(1
/
σ
2
)

an
d

E
q {log

p
(a

)}
=
−

12
log

(π
)−

log
(A

)−
32 {

log{B
q
(a

) }−
d

ig
am

m
a(1)}

−
µ
q
(1
/
a
) /A

2.

(53)

T
h

e
(β
,u

)-lo
calized

ap
p

rox
im

ate
m

argin
al

log-likelih
o
o
d

ex
p

ression
g
iven

b
y

(28)
follow

s
im

m
ed

iately
from

th
e

relevan
t

term
s

in
(53).

If
q(β

,u
;ξ

)
is

sp
ecifi

ed
to

b
e

th
e
N

(µ
q
(β
,u

) ,Σ
q
(β
,u

) )
d

en
sity

fu
n

ction
th

en
th

e
term

s
in

(27
)

th
a
t

d
ep

en
d

on
ξ

=
(µ

q
(β
,u

) ,Σ
q
(β
,u

) )
are

E
n
trop

y{q(β
,u

;µ
q
(β
,u

) ,Σ
q
(β
,u

) )}
=

12 (p
+
K

){
1

+
log

(2
π

)}
+

12
log|Σ

q
(β
,u

) |,
E
q {

log
p
(y|β

,u
)}

=
y
T
C
µ
q
(β
,u

) −
1
T

log
(y

!)

−
1
T

ex
p{C

µ
q
(β

)
+

12 d
iagon

al(C
Σ
q
(β
,u

) C
T

)}

an
d

E
q {

log
p
(β
,u|σ

2)}
=
−

12 (p
+
K

)
log

(2π
)−

12
p

log
(σ

2β
)

−
12
K
{
log{B

q
(σ

2
) }−

d
igam

m
a{

12 (K
+

1)}

−
1

2
σ
2β {‖

µ
q
(β

) ‖
2

+
tr(Σ

q
(β

) ) }

−
12
µ
q
(1
/
σ
2
) {‖

µ
q
(µ

) ‖
2

+
tr(Σ

q
(u

) ) }

(54)

w
h

ere
C
≡

[X
Z

].
T

h
e

(β
,u

)-lo
calized

ap
p

rox
im

ate
m

argin
al

lo
g-likelih

o
o
d

ex
p

ression
g
iven

b
y

(29)
follow

s
im

m
ed

iately.
A

n
ex

p
licit

ex
p

ression
for

lo
g
p
(q;µ

q
(β
,u

) ,Σ
q
(β
,u

) ),
for

u
se

a
a

stop
p

in
g

criterion
,

can
b

e
form

ed
b
y

com
b

in
in

g
th

e
relevan

t
term

s
from

(53)
w

ith
th

o
se

in
(54).
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S
e
m

ip
a
r
a
m

e
t
r
ic

M
e
a
n

F
ie

l
d

V
a
r
ia

t
io

n
a
l

B
a
y
e
s

A
.4

P
ro

o
f

o
f

(3
4
)

In
th

is
p

ro
of

,
al

l
ap

p
ea

ra
n

ce
s

of
D

an
d
H

ar
e

as
su

m
ed

to
b

e
w

it
h

re
sp

ec
t

to
x

.
L

et

g
N
R
(x

)
≡
x
−
{H

f
(x

)}
−

1
D
f

(x
)T
.

T
h

en
,

u
si

n
g

(5
2)

,

d
g

N
R
(x

)
=

d
x

+
{H

f
(x

)}
−

1
{d

H
f

(x
)}
{H

f
(x

)}
−

1
D
f

(x
)T

−
{H

f
(x

)}
−

1
d
D
f

(x
)T

=
d
x

+
{H

f
(x

)}
−

1
ve

c−
1
[D

ve
c{
H
f

(x
)}
d
x

]{
H
f

(x
)}
−

1
D
f

(x
)T

−
{H

f
(x

)}
−

1
H
f

(x
)
d
x

=
{H

f
(x

)}
−

1
ve

c( I
ve

c−
1
[D

ve
c{
H
f

(x
)}
d
x

]{
H
f

(x
)}
−

1
D
f

(x
)T
)

=
{H

f
(x

)}
−

1
( [D

f
(x

){
H
f

(x
)}
−

1
]⊗
I
) D

ve
c{
H
f

(x
)}
d
x
.

T
h

er
ef

or
e

D
g

N
R
(x

)
=
{H

f
(x

)}
−

1
( [D

f
(x

){
H
f

(x
)}
−

1
]
⊗
I
) D

ve
c{
H
f

(x
)}
.

S
in

ce
D
f

(x
∗ )

=
0

,
w

e
ge

t
D
g

N
R
(x
∗ )

=
O
,

w
h

er
e
O

is
th

e
d
×
d

m
at

ri
x

w
it

h
al

l
en

tr
ie

s
eq

u
al

to
ze

ro
,

an
d

(3
4)

fo
ll

ow
s

im
m

ed
ia

te
ly

.

A
.5

L
e
m

m
a
s

a
n

d
P

ro
o
fs

R
e
q
u

ir
e
d

fo
r

R
e
su

lt
s

1
a
n

d
2

L
e
m

m
a

1
If

q(
x

;η
)

=
ex

p
{T

(x
)T
η
−
A

(η
)}
h

(x
)

is
a
n

ex
po

n
en

ti
a
l

fa
m

il
y

d
en

si
ty

fu
n

ct
io

n
th

en

D
η

E
n
tr

op
y
{q

(x
;η

)}
=
−
η
T
H
η
A

(η
).

P
ro

o
f

o
f

L
e
m

m
a

1
S

in
ce

E
n
tr

op
y
{q

(x
;η

)}
=
A

(η
)
−
D
η
A

(η
)
η
−
E

[l
og
{h

(x
)}

]

w
e

th
en

h
av

e

D
η

E
n
tr

op
y
{q

(x
;η

)}
=

D
η
A

(η
)
−
D
η
{D

η
A

(η
)
η
}

=
D
η
A

(η
)
−
D
η
{η

T
D
η
A

(η
)T
}.

N
ex

t,

d
{η

T
D
η
A

(η
)T
}

=
(d
η

)T
D
η
A

(η
)T

+
η
T
d
{D

η
A

(η
)T
}

=
D
η
A

(η
)d
η

+
η
T
D
η
{D

η
A

(η
)T
}d
η

=
{D

η
A

(η
)

+
η
T
H
η
A

(η
)}
d
η
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R
o
h
d
e

a
n
d

W
a
n
d

an
d

so

D
η
{η

T
D
η
A

(η
)T
}

=
D
η
A

(η
)

+
η
T
H
η
A

(η
).

H
en

ce
,

D
η

E
n
tr

op
y
{q

(x
;η

)}
=

D
η
A

(η
)
−
{D

η
A

(η
)

+
η
T
H
η
A

(η
)}

=
−
η
T
H
η
A

(η
).

L
e
m

m
a

2
L

et
s

be
a

d
iff

er
en

ti
a
bl

e
sc

a
la

r-
va

lu
ed

fu
n

ct
io

n
o
f
x
∈

R
d

a
n

d
le

t
u
∈

R
k

be
o
n

e-
to

-o
n

e
tr

a
n

sf
o
rm

a
ti

o
n

o
f
x

.
T

h
en

D
x
s

=
( D

u
s)
( D

x
u
) .

P
ro

o
f

o
f

L
e
m

m
a

2
L

em
m

a
2

is
a

re
st

at
em

en
t

of
T

h
eo

re
m

8
,

C
h

a
p

te
r

5,
o
f

M
a
gn

u
s

a
n
d

N
eu

d
ec

ke
r

(1
9
99

).

L
e
m

m
a

3
L

et
x
∼
N

(µ
,Σ

)
h
a
ve

a
d

-d
im

en
si

o
n

a
l

M
u

lt
iv

a
ri

a
te

N
o
rm

a
l

d
is

tr
ib

u
ti

o
n

.
T

h
e

n
a
tu

ra
l

st
a
ti

st
ic

is

T
(x

)
=

[
x

ve
ch

(x
x
T

)

]

a
n

d
co

rr
es

po
n

d
in

g
m

ea
n

pa
ra

m
et

er
is
τ
≡
E
{T

(x
)}

.
T

h
en

D
τ

[
µ

ve
c(

Σ
)

]
=

[
I

0
−

(I
+
K

d
)(
µ
⊗
I

)
D
d

] .

P
ro

o
f

o
f

L
e
m

m
a

3
T

h
e

tr
an

sf
or

m
a
ti

on
fr

om
th

e
co

m
m

o
n

p
a
ra

m
et

er
s

to
th

e
m

ea
n

p
a
ra

m
et

er
s

is

τ
≡
[
τ

1

τ
2

]
=

[
µ

ve
ch

(Σ
+
µ
µ
T

)

]

a
n

d
th

e
in

ve
rs

e
tr

an
sf

o
rm

a
ti

on
is

ea
si

ly
sh

ow
n

to
b

e

[
µ

ve
c(

Σ
)

]
=

[
τ

1

D
d
τ

2
−

ve
c(
τ

1
τ
T 1

)

] .

H
en

ce

D
τ

[
µ

ve
c(

Σ
)

]
=

[
D
τ
1
µ

D
τ
2
µ

D
τ
1
ve

c(
Σ
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rst
fam

ily
lea

d
s

to
a
d
d
itive

u
pd

a
tes

of
th

e
p

a
ram

eter
vecto

r/
m

a
trix

.
W

h
en

th
ere

a
re

n
o

co
n

stra
in

ts
o
n

th
e

p
a
ra

m
eter

sp
a
ce,

th
en

th
e

p
a
ra

m
eter

vecto
r/

m
a
trix

of
th

e
G

D
fa

m
ily

is
a

lin
ea

r
co

m
b

in
a
tion

of
th

e
in

sta
n

ces.
H

ow
ever

w
h

en
th

ere
a
re

con
stra

in
ts,

th
en

a
fter

th
e

u
p

d
ate

th
e

p
a
ra

m
eter

is
p

ro
jected

o
n
to

th
e

co
n

stra
in

ts
(b

y
a

B
reg

m
a
n

p
ro

jectio
n

w
ith

resp
ect

to
th

e
sq

u
ared

E
u

clid
ea

n
d

istan
ce).

T
h

e
seco

n
d

fa
m

ily
lea

d
s

to
m

u
ltip

lica
tive

u
pd

a
te

a
lg

orith
m

s.
F

or
th

a
t

fam
ily,

th
e

co
m

p
on

en
ts

o
f

th
e

p
ara

m
eter

a
re

n
on

-n
eg

ative
a
n
d

if
th

e
p

ara
m

eter
sp

ace
con

sists
o
f

p
rob

ab
ility

vecto
rs,

th
en

th
e

n
on

-n
ega

tiv
ity

is
a
lrea

d
y

en
fo

rced
b
y

th
e

rela
tive

en
trop

y
d

iverg
en

ce
a
n

d
less

p
ro

jectio
n

s
a
re

n
eed

ed
.

W
h

at
is

th
e

b
est

p
aram

eter
sp

a
ce

fo
r

u
n

cen
tered

P
C

A
?

T
h

e
co

m
p

ressio
n

lo
ss

(1.1
)

is
lin

ea
r

in
th

e
p

ro
jection

m
a
trix

m
a
trix

I
−
P
t

w
h

ich
is

o
f

ra
n

k
n
−
k
.

A
n

on
lin

e
a
lg

orith
m

h
as

u
n

certa
in

ty
over

th
e

b
est

p
ro

jectio
n

m
a
trix

.
T

h
erefore

th
e

p
a
ram

eter
m

a
trix

W
t

o
f

th
e

a
lg

o
rith

m
is

a
m

ix
tu

re
o
f

su
ch

m
a
trices

(W
a
rm

u
th

a
n

d
K

u
zm

in
,

2
00

8
)

w
h

ich
m

u
st

b
e

a
p

ositive
sem

i-d
efi

n
ite

m
atrix

o
f
trace

n−
k

w
h

o
se

eigen
va

lu
es

a
re

ca
p

p
ed

a
t

1
.

T
h

e
alg

o
rith

m
ch

o
o
ses

its
p

ro
jection

m
atrix

I−
P
t

b
y

sa
m

p
lin

g
fro

m
th

is
m

ix
tu

re
W

t ,
i.e.

E
[I−

P
t ]

=
W

t .
T

h
e

loss
o
f

th
e

a
lgorith

m
is

tr((I
−
P
t )
x
t x
>t

)
a
n

d
its

ex
p

ected
loss

tr(W
t
x
t x
>t

).
In

W
a
rm

u
th

a
n

d
K

u
zm

in
(2

00
8
),

a
m

a
trix

v
ersio

n
o
f

th
e

m
u

ltip
lica

tive
u

p
d

a
te

w
as

a
p

p
lied

to
P

C
A

,
w

h
ose

reg
ret

b
o
u

n
d

is
log

a
rith

m
ic

in
th

e
d

im
en

sio
n
n

.
T

h
is

a
lgo

rith
m

u
ses

th
e

q
u

a
n
tu

m
relative

en
tro

p
y

in
its

m
o
tiva

tio
n

a
n

d
is

ca
lled

th
e

M
a
trix

E
xpo

n
en

tia
ted

G
ra

d
ien

t
(M

E
G

)
a
lgo

rith
m

(T
su

d
a

et
a
l.,

2
00

5
).

It
d

o
es

a
m

a
trix

versio
n

o
f

a
m

u
ltip

lica
tive

u
p

d
ate

an
d

th
en

p
ro

jects
o
n
to

th
e

“
tra

ce
eq

u
a
l
n−

k
”

a
n

d
th

e
“
ca

p
p

in
g
”

co
n

stra
in

ts
(H

ere
th

e
p

ro
jectio

n
s

a
re

w
ith

resp
ect

to
th

e
q
u

a
n
tu

m
rela

tive
en

tro
p
y
).

F
or

th
e

P
C

A
p

rob
lem

,
th

e
(ex

p
ected

)
loss

o
f

th
e

a
lg

o
rith

m
a
t

tria
l
t

is
tr(W

t x
t x
>t

).
C

o
n

sid
er

th
e

gen
era

liza
tio

n
to

th
e

lo
ss

tr(W
t X

t )
w

h
ere

n
ow
X
t

is
a
n
y

p
o
sitive

sem
i-d

efi
n

ite
sy

m
m

etric
in

sta
n

ce
m

a
trix

an
d

th
e

p
a
ram

eter
W

t
is

still
a

co
n
vex

co
m

b
in

a
tio

n
of

ra
n

k
n−

k
d

im
en

sion
al

p
ro

jectio
n

m
atrices,

i.e.
W

t
=
E

[I
−
P
t ]

w
h

ere
P
t

is
th

e
ra

n
k
k

p
ro

jection
m

a
trix

ch
o
sen

b
y

th
e

algo
rith

m
a
t

tria
l
t.

T
h

e
lin

ear
lo

ss
tr(E

[I−
P
t ]X

t )
still

h
a
s

a
m

ean
in

g
in

term
s

o
f

a
com

p
ression

loss:
F

o
r

an
y

d
eco

m
p

o
sitio

n
of
X
t

in
to

a
lin

ea
r

co
m

b
in

a
tio

n
of

o
u

ter
p

ro
d

u
cts,

i.e.
X
t

=
∑

q
λ
q z
q z
>q

(w
h

ere
th

e
λ
i

m
ay

b
e

p
o
sitive

o
r

n
eg

a
tive

a
n

d
th

e
z
q ∈

R
n

d
on

’t
h

av
e

to
b

e
o
rth

o
go

n
a
l)

w
e

h
av

e

tr((I
−
P
t )X

t )
=
∑

q

λ
q

tr((I
−
P
t )z

q z
>q

)
=
∑

q

λ
q ‖
z
q −

P
t z
q ‖

2.
(1

.2)

In
th

is
p

a
p

er
w

e
a
n

a
ly

ze
o
u

r
a
lg

orith
m

fo
r

tw
o

cla
sses

o
f

p
o
sitive

d
efi

n
ite

in
sta

n
ce

m
a
trices.

R
eca

ll
th

a
t

in
th

e
va

n
illa

P
C

A
p

rob
lem

th
e

in
stan

ce
m

a
trices

a
re

th
e

o
u

ter
p

ro
d

u
cts,

i.e.
X
t

=
x
t x
>t
,

w
h

ere‖
x
t ‖
≤

1
.

S
u

ch
in

sta
n

ce
m

a
trices

h
av

e
a

“
sp

a
rse

sp
ectru

m
”

in
th

e
sen

se
th

at
th

ey
h

ave
a
t

m
o
st

on
e

n
on

-zero
eig

en
va

lu
e.

O
u

r
fi

rst
cla

ss
co

n
sists

o
f

th
e

co
n
vex

h
u

ll
o
f

o
u

ter
p

ro
d

u
cts

o
f

len
gth

at
m

ost
o
n

e
o
r

eq
u

iva
len

tly
a
ll

p
o
sitive

sem
id

efi
n

ite
m

a
trices

o
f

tra
ce

n
o
rm

a
t

m
o
st

on
e.

W
e

ca
ll

th
is

cla
ss
L

1 -bo
u

n
d
ed

in
sta

n
ce

m
a
trices.

T
h

e
m

o
st

im
p

orta
n
t

fa
ct

to
rem

em
b

er
is

th
a
t

th
e

ca
se

o
f
L

1 -b
ou

n
d

ed
in

sta
n

ces
co

n
tain

s
va

n
illa

P
C

A
w

ith
ou

ter
p

ro
d

u
ct

in
sta

n
ces

a
s

a
sp

ecia
l

case.
B

eg
in

n
in

g
w

ith
so

m
e

o
f

th
e

ea
rly

w
ork

o
n

lin
ea

r
reg

ressio
n

(K
iv

in
en

an
d

W
a
rm

u
th

,
1
9
97

),
it

is
k
n

ow
n

th
at

m
u

ltip
lica

tive
u

p
d
a
tes

a
re

esp
ecia

lly
u

sefu
l

w
h

en
th

e
n

o
n

-n
eg

a
tive
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

in
stan

ce
v
ecto

rs
are

allow
ed

to
b

e
“d

en
se”,

i.e.
th

eir
m

ax
im

u
m

com
p

on
en

t
is

b
o
u

n
d

ed
b
y

say
on

e
b

u
t

it
co

u
ld

con
tain

m
an

y
com

p
on

en
ts

of
size

u
p

to
on

e.
In

th
e

m
atrix

con
tex

t
th

is
m

ean
s

th
at

th
e

sy
m

m
etric

p
ositive

sem
i-d

efi
n

ite
in

stan
ce

m
atrices

X
t

h
ave

m
a
x
im

u
m

eig
en

va
lu

e
(or

sp
ectral

n
orm

)
at

m
ost

on
e

a
n

d
are

th
u

s
“sp

ectrally
d

en
se”.

W
e

call
th

is
secon

d
cla

ss
L
∞

-bo
u

n
d
ed

in
stan

ce
m

atrices.

W
e

w
ill

sh
ow

th
at

M
E

G
is

op
tim

al
for

L
∞

-b
ou

n
d

ed
in

stan
ce

m
atrices

an
d

G
D

is
su

b
-

op
tim

a
l

in
th

is
ca

se.
H

ow
ever

for
L

1 -b
ou

n
d

ed
in

stan
ces

o
n

e
m

igh
t

su
sp

ect
th

at
M

E
G

is
n

ot
ab

le
to

fu
lly

ex
p

loit
th

e
sp

ectral
sp

arsity.
F

or
ex

a
m

p
le,

in
th

e
case

o
f

lin
ear

regression
G

D
is

k
n

ow
n

to
h

ave
th

e
ad

van
tage

w
h

en
th

e
in

stan
ce

vectors
1

h
ave

b
ou

n
d

ed
L

2
n

orm
(K

iv
in

en
an

d
W

arm
u

th
,

1997)
an

d
co

n
sisten

tly
w

ith
th

at,
w

h
en

G
D

is
u

sed
for

P
C

A
w

ith
L

1 -b
ou

n
d

ed
in

sta
n

ce
m

atrices,
th

en
its

reg
ret

is
b

ou
n

d
ed

b
y

a
term

th
at

is
in

d
epen

d
en

t
o
f

th
e

d
im

en
sio

n
of

th
e

in
stan

ces.
T

h
e

ad
van

tage
of

G
D

in
th

e
sp

ectrally
sp

arse
case

is
a
lso

su
p

p
o
rted

b
y

a
gen

eral
su

rv
ey

of
M

irror
D

escen
t

algorith
m

s
(to

w
h

ich
G

D
an

d
M

E
G

b
elon

g)
fo

r
th

e
case

w
h

en
th

e
grad

ien
t

vecto
rs

of
th

e
con

vex
loss

fu
n

ctio
n

s
(w

h
ich

m
ay

h
av

e
n

egative
com

p
o
n

en
ts)

lie
in

certain
sy

m
m

etric
n

orm
b

alls
(S

reb
ro

et
a
l.,

2
011).

A
gain

w
h

en
th

e
gra

d
ien

t
vectors

of
th

e
losses

are
sp

arse,
th

en
G

D
h

as
th

e
ad

van
tage.

S
u

rp
risin

gly,
th

e
situ

ation
is

q
u

ite
d

iff
eren

t
for

P
C

A
:

W
e

sh
ow

th
at

M
E

G
ach

ieves
th

e
sa

m
e

reg
ret

b
o
u

n
d

as
G

D
for

on
lin

e
P

C
A

w
ith

L
1 -b

ou
n

d
ed

in
stan

ces
m

atrices
(d

esp
ite

th
e

sp
ectra

l
sp

arsen
ess)

an
d

th
e

regret
b

o
u

n
d

s
for

b
oth

a
lgorith

m
s

are
w

ith
in

a
con

stan
t

factor
o
f

a
n

ew
low

er
b

o
u

n
d

p
roved

in
th

is
p

ap
er

th
at

h
old

s
for

an
y

algorith
m

for
P

C
A

w
ith

L
1 -

b
o
u

n
d

ed
in

stan
ce

m
atrices.

T
h

is
su

rp
risin

g
p

erform
an

ce
of

M
E

G
seem

s
to

com
e

from
th

e
fact

th
at

g
rad

ien
ts
X
t

of
th

e
lin

ear
loss

tr(W
t X

t )
of

ou
r

gen
eralized

o
n

lin
e

P
C

A
p

rob
lem

a
re

restricted
to

b
e

n
on

-n
egative.

T
h

erefore
ou

r
resu

lts
are

q
u

alitativ
ely

d
iff

eren
t

from
th

e
ca

ses
stu

d
ied

in
S

reb
ro

et
al.

(2011)
w

h
ere

th
e

grad
ien

ts
o
f

th
e

loss
fu

n
ction

s
are

w
ith

in
a

p−
n

o
rm

b
all,

i.e.
sy

m
m

etric
arou

n
d

zero
.

A
ctu

ally,
th

ere
are

tw
o

k
in

d
s

of
regret

b
o
u

n
d

s
in

th
e

literatu
re:

b
ou

n
d

s
ex

p
ressed

as
a

fu
n

ction
of

th
e

tim
e

h
orizon

T
an

d
b

ou
n

d
s

th
at

d
ep

en
d

on
an

u
p
per

bo
u

n
d

on
th

e
loss

of
th

e
b

est
co

m
p

arator
(w

h
ich

w
e

call
a

lo
ss

bu
d
get

follow
in

g
A

b
ern

eth
y

et
al.

(2008)).
In

ty
p

ical
a
p

p
lica

tion
s

fo
r

P
C

A
,

th
ere

ex
ists

a
low

d
im

en
sion

al
su

b
sp

ace
w

h
ich

cap
tu

res
m

ost
of

th
e

va
ria

n
ce

in
th

e
d

ata
an

d
th

e
com

p
ression

loss
is

sm
all.

T
h

erefore,
gu

ard
in

g
again

st
th

e
w

o
rst-case

loss
th

at
grow

s
w

ith
th

e
n
u

m
b

er
of

trials
T

is
overly

p
essim

istic.
W

e
can

sh
ow

th
at

w
h

en
con

sid
erin

g
regret

b
ou

n
d

s
as

a
fu

n
ction

of
a

loss
b

u
d

get,
M

E
G

is
op

tim
a
l

an
d

strictly
b

etter
th

an
G

D
b
y

a
factor

of √
k
.

T
h

is
su

ggests
th

at
th

e
m

u
ltip

licative
u

p
d

ates
algo

rith
m

is
th

e
b

est
ch

oice
for

p
red

iction
p

rob
lem

s
in

w
h

ich
th

e
p

aram
eters

are
m

ix
tu

res
of

p
ro

jection
m

a
trices

an
d

th
e

grad
ien

ts
o
f

th
e

losses
are

n
on

-n
egativ

e.
N

ote
th

at
in

th
is

p
ap

er
w

e
call

an
algorith

m
o
p
tim

a
l
for

a
p

articu
lar

p
rob

lem
if

w
e

ca
n

p
rov

e
an

u
p

p
er

b
ou

n
d

o
n

its
w

orst-case
regret

th
at

is
w

ith
in

a
co

n
stan

t
factor

of
th

e
low

er
b

ou
n

d
for

th
e

p
rob

lem
(w

h
ich

m
u

st
h

o
ld

s
for

an
y

algorith
m

).

1
.1

R
e
la

te
d

W
o
rk

a
n

d
O

u
r

C
o
n
trib

u
tio

n
:

T
h

e
com

p
arison

of
th

e
G

D
an

d
M

E
G

algorith
m

s
h

as
an

ex
ten

siv
e

h
istory

(see,
e.g.

K
iv

in
en

a
n

d
W

a
rm

u
th

(1
997);

W
arm

u
th

an
d

V
ish

w
an

ath
an

(2005);
S

rid
h

aran
an

d
T

ew
ari

(2010);
S

reb
ro

et
al.

(201
1)).

It
is

sim
p

lest
to

com
p

are
a
lgorith

m
s

in
th

e
case

w
h

en
th

e
loss

is

1
.

N
o
te

th
a
t

fo
r
x
∈
R
n
,‖
x‖∞

≤
‖
x‖

2 ≤
‖
x‖

1 .
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O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

li
n

ea
r.

L
in

ea
r

lo
ss

es
ar

e
th

e
le

as
t

co
n
ve

x
lo

ss
es

an
d

in
th

e
re

gr
et

b
ou

n
d

s,
co

n
ve

x
lo

ss
es

ar
e

of
te

n
ap

p
ro

x
im

at
ed
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((
I
−
P
t)
X
t)

.
A

s
d

is
cu

ss
ed

in
th

e
in

tr
o
d

u
ct

io
n

(e
.g

.
E

q
u

at
io

n
(1

.2
))

,
th

is
li

n
ea

r
lo

ss
h

a
s

a
co

m
p

re
ss

io
n

lo
ss

in
te

rp
re

ta
ti

o
n

.
It

is
“
co

m
p

le
m

en
ta

ry
”

to
th

e
ga

in
tr

(P
tX

t)
,

i.
e.

tr
((
I
−
P
t)
X
t)

︸
︷︷

︸
lo

ss

=
tr

(X
t)

︸
︷︷
︸

co
n

st
a
n
t

−
tr

(P
tX

t)
︸
︷︷

︸
g
a
in

,

an
d

th
e
n
−
k

d
im

en
si

on
al

p
ro

je
ct

io
n

m
a
tr

ix
I
−
P
t

is
“c

o
m

p
le

m
en

ta
ry

”
to

th
e
k

d
im

en
si

o
n

a
l

p
ro

je
ct

io
n

m
at

ri
x
P
t.

T
h

es
e

tw
o

co
m

p
le

m
en

ta
ti

o
n

s
a
re

in
h

er
en

t
to

o
u

r
p

ro
b
le

m
a
n

d
w

il
l

b
e

p
re

se
n
t

th
ro

u
gh

ou
t

th
e

p
a
p

er
.

In
th

e
ab

ov
e

p
ro

to
co

l,
th

e
al

go
ri

th
m

is
a
ll

ow
ed

to
ch

o
o
se

it
s
k

d
im

en
si

o
n

a
l

su
b

sp
a
ce

P
t

p
ro

b
a
b

il
is

ti
ca

ll
y.

T
h

er
ef

o
re

w
e

u
se

th
e

ex
p

ec
te

d
co

m
p

re
ss

io
n

lo
ss

E[
tr

((
I
−
P
t)
X
t)

]
as

th
e

lo
ss

o
f

th
e

al
go

ri
th

m
.

T
h

e
re

g
re

t
o
f

th
e

a
lg

o
ri

th
m

is
th

en
th

e
d

iff
er

en
ce

b
et

w
ee

n
it

s
cu

m
u

la
ti

ve
lo

ss
an

d
th

e
lo

ss
o
f

th
e

b
es

t
k

su
b

sp
a
ce

:

R
=

T ∑ t=
1

E[
tr

((
I
−
P
t)
X
t)

]
−

m
in

P
p
ro

je
c
ti
o
n

m
a
tr
ix

o
f
ra

n
k
k

T ∑ t=
1

tr
((
I
−
P

)X
t)
.
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O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

T
h

e
regret

can
also

b
e

rew
ritten

in
term

s
o
f

g
ain

,
b

u
t

th
is

g
ives

th
e

sa
m

e
va

lu
e

o
f

th
e

regret.
T

h
erefo

re,
th

rou
g
h

o
u

t
th

e
p

a
p

er
w

e
u

se
(ex

p
ected

)
lo

sses
a
n

d
“lo

ss”
reg

rets
(as

d
efi

n
ed

a
b

ove)
to

eva
lu

a
te

th
e

a
lg

o
rith

m
s.

N
ow

w
e

rew
rite

th
e

lo
ss

of
th

e
a
lgo

rith
m

a
s

tr(E
[I
−
P
t ]X

t )
w

h
ich

sh
ow

s
th

a
t

fo
r

a
n
y

ran
d

o
m

p
red

ictio
n
P
t

of
ran

k
k
,

th
is

lo
ss

is
fu

lly
d

eterm
in

ed
b
y
E

[I
−
P
t ],

a
con

vex
co

m
b

in
a
tion

o
f

ra
n

k
m

=
n
−
k

p
ro

jectio
n

m
a
trices.

H
en

ce
it

is
n

a
tu

ral
to

ch
o
ose

th
e

set
W

m
o
f

co
n
vex

co
m

b
in

a
tion

s
of

ran
k
m

p
ro

jectio
n

m
a
trices

a
s

th
e

p
a
ra

m
eter

set
o
f

th
e

a
lgo

rith
m

.
B

y
th

e
d

efi
n

itio
n

of
p

ro
jection

m
a
trices,W

m
is

th
e

set
o
f

p
ositive

sem
i-d

efi
n

ite
m

a
trices

o
f

trace
m

a
n

d
eigen

valu
es

n
o
t

la
rger

th
a
n

1
.

T
h
e

cu
rren

t
p

a
ra

m
eter

W
t ∈

W
m

o
f

th
e

o
n

lin
e

algo
rith

m
ex

p
resses

its
“
u

n
certa

in
ty

”
ab

o
u

t
w

h
ich

su
b

sp
a
ce

o
f

ran
k
m

is
b

est
for

th
e

on
lin

e
d

ata
strea

m
seen

so
fa

r
an

d
th

e
(ex

p
ected

)
lo

ss
in

tria
l
t

b
eco

m
es

tr(W
t X

t ).
A

ltern
a
tively,

th
e

com
p

lem
en

ta
ry

setW
k

o
f

ra
n

k
k

p
ro

jectio
n

m
a
trices

ca
n

b
e

u
sed

as
th

e
p

ara
m

eter
set

(In
th

a
t

case
th

e
loss

is
tr((I

−
W

t )X
t )).

A
s

d
iscu

ssed
,

th
ere

is
a

on
e-to-

o
n

e
corresp

o
n

d
en

ce
b

etw
een

th
e

tw
o

p
a
ra

m
eter

sets:
G

iven
W
∈
W

k ,
th

en
I
−
W

is
th

e
co

rresp
on

d
in

g
con

vex
com

b
in

atio
n

in
W

m
.

T
h

e
secon

d
rea

son
w

h
y

co
n
vex

co
m

b
in

a
tio

n
s

a
re

n
atu

ra
l

p
a
ram

eter
sp

a
ces

is
th

a
t

sin
ce

th
e

lo
ss

is
lin

ea
r,

th
e

co
n
vex

com
b

in
atio

n
w

ith
th

e
m

in
im

u
m

loss
o
ccu

rs
at

a
“
p

u
re”

p
ro-

jection
m

a
trix

,
i.e.m

in
W
∈W

m

T
∑t=

1

tr(W
X
t )

=
m

in
P

p
ro

je
c
tio

n
m
a
trix

o
f
ra

n
k
k

T
∑t=

1

tr((I
−
P

)X
t )

a
n

d

m
in

W
∈W

k

T
∑t=

1

tr((I
−
W

)X
t )

=
m

in
P

p
ro

je
c
tio

n
m
a
trix

o
f
ra

n
k
k

T
∑t=

1

tr((I
−
P

)X
t ).

(2
.1

)

O
u

r
p

ro
to

co
l

req
u

ires
th

e
a
lg

orith
m

to
p

red
ict

w
ith

a
ra

n
k
k

p
ro

jectio
n

m
a
trix

.
T

h
ere-

fore,
g
iven

a
p

a
ra

m
eter

m
a
trix

W
t

in
sayW

m
,

th
e

o
n

lin
e

a
lgo

rith
m

still
n

eed
s

to
p

ro
d

u
ce

a
ra

n
d

om
p

ro
jectio

n
m

atrix
P
t

o
f

ra
n

k
k

a
t

th
e

b
eg

in
n

in
g

of
tria

l
t

su
ch

th
at

E
[I−

P
t ]

=
W

t .
A

sim
p

le
greed

y
a
lg

orith
m

fo
r

ach
iev

in
g

th
is

is
g
iven

in
(W

a
rm

u
th

an
d

K
u

zm
in

,
2
0
08)

(A
lg

o
rith

m
2
)

w
h

ich
effi

cien
tly

d
ecom

p
oses

W
t

in
to

a
co

n
vex

co
m

b
in

a
tio

n
o
f

u
p

to
n

p
ro-

jection
m

a
trices

o
f

ra
n

k
m

(th
e

a
lg

o
rith

m
req

u
ires

th
e

eig
en

va
lu

e
d

eco
m

p
o
sition

o
f
W

t ,
w

h
ich

h
a
s
O

(n
3)

tim
e

co
m

p
lex

ity
in

g
en

era
l,

fo
llow

ed
b
y

a
m

ixtu
re

d
eco

m
po

sitio
n

o
f

th
e

eig
en

va
lu

es
w

h
ich

ru
n

s
in
O

(n
2)

tim
e).

U
sin

g
th

e
m

ix
tu

re
co

effi
cien

ts
it

is
n

ow
ea

sy
to

sa
m

p
le

a
p

ro
jection

m
atrix

I
−
P
t

from
p

a
ra

m
eter

m
atrix

W
t .

W
e

n
ow

m
o
tiva

te
th

e
tw

o
m

ain
o
n
lin

e
alg

o
rith

m
s

u
sed

in
th

is
p

a
p

er:
th

e
G

D
a
n

d
M

E
G

a
lg

orith
m

s.
T

h
e

G
D

alg
orith

m
is

stra
igh

tfo
rw

a
rd

an
d

th
e

M
E

G
a
lg

o
rith

m
w

a
s

in
tro

d
u

ced
in

T
su

d
a

et
a
l.

(2
00

5
).

B
o
th

are
ex

a
m

p
les

o
f

th
e

M
irro

r
D

escen
t

fa
m

ily
o
f

a
lg

orith
m

s
d

evelo
p

ed
m

u
ch

earlier
in

th
e

a
rea

o
f

con
vex

o
p

tim
iza

tio
n

(N
em

irov
sk

i
a
n

d
Y

u
d

in
,

1
9
7
8
).

T
h

e
M

irro
r

D
escen

t
a
lg

orith
m

s
u

p
d

a
te

th
eir

p
a
ra

m
eter

b
y

m
in

im
izin

g
a

tra
d

e-o
ff

fu
n

ctio
n

of
a

d
iverg

en
ce

b
etw

een
th

e
n

ew
a
n

d
old

p
a
ra

m
eter

an
d

th
e

lo
ss

o
f

th
e

n
ew

p
ara

m
eter

o
n

th
e

cu
rren

t
in

stan
ce,

w
h

ile
co

n
strain

in
g

th
e

n
ew

p
a
ram

eter
to

lie
in

th
e

p
ara

m
eter

set.

F
or

th
e

p
rob

lem
o
f

o
n

lin
e

P
C

A
,

th
e

u
p

d
a
te

sp
ecializes

in
to

th
e

fo
llow

in
g

tw
o

v
ersio

n
s

d
ep

en
d

in
g

o
n

th
e

ch
o
ice

of
th

e
p

aram
eter

set:7
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

L
oss

u
p

d
ate

on
p

aram
eter

setW
m

(i.e.,
W

t+
1 ,W

,W
t ∈

W
m

):

W
t+

1
=

argm
in

W
∈W

m

(∆
(W

,W
t )

+
η

tr(W
X
t ))
.

(2
.2)

G
ain

u
p

d
ate

on
p

aram
eter

setW
k

(i.e.,
W

t+
1 ,W

,W
t ∈

W
k ):

W
t+

1
=

argm
in

W
∈W

k

(∆
(W

,W
t )

+
η

tr((I
−
W

)X
t ))

=
argm

in
W
∈W

k

(∆
(W

,W
t )−

η
tr(W

X
t ))
.

(2.3)

H
ere

∆
(W

,W
t )

is
th

e
m

otivatin
g

B
regm

an
d

ivergen
ce

th
at

w
ill

b
e

d
iff

eren
t

fo
r

th
e

M
E

G
an

d
G

D
alg

orith
m

s.
T

h
e

L
o
ss

u
pd

a
te

m
in

im
izes

a
trad

e-o
ff

w
ith

th
e

ex
p

ected
loss

tr(W
X
t )

w
h

ich
is

a
m

atrix
version

of
th

e
d

ot
loss

u
sed

for
m

otiva
tin

g
th

e
H

ed
ge

algorith
m

(F
reu

n
d

an
d

S
ch

ap
ire,

199
5).

N
ote

th
at

in
th

e
ga

in
version

,
m

in
im

izin
g

th
e

loss−
tr(W

X
t )

is
th

e
sa

m
e

a
s

m
ax

im
izin

g
th

e
gain

tr(W
X
t ).

R
ecall

th
at

th
ere

is
a

on
e-to-on

e
corresp

on
d

en
ce

b
etw

een
W

m
an

d
W

k ,
i.e.

I
m

in
u

s
a

p
ara

m
eter

in
W

m
gives

th
e

corresp
on

d
in

g
p

aram
eter

in
W

k
an

d
v
ice

v
ersa.

T
h

erefore,
on

e
can

for
ex

am
p

le
rew

rite
th

e
G

ain
u

p
d

a
te

(2
.3)

w
ith

th
e

p
aram

eter
setW

m
as

w
ell:

W̃
t+

1
=

argm
in

W
∈W

m

(
∆

(I
−
W
,I
−
W̃

t )
+
η

tr(W
X
t ) )

,
(2.4)

w
h

ere
th

e
ab

ov
e

solu
tion

W̃
t+

1 ∈
W

m
of

th
e

G
ain

u
p

d
ate

is
rela

ted
to

th
e

solu
tion

W
t+

1 ∈
W

k
of

(2
.3)

b
y

th
e

sam
e

com
p

lim
en

tary
relation

sh
ip

,
i.e.

W̃
t+

1
=
I−
W

t+
1 ,

for
t

=
1,...,T

.
N

otice
th

at
th

e
L

o
ss

u
p

d
ate

is
m

otivated
b
y

th
e

d
ivergen

ce
∆

(W
,W

t )
on

p
aram

eter
sp

ace
W

m
(2

.2).
O

n
th

e
oth

er
h

an
d

,
w

h
en

th
e

G
ain

u
p

d
ate

is
form

u
lated

w
ith

p
aram

eterW
m

,

th
en

it
is

m
otivated

b
y

th
e

d
iv

ergen
ce

∆
(I
−
W
,I
−
W̃

t )
(2.4).

N
ow

w
e

d
efi

n
e

th
e

G
D

an
d

M
E

G
a
lgorith

m
s

for
on

lin
e

P
C

A
.

F
or

th
e

G
D

algo
rith

m
,

th
e

m
otivatin

g
B

regm
an

d
ivergen

ce
is

th
e

sq
u

ared
F

rob
en

iu
s

n
orm

b
etw

een
th

e
old

an
d

n
ew

p
ara

m
eters:

∆
(W

,W
t )

=
12 ‖
W
−
W

t ‖
2F

(K
iv

in
en

an
d

W
arm

u
th

,
1997;

Z
in

kev
ich

,
2003).

W
ith

th
is

d
iv

erg
en

ce,
th

e
L

oss
u

p
d
ate

is
so

lved
in

th
e

follow
in

g
tw

o
step

s:

G
D

u
p

d
ate:

D
escen

t
step

:
Ŵ

t+
1

=
W

t −
η
X
t ,

P
ro

jection
step

:
W

t+
1

=
argm

in
W
∈W

m

‖W
−
Ŵ

t+
1 ‖

2F
.

(2
.5)

N
ote,

th
at

th
e

sp
lit

in
to

tw
o

step
s

h
ap

p
en

s
w

h
en

ev
er

a
B

regm
an

d
ivergen

ce
is

tra
d

ed
off

w
ith

a
lin

ear
lo

ss
an

d
d

om
ain

is
con

vex
(S

ee
H

elm
b

old
an

d
W

arm
u

th
(20

09),
S

ection
5
.2,

for
a

d
iscu

ssio
n

).
F

or
th

e
sq

u
ared

F
rob

en
iu

s
n

orm
,

th
e

G
ain

u
p

d
ate

is
eq

u
ivalen

t
to

th
e

L
oss

u
p

d
ate,

sin
ce

w
h

en
form

u
latin

g
b

oth
u
p

d
ates

on
p

aram
eter

setW
m

,
th

en
th

e
d

ivergen
ce

‖
W
−
W

t ‖
2F

of
th

e
L

oss
u

p
d
ate

(2.2)
an

d
th

e
d

iv
ergen

ce
‖(I
−
W

)−
(I
−
W

t )‖
2F

of
th

e

G
ain

u
p

d
ate

(2.4)
are

th
e

sam
e.

A
p

ro
ced

u
re

for
p

ro
jectin

g
Ŵ

t+
1

in
toW

m
w

ith
resp

ect
to

th
e

sq
u

a
red

F
rob

en
iu

s
n

orm
is

given
in

A
lgorith

m
2

of
A

rora
et

al.
(20

13).
T

h
e

ex
p

en
sive

p
art

o
f

th
is

p
ro

ced
u

re
is

ob
tain

in
g

th
e

eigen
d

ecom
p

osition
of
Ŵ

t+
1 .

T
h

e
M

E
G

a
lgorith

m
u

ses
th

e
(u

n
-n

orm
alized

)
q
u

an
tu

m
relativ

e
en

trop
y

∆
(W

,W
t )

=
tr(W

(lo
g
W
−

lo
g
W

t )
+
W

t −
W

)
as

its
m

otivatin
g

B
regm

an
d

ivergen
ce

(T
su

d
a

et
al.,
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O
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l
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e
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A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

T
N

u
m

b
er

of
tr
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en

tio
n

ed
at

th
e

b
eg

in
n

in
g

o
f

th
is

su
b

sectio
n

(a
n

d
d

iscu
ssed

in
m

ore
d

etail
la

ter
in

S
ection

4
),

on
lin

e
P

C
A

sp
ecia

lizes
to

th
e

p
ro

b
lem

o
f

lea
rn

in
g

w
ell

co
m

p
a
red

to
th

e
b

est
set

o
f
m

=
n−

k
ex

p
erts.

R
eg

ret
b

o
u

n
d

s
fo

r
th

e
ex

p
ert

settin
g

ty
p

ica
lly

d
ep

en
d

log
a
rith

m
ically

o
n

th
e

n
u

m
b

er
o
f

ex
p

erts
n

.
T

h
erefo

re
th

e
a
b

ove
d

im
en

sion
free

reg
ret

b
o
u

n
d

m
ig

h
t

seem
p

u
zzlin

g
a
t

fi
rst.

H
ow

ever
th

ere
is

n
o

co
n
tra

d
ictio

n
.

In
th

e
cu

rren
t

setu
p

w
e

h
ave

m
=

1
an

d
k

=
n
−
m

=
n
−

1
fo

r
th

e
va

n
illa

sin
gle

ex
p

ert
ca

se,
a
n

d
th

e
ab

ove
d

im
en

sio
n

free
b

o
u

n
d

(3.4)
b

eco
m

es
√

2B
L

(n
−

1).
T

h
is

b
ou

n
d

is
n

ot
clo

se
to

th
e

o
p

tim
u

m
lo

ss
b

u
d

g
et

d
ep

en
d

en
t

reg
ret

b
ou

n
d

for
th

e
sin

gle
ex

p
ert

ca
se

w
h

ich
is
O

( √
B
L

lo
g
n

+
lo

g
n

).
T

h
is

latter
b

o
u

n
d

is
o
b

ta
in

ed
b
y

p
lu

g
g
in

g
m

=
1

in
to

th
e

o
rigin

a
l

reg
ret

b
o
u

n
d

(3
.3

).
T

h
u

s
for

m
=

1
,

th
e

ab
ov

e
d

im
en

sion
free

ap
p

rox
im

a
tio

n
(3

.4)
o
f

th
e

o
rig

in
a
l
b

o
u

n
d

is
lo

ose.
H

ow
ever,

w
h

en
k
≤

n2
,

th
en

as
w

e
sh

a
ll

see
in

S
ection

5
,

th
e

d
im

en
sio

n
free

a
p

p
rox

im
a
tio

n
a
ctu

ally
is

tig
h
t.

In
th

e
p

recu
rsor

p
ap

er
(W

a
rm

u
th

a
n

d
K

u
zm

in
,
2
0
0
8),

a
d

iff
eren

t
b

u
t

w
eak

er
a
p

p
rox

im
a
tio

n
o
f

th
e

o
rig

in
a
l

b
ou

n
d

w
a
s

p
roved

th
a
t

still
h

a
s

a
n

a
d

d
itio

n
a
l

lo
ga

rith
m

ic
d

ep
en

d
en

ce
w

h
en

k
≤

n2
:
O

( √
B
L
k

lo
g
nk

+
k

lo
g
nk

).

W
e

n
ex

t
d
evelo

p
a

reg
ret

b
o
u

n
d

fo
r

G
a
in

M
E

G
(2

.7
).

T
h

e
p

ro
o
f

tech
n

iq
u

e
is

a
variatio

n
o
f

th
e

o
rigin

al
reg

ret
b

o
u

n
d

fo
r

L
o
ss

M
E

G
(an

d
is

g
iv

en
fo

r
th

e
sa

ke
of

co
m

p
leten

ess
in

A
p

p
en

d
ix

A
).

G
a
in

b
u

d
g
e
t

d
e
p

e
n

d
e
n
t

b
o
u

n
d

o
f

G
a
in

M
E

G
:

R
G

a
in

M
E

G
≤
√

2
B
G
k

lo
g
nk
.

(3.5
)

T
h

is
b

o
u

n
d

h
o
ld

s
for

a
n
y

seq
u

en
ce

o
f

in
stan

ce
m

atrices
(L

1
a
s

w
ell

a
s
L
∞

-b
o
u

n
d

ed
)

fo
r

w
h

ich
th

e
to

ta
l

g
a
in

o
f

th
e

b
est

ran
k
k

su
b

sp
a
ce

d
o
es

n
o
t

ex
ceed

th
e

ga
in

b
u

d
g
et

B
G

(C
o
n

d
itio

n
(3

.2)).

F
in

ally,
w

e
give

a
sim

p
le

regret
b

o
u

n
d

fo
r

th
e

G
D

a
lg

orith
m

.
T

h
is

b
o
u
n

d
(a

lso
o
b

serv
ed

in
A

ro
ra

et
a
l.

(20
1
3)

a
n

d
p

roved
fo

r
th

e
sa

k
e

o
f

co
m

p
leten

ess
in

A
p

p
en

d
ix

B
)

is
b

a
sed

o
n

tw
o

sta
n

d
a
rd

tech
n

iq
u

es:
th

e
u

se
of

th
e

sq
u

a
red

F
ro

b
en

iu
s

n
o
rm

(K
iv

in
en

an
d

W
a
rm

u
th

,
1
9
97

)
a
s

a
m

ea
su

re
o
f

p
ro

g
ress

a
n
d

th
e

u
se

o
f

th
e

P
y
th

a
go

rea
n

T
h

eo
rem

fo
r

h
a
n

d
lin

g
th

e
p

ro
jectio

n
step

(H
erb

ster
a
n

d
W

arm
u

th
,

20
0
1
).
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

T
im

e
d

e
p

e
n

d
e
n
t

re
g
re

t
b

o
u

n
d

o
f

G
D

:

R
G

D
≤



√
T

k
mn

for
L

1 -b
ou

n
d

ed
in

stan
ces

√
T
k
m

for
L
∞

-b
ou

n
d

ed
in

stan
ces

.
(3.6)

N
ote

th
a
t

each
regret

b
ou

n
d

is
ex

p
ressed

as
a

fu
n

ction
of

a
loss

b
u

d
get,

a
g
ain

b
u

d
get

o
r

a
tim

e
b

ou
n

d
.

T
h

ey
are

ob
tain

ed
b
y

settin
g

th
e

fi
x
ed

learn
in

g
rate

o
f

th
e

algorith
m

as
a

fu
n

ctio
n

of
on

e
of

th
ese

th
ree

p
aram

eters.
T

h
e

resu
ltin

g
b

asic
algo

rith
m

s
can

b
e

u
sed

a
s

su
b

-m
o
d

u
les:

F
or

ex
am

p
le

th
e

algorith
m

can
b

e
stop

p
ed

as
so

on
a
s

th
e

loss
b

u
d

get
is

reach
ed

an
d

restarted
w

ith
tw

ice
th

e
b

u
d

get
an

d
th

e
corresp

on
d

in
g

re-tu
n

ed
learn

in
g

rate.
T

h
is

h
eu

ristic
is

k
n

ow
n

as
th

e
“d

ou
b

lin
g

trick
”

(C
esa-B

ian
ch

i
et

al.,
1997).

M
u
ch

fan
cier

tu
n

in
g

sch
em

es
are

ex
p

lored
in

(van
E

rven
et

al.,
2011

;
d

e
R

o
oij

et
al.,

2014)
an

d
are

n
ot

th
e

fo
cu

s
of

th
is

p
ap

er.

3
.2

C
o
m

p
a
riso

n
o
f

th
e

R
e
g
re

t
U

p
p

e
r

B
o
u

n
d

s

O
u

r
go

al
is

to
fi

n
d

algorith
m

s
th

at
ach

ieve
th

e
op

tim
al

loss
b

u
d

get
d

ep
en

d
en

t
an

d
tim

e
d

ep
en

d
en

t
regret

b
ou

n
d

s
w

h
ere

op
tim

al
m

ean
s

th
at

th
e

b
ou

n
d

is
w

ith
in

a
con

sta
n
t

fa
ctor

o
f

o
p

tim
u

m
.

W
e

are
n

ot
in

terested
in

ga
in

d
epen

d
en

t
regret

b
ou

n
d

s
p

er
se,

i.e.
b

ou
n

d
s

in
term

s
of

a
g
ain

b
u

d
get

B
G

,
b

ecau
se

th
e

m
ax

im
al

gain
is

ty
p

ically
m

u
ch

larger
th

an
th

e
m

in
im

al
lo

ss.
H

ow
ever

w
h
en

th
e

gain
b

u
d

get
restricted

regret
b

o
u

n
d
s

a
re

con
verted

to
tim

e
b

o
u

n
d

s,
th

en
for

som
e

settin
g

(d
iscu

ssed
b

elow
)

th
e

resu
ltin

g
algo

rith
m

b
ecom

es
th

e
on

ly
o
p

tim
al

algorith
m

w
e

are
aw

are
of.

T
h

e
on

ly
k
n

ow
n

lo
ss

bu
d
get

d
epen

d
en

t
regret

b
ou

n
d

is
b

ou
n

d
(3.3)

for
L

oss
M

E
G

ob
-

tain
ed

in
th

e
origin

al
p

ap
er

for
on

lin
e

learn
in

g
of

P
C

A
(W

arm
u

th
an

d
K

u
zm

in
,

200
8).

W
e

w
ill

sh
ow

later
in

S
ection

5
th

at
th

is
u

p
p

er
b

ou
n

d
on

th
e

regret
is

o
p

tim
al.

T
h

ere
are

n
o

k
n

ow
n

lo
ss

b
u

d
g
et

d
ep

en
d

en
t

u
p

p
er

b
ou

n
d

s
on

th
e

regret
of

G
D

.
H

ow
ever

in
S

ection
4,

w
e

p
rove

a
low

er
b

ou
n

d
on

G
D

’s
regret

in
term

s
of

th
e

loss
b

u
d

get
w

h
ich

sh
ow

s
th

at
G

D
’s

regret
is

su
b

o
p

tim
al

b
y

at
least

a
factor

o
f √

k
w

h
en

th
e

regret
is

ex
p

ressed
as

a
fu

n
ction

of
th

e
loss

b
u

d
g
et.

T
h

e
d

iscu
ssion

of
th

e
tim

e
d
epen

d
en

t
regret

u
p

p
er

b
ou

n
d

s
is

m
ore

in
-

vo
lved

.
W

e
fi

rst
con

vert
th

e
b

u
d

get
d

ep
en

d
en

t
regret

b
ou

n
d

s
o
f

th
e

M
E

G
algorith

m
s

in
to

tim
e

d
ep

en
d

en
t

b
ou

n
d

s.
W

e
sh

all
see

later,
for

low
er

b
ou

n
d

s
on

th
e

regret,
tim

e
d

ep
en

d
en

t
b

ou
n

d
s

lead
to

b
u

d
get

d
ep

en
d

en
t

b
ou

n
d

s
(see

C
orollary

5.7).
B

efore
w

e
d

o
th

is,
recall

th
at

th
e

in
stan

ce
m

atrices
X
t

are
L

1 -b
ou

n
d

ed
if

th
eir

trace
is

at
m

ost
on

e,
an

d
for

L
∞

-b
ou

n
d

ed
in

stan
ce

m
atrices,

th
eir

m
ax

im
u

m
eig

en
valu

e
is

at
m

ost
o
n

e.
N

ote
th

at
for

an
y

vector
x
t

o
f

len
g
th

at
m

ost
on

e,
tr(x

t x
>t

)
≤

1,
an

d
th

erefore
van

illa
P

C
A

b
elon

gs
to

th
e

case
of

L
1 -b

o
u

n
d

ed
in

stan
ce

m
atrices.

T
h

e
o
re

m
3
.1

W
h
en

th
e

in
sta

n
ces

a
re
L

1 -bo
u

n
d
ed

,
th

en
fo

r
th

e
o
n

lin
e

P
C

A
w

ith
T

tria
ls,

th
e

fo
llo

w
in

g
regret

bo
u

n
d
s

h
o
ld

fo
r

th
e

L
o
ss

M
E

G
a
n

d
G

a
in

M
E

G
a
lgo

rith
m

s,
respectively:

R
L

o
ss

M
E

G
≤

m

√
2Tn

log
nm

+
m

log
nm
,

R
G

a
in

M
E

G
≤
√

2
T
k

log
nk
.

(3.7)

12
JM

L
R

 17(173):1-49



O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

S
im

il
a
rl

y,
w

h
en

th
e

in
st

a
n

ce
s

a
re
L
∞

-b
o
u

n
d
ed

,
th

en
th

e
fo

ll
o
w

in
g

re
gr

et
bo

u
n

d
s

h
o
ld

:

R
L

o
ss

M
E

G
≤
m

√
2T

lo
g
n m

+
m

lo
g
n m
,

R
G

a
in

M
E

G
≤
k

√
2
T

lo
g
n k
.

(3
.8

)

P
ro

o
f

T
h

e
th

eo
re

m
w

il
l

b
e

p
ro

ve
d

b
y

d
ev

el
o
p

in
g

si
m

p
le

u
p

p
er

b
ou

n
d

s
o
n

th
e

lo
ss

/g
a
in

o
f

th
e

b
es

t
ra

n
k
k

su
b

sp
ac

e
th

at
d

ep
en

d
on

th
e

se
q
u

en
ce

le
n

gt
h
T

.
T

h
es

e
u

p
p

er
b

o
u

n
d

s
a
re

th
en

u
se

d
as

b
u

d
ge

ts
in

th
e

p
re

v
io

u
sl

y
ob

ta
in

ed
b

u
d

ge
t

d
ep

en
d

en
t

b
ou

n
d

s.

T
h

e
b

es
t

ra
n

k
k

su
b

sp
ac

e
p

ic
k
s
k

ei
ge

n
ve

ct
or

s
of

th
e

co
va

ri
an

ce
m

at
ri

x
C

=
∑

T t=
1
X
t

w
it

h
th

e
la

rg
es

t
ei

ge
n
va

lu
es

.
H

en
ce

th
e

to
ta

l
co

m
p

re
ss

io
n

lo
ss

eq
u

al
s

th
e

su
m

o
f

th
e

sm
a
ll

es
t

m
ei

ge
n
va

lu
es

of
C

.
If
ω

1
,.
..
,ω

n
d

en
ot

e
al

l
th

e
ei

ge
n
va

lu
es

of
C

,
th

en
:

n ∑ i=
1

ω
i

=
tr

(C
)

=

T ∑ t=
1

tr
(X

t)
≤
{

T
fo

r
L

1
-b

ou
n

d
ed

in
st

a
n

ce
s

T
n

fo
r
L
∞

-b
ou

n
d

ed
in

st
an

ce
s
.

w
h

er
e

th
e

in
eq

u
al

it
y

fo
ll

ow
s

fr
om

ou
r

d
efi

n
it

io
n

o
f
L

1
-b

ou
n

d
ed

an
d
L
∞

-b
o
u

n
d

ed
in

st
a
n

ce
m

at
ri

ce
s.

T
h

is
im

p
li

es
th

at
th

e
su

m
of

th
e
m

sm
al

le
st

ei
ge

n
va

lu
es

is
u

p
p

er
b

o
u

n
d

ed
b
y

T
m n

an
d
T
m

,
re

sp
ec

ti
v
el

y.
B

y
u

si
n

g
th

es
e

tw
o

b
ou

n
d

s
as

th
e

lo
ss

b
u

d
ge

t
B
L

in
(3

.3
),

w
e

ge
t

th
e

ti
m

e
d

ep
en

d
en

t
b

ou
n

d
fo

r
L

os
s

M
E

G
fo

r
L

1
-b

ou
n

d
ed

an
d
L
∞

-b
o
u

n
d

ed
in

st
a
n

ce
s,

re
sp

ec
ti

ve
ly

.

F
or

th
e

re
gr

et
b

ou
n

d
s

of
G

ai
n

M
E

G
,

w
e

u
se

th
e

fa
ct

th
at

B
G

is
u

p
p

er
b

o
u
n

d
ed

b
y

T
w

h
en

in
st

an
ce

s
ar

e
L

1
-b

ou
n

d
ed

a
n

d
u

p
p

er
b

ou
n

d
ed

b
y
k
T

w
h

en
th

e
in

st
a
n

ce
s

a
re
L
∞

-
b

ou
n

d
ed

,
an

d
p

lu
g

th
es

e
va

lu
es

fo
r
B
G

in
to

(3
.5

).

T
ab

le
3.

2
co

m
p

ar
es

ti
m

e
d

ep
en

d
en

t
u

p
p

er
b

ou
n

d
s

fo
r

ea
ch

of
th

e
th

re
e

a
lg

o
ri

th
m

s
(L

o
ss

M
E

G
,
G

ai
n

M
E

G
,
G

D
)

w
h

er
e

w
e

co
n
si

d
er

ea
ch

of
th

e
4

va
ri

an
ts

of
th

e
p

ro
b

le
m

:
L

1
-b

o
u

n
d

ed
or
L
∞

-b
ou

n
d

ed
in

st
an

ce
m

at
ri

ce
s

ve
rs

u
s
k
≤

n 2
or
k
≥

n 2
.

A
s

fa
r

as
ti

m
e

d
ep

en
d

en
t

b
ou

n
d

s
ar

e
co

n
ce

rn
ed

,
n

o
si

n
gl

e
al

go
ri

th
m

is
o
p

ti
m

a
l

in
a
ll

ca
se

s.
In

T
ab

le
3.

2,
th

e
op

ti
m

u
m

b
ou

n
d

s
ar

e
sh

ow
n

in
b

ol
d

.
T

h
e

lo
w

er
b

ou
n

d
s

m
at

ch
in

g
th

es
e

b
ol

d
b

ou
n

d
s

w
it

h
in

a
co

n
st

an
t

fa
ct

or
w

il
l
b

e
p

ro
ve

d
in

S
ec

ti
on

5.
N

ot
e

th
a
t

o
n

e
ve

rs
io

n
of

M
E

G
(e

it
h

er
th

e
lo

ss
or

ga
in

ve
rs

io
n

)
is

op
ti

m
al

in
ea

ch
ca

se
,

w
h

il
e

G
D

is
o
p

ti
m

a
l

o
n

ly
in

fi
rs

t
ca

se
(T

h
is

is
th

e
m

os
t

im
p

or
ta

n
t

ca
se

in
p

ra
ct

ic
e:

va
n

il
la

on
li

n
e

P
C

A
w

it
h
k
�
n

).
F

or
th

e
re

m
ai

n
in

g
th

re
e

ca
se

s,
co

n
si

d
er

th
e

ra
ti

o
b

et
w

ee
n

th
e

G
D

’s
b

ou
n

d
a
n

d
th

e
b

et
te

r
of

th
e

tw
o

M
E

G
b

ou
n

d
s,

w
h

ic
h

is

•
√

n m
/
( lo

g
n m

) ,
w

h
en

th
e

in
st

an
ce

s
ar

e
L

1
-b

ou
n

d
ed

an
d
k
≥

n 2
,

•
√

n k
/
( lo

g
n k

) ,
w

h
en

th
e

in
st

an
ce

s
ar

e
L
∞

-b
ou

n
d

ed
an

d
k
≤

n 2
an

d

•
√

n m
/
( lo

g
n m

) ,
w

h
en

th
e

in
st

an
ce

s
ar

e
L
∞

-b
ou

n
d

ed
an

d
k
≥

n 2
.

S
in

ce
n

on
e

of
th

es
e

th
re

e
ra

ti
os

ca
n

b
e

u
p

p
er

b
ou

n
d

ed
b
y

a
co

n
st

an
t,

G
D

is
cl

ea
rl

y
su

b
o
p

-
ti

m
al

in
ea

ch
of

th
e

re
m

ai
n

in
g

th
re

e
ca

se
s.
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

L
1
-b

ou
n

d
ed

in
st

a
n

ce
s

L
∞

-b
o
u

n
d

ed
in

st
a
n

ce
s

k
≤

n 2
k
≥

n 2
k
≤

n 2
k
≥

n 2

L
os

s
M

E
G

√
T
k

√
T
m
( lo

g
n m

)/
n m

√
T
k
m

√
T
m

2
lo

g
n m

G
a
in

M
E

G
√
T
k

lo
g
n k

√
T
m

√
T
k
2

ln
n k

√
T
k
m

G
D

√
T
k

√
T
m

√
T
k
m

√
T
k
m

T
a
b

le
3.

2:
C

om
p

ar
is

o
n

o
f

th
e

ti
m

e
d

ep
en

d
en

t
u

p
p

er
b

o
u

n
d

s
o
n

th
e

re
g
re

t
of

th
e

L
os

s
M

E
G

,
G

ai
n

M
E

G
,

an
d

G
D

a
lg

o
ri

th
m

s.
E

a
ch

co
lu

m
n

co
rr

es
p

o
n

d
s

to
o
n

e
of

th
e

fo
u

r
co

m
b

in
at

io
n

s
o
f
L

1
-b

o
u

n
d

ed
o
r
L
∞

-b
o
u

n
d

ed
in

st
a
n

ce
m

at
ri

ce
s

ve
rs

u
s
k
≤

n 2
or
k
≥

n 2
,

re
sp

ec
ti

v
el

y.
A

ll
b

ou
n

d
s

w
er

e
gi

ve
n

in
S

ec
ti

on
3
.1

a
n

d
S

ec
ti

on
3
.2

:
co

n
st

an
ts

ar
e

o
m

it
te

d
,

w
e

o
n

ly
sh

ow
th

e
le

a
d

in
g

te
rm

o
f

ea
ch

b
ou

n
d

,
a
n

d
w

h
en

w
e

co
m

p
ar

e
L

o
ss

a
n

d
G

a
in

M
E

G
b

o
u

n
d

s,
w

e
u

se
m

ln
n m

=
Θ

(k
)

w
h

en
k
≤

n 2
an

d
k

ln
n k

=
Θ

(m
)

w
h

en
k
≥

n 2
.

R
ec

a
ll

th
a
t
m

is
sh

o
rt

h
a
n

d
fo

r
n
−
k
.

T
h

e
b

es
t

(s
m

a
ll

es
t)

b
ou

n
d

fo
r

ea
ch

ca
se

(c
ol

u
m

n
)

is
sh

ow
n

in
b

ol
d

.
In

S
ec

ti
o
n

5,
al

l
b

o
ld

b
ou

n
d

s
w

il
l

b
e

sh
ow

n
to

b
e

op
ti

m
al

(w
it

h
in

co
n

st
an

t
fa

ct
or

s)
.

4
.
L
o
w
e
r
B
o
u
n
d
s
o
n

th
e
R
e
g
re
t
o
f
G
D

R
ec

a
ll

th
at

va
n

il
la

o
n

li
n

e
P

C
A

u
se

s
L

1
-b

o
u

n
d

ed
in

st
a
n

ce
m

at
ri

ce
s

a
n

d
th

e
su

b
sp

a
ce

d
im

en
-

si
on

k
is

ty
p

ic
al

ly
a
t

m
o
st

n 2
.

In
th

is
ca

se
L

o
ss

M
E

G
h

a
s

re
g
re

t
O

(√
T
k
)

a
n

d
th

e
re

gr
et

o
f

G
D

is
O

(√
T
k
)

as
w

el
l.

A
s

fo
r

lo
ss

b
u

d
g
et

d
ep

en
d

en
t

re
gr

et
b

o
u

n
d

s,
L

o
ss

M
E

G
h

a
s

re
g
re

t
O

(√
B
L
k

+
k
)

an
d

w
e

in
it

ia
ll

y
co

n
je

ct
u

re
d

th
a
t

G
D

h
a
s

th
e

sa
m

e
b

o
u

n
d

.
H

ow
ev

er
,

th
is

is
n

ot
tr

u
e:

w
e

w
il

l
n

ow
sh

ow
in

th
is

se
ct

io
n

a
n

Ω
(m

a
x
{m

in
{B

L
,k
√
B
L
},
k
}}

)
lo

w
er

bo
u

n
d

on
th

e
re

gr
et

of
G

D
fo

r
L

1
-b

ou
n

d
ed

in
st

a
n

ce
se

q
u

en
ce

s
w

h
en

k
≤

n 2
.

In
co

n
tr

a
st

,
L

o
ss

M
E

G
’s

re
g
re

t
b

ou
n

d
of
O

(√
B
L
k

+
k
)

w
il

l
b

e
sh

ow
n

to
b

e
op

ti
m

al
in

S
ec

ti
o
n

5
fo

r
th

is
ca

se
.

It
fo

ll
ow

s
th

at
G

D
is

su
b

op
ti

m
al

b
y

a
t

le
a
st

a
fa

ct
o
r

o
f
√
k

w
h

en
B
L

=
Ω

(k
2
).

A
d

et
ai

le
d

co
m

p
ar

is
on

of
th

e
lo

w
er

b
o
u

n
d

fo
r

G
D

a
n

d
th

e
o
p

ti
m

u
m

u
p

p
er

b
ou

n
d

is
g
iv

en
in

T
ab

le
4
.1

.

It
su

ffi
ce

s
to

p
ro

ve
lo

w
er

b
o
u
n

d
s

o
n

G
D

’s
re

g
re

t
o
n

a
re

st
ri

ct
ed

cl
a
ss

of
in

st
a
n

ce
m

a
tr

ic
es

:
W

e
a
ss

u
m

e
th

a
t

a
ll

in
st

an
ce

m
at

ri
ce

s
a
re

in
th

e
sa

m
e

ei
g
en

sy
st

em
,

i.
e.

th
ey

ar
e

d
ia

g
on

al
m

at
ri

ce
s
X

=
d

ia
g
(`

)
w

it
h
`
∈

R
n ≥

0
.

W
e

ca
ll

th
e

d
ia

g
o
n

a
ls
`

th
e

lo
ss

ve
ct

o
rs

.
A

ll
lo

ss
ve

ct
o
rs

in
ou

r
lo

w
er

b
o
u

n
d

s
ar

e
re

st
ri

ct
ed

to
b

e
b

it
v
ec

to
rs

in
{0
,1
}n

.
In

th
e
L

1
-b

o
u

n
d

ed
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st
a
n

ce
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se
,

th
e

lo
ss

ve
ct

or
s
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e

fu
rt

h
er

re
st

ri
ct

ed
to

b
e

on
e

o
f

th
e
n

u
n

it
b

it
ve

ct
or

s
e
i,

i.
e.
X

=
d

ia
g
(e
i)

=
e
ie
> i

.
In

th
e
L
∞

-b
o
u

n
d

ed
in

st
a
n

ce
ca

se
,

th
e

lo
ss

ve
ct

o
rs
`

a
re

a
rb

it
ra

ry
n

-d
im

en
si

on
al

b
it

ve
ct

o
rs

.

W
h

en
al

l
in

st
a
n

ce
m

a
tr

ic
es

a
re

d
ia

g
on

a
l

th
en

th
e

o
ff

-d
ia

g
o
n

al
el

em
en

ts
in

a
p

ar
a
m

et
er

m
a
tr

ix
W

ar
e

ir
re

le
va

n
t

a
n

d
th

er
ef

o
re

th
e

a
lg

o
ri

th
m

’s
lo

ss
an

d
re

gr
et

is
d
et

er
m

in
ed

b
y

th
e

d
ia

go
n

al
s

of
th

e
p

ar
am

et
er

m
a
tr

ic
es
W

w
h

ic
h

is
o
f

tr
a
ce

m
.

T
h

er
ef

or
e

w
it

h
ou

t
lo

ss
of

g
en

er
al

it
y

w
e

ca
n

a
ss

u
m

e
th

at
th

e
p

a
ra

m
et

er
m

a
tr

ic
es

ar
e

d
ia

g
on

al
a
s

w
el

l,
i.

e.
W

=
d

ia
g
(w

)
w

h
er

e
w

is
a

w
ei

gh
t

ve
ct

o
r

in
[0
,1

]n
w

it
h

to
ta

l
w

ei
g
h
t
m

.
N

o
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a
t
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e
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b
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O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

R
egret

b
o
u

n
d

s
fo

r
L

1 -b
o
u

n
d

ed
in

sta
n

ces,
k
≤

n2
B
L
≤
k

k
≤
B
L
≤
k

2
k

2≤
B
L

U
p

p
er

b
o
u

n
d

o
n

reg
ret

o
f

L
o
ss

M
E

G
(see

(3
.3))

O
(k

)
O

( √
B
L
k
)

O
( √
B
L
k
)

L
ow

er
b

ou
n

d
o
n

reg
ret

of
G

D
(see

T
h

eo
rem

4
.1

)
Ω

(k
)

Ω
(B

L
)

Ω
(k √

B
L

)

T
ab

le
4
.1

:
C

o
m

p
ariso

n
of

th
e

lo
ss

b
u

d
g
et

d
ep

en
d

en
t

reg
ret

b
o
u

n
d

s
fo

r
o
n

lin
e

P
C

A
w

ith
k
≤

n2
.

G
iven

d
im

en
sio

n
k

o
f

th
e

su
b

sp
a
ce,

ea
ch

co
lu

m
n

sh
ow

s
th

e
valu

es
o
f

th
e

tw
o

b
o
u

n
d

s
fo

r
a

sp
ecifi

c
ra

n
ge

o
f

th
e

loss
b

u
d

g
et
B
L

.
T

h
e

fi
rst

row
g
ives

th
e

u
p

p
er

b
o
u

n
d

o
n

th
e

reg
ret

o
f

L
o
ss

M
E

G
in

b
o
ld

,
w

h
ich

w
ill

b
e

sh
ow

n
to

b
e

op
tim

al
in

S
ection

5
.

T
h

e
seco

n
d

row
g
ives

th
e

low
er

b
o
u

n
d

o
n

th
e

reg
ret

o
f

G
D

,
w

h
ich

is
su

b
op

tim
al

w
h

en
ever

B
L
≥
k
.

a
d

o
t

p
ro

d
u

ct
b

etw
een

th
e

w
eigh

t
v
ecto

r
a
n

d
th

e
lo

ss
vector:

tr(W
X

)
=

tr(d
ia

g
(w

)
d

ia
g
(`))

=
w
·
`.

W
h

at
is

th
e

p
red

iction
of

th
e

a
lgo

rith
m

w
ith

a
d

iag
o
n

al
p

a
ra

m
eter

m
a
trix

W
=

d
ia

g
(w

)?
It

p
ro

b
a
b

ilistica
lly

p
red

icts
w

ith
an

m
d

im
en

sion
a
l

p
ro

jection
m

atrix
P

s.t.
E

[P
]

=
d

ia
g
(w

).
T

h
is

m
ea

n
s
P

is
a

su
b

set
o
f

size
m

fro
m
{
e

1 e >1
,e

2 e >2
,...,e

n
e >n }.

T
h

e
d

ia
g
o-

n
a
ls

of
su

ch
p

ro
jectio

n
m

a
trices

co
n

sists
o
f

ex
a
ctly

m
o
n

es
a
n

d
n
−
m

=
k

zero
s.

In
o
th

er
w

o
rd

s
th

e
d

ia
go

n
a
ls

a
re

in
d

ica
to

r
vectors

o
f

th
e

ch
osen

su
bsets

o
f

size
m

a
n

d
th

e
ex

p
ected

in
d

ica
tor

vector
eq

u
a
ls

th
e

w
eigh

t
vecto

r
w

.
W

e
ju

st
ou

tlin
ed

on
e

o
f

th
e

m
ain

in
sigh

ts
of

(W
a
rm

u
th

a
n

d
K

u
zm

in
,

2
00

8
):

T
h

e
restric-

tio
n

o
f

th
e

P
C

A
p

ro
b

lem
to

d
iag

on
a
l

m
a
trices

co
rresp

o
n

d
s

to
lea

rn
in

g
a

su
b

set
o
f

size
m

.
T

h
e
n

co
m

p
o
n

en
ts

of
th

e
vectors

a
re

u
su

a
lly

called
experts.

A
t

tria
l
t

th
e

a
lg

orith
m

ch
o
o
ses

a
su

b
set

o
f
m

ex
p

erts.
It

th
en

receives
a

lo
ss

v
ecto

r
`∈

R
n≥

0
fo

r
th

e
ex

p
erts

a
n

d
in

cu
rs

th
e

to
ta

l
lo

ss
o
f

th
e

ch
osen

m
ex

p
erts.

T
h

e
a
lg

o
rith

m
m

ain
ta

in
s

its
u

n
certa

in
ty

over
th

e
m

-sets
b
y

m
ea

n
s

o
f

a
p

a
ra

m
eter

vecto
r
w
∈

[0,1
] n

w
ith

to
ta

l
w

eig
h
t
m

,
a
n

d
it

ch
o
o
ses

th
e

su
b

set
of

size
m

p
ro

b
a
b

ilistica
lly

so
th

a
t

th
e

ex
p

ected
in

d
icato

r
vector

eq
u

a
ls
w

.
W

e
d

en
o
te

th
e

set
o
f

su
ch

p
a
ra

m
eter

vecto
rs

a
sS

m
.

In
th

e
L

1 -b
o
u

n
d

ed
in

stan
ce

ca
se,

th
e

lo
ss

vecto
r

is
a

u
n

it
b

it
vecto

r
(o

n
ly

on
e

ex
p

ert
in

cu
rs

a
u

n
it

o
f

lo
ss).

In
th

e
L
∞

-b
o
u

n
d

ed
in

sta
n

ce
case,

th
e

loss
vectors

a
re

restricted
to

b
e
n

-d
im

en
sio

n
a
l

b
it

vecto
rs.

4
.1

L
o
w

e
r

B
o
u

n
d

o
n

th
e

R
e
g
re

t
o
f

th
e

G
D

A
lg

o
rith

m

T
h

e
G

D
alg

orith
m

fo
r

o
n

lin
e

P
C

A
(2

.5
)

sp
ecia

lizes
to

th
e

follow
in

g
u

p
d

a
te

o
f

th
e

p
a
ram

eter
vecto

r
fo

r
lea

rn
in

g
sets:

D
escen

t
step

:
ŵ
t+

1
=
w
t −

η
`
t ,

P
ro

jection
step

:
w
t+

1
=

a
rg

m
in
w
∈S

m
‖
w
−
ŵ
t+

1 ‖
2.

(4
.1)

W
e

n
ow

g
iv

e
a

low
er

b
ou

n
d

on
th

e
reg

ret
o
f

th
e

G
D

a
lg

orith
m

fo
r

th
e
m

-set
p

ro
b

lem
.

T
h

is
low

er
b

o
u

n
d

is
ex

p
ressed

a
s

a
fu

n
ctio

n
of

th
e

loss
b

u
d

g
et.

T
h

e
o
re

m
4
.1

C
o
n

sid
er

th
e
m

=
n
−
k

set
p
ro

blem
w

ith
k
≤
n
/2

a
n

d
u

n
it

bit
vecto

rs
a
s

lo
ss

vecto
rs.

T
h
en

fo
r

a
n

y
fi

xed
lea

rn
in

g
ra

te
η
≥

0,
th

e
G

D
a
lgo

rith
m

(4.1
)

ca
n

be
fo

rced
to

h
a
ve

regret
Ω

(m
a
x{

m
in{

B
L
,k √

B
L }
,k}

).
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

W
e

p
rove

th
is

th
eorem

in
A

p
p

en
d

ix
C

.
F

rom
th

e
fact

th
a
t
m

-set
p

rob
lem

is
a

sp
ecial

case
of

P
C

A
p

rob
lem

,
w

e
get

th
e

follow
in

g
corollary,

w
h

ich
sh

ow
s

th
at

th
e

G
D

algorith
m

is
su

b
op

tim
al

(see
T

ab
le

4.1
for

an
overv

iew
):

C
o
ro

lla
ry

4
.2

C
o
n

sid
er

th
e

P
C

A
p
ro

blem
w

ith
k
≤
n
/
2

a
n

d
L

1 -bo
u

n
d
ed

in
sta

n
ce

m
a
trices.

T
h
en

fo
r

a
n

y
fi

xed
lea

rn
in

g
ra

te
η
≥

0,
th

e
G

D
a
lgo

rith
m

(2
.5)

ca
n

be
fo

rced
to

h
a
ve

regret
Ω

(m
a
x{

m
in{B

L
,k √

B
L }
,k}).

4
.2

L
o
w

e
r

B
o
u

n
d

o
n

th
e

R
e
g
re

t
o
f

th
e

F
o
llo

w
th

e
R

e
g
u

la
riz

e
d

L
e
a
d

e
r

G
D

A
lg

o
rith

m
(F

R
L

-G
D

)

In
th

e
p

rev
io

u
s

section
,

w
e

sh
ow

ed
th

at
for

on
lin

e
P

C
A

w
ith

L
1 -b

ou
n

d
ed

in
stan

ce
m

atrices
an

d
k
≤

n2
,

th
e

G
D

algorith
m

is
su

b
op

tim
al

for
loss

b
u

d
get

d
ep

en
d

en
t

regret
b

ou
n

d
s.

H
ow

ever,
o
u

r
low

er
b

ou
n

d
s

are
on

ly
for

th
e

M
irro

r
D

escen
t

v
ersion

of
G

D
given

in
(2.5).

T
h

is
algorith

m
is

p
ron

e
to

“forgettin
g”

lots
of

in
form

ation
a
b

ou
t

th
e

p
ast

losses
w

h
en

p
ro

jectio
n

s
w

ith
resp

ect
to

in
eq

u
ality

con
strain

ts
are

in
v
olved

.
R

ecall
th

at
at

th
e

en
d

of
each

tria
l
t,

th
e

m
irror

d
escen

t
algorith

m
u

ses
th

e
last

p
aram

eter
W

t
as

a
su

m
m

ary
of

th
e

k
n

ow
led

ge
attain

ed
so

far,
an

d
m

in
im

izes
a

trad
e-off

b
etw

een
a

d
ivergen

ce
to

th
e
W

t
an

d
th

e
lo

ss
o
n

th
e

last
d

ata
p

oin
t
x
t

to
d

eterm
in

e
th

e
n

ex
t

p
aram

eter
W

t+
1 .

W
h
en

th
e

p
aram

eter
resu

ltin
g

from
th

e
trad

e-off
lies

ou
tsid

e
th

e
p

ara
m

eter
set,

th
en

it
is

p
ro

jected
b

ack
in

to
th

e
p

a
ram

eter
set

(see
u

p
d

ate
(2.5)).

In
th

e
case

w
h

en
th

e
p

ro
jectio

n
en

fo
rces

in
eq

u
ality

co
n

stra
in

ts
on

th
e

p
aram

eters,
in

form
ation

ab
ou

t
th

e
p

a
st

losses
m

ay
b

e
lost.

T
h

is
issu

e
w

a
s

fi
rst

d
iscu

ssed
in

S
ection

5.5
of

H
elm

b
old

an
d

W
arm

u
th

(20
09).

C
u

riou
sly

en
ou

gh
,

B
regm

a
n

p
ro

jectio
n

s
w

ith
resp

ect
to

on
ly

eq
u

ality
con

strain
ts

d
o

n
ot

lose
in

form
ation

.

W
e

n
ow

d
em

on
strate

in
m

ore
d

etail
th

e
“forgettin

g”
issu

e
for

th
e

M
irror

D
escen

t
G

D
a
lgorith

m
w

h
en

ap
p

lied
to

on
lin

e
P

C
A

.
F

irst
recall

th
at

th
e

b
atch

P
C

A
solu

tion
co

n
sists

o
f

th
e

su
b

sp
ace

sp
an

n
ed

b
y

th
e
k

eigen
vectors

b
elon

gin
g

to
th

e
k

largest
valu

es
of

th
e

covarian
ce

m
a
trix

C
=
∑

Tt=
1
x
t x
>t

.
T

h
e

com
p

lem
en

tary
sp

ace
is

th
e
m

=
n−

k
d

im
en

sion
al

su
b

sp
ace

form
ed

b
y

th
e
m

eigen
vectors

of
m

largest
eigen

valu
es

o
f−
C

.
H

en
ce,

th
e

fi
n

al
p

a
ram

eter
W

T
+

1
of

th
e

on
-lin

e
algorith

m
sh

ou
ld

h
av

e
th

e
sam

e
eig

en
vectors

as−
C

,
as

w
ell

a
s

th
e

ord
er

of
th

eir
corresp

on
d

in
g

eigen
valu

es.
T

h
e

d
escen

t
step

of
(2.5)

accu
m

u
lates

th
e

scaled
n

eg
ated

in
stan

ce
m

atrices
X
t

=
x
t x
>t

,
i.e.

Ŵ
t+

1
=
W

t −
η
X
t .

In
th

e
p

ro
jection

step
of

(2
.5),

th
e

p
aram

eter
m

atrix
Ŵ

t+
1

is
p

ro
jected

b
ack

to
th

e
p

aram
eter

setW
m

b
y

en
fo

rcin
g

an
eq

u
a
lity

con
strain

t
tr(W

t+
1 )

=
m

an
d

in
eq

u
ality

con
strain

ts
th

at
k
eep

all
th

e

eig
en

va
lu

es
of
W

t+
1

are
in

th
e

ran
ge

[0
,1].

T
h

e
eq

u
a
lity

co
n

stra
in

t
on
Ŵ

t+
1

resu
lts

in

a
d

d
in

g
to
Ŵ

t+
1

a
scaled

v
ersion

of
th

e
id

en
tity

m
atrix

I
(S

ee
A

p
p

en
d

ix
C

).
T

h
ese

itera
ted

sh
ifts

d
o

n
ot

aff
ect

eith
er

th
e

eigen
vectors

or
th

e
ord

er
o
f

th
eir

corresp
on

d
in

g
eigen

valu
es.

H
ow

ever,
w

h
en

th
e

in
eq

u
ality

con
strain

ts
are

en
forced

,
th

en
at

trial
t

th
e

eigen
valu

es
of

Ŵ
t+

1
th

at
are

la
rger

th
an

1
or

less
th

an
0

are
cap

p
ed

at
1

an
d

0,
resp

ectiv
ely.

P
erform

in
g

su
ch

a
n

o
n

-u
n

iform
cap

p
in

g
of
Ŵ

t+
1 ’s

eigen
valu

es
in

each
tria

l
w

ill
resu

lt
in

a
fi

n
al

p
aram

eter
W

T
+

1
w

ith
an

eigen
sy

stem
th

at
is

ty
p

ically
d

iff
eren

t
fro

m
−
C

.
T

h
erefore

th
e

P
C

A
so

lu
tio

n
ex

tracted
from

W
T

+
1

an
d

th
e

covarian
ce

m
atrix

C
w

ill
n

ot
b

e
th

e
sam

e.

T
h

ere
is

an
oth

er
v
ersion

of
th

e
G

D
algorith

m
th

at
d

o
es

n
ot

“forget”:
T

h
e

F
ollow

th
e

R
eg

u
larized

L
ead

er
G

D
(F

R
L

-G
D

)
algorith

m
(see,

e.g.,
S

h
alev

-S
h
w

artz
an

d
S

in
ger

(2
007)

2)

2
.

T
h
is

a
lg

o
rith

m
is

a
lso

ca
lled

a
s

th
e

In
crem

en
ta

l
O

ff
-lin

e
A

lg
o
rith

m
in

(A
zo

u
ry

a
n
d

W
a
rm

u
th

,
2
0
0
1
).
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O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

tr
ad

es
off

th
e

to
ta

l
lo

ss
on

al
l

d
at

a
p

oi
n
ts

ag
ai

n
st

th
e

F
ro

b
en

iu
s

n
or

m
o
f

th
e

p
a
ra

m
et

er
m

at
ri

x
:

F
ol

lo
w

th
e

re
gu

la
ri

ze
d

le
ad

er
:

Ŵ
t+

1
=

ar
gm

in

 
‖W
‖2 F

+
η

t ∑ q
=

1

tr
(W

X
q
) 

=
−
η

t ∑ q
=

1

X
q
,

P
ro

je
ct

io
n

st
ep

:

W
t+

1
=

ar
gm

in
W
∈W

m

‖W
−
Ŵ

t+
1
‖2 F

=
ar

gm
in

E
ig

en
v
a
lu

es
o
f
W

in

[0
,1

]
a
n

d
tr

(W
)

=
m

‖W
−
Ŵ

t+
1
‖2 F
.

(4
.2

)

N
ot

e
th

at
in

ea
ch

tr
ia

l,
th

e
u

p
d

at
e

(4
.2

)
p

ro
je

ct
s

a
p

ar
am

et
er
Ŵ

t+
1

th
a
t

a
cc

u
m

u
la

te
s

a
ll

th
e

p
as

t
sc

al
ed

n
eg

at
ed

in
st

an
ce

m
at

ri
ce

s
(−
η
X
t)

b
ac

k
to

tr
ia

l
on

e.
In

co
n
tr

a
st

,
th

e
M

ir
ro

r
D

es
ce

n
t

u
p

d
at

e
in

(2
.5

)
p

er
fo

rm
s

p
ro

je
ct

io
n

it
er

at
iv

el
y,

i.
e.

it
p

ro
je

ct
s

p
a
ra

m
et

er
m

a
tr

ic
es

of
p

re
v
io

u
s

tr
ia

ls
th

at
ar

e
p

ro
je

ct
io

n
s

th
em

se
lv

es
.

T
h

er
ef

or
e,

th
e

F
R

L
-G

D
a
lg

o
ri

th
m

ci
r-

cu
m

ve
n
ts

th
e

fo
rg

et
ti

n
g

is
su

e
in

tr
o
d

u
ce

d
b
y

it
er

at
iv

e
p
ro

je
ct

io
n

s
w

it
h

re
sp

ec
t

to
in

eq
u

a
li

ty
co

n
st

ra
in

ts
.

In
fa

ct
th

e
fi

n
al

p
ar

am
et

er
W

T
+

1
of

th
e

F
R

L
-G

D
is

th
e

p
ro

je
ct

io
n

o
f

th
e

sc
al

ed
n

eg
at

ed
co

va
ri

an
ce

m
at

ri
x
Ŵ

T
+

1
=
−
η
∑

T t=
1
x
tx
> t

=
−
η
C

.
W

e
w

il
l

sh
ow

es
se

n
ti

a
ll

y
in

A
p

p
en

d
ix

E
th

at
a

si
n

gl
e

p
ro

je
ct

io
n

op
er

at
io

n
d
o
es

n
ot

ch
an

ge
th

e
se

t
o
f

ei
ge

n
ve

ct
o
rs

b
el

on
gi

n
g

to
th

e
m

la
rg

es
t

ei
ge

n
va

lu
es

.
T

h
is

m
ea

n
s

th
at

th
e

ei
ge

n
ve

ct
or

s
b

el
o
n

gi
n

g
to

th
e

k
sm

al
le

st
ei

ge
n
va

lu
es

of
W

T
+

1
ag

re
e

w
it

h
th

e
ei

ge
n
v
ec

to
rs

of
C

b
el

on
gi

n
g

to
th

e
k

la
rg

es
t

ei
ge

n
va

lu
es

of
C

.

E
n

co
u

ra
ge

d
b
y

th
is

ob
se

rv
at

io
n

,
w

e
in

it
ia

ll
y

co
n

je
ct

u
re

d
th

at
th

e
F

R
L

-G
D

is
st

ri
ct

ly
b

et
te

r
th

an
th

e
co

m
m

on
ly

st
u

d
ie

d
M

ir
ro

r
D

es
ce

n
t

ve
rs

io
n

.
M

or
e

co
n

cr
et

el
y,

w
e

co
n

je
ct

u
re

d
th

at
th

e
F

R
L

-G
D

h
as

th
e

op
ti

m
al

lo
ss

b
u
d

ge
t

d
ep

en
d

en
t

re
gr

et
b

ou
n
d

fo
r

va
n

il
la

o
n

li
n

e
P

C
A

(a
s

M
ir

ro
r

D
es

ce
n
t

M
E

G
d

o
es

w
h

ic
h

en
fo

rc
es

th
e

n
on

-n
eg

at
iv

it
y

co
n

st
ra

in
ts

w
it

h
it

s
d

i-
ve

rg
en

ce
).

U
n

fo
rt

u
n
at

el
y,

w
e

ar
e

ab
le

to
sh

ow
th

e
op

p
os

it
e:

T
h

e
Ω

(m
ax
{m

in
{B

L
,k
√
B
L
},
k
})

lo
w

er
b

ou
n

d
w

e
sh

ow
ed

fo
r

(M
ir

ro
r

D
es

ce
n
t)

G
D

in
T

h
eo

re
m

4.
1

al
so

h
ol

d
s

fo
r

F
R

L
-G

D
.

T
o

b
e

p
re

ci
se

,
w

e
h

av
e

th
e

fo
ll

ow
in

g
th

eo
re

m
a
n

d
co

ro
ll

ar
y
:

T
h

e
o
re

m
4
.3

C
o
n

si
d
er

th
e
m

=
n
−
k

se
t

p
ro

bl
em

w
it

h
k
≤
n
/2

a
n

d
u

n
it

bi
t

ve
ct

o
rs

a
s

lo
ss

ve
ct

o
rs

.
T

h
en

fo
r

a
n

y
fi

xe
d

le
a
rn

in
g

ra
te
η
≥

0
,

th
e

ve
ct

o
r

ve
rs

io
n

o
f

th
e

F
R

L
-G

D
a
lg

o
ri

th
m

(4
.2

)
ca

n
be

fo
rc

ed
to

h
a
ve

re
gr

et
Ω

(m
ax
{m

in
{B

L
,k
√
B
L
},
k
})

.

T
h

e
p

ro
of

is
gi

ve
n

in
A

p
p

en
d

ix
D

.
T

h
eo

re
m

4.
3

im
m

ed
ia

te
ly

gi
ve

s
th

e
lo

w
er

b
o
u

n
d

o
n

th
e

re
gr

et
of

F
R

L
-G

D
al

go
ri

th
m

fo
r

th
e

on
li

n
e

P
C

A
:

C
o
ro

ll
a
ry

4
.4

C
o
n

si
d
er

th
e

P
C

A
p
ro

bl
em

w
it

h
k
≤
n
/
2

a
n

d
L

1
-b

o
u

n
d
ed

in
st

a
n

ce
m

a
tr

ic
es

.
T

h
en

fo
r

a
n

y
fi

xe
d

le
a
rn

in
g

ra
te
η
≥

0,
th

e
F

R
L

-G
D

a
lg

o
ri

th
m

(4
.2

)
ca

n
be

fo
rc

ed
to

h
a
ve

re
gr

et
Ω

(m
ax
{m

in
{B

L
,k
√
B
L
},
k
})

.

T
h

is
sh

ow
s

th
at

th
e

w
or

st
ca

se
re

gr
et

of
th

e
F

R
L

-G
D

al
go

ri
th

m
is

th
e

sa
m

e
a
s

th
at

of
(M

ir
ro

r
D

es
ce

n
t)

G
D

,
an

d
h

en
ce

su
b

op
ti

m
al
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u
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e
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ra
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o
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u
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e
alg

orith
m

su
ff

ers
loss

at
m

ost
m

p
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b
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b
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b
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∑
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b
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∞
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≥
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≥
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d
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s
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is
su

b
section

,
w

e
give

regret
low

er
b

ou
n

d
s

th
at

are
fu

n
ction

s
of
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u
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con
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p
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e
d

iv
er

g
en

ce
)

w
h

er
e

th
e

p
ro

je
ct

io
n

en
fo

rc
es

th
e

ad
d

it
io

n
al

co
n

st
ra

in
t

th
at

th
e

p
ar

am
et

er
m

at
ri

x
W

t
h

a
s

ra
n

k
k̂
.

E
n

co
u

ra
gi

n
g

ex
p

er
im

en
ta

l
re

su
lt

s
ar

e
p

ro
v
id

ed
fo

r
th
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w
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b
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p
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b
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p
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d
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u
t
h

A
p
p
e
n
d
ix

A
.
P
ro

o
f
o
f
U
p
p
e
r
B
o
u
n
d

(3
.5
)
o
n

th
e
R
e
g
re
t
o
f
G
a
in

M
E
G

P
ro

o
f

T
h

e
p

ro
o
f

is
b

a
se

d
o
n

th
e

b
y

n
ow

st
an

d
a
rd

p
ro

o
f

te
ch

n
iq

u
es

o
f

T
su

d
a

et
a
l.

(2
0
0
5)

.
L

et
W

t
∈
W

k
b

e
th

e
p
ar

am
et

er
of

th
e

G
a
in

M
E

G
a
lg

o
ri

th
m

at
tr

ia
l
t

a
n

d
X
t

b
e

th
e

in
st

a
n

ce
m

a
tr

ix
at

th
is

tr
ia

l.
N

ow
p

lu
g
g
in

g
th

e
(u

n
-n

o
rm

a
li

ze
d

)
re

la
ti

ve
en

tr
o
p
y

∆
(W

,W
t)

=
tr

(W
(l

o
g
W
−

lo
g
W

t)
+
W

t
−
W

)
in

to
th

e
d

es
ce

n
t

st
ep

o
f

th
e

G
ai

n
M

E
G

a
lg

o
ri

th
m

(2
.7

)
gi

ve
s:

Ŵ
t+

1
=

e
x
p

(l
o
g
W

t
+
η
X
t)

w
h

er
e
η
≥

0
is

th
e

le
ar

n
in

g
ra

te
.

T
a
ke

an
y

p
ro

je
ct

io
n

m
at

ri
x
W
∈
W

k
as

a
co

m
p

a
ra

to
r

a
n

d
u

se
∆

(W
,W

t)
−

∆
(W

,W
t+

1
)

as
a

m
ea

su
re

o
f

p
ro

gr
es

s
to

w
a
rd

s
W

:

∆
(W

,W
t)
−

∆
(W

,W
t+

1
)
≥

∆
(W

,W
t)
−

∆
(W

,Ŵ
t+

1
)

=
tr

(W
(l

o
g
Ŵ

t+
1
−

lo
g
W

t)
+
W

t
−
Ŵ

t+
1
)

=
tr

(η
W
X
t)

+
tr

(W
t
−

e
x
p

(l
o
g
W

t
+
η
X
t)

)

≥
tr

(η
W
X
t)

+
tr

(W
t
−
W

t
e
x
p

(η
X
t)

)

=
tr

(η
W
X
t)

+
tr

(W
t(
I
−

e
x
p

(η
X
t)

),

(A
.1

)

w
h

er
e

th
e

fi
rs

t
in

eq
u

a
li

ty
fo

ll
ow

s
fr

om
th

e
P

y
th

ag
o
re

an
T

h
eo

re
m

an
d

th
e

se
co

n
d

fr
o
m

th
e

G
ol

d
en

-T
h

om
p

so
n

in
eq

u
a
li

ty
:

tr
(e

x
p

(l
o
g
W

t
+
η
X
t)
≤

tr
(W

t
e
x
p

(η
X
t)

).
B

y
L

em
m

a
2
.1

o
f

T
su

d
a

et
al

.
(2

00
5
),

tr
(W

t(
I
−

e
x
p

(η
X
t)

))
≥

(1
−
eη

)
tr

(W
tX

t)
,

an
d

th
er

ef
or

e ∆
(W

,W
t)
−

∆
(W

,W
t+

1
)
≥
η

tr
(W

X
t)

︸
︷︷

︸
g
a
in

o
f
th

e
c
o
m
p
a
ra

to
r

+
(1
−
eη

)
tr

(W
tX

t)
︸

︷︷
︸

g
a
in

o
f
th

e
a
lg
o
ri
th

m

.

S
u

m
m

in
g

ov
er

tr
ia

ls
gi

ve
s:

η
T ∑ t=

1

tr
(W

X
t)

︸
︷︷

︸
to

ta
l
g
a
in
G

W
o
f

th
e
c
o
m
p
a
ra

to
r
W

+
(1
−
eη

)
T ∑ t=

1

tr
(W

tX
t)

︸
︷︷

︸
to

ta
l
g
a
in
G

A
o
f
G
a
in

M
E
G

≤
∆

(W
,W

1
)

︸
︷︷

︸
≤
k
lo
g

n k
w
it
h

in
it
ia
li
z
a
ti
o
n

W
1

=
k n
I

−
∆

(W
,W

T
+

1
)

︸
︷︷

︸
≥

0

.

W
e

n
ow

re
ar

ra
n
ge

th
e

te
rm

s
to

b
o
u

n
d

th
e

re
g
re

t
o
f

G
a
in

M
E

G
:

G
W
−
G
A
≤

1

eη
−

1
k

lo
g
n k

+

( 1
−

η

eη
−

1

)
G
W
.

(A
.2

)

S
in

ce
eη
≥

1
+
η
,

th
e

co
effi

ci
en

t
1

eη
−

1
o
f

th
e

fi
rs

t
te

rm
o
n

th
e

R
H

S
is

u
p

p
er

b
o
u

n
d

ed
b
y

1 η
.

N
ex

t
w

e
u

p
p

er
b

o
u

n
d

th
e

co
effi

ci
en

t
o
f

th
e

se
co

n
d

te
rm

b
y
η
:

1
−

η

eη
−

1
=

1
−

η
e−

η

1
−
e−

η
≤

1
−
η
e−

η

η
=

1
−
e−

η
≤
η
.
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O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

T
h

e
in

eq
u

a
lity

(3.5
)

on
th

e
reg

ret
o
f

G
a
in

M
E

G
n

ow
fo

llow
s

fro
m

th
ese

tw
o

u
p

p
er

b
o
u

n
d

s,
th

e
b

u
d

get
in

eq
u
a
lity

G
W
≤
B
G

an
d

fro
m

tu
n

in
g

th
e

lea
rn

in
g

ra
te

a
s

a
fu

n
ction

o
f
B
G

:

R
G

a
in

E
G
≤

k
lo

g
nk

η
+
η
B
G

η
=

√
lo
g
nk

B
G

=

√
2
B
G
k

log
nk
.

A
p
p
e
n
d
ix

B
.
P
ro

o
f
o
f
U
p
p
e
r
B
o
u
n
d

(3.6)
o
n

th
e
R
e
g
re
t
o
f
G
D

P
ro

o
f

T
h

is
p

ro
of

is
also

sta
n

d
ard

(H
erb

ster
an

d
W

a
rm

u
th

,
2
0
0
1).

M
in

or
a
ltera

tio
n

s
are

n
eed

ed
b

eca
u
se

w
e

h
av

e
m

atrix
p

ara
m

eters.
L

et
W

t ∈
W

m
b

e
th

e
p

ara
m

eter
o
f

th
e

G
D

a
lg

orith
m

at
tria

l
t

an
d
X
t

b
e

th
e

in
sta

n
ce

m
a
trix

at
th

is
tria

l.
T

h
en

fo
r

th
e

b
est

co
m

p
a
ra

tor
W
∈
W

m
a
n

d
a
n
y

lea
rn

in
g

rate
η
≥

0
,

th
e

fo
llow

in
g

h
o
ld

s

‖
W

t+
1 −

W
‖

2F
≤
‖Ŵ

t+
1 −

W
‖

2F
=
‖W

t −
W
‖

2F
−

2η
tr((W

t −
W

)X
>t

)
+
η

2‖X
t ‖

2F
,

w
h

ere
th

e
in

eq
u

a
lity

fo
llow

s
from

th
e

P
y
th

a
g
orea

n
T

h
eo

rem
(H

erb
ster

a
n

d
W

arm
u

th
,
2
0
01

)
a
n

d
th

e
eq

u
a
lity

fo
llow

s
fro

m
th

e
d

escen
t

step
o
f

th
e

G
D

a
lg

o
rith

m
(see

(2
.5

)).
B

y
rear-

ran
g
in

g
term

s,
w

e
h

av
e

tr(W
t X
>t

)−
tr(W

X
>t

)
≤
‖W

t −
W
‖

2F
−
‖
W

t+
1 −

W
‖

2F

2η
+
η‖
X
t ‖

2F

2
.

N
o
te

th
a
t

th
e

L
H

S
is

th
e

regret
in

tria
l
t

w
.r.t.

W
.

B
y

su
m

m
in

g
a
ll

tria
ls,

w
e

h
av

e
th

at
th

e
(total)

regretR
G
D

=
∑

Tt=
1

tr(W
t X
>t

)
is

u
p

p
er

b
o
u

n
d

ed
b
y

‖
W

1 −
W
‖

2F
−
(
(
(
(
(
(
(
(

‖W
T

+
1 −

W
‖

2F

2
η

+
η ∑

Tt=
1 ‖
X
t ‖

2F

2
≤

k
(n
−
k
)

2
n
η

+
η ∑

Tt=
1 ‖
X
t ‖

2F

2
,

(B
.1

)

w
h

ere
w

e
u

sed
‖
W

1 −
W
‖

2F
≤

k
(n−

k
)

n
sin

ce
W
∈
W

m
a
n

d
W

1
=

n−
k

n
I

.
In

th
e
L

1 -b
o
u

n
d

ed
in

stan
ce

m
a
trix

ca
se

(w
h

en
‖
X
‖

2F
≤

1
),

(B
.1

)
can

b
e

fu
rth

er
sim

p
lifi

ed
a
s

R
G
D
≤

k
(n
−
k
)

2n
η

+
η
T2
.

B
y

settin
g
η

=
k
(n−

k
)

n
T

,
w

e
o
b

tain
th

e

√
k
(n−

k
)

n
T

reg
ret

b
o
u

n
d

fo
r

th
e
L

1 -b
o
u

n
d

ed
in

-

sta
n

ce
ca

se.
W

h
en

th
e

in
stan

ce
m

a
trices

are
L
∞

-b
o
u

n
d

ed
,

th
en
‖X

t ‖
2F
≤
n

a
n

d
h

en
ce,

R
G
D
≤
√
k
(n
−
k
)T

w
ith

η
=

k
(n−

k
)

T
.

A
p
p
e
n
d
ix

C
.
P
ro

o
f
o
f
T
h
e
o
re
m

4
.1

T
h

eorem
4.1

g
ives

a
low

er
b

o
u

n
d

on
th

e
reg

ret
o
f

th
e

G
D

a
lg

o
rith

m
for

th
e
m

-set
p

ro
b

lem
w

ith
u

n
it

b
it

vectors
as

lo
ss

vecto
rs.

A
t

ea
ch

tria
l
o
f

th
e
m

-set
p

ro
b

lem
,
th

e
o
n

lin
e

a
lgo

rith
m
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

fi
rst

p
red

icts
w

ith
a

w
eigh

t
vector

w
t ∈

[0,1] n
,

th
e

co
ord

in
ates

of
w

h
ich

su
m

to
m

.
T

h
en

th
e

algorith
m

receives
a

u
n

it
b

it
v
ector

`
t

an
d

su
ff

ers
loss

w
t ·
`
t .

T
h

e
G

D
algorith

m
for

on
lin

e
P

C
A

(2.5
)

sp
ecializes

to
th

e
follow

in
g

u
p

d
ates

of
th

e
p

aram
eter

vector
for

lea
rn

in
g

m
-sets:

D
escen

t
step

:
ŵ
t+

1
=
w
t −

η
`
t ,

P
ro

jection
step

:
w
t+

1
=

argm
in
w
∈S

m
‖
w
−
ŵ
t+

1 ‖
2,

(C
.1)

w
h

ere
η
>

0
is

th
e

learn
in

g
rate

an
d
S
m

=
{
w
∈

[0,1] n
: ∑

ni=
1
w
i

=
m
}.

S
in

ce
ou

r
low

er
b

ou
n

d
for

G
D

m
u

st
h

old
n

o
m

atter
w

h
at

th
e

fi
xed

learn
in

g
rate

η
is,

w
e

con
stru

ct
tw

o
ad

versarial
loss

seq
u

en
ces:

T
h

e
fi

rst
cau

ses
th

e
G

D
algorith

m
to

su
ff

er
large

regret
w

h
en

η
is

sm
all

an
d

th
e

secon
d

cau
ses

large
regret

w
h

en
η

is
large.

S
p

ecifi
cally,

w
e

w
ill

sh
ow

th
at

th
e

G
D

algorith
m

su
ff

ers
regret

at
least

Ω
(k
/
η
)

on
th

e
fi

rst
seq

u
en

ce,
a
n

d
at

least
Ω

(m
in{B

L
,k
B
L
η}

)
on

th
e

secon
d

seq
u

en
ce.

W
e

w
ill

th
en

sh
ow

th
a
t

th
e

low
er

b
o
u

n
d

o
f

th
e

th
eorem

fo
llow

s
b
y

tak
in

g
th

e
m

ax
im

u
m

of
th

ese
tw

o
b

ou
n
d

s
an

d
b
y

solv
in

g
for

th
e

learn
in

g
rate

th
at

m
in

im
izes

th
is

m
ax

im
u

m
.

T
h

e
fi

rst
seq

u
en

ce
con

sists
of

u
n

it
losses

a
ssign

ed
to

th
e

fi
rst

k
ex

p
erts.

A
t

each
trial,

th
e

ad
versary

g
iv

es
a

u
n

it
of

loss
to

th
e

ex
p

ert
(o

u
t

of
th

e
fi

rst
k
)

w
ith

th
e

largest
cu

rren
t

w
eigh

t.
If

th
e

learn
in

g
rate

η
is

sm
all,

th
en

th
e

w
eigh

ts
assign

ed
to

th
e

fi
rst

k
ex

p
erts

d
ecrease

to
o

slow
ly

(L
em

m
a

C
.2).

T
h

is
cau

ses
th

e
a
lg

orith
m

to
su

ff
er

a
su

b
stan

tial
am

ou
n
t

of
loss

on
th

e
fi
rst

seq
u

en
ce,

w
h

ile
th

e
lo

ss
of

th
e

rem
ain

in
g
m

ex
p

erts
rem

ain
s

zero.
T

h
e

secon
d

seq
u

en
ce

con
sists

of
u

n
it

losses
assign

ed
to

th
e

fi
rst

k
+

1
ex

p
erts.

A
s

b
efore,

th
e

ad
versary

alw
ay

s
gives

th
e

ex
p

ert
w

ith
th

e
largest

w
eigh

t
(n

ow
ou

t
of

th
e

fi
rst

k
+

1)
a

u
n

it
of

loss.
In

tu
itively,

th
e

G
D

alg
orith

m
w

ill
give

h
ig

h
w

eigh
t

to
th

e
m
−

1
=
n
−

(k
+

1)
loss

free
ex

p
erts

a
n

d
th

e
b

est
ou

t
of

th
e

fi
rst

k
+

1
ex

p
erts.

A
s

th
e
η

gets
larger,

th
e

algorith
m

p
u

ts
m

ore
an

d
m

o
re

w
eigh

t
on

th
e

cu
rren

t
b

est
ou

t
of

th
e
k

+
1

ex
p

erts
in

stead
of

h
ed

gin
g

its
b

ets
over

all
k

+
1

ex
p

erts.
S

o
th

e
algorith

m
b

eco
m

es
m

ore
an

d
m

ore
d

eterm
in

istic
an

d
th

e
ad

versary
stra

tegy
of

h
ittin

g
th

e
ex

p
ert

w
ith

th
e

larg
est

w
eigh

t
(ou

t
of

th
e

fi
rst

k
+

1)
cau

ses
th

e
algo

rith
m

to
su

ff
er

a
su

b
stan

tia
l

loss
(L

em
m

a
C

.3).
F

o
rm

alizin
g

th
ese

fi
n

d
in

gs
is

n
ot

sim
p

le
as

th
e

p
ro

jection
step

of
th

e
G

D
alg

o
rith

m
d

o
es

n
ot

h
ave

a
closed

form
.

H
en

ce,
w

e
n

eed
to

resort
to

th
e

K
aru

sh
-K

u
h

n
-T

u
cker

op
tim

a
lity

co
n

d
ition

s
an

d
p

rove
a

seq
u

en
ce

of
lem

m
as

b
efore

a
ssem

b
lin

g
all

th
e

p
ieces

for
p

rov
in

g
T

h
eorem

4.1.

L
et
α
i

b
e

a
d

u
al

variab
le

for
th

e
con

strain
t
w
t+

1
,i
≥

0
(i

=
1,...,n

),
β
i

b
e

a
d

u
al

va
riab

le
for

th
e

con
strain

t
w
t+

1
,i
≤

1
(i

=
1,...,n

),
an

d
γ

b
e

a
d

u
a
l

variab
le

for
th

e
con

strain
t ∑

ni=
1
w
t+

1
,i

=
m

.
T

h
en

th
e

K
K

T
con

d
ition

s
on

th
e

p
ro

jectio
n

step
of

(C
.1)

h
ave

th
e

fo
llow

in
g

form
:

F
or
i

=
1,...,n

,

S
tation

arity
:

w
t+

1
,i

=
−
w
t,i −

η
`
t,i

+
γ

+
α
i −

β
i ,

C
om

p
lem

en
tary

slack
n

ess:
w
t+

1
,i α

i
=

0,
(w

t+
1
,i −

1)β
i

=
0,

P
rim

al
feasib

ility
:

∑
ni=

1
w
t+

1
,i

=
m
,

0
≤
w
t+

1
,i ≤

1
,

D
u

a
l

feasib
ility

:
α
i ≥

0
,

β
i ≥

0
.

(C
.2)

N
ote

th
at

sin
ce

th
e

p
ro

jection
step

o
f

(C
.1)

is
a

con
vex

op
tim

ization
p

ro
b

lem
,

th
ese

con
-

d
ition

s
a
re

n
ecessary

an
d

su
ffi

cien
t

for
th

e
op

tim
ality

of
a

solu
tion

.
H

en
ce,

for
an

y
in

ter-
m

ed
iate

w
eigh

t
vector

ŵ
t+

1
=
w
t −

η
`
t ,

if
a

set
of

p
rim

al
an

d
d

u
al

variab
les

w
t+

1 ,α
=

(α
1 ,...,α

n
),β

=
(β

1 ,...,β
n
),γ

satisfy
all

th
e

con
d

ition
s

(C
.2),

th
en

th
ey

are
th

e
u

n
iq

u
e

p
rim

a
l

an
d

d
u

al
solu

tion
s

of
th

e
p

ro
jection

step
.
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O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

W
e

st
ar

t
w

it
h

a
sp

ec
ia

l
ca

se
w

h
er

e
th

e
G

D
u

p
d

at
e

(C
.1

)
ac

tu
al

ly
h

a
s

a
cl

o
se

d
fo

rm
so

lu
ti

on
:

L
e
m

m
a

C
.1

C
o
n

si
d
er

a
tr

ia
l

o
f

th
e
m

-s
et

p
ro

bl
em

w
it

h
n

ex
pe

rt
s,

w
h
en

o
n

ly
o
n

e
ex

pe
rt

in
cu

rs
a

u
n

it
o
f

lo
ss

.
If

th
is

ex
pe

rt
h
a
s

w
ei

gh
t
w

a
n

d
a
ll

re
m

a
in

in
g

ex
pe

rt
s

h
a
ve

w
ei

gh
t

a
t

m
o
st

1
−

m
in
{η n
,
w
n
−

1
},

th
en

th
e

G
D

a
lg

o
ri

th
m

w
it

h
le

a
rn

in
g

ra
te
η
>

0
w

il
l

d
ec

re
a
se
w

by

m
in
{(
n
−

1
)η

n
,w
}

a
n

d
in

cr
ea

se
a
ll

th
e

o
th

er
w

ei
gh

ts
by

m
in
{η n
,
w
n
−

1
}.

P
ro

o
f

W
.l

.o
.g

.,
th

e
fi

rs
t

ex
p

er
t

in
cu

rs
a

u
n

it
of

lo
ss

in
tr

ia
l
t,

i.
e.
w
t,

1
=
w

a
n

d
` t

=
e

1
,

w
h

er
e
e

1
is

th
e

u
n

it
b
it

ve
ct

or
w

it
h

fi
rs

t
co

or
d

in
at

e
eq

u
al

to
1

(a
n

d
al

l
o
th

er
co

o
rd

in
a
te

s
eq

u
al

to
0)

.
T

o
so

lv
e

th
e

p
ro

je
ct

io
n

st
ep

of
th

e
G

D
u

p
d

at
e

(C
.1

),
w

e
d

is
ti

n
g
u
is

h
tw

o
ca

se
s

b
as

ed
on

th
e

va
lu

e
of
w
t,

1
.

In
ea

ch
ca

se
w

e
p

ro
p

o
se

a
so

lu
ti

on
to

th
e

p
ro

je
ct

io
n

st
ep

a
n

d
sh

ow
th

at
it

is
a

va
li

d
so

lu
ti

on
b
y

ve
ri

fy
in

g
th

e
K

K
T

co
n

d
it

io
n

s
(C

.2
).

C
a
se

w
t,

1
=
w
≥

n
−

1
n
η
:

T
h

e
p

ro
p

os
ed

so
lu

ti
on

is
γ

=
η n

an
d

fo
r

1
≤
i
≤
n

,
α
i

=
β
i

=
0
,

w
t+

1
,i

=

{
w
t,

1
−

n
−

1
n
η

fo
r
i

=
1

w
t,
i
+

η n
fo

r
i
≥

2
.

A
ll

K
K

T
co

n
d

it
io

n
s

ar
e

ea
sy

to
ch

ec
k
,
ex

ce
p

t
fo

r
th

e
p

ri
m

al
fe

as
ib

il
it

y
co

n
d
it

io
n

:
w
t+

1
,i
≤

1,
fo

r
i
≥

2.
B

y
th

e
as

su
m

p
ti

on
of

th
e

le
m

m
a,
w
t,
i
≤

1
−

m
in
{η n
,
w
t,
1

n
−

1
}.

S
in

ce
w

e
a
re

in
th

e

ca
se
w
t,

1
≥

n
−

1
n
η
,

w
e

h
av

e
w
t,
i
≤

1
−

η n
an

d
th

er
ef

or
e

w
t+

1
,i

=
w
t,
i
+
η n
≤

1
−
η n

+
η n

=
1.

W
e

co
n

cl
u

d
e

th
at

in
th

is
ca

se
,

th
e

fi
rs

t
w

ei
g
h
t

d
ec

re
as

es
b
y
n
−

1
n
η

an
d

al
l

th
e

o
th

er
w

ei
g
h
ts

in
cr

ea
se

b
y
η n
.

C
a
se

w
t,

1
=
w
<

n
−

1
n
η
:

T
h

e
p

ro
p

os
ed

so
lu

ti
on

is
γ

=
w
t,
1

n
−

1
an

d
fo

r
1
≤
i
≤
n

,
β
i

=
0,

α
i

=

{
η
−

n
n
−

1
w
t,

1
fo

r
i

=
1

0
fo

r
i
≥

2
,

w
t+

1
,i

=

{
0

fo
r
i

=
1

w
t,
i
+

w
t,
1

n
−

1
fo

r
i
≥

2
.

A
ga

in
,

al
l

K
K

T
co

n
d

it
io

n
s

ar
e

ea
sy

to
ch

ec
k
,

ex
ce

p
t

fo
r

th
e

p
ri

m
al

fe
a
si

b
il

it
y

co
n

d
it

io
n

w
t+

1
,i
≤

1
fo

r
i
≥

2.
B

y
th

e
as

su
m

p
ti

on
of

th
e

le
m

m
a
w
t,
i
≤

1
−

m
in
{η n
,
w
t,
1

n
−

1
}.

S
in

ce
w

e
a
re

in
th

e
ca

se
w
t,

1
<

n
−

1
n
η
,

w
e

h
av

e
w
t,
i
≤

1
−

w
t,
1

n
−

1
an

d
th

er
ef

or
e

w
t+

1
,i

=
w
t,
i
+

w
t,

1

n
−

1
≤

1
−

w
t,

1

n
−

1
+

w
t,

1

n
−

1
=

1.

W
e

co
n

cl
u

d
e

th
at

in
th

is
ca

se
,

th
e

fi
rs

t
w

ei
gh

t
d

ec
re

as
es

b
y
w
t,

1
an

d
al

l
th

e
ot

h
er

w
ei

g
h
ts

in
cr

ea
se

b
y
w
t,
1

n
−

1
.

C
om

b
in

in
g

th
e

ab
ov

e
tw

o
ca

se
s

p
ro

ve
s

th
e

le
m

m
a.

O
u

r
n

ex
t

le
m

m
a

co
n

si
d

er
s

th
e

ge
n

er
al

ca
se

w
h

en
th

e
w

ei
gh

t
ve

ct
or

b
ef

or
e

th
e

u
p

d
a
te

d
o
es

n
ot

n
ec

es
sa

ri
ly

sa
ti

sf
y

th
e

as
su

m
p

ti
on

in
L

em
m

a
C

.1
,

i.
e.

th
e

w
ei

gh
ts

o
f

th
e

ex
p

er
ts

n
ot

in
cu

rr
in

g
lo

ss
m

ay
b

e
la

rg
er

th
an

1
−

m
in
{η n
,
w
n
−

1
}

(w
h

er
e
w

is
th

e
w

ei
g
h
t

of
th

e
o
n

ly
ex

p
er

t
in

cu
rr

in
g

lo
ss

).
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

L
e
m

m
a

C
.2

C
o
n

si
d
er

a
tr

ia
l

o
f

th
e
m

-s
et

p
ro

bl
em

w
it

h
n

ex
pe

rt
s,

w
h
en

o
n

ly
o
n

e
ex

pe
rt

in
cu

rs
a

u
n

it
o
f

lo
ss

.
If

th
is

ex
pe

rt
h
a
s

w
ei

gh
t
w

,
th

en
th

e
G

D
a
lg

o
ri

th
m

w
it

h
le

a
rn

in
g

ra
te

η
>

0
w

il
l

d
ec

re
a
se
w

by
a
t

m
o
st
η

a
n

d
w

il
l

n
o
t

d
ec

re
a
se

th
e

w
ei

gh
ts

o
f

a
n

y
o
th

er
ex

pe
rt

s.
F

u
rt

h
er

m
o
re

,
if

a
n

y
ex

pe
rt

n
o
t

in
cu

rr
in

g
lo

ss
h
a
s

w
ei

gh
t

a
t

le
a
st

1
−

m
in
{η n
,
w
n
−

1
},

th
en

it
s

w
ei

gh
t

w
il

l
be

se
t

to
1

by
th

e
ca

p
p
in

g
co

n
st

ra
in

t.

P
ro

o
f

L
et
w
t

b
e

th
e

w
ei

g
h
t

ve
ct

or
a
t

th
e

b
eg

in
n

in
g

o
f

th
e

tr
ia

l
a
n

d
a
ss

u
m

e
w

.l
.o

.g
.

th
at

th
e

fi
rs

t
ex

p
er

t
in

cu
rs

o
n

e
u

n
it

o
f

lo
ss

,
i.

e.
` t

=
e

1
.

L
et
w
t+

1
,α
,β

a
n

d
γ

d
en

o
te

th
e

va
ri

a
b

le
s

sa
ti

sf
y
in

g
th

e
K

K
T

co
n

d
it

io
n

s
(C

.2
).

T
h

e
le

m
m

a
n

ow
st

at
es

th
a
t:

w
t+

1
,1
≥
w
t,

1
−
η

a
n

d
w
t+

1
,i
≥
w
t,
i,

fo
r

2
≤
i
≤
n
,

(C
.3

)

a
n

d
fu

rt
h

er
m

o
re

w
t+

1
,i

=
1,

fo
r

a
n
y

2
≤
i
≤
n

su
ch

th
a
t
w
t,
i
≥

1
−

m
in

{
η n
,
w
t,

1

n
−

1

} .
(C

.4
)

W
e

fi
rs

t
p

ro
ve

(C
.3

).
B

y
th

e
st

a
ti

on
ar

it
y

co
n

d
it

io
n

o
f

(C
.2

)
a
n

d
th

e
as

su
m

p
ti

o
n
` t

=
e

1
,

w
e

h
av

e
th

at w
t+

1
,1
−
w
t,

1
=
�
��

w
t,

1
−
η

+
α

1
−
β

1
+
γ
−
�
��

w
t,

1
=
−
η

+
α

1
−
β

1
+
γ
,

an
d

fo
r

2
≤
i
≤
n

:
w
t+

1
,i
−
w
t,
i

=
�
��

w
t,

1
+
α
i
−
β
i
+
γ
−
�
��

w
t,

1
=

α
i
−
β
i
+
γ
.

T
h

er
ef

or
e,

to
p

ro
ve

(C
.3

),
it

su
ffi

ce
s

to
sh

ow
α
i
−
β
i

+
γ
≥

0
fo

r
1
≤
i
≤
n

.
B

y
th

e
d

u
a
l

fe
as

ib
il

it
y

co
n

d
it

io
n

o
f

(C
.2

),
α
i
≥

0
b

u
t
−
β
i
≤

0.
H

ow
ev

er
,

w
h

en
−
β
i
<

0,
w

e
h

av
e

w
t+

1
,i

=
1

b
y

th
e

co
m

p
le

m
en

ta
ry

sl
ac

k
n

es
s

co
n

d
it

io
n

,
an

d
th

er
ef

o
re

(C
.3

)
h

o
ld

s
tr

iv
ia

ll
y

in
th

is
ca

se
(n

ot
in

g
th

a
t
w
t,
i
≤

1)
.

N
ow

w
e

o
n

ly
n

ee
d

to
sh

ow
γ
≥

0
.

W
e

d
o

th
is

b
y

su
m

m
in

g
w
t,
i
−
η
` t
,i

+
γ

ov
er

in
d

ic
es
i

su
ch

th
a
t
w
t+

1
,i
>

0
:

∑

i:
1
≤
i≤
n
,w
t+

1
,i
>

0(w
t,
i
−
η
` t
,i

+
γ

)

α
i
=

0
si
n
c
e

w
t
+

1
,i
>

0
=

∑

i:
1
≤
i≤
n
,w
t+

1
,i
>

0(w
t,
i
−
η
` t
,i

+
γ

+
α
i)

≥
∑

i:
1
≤
i≤
n
,w
t+

1
,i
>

0(w
t,
i
−
η
` t
,i

+
γ

+
α
i
−
β
i)

≥
∑

i:
1
≤
i≤
n
,w
t+

1
,i
>

0(w
t,
i)

=
m
.

(C
.5

)

F
u

rt
h
er

m
or

e,
si

n
ce

b
ot

h
th

e
le

a
rn

in
g

ra
te
η

a
n

d
th

e
lo

ss
ve

ct
o
r
` t

a
re

n
o
n

-n
eg

a
ti

ve
,

w
e

h
av

e
th

a
t

fo
r

al
l

1
≤
i
≤
n

, ∑

i:
1
≤
i≤
n
,w
t+

1
,i
>

0(w
t,
i
−
η
` t
,i
)
≤

∑

i:
1
≤
i≤
n
,w
t+

1
,i
>

0(w
t,
i)
≤

m
.

C
o
m

b
in

in
g

th
e

ab
ov

e
in

eq
u

a
li

ty
w

it
h

(C
.5

)
im

p
li

es
th

a
t
γ
≥

0,
w

h
ic

h
co

m
p

le
te

s
o
u

r
p

ro
o
f

o
f

(C
.3

).
N

ex
t

w
e

p
ro

ve
(C

.4
).

B
y

th
e

st
a
ti

o
n

a
ri

ty
co

n
d

it
io

n
of

(C
.2

)
a
n

d
th

e
a
ss

u
m

p
ti

o
n
` t

=
e

1
,

w
e

h
av

e
th

at
fo

r
2
≤
i
≤
n

,

w
t+

1
,i

=
w
t,
i
−
η
` t
,i

+
α
i
−
β
i
+
γ

=
w
t,
i
+
α
i
−
β
i
+
γ
.

(C
.6

)
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O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

N
ow

if
w

e
fu

rth
er

a
ssu

m
e

th
at
w
t,i ≥

1−
m

in{
ηn
,
w
t,1

n−
1 },

th
en

(C
.6

)
is

low
er

b
o
u

n
d

ed
b
y

w
t+

1
,i

=
w
t,i

+
α
i −

β
i
+
γ
≥

1−
m

in {
ηn
,
w
t,1

n
−

1 }
+
α
i −

β
i
+
γ
.

T
h
u

s
to

p
rov

e
(C

.4),
it

su
ffi

ces
to

sh
ow

th
a
t−

m
in{

ηn
,
w
t,1

n−
1 }

+
α
i −

β
i
+
γ
≥

0.
B

y
th

e
d

u
al

feasib
ility

con
d

ition
o
f

(C
.2),

α
i ≥

0
b

u
t−

β
i ≤

0
.

H
ow

ever,
w

h
en
−
β
i
<

0
,

th
en

w
t+

1
,i

=
1

fo
llow

s
d

irectly
from

th
e

com
p

lem
en

ta
ry

sla
ck

n
ess

con
d

itio
n

.
T

h
erefo

re
w

.l.o.g
.,

w
e

a
ssu

m
e

β
i

=
0
.

N
ow

a
ll

th
a
t

rem
ain

s
is

to
sh

ow
γ
≥

m
in{

ηn
,
w
t,1

n−
1 },

fo
r

w
h

ich
w

e
d

istin
g
u

ish
th

e
follow

in
g

2
ca

ses.
C

a
se

w
t+

1
,1
>

0
:

W
e

w
ill

sh
ow

γ
≥

ηn
fo

r
th

is
ca

se.
F

irst
n

o
te

th
a
t

m
(C

.5
)

≤
∑

i:1≤
i≤
n
,w
t+

1
,i >

0

(w
t,i −

η
`
t,i

+
γ

)
γ≥

0
≤

∑

i:1≤
i≤
n
,w
t+

1
,i >

0

(w
t,i −

η
`
t,i )

+
n
γ
.

(C
.7)

N
ow

sin
ce

w
e

a
ssu

m
e
w
t+

1
,1
>

0
a
n

d
`
t

=
e

1 ,
th

e
fi

rst
term

o
n

R
H

S
o
f

(C
.7

)
is

u
p

p
er

b
ou

n
d

ed
b
y
:

∑

i:1≤
i≤
n
,w
t+

1
,i >

0

(w
t,i −

η
`
t,i )

=
∑

i:1≤
i≤
n
,w
t+

1
,i >

0

(w
t,i )−

η
≤

m
−
η
.

T
o
geth

er,
w

e
g
et
m
≤
n
γ
−
η

+
m

,
a
n

d
th

is
g
ives

γ
≥

ηn
.

C
a
se

w
t+

1
,1

=
0:

W
e

w
ill

sh
ow

γ
≥

w
t,1

n−
1

fo
r

th
is

case.
S

in
ce
w
t+

1
,1

=
0
,

th
e

su
m

m
atio

n
∑

i:1≤
i≤
n
,w
t+

1
,i >

0

(w
t,i −

η
`
t,i

+
γ

)
d

o
es

n
o
t

in
clu

d
e

th
e

case
i

=
1
,

i.e.

∑

i:1≤
i≤
n
,w
t+

1
,i >

0

(ŵ
t,i −

η
`
t,i

+
γ

)
=

∑

i:2≤
i≤
n
,w
t+

1
,i >

0

(ŵ
t,i −

η
`
t,i

+
γ

)
.

T
h

erefo
re,

(C
.7

)
ca

n
b

e
tigh

ten
ed

a
s

fo
llow

s:

m
(C

.5
)

≤
∑

i:2≤
i≤
n
,w
t+

1
,i >

0 (w
t,i −

η
`
t,i

+
γ

)
γ≥

0
≤

∑

i:1≤
i≤
n
,w
t+

1
,i >

0

(w
t,i −

η
`
t,i )

+
(n
−

1
)γ
.

A
ga

in
,

b
y

th
e

a
ssu

m
p

tio
n
`
t

=
e

1 ,
w

e
h

ave
∑

i:2≤
i≤
n
,w
t+

1
,i >

0

(w
t,i −

η
`
t,i )

=
∑

i:2≤
i≤
n
,w
t+

1
,i >

0

(w
t,i )

≤
m
−
w
t,1 .

T
o
g
eth

er,
w

e
g
et
m
≤

(n−
1)γ

+
m
−
w
t,1 ,

w
h

ich
g
ives

γ
≥

w
t,1

n−
1

a
n

d
co

m
p

letes
th

e
p

ro
o
f.

O
u

r
th

ird
lem

m
a

low
er

b
o
u

n
d

s
th

e
lo

ss
o
f

th
e

G
D

a
lg

orith
m

w
ith

resp
ect

to
a

p
a
rticu

la
r

a
d

versaria
l

loss
seq

u
en

ce
o
f
n

tria
ls

(in
stea

d
of

th
e

ab
ove

low
er

b
o
u

n
d

s
fo

r
sin

g
le

tria
ls).

W
e

a
rg

u
e

th
is

low
er

b
o
u

n
d

for
th

e
sp

ecial
ca

se
o
f

th
e
m

-set
p

ro
b

lem
w

h
en

m
=

1
,

i.e.
th

e
van

illa
ex

p
ert

settin
g
.

A
s

w
e

sh
a
ll

see
sh

o
rtly

in
th

e
m

a
in

p
ro

o
f

o
f

T
h

eo
rem

4
.1

,
th

e
low

er
b

o
u

n
d

of
th

e
g
en

era
l
m

-set
p

rob
lem

d
eg

en
era

tes
in

to
th

is
sp

ecial
ca

se
fo

r
a

certa
in

lo
ss

seq
u

en
ce.

N
ote

th
at

th
e

assu
m

p
tio

n
s

o
f

L
em

m
a

C
.1

a
re

a
lw

ay
s

m
et

w
h

en
m

=
1,

b
eca

u
se

in
th

is
ca

se
an

y
ex

p
ert

n
o
t

in
cu

rrin
g

lo
ss

h
a
s

w
eig

h
t

a
t

m
ost

1−
w

,
w

h
ere

w
is

th
e

w
eigh

t
o
f

th
e

ex
p

ert
in

cu
rrin

g
lo

ss.
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

L
e
m

m
a

C
.3

C
o
n

sid
er

th
e
m

-set
p
ro

blem
w

ith
n

experts,
a
n

d
m

=
1.

If
a
t

ea
ch

tria
l,

o
n

ly
th

e
expert

w
ith

th
e

la
rgest

w
eigh

t
in

cu
rs

a
u

n
it

o
f

lo
ss,

th
en

a
fter

n
co

n
secu

tive
su

ch
tria

ls,
th

e
G

D
a
lgo

rith
m

w
ith

lea
rn

in
g

ra
te
η
>

0
su

ff
ers

lo
ss

a
t

lea
st

1
+

13
2

m
in{n

η
,1}

.

P
ro

o
f

F
irst

n
otice

th
at

w
h

en
m

=
1,

th
e

largest
of

th
e
n

ex
p

ert
w

eigh
ts

at
each

trial
is

at
lea

st
1n
.

T
h

erefore,
an

y
algorith

m
su

ff
ers

total
loss

at
least

1
in
n

trials.
T

o
sh

ow
th

e
ex

tra
lo

ss
of

13
2

m
in{

n
η
,1},

w
e

claim
th

at
in

at
least

n4
of

th
ese

n
trials,

th
e

largest
ex

p
ert

w
eigh

t
assign

ed
b
y

th
e

G
D

algorith
m

is
at

least
1n

+
18

m
in{η

,
1n }.

T
h

is
claim

is
p
roved

as
follow

s.
L

et
η ′

=
m

in{η
,

1n }
an

d
t0

b
e

th
e

fi
rst

trial
th

at
th

e
largest

ex
p

ert
w

eigh
t

of
th

e
trial

is
less

th
an

1n
+

18 η ′.
If
t0
>

n4
,

th
e

claim
h

old
s

triv
ially.

H
en

ce,
w

e
assu

m
e
t0
≤

n4
.

N
ow

call
an

y
ex

p
ert

w
ith

w
eigh

t
at

least
1n
−

18 η ′
at

trial
t0

a
ca

n
d
id

a
te.

W
e

w
ill

sh
ow

th
at

th
e

n
u

m
b

er
o
f

can
d

id
a
tes

s
is

at
least

n2
.

T
o

sh
ow

th
is

w
e

fi
rst

u
p

p
er

b
ou

n
d

th
e

ex
p

ert
w

eig
h
ts

at
tria

l
t0

as
follow

s:

su
m

of
n

on
-can

d
id

ates’
w

eigh
ts

≤
(n
−
s) (

1n
−

18
η ′ )

,

su
m

of
can

d
id

ates’
w

eigh
ts

≤
s (

1n
+

18
η ′ )

.

T
h

e
fi
rst

in
eq

u
ality

follow
s

from
th

e
fact

th
at

n
on

-can
d

id
ates

h
ave

w
eigh

t
at

m
ost

1n
−

18 η ′

an
d

th
e

seco
n

d
in

eq
u

ality
follow

s
from

th
e

d
efi

n
ition

of
t0 ,

i.e.
th

e
m

ax
im

u
m

w
eigh

t
at

th
at

trial
is

less
th

an
1n

+
18 η ′.

N
ow

,
sin

ce
all

th
e

ex
p

ert
w

eigh
ts

at
a

tria
l

su
m

to
1,

w
e

h
ave

1
≤
s (

1n
+

18
η ′ )

+
(n
−
s) (

1n
−

18
η ′ )

=
1

+
s4
η ′−

n8
η ′,

w
h

ich
giv

es
s≥

n2
sin

ce
η ′≥

η
>

0.
N

ex
t,

w
e

sh
ow

th
at

at
trial

t0
+

n4
,

th
ere

w
ill

b
e

a
su

b
set

of
a
t

least
n4

can
d

id
ates

w
h

ose
w

eig
h
t

w
ill

b
e

at
least

1n
+

18 η ′.
F

irst
recall

th
at

at
each

trial,
on

ly
on

e
ex

p
ert

in
cu

rs
a

u
n

it
of

lo
ss.

T
h

erefore,
in

th
e
n4

trials
from

t0
to
t0

+
n4
−

1,
th

ere
w

ill
b

e
at

lea
st

n2
−

n4
=

n4
ca

n
d

id
ates

th
at

d
o

n
ot

in
cu

r
an

y
loss.

B
y

L
em

m
a

C
.1,

th
e

w
eigh

t
of

an
ex

p
ert

n
ot

in
cu

rrin
g

loss
is

in
creased

at
each

trial
b
y

m
in{

ηn
,
w
n−

1 }
,

w
h

ere
w

is
th

e
w

eig
h
t

of
th

e
ex

p
ert

in
cu

rrin
g

loss
at

th
at

tria
l.

N
ote

th
at

w
≥

1n
alw

ay
s

h
old

sin
ce

th
e

ex
p

ert
in

cu
rrin

g
lo

ss
h

as
th

e
la

rgest
w

eigh
t

am
on

g
th

e
n

ex
p

erts.
T

h
erefore,

at
trial

t0
+

n4
,

each
of

th
e
n4

can
d

id
ates

th
a
t

d
o

n
ot

in
cu

r
an

y
loss

from
trial

t0
to

trial
t0

+
n4 −

1
h

as
w

eigh
t

at
least:

1n
−

18
η ′

︸
︷︷

︸
lo
w
e
r
b
o
u
n
d

o
n

th
e

w
e
ig
h
t
a
t
tria

l
t
0

+
n4

m
in{

ηn
,
w
t

n
−

1 }
︸

︷︷
︸

lo
w
e
r
b
o
u
n
d

o
n

th
e
in

c
re

a
se

fro
m

tria
l
t
0

to
tria

l
t
0
+

n4
−

1

w
t

n−
1 ≥

1n
2

≥
1n
−

18
η ′+

n4
m

in{
ηn
,

1n
2 }

=
1n

+
η ′8
.

F
in

ally,
con

sid
er

th
e

n
ex

t
n4

trials
from

t0
+

n4
to

t0
+

n2
−

1.
(T

h
e

g
am

e
m

u
st

h
ave

m
ore

th
a
n
t0

+
n2

trials,
sin

ce
w

e
assu

m
e
t0 ≤

n4
.)

T
h

e
m

ax
im

u
m

w
eig

h
ts

at
th

ese
trials

are
alw

ay
s

at
least

1n
+

18 η ′,
b

ecau
se

on
ly

on
e

ex
p

ert
in

cu
rs

loss
at

a
tim

e,
an

d
th

e
w

eigh
ts

of
th

e
rem

ain
in

g
ex

p
erts

are
n

ever
d

ecreased
.

T
h

is
com

p
letes

th
e

p
ro

of
of

th
e

claim
an

d
th

e
lem

m
a.

N
ow

w
e

a
re

read
y

to
give

th
e

low
er

b
ou

n
d

on
th

e
regret

of
th

e
G

D
algorith

m
for

th
e

m
-set

p
rob

lem
.

F
o
r

th
e

sake
of

read
ab

ility,
w

e
rep

eat
th

e
statem

en
t

of
T

h
eorem

4.1
b

elow
:
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O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

T
h

e
o
re

m
4
.1

C
o
n

si
d
er

th
e
m

-s
et

p
ro

bl
em

w
it

h
k
≤
n
/
2

a
n

d
u

n
it

bi
t

ve
ct

o
rs

a
s

lo
ss

ve
ct

o
rs

.
T

h
en

fo
r

a
n

y
fi

xe
d

le
a
rn

in
g

ra
te
η

,
th

e
G

D
a
lg

o
ri

th
m

(C
.1

)
ca

n
be

fo
rc

ed
to

h
a
ve

re
gr

et
a
t

le
a
st

Ω
(m

ax
{m

in
{B

L
,k
√
B
L
},
k
})

.

P
ro

o
f

T
h

e
lo

w
er

b
ou

n
d

Ω
(k

)
d

ir
ec

tl
y

fo
ll

ow
s

fr
om

L
em

m
a

G
.2

p
ro

ve
n

la
te

r:
If

w
e

se
t

th
e

va
ri

ab
le
i

in
th

e
st

at
em

en
t

of
th

e
le

m
m

a
to

k
,

th
en

th
is

re
su

lt
s

in
a

lo
w

er
b

o
u

n
d

of
Ω

(m
lo

g
n m

)
fo

r
an

y
al

go
ri

th
m

.
N

ow
,
m

lo
g
n m

=
m

lo
g
(
k m

+
1)
≥
k
.

H
en

ce
to

p
ro

ve
th

is
th

eo
re

m
,

w
e

on
ly

n
ee

d
to

sh
ow

a
lo

w
er

b
ou

n
d

of
Ω

({
m

in
{B

L
,k
√
B
L
})

,
w

h
er

e
B
L

is
th

e
lo

ss
b

u
d

ge
t

(d
efi

n
ed

in
(3

.1
))

.
A

ls
o,

w
.l

.o
.g

.,
as

su
m

e
B
L
≥

4k
si

n
ce

w
h

en
B
L
≤

4k
,

th
e

cl
a
im

ed
b

ou
n

d
is

in
fa

ct
Ω

(k
),

w
h

ic
h

al
w

ay
s

h
ol

d
s

as
w

e
ju

st
ar

gu
ed

.
T

h
e

h
ar

d
p

ar
t

(d
ef

er
re

d
to

la
te

r)
in

p
ro

v
in

g
th

e
Ω

({
m

in
{B

L
,k
√
B
L
})

lo
w

er
b

o
u

n
d

fo
r

G
D

is
to

sh
ow

th
at

th
e

al
go

ri
th

m
su

ff
er

s
re

gr
et

at
le

as
t

Ω
(k
/η

)
an

d
Ω

(m
in
{B

L
,k
B
L
η
})

on
tw

o
d

iff
er

en
t

lo
ss

se
q
u

en
ce

s,
re

sp
ec

ti
v
el

y.
C

le
ar

ly
,

it
fo

ll
ow

s
th

at
th

e
re

gr
et

o
f

G
D

is
th

en
at

le
as

t
th

e
m

ax
im

u
m

of
th

es
e

tw
o

b
ou

n
d

s.
B

y
a

ca
se

an
al

y
si

s,
on

e
ca

n
sh

ow
th

at
m

ax
{a
,m

in
{b
,c
}}
≥

m
in
{b
,m

ax
{a
,c
}}

fo
r

an
y
a
,b
,c
∈

R
.

(W
e

p
ro

ve
th

is
a
s

L
em

m
a

I.
1

in
A

p
p

en
d

ix
I.

)
T

h
er

ef
or

e
w

e
ge

t
th

e
lo

w
er

b
ou

n
d

of
Ω

(m
in
{B

L
,m

ax
{k
/
η
,k
B
L
η
}}

).
T

h
e

lo
w

er
b

ou
n

d
fo

r
G

D
w

it
h

an
y

fi
x
ed

le
ar

n
in

g
ra

te
n

ow
fo

ll
ow

s
fr

om
fa

ct
th

at
m

a
x
{k
/
η
,k
B
L
η
}

is
m

in
im

iz
ed

at
η

=
Θ

(1
/
√
B
L

).
T

h
e

va
lu

e
of

th
e

lo
w

er
b

ou
n

d
w

it
h

th
is

ch
o
ic

e
o
f
η

is
th

e
ta

rg
et

lo
w

er
b

ou
n

d
of

Ω
(k
√
B
L

).
W

e
st

il
l

n
ee

d
to

d
es

cr
ib

e
th

e
tw

o
lo

ss
se

q
u

en
ce

s
an

d
p

ro
ve

th
e

cl
ai

m
ed

lo
w

er
b

ou
n

d
s

o
n

th
e

re
gr

et
.

T
h
e

fi
rs

t
lo

ss
se

q
u

en
ce

fo
rc

es
G

D
to

su
ff

er
re

gr
et

Ω
(k
/η

).
It

co
n
si

st
s

o
f
⌊ k

m n
η

⌋ +
1

tr
ia

ls
in

w
h

ic
h

on
ly

th
e

fi
rs

t
k

ex
p

er
ts

in
cu

r
lo

ss
es

.
M

or
e

p
re

ci
se

ly
,

at
ea

ch
tr

ia
l,

th
e

ex
p

er
t

w
it

h
th

e
la

rg
es

t
w

ei
gh

t
(w

it
h

in
th

e
fi

rs
t
k

ex
p

er
ts

)
in

cu
rs

on
e

u
n

it
of

lo
ss

(I
n

th
e

ca
se

of
ti

ed
w

ei
gh

ts
,

on
ly

th
e

ex
p

er
t

w
it

h
th

e
sm

al
le

st
in

d
ex

in
cu

rs
lo

ss
).

T
h

e
la

st
m

ex
p

er
ts

h
av

e
lo

ss
0.

T
h

er
ef

or
e

th
e

re
gr

et
is

si
m

p
ly

th
e

to
ta

l
lo

ss
of

th
e

G
D

al
go

ri
th

m
.

T
h

e
lo

ss
o
f

th
e

al
go

ri
th

m
at

ea
ch

tr
ia

l
is

eq
u

al
to

th
e

la
rg

es
t

w
ei

gh
t

of
th

e
fi
rs

t
k

ex
p

er
ts

.
T

h
er

ef
o
re

th
e

lo
ss

is
lo

w
er

b
ou

n
d

ed
b
y

th
e

av
er

ag
e

of
th

e
fi

rs
t
k

w
ei

gh
ts

.
W

it
h

a
u

n
if

or
m

in
it

ia
l

w
ei

g
h
t

ve
ct

o
r,

th
is

av
er

ag
e

is
m n

at
th

e
b

eg
in

n
in

g
of

th
e

fi
rs

t
tr

ia
l,

an
d

b
y

L
em

m
a

C
.2

,
it

is
d

ec
re

a
se

d
b
y

at
m

os
t
η k

af
te

r
ea

ch
of

th
e

fo
ll

ow
in

g
⌊ k

m n
η

⌋ +
1

tr
ia

ls
.

T
h

er
ef

or
e,

at
th

e
b

eg
in

n
in

g
o
f

tr
ia

l
t,

th
e

av
er

ag
e

is
at

le
as

t
m n
−

(t
−

1)
η k
.

S
u

m
m

in
g

u
p

th
e

ar
it

h
m

et
ic

se
ri

es
fr

o
m

tr
ia

l
1

to
tr

ia
l

⌊ k
m n
η

⌋ +
1

gi
v
es

th
e

fo
ll

ow
in

g
lo

w
er

b
ou

n
d

on
th

e
to

ta
l

lo
ss

of
G

D
:

1 2

(⌊
k
m n
η

⌋
+

1

)(
m n

+
m n
−
(⌊

k
m n
η

⌋
+

1
−

1)
η k

)
m n
≥

1 2

≥
1 4

(⌊
k 2
η

⌋
+

1

)
=

Ω

(
k η

)
.

N
ow

w
e

d
es

cr
ib

e
th

e
se

co
n

d
lo

ss
se

q
u

en
ce

w
h

ic
h

fo
rc

es
th

e
G

D
al

go
ri

th
m

to
su

ff
er

re
g
re

t
Ω

(m
in
{B

L
,k
B
L
η
})

.
F

or
th

e
sa

ke
of

cl
ar

it
y,

w
e

as
su

m
e

th
at
B
L

is
in

te
ge

r
(o

th
er

w
is

e
re

p
la

ce
B
L

b
y
bB

L
ci

n
th

e
p

ro
of

).
T

h
e

se
q
u

en
ce

co
n

si
st

s
of

(k
+

1)
B
L

tr
ia

ls
,

w
h

er
e

th
e

ex
p

er
t

w
it

h
th

e
la

rg
es

t
w

ei
gh

t
am

on
g

fi
rs

t
k

+
1

ex
p

er
ts

in
cu

rs
a

u
n

it
of

lo
ss

.
T

h
e

b
es

t
co

m
p

ar
a
to

r
of

th
is

se
q
u

en
ce

co
n

si
st

s
of

th
e

la
st
m
−

1
ex

p
er

ts
th

at
h

av
e

0
to

ta
l

lo
ss

an
d

th
e

b
es

t
of

th
e

fi
rs

t
k

+
1

ex
p

er
ts

w
h

ic
h

h
as

to
ta

l
lo

ss
at

m
os

t
B
L

.
N

ex
t

w
e

lo
w

er
b

ou
n

d
th

e
lo

ss
of

G
D

w
it

h
re

sp
ec

t
to

th
is

lo
ss

se
q
u

en
ce

.
F

ir
st

ob
se

rv
e,

th
at

th
e

la
st
m
−

1
ex

p
er

ts
d

o
n

ot
in

cu
r

an
y

lo
ss

in
th

e
(k

+
1)
B
L

tr
ia

ls
.

T
h

er
ef

o
re

th
ei

r
w

ei
gh

t
m

ay
in

cr
ea

se
(f

ro
m

th
ei

r
in

it
ia

l
va

lu
e

of
m n

),
b
u

t
at

an
y

tr
ia

l
th

e
w

ei
g
h
ts

o
f

th
es

e
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

ex
p

er
ts

al
w

ay
s

h
av

e
th

e
sa

m
e

va
lu

e.
T

h
e

va
lu

e
o
f

th
is

b
lo

ck
o
f

eq
u

a
l

w
ei

g
h
ts

is
al

w
ay

s
th

e
m

ax
im

u
m

w
ei

g
h
t

of
a
n
y

ex
p

er
t,

si
n

ce
th

e
w

ei
g
h
t

va
lu

e
o
f

th
e

b
lo

ck
is

n
ev

er
d

ec
re

a
se

d
b
y

th
e

a
lg

or
it

h
m

.
M

o
re

p
re

ci
se

ly
,

a
t

ea
ch

tr
ia

l
th

e
b

lo
ck

’s
va

lu
e

is
in

cr
ea

se
d

a
s

g
iv

en
in

L
em

m
a

C
.1

,
u

n
ti

l
it

b
ec

o
m

es
1

at
tr

ia
l
t c
a
p

a
n

d
st

ay
a
t

1
ti

ll
th

e
en

d
of

th
e

ga
m

e.
If

n
o

su
ch

tr
ia

l
t c
a
p

ex
is

ts
(i

.e
.

th
e

va
lu

e
of

th
e

b
lo

ck
re

m
ai

n
s

le
ss

th
a
n

1
a
t

th
e

en
d

of
th

e
ga

m
e)

,
th

en
le

t
t c
a
p

=
∞

.
In

th
e

d
eg

en
er

a
te

ca
se

w
h

en
m

=
1

(i
.e

.
th

e
b

lo
ck

h
a
s

si
ze
m
−

1
=

0
),

w
e

si
m

p
ly

se
t
t c
a
p

=
1

fr
om

th
e

b
eg

in
n

in
g
.

D
ep

en
d

in
g

o
n

th
e

va
lu

e
o
f
t c
a
p
,

w
e

d
is

ti
n

g
u

is
h

tw
o

ca
se

s
in

w
h

ic
h

G
D

su
ff

er
s

lo
ss

a
t

le
a
st
B
L

+
Ω

(B
L

)
a
n

d
B
L

+
Ω

(m
in
{B

L
,k
B
L
η
})

,
re

sp
ec

ti
ve

ly
.

C
a
se

t c
a
p
>

(k
+

1)
B
L
/
2
:

W
e

w
il

l
sh

ow
th

a
t

G
D

su
ff

er
s

lo
ss

a
t

le
a
st
B
L

+
Ω

(B
L

)
in

th
is

ca
se

.
F

ir
st

re
ca

ll
th

a
t

at
th

e
b

eg
in

n
in

g
o
f

th
e

p
ro

o
f

w
e

a
ss

u
m

ed
B
L
≥

4k
.

T
h

er
ef

or
e

in
th

e
ca

se
t c
a
p
>

(k
+

1)
B
L
/2

w
e

h
av

e
t c
a
p
>

4
.

F
ro

m
ou

r
d

efi
n

it
io

n
o
f
t c
a
p

th
is

m
ea

n
s

th
a
t

m
≥

2.
N

ex
t

w
e

a
rg

u
e

th
a
t

si
n

ce
t c
a
p
>

(k
+

1)
B
L
/
2
,

w
e

h
av

e
η
≤

1
k
+

1
.

L
et
W
t

d
en

o
te

th
e

su
m

of
th

e
fi
rs

t
k

+
1

w
ei

gh
ts

at
tr

ia
l
t

a
n

d
le

t
w
t

b
e

th
ei

r
m

a
x
im

u
m

.
B

y
L

em
m

a
C

.1
,

w
e

k
n

ow
th

at
in

ea
ch

tr
ia

l
p

ri
o
r

to
t c
a
p
,

th
e

w
ei

g
h
t
w
t

o
f

th
e

ex
p

er
t

in
cu

rr
in

g
lo

ss
is

d
ec

re
a
se

d

b
y

m
in
{(
n
−

1
)η

n
,w

t}
a
n

d
a
ll

ot
h

er
w

ei
g
h
ts

a
re

in
cr

ea
se

d
b
y

m
in
{η n
,
w
t

n
−

1
}.

S
in

ce
th

e
ex

p
er

t
in

cu
rr

in
g

lo
ss

is
a
lw

ay
s

o
n

e
o
f

th
e

fi
rs

t
k

+
1

ex
p

er
ts

,
w

e
h

av
e

th
at

in
ea

ch
tr

ia
l

p
ri

o
r

to
t c
a
p
,

th
e

to
ta

l
w

ei
gh

t
W
t

is
d

ec
re

as
ed

b
y

a
t

le
a
st

m
in

{
(n
−

1)
η

n
,w

t}
−
k

m
in

{
η n
,
w
t

n
−

1

}
≥

m
−

1

n
m

in
{η
,w

t}
≥

m
−

1

n
m

in

{ η
,

1

k
+

1

}
.

T
h

e
se

co
n

d
in

eq
u

a
li

ty
fo

ll
ow

s
fr

o
m

th
e

fa
ct

th
a
t

si
n

ce
w
t

is
th

e
la

rg
es

t
of

th
e

fi
rs

t
k

+
1

ex
p

er
t

w
ei

g
h
ts

,
it

m
u

st
b

e
at

le
a
st

1
k
+

1
.

T
o
g
et

h
er

w
it

h
th

e
fa

ct
th

a
t
W

1
=

(k
+

1
)m

n
,

w
e

h
av

e

W
(k

+
1
)B
L
/
2
≤

(k
+

1
)m

n
−

(k
+

1
)B

L

2

m
−

1

n
m

in

{ η
,

1

k
+

1

}
.

(C
.8

)

N
ow

if
η
≥

1
k
+

1
,

th
e

u
p

p
er

b
ou

n
d

(C
.8

)
b

ec
o
m

es
(k

+
1
)m

n
−

(m
−

1
)B
L

2
n

,
w

h
ic

h
ca

n
b

e
fu

rt
h

er
u

p
p

er
b

ou
n

d
ed

b
y

m n
u

si
n

g
th

e
fa

ct
m
≥

2
a
n

d
th

e
a
ss

u
m

p
ti

on
B
L
≥

4
k
.

H
ow

ev
er

,
th

e
u

p
p

er
b

ou
n

d
of
W

(k
+

1
)B
L
/
2
≤

m n
is

le
ss

th
an

1
a
n

d
a
ll
W
t

a
re

a
t

le
as

t
1

si
n
ce
m
−
W
t

is
th

e

to
ta

l
w

ei
gh

t
of

th
e

la
st
m
−

1
ex

p
er

ts
w

h
ic

h
is

a
t

m
o
st
m
−

1
.

T
h

er
ef

o
re

w
e

h
av

e
η
<

1
k
+

1
in

th
is

ca
se

.

N
ow

w
e

lo
w

er
b

ou
n

d
th

e
lo

ss
of

G
D

b
y

lo
w

er
b

o
u

n
d

in
g

th
e

av
er

a
ge

w
ei

g
h
t
W
t/

(k
+

1
).

W
e

h
av

e
η
<

1
k
+

1
a
n

d
t c
a
p
>

(k
+

1
)B

L
/
2
.

A
ls

o
b
y

L
em

m
a

C
.1

,
W
t

d
ec

re
as

es
b
y

ex
a
ct

ly
(m
−

1
)η

n
at

ea
ch

tr
ia

l
fo

r
1
≤
t
≤

(k
+

1)
B
L
/2

.
T

h
er

ef
o
re

th
e

to
ta

l
av

er
a
ge

w
ei

gh
t

in
tr

ia
ls

1
th

ro
u

g
h

(k
+

1
)B

L
/2

is
a
t

le
a
st

1 2

1

k
+

1

(
(k

+
1
)m

n
+

1

)
(k

+
1
)B

L

2
=

(
(k

+
1
)m

n
+

1

)
B
L 4
.

(C
.9

)

N
ow

w
it

h
m
≥

2
,
k
≥

1
a
n

d
n

=
m

+
k
,

it
is

ea
sy

to
ve

ri
fy

th
a
t

(k
+

1
)m

n
is

a
t

le
as

t

1
+

Ω
(1

),
w

h
ic

h
al

o
n

g
w

it
h

(C
.9

)
re

su
lt

s
in

a
B
L 2

+
Ω

(B
L

)
lo

w
er

b
o
u

n
d

o
n

th
e

lo
ss

o
f

G
D

fo
r

1
≤
t
≤

(k
+

1
)B

L
/
2
.

In
tr

ia
ls

(k
+

1
)B

L
/
2
<
t
≤

(k
+

1)
B
L

,
G

D
su

ff
er

s
lo

ss
at

le
as

t
(k

+
1
)B
L

2
1

k
+

1
=

B
L 2

si
n

ce
th

e
w

ei
g
h
t

o
f

th
e

ex
p

er
t

in
cu

rr
in

g
lo

ss
is

a
t

le
a
st

1
k
+

1
.

T
h
u
s

in
tr

ia
l
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O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

1
th

ro
u

gh
(k

+
1
)B

L
th

e
lo

ss
o
f

G
D

is
at

lea
st
B
L

+
Ω

(B
L

)
w

h
ich

co
n

clu
d

es
th

e
p

ro
o
f

o
f

th
e

ca
se
tca

p ≥
(k

+
1
)B

L
/
2.

C
a
se

tca
p
≤

(k
+

1)B
L
/
2
:

W
e

w
ill

sh
ow

th
at

G
D

su
ff

ers
total

lo
ss

a
t

least
B
L

+
Ω

(m
in{

B
L
,k
B
L
η}

)
in

th
is

case.
F

irst
n

o
te

th
a
t

G
D

su
ff

ers
lo

ss
a
t

least
B
L
/2

in
th

e
fi

rst
(k

+
1
)B

L
/
2

tria
ls.

T
h

is
follow

s
fro

m
th

e
fact

th
a
t

in
ea

ch
tria

l,
th

e
ex

p
ert

w
ith

th
e

la
rg

est
w

eigh
t

am
o
n

g
fi

rst
k

+
1

ex
p

erts
in

cu
rs

a
u

n
it

of
loss.

S
in

ce
th

e
su

m
of

a
ll

w
eigh

ts
is

eq
u

al
to
m

,
an

d
n

o
n

e
of

th
e

rem
a
in

in
g
m
−

1
w

eig
h
ts

ca
n

ex
ceed

1
,

th
e

su
m

o
f

w
eig

h
ts

o
f

th
e

fi
rst

k
+

1
ex

p
erts

m
u

st
b

e
a
t

lea
st

1
,

an
d

h
en

ce
th

e
la

rg
est

w
eig

h
t

a
m

o
n

g
th

e
fi

rst
k

+
1

ex
p

erts
is

a
t

lea
st

1
k
+

1 .
T

h
is

m
ea

n
s

th
a
t

in
a

seq
u

en
ce

o
f

(k
+

1
)B

L
/
2

tria
ls,

th
e

lo
ss

o
f

th
e

G
D

a
lgo

rith
m

is
at

least
B
L
/2

.
T

h
u

s,
it

su
ffi

ces
to

sh
ow

th
at

G
D

su
ff

ers
lo

ss
a
t

lea
st
B
L
/2

+
Ω

(m
in{B

L
,k
B
L
η}

)
in

tria
ls

(k
+

1
)B

L
/
2

+
1

th
rou

gh
(k

+
1)B

L
.

F
irst

n
o
te

th
a
t

sin
ce
tca

p
≤

(k
+

1
)B

L
/
2
,

in
ea

ch
o
f

th
ese

trials
th

e
w

eigh
ts

o
f

th
e
m
−

1
lo

ss
free

ex
p

erts
h

av
e

rea
ch

ed
th

e
ca

p
1
.

T
h

is
m

ea
n

s
th

a
t

G
D

u
p

d
a
tes

th
e

w
eig

h
ts

o
f

th
e

fi
rst

k
+

1
ex

p
erts

a
s

in
th

e
va

n
illa

ex
p

ert
settin

g
(i.e.

m
=

1
).

T
h

erefore
b
y

L
em

m
a

C
.3

,
th

e
lo

ss
o
f

G
D

in
th

e
seco

n
d

(k
+

1)B
L
/2

tria
ls

is
a
t

lea
st

B
L2

(1
+

13
2

m
in{

(k
+

1)η
,1}

)
=

B
L2

+
Ω

(m
in{

B
L
,k
B
L
η}

).
W

e
co

n
clu

d
e

th
a
t

fo
r

th
e

seco
n

d
lo

ss
seq

u
en

ce,
th

e
lo

ss
o
f

th
e

b
est

co
m

p
a
ra

to
r

is
a
t

m
o
st
B
L

a
n

d
th

e
loss

of
G

D
is

a
t

lea
st
B
L

+
Ω

(m
in{

B
L
,k
B
L
η}

).
T

h
erefo

re,
th

e
reg

ret
of

G
D

is
a
t

lea
st

Ω
(m

in{B
L
,k
B
L
η}

)
fo

r
th

e
seco

n
d

loss
seq

u
en

ce
a
n

d
th

is
co

m
p

letes
o
u

r
p

ro
o
f

of
th

e
th

eorem
.

A
p
p
e
n
d
ix

D
.
P
ro

o
f
o
f
T
h
e
o
re
m

4
.3

T
h

eorem
4.3

g
iv

es
a

low
er

b
o
u

n
d

o
n

th
e

reg
ret

o
f

th
e

F
R

L
-G

D
a
lg

o
rith

m
fo

r
th

e
m

-set
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sa
ti

sfi
ed

b
y

ta
k
in

g
γ

=
1

n
−
j

an
d

fo
r

1
≤
i
≤
n

,
β
i

=
0,

w
t+
j+

1
,i

=

{
0

fo
r
i
≤
j

1
n
−
j

fo
r
i
>
j
,

α
i

=

{
η
−

1
n
−
j

fo
r
i
≤
j

0
fo

r
i
>
j
.

T
h

e
lo

ss
of

th
e

a
lg

o
ri

th
m

in
su

ch
a

ca
se

is
1

n
−
j
.

T
h
u

s
d

ep
en

d
in

g
o
n
η
,

th
e

a
lg

or
it

h
m

’s
lo

ss
a
t

tr
ia

l
t

+
j

+
1

is
eq

u
al

to

{
1 n

+
j n
η

if
η
≤

1
n
−
j

1
n
−
j

=
1 n

+
j n

1
n
−
k

if
η
>

1
n
−
j

,

w
h

ic
h

ca
n

b
e

co
n

ci
se

ly
w

ri
tt

en
a
s:

1 n
+
j n

m
in
{ η
,

1
n
−
j

}
.
S

u
m

m
in

g
th

e
a
b

ov
e

ov
er
j

=
0,
..
.,
n

gi
ve

s
th

e
cu

m
u

la
ti

ve
lo

ss
o
f

th
e

a
lg

o
ri

th
m

in
cu

rr
ed

a
t

tr
ia

ls
t

+
1
,.
..
,t

+
n

:

n
−

1
∑ j=

0

1 n
+
j n

m
in

{ η
,

1

n
−
j

}
≥

n
−

1
∑ j=

0

1 n
+
j n

m
in

{ η
,

1 n

}

=
1

+
n
−

1

2
m

in

{ η
,

1 n

}

≥
1

+
1 4

m
in
{η
n
,1
},

w
h

er
e

th
e

la
st

in
eq

u
a
li

ty
is

d
u

e
to
n
−

1
>

n 2
fo

r
n
≥

2
.

W
e

ar
e

n
ow

re
a
d

y
to

g
iv

e
th

e
p

ro
o
f

of
T

h
eo

re
m

4.
3
:

T
h

e
o
re

m
4
.3

C
o
n

si
d
er

th
e
m

-s
et

p
ro

bl
em

w
it

h
k
≤
n
/
2

a
n

d
u

n
it

bi
t

ve
ct

o
rs

a
s

lo
ss

ve
ct

o
rs

.
T

h
en

fo
r

a
n

y
fi

xe
d

le
a
rn

in
g

ra
te
η

,
th

e
F

R
L

-G
D

a
lg

o
ri

th
m

(D
.1

)
ca

n
be

fo
rc

ed
to

h
a
ve

re
gr

et
a
t

le
a
st

Ω
(m

ax
{m

in
{B

L
,k
√
B
L
},
k
})

.

P
ro

o
f

T
h

eo
re

m
5.

6
g
iv

es
a

lo
w

er
b

ou
n

d
o
f

Ω
(√

B
L
m

lo
g
n m

+
m

lo
g
n m

)
th

a
t

h
o
ld

s
fo

r
a
n
y

al
g
or

it
h

m
.

T
h

is
lo

w
er

b
o
u

n
d

is
a
t

le
a
st

Ω
(k

)
si

n
ce
m

lo
g
n m

=
m

lo
g
(
k m

+
1
)
≥
k
.

H
en

ce
to

p
ro

ve
th

is
th

eo
re

m
,

w
e

o
n

ly
n

ee
d

to
sh

ow
a

lo
w

er
b

o
u

n
d

o
f

Ω
({

m
in
{B

L
,k
√
B
L
})

.
S

im
il

a
rl

y
a
s

in
th

e
p

ro
of

of
T

h
eo

re
m

4
.1

,
w

e
sh

ow
th

is
in

tw
o

st
ep

s:
F

ir
st

,
w

e
g
iv

e
tw

o
lo

ss
se

q
u

en
ce

s
th

at
fo

rc
e

F
R

L
-G

D
to

h
av

e
re

g
re

t
at

le
a
st

Ω
(k
/
η
)

a
n

d
Ω

(m
in
{B

L
,k
B
L
η
})

,
re

sp
ec

ti
v
el

y.
T

h
en

,
th

e
lo

w
er

b
o
u

n
d

fo
ll

ow
s

b
y

ta
k
in

g
th

e
m

a
x
im

u
m

b
et

w
ee

n
th

e
tw

o
lo

w
er

b
o
u

n
d

s.
T

h
e

fi
rs

t
lo

ss
se

q
u

en
ce

is
ex

a
ct

ly
th

e
sa

m
e

a
s

in
th

e
p

ro
of

o
f

T
h

eo
re

m
4.

1
,

i.
e.

th
e

se
q
u

en
ce

co
n

si
st

s
o
f
⌊ k

m n
η

⌋
+

1
tr

ia
ls

an
d

in
ea

ch
tr

ia
l,

th
e

ex
p

er
t

w
it

h
th

e
la

rg
es

t
w

ei
g
h
t

(w
it

h
in

th
e

fi
rs

t
k

ex
p

er
ts

)
in

cu
rs

on
e

u
n

it
o
f

lo
ss

.
W

it
h

L
em

m
a

D
.2

in
p

la
ce

of
L

em
m

a
C

.2
,

on
e

ca
n

ea
si

ly
sh

ow
a
n

Ω
(k
/
η
)

re
gr

et
lo

w
er

b
o
u

n
d

fo
r

F
R

L
-G

D
b
y

re
p

ea
ti

n
g

th
e

a
rg

u
m

en
t

fr
o
m

th
e

p
ro

of
of

T
h

eo
re

m
4
.1

.
N

ow
w

e
d
es

cr
ib

e
th

e
se

co
n

d
lo

ss
se

q
u

en
ce

w
h

ic
h

fo
rc

es
th

e
F

R
L

-G
D

a
lg

or
it

h
m

to
su

ff
er

re
gr

et
Ω

(m
in
{(
B
L

),
k
B
L
η
})

.
F

or
th

e
sa

ke
o
f

cl
a
ri

ty
,
w

e
as

su
m

e
th

a
t
B
L

is
in

te
g
er

(o
th

er
w

is
e
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O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

rep
la

ce
B
L

b
y
bB

L c
in

th
e

p
ro

o
f).

T
h

e
seq

u
en

ce
co

n
sists

of
B
L

“ro
u

n
d

s”
,

a
n

d
each

ro
u

n
d

co
n

sist
o
f
k

+
1

tria
ls

(so
th

a
t

th
ere

are
(k

+
1
)B

L
tria

ls
in

to
ta

l).
In

ea
ch

rou
n

d
,

o
n

e
u

n
it

o
f

lo
ss

is
g
iv

en
a
ltern

ately
to

each
o
f

th
e

fi
rst

k
+

1
ex

p
erts,

o
n

e
a
t

a
tim

e.
In

o
th

er
w

o
rd

s,
in

tria
l
t,

th
e

lo
ss

v
ecto

r
`
t

eq
u

a
ls

to
e
r

w
h

ere
r

=
t

m
o
d

(k
+

1
).

T
h

e
b

est
co

m
p

ara
to

r
of

th
is

seq
u

en
ce

con
sists

of
th

e
la

st
m
−

1
loss

free
ex

p
erts

a
n

d
a
n
y

o
f

th
e

fi
rst

k
+

1
ex

p
erts,

w
h

ich
in

cu
rs

cu
m

u
lative

lo
ss
B
L

.
T

o
low

er
b

ou
n

d
th

e
loss

o
f

th
e

a
lg

o
rith

m
,

fi
rst

n
o
tice

th
at

in
ea

ch
ro

u
n

d
,

ea
ch

o
f

th
e

fi
rst

k
+

1
ex

p
erts

in
cu

rs
ex

a
ctly

on
e

u
n

it
of

lo
ss.

T
h

e
su

m
o
f

w
eig

h
ts

o
f

th
ese

ex
p

erts
at

th
e

b
eg

in
n

in
g

of
a

ro
u

n
d

low
er

b
o
u

n
d

s
th

e
alg

o
rith

m
’s

lo
ss

in
th

is
ro

u
n

d
.

T
h

is
is

b
ecau

se
th

e
w

eig
h
t

of
a

giv
en

ex
p

ert
can

n
o
t

d
ecrea

se
if

th
e

ex
p

ert
d

o
es

n
o
t

in
cu

r
a
n
y

lo
ss

(L
em

m
a

D
.2

);
h

en
ce,

th
e

w
eigh

t
o
f

a
given

ex
p

ert
at

a
tria

l,
in

w
h

ich
th

a
t

ex
p

ert
receives

a
u

n
it

of
loss,

w
ill

b
e

a
t

lea
st

as
la

rge
a
s

th
e

w
eigh

t
of

th
a
t

ex
p

ert
a
t

th
e

b
eg

in
n

in
g

o
f

a
ro

u
n

d
.

S
in

ce
th

e
w

eig
h
ts

a
re

in
itia

lized
u

n
iform

ly,
th

is
su

m
is
m

(k
+

1)/
n

b
efo

re
ro

u
n

d
1
,

a
n

d
b
y

L
em

m
a

D
.1

,
ea

ch
o
f

th
e

follow
in

g
rou

n
d

s
d
ecreases

it
b
y

(m
−

1
)(k

+
1
)η
/
n

u
n
til

it
is

low
er

ca
p

p
ed

at
1

(S
in

ce
th

e
total

su
m

o
f

th
e

w
eig

h
ts

is
m

,
a
n

d
n

on
e

o
f

th
e

rem
a
in

in
g
m
−

1
w

eig
h
ts

ca
n

ex
ceed

1,
th

e
su

m
of

w
eig

h
ts

o
f

th
e

fi
rst

k
+

1
ex

p
erts

m
u

st
b

e
a
t

lea
st

1
).

W
e

fi
rst

assu
m

e
th

a
t

a
fter

B
L
/
2

rou
n

d
s,

th
is

su
m

is
strictly

la
rg

er
th

a
n

1
w

h
ich

m
ea

n
s

th
e

su
m

d
ecreases

a
s

an
arith

m
etic

series
fo

r
a
ll

th
e

fi
rst

B
L
/
2

ro
u

n
d

s
an

d
th

e
a
lg

o
rith

m
’s

loss
can

b
e

low
er

b
ou

n
d

ed
b
y

12
(m

(k
+

1)/
n

+
1) B

L2

U
se

th
e
sa

m
e

a
rg

u
m
e
n
t
a
s
in

(C
.9
)

=
B
L
/2

+
Ω

(B
L

).

S
in

ce
th

e
su

m
o
f
th

e
fi

rst
k

+
1

w
eigh

ts
a
t

th
e

b
eg

in
n

in
g

o
f
a
n
y

tria
l
is

at
lea

st
1
,
th

e
a
lg

orith
m

in
cu

rs
lo

ss
a
t

lea
st
B
L
/
2

in
th

e
rem

ain
in

g
B
L
/2

ro
u

n
d

s.
S

u
m

m
in

g
u

p
th

e
a
lgo

rith
m

’s
loss

o
n

b
oth

h
alves

of
th

e
seq

u
en

ce,
w

e
get

a
regret

low
er

b
o
u

n
d

o
f

Ω
(B

L
).

N
ow

co
n

sid
er

th
e

case,
w

h
en

a
fter

th
e

fi
rst

B
L
/
2

ro
u

n
d

s,
th

e
su

m
o
f
th

e
fi

rst
k

+
1

w
eig

h
ts

is
1
.

T
h

is
im

p
lies

th
at

th
e

w
eig

h
ts

o
f
m
−

1
rem

a
in

in
g

ex
p

erts
a
re

a
ll

eq
u

a
l

to
1
,

an
d

w
ill

stay
at

th
is

va
lu

e,
sin

ce
o
n

ly
th

e
fi

rst
k

+
1

ex
p

erts
in

cu
r

a
n
y

loss
(an

d
,

b
y

L
em

m
a

D
.2

,
th

e
w

eig
h
t

o
f

an
ex

p
ert

ca
n

n
ot

d
ecrea

se
if

th
at

ex
p

ert
d

o
es

n
o
t

in
cu

r
a
n
y

lo
ss).

T
h
u

s,
w

e
ca

n
d

isrega
rd

th
e

lo
ss

free
m
−

1
ex

p
erts,

a
n

d
in

th
e

rem
a
in

in
g
B
L
/
2

rou
n

d
s,

th
e

fi
rst

k
+

1
ex

p
ert

w
eigh

ts
are

u
p

d
a
ted

a
s

in
th

e
m

-set
p

ro
b

lem
w

ith
m

=
1
.

N
o
tice

th
a
t

th
e

a
lgo

rith
m

su
ff

ers
lo

ss
a
t

least
B
L
/2

in
th

e
fi

rst
B
L
/
2

ro
u

n
d

s
a
n

d
b
y

L
em

m
a

D
.3,

su
ff

ers
lo

ss
a
t

lea
st

B
L
/2

+
B
L

m
in{(k

+
1)η

,1}
/8

in
th

e
seco

n
d
B
L
/
2

ro
u

n
d

s.
S

u
m

m
in

g
u

p
th

e
alg

o
rith

m
’s

lo
ss

on
b

o
th

h
a
lves

o
f

th
e

seq
u
en

ce,
w

e
g
et

a
reg

ret
low

er
b

o
u

n
d

o
f

Ω
(m

in{B
L
,k
B
l η}

).

A
p
p
e
n
d
ix

E
.
A

D
iscu

ssio
n

o
n

th
e
F
in
a
l
P
a
ra

m
e
te
r
o
f
F
R
L
-G

D

In
th

is
a
p

p
en

d
ix

,
w

e
sh

ow
th

a
t

th
e

fi
n

al
p

a
ram

eter
m

atrix
o
f

th
e

F
R

L
-G

D
a
lg

orith
m

essen
-

tia
lly

co
n
ta

in
s

th
e

so
lu

tio
n

to
th

e
b

a
tch

P
C

A
p

ro
b

lem
.

F
irst

reca
ll

th
a
t

g
iv

en
n

d
im

en
sio

n
al

d
ata

p
o
in

ts
x

1 ,...,x
T

,
th

e
b

a
tch

v
ersio

n
of

th
e
k
-P

C
A

p
ro

b
lem

is
so

lved
b
y

th
e

eig
en

vec-
to

rs
o
f

th
e
k

la
rg

est
eig

en
valu

es
o
f

th
e

covaria
n

ce
m

a
trix

C
=
∑

Tt=
1
x
t x
>t

.
L

et
W

T
+

1

b
e

th
e

fi
n

al
p

a
ra

m
eter

m
a
trix

of
th

e
F

R
L

-G
D

a
lg

orith
m

w
h

en
th

e
in

sta
n

ce
m

a
trices

are
X

1
=
x

1 x
>1
,...,X

T
=
x
T
x
>T

.
W

e
w

ill
sh

ow
th

a
t

th
e

eig
en

vectors
of

th
e
m

=
n
−
k

la
rg

est
eigen

valu
es

of
W

T
+

1
a
re

th
e

sa
m

e
a
s

th
e

eig
en

vecto
rs

o
f

th
e
m

la
rg

est
eig

en
va

lu
es

o
f

th
e
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

n
eg

ated
covarian

ce
m

atrix
−
C

.
T

h
u

s,
b
y

com
p

u
tin

g
th

e
com

p
lem

en
tary

su
b

sp
ace

of
ran

k
k
,

on
e

fi
n

d
s

th
e

so
lu

tion
of

th
e

b
atch

P
C

A
p

rob
lem

w
ith

resp
ect

to
d

a
ta

p
oin

ts
x

1 ,...,x
T

.
R

ecall
th

at
th

e
fi

n
al

p
aram

eter
W

T
+

1
of

F
R

L
-G

D
is

th
e

p
ro

jection
of

th
e
−
C

in
to

th
e

p
a
ram

eter
setW

m
:

W
T

+
1

=
argm

in
W
∈W

m

‖−
C
−
W
‖

2F
.

L
et−

C
h

ave
eigen

d
ecom

p
osition

−
C

=
U
d
ia
g
(λ

)U
>

,
w

h
ere

λ
is

th
e

v
ector

of
th

e
eigen

-
valu

es
of−

C
.

A
rora

et
al.

(2013,
L

em
m

a
3.2

)
sh

ow
s

th
at

th
e

p
ro

jection
o
f−
C

is
solved

b
y

p
ro

jectin
g

th
e

eigen
valu

es
λ

in
to

S
m

w
h

ile
keep

in
g

its
eig

en
sy

stem
u

n
ch

an
ged

:

W
T

+
1

=
U
d
ia
g
(λ
′)U

>
an

d
λ
′
=

argm
in

v∈S
m

‖λ
−
v‖

22 .

W
.l.o

.g
.,

a
ssu

m
e

th
e

elem
en

ts
of
λ

are
in

d
escen

d
in

g
ord

er,
i.e.

λ
1 ≥

λ
2 ≥

...λ
n
.

T
o

p
rov

e
th

at
th

e
eigen

vectors
of

th
e
m

larg
est

eigen
valu

es
are

th
e

sam
e

in
W

T
+

1
an

d
−
C

,
w

e
on

ly
n

eed
to

sh
ow

th
e

follow
in

g:
for

an
y

in
tegers

p
air

i
an

d
j
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th
at

1
≤
i≤

m
<
j
≤
n

,
if

λ
i
>
λ
j ,

th
en

λ
′i
>
λ
′j .

F
irst

n
ote

th
at

b
y

th
e

K
K

T
an

aly
sis

of
th

e
p

rob
lem

o
f

p
ro

jectin
g

in
toS

m
(see

(D
.2

)),
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to
see

th
at

if
λ
i
>
λ
j ,

th
en

ex
actly

o
n

e
of

th
e

follow
in

g
th

ree
cases

h
o
ld

s.
λ
′i
>
λ
′j

or
λ
′i

=
λ
′j

=
0
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λ
′i

=
λ
′j

=
1.

N
ow

w
e
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th
at

w
h

en
i

an
d
j
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rth

er
satisfy

i≤
m
<
j,

th
e

latter
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o
cases
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n

ever
h

a
p

p
en

.
S

u
p

p
o
se
λ
′i

=
λ
′j

=
1

for
som

e
i≤

m
<
j.

In
th

is
case

fo
r

an
y
i ′≤

m
,
λ
′i ′

=
λ
′j

=
1
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h

o
ld

s.
T

h
erefore,

th
e

su
m

of
all

th
e

co
ord

in
ates

of
λ
′

w
ill

b
e

at
lea

st
m

+
1

w
h

ich
co

n
trad
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λ
′∈

S
m

.
N

ow
assu

m
e
λ
′i

=
λ
′j

=
0

fo
r

so
m

e
i≤

m
<
j.

In
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is
case
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y
m
<
j ′,

λ
′i

=
λ
′j ′

=
0

also
h

old
s.

T
h

is
im

p
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th
at

th
e

su
m

of
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th
e
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in
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o
f
λ
′s

w
ill

b
e
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t

m
ost

m
−

1
w

h
ich

again
con

trad
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λ
′∈

S
m

.
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b
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b
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n
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th
e
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y
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T
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h
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er
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b
it

vectors
as

loss
vectors

an
d

T
h

eorem
5.4

p
rov

es
low

er
b

ou
n

d
s
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vectors.

In
all

o
f

th
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low
er

b
ou

n
d

s,
w

e
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m
e

th
at

th
e

n
u
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er
of

th
e

trials
T
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n

eith
er

th
e

n
u
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an
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T

h
e
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low
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for
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u
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er
of
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e

n
ex
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en
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A

ll
th

e
low

er
b

ou
n

d
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given
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th
is

ap
p

en
d
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are

p
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w
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th
e

p
rob
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b
ou

n
d
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g
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n
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u

e
d
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ed

in
S
ection

5,
i.e.

in
each

case,
w

e
fi

rst
ch

o
ose

a
p

rob
ab

ility
d

istrib
u

tion
P

a
n

d
th

en
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ow
a

low
er

b
ou

n
d

on
th

e
ex

p
ected

regret
of

an
y

algo
rith

m
w

h
en

th
e

loss
vecto

rs
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gen
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i.i.d
.

from
P

.
O

u
r

low
er

b
ou

n
d

s
on

th
e

ex
p

ected
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m
ake
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of
th

e
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g
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u
p
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b
ou
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d

on
th

e
ex
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ected

loss
of

th
e

b
est
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L
e
m
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n
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o
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m

e
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w
h
ich

th
e

ra
n

d
o
m
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ss

pa
irs
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i.i.d
.

betw
een

tria
ls,

a
n

d
a
t

ea
ch

tria
l

th
e

ra
n

d
o
m

pa
ir
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s
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e

d
istribu
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:
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pa
ir
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bility

p
p

q
1−

2p−
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A
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p
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R
e
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r
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t
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ra
m

et
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s
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n

d
q
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sf
y

2
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+
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≤

1
.
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M
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l
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f
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e
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o
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pe
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T
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.
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T
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n

d
p
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sf
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T
p
≥

1
/
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E
[
M

]
≤

T
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+
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−
c√

T
p

fo
r

so
m

e
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n
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n

t
c
>

0
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d
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o
f
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,
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a
n
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L
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w
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e
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=
0

of
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e
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o
ex

p
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t
d

is
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u
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.1

)
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a
su

b
m

o
d
u

le
fo

r
b

u
il

d
in

g
d

is
tr

ib
u

ti
on

s
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er
th

e
n

u
n

it
b

it
v
ec

to
rs

an
d
p

=
q

=
1/

4
fo

r
b

u
il

d
in

g
d
is

tr
ib

u
ti

on
s

ov
er
{0
,1
}n

.
T

o
p

ro
ve

L
em

m
a

F
.1

,
w

e
n

ee
d

th
e

fo
ll

ow
in

g
le

m
m

a
fr

om
(K

o
o
le

n
,

2
0
1
1,

T
h

eo
re

m
2.

5.
3)

:

L
e
m

m
a

F
.2

L
et
a
t

a
n

d
b t

be
tw

o
bi

n
a
ry

ra
n

d
o
m

va
ri

a
bl

es
fo

ll
o
w

in
g

th
e

d
is

tr
ib

u
ti

o
n

va
lu

e
o
f

(a
t,
b t

)
(0
,1

)
(1
,0

)

p
ro

ba
bi

li
ty

0.
5

0.
5

.

F
o
r
T

in
d
ep

en
d
en

t
su

ch
pa

ir
s,

w
e

h
a
ve

T 2
−
√
T
−

1

2π
≤

E

[ m
in

{
T ∑ t=

1

a
t,

T ∑ t=
1

b t

}
]
≤

T 2
−
√
T

+
1

2
π

.

P
ro

o
f

o
f

L
e
m

m
a

F
.1

D
en

ot
e

th
e

ex
p

er
ts

’
lo

ss
es

at
tr

ia
ls

1
≤
t
≤
T

b
y
ã
t

a
n

d
b̃ t

.
In

th
is

n
ot

at
io

n
,

th
e

st
at

em
en

t
of

L
em

m
a

F
.1

is
eq

u
iv

al
en

t
to

:

E

[ m
in

{
∑ t

ã
t,
∑ t

b̃ t

}
]
≤
T

(p
+
q)
−
c√

T
p
.

A
t

ea
ch

tr
ia

l,
th

e
ra

n
d

om
va

ri
ab

le
p

a
ir

(ã
t,
b̃ t

)
h

as
fo

u
r

p
os

si
b

le
va

lu
es

:
(1
,0

),
(0
,1

),
(1
,1

)
or

(0
,0

).
If
ã
t
6=
b̃ t

,
th

en
th

is
tr

ia
l

is
“c

ov
er

ed
b
y
”

L
em

m
a

F
.2

.
If
ã
t

=
b̃ t

,
th

en
th

is
tr

ia
l

aff
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ts
∑

t
ã
t

an
d
∑

t
b̃ t

th
e

sa
m

e
w

ay
an

d
th

er
ef

or
e

ca
n

b
e

ex
cl

u
d

ed
fr

o
m

th
e

m
in

im
iz

at
io

n
.

W
e

fo
rm

al
iz

e
th

is
ob

se
rv

at
io

n
as

fo
ll

ow
s:

E

[ m
in

{
∑ t

ã
t,
∑ t

b̃ t

}
]

=
E

  m
in

  
∑

t:
ã
t
6=
b̃ t

ã
t,
∑

t:
ã
t
6=
b̃ t

b̃ t

  

 
+
E

 
∑ t:
ã
=
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ã
t 

L
em

m
a

F
.2

≤
E

[ R 2
−
√
R
−

1

2π

]
+
T
q,

w
h

er
e
R

is
a

b
in

om
ia

l
ra

n
d
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va

ri
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le
w

it
h
T

d
ra

w
s

an
d

su
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es
s

p
ro

b
ab

il
it

y
2p

.
C

le
a
rl

y
E[
R

]
=

2T
p

an
d

th
er

ef
or

e
E[

R 2
]

=
T
p
.

M
or

eo
ve

r
u

n
d

er
th

e
as

su
m

p
ti

on
th

a
t
T
p
≥

1/
2
,

w
e

w
il

l
sh

ow
in

L
em

m
a

I.
2

of
A

p
p

en
d

ix
I

(u
si

n
g

an
ap

p
li

ca
ti

on
of

th
e

C
h

er
n

o
ff

b
ou

n
d

)
th

a
t

E
[
√

R
−

1
2
π

]
≥
c√
T
p

fo
r

so
m

e
co

n
st

an
t
c

th
at

d
o
es

n
ot

d
ep

en
d

on
T

,
p

a
n

d
q.

W
e

n
ow

u
se

L
em

m
a

F
.1

to
p

ro
ve

th
e

fo
ll

ow
in

g
th

eo
re

m
w

h
ic

h
ad

d
re

ss
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th
e
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-s
et
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ro

b
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w

it
h

u
n
it

b
it

ve
ct
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≤
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.
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u
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h
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p
ro

bl
em

w
it

h
u

n
it

bi
t

ve
ct

o
rs

a
s

lo
ss

ve
ct

o
rs

,
w

h
er

e
m

=
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≤

n 2
a
n

d
T
≥
k

,
a
n

y
o
n

li
n

e
a
lg

o
ri

th
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r
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u
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p
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p
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n

d
.

E
a
ch

of
th

e
follow

in
g

ro
u

n
d

s
m

ay
co

n
ta

in
m

u
ltip

le
tria

ls
a
n

d
a
t

th
e

en
d

o
f

rou
n

d
j−

1
(2
≤
j
≤
i),

th
ere

a
re

still
at

lea
st
n
−
j

+
1

lo
ss

free
ex

p
erts.

In
ro

u
n

d
j,

th
e

a
d

versa
ry

u
ses

a
strategy

w
ith

tw
o

su
b

ca
ses

as
fo

llow
s:

T
h

e
ad

v
ersa

ry
fi

rst
co

n
sid

ers
th

e
ex

p
erts

th
a
t

a
re

still
loss

free.
If

an
y

of
th

e
fi

rst
n
−
j

+
1

o
f

th
em

h
a
s

w
eig

h
t

a
t

lea
st

m
2
(n−

j+
1
) ,

th
en

w
e

are
in

ca
se

1
,

w
h

ere
a

u
n

it
o
f

loss
is

g
iven

to
th

is
ex

p
ert.

O
th

erw
ise,

w
e

a
re

in
ca

se
2
,

in
w

h
ich

th
e

ad
versa

ry
co

n
sid

ers
th

e
rem

a
in

in
g
j−

1
ex

p
erts

(w
h

ich
m

ay
o
r

m
ay

n
o
t

b
e

lo
ss

free)
an

d
giv

es
a

u
n

it
o
f

lo
ss

to
th

e
o
n

e
w

ith
th

e
la

rgest
w

eig
h
t

a
m

o
n

g
th

em
.

T
h

e
j-th

rou
n

d
en

d
s

w
h

en
th

e
a
lg

orith
m

h
a
s

su
ff

ered
to

ta
l

lo
ss

a
t

lea
st

m
2
(n−

j+
1
)

in
th

at
ro

u
n

d
.

N
o
te

th
a
t

w
h

en
ever

case
1

is
rea

ch
ed

,
a

ro
u

n
d

en
d

s
im

m
ed

ia
tely.

O
u

r
stra

teg
y

g
u

a
ra

n
tees

th
at

after
rou

n
d
j,

th
ere

a
re

a
t

least
n
−
j

ex
p

erts
th

a
t

a
re

lo
ss

free.
N

ex
t

w
e

u
p

p
er

b
o
u

n
d

th
e

n
u

m
b

er
o
f

ca
se

2
trials

in
a

ro
u

n
d

b
y

sh
ow

in
g

a
low

er
b

ou
n

d
o
n

th
e

lo
ss

o
f

th
e

a
lg

orith
m

in
ca

se
2

tria
ls.

R
ecall

th
at

in
case

2
,
n
−
j

+
1

ex
p

erts
h

ave
w

eig
h
t

n
o

m
o
re

th
a
n

m
2
(n−

j+
1
)

ea
ch

,
a
n

d
th

e
ex

p
ert

th
a
t

h
a
s

th
e

larg
est

w
eig

h
t

in
th

e
rem

ain
in

g
j−

1
ex

p
erts

in
cu

rs
a

u
n

it
o
f

lo
ss.

U
sin

g
th

ese
fa

cts
as

w
ell

a
s

th
e

fa
ct

th
a
t

a
ll

th
e

w
eigh

ts
su

m
to
m

,
w

e
ca

n
low

er
b

o
u

n
d

th
e

w
eigh

t
o
f

th
e

ex
p

ert
th

a
t

in
cu

rs
loss

(w
h

ich
is

a
lso

th
e

lo
ss

o
f

th
e

a
lg

o
rith

m
)

as
follow

s:
(
m
−

m
2
(n−

j+
1
) (n
−
j

+
1) )

j−
1

≥
m

2(j−
1)
≥

m2
n
.

R
eca

llin
g

th
at

th
e
j-th

rou
n

d
en

d
s

w
h

en
th

e
alg

o
rith

m
su

ff
ers

to
ta

l
lo

ss
m

2
(n−

j+
1
)

in
th

at

ro
u

n
d

,
w

e
con

clu
d

e
th

a
t

th
e
j-th

ro
u

n
d

ca
n

h
ave

a
t

m
o
st ⌈

n
n−

j+
1 ⌉

tria
ls.

S
u

m
m

in
g

u
p

over
i

ro
u

n
d

s,
th

e
alg

o
rith

m
su

ff
ers

to
ta

l
lo

ss
at

lea
st
∑

ij=
1

m
2
(n−

j+
1
)

=

Ω
(m

lo
g

n
n

+
i )

in
a
t

m
ost ∑

ij=
1 ⌈

n
2
(n−

j−
1
) ⌉

=
O

(n
log

n
n−

i )
tria

ls.
O

n
th

e
o
th

er
h

a
n

d
,

th
e

loss

o
f

th
e

b
est

m
-set

o
f

ex
p

erts
is

zero
d
u

e
to

a
ssu

m
p

tio
n
i≤

k
a
n

d
th

e
fa

ct
th

at
a
fter

j
=
i

ro
u

n
d

s,
th

ere
are

at
least

n
−
i

lo
ss

free
ex

p
erts.

H
en

ce
th

e
lem

m
a

fo
llow

s.
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

T
h

e
o
re

m
G

.3
C

o
n

sid
er

th
e
m

-set
p
ro

blem
w

ith
u

n
it

bit
vecto

rs
a
s

lo
ss

vecto
rs,

w
h
ere

m
=
n
−
k

.
T

h
en

fo
r
k
≥

n2
a
n

d
T
≤
n

log
2
nm

,
a
n

y
a
lgo

rith
m

su
ff

ers
w

o
rst

ca
se

regret
a
t

lea
st

Ω
(
mn
T

).

P
ro

o
f

L
em

m
a

G
.2

states
th

at
th

ere
ex

ist
tw

o
p

ositive
con

sta
n
ts
c

1
a
n

d
c

2 ,
su

ch
th

at
for

an
y

in
teg

er
1
≤
i≤

k
,

th
e

ad
versary

can
force

an
y

alg
orith

m
to

su
ff

er
regret

a
t

least
c

1 m
lo

g
2

n
n−

i
in

a
t

m
ost

c
2 n

log
2

n
n−

i
trials.

T
h

e
p

ro
of

sp
lits

in
to

tw
o

ca
ses,

d
ep

en
d

in
g

on
th

e
n
u

m
b

er
of

th
e

trials
T

:

•
W

h
en

T
<
c

2 n
log

2
n
n−

1 ,
T

is
u

p
p

er
b

ou
n

d
ed

b
y

a
con

sta
n
t

as
fo

llow
s:

T
<
c

2 n
log

2

n

n
−

1
=

c
2 n

log
2

log (
1

+
1

n
−

1 )
≤

c
2 n

(n
−

1)
log

2

n≥
2
≤

2
c

2

log
2
.

S
in

ce
th

e
ad

versary
can

alw
ay

s
force

an
y

algorith
m

to
su

ff
er

con
stan

t
regret,

th
e

th
eorem

h
old

s
triv

ially.

•
W

h
en

T
≥
c

2 n
log

2
n
n−

1 ,
w

e
set

i
=

m
in{bi ′c

,k},
w

h
ere

i ′
=
n

(1
−

2 −
T
/
c
2
n
)

is
th

e
solu

tio
n

of
c

2 n
log

2
n

n−
i ′

=
T

.
W

e
n

ote
th

at
th

e
fu

n
ction

c
2 n

log
2

n
n−

i
is

m
on

oton
-

ically
in

creasin
g

in
i,

w
h

ich
resu

lts
in

tw
o

facts:
fi

rst,
i
≥

1,
sin

ce
w

e
assu

m
ed

T
≥
c

2 n
log

2
n
n−

1 ;
secon

d
,
c

2 n
lo

g
2

n
n−

i
≤
T

,
sin

ce
i
≤
bi ′c.

W
e

fu
rth

er
sh

ow
th

at

c
2 n

log
2

n
n−

i ≥
m

in{c
2 ,

13 }
T

as
follow

s:

–
W

h
en

i
=
bi ′c,

fi
rst

n
ote

th
at (

n
n−

i )
3≥

n
n−

i ′ ,
sin

ce:

(n
−
i ′)n

2−
(n
−
i)

3≥
(n
−
i−

1)n
2−

(n
−
i)

3
=

2n
2i

+
3
n
i 2−

i 3−
n

2
1≤
i<
n

≥
0.

P
lu

ggin
g
c

2 n
log

2
n

n−
i ′

=
T

,
w

e
h

ave
c

2 n
log

2
n
n−

i ≥
13 T

.

–
W

h
en

i
=
k
,
c

2 n
log

2
n
n−

i
=
c

2 n
log

2
nm
≥
c

2 T
,

sin
ce
T
≤
n

log
2
nm

is
assu

m
ed

in
th

e
th

eorem
.

N
ow

,
u

sin
g

L
em

m
a

G
.2

w
ith

i
set

as
i

=
m

in{bi ′c
,k}

,
resu

lts
in

an
ad

versary
th

at
fo

rces
th

e
algorith

m
to

su
ff

er
regret

at
least

c
1 m

log
n
n−

i ≥
m
c
1

n
c
2

m
in{c

2 ,
13 }
T

=
Ω
(
mn
T )

in
at

m
ost

T
trials.

W
h

en
th

e
ad

versary
u

ses
less

th
an

T
trials,

th
en

th
e

gam
e

can
b

e
ex

ten
d

ed
to

last
ex

actly
T

trials
b
y

p
lay

in
g

zero
loss

vectors
for

th
e

rem
ain

in
g

trials.

T
h

e
o
re

m
G

.4
C

o
n

sid
er

th
e
m

-set
p
ro

blem
w

ith
lo

ss
vecto

rs
in
{
0,1}

n
,

w
h
ere

m
=
n
−
k

.
T

h
en

fo
r
k
≥

n2
a
n

d
T
≤

log
2
nm

,
th

e
w

o
rst

ca
se

regret
o
f

a
n

y
a
lgo

rith
m

is
a
t

lea
st

Ω
(T
m

).

P
ro

o
f

T
h

e
p

ro
o
f

u
ses

an
ad

versary
w

h
ich

forces
an

y
algo

rith
m

to
su

ff
er

loss
Ω

(T
m

),
an

d
still

keep
s

th
e

b
est

m
-set

of
ex

p
erts

to
b

e
loss

free.
N

ote
th

at
at

ea
ch

trial,
th

e
ad

versary
d

ecid
es

on
th

e
loss

vector
after

th
e

algorith
m

m
akes

its
p

red
iction

w
t ,

w
h

ere
w
t ∈

[0,1] n

w
ith
∑

i w
t,i

=
m

.
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b
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b
y
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e
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,
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d
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a
u

n
it
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to

ea
ch

of
th

e
ex

p
er

ts
in

th
e

fi
rs

t
h

a
lf

,
i.

e.
th

e
ex

p
er

ts
w

it
h
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er
w

ei
gh

ts
.

S
in

ce
th

e
w

ei
gh

ts
su

m
to
m

,
th

e
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l

w
ei

gh
t

a
ss

ig
n

ed
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th
e

ex
p

er
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e
fi

rs
t

h
al

f
is
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le
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t
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.
H

en
ce

in
th

e
fi

rs
t

tr
ia

l,
th

e
al

go
ri

th
m

su
ff

er
s

lo
ss

a
t

le
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t
m 2

.
A

t
ea

ch
of

th
e

fo
ll

ow
in

g
tr

ia
ls

,
th

e
ad

v
er

sa
ry

on
ly

so
rt

s
th

os
e

ex
p

er
ts

th
a
t

h
av

e
n

o
t

in
cu

r
an

y
lo

ss
so

fa
r

an
d

gi
ve

s
u

n
it

lo
ss

es
to

th
e

fi
rs

t
h

al
f

(t
h

e
h

al
f

w
it

h
la

rg
er

w
ei

g
h
ts

)
o
f

th
es

e
ex

p
er

ts
,
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w

el
l

as
al

l
th

e
ex

p
er

ts
th

at
h

av
e

al
re

ad
y

in
cu

rr
ed

lo
ss

es
b

ef
or

e
th

is
tr

ia
l.

It
is

ea
sy

to
se

e
th

at
in

th
is

w
ay

th
e

al
go

ri
th

m
su

ff
er

s
lo

ss
at

le
as

t
m 2

at
ea

ch
tr

ia
l.

S
in

ce
th

e
n
u

m
b

er
of

th
e

ex
p

er
ts

th
at

ar
e

lo
ss

fr
ee

h
al

v
es

at
ea

ch
tr

ia
l,

a
ft

er
T
≤

lo
g

2
n m

tr
ia

ls
,

th
er

e
w

il
l

st
il

l
b

e
at

le
as

t
m

lo
ss

fr
ee

ex
p

er
ts

.
N

ow
si

n
ce

th
e

al
go

ri
th

m
su

ff
er

s
lo

ss
a
t

le
as

t
m
T 2

in
T

tr
ia

ls
,

th
e

th
eo

re
m

fo
ll

ow
s.

T
h

e
o
re

m
G

.5
C

o
n

si
d
er

th
e
m

-s
et

p
ro

bl
em

w
it

h
lo

ss
ve

ct
o
rs

in
{0
,1
}n

,
w

h
er

e
m

=
n
−
k

.
T

h
en

fo
r
k
≤

n 2
a
n

d
T
≤

lo
g

2
n k

,
a
n

y
a
lg

o
ri

th
m

su
ff

er
s

w
o
rs

t
ca

se
re

gr
et

a
t

le
a
st

Ω
(T
k
).

P
ro

o
f

T
h

e
p

ro
of

b
ec

om
es

co
n

ce
p

tu
al

ly
si

m
p

le
r

if
w

e
u

se
th

e
n

ot
io

n
of

ga
in

d
efi

n
ed

a
s

th
e

fo
ll

ow
s:

if
w
t

is
th

e
p

ar
am

et
er

of
th

e
al

go
ri

th
m

,
w

e
d

efi
n

e
it

s
co

m
p

le
m

en
t
w̄
t

a
s
w̄
t,
i

=
1
−
w
t,
i.

T
h

e
ga

in
of

th
e

al
go

ri
th

m
at

tr
ia

l
t

is
th

e
in

n
er

p
ro

d
u

ct
b

et
w

ee
n

th
e

“
g
a
in

”
ve

ct
o
r

` t
an

d
th

e
co

m
p

le
m

en
t
w̄
t,

i.
e.
w̄
t
·`
t.

S
im

il
a
rl

y,
fo

r
an

y
co

m
p

ar
at

or
w
∈
S m

,
w

e
d

efi
n

e
it

s
ga

in
as
w̄
·`
t

=
∑

n i=
1
(1
−
w
i)
l t
,i
.
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is

ea
sy

to
v
er

if
y

th
at

th
e

re
gr

et
of

th
e

a
lg

o
ri

th
m
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n

b
e

w
ri

tt
en
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th
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d

iff
er

en
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b
et
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ee

n
th

e
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ga

in
of
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y
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se
t

of
k

ex
p

er
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n

d
th

e
ga

in
of

th
e

al
go

ri
th

m
:

R
=

m
ax
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∈S

k

T ∑ t=
1

w̄
·`
t
−

T ∑ t=
1

w̄
t
·`
t,

w
h

er
e
S k

=
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∈

[0
,1

]n
:
∑

i
w
i

=
k
}.

A
t

tr
ia

l
on
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th

e
ad

ve
rs

ar
y

fi
rs

t
so

rt
s
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n

ex
p

er
ts

b
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ei

r
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le
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ry
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ex
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er
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th
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ex
p

er
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w
it
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al
le

r
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m
p

le
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en
ta

ry
w

ei
gh

ts
.

S
in

ce
th

e
co

m
p

le
m

en
ta

ry
w

ei
gh

ts
su

m
to
k
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th
e

ga
in

of
th

e
al

go
ri
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m
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t
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th
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fi
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t
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ea
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of

th
e
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ll

ow
in
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tr

ia
ls

,
th
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ve
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ar
y

on
ly

so
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p
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.
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p
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of
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p
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.
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se

e
th

at
in

th
is

w
ay

th
e

ga
in

of
th

e
al

go
ri

th
m

is
at

m
os

t
k 2

at
ea

ch
tr

ia
l.

N
ot

e
th

at
h

al
f

of
th

e
ex

p
er

ts
th

at
al

w
ay

s
re

ce
iv

e
ga

in
p

ri
or

to
a

tr
ia

l
t

w
il

l
re

ce
iv

e
g
ai

n
ag

ai
n

in
tr

ia
l
t.

H
en

ce
,

af
te

r
T
≤

lo
g

2
n k

tr
ia

ls
,

th
er

e
w

il
l

b
e

at
le

as
t
k

ex
p

er
ts

th
a
t

re
ce

iv
ed

ga
in

s
in

al
l

of
th

e
T

tr
ia

ls
,

w
h

ic
h

m
ea

n
s

th
at

th
e

to
ta

l
ga

in
of

th
e

b
es

t
k

ex
p

er
ts

is
T
k
.

N
ow

,
si

n
ce

th
e

al
go

ri
th

m
re

ce
iv

es
to

ta
l

ga
in

at
m

os
t
k
T 2

in
T

tr
ia

ls
,

th
e

th
eo

re
m

fo
ll

ow
s.

A
p
p
e
n
d
ix

H
.
P
ro

o
f
o
f
T
h
e
o
re
m

5
.6

T
h

e
fo

ll
ow

in
g

th
eo

re
m

gi
ve

s
a

re
gr

et
lo

w
er

b
ou

n
d

th
at

is
ex

p
re

ss
ed

as
a

fu
n

ct
io

n
of

th
e

lo
ss

b
u

d
ge

t
B
L

.
T

h
is

lo
w

er
b

ou
n

d
h

ol
d

s
fo

r
an

y
on

li
n

e
al

go
ri

th
m

th
at

so
lv

es
th

e
m

-s
et

p
ro

b
le

m
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

w
it

h
ei

th
er

u
n

it
b

it
ve

ct
o
rs

o
r

ar
b

it
ra

ry
b

it
ve

ct
o
rs

a
s

lo
ss

ve
ct

o
rs

.
T

h
e

p
ro

o
f

is
b
a
se

d
on

th
e

ti
m

e
d

ep
en

d
en

t
re

gr
et

lo
w

er
b

o
u

n
d

s
p

ro
ve

n
in

th
e

p
re

v
io

u
s

ap
p

en
d

ic
es

.

T
h

e
o
re

m
5
.6

F
o
r

th
e
m

se
t

p
ro

bl
em

w
it

h
ei

th
er

u
n

it
bi

t
ve

ct
o
rs

o
r

a
rb

it
ra

ry
bi

t
ve

ct
o
rs

,
a
n

y
o
n

li
n

e
a
lg

o
ri

th
m

su
ff

er
s

w
o
rs

t
ca

se
re

gr
et

o
f

a
t

le
a
st

Ω
(m

a
x
{√

B
L
m

ln
(n
/m

),
m

ln
(n
/
m

)}
).

P
ro

o
f

It
su

ffi
ce

s
to

p
ro

ve
th

e
le

m
m

a
fo

r
u

n
it

b
it

v
ec

to
rs

.
T

h
e

lo
w

er
b

ou
n

d
Ω

(m
ln

(n
/
m

))
fo

ll
ow

s
d
ir

ec
tl

y
fr

om
L

em
m

a
G

.2
b
y

se
tt

in
g

th
e

va
ri

a
b

le
i

of
th

e
le

m
m

a
to
k
.

W
h

a
t

is
le

ft
to

sh
ow

is
th

e
lo

w
er

b
ou

n
d

Ω
(√

B
L
m

ln
(n
/
m

))
w

h
en

it
d

o
m

in
a
te

s
th

e
b

o
u

n
d

Ω
(m

ln
(n
/
m

))
,
i.

e.
w

h
en
B
L

=
Ω

(m
ln

n m
).

T
h
u

s,
w

e
a
ss

u
m

e
B
L
≥
m

lo
g

2
n m

+
1

an
d

w
e

co
n

-

st
ru

ct
a
n

in
st

an
ce

se
q
u

en
ce

o
f

lo
ss

b
u

d
g
et
B
L

in
cu

rr
in

g
re

g
re

t
at

le
a
st

Ω
(√

B
L
m

ln
(n
/
m

))
to

a
n
y

al
g
or

it
h

m
.

T
h

is
in

st
a
n

ce
se

q
u

en
ce

is
co

n
st

ru
ct

ed
v
ia

T
h

eo
re

m
5
.1

a
n

d
T

h
eo

re
m

5.
2
:

F
or

an
y

a
lg

o
ri

th
m

,
th

es
e

th
eo

re
m

s
p

ro
v
id

e
a

se
q
u

en
ce

o
f
T

u
n

it
b

it
ve

ct
o
rs

th
at

in
cu

rs

re
gr

et
at

le
as

t
Ω

(m

√
T

ln
(n
/
m

)
n

).
W

e
a
p

p
ly

th
es

e
th

eo
re

m
s

w
it

h
T

=
bn m

B
L
c
≥
n

lo
g

2
n m

.

S
in

ce
th

e
p

ro
d

u
ce

d
se

q
u

en
ce

co
n

si
st

s
o
f

u
n

it
b

it
ve

ct
o
rs

a
n

d
h

a
s

le
n

g
th
bn m

B
L
c,

th
e

to
ta

l
lo

ss
of

th
e
m

b
es

t
ex

p
er

ts
is

at
m

o
st
B
L

.
F

in
al

ly
p
lu

g
g
in

g
T

=
bn m

B
L
c

in
to

th
e

re
gr

et

b
o
u

n
d

s
gu

ar
an

te
ed

b
y

th
e

th
eo

re
m

s
re

su
lt

s
in

th
e

re
g
re

t
Ω

(√
B
L
m

ln
(n
/
m

))
.

A
p
p
e
n
d
ix

I.
A
u
x
il
ia
ry

L
e
m
m
a
s

L
e
m

m
a

I.
1

In
eq

u
a
li

ty
m

ax
{m

in
{a
,b
},
c}
≥

m
in
{m

a
x
{a
,c
},
b}

h
o
ld

s
fo

r
a
n

y
re

a
l

n
u

m
be

r
a

,
b

a
n

d
c.

P
ro

o
f

If
c
≥

m
ax
{a
,b
},

L
H

S
is
c

an
d

R
H

S
is
b.

H
en

ce
,

th
e

in
eq

u
a
li

ty
h

ol
d

s.
If
a
≥
c
≥
b

o
r
b
≥
c
≥
a
,
L

H
S

is
c

w
h

il
e

R
H

S
is

a
t

m
o
st
c.

If
c
≤
a

a
n

d
c
≤
b,

b
o
th

si
d

es
ar

e
m

in
{a
,b
}.

L
e
m

m
a

I.
2

L
et
X
∼

B
in

o
m

ia
l(
T
,p

).
If
T
p
≥

8
c

fo
r

a
n

y
po

si
ti

ve
co

n
st

a
n

t
c,

th
en

E[
√
X

]
≥

c
√

2
(1

+
c)

√
T
p
.

P
ro

o
f

W
e

u
se

th
e

fo
ll

ow
in

g
fo

rm
o
f

th
e

C
h

er
n

o
ff

b
o
u

n
d

(D
eG

ro
o
t

an
d

S
ch

er
v
is

h
,

20
0
2
):

P
r(
X
≤
T
p
−
δ)
≤
e−

δ
2

2
T
p
.

S
et

ti
n

g
δ

=
1 2
T
p
,

w
e

h
av

e
P

r(
X
≤

1 2
T
p
)
≤
e−

T
p
/
8
≤
e−

c
.

S
in

ce
fo

r
c
>

0
,

lo
g
(c

)
≤
c
−

1
,

th
is

im
p

li
es
e−

c
≤

1
1
+
c
,

so
th

a
t

w
e

fu
rt

h
er

h
av

e
P

r(
X
≤

1 2
T
p
)
≤

1
1
+
c

=
1
−

c
1
+
c
.
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w
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O
n
l
in

e
P

C
A

w
it

h
O

p
t
im

a
l

R
e
g

r
e
t

ca
lcu

late
E

[ √
X

]
fro

m
its

d
efi

n
itio

n
,

E
[ √
X

]
=

T
∑x

=
0

P
r(X

=
x

) √
x
≥

T
∑

x
=b

T
p2 c

+
1

P
r(X

=
x

) √
x

≥
T
∑

x
=b

T
p2 c

+
1

P
r(X

=
x

) √
⌊
T
p2

⌋
+

1

=
P

r(X
>

12 T
p
) √
⌊
T
p2

⌋
+

1

≥
c

√
2
(1

+
c) √

T
P
.

R
e
fe
re
n
ce

s

J
aco

b
A

b
ern

eth
y,

M
a
n

fred
K

.
W

a
rm

u
th

,
a
n

d
J
o
el

Y
ellin

.
W

h
en

ra
n

d
o
m

p
lay

is
op

tim
al

a
g
a
in

st
a
n

a
d

versa
ry.

In
C

O
L

T
,

p
ag

es
4
3
7
–4

4
6
,

2
0
0
8.

J
aco

b
A

b
ern

eth
y,

A
lek

h
A

g
a
rw

al,
P

eter
L

.
B

a
rtlett,

a
n

d
A

lex
an

d
er

R
a
k
h

lin
.

A
sto

ch
astic

v
iew

o
f

o
p

tim
a
l

reg
ret

th
rou

gh
m

in
im

ax
d

u
ality.

In
C

O
L

T
,

p
a
g
es

5
6
–6

4
,

2
0
0
9.

R
am

an
A

ro
ra

,
A

n
d

rew
C

o
tter,

a
n

d
N

a
ti

S
reb

ro
.

S
to

ch
a
stic

o
p

tim
izatio

n
o
f

P
C

A
w

ith
ca

p
p

ed
M

S
G

.
In

N
IP

S
,

p
ag

es
18

1
5–

1
8
2
3,

2
0
1
3
.

J
ean

-Y
ves

A
u

d
ib

ert
a
n

d
S

éb
a
stien

B
u

b
eck

.
R

eg
ret

b
o
u

n
d

s
a
n

d
m

in
im

a
x

p
o
licies

u
n

d
er

p
a
rtia

l
m

o
n

ito
rin

g
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
1
1:2

7
85

–
2
8
3
6,

2
0
1
0
.

K
a
ty

S
.

A
zo

u
ry

a
n

d
M

an
fred

K
.

W
a
rm

u
th

.
R

ela
tive

loss
b

o
u

n
d

s
fo

r
o
n

-lin
e

d
en

sity
esti-

m
atio

n
w

ith
th

e
ex

p
on

en
tial

fa
m

ily
o
f

d
istrib

u
tio

n
s.

M
a
ch

in
e

L
ea

rn
in

g,
43

(3
):2

1
1
–2

4
6,

2
00

1
.

N
ico

lò
C

esa-B
ian

ch
i

an
d

G
á
b

or
L

u
g
o
si.

P
red

ictio
n

,
L

ea
rn

in
g,

a
n

d
G

a
m

es.
C

a
m

b
rid

ge
U

n
iversity

P
ress,

20
0
6.

IS
B

N
97

8
-0

-52
1
-84

1
0
8
-5.

N
ico

lò
C

esa
-B

ian
ch

i,
P

h
ilip

M
.

L
on

g,
a
n

d
M

a
n

fred
K

.
W

arm
u

th
.

W
orst-case

q
u

ad
ra

tic
lo

ss
b

ou
n

d
s

for
p

red
ictio

n
u

sin
g

lin
ea

r
fu

n
ctio

n
s

a
n

d
g
ra

d
ien

t
d

escen
t.

IE
E

E
T

ra
n

s.
N

eu
ra

l
N

etw
.

L
ea

rn
in

g
S

yst.,
7(3

):6
04

–
61

9
,

1
9
96

.

N
ico

lò
C

esa
-B

ia
n

ch
i,

Y
o
av

F
reu

n
d

,
D

av
id

H
a
u

ssler,
D

av
id

P
.
H

elm
b

o
ld

,
R

o
b

ert
E

.
S

ch
a
p

ire,
a
n

d
M

an
fred

K
.
W

a
rm

u
th

.
H

ow
to

u
se

ex
p

ert
a
d

v
ice.

J
o
u

rn
a
l

o
f

th
e

A
C

M
,
4
4
(3

):4
2
7
–4

8
5,

1
99

7
.

S
teven

d
e

R
o
o
ij,

T
im

va
n

E
rven

,
P

eter
D

.
G

rü
n
w

ald
,

a
n

d
W

o
u

ter
M

.
K

o
o
len

.
F

o
llow

th
e

lea
d

er
if

yo
u

can
,

h
ed

g
e

if
yo

u
m

u
st.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
1
5
:

1
2
8
1–

1
31

6,
2
014

.
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N
ie

,
K

o
t
 l
o
w

sk
i

a
n
d

W
a
r
m

u
t
h

M
orris

H
.
D

eG
ro

ot
an

d
M

ark
J
.
S

ch
erv

ish
.

P
ro

ba
bility

a
n

d
S

ta
tistics.

A
d

d
ison

-W
esley

series
in

statistics.
A

d
d

ison
-W

esley,
2002.

IS
B

N
978020152

4888.

Y
oav

F
reu

n
d

an
d

R
ob

ert
E

.
S

ch
ap

ire.
A

d
ecision

-th
eoretic

gen
eralization

of
on

-lin
e

learn
in

g
a
n

d
a
n

ap
p

lication
to

b
o
ostin

g.
In

E
u

ro
C

O
L

T
,

p
ages

23
–37,

19
95.

D
an

G
arb

er,
E

lad
H

azan
,

an
d

T
en

gy
u

M
a.

O
n

lin
e

learn
in

g
of

eigen
vectors.

In
IC

M
L

,
p

a
ges

560
–56

8,
2015.

E
lad

H
aza

n
,

S
atyen

K
ale,

an
d

M
an

fred
K

.
W

arm
u

th
.

O
n

-lin
e

varian
ce

m
in

im
ization

in
o(n

2)
p

er
trial?

In
C

O
L

T
,

p
ages

314–315,
2010.

D
av

id
P

.
H

elm
b

old
an

d
M

an
fred

K
.

W
arm

u
th

.
L

earn
in

g
p

erm
u

tation
s

w
ith

ex
p

on
en

tial
w

eigh
ts.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
10:1705–

1736,
2
009.

M
a
rk

H
erb

ster
an

d
M

an
fred

K
.

W
arm

u
th

.
T

rack
in

g
th

e
b

est
lin

ear
p

red
ictor.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

esea
rch

,
1:281–309,

2001.

J
y
rk

i
K

iv
in

en
an

d
M

an
fred

K
.

W
arm

u
th

.
E

x
p

on
en

tiated
grad

ien
t

versu
s

grad
ien

t
d

escen
t

fo
r

lin
ear

p
red

ictors.
In

f.
C

o
m

p
u

t.,
132(1):1–63,

1997.

W
ou

ter
M

.
K

o
o
len

.
C

o
m

bin
in

g
S

tra
tegies

E
ffi

cien
tly:

H
igh

-qu
a
lity

D
ecisio

n
s

fro
m

C
o
n

fl
ict-

in
g

A
d
vice.

P
h

D
th

esis,
In

stitu
te

of
L

ogic,
L

an
gu

age
an

d
C

o
m

p
u
tation

(IL
L

C
),

U
n

iversity
o
f

A
m

sterd
am

,
2011.

W
ou

ter
M

.
K

o
olen

,
M

an
fred

K
.
W

arm
u

th
,

an
d

J
y
rk

i
K

iv
in

en
.

H
ed

gin
g

stru
ctu

red
con

cep
ts.

In
C

O
L

T
,

p
ag

es
93–105,

2010.

W
o
jciech

K
otlow

sk
i

an
d

M
an

fred
K

.
W

arm
u

th
.

P
C

A
w

ith
G

u
assian

p
ertu

rb
ation

.
P

rivate
co

m
m

u
n

icatio
n

,
2015.

A
rka

d
i

N
em

irov
sk

i
an

d
D

Y
u

d
in

.
O

n
C

esaro’s
con

vergen
ce

of
th

e
grad

ien
t

d
escen

t
m

eth
o
d

fo
r

fi
n

d
in

g
sa

d
d

le
p

oin
ts

of
con

vex
-con

cav
e

fu
n

ction
s.

D
o
kla

d
y

A
ka

d
em

ii
N

a
u

k,
4(2

49):
24

9,
1978.

J
ia

zh
on

g
N

ie,
W

o
jciech

K
otlow

sk
i,

an
d

M
an

fred
K

.
W

arm
u

th
.

O
n

lin
e

P
C

A
w

ith
op

tim
al

regrets.
In

A
L

T
,

p
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p
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b
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d
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b
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p
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b
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d
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h
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ra
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d
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ca
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p
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p
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b
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ra
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p
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p
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et
h
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a
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)
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c
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re
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m
et

h
o
d

th
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te
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p
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st
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in
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e
p

re
d

ic
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o
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o
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lo
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l
G

P
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g
re
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n
s
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b

e
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u
a
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r
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d
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n
b

o
u

n
d
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ie
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D
M

w
a
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sh
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n
in
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e

o
ri

g
in

a
l

p
ap

er
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n
u

m
er

ic
a
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rm

se
ve

ra
l

ex
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ti
n

g
lo

ca
l

G
P

m
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h
o
d
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in

te
rm
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o
f
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m

p
u

ta
ti

o
n

a
l
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an
d

p
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ra
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u
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p
ro
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ed
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p
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in
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p

a
p

er
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d
a
d
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n
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D
D

M
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ra
l
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p
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ic
u

la
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w
e
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p

ro
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e

w
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n
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ra
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in
g

th
e

p
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d
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ti
o
n
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o
u

n
d
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o
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e
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in
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D
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p
a
p
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p
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b
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b
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b
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p
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p
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n
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p
re

d
ic

ti
on

s
of

th
e

tw
o

lo
ca

l
G

P
re

g
re

ss
io

n
s

fo
r

n
ei

g
h
b
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e

sa
m

e
fo

r
al

l
p

oi
n
ts

o
n

th
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h
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b
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a
t
c
h
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a
l
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u
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P

r
o
c
e
sse

s
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n

stra
in

ed
lo

cal
G

P
reg

ressio
n
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u

sin
g

th
e

fi
n

ite
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en
t

m
eth

o
d

.
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h
is

is
m
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th

em
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lly
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re

eleg
an

t
a
n

d
co

n
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tu
a
lly

sim
p

ler
th

a
n

th
e

p
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io
u

sly
so
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ew

h
a
t
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d

h
o
c
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en
t.
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a
d

d
ition
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w

e
sig

n
ifi

ca
n
tly

im
p

rov
e

th
e

D
D

M
b
y

p
ro

p
o
sin

g
tw

o
ap

p
ro

a
ch

es
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r
estim

a
tin

g
th

e
b

o
u

n
d
a
ry

co
n

strain
ts
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b

o
u
n

d
a
ry

va
lu

es
of

lo
ca

l
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ion
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T
h

e
im

p
roved

a
ccu

ra
cy

o
f

estim
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g
th
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in

ts
lea

d
s

to
b

etter
p
red

ictio
n

a
ccu

racy
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o
u

r
co

n
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ed
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G
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L

ast,
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u

r
n
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a
p
p

ro
a
ch

h
a
s
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etter

n
u

m
erica

l
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b
ility

th
a
n

th
e

D
D

M
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It
w

as
p

rev
io

u
sly

rep
orted

th
at

th
e

p
red

ictive
va

ria
n

ce
estim

a
te

o
f

th
e

D
D

M
ca

n
b

e
n

eg
a
tive

for
so

m
e

n
u

m
erical

ex
am

p
les
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o
u

rh
a
b
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et

a
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2
0
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in
ce

th
e

ex
p

ressio
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o
f

th
e

D
D

M
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red

ictive
va
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ce

estim
a
te

ca
n

n
o
t

b
e

th
eo

retica
lly

n
eg
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e
n

eg
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te
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e
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u
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ach
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p
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p
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en
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p
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p
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th
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p
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d
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rocess

regressio
n

o
r

pa
tch

ed
G

P
fo

r
sh

ort.

T
h

e
p

rop
o
sed

p
a
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b
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b
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b
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u
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g
en

era
tin

g
fi

n
ite

elem
en

t
m

esh
es

for
h

ig
h

d
im

en
sio

n
s.
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ra
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n
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p
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ch
w

o
u

ld
b

e
a

G
P

reg
ression

w
ith

a
sp

a
tia
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e
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rra
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p
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sio
n
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p
o
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n

of
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e
a
p

p
ro

ach
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h
d

im
en
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n
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l

p
ro

b
lem
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a

b
y
p

ro
d
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o
f
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w
o
rk

,
w

e
d

evelo
p

a
fi
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eth
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p
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d
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d
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b
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d
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p
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b
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b
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b
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con
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b
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p
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a
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d
iff

eren
t

tu
n

in
g

p
ara

m
eters,

a
n

d
co
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o
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u
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a
p
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n
)
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p
recu
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b
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d
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l
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P
a
r
k

a
n
d

H
u
a
n
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R
e
fo

rm
u
la

tio
n

o
f

G
a
u
ssia

n
P

ro
ce

ss
R

e
g
re

ssio
n

a
s

A
n

O
p
tim

iza
tio

n
P

ro
b
le

m

A
G

P
regression

is
form

u
lated

as
follow

s:
given

a
train

in
g

setD
=
{
(x
n
,y
n
),n

=
1,...,N

}
of
N

p
a
irs

of
in

p
u

ts
x
n

an
d

n
oisy

ou
tp

u
ts
y
n

of
a

laten
t

fu
n

ction
f

,
ob

ta
in

th
e

p
red

ictiv
e

d
istrib

u
tion

o
f
f

at
a

test
lo

cation
x
∗ ,

d
en

oted
b
y
f∗

=
f

(x
∗ ).

W
e

a
ssu

m
e

th
at

th
e

laten
t

fu
n

ction
co

m
es
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a
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G
au

ssian
p

ro
cess

w
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a
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ce
fu

n
ction

k
(·,·)

an
d

th
e

n
o
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ob
servation

s
y
i

are
giv

en
b
y

y
i

=
f

(x
i )

+
ε
i ,

i
=

1,...,N
,

w
h

ere
ε
i ∼
N

(0,σ
2)

are
w

h
ite

n
oises

in
d
ep

en
d

en
t

of
f

(x
i ).

D
en

ote
x

=
[x

1 ,x
2 ,...,x

N
] ′

a
n

d
y

=
[y

1 ,y
2 ,...,y

N
] ′.

T
h

e
join

t
d

istrib
u

tion
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(f∗ ,y
)

is

P
(f∗ ,y

)
=
N
(

0
, [

k∗∗
k
′x∗

k
x∗

σ
2I

+
K

x
x

])
,

w
h

ere
k∗∗

=
k
(x
∗ ,x
∗ ),
k
x∗

=
(k

(x
1 ,x
∗ ),...,k

(x
N
,x
∗ )) ′

an
d
K

x
x

is
an

N
×
N

m
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w
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(i,j)
th

en
tity

k
(x
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j ).
T

h
e

su
b

scrip
ts

of
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an

d
K

x
x
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ca
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b

etw
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w
h

ich
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e
covarian

ce
is

com
p

u
ted

,
an

d
x
∗

is
ab

b
rev

iated
as
∗.

T
h

e
p

red
ictive

d
istrib

u
tion

o
f
f∗

given
y

is

P
(f∗ |y

)
=
N

(k
′x∗ (σ

2I
+
K

x
x
) −

1y
,k∗∗ −

k
′x∗ (σ

2I
+
K

x
x
) −

1k
x∗ ).

(1)

T
h

e
p

red
ictive

m
ean

k
′x∗ (σ

2I
+
K

x
x
) −

1y
gives

th
e

p
oin

t
p

red
iction

of
f

(x
)

at
lo

cation
x
∗ ,

w
h

o
se

u
n

certain
ty

is
m

easu
red

b
y

th
e

p
red

ictive
varian

ce
k∗∗ −

k
′x∗ (σ

2I
+
K

x
x
) −

1k
x∗ .

E
ffi

cien
t

calcu
lation

of
th

e
p

red
ictiv

e
m

ean
an

d
varian

ce
h

as
b

een
th

e
fo

cu
s

of
m

u
ch

resea
rch

.
T

h
e

p
red

ictive
m

ean
an

d
varian

ce
can

b
e

d
erived

u
sin

g
th

e
v
iew

p
o
in

t
of

th
e

b
est

lin
ear

u
n
b

iased
p

red
icto

r
(B

L
U

P
)

as
follow

s.
C

on
sid

er
all

lin
ear

p
red

icto
rs

µ
(x
∗ )

=
u

(x
∗ ) ′y

,
(2)

w
h

ich
a
u

to
m

atically
satisfy

th
e

u
n
b

iased
n

ess
req

u
irem

en
t
E

[µ
(x
∗ )]

=
0

sin
ce

all
ran

d
om

varia
b

les
y
i

h
ave

zero
m

ean
.

W
e

seek
an

N
-d

im
en

sion
al

vector
u

(x
∗ )

su
ch

th
at

th
e

m
ean

sq
u

a
red

p
red

iction
error

E
[µ

(x
∗ )−

f
(x
∗ )] 2

is
m

in
im

ized
.

S
in

ce
E

[µ
(x
∗ )]

=
0

an
d
E

[f
(x
∗ )]

=
0,

th
e

m
ean

sq
u

ared
p

red
iction

error
eq

u
als

th
e

error
varian

ce
var[µ

(x
∗ )−

f
(x
∗ )]

an
d

can
b

e
ex

p
ressed

as

σ
(x
∗ )

=
u

(x
∗ ) ′E

(y
y
′)u

(x
∗ )−

2u
(x
∗ ) ′E

(y
f∗ )

+
E

(f
2∗ )

=
u

(x
∗ ) ′(σ

2I
+
K

x
x
)u

(x
∗ )−

2u
(x
∗ ) ′k

x∗
+
k∗∗ ,

(3)

w
h

ich
is

a
q
u

ad
ratic

form
in
u

(x
∗ ).

It
is

easy
to

see
σ

(x
∗ )

is
m

in
im

ized
if

an
d

on
ly

if
u

(x
∗ )

is
ch

osen
to

b
e

(σ
2I

+
K

x
x
) −

1k
x∗ ;

m
oreover,

th
e

m
in

im
al

valu
e

o
f
σ

(x
∗ )

eq
u

als
th

e
p

red
ictiv

e
varian

ce
g
iven

in
(1).

T
h

e
B

L
U

P
v
iew

of
G

P
regression

su
ggests

a
reform

u
lation

of
G

P
regression

as
th

e
follow

in
g

op
tim

iza
tion

p
rob

lem
:

M
in

im
ize

u
(x

∗
)∈

R
N

z
[u

(x
∗ )]

=
12
u

(x
∗ ) ′A

u
(x
∗ )−

f
(x
∗ ) ′u

(x
∗ ),

(4)
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P
a
t
c
h
in

g
L

o
c
a
l

G
u
a
ss

ia
n

P
r
o
c
e
ss

e
s

w
h

er
e
A

=
(σ

2
I

+
K

x
x
)

is
an

N
×
N

p
os

it
iv

e
d

efi
n

it
e

m
at

ri
x
,

an
d
f

(x
∗)

=
k
x
∗

is
a

N
×

1
ve

ct
or

ia
l

fu
n

ct
io

n
.

N
ot

e
th

at
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
in

(4
)

eq
u

al
s

h
al

f
o
f

th
e

er
ro

r
va

ri
an

ce
of

a
li

n
ea

r
p

re
d

ic
to

r
gi

v
en

in
(3

)
su

b
tr

ac
ti

n
g

th
e

co
n

st
an

t
te

rm
k
∗∗
/
2
.

T
h

e
o
n

e
h

al
f

fa
ct

or
is

in
tr

o
d

u
ce

d
h

er
e

to
m

ak
e

su
b

se
q
u

en
t

fo
rm

u
la

s
n

ea
t.

T
h

e
so

lu
ti

on
o
f

(4
)

is
u
† (
x
∗)

=
A
−

1
k
x
∗

=
(σ

2
I

+
K

x
x
)−

1
k
x
∗.

B
ac

k
to

th
e

G
P

re
gr

es
si

on
p

ro
b

le
m

,
th

e
p

re
d

ic
ti

ve
m

ea
n

is
gi

ve
n

b
y
u
† (
x
∗)
t y

an
d

th
e

p
re

d
ic

ti
ve

va
ri

an
ce

is
2
z
[u
† (
x
∗)

]+
k
∗∗

,
tw

ic
e

th
e

o
p

ti
m

a
l

ob
je

ct
iv

e
va

lu
e

p
lu

s
th

e
va

ri
an

ce
of
f ∗

at
th

e
lo

ca
ti

on
x
∗.

U
su

al
ly

w
e

ar
e

in
te

re
st

ed
in

ob
ta

in
in

g
th

e
p

re
d

ic
ti

v
e

m
ea

n
an

d
va

ri
an

ce
a
t

m
u

lt
ip

le
lo

ca
ti

on
s

in
a

d
om

ai
n

Ω
⊂

R
N

,
w

h
er

e
al

l
tr

ai
n

in
g

lo
ca

ti
on

s
x
i’

s
al

so
b

el
on

g
to

.
T

o
co

n
si

d
er

th
e

p
re

d
ic

ti
on

at
al

l
lo

ca
ti

on
s

in
Ω

,
w

e
co

n
si

d
er

th
e

fo
ll

ow
in

g
op

ti
m

iz
at

io
n

p
ro

b
le

m
:

M
in

im
iz

e
u

(·)
∈[
L
2
(Ω

)]
N

J
(u

)
=

∫ Ω

{
1 2
u

(x
)′
A
u

(x
)
−
f

(x
)′
u

(x
)}

d
x
,

(5
)

w
h

er
e

[L
2
(Ω

)]
N

is
th

e
C

ar
te

si
an

p
ro

d
u

ct
of
N

H
il

b
er

t
sp

ac
es
L

2
(Ω

).
T

h
e

o
b

je
ct

iv
e

fu
n

ct
io

n
h

er
e

is
si

m
p

ly
th

e
in

te
gr

at
io

n
of

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

in
th

e
si

n
gl

e
lo

ca
ti

o
n

p
ro

b
le

m
(4

).
S

in
ce

th
e

op
ti

m
al

so
lu

ti
on

u
† (
x
∗)

ob
ta

in
s

th
e

m
in

im
u

m
ob

je
ct

iv
e

va
lu

e
o
f

(4
)

a
t

ev
er

y
lo

ca
ti

on
x
∗
∈

Ω
,
u
† (
x
∗)

as
a

fu
n

ct
io

n
of
x
∗

al
so

so
lv

es
th

e
gl

ob
al

p
ro

b
le

m
(5

).

A
cc

or
d

in
g

to
a

st
an

d
ar

d
re

su
lt

fr
om

fu
n

ct
io

n
al

an
al

y
si

s
(E

rn
an

d
G

u
er

m
on

d
,

2
00

4
),

th
e

p
ro

b
le

m
(5

)
h

as
an

eq
u

iv
al

en
t

va
ri

at
io

n
al

fo
rm

u
la

ti
on

,
as

fo
ll

ow
s.

P
ro

p
o
si

ti
o
n

1
T

h
e

ve
ct

o
r
u
∈

[L
2
(Ω

)]
N

m
in

im
iz

es
J

(u
)

if
a
n

d
o
n

ly
if

it
so

lv
es

th
e

in
te

gr
a
l

eq
u

a
ti

o
n

∫ Ω
u

(x
)′
A
v

(x
)
d
x

=

∫ Ω
f

(x
)′
v

(x
)
d
x

fo
r

ea
ch
v
∈

[L
2
(Ω

)]
N
.

(6
)

T
h

e
p

ro
of

is
gi

ve
n

in
A

p
p

en
d

ix
A

.

T
h

ro
u

gh
ou

t
th

e
re

st
of

th
e

p
ap

er
,

w
h

en
ev

er
n

o
co

n
fu

si
on

m
ay

ar
is

e
an

d
to

a
ll

ev
ia

te
th

e
n

ot
at

io
n

,
w

e
om

it
th

e
L

eb
es

gu
e

m
ea

su
re

u
n

d
er

th
e

in
te

gr
al

si
gn

.
F

or
ex

a
m

p
le

,
w

e
sh

a
ll

w
ri

te
∫ Ω
u
′ A
v

an
d
∫ Ω
f
′ v

in
st

ea
d

of
∫ Ω
u

(x
)′
A
v

(x
)
d
x

an
d
∫ Ω
f

(x
)′
v

(x
)
d
x

.

3
.

G
a
u
ss

ia
n

P
ro

ce
ss

R
e
g
re

ss
io

n
w

it
h

B
o
u
n
d
a
ry

C
o
n
st

ra
in

ts

T
h

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
(5

)
w

as
in

tr
o
d

u
ce

d
in

p
re

v
io

u
s

se
ct

io
n

as
a

re
fo

rm
u

la
ti

o
n

o
f

th
e

G
P

re
gr

es
si

on
.

N
ow

w
e

in
tr

o
d

u
ce

b
ou

n
d

ar
y

co
n
st

ra
in

ts
to

th
e

G
P

re
gr

es
si

o
n

th
ro

u
g
h

th
is

op
ti

m
iz

at
io

n
p

ro
b

le
m

an
d

d
ev

el
op

a
fi

n
it

e
el

em
en

t
so

lu
ti

on
fo

r
th

e
co

rr
es

p
o
n

d
in

g
va

ri
a
ti

o
n

al
fo

rm
u

la
ti

on
.

T
h

is
fi

n
it

e
el

em
en

t
so

lu
ti

on
w

il
l

se
rv

e
as

a
b

u
il

d
in

g
b

lo
ck

in
th

e
n

ex
t

se
ct

io
n

fo
r

th
e

p
at

ch
ed

G
P

re
gr

es
si

on
,

w
h

ic
h

co
n

si
st

s
of

a
co

ll
ec

ti
on

of
b

ou
n

d
ar

y
co

n
st

ra
in

ed
G

P
re

gr
es

si
on

s.

3
.1

C
o
n

st
ra

in
e
d

O
p

ti
m

iz
a
ti

o
n

P
ro

b
le

m
a
n

d
It

s
V

a
ri

a
ti

o
n

a
l

F
o
rm

u
la

ti
o
n

W
e

re
q
u

ir
e

th
at

th
e

d
om

ai
n

Ω
is

a
L

ip
sc

h
it

z
b

ou
n

d
ed

op
en

se
t.

L
et
∂

Ω
d

en
ot

e
th

e
b

ou
n

d
a
ry

of
th

e
d

om
ai

n
Ω

.
W

e
n

ee
d

to
re

st
ri

ct
ou

r
at

te
n
ti

on
to

sm
o
ot

h
fu

n
ct

io
n

s
a
n

d
sp

ec
ifi

ca
ll

y
co

n
si

d
er

on
ly

so
lu

ti
on

ve
ct

or
s

in
th

e
S

ob
ol

ev
sp

ac
e

[H
1
(Ω

)]
N

in
st

ea
d

of
[L

2
(Ω

)]
N

,
w

h
er

e
H

1
(Ω

)
:=
{u
∈
L

2
(Ω

);
∂
iu
∈
L

2
(Ω

),
1
≤
i
≤
d
}

w
it

h
∂
iu

d
en

ot
in

g
th

e
p

ar
ti

al
d

er
iv

at
iv

e
o
f
u

w
it

h
re

sp
ec

t
to

th
e
it

h
d

im
en

si
on

of
in

p
u

t.
W

e
ca

n
n

ot
u

se
th

e
b

ig
ge

r
L

2
(Ω

)
sp

a
ce

b
ec

a
u

se
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9

P
a
r
k

a
n
d

H
u
a
n
g

th
e

va
lu

e
of

a
fu

n
ct

io
n

in
th

is
sp

ac
e

ca
n

b
e

u
n
b

ou
n

d
ed

on
∂

Ω
a
n

d
so

n
o
t

w
el

l-
d

efi
n

ed
.

F
o
r

ex
am

p
le

,
ta

ke
Ω

=
(0
,1

)
a
n

d
u

(x
)

=
x
−

1
/
3
.

It
is

cl
ea

r
th

a
t
u

(x
)
∈
L

2
(Ω

)
b

u
t
u

(0
)

=
∞

.
O

n
th

e
ot

h
er

h
a
n

d
,

th
e

va
lu

es
o
f

a
fu

n
ct

io
n

in
H

1
(Ω

)
a
re

b
ou

n
d

ed
a
t

it
s

d
o
m

ai
n

b
o
u

n
d

a
ry

.
In

fa
ct

,
if
u
∈
H

1
(Ω

),
th

en
u

re
st

ri
ct

ed
o
n
∂

Ω
,

w
h

ic
h

w
e

d
en

o
te

b
y
u
|∂

Ω
,

is
a

m
em

b
er

of

H
1
/
2
(∂

Ω
)

:=
{u
∈
L

2
(Ω

)
:

u
(x

)−
u

(y
)

||x
−
y
||(
d
+
1
)/

2
∈
L

2
(Ω
×

Ω
)}

(E
rn

a
n
d

G
u

er
m

o
n

d
,

20
0
4,

T
h

eo
re

m

B
.5

2
). C
on

si
d

er
th

e
b

o
u

n
d

ar
y

co
n

st
ra

in
ts

o
f

th
e

fo
rm

y
′ u

(x
)

=
b(
x

)
fo

r
so

m
e

k
n

ow
n

fu
n

ct
io

n
b
∈
H

1
/
2
(∂

Ω
).

S
in

ce
y
′ u

(x
)

ca
n

b
e

in
te

rp
re

te
d

a
s

a
li

n
ea

r
p

re
d

ic
to

r
a
t

lo
ca

ti
on

x
,

th
e

co
n

st
ra

in
s

si
m

p
ly

re
q
u

ir
e

th
e

p
re

d
ic

ti
o
n

s
a
t

th
e

d
o
m

a
in

b
ou

n
d

a
ry

to
h

av
e

ce
rt

a
in

sp
ec

ifi
ed

fu
n

ct
io

n
al

fo
rm

.
D

en
ot

e

H
b

=

{ u
∈

[H
1
(Ω

)]
N

:

∫ ∂
Ω
y
′ u
|∂

Ω
v

=

∫ ∂
Ω
b
v

fo
r

ea
ch

v
∈
H

1
/
2
(∂

Ω
)}

.

A
co

n
st

ra
in

ed
ve

rs
io

n
o
f

th
e

op
ti

m
iz

at
io

n
p

ro
b

le
m

(5
)

ca
n

b
e

w
ri

tt
en

a
s

M
in

im
iz

e
u
∈H

b

J
(u

)
=

∫ Ω

{
1 2
u

(x
)′
A
u

(x
)
−
f

(x
)′
u

(x
)}

d
x
.

(7
)

H
er

e,
fo

r
m

a
th

em
at

ic
a
l

co
n
ve

n
ie

n
ce

,
w

e
h

av
e

re
p

la
ce

d
th

e
st

ri
ct

b
ou

n
d

a
ry

co
n

st
ra

in
ts

y
′ u

(x
)

=
b(
x

)
b
y

a
w

ea
k
er

fo
rm

fo
r
u
∈
H
b
.

S
im

il
ar

to
P

ro
p

o
si

ti
o
n

1
,

w
e

ca
n

sh
ow

th
a
t

th
e

o
p

ti
m

iz
at

io
n

p
ro

b
le

m
(7

)
is

eq
u

iv
al

en
t

to
a

va
ri

at
io

n
al

fo
rm

u
la

ti
o
n

:

P
ro

p
o
si

ti
o
n

2
T

h
e

ve
ct

o
r
u
∈
H
b

m
in

im
iz

es
J

(u
)

if
a
n

d
o
n

ly
if

it
so

lv
es

th
e

in
te

gr
a
l

eq
u

a
ti

o
n

∫ Ω
u

(x
)′
A
v

(x
)
d
x

=

∫ Ω
f

(x
)′
v

(x
)
d
x

fo
r

ea
ch
v
∈
H
b
.

(8
)

T
h

e
p

ro
o
f

is
gi

ve
n

in
A

p
p

en
d

ix
B

.

3
.2

F
in

it
e

E
le

m
e
n
t

A
p

p
ro

x
im

a
ti

o
n

A
fi

n
it

e
el

em
en

t
m

et
h

o
d

a
p

p
ro

x
im

a
te

s
th

e
sp

a
ce
H
b

o
f

v
ec

to
r-

va
lu

ed
fu

n
ct

io
n

s
o
n

a
d

om
ai

n
Ω

b
y

a
fi

n
it

e
d

im
en

si
on

al
ve

ct
or

sp
a
ce

.
W

it
h

th
e

a
p

p
ro

x
im

a
ti

o
n

,
th

e
in

te
gr

a
l

eq
u
a
ti

o
n

(8
)

is
co

n
ve

rt
ed

to
a

fi
n

it
e-

d
im

en
si

o
n

a
l

li
n

ea
r

sy
st

em
o
f

eq
u

a
ti

o
n

s.
T

h
e

fi
n

it
e

d
im

en
si

on
al

ap
p

ro
x
im

a
ti

o
n

sc
h

em
e

re
q
u

ir
es

a
m

es
h

a
n

d
a

se
t

o
f
fi

n
it

e
el

em
en

ts
.

A
m

es
h
K h

=
{K

1
,.
..
,K

M
}

is
a

se
t

o
f

a
fi

n
it

e
n
u

m
b

er
o
f

co
m

p
a
ct

,
co

n
n

ec
te

d
a
n

d
L

ip
sc

h
it

z
su

b
se

ts
o
f

Ω
w

it
h

n
on

-e
m

p
ty

in
te

ri
o
r

w
h

ic
h

p
a
rt

it
io

n
s

Ω
,

w
h

er
e

ea
ch

K
m

is
ca

ll
ed

a
m

es
h

ce
ll

,
a
n

d
h

p
ar

a
m

et
er

iz
es

th
e

si
ze

o
f
K
m

;
e.

g
.

if
K
m

is
a

p
o
ly

go
n

,
h

is
th

e
le

n
gt

h
o
f

th
e

p
o
ly

go
n

’s
si

d
e.

F
or

ea
ch

K
m
∈
K h

,
a

fi
n

it
e

el
em

en
t

is
d

efi
n
ed

a
s

a
tr

ip
le

t
{K

m
,P

m
,A

m
},

w
h

er
e
P
m

is
a

v
ec

to
r

sp
ac

e
o
f

fu
n

ct
io

n
s
q

:
K
m
→

R
w

it
h
d
im

(P
m

)
=
p
,

a
n

d
A
m

is
a

se
t

o
f
p

li
n

ea
r

fo
rm

s
α
m
j

:
P
m
→

R
N

sp
a
n

n
in

g
th

e
d

u
a
l

ve
ct

or
sp

a
ce

of
P
m

,
w

h
ic

h
is

ca
ll

ed
th

e
lo

ca
l

d
eg

re
es

o
f

fr
ee

d
om

.
T

h
er

e
ex

is
ts

a
b

as
is
{φ

m
1
,.
..
,φ

m
p
}

o
f

th
e

ve
ct

o
r

sp
a
ce
P
m

sa
ti

sf
y
in

g
α
m
j
(φ
m
k
)

=
1
N
δ j
k
,

w
h

er
e

1
N

is
a
N

-v
ec

to
r

of
1
’s

.
In

o
u

r
im

p
le

m
en

ta
ti

on
,

w
e

u
se

th
e

L
a
gr

an
ge

fi
n

it
e

el
em

en
t

fo
r
{K

m
,P

m
,A

m
},

w
h

er
e
K
m

is
a

si
m

p
le

x
in

R
d
,
P
m

is
th

e
p

ol
y
n

om
ia

l
of

o
rd

er
k

a
n

d
α
m
j

=
u

(x
m
j
)

w
it

h
x
m
j
∈
K
m

;
m

o
re

d
et

a
il

s
ca

n
b

e
fo

u
n

d
in

E
rn

a
n

d
G

u
er

m
on

d
(2

00
4
,

S
ec

ti
o
n

1.
2
.3

).
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P
a
t
c
h
in

g
L

o
c
a
l

G
u
a
ssia

n
P

r
o
c
e
sse

s

F
o
r

an
y

vecto
r-va

lu
ed

fu
n
ction

u
∈

[H
1(Ω

)] N
,

let
u
|K
m

d
en

o
te

its
restrictio

n
to
K
m

,
i.e.,

u
(x

)|K
m

=
1
K
m

(x
)u

(x
).

T
h

e
fi

n
ite

elem
en

t
a
p

p
rox

im
a
tion

o
f
u

o
n
K
m

is
g
iv

en
b
y

u
|K
m
≈
u
m
h

:=

p
∑j=

1

β
m
j φ
m
j ,

w
h

ere
β
m
j

is
a
n
N

-vector
o
f

co
effi

cien
ts

in
th

e
b

asis
ex

p
a
n

sio
n

.
T

h
e

co
m

b
in

a
tio

n
o
f
u
m
h ’s

over
K
m

,
m
∈
M

,
p

rov
id

es
a

g
lob

al
a
p

p
rox

im
a
tion

o
f
u

over
th

e
w

h
ole

d
o
m

ain
Ω

,
i.e.,

u
h

=
M∑m
=

1

u
m
h

=
M∑m
=

1

p
∑j=

1

β
m
j φ
m
j ,

(9)

w
h

ich
h
a
s

a
m

a
trix

-vecto
r

rep
resen

ta
tionu

h
=
U
′φ
,

(10
)

w
h

ere
U

is
th

e
(M

p
)×

N
m

atrix
form

ed
b
y

co
n

ca
ten

atin
g

row
vecto

rs
β
′m
j

in
row

-w
ise

a
n

d
φ

is
th

e
(M

p
)-d

im
en

sio
n

a
l

co
lu

m
n

vecto
r

o
f
φ
m
j ’s.

In
(9

)
a
n

d
(1

0
)

w
e

ex
p

licitly
ex

ten
d

ed
φ
m
j

to
b

e
zero

o
u

tsid
e
K
m

.
T

h
e

co
llectio

n
o
f

v
ecto

r-va
lu

ed
fu

n
ctio

n
s

w
ith

ex
p

ressio
n

(1
0)

is
a

fi
n

ite-d
im

en
sion

al
lin

ea
r

sp
a
ce.

W
e

ca
ll

th
is

sp
ace

th
e

fi
n

ite
elem

en
t

sp
a
ce

a
n

d
d

en
o
te

it
a
s
G
h ,

w
h

ere
th

e
su

b
scrip

t
d

en
o
tes

th
e

m
esh

size
h

.
T

h
e

fi
n

ite
elem

en
t

m
eth

o
d

fo
r

so
lv

in
g

th
e

u
n

co
n

stra
in

ed
in

tegra
l

eq
u

a
tio

n
(6

)
seek

s
u
h ∈

G
h

su
ch

th
a
t

a
(u

h ,v
h )

=
c(v

h )
fo

r
each

v
h ∈

G
h ,

(1
1)

w
h

ere
a
(u
,v

)
=
∫
u
′A
v

a
n

d
c(v

)
=
∫
f
′v

.
F

ollow
in

g
(1

0
),

w
e

ca
n

w
rite

u
h

=
U
′φ

a
n

d
sim

ila
rly
v
h

=
V
′φ

.
B

o
th

of
th

e
lh

s
an

d
rh

s
o
f

(1
1)

ca
n

b
e

sim
p

ly
rep

resen
ted

as
a
lg

eb
ra

ic
form

s
as

fo
llow

s.
F

irst,
sin

ce

u
′h A
v
h

=
trace(φ

′U
A
V
′φ

)
=

trace(φ
φ
′U
A
V
′),

w
e

h
ave

a
(u

h ,v
h )

=

∫

Ω
u
′h A
v
h

=
trace( ∫

Ω
φ
φ
′U
A
V
′)

=
trace(Φ

U
A
V
′),

w
h

ere
Φ

=
∫

Ω
φ
φ
′.

S
eco

n
d

,
sin

ce

f
′v
h

=
trace(f

′V
′φ

)
=

tra
ce(φ

f
′V
′),

w
e

h
ave

th
a
t

c(v
h )

=

∫

Ω
f
′v
h

=
tra

ce( ∫

Ω
φ
f
′V
′)

=
tra

ce(F
V
′),

w
h

ere
F

=
∫

Ω
φ
f
′.

T
h

erefo
re,

th
e

in
teg

ral
eq

u
atio

n
(11

)
is

eq
u

iva
len

t
to

th
e

follow
in

g
lin

ear
sy

stem
tra

ce((Φ
U
A
−
F

)V
′)

=
0

fo
r

ea
ch
V
∈
R
N
×

(M
p
),

w
h

ich
is

eq
u

iva
len

t
to

Φ
U

=
F
A
−

1.
(1

2)
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P
a
r
k

a
n
d

H
u
a
n
g

W
e

n
ow

in
tro

d
u

ce
th

e
b

ou
n

d
a
ry

con
strain

ts.
W

e
p

artitio
n

(after
reord

erin
g

th
e

el-
em

en
ts)

th
e

b
asis

fu
n

ction
vector

φ
u

sed
in
u
h

=
U
′φ

in
to

tw
o

vectors
φ

0
an

d
φ
b

in
colu

m
n

-w
ise

su
ch

th
at,
φ

0
is

a
colu

m
n

vector
of

th
e
φ
m
j (x

)’s
satisfy

in
g
φ
m
j|∂

Ω
=

0
an

d
φ
b

is
a

colu
m

n
vector

of
th

e
φ
m
j (x

)’s
satisfy

in
g
φ
m
j|∂

Ω
6=

0.
S

u
p

p
ose

th
at
φ

0
h

a
s
Q

elem
en

ts
an

d
φ
b

h
a
s
R

elem
en

ts.
S

in
ce

th
e

n
u

m
b

er
of

colu
m

n
s

of
φ

is
M
p
,
Q

+
R

=
M
p
.

W
ith

th
e

p
a
rtitio

n
,

w
e

h
ave

th
at

u
h

=
U
′0 φ

0
+
U
′b φ

b ,
(13)

w
h

ere
U

0
an

d
U
b

are
su

b
m

atrices
con

sistin
g

of
U

’s
row

s
corresp

o
n

d
in

g
to
φ

0
an

d
φ
b

resp
ectively.

S
u

b
stitu

tin
g

(13)
in

to
eq

u
ation

(12),
w

e
h

ave
th

at

Φ
0 U

0
+

Φ
b U

b
=
F
A
−

1,
(14)

w
h

ere
Φ

0
=
∫

Ω
φ
φ
′0

an
d

Φ
b

=
∫

Ω
φ
φ
′b .

T
h

e
b

ou
n

d
ary

con
strain

ts
restricted

to
G
h

can
b

e
w

ritten
as

∫

∂
Ω
y
′u
h|∂

Ω
v

=

∫

∂
Ω
b
v

for
each

v
∈
G
h .

U
sin

g
(14

)
a
n

d
d

rop
p

in
g

th
e

b
asis

fu
n

ction
s

w
h

ose
valu

es
a
re

zero
at

th
e

b
ou

n
d

ary,
w

e
ob

tain
∫

∂
Ω
y
′U
′b
φ
b|∂

Ω
φ
m
j|∂

Ω
=

∫

∂
Ω
b
φ
m
j|∂

Ω
for

ea
ch

φ
m
j|∂

Ω
6=

0,

w
h

ich
im

p
lies

∫

∂
Ω
y
′U
′b
φ
b|∂

Ω
φ
′b|∂

Ω
=

∫

∂
Ω
b
φ
′b|∂

Ω
.

L
ettin

g
B

=
∫
∂

Ω
φ
b|∂

Ω
φ
′b|∂

Ω
an

d
b

=
∫
∂

Ω
b
φ
′b|∂

Ω
,

w
e

h
ave

y
′U
′b B

=
b ′,

(15)

W
e

d
ecom

p
ose

U
b

in
to

tw
o

com
p

on
en

ts:
on

e
orth

ogon
al

to
y

an
d

th
e

resid
u

al.
L

et
O
y

b
e
N
×

(N
−

1)
m

atrix
of
N
−

1
colu

m
n

v
ectors

orth
ogon

al
to
y

,
w

h
ich

can
b

e
ob

tain
ed

b
y

th
e

G
ra

m
-S

ch
m

id
t

p
ro

cess.
T

h
ere

ex
ist
Z
∈
R
R
×

(N
−

1
)

an
d
z
∈
R
R
×

1
satisfy

in
g

U
b

=
Z
O
′y

+
z
y
′.

(16)

T
h

erefo
re,

(1
4)

b
ecom

es

Φ
0 U

0
+

Φ
b Z
O
′y

+
Φ
b z
y
′
=
F
A
−

1
(17)

S
in

ce
y
′U
′b

=
y
′(O

y
Z
′+
y
z
′)

=
y
′y
z
′,

eq
u

a
tio

n
(1

5)
g
ives

u
s

y
′y
z
′B

=
b ′,

th
erefore,

(y
′y

)z
=
B
−

1b
.

(18)

In
su

m
m

ary,
w

e
fi

rst
solv

e
(18)

for
z

,
th

en
solve

(17)
for

U
0

a
n

d
Z

,
an

d
th

en
calcu

late
U
b

u
sin

g
(16).

T
h

e
fi

n
ite

elem
en

t
solu

tion
of

th
e

variation
al

p
rob

lem
(8)

is
given

b
y
u
h

=
U

0 φ
0

+
U
b φ

b .
B

y
th

e
th

eory
of

fi
n

ite
elem

en
t

m
eth

o
d

(E
rn

an
d

G
u

erm
on

d
,

20
04),

th
e

a
p

p
rox

im
ate

solu
tion

u
h

con
verges

to
th

e
solu

tion
of

th
e

origin
al

p
rob

lem
as

th
e

m
esh

size
h

ten
d

s
to

zero.
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P
a
t
c
h
in

g
L

o
c
a
l

G
u
a
ss

ia
n

P
r
o
c
e
ss

e
s

4
.

P
a
tc

h
in

g
C

o
n
st

ra
in

e
d

L
o
ca

l
G

P
s

fo
r

E
ffi

ci
e
n
t

C
o
m

p
u
ta

ti
o
n

o
f

G
lo

b
a
l

G
P

re
g
re

ss
io

n

T
h

is
se

ct
io

n
p

re
se

n
ts

ou
r

p
at

ch
ed

G
P

re
gr

es
si

on
m

et
h

o
d

.
W

e
st

ar
t

fr
om

so
m

e
n

o
ta

ti
o
n

s.
W

e
p

ar
ti

ti
on

th
e

d
om

ai
n

Ω
of

th
e

d
at

a
in

to
sm

al
l

lo
ca

l
re

gi
on

s
{Ω

s
,s

=
1
,.
..
,S
}

a
n

d
p

ar
ti

ti
on

th
e

tr
ai

n
in

g
d

at
a

se
t
D

=
{(
x
n
,y
n
)

:
n

=
1
,.
..
,N
}

ac
co

rd
in

gl
y

in
to
S

d
at

a
se

ts
D s

:=
{(
x
n
,y
n
)
∈
D

:
x
n
∈

Ω
s
}.

W
e

th
en

ca
lc

u
la

te
th

e
lo

ca
l

p
re

d
ic

ti
on

fu
n

ct
io

n
f s

fo
r

th
e

lo
ca

l
re

gi
on

Ω
s

u
si

n
g

th
e

d
at

a
se

t
D s

.
T

h
er

e
ar

e
so

m
e

is
su

es
w

it
h

th
is

lo
ca

li
ze

d
so

lu
ti

on
.

F
ir

st
,

th
e

p
re

d
ic

ti
on

at
ar

ou
n

d
∂

Ω
s

is
n

ot
as

a
cc

u
ra

te
as

th
e

p
re

d
ic

ti
on

a
t

th
e

in
te

ri
o
r

o
f

Ω
s

m
ai

n
ly

b
ec

au
se

of
th

e
le

ss
n
u

m
b

er
of

ob
se

rv
at

io
n

s
av

ai
la

b
le

ar
ou

n
d
∂

Ω
s
.

In
p
ar

ti
cu

la
r,

w
h

en
S

b
ec

om
es

la
rg

e,
th

e
b

ou
n

d
ar

y
re

gi
on

s
al

so
in

cr
ea

se
.

T
h

er
ef

or
e,

th
e

in
a
cc

u
ra

cy
a
t

th
e

b
ou

n
d

ar
ie

s
∂

Ω
s

ca
n

h
av

e
si

gn
ifi

ca
n
t

n
eg

at
iv

e
eff

ec
ts

on
th

e
ov

er
al

l
p

re
d

ic
ti

o
n

a
cc

u
ra

cy
.

S
ec

on
d

,
tw

o
lo

ca
l

G
P

re
gr

es
si

on
s

fr
om

tw
o

n
ei

gh
b

or
in

g
lo

ca
l

re
gi

on
s

Ω
s

an
d

Ω
t

p
ro

d
u

ce
d

iff
er

en
t

p
re

d
ic

ti
on

s
f s

an
d
f t

at
th

e
sh

ar
ed

b
ou

n
d

ar
y,

m
ak

in
g

th
e

p
re

d
ic

ti
o
n

d
is

co
n
ti

n
u

o
u

s
on

th
e

b
ou

n
d

ar
y.

T
h

is
d

is
co

n
ti

n
u

it
y

is
u
n

ac
ce

p
ta

b
le

si
n

ce
co

n
ti

n
u

it
y

of
th

e
p

re
d

ic
ti

o
n

is
of

te
n

d
es

ir
ed

.
W

e
p

ro
p

os
e

to
im

p
os

e
b

ou
n

d
ar

y
co

n
st

ra
in

ts
su

ch
th

at
th

e
tw

o
n

ei
g
h
b

o
ri

n
g

lo
ca

l
G

P
re

gr
es

si
on

s
gi

ve
th

e
sa

m
e

p
re

d
ic

ti
on

s
on

th
e

sh
ar

ed
b

ou
n

d
ar

y.

S
ec

ti
on

4.
1

ap
p
li

es
th

e
fi

n
it

e
el

em
en

t
m

et
h

o
d

of
S

ec
ti

on
3

to
so

lv
e

a
b

o
u

n
d

a
ry

co
n

-
st

ra
in

ed
lo

ca
l

G
P

p
ro

b
le

m
fo

r
ea

ch
lo

ca
l

re
gi

on
w

h
en

th
e

b
ou

n
d

ar
y

co
n

st
ra

in
ts

ar
e

gi
ve

n
.

S
ec

ti
on

4.
2
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v
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tw
o

m
et

h
o
d

s
fo

r
es

ti
m

at
in

g
th

e
b

ou
n

d
ar

y
co

n
st

ra
in

ts
.

S
ec

ti
on

4
.3

d
is

-
cu

ss
es

so
m

e
im

p
le

m
en

ta
ti

on
d

et
ai

ls
,

in
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u
d

in
g
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lc

u
la

ti
on

of
th

e
in
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gr

at
io

n
s

in
vo

lv
in

g
th

e
fi

n
it

e
el

em
en

ts
,

an
d

le
ar

n
in

g
p

ar
am

et
er

s
of

th
e

co
va

ri
an

ce
fu

n
ct

io
n

of
th

e
G

P
re

g
re

ss
io

n
.

4
.1

B
o
u

n
d

a
ry

-c
o
n

st
ra

in
e
d

L
o
c
a
l

G
P

F
or

tw
o

n
ei

gh
b

or
in

g
lo

ca
l

re
gi

on
s

Ω
s

an
d

Ω
t,

le
t

Γ
st

=
Ω
s
∩

Ω
t

d
en

ot
e

th
e

sh
ar

ed
b

o
u

n
d
ar

y,
w

h
er

e
Ω
s

is
th

e
cl

os
u

re
of

Ω
s
.

T
h

e
p

re
d

ic
ti

on
fu

n
ct

io
n
f

sp
ec

ia
li

ze
d

on
Γ
st

is
d

en
o
te

d
b
y

a
b

ou
n

d
ar

y
fu

n
ct

io
n
b s
t(
x

)
fo

r
x
∈

Γ
st

.
F

or
th

e
ti

m
e

b
ei

n
g,

w
e

as
su

m
e

th
a
t
b s
t(
x

)
is

k
n

ow
n

an
d

sh
al

l
d

is
cu

ss
in

n
ex

t
se

ct
io

n
h

ow
to

es
ti

m
at

e
b s
t(
x

).
F

ix
a

d
om

ai
n

Ω
s
,

su
p

p
o
se

a
ll

it
s

b
ou

n
d

ar
y

fu
n

ct
io

n
s
{b
st

:
∀t
,Γ

st
6=
∅}

ar
e

k
n

ow
n

.
C

on
si

d
er

th
e

fo
ll

ow
in

g
lo

ca
l

G
P

p
ro

b
le

m
on

Ω
s

M
in

im
iz

e
u
s

J
(u

s
)

=

∫ Ω
s

{
1 2
u
s
(x

)′
A
s
u
s
(x

)
−
f
s
(x

)′
u
s
(x

)}
d
x

su
b

je
ct

to
y
′ su

s
(x

)
=
b s
t(
x

)
on

x
∈

Γ
st
,
∀t
,

Γ
st
6=
∅

(1
9)

w
h

er
e
A
s
,
f
s
(x

)
an

d
y
s

ar
e

th
e

lo
ca

li
ze

d
ve

rs
io

n
s

of
A

,
f

(x
)

an
d
y

,
w

h
ic

h
a
re

a
ll

co
m

p
u

te
d

u
si

n
g

th
e

d
at

a
in

Ω
s
.

T
h

e
co

n
st

ra
in

ts
u

se
d

in
(1

9)
re

st
ri

ct
tw

o
lo

ca
l
G

P
p

re
d

ic
ti

o
n

fu
n

ct
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n
s

f s
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d
f t

to
h
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e

th
e

sa
m

e
p

re
d

ic
ti

on
b s
t
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th

e
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ar
ed

b
ou

n
d
ar

y
Γ
st

.

A
s
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S

ec
ti

on
3,

w
e

re
p
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e

b
ou

n
d

ar
y

co
n

st
ra

in
ts

b
y

th
e

w
ea

k
fo

rm
,

ap
p

ro
x
im

a
te

u
s

b
y

it
s

fi
n

it
e

el
em

en
t

ap
p

ro
x
im

at
io

n
u
s,
h

=
U
′ s,

0
φ
s,

0
+
U
′ s,
b
φ
s,
b
,

w
h

er
e
φ
s,

0
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a
ve

ct
o
r

of
lo

ca
l

b
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fu

n
ct

io
n

s
φ
m
j
’s
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sf
y
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g
φ
m
j
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) |
Γ
s
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=
0
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r
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l
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an

d
φ
s,
b
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a

v
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r
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f
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ca

l
b
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fu
n

ct
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n
s
φ
m
j
’s

sa
ti

sf
y
in

g
φ
m
j
(x

) |
Γ
s
t
6=

0
fo

r
al

l
t’

s,
an

d
φ
s

=
(φ
′ s,

0
,φ
′ s,
b
)′

.
L

et
N
s

b
e

th
e

le
n
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h
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y
s

an
d
O
y
s

b
e
N
s
×
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s
−

1)
m
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ri

x
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N
s
−

1
co
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m

n
ve

ct
o
rs

o
rt

h
o
g
o
n
a
l

to
y
s
.

W
e

ca
n

d
ec

om
p

os
e
U
s,
b

in
to
U
s,
b

=
Z
s
O
′ y s

+
z
s
y
′ s.

A
s

w
e

d
er

iv
ed
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S

ec
ti

on
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,

th
e

fi
n

it
e

el
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en
t

so
lu

ti
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of
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e
lo
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p
ro

b
le

m
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b
y
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e
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ow
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g
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n
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r
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P
a
r
k

a
n
d

H
u
a
n
g

sy
st

em
o
f

eq
u

at
io

n
s

fo
r
U
s,

0
,
Z
s

a
n

d
z
s
,

Φ
s,

0
U
s,

0
+

Φ
s,
b
Z
s
O
′ y s

+
Φ
s,
b
z
s
y
′ s

=
F
s
A
−

1
s
,

(y
′ sy

s
)z
s

=
B
−

1
s
b
s
,

(2
0
)

w
h

er
e

Φ
s,

0
=
∫ Ω

s
φ
s
φ
′ s,

0
,
Φ
s,
b

=
∫ Ω

s
φ
s
φ
′ s,
b
,
F
s

=
∫ Ω

s
φ
s
f
′ s,

an
d

B
s

=
∑

t:
Γ
s
t
6=
∅∫ Γ

s
t

φ
s,
b|Γ

s
t
φ
s,
b|Γ

s
t
,

b
s

=
∑

t:
Γ
s
t
6=
∅∫ Γ

s
t

b s
t|Γ

s
t
φ
s,
b|Γ

s
t
.

S
in

ce
b s
t(
x

)
is

u
n

k
n

ow
n

,
w

e
n

ee
d

to
es

ti
m

a
te
b
s

u
si

n
g

th
e

p
ro

ce
d

u
re

to
b

e
d

es
cr

ib
ed

in
S

ec
ti

on
4
.2

.
U

si
n

g
th

e
se

co
n

d
eq

u
a
ti

o
n

o
f

(2
0
),

w
e

o
b

ta
in
z
s

=
B
−

1
s
b
s
/
y
′ sy

s
.

S
u

b
st

it
u

ti
n

g
th

is
ex

p
re

ss
io

n
o
f
z
s

in
th

e
fi

rs
t

eq
u

a
ti

o
n

of
(2

0
),

w
e

o
b

ta
in

Φ
s,

0
U
s,

0
+

Φ
s,
b
Z
s
O
′ y s

=
F
s
A
−

1
s
−

Φ
s,
b
z
s
y
′ s,

=
F
s
A
−

1
s
−

Φ
s,
b
B
−

1
s
b
s
y
′ s

y
′ sy

s

.
(2

1)

W
e

th
en

so
lv

e
th
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eq

u
a
ti
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r
U
s,

0
a
n

d
Z
s
,
a
n

d
co

m
p

u
te
U
s,
b

=
Z
s
O
′ y s

+
z
s
y
′ s.

F
in

al
ly

th
e

fi
n

it
e

el
em

en
t

so
lu

ti
o
n

o
f
th

e
co

n
st

ra
in

ed
lo

ca
l
G

P
p

ro
b
le

m
(1

9)
is
u
s,
h

=
U
′ s,

0
φ
s,

0
+
U
′ s,
b
φ
s,
b
.

W
h

en
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n
u
m

b
er
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m

es
h

ce
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s
in
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ch

lo
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l
re
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io

n
is
M
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ag

e
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n

d
th

e
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u

m
b

er
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tr
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in

in
g

d
at

a
in

ea
ch

d
o
m
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n

is
N
S

,
th

e
co

m
p

u
ta

ti
o
n

co
m

p
le

x
it

y
of

so
lv

in
g

th
e

co
n

st
ra

in
ed

lo
ca

l
G

P
re

g
re

ss
io

n
(2

1
)

fo
r

o
n

e
lo

ca
l

re
g
io

n
is
O

(N
3 S

+
M

2
).

T
h

e
fi

rs
t

p
a
rt
N

3 S
is

fo
r

in
ve

rt
in

g
A
j
,

an
d

th
e

se
co

n
d

p
a
rt

is
fo

r
in

v
er

ti
n
g

Φ
s,

0
an

d
Φ
s,
b
,

w
h

ic
h

is
p

ro
p

o
rt

io
n

a
l

to
M

2
b

ec
au

se
Φ
s,

0
a
n

d
Φ
s,
b

a
re

sp
a
rs

e
b
a
n

d
ed

m
a
tr

ic
es

;
n

o
te

th
at

th
e

co
m

p
le

x
it

y
o
f

so
lv

in
g

a
li

n
ea

r
sy

st
em

w
it

h
a

b
a
n

d
ed

co
effi

ci
en

t
m

a
tr

ix
is

p
ro

p
or

ti
o
n

a
l

to
th

e
sq

u
a
re

o
f

th
e

si
ze

of
th

e
li

n
ea

r
sy

st
em

(M
ah

m
o
o
d

et
a
l.

,
19

9
1
).

T
h

e
co

st
p

er
lo

ca
l

re
gi

on
is

m
o
st

ly
b

ou
n

d
ed

b
y

th
e

cu
b

ic
te

rm
O

(N
3 S
).

T
h

e
to

ta
l

co
m

p
u

ta
ti

o
n

a
l

co
st

fo
r
S

lo
ca

l
re

gi
o
n

s
is

th
u

s
O

(S
N

3 S
),

w
h

ic
h

al
so

eq
u

al
s

to
O

(N
N

2 S
).

4
.1

.1
Il

l
u
st

r
a
t
iv

e
O

u
t
p
u
t

o
f

t
h
e

C
o
n
st

r
a
in

e
d

G
P

F
o
r
m

u
l
a
t
io

n

O
u

r
co

n
st

ra
in

ed
lo

ca
l

G
P

re
gr

es
si

on
p

ro
v
id

es
a

g
o
o
d

a
p

p
ro

x
im

a
te

to
a

fu
ll

G
P

re
gr

es
si

o
n

w
h

en
th

e
va

lu
e

o
f

b
o
u

n
d

a
ry

fu
n

ct
io

n
b s
t

is
cl

o
se

to
th

e
m

ea
n

p
re

d
ic

ti
o
n

o
f

th
e

fu
ll

G
P

re
gr

es
si

o
n

at
Γ

.
T

o
sh

ow
th

is
,

w
e

p
er

fo
rm

ed
a

si
m

p
le

si
m

u
la

ti
on

st
u

d
y.

In
th

e
st

u
d

y,
w

e
g
en

er
a
te

d
a

d
at

a
se

t
of

6,
0
00

n
o
is

y
o
b

se
rv

a
ti

on
s

fr
o
m

a
ze

ro
-m

ea
n

G
a
u

ss
ia

n
p

ro
ce

ss
w

it
h

a
n

ex
p

on
en

ti
al

co
va

ri
an

ce
fu

n
ct

io
n

,

y i
=
f

(x
i)

+
ε i

fo
r
i

=
1,
..
.,

6
0
00
,

w
h

er
e
x
i
∼

U
n

if
o
rm

(0
,1

0
)

an
d
ε i
∼
N

(0
,1

)
a
re

in
d

ep
en

d
en

tl
y

sa
m

p
le

d
,

a
n
d
f

(x
i)

is
si

m
-

u
la

te
d

b
y

th
e

R
p

a
ck

ag
e
R
a
n
d
o
m
F
i
e
l
d
.

T
h

re
e

h
u

n
d
re

d
s

o
f

th
e

ob
se

rv
at

io
n

s
w

er
e

ra
n

-
d

om
ly

sa
m

p
le

d
to

le
a
rn

a
G

au
ss

ia
n

p
ro

ce
ss

re
g
re

ss
io

n
(f

u
ll

G
P

)
a
n
d

th
e

co
va

ri
a
n

ce
h
y
p

er
-

p
ar

am
et

er
s,

w
h

il
e

th
e

re
m

a
in

in
g

5,
7
0
0

w
er

e
ke

p
t

fo
r

te
st

d
a
ta

.
T

h
e

d
o
m

a
in

[0
,1

0
]
w

a
s

p
a
rt

i-
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on
ed

in
to

te
n
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ca

l
re
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s
of
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1
d

el
in
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d
b
y

b
o
u

n
d
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y
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{0
.0
,0
.1
,0
.2
,0
.3
,.
..

1.
0}

,

1
0

JM
L

R
 1

7(
17

4)
:1

-2
9



P
a
t
c
h
in

g
L

o
c
a
l

G
u
a
ssia

n
P

r
o
c
e
sse

s

0
1

2
3

4
5

6
7

8
9

10
−

6

−
4

−
2 0 2 4 6 8 10

x

y

 

 
full G

P
y

i

constrained local G
P

unconstrained local G
P

F
ig

u
re

1
:

E
ff

ect
o
f

th
e

b
o
u

n
d

a
ry

con
strain

t
o
n

G
a
u

ssia
n

p
ro

cess
reg

ressio
n

.

a
n

d
th

e
30

0
o
b

serva
tion

s
w

ere
d

istrib
u

ted
in

to
th

e
lo

ca
l

reg
ion

s
a
cco

rd
in

g
ly.

F
o
r

ea
ch

d
o-

m
a
in

,
an

u
n

co
n

stra
in

ed
G

P
reg

ressio
n

(u
n

co
n

stra
in

ed
lo

ca
l

G
P

)
an

d
a

co
n

stra
in

ed
G

P
re-

g
ressio

n
(co

n
stra

in
ed

lo
cal

G
P

)
w

ere
lea

rn
ed

.
W

h
en

th
e

co
n

stra
in

ed
lo

ca
l

G
P

w
a
s

lea
rn

ed
,

th
e

va
lu

es
of

th
e

reg
ression

o
u

tco
m

e
a
t

th
e

b
ou

n
d

a
ry

p
o
in

ts
w

ere
con

strain
ed

to
b

e
eq

u
a
l

to
th

e
m

ea
n

p
red

ictio
n

o
f

a
fu

ll
G

P
reg

ressio
n

at
th

e
p

oin
ts.

N
o
te

th
is

is
n

o
t

a
fa

ir
com

p
a
rison

sin
ce

th
e

fu
ll

G
P

p
red

ictio
n

w
as

u
sed

.
T

h
is

ex
a
m

p
le

w
a
s

ju
st

u
sed

to
sh

ow
th

e
ro

o
m

fo
r

im
p

rovem
en

t
if

con
stra

in
ts

a
re

u
sed

.

F
ig

u
re

1
sh

ow
s

th
e

com
p

arison
o
f

th
e

m
ean

p
red

ictio
n

s
fro

m
a

fu
ll

G
P

,
th

e
co

n
stra

in
ed

lo
ca

l
G

P
a
n

d
th

e
u

n
con

stra
in

ed
lo

ca
l

G
P

reg
ressio

n
s.

C
o
m

p
a
red

to
th

e
u

n
co

n
stra

in
ed

lo
cal

G
P

reg
ressio

n
,

th
e

co
n

stra
in

ed
m

o
d

el
is

m
u

ch
clo

ser
to

a
fu

ll
G

P
reg

ressio
n

esp
ecia

lly
at

th
e

b
o
u

n
d

a
ry

p
o
in

ts.
T

h
e

m
ax

im
u

m
d

iff
eren

ce
in

th
e

m
ean

p
red

iction
s

o
f
th

e
con

stra
in

ed
m

o
d

el
a
n

d
a

fu
ll

G
P

ov
er

th
e

test
d

a
ta

w
a
s

0
.28

03
,

w
h

ile
th

at
o
f

th
e

u
n

co
n

stra
in

ed
v
ersio

n
w

a
s

0
.6

41
1
.
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d
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n
ta

g
e
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f
p
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g
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e
b

o
u

n
d
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n
stra

in
ts

on
th

e
lo

ca
l
G

P
in

im
p

rov
in

g
th

e
p

red
ictio

n
a
ccu

ra
cy

is
clea

r.
H

ow
ever,

p
la

cin
g

th
e

b
ou

n
d

ary
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stra
in

ts
req

u
ires

k
n

ow
in

g
th

e
va

lu
e
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b
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b
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P
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n
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b
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b
ou

n
d
ary

valu
es

for
th

e
lo

cal
G

P
regression

s.
T

h
e

fi
rst

ap
p
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Γ
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b
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p
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b
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b
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∈
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b
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∈
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b
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st )
=
{x
′∈
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p
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∈
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∈
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e
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e

d
o
m

ain
Ω

is
d

an
d

th
e

d
om

ain
is

d
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b
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b
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ro
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b
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+
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Φ
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−
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s
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e
z
s

in
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b
ou

n
d

a
ry

fu
n

ction
b
st

on
ly

th
rou

gh
b
s .

W
e

w
ill

estim
ate

th
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b
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b
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b
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p
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b
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.
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Φ
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−
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=
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−
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−
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=
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d
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b
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e

co
m

p
le

x
it

y
of

so
lv

in
g

su
ch

a
li

n
ea

r
sy

st
em

is
p

ro
p
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r
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b
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d
in

S
ec

ti
on

4.
1.

1
an

d
ap

p
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h
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d
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at
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b
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p
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p
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b
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b
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p
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p
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d
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p
ro

a
ch

w
o
rk

s
b

et
te

r.
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p
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p
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p
u

ta
ti

o
n

co
m

p
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p
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p
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.
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h
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at
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b
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a
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p
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+
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+
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e
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h

e
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a
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b
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p
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⊂
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e
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e
th
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.
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=
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=
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.
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w
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b
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p
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e
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r
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p
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a
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b
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b
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∑

j

α
(i)
m
,j ∫K

m

φ
s φ
m
,j .

T
h

e
la

st
in

tegra
l

ca
n

b
e

co
m

p
u

ted
u

sin
g

(26
).

S
in

ce
φ
m
,j|Γ

s
t

is
a

p
o
ly

n
o
m

ial
fu

n
ction

o
f

b
a
ry

cen
tric

co
ord

in
ates

w
ith

resp
ect

to
Γ
st ,

∫

Γ
s
t

φ
m
,j
1 |Γ

s
t φ
m
,j
2 |Γ

j
k

can
b

e
com

p
u

ted
u

sin
g

th
e

in
teg

ral
fo

rm
u
las

in
b

a
ry

cen
tric

co
o
rd

in
a
tes,

facilitatin
g

th
e

eva
lu

a
tio

n
o
f
B
s

a
n

d
b
s .

4
.3

.2
L

e
a
r
n
in

g
C

o
v
a
r
ia

n
c
e

P
a
r
a
m

e
t
e
r
s

B
y

fa
r,

o
u

r
d
iscu

ssion
s

h
ave

b
een

m
ad

e
w

h
en

u
sin

g
fi

x
ed

p
a
ram

eters
(o

ften
referred

to
as

h
y
p

erp
a
ra

m
eters

in
th

e
literatu

re)
fo

r
th

e
cova

ria
n

ce
fu

n
ction

k
(·,·).

In
th

is
su

b
section

,
w

e
d

iscu
ss

h
ow

to
ch

o
ose

th
e

h
y
p

erp
a
ra

m
eters.

B
a
sica

lly,
w

e
fo

llow
th

e
ap

p
ro

a
ch

in
P

a
rk

et
a
l.

(20
1
1),

w
h

ich
h

a
s

tw
o

op
tion

s,
n

a
m

ely
ch

o
osin

g
d

iff
eren

t
h
y
p

erp
a
ra

m
eters

fo
r

each
lo

ca
l

reg
ion

or
ch

o
osin

g
th

e
sa

m
e

h
y
p

erp
a
ra

m
eters

for
a
ll

lo
cal

reg
io

n
s.

W
h

en
d

iff
eren

t
h
y
p

erp
a
ra

m
eters

a
re

ch
o
sen

fo
r

ea
ch

lo
cal

reg
io

n
,

th
e

h
y
p

erp
a
ram

eters
a
re

estim
a
ted

b
y

m
a
x
im

izin
g

th
e

lo
ca

l
m

a
rg

in
a
l

likelih
o
o
d

fu
n

ctio
n

s.
S

p
ecifi

ca
lly,

th
e

lo
ca

l
h
y
p

erp
ara

m
eters,

d
en

o
ted

b
y
θ
s

asso
ciated

w
ith

ea
ch

Ω
s ,

a
re

selected
su

ch
th

a
t

th
ey

m
in

im
ize

th
e

n
eg

ative
lo

g
m

a
rgin

a
l

likelih
o
o
d

:

M
L
s (θ

s )
:=
−

log
p
(y

s ;θ
s )

=
n
s2

log
(2π

)
+
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h
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.
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v
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ex
tr

a
ct

fe
at

u
re

s,
a
n

d
ex

p
o
rt

th
em

.
b

a
n

d
ic

o
ot

’s
m

o
d

u
la

r
st

ru
ct

u
re

m
a
ke

s
it

ea
sy

fo
r

u
se

rs
to

a
d

d
n

ew
fe

at
u

re
s

a
n

d
le

ve
ra

g
e

ex
is

ti
n

g
p

re
-

a
n

d
p

os
t-

p
ro

ce
ss

in
g

fu
n

ct
io

n
s.

2
.
U
sa
g
e
a
n
d

fe
a
tu

re
s

b
a
n

d
ic

o
ot

p
ro

v
id

es
u

se
rs

w
it

h
m

o
re

th
a
n

1
44

2
in

d
iv

id
u

a
l,

sp
at

ia
l,

an
d

so
ci

a
l

n
et

w
o
rk

fe
a
-

tu
re

s:

In
d

iv
id

u
a
l

fe
a
tu

re
s

(e
.g

.
p

er
ce

n
t

o
f

n
o
ct

u
rn

al
in

te
ra

ct
io

n
s,

ti
m

e
it

ta
ke

s
so

m
eo

n
e

to
a
n

-
sw

er
te

x
t

m
es

sa
g
e,

in
te

r-
ev

en
t

ti
m

e
b

et
w

ee
n

tw
o

p
h

o
n

es
ca

ll
s)

d
es

cr
ib

e
a
n

in
d

iv
id

u
a
l’

s
p

h
on

e
u

sa
ge

an
d

in
te

ra
ct

io
n

s
w

it
h

h
is

o
r

h
er

co
n
ta

ct
s.

S
p

a
ti

a
l

fe
a
tu

re
s

(e
.g

.
en

tr
op

y
o
f

v
is

it
ed

a
n
te

n
n

a
s,

ra
d

iu
s

o
f

g
y
ra

ti
o
n

)
d

es
cr

ib
e

a
n

in
d

iv
id

-
u

al
’s

m
ob

il
it

y
p

a
tt

er
n

s.
N

o
te

th
a
t

to
av

o
id

sa
m

p
li

n
g

b
ia

se
s,

b
a
n

d
ic

o
ot

g
ro

u
p

s
lo

ca
ti

on
d

at
a

p
er

30
m

in
sl

ot
s.

S
o
c
ia

l
n

e
tw

o
rk

(e
.g

.
cl

u
st

er
in

g
co

effi
ci

en
t,

a
ss

or
ta

ti
v
it

y
)

d
es

cr
ib

e
a
n

in
d

iv
id

u
a
l’

s
so

ci
a
l

n
et

w
or

k
an

d
co

m
p

ar
e

h
is

o
r

h
er

b
eh

av
io

r
w

it
h

th
e

o
n

e
of

th
ei

r
co

n
ta

ct
s.

b
a
n

d
ic

o
ot

co
m

p
u

te
s

th
es

e
in

d
ic

a
to

rs
o
r,

w
h

en
th

ey
a
re

a
d

is
tr

ib
u

ti
on

th
ei

r
m

ea
n

an
d

st
an

d
ar

d
d

ev
ia

ti
on

,
on

a
w

ee
k
ly

b
a
si

s.
It

th
en

re
tu

rn
s

th
e

w
ee

k
ly

m
ea

n
a
n

d
st

an
d

a
rd

d
ev

i-
at

io
n

to
th

e
u

se
r

(s
ee

F
ig

.
1(

a
))

.
T

h
e

u
se

r
ca

n
a
ls

o
co

m
p

u
te

in
d

ic
a
to

rs
on

ly
o
n

ca
ll

/
te

x
ts

,
w

ee
k
d

ay
s/

w
ee

ke
n

d
s,

or
d

ay
s/

n
ig

h
ts

an
d

a
n

ex
te

n
d

ed
se

t
of

w
ee

k
ly

su
m

m
a
ry

st
a
ti

st
ic

s
(m

e-
d

ia
n

,
m

in
,

m
ax

,
k
u

rt
o
si

s,
an

d
sk

ew
n

es
s)

.

b
a
n

d
ic

o
ot

al
so

st
a
n

d
a
rd

iz
es

fr
om

th
e

m
o
b

il
e

p
h

o
n

e
re

se
a
rc

h
li

te
ra

tu
re

(B
lo

n
d

el
et

a
l.

,
20

1
5)

th
e

d
efi

n
it

io
n

o
f

co
n
ve

rs
at

io
n

s
b

et
w

ee
n

in
d

iv
id

u
al

s,
th

e
co

n
ve

rs
io

n
of

d
ir

ec
te

d
to

u
n

d
ir

ec
te

d
m

at
ri

ce
s,

th
e

as
so

rt
at

iv
it

y
o
f

at
tr

ib
u

te
s

w
it

h
in

eg
o
-n

et
w

o
rk

s,
as

w
el

l
a
s

a
th

e
b

in
n

in
g

sc
h

em
e

to
av

o
id

sa
m

p
li

n
g

b
ia

se
s

in
lo

ca
ti

o
n

d
a
ta

.

3
.
P
ro

je
ct

fo
cu

s

C
od

e
qu

a
li

ty
C

or
re

ct
n

es
s

an
d

co
n

si
st

en
cy

is
ab

so
lu

te
ly

cr
u

ci
a
l

fo
r

u
s.

T
h

e
m

et
ri

cs
im

p
le

m
en

te
d

n
ee

d
to

b
e

co
rr

ec
t

a
n

d
th

e
va

lu
es

re
tu

rn
ed

st
ab

le
ov

er
ti

m
e.

T
o

en
su

re
th

is
,

w
e

im
p

le
m

en
te

d
fu

n
ct

io
n

s
to

g
en

er
a
te

sy
n
th

et
ic

m
ob

il
e

p
h

on
e

d
at

a
,

re
gr

es
si

on
te

st
s,

a
n

d
m

o
re

th
an

50
fu

n
ct

io
n

-l
ev

el
u

n
it

te
st

s
co

v
er

in
g

8
8%

o
f

th
e

so
u

rc
e

co
d

e.

C
o
m

m
u

n
it

y-
d
ri

ve
n

d
ev

el
o
p
m

en
t

T
h

e
ch

oi
ce

o
f

th
e

P
y
th

on
la

n
gu

a
g
e,

a
s

w
el

l
as

a
sp

ec
ifi

c
fo

cu
s

o
n

re
ad

ab
il
it

y,
h

el
p

s
co

n
tr

ib
u

to
rs

u
n

d
er

st
a
n
d

an
d

m
o
d

if
y

b
an

d
ic

o
o
t.

W
e

a
re

ac
ti

ve
ly

b
u

il
d

in
g

a
co

m
m

u
n

it
y

o
f

u
se

rs
a
ro

u
n

d
b

a
n

d
ic

o
o
t

to
fo

st
er

ch
a
n

g
es

a
n

d
im

p
ro

ve
m

en
ts

in
th

e
so

u
rc

e
co

d
e,

d
ev

el
o
p

n
ew

fe
a
tu

re
s,

an
d

to
re

p
o
rt

a
n

d
h

el
p

co
rr

ec
t

fa
u

lt
y

b
eh

av
io

rs
.

b
an

d
ic

o
ot

is
h

o
st

ed
o
n

G
it

H
u

b
a
n

d
h

a
s

a
lr

ea
d

y
b

ee
n

d
ev

el
o
p

ed
b
y

9
co

n
tr

ib
u

to
rs
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b
a
n
d
ic

o
o
t
:

a
P

y
t
h
o
n

T
o
o
l
b
o
x

f
o
r

M
o
b
il

e
P

h
o
n
e

M
e
t
a
d
a
t
a

th
e

la
st

th
ree

yea
rs

w
ith

m
an

y
oth

ers
h

elp
in

g
w

ith
b

u
g

rep
o
rts,

fea
tu

res
req

u
ests,

a
n

d
d

iscu
ssio

n
s.

H
o

w
 to

 m
easu

re w
eekly p

attern
s ?

E
xam

ple w
ith

 call d
u

ratio
n

s (seco
n

d
s)

b
an

d
ico

o
t exp

o
rts all th

e in
d

icato
rs:

{    "call_duration_m
ean_m

ean": 71.0,
    "call_duration_std_m

ean": 45.526549030940906,
    "call_duration_m

ean_m
ax": 90.0,

    "call_duration_std_m
ax": 35.440090293338699,

    …
}

6
2

1
2

3
7

2
1

8

W
eek 1

1
2

8
1

4
0

W
eek 2

6
8

5
4

3
1

W
eek 3

M
E

A
N

 =
2

8
1

3
4

5
1

M
E

A
N

 of M
E

A
N

  =
7

1

4
5

.5
ST

D
 of M

E
A

N
 =

3 M
O

N
TH

S
6 M

O
N

TH
S

(20 records/day)
1 YEAR

individual, spatial, and netw
ork indicators

individual and spatial indicators

F
ig

u
re

1:
(a

)
W

eek
ly

ag
greg

atio
n

o
f

b
a
n

d
ico

o
t’s

b
eh

av
io

ral
in

d
ica

tors.
(b

)
b

an
d

ico
o
t’s

ru
n

-
tim

e
a
s

a
fu

n
ction

o
f
th

e
n
u

m
b

er
o
f
reco

rd
s

(sin
gle

co
re)

w
ith

a
n

d
w

ith
ou

t
n

etw
o
rk

in
d

ica
to

rs

D
ocu

m
en

ta
tio

n
A

n
ex

ten
sive

d
o
cu

m
en

ta
tion

h
as

b
een

w
ritten

a
n

d
is

m
ain

ta
in

ed
.

T
h

is
in

clu
d

es
a
n

ex
h

a
u

stive
d

escrip
tion

of
th

e
in

p
u

t
a
n

d
o
u

tp
u

t
o
f

fu
n

ctio
n

s,
a

q
u

ick
sta

rt
gu

id
e,

a
n

d
a

d
em

o
n

stra
tio

n
n

oteb
o
o
k
.

A
sp

ecifi
c

p
art

of
th

e
d

o
cu

m
en

ta
tio

n
is

w
ritten

to
h

elp
u

sers
test

a
n

d
co

n
trib

u
te

n
ew

fea
tu

res.

E
a
sy-to

-in
sta

ll
a
n

d
w

ith
o
u

t
d
epen

d
en

cies
b

an
d

ico
o
t

ru
n

s
o
n

P
y
th

on
2

a
n

d
3
;

w
e

su
p

p
o
rt

(a
n

d
test

b
a
n

d
ico

ot
w

ith
)

G
N

U
/
L

in
u

x
,

M
ac

O
S

,
a
n

d
W

in
d

ow
s.

b
an

d
ico

ot
is

m
ean

t
to

(a
n

d
alrea

d
y

is)
u

sed
in

h
igh

ly
secu

red
a
n

d
h

etero
g
en

eo
u

s
telco

en
v
iro

n
m

en
ts

w
h

ere
p

a
cka

ges
h

ave
to

b
e

a
p

p
roved

a
n

d
verifi

ed
.

T
o

m
ake

its
u

se
(in

cl.
in

H
a
d

o
op

en
v
iro

n
m

en
ts)

an
d

in
stalla

tio
n

ea
sier,

w
e

d
evelop

ed
b

a
n

d
ico

ot
to

b
e

free
o
f

a
n
y

d
ep

en
d

en
cies

su
ch

a
s

p
an

d
as

or
co

m
p

ilers.

D
etectin

g
d
a
ta

issu
es

N
u

m
ero

u
s

d
a
ta

issu
es

can
h
a
p

p
en

in
m

o
b

ile
p

h
o
n

e
d
a
ta

sets:
in

correct
lo

catio
n
s,

m
issin

g
in

com
in

g
reco

rd
s,

d
u

p
licates,

etc.
W

e
h

av
e

b
u

ilt
3
8

rep
o
rtin

g
va

ria
b

les
th

at
a
re

a
u

to
m

atica
lly

a
d

d
ed

w
h

en
ex

p
ortin

g
featu

res.
T

h
ese

in
clu

d
e

d
eta

ils
a
b

o
u

t
th

e
u

n
d

erly
in

g
d

ata
(sta

rt
an

d
en

d
d

ate,
n
u

m
b

er
o
f

record
s,

p
ercen

ta
ge

o
f

an
ten

n
a

m
issin

g
lo

ca
tio

n
in

fo
rm

a
tio

n
,

etc.)
a
n

d
a
b

ou
t

th
e

d
a
ta

p
ro

cessin
g

(b
a
n

d
ico

ot
version

n
u

m
b

er,
ty

p
e

of
ag

g
reg

atio
n

u
sed

,
reco

rd
s

th
a
t

h
ave

b
een

rem
oved

a
n

d
w

h
y,

w
h

eth
er

a
h

o
m

e
lo

ca
tio

n
h

as
b

een
d

etected
,

etc.).

4
.
V
isu

a
liza

tio
n

b
a
n

d
ico

ot
in

clu
d
es

an
in

teractive
to

o
l

to
v
isu

a
lize

th
e

d
ata

o
f

a
sp

ecifi
c

u
ser.

T
h

e
v
isu

al-
iza

tio
n

a
llow

s
research

ers
to

in
sp

ect
th

e
d
a
ta

,
d

etect
issu

es,
a
n

d
sp

o
t

p
o
ten

tia
lly

im
p

orta
n
t

p
a
ttern

s.
F

ig
.

2
sh

ow
s

th
e

v
isu

alizatio
n

to
o
l,

w
ith

o
p

tio
n

s
to

d
isp

lay
o
n

ly
sp

ecifi
c

w
eek

s

3
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d
e

M
o
n
t
jo

y
e
,

R
o
c
h
e
r
,

a
n
d

P
e
n
t
l
a
n
d

an
d

to
p

lot
in

d
icators

(or
th

eir
w

eek
ly

m
ean

/su
m

)
over

th
e

tim
e

p
erio

d
con

sid
ered

.
It

can
b

e
gen

erated
an

d
served

on
-th

e-fl
y

over
H

T
T

P
,

or
ex

p
orted

to
d

isk
an

d
sh

a
red

.

F
igu

re
2:

b
an

d
ico

ot
v
isu

alization
to

ol
for

an
in

d
iv

id
u

al’s
d

ata

5
.
P
e
rfo

rm
a
n
ce

s

W
h

ile
ou

r
p

rio
rity

d
evelop

in
g

b
an

d
ico

ot
is

to
p

ro
d

u
ce

correct
an

d
verifi

a
b

le
co

d
e

th
at

can
b

e
easily

ex
ten

d
ed

,
a

certain
n
u

m
b

er
of

im
p

lem
en

ta
tion

ch
oices

an
d

o
p

tim
ization

s
w

ere
m

ad
e

to
en

su
re

th
at

a
stan

d
ard

large-scale
d

a
taset

can
b

e
p

ro
cessed

overn
ig

h
t.

F
or

in
stan

ce,
b

an
d

ico
ot

cach
es

grou
p
s

of
record

s
b
y

w
eek

,
w

eeken
d

,
call

or
tex

t
to

lim
it

b
oth

th
e

co
m

p
u

tin
g

tim
e

an
d

th
e

m
em

ory
fo

otp
rin

t.
A

ll
togeth

er
th

ese
op

tim
ization

s
h
ave

sp
ed

u
p

com
p

u
tation

b
y

a
factor

3
com

p
ared

to
a

n
aive

im
p

lem
en

tation
.

W
e

tested
b

a
n

d
ico

ot
on

a
com

p
u

ter
w

ith
an

In
tel

i7
C

P
U

(2.6G
H

z)
an

d
8G

B
of

m
em

ory
for

u
sers

w
ith

an
average

of
20

record
s

p
er

d
ay

s
over

3
m

on
th

s.
It

ta
kes

on
average

2
50m

s
to

com
p

u
te

all
14

42
b

eh
av

ioral
an

d
m

ob
ility

in
d

icators
u

sin
g

th
e

sta
n

d
ard

P
y
th

on
in

terp
reter,

C
P

y
th

on
,

an
d

16
0
m

s
u

sin
g

p
y
p
y,

a
fast

ju
st-in

-tim
e

com
p

iler.
F

or
all

in
d

icators,
in

clu
d

in
g

n
etw

o
rk

featu
res,

th
e

total
tim

e
is

1.11s
u

sin
g

C
P

y
th

on
(740m

s
w

ith
p
y
p
y
).

N
etw

ork
in

d
icators

tak
e

sign
ifi

can
tly

m
ore

tim
e

as
d

ata
for

all
th

e
n

eigh
b

ors
of

on
e

n
o
d

e
h

ave
to

b
e

load
ed

an
d

th
eir

b
eh

av
ioral

in
d
ica

tors
com

p
u

ted
.

A
ll

in
d

ica
tors

ru
n

in
lin

ear
tim

e
w

ith
th

e
n
u

m
b

er
o
f

record
s

(F
ig.

1(b
))

an
d

a
stan

d
ard

large-sca
le

d
ata

set
of

on
e

m
illion

m
o
b

ile
p

h
on

e
u

sers
is

p
ro

cessed
in

less
th

an
9

h
ou

rs
(resp

.
39h

for
th

e
n

etw
ork

in
d

icators)
u

sin
g

th
e

m
u

ltip
ro

cessin
g

co
d

e
w

e
p

rov
id

e.

6
.
C
o
n
clu

sio
n

T
h

e
a
p

p
lica

tion
of

m
ach

in
e

learn
in

g
algorith

m
s

to
m

ob
ile

p
h

on
e

m
etad

ata
h

as
a

great
p

oten
tia

l
for

go
o
d

an
d

b
u

sin
esses.

U
n
til

n
ow

,
th

ere
w

ere
n

o
to

olb
ox

to
effi

cien
tly

p
ro

cess
an

d
ex

tra
ct

rob
u

st
featu

res
from

th
em

.
T

h
is

w
as

a
m

a
jo

r
issu

e
for

b
oth

resea
rch

ers
an

d
p

ractition
ers.

b
an

d
ico

ot
im

p
lem

en
ts

a
fu

ll
d

ata
p

ip
elin

e
fo

r
m

ob
ile

p
h

on
e

d
ata

in
clu

d
in

g
m

ore
th

an
1442

featu
res.

It
h

as
b

een
u

sed
in

research
p

ap
ers

as
w

ell
as

b
y

ca
rriers

(e.g.
O

ran
g
e,

T
elen

or)
an

d
in

tern
ation

al
organ

ization
s

(e.g.
W

F
P

).

4
JM

L
R

 17(175):1-5



b
a
n
d
ic

o
o
t
:

a
P

y
t
h
o
n

T
o
o
l
b
o
x

f
o
r

M
o
b
il

e
P

h
o
n
e

M
e
t
a
d
a
t
a

R
e
fe
re
n
ce

s

D
an

ie
l

B
jo

rk
eg

re
n

an
d

D
ar

re
ll

G
ri

ss
en

.
B

eh
av

io
r

re
ve

al
ed

in
m

ob
il

e
p

h
o
n

e
u

sa
g
e

p
re

d
ic

ts
lo

an
re

p
ay

m
en

t.
A

va
il

a
bl

e
a
t

S
S

R
N

2
6
1
1
7
7
5
,

2
01

5.

V
in

ce
n
t

D
B

lo
n

d
el

,
A

d
el

in
e

D
ec

u
y
p

er
,

an
d

G
au

ti
er

K
ri

n
gs

.
A

su
rv

ey
of

re
su

lt
s

o
n

m
ob

il
e

p
h

on
e

d
at

as
et

s
an

al
y
si

s.
E

P
J

D
a
ta

S
ci

en
ce

,
4(

1)
:1

,
20

15
.

A
n

d
re

y
B

og
om

ol
ov

,
B

ru
n
o

L
ep

ri
,

J
ac

op
o

S
ta

ia
n

o,
N

u
ri

a
O

li
v
er

,
F

ab
io

P
ia

n
es

i,
an

d
A

le
x

P
en

tl
an

d
.

O
n

ce
u

p
on

a
cr

im
e:

T
ow

ar
d

s
cr

im
e

p
re

d
ic

ti
on

fr
om

d
em

og
ra

p
h

ic
s

a
n

d
m

o
b

il
e

d
at

a.
In

P
ro

ce
ed

in
gs

o
f

th
e

1
6
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
u

lt
im

od
a
l

In
te

ra
ct

io
n

,
p

ag
es

42
7–

43
4.

A
C

M
,

20
14

.

Y
ve

s-
A

le
x
an

d
re

d
e

M
on

tj
oy

e,
J
or

d
i

Q
u

oi
d

b
ac

h
,

F
lo

re
n
t

R
ob

ic
,

an
d

A
le

x
S

a
n

d
y

P
en

tl
a
n

d
.

P
re

d
ic

ti
n

g
p

er
so

n
al

it
y

u
si

n
g

n
ov

el
m

ob
il

e
p

h
on

e-
b

as
ed

m
et

ri
cs

.
In

S
oc

ia
l

C
o
m

p
u

ti
n

g,
B

eh
a
vi

o
ra

l-
C

u
lt

u
ra

l
M

od
el

in
g

a
n

d
P

re
d
ic

ti
o
n

,
p

a
ge

s
48

–5
5.

S
p

ri
n

ge
r,

20
1
3
.

J
im

G
il

es
.

M
ak

in
g

th
e

li
n

k
s.

N
a
tu

re
,

48
8(

74
12

):
44

8–
45

0,
20

12
.

In
te

rn
at

io
n

al
T

el
ec

om
m

u
n

ic
at

io
n

U
n

io
n

.
It

u
re

le
as

es
la

te
st

gl
ob

al
te

ch
n

o
lo

g
y

d
ev

el
-

op
m

en
t

fi
gu

re
s.

h
t
t
p
:
/
/
w
w
w
.
i
t
u
.
i
n
t
/
n
e
t
/
p
r
e
s
s
o
f
f
i
c
e
/
p
r
e
s
s
_
r
e
l
e
a
s
e
s
/
2
0
1
3
/
0
5
.

a
s
p
x
,

20
13

.
A

cc
es

se
d

:
20

15
-1

0-
17

.

K
at

e
K

ay
e.

T
h

e
$2

4
B

il
li
on

D
at

a
B

u
si

n
es

s
T

h
at

T
el

co
s

D
o
n

’t
W

a
n
t

to
T

al
k

A
b

ou
t,

20
15

.
U

R
L

h
t
t
p
:
/
/
a
d
a
g
e
.
c
o
m
/
a
r
t
i
c
l
e
/
d
a
t
a
d
r
i
v
e
n
-
m
a
r
k
e
t
i
n
g
/

2
4
-
b
i
l
l
i
o
n
-
d
a
t
a
-
b
u
s
i
n
e
s
s
-
t
e
l
c
o
s
-
d
i
s
c
u
s
s
/
3
0
1
0
5
8
.

C
ar

lo
s

S
ar

ra
u

te
,

P
ab

lo
B

la
n

c,
an

d
J
av

ie
r

B
u

rr
on

i.
A

st
u

d
y

of
ag

e
an

d
ge

n
d

er
se

en
th

ro
u

g
h

m
ob

il
e

p
h
on

e
u

sa
ge

p
at

te
rn

s
in

m
ex

ic
o.

In
A

d
va

n
ce

s
in

S
oc

ia
l

N
et

w
o
rk

s
A

n
a
ly

si
s

a
n

d
M

in
in

g,
2
0
1
4

IE
E

E
/
A

C
M

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

,
p

ag
es

83
6–

84
3.

IE
E

E
,

2
0
1
4.

P̊
al

S
u

n
d

sø
y.

C
an

m
ob

il
e

u
sa

ge
p

re
d

ic
t

il
li

te
ra

cy
in

a
d

ev
el

op
in

g
co

u
n
tr

y
?

a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

6
0
7
.0

1
3
3
7
,

20
16

.

P̊
al

S
u

n
d

sø
y,

J
oh

an
n

es
B

je
ll

an
d

,
A

si
f

M
Iq

b
al

,
Y

ve
s-

A
le

x
an

d
re

d
e

M
on

tj
oy

e,
et

a
l.

B
ig

d
at

a-
d

ri
ve

n
m

ar
ke

ti
n
g:

H
ow

m
ac

h
in

e
le

ar
n

in
g

ou
tp

er
fo

rm
s

m
ar

k
et

er
s’

gu
t-

fe
el

in
g
.

In
S

oc
ia

l
C

o
m

p
u

ti
n

g,
B

eh
a
vi

o
ra

l-
C

u
lt

u
ra

l
M

od
el

in
g

a
n

d
P

re
d
ic

ti
o
n

,
p

ag
es

36
7–

37
4
.

S
p

ri
n

g
er

,
2
01

4.

R
ob

in
W

il
so

n
,

E
li

sa
b

et
h

zu
E

rb
ac

h
-S

ch
o
en

b
er

g,
M

ax
im

il
ia

n
A

lb
er

t,
D

a
n

ie
l

P
ow

er
,

S
i-

m
on

T
u

d
ge

,
M

ig
u

el
G

on
za

le
z,

S
am

G
u

th
ri

e,
H

ea
th

er
C

h
am

b
er

la
in

,
C

h
ri

st
o
p

h
er

B
ro

o
k
s,

C
h

ri
st

op
h

er
H

u
gh

es
,

et
al

.
R

ap
id

an
d

n
ea

r
re

al
-t

im
e

as
se

ss
m

en
ts

of
p

op
u

la
ti

o
n

d
is

p
la

ce
-

m
en

t
u

si
n

g
m

ob
il

e
p

h
on

e
d

at
a

fo
ll

ow
in

g
d

is
as

te
rs

:
th

e
20

15
n

ep
al

ea
rt

h
q
u

a
ke

.
P

L
o
S

cu
rr

en
ts

,
8,

20
16

.

5
JM

L
R

 1
7(

17
5)

:1
-5

 



 
 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
7

(2
0
1
6
)

1
-4

8
S

u
b

m
it

te
d

1
1
/
1
5
;

R
ev

is
ed

7
/
1
6
;

P
u

b
li

sh
ed

9
/
1
6

In
p
u
t
O
u
tp

u
t
K
e
rn

e
l
R
e
g
re
ss
io
n
:
S
u
p
e
rv

is
e
d

a
n
d

S
e
m
i-
S
u
p
e
rv

is
e
d

S
tr
u
ct
u
re
d

O
u
tp

u
t
P
re
d
ic
ti
o
n

w
it
h

O
p
e
ra

to
r-
V
a
lu
e
d

K
e
rn

e
ls

C
é
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té
d
’ É
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n
g

p
re

-i
m

ag
e

a
lg

or
it

h
m

s
to

so
lv

e
st

ru
ct

u
re

d
o
u

tp
u

t
le

ar
n

in
g

ta
sk

s.

In
th

is
w

or
k
,

w
e

p
ro

p
o
se

to
b

u
il

d
a

fa
m

il
y

o
f

m
o
d

el
s

a
n

d
le

a
rn

in
g

a
lg

or
it

h
m

s
d

ev
o
te

d
to

O
u

tp
u

t
K

er
n

el
R

eg
re

ss
io

n
th

a
t

p
re

se
n
t

tw
o

a
d

d
it

io
n

a
l

p
ro

p
er

ti
es

co
m

p
a
re

d
to

O
K

3-
b

a
se

d
m

et
h

o
d

s:
n

a
m

el
y,

m
o
d

el
s

ar
e

a
b

le
to

ta
k
e

in
to

a
cc

ou
n
t

st
ru

ct
u

re
in

in
p

u
t

d
a
ta

a
n

d
ca

n
b

e
le

a
rn

ed
w

it
h

in
th

e
fr

a
m

ew
or

k
of

p
en

al
iz

ed
re

g
re

ss
io

n
,

en
jo

y
in

g
va

ri
o
u

s
p

en
a
lt

ie
s

in
cl

u
d
in

g
sm

o
o
th

n
es

s
p

en
a
lt

ie
s

fo
r

se
m

i-
su

p
er

v
is

ed
le

a
rn

in
g
.

T
o

a
ch

ie
ve

th
is

g
o
al

,
w

e
ch

o
o
se

to
u

se
ke

rn
el

s
b

ot
h

in
th

e
in

p
u

t
a
n

d
o
u

tp
u

t
sp

a
ce

s.
A

s
th

e
m

o
d
el

s
h

av
e

va
lu

es
in

a
fe

at
u

re
sp

ac
e

an
d

n
ot

in
R

,
w

e
tu

rn
to

th
e

ve
ct

o
r-

va
lu

ed
re

p
ro

d
u

ci
n

g
k
er

n
el

H
il

b
er

t
sp

a
ce

s
th

eo
ry

(P
ed

ri
ck

,
19

57
;

S
en

ke
n

e
a
n

d
T

em
p

el
’m

a
n

,
1
9
7
3;

B
u

rb
ea

an
d

M
as

a
n

i,
1
9
84

)
to

p
ro

v
id

e
a

ge
n

er
a
l

fr
a
m

ew
o
rk

fo
r

p
en

al
iz

ed
re

gr
es

si
on

o
f

n
o
n

p
a
ra

m
et

ri
c

ve
ct

o
r-

va
lu

ed
fu

n
ct

io
n

s.
In

th
a
t

th
eo

ry
,

th
e

va
lu

es
of

k
er

n
el

s
ar

e
o
p

er
a
to

rs
on

th
e

ou
tp

u
t

v
ec

to
rs

w
h

ic
h

b
el

o
n

g
to

so
m

e
H

il
b

er
t

sp
ac

e.
In

tr
o
d

u
ce

d
in

m
a
ch

in
e

le
a
rn

in
g

b
y

th
e

se
m

in
al

w
o
rk

o
f

M
ic

ch
el

li
a
n

d
P

on
ti

l
(2

00
5)

to
so

lv
e

m
u

lt
i-

ta
sk

re
g
re

ss
io

n
p

ro
b

le
m

s,
o
p

er
a
to

r-
va

lu
ed

ke
rn

el
s

(O
V

K
)

h
av

e
th

en
b

ee
n

st
u

d
ie

d
u

n
d

er
th

e
a
n

g
le

o
f

th
ei

r
u

n
iv

er
sa

li
ty

(C
a
p

o
n

n
et

to
et

a
l.

(2
00

8
);

C
a
rm

el
i

et
al

.
(2

01
0)

)
an

d
d

ev
el

op
ed

in
d

iff
er

en
t

co
n
te

x
ts

su
ch

a
s

st
ru

ct
u

re
d

cl
a
ss

ifi
ca

ti
o
n

(D
in

u
zz

o
et

a
l.

,
20

11
),

fu
n

ct
io

n
a
l

re
gr

es
si

o
n

(K
a
d

ri
et

a
l.

,
2
0
1
0
),

li
n

k
p

re
d

ic
ti

on
(B

ro
u

a
rd

et
al

.,
2
01

1)
or

se
m

i-
su

p
er

v
is

ed
le

ar
n

in
g

(M
in

h
an

d
S

in
d

h
w

a
n

i,
2
0
1
1
;
B

ro
u

a
rd

et
al

.,
2
0
11

).
W

it
h

o
p

er
a
to

r-
va

lu
ed

ke
rn

el
s,

m
o
d

el
s

of
th

e
fo

ll
ow

in
g

fo
rm

ca
n

b
e

co
n

st
ru

ct
ed

:

∀x
∈
X
,
h

(x
)

=

n ∑ i=
1

K x
(x
,x

i)
c
i,

c
i
∈
F y
,x

i
∈
X
,

(1
)

ex
te

n
d

in
g

n
ic

el
y

th
e

u
su

al
ke

rn
el

-b
a
se

d
m

o
d
el

s
d

ev
o
te

d
to

re
a
l-

va
lu

ed
fu

n
ct

io
n

s.

In
th

e
ca

se
of

IO
K

R
,

th
e

o
u

tp
u

t
H

il
b

er
t

sp
a
ce
F y

is
d

efi
n

ed
a
s

a
fe

at
u

re
sp

ac
e

re
la

te
d

to
a

g
iv

en
ou

tp
u

t
ke

rn
el

.
N

ot
e

th
a
t

th
er

e
ex

is
ts

d
iff

er
en

t
p

ai
rs

(f
ea

tu
re

sp
ac

e,
fe

a
tu

re
m

a
p

)
a
ss

o
ci

at
ed

w
it

h
a

gi
ve

n
ke

rn
el
κ
y
.

L
et

u
s

ta
ke

fo
r

in
st

an
ce

th
e

p
ol

y
n

om
ia

l
k
er

n
el
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In
p
u
t

O
u
t
p
u
t

K
e
r
n
e
l

R
e
g

r
e
ssio

n

F
y

g

f
h

X
Y

F
y

g

f
h

X
Y

F
x

φ
x

ϕ
x

ϕ
y

ϕ
y

B
(F

y ,H
)

F
ig

u
re

2
:

D
ia

gra
m

s
d

escrib
in

g
K

ern
el

D
ep

en
d

en
cy

E
stim

atio
n

(K
D

E
)

on
th

e
left

a
n

d
In

p
u

t
O

u
tp

u
t

K
ern

el
R

eg
ression

(IO
K

R
)

o
n

th
e

rig
h
t.

κ
y (y

,y ′)
=

(y
T
y ′

+
c)
p:

w
e

can
ch

o
o
se

th
e

fi
n

ite
fea

tu
re

sp
a
ce

d
efi

n
ed

b
y

th
e

d
iff

eren
t

m
on

o
m

es
o
f

th
e

co
o
rd

in
a
tes

o
f

a
vecto

r
y

or
w

e
ca

n
ch

o
o
se

th
e

R
K

H
S

asso
cia

ted
w

ith
th

e
p

o
ly

n
o
m

ial
k
ern

el.
T

h
is

ch
o
ice

w
ill

op
en

d
o
o
rs

to
d
iff

eren
t

o
u

tp
u

t
fea

tu
re

sp
a
ces
F
y ,

lead
in

g
to

d
iff

eren
t

d
efi

n
itio

n
s

of
th

e
in

p
u

t
o
p

era
tor-va

lu
ed

kern
elK

x
a
n

d
th

u
s

to
d

iff
eren

t
learn

in
g

p
rob

lem
s.

O
m

ittin
g

th
e

ch
oice

o
f

th
e

fea
tu

re
m

a
p

a
sso

cia
ted

to
F
y ,

w
e

th
erefore

n
eed

to
d

efi
n

e
a

trip
let

(κ
y ,F

y ,K
x )

a
s

a
p

re-req
u

isite
to

so
lv

e
th

e
stru

ctu
red

o
u

tp
u

t
lea

rn
in

g
ta

sk
.

B
y

ex
p

licitly
req

u
irin

g
to

d
efi

n
e

a
n

o
u

tp
u

t
kern

el
w

e
em

p
h

asize
th

e
fa

ct
th

a
t

a
n

in
p

u
t

o
p

era
to

r-va
lu

ed
kern

el
ca

n
n

ot
b

e
d

efi
n
ed

w
ith

ou
t

ca
llin

g
in

to
q
u

estion
th

e
o
u

tp
u

t
sp

a
ce,

F
y ,

an
d

th
erefo

re,
th

e
o
u

tp
u

t
kern

el
κ
y .

W
e

w
ill

sh
ow

in
S

ectio
n

6
th

a
t

th
e

sa
m

e
stru

ctu
red

o
u

tp
u

t
p

red
ictio

n
p

ro
b

lem
ca

n
b

e
so

lved
in

d
iff

eren
t

w
ay

s
u

sin
g

d
iff

eren
t

va
lu

es
fo

r
th

e
trip

let
(κ
y ,F

y ,K
x ).

In
terestin

g
ly,

IO
K

R
g
en

eralizes
K

ern
el

D
ep

en
d

en
cy

E
stim

a
tio

n
(K

D
E

),
a

p
ro

b
lem

th
at

w
as

in
tro

d
u

ced
in

W
eston

et
al.

(2
00

3
)

a
n

d
w

as
reform

u
la

ted
in

a
m

o
re

g
en

era
l

w
ay

b
y

C
o
rtes

et
a
l.

(20
0
5).

If
w

e
ca

llF
x

a
fea

tu
re

sp
a
ce

asso
cia

ted
to

a
sca

la
r

in
p

u
t

kern
el

κ
x

:X
×
X
→

R
a
n

d
ϕ
x

:X
→
F
x

a
co

rresp
o
n

d
in

g
featu

re
m

a
p

,
K

D
E

u
ses

K
ern

el
R

id
g
e

reg
ression

to
lea

rn
a

fu
n

ctio
n
h

from
X

to
F
y

b
y

b
u

ild
in

g
a

fu
n

ctio
n
g

fro
m
F
x

to
F
y

a
n

d
com

p
o
sin

g
it

w
ith

th
e

fea
tu

re
m

a
p
ϕ
x

(see
F

ig
u

re
2
).

T
h

e
fu

n
ctio

n
h

is
m

o
d

eled
a
s

a
lin

ea
r

fu
n

ctio
n

:
h

(x
)

=
W
ϕ
x (x

),
w

h
ere

W
is

a
lin

ea
r

o
p

erato
r

fro
m
F
x

to
F
y .

T
h

e
seco

n
d

p
h

ase
con

sists
in

com
p

u
tin

g
th

e
p

re-im
a
ge

o
f

th
e

o
b

tain
ed

p
red

ictio
n

.

In
th

e
case

of
IO

K
R

,
w

e
b

u
ild

m
o
d

els
of

th
e

gen
era

l
fo

rm
in

tro
d

u
ced

in
E

q
u

a
tio

n
(1

).
D

en
o
tin

g
φ
x

th
e

can
o
n

ica
l

fea
tu

re
m

a
p

asso
ciated

to
th

e
O

V
K
K
x ,

w
h

ich
is

d
efi

n
ed

a
s:

φ
x (x

)
=
K
x (·,x

),
w

e
can

d
raw

th
e

ch
art

d
ep

icted
in

F
ig

u
re

2
on

th
e

righ
t.

T
h

e
fu

n
ctio

n
φ
x

m
a
p

s
in

p
u

ts
fro

m
X

to
B

(F
y ,H

).
In

d
eed

th
e

va
lu

e
φ
x (x

)y
=
K
x (·,x

)y
is

a
fu

n
ctio

n
of

th
e

R
K

H
S
H

fo
r

all
y

in
F
y .

T
h

e
m

o
d

el
h

is
seen

a
s

th
e

co
m

p
o
sitio

n
o
f

a
fu

n
ctio

n
g

fro
m

B
(F

y ,H
)

to
th

e
ou

tp
u

t
fea

tu
re

sp
a
ce
F
y

w
ith

th
e

in
p

u
t

fea
tu

re
m

a
p
φ
x .

W
e

ca
n

th
erefo

re
see

on
F

igu
re

2
h

ow
IO

K
R

ex
ten

d
s

K
D

E
.

In
B

ro
u

ard
et

a
l.

(20
1
1),

w
e

h
av

e
sh

ow
n

th
a
t

w
e

retrieve
th

e
m

o
d

el
u

sed
in

K
D

E
w

h
en

co
n

sid
erin

g
th

e
fo

llow
in

g
o
p

era
to

r-va
lu

ed
k
ern

el:

K
x (x

,x
′)

=
κ
x (x

,x
′)I
,

(2
)
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B
r
o
u
a
r
d
,

S
z
a
f
r
a
n
sk

i
a
n
d

d
’A

l
c
h
é
–
B

u
c

w
h

ere
I

is
th

e
id

en
tity

op
erator

from
F
y

toF
y .

U
n

like
K

D
E

,
th

at
learn

s
in

d
ep

en
d

en
tly

each
co

m
p

o
n

en
t

of
th

e
vectors

ϕ
y (y

),
IO

K
R

takes
in

to
accou

n
t

th
e

stru
ctu

re
ex

istin
g

b
etw

een
th

ese
com

p
on

en
ts.

T
h

e
n

ex
t

section
is

d
ev

oted
to

th
e

R
K

H
S

th
eory

for
vector-valu

ed
fu

n
ction

s
an

d
to

ou
r

co
n
trib

u
tion

s
to

th
is

th
eory

in
th

e
su

p
erv

ised
an

d
sem

i-su
p

erv
ised

settin
gs.

3
.
O
p
e
ra

to
r-V

a
lu
e
d

K
e
rn

e
l
R
e
g
re
ssio

n

In
th

e
follow

in
g
,

w
e

b
riefl

y
recall

th
e

m
ain

elem
en

ts
of

th
e

R
K

H
S

th
eory

d
evo

ted
to

vector-
valu

ed
fu

n
ction

s
(S

en
ken

e
an

d
T

em
p

el’m
an

,
1973;

M
icch

elli
an

d
P

on
til,

2
005)

an
d

th
en

p
resen

t
ou

r
con

trib
u

tion
s

to
th

is
th

eory.
L

etX
b

e
a

set
an

d
F
y

a
H

ilb
ert

sp
ace.

In
th

is
section

,
n

o
assu

m
p

tion
is

n
eed

ed
ab

o
u

t
th

e
ex

isten
ce

of
a
n

ou
tp

u
t

kern
el
κ
y .

W
e

n
ote

ỹ
th

e
vectors

in
F
y .

G
iven

tw
o

H
ilb

ert
sp

aces
F

a
n

d
G

,
w

e
n

o
te
B

(F
,G

)
th

e
set

of
b

ou
n

d
ed

op
erators

from
F

to
G

an
d
B

(F
)

th
e

set
of

b
ou

n
d

ed
op

erators
from

F
to

itself.
G

iven
an

op
erator

A
,
A
∗

d
en

o
tes

th
e

ad
join

t
of
A

.

D
e
fi

n
itio

n
1

A
n

o
pera

to
r-va

lu
ed

kern
el

o
n
X
×
X

is
a

fu
n

ctio
n
K
x

:X
×
X
→
B

(F
y )

th
a
t

verifi
es

th
e

tw
o

fo
llo

w
in

g
co

n
d
itio

n
s:

•
∀
(x
,x
′)∈
X
×
X

,K
x (x

,x
′)

=
K
x (x
′,x

) ∗,

•
∀
m
∈
N

,∀S
m

=
{
(x
i ,ỹ

i )}
mi=

1 ⊆
X
×
F
y ,
∑

mi,j=
1 〈ỹ

i ,K
x (x

i ,x
j )ỹ

j 〉F
y ≥

0
.

T
h

e
follow

in
g

th
eorem

sh
ow

s
th

at
given

an
y

op
erator-valu

ed
kern

el,
it

is
p

o
ssib

le
to

b
u

ild
a

rep
ro

d
u

cin
g

k
ern

el
H

ilb
ert

sp
ace

asso
ciated

to
th

is
kern

el.

T
h

e
o
re

m
2

(S
e
n

k
e
n

e
a
n

d
T

e
m

p
e
l’m

a
n

(1
9
7
3
);

M
ic

ch
e
lli

a
n

d
P

o
n
til

(2
0
0
5
))

G
iven

a
n

o
pera

to
r-va

lu
ed

kern
elK

x
:X
×
X
→
B

(F
y ),

th
ere

is
a

u
n

iqu
e

H
ilbert

spa
ce
H
K
x

o
f

fu
n

ctio
n

s
h

:X
→
F
y

w
h
ich

sa
tisfi

es
th

e
fo

llo
w

in
g

rep
rod

u
cin

g
p
ro

perty:

∀
h
∈
H
K
x ,∀

x
∈
X
,
h

(x
)

=
K
x (x

,·)h
,

w
h
ere
K
x (x

,·)
is

a
n

o
pera

to
r

in
B

(H
K
x ,F

y ).
A

s
a

co
n

sequ
en

ce,∀
x
∈
X
,∀

ỹ
∈
F
y ,∀

h
∈
H
K
x ,〈K

x (·,x
)ỹ
,h〉H

K
x

=
〈ỹ
,h

(x
)〉F

y .

T
h

e
H

ilb
ert

sp
ace
H
K
x

is
called

th
e

rep
ro

d
u
cin

g
kern

el
H

ilb
ert

sp
ace
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b
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∈
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∑
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∑
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x (·,tj )β
j ,
x
i ,tj ∈

X
,
α
i ,β

j ∈
F
y ,

is
d

efi
n

ed
as:

〈f
,g〉H

K
x

=
n
∑i=

1

m
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b
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‖
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b
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p
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e
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R
e
g
u

la
ri

z
a
ti

o
n

in
V

e
c
to

r-
V

a
lu

e
d

R
K

H
S

B
as

ed
on

th
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⊆
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b
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p
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el
K x

:
X
×
X
→
B(
F y

).

T
h

e
o
re

m
3

(M
ic

ch
e
ll
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P
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>
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c
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.
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p
ro

b
-

le
m

an
d

co
n

si
d

er
th
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c
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e
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b
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ar
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J
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∑̀ i=

1
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ỹ
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2 F y
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‖2 H
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h

e
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m
4

(M
ic

ch
e
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i
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n

d
P

o
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ti

l
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et

c
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m
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c
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=
ỹ
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∈
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b
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=
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∈
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b
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=
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∈
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∑
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c
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b
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=
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.
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f
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c
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e
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p

o
rt

V
ec

to
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b
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〈ỹ
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+
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.
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b
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〈ỹ
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≥
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b
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ĥ

ca
n

b
e

w
ri

tt
en

a
s:
ĥ
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et

a
l.

(20
0
6)

h
av

e
in

tro
d

u
ced

a
n

ovel
fra

m
ew

o
rk

,
ca

lled
m

a
n

ifo
ld

regu
la
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b
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b
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b
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b
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p
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a
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p
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a
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1 ⊆
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d
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é
–
B

u
c

3
.2

.1
S
e
m

i-S
u
p
e
r
v
ise

d
P

e
n
a
l
iz

e
d

L
e
a
st

-S
q
u
a
r
e
s

C
o
n

sid
erin

g
th

e
least-sq

u
ares

cost,
th

e
op

tim
ization

p
rob

lem
b

ecom
es:

argm
in

h∈H
J

(h
)

=
∑̀i=

1 ‖h
(x
i )−

ỹ
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i+
1 ),...,(x

` ,ỹ
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Ỹ
i `
),

w
h

er
e
K

=
K
X
`
×
(`
+
n
)

is
th

e
in

p
u

t
gr

am
m

at
ri

x
b

et
w

ee
n

th
e

se
ts
X `

an
d
X `

+
n

a
n

d
B

=

(λ
1
I (
`+
n

)d
+

((
J
T
J

+
2λ

2
L

)
⊗
I d

)K
X
`
+
n
)−

1
(J

T
⊗
I d

).
(K

B
) i
,·

co
rr

es
p

on
d

s
to

th
e
it
h

ro
w

of
th

e
m

at
ri

x
K
B

an
d

(K
B

) i
,j

is
th

e
va

lu
e

of
th

e
m

at
ri

x
co

rr
es

p
on

d
in

g
to

th
e

ro
w
i

a
n

d
th

e
co

lu
m

n
j.

W
e

ca
n

th
en

d
er

iv
e

an
ex

p
re

ss
io

n
of
h
Si

b
y

co
m

p
u

ti
n

g
th

e
d

iff
er

en
ce

b
et

w
ee

n
h
Si

(x
i)

an
d
h
S

(x
i)

:

h
Si

(x
i)
−
h
S

(x
i)

=
(K

B
) i
,·

ve
c(
Ỹ
i `
−
Ỹ
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ỹ
i) .

L
et
L
o
o

=
(h
S1

(x
1
),
..
.,
h
S`

(x
`)

)
b

e
th

e
m

at
ri

x
co

n
ta

in
in

g
th

e
le

av
e-

on
e-

o
u

t
ve

ct
o
r

va
lu

es
ov

er
th

e
tr

ai
n

in
g

se
t.

T
h

e
eq

u
at

io
n

ab
ov

e
ca

n
b

e
re

w
ri

tt
en

as
:

ve
c(
L
o
o
)

=
(I
`d
−

d
ia

g
b
(K

B
))
−

1
(K

B
−

d
ia

g
b
(K

B
))

ve
c(
Ỹ
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u
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n

b
e
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κ̂
y (u
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′)

=
〈ĥ

(u
),ĥ

(u
′)〉F
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=

(κ
ux
,U
` )
T
B
T
K
Y
` B
κ
u
′
x
,U
` ,

(13)

w
h

ere
B
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a

m
a
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`
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a
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e
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le
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e
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u
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,
w
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′
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`

a
re
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b
y
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,U
`
+
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+
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w
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p
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sca
la

r
p

ro
d

u
ct〈ϕ

y (u
),ϕ

y (u
′)〉F

y
ca

n
b

e
in

terp
reted

as
a

m
o
d

ifi
ed

scala
r

p
ro

d
u

ct
b

etw
een

th
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p
u

ts
ϕ
x (u

)
an

d
ϕ
x (u
′).
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b
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d
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b
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b
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B
r
o
u
a
r
d
,

S
z
a
f
r
a
n
sk

i
a
n
d

d
’A

l
c
h
é
–
B

u
c
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aru

a
n

a
,
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E
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gen

iou
et

al.,
2005).

E
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b
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n
.
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b
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.
W

e
con

sid
er
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p
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u

t
d

om
ain
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E

v
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en
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u

et
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h
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n
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p
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lem
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u

ivalen
t
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g

a
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n
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d
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i
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Y
i
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e
v
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R
K
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d

u
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S
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3
.4:K
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,x
′)

=
κ
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′)A

.
S
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h
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b
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p
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(E
v
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iou
et
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;
S
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,
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B
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et
a
l.,

20
12)

b
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e
fact
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e
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th
e

R
K
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S
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d
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V
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e

ex
p

ressed
in

fu
n
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A

:

‖
h‖

2H
=

d
∑i,j=

1

A
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j〉H

κ
x
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w
h

ere
†

d
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th

e
p
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d

oin
verse
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d
H
κ
x
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e

R
K

H
S

a
sso
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e
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κ
x .
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IO
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R
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b
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d
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d
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ay
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W

e
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u
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d
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d
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d
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d
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p
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re.
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n
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ay
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o
d
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e
ou
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resen
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b
y

d
efi

n
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ou
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u
t
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a
t
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ill
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e
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sk
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re.

W
e

p
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ose
to

com
p
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th

e
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ree
fo

llow
in

g
m

o
d

els
to

solve
m

u
lti-task

learn
in

g
w

ith
ou

r
fram

ew
ork

:

•
M

o
d

el
0:
κ
y (y

,y
′)

=
y
T
y
′,

w
ith

th
e

id
en

tity
kern

elK
x (x

,x
′)

=
κ
x (x

,x
′)
I
,

•
M

o
d

el
1:
κ
y (y

,y
′)

=
y
T
A

1 y
′,

w
ith

th
e

id
en

tity
kern

elK
x (x

,x
′)

=
κ
x (x

,x
′)
I
,

•
M

o
d

el
2:
κ
y (y

,y
′)

=
y
T
y
′,

w
ith

th
e

d
eco

m
p

osab
le

kern
elK

x (x
,x
′)

=
κ
x (x

,x
′)
A

2 .

In
th

e
fi

rst
case,

th
e

d
iff

eren
t

task
s

are
learn

ed
in

d
ep

en
d

en
tly

:

∀
x
∈
X
,ĥ

0 (x
)

=
Y
` J
(λ

1 I
`+
n

+
K
X
`
+
n
(J

T
J

+
2
λ

2 L
) )−

1
κ
xX
`
+
n
,

w
h

ile
in

th
e

oth
er

cases,
th

e
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s
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n
ess

is
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in
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a
ccou

n
t

:

∀
x
∈
X
,
ĥ

1 (x
)

=
√
A

1 Y
` J
(λ

1 I
`+
n

+
K
X
`
+
n
(J

T
J

+
2
λ

2 L
) )−

1
κ
xX
`
+
n
,

∀
x
∈
X
,
ĥ

2 (x
)

=
d
∑j=

1

γ
j e
j e
Tj
Y
` J

(λ
1 I
`+
n

+
γ
j K

X
`
+
n
(J

T
J

+
2
λ

2 L
)) −

1κ
xX
`
+
n
,

w
h

ere
γ
j

an
d

e
j

are
th

e
eigen

valu
es

an
d

eigen
vectors

of
A

2 .
W

e
co

n
sid

er
a

m
atrix

M
of

size
d×

d
th
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en
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d
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th
e
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s

ex
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g
b

etw
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th
e

d
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t
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s.

T
h

is
m

atrix
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b
e
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sid

ered
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th
e

ad
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cy
m
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of

a
grap

h
b

etw
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sk

s.
W

e
n
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L
M
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e

grap
h

L
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lacian
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m

atrix
.

T
h

e
m

atrices
A

1
an

d
A

2
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d
efi

n
ed

as
follow

:

A
1

=
µ
M

+
(1−

µ
)I
d ,

A
2

=
(µ
L
M

+
(1−

µ
)I
d ) −

1,
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p
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p
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p
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b
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p
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b
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p
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ra
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d
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b
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p
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〈ỹ
i,
h

(x
i)
〉 F

y
−

1
+
ξ i

)
−
∑̀ i=

1

η i
ξ i
.

In
th

e
fo

ll
ow

in
g

w
e

n
o
te
K
x

=
K x

(·,
x

)
an

d
K
∗ x

=
K x

(x
,·)

.
B

y
u

si
n

g
th

e
re

p
ro

d
u

ci
n

g
p

ro
p

er
ty

th
e

ex
p

re
ss

io
n

o
f

th
e

L
a
g
ra

n
g
ia

n
b

ec
o
m

es
:

3
4

JM
L

R
 1

7(
17

6)
:1

-4
8



In
p
u
t

O
u
t
p
u
t

K
e
r
n
e
l

R
e
g

r
e
ssio

n

L
a

=
λ

1 ‖
h‖

2H
+

2
λ

2

`+
n

∑i,j=
1

L
ij 〈K

∗x
i h
,K
∗x
j h〉H

−
∑̀i=

1

α
i (〈ỹ
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j 〉H

+
∑̀i=

1

α
i .

35
JM

L
R

 17(176):1-48

B
r
o
u
a
r
d
,

S
z
a
f
r
a
n
sk

i
a
n
d

d
’A

l
c
h
é
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Ỹ
T`
E

).

T
h

e
m

atrix
(λ

1 I
(`+

n
)d

+
Γ
⊗
M

)
b

ein
g

b
lo

ck
-d

iagon
al,

w
e

h
ave

C
T`+
n
e
i

=
(λ

1 I
`+
n

+
γ
i M

) −
1
J
T
Ỹ
T`
e
i ,

fo
r
i

=
1,...,`

+
n
.

3
6

JM
L

R
 17(176):1-48



In
p
u
t

O
u
t
p
u
t

K
e
r
n
e
l

R
e
g

r
e
ss

io
n

T
h

en
,

w
e

ca
n

ex
p

re
ss

th
e

m
o
d

el
h

as
:

∀x
∈
X
,h

(x
)

=
A
C
`+
n
κ
x x
`
+
n

=
d ∑ j=

1

γ
j
e
j
e
T j
C
`+
n
κ
x x
`
+
n

=
d ∑ j=

1

γ
j
e
j
e
T j
Ỹ
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Ỹ
`
d

ia
g

(α
)J

.
W

e
st

ar
t

fr
om

th
e

ex
p
re

ss
io

n
of

th
e

L
ag

ra
n

gi
an

in
th

e
ca

se
of

a
ge

n
er

al
op

er
at

or
-v

al
u

ed
ke

rn
el

(E
q
u

at
io

n
10

)
an

d
re

p
la

ce
A

b
y

it
s

ei
ge

n
d

ec
o
m

p
o
si

ti
o
n

:

L a
(α

)
=
−

1 4
ve

c
(Z

`
)T
( λ

1
I (

`+
n
)d

+
2
λ
2
K

X
`
+

n
L
⊗
A
) −

1
(K

X
`
+

n
⊗
A

)
ve

c(
Z
`
)

+
α

T
1

=
−

1 4
ve

c(
Z
`
)T
( λ

1
I (

`+
n
)d

+
2
λ
2
(I

`+
n
⊗
E

)(
K

X
`
+

n
L
⊗

Γ
)(
I `

+
n
⊗
E

T
))

−
1

(I
`+

n
⊗
E

)(
K

X
`
+

n
⊗

Γ
)(
I `

+
n
⊗
E

T
)

ve
c(
Z
`
)

+
α

T
1
.

=
−

1 4
ve

c
( E

T
Z
`

) T
( λ

1
I (

`+
n
)d

+
2
λ
2
K

X
`
+

n
L
⊗

Γ
) −

1
(K

X
`
+

n
⊗

Γ
)

ve
c(
E

T
Z
`
)

+
α

T
1
.

U
si

n
g

th
e

ve
c-

p
er

m
u

ta
ti

on
m

at
ri

ce
s,

w
e

ca
n

sh
ow

th
at

:

L a
(α

)
=
−

1 4
ve

c
( Z

T `
E
) T
( λ

1
I (

`+
n
)d

+
2
λ
2
Γ
⊗
K

X
`
+

n
L
) −

1
(Γ
⊗
K

X
`
+

n
)

ve
c
( Z

T `
E
) +

α
T
1
.

A
s

(λ
1
I (
`+
n

)d
+

2
λ

2
Γ
⊗
K
X
`
+
n
L

)
is

a
b

lo
ck

d
ia

go
n

al
m

at
ri

x
,

w
e

ca
n

w
ri

te
:

L a
(α

)
=
−

1 4

d ∑ i=
1

e
T i
Z
`
(λ

1
I `

+
n

+
2
λ
2
γ
iK

X
`
+

n
L

)−
1
γ
iK

X
`
+

n
Z

T `
e
i
+
α

T
1

=
−

1 4

d ∑ i=
1

γ
i
tr

ac
e
( Ỹ
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;
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p
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d
er

ed
th
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e
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p
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p
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c
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p
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ra
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=
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ra
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d
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p
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h
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w
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b
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h
t
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p
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p
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b
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e
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h
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b
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ra
n

k
n

.

T
h

e
al

go
ri

th
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R
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v
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a
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v
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p
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p
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=
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=
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e
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b
j
e
c
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p
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p
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p
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p
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R
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⊆
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l ∈
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l ‖
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b
i
t
r
a
r
i
l
y

x
i

=
s
l ,

S
=
S
\{
s
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=
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p
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Λ
−

1Π
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=
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i ‖
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b
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p
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e

p
rob

lem
).

In
th
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p
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e
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R
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rf
er

e
w

it
h

o
th

er
n
ot

a
ti

on
(e

.g
.,

fo
r

in
d

ex
ed

fa
m

il
ie

s
of

ve
ct

o
rs

)
si

m
p

ly
b
y
x
i.

A
g
ai

n
,

th
e

m
ea

n
in

g
o
f

th
e

n
o
ta

ti
o
n

w
il

l
b

e
cl

ea
r

fr
o
m

th
e

co
n
te

x
t.

If
Y

is
a

ra
n

d
o
m

va
ri

ab
le

an
d
q
>

0
,

w
e

d
en

o
te
‖Y
‖ q

=
(E
|Y
|q )

1
/
q
.

P
ro

p
o
si

ti
o
n

2
L

et
U

1
,U

2
,.
..
,U

p
,χ

1
,.
..
,χ

p
be

in
d
ep

en
d
en

t
ra

n
d
o
m

ve
ct

o
rs

in
R
n

.
A

s-
su

m
e

th
a
t

fo
r

so
m

e
co

n
st

a
n

t
M

a
n

d
a
ll

1
≤
i
≤
p
,

1
≤
j
≤
n

,

Ee
|U
i
(j

)|/
M
≤

2
(1

)

a
n

d

P(
χ
i(
j)

=
1
)

=
1
−
P(
χ
i(
j)

=
0
)

=
θ.

D
efi

n
e

th
e

ra
n

d
o
m

ve
ct

o
rs
Z

1
,.
..
,Z

p
w

it
h

th
e

eq
u

a
li

ty
Z
i(
j)

=
U
i(
j)
χ
i(
j)

fo
r

1
≤
i
≤
p
,

1
≤
j
≤
n

a
n

d
co

n
si

d
er

th
e

ra
n

d
o
m

va
ri

a
bl

e

W
:=

su
p

x
∈B

n 1

∣ ∣ ∣1 p

p ∑ i=
1

(|x
T
Z
i|
−

E|
x
T
Z
i|)
∣ ∣ ∣.

(2
)

T
h
en

,
fo

r
so

m
e

u
n

iv
er

sa
l

co
n

st
a
n

t
C

a
n

d
ev

er
y
q
≥

m
ax

(2
,l

o
g
n

),

‖W
‖ q
≤
C p

(√
p
θq

+
q)
M

(3
)

a
n

d
a
s

a
co

n
se

qu
en

ce

P(
W
≥
C
e p

(√
p
θq

+
q)
M
)
≤
e−

q
.

(4
)

T
h

e
a
b

ov
e

p
ro

p
o
si

ti
o
n

ca
n

b
e

co
n

si
d

er
ed

a
q
u

a
n
ti

ta
ti

ve
ve

rs
io

n
o
f

th
e

u
n

if
or

m
la

w
o
f

la
rg

e
n
u

m
b

er
s

fo
r

li
n

ea
r

fu
n

ct
io

n
al

s
x
T
Z

in
d

ex
ed

b
y

th
e

u
n

it
sp

h
er

e
in

th
e

sp
ac

e
`n 1

.
A

s
su

ch
it

is
a

cl
as

si
ca

l
ob

je
ct

o
f

st
u

d
y

in
th

e
th

eo
ry

o
f

em
p

ir
ic

al
p

ro
ce

ss
es

.
T

h
e

p
ro

o
f

w
e

g
iv

e
u

se
s

o
n

ly
B

er
n

st
ei

n
’s

in
eq

u
al

it
y,

se
e

e.
g
.,

(v
a
n

d
er

V
aa

rt
a
n

d
W

el
ln

er
,

1
99

6
),

an
d

T
a
la

gr
a
n

d
’s

co
n
tr

ac
ti

o
n

p
ri

n
ci

p
le

(L
ed

o
u
x

a
n

d
T

a
la

g
ra

n
d

,
1
99

1
),

w
h

ic
h

in
a

so
m

ew
h

a
t

si
m

il
a
r

co
n
te

x
t

w
as

ap
p

li
ed

e.
g
.,

b
y

M
en

d
el

so
n

(2
0
08

);
A

d
a
m

cz
a
k

et
a
l.

(2
0
1
0)

.

L
et

u
s

al
so

re
m

a
rk

th
a
t

in
th

e
a
b

ov
e

p
ro

p
o
si

ti
o
n

w
e

d
o

n
o
t

re
q
u

ir
e

in
d

ep
en

d
en

ce
b

et
w

ee
n

co
m

p
on

en
ts

of
th

e
ra

n
d

o
m

ve
ct

or
s
U
i

o
r
χ
i

fo
r

fi
x
ed

i,
b

u
t

ju
st

in
d

ep
en

d
en

ce
b

et
w

ee
n

th
e

ra
n

d
om

ve
ct

or
s
U
i,
χ
i,
i

=
1,
..
.,
p
.
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S
a
m

p
l
e

C
o
m

p
l
e
x
it

y
o
f

t
h
e

E
r
-S

p
U

D
A

l
g

o
r
it

h
m

2
.1

M
a
in

S
te

p
s

o
f

th
e

P
ro

o
f

o
f

T
h

e
o
re

m
1

A
s

a
n

n
o
u

n
ced

,
w

e
w

ill
n

ow
p

resen
t

a
n

ou
tlin

e
o
f

th
e

p
ro

o
f

o
f

T
h

eo
rem

1
,

in
d

ica
tin

g
w

h
ich

step
s

d
iff

er
from

th
e

orig
in

a
l

argu
m

en
t

in
(S

p
ielm

a
n

,
W

an
g
,

a
n

d
W

rig
h
t,

20
1
2
a
).

S
tep

1
.

A
ch

a
n

g
e

o
f

variab
les.

R
ecall

th
a
t
r
ij

a
re

su
m

s
o
f

tw
o

co
lu

m
n

s
o
f

th
e

m
a
trix

Y
.

A
t

th
e

fi
rst

step
o
f

th
e

p
ro

o
f,

in
stea

d
o
f

lo
ok

in
g

at
th

e
o
rig

in
a
l

o
p

tim
iza

tion
p

ro
b

lem

m
in

im
ize
‖
w
T
Y
‖

1
su

b
ject

to
r
Tij w

=
1

(5)

o
n

e
p

erform
s

a
ch

a
n

g
e

of
va

ria
b

les
z

=
A
T
w

,
b
ij

=
A
−

1r
ij ,

a
rriv

in
g

a
t

th
e

o
p
tim

iza
tio

n
p

ro
b

lem

m
in

im
ize
‖
z
T
X
‖

1
su

b
ject

to
b
Tij z

=
1.

(6
)

N
ote

th
at

o
n

e
ca

n
n

ot
so

lve
(6

)
sin

ce
it

in
vo

lves
th

e
u

n
k
n

ow
n

m
atrices

X
a
n

d
A

.
T

h
e

g
o
a
l

o
f

th
e

su
b

seq
u

en
t

step
s

is
to

p
rove

th
at

w
ith

p
ro

b
a
b

ility
su

ffi
cien

tly
sep

a
rated

fro
m

zero
th

e
solu

tion
z∗

of
(6)

is
a

m
u

ltip
le

o
f

on
e

o
f

th
e

b
a
sis

vecto
rs
e

1 ,...,e
n
,

say
z∗

=
λ
e
k .

T
h

is
m

ea
n

s
th

a
t
w
T∗
Y

=
z
T∗
X

=
λ
e
Tk
X

,
i.e.,

(5
)

recovers
th

e
k
-th

row
o
f
X

u
p

to
sca

lin
g
.

In
co

m
b

in
a
tion

w
ith

a
co

u
p

o
n

collector
p

h
en

o
m

en
o
n

th
is

w
ill

a
llow

to
co

n
clu

d
e

th
a
t

if
p

is
su

ffi
cien

tly
large,

th
en

a
ll

th
e

row
s

w
ill

b
e

recovered
(th

is
is

th
e

co
n
ten

t
o
f

S
tep

4).

S
tep

2
.

If
0
<
|(su

p
p
X
e
i )∪

(su
p

p
X
e
j )|

<
1
/(8θ),

th
en

su
p

p
(z∗ )⊆

(su
p

p
X
e
i )∪

(su
p

p
X
e
j ).

A
t

th
is

step
w

e
p

rove
th

e
follow

in
g

lem
m

a
,

w
h

ich
is

a
co

u
n
terp

art
o
f

L
em

m
a

1
1

in
(S

p
ielm

a
n

et
a
l.,

20
12

a
).

It
is

w
ea

ker
in

th
a
t

w
e

d
o

n
o
t

con
sid

er
a
rb

itra
ry

vecto
rs
b
ij ,

b
u

t
on

ly
su

m
s

o
f

tw
o

d
istin

ct
co

lu
m

n
s

o
f
X

(w
h

ich
is

en
o
u

g
h

for
th

e
a
p

p
lica

tio
n

in
th

e
p

ro
o
f

o
f

T
h

eorem
1
).

O
n

th
e

o
th

er
h

a
n

d
it

w
o
rk

s
alread

y
for

p
>
C
n

log
n

a
n

d
n

o
t

fo
r
p
>
C
n

2
log

n
as

th
e

origin
al

lem
m

a
fro

m
(S

p
ielm

a
n

,
W

a
n

g,
a
n

d
W

rig
h
t,

2
01

2
a
).

L
e
m

m
a

3
F

o
r

1
≤
i
<
j
≤
p
,

d
efi

n
e
b
ij

=
X
e
i

+
X
e
j ,
I
ij

=
(su

p
p
X
e
i )∪

(su
p

p
X
e
j ).

T
h
ere

exist
n

u
m

erica
l

co
n

sta
n

ts
C
,α

>
0

su
ch

th
a
t

if
2/
n
≤
θ
≤
α
/ √

n
a
n

d
p
>
C
n

lo
g
n

,
th

en
w

ith
p
ro

ba
bility

a
t

lea
st

1−
p −

2
th

e
ra

n
d
o
m

m
a
trix

X
h
a
s

th
e

fo
llo

w
in

g
p
ro

perty:

(P
1
)

F
o
r

every
1
≤
i
<
j
≤
p
,

if
0
<
|I
ij |≤

1
/(8θ)

th
en

every
so

lu
tio

n
z∗

to
th

e
o
p
tim

iza
tio

n
p
ro

blem
(6

)
sa

tisfi
es

su
p

p
z∗ ⊆

I
ij .

B
efore

w
e

p
ass

to
th

e
p

resen
tatio

n
o
f

au
x
ilia

ry
fa

cts
n
eed

ed
in

th
e

p
ro

o
f

of
th

e
a
b

ove
lem

m
a,

let
u
s

in
d

ica
te

b
riefl

y
th

e
tw

o
m

a
in

o
b

serva
tio

n
s

b
eh

in
d

th
e

lem
m

a
,

n
o
t

p
resen

t
in

(S
p

ielm
a
n

,
W

an
g,

an
d

W
rig

h
t,

2
0
12

a
).

T
h

e
fi

rst
o
n

e
is

P
ro

p
o
sitio

n
2
,

w
h

ich
a
llow

s
to

p
rove

th
e

tech
n

ical
L

em
m

a
5

b
elow

.
T

h
e

secon
d

o
n

e
is

th
e

fa
ct

th
a
t

d
u

e
to

in
d

ep
en

d
en

ce
o
f

th
e

en
tries

o
f

th
e

m
atrix

w
e

d
o

n
o
t

n
eed

to
u

se
th

e
u

n
io

n
b

o
u

n
d

over
a
ll

p
ossib

le
lo

catio
n

s
of

n
o
n

zero
co

effi
cien

ts
o
f
X
e
i

a
n

d
X
e
j ,

in
stea

d
w

e
ca

n
con

d
itio

n
o
n

th
e

d
isjo

in
t

even
ts

th
a
t

(su
p

p
X
e
i )∪

(su
p

p
X
e
j )

=
I

(w
h

ere
I

ra
n

ges
over

n
o
n

em
p

ty
su

b
sets

of
[n

]
w

ith
|I|≤

1
/
(8θ)),

estim
a
te

a
p

p
ro

p
ria

te
con

d
itio

n
a
l

p
ro

b
a
b

ilities
a
n

d
in

tegra
te

th
e

resu
lt

over
I
.

T
o

p
rove

L
em

m
a

3
,

on
e

fi
rst

sh
ow

s
a

cou
n
terp

a
rt

o
f

L
em

m
a

16
in

(S
p

ielm
a
n

,
W

a
n

g
,

a
n

d
W

righ
t,

2
01

2a
).
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A
d
a
m

c
z
a
k

L
e
m

m
a

4
F

o
r

a
n

y
1
≤
j≤

p
,

if
Z

=
(χ

1
j R

1
j ,...,χ

n
j R

n
j ),

th
en

fo
r

a
ll
v
∈
R
n

,

E|v
T
Z|≥

µ8 √
θn ‖v‖

1 .

P
ro

o
f

L
et
ε

1 ,...,ε
n

b
e

a
seq

u
en

ce
of

i.i.d
.

R
ad

em
ach

er
variab

les,
in

d
ep

en
d

en
t

of{χ
ij ,R

ij }
.

B
y

sta
n

d
ard

sy
m

m
etrization

in
eq

u
alities,

see
e.g.,

L
em

m
a

6.3.
in

(L
ed

o
u

x
an

d
T

alagran
d

,
1
99

1),

E|v
T
R|

=
E ∣∣∣

n
∑i=

1

v
i χ
ij R

ij ∣∣∣ ≥
12 E ∣∣∣

n
∑i=

1

v
i ε
i χ
ij R

ij ∣∣∣ .

T
h

e
ra

n
d

o
m

variab
les

ε
i R

ji
are

sy
m

m
etric

an
d
E|ε

i R
ij |

=
µ

,
so

b
y

L
em

m
a

16
from

(S
p
iel-

m
an

,
W

a
n

g,
a
n

d
W

righ
t,

2012a),
th

e
righ

t-h
a
n

d
sid

e
ab

ove
is

b
o
u

n
d

ed
from

b
elow

b
y

µ8 √
θn ‖v‖

1 .

T
h

e
n

ex
t

lem
m

a
is

an
im

p
rovem

en
t

of
L

em
m

a
17

in
(S

p
ielm

a
n

,
W

an
g,

an
d

W
righ

t,
20

1
2a),

w
h

ich
is

cru
cial

for
ob

tain
in

g
L

em
m

a
3.

L
e
m

m
a

5
T

h
ere

exists
a
n

a
bso

lu
te

co
n

sta
n

t
C

,
su

ch
th

a
t

th
e

fo
llo

w
in

g
h
o
ld

s
fo

r
p
>

C
n

lo
g
n

.
L

et
J
⊆
{
1
,...,p}

be
a

fi
xed

su
bset

o
f

size
|J|
≤

p4 .
L

et
X
J

be
th

e
su

bm
a
-

trix
o
f
X

,
o
bta

in
ed

by
a

restrictio
n

o
f
X

to
th

e
co

lu
m

n
s

in
d
exed

by
J

.
W

ith
p
ro

ba
bility

a
t

lea
st

1−
p −

8,
fo

r
a
n

y
v
∈
R
n

,

‖
v
T
X
‖

1 −
2‖
v
T
X
J ‖

1
>
p
µ32 √

θn ‖
v‖

1 .

P
ro

o
f

N
o
te

fi
rst

th
at

b
y

in
creasin

g
th

e
set

J
,

w
e

in
crease

‖
v
T
X
J ‖

1 ,
so

w
ith

ou
t

loss
of

gen
era

lity
w

e
can

assu
m

e
th

at
|J|

=
bp
/4c.

A
p

p
ly

P
rop

o
sition

2
w

ith
th

e
vecto

rs
U
j

=
(R

1
j ,...,R

n
j )

an
d
χ
j

=
(χ

1
j ,...,χ

n
j )

an
d
q

=
8

log
p
.

N
ote

th
a
t

ou
r

in
teg

rab
il-

ity
a
ssu

m
p
tion

s
o
n
R
ij

im
p

ly
(1)

w
ith

M
b

ein
g

a
u

n
iversal

con
stan

t.
T

h
erefore,

for
som

e
ab

solu
te

con
stan

t
C

an
d
p
≥
C
n

log
n

,
w

ith
p

rob
ab

ility
at

least
1−

p −
8

w
e

h
ave

su
p

v∈
B
n1 ∣∣∣ ‖v

T
X
‖

1 −
E‖v

T
X
‖

1 ∣∣∣ ≤
C

( √
p
θ

log
p

+
log

p
)≤

2C
√
p
θ

log
p
,

su
p

v∈
B
n1 ∣∣∣ ‖v

T
X
J ‖

1 −
E‖
v
T
X
J ‖

1 ∣∣∣ ≤
2C
√
p
θ

log
p
,

w
h

ere
w

e
u

sed
th

at
for

C
su

ffi
cien

tly
larg

e,
p
/

log
p
≥
n
≥

1
/θ.

T
h
u

s,
b
y

h
o
m

ogen
eity,

w
ith

p
rob

ab
ility

at
least

1−
p −

8,
fo

r
all

v
∈
R
n
,

∣∣∣ ‖
v
T
X
‖

1 −
E‖
v
T
X
‖

1 ∣∣∣ ≤
2
C
√
θp

log
p‖v‖

1 ,
∣∣∣ ‖
v
T
X
J ‖

1 −
E‖v

T
X
J ‖

1 ∣∣∣ ≤
2
C
√
θp

log
p‖v‖

1 .

In
p

a
rticu

lar
th

is
m

ean
s

th
at

(u
sin

g
th

e
n

otation
of

P
rop

osition
2)

‖
v
T
X
‖

1 ≥
E‖v

T
X
‖

1 −
2
C
√
θp

log
p‖v‖

1
=
pE|v

T
Z
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p
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≥
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=
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∩
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=
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ti

on
ed

in
(L

u
ko

še
v
ič

iu
s

an
d

J
a
eg

er
,

20
0
9,

S
ec

ti
on

8.
2)

th
at

in
te

rn
a
l

n
o
is

e
b

eh
av

es
a
s

a
n
a
tu

ra
l

re
gu

la
ri

za
ti

o
n

op
ti

on
(s

im
il
a
r

to
w

h
at

in
p
u
t

or
ou

tp
u
t

n
oi

se
w

ou
ld

)
a
lt

h
o
u
gh

th
is

as
p

ec
t

w
a
s

n
ot

d
ee

p
ly

in
ve

st
ig

a
te

d
.

M
or

e
im

p
or

-
ta

n
tl

y,
w

h
il
e

in
te

rn
a
l

n
oi

se
n
ec

es
sa

ri
ly

le
ad

s
to

ra
n
d
o
m

ou
tp

u
ts

(a
n
o
t

n
ec

es
sa

ri
ly

d
es

ir
ab

le
fe

a
tu

re
on

th
e

on
se

t)
,

w
e

sh
al

l
sh

ow
th

a
t

a
ll

th
es

e
o
u
tp

u
ts

(a
lm

o
st

su
re

ly
)

as
y
m

p
to

ti
ca

ll
y

h
av

e
th

e
sa

m
e

p
er

fo
rm

a
n
ce

,
th

u
s

in
d
u
ci

n
g

ra
n
d
om

b
u
t

eq
u
al

ly
u
se

fu
l

in
n
ov

a
ti

on
;

th
is

w
e

b
el

ie
ve

is
a

m
or

e
d
es

ir
ab

le
fe

a
tu

re
th

an
d
et

er
m

in
is

ti
c

ar
b
it

ra
ry

b
ia

se
s

in
th

e
in

n
ov

at
io

n
(s

ee
th

e
co

m
m

en
ts

ar
ou

n
d

R
em

a
rk

1
2

in
S
ec

ti
o
n

2
.2

).
A

s
fo

r
th

e
ch

o
ic

e
of

st
u
d
y
in

g
li
n
ea

r
a
ct

iv
a
ti

on
fu

n
ct

io
n
s,

ra
re

ly
co

n
si

d
er

ed
in

th
e

p
ra

ct
i-

ca
l

si
d
e

of
R

N
N

s,
it

o
b
v
io

u
sl

y
fo

ll
ow

s
fi
rs

t
fr

om
a

m
at

h
em

at
ic

al
tr

a
ct

a
b
il
it

y
o
f

th
e

p
ro

b
le

m
u
n
d
er

st
u
d
y.

N
o
n
et

h
el

es
s,

w
h
il
e

b
ei

n
g

cl
ea

rl
y

a
st

ro
n
g

li
m

it
a
ti

on
of

o
u
r

st
u
d
y

(r
ec

al
l

th
a
t

th
e

n
on

-l
in

ea
ri

ty
is

th
e

m
ai

n
d
ri

ve
r

fo
r

th
e

n
et

w
o
rk

to
p

er
fo

rm
co

m
p
le

x
ta

sk
s)

,
w

e
b

el
ie

ve
it

b
ri

n
gs

su
ffi

ci
en

t
in

si
gh

ts
(a

t
le

as
t

as
fa

r
a
s

m
em

or
y

ca
p
ab

il
it

ie
s

a
n
d

m
in

im
al

p
er

fo
rm

a
n
ce

ar
e

co
n
ce

rn
ed

)
a
n
d

ex
p
lo

it
a
b
le

re
su

lt
s

w
h
en

it
co

m
es

to
p
a
ra

m
et

ri
zi

n
g

n
on

-l
in

ea
r

n
et

w
or

k
co

u
n
te

rp
ar

ts
.

A
m

on
g

o
th

er
re

su
lt

s,
th

e
m

ai
n

fi
n
d
in

gs
of

ou
r

st
u
d
y

a
re

as
fo

ll
ow

s:

1
.

A
cc

o
rd

in
g

to
J
a
eg

er
in

(J
a
eg

er
,

2
0
0
5
)

(s
p

ec
ifi

ca
ll
y

in
th

e
co

n
te

x
t

o
f

re
se

rv
o
ir

s
w

it
h

o
u
tp

u
t

fe
ed

b
a
ck

):
“
W

h
en

y
o
u

a
re

tr
a
in

in
g

a
n

E
S
N

w
it

h
o
u
tp

u
t

fe
ed

b
a
ck

fr
o
m

a
cc

u
ra

te
(m

a
th

em
a
ti

ca
l,

n
o
is

e-
fr

ee
)

tr
a
in

in
g

d
a
ta

,
st

a
b
il
it

y
o
f

th
e

tr
a
in

ed
n

et
w

o
rk

is
o
ft

en
d
iffi

cu
lt

to
a
ch

ie
v
e.

A
m

et
h

o
d

th
a
t

w
o
rk

s
w

o
n

d
er

s
is

to
in

je
ct

n
o
is

e
in

to
th

e
d
y
n

a
m

ic
a
l

re
se

rv
o
ir

u
p

d
a
te

d
u
ri

n
g

sa
m

p
li
n
g

[.
..

].
It

is
n

o
t

cl
ea

rl
y

u
n

d
er

st
o
o
d

w
h
y

th
is

w
o
rk

s.
”
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T
h
e

A
sy

m
p
t
o
t
ic

P
e
r
f
o
r
m

a
n
c
e

o
f

L
in

e
a
r

E
c
h
o

S
t
a
t
e

N
e
u
r
a
l

N
e
t
w

o
r
k
s

1
.

w
e

retrieve
a

d
eterm

in
istic

im
p
licit

ex
p
ressio

n
fo

r
th

e
m

ea
n
-sq

u
are

error
(M

S
E

)
p

erform
an

ce
of

tra
in

in
g

an
d

testin
g

for
a
n
y

fi
x
ed

co
n
n
ectiv

ity
m

atrix
W
∈

R
n×

n
w

h
ich

,
for

every
given

in
tern

al
n
oise

va
ria

n
ce
η

2
>

0
,

is
a
ll

th
e

m
ore

a
ccu

rate
th

at
th

e
n
etw

ork
size

n
is

la
rg

e

2.
th

e
a
fo

rem
en

tion
ed

ex
p
ression

revea
ls

fu
n
d
am

en
tal

q
u
an

tities
w

h
ich

gen
era

lize
severa

l
k
n
ow

n
q
u
a
litative

n
otion

s
o
f

E
S
N

’s,
su

ch
a
s

th
e

m
em

o
ry

ca
pa

city
a
n
d

th
e

F
ish

er
m

em
o
ry

cu
rve

(J
a
eg

er,
20

01;
G

an
gu

li
et

al.,
20

08);

3.
w

e
o
b
tain

m
o
re

tractab
le

clo
sed

-form
ex

p
ression

s
fo

r
th

e
sam

e
q
u
an

tities
for

sim
p
le

cla
sses

o
f

ra
n
d
o
m

n
orm

a
l

a
n
d

n
o
n
-n

orm
al

m
a
trices;

th
ese

tw
o

classes
ex

h
ib

it
a

strik
in

g
ly

d
iff

eren
t

a
sy

m
p
totic

p
erfo

rm
a
n
ce

b
eh

av
io

r;

4.
from

th
e

p
rev

iou
s

an
aly

sis,
w

e
sh

all
a
lso

in
tro

d
u
ce

a
n
ovel

m
u
lti-m

o
d
al

con
n
ectiv

ity
m

a
trix

th
at

ad
a
p
ts

to
a

w
id

er
scop

e
of

m
em

o
ry

ran
ges

an
d

th
a
t

is
rem

in
iscen

t
to

th
e

lo
n
g

sh
ort-term

m
em

o
ry

E
S
N

s
d
esign

ed
in

(X
u
e

et
a
l.,

2
00

7);

5.
an

im
p

ortan
t

in
terp

lay
b

etw
een

m
em

o
ry

a
n
d

in
tern

a
l

n
oise

w
ill

b
e

sh
ed

lig
h
t

on
,

b
y

w
h
ich

th
e

q
u
estion

s
of

n
oise-in

d
u
ced

sta
b
ility

are
b

etter
u
n
d
ersto

o
d
.

T
h
e

rem
a
in

d
er

of
th

e
a
rticle

is
o
rg

an
ized

as
fo

llow
s.

In
S
ectio

n
2
,

w
e

in
tro

d
u
ce

th
e

E
S
N

m
o
d
el

an
d

th
e

a
sso

cia
ted

su
p

erv
ised

learn
in

g
p
ro

b
lem

a
n
d

w
e

give
ou

r
m

a
in

th
eo

retica
l

resu
lts

in
T

h
eo

rem
s

2
an

d
9

(tech
n
ical

p
ro

ofs
a
re

d
eferred

to
th

e
A

p
p

en
d
ix

).
T

h
en

,
in

S
ec-

tion
3,

w
e

ap
p
ly

ou
r

th
eoretical

resu
lts

for
variou

s
ch

o
ices

of
sp

ecifi
c

con
n
ectiv

ity
m

atrices
an

d
d
iscu

ss
th

eir
con

seq
u
en

ces
in

term
s

of
p
red

iction
p

erfo
rm

an
ce.

F
in

a
lly,

in
S
ection

4,
w

e
d
iscu

ss
o
u
r

fi
n
d
in

g
s

an
d

th
eir

lim
itatio

n
s.

N
o
ta

tio
n

s:
In

th
e

rem
ain

d
er

of
th

e
a
rticle,

u
p
p

ercase
ch

aracters
w

ill
stan

d
fo

r
m

atri-
ces,

low
erca

se
fo

r
scalars

or
vecto

rs.
T

h
e

tran
sp

ose
o
p

era
tion

w
ill

b
e

d
en

oted
(·)

T
.

T
h
e

m
u
ltivariate

G
a
u
ssian

d
istrib

u
tion

of
m

ean
µ

a
n
d

covarian
ce
C

w
ill

b
e

d
en

oted
N

(µ
,C

).

T
h
e

n
o
ta

tion
V

=
{V

ij }
n
,T
i=

1
,j

=
1

d
en

otes
th

e
m

atrix
w

ith
(i,j)-en

try
V
ij

(sca
lar

o
r

m
a
-

trix
),

1
≤
i≤

n
,

1
≤
j
≤
T

,
w

h
ile
{V

i }
ni=

1
is

th
e

row
-w

ise
con

caten
ation

of
th

e
V
i ’s

an
d

{
V
j }
Tj
=

1
th

e
colu

m
n
-w

ise
con

ca
ten

a
tio

n
o
f

th
e
V
j ’s.

W
e

fu
rth

er
in

tro
d
u
ce

th
e

n
otatio

n
(x

)
+
≡

m
a
x
(x
,0).

F
or

ra
n
d
o
m

or
d
eterm

in
istic

m
a
trices

X
n

a
n
d
Y
n
∈
R
n×

n
,

th
e

n
ota

tio
n

X
n
↔

Y
n

stan
d
s

for
1n

tr
A
n
(X

n
−
Y
n
)
→

0
an

d
a
Tn

(X
n
−
Y
n
)b
n
→

0,
a
lm

ost
su

rely,
for

every
d
eterm

in
istic

m
a
trix

A
n

a
n
d

vecto
rs
a
n
,
b
n

h
av

in
g

b
o
u
n
d
ed

n
orm

(sp
ectra

l
n
orm

fo
r

m
atrices

an
d

E
u
clid

ea
n

n
orm

for
v
ectors);

for
X
n
,Y
n
∈
R

sca
lar,

th
e

n
o
tatio

n
w

ill
sim

p
ly

m
ean

th
at
X
n −

Y
n
→

0
a
lm

o
st

su
rely.

T
h
e

n
otation

ρ
(X

)
w

ill
d
en

ote
th

e
sp

ectra
l
ra

d
iu

s
of

m
atrix

X
,

w
h
ile
‖X
‖

w
ill

d
en

ote
its

o
p

erator
n
orm

(an
d

fo
r

vectors,‖
x‖

is
th

e
E

u
clid

ea
n

n
o
rm

).
T

h
e

sy
m

b
ol
δ
x

sh
all

stan
d

for
K

ron
ecker’s

d
elta

fu
n
ction

,
i.e.,

δ
x
(y

)
=

1
if
y

=
x

(or
x

is
tru

e)
a
n
d

zero
oth

erw
ise.

2
.
M

a
in

R
e
su

lts

W
e

co
n
sid

er
h
ere

a
n

ech
o-state

n
eu

ral
n
etw

o
rk

con
stitu

ted
of
n

n
o
d
es,

w
ith

state
x
t ∈

R
n

at
tim

e
in

sta
n
t
t,

con
n
ectiv

ity
m

a
trix

W
6=

0,
an

d
in

p
u
t

so
u
rce

seq
u
en

ce
...,u

−
1 ,u

0 ,u
1 ,...∈

R
.

T
h
e

sta
te

evo
lu

tio
n

is
given

b
y

th
e

lin
ear

recu
rren

t
eq

u
a
tion

x
t+

1
=
W
x
t

+
m
u
t+

1
+
η
ε
t+

1

for
all

t∈
Z

,
in

w
h
ich

η
>

0
a
n
d
ε
t ∼
N

(0
,I
n
),

w
h
ile

m
∈

R
n

is
th

e
in

p
u
t-to-n

etw
ork

con
n
ectiv

ity.

O
u
r

fi
rst

ob
jectiv

e
is

to
u
n
d
erstan

d
th

e
tra

in
in

g
p

erform
a
n
ce

o
f

su
ch

a
n
etw

ork
.

T
o

th
is

en
d
,

w
e

sh
all

fo
cu

s
o
n

a
(tra

in
in

g
)

tim
e

w
in

d
ow
{0,...,T

−
1}

an
d

w
ill

d
en

o
te
X

=

3
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C
o
u
il

l
e
t
,

W
a
in

r
ib

,
S
e
v
i,

T
io

m
o
k
o

A
l
i

{
x
j }
T
−

1
j
=

0
∈
R
n×

T
as

w
ell

as
A

=
M
U

,
M
∈
R
n×

T
,
U
∈
R
T
×
T

,
w

h
ere

M
≡
{
W

jm
}
T
−

1

j
=

0

U
≡

1
√
T
{u

j−
i }
Ti,j

=
1
.

W
ith

th
ese

n
otatio

n
s,

w
e

esp
ecia

lly
h
ave

X
=
√
T

(A
+
Z

),
w

h
ere

Z
=

η
√
T { ∑

∞k
=

0
W

kε
j−
k }
T
−

1
j
=

0
.

T
h
e

m
atrix

A
can

b
e

seen
h
ere

as
th

e
m

atrix
ca

rry
in

g
th

e
in

fo
rm

ation
a
b

o
u
t

th
e

in
p
u
t

vector
u

w
h
ile

Z
serves

th
e

p
u
rp

ose
o
f

regu
larizatio

n
n
o
ise.

F
or
X

to
b

e
p
rop

erly
d
efi

n
ed

(a
t

least
alm

ost
su

rely
so

),
w

e
sh

a
ll

im
p

o
se

th
e

follow
in

g
h
y
p

oth
esis.

A
ssu

m
p

tio
n

1
(S

p
e
c
tra

l
N

o
rm

)
T

h
e

spectra
l

n
o
rm
‖W
‖

o
f
W

sa
tisfi

es‖W
‖
<

1.

N
ote

th
at

th
is

con
strain

t
is

in
gen

eral
q
u
ite

stro
n
g

an
d

it
is

b
elieved

(follow
in

g
th

e
in

sigh
ts

of
p
rev

io
u
s

w
ork

s
(J

a
eg

er,
20

01
))

th
a
t

for
m

a
n
y

m
o
d
el

ch
oices

of
W

,
it

can
b

e
ligh

ten
to

m
erely

req
u
irin

g
th

at
th

e
sp

ectra
l

ra
d
iu

s
ρ
(W

)
b

e
sm

aller
th

a
n

on
e.

N
on

eth
eless,

in
th

e
cou

rse
of

th
e

article,
w

e
sh

a
ll

o
ften

tak
e
W

to
b

e
su

ch
th

at
b

oth
its

sp
ectral

n
o
rm

an
d

sp
ectral

rad
iu

s
coin

cid
e.

2
.1

T
ra

in
in

g
P

e
rfo

rm
a
n

c
e

T
h
e

train
in

g
step

con
sists

in
tea

ch
in

g
th

e
n
etw

ork
to

o
b
tain

a
sp

ecifi
c

ou
tp

u
t

seq
u
en

ce
r

=
{
r
j }
T
−

1
j
=

0
ou

t
of

th
e

n
etw

ork
,
w

h
en

fed
b
y

a
corresp

on
d
in

g
in

p
u
t

vector
u

=
{
u
j }
T
−

1
j
=

0
over

th
e

tim
e

w
in

d
ow

.
T

o
th

is
en

d
,

u
n
like

con
ven

tio
n
al

n
eu

ral
n
etw

ork
s,

w
h
ere

W
is

ad
a
p
ted

to
u

an
d
r,

E
S
N

’s
ad

op
t

th
e

strateg
y

to
so

lely
en

force
an

ou
tp

u
t

lin
k

from
th

e
n
etw

ork
to

a
sin

k
(or

read
ou

t).
L

ettin
g
ω

=
{ω

i }
ni=

1
b

e
th

e
n
etw

ork
-to-sin

k
con

n
ectiv

ity
vecto

r,
w

e
sh

all
con

sid
er

h
ere

th
a
t
ω

is
o
b
tain

ed
as

th
e

(lea
st-sq

u
a
re)

m
in

im
izer

o
f‖
X

T
ω−

r‖
2.

W
h
en

T
>
n

,
w

e
h
ave

ω
≡
(X

X
T )−

1
X
r

(1
)

w
h
ich

is
alm

ost
su

rely
w

ell-d
efi

n
ed

(sin
ce
η
>

0)
or,

w
h
en

T
≤
n

,

ω
≡
X
(X

T
X
)−

1
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p
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p
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∞
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p
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∞
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∞
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w
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w
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l
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c
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∈
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∈
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⊂
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>
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b
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ra
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>
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≡
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w
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d
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=
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p
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at
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>
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∈
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b
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→
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→
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p
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>
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+
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≡
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∞
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≡
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≡
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=
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p
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p
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h
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h
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r
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p
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d
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d
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∞
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p
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∑
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n
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b
e

g
u
a
ra

n
te

ed
u
n
d
er

th
e

fo
ll
ow

in
g

ad
d
it

io
n
a
l

a
ss

u
m

p
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p
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∞
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p
ti

on
3,

tw
o

sc
en

ar
io

s
m

u
st

b
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.
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↓
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û
∈

R
T̂

to
a
n

ex
p

ected
ou

tp
u
t

vector

r̂∈
R
T̂

of
d
u
ratio

n
T̂

in
su

ch
a

w
ay

to
fu

lfi
ll

th
e

sa
m

e
ta

sk
th

a
t

lin
k
s
u

to
r.

F
o
r

n
o
tatio

n
a
l

con
ven

ien
ce,

all
test

d
a
ta

w
ill

b
e

d
en

oted
w

ith
a

h
at

m
a
rk

o
n

top
.

A
s

op
p

osed
to

th
e

tra
in

in
g

m
ea

n
sq

u
a
re

erro
r,

th
e

testin
g

M
S
E

,
d
efi

n
ed

a
s

Ê
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(
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d
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]
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Û

ac
tu

al
ly

p
a
rt

ic
u
la

ri
ze

s
th

e
d
at

a
m

a
tr

ix
Â
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,r̂)↔

∥∥∥∥∥
1

η
2 √
T
Û
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−
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d
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=
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=
d
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d
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w
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∞
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∑
j
n
j

=
n

.
T

h
en

w
e

fi
n

d
th

a
t

D
ii
↔

∑
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∑
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d
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∑
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∑
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d
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a
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e

m
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re
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g
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p
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p
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lo
n

ge
r

te
rm

pa
st

in
p
u

ts
.

T
h
is
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m
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l
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0
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τ
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u
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=
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∈

R
n
j
×
n
j

H
a
ar

d
is

-
tr

ib
u

te
d

,
σ

1
=
.9

9,
n

1
/n

=
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=
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=
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∈
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d
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p
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b
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b
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√
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∈
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+
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p
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b
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e

qu
a
n

tity
b
T
D
−

1b
w

ith
b

d
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p
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;û
,r̂

)
↔
∥ ∥ ∥ ∥ ∥η
−

2
Û
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Ŝ
er

b
in

a,
2
01

1;
H

a
ch

em
et

a
l.
,

20
08

)
on

th
e

G
a
u
ss

ia
n

m
et

h
o
d
s

a
n
d

(B
an

n
a

an
d

M
er

le
ve

d
e,

20
13

)
fo

r
st

a
ti

o
n
ar

y
p
ro

ce
ss

es
in

ra
n
d
o
m

m
a
tr

ix
th

eo
ry

.

B
ef

or
e

d
el

v
in

g
in

to
th

e
p
ro

of
o
f

T
h
eo

re
m

2,
le

t
u
s

fi
rs

t
p
ro

ve
L

em
m

a
1

w
h
ic

h
p
ro

v
id

es
th

e
ex

p
re

ss
io

n
of

in
te

re
st

fo
r
E
η
(u
,r

)
ex

p
lo

it
ed

in
T

h
eo

re
m

2
.

T
h
e

re
su

lt
is

cl
ea

rl
y

va
li
d

w
h
en

n
/T

>
1

as
X

T
X

is
al

m
o
st

su
re

ly
n
on

si
n
g
u
la

r.
T

h
u
s,

on
ly

th
e

sc
en

ar
io

w
h
er

e
n
/T

<
1

is
of

in
te

re
st

.
E

x
p
an

d
in

g
th

e
ex

p
re

ss
io

n
o
f
ω

,
fi
rs

t
ob

se
rv

e
th

at
E
η
(u
,r

)
=

1 T
‖r
−
X

T
ω
‖2

=
1 T
rT

(I
T
−
X

T
(X
X

T
)−

1
X

)2
r

an
d

th
at

(I
T
−
X

T
(X
X

T
)−

1
X

)2
=
I T
−

X
T

(X
X

T
)−

1
X

.
In

tr
o
d
u
ci

n
g
γ
T
>

0
,
E
η
(u
,r

)
=

li
m
γ
↓0

1 T
rT

(I
T
−
X

T
(X
X

T
+
γ
T
I n

)−
1
X

)r
.

N
ow

,
u
si

n
g

th
e

id
en

ti
ti

es
(A
B

+
I
)−

1
A

=
A

(B
A

+
I
)−

1
a
n
d
A

(A
+
bI

)−
1

=
I
−
b(
A

+
bI

)−
1

fo
r

m
at

ri
ce

s
A
,B

an
d

sc
al

a
r
b,

th
is

is
E
η
(u
,r

)
=

li
m
γ
↓0

1 T
rT

(I
T
−
X

T
X

(X
T
X

+
γ
T
I T

)−
1
)r

=
li
m
γ
↓0

1 T
γ
T
rT

(X
T
X

+
γ
T
I T

)−
1
r,

fr
o
m

w
h
ic

h
L

em
m

a
1

fo
ll
ow

s.

W
it

h
th

e
re

su
lt

at
h
an

d
,

w
e

a
re

re
a
d
y

to
ta

ck
le

th
e

p
ro

of
o
f

T
h
eo

re
m

2.
In

th
e

p
re

se
n
t

se
ct

io
n
,
W

is
co

n
si

d
er

ed
a

d
et

er
m

in
is

ti
c

m
a
tr

ix
w

it
h

op
er

at
or

n
o
rm

le
ss

th
a
n

u
n
it

y.
W

e
re

ca
ll

th
at

X
=
{x

j
}T
−

1
j
=

0
∈

R
n
×
T

,
fo

r
th

e
in

fi
n
it

e
ti

m
e

se
ri

es
..
.,
x
−

1
,x

0
,x

1
,.
..
∈

R
n
,

d
efi

n
ed

re
cu

rs
iv

el
y

th
ro

u
gh

x
t+

1
=
W
x
t

+
m
u
t+

1
+
η
ε t

+
1

w
it

h
m

of
b

ou
n
d
ed

n
o
rm

a
n
d
..
.,
u
−

1
,u

0
,u

1
,.
..
∈

R
so

m
e

ti
m

e
se

ri
es

.
W

e
a
d
d
it

io
n
-

al
ly

d
en

ot
e
A

=
M
U

w
h
er

e
M

=
{W

j
m
}T
−

1
j
=

0
a
n
d
U

=
T
−

1 2
{u

j
−
i}
T
−

1
i,
j
=

0
.

A
ls

o,
le

t

Z
=
η
T
−

1 2
{∑

k
≥

0
W

k
ε j
−
k
}T
−

1
j
=

0
th

e
co

n
ca

te
n
at

ed
n
oi

se
ve

ct
o
rs

,
w

it
h
ε i
∼
N

(0
,I
n
).

W
it

h

th
es

e
n
ot

at
io

n
s

an
d

n
or

m
a
li
za

ti
o
n
,

w
e

h
av

e
X

=
√
T

(A
+
Z

),
w

h
er

e
A

a
n
d
Z

ar
e

ex
p

ec
te

d
to

h
av

e
op

er
at

or
n
o
rm

of
or

d
er
O

(1
)

w
it

h
re

sp
ec

t
to
n
,T
→
∞

as
p

er
A

ss
u
m

p
ti

o
n

3
a
n
d

th
u
s

so
sh

ou
ld

1 T
X
X

T
.

F
or
γ
>

0,
d
en

ot
in

g
Q
γ

=
(

1 T
X
X

T
+
γ
I n

)−
1
,
o
u
r

o
b

je
ct

iv
e

is
to

o
b
ta

in
a
n

ap
p
ro

x
im

a
ti

on
of
Q
γ

in
th

e
se

n
se

of
th

e
eq

u
iv

a
le

n
ce
↔

u
si

n
g

th
e

so
-c

al
le

d
G

a
u

ss
ia

n
m

et
h
od

in
tr

o
d
u
ce

d

b
y

P
as

tu
r

in
(P

as
tu

r
a
n
d

Ŝ
er

b
in

a,
20

1
1)

.
T

h
is

m
et

h
o
d

co
n
si

st
s

in
tw

o
in

g
re

d
ie

n
ts

:
(i

)
a
n

in
te

gr
at

io
n

b
y

p
ar

ts
fo

rm
u
la

fo
r

G
au

ss
ia

n
ra

n
d
om

va
ri

ab
le

s
(a

ls
o

ca
ll
ed

S
te

in
’s

le
m

m
a)

th
at

st
ip

u
la

te
s

th
at

,
fo

r
x
∼
N

(0
,1

)
an

d
a

p
ol

y
n
o
m

ia
ll
y

b
ou

n
d
ed

d
iff

er
en

ti
a
b
le
f

,
E

[x
f

(x
)]

=
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o
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ic

P
e
r
f
o
r
m

a
n
c
e

o
f

L
in

e
a
r

E
c
h
o

S
t
a
t
e

N
e
u
r
a
l

N
e
t
w

o
r
k
s

E
[f
′(x

)],
an

d
(ii)

co
n
cen

tratio
n

in
eq

u
a
lities

or
m

om
en

t
b
ased

b
ou

n
d
s

(su
ch

as
th

e
N

a
sh

–
P

oin
caré

in
eq

u
ality

)
to

co
n
tro

l
sm

a
ll

term
s.

T
h
e

id
ea

h
ere

is
to

ex
p
an

d
term

s
of

th
e

ty
p

e
E

[[ε
i ]j [Q

γ
]k
l ]

u
sin

g
th

e
G

au
ssian

in
teg

ra
tion

b
y

p
a
rts

fo
rm

u
la

in
ord

er
to

retrieve
an

im
p
licit

bu
t

d
eterm

in
istic

ex
p
ression

for
Q
γ
,

u
p

to
sm

a
ll

ran
d
om

term
s.

T
h
en

,
th

a
n
k
s

to
con

cen
tration

o
r

m
om

en
t

b
ou

n
d
s,

th
e

a
fo

rem
en

tion
ed

sm
a
ll

term
s

are
sh

ow
n

to
van

ish
at

a
su

ffi
cien

t
sp

eed
to

en
su

re
alm

ost
su

re
con

vergen
ce

o
f
Q
γ

to
th

e
d
eterm

in
istic

so
lu

tion
of

th
e

im
p
licit

eq
u
a
tio

n
in

th
e

sen
se

of
th

e
eq

u
ivalen

ce
↔

.

W
e

sta
rt

b
y

n
o
ticin

g
th

at
Q
γ

=
1γ
I
n
−

1γ
1T
X
X

T
Q
γ
,

a
relatio

n
often

referred
to

a
s

th
e

reso
lven

t
id

en
tity.

T
h
is

a
llow

s
on

e
to

w
rite

E
[Q

γ
]

a
s

a
fu

n
ction

of
E

[X
X

T
Q
γ
]

w
h
ich

len
d
s

itself
to

th
e

in
tegra

tion
b
y

p
a
rts

a
p
p
roa

ch
sin

ce
X

is
a

lin
ea

r
fu

n
ctio

n
o
f

th
e

G
a
u
ssian

variab
les

[ε
i ]j .

In
w

h
at

follow
s,

for
read

ab
ility,

w
e

sh
a
ll

d
en

o
te
Q

=
Q
γ

(a
n
d

th
u
s
Q
ij

=
[Q

γ
]ij )

a
n
d

ε
ij

=
[ε
i ]j .

T
h
en

w
e

h
ave

E
[Q

ij ]
=

1γ
δ
ij −

1γ (
E

[[Z
Z

T
Q

]ij ]
︸

︷︷
︸

(I
)

+
E

[[Z
A

T
Q

]ij ]
︸

︷︷
︸

(I
I
)

+
E

[[A
Z

T
Q

]ij ]
︸

︷︷
︸

(I
I
I
)

+
E

[[A
A

T
Q

]ij ]
︸

︷︷
︸

(I
V

)

)
.

(1
1
)

E
ach

of
th

e
fou

r
b
ra

ced
term

s
n
eed

s
b

e
treated

in
d
ep

en
d
en

tly.
N

ote
fi
rst

th
a
t

term
(I
V

)
is

sim
p
ly
∑
k [A

A
T

]ik E
[Q

k
j ]

an
d

is
th

u
s

treated
sim

ila
r

to
E

[Q
ij ]

itself.
It

th
en

rem
a
in

s
to

h
a
n
d
le

term
s

(I
)–(I

I
I
).

B
efo

re
h
an

d
lin

g
ea

ch
term

,
let

u
s

fi
rst

in
tro

d
u
ce

a
few

elem
en

ta
ry

resu
lts

of
con

sta
n
t

u
se

in
w

h
at

fo
llow

s.
F

irst,
b
y

a
m

ere
d
ev

elo
p
m

en
t,

w
e

h
ave

Z
a
b

=
η
√
T

∑k≥
0

n
∑p
=

1 [W
k]a

p ε
p
,b−

k

from
w

h
ich

∂
Z
a
b

∂
ε
il

=
η
√
T

∑k≥
0

n
∑p
=

1

δ
p
i δ
l,b−

k [W
k]a

p .
(12

)

E
x
p
an

d
in

g
X

in
th

e
ex

p
ression

of
Q

a
n
d

u
sin

g
∂
Q

=
−
Q

(∂
Q
−

1)Q
,

w
e

th
en

fi
n
d

∂
Q
m
j

∂
ε
il

=
−

η
√
T

n
∑p
=

1

δ
l≤
p (

[Q
(Z

+
A

)]m
p [(W

p−
l)
T
Q
]
ij

+
[(Z

+
A

)
T
Q
]
p
j [Q

W
p−
l ]
m
i )
.

(1
3
)

It
is

im
p

ortan
t

at
th

is
p

o
in

t
to

b
rin

g
som

e
in

sig
h
t

from
ra

n
d
om

m
atrix

th
eo

ry.
If
ε
il

w
ere

a
co

m
p
lex

ra
th

er
th

a
n

real
sta

n
d
ard

G
au

ssian
ran

d
om

variab
le,

th
e

secon
d

term
in

th
e

righ
t-h

an
d

sid
e

p
aren

th
esis

w
ou

ld
n
ot

h
av

e
a
p
p

eared
.

S
in

ce
fi
rst

o
rd

er
d
eterm

in
istic

eq
u
ivalen

ts
(w

h
ich

is
w

h
a
t

w
e

a
re

p
ro

ceed
in

g
to

h
ere)

a
re

u
su

ally
va

lid
irresp

ective
of

th
e

i.i.d
.

d
istrib

u
tion

(rea
l

o
r

co
m

p
lex

)
o
f

th
e
ε
il ’s,

it
is

ex
p

ected
th

a
t

th
is

seco
n
d

term
w

ill
lea

d
to

van
ish

in
g

term
s

in
w

h
a
t

follow
s.

W
ith

th
ese

p
relim

in
ary

resu
lts

an
d

th
is

rem
ark

in
m

in
d
,

w
e

ca
n

tack
le

th
e

calcu
lu

s
o
f

term
s

(I
)–

(I
I
I
)

fro
m

(11).
L

et
u
s

fi
rst

fo
cu

s
on

term
(I

).
D

evelop
in

g
E

[[Z
Z

T
Q

]ij ]
as

a
fu

n
ctio

n
o
f

th
e
ε
k
l ’s

a
n
d

a
p
p
ly

in
g

th
e

G
a
u
ssian

in
tegration

-b
y
-p

arts
form

u
la

,
w

e
fi
n
d

E
[[Z

Z
T
Q

]ij ]
=
η

T
∑l=

1

n
∑m

=
1

n
∑o
=

1 ∑k≥
0

E
[ε
o
,l−

k Z
m
,l Q

m
j ] [W

k ]
io

=
η

T
∑l=

1

n
∑m

=
1

n
∑o
=

1 ∑k≥
0 (

E

[
∂
Z
m
,k

∂
ε
o
,l−

k
Q
m
j ]

+
E

[
∂
Q
m
j

∂
ε
o
,l−

k
Z
m
l ])

[W
k ]
io
.
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C
o
u
il

l
e
t
,

W
a
in

r
ib

,
S
e
v
i,

T
io

m
o
k
o

A
l
i

S
u
b
stitu

tin
g

th
e

d
erivativ

es
b
y

th
e

form
s

(1
2)

a
n
d

(13
),

w
e

o
b
tain

a
fter

fu
ll

d
evelop

m
en

t
an

d
sim

p
lifi

cation
s

E
[[Z

Z
T
Q

]ij ]
=
η

2 ∑k≥
0

E
[[W

k(W
k)

T
Q
]
ij ]

−
η

2 ∑k≥
0

T
−

1
∑q
=
−
k

T
−
q
+

∑l=
1

E

[[W
k(W

k
+
q)

T
Q
]
ij

1T
[Z

T
(Z

+
A

)Q̃
]l,q

+
l ]

+
E

[ζ
[1

]
ij

]

w
h
ere

w
e

d
efi

n
ed

Q̃
=
Q̃
γ

=
(

1T
X

T
X

+
γ
I
n
) −

1
an

d
w

h
ere

th
e

term
ζ

[1
]

ij
a
rises

from
th

e
d
evelop

m
en

t
o
f

th
e

aforem
en

tion
ed

secon
d

term
in

th
e

p
aren

th
eses

o
f

(13
)

a
n
d

can
b

e
sh

ow
n

to
satisfy

ζ
[1

]↔
0.

S
im

ilarly,
a
d
d
ressin

g
th

e
term

(I
I
)

in
(11

),
w

e
fi
n
d

E
[[Z

A
T
Q

]ij ]
=
−
η

2 ∑k≥
0

T
−

1
∑q
=
−
k

T
−
q
+

∑l=
1

E

[
1T

[A
T

(Z
+
A

)Q̃
]
l,q

+
l [W

k(W
k
+
q)

T
Q
]
ij ]

+
E

[ζ
[2

]
ij

]

w
h
ere

again
w

e
can

sh
ow

th
a
t
ζ

[2
]↔

0.
S
u
m

m
in

g
th

e
ap

p
rox

im
atio

n
s

for
(I

)
an

d
(I
I
),

from
th

e
resolven

t
id

en
tity

(Z
+
A

)
T

(Z
+
A

)Q̃
=
I
n −

γ
Q̃

,
w

e
fi
n
d

E
[[Z

(Z
+
A

)
T
Q

]ij ]
=
η

2 ∑k≥
0

E
[[W

k(W
k)

T
Q
]
ij ]

−
η

2 ∑k≥
0

T
−

1
∑q
=
−
k

T
−
q
+

∑l=
1

E

[[W
k(W

k
+
q)

T
Q
]
ij

1T
[I
n −

γ
Q̃

]l,q
+
l ]

+
E

[ζ
[1

]
ij

+
ζ

[2
]

ij
].

S
in

ce
[I
n
]l,q

+
l

=
δ
q
=

0 ,
th

e
fi
rst

rig
h
t-h

an
d

sid
e

term
can

cels
w

ith
th

e
p
art

of
th

e
seco

n
d

term
in

volved
w

ith
m

a
trix

1T
I
n
,

a
n
d

w
e

fi
n
d

E
[[Z

(Z
+
A

)
T
Q

]ij ]
=
η

2γ ∑k≥
0

T
−

1
∑q
=
−
k

T
−
q
+

∑l=
1

E

[[W
k(W

k
+
q)

T
Q
]
ij

1T
Q̃
l,q

+
l ]

+
E

[ζ
[1

]
ij

+
ζ

[2
]

ij
].

(1
4)

M
ov

in
g

to
term

(I
I
I
)

in
(11),

sin
ce
A

is
d
eterm

in
istic,

w
e

fi
rst

fi
n
d

th
e

in
terestin

g
ex

p
ressio

n

E
[[Z

T
Q

]ij ]
=
−
η

2 ∑k≥
0

T
−

1
∑q
=
−
k

T
−
q
+

∑l=
1

E

[
1T

tr(W
k(W

k
+
q)

T
Q

)[(Z
+
A

)
T
Q

]q
+
i,j ]

+
E

[ζ
[3

]
ij

]
(1

5)

w
ith

ζ
[3

]↔
0

from
w

h
ich

im
m

ed
iately

w
e

get

E
[[A

Z
T
Q

]ij ]
=
−
η

2 ∑k≥
0

T
−

1
∑q
=
−
k

T
−
q
+

∑l=
1

E

[
1T

tr(W
k(W

k
+
q)

T
Q

)A
il [(Z

+
A

)
T
Q

]q
+
l,j ]

+
E

[[A
ζ

[3
]]ij ]

an
d

w
e

of
cou

rse
still

h
ave

A
ζ

[3
]↔

0
.

W
e

m
u
st

d
iscu

ss
at

th
is

p
oin

t
th

e
n
ex

t
key

id
ea

o
f

th
e

G
a
u
ssian

m
eth

o
d
.

In
term

(I
I
I
),

th
e

righ
t-h

an
d

sid
e

ex
p

ectation
is

taken
ov

er
th

e
p
ro

d
u
ct

o
f

th
e

trace
1T

tr(W
k(W

k
+
q)

T
Q

)
an

d
of

th
e

q
u
an

tity
A
il [(Z

+
A

)
T
Q

]q
+
l,j .

W
ritin

g
1T

tr(W
k(W

k
+
q)

T
Q

)
=

E
[

1T
tr(W

k(W
k
+
q)

T
Q

)]+
(

1T
tr(W

k(W
k
+
q)

T
Q

)−
E

[
1T

tr(W
k(W

k
+
q)

T
Q

)]),
it

can
b

e
sh

ow
n
,

u
sin

g
C

au
ch

y
–S

ch
w

a
rz

an
d

th
e

N
ash

–P
o
icaré

in
eq

u
alities

(P
a
stu

r
an

d
Ŝ
erb

in
a,

2
0
11

),
alo

n
g

w
ith

th
e

B
o
rel–

C
a
n
telli

lem
m

a
(B

illin
gsley

,
199

5),
th

a
t

∑k≥
0

T
−

1
∑q
=
−
k

T
−
q
+

∑l=
1

(
1T

tr(W
k(W

k
+
q)

T
Q

)−
E

[
1T

tr(W
k(W

k
+
q)

T
Q

) ])
A
il [(Z

+
A

)
T
Q

]q
+
l,j ↔

0
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p
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P
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L
in

e
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r

E
c
h
o

S
t
a
t
e

N
e
u
r
a
l

N
e
t
w

o
r
k
s

w
h
ic

h
u
n
fo

ld
s

fr
om

1 T
tr

(W
k
(W

k
+
q
)T
Q

)
co

n
ce

n
tr

at
in

g
ar

ou
n
d

it
s

m
ea

n
in

th
e

la
rg

e
n
,T

re
g
im

e,
a

st
an

d
ar

d
re

su
lt

of
ra

n
d
om

m
at

ri
x

th
eo

ry
.

T
h
e

m
a
in

n
on

-c
la

ss
ic

al
d
iffi

cu
lt

y
in

sh
ow

in
g

th
is

re
su

lt
li
es

h
er

e
in

th
e
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e
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p
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T
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q
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b
ot

h
te
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ou
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b
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et

.
N
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et

h
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‖
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n
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at
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o
n
en
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a
l
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an

d
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p
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in
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ro
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h
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n
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m
en
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u
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w
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T
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h
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n
th
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b
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n
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ta
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an
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b
ou

n
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ed

b
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O
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og
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T

2
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w
h
ic

h
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m

m
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le
,

an
d

th
en
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lo

w
s

fo
r

B
o
re

l–
C

an
te

ll
i

to
b

e
ap

p
li
ed

.
T

h
e

sa
m

e
re
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on

in
g

ap
p
li
es

to
th

e
m

a
in

ex
p

ec
ta

ti
on

in
th

e
ex

p
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o
f
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)

+
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w
h
er

e
h
er

e
th

e
te

rm
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at
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n
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n
tr
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es

ar
o
u
n
d

it
s

m
ea

n
is

1 T

∑
T
−
q
+

l=
1

Q̃
l,
q
+
l,

w
h
ic

h
is

m
or

e

ea
si

ly
se

en
a
s

1 T
tr

(J
q
Q̃

).
T

h
e

re
la

ti
o
n

(1
5)

in
it

se
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q
u
it

e
in

st
ru

ct
iv

e.
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d
ee

d
,

w
it

h
th

e
p
re

v
io

u
s

re
m

ar
k

on
th

e
co

n
ce

n
tr

at
io

n
o
f

1 T
tr

(W
k
(W

k
+
q
)T
Q

),
w

e
m

ay
b
re

a
k

th
e

ri
gh
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h
an

d
ex

p
ec

ta
ti

on
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l
a
s
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e
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rm

(Z
+
A
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Q
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Z

T
Q

+
A

T
Q
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re

tr
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ve
a

co
n
n
ec

ti
o
n

b
et

w
ee

n
le
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-
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d

ri
gh

t-
h
an

d
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d
es

.
P

re
ci

se
ly

,
w

e
fi
n
d

th
at

  
I T

+
η

2
∑ k
≥

0

T
−

1
∑ q
=
−
k

E

[ 1 T
tr
( W

k
W

k
+
q
)T
Q
)]
J
q

 
E
[ X

T
Q
]  ij

=
−
η

2
∑ k
≥

0

T
−

1
∑ q
=
−
k

E

[ 1 T
tr

(W
k
(W

k
+
q
)T
Q

)] E
[ [J

q
A

T
Q

] i
,j

] +
o(

1)

w
h
er

e
w

e
u
se

d
[B

] q
+
i,
j

=
[J
q
B

] i
,j

.
R

em
ar

k
n
ow

th
at

∑ k
≥

0

T
−

1
∑ q
=
−
k

1 T
tr
( W

k
(W

k
+
q
)T
Q
) J

q
=
∑ k
≥

0

{
1 T

tr
( W

k
+

(b
−
a
)+

(W
k
+

(a
−
b
)+

)T
Q
)}

T a
,b

=
1

=

{
1 T

tr
(S
a
−
b
Q

)} T a
,b

=
1

.

D
en

o
ti

n
g
R̄

=
E

[{
1 T

tr
(S
a
−
b
Q

)}
T a
,b

=
1
]

an
d

u
si

n
g

co
n
ce

n
tr

at
io

n
ar

gu
m

en
ts

(N
a
sh

–P
oi

n
ca

ré
in

eq
u
a
li
ty

in
p
ar

ti
cu

la
r)

en
ta

il
s

Z
T
Q
↔
−
η

2
( I
T

+
η

2
R̄
) −

1
R̄
A

T
Q
.

(1
6
)

F
ro

m
th

e
d
efi

n
it

io
n

of
th

e
eq

u
iv

a
le

n
ce

re
la

ti
on
↔

,
th

is
en

ta
il
s

A
Z

T
Q
↔
−
η

2
A
( I
T

+
η

2
R̄
) −

1
R̄
A

T
Q
.

(1
7
)

S
im

il
a
rl

y,
re

ca
ll
in

g
(1

4)
,

w
e

h
av

e

Z
(Z

+
A

)T
Q
↔
η

2
γ
∑ k
≥

0

T
−

1
∑ q
=
−
k

1 T
tr

(J
q
Q̃

)W
k
(W

k
+
q
)T
Q

=
η

2
γ

∞ ∑

q
=
−
∞

1 T
tr

(J
q
Q̃

)S
q
Q
.

W
e

m
ay

th
en

d
efi

n
e

¯̃ R
=
∑
∞ q=
−
∞

E
[1 T

tr
(J
q
Q̃

)S
q
].

A
d
d
ed

to
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7)
a
n
d
A
A

T
Q
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+
A
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+
A

)T
Q
↔
−
η

2
γ
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−
η

2
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+
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2
R̄

)−
1
R̄
A

T
Q

+
A
A

T
Q
.
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C
o
u
il

l
e
t
,

W
a
in

r
ib

,
S
e
v
i,

T
io

m
o
k
o

A
l
i

W
it

h
A
A

T
=
A

(I
T

+
η

2
R̄

)−
1
(I
T

+
η
R̄

)A
T

an
d

(Z
+
A

)(
Z

+
A

)T
Q

=
I n
−
γ
Q

,
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is
fu

rt
h
er

re
ad

s

Q
↔

1 γ
I n
−
η

2
¯̃ R
Q
−

1 γ
A

(I
T

+
η

2
R̄

)−
1
A

T
Q
.

w
h
ic

h
,

af
te

r
ga

th
er

in
g

th
e

fa
ct

o
rs

of
Q

to
ge

th
er

,
fi
n
al

ly
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v
es

th
e

fi
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t
id

en
ti

ty

Q
↔

1 γ

( I n
+
η

2
¯̃ R

+
1 γ
A

(I
T

+
η

2
R̄

)−
1
A

T

) −
1

.
(1

8)
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o

p
u
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u
e
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r
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ve

st
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at
io

n
,
w

e
n
ee

d
to

p
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ce
ed

to
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e
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m
e

d
ev
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o
p
m
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t

fo
r

th
e

m
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ss
Q̃

u
n
d
er

a
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v
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v
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g
Q
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,
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g

th
e
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.
T
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e
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tr
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y
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m

il
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to
th
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of
Q
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d
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is
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n
g
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m
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e
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m
m
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b
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w
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n
Q

an
d
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)
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n
a
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y
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in
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↔

1 γ

( I T
+
η

2
R̄

+
1 γ
A

T
(I
n

+
η

2
¯̃ R
)−

1
A

T

) −
1
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9
)

A
t
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p
oi
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,
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o
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d
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t
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w

e
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t
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r
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a
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,

1 T
tr
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a
−
b
Q
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b
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2
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+
1 γ
A
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) −
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re
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v
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T
o
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en
ti

fy
R̄

w
it

h
{

1 γ
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tr
S
a
−
b
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+
η

2
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)−
1
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T
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,b

=
1
,
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e
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e

d
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b
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b
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m
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b
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u
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b
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b
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h
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b
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R̄
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T
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e
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d
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e
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n
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w
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n
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p
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cu
la

n
t

m
a
tr

ic
es

b
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e
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d
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b
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d
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b
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w

ee
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e
F

o
u
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er
tr

a
n
sf

o
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s,
w
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h
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ro
u
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e
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tr
y
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n
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ce
a
n
d
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p
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d
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re
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A

s
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n
in

g
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er

en
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s,

b
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n
g
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g
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)
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u
m

b
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,
w

e
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l
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er

e
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h
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e

d
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en

ce
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n
or

m
o
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a
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n
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w
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ob
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b
y

d
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t

u
n
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m

co
n
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A
s

su
ch

,
g
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er
a
ll
y
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k
in

g
,

if
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e
en

tr
ie

s
of

a
T

o
ep
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tz

m
a
tr
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w

it
h

ex
p

o
n
en

ti
a
ll
y

va
n
is

h
in

g
p
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fi
le
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n
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e
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in
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y

to
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ve
n

li
m

it
s,

th
en

th
e

li
m
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g
T

o
ep
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m
at

ri
x

is
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u
iv

a
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n
t

in
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e
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ec
tr

al
n
o
rm
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n
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.

S
im

il
ar
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,

to
id

en
ti

fy
¯̃ R

w
it

h
∑
q

1 γ
T

tr
(J
q
(I
T

+
η

2
R̄

+
1 γ
A

T
(I
n

+
η

2
¯̃ R
)−

1
A

T
)−

1
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q
,

w
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n
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d
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sh
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e
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tr
a
l

n
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m
d
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e
m

a
tr
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va
n
is

h
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m
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t
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ly
.

T
h
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is
h
er

e
ob

ta
in

ed
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o
m

th
e

u
n
if

o
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n
ve

rg
en
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a
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e
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(T
))
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rs
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en

ts
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r
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l
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≤
C
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(T
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a
n
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e
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es
p
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d
in
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n
en
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a
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h
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g
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m
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S
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A
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,
w

e
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en
d
efi

n
e
R
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,
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γ
,
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γ
,

a
n
d

¯̃ Q
γ

as
in

T
h
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m

2
a
n
d
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e
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su
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s
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e
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Q
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↔
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γ
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d
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γ
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¯̃ Q
γ
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4
.

A
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p
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l
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u
n
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a
m

p
le
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e
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se
o
f
Z
∈

R
n
×
T

w
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h
i.

i.
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.
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n
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n
d
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n
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va
ri

a
n
ce
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w
h
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→
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T
h
e

A
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m
p
t
o
t
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P
e
r
f
o
r
m
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n
c
e

o
f

L
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r
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o
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N
e
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r
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N
e
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r
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R
e
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p
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)

T
h
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a
n

in
fi
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a
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=
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1
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0
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+
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=
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=
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∑
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n
t
C

).
T

h
is

m
od

ifi
ca

tio
n

m
a
y

a
lter

th
e

beh
a
vio

r
o
f

th
e

a
ssocia

ted
tra

in
a
n

d
test

M
S

E
,

especia
lly

if
r

a
n

d
r̂

co
n

cen
tra

te
th

eir
en

ergy
in

th
eir

fi
rst

en
tries.

A
p
p
e
n
d
ix

B
.
P
ro

o
f
o
f
T
h
e
o
re
m

9

T
h
e

fi
rst

p
art

o
f

T
h
eorem

9
is

d
irectly

ob
ta

in
ed

fro
m

(16
)

a
lon

g
w

ith
Q
γ
↔

Q̄
γ
.

In
d
eed

,
fro

m
th

ese
rela

tion
s,

w
e

h
ave

Q
γ

1
√
T
X

=
Q
γ
Z

+
Q
γ
A
↔
−
η

2Q̄
γ
A
R
γ
(I
T

+
η

2R
γ
) −

1
+
Q̄
γ
A

=
Q̄
γ
A

(I
T

+
η

2R
γ
) −

1.

T
h
e

p
ro

of
o
f

th
e

seco
n
d

p
a
rt

o
f

T
h
eo

rem
9

is
n
ot

as
stra

igh
tfo

rw
ard

as
it

in
volves

tw
ice

th
e

m
a
trix

Q
γ

an
d

th
u
s

resu
lts

fro
m

T
h
eorem

2
can

n
o
t

b
e

im
m

ed
iately

a
p
p
lied

.
T

o
h
a
n
d
le

th
is

term
,

fi
rst

w
rite

1T
X

T
Q
γ
B
Q
γ
X

=
Z

T
Q
γ
B
Q
γ
Z

︸
︷︷

︸
(I

)

+
Z

T
Q
γ
B
Q
γ
A

︸
︷︷

︸
(I
I
)

+
A

T
Q
γ
B
Q
γ
Z

︸
︷︷

︸
(I
I
I
)

+
A

T
Q
γ
B
Q
γ
A

︸
︷︷

︸
(I
V

)

.
(2

0
)

S
in

ce
B

is
assu

m
ed

sy
m

m
etric,

(I
I
I
)

is
th

e
tra

n
sp

o
sed

versio
n

o
f

(I
I
),

so
th

a
t

o
n
ly

on
e

of
th

e
tw

o
n
eed

s
b

e
stu

d
ied

.
S
im

ilar
to

A
p
p

en
d
ix

A
,

w
e

sh
a
ll

from
n
ow

o
n

sim
p
ly

w
rite

Q
γ

a
s
Q

,
Q̃
γ

a
s
Q̃

,
etc.

W
e

sta
rt

b
y

ad
d
ressin

g
term

(I
).

W
e

u
se

aga
in

th
e

G
a
u
ssia

n
to

o
ls

cen
tered

arou
n
d

th
e

G
au

ssian
in

tegra
tion

b
y

p
a
rts

form
u
la

.
W

e
sh

a
ll

also
b

en
efi

t
from

th
e

resu
lts

of
T

h
eo

rem
2
.

S
in

ce
B

is
d
eterm

in
istic,

it
n
eed

s
n
o
t

b
e

in
clu

d
ed

ea
rly

in
calcu

la
tion

s
so

w
e

m
erely

start
b
y

evalu
atin

g,
for

giv
en

in
d
ices

i,j,k
,l,

E
[[Z

T
Q

]ij [Q
Z

]k
l ]

=
n
∑

m
,m

′,p
,p

′=
1

∑q
,q ′≥

0

η
2E

[ε
p
,i−

q ε
p
′,l−

q ′Q
m
j Q

k
m

′][W
q]m

p [W
q ′]m

′p
′

=
n
∑

m
,m

′,p
,p

′=
1

∑q
,q ′≥

0

η
2E

[
∂

(ε
p
,i−

q Q
m
j Q

k
m

′)

∂
ε
p
′,l−

q ′

]
[W

q]m
p [W

q ′]m
′p

′

w
h
ere

th
e

secon
d

lin
e

fo
llow

s
from

th
e

G
au

ssian
in

tegration
-b

y
-p

arts
form

u
la

.
D

evelop
-

in
g

th
e

d
erivative

b
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on
(1

3)
a
n
d

o
n

th
e

fact
th

at
∂
ε
a
b /∂

ε
c
d

=
δ
a
c δ
b
d ,

w
e

get
after

3
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C
o
u
il

l
e
t
,

W
a
in

r
ib

,
S
e
v
i,

T
io

m
o
k
o

A
l
i

sim
p
lifi

cation

E
[[Z

T
Q

]ij [Q
Z

]k
l ]

=
η

2
∑q
,q ′≥

0

E

[
1T

[Q
W

q(W
q ′)

T
Q

]j
k δ
i−
q
,l−

q ′ ]

−
η

3
∑q
,q ′≥

0

T
∑s
=
l−
q ′ E

[
[

1
√
T
ε
T

(W
q)

T
Q

(Z
+
A

)]i−
q
,s

1T
[Q
W

q ′(W
q ′+

s−
l)
T
Q

]k
j ]

−
η

3
∑q
,q ′≥

0

T
∑s
=
l−
q ′ E

[
[

1
√
T
ε
T

(W
q)

T
Q

]i−
q
,j [Q

(Z
+
A

)]k
,s

1T
tr(W

q ′(W
q ′+

s−
l)
T
Q

) ]

+
E

[ζ
[1

]
ij
k
l ]

(21
)

for
som

e
ζ

[1
]

ij
k
l ↔

0
(a

risin
g

from
term

s
co

n
sisten

t
w

ith
th

e
rem

ark
fo

llow
in

g
(1

3)
in

A
p
-

p
en

d
ix

A
)

an
d

w
h
ere

ε
=
{ε
ij }

n
,T
ij

=
1 .

In
sertin

g
B
j
k ,

su
m

m
in

g
ov

er
j

a
n
d
k
,

w
e

o
b
tain

a
fter

sim
p
lifi

cation
s

E
[[Z

T
Q
B
Q
Z

]il ]
=
η

2Ḡ
il −

η
2E
[[Z

T
Q

(Z
+
A

)Ḡ
]il ]−

η
2E
[[Z

T
Q
B
Q

(Z
+
A

)R̄
]il ]

+
o(1

)

w
h
ere

R̄
w

as
in

tro
d
u
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in
A

p
p

en
d
ix

A
an

d
w

e
d
efi

n
ed

Ḡ
th

e
m

a
trix

w
ith

Ḡ
ij

=
∑k≥

0

E

[
1T

tr (
B
Q
W

k
+

(j−
i)

+

(W
k
+

(i−
j
)
+

)
T
Q
) ]
.

G
ath

erin
g

th
e

term
s

in
Z

T
Q
B
Q
Z

togeth
er

alon
g

w
ith

con
cen

tration
a
rgu

m
en

ts,
w

e
fi
n
a
lly

ob
tain

Z
T
Q
B
Q
Z
↔
η

2Ḡ
(I
T

+
η

2R̄
) −

1−
η

2Z
T
Q

(Z
+
A

)Ḡ
(I
T

+
η

2R̄
) −

1−
η

2Z
T
Q
B
Q
A
R̄

(I
T

+
η

2R̄
) −

1.

In
th

e
righ

t-h
a
n
d

sid
e

form
u
lation

,
th

e
seco

n
d

term
can

b
e

a
p
p
rox

im
a
ted

from
th

e
resu

lts
of

T
h
eorem

2
a
s

w
ell

a
s

th
e

fi
rst

p
a
rt

of
T

h
eorem

9;
in

d
eed

,
n
o
te

from
(Z

+
A

)
T
Q

(Z
+
A

)
=

Q̃
(Z

+
A

)
T

(Z
+
A

)
=
I
T
−
γ
Q̃

th
a
t
Z

T
Q

(Z
+
A

)
=
I
T
−
γ
Q̃
−
A

T
Q

(Z
+
A

),
so

th
a
t

Z
T
Q
B
Q
Z
↔
η

2γ
¯̃Q
Ḡ

(I
T

+
η

2R̄
) −

1
+
η

2A
T
Q̄
A

(I
T

+
η

2R̄
) −

1Ḡ
(I
T

+
η

2R̄
) −

1

−
η

2Z
T
Q
B
Q
A
R̄

(I
T

+
η

2R̄
) −

1.
(2

2
)

In
th

is
ex

p
ression

,
th

e
last

righ
t-h

an
d

sid
e

term
still

in
vo

lves
Z

T
Q
B
Q
A

,
yet

to
b

e
ch

a
rac-

terized
.

T
h
is

is
th

e
ob

jective
o
f

th
e

n
ex

t
step

,
w

h
ich

coin
cid

es
w

ith
th

e
stu

d
y

of
th

e
term

(I
I
)

in
(20).

F
ollow

in
g

th
e

d
erivation

o
f

term
(I

),
term

s
(I
I
)

an
d

(I
I
I
)

a
re

ea
sily

ob
ta

in
ed

(in
d
eed

,
th

ey
so

m
ew

h
at

b
o
il

d
ow

n
to

(21
)

w
ith

ou
t

th
e

fi
rst

righ
t-h

a
n
d

sid
e

term
a
n
d

w
ith

o
u
t

th
e

co
m

p
on

en
ts
ε
T

(W
q)

T
in

th
e

su
b
seq

u
en

t
term

s).
P

recisely,
all

calcu
lu

s
m

ad
e,

w
e

fi
n
d

th
a
t

Q
B
Q
Z
↔
−
η

2Q
(Z

+
A

)Ḡ
−
η

2Q
B
Q

(Z
+
A

)R̄

from
w

h
ichQ

B
Q
Z
↔
−
η

2Q
(Z

+
A

)Ḡ
(I
T

+
η

2R̄
) −

1−
η

2Q
B
Q
A
R̄

(I
T

+
η

2R̄
) −

1.

A
gain

,
th

e
fi
rst

righ
t-h

a
n
d

sid
e

term
is

ea
sily

ex
p
ressed

b
y

T
h
eo

rem
2

an
d

th
e

fi
rst

resu
lt

of
T

h
eorem

9,
from

w
h
ich

Q
B
Q
Z
↔
−
η

2Q̄
A

(I
T

+
η

2R̄
) −

1Ḡ
(I
T

+
η

2R̄
) −

1−
η

2Q
B
Q
A
R̄

(I
T

+
η

2R̄
) −

1.
(2

3)
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T
h
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p
t
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r
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n
c
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r

E
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S
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b
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h
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S
in
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st

u
d
y
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g
Q
B
Q
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il
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u
d
y
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g
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T
Q
B
Q
A

,
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l

p
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v
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e
u
s

w
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h
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e
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(I
V

)
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0
).

T
o

a
d
d
re

ss
Q
B
Q

,
it

su
ffi

ce
s

to
es

ti
m

a
te

E
[Q

ij
Q
k
l]

;
fr

om
th

e
re

so
lv

en
t

id
en

ti
ty
Q
ij

=
1 γ
δ
ij
−

1 γ
[1 T
X
X

T
Q

] i
j
,

th
is
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d
ev

el
o
p

ed
a
s

E
[Q

ij
Q
k
l]

=
−

1 γ

( E
[[
Z

T
Z
Q

] i
j
Q
k
l]

+
E
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Z
A

T
Q

] i
j
Q
k
l]

+
E
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A
Z

T
Q

] i
j
Q
k
l]

+
E
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A
A

T
Q

] i
j
Q
k
l]
)

+
1 γ
δ
ij

E
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k
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.

T
h
e

d
et

er
m
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ti
c

eq
u
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a
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n
t

fo
r

E
[Q

k
l]

is
a
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ea
d
y

k
n
ow

n
,

a
n
d

w
e

a
re

th
en

le
ft

to
ev

a
lu
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e

th
e

fi
rs

t
fo

u
r

te
rm

s,
so

m
e

o
f

w
h
ic

h
ca

n
b

e
re

tr
ie

ve
d

fr
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p
re

v
io

u
s

ca
lc

u
lu

s.
D

ev
el

op
in

g
ea

ch
te

rm
,

in
te

g
ra

ti
n
g

th
e

p
re

v
io

u
sl

y
d
ev

el
op

ed
eq

u
iv

al
en

ts
,

w
h
il
e

in
tr

o
d
u
ci

n
g

th
e

m
at

ri
x

B
a
n
d

su
m

m
in

g,
af

te
r

so
m

e
te

d
io

u
s

ca
lc

u
lu

s,
w

e
fi
n
al

ly
ob

ta
in

Q
B
Q
↔

1 γ
B
Q̄

+
η

2 γ
A

(I
T

+
η

2
R̄

)−
1
Ḡ

(I
T

+
η

2
R̄

)−
1
A

T
Q̄

−
η

2
¯̃ R
Q
B
Q

+
1 γ

¯̃ G
Q̄
−

1 γ
A

(I
T

+
η

2
R̄

)−
1
A

T
Q
B
Q

w
h
er

e
w

e
in

tr
o
d
u
ce

d
th

e
n
ot

a
ti
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¯̃ G
=

∞ ∑

q
=
−
∞
η

2
E

[ 1 T
tr
( J

q
(A

+
Z

)T
Q
B
Q

(Z
+
A

))
] ∑ k
≥

0

W
k
+

(−
q
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k
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q
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G
at

h
er
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l

te
rm

s
p
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p
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ti
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a
l
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Q
B
Q

,
w

e
fi
n
al
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Q
B
Q
↔
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+

¯̃ G
)Q̄

+
η

2
Q̄
A

(I
T

+
η

2
R̄

)−
1
Ḡ

(I
T

+
η

2
R̄

)−
1
A

T
Q̄
.

(2
4)

S
u
b
st

it
u
ti

n
g

(2
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in
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,

th
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b
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it
u
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n
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w

e
m
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m

p
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te
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ch
a
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er
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e

1 T
X

T
Q
B
Q
X
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er
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m
p
li
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o
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1 T
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T
Q
B
Q
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↔
η
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2
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+
η
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+
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.
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th
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p
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ra
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ra
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A
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b
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p
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h
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at
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p
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w
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∞ ∑
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∞
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∥ ∥ ∥ ∥ ∥ ∥
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h
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R
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lo

ck
m

o
d

els
ca

n
b

e
to

o
sim

p
listic

to
cap

tu
re

th
e

eccen
tricities

o
f

m
a
n
y

rea
l

g
ra

p
h

s,
th

ey
h

av
e

p
roven

to
b

e
a

u
sefu

l,
tra

cta
b

le
su

rro
g
ate

for
m

o
re

co
m

p
licated

n
etw

o
rk

s
(A

iro
ld

i
et

a
l.,

2
0
1
3;

O
lh

ed
e

a
n

d
W

olfe,
2
0
14

).

D
e
fi

n
itio

n
1

L
et
K

a
n

d
n

be
po

sitive
in

tegers
a
n

d
let

~n
=

(n
1 ,n

2 ,...,n
K

) >
∈

R
K

be
a

vecto
r

o
f

po
sitive

in
tegers

w
ith

∑
k
n
k

=
n

.
L

et
b

:
[n

]→
[K

]
a
n

d
let

Λ
∈

[0,1
] K
×
K

be
sym

m
etric.

A
G
n

-va
lu

ed
ra

n
d
o
m

gra
p
h
G

is
a
n

in
sta

n
tia

tio
n

o
f

a
(K
,~n
,b,Λ

)
co

n
d
itio

n
a
l

S
toch

a
stic

B
lock

M
od

el,
w

ritten
G
∼

S
B

M
(K
,~n
,b,Λ

),
if

i.
T

h
e

vertex
set

V
is

pa
rtitio

n
ed

in
to
K

blocks,
V

1 ,V
2 ,...,V

K
o
f

ca
rd

in
a
lities|V

k |
=
n
k

fo
r
k

=
1,2

,...,K
;

ii.
T

h
e

block
m

em
bersh

ip
fu

n
ctio

n
b

:
V
→

[K
]

is
su

ch
th

a
t

fo
r

ea
ch

v
∈
V

,
v
∈
V
b(v

) ;

iii.
T

h
e

sym
m

etric
block

co
m

m
u

n
ica

tio
n

m
a
trix

Λ
∈

[0,1
] K
×
K

is
su

ch
th

a
t

fo
r

ea
ch

{v
,u}

∈
(
V2 ),

th
ere

is
a
n

ed
ge

betw
een

vertices
u

a
n

d
v

w
ith

p
ro

ba
bility

Λ
b(u

),b(v
) ,

in
d
epen

d
en

tly
o
f

a
ll

o
th

er
ed

ges.

W
ith

o
u

t
lo

ss
o
f

g
en

erality,
let

V
1

b
e

th
e

b
lo

ck
o
f

in
terest

fo
r

v
ertex

n
o
m

in
a
tio

n
.

F
o
r

each
k
∈

[K
],

w
e

fu
rth

er
d
ecom

p
o
se
V
k

in
to
V
k

=
S
k ∪

U
k

(w
ith
|S
k |

=
m
k ),

w
h

ere
th

e
v
ertices

in
S

:=
∪
k S

k
h

ave
th

eir
b

lo
ck

m
em

b
ersh

ip
o
b

served
a

p
rio

ri.
W

e
call

th
e

vertices
in
S

seed
vertices,

an
d

let
m

=
|S|.

W
e

w
ill

d
en

ote
th

e
set

o
f

n
o
n

seed
vertices

b
y
U

=
∪
k U

k ,
a
n
d

for
a
ll
k
∈

[K
],

let
u
k

:=
n
k −

m
k

=
|U
k |

a
n

d
n
−
m

=
u

=
|U
|.

T
h

rou
g
h

o
u

t
th

is
p

a
p

er,
w

e
a
ssu

m
e

th
a
t

th
e

seed
vertices

S
are

ch
osen

u
n

ifo
rm

ly
a
t

ra
n

d
o
m

fro
m

a
ll

p
o
ssib

le
su

b
sets

o
f
V

of
size

m
.

T
h

e
ta

sk
in

v
ertex

n
o
m

in
a
tio

n
is

to
leverag

e
th

e
in

fo
rm

a
tio

n
co

n
ta

in
ed

in
th

e
seed

vertices
to

p
ro

d
u

ce
a

n
o
m

in
a
tio

n
listL

:
U
→

[u
]

(i.e.,
a
n

ord
erin

g
o
f

th
e

vertices
in
U

)
su

ch
th

a
t

th
e

v
ertices

in
U

1
co

n
cen

tra
te

at
th

e
to

p
o
f

th
e

list.
W

e
n

o
te

th
a
t,

strictly
sp

eak
in

g,
a

n
o
m

in
a
tio

n
list
L

is
a
lso

a
fu

n
ctio

n
o
f

th
e

o
b

served
g
ra

p
h
G

,
a

fa
ct

th
a
t

w
e

su
p

p
ress

fo
r

ea
se

o
f

n
o
ta

tion
.

W
e

m
ea

su
re

th
e

effi
ca

cy
o
f

a
n
o
m

in
a
tio

n
sch

em
e

v
ia

a
vera

ge
p
recisio

n

A
P

(L
)

=
1u
1

u
1
∑i=

1 ∑
ij=

1 I{L
−

1(j)∈
U

1 }
i

.
(1)

3
JM

L
R

 17(179):1-34

L
y
z
in

sk
i,

L
e
v
in

,
F

ish
k
in

d
a
n
d

P
r
ie

b
e

A
P

ran
g
es

from
0

to
1,

w
ith

a
h

igh
er

valu
e

in
d

icatin
g

a
m

ore
eff

ective
n

om
in

atio
n

sch
em

e:
in

d
eed

,
A

P
(L

)
=

1
in

d
icates

th
at

th
e

fi
rst

u
1

vertices
in

th
e

n
om

in
ation

list
are

all
from

th
e

b
lo

ck
of

in
terest,

an
d

A
P

(L
)

=
0

in
d

icates
th

at
n

on
e

of
th

e
u

1
top

-ran
ked

vertices
are

from
th

e
b

lo
ck

of
in

terest.
L

ettin
g
H
k

=
∑

kj=
1

1/j
d

en
o
te

th
e
k
-th

h
a
rm

on
ic

n
u

m
b

er,
w

ith
th

e
con

ven
tion

th
a
t
H

0
=

0,
w

e
can

rearran
ge

(1)
as

A
P

(L
)

=

u
1
∑i=

1

H
u
1 −

H
i−

1

u
1

I{L
−

1(i)∈
U

1 }
,

from
w

h
ich

w
e

see
th

at
th

e
average

p
recision

is
sim

p
ly

a
con

vex
com

b
in

a
tion

of
th

e
in

d
icators

of
correctn

ess
in

th
e

ran
k

list,
in

w
h

ich
correctly

p
lacin

g
an

in
terestin

g
vertex

h
igh

er
in

th
e

n
om

in
ation

list
(i.e.,

w
ith

ran
k

close
to

1)
is

rew
ard

ed
m

ore
th

an
correctly

p
lacin

g
an

in
terestin

g
vertex

low
er

in
th

e
n

om
in

atio
n

list.
In

F
ish

k
in

d
et

al.
(2015),

th
ree

vertex
n

om
in

ation
sch

em
es

are
p

resen
ted

in
th

e
co

n
tex

t
of

sto
ch

a
stic

b
lo

ck
m

o
d

el
ran

d
om

grap
h

s:
th

e
can

on
ical

v
ertex

n
o
m

in
a
tion

sch
em

e,L
C

,
w

h
ich

is
su

itab
le

for
sm

all
grap

h
s

(ten
s

of
vertices);

th
e

m
ax

im
u

m
-lik

elih
o
o
d

vertex
-n

om
in

ation
sch

em
e,L

M
L
,

w
h

ich
is

su
itab

le
for

sm
all

to
m

ed
iu

m
grap

h
s

(u
p

to
th

o
u

san
d

s
of

vertices);
an

d
th

e
sp

ectra
l

p
artition

in
g

vertex
n

om
in

ation
sch

em
e,L

S
P

,
w

h
ich

is
su

itab
le

for
m

ed
iu

m
to

very
large

grap
h

s
(u

p
to

ten
s

of
m

illion
s

of
v
ertices).

In
th

e
sto

ch
astic

b
lo

ck
m

o
d

el
settin

g,
th

e
can

on
ical

vertex
n
om

in
ation

sch
em

e
is

p
rovab

ly
op

tim
al:

u
n

d
er

m
ild

m
o
d

el
assu

m
p

tion
s,

E
A

P
(L

C
)≥

E
A

P
(L

)
for

an
y

vertex
n

om
in

ation
sch

em
e
L

(F
ish

k
in

d
et

al.,
2
0
15),

w
h

ere
th

e
ex

p
ectation

is
w

ith
resp

ect
to

a
G
m

+
n
-valu

ed
ran

d
om

grap
h
G

an
d

th
e

selectio
n

o
f

th
e

seed
vertices.

T
h
u

s,
th

e
can

on
ical

m
eth

o
d

is
th

e
vertex

n
om

in
ation

an
alog

u
e

o
f

th
e

B
ayes

cla
ssifi

er,
an

d
th

is
m

otivates
th

e
follow

in
g

d
efi

n
ition

:

D
e
fi

n
itio

n
2

L
et
G
∼

S
B

M
(K
,~n
,b,Λ

).
W

ith
n

o
ta

tio
n

a
s

a
bo

ve,
a

vertex
n

o
m

in
a
tio

n
sch

em
e
L

is
co

n
sisten

t
if

lim
n→
∞
|E

A
P

(L
C

)−
E

A
P

(L
)|

=
0.

In
o
u

r
p

ro
ofs

b
elow

,
w

h
ere

w
e

estab
lish

th
e

co
n

sisten
cy

of
tw

o
n

om
in

ation
sch

em
es,

w
e

p
rove

a
stron

g
er

fact,
n

am
ely

th
at

A
P

(L
)

=
1

a.a.a.s.
W

e
p

refer
th

e
d

efi
n

ition
of

con
sisten

cy
g
iven

in
D

efi
n

itio
n

2
sin

ce
it

allow
s

u
s

to
sp

eak
ab

ou
t

th
e

b
est

p
ossib

le
n

om
in

ation
sch

em
e

even
w

h
en

th
e

m
o
d

el
is

su
ch

th
at

lim
n→
∞
E

A
P

(L
C

)
<

1.
In

F
ish

k
in

d
et

al.
(2015),

it
w

as
p

roven
th

at
u

n
d

er
m

ild
a
ssu

m
p

tion
s

on
th

e
sto

ch
astic

b
lo

ck
m

o
d

el
u

n
d

erly
in

g
G

,
w

e
h

ave

lim
n→
∞
E

A
P

(L
S

P
)

=
1,

from
w

h
ich

th
e

con
sisten

cy
ofL

S
P

follow
s

im
m

ed
iately.

T
h

e
sp

ectral
n

om
in

ation
sch

em
e

L
S

P
p

ro
ceed

s
b
y

fi
rst

K
-m

ean
s

clu
sterin

g
th

e
ad

jacen
cy

sp
ectral

em
b

ed
d

in
g

(S
u

ssm
an

et
al.,

2
012

)
o
f
G

,
a
n

d
th

en
n
om

in
atin

g
vertices

b
ased

on
th

eir
d

istan
ce

to
th

e
clu

ster
of

in
terest.

C
o
n

sisten
cy

ofL
S

P
is

an
im

m
ed

iate
con

seq
u
en

ce
of

th
e

fact
th

at,
u

n
d
er

m
ild

m
o
d

el
a
s-

su
m

p
tion

s
o
n

th
e

u
n

d
erly

in
g

sto
ch

astic
b

lo
ck

m
o
d

el,
K

-m
ean

s
clu

sterin
g

o
f

th
e

ad
jacen

cy
sp

ectral
em

b
ed

d
in

g
of
G

p
erfectly

clu
sters

th
e

vertices
o
f
G

a.a
.a.s.

(L
y
zin

sk
i

et
a
l.,

20
14b

).
B

ick
el

an
d

C
h

en
(2009)

p
roved

th
at

m
ax

im
u

m
-likelih

o
o
d

estim
ation

p
rov

id
es

co
n

sisten
t

estim
a
tes

o
f

th
e

m
o
d

el
p

aram
eters

in
a

m
ore

com
m

on
va

ria
n
t

o
f

th
e

con
d

ition
al

sto
ch

astic
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L
ik

e
l
ih

o
o
d

M
a
x
im

iz
a
t
io

n
V

e
r
t
e
x

N
o
m

in
a
t
io

n

b
lo

ck
m

o
d

el
of

D
efi

n
it

io
n

1,
n

am
el

y,
in

th
e

st
o
ch

as
ti

c
b

lo
ck

m
o
d

el
w

it
h

ra
n

d
o
m

b
lo

ck
as

si
gn

m
en

ts
:

D
e
fi

n
it

io
n

3
L

et
K
,n

a
n

d
Λ

be
a
s

a
bo

ve
.

L
et
~π

=
π

1
,π

2
,.
..
,π
K

)>
∈

∆
K
−

1
be

a
p
ro

ba
bi

li
ty

ve
ct

o
r

o
ve

r
K

o
u

tc
o
m

es
a
n

d
le

t
τ

:
V
→

[K
]

be
a

ra
n

d
o
m

fu
n

ct
io

n
.

A
G n

-v
a
lu

ed
ra

n
d
o
m

gr
a
p
h
G

is
a
n

in
st

a
n

ti
a
ti

o
n

o
f

a
(K
,~π
,τ
,Λ

)
S

to
ch

a
st

ic
B

lo
ck

M
od

el
w

it
h

ra
n

d
o
m

bl
oc

k
a
ss

ig
n

m
en

ts
,

w
ri

tt
en

G
∼

S
B

M
(K
,~π
,τ
,Λ

),
if

i.
F

o
r

ea
ch

ve
rt

ex
v
∈
V

a
n

d
bl

oc
k
k
∈

[K
],

in
d
ep

en
d
en

tl
y

o
f

a
ll

o
th

er
ve

rt
ic

es
,

th
e

bl
oc

k
a
ss

ig
n

m
en

t
fu

n
ct

io
n
τ

:
V
→

[K
]

a
ss

ig
n

s
v

to
bl

oc
k
k

w
it

h
p
ro

ba
bi

li
ty
π
k

(i
.e

.,
P[
τ
(v

)
=
k
]

=
π
k
);

ii
.

T
h
e

sy
m

m
et

ri
c

bl
oc

k
co

m
m

u
n

ic
a
ti

o
n

m
a
tr

ix
Λ
∈

[0
,1

]K
×
K

is
su

ch
th

a
t,

co
n

d
it

io
n

ed
o
n
τ

,
fo

r
ea

ch
{v
,u
}
∈
( V 2

)
th

er
e

is
a
n

ed
ge

be
tw

ee
n

ve
rt

ic
es
u

a
n

d
v

w
it

h
p
ro

ba
bi

li
ty

Λ
τ
(u

),
τ
(v

),
in

d
ep

en
d
en

tl
y

o
f

a
ll

o
th

er
ed

ge
s.

A
co

n
se

q
u

en
ce

of
th

e
re

su
lt

of
B

ic
ke

l
an

d
C

h
en

(2
00

9)
is

th
at

th
e

M
L

es
ti

m
a
te

of
th

e
b

lo
ck

as
si

gn
m

en
t

fu
n

ct
io

n
p

er
fe

ct
ly

cl
u

st
er

s
th

e
ve

rt
ic

es
a.

a.
a.

s.
in

th
e

se
tt

in
g

w
h

er
e
G
∼

S
B

M
(K
,~π
,τ
,Λ

).
T

h
is

b
ea

rs
n

ot
in

g,
as

ou
r

m
ax

im
u

m
-l

ik
el

ih
o
o
d

ve
rt

ex
-n

om
in

a
ti

o
n

sc
h

em
es

LM
L

an
d
LM

L
R

(d
efi

n
ed

b
el

ow
in

S
ec

ti
on

2)
p

ro
ce

ed
b
y

fi
rs

t
co

n
st

ru
ct

in
g

a
m

a
x
im

u
m

-
li

ke
li

h
o
o
d

es
ti

m
at

e
of

th
e

b
lo

ck
m

em
b

er
sh

ip
fu

n
ct

io
n
b,

th
en

ra
n

k
in

g
ve

rt
ic

es
b

a
se

d
on

a
m

ea
su

re
of

m
o
d

el
m

is
sp

ec
ifi

ca
ti

on
.

E
x
te

n
d

in
g

th
e

re
su

lt
s

fr
om

B
ic

ke
l

an
d

C
h

en
(2

0
0
9
)

to
ou

r
p

re
se

n
t

fr
am

ew
or

k
—

w
h

er
e

w
e

co
n

si
d

er
Λ

a
n

d
~n

to
b

e
k
n

ow
n

(o
r

er
ro

rf
u

ll
y

es
ti

m
a
te

d
v
ia

se
ed

ed
v
er

ti
ce

s)
ra

th
er

th
an

p
ar

am
et

er
s

to
b

e
op

ti
m

iz
ed

ov
er

in
th

e
li

ke
li

h
o
o
d

fu
n

ct
io

n
as

d
on

e
in

B
ic

ke
l

an
d

C
h

en
(2

00
9)

—
is

n
ot

im
m

ed
ia

te
.

W
e

n
ot

e
th

e
re

ce
n
t

re
su

lt
b
y

N
ew

m
an

(2
01

6)
,

w
h

ic
h

sh
ow

s
th

e
eq

u
iv

al
en

ce
o
f

m
a
x
im

u
m

-
li

ke
li

h
o
o
d

an
d

m
ax

im
u

m
-m

o
d

u
la

ri
ty

m
et

h
o
d

s
in

a
sp

ec
ia

l
ca

se
of

th
e

st
o
ch

a
st

ic
b

lo
ck

m
o
d

el
w

h
en

Λ
is

k
n

ow
n

.
O

u
r

re
su

lt
s,

al
on

g
w

it
h

th
is

re
ce

n
t

re
su

lt
,

im
m

ed
ia

te
ly

im
p
ly

a
co

n
si

st
en

t
m

ax
im

u
m

-m
o
d

u
la

ri
ty

-b
as

ed
v
er

te
x
-n

om
in

at
io

n
sc

h
em

e
u

n
d

er
th

at
sp

ec
ia

l-
ca

se
m

o
d

el
.

2
.
G
ra

p
h

M
a
tc
h
in
g
a
n
d

M
a
x
im

u
m

L
ik
e
li
h
o
o
d

E
st
im

a
ti
o
n

C
on

si
d

er
G
∼

S
B

M
(K
,~n
,b
,Λ

)
w

it
h

as
so

ci
at

ed
ad

ja
ce

n
cy

m
at

ri
x
A

,
an

d
,

a
s

a
b

ov
e,

d
en

ot
e

th
e

se
t

of
se

ed
v
er

ti
ce

s
b
y
S

=
∪ k
S
k
.

D
efi

n
e

th
e

se
t

of
fe

as
ib

le
b

lo
ck

as
si

g
n

m
en

t
fu

n
ct

io
n

s

B
=
B(
~n
,b
,S

)

:=
{φ

:
V
→

[K
]

s.
t.

fo
r

al
l
k
∈

[K
],
|φ
−

1
(k

)|
=
n
k
,

an
d
φ

(i
)

=
b(
i)

fo
r

a
ll
i
∈
S
}.

T
h

e
M

L
es

ti
m

at
or

of
b
∈
B

is
an

y
m

em
b

er
of

th
e

se
t

of
fu

n
ct

io
n

s

b̂
=

ar
g

m
ax

φ
∈B

∏

{i
,j
}∈

(V 2
)

Λ
A
i,
j

φ
(i

),
φ

(j
)(

1
−

Λ
φ

(i
),
φ

(j
))

1
−
A
i,
j

=
ar

g
m

ax
φ
∈B

∑

{i
,j
}∈

(V 2
)

A
i,
j

lo
g

(
Λ
φ

(i
),
φ

(j
)

1
−

Λ
φ

(i
),
φ

(j
)

)

=
ar

g
m

ax
φ
∈B

∑

{i
,j
}∈

(U 2
)

A
i,
j

lo
g

(
Λ
φ

(i
),
φ

(j
)

1
−

Λ
φ

(i
),
φ

(j
)

)
+

∑

(i
,j

)∈
S
×
U

A
i,
j

lo
g

(
Λ
b(
i)
,φ

(j
)

1
−

Λ
b(
i)
,φ

(j
)

)
,

(2
)
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L
y
z
in

sk
i,

L
e
v
in

,
F

is
h
k
in

d
a
n
d

P
r
ie

b
e

w
h

er
e

th
e

se
co

n
d

eq
u

al
it

y
fo

ll
ow

s
fr

o
m

in
d

ep
en

d
en

ce
o
f

th
e

ed
g
es

a
n

d
sp

li
tt

in
g

th
e

ed
ge

s
in

th
e

su
m

a
cc

or
d

in
g

to
w

h
et

h
er

or
n

o
t

th
ey

a
re

in
ci

d
en

t
to

a
se

ed
ve

rt
ex

.
W

e
ca

n
re

fo
r-

m
u

la
te

(2
)

a
s

a
gr

ap
h

m
at

ch
in

g
p

ro
b

le
m

b
y

id
en

ti
fy

in
g
φ

w
it

h
a

p
er

m
u

ta
ti

o
n

m
a
tr

ix
P

:

D
e
fi

n
it

io
n

4
L

et
G

1
a
n

d
G

2
be

tw
o
n

-v
er

te
x

gr
a
p
h
s

w
it

h
re

sp
ec

ti
ve

a
d
ja

ce
n

cy
m

a
tr

ic
es
A

a
n

d
B

.
T

h
e

G
ra

p
h

M
a
tc

h
in

g
P

ro
bl

em
fo

r
a
li

gn
in

g
G

1
a
n

d
G

2
is

m
in

P
∈Π

n

‖A
P
−
P
B
‖ F
,

w
h
er

e
Π
n

is
d
efi

n
ed

to
be

th
e

se
t

o
f

a
ll
n
×
n

pe
rm

u
ta

ti
o
n

m
a
tr

ic
es

.

In
co

rp
or

at
in

g
se

ed
ve

rt
ic

es
(i

.e
.,

ve
rt

ic
es

w
h

o
se

co
rr

es
p

o
n

d
en

ce
a
cr

o
ss
G

1
a
n

d
G

2
is

k
n

ow
n

a
p
ri

o
ri

)
in

to
th

e
g
ra

p
h

m
a
tc

h
in

g
p

ro
b

le
m

is
im

m
ed

ia
te

(F
is

h
k
in

d
et

a
l.

,
20

1
2)

.
L

et
ti

n
g

th
e

se
ed

ve
rt

ic
es

b
e

(w
it

h
o
u

t
lo

ss
o
f

g
en

er
al

it
y
)
S

=
{1
,2
,.
..
,m
}

in
b

o
th

g
ra

p
h

s,
th

e
se

ed
ed

gr
a
p

h
m

a
tc

h
in

g
(S

G
M

)
p

ro
b

le
m

is

m
in

P
∈Π

u

‖A
(I
m
⊕
P

)
−

(I
m
⊕
P

)B
‖ F

,
(3

)

w
h

er
e

I m
⊕
P

=

[ I
m

0
0

P

] .

S
et

ti
n

g
B
∈
R
n
×
n

to
b

e
th

e
lo

g
-o

d
d
s

m
at

ri
x

B
i,
j

:=
lo

g

(
Λ
b(
i)
,b

(j
)

1
−

Λ
b(
i)
,b

(j
)

)
,

(4
)

o
b

se
rv

e
th

at
th

e
o
p

ti
m

iz
at

io
n

p
ro

b
le

m
in

E
q
u
at

io
n

(2
)

is
eq

u
iv

a
le

n
t

to
th

at
in

(3
)

if
w

e
v
ie

w
B

a
s

en
co

d
in

g
a

w
ei

gh
te

d
g
ra

p
h

.
H

en
ce

,
w

e
ca

n
a
p

p
ly

k
n

ow
n

gr
a
p

h
m

a
tc

h
in

g
a
lg

o
ri

th
m

s
to

a
p

p
ro

x
im

a
te

ly
fi

n
d
b̂.

D
ec

o
m

p
os

in
g
A

a
n

d
B

a
s

A
=

[
m

u

m
A

(1
,1

)
A

(1
,2

)

u
A

(2
,1

)
A

(2
,2

) )

]
B

=

[
m

u

m
B

(1
,1

)
B

(1
,2

)

u
B

(2
,1

)
B

(2
,2

)

]

an
d

u
si

n
g

th
e

fa
ct

th
at
P
∈

Π
n

is
u

n
it

a
ry

,
th

e
se

ed
ed

gr
a
p

h
m

a
tc

h
in

g
p

ro
b
le

m
is

eq
u

iv
a
le

n
t

(i
.e

.,
h

a
s

th
e

sa
m

e
m

in
im

iz
er

)
to

m
in

P
∈Π

u

−
tr
( A

(2
,2

) P
(B

(2
,2

) )>
P
>
)
−

tr
( (A

(1
,2

) )>
B

(1
,2

) P
>
)
−

tr
( A

(2
,1

) (B
(2
,1

) )>
P
>
) .

T
h
u

s,
w

e
ca

n
re

ca
st

(2
)

as
a

se
ed

ed
g
ra

p
h

m
a
tc

h
in

g
p

ro
b

le
m

so
th

a
t

fi
n

d
in

g

b̂
=

a
rg

m
a
x

φ
∈B

∑

{i
,j
}∈

(U 2
)

A
i,
j

lo
g

(
Λ
φ

(i
),
φ

(j
)

1
−

Λ
φ

(i
),
φ

(j
)

)
+

∑

(i
,j

)∈
S
×
U

A
i,
j

lo
g

(
Λ
b(
i)
,φ

(j
)

1
−

Λ
b(
i)
,φ

(j
)

)
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L
ik

e
l
ih

o
o
d

M
a
x
im

iz
a
t
io

n
V

e
r
t
e
x

N
o
m

in
a
t
io

n

is
eq

u
iva

len
t

to
fi

n
d

in
g

P̂
=

arg
m

in
P
∈

Π
u −

12
tr (

A
(2
,2

)P
(B

(2
,2

)) >
P
> )
−

tr (
(A

(1
,2

)) >
B

(1
,2

)P
> )

,
(5

)

a
s

w
e

sh
a
ll

ex
p

la
in

b
elow

.
W

ith
B

d
efi

n
ed

as
in

(4
),

w
e

d
efi

n
e

Q
=
{
Q
∈

Π
u

s.t.
(I
m
⊕
Q

)B
(I
m
⊕
Q

) >
=
B
}
.

D
efi

n
e

a
n

eq
u

iva
len

ce
rela

tio
n
∼

on
Π

u
v
ia
P

1
∼
P

2
iff

th
ere

ex
ists

a
Q
∈
Q

su
ch

th
a
t

P
1

=
P

2 Q
;

i.e.,

(I
m
⊕
P

1 )B
(I
m
⊕
P

1 ) >
=

(I
m
⊕
P

2 Q
)B

(I
m
⊕
P

2 Q
) >

=
(I
m
⊕
P

2 )B
(I
m
⊕
P

2 ) >
.

L
et
P̂
/
∼

d
en

o
te

th
e

set
o
f

eq
u

ivalen
ce

cla
sses

of
P̂

u
n

d
er

eq
u

iva
len

ce
rela

tion
∼

.
S

olv
in

g
(2

)
is

eq
u

iva
len

t
to

so
lv

in
g

(5
)

in
th

a
t

th
ere

is
a

o
n

e-to
-o

n
e

co
rresp

o
n

d
en

ce
b

etw
een

b̂
a
n

d
P̂
/
∼

:
fo

r
ea

ch
φ
∈
b̂

th
ere

is
a

u
n

iq
u

e
P
∈
P̂
/
∼

(w
ith

a
sso

cia
ted

p
erm

u
ta

tio
n
σ

)
su

ch
th

a
t
φ
|U

=
b|U
◦
σ

;
a
n

d
fo

r
ea

ch
P
∈
P̂
/
∼

(w
ith

th
e

p
erm

u
ta

tio
n

a
sso

ciated
w

ith
I
m
⊕
P

g
iven

b
y
σ

),
it

h
o
ld

s
th

a
t
b◦

σ
∈
b̂.

2
.1

T
h

e
L

M
L

V
e
rte

x
N

o
m

in
a
tio

n
S

ch
e
m

e

T
h

e
m

a
x
im

u
m

-likelih
o
o
d

v
ertex

-n
om

in
atio

n
sch

em
e

p
ro

ceed
s

a
s

fo
llow

s.
F

irst,
th

e
S

G
M

a
lg

o
rith

m
(F

ish
k
in

d
et

a
l.,

2
01

2
;

L
y
zin

sk
i

et
a
l.,

2
0
1
4a

)
is

u
sed

to
a
p

p
rox

im
a
tely

fi
n

d
an

elem
en

t
o
f
P̂

,
w

h
ich

w
e

sh
a
ll

d
en

ote
b
y
P

.
L

et
th

e
co

rresp
o
n

d
in

g
elem

en
t

o
f
b̂

b
e

d
en

o
ted

b
y
φ

.
F

o
r

a
n
y
i,j∈

V
su

ch
th

a
t
φ

(i)6=
φ

(j),
d

efi
n

e
φ
i↔

j ∈
B

as

φ
i↔

j (v
)

=



φ
(i)

if
v

=
j,

φ
(j)

if
v

=
i,

φ
(v

)
if
v
6=
i,j;

i.e.,
φ
i↔

j
a
grees

w
ith

φ
ex

cep
t

th
at
i

a
n

d
j

h
ave

th
eir

b
lo

ck
m

em
b

ersh
ip

s
fro

m
φ

sw
itch

ed
in
φ
i↔

j .
F

o
r
i∈

U
su

ch
th

at
φ

(i)
=

1
,

d
efi

n
e

η
(i)

:=


∏j∈
U

s.t.
φ

(j)6=
1

`(φ
i↔

j ,G
)

`(φ
,G

)



1
u−

u
1

,

w
h

ere,
fo

r
each

ψ
∈
B

,
th

e
likelih

o
o
d
`

is
g
iv

en
b
y

`(ψ
,G

)
=

∏

{
i,j}∈

(
U2 )

Λ
A
i,j

ψ
(i),ψ

(j) (1−
Λ
ψ

(i),ψ
(j) )

1−
A
i,j

∏

(i,j)∈
S×

U

Λ
A
i,j

b(i),ψ
(j) (1−

Λ
b(i),ψ

(j) )
1−
A
i,j.

A
low

/
h

ig
h

valu
e

of
η
(i)

is
a

m
ea

su
re

o
f

o
u

r
co

n
fi

d
en

ce
th

at
i

is/
is

n
o
t

in
th

e
b

lo
ck

o
f

in
terest.

F
o
r
i∈

U
su

ch
th

a
t
φ

(i)6=
1,

d
efi

n
e

ξ(i)
:=


∏j∈
U

s.t.
φ

(j)=
1

`(φ
i↔

j ,G
)

`(φ
,G

)
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1
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L
y
z
in

sk
i,

L
e
v
in

,
F

ish
k
in

d
a
n
d

P
r
ie

b
e

A
low

/h
igh

valu
e

of
ξ(i)

is
a

m
easu

re
of

ou
r

con
fi

d
en

ce
th

at
i

is/is
n

ot
in

th
e

b
lo

ck
of

in
terest.

W
e

are
n

ow
read

y
to

d
efi

n
e

th
e

m
ax

im
u

m
-likelih

o
o
d

n
om

in
ation

sch
em

e
L

M
L
:

(L
M

L )−
1

(1)∈
arg

m
in{

η
(v

)
:
φ

(v
)

=
1}

(L
M

L )−
1

(2)∈
arg

m
in {

η
(v

)
:
v
∈
U
\ {

(L
M

L
) −

1(1) }
,φ

(v
)

=
1 }

...
(L

M
L )−

1
(u

1 )∈
arg

m
in {

η
(v

)
:
v
∈
U
\ {

(L
M

L
) −

1(i) }
u
1 −

1

i=
1
,φ

(v
)

=
1 }

(L
M

L )−
1

(u
1

+
1)∈

arg
m

ax{ξ(v
)

:
φ

(v
)6=

1}
(L

M
L )−

1
(u

1
+

2)∈
arg

m
ax {

ξ(v
)

:
v
∈
U
\ {

(L
M

L
) −

1(u
1

+
1) }

,φ
(v

)6=
1 }

...
(L

M
L )−

1
(u

)∈
arg

m
ax {

ξ(v
)

:
v
∈
U
\ {

(L
M

L
) −

1(i) }
u−

1

i=
u
1
+

1
,φ

(v
)6=

1 }

N
o
te

th
at

in
th

e
even

t
th

at
an

argm
in

(or
a
rgm

ax
)

ab
ov

e
con

tain
s

m
ore

th
an

o
n

e
elem

en
t,

th
e

o
rd

er
in

w
h

ich
th

ese
elem

en
ts

is
n

om
in

ated
sh

ou
ld

b
e

ta
k
en

to
b

e
u

n
iform

ly
ran

d
om

.

R
e
m

a
rk

5
In

th
e

even
t

th
at

Λ
is

u
n

k
n

ow
n

a
p
rio

ri,
w

e
can

u
se

th
e

b
lo

ck
m

em
b

ersh
ip

s
o
f

th
e

seed
s
S

(assu
m

ed
to

b
e

ch
osen

u
n

iform
ly

at
ran

d
om

fro
m
V

)
to

estim
ate

th
e

ed
ge

p
rob

ab
ility

m
atrix

Λ
as

Λ̂
k
,`

=
|{{
i,j}

∈
E

s.t.
i∈

S
k ,
j∈

S
` }|

m
k m

`
for

k
6=
`,

an
d

Λ̂
k
,k

=
|{{i,j}

∈
E

s.t.
i∈

S
k ,
j∈

S
k }|

(
m
k

2 )
.

T
h

e
p

lu
g-in

estim
ate

B̂
of
B

,
given

b
y

B̂
i,j

:=
log (

Λ̂
b(i),b(j)

1−
Λ̂
b(i),b(j) )

,

can
th

en
b

e
u

sed
in

p
lace

of
B

in
E

q
.

(5).
If,

in
ad

d
ition

,
~n

is
u

n
k
n

ow
n

,
w

e
ca

n
estim

ate
th

e
b

lo
ck

sizes
n
k

as

n̂
k

=
m
k n

m
,

for
each

k
∈

[K
],

an
d

th
ese

estim
ates

can
b

e
u

sed
to

d
eterm

in
e

th
e

b
lo

ck
sizes

in
B̂

.

2
.2

T
h

e
L

M
L

R
V

e
rte

x
N

o
m

in
a
tio

n
S

ch
e
m

e

G
rap

h
m

atch
in

g
is

a
com

p
u

tation
ally

d
iffi

cu
lt

p
rob

lem
,

a
n

d
th

ere
are

n
o

k
n

ow
n

p
oly

n
om

ial
tim

e
a
lgorith

m
s

fo
r

solv
in

g
th

e
gen

eral
grap

h
m

atch
in

g
p

rob
lem

for
sim

p
le

grap
h

s.
F

u
rth

er-
m

ore,
if

th
e

g
rap

h
s

are
allow

ed
to

b
e

w
eigh

ted
,

d
irected

,
an

d
lo

o
p
y,

th
en

grap
h

m
atch

in
g

is
eq

u
ivalen

t
to

th
e

N
P

-h
ard

q
u

ad
ratic

assign
m

en
t

p
rob

lem
.

W
h

ile
th

ere
are

n
u

m
erou

s
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L
ik

e
l
ih

o
o
d

M
a
x
im

iz
a
t
io

n
V

e
r
t
e
x

N
o
m

in
a
t
io

n

effi
ci

en
t,

ap
p

ro
x
im

at
e

gr
ap

h
m

at
ch

in
g

al
go

ri
th

m
s

(s
ee

,
fo

r
ex

am
p

le
,

V
og

el
st

ei
n

et
a
l.

,
2
0
1
4;

F
is

h
k
in

d
et

al
.,

20
12

;
Z

as
la

v
sk

iy
et

al
.,

20
09

;
F

io
ri

et
a
l.

,
20

13
,

an
d

th
e

re
fe

re
n

ce
s

th
er

ei
n

),
th

es
e

al
go

ri
th

m
s

of
te

n
la

ck
p

er
fo

rm
an

ce
gu

ar
an

te
es

.

In
sp

ir
ed

b
y

th
e

re
st

ri
ct

ed
-f

o
cu

s
se

ed
ed

gr
ap

h
m

at
ch

in
g

p
ro

b
le

m
co

n
si

d
er

ed
in

L
y
zi

n
sk

i
et

al
.

(2
01

4a
),

w
e

n
ow

d
efi

n
e

th
e

co
m

p
u

ta
ti

on
al

ly
tr

ac
ta

b
le

re
st

ri
ct

ed
-f

o
cu

s
m

a
x
im

u
m

-
li

ke
li

h
o
o
d

n
om

in
at

io
n

sc
h

em
e
LM

L
R

.
R

at
h

er
th

an
at

te
m

p
ti

n
g

to
q
u

ic
k
ly

ap
p

ro
x
im

a
te

a
so

lu
ti

on
to

th
e

fu
ll

gr
ap

h
m

at
ch

in
g

p
ro

b
le

m
as

in
V

og
el

st
ei

n
et

al
.

(2
01

4
);

F
is

h
k
in

d
et

al
.

(2
01

2)
;

Z
as

la
v
sk

iy
et

al
.

(2
00

9)
;

F
io

ri
et

al
.

(2
01

3)
,

th
is

ap
p

ro
ac

h
si

m
p

li
fi
es

th
e

p
ro

b
le

m
b
y

ig
n

or
in

g
th

e
ed

ge
s

b
et

w
ee

n
u

n
se

ed
ed

ve
rt

ic
es

.
A

n
an

al
og

ou
s

re
st

ri
ct

io
n

fo
r

m
at

ch
in

g
si

m
p

le
gr

ap
h

s
w

as
in

tr
o
d

u
ce

d
in

L
y
zi

n
sk

i
et

al
.

(2
01

4a
).

W
e

b
eg

in
b
y

co
n

si
d

er
in

g
th

e
g
ra

p
h

m
at

ch
in

g
p
ro

b
le

m
in

E
q
.

(5
).

T
h

e
ob

je
ct

iv
e

fu
n

ct
io

n

−
1 2

tr
( A

(2
,2

) P
(B

(2
,2

) )>
P
>
)
−

tr
( (A

(1
,2

) )>
B

(1
,2

) P
>
)

co
n

si
st

s
of

tw
o

te
rm

s:
−

1 2
tr
( A

(2
,2

) P
(B

(2
,2

) )
>
P
>
) ,

w
h

ic
h

se
ek

s
to

al
ig

n
th

e
in

d
u

ce
d

su
b

-

gr
ap

h
s

of
th

e
n

on
se

ed
ve

rt
ic

es
;

an
d
−

tr
( (A

(1
,2

) )
>
B

(1
,2

) P
>
) ,

w
h

ic
h

se
ek

s
to

a
li

g
n

th
e

in
-

d
u

ce
d

b
ip

ar
ti

te
su

b
gr

ap
h

s
b

et
w

ee
n

th
e

se
ed

an
d

n
on

se
ed

ve
rt

ic
es

.
W

h
il

e
th

e
gr

a
p

h
m

a
tc

h
in

g
ob

je
ct

iv
e

fu
n

ct
io

n
,

E
q
.

(5
),

is
q
u

ad
ra

ti
c

in
P

,
re

st
ri

ct
in

g
ou

r
fo

cu
s

to
th

e
se

co
n

d
te

rm
in

E
q
.

(5
)

y
ie

ld
s

th
e

fo
ll

ow
in

g
li

n
ea

r
a
ss

ig
n

m
en

t
p
ro

bl
em

P̃
=

ar
g

m
in

P
∈Π

u

−
tr
( (A

(1
,2

) )>
B

(1
,2

) P
>
) ,

(6
)

w
h

ic
h

ca
n

b
e

effi
ci

en
tl

y
an

d
ex

ac
tl

y
so

lv
ed

in
O

(u
3
)

ti
m

e
w

it
h

th
e

H
u

n
g
ar

ia
n

a
lg

or
it

h
m

(K
u

h
n

,
19

55
;

J
on

k
er

an
d

V
ol

ge
n

an
t,

19
87

).
W

e
n

ot
e

th
at

,
ex

ac
tl

y
as

w
as

th
e

ca
se

o
f
P̂

a
n

d
b̂,

fi
n

d
in

g
P̃

is
eq

u
iv

al
en

t
to

fi
n

d
in

g

b̃
=

ar
g

m
ax

φ
∈B

∑

(i
,j

)∈
S
×
U

A
i,
j

lo
g

(
Λ
b(
i)
,φ

(j
)

1
−

Λ
b(
i)
,φ

(j
)

)
,

in
th

at
th

er
e

is
a

on
e-

to
-o

n
e

co
rr

es
p

on
d

en
ce

b
et

w
ee

n
b̃

an
d
P̃
/
∼

.

T
h

e
LM

L
R

sc
h

em
e

p
ro

ce
ed

s
as

fo
ll

ow
s.

F
ir

st
,

th
e

li
n

ea
r

as
si

gn
m

en
t

p
ro

b
le

m
,

E
q
.

(6
),

is
ex

ac
tl

y
so

lv
ed

u
si

n
g,

fo
r

ex
am

p
le

,
th

e
H

u
n

ga
ri

an
al

go
ri

th
m

(K
u

h
n

,
19

55
)

o
r

th
e

p
a
th

a
u

g-
m

en
ti

n
g

al
go

ri
th

m
of

J
on

k
er

an
d

V
ol

ge
n

an
t

(1
98

7)
,

y
ie

ld
in

g
P
∈
P̃

.
L

et
th

e
co

rr
es

p
o
n

d
in

g
el

em
en

t
of
b̃

b
e

d
en

ot
ed

b
y
φ
.

F
or
i
∈
U

su
ch

th
at
φ

(i
)

=
1,

d
efi

n
e

η̃
(i

)
:=

   
∏

j∈
U

s.
t.

φ
(j

)6=
1

` R
(φ
i↔

j
,G

)

` R
(φ
,G

)

   

1
u
−
u
1

,

w
h

er
e,

fo
r

ea
ch

ψ
∈
B,

th
e

re
st

ri
ct

ed
li

ke
li

h
o
o
d
` R

is
d

efi
n

ed
v
ia

` R
(ψ
,G

)
=

∏

(i
,j

)∈
S
×
U

Λ
A
i,
j

b(
i)
,ψ

(j
)(

1
−

Λ
b(
i)
,ψ

(j
))

1
−
A
i,
j
.

9
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4

L
y
z
in

sk
i,

L
e
v
in

,
F

is
h
k
in

d
a
n
d

P
r
ie

b
e

A
s

w
it

h
LM

L
,

a
lo

w
/
h

ig
h

va
lu

e
o
f
η̃
(i

)
is

a
m

ea
su

re
of

ou
r

co
n
fi

d
en

ce
th

a
t
i

is
/
is

n
o
t

in
th

e
b

lo
ck

of
in

te
re

st
.

F
o
r
i
∈
U

su
ch

th
a
t
φ

(i
)
6=

1
,

d
efi

n
e

ξ̃(
i)

:=

   
∏

j∈
U

s.
t.

φ
(j

)=
1

` R
(φ
i↔

j
,G

)

` R
(φ
,G

)

   

1 u
1

.

A
s

b
ef

or
e,

a
lo

w
/h

ig
h

va
lu

e
o
f
ξ̃(
i)

is
a

m
ea

su
re

o
f

o
u

r
co

n
fi

d
en

ce
th

a
t
i

is
/
is

n
ot

in
th

e
b

lo
ck

of
in

te
re

st
.

W
e

a
re

n
ow

re
a
d

y
to

d
efi

n
e
LM

L
R

:

( L
M

L
R

) −
1

(1
)
∈

ar
g

m
in
{η̃

(v
)

:
φ

(v
)

=
1
}

( L
M

L
R

) −
1

(2
)
∈

ar
g

m
in
{ η̃

(v
)

:
v
∈
U
\{

(L
M

L
R

)−
1
(1

)}
,φ

(v
)

=
1
}

. . .
( L

M
L

R

) −
1

(u
1
)
∈

a
rg

m
in
{ η̃

(v
)

:
v
∈
U
\{

(L
M

L
R

)−
1
(i

)}
u
1
−

1

i=
1
,φ

(v
)

=
1}

( L
M

L
R

) −
1

(u
1

+
1
)
∈

a
rg

m
ax
{ ξ̃(

v
)

:
φ

(v
)
6=

1}

( L
M

L
R

) −
1

(u
1

+
2
)
∈

a
rg

m
ax
{ ξ̃(

v
)

:
v
∈
U
\{

(L
M

L
R

)−
1
(u

1
+

1
)}
,φ

(v
)
6=

1}

. . .
( L

M
L

R

) −
1

(u
)
∈

ar
g

m
ax
{ ξ̃(

v
)

:
v
∈
U
\{

(L
M

L
R

)−
1
(i

)}
u
−

1

i=
u
1
+

1
,φ

(v
)
6=

1}

N
o
te

th
at

,
as

b
ef

or
e,

in
th

e
ev

en
t

th
a
t

th
e

a
rg

m
in

(o
r

ar
g
m

a
x
)

in
th

e
d

efi
n

it
io

n
of
LM

L
R

co
n
ta

in
s

m
or

e
th

an
on

e
el

em
en

t
a
b

ov
e,

th
e

o
rd

er
in

w
h

ic
h

th
es

e
el

em
en

ts
ar

e
n

o
m

in
at

ed
sh

o
u

ld
b

e
ta

k
en

to
b

e
u

n
if

o
rm

ly
ra

n
d

o
m

.
U

n
li

ke
LM

L
,

th
e

re
st

ri
ct

ed
fo

cu
s

sc
h

em
e
LM

L
R

is
fe

a
si

b
le

ev
en

fo
r

co
m

p
ar

at
iv

el
y

la
rg

e
g
ra

p
h

s
(u

p
to

th
o
u

sa
n

d
s

o
f

n
o
d

es
,

in
o
u

r
ex

p
er

ie
n

ce
).

H
ow

ev
er

,
w

e
w

il
l

se
e

in
S

ec
ti

o
n

6
th

a
t

th
e

ex
tr

a
in

fo
rm

at
io

n
av

a
il

a
b

le
to
LM

L
—

th
e

a
d

ja
ce

n
cy

st
ru

ct
u

re
a
m

o
n

g
th

e
n

on
se

ed
ve

rt
ic

es
—

le
ad

s
to

su
p

er
io

r
p

re
ci

si
o
n

in
th

e
LM

L
n

o
m

in
a
ti

o
n

li
st

s
as

co
m

p
a
re

d
to
LM

L
R

.
W

e
n

ex
t

tu
rn

ou
r

a
tt

en
ti

on
to

p
ro

v
in

g
th

e
co

n
si

st
en

cy
o
f

th
e
LM

L
an

d
LM

L
R

sc
h

em
es

.

3
.
C
o
n
si
st
e
n
cy

o
f
LM

L
a
n
d
LM

L
R

In
th

is
se

ct
io

n
,
w

e
st

at
e

th
eo

re
m

s
en

su
ri

n
g

th
e

co
n

si
st

en
cy

o
f

th
e

ve
rt

ex
n

o
m

in
a
ti

on
sc

h
em

es
LM

L
(T

h
eo

re
m

6)
a
n

d
LM

L
R

(T
h

eo
re

m
8)

.
F

o
r

th
e

sa
ke

o
f

ex
p

o
si

to
ry

co
n
ti

n
u

it
y,

p
ro

o
fs

a
re

gi
ve

n
in

th
e

A
p

p
en

d
ix

.
W

e
n

o
te

h
er

e
th

a
t

in
th

es
e

T
h

eo
re

m
s,

th
e

p
a
ra

m
et

er
s

o
f

th
e

u
n

d
er

ly
in

g
b

lo
ck

m
o
d

el
a
re

as
su

m
ed

to
b

e
k
n

ow
n

a
p
ri

o
ri

.
In

S
ec

ti
o
n

4
,

w
e

p
ro

ve
th

e
co

n
si

st
en

cy
of
LM

L
a
n

d
LM

L
R

in
th

e
se

tt
in

g
w

h
er

e
th

e
m

o
d

el
p

ar
am

et
er

s
a
re

u
n

k
n

ow
n

a
n

d
m

u
st

b
e

es
ti

m
at

ed
,

a
s

in
R

em
a
rk

5
.

L
et
G
∼

S
B

M
(K
,~n
,b
,Λ

)
w

it
h

as
so

ci
a
te

d
a
d

ja
ce

n
cy

m
a
tr

ix
A

,
a
n

d
le

t
B

b
e

d
efi

n
ed

a
s

in
(4

).
F

or
ea

ch
P
∈

Π
u

(w
it

h
a
ss

o
ci

a
te

d
p

er
m

u
ta

ti
o
n
σ

)
an

d
k
,`
∈

[K
],

d
efi

n
e

ε k
,`

=
ε k
,`

(P
)

=
|{
v
∈
U
k

s.
t.
σ

(v
)
∈
U
`}
|

1
0
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L
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L
ik

e
l
ih

o
o
d

M
a
x
im

iz
a
t
io

n
V

e
r
t
e
x

N
o
m

in
a
t
io

n

to
b

e
th

e
n
u

m
b

er
o
f

vertices
in
U
k

m
a
p

p
ed

to
U
`

b
y
I
m
⊕
P

,
a
n

d
fo

r
ea

ch
k
∈

[K
]

d
efi

n
e

ε
k
,• (P

)
:=

ε
k
,•

=
∑`6=
k

ε
k
,` .

B
efo

re
sta

tin
g

a
n

d
p

rov
in

g
th

e
co

n
sisten

cy
o
fL

M
L
,

w
e

fi
rst

esta
b

lish
so

m
e

n
ecessary

n
o
ta-

tio
n

.
N

o
te

th
at

in
th

e
d

efi
n

ition
s

a
n

d
th

eorem
s

p
resen

ted
n

ex
t,

a
ll

valu
es

im
p

licitly
d

ep
en

d
o
n
n

,
a
s

Λ
=

Λ
n

is
allow

ed
to

vary
in
n

.
L

et
L

b
e

th
e

set
o
f

d
istin

ct
en

tries
o
f

Λ
,

a
n

d
d

efi
n

e

α
=

m
in

{
k
,`}

s.t.
k6=

` |Λ
k
,k −

Λ
k
,` |

β
=

m
in

{
k
,`}

s.t.
k6=

` |B
k
,k −

B
k
,` |

c
=

m
a
x

i,j,k
,` |B

i,j −
B
k
,` |,

(7
)

γ
=

m
in

x
,y∈

L |x
−
y|,

κ
=

m
in

x
,y∈

L ∣∣∣∣ lo
g (

x

1−
x )
−

lo
g (

y

1−
y ) ∣∣∣∣

.
(8)

T
h

e
o
re

m
6

L
et
G
∼

S
B

M
(K
,~n
,b,Λ

)
a
n

d
a
ssu

m
e

th
a
t

i.
K

=
o( √

n
);

ii.
Λ
∈

[0,1
] K
×
K

is
su

ch
th

a
t

fo
r

a
ll
k
,`∈

[K
]

w
ith

k
6=
`,

Λ
k
,k 6=

Λ
k
,` ;

iii.
F

o
r

ea
ch

k
∈

[K
],
u
k

=
ω

( √
n

),
a
n

d
m
k

=
ω

(lo
g
u
k );

iv.
c
2

α
β
κ
γ

=
Θ

(1).

T
h
en

it
h
o
ld

s
th

a
t

lim
n→
∞
E

A
P

(L
M

L
)

=
1
,

a
n

d
L

M
L

is
a

co
n

sisten
t

n
o
m

in
a
tio

n
sch

em
e.

A
p

ro
o
f

of
T

h
eorem

6
is

given
in

th
e

A
p

p
en

d
ix

.

R
e
m

a
rk

7
T

h
ere

a
re

n
u

m
ero

u
s

a
ssu

m
p

tio
n

s
a
k
in

to
th

o
se

in
T

h
eo

rem
6

u
n

d
er

w
h

ich
w

e
can

sh
ow
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∈
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∈
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=
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p
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∈
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Λ
k
,` ;

iii.
F

o
r

ea
ch

k
∈
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Θ
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b
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(ũ
k −

ε̃
k
,• )ε̃

k
,•

2
+
m
k ε̃
k
,• )

.

W
e

th
en

h
av

e
th

a
t

th
ere

ex
ists

a
con

stan
ts
c

1
>

0
an

d
c

2
>

0
su

ch
th

a
t

P (∃
P
∈
P

s.t.
X
P
≤

0 ∣∣E
(1

)
n
∪
E

(2
)

n

)
=

P (∃
P
∈
P
/
∼

s.t.
X
P
≤

0 ∣∣E
(1

)
n
∪
E

(2
)

n

)

≤
ex

p {
−
α̂
β̂
κ̂
γ̂

2ĉ
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(ũ
k −

ε̃
k
,• )ε̃

k
,•

2
+
m
k ε̃
k
,• )

+
Θ

(η
e)

+
Θ

(e
2)

+
∑

k

(ũ
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:
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=
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=
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at
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d
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w
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u
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I
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p
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P
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τ
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p
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p
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p
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p
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p
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p
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n
trick,

so
th

a
t

(iii)
a
n

d
(iv

)
h

ave
th

e
sa

m
e

d
en

sity
fo

rm
,
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.
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p
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b
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b
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∈
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∈
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∈
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∈
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e

p
rio

r
a
n
d

p
o
sterio

r
h
av

e
th

e
sa

m
e

p
d
f

fo
rm

in
a

p
ro

b
a
b
ilistic

m
o
d
el.

3
JM

L
R

 17(180):1-28

N
ish

iy
a
m

a
a
n
d

F
u
k
u
m

iz
u

ex
p

lore
sm

a
ller

con
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w
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α
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u
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α
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d)
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α
∈
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d
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H
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H
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h
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d
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L

ap
lace,
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∈
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n
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e
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d
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y
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e
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n
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p
d
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a
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u

p
d
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n
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con
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n
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le.
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ow

ev
er,

w
e
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n
d
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m
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b
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ju
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ee

S
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n
6

for
a

d
iscu
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e
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m

p
u
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n
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kern
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N
ote

th
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α
-stab
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an

d
G

H
d
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u
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h
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e
m

a
n
y

a
p

p
lication
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p
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α
(R
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N
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n

d
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e
G

H
d

istrib
u

-
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n
s

h
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a
p

p
lied
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e.g.,
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m

ath
em
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fi

n
an
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w
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th

e
L
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y

p
ro
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ch
o
u

ten
s,
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C
on

t
an

d
T

an
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,
2004;

B
arn

d
orff

-N
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an
d

H
algreen

,
19

90;
M
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a
n

et
al.,
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B
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d

orff
-N
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,
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B
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d

orff
-N
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an

d
P

rau
se,
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C

a
rr

et
al.,
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N
o
te
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th

a
t
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e

M
atérn

k
ern
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(R
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u
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an

d
W

illiam
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S
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),
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u
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m
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e

learn
in
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is
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d
ed
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is
G

H
class.

T
h

e
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o
f
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p
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s.
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S
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w

e
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e
n
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s
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m
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a
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k
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m
atters.

In
S
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3,

w
e
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th
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th
e

C
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k
ern
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p
.d

.
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R
d.
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d
ition

,
w

e
p
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t

th
e
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sed

n
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p
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w

ith
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d
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p
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d
u
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d
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.
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S
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w
e
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d
u
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e
a
b
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con
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d
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p
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u
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e
m
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p
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kern
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m
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a
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m
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m
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d
p
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o
d
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n
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u
ta

tion
of

th
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p
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con
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e
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.
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P
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K
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rn

e
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e
a
n
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n
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C
h
a
ra
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ristic

K
e
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e
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th
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,
w

e
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el
m

ean
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an
d
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R
d.

L
et

P
d

b
e

th
e

set
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d×

d
p

.d
.

m
atrices.

L
et||x||Σ

=
√
x
>

Σ
x

,
x
∈
R
d,

an
d

Σ
∈
P
d .

L
et

L
1(R

d)
b

e
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e
a
b
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n
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sp
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R
d.
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et
C
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e
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e
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u
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s

a
n

d
b

o
u

n
d

ed
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n
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R
d.

A
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m
m

etric
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n
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k
:
R
d
×

R
d
→

R
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a

p
.d

.
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el
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R
d
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y

n
∈
N

,
x
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n
∈
R
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e

m
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G
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n
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T

h
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g
h
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u
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p
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w
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k
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∈
R
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rep
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∀
x
∈
R
d,

w
h

ere
〈·,·〉H

d
en

o
tes

th
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.
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.d
.

k
ern
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u
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R
d
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∞
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∈
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ra
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∈
R
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r
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d
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⊂
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p
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∈
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p
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.d
.

ke
rn

el
k

is
ca

ll
ed

sh
if

t-
in

va
ri

a
n

t
if

th
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→
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∈
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.d

.
fu

n
ct

io
n
κ

on
R
d

is
ch

ar
ac

te
ri

ze
d

b
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n
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n
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R
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C
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∈
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⊂
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b
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.d

.
ke

rn
el
k

is
ca

ll
ed

ra
d
ia

l
if

th
er

e
ex

is
ts

a
fu

n
ct

io
n
κ̃

:
[0
,∞
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∈
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,∞

)
e−

t||
x
−
y
||2
d
ν

(t
),

x
,y
∈
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n
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∈
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∈
P d

.
L

et
M

1
(R

d
)

b
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∈
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∈
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∈
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b
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.d

.
ke

rn
el

,
th

en
th

e
fe

at
u

re
m

ap
Φ

:
R
d
→
H

is
B

o
ch

n
er

P
-i

n
te

gr
ab

le
fo

r
al

l
P
∈
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∈
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.
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⊂
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p
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b
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∈
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b
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−
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p
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p
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b
y

th
ei

r
ke

rn
el

m
ea

n
s
m
P
,m

Q
∈
H

.
T

h
e

fo
ll

ow
in

g
is

th
e

d
efi

n
it

io
n

re
st

ri
ct

ed
to

R
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b
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n
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∈
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h
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r
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∈
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R
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-
tion

(S
ectio

n
3
.2).

3
.1

C
o
n
v
o
lu

tio
n

a
lly

In
fi

n
ite

ly
D

iv
isib

le
K

e
rn

e
ls

W
e

rev
iew

th
e

in
fi

n
ite

d
iv

isib
ility

o
f

a
p

ro
b

a
b

ility
m

ea
su

re
(S

a
to

,
1
9
9
9
;

F
.

W
.

S
teu

tel,
20

0
4;

A
p

p
leb

au
m

,
2
0
09).

D
e
fi

n
itio

n
3
.1

(S
a
to

,
1
9
9
9
,

D
efi

n
itio

n
7
.1

,
p
.

3
1
)

A
p
ro

ba
bility

m
ea

su
re
P
∈
M

1 (R
d)

is
ca

lled
in

fi
n

itely
d
ivisible

if,
fo

r
a
n

y
in

teger
n
∈

N
,

th
ere

exists
a

p
ro

ba
bility

m
ea

su
re

P
n
∈
M

1 (R
d)

su
ch

th
a
t
P

=
P
∗
n

n
.

T
h

e
su

p
p

ort
of

every
in

fi
n

itely
d

iv
isib

le
d

istrib
u

tio
n
P

is
u

n
b

o
u

n
d

ed
ex

cep
t

fo
r

d
elta

m
ea-

su
res{δ

x (·)|x
∈
R
d}

(S
a
to

,
19

9
9,

E
x
a
m

p
les

7
.2

,
p

.
3
1
).

L
etI(R

d)
d

en
o
te

th
e

set
o
f

in
fi

n
itely

d
iv

isib
le

d
istrib

u
tion

s
o
n
R
d.

I(R
d)

is
clo

sed
u

n
d

er
co

n
v
o
lu

tion
.

E
very

in
fi

n
itely

d
iv

isib
le

d
istrib

u
tio

n
P
∈

I(R
d)

h
a
s

th
e

fo
llow

in
g

u
n

iq
u

e
L

évy–
K

h
in

tch
in

e
rep

resen
ta

tio
n

for
th

e
ch

a
ra

cteristic
fu

n
ction

.
L

et
x
∧
y

=
m

in{
x
,y}

,
x
,y
∈

R
.

L
et

1
B

d
en

o
te

th
e

in
d

ica
to

r
fu

n
ctio

n
o
n
R
d

w
ith

B
⊂

R
d.

T
h

e
o
re

m
3
.2

(S
a
to

,
1
9
9
9
,

T
h
eo

rem
8
.1

,
p
.

3
7

)
T

h
e

ch
a
ra

cteristic
fu

n
ctio

n
P̂

(w
)

o
f

a
n

in
fi

n
itely

d
ivisible

d
istribu

tio
n
P
∈
I(R

d)
h
a
s

th
e

fo
llo

w
in

g
u

n
iqu

e
rep

resen
ta

tio
n

:

P̂
(w

)
=

ex
p (

iw
>
γ
−

12
w
>
A
w

+

∫

R
d (
e
iw
>
x−

1−
iw
>
x

1{|x|≤
1} (x

) )
ν

(d
x

) )
,
w
∈
R
d,

(3)

w
h
ere

γ
∈

R
d,
A
∈

R
d×
d,

is
a

sym
m

etric
n

o
n

n
ega

tive-d
efi

n
ite

m
a
trix

a
n

d
ν

is
a

m
ea

su
re

o
n
R
d

sa
tisfyin

g

ν
({

0}
)

=
0
a
n
d

∫

R
d

(|x| 2∧
1)ν

(d
x

)
<
∞
.

(4)

5
.

In
m

a
ch

in
e

lea
rn

in
g
,

n
o
rm

a
lized

k
ern

els
k̄
(x
,y

)
:=

k
(x
,y

)
√
k
(x
,x

) √
k
(y
,y

)
a
re

o
ften

u
sed

(e.g
.,

G
a
u
ssia

n
k
ern

els

k̄
(x
,y

)
:=

ex
p
(−
||x−

y|| 2
2
γ
2

))
(S

tein
w

a
rt

a
n
d

C
h
ristm

a
n
n
,

2
0
0
8
,

L
em

m
a

4
.5

5
).

H
ow

ev
er,

w
e

co
n
sid

er
h
ere

p
d
f

k
ern

els
(e.g

.,
G

a
u
ssia

n
k
ern

els
k
(x
,y

)
:=

1
√

(2
π
γ
2
)
d

ex
p
(−
||x−

y|| 2
2
γ
2

))
fo

r
th

e
clo

sed
n
ess

o
f

th
e

p
d
fs

o
f
P

a
n
d
m
P

.
A

sca
la

r
m

u
ltip

lica
tio

n
(c
>

0
)

ch
a
n
g
es

a
s

fo
llow

s:
m̄
P

:=
E
X
∼
P

[k̄
(·,X

)]
=
cE

X
∼
P

[k
(·,X

)]
=

cm
P

a
n
d
〈m̄

P
,m̄

Q 〉H̄
=
c〈m

P
,m

Q 〉H
,

w
h
ere
〈f
,g〉H̄

=
1c 〈f

,g〉H
,∀
f
,g
∈
H
,H̄

(B
erlin

et
a
n
d

T
h
o
m

a
s-

A
g
n
a
n
,

2
0
0
4
,

p
.3

7
).
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N
ish

iy
a
m

a
a
n
d

F
u
k
u
m

iz
u

C
o
n

versely,
fo

r
a
n

y
γ
∈
R
d,

sym
m

etric
n

o
n

n
ega

tive-d
efi

n
ite

m
a
trix

A
∈
R
d×
d,

a
n

d
m

ea
su

re
ν

sa
tisfyin

g
(4

),
th

ere
exists

a
n

in
fi

n
itely

d
ivisible

d
istribu

tio
n
P
∈
I(R

d).

(A
,ν
,γ

)
is

ca
lled

th
e

gen
era

tin
g

trip
let

of
P
∈

I(R
d).

A
is

called
th

e
covarian

ce
m

a
trix

of
th

e
G

au
ssia

n
factor

of
P
∈

I(R
d),

an
d
ν

is
called

th
e

L
évy

m
ea

su
re

of
P
∈

I(R
d).

G
au

ssia
n

s
corresp

on
d

to
th

e
gen

eratin
g

trip
let

(A
,0
,γ

).
α

-S
tab

le
d

istrib
u

tion
s,

in
clu

d
in

g
C

a
u

ch
y

d
istrib

u
tio

n
s,

corresp
on

d
to

gen
eratin

g
trip

let
(0,ν

,γ
),

w
h

ere
ν

is
th

e
corresp

on
d

in
g

n
o
n

zero
L

év
y

m
easu

re.
T

h
e

L
év

y
m

easu
re

of
th

e
α

-stab
le

d
istrib

u
tion

s
is

sh
ow

n
in

A
p

p
en

d
ix

A
.

A
n

in
fi

n
itely

d
iv

isib
le

d
istrib

u
tion

P
∈

I(R
d)

is
sy

m
m

etric
if

an
d

on
ly

if
(A
,ν
,γ

)
=

(A
,ν
s ,0),

w
h

ere
ν
s

is
a

sy
m

m
etric

L
év

y
m

easu
re

6
(S

ato,
199

9,
p

.114
).

L
et

IS
(R

d)
d

en
ote

th
e

set
of

sy
m

m
etric

an
d

in
fi

n
itely

d
iv

isib
le

d
istrib

u
tio

n
s

on
R
d.

IS
(R

d)
is

clo
sed

u
n

d
er

co
n
volu

tio
n

.
L

et
K
idcb (R

d)(⊂
C
b (R

d)∩
L

1(R
d))

d
en

ote
th

e
set

of
con

tin
u

ou
s

a
n

d
b

o
u

n
d

ed
p

d
fs

7
of

sy
m

m
etric

in
fi

n
itely

d
iv

isib
le

d
istrib

u
tion

s
IS

(R
d):

K
idcb (R

d)
:=
{Ξ

(P
s )∈

C
b (R

d)|P
s ∈

IS
(R

d)}
,

w
h

ere
Ξ

:M
1 (R

d)→
L

1(R
d)

is
a

fu
n

ction
th

at
m

ap
s

a
p

rob
ab

ility
m

ea
su

re
P

to
its

p
d

f
f

if
it

ex
ists.

T
h

e
in

fi
n

itely
d

iv
isib

le
p

d
f
κ
∈
K
idcb (R

d)
can

b
e

u
sed

for
a

ch
aracteristic

k
ern

el
as

follow
s.

T
h

e
o
re

m
3
.3

T
h
e

fu
n

ctio
n
k
(x
,y

)
=
κ

(x
−
y
),
x
,y
∈

R
d,
κ
∈
K
idcb (R

d)
is

a
p
.d

.
a
n

d
ch

a
ra

cteristic
kern

el,
i.e.,K

idcb (R
d)⊂

K
chcb (R

d).

P
ro

o
f

A
p

rob
ab

ility
m

easu
re
P

on
R
d

is
sy

m
m

etric
if

a
n

d
on

ly
if

th
e

ch
aracteristic

fu
n

ction
P̂

(w
),
w
∈
R
d

is
real

valu
ed

(S
ato,

1999
,

p
.67).

If
P

is
sy

m
m

etric
an

d
in

fi
n

itely
d

iv
isib

le,
P̂

(w
)
>

0
for

every
w
∈
R
d

from
th

e
L

év
y
–K

h
in

tch
in

e
form

u
la

(3).
S

in
ce
P̂

(w
)

is
p

ositive
a
n

d
h

a
s

th
e

en
tire

su
p

p
ort,

su
p

p
(P̂

(w
))

=
R
d,

th
en

k
is

a
p

.d
.

an
d

ch
ara

cteristic
k
ern

el
from

T
h

eorem
2.3.

W
e

call
a

p
.d

.
k
ern

el
k

in
T

h
eorem

3.3
a

co
n

vo
lu

tio
n

a
lly

in
fi

n
itely

d
ivisible

(C
ID

)
kern

el 8.
C

ID
k
ern

els
in

clu
d

e
th

e
follow

in
g

ex
am

p
les:

E
x
a
m

p
le

3
.4

(C
ID

p
.d

.
k
e
rn

e
ls)

C
ID

kern
els

in
clu

d
e

G
a
u

ssia
n

kern
els,

L
a
p
la

ce
ker-

n
els,

C
a
u

ch
y

kern
els,

α
-sta

ble
kern

els
fo

r
ea

ch
α
∈

(0,2
]

(α
=

2
co

rrespo
n

d
s

to
G

a
u

ssia
n

kern
els;

α
=

1
co

rrespo
n

d
s

to
C

a
u

ch
y

kern
els),

su
b-G

a
u

ssia
n
α

-sta
ble

kern
els,

S
tu

d
en

t’s
t

kern
els

(G
ro

ssw
a
ld

,
1
9
7
6
),

G
H

kern
els,

n
o
rm

a
lized

in
verse

G
a
u

ssia
n

(N
IG

)
kern

els,
va

ri-
a
n

ce
ga

m
m

a
(V

G
)

kern
els

(M
a
térn

kern
el

is
a

specia
l

ca
se

o
f

th
is),

tem
pered

α
-sta

ble
(T
α

S
)

kern
els

(R
a
ch

ev
et

a
l.,

2
0
1
1
;

R
o
siń

ski,
2
0
0
7
;

B
ia

n
ch

i
et

a
l.,

2
0
1
0
),

etc.

6
.

A
sy

m
m

etric
L

év
y

m
ea

su
re

is
a

L
év

y
m

ea
su

re
su

ch
th

a
t
ν
s (B

)
=
ν
s (−

B
)

fo
r∀
B
∈
B

(R
d).

7
.

A
n
ecessa

ry
a
n
d

su
ffi

cien
t

co
n
d
itio

n
fo

r
P
∈

IS
(R

d)
to

h
av

e
a

p
d

f
is

n
o
t

k
n
ow

n
(S

a
to

,
1
9
9
9
,

p
.1

7
7
).

If
th

e
G

a
u
ssia

n
fa

cto
r
A
∈

R
d×
d

is
fu

ll
ra

n
k
,

th
en

P
∈

I(R
d)

h
a
s

th
e

p
d

f.
If
A

=
0
,

see
so

m
e

su
ffi

cien
t

co
n
d
itio

n
s

(S
a
to

,
1
9
9
9
,

T
h
eo

rem
2
7
.7

,
2
7
.1

0
).

E
v
ery

n
o
n
d
eg

en
era

te
self-d

eco
m

p
o
sa

b
le

d
istrib

u
tio

n
o
n

R
d

h
a
s

th
e

p
d

f
(S

a
to

,
1
9
9
9
,

T
h
eo

rem
2
7
.1

3
).

8
.

T
h
e

term
”
in

fi
n
ite

d
iv

isib
ility

”
o
f

a
p
.d

.
k
ern

el
is

u
sed

in
th

e
p

o
in

tw
ise

p
ro

d
u
ct

sen
se

(B
erg

et
a
l.,

1
9
8
4
,

D
efi

n
itio

n
2
.6

,
p

.
7
6
),

i.e.,
a

p
.d

.
k
ern

el
k

:X
×
X
→

C
o
n

a
n
o
n
em

p
ty

setX
is

ca
lled

in
fi

n
itely

d
ivisible

if,
fo

r
ev

ery
n
∈

N
,

th
ere

ex
ists

a
p
.d

.
k
ern

el
k
n

:X
×
X
→

C
su

ch
th

a
t
k

=
(k
n
)
n
.

T
h
e

C
ID

k
ern

el
co

n
sid

ered
h

ere
is

th
e

co
n
v
o
lu

tio
n

sen
se
κ

=
(κ
n
) ∗
n
.
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C
h
a
r
a
c
t
e
r
is

t
ic

K
e
r
n
e
l
s

a
n
d

In
f
in

it
e
ly

D
iv

is
ib

l
e

D
is

t
r
ib

u
t
io

n
s

3
.2

C
lo

su
re

P
ro

p
e
rt

y

In
th

is
su

b
se

ct
io

n
,

w
e

n
ot

e
so

m
e

cl
os

u
re

p
ro

p
er

ti
es

of
C

ID
an

d
ch

ar
ac

te
ri

st
ic

ke
rn

el
s

w
it

h
re

sp
ec

t
to

ad
d

it
io

n
,

p
oi

n
tw

is
e

p
ro

d
u

ct
,

an
d

co
n
vo

lu
ti

on
.

T
h

e
cl

os
u

re
p

ro
p

er
ty

is
u

se
d

,
e.

g.
,

to
ge

n
er

at
e

a
n

ew
C

ID
an

d
ch

ar
ac

te
ri

st
ic

ke
rn

el
.

E
x
am

p
le

3.
8

sh
ow

s
su

ch
a
n

ex
a
m

p
le

.
It

is
k
n
ow

n
th

at
th

e
se

t
of

co
n
ti

n
u

ou
s

an
d

b
ou

n
d

ed
p

.d
.

ke
rn

el
s
K c

b
(R

d
)

is
cl

o
se

d
u

n
d

er
ad

d
it

io
n

an
d

p
oi

n
tw

is
e

p
ro

d
u

ct
as

fo
ll

ow
s

(S
te

in
w

a
rt

an
d

C
h

ri
st

m
an

n
,

20
0
8,

p
.

11
4
):

P
ro

p
o
si

ti
o
n

3
.5

If
κ

1
,κ

2
∈
K c

b
(R

d
),

th
en

κ
1

+
κ

2
∈
K c

b
(R

d
)

a
n

d
κ

1
κ

2
∈
K c

b
(R

d
).

S
im

il
ar

ly
,
th

e
se

t
of

ch
ar

ac
te

ri
st

ic
ke

rn
el

s
K
ch cb

(R
d
)

is
cl

os
ed

u
n

d
er

ad
d

it
io

n
a
n

d
p

o
in

tw
is

e
p

ro
d

u
ct

as
fo

ll
ow

s
(S

ri
p

er
u
m

b
u

d
u

r
et

al
.,

20
10

,
C

or
ol

la
ry

11
):

P
ro

p
o
si

ti
o
n

3
.6

If
κ
∈
K
ch cb

(R
d
),
κ

1
,κ

2
∈
K c

b
(R

d
),

a
n

d
κ

2
6=

0,
th

en
κ

+
κ

1
,κ
κ

2
∈

K
ch cb

(R
d
).

T
h

e
se

t
of

C
ID

ke
rn

el
s
K
id cb

(R
d
)

is
cl

os
ed

u
n

d
er

co
n
vo

lu
ti

on
b

u
t

n
ot

cl
os

ed
u

n
d

er
ad

d
it

io
n

or
p

oi
n
tw

is
e

p
ro

d
u

ct
.

P
ro

p
o
si

ti
o
n

3
.7

L
et
κ

1
,κ

2
∈
K
id cb

(R
d
).

T
h
en

,
w

e
h
a

ve
th

e
fo

ll
o
w

in
g:

1
.

C
o
n

vo
lu

ti
o
n
κ

1
∗κ

2
∈
K
id cb

(R
d
).

2
.

A
d
d
it

io
n
κ

1
+
κ

2
a
n

d
p
ro

d
u

ct
κ

1
κ

2
d
o

n
o
t

n
ec

es
sa

ri
ly

be
lo

n
g

to
K
id cb

(R
d
),

a
lt

h
o
u

gh
th

ey
a
re

ch
a
ra

ct
er

is
ti

c,
κ

1
+
κ

2
,κ

1
κ

2
∈
K
ch cb

(R
d
).

P
ro

o
f

1.
L

et
κ

1
=

Ξ
(P

1
)

an
d
κ

2
=

Ξ
(P

2
).

T
h

en
,
κ

1
∗κ

2
=

Ξ
(P

1
∗P

2
).

If
P

1
,P

2
∈
IS

(R
d
)

ar
e

ab
so

lu
te

ly
co

n
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n
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ou
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et

ri
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n
it

el
y

d
iv

is
ib

le
m

ea
su

re
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1
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∈
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d
).
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in
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y
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is

ib
le

d
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u
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it

el
y
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le
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ro
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in
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y
d

iv
is
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le

d
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u
ti
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ot
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in

fi
n
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el

y
d

iv
is

ib
le
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h
e
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u

n
te
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ex

am
p

le
s

ar
e
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fo

ll
ow

s.
L

et
κ

1
(x

)
=
e−
|x
|

an
d
κ

2
(x

)
=
e−

x
2
,
x
∈

R
,

b
e

p
.d

.
fu

n
ct

io
n

s
of

L
ap

la
ce

an
d

G
au

ss
ia

n
k
er

n
el

s,
re

sp
ec

ti
v
el

y.
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h
en
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th

e
p

ro
d

u
ct
k
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∝
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−
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is
n

ot
in

fi
n

it
el

y
d

iv
is

ib
le
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.

W
.

S
te

u
te

l,
20

04
,

E
x
am

p
le

11
.1

3)
,

al
th

ou
gh

it
is

ch
ar

a
ct

er
is

ti
c

(P
ro

p
os

it
io

n
3.

6)
.

L
et
κ

1
(x

)
=

1
4
√
π
e−

1 4
x

2
an

d
κ

2
(x

)
=

1
4
√

2
π
e−

1 8
x

2
,
x
∈

R
,

b
e

G
au

ss
ia

n

ke
rn

el
s;

th
en

,
th

e
ad

d
it

io
n
κ

1
+
κ

2
is

n
ot

in
fi
n

it
el

y
d

iv
is

ib
le

(F
.

W
.

S
te

u
te

l,
2
0
0
4,

E
x
a
m

p
le

11
.1

5)
,

al
th

ou
gh

it
is

ch
ar

ac
te

ri
st

ic
(P

ro
p

os
it

io
n

3.
6)

.
M

an
y

ex
am

p
le

s
ca

n
b

e
fo

u
n

d
in

F
.

W
.

S
te

u
te

l
(2

00
4)

.

A
s

gi
ve

n
in

P
ro

p
os

it
io

n
3.

7,
th

e
in

fi
n

it
e

d
iv

is
ib

il
it

y
is

n
ot

cl
os

ed
u

n
d

er
m

ix
in

g
in

ge
n

er
al

,
al

th
ou

gh
so

m
e

sp
ec

ia
l
m

ix
in

g
ca

se
s

p
re

se
rv

e
it

(F
.
W

.
S

te
u

te
l,

20
04

,
C

h
ap

te
r

7
).

T
h

e
n

o
rm

a
l

m
ea

n
-v

a
ri

a
n

ce
m

ix
tu

re
w

it
h

an
in

fi
n

it
el

y
d

iv
is

ib
le

m
ix

in
g

d
is

tr
ib

u
ti

on
,

gi
ve

n
in

L
em

m
a

4.
4,

is
on

e
of

th
em

.
N

ew
C

ID
ke

rn
el

s
an

d
ch

ar
ac

te
ri

st
ic

ke
rn

el
s

m
ay

b
e

ge
n

er
at

ed
b
y

u
si

n
g

th
es

e
cl

o
su

re
p

ro
p

er
ti

es
.

If
κ

=
F

(κ̂
)

is
an

in
fi

n
it

el
y

d
iv

is
ib

le
p

d
f

w
it

h
th

e
ch

ar
ac

te
ri

st
ic

fu
n

ct
io

n
κ̂

,
th

en
sy

m
m

et
ri

za
ti

on
κ
∗

:=
κ
∗κ̃

=
F

(|κ̂
|2 )

an
d

p
o
si

ti
ve

p
ow

er
s

(κ
∗ )
∗λ

=
F

(|κ̂
|2λ

)
(λ

>
0)

a
re

al
so

in
fi

n
it

el
y

d
iv

is
ib

le
p

d
fs

.
T

h
e

fo
ll

ow
in

g
ex

am
p

le
sh

ow
s

th
at

th
e

L
ap

la
ce

a
n

d
sy

m
m

et
ri

c
G

am
m

a
k
er

n
el

s
ar

e
C

ID
ke

rn
el

s
ge

n
er

at
ed

fr
om

an
ex

p
on

en
ti

al
d

is
tr

ib
u

ti
o
n

.

E
x
a
m

p
le

3
.8

(F
.

W
.

S
te

u
te

l,
2
0
0
4
,

E
xa

m
p
le

2
.9

)
A

n
ex

po
n

en
ti

a
l

d
is

tr
ib

u
ti

o
n
P

w
it

h
th

e
pd

f
κ

(x
)

=
α

ex
p

(−
α
x

)1
[0
,∞

)(
x

),
α
>

0
is

in
fi

n
it

el
y

d
iv

is
ib

le
.

T
h
e

d
u

a
l

is
κ̃

(x
)

=
α

ex
p

(α
x

)1
(−
∞
,0

)(
x

).
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N
is

h
iy

a
m

a
a
n
d

F
u
k
u
m

iz
u

1
.

T
h
e

sy
m

m
et

ri
za

ti
o
n
κ
∗

=
κ
∗κ̃

h
a
s

th
e

ch
a
ra

ct
er

is
ti

c
fu

n
ct

io
n
κ̂
∗ (
w

)
=
κ̂

(w
)ˆ̃ κ

(w
)

=
α

α
−
iw
·

α
α

+
iw

=
α

2

α
2
+
w

2
.

T
h
is

is
a

L
a
p
la

ce
pd

f
κ
∗ (
x

)
=

α 2
ex

p
(−
α
|x
|).

2
.

P
o
si

ti
ve

po
w

er
s

(κ
∗ )
∗λ

(λ
>

0
)

h
a
ve

th
e

ch
a
ra

ct
er

is
ti

c
fu

n
ct

io
n

s
(κ̂
∗ )
λ
(w

)
=

(
α

2

α
2
+
w

2
)λ

.

If
λ

=
1,

th
e

pd
f

is
th

e
a
bo

ve
L

a
p
la

ce
ca

se
.

If
λ

=
2,

th
e

pd
f

is
gi

ve
n

by
(κ
∗ )
∗2

(x
)

=
α 4

(1
+
α
|x
|)

ex
p

(−
α
|x
|).

F
o
r

ge
n

er
a
l
λ
>

0,
th

e
pd

f
is

gi
ve

n
by

f
(x

)
=

α
2
λ

√
π

(2
α

)λ
−

1 2
Γ

(λ
)|
x
−
µ
|λ−

1 2
K
λ
−

1 2
(α
|x
−
µ
|),

x
∈
R

w
h
er

e
Γ

(λ
)

is
th

e
G

a
m

m
a

fu
n

ct
io

n
a
n

d
K
λ
(x

)
is

th
e

m
od

ifi
ed

B
es

se
l

fu
n

ct
io

n
o
f

th
e

th
ir

d
ki

n
d

w
it

h
in

d
ex

λ
.

T
h
is

is
th

e
pd

f
o
f

th
e

ze
ro

-s
ke

w
ed

V
G

d
is

tr
ib

u
ti

o
n

V
G

1
(λ
,α
,β

=
0,
µ
,1

)
o
n
R

,
a
s

gi
ve

n
in

S
ec

ti
o
n

4
.3

.

T
h
e

a
d
d
it

io
n

s
(κ
∗ )
∗λ

+
κ̃

,
κ̃
∈
K c

b
(R

d
),

a
n

d
p
ro

d
u

ct
s

(k
∗ )
∗λ
κ̃

,
κ̃
∈
K
ch cb

(R
d
),

a
re

ch
a
ra

ct
er

is
ti

c
ke

rn
el

s
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se
d

o
n

th
e

cl
o
su

re
p
ro

pe
rt

ie
s.

4
.

K
e
rn

e
l

M
e
a
n
s

a
n
d

In
fi
n
it

e
ly

D
iv

is
ib

le
D

is
tr

ib
u
ti

o
n
s

In
th

is
se

ct
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n
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w
e

ex
am
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e

th
e

k
er

n
el
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n
s

o
f

a
p

a
ra

m
et

ri
c
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s
o
f

d
is

tr
ib

u
ti

on
s
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⊂
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R
d
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A
s

m
en

ti
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in

th
e

In
tr

o
d

u
ct

io
n

,
w

e
w

is
h
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co
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p

u
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ke

rn
el
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m
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∈
R
d
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d
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)

R
K

H
S
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n
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p

ro
d

u
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s
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P
,m
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fo
r

p
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o
d

el
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∈
P Θ
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e
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c
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u
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o
n
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r
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ke
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el
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e
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o
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b
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g
ke
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el
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d

p
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ra
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o
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el
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e
in

tr
o
d

u
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a
b

so
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in
g,
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n
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a
n

d
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n
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k

in
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e
se
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o
f

in
fi

n
it

el
y

d
iv

is
ib

le
d

is
tr

ib
u

ti
o
n

s
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R
d
).
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S
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o
n

s
4
.2

a
n

d
4
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,
w

e
fo

cu
s

on
w

el
l-

k
n

ow
n
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b

cl
a
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o
f
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-s
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b
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d
is

tr
ib

u
ti

o
n

s
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n

d
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H
d

is
tr
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ti
o
n

s,
w

h
ic

h
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d
e
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u
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n
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d
is
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u
ti
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s.
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b

so
rb

in
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C
o
n

ju
g
a
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K
e
rn

e
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,
a
n

d
C

o
n
v
o
lu

ti
o
n

T
ri

ck

W
e

b
eg

in
b
y

in
tr

o
d

u
ci

n
g

th
e

n
o
ti

on
of

a
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o
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in
g

a
n

d
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n
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te

p
.d

ke
rn

el
s

to
p

a
rt
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u

la
r

se
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o
f

p
a
ra

m
et

ri
c

m
o
d

el
s
P Θ

a
s

fo
ll

ow
s:

P
ro

p
o
si

ti
o
n

4
.1

(a
b

so
rb

in
g

&
c
o
n

ju
g
a
te

k
e
rn

e
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L
et
P Θ
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Θ
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⊂
M

1
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d
)

be
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o
se
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o
f
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m
et

ri
c

m
od
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s

su
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a
t
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∗Q

Θ
′
⊆
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,
w

h
er

e
Θ

a
n

d
Θ
′

a
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fi
n
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r

in
fi

n
it

e
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d
ex
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D
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o
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by
Ξ
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Θ

)
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n

d
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Θ
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f
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.
L
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κ
∈
K c

b
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d
)
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a
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a
n

t
p
.d

.
ke

rn
el

.
W

e
h
a
ve

th
e
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o
w

in
g

st
a
te

m
en
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.
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κ
∈

Ξ
(P
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m
Q

Θ
′
⊂

Ξ
(P

Θ
)

h
o
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R

K
H

S
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n
er

p
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∈
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Θ
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.
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m
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⊂
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Θ
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o
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R

K
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S
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n
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p
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d
u
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s
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P
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,
P
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∈

P Θ
a
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n
o
t

n
ec
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o
f
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Ξ
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Θ
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f
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h
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ra
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h
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o
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d
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o
m

L
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m
a

2
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d
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m
p
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s.

S
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m
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1
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d

ic
a
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an
a
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g

p
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y
o
f
k

w
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h
re

sp
ec

t
to

p
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o
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s.
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P Θ

=
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Θ
′
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P
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p

o
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4
.1

,
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e
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k
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n

d
,

h
en

ce
,
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s

R
K

H
S
H

)
a
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n
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P Θ

.
A
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a
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p
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v
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b
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g
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b
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e
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a
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ju
g
a
te

to
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)
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C
h
a
r
a
c
t
e
r
ist

ic
K

e
r
n
e
l
s

a
n
d

In
f
in

it
e
ly

D
iv

isib
l
e

D
ist

r
ib

u
t
io

n
s

P
ro

p
o
sitio

n
4
.2

L
et
k
A
,ν
s (x

,y
)

=
κ
A
,ν
s (x
−
y
),
x
,y
∈
R
d

be
a

C
ID

kern
el,

w
h
ere

κ
A
,ν
s ∈

K
idcb (R

d)
h
a
s

a
gen

era
tin

g
trip

let
(A
,ν
s ,0

),
a
n

d
letH

A
,ν
s

be
th

e
R

K
H

S
given

by
κ
A
,ν
s .

L
et

P
,Q
∈
I(R

d)
be

in
fi

n
itely

d
ivisible

d
istribu

tio
n

s
w

ith
th

e
gen

era
tin

g
trip

lets
(A

P
,ν
P
,γ
P

)
a
n

d
(A

Q
,ν
Q
,γ
Q

),
respectively.

T
h
en

,
w

e
h
a
ve

th
e

fo
llo

w
in

g:

1
.

K
ern

el
m

ea
n
m
P

is
given

by
a
n

in
fi

n
itely

d
ivisible

pd
f:

m
P

(·)
=

f
(·;A

+
A
P
,ν
s

+
ν
P
,γ
P

),
f
∈

Ξ
(I(R

d))

=
k
A

+
A
P
,ν
s
+
ν
P

(γ
P
,·).

2
.

T
h
e

R
K

H
S

in
n

er
p
rod

u
ct〈m

P
,m

Q 〉H
A
,ν
s

is
given

by

〈m
P
,m

Q 〉H
A
,ν
s

=
f

(0
;A

+
A
P

+
A
Q
,ν
s

+
ν̃
P

+
ν
Q
,γ
Q
−
γ
P

)

=
f

(0
;A

+
A
P

+
A
Q
,ν
s

+
ν
P

+
ν̃
Q
,γ
P
−
γ
Q

),

=
k
A

+
A
P

+
A
Q
,ν
s
+
ν
P

+
ν̃
Q

(γ
P
,γ
Q

),

w
h
ere

ν̃
P

(respectively,
ν̃
Q

)
is

th
e

d
u

a
l

o
f

th
e

L
évy

m
ea

su
re
ν
P

(respectively,
ν
Q

).

P
ro

p
o
sitio

n
4.2

in
d

ica
tes

a
gen

era
l

co
n

vo
lu

tio
n

trick.
T

h
e

co
m

p
u

ta
tio

n
o
f〈m

P
,m

Q 〉H
A
,ν
s

is
red

u
ced

to
th

e
co

m
p

u
ta

tion
of

th
e

sa
m

e
kern

el
k
A

+
A
P

+
A
Q
,ν
s
+
ν
P

+
ν̃
Q

w
ith

th
e

u
p

d
a
ted

p
ara

m
eters

o
f

th
e

g
en

era
tin

g
trip

lets.
If
Q

is
a

d
elta

m
ea

su
re
δ
y

(i.e.,
A
Q

=
0
,
ν
Q

=
0
,

γ
Q

=
y
),

th
en

sta
tem

en
t

2
is

sp
ecia

lized
to

sta
tem

en
t

1
.

If
P
,Q

a
re

b
o
th

d
elta

m
ea

su
res

δ
x ,
δ
y

(i.e.,
A
P

=
A
Q

=
0
,
ν
P

=
ν
Q

=
0
,
γ
P

=
x

,
γ
Q

=
y
),

th
en

sta
tem

en
t

2
is

sp
ecialized

to
th

e
k
ern

el
trick

〈k
A
,ν
s (·,x

),k
A
,ν
s (·,y

)〉H
A
,ν
s

=
k
A
,ν
s (x

,y
).
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u
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+
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w
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p
u

ta
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o
f

G
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u

ssian
p

d
fs
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cta
b

le.
A
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o
u
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P
ro

p
o
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n
4
.2
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u
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a

th
eo

ry
th
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t

kern
el
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ea

n
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m
P
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d
R
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H

S
in
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er

p
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u
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P
,m

Q 〉
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p
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w
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e
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b
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le.
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e
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e
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su
b
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u
p

s
of

p
a
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m
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m
o
d

els
(P
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⊂

(I(R
d),∗

)
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at
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e
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m
p

u
ta
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n
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p

d
fs
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ay

b
e

p
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le.
W

e
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ecifi
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ex
a
m
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e

w
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n
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n
p

a
ra
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etric

cla
sses

o
f
α
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b

le
d

istrib
u

tio
n

s
an

d
G

H
d

istrib
u

tio
n
s

o
n
R
d
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S
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n
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4.2

a
n

d
4
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,
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ectiv
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4
.2

α
-sta

b
le

d
istrib

u
tio

n
s

α
-S

ta
b

le
d
istrib

u
tio

n
s
S
α
(R

d),
α
∈

(0,2],
o
n
R
d
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re

a
w

ell-k
n

ow
n
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n
v
o
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tio
n

su
b
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u

p
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n
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d
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isib
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d
istrib

u
tio
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o
lo
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1
9
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;
S

a
m

o
ro

d
n
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y

a
n

d
T

a
q
q
u

,
1
9
9
4
).

α
=

2
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p
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G
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ssia
n

d
istrib

u
tio

n
s
S

2 (R
d)

=
G

(R
d),

w
h
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a
re
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sed

u
n

d
er
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n
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-
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;
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P

a
n

d
Q

a
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N

(µ
P
,R

P
)

a
n

d
N
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Q
,R

Q
)

w
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m
ean
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µ
P
,µ

Q
a
n

d
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n
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a
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R
P
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R
Q
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n
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P
∗
Q
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P
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µ
Q
,R

P
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r
α
∈
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α
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b
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p
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α
∈
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e-d
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n
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α
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b
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d
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,µ

)
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b
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a
ra

m
eter
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a
ra

m
eter

β
∈
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∈
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∈
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th
e

set
S
α
(R

)
is

clo
sed

u
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d
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N
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a
n
d

F
u
k
u
m
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u
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P
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d
Q
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tw

o
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s
S
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P
,β
P
,µ
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d
S
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(σ
Q
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en
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∗
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S
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,µ

)
=
S
α
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σ
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)
1
/
α
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P
σ
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+
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Q
σ
αQ

σ
αP

+
σ
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P

+
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Q
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(S
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d
n
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y

an
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u

,
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ee
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p
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A
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F
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∈
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)
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µ
∈
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S
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=
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d
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p
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F
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each

α
∈
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S
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n
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;
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P

an
d
Q
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b

le
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s
S
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,Γ

P
)
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S
α
(µ
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,Γ

Q
),
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ectively,

th
en

P
∗
Q

is
S
α
(µ
P

+
µ
Q
,Γ

P
+

Γ
Q

).
S

ee
A

p
p

en
d

ix
A

.1
for

m
ore

d
etails.

α
-S

tab
le

p
d

fs
on

R
d

are
in

tractab
le

in
gen

eral.
S

u
b

-G
au

ssia
n
α

-stab
le

d
istrib

u
tion

s
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u
ivalen

tly,
ellip
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α
-stab

le
d
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b

u
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n
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SG
α
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d)
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w

ell-k
n

ow
n

su
b

class
of

S
α
(R

d)
(S

am
oro

d
n

itsk
y

an
d

T
aq

q
u

,
199

4;
N
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,

2013
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).
F

or
each

α
∈

(0,2),
a

su
b
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au

ssian
α

-stab
le

d
istrib

u
tio

n
is

sp
ecifi

ed
b
y

a
lo

cation
p

aram
eter

µ
∈
R
d

an
d
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p
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m
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R
∈
R
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d

(S
a
m

oro
d

n
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y
an

d
T

aq
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u

,
199

4,
T

h
eo
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2.5
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p
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S

ee
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d
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b
-G

au
ssian

1-stab
le

d
istrib

u
-

tion
s
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en

sion
al
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u
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d
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p
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for
each
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∈
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)
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n
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volu
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.
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∈
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u
n
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d)
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ivalen
t

class
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α
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⋃
R
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α
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d)[R
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w
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P
∈
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P

=
S
G
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∈
R
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c
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∈
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a
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∈

P
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;
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P
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d
Q
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S
G
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,c
P
R

)
an

d
S
G
α
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Q
,c
Q
R

),
resp

ectively,
th

en
P
∗
Q

is

S
G
α
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P

+
µ
Q
,(c
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α2Q

)
2α
R

).
N

ote
th
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w

h
en

α
=

2,
th

e
w

h
ole

set
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2 (R
d)

is
closed

.
T

h
ese

con
v
o
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tion
p
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of
α

-stab
le

d
istrib

u
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s
lead

to
th

e
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con
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k

an
d
α

-stab
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u
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sP
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p
le
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C
o
n
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te
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o
f
α

-sta
ble
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els

k
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n

d
α

-sta
ble

d
istribu
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n
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n
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d.

1
.

F
o
r
α

=
2,

let
k
R

(x
,y

)
=

1
√

(2
π

)
d|R
| ex

p
(−

12 (x
−
y
) >
R
−

1(x
−
y
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be
a

G
a
u

ssia
n

kern
el

a
n

d
H
R

be
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R
K

H
S

.
L

et
P

,
Q

be
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o
G

a
u

ssia
n

s
N

(µ
P
,R

P
)

a
n

d
N
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Q
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Q
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T
h
en

,
th

e
kern

el
m
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n

is
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th

e
G

a
u

ssia
n

pd
f
m
P

=
f
α
(·|µ

P
,R

+
R
P

)
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n

d
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e
R

K
H

S
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n
er

p
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u
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e
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u
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n

pd
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P
,m
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R

=
f
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Q
,R

+
R
P

+
R
Q
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.
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∈
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=
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∈
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P
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d
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p
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σ
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σ
αQ −

β
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σ
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σ
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σ
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σ
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Q
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=
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C
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u
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∈
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∈
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s
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e
r
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T
h
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th
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rn
el
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n
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e

st
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P
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µ
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P
+
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n

d
th

e
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er
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=
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Q
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Q
+
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Γ
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.

F
o
r

ea
ch
α
∈
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le

t
k
α
,R
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)
=
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α
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∈
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d

be
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G
a
u
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n
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e
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d
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t
H
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be
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L
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∈
SG

α
(R

d
)[
R

]
be
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G
a
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bl
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R
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R

),
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ve
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T
h
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ke

rn
el
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ea

n
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n
by
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su
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a
u
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P
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d
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e
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S
in

n
er
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ro
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n
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c
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c
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th
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)
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po
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s
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m

u
lt

iv
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a
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d
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∝
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+
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.
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d
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e
d
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p
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.
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p

e
rb

o
li

c
D

is
tr

ib
u

ti
o
n

s

G
H

d
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d
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d
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d
is

tr
ib

u
ti

on
s,

as
sp

ec
ia

l
ca

se
s

an
d

li
m

it
in

g
ca

se
s

(B
ar

n
d
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ra
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d
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ra
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l.

,
20

0
2
).

T
h

e
M

at
ér

n
k
er

n
el

,
of

te
n

u
se

d
in

m
ac

h
in

e
le

ar
n

in
g,

is
a

sp
ec

ia
l

ca
se

of
th

e
V

G
d

is
tr

ib
u

-
ti

on
s.

A
G

H
d

is
tr

ib
u

ti
on

is
ob

ta
in

ed
b
y

a
n

o
rm

a
l

m
ea

n
-v

a
ri

a
n

ce
m

ix
tu

re
of

a
ge

n
er

a
li

ze
d

in
ve

rs
e

G
au

ss
ia

n
(G

IG
)

d
is

tr
ib

u
ti

on
,

w
h

ic
h

is
a

sp
ec

ia
l

ca
se

of
th

e
n

or
m

a
l

m
ea

n
-v

a
ri

an
ce

m
ix

tu
re

of
th

e
ge

n
er

al
iz

ed
Γ

-c
on

vo
lu

ti
on

(T
h

or
in

,
19

78
).

T
h

e
p

d
fs

of
G

IG
,

G
H

,
N

IG
,

a
n

d
V

G
d

is
tr

ib
u

ti
on

s
ar

e
p

re
se

n
te

d
in

A
p

p
en

d
ix

B
.

W
e

st
ar

t
b
y

in
tr

o
d

u
ci

n
g

a
n

or
m

al
m

ea
n

-v
ar

ia
n

ce
m

ix
tu

re
d

is
tr

ib
u

ti
on

.
L

et
N
d
(µ
,∆

)
b

e
a

G
au

ss
ia

n
d

is
tr

ib
u

ti
on

w
it

h
m

ea
n

ve
ct

or
µ
∈
R
d

an
d

co
va

ri
an

ce
m

at
ri

x
∆
∈
Pd

.
A

n
o
rm

a
l

m
ea

n
-v

a
ri

a
n

ce
m

ix
tu

re
d

is
tr

ib
u

ti
on

P
on

R
d

is
gi

v
en

b
y

P
(d
x

)
=

∫ R
+

N
d
(µ

+
y
β
,y

∆
)(
d
x

)G
(d
y
),

β
∈
R
d
,

w
h

er
e
G

is
a

m
ix

in
g

p
ro

b
ab

il
it

y
m

ea
su

re
on

R
+

(v
.

H
am

m
er

st
ei

n
,

20
10

,
D

efi
n

it
io

n
2
.4

,
p

.
78

).
P

=
N
d
(µ

+
y
β
,y

∆
)
◦
G

d
en

ot
es

a
si

m
p

le
n

ot
at

io
n

.
T

h
e

cl
os

u
re

p
ro

p
er

ti
es

of
th

e
co

n
vo

lu
ti

on
an

d
th

e
in

fi
n

it
e

d
iv

is
ib

il
it

y
of
G

ar
e

p
re

se
rv

ed
as

fo
ll

ow
s:

L
e
m

m
a

4
.4

(v
.

H
a
m

m
er

st
ei

n
,

2
0
1
0
,

L
em

m
a

2
.5

,
p
.

6
8
)

L
et

G
be

a
cl

a
ss

o
f

p
ro

ba
bi

li
ty

d
is

tr
ib

u
ti

o
n

s
o
n

(R
+
,B

+
)

a
n

d
G
,G

1
,G

2
∈
G

.

1
.

If
G

=
G

1
∗G

2
∈
G

,
th

en

(N
d
(µ

1
+
y
β
,y

∆
)
◦G

1
)
∗(
N
d
(µ

2
+
y
β
,y

∆
)
◦G

2
)

=
N
d
(µ

1
+
µ

2
+
y
β
,y

∆
)
◦G

.

2
.

If
G

is
in

fi
n

it
el

y
d
iv

is
ib

le
,

th
en

so
is
N
d
(µ

+
y
β
,y

∆
)
◦G

.
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N
is

h
iy

a
m

a
a
n
d

F
u
k
u
m

iz
u

A
G

H
d

is
tr

ib
u

ti
o
n

o
n
R
d

is
g
iv

en
b
y

a
n

o
rm

a
l

m
ea

n
-v

a
ri

a
n

ce
m

ix
tu

re
w

it
h

th
e

G
IG

d
is

tr
i-

b
u

ti
o
n

:

G
H
d
(λ
,α
,β
,δ
,µ
,∆

)
:=

N
d
(µ

+
y
∆
β
,y

∆
)
◦G

I
G

(λ
,δ
,√

α
2
−
||β
||2 ∆

),

w
h

er
e

th
e

p
ar

am
et

er
s

im
p

ly
λ
∈
R

,
sh

a
p

e
p

a
ra

m
et

er
α
>

0,
sk

ew
n

es
s

p
a
ra

m
et

er
β

,
sc

a
li

n
g

p
ar

a
m

et
er
δ,

lo
ca

ti
o
n

p
a
ra

m
et

er
µ

,
an

d
p

.d
.

m
a
tr

ix
∆
∈
Pd

(s
ee

A
p

p
en

d
ic

es
B

.1
an

d
B

.2
fo

r
m

o
re

d
et

a
il

s)
.

A
u

n
iv

ar
ia

te
G

H
d

is
tr

ib
u

ti
on

o
n
R

is
gi

v
en

b
y

le
tt

in
g
d

=
1

a
n

d
∆

=
1.

T
h

e
G

H
d

is
tr

ib
u

ti
on

co
n
ta

in
s

th
e

fo
ll

ow
in

g
su

b
cl

as
se

s
a
n

d
li

m
it

in
g

ca
se

s.
T

h
ei

r
p

d
fs

a
re

fo
u

n
d

in
A

p
p

en
d

ic
es

B
.3

,
B

.4
,

a
n
d

v
.

H
a
m

m
er

st
ei

n
(2

01
0
))

.

1.
If
λ

=
−

1 2
,

th
en

G
H
d
(−

1 2
,α
,β
,δ
,µ
,∆

))
co

rr
es

p
on

d
s

to
th

e
N

IG
d

is
tr

ib
u

ti
o
n

:

N
I
G
d
(α
,β
,δ
,µ
,∆

)
:=

N
d
(µ

+
y
∆
β
,y

∆
)
◦G

I
G

(−
1 2
,δ
,√

α
2
−
||β
||2 ∆

).

2
.

If
λ

=
d
+

1
2

,
th

en
G
H
d
(d

+
1

2
,α
,β
,δ
,µ
,∆

)
co

rr
es

p
o
n

d
s

to
th

e
h
y
p

er
b

ol
ic

d
is

tr
ib

u
ti

on
H
Y
P
d
(α
,β
,δ
,µ
,∆

).

3.
If
λ
>

0
an

d
δ
→

0
,

th
en
G
H
d
(λ
>

0,
α
,β
,0
,µ
,∆

)
co

rr
es

p
o
n

d
s

to
th

e
V

G
d

is
tr

ib
u

ti
o
n

V
G
d
(λ
,α
,β
,µ
,∆

)
:=

N
d
(µ

+
y
∆
β
,y

∆
)
◦G

a
m
m
a
(λ
,
α

2
−
||β
||2 ∆

2
),

w
h

er
e
G
a
m
m
a
(λ
,γ

)
is

th
e

G
a
m

m
a

d
is

tr
ib

u
ti

on
w

it
h

th
e

p
d

f
f

(x
)

=
γ
λ

Γ
(λ

)
x
λ
−

1
e−

γ
x
.

F
u

rt
h
er

m
o
re

,
if
λ

=
d
+

1
2

(i
.e

.,
th

e
a
b

ov
e

h
y
p

er
b

ol
ic

ca
se

),
th

en
V
G
d
(d

+
1

2
,α
,β
,µ
,∆

)
co

rr
es

p
o
n

d
s

to
th

e
sk

ew
ed

L
ap

la
ce

d
is

tr
ib

u
ti

o
n

L
A
P
d
(α
,β
,µ
,∆

)
:=

N
d
(µ

+
y
∆
β
,y

∆
)
◦G

a
m
m
a
(d

+
1

2
,
α

2
−
||β
||2 ∆

2
),

w
it

h
th

e
p

d
f
f

(x
)
∝
e−

α
||x
−
µ
|| ∆
−

1
+
〈β
,x
−
µ
〉 .

W
e

h
av

e
se

en
th

e
ca

se
of
d

=
1

in
E

x
a
m

p
le

3
.8

.

4.
If
λ
<

0,
α
→

0,
an

d
β
→

0
,

th
en

G
H
d
(λ
<

0
,0
,0
,δ
,µ
,∆

)
co

rr
es

p
o
n

d
s

to
th

e
sc

a
le

d
an

d
sh

if
te

d
t

d
is

tr
ib

u
ti

on
w

it
h
f

=
−

2λ
d

eg
re

es
o
f

fr
ee

d
o
m

:

t d
(λ
,δ
,µ
,∆

)
:=

N
d
(µ
,y

∆
)
◦i
G
a
m
m
a
(λ
,
δ2 2

),

w
h

er
e
iG
a
m
m
a
(λ
,δ

)
is

th
e

in
ve

rs
e

G
a
m

m
a

d
is

tr
ib

u
ti

on
w

it
h

th
e

p
d

f
f

(x
)

=
x
λ
−

1

δ
λ

Γ
(−
λ

)
e−

δ x
.

F
u

rt
h
er

m
or

e,
if
λ

=
−

1 2
(i

.e
.,

th
e

a
b

ov
e

N
IG

ca
se

),
th

en
t d

(−
1 2
,δ
,µ
,∆

)
co

rr
es

p
on

d
s

to
th

e
m

u
lt

iv
ar

ia
te

C
au

ch
y

d
is

tr
ib

u
ti

o
n

C
A
U

(δ
,µ
,∆

)
:=

N
d
(µ
,y

∆
)
◦i
G
a
m
m
a
(−

1 2
,
δ2 2

),

w
it

h
th

e
p

d
f
f

(x
)
∝

(1
+
||x
−
µ
||2 ∆
−

1

δ
2

)−
d
+

1
2

,
w

h
ic

h
is

al
so

sh
ow

n
in

E
x
a
m

p
le

4
.3

.
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C
h
a
r
a
c
t
e
r
ist

ic
K

e
r
n
e
l
s

a
n
d

In
f
in

it
e
ly

D
iv

isib
l
e

D
ist

r
ib

u
t
io

n
s

T
h

ese
cla

sses
h

ave
th

e
fo

llow
in

g
co

n
vo

lu
tio

n
p

ro
p

erties,
b
y

u
sin

g
L

em
m

a
4.4

a
n

d
P

ro
p

o
sitio

n
B

.1
,

w
h

ich
a
re

th
e

m
u

ltiva
ria

te
ex

ten
sio

n
s

o
f

th
e

u
n

iva
ria

te
ca

se
(v

.
H

a
m

m
erstein

,
2
01

0,
eq

.
(1

.9
),

p
.

1
4).

P
ro

p
o
sitio

n
4
.5

F
o
r

ea
ch

d
≥

1
,

th
ere

a
re

th
e

fo
llo

w
in

g
co

n
vo

lu
tio

n
p
ro

perties
in

th
e

d
-d

im
en

sio
n

a
l

G
H

d
istribu

tio
n

s:

1
.
N
I
G
d (α

,β
,δ

1 ,µ
1 ,∆

)∗
N
I
G
d (α

,β
,δ

2 ,µ
2 ,∆

)
=
N
I
G
d (α

,β
,δ

1
+
δ

2 ,µ
1

+
µ

2 ,∆
),

2
.
V
G
d (λ

1 ,α
,β
,µ

1 ,∆
)∗

V
G
d (λ

2 ,α
,β
,µ

2 ,∆
)

=
V
G
d (λ

1
+
λ

2 ,α
,β
,µ

1
+
µ

2 ,∆
),

3
.
N
I
G
d (α

,β
,δ

1 ,µ
1 ,∆

)∗
G
H
d (1/2

,α
,β
,δ

2 ,µ
2 ,∆

)
=
G
H
d (1/

2,α
,β
,δ

1
+
δ

2 ,µ
1

+
µ

2 ,∆
),

4
.
G
H
d (−

λ
,α
,β
,δ,µ

1 ,∆
)∗

G
H
d (λ

,α
,β
,0,µ

2 ,∆
)

=
G
H
d (λ

,α
,β
,δ,µ

1
+
µ

2 ,∆
),

w
h
ere

λ
,λ

1 ,λ
2
>

0.

T
h

ese
co

n
volu

tio
n

p
rop

erties
ca

n
a
lso

b
e

o
b

ta
in

ed
b
y

lo
o
k
in

g
u

p
th

eir
ch

a
racteristic

fu
n

c-
tion

s
a
n

d
L

év
y

m
ea

su
res

in
v
.

H
a
m

m
erstein

(2
0
10

,
S

ectio
n

1.6
.4

,
p

.
4
6
,

S
ectio

n
2
.3,

p
.

79
).

P
ro

p
erties

1
a
n

d
2

im
p

ly
a

co
n
vo

lu
tio

n
sem

ig
rou

p
.

P
ro

p
erty

3
im

p
lies

a
n

a
b

so
rb

in
g

p
rop

erty.
P

ro
p

erty
4

im
p

lies
an

o
th

er
co

n
vo

lu
tio

n
p

rop
erty.

B
y

o
b

serv
in

g
p

ro
p

o
sitio

n
4
.5,

w
e

ob
ta

in
th

e
fo

llow
in

g
co

n
ju

ga
te,

a
b

so
rb

in
g
,

a
n

d
rela

ted
p

a
irs

in
G

H
kern

els
a
n

d
G

H
d

is-
trib

u
tio

n
s.

T
h

e
p

a
ra

m
etric

m
o
d

els
in

P
rop

o
sition

4.5
co

n
ta

in
p

.d
.

kern
els

κ
if

a
n

d
o
n

ly
if
β

=
0

.
E

ach
ex

a
m

p
le

(1−
4
)

in
th

e
fo

llow
in

g
co

rresp
on

d
s

to
ea

ch
p

ro
p

erty
(1−

4
)

in
P

ro
p

ositio
n

4.5
.

E
x
a
m

p
le

4
.6

C
o
n

ju
ga

te,
a
bso

rbin
g,

a
n

d
rela

ted
pa

irs
in

th
e

G
H

cla
ss.

1
.

L
et
k
α
,δ,∆

(x
,y

)
be

a
sh

ift
in

va
ria

n
t

N
IG

p
.d

.
kern

el
a
n

d
H
α
,δ,∆

be
th

e
R

K
H

S
.

L
et
P

,
Q

be
tw

o
N

IG
d
istribu

tio
n

s
N
I
G

(α
,0
,δ
P
,µ

P
,∆

)
a
n

d
N
I
G

(α
,0
,δ
Q
,µ

Q
,∆

),
respectively.

T
h
en

,
th

e
kern

el
m

ea
n

is
th

e
N

IG
pd

f
m
P

=
f

(·|α
,0
,δ
P

+
δ,µ

P
,∆

)
a
n

d
th

e
R

K
H

S
in

n
er

p
rod

u
ct

is
th

e
N

IG
pd

f〈m
P
,m

Q 〉H
α
,δ
,∆

=
f

(µ
P |α

,0
,δ
P

+
δ
Q

+
δ,µ

Q
,∆

).
If

α
→

0
,

th
en

th
ese

co
rrespo

n
d

to
th

e
C

a
u

ch
y

ca
se.

2
.

L
et
k
λ
,α
,∆

(x
,y

)
be

a
sh

ift
in

va
ria

n
t

V
G

p
.d

.
kern

el 9
a
n

d
H
λ
,α
,∆

be
th

e
R

K
H

S
.

L
et
P

,
Q

be
tw

o
V

G
d
istribu

tio
n

s
V
G

(λ
P
,α
,0
,µ

P
,∆

)
a
n

d
V
G

(λ
Q
,α
,0
,µ

Q
,∆

),
respectively.

T
h
en

,
th

e
kern

el
m

ea
n

is
th

e
V

G
pd

f
m
P

=
f

(·|λ
P

+
λ
,α
,0
,µ

P
,∆

)
a
n

d
th

e
R

K
H

S
in

n
er

p
rod

u
ct

is
th

e
V

G
pd

f〈m
P
,m

Q 〉H
λ
,α
,∆

=
f

(µ
P |λ

P
+
λ
Q

+
λ
,α
,0
,µ

Q
,∆

).
If

λ
=

d
+

1
2

,
λ
P

=
d
+

1
2

,
o
r
λ
Q

=
d
+

1
2

,
th

en
th

ese
co

rrespo
n

d
to

th
e

L
a
p
la

ce
ca

se.

3
.

L
et

k
α
,δ,∆

(x
,y

)
be

a
N

IG
kern

el
a
n

d
H
α
,δ,∆

be
th

e
R

K
H

S
.

L
et

P
be

a
G

H
d
is-

tribu
tio

n
G
H

(1/
2
,α
,0
,δ
P
,µ

P
,∆

).
T

h
en

,
th

e
kern

el
m

ea
n

is
th

e
G

H
pd

f
m
P

=
f

(·|1
/2
,α
,0
,δ
P

+
δ,µ

P
,∆

).
If
α
→

0
,

th
en

th
e

N
IG

kern
el
k

0
,δ,∆

(x
,y

)
co

rrespo
n

d
s

to
th

e
C

a
u

ch
y

kern
el.

L
et
k

1
/
2
,α
,δ,∆

(x
,y

)
be

a
G

H
kern

el
a
n

d
H

1
/
2
,α
,δ,∆

be
th

e
R

K
H

S
.

L
et
P

,
Q

be
tw

o
N

IG
d
istribu

tio
n

s
N
I
G

(α
,0,δ

P
,µ

P
,∆

)
a
n

d
N
I
G

(α
,0
,δ
Q
,µ

Q
,∆

),
respectively.

T
h
en

,
th

e

9
.

T
h
e

M
a
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o
n
d
s
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∆

=
I
,
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n
d
α
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√

2
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σ
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a
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u
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n
d

W
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m
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2
0
0
6
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n
4
.2

.1
)

(S
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b
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.
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d

F
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u
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u
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e

G
H
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f
m
P

=
f

(·|1
/
2,α

,0
,δ
P
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P
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th

e
R

K
H

S
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n
er
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e
G

H
pd
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P
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1
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2
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,∆
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f
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P |1
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,δ
P

+
δ
Q
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Q
,∆
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α
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0
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n
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P
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d
Q

,
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d
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C
a
u
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y
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4
.

F
o
r
λ
>
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k−
λ
,α
,δ,∆

(x
,y

)
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a
G

H
kern

el
a
n

d
H
−
λ
,α
,δ,∆
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e
R

K
H

S
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L
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P
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a

G
H
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n
G
H
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,α
,0
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,µ

P
,∆
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T

h
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e
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m
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e
G

H
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,α
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,∆
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en
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λ
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)
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e
S
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d
en

t’s
t
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F
u
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o
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λ

=
12 ,
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en
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)
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e
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H
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be
th

e
R
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H
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L
et
P
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H
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G
H
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λ
,α
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,δ
P
,µ

P
,∆
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T

h
en
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e
kern
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m
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e
G

H
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f
m
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,α
,0
,δ
P
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,∆
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th
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.
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u
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−
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e
C
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u
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d
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tro
d
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,
ab

sorb
in
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an
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(E
x
am

p
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4
.3

an
d

4.6)
p

rov
id

e
a

w
ay

to
com

p
u

te
th

e
R

K
H

S
valu

es
(i)

f
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x
∈
R
d,

an
d

th
e

R
K

H
S

in
n

er
p

ro
d

u
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w
h

en
f
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∈
H
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b
y

th
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s
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m
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∑
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1
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P
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d
g

=
∑
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⊂
P

Θ
.
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n
y
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to
u

se
th

e
con
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tion
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.
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x
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p
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e
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b
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∈
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∈
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n
eed

s
to

b
e

com
p

u
ted

,
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b
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V
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e
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et
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∈
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∑

ni=
1
θ
i P
i

v
ia

solv
in

g
th

e
follow

in
g

op
tim

ization
p

rob
lem

:

θ̂
=
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>
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∑
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e
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b
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P
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m
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l
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u
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h

en
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d
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to
se
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et

ri
c
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p
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∑
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∈
H

ex
p

re
ss

ed
b
y

p
ar

am
et

ri
c

ke
rn

el
m

ea
n

s
{P

θ i
}
∈
P Θ

,
as

is
u

se
d

in
th

e
m

o
d

el
-b

as
ed

k
er

n
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•
P

re
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n
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d
in

g
al

go
ri

th
m

s
(C

h
en

et
al

.,
20

10
)

ca
n

al
so

b
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∑
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c
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p
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w
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ke
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p
u
ta

ti
on

of
p

.d
.

ke
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el
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h
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in
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co
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te
ke
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e
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ow
ev
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el
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d

o
n
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p
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e
a

tr
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b
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m
p

u
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ti
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n
er
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W
e

th
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d
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e
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p
u
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co
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g
a
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ke
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b
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n
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G

H
ke
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b
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p
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p
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l
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G
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=
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p
p
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G
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b
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n
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2
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n
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h
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b
le

p
d

fs
w

h
en

th
ey

ar
e

in
d

ep
en

d
en

t,
is

ot
ro

p
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e
d
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at
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p
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b
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p
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b
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h
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p
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p
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p
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p
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p
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p
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b
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p
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d
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i,
20

13
).

1
0
.

J
o
h
n

N
o
la

n
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.
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d
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p
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p
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=
k
A

+
A
P

+
A
Q
,ν
s
+
ν
P

+
ν̃
Q

(γ
P
,γ
Q

)
=
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−
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p
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d
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=
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Γ
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−
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Γ
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−
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−
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=
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=
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>
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c
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=
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d
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√
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√
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∫
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∫
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−
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−
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Γ
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−

co
s

(
µ
−
ν

2
π

)
Y
v
(z

))
,

w
h

er
e
J
ν
(z
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v
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d
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d
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=
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d
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d
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∞
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d
t.

A
.4

S
u

b
-G

a
u

ss
ia

n
(E

ll
ip

ti
c
a
ll

y
C

o
n
to

u
re

d
)
α

-S
ta

b
le

D
is

tr
ib

u
ti

o
n

s
o
n

R
d

T
h

e
su

b
-G

au
ss

ia
n
α

-s
ta

b
le

d
is

tr
ib

u
ti

on
h

a
s

th
e

fo
ll

ow
in

g
ch

ar
a
ct

er
is

ti
c

fu
n

ct
io

n
:

22
JM

L
R

 1
7(

18
0)

:1
-2

8



C
h
a
r
a
c
t
e
r
ist

ic
K

e
r
n
e
l
s

a
n
d

In
f
in

it
e
ly

D
iv

isib
l
e

D
ist

r
ib

u
t
io

n
s

P
ro

p
o
sitio

n
A

.3
(S

a
m

o
rod

n
itsky

a
n

d
T

a
qqu

,
1
9
9
4
,

P
ro

po
sitio

n
2
.5

.2
,

p
.

7
8
)

L
et
α
∈

(0,2
).

T
h
e

su
b-G

a
u

ssia
n
α

-sta
ble

ra
n

d
o
m

vecto
r
X

in
R
d

h
a
s

th
e

ch
a
ra

cteristic
fu

n
ctio

n

E
ex

p [
i

d
∑k

=
1

θ
k X

k ]
=

ex
p 
−

∣∣∣∣∣∣ 12

d
∑ij=

1

θ
i θ
j R

ij ∣∣∣∣∣∣

α2

+
i(θ,µ

0) 
,

w
h
ere

R
is

a
p
.d

.
m

a
trix

a
n

d
µ

0∈
R
d

is
a

sh
ift

vecto
r.

α
=

2
a
n

d
α

=
1

im
p

ly
th

e
m

u
ltiva

ria
te

G
au

ssia
n

a
n

d
C

au
ch

y
d

istrib
u

tio
n

,
resp

ectively.
F

o
r
α
∈

(0,2
),

th
e

ra
d

ia
l

su
b

-G
a
u

ssia
n
SG

α
(R

d)[I
]

(w
ith

id
en

tity
m

a
trix

R
=
I
)

h
as

th
e

u
n

iform
sp

ectral
m

ea
su

re
Γ

(B
)

=
c|B
|,∀

B
∈
B

(S
d−

1 )
in

th
e

L
év

y
m

ea
su

re
(5)

(S
a
m

oro
d

-
n

itsk
y

an
d

T
aq

q
u

,
1
99

4,
P

ro
p

ositio
n

2.5
.5

,
p

.
7
9).

S
u

b
-G

a
u

ssia
n
SG

α
(R

d)[R
]

w
ith

a
p

.d
.

m
atrix

R
is

th
e

ellip
tical

v
ersio

n
o
f

th
e

ra
d

ia
l

su
b

-G
a
u

ssian
s.

Its
sp

ectra
l

m
ea

su
re

is
g
iven

in
S

am
o
ro

d
n

itsk
y

a
n

d
T

aq
q
u

(1
99

4
,

P
ro

p
o
sition

2
.5

.8
,

p
.

8
2
).

A
p
p

e
n
d
ix

B
.

G
H

C
la

sse
s

o
n
R
d

A
G

H
d

istrib
u

tio
n

on
R
d

is
g
iven

b
y

th
e

n
o
rm

a
l
m

ean
-varia

n
ce

m
ix

tu
re

w
ith

th
e

G
IG

m
ix

in
g

d
istrib

u
tion

.
S

ee,
e.g.,

v
.

H
am

m
erstein

(2
0
10

)
for

m
o
re

in
form

a
tio

n
.

W
e

h
ere

rep
ro

d
u

ce
so

m
e

of
th

em
.

B
.1

G
IG

D
istrib

u
tio

n
s

o
n

R
+

A
gen

era
lized

in
verse

G
a
u

ssia
n

(G
IG

)
d

istrib
u

tio
n
G
I
G

(λ
,δ,γ

)
o
n
R

+
is

g
iven

b
y

th
e

fo
l-

low
in

g
p

d
f:

d
G
I
G

(λ
,δ,γ

) (x
)

=
(
γδ )

λ
1

2K
λ (δγ

) x
λ−

1
ex

p (−
12

(
δ

2x
+
γ

2x ))
1

(0
,∞

) (x
),

w
h

ere
K
λ (x

)
is

th
e

m
o
d

ifi
ed

B
essel

fu
n

ctio
n

of
th

e
th

ird
k
in

d
w

ith
in

d
ex
λ

.
T

h
e

p
a
ra

m
eters

(λ
,δ,γ

)
tak

e
th

e
follow

in
g

va
lu

es:


δ≥
0
,γ
>

0
,

if
λ
>

0
,

δ
>

0
,γ
>

0
,

if
λ

=
0,

δ
>

0
,γ
≥

0
,

if
λ
<

0
,

w
h

ere
δ

=
0

an
d
γ

=
0

co
rresp

o
n

d
to

lim
itin

g
ca

ses, 1
1

w
h

ich
a
re

th
e

G
am

m
a

d
istrib

u
tio

n
a
n

d
th

e
in

verse
G

a
m

m
a

d
istrib

u
tion

,
resp

ectiv
ely.

T
h

e
G

IG
d
istrib

u
tio

n
s

h
ave

th
e

fo
llow

in
g

co
n
vo

lu
tio

n
p

rop
erties:

P
ro

p
o
sitio

n
B

.1
(v.

H
a
m

m
erstein

,
2
0
1
0
,

P
ro

po
sitio

n
1
.1

1
,

p
.

1
1
)

W
ith

in
th

e
cla

ss
o
f

G
IG

d
istribu

tio
n

s,
th

e
fo

llo
w

in
g

co
n

vo
lu

tio
n

p
ro

perties
h
o
ld

:

a
)
G
I
G

(−
12 ,δ

1 ,γ
)∗

G
I
G

(−
12 ,δ

2 ,γ
)

=
G
I
G

(−
12 ,δ

1
+
δ

2 ,γ
),

b)
G
I
G

(−
12 ,δ

1 ,γ
)∗

G
I
G

(
12 ,δ

2 ,γ
)

=
G
I
G

(
12 ,δ

1
+
δ

2 ,γ
),

c)
G
I
G

(−
λ
,δ,γ

)∗
G
I
G

(λ
,0,γ

)
=
G
I
G

(λ
,δ,γ

),
λ
>

0,

d
)
G
I
G

(λ
1 ,0,γ

)∗
G
I
G

(λ
2 ,0,γ

)
=
G
I
G

(λ
1

+
λ

2 ,0,γ
),

λ
1 ,λ

2
>

0.

1
1
.

If
λ
6=

0
,

th
en

K
λ
(x

)∼
12
Γ

(|λ|) (
x2 )−

|λ|
(x
↓

0
).

23
JM

L
R

 17(180):1-28

N
ish

iy
a
m

a
a
n
d

F
u
k
u
m

iz
u

B
.2

G
H

D
istrib

u
tio

n
s

o
n

R
d

A
G

H
d

istrib
u

tion
h

as
th

e
follow

in
g

p
d

f:

d
G
H
d
(λ
,α
,β
,δ,µ

,∆
) (x

)
=

a
(λ
,α
,β
,δ,µ

,∆
) (√

δ
2

+
||x
−
µ|| 2∆

−
1 )

λ−
d2K

λ−
d2 (

α √
δ

2
+
||x
−
µ|| 2∆

−
1 )

e 〈β
,x−

µ〉,

w
h

ere
a
(λ
,α
,β
,δ,µ

,∆
)

is
th

e
n

orm
alization

con
stan

t:

a
(λ
,α
,β
,δ,µ

,∆
)

=
(α

2−
||β|| 2∆

)
λ
/
2

(2π
)
d
/
2|∆
|

12α
λ−

d
/
2δ
λK

λ (δ √
α

2−
||β|| 2∆

) .

T
h

e
G

H
p

ara
m

eters
(λ
,α
,β
,δ,µ

,∆
)

tak
e

th
e

follow
in

g
valu

es:

λ
∈
R
,
α
,δ∈

R
+
,
β
,µ
∈
R
d,

∆
∈
P
d ,

δ≥
0,0
≤
||β||∆

<
α
,

if
λ
>

0,
δ
>

0,0
≤
||β||∆

<
α
,

if
λ

=
0,

δ
>

0,0
≤
||β||∆

≤
α
,

if
λ
<

0,

w
h

ere
δ

=
0

or
α

=
||β||∆

is
a

lim
itin

g
case.

T
h

e
G

H
d
istrib

u
tion

is
sy

m
m

etric
if

an
d

on
ly

if
β

=
0

an
d
µ

=
0.

T
h

e
sy

m
m

etric
G

H
h

as
th

e
follow

in
g

ellip
tical

p
d

f:

d
S
G
H
d
(λ
,α
,δ,∆

) (x
)

=
α
d2

(2π
)
d2|∆
|

12δ
λK

λ (δα
) (√

δ
2

+
||x|| 2∆

−
1 )

λ−
d2K

λ−
d2 (

α √
δ

2
+
||x|| 2∆

−
1 )

,

w
h

ere
ν

(t)
in

eq
u

ation
(2)

is
giv

en
b
y

a
G

IG
d

istrib
u

tion
.

B
.3

N
IG

D
istrib

u
tio

n
s

o
n

R
d

T
h

e
N

IG
d

istrib
u

tion
N
I
G
d (α

,β
,δ,µ

,∆
)

h
as

th
e

follow
in

g
p

d
f

(v
.

H
a
m

m
erstein

,
2010,

p
.74

):

d
N
I
G
d
(α
,β
,δ,µ

,∆
) (x

)∝
(√

δ
2

+
||x
−
µ|| 2∆

−
1 )
−
d
+

1
2

K
d
+

1
2

(
α √

δ
2

+
||x
−
µ|| 2∆

−
1 )

e 〈β
,x−

µ〉.

B
.4

V
G

D
istrib

u
tio

n
s

o
n

R
d

T
h

e
V

G
d

istrib
u

tion
V
G
d (λ

,α
,β
,µ
,∆

)
h

as
th

e
follow

in
g

p
d

f
(v

.H
am

m
erstein

,2010
,
p

.74
): 1

2

d
V
G
d
(λ
,α
,β
,µ
,∆

) (x
)∝

(||x
−
µ||∆

−
1 )
λ−

d2K
λ−

d2
(α||x

−
µ||∆

−
1 )
e 〈β

,x−
µ〉.

R
e
fe

re
n
ce

s

D
.
A

p
p

leb
au

m
.

L
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er
o
f

a
p

p
ro

ach
es.

P
o
l-

la
rd

(1
9
81

)
h

a
s

p
roved

th
e

co
n

sisten
cy

o
f
k
-m

ean
s

clu
sterin

g
.

C
o
n

sisten
cy

of
k
-m

ean
s

clu
sterin

g
fo

r
p

ath
s

w
ith

regu
lariza

tio
n

w
a
s

recen
tly

stu
d

ied
b
y

T
h

orp
e

et
a
l.

(2
015

),
u

sin
g

a
sim

ilar
v
iew

p
o
in

t
to

th
o
se

o
f

th
is

p
a
p

er.
C

o
n

sisten
cy

for
a

cla
ss

o
f

sin
gle

lin
kag

e
clu

sterin
g

a
lg

orith
m

s
w

a
s

sh
ow

n
b
y

H
a
rtiga

n
(1

9
8
1
).

A
ria

s-C
a
stro

a
n

d
P

elletier
(2

01
3
)

h
ave

p
roved

th
e

con
sisten

cy
o
f

low
-d

im
en

sion
a
l

em
b

ed
d

in
g
s

v
ia

th
e

m
ax

im
u

m
va

ria
n
ce

u
n

fo
ld

in
g
.

C
on

sisten
cy

o
f

sp
ectral

clu
sterin

g
w

a
s

rig
o
ro

u
sly

co
n

sid
ered

b
y

vo
n

L
u

x
b

u
rg

,
B

elk
in

,
a
n

d
B

ou
sq

u
et

(2
0
0
4
,

2
00

8
).

T
h

ese
w

o
rk

s
sh

ow
th

e
con

verg
en

ce
of

a
ll

eig
en

fu
n

ctio
n
s

o
f

th
e

g
rap

h
L

a
p

la
cia

n
fo

r
fi

x
ed

len
g
th

sca
le
ε
n

=
ε

w
h

ich
resu

lts
in

th
e

lim
itin

g
(a

s
n
→
∞

)
co

n
tin

u
u

m
p

ro
b

lem
b

ein
g

a
n

o
n
lo

ca
l

o
n

e.
B

elk
in

a
n

d
N

iyo
g
i

(2
0
06

)
co

n
sid

er
th

e
sp

ectra
l

p
ro

b
lem

(L
ap

la
cian

eig
en

m
a
p

s)
a
n

d
sh

ow
th

a
t

th
ere

ex
ists

a
seq

u
en

ce
ε
n
→

0
su

ch
th

a
t

in
th

e
lim

it
th

e
(m

a
n

ifold
)

L
a
p

la
cian

is
recovered

,
h

ow
ever

n
o

ra
te

at
w

h
ich

ε
n

ca
n

go
to

zero
is

p
rov

id
ed

.
C

o
n

sisten
cy

o
f

n
o
rm

alized
cu

ts
w

a
s

con
sid

ered
b
y

A
ria

s-C
a
stro

,
P

elletier,
an

d
P

u
d

lo
(2

01
2
)

w
h

o
p

rov
id

e
a

ra
te

o
n
ε
n
→

0
u

n
d

er
w

h
ich

th
e

m
in

im
izers

o
f

th
e

d
iscrete

cu
t

fu
n

ctio
n

a
ls

m
in

im
ized

over
a

sp
ecifi

c
fam

ily
o
f

su
b

sets
o
f
X
n

con
verge

to
th

e
con

tin
u

u
m

C
h
eeger

set.
O

u
r

w
o
rk

im
p

rov
es

on
(A

ria
s-C

astro
et

a
l.,

2
0
12

)
in

several
w

ay
s.

W
e

m
in

im
ize

th
e

d
iscrete

fu
n

ctio
n

a
ls

over
a
ll

d
iscrete

p
artitio

n
s

o
n
X
n

a
s

it
is

con
sid

ered
in

p
ra

ctice
a
n

d
p

rove
th

e
resu

lt
fo

r
th

e
o
p

tim
a
l,

in
term

s
o
f

sca
lin

g
,

ra
n

g
e

of
rates

at
w

h
ich

ε
n

ca
n

go
to

zero
a
s
n
→
∞

fo
r

co
n

sisten
cy

to
h

old
.

T
h

ere
a
re

a
lso

a
n
u

m
b

er
of

w
ork

s
w

h
ich

in
vestig

a
te

h
ow

w
ell

th
e

d
iscrete

fu
n

ctio
n

a
ls

ap
p

rox
im

a
te

th
e

co
n
tin

u
u

m
o
n

es
fo

r
a

p
articu

la
r

fu
n

ctio
n

.
A

m
o
n

g
th

em
are

w
o
rk

s
b
y

B
elk

in
an

d
N

iyo
gi

(2
0
08

),
G

in
é

a
n

d
K

o
ltch

in
sk

ii
(2

0
06

),
H

ein
,

A
u

d
ib

ert,
an

d
V

o
n

L
u

x
b

u
rg

(2
00

5
),

N
araya

n
a
n

,
B

elk
in

,
an

d
N

iyo
gi

(2
0
06

),
S

in
g
er

(20
0
6
)

a
n

d
T

in
g
,

H
u
an

g
,

a
n

d
J
ord

a
n

(2
01

0
).

M
a
ier,

vo
n

L
u

x
b

u
rg,

a
n

d
H

ein
(20

1
3)

co
n

sid
ered

p
o
in

tw
ise

co
n
verg

en
ce

fo
r

C
h

eeg
er

a
n

d
n

o
rm

alized
cu

ts,
b

o
th

fo
r

th
e

g
eom

etric
a
n

d
k
N

N
g
ra

p
h

s
a
n

d
o
b

ta
in

ed
a

ra
n

g
e

o
f

sca
lin

g
s

of
gra

p
h

con
stru

ction
o
n
n

fo
r

th
e

con
verg

en
ce

to
h

o
ld

.
W

h
ile

th
ese

resu
lts

a
re

q
u

ite
va

lu
a
b

le,
w

e
p

o
in

t
ou

t
th

a
t

th
ey

d
o

n
o
t

im
p

ly
th

a
t

th
e

m
in

im
izers

o
f

d
iscrete

o
b

jective
fu

n
ction

als
a
re

close
to

m
in

im
izers

o
f

co
n
tin

u
u

m
fu

n
ctio

n
a
ls.

A
n

o
tion

of
co

n
verg

en
ce

su
ita

b
le

for
sh

ow
in

g
th

e
co

n
verg

en
ce

of
m

in
im

izers
o
f

a
p
p

rox
-

im
atin

g
o
b

jective
fu

n
ction

als
con

verge
tow

a
rd

s
a

m
in

im
izer

o
f

th
e

lim
it

fu
n

ctio
n

al
is

th
e

n
o
tion

of
Γ

-con
vergen

ce,
w

h
ich

w
a
s

in
tro

d
u

ced
b
y

D
e

G
io

rg
i

in
th

e
7
0
’s

an
d

rep
resen

ts
a

stan
d

a
rd

n
o
tio

n
o
f

variatio
n

a
l

co
n
vergen

ce.
F

o
r

d
etailed

ex
p

ositio
n

o
f

th
e

p
rop

erties
o
f

Γ
-

con
vergen

ce
see

th
e

b
o
o
k
s

b
y
B

ra
id

es
(2

0
02

)
a
n

d
D

al
M

a
so

(1
9
9
3
).

P
a
rticu

la
rly

relevan
t

to
ou

r
in

vestig
a
tio

n
a
re

w
ork

s
co

n
sid

erin
g

n
o
n

lo
ca

l
fu

n
ctio

n
a
ls

co
n
verg

in
g

to
th

e
p

erim
eter

o
r

to
to

ta
l

va
ria

tio
n

w
h

ich
in

clu
d
e

w
o
rk

s
b
y

A
lb

erti
a
n

d
B

ellettin
i

(19
9
8
),

S
av

in
a
n

d
V

a
ld

in
o
ci

(20
1
2
),

an
d

E
sed

oḡ
lu

an
d

O
tto

(20
1
5).

A
lso

rela
ted

a
re

w
o
rk

s
of

P
o
n

ce
(2

0
0
4
),

w
h

o
sh

ow
ed

th
e

Γ
-co

n
vergen

ce
o
f

n
o
n

lo
ca

l
fu

n
ctio

n
a
ls

related
to

ch
a
racteriza

tio
n

o
f

S
o
b

o
lev

sp
aces

a
n

d
of

G
o
b

b
in

o
(1

99
8
)

a
n

d
G

o
b

b
in

o
an

d
M

o
ra

(2
0
0
1
)

w
h
o

in
vestig

ated
n

o
n

lo
cal

a
p

p
rox

im
atio

n
s

of
th

e
M

u
m

fo
rd

-S
h

a
h

fu
n

ctio
n

a
l.

In
th

e
d

iscrete
d

eterm
in

istic
settin

g,
w

o
rk

s
rela

ted
to

th
e

Γ
-co

n
verg

en
ce

o
f

fu
n

ction
als

to
con

tin
u

ou
s

fu
n

ctio
n

a
ls

in
vo

lv
in

g
p

erim
eter

in
clu

d
e

w
o
rk

s
of
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G
a
r
ć
ıa

T
r
il

l
o
s,

S
l
e
p
č
e
v
,

v
o
n

B
r
e
c
h
t
,

L
a
u
r
e
n
t
,

a
n
d

B
r
e
sso

n

B
raid

es
an

d
Y

ip
(2012),

C
h

am
b

olle,
G

iacom
in

i,
an

d
L

u
ssard

i
(20

10),
a
n

d
van

G
en

n
ip

an
d

B
erto

zzi
(2

012
).

1
.1

G
ra

p
h

p
a
rtitio

n
in

g

T
h

e
b

alan
ced

cu
t

ob
jective

fu
n

ction
als

w
e

con
sid

er
are

relevan
t

to
gen

eral
g
rap

h
s

(n
o
t

ju
st

th
e

on
es

ob
ta

in
ed

from
p

oin
t

clou
d

s).
W

e
in

tro
d

u
ce

th
em

h
ere.

G
iven

a
w

eigh
ted

grap
h
G

=
(X
,W

)
w

ith
vertex

set
X

=
{
x

1 ,...,x
n }

an
d

w
eigh

t
m

a
trix

W
=
{
w
ij }

1≤
i,j≤

n
,

th
e

b
alan

ced
grap

h
cu

t
p

rob
lem

s
w

e
con

sid
er

ta
ke

th
e

form

M
in

im
ize

C
u

t(Y
,Y

c)

B
al(Y

,Y
c)

:=

∑
x
i ∈
Y

∑
x
j ∈
Y
c
w
ij

B
al(Y

,Y
c)

over
all

n
on

em
p

ty
Y

(
X

.
(1.1)

T
h

a
t

is,
w

e
con

sid
er

th
e

class
of

p
rob

lem
s

w
ith

C
u

t(Y
,Y

c)
as

th
e

n
u

m
era

tor
togeth

er
w

ith
d

iff
eren

t
b

alan
ce

term
s.

F
or
Y
⊂
X

let|Y
|

b
e

th
e

ratio
b

etw
een

th
e

n
u

m
b

er
of

vertices
in

Y
a
n

d
th

e
n
u

m
b

er
of

v
ertices

in
X

,
th

at
is|Y

|
=

]Yn
.

W
ell-k

n
ow

n
b

alan
ce

term
s

in
clu

d
e

B
alR

(Y
,Y

c)
=

2|Y
||Y

c|
an

d
B

alC
(Y
,Y

c)
=

m
in

(|Y
|,|Y

c|),
(1.2)

w
h

ich
corresp

o
n

d
to

ratio
cu

t
(H

agen
an

d
K

ah
n

g,
19

92;
H

ein
an

d
S

etzer,
201

1;
von

L
u

x
b

u
rg,

2
00

7;
W

ei
an

d
C

h
en

g,
1989)

an
d

C
h

eeger
cu

t
(A

rora
et

al.,
20

09;
C

h
eeger,

1
970;

C
h
u

n
g,

1
99

7;
K

an
n

a
n

et
al.,

2004)
resp

ectiv
ely

1,
as

w
ell

as

B
a
lS (Y

,Y
c)

=
2

d
eg

(Y
)

d
eg

(Y
c)

d
eg

(X
)
2

an
d

B
alN

(Y
,Y

c)
=

m
in

(d
eg

(Y
),d

eg
(Y

c))

d
eg

(X
)

,
(1.3)

w
h

ere
d

eg
(Y

)
=
∑

ni=
1 ∑

nj6=
i w

ij
is

th
e

su
m

of
w

eigh
ted

d
eg

rees
of

all
vertices

in
Y

,
w

h
ich

corresp
on

d
to

sp
a
rsest

cu
t

(A
rora

et
al.,

2009
;

K
an

n
an

et
al.,

2004;
S

p
ielm

an
an

d
T

en
g,

20
04

)
a
n

d
n

orm
alized

cu
t

(A
rias-C

astro
et

al.,
2012;

S
h

i
an

d
M

alik
,

2000;
von

L
u

x
b

u
rg,

20
07

)
resp

ectively.
W

e
refer

to
a

p
air{Y

,Y
c}

th
at

solv
es

(1
.1)

as
an

o
p
tim

a
l

ba
la

n
ced

cu
t

o
f

th
e

gra
p
h
.

N
ote

th
at

a
giv

en
grap

h
G

=
(X
,W

)
m

ay
h

ave
several

op
tim

al
b
a
lan

ced
cu

ts
(a

lth
o
u

g
h

o
n

e
ex

p
ects

th
at

gen
erically

th
e

op
tim

a
l

cu
t

is
u

n
iq

u
e,

sin
ce

a
sm

all
p

ertu
rb

ation
of

th
e

w
eigh

ts
of

a
grap

h
w

ith
a

n
on

-u
n
iq

u
e

m
in

im
al

b
alan

ced
cu

t,
is

alm
ost

su
re

to
lead

to
o
n

ly
on

e
o
f

th
em

h
av

in
g

th
e

least
en

ergy
).

W
e

are
also

in
terested

in
m

u
lti-class

b
alan

ced
cu

ts.
S

p
ecifi

cally,
in

ord
er

to
p

artition
th

e
set

X
in

to
R
≥

3
clu

sters,
w

e
con

sid
er

th
e

follow
in

g
ratio

cu
t

fu
n

ction
al:

M
in

im
ize

(Y
1
,...,Y

R
)

R
∑r
=

1

C
u

t(Y
r ,Y

cr )

|Y
r |

,
Y
r ∩

Y
s

=
∅

if
r6=

s,
R⋃r
=

1

Y
r

=
X
.

(1.4)

1
.2

C
o
n
tin

u
u

m
p

a
rtitio

n
in

g

G
iven

a
b

ou
n

d
ed

an
d

con
n

ected
op

en
d

om
ain

D
⊂

R
d

a
n

d
a

p
ro

b
ab

ility
m

easu
re
ν

on
D

,
w

ith
p

o
sitive

d
en

sity
ρ
>

0,
w

e
d

efi
n

e
th

e
class

of
b

alan
ced

d
om

ain
cu

t
p

rob
lem

s
in

an
an

a
log

ou
s

w
ay.

A
b

alan
ced

d
om

ain
-cu

t
p

rob
lem

takes
th

e
form

M
in

im
ize

C
u

t
ρ (A

,A
c)

B
alρ (A

,A
c)
,

A
⊂
D

w
ith

0
<
ν

(A
)
<

1.
(1.5)

1
.

T
h
e

fa
cto

r
o
f

2
in

th
e

d
efi

n
itio

n
o
f

B
a
lR

(Y
,Y

c)
is

in
tro

d
u
ced

to
sim

p
lify

th
e

co
m

p
u
ta

tio
n

s
in

th
e

rem
a
in

-
d
er.

W
e

rem
a
rk

th
a
t

w
h
en

u
sin

g
B

a
lR

,
p

ro
b
lem

(1
.1

)
is

eq
u

iva
len

t
to

th
e

u
su

a
l

ra
tio

cu
t

p
ro

b
lem

.
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C
o
n
si

st
e
n
c
y

o
f

C
h
e
e
g

e
r

a
n
d

R
a
t
io

G
r
a
p
h

C
u
t
s

w
h

er
e
A
c

=
D
\A

.
J
u

st
as

th
e

gr
ap

h
cu

t
te

rm
C

u
t(
Y
,Y

c
)

in
(1

.1
)

p
ro

v
id

es
a

w
ei

gh
te

d
(b

y
W

)
m

ea
su

re
of

th
e

b
ou

n
d

ar
y

b
et

w
ee

n
Y

an
d
Y
c
,

th
e

cu
t

te
rm

C
u

t ρ
(A
,A

c
)

fo
r

a
d

o
m

a
in

d
en

ot
es

a
ρ

2
−

w
ei

gh
te

d
ar

ea
of

th
e

b
ou

n
d

ar
y

b
et

w
ee

n
th

e
se

ts
A

an
d
A
c
.

A
ss

u
m

in
g

th
a
t

∂
D
A

:=
∂
A
∩
D

(t
h

e
b

ou
n

d
ar

y
b

et
w

ee
n
A

an
d
A
c
)

is
a

sm
o
ot

h
cu

rv
e

(i
n

2
d

),
su

rf
a
ce

(i
n

3d
)

or
m

an
if

ol
d

(i
n

4d
+

),
w

e
ca

n
d

efi
n

e

C
u

t ρ
(A
,A

c
)

:=

ˆ

∂
D
A
ρ

2
(x

)
d
S

(x
).

(1
.6

)

W
e

on
ly

co
n

si
d

er
cu

ts
w

it
h

w
ei

gh
t
ρ

2
,

si
n

ce
th

ey
ap

p
ea

r
as

th
e

li
m

it
of

th
e

d
is

cr
et

e
cu

ts
w

e
co

n
si

d
er
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e
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e
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h
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b
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n
d

ar
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e

p
re
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t

th
e
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ed
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ot

io
n
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m
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th
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an
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th
e
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u
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an

d
m
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ly
p
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se
fo

rm
u

la
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p
ro

b
le

m
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.5
)
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S

u
b
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3
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.
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ρ
(x

)
=

1
th

en
C

u
t ρ

(A
,A
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)

si
m

p
ly

co
rr

es
p

on
d

s
to

ar
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le
n

gt
h
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n

2d
)

o
r
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a
ce

a
re

a
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n
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).
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th
e

ge
n

er
al

ca
se

,
th

e
p

re
se

n
ce
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ρ

2
(x

)
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(1
.6

)
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d
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at
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th
at

th
e

re
g
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n
s

o
f

lo
w

d
en

si
ty
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e

ea
si

er
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t,
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∂
D
A
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a
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cy

to
p
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u
gh

re
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D

o
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w

d
en

si
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.
A

s
in

th
e

gr
ap
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d

er
b

al
an
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te
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s

B
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ρ
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,A

c
)
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|
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B
al
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,A

c
)

=
m
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|,|
A
c
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)

w
h

ic
h

co
rr

es
p

on
d

to
w

ei
gh

te
d
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n
ti

n
u

ou
s
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u
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en
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th
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ra
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o

cu
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an
d

th
e

C
h

ee
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er

cu
t.
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th

e
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n
ti

n
u

u
m
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g
|A
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n

d
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r

th
e

to
ta
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ν

-c
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te
n
t
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th
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A

,
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a
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=

ˆ

A
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)
d
x
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.8

)

W
e

al
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co
n

si
d

er
b
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an

ce
te

rm
s

B
al
ρ
(A
,A

c
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=
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| ρ2

an
d
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=
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w
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| ρ2

=
1

´

D
ρ
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A
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e

re
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c
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p
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b
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b
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∩
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=
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T
r
il
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o
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e
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č
e
v
,
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n
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r
e
c
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,
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t
,
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n
d
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r
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.3
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c
y
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f

p
a
rt
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b
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u
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p
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p
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p
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op
en
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L
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b

o
u

n
d
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D

.
F

u
rt

h
er
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re

w
e
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su

m
e

th
a
t
ν

h
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co
n
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n
u

o
u
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d
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ρ

:
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→
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d
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t
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≤
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d
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b
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n
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a
b
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e

b
y

p
o
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n
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.

W
e

d
en

ot
e

b
y
X
n

=
{x

1
,.
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,x

n
},

th
e

se
t

co
n
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st
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o
f

th
e
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n

d
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p
o
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.

T
o

ex
tr
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t

th
e
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n
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m

th
e

p
o
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o
u

d
X
n
,
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e

b
u

il
d
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a

g
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p
h

b
y
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y
p

oi
n
ts

.
M

o
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p
re
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se

ly
,
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t
η

:
R
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→
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,∞

)
b

e
a
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d
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m
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c
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W
e
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b
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h
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th
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.

F
o
r
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j
∈
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,.
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},

w
e
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n
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d

er
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e
w
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g
h
t

w
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=
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x
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−
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j
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.
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n
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d
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e

n
u

m
b

er
o
f

av
a
il

ab
le

d
a
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n
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d
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b
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,
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)
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er
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e

to
w
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p
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w
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p
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e
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m
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≥
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u
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m
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∞
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∞
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=
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p
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≥
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=
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.
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e
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)
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e
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p
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p
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re
sc

a
li

n
g,

al
m

o
st

su
re

ly
th

e
m

in
im

u
m

o
f

p
ro

b
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).
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h
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e
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d
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p
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b
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.
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→
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∞
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w ⇀
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b
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w ⇀
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e
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p
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p
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=
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p
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u
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con
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p
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b
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b
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b
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⊂
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b
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e
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=
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ˆ
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ε
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fron

t
of

th
e

cu
t

ab
ove

is
accou

n
ted

fo
r

in
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is
a

p
ro

b
a
b

il
it

y
m

ea
su

re
su

p
p

o
rt

ed
on

D
w

e
h

av
e
|D
|=

1.
W

e
n

ow
fo

rm
u

la
te

th
e

b
a
la

n
ce

te
rm

s
d

efi
n

ed
b
y

(1
.7

)
a
n

d
(1

.8
)

u
si

n
g

ch
a
ra

ct
er

is
ti

c
fu

n
ct

io
n

s.
W

e
st

a
rt

b
y

ex
te

n
d

in
g

th
e

b
a
la

n
ce

te
rm

to
ar

b
it

ra
ry

fu
n

ct
io

n
s
u
∈
L

1
(ν

):

B
R

(u
)

=

ˆ

D
|u

(x
)
−

m
ea

n
ρ
(u

)|ρ
(x

)
d
x

a
n

d
B

C
(u

)
=

m
in

c∈
R

ˆ

D
|u

(x
)
−
c|ρ

(x
)

d
x
,

(3
.7

)
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C
o
n
sist

e
n
c
y

o
f

C
h
e
e
g

e
r

a
n
d

R
a
t
io

G
r
a
p
h

C
u
t
s

w
h

ere
m

ea
n
ρ (u

)
d

en
otes

th
e

m
ea

n
/
ex

p
ecta

tio
n

o
f
u

(x
)

w
ith

resp
ect

to
th

e
m

ea
su

re
d
ν

=
ρ
d
x

.A
n

a
lo

go
u

sly,
u

sin
g

th
e

sy
m

b
ol
− ´
D
f

(x
)ρ

2(x
)d
x

:=
1

´

D
ρ
2
(x

)d
x

´

D
f

(x
)ρ

2(x
)d
x

,
w

e
d

efi
n

e

B
S (u

)
=
− ˆ

D
|u

(x
)−

m
ean

ρ
2 (u

)|ρ
2(x

)
d
x

a
n

d
B

N
(u

)
=

m
in

c∈
R
− ˆ

D
|u

(x
)−

c|ρ
2(x

)
d
x
,

(3
.8)

w
h

ere
m

ea
n

2ρ (u
)

=
− ´
D
u

(x
)ρ

2(x
)d
x

.
W

e
h

ave
th

e
d

esired
relatio

n
w

ith
b

a
la

n
ce

term
s

d
efi

n
ed

in
(1.2

)
an

d
(1

.3
)

B
I (1

A
)

=
B

a
lI (A

,A
c)

fo
r
I

=
R
,C
,S
,

a
n

d
N

(3
.9

)

for
every

m
ea

su
rab

le
su

b
set

A
o
f
D

.
F

ro
m

h
ere

o
n

,
w

e
u

se
B

to
rep

resen
t
B

R
,
B

C
,
B

S ,
o
r

B
N

,
d

ep
en

d
in

g
o
n

th
e

co
n
tex

t.
W

e
also

co
n

sid
er

n
o
rm

a
lized

in
d
ica

to
r

fu
n

ctio
n

s
1̃
A

g
iven

b
y

1̃
A

:=
1
A

B
(1
A

) ,
A
⊆
D
,

an
d

co
n

sid
er

th
e

set

In
d

(D
)

:=
{
u
∈
L

1(ν
)

:
u

=
1̃
A

fo
r

som
e

m
ea

su
ra

b
le

set
A
⊆
D

w
ith

B
(1
A

)6=
0 }
.

(3
.1

0)
T

h
en

fo
r
u

=
1̃
A
∈

In
d

(D
)

T
V

(u
)

=
T
V

(1̃
A

)
=
T
V

(
1
A

B
(1
A

) )
=
T
V

(1
A

)

B
(1
A

)
=

C
u

t
ρ (A

,A
c)

B
a
l(A

,A
c)
.

(3
.11

)

C
on

seq
u

en
tly

th
e

p
ro

b
lem

(1
.5

)
is

eq
u

iva
len

t
to

m
in

im
izin

g
E

:
T
L

1(D
)→

(−
∞
,∞

],
g
iven

b
y

E
(µ
,u

)
:=

{
T
V

(u
)

if
µ

=
ν

a
n

d
u
∈

In
d

(D
)

+
∞

oth
erw

ise.
(3.1

2)

w
h

ere
µ

is
a

p
rob

ab
ility

m
ea

su
re

on
D

,
u
∈
L

1(µ
),
T
V

(u
)

=
T
V

(u
;ν

),
is

given
b
y

(3
.5

)
a
n

d
In

d
(D

)
is

d
efi

n
ed

b
y

(3
.10

).
S

in
ce

th
e

fu
n

ctio
n

al
E

is
o
n

ly
n

o
n

-triv
ia

l
w

h
en

µ
=
ν

,
fro

m
n

ow
on

w
e

w
rite

E
(u

)
in

stea
d

of
E

(ν
,u

).
B

efore
w

e
sh

ow
th

at
b

o
th

th
e

co
n
tin

u
u

m
ra

tio
cu

t
an

d
C

h
eeg

er
cu

t
in

d
eed

h
ave

a
m

in
im

izer,
w

e
n

eed
th

e
fo

llow
in

g
lem

m
a
:

L
e
m

m
a

7
(i)

T
h
e

ba
la

n
ce

fu
n

ctio
n

s
B
I

a
re

co
n

tin
u

o
u

s
o
n
L

1(ν
).

(ii)
T

h
e

set
In

d
(D

)
is

clo
sed

in
L

1(ν
).

P
ro

o
f

L
et

u
s

sta
rt

b
y

p
rov

in
g

(i).
W

e
fi

rst
con

sid
er

th
e

b
ala

n
ce

term
B

C
(u

)
th

at
co

rre-
sp

on
d

s
to

th
e

C
h

eeger
cu

t.
L

et
u

1 ,u
2 ∈

L
1(ν

).
L

et
c
i

b
e

th
e

m
ed

ia
n

of
u
i

fo
r
i

=
1,2

,
th

at
is

let
c
i

b
e

a
m

in
im

izer
o
f
c7→
´

D
|u
i (x

)−
c|
ρ
(x

)
d
x
.

T
h

en
,

b
y

(3
.7),

B
(u

1 )−
B

(u
2 )≤

ˆ

|u
1 −

c
2 |ρ

(x
)

d
x
−
ˆ

|u
2 −

c
2 |
ρ
(x

)
d
x

≤
ˆ

|u
1 −

u
2 |ρ

(x
)

d
x

=
‖u

1 −
u

2 ‖
L
1
(ν

) .
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G
a
r
ć
ıa

T
r
il

l
o
s,

S
l
e
p
č
e
v
,

v
o
n

B
r
e
c
h
t
,

L
a
u
r
e
n
t
,

a
n
d

B
r
e
sso

n

E
x
ch

a
n

g
in

g
th

e
role

of
u

1
an

d
u

2
in

th
is

argu
m

en
t

im
p

lies
th

a
t|B

(u
1 )−

B
(u

2 )|≤
‖
u

1 −
u

2 ‖
L
1
(ν

) ,
w

h
ich

im
p

lies
L

ip
sch

itz
con

tin
u

ity
of
B

C
.

N
ow

co
n

sid
er

th
e

b
alan

ce
term

B
R

(u
)

th
at

corresp
o
n

d
s

to
th

e
ratio

cu
t.

L
et{

u
k }
k
=

1
,...

b
e

a
seq

u
en

ce
in
L

1(ν
)

con
vergin

g
to
u

.
T

h
e

in
eq

u
ality

||a|−
|b||≤

|a−
b|

im
p

lies
th

at
∣∣∣∣
ˆ

|u
k −

m
ean

ρ (u
k )|ρ

(x
)

d
x
−
ˆ

|u
−

m
ean

ρ (u
)|ρ

(x
)

d
x ∣∣∣∣

≤
ˆ

|u
k −

u|ρ
(x

)
d
x

+

ˆ

|m
ean

ρ (u
k )−

m
ea

n
ρ (u

)|ρ
(x

)
d
x

≤
ˆ

|u
k −

u|ρ
(x

)
d
x

+
|m

ean
ρ (u

k )−
m

ean
ρ (u

)|.

S
in

ce
u
k
→

u
in

L
1(ν

)
w

e
h

ave
th

at
m

ean
ρ (u

k )
→

m
ean

ρ (u
)

an
d

th
erefore

|B
R

(u
k )−

B
R

(u
)|≤

‖u
k −

u‖
L
1
(ν

)
+
|m

ean
ρ (u

k )−
m

ean
ρ (u

)|→
0

as
d

esired
.

In
ord

er
to

p
rove

(ii)
su

p
p

ose
th

at{u
k }
n∈

N
is

a
seq

u
en

ce
in

In
d

(D
)

con
verg

in
g

in
L

1(ν
)

to
so

m
e
u
∈
L

1(ν
),

w
e

n
eed

to
sh

ow
th

at
u
∈

In
d

(D
).

B
y

(i)
w

e
k
n

ow
th

at
B

(u
k )→

B
(u

)
a
s
k
→
∞

.
S

in
ce
u
k
∈

In
d

(D
),

in
p

articu
lar

B
(u
k )

=
1.

T
h
u

s,
B

(u
)

=
1.

O
n

th
e

oth
er

h
a
n

d
,
u
k
∈

In
d

(D
)

im
p
lies

th
at
u
k

h
as

th
e

form
u
k

=
α
k 1

A
k .

S
in

ce
th

is
is

tru
e

for
ev

ery
k
,

in
p

articu
lar

w
e

m
u

st
h

ave
th

at
u

h
as

th
e

form
u

=
α

1
A

fo
r

som
e

real
n
u

m
b

er
α

an
d

som
e

m
easu

rab
le

su
b

set
A

of
D

.
F

in
ally,

th
e

fact
th

at
B

is
1-h

om
o
gen

eou
s

im
p

lies
th

at
1

=
B

(u
)

=
α
B

(1
A

).
In

p
articu

lar
B

(1
A

)6=
0

an
d
α

=
1

B
(1
A

) .
T

h
u

s
u

=
1̃
A

w
ith

B
(1
A

)6=
0

a
n

d
h

en
ce
u
∈

In
d

(D
).

L
e
m

m
a

8
L

et
D

a
n

d
ν

be
a
s

sta
ted

a
t

th
e

begin
n

in
g

o
f

th
is

sectio
n

.
T

h
ere

exists
a

m
ea

-
su

ra
ble

set
A
⊆
D

w
ith

0
<
ν

(A
)
<

1
su

ch
th

a
t

1̃
A

m
in

im
izes

(3.12
).

P
ro

o
f

T
h

e
sta

tem
en

t
follow

s
b
y

th
e

d
irect

m
eth

o
d

of
th

e
ca

lcu
lu

s
of

variation
s.

S
in

ce
th

e
fu

n
ction

al
is

b
ou

n
d

ed
from

b
elow

it
su

ffi
ces

to
sh

ow
th

at
it

is
low

er
sem

ico
n
tin

u
o
u

s
w

ith
resp

ect
to

th
e
L

1(ν
)

n
orm

an
d

th
at

a
m

in
im

izin
g

seq
u
en

ce
is

p
recom

p
act

in
L

1(ν
).

T
o

sh
ow

low
er

sem
i-con

tin
u

ity
it

is
en

ou
gh

to
con

sid
er

a
seq

u
en

ce
u
n

=
1̃
A
n
∈

In
d

(D
)

con
vergin

g
in

L
1(ν

)
to
u
∈
L

1(ν
).

F
rom

L
em

m
a

7
it

follow
s

th
at
u
∈

In
d

(D
)

an
d

h
en

ce
u

=
1̃
A

for
som

e
A

w
ith

B
(1
A

)
>

0.
T

h
erefore

1
A
n
→

1
A

as
n
→
∞

in
L

1(ν
).

T
h

e
low

er
sem

i-con
tin

u
ity

th
en

fo
llow

s
fro

m
th

e
low

er
sem

i-con
tin

u
ity

of
th

e
total

variatio
n

(3.6),
th

e
con

tin
u

ity
o
f
B

a
n

d
th

e
fact

th
at

sin
ce
B

(1
A

)
>

0,
1
/B

(1
A
n
)→

1
/B

(1
A

)
as
n
→
∞

.
T

h
e

p
re-com

p
actn

ess
of

an
y

m
in

im
izin

g
seq

u
en

ce
of

(3.12)
follow

s
d

irectly
from

T
h

eo-
rem

5.1
of

B
a
ld

i
(2001),

w
h

ich
com

p
letes

th
e

p
ro

of.

4
.
A
ssu

m
p
tio

n
s
a
n
d

sta
te
m
e
n
ts

o
f
m
a
in

re
su

lts.

H
ere

w
e

p
resen

t
th

e
p
recise

h
y
p

oth
eses

w
e

u
se

an
d

state
p

recisely
th

e
m

ain
resu

lts
of

th
is

p
a
p

er.
L

et
D

b
e

an
op

en
,

b
ou

n
d

ed
,

con
n

ected
su

b
set

ofR
d

w
ith

L
ip

sch
itz

b
ou

n
d

ary,
an

d
let

ρ
:
D
→

R
b

e
a

con
tin

u
ou

s
d

en
sity

w
h

ich
is

b
ou

n
d

ed
b

elow
an

d
a
b

ov
e

b
y

p
ositiv

e
co

n
stan

ts,
th

at
is,

for
all

x
∈
D

λ
≤
ρ
(x

)≤
Λ

(4.1)
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C
o
n
si

st
e
n
c
y

o
f

C
h
e
e
g

e
r

a
n
d

R
a
t
io

G
r
a
p
h

C
u
t
s

fo
r

so
m

e
Λ
≥
λ
>

0.
W

e
le

t
ν

b
e

th
e

m
ea

su
re

d
ν

=
ρ
d
x

.
L

et
η

:
[0
,∞

)
→

[0
,∞

)
b

e
th

e
ra

d
ia

l
p

ro
fi

le
of

th
e

si
m

il
ar

it
y

ke
rn

el
,

n
am

el
y

th
e

fu
n

ct
io

n
sa

ti
sf

y
in

g
η
(x

)
=
η

(|x
|).

W
e

as
su

m
e

(K
1
)
η

(0
)
>

0
an

d
η

is
co

n
ti

n
u

ou
s

at
0.

(K
2
)
η

is
n

on
-i

n
cr

ea
si

n
g.

(K
3
)
σ
η

:=
´

R
d
η

(|x
|)|
〈x
,e

1
〉|

d
x
<
∞
.

W
e

re
fe

r
to

th
e

q
u

an
ti

ty
σ
η

as
th

e
su

rf
a
ce

te
n

si
o
n

as
so

ci
at

ed
to
η

.
In

th
e

a
b

ov
e,
〈x
,e

1
〉

d
en

ot
es

th
e

in
n

er
p
ro

d
u

ct
of

th
e

ve
ct

or
x

w
it

h
th

e
v
ec

to
r

w
h

os
e

fi
rs

t
en

tr
y

is
1

a
n

d
w

h
os

e
ot

h
er

en
tr

ie
s

ar
e

eq
u

al
to

ze
ro

.
W

e
re

m
ar

k
th

at
d

u
e

to
ra

d
ia

l
sy

m
m

et
ry

,
th

e
ve

ct
o
r
e 1

ca
n

b
e

re
p

la
ce

d
b
y

an
y

u
n

it
ve

ct
or

in
R
d

w
it

h
ou

t
ch

an
gi

n
g

th
e

va
lu

e
of
σ
η
.

T
h

e
k
er

n
el
η

:
R
d
→

[0
,∞

)
is

n
ow

gi
ve

n
b
y
η
(x

)
=
η

(|x
|))

.
T

h
es

e
h
y
p

ot
h

es
es

on
η

h
ol

d
fo

r
th

e
st

an
d

ar
d

si
m

il
ar

it
y

fu
n

ct
io

n
s

u
se

d
in

cl
u

st
er

in
g

co
n
te

x
ts

,
su

ch
as

th
e

G
au

ss
ia

n
si

m
il

ar
it

y
fu

n
ct

io
n
η

(r
)

=
ex

p
(−
r2

)
an

d
th

e
p

ro
x
im

it
y

si
m

il
ar

it
y

k
er

n
el

(η
(r

)
=

1
if
r
≤

1
an

d
η

(r
)

=
0

ot
h

er
w

is
e)

.
F

or
a

sa
m

p
le

x
1
,.
..
,x

n
fr

om
th

e
m

ea
su

re
ν

,
w

e
d

en
ot

e
b
y
ν n

th
e

em
p

ir
ic

a
l

m
ea

su
re

as
so

ci
at

ed
to

th
e

sa
m

p
le

.
T

h
e

m
ai

n
re

su
lt

of
ou

r
p

ap
er

is
:

T
h

e
o
re

m
9

(C
o
n

si
st

e
n

c
y

o
f

c
u

ts
)

L
et

d
o
m

a
in
D

,
p
ro

ba
bi

li
ty

m
ea

su
re
ν

,w
it

h
d
en

si
ty
ρ

,
a
n

d
ke

rn
el
η

sa
ti

sf
y

th
e

co
n

d
it

io
n

s
a
bo

ve
.

L
et
ε n

d
en

o
te

a
n

y
se

qu
en

ce
o
f

po
si

ti
ve

n
u

m
be

rs
co

n
ve

rg
in

g
to

ze
ro

th
a
t

sa
ti

sf
y

li
m

n
→

0

(l
og
n

)3
/
4

n
1
/
2

1 ε n
=

0
(d

=
2)
,

li
m

n
→

0

(l
og
n

)1
/
d

n
1
/
d

1 ε n
=
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ć
ıa

T
r
il

l
o
s,

S
l
e
p
č
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∈
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p
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p
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bset
X
′

o
f
X

a
n

d
th

e
set

X
′

is
su

ch
th

a
t

fo
r

every
x
∈
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∞
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∈
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p
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ted

to
th

e
ra

n
d
o
m

n
ess

o
f

th
e

fu
n

ctio
n

a
ls

in
a
n

y
w

a
y.

D
e
fi

n
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p
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e
fo

llo
w

in
g

sta
tem

en
t

h
o
ld

s:
a
n

y
sequ

en
ce
{x

n }
n∈
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∞
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c
h
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h
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con
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reaso
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ra
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p
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p
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∞
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∞
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∞
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∞
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.
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ab
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d
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e
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∈
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n
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e
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∈
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N
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u
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e
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b
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e
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∞
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su

p
n→
∞
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∞
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∞
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e
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∞
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∞
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at
th

e
term

on
th

e
righ

t
h

a
n

d
sid

e
of

th
e

p
rev

iou
s

ex
p

ression
is

fi
n

ite
an

d
th

u
s

lim
su

p
n→
∞
F
n
(x
n
)
<

+
∞

.
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w
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b
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→
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∞
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p
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b
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c
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p
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h
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w
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⊆
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b
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∞
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u
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n
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w
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w
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+
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ˆ
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|
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l
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u
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w
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p
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d
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=
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h
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o
ld

s:
if

a
se

qu
en

ce
{u

n
} n
∈N

w
it

h
u
n
∈
L

1
(ν
n
)

sa
ti

sfi
es

li
m

su
p

n
∈N
‖u

n
‖ L

1
(ν
n

)
<
∞
,

a
n

d

li
m

su
p

n
∈N

G
T
V
n
,ε
n
(u
n
)
<
∞
,

th
en
{u

n
} n
∈N

is
T
L

1
-r

el
a
ti

ve
ly

co
m

pa
ct

.

T
o

co
n

cl
u

d
e

th
is

se
ct

io
n

,
w

e
p

re
se

n
t

C
o
ro

ll
a
ry

1
.3

in
G

ar
ćı

a
T

ri
ll

o
s

a
n

d
S

le
p

če
v

(2
0
1
6)

,
w

h
ic

h
al

lo
w

s
u

s
to

re
st

ri
ct

th
e

fu
n

ct
io

n
a
ls
G
T
V
n
,ε
n

a
n

d
T
V

to
ch

a
ra

ct
er

is
ti

c
fu

n
ct

io
n

s
o
f
se

ts
an

d
st

il
l

ob
ta

in
Γ

-c
o
n
ve

rg
en

ce
.

O
b

se
rv

e
th

a
t

th
e

o
n

ly
su

b
tl

e
p

oi
n
t

is
th

e
li

m
su

p
in

eq
u

a
li

ty
as

th
e

li
m

in
f

in
eq

u
a
li

ty
an

d
co

m
p

a
ct

n
es

s
st

a
te

m
en

ts
a
re

p
ar

ti
cu

la
r

ca
se

s
o
f

T
h

eo
re

m
18

a
n

d
T

h
eo

re
m

19
.

T
h

e
o
re

m
2
0

U
n

d
er

th
e

a
ss

u
m

p
ti

o
n

s
o
f

T
h
eo

re
m

1
8
,

w
it

h
p
ro

ba
bi

li
ty

o
n

e
th

e
fo

ll
o
w

in
g

st
a
te

m
en

t
h
o
ld

s:
fo

r
ev

er
y
A
⊆
D

m
ea

su
ra

bl
e,

th
er

e
ex

is
ts

a
se

qu
en

ce
o
f

se
ts
{Y

n
} n
∈N

w
it

h
Y
n
⊆
X
n

su
ch

th
a
t,

1
Y
n

T
L
1

−→
1
A

a
n

d

li
m

su
p

n
→
∞

G
T
V
n
,ε
n
(1
Y
n
)
≤
σ
η
T
V

(1
A

).

T
h

e
re

su
lt

s
st

a
te

d
ab

ov
e

a
re

th
e

m
a
in

to
o
ls

in
o
rd

er
to

es
ta

b
li

sh
o
u

r
m

a
in

th
eo

re
m

s.
In

th
e

n
ex

t
se

ct
io

n
w

e
u

se
th

em
to

g
et

h
er

w
it

h
a

ca
re

fu
l

tr
ea

tm
en

t
of

th
e

b
a
la

n
ce

te
rm

a
p

p
ea

ri
n

g
in

th
e

d
en

o
m

in
a
to

r
of

th
e

C
h

ee
g
er

/
ra

ti
o

cu
t

fu
n

ct
io

n
al

.

6
.
C
o
n
si
st
e
n
cy

o
f
tw

o
-w

a
y
b
a
la
n
ce

d
cu

ts

H
er

e
w

e
p

ro
ve

T
h

eo
re

m
9.
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C
o
n
sist

e
n
c
y

o
f

C
h
e
e
g

e
r

a
n
d

R
a
t
io

G
r
a
p
h

C
u
t
s

6
.1

O
u

tlin
e

o
f

th
e

p
ro

o
f

B
efo

re
p
rov

in
g

th
a
t

m
in

im
a
l
b

alan
ced

cu
ts{Y

∗n ,Y
∗n
c}

co
n
verge

to
m

in
im

al
con

tin
u

u
m

p
a
rti-

tio
n

s{
A
∗,A

∗
c}

in
th

e
sen

se
of

D
efi

n
itio

n
6
,

w
e

fi
rst

p
a
u

se
to

o
u

tlin
e

th
e

m
a
in

id
eas.

R
a
th

er
th

a
n

w
o
rk

d
irectly

w
ith

th
e

g
ra

p
h

-cu
t-b

a
sed

fu
n

ction
a
l

d
efi

n
ed

o
n

th
e

sets
of

vertices
w

e
w

ork
w

ith
its

rela
x
atio

n
d

efi
n

ed
o
n

th
e

set
o
f

fu
n

ctio
n

s
fro

m
th

e
g
ra

p
h

to
rea

ls,
L

1(ν
n
).

T
h

e
rela

x
ed

d
iscrete

fu
n
ctio

n
a
ls
E
n

a
re

d
efi

n
ed

in
(6

.6
)

a
n

d
th

e
rela

x
ed

co
n
tin

u
u

m
o
n

e,
E

is
d

efi
n

ed
in

(3
.12

).
W

e
fi
rst

sh
ow

,
b
y

a
n

ex
p

licit
co

n
stru

ctio
n

in
S

u
b

sectio
n

6
.2,

th
at

th
e

resca
led

in
d

ica
tor

fu
n

ctio
n

s
of

m
in

im
a
l

b
alan

ced
cu

ts,
1̃
Y
n
(x

)
:=

α
n
1
Y
n
(x

),
(fo

r
ex

p
licit

co
effi

cien
t
α
n

th
a
t

w
e

w
ill

d
efi

n
e

la
ter),

u
∗n

:=
1̃
Y
∗n (x

),
u
∗∗n

:=
1̃
Y
∗n
c(x

)
m

in
im

ize
E
n
(u
n
)

over
all

u
n
∈
L

1(ν
n
).

(6.1
)

S
im

ila
rly,

in
S

u
b

sectio
n

3.2
w

e
sh

ow
ed

th
a
t

th
e

n
o
rm

a
lized

in
d

icato
r

fu
n

ctio
n

s

u
∗

:=
1̃
A
∗(x

),
u
∗∗

:=
1̃
A
∗
c(x

)
m

in
im

ize
E

(u
)

over
a
ll

u
∈
L

1(ν
).

(6.2)

In
S

u
b

sectio
n

6
.3

w
e

sh
ow

th
at

th
e

a
p

p
rox

im
atin

g
fu

n
ctio

n
a
ls
E
n

Γ
-con

verge
to
σ
η E

in
th

e
T
L

1-sen
se.

In
L

em
m

a
23

w
e

estab
lish

th
a
t
u
∗n

a
n

d
u
∗∗n

ex
h

ib
it

th
e

req
u

ired
co

m
p

a
ctn

ess.
T

h
u

s,
th

ey
m

u
st

con
verg

e
tow

a
rd

th
e

n
o
rm

a
lized

in
d

icato
r

fu
n

ctio
n

s
1̃
A
∗(x

)
an

d
1̃
A
∗
c(x

)
u

p
to

rela
b

elin
g

(see
P

ro
p

ositio
n

1
7).

If{
A
∗,A

∗
c}

is
th

e
u

n
iq

u
e

m
in

im
izer,

th
e

co
n
v
erg

en
ce

o
f

th
e

seq
u

en
ces

(u
p

to
rela

b
elin

g
)
{u
∗n }
,{u
∗∗n }

fo
llow

s.
T

h
e

co
n
verg

en
ce

o
f

th
e

p
a
rtitio

n
{Y
∗n ,Y

∗n
c}

tow
ard

th
e

p
a
rtitio

n
{A
∗,A

∗
c}

in
th

e
sen

se
of

D
efi

n
itio

n
6

is
a

d
irect

co
n

seq
u

en
ce.

T
h

e
con

vergen
ce

(4.2
)

fo
llow

s
fro

m
(5

.2
)

in
P

ro
p

o
sitio

n
17

.

6
.2

F
u

n
c
tio

n
a
l

d
e
sc

rip
tio

n
o
f

d
isc

re
te

c
u

ts

W
e

in
tro

d
u

ce
fu

n
ction

als
th

at
d

escrib
e

th
e

d
iscrete

ra
tio

a
n

d
C

h
eeg

er
cu

ts
in

term
s

o
f

fu
n

ctio
n

s
o
n
X
n
,

ra
th

er
th

a
n

in
term

s
of

su
b

sets
o
f
X
n
.

T
h

is
m

irro
rs

th
e

d
escrip

tio
n

o
f

co
n
tin

u
u

m
p

artition
s

p
rov

id
ed

in
S

u
b

section
3
.2

.
F

o
r
u
n
∈
L

1(ν
n
),

w
e

sta
rt

b
y

d
efi

n
in

g

B
nR

(u
n
)

:=
1n

n
∑i=

1 |u
n
(x
i )−

m
ean

n
(u
n
)|

a
n

d
B
nC

(u
n
)

:=
m

in
c∈

R

1n

n
∑i=

1 |u
n
(x
i )−

c|.
(6

.3
)

H
ere

m
ea

n
n
(u
n
)

=
1n ∑

ni=
1
u
n
(x
i ).

A
stra

ig
h
tforw

a
rd

co
m

p
u

tatio
n

sh
ow

s
th

a
t

for
Y
n
⊆
X
n

B
nR

(1
Y
n
)

=
B

alR
(Y
n
,Y

cn ),
B
nC

(1
Y
n
)

=
B

alC
(Y
n
,Y

cn ).
(6.4

)

F
ro

m
h

ere
on

w
e

w
rite

B
n

to
rep

resen
t

eith
er
B
nR

o
r
B
nC

d
ep

en
d

in
g

o
n

th
e

con
tex

t.
In

stead
of

d
efi

n
in

g
E
n
(u
n
)

sim
p
ly

a
s

th
e

ra
tio

G
T
V
n
,ε
n
(u
n
)/
B
n
(u
n
),

w
h

ich
is

th
e

d
irect

a
n

a
lo

gu
e

o
f

(1.1
),

it
p

roves
ea

sier
to

w
o
rk

w
ith

su
ita

b
ly

n
o
rm

a
lized

in
d

ica
to

r
fu

n
ctio

n
s.

G
iven

Y
n
⊆
X
n

w
ith

B
n
(1
Y
n
)6=

0
,

th
e

n
o
rm

a
lized

in
d
ica

to
r

fu
n

ctio
n

1̃
Y
n
(x

)
is

d
efi

n
ed

b
y

1̃
Y
n
(x

)
=

1
Y
n
(x

)/
B
nC

(1
Y
n
)

or
1̃
Y
n
(x

)
=

1
Y
n
(x

)/
B
nR

(1
Y
n
).

N
o
te

th
a
t
B
n
(1̃
A

)
=

1.
W

e
a
lso

restrict
th

e
m

in
im

iza
tion

o
f
E
n
(u

)
to

th
e

set

In
d
n
(D

)
:=
{u

n
∈
L

1(ν
n
)

:
u
n

=
1̃
Y
n

fo
r

so
m

e
Y
n
⊆
X
n

w
ith

B
n
(1
Y
n
)6=

0}.
(6.5

)

23
JM

L
R

 17(181):1-46

G
a
r
ć
ıa

T
r
il

l
o
s,

S
l
e
p
č
e
v
,

v
o
n

B
r
e
c
h
t
,

L
a
u
r
e
n
t
,

a
n
d

B
r
e
sso

n

N
ow

,
su

p
p

o
se

th
at

u
n
∈

In
d
n
(D

),
in

oth
er

w
ord

s
th

at
u
n

=
1̃
Y
n
,

for
som

e
set

Y
n

w
ith

B
n
(1
Y
n
)
>

0.
U

sin
g

(3.9)
togeth

er
w

ith
th

e
fact

th
at
G
T
V
n
,ε
n

(d
efi

n
ed

in
(5.6))

is
on

e-h
om

og
en

eou
s

im
p

lies,
as

in
(3.11)

G
T
V
n
,ε
n
(u
n
)

=
2

n
2ε
d
+

1
n

C
u

t(Y
n
,Y

cn )

B
al(Y

n
,Y

cn )
.

(6.6)

T
h
u

s,
m

in
im

izin
g
G
T
V
n
,ε
n

over
all

u
n
∈

In
d
n
(D

)
is

eq
u

ivalen
t

to
th

e
b

alan
ced

grap
h

-cu
t

p
ro

b
lem

(1.1
)

on
th

e
grap

h
G
n

=
(X

n
,W

n
)

con
stru

cted
fro

m
th

e
fi

rst
n

d
ata

p
oin

ts.
W

e
h

ave
th

erefo
re

arrived
at

ou
r

d
estin

ation
,

a
p

rop
er

refo
rm

u
lation

of
(1.1)

d
efi

n
ed

over
T
L

1(D
)

in
stea

d
of

su
b

sets
of
X
n
.

T
h

e
task

is
to

M
in

im
ize

E
n
(µ
,u

n
)

:=

{
G
T
V
n
,ε
n
(u
n
)

if
µ

=
ν
n

an
d
u
n
∈

In
d
n
(D

)

+
∞

oth
erw

ise.
(6

.7)

S
in

ce
th

e
m

easu
re

is
clear

from
con

tex
t,

from
n

ow
on

w
e

w
rite

E
n
(u
n
)

fo
r
E
n
(ν
n
,u

n
).

6
.3

Γ
-C

o
n
v
e
rg

e
n

c
e

P
ro

p
o
sitio

n
2
1

(Γ
-C

on
vergen

ce)
L

et
d
o
m

a
in
D

,
m

ea
su

re
ν

,
kern

el
η

,
sequ

en
ce
{
ε
n }

n∈
N

,
sa

m
p
le

po
in

ts
{x

i }
i∈

N
,

a
n

d
gra

p
h
G
n

sa
tisfy

th
e

a
ssu

m
p
tio

n
s

o
f

T
h
eo

rem
9
.

L
et
E
n

be
a
s

d
efi

n
ed

in
(6

.7)
a
n

d
E

a
s

in
(3.12).

T
h
en

E
n

Γ
−→

σ
η E

w
ith

respect
to
T
L

1
m

etric
a
s
n
→
∞

w
h
ere

σ
η

is
th

e
su

rfa
ce

ten
sio

n
d
efi

n
ed

in
a
ssu

m
p
tio

n
(K

3
).

T
h
is

is
im

p
lied

by
th

e
fo

llo
w

in
g:

1
.

F
o
r

a
n

y
u
∈
L

1(ν
)

a
n

d
a
n

y
sequ

en
ce
{
u
n }

n∈
N

w
ith

u
n
∈
L

1(ν
n
)

th
a
t

co
n

verges
to
u

in
T
L

1,

σ
η E

(u
)≤

lim
in

f
n→
∞

E
n
(u
n
).

(6
.8)

2
.

F
o
r

a
n

y
u
∈
L

1(ν
)

th
ere

exists
a
t

lea
st

o
n

e
sequ

en
ce{

u
n }

n∈
N

w
ith

u
n
∈
L

1(ν
n
)

w
h
ich

co
n

verges
to
u

in
T
L

1
a
n

d
a
lso

sa
tisfi

es

lim
su

p
n→
∞

E
n
(u
n
)≤

σ
η E

(u
).

(6.9)

W
e

leverage
T

h
eorem

18
to

p
rove

th
is

claim
.

W
e

fi
rst

n
eed

a
p

relim
in

ary
lem

m
a

w
h

ich
a
llow

s
u

s
to

h
an

d
le

th
e

p
resen

ce
of

th
e

ad
d

ition
al

b
alan

ce
term

s
in

(6
.7)

a
n

d
(3.12

).

L
e
m

m
a

2
2

W
ith

p
ro

ba
bility

o
n

e,
th

e
fo

llo
w

in
g

h
o
ld

:

(i)
If{u

n }
n∈

N
is

a
sequ

en
ce

w
ith

u
n
∈
L

1(ν
n
)

a
n

d
u
n
T
L
1

−→
u

fo
r

so
m

e
u
∈
L

1(ν
),

th
en

B
n
(u
n
)→

B
(u

).

(ii)
If
u
n

=
1̃
Y
n

,
w

h
ere

Y
n
⊂

X
n

,
co

n
verges

to
u

=
1̃
A

in
th

e
T
L

1-sen
se,

th
en

1
Y
n

co
n

verges
to

1
A

in
th

e
T
L

1-sen
se.
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C
o
n
si

st
e
n
c
y

o
f

C
h
e
e
g

e
r

a
n
d

R
a
t
io

G
r
a
p
h

C
u
t
s

P
ro

o
f

T
o

p
ro

ve
(i

),
su

p
p

os
e

th
at
u
n
∈
L

1
(ν
n
)

an
d

th
at
u
n
T
L
1

−→
u

.
L

et
u

s
co

n
si

d
er
{T

n
} n
∈N

a
st

ag
n

at
in

g
se

q
u

en
ce

of
tr

an
sp

or
ta

ti
on

m
ap

s
b

et
w

ee
n
ν

an
d
{ν
n
} n
∈N

(o
n

e
su

ch
se

q
u

en
ce

ex
is

ts
w

it
h

p
ro

b
ab

il
it

y
on

e
b
y

P
ro

p
os

it
io

n
5)

.
T

h
en

,
w

e
h

av
e
u
n
◦
T
n
L
1
(ν

)
−→

u
a
n

d
th

u
s

b
y

L
em

m
a

7,
w

e
h

av
e

th
at

B
(u
n
◦
T
n
)
→

B
(u

).
T

o
co

n
cl

u
d

e
th

e
p

ro
o
f

w
e

n
o
ti

ce
th

a
t

B
(u
n
◦T

n
)

=
B
n
(u
n
)

fo
r

ev
er

y
n

.
In

d
ee

d
,

b
y

th
e

ch
an

ge
of

va
ri

ab
le

s
(2

.2
)

w
e

h
av

e
th

a
t

fo
r

ev
er

y
c
∈
R

ˆ

D
|u
n
(x

)
−
c|d
ν n

(x
)

=

ˆ

D
|u
n
◦T

n
(x

)
−
c|d
ν

(x
).

(6
.1

0
)

In
p

ar
ti

cu
la

r
w

e
h

av
e
B
n C

(u
n
)

=
B
C

(u
n
◦T

n
).

A
p

p
ly

in
g

th
e

ch
an

ge
of

va
ri

a
b

le
s

(2
.2

),
w

e
ob

ta
in

m
ea

n
n
(u
n
)

=
m

ea
n
ρ
(u
n
◦T

n
)

an
d

co
m

b
in

in
g

w
it

h
(6

.1
0)

w
e

d
ed

u
ce

th
at
B
n R

(u
n
)

=
B
R

(u
n
◦T

n
).

T
h

e
p

ro
of

of
(i

i)
is

st
ra

ig
h
tf

or
w

ar
d

.

N
ow

w
e

tu
rn

to
th

e
p

ro
of

or
P

ro
p

os
it

io
n

21
.

P
ro

o
f

L
im

in
f

in
e
q
u

a
li

ty
.

F
or

ar
b

it
ra

ry
u
∈
L

1
(ν

)
a
n

d
ar

b
it

ra
ry

se
q
u

en
ce
{u

n
} n
∈N

w
it

h

u
n
∈
L

1
(ν
n
)

an
d

w
it

h
u
n
T
L
1

−→
u

,
w

e
n

ee
d

to
sh

ow
th

at

li
m

in
f

n
→
∞

E
n
(u
n
)
≥
σ
η
E

(u
).

F
ir

st
as

su
m

e
th

at
u
∈

In
d

(D
).

In
p

ar
ti

cu
la

r
E

(u
)

=
T
V

(u
).

N
ow

,
n

o
te

th
at

w
or

k
in

g
al

on
g

a
su

b
se

q
u

en
ce

w
e

ca
n

as
su

m
e

th
at

th
e

li
m

in
f

is
a
ct

u
al

ly
a

li
m

it
an

d
th

a
t

th
is

li
m

it
is

fi
n

it
e

(o
th

er
w

is
e

th
e

in
eq

u
al

it
y

w
ou

ld
b

e
tr

iv
ia

ll
y

sa
ti

sfi
ed

).
T

h
is

im
p

li
es

th
a
t

fo
r

a
ll
n

la
rg

e
en

ou
gh

w
e

h
av

e
E
n
(u
n
)
<

+
∞

,
w

h
ic

h
in

p
ar

ti
cu

la
r

im
p

li
es

th
at
E
n
(u
n
)

=
G
T
V
n
,ε
n
(u
n
).

T
h

eo
re

m
18

th
en

im
p

li
es

th
at

li
m

in
f

n
→
∞

E
n
(u
n
)

=
li

m
in

f
n
→
∞

G
T
V
n
,ε
n
(u
n
)
≥
σ
η
T
V

(u
)

=
σ
η
E

(u
).

N
ow

le
t

as
as

su
m

e
th

at
u
6∈

In
d

(D
).

L
et

u
s

co
n

si
d

er
a

st
ag

n
at

in
g

se
q
u

en
ce

o
f

tr
a
n

sp
o
rt

at
io

n

m
ap

s
{T

n
} n
∈N

b
et

w
ee

n
{ν
n
} n
∈N

an
d
ν

.
S

in
ce
u
n
T
L
1

−→
u

th
en

u
n
◦T

n
L
1
(ν

)
−→

u
.

B
y

L
em

m
a

7
,

th
e

se
t

In
d

(D
)

is
a

cl
os

ed
su

b
se

t
of
L

1
(ν

).
W

e
co

n
cl

u
d

e
th

at
u
n
◦T

n
6∈

In
d

(D
)

fo
r

a
ll

la
rg

e
en

ou
gh

n
.

F
ro

m
th

e
p

ro
of

of
L

em
m

a
22

w
e

k
n

ow
th

at
B
n
(u
n
)

=
B

(u
n
◦T

n
)

a
n

d
fr

o
m

th
is

fa
ct

,
it

is
st

ra
ig

h
tf

or
w

ar
d

to
sh

ow
th

at
u
n
◦T

n
6∈

In
d

(D
)

if
an

d
on

ly
if
u
n
6∈

In
d
n
(D

).
H

en
ce

,
u
n
6∈

In
d
n
(D

)
fo

r
al

l
la

rg
e

en
ou

gh
n

an
d

in
p

ar
ti

cu
la

r
li
m

in
f n
∈N
E
n
(u
n
)

=
+
∞

w
h

ic
h

im
p
li

es
th

at
th

e
d

es
ir

ed
in

eq
u

al
it

y
h

ol
d

s
in

th
is

ca
se

.

L
im

su
p

in
e
q
u

a
li

ty
.

W
e

n
ow

co
n

si
d

er
u
∈
L

1
(ν

).
W

e
w

an
t

to
sh

ow
th

a
t

th
er

e
ex

is
ts

a
se

q
u

en
ce
{u

n
} n
∈N

w
it

h
u
n
∈
L

1
(ν
n
)

su
ch

th
at

li
m

su
p

n
→
∞

E
n
(u
n
)
≤
σ
η
E

(u
).

L
et

u
s

st
ar

t
b
y

as
su

m
in

g
th

at
u
6∈

In
d

(D
).

In
th

is
ca

se
E

(u
)

=
+
∞

.
F

ro
m

T
h

eo
re

m
1
8

w
e

k
n

ow
th

er
e

ex
is

ts
at

le
as

t
on

e
se

q
u

en
ce
{u

n
} n
∈N

w
it

h
u
n
∈
L

1
(ν
n
)

su
ch

th
a
t
u
n
T
L
1

−→
u

.
S

in
ce
E

(u
)

=
+
∞

,
th

e
in

eq
u

al
it

y
is

tr
iv

ia
ll

y
sa

ti
sfi

ed
in

th
is

ca
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.
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G
a
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T
r
il

l
o
s,

S
l
e
p
č
e
v
,

v
o
n

B
r
e
c
h
t
,

L
a
u
r
e
n
t
,

a
n
d

B
r
e
ss

o
n

O
n

th
e

ot
h

er
h

an
d

,
if
u
∈

In
d

(D
),

w
e

k
n

ow
th

a
t
u

=
1̃
A

fo
r

so
m

e
m

ea
su

ra
b
le

su
b

se
t

A
of
D

w
it

h
B

(1
A

)
6=

0
.

B
y

T
h

eo
re

m
20

,
th

er
e

ex
is

ts
a

se
q
u

en
ce
{Y

n
} n
∈N

w
it

h
Y
n
⊆
X
n
,

sa
ti

sf
y
in

g
1
Y
n

T
L
1

−→
1
A

a
n

d

li
m

su
p

n
→
∞

G
T
V
n
,ε
n
(1
Y
n
)
≤
σ
η
T
V

(1
A

).
(6

.1
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S
in

ce
1
Y
n

T
L
1

−→
1
A

L
em

m
a

2
2

im
p

li
es

th
a
t

B
n
(1
Y
n
)
→
B

(1
A

).
(6

.1
2)

In
p

ar
ti
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r
B
n
(1
Y
n
)
6=

0
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r
a
ll
n
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rg

e
en

ou
g
h

,
a
n

d
th

u
s

w
e

ca
n

co
n
si

d
er
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e

fu
n

ct
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u
n
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1̃
Y
n
∈

In
d
n
(D

).
F

ro
m

(6
.1

2
)

it
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ll
ow

s
th

a
t
u
n
T
L
1

−→
u

a
n

d
to

ge
th

er
w

it
h

(6
.1

1
)

it
fo

ll
ow

s
th

at

li
m

su
p

n
→
∞

G
T
V
n
,ε
n
(u
n
)

=
li
m

su
p

n
→
∞

1

B
n
(Y
n
)G
T
V
n
,ε
n
(1
Y
n
)
≤

1

B
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A
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η
T
V

(1
A

)
=
σ
η
T
V
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)

S
in

ce
,
u
n
∈

In
d
n
(D

)
fo

r
al

l
n

la
rg

e
en

o
u

g
h

,
in

p
a
rt

ic
u

la
r

w
e

h
av

e
G
T
V
n
,ε
n
(1
Y
n
)

=
E
n
(1
Y
n
)

a
n

d
al

so
si

n
ce
u
∈

In
d

(D
),

w
e

h
av

e
E

(u
)

=
T
V

(u
).

T
h

es
e

fa
ct

s
to

g
et

h
er

w
it

h
th

e
p

re
v
io

u
s

ch
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n
of

in
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u
al

it
ie

s
im

p
ly

th
e
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lt
.

6
.4

C
o
m

p
a
c
tn

e
ss

L
e
m

m
a

2
3

(C
o
m

p
a
c
tn

e
ss

)
W

it
h

p
ro
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bi

li
ty

o
n

e
th

e
fo

ll
o
w

in
g

st
a
te

m
en

t
h
o
ld

s:
A

n
y

se
-

qu
en

ce
{u

n
} n
∈N

w
it

h
li

m
su

p
n
→
∞

E
n
(u
n
)
<

+
∞

is
p
re

co
m

pa
ct

in
T
L

1
.

In
pa

rt
ic

u
la

r,
a
n

y
se

qu
en

ce
{u
∗ n}

n
≥

1
,

o
f

m
in

im
iz

er
s

o
f
E
n

(d
efi

n
ed

in
(6

.1
)

a
n

d
(6

.2
))

a
re

p
re

co
m

pa
ct

in
th

e
T
L

1
-s

en
se

.

P
ro

o
f

L
et
u
n

d
en

ot
e

a
se

q
u

en
ce

sa
ti

sf
y
in

g

li
m

su
p

n
→
∞

E
n
(u
n
)
<
∞
.

T
o

sh
ow

th
a
t

an
y

su
b

se
q
u

en
ce

o
f
u
n

h
as

a
co

n
ve

rg
en

t
su

b
se

q
u

en
ce

it
su

ffi
ce

s
to

sh
ow

th
at

b
ot

h

li
m

su
p

n
→
∞

G
T
V
n
,ε
n
(u
n
)
<

+
∞

(6
.1

3)

li
m

su
p

n
→
∞
‖u

n
‖ L

1
(ν
n

)
<

+
∞

(6
.1

4
)

h
o
ld

d
u

e
to

T
h

eo
re

m
19

.
S
in

ce
th

e
re

su
lt

is
a
b

o
u
t

as
y
m

p
to

ti
c

b
eh

av
io

r,
w

e
ca

n
a
ss

u
m

e
w

it
h

ou
t

lo
ss

of
ge

n
er

al
it

y
th

a
t

su
p
n
∈N
E
n
(u
n
)
<

+
∞

.
In

eq
u

a
li

ty
(6

.1
3)

fo
ll

ow
s

fr
o
m

th
e

fa
ct

th
a
t
E
n
(u
n
)

=
G
T
V
n
,ε
n
(u
n
).

N
o
te

th
a
t
E
n
(u
n
)
<
∞

in
p

a
rt

ic
u

la
r

im
p

li
es

th
a
t
u
n

h
a
s

th
e

fo
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u
n

=
1
Y
n

B
n

(Y
n

)
fo

r
so

m
e
Y
n
⊆
X
n
.
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C
o
n
sist

e
n
c
y

o
f

C
h
e
e
g

e
r

a
n
d

R
a
t
io

G
r
a
p
h

C
u
t
s

T
o

sh
ow

(6.1
4
),

co
n
sid

er
fi

rst
th

e
b

a
la

n
ce

term
th

a
t

co
rresp

on
d

s
to

th
e

C
h

eeg
er

cu
t.

D
efi

n
e

a
seq

u
en

ce
v
n

a
s

follow
s.

S
et
v
n

:=
u
n

if|Y
n |≤

|Y
cn |

a
n

d
v
n

=
1
Y
cn

B
n

(Y
cn )

o
th

erw
ise.

It
th

en
fo

llow
s

th
a
t

‖v
n ‖

L
1
(ν
n

)
=

m
in{|Y

n |,|Y
cn |}

m
in{|Y

n |,|Y
cn |}

=
1.

A
lso

,
n

o
te

th
a
t
G
T
V
n
,ε
n
(v
n
)

=
G
T
V
n
,ε
n
(u
n
).

T
h
u

s
(6.1

3
)

a
n

d
(6

.1
4)

h
o
ld

fo
r
v
n
,

so
th

at

a
n
y

su
b

seq
u

en
ce

of
v
n

h
a
s

a
co

n
verg

en
t

su
b

seq
u

en
ce

in
th

e
T
L

1-sen
se.

L
et
v
n
k

T
L
1

−→
v

d
en

ote
a

co
n
vergen

t
su

b
seq

u
en

ce.
T

h
u

s,
it

fo
llow

s
fro

m
P

ro
p

ositio
n

21
,

th
a
t

σ
η E

(v
)≤

lim
in

f
k→
∞

E
n
k (v

n
k )
<
∞
,

an
d

in
p

a
rticu

la
r
v

is
a

n
o
rm

alized
ch

a
ra

cteristic
fu

n
ctio

n
,

th
a
t

is,
v

=
1
A
/
B

(1
A

)
fo

r
so

m
e

A
⊆
D

w
ith

B
(1
A

)6=
0
.

S
in

ce
B
n
k (1

Y
n
k
)

=
B
n
k (1

Y
cnk

),
v
n
k

T
L
1

−→
v

im
p

lies
th

a
t

1

B
n
k (Y

n
k )
→

1

B
(A

) .

T
h

erefo
re,

for
large

en
ou

gh
k

w
e

h
ave

‖
u
n
k ‖
L
1
(ν
n
k

) ≤
1

B
n
k (Y

n
k )
≤

2

B
(A

)

W
e

con
clu

d
e

th
a
t
‖
u
n
k‖
L
1
(ν
n
k

)
rem

a
in

s
b

ou
n

d
ed

in
L

1,
so

th
at

it
sa

tisfi
es

(6.1
4
)

an
d

(6
.1

3
)

sim
u

lta
n

eou
sly.

T
h

is
y
ield

s
com

p
actn

ess
in

th
e

C
h

eeg
er

cu
t

case.
N

ow
co

n
sid

er
th

e
b

a
lan

ce
term

B
(u

)
=
B

R
(u

)
th

a
t

co
rresp

on
d

s
to

th
e

ra
tio

cu
t.

D
efi

n
e

a
seq

u
en

ce
v
n

:=
u
n −

m
ea

n
n
(u
n
),

an
d

n
o
te

th
at
G
T
V
n
,ε
n
(v
n
)

=
G
T
V
n
,ε
n
(u
n
)

sin
ce

th
e

to
ta

l
va

ria
tio

n
is

in
varian

t
w

ith
resp

ect
to

tran
sla

tio
n

.
It

th
en

fo
llow

s
th

a
t

‖v
n ‖

L
1
(ν

)
=

ˆ

D
|u
n
(x

)−
m

ea
n
ρ (u

n
)|ρ

(x
)

d
x

=
B

(u
n
)

=
1
.

T
h
u

s
th

e
seq

u
en

ce
{
v
n }

n∈
N

is
p
recom

p
a
ct

in
T
L

1.
L

et
v
n
k

T
L
1

−→
v

d
en

ote
a

co
n
verg

en
t

su
b

seq
u

en
ce.

U
sin

g
a

stag
n

a
tin

g
seq

u
en

ce
o
f

tra
n

sp
orta

tio
n

m
a
p

s{
T
n
k }
k∈

N
b

etw
een

ν
a
n

d

th
e

seq
u

en
ce

o
f

m
easu

res{ν
n
k }
k∈

N
,

w
e

h
ave

th
a
t
v
n
k ◦

T
n
k

L
1
(ν

)
−→

v
.

B
y

p
a
ssin

g
to

a
fu

rth
er

su
b

seq
u

en
ce

if
n

ecessa
ry,

w
e

m
ay

a
ssu

m
e

th
a
t
v
n
k ◦

T
n
k (x

)→
v
(x

)
fo

r
ν

-a
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o
st

every
x

in
D

.
F

o
r

an
y

su
ch

x
,

w
e

h
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th
at

eith
er
T
n
k (x

)∈
Y
n
k

or
T
n
k (x

)∈
Y
cnk

so
th

a
t

eith
er

v
n
k ◦

T
n
k (x

)
=

1

2|Y
n
k |

or
v
n
k ◦

T
n
k (x

)
=
−

1

2|Y
cnk | .

N
ow

,
b
y

con
tin

u
ity

o
f

th
e

b
a
lan

ce
term

,
w

e
h

ave

B
(v

)
=

lim
k→
∞
B
n
k (v

n
k )

=
1
,

a
n

d
a
lso

m
ean

ρ (v
)

=
lim
k→
∞

m
ea

n
n
k (v

n
k )

=
0.
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h
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=
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h
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b
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e

p
ro

o
f

o
f

T
h

e
o
re

m
9

W
e

m
ay

n
ow

tu
rn

to
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con
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b
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e
su

b
seq

u
en

ce
con

verges
to
u
∗∗

in
stead

.
M

o
reov

er,
in
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w
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w
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con
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w
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h
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o-class

case,
th

e
fi

rst
step

in
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b
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b
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d
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∈
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∈
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W
e

can
th

en
let

th
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con
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=
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p
rised

o
f

ex
a
ctly

R
d

isjoin
t,

n
orm

a
lized

in
d

icator
fu

n
ction

s
th

at
cover

D
.

T
h

e
sets

M
n
(D

)
an

d
M

(D
)

are
th

e
m

u
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e
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=
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∈
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∈
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p
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∑
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p
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d
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p
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∈
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∈
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p
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∑
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∞
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b
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∑

R r
=

1
T
V

(u
r
)

if
µ

=
ν

an
d
U
∈
M

(D
)

+
∞
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b
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b
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p
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d
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h
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p
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p
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n
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c
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∈

[L
1
(ν

)]
R

a
n

d
a
n

y
se

qu
en

ce
U n
∈

(L
1
(ν
n
))
R

th
a
t

co
n

ve
rg

es
to
U

in
th

e
T
L

1
se

n
se

,

E
(U

)
≤

li
m

in
f

n
→
∞

E
n
(U
n
).

(7
.5

)

2
.

F
o
r

a
n

y
U
∈
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p
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p
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eo
ry

p
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e

fa
ct

th
a
t

a
n

a
rb

it
ra

ry
p

a
rt

it
io

n
o
f

th
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b
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→
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d
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→
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p
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p
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p
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d
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in
M

(D
)

co
n
ve

rg
es

to
so

m
e
U

in
(L

1
(ν

))
R

.
W

e
n

ee
d

to
sh

ow
th

a
t
U
∈
M

(D
).

F
ir

st
o
f

al
l

n
o
te

th
at

fo
r

ev
er

y
1
≤
r
≤
R

,
u
k r
L
1
(ν

)
−→

u
r
.

S
in

ce
u
k r
∈

In
d

(D
)

fo
r

ev
er

y
k
∈
N

,
a
n

d
si

n
ce

In
d

(D
)

is
a

cl
o
se

d
su

b
se

t
o
f
L

1
(ν

)
(b

y
P

ro
p

o
si

ti
o
n

2
2
),

w
e

d
ed

u
ce

th
a
t
u
r
∈

In
d

(D
)

fo
r

ev
er

y
r.
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C
o
n
sist

e
n
c
y

o
f

C
h
e
e
g

e
r

a
n
d

R
a
t
io

G
r
a
p
h

C
u
t
s

T
h

e
o
rth

o
g
on

ality
co

n
d

itio
n

fo
llow

s
fro

m
F

a
tou

’s
lem

m
a
.

In
fa

ct,
w

o
rk

in
g

a
lo

n
g

a
su

b
seq

u
en

ce
w

e
ca

n
w

ith
ou

t
th

e
lo

ss
o
f

g
en

erality
a
ssu

m
e

th
at

for
every

r,
u
kr
→

u
r

for
a
lm

ost
ev

ery
x

in
D

.
H

en
ce,

fo
r
r6=

s
w

e
h

ave

0
≤
ˆ

D
u
r (x

)u
s (x

)d
ν

(x
)

=

ˆ

D
lim

in
f

k→
∞

(u
kr (x

)u
ks (x

))d
ν

(x
)≤

lim
in

f
k→
∞

ˆ

D
u
kr (x

)u
ks (x

)d
ν

(x
)

=
0

N
ow

let
u

s
w

rite
u
kr

=
1
A
kr /B

(1
A
kr )

a
n

d
u
r

=
1
A
kr /B

(1
A
r ).

A
s

in
th

e
p

ro
o
f
o
f
P

ro
p

o
sition

2
2

w
e

m
u

st
h
ave

B
(1
A
kr )→

B
(1
A
r )

a
s
k
→
∞

.
T

h
u

s,
fo

r
a
lm

ost
every

x
∈
D

R
∑r
=

1

u
r (x

)
=

lim
k→
∞

R
∑r
=

1

u
kr (x

)≥
lim
k→
∞

m
in

r
=

1
,...,R

1

B
(1
A
kr )

=
m

in
r
=

1
,...,R

1

B
(1
A
r )
>

0
.

P
ro

o
f

[o
f

P
rop

o
sitio

n
24

]
L

im
in

f
in

e
q
u

a
lity

.
T

h
e

p
ro

o
f

o
f

(7.5
)

fo
llow

s
th

e
a
p

p
ro

a
ch

u
sed

in
th

e
tw

o-class
ca

se.

L
etU

n
T
L
1

−→
U

d
en

ote
an

a
rb

itra
ry

co
n
verg

en
t

seq
u

en
ce.

A
sM

(D
)

is
clo

sed
,

ifU
/∈
M

(D
)

th
en

a
s

in
th

e
tw

o
-cla

ss
ca

se,
it

is
ea

sy
to

see
th

a
tU

n
/∈
M

n
(D

)
fo

r
a
ll
n

su
ffi

cien
tly

larg
e.

T
h

e
in

eq
u

a
lity

(7.5
)

is
th

en
triv

ial
in

th
is

ca
se,

a
s

b
o
th

sid
es

o
f

it
a
re

eq
u

al
to

in
fi
n

ity.
C

o
n
versely,

ifU
∈
M

(D
)

th
en

w
e

m
ay

assu
m

e
th

atU
n
∈
M

n
(D

)
for

a
ll
n
,

sin
ce

o
n

ly
th

ose
term

s
w

ith
U
n
∈
M

n
(D

)
can

m
ake

th
e

lim
it

in
ferior

less
th

a
n

in
fi

n
ity.

In
th

is
ca

se
w

e
ea

sily
h

ave

lim
in

f
n→
∞

E
n
(U
n
)

=
lim

in
f

n→
∞

R
∑r
=

1

G
T
V
n
,ε
n

(u
nr
)≥

R
∑r
=

1

lim
in

f
n→
∞

G
T
V
n
,ε
n
(u
nr
)

≥
σ
η

R
∑r
=

1

T
V

(u
r )

=
σ
η E

(U
).

T
h

e
last

in
eq

u
a
lity

follow
s

from
T

h
eorem

1
8.

T
h

is
estab

lish
es

th
e

fi
rst

sta
tem

en
t

in
P

ro
p

o-
sitio

n
24

.
L

im
su

p
in

e
q
u

a
lity

.
W

e
n

ow
tu

rn
to

th
e

p
ro

o
f

o
f

(7
.6

),
w

h
ich

is
sign

ifi
ca

n
tly

m
o
re

in
volv

ed
th

a
n

th
e

tw
o
-cla

ss
a
rg

u
m

en
t

d
u

e
to

th
e

p
resen

ce
o
f

th
e

o
rth

o
g
o
n

a
lity

co
n

stra
in

ts.
It

p
roves

u
sefu

l
to

co
n

sid
er

a
n

ex
ten

sio
n

of
ρ

to
th

e
w

h
o
le

R
d

b
y

settin
g
ρ
(x

)
=
λ

fo
r

x
∈
R
d\
D

.
T

h
is

ex
ten

sio
n

is
a

low
er

sem
i-con

tin
u

o
u

s
fu

n
ctio

n
a
n

d
h

a
s

th
e

sa
m

e
low

er
a
n

d
u

p
p

er
b

ou
n

d
s

th
a
t

th
e

o
rig

in
a
l
ρ

h
as.

B
o
rrow

in
g

term
in

o
lo

gy
fro

m
th

e
Γ

-co
n
verg

en
ce

literatu
re,

w
e

say
th

a
tU
∈

(L
1(ν

))
R

h
as

a
reco

very
sequ

en
ce

w
h

en
th

ere
ex

ists
a

seq
u

en
ceU

n
∈

(L
1(ν

n
))
R

su
ch

th
a
t

(7
.6

)
h

old
s.

T
o

sh
ow

th
a
t

ea
ch
U
∈

(L
1(ν

))
R

h
a
s

a
recov

ery
seq

u
en

ce,
w

e
fi

rst
rem

ark
th

a
t

d
u

e
to

gen
era

l
p

ro
p

erties
of

th
e

Γ
-co

n
verg

en
ce,

it
is

en
ou

g
h

to
v
erify

(7
.6

)
forU

b
elon

g
in

g
to

a
d
en

se
su

b
set

o
fM

(D
)

w
ith

resp
ect

to
th

e
en

ergy
E

(see
R

em
a
rk

1
4
).

W
e

fu
rth

erm
o
re

rem
ark

th
a
t

it
is

en
o
u

gh
to

co
n

sid
erU

=
(u

1 ,...,u
R

)∈
(L

1(D
))
R

fo
r

w
h

ich
E

(U
)
<
∞

,
a
s

th
e

o
th

er
ca

se
is

triv
ia

l.
S

o
w

e
can

co
n

sid
erU

∈
M

(D
)

th
a
t

satisfy

R
∑r
=

1

T
V

(u
r )
<
∞
.
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G
a
r
ć
ıa

T
r
il

l
o
s,

S
l
e
p
č
e
v
,

v
o
n

B
r
e
c
h
t
,

L
a
u
r
e
n
t
,

a
n
d

B
r
e
sso

n

L
et
u
r

=
1
A
r /B

(1
A
r )

an
d

let
c

0
:=

m
ax{B

(1
A

1 ),...,B
(1
A
R

)}
d

en
ote

th
e

size
of

th
e

largest
set

in
th

e
co

llectio
n

.
T

h
e

fact
th

at
E

(U
)
<
∞

th
en

im
p

lies
th

at
for

every
s

=
1,...,R

,

T
V

(1
A
s )≤

c
0
T
V

(u
s )≤

c
0

R
∑r
=

1

T
V

(u
r )
<
∞
,

so
th

a
t

a
ll

sets{
A

1 ,...,A
R }

in
th

e
collection

d
efi

n
in

g
U

h
ave

fi
n

ite
p

erim
eter.

A
d

d
ition

ally
b

ecau
se
U
∈
M

(D
)

im
p

lies
th

at
an

y
tw

o
sets

A
r ,A

s
w

ith
r
6=
s

h
ave

em
p

ty
in

tersection
u

p
to

a
L

eb
esgu

e-n
u

ll
set,

w
e

m
ay

freely
assu

m
e

w
ith

ou
t

th
e

loss
of

gen
era

lity
th

at
th

e
sets

{
A

1 ,...,A
R }

are
m

u
tu

ally
d

isjoin
t.

W
e

say
th

at
a

su
b

set
ofR

d
h

as
a

p
iecew

ise
(P

W
)

sm
oo

th
b

o
u

n
d

ary
if

th
e

b
ou

n
d

ary
is

a
su

b
set

o
f

th
e

u
n

ion
of

fi
n

itely
m

an
y

op
en

d−
1-d

im
en

sion
al

m
an

ifold
s

em
b

ed
d

ed
in

R
d.

W
e

fi
rst

con
stru

ct
a

recovery
seq

u
en

ce
for
U

,
as

ab
ov

e,
w

h
o
se

d
efi

n
in

g
sets

{
A

1 ,...,A
R }

are
of

th
e

form
A
r

=
B
r ∩

D
,

w
h

ere
B
r

h
as

p
iecew

ise
sm

o
oth

b
o
u

n
d

ary
an

d
satisfi

es
|D

1
B
r |ρ

2 (∂
D

)
=

0
.

W
e

say
th

at
su

ch
U

is
in

d
u

ced
by

p
iecew

ise
sm

oo
th

sets.
W

e
later

p
rove

th
a
t

su
ch

p
artition

s
are

d
en

se
am

on
g

p
artition

s
of
D

b
y

sets
of

fi
n

ite
p

erim
eters.

2

C
o
n

stru
c
tin

g
a

re
c
o
v
e
ry

se
q
u

e
n

c
e

fo
r
U

in
d

u
c
e
d

b
y

se
ts

w
ith

p
ie

c
e
w

ise
sm

o
o
th

b
o
u

n
d

a
ry

.
L

et
Y
nr

=
A
r ∩

X
n

d
en

ote
th

e
restriction

of
A
r

to
th

e
fi

rst
n

d
ata

p
o
in

ts.
N

ow
,

let
u

s
con

sid
er

th
e

tran
sp

ortation
m

ap
s{T

n }
n∈

N
from

P
rop

osition
5.

W
e

let
A
rn

b
e

th
e

set
for

w
h

ich
1
A
nr

=
1
Y
rn ◦

T
n
.

W
e

fi
rst

n
otice

th
at

th
e

fact
th

at
B
r

h
as

a
p

iecew
ise

sm
o
oth

b
ou

n
d

a
ry

in
R
d

an
d

th
e

fa
ct

th
at

1
A
nr
−

1
A
r

is
n

on
triv

ial
on

ly
w

ith
in

th
e

tu
b

u
lar

n
eigh

b
o
rh

o
o
d

of
∂
B
r

of
rad

iu
s

||Id−
T
n ||∞

,
im

p
ly

th
at

‖
1
A
nr −

1
A
r ‖
L
1
(ν

) ≤
C

0 (B
r )||Id−

T
n ||∞

,
(7.7)

w
h

ere
C

0 (B
r )

d
en

otes
som

e
con

stan
t

th
at

d
ep

en
d

s
o
n

th
e

set
B
r .

T
h

is
in

eq
u

ality
follow

s
from

th
e

fo
rm

u
las

for
th

e
v
olu

m
e

of
tu

b
u

lar
n

eigh
b

orh
o
o
d

s
(see

W
ey

l
(1939),

p
age

46
1).

In
p

articu
lar,

n
ote

th
at

b
y

th
e

ch
an

ge
of

variab
les

(2.2)
w

e
h

ave,|Y
nr |

=
|A

nr |→
|A

r |
as

n
→
∞

,
so

th
a
t

in
p

articu
lar

w
e

can
assu

m
e

th
at|Y

nr |6=
0.

W
e

d
efi

n
e
u
nr

:=
1
Y
nr
/|Y

nr |
as

th
e

co
rresp

o
n

d
in

g
n
orm

alized
in

d
icator

fu
n

ction
.

W
e

claim
th

at
U
n

:=
(u
n1
,...,u

nR
)

fu
rn

ish
es

th
e

d
esired

recovery
seq

u
en

ce.
T

o
see

th
a
tU

n
∈
M

n
(D

)
w

e
fi

rst
n

ote
th

at
each

u
nr
∈

In
d
n
(D

)
b
y

con
stru

ction
.

O
n

th
e

o
th

er
h

an
d

,
th

e
fact

th
at
{
A

1 ,...,A
R }

form
s

a
p

artition
of
D

im
p

lies
th

at
{Y

n1
,...,Y

nR }
d

efi
n

es
a

p
artition

of
X
n
.

A
s

a
con

seq
u

en
ce,

E
n
(U
n
)

=

R
∑r
=

1

G
T
V
n
,ε
n
(u
nr
)

b
y

d
efi

n
ition

of
th

e
E
n

fu
n

ction
als.

U
sin

g
(7.7),

w
e

can
p

ro
ceed

as
in

rem
ark

5.1
in

G
arćıa

T
rillos

an
d

S
lep

čev
(2016).

In
p

articu
la

r,
w

e
can

assu
m

e
th

at
η

h
as

th
e

form
η

(|z|)
=
a

for|z|
<
b

an
d
η
(z

)
=

0
o
th

erw
ise;

th
e

gen
eral

case
follow

s
in

a
straigh

tforw
ard

w
ay

b
y

u
sin

g
an

ap
p

rox
im

atin
g

p
ro

ced
u

re
w

ith

2
.

N
o
te

th
a
t

u
n
lik

e
in

th
e

tw
o
-cla

ss
ca

se,
d
u
e

to
”
m

u
ltip

le
ju

n
ctio

n
s”

,
o
n
e

ca
n
n
o
t

a
p

p
rox

im
a
te

a
g
en

era
l

p
a
rtitio

n
b
y

a
p
a
rtitio

n
w

ith
sets

w
ith

sm
o
o
th

b
o
u

n
d

a
ries.

T
h
is

m
a
k
es

th
e

co
n

stru
ctio

n
m

o
re

co
m

p
li-

ca
ted

.
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C
o
n
si

st
e
n
c
y

o
f

C
h
e
e
g

e
r

a
n
d

R
a
t
io

G
r
a
p
h

C
u
t
s

ke
rn

el
s

th
at

ar
e

a
fi

n
it

e
su

m
of

st
ep

fu
n

ct
io

n
s

li
ke

th
e

on
e

co
n

si
d

er
ed

p
re

v
io

u
sl

y
(s

ee
th

e
p

ro
of

of
T

h
eo

re
m

1.
1

in
G

ar
ćı

a
T

ri
ll

os
an

d
S

le
p

če
v

(2
01

6)
)

.
W

e
se

t
ε̃ n

:=
ε n

+
2 b
||I

d
−
T
n
|| ∞

.
R

ec
al

l
th

at
b
y

as
su

m
p

ti
on
||I

d
−
T
n
|| ∞
�

ε n
(s

ee
th

e
st

at
em

en
t

of
T

h
eo

re
m

9
an

d
P

ro
p

os
it

io
n

5)
,

an
d

th
u

s
ε̃ n

is
a

sm
al

l
p

er
tu

rb
at

io
n

o
f
ε n

.

D
efi

n
e

th
e

n
on

-l
o
ca

l
to

ta
l

va
ri

at
io

n
T̃
V
ε̃ n

of
an

in
te

gr
ab

le
fu

n
ct

io
n
u
∈
L

1
(ν

)
a
s

T̃
V
ε̃ n

(u
)

:=
1

ε̃d
+

1
n

ˆ

D
×
D
η

(
|x
−
y
|

ε̃ n

)
|u

(x
)
−
u

(y
)|ρ

(x
)ρ

(y
)

d
x

d
y
.

U
si

n
g

th
e

d
efi

n
it

io
n

of
ε̃ n

,
an

d
th

e
fo

rm
of

th
e

ke
rn

el
η
,

w
e

d
ed

u
ce

th
at

fo
r

a
ll
n
∈
N

,
an

d
al

m
os

t
ev

er
y
x
,y
∈
D

w
e

h
av

e

η

(
|T
n
(x

)
−
T
n
(y

)|
ε n

)
≤
η

(
|x
−
y
|

ε̃ n

)
.

T
h

is
in

eq
u

al
it

y
an

a
ch

an
ge

of
va

ri
ab

le
s

(s
ee

2.
2)

im
p

li
es

th
at

εd
+

1
n ε̃d
+

1
n

G
T
V
n
,ε
n
(1
Y
n r
)
≤
T̃
V
ε̃ n

(1
A
n r
).

A
st

ra
ig

h
tf

or
w

ar
d

co
m

p
u

ta
ti

on
sh

ow
s

th
at

th
er

e
ex

is
ts

a
co

n
st

an
t
K

0
su

ch
th

a
t

|T̃
V
ε̃ n

(1
A
n r
)
−
T̃
V
ε̃ n

(1
A
r
)|
≤
K

0

ε̃ n
‖1

A
n r
−

1
A
r
‖ L

1
(ν

)
≤
K

0
C

0
(B

r
)|
|I

d
−
T
n
|| ∞

ε̃ n
.

S
in

ce
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p
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b
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w
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d
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p
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w
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h
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p
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b
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∈
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∞
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T
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c
h
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b
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p
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∞
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p
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e
co

n
st

ru
ct

io
n

o
f
th

e
a
p

p
ro

x
im

at
in

g
se

q
u

en
ce

{U
m
} m
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p
re

se
n
te

d
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d
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d
en
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te
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n
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n
a
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bo

u
n

d
ed

se
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T
h
en

th
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e
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u
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n
π
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,R
}
→
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,R
}
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ch
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a
t

T
V
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A
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\⋃
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A
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T
V
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A
π
(r

)
;ν
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∀r
∈
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,R
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o
f

T
h

e
p
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o
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b
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n
R
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B
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:
N

o
te

th
at
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1

th
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e
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n
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th
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p
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.
In

d
u
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p
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p
p
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se

th
a
t

th
e
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h
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h
en
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d

er
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a
n
y
R
−

1
se
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d
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cr
ib

ed
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th
e

st
at
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en
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L

et
A
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,A

R
b

e
a
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o
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en

,
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ou
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d
ed

se
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w
it

h
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o
o
th

b
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n
d
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sa
ti
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y
in
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B

y
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e
in

d
u
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n
h
y
p

ot
h
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en
o
u

g
h
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ow
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a
t

w
e
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n
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n

d
r
∈
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,.
..
,R
}

su
ch

th
a
t

T
V

(1
A
r
\⋃

s
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r
A
s
;ν

)
≤
T
V

(1
A
r
;ν

).
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.9
)

T
o

si
m

p
li

fy
n

ot
at

io
n

,
d

en
ot

e
b
y

Γ
i

th
e

se
t
∂
A
i

a
n

d
d

efi
n

e
a
ij

a
s

th
e

q
u

an
ti

ty

a
ij

:=

ˆ

Γ
i
∩(
A
j
\⋃

k
6=
i,
k
6=
j
A
k
)∩
D
ρ

2
(x

)
d
H
d
−

1
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).

H
y
p

ot
h

es
is
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.8

)
an

d
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)

im
p
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th

at
th

e
eq

u
a
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T
V

(1
A
r
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s
6=
r
A
s
;ν

)
=

ˆ

∂
(A
r
\⋃

s
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r
A
s
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D
ρ

2
d
H
d
−

1
=

ˆ

Γ
r
∩(

⋃
s
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r
A
s
)c
∩D

ρ
2

d
H
d
−

1
+
∑ s:
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r

a
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.1

0
)

h
ol

d
s

fo
r

ev
er

y
r
∈
{1
,.
..
,R
},

a
s

d
o
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th
e
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eq

u
a
li

ty

T
V

(1
A
r
;ν

)
≥
ˆ

Γ
r
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⋃
s
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r
A
s
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∩D

ρ
2
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d
H
d
−
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+
∑ s:
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r
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s
;ν

)
>
T
V

(1
A
r
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)
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r
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r
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0
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ld
im

p
ly

th
a
t
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r
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a
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d
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d
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∞
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⊆
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d
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∞
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.
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b
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p
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h
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R
d
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b
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eig
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con
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.
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h
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d
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d
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∈
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n
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n
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p
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⊆
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ro
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∈
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∩
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ˆ
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∩
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∩
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∩
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>
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e
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m
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u
kr

th
erefore

satisfi
es

th
e

p
oin

tw
ise

estim
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Σ
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R
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=
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R
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R
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ˆ
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J
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∈
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∈
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t∈

(0,1)
an

d
r

=
1
,...,R

,
w

e
let

B
kr (t)
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L
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e
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∂
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∞
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=
1,...,R
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b
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∂
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∀
k
,

lim
k→
∞
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∂
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∂
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∀
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∈
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∈
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∈
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p
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∑
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∈
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p
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b
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p
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u
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=
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b
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b
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d
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b
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e

low
er

sem
i-con

tin
u

ity
o
f

th
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p
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con
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h
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con
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R
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m
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p
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e
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v
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p
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ra
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p
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e
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e
fo

ll
ow

in
g

tw
o

re
ct

an
gu

la
r

d
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at
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d

to
ra

n
d

o
m

g
eo

m
et

ri
c

gr
a
p

h
s

(s
ee

P
en

ro
se

(2
00

3
))

.
W

e
u

se
th

e
d

o
m

ai
n
D

1
o
n

ly
fo

r
th

e
il

lu
st

ra
ti

on
s

in
F

ig
u

re
2
;

a
ll

o
th

er
ex

p
er

im
en

ts
ar

e
co

n
d

u
ct

ed
on

th
e

d
om

ai
n
D

2
.

W
e

u
se

th
e

st
ee

p
es

t
d

es
ce

n
t

a
lg

or
it

h
m

of
B

re
ss

o
n

et
a
l.

(2
0
12

)
to

so
lv

e
th

e
g
ra

p
h

-b
a
se

d
C

h
ee

g
er

cu
t

p
ro

b
le

m
o
n

th
es

e
g
ra

p
h

s.
T

h
is

a
lg

o
ri

th
m

re
li

es
u

p
o
n

a
n

o
n

-c
on

ve
x

m
in

im
iz

a
ti

o
n

,
a
n

d
it

s
so

lu
ti

o
n

s
d

ep
en

d
u

p
o
n

th
e

ch
o
ic

e
o
f

in
it

ia
li

za
ti

o
n

.
W

e
in

it
ia

li
ze

it
w

it
h

th
e

“
gr

o
u

n
d

-t
ru

th
”

p
ar

ti
ti

on
Y
i n

:=
A
i
∩
X
n

in
a
n

at
te

m
p
t

to
av

o
id

su
b

-o
p

ti
m

a
l

so
lu

ti
on

s
a
n

d
to

b
ia

s
th

e
a
lg

o
ri

th
m

to
w

a
rd

s
th

e
co

rr
ec

t
co

n
ti

n
u

u
m

cu
t.

W
e

te
rm

in
at

e
th

e
al

go
ri

th
m

on
ce

th
re

e
co

n
se

cu
ti

ve
it

er
a
te

s
sh

ow
0%

ch
an

g
e

in
th

e
co

rr
es

p
o
n

d
-

in
g

p
ar

ti
ti

on
of

th
e

gr
ap

h
.

W
e

le
t
Y
∗ n

d
en

o
te

th
e

p
a
rt

it
io

n
o
f
G n

re
tu

rn
ed

b
y

th
e

al
g
o
ri

th
m

,
w

h
ic

h
w

e
v
ie

w
as

th
e

“
op

ti
m

a
l”

so
lu

ti
o
n

o
f

th
e

g
ra

p
h

-b
as

ed
C

h
ee

g
er

cu
t

p
ro

b
le

m
.

F
in

a
ll

y,
w

e
q
u

a
n
ti

fy
th

e
er

ro
r

b
et

w
ee

n
th

e
op

ti
m

a
l
co

n
ti

n
u

u
m

p
a
rt

it
io

n
A
i
(
D
i

a
n

d
th

e
n

th
op

ti
m

a
l

g
ra

p
h

-b
as

ed
p

ar
ti

ti
on

Y
∗ n

o
f
G n

si
m

p
ly

b
y

u
si

n
g

th
e

p
er

ce
n
ta

g
e

o
f

m
is

cl
as

si
fi

ed
d

a
ta

p
oi

n
ts

,

e n
=

m
in

{
1 n

n ∑ i=
1

|1
Y
i n
(x
i)
−

1
Y
∗ n
(x
i)
|,

1 n

n ∑ i=
1

|1
Y
i n
(x
i)
−

1
(Y
∗ n
)c

(x
i)
|}
.

(8
.3

)

T
h

e
ra

ti
on

al
e

fo
r

th
is

ch
oi

ce
co

m
es

fr
o
m

th
e

fo
ll

ow
in

g
o
b

se
rv

at
io

n
.

If
T
n
(x

)
d

en
ot

es
a

se
q
u

en
ce

of
tr

an
sp

o
rt

a
ti

o
n

m
ap

s
b

et
w

ee
n
ν n

a
n

d
ν

th
a
t

sa
ti

sf
y
||I

d
−
T
n
|| ∞

=
o(

1
),

th
en

b
y

3
8

JM
L

R
 1

7(
18

1)
:1

-4
6



C
o
n
sist

e
n
c
y

o
f

C
h
e
e
g

e
r

a
n
d

R
a
t
io

G
r
a
p
h

C
u
t
s

(a
)
ε
n

=
n
−
0
.3

(b
)
ε
n

=
2
(lo

g
n
/
(π
n

))
1
/
2

F
ig

u
re

3
:

G
rap

h
reg

u
la

rity.
W

e
w

o
rk

w
ith

th
e

d
o
m

a
in
D

2 .
F

o
r

each
scalin

g
o
f
ε
n

w
ith

n
,
th

e
corresp

o
n

d
in

g
p

lo
t

d
ep

icts
tw

o
m

ea
su

res
o
f

reg
u

la
rity

fo
r

th
e

seq
u

en
ce

o
f

ra
n

d
o
m

geo
m

etric
gra

p
h

s.
T

h
e

fi
rst

m
ea

su
re

(in
red

)
is

th
e

avera
g
e
E

(m
a
x
(d
i )/m

in
(d
i )),

th
e

av
erag

e
ra

tio
o
f

th
e

m
ax

im
a
l

d
eg

ree
m

a
x
(d
i )

o
fG

n
to

th
e

m
in

im
a
l

d
egree.

F
or

ea
ch

n
,

th
e

av
era

g
e

is
com

p
u

ted
over

1,4
4
0

in
d

ep
en

d
en

t
g
ra

p
h

rea
liza

tio
n
s.

T
h

e
seco

n
d

m
ea

su
re

(in
green

)
co

rresp
o
n

d
s

to
th

e
ra

tio
o
f

th
e

av
era

g
e

m
a
x
im

al
d

eg
ree

to
th

e
avera

g
e

m
in

im
a
l

d
egree,

co
m

p
u

ted
ov

er
1,4

4
0

in
d

ep
en

d
en

t
tria

ls
as

b
efo

re.
T

h
e

grap
h

s
w

ith
ε
n

=
n
−

0
.3

b
ecom

e
in

creasin
g
ly

regu
lar

w
h

ile
th

e
g
rap

h
s

w
ith

ε
n

=
2(lo

g
n
/
(π
n

))
1
/
2

b
eco

m
e

in
crea

sin
g
ly

irreg
u

la
r.

th
e

ch
a
n

g
e

of
va

ria
b

les
(2.2)

(an
d

ign
orin

g
th

e
“
m

in
”

fo
r

sim
p

licity
)

w
e

h
ave

e
n

=

ˆ

D
|1
A
i ◦
T
n
(x

)−
1
Y
n∗ ◦

T
n
(x

)|
d
x
.

B
y

th
e

tria
n

gle
in

eq
u

a
lity,

w
e

th
erefo

re
o
b

ta
in

‖
1
A
i −

1
Y
∗n ◦

T
n ‖

L
1
(ν

)
:=

ˆ

D
|1
A
i (x

)−
1
Y
∗n ◦

T
n
(x

)|
d
x

≤
e
n

+

ˆ

D
|1
A
i (x

)−
1
A
i ◦
T
n
(x

)|
d
x
≤
e
n

+
O

(||Id−
T
n ||∞

)
.

T
h

e
la

st
in

eq
u

a
lity

follow
s

sin
ce

ea
ch

A
i

h
a
s

a
p

iecew
ise

sm
o
o
th

b
o
u

n
d

a
ry.

In
th

is
w

ay,
if||Id−

T
n ||∞

=
o(1

)
th

en
verify

in
g
e
n

=
o(1

)
su

ffi
ces

to
sh

ow
th

at
T
L

1
co

n
vergen

ce
of

m
in

im
izers

h
old

s.
U

n
d

er
th

e
a
ssu

m
p

tio
n

th
a
t
||Id−

T
n ||∞

=
o(1

),
a

sim
ilar

a
rg

u
m

en
t

sh
ow

s
th

a
t
e
n

=
o(1)

is
eq

u
ivalen

t
to
T
L

1
con

verg
en

ce.
T

h
is

eq
u

iva
len

ce
m

o
tiva

tes
u

sin
g

e
n

a
s

a
q
u

an
titative

m
easu

re
of
T
L

1
co

n
verg

en
ce

in
o
u

r
ex

p
erim

en
ts.

T
o

ch
eck

co
n
v
ergen

ce,
a
n

d
to

ex
p

lo
re

th
e

issu
es

rela
ted

to
R

em
a
rk

(2
),

w
e

p
erfo

rm
ex

h
a
u

stive
n
u

m
erica

l
ex

p
erim

en
ts

for
th

ree
d

istin
ct

sca
lin

g
s

o
f
ε
n

w
ith

resp
ect

to
th

e
to

ta
l
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G
a
r
ć
ıa

T
r
il

l
o
s,

S
l
e
p
č
e
v
,

v
o
n

B
r
e
c
h
t
,

L
a
u
r
e
n
t
,

a
n
d

B
r
e
sso

n

n
u

m
b

er
of

sam
p

le
p

oin
ts

on
th

e
d

om
ain

D
2 .

S
p

ecifi
cally,

w
e

con
sid

er
th

e
scalin

gs

ε
n

=
n
−

0
.3,

ε
n

=
2 (

log
n

π
n

)
1
/
2

,
a
n

d
ε
n

=

(
log

n

π
n

)
1
/
2

.

T
h

ese
scalin

gs
co

rresp
on

d
to

th
ree

d
istin

ct
ty

p
es

of
ran

d
o
m

geom
etric

grap
h

s.
T

h
e

fi
rst

sca
lin

g
falls

w
ell

w
ith

in
th

e
accep

tab
le

b
ou

n
d

s
for

ε
n

covered
b
y

ou
r

con
sisten

cy
th

eorem
s.

R
an

d
o
m

gra
p

h
th

eory
sh

ow
s

th
atG

n
is

alm
ost

su
rely

con
n
ected

in
th

is
regim

e:
th

e
p

rob
ab

il-
ity

th
a
tG

n
is

d
isco

n
n

ected
van

ish
es

in
th

e
n
→
∞

lim
it.

T
h

e
secon

d
sca

lin
g

also
gives

rise
to

a
seq

u
en

ceG
n

of
con

n
ected

ran
d

om
geom

etric
grap

h
s

for
n

su
ffi

cien
tly

large
(see

G
u

p
ta

an
d

K
u

m
ar

(19
99),

P
en

rose
(2003)).

H
ow

ever,
th

e
geom

etric
gra

p
h

sG
n

ex
h

ib
it

rath
er

d
iff

eren
t

stru
ctu

ral
p

rop
erties

in
th

is
case;

if
ε
n

=
n
−

0
.3

th
en

th
e

grap
h

s
G
n

b
ecom

e
in

creasin
gly

reg
u

lar
as
n
→
∞
,

w
h

ile
if
π
ε

2n
=

2(log
n

)/n
th

en
th

e
gra

p
h

sG
n

b
ecom

e
in

crea
sin

gly
irreg-

u
la

r.
S

ee
F

igu
re

3
for

an
illu

stration
.

T
h

e
fi

n
al

scalin
g

corresp
on

d
s

to
a

sca
lin

g
b

ellow
th

e
con

n
ectiv

ity
th

resh
old

of
ran

d
om

geom
etric

grap
h

s
(see

G
u

p
ta

an
d

K
u

m
ar

(1999),
P

en
rose

(2
00

3)).
T

h
e

gra
p

h
sG

n
are

d
iscon

n
ected

for
large

en
ou

gh
n

u
n

d
er

th
is

scalin
g.

H
ow

ever,
in

th
is

reg
im

e
each

G
n

h
as

a
“gian

t
com

p
on

en
t”

(a
co

n
n

ected
su

b
grap

h
H
n

ofG
n
)

th
at

con
tain

s
all

b
u

t
a

sm
all

h
an

d
fu

l
of

vertices
(see

F
igu

re
4

at
righ

t).

W
e

d
esign

ed
ou

r
ex

p
erim

en
ts

to
ex

p
lore

th
e

ex
ten

t
to

w
h

ich
a

la
ck

of
grap

h
-regu

larity
or

gra
p

h
-co

n
n

ectiv
ity

m
igh

t
cau

se
in

con
sisten

cy
of

b
alan

ced
cu

ts.
T

h
e

fi
rst

scalin
g
ε
n

=
n
−

0
.3

serves
as

a
b

en
ch

m
ark

or
con

trol.
It

falls
w

ith
in

th
e

con
tex

t
of

ou
r

con
sisten

cy
th

eorem
s,

an
d

so
p

rov
id

es
a

m
ea

n
s

of
d

eterm
in

in
g

th
e

“ty
p

ical”
b

eh
av

io
r

of
b

a
lan

ced
cu

t
alg

orith
m

s
w

h
en

con
sisten

cy
h

old
s.

T
h

e
secon

d
scalin

g,
w

h
ich

falls
ou

tsid
e

th
e

realm
of

ou
r

con
sisten

cy
resu

lts,
tests

w
h

eth
er

con
n

ected
grap

h
s

w
ith

d
iff

eren
t

stru
ctu

ral
p

ro
p

erties
still

lead
to

con
sisten

t
resu

lts.
T

h
e

fi
n

al
scalin

g
p

rob
es

th
e

realm
w

h
ere

con
n

ectiv
ity

fails,
b

u
t

in
a

m
ild

an
d

easily
correctib

le
w

ay.
A

s
th

e
th

eory
ou

tlin
ed

ab
ov

e
in

d
icates,

if
w

e
p

ose
th

e
b

a
lan

ced
cu

t
m

in
im

ization
over

th
e

fu
ll

grap
h
G
n

th
en

w
e

can
n

o
lon

ger
ex

p
ect

co
n

sisten
cy

to
h

old
.

T
h

ese
grap

h
s

p
ose

n
o

p
ractical

d
iffi

cu
lty,

h
ow

ever,
a
s

w
e

m
ay

sim
p

ly
ex

tract
th

e
gia

n
t

co
m

p
on

en
t
H
n

of
each

G
n

an
d

th
en

m
in

im
ize

th
e

b
alan

ced
cu

t
ov

er
th

is
con

n
ected

su
b

grap
h

.
W

e
sim

p
ly

assign
each

vertex
in
G
n
\
H
n

to
on

e
of

th
e

tw
o

classes
u

n
iform

ly
at

ran
d

om
.

O
u

r
last

ex
p

erim
en

t
ex

p
lores

w
h

eth
er

con
sisten

cy
m

igh
t

still
h

old
u

sin
g

th
is

m
o
d

ifi
ed

ap
p

roa
ch

.

T
ab

le
1

an
d

F
igu

re
4

rep
ort

th
e

resu
lts

of
th

ese
ex

p
erim

en
ts.

In
all

cases,
w

e
m

easu
re

erro
r

b
y

u
sin

g
th

e
ex

p
ected

n
u

m
b

er
of

m
isclassifi

ed
p

oin
ts

(8.3)
av

eraged
ov

er
th

e
n
u

m
b

er
of

tria
ls

in
d

icated
in

T
ab

le
1.

W
e

u
sed

a
sm

aller
n
u

m
b

er
of

trials
for

large
n

sim
p

ly
d
u

e
to

th
e

ov
erw

h
elm

in
g

com
p

u
tation

al
b

u
rd

en
.

In
g
en

eral,
w

e
ob

serv
e

th
at

sp
arser

grap
h

s
lead

to
la

rger
erro

r
(see

T
ab

le
1).

W
e

cau
tion

th
at

th
e

corresp
on

d
in

g
rates

rep
orted

in
F

igu
re

4
m

ay
n

ot
co

in
cid

e
w

ith
th

e
tru

e
asy

m
p

totic
rate

of
con

vergen
ce,

sin
ce

w
e

ex
p

ect
th

at
as
n
→
∞

th
e

d
en

ser
grap

h
w

ill
still

p
ro

d
u

ce
low

er
error.

W
e

fu
rth

erm
ore

rem
ark

th
at

th
e

m
easu

re
of

erro
r

w
e

con
sid

er
in

T
ab

le
1

is
also

to
o

w
eak

to
sh

ow
con

v
ergen

ce
in

th
e

a
lm

ost
su

re
sen

se
as

p
rov

id
ed

b
y

ou
r

con
sisten

cy
th

eorem
s.

It
d

o
es,

h
ow

ev
er,

in
d

icate
con

sisten
cy

in
th

e
w

ea
ker

sen
se

of
con

vergen
ce

in
p

rob
ab

ility
(v

ia
M

arkov
’s

in
eq

u
ality

).
T

h
e

alg
orith

m
w

e
u

se
to

op
tim

ize
th

e
d

iscrete
C

h
eeger

cu
t

also
relies

u
p

on
a

n
on

-con
v
ex

m
in

im
izatio

n
(B

resson
et

al.,
2
012),

so
w

e
can

n
ot

say
w

ith
certain

ty
th

at
th

e
corresp

o
n
d

in
g

com
p

u
ted

op
tim

izers
are

g
lob

al.
In

stea
d

,
in

itializin
g

th
e

algorith
m

w
ith

th
e

“grou
n

d
tru

th
”

p
artition

b
ia

ses
th

e
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C
o
n
si

st
e
n
c
y

o
f

C
h
e
e
g

e
r

a
n
d

R
a
t
io

G
r
a
p
h

C
u
t
s

n
=

1
k

2
k

4
k

8
k

16
k

32
k

6
4k

ε n
=
n
−

0
.3

:

E(
e n

)
.0

77
6

.0
61

6
.0

49
5

.0
39

1
.0

32
0

.0
2
38

.0
20

5

T
ri

al
s

10
4

10
4

10
4

10
4

10
08

10
0
8

1
9
2

ε n
=

2(
lo

g
n
/(
π
n

))
1
/
2

:

E(
e n

)
.0

71
0

.0
60

3
.0

50
9

.0
42

7
.0

36
6

.0
3
03

.0
25

6

T
ri

al
s

10
4

10
4

10
4

10
4

10
08

10
0
8

1
9
2

ε n
=

(l
og
n
/
(π
n

))
1
/
2

:

E(
e n

)
.3

22
1

0.
19

84
.1

21
6

.0
88

3
.0

67
2

.0
5
28

.0
42

4

T
ri

al
s

10
4

10
4

10
4

10
4

10
08

10
0
8

1
9
2

T
ab

le
1:

A
ve

ra
ge

er
ro

r
E(
e n

)
b

et
w

ee
n

p
ar

ti
ti

on
s.

F
or

ea
ch

n
an

d
ea

ch
sc

a
li

n
g

o
f
ε n
,

w
e

ob
ta

in
ed

an
es

ti
m

at
e

of
th

e
er

ro
r
E(
e n

)
b
y

co
m

p
u

ti
n

g
th

e
m

ea
n

o
f

(8
.3

)
ov

er
th

e
in

d
ic

at
ed

n
u
m

b
er

of
in

d
ep

en
d

en
t

tr
ia

ls
.

F
ig

u
re

4
p

ro
v
id

es
a

co
rr

es
p

o
n

d
in

g
er

ro
r

p
lo

t.

al
go

ri
th

m
to

w
ar

d
th

e
co

rr
ec

t
cu

t.
If

th
e

al
go

ri
th

m
w

er
e

to
fa

il
u

n
d

er
th

es
e

ci
rc

u
m

st
a
n

ce
s,

it
w

ou
ld

p
ro

v
id

e
st

ro
n

g
n
u

m
er

ic
al

ev
id

en
ce

a
ga

in
st

co
n

si
st

en
cy

.

T
h

e
re

su
lt

s
ap

p
ea

r
ra

th
er

si
m

il
ar

re
g
ar

d
le

ss
of

w
h

et
h

er
ε n

li
es

in
th

e
st

ro
n

g
ly

co
n

-
n

ec
te

d
(ε
n

=
n
−

0
.3

),
w

ea
k
ly

co
n

n
ec

te
d

(ε
n

=
2(

lo
g
n
/(
π
n

))
1
/
2
)

or
w

ea
k
ly

d
is

co
n

n
ec

te
d

(ε
n

=
(l

og
n
/(
π
n

))
1
/
2
)

re
gi

m
es

.
In

d
ee

d
,

in
ea

ch
ca

se
th

e
er

ro
r
E(
e n

)
d

ec
ay

s
to

ze
ro

w
it

h
a

p
ol

y
n

om
ia

l
ra

te
.

T
h

e
va

ry
in

g
d

eg
re

e
p

ro
p

er
ti

es
of

th
e

ra
n

d
om

ge
om

et
ri

c
g
ra

p
h

s
in

th
es

e
re

gi
m

es
d

o
n

ot
se

em
to

p
la

y
m

u
ch

of
a

ro
le

.
A

d
is

co
n

n
ec

te
d

gr
ap

h
,

w
h

il
e

m
o
re

p
ro

b
le

m
-

at
ic

,
is

n
ot

an
in

su
rm

ou
n
ta

b
le

ob
st

ac
le

p
ro

v
id

ed
G n

co
n
ta

in
s

a
gi

an
t

co
m

p
o
n

en
t.

A
n

ai
v
e

h
an

d
li

n
g

of
th

e
d

is
co

n
n

ec
te

d
ve

rt
ic

es
st

il
l

le
ad

s
to

p
la

u
si

b
ly

co
n

si
st

en
t

re
su

lt
s.

W
h

il
e

ce
r-

ta
in

ly
n

ot
co

n
cl

u
si

ve
ev

id
en

ce
,

it
se

em
s

re
as

on
ab

le
to

co
n

je
ct

u
re

th
at

co
n

si
st

en
cy

sh
ou

ld
h

ol
d

,
p

er
h

ap
s

in
th

e
w

ea
ke

r
p

ro
b

ab
il

is
ti

c
se

n
se

,
fo

r
ε n

as
sm

al
l

as
th

e
cr

it
ic

a
l

sc
al

in
g

fo
r

co
n

n
ec

ti
v
it

y.
W

e
le

av
e

a
fu

rt
h

er
ex

p
lo

ra
ti

on
of

th
is

fo
r

fu
tu

re
re

se
ar

ch
.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h

e
au

th
or

s
ar

e
gr

at
ef

u
l

to
th

e
ed

it
or

an
d

th
e

re
fe

re
es

fo
r

m
an

y
va

lu
ab

le
su

g
g
es

ti
o
n

s.

T
h

ey
ar

e
al

so
gr

at
ef

u
l

to
IC

E
R

M
,

w
h

er
e

p
ar

t
of

th
e

re
se

ar
ch

w
as

d
o
n

e
d

u
ri

n
g

th
e

re
-

se
ar

ch
cl

u
st

er
:

G
eo

m
et

ri
c

a
n

a
ly

si
s

m
et

h
od

s
fo

r
gr

a
p
h

a
lg

o
ri

th
m

s.
D

S
an

d
N

G
T

a
re

gr
a
te

fu
l

to
N

S
F

(g
ra

n
ts

D
M

S
-1

21
17

60
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arćıa

T
rillo

s
an

d
D

.
S

lep
čev

.
C

on
tin

u
u

m
lim

it
o
f

to
tal

variatio
n

on
p

oin
t

clo
u

d
s.

A
rch

.
R

a
tio

n
.

M
ech

.
A

n
a
l.,

220(1):193–241,
2016.

IS
S

N
0003-9527.

d
oi:

10.1
007/

s00
20

5-015
-0929-z.

U
R

L
h
t
t
p
:
/
/
d
x
.
d
o
i
.
o
r
g
/
1
0
.
1
0
0
7
/
s
0
0
2
0
5
-
0
1
5
-
0
9
2
9
-
z
.

E
.
G

in
é
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b
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e
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d
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p
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p
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re
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b
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b
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p
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ra
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p
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m
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b
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.
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ca
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a
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ra
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d
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d
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d
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u
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a
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a
u
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n
s

an
d
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p
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b
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p
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p
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b
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p
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a
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p
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p
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b
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a
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p
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p
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r
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b
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tiv

ely
in

stea
d

of
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e
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p
u
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l
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R
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h

en
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g
d

fea
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m
a

p
o
o
l

o
f
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n

d
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e
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n
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o
f

a
cla
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tio
n

ta
sk

,
it

d
o
es

n
o
t

su
ffi
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d
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d
en
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e
w
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e

cla
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h

en
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p
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o
f
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u
n
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tu
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T

h
u
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a
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p

o
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n
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a
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h
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u

n
d
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b
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re
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e
in
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n
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w
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p
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n
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b
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o
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p
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rm
w
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w

h
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c

p
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a
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p
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m
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w
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re
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p
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p
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b
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a
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p
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b
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b
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p
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p
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p
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p
roa
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p
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p
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b
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p
lest

m
eth

o
d

s
a
re

th
o
se

th
a
t

ca
lcu

late
sta

tistics
o
n

in
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ra
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x
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p
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o
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m
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n
b
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a
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q
u
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p
u
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a
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p
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u
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a
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d
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p
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p
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rm
an

ce.

A
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m
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p
lex

a
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p
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e
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Š
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d
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n
in

g
a

score
b
y

ra
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p
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b
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b
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p
le

a
n

d
th
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b
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b
een

sh
ow

n
to

p
erfo

rm
w

ell
in

p
ractice.

In
th

e
w

o
rk

on
m

R
M

R
featu

re
selection

(P
en

g
et

al.,
2
0
05

)
th

e
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p
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b
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n
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a
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u
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a
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n
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t

p
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u
n
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n
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p
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m
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tu

re
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ca
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e

fea
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re
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o
p
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n
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b
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u
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b
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b
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u
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g
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featu
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th

e
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y
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ro
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roach
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celos,
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b
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u
tu

al
in
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a
tion
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p
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d
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e
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d
ition
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d
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u
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b
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g
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b
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d
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F
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m
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u
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u
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m
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l
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)
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)
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q
u

an
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d
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d

s
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a
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o
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b
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a
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t
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e
featu

re
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e
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a
n

a
n
y
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e
featu

res
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y
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C
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S
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b
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d
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e
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b
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arkov
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b
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b
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S
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rem
ain

in
g

variab
les

D
\

(S
∪
X

)
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.
B

ased
o
n
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is
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e
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.
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al.,

20
12)

w
h

ich
avoid

s
d

en
sity

estim
a-

tion
n

ecessa
ry

in
m

u
tu

al
in

form
ation

b
ased

ap
p

roach
es

b
y

con
sid

erin
g

th
e

H
ilb

ert-S
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n
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b
eco

m
e

very
p

op
u

lar
in

recen
t

years,
b

a
sed

on
sp

ectral
clu

sterin
g.

In
su

ch
ap

p
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b
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F
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aracterize

th
e

in
form
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con
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e
en

tro
p
y

of
a

m
ix

tu
re

of
G

au
ssian

s
for

w
h

ich
n

o
closed

-form
ex

p
ressio

n
is

availab
le.
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roach

,
d

u
b

b
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ob
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p
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r
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b
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at
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b
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p
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e

fe
at

u
re

s
in
S

σ
2 i,
j

th
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d
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X
j
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n

d
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n
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e
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e
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th
e
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at

u
re

s
in
S
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e
d
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a
n
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m
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p
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x
im

at
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n
of

th
e
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s
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n
d
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n
al

d
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ib

u
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o
n

s
f
∗

th
e

G
au
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n
ap

p
ro

x
im

at
io

n
of

th
e

jo
in

t
la

w
∑

y
p
y
f y

p
y

th
e

p
ri

or
on

th
e

cl
as

s
va

ri
ab

le
Y

O
u

r
se

co
n

d
ap

p
ro

ac
h

,
d

es
cr

ib
ed

in
§

3.
2.

2
is

b
as

ed
on

a
d

ec
om

p
os

it
io

n
o
f

th
e

m
u

tu
al

in
fo

rm
at

io
n

,
in

th
e

b
in

ar
y

cl
as

s
ca

se
,

as
a

su
m

of
K

u
ll

b
ac

k
-L

ei
b

le
r

d
iv

er
ge

n
ce

te
rm

s,
w

h
ic

h
ca

n
b

e
effi

ci
en

tl
y

ap
p

ro
x
im

at
ed

.
T

h
e
n

-c
la

ss
ca

se
is

ad
d

re
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ed
b
y
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er
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in

g
th

e
o
b
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in

ed
q
u
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ti
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er
th

e
on

e-
v
s-
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l

su
b
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ro

b
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m
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3
.1

M
u

tu
a
l

In
fo

rm
a
ti

o
n

a
n

d
th

e
G

a
u

ss
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n
M

o
d

e
l

G
iv

en
a

co
n
ti

n
u

ou
s

va
ri

ab
le
X

an
d

a
fi

n
it

e
va

ri
ab

le
Y

,
th

ei
r

m
u

tu
al

in
fo

rm
a
ti

o
n

is
d

efi
n

ed
as

I
(X

;Y
)

=
H

(X
)
−
H

(X
|Y

)
(1

)

=
H

(X
)
−
∑ y

H
(X
|Y

=
y
)P

(Y
=
y
).

(2
)

U
si

n
g

a
G

au
ss

ia
n

d
en

si
ty

m
o
d

el
fo

r
co

n
ti

n
u

o
u

s
va

ri
ab

le
s
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a

n
at

u
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st

ra
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u
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p
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m

p
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d
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it
s

ab
il

it
y

to
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b
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p
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op
y

of
a
n

-d
im

en
si
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u
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G
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∼
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)
h

as
a
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m

p
le

an
d
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t

ex
p
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n
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n
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el

y

H
(X

)
=

1 2
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g
(|Σ
|)

+
n 2
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og

2
π

+
1)
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a
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at
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d
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.
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d
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c
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p
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b
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b
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at
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d
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b
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d
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p
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p
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p
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e

en
tr

o
p
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n
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b
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h
ic

h
h

a
s

ro
w

s
(o

r
co

lu
m

n
s)

w
h

ic
h

a
re

li
n

ea
rl

y
d

ep
en

d
en

t
is

0
.

•
It

n
or

m
al

iz
es

w
it

h
re

sp
ec

t
to

a
n
y

a
ffi

n
e

tr
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a
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X
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=
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g
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Σ
A
T
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+
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o
g

2π
+
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=
H
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+
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|).
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d
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b
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o
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e
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o
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∑
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d
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a
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d
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h
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e
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m
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d
b
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b
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W

e
h
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e

b
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;Y

)
=
H
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y

)
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y
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y
.

S
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ce
f
∗
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a

G
au

ss
ia

n
d
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ty
,
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h

a
s

th
e

h
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h
es

t
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tr
op

y
fo

r
a
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n
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)
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b
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p
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∑
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∑
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∑
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ob
tain

th
e

follow
in

g
u

p
p

er
b

ou
n

d

I
(X

;Y
)≤

m
in (

H
(f
∗), ∑

y

(H
(f
y )−

log
p
y )p

y )
−
∑
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b
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d
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∑
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∑
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b
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∑
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∑
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b
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∑
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(p
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∀
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b
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b
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at
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p
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at
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at
io

n
to

th
e

m
u

tu
a
l

in
fo

rm
at

io
n

to
p

er
fo

rm
fe

at
u

re
se

le
ct

io
n

Ĩ
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p
ar

is
on

of
th

e
G

C
-a

p
p
ro

x
im

at
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at
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p
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p
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p
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at
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b
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n
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b
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p
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p
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d
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e
fi

tt
ed

G
a
u

ss
ia

n
f
∗ )

w
e

ob
ta

in
a

ve
ry

go
o
d

es
ti

m
at

or
of

th
e

tr
u

e
m

u
tu

al
in

fo
rm

at
io

n
.

9
JM

L
R

 1
7(

18
2)

:1
-3

9

L
e
fa

k
is

a
n
d

F
l
e
u
r
e
t

 0

 0
.5 1

 1
.5 2

 2
.5 3

 0
 0

.5
 1

 1
.5

 2
 2

.5
 3

M.I. approximation

M
.I.

f*
D

is
jo

in
t

G
C

F
ig

u
re

2:
C

om
p

ar
is

o
n

of
th

e
m

u
tu

a
l

in
fo

rm
a
ti

o
n

o
f

a
m

ix
tu

re
of

5
G

a
u

ss
ia

n
s

as
es

ti
m

at
ed

u
si

n
g

th
e

G
C

-a
p

p
ro

x
im

a
ti

on
,

u
si

n
g

th
e

fi
tt

ed
G

au
ss

ia
n
f
∗ ,

a
n

d
u

si
n

g
th

e
p

ri
or

d
is

tr
ib

u
ti

o
n

(m
a
rk

ed
a
s

d
is

jo
in

t)
,

w
it

h
th

e
tr

u
e

m
u

tu
a
l

in
fo

rm
a
ti

o
n

ca
lc

u
la

te
d

n
u

m
er

ic
a
ll

y.

10
JM

L
R

 1
7(

18
2)

:1
-3

9



J
o
in

t
ly

In
f
o
r
m

a
t
iv

e
F

e
a
t
u
r
e

S
e
l
e
c
t
io

n
M

a
d
e

T
r
a
c
t
a
b
l
e

b
y

G
a
u
ssia

n
M

o
d
e
l
in

g

3
.2

.2
K

L
-b

a
se

d
B

o
u
n
d

W
e

d
erive

h
ere

a
m

ore
g
en

era
l

b
o
u

n
d

in
th

e
ca

se
o
f

a
d

istrib
u

tio
n
f

w
h

ich
is

a
m

ix
tu

re
of

tw
o

d
istrib

u
tion

s
f

=
p

1 f
1

+
p

2 f
2 .

In
th

is
ca

se
w

e
h

ave:

H
(f

)
=
−
∫
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∞
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+
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+
p
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∞
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∞
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∞
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) )
d
u

+
p

1 H
(f

1 (u
))

=
p

1 D
K
L

(f
1 (u

)‖
f

2 (u
))

+
p

1 H
(f

1 (u
))

+
c ′,
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+

12
(µ

2 −
µ

1 )
T

Σ
2 −

1(µ
2 −
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n
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d
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n
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l
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e
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o
m

m
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o
n

p
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n
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n
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e
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l
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o
f
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h

d
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id
ed
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u
g
u
st

2
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g
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g
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p
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b
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.
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b
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e
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a
ti

o
n

S
tu

d
ie

s
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W
A

S
)

d
a
ta
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o
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th
e

p
u

b
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c
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te
,

a
ft

er
le

a
rn

in
g
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ou

t
a

p
ot

en
ti

a
l

p
ri

va
cy

ri
sk

.

A
m

a
jo

r
ch

al
le

n
ge

in
d

ev
el

op
in

g
p
ri

va
cy

-p
re

se
rv

in
g

le
ar

n
in

g
m

et
h

o
d

s
is

to
q
u

an
ti

fy
fo

rm
al

ly
th

e
a
m

o
u

n
t

o
f

p
ri

va
cy

le
a
ka

g
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iv

en
a
ll

p
o
ss
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le

a
n

d
u

n
k
n

ow
n

a
u

x
il
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ry

in
fo

rm
a
ti

o
n

th
e

a
tt

a
ck

er
m

ay
h

av
e,

a
ch

a
ll

en
g
e

in
p

a
rt

a
d

d
re

ss
ed

b
y

th
e

n
o
ti

o
n

o
f

d
iff

er
en

ti
a
l

p
ri

va
cy

(D
w

o
rk

,
2
0
0
6
;

D
w

o
rk

et
a
l.

,
2
0
0
6
b

).
D

iff
er

en
ti

a
l

p
ri

va
cy

h
a
s

th
re

e
m

a
in

a
d

va
n
ta

g
es

ov
er

o
th

er
a
p

p
ro

a
ch

es
:

(1
)

it
ri

g
o
ro

u
sl

y
q
u

a
n
ti

fi
es

th
e

p
ri

va
cy

p
ro

p
er

ty
o
f

a
n
y

d
a
ta

a
n

a
ly

si
s

m
ec

h
an

is
m

;
(2

)
it

co
n
tr

ol
s

th
e

am
ou

n
t

of
p

ri
va

cy
le

ak
ag

e
re

ga
rd

le
ss

of
th

e
at

ta
ck

er
’s

re
so

u
rc

e
or

k
n

ow
le

d
ge

,
(3

)
it

h
as

u
se

fu
l
in

te
rp

re
ta

ti
on

s
fr

om
th

e
p

er
sp

ec
ti

ve
s

of
B

ay
es

ia
n

in
fe

re
n

ce
an

d
st

at
is

ti
ca

l
h
y
p

ot
h

es
is

te
st

in
g,

an
d

h
en

ce
fi

ts
n

at
u

ra
ll

y
in

th
e

ge
n

er
al

fr
am

ew
or

k
of

st
at

is
ti

ca
l

m
ac

h
in

e
le

ar
n
in

g,
e.

g.
,

se
e

(D
w

or
k

an
d

L
ei

,
20

09
;

W
as

se
rm

an
an

d
Z

h
ou

,
20

10
;

S
m

it
h
,

20
11

;
L

ei
,

20
11

;
W

an
g

et
al

.,
20

15
),

as
w

el
l

as
ap

p
li
ca

ti
on

s
in

vo
lv

in
g

re
gr

es
si

on
(C

h
au

d
h
u
ri

et
al

.,
2
0
11

;
T

h
ak

u
rt

a
an

d
S

m
it

h
,

2
01

3
)

a
n

d
G

W
A

S
d

at
a

(Y
u

et
a
l.

,
20

1
4
),

et
c.

In
th

is
p
ap

er
w

e
fo

cu
s

on
th

e
fo

ll
ow

in
g

fu
n
d
am

en
ta

l
q
u
es

ti
on

ab
ou

t
d
iff

er
en

ti
al

p
ri

va
cy

an
d

m
a
ch

in
e

le
a
rn

in
g
:

W
h
a
t

p
ro

bl
em

s
ca

n
w

e
le

a
rn

w
it

h
d
iff

er
en

ti
a
l

p
ri

va
cy

?
M

o
st

li
te

ra
tu

re
fo

cu
se

s
o
n

d
es

ig
n

in
g

d
iff

er
en

ti
a
ll

y
p

ri
va

te
ex

te
n

si
o
n

s
o
f

va
ri

o
u

s
le

a
rn

in
g

a
lg

o
ri

th
m

s,
w

h
er

e
th

e
m

et
h

o
d

s
d

ep
en

d
cr

u
ci

al
ly

on
th

e
sp

ec
ifi

c
co

n
te

x
t

an
d

d
iff

er
va

st
ly

in
n

at
u

re
.

B
u

t
w

it
h

th
e

p
ri

va
cy

co
n

st
ra

in
t,

w
e

h
av

e
le

ss
ch

oi
ce

in
d

ev
el

op
in

g
le

ar
n
in

g
an

d
d

at
a

an
al

y
si

s
al

go
ri

th
m

s.
It

re
m

ai
n

s
u

n
cl

ea
r

h
ow

su
ch

a
co

n
st

ra
in

t
aff

ec
ts

ou
r

ab
il

it
y

to
le

ar
n

,
an

d
if

it
is

p
os

si
b

le
to

d
es

ig
n

a
ge

n
er

ic
p

ri
va

cy
-p

re
se

rv
in

g
an

al
y
si

s
m

ec
h

an
is

m
th

at
is

ap
p

li
ca

b
le

to
a

w
id

e
cl

as
s

of
le

a
rn

in
g

p
ro

b
le

m
s.

O
u

r
C

o
n
tr

ib
u

ti
o
n

s
W

e
p

ro
v
id

e
a

ge
n

er
al

an
sw

er
to

th
e

re
la

ti
on

sh
ip

b
et

w
ee

n
le

ar
n

ab
il

it
y

a
n

d
d

iff
er

en
ti

a
l

p
ri

va
cy

u
n

d
er

V
a
p

n
ik

’s
G

en
er

a
l

L
ea

rn
in

g
S

et
ti

n
g

(V
a
p

n
ik

,
1
9
9
5
)

in
fo

u
r

as
p

ec
ts

.

1
.

W
e

ch
a
ra

ct
er

iz
e

th
e

su
b

se
t

o
f

p
ro

b
le

m
s

in
th

e
G

en
er

a
l

L
ea

rn
in

g
S

et
ti

n
g

th
a
t

ca
n

b
e

le
a
rn

ed
u

n
d

er
d

iff
er

en
ti

a
l

p
ri

va
cy

.
S

p
ec

ifi
ca

ll
y,

w
e

sh
ow

th
a
t

a
su

ffi
ci

en
t

a
n

d
n

ec
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co
n

d
it

io
n
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r

a
p

ro
b

le
m

to
b

e
p

ri
va

te
ly

le
a
rn

a
b

le
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th
e

ex
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te
n

ce
o
f

a
n

a
lg

o
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th
m

th
a
t
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d

iff
er

en
ti

al
ly

p
ri

va
te

an
d
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y
m

p
to

ti
ca

ll
y

m
in
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iz

es
th

e
em

p
ir

ic
al

ri
sk

.
T

h
is

ch
ar

ac
te

ri
za

ti
on

g
en

er
a
li

ze
s

p
re

v
io

u
s

st
u

d
ie

s
o
f

th
e

su
b
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ct

(K
a
si

v
is

w
a
n

a
th

a
n

et
a
l.

,
2
0
1
1
;

B
ei

m
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et
a
l.

,
20

13
a)

th
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s
on

b
in
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y
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si
fi
ca

ti
on
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d
is
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et

e
d
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n

u
n
d
er

th
e

P
A

C
le

ar
n
in

g
m

o
d
el

.
T

ec
h

n
ic

a
ll

y,
th

e
re

su
lt

re
li
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o
n

th
e

n
ow

w
el

l-
k
n

ow
n
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it
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e
o
b

se
rv

a
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o
n

th
a
t

“
p

ri
va
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p
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th
m
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st
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il
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y
”

an
d

th
e
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gu

m
en

t
in

S
h

al
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-S
h
w
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h

m
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a
b
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y
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r
le

a
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il
it
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2
.
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w
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o
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n
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f
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w

h
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o
n
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q
u
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n
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r

a
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a
ss

o
f

d
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ib

u
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n
s
D

.
P
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b
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m
s
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a
t

a
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n
o
t

p
ri

va
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a
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a
b
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n
g
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e
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a
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a
t
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u
d
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m
p
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p

ro
b
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m

s
su
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a
s

0
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b
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a
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o
n
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n
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n
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o
u
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u
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d
om
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n
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h
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d
h
u
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d

H
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,
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))

ar
e

u
su

al
ly

p
ri

va
te

D
-l

ea
rn

ab
le
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r

so
m

e
“n

ic
e”

d
is

tr
ib

u
ti

o
n
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a
ss

D
.

W
e
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a
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er

iz
e

th
e

su
b
se

t
o
f

p
ri

va
te

D
-l

ea
rn

a
b
le

p
ro

b
le

m
s

th
a
t

a
re
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so
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-p
ri

va
te

ly
)

le
ar

n
ab

le
u

si
n

g
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n
d

it
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n
s

an
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s
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e
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d
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u
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e

p
ri

va
te
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a
rn
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g
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L
e
a
r
n
in

g
w

it
h

D
if

f
e
r
e
n
t
ia

l
P

r
iv

a
c
y

3.
In

sp
ired

b
y

th
e

eq
u

ivalen
ce

b
etw

een
p

rivacy
learn

ab
ility

an
d

p
rivate

A
E

R
M

,
w

e
p

rop
ose

a
g
en

eric
(b

u
t

im
p
ra

ctica
l)

p
ro

ced
u
re

th
a
t

a
lw

ay
s

fi
n
d
s

a
co

n
sisten

t
a
n
d

p
riva

te
a
lg

o
rith

m
fo

r
a
n
y

p
riva

tely
lea

rn
a
b

le
(o

r
D

-lea
rn

a
b

le)
p

ro
b

lem
s.

W
e

a
lso

stu
d

y
a

sp
ecifi

c
a
lg

o
rith

m
th

a
t

a
im

s
a
t

m
in

im
izin

g
th

e
em

p
irica

l
risk

w
h

ile
p

reserv
in

g
th

e
p

riva
cy.

W
e

sh
ow

th
a
t

u
n

d
er

a
su

ffi
cien

t
con

d
ition

th
at

relies
on

th
e

geom
etry

of
th

e
h
y
p

oth
esis

sp
ace

an
d

th
e

d
ata

d
istrib

u
tio

n
,

th
is

a
lg

o
rith

m
is

a
b
le

to
p
riva

tely
lea

rn
(o

r
D

-lea
rn

)
a

la
rg

e
ra

n
g
e

o
f

lea
rn

in
g

p
ro

b
lem

s
in

clu
d

in
g

cla
ssifi

ca
tio

n
,

reg
ressio

n
,

clu
sterin

g
,

d
en

sity
estim

a
tio

n
a
n

d
etc,

a
n

d
it

is
co

m
p

u
ta

tio
n

a
lly

effi
cien

t
w

h
en

th
e

p
ro

b
lem

is
co

n
v
ex

.
In

fa
ct,

th
is

g
en

eric
lea

rn
in

g
algorith

m
learn

s
an

y
p

rivately
learn

ab
le

p
rob

lem
s

in
th

e
P

A
C

learn
in

g
settin

g
(B

eim
el

et
al.,

2013a).
It

rem
ain

s
an

op
en

p
rob

lem
w

h
eth

er
th

e
secon

d
algorith

m
also

learn
s

an
y

p
rivately

lea
rn

ab
le

p
ro

b
lem

in
th

e
G

en
eral

L
ea

rn
in

g
S

ettin
g
.

4
.

L
a
stly,

w
e

p
rov

id
e

a
p
relim

in
a
ry

stu
d

y
o
f

lea
rn

a
b

ility
u

n
d

er
th

e
m

o
re

p
ra

ctica
l

(ε,δ)-
d
iff

eren
tial

p
rivacy.

O
u
r

resu
lts

reveal
th

at
w

h
eth

er
th

ere
is

sep
aration

b
etw

een
learn

ab
ility

a
n

d
a
p

p
rox

im
a
te

p
riva

te
lea

rn
a
b

ility
d

ep
en

d
s

o
n

h
ow

fa
st
δ

is
req

u
ired

to
g
o

to
0

w
ith

resp
ect

to
th

e
size

of
th

e
d
ata.

F
in

d
in

g
w

h
ere

th
e

ex
act

p
h
ase

tran
sition

o
ccu

rs
is

an
op

en
p

ro
b

lem
of

fu
tu

re
in

terest.

O
u

r
p

rim
a
ry

o
b

jectiv
e

is
to

u
n

d
ersta

n
d

th
e

co
n

cep
tu

a
l

im
p

a
ct

o
f

d
iff

eren
tia

l
p

riva
cy

a
n

d
learn

ab
ility

u
n

d
er

a
gen

eral
fram

ew
ork

an
d

th
e

rates
of

con
vergen

ce
ob

tain
ed

in
th

e
an

aly
sis

m
ay

b
e

su
b

o
p

tim
a
l.

A
lth

o
u

g
h

w
e

d
o

p
rov

id
e

so
m

e
d

iscu
ssio

n
o
n

p
o
ly

n
o
m

ia
l

tim
e

a
p

p
rox

i-
m

ation
s

to
th

e
p

rop
osed

algorith
m

,
learn

ab
ility

u
n

d
er

com
p

u
tation

al
con

strain
ts

is
b

eyon
d

th
e

sco
p

e
o
f

th
is

p
ap

er.

R
e
la

te
d

w
o
rk

W
h

ile
a

large
am

ou
n
t

of
w

ork
h

as
b

een
d

evoted
to

fi
n

d
in

g
con

sisten
t

(an
d

ra
te

o
p
tim

a
l)

d
iff

eren
tia

lly
p
riva

te
lea

rn
in

g
a
lg

o
rith

m
s

in
va

rio
u
s

settin
g
s

(e.g
.,

C
h
a
u
d
h
u
ri

et
al.,

2011;
K

ifer
et

al.,
2012;

J
ain

an
d

T
h

ak
u

rta,
2013;

B
assily

et
al.,

2014),
th

e
ch

aracteri-
za

tio
n

of
p

rivately
lea

rn
a
b

le
p
rob

lem
s

w
ere

o
n

ly
stu

d
ied

in
a

few
sp

ecia
l

ca
ses.

K
a
siv

isw
a
n

a
th

a
n

et
a
l.

(2
0
1
1
)

sh
ow

ed
th

a
t,

fo
r

b
in

a
ry

cla
ssifi

ca
tio

n
w

ith
a

fi
n

ite
d

iscrete
h
y
p

o
th

esis
sp

a
ce,

a
n
y
th

in
g

th
a
t

is
n
o
n
-p

riva
tely

lea
rn

a
b
le

is
p
riva

tely
lea

rn
a
b
le

u
n
d
er

th
e

agn
ostic

P
rob

ab
ly

A
p

p
rox

im
ately

C
orrect

(P
A

C
)

learn
in

g
fram

ew
ork

,
th

erefore
“fi

n
ite

V
C

-
d
im

en
sion

”
ch

aracterizes
th

e
set

of
p
rivate

learn
ab

le
p
rob

lem
s

in
th

is
settin

g.
B

eim
el

et
al.

(2
0
1
3
a
)

ex
ten

d
s

K
a
siv

isw
a
n

a
th

a
n

et
a
l.

(2
0
1
1
)

b
y

ch
a
ra

cterizin
g

th
e

sa
m

p
le

co
m

p
lex

ity
o
f

th
e

sa
m

e
cla

ss
o
f

p
ro

b
lem

s,
b

u
t

th
e

resu
lt

o
n

ly
a
p

p
lies

to
th

e
rea

liza
b

le
(n

o
n

-a
g
n

o
stic)

ca
se.

C
h
a
u
d
h
u
ri

a
n
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u
ti

on
D

,
le

t
R

(h
)

b
e

th
e

ex
p

ec
te

d
lo

ss
o
f

h
y
p

o
th

es
is
h

a
n

d
R̂

(h
,Z

)
th

e
em

p
ir

ic
a
l

ri
sk

fr
o
m

a
sa

m
p

le
Z
∈
Z
n
: R

(h
)

=
E z
∼
D
`(
h
,z

),
R̂

(h
,Z

)
=

1 n

n ∑ i=
1

`(
h
,z
i)
.

T
h

e
op

ti
m

al
ri

sk
R
∗

=
in

f h
∈H

R
(h

)
an

d
w

e
as

su
m

e
th

at
it

is
ac

h
ie

ve
d

b
y

an
op

ti
m

al
h
∗
∈
H

.
S

im
il

ar
ly

,
th

e
m

in
im

al
em

p
ir

ic
al

ri
sk
R̂
∗ (
Z

)
=

in
f h
∈H

R̂
(h
,Z

)
is

ac
h

ie
ve

d
b
y
ĥ
∗ (
Z

)
∈
H

.
F

or
a

p
os

si
b
ly

ra
n
d
om

iz
ed

al
go

ri
th

m
A

:
Z
n
→
H

th
at

le
ar

n
s

so
m

e
h
y
p

ot
h
es

is
A

(Z
)
∈
H

gi
ve

n
d

at
a

sa
m

p
le
Z

,
w

e
sa

y
A

is
co

n
si

st
en

t
if

li
m

n
→
∞
E Z
∼
D
n

( E
h
∼
A

(Z
)R

(h
)
−
R
∗)

=
0.

(1
)

In
ad

d
it

io
n

,
w

e
sa

y
A

is
co

n
si

st
en

t
w

it
h

ra
te
ξ(
n

)
if

E Z
∼
D
n

( E
h
∼
A

(Z
)R

(h
)
−
R
∗)
≤
ξ(
n

),
w

h
er

e
li

m
n
→
∞
ξ(
n

)
→

0.
(2

)

5
JM

L
R

 1
7(

18
3)

:1
-4

0

W
a
n
g

,
L

e
i

a
n
d

F
ie

n
b
e
r
g

(a
)

Il
lu

st
ra

ti
o
n

o
f

g
en

er
a
l

le
a
rn

in
g

se
tt

in
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p
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D
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d
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m
a
ro

o
n

.

(b
)

O
u
r
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f
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rn
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b
le
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ro

b
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e
g
en
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l
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rn
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g
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g
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ra
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en
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g

a
n

d
o
u

r
co

n
tr

ib
u

ti
o
n

in
u

n
d

er
st

a
n

d
in

g
d

iff
er

en
ti

al
ly

p
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b
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×
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⊂
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0
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0
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1
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y
)

R
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n

H
⊂
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f
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[0
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] d→
R}
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,1

] d×
R

|h
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)−
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D
en

sity
E
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tio

n
B

o
u
n
d
ed

d
istrib

u
tio

n
s

o
n
Z

Z
⊂

R
d
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g
(h
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))

K
-m

ea
n
s

C
lu

sterin
g
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S
⊂

R
d

:|S|
=
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Z
⊂

R
d

m
in
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h ‖
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2

R
K

H
S

cla
ssifi

ca
tio

n
B

o
u
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d
ed

R
K

H
S

R
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H
S×
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0
,1}
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R
K

H
S
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n
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o
u
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ed

R
K

H
S

R
K

H
S×

R
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,h〉−
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S
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a
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P
C

A
R
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n
k
-r

p
ro
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n

m
a
trices

R
d

‖
h
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z‖
2

+
λ‖
h‖

1

R
o
b
u
st

P
C

A
A

ll
su

b
sp

a
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R
d

R
d

‖P
h
(z

)−
z‖

1
+
λ

ra
n
k
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)

M
a
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C
o
m

p
letio

n
A

ll
su

b
sp

a
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in
R
d

R
d×
{
1
,0}

d
m

in
b∈
h ‖
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(b−
x
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2

+
λ

ra
n
k
(h

)

D
ictio

n
a
ry

L
ea

rn
in

g
A

ll
d
ictio

n
a
ries∈

R
d×
r

R
d

m
in

b∈
R
r ‖
h
b−

z‖
2

+
λ‖
b‖

1

N
o
n
-n

eg
a
tiv

e
M

F
A

ll
d
ictio

n
a
ries∈

R
d×
r

+
R
d

m
in

b∈
R
r+ ‖
h
b−

z‖
2

S
u
b
sp

a
ce

C
lu

sterin
g

A
set

o
f
k

ra
n
k
-r

su
b
sp

a
ces

R
d

m
in

b∈
h ‖P

b (z
)−

z‖
2

T
o
p
ic

m
o
d
els

(L
D

A
)
{P

(w
o
rd|to

p
ic)}

D
o
cu

m
en

ts
−

m
a
x

b∈
{P

(T
o
p
ic

)}

∑w
∈
z

lo
g
P
b
,h

(w
)

T
a
b

le
1
:

A
n

illu
stra

tion
o
f

p
ro

b
lem

s
in

th
e

G
en

eral
L

ea
rn

in
g

settin
g
.

S
in

ce
th

e
d

istrib
u

tion
D

is
u

n
k
n

ow
n

,
w

e
can

n
ot

ad
ap

t
th

e
algorith

m
A

to
D

,
esp

ecially
w

h
en

p
riva

cy
is

a
co

n
cern

.
A

lso
,

ev
en

ifA
is

p
o
in

tw
ise

co
n
sisten

t
fo

r
a
n
y

d
istrib

u
tio

n
D

,
it

m
ay

h
ave

d
iff

eren
t

rates
for

d
iff

eren
tD

an
d

p
oten

tially
b

e
arb

itrarily
slow

for
som

eD
.

T
h
is

m
akes

it
h

ard
to

evalu
ate

w
h

eth
erA

in
d

eed
learn

s
th

e
learn

in
g

p
rob

lem
an

d
forb

id
s

th
e

stu
d

y
of

th
e

learn
ab

ility
p
rob

lem
.

In
th

is
stu

d
y,

w
e

ad
op

t
th

e
stron

ger
n
otion

of
learn

ab
ility

con
sid

ered
in

S
h

alev
-S

h
w

artz
et

al.
(2010),

w
h

ich
is

a
d

irect
gen

eralization
of

P
A

C
-learn

ab
ility

(V
alian

t,
1
9
8
4
)

a
n
d

a
g
n
o
stic

P
A

C
-lea

rn
a
b
ility

(K
ea

rn
s

et
a
l.,

1
9
9
2
)

to
th

e
G

en
era

l
L

ea
rn

in
g

S
ettin

g
a
s

stu
d

ied
b
y

H
au

ssler
(19

9
2).

D
e
fi

n
itio

n
1

(L
e
a
rn

a
b

ility
,

S
h

a
le

v
-S

h
w

a
rtz

e
t

a
l.,

2
0
1
0
)

A
lea

rn
in

g
p
ro

blem
is

lea
rn

-
a
ble

if
th

ere
exists

a
n

a
lgo

rith
m
A

a
n

d
ra

te
ξ(n

),
su

ch
th

a
tA

is
co

n
sisten

t
w

ith
ra

te
ξ(n

)
fo

r
a
n

y
d
istribu

tio
n
D

d
efi

n
ed

o
n
Z

.

T
h

is
d

efi
n

ition
req

u
ires

con
sisten

cy
to

h
old

u
n

iversally
for

an
y

d
istrib

u
tion
D

w
ith

a
u

n
iform

(d
istrib

u
tio

n
-in

d
ep

en
d

en
t)

ra
te
ξ(n

).
T

h
is

ty
p

e
o
f

p
ro

b
lem

is
o
ften

ca
lled

d
istribu

tio
n

-free
lea

rn
in

g
(V

alian
t,

1984),
an

d
an

algorith
m

is
said

to
b

e
u

n
iversa

lly
co

n
sisten

t
w

ith
rate

ξ(n
)

if
it

rea
lizes

th
e

criterio
n

.

2
.2

D
iff

e
re

n
tia

l
p

riv
a
c
y

D
iff

eren
tia

l
p

riva
cy

req
u

ires
th

a
t

if
w

e
a
rb

itra
rily

p
ertu

rb
a

d
a
ta

b
a
se

b
y

o
n

ly
o
n

e
d

a
ta

p
o
in

t,
th

e
o
u

tp
u

t
sh

o
u

ld
n

o
t

d
iff

er
m

u
ch

.
T

h
erefo

re,
if

o
n

e
co

n
d

u
cts

a
sta

tistica
l

test
fo

r
w

h
eth

er
a
n
y

in
d

iv
id

u
a
l

is
in

th
e

d
a
ta

b
a
se

o
r

n
o
t,

th
e

fa
lse

p
o
sitiv

e
a
n

d
fa

lse
n

eg
a
tiv

e
p

rob
ab

ilities
can

n
ot

b
oth

b
e

sm
all

(W
asserm

an
an

d
Z

h
ou

,
2010).

F
orm

ally,
d

efi
n

e
“H

am
m

in
g

d
istan

ce”

d
(Z
,Z
′)

:=
#
{
i

=
1,...,n

:
z
i 6=

z ′i }
.

(3)
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W
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n
g

,
L

e
i

a
n
d

F
ie

n
b
e
r
g

D
e
fi

n
itio

n
2

(ε-D
iff

e
re

n
tia

l
P

riv
a
c
y
,

D
w

o
rk

,
2
0
0
6
)

A
n

a
lgo

rith
m
A

is
ε-d

iff
eren

tia
lly

p
riva

te,
if

P
(A

(Z
)∈

H
)≤

ex
p

(ε)P
(A

(Z
′)∈

H
)

fo
r
∀
Z
,
Z
′

o
beyin

g
d
(Z
,Z
′)

=
1

a
n

d
a
n

y
m

ea
su

ra
ble

su
bset

H
⊆
H

.

T
h

ere
are

w
eaker

n
otion

s
of

d
iff

eren
tial

p
rivacy.

F
or

ex
am

p
le

(ε,δ)-d
iff

eren
tial

p
rivacy

allow
s

fo
r

a
sm

a
ll

p
ro

b
a
b
ility

δ
w

h
ere

th
e

p
riva

cy
g
u
a
ra

n
tee

d
o
es

n
o
t

h
o
ld

.
In

th
is

p
a
p

er,
w

e
w

ill
m

ain
ly

w
ork

w
ith

th
e

stron
ger

ε-d
iff

eren
tial

p
rivacy.

In
S
ection

6
w

e
d
iscu

ss
th

e
p
rob

lem
of

(ε,δ)-d
iff

eren
tial

p
rivacy

an
d

ex
ten

d
som

e
of

th
e

resu
lts

to
th

is
settin

g.

O
u

r
o
b

jectiv
e

is
to

u
n

d
ersta

n
d

w
h

eth
er

th
ere

is
a

g
a
p

b
etw

een
lea

rn
a
b

le
p
ro

b
lem

s
a
n

d
p

riva
tely

lea
rn

a
b

le
p

ro
b

lem
s

in
th

e
g
en
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l

lea
rn

in
g

settin
g
,

a
n

d
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q
u

a
n
tify

th
e

tra
d

eo
ff

req
u
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p
ro

tect
p
riva

cy.
T

o
a
ch

iev
e

th
is

o
b

jectiv
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w
e

n
eed
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ow
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e
ex
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o
f

a
n

algorith
m

th
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s

a
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of
p

rob
lem

s
w

h
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p
reserv

in
g

d
iff

eren
tial

p
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M
ore

form
ally,

w
e

d
efi

n
e

D
e
fi

n
itio

n
3

(P
riv

a
te
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a
rn

a
b

ility
)

A
lea

rn
in

g
p
ro

blem
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p
riva

tely
lea

rn
a
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w
ith

ra
te

ξ(n
)

if
th

ere
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n

a
lgo
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m
A

th
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th
u

n
iversa

l
co

n
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cy
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s
in

D
efi

n
itio
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1
)

w
ith
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te
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)
a
n

d
ε-d

iff
eren

tia
l

p
riva

cy
w

ith
p
riva

cy
pa

ra
m

eter
ε
<
∞

.

W
e

ca
n

v
iew

th
e

co
n
sisten
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req

u
irem

en
t

D
efi

n
itio

n
3

a
s

a
m

ea
su

re
o
f

u
tility.

T
h
is

u
tility
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n

o
t

a
fu

n
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n
o
f
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e

o
b
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d
a
ta

,
h

ow
ev

er,
b

u
t

ra
th

er
h

ow
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e
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g
en

era
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to
u

n
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d
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T
h

e
fo
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in

g
lem

m
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sh
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s
th
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th
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ov
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n
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f

p
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te
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a
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in
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u

ch
stron

ger
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d
itio

n
w

ith
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van
ish

in
g

p
riva

cy
loss
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L
e
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a

4
If

th
ere

is
a
n
ε-D

P
a
lgo

rith
m

th
a
t

is
co

n
sisten

t
w

ith
ra

te
ξ(n

)
fo

r
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m
e
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n

sta
n

t
0
<
ε
<
∞

,
th

en
th

ere
is

a
2√n

(e
ε−

e −
ε)-D

P
a
lgo

rith
m

th
a
t

is
co

n
sisten

t
w

ith
ra

te
ξ( √

n
).

T
h

e
p

ro
o
f,

g
iv

en
in

A
p

p
en

d
ix

A
.1

,
u

ses
a

su
b

sa
m

p
lin

g
th

eo
rem

a
d

a
p

ted
fro

m
B

eim
el

et
a
l.
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L

em
m

a
4
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T
h

ere
are

m
an

y
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p
roach

es
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d
esign

d
iff

eren
tially

p
rivate

algorith
m

s,
su

ch
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n
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p
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rb
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u

sin
g

L
ap
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n

oise
(D

w
ork
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D
w

ork
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)
an

d
th

e
E

x
p

on
en

tial
M

ech
an
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(M

cS
h

erry
a
n

d
T

a
lw
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r,

2
0
0
7
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O
u

r
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n
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n

o
f

g
en
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d
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eren

tia
lly

p
riva

te
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in
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e
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x
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en
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p
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r
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en
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of

a
gen

eral
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S
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b
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m
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R
M

A
n
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o
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n
t

b
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d
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a
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h
w
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et
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2
0
1
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W
ith

o
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t
a
ssu

m
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g
u

n
ifo
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n
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o
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p
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,

S
h
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h
w
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a
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rob
lem

is
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d
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ists

a
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O
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p
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p
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ra
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b
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m
A

is
st

ro
n

gl
y

u
n

if
o
rm

R
O

-s
ta

bl
e

if

su
p

z
∈Z

su
p

Z
,
Z

′
∈
Z

n
,

d
(Z
,
Z

′ )
=

1

|E
h
∼
A

(Z
)`

(h
,z

)
−
E h
∼
A

(Z
′ )
`(
h
,z

)|
→

0
a
s
n
→
∞
.

w
h
er

e
d
(Z
,Z
′ )

is
d
efi

n
ed

in
(3

),
in

o
th

er
w

o
rd

,
Z

a
n

d
Z
′

ca
n

d
iff

er
by

a
t

m
o
st

o
n

e
d
a
ta

po
in

t.

S
in

ce
w

e
w

il
l

n
o
t

d
ea

l
w

it
h

o
th

er
va

ri
a
n
ts

o
f

a
lg

o
ri

th
m

ic
st

a
b

il
it

y
in

th
is

p
a
p

er
(e

.g
.,

h
y
p

ot
h

es
is

st
ab

il
it

y
(K

ea
rn

s
an

d
R

on
,

19
99

),
u

n
if

or
m

st
ab

il
it

y
(B

ou
sq

u
et

an
d

E
li

ss
ee

ff
,

20
02

)
a
n

d
le

av
e-

o
n

e-
o
u

t
(L

O
O

)
st

a
b

il
it

y
in

M
u

k
h

er
je

e
et

a
l.

(2
0
0
6
))

,
w

e
si

m
p

ly
ca

ll
D

efi
n

it
io

n
6

st
ab

il
it

y
or

u
n

if
or

m
st

ab
il

it
y.

L
ik

ew
is

e,
w

e
w

il
l

re
fe

r
to
ε-

d
iff

er
en

ti
al

p
ri

va
cy

as
ju

st
“p

ri
va

cy
”

al
th

ou
gh

th
er

e
ar

e
se

ve
ra

l
ot

h
er

n
ot

io
n

s
of

p
ri

va
cy

in
th

e
li

te
ra

tu
re

.

3
.

C
h
a
ra

ct
e
ri

za
ti

o
n

o
f

p
ri

v
a
te

le
a
rn

a
b
il
it

y

W
e

a
re

n
ow

re
a
d
y

to
st

a
te

o
u
r

m
a
in

re
su

lt
.

T
h
e

o
n
ly

a
ss

u
m

p
ti

o
n

w
e

m
a
k
e

is
th

e
u
n
if

o
rm

b
o
u
n
d
ed

n
es

s
o
f

th
e

lo
ss

fu
n
ct

io
n
.

T
h
is

is
a
ls

o
a
ss

u
m

ed
in

S
h
a
le

v
-S

h
w

a
rt

z
et

a
l.

(2
0
1
0
)

fo
r

th
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e
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h
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p
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p
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p
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p
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b
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ra
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.
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itn
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w
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m
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)
+
ξ(n

)
fo

r
a
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ab
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b
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∈
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p
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u
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∆
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∆
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p
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b
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p
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p
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p
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p
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p
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p
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d
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e
seco

n
d

term
va

n
ish

es
a
s
n

in
crea

ses
so

th
a
t

th
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r
is

a
sy

m
p
to

tica
lly

E
R

M
.

T
h

e
sa

m
e

fo
rm

u
la

tio
n

h
a
s

b
een

stu
d

ied
b

efo
re

in
th

e
con

tex
t

of
d

iff
eren

tially
p

rivate
m

ach
in

e
learn

in
g

(C
h

au
d

h
u

ri
et

al.,
2011;

K
ifer

et
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p
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p
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b
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p
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con
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∈
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d
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:
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b
le

v
el

se
t

co
n

d
it

io
n

:
T

h
er

e
ex

is
t

co
n

st
a
n
t

p
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n
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p
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<
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<
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=
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=
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d
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d
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b
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n
d
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d
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b
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p
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p
ro

ce
d

u
re

w
il

l
re

tu
rn

a
g
o
o
d

h
y
p

o
th

es
is

w
it

h
la

rg
e

p
ro

b
a
b
il
it

y.
µ

(S
t)

is
a

cr
it

ic
a
l

p
a
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h
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p
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d
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w
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ra
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w
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d
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p
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d
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ra
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=
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=
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p
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p
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p
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p
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p
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ly
P

ri
v
a
te

L
e
a
rn

a
b

il
it

y
)

W
e

sa
y

a
le

a
rn

in
g

p
ro

bl
em

is
∆

(n
)-

a
p
p
ro

xi
m

a
te

ly
p
ri

va
te

ly
le

a
rn

a
bl

e
fo

r
so

m
e

p
re

-s
pe

ci
fi

ed
fa

m
il

y
o
f

ra
te

∆
(n

)
if

fo
r

so
m

e
ε
<
∞

,
δ(
n

)
∈

∆
(n

),
th

er
e

ex
is

ts
a

u
n

iv
er

sa
ll

y
co

n
si

st
en

t
a
lg

o
ri

th
m

th
a
t

is
(ε
,δ

(n
))

-D
P

.

T
h

is
is

a
co

m
p

le
te

ly
d

iff
er

en
t

su
b

je
ct

to
st

u
d

y
a
n

d
th

e
cl

a
ss

o
f

a
p

p
ro

x
im

a
te

ly
p

ri
va

te
ly

le
ar

n
ab

le
p

ro
b

le
m

s
co

u
ld

b
e

su
b

st
an

ti
al

ly
la

rg
er

th
an

th
e

p
u

re
p

ri
va

te
ly

le
ar

n
ab

le
p

ro
b

le
m

s.
M

o
re

ov
er

,
th

e
p

ic
tu

re
m

ay
va

ry
w

it
h

re
sp

ec
t

to
h

ow
sm

a
ll
δ(
n

)
is

re
q
u

ir
ed

to
b

e.
In

th
is

se
ct

io
n

,
w

e
p

re
se

n
t

o
u

r
p

re
li

m
in

a
ry

in
ve

st
ig

at
io

n
o
n

th
is

p
ro

b
le

m
.

S
p

ec
ifi

ca
ll

y,
w

e
w

il
l

co
n

si
d

er
tw

o
q
u

es
ti

o
n

s:

1.
D

o
es

th
e

ex
is

te
n

ce
o
f

a
n

(ε
,δ

)-
D

P
a
lw

ay
s

A
E

R
M

a
lg

o
ri

th
m

ch
a
ra

ct
er

iz
e

th
e

cl
a
ss

o
f

a
p

p
ro

x
im

at
el

y
p

ri
va

te
le

a
rn

a
b

le
p

ro
b

le
m

s?
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L
e
a
r
n
in

g
w

it
h

D
if

f
e
r
e
n
t
ia

l
P

r
iv

a
c
y

2.
A

re
a
ll

lea
rn

a
b
le

p
ro

b
lem

s
a
p
p
rox

im
a
tely

p
riva

tely
lea

rn
a
b
le

fo
r

d
iff

eren
t

ch
o
ices

o
f

∆
(n

)?

T
h

e
m

in
im

a
l

req
u

irem
en

t
in

th
e

sa
m

e
fl

av
o
r

o
f

D
efi

n
itio

n
3

w
o
u

ld
b

e
to

req
u

ire
∆

(n
)

=
{
δ(n

)|δ(n
)→

0}
.

T
h

e
learn

ab
ility

p
rob

lem
tu

rn
s

ou
t

to
b

e
triv

ial
u

n
d

er
th

is
d

efi
n

ition
d

u
e

to
th

e
follow

in
g

o
b

serva
tion

.

L
e
m

m
a

2
2

F
o
r

a
n

y
a
lgo

rith
m
A

th
a
t

a
cts

o
n
Z

,A
′

th
a
t

ru
n

s
A

o
n

a
ra

n
d
o
m

ly
ch

o
sen

su
bset

o
f
Z

o
f

size
√
n

is
(0,

1√n
)-D

P
.

P
ro

o
f

L
et
Z

a
n
d
Z
′

b
e

a
d
ja

cen
t

d
a
ta

sets
th

a
t

d
iff

ers
o
n
ly

in
d
a
ta

p
o
in

t
i.

F
o
r

a
n
y
i

a
n
d

a
n
y
S
∈
σ

(H
).

P
(A
′(Z

)∈
S

)
=

P
I (A

(Z
I )∈

S|i∈
I
)P

(i∈
I
)

+
P
I (A

(Z
I )∈

S|i
/∈
I
)P

(i
/∈
I
)

=
P
I (A

(Z
I )∈

S|i∈
I
)P

(i∈
I
)

+
P
I (A

(Z
′I )∈

S|i
/∈
I
)P

(i
/∈
I
)

=
P

(A
′(Z
′)∈

S
)

+
[P
I (A

(Z
I )∈

S|i∈
I
)−

P
I (A

′(Z
I )∈

S|i∈
I
)]P

(i∈
I
)

≤
P

(A
′(Z
′)∈

S
)

+
P

(i∈
I
)

=
e

0P
(A
′(Z
′)∈

S
)

+
1√n
.

T
h

is
v
erifi

es
th

e
(0
,1
/ √

n
)-D

P
of

alg
o
rith

m
A
′.

T
h

e
a
b

ov
e

lem
m

a
su

g
g
ests

th
a
t

if
δ(n

)
=
o(1

)
is

a
ll

w
e

n
eed

fo
r

th
e

a
p
p
ro

xim
a
tely

p
riva

te
lea

rn
a
bility,

th
en

an
y

con
sisten

t
learn

in
g

algorith
m

can
b

e
m

ad
e

ap
p

rox
im

ately
D

P
b
y

sim
p

ly
su

b
sa

m
p

lin
g
.

In
o
th

er
w

o
rd

s,
a
n
y

lea
rn

a
b

le
p

ro
b

lem
is

a
lso

lea
rn

a
b

le
u

n
d

er
a
p

p
rox

im
a
te

d
iff

eren
tia

l
p

rivacy.

T
o

g
et

a
ro

u
n

d
th

is
triv

ia
lity,

w
e

n
eed

to
sp

ecify
a

su
ffi

cien
tly

fa
st

ra
te

o
f
δ(n

)
g
o
in

g
to

0
.

W
h

ile
it

is
com

m
on

to
req

u
ire

th
at
δ(n

)
=
o(1/p

o
ly

(n
))

2
for

cry
p

tograp
h

ically
stron

g
p

rivacy
p
ro

tectio
n
,

req
u
irin

g
δ(n

)
=
o(1

/
n

)
is

a
lrea

d
y

en
o
u
g
h

to
in

va
lid

a
te

th
e

a
b

ov
e

su
b
sa

m
p
lin

g
a
rgu

m
en

t
an

d
m

akes
th

e
p

ro
b

lem
o
f

lea
rn

a
b

ility
a

n
o
n

-triv
ia

l
o
n

e.

A
gain

,
th

e
q
u

estion
is

w
h

eth
er

A
E

R
M

ch
aracterizes

ap
p

rox
im

ately
p

rivate
learn

ab
ility

an
d

w
h

eth
er

th
ere

is
a

gap
b

etw
een

th
e

class
of

learn
ab

le
an

d
ap

p
rox

im
ately

p
rivately

learn
ab

le
p

ro
b

lem
s.

H
ere

w
e

sh
ow

th
a
t

th
e

“
fo

lk
lo

re”
L

em
m

a
8

a
n
d

su
b

sa
m

p
lin

g
lem

m
a

(L
em

m
a

2
7
)

ca
n

b
e

ex
ten

d
ed

to
w

ork
w

ith
(ε,δ)-D

P
an

d
th

en
w

e
p
rov

id
e

a
p

ositive
an

sw
er

to
th

e
fi
rst

q
u
estion

.

L
e
m

m
a

2
3

(S
ta

b
ility

o
f

(ε,δ)-D
P

)
IfA

is
(ε,δ)-D

P
,

a
n

d
0
≤
`(h

,z
)
≤

1
,

th
en
A

is
(e
ε−

1
+
δ)-S

tro
n

gly
U

n
ifo

rm
R

O
-sta

ble.

2
.

H
ere

th
e

n
o
ta

tio
n

“
o(1

/
p

o
ly

(n
))”

m
ea

n
s

“
d
ecay

s
fa

ster
th

a
n

a
n
y

p
o
ly

n
o
m

ia
l

o
f
n

”
.

A
seq

u
en

ce
a
(n

)
=

o(1
/
p

o
ly

(n
))

if
a
n
d

o
n
ly

if
a
(n

)
=
o(n
−
r)

fo
r

a
n
y
r
>

0
.
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W
a
n
g

,
L

e
i

a
n
d

F
ie

n
b
e
r
g

P
ro

o
f

F
or

an
y
Z
,Z
′
su

ch
th

at
d
(Z
,Z
′)≤

1
an

d
for

an
y
z
∈
Z

.
L

et
th

e
even

t
E

=
{
h|p

(h
)≥

p ′(h
)},
∣∣E
h∼
A

(Z
) `(h

,z
)−

E
h∼
A

(Z
′) `(h

,z
) ∣∣

=

∣∣∣∣ ∫

h
`(h

,z
)p

(h
)d
h
−
∫

h
`(h

,z
)p ′(h

)d
h ∣∣∣∣

≤
su

p
h
,z
`(h

,z
) ∫

E
p
(h

)−
p ′(h

)d
h
≤
∫

E
p
(h

)−
p ′(h

)d
h

=
P
h∼
A

(Z
) (h
∈
E

)−
P
h∼
A

(Z
′) (h
∈
E

)

≤
(e
ε−

1)P
h∼
A

(Z
′) (h
∈
E

)
+
δ≤

e
ε−

1
+
δ.

T
h

e
la

st
lin

e
ap

p
lies

th
e

d
efi

n
ition

of
(ε,δ)-D

P
.

L
e
m

m
a

2
4

(S
u

b
sa

m
p

lin
g

L
e
m

m
a

o
f

(ε,δ)-D
P

)
IfA

is
(ε,δ)-D

P
,

th
en
A
′

th
a
t

a
cts

o
n

a
ra

n
d
o
m

su
bsa

m
p
le

o
f
Z

o
f

size
γ
n

o
beys

(ε ′,δ ′)-D
P

w
ith

ε ′
=

lo
g
(1

+
γ
e
ε(e

ε−
1
))

a
n

d
δ ′

=
γ
e
εδ.

P
ro

o
f

F
or

an
y

ev
en

t
E
∈
σ

(H
),

let
i

b
e

th
e

co
ord

in
ate

w
h

ere
Z

an
d
Z
′

d
iff

ers

P
h∼
A
′(Z

) (h
∈
E

)
=
γP

h∼
A

(Z
I
) (h
∼
E
|i∈

I
)

+
(1−

γ
)P
h∼

A
(Z
I
) (h
∼
E
|i
/∈
I
)

=
γP

h∼
A

(Z
I
) (h
∼
E
|i∈

I
)

+
(1−

γ
)P
h∼

A
(Z
′I ) (h
∼
E
|i
/∈
I
)

=
γP

h∼
A

(Z
I
) (h
∼
E
|i∈

I
)−

γP
h∼

A
(Z
′I ) (h
∼
E
|i∈

I
)

+
γP

h∼
A

(Z
′I ) (h
∼
E
|i∈

I
)

+
(1−

γ
)P
h∼

A
(Z
′I ) (h
∼
E
|i
/∈
I
)

=
P
h∼
A
′(Z
′) (h
∈
E

)
+
γ

[P
h∼

A
(Z
I
) (h
∼
E
|i∈

I
)−

P
h∼

A
(Z
′I ) (h
∼
E
|i∈

I
)]

≤
P
h∼
A
′(Z
′) (h
∈
E

)
+
γ

(e
ε−

1)P
h∼

A
(Z
′I ) (h
∼
E
|i∈

I
)

+
γ
δ,

(12)

w
h

ere
in

la
st

lin
e,

w
e

ap
p

ly
(ε,δ)-D

P
ofA

.

It
rem

ain
s

to
sh

ow
th

at
P
h∼

A
(Z
′I ) (h
∼
E
|i∈

I
)

is
sim

ilar
to

P
h∼
A
′(Z
′) (h
∈
E

).
F

irst,

P
h∼
A
′(Z
′) (h
∈
E

)
=
γP

h∼
A

(Z
′I ) (h
∈
E
|i∈

I
)

+
(1−

γ
)P
h∼
A

(Z
′I ) (h
∈
E
|i
/∈
I
).

(13)

D
en

o
te
I

1
=
{I|i∈

I},I
2

=
{
I|i

/∈
I}.

W
e

k
n

ow
n
|I

1 |
=
(
n−

1
γ
n−

1 ),
a
n

d
|I

2 |
=
(
n−

1
γ
n )

a
n

d
|I

1 |/|I
2 |

=
γ
n
/(n
−
γ
n

).
F

o
r

ev
ery

I
∈
I

2
th

ere
a
re

p
recisely

γ
n

elem
en

ts
J
∈
I

1
su

ch
th

a
t
d
(I
,J

)
=

1
.

L
ik

ew
ise,

fo
r

ev
ery

J
∈
I

1 ,
th

ere
a
re
n
−
γ
n

elem
en

ts
I
∈
I

2
su

ch
th

a
t

d
(I
,J

)
=

1
.

It
fo

llow
s

b
y

sy
m

m
etry

th
a
t

if
w

e
a
p

p
ly

(ε,δ)-D
P

to
1
/γ
n

o
f

ea
ch

I
∈
I

2

a
n

d
ch

a
n

g
e
I

to
th

eir
co

rresp
o
n

d
in

g
J
∈
I

1 ,
th

en
ea

ch
J
∈
I

1
w

ill
receiv

e
(n
−
γ
n

)/γ
n

“
con

trib
u

tio
n

”
in

total
from

th
e

su
m

over
all

I
∈
I

2 .

P
h∼
A

(Z
′I ) (h
∈
E
|i
/∈
I
)

=
1

|I
2 | ∑I∈I

2 P
h∼
A

(Z
′I ) (h
∈
E

)

=
1

|I
2 | ∑I∈I

2

γ
n
∑j=

1

1γ
n
P
h∼
A

(Z
′I ) (h
∈
E

)

≥
|I

1 |
|I

2 |
1

|I
1 | ∑J∈I

1

n
−
γ
n

γ
n

e −
ε(P

h∼
A

(Z
′J
) (h
∈
E

)−
δ)

=
1

|I
1 | ∑J∈I

1

e −
ε(P

h∼
A

(Z
′J
) (h
∈
E

)−
δ)

=
e −

εP
h∼
A

(Z
′I ) (h
∈
E
|i∈

I
)−

e −
εδ
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L
e
a
r
n
in

g
w

it
h

D
if

f
e
r
e
n
t
ia

l
P

r
iv

a
c
y

S
u

b
st

it
u

te
in

to
(1

3)
,

w
e

ge
t

P h
∼
A

(Z
′ I)

(h
∈
E
|i
∈
I
)
≤

1

γ
+

(1
−
γ

)e
−
ε
P h
∼
A
′ (
Z
′ )

(h
∈
E

)
+

(1
−
γ

)e
−
ε

γ
+

(1
−
γ

)e
−
ε
δ.

W
e

fu
rt

h
er

re
la

x
th

e
u
p
p

er
b

o
u
n
d

to
a

si
m

p
le

fo
rm

eε
P h
∼
A
′ (
Z
′ )

(h
∈
E

)
+
δ

a
n
d

su
b
st

it
u
te

in
to

(1
2)

,
w

e
h

av
e

P h
∼
A
′ (
Z

)(
h
∈
E

)
≤

(1
+
γ
eε

(e
ε
−

1)
)P
h
∼
A
′ (
Z
′ )

(h
∈
E

)
+
γ
δ

+
γ

(e
ε
−

1
)δ
,

w
h

ic
h

co
n

cl
u

d
es

th
e

p
ro

of
.

U
si

n
g

th
e

ab
ov

e
tw

o
le

m
m

as
,

w
e

ar
e

ab
le

to
es

ta
b

li
sh

th
e

sa
m

e
re

su
lt

w
h

ic
h

sa
y
s

th
at

A
E

R
M

ch
ar

ac
te

ri
ze

s
th

e
ap

p
ro

x
im

at
e

p
ri

va
te

le
ar

n
ab

il
it

y
fo

r
ce

rt
ai

n
cl

as
se

s
of

∆
(n

).

T
h

e
o
re

m
2
5

A
p
ro

bl
em

is
∆

(n
)-

a
p
p
ro

xi
m

a
te

ly
p
ri

va
te

ly
le

a
rn

a
bl

e
im

p
li

es
th

a
t

th
er

e
ex

is
ts

a
n

a
lw

a
ys

A
E

R
M

a
lg

o
ri

th
m

th
a
t

is
(ε

(n
),
n
−

1
/
2
eε
δ(
√
n

))
-D

P
fo

r
so

m
e
ε(
n

)
→

0
a
n

d
δ(
√
n

)
∈

∆
(n

).
T

h
e

co
n

ve
rs

e
is

a
ls

o
tr

u
e

if
n
−

1
/
2
eε
δ(
√
n

)
∈

∆
(n

).

P
ro

o
f

If
w

e
h

av
e

a
n

a
lw

ay
s

A
E

R
M

a
lg

o
ri

th
m

w
it

h
ξ e
r
m

(n
)

th
a
t

is
(ε

(n
),
δ(
n

))
-D

P
fo

r
δ(
n

)
∈

∆
(n

).
T

h
en

b
y

L
em

m
a

2
3
,

th
is

a
lg

o
ri

th
m

is
st

ro
n

g
ly

u
n

if
o
rm

R
O

-s
ta

b
le

w
it

h
ra

te
eε

(n
)
−

1
+
δ(
n

).
B

y
T

h
eo

re
m

2
8
,

th
e

a
lg

o
ri

th
m

is
u

n
iv

er
sa

ll
y

co
n

si
st

en
t

w
it

h
ra

te
ξ e
r
m

(n
)

+
eε

(n
)
−

1
+
δ(
n

).
T

h
is

es
ta

b
li

sh
es

th
e

“i
f”

p
ar

t.

T
o

se
e

th
e

“o
n

ly
if

”
p

ar
t,

b
y

d
efi

n
it

io
n

if
a

p
ro
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b
le

m
s

a
re

a
p
p
ro

x
im

a
te

ly
p
ri

va
te

ly
le

a
rn

a
b
le

,
a
n
d

w
h
en

w
e

h
av

e
∆

(n
)

=
{0
},

o
n

ly
a

st
ri

ct
su

b
se

t
o
f

th
es

e
p

ro
b

le
m

s
is

p
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ra
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p
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p
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at
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∆
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→
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∆
(n

)-
a
p
p
ro

xi
m

a
te

ly
p
ri

va
te

ly
le

a
rn

a
bl

e,
if
δ̃(
n

)
=
ω

(1
/
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∆
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p
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h
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a
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b
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/
n
)

Le
ar

na
bi

lit
y 

= 
A

pp
ro

x.
 P

riv
at

e 
Le

ar
na

bi
lit

y

Le
ar

na
bi

lit
y 

 ≠
A

pp
ro

x.
 P

riv
at

e 
Le

ar
na

bi
lit

y

? 

Sl
ow

er
Fa

ste
r

F
ig

u
re

4
:

Il
lu

st
ra

ti
o
n

o
f

P
ro

p
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b
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b
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p
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p
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m
A

th
a
t

is
u

n
iv

er
sa

ll
y

A
E

R
M

a
n

d
(ε

(n
),
δ(
n

))
-D

P
fo

r
ε(
n

)
<
∞

a
n

d
δ(
n

)
≤

0.
4
n
e−

εn
.

E
v
er

y
th

in
g

u
p
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w
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re
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<
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b
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p
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b
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b
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b
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b
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p
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e
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p
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p
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ab
ility,

w
h

ich
req

u
ires

th
e

ex
isten

ce
of

an
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at
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aracterized
p

rivate
D

-learn
ab

ility
to

o
w

ith
a

w
eaker

n
otion

of
A

E
R

M
.

F
or

p
rob

lem
s

th
at

can
b

e
form

u
lated

as
p

en
alized

em
p

irical
risk

m
in

im
iza

tio
n

,
w

e
p

rov
id

e
a

sa
m

p
lin

g
a
lg

o
rith

m
w

ith
a

set
o
f

m
ea

n
in

g
fu

l
su

ffi
cien

t
co

n
d
itio

n
s

o
n

th
e

g
eo

m
etry

o
f

th
e

h
y
p

o
th

esis
sp

a
ce

a
n
d

d
em

o
n
stra

te
th

a
t

it
cov

ers
a

la
rg

e
class

of
p

rob
lem

s.
In

ad
d
ition

,
w

e
fu

rth
er

ex
ten

d
ed

th
e

ch
aracterization

to
learn

ab
ility

u
n

d
er

(ε,δ)-d
iff

eren
tial

p
rivacy

an
d

p
rov

id
ed

a
p

relim
in

ary
an

aly
sis

w
h

ich
estab

lish
es

th
e

ex
isten

ce
o
f

a
p
h
a
se

tra
n
sitio

n
fro

m
a
ll

lea
rn

a
b
le

p
ro

b
lem

s
b

ein
g

a
p
p
rox

im
a
tely

p
riva

te
lea

rn
a
b
le

to
som

e
learn

ab
le

p
rob

lem
s

b
ein

g
n

ot
ap

p
rox

im
ately

p
rivate

learn
ab

le
at

som
e

n
on

-triv
ial

rate
o
f

d
ecay

on
δ(n

).

F
u

tu
re

w
o
rk

in
clu

d
es

u
n

d
ersta

n
d

in
g

th
e

co
n

d
itio

n
s

u
n

d
er

w
h

ich
p

riva
cy

a
n

d
A

E
R

M
a
re

con
trad

ictory
(recall

th
at

w
e

on
ly

h
ave

on
e

ex
am

p
le

on
learn

in
g

th
resh

old
in

g
fu

n
ction

s
d

u
e

to
C

h
au

d
h
u
ri

an
d

H
su

2011),
ch

aracterizin
g

th
e

rate
of

con
vergen

ce,
search

in
g

for
p
ractical

algorith
m

s
th

at
gen

erically
learn

s
all

p
rivately

learn
ab

le
p

rob
lem

s,
an

d
b

etter
u

n
d

erstan
d

in
g

th
e

g
a
p

b
etw

een
learn

a
b

ility
an

d
ap

p
rox

im
a
te

p
riva

te
lea

rn
a
b

ility.

3
.

A
fter

th
e

p
a
p

er
w

a
s

a
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w
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a

su
b

sa
m

p
le

ta
k
en

w
ith

o
u

t
rep

la
cem

en
ts.

T
h

e
la

st
in

eq
u

a
lity

is
b
y

th
e

law
o
f

to
ta

l
ex

p
ectation

an
d

th
e

n
on

-n
egativ

ity
of

th
e

con
d
ition

al
ex

p
ectation

.
B

u
t
P

(n
o

d
u

p
lica

tes)
=

∏
b √
nc−

1
i=

0
(1−

i/
n

)≥
1−

∑
b √
nc−

1
i=

0
i/
n
≥

1
/
2
.

B
y

u
n

iv
ersa

l
co

n
sisten

cy,A
is

co
n

sisten
t

o
n

th
e

d
iscrete

u
n

iform
d

istrib
u

tion
d

efi
n

ed
o
n
Z

,
so

R̂
(A
′(Z

),Z
)−

R̂
∗(Z

)≤
2E

Z
′∼

U
n

if(Z
) b
nc [R̂

(A
(Z
′),Z

)−
R̂
∗(Z

) ]≤
2ξ( √

n
).

It
is

ob
v
iou

s
th

atA
′

is
con

sisten
t

w
ith

rate
√
n

as
it

ap
p
liesA

on
a

ran
d
om

sam
p
le

of
size

√
n

.
B

y
L

em
m

a
4
,A
′

is
2
n
−

1
/
2(e

ε−
e −

ε)
d

iff
eren

tia
lly

p
riva

te.
B

y
C

o
ro

lla
ry

9
,

th
e

n
ew

a
lg

orith
m
A
′

is
u

n
iversally

con
sisten

t.

A
.3

P
ro

o
fs

fo
r

S
e
c
tio

n
3
.3

P
ro

o
f

[P
ro

of
of

P
rop

osition
11]

IfA
(Z

)
is

a
con

tin
u

ou
s

d
istrib

u
tion

,
w

e
can

p
ick

h
∈
H

at
a
n
y

p
o
in

t
w

h
ere
A

(Z
)

h
a
s

fi
n
ite

d
en

sity
a
n
d

setA
′(Z

)|z
∈
Z

to
b

e
h

w
ith

p
ro

b
a
b
ility

1
/
n

a
n
d

th
e

sa
m

e
a
sA

(Z
)

w
ith

p
ro

b
a
b
ility

1−
1
/n

.
T

h
is

b
rea

k
s

p
riva

cy
b

eca
u
se

co
n
d
itio

n
ed

o
n

tw
o

d
a
ta

b
ases

w
ith

z
o
r

w
ith

o
u

t
z
,A

,
th

e
p

rob
a
b

ility
ra

tio
o
f

ou
tp

u
ttin

g
h

is∞
.

IfA
(Z

)
is

a
d
iscrete

d
istrib

u
tion

or
a

m
ix

ed
d
istrib

u
tion

,
it

m
u
st

h
ave

th
e

sam
e

su
p
p

ort
of

th
e

p
oin

t
m

ass
for

all
Z

.
O

th
erw

ise
it

v
iolates

D
P

b
ecau

se
w

e
n

eed
P
h∈
A

(Z
) (h

)

P
h∈
A

(Z
′)
≤

ex
p

(n
ε)

for

a
n
y
Z
,Z
′∈
Z
n
.

S
p

ecifi
ca

lly,
let

th
e

d
iscrete

set
o
f

p
o
in

t
m

a
ss

b
e
H̃

ifH
\H̃
6=
∅,

th
en

w
e

can
u
se

th
e

sam
e

tech
n
iq

u
e

as
in

th
e

con
tin

u
ou

s
case

b
y

ad
d
in

g
a

sm
all

p
rob

ab
ility

1/
n

on
H
\H̃

w
h

en
z
∈
Z

.

IfH̃
=
H

,
th

en
H

is
a

d
iscrete

set,
if|H

|
<
n

,
th

en
b
y

b
ou

n
d

ed
n

ess
an

d
H

o
eff

d
in

g,
E

R
M

is
a

d
eterm

in
istic

algorith
m

th
at

learn
s

an
y

learn
ab

le
p

rob
lem

.
O

n
th

e
oth

er
h

an
d

,
if|H

|
>
n

,
th

en
b
y

p
igeon

h
ole

p
rin

cip
le,

th
ere

alw
ay

s
ex

ists
a

h
y
p

oth
esis

h
th

at
h

as
p

rob
ab

ility
sm

aller
th

an
1/n

in
A

(Z
)

for
an

y
Z
∈
Z
n

an
d

w
e

can
con

stru
ctA

′
b
y

ou
tp

u
ttin

g
a

sam
p
le

ofA
(Z

)
if
z

is
n

ot
ob

served
an

d
ou

tp
u

ttin
g

a
sam

p
leA

(Z
)|A

(Z
)6=

h
w

h
en

ever
z

is
ob

served
.

T
h

e
co

n
sisten

cy
o
fA
′

fo
llow

s
easily

a
s

its
risk

is
at

m
o
st

1
/n

la
rg

er
th

an
th

a
t

o
fA

.

A
.4

P
ro

o
fs

fo
r

ch
a
ra

c
te

riz
a
tio

n
o
f

p
riv

a
te

D
-le

a
rn

a
b

ility

P
ro

o
f

[P
ro

of
of

L
em

m
a

14]
L

etA
′

b
e

th
e

algorith
m

th
at

ap
p

liesA
to

a
ran

d
om

su
b

sam
p

le
o
f

size
b √
nc.

If
w

e
can

sh
ow

th
a
t,

for
a
n
y
D
∈
D

,

(a)
th

e
em

p
irical

risk
ofA

′
con

verges
to

th
e

th
e

op
tim

al
p

op
u

lation
risk

R
∗

in
ex

p
ectation

;

(b
)

th
e

em
p

irica
l

risk
o
f

th
e

E
R

M
lea

rn
in

g
ru

le
also

co
n
verg

es
to
R
∗

in
ex

p
ecta

tio
n

,
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W
a
n
g

,
L

e
i

a
n
d

F
ie

n
b
e
r
g

th
en

b
y

trian
gle

in
eq

u
ality,

th
e

em
p

irical
risk

ofA
′

m
u

st
also

con
verge

to
th

e
em

p
irical

risk
of

E
R

M
,

i.e.,A
′

is
D

-u
n

iversal
A

E
R

M
.

W
e

w
ill

start
w

ith
(a).

F
or

an
y

d
istrib

u
tion

D
∈
D

,
w

e
h

ave

E
Z
∼
D
n
R̂

(A
′(Z

),Z
)

=
E
Z
∼
D
n [E

Z
′⊂
Z
,|Z
′|=
b √
nc R̂

(A
(Z
′),Z

) ]

=
E
Z
′∼
D
b √
nc [b √

nc
n

R̂
(A

(Z
′),Z

′)
+

E
Z
′′∼
D
n−
b √
nc (

n
−
b √
nc

n
R̂

(A
(Z
′),Z

′′) )]

=
E
Z
′∼
D
b √
nc [b √

nc
n

R̂
(A

(Z
′),Z

′)
+
n
−
b √
nc

n
R

(A
(Z
′)) ]
≤

1√n
+
R
∗

+
ξ( √

n
).

(14)

T
h
e

la
st

in
eq

u
a
lity

u
ses

th
e

b
o
u
n
d
ed

n
ess

o
f

th
e

lo
ss

fu
n
ctio

n
to

g
et
R̂

(A
(Z
′),Z

′)≤
1

a
n
d

th
e
D

-con
sisten

cy
ofA

to
b

ou
n

d
th

e
ex

cess
risk

ofE
Z
′R

(A
(Z
′)).

T
o

sh
ow

(b
),

w
e

n
eed

to
ex

p
loit

th
e

assu
m

p
tion

th
at

th
e

p
rob

lem
is

(n
on

-p
rivately

)
learn

ab
le.

B
y

S
h

a
lev

-S
h
w

a
rtz

et
a
l.

(2
0
1
0
,

T
h

eo
rem

7
),

th
e

p
ro

b
lem

b
ein

g
lea

rn
a
b

le
im

p
lies

th
a
t

th
ere

ex
ists

a
u

n
iv

ersa
lly

co
n

sisten
t

a
lg

o
rith

m
B

(n
o
t

restricted
to

D
),

th
a
t

is
u

n
iv

ersa
lly

A
E

R
M

w
ith

ra
te

3
ξ ′(n

14)
+

8√n
a
n

d
sta

b
le

w
ith

ra
te

2√n
.

M
o
reov

er,
b
y

S
h

a
lev

-S
h
w

a
rtz

et
a
l.

(2
0
1
0
,

T
h

eo
rem

8
),
B

’s
sta

b
ility

a
n

d
A

E
R

M
im

p
lies

th
a
t
B

is
a
lso

g
en

era
lizin

g
,

w
ith

ra
te

6
ξ ′(n

14)
+

1
8
√
n

.
H

ere
th

e
term

“
g
en

era
lizin

g
”

m
ea

n
s

th
a
t

th
e

em
p

irica
l

risk
is

clo
se

to
th

e
p

o
p

u
la

tio
n

risk
.

T
h

erefo
re,

w
e

ca
n

esta
b

lish
(b

)
v
ia

th
e

fo
llow

in
g

ch
a
in

o
f

ap
p

rox
im

ation
s

E
Z
∼
D
n
R̂
∗(Z

)≈↑
A

E
R

M
o
fB
E
Z
∼
D
n
R̂

(B
(Z

),Z
)

G
en

era
liza

tio
n

o
fB

↓≈
R

(B
(Z

))≈↑
C

o
n

sisten
cy

o
fB

R
∗.

M
ore

p
recisely,

∣∣∣ E
Z
∼
D
n
R̂
∗(Z

)−
R
∗ ∣∣∣

≤
∣∣∣ E
Z
∼
D
n
R̂
∗(Z

)−
E
Z
∼
D
n
R̂ ∣∣∣

+
∣∣∣ E
Z
∼
D
n
R̂
−
R

(B
(Z

),Z
) ∣∣∣

+
|R

(B
(Z

),Z
)−

R
∗|

≤
[3ξ ′(n

14)
+

8√n
]+

[6
ξ ′(n

14)
+

18
√
n

]+
[3
ξ ′(n

14)
+

10
√
n

]
=

12
ξ(n

14)
+

36
√
n
.

(15)

C
o
m

b
in

e
(1

4)
a
n

d
(15),

w
e

o
b

ta
in

th
e

A
E

R
M

o
fA
′

w
ith

ra
te

1
2
ξ ′(n

1
/
4)

+
3
7
√
n

+
ξ( √

n
)

a
s

req
u

ired
.

T
h

e
p

rivacy
ofA

′
follow

s
from

L
em

m
a

27.

A
.5

P
ro

o
f

fo
r

T
h

e
o
re

m
1
7

W
e

fi
rst

p
resen

t
th

e
p

ro
of

for
T

h
eorem

17.
R

ecall
th

at
th

e
road

m
ap

of
th

e
p

ro
of

is
su

m
m

arized
in

F
ig

u
re

3.

F
or

read
ab

ility,
w

e
d

en
ote

ε(n
)

b
y

sim
p

ly
ε.
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L
e
a
r
n
in

g
w

it
h

D
if

f
e
r
e
n
t
ia

l
P

r
iv

a
c
y

R
ec

al
l

th
at

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

is
F

(h
,Z

)
=

1 n

∑
n i=

1
`(
h
,z
i)

+
g n

(h
)

an
d

th
e

co
rr

es
p

on
d

in
g

u
ti

li
ty

fu
n

ct
io

n
q(
h
,Z

)
=
−
F

(h
,Z

).
B

y
th

e
b

o
u

n
d

ed
n

es
s

a
ss

u
m

p
ti

o
n

,
it

is
ea

sy
to

sh
ow

th
at

if
w

e
re

p
la

ce
on

e
d

at
a

p
oi

n
t

in
an

y
Z

w
it

h
so

m
et

h
in

g
el

se
,

th
en

se
n

si
ti

v
it

y

∆
q

=
su

p
h
∈H

,d
(Z
,Z
′ )

=
1

∣ ∣ q
(Z
,h

)
−
q(
Z
′ ,
h

)∣ ∣
≤

2 n
.

(1
6)

T
h

en
b
y

M
cS

h
er

ry
a
n

d
T

a
lw

a
r

(2
0
0
7
,

T
h

eo
re

m
6
),

A
lg

o
ri

th
m

1
th

a
t

o
u

tp
u

ts
h
∈
H

w
it

h
P(
h

)
∝

ex
p

(
ε

2
∆
q
q(
h
,Z

))
n

at
u

ra
ll

y
en

su
re

s
ε-

d
iff

er
en

ti
al

p
ri

va
cy

.

D
en

ot
e

sh
or

th
an

d
F
∗

:=
in

f f
∈H

F
(Z
,h

)
an

d
q∗

:=
−
F
∗ ,

w
e

ca
n

st
at

e
an

an
al

og
of

th
e

u
ti

li
ty

th
eo

re
m

of
th

e
ex

p
on

en
ti

al
m

ec
h

an
is

m
in

(M
cS

h
er

ry
an

d
T

al
w

ar
,

20
07

).

L
e
m

m
a

2
9

(U
ti

li
ty

)
A

ss
u

m
in

g
ε
<

lo
g
n

(o
th

er
w

is
e

th
e

p
ri

va
cy

p
ro

te
ct

io
n

is
m

ea
n

in
gl

es
s

a
n

yw
a
y)

,
if

a
ss

u
m

p
ti

o
n

A
1
,

A
2

h
o
ld

fo
r

d
is

tr
ib

u
ti

o
n
D

,
th

en

E Z
∼
D
n
E h
∼
A

(Z
)q

(Z
,h

)
≥
−
E Z
∼
D
n
F
∗
−

9[
(ρ

+
2)

lo
g
n

+
lo

g
K

]

n
ε

.
(1

7)

P
ro

o
f

B
y

th
e

b
ou

n
d

ed
n

es
s

of
`

an
d
g

q(
Z
,h

)
=
−

1 n

∑ i

`(
h
,z
i)
−
g n

(h
)
≥
−

(1
+
ζ
(n

))
.

B
y

L
em

m
a

7
in

M
cS

h
er

ry
an

d
T

al
w

ar
(2

00
7)

(t
ra

n
sl

at
ed

to
ou

r
ca

se
),

P h
∼
A

(Z
)
[q

(Z
,h

)
<
−
F
∗
−

2
t]
≤
µ

(H
)

µ
(S
t)
e−

ε
2
∆
q
t ,

(1
8)

A
p

p
ly

(1
6)

,
ta

ke
ex

p
ec

ta
ti

on
ov

er
th

e
d

at
a

d
is

tr
ib

u
ti

on
on

b
ot

h
si

d
es

,
an

d
ap

p
ly

in
g

as
su

m
p

-
ti

on
A

2,
w

e
ge

t

E Z
∼
D
n
P h
∼
A

(Z
)
[q

(Z
,h

)
<
−
F
∗
−

2t
]
≤
K
t−
ρ
e−

ε
n
t

4
=
e−

ε
n
t

4
+

lo
g
K
−
ρ

lo
g
t

:=
e−

γ
.

(1
9)

T
ak

e
t

=
4
[ (ρ

+
2
)

lo
g
n

+
lo

g
(K

)]
εn

,
b
y

th
e

as
su

m
p

ti
on

th
at
ε
<

lo
g
n

,
w

e
ge

t
lo

g
(n
t)
>

0.
S

u
b

st
it

u
te

t
in

to
th

e
ex

p
re

ss
io

n
of
γ

w
e

ob
ta

in

γ
=
εn 4
t
−

lo
g
K

+
ρ

lo
g
t

=
2

lo
g
n

+
ρ

lo
g
(n
t)
≥

2
lo

g
n
,

an
d

th
er

ef
or

e
E Z
∼
D
n
P h
∼
A

(Z
)
[q

(Z
,h

)
<
−
F
∗
−

2
t]
≤
n
−

2
.

D
en

o
te

P h
∼
A

(Z
)[
q(
Z
,h

)
<
−
F
∗
−

2
t]

=
:
p
,

w
e

ca
n

th
en

b
o
u
n
d

th
e

ex
p

ec
ta

ti
o
n

fr
o
m

b
el

ow
as

fo
ll

ow
s:

E Z
∼
D
n
E h
∼
A

(Z
)q

(Z
,h

)
≥
E Z
∼
D
n
(−
F
∗
−

2t
)(

1
−
p
)

+
m

in
h
∈H

,Z
∈Z

n
q(
Z
,h

)E
Z
∼
D
n
p

≥
E Z
∼
D
n
(−
F
∗
−

2t
)

+
(−

1
−
ζ
(n

))
n
−

2

≥
−

E Z
∼
D
n
F
∗
−

8
[ (ρ

+
2)

lo
g
n

+
lo

g
(K

)]

εn
−

(1
+
ζ
(n

))
n
−

2

≥
−

E Z
∼
D
n
F
∗
−

9
[ (ρ

+
2)

lo
g
n

+
lo

g
(K

)]

εn
.
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n
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y

so
m

et
h

in
g

a
b

o
u

t
th

e
le

a
rn

in
g

p
ro

b
le

m
.

In
p

a
rt

ic
u

la
r,

th
e

A
E

R
M

fo
ll

ow
s

d
ir

ec
tl

y
fr

om
th

e
u

ti
li

ty
re

su
lt

an
d

st
ab

il
it

y
fo

ll
ow

s
fr

om
th

e
d

efi
n

it
io

n
of

d
iff

er
en

ti
al

p
ri

va
cy

.

L
e
m

m
a

3
0

(U
n

iv
e
rs

a
l

A
E

R
M

)
A

ss
u

m
e

A
1

a
n

d
A

2
,

a
n

d
ε
≤

lo
g
n
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h
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d
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h
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h
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p
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h
is

o
r

h
er

ow
n

co
n
tr

o
l.

T
h
e

S
C

C
S
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a
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b
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y
a
p

p
li

ed
,

es
p

ec
ia

ll
y

in
va

cc
in

e
st

u
d

ie
s

(s
ee

th
e
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h
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p
a
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l
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va
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b

u
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m
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b
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d
in
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T

h
e
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n
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a
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S
C

C
S
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h
o
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o
n
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e
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n
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n
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u

tc
o
m
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in
tr

o
d

u
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d
th

e
h
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h

-d
im

en
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o
n

a
l

m
u

lt
ip

le
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on
tr

o
ll

ed
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se
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S

C
C
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o
d

th
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t

si
m

u
lt
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n
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u
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p
ro

v
id
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ec
t
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ti

m
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fo

r
m

u
lt

ip
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d
ru

g
s

a
n

d
a

si
n

g
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e.
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M
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C
C

S
p
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v
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a
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o
n
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o
ll

ed
ap

p
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ac
h

th
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n
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tr
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r
m
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y

ti
m

e-
va

ry
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va
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a
te

s,
d

ru
g
s

b
ei

n
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l
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n
im

p
le

m
en
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o
n
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o
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b
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th

S
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C
S

an
d

M
S

C
C

S
p
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v
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e
si

g
n
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n
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va

n
ta

g
es
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p
ec

ia
ll
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in
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ig

h
-d

im
en

si
o
n

a
l

se
tt

in
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w
it

h
th

ou
sa

n
d

s
or

ev
en

te
n

s
o
f

th
ou

sa
n

d
s

o
f

d
ru

g
s

a
n

d
ou
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n

d
ev

en
la
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er
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u
m

b
er

s
of

in
te

ra
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n
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et
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et
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e
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e
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ir

ic
al

ev
a
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at
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n
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S

C
C

S
a
n

d
M

S
C

C
S

in
co

m
p

a
ri

so
n

w
it

h
o
th

er
st

a
n

d
a
rd

m
et

h
o
d

s
fo

r
eff

ec
t

si
ze

es
ti

m
a
ti

on
.

N
ei

th
er

S
C

C
S

n
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M
S

C
C

S
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co
u

n
t

fo
r

th
e

fa
ct

th
a
t

m
a
n
y

d
ru

g
s/

tr
ea

tm
en

ts
n

a
tu

ra
ll
y

fo
rm

cl
a
ss

es
a
n

d
th

er
ef

o
re

re
gr

es
si

o
n

co
effi

ci
en

ts
fo

r
d
ru

gs
fr

om
w

it
h

in
a

si
n

gl
e

cl
a
ss

m
ig

h
t

re
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on
ab

ly
b

e
m

o
d

el
ed

as
a
ri

si
n

g
ex

ch
a
n

ge
a
b

ly
fr

o
m

a
co

m
m

o
n

p
ri

o
r

d
is

tr
ib

u
ti

on
.

A
d

v
er

se
ev

en
ts

an
d

h
ea

lt
h

co
n

d
it

io
n

s
ca

n
al

so
b

e
o
rg

an
iz

ed
h

ie
ra

rc
h

ic
al

ly
,

a
ga

in
a
ff

or
d

in
g

an
o
p

p
or

-
tu

n
it

y
to

“b
or

ro
w

st
re

n
g
th

”
a
cr

o
ss

re
la

te
d

ou
tc

om
es

.
F

or
b

o
th

d
ru

g
s

a
n

d
o
u

tc
o
m

es
,

th
e

h
ie

ra
rc

h
y

co
u

ld
ex

te
n

d
to

m
u

lt
ip

le
le

ve
ls

.
In

w
h

a
t

fo
ll

ow
s,

w
e

fo
rm

a
li

ze
th

es
e

id
ea

s
w

it
h

in
th

e
fr

a
m

ew
o
rk

o
f

la
te

n
t

fa
ct

or
B

ay
es

ia
n

h
ie

ra
rc

h
ic

a
l

m
o
d

el
s.

F
ac

to
r

m
o
d

el
s,

w
h

ic
h

h
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e
b
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n

tr
a
d

it
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n
a
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u
se
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ra
l
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s
a
n

d
b
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fo
r-

m
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ic
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p
ro

v
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e
a
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a
m

ew
o
rk

fo
r

m
o
d

el
in

g
m

u
lt

iv
a
ri

a
te

d
a
ta

v
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u
n

o
b

se
rv

ed
la

te
n
t

fa
ct

o
rs
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.,
G

h
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h
a
n

d
D

u
n

so
n

,
2
0
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;
C

a
rv

a
lh

o
et

a
l.

,
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0
8
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In
th

is
p

ap
er

,
w

e
d

o
n

o
t

im
p

os
e

sp
ec

ifi
c

la
te

n
t

st
ru
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u

re
a
p
ri
o
ri

.
H

ow
ev

er
,

o
u

r
a
p

p
ro

ac
h

ca
n

a
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o
b

e
u

se
d

fo
r
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se

s
w

h
er

e
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se

s
of

d
ru

g
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a
n

d
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n
d

it
io

n
s
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e

k
n
ow

n
a
p
ri
o
ri

.
W

e
w

il
l
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ow

th
a
t

th
e
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te

n
t
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ct

or
ap

p
ro

a
ch

n
ot

o
n
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b
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n
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m

o
re
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te
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ta
b

il
it

y
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r

m
o
d
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,

b
u

t
a
ls
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n
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y
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u

te
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d

u
ci

n
g
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e
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m

p
u

ta
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a
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p
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T
h
e

F
a
c
t
o
r
iz

e
d

S
e
l
f
-C

o
n
t
r
o
l
l
e
d

C
a
se

S
e
r
ie

s
M

e
t
h
o
d

few
a
u

th
o
rs

h
av

e
p

rev
iou

sly
co

n
sid

ered
m

a
trix

fa
ctorizatio

n
-b

ased
d
a
ta

an
a
ly

sis
tech

n
iq

u
es

for
d

ru
g

safety
an

d
su

rveillan
ce

(fo
r

ex
a
m

p
le,

Z
itn

ik
a
n

d
Z

u
p

a
n

20
1
4
,

fo
r

d
ru

g-in
d

u
ced

liver
in

ju
ry

p
red

iction
an

d
C

ob
an

og
lu

et
a
l.

20
13

,
fo

r
p

red
ictin

g
d

ru
g
-targ

et
in

tera
ction

s
in

n
eu

rob
iolo

gical
d

isord
ers,

w
h

ich
a
re

b
oth

v
ery

d
iff

eren
t

from
o
u

r
stu

d
y
).

W
e

in
tro

d
u

ce
th

ree
m

o
d

els
fo

r
p

red
ictin

g
th

e
eff

ects
o
f

m
u

ltip
le

d
ru

g
s

o
n

m
u

ltip
le

o
u

t-
co

m
es

th
at

u
se

h
iera

rch
ica

l
B

ayesia
n

a
n
aly

sis.
T

h
e

fi
rst

m
o
d

el
(M

o
d

el
0
)

d
o
es

n
o
t

u
se

laten
t

facto
rs,

a
n

d
b

orrow
s

stren
g
th

a
cro

ss
all

d
ru

g
s

a
n

d
o
u

tco
m

es.
T

h
e

seco
n

d
m

o
d
el

(M
o
d

el
1)

u
ses

o
n
e

set
o
f

la
ten

t
d

ru
g
s

an
d

o
n

e
set

o
f

la
ten

t
o
u

tcom
es,

th
rou

g
h

a
sin

g
le

m
a
trix

fa
cto

r-
iza

tion
.

T
h

e
th

ird
m

o
d

el
(M

o
d

el
2
)

u
ses

tw
o

sets
of

laten
t

fa
ctors,

b
y

fa
ctorin

g
th

e
m

a
trix

o
f

co
effi

cien
ts

in
to

th
ree

m
atrices;

o
n
e

fo
r

co
n
vertin

g
d

ru
gs

to
la

ten
t

d
ru

g
s,

a
n

oth
er

fo
r

con
-

vertin
g

o
u

tco
m

es
to

la
ten

t
o
u

tco
m

es,
a
n

d
th

e
th

ird
fo

r
m

o
d

elin
g

th
e

eff
ects

o
f

la
ten

t
d

ru
g
s

o
n

la
ten
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o
u
tco

m
es.

B
y

a
llow

in
g
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ten
t

fa
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rs,
th

e
seco

n
d

a
n

d
th

ird
m

o
d

els
p

rov
id

e
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crea

sed
level

o
f

in
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retab
ility,

u
se
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er
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b
les,

an
d

a
re

th
u

s
m

ore
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m
p

u
ta
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n

a
lly

effi
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t
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a
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T
h

e
rest

o
f

th
is

p
a
p

er
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o
rg

an
ized

a
s

follow
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n
2
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overv
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o
f

th
e
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n
tro

lled
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se
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C
S

)
m
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o
d

.
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S
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s
3
,

4
.1

,
4
.2

,
a
n

d
4.3

w
e

d
escrib

e
th

e
m

o
d

el
a
n

d
th

e
B
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n

in
feren

ce
p

ro
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u
re.

W
e

th
en

u
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u
la
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n
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S
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n

5
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w
e
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n
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th

e
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e
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g
p

a
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m
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a
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.
F
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w
e

d
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o
n
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e

a
p
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S
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n

6
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a
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g
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e
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ects
o
f
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u

s
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r
d
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b
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O

u
r

p
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p
o
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o
d
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b
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a
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b
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n
d
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d
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co

n
sid

ered
in

th
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p
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u
n
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v
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o
f

th
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S
e
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o
n
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C
a
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S
e
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)
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h

e
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series
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o
d
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e
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te
d

u
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g
d

ru
g
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p

o
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b
a
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e
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u
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o
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;
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o
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d
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u

a
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a
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a
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n
trol.

E
a
ch
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t
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n

,
w

h
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a

p
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d
of
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m
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g
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o
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n
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p
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th
e
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m

e
p
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o
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p

o
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.
T

h
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o
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a
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g
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lly
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p
atien
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n
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a
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u
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cio
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m
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e
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o
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b
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a
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m
p
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irst,
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C
C

S
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le
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b

ia
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d
u

e
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p
o
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u
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n
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u
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ow
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ever,
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C
S
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o
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a
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n
t

fo
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o
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g
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u

n
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h
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m
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w
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o
u
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e
a
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a
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o
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S
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d
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C
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a
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t

eff
ects

a
re

h
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o
gen
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a
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b
jects.
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h
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atien
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H
ow

ev
er,
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a
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p
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d
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eff
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m
th

e
vario

u
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ts.
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a
p

p
roa
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e
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c
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n
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b
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b
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M
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th
e

m
o
d

el
p

aram
eters,

ou
tcom

es
are

assu
m

ed
to

b
e

in
d

ep
en

d
en

t
of

each
o
th

er,
a
lth

o
u

gh
b

ecau
se

w
e

are
u

sin
g

laten
t

factors,
th

ere
can

b
e

m
argin

al
d

ep
en

d
en

ces
am

on
g

th
e

ou
tcom

es.
In

th
e

S
C

C
S

,
ev

en
ts

are
m

o
d

eled
as

arisin
g

from
a

n
on

-h
om

og
en

eo
u

s
P

oisso
n

p
ro

cess.
T

h
e

ev
en

t
rate

varies
over

tim
e,

b
ased

on
ex

p
osu

re
to

d
ru

gs.
E

ach
p
atien

t
i

=
1
,···

,N
carries

an
u

n
k
n

ow
n

in
d

iv
id

u
al

b
aselin

e
even

t
rate

of
e
φ
i.

T
h

e
ex

p
osu

re
to

d
ru

g
j

=
1,...,J

m
ea

su
red

ea
ch

d
ay

resu
lts

in
a

m
u

ltip
licative

eff
ect

of
e
β
j

to
th

is
b

aselin
e

rate
e
φ
i.

T
h

e
h

isto
rica

l
d

a
ta

for
p

atien
t
i

on
d

ay
d

(d
=

1
,···

,τ
i )

in
clu

d
es

a
vector

of
d

ru
g

ex
p

osu
re

as
x
id

=
[x
id

1 ,x
id

2 ,...,x
id
J
] >

,
w

h
ere

x
idj

=
1

if
p

atien
t
i

is
ex

p
osed

to
d

ru
g
j

on
d

ay
d

an
d

0
o
th

erw
ise.

T
h

e
S

C
C

S
d

efi
n
es
λ
id

=
ex

p
(φ
i
+
x
>id β

)
as

th
e

P
oisson

even
t

rate
for

p
atien

t
i

on
in

terval
d
,

w
h

ere
β

=
[β

1 ,β
2 ,...,β

J
] >

are
regression

co
effi

cien
ts.

W
e

d
en

ote
y
id

as
th

e
n
u

m
b

er
of

even
ts

th
at

p
atien

t
i

ex
p

erien
ces

on
d

ay
d
.

C
on

d
itio

n
in

g
on

th
e

tota
l

n
u

m
b

er
of

even
ts

fo
r

p
atien

t
i,

d
en

oted
b
y
n
i ,

n
u

isan
ce

q
u

an
tities

φ
i

can
cel

ou
t

of
th

e
S

C
C

S
likelih

o
o
d

,
leav

in
g

log
-lik

elih
o
o
d

as
follow

s:

L
(β

)
=

N
∑

i

[
τ
i
∑

d

y
id
x
>id
β
−
n
i log (

τ
i
∑

d

e
x
>id
β )
]
.

(1)

S
in

ce
larg

er
L

O
D

s
can

con
tain

m
illion

s
of

p
atien

ts,
avoid

in
g

estim
ation

of
th

e
p

atien
t-

sp
ecifi

c
b

aselin
e

rates
rep

resen
ts

a
sign

ifi
can

t
com

p
u

tation
al

an
d

statistical
ad

van
ta

ge.
T

h
e

m
ost

b
asic

version
of

th
e

S
C

C
S

d
eals

w
ith

on
e

d
ru

g
an

d
estim

ates
a

sin
g
le

u
n

k
n

ow
n

,
β

1 ,
th

e
eff

ect
estim

ate
for

th
e

target
d

ru
g

of
d

irect
in

terest.
H

ow
ev

er,
m

ost
p

atien
ts

in
lon

g
itu

d
in

al
h

ealth
care

d
atab

ases
often

take
m

u
ltip

le
d

ru
gs

an
d

treatm
en

ts
th

rou
gh

ou
t

th
e

co
u

rse
o
f

th
eir

o
b

servation
an

d
also

ex
p

erien
ce

m
u

ltip
le

h
ealth

ou
tcom

es.
T

h
is

m
otivates

u
s

to
u

se
a

m
u

ltip
le-d

ru
g,

m
u

ltip
le-ou

tcom
e

an
aly

sis.

3
.

M
u
lti-d

ru
g
,

M
u
lti-O

u
tco

m
e

S
e
lf-C

o
n
tro

lle
d

C
a
se

S
e
rie

s
-

N
o
ta

tio
n

a
n
d

In
fe

re
n
ce

T
h

e
m

eth
o
d

s
p

ro
p

osed
h

ere
gen

eralize
th

e
self-con

trolled
case

series
to

h
a
n

d
le

m
u

l-
tip

le
d

ru
gs/treatm

en
ts

an
d

m
u

ltip
le

ou
tcom

es/con
d

ition
s.

W
e

d
escrib

e
th

e
ex

ten
d

ed
S

C
C

S
/M

S
C

C
S

w
h

ere
th

ere
are

J
d

ru
gs

an
d
O

h
ealth

ou
tcom

es.
T

h
e

n
otation

u
sed

th
rou

gh
-

ou
t

th
e

p
ap

er
is

as
follow

s:
N

:
n
u

m
b

er
of

p
atien

ts
(i

in
d

ex
es

in
d

iv
id

u
als

from
1

to
N

).
x
idj :

b
in

ary
in

d
ica

tor
refl

ectin
g

w
h

eth
er

p
atien

t
i

is
ex

p
osed

to
d

ru
g
j

on
in

terva
l
d
.

x
id

=
[x
id

1 ,x
id

2 ,...,x
id
J
] >

:
th

e
vector

of
ex

p
osed

d
ru

gs
for

p
atien

t
i

on
in

terval
d
.

J
:

n
u

m
b

er
of

d
ru

gs
(treatm

en
ts).

O
:

n
u

m
b

er
of

h
ealth

ou
tcom

es
(ad

verse
even

ts).
D
oi :

th
e

set
of

ob
servation

in
tervals

w
h

ere
p

a
tien

t
i

h
as

ou
tcom

e
o.

τ
oi :

th
e

n
u

m
b

er
of

ob
servation

in
tervals

w
h

ere
p
atien

t
i

h
a
s

ou
tcom

e
o

(th
e

size
of
D
oi ).

y
oid :

b
in

ary
in

d
ica

tor
refl

ectin
g

w
h

eth
er

p
atien

t
i

h
as

ou
tcom

e
o

on
in

terval
d
.

y
oi

=
[y
oi1 ,y

oi2 ,...,y
oiτ
oi ] >

:
th

e
vector

of
ob

served
ou

tco
m

es
o

fo
r

p
atien

t
i.

φ
oi :

b
a
selin

e
in

cid
en

ce
of

ou
tcom

e
o

for
p

atien
t
i.

Φ
=


φ

11
...

φ
O1

:
:

:
φ

1N
...

φ
ON


:

b
aselin

e
in

cid
en

ce
m

atrix
.
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T
h
e

F
a
c
t
o
r
iz

e
d

S
e
l
f
-C

o
n
t
r
o
l
l
e
d

C
a
se

S
e
r
ie

s
M

e
t
h
o
d

β
o j
:

re
gr

es
si

on
co

effi
ci

en
ts

as
so

ci
at

ed
w

it
h

ou
tc

om
e
o

an
d

d
ru

g
j.

β
o

=
[β
o 1
,β

o 2
,.
..
,β

o J
]>

:
re

gr
es

si
on

co
effi

ci
en

ts
as

so
ci

at
ed

w
it

h
ou

tc
om

e
o.

B
=

 
β

1 1
..
.
β
O 1

:
:

:
β

1 J
..
.
β
O J

 
:

d
ru

g-
ou

tc
om

e
co

effi
ci

en
t

m
at

ri
x
.

λ
0 id

=
ex

p
(φ
o i

+
x
> id
β
o
):

th
e

P
oi

ss
on

ev
en

t
ra

te
of

ou
tc

om
e
o,

fo
r

p
at

ie
n
t
i,

o
n

in
te

rv
al
d
.

S
im

il
ar

to
th

e
S

C
C

S
,

ou
tc

om
es

o
cc

u
r

ac
co

rd
in

g
to

a
n

on
h

om
og

en
eo

u
s

P
o
is

so
n

p
ro

ce
ss

,
w

h
er

e
d

ru
g

ex
p

os
u

re
ca

n
m

o
d

u
la

te
th

e
ra

te
ov

er
ti

m
e.

P
at

ie
n
t
i

h
as

an
in

d
iv

id
u

a
l

b
as

el
in

e
ra

te
of

ex
p

(φ
o i
)

fo
r

ou
tc

om
e
o

th
at

re
m

ai
n

s
co

n
st

an
t

ov
er

ti
m

e.
D

ru
g
j

h
a
s

a
m

u
lt

ip
li

ca
ti

ve
eff

ec
t

of
ex

p
(β
o j
)

on
th

e
in

d
iv

id
u

al
b

as
el

in
e

ra
te

ex
p

(φ
o i
)

d
u

ri
n

g
it

s
ex

p
o
su

re
p

er
io

d
.

T
h

e
P

oi
ss

on
ev

en
t

ra
te

fo
r

ou
tc

om
e
o

an
d

p
at

ie
n
t
i

on
in

te
rv

al
d

ac
co

rd
in

g
to

th
e

S
C

C
S

is

λ
o id

=
ex

p
(φ
o i

+
x
> id
β
o
).

T
h

e
ke

y
b

en
efi

t
of

th
e

S
C

C
S

is
th

at
th

e
φ
o i

te
rm

s
d

o
n

ot
n

ee
d

to
b

e
m

o
d

el
ed

,
si

n
ce

w
e

ar
e

in
te

re
st

ed
in

th
e

ra
ti

o
of

P
oi

ss
on

in
te

n
si

ti
es

w
it

h
an

d
w

it
h
ou

t
th

e
d

ru
g
.

F
o
r

in
st

an
ce

,
co

n
si

d
er

in
g

on
ly

on
e

d
ru

g
j,

co
m

p
ar

in
g

th
e

in
te

n
si

ty
ra

ti
o

fo
r

d
ay

d
1

to
a

d
iff

er
en

t
d
ay

d
2

w
it

h
n

o
ex

p
os

u
re

to
th

e
d

ru
g,

w
e

h
av

e

λ
o id

1

λ
o id

2

=
ex

p
(φ
o i

+
1
β
o j
)

ex
p

(φ
o i

+
0
β
o j
)

=
ex

p
(β
o j
).

A
s

th
e

P
oi

ss
on

ra
te

is
as

su
m

ed
to

b
e

co
n

st
an

t
w

it
h

in
ea

ch
in

te
rv

al
,

th
e

n
u

m
b

er
of

o
u

tc
o
m

es
o

ob
se

rv
ed

fo
r

p
at

ie
n
t
i

on
in

te
rv

al
d

is
d

is
tr

ib
u

te
d

as
a

P
oi

ss
on

ra
n

d
o
m

va
ri

ab
le

(r
.v

.)
d

en
ot

ed
b
y
Y
o id

as

P
r(
Y
o id

=
y
o id
|x
id

)
=
e−

λ
o id
λ
o id
y
o id

y
o id

!
.

B
as

ed
on

th
e

ab
ov

e,
th

e
co

n
tr

ib
u

ti
on

to
th

e
li

ke
li

h
o
o
d

fo
r

p
at

ie
n
t
i

an
d

o
u

tc
o
m

e
o

fo
r

th
e

ob
se

rv
ed

se
q
u

en
ce

of
ev

en
ts
y
o i

=
[y
o i1
,y
o i2
,.
..
,y
o iτ
o i
]>

,
co

n
d

it
io

n
ed

on
th

e
ob

se
rv

ed
ex

p
o
su

re
s

x
i

=
[x
i1
,.
..
,x

iτ
o i
]

is

Lo i
=

P
r(
y
o i
|x
i)

=
∏ d
∈D

o i

P
r(
y
o id
|x
id

)
=

ex
p

 
−
∑ d
∈D

o i

eφ
o i
+
x
> id
β
o

 
∏ d
∈D

o i

( eφ
o i
+
x
> id
β
o
) y

o id

y
o id

!
(2

)

=
ex

p

 
−
eφ

o i

∑ d
∈D

o i

ex
> id
β
o

 
∏ d
∈D

o i

eφ
o i
y
o id

∏ d
∈D

o i

( ex
> id
β
o
) y

o id

y
o id

!

=
ex

p

 
φ
o i
n
o i
−
eφ

o i

∑ d
∈D

o i

ex
> id
β
o

 
∏ d
∈D

o i

( ex
> id
β
o
) y

o id

y
o id

!
,

w
h

er
e
n
o i

=
∑ d

y
o id

.
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7(

18
5)

:1
-2

4

M
o
g

h
a
d
d
a
ss

e
t

a
l
.

T
w

o
ke

y
as

su
m

p
ti

o
n

s
u

n
d

er
ly

th
e

a
b

ov
e

li
ke

li
h

o
o
d

.
F

ir
st

,
th

e
m

o
d

el
as

su
m

es
th

a
t

fu
-

tu
re

ou
tc

o
m

es
ar

e
in

d
ep

en
d

en
t

of
p

a
st

o
u

tc
o
m

es
.

F
or

ce
rt

a
in

ou
tc

o
m

es
(e

.g
.,

m
yo

ca
rd

ia
l

in
fa

rc
ti

on
)

th
is

m
ay

n
o
t

b
e

re
as

o
n

a
b

le
.

S
im

p
so

n
(2

0
1
3)

,
S

ch
u

em
ie

et
a
l.

(2
0
1
4)

,
an

d
F

a
rr

in
g-

to
n

et
al

.
(2

01
1
)

co
n

si
d

er
S

C
C

S
ge

n
er

a
li
za

ti
on

s
th

a
t

a
ll

ow
fo

r
su

ch
d

ep
en

d
en

ce
;

in
fu

tu
re

w
or

k
it

is
p

os
si

b
le

to
co

n
si

d
er

si
m

il
a
r

ge
n

er
a
li
za

ti
o
n

s
o
f

th
e

m
et

h
o
d

p
ro

p
o
se

d
h

er
e.

T
h

e
S

C
C

S
m

o
d

el
a
ls

o
a
ss

u
m

es
th

at
co

n
d

it
io

n
al

o
n

th
e

p
a
ra

m
et

er
s,

o
u

tc
o
m

es
a
re

in
d

ep
en

d
en

t
o
f

ea
ch

o
th

er
.

T
h

e
la

te
n
t

st
ru

ct
u

re
,

h
ow

ev
er

,
a
ll
ow

s
fo

r
a
rb

it
ra

ry
m

a
rg

in
a
l

d
ep

en
d

en
ce

a
m

on
g

ou
tc

om
es

.
O

n
e

co
u

ld
fo

rm
th

e
fu

ll
li

ke
li

h
o
o
d

to
es

ti
m

a
te

th
e

u
n

k
n

ow
n

p
a
ra

m
et

er
s

(Φ
,B

).
In

o
rd

er
to

av
oi

d
es

ti
m

at
in

g
th

e
n
u

is
a
n

ce
p

ar
am

et
er

se
t

Φ
,
w

e
ca

n
co

n
d

it
io

n
on

it
s

su
ffi

ci
en

t
st

a
ti

st
ic

,
w

h
ic

h
re

m
ov

es
th

e
d

ep
en

d
en

ce
o
n

Φ
.

T
h

e
cu

m
u

la
ti

ve
in

te
n

si
ty

is
a

su
m

(r
at

h
er

th
a
n

a
n

in
te

gr
al

)
si

n
ce

w
e

a
ss

u
m

e
a

co
n

st
an

t
in

te
n

si
ty

ov
er

ea
ch

in
te

rv
al

.
C

on
d

it
io

n
in

g
on

n
o i

y
ie

ld
s

th
e

fo
ll

ow
in

g
li

ke
li

h
o
o
d

fo
r

p
er

so
n
i:

Lo i
=

P
r(
y
o i
|x
i,
n
o i
)

=

∏
d
∈D

o i

P
r(
y
o id
|x
id

)

P
r(
n
o i
|x
i)

=

∏
d
∈D

o i

P
r(
y
o id
|x
id

)

    

 
ex

p

 
−

∑
d
∈
D
o i

λ
o id

 
 
 

∑
d
∈
D
o i

λ
o id

 
n
o i

n
o i
!

    

(3
)

∝
ex

p
∏ d
∈D

o i

  
ex

> id
β
o

∑ d
′
ex

> id
′β
o

  

y
o id

.

N
ot

ic
e

th
a
t

b
ec

au
se
n
o i

is
su

ffi
ci

en
t,

th
e

in
d

iv
id

u
a
l

li
ke

li
h

o
o
d

in
th

e
ab

ov
e

ex
p

re
ss

io
n

n
o

lo
n

ge
r

co
n
ta

in
s

Φ
.

A
ss

u
m

in
g

th
at

p
a
ti

en
ts

ar
e

in
d

ep
en

d
en

t
an

d
ou

tc
om

es
a
re

co
n

d
it

io
n
al

ly
in

d
ep

en
d

en
t,

th
e

fu
ll

co
n

d
it

io
n

al
li

ke
li
h

o
o
d

fo
r

ev
en

t
o

is
si

m
p

ly
th

e
p

ro
d

u
ct

of
th

e
in

d
iv

id
u

al

li
ke

li
h

o
o
d

s
(i

.e
.
Lo

=
N ∏ i=

1
Lo i

).
In

tu
it

iv
el

y
it

fo
ll

ow
s

th
at

if
i

h
as

n
o

ou
tc

o
m

es
o
f

ty
p

e
o,

it

ca
n

n
ot

p
ro

v
id

e
an

y
in

fo
rm

a
ti

on
ab

o
u

t
th

e
re

la
ti

ve
ra

te
o
f

o
u

tc
om

e
o.

U
si

n
g

th
e

n
ot

at
io

n
an

d
th

e
fo

rm
u

la
fo

r
th

e
li

ke
li

h
o
o
d

es
ta

b
li

sh
ed

in
th

is
se

ct
io

n
,

w
e

n
ex

t
p

re
se

n
t

th
re

e
h

ie
ra

rc
h

ic
a
l

m
o
d

el
s

ca
ll

ed
F

a
ct

o
ri

ze
d

S
el

f-
C

on
tr

o
ll

ed
C

a
se

S
er

ie
s

m
et

h
o
d

s,
fo

r
m

u
lt

ip
le

d
ru

g
,

m
u

lt
ip

le
o
u

tc
o
m

e
a
n

a
ly

si
s

a
n

d
d

is
cu

ss
h

ow
to

es
ti

m
a
te

th
e

d
ru

g-
o
u

tc
o
m

e
co

effi
ci

en
t

m
at

ri
x

B
.

T
w

o
o
f

th
e

m
o
d

el
s

h
av

e
la

te
n
t

fa
ct

o
rs

th
a
t

a
ll

ow
B

to
b

e
ex

p
re

ss
ed

in
a

si
m

p
le

r
an

d
m

o
re

in
te

rp
re

ta
b

le
w

ay
.

In
o
u

r
ex

p
er

im
en

ts
,

th
e

em
p

ir
ic

a
l

p
er

fo
rm

an
ce

of
th

es
e

m
et

h
o
d

s
is

ap
p

ro
x
im

a
te

ly
th

e
sa

m
e.

4
.

F
a
ct

o
ri

ze
d

S
e
lf

-C
o
n
tr

o
ll
e
d

C
a
se

S
e
ri

e
s

(F
S
C

C
S
)

B
u

il
d

in
g

on
th

e
n

o
ta

ti
on

in
th

e
p

re
v
io

u
s

se
ct

io
n

,
th

is
se

ct
io

n
d

es
cr

ib
es

th
e

p
ro

p
o
se

d
se

lf
-

co
n
tr

ol
le

d
ca

se
se

ri
es

m
et

h
o
d

s
w

it
h
in

th
e

th
re

e
fo

ll
ow

in
g

su
b

se
ct

io
n

s.

4
.1

M
o
d

e
l

0
-

H
ie

ra
rc

h
ic

a
l

M
o
d

e
l

W
it

h
N

o
L

a
te

n
t

F
a
c
to

rs

In
st

ea
d

of
es

ti
m

at
in

g
ea

ch
co

effi
ci

en
t

in
d

ep
en

d
en

tl
y,

w
e

b
or

ro
w

st
re

n
g
th

ov
er

b
o
th

d
ru

g
s

a
n

d
o
u
tc

om
es

,
w

h
ic

h
ad

d
s

su
b

st
a
n
ti

a
l

re
g
u

la
ri

za
ti

on
.
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h
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p
a
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ic
u

la
rl

y
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le
va

n
t
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h
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T
h
e

F
a
c
t
o
r
iz

e
d

S
e
l
f
-C

o
n
t
r
o
l
l
e
d

C
a
se

S
e
r
ie

s
M

e
t
h
o
d

co
n

sid
erin

g
a

set
o
f

related
o
u

tcom
es

a
n

d
d

ru
gs,

e.g
.,

h
eart-d

isea
se

related
o
u

tco
m

es
a
n

d
th

e
set

o
f

d
ru

gs
on

e
m

ig
h
t

p
rescrib

e
for

h
ea

rt-rela
ted

co
n

d
itio

n
s.

W
e

ta
ke

a
h

iera
rch

ica
l

B
ayesian

a
p
p

roa
ch

.
B

y
a
n

a
lo

gy
w

ith
rid

g
e

regression
,
w

e
u

se
n

o
rm

a
l
p

rio
rs

fo
r

th
e

reg
ressio

n
p

ara
m

eters
(sp

a
rsify

in
g

p
rio

rs
su

ch
as

th
e

d
o
u

b
le

ex
p

o
n

en
tia

l
co

u
ld

b
e

u
sed

in
stea

d
).

W
e

sh
rin

k
th

e
co

effi
cien

ts
fo

r
d

ru
g
j

fo
r

a
ll

ou
tco

m
es
o

to
µ
j

b
y

p
la

cin
g

an
in

d
ep

en
d

en
t

n
o
rm

a
l

p
rio

r
o
n

ea
ch

β
oj

a
s
β
oj ∼
N

(µ
j ,σ

2j ),∀
(j,o),

w
h

ere
µ
j ∼
N

(0,γ
2),∀

j.
T

h
is

p
rio

r
h

elp
s

w
ith

n
u

m
erica

l
in

sta
b

ility,
overfi

ttin
g,

an
d

m
a
k
es

th
e

m
o
d

el
m

o
re

in
terp

reta
b

le.
W

e
a
ssu

m
e

u
n

ifo
rm

p
riors

for
h
y
p

erp
a
ra

m
eters

σ
j

a
n

d
γ

a
s
σ
j
∼

U
(0,a

),∀
j

a
n

d
γ
∼

U
(0,a

),
w

h
ere

h
y
p

erp
a
ram

eter
a

is
a

u
ser-d

efi
n

ed
co

n
sta

n
t,

w
h

ich
ca

n
a
lso

b
e

d
eterm

in
ed

th
rou

g
h

cro
ss-

va
lid

atio
n

.
A

n
a
tu

ra
l

ex
ten

sio
n

of
th

is
m

o
d

el
(n

ot
ex

p
lo

red
h

ere)
w

o
u

ld
b

e
to

h
ave

d
ru

gs
b

elo
n

g
to

certa
in

classes
of

d
ru

gs,
so

th
a
t

p
rio

rs
ca

n
b

e
d

efi
n

ed
b

a
sed

on
each

cla
ss

o
f

d
ru

g
s;

sim
ilarly

w
ith

ou
tco

m
es.

T
h

e
p

o
sterior

d
en

sity
is

a
s

fo
llow

s:

P
r(B

,µ
,σ
,γ|y

,a
)
∝

P
r(y|B

)×
P

r(B
|µ
,σ

)×
P

r(µ|γ
)×

P
r(γ|a

)×
P

r(σ|a
)

(4)

∝
∏

o

∏

i

∏d∈
D
i (

ex
p (x

>id β
o )

∑
d ′ ex

p (x
>id ′ β

o ) )
y
(o

)
id

×
∏

j

∏

o

N
(β
oj |µ

j ,σ
2j )
×
∏

j

N
(µ
j |0
,γ

2)×
∏

j

P
r(σ

j |a
)×

P
r(γ|a

).

T
h

e
n

eg
ativ

e
lo

g
-p

osterior
(w

h
ich

can
b

e
u

sed
for

fi
n

d
in

g
th

e
M

A
P

solu
tio

n
if

d
esired

)
is:

L
1

=
−

lo
g

(P
r(B

,µ
,σ
,γ|y

,a
))
.

T
h

e
g
ra

p
h

ica
l

rep
resen

tatio
n

o
f

th
is

m
o
d

el
is

sh
ow

n
in

F
ig

u
re

1
.

4
.2

M
o
d

e
l

1
-

O
n

e
L

e
v
e
l

o
f

L
a
te

n
t

F
a
c
to

rs

T
w

o
con

sid
eratio

n
s

m
o
tiva

te
th

is
m

o
d

el.
F

irst,
m

o
d

elin
g

th
e

fu
ll

p
osterio

r
d

istrib
u

tio
n

of
M

o
d

el
0

can
b

e
com

p
u

ta
tion

ally
ex

p
en

sive,
p

articu
la

rly
for

la
rg

e
N

,
J

,
a
n

d
O

,
w

h
ere

J
a
n

d
O

d
eterm

in
e

th
e

n
u

m
b

er
of

va
ria

b
les

to
b

e
estim

a
ted

w
ith

in
th

e
B

m
atrix

.
S

econ
d

,
M

o
d

el
0

overlo
ok

s
th

e
fa

ct
th

at
d

ru
g
s

a
n

d
o
u

tco
m

es
m

ig
h
t

co
m

e
fro

m
a

sm
a
ller

n
u

m
b

er
o
f

la
ten

t
classes;

fo
r

in
stan

ce,
th

ere
are

com
m

o
n

ly
severa

l
d

ru
g
s

th
a
t

a
re

ex
trem

ely
sim

ila
r

to
each

o
th

er
fo

r
trea

tin
g

a
set

o
f

h
ig

h
ly

rela
ted

illn
esses.

W
e

con
sid

er
F

la
ten

t
fa

ctors
fo

r
d

ru
g
s

a
n

d
o
u

tco
m

es.
W

e
m

o
d

el
th

e
J
×
O

m
a
trix

B
a
s

B
=

L
(D

)×
L

(O
),

w
h

ere

L
(D

)
=


L

(D
)

1
,1

...
L

(D
)

1
,F

:
:

:

L
(D

)
J
,1

...
L

(D
)

J
,F


,L

(O
)

=


L

(O
)

1
,1

...
L

(O
)

1
,O

:
:

:

L
(O

)
F
,1

...
L

(O
)

F
,O


.

T
h

is
w

ay,
w

e
d

o
n

ot
assu

m
e

w
e

k
n

ow
in

a
d

va
n

ce
w

h
ich

d
ru

g
s

h
av

e
sim

ila
r

eff
ects

o
n

w
h

ich
o
u

tcom
es,

in
stead

w
e

estim
ate

th
is

fro
m

d
a
ta

.
T

h
e

n
u

m
b

er
of

la
ten

t
fa

cto
rs
F

ca
n

b
e

d
eterm

in
ed

b
y

cross-va
lid

a
tio

n
.

T
h

e
to

ta
l

n
u

m
b

er
o
f

la
ten

t
factors

is
J
×
F

+
F
×
O

,
w

h
ich

ca
n

b
e

su
b

sta
n
tia

lly
less

th
an

J×
O

.
T

h
e

co
effi

cien
t
β
oj

a
sso

cia
ted

w
ith

o
u

tco
m

e
o

a
n

d
d

ru
g

j
ca

n
b

e
ca

lcu
lated

a
s
β
oj

=
F∑f
=

1

L
(D

)
j,f
×
L

(O
)

f
,o

.
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γµ
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σ
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j
=

1
:
J

o
=

1
:
O

F
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1:

G
rap

h
ical

rep
resen

tation
of

M
o
d

el
0

F
or

d
ru

g
laten

t
factors,

w
e

p
lace

in
d

ep
en

d
en

t
n

orm
al

p
riors

on
th

e
en

tries
of
L

(D
)

as

L
(D

)
jf
∼
N

(µ
(D

)
f

,σ
(D

)2
f

),∀
(j,f

),
w

h
ere

µ
(D

)
f
∼
N

(0,γ
(D

) 2),∀
f
.

S
im

ilarly,
w

e
d

efi
n

e
n
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al

p
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e
en
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of
L

(O
)

as

L
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)
f
o
∼
N
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)
f
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(O
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f
),∀
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w
h

ere
µ
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)

f
∼
N
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) 2),∀
f
.

W
e
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m

e
u

n
iform

p
riors

for
h
y
p

erp
aram

eters
σ
j

an
d
γ

a
s

σ
(D

)
f
∼

U
(0,a

),∀
f
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(O
)

f
∼

U
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),∀
f
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)∼

U
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(O
)∼

U
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w
h
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k
n
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d
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T
h
e

F
a
c
t
o
r
iz

e
d

S
e
l
f
-C

o
n
t
r
o
l
l
e
d

C
a
se

S
e
r
ie

s
M

e
t
h
o
d

P
r(

L
(D

) ,
L

(O
) ,
µ

(D
) ,
µ

(O
) ,
σ

(D
) ,
σ

(O
) ,
γ

(D
) ,
γ

(O
) |y

)
∝

P
r(
y
|L

(D
) ,

L
(O

) )
(5

)

×
P

r(
L

(D
) |µ

(D
) ,
σ

(D
) )
×

P
r(

L
(O

) |µ
(O

) ,
σ

(O
) )
×

P
r(
µ

(D
) |γ

(D
) )
×

P
r(
µ

(O
) |γ

(O
) )

×
P

r(
σ

(D
) |a

)
×

P
r(
σ

(O
) |a

)
×

P
r(
γ

(D
) |b

)
×

P
r(
γ

(O
) |b

)

∝
∏ o

∏ i

∏ d
∈D

o i

(
ex

p
( x
> id
β
o
)

∑
d
′
ex

p
( x
> id

′β
o
))

y
(o

)
id

×
J ∏ j=

1

F ∏ f
=

1

N
(L

(D
)

jf
|µ

(D
)

f
,σ

(D
)2

f
)
×

F ∏ f
=

1

O ∏ o
=

1

N
(L

(O
)

f
o
|µ

(O
)

f
,σ

(O
)2

f
)

×
F ∏ f
=

1

N
(µ

(D
)

f
|0
,γ

(D
)2

)
×

F ∏ f
=

1

N
(µ

(O
)

f
|0
,γ

(O
)2

)

×
P

r(
σ

(D
)

f
|b)
×

P
r(
σ

(O
)

f
)|b

)
×

P
r(
γ

(D
) |a

)
×

P
r(
γ

(D
) |a

).

T
h

e
gr

ap
h

ic
al

re
p

re
se

n
ta

ti
on

of
th

is
h

ie
ra

rc
h

ic
al

B
ay

es
ia

n
m

o
d

el
is

gi
v
en

in
F

ig
u

re
2
.

4
.3

M
o
d

e
l

2
-

T
w

o
L

e
v
e
ls

o
f

L
a
te

n
t

F
a
c
to

rs

H
er

e
w

e
re

p
re

se
n
t

B
as

B
=

L
(D

)
×

L
(F

)
×

L
(O

) ,

w
h

er
e B

=

  
L

(D
)

1
,1

..
.
L

(D
)

1
,F

1

:
:

:

L
(D

)
J
,1

..
.
L

(D
)

J
,F

1

  
×

  
L

(F
)

1
,1

..
.

L
(F

)
1
,F

2

:
:

:

L
(F

)
F
1
,1

..
.
L

(F
)

F
1
,F

2

  
×

  
L

(O
)

1
,1

..
.

L
(O

)
1
,O

:
:

:

L
(O

)
F
2
,1

..
.
L

(O
)

F
2
,O

  
.

T
h

e
n
u

m
b

er
of

la
te

n
t

fa
ct

or
s

is
th

u
s
J
×
F

1
+
F

1
×
F

2
+
F

2
×
O

,
w

h
ic

h
ca

n
b

e
le

ss
th

a
n

th
e

n
u

m
b

er
of

va
ri

ab
le

s
of

M
o
d

el
1

in
m

an
y

ca
se

s.
It

s
m

a
jo

r
b

en
efi

t
is

in
te

rp
re

ta
b

il
it

y,
si

n
ce

n
ow

th
e

n
u

m
b

er
of

la
te

n
t

d
ru

g
fa

ct
or

s
an

d
th

e
n
u

m
b

er
of

la
te

n
t

ou
tc

o
m

e
fa

ct
or

s
ca

n
b

e
es

ti
m

at
ed

d
iff

er
en

tl
y.

L
(D

)
re

p
re

se
n
ts

th
e

re
la

ti
on

sh
ip

b
et

w
ee

n
d

ru
gs

a
n

d
la

te
n
t

d
ru

g-
re

la
te

d
fa

ct
or

s,
L

(F
)

re
p

re
se

n
ts

th
e

re
la

ti
on

sh
ip

b
et

w
ee

n
la

te
n
t

d
ru

g-
re

la
te

d
fa

ct
or

s
a
n
d

la
te

n
t

h
ea

lt
h

-o
u

tc
om

e-
re

la
te

d
fa

ct
or

s,
an

d
L

(O
)

re
p

re
se

n
ts

th
e

re
la

ti
on

sh
ip

b
et

w
ee

n
la

te
n
t

h
ea

lt
h

-o
u

tc
om

e-
re

la
te

d
fa

ct
or

s
an

d
h

ea
lt

h
-o

u
tc

om
e-

re
la

te
d

fa
ct

or
s.

L
(F

)
is

re
a
ll

y
th

e
co

re
se

t
of

va
ri

ab
le

s
si

n
ce

th
ey

re
la

te
th

e
la

te
n
t

tr
ea

tm
en

ts
to

th
e

la
te

n
t

h
ea

lt
h

o
u

tc
o
m

es
.

T
h

e
p

ri
or

s
ar

e
L

(D
)

jf
1
∼
N

(µ
(D

)
f
1
,σ

(D
)2

f
1

),
L

(O
)

f
2
o
∼
N

(µ
(O

)
f
2
,σ

(O
)2

f
2

),
L

(F
)

f
1
f
2
∼
N

(µ
(F

) ,
σ

(F
)2

),

µ
(D

)
f
1
∼
N

(0
,γ

(D
)2

),
µ

(F
)
∼
N

(0
,γ
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p
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a
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n
o
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u
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p
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n

m
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a
l
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p
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,

b
u

t
th
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m

ay
al

so
d
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ve
r

fe
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u
re

se
ts

th
at

m
ay

re
p

re
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n
t

n
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el
p

h
en

o
ty

p
es

th
a
t

ar
e:
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)

su
b

ty
p

es
o
f

an
d

/o
r

(i
i)

ru
n

co
u

n
te

r
to
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al

ly
in
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it

ed
gr

ou
p

s.
A

p
p

li
ed

to
h

ea
lt

h
-s

y
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em
d

at
a

a
n
d

C
M

S
(C

en
te
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r
M

ed
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ar
e

&
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a
id
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)
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ta
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a
s

b
ee

n
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te
d

th
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p
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.
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.
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D
P
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M
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r

E
H

R
A
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n
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m
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d
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l

p
atien

t
d
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u
n
t
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ta

,
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n
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of

sp
a
rse

fa
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a
t

a
re
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g
n
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b

le
b
y

m
ed
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l

p
ro

fession
a
ls
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o

et
a
l.,
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1
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a
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P

atien
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en
b

e
trea

ted
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a
w

eig
h
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m

p
o
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o
f

su
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fa
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d
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t
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ctin
g

p
h

en
oty

p
e

d
a
ta
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n

d
red

u
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g
m

a
n
u

al
in

p
u

t,
th

ey
h
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e

severa
l

lim
ita

tio
n

s
(C

h
en

et
al.,

2
0
1
3
;

H
o

et
a
l.,

2
01

4
a
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C
u

rren
t

m
o
d

els
a
re

u
n

a
b

le
to

ca
p
tu

re
correla

tio
n

b
o
th

b
etw

een
a
n

d
w

ith
in

d
a
ta

m
o
d

es.
F

o
r

ex
a
m

p
le,

ten
sor

fa
cto

riza
tio

n
req

u
ires

th
e

p
resen

ce
of

all
m

o
d

es
o
f

p
a
tien

t
d

a
ta

w
ith

in
a

lim
ited

tim
e

w
in

d
ow

to
ca

p
tu

re
th

e
p

a
tien

t-p
h
y
sician

in
teractio

n
.

A
s

th
e

n
u

m
b

er
o
f

m
o
d

es
in

crea
se,

th
e

p
ro

b
a
b

ility
o
f

all
m

o
d

es
o
f

d
a
ta

b
ein

g
ca

p
tu

red
w

ith
in

a
lim

ited
tim

e
w

in
d

ow
d

ecrea
ses.

T
h

is
p

reven
ts

leverag
in

g
su

b
sets

of
d

a
ta

m
o
d

es
fro

m
(o

ften
)

lim
ited

p
a
tien

t
in

tera
ctio

n
s

w
ith

ca
re

givers.
M

ea
n
w

h
ile,

m
o
d

els
th

a
t

con
caten

a
te

m
u

ltip
le

d
a
ta

m
o
d

es,
o
r

eva
lu

a
te

ea
ch

m
o
d

e
sep

a
ra

tely,
lo

se
correla

tion
b

etw
een

d
a
ta

ty
p

es.
A

d
d

itio
n

a
lly,

cu
rren

t
m

o
d

els
d

o
n

ot
a
llow

o
n

e
to

in
tegra

te
classifi

catio
n

in
a

stra
ig

h
tfo

rw
ard

m
a
n

n
er.

R
a
th

er,
p

red
ictio

n
is

co
n

d
u

cted
in

a
step

-w
ise

m
an

n
er

rely
in

g
o
n

d
efi

n
in

g
fa

cto
rs

fi
rst

a
n

d
th

en
en

terin
g

th
em

in
to

a
classifi

cation
p

ro
ced

u
re.

C
u

rren
t

m
o
d

els
a
lso

often
on

ly
in

corp
o
ra

te
a

sin
gle

lay
er

o
f

in
form

a
tion

,
d

ep
riv

in
g

th
e

m
o
d

el
o
f

p
o
ten

tia
lly

rich
h

ig
h
er-level

co
rrela

tio
n

stru
ctu

re
w

ith
in

a
n

d
b

etw
een

m
o
d

es.

D
eep

m
o
d

els,
u

n
d

ersto
o
d

a
s

m
u

ltilay
er

m
o
d

u
la

r
n

etw
o
rk

s,
h

av
e

recen
tly

g
en

era
ted

sig
-

n
ifi

ca
n
t

in
terest

fro
m

th
e

m
a
ch

in
e

lea
rn

in
g

co
m

m
u

n
ity,

in
p

a
rt

b
eca

u
se

o
f

th
eir

ab
ility

to
o
b

tain
state-of-th

e-a
rt

p
erfo

rm
a
n

ce
in

a
w

id
e

va
riety

o
f

m
o
d

a
lities.

C
om

m
on

ly
u

sed
m

o
d

u
les

in
clu

d
e,

b
u

t
are

n
o
t

lim
ited

to
,

R
estricted

B
oltzm

a
n

n
M

ach
in

es
(R

B
M

s)
(H

in
to

n
,

2
0
02

),
S

igm
o
id

B
elief

N
etw

o
rk

s
(S

B
N

s)
(N

eal,
1
99

2
),

co
n
volu

tio
n

a
l

n
etw

o
rk

s
(L

eC
u

n
et

a
l.,

1
9
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),
feed

fo
rw

a
rd

n
eu

ra
l

n
etw

o
rk

s,
a
n
d

D
irich

let
P

ro
cesses

(D
P

s)
(B

lei
et

a
l.,

20
0
4
).

D
eep

m
o
d

els
are

often
em

p
loyed

in
to

p
ic

m
o
d

elin
g
,

m
o
d

elin
g

d
ata

ch
a
ra

cterized
b
y

vecto
rs

of
w

ord
cou

n
ts.

A
s

d
iscu

ssed
b

elow
,

E
H

R
d

a
ta

m
ay

o
ften

b
e

ex
p

ressed
in

term
s

o
f

co
u

n
ts

o
f

en
tities

(e.g.,
cou

n
ts

of
ty

p
es

of
m

ed
icatio

n
s,
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o
r

p
ro

ced
u

re
co

d
es,

gen
era

lizin
g

th
e
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n

cep
t

of
w

ord
s).

T
o
p

ic
m

o
d

els
a
re

th
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re
of

in
terest

fo
r

E
H

R
d

a
ta

.
E

x
a
m

p
les

o
f

d
eep

to
p

ic
m

o
d

els,
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p
o
sed

o
f

D
P

m
o
d

u
les,

in
clu

d
e

th
e

n
ested

C
h

in
ese

R
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u
ra

n
t

P
ro

cess
(n

C
R

P
)

(B
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et
al.,

20
04

),
th

e
h

ierarch
ical

D
P

(H
D

P
)

(T
eh

et
a
l.,

2
0
0
6),

a
n

d
th

e
n

ested
H

D
P

(n
H

D
P

)
(P

aisley
et

a
l.,

2
0
15

).
A

ltern
a
tiv

ely,
top

ic
m

o
d

els
b

u
ilt

u
sin

g
m

o
d

u
les

o
th

er
th

a
n

D
P

s
h

ave
b

een
p

ro
p

o
sed

recen
tly,

fo
r

in
sta

n
ce

th
e

R
ep

licated
S

o
ftm

a
x

M
o
d

el
(R

S
M

)
(H

in
ton

a
n

d
S

a
lak

h
u

td
in

ov
,

2
00

9
)

b
a
sed

on
R

B
M

s,
th

e
N

eu
ra

l
A

u
to

reg
ressive

D
en

sity
E

sti-
m

a
to

r
(N

A
D

E
)

(L
a
ro

ch
elle

a
n

d
L

a
u

ly
,

20
1
2
)

b
a
sed

on
n

eu
ra

l
n

etw
ork

s,
th

e
O

v
er-rep

lica
ted

S
oftm

a
x

M
o
d

el
(O

S
M

)
(S

rivastava
et

al.,
2
01

3
)

b
a
sed

o
n

D
B

M
s,

a
n

d
D

eep
P

o
isso

n
F

a
ctor

A
n

a
ly

sis
(D

P
F
A

)
(G

a
n

et
al.,

2
0
15

a
)

b
ased

o
n

S
B

N
s.

D
P

-b
ased

m
o
d

els
h

av
e

attra
ctiv

e
ch

a
racteristics

fro
m

th
e
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n

d
p

o
in

t
o
f

in
terp

reta
b

ility,
in

th
e

sen
se

th
at

th
eir

g
en

erative
m

ech
a
n

ism
is

p
a
ram

eterized
in

term
s

o
f

d
istribu

tio
n

s
o
ver

to
p
ics,

w
ith

ea
ch

to
p

ic
ch

a
ra

cterized
b
y

a
d
istribu

tio
n

o
ver

w
o
rd

s.
A

ltern
a
tively,

n
o
n

-D
P

-
b

ased
m

o
d

els,
in

w
h

ich
m

o
d

u
les

are
p

a
ram

eterized
b
y

a
d

eep
h

ierarch
y

o
f

bin
a
ry

u
n

its
(H

in
ton

a
n

d
S

a
la

k
h
u

td
in

ov
,

2
00

9;
L

aro
ch

elle
a
n

d
L

a
u

ly
,

2
0
1
2
;

S
riva

stava
et

a
l.,

2
01

3
),

d
o

n
o
t

h
ave

p
a
ra

m
eters

th
at

a
re

as
read

ily
in

terp
reta

b
le

in
term

s
of

to
p

ics
o
f

th
is

ty
p

e,
a
lth

o
u

g
h

m
o
d

el
p

erform
a
n

ce
is

o
ften

ex
cellen

t.
T

h
e

D
P

F
A

m
o
d

el
in

G
a
n

et
a
l.

(2
0
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is

o
n

e
of
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e
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rst

rep
resen

ta
tio

n
s
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at
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cterizes
d

o
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m
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ts
b

ased
o
n

d
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u
tio

n
s

ov
er

to
p

ics
an

d
w

ord
s,

w
h

ile
sim

u
ltan

eo
u

sly
em

p
loy

in
g

a
d

eep
arch

itectu
re

b
a
sed

o
n

b
in

a
ry

u
n

its.
S

p
ecifi

cally,
G

a
n

et
al.

(2
01

5
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in
teg

ra
tes

th
e

ca
p

a
b

ilities
o
f

P
o
isso

n
F

a
ctor

A
n

a
ly

sis
(P

F
A

)
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H
e
n
a
o
,

L
u
,

L
u
c
a
s,

F
e
r
r
a
n
t
i

a
n
d

C
a
r
in

(Z
h

ou
et

al.,
201

2)
w

ith
a

d
eep

arch
itectu

re
com

p
osed

of
S

B
N

s
(G

an
et

al.,
2
015b

).
P

F
A

is
a

n
o
n

n
egative

m
atrix

factorization
fram

ew
ork

closely
related

to
D

P
-b

ased
m

o
d

els.
R

esu
lts

in
G

a
n

et
al.

(2
015a)

sh
ow

th
at

D
P

F
A

ou
tp

erform
s

oth
er

w
ell-k

n
ow

n
d

eep
top

ic
m

o
d

els.
B

u
ild

in
g

on
th

e
su

ccess
of

D
P

F
A

,
th

is
p

ap
er

p
rop

oses
a

n
ew

d
eep

m
u

lti-m
o
d
ality

ar-
ch

itectu
re
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top

ic
m

o
d

elin
g,

b
ased

en
tirely

on
P

F
A

m
o
d

u
les.

O
u

r
m

o
d

el
m

erges
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o
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D

P
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d
n
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-D
P

-b
ased
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itectu
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n
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(i)
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n

o
n

n
egativ

e
form

u
lation
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o
n

D
irich

let
d

istrib
u

tion
s,

an
d

is
th

u
s

read
ily

in
terp

retab
le

th
rou
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ou

t
all

its
layers,

n
o
t

ju
st

at
th

e
b

a
se

lay
er

as
in

D
P

F
A

(G
an

et
al.,

2015a);
(ii)

it
ad

o
p

ts
th

e
ration

ale
of

tra
d

itio
n

a
l

n
on

-D
P

-b
ased

m
o
d

els
su

ch
as

D
B

N
s

a
n

d
D

B
M

s,
b
y

con
n

ectin
g

d
iff

eren
t

m
o
d

a
l-

ities
an

d
lay

ers
v
ia

b
in

ary
u

n
its,

to
en

ab
le

learn
in

g
of

h
igh

-ord
er

sta
tistics

an
d

stru
ctu

red
correla

tion
s

w
ith

in
an

d
across

m
o
d

alities.
T

h
e

p
rob

ab
ility

of
a

b
in

ary
u

n
it

b
ein

g
on

is
con

tro
lled

b
y

a
B

ern
ou

lli-P
oisson

lin
k

(Z
h

ou
,

2015)
(rath

er
th

an
a

log
istic

lin
k
,
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in

th
e

S
B

N
),

a
llow

in
g

rep
eated

ap
p

lication
of

P
F
A

m
o
d
u

les
at

all
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th

e
d

eep
arch

itectu
re.

A
n
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n
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r
ap

p
roach

,
for

th
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gle-m

o
d

a
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d
ata

,
b
u

t
m
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sed
o
n
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ic

m
o
d
els

w
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p
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iou
sly

d
escrib

ed
in

H
en
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et

a
l.

(2015).
T

h
e

m
ain

con
trib

u
tion

s
of

th
is

p
ap

er
are

as
follow

s.
(i)

W
e

d
evelop

a
n

ovel
d

eep
ar-

ch
itectu

re
for

top
ic

m
o
d

els
b

ased
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tirely
on

P
F
A

m
o
d

u
les.

(ii)
T

h
e

m
o
d

el
h

a
s

in
h

eren
t

sh
rin

ka
ge
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all

its
layers,

th
an

k
s

to
th

e
D

P
-like

form
u

lation
of

P
F
A

.
T

h
is
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u

n
like

D
P

F
A

,
w

h
ich
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b

ased
on

S
B

N
s.

(iii)
T

h
e

p
rop

osed
m

o
d

el
y
ield

s
g
reatly

im
p

roved
m

ix
in

g,
com

-
p

a
red

to
D

P
F
A

w
h

ich
req

u
ires

seq
u

en
tial

u
p

d
ates

for
its

b
in

ary
u

n
its;

in
ou

r
form

u
la

tion
th

ese
a
re

u
p

d
ated

in
b

lo
ck

.
(iv

)
T

h
e

p
rop

osed
ap

p
roach

p
rov

id
es

th
e

ab
ility

to
b

u
ild

d
eep

m
u

lti-m
o
d

ality
a
rch

itectu
res

an
d

d
iscrim

in
ative

top
ic

m
o
d

els
w

ith
P

F
A

m
o
d

u
les.

(v
)

W
e

d
evelop

a
n

effi
cien

t
M

C
M

C
in

feren
ce

p
ro

ced
u

re
th

at
scales

a
s

a
fu

n
ction

of
th

e
n
u

m
b

er
of

n
o
n

-zero
s

in
th

e
d

ata
an

d
b

in
ary

u
n

its.
In

con
trast,

m
o
d

els
b

ased
on

R
B

M
s

an
d

S
B

N
s

scale
w

ith
th

e
size

of
th

e
d

ata
an

d
b

in
ary

u
n

its.
F

in
a
lly,

(v
i)

w
e

d
em

on
strate

th
e

a
p

p
licab

ility
of

th
is

fram
ew

ork
to

th
e

an
aly

sis
of

E
H

R
d

ata,
w

ith
an

asso
ciated

in
terp

retatio
n

of
th

e
in

ferred
d

ata
featu

res
(top

ics
an

d
m

eta-top
ics,

as
d

etailed
b

elow
).

2
.
M

o
d
e
l

2
.1

P
o
isso

n
fa

c
to

r
a
n

a
ly

sis
a
s

a
m

o
d

u
le

A
ssu

m
e

x
n

is
an

M
-d

im
en

sion
al

vector
con

tain
in

g
cou

n
ts

of
M

d
iff

eren
t

en
tities

(e.g.,
w
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o
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th
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e
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∈
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∈
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b
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p
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Ψ
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b
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=
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=
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P
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P
F
A

(3
,1
)

z
(3

,2
)

n

M
P

F
A

(2
)

z
(3

)
n
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h
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d
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p
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d
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D
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p
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n
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v
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n
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b
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re
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b
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−
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u
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p
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d
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d
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r
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r
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h
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d
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.

In
Z

h
ou

et
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b
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n
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p
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h
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ra
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p
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b
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p
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at
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b
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d
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e
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d
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(Ψ
,θ
n
,h

n
;η
,r
k
,b

),
sh

o
rt

fo
r

P
oi

ss
on

F
ac

to
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h
ic

al
m

o
d

el
re

p
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d
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p
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p
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d
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b
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d
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H
e
n
a
o
,

L
u
,

L
u
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n
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r
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p
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b
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p
re

v
io

u
s

se
ct

io
n

(B
le

i
et

al
.,

20
04

;
B

le
i

a
n

d
L

aff
er

ty
,

2
0
0
7;

G
a
n

et
a
l.
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a
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T
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0
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.
In

p
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ti
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G
a
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et
a
l.
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0
1
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p
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p
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se

d
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n
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u
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1
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)
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p
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a
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p
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a
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p
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p
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b
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ra

ti
o
n

a
le

a
s

G
a
n

et
a
l.

(2
01

5a
),

b
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b
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w
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h
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≥
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n
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b
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d
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w
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ra
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re
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d
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d
is

d
en

o
te

d
h
n
∼

B
P

L
(λ̃

n
),

fo
r
λ̃
n
∈

R
K +

.
A

ft
er

m
a
rg

in
al

iz
in

g
ou

t
th
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n
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d
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p
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−
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p
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ra
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p
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ie
g
o
rs

ch
,

19
92

;
C

o
ll
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p
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. . .

. . .
h

(L
−

1
)

n
=

1
( z

(L
)

n

)
,

z
(L

)
n
∼

P
F
A
( Ψ

(L
) ,
θ

(L
)

n
,h

(L
)

n
;η

(L
) ,
r(L

)
k
,b

(L
))
,

h
(L

)
n

=
1
( z

(L
+

1
)

n

)
,

(5
)

w
h

er
e
L

is
th

e
n
u

m
b

er
of

la
ye

rs
in

th
e

m
o
d

el
,

a
n
d

1
(·)

is
a

v
ec

to
r

o
p

er
a
ti

o
n

in
w

h
ic

h
ea

ch
co

m
p

o
n

en
t

im
p

o
se

s
th

e
le

ft
o
p

er
at

io
n

in
(4

).
In

th
is

D
ee

p
P

o
is

so
n

F
a
ct

o
r

M
o
d
el

(D
P

F
M

),
sh

ow
n

a
s

a
g
ra

p
h

ic
al

m
o
d

el
in

F
ig

u
re

1(
b

)
a
n

d
a
ls

o
p

re
v
io

u
sl

y
d

es
cr

ib
ed

in
H

en
ao

et
a
l.

(2
0
15

),
th

e
b

in
a
ry

u
n

it
s

at
la

y
er
`
∈
{1
,.
..
,L
}

a
re

d
ra

w
n

h
(`

)
n
∼

B
P

L
(λ

(`
+

1
)

n
),

fo
r
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D
P

F
M

f
o
r

E
H

R
A

n
a
ly

sis

λ
(`)
n

=
Ψ

(`)(θ
(`)
n
◦

h
(`)
n

).
T

h
e

form
o
f

th
e

m
o
d

el
in

(5
)

in
tro

d
u

ces
la

ten
t

va
ria

b
les{

z
(`)
n
}
L

+
1

`=
2

an
d

th
e

elem
en

t-w
ise

fu
n

ction
1

(·),
rath

er
th

a
n

ex
p

licitly
d

raw
in

g
{h

(`)
n
}
L`=

1
fro

m
th

e
B

P
L

d
istrib

u
tio

n
.

C
o
n

cern
in

g
th

e
to

p
layer,

w
e

let
z

(L
+

1
)

k
n

∼
P

o
isso

n
(λ

(L
+

1
)

k
)

a
n

d
λ

(L
+

1
)

k
∼

G
a
m

m
a
(a

0 ,b
0 ).

2
.3

D
e
e
p

m
u

lti-m
o
d
a
lity

re
p

re
se

n
ta

tio
n

w
ith

P
F
A

m
o
d

u
le

s

In
a

m
u

lti-m
o
d

ality
settin

g,
ea

ch
in

d
iv

id
u

al
is

ch
a
ra

cterized
b
y
D

d
iff

eren
t

co
u

n
t

vecto
rs,

ea
ch

of
w

h
ich

is
ch

ara
cterized

b
y

a
d

iff
eren

t
vo

ca
b

u
la

ry
(d

iff
eren

t
ty

p
es

of
en

tities
b

ein
g

co
u

n
ted

,
i.e.,

d
iff

eren
t

m
o
d

a
lities).

In
d

iv
id

u
a
l
n
∈
{1
,...,N

},
d

a
ta

ty
p

e
i∈
{1
,...,D

}
is

d
en

o
ted

a
s

x
(i)
n

,
co

rresp
o
n

d
in

g
to

an
M
i -d

im
en

sio
n

a
l

co
u

n
t

vecto
r.

T
h

e
d

ataset
d

escrib
ed

in
S

ectio
n

3
is

co
m

p
osed

o
f
D

=
3

d
ata

ty
p

es:
m

ed
ica

tion
s,

lab
o
ratory

tests
a
n

d
co

d
es.

S
in

ce
a
ll
D

d
a
ta

ty
p

es
a
re

com
p

o
sed

of
co

u
n
t

vecto
rs,

w
e

ca
n

in
p

rin
cip

le
co

n
ca

ten
a
te

th
e

D
vecto

rs
fo

r
p

atien
t
n

in
to

a
lo

n
g
∑

i M
i -d

im
en

sio
n

a
l

vecto
r, [(x

(1
)

n
) >
,...,(x

(D
)

n
) > ]>

,
th

a
t

w
e

ca
n

m
o
d

el
w

ith
th

e
D

P
F

M
in

(5
).

S
u

ch
a
n

a
p

p
ro

a
ch

w
ill

a
llow

u
s

to
lea

rn
a
b

o
u

t
th

e
co

rrela
tio

n
stru

ctu
re

of
th

e
variab

les
in

th
e

co
n

ca
ten

a
ted

m
o
d

a
lities,

b
u
t

it
ig

n
o
res

th
e

fact
th

a
t

d
u

e
to

co
n
tex

t,
ea

ch
d

a
ta

ty
p

e
in

g
en

era
l

h
a
s

its
ow

n
co

rrelatio
n

stru
ctu

re.
A

n
o
th

er
sim

p
le

a
p

p
ro

ach
co

n
sists

of
m

o
d

elin
g

ea
ch

d
ata

ty
p

e
in

d
iv

id
u

a
lly,

a
ga

in
u

sin
g

(5
);

h
ow

ever,
th

is
fails

to
a
ck

n
ow

led
g
e

th
a
t

d
iff

eren
t

m
o
d

ality
ty

p
es

ca
n

b
e

co
rrela

ted
,

a
s

th
ey

rep
resen

t
d

iff
eren

t
con

tex
ts

o
r

“v
iew

s”
o
f

a
larg

er
rep

resen
ta

tio
n

a
l

sp
a
ce.

In
H

en
a
o

et
a
l.

(2
0
15

),
th

e
a
u

th
ors

em
p

loy
th

is
sin

g
le-m

o
d
a
lity

a
p

p
ro

a
ch

to
m

o
d

el
m

ed
ica

tio
n

s
fro

m
th

e
d

a
taset

d
escrib

ed
in

S
ection

3,
h

ow
ever

th
ey

d
o

n
ot

p
rov

id
e

in
sig

h
ts

o
n

h
ow

to
co

m
b

in
e

m
u

ltip
le

m
o
d

a
lities.

M
o
tiva

ted
b
y

th
e

sh
ortco

m
in

g
of

th
ese

tw
o

sim
p

listic
a
p

p
ro

a
ch

es,
w

e
m

o
d

ify
th

e
m

o
d

el
in

(5
)

to
lea

rn
co

rrelatio
n

stru
ctu

res
of

in
d

iv
id

u
a
l

m
o
d

a
lities,

b
u

t
a
t

th
e

sa
m

e
tim

e
to

b
e

a
b

le
to

sh
a
re

in
fo

rm
a
tion

acro
ss

th
em

to
levera

ge
th

eir
co

rrela
tio

n
stru

ctu
re.

In
p

a
rticu

la
r,

w
e

p
rop

o
se

a
d

ata
-ty

p
e-sp

ecifi
c

fi
rst

layer
a
n

d
a

d
eep

a
rch

itectu
re

o
f

sh
ared

P
F
A

m
o
d

u
les,

fo
rm

a
lly

w
ritten

a
s

x
(i)
n
∼

P
F
A

(i,1
)
,

h
(i,1

)
n

=
1 (

z
(i,2

)
n

)
,

i
=

1,...,D
,

z
(1
,2

)
n

,...,z
(D
,2

)
n

∼
M

P
F
A

(2
)
,

...

...
h

(L−
1
)

n
=

1 (
z

(L
)

n

)
,

z
(L

)
n
∼

P
F
A

(L
)
,

h
(L

)
n

=
1 (

z
(L

+
1
)

n

)
,

(6
)

w
h

ere

P
F
A

(i,1
)

d
e
f

=
P

F
A
(
Ψ

(i,1
),θ

(i,1
)

n
,h

(i,1
)

n
;η

(i,1
),r

(i,1
)

k
,b

(i,1
) )
,

(7
)

M
P

F
A

(2
)

d
e
f

=

D∏i

P
F
A
(
Ψ

(i,2
),θ

(2
)

n
,h

(2
)

n
;η

(2
),r

(2
)

k
,b

(2
) )
,

(8
)

z
(i,2

)
n
∼

P
F
A
(
Ψ

(i,2
),θ

(2
)

n
,h

(2
)

n
;η

(2
),r

(2
)

k
,b

(2
) )
.

(9
)

T
h

e
fi

rst
lay

er
in

(6
)

is
co

m
p

osed
o
f
D

in
d

ep
en

d
en

t
P

F
A

m
o
d

u
les

a
s

in
(7

),
w

ith
ex

p
licit

h
ier-

a
rch

ica
l
m

o
d

el
in

(3).
T

h
e

m
u

lti-m
o
d

a
lity

P
F
A

m
o
d

el,
d
en

o
ted

M
P

F
A

in
(8

),
is

a
P

F
A

m
o
d
el
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H
e
n
a
o
,

L
u
,

L
u
c
a
s,

F
e
r
r
a
n
t
i

a
n
d

C
a
r
in

in
w

h
ich

each
m

o
d

ality
h
as

an
asso

ciated
factor

load
in

gs
m

atrix
,
Ψ

(i,2
),

b
u

t
sh

ared
factor

in
-

ten
sities,

θ
(2

)
n

,
b

in
ary

u
n

its,
h

(2
)

k
an

d
p

aram
eters{

η
(2

),r
(2

)
k
,b

(2
)}.

T
h

is
m

ean
s

th
at

m
o
d

ality
-

sp
ecifi

c
la

ten
t

cou
n
ts,

z
(i,2

)
n

,
can

b
e

d
raw

n
from

a
P

F
A

m
o
d

u
le

restricted
to

Ψ
(i,2

)
a
s

in
(9).

T
h

e
M

P
F
A

m
o
d

u
le

in
(8)

is
a

n
ovel

sp
ecifi

cation
,

n
ot

p
rev

iou
sly

con
sid

ered
b
y

H
en

ao
et

al.
(20

15),
th

at
ex

ten
d

s
th

e
fu

n
ction

ality
of

P
oisson

factor
an

aly
sis

b
eyon

d
ap

p
lication

s
in

electro
n

ic
h

ealth
record

s
an

aly
sis.

T
h

e
arch

itectu
re

of
th

e
D

eep
M

u
lti-m

o
d

ality
P

oisson
F

a
cto

r
M

o
d

el
(D

M
P

F
M

)
in

(6)
is

fu
lly

sp
ecifi

ed
b
y
{
K

(1
,1

) ,...,K
(D
,1

) ,K
(2

) ,...,K
(L

) }
an

d
L

,
w

h
ere

K
(i,1

)
are

m
o
d
ality

-sp
ecifi

c
load

in
gs

sizes
(n

u
m

b
er

of
top

ics),
K

(k
)

are
m

o
d

ality
-

sh
a
red

loa
d

in
gs

sizes
an

d
L

is
th

e
n
u

m
b

er
of

layers.
F

or
ex

am
p

le,
F

igu
re

1
sh

ow
s

a
grap

h
ical

m
o
d

el
rep

resen
tation

for
a

sp
ecifi

cation
w

ith
D

=
3

an
d
L

=
2
.

W
h

en
th

e
m

o
d

el
is

set
for

a
sin

gle-m
o
d

ality,
D

=
1,

th
e

arch
itectu

re
in

(6)
is

eq
u

ivalen
t

to
D

P
F

M
,

as
sh

ow
n

in
(5)

a
n

d
p

rev
iou

sly
d

escrib
ed

b
y

H
en

ao
et

al.
(2015).

2
.4

M
o
d

e
l

in
te

rp
re

ta
tio

n

C
on

sid
er

m
o
d

ality
i

in
layer

1
of

(6),
from

w
h

ich
x

(i)
n

is
d

raw
n

.
A

ssu
m

in
g

h
(i,1

)
n

is
k
n

ow
n

,
th

is
corresp

o
n

d
s

to
a

fo
cu

sed
top

ic
m

o
d

el
(W

illiam
son

et
al.,

20
10).

T
h

e
colu

m
n

s
o
f
Ψ

(i,1
)

corresp
on

d
to

m
o
d

ality
-i

top
ics,

w
ith

th
e
k
-th

colu
m

n
ψ

(i,1
)

k
d

efi
n

in
g

th
e

p
rob

ab
ility

w
ith

w
h

ich
en

tities
(e.g.,

m
ed

ication
s)

of
m

o
d

ality
i

are
m

an
ifested

for
top

ic
k

(each
ψ

(i,1
)

k
is

d
raw

n
fro

m
a

D
irich

let
d

istrib
u

tion
,

as
in

(3)).
G

en
eralizin

g
th

e
n

otatio
n

from
(2),

λ
(i,1

)
k
n

=

ψ
(i,1

)
k

θ
(i,1

)
k
n
h

(i,1
)

k
n
∈

R
M+

,
is

th
e

rate
vector

asso
ciated

w
ith

top
ic
k
,

m
o
d

ality
i

an
d

p
atien

t

n
,

an
d

it
is

active
w

h
en

h
(i,1

)
k
n

=
1.

T
h

e
en

tity
-cou

n
t

vector
for

p
a
tien

t
n

in
m

o
d

ality
i

m
an

ifested
from

top
ic
k

is
x

(i)
k
n
∼

P
oisson (

λ
(i,1

)
k
n

)
,

an
d

x
(i)
n

=
∑

K
(i,1

)

k
=

1
x

(i)
k
n
,

w
h

ere
K

(i,1
)

is
th

e
n
u

m
b

er
of

top
ics

in
th

e
m

o
d

u
le.

T
h

e
colu

m
n

s
o
f

Ψ
(i,1

)
d

efi
n

e
correlation

am
on

g
th

e
en

tities
asso

ciated
w

ith
th

e
top

ics;
for

a
giv

en
top

ic
(colu

m
n

of
Ψ

(i,1
)),

so
m

e
en

tities
co

-o
ccu

r
w

ith
h

igh
p

rob
ab

ility,
an

d
oth

er
en

tities
are

likely
join

tly
a
b

sen
t.

W
e

n
ow

con
sid

er
a

tw
o-layer

m
o
d
el,

w
ith

h
(2

)
n

assu
m

ed
k
n

ow
n

.
T

o
g
en

erate
h

(i,1
)

n
,

w
e

fi
rst

d
raw

z
(i,2

)
n

,
w

h
ich

,
an

alogou
s

to
ab

ove,
m

ay
b

e
ex

p
ressed

as
z

(i,2
)

n
=
∑

K
2

k
=

1
z

(i,2
)

k
n

,

w
ith

z
(i,2

)
k
n
∼

P
oisson (

λ
(i,2

)
k
n

)
an

d
λ

(i,2
)

k
n

=
ψ

(i,2
)

k
θ

(2
)

k
n
h

(2
)

k
n

.
N

ote
th

a
t

factor
in

ten
sities

an
d

b
in

ary
u

n
its,

resp
ectiv

ely
θ

(2
)

k
n

an
d
h

(2
)

k
n

,
are

sh
ared

across
th

e
i

=
1,...,D

m
o
d

alities.

C
olu

m
n
k

o
f

Ψ
(i,2

)
corresp

on
d

s
to

a
m

eta
-to

p
ic

sp
ecifi

c
to

m
o
d

ality
i,

w
ith

ψ
(i,2

)
k

a
K

(i,1
) -

d
im

en
sio

n
a
l

p
rob

a
b

ility
vector,

d
en

otin
g

th
e

p
rob

ab
ility

w
ith

w
h

ich
each

of
th

e
m

o
d

ality
-i

layer-1
to

p
ics

are
“on

”
w

h
en

layer-2
“m

eta-top
ic”

k
is

on
(i.e.,

w
h

en
h

(2
)

k
n

=
1).

T
h

e
colu

m
n

s
o
f
Ψ

(i,2
)

d
efi

n
e

correlation
am

on
g

th
e

m
o
d

ality
-i

layer-1
top

ics;
for

a
given

layer-2
m

eta-to
p

ic
(colu

m
n

of
Ψ

(i,2
)),

som
e

layer-1
top

ics
co-o

ccu
r

w
ith

h
igh

p
rob

ab
ility,

an
d

oth
er

layer-1
to

p
ics

are
likely

join
tly

ab
sen

t.
F

u
rth

erm
ore,

colu
m

n
s

of
th

e
co

n
ca

ten
ated

m
eta-top

ic

m
atrix

, [(Ψ
(1
,2

)) >
...

(Ψ
(D
,2

)) > ]>
,

d
efi

n
e

correlation
stru

ctu
re

am
on

g
all

layer-1
top

ics
at

th
e

sa
m

e
tim

e.

A
s

o
n

e
m

ov
es

u
p

th
e

h
ierarch

y,
to

layers
`
>

2,
th

e
m

eta-top
ics

b
ecom

e
in

creasin
gly

m
ore

ab
stract

a
n

d
sop

h
isticated

,
m

an
ifested

in
term

s
of

p
ro

b
a
b

ilisitic
com

b
in

ation
s

of
top

ics
an

d
m

eta-to
p

ics
a
t

th
e

layers
b

elow
.

B
ecau

se
of

th
e

p
rop

erties
o
f

th
e

D
irich

let
d

istrib
u

tion
,

each
co

lu
m

n
o
f

a
p

articu
lar

Ψ
(`)

is
en

cou
raged

to
b

e
sp

arse,
im

p
ly

in
g

th
a
t

a
colu

m
n

of
Ψ

(`)
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D
P

F
M

f
o
r

E
H

R
A

n
a
ly

si
s

en
co

u
ra

ge
s

u
se

of
a

sm
al

l
su

b
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t
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m
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s
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−

1
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w
it

h
th

is
re

p
ea

te
d

a
ll

th
e

w
ay

d
ow

n
to

th
e

d
at

a
la

ye
r,

an
d

th
e

to
p

ic
s

re
fl

ec
te

d
in

th
e

co
lu

m
n

s
of

Ψ
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T

h
is

d
ee

p
a
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h
it

ec
tu

re
im

p
os

es
co

rr
el

at
io

n
ac

ro
ss

th
e
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ye

r-
1

to
p

ic
s

in
al

l
m

o
d

al
it

ie
s,

an
d

it
d

o
es

it
th

ro
u

gh
u

se
of

P
F
A

m
o
d

u
le

s
at

al
l

la
y
er

s
of

th
e

d
ee

p
ar

ch
it

ec
tu

re
,

u
n

li
ke

G
an

et
al

.
(2

01
5
a
)

w
h

ic
h

u
se

s
a
n

S
B

N
fo

r
la

ye
rs

2
th

ro
u

gh
L

,
an

d
a

P
F
A

at
th

e
b

ot
to

m
la

ye
r.

In
ad

d
it

io
n

to
th

e
el

eg
an

ce
of

u
si

n
g

a
si

n
gl

e
cl

as
s

of
m

o
d

u
le

s
at

ea
ch

la
y
er

,
th

e
p

ro
p

os
ed

d
ee

p
m

o
d

el
h

a
s

im
p

o
rt

an
t

co
m

p
u

ta
ti

on
al

b
en

efi
ts

,
as

d
is

cu
ss

ed
in

S
ec

ti
on

2.
6.

W
e

em
p

h
as

iz
e

th
at
{ θ(2

)
k
n
,h

(2
)

k
n

}
ar

e
sh

ar
ed

ac
ro

ss
al

l
D

d
at

a
ty

p
es

,
or

m
o
d

al
it

ie
s.

T
h

e

h
ie

ra
rc

h
y

th
at

re
si

d
es

ab
ov

e
th

em
is

m
ea

n
t

to
m

o
d

el
u

n
d

er
ly

in
g

la
te

n
t

co
rr

el
a
ti

on
s

in
a
sp

ec
ts

of
d

is
ea

se
an

d
h

ea
lt

h
.

T
h

e
u

n
d

er
ly

in
g

st
at

e
of

th
e

p
at

ie
n
t

is
in

d
ep

en
d

en
t

o
f

th
e

m
o
d

a
li

ty

w
it

h
w

h
ic

h
h

e/
sh

e
is

v
ie

w
ed

.
W

h
en

h
(2

)
k
n

=
1,

th
e
k
th

m
et

a-
to

p
ic

of
h

ea
lt

h
/d

is
ea

se
is

“
o
n

”

fo
r

p
at

ie
n
t
n

;
ψ

(i
,2

)
k

ch
ar

ac
te

ri
ze

s
h

ow
m

et
a-

to
p

ic
k

im
p

ac
ts

th
e

p
re

se
n

ce
/
a
b

se
n

ce
o
f

ea
ch

to
p

ic
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so
ci

at
ed

w
it

h
m

o
d

al
it

y
i.

T
h

e
m

o
d

al
it

y
-d

ep
en

d
en

ce
is

m
an

if
es

te
d

a
t

th
e

b
o
tt

o
m

of
th

e
d

ee
p

m
o
d

el
,

n
ea

r
th

e
d

at
a,

an
d

th
e

d
ee

p
ar

ch
it

ec
tu

re
ab

ov
e

it
im

p
o
se

s
st

a
ti

st
ic

al
re

la
ti

on
sh

ip
s

am
on

g
th

e
m

et
a-

to
p

ic
s,

an
d

is
m

ea
n
t

to
ch

ar
ac

te
ri

ze
la

te
n
t

h
ea

lt
h

/
d

is
ea

se
.

2
.5

P
F
A

m
o
d

u
le

s
fo

r
m

u
lt

i-
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b
e
l

c
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ss
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c
a
ti

o
n

A
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u
m

e
th

er
e
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a
C

-d
im

en
si

on
al

ve
ct

or
of

b
in
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y

la
b

el
s

y
n
∈
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,1
}C

a
ss

o
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a
te

d
w

it
h

p
at

ie
n
t
n

(p
re

se
n

ce
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b
se

n
ce
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C

m
al

ad
ie

s
or

il
ln
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se

s)
.

P
ro

v
id

ed
th

at
la

b
el

s
sh

a
re

th
e

sa
m

e
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va
ri

at
es

(p
at

ie
n
t
n

,
x
n
)

an
d

ar
e

of
te

n
ti

m
es

co
rr

el
at

ed
,

it
is

re
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on
a
b

le
to

m
o
d

el
a
ll

la
b

el
s
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in

tl
y
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op

p
os

ed
to

b
u

il
d

in
d

iv
id

u
al

m
o
d

el
s
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r

ea
ch

la
b

el
.

W
e

se
ek

to
le

ar
n

th
e

m
o
d

el
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r
m

ap
p

in
g

x
n
→

y
n

si
m

u
lt

an
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u
sl

y
w

it
h

le
a
rn
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g

th
e
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ee

p
to

p
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re
p
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se

n
ta
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o
n
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S

ec
ti

on
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).

In
fa

ct
,
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e

m
ap

p
in

g
x
n
→

y
n
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b
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ed
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th

e
d

ee
p
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er
at

iv
e

p
ro
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T

h
is
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th
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ra
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e
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b
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e
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t
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en
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f
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n
,
y c
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u
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n
g
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).

W
e
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o
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e

m
o
d
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n
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ẑ c
n
∼
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ss
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w
h

er
e
λ̂
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en

t
c

of
λ̂
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F
ir
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n
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d
er
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g
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m
o
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y
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λ̂
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=
B
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)
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(1
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n
)

an
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∈

R
C
×
K

+
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a
m
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x
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n
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n
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e
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ti
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w
ei

gh
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,
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it
h

p
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r

d
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ib

u
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b
k
∼

D
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h

le
t(
ζ
1
C
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w

h
er

e
b
k
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a

co
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m
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of
B

.
H

er
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w
e

d
en

ot
e
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n
t
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u

n
ts

a
s

ẑ
n

=

[ẑ
1
n
..
.
ẑ C

n
]>

to
d

iff
er

en
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at
e

th
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e
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m
in

g
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th

e
D

P
F

M
,

d
en

ot
ed
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z
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)

n

in
(5

).
T

h
e

m
at

ri
x

of
cl

as
si

fi
ca

ti
on

w
ei

gh
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,
B

,
in

(1
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o
p

u
rp
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)
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e
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at
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n
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b
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n
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s
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b
k
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y
b c
k
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d
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d
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a
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r
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p
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d
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g
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b
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s,
c
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d
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e

p
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p
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rr
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;

an
d
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i)

p
ro

v
id

ed
th

a
t

th
e

p
ri

or
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r
B

en
co

u
ra

ge
s

sp
ar

si
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,
th

e
re

su
lt

in
g
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si
fi
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is

p
ar
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m
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u
s

an
d
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er
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t
th
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a
cl
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si
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er

w
it

h
d

en
se

B
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F
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u
re

1(
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s
a
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ap

h
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m

o
d

el
re

p
re

se
n
ta

ti
on
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a

P
F
A

m
o
d

u
le
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n

n
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d

to
th

e
m

u
lt

i-
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b
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fi

er
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,
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h
er

e
so
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d

n
o
d
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a
n

d
ed

ge
s

re
p
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se

n
t

P
F
A

m
o
d

u
le
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m

p
o
n

en
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an
d

d
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h
ed
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n
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e
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c
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th
e
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fi
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ti
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o
d

el
.

C
om

b
in
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g

(5
)

w
it

h
(1

0
)

a
ll

ow
s

u
s

to
le

ar
n

th
e

m
ap

p
in

g
x
n
→

y
n

v
ia

th
e

sh
ar

ed
fi

rs
t-

la
ye

r
lo

ca
l
re

p
re

se
n
ta

ti
o
n

,
θ

(1
)

n
◦h

(1
)

n
,

th
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en
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d
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to
p
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u
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r

d
o
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m
en

t
n

.
T

h
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m
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h
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m
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w
s

th
e

m
o
d

el
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n
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:1
-3

2

H
e
n
a
o
,

L
u
,

L
u
c
a
s,

F
e
r
r
a
n
t
i

a
n
d

C
a
r
in

to
p

ic
s,

Ψ
(1

) ,
an

d
m

et
a-

to
p

ic
s,
{Ψ

(`
) }
L `=

2
,

b
ia

se
d

to
w

a
rd

s
d
is

cr
im

in
a
ti

o
n

,
a
s

o
p
p

o
se

d
to

ju
st

ex
p

la
in

in
g

th
e

d
at

a,
x
n
.

F
or

th
e

d
ee

p
m

u
lt

i-
m

od
a
li

ty
m

o
d

el
in

(6
),

w
e

le
a
rn

th
e

m
ap

p
in

g
x

(1
)

n
,.
..
,x

(D
)

n
→

y
n

th
ro

u
gh

th
e

fi
rs

t-
la

ye
r

lo
ca

l
re

p
re

se
n
ta

ti
on

s
fr

o
m

a
ll

m
o
d

a
li

ti
es

,
h

en
ce
λ̂
n

=
∑

D i=
1
B
i(
θ

(i
,1

)
n
◦

h
(i
,1

)
n

),
w

h
er

e
B
i
∈
R
C
×
K

(i
,1
)

+
,

fo
r
i

=
1,
..
.,
D

.
In

th
is

ca
se

,
th

e
cl
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fi
er

u
se

s
in

fo
rm

a
ti

on

fr
o
m

al
l

m
o
d

a
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ti
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b
u

t
a
t

th
e

sa
m

e
ti

m
e

b
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se
s

m
o
d

a
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ty
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p
ec
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c

to
p

ic
s,

Ψ
(i
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) ,
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w
ar

d
s

d
is

cr
im

in
at

io
n

.
W

e
ca

ll
th
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co

n
st

ru
ct
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n

d
is
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in
a
ti
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d

ee
p

m
u

lt
i-

m
o
d

a
li
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P

oi
ss

o
n
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m

o
d

el
.

In
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se
s

w
h

er
e

m
u

lt
i-

cl
a
ss

,
n

ot
m

u
lt

i-
la

b
el

cl
a
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ti
on
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q
u

ir
ed

,
w

e
ca

n
u

se
th

e
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rm
u

la
ti

o
n
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tr

o
d

u
ce

d
b
y

H
en

a
o
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al

.
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0
1
5)

,
b
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ed

o
n

a
m

u
lt

in
o
m

ia
l

li
k
el
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o
o
d

fu
n

ct
io

n
,

in
st

ea
d

of
a

B
er

n
ou

ll
i-

P
o
is

so
n

li
n

k
as

in
(1

0
).

A
lt

h
o
u

gh
ot

h
er

D
P

-b
a
se

d
d

is
cr

im
in

a
ti

ve
to

p
ic

m
o
d

el
s

h
av

e
b

ee
n

p
ro

p
os

ed
(L

a
co

st
e-

J
u

li
en

et
a
l.

,
2
00

9
;

M
ca

u
li

ff
e

a
n

d
B

le
i,

2
00

8
),

th
ey

re
ly

o
n

ap
p

ro
x
im

at
io

n
s

in
o
rd

er
to

co
m

b
in

e
th

e
to

p
ic

m
o
d

el
,

u
su

al
ly

L
D

A
,

w
it

h
so

ft
m

a
x
-b

a
se

d
cl

as
si

fi
ca

ti
on

ap
p

ro
ac

h
es

.

2
.6

In
fe

re
n

c
e

A
co

n
v
en

ie
n
t

fe
a
tu

re
o
f

th
e

m
o
d
el

in
(5

)
an

d
(6

)
is

th
a
t

a
ll

it
s

co
n

d
it

io
n

a
l

p
o
st

er
io

r
d

is
tr

i-
b

u
ti

on
s

ca
n

b
e

w
ri

tt
en

in
cl

o
se

d
fo

rm
,

d
u

e
to

lo
ca

l
co

n
ju

g
a
cy

.
In

th
is

se
ct

io
n

,
w

e
fo

cu
s

on
M

ar
ko

v
ch

ai
n

M
on

te
C

a
rl

o
(M

C
M

C
)

v
ia

G
ib

b
s

sa
m

p
li

n
g

fo
r

o
u

r
im

p
le

m
en

ta
ti

o
n

.
In

a
p

p
li

-
ca

ti
on

s
w

h
er

e
th

e
fu

ll
y

B
ay

es
ia

n
tr

ea
tm

en
t

b
ec

om
es

p
ro

h
ib

it
iv

e
co

m
p

u
ta

ti
on
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ly

,
S

to
ch

a
st

ic
V

a
ri

a
ti

on
al

In
fe

re
n

ce
(S

V
I)

ca
n

b
e

u
se

d
(H

en
a
o

et
a
l.

,
20

1
5
).

S
ee

A
p

p
en

d
ix

A
fo

r
d

et
a
il

s
a
b

ou
t

S
V

I
im

p
le

m
en

ta
ti

o
n

fo
r

m
o
d

el
s

b
a
se

d
o
n

P
F
A

m
o
d

u
le

s.
O

th
er

a
lt

er
n

at
iv

es
fo

r
sc

a
li

n
g

u
p

in
fe

re
n

ce
in

B
ay

es
ia

n
m

o
d

el
s

su
ch

a
s

th
e

p
ar

a
m

et
er

se
rv

er
(H

o
et

a
l.

,
2
01

3
;

L
i

et
al

.,
2
01

4)
,

co
n

d
it

io
n

al
d

en
si

ty
fi

lt
er

in
g

(G
u

h
a
n

iy
og

i
et

a
l.

,
20

1
4)

a
n

d
st

o
ch

as
ti

c
gr

a
d

ie
n
t-

b
as

ed
a
p

p
ro

a
ch

es
(C

h
en

et
a
l.

,
20

1
4;

D
in

g
et

a
l.

,
2
0
14

;
W

el
li

n
g

an
d

T
eh

,
2
0
1
1
),

a
re

a
ls

o
p

os
si

b
il

e
b

u
t

b
ey

o
n

d
th

e
sc

o
p

e
o
f

th
is

w
o
rk

.

G
ib

b
s

sa
m

p
li

n
g

fo
r

th
e

m
o
d

el
in

(5
)

a
n

d
(6

)
in

v
o
lv

es
sa

m
p

li
n

g
in

se
q
u

en
ce

fr
om

th
e

co
n

d
it

io
n

al
p

os
te

ri
o
r

o
f

a
ll

th
e

p
a
ra

m
et

er
s

o
f

th
e

m
o
d

el
.

F
or

in
st

a
n

ce
,

fo
r

th
e

D
P

F
M

in
(5

),

w
e

h
av

e
{Ψ

(`
) ,
θ

(`
)

n
,h

(`
)

n
,r

(`
)

k
},

fo
r
`

=
1,
..
.,
L

,
an

d
λ

(L
+

1
) .

F
or

th
e

m
u

lt
i-

m
o
d

al
it

y
m

o
d

el
in

(6
)

w
e

a
ls

o
h

av
e

to
ac

co
u

n
t

fo
r

m
o
d

al
it

y
-s

p
ec

ifi
c

p
a
ra

m
et

er
s

in
(7

).
T

h
e

re
m

ai
n

in
g

p
a
ra

m
et

er
s

o
f

th
e

m
o
d

el
a
re

se
t

to
fi

x
ed

va
lu

es
:
η

=
1/
K

,
b

=
0.

5
a
n

d
a

0
=
b 0

=
1
.

W
e

n
o
te

th
at

p
ri

o
rs

fo
r
η
,
b,
a

0
a
n

d
b 0

ex
is

t
th

a
t

re
su

lt
in

G
ib

b
s-

st
y
le

u
p

d
a
te

s,
a
n

d
ca

n
b

e
re

a
d

il
y

in
co

rp
o
ra

te
d

in
to

th
e

m
o
d

el
if

d
es

ir
ed

;
h

ow
ev

er
,

w
e

o
p

te
d

to
k
ee

p
th

e
m

o
d

el
a
s

si
m

p
le
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p

os
si

b
le

,
w

it
h

o
u

t
co

m
p

ro
m

is
in

g
fl

ex
ib

il
it

y.
T

h
e

m
o
st

u
n

iq
u

e
co

n
d

it
io

n
a
l

p
os

te
ri

or
s

fo
r

a
si

n
g
le

P
F
A

m
o
d

u
le

a
re

sh
ow

n
b

el
ow

,
w

it
h

o
u

t
la

ye
r

in
d

ex
fo

r
cl

a
ri

ty
,

ψ
k
∼

D
ir

ic
h

le
t(
η

+
x

1
k
·,
..
.,
η

+
x
M
k
·)
,

θ k
n
∼

G
am

m
a
(r
k
h
k
n

+
x
·k
n
,b
−

1
)
,

h
k
n
∼
δ(
x
·k
n

=
0)

B
er

n
ou

ll
i(
π̃
k
n
(π̃
k
n

+
1
−
π
k
n
)−

1
)

+
δ(
x
·k
n
≥

1
)
,

(1
1
)

w
h

er
e

x
m
k
·=

N ∑ n
=

1

x
m
k
n
,

x
·k
n

=
M ∑ m
=

1

x
m
k
n
,

π̃
k
n

=
π
k
n
(1
−
b)
r k
.
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D
P

F
M

f
o
r

E
H

R
A

n
a
ly

sis

C
o
m

p
lete

d
eta

ils,
in

clu
d

in
g

th
o
se

fo
r

D
M

P
F

M
a
n

d
d

iscrim
in

a
tiv

e
D

M
P

F
M

in
S

ectio
n

s
2.3

a
n

d
2
.5

,
resp

ectiv
ely,

a
re

p
rov

id
ed

in
A

p
p

en
d

ix
B

.

In
itia

liza
tio

n
is

d
o
n

e
a
t

ra
n

d
o
m

fro
m

p
rio

r
d

istrib
u

tio
n

s,
fo

llow
ed

b
y

m
o
d

ality
-w

ise
a
n

d
layer-w

ise
fi

ttin
g

(p
re-tra

in
in

g
).

In
th

e
ex

p
erim

en
ts,

w
h

en
p

re-tra
in

in
g

w
e

ru
n

1
5
0

G
ib

b
s

sa
m

p
lin

g
cy

cles
p

er
layer.

W
e

h
ave

o
b

served
th

a
t

5
0

cy
cles

a
re

u
su

ally
en

o
u

gh
to

o
b

tain

g
o
o
d

in
itial

va
lu

es
o
f

th
e

g
lo

b
a
l

p
a
ra

m
eters

o
f

th
e

m
o
d

el,
n

a
m

ely
{
Ψ

(i,1
),r

(i,1
)

k
,Ψ

(`),r
(`)
k
}
,

fo
r
i

=
1,...,D

,
`

=
2,...,L

an
d
λ

(L
+

1
).

2
.6

.1
Im

p
o
r
t
a
n
c
e

o
f

c
o
m

p
u
t
a
t
io

n
s
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a
l
in

g
w

it
h

t
h
e

n
u
m

b
e
r

o
f

n
o
n
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e
r
o
s

F
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m
a

p
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ctical
stan

d
p

oin
t,

th
e

m
ost

im
p

orta
n
t

fea
tu

re
o
f

th
e

m
o
d

els
in

(5
)

a
n

d
(6

)
is

th
a
t

in
feren

ce
d

o
es

n
o
t

scale
a
s

a
fu

n
ctio

n
of

th
e

size
o
f

th
e

to
ta

l
d

a
ta

set,
b

u
t
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a

fu
n
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of
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n
u

m
b

er
o
f

n
o
n

-zero
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en
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w
h
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a
d

va
n
ta

g
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u
s
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w

h
ere

th
e

in
p

u
t

d
ata
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a
rse

(o
ften

th
e

ca
se).

F
o
r

in
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n
ce,∼

4
%

o
f

th
e

en
tries

in
th

e
d

a
ta

set
d
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ed

in
S

ectio
n

3
are

n
on

-zero.
S

im
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r
p

rop
o
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n
s

a
re

a
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o
b

served
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d
atasets

trad
ition

a
lly

u
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to
b

ech
m

a
rk

to
p

ic
m

o
d

els
(w

o
rd

d
o
cu

m
en

ts),
su

ch
a
s

2
0

N
ew

sg
ro

u
p

s,
R

eu
ters

an
d

W
ik

ip
ed

ia
(d

etails
o
f

w
h

ich
a
re

d
iscu

ssed
b

elow
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F
u

rth
erm

o
re,
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fea
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ex
ten

d
s
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all

m
o
d

a
lities

a
n
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of
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e
m

o
d

el,
reg

ard
less

o
f{h
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n
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b
ein

g
la

ten
t.

S
im

ila
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fo
r

th
e

d
iscrim

in
a
tive

D
M

P
F

M
in

S
ection

2
.5,

in
feren

ce
scales

w
ith

th
e

n
u

m
b

er
o
f

p
o
sitive

ca
ses
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{
y
n }

Nn
=

1 ,
n

o
t

C
N

.
T

h
is

is
p

articu
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rly
ap

p
ea

lin
g

in
cases

w
h

ere
C

is
larg

e
a
n
d

th
e

n
u

m
b
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o
f

p
o
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a
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p

atien
t
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p
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h
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a
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a
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b

set
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p
o
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le
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%

in
th

e
d

a
ta

set
d
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ed
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S

ection
3
.

In
o
rd

er
to

sh
ow

th
a
t

th
is

sca
lin

g
b
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av
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h

o
ld

s,
it

is
en

ou
g
h

to
see

th
a
t

b
y

co
n
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n
,

fro
m

(2
),

if
x
m
n

=
∑

Kk
=

1
x
m
k
n

=
0
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r
z

(`)
m
n

fo
r
`
>

1
),

th
u

s
x
m
k
n

=
0,∀

k
w

ith
p

ro
b

a
b

ility
1
.

B
esid
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fro

m
(4)

w
e

see
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at
if
h
k
n

=
0

th
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z
k
n

=
0

w
ith

p
ro

b
a
b

ility
1
.

A
s

a
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lt,

u
p

d
ate

eq
u

a
tion

s
for

a
ll

p
a
ram

eters
o
f

th
e

m
o
d

el
ex

cep
t
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(`)
n
},

d
ep

en
d

o
n

ly
o
n

n
o
n

-zero

elem
en

ts
o
f
x
n

a
n

d
{
z

(`)
n
}
.

U
p

d
ates

for
th

e
b

in
a
ry

va
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b
les

ca
n

b
e

ch
ea

p
ly

o
b

ta
in

ed
in

b
lo

ck

fro
m
h

(`)
k
n
∼

B
ern
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lli(π

(`)
k
n

)
v
ia
λ

(`)
k
n
,

a
s

p
rev

iou
sly

d
escrib

ed
.

It
is

w
o
rth

m
en

tion
in

g
th

at
m

o
d

els
b

ased
o
n

m
u

ltin
o
m

ial
or

P
o
isso

n
likelih

o
o
d

s
su

ch
a
s

L
D

A
(B
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et

al.,
2
0
03
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H

D
P

(T
eh

et
a
l.,

2
00

6
),

F
T

M
(W

illia
m
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et

a
l.,

2
0
1
0
)

a
n

d
P

F
A

(Z
h

o
u

et
a
l.,

20
1
2),

also
en

joy
th
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p
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(sca
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g
b

a
sed

o
n

n
u

m
b

er
of

n
on

-zero
o
b

serva
tion

s).
H

ow
ever,

th
e

recen
tly

p
rop

o
sed

d
eep

P
F
A

(G
a
n

et
a
l.,

2
0
1
5a

)
d

o
es

n
o
t

u
se

P
F
A

m
o
d

u
les

o
n

layers
o
th

er
th

a
n

th
e

fi
rst

o
n
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u
ses

S
B

N
s

o
r

R
B

M
s

th
a
t

a
re

k
n

ow
n

to
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le
w

ith
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e
n
u

m
b

er
of

b
in
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b
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o
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o
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to
th

eir
n

o
n
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2
.7

R
e
la

te
d

w
o
rk

2
.7

.1
C

o
n
n
e
c
t
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n
s

t
o

o
t
h
e
r

D
P

-b
a
se

d
t
o
p
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m
o
d
e
l
s

P
F
A

is
a

n
on

n
ega

tive
m

a
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facto
riza

tio
n

m
o
d

el
w

ith
P

o
isson

lin
k
,

th
at

is
clo

sely
rela

ted
to

o
th

er
D

P
-b

ased
m

o
d

els.
S

p
ecifi

ca
lly,

Z
h

o
u

et
a
l.

(2
0
12

)
sh

ow
ed

th
at

b
y

m
a
k
in

g
p
(h
k
n

=
1)

=
1

a
n

d
lettin

g
θ
k
n

h
ave

a
D

irich
let,

in
stea

d
o
f

a
g
a
m

m
a

d
istrib

u
tio

n
as

in
(3

),
w

e
ca

n
recover

L
D

A
b
y

u
sin

g
th

e
eq

u
ivalen

ce
b

etw
een

P
o
isso

n
a
n

d
m

u
ltin

o
m

ial
d

istrib
u

tion
s.

B
y

lo
o
k
in

g
a
t

(1
1),

w
e

see
th

a
t

P
F
A

a
n

d
L

D
A

h
ave

th
e

sa
m

e
b

lo
cked

G
ib

b
s

u
p

d
a
tes

(B
lei

et
a
l.,

2
0
03

),
w

h
en

D
irich

let
d

istrib
u

tio
n
s

fo
r
θ
k
n

a
re

u
sed

.
A

n
eq

u
iva

len
t

an
a
lo

g
y

fo
r

S
V

I
u

p
d

a
tes

(H
o
ff

m
a
n

et
a
l.,

20
1
0)

can
b

e
d

erived
from

th
e

u
p

d
a
te

eq
u

a
tio

n
s

in
A

p
p

en
d

ix
A

.
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H
e
n
a
o
,

L
u
,

L
u
c
a
s,

F
e
r
r
a
n
t
i

a
n
d

C
a
r
in

In
Z

h
o
u

et
al.

(2012),
th

e
au

th
ors

sh
ow

ed
th

at
u

sin
g

th
e

P
oisson

-gam
m

a
rep

resen
tatio

n
of

th
e

n
eg

ative
b

in
om

ial
d

istrib
u
tion

an
d

a
b

eta-B
ern

ou
lli

sp
ecifi

cation
fo

r
p
(h
k
n
)

in
(3),

w
e

can
recover

th
e

F
T

M
form

u
lation

an
d

in
feren

ce
in

W
illiam

son
et

al.
(2010).

M
ore

recen
tly,

Z
h

ou
a
n

d
C

arin
(2015)

sh
ow

ed
th

at
P

F
A

is
com

p
arab

le
to

H
D

P
in

th
at

th
e

form
er

b
u

ild
s

gro
u

p
-sp

ecifi
c

D
P

s
w

ith
n

orm
alized

gam
m

a
p

ro
cesses.

A
m

ore
d

irect
relation

sh
ip

b
etw

een
a

th
ree-layer

H
D

P
(T

eh
et

al.,
2006)

an
d

a
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o-layer
version

o
f

(5)
can

b
e

estab
lish

ed
b
y

grou
p

in
g

cou
n
t

d
ata

v
ectors

b
y

categories.
In

th
e

H
D

P
,

th
ree

D
P

s
are

set
for

top
ics,

d
ata

-d
ep

en
d

en
t

to
p

ic
u

sage
an

d
category

-w
ise

top
ic

u
sage.

In
o
u

r
m

o
d

el,
Ψ

(1
)

rep
resen

t

K
1

to
p

ics,
θ

(1
)

n
◦

h
(1

)
n

en
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d
es

d
ata-vector-w

ise
top

ic
u

sag
e

an
d

Ψ
(2

)
en
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d
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u
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K
2
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H
D

P
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d
ata
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a

p
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b

u
t
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r
m

o
d
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d
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d
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v
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)

n
◦
h
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A
s

a
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lt,
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e
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o
d

el
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a
m

ore
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H
D

P
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th
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it
g
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p
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d
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u

n
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p
erv
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S
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m
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N
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d
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g
literatu

re
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M
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B
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b
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g
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B
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N
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d
itio
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S
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d
eep
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R
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M
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at
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B
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s.

R
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d
eep
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d
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p
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b
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n
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d
eep
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o
d
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F

u
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er,
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eir
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,
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p
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u
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n
u

m
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er
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o
d

el.

D
P

F
A

,
p
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p
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G
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et
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th
e
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o
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el
closest
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rs.
N

everth
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o
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h
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n
u

m
b
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k
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d
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g
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(i)

B
o
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m
o
d

els
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s
b
y

b
u
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g
a

m
u
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m

o
d

u
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P
F
A
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O

u
r

m
o
d
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P
F
A

m
o
d

u
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t
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p
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w
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D

P
F
A

u
ses

G
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d
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m
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w
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S

B
N

m
o
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u
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con
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of
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o
d
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g.
(ii)

S
B

N
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itectu
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h
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e
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ortcom
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g
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n
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h
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g
b
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con
d
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p
osteriors
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b
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m
ak
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g
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d
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cu
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e

n
u

m
b
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(iii)
F

a
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lo
ad

in
g

m
atrices
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p
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h
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b
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b
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w
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p
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p
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b
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m

;
an

d
A

ro
ra

et
a
l.
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p
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p
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d
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p
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p
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p
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b
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d
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h
is

es
se

n
ti

a
ll

y
eq

u
iv

a
le

n
t

to
N

M
F

u
si

n
g

K
u

ll
b

a
ck

-L
ei

b
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P
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b
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b
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P
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ra
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p
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p
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et
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st
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o
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b
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ra
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e
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in
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a
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g
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b
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b

le
m
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u
st

er
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b
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in

sm
a
ll

n
ei

g
h
b

o
rh

o
o
d

s.
T

h
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ra
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b
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p
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er
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m

et
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o
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w
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l
th

e
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e
si
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h

e
se
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n

d
p
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b

le
m
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se
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e
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th
e
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o
f

su
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le
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al
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ti

o
n

of
p
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je
ct
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fu
n
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ra
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p
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b
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b
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h
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et
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d
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O
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o
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iv
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m
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e
th
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d
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ep
an
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et
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m
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it
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b
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m
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w
h
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h
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b
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n
d
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d
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b
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b
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p
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u
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p
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p
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p
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e
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b
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p
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n
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b
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p
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w
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b
y

u
si

n
g

th
e

m
a

jo
ri

za
ti

on
-m

in
im

iz
a
ti

o
n

p
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p
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n
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b
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p
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l
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p
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d
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p
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p
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b
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p
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b
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ra
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h
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p
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b
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rro
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p
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b
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o
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b
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a
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em

in
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u
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o
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ster
are

m
o
re

sim
ilar

to
ea

ch
oth

er
th

a
n

to
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b
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∈
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∈
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i
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b
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ra
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cid

en
ce

m
a
trix

M̄
.

V
isu

a
lly,

M̄
is

a
b

lo
ck

w
ise

m
atrix

if
w

e
so

rt
th

e
d

ata
b
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d
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b
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a
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b
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b
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.

E
u

clid
ean

d
istan

ce
o
r

K
u

llb
a
ck

-
L

eib
ler

d
iverg

en
ce.

F
o
r

ex
am

p
le,

H
e

et
a
l.

(2
0
1
1
);

A
ro

ra
et

a
l.

(2
0
1
1,

2
01

3
)

u
sed

D
(S||M̄

)
w

ith
E

u
clid

ean
d

istan
ce

to
d

erive
th

eir
resp

ective
N

M
F

clu
sterin

g
m

eth
o
d

s.

D
irectly

m
in

im
izin

g
D

(S||M̄
)

ca
n

y
ield

im
b
ala

n
ced

p
a
rtitio

n
s

(see
e.g

.,
S

h
i

a
n

d
M

alik
,

2
0
00

).
T

h
a
t

is,
so

m
e

clu
sters

a
re

a
u

to
m

a
tica

lly
of

m
u

ch
sm

aller
size

th
a
n

o
th

ers,
w

h
ich

is
u

n
d

esira
b

le
in

m
a
n
y

rea
l-w

orld
a
p

p
lica

tio
n

s.
T

o
a
ch

ieve
a

b
a
la

n
ced

clu
sterin

g,
o
n

e
ca

n
n

orm
a
lize

M̄
to
M

in
th

e
a
p

p
rox

im
a
tio

n
su

ch
th

a
t
∑

Ni=
1
M
ij

=
1

a
n

d
∑

Nj=
1
M
ij

=
1,

o
r

eq
u

iva
len

tly
b
y

n
o
rm

a
lizin

g
F̄

to
F

w
ith

F
ik

=
F̄
ik / √

∑
Nv
=

1
F̄
v
k .

T
h

e
m

a
trix

M
=
F
F
T

th
en

b
ecom

es
d
o
u

bly
stoch

a
stic.

S
u

ch
n

o
rm

a
liza

tion
h

a
s

a
p

p
eared

in
d

iff
eren

t
clu

sterin
g

a
p

p
ro

ach
es

(e.g
.,

D
in

g
et

al.,
2
00

5
;

S
h

i
an

d
M

a
lik

,
20

0
0
).

In
th

is
w

ay,
ea

ch
clu

ster
in
M

h
a
s

u
n

ita
ry

n
o
rm

a
lized

vo
lu

m
e

(th
e

ra
tio

b
etw

een
su

m
o
f

w
ith

in
-clu

ster
sim

ila
rities

a
n

d
th

e
clu

ster
size;

a
lso

ca
lled

n
orm

a
lized

asso
cia

tio
n

(S
h

i
a
n

d
M

a
lik

,
2
0
0
0
)).

In
th

is
w

o
rk

w
e

d
efi

n
e

clu
stera

b
ility

a
s

th
e

m
ax

im
u
m

p
rox

im
ity

b
etw

een
th

e
d

a
ta

a
n

d

a
clu

sterin
g

so
lu

tio
n

.
In

sim
ilarity

-b
ased

clu
ster

an
aly

sis,C
(S

)
d

ef
=
−

m
in
M
D

(S||M
)

ca
n

b
e

u
sed

a
s

a
m

easu
re

of
clu

stera
b

ility
fo

r
th

e
sim

ila
rity

S
over

a
ll

n
o
rm

a
lized

clu
sterin

g
s.

F
o
r

3
JM

L
R

 17(187):1-25

Y
a
n
g

,
C

o
r
a
n
d
e
r

a
n
d

O
ja

an
easy

referen
ce

w
ith

in
th

is
p

ap
er,

w
e

call
it

N
o
rm

a
lized

O
u

tp
u

t
S

im
ila

rity
A

p
p
ro

xim
a
tio

n
C

lu
stera

bility
(N

O
S

A
C

)
an

d
D

(S||M
)

th
e

N
O

S
A

C
resid

u
al

for
a

sp
ecifi

c
clu

sterin
g
M

.
N

ote
th

a
t

th
e

op
tim

u
m

is
taken

over
p

artition
s

w
h

ich
p

o
ssib

ly
h

ave
d

iff
eren

t
valu

es
of
r.

T
h

erefo
re

th
e

o
p
tim

iza
tio

n
ca

n
be

u
sed

to
lea

rn
n

o
t

o
n

ly
clu

ster
a
ssign

m
en

ts
bu

t
a
lso

th
e

n
u

m
ber

o
f

clu
sters.

S
im

ilarly,
m

in
im

izin
g
D

(S||M
)

can
also

b
e

u
sed

to
select

an
op

tim
u

m
a
m

o
n

g
p

artition
s

p
ro

d
u

ced
b
y

e.g.
d

iff
eren

t
h
y
p

er-p
aram

eters
or

d
iff

eren
t

in
itializa

tion
s.

M
in

im
izin

g
D

(S||M̄
)

or
D

(S||M
)

is
eq

u
ivalen

t
to

a
com

b
in

ato
rial

op
tim

ization
p

rob
lem

in
d
iscrete

sp
ace

w
h

ich
is

ty
p

ically
a

d
iffi

cu
lt

task
(see

e.g.
A

loise
et

a
l.,

20
09;

M
ah

a
jan

et
al.,

2
00

9;
S

h
i

an
d

M
alik

,
2000).

In
p
ractice

it
is

cu
stom

ary
to

fi
rst

solve
a

relax
ed

su
rroga

te
p

ro
b

lem
in

con
tin

u
ou

s
sp

ace
an

d
th

en
p

erform
d

iscretization
to

ob
tain

F̄
or
F

.
D

iff
eren

t
rela

x
ation

s
in

clu
d

e,
for

ex
am

p
le,

n
on

n
egative

m
atrices

(D
in

g
et

al.,
2008;

Y
an

g
an

d
O

ja,
201

0
)

a
n

d
sto

ch
astic

m
atrices

A
rora

et
al.

(2011,
2013)

for
th

e
u
n

n
orm

alized
in

d
icator

F̄
in
D

(S||M̄
),

an
d

orth
ogon

al
m

atrices
(S

h
i

an
d

M
alik

,
2
000),

as
w

ell
as

n
on

n
ega

tive
an

d
orth

og
on

al
m

atrices
(D

in
g

et
al.,

2006;
Y

an
g

an
d

O
ja,

2012b
;

Y
an

g
a
n

d
L

aak
son

en
,

2007;
Y

o
o

a
n

d
C

h
oi,

20
08;

P
om

p
ili

et
al.,

2013)
for

th
e

n
orm

alized
in

d
icator

F
in
D

(S||M
).

In
th

is
p

ap
er

w
e

em
p

h
asize

th
at

th
e

d
ou

b
ly

sto
ch

asticity
con

strain
t

is
essen

tial
for

b
alan

ced
clu

sterin
g,

w
h

ich
can

n
ot

b
e

gu
aran

teed
b
y

th
e

ab
ove

relax
ation

s.
B

esid
es

th
is

co
n

strain
t,

w
e

a
lso

keep
th

e
n

on
n

egativ
ity

con
strain

t
to

ach
ieve

sp
arser

low
-ran

k
factorizin

g
m

a
trix

.
T

h
ese

con
d

ition
s

as
a

w
h

ole
p

rov
id

e
a

tigh
ter

relax
ed

solu
tion

sp
ace

A
for

M
:

A
=


A ∣∣∣ ∀

i,
N
∑j=

1

A
ij

=
1;A

=
U
U
T

;U
∈
R
N
×
r;∀

i,k
,U

ik ≥
0 

.
(1)

T
o

ou
r

k
n

ow
led

ge,
h

ow
ever,

th
ere

is
n

o
ex

istin
g

tech
n

iq
u

e
th

a
t

can
m

in
im

ize
a

gen
eric

co
st

fu
n

ctio
n

over
low

-ran
k
A

or
over

U
.

T
h

e
m

a
jor

d
iffi

cu
lty

a
rises

b
eca

u
se

th
e

d
ou

b
ly

sto
ch

a
sticity

con
strain

t
is

in
d

irectly
cou

p
led

w
ith

th
e

factorizin
g

m
atrix

U
.

N
o
te

th
at

th
is

op
tim

ization
p

rob
lem

is
d

iff
eren

t
from

n
orm

alizin
g

th
e

in
p

u
t

sim
ilarity

m
a
trix

to
b

e
d

ou
b

ly
sto

ch
a
stic

b
efore

clu
sterin

g
(Z

ass
an

d
S

h
ash

u
a,

2006;
H

e
et

al.,
2011;

W
an

g
et

al.,
2012).

3
.
L
o
w
-ra

n
k
D
o
u
b
ly

S
to

ch
a
stic

M
a
trix

D
e
co

m
p
o
sitio

n
b
y
P
ro

b
a
b
ilistic

R
e
la
x
a
tio

n

In
th

is
section

w
e

sh
ow

h
ow

to
m

in
im

ize
D

(S||A
)

ov
er

A
∈

A
w

ith
su

itab
le

ch
o
ice

of
d

iscrep
an

cy
m

easu
re

an
d

com
p

lex
ity

con
trol.

F
irst

w
e

id
en

tify
an

eq
u

ivalen
t

solu
tion

sp
ace

of
A

w
h

ich
is

easier
for

op
tim

ization
.

T
h

en
w

e
d

evelo
p

th
e

m
u

ltip
licative

m
in

im
iza

tion
alg

o
rith

m
for

fi
n

d
in

g
a

station
ary

p
oin

t
of

th
e

ob
jective

fu
n

ction
.

3
.1

P
ro

b
a
b

ilistic
re

la
x
a
tio

n

W
e

fi
n

d
an

altern
ativ

e
solu

tion
sp

ace
b
y

relax
in

g
M

to
an

o
th

er
m

a
trix

B
in

th
e

m
a
trix

set

B
=

{
B
∣∣∣ B

ij
=

r
∑k

=
1

W
ik W

jk
∑

Nv
=

1
W
v
k

;W
∈
R
N
×
r;∀

i

r
∑k

=
1

W
ik

=
1
;∀
i,k

,W
ik ≥

0 }
.

(2)

C
o
m

p
a
rin

g
th

e
origin

al
low

-ran
k

d
ou

b
ly

sto
ch

astic
m

atrix
d

ecom
p

osition
sp

ace
A

w
ith

th
e

D
C

D
sp

ace
B

sh
ow

s
th

at
th

e
follow

in
g

eq
u

ivalen
ce

h
old

s:

4
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L
o
w

-R
a
n
k

D
o
u
b
ly

S
t
o
c
h
a
st

ic
M

a
t
r
ix

D
e
c
o
m

p
o
si

t
io

n
f
o
r

C
l
u
st

e
r

A
n
a
ly

si
s

T
h

e
o
re

m
1

A
=

B.

T
h

e
p

ro
of

is
gi

ve
n

in
A

p
p

en
d

ix
A

.
P

re
v
io

u
sl

y
it

w
as

k
n

ow
n

th
at

A
⊇

B
(Y

a
n

g
an

d
O

ja
,

20
12

a)
.

N
ow

th
is

th
eo

re
m

sh
ow

s
th

at
A
⊆

B
al

so
h

ol
d

s,
w

h
ic

h
im

p
li

es
th

a
t

w
e

d
o

n
o
t

m
is

s
an

y
so

lu
ti

on
in

A
b
y

u
si

n
g
B.

W
e

p
re

fe
r
B

b
ec

au
se

th
e

m
in

im
iz

at
io

n
in

B
is

ea
si

er
,

a
s

th
er

e
is

n
o

ex
p

li
ci

t
d

ou
b

ly
st

o
ch

as
ti

ci
ty

co
n

st
ra

in
t

an
d

w
e

ca
n

w
or

k
w

it
h

th
e

ri
gh

t
st

o
ch

a
st

ic
m

at
ri

x
W

.
N

ot
e

th
at

W
ap

p
ea

rs
in

b
ot

h
th

e
n
u

m
er

at
or

an
d

d
en

om
in

a
to

r
w

it
h

in
th

e
su

m
ov

er
k
.

T
h

er
ef

or
e

th
is

st
ru

ct
u

ra
l

d
ec

om
p

os
it

io
n

go
es

b
ey

on
d

co
n
ve

n
ti

o
n

a
l

n
o
n

n
eg

a
ti

v
e

m
at

ri
x

fa
ct

or
iz

at
io

n
sc

h
em

es
.

A
p

ro
b

ab
il

is
ti

c
in

te
rp

re
ta

ti
on

of
B

is
as

fo
ll

ow
s.

L
et
W
ik

=
P

(k
|i)

,
th

e
p

ro
b

ab
il

it
y

o
f

as
si

gn
in

g
th

e
it

h
d

at
a

ob
je

ct
to

th
e
k
th

cl
u

st
er

.1
In

th
e

fo
ll

ow
in

g,
i,
j,

an
d
v

st
a
n

d
fo

r
d

a
ta

sa
m

p
le

in
d

ic
es

(f
ro

m
1

to
N

)
w

h
il

e
k

an
d
l

st
an

d
fo

r
cl

u
st

er
in

d
ic

es
(f

ro
m

1
to
r)

.
W

it
h

o
u

t
p

re
fe

re
n

ce
to

an
y

p
ar

ti
cu

la
r

sa
m

p
le

,
w

e
im

p
os

e
a

u
n

if
or

m
p

ri
or
P

(j
)

=
1/
N

ov
er

th
e

d
a
ta

sa
m

p
le

s.
W

it
h

th
is

p
ri

or
,

w
e

ca
n

co
m

p
u

te

P
(j
|k

)
=

P
(k
|j)
P

(j
)

∑
r v
=

1
P

(k
|v

)P
(v

)
=

P
(k
|j)

∑
r v
=

1
P

(k
|v

)
(3

)

b
y

th
e

B
ay

es
’

fo
rm

u
la

.
T

h
en

w
e

ca
n

se
e

th
at

B
ij

=
r ∑ k
=

1

W
ik
W
jk

∑
N v
=

1
W
v
k

(4
)

=

r ∑ k
=

1

P
(k
|j)

∑
N v
=

1
P

(k
|v

)P
(k
|i)

(5
)

=

r ∑ k
=

1

P
(j
|k

)P
(k
|i)

(6
)

=
P

(j
|i)
.

(7
)

T
h

at
is

,
if

w
e

d
efi

n
e

a
b

ip
ar

ti
te

gr
ap

h
w

it
h

th
e

d
at

a
sa

m
p

le
s

an
d

cl
u

st
er

s
a
s

g
ra

p
h

n
o
d

es
,

B
ij

is
th

e
p

ro
b

ab
il

it
y

th
at

th
e
it

h
d

at
a

n
o
d

e
re

ac
h

es
th

e
jt

h
d

at
a

n
o
d

e
v
ia

a
cl

u
st

er
n

o
d

e
(s

ee
F

ig
u

re
1)

.
W

e
th

u
s

ca
ll

th
is

D
C

D
ra

n
d

om
w

a
lk

or
D

C
D

d
ec

om
p

o
si

ti
o
n

a
ft

er
th

e
D

at
a-

C
lu

st
er

-D
at

a
w

al
k
in

g
p

at
h

s.
S

in
ce

B
is

n
on

n
eg

at
iv

e
an

d
sy

m
m

et
ri

c
(w

h
ic

h
fo

ll
ow

s
ea

si
ly

fr
om

th
e

d
efi

n
it

io
n

),
in

n
on

-t
ri

v
ia

l
ca

se
s

it
ca

n
b

e
se

en
as

an
ot

h
er

si
m

il
a
ri

ty
m

ea
su

re
b

et
w

ee
n

d
at

a
ob

je
ct

s.
O

u
r

le
ar

n
in

g
ta

rg
et

is
to

fi
n
d

a
go

o
d

ap
p

ro
x
im

a
ti

o
n

b
et

w
ee

n
th

e
in

p
u

t
si

m
il

ar
it

y
m

at
ri

x
S

an
d

th
e

lo
w

-r
an

k
ou

tp
u

t
si

m
il

ar
it

y
B

.

3
.2

K
u

ll
b

a
ck

-L
e
ib

le
r

d
iv

e
rg

e
n

c
e

E
u

cl
id

ea
n

d
is

ta
n

ce
or

F
ro

b
en

iu
s

n
or

m
is

a
co

n
ve

n
ti

on
al

ch
oi

ce
fo

r
th

e
d

is
cr

ep
a
n

cy
m

ea
su

re
D

.
H

ow
ev

er
,

it
is

im
p

ro
p

er
fo

r
m

an
y

re
a
l-

w
or

ld
cl

u
st

er
in

g
ta

sk
s

w
h

er
e

th
e

ra
w

d
at

a
fe

a
tu

re
s

ar
e

w
ea

k
ly

in
fo

rm
at

iv
e.

S
im

il
ar

it
ie

s
ca

lc
u

la
te

d
w

it
h

m
os

t
si

m
p

le
m

et
ri

cs
su

ch
a
s

E
u

cl
id

ea
n

d
is

ta
n

ce
or

H
am

m
in

g
d
is

ta
n
ce

ar
e

th
en

on
ly

ac
cu

ra
te

in
a

sm
al

l
n

ei
gh

b
or

h
o
o
d

,
w

h
er

ea
s

d
a
ta

1
.
W
e
u
se

th
e
a
b
b
re
v
ia
ti
o
n
to

av
o
id

ex
ce
ss
iv
e
n
o
ta
ti
o
n
.
In

fu
ll
,
P
(k
|i)

d
e
f

=
P
(β

=
C
k
|ξ

=
x
i
),

w
h
er
e
β
a
n
d
ξ

a
re

ra
n
d
o
m

va
ri
a
b
le
s
w
it
h
p
o
ss
ib
le

o
u
tc
o
m
es

in
cl
u
st
er
s
{C

k
}r k

=
1
a
n
d
d
a
ta

sa
m
p
le
s
{x

i
}N i

=
1
,
re
sp

ec
ti
v
el
y.

S
im

il
a
rl
y
P
(i
)

d
e
f

=
P
(ξ

=
x
i
)
a
n
d
P
(i
|k
)

d
e
f

=
P
(ξ

=
x
i
|β

=
C
k
).
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o
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d
e
r
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d
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ja

F
ig

u
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1:
D

at
a-

cl
u

st
er

b
ip

a
rt

it
e

gr
a
p

h
fo

r
N

d
a
ta

sa
m

p
le

s
a
n

d
r

cl
u

st
er

s
(r
<
N

).
T

h
e

a
rr

ow
s

sh
ow

a
D

at
a
-C

lu
st

er
-D

a
ta

(D
C

D
)

ra
n

d
om

w
a
lk

p
a
th

,
w

h
ic

h
st

a
rt

s
at

th
e

it
h

d
at

a
n

o
d

e
(s

a
m

p
le

)
an

d
en

d
s

a
t

th
e
jt

h
d

a
ta

n
o
d

e
v
ia

th
e
k
th

cl
u

st
er

n
o
d

e.

p
oi

n
ts

fr
om

d
iff

er
en

t
cl

u
st

er
s

of
te

n
b

ec
o
m

e
m

ix
ed

in
w

id
er

n
ei

g
h
b

or
h

o
o
d

s.
T

h
at

is
,

on
ly

a
sm

a
ll

fr
a
ct

io
n

of
si

m
il

ar
it

ie
s,

e.
g
.
K

-N
ea

re
st

-N
ei

g
h
b

or
si

m
il

a
ri

ti
es

w
it

h
a

re
la

ti
v
el

y
sm

al
l

va
lu

e
of
K

,
ar

e
re

li
a
b

le
a
n

d
sh

o
u

ld
b

e
fe

d
a
s

a
sp

a
rs

e
in

p
u

t
to

cl
u

st
er

in
g

al
g
o
ri

th
m

s,
w

h
il

e
th

e
si

m
il

ar
it

ie
s

b
et

w
ee

n
th

e
o
th

er
,

n
on

-n
ei

g
h
b

o
ri

n
g

sa
m

p
le

s
a
re

se
t

to
ze

ro
.

L
ea

st
-s

q
u

ar
e

fi
tt

in
g

w
it

h
su

ch
a

sp
a
rs

e
si

m
il

a
ri

ty
m

a
tr

ix
is

d
om

in
a
te

d
b
y

th
e

ap
p

ro
x
im

at
io

n
to

th
e

m
a
n
y

ze
ro

s,
w

h
ic

h
ty

p
ic

al
ly

y
ie

ld
s

on
ly

p
o
o
r

o
r

m
ed

io
cr

e
cl

u
st

er
in

g
re

su
lt

s.

H
er

e
w

e
p

ro
p

o
se

to
u

se
(g

en
er

a
li

ze
d

)
K

u
ll

b
ac

k
-L

ei
b

le
r

d
iv

er
g
en

ce
w

h
ic

h
is

a
m

or
e

su
it

-
ab

le
ap

p
ro

x
im

at
io

n
er

ro
r

m
ea

su
re

b
et

w
ee

n
th

e
sp

ar
se

in
p

u
t

si
m

il
a
ri

ty
S

a
n

d
th

e
d

en
se

ou
tp

u
t

si
m

il
a
ri

ty
B

,
b

ec
a
u

se
th

e
a
p

p
ro

x
im

a
ti

o
n

re
li

es
m

o
re

h
ea

v
il

y
o
n

th
e

la
rg

e
va

lu
es

in
S

(s
ee

e.
g.

F
év

ot
te

an
d

Id
ie

r,
20

1
1)

.
T

h
e

u
n

d
er

ly
in

g
P

o
is

so
n

li
k
el

ih
o
o
d

m
o
d

el
s

m
or

e
ap

p
ro

p
ri

-
at

el
y

th
e

ra
re

o
cc

u
rr

en
ce

s
o
f

re
li

ab
le

si
m

il
a
ri

ti
es

.
W

e
th

u
s

fo
rm

u
la

te
o
u

r
le

ar
n

in
g

ob
je

ct
iv

e
in

th
e

re
la

x
ed

D
C

D
sp

a
ce

as
th

e
fo

ll
ow

in
g

o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m
:

m
in

im
iz

e
W
≥

0
D

K
L
(S
||B

)
=

N ∑ i=
1

N ∑ j=
1

( S
ij

lo
g
S
ij

B
ij
−
S
ij

+
B
ij

)
(8

)

su
b

je
ct

to
B
ij

=

r ∑ k
=

1

W
ik
W
jk

∑
v
W
v
k
,

(9
)

r ∑ k
=

1

W
ik

=
1,
i

=
1
..
.,
N
.

(1
0)
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D
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S
t
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h
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st

ic
M

a
t
r
ix

D
e
c
o
m

p
o
sit

io
n

f
o
r

C
l
u
st

e
r

A
n
a
ly

sis

D
rop

p
in

g
th

e
co

n
sta

n
t

term
s

in
D

K
L
(S||B

),
th

e
o
b

jective
fu

n
ctio

n
is

eq
u

iva
len

t
to

m
a
x
i-

m
izin

g
∑

Ni=
1 ∑

Nj=
1
S
ij

lo
g
B
ij

b
eca

u
se
∑

Ni=
1 ∑

Nj=
1
B
ij

=
N

.
N

o
te

th
a
t

th
is

fo
rm

is
sim

ilar
to

P
L

S
I

(H
ofm

a
n

n
,

19
9
9)

ex
cep

t
for

th
e

d
eco

m
p

o
sitio

n
form

in
B

.
T

h
erefo

re
w

e
ca

n
en

joy
th

e
sim

ila
r

com
p

lex
ity

co
n
trol

b
y

u
sin

g
a

D
irich

let
p

rio
r

(see
S

ectio
n

3.3
).

K
u

llb
ack

-L
eib

ler
d

ivergen
ce

a
lso

facilitates
o
p

tim
iza

tion
,
a
s

w
e

sh
a
ll

see
in

th
e

alg
o
rith

m
d

evelop
m

en
t

b
elow

.
In

o
b

jective
an

d
g
rad

ien
t

calcu
la

tio
n

,
it

is
stra

ig
h
tforw

a
rd

to
in

vo
lve

o
n

ly
th

e
n

o
n

-zero
en

tries
in
S

w
h

ich
b

rin
gs

a
n

effi
cien

t
im

p
lem

en
ta

tio
n

.
M

o
reover,

g
iven

p
ro

p
erties

o
f

th
e

log
a
rith

m
fu

n
ctio

n
,

w
e

ca
n

b
rea

k
th

e
co

m
p

reh
en

sive
stru

ctu
re

o
f
B

in
to

severa
l

ad
d

itive
term

s
w

h
en

m
a
jorizin

g
th

e
ob

jective
w

ith
th

e
con

v
ex

-co
n

cave
p

ro
ced

u
re

(H
u

n
ter

a
n

d
L

a
n

g
e,

2
0
04

).
A

s
a

resu
lt,

th
is

y
ield

s
relatively

sim
p

le
u

p
d

a
te

ru
les

in
th

e
a
lg

o
rith

m
.

S
ee

S
ection

3
.4

a
n

d
A

p
p

en
d

ix
B

fo
r

d
eta

ils.

3
.3

R
e
g
u

la
riz

a
tio

n

T
h

e
D

C
D

lea
rn

in
g

o
b

jectiv
e

fu
n

ctio
n

is
p

a
ra

m
eterized

b
y

th
e

m
a
trix

W
w

h
o
se

row
s

su
m

to
o
n

e.
A

ssu
m

in
g

th
at

th
ese

row
s

a
re

o
b

serva
tion

s
fro

m
a

co
m

m
o
n

D
irich

let
d

istrib
u

tio
n

,
w

e
ca

n
ap

p
ly

th
e

lo
g-D

irich
let

p
rio

r
to

co
n
trol

th
e

com
p

lex
ity

in
W

.
T

h
is

g
ives

th
e

co
st

fu
n

ction
o
f

ou
r

D
C

D
clu

sterin
g

m
eth

o
d

:

J
(W

)
=
−

N
∑i=

1

N
∑j=

1

S
ij

lo
g
B
ij −

(α
−

1
)
N
∑i=

1

r
∑k

=
1

lo
g
W
ik .

(1
1)

T
h

is
is

a
lso

eq
u

ivalen
t

to
regu

lariza
tion

b
y

u
sin

g
a

tota
l

S
h

an
n

o
n

in
fo

rm
a
tion

term
.

If
S
ij

a
re

in
teg

ers,
th

e
D

C
D

ob
jective

is
th

e
lo

g-lik
elih

o
o
d

o
f

th
e

fo
llow

in
g

g
en

era
tiv

e
m

o
d

el:
1
)

d
raw

th
e

row
s

o
f
W

a
ccord

in
g

to
u

n
ifo

rm
D

irich
let

d
istrib

u
tio

n
w

ith
p

a
ra

m
eter

α
;

2
)

fo
r
t

=
1
,...,T

,
a
d

d
o
n

e
to

en
try

(i,j)∼
M

u
ltin

o
m

ia
l (

1N
B
,1 ).

T
h

e
D

irich
let

p
rior

van
ish

es
w

h
en

α
=

1.
B

y
u

sin
g
α
>

1
,

th
e

p
rio

r
g
ives

fu
rth

er
rela

x
a
tio

n
b
y

sm
o
oth

in
g

th
e

W
en

tries,
w

h
ich

is
often

d
esired

in
ea

rly
sta

g
es

of
W

learn
in

g.

A
lth

o
u

g
h

it
is

p
ossib

le
to

con
stru

ct
a

m
u

lti-level
g
ra

p
h

ical
m

o
d

el
sim

ila
r

to
th

e
D

irich
let

p
ro

cess
to

p
ic

m
o
d

el
(B

lei
et

a
l.,

2
00

1
;
S

in
k
ko

n
en

et
a
l.,

2
0
0
8
),

w
e

em
p

h
a
size

th
a
t

th
e

sm
a
llest

ap
p

rox
im

a
tion

erro
r

(i.e.
w

ith
α

=
1)

is
th

e
fi

n
al

D
C

D
g
o
a
l.

T
h

e
D

irich
let

p
rio

r
is

u
sed

o
n

ly
in

ord
er

to
ea

se
th

e
op

tim
iza

tio
n

.
T

h
erefo

re
w

e
d

o
n

o
t

em
p

loy
m

o
re

co
m

p
lex

g
en

era
tive

m
o
d

els.

3
.4

O
p

tim
iz

a
tio

n

M
u

ltip
lica

tive
u

p
d

ates
a
re

w
id

ely
u

sed
in

o
p

tim
iza

tio
n

for
n

o
n

n
ega

tive
m

a
trix

fa
cto

riza
tion

p
rob

lem
s.

T
o

m
in

im
ize

a
n

ob
jectiv

eJ
over

a
n

on
n

eg
a
tive

m
a
trix

W
,

w
e

fi
rst

ca
lcu

late
th

e
gra

d
ien

t
an

d
sep

a
ra

te
it

in
to

tw
o

n
o
n

n
ega

tive
p

arts
(∇

+ik ≥
0

a
n

d
∇
−ik ≥

0):

∇
ik

d
ef

=
∂J
∂
W
ik

=
∇

+ik −
∇
−ik .

(1
2)

U
su

ally
th

e
sep

a
ratio

n
can

easily
b

e
id

en
tifi

ed
fro

m
th

e
g
ra

d
ien

t.
T

h
en

th
e

a
lg

o
rith

m

iteratively
a
p

p
lies

a
m

u
ltip

licative
u

p
d

ate
ru

le
W
ik
←

W
ik
∇

−ik
∇

+ik

u
n
til

co
n
vergen

ce.
S

u
ch

a
lg

orith
m

s
h

ave
severa

l
attra

ctive
p

rop
erties,

a
s

th
ey

n
a
tu

ra
lly

m
a
in

tain
th

e
p

o
sitiv

ity
o
f
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Y
a
n
g

,
C

o
r
a
n
d
e
r

a
n
d

O
ja

W
a
n

d
d

o
n

o
t

req
u

ire
ex

tra
eff

ort
to

tu
n

e
learn

in
g

step
size.

F
o
r

a
variety

of
N

M
F

p
rob

lem
s,

su
ch

m
u

ltip
lica

tive
u

p
d

ates
m

on
oton

ically
d

ecreaseJ
a
fter

each
iteration

an
d

th
erefore

W
can

co
n
verg

e
to

a
station

ary
p

oin
t

(Y
an

g
an

d
O

ja,
2011

).
W

e
can

n
o
t

d
irectly

ap
p

ly
th

e
ab

ove
m

u
ltip

licative
fi

x
ed

-p
oin

t
algorith

m
to

D
C

D
b

ecau
se

th
ere

are
p

rob
ab

ility
con

strain
ts

on
th

e
W

row
s.

In
p

ractice,
p

ro
jectin

g
th

e
W

row
s

to
th

e
p

rob
a
b

ility
sim

p
lex

after
each

iteration
w

ou
ld

often
lead

to
p

o
or

clu
sterin

g
resu

lt.
In

stea
d

,
w

e
em

p
loy

a
relax

in
g

strategy
(Z

h
u

et
al.,

201
3)

to
h

an
d

le
th

e
p

rob
ab

ility
con

strain
t.

W
e

fi
rst

in
tro

d
u

ce
L

agran
gian

m
u

ltip
liers{λ

i }
Ni=

1
for

th
e

con
strain

ts:

L
(W

,λ
)

=
J

(W
)

+
∑

i

λ
i (

r
∑k

=
1

W
ik −

1 )
.

(13)

T
h

is
su

gg
ests

a
p

relim
in

ary
m

u
ltip

licativ
e

u
p

d
ate

ru
le

for
W

:

W
′ik

=
W
ik ∇

−ik −
λ
i

∇
+ik

,
(14)

w
h

ere

∂J∂
W

=
[(W

T
Z
W
)
k
k
s −

2
k

+
W
−

1
ik

]
︸

︷︷
︸

∇
+ik

−
[2

(Z
W

)
ik
s −

1
k

+
α
W
−

1
ik

]
︸

︷︷
︸

∇
−ik

,
(15)

w
ith

Z
ij

=
S
ij /B

ij
an

d
s
k

=
∑

Nv
=

1
W
v
k .

Im
p

osin
g
∑

k
W
′ik

=
1

an
d

isolatin
g
λ
i ,

w
e

ob
tain

λ
i

=
b
i −

1

a
i
,

(16)

w
h

ere

a
i

=
r
∑l=

1

W
il

∇
+il

,
an

d
,b
i

=
r
∑l=

1

W
il ∇
−il
∇

+il .
(17)

P
u

ttin
g

th
is
λ

b
ack

in
E

q
.

14,
w

e
ob

tain

W
ik ←

W
ik ∇

−ik a
i
+

1−
b
i

∇
+ik a

i
.

(18)

T
o

m
ain

tain
th

e
p

ositiv
ity

of
W

,
w

e
ad

d
b
i

to
b

oth
th

e
n
u

m
erator

an
d

d
en

om
in

ator,
w

h
ich

d
o
es

n
ot

ch
an

ge
th

e
fi

x
ed

p
oin

t
an

d
gives

th
e

u
ltim

ate
u

p
d

a
te

ru
le:

W
ik ←

W
ik ∇

−ik a
i
+

1

∇
+ik a

i
+
b
i .

(19)

T
h

e
a
b

ove
calcu

lation
step

s
are

su
m

m
arized

in
A

lgorith
m

1.
In

im
p

lem
en

tation
,

on
e

d
o
es

n
ot

n
eed

to
con

stru
ct

th
e

w
h

ole
m

atrix
B

.
T

h
e

ratio
Z
ij

=
S
ij /B

ij
on

ly
req

u
ires

calcu
la

tion
on

th
e

n
on

-zero
en

tries
of
S

.
T

h
e

ab
ove

a
lgo

rith
m

ob
ey

s
a

m
on

oton
icity

gu
aran

tee
p

rov
id

ed
b
y

th
e

follow
in

g
th

eorem
.
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D
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o
m

p
o
si

t
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n
f
o
r

C
l
u
st

e
r

A
n
a
ly

si
s

A
lg

o
ri

th
m

1
R

el
ax

ed
M

M
A

lg
or

it
h

m
fo

r
D

C
D

In
p

u
t:

si
m

il
ar

it
y

m
at

ri
x
S

,
n
u

m
b

er
of

cl
u

st
er

s
r,

p
os

it
iv

e
in

it
ia

l
gu

es
s

of
W

.
O

u
tp

u
t:

cl
u

st
er

as
si

gn
in

g
p

ro
b

ab
il

it
ie

s
W

.
re

p
e
a
t

B
ij

=
r ∑ k
=

1

W
ik
W
jk

∑
v
W
v
k

Z
ij

=
S
ij
/B

ij

s k
=
∑

N v
=

1
W
v
k

∇
− ik

=
2

(Z
W

) i
k
s−

1
k

+
α
W
−

1
ik

∇
+ ik

=
( W

T
Z
W
) k
k
s−

2
k

+
W
−

1
ik

a
i

=
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C
H

-k
m

D
B

-k
m

g
a
p

-k
m

C
H

-l
k

D
B

-l
k

g
a
p
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k

D
C

D
#

c
la

ss
e
s

C
O

IL
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2
3
1
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∗

2
2

4
0
∗

1
7
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B

O
T

S
W

A
N
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8
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∗
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P
H

O
N

E
M

E
3

2
1
0
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2
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C

U
R

E
T
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∗

79
∗

8
0
∗

41
∗

7
7
∗

8
0
∗

6
1
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O

P
T

D
IG

IT
S

2
9

2
0

3
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2
0

1
0

1
0

C
O

IL
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0
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∗
1
39

∗
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0
∗

6
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13
7
∗
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0
∗

7
9
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0

M
N
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T

2
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2
0
∗

2
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2
0
∗

1
0
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F
ig

u
re

2:
S

el
ec

ti
n

g
th

e
b

es
t

n
u

m
b

er
o
f

cl
u

st
er

s
u

si
n

g
N

O
S

A
C

re
si

d
u
al

.
T

h
e

re
d

st
a
r

sh
ow

s
th

e
sm

al
le

st
N

O
S

A
C

re
si

d
u

a
l.

T
h

e
ve

rt
ic

al
b
lu

e
d

o
t-

d
a
sh

ed
li

n
e

sh
ow

s
th

e
gr

o
u

n
d

tr
u

th
(n

u
m

b
er

of
cl

as
se

s)
.

20
0
5)

.
T

h
e

k
-m

ea
n

s
m

et
h

o
d

ca
n

b
e

ex
te

n
d

ed
to

a
n

o
n

li
n

ea
r

ca
se

b
y

re
p

la
ci

n
g
X
X
T

w
it

h
an

ot
h

er
ke

rn
el

m
a
tr

ix
.

It
is

d
iffi

cu
lt

to
d

ir
ec

tl
y

m
in

im
iz

e
ov

er
F

in
th

e
co

m
b

in
at

o
ri

a
l

sp
a
ce

(A
lo

is
e

et
a
l.

,
2
00

9
;

M
ah

a
ja

n
et

a
l.
,

2
00

9
).

A
co

n
ve

n
ti

on
al

w
ay

is
to

re
la

x
F

to
o
rt

h
og

o
n

al
m

a
tr

ix
su

ch
th

at
th

e
op

ti
m

iz
a
ti

on
ca

n
b

e
so

lv
ed

b
y

ei
g
en

d
ec

om
p

o
si

ti
on

.
T

h
is

co
n

n
ec

ts
k
-m

ea
n

s
or

ke
rn

el
k
-m

ea
n

s
to

sp
ec

tr
a
l

cl
u

st
er

in
g

(D
in

g
et

a
l.

,
20

0
5
).

D
es

p
it

e
th

e
cl

o
se

d
fo

rm
so

lu
ti

o
n

,
th

e
ob

ta
in

ed
ei

g
en

ve
ct

o
rs

d
o

n
o
t

im
m

ed
ia

te
ly

re
ve

al
th

e
cl

u
st

er
a
ss

ig
n

m
en

ts
.

E
x
tr

a
eff

or
t

su
ch

as
k
-m

ea
n

s
o
n

th
e

re
la

x
ed
F

ro
w

s
(N

g
et

a
l.

,
2
0
0
1)

or
it

er
a
ti

ve
p

ro
je

ct
io

n
(Y

u
a
n

d
S

h
i,

20
03

)
is

n
ee

d
ed

to
co

n
ve

rt
th

e
ei

g
en

v
ec

to
rs

to
th

e
cl

u
st

er
in

d
ic

a
to

r
m

a
tr

ix
.

A
n

a
lt

er
n

at
iv

e
w

ay
is
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L
o
w

-R
a
n
k

D
o
u
b
ly

S
t
o
c
h
a
st

ic
M

a
t
r
ix

D
e
c
o
m

p
o
sit

io
n

f
o
r

C
l
u
st

e
r

A
n
a
ly

sis

to
com

b
in

e
o
rth

o
g
on

ality
an

d
n

o
n

n
eg

a
tiv

ity
su

ch
th

a
t

th
e

rela
x
ed

F
h

a
s

on
ly

o
n

e
n

o
n

-zero
en

try
in

ea
ch

row
an

d
th

u
s

in
d

ica
tes

th
e

clu
ster

a
ssig

n
m

en
ts

(D
in

g
et

al.,
2
0
0
6;

Y
a
n

g
a
n

d
O

ja
,

2
01

2
b

;
Y

a
n

g
an

d
L

a
a
k
son

en
,

2
0
0
7;

Y
o
o

a
n

d
C

h
o
i,

2
0
0
8
;

P
o
m

p
ili

et
al.,

2
0
13

).

H
ow

ever,
th

e
orth

o
go

n
a
lity

con
stra

in
t

d
o
es

n
o
t

n
ecessa

rily
g
u

a
ra

n
tee

b
ala

n
ced

clu
sterin

g
b

eca
u

se
it

d
o
es

n
ot

restrict
th

e
m

a
gn

itu
d

es
o
f

th
e

rela
x
ed

F
row

s.
M

o
reov

er,
th

e
o
rth

o
g-

on
a
lity

favors
E

u
clid

ean
d

ista
n

ce
as

th
e

a
p

p
rox

im
a
tio

n
erro

r
m

ea
su

re
fo

r
sim

p
le

u
p

d
ate

ru
les,

w
h

ich
is

a
ga

in
st

o
u

r
req

u
irem

en
t

o
f

th
e

sp
a
rse

sim
ila

rity
gra

p
h

in
p

u
t.

In
co

n
tra

st,
ou

r
relax

a
tio

n
em

p
loy

s
d

o
u

b
ly

sto
ch

a
sticity

o
f

th
e

rela
x
ed

F
F
T

(i.e.
A

or
B

),
w

h
ich

en
su

res
th

at
each

clu
ster

h
a
s

u
n

ita
ry

(so
ft)

n
o
rm

alized
g
ra

p
h

vo
lu

m
e

3
w

h
en

co
m

b
in

ed
w

ith
th

e
n

on
n
eg

ativ
ity

co
n

stra
in

t.
F

u
rth

erm
ore,

a
lth

o
u

g
h

w
e

d
o

n
o
t

ex
p
licitly

u
se

th
e

o
rth

o
go

n
ality,

in
p

ra
ctice

th
e

resu
ltin

g
rela

x
ed

F
(i.e.

U
)

co
n
ta

in
s

o
n
ly

on
e

o
r

a
few

sign
ifi

ca
n
t

n
on

-zero
en

tries
in

ea
ch

row
fo

r
clu

stered
d

a
ta

.
T

h
erefo

re
th

e
b

est
D

C
D

o
b

jective
is

close
to

th
e

d
iscrete

N
O

S
A

C
resid

u
a
l

b
y

w
h

ich
w

e
ca

n
select

th
e

n
u

m
b

er
o
f

clu
sters

(see
S

ection
4
.2

).
T

h
is

ca
n

n
o
t

b
e

d
o
n

e
in

k
-m

ea
n

s
o
r

sp
ectra

l
clu

sterin
g
.

5
.1

.2
N

o
n
n
e
g

a
t
iv

e
M

a
t
r
ix

F
a
c
t
o
r
iz

a
t
io

n

N
o
n

n
eg

ative
M

a
trix

F
a
cto

riza
tion

(N
M

F
)

seek
s

n
o
n

n
ega

tive
low

-ra
n

k
fa

ctoriza
tion

o
f

a
n

in
p

u
t

d
ata

m
atrix

(L
ee

a
n

d
S

eu
n

g
,

19
9
9
,

2
0
0
1
).

V
a
ria

n
ts

o
f

N
M

F
h

ave
b

een
p

ro
p

o
sed

for
sim

ila
rity

-b
a
sed

clu
sterin

g.
F

o
r

ex
a
m

p
le,

D
in

g
et

a
l.

(2
0
0
8)

im
p

o
sed

n
o
n

n
ega

tiv
ity

to
sp

ectral
clu

sterin
g
;

D
in

g
et

a
l.

(20
0
6
);

Y
an

g
a
n

d
O

ja
(2

0
1
2
b

);
Y

a
n

g
a
n

d
L

a
ak

so
n

en
(2

0
0
7);

Y
o
o

a
n

d
C

h
o
i

(2
00

8);
P

o
m

p
ili

et
al.

(2
0
13

)
p

ro
p

o
sed

u
sin

g
b

o
th

n
o
n

n
eg

a
tiv

ity
a
n

d
o
rth

o
g
on

ality
o
n

th
e

fa
ctorizin

g
m

a
trices;

H
e

et
a
l.

(2
01

1
)

u
sed

th
e

sy
m

m
etric

N
M

F
fo

r
th

e
low

-ra
n

k
fa

cto
rs.

P
rob

ab
ilistic

clu
sterin

g
is

a
n

a
tu

ra
l

w
ay

to
rela

x
th

e
h

a
rd

clu
sterin

g
p

rob
lem

.
R

ecen
tly

A
ro

ra
et

a
l.

(2
01

1
,

2
01

3)
in

tro
d

u
ced

sto
ch

asticity
fo

r
clu

sterin
g
,

b
y

u
sin

g
a

left
sto

ch
a
stic

m
a
trix

in
sy

m
m

etric
N

M
F

.
H

ow
ever,

th
eir

m
eth

o
d

,
ca

lled
L

S
D

,
is

restricted
to

th
e

E
u

clid
ea

n
d

istan
ce.

In
a
d

d
itio

n
,

L
S

D
d

o
es

n
o
t

p
reven

t
im

b
a
la

n
ced

clu
sterin

g
.

O
u

r
m

eth
o
d

h
as

tw
o

m
a
jo

r
d

iff
eren

ces
fro

m
L

S
D

.
F

irst,
o
u

r
d

eco
m

p
o
sitio

n
in

vo
lves

a
n

orm
a
lizin

g
fa

cto
r

w
h

ich
em

p
h

asizes
b

a
la

n
ced

clu
sterin

g
s.

S
eco

n
d

,
w

e
u

se
K

u
llb

a
ck

-L
eib

ler
d

ivergen
ce

w
h

ich
is

m
o
re

su
ita

b
le

for
sp

a
rse

gra
p

h
in

p
u
t

o
r

cu
rved

m
a
n

ifo
ld

d
a
ta.

T
h

is
also

en
ab

les
u

s
to

m
a
ke

u
se

of
th

e
D

irich
let

an
d

m
u

ltin
om

ia
l

co
n

ju
ga

cy
p

air
to

a
ch

ieve
m

o
re

a
ccu

ra
te

clu
sterin

gs.

5
.1

.3
P

r
o
b
a
b
il

ist
ic

L
a
t
e
n
t

S
e
m

a
n
t
ic

A
n
a
ly

sis

P
rob

ab
ilistic

L
a
ten

t
S

em
an

tic
A

n
a
ly

sis
(P

L
S
A

,
a
lso

k
n

ow
n

as
P

L
S

I
esp

ecia
lly

in
in

fo
rm

a
tio

n
retrieval)

is
a

statistica
l

tech
n

iq
u

e
fo

r
th

e
an

aly
sis

of
tw

o
-m

o
d
e

a
n

d
co-o

ccu
rren

ce
d

a
ta.

W
h

en
P

L
S

A
a
p

p
lies

to
sim

ila
rity

-b
a
sed

clu
sterin

g
(H

ofm
a
n

n
,

1
9
99

),
it

m
a
x
im

izes
th

e
lo

g
-

likelih
o
o
d
∑

Ni=
1 ∑

Nj=
1
S
ij

log ∑
rk
=

1
P

(k
)P

(i|k
)P

(j|k
).

C
o
m

p
a
red

to
th

e
D

C
D

ob
jective,

w
e

ca
n

see
th

a
t

th
e

m
a

jo
r

d
iff

eren
ce

is
in

th
e

d
eco

m
p

o
sitio

n
fo

rm
w

ith
in

th
e

log
a
rith

m
:

P
L

S
A

lea
rn

s
th

e
clu

ster
p

rio
r
P

(k
)

an
d

th
e

co
n

d
itio

n
a
l

likelih
o
o
d

of
d

a
ta

p
o
in

ts
P

(i|k
);

w
h

ile
in

D
C

D
w

e
assu

m
e

u
n

ifo
rm

p
rio

r
P

(i)
a
n

d
lea

rn
th

e
con

d
itio

n
a
l

likelih
o
o
d

o
f

clu
sters

P
(k|i).

3
.
F
o
r
th
e
k
th

clu
ster,

th
e
so
ft

clu
ster

v
o
lu
m
e
is ∑

Ni=
1 ∑

Nj
=
1

W
i
k
W

j
k

∑
Nv
=

1
W

v
k
a
n
d
so
ft

clu
ster

size
is ∑

Ni=
1
W
ik
.
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Y
a
n
g

,
C

o
r
a
n
d
e
r

a
n
d

O
ja

T
h

ere
are

several
reason

s
w

h
y

th
e

D
C

D
d

ecom
p

osition
is

m
ore

b
en

efi
cia

l
th

an
P

L
S

A
for

clu
ster

an
aly

sis.
F

irst,
P

(k|i)
in

D
C

D
is

th
e

d
irect

an
sw

er
to

th
e

p
rob

a
b

ilistic
clu

sterin
g

p
rob

lem
,

w
h

ile
th

e
P

L
S

A
q
u

an
tities

are
n
ot.

S
econ

d
,

in
P

L
S

A
∑

rk
=

1
P

(k
)P

(i|k
)P

(j|k
)

=
P

(i,j)
is

a
join

t
p

rob
ab

ility
m

atrix
;

it
is

n
ot

n
ecessarily

d
ou

b
ly

sto
ch

a
stic

a
n

d
m

ay
n

ot
gu

aran
tee

th
at

each
clu

ster
h

as
th

e
sam

e
n

orm
a
lized

grap
h

volu
m

e,
a
s

D
C

D
d

o
es.

T
h

ird
,

D
C

D
ach

iev
es

a
go

o
d

b
alan

ce
in

term
s

of
th

e
n
u

m
b

er
of

p
aram

eters,
as

it
con

ta
in

s
N
×

(r−
1)

free
p

ara
m

eters
w

h
ile

in
P

L
S

A
th

ere
are

N
×
r−

1
;

th
is

d
iff

eren
ce

can
b

e
large

w
h

en
th

ere
a
re

o
n

ly
few

clu
sters

(e.g.
r

=
2

or
r

=
3).

B
oth

m
eth

o
d

s
can

b
e

im
p

roved
b
y

u
sin

g
D

irich
let

p
riors.

In
D

C
D

th
e

p
rior

is
o
n
ly

u
sed

in
in

itializa
tion

an
d

th
e

p
rior

p
aram

eter
is

ch
osen

accord
in

g
to

th
e

sm
allest

N
O

S
A

C
resid

u
al.

W
e

fi
n

d
th

at
th

is
strategy

is
b

etter
th

an
th

e
con

ven
tion

al
h
y
p

er-p
aram

eters
tu

n
in

g
tech

n
iq

u
es

in
th

e
top

ic
m

o
d

el
literatu

re
(e.g.,

M
in

ka,
2000;

A
su

n
cio

n
et

al.,
2009

).

5
.1

.4
D

o
u
b
ly

st
o
c
h
a
st

ic
m

a
t
r
ix

p
r
o
je

c
t
io

n

N
orm

a
lizin

g
a

m
a
trix

to
b

e
d

ou
b

ly
sto

ch
astic

h
as

b
een

u
sed

to
im

p
rove

clu
ster

an
a
ly

sis,
b

u
t

m
ain

ly
on

th
e

in
p

u
t

sim
ilarity

m
atrix

.
T

h
e

n
orm

alizatio
n

d
ates

b
ack

to
th

e
S

in
k
h

o
rn

-
K

n
op

p
p

ro
ced

u
re

(S
in

k
h

orn
an

d
K

n
op

p
,

1967)
or

iterative
p

rop
o
rtion

al
fi

ttin
g

p
ro

ced
u

re
(B

ish
op

et
a
l.,

1
975).

Z
ass

an
d

S
h

ash
u

a
(2006)

p
rop

o
sed

to
im

p
rov

e
sp

ectral
clu

sterin
g

b
y

rep
lacin

g
th

e
orig

in
al

sim
ilarity

m
atrix

b
y

its
clo

sest
d

ou
b

ly
sto

ch
astic

sim
ilarities

u
n

d
er

L
1

o
r

F
rob

en
iu

s
n

orm
.

W
an

g
et

al.
(2012)

gen
eralized

th
e

p
ro

jection
to

th
e

fam
ily

of
B

reg
m

a
n

d
iverg

en
ces.

N
ote

th
at

th
e

n
orm

alized
m

atrix
in

gen
era

l
req

u
ires

O
(N

2)
m

em
ory

if
F

rob
en

iu
s

n
orm

p
ro

jection
is

u
sed

.

In
con

tra
st,

ou
r

m
eth

o
d

h
as

th
ree

m
a
jor

d
iff

eren
ces:

1)
it

im
p

o
ses

th
e

d
ou

b
ly

sto
ch

as-
ticity

con
strain

t
on

th
e

ap
p

rox
im

atin
g

m
atrix

in
stead

of
th

e
in

p
u

t
sim

ilarity
m

atrix
;

2)
th

e
d

ou
b

ly
sto

ch
astic

m
atrix

m
u

st
b

e
low

-ran
k
;

in
p

ra
ctice

w
e

n
eed

on
ly
O

(N
×
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er
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g

an
al
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si

s
h
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a

lo
n
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h
is
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ry

,
a
n

d
,
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at

u
ra

ll
y,

a
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rg
e

n
u

m
b

er
of
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u

st
er
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g
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o
d

s
h
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e

b
ee

n
d

ev
el

op
ed

;
se

e
J
a
in
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0
)

fo
r

an
ex

ce
ll

en
t

ov
er

v
ie

w
.

∗.
T
h
es
e
a
u
th
o
rs

co
n
tr
ib
u
te
d
eq
u
a
ll
y.

†.
W

P
is

th
e
co
rr
es
p
o
n
d
in
g
a
u
th
o
r.

c ©
2
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1
6

C
h

o
n

g
W

u
,
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u

n
g
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o
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K
w

o
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,
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o
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,

S
h
e
n

a
n
d

P
a
n

C
lu

st
er

in
g

a
n

a
ly

si
s

is
re

g
ar

d
ed

a
s

u
n

su
p

er
v
is

ed
le

a
rn

in
g

in
a
b

se
n

ce
o
f

a
cl

a
ss

la
b

el
,

as
op

p
os

ed
to

su
p

er
v
is

ed
le

a
rn

in
g.

O
ve

r
th

e
la

st
fe

w
y
ea

rs
,

a
n

ew
fr

a
m

ew
o
rk

o
f

cl
u

st
er

in
g

an
al

y
si

s
h

as
b

ee
n

in
tr

o
d

u
ce

d
b
y

tr
ea

ti
n

g
it

as
a

p
en

a
li

ze
d

re
g
re

ss
io

n
p

ro
b

le
m

(P
el

ck
m

a
n

s
et

al
.,

20
05

;
L

in
d

st
en

et
al

.,
2
0
11

;
H

o
ck

in
g

et
a
l.

,
20

11
;
P

a
n

et
a
l.

,
2
01

3;
C

h
i
a
n

d
L

an
g
e,

20
1
5)

b
as

ed
o
n

ov
er

-p
ar

a
m

et
er

iz
at

io
n

.
S

p
ec

ifi
ca

ll
y,

w
e

p
ar

a
m

et
er

iz
e
p
-d

im
en

si
o
n

a
l

o
b

se
rv

at
io

n
s,

sa
y
x
i,

1
≤
i
≤
n

,
w

it
h

it
s

ow
n

ce
n
tr

o
id

,
sa

y
µ
i.

T
w

o
o
b

se
rv

a
ti

on
s

a
re

sa
id

to
b

el
o
n

g
to

th
e

sa
m

e
cl

u
st

er
if

th
ei

r
co

rr
es

p
o
n

d
in

g
µ
i’

s
a
re

eq
u

a
l.

T
h

en
cl

u
st

er
in

g
a
n

a
ly

si
s

is
fo

rm
u

la
te

d
to

id
en

ti
fy

a
sm

a
ll

su
b

se
t

o
f

d
is

ti
n

ct
va

lu
es

of
th

es
e
µ
i’

s
v
ia

so
lv

in
g

th
e

fo
ll

ow
in

g
o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m

m
in
µ

1 2

n ∑ i=
1

||x
i
−
µ
i||

2 2
+
λ
J

(µ
),

w
h

er
e
λ

is
a

n
on

n
eg

a
ti

v
e

tu
n

in
g

p
ar

am
et

er
co

n
tr

o
ll

in
g

th
e

tr
a
d

e-
o
ff

b
et

w
ee

n
th

e
m

o
d

el
fi

t
an

d
th

e
n
u

m
b

er
o
f

cl
u

st
er

s,
an

d
J

(µ
)

is
a

p
en

al
ty

o
n
µ

=
(µ
′ 1
,·
··
,µ
′ n
)′

.
P

er
h

ap
s

d
u

e
to

co
m

p
u

ta
ti

on
al

si
m

p
li

ci
ty

,
a

co
n
ve

x
J

(µ
)

h
a
s

b
ee

n
ex

te
n

si
ve

ly
st

u
d

ie
d

.
F

or
ex

am
p
le

,
su

m
-

o
f-

n
o
rm

s
cl

u
st

er
in

g
(L

in
d

st
en

et
a
l.

,
2
0
1
1
)

d
efi

n
es
J

(µ
)

=
∑

n j=
1

∑
i<
j
||µ

i
−
µ
j
|| q

,
w

h
er

e
||
·|
| q

is
th

e
L
q
-n

or
m

.
H

ow
ev

er
,

a
co

n
ve

x
J

(µ
)

u
su

a
ll

y
y
ie

ld
s

b
ia

se
d

p
a
ra

m
et

er
es

ti
m

a
te

s,
le

ad
in

g
to

d
iffi

cu
lt

ie
s

in
se

p
ar

a
ti

n
g

th
e

cl
u

st
er

s.
T

o
ov

er
co

m
e

th
is

d
is

a
d

va
n
ta

ge
,

P
an

et
al

.
(2

01
3
)

p
ro

p
os

ed
p

en
a
li

ze
d

re
gr

es
si

o
n

-b
a
se

d
cl

u
st

er
in

g
(P

R
cl

u
st

),
w

h
ic

h
u

se
s

th
e

n
o
n

-c
on

ve
x

gr
o
u

p
ed

tr
u

n
ca

te
d

la
ss

o
p

en
al

ty
(g

T
L

P
)
J

(µ
)

=
∑

i<
j

T
L

P
(||
µ
i
−
µ
j
|| 2

;τ
).

S
p

ec
ifi

ca
ll

y,
T

L
P

is
d

efi
n

ed
as

T
L

P
(α

;τ
)

=
m

in
(|α
|,τ

)
fo

r
a

sc
a
la

r
α

a
n

d
a

tu
n

in
g

p
a
ra

m
et

er
τ
.

It
ca

n
b

e
th

ou
gh

t
of

as
th

e
L

1
-p

en
al

ty
fo

r
a

sm
a
ll
|α
|≤

τ
,

b
u

t
n

o
fu

rt
h

er
p

en
al

iz
at

io
n

fo
r

a
la

rg
e

|α
|>

τ
.

O
n

e
b

en
efi

t
o
f

P
R

cl
u

st
is

th
a
t

it
ca

n
tr

ea
t

so
m

e
co

m
p

le
x

cl
u

st
er

in
g

si
tu

a
ti

on
s,

fo
r

ex
a
m

p
le

,
in

th
e

p
re

se
n

ce
of

n
on

-c
o
n
ve

x
cl

u
st

er
s,

in
w

h
ic

h
tr

a
d

it
io

n
a
l

m
et

h
o
d

s
su

ch
as

K
-m

ea
n

s
b

re
ak

d
ow

n
(P

a
n

et
a
l.

,
2
01

3
).

T
o

d
ea

l
w

it
h

th
e

n
o
n

se
p

ar
ab

le
a
n

d
n

o
n

-c
o
n
ve

x
g
ro

u
p

in
g

p
en

al
ty

in
µ
i’

s,
a

q
u

ad
ra

ti
c

p
en

a
lt

y
b

as
ed

al
go

ri
th

m
(P

a
n

et
a
l.

,
2
0
13

)
w

a
s

d
ev

el
op

ed
b
y

in
tr

o
d

u
ci

n
g

so
m

e
n

ew
p

a
-

ra
m

et
er

s
θ i
j

=
µ
i
−
µ
j
.

T
h

is
a
lg

o
ri

th
m

is
re

la
ti

ve
ly

sl
ow

,
a
n

d
d

u
e

to
u

se
of

th
e

q
u

ad
ra

ti
c

p
en

a
lt

y,
th

e
es

ti
m

at
ed

ce
n
tr

o
id

s
fr

o
m

th
e

sa
m

e
cl

u
st

er
ca

n
n

ev
er

b
e

ex
ac

tl
y

th
e

sa
m

e.
T

o
ov

er
co

m
e

th
es

e
d

iffi
cu

lt
ie

s,
w

e
d

ev
el

o
p

a
n

ov
el

an
d

effi
ci

en
t

co
m

p
u

ta
ti

o
n

al
a
lg

o
ri

th
m

ca
ll

ed
D

C
-A

D
M

M
,

w
h

ic
h

co
m

b
in

es
th

e
b

en
efi

t
o
f

th
e

al
te

rn
a
ti

n
g

d
ir

ec
ti

o
n

m
et

h
o
d

o
f

m
u

lt
ip

li
er

s
(A

D
M

M
)

(B
oy

d
et

a
l.

,
2
0
11

)
w

it
h

th
a
t

o
f
th

e
d

iff
er

en
ce

o
f
co

n
ve

x
(D

C
)

m
et

h
o
d

(L
e

T
h

i
H

oa
i

a
n

d
T

ao
,

19
97

).
A

s
a

re
su

lt
,

D
C

-A
D

M
M

is
m

u
ch

fa
st

er
th

an
th

e
q
u

a
d

ra
ti

c
p

en
a
lt

y
b

as
ed

a
lg

o
ri

th
m

,
in

ad
d

it
io

n
to

th
a
t

so
m

e
es

ti
m

at
ed

ce
n
tr

oi
d

s
ca

n
b

e
ex

ac
tl

y
eq

u
a
l

to
ea

ch
o
th

er
w

h
en

th
ei

r
co

rr
es

p
o
n

d
in

g
o
b

se
rv

at
io

n
s

co
m

e
fr

o
m

th
e

sa
m

e
cl

u
st

er
.

A
s

a
b
y
-p

ro
d

u
ct

o
f

th
is

n
ew

m
et

h
o
d

,
w

e
m

a
k
e

R
p

ac
ka

ge
p
rc

lu
st

im
p

le
m

en
ti

n
g

b
ot

h
th

e
q
u

a
d

ra
ti

c
p

en
al

ty
b

a
se

d
al

go
ri

th
m

an
d

D
C

-A
D

M
M

av
a
il

a
b

le
in

C
R

A
N

(h
t
t
p
s
:
/
/
c
r
a
n
.
r
-
p
r
o
j
e
c
t
.
o
r
g
)

a
n

d
G

it
H

u
b

(h
t
t
p
s
:
/
/
g
i
t
h
u
b
.
c
o
m
/
C
h
o
n
g
W
u
-
B
i
o
s
t
a
t
/
p
r
c
l
u
s
t
).

C
lu

st
er

in
g

co
n

si
st

en
cy

o
f

P
R

cl
u

st
re

m
a
in

s
u

n
k
n

ow
n

,
th

o
u

g
h

o
p

er
a
ti

n
g

ch
ar

ac
te

ri
st

ic
s

of
P

R
cl

u
st

h
av

e
b

ee
n

st
u

d
ie

d
v
ia

so
m

e
si

m
u

la
ti

o
n

s
a
n

d
re

a
l
d

a
ta

an
al

y
si

s
(P

an
et

a
l.

,
20

13
).

In
th

e
p

en
al

iz
ed

re
gr

es
si

on
b

as
ed

cl
u

st
er

in
g

fr
am

ew
o
rk

,
cl

u
st

er
in

g
co

n
si

st
en

cy
of

so
m

e
re

la
te

d
m

o
d

el
s

h
as

b
ee

n
st

u
d

ie
d

(R
ad

ch
en

ko
a
n

d
M

u
k
h

er
je

e,
20

14
;

Z
h
u

et
a
l.

,
20

14
).

F
o
r

ex
a
m

p
le

,
R

a
d

ch
en

ko
an

d
M

u
k
h

er
je

e
(2

0
14

)
st

u
d

ie
d

cl
u

st
er

in
g

co
n

si
st

en
cy

of
a
n

o
th

er
m

et
h

o
d

w
it

h
u

n
iv

a
ri

at
e

o
b

se
rv

a
ti

o
n

s;
Z

h
u

et
a
l.

(2
0
1
4)

ex
te

n
d

ed
th

is
re

su
lt

to
m

u
lt

iv
a
ri

a
te

ob
se

rv
a
ti

on
s

b
y
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su

m
in

g
o
n

ly
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o
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u
st

er
s.
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is
p

a
p

er
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it
h

so
m

e
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u
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o
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a
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u
m
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o
n
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A
N

e
w

A
l
g

o
r
it

h
m

a
n
d

T
h
e
o
r
y

f
o
r

P
R

c
l
u
st

esta
b

lish
a

gen
eral

clu
sterin

g
con

sisten
cy

th
eory

fo
r

a
w

id
e

ra
n

g
e

o
f

m
o
d

els,
in

clu
d
in

g
P

R
clu

st
a
s

a
sp

ecial
ca

se.
O

u
r

th
eo

ry
is

ap
p

lica
b

le
to

m
u

ltip
le

clu
sters

a
n

d
p

rov
id

e
a

fi
n

ite-sa
m

p
le

m
is-clu

sterin
g

erro
r

b
o
u

n
d

in
th

e
a
b

sen
ce

o
f

ov
erla

p
p

in
g

clu
sters.

O
n

th
is

g
ro

u
n

d
,

w
e

give
su

ffi
cien

t
co

n
d

itio
n

s
for

P
R

clu
st

to
correctly

id
en

tify
clu

sters
in

term
s

o
f

th
e

ex
p

ected
H

ellin
g
er

loss.
A

s
a

resu
lt,

P
R

clu
st

n
o
t

on
ly

reco
n

stru
cts

th
e

tru
e

clu
sters,

b
u

t
also

y
ield

s
o
p

tim
a
l

p
a
ra

m
eter

estim
atio

n
th

ro
u

g
h

th
e
L

0
g
ro

u
p

in
g

p
en

a
lty.

T
h

e
rem

a
in

in
g

of
th

is
p

a
p

er
is

o
rg

a
n

ized
a
s

fo
llow

s.
S

ectio
n

2
in

tro
d

u
ces

th
e

n
ew

D
C

-
A

D
M

M
a
lgo

rith
m

a
n

d
d

iscu
sses

a
sta

b
ility

criterio
n

to
select

th
e

tu
n

in
g

p
a
ram

eters.
A

sim
u

la
tio

n
stu

d
y

is
th

en
p

erform
ed

to
d

em
o
n

stra
te

th
e

n
u

m
erica

l
p

erform
a
n

ce
o
f

th
e

n
ew

a
lg

orith
m

as
co

m
p

a
red

to
o
th

er
m

eth
o
d

s.
T

h
is

is
fo

llow
ed

b
y

a
th

eo
ry

fo
r

a
ccu

racy
o
f

clu
sterin

g
in

S
ectio

n
3
.

A
d

iscu
ssion

of
th

e
resu

lts
is

g
iv

en
in

S
ectio

n
4
.

T
h

e
p

ro
ofs

o
f

th
e

m
a
in

resu
lts

a
re

g
iven

in
an

A
p

p
en

d
ix

.

2
.
N
e
w

A
lg
o
rith

m

T
o

trea
t

n
o
n

-con
vex

ity
m

o
re

effi
cien

tly,
w

e
in

tro
d

u
ce

a
D

C
a
lg

o
rith

m
b

a
sed

o
n

th
e

A
D

M
M

,
ca

lled
D

C
-A

D
M

M
.

W
e

p
rove

D
C

-A
D

M
M

y
ield

s
a

K
a
ru

sh
-K

u
h

n
-T

u
cker

(K
K

T
)

so
lu

tion
,

a
n

d
so

m
e

ex
ten

sio
n

s
are

d
iscu

ssed
.

2
.1

D
C

-A
D

M
M

D
C

-A
D

M
M

co
n
ta

in
s

th
ree

step
s:

fi
rst,

it
rew

rites
th

e
o
rig

in
a
l

u
n

con
strain

ed
co

st
fu

n
ctio

n
in

to
a

con
stra

in
ed

o
n

e
a
n

d
in

tro
d

u
ces

som
e

n
ew

va
ria

b
les

to
sim

p
lify

op
tim

iza
tio

n
w

ith
resp

ect
to

th
e

n
on

-co
n
vex

grou
p

in
g

p
en

alty
;

seco
n

d
,

D
C

p
ro

g
ram

m
in

g
is

a
p

p
lied

to
co

n
vert

th
e

n
o
n

-co
n
vex

o
p

tim
iza

tion
p

rob
lem

in
to

a
seq

u
en

ce
o
f

co
n
vex

rela
x
a
tion

s;
th

ird
,

ea
ch

relax
ed

co
n
vex

p
ro

b
lem

is
solved

b
y

a
sta

n
d

a
rd

A
D

M
M

.
F

irst,
rew

rite
th

e
P

R
clu

st
cost

fu
n

ction

m
in
µ

12

n
∑i=

1 ||x
i −

µ
i || 22

+
λ ∑i<

j

T
L

P
(||µ

i −
µ
j ||2 ;τ

)
(1)

a
s

th
e

eq
u

iva
len

t
co

n
stra

in
ed

p
rob

lem

m
in
µ
,θ

S
(µ
,θ)

=
12

n
∑i=

1 ||x
i −

µ
i || 22

+
λ ∑i<

j

T
L

P
(||θ

ij ||2 ;τ
)

su
b

ject
to

θ
ij

=
µ
i −

µ
j ,

1
≤
i
<
j≤

n
,

w
h

ere||·||2
is

th
e
L
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û
kij || 22 ,

θ̂
k
+

1
ij

=
a
rg

m
in

θ
ij

{
λ
τ

+
ρ2 ||θ

ij −
(µ̂
k
+

1
i
−
µ̂
k
+

1
j

)
+
û
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m
u

ch
sl

ow
er

th
a
n

D
C

-A
D

M
M

.
In

p
ra

ct
ic

e,
es

p
ec

ia
ll

y
in

ea
rl

ie
r

it
er

at
io

n
s,

o
n

e
m

ay
n

o
t

w
an

t
to

ru
n

th
e

A
D

M
M

u
p

d
a
te

s
fu

ll
y

u
n
ti

l
co

n
ve

rg
en

ce
to

sa
ve

co
m

p
u

ti
n

g
ti

m
e.

A
n

o
th

er
tr

ic
k

is
th

at
fo

r
th

e
su

b
se

q
u

en
t

co
n
v
ex

re
la

x
a
ti

o
n

s,
w

e
ca

n
in

it
ia

li
ze

(w
a
rm

st
a
rt

)
µ̂

0
,
θ̂0

an
d
û

0
at

th
ei

r
o
p

ti
m

al
va

lu
es

fr
o
m

th
e

p
re

v
io

u
s

re
la

x
ed

co
n
ve

x
p

ro
b

le
m

,
w

h
ic

h
si

g
n

ifi
ca

n
tl

y
re

d
u

ce
s

th
e

n
u

m
b

er
o
f

A
D

M
M

it
er

a
ti

o
n

s.

In
th

e
D

C
-A

D
M

M
,

th
e

h
ar

d
co

n
st

ra
in

t
g
u

a
ra

n
te

es
th

a
t

w
e

ca
n

ob
ta

in
ex

ac
tl

y
so

m
e

µ̂
i
−
µ̂
j
−
θ̂ i
j

=
0;

in
co

n
tr

a
st

,
in

th
e

q
u

ad
ra

ti
c

p
en

a
lt

y
b

a
se

d
al

g
o
ri

th
m

(P
a
n

et
a
l.

,
2
0
13

),

d
u

e
to

th
e

u
se

of
so

ft
co

n
st

ra
in

t,
w

e
ca

n
n

o
t

o
b

ta
in

ex
a
ct

ly
µ̂
i
−
µ̂
j
−
θ̂ i
j

=
0

n
o

m
a
tt

er
h

ow
la

rg
e

th
e

fi
n

it
e

tu
n

in
g

p
a
ra

m
et

er
is

ch
o
se

n
.

P
a
n

et
a
l.

(2
0
13

)
p

ro
v
id

ed
a
n

al
te

rn
at

iv
e

al
g
or

it
h

m
(P

R
cl

u
st

2)
to

fo
rc

e
so

m
e
µ̂
i
−
µ̂
j
−
θ̂ i
j

=
0

b
y

ru
n

n
in

g
th

e
q
u

a
d

ra
ti

c
b

as
ed

al
g
or

it
h

m
se

ve
ra

l
ti

m
es

.
A

lt
h
ou

gh
P

R
cl

u
st

2
le

a
d
s

to
si

m
il

a
r

cl
u

st
er

in
g

re
su

lt
s

a
s

D
C

-
A

D
M

M
in

o
u

r
si

m
u

la
ti

on
s,

it
is

o
n

av
er

a
g
e

ar
o
u

n
d

1
0

to
30

ti
m

es
sl

ow
er

th
a
n

th
e

q
u

a
d

ra
ti

c
b

a
se

d
al

go
ri

th
m

an
d

is
n

o
t

fe
a
si

b
le

to
la

rg
e

d
a
ta

se
ts

.

2
.2

S
e
le

c
ti

o
n

o
f

th
e

N
u

m
b

e
r

o
f

C
lu

st
e
rs

A
g
en

er
a
li

ze
d

d
eg

re
es

o
f

fr
ee

d
o
m

(G
D

F
)

to
ge

th
er

w
it

h
ge

n
er

a
li

ze
d

cr
o
ss

va
li

d
at

io
n

(G
C

V
)

w
as

p
ro

p
os

ed
fo

r
se

le
ct

io
n

o
f

tu
n

in
g

p
a
ra

m
et

er
s

fo
r

cl
u

st
er

in
g

(P
a
n

et
al

.,
20

13
).

T
h

is
m

et
h

o
d

,
w

h
il

e
y
ie

ld
in

g
g
o
o
d

p
er

fo
rm

a
n

ce
,

re
q
u

ir
es

ex
te

n
si

ve
co

m
p

u
ta

ti
on

a
n

d
sp

ec
ifi

ca
ti

on
of

a
h
y
p

er
-p

ar
am

et
er

,
p

er
tu

rb
a
ti

o
n

si
ze

.
H

er
e,

w
e

p
ro

v
id

e
a
n

al
te

rn
at

iv
e

b
y

m
o
d

if
y
in

g
a

st
a
b

il
it

y
-b

as
ed

cr
it

er
io

n
(T

ib
sh

ir
a
n

i
a
n

d
W

al
th

er
,

20
0
5;

L
iu

et
a
l.

,
2
01

6)
fo

r
d

et
er

m
in

in
g

th
e

tu
n

in
g

p
ar

am
et

er
s.

T
h

e
m

ai
n

id
ea

o
f

th
e

m
et

h
o
d

is
b

a
se

d
o
n

cr
o
ss

-v
a
li

d
at

io
n

.
T

h
a
t

is
,

(1
)

ra
n

d
o
m

ly
p

ar
-

ti
ti

on
th

e
en

ti
re

d
at

a
se

t
in

to
a

tr
a
in

in
g

se
t

a
n

d
a

te
st

se
t

w
it

h
a
n

a
lm

os
t

eq
u

a
l

si
ze

;
(2

)
cl

u
st

er
th

e
tr

ai
n

in
g

an
d

te
st

se
ts

se
p

a
ra

te
ly

v
ia

P
R

cl
u

st
w

it
h

th
e

sa
m

e
tu

n
in

g
p

a
ra

m
et

er
s;

(3
)

m
ea

su
re

h
ow

w
el

l
th

e
tr

a
in

in
g

se
t

cl
u
st

er
s

p
re

d
ic

t
th

e
te

st
cl

u
st

er
s.

T
o

b
e

sp
ec

ifi
c,

fi
rs

t,
ra

n
d

om
ly

p
a
rt

it
io

n
th

e
en

ti
re

d
a
ta

se
t

in
to

a
tr

a
in

in
g

se
t
X

tr
a
n

d
a

te
st

se
t
X

te
w

it
h

a
ro

u
gh

ly
eq

u
a
l

si
ze

.
S

ec
o
n

d
,

ap
p
ly

D
C

-A
D

M
M

(A
lg

o
ri

th
m

1
)

w
it

h
th

e
sa

m
e

tu
n

in
g

p
a-

ra
m

et
er

s
to
X

tr
an

d
X

te
,

le
a
d

in
g

to
th

e
co

rr
es

p
o
n

d
in

g
cl

u
st

er
in

g
a
ss

ig
n

m
en

ts
l t

r
a
n

d
l t

e
,

re
sp

ec
ti

ve
ly

.
T

h
ir

d
,

as
si

g
n
X

te
to

cl
u

st
er

s
ac

co
rd

in
g

to
l t

r;
th

at
is

,
as

si
g
n

ea
ch

ob
se

rv
a
ti

o
n
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A
N

e
w

A
l
g

o
r
it

h
m

a
n
d

T
h
e
o
r
y

f
o
r

P
R

c
l
u
st

in
X

te
to

th
e

clo
sest

clu
ster

of
X

tr
d

efi
n

ed
b
y
ltr

in
term

s
of

th
e

E
u
clid

ea
n

d
ista

n
ce,

w
ith

lte|tr
th

e
corresp

o
n

d
in

g
clu

sterin
g

assig
n

m
en

ts.
N

o
te

th
a
t

th
e

d
ista

n
ce

b
etw

een
a
n

ob
ser-

va
tio

n
in
X

te
an

d
a

clu
ster

o
f
X

tr
is

th
e

m
in

im
u

m
d

istan
ce

b
etw

een
th

e
o
b

serva
tio

n
a
n

d
each

o
b

serva
tion

s
in

th
e

clu
ster.

T
o

m
easu

re
h

ow
w

ell
th

e
tra

in
in

g
set

clu
sters

p
red

ict
th

e
test

clu
sters,

w
e

com
p

u
te

th
e

ad
ju

sted
R

a
n

d
in

d
ex

(H
u

b
ert

a
n

d
A

ra
b

ie,
1
9
85

)
b

etw
een

lte|tr
a
n

d
lte

as
th

e
p

red
iction

stren
g
th

.
R

eca
ll

th
a
t

th
e

ad
ju

sted
R

a
n

d
in

d
ex

ran
g
es

b
etw

een
0

a
n

d
1

w
ith

a
h

ig
h

er
va

lu
e

in
d

ica
tin

g
a

h
ig

h
er

a
g
reem

en
t.

R
ep

eat
th

e
a
b

ove
p

ro
cess

T
tim

es
a
n

d
ca

lcu
late

th
e

averag
e

p
red

ictio
n

stren
g
th

a
s

th
e

m
ean

o
f
T

d
iff

eren
t

p
red

iction
stren

g
th

s.
T

h
is

p
ro

cess
is

rep
ea

ted
over

va
rio

u
s

tu
n

in
g

p
a
ra

m
eter

valu
es,

o
b

tain
in

g
th

eir
co

rresp
on

d
in

g
averag

e
p

red
iction

stren
g
th

s,
th

en
ch

o
o
se

th
e

set
o
f

th
e

tu
n

in
g

p
ara

m
eters

w
ith

th
e

m
a
x
im

u
m

averag
e

p
red

ictio
n

stren
g
th

.
T

h
e

in
tu

itio
n

b
eh

in
d

th
is

id
ea

is
th

at
if

th
e

tu
n

in
g

p
a
ram

eters
lead

to
a

stab
le

clu
sterin

g
resu

lt,
th

en
th

e
train

in
g

set
clu

sters
w

ill
b

e
sim

ila
r

to
th

e
test

set
clu

sters,
a
n

d
h

en
ce

w
ill

p
red

ict
th

em
w

ell,
lea

d
in

g
to

a
h

ig
h

averag
e

p
red

ictio
n

stren
g
th

.

2
.3

E
x
te

n
sio

n
s

T
h

e
K

-m
ea

n
s

m
eth

o
d

u
ses

sq
u

a
red

L
2 -n

o
rm

d
ista

n
ces

to
gen

era
te

clu
ster

cen
tro

id
s,

w
h

ich
m

ay
b

e
in

accu
ra

te
if

o
u

tliers
are

p
resen

t
(X

u
et

a
l.,

2
0
0
5).

In
co

n
tra

st,
K

-m
ed

ia
n

s
u

ses
th

e
L

1 -n
o
rm

d
istan

ce
a
n

d
is

m
o
re

ro
b

u
st

to
o
u

tliers.
C

o
rresp

on
d

in
g

to
m

o
d

ify
in

g
th

e
K

-m
ea

n
s

to
K

-m
ed

ia
n

s,
w

e
ca

n
ex

ten
d

P
R

clu
st

b
y

rep
la

cin
g

th
e

sq
u

a
red

L
2 -n

o
rm

w
ith

th
e
L

1 -n
o
rm

loss
fu

n
ction

a
n

d
estim

a
te

th
e

cen
tro

id
s
µ

th
ro

u
g
h

m
in

im
izin

g
th

e
fo

llow
in

g
co

st
fu

n
ctio

n

m
in
µ

S
L

1 (µ
)

=
12

n
∑i=

1 ||x
i −

µ
i ||1

+
λ ∑i<

j

T
L

P
(||µ

i −
µ
j ||2 ;τ

)
.

D
u

e
to

th
e

n
a
tu

re
of

th
e

D
C

-A
D

M
M

a
lg

orith
m

,
w

e
ju

st
n

eed
to

ch
an

g
e

th
e

u
p

d
a
tin

g
form

u
la

fo
r
µ̂

a
n

d
leav

e
th

e
rem

a
in

in
g

u
p

d
atin

g
fo

rm
u

la
(5

),
(6

)
u

n
ch

an
g
ed

.
N

ote
th

at

µ̂
k
+

1
i

=
a
rg

m
in

µ
i

12 ||x
i −

µ
i ||1

+
ρ2

∑j>
i ||θ̂

kij −
(µ
i −

µ̂
kj )

+
û
kij || 22

+
ρ2

∑j<
i ||θ̂

kij −
(µ
i −

µ̂
k
+

1
j

)
+
û
kij || 22 .

T
o

so
lve

th
e

ab
ove

p
rob

lem
,

w
e

d
efi

n
e
ν
i

=
x
i −

µ
i

a
n

d
sim

p
lify

th
e

cost
fu

n
ction

w
ith

th
e
L

1 -lo
ss:

µ̂
k
+

1
i

=
a
rg

m
in

µ
i

12 ||ν
i ||1

+
ρ2

∑j>
i ||θ̂

kij −
(x
i −

ν
i −

µ̂
kj )

+
û
kij || 22

+
ρ2

∑j<
i ||θ̂

kij −
(x
i −

ν
i −

µ̂
k
+

1
j

)
+
û
kij || 22 .
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W
u
,

K
w

o
n
,

S
h
e
n

a
n
d

P
a
n

U
sin

g
sim

p
le

algeb
ra

an
d

th
e

so
ft

th
resh

old
in

g
op

erator
for

la
sso

(T
ib

sh
ira

n
i,

199
6),

w
e

ob
tain

a
n

u
p

d
atin

g
form

u
la

as:

µ̂
k
+

1
i

=
S

T
L



∑j>
i (
µ̂
kj

+
θ̂
kij

+
û
kij −

x
i )

+
∑j<
i (
µ̂
k
+

1
j
−
θ̂
kji −

û
kij −

x
i )

n
−

1
,

1

2
ρ
(n
−

1) 
+
x
i ,

w
h

ere
S

T
L

(α
,γ

)
=

sign
(α

)(|α|−
γ

)
+

.
In

th
is

case,
th

e
scalar

o
p

eration
on

a
v
ector

is
elem

en
t-w

ise.

In
a
d

d
itio

n
,

w
e

can
also

u
se

oth
er

p
en

alty
fu

n
ction

s.
In

an
ap

p
en

d
ix

,
w

e
p

rov
id

e
d

etails
o
f

th
e

D
C

-A
D

M
M

algorith
m

for
P

R
clu

st
w

ith
lasso

or
T

L
P

as
g
rou

p
in

g
p

en
alty.

2
.4

S
im

u
la

tio
n

s

C
on

sid
er

tw
o

overlap
p

ed
con

vex
clu

sters
w

ith
th

e
sam

e
sp

h
erical

sh
ap

e
in

tw
o

d
im

en
sion

s.
S

p
ecifi

cally,
a

ra
n

d
om

sam
p

le
of
n

=
1
00

ob
servation

s
w

as
gen

erated
,

w
ith

50
from

a
b

ivariate
G

a
u

ssian
d

istrib
u

tion
N

((0,0) ′,0
.33I),

w
h

ile
th

e
oth

er
50

from
N

((1,1
) ′,0.33I),

w
h

ere
I

is
th

e
id

en
tity

m
atrix

.

F
or

P
R

clu
st,

w
e

search
ed

τ
∈
{0.1

,0
.2
,...,1}

an
d
λ
∈
{0.01,0

.05,0.1,0.2
,0
.3
,0
.5
,0
.7
,

1,1
.5,2}

.
T

o
eva

lu
ate

th
e

p
erform

an
ce

of
selectin

g
th

e
tu

n
in

g
p

aram
eters,

w
e

u
sed

th
e

R
a
n

d
in

d
ex

(R
a
n

d
,

1971)
an

d
ad

ju
sted

R
an

d
in

d
ex

(H
u

b
ert

an
d

A
rab

ie,
1985),

m
easu

rin
g

th
e

ag
reem

en
t

b
etw

een
estim

ated
clu

ster
an

d
th

e
tru

th
w

ith
a

h
ig

h
er

valu
e

in
d

icatin
g

a
h

igh
er

a
greem

en
t.

P
R

clu
st

w
ith

th
e

stab
ility

b
ased

criterion
selectin

g
its

tu
n

in
g

p
a
ram

eters
p

erfo
rm

ed
w

ell:
th

e
average

n
u

m
b

er
of

clu
sters

w
as

2.63,
sligh

tly
larger

th
an

th
e

tru
th

K
0

=
2
;

th
e

corresp
on

d
clu

sterin
g

resu
lts

h
ad

h
igh

d
eg

rees
of

agreem
en

t
w

ith
th

e
tru

th
,

as
ev

id
en

ced
b
y

th
e

h
igh

in
d

ices.
T

ab
le

1
sh

ow
s

th
e

freq
u

en
cies

of
th

e
n
u

m
b

er
of

clu
sters

selected
b
y

th
e

sta
b

ility
criterion

:
for

th
e

ov
erw

h
elm

in
g

m
a
jo

rity
(93%

),
eith

er
th

e
co

rrect
n
u

m
b

er
of

clu
ster

K
0

=
2

w
as

selected
,

or
a

sligh
tly

larg
er

K
=

3
or

4
w

a
s

selected
.

A
s

ex
p

ected
,

ap
p

ly
in

g
th

e
q
u

ad
ratic

p
en

alty
b
ased

algorith
m

w
ith

th
e

stab
ility

criterion
y
ield

ed
a

sim
ila

r
resu

lt.
G

C
V

w
ith

G
D

F
y
ield

ed
th

e
sim

ilar
resu

lts
for

clu
sterin

g
accu

racy.
H

ow
ever,

to
u

se
G

C
V

w
ith

G
D

F
,

th
e

u
ser

h
as

to
sp

ecify
th

e
p
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n

stra
in

t
J

(µ
)
≤
J

.
T

o
d

erive
a

su
f-

fi
cien

t
co

n
d

ition
for

(A
2),

w
e

con
stru

ct
a

low
er

b
ou

n
d

ofC
m

in (µ
∗),

th
e

lev
el

of
d

iffi
cu

lty
in

recov
erin

g
C

(µ
∗).

A
sy

m
p

totic
p

rop
erties

can
n

ot
b

e
estab

lish
ed

w
h

en
clu

ster
C
j ∈
C

(µ
)

on
ly

sh
ares

a
fi

n
ite

n
u

m
b

er
of

sam
p

les
w

ith
tru

e
clu

sters,
an

d
th

u
s

w
e

m
ake

th
e

follow
in

g
assu

m
p

tion
.

A
ssu

m
p

tio
n

(A
3
):

F
or

an
y
µ
∈
R
n
p,

th
ere

ex
ists

m
1

su
ch

th
at

in
f
C
∈C

(µ
),C
∗∈C

(µ
∗
),C
∩
C
∗6=
∅

|C
∩
C
∗|≥

m
1 .

P
ro

p
o
sitio

n
1

L
et
r
α

m
in

=
{
in

f
µ∈B

in
f
α

m
in −
‖
µ
i −
µ
∗i ‖

22 ≤
t≤
α

m
in
χ
p (t/

4
)}/{4

χ
p (α

m
in /

4)},
w

h
ere

χ
p

a
n

d
χ
p

a
re

th
e

ch
i-squ

a
re

d
en

sity
a
n

d
d
istribu

tio
n

fu
n

ctio
n

s
w

ith
p

d
egrees

o
f

freed
o
m

,
respectively.

U
n

d
er

a
ssu

m
p
tio

n
s

(A
0
),

(A
1
)

a
n

d
(A

3
),

if
J

=
J

(µ
∗)

th
en

th
e

co
n

sisten
cy

resu
lts

(A
)

a
n

d
(B

)
in

T
h
eo

rem
2

h
o
ld

,
p
ro

vid
ed

th
a
t

r
α

m
in α

m
in ≥

d
1 m

K
∗

log
(n

)/m
1 ,

(12)

fo
r

so
m

e
co

n
sta

n
ts
d

1
>

m
ax{1

/c
2 ,2

d
0

log
(c

3 )/c
24 }

,
w

h
ere

K
∗

=
|C

(µ
∗)|.

P
rop

o
sition

1
im

p
lies

th
at

(12)
is

a
su

ffi
cien

t
con

d
itio

n
for

(A
2
)

for
th

e
tru

n
cated

m
u

ltivariate
G

au
ssian

d
istrib

u
tion

s.
In

low
d

im
en

sion
al

situ
ation

,
α

m
in ,

p
a
n

d
K
∗

m
ay

b
e

fi
x
ed

.
r
α

m
in

is
b

ou
n

d
ed

b
elow

,
w

h
ich

im
p

lies
th

e
clu

sterin
g

con
sisten

cy
follow

s
w

h
en

m
lo

g
(n

)/
m

1 →
∞

as
n
→
∞

.
M

oreover,
clu

sterin
g

con
sisten

cy
h

old
s

w
h

en
α

m
in
→

0
a
n

d
p
→
∞

.
F

rom
L

’H
p

ital’s
ru

le,
lim

α
m

in →
0
r
α

m
in
≤

lim
α

m
in →

0
χ
p (α

m
in /4

)/
4χ

p (α
m

in /4)
=
∞

for
a
n
y
p
≥

3
,

w
h

ich
im

p
lies

(12)
is

satisfi
ed

w
h

en
m

1 α
m

in /
m
K
∗

lo
g
(n

)→
∞

as
n
→
∞

.
F

o
r

ex
a
m

p
le,

let
K
∗

log
(n

)
=
n
k,
m

=
n
h

an
d
m

1
=
n
h

1
for

som
e

p
ositive

con
stan

ts
k
,h

an
d
h

1 ,
th

en
th

e
th

eorem
h

old
s

p
rov

id
ed

th
at
α

m
in n

h
1 −

(h
+
k
)→
∞

for
an

y
k

+
h
<
h

1
<

1,

16
JM

L
R

 17(188):1-25



A
N

e
w

A
l
g

o
r
it

h
m

a
n
d

T
h
e
o
r
y

f
o
r

P
R

c
l
u
st

im
p

ly
in

g
th

at
w

e
ca

n
re

co
ve

r
th

e
tr

u
e

cl
u

st
er

s
ev

en
w

h
en
α

m
in
→

0
an

d
K
∗
→
∞

a
s
n
→
∞

fo
r

an
y
p
≥

3.

A
t

fi
rs

t
si

gh
t,

a
tr

u
n

ca
te

d
m

u
lt

iv
ar

ia
te

G
au

ss
ia

n
d

is
tr

ib
u

ti
on

is
an

ex
tr

em
e

ex
a
m

p
le

;
h

ow
ev

er
,

af
te

r
ig

n
or

in
g

so
m

e
co

n
st

an
ts

th
e

co
rr

es
p

o
n

d
in

g
m

in
u

s
lo

g-
li

ke
li

h
o
o
d

fu
n

ct
io

n
−
L(
µ

)
=
∑

n i=
1
||x

i
−
µ
i||

2 2
,

is
u

se
d

in
th

e
or

ig
in

al
P

R
cl

u
st

.
M

or
eo

v
er

,
tr

u
n

ca
te

d
m

u
lt

i-
va

ri
at

e
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
s

gu
ar

a
n
te

e
th

at
d

iff
er

en
t

cl
u

st
er

s
ar

e
se

p
a
ra

te
d

fr
o
m

ea
ch

ot
h

er
;

n
on

-t
ru

n
ca

te
d

G
au

ss
ia

n
d

is
tr

ib
u

ti
on

s
le

ad
to

ov
er

la
p

p
in

g
cl

u
st

er
s,

a
n

d
co

n
si

st
en

cy
of

d
is

ta
n

ce
-b

as
ed

cl
u

st
er

in
g

m
et

h
o
d

s,
in

cl
u

d
in

g
ou

rs
,

is
n

ot
ex

p
ec

te
d

as
a

re
su

lt
.

F
o
r

ex
a
m

-
p

le
,

su
p

p
os

e
w

e
h

av
e
n

ob
se

rv
at

io
n

s,
n
/2

fo
rm

a
G

au
ss

ia
n

d
is

tr
ib

u
ti

on
N

(−
0.

5,
1
),

w
h

il
e

th
e

ot
h

er
n
/2

fr
om

N
(0
.5
,1

).
A

cc
or

d
in

g
to

th
e

K
-m

ea
n

s
cl

u
st

er
ce

n
te

r
co

n
si

st
en

cy
th

eo
ry

(P
ol

la
rd

,
19

81
),

th
e

cl
u

st
er

ce
n
te

rs
d

et
er

m
in

ed
b
y

th
e

K
-m

ea
n

s
w

it
h
K

=
2

co
n
ve

rg
e

to
a

1
=
−

0
.9

an
d
a

2
=

0
.9

,
n

ot
th

e
or

ig
in

al
cl

u
st

er
s

ce
n
te

rs
at

µ
1

=
−

0
.5

a
n

d
µ

2
=

0
.5

.
T

h
e

re
as

on
is

th
at

al
l

th
e

n
eg

at
iv

e
ob

se
rv

at
io

n
s

fr
om

th
e

se
co

n
d

d
is

tr
ib

u
ti

o
n

/
cl

u
st

er
a
re

m
is

-c
lu

st
er

ed
in

to
th

e
fi

rs
t

cl
u

st
er

,
w

h
il

e
al

l
p

os
it

iv
e

ob
se

rv
at

io
n

s
fr

om
th

e
fi

rs
t

cl
u

st
er

s
ar

e
in

co
rr

ec
tl

y
as

si
gn

ed
to

th
e

se
co

n
d

cl
u

st
er

b
y

th
e

K
-m

ea
n

s,
le

ad
in

g
to

an
u

n
d

er
-e

st
im

a
te

d
ce

n
te

r
fo

r
th

e
fi

rs
t

cl
u

st
er

;
si

m
il

ar
ly

th
e

ov
er

-e
st

im
at

io
n

of
th

e
se

co
n

d
cl

u
st

er
ce

n
te

r
ca

n
b

e
ex

p
la

in
ed

.
T

h
is

si
m

p
le

ex
am

p
le

su
gg

es
ts

th
at

cl
u

st
er

in
g

co
n

si
st

en
cy

ca
n

n
o
t

b
e

es
ta

b
li

sh
ed

w
h

en
n

on
-t

ru
n
ca

te
d

G
au

ss
ia

n
d

is
tr

ib
u

ti
on

s
ar

e
u

se
d

in
K

-m
ea

n
s.

F
u

rt
h

er
m

o
re

,
p

re
v
io

u
s

w
or

k
s

fo
cu

se
d

on
es

ta
b

li
sh

in
g

cl
u

st
er

in
g

co
n

si
st

en
cy

w
it

h
th

e
d

is
ta

n
ce

b
et

w
ee

n
cl

u
st

er
s

gr
ow

in
g

at
a

su
ffi

ci
en

tl
y

fa
st

ra
te

.
F

or
ex

am
p

le
,

Z
h
u

et
al

.
(2

01
4)

sh
ow

ed
th

a
t

if
th

e
d

is
-

ta
n

ce
b

et
w

ee
n

tw
o

cl
u

st
er

s
an

d
sa

m
p
le

si
ze
n

gr
ow

at
th

e
sa

m
e

ra
te

as
n
→
∞

,
th

en
th

e
co

rr
es

p
on

d
in

g
m

et
h

o
d

ca
n

se
p

ar
at

e
th

e
tw

o
cl

u
st

er
s

p
er

fe
ct

ly
.

In
co

n
tr

as
t,

cl
u

st
er

in
g

co
n

-
si

st
en

cy
es

ta
b

li
sh

ed
h

er
e

st
il

l
h

ol
d

s
w

h
en

m
in

im
u

m
d

is
ta

n
ce

b
et

w
ee

n
th

e
cl

u
st

er
ce

n
tr

o
id

s
α

m
in
→

0
,

im
p

ly
in

g
th

at
th

e
as

su
m

p
ti

on
s

u
se

d
h

er
e

ar
e

w
ea

ke
r

th
an

th
e

p
re

v
io

u
s

o
n

es
.

4
.
D
is
cu

ss
io
n

T
h

e
p

ro
p

os
ed

n
ew

al
go

ri
th

m
D

C
-A

D
M

M
b

ea
rs

so
m

e
si

m
il

ar
it

y
to

th
e

q
u

a
d

ra
ti

c
p

en
a
lt

y
b

as
ed

al
go

ri
th

m
in

te
rm

s
of

th
e

co
st

fu
n

ct
io

n
an

d
u

si
n

g
d

iff
er

en
ce

co
n
v
ex

p
ro

g
ra

m
m

in
g
.

H
ow

ev
er

,
th

ey
d

iff
er

si
gn

ifi
ca

n
tl

y
in

th
ei

r
sp

ec
ifi

c
fo

rm
u

la
ti

on
s.

In
st

ea
d

o
f

u
si

n
g

th
e

q
u

a
d

-
ra

ti
c

p
en

al
ty

te
ch

n
iq

u
e,

w
e

u
se

a
h

ar
d

co
n

st
ra

in
t

an
d

an
au

gm
en

te
d

L
a
g
ra

n
g
ia

n
in

D
C

-
A

D
M

M
.

C
on

se
q
u

en
tl

y,
th

e
D

C
-A

D
M

M
is

m
u

ch
fa

st
er

th
an

th
e

q
u

ad
ra

ti
c

p
en

a
lt

y
b

as
ed

al
go

ri
th

m
an

d
ca

n
b

e
re

la
ti

ve
ly

ea
sy

to
b

e
ex

te
n

d
ed

to
ot

h
er

co
st

fu
n

ct
io

n
s

th
a
t

m
ay

h
av

e
so

m
e

ad
va

n
ta

ge
s

fo
r

ce
rt

ai
n

p
ro

b
le

m
s.

T
h

e
th

eo
ry

th
at

st
at

es
so

m
e

su
ffi

ci
en

t
co

n
d

it
io

n
s

fo
r

cl
u

st
er

in
g

co
n

si
st

en
cy

a
n

d
o
p

ti
m

al
p

ar
am

et
er

es
ti

m
at

io
n

in
th

e
P

R
cl

u
st

fr
am

ew
or

k
co

v
er

s
a

m
u

ch
w

id
e

ra
n

ge
of

lo
ss

fu
n

ct
io

n
s

an
d

gr
ou

p
in

g
p

en
al

ti
es

,
w

h
ic

h
h

el
p

s
u

s
st

u
d

y
th

eo
re

ti
ca

l
re

su
lt

s
u

n
if

or
m

ly
fo

r
so

m
e

sp
ec

ifi
c

P
R

cl
u

st
im

p
le

m
en

ta
ti

on
s

in
th

e
fu

tu
re

.
F

or
ex

am
p

le
,

w
h

en
gr

ap
h

in
fo

rm
a
ti

o
n

is
av

ai
la

b
le

,
b
y

ad
d

in
g

a
co

n
st

ra
in

t
on

th
e

tw
o

co
n

n
ec

te
d

n
o
d

es
in

th
e

gr
ap

h
,

w
e

ca
n

es
ti

m
a
te

a
cl

u
s-

te
r

p
ar

ti
ti

on
an

d
gr

ou
p

in
g

st
ru

ct
u

re
of

va
ri

ab
le

s
si

m
u

lt
an

eo
u
sl

y.
T

h
e

m
is

-c
lu

st
er

in
g

er
ro

r
b

ou
n

d
an

d
as

y
m

p
to

ti
c

p
ro

p
er

ti
es

of
th

is
gr

ap
h

-b
as

ed
P

R
cl

u
st

ca
n

b
e

ob
ta

in
ed

v
ia

a
sl

ig
h
t

m
o
d

ifi
ca

ti
on

to
th

e
th

eo
ry

es
ta

b
li

sh
ed

h
er

e.

T
h

e
m

et
h
o
d

s
ca

n
b

e
ex

te
n

d
ed

in
se

ve
ra

l
d

ir
ec

ti
on

s.
F

ir
st

,
th

e
co

n
ve

rg
en

ce
o
f

th
e

D
C

-
A

D
M

M
al

go
ri

th
m

is
re

la
te

d
to

th
e

p
en

al
ty

p
ar

am
et

er
ρ
.

A
p

o
or

ch
oi

ce
o
f
ρ

m
ay

re
su

lt
in

a
sl

ow
co

n
ve

rg
en

ce
fo

r
th

e
A

D
M

M
al

go
ri

th
m

(G
h

ad
im

i
et

al
.,

20
15

).
O

n
e

m
ay

u
se

a
n
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7(
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8)

:1
-2

5

W
u
,

K
w

o
n
,

S
h
e
n

a
n
d

P
a
n

ov
er

-r
el

ax
ed

A
D

M
M

a
lg

or
it

h
m

to
sp

ee
d

u
p

.
O

th
er

o
p
ti

o
n

s
ex

is
t;

fo
r

ex
a
m

p
le

,
w

e
m

ay
u

se
d

iff
er

en
t

va
lu

es
of
ρ

in
ea

ch
it

er
a
ti

on
(W

a
n

g
a
n

d
L

ia
o
,

2
00

1
).

S
ec

o
n

d
,

si
n

ce
th

e
al

go
ri

th
m

is
re

la
ti

ve
ly

fa
st

,
it

is
n

ow
fe

as
ib

le
to

d
ea

l
w

it
h

h
ig

h
d

im
en

si
o
n

a
l

d
a
ta

,
fo

r
w

h
ic

h
va

ri
ab

le
se

le
ct

io
n

is
n

ec
es

sa
ry

.
In

p
ri

n
ci

p
le

,
w

e
m

ay
a
d

d
a

n
ew

p
en

a
lt

y
in

to
th

e
co

st
fu

n
ct

io
n

fo
r

va
ri

ab
le

se
le

ct
io

n
(P

an
an

d
S

h
en

,
2
00

7
).

T
h

ir
d

,
w

e
m

ay
m

o
d

if
y

P
R

cl
u
st

fo
r

n
oi

sy
b

ig
d

at
a
.

O
th

er
s

h
av

e
d

ev
el

op
ed

an
it

er
a
ti

ve
su

b
-s

a
m

p
li

n
g

ap
p

ro
ac

h
to

im
p

ro
ve

th
e

co
m

p
u

ta
ti

o
n

a
l

effi
ci

en
cy

of
a

so
lu

ti
o
n

p
at

h
cl

u
st

er
in

g
a
n
d

to
h

a
n

d
le

n
o
is

y
b

ig
d

a
ta

(M
a
rc

h
et

ti
a
n

d
Z

h
ou

,
20

1
4)

.
A

m
o
d

ifi
ca

ti
o
n

of
P

R
cl

u
st

a
lo

n
g

th
is

d
ir

ec
ti

o
n

m
ay

b
e

u
se

fu
l.

A
n

R
p

ac
ka

g
e

p
rc

lu
st

im
p

le
m

en
ti

n
g

th
e

D
C

-A
D

M
M

a
lg

or
it

h
m

a
n

d
th

e
q
u

ad
ra

ti
c

p
en

a
lt

y
a
lg

or
it

h
m

w
it

h
va

ri
ou

s
lo

ss
a
n

d
p

en
a
lt

y
fu

n
ct
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(m
∗
))

=
(µ̂

(m
∗−

1
),θ̂

(m
∗−

1
),û
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erform
com

p
a
rab

le
to

stro
n

g
classifi

ers
w

h
en

th
e

cla
sses

o
f

d
a
ta

sets
a
re

im
b

a
la

n
ced

a
n

d
/
or

overla
p

p
in

g
.

M
o
reover,

w
e

rep
o
rt

o
n

th
e

co
m

p
lex

ity
o
f

th
e

tw
o

C
C

C
D

classifi
ers

a
n

d
d

em
on

stra
te

th
a
t

R
W

-C
C

C
D

s
red

u
ce

th
e

d
a
ta

sets
su

b
stan

tia
lly

m
o
re

th
a
n

th
e

o
th

er
classifi

ers,
th

u
s

in
crea

sin
g

th
e

testin
g

sp
eed

.
B

u
t

m
o
st

im
p

o
rtan

tly,
w

h
ile

red
u

cin
g

th
e

m
a
jo

rity
class

to
m

itiga
te

th
e

eff
ects

o
f

class
im

b
ala

n
ces,

C
C

C
D

s
p

reserve
th

e
in

fo
rm

a
tion

o
n

th
e

d
isca

rd
ed

p
o
in

ts
o
f

th
e

m
a
jo

rity
cla

ss.
C

C
C

D
s

p
rov

id
e

a
n

ovel
p

o
ten

tial
solu

tio
n

to
th

e
cla

ss
im

b
a
la

n
ce

p
ro

b
lem

;
th

a
t

is,
th

ey
cap

tu
re

th
e

d
en

sity
arou

n
d

p
ro

to
ty

p
e

p
oin

ts
(i.e.,

m
em

b
ers

o
f

th
e

d
o
m

in
a
tin

g
sets)

a
s

ra
d

ii
of

th
e

coverin
g

b
a
lls.

H
en

ce,
C

C
C

D
s

p
reserve

th
e

in
fo

rm
atio

n
w

h
ile

red
u

cin
g

th
e

d
ata

set
In

th
e

literatu
re,

o
n

ly
th

e
stro

n
g

cla
ssifi

ers
b

a
sed

o
n

h
y
b

rid
s

o
f

en
sem

b
les

a
n

d
resa

m
p

lin
g

sch
em

es
a
ch

ieve
a

sim
ila

r
task

w
h

ich
req

u
ires

m
u

ltip
le

cla
ssifi

ers
to

b
e

em
p

loyed
,

a
n

d
th

u
s,

resu
lt

in
len

gth
y

tra
in

in
g

an
d

testin
g

tim
e.

H
ow

ev
er,

C
C

C
D

s
d

efi
n

e
sin

gle
cla

ssifi
ers

th
at

u
n

d
ersa

m
p

le
th

e
d

a
ta

set
w

ith
,

p
ossib

ly,
a

slig
h
t

lo
ss

of
in

fo
rm

a
tion

.

W
e

p
rov

id
e

a
sh

ort
rev

iew
o
f

th
e

ex
istin

g
m

eth
o
d

s
for

cla
ssify

in
g

d
a
ta

sets
w

ith
cla

ss
im

b
ala

n
ce

in
S

ectio
n

2
,

in
tro

d
u

ce
P

-C
C

C
D

an
d

R
W

-C
C

C
D

cla
ssifi

ers
in

S
ectio

n
3
,

d
iscu

ss
th

e
b

a
la

n
cin

g
eff

ect
of

C
C

C
D

classifi
ers

in
S

ection
4
.

F
in

a
lly,

in
S

ectio
n

5
,

w
e

co
m

p
are

th
e

C
C

C
D

cla
ssifi

ers
w

ith
th

e
classifi

ers
th

a
t

a
re

b
o
th

sen
sitive

(w
ea

k
)

a
n

d
n

o
n

-sen
sitive

(stro
n

g)
classifi

ers
to

class
im

b
a
lan

ce
b
y

sim
u

la
ted

a
n

d
rea

l
d

a
ta

sets,
a
n

d
rep

o
rt

o
n

th
e

com
p

u
tatio

n
a
l

co
m

p
lex

ity
of

all
w

ea
k

cla
ssifi

ers.
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M
a
n
u
k
y
a
n

a
n
d

C
e
y
h
a
n

2
.

M
e
th

o
d
s

fo
r

H
a
n
d
lin

g
C

la
ss

Im
b
a
la

n
ce

P
ro

b
le

m

S
o
lv

in
g

th
e

class
im

b
alan

ce
p

rob
lem

received
con

sid
erab

le
atten

tion
in

th
e

m
ach

in
e

learn
in

g
literatu

re
(see

C
h

aw
la

et
al.,

2004;
K

otsian
tis

et
al.,

2006
;

L
o
n

gad
ge

an
d

D
on

gre,
20

13).
A

lm
ost

all
algo

rith
m

s
d

esign
ed

to
m

itigate
th

e
eff

ects
of

class
im

b
ala

n
ce

in
corp

orate
a

“w
ea

k
”

classifi
er

w
h

ich
is

m
o
d

ifi
ed

to
sh

ow
som

e
level

o
f

rob
u

stn
ess

to
th

e
class

im
b

alan
ce

p
rob

lem
.

T
h

e
w

eak
algorith

m
is

m
o
d

ifi
ed

eith
er

(i)
in

d
ata

level
w

h
ich

in
v
olves

a
p

re-
p

ro
cessin

g
of

th
e

d
ata

set
b

ein
g

u
sed

in
train

in
g,

or
(ii)

in
algo

rith
m

ic
level

su
ch

th
at

a
“stron

g
”

classifi
er

is
con

stru
cted

w
ith

a
d

ecision
ru

le
su

ited
for

th
e

im
b

alan
ces

in
th

e
d

ata
set.

M
an

y
m

o
d

ern
algorith

m
s

are
h
y
b
rid

s
of

b
oth

ty
p

es;
b

u
t

in
p
articu

la
r,

th
ere

are
m

ain
ly

th
ree

of
th

em
:

resam
p

lin
g

m
eth

o
d

s,
cost-sen

sitive
m

eth
o
d

s,
an

d
en

sem
b

le
m

eth
o
d

s
(H

e
a
n

d
G

arcia
,

2009
).

R
esa

m
p

lin
g

m
eth

o
d

s
are

com
m

on
ly

em
p

loyed
to

rem
ove

th
e

eff
ects

of
class

im
b

alan
ce

in
th

e
classifi

ca
tion

p
ro

cess.
R

esam
p

lin
g

m
eth

o
d

s
p

rov
id

e
solu

tion
s

to
th

e
cla

ss
im

b
al-

an
ce

p
rob

lem
b
y

(i)
d

ow
n

sizin
g

th
e

m
a
jority

class
(u

n
d

ersam
p

lin
g)

or
(ii)

gen
eratin

g
n

ew
(sy

n
th

etic)
p

oin
ts

for
th

e
m

in
ority

class
(oversam

p
lin

g).
H

en
ce,

su
ch

m
eth

o
d

s
m

o
d

ify
th

e
cla

ssifi
ers

on
ly

at
th

e
d

ata
level.

It
m

igh
t

b
e

u
sefu

l
to

clean
or

erase
som

e
p

oin
ts

in
th

e
m

a-
jority

class
to

b
ala

n
ce

th
e

d
ata

(D
ru

m
m

on
d

et
al.,

2003;
L

iu
et

a
l.,

2009
).

H
ow

ever,
in

so
m

e
cases,

a
ll

p
o
in

ts
from

b
oth

classes
m

ay
b

e
valu

ab
le/im

p
ortan

t,
an

d
h

en
ce,

sh
ou

ld
b

e
kep

t
d

esp
ite

th
e

d
iff

eren
ces

in
th

e
class

sizes.
O

v
ersam

p
lin

g
m

eth
o
d

s
gen

erate
sy

n
th

etic
p

oin
ts

sim
ilar

to
th

e
m

in
ority

class
to

m
itigate

th
e

class
im

b
alan

ce
p

rob
lem

w
h

ile
p
reserv

in
g

th
e

in
form

a
tion

(H
an

et
al.,

2005).
O

n
th

e
oth

er
h

an
d

,
B

atista
et

al.
(2

004)
su

ggest
th

a
t

th
e

com
b

in
a
tion

of
b

oth
over

an
d

u
n

d
ersam

p
lin

g
m

eth
o
d

s
can

fu
rth

er
im

p
rove

th
e

classifi
ca-

tion
p

erfo
rm

an
ce.

O
n

e
su

ch
m

eth
o
d

is
th

e
S

M
O

T
E

+
E

N
N

m
eth

o
d

w
h
ere

th
e

oversam
p

lin
g

m
eth

o
d

S
M

O
T

E
of

C
h
aw

la
et

al.
(2002)

an
d

ed
ited

n
earest

n
eigh

b
ors

(E
N

N
)

m
eth

o
d

of
W

ilso
n

(1972)
are

ap
p

lied
to

an
im

b
alan

ced
d

ata
set,

con
secu

tiv
ely.

W
h

ile
S

M
O

T
E

b
al-

an
ces

th
e

classes
of

th
e

d
ata

set
b
y

gen
eratin

g
artifi

cial
p

oin
ts

b
etw

een
m

em
b

ers
of

th
e

m
in

ority
class,

E
N

N
clean

s
th

e
d

ata
set

to
fu

rth
er

in
crease

th
e

classifi
ca

tion
p

erfo
rm

an
ce

of
th

e
w

eak
classifi

er.
H

ere,
E

N
N

m
eth

o
d

is
an

u
n

d
ersam

p
lin

g
m

eth
o
d

th
at

p
rim

arily
a
im

s
to

rem
ove

n
oisy

p
oin

ts
from

th
e

d
ata

set
b

u
t

n
ot

to
b

alan
ce

th
e

classes.

A
n

o
th

er
fam

ily
of

m
eth

o
d

s,
n

am
ely

cost-sen
sitiv

e
learn

in
g

m
eth

o
d

s,
h

as
origin

ated
from

rea
l

life:
th

e
cost

of
m

isclassify
in

g
a

m
in

ority
an

d
a

m
a

jo
rity

cla
ss

m
em

b
er

is
u

su
a
lly

n
ot

th
e

sam
e

(E
lkan

,
2001).

F
req

u
en

tly,
th

e
m

in
ority

class
h

a
s

h
igh

er
m

isclassifi
cation

cost
th

a
n

th
e

m
a
jority

class.
C

lassifi
cation

m
eth

o
d

s
su

ch
as

d
ecisio

n
trees

(e.g.,
C

4.5
),

can
b

e
m

o
d

ifi
ed

to
ta

k
e

th
ese

costs
in

to
accou

n
t

(see
L

in
g

et
al.,

20
04;

Z
ad

rozn
y

et
al.,

2003).
C

5.0
is

a
n

ex
ten

d
ed

version
of

C
4.5

in
corp

oratin
g

th
e

cost
of

each
class

(K
u

h
n

a
n

d
J
oh

n
son

,
20

1
3).

M
ost

w
eak

classifi
ers

can
b

e
easily

m
o
d

ifi
ed

so
as

to
recogn

izin
g

m
iscla

ssifi
cation

costs.
T

h
e

con
strain

ed
v
iolation

cost
C

of
S

V
M

classifi
ers

can
b

e
ad

ju
sted

to
in

d
iv

id
u

al
class

co
sts

(C
h

an
g

an
d

L
in

,
2011).

A
s

for
k
-N

N
,

on
e

solu
tion

is
to

ap
p

oin
t

w
eigh

ts
to

all
p

oin
ts

of
th

e
d

ata
set

w
ith

resp
ect

to
th

eir
classes.

H
en

ce,
su

ch
w

eigh
ts

are
th

e
costs

of
cla

sses
giv

in
g

p
reced

en
ce

to
m

in
ority

class
p

oin
ts

(B
ara

n
d

ela
et

al.,
2
003).

O
n

th
e

oth
er

h
a
n

d
,

for
th

o
se

algorith
m

s
th

at
costs

are
n

ot
in

h
eren

tly
recogn

izab
le

or
availab

le,
m

eta-
lea

rn
in

g
sch

em
es

can
b

e
u

sed
alon

g
w

ith
w

eak
classifi

ers
w

ith
ou

t
m

o
d
ify

in
g

th
e

classifi
ers.

S
u

ch
learn

in
g

m
eth

o
d

s
are

sim
ilar

to
en

sem
b

le
learn

in
g

m
eth

o
d

s
(D

om
in

gos,
1999).
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C
l
a
ss

if
ic

a
t
io

n
o
f

Im
b
a
l
a
n
c
e
d

D
a
t
a

w
it

h
a

G
e
o
m

e
t
r
ic

D
ig

r
a
p
h

F
a
m

il
y

A
fa

st
d

ev
el

op
in

g
fi

el
d

ca
ll

ed
en

se
m

b
le

le
ar

n
in

g
al

so
co

n
tr

ib
u

te
s

to
th

e
fa

m
il

y
o
f

m
et

h
o
d

s
h

an
d

li
n

g
th

e
cl

as
s

im
b

al
an

ce
p

ro
b

le
m

(s
ee

G
al

ar
et

al
.,

20
12

).
T

h
e

id
ea

is
to

co
m

b
in

e
se

ve
ra

l
cl

as
si

fi
er

s
to

cr
ea

te
a

n
ew

cl
as

si
fi

er
w

h
ic

h
h

as
si

gn
ifi

ca
n
tl

y
b

et
te

r
p

er
fo

rm
a
n

ce
th

a
n

it
s

co
n

st
it

u
en

ts
(R

ok
ac

h
,

20
10

).
A

d
aB

o
os

t
is

a
p

op
u

la
r

al
go

ri
th

m
am

o
n

g
th

is
fa

m
il

y
o
f

le
ar

n
in

g
m

et
h

o
d

s
(F

re
u

n
d

an
d

S
ch

ap
ir

e,
19

97
;

W
u

et
al

.,
20

08
).

A
d

aB
o
os

t
a
ss

ig
n
s

w
ei

g
h
ts

to
ea

ch
of

th
e

p
oi

n
ts

in
th

e
d

at
a

se
t

an
d

u
p

d
at

es
th

es
e

w
ei

gh
ts

in
ac

co
rd

a
n

ce
w

it
h

h
ow

w
el

l
th

e
p

oi
n
ts

ar
e

es
ti

m
at

ed
b
y

ea
ch

cl
as

si
fi

er
.

G
al

ar
et

al
.

(2
01

2)
p

ro
v
id

e
a

su
rv

ey
o
f

th
e

m
os

t
im

p
or

ta
n
t

en
se

m
b

le
le

ar
n
in

g
m

et
h

o
d

s
th

at
so

lv
e

th
e

cl
as

s
im

b
a
la

n
ce

p
ro

b
le

m
.

H
ow

ev
er

,
it

h
as

b
ee

n
ob

se
rv

ed
in

so
m

e
st

u
d

ie
s

th
at

en
se

m
b

le
le

ar
n

in
g

m
et

h
o
d

s
w

o
rk

b
es

t
w

h
en

u
se

d
to

ge
th

er
w

it
h

re
sa

m
p

li
n

g
m

et
h
o
d

s
(L

óp
ez

et
al

.,
20

13
).

In
fa

ct
,

en
se

m
b

li
n

g
an

d
re

sa
m

p
li

n
g

sc
h

em
es

co
m

p
en

sa
te

th
e

sh
or

tc
om

in
gs

of
ea

ch
ot

h
er

.
T

h
e

E
a
sy

E
n

se
m

b
le

is
a

cl
as

si
fi

er
w

it
h

tw
o

le
ve

ls
of

en
se

m
b

le
s.

F
ir

st
,

a
ra

n
d

om
u

n
d

er
sa

m
p

le
d

m
a
jo

ri
ty

cl
a
ss

a
n

d
th

e
or

ig
in

al
m

in
or

it
y

cl
as

s
ar

e
u

se
d

to
tr

ai
n

an
en

se
m

b
le

cl
as

si
fi

er
,

th
en

an
ot

h
er

ra
n
d

o
m

sa
m

p
le

is
d

ra
w

n
in

th
e

sa
m

e
w

ay
to

tr
ai

n
a

se
co

n
d

en
se

m
b

le
.

T
h

is
p

ro
ce

ss
is

re
p

ea
te

d
se

ve
ra

l
ti

m
es

to
m

it
ig

at
e

th
e

eff
ec

ts
of

in
fo

rm
at

io
n

lo
ss

as
ea

ch
en

se
m

b
le

w
ou

ld
b

e
ap

p
li

ed
o
n

a
d

iff
er

en
t

ra
n

d
om

su
b

se
t

of
th

e
m

a
jo

ri
ty

cl
as

s.

3
.

C
la

ss
ifi

ca
ti

o
n

w
it

h
C

la
ss

C
o
v
e
r

C
a
tc

h
D

ig
ra

p
h
s

C
la

ss
C

ov
er

C
at

ch
D

ig
ra

p
h

s
(C

C
C

D
s)

off
er

gr
ap

h
th

eo
re

ti
c

so
lu

ti
on

s
to

C
C

P
(P

ri
eb

e
et

a
l.

,
20

01
,

20
03

a)
.

T
h

e
ob

je
ct

iv
e

of
C

C
P

is
to

fi
n

d
a

re
gi

on
th

at
co

ve
rs

th
e

m
em

b
er

s
o
f

a
sp

ec
ifi

c
cl

as
s.

M
or

e
sp

ec
ifi

ca
ll

y,
le

t
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,M

)
b

e
a

m
ea

su
ra

b
le

sp
ac

e
an

d
le

t
X n

=
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1
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2
,.
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,x

n
}
⊂

Ω
an

d
Y m

=
{y

1
,y

2
,.
..
,y
m
}
⊂

Ω
b

e
ob

se
rv

at
io

n
s

fr
om

tw
o

cl
as

se
s
X

a
n

d
Y

w
it

h
cl

as
s

co
n

d
it

io
n

al
d

is
tr

ib
u

ti
on

s
F
X

,
F
Y

an
d

a
jo

in
t

cd
f
F
X
,Y

,
re

sp
ec

ti
ve

ly
.

L
et

Ω
=

R
d

a
n

d
,

w
it

h
ou

t
lo

ss
of

ge
n

er
al

it
y,

as
su

m
e

th
at

th
e

ta
rg

et
cl

as
s

(i
.e

.,
th

e
cl

as
s

of
in

te
re

st
)

is
X

.
In

a
C

C
C

D
,

fo
r
x
i,
x
j
∈
X n
⊂

R
d

is
th

e
ce

n
te

r
of

a
b

al
l

w
it

h
ra

d
iu

s
r i

=
r(
x
i)

.
E

a
ch

b
a
ll

is
re

p
re

se
n
te

d
b
y
B
i

=
B

(x
i,
r i

)
an

d
if
x
j
∈
B
i

th
en

x
i

is
sa

id
to

co
ve

r
(o

r
ca

tc
h

)
x
j
.

H
er

e,
d
(.
,.

)
ca

n
b

e
an

y
d

is
si

m
il

ar
it

y
m

ea
su

re
b

u
t

w
e

u
se

th
e

E
u

cl
id

ea
n

d
is

ta
n

ce
h

en
ce

fo
rt

h
.

A
C

C
C

D
is

a
d

ig
ra

p
h
D

=
D

(V
,A

)
w

it
h

ve
rt

ex
se

t
V

(D
)

=
X n

an
d

th
e

ar
c

se
t
A

(D
)

w
h

er
e

(x
i,
x
j
)
∈
A

(D
)

if
an

d
on

ly
if
x
j
∈
B
i.

T
h

e
te

rm
“c

at
ch

”
re

fe
rs

to
ar

c
(x
i,
x
j
)

o
f

th
e

d
ig

ra
p

h
D

w
h

er
e
x
i

is
sa

id
to

ca
tc

h
x
j
.

T
h

e
b

in
ar

y
re

la
ti

on
x
i
∼
x
j
,

w
h

ic
h

is
d

efi
n

ed
a
s
x
j
∈
B
i,

is
as

y
m

m
et

ri
c,

th
u

s
th

e
ad

ja
ce

n
cy

of
x
i

an
d
x
j

is
re

p
re

se
n
te

d
w

it
h

d
ir

ec
te

d
ed

g
es

o
r

a
rc

s
w

h
ic

h
y
ie

ld
a

d
ig

ra
p

h
in

st
ea

d
of

a
gr

ap
h

.

In
C

C
C

D
s,

th
e

go
al

is
to

fi
n

d
a

su
b

se
t

of
b

al
ls
C
X
⊆
B
X

=
{B

1
,B

2
,.
..
,B

n
}

su
ch

th
a
t

Q
X
⊆
∪ B
∈C
X
B

fo
r
Q
X
⊆
X n

w
h

er
e

th
e

se
t
Q
X

is
so

m
e

d
es

ir
ab

le
su

b
se

t
o
f

th
e

ta
rg

et
cl

a
ss

tr
ai

n
in

g
se

t
X n

w
h

ic
h

w
e

w
an

t
to

co
ve

r.
P

re
fe

ra
b

ly
,

th
e

go
al

is
to

fi
n

d
a

se
t
C
X

su
ch

th
a
t

Q
X

=
X n

,
h

ow
ev

er
it

m
ig

h
t

b
e

d
es

ir
ab

le
th

at
th

e
cl

as
s

co
ve

r
m

ay
ig

n
or

e
so

m
e

ta
rg

et
cl

a
ss

p
oi

n
ts

to
av

oi
d

ov
er

fi
tt

in
g.

If
a

cl
as

s
co

ve
r

of
a

C
C

C
D

fa
il

s
to

co
ve

r
so

m
e

ta
rg

et
cl

a
ss

p
o
in

ts
,

it
is

ca
ll

ed
an

im
p
ro

pe
r

co
ve

r,
ot

h
er

w
is

e
it

is
a

p
ro

pe
r

co
ve

r.
F

or
co

ve
ri

n
g
Y m

,
w

e
re

v
er

se
th

e
ro

le
s

of
cl

as
se

s
X

an
d
Y.

T
h

e
cl

as
s
Y

b
ec

om
es

th
e

ta
rg

et
cl

as
s

an
d
X

b
ec

om
es

th
e

n
o
n

-t
a
rg

et
cl

as
s.

F
in

d
in

g
an

ap
p
ro

p
ri

at
e

co
ve

r
C
X

is
eq

u
iv

al
en

t
to

fi
n

d
in

g
th

e
d

om
in

a
ti

n
g

se
t

o
f

th
e

C
C

C
D

w
it

h
V

(D
)

=
X n

.
L

et
N

(s
)

=
{t
∈
V

(D
)

:
(s
,t

)
∈
A

(D
)}

b
e

th
e

o
pe

n
n

ei
gh

bo
rh

oo
d

of
a

ve
rt

ex
s
∈
V

(D
):

th
e

se
t

of
ve

rt
ic

es
th

at
h

av
e

an
ar

c
fr

om
th

e
ve

rt
ex
s,

o
r

th
e

n
ei

g
h
b

or
s

of
s.

A
d

om
in

at
in

g
se

t
of

a
d

ig
ra

p
h
D

is
d

efi
n

ed
a
s

a
su

b
se

t
of

ve
rt

ic
es
S
⊆
V

(D
)

su
ch

th
at

u
n

io
n

of
th

e
cl

os
ed

n
ei

gh
b

or
h

o
o
d

s,
d

efi
n

ed
b
y
N̄

(s
)

=
N

(s
)
∪
{s
},

o
f

el
em

en
ts

o
f
S
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M
a
n
u
k
y
a
n

a
n
d

C
e
y
h
a
n

is
th

e
ve

rt
ex

se
t

of
th

e
d

ig
ra

p
h

:
∪ s
∈S
N̄

(s
)

=
V

(D
).

A
m

o
n

g
al

l
d

o
m

in
a
ti

n
g

se
ts

,
u

su
a
ll

y
th

e
on

es
w

it
h

m
in

im
u

m
ca

rd
in

a
li

ty
,

ca
ll

ed
th

e
m

in
im

u
m

d
o
m

in
a
ti

n
g

se
ts

,
a
re

p
re

fe
ra

b
le

.
T

h
e

ca
rd

in
a
li

ty
o
f

th
e

m
in

im
u

m
d
o
m

in
a
ti

n
g

se
t(

s)
is

re
fe

rr
ed

to
a
s

th
e

d
o
m

in
a
ti

o
n

n
u

m
be

r,
d

en
o
te

d
a
s
γ

(D
).

H
ow

ev
er

,
m

in
im

u
m

d
o
m

in
a
ti

n
g

se
ts

a
re

o
ft

en
co

m
p

u
ta

ti
o
n

a
ll

y
in

tr
a
ct

ab
le

a
n

d
fi

n
d

in
g

th
em

is
,
in

g
en

er
a
l,

an
N

P
-h

a
rd

o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m
.

H
en

ce
,
gr

ee
d

y
a
lg

o
ri

th
m

s
a
re

of
te

n
em

p
lo

ye
d

to
fi

n
d

se
ts

w
it

h
ap

p
ro

x
im

at
el

y
m

in
im

u
m

ca
rd

in
a
li

ty
(C

h
va

ta
l,

1
9
79

;
D

eV
in

n
ey

,
20

0
3)

.

C
C

C
D

s
ca

n
ea

si
ly

b
e

g
en

er
a
li

ze
d

to
th

e
m

u
lt

i-
cl

as
s

ca
se

w
it

h
k

cl
a
ss

es
.

T
o

es
ta

b
li

sh
th

e
se

t
o
f

co
ve

rs
C

=
{C

1
,C

2
,·
··
,C

k
}

as
so

ci
at

ed
w

it
h

a
se

t
of

cl
as

se
s
X

=
{X

1
,X

2
,·
··
,X

k
},

w
e

m
er

g
e

th
e

cl
as

se
s

in
to

tw
o

cl
a
ss

es
as
X T

=
X i

a
n

d
X N

T
=
∪ i
6=
j
X j

fo
r
i,
j

=
1,
··
·,
k
.

W
e

re
fe

r
to

cl
as

se
s
X T

a
n

d
X N

T
a
s

ta
rg

et
cl

as
s

a
n

d
n

o
n

-t
a
rg

et
cl

as
s,

re
sp

ec
ti

ve
ly

.
M

or
e

sp
ec

ifi
ca

ll
y,

ta
rg

et
cl

as
s

is
th

e
cl

as
s

w
e

w
a
n
t

to
fi

n
d

th
e

co
ve

r
o
f,

a
n

d
th

e
n

o
n
-t

ar
ge

t
cl

a
ss

is
th

e
u

n
io

n
of

th
e

re
m

ai
n

in
g

cl
a
ss

es
.

W
e

tr
a
n

sf
or

m
th

e
m

u
lt

i-
cl

as
s

ca
se

in
to

a
tw

o
-c

la
ss

se
tt

in
g

an
d

fi
n
d

th
e

co
v
er

o
f
i-

th
cl

as
s,
C
i,

fo
r

ea
ch

i
=

1,
··
·,
k
.

W
e

em
p

lo
y

tw
o

fa
m

il
ie

s
of

C
C

C
D

s,
p

u
re

-C
C

C
D

s
(P

-C
C

C
D

s)
a
n

d
ra

n
d

o
m

w
a
lk

C
C

C
D

s
(R

W
-C

C
C

D
s)

th
at

d
iff

er
in

th
e

d
efi

n
it

io
n

o
f

th
e

ra
d

iu
s
r(
x

).
In

th
es

e
tw

o
d

ig
ra

p
h

s,
th

e
(a

p
p

ro
x
im

at
e)

m
in

im
u

m
d

om
in

a
ti

n
g

se
t
S

a
n

d
th

e
cl

a
ss

ifi
er

a
re

d
efi

n
ed

in
sl

ig
h
tl

y
d

iff
er

en
t

w
ay

s;
w

it
h

th
e

m
a
in

d
is

ti
n

ct
io

n
b

et
w

ee
n

th
e

tw
o

b
ei

n
g

th
e

w
ay

th
e

co
ve

rs
ar

e
d
efi

n
ed

.
T

h
e

co
ve

ri
n

g
b

al
ls

o
f

P
-C

C
C

D
s

d
o

n
o
t

co
n
ta

in
an

y
n

on
-t

ar
g
et

cl
a
ss

p
oi

n
t

(h
en

ce
th

e
n

a
m

e
“p

u
re

”
)

w
h

er
ea

s
R

W
-C

C
C

D
s

p
o
ss

ib
ly

al
lo

w
so

m
e

n
o
n

-t
a
rg

et
cl

as
s

p
oi

n
ts

in
si

d
e

o
f

th
e

cl
as

s
co

ve
r

of
th

e
ta

rg
et

cl
as

s
so

a
s

to
av

o
id

ov
er

fi
tt

in
g.

M
o
re

ov
er

,
so

m
e

ta
rg

et
cl

as
s

p
o
in

ts
m

ay
al

so
b

e
ex

cl
u

d
ed

fr
om

th
e

co
ve

rs
o
f

R
W

-C
C

C
D

s.
T

h
er

ef
or

e,
P

-C
C

C
D

s
co

n
st

ru
ct

p
u

re
an

d
p

ro
p

er
co

ve
rs

b
u

t
R

W
-C

C
C

D
co

ve
rs

a
re

n
o
t

n
ec

es
sa

ri
ly

p
u

re
or

p
ro

p
er

.

3
.1

C
la

ss
ifi

c
a
ti

o
n

w
it

h
P

-C
C

C
D

s

In
P

-C
C

C
D

s,
th

e
co

v
er

in
g

b
a
ll

s
B
x

=
B

(x
,r

(x
))

ex
cl

u
d

e
a
ll

n
o
n

-t
a
rg

et
cl

a
ss

p
oi

n
ts

.
T

h
u

s,
fo

r
a

ta
rg

et
cl

as
s

p
o
in

t
x
∈
X n

,
w

h
ic

h
is

th
e

ce
n
te

r
o
f

a
b

a
ll
B
x
,

th
e

ra
d

iu
s
r(
x

)
sh

ou
ld

b
e

sm
a
ll

er
th

an
th

e
d

is
ta

n
ce

b
et

w
ee

n
x

an
d

th
e

cl
o
se

st
n

o
n

-t
a
rg

et
p

oi
n
t
y
∈
Y m

:
r(
x

)
<

m
in
y
∈Y

m
d
(x
,y

).
G

iv
en

τ
∈

(0
,1

],
th

e
ra

d
iu

s
r(
x

)
is

d
efi

n
ed

a
s

fo
ll

ow
s

(M
a
rc

h
et

te
,

20
10

):

r(
x

)
:=

(1
−
τ
)d

(x
,l

(x
))

+
τ
d
(x
,u

(x
))
,

(1
)

w
h

er
e

u
(x

)
:=

ar
g
m

in
y
∈Y

m

d
(x
,y

)

an
d

l(
x

)
:=

ar
g
m

a
x

z
∈X

n

{d
(x
,z

)
:
d
(x
,z

)
<
d
(x
,u

(x
))
}.

T
h

e
eff

ec
t

of
p

ar
am

et
er
τ

o
n

th
e

ra
d

iu
s
r(
x

)
is

il
lu

st
ra

te
d

in
F

ig
u

re
1

(D
eV

in
n

ey
,

20
0
3
).

T
h

e
b

al
l

w
it

h
ra

d
iu

s
r(
x

)
ca

tc
h

es
th

e
n

ei
g
h
b

or
in

g
ta

rg
et

cl
a
ss

p
o
in

ts
,

an
d

fo
r

a
n
y
τ
∈

(0
,1

],
th

e
b

a
ll
B
x

ca
tc

h
es

th
e

sa
m

e
p

oi
n
ts

a
s

w
el

l.
H

en
ce

,
th

e
ch

oi
ce

of
τ

d
o
es

n
o
t

eff
ec

t
th

e
st

ru
ct

u
re

of
d

ig
ra

p
h

b
u

t
m

ig
h
t

aff
ec

t
th

e
cl

a
ss

ifi
ca

ti
o
n

p
er

fo
rm

a
n

ce
w

h
ic

h
w

il
l

b
e

sh
ow

n
la

te
r

in
S

ec
ti

on
5.

O
n

th
e

o
th

er
h

an
d

,
fo

r
a
ll
x
∈
X n

,
th

e
d

efi
n

it
io

n
o
f
r(
x

)
in

E
q
u

a
ti

on
(1

)
ke

ep
s

an
y

n
on

-t
a
rg

et
p

oi
n
t
y
∈
Y m

o
u

t
o
f

th
e

b
a
ll
B
x
,

th
a
t

is
Y m
∪
B
x

=
∅

fo
r

a
ll
B
x
∈
C
X

.
H

er
e,
B
x

is
an

op
en

b
a
ll

:
B
x

=
{z
∈
R
d

:
d
(x
,z

)
<
r(
x

)}
.

T
h

e
d

ig
ra

p
h
D

is
“
p

u
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”
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n
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G
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F
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�
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�
�

�
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�
�

�
�

x

F
ig

u
re

1
:

T
h

e
eff

ect
o
f
τ

o
n

th
e

ra
d

iu
s
r(x

)
o
f

th
e

ta
rg

et
cla

ss
p

o
in

t
x

in
a

tw
o-class

settin
g
.

G
rey

a
n

d
b

lack
p

o
in

ts
rep

resen
t

th
e

targ
et

a
n

d
n

o
n

-targ
et

cla
sses,

resp
ectively.

T
h

e
so

lid
circle

cen
tered

a
t
x

is
co

n
stru

cted
w

ith
th

e
rad

iu
s

asso
cia

ted
w

ith
τ

=
1

an
d

th
e

d
a
sh

ed
o
n

e
w

ith
τ

=
0.0

00
1

(D
eV

in
n

ey
,

2
00

3
).

th
e

b
a
lls

co
n
ta

in
o
n

ly
th

e
target

class
p

o
in

ts;
h

en
ce,

th
e

n
a
m

e
p

u
re-C

C
C

D
.

O
n

ce
a
ll

b
a
lls

a
re

con
stru

cted
,

so
is

th
e

d
ig

ra
p

h
D

.
T

h
erefore,

w
e

h
ave

to
fi

n
d

a
coverin

g
set

C
X

w
h

ich
is

eq
u

iva
len

t
to

fi
n

d
in

g
a

m
in

im
u

m
d

o
m

in
a
tin

g
set

S
⊆
V

(D
).

T
h

e
g
reed

y
a
lg

o
rith

m
o
f

fi
n

d
in

g
a
n

a
p

p
rox

im
ate

m
in

im
u

m
d

om
in

atin
g

set
o
f

a
P

-C
C

C
D

is
g
iven

in
A

lg
o
rith

m
1
.

A
t

ea
ch

iteratio
n

,
th

e
vertex

w
h

ich
h

a
s

th
e

la
rg

est
n

eig
h
b

orh
o
o
d

(i.e.,
h

igh
est

n
u

m
b

er
o
f

a
rcs)

is
rem

oved
from

th
e

gra
p

h
tog

eth
er

w
ith

its
n

eig
h
b

o
rs.

T
h

en
,

th
e

p
ro

cess
is

rep
ea

ted
u

n
til

a
ll

vertices
of
D

a
re

rem
oved

.
T

h
e

a
lgo

rith
m

a
d

d
s

elem
en

ts
to

th
e

d
o
m

in
a
tin

g
set

u
n
til

all
p

o
in

ts
are

eith
er

d
om

in
ated

or
d

o
m

in
a
te

som
e

o
th

er
p

o
in

ts.
H

en
ce,

th
e

covers
esta

b
lish

ed
b
y

P
-C

C
C

D
s

a
re

p
ro

p
er

cov
ers:

Q
X

=
X
n

a
n

d
Q
Y

=
Y
m

.
T

h
e

P
-C

C
C

D
o
f

o
n

e
cla

ss,
its

asso
cia

ted
cla

ss
cov

er
(co

n
stru

cted
b
y

th
e

elem
en

ts
o
f

th
e

d
o
m

in
a
tin

g
set),

a
n

d
covers

of
b

oth
cla

sses
are

illu
stra

ted
in

F
igu

re
2
.

A
lg

o
rith

m
1

T
h

e
g
reed

y
a
lg

orith
m

fo
r

fi
n

d
in

g
a
n

a
p

p
rox

im
a
te

m
in

im
u

m
d

o
m

in
a
tin

g
set

o
f

a
d

ig
ra

p
h
D

.
H

ere,
D

[H
]

is
th

e
g
ra

p
h

in
d
u

ced
b
y

th
e

set
o
f

vertices
H
⊆
V

(D
)

(see
W

est,
2
00

0
).

In
p

u
t:

A
d
ig

ra
p
h
D

=
D

(V
,A

)
O

u
tp

u
t:

A
n

a
p
p
rox

im
a
te

m
in

im
u
m

d
om

in
atin

g
set,

S
1
:

se
t
H

=
V

(D
)

an
d
S

=
∅

2
:

w
h

ile
H
6=
∅

d
o

3
:

v ∗
=

a
rg

m
ax

v∈
V
(D

) |N̄
(v

)|
4
:

S
=
S
∪
{
v ∗}

5
:

H
=
V

(D
)\

N̄
(v ∗)

6
:

D
=
D

[H
]

7
:

e
n

d
w

h
ile

B
efore

A
lg

orith
m

1
fi

n
d

s
a
n

a
p

p
rox

im
ate

so
lu

tio
n

,
w

e
sh

ou
ld

fi
rst

con
stru

ct
th

e
d

ig
ra

p
h

D
.

T
h

e
P

-C
C

C
D

cover
C
X

an
d

th
e

P
-C

C
C

D
D

d
ep

en
d

o
n

th
e

d
istan

ces
b

etw
een

p
oin

ts
o
f

th
e

target
class

X
n
,

d
en

o
ted

b
y

th
e

m
a
trix

M
X

,
a
n
d

th
e

d
istan

ces
fro

m
all

p
oin

ts
o
f

X
n

to
all

p
o
in

ts
o
fY

m
,

d
en

o
ted

b
y

m
a
trix

M
X
,Y

.
L

a
ter,

w
e

co
n

stru
ct

th
e

set
o
f

b
a
lls
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M
a
n
u
k
y
a
n

a
n
d

C
e
y
h
a
n

B
X

=
{
B

1 ,B
2 ,...,B

n },
an

d
get

th
e

set
of

arcs
A

(D
)

w
h

ere
V

(D
)

=
X
n
.

H
en

ce,
th

e
m

in
im

u
m

card
in

a
lity

b
all

cover
p

rob
lem

is
red

u
ced

to
a

m
in

im
u

m
d

om
in

atin
g

set
p

rob
lem

.
W

e
fi

n
d

su
ch

a
cover

w
ith

A
lgorith

m
2

w
h

ich
ru

n
s

in
q
u

ad
ratic

tim
e

an
d
,

in
a
d

d
ition

,
d

ep
en

d
s

on
th

e
d

im
en

sion
ality

of
th

e
train

in
g

setX
n ∪
Y
m

.

A
lg

o
rith

m
2

T
h

e
greed

y
algorith

m
for

fi
n

d
in

g
an

ap
p

rox
im

ate
m

in
im

u
m

ca
rd

in
ality

b
a
ll

cover
C
X

of
th

e
target

class
p

oin
tsX

n
given

a
set

of
n

on
-target

class
p

o
in

tsY
m

.

In
p

u
t:

P
oin

ts
of

th
e

ta
rget

cla
ssX

n
,

th
e

n
on

-target
cla

ssY
m

an
d

th
e

P
-C

C
C

D
p
a
ram

eter
τ
∈

(0,1
]

O
u

tp
u

t:
A

n
ap

p
rox

im
ate

m
in

im
u
m

card
in

ality
b
a
ll

cov
er
C
X

1
:
r(x

)
:=

(1−
τ
)d

(x
,l(x

))
+
τ
d
(x
,u

(x
))

for
a
ll
x
∈
X

n

2
:

C
on

stru
ct

th
e

d
ig

rap
h
D

w
ith

th
e

set
B
X

.
3
:

F
in

d
th

e
ap

p
rox

im
a
te

m
in

im
u
m

d
o
m

in
a
tin

g
set

S
o
f

d
ig

rap
h
D

b
y

A
lg

o
rith

m
1.

4
:
C
X

:=
∪
s∈

S
B

(s,r(s))

T
h

e
o
re

m
1

A
lgo

rith
m

2
is

a
n
O

(lo
g
n

)-a
p
p
ro

xim
a
tio

n
a
lgo

rith
m

a
n

d
fi

n
d
s

a
n

a
p
p
ro

xim
a
te

m
in

im
u

m
ca

rd
in

a
lity

ba
ll

co
ver

C
X

o
f

th
e

ta
rget

cla
ssX

in
O

(n
(n

+
m

)d
)

tim
e.

P
ro

o
f.

T
h

e
algorith

m
is

p
oly

n
om

ial
tim

e
red

u
cib

le
to

a
greed

y
m

in
im

u
m

set
cover

algo
rith

m
w

h
ich

fi
n

d
s

an
ap

p
rox

im
ate

solu
tion

w
ith

size
at

m
ost
O

(log
n

)
tim

es
of

th
e

op
tim

u
m

solu
tion

(C
h
vatal,

1979;
C

an
n

on
an

d
C

ow
en

,
2004).

W
e

fi
rst

calcu
late

th
e

d
istan

ce
m

atrices
M
X

an
d
M
X
Y

w
h

ich
takeO

(n
2d

)
an

d
O

(n
m
d
)

tim
e,

resp
ectiv

ely.
C

on
stru

ctin
g

th
e

d
ig

rap
h

D
req

u
ires

com
p

u
tin

g
l(x

)
an

d
u

(x
)

in
E

q
u

ation
(1)

for
a
ll
x
∈
X
n
,

tak
in

g
O

(n
2

+
n
m

)
tim

e
in

total.
T

h
en

,
w

e
set

th
e

arc
set

A
(D

)
in
O

(n
2)

tim
e.

F
in

ally,
th

e
algorith

m
fi

n
d

s
a

solu
tio

n
for

th
e

d
igrap

h
D

in
O

(n
2)

tim
e,

h
en

ce
th

e
total

ru
n

n
in

g
tim

e
of

th
e

algo
rith

m
is

O
(n

(n
+
m

)d
).

W
h

en
Y

is
th

e
target

class,
ob

serve
th

at
th

e
tim

e
com

p
lex

ity
isO

(m
(n

+
m

)d
),

an
d

an
a
p

p
rox

im
ate

solu
tion

is
of

size
at

m
ostO

(log
m

)
tim

es
th

e
op

tim
al

solu
tion

b
y

T
h

eorem
1,

sin
ce
m

=
|Y
m |.

A
P

-C
C

C
D

classifi
er

con
sists

of
th

e
covers

of
a
ll

classes,
h

en
ce

th
e

to
tal

tra
in

in
g

tim
e

of
fi

n
d

in
g

C
C

C
D

s
of

a
d

ata
set

w
ith

tw
o-class

settin
g

isO
((n

+
m

)
2d

).

A
fter

esta
b

lish
in

g
b

oth
class

covers
C
X

an
d
C
Y

,
an

y
n

ew
d

ata
p

oin
t

can
b

e
classifi

ed
in

R
d

a
ccord

in
g

to
w

h
ere

it
resid

es.
H

ere,
th

ere
are

th
ree

cases
accord

in
g

to
th

e
lo

cation
of

th
e

giv
en

p
oin

t,
z
,

to
b

e
classifi

ed
:
z

is
(i)

on
ly

in
C
X

or
C
Y

,
(ii)

in
b

oth
C
X

a
n

d
C
Y

o
r

(iii)
in

n
eith

er
of
C
X

an
d
C
Y

.
T

h
e

case
(i)

is
straigh

tforw
a
rd

:
z

b
elon

gs
to

cla
ss
X

if
z
∈
C
X
\
C
Y

or
to

classY
if
z
∈
C
Y
\
C
X

.
F

or
cases

(ii)
an

d
(iii),

w
e

n
eed

to
fi

n
d

a
w

ay
to

d
ecid

e
th

e
cla

ss
o
f

th
e

p
oin

t
in

a
reason

ab
le

w
ay.

In
fact,

for
all

th
e

cases,
th

e
estim

ated
class

of
a

g
iven

p
o
in

t
z

is
d

eterm
in

ed
b
y

arg
m

in
C
∈{
C
X
,C
Y } [

m
in

x
:B

(x
,r

)∈
C
ρ
(z
,x

) ]
(2)

w
h

ere
ρ
(z
,x

)
=
d
(z
,x

)/r(x
)

(M
arch

ette,
2010).

T
h

e
d

issim
ilarity

m
easu

re
ρ
(x
,z

)
in

d
icates

w
h

eth
er

o
r

n
ot

th
e

p
oin

t
z

is
in

th
e

b
all

of
rad

iu
s
r(x

)
w

ith
cen

ter
x

,
sin

ce
ρ
(x
,z

)≤
1

if
z

is
in

sid
e

th
e

(closu
re

of
th

e)
b

all
an

d
>

1
oth

erw
ise.

T
h

e
m

easu
re
ρ

:
Ω
×

Ω
→

R
+

is
sim

p
ly

a
scaled

d
issim

ilarity
m

easu
re,

sin
ce

E
u

clid
ean

d
istan

ce
b

etw
een

tw
o

p
o
in

ts,
d
(x
,y

),
is

d
iv

id
ed

(or
sca

led
)

w
ith

th
e

rad
iu

s,
r(x

)
or
r(y

).
T

h
is

m
easu

re
v
io

lates
th

e
sy

m
m

etry
ax

io
m

a
m

on
g

m
etric

ax
iom

s
sin

ce
ρ
(x
,y

)6=
ρ
(y
,x

)
w

h
en

ever
r(x

)6=
r(y

).
H

ow
ever,

P
rieb

e
et

al.
(20

03a)
sh

ow
ed

th
at

th
e

d
issim

ilarity
m

easu
re
ρ

satisfi
es

th
e

co
n
tin

u
ity

con
d

ition
,
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C
l
a
ss

if
ic

a
t
io

n
o
f

Im
b
a
l
a
n
c
e
d

D
a
t
a

w
it

h
a

G
e
o
m

e
t
r
ic

D
ig

r
a
p
h

F
a
m

il
y

F
ig

u
re

2:
A

n
il

lu
st

ra
ti

on
of

th
e

C
C

C
D

s
(w

it
h

th
e

gr
ey

p
oi

n
ts

re
p

re
se

n
ti

n
g

th
e

p
o
in

ts
fr

om
th

e
ta

rg
et

cl
as

s)
in

a
tw

o-
cl

as
s

se
tt

in
g.

P
re

se
n
te

d
in

to
p

le
ft

ar
e

a
ll

co
ve

ri
n

g
b

a
ll

s
an

d
th

e
d
ig

ra
p

h
D

=
(V
,A

)
an

d
in

to
p

ri
gh

t
ar

e
h

e
b

al
ls

th
at

co
n

st
it

u
te

a
cl

a
ss

co
ve

r
fo

r
th

e
ta

rg
et

cl
as

s
an

d
ar

e
ce

n
te

re
d

at
p

oi
n
ts

w
h

ic
h

ar
e

th
e

el
em

en
ts

o
f

th
e

d
om

in
at

in
g

se
t
S
⊆
V

(D
).

In
th

e
b

ot
to

m
p

an
el

,
w

e
p

re
se

n
t

th
e

d
o
m

in
a
ti

n
g

se
ts

of
b

ot
h

cl
as

se
s

an
d

th
ei

r
as

so
ci

at
ed

b
al

ls
w

h
ic

h
es

ta
b

li
sh

th
e

cl
as

s
co

ve
rs

.
T

h
e

cl
as

s
co

ve
r

of
gr

ey
p

oi
n
ts

is
th

e
u

n
io

n
of

so
li

d
ci

rc
le

s,
an

d
th

at
o
f

b
la

ck
p

o
in

ts
is

th
e

u
n

io
n

of
d

as
h

ed
ci

rc
le

s.

i.
e.

,
u

n
d

er
th

e
as

su
m

p
ti

on
s

th
at

b
ot

h
F
X

an
d
F
Y

ar
e

co
n
ti

n
u

ou
s

an
d

st
ri

ct
ly

se
p

ar
a
b
le

(i
n

f x
∈X

n
,y
∈Y

m
d
(x
,y

)
=
δ
>

0)
,

P
-C

C
C

D
cl

as
si

fi
er

s
ar

e
co

n
si

st
en

t;
th

at
is

,
th

ei
r

m
is

cl
as

si
fi

-
ca

ti
on

er
ro

r
ap

p
ro

ac
h

es
to

th
e

B
ay

es
op

ti
m

al
cl

as
si

fi
ca

ti
on

er
ro

r
as
m
,n
→
∞

.
T

h
e

m
ea

su
re

ρ
fa

vo
rs

p
oi

n
ts

w
it

h
b

ig
ge

r
ra

d
ii

;
th

at
is

,
fo

r
ex

am
p

le
,

fo
r

a
n

ew
p

oi
n
t
z

eq
u

id
is

ta
n
t

to
tw

o
p

oi
n
ts

,
th

e
p

oi
n
t

w
it

h
b

ig
ge

r
ra

d
iu

s
is

cl
os

er
in

te
rm

s
of

th
is

sc
al

ed
d

is
si

m
il

a
ri

ty
m

ea
su

re
;

fo
r

ex
am

p
le

,
ρ
(x
,z

)
<
ρ
(y
,z

)
w

h
en

d
(x
,z

)
=
d
(y
,z

)
an

d
r(
x

)
>
r(
y
).

T
h

e
ra

d
iu

s
r(
x

)
ca

n
b

e
v
ie

w
ed

as
an

in
d

ic
at

or
of

th
e

d
en

si
ty

ar
ou

n
d

th
e

p
oi

n
t
x

.
T

h
u

s,
a

p
o
in

t
x

w
it

h
b

ig
ge

r
ra

d
iu

s
m

ig
h
t

su
gg

es
t

th
at

th
e

p
oi

n
t
z

is
m

or
e

li
k
el

y
b

e
d

ra
w

n
fr

om
th

e
sa

m
e

d
is

tr
ib

u
ti

o
n

(o
r

cl
as

s)
w

h
er

e
x

is
d

ra
w

n
(i

.e
.,

fr
om

th
e

d
en

se
r

cl
as

s)
.

3
.2

C
la

ss
ifi

c
a
ti

o
n

w
it

h
R

a
n

d
o
m

W
a
lk

C
C

C
D

s

F
or

P
-C

C
C

D
s,

th
e

cl
as

s
co

ve
rs

d
efi

n
ed

b
y

C
C

C
D

s
w

er
e

“p
u

re
”

of
n

on
-t

a
rg

et
cl

a
ss

p
o
in

ts
;

th
at

is
,

n
o

m
em

b
er

of
th

e
n
on

-t
ar

ge
t

cl
as

s
w

as
al

lo
w

ed
in

si
d
e

th
e

co
v
er

of
th

e
ta

rg
et

cl
a
ss

.
A

s
in

F
ig

u
re

1,
th

e
b

al
l

ce
n
te

re
d

at
th

e
p

oi
n
t
x

ca
n

n
o
t

ex
p

an
d

an
y

fu
rt

h
er

si
n

ce
it

s
ra

d
iu

s
is

re
st

ri
ct

ed
b
y

th
e

d
is

ta
n

ce
to

th
e

cl
os

es
t

n
on

-t
ar

ge
t

cl
as

s
p

oi
n
t.

T
h

is
st

ra
te

g
y

m
ay

ca
u

se
th

e
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ra
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b
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p
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=
n

.
T

h
e

fu
n

ct
io

n
R
x
(r

)
a
im

s
to
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p
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p
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a
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h
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m
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d
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b
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d

ta
rg

et
cl

a
ss

p
oi

n
ts

in
th

e
cu

rr
en

t
it

er
at

io
n

,
a
n

d
d
m

(x
)

=
m

ax
z
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d
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b
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e
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case,
A

lg
orith

m
3

can
n

o
t

b
e

red
u

ced
to

a
m

in
im

u
m

set
cover

p
rob

lem
sin

ce
th

e
d

efi
n

ition
of

sets
ch

an
ge

after
a
d

d
in

g
a

sin
gle

p
oin

t
to

th
e

d
o
m

in
atin

g
set.

H
en

ce,
th

e
u

p
p

er
b

ou
n

d
O

(log
n

)
d

o
es

n
ot

ap
p

ly
to

R
W

-
C

C
C

D
s.

H
ow

ever,
w

e
ex

p
ect

to
get

b
igger

b
alls

in
R

W
-C

C
C

D
s

com
p

a
red

th
e

on
es

in
P

-C
C

C
D

s
w

h
ich

in
tu

itively
su

ggests
th

at
th

e
covers

of
R

W
-C

C
C

D
s

are
low

er
in

card
in

ality.
W

e
co

n
d

u
ct

em
p

irical
stu

d
ies

to
sh

ow
th

at
R

W
-C

C
C

D
s,

in
fact,

p
ro

d
u

ce
d

om
in

atin
g

sets
w

ith
low

er
size

com
p

ared
to

P
-C

C
C

D
s

in
som

e
cases.

In
R

W
-C

C
C

D
,

on
ce

th
e

class
covers

(or
d

om
in

atin
g

sets)
a
re

d
eterm

in
ed

,
th

e
scaled

d
issim

ila
rity

m
ea

su
re

in
E

q
u

ation
(2)

is
a

go
o
d

ch
oice

for
estim

atin
g

th
e

class
of

a
n

ew
p

oin
t
z
.

H
ow

ever,
D

eV
in

n
ey

(2003)
in

co
rp

orates
th

e
scores

of
each

b
all

to
p

ro
d
u

ce
b

etter
p

erfo
rm

in
g

cla
ss

covers
in

classifi
cation

.
H

en
ce,

th
e

class
of

a
n

ew
p

oin
t
z

is
d

eterm
in

ed
b
y

arg
m

in
C
∈{
C
X
,C
Y } [

m
in

x
:B

(x
,r

)∈
C
ρ
(z
,x

)
T
ex ]

w
h

ere
ρ
(z
,x

)
is

d
efi

n
ed

as
in

E
q
u

ation
(2).

H
ere,

e∈
[0,1]

con
trols

at
w

h
at

level
th

e
score

T
x

is
in

corp
ora

ted
.

W
e

ob
serve

th
at

for
d
(z
,x

)
<
r(x

),
ρ
(z
,x

)
=
d
(z
,x

)/r(x
)

d
ecreases

a
s
T
x

in
creases.

H
en

ce,
if

a
n

ew
p

oin
t
z

is
in

b
oth

covers,
z
∈
C
X
∩
C
Y

,
th

e
score

T
x

is
a

g
o
o
d

in
d

icator
to

w
h

ich
class

th
e

n
ew

p
oin

t
z

b
elon

gs
sin

ce
th

e
b

igger
th

e
T
x ,

th
e

m
ore

likely
th

e
b

all
con

tain
s

m
ore

target
class

p
oin

ts.
F

or
e

=
1,

w
e

fu
lly

in
corp

orate
each

sco
re
T
x

of
coverin

g
b

alls
an

d
w

ith
e

=
0,

w
e

ign
ore

th
e

scores.
B

y
in

tro
d

u
cin

g
a

valu
e

for
th

e
p

a
ram

eter
e

in
(0
,1),

it
is

p
ossib

le
to

fu
rth

er
im

p
rov

e
th

e
p

erform
an

ce
of

R
W

-C
C

C
D

cla
ssifi

ers.

4
.

B
a
la

n
cin

g
th

e
C

la
ss

S
ize

s
w

ith
C

C
C

D
s

T
h

e
C

C
C

D
classifi

ers
su

b
stan

tially
red

u
ce

th
e

n
u

m
b

er
of

m
a
jority

class
ob

servation
s

in
a

d
a
ta

set.
T

h
e

reason
is

th
at

b
alls

of
m

a
jority

class
m

em
b

ers
are

m
ore

likely
to

catch
n

eigh
b

o
rin

g
p

oin
ts

of
th

e
sam

e
class.

T
h

e
greed

y
algorith

m
given

in
A

lgorith
m

1
selects

vertices
w

ith
th

e
largest

closed
n

eigh
b

orh
o
o
d

.
S

im
ilarly,

A
lgorith

m
3

selects
vertices

so
th

at
th

eir
b

alls
are

as
d

en
se

as
p

ossib
le

(i.e.,
target

class
p

oin
ts

are
ab

u
n

d
a
n
t

in
th

e
b

alls)
w

ith
som

e
co

n
ta

m
in

atin
g

n
on

-target
class

p
oin

ts.
B

oth
algorith

m
s

ch
o
o
se

b
alls

w
ith

a
large
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C
l
a
ss

if
ic

a
t
io

n
o
f

Im
b
a
l
a
n
c
e
d

D
a
t
a

w
it

h
a

G
e
o
m

e
t
r
ic

D
ig

r
a
p
h

F
a
m

il
y

n
u

m
b

er
of

ta
rg

et
cl

as
s

p
oi

n
ts

,
an

d
h

en
ce

su
b

st
an

ti
al

ly
re

d
u

ce
th

e
d

at
a

se
t

(i
n

p
a
rt

ic
u

la
r,

m
a

jo
ri

ty
cl

as
s

p
oi

n
ts

).
P

oi
n
ts

of
th

e
m

in
im

u
m

d
om

in
at

in
g

se
t

co
rr

es
p

on
d

to
th

e
ce

n
te

rs
of

b
al

ls
th

at
es

ta
b

li
sh

th
e

cl
as

s
co

ve
rs

.
H

en
ce

C
C

C
D

cl
as

si
fi

er
s

ca
n

al
so

b
e

v
ie

w
ed

a
s

p
ro

to
ty

pe
se

le
ct

io
n

m
et

h
o
d

s
w

h
er

e
th

e
ob

je
ct

iv
e

is
fi

n
d

in
d

a
se

t
of

p
oi

n
ts

,
or

p
ro

to
ty

pe
s,
S

;
fr

om
th

e
tr

ai
n

in
g

se
t

to
p

re
se

rv
e

or
in

cr
ea

se
th

e
cl

as
si

fi
ca

ti
on

p
er

fo
rm

an
ce

w
h

il
e

su
b

st
a
n
ti

a
ll

y
re

d
u

ci
n

g
th

e
sa

m
p

le
si

ze
.

H
ow

ev
er

,
th

e
ra

d
ii

of
d

om
in

at
in

g
se

t(
s)

ar
e

al
so

st
o
re

d
a
n

d
u

se
d

in
th

e
cl

as
si

fi
ca

ti
on

p
ro

ce
ss

.

In
F

ig
u

re
4,

w
e

il
lu

st
ra

te
th

e
b

eh
av

io
r

of
b

al
ls

as
so

ci
at

ed
w

it
h

P
-C

C
C

D
s

an
d

R
W

-
C

C
C

D
s.

N
ot

e
th

at
in

b
ot

h
fa

m
il

ie
s

of
d

ig
ra

p
h

s,
b

a
ll

s
of

th
e

m
a

jo
ri

ty
cl

as
s

te
n

d
to

b
e

la
rg

er
an

d
h

en
ce

ar
e

m
or

e
li

ke
ly

to
ca

tc
h

m
or

e
m

a
jo

ri
ty

cl
as

s
p

oi
n
ts

.
S

in
ce

th
e

m
a

jo
ri

ty
cl

a
ss

h
as

m
u

ch
m

or
e

m
em

b
er

s
th

an
th

e
m

in
or

it
y

cl
as

s,
b

al
ls

of
th

e
m

a
jo

ri
ty

p
o
in

ts
a
re

m
or

e
li

ke
ly

to
ca

tc
h

th
e

n
ei

gh
b

or
in

g
m

a
jo

ri
ty

p
oi

n
ts

.
C

C
C

D
cl

as
si

fi
er

s
k
ee

p
th

e
in

fo
rm

a
ti

on
of

b
al

l
ce

n
te

rs
an

d
th

ei
r

as
so

ci
at

ed
ra

d
ii

.
L

ar
ge

r
ca

rd
in

al
it

y
of

th
e

m
a
jo

ri
ty

cl
a
ss

a
ll

ow
s

th
e

co
n

st
ru

ct
io

n
of

b
ig

ge
r

b
al

ls
an

d
h

en
ce

,
la

rg
er

va
lu

es
of

ra
d

ii
ar

e
m

or
e

li
ke

ly
to

co
rr

es
p

on
d

to
la

rg
er

n
u

m
b

er
of

ca
tc

h
ed

cl
as

s
m

em
b

er
s.

A
s

a
re

su
lt

,
C

C
C

D
s

b
al

an
ce

th
e

d
at

a
se

t
a
n

d
,

at
th

e
sa

m
e

ti
m

e,
p

re
se

rv
e

th
e

in
fo

rm
at

io
n

of
th

e
lo

ca
l

d
en

si
ty

b
y

re
ta

in
in

g
th

e
ra

d
ii

.
T

h
e

d
at

a
se

t
b

ec
om

es
b

al
an

ce
d

si
n

ce
th

e
ce

n
te

r
of

b
al

ls
ar

e
th

e
p

oi
n
ts

of
th

e
n

ew
tr

a
in

in
g

d
at

a
se

t
w

h
ic

h
w

il
l

b
e

em
p

lo
ye

d
la

te
r

in
cl

as
si

fi
ca

ti
on

.

T
h

e
lo

ss
of

in
fo

rm
at

io
n

in
u

n
d

er
sa

m
p

li
n

g
sc

h
em

es
ar

e
of

co
u

rs
e

in
ev

it
a
b

le
,

h
ow

ev
er

it
is

p
os

si
b

le
to

p
re

se
rv

e
a

p
or

ti
on

of
th

at
d

is
ca

rd
ed

in
fo

rm
at

io
n

b
y

ot
h

er
m

ea
n

s.
E

a
sy

E
n

se
m

b
le

is
an

en
se

m
b

le
cl

as
si

fi
er

u
se

d
fo

r
th

at
ve

ry
p

u
rp

os
e;

h
ow

ev
er

,
it

n
ee

d
s

m
u

lt
ip

le
cl

a
ss

ifi
er

s
to

b
e

em
p

lo
ye

d
.

E
ac

h
cl

as
si

fi
er

is
tr

ai
n

ed
on

a
d

iff
er

en
t

b
al

an
ce

d
su

b
se

t
of

th
e

o
ri

g
in

al
tr

ai
n

in
g

d
at

a
se

t,
an

d
h

en
ce

th
e

en
se

m
b

le
cl

as
si

fi
er

p
re

se
rv

es
th

e
in

fo
rm

at
io

n
o
n

th
e

en
ti

re
d

at
a

se
t

gi
ve

n
b
y

a
co

ll
ec

ti
on

of
u

n
b

ia
se

d
cl

as
si

fi
er

s.
O

n
th

e
ot

h
er

h
an

d
,

C
C

C
D

s
a
ch

ie
v
e

th
e

sa
m

e
go

al
b
y

tr
an

sf
or

m
in

g
th

e
d

en
si

ty
ar

ou
n

d
p

oi
n
ts

in
to

th
e

ra
d

ii
.

C
C

C
D

s
re

se
m

b
le

cl
u

st
er

b
as

ed
re

sa
m

p
li

n
g

m
et

h
o
d

s
in

th
at

re
ga

rd
.

In
st

ea
d

of
ra

n
d
om

ly
sa

m
p

li
n

g
th

e
d

a
ta

se
t,

cl
u

st
er

b
as

ed
sa

m
p

li
n
g

sc
h

em
es

d
iv

id
e

ea
ch

cl
as

s
in

to
cl

u
st

er
s,

an
d

th
en

,
ov

er
sa

m
p

le
th

e
m

in
or

it
y

cl
as

s
or

u
n

d
er

sa
m

p
le

th
e

m
a

jo
ri

ty
cl

as
s

p
ro

p
or

ti
on

al
to

ea
ch

su
b

cl
a
ss

.
C

ov
er

in
g

b
al

ls
of

C
C

C
D

s
h

av
e

a
si

m
il

ar
p

u
rp

os
e

w
h

ic
h

h
as

al
so

b
ee

n
d

is
cu

ss
ed

in
P

ri
eb

e
et

a
l.

(2
0
0
3b

).
T

h
ey

u
se

th
e

co
ve

ri
n

g
b

al
ls

of
th

e
m

in
im

u
m

d
om

in
at

in
g

se
ts

to
ex

p
lo

re
th

e
la

te
n
t

su
b

cl
a
ss

es
of

ea
ch

cl
as

s
of

ge
n

e
ex

p
re

ss
io

n
d

at
a

se
ts

.
In

fa
ct

,
th

e
b

al
ls

of
C

C
C

D
s

m
ay

co
rr

es
p

o
n

d
to

cl
u

st
er

s.
H

en
ce

,
se

ts
of

p
oi

n
ts

as
so

ci
at

ed
w

it
h

ea
ch

cl
u

st
er

is
u

n
d

er
sa

m
p

le
d

to
a

si
n

gl
e

p
o
in

t
(i

.e
.,

a
p

ro
to

ty
p

e
or

a
d

om
in

at
in

g
p

oi
n
t)

,
an

d
th

e
in

fo
rm

at
io

n
on

th
e

cl
u

st
er

is
p

ro
v
id

ed
b
y

th
e

ra
d

iu
s

w
h

ic
h

re
p

re
se

n
ts

th
e

d
en

si
ty

of
th

at
cl

u
st

er
.

T
h

e
b

ig
ge

r
th

e
ra

d
iu

s,
th

e
m

o
re

in
fl

u
en

ce
a

p
ro

to
ty

p
e

h
as

ov
er

th
e

d
om

a
in

.
In

P
-C

C
C

D
s,

th
e

ra
d

ii
m

ay
b

e
se

n
si

ti
ve

to
n

o
is

e,
b

u
t

R
W

-C
C

C
D

s
ig

n
or

e
n

oi
sy

p
oi

n
ts

to
av

o
id

ov
er

fi
tt

in
g.

M
or

eo
ve

r,
in

R
W

-C
C

C
D

s,
w

e
h

av
e

an
ad

d
it

io
n

al
st

at
is

ti
c

p
ro

v
id

ed
b
y

ea
ch

cl
u

st
er

,
th

e
sc

or
e

gi
v
en

in
E

q
u

at
io

n
(5

)
b

a
se

d
o
n

th
e

ra
n

d
om

w
al

k
.

W
e

u
se

b
ot

h
th

e
ra

d
ii

an
d

th
es

e
sc

or
es

to
d

efi
n

e
th

e
R

W
-C

C
C

D
cl

a
ss

ifi
er

s,
an

d
th

u
s

ac
h

ie
ve

b
et

te
r

p
er

fo
rm

in
g

cl
as

si
fi

er
s

w
it

h
m

or
e

re
d

u
ct

io
n

an
d

le
ss

in
fo

rm
a
ti

on
lo

ss
.

W
e

ap
p

ro
ac

h
th

e
p

ro
b

le
m

of
cl

a
ss

im
b

al
an

ce
fr

om
th

e
p

er
sp

ec
ti

ve
of

cl
a
ss

ov
er

la
p

p
in

g
p

ro
b

le
m

as
w

el
l.

S
ev

er
al

re
se

ar
ch

er
s

on
cl

as
s

im
b

al
an

ce
re

ve
al

ed
th

at
ov

er
la

p
b

et
w

ee
n

th
e

cl
as

s
su

p
p

or
ts

d
eg

ra
d

e
th

e
cl

as
si

fi
ca

ti
on

p
er

fo
rm

an
ce

of
im

b
al

an
ce

d
d

at
a

se
ts

ev
en

m
or

e
(s

ee
P

ra
ti

et
al

.,
20

04
;

B
at

is
ta

et
al

.,
20

04
,

20
05

;
G

al
ar

et
al

.,
20

12
).

L
et
E
⊂

R
d
,

a
n

d
le

t
s(
F
X

)
an

d
s(
F
Y

)
b

e
th

e
su

p
p

or
ts

of
th

e
cl

as
se

s
X

an
d
Y,

re
sp

ec
ti

ve
ly

.
W

e
d

efi
n

e
E

as
th

e
ov

er
la

p
p

in
g

re
gi

on
of

th
es

e
tw

o
cl

as
s

su
p
p

or
ts

,
E

:=
s(
F
X

)
∩
s(
F
Y

).
M

o
re

ov
er

,
le

t
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C
e
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F
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4:
A

n
il

lu
st

ra
ti

on
of

th
e

co
ve

ri
n

g
b

a
ll

s
as

so
ci

a
te

d
w

it
h

m
a

jo
ri

ty
a
n

d
m

in
o
ri

ty
P

-
C

C
C

D
(l

ef
t)

a
n

d
th

e
co

rr
es

p
on

d
in

g
R

W
-C

C
C

D
s

(τ
=

0
.0

00
1)

(r
ig

h
t)

of
a
n

im
-

b
al

an
ce

d
d

a
ta

se
t

in
a

tw
o-

cl
as

s
se

tt
in

g
w

h
er

e
m

a
jo

ri
ty

a
n

d
m

in
o
ri

ty
cl

a
ss
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d
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d
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∩
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⊂

R
d
.

W
e

sa
y

q(
E

)
is

th
e

“l
o
ca

l”
im

b
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as

s
im

b
a
la

n
ce

(l
o
ca

l
o
r

g
lo

b
a
l)

a
n

d
cl

a
ss

ov
er

la
p

p
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d
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a
ri

n
g

C
C

C
D

s
w

it
h

O
th

e
r

C
la

ss
ifi

e
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p
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d
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p
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w
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d
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v
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e

ar
ea

u
n

d
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p
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re
is

of
te

n
u

se
d

on
im

b
a
la

n
ce

d
re

al
d

a
ta

cl
a
ss

es
.

T
h

is
m

ea
su

re
h

as
b

ee
n

sh
ow

n
to

b
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b
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e
co

m
p

u
ta

ti
on

al
co

m
-

p
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d
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b
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a
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a
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p
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p
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d
<
n

.
H

ow
ev

er,
it

is
p

ossib
le

to
red

u
ce

th
e

co
m

p
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p
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a
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d
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p
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p
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b
u

t
w

e
sh

ow
th

a
t

th
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p
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ex
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d
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p
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e
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p
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p
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p
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e
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IonosphereSonarYeast6Yeast5Yeast4Yeast1289vs7Vowel0Shuttle0vs4Abalone19Segment0Page-Blocks0

RW-CCCDAUC0.917∓0.0230.722∓0.0500.866∓0.0510.898∓0.0630.807∓0.0480.643∓0.0570.877∓0.0460.996∓0.0030.603∓0.0650.895∓0.0110.875∓0.019
P-CCCDAUC0.934∓0.0320.805∓0.0450.755∓0.0530.793∓0.0940.602∓0.0510.556∓0.0380.958∓0.0250.988∓0.0160.506∓0.0190.957∓0.0100.869∓0.009

k-NN
AUC0.803∓0.0190.804∓0.0270.786∓0.0320.839∓0.0630.619∓0.0380.562∓0.040.971∓0.0310.996∓0.0040.512∓0.0150.988∓0.0040.863∓0.009

p-value(vsRW)0.0000.1070.0720.5730.0090.0870.0370.6930.1040.0000.604
p-value(vsP)0.0050.4730.5520.2090.6500.1770.5040.5340.7350.0260.600

SVM
AUC0.949∓0.0100.719∓0.0570.710∓0.0450.741∓0.0690.527∓0.0240.507∓0.0140.956∓0.0390.984∓0.0120.500∓0.0000.564∓0.0060.901∓0.013

p-value(vsRW)0.0880.7630.0430.0960.0020.0470.0950.4590.1010.0000.249
p-value(vsP)0.5820.0910.0860.4670.1290.0840.7000.6320.5350.0000.016

C4.5
AUC0.851∓0.0240.712∓0.0490.742∓0.0480.803∓0.0750.613∓0.0570.570∓0.0430.948∓0.0320.999∓0.0010.503∓0.0090.982∓0.0040.917∓0.012

p-value(vsRW)0.0080.7470.0150.4290.0840.2700.0900.2420.0880.0000.229
p-value(vsP)0.0390.3580.6340.7340.8190.5080.1370.5330.5350.1000.020

Sk-NN
AUC0.836∓0.0220.735∓0.0730.877∓0.0420.969∓0.0150.807∓0.050.667∓0.040.942∓0.040.998∓0.0010.561∓0.0240.98∓0.0050.907∓0.009

p-value(vsRW)0.0080.1720.3500.4020.6730.7350.3300.4580.4240.0000.056
p-value(vsP)0.0390.3740.1650.0630.0360.0060.6020.5710.1670.1210.015

SSVM
AUC0.949∓0.0140.632∓0.0540.865∓0.0420.946∓0.0250.800∓0.0310.687∓0.0470.984∓0.0230.998∓0.0010.525∓0.0170.987∓0.0040.905∓0.011

p-value(vsRW)0.1060.0080.6640.4770.6670.3120.0120.3240.1640.0000.176
p-value(vsP)0.5920.0310.2730.1200.0170.0550.1600.5670.3910.0310.002

SC4.5
AUC0.867∓0.0160.686∓0.0500.760∓0.0750.872∓0.0700.688∓0.0730.605∓0.0600.942∓0.0250.997∓0.0020.500∓0.0090.982∓0.0050.922∓0.019

p-value(vsRW)0.0660.4500.0740.5720.2160.2290.2030.5900.0860.0000.027
p-value(vsP)0.1410.1650.5590.1160.4720.3340.6160.6420.5090.0880.005

Ek-NN
AUC0.856∓0.0250.813∓0.0280.889∓0.0430.964∓0.0040.857∓0.0240.755∓0.0400.960∓0.0080.996∓0.0040.731∓0.0410.955∓0.0060.913∓0.006

p-value(vsRW)0.0190.0900.4940.3790.2670.1010.0920.6930.0070.0000.060
p-value(vsP)0.0690.3200.1080.0770.0050.0000.6380.5340.0060.7870.001

ESVM
AUC0.948∓0.0080.783∓0.0410.896∓0.0370.970∓0.0040.862∓0.0230.749∓0.0470.973∓0.0190.998∓0.0020.744∓0.0260.735∓0.0280.953∓0.004

p-value(vsRW)0.1380.0270.3760.3360.1750.2090.0230.3470.0280.0010.011
p-value(vsP)0.6690.4540.0600.0740.0040.0040.3120.5460.0000.0000.001

EC4.5
AUC0.909∓0.0210.800∓0.0310.858∓0.0430.957∓0.0080.835∓0.0410.662∓0.0660.963∓0.0121.000∓0.0000.694∓0.0540.990∓0.0060.959∓0.005

p-value(vsRW)0.3970.0680.4300.3970.4940.7940.1010.1120.0040.0000.008
p-value(vsP)0.4150.6910.1530.0840.0180.0830.5530.5290.0140.0170.001

Ck-NN
AUC0.834∓0.0240.809∓0.0230.874∓0.0390.972∓0.0080.819∓0.0220.692∓0.0360.986∓0.0230.998∓0.0010.583∓0.0390.987∓0.0020.889∓0.010

p-value(vsRW)0.0080.1100.6600.3300.7160.4590.0070.3660.5490.0000.552
p-value(vsP)0.0420.3820.1380.0670.0060.0350.0300.5730.0130.0320.008

CSVM
AUC0.951∓0.0100.735∓0.0620.835∓0.0420.948∓0.0250.766∓0.0450.690∓0.0620.983∓0.0270.984∓0.0120.685∓0.0570.590∓0.0110.953∓0.006

p-value(vsRW)0.0680.7350.5690.3700.2070.6380.0090.4590.2570.0000.016
p-value(vsP)0.5320.1640.4080.1640.0540.1400.1090.6320.0430.0000.002

C5.0
AUC0.865∓0.0380.709∓0.0520.802∓0.0200.905∓0.0850.692∓0.0660.610∓0.0680.939∓0.0221.000∓0.0000.521∓0.0370.987∓0.0060.935∓0.015

p-value(vsRW)0.0200.6830.3950.6940.2190.6140.2650.1120.1320.0000.027
p-value(vsP)0.0050.3470.5140.0340.4390.1090.4360.5290.3420.1440.002
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le
ex

p
re

ss
io

n
o
f

th
e

S
D

E
w

it
h

a
li

n
ea

r
d

ri
ft

m
a
ke

s
th

e
su

b
se

q
u

en
t

op
ti

m
iz

at
io

n
p

ro
b

le
m

fo
r

fi
n

d
in

g
th

e
su

it
a
b

le
p

a
ra

m
et

er
s

fo
r

th
is

a
p

p
ro

x
im

a
ti

n
g

S
D

E
ea

s-
ie

r.
H

ow
ev

er
,

si
n

ce
m

o
st

p
h
y
si

ca
l

p
h
en

o
m

en
a

ca
n

n
o
t

b
e

re
a
li

st
ic

a
ll

y
m

o
d

el
ed

b
y

S
D

E
s

w
it

h
co

n
st

an
t

d
iff

u
si

o
n

te
rm

,
th

er
e

is
a

p
re

ss
in

g
n

ee
d

o
f

ex
te

n
d

in
g

th
e

ap
p

ro
ac

h
to

g
en

er
al

S
D

E
s.

O
n

e
n

at
u

ra
l

b
u

t
n

a
iv

e
a
p

p
ro

a
ch

in
th

is
re

g
a
rd

co
u

ld
b

e
to

fr
ee

ze
th

e
d

iff
u

si
o
n

te
rm

a
t

a
n

ap
p

ro
p

ri
at

e
va

lu
e,

th
a
t

is
,

to
ta

ke
th

e
ze

ro
th

o
rd

er
ex

p
a
n

si
o
n

o
f

th
e

d
iff

u
si

on
co

effi
ci

en
t.

A
lt

h
ou

gh
si

m
p

le
to

im
p

le
m

en
t,

th
e

effi
ca

cy
o
f

th
e

m
et

h
o
d

is
n

ot
gu

ar
a
n
te

ed
b
y

th
eo

re
ti

-
ca

l
re

su
lt

s
an

d
w

il
l

va
ry

fr
o
m

ca
se

to
ca

se
,

a
n
d

a
re

a
so

n
a
b

le
er

ro
r

an
al

y
si

s
m

ig
h
t

re
q
u

ir
e

u
n

re
as

on
ab

ly
re

st
ri

ct
iv

e
co

n
d

it
io

n
s

o
n

th
e

m
o
d

el
.
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V
a
r
ia

t
io

n
a
l

in
f
e
r
e
n
c
e

f
o
r

h
id

d
e
n

d
if

f
u
sio

n
p
r
o
c
e
sse

s

In
stead

,
th

e
p

resen
t

a
rticle

d
elves

m
u

ch
d

eep
er

in
to

th
e

p
ro

b
lem

a
n

d
d

ev
elo

p
s

m
eth

o
d

s
for

fi
n

d
in

g
th

e
op

tim
al

a
p

p
rox

im
atin

g
S

D
E

su
ch

th
at

th
e

rela
tive

en
tro

p
y

b
etw

een
it

a
n

d
th

e
tru

e
p

osterior
p

ro
cess

is
m

in
im

ized
su

b
ject

to
th

e
co

n
d

itio
n

th
a
t

th
e

m
a
rg

in
a
ls

o
f

th
e

form
er

follow
G

au
ssian

d
istrib

u
tio

n
s.

T
h

e
m

a
in

o
b

stacle
th

a
t

n
eed

s
to

b
e

overco
m

e
in

th
is

a
p

p
ro

a
ch

stem
s

from
th

e
fact

th
a
t

u
n

like
th

e
p

rev
io

u
s

ca
se,

th
e

a
p

p
rox

im
a
tin

g
S

D
E

h
ere

ca
n

n
o
t

b
e

ta
ken

to
b

e
th

e
o
n

e
w

ith
a

lin
ea

r
d

rift;
a
n

d
a

su
itab

le
ex

p
ressio

n
o
f

it
n

eed
s

to
b

e
fou

n
d

so
th

a
t

th
e

m
a
rg

in
a
ls

are
still

G
a
u

ssia
n

.
T

h
is

h
a
s

b
een

ach
ieved

in
T

h
eo

rem
9
.

In
fact,

o
u

r
w

o
rk

o
u

tlin
es

th
e

m
ost

gen
era

l
tech

n
iq

u
es

fo
r

a
p

p
rox

im
a
tin

g
th

e
p

o
sterio

r
d

en
sity

b
y

a
n
y

d
en

sity
from

th
e

ex
p

o
n

en
tia

l
fa

m
ily

o
r

m
ix

tu
re

o
f

ex
p

o
n

en
tial

fa
m

ilies.
In

th
is

co
n

n
ection

w
e

w
ou

ld
like

to
n

o
te

th
a
t

th
e

rea
so

n
fo

r
req

u
irin

g
th

a
t

th
e

m
a
rg

in
a
ls

follow
a

G
a
u

ssian
d

istrib
u

tio
n

or
m

o
re

gen
era

lly,
a

d
istrib

u
tion

fro
m

th
e

ex
p

on
en

tia
l

fa
m

ily
b

eca
u

se
th

is
resu

lts
in

a
fi

n
ite-d

im
en

sion
al

sm
o
o
th

er
w

h
ich

ca
n

b
e

u
sed

fo
r

a
p

p
rox

im
atin

g
a

w
id

e
ra

n
g
e

o
f

d
istrib

u
tio

n
s.

It
sh

o
u

ld
b

e
n

oted
th

a
t

th
e

va
ria

tio
n

a
l

m
eth

o
d

co
n

sid
ered

h
ere

is
d

iff
eren

t
fro

m
th

e
so

-ca
lled

ex
ten

d
ed

K
alm

a
n

fi
lter

(E
K

F
)

in
tw

o
w

ay
s:

fi
rst,

E
K

F
is

em
p

loyed
fo

r
fi

lterin
g

p
ro

b
lem

s;
b

u
t

m
o
re

im
p

ortan
tly,

E
K

F
sta

rts
b
y

lin
ea

rizin
g

th
e

sign
a
l

(p
rior)

S
D

E
a
n

d
th

en
freezin

g
its

d
iff

u
sio

n
term

,
w

h
ile

th
e

va
ria

tio
n
a
l

a
p
p

roa
ch

is
con

cern
ed

w
ith

a
p

p
rox

im
atio

n
o
f

th
e

p
o
sterio

r
S

D
E

.
T

h
erefore

ev
en

th
o
u

g
h

in
th

e
co

n
sta

n
t

d
iff

u
sio

n
term

ca
se,

th
e

a
p

-
p

rox
im

a
tin

g
S

D
E

h
a
p

p
en

s
to

h
ave

lin
ea

r
d

rift
a
n

d
th

u
s

resu
ltin

g
in

a
G

au
ssia

n
sm

o
o
th

er,
it

is
n

o
t

b
a
sed

o
n

th
e

sa
m

e
p

h
iloso

p
h
y

b
eh

in
d

th
e

E
K

F
.

A
n

d
as

m
en

tion
ed

b
efo

re,
in

th
e

n
o
n
-

co
n

sta
n
t

d
iff

u
sio

n
term

ca
se

alth
ou

g
h

o
u

r
m

eth
o
d

ca
n

b
e

u
sed

to
o
b

ta
in

a
fi

n
ite-d

im
en

sio
n

a
l

sm
o
o
th

er,
in

p
a
rticu

la
r,

a
G

a
u

ssia
n

sm
o
o
th

er,
it

co
m

p
letely

avo
id

s
a
n
y

fo
rm

o
f

lin
ea

riza
tio

n
o
f

th
e

given
S

D
E

o
r

su
b

seq
u

en
t

freezin
g

o
f

th
e

d
iff

u
sio

n
term

.

In
ou

r
p

ap
er

th
is

va
ria

tion
al

ap
p
rox

im
a
tio

n
m

eth
o
d

h
as

b
een

fo
rm

u
la

ted
a
s

a
n

o
p

tim
al

co
n
tro

l
p

rob
lem

.
T

h
e

a
d

van
tag

e
o
f

th
is

th
eo

retica
l

fra
m

ew
o
rk

is
th

a
t

n
ecessa

ry
co

n
d

itio
n

s
for

glo
b

a
l

o
p

tim
a
lity

are
th

en
o
b

ta
in

ed
b
y

em
p

loy
in

g
th

e
P

on
trya

g
in

m
ax

im
u

m
p

rin
cip

le.
T

h
is

lea
d

s
to

co
n

sid
erab

le
co

m
p

u
tatio

n
a
l
a
d

van
ta

ges
o
f

th
e

va
ria

tio
n

a
l
m

eth
o
d

co
m

p
ared

to
n
u

m
erica

lly
so

lv
in

g
th

e
u

n
d

erly
in

g
(sto

ch
a
stic)

P
D

E
s,

th
a
t

is
h

ig
h

lig
h
ted

b
y

tw
o

ex
a
m

p
les.

T
h

e
later

p
a
rt

o
f

th
e

p
ap

er
fo

cu
sses

o
n

th
e

im
p

o
rta

n
t

top
ic

o
f

p
ara

m
eter

in
feren

ce
of

S
D

E
s.

T
h

e
a
b

ove
sch

em
e

o
f

estim
a
tin

g
th

e
h

id
d

en
sta

tes
a
n

d
th

e
sm

o
o
th

in
g

d
en

sities
is

cleverly
u

sed
in

d
esign

in
g

a
n

effi
cien

t
m

eth
o
d

for
estim

a
tin

g
p

a
ra

m
eters

of
S

D
E

s.
In

p
articu

-
la

r,
th

e
p

a
p

er
p

rop
oses

an
itera

tive
E

M
-ty

p
e

a
lgo

rith
m

w
h

ich
a
im

s
to

co
m

p
u

te
a
p

p
rox

im
a
te

m
a
x
im

u
m

likelih
o
o
d

estim
a
tes

o
f

th
e

p
a
ram

eters
in

a
tra

cta
b

le
w

ay.
T

w
o

illu
strative

ex
a
m

-
p

les,
w

h
ich

are
im

p
ortan

t
in

m
a
th

em
a
tica

l
fi

n
an

ce,
d

em
o
n

stra
te

th
e

a
ccu

ra
cy

a
n

d
effi

cien
cy

o
f

th
e

p
rop

o
sed

algo
rith

m
s.

F
u

tu
re

p
ro

jects
w

ill
a
d

d
ress

m
o
re

co
m

p
licated

m
o
d

els.

T
h

e
layo

u
t

o
f

th
is

article
is

a
s

fo
llow

s:
In

S
ectio

n
2

w
e

fo
rm

a
lly

in
tro

d
u

ce
th

e
p
ro

b
lem

settin
g.

W
e

co
n

sid
er

as
a

ru
n

n
in

g
ex

a
m

p
le

th
ro

u
g
h

o
u

t
th

e
m

an
u

scrip
t

a
g
eo

m
etric

B
row

n
ia

n
m

o
tio

n
.

T
h

e
va

ria
tion

al
ap

p
rox

im
a
tio

n
id

ea
is

m
otivated

in
S

ection
3

lead
in

g
to

a
sp

ecifi
c

cla
ss

o
f

op
tim

izatio
n

p
ro

b
lem

s
th

a
t

is
a
d

d
ressed

in
S

ectio
n

4
.

It
is

th
en

refo
rm

u
la

ted
in

S
ectio

n
5

a
s

a
n

o
p

tim
al

co
n
tro

l
p

rob
lem

a
n

d
n

ecessa
ry

con
d

itio
n

s
fo

r
o
p

tim
a
lity

a
re

d
erived

.
S

ection
6

ex
p

lain
s

h
ow

th
e

va
ria

tio
n

a
l
ap

p
rox

im
a
tio

n
ca

n
b

e
u

sed
to

in
fer

u
n

k
n

ow
n

p
ara

m
eters

of
th

e
m

o
d

el.
S

ection
7

d
iscu

sses
th

e
p

resen
ted

va
riatio

n
al

a
p

p
rox

im
a
tio

n
in

th
e

co
n
tex

t
o
f

a
d

iscrete
tim

e
m

ea
su

rem
en

t
m

o
d

el.
T

h
e

th
eo

retica
l

resu
lts

a
re

ap
p

lied
in

S
ection

8
to

tw
o

ex
a
m

p
les:

a
geo

m
etric

B
row

n
ia

n
m

o
tion

a
n
d

to
th

e
C

ox
-In

g
erso

ll-R
o
ss

3
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S
u
t
t
e
r
,

G
a
n
g

u
ly

a
n
d

K
o
e
p
p
l

p
ro

cess.
W

e
fi

n
ally

con
clu

d
e

w
ith

som
e

rem
ark

s
an

d
d

irection
s

for
fu

tu
re

w
ork

in
S

ection
9.

C
erta

in
tech

n
ical

p
ro

ofs
are

relegated
to

th
e

ap
p

en
d

ix
.

N
o
ta

tio
n

.
H

ereafter,
In

is
th

e
n

-d
im

en
sion

al
id

en
tity

m
atrix

a
n

d
E
i

is
th

e
n
×
n

m
atrix

w
h

ere
th

e
ii-th

en
try

is
on

e
an

d
zero

elsew
h

ere.
W

e
let

S
ym

(n
,R

)
an

d
G

L
(n
,R

)
b

e
resp

ec-
tively

th
e

set
of

sy
m

m
etric

an
d

in
vertib

le
n
×
n

m
atrices

w
ith

real
en

tries.
F

o
r

m
a
trices

A
,B
∈

R
n×

n
let
〈A
,B
〉

:=
tr(A

>
B

)
d

en
ote

th
e

F
rob

en
iu

s
in

n
er

p
ro

d
u

ct.
F

o
r

a
vector

b∈
R
n

an
d

a
p

ositive
d

efi
n

ite
m

atrix
A

,
w

e
em

p
loy

th
e

n
orm

‖b‖
A

:=
√
b >
A
−

1b.
W

e
d

efi
n

e
th

e
stan

d
ard

n−
sim

p
lex

as
∆
n

:=
{
x
∈
R
n

:
x
≥

0, ∑
ni=

1
x
i

=
1}

.
L

etC
:=

C
([0,T

],R
n
)

d
e-

n
ote

th
e

sp
a
ce

of
con

tin
u
ou

s
fu

n
ction

s
on

[0,T
]
tak

in
g

valu
es

in
R
n
.
L

et
S

b
e

a
m

etric
sp

ace,
eq

u
ip

p
ed

w
ith

its
B

orel
σ

-fi
eld
B

(S
).

T
h

e
sp

ace
of

all
p

rob
ab

ility
m

easu
res

on
(S
,B

(S
))

is
d

en
oted

b
y
P

(S
).

T
h

e
relativ

e
en

trop
y

(or
K

u
llb

ack
-L

eib
ler

d
ivergen

ce)
b

etw
een

an
y

tw
o

p
ro

b
ab

ility
m

easu
res

µ
,ν
∈
P

(S
)

is
d

efi
n

ed
as

D (µ||ν )
:=

{
∫

log (
d
µ

d
ν )

d
µ
,

if
µ
�
ν

+
∞
,

o
th

erw
ise,

w
h

ere�
d

en
otes

ab
solu

te
con

tin
u

ity
of

m
easu

res
an

d
d
µ

d
ν

is
th

e
R

ad
on

-N
iko

d
y
m

d
erivative.

B
y

co
n
ven

tion
m

ea
su

ra
ble

m
ean

s
B

o
rel-m

ea
su

ra
ble

in
th

e
seq

u
el.

G
iven

an
S

-valu
ed

ran
d

om
va

riab
le
X

w
ith

L
aw

(X
)

=
µ
∈
P

(S
),

let
E
µ [X

]
d

en
ote

th
e

ex
p

ecta
tion

of
X

.

2
.

M
o
d
e
l

se
tu

p

A
s

u
su

al,
w

e
w

ill
w

ork
on

a
com

p
lete

p
rob

ab
ility

sp
ace

(Ω
,F
,P

)
eq

u
ip

p
ed

w
ith

a
fi

ltration
{F

t }
sa

tisfy
in

g
th

e
u

su
al

con
d

ition
s,

th
at

is,{F
t }

is
com

p
lete,

righ
t

co
n
tin

u
o
u

s
an

d
con

tain
s

all
th

e
P

-n
u

ll
sets.

T
h

e
b

asic
ob

jects
in

ou
r

stu
d

y
con

sist
of

a
sign

al
p

ro
cess

X
an

d
an

ob
servatio

n
p

ro
cess

Y
,

b
oth

of
w

h
ich

are
assu

m
ed

to
b

e
{F

t }
-

ad
ap

ted
.

T
h

e
u

n
ob

served
sign

a
l

p
ro

cess
X

is
m

o
d
eled

b
y

th
e

follow
in

g
sto

ch
astic

d
iff

eren
tia

l
eq

u
ation

d
escrib

in
g

th
e

sta
te

ev
o
lu

tion
of

a
d

y
n

am
ical

sy
stem

:

d
X
t

=
f

(X
t )d
t

+
σ

(X
t )d
W
t ,

X
0

=
x

0 ,
0
≤
t≤

T
,

(1)

w
h

ere
f

:
R
n
→

R
n
,
σ

:
R
n
→

R
n×

n
,

an
d
W

is
an

n
-d

im
en

sion
al

B
row

n
ian

m
otion

in
d

ep
en

d
en

t
of
x

0 .
T

h
e

ob
servation

p
ro

cess
Y

is
m

o
d

eled
as

n
o
isy

m
easu

rem
en

ts
of

so
m

e
fu

n
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X
.

M
ath

em
atically,

Y
is

d
efi

n
ed
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Y
t

=

∫
t

0
h

(X
s )d

s
+
B
t ,

(2)

w
h

ere
h

:R
n
→

R
m

is
called
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e
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servation

fu
n
ction
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d
B
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an

m
-d
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en
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B
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otio

n
in
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ep

en
d

en
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x
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d
W
.
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ssu
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p

tio
n

1
W

e
stip

u
late
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at

(i)
f
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n

d
σ

are
glob

ally
L

ip
sch

itz;

(ii)
a
n

d
h

is
tw

ice
con
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u

ou
sly

d
iff

eren
tiab

le.
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c
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d
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n
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if
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si
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n

p
r
o
c
e
ss

e
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n

ow
n
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al

le
n
b

er
g

(2
00

2)
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at
u

n
d

er
A

ss
u

m
p

ti
on

1
th

er
e

ex
is
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a

u
n

iq
u

e
st

ro
n

g
so

lu
ti

o
n

to
th

e
S

D
E

(1
).

G
iv

en
th

e
ob

se
rv

ed
d

at
a

u
p

to
so

m
e

ti
m

e
T

,
{Y

s
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},

th
e
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o
a
l

o
f
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e
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er
is
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ou
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in

e
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ap
p

ro
x
im

at
io

n
m

et
h

o
d
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r

th
e

sm
o
ot

h
in

g
d

en
si

ty
,
P S
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),
w

h
ic

h
is

th
e

co
n

d
it

io
n

al
p

ro
b

ab
il

it
y

d
en

si
ty

of
X
t

gi
ve

n
{Y

s
:
s
≤
T
}.

In
ot

h
er

w
or

d
s,

th
e

sm
o
ot

h
in

g
d

en
si

ty
is

d
efi

n
ed

b
y

th
e

eq
u

at
io

n
:

E[
φ

(X
t)
|F

Y T

] =

∫
φ

(x
)P

S
(x
,t

)
d
x
,

(3
)

u
p

to
a.

s.
eq

u
iv

al
en

ce
,

w
h

er
e
φ

is
an

y
b

ou
n

d
ed

m
ea

su
ra

b
le

fu
n

ct
io

n
fr

o
m

R
n

to
R

a
n

d
{F

Y t
}

d
en

ot
es

th
e

fi
lt

ra
ti

on
ge

n
er

at
ed

b
y

th
e

p
ro

ce
ss
Y

.
M

or
e

ge
n

er
al

ly
,

w
e

w
il

l
b

e
in

te
re

st
ed

in
ap

p
ro

x
im

at
in

g
th

e
fu

ll
co

n
d

it
io

n
a
l

p
ro

b
a
b

il
it

y
m

ea
su

re
on

th
e

p
at

h
sp

ac
e,
C
≡
C

([
0,
T

],
R
n
).

T
o

d
es

cr
ib

e
th

is
m

at
h

em
at

ic
a
ll

y,
as

su
m

e
th

at
a

re
gu

la
r

co
n

d
it

io
n

al
p
ro

b
ab

il
it

y
m

ea
su

re
P[
·|F

Y T

] is
ch

os
en

.
T

h
en

th
er

e
ex

is
ts

a
m

ea
su

ra
b

le
p

ro
b

ab
il

it
y

k
er

n
el
y
∈
C
→

Π
p

o
st

(·,
y
)
∈
P

(C
)

su
ch

th
at

fo
r

an
y

m
ea

su
ra

b
le

se
t
A
⊂
C,

P[
X

[0
,T

]
∈
A
|F

Y T

] =
Π

p
o
st

(A
,Y

[0
,T

])
.

G
iv

en
th

e
ob

se
rv

at
io

n
p

ro
ce

ss
u

p
to

ti
m

e
T

,
Y

[0
,T

],
w

e
n

ow
d

es
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ib
e

a
ch

a
ra

ct
er

iz
a
ti

o
n

o
f

th
e

p
ro

b
ab

il
it

y
m

ea
su

re
Π

p
o
st

(·,
Y

[0
,T

])
,

w
h
ic

h
w

il
l

p
la

y
a

p
iv

ot
al

ro
le

fo
r

o
u

r
p

u
rp

os
es

.
T

h
e

p
ro

b
ab

il
it

y
m

ea
su

re
Π

p
o
st

(·,
Y

[0
,T

])
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th
e

d
is

tr
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u
ti

on
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a
d

iff
u

si
o
n

p
ro

ce
ss
X̄
T

o
n

C,
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d
th

e
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er

is
ob
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ed
b
y

a
m

o
d
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ti
on
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th

e
or

ig
in

al
si

gn
al

p
ro

ce
ss
X

:

d
X̄
T t

=
g
(X̄

T t
,t

)d
t

+
σ

(X̄
T t

)d
W̄
t,

X̄
T 0

=
x

0
,

(4
)

w
h

er
e
W̄
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{F

t}
-a

d
ap
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d

B
ro

w
n
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n

m
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n
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d
ep
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d
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Y

.
N
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e
d
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u

si
on
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effi
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t
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e
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e
S

D
E
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h
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h

w
e

w
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l
h
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h
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e
p
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te
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o
r

S
D

E
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p
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te
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d
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u
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)
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m

e
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th
at

of
th

e
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S

D
E

,
an

d
th

e
d

ri
ft

of
th
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p

o
st

er
io

r
S

D
E

is
ti

m
e-

d
ep

en
d

en
t

an
d

is
ob

ta
in

ed
as

g
(x
,t

)
:=

f
(x

)
+
a
(x

)∇
lo

g
w

(x
,t

),
(5

)

w
h

er
e
a
(x

)
:=

σ
(x

)σ
(x

)>
.

W
e

gi
ve

d
et

ai
ls
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ou

t
th

e
(r

an
d

om
)

fu
n

ct
io

n
w

a
li

tt
le

la
te

r,
b

u
t

th
e
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p
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n
t

p
oi

n
t

to
n

ot
e

h
er

e
is

th
at

th
e

n
ew

d
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fu

n
ct

io
n

is
th

e
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d
d

ri
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fu
n

ct
io

n
w

it
h

an
ex

tr
a

ad
d

it
iv

e
te

rm
,

an
d

th
e

ob
se

rv
at

io
n

p
ro

ce
ss
Y

[0
,T

]
en

te
rs

in
to

th
e

ch
a
ra

ct
er

iz
at

io
n

of
Π

p
o
st

(·,
Y

[0
,T

])
on

ly
th

ro
u

gh
w

.
T

o
se

e
th

is
ch

ar
ac

te
ri

za
ti

on
of

Π
p

o
st

(·,
Y

[0
,T

])
,

w
e

fi
rs

t
lo

ok
at

th
e

u
su

a
l

fi
lt

er
in

g
d

en
si

ty
P F

(x
,t

),
w

h
ic

h
is

n
at

u
ra

ll
y

d
efi

n
ed

b
y

E[
φ

(X
t)
|F

Y t

] =

∫
φ

(x
)P

F
(x
,t

)
d
x
.

(6
)

U
n

d
er

su
it

ab
le

te
ch

n
ic

al
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n
d

it
io

n
s,

th
e

fi
lt

er
d

en
si

ty
P F

sa
ti

sfi
es

th
e

K
u

sh
n

er
-S

tr
a
to

n
ov

ic
h

eq
u

at
io

n
(f

or
ex

am
p

le
,

se
e

S
tr

at
on

ov
ic

h
(1

96
0)

;
K

u
sh

n
er

(1
96

7)
;

B
ai

n
an

d
C

ri
sa

n
(2

0
0
9)

).
F

or
ou

r
p

u
rp

os
es

,
h

ow
ev

er
,

it
is

co
n
ve

n
ie

n
t

to
w

or
k

w
it

h
th

e
u

n
n

or
m

al
iz

ed
fi

lt
er

d
en

si
ty

p
(x
,t

),
th

at
is

,
P F

(x
,t

)
=
p
(x
,t

)(
∫ R

n
p
(x
,t

)d
x

)−
1
,

w
h

ic
h

sa
ti

sfi
es

th
e

so
-c

a
ll

ed
Z

a
ka

i
eq

u
a
-

ti
on

Z
ak

ai
(1

96
9)

{
d
p
(x
,t

)
=
A
∗ p

(x
,t

)d
t

+
p
(x
,t

)h
(x

)>
d
Y
t

p
(x
,0

)
=
p

0
(x

).
(7

)
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S
u
t
t
e
r
,

G
a
n
g

u
ly

a
n
d

K
o
e
p
p
l

H
er

e
p

0
d

en
ot

es
th

e
d

en
si

ty
o
f
x

0
an

d
A
∗

is
th

e
a
d
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t
of

th
e
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fi

n
it

es
im

a
l

ge
n

er
a
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o
f

th
e

p
ro

ce
ss
X
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ve

n
b
y
A
ψ

(x
)

=
∑

i
f i

(x
)
∂ ∂
x
i
ψ

(x
)

+
1 2

∑
i,
j
a
i,
j
(x

)
∂

2

∂
x
i
∂
x
j
ψ

(x
)

fo
r
ψ
∈
C2 0

(R
n
,R

).

W
e

n
ex

t
co

n
si

d
er

th
e

b
a
ck

w
a
rd

st
o
ch

a
st

ic
p

a
rt

ia
l

d
iff

er
en

ti
a
l

eq
u

a
ti

on
(S

P
D

E
)

{
d
w

(x
,t

)
=
−
A
w

(x
,t

)d
t
−
w

(x
,t

)h
(x

)>
d
Y
t

w
(x
,T

)
=

1
.

(8
)

C
on

d
it
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n

s
ab

ou
t

ex
is

te
n

ce
o
f

so
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ti
o
n

s
to

(7
)

an
d

(8
)
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n

b
e

fo
u

n
d

in
P

a
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o
u

x
(1

9
8
1
/
82

).
It

is
w
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l

k
n

ow
n

(P
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d
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x
,

1
98

1
/8
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C

or
o
ll

a
ry

3
.8

)
th

a
t

th
e

sm
o
o
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g

d
en

si
ty
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n

b
e

ex
p
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)
=
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)w
(x
,t

)
∫ R

n
p
(x
,t

)w
(x
,t

)d
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.
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)

N
ow

b
y

u
si

n
g

(7
),

(8
)

an
d

(9
),

it
ca

n
b

e
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ow
n

1
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t

th
e

sm
o
o
th

in
g

d
en

si
ty

so
lv

es
th

e
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ll
ow

in
g

K
o
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og
or
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fo
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ar

d
eq

u
at

io
n

 
∂ ∂
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+
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∂ ∂
x
i
g
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)
−
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j

∂
2

∂
x
i∂
x
j
a
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(x
) 
P S
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)
=
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,

(1
0
)

w
it

h
th

e
d

ri
ft

te
rm

g
d

efi
n

ed
b
y

(5
).

In
o
th

er
w

o
rd

s,
th

e
co

n
d

it
io

n
a
l

p
ro

b
ab

il
it

y
m

ea
su

re
Π

p
o
st
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on
C

is
in
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b
y
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e
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n
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ss
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d
efi
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ed
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).
E

va
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at
in

g
Π

p
o
st

(·,
Y
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])
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w
h

a
t
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k
n

ow
n

a
s
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e
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ti
m
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b
le
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.

E
x
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r

a
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m
p
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ca
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th
e

S
P

D
E

s,
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a
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ed
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th
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ti
m

a
ti

o
n

o
f
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e
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en

p
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b
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.

T
h

e
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a
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a
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a
p

p
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a
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a
t

w
e

u
n
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er
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e
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o
f
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p
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Π
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.
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,
a
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u
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o
b
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e

is
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a
p

p
ro
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Π
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n

d
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a
ls

o
f
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e
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d
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s
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,
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p
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n
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m
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e
m

a
rg
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p
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p
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p
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h
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p
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u
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a
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o
p
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e
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vo
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fi

n
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p

ti
m

al
p
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et
er
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o
f
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ap
p
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x
im

a
ti

n
g

d
is
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u
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n

b
y

m
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g
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b
et
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os
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d
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ib

u
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e
a
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p
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x
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a
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n
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E
x
a
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p
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:
G

e
o
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e
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B
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w

n
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n
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W
e

p
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n
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p
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e
g
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a
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d
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o
d
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o
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p
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s
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e
B
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o
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s
m

o
d
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,
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e

S
h
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T
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e
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y
n
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)
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g
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b
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a
o
n
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a
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g
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m
et
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c

B
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w
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m
o
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X
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=
κ
X
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t

+
λ
X
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W
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X
0

=
x
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∼
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g
N

(µ
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1)
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r
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T
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λ
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>

0
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d
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a
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p
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)
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b
y

Y
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∫
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0
X
s
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B
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)
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p
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r
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t
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n
a
l
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f
e
r
e
n
c
e

f
o
r

h
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d
e
n

d
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f
u
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n
p
r
o
c
e
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s

3
.

V
a
ria

tio
n
a
l

a
p
p
ro

x
im

a
tio

n
:

M
o
tiv

a
tio

n

L
et

Π
p

rio
r

d
en

o
te

th
e

d
istrib

u
tio

n
o
f

th
e

o
rig

in
a
l

sig
n

a
l

p
ro

cess
X

o
n
C

,
th

a
t

is,
for

a
m

ea
su

ra
b

le
A
⊂
C

,
Π

p
rio

r (A
)≡

P [X
[0
,T

] ∈
A ].

D
efi

n
e

th
e

tw
o

term
s

H
T

(X
[0
,T

] ,y
)

:=
−
h

(X
T

)y
T

+

∫
T

0
y
s d
h

(X
s )

+
12

∫
T

0
‖
h

(X
s )‖

2d
s

(1
3)

I
(H

T
(·,y

))
:=
−

lo
g (∫

ex
p

(−
H
T

(·,y
))

d
Π

p
rio

r )
.

(1
4)

L
et
y

b
e

a
sa

m
p

le
p

a
th

of
th

e
o
b

serva
tio

n
p

ro
cess

Y
o
n

th
e

in
terva

l
[0
,T

].
T

h
en

n
o
tice

th
at

b
y

th
e

p
ath

w
ise

K
a
llia

n
p

u
r-S

trieb
el

form
u

la
(or

th
e

B
ay

es
form

u
la

),
w

e
h

av
e

d
Π

p
o
st (·,y

)

d
Π

p
rio

r
=

ex
p

(−
H
T

(·,y
))

∫
ex

p
(−
H
T

(·,y
))d

Π
p

rio
r

=
ex

p
(−
H
T

(·,y
))

L
(y

)
.

w
h

ere
L

(y
)

=
∫

ex
p

(−
H
T

(·,y
))d

Π
p

rio
r .

C
on

seq
u

en
tly,

L
(y

)
ca

n
b

e
in

terp
reted

n
a
tu

ra
lly

a
s

th
e

likelih
o
o
d

o
f

th
e

p
ath

y
,

o
r

eq
u

iva
len

tly,
I
(H

T
(·,y

))
is

v
iew

ed
a
s

th
e

n
eg

a
tiv

e
log

-
likelih

o
o
d

o
f

th
e

sa
m

p
le

p
a
th

y
.

T
h

e
term

H
T

(X
[0
,T

] ,y
)

ca
n

b
e

in
terp

reted
a
s

th
e
X

-
co

n
d

itio
n

a
l

in
fo

rm
a
tion

a
n

d
th

e
in

fo
rm

a
tion

in
th

e
o
b
servatio

n
th

a
t
Y

=
y
,

see
M

itter
a
n

d
N

ew
to

n
(20

0
3)

fo
r

m
ore

d
eta

ils.
N

ow
for

an
y

p
ro

b
a
b
ility

m
ea

su
re
Q

2
on

C
([0
,T

],R
),

th
e

rela
tive

en
tro

p
y

b
etw

een
Q

a
n

d
Π

p
o
st (·,y

)
can

b
e

ex
p

ressed
b
y

th
e

fo
llow

in
g

lem
m

a
.

L
e
m

m
a

2
D (Q
||Π

p
o
st (·,y

) )
=
−
I
(H

T
(·,y

))
+

D (Q
||Π

p
rio

r )
+
E
Q [H

T
(·,y

) ].

P
roo

f.
T

h
e

p
ro

of
essen

tia
lly

fo
llow

s
th

e
o
n

e
in

(va
n

H
a
n

d
el,

20
0
7
,

L
em

m
a

2
.2

.1
).

S
p

littin
g

th
e

rela
tive

en
tro

p
y

a
n
d

u
sin

g
th

e
p

ath
w

ise
K

a
llia

n
p

u
r-S

trieb
el

fo
rm

u
la

y
ield

s

D (Q
||Π

p
rio

r )
=

∫
[
log (

d
Q

d
Π

p
o
st (·,y

) )
+

log (
d

Π
p

o
st (·,y

)

d
Π

p
rio

r

)]
d
Q

=
D (Q
||Π

p
o
st (·,y

) )
+

∫
lo

g (
d

Π
p

o
st (·,y

)

d
Π

p
rio

r

)
d
Q

=
D (Q
||Π

p
o
st (·,y

) )
+

∫
lo

g (
ex

p
(−
H
T

(·,y
))

∫
ex

p
(−
H
T

(·,y
))d

Π
p

rio
r )

d
Q

=
D (Q
||Π

p
o
st (·,y

) )−
E
Q [H

T
(·,y

) ]−
log (∫

ex
p

(−
H
T

(·,y
))d

Π
p

rio
r )
.

M
itter

an
d

N
ew

ton
M

itter
a
n

d
N

ew
ton

(20
0
3
)

p
rov

id
e

a
n

in
fo

rm
a
tio

n
-th

eo
retic

in
terp

re-
ta

tio
n

to
th

is
resu

lt.
T

h
ey

in
terp

ret
th

e
term

(1
4
)

a
s

th
e

to
ta

l
in

fo
rm

a
tio

n
ava

ilab
le

to
th

e
estim

a
to

r
Q

th
rou

gh
th

e
sam

p
le

p
a
th

y
.

O
n

th
e

oth
er

h
a
n

d
,

th
ey

ca
ll

th
e

q
u

a
n
tity

F
(Q
,y

)
:=

D (Q
||Π

p
rio

r )
+

E
Q [H

T
(·,y

) ]
th

e
a
p
pa

ren
t

in
fo

rm
a
tio

n
of

th
e

estim
a
tor.

B
y

n
o
n

-n
eg

ativ
ity

o
f

th
e

relative
en

tro
p
y
F

(Q
,y

)
≥
I
(H

T
(·,y

))
w

ith
eq

u
a
lity

if
a
n

d
o
n

ly
if

Q
=

Π
p

o
st (·,y

).
In

th
is

sen
se,

a
su

b
op

tim
a
l

estim
a
to

r
a
p

p
ea

rs
to

h
ave

a
ccess

to
m

ore
in

fo
rm

atio
n

th
a
n

is
a
ctu

ally
ava

ila
b

le.

2
.
Q

w
ill

b
e

ca
lled

th
e

a
p
p
rox

im
a
tin

g
p
ro

b
a
b
ility

m
ea

su
re

in
th

e
seq

u
el.
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S
u
t
t
e
r
,

G
a
n
g

u
ly

a
n
d

K
o
e
p
p
l

S
in

ce
th

e
to

ta
l

in
form

ation
I
(H

T
(·,y

))
d

o
es

n
ot

d
ep

en
d

on
Q

,
m

in
im

izin
g

th
e

relative
en

trop
y

b
etw

een
Q

an
d

Π
p

o
st (·,y

)
over

a
class

of
p

rob
ab

ility
m

easu
res

Q
is

eq
u

ivalen
t

to
m

in
im

izin
g

th
e

ap
p

aren
t

in
form

ation
F

(Q
,y

).
T

h
is

m
otivates

to
co

n
sid

er
a
n

ap
p

rox
im

atin
g

d
istrib

u
tion

Q
on
C

th
at

is
ch

aracterized
as

th
e

solu
tio

n
to

th
e

fo
llow

in
g

op
tim

ization
p

ro
b

lem
:

P
ro

b
le

m
3

M
in

im
ize

D (Q
||Π

p
rio

r )
+
E
Q [H

T
(·,y

) ]
su

bject
to

(i)
Q

is
a

p
ro

ba
bility

d
istribu

tio
n

in
d
u

ced
by

a
n

S
D

E
o
f

th
e

fo
rm

d
Z
t

=
u

(Z
t ,t)d

t
+
σ

(Z
t )d
W
t ,

Z
0

=
x

0 ,
0
≤
t≤

T
;

(15)

(ii)
T

h
e

m
a
rgin

a
ls

o
f
Q

a
t

tim
e
t,

i.e.,
th

e
d
istribu

tio
n

o
f
Z
t ,

belo
n

g
to

a
ch

o
sen

fa
m

ily
o
f

d
istribu

tio
n

s.

W
e

w
ill

sh
ow

in
th

e
rem

ain
d

er
of

th
is

article
h
ow

P
rob

lem
3

can
b

e
restated

as
an

op
tim

al
con

tro
l

p
ro

b
lem

,
w

h
ich

lead
s

to
a

stan
d

a
rd

form
u

lation
o
f

n
ecessary

op
tim

ality
con

d
ition

s
in

term
s

of
P

on
tryagin

’s
m

ax
im

u
m

p
rin

cip
le.

N
o
te

th
at

th
e

ob
jective

fu
n

ction
of

P
rob

lem
3

is
k
n

ow
n

to
b

e
strictly

con
vex

w
ith

re-
sp

ect
to
Q

,
see

C
siszár

(1975).
T

h
e

con
strain

t
(ii)

restricts
th

e
fea

sib
le

set
ap

p
rox

im
atin

g
d

istrib
u

tion
s
Q

to
a

n
on

con
vex

set.
N

ote
th

at
su

ch
p

rob
lem

s
(i.e.,

ab
sen

ce
of

con
strain

t
(i)

h
ave

b
een

stu
d

ied
in

th
e

literatu
re

P
in

sk
i

et
al.

(2015
)).

In
ou

r
settin

g,
th

e
set

o
f

fea
sib

le
solu

tion
s

is
also

cou
p

led
w

ith
th

e
fi

rst
con

strain
t

(i),
th

at
p

ara
m

etrizes
th

e
feasib

le
set

of
d

istrib
u

tion
s

in
term

s
of

th
e

d
rift

fu
n

ction
u

.
T

h
is

cou
p

lin
g

is
in

vestigated
in

S
ection

4,
in

p
a
rticu

lar
T

h
eorem

9
ch

aracterizes
th

e
set

of
all

d
rift

term
s
u

su
ch

th
at

th
e

d
istrib

u
tion

in
d

u
ced

b
y

(1
5)

h
as

fi
n

ite
d

im
en

sion
al

m
argin

als
th

at
b

elon
g

to
a

given
fam

ily
of

d
istri-

b
u

tion
s.

H
en

ce,
P

rob
lem

3
can

altern
atively

b
e

in
terp

reted
as

m
in

im
izin

g
th

e
ob

jective
fu

n
ction

over
a

class
of

d
rift

fu
n

ction
s
u

th
at

in
d

u
ce
Q

v
ia

(15)
a
n

d
su

ch
th

at
Q

satisfi
es

co
n

stra
in

t
(ii).

F
o
r

ex
am

p
le,

if
th

e
goal

is
to

ap
p

rox
im

ate
th

e
p

osterior
d

istrib
u

tion
Π
p
o
st

b
y

a
d

istrib
u

tion
Q

w
h

ose
m

argin
als

are
n

orm
al

d
istrib

u
tion

s,
th

en
on

e
aim

s
to

fi
n

d
a

d
rift

term
u

su
ch

th
at

th
e

ob
jective

fu
n

ction
is

m
in

im
ized

an
d

su
ch

th
at

th
e

solu
tion

Z
t

to
(15)

a
d

m
its

a
n

orm
al

d
istrib

u
tion

.

R
e
m

a
rk

4
N

otice
th

at
th

e
u

n
con

strain
ed

op
tim

ization
of

th
e

ob
jective

fu
n

ction
in

P
ro

b
lem

3
w

ith
resp

ect
to
Q

w
ill

sim
p

ly
y
ield

th
e

m
in

im
izer

Q
to

b
e

Π
p

o
st .

S
in

ce,
as

d
iscu

ssed
in

th
e

b
egin

n
in

g
of

S
ection

2,
Π

p
o
st

is
in

d
u

ced
b
y

th
e

S
D

E
,

(4
),

th
e

con
strain

t
(i)

in
P

rob
lem

3
is

essen
tially

in
b

u
ilt.

In
oth

er
w

ord
s,

it
is

th
e

con
strain

t
(ii)

w
h

ich
p

lay
s

th
e

cru
cia

l
role

in
th

e
m

eth
o
d

s
o
u

tlin
ed

in
th

is
p
ap

er.

T
h

e
o
b

jective
fu

n
ction

in
P

rob
lem

3,
in

p
articu

lar
th

e
relative

en
trop

y
b

etw
een

th
e

ap
p

rox
-

im
atin

g
d

istrib
u

tion
Q

an
d

th
e

p
rior

d
istrib

u
tion

Π
p

rio
r

can
b

e
sim

p
lifi

ed
,

sin
ce

d
u

e
to

th
e

con
strain

t
(i)

th
e

u
n

d
erly

in
g

S
D

E
s

(15)
an

d
(1)

sh
are

th
e

sam
e

d
iff

u
sio

n
co

effi
cien

t.
In

v
iew

of
(15

)
a
n

d
(1

),
con

sid
er

tw
o

S
D

E
s

fo
r

0
≤
t≤

T

d
X
t

=
f

(X
t )d
t

+
σ

(X
t )d
W
t ,

d
Z
t

=
u

(Z
t ,t)d

t
+
σ

(Z
t )d
W
t ,

X
0

=
Z

0
=
x

0 ,

w
ith

u
:R

n×
R
→

R
n
,f

:R
n
→

R
n
,σ

:R
n
→

R
n×

n
,
W

a
n
n

-d
im

en
sion

a
l

B
row

n
ian

m
o
tion

in
d

ep
en

d
en

t
of
x

0
an

d
b

oth
S

D
E

s
satisfy

in
g

A
ssu

m
p

tion
1
.

L
et

(Ω
,F

T
,P

)
b

e
a

p
rob

a
b

ility
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V
a
r
ia

t
io

n
a
l

in
f
e
r
e
n
c
e

f
o
r

h
id

d
e
n

d
if

f
u
si

o
n

p
r
o
c
e
ss

e
s

sp
ac

e,
w

h
er

e
F T

is
th

e
si

gm
a

al
ge

b
ra
σ

(W
s

:
s
≤
T

)
an

d
le

t
Π

p
ri

o
r

an
d
Q

d
en

o
te

th
e

th
e

la
w

s
of
X
t

an
d
Z
t

w
it

h
re

sp
ec

t
to
P

.
It

fo
ll

ow
s

b
y

G
ir

sa
n

ov
’s

T
h

eo
re

m
Ø

k
se

n
d

a
l

(2
0
03

),
th

at

E Q
[ lo

g

(
d
Q

d
Π

p
ri

o
r

)
]

=
1 2
E Q
[ ∫

T

0
ϕ

(s
,ω

)>
ϕ

(s
,ω

)d
s] ,

w
h

er
e
ϕ

(s
,ω

)
:=

σ
(Z

s
(ω

))
−

1
(u

(X
s
(ω

))
−
f

(X
s
(ω

))
)
.

T
h

er
ef

or
e,

th
e

re
la

ti
ve

en
tr

o
p
y

b
e-

tw
ee

n
Q

an
d

Π
p

ri
o
r

is

D
( Q
||Π

p
ri

o
r)

=
1 2
E Q
[ ∫

T

0
‖u

(X
s
,s

)
−
f

(X
s
)‖

2 a
(X

s
)
d
s] ,

w
h

er
e
‖u

(x
,s

)
−
f

(x
)‖

2 a
(x

)
:=

(u
(x
,s

)
−
f

(x
))

>
a
(x

)−
1

(u
(x
,s

)
−
f

(x
))

.
H

en
ce

,
th

e
ob

je
c-

ti
ve

fu
n

ct
io

n
in

P
ro

b
le

m
3

ca
n

b
e

ex
p

re
ss

ed
as

D
( Q
||Π

p
ri

o
r)

+
E Q
[ H

T
(·,
y
)]

=

∫
T

0
E Q
[ 1 2
‖u

(X
t,
t)
−
f

(X
t)
‖2 a

(X
t
)

+
y t

( u
(X

t,
t)

>
∇
h

(X
t)

+
1 2
σ

(X
t)

>
∇

2
h

(X
t)
σ

(X
t)

)
+

1 2
‖h

(X
t)
‖2
] d
t
−
y T

E Q
[ h

(X
T

)]
,

(1
6)

w
h

er
e

th
e

la
st

eq
u

al
it

y
is

d
u

e
to

F
u

b
in

i’
s

T
h

eo
re

m
an

d
It

ô’
s

L
em

m
a.

T
h

e
tw

o
co

u
p

li
n

g
co

n
st

ra
in

ts
(i

)
an

d
(i

i)
in

P
ro

b
le

m
3

ar
e

st
u

d
ie

d
in

th
e

n
ex

t
se

ct
io

n
an

d
w

il
l

fi
n

a
ll

y
a
ll

ow
u

s
to

re
fo

rm
u

la
te

d
P

ro
b

le
m

3
as

an
op

ti
m

al
co

n
tr

o
l

p
ro

b
le

m
.

4
.

M
u
lt

i-
d
im

e
n
si

o
n
a
l

S
D

E
w

it
h

p
re

sc
ri

b
e
d

m
a
rg

in
a
l

la
w

T
h

is
se

ct
io

n
es

ta
b

li
sh

es
co

n
d

it
io

n
s

on
th

e
d
ri

ft
fu

n
ct

io
n

in
th

e
ap

p
ro

x
im

a
te

S
D

E
(1

5
)

su
ch

th
at

th
e

in
d
u

ce
d

m
ar

gi
n

al
d

is
tr

ib
u

ti
on

s
ev

ol
v
e

in
a

gi
ve

n
ex

p
on

en
ti

al
fa

m
il

y.

D
e
fi

n
it

io
n

5
(E

x
p

o
n

e
n
ti

a
l

fa
m

il
y
)

L
et
H

1
,.
..
,H

m
be

H
il

be
rt

sp
a
ce

s
a
n

d
le

t
H

=
∏
m i=

1
H
i

be
en

d
o
w

ed
w

it
h

th
e

in
n

er
p
ro

d
u

ct
〈 ·,
·〉 .

L
et

th
e

fu
n

ct
io

n
s
c i

:
R
n
→
H
i

fo
r
i

=
1,
..
.,
m

be
li

n
ea

rl
y

in
d
ep

en
d
en

t,
h
a
ve

a
t

m
o
st

po
ly

n
o
m

ia
l

gr
o
w

th
,

be
tw

ic
e

co
n

ti
n

u
o
u

sl
y

d
iff

er
en

ti
a
bl

e
a
n

d
d
en

o
te
c(
x

)
=

(c
1
(x

),
..
.,
c m

(x
))

.
A

ss
u

m
e

th
a
t

th
e

co
n

ve
x

se
t

Γ
:=
{ Θ
∈
H

:
ψ

(Θ
)

=
lo

g
∫

ex
p
(〈

Θ
,c

(x
)〉
) d
x
<
∞
}

h
a
s

n
o
n

-e
m

p
ty

in
te

ri
o
r.

T
h
en

E
M

(c
)

=
{p

(·,
Θ

),
Θ
∈

Λ
},

p
(x
,Θ

)
:=

ex
p
(〈

Θ
,c

(x
)〉
−
ψ

(Θ
))
,

w
h
er

e
Λ
⊆

Γ
is

o
pe

n
,

is
ca

ll
ed

a
n

ex
po

n
en

ti
a
l

fa
m

il
y

o
f

p
ro

ba
bi

li
ty

d
en

si
ti

es
.

D
e
fi

n
it

io
n

6
(M

ix
tu

re
o
f

e
x
p

o
n

e
n
ti

a
l

fa
m

il
ie

s)
L

et
E

M
(c

(i
) )

fo
r
i

=
1,
..
.,
k

be
ex

po
-

n
en

ti
a
l

fa
m

il
ie

s
a
cc

o
rd

in
g

to
D

efi
n

it
io

n
5
.

T
h
en

E
M

(c
(1

) ,
..
.,
c(
k
) )

=

{
k ∑ `=

1

ν `
p
`(
·,Θ

(`
) )

:
p
`(
·,Θ

(`
) )
∈

E
M

(c
(`

) ),
ν
∈

∆
k

}

is
ca

ll
ed

a
m

ix
tu

re
o
f
k

ex
po

n
en

ti
a
l

fa
m

il
ie

s
o
f

p
ro

ba
bi

li
ty

d
en

si
ti

es
.
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S
u
t
t
e
r
,

G
a
n
g

u
ly

a
n
d

K
o
e
p
p
l

C
o
n

si
d

er
th

e
st

o
ch

as
ti

c
d

iff
er

en
ti

a
l

eq
u

a
ti

o
n

(1
5
),

w
h

er
e
u

:
R
n
×

R
→

R
n
,
σ

:
R
n
→

R
n
×
d

a
n

d
W

is
a
d
-d

im
en

si
o
n

a
l

B
ro

w
n

ia
n

m
o
ti

o
n

in
d

ep
en

d
en

t
o
f
x

0
.

A
ss

u
m

p
ti

o
n

7

1.
T

h
e

S
D

E
(1

5
)

sa
ti

sfi
es

A
ss

u
m

p
ti

o
n

1
.

2.
T

h
e

in
it

ia
l

co
n

d
it

io
n
x

0
h

as
a

d
en

si
ty
p

0
th

at
is

ab
so

lu
te

ly
co

n
ti

n
u

o
u

s
w

it
h

re
sp

ec
t

to
th

e
L

eb
es

gu
e

m
ea

su
re

a
n

d
h

as
fi
n

it
e

m
o
m

en
ts

of
a
n
y

or
d

er
.

3
.

T
h

e
u

n
iq

u
e

so
lu

ti
o
n
X
t

to
(1

5
)

a
d

m
it

s
a

d
en

si
ty
p
(x
,t

)
th

a
t

is
ab

so
lu

te
ly

co
n
ti

n
u

ou
s

w
it

h
re

sp
ec

t
to

th
e

L
eb

es
g
u

e
m

ea
su

re
a
n

d
th

a
t

sa
ti

sfi
es

th
e

K
ol

m
o
g
o
ro

v
fo

rw
a
rd

eq
u

at
io

n
.

P
ro

b
le

m
8

L
et

E
M

(c
(1

) ,
..
.,
c(
k
) )

be
a

m
ix

tu
re

o
f

ex
po

n
en

ti
a
l

fa
m

il
ie

s,
le

t
p

0
be

a
d
en

si
ty

co
n

ta
in

ed
in

E
M

(c
(1

) ,
..
.,
c(
k
) )

,
le

t
σ

be
a

d
iff

u
si

o
n

te
rm

a
n

d
le

t
a
(·)

:=
σ

(·)
σ

(·)
>

.
L

et
U(
x

0
,σ

)
d
en

o
te

th
e

se
t

o
f

a
ll

d
ri

ft
s
u

su
ch

th
a
t
x

0
,u
,σ

a
n

d
it

s
re

la
te

d
S

D
E

(1
5
)

sa
ti

sf
y

A
s-

su
m

p
ti

o
n

7
.

A
ss

u
m

e
U(
x

0
,σ

)
to

be
n

o
n

-e
m

p
ty

.
T

h
en

gi
ve

n
a

cu
rv

e
t
7→
p
(·,

Θ
(1

)
t
,.
..
,Θ

(k
)

t
)

in
E

M
(c

(1
) ,
..
.,
c(
k
) )

,
fi

n
d

a
d
ri

ft
in
U(
x

0
,σ

)
w

h
o
se

re
la

te
d

S
D

E
h
a
s

a
so

lu
ti

o
n

w
it

h
m

a
rg

in
a
l

d
en

si
ty
p
(·,

Θ
(1

)
t
,.
..
,Θ

(k
)

t
).

A
so

lu
ti

o
n

to
P

ro
b

le
m

8
is

g
iv

en
b
y

th
e

fo
ll

ow
in

g
th

eo
re

m
.

T
h

e
o
re

m
9

G
iv

en
th

e
a
ss

u
m

p
ti

o
n

s
a
n

d
n

o
ta

ti
o
n

o
f

P
ro

bl
em

8
.

C
o
n

si
d
er

th
e

S
D

E
(1

5
)

w
it

h
d
ri

ft
te

rm u
i(
x
,t

)
=

1 2

n ∑ j=
1

∂ ∂
x
j
a
ij

(x
)

+
1 2

n ∑ j=
1

a
ij

(x
)

∂
∂
x
j
p
(x
,Θ

(1
)

t
,.
..
,Θ

(k
)

t
)

p
(x
,Θ

(1
)

t
,.
..
,Θ

(k
)

t
)

−
1

p
(x
,Θ

(1
)

t
,.
..
,Θ

(k
)

t
)

k ∑ `=
1

ν `
p
`(
x
,Θ

(`
)

t
)
〈 Θ̇

(`
)

t
,I

(`
)

i
(x

)〉
,

fo
r
i

=
1,
..
.,
n

,
w

h
er

e

I(`
)

i
(x

)
:=

∫
x
i

−
∞
ϕ

(`
)

i
((
x
−
i,
ξ i

),
Θ

(`
)

t
)

ex
p
(〈

Θ
(`

)
t
,c

(`
) (x
−
i,
ξ i

)
−
c(
`)

(x
)〉)

d
ξ i
,

(1
7)

(x
i−
,ξ
i)

:=
(x

1
,.
..
,x

i−
1
,ξ
i,
x
i+

1
,.
..
,x

n
)>

a
n

d
th

e
fu

n
ct

io
n

s
ϕ

(`
)

i
:
R
n
×
H
→
H

fo
r

a
ll

`
=

1,
..
.,
k

sa
ti

sf
y

n ∑ i=
1

〈 Θ̇
(`

)
t
,ϕ

(`
)

i

( (x
−
i,
ξ i

),
Θ

(`
)

t

)〉
∣ ∣ ∣ ξ i

=
x
i

=
〈 Θ̇

(`
)

t
,c

(`
) (x

)
−
∇

Θ
ψ
`(

Θ
(`

)
t

)〉
.

(1
8)

If
u
∈
U(
x

0
,σ

),
th

en
th

e
S

D
E

(1
5
)

so
lv

es
P

ro
bl

em
8
,

i.
e.

,
X
t

h
a
s

a
d
en

si
ty

p
X
t
(x

)
=

k ∑ `=
1

ν `
ex

p
(〈

Θ
(`

)
t
,c

(`
) (x

)〉
−
ψ
`(

Θ
(`

)
t

)) ,
fo

r
a
ll
t
≤
T
.
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V
a
r
ia

t
io

n
a
l

in
f
e
r
e
n
c
e

f
o
r

h
id

d
e
n

d
if

f
u
sio

n
p
r
o
c
e
sse

s

T
h

e
p

ro
o
f

is
p

rov
id

ed
in

A
p

p
en

d
ix

B
.

R
e
m

a
rk

1
0

1
.

F
or

th
e

n
on

-m
ix

tu
re

a
n

d
o
n

e-d
im

en
sio

n
a
l

ca
se

(k
=
n

=
1),

th
e

resu
lt

is
k
n

ow
n

B
rig

o
(2

0
00

)
a
n

d
co

in
cid

es
w

ith
T

h
eo

rem
9
.

F
u

rth
erm

o
re,

it
ca

n
b

e
seen

b
y

th
e

p
ro

o
f

in
B

rig
o

(20
0
0)

an
d

b
y

in
vo

k
in

g
th

e
ex

isten
ce

a
n

d
u

n
iq

u
en

ess
th

eorem
for

O
D

E
s,

th
a
t

th
e

d
rift

fu
n

ctio
n
u

is
u

n
iq

u
ely

d
eterm

in
ed

.

2
.

F
o
r

th
e

m
u

lti-d
im

en
sio

n
a
l

case
(n

>
1),

th
e

d
rift

fu
n

ctio
n

is
n

o
t

u
n

iq
u

e
an

y
m

o
re,

as

th
ere

ex
ist

m
u

ltip
le

ch
oices

fo
r
ϕ

(`)
i

3.
T

h
is

gives
rise

to
a

n
a
tu

ra
l

q
u

estio
n

,
if

th
ere

ex
ist

a
p

articu
la

r
ch

o
ice

o
f
ϕ

(`)
i

su
ch

th
a
t

th
e

in
teg

ra
l

term
sI

(`)
i

in
(1

7
)

a
d

m
it

clo
sed

-

form
ex

p
ressio

n
s.

In
S

ectio
n

4
.1

(P
rop

o
sition

11
),

w
e

d
erive

su
ch

fu
n

ctio
n

s
ϕ

(`)
i

for
th

e
m

ix
tu

re
o
f

m
u

ltivariate
n

o
rm

a
l

d
en

sities.

3
.

In
a

n
on

-m
ix

tu
re

settin
g

(k
=

1
),

th
e

d
rift

fu
n
ctio

n
sim

p
lifi

es
to

u
i (x
,t)

=
12

n
∑j=

1

∂∂
x
j
a
i,j (x

)
+

12

n
∑j=

1

a
i,j (x

) 〈
Θ
t ,
∂
c(x

)

∂
x
j

〉

−
〈

Θ̇
t , ∫

x
i

−
∞
ϕ
i ((x

−
i ,ξ

i ),Θ
t )

ex
p [〈Θ

t ,c(x
−
i ,ξ

i )−
c(x

) 〉]
d
ξ
i 〉
,

w
h

ere
th

e
fu

n
ction

s
ϕ
i

h
ave

to
sa

tisfy
(18

).

A
s

rem
a
rked

,
th

e
d

rift
term

p
rop

o
sed

in
T

h
eo

rem
9

co
n

sists
o
f

th
e

in
teg

ra
l

term
s

(17
),

th
at

d
ep

en
d

o
n

th
e

p
a
rticu

la
r

ex
p

o
n

en
tia

l
fam

ilies
co

n
sid

ered
.

In
th

e
fo

llow
in

g,
w

e
restrict

o
u

rselves
to

th
e

m
ix

tu
re

o
f

m
u

ltiva
ria

te
n

orm
a
l
d

en
sities

an
d

sh
ow

th
a
t

th
ese

in
teg

ra
l
term

s,
a
n

d
h

en
ce

th
e

d
rift

fu
n

ctio
n

,
ad

m
it

a
closed

-fo
rm

ex
p

ressio
n

.

4
.1

M
ix

tu
re

o
f

m
u

ltiv
a
ria

te
n

o
rm

a
l

d
e
n

sitie
s

C
o
n

sid
er

th
e

fa
m

ily
of

m
u

ltiva
ria

te
G

a
u

ssia
n

d
istrib

u
tio

n
s

w
ith

m
ea

n
m
∈
R
n

a
n

d
cova

ri-
an

ce
m

a
trix

S
∈
S
ym

(n
,R

),
th

a
t

ca
n

b
e

ex
p
ressed

in
term

s
o
f

D
efi

n
itio

n
5

a
s

fo
llow

s.
L

et
th

e
H

ilb
ert

sp
ace
H

=
R
n
×

R
n×

n
b

e
en

d
ow

ed
w

ith
th

e
in

n
er

p
ro

d
u

ct
〈(a

,A
),(b,B

) 〉
=

a
>
b

+
tr(A

>
B

)
a
n

d
d

efi
n

e

Θ
=

(η
,θ)

:=

(
S
−

1m
,−

12
S
−

1 )
∈
H
,

c
:R

n
→
H
,

c(x
)

=
(x
,x
x

>
)

ψ
:H
→

R
,

ψ
(Θ

)
=
−

14
tr(η

η
>
θ −

1)
+

12
lo

g
d
et (−

12
θ −

1 )
+
n2

lo
g
(2π

).

(1
9)

A
d

irect
co

m
p

u
ta

tion
,

u
sin

g
tr(η

η
>
θ −

1)
=
η
>
θ −

1η
,

lea
d

s
to

p
(x
,Θ

)
=

ex
p (〈c(x

),Θ
〉−

ψ
(Θ

) )
=

1

(2π
)
n2

(d
et
S

)
12

ex
p (−

12
(x
−
m

) >
S
−

1(x
−
m

) )
.

3
.

F
o
r

ex
a
m

p
le,

ϕ
(`

)
i

(x
,Θ

(`
)

t
)

:=
δ
ij (c

(`
)(x

)−
∇

Θ
ψ
` (Θ

(`
)

t
))

fo
r

a
ll
j∈
{
1
,...,n}

a
re

fea
sib

le
ch

o
ices

fo
r
ϕ

(`
)

i
,

a
s

th
ey

sa
tisfy

(1
8
).

11
JM

L
R

 17(190):1-37

S
u
t
t
e
r
,

G
a
n
g

u
ly

a
n
d

K
o
e
p
p
l

W
e

p
oin

t
ou

t
aga

in
th

at
for

th
e

p
rop

osed
variation

al
m

eth
o
d

,
it

is
favou

rab
le

if
th

e
ap

p
rox

-
im

atin
g

S
D

E
(1

5)
h
as

a
d

rift
fu

n
ction

th
at

ad
m

its
a

closed
-form

ex
p

ression
.

F
u

rth
erm

ore,
sin

ce
th

e
d

rift
fu

n
ction

is
n

ot
u

n
iq

u
e

(cf.
R

em
ark

10),
am

on
g

all
feasib

le
solu

tion
s

ch
ar-

acterized
b
y

th
e
ϕ

(`)
i

fu
n

ction
s,

w
e

w
an

t
to

fi
n

d
on

e
th

at
can

b
e

co
m

p
u

ted
a
n
aly

tically.
T

h
e

la
tter

tu
rn

s
o
u

t
to

b
e

a
d

iffi
cu

lt
task

an
d

d
ep

en
d

in
g

h
eav

ily
on

th
e

sp
ecifi

c
ex

p
on

en
tial

fa
m

iliy
ch

osen
.

F
rom

n
ow

on
,

w
e

con
sid

er
th

e
ex

p
on

en
tial

fa
m

ily
of

th
e

m
u

ltivariate
n

o
rm

al
p

rob
ab

ility
d

en
sities

th
at

is
giv

en
b
y

(19).
In

th
is

settin
g,

it
is

p
ossib

le
to

fi
n

d
fu

n
ction

s

ϕ
(`)
i

su
ch

th
at

th
e

in
tegral

term
s

(17),
an

d
th

erefore
th

e
d

rift
fu

n
ction

,
can

b
e

com
p

u
ted

in
clo

sed
fo

rm
.

P
ro

p
o
sitio

n
1
1

F
o
r

th
e

m
ixtu

re
o
f

m
u

ltiva
ria

te
n

o
rm

a
l

d
en

sities,
o
n

e
po

ssible
ch

o
ice

fo
r

th
e

d
rift

fu
n

ctio
n

p
ro

po
sed

by
T

h
eo

rem
9

is

u
(x
,t)

=
12
d
iv (a

(x
) )

+

∑
k`=

1
ν
` p
` (x

,Θ
(`)
t

)

p
(x
,Θ

(1
)

t
,...,Θ

(k
)

t
) (

14
θ

(`)
t

−
1θ̇

(`)
t
θ

(`)
t

−
1η

(`)
t
−

12
θ

(`)
t

−
1η̇

(`)
t

−
12
θ

(`)
t

−
1θ̇

(`)
t
x

+
a
(x

) (
12
η

(`)
t

+
θ

(`)
t
x ))

.

T
h

e
p

ro
o
f

is
p

rov
id

ed
in

A
p

p
en

d
ix

C
.

R
e
m

a
rk

1
2

F
or

th
e

n
on

-m
ix

tu
re

settin
g

th
e

d
rift

term
sim

p
lifi

es
to

u
(x
,t)

=
12
d
iv (a

(x
) )

+
14
θ −

1
t
θ̇
t θ −

1
t
η
t −

12
θ −

1
t
η̇
t −

12
θ −

1
t
θ̇
t x

+
a
(x

) (
12
η
t
+
θ
t x )

,

th
a
t

in
th

e
sp

ecia
l
case

of
a

con
stan

t
d

iff
u

sion
term

is
a

lin
ear

fu
n

ction
,

as
o
n

e
w

ou
ld

ex
p

ect.

W
e

in
tro

d
u

ce
th

e
follow

in
g

an
satz

fo
r

th
e

d
rift

fu
n

ction

u
(x
,t)=

12
d
iv (a

(x
) )

+

∑
k`=

1 ν
` p
` (x

,Θ
(`)
t
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+
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−
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−
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d
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−
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p
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h
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`[ a
(X

)D
(`

)
t
X
]

(2
2)

a
n

d

d
S

(`
)

t

d
t

=
1 2
E p
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+
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p
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b
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∑
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∑
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∑
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∑
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d
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r
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.
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p
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p
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d
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b
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+
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+
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+
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u
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p
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p
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0
0
3
)

a
d
d
re

ss
es

a
re

la
te

d
p
ro

b
le

m
,
w

h
o
se

m
a
in

d
iff

er
en

ce
,
w

h
en

co
m

p
a
re

d
to

th
e

p
re

se
n
te

d
m

et
h
o
d
,

is
th

a
t

th
e

va
ri

a
ti

o
n
a
l

ch
a
ra

ct
er

iz
a
ti

o
n

co
n
si

d
er

ed
th

er
e

is
ex

a
ct

.

14
JM

L
R

 1
7(

19
0)

:1
-3

7



V
a
r
ia

t
io

n
a
l

in
f
e
r
e
n
c
e

f
o
r

h
id

d
e
n

d
if

f
u
sio

n
p
r
o
c
e
sse

s

U
n

d
er

th
e

assu
m

p
tio

n
th

a
t

th
e

d
rift

term
σ

is
a

p
o
ly

n
om

ia
l,

th
e

O
D

E
s

d
erived

in
th

e
p

rev
io

u
s

sectio
n

can
b

e
ex

p
ressed

in
sta

n
d

ard
fo

rm
.

W
e

d
efi

n
e

th
e

fu
n

ctio
n
H

:Z
×
V
→
Z

b
yH
(z

(t),v
(t))=

(H
(1

)
1

(z
(t),v

(t)),...,H
(1

)
4

(z
(t),v

(t)),...,H
(k

)
1

(z
(t),v

(t)),...,H
(k

)
4

(z
(t),v

(t)) )
,

w
h

ered
m

(`)
t

d
t

=
d
z

(`)
1

d
t

(t)
=
H

(`)
1

(z
(t),v

(t))
,

d
C

(`)
t

d
t

=
d
z

(`)
3

d
t

(t)
=
H

(`)
3

(z
(t),v

(t))
,

d
S

(`)
t

d
t

=
d
z

(`)
2

d
t

(t)
=
H

(`)
2

(z
(t),v

(t))
,

d
D

(`)
t

d
t

=
d
z

(`)
4

d
t

(t)
=
H

(`)
4

(z
(t),v

(t))
,

for
`

=
1,...,k

a
re

g
iven

b
y

(22
),

(2
3
)

an
d

(2
1
).

T
h
u
s,

w
e

h
ave

sh
ow

n
so

fa
r

in
th

is
a
rticle

th
a
t

P
ro

b
lem

3
ca

n
b

e
refo

rm
u
la

ted
as

th
e

follow
in

g
o
p

tim
a
l

co
n
tro

l
p

ro
b

lem



m
in

im
ize

v∈M
([0
,T

],V
)

J
(v

)
=
∫
T0
L

(t,z
(t),v

(t))d
t

+
F

(z
(T

))

su
b

ject
to

ż
(t)

=
H

(z
(t),v

(t)),
t∈

[0,T
]

a.e.
z
(0

)
=

z
0 ,

(28)

w
h

ere
M

([0,T
],V

)
d

en
o
tes

th
e

sp
ace

o
f

m
ea

su
ra

b
le

fu
n

ctio
n
s

from
[0
,T

]
to
V

.
It

rem
ain

s
to

d
iscu

ss
h

ow
to

fi
n

d
th

e
in

itia
l

con
d

itio
n
z

0
in

th
e

O
C

P
(2

8
).

A
stra

ig
h
tfo

rw
a
rd

,
h

ow
ever,

clea
rly

n
o
t

effi
cien

t,
m

eth
o
d

fo
r

th
at

is
solv

in
g

th
e

P
ard

ou
x

eq
u

a
tion

(8
),

w
h

ich
a
cco

rd
in

g

to
(9)

p
rov

id
es

th
e

sm
o
o
th

in
g

d
en

sity
a
t

in
itia

l
tim

e
a
s
P
S

(x
,0

)
=

p
0
(x

)w
(x
,0

)
∫R
n
p

0
(x

)w
(x
,0

)d
x
,

fro
m

w
h

ere
z

0
ca

n
b

e
d

eriv
ed

.

5
.1

M
a
x
im

u
m

p
rin

c
ip

le

W
e

d
erive

n
ecessa

ry
con

d
itio

n
s

fo
r

glo
b

a
l

o
p

tim
a
lity

o
f

th
e

o
p

tim
iza

tio
n

p
ro

b
lem

(2
8
)

th
at

are
p

rov
id

ed
b
y

th
e

P
o
n
try

ag
in

m
ax

im
u

m
p

rin
cip

le
(P

M
P

).
S

in
ce

th
e

co
n
tro

l
setV

is
u

n
-

b
o
u

n
d

ed
,
w

e
n

eed
a
n

ex
ten

d
ed

settin
g

of
th

e
stan

d
a
rd

P
M

P
,
see

(C
la

rke,
2
0
1
3
,
S

ectio
n

2
2
.4)

for
a

co
m

p
reh

en
sive

su
rvey.

It
req

u
ires

som
e

fu
rth

er
a
ssu

m
p

tio
n

s.

A
ssu

m
p

tio
n

1
5

L
et

th
e

p
ro

cess
(z
?(t),v

?(t))
t∈

[0
,T

]
b

e
a

lo
ca

l
m

in
im

izer
fo

r
th

e
O

C
P

(2
8
),

th
a
t

sa
tisfi

es

(i)
T

h
e

fu
n

ctio
n
F

is
co

n
tin

u
o
u

sly
d

iff
eren

tiab
le;

(ii)
T

h
e

fu
n

ctio
n

s
H

a
n

d
L

are
co

n
tin

u
o
u

s
a
n

d
ad

m
it

d
eriva

tiv
es

relative
to
z

w
h

ich
a
re

th
em

selves
co

n
tin

u
o
u

s
in

a
ll

va
riab

les
(t,z

,v
);

(iii)
T

h
ere

ex
ist

ε
>

0,
a

con
stan

t
c,

an
d

a
su

m
m

a
b

le
fu

n
ctio

n
d

su
ch

th
a
t

fo
r

a
lm

o
st

every
t∈

[0,T
],

w
e

h
ave

|z−
z
?(t)|≤

ε⇒
|∇

z (H
,L

)(t,z
,v
?(t))|≤

c|(H
,L

)(t,z
,v
?(t))|

+
d
(t).
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S
u
t
t
e
r
,

G
a
n
g

u
ly

a
n
d

K
o
e
p
p
l

N
o
te

th
at

A
ssu

m
p

tion
15(iii)

is
im

p
lied

if

|∇
z H

(t,z
,v

)|+
|∇

z L
(t,z

,v
)|≤

c
(|H

(t,z
,v

)|
+
|L

(t,z
,v

)|)
+
d
(t)

h
o
ld

s
fo

r
all

v
∈
V

w
h

en
z

is
restricted

to
a

b
ou

n
d

ed
set,

w
h

ich
is

satisfi
ed

b
y

m
an

y
sy

stem
s.

M
oreover,

th
e

con
d

ition
au

tom
atically

h
old

s
if
v
?

h
ap

p
en

s
to

b
e

b
ou

n
d

ed
.

L
e
m

m
a

1
6

(P
M

P
(C

la
rk

e
,

2
0
1
3
,

T
h

e
o
re

m
2
2
.2

))
G

iven
A

ssu
m

p
tio

n
1
5
,

let
th

e
p
ro

-
cess

(z
?(t),v

?(t))
t∈

[0
,T

]
be

a
loca

l
m

in
im

izer
fo

r
th

e
p
ro

blem
(28).

T
h
en

th
ere

exists
a
n

a
bso

lu
tely

co
n

tin
u

o
u

s
fu

n
ctio

n
p

:
[0,T

]→
Z

sa
tisfyin

g

1
.

th
e

a
d
jo

in
t

equ
a
tio

n
ṗ
(t)

=
−
∇
z 〈p

(t),H
(z
?(t),v

?(t)) 〉−
∇
z L

(t,z
?(t),v

?(t))
fo

r
a
lm

o
st

every
t∈

[0,T
];

2
.

th
e

tra
n

sversa
lity

co
n

d
itio

n
p
(T

)
=
∇
z F

(z
(T

));

3
.

th
e

m
a
xim

u
m

co
n

d
itio

n
〈p

(t),H
(z
?(t),v

?(t)) 〉
+
L

(t,z
?(t),v

?(t))
=

in
f

v∈V 〈p
(t),H

(z
?(t),v

) 〉
+
L

(t,z
?(t),v

)
fo

r

a
lm

o
st

every
t∈

[0,T
].

R
e
m

a
rk

1
7

1
.

G
iven

th
at

an
op

tim
al

p
ro

cess
(z
?,v

?)
ex

ists
5,

th
e

m
a
x
im

u
m

con
d

ition
3

ca
n

b
e

u
sed

to
d

eriv
e

a
feed

b
ack

law

v
?(t)∈

arg
m

in
v∈V

〈p
(t),H

(z
?(t),v

) 〉
+
L

(t,z
?(t),v

).

2.
L

em
m

a
1
6,

b
asically

lead
s

to
a

b
ou

n
d
ary

valu
e

p
rob

lem
w

ith
in

itial
con

d
ition

s
for

th
e

states
a
n

d
term

in
al

con
d

ition
s

for
th

e
ad

join
t

states,
th

at
p

rov
id

es
n

ecessa
ry

con
d

itio
n

s
for

glob
al

op
tim

ality
of

P
rob

lem
3.

W
e

su
m

m
a
rize

th
e

d
escrib

ed
m

eth
o
d

to
ap

p
rox

im
ate

th
e

sm
o
o
th

in
g

d
en

sity
in

tro
d

u
ced

so
fa

r.
It

b
a
sically

con
sists

of
th

e
follow

in
g

th
ree

step
s,

th
at

p
rov

id
e

a
solu

tion
to

P
rob

lem
3:

S
te

p
1

F
ix

a
m

ix
tu

re
of

ex
p

on
en

tial
fam

ilies
of

p
rob

ab
ility

d
en

sities,
e.g.,

th
e

m
ix

tu
re

of
m

u
ltivariate

n
orm

al
d

en
sities.

T
h

eorem
9,

th
at

sim
p

lifi
es

to
P

ro
p

ositio
n

1
1

for
th

e
m

u
ltivariate

n
orm

al
d

en
sities,

ch
aracterizes

th
e

ap
p

rox
im

ate
p

osterior
S

D
E

(15)
w

h
ose

so
lu

tion
a
d

m
its

m
argin

al
d

en
sities

evolv
in

g
in

th
e

ch
osen

m
ix

tu
re

of
ex

p
o
n

en
tial

fam
-

ilies.

S
te

p
2

G
iven

th
e

a
p

p
rox

im
ate

p
osterior

S
D

E
(15),

w
e

d
erive

an
op

tim
al

con
trol

form
u

lation
of

P
ro

b
lem

3.
F

or
th

e
m

ix
tu

re
of

m
u

ltivariate
n

orm
al

d
en

sities,
th

is
d

erivation
is

p
resen

ted
in

S
ection

s
4

an
d

5
an

d
fi

n
ally

lead
s

to
th

e
O

C
P

(28).

S
te

p
3

N
ecessary

co
n

d
ition

s
for

op
tim

ality
o
f

th
e

O
C

P
(28),

an
d

h
en

ce
for

P
rob

lem
3,

can
b

e
d

erived
from

P
on

tryagin
’s

m
ax

im
u

m
p

rin
cip

le
an

d
resu

lt
in

a
stru

ctu
red

b
ou

n
d

ary
va

lu
e

p
rob

lem
.

5
.

E
x
isten

ce
o
f

a
n

o
p
tim

a
l

p
ro

cess
ca

n
b

e
a
ssu

red
b
y

sta
n
d
a
rd

ex
isten

ce
resu

lts,
see

fo
r

ex
a
m

p
le

(C
la

rk
e,

2
0
1
3
,

T
h
eo

rem
2
3
.1

1
).
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V
a
r
ia

t
io

n
a
l

in
f
e
r
e
n
c
e

f
o
r

h
id

d
e
n

d
if

f
u
si

o
n

p
r
o
c
e
ss

e
s

R
e
m

a
rk

1
8

It
is

im
p

or
ta

n
t

to
n

ot
e

th
at

th
e

p
re

se
n
te

d
m

et
h

o
d

ch
o
os

es
th

e
b

es
t

a
p

p
ro

x
i-

m
at

in
g

S
D

E
in

a
d

es
ir

ed
cl

as
s

u
si

n
g

an
ob

je
ct

iv
e

d
is

ta
n

ce
m

ea
su

re
b

et
w

ee
n

th
e

co
rr

es
p

on
d

-
in

g
p

ro
b

ab
il

it
y

d
is

tr
ib

u
ti

on
s.

O
n

e
cr

u
ci

al
ad

va
n
ta

ge
of

th
is

ap
p

ro
ac

h
is

th
a
t

th
is

d
is

ta
n

ce
co

u
ld

b
e

q
u

an
ti

fi
ed

an
d

n
u

m
er

ic
al

ly
ca

lc
u

la
te

d
(n

ot
e

th
at

th
e

fi
rs

t
te

rm
in

L
em

m
a

2
ca

n
b

e
d

ir
ec

tl
y

co
m

p
u

te
d

an
d

th
e

re
m

ai
n

in
g

tw
o

te
rm

s
fo

rm
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
o
f

th
e

o
p

-
ti

m
al

co
n
tr

ol
p

ro
b

le
m

co
n

si
d

er
ed

),
an

d
h

en
ce

th
e

u
se

r
ge

ts
an

ex
ce

ll
en

t
es

ti
m

a
te

on
th

e
n

ec
es

sa
ry

ap
p

ro
x
im

at
in

g
er

ro
r.

F
or

in
st

an
ce

,
F

ig
u

re
1d

an
d

F
ig

u
re

2d
d

em
o
n

st
ra

te
d

th
e

ac
cu

ra
cy

of
co

rr
es

p
on

d
in

g
ap

p
ro

x
im

at
in

g
S

D
E

s
b
y

p
lo

tt
in

g
th

e
re

la
ti

ve
en

tr
o
p

ie
s

b
et

w
ee

n
th

e
ap

p
ro

x
im

at
e

m
o
d

el
s

an
d

th
e

ex
ac

t
on

es
fo

r
th

e
tw

o
ex

am
p

le
s

co
n

si
d

er
ed

in
th

e
p

a
p

er
.

5
.2

C
o
m

p
u

ta
ti

o
n

a
l

c
o
m

p
le

x
it

y

If
th

e
in

it
ia

l
co

n
d

it
io

n
to

th
e

O
C

P
(2

8)
is

k
n

ow
n

,
th

e
P

M
P

,
L

em
m

a
16

,
re

d
u
ce

s
to

a
b

o
u

n
d

-
ar

y
va

lu
e

p
ro

b
le

m
,

th
at

ca
n

u
su

al
ly

b
e

so
lv

ed
n
u

m
er

ic
al

ly
m

or
e

effi
ci

en
tl

y
th

a
n

(S
)P

D
E

s
b
y

u
si

n
g

n
u

m
er

ic
al

m
et

h
o
d

s
sp

ec
ifi

ca
ll

y
ta

il
or

ed
to

th
es

e
p

ro
b

le
m

s,
su

ch
a
s

th
e

sh
o
ot

in
g

m
et

h
o
d

,
se

e
S

to
er

an
d

B
u

li
rs

ch
(2

00
2)

.
T

h
er

ef
or

e,
th

e
m

a
jo

r
co

m
p

u
ta

ti
o
n

a
l

d
iffi

cu
lt

y
of

th
e

p
re

se
n
te

d
va

ri
at

io
n

al
ap

p
ro

ac
h

li
es

in
es

ti
m

at
in

g
th

e
in

it
ia

l
co

n
d

it
io

n
to

th
e

O
C

P
(2

8
),

fo
r

ex
am

p
le

v
ia

es
ti

m
at

in
g

th
e

sm
o
ot

h
in

g
d

en
si

ty
at

in
it

ia
l

ti
m

e.
A

st
ra

ig
h
tf

o
rw

a
rd

,
h

ow
-

ev
er

cl
ea

rl
y

n
ot

effi
ci

en
t,

m
et

h
o
d

fo
r

th
at

is
so

lv
in

g
th

e
P

ar
d

ou
x

eq
u

at
io

n
(8

),
a
s

ex
p

la
in

ed
in

S
ec

ti
on

2,
w

h
ic

h
w

e
u

se
d

in
th

e
n
u

m
er

ic
al

ex
am

p
le

s
in

S
ec

ti
on

8.
A

s
su

ch
,

w
h

er
ea

s
th

e
st

an
d

ar
d

P
D

E
ap

p
ro

ac
h

fo
r

co
m

p
u

ti
n

g
a

sm
o
ot

h
in

g
d

en
si

ty
re

q
u

ir
es

so
lv

in
g

a
Z

a
ka

i
eq

u
at

io
n

an
d

th
e

P
ar

d
ou

x
eq

u
at

io
n

(8
),

th
e

p
re

se
n
te

d
va

ri
at

io
n

al
ap

p
ro

ac
h

re
li

es
o
n

o
n

ly
a

P
ar

d
ou

x
eq

u
at

io
n

an
d

th
e

m
en

ti
on

ed
b

ou
n

d
ar

y
va

lu
e

p
ro

b
le

m
.

T
h

is
ca

n
u

su
a
ll

y
b

e
se

en
a
s

a
re

d
u

ct
io

n
in

te
rm

s
of

co
m

p
u

ta
ti

on
al

eff
or

t
re

q
u

ir
ed

an
d

is
d

em
on

st
ra

te
d

b
y

tw
o

n
u

m
er

ic
a
l

ex
am

p
le

s
in

S
ec

ti
on

8,
T

ab
le

1.
M

or
eo

v
er

,
fo

r
fu

tu
re

w
or

k
,

w
e

ai
m

to
st

u
d

y
th

e
d

er
iv

a
ti

on
of

an
es

ti
m

at
or

fo
r

th
e

m
ar

gi
n

al
sm

o
ot

h
in

g
d

en
si

ty
at

te
rm

in
al

ti
m

e
w

it
h

ou
t

so
lv

in
g

a
P

a
rd

o
u

x
eq

u
at

io
n

,
th

at
w

ou
ld

th
en

al
lo

w
u

s
to

a
p

p
ly

th
e

p
ro

p
os

ed
va

ri
at

io
n

al
ap

p
ro

x
im

at
io

n
m

et
h

o
d

to
h

ig
h

-d
im

en
si

on
al

p
ro

b
le

m
s,

se
e

S
ec

ti
on

9
fo

r
m

or
e

d
et

ai
ls

.
A

n
ot

h
er

id
ea

to
ci

rc
u

m
v
en

t
th

e
es

ti
m

at
io

n
of

th
is

m
en

ti
on

ed
te

rm
in

al
co

n
d

it
io

n
is

to
u

se
an

al
te

rn
at

iv
e

a
p

p
ro

a
ch

to
th

e
P

M
P

,
fo

r
ch

ar
ac

te
ri

zi
n

g
a

so
lu

ti
on

to
th

e
O

C
P

(2
8)

th
a
t

is
b

ri
efl

y
d

es
cr

ib
ed

in
th

e
fo

ll
ow

in
g

re
m

ar
k
.

R
e
m

a
rk

1
9

(S
e
m

id
e
fi

n
it

e
p

ro
g
ra

m
m

in
g
)

S
ol

u
ti

on
s

to
th

e
O

C
P

(2
8
)

ca
n

b
e

ch
a
ra

c-
te

ri
ze

d
v
ia

th
e

so
-c

al
le

d
w

ea
k

fo
rm

u
la

ti
on

w
h

ic
h

co
n

si
st

s
of

an
in

fi
n

it
e-

d
im

en
si

o
n

a
l

li
n

ea
r

p
ro

gr
am

,
se

e
(L

as
se

rr
e,

20
10

,
C

h
ap

te
r

10
)

fo
r

d
et

ai
ls

.
T

h
er

ef
or

e,
n
u

m
er

ic
a
l

a
p

p
ro

x
im

at
io

n
sc

h
em

es
to

su
ch

in
fi

n
it

e-
d

im
en

si
on

al
li

n
ea

r
p

ro
gr

am
s,

th
at

h
av

e
b

ee
n

st
u

d
ie

d
in

th
e

li
te

r-
at

u
re

,
ca

n
b

e
em

p
lo

ye
d

to
so

lv
e

P
ro

b
le

m
3.

T
h

is
ap

p
ro

ac
h

se
em

s
p

ar
ti

cu
la

rl
y

p
ro

m
is

in
g

w
h

en
th

e
d

at
a

of
th

e
O

C
P

(d
y
n

am
ic

s
an

d
co

st
s)

ar
e

d
es

cr
ib

ed
b
y

p
ol

y
n

o
m

ia
ls

,
a
s

th
en

th
e

se
m

in
al

L
as

se
rr

e
h

ie
ra

rc
h
y

b
as

ed
on

so
lv

in
g

a
se

q
u

en
ce

of
se

m
id

efi
n

it
e

p
ro

g
ra

m
s,

is
ap

p
li

ca
b

le
L

as
se

rr
e

(2
00

1,
20

10
).

5
.3

E
x
a
m

p
le

:
G

e
o
m

e
tr

ic
B

ro
w

n
ia

n
M

o
ti

o
n

W
e

co
n
ti

n
u

e
th

e
ge

om
et

ri
c

B
ro

w
n
ia

n
m

ot
io

n
ex

am
p

le
st

ar
te

d
in

S
ec

ti
on

s
2
.1

an
d

4
.3

a
n

d
fo

rm
u

la
te

th
e

co
rr

es
p

on
d

in
g

op
ti

m
al

co
n
tr

ol
p

ro
b

le
m

(2
8)

.
R

ec
al

l
th

at
th

e
st

a
te

va
ri

a
b

le
is

d
efi

n
ed

as
z
(t

)
:=

(m
t,
S
t,
C
t,
D
t)

an
d

th
e

co
n
tr

ol
va

ri
ab

le
as
v
(t

)
:=

(A
t,
B
t)

.
T

h
e

O
D

E
s

fo
r

1
7
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S
u
t
t
e
r
,

G
a
n
g

u
ly

a
n
d

K
o
e
p
p
l

th
e

st
at

e
va

ri
ab

le
s

a
re

gi
ve

n
b
y

(2
1
),

(2
5
)

a
n

d
(2

6
).

T
h

e
ob

je
ct

iv
e

fu
n

ct
io

n
o
f

th
e

o
p

ti
m

al
co

n
tr

o
l

p
ro

b
le

m
(2

8
)

ca
n

b
e

ex
p

re
ss

ed
a
s
F

(x
(T

))
=
−
y T
m
T

a
n

d

L
(t
,z

(t
),
v
(t

))
=

A
2 t

2
λ

2
(m

2 t
+
S
t)

+
A
t(
λ

2
+
B
t
−
κ

)

λ
2
m
t

+
(λ

2
+
B
t
−
κ

)2

2λ
2

+
A
tC

t
+
y t
A
t

+
m
t

( C
t(
λ

2
+
B
t
−
κ

)
+
A
tD

t
+
y t

(λ
2

+
B
t)
)

+
(m

2 t
+
S
t)

(
1 2
λ

2
C

2 t
+
D
t(
λ

2
+
B
t
−
κ

)
+

1 2
+
λ

2
y t
C
t)

+
(m

3 t
+

3
m
tS
t)
( λ

2
C
tD

t
+
λ

2
y t
D
t)

+
(m

4 t
+

6
m

2 t
S
t
+

3
S

2 t
)λ

2 2
D

2 t
,

w
h

er
e,

in
o
rd

er
to

d
er

iv
e

th
e

co
st

fu
n

ct
io

n
a
b

ov
e,

th
e

fi
rs

t
tw

o
in

ve
rs

e
m

o
m

en
ts

o
f
X
t

w
it

h
re

sp
ec

t
to
Q

h
av

e
b

ee
n

a
p

p
ro

x
im

a
te

d
.

D
u

e
to

th
e

n
o
n

-n
eg

a
ti

v
it

y
o
f

th
e

G
B

M
,

w
e

u
se

th
e

a
p

p
ro

x
im

at
io

n
E Q
[ X
−

1
t

]
≈

E Q
[ X

t] −
1

=
m
−

1
t

an
d
E Q
[ X
−

2
t

]
≈

E Q
[ X

t] −
2

=
(S
t

+
m

2 t
)−

1
,

w
h

os
e

ac
cu

ra
cy

h
as

b
ee

n
in

v
es

ti
ga

te
d

in
G

a
rc

ia
a
n

d
P

al
a
ci

o
s

(2
0
01

).

6
.

P
a
ra

m
e
te

r
in

fe
re

n
ce

T
h

e
go

al
o
f

th
is

se
ct

io
n

is
to

ou
tl

in
e

th
e

u
se

of
th

e
te

ch
n

iq
u

es
,

d
ev

el
o
p

ed
so

fa
r

fo
r

p
at

h
es

ti
m

a
ti

on
,

fo
r

in
fe

re
n

ce
of

p
ar

a
m

et
er

s
in

a
h

id
d

en
M

a
rk

ov
m

o
d

el
.

W
e

co
n

si
d

er
a

cl
a
ss

of
d

y
n

a
m

ic
al

sy
st

em
s

d
X
κ t

=
f

(X
κ t
,κ

)d
t

+
σ

(X
κ t
,κ

)d
W
t,

X
κ 0

=
x

0
,

0
≤
t
≤
T
,

(2
9
)

p
a
ra

m
et

ri
ze

d
b
y
κ

.
T

h
e

ob
se

rv
a
ti

on
p

ro
ce

ss
ca

n
b

e
m

o
d

el
ed

b
y

(2
),

b
u

t
a
s

d
is

cu
ss

ed
in

th
e

n
ex

t
se

ct
io

n
,

th
e

a
p

p
ro

ac
h

d
is

cu
ss

ed
b

el
ow

ca
n

a
ls

o
b

e
u

se
d

w
it

h
n

ec
es

sa
ry

m
o
d
ifi

ca
ti

o
n

s
fo

r
a

d
is

cr
et

e
ob

se
rv

at
io

n
p

ro
ce

ss
.

A
s

a
n

at
u

ra
l

n
ot

at
io

n
,

fo
r

ea
ch

p
a
ra

m
et

er
κ

,
th

e
p

ro
b

a
b

il
it

y
d

is
tr

ib
u

ti
o
n

of
X
κ [0
,T

]
on

C
w

il
l

b
e

d
en

ot
ed

b
y

Π
κ p

ri
o
r.

G
iv

en
a

sa
m

p
le

p
a
th
{y
t

:
0
≤

t
≤

T
}

of
th

e
ob

se
rv

a
-

ti
o
n

p
ro

ce
ss
Y

[0
,T

],
th

e
ob

je
ct

iv
e

is
to

se
le

ct
a
n

o
p
ti

m
a
l
κ
?
∈

R
d

su
ch

th
at

th
e

o
b

se
r-

va
ti

on
p

ro
ce

ss
(Y
t)
t∈

[0
,T

]
in

(2
)

h
as

a
h

ig
h

p
ro

b
a
b

il
it

y
of

re
p

ro
d

u
ci

n
g

th
e

gi
v
en

d
a
ta

y
.

T
h

is
is

b
a
si

ca
ll

y
th

e
in

fe
re

n
ce

sc
h

em
e

b
a
se

d
o
n

cl
a
ss

ic
a
l

m
ax

im
u

m
li

ke
li

h
o
o
d

es
ti

m
a
ti

on
,

an
d

w
e

p
ro

p
os

e
an

a
lg

or
it

h
m

si
m

il
a
r

to
th

e
li

n
es

o
f

ex
pe

ct
a
ti

o
n

m
a
xi

m
iz

a
ti

o
n

(E
M

)
a
lg

o
-

ri
th

m
(s

ee
C

ap
p
é

et
al

.
(2

0
0
5)

fo
r

a
co

m
p

re
h

en
si

ve
su

rv
ey

),
w

h
ic

h
a
im

s
to

o
b

ta
in

th
e

op
-

ti
m

al
κ
?

th
ro

u
gh

m
u

lt
ip

le
it

er
at

io
n

s.
R

ec
a
ll

in
g

(1
4
),

fo
r

ea
ch

κ
,

w
e

d
efi

n
e
I
κ
(H

T
(·,
y
))

:=

−
lo

g
( ∫

ex
p

(−
H
T

(·,
y
))

d
Π
κ p

ri
o
r) .

A
s

a
lr

ea
d

y
n

o
te

d
in

S
ec

ti
o
n

3
,

fo
r

ea
ch

p
a
ra

m
et

er
κ

,
th

e

te
rm

I
κ
(H

T
(·,
y
))

p
ro

v
id

es
th

e
to

ta
l

in
fo

rm
at

io
n

av
a
il

a
b

le
th

ro
u

g
h

th
e

sa
m

p
le

p
a
th
y
,

a
n

d
ca

n
b

e
in

te
rp

re
te

d
a
s

th
e

n
eg

a
ti

ve
lo

g
-l

ik
el

ih
o
o
d

o
f
y

g
iv

en
th

e
p

a
ra

m
et

er
κ

.
H

ow
ev

er
,

m
in

-
im

iz
in

g
th

is
n

eg
a
ti

ve
lo

g
-l

ik
el

ih
o
o
d

fu
n

ct
io

n
,

ev
en

if
n
u

m
er

ic
a
l

ev
a
lu

a
ti

on
of

it
ca

n
b

e
d

on
e,

u
su

a
ll

y
is

a
h

ar
d

p
ro

b
le

m
.

B
u

t,
as

m
en

ti
o
n

ed
in

S
ec

ti
o
n

3,
L

em
m

a
2

an
d

n
on

-n
eg

at
iv

it
y

of
th

e
re

la
ti

ve
en

tr
o
p
y

to
g
et

h
er

im
p

ly
th

a
t

an
u

p
p

er
b

o
u

n
d

to
th

is
n

eg
a
ti

ve
lo

g
-l

ik
el

ih
o
o
d

te
rm

is
gi

ve
n

b
y

th
e

ap
p

a
re

n
t

in
fo

rm
a
ti

on
,
F

(Q
,κ

)
:=

D
( Q
||Π

κ p
ri

o
r) +

E Q
[ H

T
(·,
y
)]

.
T

h
e

a
d

-

va
n
ta

g
e

o
f

th
is

ob
se

rv
a
ti

on
is

th
at

th
is

u
p

p
er

b
o
u

n
d

to
th

e
n

eg
at

iv
e

lo
g
-l

ik
el

ih
o
o
d

fu
n

ct
io

n
is

al
so

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

in
P

ro
b

le
m

3
,

fo
r

w
h

ic
h

th
e

p
ro

gr
a
m

fo
r

fi
n

d
in

g
th

e
m

in
i-

m
iz

er
Q

is
b
y

n
ow

w
el

l-
es

ta
b

li
sh

ed
.

T
h

er
ef

o
re

in
st

ea
d

of
m

in
im

iz
in

g
th

e
ac

tu
a
l

n
eg

a
ti

ve

1
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V
a
r
ia

t
io

n
a
l

in
f
e
r
e
n
c
e

f
o
r

h
id

d
e
n

d
if

f
u
sio

n
p
r
o
c
e
sse

s

lo
g
-likelih

o
o
d

,
w

e
m

in
im

ize
an

u
p

p
er

b
o
u

n
d

of
it.

T
h

e
p

a
th

to
fi

n
d

th
e

righ
t

p
a
ram

eter
κ

co
rresp

o
n

d
in

g
to

th
e

sa
m

p
le

p
ath

y
is

n
ow

q
u

ite
stan

d
ard

in
sta

tistics.
A

fter
in

itia
liza

tio
n

of
th

e
p

ara
m

eter
κ

,
w

e
fi

n
d

th
e

o
p

tim
a
l
Q

b
y

so
lv

in
g

th
e

P
ro

b
lem

3
,

an
d

th
en

in
th

e
su

b
-

seq
u

en
t

step
,

fo
r

th
is
Q

w
e

o
b

ta
in

th
e

o
p

tim
a
l

p
ara

m
eter

κ
b
y

m
in

im
izin

g
F

(Q
,κ

).
T

h
is

y
ield

s
a
n

itera
tive

E
M

-ty
p

e
alg

orith
m

w
h

ose
d

eta
ils

a
re

g
iven

b
elow

.

E
M

-ty
p

e
a
lg

o
rith

m

in
itia

liz
e

i
=

0,
κ
i

:=
κ̂

0

w
h

ile
i≤

M
S

te
p

1
:

co
m

p
u

te
Q
i

b
y

solv
in

g
P

ro
b

lem
3

w
ith

p
a
ram

eter
κ
i

S
te

p
2
:

u
p

d
ate

p
a
ra

m
eter

as
κ
i+

1 ∈
a
rg

m
in
κ
F

(Q
i ,κ

)

S
te

p
3
:

set
i→

i
+

1

R
e
m

a
rk

2
0

A
n

a
ly

zin
g

co
n
vergen

ce
of

th
e

a
b

ov
e

a
lg

orith
m

an
d

co
n

sisten
cy

o
f

th
e

a
b

ove
co

rresp
o
n

d
in

g
estim

a
to

r
is

th
e

n
ex

t
im

p
o
rtan

t
step

a
n

d
w

ill
b

e
a
d

d
ressed

in
o
u

r
fu

tu
re

p
ro

jects.

W
e

refer
to

S
ectio

n
8

fo
r

a
n
u

m
erical

v
isu

a
liza

tio
n

o
f

th
is

va
ria

tio
n

a
l
p

a
ra

m
eter

in
feren

ce
m

eth
o
d

ap
p

lied
to

tw
o

ex
a
m

p
les

a
n

d
to

S
ectio

n
9

fo
r

a
d

iscu
ssio

n
ab

o
u

t
co

n
verg

en
ce

a
n

d
co

n
sisten

cy
o
f

th
e

estim
ator

a
s

a
to

p
ic

o
f

fu
rth

er
resea

rch
.

7
.

D
iscre

te
tim

e
m

e
a
su

re
m

e
n
t

m
o
d
e
l

In
m

ost
p

ra
ctica

l
ex

a
m

p
les,

th
e

m
ea

su
rem

en
ts

o
f

p
h
y
sica

l
q
u

a
n
tities

a
re

p
ro

cessed
b
y

co
m

-
p

u
ters,

a
n

d
a
s

su
ch

th
e

d
a
ta

ava
ila

b
le

a
re

o
b

ta
in

ed
o
n

ly
a
t

d
iscrete

tim
es,

p
o
ten

tia
lly

re-
stricted

to
a

low
n
u

m
b

er.
T

h
e

g
oa

l
o
f

th
is

section
is

to
o
u

tlin
e

h
ow

th
e
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=
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ro
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b
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→
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b
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=
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=

∫
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.
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b
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+
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d
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Ỹ
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+
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ṗ
(t

)
=
−
∇
z

〈 p
(t

),
H

(z
?
(t

),
v
?
(t

))
〉 −
∇
z
L

(t
,z
?
(t

),
v
?
(t

))
fo

r
a
lm

o
st

a
ll
t
∈

[0
,T

];

2
.

th
e

tr
a
n

sv
er

sa
li

ty
co

n
d
it

io
n

s
p
(t
i)

=
p
(t
− i

)
−
∇
z
E Q
[ ι(
X
,t
i)
]

fo
r
i

=
1,
..
.,
N

a
n

d
p
(T

)
=

0;

2
1

JM
L

R
 1

7(
19

0)
:1

-3
7

S
u
t
t
e
r
,

G
a
n
g

u
ly

a
n
d

K
o
e
p
p
l

3
.

th
e

m
a
xi

m
u

m
co

n
d
it

io
n

〈 p
(t

),
H

(z
?
(t

),
v
?
(t

))
〉 +

L
(t
,z
?
(t

),
v
?
(t

))

=
su

p
v
∈M

([
0
,T

],
V)

〈 p
(t

),
H

(z
?
(t

),
v
(t

))
〉 +

L
(t
,z
?
(t

),
v
(t

))
fo

r
a
lm

o
st

a
ll
t
∈

[0
,T

].

P
ro

o
f

F
o
ll

ow
s

d
ir

ec
tl

y
fr

o
m

D
m

it
ru

k
a
n
d

K
a
g
an

ov
ic

h
(2

0
08

),
w

h
en

tr
a
n

sf
o
rm

in
g

p
ro

b
le

m
(2

8)
in

to
an

O
C

P
w

it
h

in
te

rm
ed

ia
te

co
n

st
ra

in
ts

.

R
e
m

a
rk

2
3

1
.

N
ot

e
th

a
t

th
e

d
a
ta

(m
ea

su
re

m
en

ts
)

en
te

r
th

e
ex

p
re

ss
io

n
th

ro
u

gh
th

e
co

st
fu

n
ct

io
n

,
n

am
el

y
th

e
te

rm
(4

0
),

w
h

ic
h

is
n

on
ze

ro
o
n

ly
at

m
ea

su
re

m
en

t
ti

m
es

{t
i}
N i=

1
a
n

d
le

a
d

s
to

ju
m

p
s

in
th

e
a
d

jo
in

t
st

at
e.

2.
L

em
m

a
22

,
b

a
si

ca
ll

y
le

a
d

s
to

a
b

o
u

n
d

ar
y

va
lu

e
p

ro
b

le
m

,
th

at
p

ro
v
id

es
n

ec
es

sa
ry

co
n

d
it

io
n

s
fo

r
o
p
ti

m
a
li

ty
o
f

P
ro

b
le

m
3
.

S
ee

S
ec

ti
o
n

5
.2

fo
r

a
d

is
cu

ss
io

n
ab

ou
t

h
ow

to
n
u
m

er
ic

al
ly

so
lv

e
it

.
W

e
re

fe
r

to
th

e
n
u

m
er

ic
a
l

ex
a
m

p
le

s
in

S
ec

ti
on

8
fo

r
th

e
p

er
fo

rm
an

ce
o
f

su
ch

a
so

lu
ti

on
.

8
.

S
im

u
la

ti
o
n

re
su

lt
s

In
th

is
se

ct
io

n
,

w
e

p
re

se
n
t

tw
o

ex
am

p
le

s
to

il
lu

st
ra

te
th

e
p

er
fo

rm
an

ce
o
f

th
e

va
ri

a
ti

o
n

al
a
p

p
ro

x
im

at
io

n
m

et
h

o
d

in
tr

o
d

u
ce

d
.

B
o
th

ex
a
m

p
le

s
h

av
e

im
p

or
ta

n
t

ap
p

li
ca

ti
o
n

s
in

m
a
th

e-
m

at
ic

al
fi

n
a
n

ce
.

A
s

a
fi

rs
t

ex
a
m

p
le

,
w

e
co

n
si

d
er

th
e

ge
o
m

et
ri

c
B

ro
w

n
ia

n
m

o
ti

o
n

th
at

w
e

in
tr

o
d

u
ce

d
a
s

a
ru

n
n

in
g

ex
a
m

p
le

in
S

ec
ti

o
n

s
2
.1

,
4.

3
a
n

d
5.

3
.

T
h

e
se

co
n

d
ex

am
p

le
is

co
n

-
ce

rn
ed

w
it

h
th

e
C

ox
-I

n
g
er

so
ll

-R
o
ss

p
ro

ce
ss

,
th

at
is

of
te

n
u

se
d

fo
r

d
es

cr
ib

in
g

th
e

ev
o
lu

ti
o
n

o
f

in
te

re
st

ra
te

s
C

ox
et

al
.

(1
9
85

).

8
.1

G
e
o
m

e
tr

ic
B

ro
w

n
ia

n
m

o
ti

o
n

A
s

p
re

se
n
te

d
in

S
ec

ti
on

s
2.

1
,

4.
3

a
n
d

5
.3

w
e

co
n

si
d

er
a

o
n

e-
d

im
en

si
on

a
l
ge

o
m

et
ri

c
B

ro
w

n
ia

n
m

ot
io

n
(G

B
M

)
(1

1
)

an
d

a
ss

u
m

e
th

a
t

th
e

av
a
il

a
b

le
d

a
ta

a
re

n
o
is

y
o
b

se
rv

at
io

n
s
{y
k
}N k

=
1

a
t

ti
m

e
t k

,
m

o
d

el
ed

b
y

th
e

o
b

se
rv

at
io

n
p

ro
ce

ss

Y
k

=
X
t k

+
ρ
k
,

w
h

er
e
{ρ

k
}N k

=
1

a
re

i.
i.

d
.

n
o
rm

a
l

ra
n

d
o
m

va
ri

ab
le

s
w

it
h

ze
ro

m
ea

n
,

st
a
n

d
a
rd

d
ev

ia
ti

o
n
R

an
d
t N

=
T

.

P
D

E
a
p
p
ro

a
ch

.
A

s
ex

p
la

in
ed

in
S

ec
ti

o
n

7
,

th
e

sm
o
o
th

in
g

d
en

si
ty

ca
n

b
e

ch
a
ra

ct
er

iz
ed

b
y

(3
3)

th
at

is
th

e
(n

or
m

a
li

ze
d

)
p
ro

d
u

ct
o
f

tw
o

d
en

si
ti

es
w

a
n

d
p
.

T
h

e
fi

rs
t

d
en

si
ty

sa
ti

sfi
es

eq
u

at
io

n
(3

5)
w

it
h

ju
m

p
co

n
d

it
io

n
s

(3
7)

a
t

th
e

m
ea

su
re

m
en

t
ti

m
es

an
d

te
rm

in
al

co
n

d
it

io
n

w
(x
,T

)
=

1
√

2
π
R

ex
p
( −

(x
−
y
N

)2

2
R

2

) .
It

s
m

a
rg

in
a
ls

a
re

sh
ow

n
in

F
ig

u
re

1
a
.

T
h
e

se
co

n
d

d
en

si
ty

,

ca
ll

ed
th

e
fi

lt
er

d
en

si
ty

,
is

g
iv

en
b
y

eq
u

a
ti

on
(3

4
)

w
it

h
ju

m
p

co
n

d
it

io
n

s
(3

6)
a
n

d
in

it
ia

l

co
n

d
it

io
n
p
(x
,0

)
=

1
√

2
π
x
σ

ex
p
( −

(l
o
g
x
−
µ

)2

2
σ

2

)
th

at
is

g
iv

en
b
y

(1
1
).

It
s

m
a
rg

in
a
ls

ar
e

sh
ow

n

in
F

ig
u

re
1b

.
T

h
e

sm
o
o
th

in
g

d
en

si
ty

is
d

ep
ic

te
d

in
F

ig
u

re
1c

a
s

th
e

so
li

d
li

n
e.

22
JM

L
R

 1
7(

19
0)

:1
-3

7



V
a
r
ia

t
io

n
a
l

in
f
e
r
e
n
c
e

f
o
r

h
id

d
e
n

d
if

f
u
sio

n
p
r
o
c
e
sse

s

V
a
ria

tio
n

a
l

a
p
p
ro

xim
a
tio

n
.

F
o
llow

in
g

S
ectio

n
4
.3,

th
e

d
rift

fu
n

ctio
n

fo
r

th
e

a
p

p
rox

im
a
tin

g
S

D
E

(1
5)

h
as

to
b

e
ch

osen
a
s

(2
4
).

T
h

e
o
p

tim
a
l
co

n
tro

l
p

rob
lem

can
b

e
fo

rm
u

la
ted

a
lo

n
g

th
e

lin
es

of
S

ectio
n

5
.3

,
ch

o
o
sin

g
th

e
d

iscrete-tim
e

m
ea

su
rem

en
t

settin
g

p
resen

ted
in

S
ectio

n
7
.

N
o
te

th
a
t

A
ssu

m
p

tio
n

21
ca

n
b

e
ea

sily
verifi

ed
to

h
o
ld

,
if

w
e

restrict
th

e
o
p

tim
izers

in
(28

)
to

b
o
u

n
d

ed
co

n
trols.

W
e

so
lve

th
e

b
o
u

n
d

a
ry

va
lu

e
p

ro
b

lem
o
b

ta
in

ed
fro

m
L

em
m

a
2
2

u
n

d
er

th
e

a
ssu

m
p

tio
n

th
at

th
e

sm
o
o
th

in
g

d
en

sity
a
t

in
itia

l
tim

e
is

ava
ila

b
le,

see
S

ectio
n

5
.2

fo
r

a
d

iscu
ssion

a
b

ou
t

th
is

a
ssu

m
p

tion
.

T
h

e
so

lu
tion

is
d

ep
icted

in
F

ig
u

re
1c

a
s

th
e

d
ash

ed
lin

e.
F

in
a
lly,

F
igu

re
1
d

sh
ow

s
th

e
rela

tive
en

tro
p
y

b
etw

een
th

e
m

arg
in

a
ls

o
f

th
e

sm
o
o
th

in
g

d
en

sity
o
b

tain
ed

b
y

th
e

P
D

E
a
p

p
ro

a
ch

a
n

d
th

e
va

ria
tio

n
al

m
eth

o
d

,
a
n

d
h

en
ce

refl
ects

th
e

a
ccu

ra
cy

o
f

th
e

va
ria

tion
al

a
p

p
rox

im
a
tion

.

P
a
ra

m
eter

in
feren

ce.
W

e
con

sid
er

th
e

ca
se

w
h

ere
th

e
d

rift
p

a
ra

m
eter

κ
in

(1
1
)

is
a
ssu

m
ed

to
b

e
u

n
k
n

ow
n

.
F

ig
u
re

1
e

sh
ow

s
th

e
p

erfo
rm

a
n

ce
o
f

th
e

E
M

-A
lgo

rith
m

in
tro

d
u

ced
in

S
ectio

n
6

for
a
n

in
itial

gu
ess

κ̂
0

=
4

o
f

th
e

u
n

k
n
ow

n
p

a
ra

m
eter.

It
ca

n
b

e
seen

th
at

th
e

estim
a
to

r
κ̂

is
clo

se
to

th
e

tru
e

va
lu

e
o
f
κ

=
1

in
d

icatin
g

th
e

effi
ca

cy
of

o
u
r

a
lg

orith
m

.
A

lso
,

th
e

a
lg

o
rith

m
co

n
verg

es
q
u

ite
rap

id
ly.

S
U

T
T

E
R

,
G

A
N

G
U

L
Y

,
A

N
D

K
O

E
P

P
L

/
P

A
T

H
E

S
T

IM
A

T
IO

N
A

N
D

V
A

R
IA

T
IO

N
A

L
IN

F
E

R
E

N
C

E
1
4

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t
=
T

(a)
L

ik
elih

o
o
d

d
en

sity
P
L

(x
,t)

0
.5

1
1
.5

2
0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t=
T

(b
)

F
ilter

d
en

sity
P
F

(x
,t)

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0

t
=

T4

t
=

T2

t
=

3
T4

t
=
T

(c)
S

m
o
otin

g
d

en
sity
P
S

(x
,t)

0
5·

1
0 −

2
0
.1

0
.1

5
0
.2

0

2·
1
0 −

3

4·
1
0 −

3

6·
1
0 −

3

8·
1
0 −

3

t

D [Q
||Π

p
o
s
t ]

(d
)

R
elativ

e
en

trop
y

0
5
0
0

1
,0

0
0

1
,5

0
0

2
,0

0
0

1 2 3 4

Itera
tio

n
s

o
f

E
M

a
lg

o
rith

m

µ̂

(e)
P

a
ram

eter
in

feren
ce,

µ̂
=

1.1
867

F
ig

1:
G

eom
etric

B
row

n
ian

M
o
tion

:
P

D
E

(solid
)

v
s

va
riatio

n
al

ap
p

ro
a
ch

(d
a
sh

ed
)

8
.

C
o
n

c
lu

sio
n

.
T

ob
ia

s:
M

en
tion

th
a
t

w
ith

th
e

p
resen

ted
m

eth
o
d

(com
p

a
red

to
stan

d
ard

M
C

M
C

or
E

x
ten

d
ed

K
a
lm

a
n

S
m

o
o
th

in
g

m
eth

o
d

s)
o
n

e
gets

th
e

fu
ll

p
o
sterio

r
S

D
E

,
w

h
ich

ca
n

b
e

u
sefu

l
in

m
an

y
d

if-
feren

t
settin

g
s

(e.g.,
reach

ab
ility

ty
p

e
q
u

estio
n

s,
o
r

w
h
en

estim
atin

g
a

fu
n

ctio
n

al
....

T
ob

ia
s:

m
en

tio
n

n
u

m
erica

l
in

vestig
ation

s
as

o
u

tlo
o
k

—
sh

o
o
tin

g
m

eth
o
d

s
etc.

(a)
D

en
sity

w
(x
,t)

S
U

T
T

E
R

,
G

A
N

G
U

L
Y

,
A

N
D

K
O

E
P

P
L

/
P

A
T

H
E

S
T

IM
A

T
IO

N
A

N
D

V
A

R
IA

T
IO

N
A

L
IN

F
E

R
E

N
C

E
14

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t
=
T

(a)
L

ik
elih

o
o
d

d
en

sity
P
L

(x
,t)

0
.5

1
1
.5

2
0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t=
T

(b
)

F
ilter

d
en

sity
P
F

(x
,t)

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0

t
=

T4

t
=

T2

t
=

3
T4

t
=
T

(c)
S

m
o
o
tin

g
d

en
sity
P
S

(x
,t)

0
5·

1
0 −

2
0
.1

0
.1

5
0
.2

0

2·
1
0 −

3

4·
1
0 −

3

6·
1
0 −

3

8·
1
0 −

3

t

D [Q
||Π

p
o
s
t ]

(d
)

R
ela

tiv
e

en
tro

p
y

0
5
0
0

1
,0

0
0

1
,5

0
0

2
,0

0
0

1 2 3 4

Itera
tio

n
s

o
f

E
M

a
lg

o
rith

m

µ̂

(e)
P

aram
eter

in
feren

ce,
µ̂

=
1.1

8
67

F
ig

1
:

G
eo

m
etric

B
row

n
ia

n
M

o
tion

:
P

D
E

(solid
)

v
s

va
ria

tion
al

a
p

p
ro

ach
(d

ash
ed

)

8
.

C
o
n

c
lu

sio
n

.
T

ob
ias:

M
en

tion
th

a
t

w
ith

th
e

p
resen

ted
m

eth
o
d

(co
m

p
ared

to
stan

d
a
rd

M
C

M
C

o
r

E
x
ten

d
ed

K
alm

an
S

m
o
oth

in
g

m
eth

o
d

s)
on

e
g
ets

th
e

fu
ll

p
osterior

S
D

E
,

w
h

ich
can

b
e

u
sefu

l
in

m
a
n
y

d
if-

feren
t

settin
gs

(e.g
.,

rea
ch

a
b

ility
ty

p
e

q
u

estion
s,

or
w

h
en

estim
a
tin

g
a

fu
n

ction
a
l

....

T
ob

ias:
m

en
tion

n
u

m
erical

in
vestigatio

n
s

a
s

ou
tlo

o
k

—
sh

o
o
tin

g
m

eth
o
d

s
etc.

(b
)

F
ilter

d
en

sity
p
(x
,t)

S
U

T
T

E
R

,
G

A
N

G
U

L
Y

,
A

N
D

K
O

E
P

P
L

/
P

A
T

H
E

S
T

IM
A

T
IO

N
A

N
D

V
A

R
IA

T
IO

N
A

L
IN

F
E

R
E

N
C

E
14

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t
=
T

(a
)

L
ik

elih
o
o
d

d
en

sity
P
L

(x
,t)

0
.5

1
1
.5

2
0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t=
T

(b
)

F
ilter

d
en

sity
P
F

(x
,t)

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0

t
=

T4

t
=

T2

t
=

3
T4

t
=
T

(c)
S

m
o
otin

g
d

en
sity
P
S

(x
,t)

0
5·

1
0 −

2
0
.1

0
.1

5
0
.2

0

2·
1
0 −

3

4·
1
0 −

3

6·
1
0 −

3

8·
1
0 −

3

t

D [Q
||Π

p
o
s
t ]

(d
)

R
elativ

e
en

trop
y

0
5
0
0

1
,0

0
0

1
,5

0
0

2
,0

0
0

1 2 3 4

Itera
tio

n
s

o
f

E
M

a
lg

o
rith

m

µ̂

(e)
P

aram
eter

in
feren

ce,
µ̂

=
1.1867

F
ig

1
:

G
eom

etric
B

row
n

ian
M

otion
:

P
D

E
(solid

)
v
s

va
riatio

n
al

ap
p

roach
(d

a
sh

ed
)

8
.

C
o
n

c
lu

sio
n

.
T

ob
ias:

M
en

tion
th

at
w

ith
th

e
p

resen
ted

m
eth

o
d

(com
p

a
red

to
stan

d
a
rd

M
C

M
C

o
r

E
x
ten

d
ed

K
a
lm

a
n

S
m

o
o
th

in
g

m
eth

o
d

s)
o
n

e
gets

th
e

fu
ll

p
osterio

r
S

D
E

,
w

h
ich

can
b

e
u

sefu
l

in
m

a
n
y

d
if-

feren
t

settin
g
s

(e.g
.,

reach
a
b

ility
ty

p
e

q
u

estion
s,

or
w

h
en

estim
a
tin

g
a

fu
n

ction
a
l

....

T
ob

ias:
m

en
tio

n
n
u

m
erical

in
vestigation

s
a
s

o
u

tlo
ok

—
sh

o
otin

g
m

eth
o
d

s
etc.

(c)
S
m

o
otin

g
d
en

sityP
S

(x
,t)

1
8

S
U

T
T

E
R

,
G

A
N

G
U

L
Y

,
K

O
E

P
P

L
S

U
T

T
E

R
,

G
A

N
G

U
L
Y

,
A

N
D

K
O

E
P

P
L

/
P

A
T

H
E

S
T

IM
A

T
IO

N
A

N
D

V
A

R
IA

T
IO

N
A

L
IN

F
E

R
E

N
C

E
1
4

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t
=
T

(a)
L

ik
elih

o
o
d

d
en

sity
P
L

(x
,t)

0
.5

1
1
.5

2
0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t=
T

(b
)

F
ilter

d
en

sity
P
F

(x
,t)

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0

t
=

T4

t
=

T2

t
=

3
T4

t
=
T

(c)
S

m
o
otin

g
d

en
sity
P
S

(x
,t)

0
5·

1
0 −

2
0
.1

0
.1

5
0
.2

0

2·
1
0 −

3

4·
1
0 −

3

6·
1
0 −

3

8·
1
0 −

3

t

D [Q
||Π

p
o
s
t ]

(d
)

R
elativ

e
en

trop
y

0
5
0
0

1
,0

0
0

1
,5

0
0

2
,0

0
0

1 2 3 4

Itera
tio

n
s

o
f

E
M

a
lg

o
rith

m

µ̂

(e)
P

aram
eter

in
feren

ce,
µ̂

=
1.1867

F
ig

1:
G

eom
etric

B
row

n
ian

M
o
tion

:
P

D
E

(so
lid

)
v
s

variation
al

ap
p

roach
(d

ash
ed

)

8
.
C
o
n
c
lu
sio

n
.

T
ob

ias:
M

en
tion

th
at

w
ith

th
e

p
resen

ted
m

eth
o
d

(co
m

p
ared

to
stan

d
ard

M
C

M
C

or
E

x
ten

d
ed

K
a
lm

a
n

S
m

o
oth

in
g

m
eth

o
d

s)
o
n

e
gets

th
e

fu
ll

p
osterior

S
D

E
,

w
h

ich
can

b
e

u
sefu

l
in

m
an

y
d

if-
feren

t
settin

gs
(e.g

.,
reach

ab
ility

ty
p

e
q
u

estio
n

s,
or

w
h
en

estim
atin

g
a

fu
n

ction
al

....

T
ob

ias:
m

en
tio

n
n
u

m
erical

in
vestigation

s
a
s

ou
tlo

o
k

—
sh

o
otin

g
m

eth
o
d

s
etc.

(a
)
D
en

sity
v
(x
,t)

S
U

T
T

E
R

,
G

A
N

G
U

L
Y

,
A

N
D

K
O

E
P

P
L

/
P

A
T

H
E

S
T

IM
A

T
IO

N
A

N
D

V
A

R
IA

T
IO

N
A

L
IN

F
E

R
E

N
C

E
1
4

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t
=
T

(a)
L

ik
elih

o
o
d

d
en

sity
P
L

(x
,t)

0
.5

1
1
.5

2
0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t=
T

(b
)

F
ilter

d
en

sity
P
F

(x
,t)

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0

t
=

T4

t
=

T2

t
=

3
T4

t
=
T

(c)
S

m
o
otin

g
d

en
sity
P
S

(x
,t)

0
5·

1
0 −

2
0
.1

0
.1

5
0
.2

0

2·
1
0 −

3

4·
1
0 −

3

6·
1
0 −

3

8·
1
0 −

3

t

D [Q
||Π

p
o
s
t ]

(d
)

R
elativ

e
en

trop
y

0
5
0
0

1
,0

0
0

1
,5

0
0

2
,0

0
0

1 2 3 4

Itera
tio

n
s

o
f

E
M

a
lg

o
rith

m

µ̂

(e)
P

aram
eter

in
feren

ce,
µ̂

=
1.1867

F
ig

1:
G

eom
etric

B
row

n
ian

M
o
tion

:
P

D
E

(so
lid

)
v
s

variation
al

ap
p

roach
(d

ash
ed

)

8
.
C
o
n
c
lu
sio

n
.

T
ob

ias:
M

en
tion

th
at

w
ith

th
e

p
resen

ted
m

eth
o
d

(co
m

p
ared

to
stan

d
ard

M
C

M
C

or
E

x
ten

d
ed

K
a
lm

a
n

S
m

o
oth

in
g

m
eth

o
d

s)
o
n

e
gets

th
e

fu
ll

p
osterior

S
D

E
,

w
h

ich
can

b
e

u
sefu

l
in

m
an

y
d

if-
feren

t
settin

gs
(e.g

.,
reach

ab
ility

ty
p

e
q
u

estio
n

s,
or

w
h
en

estim
atin

g
a

fu
n

ction
al

....

T
ob

ias:
m

en
tio

n
n
u

m
erical

in
vestigation

s
a
s

ou
tlo

o
k

—
sh

o
otin

g
m

eth
o
d

s
etc.

(b
)
F
ilter

d
en

sity
p
(x
,t)

S
U

T
T

E
R

,
G

A
N

G
U

L
Y

,
A

N
D

K
O

E
P

P
L

/
P

A
T

H
E

S
T

IM
A

T
IO

N
A

N
D

V
A

R
IA

T
IO

N
A

L
IN

F
E

R
E

N
C

E
14

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t
=
T

(a)
L

ik
elih

o
o
d

d
en

sity
P
L

(x
,t)

0
.5

1
1
.5

2
0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t=
T

(b
)

F
ilter

d
en

sity
P
F

(x
,t)

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0

t
=

T4

t
=

T2

t
=

3
T4

t
=
T

(c)
S

m
o
otin

g
d

en
sity
P
S

(x
,t)

0
5·

1
0 −

2
0
.1

0
.1

5
0
.2

0

2·
1
0 −

3

4·
1
0 −

3

6·
1
0 −

3

8·
1
0 −

3

t

D [Q
||Π

p
o
s
t ]

(d
)

R
elativ

e
en

trop
y

0
5
0
0

1
,0

0
0

1
,5

0
0

2
,0

0
0

1 2 3 4

Itera
tio

n
s

o
f

E
M

a
lg

o
rith

m

µ̂

(e)
P

aram
eter

in
feren

ce,
µ̂

=
1.1867

F
ig

1:
G

eo
m

etric
B

row
n

ia
n

M
otio

n
:

P
D

E
(solid

)
v
s

varia
tio

n
a
l

a
p

p
roa

ch
(d

a
sh

ed
)

8
.
C
o
n
c
lu
sio

n
.

T
ob

ia
s:

M
en

tion
th

a
t

w
ith

th
e

p
resen

ted
m

eth
o
d

(com
p

ared
to

stan
d

a
rd

M
C

M
C

o
r

E
x
ten

d
ed

K
alm

an
S

m
o
o
th

in
g

m
eth

o
d

s)
on

e
g
ets

th
e

fu
ll

p
o
sterior

S
D

E
,

w
h

ich
can

b
e

u
sefu

l
in

m
an

y
d

if-
feren

t
settin

gs
(e.g.,

rea
ch

ab
ility

ty
p

e
q
u

estion
s,

o
r

w
h
en

estim
atin

g
a

fu
n

ctio
n

a
l

....

T
ob

ia
s:

m
en

tion
n
u

m
erical

in
vestig

atio
n

s
as

ou
tlo

ok
—

sh
o
o
tin

g
m

eth
o
d

s
etc.

(c)
S
m
o
o
tin

g
d
en

sity
P
S
(x
,t)

0
5·

1
0 −

2
0
.1

0
.15

0.2
0 2 4 6 8

·1
0 −

3

t

D
(
Q

(
t
)||Π

(
t
)

p
o
s
t )

(d
)
R
ela

tiv
e
en

tro
p
y

0
5
00

1,00
0

1,5
00

2
,0

00
1 2 3 4

Iteration
s

of
E

M
alg

orith
m

κ̂

(e)
P
a
ra
m
eter

in
feren

ce,
η̂
=

1
.1
8
6
7

F
ig

.
1:

G
eom

etric
B

row
n

ia
n

m
otion

:
C

om
p

a
rison

of
th

e
P

D
E

so
lu

tion
(so

lid
)

versu
s

th
e

variatio
n

al
a
p

p
ro

ach
(d

a
sh

ed
).

T
h

e
con

sid
ered

n
u

m
erical

va
lu

es
are:

η
=

1,
λ

=
0.1,

R
=

0.1
5,
T

=
0.2s,

µ
=

0,
σ

=
0.2

5,
N

=
4,
t
1

=
T
/
4,
t
2

=
T
/
2,
t
3

=
3T
/
4

a
n

d
t
4

=
T

.

(d
)

R
ela

tive
en

tro
p
y

1
8

S
U

T
T

E
R

,
G

A
N

G
U

L
Y

,
K

O
E

P
P

L
S

U
T

T
E

R
,

G
A

N
G

U
L
Y

,
A

N
D

K
O

E
P

P
L

/
P

A
T

H
E

S
T

IM
A

T
IO

N
A

N
D

V
A

R
IA

T
IO

N
A

L
IN

F
E

R
E

N
C

E
14

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t
=
T

(a)
L

ik
elih

o
o
d

d
en

sity
P
L

(x
,t)

0
.5

1
1
.5

2
0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t=
T

(b
)

F
ilter

d
en

sity
P
F

(x
,t)

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0

t
=

T4

t
=

T2

t
=

3
T4

t
=
T

(c)
S

m
o
o
tin

g
d

en
sity
P
S

(x
,t)

0
5·

1
0 −

2
0
.1

0
.1

5
0
.2

0

2·
1
0 −

3

4·
1
0 −

3

6·
1
0 −

3

8·
1
0 −

3

t

D [Q
||Π

p
o
s
t ]

(d
)

R
elativ

e
en

trop
y

0
5
0
0

1
,0

0
0

1
,5

0
0

2
,0

0
0

1 2 3 4

Itera
tio

n
s

o
f

E
M

a
lg

o
rith

m

µ̂

(e)
P

aram
eter

in
feren

ce,
µ̂

=
1.1867

F
ig

1
:

G
eo

m
etric

B
row

n
ian

M
otion

:
P

D
E

(solid
)

v
s

variation
al

ap
p

ro
ach

(d
ash

ed
)

8
.
C
o
n
c
lu
sio

n
.

T
ob

ias:
M

en
tion

th
at

w
ith

th
e

p
resen

ted
m

eth
o
d

(com
p

a
red

to
sta

n
d

ard
M

C
M

C
or

E
x
ten

d
ed

K
alm

an
S

m
o
oth

in
g

m
eth

o
d

s)
o
n

e
gets

th
e

fu
ll

p
osterio

r
S

D
E

,
w

h
ich

ca
n

b
e

u
sefu

l
in

m
an

y
d

if-
feren

t
settin

g
s

(e.g
.,

reach
a
b

ility
ty

p
e

q
u

estio
n

s,
or

w
h
en

estim
atin

g
a

fu
n

ction
al

....

T
ob

ias:
m

en
tion

n
u

m
erica

l
in

vestigation
s

a
s

o
u

tlo
ok

—
sh

o
otin

g
m

eth
o
d

s
etc.

(a
)
D
en

sity
v
(x
,t)

S
U

T
T

E
R

,
G

A
N

G
U

L
Y

,
A

N
D

K
O

E
P

P
L

/
P

A
T

H
E

S
T

IM
A

T
IO

N
A

N
D

V
A

R
IA

T
IO

N
A

L
IN

F
E

R
E

N
C

E
14

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t
=
T

(a)
L

ik
elih

o
o
d

d
en

sity
P
L

(x
,t)

0
.5

1
1
.5

2
0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t=
T

(b
)

F
ilter

d
en

sity
P
F

(x
,t)

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0

t
=

T4

t
=

T2

t
=

3
T4

t
=
T

(c)
S

m
o
o
tin

g
d

en
sity
P
S

(x
,t)

0
5·

1
0 −

2
0
.1

0
.1

5
0
.2

0

2·
1
0 −

3

4·
1
0 −

3

6·
1
0 −

3

8·
1
0 −

3

t

D [Q
||Π

p
o
s
t ]

(d
)

R
elativ

e
en

trop
y

0
5
0
0

1
,0

0
0

1
,5

0
0

2
,0

0
0

1 2 3 4

Itera
tio

n
s

o
f

E
M

a
lg

o
rith

m

µ̂

(e)
P

aram
eter

in
feren

ce,
µ̂

=
1.1867

F
ig

1
:

G
eo

m
etric

B
row

n
ian

M
otion

:
P

D
E

(solid
)

v
s

variation
al

ap
p

ro
ach

(d
ash

ed
)

8
.
C
o
n
c
lu
sio

n
.

T
ob

ias:
M

en
tion

th
at

w
ith

th
e

p
resen

ted
m

eth
o
d

(com
p

a
red

to
sta

n
d

ard
M

C
M

C
or

E
x
ten

d
ed

K
alm

an
S

m
o
oth

in
g

m
eth

o
d

s)
o
n

e
gets

th
e

fu
ll

p
osterio

r
S

D
E

,
w

h
ich

ca
n

b
e

u
sefu

l
in

m
an

y
d

if-
feren

t
settin

g
s

(e.g
.,

reach
a
b

ility
ty

p
e

q
u

estio
n

s,
or

w
h
en

estim
atin

g
a

fu
n

ction
al

....

T
ob

ias:
m

en
tion

n
u

m
erica

l
in

vestigation
s

a
s

o
u

tlo
ok

—
sh

o
otin

g
m

eth
o
d

s
etc.

(b
)
F
ilter

d
en

sity
p
(x
,t)

S
U

T
T

E
R

,
G

A
N

G
U

L
Y

,
A

N
D

K
O

E
P

P
L

/
P

A
T

H
E

S
T

IM
A

T
IO

N
A

N
D

V
A

R
IA

T
IO

N
A

L
IN

F
E

R
E

N
C

E
1
4

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t
=
T

(a)
L

ik
elih

o
o
d

d
en

sity
P
L

(x
,t)

0
.5

1
1
.5

2
0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t=
T

(b
)

F
ilter

d
en

sity
P
F

(x
,t)

0
.8

1
1
.2

1
.4

1
.6

0 2 4 6

x

t
=

0

t
=

T4

t
=

T2

t
=

3
T4

t
=
T

(c)
S

m
o
otin

g
d

en
sity
P
S

(x
,t)

0
5·

1
0 −

2
0
.1

0
.1

5
0
.2

0

2·
1
0 −

3

4·
1
0 −

3

6·
1
0 −

3

8·
1
0 −

3

t

D [Q
||Π

p
o
s
t ]

(d
)

R
elativ

e
en

trop
y

0
5
0
0

1
,0

0
0

1
,5

0
0

2
,0

0
0

1 2 3 4

Itera
tio

n
s

o
f

E
M

a
lg

o
rith

m

µ̂

(e)
P

aram
eter

in
feren

ce,
µ̂

=
1.1867

F
ig

1:
G

eom
etric

B
row

n
ia

n
M

otion
:

P
D

E
(so

lid
)

v
s

variation
al

a
p

p
ro

ach
(d

a
sh

ed
)

8
.
C
o
n
c
lu
sio

n
.

T
o
b

ias:
M

en
tion

th
at

w
ith

th
e

p
resen

ted
m

eth
o
d

(co
m

p
ared

to
stan

d
ard

M
C

M
C

or
E

x
ten

d
ed

K
a
lm

a
n

S
m

o
oth

in
g

m
eth

o
d

s)
on

e
gets

th
e

fu
ll

p
osterior

S
D

E
,

w
h

ich
can

b
e

u
sefu

l
in

m
an

y
d

if-
feren

t
settin

gs
(e.g.,

reach
ab

ility
ty

p
e

q
u

estion
s,

or
w

h
en

estim
atin

g
a

fu
n

ction
al

....

T
o
b

ias:
m

en
tio

n
n
u

m
erical

in
vestigation

s
as

ou
tlo

o
k

—
sh

o
o
tin

g
m

eth
o
d

s
etc.

(c)
S
m
o
o
tin

g
d
en

sity
P
S
(x
,t)

S
U

T
T

E
R

,
G

A
N

G
U

L
Y

,
A

N
D

K
O

E
P

P
L

/
P

A
T

H
E

S
T

IM
A

T
IO

N
A

N
D

V
A

R
IA

T
IO

N
A

L
IN

F
E

R
E

N
C

E
15

x
0.5

1
1.5

2

PL(x,t)

0

0.5 1

1.5 2

2.5 3

3.5 4

4.5 5

5.5
M

arg
in

als o
f likelih

o
o

d
 d

en
sity P

L
(x,t)

t=
0+

t=
T

/2
t=

T
/2+

t=
T

(a)
L

ik
elih

o
o
d

d
en

sity
P
L

(x
,t)

x
0

0.5
1

1.5
2

2.5

PL(x,t)

0

0.5 1

1.5 2

2.5 3

3.5 4

4.5
M

arg
in

als o
f filter d

en
sity P

F
(x,t)

t=
0+

t=
T

/2
t=

T
/2+

t=
T

(b
)

F
ilter

d
en

sity
P
F

(x
,t)

x
0.7

0.8
0.9

1
1.1

1.2
1.3

1.4
1.5

1.6
1.7

PL(x,t)0 1 2 3 4 5 6
M

arg
in

als o
f sm

o
o

th
in

g
 d

en
sity P

S
(x,t)

t=
0

t=
t1

t=
t2

t=
t3

t=
T

(c)
S

m
o
otin

g
d

en
sity
P
S

(x
,t)

0
5·

1
0 −

2
0
.1

0
.1

5
0
.2

0

2·
1
0 −

3

4·
1
0 −

3

6·
1
0 −

3

8·
1
0 −

3

t

D (Q
||Π

p
o
s
t )

(d
)

R
elativ

e
en

trop
y

0
5
0
0

1
,0

0
0

1
,5

0
0

2
,0

0
0

1 2 3 4

Itera
tio

n
s

o
f

E
M

a
lg

o
rith

m

η̂

(e)
P

aram
eter

in
feren

ce,
µ̂

=
1.1867

F
ig

1
:

G
eo

m
etric

B
row

n
ian

M
otion

:
P

D
E

(solid
)

v
s

variation
al

ap
p

ro
ach

(d
ash

ed
)

7
.2.1.

S
m

oo
th

in
g

D
en

sity
via

P
D

E
.

A
s

m
en

tio
n

ed
in

S
ection

2,
th

e
likelih

o
o
d

d
en

sity
satisfi

es
th

e
K

o
lm

o
gorov

b
ack

w
a
rd

eq
u

atio
n

∂∂
t P

L
(x
,t)

=
−
a
(b−

x
)
∂∂
x P

L
(x
,t)−

λ
2x2

∂
2

∂
x

2 P
L

(x
,t),

w
ith

term
in

a
l

co
n

d
itio

n
P
L

(x
,T
−

)
=

1
√

2
π
R

ex
p (
−

(x−
y
T

)
2

2
R

2

)
given

b
y

th
e

m
easu

rem
en

t
m

o
d

el
(7.5).

Its
m

argin
a
ls

are
sh

ow
n

in
F

ig
u

re
2
a.

T
h

e
fi

lter
d

en
sity

is
given

b
y

th
e

K
olm

og
orov

forw
ard

eq
u

ation

∂∂
t P

F
(x
,t)

=
aP

F
(x
,t)

+
(−
a
(b−

x
)

+
λ

2)
∂∂
x P

F
(x
,t)

+
12
λ

2x
∂

2

∂
x

2 P
F

(x
,t),

(d
)
R
ela

tiv
e
en

tro
p
y

0
50

0
1,00

0
1,5

00
2
,0

00
1 2 3 4

Iteratio
n

s
of

E
M

a
lgorith

m

κ̂

(e)
P
a
ra
m
eter

in
feren

ce,
η̂
=

1
.1
8
6
7

F
ig.

1:
G

eo
m

etric
B

row
n

ian
m

o
tion

:
C

om
p

ariso
n

o
f

th
e

P
D

E
solu

tio
n

(solid
)

versu
s

th
e

varia
tion

al
ap

p
roa

ch
(d

ash
ed

).
T

h
e

co
n

sid
ered

n
u

m
erica

l
valu

es
are:

η
=

1,
λ

=
0.1

,
R

=
0.15,

T
=

0.2s,
µ

=
0,
σ

=
0.25,

N
=

4
,
t
1

=
T
/
4,
t
2

=
T
/
2,
t
3

=
3T
/
4

a
n

d
t
4

=
T

.

d
en

sity
is

d
ep

icted
in

F
igu

re
as

th
e

d
ash

ed
lin

e.
F

in
a
lly,

F
ig

u
re

sh
ow

s
th

e
relative

en
trop

y
b

etw
een

th
e

sm
o
oth

in
g

d
en

sity
ob

ta
in

ed
b
y

th
e

P
D

E
solu

tion
an

d
th

e
varia

tio
n

al
ap

p
rox

im
a
tion

.

P
a
ra

m
eter

in
feren

ce.
W

e
co

n
sid

er
th

e
case

w
h

ere
th

e
p

a
ram

eter
a

in
th

e
d

rift
term

o
f

()
is

u
n

k
n

ow
n

.
F

ig
u

re
sh

ow
s

th
e-A

lgo
rith

m
in

tro
d

u
ced

in
S

ectio
n

(e)
P

a
ram

eter
in

feren
ce,

κ̂
=

1.1867

F
igu

re
1
:

G
eo

m
etric

B
row

n
ia

n
m

otio
n

:
C

o
m

p
a
riso

n
of

th
e

P
D

E
solu

tio
n

(solid
)

v
ersu

s
th

e
va

ria
tio

n
al

a
p

p
ro

ach
(d

a
sh

ed
).

T
h

e
co

n
sid

ered
n
u

m
erica

l
va

lu
es

a
re:

κ
=

1
,
λ

=
0
.1,

R
=

0.15
,
T

=
0.2s,

µ
=

0,
σ

=
0.2

5
,
N

=
4
,
t1

=
T
/
4
,
t2

=
T
/
2
,
t3

=
3T
/
4

a
n

d
t4

=
T

.

8
.2

C
o
x
-In

g
e
rso

ll-R
o
ss

C
o
n

sid
er

as
u

n
d

erly
in

g
sy

stem
a

C
ox

-In
g
erso

ll-R
o
ss

(C
IR

)
p

ro
cess

d
X
t

=
κ

(b−
X
t )d
t

+
λ √

X
t d
W
t ,

X
0

=
x

0 ∼
N

(µ
,σ

),
(4

1)

2
3

JM
L

R
 17(190):1-37

S
u
t
t
e
r
,

G
a
n
g

u
ly

a
n
d

K
o
e
p
p
l

for
0
≤
t≤

T
an

d
assu

m
e

th
at

th
e

availab
le

d
ata

are
n

oisy
ob

servatio
n

s{y
k }
Nk
=

1
at

tim
e

tk ,
m

o
d

eled
b
y

an
ob

servation
p

ro
cessY

k
=
X
t
k

+
ρ
k ,

w
h

ere
ρ
k

a
re

i.i.d
.

n
orm

al
ran

d
om

variab
les

w
ith

zero
m

ean
,

stan
d

ard
d

ev
iation

R
an

d
tN

=
T

.

P
D

E
a
p
p
roa

ch
.

A
s

in
th

e
G

B
M

ex
am

p
le

8.1,
w

e
solve

th
e

u
n

d
erly

in
g

P
D

E
s

in
tro

d
u

ced
in

S
ectio

n
7,

to
ch

aracterize
th

e
sm

o
oth

in
g

d
en

sity
as

th
e

(n
orm

alized
)

p
ro

d
u

ct
o
f

tw
o

d
en

sities
v

an
d
p
.

F
igu

re
2a

sh
ow

s
th

e
m

argin
als

of
th

e
fi

rst
d

en
sity

w
,

th
e

fi
lter

d
en

sity
p

is
d

ep
icted

in
F

igu
re

2b
an

d
th

e
sm

o
oth

in
g

d
en

sity
in

F
ig

u
re

2c
as

th
e

solid
lin

e.

V
a
ria

tio
n

a
l

a
p
p
ro

xim
a
tio

n
.

T
h

e
variation

al
ap

p
rox

im
ation

is
d

erived
sim

ilarly
to

th
e

G
B

M
ex

a
m

p
le

8.1
,

w
h

ere
w

e
ch

ose
a

d
rift

fu
n

ction
for

th
e

ap
p

rox
im

atin
g

S
D

E
(15),

a
ccord

in
g

to
T

h
eo

rem
9
,

as

u
(x
,t)

=
12
λ

2
+
A

(t)
+
B

(t)x
+
λ

2x
(C

(t)
+
D

(t)x
).

(42)

T
h

e
variation

al
a
p

p
rox

im
ation

to
th

e
sm

o
oth

in
g

d
en

sity
is

d
ep

icted
in

F
igu

re
2c

as
th

e
d

ash
ed

lin
e.

F
in

a
lly,

F
igu

re
2d

sh
ow

s
th

e
relative

en
trop

y
b

etw
een

th
e

m
arg

in
a
ls

of
th

e
sm

o
o
th

in
g

d
en

sity
ob

tain
ed

b
y

th
e

P
D

E
solu

tion
an

d
th

e
varia

tion
al

a
p

p
rox

im
ation

.
S

U
T

T
E

R
,

G
A

N
G

U
L
Y

,
A

N
D

K
O

E
P

P
L

/
P

A
T

H
E

S
T

IM
A

T
IO

N
A

N
D

V
A

R
IA

T
IO

N
A

L
IN

F
E

R
E

N
C

E
1
5

0
.6

0
.8

1
1
.2

1
.4

0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t
=
T

(a)
L

ik
elih

o
o
d

d
en

sity
P
L

(x
,t)

0
.6

0
.8

1
1
.2

1
.4

0 2 4 6

x

t
=

0
+

t
=

T2

t
=

T2

+

t
=
T

(b
)

F
ilter

d
en

sity
P
F

(x
,t)

0
.6

0
.8

1
1
.2

1
.4

0 2 4 6

x

t
=

0

t
=

T4

t
=

T2

t
=

3
T4

t
=
T

(c)
S

m
o
otin

g
d

en
sity
P
S

(x
,t)

0
0
.1

0
.2

0
.3

0

2·
1
0 −

3

4·
1
0 −

3

6·
1
0 −

3

8·
1
0 −

3

t

D [Q
||Π

p
o
s
t ]

(d
)

R
ela

tiv
e

en
trop

y

0
1
0

2
0

3
0

4
0

5
0

1 2 3 4

Itera
tio

n
s

o
f

E
M

a
lg

o
rith

m

â
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é,

E
ric

M
o
u

lin
es,

a
n

d
T

o
b

ia
s

R
y
d

én
.

In
feren

ce
in

h
id

d
en

M
a
rko

v
m

od
els.

S
p

rin
g
er

S
eries

in
S

tatistics.
S

p
rin

g
er,

N
ew

Y
ork

,
20

0
5
.

IS
B

N
97

8
-03

8
7
-4

0
2
6
4-2

;
0-3

87
-

4
02

6
4-0.

F
ra

n
cis

C
larke.

F
u

n
ctio

n
a
l

a
n

a
lysis,

ca
lcu

lu
s

o
f

va
ria

tio
n

s
a
n

d
o
p
tim

a
l

co
n

tro
l,

v
o
lu

m
e

2
64

o
f

G
ra

d
u

a
te

T
exts

in
M

a
th

em
a
tics.

S
p

rin
g
er,

L
on

d
o
n

,
2
0
1
3.

IS
B

N
9
7
8
-1

-44
7
1
-4

8
1
9
-7;

9
78

-1
-44

71
-48

20
-3

.
U

R
L
h
t
t
p
:
/
/
d
x
.
d
o
i
.
o
r
g
/
1
0
.
1
0
0
7
/
9
7
8
-
1
-
4
4
7
1
-
4
8
2
0
-
3
.

J
o
h

n
C

.
C

ox
,

J
o
n

a
th

an
E

.
In

g
erso

ll,
J
r.,

a
n

d
S

tep
h

en
A

.
R

o
ss.

A
th

eo
ry

o
f

th
e

term
stru

ctu
re

of
in

terest
ra

tes.
E

co
n

o
m

etrica
,

5
3
(2):3

8
5
–
4
07

,
19

8
5
.

IS
S

N
0
01

2
-9

68
2
.

U
R

L
h
t
t
p
:
/
/
d
x
.
d
o
i
.
o
r
g
/
1
0
.
2
3
0
7
/
1
9
1
1
2
4
2
.

D
.

C
risan

an
d

T
.

L
y
on

s.
A

p
a
rticle

a
p

p
rox

im
a
tio

n
o
f

th
e

so
lu

tio
n

o
f

th
e

K
u

sh
n

er-
S

tra
to

n
ov

itch
eq

u
a
tion

.
P

ro
ba

b.
T

h
eo

ry
R

ela
ted

F
ield

s,
1
1
5(4):5

4
9
–
57

8
,

1
99

9
.

IS
S

N
0
17

8
-8

05
1
.

U
R

L
h
t
t
p
:
/
/
d
x
.
d
o
i
.
o
r
g
/
1
0
.
1
0
0
7
/
s
0
0
4
4
0
0
0
5
0
2
4
9
.

35
JM

L
R

 17(190):1-37

S
u
t
t
e
r
,

G
a
n
g

u
ly

a
n
d

K
o
e
p
p
l

B
oton

d
C

seke,
M

an
fred

O
p

p
er,

an
d

G
u

id
o

S
an

gu
in

etti.
A

p
p

rox
im

ate
in

feren
ce

in
laten

t
gau

ssia
n

-m
arkov

m
o
d

els
from

con
tin

u
ou

s
tim

e
ob

servation
s.

In
C

.
J
.

C
.

B
u

rges,
L

.
B

ot-
tou

,
M

.
W

ellin
g,

Z
.

G
h

ah
ram

an
i,

an
d

K
.

Q
.

W
ein

b
erger,

ed
itors,

A
d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
2
6
,

p
ages

971–979.
C

u
rran

A
sso

ciates,
In

c.,
2013

.

I.
C

siszá
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h
e

m
ea

n
n

ovelty
sco

re
o
f

all
in

sta
n

ces,
for

ex
a
m

p
le,

ca
n

b
e

u
sed

to
d

ecid
e

w
h
eth

er
o
r

n
o
t
S

is
n

ovel
(D

ietterich
,

2
0
0
2).

T
h

is
la

tter
a
p

p
ro

a
ch

,
h

ow
ever,

is
m

ore
n

a
tu

ra
lly

ex
p

ressed
b
y

tak
in

g
a

p
o
in

t-w
ise

a
p

p
ro

a
ch

w
h

ere,
fro

m
a

sta
tistical

p
oin

t
o
f

v
iew

,
a

n
u

m
b

er
(k

)
of

h
y
p

o
th

esis
tests

a
re

co
n

sid
ered

:

H
0

:
x
i

is
a

rea
liza

tio
n

o
f
X

H
1

:
x
i

is
n

o
velty

w
ith

respect
to
X

,

w
h

ere
H

0
d

en
o
tes

th
e

so-called
n
u

ll-h
y
p

oth
esis

an
d
H

1
th

e
altern

a
tive

h
y
p

oth
esis.

D
u

e
to

th
e

m
u

ltip
le

h
y
p

oth
esis-testin

g
p

ro
b

lem
,

th
e

n
u

m
b

er
o
f

fa
lse

a
la

rm
s

can
in

crea
se

con
sid

er-
a
b

ly
fo

r
k
>

1
.

In
d

eed
,

w
h

ile
ea

ch
h
y
p

oth
esis

test
is

ch
osen

to
h

ave
a

sm
a
ll

ty
p

e-I
erro

r
α

(i.e.,
th

e
p

ro
b

a
b

ility
of

w
ro

n
g
ly

classify
in

g
x
i

a
s

b
ein

g
n

ovel,
w

h
ich

is
a

fa
lse

p
o
sitive),

th
e

error
o
f

m
a
k
in

g
at

lea
st

lea
st

on
e

ty
p

e-I
error

a
m

on
g

th
e
k

h
y
p

o
th

esis
tests

co
rresp

on
d

s
to

α
=

1−
(1−

α
)
k;

e.g.,
w

h
en

α
=

5%
a
n

d
k

=
6,
α

=
26

%
.

T
o

o
b

tain
th

e
co

rrect
d

ecision
b

o
u
n

d
a
ry

co
rresp

o
n

d
in

g
to

th
e

sig
n

ifi
ca

n
ce

level
α

,
C

lifto
n

et
al.

(2
0
11

)
co

n
sid

ered
th

e
u

n
iva

ria
te

d
istrib

u
tio

n
over

th
e

p
ro

b
a
b

ility
d

en
sity

va
lu

es
p
(x

)
o
n

th
e

im
a
g
e

Im
(p

)
=
{p

(x
)
|

x
∈
D
}

b
y

red
u

cin
g

th
e

m
u

ltiva
riate

a
n

a
ly

sis
o
f

th
e

m
u

l-
tid

im
en

sio
n

a
l

d
a
ta

set
D

to
a
n

u
n

ivaria
te

a
n

a
ly

sis
o
n

Im
(p

).
T

h
e

P
D

F
y

=
p
(x

)
ca

n
b

e
o
b

tain
ed

,
fo

r
ex

a
m

p
le,

u
sin

g
a

kern
el

d
en

sity
estim

a
tor

(S
co

tt,
1
9
9
2
).

T
h

e
d

istrib
u

tion
Y

o
f

th
ese

d
en

sities
is

stro
n

g
ly

rela
ted

to
th

a
t

of
X

,
w

ith
a

d
en

sity
d

efi
n

ed
b
y
:

q(y
)

=
d
Qd
y

(y
)

an
d

Q
(y

)
=

∫

p −
1
(]0
,y

])
p
(x

)d
x
.

(1
)

A
s

w
ill

b
e

m
a
d

e
clear

in
th

e
fo

llow
in

g
sectio

n
,

u
n
iva

ria
te

E
V

T
ca

n
th

en
b

e
u

sed
to

d
escrib

e
sets

S
=
{
x

1 ,...,x
k }

,
w

h
ich

h
ave

a
ty

p
ica

l
m

in
im

al
d

en
sity

w
ith

resp
ect

to
y

=
p
(x

).
In

th
is

w
ay,

a
d

istrib
u

tion
is

o
b

ta
in

ed
fo

r
th

e
m

o
st

‘ex
trem

e’
v
ectors

th
a
t

p
o
ssib

ly
o
ccu

r
in

(tru
ly

‘n
o
rm

a
l’)

sam
p

les
S

d
raw

n
fro

m
X

.
A

n
ew

set
S

it
th

en
eva

lu
a
ted

b
y

co
m

p
a
rin

g
its

m
o
st

ex
trem

e
vecto

r
w

.r.t.
th

is
m

o
d

el
o
f

ex
trem

es.
A

lth
o
u

g
h

th
is

a
p

p
ro

a
ch

en
a
b

les
o
n

e
to

o
b
ta

in
a

correct
sta

tistica
l

ty
p

e
I-erro

r
α

in
testin

g
S

,
its

m
a
in

d
raw

b
a
ck

is
th

at
is

cap
tu

res
lim

ited
in

fo
rm

a
tio

n
con

cern
in

g
th

e
set

S
(L

u
ca

et
a
l.,

2
01

4
b
).

In
d

eed
,

o
n

ly
th

e
sin

gle
m

o
st

ex
trem

e
elem

en
t

in
S

is
u

sed
to

o
b

ta
in

a
d

ecisio
n

,
w

h
ile

(n
o
n

-ex
trem

e)
in

fo
rm

atio
n

con
tain

ed
in

th
e

rem
a
in

in
g

p
a
rt

o
f

th
e

set
is

d
isca

rd
ed

.
In

th
is

article
w

e
sh

ow
h

ow
E

V
T

ca
n

b
e

u
sed

to
in

clu
d

e
in

fo
rm

a
tio

n
co

n
tain

ed
in

th
e

rem
a
in

in
g

p
art

o
f

th
e

p
a
ttern

S
w

h
ile

m
ain

ta
in

in
g

th
e

correct
statistical

ty
p

e
I-erro

r
w

h
en

testin
g
S

.
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L
u
c
a
,

C
l
if

t
o
n

a
n
d

V
a
n
r
u
m

st
e

2
.2

A
n

in
tro

d
u

c
tio

n
to

E
V

T

E
V

T
is

a
sta

tistical
d
iscip

lin
e

w
h

ere
th

e
ob

jective
is

to
m

o
d

el
th

e
sto

ch
astic

b
eh

av
io

r
of

a
u

n
ivariate

p
ro

cess
at

u
n
u

sally
large

(or
sm

all)
levels.

It
h

a
s

alread
y

b
een

u
sed

for
m

an
y

ap
-

p
licatio

n
s

ran
gin

g
from

b
iom

ed
ical

en
gin

eerin
g,

stru
ctu

ral
h

ealth
m

on
itorin

g
,

m
eteorology,

an
d

risk
a
ssessm

en
t

in
fi

n
an

cial
d

om
ain

s
(E

m
b

rech
ts

et
al.,

19
97).

T
h

e
cen

tral
resu

lt
in

E
V

T
is

th
e

F
ish

er-T
ip

p
ett

th
eorem

con
cern

in
g

th
e

lim
itin

g
d

istri-
b

u
tion

o
f

m
ax

im
a

of
a

seq
u

en
ce

of
in

d
ep

en
d

en
t

an
d

id
en

tically
d

istrib
u

ted
(i.i.d

.)
ran

d
om

va
riab

les
X

1 ,...X
k

accord
in

g
to

a
com

m
on

d
istrib

u
tion

X
:

M
k

=
m

ax{X
1 ,...,X

k },

as
k
→

+
∞

.
It

states
th

at
w

h
en

th
e

follow
in

g
con

vergen
ce

in
d

istrib
u

tion
ap

p
ears:

P

(
M
k −

c
k

d
k

≤
x )
→
G
ξ (x

),
as
k
→

+
∞

(2)

−
4

−
2

0
2

4
0

0.1

0.2

0.3

0.4

0.5

z

density

(a
)

−
4

−
2

0
2

4
0

0.1

0.2

0.3

0.4

0.5

z

density

(b
)

−
4

−
2

0
2

4
0

0.1

0.2

0.3

0.4

0.5

z
density

(c)

−
4

−
2

0
2

4
0

0.1

0.2

0.3

0.4

0.5

z

density

(d
)

F
igu

re
1:

D
iff

eren
t

m
em

b
ers

of
th

e
G

E
V

fam
ily

in
E

q
.

(3),
w

ith
d

iff
eren

t
valu

es
of

th
e

sh
a
p

e
p

aram
eter

ξ.
T

h
e

d
ot

in
th

e
fi

gu
res

in
d

icates
th

e
ab

scis
z

=
−

1ξ ,
w

h
ere

th
e

d
en

sity
is

zero,
(a)

ξ
=
−

2
w

h
ere

w
e

see
th

at
w

h
en

ξ
≤
−

1
a

sh
ort

tail
w

ith
a
n

u
p

p
er

b
ou

n
d

is
d
escrib

ed
(b

)
ξ

=
−

0.4
w

h
ere

w
e

see
th

at
w

h
en
−

1
<
ξ
<

0
m

ax
im

a
h

ave
an

u
p

p
er

b
ou

n
d

(c)
ξ

=
0

w
h

ere
th

e
m

ax
im

a
h

ave
n

o
u
p

p
er-

or
low

er
b

ou
n

d
.

F
in

ally,
(d

)
ξ

=
0
.8

w
h

ere
w

e
see

th
at

for
ξ
>

0
th

e
m

ax
im

a
h

ave
a

low
er

b
ou

n
d

.
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O
n
e
-c

l
a
ss

c
l
a
ss

if
ic

a
t
io

n
o
f

p
o
in

t
pa

t
t
e
r
n
s

o
f

e
x
t
r
e
m

e
s

fo
r

so
m

e
n

or
m

al
iz

in
g

co
n

st
an

ts
c k
,d
k
,

th
e

li
m

it
in

g
d

is
tr

ib
u

ti
on

G
ξ
(x

)
is

a
m

em
b

er
o
f

th
e

so
-c

al
le

d
fa

m
il

y
of

ge
n

er
a
li

ze
d

ex
tr

em
e

va
lu

e
(G

E
V

)
d
is

tr
ib

u
ti

o
n

s:

G
ξ
(x

)
=

    

ex
p
{ −

[1
+
ξx

]−
1 ξ

} ,
ξ
6=

0

ex
p
{−

ex
p

(−
x

)}
,

ξ
=

0.

(3
)

F
or
ξ
6=

0
th

e
d

om
ai

n
of

th
e

d
is

tr
ib

u
ti

on
is

re
st

ri
ct

ed
to

th
e

se
t
{x
|1

+
ξx

>
0
}.

W
h

en
th

e
sh

ap
e

p
ar

am
et

er
ξ

is
n

eg
at

iv
e,

ze
ro

,
or

p
os

it
iv

e,
th

e
su

b
se

t
of

m
em

b
er

s
o
f

th
e

fa
m

il
y

co
rr

es
p

on
d

to
th

e
W

ei
bu

ll
,

G
u

m
be

l
an

d
F

ré
ch

et
fa

m
il

ie
s

re
sp

ec
ti

ve
ly

.
T

h
e

sh
a
p

e
p

a
ra

m
et

er
th

u
s

d
et

er
m

in
es

th
e

b
eh

av
io

u
r

in
th

e
ta

il
o
f

th
e

d
is

tr
ib

u
ti

on
of
X

,
as

sh
ow

n
in

F
ig

u
re

1.
T

h
e

n
or

m
al

iz
in

g
co

n
st

an
ts

in
(2

)
p

re
v
en

t
a

d
eg

en
er

at
e

li
m

it
of

th
e

d
is

tr
ib

u
ti

on
o
f
M
k
,

b
ec

au
se

cl
ea

rl
y
:

li
m

k
→

+
∞
P

(M
k
≤
x

)
=

li
m

k
→

+
∞

k ∏ i=
1

P
(X

i
≤
x

)

w
h

ic
h

ap
p

ro
ac

h
es

ze
ro

fo
r

ea
ch

x
<
x

+
,

w
h

er
e
x

+
(p

os
si

b
le

+
∞

)
d

en
ot

es
th

e
ri

g
h
tm

o
st

en
d

p
oi

n
t

of
th

e
su

p
p

or
t

of
X

.
T

h
e

G
E

V
fa

m
il

y
p

ro
v
id

es
a

m
o
d

el
fo

r
b

lo
ck

m
a
x
im

a,
ob

ta
in

ed
b
y

b
lo

ck
in

g
(o

r
w

in
d
ow

-
in

g)
th

e
tr

ai
n

in
g

d
at

a
in

to
b

lo
ck

s
of

eq
u

al
le

n
gt

h
,

an
d

th
en

fi
tt

in
g

th
e

G
E

V
to

th
e

o
b

ta
in

ed

0
0.

2
0.

4
0.

6
0.

8
1

1.
2

1.
4

0
0.

51
1.

52
2.

53

z

density

(a
)

0
0.

2
0.

4
0.

6
0.

8
1

1.
2

1.
4

0

0.
51

1.
5

z

density

(b
)

0
0.

5
1

1.
5

2
2.

5
3

3.
5

4
0

0.
51

1.
5

z

density

 

 

ξ 
=

 −
0.

3
ξ 

=
 −

0.
5

ξ 
=

 −
0.

8

(c
)

0
0.

5
1

1.
5

2
2.

5
3

3.
5

4
0

0.
51

1.
5

z

density

 

 

ξ 
=

 0
ξ 

=
 0

.8

(d
)

F
ig

u
re

2:
D

iff
er

en
t

m
em

b
er

s
of

th
e

G
P

D
fa

m
il

y
in

E
q
.

(3
).

T
h

e
d

ot
in

th
e

fi
g
u

re
s

in
d

ic
a
te

s
th

e
ab

sc
is
z

=
−

1 ξ
,

w
h

er
e

th
e

d
en

si
ty

is
ze

ro
,

(a
)
ξ

=
−

2,
w

h
er

e
ξ
<
−

1
,

an

as
y
m

p
to

te
o
cc

u
rs

at
z

=
−

1 ξ
.

(b
)
ξ

=
−

1
co

rr
es

p
on

d
s

to
an

u
n

if
o
rm

d
is

tr
ib

u
ti

on
of

ex
ce

ss
es

.
(c

)
D

iff
er

en
t

ty
p

es
of

b
eh

av
io

u
r

fo
r
−

1
<
ξ
<

0
co

rr
es

p
o
n

d
in

g
to

ex
ce

ss
es

w
it

h
an

u
p

p
er

b
ou

n
d

.
(d

)
F

or
ξ
>

0
th

e
d

en
si

ty
h

a
s

a
n

in
te

rc
ep

t
a
t

(0
,1

).
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 1
7(

19
1)

:1
-2

1

L
u
c
a
,

C
l
if

t
o
n

a
n
d

V
a
n
r
u
m

st
e

se
t

o
f

b
lo

ck
m

ax
im

a
.

H
ow

ev
er

,
w

h
en

th
es

e
b

lo
ck

ar
e

re
la

ti
ve

ly
la

rg
e,

th
is

le
ad

s
to

u
si

n
g

on
ly

a
fe

w
b

lo
ck

m
ax

im
a
,

w
h

ic
h

ca
n

b
ia

s
th

e
es

ti
m

a
ti

o
n

p
ro

ce
ss

.
A

n
a
lt

er
n

a
ti

ve
ap

p
ro

ac
h

to
ov

er
co

m
e

th
is

p
ro

b
le

m
is

th
e

so
-c

a
ll

ed
p

ea
k
s

ov
er

th
re

sh
o
ld

(P
O

T
)

m
et

h
o
d

.
In

th
is

ap
p

ro
ac

h
,

co
m

p
le

te
ta

il
s

o
f

a
d

is
tr

ib
u

ti
o
n
X

a
re

m
o
d

el
le

d
,

d
efi

n
ed

as
th

o
se

m
ea

su
re

m
en

ts
X
i

of
a

se
q
u

en
ce
X

1
,X

2
,.
..

th
a
t

fa
ll

ab
ov

e
so

m
e

th
re

sh
o
ld
u

.
A

b
a
si

c
re

su
lt

of
E

V
T

st
a
te

s
th

at
w

h
en

(2
)

h
ol

d
s

fo
r

so
m

e
m

em
b

er
G
ξ
(x

)
o
f

th
e

G
E

V
-f

a
m

il
y,

th
e

d
is

tr
ib

u
ti

on
of

th
e

ex
ce

ed
an

ce
s
X
−
u

,
co

n
d

it
io

n
a
l

o
n
X
>
u

,
sa

ti
sfi

es
th

e
li

m
it

in
g

p
ro

p
er

ty
:

li
m

u
↑x

+

P

(
X
−
u

a
(u

)
<
x
|X

>
u

)
=
H
ξ
(x

)
(4

)

fo
r

so
m

e
ap

p
ro

p
ri

a
te

sc
a
li

n
g

fa
ct

o
r
a
(u

)
an

d

H
ξ

=

{
1
−

(1
+
ξx

)−
1
/
ξ

if
ξ
6=

0

1
−
e−

x
if

ξ
=

0
(5

)

d
en

ot
es

th
e

fa
m

il
y

o
f

ge
n
er

al
iz

ed
P

a
re

to
d

is
tr

ib
u

ti
o
n

s
(G

P
D

s)
w

h
er

e
x
≥

0
fo

r
ξ
≥

0
an

d
0
≤
x
≤
−

1 ξ
fo

r
ξ
≤

0
,

a
s

sh
ow

n
F

ig
u

re
2.

F
o
r

th
e

G
u

m
b

el
ca

se
ξ

=
0
,

th
e

sc
al

in
g

fa
ct

or
a
(u

)
is

g
iv

en
b
y
E

(X
−
u
|X

>
u

).

2
.3

P
o
is

so
n

p
o
in

t
p

ro
c
e
ss

e
s

a
n

d
E

V
T

A
n

el
eg

an
t

w
ay

to
d

es
cr

ib
e

ex
tr

em
es

,
a
n

d
o
n

e
th

a
t

u
n

ifi
es

th
e

b
lo

ck
a
n

d
P

O
T

a
p

p
ro

a
ch

es
is

b
as

ed
on

P
oi

ss
on

p
o
in

t
p
ro

ce
ss

es
(P

P
P

s)
.

A
n
y

in
fe

re
n

ce
m

a
d

e
u

si
n

g
o
n

e
of

b
ot

h
ab

ov
e

ap
p

ro
ac

h
es

co
u

ld
eq

u
a
ll

y
b

e
m

ad
e

u
si

n
g

th
e

P
P

P
m

o
d

el
b

ec
au

se
it

ca
n

b
e

p
a
ra

m
et

ri
ze

d
in

te
rm

s
of

th
e

G
E

V
-

an
d

G
P

D
-

p
a
ra

m
et

er
s.

In
th

is
w

ay
,

n
o

ex
tr

a
co

m
p

u
ta

ti
o
n

a
l

eff
o
rt

is
n

ee
d

ed
w

h
en

u
si

n
g

th
e

P
P

P
m

o
d

el
.

G
en

er
al

ly
a

p
oi

n
t

p
ro

ce
ss
P

o
n

a
su

b
se

t
U
⊂

R
d

is
a

st
o
ch

a
st

ic
m

o
d

el
fo

r
w

h
ic

h
a
n
y

o
n

e
re

al
iz

a
ti

o
n

co
n

si
st

s
o
f

a
se

t
o
f

p
o
in

ts
{x

1
,x

2
,.
..

x
N
}

th
a
t

a
re

ra
n

d
o
m

ly
lo

ca
te

d
in
U

an
d

of
w

h
ic

h
th

e
n
u
m

b
er
N

is
a

ra
n

d
om

va
ri

a
b
le

.
T

h
e

p
oi

n
t

p
ro

ce
ss

es
cl

os
el

y
re

la
te

d
to

E
V

T
ar

e
th

e
p

o
in

t
p

ro
ce

ss
es

of
ex

ce
ed

a
n

ce
s

a
n
d

co
n

si
d

er
th

o
se

ob
se

rv
a
ti

on
s

fr
o
m

se
q
u

en
ce

s
o
f

ra
n

d
om

va
ri

ab
le

s
X

1
,.
..
X
k

w
h

ic
h

ex
ce

ed
a

th
re

sh
ol

d
u

.

In
p

a
rt

ic
u

la
r,

fo
r

a
fi

x
ed

ch
oi

ce
o
f
k
∈
N

,
th

e
p

o
in

t
p

ro
ce

ss
of

ex
ce

ed
a
n

ce
s
P k

is
d

efi
n

ed
on

re
gi

o
n

s
of

th
e

fo
rm

U
=

]0
,1

[
×

]u
,+
∞

[
an

d
co

n
si

d
er

s
th

o
se

p
o
in

ts
th

a
t

a
re

si
tu

a
te

d
in

th
e

in
te

rs
ec

ti
on

: P k
(ω

)
=

{ (
i

k
+

1
,
X
i(
ω

)
−
c k

d
k

)
|1
≤
i
≤
k

}
∩

]0
,1

[
×

]u
,+
∞

[,
(6

)

w
h

er
e
c k

an
d
d
k

ar
e

n
o
rm

a
li

zi
n

g
co

n
st

a
n
ts

an
d
ω

d
en

o
te

s
th

e
st

o
ch

as
ti

c
ev

en
t

co
rr

es
p

on
d

in
g

to
a

re
al

iz
at

io
n
P k

(ω
)

of
th

e
p

oi
n
t

p
ro

ce
ss

o
f

ex
ce

ed
a
n

ce
s.

T
h

e
in

d
ic

es
a
re

d
iv

id
ed

b
y

th
e

fa
ct

or
k

+
1

to
re

sc
a
le

th
e

p
ro

ce
ss

to
th

e
in

te
rv

a
l

]0
,1

[,
as

il
lu

st
ra

te
d

in
F

ig
u

re
3.

T
h

e
p

oi
n
t

p
ro

ce
ss

es
P k

ca
n

b
e

ch
a
ra

ct
er

is
ed

b
y

ra
n

d
o
m

co
u

n
ti

n
g

m
ea

su
re

s,
w

h
ic

h
as

si
gn

to
ea

ch
su

b
se

t
of

th
e

fo
rm

A
=

[t
1
,t

2
]
×

]u
+
x
,+
∞

[
⊂

]0
,1

[
×

]u
,+
∞

[
a

ra
n

d
om

va
ri

ab
le
N
A

d
es

cr
ib

in
g

th
e

n
u

m
b

er
of

p
oi

n
ts

of
a

re
al

iz
at

io
n

th
a
t

fa
ll

in
re

g
io

n
A

:

N
k A

:
ω
7→

“
n
u

m
b

er
o
f

p
oi

n
ts

o
f
P k

(ω
)

in
A

”
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O
n
e
-c

l
a
ss

c
l
a
ssif

ic
a
t
io

n
o
f

p
o
in

t
pa

t
t
e
r
n
s

o
f

e
x
t
r
e
m

e
s

x

z

u

0
1

1
k
+
1

X
1
(ω

)−
c
k

d
k

2
k
+
1

X
2
(ω

)−
c
k

d
k

3
k
+
1 X

3
(ω

)−
c
k

d
k···

k−
1

k
+
1

X
k−

1
(ω

)−
c
k

d
k

k
k
+
1

X
k
(ω

)−
c
k

d
k

A

F
igu

re
3:

A
rea

liza
tion

P
k (ω

)
o
f

a
p

o
in

t
p

ro
cess

o
f

ex
ceed

a
n

ces
w

ith
N
kA
(ω

)
=

2.

In
d

eed
th

e
valu

es
o
f

th
ese

co
u

n
tin

g
m

ea
su

res
N
kA

fo
r

a
ll

su
b

sets
A

g
ive

su
ffi

cien
t

in
form

a
tio

n
to

reco
n

stru
ct

com
p

letely
th

o
se
X
i

th
a
t

fall
ab

ov
e

a
th

resh
o
ld

o
f

va
lu

e
c
k

+
d
k u

.
In

fa
ct,

settin
g
A

=
{

i
k
+

1 }
×

]z
,+
∞

[,
N
kA
(ω

)
>

0
o
n

ly
ap

p
lies

w
h

en
X
i (ω

)
>
c
k

+
d
k z

.
T

h
e

p
oin

t
p

ro
cess

ch
ara

cteriza
tion

o
f

E
V

T
is

o
b

ta
in

ed
b
y

lettin
g
k
→

+
∞

.
It

is
k
n

ow
n

(E
m

b
rech

ts
et

a
l.,

19
9
7)

th
a
t

w
h

en
(2

)
h

o
ld

s
fo

r
som

e
n

o
rm

aliza
tion

co
n

sta
n
ts
c
k

a
n

d
d
k ,

th
en

th
e

corresp
o
n
d

in
g

p
o
in

t
p

ro
cesses

o
f

ex
ceed

a
n

ces
P
k

w
ill

co
n
verg

e
to

a
P

P
P
P

for
u
>
x
−

w
h

ere
x
−

d
en

o
tes

th
e

leftm
o
st

en
d

p
o
in

t
of

th
e

su
p

p
o
rt

o
f

th
e

G
E

V
-d

istrib
u

tion
in

(2
).

T
h

is
m

ea
n

s
th

a
t

th
e

fo
llow

in
g

co
n
v
erg

en
ce

o
f

d
istrib

u
tio

n
s

h
o
ld

s:

N
kA

d→
P

o
i[Λ

(A
)]

a
s
k
→

+
∞

(7)

o
n

sets
A

=
]t1 ,t2 [×

]u
+
x
,+
∞

[⊂
U

a
n

d
w

h
ere

th
e

d
istrib

u
tio

n
s

o
f
N
kA

o
n

n
o
n

-overlap
p

in
g

sets
A

a
re

m
u

tu
a
lly

in
d

ep
en

d
en

t;
i.e.,

th
e

o
ccu

ren
ce

o
f

a
p

o
in

t
at

a
lo

ca
tion

sh
o
u

ld
n

ot
in

fl
u

en
ce

th
e

p
ro

b
a
b

ility
o
f

th
e

o
ccu

ren
ce

o
f

o
th

er
p

o
in

ts
a
t

o
th

er
lo

ca
tio

n
s.

In
th

e
lim

itin
g

ca
se,

th
e

ra
te

p
aram

eter
o
f

th
e

P
o
isso

n
d

istrib
u
tio

n
Λ

(A
)

d
ep

en
d

s
o
n

th
e

set
A

an
d

is
ca

lled
th

e
in

ten
sity

m
ea

su
re

Λ
(A

)
of

th
e

P
P

P
.

T
h

e
fa

ct
th

a
t

th
e

P
P

P
-ch

a
ra

cteriza
tio

n
of

ex
trem

es
u

n
ifi

es
th

e
b

lo
ck

a
n

d
P

O
T

a
p

p
roa

ch
is

d
u
e

to
th

e
fa

ct
th

a
t

th
e

va
lu

es
o
f

Λ
(A

)
in

(7
)

ca
n

b
e

w
ritten

a
s

a
fu

n
ctio

n
of
ξ

(E
m

b
rech

ts
et

a
l.,

1
99

7
):

Λ
(A

)
=

(t2 −
t1 )

(1
+
ξ(u

+
x

)) −
1
/
ξ

=
(t2 −

t1 )λ (
1

+
ξλ

ξx )
−

1
/
ξ

(8
)

w
ith

λ
=

(1
+
ξu

) −
1
/
ξ.

T
h

erefo
re

a
n
y

in
feren

ce
m

ad
e

u
sin

g
th

e
P

P
P

lim
it

o
f

ex
trem

es
y
ield

s
im

m
ed

iately
th

e
sh

a
p

e
p

ara
m

eter
ξ

in
(2

)
a
n

d
(2

1
).

In
th

is
w

ay
E

V
T

d
escrib

es
th

ree
eq

u
ivalen

t
lim

itin
g

p
rop

erties
(2

),
(4

),
a
n

d
(7

).

3
.

L
e
a
rn

in
g

fro
m

sp
a
rse

d
a
ta

re
g
io

n
s

In
th

is
article,

a
lea

rn
in

g
a
lg

orith
m

is
p

ro
p

o
sed

th
a
t

ex
p

lo
res

th
e

lin
k

b
etw

een
th

e
th

ree
rep

resen
tatio

n
s

o
f

ex
trem

es
as

in
tro

d
u

ced
in

th
e

p
rev

io
u

s
sectio

n
.

F
o
r

th
is

p
u

rp
ose

so
-ca

lled
E

V
T

-b
a
sed

fea
tu

res
w

ill
b

e
in

tro
d

u
ced

in
sectio

n
3
.1

th
a
t

d
escrib

e
ch

a
ra

cterizin
g

m
ea

su
res

o
f

a
set

S
=
{
x

1 ,...,x
k }

o
f

v
ectors

in
d

ep
en

d
en

tly
d

raw
n

from
a

d
istrib

u
tio

n
X

.
In

S
ection

3
.2

,
a

jo
in

t
a
sy

m
p

totic
d

istrib
u

tion
o
f
th

ese
featu

res
is

calcu
la

ted
a
s
k
→

+
∞

.
S

u
b

seq
u

en
tly,

7
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L
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L
u
c
a
,

C
l
if

t
o
n

a
n
d

V
a
n
r
u
m

st
e

an
aly

tica
l

ex
p

ression
s

of
cu

m
u

lative
scores

w
ith

resp
ect

to
th

is
d

istrib
u

tion
are

o
b

tain
ed

th
a
t

w
ill

b
e

u
sed

as
n

ovelty
scores

to
evalu

ate
th

e
n

ovelty
of
S

w
ith

resp
ect

to
X

for
large

k
.

3
.1

E
V

T
-b

a
se

d
fe

a
tu

re
s

C
o
n

sid
er

a
d
-d

im
en

sion
al

ran
d

om
variab

le
X

w
ith

P
D

F
y

=
p
(x

).
T

h
e

tran
sform

ation
Z

=
−

log
p
(X

)
allow

s
u

s
to

stu
d
y

m
u

ltivariate
low

-d
en

sity
region

s{
x
|
p
(x

)
<
e −

u}
,

w
ith

u
so

m
e

large
real

n
u

m
b

er,
as

a
con

v
ex

u
n
ivariate

region
{
z
|
z
>
u}

.
A

sso
ciated

w
ith

a
seq

u
en

ce
o
f

i.i.d
.

ran
d

om
variab

les
X

1 ,...X
k ,

w
e

d
efi

n
e

th
e

follow
in

g
asso

ciated
featu

res
b

a
sed

on
th

e
lo

g-tran
sform

ed
seq

u
en

ce
Z

1 ,...Z
k ,
Z
i

=
−

log
p
(X

i ):

1.
T

h
e

n
u

m
ber

o
f

exceed
a
n

ces
am

o
n

g
Z

1 ,...Z
k

ab
ove

som
e

th
resh

old
u
k :

N
k

=

k
∑i=

1 I{
Z
i >
u
k } ,

w
h

ere
I{
Z
i >
u
k }

d
en

otes
an

in
d

icator
fu

n
ction

tak
in

g
th

e
valu

e
1

w
h

en
Z
i
>
u
k

an
d

zero
oth

erw
ise.

T
h

is
featu

re
d

escrib
es

th
e

n
u

m
b

er
of

m
u

ltivariate
p

oin
ts

from
a

seq
u

en
ce

{X
1 ,...,X

k }
th

at
are

situ
ated

in
a

low
d

en
sity

region
R
k

=
{
x
|
p
(x

)
<
e −

u
k}

.

2
.

T
h

e
m

ea
n

exceed
a
n

ce
am

on
g
Z

1 ,...Z
k

ab
ove

som
e

th
resh

o
ld
u
k :

V
k

=
1N
k

k
∑i=

1 (Z
i −

u
k )I{

Z
i >
u
k }

A
h

ig
h

valu
e

of
V
k

in
d

icates
th

at,
on

average,
th

e
p

oin
ts

of
th

e
seq

u
en

ce
X

1 ,...X
k

are
ou

tly
in

g
w

ith
resp

ect
to

th
e

lo
cu

s
of

th
e

train
in

g
d

ata
w

h
ile

a
low

valu
e

in
d

icates
th

at
th

e
seq

u
en

ce
is

situ
ated

n
ear

th
e

lo
cu

s
of

th
e

train
in

g
d

ata.

3.
T

h
e

m
a
xim

a
l

exceed
a
n

ce
am

on
g
Z

1 ,...Z
k

ab
ove

som
e

th
resh

old
u
k :

M
k

=
m

ax
1≤
i≤
k {
Z
i −

u
k |
Z
i
>
u
k }

co
rresp

on
d

in
g

to
th

e
m

ost
ou

tly
in

g
p

oin
t

of
X

1 ,...X
k

w
ith

resp
ect

to
to

th
e

train
in

g
d

ata.

N
ote

th
a
t

th
e

m
ean

ex
ceed

an
ce

V
k

an
d

th
e

m
ax

im
al

ex
ceed

an
ce

M
k

are
on

ly
w

ell-
d

efi
n

ed
w

h
en

N
k
≥

1.
T

h
e

featu
res

ab
ove

p
rov

id
e

a
n

atu
ral

w
ay

to
su

m
m

arize
th

e
ex

ten
t

to
w

h
ich

d
en

sities
of

ob
servation

s
fallin

g
in

low
-d

en
sity

reg
ion

s
ex

ceed
som

e
low

th
resh

old
e −

u
k.

T
h

erefore
w

h
en

a
set

S
=
{
x

1 ,...x
k }

of
k

ob
servation

s
is

n
ov

el
w

ith
resp

ect
to

th
e

d
istrib

u
tion

X
,

it
is

ex
p

ected
th

at
th

e
corresp

on
d

in
g

featu
res

v
S

,
m
S

,
an

d
n
S

of
th

e
sa

m
p

le
S

h
ave

a
h

igh
er

cu
m

u
lative

score
giv

en
th

eir
resp

ective
d

istrib
u

tio
n

s
V
k ,
M
k ,

an
d

N
k .

H
en

ce
th

ese
featu

res
allow

u
s

to
su

m
m

arize
th

e
in

form
ation

con
ta

in
ed

in
th

e
tail

of
a

d
-d

im
en

sion
al

d
istrib

u
tion

X
(th

at
can

b
e

of
arb

itrarily
h

ig
h

d
im

en
sion

)
in

a
3-d

im
en

sion
al

d
istrib

u
tion

.
T

o
d

eterm
in

e
th

e
join

t
d

istrib
u
tion

of
th

ese
E

V
T

-b
ased

featu
res,

th
e

P
P

P
ch

aracterization
(7)

is
ap

p
lied

to
th

e
u

n
ivariate

ran
d

o
m

variab
le
Z

w
h

ose
tail

d
escrib
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d
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b
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b
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a
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λ
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m
I
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=
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=
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c
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−
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−
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=
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=
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p
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p
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u
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u
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a
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t
o
n
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a
n
r
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b
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ovelty

score
of

a
seq

u
en

ce
S

w
ith

corresp
o
n

d
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=

{
P

(N
k
<
n
S

)
+
P

(V
k ≤

v
S
,M

k ≤
m
S
,N

k
=
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P
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=
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b
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−
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>
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b
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ab
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b
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b
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−
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p
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h
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b
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)
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e
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g
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t
P

D
F
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D

con
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e
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ab
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ab
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)
p
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t
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g
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=
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or
th
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u
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p
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=

20
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p
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d
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b
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b
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b
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p
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=
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.51

1
.52

(a
)

m

v

n
=

5

v
=

m

v
=

m n

0
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.5

1
1
.5

2
0

0
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p
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u
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-
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d
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d
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d
is

tr
ib

u
ti

on
ce

n
tr

ed
at

(0
,0

)
an

d
(1
,1

).
(b

)
A

p
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p
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p
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d
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d
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p
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p
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b
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m
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er
an

d
M

u
rr

ay
,

19
89

),
w

h
il
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a
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p
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h
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at
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d
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p
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d
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d
en

si
ty

es
ti

m
at

io
n

w
it

h
G

au
ss

ia
n

ke
rn

el
s,

a
n

d
w

h
er

e
th

e
ke

rn
el

w
id

th
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b
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d
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u
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(a

)
T

h
e

es
ti

m
a
ti

on
o
f

th
e

ta
il

s
o
f

a
G

a
u

ss
ia

n
m

ix
tu

re
X

u
si

n
g

a
G

u
m

b
el

m
o
d

el
o
n

th
e

d
is

tr
ib

u
ti

o
n

o
f

d
en

si
ti

es
(1

).
T

h
e

b
o
ld

co
n
to

u
r

in
d

ic
a
te

s
th

e
es

ti
m

a
ti

o
n

o
f

th
e

E
V

T
th

re
sh

ol
d
e−

u
k

fo
r
k

=
20

on
th

e
li

ke
li

h
o
o
d

s
a
s

d
efi

n
ed

in
T

h
eo

re
m

1.
(b

)
F

1
-s

co
re

s
av

er
ag

ed
ov

er
th

e
ru

n
s

of
a

5-
fo

ld
-v

a
li

d
a
ti

o
n

ex
p

er
im

en
t

a
cr

o
ss

d
iff

er
en

t
ra

ti
o
s

o
f

av
a
il

a
b

le
a
b

n
or

m
a
li

ti
es

.

th
e

th
re

sh
ol

d
u
k

=
c k

+
u
d
k

w
h

er
e
u

is
se

t
to

ze
ro

(s
ee

T
h

eo
re

m
1
).

It
is

w
it

h
re

sp
ec

t
to

th
is

th
re

sh
ol

d
th

at
th

e
n
u

m
b

er
of

ex
ce

ed
an

ce
s
N
k

a
n

d
th

e
m

ax
im

a
l

a
n

d
m

ea
n

ex
ce

ed
an

ce
M
k

an
d
V
k

ar
e

ca
lc

u
la

te
d

.
U

si
n

g
o
u

r
E

V
T

-b
a
se

d
m

et
h

o
d

m
et

h
o
d

,
an

a
b

n
o
rm

a
l

se
q
u

en
ce

ca
n

b
e

ev
al

u
at

ed
as

a
cu

m
u
la

ti
v
e

p
ro

b
a
b

il
it

y
sc

o
re

(2
0
)

w
it

h
re

sp
ec

t
to

th
e

jo
in

t
d

is
tr

ib
u

ti
on

of
th

e
E

V
T

-b
as

ed
fe

a
tu

re
s.

F
o
r

ex
am

p
le

,
th

e
se

q
u

en
ce

o
f

g
ra

y
p

o
in

ts
sh

ow
n

in
F

ig
u
re

6
co

n
ta

in
s

th
re

e
ex

ce
ed

a
n

ce
s

w
it

h
re

sp
ec

t
to

th
e

th
re

sh
o
ld
u
k

a
n

d
h

as
a

sc
o
re
χ
S

=
9
8.

9
7
%

su
ch

th
a
t

it
is

cl
as

si
fi

ed
a
s

b
ei

n
g

n
ov

el
w

it
h

re
sp

ec
t

to
X

.
F

ig
u
re
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(b

)
sh

ow
s

th
e

F
1
-s

co
re

s
of

th
e

cl
a
ss

ifi
er

s,
av

er
a
ge

d
ov

er
th

e
5

fo
ld

s
in

ou
r

cr
o
ss

-v
a
li

d
a
ti

o
n

ex
p

er
im

en
t.

W
h

en
th

e
ra

ti
o

of
ab

n
or

m
al

p
at

te
rn

s
in

th
e

tr
a
in

in
g

p
h

a
se

is
50

%
th

e
cl

a
ss

ifi
er

s
p

er
fo

rm
eq

u
a
ll

y
w

el
l.

E
V

T
,

h
ow

ev
er

,
is

a
b

le
to

o
u

tp
er

fo
rm

th
e

cl
as

si
fi

er
s

w
h

en
d

a
ta

fr
o
m

th
e

a
b

n
o
rm

a
l

cl
a
ss

b
ec

om
e

sp
ar

se
,

a
s

is
ty

p
ic

a
ll

y
th

e
ca

se
fo

r
n

ov
el

ty
d

et
ec

ti
on

p
ro

b
le

m
s.

W
h

en
th

er
e

is
a

la
ck

o
f

ex
am

p
le

s
fr

o
m

th
e

a
b

n
o
rm

a
l

cl
a
ss

,
th

e
o
p

ti
m

iz
a
ti

o
n

of
th

e
h
y
p

er
p

a
ra

m
et

er
s

an
d

th
e

n
ov

el
ty

th
re

sh
ol

d
in

a
H

M
M

a
n

d
a
n

O
C

S
V

M
is

su
b

o
p

ti
m

a
l.

E
V

T
,

on
th

e
ot

h
er

h
a
n

d
,

p
ro

v
id

es
a

cl
as

s
o
f

m
o
d

el
s

fo
r

th
e

ta
il

re
g
io

n
w

h
er

e
tr

ai
n

in
g

d
at

a
a
re

sp
a
rs

e
a
n

d
is

ab
le

to
es

ti
m

at
e

th
e

th
re

sh
o
ld

ex
a
ct

ly
b
y

u
si

n
g

a
st

a
ti

st
ic

a
l

d
is

tr
ib

u
ti

on
th

a
t

is
o
b

ta
in

ed
b
y

ex
tr

a
p

ol
a
ti

on
fr

o
m

th
e

n
or

m
a
l

cl
a
ss

(w
h

er
e

d
a
ta

a
re

u
su

al
ly

a
b
u

n
d

an
t)

.

4
.2

A
c
c
e
le

ro
m

e
te

r
d

a
ta

fo
r

th
e

d
e
te

c
ti

o
n

o
f

e
p

il
e
p

ti
c

se
iz

u
re

s

In
th

is
se

ct
io

n
,
a

ca
se

st
u

d
y

in
th

e
h

ea
lt

h
ca

re
d

o
m

a
in

is
co

n
si

d
er

ed
u

si
n

g
a

se
t

o
f
a
cc

el
er

at
io

n
d

a
ta

co
ll

ec
te

d
fr

om
m

ov
em

en
ts

of
p

a
ti

en
ts

su
ff

er
in

g
fr

o
m

ep
il

ep
sy

(C
u

p
p

en
s

et
al

.,
2
01

3
).

T
h

e
ac

ce
le

ra
ti

on
d

a
ta

w
er

e
re

co
rd

ed
d

u
ri

n
g

se
ve

ra
l
n

ig
h
ts

u
si

n
g

fo
u

r
3D

a
cc

el
er

at
io

n
se

n
so

rs
at

ta
ch

ed
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th
e

ex
tr

em
it

ie
s

o
f

7
ch

il
d

re
n

w
it

h
h
y
p

er
m

o
to

r
se

iz
u

re
s,

a
ll

b
et

w
ee

n
th

e
a
ge

o
f

5
an

d
1
6

ye
ar

s.
H

y
p

er
m

o
to

r
se

iz
u

re
s

a
re
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il

ep
ti

c
co

n
v
u

ls
io

n
s

th
at

a
re

m
a
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ed
b
y

a
st

ro
n

g
an

d
u

n
co

n
tr

o
ll

ed
m

ov
em

en
t

o
f

th
e

ar
m

s
an

d
le

g
s

th
a
t

ca
n

la
st

fr
om

a
co

u
p

le
o
f

se
co

n
d

s
to

a
n
u

m
b

er
of

m
in

u
te

s.
D

u
e

to
th

e
ex

a
gg

er
a
te

d
m

ov
em

en
t

in
v
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d

,
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e
p
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n
t
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n
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O
n
e
-c

l
a
ss

c
l
a
ssif

ic
a
t
io

n
o
f

p
o
in

t
pa

t
t
e
r
n
s

o
f

e
x
t
r
e
m

e
s

th
em

selves
d

u
rin

g
th

e
seizu

re,
w

h
ich

in
crea

ses
th

e
n

eed
fo

r
a
n

a
la

rm
sy

stem
w

ith
h

igh
sen

sitiv
ity

to
ab

n
orm

ality.
In

a
p
re-p

ro
cessin

g
p

h
a
se,

m
ovem

en
t

even
ts
E
s

are
ex

tra
cted

fro
m

th
e

d
ata

set
u
sin

g
a
n

en
erg

y
-b

ased
th

resh
o
ld

.
W

e
d

en
o
te

th
e

a
ccelera

tion
vecto

rs
in

th
ese

ev
en

ts
a
s

E
s

=
{~a

tl |1
≤
t≤

T
,1
≤
l≤

4}

w
h

ere
th

e
in

d
ices

refer
to

th
e

tim
e

in
d

ex
a
n

d
th

e
lim

b
resp

ectively
(1

=
left

a
rm

,
2

=
rig

h
t

a
rm

,
3

=
left

leg
,

4
=

rig
h
t

leg
).

C
u

p
p

en
s

et
a
l.

(2
0
1
3
)

p
erfo

rm
ed

a
fea

tu
re

a
n

a
ly

sis
w

h
ere

3
fea

tu
res

w
ere

id
en

tifi
ed

a
s

b
ein

g
releva

n
t

to
th

is
ap

p
licatio

n
:

i)
M

ovem
en

t
len

gth
,
f

1
=
|E

s |
=
T

ii)
A

vera
ge

en
ergy

in
a

m
ovem

en
t:

f
2

=
1T

∑t,l ‖~a
tl ‖

2

iii)
T

h
e

m
ax

im
a
l

en
ergy

in
a
n

arm
m

ovem
en

t:

f
3

=
m

a
x

1≤
t≤
T {‖~a

t1 ‖
2,‖~a

t2 ‖
2 }

T
h

e
featu

res
are

ca
lcu

lated
w

ith
in

slid
in

g
w

in
d

ow
s

co
n
ta

in
in

g
12

5
sa

m
p

les
(L

u
ca

et
a
l.,

20
1
4
a)

w
h

ich
a
re

ra
n

d
om

ly
su

b
sa

m
p

led
to

o
b

ta
in

sets
S

=
{
x

1 ,...,x
k }

o
f

fi
x
ed

len
g
th

k
=

20
con

tain
in

g
d

a
ta

in
stan

ces
x
i

=
(f
i1 ,f

i2 ,f
i3 )
∈

R
3

on
w

h
ich

th
e

E
V

T
a
lgo

rith
m
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u
en
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cla

ssifi
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n
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n
b

e
a
p

p
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.
T

h
e

d
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h
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u
n
b
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n
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a
s

m
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b
e
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T
a
b
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1
.

O
n
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ree
p

a
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t
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g
s
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n
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m

o
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a
n

3
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p
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o
f

seizu
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o
r
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p
atien
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a
n

O
C

S
V

M
a
n

d
H

M
M

w
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ed
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a
5
-fo
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lid
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p
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t
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ere
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e
seizu
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ra
n

d
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b
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a
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d
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o
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e
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g
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n
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(C
u
p

p
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s
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2
0
1
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C
(λ

)
=

2·
S
S

(λ
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+
P
P
V

(λ
)

w
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e
h
y
p
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e
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o
d
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H
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e
w
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h
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o
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e
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S
)
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h
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h

er
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e
w
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h
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o
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e

p
o
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p
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e
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P
V
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b
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u
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m
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g

a

T
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1
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O
v
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o
f
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m
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d
a
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P

atien
t

N
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h
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o
f

H
y
p
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o
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r
N

o
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a
l

n
u

m
b
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m
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g
seizu
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m
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p
a
t

1
1

2
1
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p
a
t

2
2

9
2
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p
a
t

3
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2
4
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p
a
t

4
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2
2
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p
a
t

5
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p
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t

6
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p
a
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L
u
c
a
,

C
l
if

t
o
n

a
n
d

V
a
n
r
u
m

st
e

T
a
b

le
2:

S
S

an
d

P
P

V
scores

of
d

iff
eren

t
ap

p
roach

es
u

sed
in

th
e

d
etectio

n
of

ep
ilep

tic
seizu

res
(a)

O
C

S
V

M
,

(b
)

H
M

M
,

an
d

(c)
E

V
T

.
M

ean
a
n

d
sta

n
d

ard
d

ev
iation

s
(S

D
)

are
calcu

lated
over

th
e

fold
s

in
a

5-fold
-cross-valid

a
tion

ex
p

erim
en

t.

O
C

S
V

M
S
S

P
P

V
F

1
m

ean
S
D

m
ean

S
D

m
ean

S
D

p
at2

100
.0

0.00
48.03

13.19
64.07

11.62
p
at5

64.6
2

18
.53

34.08
2.68

43.59
2.22

p
at6

100
.00

0.00
31.85

7.20
47.96

8.14

(a
)

H
M

M
S

S
P

P
V

F
1

m
ean

S
D

m
ean

S
D

m
ean

S
D

p
a
t2

70.00
2
0.92

89.33
15.35

76.83
14.09

p
a
t5

56.92
8.77

46.57
16.75

49.71
10.40

p
a
t6

80.00
2
9.81

85.00
13.69

77.43
15.53

(b
)

E
V

T
S
S

P
P

V
F

1
m
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D

m
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S
D

m
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S
D

p
at2
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p
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35.38
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26.80
4.95

p
at6
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0.00

48.21
15.15

64.05
12.34

p
at1

100.0
0.00

19.68
9.55

32.05
13.08

p
at3

100.0
0.00

56.67
25.28

70.00
18.26

p
at4

100.0
0.00

48.33
30.28

61.33
23.64

p
at7

100.0
0.00

66.67
31.18

76.67
22.36

(c)

seizu
re

is
m

ore
costly

th
an

gen
eratin

g
a

false-p
ositive

classifi
cation

for
th

is
ty

p
e

of
seizu

re.
T

a
b

les
2(a)

a
n
d

2(b
)

sh
ow

th
e

m
ean

p
erform

an
ce

scores
calcu

lated
over

th
e

d
iff

eren
t

test
sets

in
th

e
ru

n
s

for
th

ree
p

atien
ts

of
w

h
ich

m
ore

th
an

3
ex

am
p

les
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seizu
res

w
ere

availab
le

for
th

e
train

in
g

of
th

ese
m

o
d

els.
A

s
th

ere
are

at
m

ost
3

seizu
res

p
resen

t
for

th
e

rem
a
in

in
g

p
a
tien

ts,
at

m
ost

tw
o

seizu
res

cou
ld

b
e

u
sed

in
th

e
valid

atio
n

set
w

h
en

train
in

g
th

e
H

M
M

s
an

d
O

C
S

V
M

s.
In

th
is

w
ay

at
m

ost
on

e
of

th
e

seizu
res

cou
ld

b
e

h
eld

ou
t

an
d

d
etected

b
y

th
e

alg
orith

m
s

d
u

rin
g

th
e

d
iff

eren
t

cross-valid
ation

ex
p

erim
en

ts.

T
a
b

le
2(c)

sh
ow

s
p

erform
an

ce
scores

related
to

th
e

E
V

T
a
p

p
roa

ch
.

In
con

trast
to

th
e

O
C

S
V

M
an

d
H

M
M

,
p

erform
an

ce
scores

cou
ld

easily
b

e
o
b

tain
ed

for
all

p
atien

ts
w

ith
o
u

t
th

e
n

eed
for

op
tim

ization
u

sin
g

valid
ation

d
ata.

A
s

h
y
p
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otor

seizu
res

a
re

m
arked

b
y

stro
n

g
a
n

d
u

n
con

trolled
m

ovem
en

ts,
th

e
u

se
of

E
V

T
is

very
su
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b

le
in

th
is

ap
p

lication
to

reco
gn

ize
th

is
ty

p
e

of
‘ex

trem
ity

’
fro

m
th

e
class

of
n

orm
al

m
ovem

en
t

ev
en

ts.
In

co
n
trast

to
an

O
C

S
V

M
ou

r
E

V
T

-b
ased

m
eth

o
d

w
as

ab
le

to
im

p
rove

P
P

V
valu

es
in

p
a
tien

ts
2

an
d

6
(avera

ged
over

th
e

fold
s,

a
d

ecrease
of

3
false

a
larm

s
w

h
ile

testin
g

50
n

orm
al

m
ovem

en
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d
st

o
ch

a
st

ic
gr

a
d
ie

n
t

m
et

h
o
d
s

is
a
ls

o
ob

se
rv

ed
fo

r
n
o
n
-d

iff
er

en
ti

ab
le

an
d

n
on

-c
on

v
ex

p
ro

b
le

m
s.

K
e
y
w

o
rd

s:
O

n
li
n
e

L
ea

rn
in

g
,

S
to

ch
a
st

ic
G

ra
d
ie

n
t,

M
o
m

en
tu

m
A

cc
el

er
at

io
n
,

H
ea

v
y
-b

al
l

M
et

h
o
d
,

N
es

te
ro

v
’s

M
et

h
o
d
,

M
ea

n
-S

q
u
ar

e-
E

rr
o
r

A
n
a
ly

si
s,

C
on

v
er

ge
n
ce

R
a
te

1
.

In
tr

o
d
u
ct

io
n

S
to

ch
as

ti
c

op
ti

m
iz

at
io

n
fo

cu
se

s
on

th
e

p
ro

b
le

m
of

op
ti

m
iz

in
g

th
e

ex
p

ec
ta

ti
o
n

o
f

a
lo

ss
fu

n
ct

io
n

,
w

ri
tt

en
as

m
in

w
∈R

M
J

(w
)

∆ =
E θ

[Q
(w

;θ
)]
,

(1
)

w
h

er
e
θ

is
a

ra
n

d
om

va
ri

ab
le

w
h

os
e

d
is

tr
ib

u
ti

on
is

ge
n

er
al

ly
u

n
k
n

ow
n

an
d
J

(w
)

is
a

co
n
ve

x
fu

n
ct

io
n

(u
su

al
ly

st
ro

n
gl

y
-c

on
ve

x
d

u
e

to
re

gu
la

ri
za

ti
on

).
If

th
e

p
ro

b
ab

il
it

y
d

is
tr

ib
u

ti
o
n

o
f

th
e

d
at

a,
θ

,
is

k
n

ow
n

b
ef

or
eh

an
d

,
th

en
on

e
ca

n
ev

al
u

at
e
J

(w
)

an
d

se
ek

it
s

m
in

im
iz

er
b
y

m
ea

n
s

of
a

va
ri

et
y

of
gr

ad
ie

n
t-

d
es

ce
n
t

or
N

ew
to

n
-t

y
p

e
m

et
h

o
d

s
(P

ol
ya

k
,

1
9
87

;
B

er
ts

ek
a
s,

19
99

;
N

es
te

ro
v
,

20
04

).
W

e
re

fe
r

to
th

es
e

ty
p

es
of

p
ro

b
le

m
s,

w
h

er
e
J

(w
)

is
k
n
ow

n
,

a
s

d
et

er
m

in
is

ti
c

op
ti

m
iz

at
io

n
p

ro
b

le
m

s.
O

n
th

e
ot

h
er

h
an

d
,

w
h

en
th

e
p

ro
b

ab
il

it
y

d
is

tr
ib

u
ti

o
n

of
th

e
d

at
a

is
u

n
k
n

ow
n

,
th

en
th

e
ri

sk
fu

n
ct

io
n
J

(w
)

is
u

n
k
n

ow
n

as
w

el
l;

o
n

ly
in

st
a
n

ce
s

c ©
2
0
1
6

K
u

n
Y

u
a
n

,
B

ic
h

en
g

Y
in

g
,

a
n

d
A

li
H

.
S

a
y
ed

.
JM

L
R

 1
7(
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2)
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Y
u
a
n
,

Y
in

g
,

a
n
d

S
a
y
e
d

of
th

e
lo

ss
fu

n
ct

io
n

,
Q

(w
;θ

),
m

ay
b

e
av

a
il

a
b

le
a
t

va
ri

ou
s

o
b

se
rv

at
io

n
s
θ
i,

w
h

er
e
i

re
fe

rs
to

th
e

sa
m

p
le

in
d

ex
.

W
e

re
fe

r
to

th
es

e
ty

p
es

o
f

p
ro

b
le

m
s,

w
h

er
e
J

(w
)

is
u

n
k
n

ow
n

b
u

t
d

efi
n

ed
im

p
li
ci

ty
a
s

th
e

ex
p

ec
ta

ti
o
n

o
f

so
m

e
k
n

ow
n

lo
ss

fo
rm

,
a
s

st
oc

h
a
st

ic
op

ti
m

iz
a
ti

on
p

ro
b

le
m

s.
T

h
is

a
rt

ic
le

d
ea

ls
w

it
h

th
is

se
co

n
d

ty
p

e
o
f

p
ro

b
le

m
s,

w
h

ic
h

a
re

p
re

va
le

n
t

in
on

li
n

e
ad

ap
ta

ti
on

an
d

le
ar

n
in

g
co

n
te

x
ts

(W
id

ro
w

a
n

d
S

te
ar

n
s,

19
85

;
H

ay
k
in

,
20

0
8
;

S
ay

ed
,

20
0
8;

T
h

eo
d

or
id

is
,

2
0
15

).

W
h

en
J

(w
)

is
d

iff
er

en
ti

a
b

le
,

o
n

e
o
f

th
e

m
o
st

p
op

u
la

r
te

ch
n

iq
u

es
to

se
ek

m
in

im
iz

er
s

fo
r

(1
)

is
to

em
p

lo
y

th
e

st
oc

h
a
st

ic
g
ra

d
ie

n
t

m
et

h
o
d

.
T

h
is

a
lg

or
it

h
m

is
b

a
se

d
o
n

em
p

lo
y
in

g
in

st
a
n
ta

n
eo

u
s

ap
p

ro
x
im

a
ti

on
s

fo
r

th
e

tr
u

e
(u

n
av

ai
la

b
le

)
g
ra

d
ie

n
t

ve
ct

o
rs

,
∇
w
J

(w
),

b
y

u
s-

in
g

th
e

gr
a
d

ie
n
ts

of
th

e
lo

ss
fu

n
ct

io
n

,
∇
w
Q

(w
;θ

i)
,

ev
a
lu

a
te

d
at

su
cc

es
si

ve
sa

m
p

le
s

o
f

th
e

st
re

am
in

g
d

a
ta
θ
i

ov
er

th
e

it
er

a
ti

on
in

d
ex

i,
sa

y,
as

:

w
i

=
w
i−

1
−
µ
∇
w
Q

(w
i−

1
;θ

i)
,
i
≥

0
.

(2
)

w
h

er
e
µ
>

0
is

a
st

ep
-s

iz
e

p
a
ra

m
et

er
.

N
o
te

th
a
t

w
e

a
re

d
en

o
ti

n
g

th
e

su
cc

es
si

ve
it

er
a
te

s
b
y

w
i

a
n

d
u

si
n

g
th

e
b

o
ld

fa
ce

n
o
ta

ti
o
n

to
re

fe
r

to
th

e
fa

ct
th

at
th

ey
a
re

ra
n

d
o
m

q
u

an
ti

ti
es

in
v
ie

w
of

th
e

ra
n

d
om

n
es

s
in

th
e

m
ea

su
re

m
en

ts
{θ

i}
.

D
u

e
to

th
ei

r
si

m
p

li
ci

ty
,

ro
b

u
st

n
es

s
to

n
oi

se
a
n

d
u

n
ce

rt
ai

n
ty

,
a
n

d
sc

al
a
b

il
it

y
to

b
ig

d
at

a
,

su
ch

st
o
ch

a
st

ic
gr

a
d

ie
n
t

m
et

h
o
d

s
h

av
e

b
ec

o
m

e
p

op
u

la
r

in
la

rg
e-

sc
a
le

op
ti

m
iz

a
ti

o
n

,
m

a
ch

in
e

le
ar

n
in

g
,

an
d

d
a
ta

m
in

in
g

a
p

p
li

ca
ti

o
n

s
(Z

h
a
n

g
,

20
04

;
B

ot
to

u
,

2
01

0
;

G
em

u
ll

a
et

a
l.

,
20

11
;

S
u

ts
ke

ve
r

et
al

.,
2
01

3;
K

a
h

o
u

et
a
l.

,
20

1
3;

C
ev

h
er

et
a
l.

,
20

14
;

S
ze

ge
d

y
et

a
l.

,
20

1
5
;

Z
a
re

b
a

et
al

.,
20

15
).

1
.1

C
o
n
v
e
rg

e
n

c
e

R
a
te

S
to

ch
a
st

ic
-g

ra
d

ie
n
t

a
lg

o
ri

th
m

s
ca

n
b

e
im

p
le

m
en

te
d

w
it

h
d

ec
ay

in
g

st
ep

-s
iz

es
,

su
ch

a
s
µ

(i
)

=
τ
/i

fo
r

so
m

e
co

n
st

a
n
t
τ
,

o
r

w
it

h
co

n
st

a
n
t

st
ep

-s
iz

es
,
µ
>

0
.

T
h

e
fo

rm
er

g
en

er
a
ll

y
en

su
re

a
sy

m
p

to
ti

c
co

n
ve

rg
en

ce
to

th
e

tr
u

e
m

in
im

iz
er

o
f

(1
),

d
en

ot
ed

b
y
w
o
,

at
a

co
n
ve

rg
en

ce
ra

te
th

a
t

is
on

th
e

or
d

er
o
f
O

(1
/
i)

fo
r

st
ro

n
g
ly

-c
o
n
ve

x
ri

sk
fu

n
ct

io
n

s.
T

h
is

g
u
ar

a
n
te

e,
h

ow
ev

er
,

co
m

es
at

th
e

ex
p

en
se

of
tu

rn
in

g
o
ff

ad
ap

ta
ti

o
n

an
d

le
a
rn

in
g

as
ti

m
e

p
ro

g
re

ss
es

si
n

ce
th

e
st

ep
-

si
ze

va
lu

e
ap

p
ro

ac
h

es
ze

ro
in

th
e

li
m

it
,
a
s
i
→
∞

.
A

s
a

re
su

lt
,
th

e
al

go
ri

th
m

lo
se

s
th

e
ab

il
it

y
to

tr
a
ck

co
n

ce
p

t
d
ri

ft
s.

In
co

m
p

a
ri

so
n

,
co

n
st

a
n
t

st
ep

-s
iz

es
ke

ep
a
d

a
p

ta
ti

o
n

an
d

le
a
rn

in
g

al
iv

e
an

d
in

fu
se

a
d

es
ir

a
b

le
tr

a
ck

in
g

m
ec

h
a
n

is
m

in
to

th
e

op
er

a
ti

on
o
f

th
e

a
lg

or
it

h
m

:
ev

en
if

th
e

m
in

im
iz

er
s

d
ri

ft
w

it
h

ti
m

e,
th

e
a
lg

or
it

h
m

w
il

l
g
en

er
al

ly
b

e
ab

le
to

a
d

ju
st

an
d

tr
a
ck

th
ei

r
lo

ca
ti

on
s.

M
or

eo
v
er

,
co

n
ve

rg
en

ce
ca

n
n
ow

o
cc

u
r

a
t

th
e

co
n

si
d

er
a
b

ly
fa

st
er

ex
p

on
en

ti
al

ra
te

,
O

(α
i )

,
fo

r
so

m
e
α
∈

(0
,1

).
T

h
es

e
fa

vo
ra

b
le

p
ro

p
er

ti
es

co
m

e
at

th
e

ex
p

en
se

o
f

a
sm

a
ll

d
et

er
io

ra
ti

o
n

in
th

e
li

m
it

in
g

a
cc

u
ra

cy
o
f

th
e

it
er

at
es

si
n

ce
a
lm

o
st

-s
u

re
co

n
ve

rg
en

ce
is

n
ot

gu
ar

an
te

ed
an

y
lo

n
g
er

.
In

st
ea

d
,

th
e

a
lg

or
it

h
m

co
n
ve

rg
es

in
th

e
m

ea
n

-s
q
u

a
re

-e
rr

o
r

se
n

se
to

w
a
rd

s
a

sm
a
ll

n
ei

gh
b

o
rh

o
o
d

a
ro

u
n

d
th

e
tr

u
e

m
in

im
iz

er
,
w
o
,

w
h

os
e

ra
d

iu
s

is
o
n

th
e

or
d

er
o
f
O

(µ
).

T
h

is
is

st
il

l
a

d
es

ir
a
b

le
co

n
cl

u
si

o
n

b
ec

au
se

th
e

va
lu

e
o
f
µ

is
co

n
tr

o
ll

ed
b
y

th
e

d
es

ig
n

er
an

d
ca

n
b

e
ch

o
se

n
su

ffi
ci

en
tl

y
sm

a
ll

.

A
w

el
l-

k
n

ow
n

tr
ad

eo
ff

th
er

ef
o
re

d
ev

el
op

s
b

et
w

ee
n

co
n
ve

rg
en

ce
ra

te
an

d
m

ea
n

-s
q
u

ar
e-

er
ro

r
(M

S
E

)
p

er
fo

rm
a
n

ce
.

T
h

e
a
sy

m
p

to
ti

c
M

S
E

p
er

fo
rm

a
n

ce
le

ve
l

a
p

p
ro

a
ch

es
O

(µ
)

w
h
il

e
th

e
co

n
v
er

ge
n

ce
ra

te
is

gi
ve

n
b
y
α

=
1
−
O

(µ
)

(P
o
ly

a
k
,

1
98

7
;

S
ay

ed
,

20
14

a
).

It
is

n
ow

a
-

d
ay

s
w

el
l-

re
co

g
n

iz
ed

th
a
t

th
e

sm
al

l
O

(µ
)

d
eg

ra
d

at
io

n
in

p
er

fo
rm

an
ce

is
ac

ce
p

ta
b

le
in

m
os

t
la

rg
e-

sc
a
le

le
ar

n
in

g
an

d
a
d

a
p

ta
ti

o
n

p
ro

b
le

m
s

(B
o
u

sq
u

et
a
n

d
B

ot
to

u
,

2
00

8
;

B
ot

to
u

,
2
01

0
;

S
ay

ed
,

20
14

b
).

T
h

is
is

b
ec

a
u

se
,

in
g
en

er
a
l,

th
er

e
a
re

a
lw

ay
s

m
o
d

el
in

g
er

ro
rs

in
fo

rm
u

la
ti

n
g

2
JM

L
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O
n

t
h
e

In
f
l
u
e
n
c
e

o
f

M
o
m

e
n
t
u
m

A
c
c
e
l
e
r
a
t
io

n
o
n

O
n
l
in

e
L

e
a
r
n
in

g

o
p

tim
iza

tio
n

p
ro

b
lem

s
o
f

th
e

form
(1);

th
e

co
st

fu
n

ctio
n

m
ay

n
o
t

refl
ect

p
erfectly

th
e

sce-
n

ario
a
n

d
d

a
ta

u
n

d
er

stu
d

y.
A

s
su

ch
,

in
sistin

g
o
n

a
tta

in
in

g
a
sy

m
p

totic
co

n
verg

en
ce

to
th

e
tru

e
m

in
im

izer
m

ay
n

o
t

b
e

n
ecessarily

th
e

b
est

co
u

rse
of

a
ctio

n
o
r

m
ay

n
ot

b
e

w
o
rth

th
e

eff
o
rt.

It
is

o
ften

m
o
re

a
d

va
n
ta

geo
u

s
to

to
lera

te
a

sm
a
ll

stea
d

y
-sta

te
error

th
a
t

is
n

egligi-
b

le
in

m
ost

cases,
b

u
t

is
n

everth
eless

a
ttain

ed
a
t

a
fa

ster
ex

p
o
n

en
tia

l
ra

te
o
f

co
n
verg

en
ce

th
a
n

th
e

slow
er

ra
te

o
f
O

(1/
i).

F
u

rth
erm

o
re,

th
e

d
a
ta

m
o
d

els
in

m
a
n
y

a
p

p
lica

tio
n

s
a
re

m
o
re

co
m

p
lex

th
an

assu
m

ed
,

w
ith

p
o
ssib

ly
lo

ca
l

m
in

im
a
.

In
th

ese
cases,

co
n

sta
n
t

step
-size

im
p

lem
en

ta
tio

n
s

ca
n

h
elp

red
u

ce
th

e
risk

of
b

ein
g

tra
p

p
ed

a
t

lo
ca

l
so

lu
tio

n
s.

F
o
r

th
ese

variou
s

rea
so

n
s,

a
n

d
sin

ce
o
u

r
em

p
h

a
sis

is
o
n

a
lgo

rith
m

s
th

a
t

are
a
b

le
to

lea
rn

co
n
tin

u
o
u

sly,
w

e
sh

a
ll

fo
cu

s
o
n

sm
a
ll

co
n

sta
n

t
step

-size
im

p
lem

en
ta

tio
n

s.
In

th
ese

ca
ses,

gra
d

ien
t

n
o
ise

is
a
lw

ay
s

p
resen

t,
a
s

o
p

p
o
sed

to
d

ecay
in

g
step

-size
im

p
lem

en
ta

tio
n

s
w

h
ere

th
e

g
rad

ien
t

n
o
ise

term
s

get
a
n

n
ih

ila
ted

w
ith

tim
e.

T
h

e
a
n

a
ly

sis
in

th
e

p
ap

er
w

ill
esta

b
lish

a
n

a
ly

tically,
a
n

d
illu

stra
te

b
y

sim
u

latio
n

s,
th

a
t,

fo
r

su
ffi

cien
tly

sm
a
ll

step
-sizes,

a
n
y

b
en

efi
t

fro
m

a
m

o
m

en
tu

m
sto

ch
a
stic-co

n
stru

ction
ca

n
b

e
a
ttain

ed
b
y

a
d

ju
stin

g
th

e
step

-size
p

a
ra

m
eter

for
th

e
origin

a
l
sto

ch
a
stic-g

ra
d

ien
t

im
p

lem
en

ta
tion

.
W

e
em

p
h

a
size

h
ere

th
e

q
u

a
lifi

ca
tion

“
sm

a
ll”

fo
r

th
e

step
-size.

T
h
e

rea
son

w
e

fo
cu

s
o
n

sm
all

step
-sizes

(w
h

ich
co

rresp
o
n

d
to

th
e

slow
ad

ap
ta

tion
reg

im
e)

is
b

ecau
se,

in
th

e
sto

ch
a
stic

co
n
tex

t,
m

ea
n

-
sq

u
are-erro

r
sta

b
ility

a
n

d
co

n
verg

en
ce

req
u

ire
sm

all
step

-sizes.

1
.2

A
c
c
e
le

ra
tio

n
M

e
th

o
d

s

In
th

e
d
eterm

in
istic

op
tim

izatio
n

ca
se,

w
h

en
th

e
tru

e
g
ra

d
ien

t
vecto

rs
o
f

th
e

sm
o
o
th

risk
fu

n
ctio

n
J

(w
)

a
re

ava
ila

b
le,

th
e

itera
tive

alg
o
rith

m
fo

r
seek

in
g

th
e

m
in

im
izer

o
f
J

(w
)

b
e-

co
m

es
th

e
follow

in
g

g
ra

d
ien

t-d
escen

t
recu

rsion

w
i

=
w
i−

1 −
µ∇

w
J

(w
i−

1 ),
i≥

0
,

(3)

T
h

ere
h

av
e

b
een

m
a
n
y

in
g
en

io
u

s
m

eth
o
d

s
p

ro
p

osed
in

th
e

litera
tu

re
to

en
h

an
ce

th
e

con
-

verg
en

ce
o
f

th
ese

m
eth

o
d

s
for

b
o
th

ca
ses

o
f

co
n
vex

a
n

d
stron

g
ly

-con
vex

risk
s,
J

(w
).

T
w

o
o
f

th
e

m
ost

n
o
ta

b
le

a
n

d
su

ccessfu
l

tech
n

iq
u

es
are

th
e

h
eav

y
-b

a
ll

m
eth

o
d

(P
o
lya

k
,

19
6
4,

1
9
87

;
Q

ian
,

19
9
9)

a
n

d
N

esterov
’s

accelera
tion

m
eth

o
d

(N
esterov

,
1
9
83

,
20

0
4
,

2
0
05

)
(th

e
recu

rsio
n

s
fo

r
th

ese
alg

o
rith

m
s

a
re

d
escrib

ed
in

S
ectio

n
3.1

).
T

h
e

tw
o

m
eth

o
d

s
a
re

d
iff

eren
t

b
u

t
th

ey
b

o
th

rely
o
n

th
e

co
n

cep
t

of
a
d

d
in

g
a

m
o
m

en
tu

m
term

to
th

e
recu

rsio
n

.
W

h
en

th
e

risk
fu

n
ction

J
(w

)
is
ν

-stro
n

g
ly

co
n
vex

a
n

d
h

a
s
δ-L

ip
sch

itz
co

n
tin

u
o
u

s
gra

d
ien

ts,
b

oth
m

eth
o
d

s
su

cceed
in

a
ccelera

tin
g

th
e

g
rad

ien
t

d
escen

t
a
lg

o
rith

m
to

a
ttain

a
fa

ster
ex

p
o
n

en
-

tia
l

co
n
v
erg

en
ce

rate
(P

o
lyak

,
1
98

7
)

(N
esterov

,
2
0
04

),
a
n

d
th

is
ra

te
is

p
rov

en
to

b
e

o
p

tim
a
l

for
p

ro
b
lem

s
w

ith
sm

o
o
th
J

(w
)

an
d

ca
n

n
o
t

b
e

a
tta

in
ed

b
y

stan
d

a
rd

g
rad

ien
t

d
escen

t
m

eth
-

o
d

s.
S

p
ecifi

ca
lly,

it
is

sh
ow

n
in

(P
oly

a
k
,

1
98

7
)

(N
esterov

,
2
0
04

)
th

a
t

fo
r

h
eav

y
-b

a
ll

a
n

d
N

esterov
’s

a
ccelera

tio
n

m
eth

o
d

s,
th

e
co

n
verg

en
ce

of
th

e
iterates

w
i

tow
a
rd

s
w
o

o
ccu

rs
at

th
e

ra
te:

‖
w
i −

w
o‖

2≤
(
√
δ−
√
ν

√
δ

+
√
ν )

2‖
w
i−

1 −
w
o‖

2,
(4)

3
JM

L
R

 17(192):1-66

Y
u
a
n
,

Y
in

g
,

a
n
d

S
a
y
e
d

In
co

m
p

a
riso

n
,

in
T

h
eorem

2.1.15
of

(N
esterov

,
2005)

an
d

T
h

eorem
4

in
S

ection
1.4

of
(P

o
lya

k
,

198
7),

th
e

fastest
rate

for
grad

ien
t

d
escen

t
m

eth
o
d

is
sh

ow
n

to
b

e

‖
w
i −

w
o‖

2≤
(
δ−

ν

δ
+
ν )

2‖
w
i−

1 −
w
o‖

2.
(5)

It
can

b
e

verifi
ed

th
at

√
δ−
√
ν

√
δ

+
√
ν
<
δ−

ν

δ
+
ν

(6)

w
h

en
δ
>
ν

.
T

h
is

in
eq

u
ality

con
fi

rm
s

th
at

th
e

m
om

en
tu

m
algo

rith
m

can
ach

ieve
a

faster
rate

in
d

eterm
in

istic
op

tim
ization

an
d

,
m

oreover,
th

is
faster

rate
can

n
o
t

b
e

attain
ed

b
y

sta
n

d
ard

g
rad

ien
t

d
escen

t.
M

otivated
b
y

th
ese

u
sefu

l
accelera

tion
p

rop
erties

in
th

e
d
eterm

in
istic

con
tex

t,
m

om
en

-
tu

m
term

s
h

av
e

b
een

su
b

seq
u

en
tly

in
tro

d
u

ced
in

to
stoch

a
stic

op
tim

ization
algorith

m
s

as
w

ell
(P

oly
ak

,
19

87;
P

roak
is,

1974;
S

h
arm

a
et

al.,
1998;

S
h
y
n

k
an

d
R

oy
,

J
u

n
e

1988;
R

oy
a
n

d
S

h
y
n

k
,

1
990;

T
u

gay
an

d
T

an
ik

,
1989;

B
ellan

ger,
2001;

W
iegerin

ck
et

a
l.,

1994;
H

u
et

al.,
2
00

9;
X

iao,
20

10;
L

an
,

2012;
G

h
ad

im
i

an
d

L
an

,
2012;

Z
h

on
g

an
d

K
w

ok
,

2014)
an

d
ap

p
lied

,
for

ex
a
m

p
le,

to
p

rob
lem

s
in

volv
in

g
th

e
track

in
g

of
ch

irp
ed

sin
u

soid
al

sign
als

(T
in

g
et

al.,
2
00

0)
o
r

d
eep

lea
rn

in
g

(S
u

tskever
et

al.,
2
013;

K
ah

ou
et

al.,
2013;

S
zeged

y
et

al.,
2015;

Z
areb

a
et

a
l.,

2015).
H

ow
ever,

th
e

an
aly

sis
in

th
is

p
ap

er
w

ill
sh

ow
th

at
th

e
ad

van
tages

o
f

th
e

m
om

en
tu

m
tech

n
iq

u
e

for
d

eterm
in

istic
op

tim
ization

d
o

n
ot

n
ecessarily

ca
rry

over
to

th
e

a
d
a
p
tive

on
lin

e
settin

g
d

u
e

to
th

e
p

resen
ce

of
sto

ch
astic

gra
d

ien
t

n
oise

(w
h

ich
is

th
e

d
iff

eren
ce

b
etw

een
th

e
actu

al
grad

ien
t

vector
an

d
its

a
p

p
rox

im
ation

).
S

p
ecifi

cally,
for

su
ffi

cien
tly

sm
all

step
-sizes

an
d

for
a

m
om

en
tu

m
p

aram
ter

n
o
t

to
o

close
to

o
n

e,
w

e
w

ill
sh

ow
th

at
a
n
y

ad
van

tage
b

rou
gh

t
forth

b
y

th
e

m
om

en
tu

m
term

can
b

e
ach

iev
ed

b
y

stay
in

g
w

ith
th

e
origin

al
sto

ch
astic-grad

ien
t

alg
orith

m
an

d
ad

ju
stin

g
its

step
-size

to
a

larger
valu

e.
F

o
r

in
stan

ce,
fo

r
o
p

tim
ization

p
rob

lem
(1),

w
e

w
ill

sh
ow

th
a
t

if
th

e
step

-sizes,
µ
m

for
th

e
m

om
en

tu
m

(h
eav

y
-b

all
or

N
esterov

)
m

eth
o
d

s
an

d
µ

for
th

e
stan

d
ard

sto
ch

astic
grad

ien
t

a
lg

orith
m

s,
are

su
ffi

cien
tly

sm
all

an
d

satisfy
th

e
relation

µ
=

µ
m

1−
β

(7)

w
h

ere
β

,
a

p
ositive

con
stan

t
th

at
is

n
ot

to
o

close
to

1,
is

th
e

m
om

en
tu

m
p

aram
eter,

th
en

it
w

ill
h

o
ld

th
at

E‖
w
m
,i −

w
i ‖

2
=
O

(µ
3
/
2),

i
=

0,1
,2
,...

(8)

w
h

ere
w
m
,i

an
d
w
i

d
en

ote
th

e
iterates

gen
erated

at
tim

e
i

b
y

th
e

m
om

en
tu

m
an

d
stan

d
ard

im
p

lem
en

tation
s,

resp
ectively.

In
th

e
sp

ecial
case

w
h

en
J

(w
)

is
q
u

ad
ratic

in
w

,
as

h
a
p

p
en

s
in

m
ean

-sq
u

are-error
d

esign
p

rob
lem

s,
w

e
can

tigh
ten

(8)
to

E‖
w
m
,i −

w
i ‖

2
=
O

(µ
2),

i
=

0,1
,2
,...

(9)

W
h

at
is

im
p

ortan
t

to
n

ote
is

th
at,

w
e

w
ill

sh
ow

th
at

th
ese

resu
lts

h
old

fo
r

every
i,

an
d

n
ot

on
ly

a
sy

m
p

totically.
T

h
erefore,

w
h

en
µ

is
su

ffi
cien

tly
sm

all,
p

ro
p

erty
(8)

estab
lish

es
th

at
th

e
sto

ch
a
stic

grad
ien

t
m

eth
o
d

an
d

th
e

m
om

en
tu

m
version

s
are

fu
n

d
am

en
tally

eq
u

ivalen
t

4
JM

L
R

 17(192):1-66



O
n

t
h
e

In
f
l
u
e
n
c
e

o
f

M
o
m

e
n
t
u
m

A
c
c
e
l
e
r
a
t
io

n
o
n

O
n
l
in

e
L

e
a
r
n
in

g

si
n

ce
th

ei
r

it
er

at
es

ev
ol

ve
cl

os
e

to
ea

ch
ot

h
er

at
al

l
ti

m
es

.
W

e
es

ta
b

li
sh

th
is

eq
u

iv
a
le

n
ce

re
su

lt
u

n
d

er
th

e
si

tu
at

io
n

w
h

er
e

th
e

ri
sk

fu
n

ct
io

n
is

co
n
ve

x
an

d
d

iff
er

en
ti

ab
le

.
H

ow
ev

er
,

a
s

ou
r

n
u

m
er

ic
al

si
m

u
la

ti
on

s
ov

er
a

m
u

lt
i-

la
ye

r
fu

ll
y

co
n

n
ec

te
d

n
eu

ra
l

n
et

w
o
rk

a
n

d
a

se
co

n
d

co
n
vo

lu
ti

on
al

n
eu

ra
l

n
et

w
or

k
(s

ee
S

ec
ti

on
7.

4)
sh

ow
,

th
e

eq
u

iv
al

en
ce

b
et

w
ee

n
st

a
n

d
a
rd

an
d

m
om

en
tu

m
st

o
ch

as
ti

c
gr

ad
ie

n
t

m
et

h
o
d

s
ar

e
al

so
ob

se
rv

ed
in

n
on

-c
o
n
ve

x
a
n

d
n

o
n

-
d

iff
er

en
ti

ab
le

sc
en

ar
io

s.

1
.3

R
e
la

te
d

W
o
rk

s
in

th
e

L
it

e
ra

tu
re

T
h

er
e

ar
e

u
se

fu
l

re
su

lt
s

in
th

e
li

te
ra

tu
re

th
at

d
ea

l
w

it
h

sp
ec

ia
l

in
st

an
ce

s
o
f

th
e

g
en

er
al

fr
am

ew
or

k
d

ev
el

op
ed

in
th

is
w

or
k
.

T
h

es
e

ea
rl

ie
r

re
su

lt
s

fo
cu

s
m

ai
n

ly
on

th
e

m
ea

n
-s

q
u
ar

e-
er

ro
r

ca
se

w
h

en
J

(w
)

is
q
u

ad
ra

ti
c

in
w

,
in

w
h

ic
h

ca
se

th
e

st
o
ch

as
ti

c
gr

a
d

ie
n
t

a
lg

o
ri

th
m

re
d

u
ce

s
to

th
e

fa
m

ed
le

as
t-

m
ea

n
-s

q
u

ar
es

(L
M

S
)

al
go

ri
th

m
.

W
e

w
il

l
n

o
t

b
e

li
m

it
in

g
ou

r
an

al
y
si

s
to

th
is

ca
se

so
th

at
ou

r
re

su
lt

s
w

il
l

b
e

ap
p

li
ca

b
le

to
a

b
ro

ad
er

cl
a
ss

o
f

le
a
rn

in
g

p
ro

b
le

m
s

b
ey

on
d

m
ea

n
-s

q
u

ar
e-

er
ro

r
es

ti
m

at
io

n
(e

.g
.,

lo
gi

st
ic

re
gr

es
si

on
w

o
u

ld
b

e
co

ve
re

d
b
y

ou
r

re
su

lt
s

as
w

el
l)

.
A

s
th

e
an

al
y
si

s
an

d
d

er
iv

at
io

n
s

w
il

l
re

ve
al

,
th

e
tr

ea
tm

en
t

o
f

th
e

ge
n

er
al
J

(w
)

ca
se

is
d

em
an

d
in

g
b

ec
au

se
th

e
H

es
si

an
m

at
ri

x
of
J

(w
)

is
n

ow
w
−

d
ep

en
d

en
t,

w
h

er
ea

s
it

is
a

co
n

st
an

t
m

at
ri

x
in

th
e

q
u

ad
ra

ti
c

ca
se

.

S
om

e
of

th
e

ea
rl

ie
r

in
ve

st
ig

at
io

n
s

in
th

e
li

te
ra

tu
re

le
d

to
th

e
fo

ll
ow

in
g

o
b

se
rv

a
ti

o
n

s.
It

w
as

n
ot

ed
in

(P
ol

ya
k
,

19
87

)
th

at
,

fo
r

q
u

ad
ra

ti
c

co
st

s,
st

o
ch

as
ti

c
gr

ad
ie

n
t

im
p

le
m

en
ta

ti
on

s
w

it
h

a
m

om
en

tu
m

te
rm

d
o

n
ot

n
ec

es
sa

ri
ly

p
er

fo
rm

w
el

l.
T

h
is

w
or

k
re

m
ar

k
s

th
a
t

a
lt

h
o
u

g
h

th
e

h
ea

v
y
-b

al
l

m
et

h
o
d

ca
n

le
ad

to
fa

st
er

co
n
ve

rg
en

ce
in

th
e

ea
rl

y
st

ag
es

o
f

le
ar

n
in

g,
it

n
ev

er
th

el
es

s
co

n
ve

rg
es

to
a

re
gi

on
w

it
h

w
or

se
m

ea
n

-s
q
u

ar
e-

er
ro

r
in

co
m

p
a
ri

so
n

to
st

a
n

d
a
rd

st
o
ch

as
ti

c-
gr

ad
ie

n
t

(o
r

L
M

S
)

it
er

at
io

n
.

A
si

m
il

ar
p

h
en

om
en

on
is

al
so

ob
se

rv
ed

in
(P

ro
a
k
is

,
19

74
;

S
h

ar
m

a
et

al
.,

19
98

).
H

ow
ev

er
,

in
th

e
w

or
k
s

(P
ro

ak
is

,
19

74
;

P
ol

ya
k
,

1
9
8
7;

S
h

a
rm

a
et

al
.,

19
98

),
n

o
cl

ai
m

is
m

ad
e

or
es

ta
b

li
sh

ed
ab

ou
t

th
e

eq
u

iv
al

en
ce

b
et

w
ee

n
m

o
m

en
tu

m
an

d
st

an
d

ar
d

m
et

h
o
d

s.

H
ea

v
y
-b

al
l

L
M

S
w

as
fu

rt
h

er
st

u
d

ie
d

in
th

e
u

se
fu

l
w

or
k
s

(R
oy

an
d

S
h
y
n

k
,

19
9
0
)

a
n

d
(T

u
ga

y
an

d
T

an
ik

,
19

89
).

T
h

e
re

fe
re

n
ce

(R
oy

an
d

S
h
y
n

k
,

19
90

)
cl

ai
m

ed
th

a
t

n
o

si
g
n

ifi
ca

n
t

ga
in

is
ac

h
ie

ve
d

in
co

n
v
er

ge
n

ce
sp

ee
d

if
b

ot
h

th
e

h
ea

v
y
-b

al
l

an
d

st
an

d
ar

d
L

M
S

al
g
o
ri

th
m

s
ap

p
ro

ac
h

th
e

sa
m

e
st

ea
d
y-

st
a
te

M
S

E
p

er
fo

rm
an

ce
.

R
ef

er
en

ce
(T

u
ga

y
an

d
T

a
n

ik
,

1
9
89

)
ob

se
rv

ed
th

at
w

h
en

th
e

st
ep

-s
iz

es
sa

ti
sf

y
re

la
ti

on
(7

),
th

en
h

ea
v
y
-b

al
l

L
M

S
is

“
eq

u
iv

a
le

n
t”

to
st

an
d

ar
d

L
M

S
.
H

ow
ev

er
,

th
ey

as
su

m
ed

G
au

ss
ia

n
m

ea
su

re
m

en
t

n
oi

se
in

th
ei

r
d

a
ta

m
o
d

el
,

an
d

th
e

n
ot

io
n

of
“e

q
u

iv
al

en
ce

”
in

th
is

w
or

k
is

on
ly

re
fe

rr
in

g
to

th
e

fa
ct

th
a
t

th
e

a
lg

o
ri

th
m

s
h

av
e

si
m

il
ar

st
ar

ti
n

g
co

n
ve

rg
en

ce
ra

te
s

an
d

si
m

il
ar

st
ea

d
y
-s

ta
te

M
S

E
le

ve
ls

.
T

h
er

e
w

a
s

n
o

an
al

y
si

s
in

(T
u

ga
y

an
d

T
an

ik
,

19
89

)
of

th
e

b
eh

av
io

r
of

th
e

al
go

ri
th

m
s

d
u

ri
n

g
a
ll

st
a
g
es

of
le

ar
n

in
g

–
se

e
al

so
(B

el
la

n
ge

r,
20

01
).

A
n

ot
h

er
u

se
fu

l
w

or
k

is
(W

ie
ge

ri
n

ck
et

a
l.

,
1
99

4
),

w
h

ic
h

co
n

si
d

er
ed

th
e

h
ea

v
y
-b

al
l

st
o
ch

as
ti

c
gr

ad
ie

n
t

m
et

h
o
d

fo
r

ge
n

er
al

ri
sk

,
J

(w
).

B
y

as
su

m
in

g
a

su
ffi

ci
en

tl
y

sm
al

l
st

ep
-s

iz
e,

an
d

b
y

tr
an

sf
or

m
in

g
th

e
er

ro
r

d
iff

er
en

ce
re

cu
rs

io
n

in
to

a
d

iff
er

en
ti

al
eq

u
at

io
n

,
th

e
w

or
k

co
n

cl
u

d
ed

th
at

h
ea

v
y
-b

al
l

ca
n

b
e

eq
u

iv
a
le

n
t

to
th

e
st

an
d

ar
d

st
o
ch

as
ti

c
gr

ad
ie

n
t

m
et

h
o
d

as
y
m

p
to

ti
ca

ll
y

(i
.e

.,
fo

r
i

la
rg

e
en

o
u
gh

).
N

o
re

su
lt

s
w

er
e

p
ro

v
id

ed
fo

r
th

e
ea

rl
ie

r
st

ag
es

of
le

ar
n

in
g.

A
ll

of
th

es
e

p
re

v
io

u
s

w
or

k
s

w
er

e
li

m
it

ed
to

ex
am

in
in

g
th

e
h
ea

v
y
-b

al
l

m
o
m

en
tu

m
te

ch
-

n
iq

u
e;

n
on

e
of

th
em

co
n

si
d

er
ed

ot
h

er
fo

rm
s

of
ac

ce
le

ra
ti

on
su

ch
as

N
es

te
ro

v
’s

te
ch

n
iq

u
e

al
th

ou
gh

th
is

la
tt

er
te

ch
n

iq
u

e
is

n
ow

ad
ay

s
w

id
el

y
ap

p
li

ed
to

st
o
ch

as
ti

c
g
ra

d
ie

n
t

le
a
rn

in
g,

5
JM

L
R

 1
7(

19
2)

:1
-6

6

Y
u
a
n
,

Y
in

g
,

a
n
d

S
a
y
e
d

in
cl

u
d

in
g

d
ee

p
le

ar
n

in
g

(S
u

ts
ke

ve
r

et
a
l.

,
2
01

3
;

K
a
h

o
u

et
a
l.
,

2
01

3
;

S
ze

ge
d

y
et

a
l.

,
2
0
1
5;

Z
ar

eb
a

et
al

.,
20

15
).

T
h

e
p

er
fo

rm
an

ce
of

N
es

te
ro

v
’s

ac
ce

le
ra

ti
on

w
it

h
d
et

er
m

in
is

ti
c

an
d

bo
u

n
d
ed

gr
ad

ie
n
t

er
ro

r
w

a
s

ex
a
m

in
ed

in
(d

’A
sp

re
m

o
n
t,

2
0
08

;
D

ev
o
ld

er
et

al
.,

20
14

;
L

es
sa

rd
et

a
l.

,
20

16
).

T
h

e
so

u
rc

e
o
f

th
e

in
a
cc

u
ra

cy
in

th
e

g
ra

d
ie

n
t

ve
ct

or
in

th
es

e
w

or
k
s

is
ei

th
er

b
ec

au
se

th
e

g
ra

d
ie

n
t

w
a
s

as
se

ss
ed

b
y

so
lv

in
g

an
a
u

x
il

ia
ry

“
si

m
p

le
r”

o
p

ti
m

iz
at

io
n

p
ro

b
le

m
o
r

b
ec

a
u

se
of

n
u

m
er

ic
a
l
ap

p
ro

x
im

at
io

n
s.

C
o
m

p
a
re

d
to

th
e

st
a
n

d
a
rd

gr
a
d

ie
n
t

d
es

ce
n
t

im
p

le
-

m
en

ta
ti

o
n

,
th

e
w

or
k
s

b
y

(d
’A

sp
re

m
o
n
t,

2
0
0
8;

L
es

sa
rd

et
al

.,
2
01

6
)

cl
a
im

ed
th

at
N

es
te

ro
v
’s

a
cc

el
er

a
ti

on
is

n
ot

ro
b

u
st

to
th

e
er

ro
rs

in
g
ra

d
ie

n
t.

T
h

e
w

o
rk

b
y

(D
ev

o
ld

er
et

a
l.

,
20

1
4
)

al
so

o
b

se
rv

ed
th

at
th

e
su

p
er

io
ri

ty
o
f

N
es

te
ro

v
’s

a
cc

el
er

at
io

n
is

n
o

lo
n

g
er

a
b

so
lu

te
w

h
en

in
ex

a
ct

g
ra

d
ie

n
ts

ar
e

u
se

d
,

an
d

th
ey

fu
rt

h
er

p
ro

ve
d

th
a
t

th
e

p
er

fo
rm

a
n

ce
of

N
es

te
ro

v
’s

a
cc

el
er

at
io

n
m

ay
b

e
ev

en
w

or
se

th
an

g
ra

d
ie

n
t

d
es

ce
n
t

d
u

e
to

er
ro

r
a
cc

u
m

u
la

ti
o
n

.
T

h
es

e
w

o
rk

s
a
ss

u
m

ed
b

ou
n

d
ed

er
ro

rs
in

th
e

g
ra

d
ie

n
t

v
ec

to
rs

a
n

d
fo

cu
se

d
on

th
e

co
n
te

x
t

of
d

et
er

m
in

is
ti

c
op

ti
m

iz
a-

ti
o
n

.
N

o
n

e
of

th
e

w
o
rk

s
ex

a
m

in
ed

th
e

st
o
ch

a
st

ic
se

tt
in

g
w

h
er

e
th

e
gr

a
d

ie
n
t

er
ro

r
is

ra
n

d
om

in
n

a
tu

re
a
n

d
w

h
er

e
th

e
as

su
m

p
ti

o
n

o
f

b
o
u

n
d

ed
er

ro
rs

a
re

ge
n

er
a
ll

y
u

n
su

it
ab

le
.

W
e

m
ay

a
d

d
th

a
t

th
er

e
h

av
e

a
ls

o
b

ee
n

a
n

a
ly

se
s

o
f

N
es

te
ro

v
’s

ac
ce

le
ra

ti
on

fo
r

st
oc

h
a
st

ic
o
p

ti
m

iz
a
ti

on
p

ro
b

le
m

s
al

b
ei

t
fo

r
d
ec

a
yi

n
g

st
ep

-s
iz

es
in

m
o
re

re
ce

n
t

li
te

ra
tu

re
(H

u
et

a
l.

,
2
00

9;
X

ia
o
,
20

1
0;

L
a
n

,
20

12
;

G
h

ad
im

i
a
n

d
L

an
,

2
0
12

;
Z

h
o
n

g
an

d
K

w
o
k
,

20
14

).
T

h
es

e
w

o
rk

s
p

ro
v
ed

th
a
t

N
es

-
te

ro
v
’s

ac
ce

le
ra

ti
o
n

ca
n

im
p
ro

ve
th

e
co

n
ve

rg
en

ce
ra

te
o
f

st
o
ch

as
ti

c
g
ra

d
ie

n
t

d
es

ce
n
t

at
th

e
in

it
ia

l
st

a
ge

s
w

h
en

d
et

er
m

in
is

ti
c

ri
sk

co
m

p
o
n

en
ts

d
o
m

in
a
te

;
w

h
il

e
at

th
e

as
y
m

p
to

ti
c

st
ag

es
w

h
en

th
e

st
o
ch

as
ti

c
g
ra

d
ie

n
t

n
o
is

e
d

o
m

in
a
te

s,
th

e
m

o
m

en
tu

m
co

rr
ec

ti
on

ca
n

n
o
t

ac
ce

le
ra

te
co

n
ve

rg
en

ce
an

y
m

or
e.

A
n

o
th

er
u

se
fu

l
st

u
d
y

is
(F

la
m

m
a
ri

o
n

a
n

d
B

ac
h
,

20
1
5)

,
in

w
h

ic
h

th
e

a
u

th
or

s
sh

ow
ed

th
a
t

m
o
m

en
tu

m
a
n

d
av

er
a
g
in

g
m

et
h

o
d

s
fo

r
st

o
ch

a
st

ic
o
p

ti
m

iz
a
ti

o
n

ar
e

eq
u

iv
al

en
t

to
th

e
sa

m
e

se
co

n
d

-o
rd

er
d

iff
er

en
ce

eq
u

a
ti

o
n

s
b

u
t

w
it

h
d

iff
er

en
t

st
ep

-s
iz

es
.

H
ow

-
ev

er
,

(F
la

m
m

ar
io

n
a
n

d
B

ac
h

,
20

15
)

d
o
es

n
ot

st
u

d
y

th
e

eq
u

iv
a
le

n
ce

b
et

w
ee

n
st

a
n

d
ar

d
a
n

d
m

om
en

tu
m

st
o
ch

a
st

ic
g
ra

d
ie

n
t

m
et

h
o
d

s,
a
n

d
th

ey
fo

cu
s

o
n

q
u
a
d

ra
ti

c
p

ro
b

le
m

s
a
n

d
a
ls

o
em

p
lo

y
d

ec
ay

in
g

st
ep

-s
iz

es
.

F
in

al
ly

,
w

e
n

o
te

th
a
t

th
er

e
a
re

o
th

er
fo

rm
s

o
f

st
o
ch

a
st

ic
g
ra

d
ie

n
t

al
go

ri
th

m
s

fo
r

em
p
ir

i-
ca

l
ri

sk
m

in
im

iz
at

io
n

p
ro

b
le

m
s

w
h

er
e

m
om

en
tu

m
a
cc

el
er

a
ti

on
h

a
s

b
ee

n
sh

ow
n

to
b

e
u

se
fu

l.
A

m
on

g
th

em
,

w
e

li
st

re
ce

n
t

a
lg

o
ri

th
m

s
li

ke
S

A
G

(R
o
u

x
et

a
l.

,
2
0
12

),
S

V
R

G
(J

o
h

n
so

n
an

d
Z

h
an

g,
2
01

3
)

an
d

S
A

G
A

(D
ef

a
zi

o
et

a
l.

,
2
0
1
4)

.
In

th
es

e
a
lg

or
it

h
m

s,
th

e
va

ri
a
n

ce
o
f

th
e

st
o
ch

as
ti

c
gr

a
d

ie
n
t

n
oi

se
d

im
in

is
h

es
to

ze
ro

a
n

d
th

e
d

et
er

m
in

is
ti

c
co

m
p

o
n

en
t

o
f

th
e

ri
sk

b
ec

o
m

es
d

o
m

in
a
n
t

in
th

e
a
sy

m
p

to
ti

c
re

g
im

e.
In

th
es

e
si

tu
a
ti

on
s,

m
om

en
tu

m
a
cc

el
er

at
io

n
h

el
p

s
im

p
ro

ve
th

e
co

n
ve

rg
en

ce
ra

te
,

a
s

n
o
te

d
b
y

(N
it

a
n

d
a
,

2
0
1
4
)

a
n

d
(Z

h
u

,
20

16
).

A
n

ot
h

er
fa

m
il

y
of

al
go

ri
th

m
s

to
so

lv
e

em
p

ir
ic

al
ri

sk
m

in
im

iz
a
ti

o
n

p
ro

b
le

m
s

a
re

st
o
ch

a
st

ic
d

u
a
l

co
-

o
rd

in
a
te

as
ce

n
t

(S
D

C
A

)
al

go
ri

th
m

s.
It

is
p

ro
ve

d
in

(S
h

al
ev

-S
h
w

a
rt

z,
2
01

5
;

J
oh

n
so

n
a
n

d
Z

h
an

g,
20

13
)

th
at

S
D

C
A

ca
n

b
e

v
ie

w
ed

a
s

a
va

ri
a
n

ce
-r

ed
u

ce
d

st
o
ch

a
st

ic
a
lg

o
ri

th
m

,
a
n

d
h

en
ce

m
o
m

en
tu

m
a
cc

el
er

a
ti

on
ca

n
al

so
im

p
ro

ve
it

s
co

n
v
er

g
en

ce
fo

r
th

e
sa

m
e

re
a
so

n
n

o
te

d
b
y

(S
h

al
ev

-S
h
w

ar
tz

an
d

Z
h

a
n

g
,

2
01

4
).

In
th

is
p

ap
er

,
w

e
a
re

st
u

d
y
in

g
o
n

li
n

e
tr

a
in

in
g

a
lg

or
it

h
m

s
w

h
er

e
d

at
a

ca
n

st
re

a
m

in
co

n
ti

n
u

ou
sl

y
a
s

op
p

o
se

d
to

ru
n

n
in

g
m

u
lt

ip
le

p
as

se
s

ov
er

a
fi

n
it

e
a
m

ou
n
t

of
d

at
a
.

In
th

is
ca

se
,

th
e

a
n

a
ly

si
s

w
il

l
h

el
p

cl
a
ri

fy
th

e
li

m
it

a
ti

on
s

o
f

m
o
m

en
tu

m
a
cc

el
er

a
ti

o
n

in
th

e
sl

ow
a
d

ap
ta

ti
o
n

re
g
im

e.
W

e
a
re

p
a
rt

ic
u

la
rl

y
in

te
re

st
ed

in
th

e
co

n
st

a
n
t

st
ep

-s
iz

e
ca

se
,

w
h

ic
h

en
a
b

le
s

co
n
ti

n
u

ou
s

a
d

a
p

ta
ti

o
n

an
d

le
ar

n
in

g
a
n

d
is

re
gu

la
rl

y
u

se
d

,
e.

g
.,

in
d

ee
p

le
ar

n
in

g
im

p
le

m
en

ta
ti

on
s.

T
h

er
e

is
a

n
o
n

-t
ri

v
ia

l
d

iff
er

en
ce

b
et

w
ee

n
th

e
d

ec
ay

in
g

a
n

d
co

n
st

an
t

st
ep

-
si

ze
si

tu
at

io
n

s.
T

h
is

is
b

ec
au

se
g
ra

d
ie

n
t

n
o
is

e
is

a
lw

ay
s

p
re

se
n
t

in
th

e
co

n
st

a
n
t

st
ep

-s
iz

e

6
JM

L
R

 1
7(

19
2)

:1
-6

6



O
n

t
h
e

In
f
l
u
e
n
c
e

o
f

M
o
m

e
n
t
u
m

A
c
c
e
l
e
r
a
t
io

n
o
n

O
n
l
in

e
L

e
a
r
n
in

g

ca
se,

w
h

ile
it

is
an

n
ih

ilated
in

th
e

d
ecay

in
g

step
-size

ca
se.

T
h

e
p

resen
ce

o
f

th
e

g
ra

d
ien

t
n

oise
in

terferes
w

ith
th

e
d

y
n

a
m

ics
o
f

th
e

a
lg

o
rith

m
s

in
a

n
o
n

-triv
ia

l
w

ay,
w

h
ich

is
w

h
at

o
u

r
a
n

a
ly

sis
d

iscovers.
T

h
ere

a
re

lim
ited

a
n

a
ly

ses
fo

r
th

e
co

n
sta

n
t

step
-sizes

scen
a
rio.

1
.4

O
u

tlin
e

o
f

P
a
p

e
r

T
h

e
o
u

tlin
e

o
f

th
e

p
a
p

er
is

as
fo

llow
s.

In
S

ectio
n

2
,

w
e

in
tro

d
u

ce
som

e
b

a
sic

a
ssu

m
p

tio
n

s
a
n

d
rev

iew
th

e
sto

ch
astic

grad
ien

t
m

eth
o
d

a
n

d
its

co
n
verg

en
ce

p
rop

erties.
In

S
ectio

n
3

w
e

em
b

ed
th

e
h

eav
y
-b

a
ll

an
d

N
esterov

’s
a
ccelera

tio
n

m
eth

o
d

s
in

to
a

u
n

ifi
ed

m
om

en
tu

m
a
lg

orith
m

,
an

d
su

b
seq

u
en

tly
esta

b
lish

th
e

m
ea

n
-sq

u
are

sta
b

ility
an

d
fo

u
rth

-o
rd

er
stab

ility
o
f

th
e

erro
r

m
o
m

en
ts.

N
ex

t,
w

e
a
n

aly
ze

th
e

eq
u

iva
len

ce
b

etw
een

m
o
m

en
tu

m
a
n

d
sta

n
d

a
rd

L
M

S
alg

o
rith

m
s

in
S

ectio
n

4
a
n

d
th

en
ex

ten
d

th
e

resu
lts

to
g
en

era
l
risk

fu
n

ctio
n

s
in

S
ection

5
.

In
S

ectio
n

6
w

e
ex

ten
d

th
e

eq
u

iva
len

ce
resu

lts
in

to
a

m
o
re

g
en

era
l

settin
g

w
ith

d
iag

o
n

al
step

-size
m

a
trices.

W
e

illu
stra

te
o
u

r
resu

lts
in

S
ectio

n
7
,

a
n

d
in

S
ectio

n
8

w
e

com
m

en
t

o
n

th
e

sta
b

ility
ra

n
g
es

of
sta

n
d

ard
an

d
m

om
en

tu
m

sto
ch

a
stic

g
ra

d
ien

t
m

eth
o
d

s.

2
.

S
to

ch
a
stic

G
ra

d
ie

n
t

A
lg

o
rith

m
s

In
th

is
section

w
e

rev
iew

th
e

sto
ch

a
stic

gra
d

ien
t

m
eth

o
d

a
n

d
its

con
verg

en
ce

p
ro

p
erties.

W
e

d
en

o
te

th
e

m
in

im
izer

for
p

ro
b

lem
(1)

b
y
w
o,

i.e.,

w
o

∆=
arg

m
in
w

J
(w

).
(1

0)

W
e

in
tro

d
u

ce
th

e
fo

llow
in

g
a
ssu

m
p

tio
n

o
n
J

(w
),

w
h

ich
essen

tia
lly

a
m

o
u

n
ts

to
a
ssu

m
in

g
th

a
t
J

(w
)

is
stron

gly
-con

vex
w

ith
L

ip
sch

itz
g
rad

ien
t.

T
h

ese
co

n
d
itio

n
s

a
re

satisfi
ed

b
y

m
a
n
y

p
ro

b
lem

s
of

in
terest,

esp
ecia

lly
w

h
en

reg
u

la
riza

tion
is

em
p

loyed
(e.g

.,
m

ea
n

-sq
u
a
re-

erro
r

risk
s,

lo
gistic

risk
s,

etc.).
U

n
d

er
th

e
stro

n
g
-co

n
vex

ity
co

n
d

itio
n

,
th

e
m

in
im

izer
w
o

is
u

n
iq

u
e.

A
ssu

m
p

tio
n

1
(C

o
n

d
itio

n
s

o
n

risk
fu

n
c
tio

n
)

T
h
e

co
st

fu
n

ctio
n
J

(w
)

is
tw

ice
d
iff

er-
en

tia
ble

a
n

d
its

H
essia

n
m

a
trix

sa
tisfi

es

0
<
ν
I
M
≤
∇

2J
(w

)≤
δI
M
,

(11
)

fo
r

so
m

e
po

sitive
pa

ra
m

eters
ν
≤
δ.

C
o
n

d
itio

n
(11

)
is

equ
iva

len
t

to
requ

irin
g
J

(w
)

to
be

ν
-stro

n
gly

co
n

vex
a
n

d
fo

r
its

gra
d
ien

t
vecto

r
to

be
δ-L

ip
sch

itz,
respectively

(B
o
yd

a
n

d
V

a
n

d
en

bergh
e,

2
0
0
4
;

S
a
yed

,
2
0
1
4
a
).

�

T
h

e
sto

ch
astic-grad

ien
t

alg
orith

m
for

seek
in

g
w
o

ta
kes

th
e

form
(2

),
w

ith
in

itial
co

n
d

itio
n

w
−

1 .
T

h
e

d
iff

eren
ce

b
etw

een
th

e
tru

e
g
ra

d
ien

t
vecto

r
an

d
its

a
p

p
rox

im
atio

n
is

d
esig

n
ated

gra
d
ien

t
n

o
ise

a
n

d
is

d
en

o
ted

b
y
:

s
i (w

i−
1 )
4=
∇
w
Q

(w
i−

1 ;θ
i )−
∇
w E

[Q
(w

i−
1 ;θ

i )].
(1

2
)

In
ord

er
to

ex
a
m

in
e

th
e

con
verg

en
ce

o
f

th
e

sta
n

d
ard

a
n

d
m

o
m

en
tu

m
sto

ch
a
stic

g
ra

d
ien

t
m

eth
o
d

s,
it

is
n

ecessary
to

in
tro

d
u
ce

so
m

e
a
ssu

m
p

tion
s

o
n

th
e

sto
ch

a
stic

gra
d

ien
t

n
o
ise.

7
JM

L
R

 17(192):1-66

Y
u
a
n
,

Y
in

g
,

a
n
d

S
a
y
e
d

A
ssu

m
p

tion
s

(13
)

an
d

(14)
b

elow
are

satisfi
ed

b
y

im
p

o
rtan

t
cases

of
in

terest,
as

sh
ow

n
in

(S
ayed

,
20

14a)
an

d
(S

ayed
,

2014b
),

su
ch

as
logistic

regression
an

d
m

ean
-sq

u
are-error

risk
s.

L
et

th
e

sy
m

b
olF

i−
1

rep
resen

t
th

e
fi

ltration
gen

erated
b
y

th
e

ran
d

om
p

ro
cess

w
j

for
j≤

i−
1

(b
asically,

th
e

collection
of

p
a
st

h
istory

u
n
til

tim
e
i−

1):

F
i−

1
4=

fi
ltration{

w
−

1 ,w
0 ,w

1 ,...,w
i−

1 }
.

A
ssu

m
p

tio
n

2
(C

o
n

d
itio

n
s

o
n

g
ra

d
ie

n
t

n
o
ise

)
It

is
a
ssu

m
ed

th
a
t

th
e

fi
rst

a
n

d
seco

n
d
-

o
rd

er
co

n
d
itio

n
a
l

m
o
m

en
ts

o
f

th
e

gra
d
ien

t
n

o
ise

p
rocess

sa
tisfy

th
e

fo
llo

w
in

g
co

n
d
itio

n
s

fo
r

a
n

y
w
∈
F
i−

1 :

E
[s
i (w

)|F
i−

1 ]
=

0
(13)

E
[‖
s
i (w

)‖
2|F

i−
1 ]
≤

γ
2‖
w
o−

w
‖

2
+
σ

2s
(14)

a
lm

o
st

su
rely,

fo
r

so
m

e
n

o
n

n
ega

tive
co

n
sta

n
ts
γ

2
a
n

d
σ

2s .
�

C
on

d
ition

(13)
essen

tially
req

u
ires

th
e

grad
ien

t
n

oise
p

ro
cess

to
h

ave
zero

m
ean

,
w

h
ich

a
m

o
u

n
ts

to
req

u
irin

g
th

e
ap

p
rox

im
ate

grad
ien

t
to

corresp
o
n

d
to

an
u

n
b

iased
con

stru
ction

fo
r

th
e

tru
e

g
ra

d
ien

t.
T

h
is

is
a

reason
ab

le
req

u
irem

en
t.

C
on

d
ition

(14)
req

u
ires

th
e

size
of

th
e

g
rad

ien
t

n
oise

(i.e.,
its

m
ean

-sq
u

are
valu

e)
to

d
im

in
ish

as
th

e
iterate

w
gets

closer
to

th
e

solu
tio

n
w
o.

T
h

is
is

again
a

reason
ab

le
req

u
irem

en
t

sin
ce

it
a
m

ou
n
ts

to
ex

p
ectin

g
th

e
gra-

d
ien

t
n

o
ise

to
g
et

red
u

ced
as

th
e

algorith
m

ap
p

roach
es

th
e

m
in

im
izer.

U
n

d
er

A
ssu

m
p

tion
s

1
an

d
2,

th
e

fo
llow

in
g

con
clu

sion
is

p
rov

en
in

L
em

m
a

3.1
o
f

(S
ay

ed
,

2014
a).

L
e
m

m
a

1
(S

e
c
o
n

d
-o

rd
e
r

sta
b

ility
)

L
et

A
ssu

m
p
tio

n
s

1
a
n

d
2

h
o
ld

,
a
n

d
co

n
sid

er
th

e
stoch

a
stic

gra
d
ien

t
recu

rsio
n

(2).
In

trod
u

ce
th

e
erro

r
vecto

r
w̃
i

=
w
o−

w
i .

T
h
en

,
fo

r
a
n

y
step

-sizes
µ

sa
tisfyin

g

µ
<

2
ν

δ
2

+
γ

2
,

(15)

it
h
o
ld

s
fo

r
ea

ch
itera

tio
n
i

=
0,1,2,...

th
a
t

E‖w̃
i ‖

2≤
(1−

µ
ν

)E‖
w̃
i−

1 ‖
2

+
µ

2σ
2s ,

(16)

a
n

d
,

fu
rth

erm
o
re,

lim
su

p
i→
∞

E‖w̃
i ‖

2≤
σ

2s µν
=
O

(µ
).

(17)�

W
e

can
also

ex
am

in
e

th
e

th
e

stab
ility

of
th

e
fou

rth
-o

rd
er

error
m

o
m

en
t,E‖w̃

i ‖
4,

w
h

ich
w

ill
b

e
u

sed
later

in
S

ection
5

to
estab

lish
th

e
eq

u
ivalen

ce
b

etw
een

th
e

stan
d
ard

an
d

m
o
m

en
-

tu
m

sto
ch

a
stic

im
p

lem
en

tation
s.

F
or

th
is

case,
w

e
tigh

ten
th

e
assu

m
p

tio
n

on
th

e
grad

ien
t

n
o
ise

b
y

rep
la

cin
g

th
e

b
ou

n
d

in
(14)

on
its

secon
d

-error
m

om
en

t
b
y

a
sim

ilar
b

ou
n

d
in

v
olv

-
in

g
its

fo
u

rth
-ord

er
m

om
en

t.
A

gain
,

th
is

assu
m

p
tion

is
satisfi

ed
b
y

p
rob

lem
s

o
f

in
terest,

su
ch

as
m

ea
n

-sq
u

a
re-error

an
d

logistic
risk

s
(S

ay
ed

,
2014a,b

).

8
JM

L
R

 17(192):1-66



O
n

t
h
e

In
f
l
u
e
n
c
e

o
f

M
o
m

e
n
t
u
m

A
c
c
e
l
e
r
a
t
io

n
o
n

O
n
l
in

e
L

e
a
r
n
in

g

A
ss

u
m

p
ti

o
n

3
(C

o
n

d
it

io
n

s
o
n

g
ra

d
ie

n
t

n
o
is

e
)

It
is

a
ss

u
m

ed
th

a
t

th
e

fi
rs

t
a
n

d
fo

u
rt

h
-

o
rd

er
co

n
d
it

io
n

a
l

m
o
m

en
ts

o
f

th
e

gr
a
d
ie

n
t

n
o
is

e
p
ro

ce
ss

sa
ti

sf
y

th
e

fo
ll

o
w

in
g

co
n

d
it

io
n

s
fo

r
a
n

y
w
∈
F
i−

1
:

E[
s
i(
w

)|F
i−

1
]

=
0

(1
8)

E[
‖s

i(
w

)‖
4
|F

i−
1
]
≤

γ
4 4
‖w

o
−
w
‖4

+
σ

4 s,
4

(1
9)

a
lm

o
st

su
re

ly
,

fo
r

so
m

e
n

o
n

n
eg

a
ti

ve
co

n
st

a
n

ts
γ

4 4
a
n

d
σ

4 s,
4
.

�

It
is

st
ra

ig
h
tf

or
w

ar
d

to
ch

ec
k

th
at

if
A

ss
u

m
p

ti
on

3
h

ol
d

s,
th

en
A

ss
u

m
p

ti
on

2
w

il
l

a
ls

o
h

o
ld

.
T

h
e

fo
ll

ow
in

g
co

n
cl

u
si

on
is

a
m

o
d

ifi
ed

ve
rs

io
n

of
L

em
m

a
3.

2
of

(S
ay

ed
,

20
1
4
a
).

L
e
m

m
a

2
(F

o
u

rt
h

-o
rd

e
r

st
a
b

il
it

y
)

L
et

th
e

co
n

d
it

io
n

s
u

n
d
er

A
ss

u
m

p
ti

o
n

s
1

a
n

d
3

h
o
ld

,
a
n

d
co

n
si

d
er

th
e

st
oc

h
a
st

ic
gr

a
d
ie

n
t

it
er

a
ti

o
n

(2
).

F
o
r

su
ffi

ci
en

tl
y

sm
a
ll

st
ep

-s
iz

e
µ

,
it

h
o
ld

s
th

a
t

E‖
w̃
i‖

4
≤
ρ
i+

1
E‖
w̃
−

1
‖4

+
A
σ

2 s
(i

+
1)
ρ
i+

1
µ

2
+
B
σ

4 s
µ

2

ν
2

(2
0)

w
h
er

e
ρ

∆ =
1
−
µ
ν

,
a
n

d
A

a
n

d
B

a
re

so
m

e
co

n
st

a
n

ts
.

F
u

rt
h
er

m
o
re

,

li
m

su
p

i→
∞

E‖
w̃
i‖

4
≤
B
σ

4 s
µ

2

ν
2

=
O
( µ

2
)

(2
1)

P
ro

o
f

S
ee

A
p

p
en

d
ix

A
.

3
.

M
o
m

e
n
tu

m
A

cc
e
le

ra
ti

o
n

In
th

is
se

ct
io

n
,

w
e

p
re

se
n
t

a
ge

n
er

al
iz

ed
m

om
en

tu
m

st
o
ch

as
ti

c
gr

ad
ie

n
t

m
et

h
o
d

,
w

h
ic

h
ca

p
tu

re
s

b
ot

h
th

e
h

ea
v
y
-b

al
l

an
d

N
es

te
ro

v
’s

ac
ce

le
ra

ti
on

m
et

h
o
d

s
as

sp
ec

ia
l

ca
se

s.
S

u
b

se
-

q
u

en
tl

y,
w

e
d

er
iv

e
re

su
lt

s
fo

r
it

s
co

n
v
er

ge
n

ce
p

ro
p

er
ty

.

3
.1

M
o
m

e
n
tu

m
S

to
ch

a
st

ic
G

ra
d

ie
n
t

M
e
th

o
d

C
on

si
d

er
th

e
fo

ll
ow

in
g

ge
n

er
al

fo
rm

of
a

st
o
ch

as
ti

c-
gr

ad
ie

n
t

im
p

le
m

en
ta

ti
o
n

,
w

it
h

tw
o

m
o
-

m
en

tu
m

p
ar

am
et

er
s
β

1
,β

2
∈

[0
,1

):

ψ
i−

1
=
w
i−

1
+
β

1
(w

i−
1
−
w
i−

2
),

(2
2)

w
i
=
ψ
i−

1
−
µ
m
∇
w
Q

(ψ
i−

1
;θ

i)
+
β

2
(ψ

i−
1
−ψ

i−
2
),

(2
3)

w
it

h
in

it
ia

l
co

n
d

it
io

n
s

w
−

2
=
ψ
−

2
=

in
it

ia
l

st
at

es
,

(2
4)

w
−

1
=
w
−

2
−
µ
m
∇
w
Q

(w
−

2
;θ
−

1
),

(2
5)

9
JM

L
R

 1
7(

19
2)

:1
-6

6

Y
u
a
n
,

Y
in

g
,

a
n
d

S
a
y
e
d

w
h

er
e
µ
m

is
so

m
e

co
n

st
a
n
t

st
ep

-s
iz

e.
W

e
re

fe
r

to
th

is
fo

rm
u

la
ti

o
n

a
s

th
e

m
om

en
tu

m
st

o
ch

a
s-

ti
c

g
ra

d
ie

n
t

m
et

h
o
d

.
1

W
h

en
β

1
=

0
a
n

d
β

2
=
β

w
e

re
co

ve
r

th
e

h
ea

v
y
-b

a
ll

a
lg

or
it

h
m

(P
ol

y
a
k
,

19
64

,
19

8
7
),

a
n

d
w

h
en

β
2

=
0

an
d
β

1
=
β

,
w

e
re

co
ve

r
N

es
te

ro
v
’s

a
lg

or
it

h
m

(N
es

te
ro

v
,

2
00

4
).

W
e

n
o
te

th
a
t

N
es

te
ro

v
’s

m
et

h
o
d

h
as

se
ve

ra
l
u

se
fu

l
va

ri
a
ti

o
n

s
th

at
fi

t
d

iff
er

en
t

sc
en

a
ri

o
s,

su
ch

as
si

tu
a
ti

o
n

s
in

vo
lv

in
g

sm
o
ot

h
b

u
t

n
o
t

st
ro

n
g
ly

-c
o
n
ve

x
ri

sk
s

(N
es

te
ro

v
,

19
83

,
20

04
)

o
r

n
on

-s
m

o
ot

h
ri

sk
s

(N
es

te
ro

v
,

2
00

5;
B

ec
k

a
n

d
T

eb
o
u

ll
e,

20
0
9
).

H
ow

ev
er

,
fo

r
th

e
ca

se
w

h
en

J
(w

)
is

st
ro

n
g
ly

co
n
ve

x
an

d
h

as
L

ip
sc

h
it

z
co

n
ti

n
u

ou
s

g
ra

d
ie

n
ts

,
th

e
N

es
te

ro
v

co
n

st
ru

ct
io

n
re

d
u

ce
s

to
w

h
a
t

is
p

re
se

n
te

d
ab

ov
e,

w
it

h
a

co
n

st
a
n
t

m
om

en
tu

m
p

a
ra

m
et

er
.

T
h

is
ty

p
e

of
co

n
st

ru
ct

io
n

h
a
s

a
ls

o
b

ee
n

st
u

d
ie

d
in

(L
es

sa
rd

et
al

.,
2
0
16

;
D

ie
u

le
ve

u
t

et
a
l.

,
2
0
16

)
a
n

d
a
p

p
li

ed
in

d
ee

p
le

a
rn

in
g

im
p

le
m

en
ta

ti
on

s
(S

u
ts

k
ev

er
et

a
l.
,

2
01

3
;

K
a
h

o
u

et
al

.,
20

1
3;

S
ze

g
ed

y
et

a
l.

,
20

1
5
;

Z
ar

eb
a

et
a
l.

,
20

15
).

In
or

d
er

to
ca

p
tu

re
b

ot
h

th
e

h
ea

v
y
-b

a
ll

a
n

d
N

es
te

ro
v
’s

ac
ce

le
ra

ti
on

m
et

h
o
d

s
in

a
u

n
ifi

ed
tr

ea
tm

en
t,

w
e

w
il

l
a
ss

u
m

e
th

a
t

β
1

+
β

2
=
β
,

β
1
β

2
=

0,
(2

6)

fo
r

so
m

e
fi

x
ed

co
n

st
a
n
t
β
∈

[0
,1

).
N

ex
t

w
e

in
tr

o
d

u
ce

a
co

n
d

it
io

n
on

th
e

m
o
m

en
tu

m
p

a
ra

m
et

er
.

A
ss

u
m

p
ti

o
n

4
T

h
e

m
o
m

en
tu

m
pa

ra
m

et
er
β

is
a

co
n

st
a
n

t
th

a
t

is
n

o
t

to
o

cl
o
se

to
1
,

i.
e.

,
th

er
e

ex
is

ts
a

sm
a
ll

fi
xe

d
co

n
st

a
n

t
ε
>

0
su

ch
th

a
t
β
≤

1
−
ε.

�

A
ss

u
m

p
ti

on
4

is
q
u

it
e

co
m

m
o
n

in
st

u
d
ie

s
on

a
d

ap
ti

ve
si

g
n

a
l
p

ro
ce

ss
in

g
an

d
n

eu
ra

l
n

et
w

o
rk

s
—

se
e,

e.
g
.,

(T
u

ga
y

a
n

d
T

an
ik

,
1
98

9
;

R
oy

a
n

d
S

h
y
n

k
,

1
99

0
;

B
el

la
n

g
er

,
2
0
01

;
W

ie
g
er

in
ck

et
al

.,
1
9
94

;
A

tt
oh

-O
k
in

e,
1
99

9
).

A
ls

o
,

in
re

ce
n
t

d
ee

p
le

ar
n

in
g

a
p

p
li

ca
ti

on
s

it
is

co
m

m
o
n

to
se

t
β

=
0.

9
,

w
h

ic
h

sa
ti

sfi
es

A
ss

u
m

p
ti

on
4

(K
ri

zh
ev

sk
y

et
al

.,
2
01

2;
S

ze
ge

d
y

et
a
l.

,
2
01

5;
Z

h
a
n

g
a
n

d
L

eC
u

n
,
2
0
15

).
U

n
d

er
(2

6)
,
th

e
w

or
k

(F
la

m
m

a
ri

o
n

a
n
d

B
a
ch

,
2
0
1
5)

a
ls

o
co

n
si

d
er

s
re

cu
rs

io
n

s
re

la
te

d
to

(2
2
)–

(2
3
)

fo
r

th
e

sp
ec

ia
l

ca
se

of
q
u

ad
ra

ti
c

ri
sk

s.

3
.2

M
e
a
n

-S
q
u

a
re

E
rr

o
r

S
ta

b
il

it
y

In
p

re
p

ar
a
ti

on
fo

r
st

u
d

y
in

g
th

e
p

er
fo

rm
a
n

ce
o
f

th
e

m
o
m

en
tu

m
st

o
ch

a
st

ic
gr

a
d

ie
n
t

m
et

h
o
d

,
w

e
fi

rs
t

sh
ow

in
th

e
n

ex
t

re
su

lt
h

ow
re

cu
rs

io
n

s
(2

2)
-(

2
3)

ca
n

b
e

tr
a
n

sf
or

m
ed

in
to

a
fi

rs
t-

o
rd

er
re

cu
rs

io
n

b
y

d
efi

n
in

g
ex

te
n

d
ed

st
at

e
ve

ct
o
rs

.
W

e
in

tr
o
d

u
ce

th
e

tr
an

sf
o
rm

at
io

n
m

a
tr

ic
es

:

V
=

[
I M

−
β
I M

I M
−
I M

] ,
V
−

1
=

1

1
−
β

[
I M

−
β
I M

I M
−
I M

] .
(2

7
)

R
ec

al
l
w̃
i

=
w
o
−
w
i

an
d

d
efi

n
e

th
e

tr
a
n

sf
or

m
ed

er
ro

r
v
ec

to
rs

,
ea

ch
o
f

si
ze

2
M
×

1
:

[
ŵ
i

w̌
i

]
∆ =
V
−

1

[
w̃
i

w̃
i−

1

]
=

1

1
−
β

[
w̃
i
−
β
w̃
i−

1

w̃
i
−
w̃
i−

1

] .
(2

8
)

1
.

T
ra

d
it

io
n
a
ll
y,

th
e

te
rm

in
o
lo

g
y

o
f

a
“
m

o
m

en
tu

m
m

et
h
o
d
”

h
a
s

b
ee

n
u
se

d
m

o
re

fr
eq

u
en

tl
y

fo
r

th
e

h
ea

v
y
-

b
a
ll

m
et

h
o
d
,

w
h
ic

h
co

rr
es

p
o
n
d
s

to
th

e
sp

ec
ia

l
ca

se
β

1
=

0
a
n

d
β

2
=
β

.
G

iv
en

th
e

u
n
ifi

ed
d

es
cr

ip
ti

o
n

(2
2
)–

(2
3
),

w
e

w
il
l

u
se

th
is

sa
m

e
te

rm
in

o
lo

g
y

to
re

fe
r

to
b

o
th

th
e

h
ea

v
y
-b

a
ll

a
n
d

N
es

te
ro

v
’s

a
cc

el
er

a
ti

o
n

m
et

h
o
d
s.
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O
n

t
h
e

In
f
l
u
e
n
c
e

o
f

M
o
m

e
n
t
u
m

A
c
c
e
l
e
r
a
t
io

n
o
n

O
n
l
in

e
L

e
a
r
n
in

g

L
e
m

m
a

3
(E

x
te

n
d

e
d

re
c
u

rsio
n

)
U

n
d
er

A
ssu

m
p
tio

n
1

a
n

d
co

n
d
itio

n
(2

6),
th

e
m

o
m

en
-

tu
m

stoch
a
stic

gra
d
ien

t
recu

rsio
n

(22
)–

(2
3
)

ca
n

be
tra

n
sfo

rm
ed

in
to

th
e

fo
llo

w
in

g
exten

d
ed

recu
rsio

n
:

[
ŵ
i

w̌
i ]

=

[
I
M
−

µ
m

1−
β
H

i−
1

µ
m
β
′

1−
β
H

i−
1

−
µ
m

1−
β
H

i−
1

β
I
M

+
µ
m
β
′

1−
β
H

i−
1

][
ŵ
i−

1

w̌
i−

1 ]
+

µ
m

1−
β

[
s
i (ψ

i−
1 )

s
i (ψ

i−
1 )

]
,

(2
9)

w
h
ere

s
i (ψ

i−
1 )

is
d
efi

n
ed

a
cco

rd
in

g
to

(1
2)

a
n

d

β
′

∆=
β
β

1
+
β

2 ,
(30

)

H
i−

1
∆=

∫
1

0
∇

2w
J

(w
o−

tψ̃
i−

1 )d
t,

(31
)

w
h
ere

ψ̃
i−

1
=
w
o−

ψ
i−

1 .

P
ro

o
f

S
ee

A
p

p
en

d
ix

B
.

T
h

e
tra

n
sfo

rm
ed

recu
rsion

(2
9)

is
im

p
o
rta

n
t

fo
r

a
t

lea
st

tw
o

rea
son

s.
F

irst,
it

is
a

fi
rst-o

rd
er

recu
rsio

n
,

w
h

ich
fa

cilita
tes

th
e

co
n
verg

en
ce

a
n

a
ly

sis
of
ŵ
i

a
n

d
w̌
i

a
n

d
,

su
b
seq

u
en

tly,
o
f

th
e

erro
r

vecto
r
w̃
i

in
v
iew

o
f

(2
8)

—
see

n
ex

t
th

eo
rem

.
S

eco
n

d
,
a
s

w
e

w
ill

ex
p

la
in

later,
th

e
fi

rst
row

of
(2

9)
tu

rn
s

o
u

t
to

b
e

closely
rela

ted
to

th
e

sta
n

d
a
rd

sto
ch

a
stic

gra
d

ien
t

itera
tio

n
;

th
is

rela
tion

w
ill

p
lay

a
critica

l
ro

le
in

esta
b

lish
in

g
th

e
cla

im
ed

eq
u

ivalen
ce

b
etw

een
m

o
m

en
tu

m
a
n

d
sta

n
d

ard
sto

ch
astic

g
ra

d
ien

t
m

eth
o
d

s.
T

h
e

follow
in

g
sta

tem
en

t
esta

b
lish

es
th

e
co

n
verg

en
ce

p
ro

p
erty

o
f

th
e

m
om

en
tu

m
sto

ch
a
s-

tic
g
ra

d
ien

t
a
lgo

rith
m

.
It

sh
ow

s
th

at
recu

rsio
n

s
(22

)–(23
)

co
n
verg

e
ex

p
on

en
tia

lly
fa

st
to

a
sm

a
ll

n
eig

h
b

orh
o
o
d

arou
n

d
w
o

w
ith

a
stea

d
y
-sta

te
erro

r
va

rian
ce

th
a
t

is
o
n

th
e

o
rd

er
o
f

O
(µ
m

).
N

o
te

th
a
t

in
th

e
fo

llow
in

g
th

eorem
th

e
n

o
tatio

n
a
�
b,

fo
r

tw
o

vecto
rs
a

a
n

d
b,

sign
ifi

es
elem

en
t-w

ise
com

p
a
riso

n
s.

T
h

e
o
re

m
4

(M
e
a
n

-sq
u

a
re

sta
b

ility
)

L
et

A
ssu

m
p
tio

n
s

1
,

2
a
n

d
4

h
o
ld

a
n

d
reca

ll
co

n
d
i-

tio
n

s
(2

6).
C

o
n

sid
er

th
e

m
o
m

en
tu

m
stoch

a
stic

gra
d
ien

t
m

eth
od

(22
)–

(2
3
)

a
n

d
th

e
exten

d
ed

recu
rsio

n
(29

).
T

h
en

,
w

h
en

step
-sizes

µ
m

sa
tisfi

es

µ
m
≤

(1−
β

)
2ν

3
2γ

2ν
2

+
4
δ

2
,

(3
2)

it
h
o
ld

s
th

a
t

th
e

m
ea

n
-squ

a
re

va
lu

es
o
f

th
e

tra
n

sfo
rm

ed
erro

r
vecto

rs
evo

lve
a
cco

rd
in

g
to

th
e

fo
llo

w
in

g
recu

rsive
in

equ
a
lity:

[
E‖ŵ

i ‖
2

E‖w̌
i ‖

2

]
�
[
a

b
c

d

][
E‖
ŵ
i−

1 ‖
2

E‖
w̌
i−

1 ‖
2

]
+

[
ef

]
,

(3
3)

w
h
ere

a
=

1−
µ
m
ν

1−
β

+
O

(µ
2m

),
b

=
µ
m
β
′2
δ
2

ν
(1−

β
)

+
O

(µ
2m

),
c

=
2
µ

2m
δ
2

(1−
β

)
3

+
2
µ

2m
γ

2
(1

+
β

1
)
2
v

2

(1−
β

)
2

d
=
β

+
O

(µ
2m

),
e

=
µ

2m
σ

2s
(1−

β
)
2 ,

f
=

µ
2m
σ

2s
(1−

β
)
2

(3
4)
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Y
u
a
n
,

Y
in

g
,

a
n
d

S
a
y
e
d

a
n

d
th

e
coeffi

cien
t

m
a
trix

a
p
pea

rin
g

in
(3

3
)

is
sta

ble,
n

a
m

ely,

ρ ([
a

b
c

d

])
<

1
.

(35)

F
u

rth
erm

o
re,

if
µ
m

is
su

ffi
cien

tly
sm

a
ll

it
fo

llo
w

s
fro

m
(3

3)
th

a
t

lim
su

p
i→
∞

E‖ŵ
i ‖

2
=
O

(
µ
m
σ

2s

(1−
β

)ν )
,

lim
su

p
i→
∞

E‖w̌
i ‖

2
=
O

(
µ

2m
σ

2s

(1−
β

)
3 )

,
(36)

a
n

d
,

co
n

sequ
en

tly,

lim
su

p
i→
∞

E‖
w̃
i ‖

2
=
O

(
µ
m
σ

2s

(1−
β

)ν )
.

(37)

P
ro

o
f

S
ee

A
p

p
en

d
ix

C
.

A
lth

ou
g
h
E‖
w̌
i ‖

2
=
O

(µ
2m

)
in

resu
lt

(3
6)

is
sh

ow
n

to
h

old
asy

m
p

totically
in

th
e

statem
en

t
o
f

th
e

th
eo

rem
,

it
can

actu
ally

b
e

stren
gth

en
ed

an
d

sh
ow

n
to

h
old

for
a
ll

tim
e

in
stan

ts.
T

h
is

fact
is

cru
cial

for
ou

r
later

p
ro

of
of

th
e

eq
u

ivalen
ce

b
etw

een
stan

d
ard

an
d

m
om

en
tu

m
sto

ch
a
stic

g
rad

ien
t

m
eth

o
d

s.

C
o
ro

lla
ry

5
(U

n
ifo

rm
m

e
a
n

-sq
u

a
re

b
o
u

n
d
)

U
n

d
er

th
e

sa
m

e
co

n
d
itio

n
s

a
s

T
h
eo

rem
4
,

it
h
o
ld

s
fo

r
su

ffi
cien

tly
sm

a
ll

step
-sizes

th
a
t

E‖
w̌
i ‖

2
=
O

(
(δ

2
+
γ

2)ρ
i+

1
1
µ

2m

(1−
β

)
4

+
σ

2s µ
2m

(1−
β

)
3 )

,∀
i

=
0,1

,2
,···

(38)

w
h
ere

ρ
1

∆=
1−

µ
m
ν

2
(1−

β
) ,

a
n

d
w̌
i

is
d
efi

n
ed

in
(29).

P
ro

o
f

S
ee

A
p

p
en

d
ix

D
.

C
o
rolla

ry
5

h
a
s

tw
o

im
p

lication
s.

F
irst,

sin
ce
β

,
δ,
γ

,
σ

2s
are

all
con

stan
ts,

an
d
ρ

1
<

1,α
<

1,
w

e
co

n
clu

d
e

th
a
t

E‖w̌
i ‖

2
=
O

(µ
2m

),
∀
i

=
0,1,2,···

(39)

B
esid

es,
sin

ce
ρ
i1 →

0
as
i→
∞

,
accord

in
g

to
(38)

w
e

also
ach

iev
e

lim
su

p
i→
∞

E‖w̌
i ‖

2
=
O

(
σ

2s µ
2m

(1−
β

)
3 )

,
(40)

w
h

ich
is

con
sisten

t
w

ith
(36).
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l
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c
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o
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o
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e
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u
m

A
c
c
e
l
e
r
a
t
io

n
o
n

O
n
l
in

e
L

e
a
r
n
in

g

3
.3

S
ta

b
il

it
y

o
f

F
o
u

rt
h

-O
rd

e
r

E
rr

o
r

M
o
m

e
n
t

In
a

m
an

n
er

si
m

il
ar

to
th

e
tr

ea
tm

en
t

in
S

ec
ti

on
2,

w
e

ca
n

al
so

es
ta

b
li

sh
th

e
co

n
ve

rg
en

ce
o
f

th
e

fo
u

rt
h

-o
rd

er
m

om
en

ts
of

th
e

er
ro

r
ve

ct
or

s,
E‖
ŵ
i‖

4
an

d
E‖
w̃
i‖

4
.

T
h

e
o
re

m
6

(F
o
u

rt
h

-o
rd

e
r

st
a
b

il
it

y
)

L
et

A
ss

u
m

p
ti

o
n

s
1
,

3
a
n

d
4

h
o
ld

a
n

d
re

ca
ll

co
n

-
d
it

io
n

s
(2

6
).

T
h
en

,
fo

r
su

ffi
ci

en
tl

y
sm

a
ll

st
ep

-s
iz

es
µ
m

,
it

h
o
ld

s
th

a
t

li
m

su
p

i→
∞

E‖
ŵ
i‖

4
=
O

(µ
2 m

),
(4

1)

li
m

su
p

i→
∞

E‖
w̌
i‖

4
=
O
( µ

4 m

) ,
(4

2)

li
m

su
p

i→
∞

E‖
w̃
i‖

4
=
O
( µ

2 m

) .
(4

3)

P
ro

o
f

S
ee

A
p

p
en

d
ix

E
.

A
ga

in
,

re
su

lt
(4

2)
is

on
ly

sh
ow

n
to

h
ol

d
as

y
m

p
to

ti
ca

ll
y

in
th

e
st

at
em

en
t

o
f

th
e

th
eo

re
m

.
In

fa
ct

,
E‖
w̌
i‖

4
ca

n
al

so
b

e
sh

ow
n

to
b

e
b

ou
n

d
ed

fo
r

al
l

ti
m

e
in

st
an

ts
,

a
s

th
e

fo
ll

ow
in

g
co

ro
ll

ar
y

st
at

es
.

C
o
ro

ll
a
ry

7
(U

n
if

o
rm

fo
rt

h
-m

o
m

e
n
t

b
o
u

n
d

)
U

n
d
er

th
e

sa
m

e
co

n
d
it

io
n

s
a
s

T
h
eo

re
m

6
,

it
h
o
ld

s
fo

r
su

ffi
ci

en
tl

y
sm

a
ll

st
ep

-s
iz

es
th

a
t

E‖
w̌
i‖

4
=
O

(
γ

2
ρ
i+

1
2

(1
−
β

)3
µ

2 m
+

[ σ
2 s
(δ

2
+
γ

2
)(
i

+
1)
ρ
i+

1
2

(1
−
β

)7
+

(γ
2

+
ν

2
)σ

4 s
+
ν

2
σ

4 s,
4

(1
−
β

)6
ν

2

] µ
4 m

)
(4

4
)

w
h
er

e
ρ

2
∆ =

1
−

µ
m
ν

4
(1
−
β

)
∈

(0
,1

).

P
ro

o
f

S
ee

A
p

p
en

d
ix

F
.

C
or

ol
la

ry
7

al
so

h
as

tw
o

im
p

li
ca

ti
on

s.
F

ir
st

,
si

n
ce
β

,
δ,
γ

,
σ
s

an
d
σ
s,

4
a
re

co
n

st
a
n
ts

,
w

e
co

n
cl

u
d

e
th

at

E‖
w̌
i‖

4
=
O

(µ
2 m

),
∀i

=
0,

1,
2,
··
·

(4
5
)

B
es

id
es

,
si

n
ce
ρ
i 2
→

0
an

d
iρ
i 2
→

0
as
i
→
∞

,
w

e
w

il
l

ac
h

ie
ve

th
e

fo
ll

ow
in

g
fa

ct
ac

co
rd

in
g

to
(4

4)

li
m

su
p

i→
∞

E‖
w̌
i‖

4
=
O

(
(γ

2
+
ν

2
)σ

4 s
+
ν

2
σ

4 s,
4

(1
−
β

)6
ν

2
µ

4 m

)
=
O

(µ
4 m

),
(4

6
)

w
h

ic
h

is
co

n
si

st
en

t
w

it
h

(4
2)

.

4
.

E
q
u
iv

a
le

n
ce

in
th

e
Q

u
a
d
ra

ti
c

C
a
se

In
S

ec
ti

on
3

w
e

sh
ow

ed
th

e
m

om
en

tu
m

st
o
ch

as
ti

c
gr

ad
ie

n
t

al
go

ri
th

m
(2

2)
–(

2
3
)

co
n
ve

rg
es

ex
-

p
on

en
ti

al
ly

fo
r

su
ffi

ci
en

tl
y

sm
al

l
st

ep
-s

iz
es

.
B

u
t

so
m

e
im

p
or

ta
n
t

q
u

es
ti

on
s

re
m

a
in

.
D

o
es

th
e
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Y
u
a
n
,

Y
in

g
,

a
n
d

S
a
y
e
d

m
om

en
tu

m
im

p
le

m
en

ta
ti

o
n

co
n
ve

rg
e

fa
st

er
th

a
n

th
e

st
a
n

d
ar

d
st

o
ch

a
st

ic
gr

a
d

ie
n
t

m
et

h
o
d

(2
)?

D
o
es

th
e

m
o
m

en
tu

m
im

p
le

m
en

ta
ti

o
n

le
ad

to
su

p
er

io
r

st
ea

d
y
-s

ta
te

m
ea

n
-s

q
u

ar
e-

d
ev

ia
ti

on
(M

S
D

)
p

er
fo

rm
a
n

ce
,

m
ea

su
re

d
in

te
rm

s
o
f

th
e

li
m

it
in

g
va

lu
e

o
f
E
‖w̃

i‖
2
?

Is
th

e
m

om
en

tu
m

m
et

h
o
d

g
en

er
a
ll

y
su

p
er

io
r

to
th

e
st

a
n

d
a
rd

m
et

h
o
d

w
h

en
co

n
si

d
er

in
g

b
o
th

th
e

co
n
ve

rg
en

ce
ra

te
a
n

d
M

S
D

p
er

fo
rm

a
n

ce
?

In
th

is
a
n

d
th

e
n

ex
t

se
ct

io
n
s,

w
e

a
n

sw
er

th
es

e
q
u

es
ti

on
s

in
so

m
e

d
et

a
il

.
B

ef
o
re

tr
ea

ti
n

g
th

e
ca

se
o
f

g
en

er
a
l

ri
sk

fu
n

ct
io

n
s,
J

(w
),

w
e

ex
-

a
m

in
e

fi
rs

t
th

e
sp

ec
ia

l
ca

se
w

h
en

J
(w

)
is

q
u

a
d

ra
ti

c
in
w

to
il

lu
st

ra
te

th
e

m
a
in

co
n

cl
u

si
o
n

s
th

a
t

w
il

l
fo

ll
ow

.

4
.1

Q
u

a
d

ra
ti

c
R

is
k
s

W
e

co
n

si
d

er
m

ea
n

-s
q
u

a
re

-e
rr

or
ri

sk
s

of
th

e
fo

rm

J
(w

)
=

1 2
E
( d

(i
)
−
u
T i
w
) 2
,

(4
7
)

w
h

er
e
d

(i
)

d
en

ot
es

a
st

re
am

in
g

se
q
u
en

ce
of

ze
ro

-m
ea

n
ra

n
d

o
m

va
ri

ab
le

s
w

it
h

va
ri

an
ce

σ
2 d

=
Ed

2
(i

),
an

d
u
i
∈
R
M

d
en

ot
es

a
st

re
a
m

in
g

se
q
u

en
ce

o
f

in
d

ep
en

d
en

t
ze

ro
-m

ea
n

ra
n

d
o
m

ve
ct

or
s

w
it

h
co

va
ri

a
n

ce
m

at
ri

x
R
u

=
Eu

iu
T i
>

0
.

T
h

e
cr

o
ss

co
va

ri
a
n

ce
v
ec

to
r

b
et

w
ee

n
d

(i
)

an
d
u
i

is
d

en
ot

ed
b
y
r d
u

=
Ed

(i
)u

i.
T

h
e

d
at

a
{d

(i
),
u
i}

ar
e

a
ss

u
m

ed
to

b
e

w
id

e-
se

n
se

st
a
ti

on
ar

y
an

d
re

la
te

d
v
ia

a
li

n
ea

r
re

g
re

ss
io

n
m

o
d

el
o
f

th
e

fo
rm

:

d
(i

)
=
u
T i
w
o

+
v

(i
),

(4
8)

fo
r

so
m

e
u

n
k
n

ow
n
w
o
,

a
n

d
w

h
er

e
v

(i
)

is
a

ze
ro

-m
ea

n
w

h
it

e
n

o
is

e
p

ro
ce

ss
w

it
h

p
ow

er
σ

2 v
=

Ev
2
(i

)
a
n

d
a
ss

u
m

ed
in

d
ep

en
d

en
t

o
f
u
j

fo
r

a
ll
i,
j.

If
w

e
m

u
lt

ip
ly

(4
8
)

b
y
u
i

fr
o
m

th
e

le
ft

a
n

d
ta

ke
ex

p
ec

ta
ti

on
s,

w
e

fi
n

d
th

at
th

e
m

o
d

el
p

a
ra

m
et

er
w
o

sa
ti

sfi
es

th
e

n
o
rm

al
eq

u
a
ti

o
n

s
R
u
w
o

=
r d
u
.

T
h

e
u

n
iq

u
e

so
lu

ti
o
n

th
a
t

m
in

im
iz

es
(4

7)
a
ls

o
sa

ti
sfi

es
th

es
e

sa
m

e
eq

u
a
ti

o
n

s.
T

h
er

ef
or

e,
m

in
im

iz
in

g
th

e
q
u

a
d

ra
ti

c
ri

sk
(4

7
)

en
a
b

le
s

u
s

to
re

co
ve

r
th

e
d

es
ir

ed
w
o
.

T
h

is
o
b

se
rv

a
ti

on
ex

p
la

in
s

w
h
y

m
ea

n
-s

q
u

a
re

-e
rr

o
r

co
st

s
a
re

p
o
p

u
la

r
in

th
e

co
n
te

x
t

o
f

re
g
re

ss
io

n
m

o
d

el
s.

4
.2

A
d

a
p

ta
ti

o
n

M
e
th

o
d

s

F
o
r

th
e

le
as

t-
m

ea
n

-s
q
u

a
re

s
p

ro
b

le
m

(4
7
),

th
e

tr
u

e
g
ra

d
ie

n
t

v
ec

to
r

a
t

a
n
y

lo
ca

ti
on
w

is

∇
w
J

(w
)

=
R
u
w
−
r d
u

=
−
R
u
(w

o
−
w

),
(4

9
)

w
h

il
e

th
e

ap
p

ro
x
im

a
te

g
ra

d
ie

n
t

ve
ct

or
co

n
st

ru
ct

ed
fr

o
m

a
n

in
st

a
n
ta

n
eo

u
s

sa
m

p
le

re
a
li

za
ti

o
n

is
:

∇
w
Q

(w
;d

(i
),
u
i)

=
−
u
i(
d

(i
)
−
u
T i
w

).
(5

0
)

H
er

e
th

e
lo

ss
fu

n
ct

io
n

is
d

efi
n

ed
b
y

Q
(w

;d
(i

),
u
i)

∆ =
1 2
E
( d

(i
)
−
u
T i
w
) 2

(5
1)

T
h

e
re

su
lt

in
g

L
M

S
(s

to
ch

a
st

ic
-g

ra
d

ie
n
t)

re
cu

rs
io

n
is

gi
ve

n
b
y

w
i

=
w
i−

1
+
µ
u
i(
d

(i
)
−
u
T i
w
i−

1
)

(5
2)

14
JM

L
R

 1
7(

19
2)

:1
-6

6



O
n

t
h
e

In
f
l
u
e
n
c
e

o
f

M
o
m

e
n
t
u
m

A
c
c
e
l
e
r
a
t
io

n
o
n

O
n
l
in

e
L

e
a
r
n
in

g

a
n

d
th

e
co

rresp
o
n

d
in

g
grad

ien
t

n
o
ise

p
ro

cess
is

s
i (w

)
=

(R
u −

u
i u

Ti
)(w

o−
w

)−
u
i v

(i).
(5

3)

It
ca

n
b

e
verifi

ed
th

a
t

th
is

n
o
ise

p
ro

cess
sa

tisfi
es

A
ssu

m
p

tion
2

—
see

E
x
am

p
le

3
.3

in
(S

ayed
,

2
01

4
a
).

S
u

b
tra

ctin
g
w
o

from
b

o
th

sid
es

of
(5

2
),

an
d

reca
llin

g
th

a
t
w̃
i

=
w
o−
w
i ,

w
e

o
b

ta
in

th
e

error
recu

rsio
n

th
a
t

co
rresp

o
n

d
s

to
th

e
L

M
S

im
p

lem
en

ta
tio

n
:

w̃
i

=
(I
M
−
µ
R
u )w̃

i−
1

+
µ
s
i (w

i−
1 ),

(5
4)

w
h

ere
µ

is
so

m
e

con
stan

t
step

-size.
In

ord
er

to
d

istin
g
u

ish
th

e
varia

b
les

fo
r

L
M

S
fro

m
th

e
va

ria
b

les
fo

r
th

e
m

o
m

en
tu

m
L

M
S

v
ersio

n
d

escrib
ed

b
elow

,
w

e
rep

la
ce

th
e

n
o
ta

tio
n
{
w
i ,w̃

i }
fo

r
L

M
S

b
y
{
x
i ,x̃

i }
a
n

d
keep

th
e

n
o
ta

tio
n
{w

i ,w̃
i }

for
m

o
m

en
tu

m
L

M
S
,

i.e.,
for

th
e

L
M

S
im

p
lem

en
ta

tio
n

(5
4)

w
e

sh
a
ll

w
rite

in
stea

d

x̃
i

=
(I
M
−
µ
R
u )x̃

i−
1

+
µ
s
i (x

i−
1 ).

(5
5)

O
n

th
e

o
th

er
h

a
n

d
,

w
e

con
clu

d
e

fro
m

(2
2
)–

(2
3
)

th
a
t

th
e

m
o
m

en
tu

m
L

M
S

recu
rsio

n
w

ill
b

e
g
iven

b
y
:

ψ
i−

1
=

w
i−

1
+
β

1 (w
i−

1 −
w
i−

2 ),
(5

6)

w
i

=
ψ
i−

1
+
µ
m
u
i (d

(i)−
u
Ti
ψ
i−

1 )
+
β

2 (ψ
i−

1 −
ψ
i−

2 ),
(5

7)

U
sin

g
th

e
tran

sform
ed

recu
rsio

n
(2

9
),

w
e

ca
n

tran
sfo

rm
th

e
resu

ltin
g

rela
tio

n
fo

r
w̃
i

in
to

:

[
ŵ
i

w̌
i ]

=

[
I
M
−

µ
m

1−
β
R
u

µ
m
β
′

1−
β
R
u

−
µ
m

1−
β
R
u

β
I
M

+
µ
m
β
′

1−
β
R
u

][
ŵ
i−

1

w̌
i−

1

]
+

µ
m

1−
β

[
s
i (ψ

i−
1 )

s
i (ψ

i−
1 )

]
,

(5
8
)

w
h

ere
th

e
H

essia
n

m
atrix

,
H

i−
1 ,

is
in

d
ep

en
d

en
t

o
f

th
e

w
eig

h
t

iterates
an

d
g
iven

b
y
R
u

fo
r

q
u

a
d

ra
tic

risk
s.

It
fo

llow
s

fro
m

th
e

fi
rst

row
th

a
t

ŵ
i

=

(
I
M
−

µ
m

1−
β
R
u )
ŵ
i−

1
+
µ
m
β
′

1−
β
R
u w̌

i−
1

+
µ
m

1−
β
s
i (ψ

i−
1 ).

(5
9)

N
ex

t,
w

e
a
ssu

m
e

th
e

step
-sizes{µ

,µ
m }

a
n

d
th

e
m

o
m

en
tu

m
p

a
ra

m
eter

a
re

selected
to

satisfy

µ
=

µ
m

1−
β
.

(6
0)

S
in

ce
β
∈

[0,1),
th

is
m

ea
n

s
th

a
t
µ
m
<
µ

.
T

h
en

,
recu

rsio
n

(5
9
)

b
eco

m
es

ŵ
i

=
(I
M
−
µ
R
u )ŵ

i−
1

+
µ
β
′R

u w̌
i−

1
+
µ
s
i (ψ

i−
1 ).

(6
1)

C
o
m

p
a
rin

g
(6

1)
w

ith
th

e
L

M
S

recu
rsio

n
(5

5
),

w
e

fi
n

d
th

a
t

b
o
th

rela
tion

s
a
re

q
u

ite
sim

ila
r,

ex
cep

t
th

at
th

e
m

om
en

tu
m

recu
rsion

h
a
s

a
n

ex
tra

d
riv

in
g

term
d

ep
en

d
en

t
o
n
w̌
i−

1 .
H

ow
-

ever,
recall

fro
m

(28
)

th
at
w̌
i−

1
=

(w̃
i−

2 −
w̃
i−

1 )/
(1−

β
),

w
h

ich
is

th
e

d
iff

eren
ce

b
etw

een
tw

o
con

secu
tive

p
oin

ts
gen

era
ted

b
y

m
o
m

en
tu

m
L

M
S

.
In

tu
itively,

it
is

n
o
t

h
ard

to
see

th
a
t

w̌
i−

1
is

in
th

e
ord

er
o
f
O

(µ
),

w
h
ich

m
akes

µ
β
′R

u w̌
i−

1
in

th
e

o
rd

er
o
f
O

(µ
2).

W
h

en
th

e
step

-
size

µ
is

very
sm

a
ll,

th
is
O

(µ
2)

term
ca

n
b

e
ig

n
ored

.
C

o
n

seq
u

en
tly,

th
e

a
b

ove
recu

rsio
n

s
for

ŵ
i

an
d
x̃
i

sh
ou

ld
evo

lve
clo

se
to

ea
ch

o
th

er,
w

h
ich

w
o
u

ld
h

elp
to

p
rove

th
a
t
w
i

a
n

d
x
i

w
ill

a
lso

evo
lve

clo
se

to
ea

ch
oth

er
as

w
ell.

T
h
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ŵ
i−

1
+
µ
m
β
′

1−
β
H

i−
1 w̌

i−
1

+
µ
m

1−
β
s
i (ψ

i−
1 ),

(65)

w
h

ere
H

i−
1

is
d

efi
n

ed
b
y

(31).
In

th
e

q
u

ad
ratic

case,
th

is
m

atrix
w

as
con

stan
t

an
d

eq
u

al
to

th
e

covarian
ce

m
atrix

,
R
u .

H
ere,

h
ow

ev
er,

it
is

tim
e-varian

t
an

d
d

ep
en

d
s

on
th

e
error

vecto
r,
ψ̃
i−

1 ,
as

w
ell.

L
ik

ew
ise,

for
th

e
stan

d
ard

sto
ch

astic
grad

ien
t

iteration
(2),

w
e

ob
tain

th
at

th
e

error
recu

rsion
in

th
e

gen
eral

case
is

given
b
y
:

x̃
i

=
(I
M
−
µ
R
i−

1 )x̃
i−

1
+
µ
s
i (x

i−
1 ),

(66)

w
h

ere
w

e
are

in
tro

d
u

cin
g

th
e

m
atrix

R
i−

1
=

∫
1

0
∇

2w
J

(w
o−

rx̃
i−

1 )d
r

(67)

16
JM

L
R

 17(192):1-66



O
n

t
h
e

In
f
l
u
e
n
c
e

o
f

M
o
m

e
n
t
u
m

A
c
c
e
l
e
r
a
t
io

n
o
n

O
n
l
in

e
L

e
a
r
n
in

g

an
d
x̃
i

=
w
o
−
x
i.

N
ot

e
th

at
H

i−
1

an
d
R
i−

1
ar

e
d

iff
er

en
t

m
at

ri
ce

s.
In

co
n
tr

as
t,

in
th

e
q
u

ad
ra

ti
c

ca
se

,
th

ey
ar

e
b

ot
h

eq
u

al
to
R
u
.

U
n

d
er

th
e

as
su

m
ed

co
n

d
it

io
n

(6
0)

re
la

ti
n

g
{µ
,µ

m
},

if
w

e
su

b
tr

ac
t

(6
6
)

fr
o
m

(6
5
)

w
e

ob
ta

in
:

ŵ
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=
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=
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p
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b
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b
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b
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c
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ra
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a
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m
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n
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−
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−
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p
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+
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∀
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∈

(0,1
)

a
n

d
τ

2
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∈
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p
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r
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h
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∀
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∞
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∞
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i ‖

2
=
O

(
δ

2σ
4s µ

2

(1−
β

)ν
2 )

=
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c
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a
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ra
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h
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p
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p
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e

m
o
m

en
tu

m
m

eth
o
d

is
essen

tia
lly

eq
u

iva
len

t
to

ru
n

n
in

g
a

stan
d

ard
sto

ch
a
stic

g
ra

d
ien

t
m

eth
o
d

w
ith

a
la

rg
er

step
-size

(sin
ce

µ
>
µ
m

).
T

h
is

in
terp

reta
tion

ex
p

la
in

s
w

h
y

th
e

m
o
m

en
tu

m
m

eth
o
d

is
o
b

served
to

co
n
verge

fa
ster

d
u

rin
g

th
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d
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a
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d
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d
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w
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a
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b
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p
erform

a
n
ce.

W
h

ile
th

e
m

om
en

tu
m

term
s
w
i −
w
i−

1
an

d
ψ
i −
ψ
i−

1
can

sm
o
oth

th
e

con
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ra
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d
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b
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b
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n
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b
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p
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p
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ić
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L
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egra

d
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p
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d
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=
β

(i),
β

1 (i)β
2 (i)

=
0,

(83)

T
h

e
effi
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d
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d
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d
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 c
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=
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=
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∈
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∈
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ra
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=
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=
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w
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h
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h
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=
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β

(i
)

(8
6)

w
il

l
d

ec
re

as
e

fr
om

µ
/
[1
−
β

(0
)]

to
µ

.
In

an
ot

h
er

w
or

d
s,

th
e

st
o
ch

as
ti

c
a
lg

o
ri

th
m

w
it

h
d

ec
ay

in
g

m
om

en
tu

m
is

st
il
l

n
ot

h
el

p
fu

l.

6
.

D
ia

g
o
n
a
l

S
te

p
-s

iz
e

M
a
tr

ic
e
s

S
om

et
im

es
it

is
ad

va
n
ta

ge
ou

s
to

em
p

lo
y

se
p

ar
at

e
st

ep
-s

iz
e

fo
r

th
e

in
d

iv
id

u
a
l

en
tr

ie
s

o
f

th
e

w
ei

gh
t

v
ec

to
rs

,
se

e
(D

u
ch

i
et

al
.,

20
11

).
In

th
is

se
ct

io
n

w
e

co
m

m
en

t
on

h
ow

th
e

re
su

lt
s

fr
om

th
e

p
re

v
io

u
s

se
ct

io
n

s
ex

te
n

d
to

th
is

sc
en

ar
io

.
F

ir
st

,
w

e
n

ot
e

th
at

re
cu

rs
io

n
(2

)
ca

n
b

e
ge

n
er

al
iz

ed
to

th
e

fo
ll

ow
in

g
fo

rm
,

w
it

h
a

d
ia

go
n

al
m

at
ri

x
se

rv
in

g
as

th
e

st
ep

-s
iz

e
p

a
ra

m
et

er
:

x
i

=
x
i−

1
−
D
∇
w
Q

(x
i−

1
;θ

i)
,
i
≥

0
,

(8
7)

w
h

er
e
D

=
d

ia
g
{µ

1
,µ

2
,.
..
,µ

M
}.

H
er

e,
w

e
co

n
ti

n
u

e
to

u
se

th
e

le
tt

er
“x

”
to

re
fe

r
to

th
e

va
ri

ab
le

it
er

at
es

fo
r

th
e

st
an

d
ar

d
st

o
ch

as
ti

c
gr

ad
ie

n
t

d
es

ce
n
t

it
er

at
io

n
,

w
h

il
e

w
e

re
se

rv
e
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Y
u
a
n
,

Y
in

g
,

a
n
d

S
a
y
e
d

th
e

le
tt

er
“w

”
fo

r
th

e
m

o
m

en
tu

m
re

cu
rs

io
n

.
W

e
le

t
µ

m
a
x

=
m

ax
{µ

1
,.
..
,µ

M
}.

S
im

il
a
rl

y,
re

cu
rs

io
n

s
(2

2)
an

d
(2

3)
ca

n
b

e
ex

te
n

d
ed

in
th

e
fo

ll
ow

in
g

m
a
n

n
er

:

ψ
i−

1
=
w
i−

1
+
B

1
(w

i−
1
−
w
i−

2
),

(8
8)

w
i

=
ψ
i−

1
−D

m
∇
w
Q

(ψ
i−

1
;θ

i)
+
B

2
(ψ

i−
1
−ψ

i−
2
),

(8
9
)

w
it

h
in

it
ia

l
co

n
d

it
io

n
s

w
−

2
=
ψ
−

2
=

in
it

ia
l

st
at

es
,

(9
0
)

w
−

1
=
w
−

2
−
D
m
∇
w
Q

(w
−

2
;θ
−

1
),

(9
1
)

w
h

er
e
B

1
=

d
ia

g
{β

1 1
,.
..
,β

1 M
}

an
d
B

2
=

d
ia

g
{β

2 1
,.
..
,β

2 M
}

a
re

m
o
m

en
tu

m
co

effi
ci

en
t

m
a-

tr
ic

es
,

w
h

il
e
D
m

is
a

d
ia

g
o
n

a
l

st
ep

-s
iz

e
m

at
ri

x
fo

r
m

o
m

en
tu

m
st

o
ch

as
ti

c
gr

a
d

ie
n
t

m
et

h
o
d

.
In

a
m

a
n

n
er

si
m

il
ar

to
(2

6
),

w
e

a
ls

o
a
ss

u
m

e
th

a
t

0
≤
B
k
<
I M

,
k

=
1,

2
,

B
1

+
B

2
=
B
,

B
1
B

2
=

0.
(9

2
)

w
h

er
e
B

=
d

ia
g
{β

1
,.
..
,β
M
}

a
n

d
0
<
B
<
I M

.
In

a
d

d
it

io
n

,
w

e
fu

rt
h

er
a
ss

u
m

e
th

a
t
B

is
n

ot
to

o
cl

os
e

to
I M

,
i.

e.

B
≤

(1
−
ε)
I M

,
fo

r
so

m
e

co
n

st
a
n
t
ε
>

0
.

(9
3)

T
h

e
fo

ll
ow

in
g

re
su

lt
s

ex
te

n
d

T
h

eo
re

m
s

1
,

3
,

a
n

d
4

a
n
d

th
ey

ca
n

b
e

es
ta

b
li

sh
ed

fo
ll

ow
in

g
si

m
il

a
r

d
er

iv
at

io
n

s.

T
h

e
o
re

m
1
B

(M
e
a
n

-s
q
u

a
re

st
a
b

il
it

y
).

L
et

A
ss

u
m

p
ti

o
n

s
1

a
n

d
2

h
o
ld

a
n

d
re

ca
ll

co
n

-
d
it

io
n

s
(9

2
)

a
n

d
(9

3
).

T
h
en

,
fo

r
th

e
m

o
m

en
tu

m
st

oc
h
a
st

ic
gr

a
d
ie

n
t

m
et

h
od

(8
8
)–

(8
9)

,
it

h
o
ld

s
u

n
d
er

su
ffi

ci
en

tl
y

sm
a
ll

st
ep

-s
iz

e
µ

m
a
x

th
a
t

li
m

su
p

i→
∞

E‖
w̃
i‖

2
=
O

(µ
m

a
x
).

(9
4) �

T
h

e
o
re

m
3
B

(E
q
u

iv
a
le

n
c
e

fo
r

q
u

a
d

ra
ti

c
c
o
st

s)
.

C
o
n

si
d
er

re
cu

rs
io

n
s

(5
2
)

a
n

d
(5

6)
–

(5
7)

w
it

h
{µ
,µ

m
,β

1
,β

2
}

re
p
la

ce
d

by
{D

,D
m
,B

1
,B

2
}.

A
ss

u
m

e
th

ey
st

a
rt

fr
o
m

th
e

sa
m

e
in

it
ia

l
st

a
te

s,
n

a
m

el
y,
ψ
−

2
=
w
−

2
=
x
−

1
.

S
u

p
po

se
fu

rt
h
er

th
a
t

co
n

d
it

io
n

s
(9

2
)

a
n

d
(9

3)
h
o
ld

,
a
n

d
th

a
t

th
e

st
ep

-s
iz

es
m

a
tr

ic
es
{D

,D
m
}

sa
ti

sf
y

a
re

la
ti

o
n

si
m

il
a
r

to
(6

0)
,

n
a
m

el
y,

D
=

(I
−
B

)−
1
D
m
.

(9
5)

T
h
en

,
it

h
o
ld

s
u

n
d
er

su
ffi

ci
en

tl
y

sm
a
ll
µ

m
a
x
,

th
a
t

E‖
w̃
i
−
x̃
i‖

2
=
O

(µ
2 m

a
x
),
∀i

=
0,

1
,2
,3
,.
..

(9
6) �

T
h

e
o
re

m
4
B

(E
q
u

iv
a
le

n
c
e

fo
r

g
e
n

e
ra

l
c
o
st

s)
.

C
o
n

si
d
er

th
e

st
oc

h
a
st

ic
gr

a
d
ie

n
t

re
cu

r-
si

o
n

(8
7
)

a
n

d
th

e
m

o
m

en
tu

m
st

oc
h
a

st
ic

gr
a
d
ie

n
t

re
cu

rs
io

n
s

(8
8)

–
(8

9
)

to
so

lv
e

th
e

ge
n

er
a
l

p
ro

bl
em

(1
).

A
ss

u
m

e
th

ey
st

a
rt

fr
o
m

th
e

sa
m

e
in

it
ia

l
st

a
te

s,
n

a
m

el
y,
ψ
−

2
=
w
−

2
=
x
−

1
.
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O
n

t
h
e

In
f
l
u
e
n
c
e

o
f

M
o
m

e
n
t
u
m

A
c
c
e
l
e
r
a
t
io

n
o
n

O
n
l
in

e
L

e
a
r
n
in

g

S
u

p
po

se
co

n
d
itio

n
s

(9
2
),

(9
3
),

a
n

d
(9

5
)

h
o
ld

.
U

n
d
er

A
ssu

m
p
tio

n
s

1
,

3
,

5
,

a
n

d
6
,

a
n

d
fo

r
su

ffi
cien

tly
sm

a
ll

step
-sizes,

it
h
o
ld

s
th

a
t

E‖
w̃
i −

x̃
i ‖

2
=
O

(µ
3
/
2

m
a
x ),

∀
i

=
0,1

,2
,3
,...

(9
7)

F
u

rth
erm

o
re,

in
th

e
lim

it,

lim
su

p
i→
∞

E‖w̃
i −

x̃
i ‖

2
=
O

(µ
2m

a
x ).

(9
8)�

7
.

E
x
p

e
rim

e
n
ta

l
R

e
su

lts

In
th

is
sectio

n
w

e
illu

stra
te

th
e

m
a
in

co
n

clu
sio

n
s

b
y

m
ea

n
s

of
co

m
p

u
ter

sim
u

latio
n

s
fo

r
b

o
th

cases
o
f

m
ean

-sq
u

are-erro
r

d
esign

s
a
n

d
log

istic
regression

d
esig

n
s.

W
e

a
lso

ru
n

sim
u

la
tio

n
s

for
alg

orith
m

(8
1)–

(82
)

an
d

verify
its

ad
va

n
ta

g
es

in
th

e
sto

ch
a
stic

con
tex

t.

7
.1

L
e
a
st

M
e
a
n

-S
q
u

a
re

s
E

rro
r

D
e
sig

n
s

W
e

a
p

p
ly

th
e

sta
n

d
a
rd

L
M

S
algo

rith
m

to
(4

7
).

T
o

d
o

so,
w

e
g
en

erate
d

a
ta

acco
rd

in
g

to
th

e
lin

ea
r

reg
ression

m
o
d

el
(4

8),
w

h
ere

w
o∈

R
1
0

is
ch

o
sen

ra
n

d
o
m

ly,
a
n

d
u
i ∈

R
1
0

is
i.i.d

a
n

d
fo

llow
s
u
i ∼
N

(0,Λ
)

w
h

ere
Λ
∈

R
1
0×

1
0

is
ra

n
d

om
ly

-gen
era

ted
d

ia
g
o
n

a
l

m
a
trix

w
ith

p
o
sitive

d
ia

go
n

al
en

tries.
B

esid
es,

v
(i)

is
also

i.i.d
a
n

d
follow

s
v

(i)∼
N

(0,σ
2s I

1
0 ),

w
h

ere
σ

2s
=

0.0
1
.

A
ll

resu
lts

a
re

avera
ged

over
30

0
ra

n
d

o
m

trials.
F

o
r

ea
ch

tria
l

w
e

g
en

era
ted

80
0

sa
m

p
les

o
f
u
i ,
v

(i)
an

d
d

(i).
W

e
fi

rst
co

m
p

a
re

th
e

stan
d

a
rd

an
d

m
om

en
tu

m
L

M
S

a
lg

orith
m

s
u
sin

g
µ

=
µ
m

=
0
.0

03
.

T
h

e
m

o
m

en
tu

m
p

ara
m

eter
β

is
set

a
s

0.9.
F

u
rth

erm
o
re,

w
e

em
p

loy
th

e
h

eav
y
-b

a
ll

o
p

tion
for

th
e

m
om

en
tu

m
L

M
S

,
i.e.,

β
1

=
0,β

2
=
β

.
B

o
th

th
e

sta
n

d
ard

a
n

d
m

o
m

en
tu

m
L

M
S

m
eth

o
d

s
are

illu
strated

in
th

e
left

p
lo

t
in

F
ig

.
2

w
ith

b
lu

e
a
n

d
red

cu
rves,

resp
ectively.

It
is

seen
th

a
t

th
e

m
o
m

en
tu

m
L

M
S

co
n
verg

es
fa

ster,
b
u

t
th

e
M

S
D

p
erfo

rm
a
n

ce
is

m
u

ch
w

o
rse.

N
ex

t
w

e
set

µ
m

=
µ

(1
−
β

)
=

0.0
00

3
a
n

d
illu

stra
te

th
is

ca
se

w
ith

th
e

m
a
g
en

ta
cu

rve.
It

is
o
b

served
th

at
th

e
m

ag
en

ta
a
n
d

b
lu

e
cu

rves
a
re

a
lm

o
st

in
d

istin
g
u

ish
a
b

le,
w

h
ich

co
n

fi
rm

s
th

e
eq

u
iva

len
ce

p
red

icted
b
y

T
h

eo
rem

8
fo

r
a
ll

tim
e

in
sta

n
ts.

W
e

a
lso

illu
stra

te
a
n

im
p

lem
en

ta
tion

w
ith

a
d

ecay
in

g
m

o
m

en
tu

m
p

ara
m

eter
β

(i)
b
y

th
e

g
reen

cu
rve.

In
th

is
sim

u
latio

n
,

w
e

set
µ
m

=
0.0

0
3

a
n

d
m

a
ke

β
(i)

d
ecrea

se
in

a
sta

ir-w
ise

fa
sh

ion
:

w
h
en

i∈
[1,1

0
0],

β
(i)

=
0
.9

;
w

h
en

i∈
[1

0
1,2

0
0],

β
(i)

=
0
.9/

(1
0
0

0
.3);

...;
w

h
en

i∈
[2

4
01
,25

0
0
],

β
(i)

=
0
.9/

(24
00

0
.3).

W
ith

th
is

d
ecay

in
g
β

(i),
it

is
seen

th
a
t

th
e

m
o
m

en
tu

m
L

M
S

m
eth

o
d

recovers
its

fa
ster

con
vergen

ce
ra

te
a
n

d
a
ttain

s
th

e
sam

e
stead

y
-state

M
S

D
p

erfo
rm

an
ce

as
th

e
L

M
S

im
p

lem
en

ta
tion

.
F

in
a
lly,

w
e

a
lso

im
p

lem
en

ted
th

e
stan

d
a
rd

L
M

S
w

ith
in

itia
l

step
-size

µ
=

0.00
3

an
d

th
en

d
ecrea

se
it

gra
d

u
a
lly

acco
rd

in
g

to
µ
s (i)

=
µ
/
[1−

β
(i)].

A
s

im
p

lied
b
y

T
h

eo
rem

8
,

it
is

o
b

served
th

at
th

e
g
reen

a
n

d
b

la
ck

cu
rves

a
re

a
lso

a
lm

o
st

in
d

istin
g
u

ish
ab

le,
w

h
ich

con
fi

rm
s

th
a
t

th
e

L
M

S
a
lg

o
rith

m
w

ith
d

ecay
in

g
m

o
m

en
tu

m
is

still
eq

u
ivalen

t
to

th
e

sta
n

d
ard

L
M

S
w

ith
a
p

p
rop

ria
tely

ch
o
sen

d
ecay

in
g

step
-sizes.

W
e

a
lso

co
m

p
a
red

th
e

sta
n

d
ard

an
d

m
om

en
tu

m
L

M
S

a
lg

o
rith

m
s

w
h

en
µ

=
µ
m

=
0.0

0
3

an
d
β

is
set

a
s

0
.5
,0
.6,0.7,0.8,

a
n

d
th

e
sa

m
e

p
erform

a
n

ce
a
s

th
e

left
p

lo
t

in
F

ig.
2

is
o
b

served
.

T
o

save
sp

a
ce,

w
e

sh
ow

th
e

rig
h
t

p
lo

t
in

F
ig

.
2

in
w

h
ich

β
=

0.5
a
n

d
o
m

it
th

e
fi

g
u

res
w

h
en

β
is

set
a
s

0
.6,0.7,0.8.
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ŵ
i−

1 ‖
2

+
E‖
w̌
i−

1 ‖
2).

(14
0)

35
JM

L
R

 17(192):1-66

Y
u
a
n
,

Y
in

g
,

a
n
d

S
a
y
e
d

S
u

b
stitu

tin
g

(140
)

in
to

(138),
w

e
get

E‖ŵ
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ŵ
i−

1 ‖
2
+

µ
2m

(1−
β

)
2
(γ

2E‖
ψ̃
i−

1 ‖
2
+
σ

2s )

=
(
β

+
2µ

2m
β
′2δ

2

(1−
β

)
3

)E‖w̌
i−

1 ‖
2
+

2µ
2m
δ

2

(1−
β

)
3 E‖

ŵ
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ŵ
i ‖

2+
E‖w̌

i ‖
2) )

=
O

(
µ
m
σ

2s

(1−
β

)ν )
,

(1
65

)

fro
m

w
h

ich
w

e
co

n
clu

d
e

th
at

(3
7)

h
o
ld

s.

A
p
p

e
n
d
ix

D
.

P
ro

o
f

o
f

C
o
ro

lla
ry

5

T
o

sim
p

lify
th

e
n

o
tatio

n
,

w
e

refer
to

(3
3
)

a
n

d
in

tro
d

u
ce

th
e

q
u

a
n
tities:

z
i

=

[
E‖
ŵ
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i ‖

2
+
E‖
w̌
i ‖

2
(175)

w
e

a
lso

fi
n

d
th

at

E‖
ŵ
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‖ŵ

i−
1 ‖

4
+

µ
m
β
′4δ

4

(1−
β

)ν
3 ‖
w̌
i−

1 ‖
4

=
(1−

q
1 µ

m
)‖ŵ
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i−

1 ‖
4

+
2
q

2 µ
m ‖w̌

i−
1 ‖

4
+
q

6 σ
2s µ

2m ‖ŵ
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ŵ
i−

1 + (β
I
M

+
µ
m
β
′

1−
β
H

i−
1 )
w̌
i−

1 ∥∥∥∥
2

(γ
2‖
ψ̃
i−

1 ‖
2

+
σ

2s ).
(208)

4
4

JM
L

R
 17(192):1-66



O
n

t
h
e

In
f
l
u
e
n
c
e

o
f

M
o
m

e
n
t
u
m

A
c
c
e
l
e
r
a
t
io

n
o
n

O
n
l
in

e
L

e
a
r
n
in

g

W
e

n
ex

t
b

ou
n

d
ea

ch
of

th
e

te
rm

s
th

at
ap

p
ea

r
on

th
e

ri
gh

t-
h

an
d

si
d

e.
U

si
n

g
J
en

se
n
’s

in
eq

u
al

it
y,

th
e

lo
w

er
an

d
u

p
p

er
b

ou
n

d
s

on
th

e
H

es
si

an
m

at
ri

x
fr

om
(1

1)
,

an
d

th
e

in
eq

u
a
li

ty
‖a

+
b‖

4
≤

8
‖a
‖4

+
8
‖b
‖4

,
w

e
h

av
e

∥ ∥ ∥ ∥−
µ
m
H

i−
1

1
−
β
ŵ
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‖ŵ

i−
1
‖4

=
(β

+
p

1
µ

4 m
)‖
w̌
i−

1
‖4

+
p

2
µ

4 m
‖ŵ
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‖ŵ

i−
1
‖2
][
γ

2
B

1

( ‖
ŵ
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∇
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1
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∥ ∥ ∥
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+
δ
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=
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=
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b
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p
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∇
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+
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∇
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+
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−
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−
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−
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−
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+
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∥∥∥∥∥
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+
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+
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+
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+
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+
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+
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d
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)
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1
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p
ressio
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2
]|

=

∣∣∣∣ ta
n
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γ
h
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∇
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i ‖
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A
p
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1 ‖

4

55
JM

L
R

 17(192):1-66

Y
u
a
n
,

Y
in

g
,

a
n
d

S
a
y
e
d

+
3
µ

4E
[‖
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1 ‖
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1 ‖

4

+
3
µ

4E
[‖
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+
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1 ‖
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1 ‖
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1 ‖
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1 ‖
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=
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3 ‖
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‖
(1−

t)
1

1−
t a

+
t 1t

(b
+
c)‖
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t ‖
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1t ‖
b

+
c‖

2

≤
1

1−
t ‖
a‖

2
+

2t ‖b‖
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d
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=
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1 ‖
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1 ‖
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1 ‖
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1 ‖
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‖
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1 ‖

4)≤
16δ

4.
(291)

A
s

a
resu

lt,
w

e
h

ave

8µν
3 ‖

(R
i−

1 −
H

i−
1 )x̃

i−
1 ‖
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1 ‖
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1 ‖
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≤
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≤
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a
l

ch
o
ic

e
o
f

th
e

w
ei

gh
ts

,
d
ri

v
en

b
y

th
e

to
p

o
lo

g
y

of
th

e
d

at
a
,

th
a
t

le
a
d

s
to

a
cc

u
ra

te
es

ti
m

a
te

s.

P
ro

b
le

m
fo

rm
u

la
ti

o
n

.
T

h
e

p
re

m
is

e
in

th
e

cu
rr

en
t

ra
ce

to
co

ll
ec

t
m

o
re

d
a
ta

o
n

u
se

r
ac

ti
v
it

ie
s

is
th

a
t,

a
h

id
d

en
tr

u
e

p
re

fe
re

n
ce

m
a
n

if
es

ts
in

th
e

u
se

r’
s

ac
ti

v
it

ie
s

a
n

d
ch

oi
ce

s.
S

u
ch

d
at

a
ca

n
b

e
ex

p
li

ci
t,

as
in

ra
ti

n
gs

,
ra

n
k
ed

li
st

s,
p

a
ir

w
is

e
co

m
p

a
ri

so
n

s,
a
n

d
li

ke
/
d

is
li

k
e

b
u

tt
o
n

s.
O

th
er

s
a
re

m
or

e
im

p
li

ci
t,

su
ch

as
p

u
rc

h
a
se

h
is

to
ry

a
n

d
v
ie

w
in

g
ti

m
es

.
W

h
il

e
m

o
re

d
at

a
in

ge
n

er
a
l

a
ll

ow
s

fo
r

a
m

o
re

a
cc

u
ra

te
in

fe
re

n
ce

,
th

e
h

et
er

og
en

ei
ty

of
u

se
r

a
ct

iv
it

ie
s

m
a
ke

s
it

d
iffi

cu
lt

to
in

fe
r

th
e

u
n

d
er

ly
in

g
p

re
fe

re
n

ce
s

d
ir

ec
tl

y.
F

u
rt

h
er

,
ea

ch
u

se
r

re
ve

a
ls

h
er

p
re

fe
re

n
ce

o
n

on
ly

a
fe

w
co

n
te

n
ts

.

T
ra

d
it

io
n

a
l
co

ll
ab

o
ra

ti
ve

fi
lt

er
in

g
fa

il
s

to
ca

p
tu

re
th

e
d

iv
er

si
ty

of
m

o
d

er
n

d
at

a
se

ts
.

T
h
e

sp
ar

si
ty

a
n

d
h

et
er

o
ge

n
ei

ty
o
f

th
e

d
at

a
re

n
d

er
s

ty
p

ic
a
l
si

m
il

a
ri

ty
m

ea
su

re
s

in
eff

ec
ti

v
e

in
th

e
n

ea
re

st
-n

ei
g
h
b

or
m

et
h

o
d

s.
C

o
n

se
q
u

en
tl

y,
si

m
p

le
m

ea
su

re
s

o
f

si
m

il
a
ri

ty
p

re
va

il
in

p
ra

ct
ic

e,
a
s

in
A

m
az

o
n

’s
“p

eo
p

le
w

h
o

b
ou

gh
t

..
.

al
so

b
o
u

g
h
t

..
.”

sc
h

em
e.

S
co

re
-b

as
ed

m
et

h
o
d

s
re

q
u

ir
e

tr
an

sl
at

in
g

h
et

er
o
ge

n
eo

u
s

d
at

a
in

to
n
u

m
er

ic
sc

or
es

,
w

h
ic

h
is

a
p

ri
o
ri

a
d

iffi
cu

lt
ta

sk
.

E
ve

n
if

ex
p

li
ci

t
ra

ti
n

gs
a
re

o
b

se
rv

ed
,

th
o
se

ar
e

of
te

n
u

n
re

li
a
b

le
an

d
th

e
sc

al
e

of
su

ch
ra

ti
n

g
s

va
ry

fr
o
m

u
se

r
to

u
se

r.

W
e

p
ro

p
o
se

ag
gr

eg
at

in
g

o
rd

in
a
l

d
at

a
b

a
se

d
o
n

u
se

rs
’

re
v
ea

le
d

p
re

fe
re

n
ce

s
th

at
a
re

ex
p

re
ss

ed
in

th
e

fo
rm

of
pa

rt
ia

l
o
rd

er
in

gs
(n

ot
ic

e
th

a
t

o
u

r
u

se
of

th
e

te
rm

is
sl

ig
h
tl

y
d

iff
er

en
t

fr
om

it
s

or
ig

in
al
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D
a
t
a
-d

r
iv

e
n

R
a
n
k

B
r
e
a
k
in

g

u
se

in
revea

led
p

referen
ce

th
eory

).
W

e
in

terp
ret

u
ser

a
ctiv

ities
as

m
an

ifesta
tion

of
th

e
h

id
d

en
p

referen
ces

acco
rd

in
g

to
d

iscrete
ch

o
ice

m
o
d

els
(in

p
a
rticu

lar
th

e
P

la
ckett-L

u
ce

m
o
d

el
d

efi
n

ed
in

(1
)).

T
h

is
p

rov
id

es
a

m
o
re

reliab
le,

sca
le-free,

a
n

d
w

id
ely

a
p

p
lica

b
le

rep
resen

ta
tio

n
of

th
e

h
etero

g
en

eo
u

s
d

ata
a
s

p
a
rtia

l
o
rd

erin
g
s,

a
s

w
ell

a
s

a
p

ro
b

ab
ilistic

in
terp

reta
tio

n
of

h
ow

p
referen

ces
m

a
n

ifest.
In

fu
ll

g
en

erality,
th

e
d

ata
co

llected
fro

m
each

in
d

iv
id

u
a
l
can

b
e

rep
resen

ted
b
y

a
pa

rtia
lly

o
rd

ered
set

(po
set).

A
ssu

m
in

g
con

sisten
cy

in
a

u
ser’s

rev
ea

led
p

referen
ces,

a
n
y

o
rd

ered
rela

tio
n

s
ca

n
b

e
sea

m
lessly

tra
n

sla
ted

in
to

a
p

o
set,

rep
resen

ted
as

a
H

asse
d

ia
g
ram

b
y

a
d
irected

acy
clic

g
ra

p
h

(D
A

G
).

T
h

e
D

A
G

b
elow

rep
resen

ts
ord

ered
rela

tion
s
a
>
{
b,d}

,
b
>
c,{c,d}

>
e,

a
n
d
e
>
f

.
F

o
r

ex
am

p
le,

th
is

co
u

ld
h

ave
b

een
tran

slated
fro

m
tw

o
sou

rces:
a

fi
ve

star
ra

tin
g

o
n
a

an
d

a
th

ree
star

ra
tin

g
s

on
b,c,d

,
a

tw
o

sta
r

ratin
g

o
n
e,

a
n

d
a

o
n

e
sta

r
ratin

g
o
n
f

;
a
n

d
th

e
item

b
b

ein
g

p
u

rch
a
sed

a
fter

rev
iew

in
g
c

as
w

ell.

a

b
c

e

d

f

G
j

a
b

c

e
d

f

a
b

c

e
d

f

a
b

c

e
d

f

a
b

c

e
d

f

G
j,1

G
j,2

F
igu

re
1
:

A
D

A
G

rep
resen

ta
tion

o
f

co
n

sisten
t

p
artia

l
o
rd

erin
g

o
f

a
u

ser
j,

a
lso

called
a

H
asse

d
ia

gra
m

(left).
A

set
o
f

ra
n

k
-b

rea
k
in

g
gra

p
h

s
ex

tra
cted

fro
m

th
e

H
a
sse

d
ia

g
ra

m
fo

r
th

e
sep

a
rator

item
a

a
n

d
e,

resp
ectively

(rig
h
t).

T
h

ere
are

n
u

sers
or

a
gen

ts,
a
n

d
ea

ch
a
g
en

t
j

p
rov

id
es

h
is/

h
er

o
rd

in
a
l

eva
lu

a
tio

n
o
n

a
su

b
set

S
j

o
f
d

item
s

o
r

a
ltern

a
tiv

es.
W

e
refer

to
S
j
⊂
{
1,2,...,d}

a
s

o
ff

erin
gs

p
rov

id
ed

to
j,

a
n

d
u

se
κ
j

=
|S
j |

to
d

en
ote

th
e

size
o
f

th
e

o
ff

erin
gs.

W
e

a
ssu

m
e

th
a
t

th
e

p
artia

l
o
rd

erin
g

over
th

e
o
ff

erin
g
s

is
a

m
a
n

ifestatio
n

o
f

h
er

p
referen

ces
as

p
er

a
p

o
p

u
la

r
ch

o
ice

m
o
d

el
k
n

ow
n

a
s

P
lack

ett-L
u

ce
(P

L
)

m
o
d

el.
A

s
w

e
ex

p
la

in
in

d
eta

il
b

elow
,

th
e

P
L

m
o
d

el
p

ro
d

u
ces

to
ta

l
o
rd

erin
g
s

(ra
th

er
th

a
n

p
artial

on
es).

T
h

e
d

ata
co

llector
q
u

eries
each

u
ser

fo
r

a
p

artia
l

ra
n

k
in

g
in

th
e

fo
rm

o
f

a
p

o
set

ov
er
S
j .

F
or

ex
am

p
le,

th
e

d
a
ta

co
llecto

r
ca

n
ask

fo
r

th
e

to
p

item
,

u
n

o
rd

ered
su

b
set

o
f

th
ree

n
ex

t
p

referred
item

s,
th

e
fi

fth
item

,
a
n

d
th

e
least

p
referred

item
.

In
th

is
ca

se,
an

ex
a
m

p
le

o
f

su
ch

p
o
set

co
u

ld
b

e
a
<
{
b,c,d}

<
e
<
f

,
w

h
ich

cou
ld

h
ave

b
een

gen
era

ted
fro

m
a

total
o
rd

erin
g

p
ro

d
u

ced
b
y

th
e

P
L

m
o
d

el
an

d
tak

in
g

th
e

corresp
o
n

d
in

g
p

artia
l

o
rd

erin
g

fro
m

th
e

to
ta

l
o
rd

erin
g.

N
o
tice

th
a
t

w
e

fi
x

th
e

top
o
lo

gy
of

th
e

D
A

G
fi

rst
an

d
a
sk

th
e

u
ser

to
fi

ll
in

th
e

n
o
d

e
id

en
tities

co
rresp

o
n

d
in

g
to

h
er

to
ta

l
ord

erin
g

a
s

(ra
n

d
om

ly
)

gen
era

ted
b
y

th
e

P
L

m
o
d

el.
H

en
ce,

th
e

stru
ctu

re
o
f

th
e

p
oset

is
co

n
sid

ered
d
eterm

in
istic,

a
n

d
o
n

ly
th

e
id

en
tity

o
f

th
e

n
o
d

es
in

th
e

p
o
set

is
co

n
sid

ered
ra

n
d

om
.

A
ltern

atively,
o
n

e
co

u
ld

co
n

sid
er

a
d

iff
eren

t
scen

a
rio

w
h

ere
th

e
to

p
o
lo

gy
o
f

th
e

p
o
set

is
also

ra
n

d
o
m

a
n

d
d

ep
en

d
s

on
th

e
o
u

tco
m

e
o
f
th

e
p

referen
ce,

w
h

ich
is

ou
t-sid

e
th

e
sco

p
e

o
f
th

is
p

a
p

er
a
n

d
p

rov
id

es
a
n

in
terestin

g
fu

tu
re

resea
rch

d
irectio

n
.

T
h

e
P

L
m

o
d

el
is

a
sp

ecia
l

case
o
f

ra
n

d
o
m

u
tility

m
od

els,
d

efi
n

ed
a
s

follow
s

(W
a
lker

a
n

d
B

en
-

A
k
iva

,
2
00

2
;

A
za

ri
S

o
u

fi
an

i
et

a
l.,

2
0
12

).
E

a
ch

item
i

h
a
s

a
rea

l-valu
ed

la
ten

t
u

tility
θ
i .

W
h

en
p

resen
ted

w
ith

a
set

o
f

item
s,

a
u

ser’s
reveled

p
referen

ce
is

a
p

a
rtia

l
ord

erin
g

a
cco

rd
in

g
to

n
oisy

m
a
n

ifestatio
n

of
th

e
u

tilities,
i.e.

i.i.d
.

n
o
ise

a
d

d
ed

to
th

e
tru

e
u

tility
θ
i ’s.

T
h

e
P

L
m

o
d

el
is

a
sp

ecia
l

ca
se

w
h

ere
th

e
n

o
ise

follow
s

th
e

stan
d

a
rd

G
u

m
b

el
d

istrib
u

tio
n

,
a
n

d
is

o
n

e
o
f
th

e
m

ost
p

o
p

u
la

r
m

o
d

el
in

so
cia

l
ch

oice
th

eory
(M

cF
a
d

d
en

,
1
97

3;
M

cF
ad

d
en

an
d

T
ra

in
,

2
0
0
0).

P
L

h
a
s

severa
l

im
p

o
rta

n
t
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K
h
e
t
a
n

a
n
d

O
h

p
rop

erties,
m

ak
in

g
th

is
m

o
d

el
realistic

in
variou

s
d

om
ain

s,
in

clu
d

in
g

m
arketin

g
(G

u
ad

agn
i

an
d

L
ittle,

198
3
),

tra
n

sp
o
rtation

(M
cF

ad
d

en
,

198
0;

B
en

-A
k
iva

an
d

L
erm

an
,

1985),
b

iology
(S

h
a
m

an
d

C
u

rtis,
1
995

),
an

d
n

atu
ral

lan
gu

age
p

ro
cessin

g
(M

ikolov
et

al.,
2013).

P
recisely,

each
u

ser
j,

w
h

en
p

resen
ted

w
ith

a
set

S
j

of
item

s,
d

raw
s

a
n

oisy
u

tility
of

each
item

i
accord

in
g

to

u
i

=
θ
i
+
Z
i
,

w
h

ere
Z
i ’s

fo
llow

th
e

in
d

ep
en

d
en

t
stan

d
ard

G
u

m
b

el
d

istrib
u

tio
n

.
T

h
en

w
e

ob
serve

th
e

ran
k
in

g
resu

ltin
g

from
sortin

g
th

e
item

s
as

p
er

n
oisy

ob
served

u
tilities

u
j ’s.

A
ltern

ativ
ely,

th
e

P
L

m
o
d

el
is

also
eq

u
ivalen

t
to

th
e

follow
in

g
ran

d
om

p
ro

cess.
F

or
a

set
of

altern
atives

S
j ,

a
ran

k
in

g
σ
j

:
[|S|]→

S
is

gen
erated

in
tw

o
step

s:
(1)

in
d

ep
en

d
en

tly
assign

each
item

i
∈
S
j

an
u

n
o
b
served

valu
e
X
i ,

ex
p

on
en

tia
lly

d
istrib

u
ted

w
ith

m
ean

e −
θ
i;

(2)
select

a
ran

k
in

g
σ
j

so
th

a
t
X
σ
j (1

) ≤
X
σ
j (2

) ≤
···≤

X
σ
j (|S

j |) .
T

h
e

P
L

m
o
d

el
(i)

satisfi
es

L
u

ce’s
‘in

d
ep

en
d

en
ce

of
irrelevan

t
altern

atives’
in

so
cial

ch
oice

th
e-

o
ry

(R
ay

,
1
973),

an
d

h
as

a
sim

p
le

ch
aracterization

as
seq

u
en

tial
(ran

d
om

)
ch

oices
as

ex
p

lain
ed

b
elow

;
an

d
(ii)

h
as

a
m

ax
im

u
m

likelih
o
o
d

estim
ator

(M
L

E
)

w
h

ich
is

a
con

v
ex

p
rogram

in
θ

in
th

e
tra

d
ition

a
l

scen
ario

s
of

p
airw

ise,
b

est-ou
t-of-k

an
d
k
-w

ay
com

p
arison

s.
L

et
P

(a
>
{
b,c,d})

d
en

ote
th

e
p

rob
ab

ility
a

w
as

ch
osen

as
th

e
b

est
altern

ative
am

on
g

th
e

set{
a
,b,c,d}

.
T

h
en

,
th

e
p

rob
ab

ility
th

a
t

a
u

ser
reveals

a
lin

ear
ord

er
(a
>
b
>
c
>
d
)

is
eq

u
ivalen

t
as

m
ak

in
g

seq
u

en
tial

ch
oice

from
th

e
top

to
b

o
tto

m
:

P
(a
>
b
>
c
>
d
)

=
P

(a
>
{b,c,d}

)
P

(b
>
{c,d})

P
(c
>
d
)

=
e
θ
a

(e
θ
a

+
e
θ
b

+
e
θ
c

+
e
θ
d)

e
θ
b

(e
θ
b

+
e
θ
c

+
e
θ
d)

e
θ
c

(e
θ
c

+
e
θ
d)

.

W
e

u
se

th
e

n
ota

tion
(a
>
b)

to
d

en
ote

th
e

even
t

th
at
a

is
p
referred

over
b.

In
gen

eral,
for

u
ser

j
p

resen
ted

w
ith

off
erin

gs
S
j ,

th
e

p
rob

ab
ility

th
at

th
e

revealed
p

referen
ce

is
a

total
ord

erin
g
σ
j

is

P
(σ
j )

=
∏
i∈{

1
,...,κ

j −
1} (e

θ
σ −

1
(i))/( ∑

κ
j

i ′=
i e
θ
σ −

1
(i ′)).

W
e

con
sid

er
th

e
tru

e
u

tility
θ ∗
∈
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p
ty

se
t.

A
n

ex
a
m

p
le

of
ra

n
k
-b

re
ak

in
g

gr
ap

h
s

a
re

sh
ow

n
in

F
ig

u
re

1.

T
h

is
ra

n
k
-b

re
a
k
in

g
gr

ap
h

s
w

er
e

in
tr

o
d

u
ce

d
in

A
za

ri
S

o
u

fi
a
n

i
et

a
l.

(2
0
13

),
w

h
er

e
it

w
a
s

sh
ow

n
th

at
th

e
p

ai
rw

is
e

or
d
in

a
l

re
la

ti
on

s
th

a
t

is
re

p
re

se
n
te

d
b
y

ed
g
es

in
th

e
ra

n
k
-b

re
ak

in
g

gr
a
p

h
s

a
re

su
ffi

ci
en

t
in

fo
rm

at
io

n
fo

r
u

si
n

g
a
n
y

es
ti

m
at

io
n

b
as

ed
o
n

th
e

id
ea

of
ra

n
k
-b

re
a
k
in

g
.

P
re

ci
se

ly
,

on
th

e
co

n
ve

rs
e

si
d

e,
it

w
a
s

p
ro

v
ed

in
A

za
ri

S
ou

fi
a
n

i
et

a
l.

(2
01

4
)

th
a
t

a
n
y

p
a
ir

w
is

e
o
u

tc
o
m

es
th

at
is

n
o
t

p
re

se
n
t

in
th

e
ra

n
k
-b

re
ak

in
g

gr
a
p

h
s
G
j,
a
’s

le
a
d

to
in

co
n

si
st

en
cy

fo
r

a
ge

n
er

a
l
θ∗

.
O

n
th

e
a
ch

ie
va

b
il

it
y

si
d

e,
it

w
as

p
ro

ve
d

th
at

al
l

p
a
ir

w
is

e
ou

tc
o
m

es
th

at
a
re

p
re

se
n
t

in
th

e
ra

n
k
-b

re
ak

in
g

g
ra

p
h

s
gi

ve
a

co
n

si
st

en
t

es
ti

m
at

o
r,

a
s

lo
n

g
a
s

a
ll

th
e

p
a
ir

ed
co

m
p

ar
is

on
s

in
ea

ch
G
j,
a

a
re

w
ei

gh
te

d
eq

u
a
ll

y.

It
sh

ou
ld

b
e

n
o
te

d
th

a
t

ra
n

k
-b

re
a
k
in

g
g
ra

p
h

s
a
re

d
efi

n
ed

sl
ig

h
tl

y
d

iff
er

en
tl

y
in

A
za

ri
S

ou
fi

an
i

et
al

.
(2

0
13

).
S

p
ec

ifi
ca

ll
y,

A
za

ri
S

ou
fi

a
n

i
et

a
l.

(2
0
13

)
in

tr
o
d

u
ce

d
a

d
iff

er
en

t
n

o
ti

on
of

ra
n

k
-b

re
ak

in
g

g
ra

p
h

,
w

h
er

e
th

e
ve

rt
ic

es
re

p
re

se
n
t

p
os

it
io

n
s

in
to

ta
l

o
rd

er
in

g.
A

n
ed

ge
b

et
w

ee
n

tw
o

ve
rt

ic
es
i 1

an
d
i 2

d
en

ot
es

th
at

th
e

p
a
ir

w
is

e
co

m
p

a
ri

so
n

b
et

w
ee

n
it

em
s

ra
n

ke
d

a
t

p
os

it
io

n
i 1

a
n

d
i 2

is
in

cl
u

d
ed

in
th

e
es

ti
m

at
o
r.

G
iv

en
su

ch
o
b

se
rv

a
ti

o
n

fr
o
m

th
e

P
L

m
o
d

el
,

A
za

ri
S

o
u
fi

a
n

i
et

al
.

(2
0
1
3
)

an
d

A
za

ri
S

o
u

fi
a
n

i
et

al
.

(2
0
14

)
p

ro
ve

th
a
t

a
ra

n
k
-b

re
a
k
in

g
g
ra

p
h

is
co

n
si

st
en

t
if

a
n

d
on

ly
if

it
sa

ti
sfi

es
th

e
fo

ll
ow

in
g

p
ro

p
er

ty
.

If
a

ve
rt

ex
i 1

is
co

n
n

ec
te

d
to

a
n
y

v
er

te
x
i 2

,
w

h
er

e
i 2
>
i 1

,
th

en
i 1

m
u

st
b

e
co

n
n

ec
te

d
to

al
l

th
e

ve
rt

ic
es
i 3

su
ch

th
a
t
i 3
>
i 1

.
A

lt
h

ou
g
h

th
e

sp
ec

ifi
c

d
efi

n
it

io
n

s
of

ra
n

k
-b

re
ak

in
g

g
ra

p
h

s
ar

e
d

iff
er

en
t

fr
om

o
u

r
se

tt
in

g
,

th
e

m
at

h
em

a
ti

ca
l

a
n

a
ly

si
s

o
f

A
za

ri
S

ou
fi

an
i

et
a
l.

(2
0
1
3
)

st
il

l
h

o
ld

s
w

h
en

in
te

rp
re

te
d

a
p
p

ro
p

ri
at

el
y.

S
p

ec
ifi

ca
ll

y,
w

e
co

n
si

d
er

o
n

ly
th

o
se

ra
n

k
-b

re
a
k
in

g
th

at
ar

e
co

n
si

st
en

t
u

n
d

er
th

e
co

n
d

it
io

n
s

g
iv

en
in

A
za

ri
S

o
u

fi
a
n

i
et

a
l.

(2
01

3)
.

In
o
u
r

ra
n

k
-b

re
a
k
in

g
g
ra

p
h

G
j,
a
,
a

se
p

ar
at

or
n

o
d

e
is

co
n

n
ec

te
d

to
a
ll

th
e

o
th

er
it

em
n

o
d

es
th

at
a
re

ra
n

ke
d

b
el

ow
it

(n
u

m
er

ic
a
ll

y
h

ig
h

er
p

os
it

io
n

s)
.

In
th

e
al

g
or

it
h

m
d

es
cr

ib
ed

in
(3

3
),

w
e

sa
ti

sf
y

th
is

su
ffi

ci
en

t
co

n
d

it
io

n
fo

r
co

n
si

st
en

cy
b
y

re
-

st
ri

ct
in

g
to

a
cl

as
s

of
co

n
v
ex

o
p

ti
m

iz
a
ti

on
s

th
a
t

u
se

th
e

sa
m

e
w

ei
g
h
t
λ
j,
a

fo
r

a
ll

(κ
−
p
j,
a
)

p
a
ir

ed
co

m
p

a
ri

so
n

s
in

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

,
as

op
p

o
se

d
to

a
ll

ow
in

g
m

or
e

g
en

er
a
l

w
ei

g
h
ts

th
a
t

d
ef

er
fr

o
m

a
p

ai
r

to
a
n

o
th

er
p

ai
r

in
a

ra
n

k
-b

re
a
k
in

g
g
ra

p
h
G
j,
a
.

A
lg

o
ri

th
m

.
C

o
n

si
st

en
t

ra
n

k
-b

re
a
k
in

g
fi

rs
t

id
en

ti
fi

es
se

p
ar

a
to

rs
in

th
e

co
ll

ec
te

d
p

os
et

s
{G

j
} j
∈[
n

]

an
d

tr
an

sf
or

m
th

em
in

to
ra

n
k
-b

re
a
k
in

g
g
ra

p
h

s
{G

j,
a
} j
∈[
n

],
a
∈[
` j

]
a
s

ex
p

la
in

ed
a
b

ov
e.

T
h

es
e

ra
n

k
-

b
re

a
k
in

g
gr

ap
h

s
ar

e
in

p
u

t
to

th
e

M
L

E
fo

r
p

a
ir

ed
co

m
p

a
ri

so
n

s,
a
ss

u
m

in
g

al
l

d
ir

ec
te

d
ed

g
es

in
th

e
ra

n
k
-b

re
a
k
in

g
gr

ap
h

s
a
re

in
d

ep
en

d
en

t
o
u

tc
o
m

e
o
f

p
ai

rw
is

e
co

m
p

ar
is

on
s.

P
re

ci
se

ly
,

th
e

co
n

si
st

en
t
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D
a
t
a
-d

r
iv

e
n

R
a
n
k

B
r
e
a
k
in

g

ra
n

k-brea
kin

g
estim

a
to

r
so

lves
th

e
co

n
vex

o
p

tim
iza

tio
n

o
f

m
a
x
im

izin
g

th
e

p
aired

lo
g

lik
elih

o
o
d

s

L
R

B
(θ)

=
n
∑j=

1

`
j
∑a

=
1

λ
j,a {

∑

(i,i ′)∈
E
j
,a (

θ
i ′−

log (
e
θ
i

+
e
θ
i ′ ))}

,
(2)

w
h

ere
E
j,a ’s

a
re

d
efi

n
ed

a
s

a
b

ove
v
ia

sep
ara

to
rs

a
n

d
d

iff
eren

t
ch

o
ices

of
th

e
n

o
n

-n
eg

a
tive

w
eig

h
ts

λ
j,a ’s

a
re

p
ossib

le
an

d
th

e
p

erform
a
n
ce

d
ep

en
d

s
o
n

su
ch

ch
o
ices.

E
ach

w
eigh

t
λ
j,a

d
eterm

in
e

h
ow

m
u

ch
w

e
w

a
n
t

to
w

eigh
th

e
co

n
trib

u
tio

n
o
f

a
co

rresp
o
n

d
in

g
ran

k
-b

rea
k
in

g
gra

p
h
G
j,a .

W
e

d
efi

n
e

th
e

co
n

sisten
t

ra
n

k-brea
kin

g
estim

a
te
θ̂

a
s

th
e

o
p

tim
al

so
lu

tio
n

o
f

th
e

co
n
vex

p
ro

g
ram

:

θ̂
∈

arg
m

ax
θ∈

Ω
b

L
R

B
(θ)

.
(3

)

B
y

ch
a
n

g
in

g
h

ow
w

e
w

eig
h

ea
ch

ran
k
-b

rea
k
in

g
g
rap

h
(b

y
ch

o
o
sin

g
th

e
λ
j,a ’s),

th
e

co
n
vex

p
ro

gram
(3)

sp
a
n

s
th

e
en

tire
set

o
f

co
n

sisten
t

ran
k
-b

rea
k
in

g
estim

a
to

rs,
as

ch
a
racterized

in
A

za
ri

S
ou

fi
a
n

i
et

a
l.

(2
0
1
4).

H
ow

ever,
o
n

ly
a
sy

m
p

to
tic

co
n

sisten
cy

w
a
s

k
n

ow
n

,
w

h
ich

h
o
ld

s
in

d
ep

en
d

en
t

o
f

th
e

ch
oice

o
f

th
e

w
eig

h
ts
λ
j,a ’s.

N
atu

ra
lly,

a
u

n
ifo

rm
ch

oice
o
f
λ
j,a

=
λ

w
a
s

p
rop

o
sed

in
(A

za
ri

S
o
u

fi
an

i
et

a
l.,

20
1
4
).

N
o
te

th
at

th
is

ca
n

b
e

effi
cien

tly
so

lved
,

sin
ce

th
is

is
a

sim
p

le
co

n
vex

o
p

tim
iza

tio
n

,
in

p
a
rticu

lar
a

log
it

regressio
n

,
w

ith
o
n

ly
O

( ∑
nj=

1
`
j
κ
j )

term
s.

F
o
r

a
sp

ecia
l

case
o
f

p
ositio

n
-p

b
rea

k
in

g
,

th
e

O
(n

(p
−

1
)!)

com
p
lex

ity
of

evalu
atin

g
th

e
o
b

jectiv
e

fu
n

ctio
n

fo
r

th
e

M
L

E
is

n
ow

sig
n

ifi
ca

n
tly

red
u

ced
to

O
(n

(κ
−
p
))

b
y

ra
n

k
-b

rea
k
in

g
.

G
iven

th
is

p
oten

tia
l

ex
p

o
n

en
tia

l
ga

in
in

effi
cien

cy,
a

n
atu

ra
l

q
u

estion
o
f

in
terest

is
“
w

h
at

is
th

e
p

rice
w

e
p

ay
in

th
e

accu
ra

cy
?”

.
W

e
p

rov
id

e
a

sh
arp

a
n

a
ly

sis
o
f

th
e

p
erform

a
n

ce
o
f

ran
k
-b

rea
k
in

g
estim

ato
rs

in
th

e
fi

n
ite

sa
m

p
le

reg
im

e,
th

at
q
u

a
n
tifi

es
th

e
p

rice
of

ran
k
-b

reak
in

g.
S

im
ila

rly,
for

a
p

ra
ctitio

n
er,

a
co

re
p

ro
b

lem
of

in
terest

is
h

ow
to

ch
o
o
se

th
e

w
eigh

ts
in

th
e

o
p

tim
iza

tio
n

in
ord

er
to

ach
iev

e
th

e
b

est
a
ccu

ra
cy.

O
u

r
a
n

aly
sis

p
rov

id
es

a
d

ata
-d

riven
gu

id
elin

e
for

ch
o
o
sin

g
th

e
o
p
tim

al
w

eig
h
ts.

C
o
n
trib

u
tio

n
s.

In
th

is
p

a
p

er,
w

e
p

rov
id

e
a
n

u
p
p

er
b

ou
n

d
o
n

th
e

erro
r

a
ch

ieved
b
y

th
e

ra
n

k
-

b
rea

k
in

g
estim

ator
o
f

(3
)

fo
r

an
y

ch
oice

o
f

th
e

w
eigh

ts
in

T
h

eo
rem

8
.

T
h

is
ex

p
licitly

sh
ow

s
h

ow
th

e
erro

r
d

ep
en

d
s

o
n

th
e

ch
oice

of
th

e
w

eig
h
ts,

a
n

d
p

rov
id

es
a

g
u

id
elin

e
fo

r
ch

o
o
sin

g
th

e
o
p

tim
a
l

w
eig

h
ts
λ
j,a ’s

in
a

d
a
ta-d

riven
m

a
n

n
er.

W
e

p
rov

id
e

th
e

ex
p

licit
fo

rm
u

la
fo

r
th

e
o
p

tim
a
l

ch
oice

o
f

th
e

w
eig

h
ts

a
n

d
p

rov
id

e
th

e
th

e
erro

r
b

o
u

n
d

in
T

h
eo

rem
2
.

T
h

e
a
n

a
ly

sis
sh

ow
s

th
e

ex
p

licit
d

ep
en

d
en

ce
o
f

th
e

error
in

th
e

p
ro

b
lem

d
im

en
sio

n
d

a
n

d
th

e
n
u

m
b

er
o
f

u
sers

n
th

a
t

m
atch

es
th

e
n
u

m
erica

l
ex

p
erim

en
ts.

If
w

e
a
re

d
esig

n
in

g
su

rvey
s

a
n

d
can

ch
o
ose

w
h

ich
su

b
set

o
f

item
s

to
o
ff

er
to

each
u

ser
a
n

d
a
lso

ca
n

d
ecid

e
w

h
ich

ty
p

e
o
f

o
rd

in
al

d
a
ta

w
e

ca
n

co
llect,

th
en

w
e

w
an

t
to

d
esig

n
su

ch
su

rv
ey

s
in

a
w

ay
to

m
a
x
im

ize
th

e
a
ccu

racy
fo

r
a

g
iven

n
u

m
b

er
o
f

q
u

estio
n

s
a
sked

.
O

u
r

a
n

a
ly

sis
p

rov
id

es
h

ow
th

e
accu

ra
cy

d
ep

en
d

s
on

th
e

top
olo

gy
of

th
e

co
llected

d
a
ta,

a
n

d
p

rov
id

es
a

gu
id

a
n

ce
w

h
en

w
e

d
o

h
ave

so
m

e
co

n
trol

over
w

h
ich

q
u

estio
n

s
to

a
sk

an
d

w
h

ich
d

a
ta

to
co

llect.
O

n
e

sh
o
u

ld
m

a
x
im

ize
th

e
sp

ectral
g
ap

o
f

co
rresp

o
n

d
in

g
co

m
p

a
riso

n
g
rap

h
.

F
u

rth
er,

fo
r

so
m

e
ca

n
o
n

ica
l

scen
a
rio

s,
w

e
q
u

an
tify

th
e

p
rice

o
f

ra
n

k
-b

rea
k
in

g
b
y

co
m

p
a
rin

g
th

e
erro

r
b

o
u
n

d
o
f

th
e

p
ro

p
o
sed

d
ata-d

riven
ra

n
k
-

b
rea

k
in

g
w

ith
th

e
low

er
b

o
u

n
d

o
n

th
e

M
L

E
,

w
h

ich
ca

n
h

ave
a

sig
n

ifi
ca

n
tly

larg
er

co
m

p
u

ta
tio

n
a
l

co
st

(T
h

eo
rem

4).

N
o
ta

tio
n

s.
F

ollow
in

g
is

a
su

m
m

ary
of

all
th

e
n

o
ta

tio
n

s
d
efi

n
ed

a
b

ov
e.

W
e

u
se
d

to
d

en
ote

th
e

to
tal

n
u

m
b

er
o
f

item
s

a
n

d
in

d
ex

ea
ch

item
b
y
i∈
{
1,2,...,d}

.
θ
∈

Ω
b

d
en

o
tes

vecto
r

o
f

u
tilities
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K
h
e
t
a
n

a
n
d

O
h

asso
ciated

w
ith

each
item

.
θ ∗

rep
resen

ts
tru

e
u

tility
an

d
θ̂

d
en

otes
th

e
estim

ated
u

tility.
W

e
u

se
n

to
d

en
ote

th
e

n
u

m
b

er
of

u
sers/agen

ts
an

d
in

d
ex

each
u

ser
b
y
j∈
{1,2,...,n}.

S
j ⊆
{1,...,d}

refer
to

th
e

o
ff

erin
gs

p
rov

id
ed

to
th

e
j-th

u
ser

an
d

w
e

u
se
κ
j

=
|S
j |

to
d

en
ote

th
e

size
o
f

th
e

off
erin

gs.
G
j

d
en

ote
th

e
D

A
G

(H
asse

d
iagram

)
rep

resen
tin

g
th

e
p

artial
ord

erin
g

fro
m

u
ser

j’s
p

referen
ces.

P
j

=
{p
j,1 ,p

j,2 ,···
,p
j,`
j }

d
en

otes
th

e
set

of
sep

arators
in

th
e

D
A

G
G
j ,

w
h

ere
p
j,1 ,···

,p
j,`
j

are
th

e
p

o
sitio

n
s

of
th

e
sep

arators,
an

d
`
j

is
th

e
n
u

m
b

er
of

sep
arators.

G
j,a

=
(S
j ,E

j,a )
d

en
ote

th
e

ran
k
-b

reak
in

g
g
rap

h
for

th
e
a
-th

sep
arator

ex
tracted

from
th

e
p

artial
ord

erin
g
G
j

of
u

ser
j.

F
or

a
n
y

p
o
sitive

in
teger

N
,

let
[N

]
=
{1
,···

,N
}.

F
or

a
ran

k
in

g
σ

over
S

,
i.e.,

σ
is

a
m

ap
p

in
g

from
[|S|]

to
S

,
let

σ
−

1
d

en
ote

th
e

in
verse

m
ap

p
in

g.F
or

a
v
ecto

r
x

,
let‖

x‖
2

d
en

ote
th

e
stan

d
ard

l2
n

orm
.

L
et

1
d

en
ote

th
e

all-on
es

vector
an

d
0

d
en

ote
th

e
all-zeros

vector
w

ith
th

e
ap

p
rop

riate
d

im
en

sion
.

L
et
S
d

d
en

ote
th

e
set

of
d
×
d

sy
m

m
etric

m
atrices

w
ith

real-valu
ed

en
tries.

F
or

X
∈
S
d,

let
λ

1 (X
)≤

λ
2 (X

)≤
···≤

λ
d (X

)
d

en
ote

its
eigen

valu
es

sorted
in

in
creasin

g
ord

er.
L

et
T

r(X
)

=
∑

di=
1
λ
i (X

)
d

en
ote

its
trace

an
d
‖
X
‖

=
m

ax{|λ
1 (X

)|,|λ
d (X

)|}
d

en
ote

its
sp

ectral
n

orm
.

F
or

tw
o

m
a
trices

X
,Y
∈
S
d,

w
e

w
rite

X
�
Y

if
X
−
Y

is
p

ositive
sem

i-d
efi

n
ite,

i.e.,
λ

1 (X
−
Y

)≥
0.

L
et
e
i

d
en

o
te

a
u

n
it

vector
in

R
d

alon
g

th
e
i-th

d
irection

.

2
.

C
o
m

p
a
riso

n
s

G
ra

p
h

a
n
d

th
e

G
ra

p
h

L
a
p
la

cia
n

In
th

e
a
n

aly
sis

of
th

e
con

vex
p

rogram
(3),

w
e

sh
ow

th
at,

w
ith

h
igh

p
rob

a
b

ility,
th

e
ob

jective
fu

n
ction

is
strictly

con
cave

w
ith

λ
2 (H

(θ))≤
−
C
b
γ
λ

2 (L
)
<

0
(L

em
m

a
11)

for
all

θ
∈

Ω
b

a
n

d
th

e

gra
d

ien
t

is
b

ou
n

d
ed

b
y
‖∇
L

R
B

(θ ∗)‖
2 ≤

C
′b √

log
d
∑

j∈
[n

] `
j

(L
em

m
a

10).
S

h
o
rtly,

w
e

w
ill

d
efi

n
e
γ

a
n

d
λ

2 (L
),

w
h

ich
cap

tu
res

th
e

d
ep

en
d

en
ce

on
th

e
top

ology
of

th
e

d
ata

,
an

d
C
′b

an
d
C
b

are
con

stan
ts

th
a
t

o
n

ly
d
ep

en
d

on
b.

P
u

ttin
g

th
ese

togeth
er,

w
e

w
ill

sh
ow

th
at

th
ere

ex
ists

a
θ
∈

Ω
b

su
ch

th
at

‖θ̂−
θ ∗‖

2
≤

2‖∇
L

R
B

(θ ∗)‖
2

−
λ

2 (H
(θ))

≤
C
′′b √

log
d
∑

j∈
[n

] `
j

γ
λ

2 (L
)

.

H
ere

λ
2 (H

(θ))
d

en
otes

th
e

secon
d

largest
eigen

valu
e

of
a

n
egative

sem
i-d

efi
n

ite
H

essian
m

atrix
H

(θ)
o
f

th
e

ob
jective

fu
n

ction
.

T
h

e
reason

th
e

secon
d

largest
eigen

valu
e

sh
ow

s
u

p
is

b
eca

u
se

th
e

top
eigen

vecto
r

is
alw

ay
s

th
e

all-on
es

vector
w

h
ich

b
y

th
e

d
efi

n
ition

of
Ω
b

is
in

feasib
le.

T
h

e
accu

racy
d

ep
en

d
s

o
n

th
e

top
ology

of
th

e
collected

d
ata

v
ia

th
e

com
p

arison
grap

h
of

g
iv

en
d

a
ta.

D
e
fi

n
itio

n
1
.

(C
o
m

pa
riso

n
gra

p
h
H

).
W

e
d
efi

n
e

a
gra

p
h
H

([d
],E

)
w

h
ere

ea
ch

a
ltern

a
tive

co
rre-

spo
n

d
s

to
a

n
od

e,
a
n

d
w

e
p
u

t
a
n

ed
ge

(i,i ′)
if

th
ere

exists
a
n

a
gen

t
j

w
h
o
se

o
ff

erin
gs

is
a

set
S
j

su
ch

th
a
t
i,i ′∈

S
j .

E
a
ch

ed
ge

(i,i ′)∈
E

h
a
s

a
w

eigh
t
A
ii ′

d
efi

n
ed

a
s

A
ii ′

=
∑

j∈
[n

]:i,i ′∈
S
j

`
j

κ
j (κ

j −
1)
,

w
h
ere

κ
j

=
|S
j |

is
th

e
size

o
f

ea
ch

sa
m

p
led

set
a
n

d
`
j

is
th

e
n

u
m

ber
o
f

sepa
ra

to
rs

in
S
j

d
efi

n
ed

by
ra

n
k-brea

kin
g

in
S

ectio
n

1
.

D
efi

n
e

a
d

iag
on

al
m

atrix
D

=
d

iag
(A

1
),

an
d

th
e

corresp
on

d
in

g
grap

h
L

a
p

la
cian

L
=
D
−
A

,
su

ch
th

a
t

L
=

n
∑j=

1

`
j

κ
j (κ

j −
1)

∑i<
i ′∈

S
j (e

i −
e
i ′)(e

i −
e
i ′) >

.
(4)
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D
a
t
a
-d

r
iv

e
n

R
a
n
k

B
r
e
a
k
in

g

L
et

0
=
λ

1
(L

)
≤
λ

2
(L

)
≤
··
·≤

λ
d
(L

)
d

en
ot

e
th

e
(s

or
te

d
)

ei
ge

n
va

lu
es

of
L

.
O

f
sp

ec
ia

l
in

te
re

st
is

λ
2
(L

),
al

so
ca

ll
ed

th
e

sp
ec

tr
al

ga
p

,
w

h
ic

h
m

ea
su

re
d

h
ow

w
el

l-
co

n
n

ec
te

d
th

e
g
ra

p
h

is
.

In
tu

it
iv

el
y,

on
e

ca
n

ex
p

ec
t

b
et

te
r

ac
cu

ra
cy

w
h

en
th

e
sp

ec
tr

al
g
ap

is
la

rg
er

,
as

ev
id

en
ce

d
in

p
re

v
io

u
s

le
a
rn

in
g

to
ra

n
k

re
su

lt
s

in
si

m
p

le
r

se
tt

in
gs

(N
eg

ah
b

an
et

al
.,

20
14

;
S

h
ah

et
al

.,
20

15
a;

H
a

je
k

et
a
l.

,
2
0
14

).
T

h
is

is
m

ad
e

p
re

ci
se

in
(4

),
an

d
in

th
e

m
ai

n
re

su
lt

o
f

T
h

eo
re

m
2,

w
e

ap
p

ro
p

ri
at

el
y

re
sc

a
le

th
e

sp
ec

tr
a
l

ga
p

an
d

u
se
α
∈

[0
,1

]
d

efi
n

ed
as

α
≡

λ
2
(L

)(
d
−

1)

T
r(
L

)
=

λ
2
(L

)(
d
−

1)
∑

n j=
1
` j

.
(5

)

T
h

e
ac

cu
ra

cy
al

so
d

ep
en

d
s

on
th

e
to

p
ol

og
y

v
ia

th
e

m
ax

im
u
m

w
ei

gh
te

d
d

eg
re

e
d

efi
n

ed
a
s
D

m
a
x
≡

m
ax

i∈
[d

]
D
ii

=
m

ax
i∈

[d
]{∑

j:
i∈
S
j
` j
/κ

j
}.

N
ot

e
th

at
th

e
av

er
ag

e
w

ei
gh

te
d

d
eg

re
e

is
∑

i
D
ii
/
d

=

T
r(
L

)/
d
,

an
d

w
e

re
sc

al
e

it
b
y
D

m
a
x

su
ch

th
at

β
≡

T
r(
L

)

d
D

m
a
x

=

∑
n j=

1
` j

d
D

m
a
x
.

(6
)

W
e

w
il

l
sh

ow
th

at
th

e
p

er
fo

rm
an

ce
of

ra
n

k
b

re
ak

in
g

es
ti

m
at

or
d

ep
en

d
s

on
th

e
to

p
o
lo

g
y

of
th

e
gr

ap
h

th
ro

u
gh

th
es

e
tw

o
p

ar
am

et
er

s.
T

h
e

la
rg

er
th

e
sp

ec
tr

al
ga

p
α

th
e

sm
al

le
r

er
ro

r
w

e
ge

t
w

it
h

th
e

sa
m

e
eff

ec
ti

ve
sa

m
p

le
si

ze
.

T
h

e
d

eg
re

e
im

b
al

an
ce
β
∈

[0
,1

]
d

et
er

m
in

es
h

ow
m

a
n
y

sa
m

p
le

s
a
re

re
q
u

ir
ed

fo
r

th
e

an
al

y
si

s
to

h
ol

d
.

W
e

n
ee

d
sm

al
le

r
n
u

m
b

er
of

sa
m

p
le

s
if

th
e

w
ei

g
h
te

d
d

eg
re

es
a
re

b
al

an
ce

d
,

w
h

ic
h

h
ap

p
en

s
if
β

is
la

rg
e

(c
lo

se
to

on
e)

.
T

h
e

fo
ll

ow
in

g
q
u

an
ti

ty
al

so
d

et
er

m
in

es
th

e
co

n
ve

x
it

y
o
f

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

.

γ
≡

m
in

j∈
[n

]

{
(

1
−
p
j,
` j

κ
j

)
d2
e2
b
e−

2
}
.

(7
)

N
ot

e
th

at
γ

is
b

et
w

ee
n

ze
ro

an
d

on
e,

an
d

a
la

rg
er

va
lu

e
is

d
es

ir
ed

as
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
b

ec
om

es
m

or
e

co
n

ca
ve

an
d

a
b

et
te

r
ac

cu
ra

cy
fo

ll
ow

s.
W

h
en

w
e

ar
e

co
ll

ec
ti

n
g

d
at

a
w

h
er

e
th

e
si

ze
of

th
e

off
er

in
gs
κ
j
’s

ar
e

in
cr

ea
si

n
g

w
it

h
d

b
u

t
th

e
p

os
it

io
n

of
th

e
se

p
ar

at
or

s
ar

e
cl

os
e

to
th

e
to

p
,

su
ch

th
a
t

κ
j

=
ω

(d
)

an
d
p
j,
` j

=
O

(1
),

th
en

fo
r
b

=
O

(1
)

th
e

ab
ov

e
q
u

an
ti

ty
γ

ca
n

b
e

m
ad

e
a
rb

it
ra

ri
ly

cl
os

e
to

on
e,

fo
r

la
rg

e
en

ou
gh

p
ro

b
le

m
si

ze
d
.

O
n

th
e

ot
h

er
h

an
d

,
w

h
en
p
j,
` j

is
cl

os
e

to
κ
j
,

th
e

a
cc

u
ra

cy
ca

n
d

eg
ra

d
e

si
gn

ifi
ca

n
tl

y
as

st
ro

n
ge

r
al

te
rn

at
iv

es
m

ig
h
t

h
av

e
sm

al
l

ch
an

ce
of

sh
ow

in
g

u
p

in
th

e
ra

n
k

b
re

ak
in

g.
T

h
e

va
lu

e
of
γ

is
q
u

it
e

se
n

si
ti

ve
to
b.

T
h

e
re

as
on

w
e

h
av

e
su

ch
a

in
fe

ri
o
r

d
ep

en
d

en
ce

on
b

is
b

ec
au

se
w

e
w

an
te

d
to

gi
ve

a
u

n
iv

er
sa

l
b

ou
n

d
on

th
e

H
es

si
an

th
at

is
si

m
p

le
.

It
is

n
o
t

d
iffi

cu
lt

to
ge

t
a

ti
gh

te
r

b
ou

n
d

w
it

h
a

la
rg

er
va

lu
e

of
γ

,
b

u
t

w
il

l
in

ev
it

ab
ly

d
ep

en
d

on
th

e
st

ru
ct

u
re

o
f

th
e

d
at

a
in

a
co

m
p

li
ca

te
d

fa
sh

io
n

.
T

o
en

su
re

th
at

th
e

(s
ec

on
d

)
la

rg
es

t
ei

ge
n
va

lu
e

of
th

e
H

es
si

an
is

sm
al

l
en

o
u

gh
,

w
e

n
ee

d
en

ou
gh

sa
m

p
le

s.
T

h
is

is
ca

p
tu

re
d

b
y
η

d
efi

n
ed

as

η
≡

m
ax

j∈
[n

]{η
j
}
,

w
h

er
e

η j
=

κ
j

m
ax
{`
j
,κ

j
−
p
j,
` j
}
.

(8
)

N
ot

e
th

at
1
<
η j
≤
κ
j
/`
j
.

A
sm

al
le

r
va

lu
e

of
η

is
d

es
ir

ed
as

w
e

re
q
u

ir
e

sm
al

le
r

n
u

m
b

er
o
f

sa
m

p
le

s,
as

sh
ow

n
in

T
h

eo
re

m
2.

T
h

is
h

ap
p

en
s,

fo
r

in
st

an
ce

,
w

h
en

al
l

se
p

ar
at

or
s

ar
e

a
t

th
e

to
p

,
su

ch
th

a
t

p
j,
` j

=
` j

an
d
η j

=
κ
j
/
(κ
j
−
` j

),
w

h
ic

h
is

cl
os

e
to

on
e

fo
r

la
rg

e
κ
j
.

O
n

th
e

o
th

er
h

an
d

,
w

h
en

al
l

se
p

ar
at

or
s

ar
e

at
th

e
b

ot
to

m
of

th
e

li
st

,
th

en
η

ca
n

b
e

as
la

rg
e

as
κ
j
.

W
e

d
is

cu
ss

th
e

ro
le

of
th

e
to

p
ol

og
y

of
d

at
a

ca
p

tu
re

s
b
y

th
es

e
p

ar
am

et
er

s
in

S
ec

ti
o
n

4
.

9
JM

L
R

 1
7(

19
3)

:1
-5

4

K
h
e
t
a
n

a
n
d

O
h

3
.

M
a
in

R
e
su

lt
s

W
e

p
re

se
n
t

th
e

m
ai

n
th

eo
re

ti
ca

l
re

su
lt

s
a
cc

o
m

p
a
n

ie
d

b
y

co
rr

es
p

o
n

d
in

g
n
u

m
er

ic
al

si
m

u
la

ti
o
n

s
in

th
is

se
ct

io
n

.

3
.1

U
p

p
e
r

B
o
u

n
d

o
n

th
e

A
ch

ie
v
a
b

le
E

rr
o
r

W
e

p
re

se
n
t

th
e

m
ai

n
re

su
lt

th
at

p
ro

v
id

es
a
n

u
p

p
er

b
o
u

n
d

on
th

e
re

su
lt

in
g

er
ro

r
a
n

d
ex

p
li

ci
tl

y
sh

ow
s

th
e

d
ep

en
d

en
ce

on
th

e
to

p
o
lo

gy
o
f

th
e

d
a
ta

.
A

s
ex

p
la

in
ed

in
S

ec
ti

on
1,

w
e

a
ss

u
m

e
th

a
t

ea
ch

u
se

r
p

ro
v
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p
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p
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h
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=
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=
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p
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p
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p
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p
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p
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=
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U
n

d
er

th
e

tra
d

itio
n

a
l

d
a
ta

co
llectio

n
scen

a
rio

s,
severa

l
effi

cien
t

alg
o
rith

m
s

fi
n

d
th

e
m

a
x
im

u
m

likelih
o
o
d

estim
a
tes

an
d

a
t

th
e

sa
m

e
tim

e
p

rova
b

ly
a
ch

iev
e

m
in

im
ax

o
p

tim
al

p
erfo

rm
a
n

ce.
H

ow
ever,

for
so

m
e

n
on

-tra
d

ition
al

scen
arios,

com
p

u
ta

tion
a
l

com
p

lex
ity

of
fi

n
d

in
g

th
e

m
a
x
im

u
m

likelih
o
o
d

estim
ate

ca
n

scale
su

p
er-

ex
p

o
n

en
tia

lly
in

th
e

p
rob

lem
size.

W
e

p
rov

id
e

th
e

fi
rst

fi
n

ite-sa
m

p
le

a
n

aly
sis

o
f

co
m

p
u

tatio
n
a
lly

effi
cien

t
estim

ato
rs

k
n

ow
n

a
s

ra
n

k
-b

rea
k
in

g
estim

a
tors.

T
h

is
p

rov
id

es
gu

id
elin

es
fo

r
ch

o
o
sin

g
th

e
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K
h
e
t
a
n

a
n
d

O
h

w
eigh

ts
in

th
e

estim
ator

to
ach

ieve
op

tim
al

p
erform

an
ce,

an
d

also
ex

p
licitly

sh
ow

s
h

ow
th

e
a
ccu

racy
d

ep
en

d
s

o
n

th
e

top
ology

of
th

e
d

ata.
T

h
is

p
ap

er
p

rov
id

es
th

e
fi

rst
an

aly
tical

resu
lt

in
th

e
sam

p
le

com
p

lex
ity

of
ran

k
-b

reak
in

g
esti-

m
a
tors,

an
d

q
u

a
n
tifi

es
th

e
p

rice
w

e
p

ay
in

accu
racy

for
th

e
com

p
u

tation
al

gain
.

In
gen

era
l,

m
ore

com
p

lex
h

igh
er-ord

er
ran

k
-b

reak
in

g
can

also
b

e
con

sid
ered

,
w

h
ere

in
stead

of
b

reak
in

g
a

p
artial

ord
erin

g
in

to
a

collection
of

p
aired

com
p

arison
s,

w
e

b
reak

it
in

to
a

collectio
n

of
h

igh
er-ord

er
com

-
p

arison
s.

T
h

e
resu

ltin
g

h
igh

er-ord
er

ran
k
-b

reak
in

gs
w

ill
en

ab
le

u
s

to
traverse

th
e

w
h

o
le

sp
ectru

m
of

com
p

u
tation

al
com

p
lex

ity
b

etw
een

th
e

p
airw

ise
ran

k
-b

reak
in

g
an

d
th

e
M

L
E

.
W

e
b

elieve
th

is
p

ap
er

op
en

s
an

in
terestin

g
n

ew
d

irection
tow

ard
s

u
n

d
ersta

n
d

in
g

th
e

w
h

o
le

sp
ectru

m
of

su
ch

ap
-

p
roa

ch
es.

H
ow

ever,
an

aly
zin

g
th

e
H

essian
of

th
e

corresp
on

d
in

g
ob

jective
fu

n
ction

is
sign

ifi
can

tly
m

o
re

in
vo

lved
an

d
req

u
ires

n
ew

tech
n

ical
in

n
ovation

s.

8
.

P
ro

o
fs

8
.1

P
ro

o
f

o
f

T
h

e
o
re

m
2

W
e

p
rov

e
a

m
o
re

gen
eral

resu
lt

for
an

arb
itrary

ch
o
ice

of
th

e
p

a
ram

eter
λ
j,a

>
0

for
all

j
∈

[n
]

a
n

d
a
∈

[`
j ].

T
h

e
follow

in
g

th
eorem

p
roves

th
e

(n
ear)-op

tim
ality

of
th

e
ch

oice
of
λ
j,a ’s

p
rop

osed
in

(1
0),

a
n

d
im

p
lies

th
e

corresp
on

d
in

g
error

b
ou

n
d

as
a

corollary.

T
h

e
o
re

m
8
.

U
n

d
er

th
e

h
ypo

th
eses

o
f

T
h
eo

rem
2

a
n

d
a
n

y
λ
j,a ’s,

th
e

ra
n

k-brea
kin

g
estim

a
to

r
a
ch

ieves

1√d ∥∥
θ̂−

θ ∗ ∥∥
2
≤

4 √
2
e

4
b(1

+
e

2
b)

2 √
d

log
d

α
γ

√
∑

nj=
1 ∑

`
j

a
=

1 (λ
j,a )

2 (κ
j −

p
j,a )(κ

j −
p
j,a

+
1 )

∑
nj=

1 ∑
`
j

a
=

1
λ
j,a (κ

j −
p
j,a )

,(22)

w
ith

p
ro

ba
bility

a
t

lea
st

1−
3
e

3d −
3,

if

n
∑j=

1

`
j
∑a

=
1

λ
j,a (κ

j −
p
j,a )

≥
2

6e
1
8
b

η
δ

α
2β
γ

2τ
d

log
d
,

(23)

w
h
ere

γ
,
η

,
τ

,
δ,
α

,
β

,
a
re

n
o
w

fu
n

ctio
n

s
o
f
λ
j,a ’s

a
n

d
d
efi

n
ed

in
(7),

(8),
(25),

(27)
a
n

d
(30).

W
e

fi
rst

claim
th

a
t
λ
j,a

=
1/(κ

j −
p
j,a

+
1)

is
th

e
op

tim
al

ch
oice

for
m

in
im

izin
g

th
e

a
b

ove
u

p
p

er
b

o
u

n
d

on
th

e
error.

F
rom

C
au

ch
y
-S

ch
w

artz
in

eq
u

ality
an

d
th

e
fa

ct
th

a
t

all
term

s
are

n
on

-n
egative,

w
e

h
ave

th
at
√
∑

nj=
1 ∑

`
j

a
=

1 (λ
j,a )

2(κ
j −

p
j,a )(κ

j −
p
j,a

+
1)

∑
nj=

1 ∑
`
j

a
=

1
λ
j,a (κ

j −
p
j,a )

≥
1

√
∑

nj=
1 ∑

`
j

a
=

1
(κ
j −
p
j
,a

)
(κ
j −
p
j
,a

+
1
)

,
(24)

w
h

ere
λ
j,a

=
1
/
(κ
j −

p
j,a

+
1)

ach
ieves

th
e

u
n

iversal
low

er
b

ou
n

d
o
n

th
e

righ
t-h

an
d

sid
e

w
ith

an
eq

u
a
lity.

S
in

ce
∑

nj=
1 ∑

`
j

a
=

1
(κ
j −
p
j
,a

)
(κ
j −
p
j
,a

+
1
) ≥

∑
nj=

1
`
j ,

su
b

stitu
tin

g
th

is
in

to
(22)

gives
th

e
d

esired

error
b

ou
n

d
in

(11).
A

lth
ou

gh
w

e
h

ave
id

en
tifi

ed
th

e
op

tim
al

ch
oice

of
λ
j,a ’s,

w
e

ch
o
ose

a
sligh

tly
d

iff
eren

t
valu

e
of
λ

=
1/(κ

j −
p
j,a )

for
th

e
an

aly
sis.

T
h

is
ach

iev
es

th
e

sam
e

d
esired

error
b

ou
n

d
in

(1
1),

an
d

sig
n

ifi
can

tly
sim

p
lifi

es
th

e
n

otation
s

of
th

e
su

ffi
cien

t
con

d
ition

s.
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D
a
t
a
-d

r
iv

e
n

R
a
n
k

B
r
e
a
k
in

g

W
e

fi
rs

t
d

efi
n

e
al

l
th

e
p

ar
am

et
er

s
in

th
e

ab
ov

e
th

eo
re

m
fo

r
ge

n
er

al
λ
j,
a
.

W
it

h
a

sl
ig

h
t

a
b

u
se

of
n

ot
at

io
n
s,

w
e

u
se

th
e

sa
m

e
n

ot
at

io
n

s
fo

r
H

,
L

,
α

an
d
β

fo
r

b
ot

h
th

e
ge

n
er

a
l
λ
j,
a
’s

a
n

d
a
ls

o
th

e
sp

ec
ifi

c
ch

oi
ce

of
λ
j,
a

=
1/

(κ
j
−
p
j,
a
).

It
sh

ou
ld

b
e

cl
ea

r
fr

om
th

e
co

n
te

x
t

w
h

a
t

w
e

m
ea

n
in

ea
ch

ca
se

.
D

efi
n
e

τ
≡

m
in

j∈
[n

]
τ j
,

w
h

er
e
τ j
≡
∑

` j a
=

1
λ
j,
a
(κ
j
−
p
j,
a
)

` j
(2

5)

δ j
,1
≡

{
m

ax
a
∈[
` j

]

{ λ
j,
a
(κ
j
−
p
j,
a
)}

+

` j ∑ a
=

1

λ
j,
a

}
,

an
d

δ j
,2
≡

` j ∑ a
=

1

λ
j,
a

(2
6)

δ
≡

m
ax

j∈
[n

]

{ 4
δ2 j
,1

+
2
( δ
j,

1
δ j
,2

+
δ2 j
,2

) κ
j

η j
` j

}
.

(2
7)

N
ot

e
th

at
δ
≥
δ2 j
,1
≥

m
ax

a
λ

2 j,
a
(κ
j
−
p
j,
a
)2
≥
τ

2
,

an
d

fo
r

th
e

ch
oi

ce
of
λ
j,
a

=
1/

(κ
j
−
p
j,
a
)

it
si

m
p

li
fi

es
as
τ

=
τ j

=
1.

W
e

n
ex

t
d

efi
n

e
a

co
m

p
ar

is
on

gr
ap

h
H

fo
r

ge
n

er
al
λ
j,
a
,

w
h

ic
h

re
co

ve
rs

th
e

p
ro

p
os

ed
co

m
p

ar
is

on
gr

ap
h

fo
r

th
e

op
ti

m
al

ch
oi

ce
of
λ
j,
a
’s

D
e
fi

n
it

io
n

9
.

(C
o
m

pa
ri

so
n

gr
a
p
h
H

).
E

a
ch

it
em

i
∈

[d
]

co
rr

es
po

n
d
s

to
a

ve
rt

ex
i.

F
o
r

a
n

y
pa

ir
o
f

ve
rt

ic
es
i,
i′

,
th

er
e

is
a

w
ei

gh
te

d
ed

ge
be

tw
ee

n
th

em
if

th
er

e
ex

is
ts

a
se

t
S
j

su
ch

th
a
t
i,
i′
∈
S
j
;

th
e

w
ei

gh
t

eq
u

a
ls
∑

j:
i,
i′
∈S

j

τ j
` j

κ
j
(κ
j
−

1
)
.

L
et
A

d
en

ot
e

th
e

w
ei

gh
te

d
ad

ja
ce

n
cy

m
at

ri
x
,

an
d

le
t
D

=
d

ia
g
(A

1
).

D
efi

n
e,

D
m

a
x
≡

m
ax

i∈
[d

]
D
ii

=
m

ax
i∈

[d
]

{
∑

j:
i∈
S
j

τ j
` j κ
j

}
≥

τ m
in

m
ax

i∈
[d

]

{
∑

j:
i∈
S
j

` j κ
j

}
.

(2
8)

D
efi

n
e

gr
ap

h
L

ap
la

ci
an

L
as
L

=
D
−
A

,
i.

e.
,

L
=

n ∑ j=
1

τ j
` j

κ
j
(κ
j
−

1)

∑

i<
i′
∈S

j

(e
i
−
e i
′ )

(e
i
−
e i
′ )
>
.

(2
9
)

L
et

0
=
λ

1
(L

)
≤
λ

2
(L

)
≤
··
·≤

λ
d
(L

)
d
en

ot
e

th
e

so
rt

ed
ei

ge
n
va

lu
es

of
L

.
N

o
te

th
a
t

T
r(
L

)
=

∑
d i=

1

∑
j:
i∈
S
j
τ j
` j
/κ

j
=
∑

n j=
1
τ j
` j

.
D

efi
n

e
α

an
d
β

su
ch

th
at

α
≡
λ

2
(L

)(
d
−

1)

T
r(
L

)
=
λ

2
(L

)(
d
−

1)
∑

n j=
1
τ j
` j

an
d
β
≡

T
r(
L

)

d
D

m
a
x

=

∑
n j=

1
τ j
` j

d
D

m
a
x

.
(3

0)

F
or

th
e

p
ro

p
os

ed
ch

oi
ce

of
λ
j,
a

=
1
/
(κ
j
−
p
j,
a
),

w
e

h
av

e
τ j

=
1

an
d

th
e

d
efi

n
it

io
n

s
o
f
H

,
L

,
α

,
an

d
β

re
d

u
ce

to
th

os
e

d
efi

n
ed

in
D

efi
n

it
io

n
1
.

W
e

ar
e

le
ft

to
p

ro
v
e

an
u

p
p

er
b

o
u

n
d
,
δ
≤

32
(l

og
(`

m
a
x

+
2)

)2
,

w
h
ic

h
im

p
li
es

th
e

su
ffi

ci
en

t
co

n
d

it
io

n
in

(9
)

an
d

fi
n
is

h
es

th
e

p
ro

o
f

of
T

h
eo

re
m

2.
W

e
h

av
e,

δ j
,1

=
m

ax
a
∈[
` j

]

{ λ
j,
a
(κ
j
−
p
j,
a
)}

+

` j ∑ a
=

1

λ
j,
a

=
1

+

` j ∑ a
=

1

1

κ
j
−
p
j,
a

≤
1

+

` j ∑ a
=

1

1 a

≤
2

lo
g
(`
j

+
2)
,

(3
1)

25
JM

L
R

 1
7(

19
3)

:1
-5

4

K
h
e
t
a
n

a
n
d

O
h

w
h

er
e

in
th

e
fi

rs
t

in
eq

u
al

it
y

fo
ll

ow
s

fr
o
m

ta
k
in

g
th

e
w

o
rs

t
ca

se
fo

r
th

e
p

os
it

io
n

s,
i.

e.
p
j,
a

=

κ
j
−
` j

+
a
−

1
U

si
n

g
th

e
fa

ct
th

a
t

fo
r

a
n
y

in
te

ge
r
x

,
∑

`−
1

a
=

0
1
/(
x

+
a
)
≤

lo
g
((
x

+
`
−

1)
/
(x
−

1
))

,
w

e
a
ls

o
h

av
e

δ j
,2
κ
j

η j
` j

≤
` j ∑ a
=

1

1

κ
j
−
p
j,
a

m
a
x
{`
j
,κ

j
−
p
j,
` j
}

` j

≤
m

in
{

lo
g
(`
j

+
2
)
,

lo
g
( κ

j
−
p
j,
` j

+
` j
−

1

κ
j
−
p
j,
` j
−

1

)}
m

a
x
{`
j
,κ

j
−
p
j,
` j
}

` j

≤
lo

g
(`
j

+
2)
` j

m
a
x
{`
j
,κ

j
−
p
j,
` j
−

1
}m

a
x
{`
j
,κ

j
−
p
j,
` j
}

` j

≤
2

lo
g
(`
j

+
2
)
,

(3
2
)

w
h

er
e

th
e

fi
rs

t
in

eq
u

a
li

ty
fo

ll
ow

s
fr

o
m

th
e

d
efi

n
it

io
n

o
f
η j

,
E

q
u

a
ti

on
(8

).
F

ro
m

(3
1
),

(3
2
),

a
n

d
th

e
fa

ct
th

a
t
δ j
,2
≤

lo
g
(`
j

+
2
),

w
e

h
av

e

δ
=

m
ax

j∈
[n

]

{ 4
δ2 j
,1

+
2
( δ
j,

1
δ j
,2

+
δ2 j
,2

) κ
j

η j
` j

}
≤

2
8
(l

o
g
(`

m
a
x

+
2)

)2
.

8
.2

P
ro

o
f

o
f

T
h

e
o
re

m
8

W
e

fi
rs

t
in

tr
o
d

u
ce

tw
o

ke
y

te
ch

n
ic

al
le

m
m

a
s.

In
th

e
fo

ll
ow

in
g

le
m

m
a

w
e

sh
ow

th
a
t
E θ
∗
[∇
L R

B
(θ
∗ )

]
=

0
an

d
p

ro
v
id

e
a

b
o
u

n
d

on
th

e
d

ev
ia

ti
on

o
f
∇
L R

B
(θ
∗ )

fr
o
m

it
s

m
ea

n
.

T
h

e
ex

p
ec

ta
ti

on
E θ
∗
[·]

is
w

it
h

re
sp

ec
t

to
th

e
ra

n
d

om
n

es
s

in
th

e
sa

m
p

le
s

d
ra

w
n

a
cc

or
d

in
g

to
θ∗

.
T

h
e

lo
g

li
ke

li
h

o
o
d

E
q
u

a
ti

o
n

(2
)

ca
n

b
e

re
w

ri
tt

en
as

L R
B

(θ
)

=
n ∑ j=

1

` j ∑ a
=

1

∑

i<
i′
∈S

j

I{
(i
,i
′ )
∈G

j
,a

} λ
j,
a

( θ i
I{
σ
−

1
j

(i
)<
σ
−

1
j

(i
′ )
}

+
θ i
′ I
{ σ
−

1
j

(i
)>
σ
−

1
j

(i
′ )
}
−

lo
g
( eθ

i
+
eθ
i′
))

.

(3
3)

W
e

u
se

(i
,i
′ )
∈
G
j,
a

to
m

ea
n

ei
th

er
(i
,i
′ )

or
(i
′ ,
i)

b
el

o
n

g
to
E
j,
a
.

T
ak

in
g

th
e

fi
rs

t-
or

d
er

p
a
rt

ia
l

d
er

iv
at

iv
e

o
f
L R

B
(θ

),
w

e
ge

t

∇
iL

R
B

(θ
∗ )

=
∑

j:
i∈
S
j

` j ∑ a
=

1

∑ i′
∈S

j

i′
6=
i

λ
j,
a
I{

(i
,i
′ )
∈G

j
,a

}
(
I{
σ
−

1
j

(i
)<
σ
−

1
j

(i
′ )
}
−

ex
p

(θ
∗ i)

ex
p

(θ
∗ i)

+
ex

p
(θ
∗ i′)

)
.

(3
4)

L
e
m

m
a

1
0
.

U
n

d
er

th
e

h
yp

o
th

es
es

o
f

T
h
eo

re
m

2
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−

2e
3
d
−

3
,

∥ ∥ ∇
L R

B
(θ
∗ )
∥ ∥ 2
≤

√ √ √ √ √
6

lo
g
d

n ∑ j=
1

` j ∑ a
=

1

( λ
j,
a

) 2
( κ

j
−
p
j,
a

)(
κ
j
−
p
j,
a

+
1
) .

T
h

e
H

es
si

an
m

at
ri

x
H

(θ
)
∈
Sd

w
it

h
H
ii
′ (
θ)

=
∂

2
L R

B
(θ

)
∂
θ i
∂
θ i
′

is
g
iv

en
b
y

H
(θ

)
=
−

n ∑ j=
1

` j ∑ a
=

1

∑

i<
i′
∈S

j

I{
(i
,i
′ )
∈G

j
,a

} λ
j,
a

(
(e
i
−
e i
′ )

(e
i
−
e i
′ )
>

ex
p

(θ
i
+
θ i
′ )

[e
x
p

(θ
i)

+
ex

p
(θ
i′

)]
2

)
.

(3
5)

26
JM

L
R

 1
7(

19
3)

:1
-5

4



D
a
t
a
-d

r
iv

e
n

R
a
n
k

B
r
e
a
k
in

g

It
follow

s
from

th
e

d
efi

n
itio

n
th

a
t
−
H

(θ)
is

p
ositive

sem
i-d

efi
n

ite
for

a
n
y
θ
∈

R
d.

T
h

e
sm

a
llest

eigen
valu

e
o
f−

H
(θ)

is
eq

u
a
l

to
zero

a
n

d
th

e
co

rresp
on

d
in

g
eig

en
vecto

r
is

a
ll-o

n
es

v
ecto

r.
T

h
e

fo
llow

in
g

lem
m

a
low

er
b

ou
n

d
s

its
secon

d
sm

allest
eigen

valu
e
λ

2 (−
H

(θ)).

L
e
m

m
a

1
1
.

U
n

d
er

th
e

h
ypo

th
eses

o
f

T
h
eo

rem
2
,

if

n
∑j=

1

`
j
∑a

=
1

λ
j,a (κ

j −
p
j,a )≥

2
6e

1
8
b

η
δ

α
2β
γ

2τ
d

lo
g
d

(3
6)

th
en

w
ith

p
ro

ba
bility

a
t

lea
st

1−
d −

3,
th

e
fo

llo
w

in
g

h
o
ld

s
fo

r
a
n

y
θ
∈

Ω
b :

λ
2 (−

H
(θ))

≥
e −

4
b

(1
+
e

2
b)

2

α
γ

d−
1

n
∑j=

1

`
j
∑a

=
1

λ
j,a (κ

j −
p
j,a )

.
(3

7)

D
efi

n
e

∆
=
θ̂−

θ ∗.
It

follow
s

from
th

e
d

efi
n

itio
n

th
a
t

∆
is

o
rth

o
go

n
al

to
th

e
all-o

n
es

vecto
r.

B
y

th
e

d
efi

n
itio

n
of
θ̂

as
th

e
o
p

tim
al

so
lu

tion
o
f

th
e

o
p

tim
iza

tion
(3),

w
e

k
n

ow
th

a
tL

R
B

(θ̂)≥
L

R
B

(θ ∗)
an

d
th

u
s

L
R

B
(θ̂)−

L
R

B
(θ ∗)−

〈∇
L

R
B

(θ ∗),∆
〉
≥
−
〈∇
L

R
B

(θ ∗),∆
〉
≥
−
‖∇
L

R
B

(θ ∗)‖
2 ‖

∆
‖

2 ,
(38)

w
h

ere
th

e
last

in
eq

u
ality

fo
llow

s
fro

m
th

e
C

a
u

ch
y
-S

ch
w

a
rtz

in
eq

u
a
lity.

B
y

th
e

m
ean

va
lu

e
th

eorem
,

th
ere

ex
ists

a
θ

=
a
θ̂

+
(1−

a
)θ ∗

for
so

m
e
a
∈

[0,1
]

su
ch

th
a
t
θ∈

Ω
b

a
n

d

L
R

B
(θ̂)−

L
R

B
(θ ∗)−

〈∇
L

R
B

(θ ∗),∆
〉

=
12

∆
>
H

(θ)∆
≤
−

12
λ

2 (−
H

(θ))‖
∆
‖

22 ,
(3

9)

w
h

ere
th

e
last

in
eq

u
a
lity

h
old

s
b

ecau
se

th
e

H
essia

n
m

a
trix
−
H

(θ)
is

p
o
sitive

sem
i-d

efi
n

ite
w

ith
H

(θ)1
=

0
a
n

d
∆
>

1
=

0
.

C
o
m

b
in

in
g

(38
)

an
d

(3
9
),

‖
∆
‖

2
≤

2‖∇
L

R
B

(θ ∗)‖
2

λ
2 (−

H
(θ))

.
(40)

N
o
te

th
at
θ
∈

Ω
b

b
y

d
efi

n
itio

n
.

T
h

eo
rem

8
follow

s
b
y

com
b

in
in

g
E

q
u

a
tio

n
(40

)
w

ith
L

em
m

a
10

an
d

L
em

m
a

1
1.

8
.2

.1
P

r
o
o
f

o
f

L
e
m

m
a

1
0

T
h

e
id

ea
o
f

th
e

p
ro

of
is

to
v
iew
∇
L

R
B

(θ ∗)
a
s

th
e

fi
n

a
l

va
lu

e
of

a
d

iscrete
tim

e
v
ecto

r-valu
ed

m
artin

g
a
le

w
ith

valu
es

in
R
d.

D
efi

n
e
∇
L
G
j
,a (θ ∗)

as
th

e
g
rad

ien
t

v
ecto

r
a
risin

g
o
u

t
of

each
ra

n
k
-

b
rea

k
in

g
g
ra

p
h
{
G
j,a }

j∈
[n

],a∈
[`
j ]

th
at

is

∇
i L
G
j
,a (θ ∗)≡

∑i ′∈
S
j

i ′6=
i

λ
j,a I {

(i,i ′)∈
G
j
,a }
(
I {
σ
−

1
j

(i)<
σ
−

1
j

(i ′) }
−

ex
p

(θ ∗i )
ex

p
(θ ∗i )

+
ex

p
(θ ∗i ′ ) )

.
(41)

C
on

sid
er
∇
L
G
j
,a (θ ∗)

a
s

th
e

in
crem

en
ta

l
ra

n
d

o
m

vector
in

a
m

a
rtin

g
ale

o
f
∑

j=
1
`
j

tim
e

step
s.

L
em

m
a

12
sh

ow
s

th
at

th
e

ex
p

ecta
tio

n
of

ea
ch

in
crem

en
ta

l
vector

is
zero

.
O

b
serv

e
th

a
t

th
e

co
n

d
i-

tio
n

in
g

even
t{
i ′′∈

S
:
σ
−

1(i ′′)
<
p
j,a }

g
iven

in
(4

3
)

is
eq

u
ivalen

t
to

co
n

d
ition

in
g

on
th

e
h

istory
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K
h
e
t
a
n

a
n
d

O
h

{
G
j,a ′}

a ′<
a .

T
h

erefore,
u

sin
g

th
e

assu
m

p
tion

th
at

th
e

ran
k
in

g
s
{
σ
j }
j∈

[n
]

are
m

u
tu

ally
in

d
ep

en
-

d
en

t,
w

e
h

ave
th

a
t

th
e

con
d

ition
al

ex
p

ectation
of∇
L
G
j
,a (θ ∗)

con
d

ition
ed

on
{G

j ′,a ′′}
j ′<

j,a ′′∈
[`
j ′ ]

is

zero
.

F
u

rth
er,

th
e

co
n

d
ition

al
ex

p
ectation

of∇
L
G
j
,a (θ ∗)

is
zero

even
w

h
en

con
d

ition
ed

on
th

e
ran

k
b

reak
in

g
d

u
e

to
p

rev
iou

s
sep

arators{G
j,a ′}

a ′<
a

th
at

are
ran

k
ed

h
igh

er
(i.e.

a ′
<
a
),

w
h

ich
follow

s
from

th
e

n
ex

t
lem

m
a
.

L
e
m

m
a

1
2
.

F
o
r

a
po

sitio
n

-p
ra

n
k

brea
kin

g
gra

p
h
G
p ,

d
efi

n
ed

o
ver

a
set

o
f

item
s
S

,
w

h
ere

p
∈

[|S|−
1],

P [σ
−

1(i)
<
σ
−

1(i ′) ∣∣∣ (i,i ′ )∈
G
p ]

=
ex

p
(θ ∗i )

ex
p

(θ ∗i )
+

ex
p

(θ ∗i ′ )
,

(42)

fo
r

a
ll
i,i ′∈

S
a
n

d
a
lso

P [σ
−

1(i)
<
σ
−

1(i ′) ∣∣∣ (i,i ′ )∈
G
p

a
n

d
{
i ′′∈

S
:
σ
−

1(i ′′)
<
p} ]

=
ex

p
(θ ∗i )

ex
p

(θ ∗i )
+

ex
p

(θ ∗i ′ )
.

(43)

T
h

is
is

o
n

e
of

th
e

key
tech

n
ical

lem
m

as
sin

ce
it

im
p

lies
th

a
t

th
e

p
rop

osed
ran

k
-b

reak
in

g
is

con
sisten

t,
i.e.

E
θ ∗[∇
L

R
B

(θ ∗)]
=

0.
T

h
rou

gh
ou

t
th

e
p

ro
of

of
T

h
eorem

2,
th

is
is

th
e

on
ly

p
lace

w
h

ere
th

e
assu

m
p

tion
on

th
e

p
rop

osed
(con

sisten
t)

ran
k
-b

reak
in

g
is

u
sed

.
A

ccord
in

g
to

a
com

p
an

ion
th

eorem
in

A
zari

S
ou

fi
an

i
et

al.
(2014,

T
h

eo
rem

2),
it

also
follow

s
th

at
an

y
ran

k
-b

rea
k
in

g
th

at
is

n
ot

u
n

io
n

of
p

osition
-p

ran
k
-b

reak
in

gs
resu

lts
in

in
con

sisten
cy,

i.e.
E
θ ∗[∇
L

R
B

(θ ∗)]6=
0.

W
e

claim
th

at
for

each
ran

k
-b

reak
in

g
grap

h
G
j,a ,‖∇

L
G
j
,a (θ ∗)‖

22 ≤
(λ
j,a )

2(κ
j −

p
j,a )(κ

j −
p
j,a

+
1).

B
y

L
em

m
a

13
w

h
ich

is
a

gen
eralization

of
th

e
vector

v
ersion

of
th

e
A

zu
m

a-H
o
eff

d
in

g
in

eq
u

ality
fou

n
d

in
(H

ay
es,

2
005,

T
h

eorem
1.8),

w
e

h
ave

P [ ∥∥∇
L

R
B

(θ ∗) ∥∥
2 ≥

δ ]
≤

2e
3

ex
p (

−
δ

2

2 ∑
nj=

1 ∑
`
j

a
=

1 (λ
j,a )

2 (κ
j −

p
j,a )(κ

j −
p
j,a

+
1 ) )

,

w
h

ich
im

p
lies

th
e

resu
lt.

L
e
m

m
a

1
3
.

L
et

(X
1 ,X

2 ,···
,X

n
)

be
rea

l-va
lu

ed
m

a
rtin

ga
le

ta
kin

g
va

lu
es

in
R
d

su
ch

th
a
t
X

0
=

0
a
n

d
fo

r
every

1
≤
i≤

n
,‖X

i −
X
i−

1 ‖
2
≤
c
i ,

fo
r

so
m

e
n

o
n

-n
ega

tive
co

n
sta

n
t
c
i .

T
h
en

fo
r

every
δ
>

0,

P
[‖X

n ‖
2 ≥

δ]
≤

2e
3e −

δ
2

2
∑
ni=

1
c
2i
.

(44)

It
follow

s
from

th
e

u
p

p
er

b
ou

n
d

on
‖∇
L
G
j
,a (θ ∗)‖

22 ≤
c

2i
w

ith
c

2i
=
λ

2 ((k
j −

p
j,a )

2
+

(k
j −

p
j,a ) ).

In
th

e
ex

p
ressio

n
(41

),∇
L
G
j
,a (θ ∗)

h
as

on
e

en
try

at
p
j,a -th

p
osition

th
at

is
com

p
ared

to
(k
j −

p
j,a )

oth
er

item
s

an
d

(k
j −

p
j,a )

en
tries

th
at

is
com

p
ared

on
ly

on
ce,

giv
in

g
th

e
b

ou
n

d

‖∇
L
G
j
,a (θ ∗)‖

22
≤

λ
2j,a (k

j −
p
j,a )

2
+
λ

2j,a (k
j −

p
j,a )

.

8
.2

.2
P

r
o
o
f

o
f

L
e
m

m
a

1
2

D
efi

n
e

ev
en

t
E
≡
{(i,i ′)∈

G
p }

.
O

b
serv

e
th

at

E
=
{(I{

(σ
−

1
(i)=

p}
+
I{
σ
−

1
(i ′))=

p}
=

1 )
∧
(
σ
−

1(i),σ
−

1(i ′)≥
p )}

.
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C
on

si
d

er
an

y
se

t
Ω
⊂
S
\{
i,
i′
}

su
ch

th
at
|Ω
|=

p
−

1.
L

et
M

d
en

ot
e

an
ev

en
t

th
a
t

it
em

s
of

th
e

se
t

Ω
ar

e
ra

n
ke

d
in

to
p

-(
p
−

1)
p

os
it

io
n

s
in

a
p

ar
ti

cu
la

r
or

d
er

.
It

is
ea

sy
to

ve
ri

fy
th

e
fo

ll
ow

in
g
:

P[
σ
−

1
(i

)
<
σ
−

1
(i
′ )
∣ ∣ ∣E
,M
]

=
P[
( σ
−

1
(i

)
<
σ
−

1
(i
′ )
) ,
E
,M
]

P[
E
,M
]

=
P[
( σ
−

1
(i

)
=
p
) ,
M
]

P[
( σ
−

1
(i

)
=
p
) ,
M
] +

P[
( σ
−

1
(i
′ )

=
p
) ,
M
]

=
ex

p
(θ
∗ i)

ex
p

(θ
∗ i)

+
ex

p
(θ
∗ i′)

=
P[
σ
−

1
(i

)
<
σ
−

1
(i
′ )
] .

S
in

ce
M

is
an

y
p

ar
ti

cu
la

r
or

d
er

in
g

of
th

e
se

t
Ω

an
d

Ω
is

an
y

su
b

se
t

of
S
\{
i,
i′
}s

u
ch

th
a
t
|Ω
|=

p
−

1,
co

n
d

it
io

n
ed

on
ev

en
t
E

p
ro

b
ab

il
it

ie
s

of
al

l
th

e
p

os
si

b
le

ev
en

ts
M

ov
er

al
l

th
e

p
o
ss

ib
le

ch
o
ic

es
of

se
t

Ω
su

m
to

1.

8
.2

.3
P

r
o
o
f

o
f

L
e
m

m
a

1
3

It
fo

ll
ow

s
ex

ac
tl

y
al

on
g

th
e

li
n

es
of

p
ro

of
of

T
h

eo
re

m
1.

8
in

(H
ay

es
,

20
05

).

8
.2

.4
P

r
o
o
f

o
f

L
e
m

m
a

1
1

T
h

e
H

es
si

an
H

(θ
)

is
gi

ve
n

in
(3

5)
.

F
or

al
l
j
∈

[n
],

d
efi

n
e
M

(j
)
∈
Sd

as

M
(j

)
≡

` j ∑ a
=

1

λ
j,
a

∑

i<
i′
∈S

j

I{
(i
,i
′ )
∈
G
j
,a

} (
e i
−
e i
′ )

(e
i
−
e i
′ )
>
,

(4
5)

an
d

le
t
M
≡
∑

n j=
1
M

(j
) .

O
b

se
rv

e
th

at
M

is
p

os
it

iv
e

se
m

i-
d

efi
n

it
e

an
d

th
e

sm
a
ll

es
t

ei
ge

n
va

lu
e

of
M

is
ze

ro
w

it
h

th
e

co
rr

es
p

on
d

in
g

ei
ge

n
v
ec

to
r

gi
ve

n
b
y

th
e

al
l-

on
es

v
ec

to
r.

If
|θ i
|≤

b,
fo

r
a
ll

i
∈

[d
],

ex
p

(θ
i
+
θ i
′)

[e
x
p

(θ
i
)+

ex
p

(θ
i′

)]
2
≥

e2
b

(1
+
e2
b
)2

.
R

ec
al

l
th

e
d

efi
n

it
io

n
of
H

(θ
)

fr
om

E
q
u
a
ti

o
n

(3
5
).

It
fo

ll
ow

s

th
at
−
H

(θ
)
�

e2
b

(1
+
e2
b
)2
M

fo
r
θ
∈

Ω
b
.

S
in

ce
,
−
H

(θ
)

an
d
M

ar
e

sy
m

m
et

ri
c

m
a
tr

ic
es

,
fr

o
m

W
ey

l’
s

in
eq

u
al

it
y

w
e

h
av

e,
λ

2
(−
H

(θ
))
≥

e2
b

(1
+
e2
b
)2
λ

2
(M

).
A

ga
in

fr
om

W
ey

l’
s

in
eq

u
al

it
y,

it
fo

ll
ow

s
th

a
t

λ
2
(M

)
≥

λ
2
(E

[M
])
−
‖M
−
E[
M

]‖
,

(4
6)

w
h

er
e
‖
·‖

d
en

ot
es

th
e

sp
ec

tr
al

n
or

m
.

W
e

w
il

l
sh

ow
in

(5
1)

th
at

λ
2
(E

[M
])
≥

2γ
e−

6
b
(α
/(
d
−

1)
)
∑

n j=
1
τ j
` j

,
an

d
in

(6
3)

th
at
‖M
−
E[
M

]‖
≤

8
e3
b
√

η
δ

lo
g
d

β
τ
d

∑
n j=

1
τ j
` j

.

λ
2
(M

)
≥

2
e−

6
b
α
γ

d
−

1

n ∑ j=
1

τ j
` j
−

8
e3
b

√ √ √ √
η
δ

lo
g
d

β
τ
d

n ∑ j=
1

τ j
` j
≥

e−
6
b
α
γ

d
−

1

n ∑ j=
1

τ j
` j
,

(4
7)

w
h

er
e

th
e

la
st

in
eq

u
al

it
y

fo
ll
ow

s
fr

om
th

e
as

su
m

p
ti

on
th

at
∑

n j=
1
τ j
` j
≥

2
6
e1

8
b

η
δ

α
2
β
γ

2
τ
d

lo
g
d
.

T
h

is
p

ro
ve

s
th

e
d

es
ir

ed
cl

ai
m

.
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K
h
e
t
a
n

a
n
d

O
h

T
o

p
ro

ve
th

e
lo

w
er

b
ou

n
d

o
n
λ

2
(E

[M
])

,
n

o
ti

ce
th

a
t

E[
M

]
=

n ∑ j=
1

` j ∑ a
=

1

λ
j,
a

∑

i<
i′
∈S

j

P[
(i
,i
′ )
∈
G
j,
a

∣ ∣ ∣(i
,i
′ ∈

S
j
)] (e

i
−
e i
′ )

(e
i
−
e i
′ )
>
.

(4
8
)

T
h

e
fo

ll
ow

in
g

le
m

m
a

p
ro

v
id

es
a

lo
w

er
b

o
u
n

d
o
n
P[

(i
,i
′ )
∈
G
j,
a
|(i
,i
′ ∈

S
j
)]

.

L
e
m

m
a

1
4
.

C
o
n

si
d
er

a
ra

n
ki

n
g
σ

o
ve

r
a

se
t
S
⊆

[d
]

su
ch

th
a
t
|S
|=

κ
.

F
o
r

a
n

y
tw

o
it

em
s
i,
i′
∈
S

,
θ
∈

Ω
b
,

a
n

d
1
≤
`
≤
κ
−

1
,

P θ
[ σ
−

1
(i

)
=
`,
σ
−

1
(i
′ )
>
`]
≥

e−
6
b
(κ
−
`)

κ
(κ
−

1
)

( 1
−
` κ

) α
i,
i′
,`
,θ
−

2

,
(4

9)

w
h
er

e
th

e
p
ro

ba
bi

li
ty

P θ
is

w
it

h
re

sp
ec

t
to

th
e

sa
m

p
le

d
ra

n
ki

n
g

re
su

lt
in

g
fr

o
m

P
L

w
ei

gh
ts
θ
∈

Ω
b
,

a
n

d
α
i,
i′
,`
,θ

is
d
efi

n
ed

a
s

1
≤
α
i,
i′
,`
,θ

=
⌈ α̃

i,
i′
,`
,θ

⌉ ,
a
n

d
α̃
i,
i′
,`
,θ

is
,

α̃
i,
i′
,`
,θ
≡

m
ax

`′
∈[
`]

m
a
x

Ω
⊆
S
\{
i,
i′
}

:|Ω
|=
κ
−
`′

{
ex

p
(θ
i)

+
ex

p
(θ
i′

)
( ∑

j∈
Ω

ex
p

(θ
j
))
/
|Ω
|}

.
(5

0
)

N
ot

e
th

a
t

w
e

d
o

n
ot

n
ee

d
m

a
x
`′
∈[
`]

in
th

e
a
b

ov
e

eq
u

a
ti

on
as

th
e

ex
p

re
ss

io
n

a
ch

ie
ve

s
it

s
m

a
x
im

a
at

`′
=
`,

b
u

t
w

e
ke

ep
th

e
d

efi
n

it
io

n
to

av
o
id

an
y

co
n

fu
si

on
.

In
th

e
w

o
rs

t
ca

se
,

2
e−

2
b
≤
α̃
i,
i′
,`
,θ
≤

2e
2
b
.

T
h

er
ef

or
e,

u
si

n
g

d
efi

n
it

io
n

of
ra

n
k

b
re

a
k
in

g
gr

a
p

h
G
j,
a
,

a
n

d
E

q
u

a
ti

on
s

(4
8
)

a
n

d
(4

9)
w

e
h

av
e,

E[
M

]
�

γ
e−

6
b

n ∑ j=
1

` j ∑ a
=

1

λ
j,
a

2(
κ
j
−
p
j,
a
)

κ
j
(κ
j
−

1
)

∑

i<
i′
∈S

j

(e
i
−
e i
′ )

(e
i
−
e i
′ )
>

�
2γ
e−

6
b

n ∑ j=
1

1

κ
j
(κ
j
−

1
)

` j ∑ a
=

1

λ
j,
a
(κ
j
−
p
j,
a
)
∑

i<
i′
∈S

j

(e
i
−
e i
′ )

(e
i
−
e i
′ )
>

=
2
γ
e−

6
b
L
,

(5
1
)

w
h

er
e

w
e

u
se

d
γ
≤

(1
−
p
j,
` j
/κ

j
)α

1
−

2
w

h
ic

h
fo

ll
ow

s
fo

r
th

e
d

efi
n

it
io

n
in

(7
).

(5
1
)

fo
ll

ow
s

fr
om

th
e

d
efi

n
it

io
n

o
f

L
ap

la
ci

a
n
L

,
d

efi
n

ed
fo

r
th

e
co

m
p

a
ri

so
n

g
ra

p
h
H

in
D

efi
n

it
io

n
9
.

U
si

n
g
λ

2
(L

)
=

(α
/(
d
−

1)
)
∑

n j=
1
τ j
` j

fr
o
m

(3
0)

,
w

e
g
et

th
e

d
es

ir
ed

b
o
u

n
d
λ

2
(E

[M
])
≥

2
γ
e−

6
b
(α
/(
d
−

1
))
∑

n j=
1
τ j
` j

.

N
ex

t
w

e
n

ee
d

to
u

p
p

er
b

ou
n

d
‖∑

n j=
1
E[

(M
j
)2

]‖
to

b
o
u

n
d

th
e

d
ev

ia
ti

on
of
M

fr
o
m

it
s

ex
-

p
ec

ta
ti

on
.

T
o

th
is

en
d

,
w

e
p

ro
ve

a
n

u
p

p
er

b
ou

n
d

o
n
P[
σ
−

1
j

(i
)

=
p
j,
a
|i
∈
S
j
]

in
th

e
fo

ll
ow

in
g

le
m

m
a
.

L
e
m

m
a

1
5
.

U
n

d
er

th
e

h
yp

o
th

es
es

o
f

L
em

m
a

1
4
,

P θ
[ σ
−

1
(i

)
=
`]
≤

e6
b

κ

( 1
−

`

κ
+
α
i,
`,
θ

) α
i,
`
,θ
−

1

≤
e6
b

κ
−
`
,

(5
2
)

w
h
er

e
0
≤
α
i,
`,
θ

=
bα̃

i,
`,
θ
c,

a
n

d
α̃
i,
`,
θ

is
,

α̃
i,
`,
θ
≡

m
in

`′
∈[
`]

m
in

Ω
∈S
\{
i}

:|Ω
|=
κ
−
`′

+
1

{
ex

p
(θ
i)

( ∑
j∈

Ω
ex

p
(θ
j
))
/|

Ω
|}

.
(5

3)

In
th

e
w

o
rs

t
ca

se
,
e−

2
b
≤
α̃
i,
`,
θ
≤
e2
b
.

N
o
te

th
a
t
α
i,
`,
θ

=
0

gi
ve

s
th

e
w

o
rs

t
u

p
pe

r
bo

u
n

d
.
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D
a
t
a
-d

r
iv

e
n

R
a
n
k

B
r
e
a
k
in

g

T
h

erefo
re

u
sin

g
E

q
u

atio
n

(5
2),

for
a
ll
i∈

[d
],

w
e

h
ave,

P [σ
−

1
j

(i)∈
P
j ]≤

m
in {

1
,

e
6
b`
j

κ
j −

p
j,`
j }
≤

e
6
b`
j

m
a
x{
`
j ,κ

j −
p
j,`
j }
≤
e

6
bη
`
j

κ
j

,
(5

4)

w
h

ere
w

e
u

sed
η

d
efi

n
ed

in
E

q
u

atio
n

(8).
D

efi
n

e
a

d
ia

go
n

al
m

a
trix

D
(j)
∈
S
d

a
n

d
a

m
atrix

A
(j)∈

S
d,

A
(j)
ii ′
≡

I {
i,i ′∈

S
j }

`
j
∑a

=
1

λ
j,a I {

(i,i ′)∈
G
j
,a }

,
fo

r
a
ll
i,i ′∈

[d
],

(55
)

a
n

d
D

(j)
ii

=
∑

i ′6=
i A

(j)
ii ′ .

O
b

serv
e

th
a
t
M

(j)
=
D

(j)−
A

(j).
F

or
a
ll
i∈

[d
],

w
e

h
ave,

D
(j)
ii

=
I {
i∈
S
j }

κ
j
∑i ′=

1 I {
σ
−

1
j

(i)=
i ′ }

`
j
∑a

=
1

λ
j,a d

eg
G
j
,a (σ

−
1

j
(i ′))

≤
I {
i∈
S
j } {

I {
σ
−

1
j

(i)∈P
j } (

m
a
x

a∈
[`
j ] {

λ
j,a (κ

j −
p
j,a ) }

+

`
j
∑a

=
1

λ
j,a )

+
I {
σ
−

1
j

(i)
/∈P

j } (
`
j
∑a

=
1

λ
j,a )

}

=
I {
i∈
S
j } {

I {
σ
−

1
j

(i)∈P
j }
δ
j,1

+
I {
σ
−

1
j

(i)
/∈P

j }
δ
j,2 }

,
(56

)

w
h

ere
th

e
last

eq
u

ality
follow

s
from

th
e

d
efi

n
itio

n
o
f
δ
j,1

a
n

d
δ
j,2

in
E

q
u

a
tion

(2
6
).

N
ote

th
a
t

m
ax

i∈
[d

] {D
ii }

=
δ
j,1 .

U
sin

g
(54

)
an

d
(5

6
),

w
e

h
ave,

E [D
(j)
ii ]

≤
I {
i∈
S
j } {

e
6
bη
`
j

κ
j

(
δ
j,1

+
δ
j,2 κ

j

η
`
j

) }
.

(57)

S
im

ilarly
w

e
h

ave,

E [(D
(j)
ii )

2 ]
≤

I {
i∈
S
j } {

e
6
bη
`
j

κ
j

(
δ

2j,1
+
δ

2j,2 κ
j

η
`
j

) }
(5

8)

F
o
r

a
ll
i∈

[d
],

w
e

h
ave,

E [
d
∑i ′=

1 ((A
(j) )

2 )
ii ′ ]

≤
E [(

d
∑i ′=

1

A
(j)
ii ′ )

m
a
x

i∈
[d

] {
d
∑i ′=

1

A
(j)
ii ′ } ]

≤
E [
D

(j)
ii
δ
j,1 ]

≤
I {
i∈
S
j } {

e
6
bη
`
j

κ
j

(
δ

2j,1
+
δ
j,1 δ

j,2 κ
j

η
`
j

) }
.

(59)
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K
h
e
t
a
n

a
n
d

O
h

U
sin

g
(58

)
an

d
(59),

w
e

h
ave,

for
all

i∈
[d

],

d
∑i ′=

1 ∣∣∣ E [((M
(j) )

2 )
ii ′ ] ∣∣∣

=
d
∑i ′=

1 ∣∣∣∣∣ E [((D
(j) )

2 )
ii ′ ]−

E [(D
(j)A

(j) )
ii ′ ]−

E [(A
(j)D

(j) )
ii ′ ]

+
E [((A

(j) )
2 )
ii ′ ] ∣∣∣∣∣

≤
2E [(D

(j)
ii )

2 ]
+

d
∑i ′=

1 (
E [δ

j,1 (A
(j) )

ii ′ ]
+
E [((A

(j) )
2 )
ii ′ ] )

≤
I {
i∈
S
j } {

e
6
bη
`
j

κ
j

(
4
δ

2j,1
+

2 (δ
j,1 δ

j,2
+
δ

2j,2 )κ
j

η
`
j

) }

=
I {
i∈
S
j } {

e
6
bδη

`
j

κ
j

}
,

(60)

w
h

ere
th

e
last

eq
u

ality
follow

s
from

th
e

d
efi

n
ition

of
δ,

E
q
u

ation
(27).

T
o

b
o
u

n
d
‖ ∑

nj=
1 E

[(M
(j))

2]‖,
w

e
u

se
th

e
fact

th
at

for
J
∈

R
d×
d,‖

J‖
≤

m
a
x
i∈

[d
] ∑

di ′=
1 |J

ii ′|.
T

h
erefo

re,
w

e
h

ave

∥∥∥∥∥
n
∑j=

1 E [(M
(j))

2 ] ∥∥∥∥∥
≤

e
6
bδη

m
ax

i∈
[d

] {
∑j:i∈
S
j

`
j

κ
j }

=
e

6
bη
δ

τ
D

m
a
x

(61)

=
e

6
bη
δ

β
τ
d

n
∑j=

1

τ
j `
j
,

(62)

w
h

ere
(6

1)
follow

s
from

th
e

d
efi

n
ition

of
D

m
a
x

in
E

q
u

ation
(28)

an
d

(62)
follow

s
from

th
e

d
efi

n
ition

o
f
β

in
(3

0).
O

b
serv

e
th

at
from

E
q
u

ation
(56),‖

M
(j)‖
≤

2
δ
j,1 ≤

2 √
δ.

A
p

p
ly

in
g

m
atrix

B
ern

stein
in

eq
u

ality,
w

e
h

ave,

P [∥∥
M
−
E

[M
] ∥∥
≥
t ]≤

d
ex

p (
−
t 2/

2
e
6
bη
δ

β
τ
d

∑
nj=

1
τ
j `
j

+
4 √

δt/3 )
.

T
h

erefore,
w

ith
p

rob
ab

ility
at

least
1−

d −
3,

w
e

h
ave,

∥∥
M
−
E

[M
] ∥∥
≤

4
e

3
b √√√√

η
δ

log
d

β
τ
d

n
∑j=

1

τ
j `
j

+
64 √

δ
log

d

3
≤

8
e

3
b √√√√

η
δ

log
d

β
τ
d

n
∑j=

1

τ
j `
j
,

(63)

w
h

ere
th

e
secon

d
in

eq
u

ality
u

ses
∑

nj=
1
τ
j `
j ≥

2
6(β

τ
/η

)d
log

d
w

h
ich

follow
s

from
th

e
assu

m
p

tion

th
at ∑

nj=
1
τ
j `
j ≥

2
6e

1
8
b

η
δ

τ
γ

2
α

2
β
d

log
d

an
d

th
e

fact
th

at
α
,β
≤

1,
γ
≤

1,
η
≥

1,
an

d
δ
>
τ

2.
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8
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P

r
o
o
f

o
f

L
e
m

m
a

1
4

S
in

ce
p

ro
v
id

in
g

a
lo

w
er

b
ou

n
d

on
P θ
[ σ
−

1
(i

)
=
`,
σ
−

1
(i
′ )
>
`]

fo
r

ar
b

it
ra

ry
θ

is
ch

a
ll

en
g
in

g
,

w
e

co
n

-

st
ru

ct
a

n
ew

se
t

of
p

ar
am

et
er

s
{θ̃
j
} j
∈[
d
]

fr
om

th
e

or
ig

in
al
θ.

T
h

es
e

n
ew

p
ar

am
et

er
s

a
re

co
n

st
ru

ct
ed

su
ch

th
at

it
is

b
ot

h
ea

sy
to

co
m

p
u

te
th

e
p

ro
b

ab
il

it
y

an
d

al
so

p
ro

v
id

es
a

lo
w

er
b

o
u

n
d

o
n

th
e

or
ig

in
a
l

d
is

tr
ib

u
ti

on
.

W
e

d
en

ot
e

th
e

su
m

of
th

e
w

ei
gh

ts
b
y
W
≡
∑

j∈
S

ex
p

(θ
j
).

W
e

d
efi

n
e

a
n

ew
se

t
of

p
ar

am
et

er
s
{θ̃
j
} j
∈S

:

θ̃ j
=

{
lo

g
(α̃

i,
i′
,`
,θ
/
2)

fo
r
j

=
i

or
i′
,

0
ot

h
er

w
is

e
.

(6
4
)

S
im

il
ar

ly
d

efi
n

e
W̃
≡
∑

j∈
S

ex
p

(θ̃
j
)

=
κ
−

2
+
α̃
i,
i′
,`
,θ

.
W

e
h

av
e,

P θ
[ σ
−

1
(i

)
=
`,
σ
−

1
(i
′ )
>
`]

=
∑ j 1
∈S

j 1
6=
i,
i′

(
ex

p
(θ
j 1

)

W

∑ j 2
∈S

j 2
6=
i,
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T

h
e

C
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m
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w
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b
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d
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p
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∑
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λ
i
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T
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g
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e
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p
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u
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b
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h
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p
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λ
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e
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.
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h
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︸
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∈
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∑
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=
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=
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−
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∈
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∑
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∈
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b
e

th
e

H
es

si
a
n

m
a
tr

ix

su
ch

th
at
H

(j
)

ii
′

(θ
)

=
∂

2
L j

(θ
)

∂
θ i
∂
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∈
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�
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∑
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b
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−
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∈
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θ]

b
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=
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b
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∏
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∈
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∂
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∇
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=
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≥
p
}

C
2

+
A

2 3
−
C

3
if
i

=
i′
,
{ Ω
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<
p
}

−
B

1
if
i
6=
i′
,
{ Ω
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≥
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≥
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d
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∑i ′<
i∈
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d
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p

+
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=
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p

+
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=
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=
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n
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b
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E
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)]
=

E
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)]/
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−

1
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n
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b
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)
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g
E
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1
),

w
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E [H
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=
−
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κ
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p ]C
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e
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e
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�
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i −

e
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e
i ′) >

(
(κ
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κ
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κ
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p

+
1 )
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g (
κ
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−
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�
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2
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)
2
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−
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∑i ′<
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+
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κ
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p )
a
n

d
C

3 ≥
0
.

E
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n
y
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>
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o
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w
e
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e
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p
a
rtia

l
d
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o
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g
iven

b
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∇
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Ω
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∏
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∑
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+
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∇
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−
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p
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+
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−
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≥
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−

1)
an

d
p
j,
a

=
a

fo
r

ea
ch

j
∈

[n
],

w
e

ge
t

th
at

w
it

h
p

ro
b

ab
il

it
y

at
le

as
t

1
−

2
e3
d
−

3
,

‖∇
L R

B
(θ
∗ )
‖ 2
≤

√ √ √ √
16

lo
g
d

n ∑ j=
1

` j
.

(1
0
0)

T
h

eo
re

m
5

fo
ll

ow
s

fr
om

E
q
u

at
io

n
s

(1
00

),
(9

9)
an

d
(4

0)
.

8
.4

.1
P

r
o
o
f

o
f

L
e
m

m
a

1
7

D
efi

n
e
M

(j
)
∈
Sd

as

M
(j

)
=

1

κ
j
−

1

∑

i<
i′
∈S

j

` j ∑ a
=

1

I {
(i
,i
′ )
∈
G
j
,a
}(
e i
−
e i
′ )

(e
i
−
e i
′ )
>
,

(1
0
1)

an
d

le
t
M

=
∑

n j=
1
M

(j
) .

S
im

il
ar

to
th

e
an

al
y
si

s
ca

rr
ie

d
ou

t
in

th
e

p
ro

of
of

L
em

m
a

1
1
,

w
e

h
av

e

λ
2
(−
H

(θ
))
≥

e2
b

(1
+
e2
b
)2
λ

2
(M

),
w

h
en

λ
j,
a

=
1/

(κ
j
−

1)
is

su
b

st
it

u
te

d
in

th
e

H
es

si
a
n

m
a
tr

ix
H

(θ
),

E
q
u

at
io

n
(3

5)
.

F
ro

m
W

ey
l’

s
in

eq
u

al
it

y
w

e
h

av
e

th
at

λ
2
(M

)
≥
λ

2
(E

[M
])
−
‖M
−

E[
M

]‖
.

(1
0
2)

W
e

w
il

l
sh

ow
in

(1
07

)
th

at
λ

2
(E

[M
])
≥
e−

2
b
(α
/(
d
−

1)
)
∑

n j=
1
` j

an
d

in
(1

12
)

th
a
t
‖M
−

E[
M

]‖
≤

32
eb
√

lo
g
d

β
d

∑
n j=

1
` j

.

λ
2
(M

)
≥

α
e−

2
b

d
−

1

n ∑ j=
1

` j
−

32
eb

√ √ √ √
lo

g
d

β
d

n ∑ j=
1

` j
≥

α
e−

2
b

2(
d
−

1)

n ∑ j=
1

` j
,

(1
0
3)

w
h

er
e

th
e

la
st

in
eq

u
al

it
y

fo
ll

ow
s

fr
om

th
e

as
su

m
p

ti
on

th
at
∑

n j=
1
` j
≥

(2
1
2
e6
b
/
β
α

2
)d

lo
g
d
.

T
h

is
p

ro
ve

s
th

e
d

es
ir

ed
cl

ai
m

.
T

o
p

ro
ve

th
e

lo
w

er
b

ou
n

d
on

λ
2
(E

[M
])

,
n

ot
ic

e
th

at

E[
M

]
=

n ∑ j=
1

1

κ
j
−

1

∑

i<
i′
∈S

j

E[
` j ∑ a
=

1

I {
(i
,i
′ )
∈G

j
,a
}∣ ∣ ∣(i

,i
′ ∈

S
j
)] (e

i
−
e i
′ )

(e
i
−
e i
′ )
>
.

(1
0
4)

4
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K
h
e
t
a
n

a
n
d

O
h

U
si

n
g

th
e

fa
ct

th
at
p
j,
a

=
a

fo
r

ea
ch

j
∈

[n
],

a
n

d
th

e
d

efi
n

it
io

n
o
f

ra
n

k
-b

re
a
k
in

g
g
ra

p
h
G
j,
a
,

w
e

h
av

e
th

at

E[
` j ∑ a
=

1

I {
(i
,i
′ )
∈G

j
,a
}∣ ∣ ∣(i

,i
′ ∈

S
j
)]

=
P[

I {
σ
−

1
j

(i
)≤
` j
}

+
I {
σ
−

1
j

(i
′ )
≤
` j
}
≥

1
∣ ∣ ∣(i
,i
′ ∈

S
j
)]

≥
P[

(σ
−

1
(i

)
≤
` j

∣ ∣ ∣(i
,i
′ ∈

S
j
)] .

(1
0
5
)

T
h

e
fo

ll
ow

in
g

le
m

m
a

p
ro

v
id

es
a

lo
w

er
b

o
u

n
d

o
n
P[

(σ
−

1
(i

)
≤
` j
|(i
,i
′ ∈

S
j
)]

.

L
e
m

m
a

1
8
.

C
o
n

si
d
er

a
ra

n
ki

n
g
σ

o
ve

r
a

se
t

o
f

it
em

s
S

o
f

si
ze
κ

.
F

o
r

a
n

y
it

em
i
∈
S

,

P[
(σ
−

1
(i

)
≤
`]
≥
e−

2
b
` κ
.

(1
06

)

T
h

er
ef

or
e,

u
si

n
g

th
e

fa
ct

th
a
t

(e
i
−
e i
′ )

(e
i
−
e i
′ )
>

is
p

o
si

ti
ve

se
m

i-
d

efi
n

it
e,

an
d

E
q
u

a
ti

o
n

s
(1

04
),

(1
0
5)

an
d

(1
06

)
w

e
h

av
e

E[
M

]
�

e−
2
b

n ∑ j=
1

` j
κ
j
(κ
j
−

1
)

∑

i<
i′
∈S

j

(e
i
−
e i
′ )

(e
i
−
e i
′ )
>

=
e−

2
b
L
,

(1
07

)

w
h

er
e
L

is
th

e
L

ap
la

ci
a
n

d
efi

n
ed

fo
r

th
e

co
m

p
ar

is
on

g
ra

p
h
H

,
D

efi
n

it
io

n
1
.

U
si

n
g
λ

2
(L

)
=

(α
/(
d
−

1)
)
∑

n j=
1
` j

fr
om

(5
),

w
e

g
et

th
e

d
es

ir
ed

b
ou

n
d
λ

2
(E

[M
])
≥
e−

2
b
(α
/(
d
−

1)
)
∑

n j=
1
` j

.

F
o
r

to
p

-`
j

ra
n

k
b

re
ak

in
g
,
M

(j
)

is
al

so
gi

ve
n

b
y

M
(j

)
=

1

κ
j
−

1

( (κ
j
−
` j

)d
ia

g
(e
{I
j
})

+
` j

d
ia

g
(e
{S
j
})
−
e {
I j
}e
> {S
j
}
−
e {
S
j
}e
> {I
j
}

+
e {
I j
}e
> {I
j
}) ,

(1
0
8)

w
h

er
e
e {
S
j
},
e {
I j
}
∈

R
d

a
re

ze
ro

-o
n

e
ve

ct
o
rs

,
e {
S
j
}

h
as

su
p

p
o
rt

co
rr

es
p

o
n

d
in

g
to

th
e

se
t

of
it

em
s

S
j

an
d
e {
I j
}

h
a
s

su
p

p
o
rt

co
rr

es
p

on
d

in
g

to
th

e
ra

n
d

o
m

to
p

-`
j

it
em

s
in

th
e

ra
n
k
in

g
σ
j
.
I j

=

{σ
j
(1

),
σ
j
(2

),
··
·,
σ
j
(`
j
)}

fo
r
j
∈

[n
].

(M
(j

) )
2

is
g
iv

en
b
y

(M
(j

) )2
=

1

(κ
j
−

1
)2

( (κ
2 j
−
`2 j

)d
ia

g
(e
{I
j
})

+
` j

2
d

ia
g
(e
{S
j
})
−

(κ
j

+
` j

)(
e {
I j
}e
> {S
j
}

+
e {
S
j
}e
> {I
j
}
−
e {
I j
}e
> {I
j
})

+
` j
e {
S
j
}e
> {S
j
}) .

N
ot

e
th

a
t
P[
i
∈
I j
|i
∈
S
j
]
≤
` j
e2
b
/
κ
j

fo
r

a
ll
i
∈
S
j
.

It
s

p
ro

o
f

is
si

m
il

a
r

to
th

e
p

ro
of

of
L

em
m

a
18

.
T

h
er

ef
o
re

,
w

e
h

av
e
E[

d
ia

g
(e
{I
j
})

]
�
` j
e2
b
/κ

j
d

ia
g
(e
{1
})

.
T

o
b

o
u

n
d
‖∑

n j=
1
E[

(M
(j

) )
2
]‖

,
w

e
u

se
th

e

fa
ct

th
a
t

fo
r
J
∈
R
d
×
d
,‖
J
‖
≤

m
ax

i∈
[d

]

∑
d i′

=
1
|J
ii
′ |.

M
ax

im
u

m
o
f

ro
w

su
m

s
of

E[
e {
I j
}e
> {I
j
}]

is
u

p
p

er
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D
a
t
a
-d

r
iv

e
n

R
a
n
k

B
r
e
a
k
in

g

b
o
u

n
d

ed
b
y

m
a
x
i∈

[d
] {
`
j P

[i∈
I
j |i∈

S
j ] }
≤
`
j
2e

2
b/
κ
j .

T
h

erefo
re

u
sin

g
tria

n
g
le

in
eq

u
a
lity,

w
e

h
ave,

∥∥∥∥∥
n
∑j=

1 E [(M
(j))

2 ] ∥∥∥∥∥

≤
m

a
x

i∈
[d

] {
∑j:i∈
S
j

1

(κ
j −

1
)
2 (

(κ
2j −

`
j
2)`

j e
2
b

κ
j

+
`
j
2

+
e

2
b(κ

j
+
`
j )(2`

j
+
`
j
2/κ

j )
+
`
j κ
j )
}

≤
m

a
x

i∈
[d

] {
∑j:i∈
S
j

`
j e

2
b

κ
j

(
(κ

2j −
`
j
2)

(κ
j −

1)
2

+
`
j κ
j

(κ
j −

1
)
2

+
2
(κ
j

+
`
j )κ

j

(κ
j −

1
)
2

+
(κ
j

+
`
j )`

j

(κ
j −

1
)
2

+
κ

2j

(κ
j −

1
)
2 )
}

≤
m

ax
i∈

[d
] {

∑j:i∈
S
j

`
j e

2
b

κ
j

(
(κ

2j −
1)

(κ
j −

1
)
2

+
κ
j (κ

j −
1
)

(κ
j −

1
)
2

+
4
κ

2j

(κ
j −

1
)
2

+
2κ

j (κ
j −

1)

(κ
j −

1
)
2

+
κ

2j

(κ
j −

1
)
2 )
}

≤
m

ax
i∈

[d
] {

∑j:i∈
S
j

`
j e

2
b

κ
j

(
3

+
2

+
1
6

+
4

+
4 )
}

(10
9)

≤
2
9e

2
b
m

a
x

i∈
[d

] {
∑j:i∈
S
j

`
j

κ
j }

=
29
e

2
bD

m
a
x

(11
0)

=
2
9e

2
b

β
d

n
∑j=

1

`
j
,

(11
1)

w
h

ere
(1

09
)

u
ses

th
e

fact
th

at
κ
j ≥

2
a
n

d
1
≤
`
j ≤

κ
j −

1
fo

r
a
ll
j
∈

[n
].

(1
1
0
)

fo
llow

s
from

th
e

d
efi

n
itio

n
of
D

m
a
x ,

D
efi

n
itio

n
1

an
d

(1
11

)
fo

llow
s

from
th

e
E

q
u

a
tio

n
(6

).
A

lso,
n

o
te

th
a
t‖
M
j ‖
≤

2
fo

r
a
ll
j∈

[n
].

A
p

p
ly

in
g

m
a
trix

B
ern

stien
in

eq
u

a
lity,

w
e

h
ave,

P [‖
M
−
E

[M
]‖
≥
t ]≤

d
ex

p (
−
t 2/

2
2
9
e
2
b

β
d

∑
nj=

1
`
j

+
4
t/

3 )
.

T
h

erefo
re,

w
ith

p
ro

b
ab

ility
a
t

lea
st

1−
d −

3,
w

e
h

ave,

‖
M
−
E

[M
]‖
≤

22e
b √√√√

lo
g
d

β
d

n
∑j=

1

`
j

+
6
4

lo
g
d

3
≤

32e
b √√√√

lo
g
d

β
d

n
∑j=

1

`
j
,

(11
2)

w
h

ere
th

e
seco

n
d

in
eq

u
ality

follow
s

from
th

e
a
ssu

m
p

tio
n

th
at ∑

nj=
1
`
j ≥

2
1
2d

lo
g
d

a
n

d
β
≤

1
.

8
.4

.2
P

r
o
o
f

o
f

L
e
m

m
a

1
8

D
efi

n
e
im

in ≡
a
rg

m
in
i∈
S
θ
i .

W
e

cla
im

th
e

fo
llow

in
g
.

F
o
r

a
ll
i∈

S
a
n

d
a
n
y

1
≤
`≤
|S|−

1,

P
[σ
−

1(i)
>
`]
≤

P
[σ
−

1(im
in )

>
`]

a
n

d
P

[σ
−

1(im
in )

=
`]
≥

P
[σ
−

1(im
in )

=
1
].

(11
3)

T
h

erefo
re

P
[σ
−

1(i)≤
`]
≥

P
[σ
−

1(im
in )≤

`].
U

sin
g
P

[σ
−

1(im
in )

=
1
]
>
e −

2
b/
κ

,
w

e
g
et

th
e

d
esired

b
o
u

n
d
P

[σ
−

1(i)≤
`]
>
e −

2
b`/
κ

.

4
3
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K
h
e
t
a
n

a
n
d

O
h

T
o

p
rove

th
e

cla
im

(113),
let

σ̂
`1

d
en

ote
a

ran
k
in

g
of

top
-`

item
s

of
th

e
set

S
an

d
P

[σ̂
`1 ]

b
e

th
e

p
rob

ab
ility

o
f

ob
serv

in
g
σ̂
`1 .

L
et
i∈

(σ̂
`1 ) −

1
d

en
ote

th
at
i

=
(σ̂
`1 ) −

1(j)
for

som
e

1
≤
j≤

`.
L

et

Ω
1

=
{
σ̂
`1

:
i
/∈

(σ̂
`1 ) −

1,im
in ∈

(σ̂
`1 ) −

1 }
an

d
Ω

2
=
{
σ̂
`1

:
i∈

(σ̂
`1 ) −

1,im
in
/∈

(σ̂
`1 ) −

1 }
.

W
e

h
ave

P
[σ
−

1(i)
>
`]−

P
[σ
−

1(im
in )

>
`]

=
∑

σ̂
`1 ∈

Ω
1 P

[σ̂
`1 ]−

∑
σ̂
`1 ∈

Ω
2 P

[σ̂
`1 ].

N
ow

,
take

an
y

ran
k
in

g

σ̂
`1 ∈

Ω
1

a
n

d
co

n
stru

ct
an

oth
er

ran
k
in

g
σ̃
`1

from
σ̂
`1

b
y

rep
lacin

g
im

in
w

ith
i-th

item
.

O
b

serve
th

at
P

[σ̂
`1 ]≤

P
[σ̃
`1 ]

an
d
σ̃
`1
∈

Ω
2 .

M
oreover,

su
ch

a
con

stru
ction

giv
es

a
b
ijectiv

e
m

ap
p

in
g

b
etw

een
Ω

1

an
d

Ω
2 .

H
en

ce,
th

e
fi

rst
claim

is
p

rov
ed

.
F

or
th

e
secon

d
claim

,
let

Ω̂
1

=
{
σ̂
`1

:
(σ̂
`1 ) −

1(im
in )

=
1 }

an
d

Ω̂
2

=
{
σ̂
`1

:
(σ̂
`1 ) −

1(im
in )

=
` }
.

W
e

h
ave

P
[σ
−

1(im
in )

=
1]−

P
[σ
−

1(im
in )

=
`]

=
∑

σ̂
`1 ∈

Ω̂
1 P

[σ̂
`1 ]−

∑
σ̂
`1 ∈

Ω̂
2 P

[σ̂
`1 ].

N
ow

,
take

an
y

ran
k
in

g
σ̂
`1 ∈

Ω̂
1

an
d

con
stru

ct
an

oth
er

ran
k
in

g
σ̃
`1

from
σ̂
`1

b
y

sw
ap

p
in

g
item

s
at

1
st

p
osition

an
d

`-th
p

ositio
n

.
O

b
serve

th
at

P
[σ̂
`1 ]≤

P
[σ̃
`1 ]

an
d
σ̃
`1
∈

Ω̂
2 .

M
oreover,

su
ch

a
con

stru
ctio

n
gives

a

b
ijective

m
ap

p
in

g
b

etw
een

Ω̂
1

an
d

Ω̂
2 .

H
en

ce,
th

e
claim

is
p

roved
.
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P
ro

o
f

o
f

T
h

e
o
re

m
6

T
h

e
fi

rst
ord

er
p

artia
l

d
erivativ

e
ofL

(θ),
E

q
u

a
tion

(15),
is

given
b
y

∇
i L

(θ)

=
∑j:i∈
S
j

`
j
∑m

=
1 I{

σ
−

1
j

(i)≥
m
} [I{

σ
j (m

)=
i} −

ex
p

(θ
i )

ex
p

(θ
σ
j (m

) )
+

ex
p

(θ
σ
j (m

+
1
) )

+
···

+
ex

p
(θ
σ
j (κ

j ) ) ],∀
i∈

[d
]

an
d

th
e

H
essia

n
m

atrix
H

(θ)∈
S
d

w
ith

H
ii ′(θ)

=
∂

2L
(θ

)
∂
θ
i ∂
θ
i ′

is
g
iv

en
b
y

H
(θ)

=
−

n
∑j=

1

∑i<
i ′∈

S
j (e

i −
e
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ẽ
i ′)(ẽ
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i −
ẽ
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i −
ẽ
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E

[M̃
]‖

,
n

o
tice

th
a
t
M̃

(j)
is

a
lso

g
iven

b
y,

M̃
(j)

=
`

d
ia

g
(ẽ{

I
j } )−

ẽ{
I
j } ẽ >{

I
j }
,

(13
0)

w
h

ere
ẽ{
I
j } ∈

R
d̃

is
a

zero
-o

n
e

vector,
w

ith
su

p
p

ort
corresp

o
n

d
in

g
to

th
e

b
o
tto

m
-`

su
b

set
o
f

item
s

in
th

e
ra

n
k
in

g
σ
j .
I
j

=
{σ

j (κ
−
`

+
1),···

,σ
j (κ

)}
fo

r
j∈

[n
].

(M̃
(j))

2
is

g
iv

en
b
y

(M̃
(j))

2
=

`
2

d
ia

g
(ẽ{

I
j } )−

`
ẽ{
I
j } ẽ >{

I
j }
.

(13
1)

U
sin

g
th

e
fa

ct
th

a
t

sets
{S

j }
j∈

[n
]

are
ch

o
sen

u
n

ifo
rm

ly
at

ran
d

o
m

a
n

d
P

[i∈
I
j |i∈

S
j ]≤

1
,

w
e

h
ave

E
[d

iag
(ẽ{

I
j } )]�

(κ
/d

)d
ia

g
(ẽ{

1} ).
M

a
x
im

u
m

o
f

row
su

m
s

ofE [ẽ{
I
j } ẽ >{

I
j } ]

is
u

p
p

er
b

o
u

n
d

ed
b
y
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K
h
e
t
a
n

a
n
d

O
h

`κ
/d

.
T

h
erefore,

from
trian

gle
in

eq
u

ality
w

e
h

av
e
‖ ∑

nj=
1 E

[(M̃
(j))

2]‖
≤

2
n
`
2κ
/d

.
A

lso,
n

ote
th

at

‖
M̃

(j)‖
≤

2`
for

all
j∈

[n
].

A
p

p
ly

in
g

m
atrix

B
ern

stien
in

eq
u

ality,
w

e
h

ave
th

at

P [‖M̃
−
E

[M̃
]‖
≥
t ]≤

d
ex

p (
−
t 2/

2

2
n
`
2κ
/d

+
4
`t/

3 )
.

(132)

T
h

erefo
re,

w
ith

p
rob

ab
ility

at
least

1−
d −

3,
w

e
h

ave,

‖M̃
−
E

[M̃
]‖
≤

4
` √

2n
κ

log
d

d
+

64`
log

d

3
≤

8
` √

n
κ

log
d

d
,

(133)

w
h

ere
th

e
secon

d
in

eq
u

ality
follow

s
from

th
e

assu
m

p
tion

th
at
n
`≥

2
1
2d

log
d
.

8
.6

.2
P

r
o
o
f

o
f

L
e
m

m
a

2
1

W
ith

ou
t

lo
ss

of
gen

erality,
assu

m
e

th
at
i ′
<
i,

i.e.,
θ̃ ∗i ′ ≤

θ̃ ∗i .
D

efi
n

e
Ω

su
ch

th
a
t

Ω
=
{
j

:
j∈

S
,j6=

i,i ′}
.

F
o
r

a
n
y
β

1 ∈
[0,(`−

2)/`],
d

efi
n

e
even

t
E
β

1
th

at
o
ccu

rs
if

in
th

e
ran

d
om

ly
ch

osen
set

S
th

ere

a
re

at
m

o
stb`β

1 c
item

s
th

at
h

ave
p

referen
ce

scores
less

th
an

θ̃ ∗i ,
i.e.,

E
β

1
≡
{
∑

j∈
Ω
I{
θ̃ ∗i
>
θ̃ ∗j } ≤

b`β
1 c }

.
(134)

W
e

h
ave,

P [σ
−

1(i),σ
−

1(i ′)
>

κ
−
` ∣∣∣

i,i ′∈
S ]

>
P [σ

−
1(i),σ

−
1(i ′)

>
κ
−
` ∣∣∣

i,i ′∈
S

;E
β

1 ]P [E
β

1 ∣∣∣
i,i ′∈

S ]
(135)

T
h

e
follow

in
g

lem
m

a
p

rov
id

es
a

low
er

b
ou

n
d

on
P

[σ
−

1(i),σ
−

1(i ′)
>
κ
−
`|
i,i ′∈

S
;E

β
1 ].

L
e
m

m
a

2
2
.

U
n

d
er

th
e

h
ypo

th
eses

o
f

L
em

m
a

2
1
,

P [σ
−

1(i),σ
−

1(i ′)
>

κ
−
` ∣∣∣

i,i ′∈
S

;E
β

1 ]
≥

e −
4
b(1−

b`β
1 c
/`)

2

2

`
2

κ
2
.

(136)

N
ex

t,
w

e
p

rov
id

e
a

low
er

b
ou

n
d

on
P

[E
β

1
|
i,i ′∈

S
].

F
ix
i,i ′

su
ch

th
at
i,i ′∈

S
.

S
electin

g
a

set
u

n
ifo

rm
ly

a
t

ra
n

d
om

is
p

rob
ab

ilistically
eq

u
ivalen

t
to

selectin
g

item
s

o
n

e
at

a
tim

e
u

n
iform

ly
a
t

ra
n

d
o
m

w
ith

ou
t

rep
lacem

en
t.

W
ith

ou
t

loss
of

gen
erality,

a
ssu

m
e

th
at
i,i ′

are
th

e
1st

a
n

d
2n

d
p

ick
.

D
efi

n
e

B
ern

o
u

lli
ran

d
om

variab
les

Y
j ′

for
3
≤
j ′≤

κ
corresp

on
d

in
g

to
th

e
ou

tco
m

e
of

th
e

j ′-th
ran

d
om

p
ick

from
th

e
set

of
(d−

j ′−
1
)

item
s

to
gen

erate
th

e
set

Ω
su

ch
th

at
Y
j ′

=
1

if
an

d

on
ly

if
θ̃ ∗i
>
θ̃ ∗j ′ .

R
ecall

th
a
t
γ
β

1 ≡
d̃
(κ−

2)/(b`β
1 c

+
1)(d−

2)
an

d
η
β

1 ≡
(b`β

1 c
+

1)
2/

2(κ−
2).

C
o
n

stru
ct

D
o
ob

’s
m

a
rtin

g
ale

(Z
2 ,···

,Z
κ )

from
{
Y
k ′}

3≤
k ′≤

κ
su

ch
th

at
Z
j ′

=
E

[ ∑
κk ′=

3
Y
k ′|

Y
3 ,···

,Y
j ′],

fo
r

2
≤
j ′≤

κ
.

O
b

serve
th

at,
Z

2
=

E
[ ∑

κk ′=
3
Y
k ′]≤

(i−
2
)(κ−

2
)

d−
2

≤
γ
β

1 (b`β
1 c

+
1),

w
h

ere
th

e
la

st
in

eq
u

ality
follow

s
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D
a
t
a
-d

r
iv

e
n

R
a
n
k

B
r
e
a
k
in

g

fr
om

th
e

as
su

m
p

ti
on

th
at
i
≤
d̃
.

A
ls

o,
|Z
j′
−
Z
j′
−

1
|≤

1
fo

r
ea

ch
j′

.
T

h
er

ef
or

e,
w

e
h

av
e

P[
∑

j∈
Ω
I {
θ̃
∗ i>
θ̃
∗ j}
≤
b`
β

1
c]

=
P[
∑

κ j′
=

3
Y
j′
≤
b`
β

1
c]

=
1
−

P[
∑

κ j′
=

3
Y
j′
≥
b`
β

1
c+

1
]

≥
1
−
P[
Z
κ
−

2
−
Z

2
≥

(`
β

1
+

1)
−
γ

(b
`β

1
c+

1
)]

≥
1
−

ex
p
(
−

(b
`β

1
c+

1)
2
(1
−
γ

1
)2

2(
κ
−

2)

)

=
1
−

ex
p
(
−
η β

1
(1
−
γ
β

1
)2
) ,

(1
3
7)

w
h

er
e

th
e

in
eq

u
al

it
y

fo
ll

ow
s

fr
om

th
e

A
zu

m
a-

H
o
eff

d
in

g
b

ou
n

d
.

S
in

ce
,

th
e

ab
ov

e
in

eq
u
a
li

ty
is

tr
u

e
fo

r
an

y
fi

x
ed

i,
i′
∈
S

,
fo

r
ra

n
d

om
in

d
ic

es
i,
i′

w
e

h
av

e
P[
E
β

1
|i
,i
′ ∈

S
]
≥

1
−

ex
p

(−
η β

1
(1
−
γ
β

1
)2

).
C

la
im

(1
27

)
fo

ll
ow

s
b
y

co
m

b
in

in
g

E
q
u

at
io

n
s

(1
35

),
(1

36
)

an
d

(1
37

).

8
.6

.3
P

r
o
o
f

o
f

L
e
m

m
a

2
2

W
it

h
ou

t
lo

ss
of

ge
n

er
al

it
y,

as
su

m
e

th
at
i′
<
i,

i.
e.

,
θ̃∗ i
′
≤
θ̃∗ i

.
D

efi
n

e
Ω

=
{j

:
j
∈
S
,j
6=
i,
i′
},

a
n

d
ev

en
t
E
β

1
=
{i
,i
′ ∈

S
;∑

j∈
Ω
I {
θ̃
∗ i>
θ̃
∗ j}
≤
b`
β

1
c}

.
S

in
ce

se
t
S

is
ch

os
en

ra
n

d
om

ly
,
i,
i′

a
n

d
j
∈

Ω
ar

e

ra
n

d
om

.
T

h
ro

u
gh

ou
t

th
is

se
ct

io
n

,
w

e
co

n
d

it
io

n
on

th
e

ra
n

d
om

in
d

ic
es
i,
i′

an
d

th
e

se
t

Ω
su

ch
th

at
ev

en
t
E
β

1
h

ol
d

s.
T

o
ge

t
a

lo
w

er
b

ou
n

d
on

P[
σ
−

1
(i

),
σ
−

1
(i
′ )
>
κ
−
`]

,
d

efi
n

e
in

d
ep

en
d

en
t

ex
p

o
n

en
ti

al

ra
n

d
om

va
ri

ab
le

s
X
j
∼

ex
p

(e
θ̃
∗ j
)

fo
r
j
∈
S

.
O

b
se

rv
e

th
at

gi
ve

n
ev

en
t
E
β

1
h

ol
d

s,
th

er
e

ex
is

ts
a

se
t

Ω
1
⊆

Ω
su

ch
th

at

Ω
1

=
{ j
∈
S

:
θ̃∗ i
≤
θ̃∗ j
}
,

(1
3
8)

an
d
|Ω

1
|=

κ
−
b`
β

1
c−

2.
In

fa
ct

th
er

e
ca

n
b

e
m

an
y

su
ch

se
ts

,
an

d
fo

r
th

e
p

u
rp

os
e

of
th

e
p

ro
o
f

w
e

ca
n

ch
o
os

e
on

e
su

ch
se

t
ar

b
it

ra
ri

ly
.

N
ot

e
th

a
t
b`
β

1
c+

2
≤
`

b
y

as
su

m
p

ti
on

o
n
β

1
,

so
|Ω

1
|≥

κ
−
`.

F
ro

m
th

e
R

an
d

om
U

ti
li

ty
M

o
d
el

(R
U

M
)

in
te

rp
re

ta
ti

on
of

th
e

P
L

m
o
d

el
,

w
e

k
n

ow
th

at
th

e
P

L
m

o
d

el
is

eq
u

iv
al

en
t

to
or

d
er

in
g

th
e

it
em

s
as

p
er

ra
n

d
o
m

co
st

of
ea

ch
it

em
d

ra
w

n
fr

o
m

ex
p

o
n

en
ti

a
l

ra
n

d
om

va
ri

ab
le

w
it

h
m

ea
n
eθ̃
∗ i
.

T
h

at
is

,
w

e
ra

n
k

it
em

s
ac

co
rd

in
g

to
X
j
’s

su
ch

th
a
t

th
e

lo
w

er
co

st
it

em
s

ar
e

ra
n

ke
d

h
ig

h
er

.
F

ro
m

th
is

in
te

rp
re

ta
ti

o
n

,
w

e
h

av
e

th
at

P[
σ
−

1
(i

),
σ
−

1
(i
′ )
>
κ
−
`]

=
P[
∑ j∈

Ω

I{
m

in
{X

i
,X
i′
}
>
X
j

}
≥
κ
−
`]

>
P[
∑ j′
∈Ω

1

I{
m

in
{X

i
,X
i′
}
>
X
j
′}
≥
κ
−
`]

(1
3
9)

T
h

e
ab

ov
e

in
eq

u
al

it
y

fo
ll

ow
s

fr
om

th
e

fa
ct

th
at

Ω
1
⊆

Ω
an

d
|Ω

1
|≥

κ
−
`.

It
ex

cl
u

d
es

so
m

e
of

th
e

ra
n

k
in

gs
ov

er
th

e
it

em
s

of
th

e
se

t
S

th
at

co
n

st
it

u
te

th
e

ev
en

t
{σ
−

1
(i

),
σ
−

1
(i
′ )
>
κ
−
`}

.
D

efi
n

e
Ω

2
=
{Ω

1
,i
,i
′ }.

O
b

se
rv

e
th

at
it

em
s
i,
i′

h
av

e
th

e
le

as
t

p
re

fe
re

n
ce

sc
or

es
am

on
g

al
l

th
e

it
em

s
in

th
e

se
t

Ω
2
.

T
h

er
ef

or
e,

th
e

te
rm

in
E

q
u

at
io

n
(1

39
)

is
th

e
p

ro
b

ab
il

it
y

of
th

e
le

as
t

tw
o

p
re

fe
re

n
ce

sc
o
re

it
em

s
in

th
e

se
t

Ω
2
,

th
at

is
of

si
ze

(κ
−
b`
β

1
c)

,
b

ei
n

g
ra

n
ke

d
in

b
ot

to
m

(`
−
b`
β

1
c)

p
o
si

ti
o
n

s.
T

h
e

fo
ll

ow
in

g
le

m
m

a
sh

ow
s

th
at

th
e

p
ro

b
ab

il
it

y
of

th
e

le
as

t
tw

o
p

re
fe

re
n

ce
sc

o
re

it
em

s
in

a
se

t
b

ei
n

g
ra

n
ke

d
at

an
y

tw
o

p
os

it
io

n
s

is
lo

w
er

b
ou

n
d

ed
b
y

th
ei

r
p

ro
b

ab
il

it
y

of
b

ei
n

g
ra

n
ke

d
a
t

1
st

an
d

2n
d

p
os

it
io

n
.
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:1
-5

4

K
h
e
t
a
n

a
n
d

O
h

L
e
m

m
a

2
3
.

C
o
n

si
d
er

a
se

t
o
f

it
em

s
S

a
n

d
a

ra
n

ki
n

g
σ

o
ve

r
it

.
D

efi
n

e
i m

in
1
≡

a
rg

m
in
i∈
S
θ i

,
i m

in
2
≡

a
rg

m
in
i∈
S
\i
m
in

1
θ i

.
F

o
r

a
ll

1
≤
i 1
,i

2
≤
|S
|,
i 1
6=
i 2

,
fo

ll
o
w

in
g

h
o
ld

s:

P[
σ
−

1
(i

m
in

1
)

=
i 1
,σ
−

1
(i

m
in

2
)

=
i 2

] ≥
P[
σ
−

1
(i

m
in

1
)

=
1
,σ
−

1
(i

m
in

2
)

=
2] .

(1
4
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)

U
si

n
g

th
e

fa
ct

th
at

i′
=

a
rg

m
in
j∈

Ω
2
θ̃∗ j

,
i

=
ar

g
m

in
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Ω
2
\i
′
θ̃∗ j

,
fo

r
al

l
1
≤
i 1
,i

2
≤
κ
−
b`
β

1
c,

i 1
6=
i 2

,
w

e
h

av
e

th
at

P[
σ
−

1
(i
′ )

=
i 1
,σ
−

1
(i

)
=
i 2

] ≥
P[
σ
−

1
(i
′ )

=
1,
σ
−

1
(i

)
=

2] ≥
e−

4
b

1 κ
2
,

(1
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)

w
h

er
e

th
e

se
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n
d
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eq

u
al

it
y

fo
ll

ow
s
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o
m

th
e

d
efi

n
it

io
n

o
f

th
e

P
L

m
o
d

el
a
n

d
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e
fa

ct
th
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∈

Ω̃
2
b
.
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h

er
w
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h

E
q
u

a
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4
1
)

a
n

d
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e
fa
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th

a
t
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e
a
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a
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l
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−
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β
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−
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β
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1
)
≥
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−
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β
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2
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2

p
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r
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p
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s
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n

o
cc

u
p
y
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o
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er
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b
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n
g

ra
n
k
ed
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b

o
tt
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−
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,
w

e
h

av
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σ
−

1
(i

),
σ
−

1
(i
′ )
>
κ
−
`]
≥
e−

4
b
(1
−
b`
β

1
c/
`)

2

2

`2 κ
2
.
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)
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,
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e
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ov

e
in
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u

a
li
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tr
u

e
fo

r
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y

fi
x
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n
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∈

Ω
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ch
th
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t

ev
en
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ol
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tr
u

e
fo
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ra

n
d

o
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d
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n
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∈
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th
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en
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7b

)
co

n
sid

er
m

etrics
w

.r.t.
th

e
fea

tu
re

sp
a
ce.

N
o
n

eth
eless,

th
e

b
asic

id
ea

o
f

a
ll

th
ese

a
rticles

is
th

a
t

a
n

S
V

M
p

ro
b

lem
b

a
sed

o
n
k

train
in

g
sa

m
p

les
is

solved
fo

r
ea

ch
test

sa
m

p
le.

A
n

o
th

er
a
p

p
roa

ch
u

sin
g
k

n
ea

rest
n

eig
h
b

o
rs

is
in

vestiga
ted

in
(S

ega
ta

a
n
d

B
la

n
zieri,

20
1
0
).

H
ere,

k
-n

eigh
b

o
rh

o
o
d

s
con

sistin
g

o
f

train
in

g
sa

m
p

les
an

d
co

llectively
coverin

g
th

e
tra

in
in

g
d

ata
set

a
re

co
n

stru
cted

an
d

an
S

V
M

is
ca

lcu
lated

on
each

n
eig

h
b

orh
o
o
d

.
T

h
e

p
red

iction
fo

r
a

test
sa

m
p

le
is

th
en

m
ad

e
acco

rd
in

g
to

th
e

n
earest

train
in

g
sa

m
p

le
th

at
is

a
cen

ter
o
f

a
k
-n

eig
h
b

o
rh

o
o
d

.
A

s
for

th
e

o
th

er
n

ea
rest

n
eig

h
b

o
r

a
p

p
roa

ch
es,

h
ow

ever,
th

e
resu

lts
a
re

m
ain

ly
ex

p
erim

en
ta

l.
A

n
ex

cep
tio

n
to

th
is

ru
le

is
(H

ab
le,

20
1
3
),

w
h

ere
u

n
iversa

l
co

n
sisten

cy
fo

r
lo

ca
lized

v
ersio

n
s

of
S

V
M

s,
o
r

m
o
re

p
recisely,

a
la

rge
cla

ss
o
f

reg
u

la
rized

k
ern

el
m

eth
o
d

s,
is

p
roven

.
A

n
o
th

er
a
rticle

p
resen

tin
g

th
eoretica

l
resu

lts
for

lo
ca

lized
versio

n
s

o
f

lea
rn

in
g

m
eth

o
d

s
is

(Z
a
ka

i
a
n

d
R

itov
,
2
00

9
).

H
ere,

th
e

au
th

o
rs

sh
ow

th
a
t

a
con

sisten
t

learn
in

g
m

eth
o
d

b
eh

aves
lo

ca
lly,

i.e.,
th

e
p
red

ictio
n

is
essen

tia
lly

in
fl

u
en

ced
b
y

close
b
y

sa
m

p
les.

H
ow

ever,
th

is
resu

lt
is

b
a
sed

o
n

a
lo

calizatio
n

tech
n

iq
u

e
co

n
sid

erin
g

o
n

ly
tra

in
in

g
sam

p
les

co
n
ta

in
ed

in
a

n
eig

h
b

o
rh

o
o
d

w
ith

a
fi

x
ed

rad
iu

s
a
n

d
cen

ter
x

w
h

en
a
n

estim
ate

in
x

is
sou

g
h
t.

P
ro

b
a
b

ly
clo

sest
to

ou
r

a
p

p
ro

ach
is

th
e

o
n

e
ex

am
in

ed
in

(C
h

en
g

et
al.,

2
01

0
)

a
n

d
(C

h
en

g
et

a
l.,

2
0
0
7),

w
h

ere
th

e
train

in
g

d
a
ta

is
sp

lit
in

to
clu

sters
a
n

d
th

en
a
n

S
V

M
is

tra
in

ed
o
n

ea
ch

clu
ster.

H
ow

ever,
th

e
p

resen
ted

resu
lts

a
re

a
ga

in
o
n

ly
o
f

ex
p

erim
en

ta
l

ch
a
ra

cter.

U
n

like
in

th
e

p
a
p

ers
m

en
tion

ed
ab

ov
e,

o
u

r
m

ain
g
o
al

is
to

th
eoretically

in
vestig

a
te

lo
cal

S
V

M
s

b
ased

o
n

lo
cal

sp
littin

g.
N

a
m

ely,
w

e
estab

lish
b

o
th

g
lob

a
l

a
n

d
lo

ca
l

lea
rn

in
g

ra
tes

fo
r

o
u

r
lo

cal
sp

littin
g

a
p

p
ro

ach
(V

P
-S

V
M

)
th

at
d

o
m

a
tch

th
e

b
est

ex
istin

g
a
n

d
essen

tia
lly

o
p

tim
a
l

ra
tes

fo
r

g
lo

b
a
l

S
V

M
s

d
erived

b
y

E
b

erts
an

d
S

tein
w

a
rt

(2
0
1
3).

In
a
d

d
itio

n
,

w
e

sh
ow

th
at

th
ese

ra
tes

ca
n

b
e

ob
ta

in
ed

w
ith

o
u

t
k
n

ow
in

g
ch

a
ra

cteristics
of

P
b
y

a
sim

p
le

a
n

d
w

ell-k
n

ow
n

h
old

-o
u

t
tech

n
iq

u
e.

F
u

rth
erm

o
re,

w
e

em
p

irica
lly

co
m

p
a
re

o
u

r
V

P
-S

V
M

to
an

o
th

er
d

a
ta

sp
littin

g
a
p

p
ro

ach
k
n

ow
n

a
s

ra
n
d

o
m

ch
u

n
k
in

g
(R

C
-S

V
M

)
o
r

d
iv

id
e-a

n
d

-
co

n
q
u

er
kern

el
rid

g
e

regression
fo

r
w

h
ich

learn
in

g
ra

tes,
a
t

lea
st

fo
r

g
en

eric
kern

els,
h

ave
b

een
recen

tly
esta

b
lish

ed
b
y

Z
h

an
g

et
a
l.

(2
0
1
5
);

L
in

et
a
l.

(20
1
6
).

In
th

ese
ex

p
erim

en
ts

it
tu

rn
s

ou
t

th
at

fo
r

sp
littin

g
s

th
a
t

lea
d

to
com

p
ara

b
le

tra
in

in
g

tim
es,

o
u

r
V

P
-S

V
M

h
a
s

a
sign

ifi
ca

n
tly

sm
a
ller

test
error

th
a
n

R
C

-S
V

M
s.

In
vestiga

tin
g

o
th

er
sp

eed
-u

p
sch

em
es

fo
r

S
V

M
s

th
eo

retica
lly

h
a
s

b
een

in
th

e
fo

cu
s

o
f

resea
rch

in
th

e
last

few
y
ears.

F
or

ex
a
m

p
le,

Z
h

an
g

et
a
l.

(2
0
15

);
L

in
et

a
l.

(2
0
1
6
)

esta
b

-
lish

ed
o
p
tim

a
l

learn
in

g
rates

in
ex

p
ecta

tio
n

fo
r

R
C

-S
V

M
s

u
n

d
er

th
e

a
ssu

m
p

tio
n

th
a
t

th
e

co
n

d
itio

n
a
l

m
ean

f
∗

is
con

ta
in

ed
in

th
e

u
sed

R
K

H
S

,
o
r

in
th

e
im

a
ge

o
f

a
fra

ctio
n

a
l

in
tegral

o
p

era
to

r,
resp

ectively.
A

lth
o
u

g
h

th
ese

resu
lts

are
very

in
terestin

g
th

ey
are

n
o
t

v
ery

u
sefu

l
fo

r
S

V
M

s
w

ith
G

a
u

ssian
kern

els,
sin

ce
fo

r
th

ese
k
ern

els
th

e
im

p
osed

a
ssu

m
p

tio
n

s
o
n
f
∗
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M
e
ist

e
r

a
n
d

S
t
e
in

w
a
r
t

im
p

ly
f
∗∈

C
∞

,
w

h
ich

is
u

su
ally

con
sid

ered
to

b
e

to
o

restrictiv
e.

F
or

a
sim

ilar
reason

th
e

resu
lts

b
y

R
u

d
i
et

al.
(2015)

for
th

e
p

op
u

lar
N

y
ström

m
eth

o
d

req
u

ire
to

o
restrictive

assu
m

p
-

tio
n

s
w

h
en

ap
p

lied
to

S
V

M
s

w
ith

G
au

ssian
k
ern

els.
O

n
a

sid
e

n
ote,

w
e

like
to

m
en

tio
n

th
at

th
is

d
iff

eren
ce

b
etw

een
gen

eric
kern

els
on

th
e

on
e

h
an

d
an

d
G

au
ssian

kern
els

on
th

e
oth

er
h

an
d

alread
y

a
p

p
ears

for
th

e
stan

d
ard

glob
al

S
V

M
s.

In
d

eed
,
in

th
e

g
en

eric
case,

on
e

u
su

a
lly

ad
d

resses
th

e
ap

p
rox

im
ation

error
b
y

assu
m

in
g

th
e

con
d

ition
al

m
ea

n
to

b
e

con
tain

ed
in

th
e

im
a
g
e

of
a

fractio
n

al
in

tegral
op

erator,
w

h
ich

can
in

tu
rn

b
e

id
en

tifi
ed

as
an

in
terp

olation
sp

ace
of

th
e

rea
l

m
eth

o
d

,
see

(S
tein

w
art

an
d

S
covel,

2012).
F

or
certain

kern
els,

th
e

classical
th

eo
ry

of
in

terp
o
lation

sp
aces

th
en

id
en

tifi
es

th
e

con
sid

ered
in

terp
olation

sp
aces

as
B

esov
sp

aces,
so

th
at

th
e

ap
p

rox
im

ation
error

assu
m

p
tion

h
as

a
clear

in
tu

itive
m

ea
n

in
g.

O
n

th
e

oth
er

h
a
n

d
,

for
G

au
ssian

kern
els

w
ith

fi
x
ed

w
id

th
it

h
a
s

b
een

sh
ow

n
b
y

S
m

ale
an

d
Z

h
ou

(20
0
3)

th
a
t

th
eir

in
terp

olation
sp

aces
con

sist
of
C
∞

-fu
n

ctio
n

s,
so

th
at

th
e

gen
eric

th
eory

w
ou

ld
a
gain

lead
to

a
to

o
restrictiv

e
ap

p
rox

im
ation

error
assu

m
p

tion
.

T
o

ad
d

ress
th

is
issu

e,
on

e
con

sid
ers

w
id

th
s

th
at

ch
an

ge
w

ith
th

e
sam

p
le

size.
H

ow
ever,

to
m

ak
e

th
is

ap
p

roach
su

ccessfu
l,

on
e

req
u

ires
b

oth
a

m
an

u
al

estim
ation

of
th

e
ap

p
rox

im
ation

error,
see

(E
b

erts
an

d
S
tein

w
art,

20
11),

an
d

eigen
valu

e/en
trop

y
n
u

m
b

er
b

ou
n
d

s
th

at
d

o
d

ep
en

d
on

th
e

kern
el

w
id

th
.

F
or

th
ese

reason
s,

learn
in

g
rates

for
S

V
M

s
w

ith
G

au
ssian

kern
els

u
n

d
er

realistic
assu

m
p

tion
s

a
re,

in
gen

eral,
h

ard
er

to
ob

tain
.

N
on

eth
eless,

th
ey

are
im

p
ortan

t,
sin

ce
in

p
ractice,

G
au

ssian
kern

els
are

b
y

far
th

e
m

ost
often

u
sed

kern
els.

T
h

e
rest

of
th

is
p

ap
er

is
organ

ized
as

follow
s:

In
S

ection
2

w
e

d
escrib

e
ou

r
sp

littin
g

ap
p

roa
ch

in
d

etail.
S

ection
3

th
en

p
resen

ts
som

e
th

eoretical
resu

lts
on

R
K

H
S

s
th

a
t

en
ab

le
th

e
an

aly
sis

of
o
u

r
m

eth
o
d

.
A

fter
th

at,
S

ection
4

con
tain

s
th

e
m

ain
resu

lts,
n

a
m

ely
an

oracle
in

eq
u

a
lity

a
n

d
learn

in
g

rates
for

ou
r

lo
calized

S
V

M
m

eth
o
d

.
M

oreover,
a

d
ata-d

ep
en

d
en

t
p

ara
m

eter
selection

m
eth

o
d

is
stu

d
ied

th
at

in
d

u
ces

th
e

sam
e

ra
tes.

S
ection

5
th

en
p

resen
ts

som
e

ex
p

erim
en

tal
resu

lts
w

.r.t.
th

e
lo

calized
S

V
M

tech
n

iq
u

e.
F

in
ally,

S
ection

6
co

llects
th

e
p

ro
ofs

for
th

e
resu

lts
of

th
e

earlier
section

s
as

w
ell

as
som

e
n

ecessary
an

d
im

p
ortan

t
an

cilla
ry

fi
n

d
in

gs.

2
.
D
e
scrip

tio
n

o
f
th

e
L
o
ca

lize
d

S
V
M

A
p
p
ro

a
ch

In
th

is
section

,
w

e
in

tro
d
u

ce
som

e
gen

eral
n

otation
s

an
d

a
ssu

m
p

tion
s.

B
ased

on
th

e
latter

w
e

m
o
d

ify
th

e
sta

n
d

ard
S

V
M

ap
p

roach
.

L
et

u
s

start
w

ith
th

e
p

rob
ab

ility
m

ea
su

re
P

on
X
×
Y

,
w

h
ere

X
⊂

R
d

is
n

on
-em

p
ty,

Y
:=

[−
M
,M

]
for

som
e
M

>
0,

a
n

d
P
X

is
th

e
m

argin
al

d
istrib

u
tio

n
of
X

.
D

ep
en

d
in

g
on

th
e

learn
in

g
target

on
e

ch
o
o
ses

a
loss

fu
n

ctio
n
L

,
i.e.,

a
fu

n
ctio

n
L

:
X
×
Y
×

R
→

[0,∞
)

th
at

is
m

easu
rab

le.
T

h
en

,
for

a
m

ea
su

ra
b

le
fu

n
ction

f
:
X
→

R
,

th
e
L

-risk
is

d
efi

n
ed

b
y

R
L
,P

(f
)

=

∫

X
×
Y
L

(x
,y
,f

(x
))
d
P

(x
,y

)

an
d

th
e

op
tim

al
L

-risk
,

called
th

e
B

ayes
risk

w
ith

resp
ect

to
P

an
d
L

,
is

given
b
y

R
∗L
,P

:=
in

f{R
L
,P

(f
)
|
f

:
X
→

R
m

ea
su

ra
b

le}
.

A
m

ea
su

rab
le

fu
n

ction
f
∗L
,P

:
X
→

R
w

ith
R
L
,P

(f
∗L
,P

)
=
R
∗L
,P

is
called

a
B

ayes
d

ecision
fu

n
ctio

n
.

F
o
r

th
e

com
m

on
ly

u
sed

losses
su

ch
as

th
e

least
sq

u
ares

loss
treated

in
S

ectio
n

4
th

e
B

ayes
d

ecisio
n

fu
n

ction
f
∗L
,P

is
P
X

-alm
ost

su
rely

[−
M
,M

]-va
lu

ed
,

sin
ce
Y

=
[−
M
,M

].
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O
p
t
im

a
l

L
e
a
r
n
in

g
R

a
t
e
s

f
o
r

L
o
c
a
l
iz

e
d

S
V

M
s

In
th

is
ca

se
,

it
se

em
s

ob
v
io

u
s

to
co

n
si

d
er

es
ti

m
at

or
s

w
it

h
va

lu
es

in
[−
M
,M

]
o
n
X

.
T

o
th

is
en

d
,

w
e

in
tr

o
d

u
ce

th
e

co
n

ce
p
t

of
cl

ip
p

in
g

th
e

d
ec

is
io

n
fu

n
ct

io
n

.
L

et
Û tb

e
th

e
cl

ip
p

ed
va

lu
e

of
so

m
e
t
∈
R

at
±
M

d
efi

n
ed

b
y Û t:

=

    

−
M

if
t
<
−
M

t
if
t
∈

[−
M
,M

]

M
if
t
>
M
.

T
h

en
,

a
lo

ss
is

ca
ll

ed
cl

ip
p

ab
le

at
M

>
0

if
,

fo
r

al
l

(x
,y
,t

)
∈
X
×
Y
×
R

,
w

e
h

av
e

L
(x
,y
,Û t

)
≤
L

(x
,y
,t

)
.

O
b
v
io

u
sl

y,
th

e
la

tt
er

im
p

li
es
R
L
,P

(
Û f)
≤
R
L
,P

(f
)

fo
r

al
l
f

:
X
→

R
.

In
o
th

er
w

o
rd

s,
re

st
ri

ct
in

g
th

e
d

ec
is

io
n

fu
n

ct
io

n
to

th
e

in
te

rv
al

[−
M
,M

]
co

n
ta

in
in

g
ou

r
la

b
el

s
ca

n
n

o
t

w
o
rs

en
th

e
ri

sk
,

in
fa

ct
,

cl
ip

p
in

g
th

is
fu

n
ct

io
n

ty
p

ic
al

ly
re

d
u

ce
s

th
e

ri
sk

.
H

en
ce

,
w

e
co

n
si

d
er

th
e

cl
ip

p
ed

ve
rs

io
n
Û f D

of
th

e
d

ec
is

io
n

fu
n

ct
io

n
as

w
el

l
as

th
e

ri
sk
R
L
,P

(
Û f D

)
in

st
ea

d
of

th
e

ri
sk

R
L
,P

(f
D

)
of

th
e

u
n

cl
ip

p
ed

d
ec

is
io

n
fu

n
ct

io
n

.
N

ot
e

th
at

th
is

cl
ip

p
in

g
id

ea
d

o
es

n
o
t

ch
a
n

ge
th

e
re

q
u

ir
ed

so
lv

er
si

n
ce

it
is

p
er

fo
rm

ed
a
ft

er
th

e
tr

ai
n

in
g

p
h

as
e.

T
o

m
o
d

if
y

th
e

st
an

d
ar

d
S

V
M

ap
p

ro
ac

h
(1

),
w

e
as

su
m

e
th

at
(A

j
) j

=
1
,.
..
,m

is
a

p
a
rt

it
io

n
of
X

su
ch

th
at

al
l

it
s

ce
ll

s
h

av
e

n
on

-e
m

p
ty

in
te

ri
or

,
th

at
is
Å
j
6=
∅

fo
r

ev
er

y
j
∈
{1
,.
..
,m
}.

N
ow

,
th

e
b

as
ic

id
ea

of
ou

r
ap

p
ro

ac
h

is
to

co
n

si
d

er
fo

r
ea

ch
ce

ll
of

th
e

p
ar

ti
ti

on
a
n

in
d

iv
id

u
al

S
V

M
.

T
o

d
es

cr
ib

e
th

is
ap

p
ro

ac
h

in
a

m
at

h
em

at
ic

al
ly

ri
go

ro
u

s
w

ay
,

w
e

h
av

e
to

in
tr

o
d

u
ce

so
m

e
m

or
e

d
efi

n
it

io
n

s
an

d
n

ot
at

io
n

s.
L

et
u

s
b

eg
in

w
it

h
th

e
in

d
ex

se
t

I j
:=
{ i
∈
{1
,.
..
,n
}

:
x
i
∈
A
j

} ,
j

=
1,
..
.,
m
,

in
d

ic
at

in
g

th
e

sa
m

p
le

s
of
D

co
n
ta

in
ed

in
A
j
,

as
w

el
l

as
th

e
co

rr
es

p
on

d
in

g
d

a
ta

se
t

D
j

:=
{(
x
i,
y i

)
∈
D

:
i
∈
I j
},

j
=

1,
..
.,
m
.

M
or

eo
ve

r,
fo

r
ev

er
y
j
∈
{1
,.
..
,m
},

w
e

d
efi

n
e

a
(l

o
ca

l)
lo

ss
L
j

:
X
×
Y
×
R
→

[0
,∞

)
b
y

L
j
(x
,y
,t

)
:=

1
A
j
(x

)L
(x
,y
,t

)
,

w
h

er
e
L

:
X
×
Y
×
R
→

[0
,∞

)
is

th
e

lo
ss

th
at

co
rr

es
p

on
d

s
to

ou
r

le
ar

n
in

g
p

ro
b

le
m

a
t

h
a
n

d
.

W
e

fu
rt

h
er

as
su

m
e

th
at
H
j

is
an

R
K

H
S

ov
er
A
j

w
it

h
k
er

n
el
k
j

:
A
j
×
A
j
→

R
.

H
er

e,
ev

er
y

fu
n

ct
io

n
f
∈
H
j

is
on

ly
d

efi
n

ed
on

A
j

ev
en

th
ou

gh
a

fu
n

ct
io

n
f D

:
X
→

R
is

fi
n

a
ll

y
so

u
g
h
t.

T
o

th
is

en
d

,
fo

r
f
∈
H
j
,

w
e

d
efi

n
e

th
e

ze
ro

-e
x
te

n
si

on
f̂

:
X
→

R
b
y

f̂
(x

)
:=

{
f

(x
)
,
x
∈
A
j
,

0
,

x
/∈
A
j
.

T
h

en
,

th
e

sp
ac

e
Ĥ
j

:=
{f̂

:
f
∈
H
j
}

eq
u

ip
p

ed
w

it
h

th
e

n
or

m

‖f̂
‖ Ĥ

j
:=
‖f
‖ H

j
,

f̂
∈
Ĥ
j
,
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M
e
is

t
e
r

a
n
d

S
t
e
in

w
a
r
t

is
an

R
K

H
S

on
X

(c
f.

L
em

m
a

2
),

w
h

ic
h

is
is

o
m

et
ri

ca
ll

y
is

om
o
rp

h
ic

to
H
j
.

W
it

h
th

es
e

p
re

p
ar

a
ti

on
s

w
e

ca
n

n
ow

fo
rm

u
la

te
o
u

r
lo

ca
l

S
V

M
a
p

p
ro

a
ch

.
T

o
th

is
en

d
,

fo
r

ev
er

y
j
∈

{1
,.
..
,m
},

w
e

co
n

si
d

er
th

e
lo

ca
l

S
V

M
op

ti
m

iz
at

io
n

p
ro

b
le

m

f D
j
,λ
j

=
ar

g
m

in
f̂
∈Ĥ

j

λ
j
‖f̂
‖2 Ĥ

j
+

1 n

n ∑ i=
1

L
j
(x
i,
y i
,f̂

(x
i)

)
,

(2
)

w
h

er
e
λ
j
>

0
fo

r
ev

er
y
j
∈
{1
,.
..
,m
}.

B
a
se

d
o
n

th
es

e
em

p
ir

ic
a
l

S
V

M
so

lu
ti

o
n

s,
w

e
th

en
d

efi
n

e
th

e
d

ec
is

io
n

fu
n

ct
io

n
f D

,λ
:
X
→

R
b
y

f D
,λ

(x
)

:=

m ∑ j=
1

f D
j
,λ
j
(x

)
=

m ∑ j=
1

1
A
j
(x

)f
D
j
,λ
j
(x

)
,

(3
)

w
h

er
e
λ

:=
(λ

1
,.
..
,λ

m
).

S
in

ce
a
ll
f D

j
,λ
j

in
(2

)
a
re

u
su

a
l

em
p

ir
ic

a
l

S
V

M
so

lu
ti

o
n

s
th

e
co

m
m

on
p

ro
p

er
ti

es
h

ol
d
.

M
or

eo
ve

r,
fo

r
a
rb

it
ra

ry
j
∈
{1
,.
..
,m
},
f D

j
,λ
j
(x
i)

=
0

if
x
i
/∈
A
j

fo
r

al
l
i
∈
{1
,.
..
,n
}.

F
u

rt
h

er
m

o
re

,
n

o
te

th
a
t

th
e

S
V

M
o
p
ti

m
iz

a
ti

on
p

ro
b

le
m

(2
)

eq
u
a
ls

th
e

S
V

M
o
p

ti
m

iz
at

io
n

p
ro

b
le

m
(1

)
u

si
n

g
H
j
,
D
j
,

an
d

th
e

re
g
u

la
ri

za
ti

on
p

a
ra

m
et

er
λ̃
j

:=
n |I j
|λ
j
.

T
h

a
t

is
,
f D

j
,λ
j

a
s

in
(2

)
a
n

d
h

D
j
,λ̃
j

:=
a
rg

m
in
f
∈H

j
λ̃
j
‖f
‖2 H

j
+
R
L
,D
j
(f

)
co

in
ci

d
e

o
n
A
j
.

B
es

id
es

,
it

is
ea

sy
to

sh
ow

th
at

,
w

h
en

ev
er

a
B

ay
es

d
ec

is
io

n
fu

n
ct

io
n
f
∗ L,

P
w

.r
.t

.
P

an
d
L

ex
is

ts
,

it
ad

d
it

io
n

al
ly

is
a

B
ay

es
d

ec
is

io
n

fu
n

ct
io

n
w

.r
.t

.
P

an
d
L
j
.

L
et

u
s

n
ow

b
ri

efl
y

d
is

cu
ss

th
e

re
q
u

ir
ed

co
m

p
u

ti
n

g
ti

m
e

o
f

o
u

r
m

o
d

ifi
ed

S
V

M
.

T
o

th
is

en
d

,
re

ca
ll

th
at

th
e

co
st

s
fo

r
so

lv
in

g
a
n

u
su

a
l

S
V

M
p

ro
b

le
m

a
re
O

(n
q
)

w
h

er
e
q
∈

[2
,3

].
F

o
r

th
e

n
ew

ap
p
ro

ac
h

w
e

co
n

si
d

er
m

w
or

k
in

g
se

ts
o
f

si
ze
n

1
,.
..
,n

m
w

h
er

e
fo

r
si

m
p

li
ci

ty
w

e
a
ss

u
m

e
n
i
≈

n m
fo

r
a
ll
i
∈
{1
,.
..
,m
}.

T
h

en
fo

r
ea

ch
w

o
rk

in
g

se
t

an
u

su
a
l

S
V

M
p

ro
b

le
m

h
a
s

to
b

e
so

lv
ed

su
ch

th
a
t,

a
lt

o
ge

th
er

,
th

e
m

o
d
ifi

ed
S

V
M

in
d

u
ce

s
a

co
m

p
u

ta
ti

o
n

al
co

st
of

O
( m
( n m
) q
) .

T
h

er
ef

o
re

,
if
m
≈
n
β

fo
r

so
m

e
β
>

0
,

th
en

o
u

r
a
p

p
ro

a
ch

is
co

m
p

u
ta

ti
on

al
ly

ch
ea

p
er

th
an

a
tr

a
d

it
io

n
a
l

S
V

M
.

N
ot

e
th

a
t

o
u

r
st

ra
te

gy
u

si
n

g
a

p
a
rt

it
io

n
o
f

th
e

in
p

u
t

sp
a
ce

is
a

ty
p

ic
a
l

w
ay

to
sp

ee
d
-u

p
S

V
M

s.
O

th
er

te
ch

n
iq

u
es

th
a
t

p
os

se
ss

si
m

il
a
r

p
ro

p
er

ti
es

a
re

,
e.

g
.,

ap
p

li
ed

in
th

e
a
rt

ic
le

s
ci

te
d

in
th

e
in

tr
o
d

u
ct

io
n

.
B

es
id

es
,

w
e

re
fe

r
to

(T
sa

n
g

et
a
l.

,
20

07
)

a
n

d
(T

sa
n

g
et

al
.,

2
0
05

)
u

si
n

g
en

cl
o
si

n
g

b
a
ll

p
ro

b
le

m
s

to
so

lv
e

a
n

S
V

M
,

to
(G

ra
f

et
a
l.

,
2
00

5
)

p
re

se
n
ti

n
g

a
n

m
o
d

el
o
f

m
u

lt
ip

le
fi
lt

er
in

g
S

V
M

s
a
n

d
to

(C
o
ll

o
b

er
t

et
a
l.

,
20

0
1)

in
ve

st
ig

at
in

g
a

m
ix

tu
re

o
f

S
V

M
s

b
a
se

d
on

se
ve

ra
l

su
b

se
ts

o
f

th
e

tr
a
in

in
g

se
t.

T
o

d
es

cr
ib

e
th

e
a
b

ov
e

S
V

M
a
p

p
ro

a
ch

(A
j
) j

=
1
,.
..
,m

o
n

ly
h

a
s

to
b

e
so

m
e

p
ar

ti
ti

o
n

of
X

.
H

ow
ev

er
,

fo
r

th
e

th
eo

re
ti

ca
l

in
ve

st
ig

at
io

n
s

co
n

ce
rn

in
g

le
a
rn

in
g

ra
te

s
of

ou
r

n
ew

ap
p

ro
a
ch

,
w

e
h

av
e

to
fu

rt
h

er
sp

ec
if

y
th

e
p

ar
ti

ti
o
n

.
T

o
th

is
en

d
,

w
e

d
en

o
te

th
e

cl
o
se

d
u

n
it

b
a
ll

o
f

th
e

d
-d

im
en

si
on

al
E

u
cl

id
ea

n
sp

a
ce
`d 2

b
y
B
`d 2

a
n

d
w

e
d

efi
n

e
b

al
ls
B

1
,.
..
,B

m
w

it
h

ra
d

iu
s
r
>

0
an

d
m

u
tu

al
ly

d
is

ti
n

ct
ce

n
te

rs
z 1
,.
..
,z
m
∈
B
`d 2

b
y

B
j

:=
B
r
(z
j
)

:=
{x
∈
R
d

:
‖x
−
z j
‖ 2
≤
r}
,

j
∈
{1
,.
..
,m
},

(4
)

w
h

er
e
‖
·‖

2
is

th
e

E
u

cl
id

ea
n

n
or

m
in

R
d
.

M
o
re

ov
er

,
w

e
ch

o
o
se
r

an
d
z 1
,.
..
,z
m

su
ch

th
a
t

B
`d 2
⊂

m ⋃ j=
1

B
j
,
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O
p
t
im

a
l

L
e
a
r
n
in

g
R

a
t
e
s

f
o
r

L
o
c
a
l
iz

e
d

S
V

M
s

i.e.,
su

ch
th

at
th

e
b

a
lls
B

1 ,...,B
m

cover
B
`
d2

an
d

,
sim

u
lta

n
eo

u
sly,

a
n
y

n
o
n

-em
p

ty
set

X
⊂

B
`
d2

(cf.
F

ig
u

re
1).

T
h

e
follow

in
g

w
ell-k

n
ow

n
lem

m
a

rela
tes

th
e

ra
d

iu
s

o
f

su
ch

a
cover

w
ith

th
e

n
u
m

b
er

o
f

cen
ters.

L
e
m

m
a

1
F

o
r

a
ll
c
>

0
a
n

d
r
∈

(0,c],
th

ere
exist

ba
lls

(B
r (z

j ))
j=

1
,...,m

w
ith

ra
d
iu

s
r

a
n

d

cen
ters

z
1 ,...,z

m
∈
cB

`
d2

su
ch

th
a
t ⋃

mj=
1
B
r (z

j )
co

vers
cB

`
d2

a
n

d
r≤

3cm
−

1d.

F
o
r

sim
p

licity
o
f

n
o
ta

tion
,

w
e

a
ssu

m
e

in
th

e
fo

llow
in

g
th

a
t
X
⊂
B
`
d2 .

T
h
u

s,
a
ccord

in
g

to

L
em

m
a

1
,

th
ere

ex
ists

a
cover

(B
j )
j=

1
,...,m

of
X

w
ith

r≤
3
m
−

1d
.

(5)

L
et

u
s

fi
n

a
lly

sp
ecify

th
e

p
a
rtitio

n
(A

j )
j=

1
,...,m

o
f
X

b
y

th
e

fo
llow

in
g

a
ssu

m
p

tio
n

.

(A
)

L
et
r∈

(0,1
]
a
n

d
(A
′j )
j=

1
,...,m̃

b
e

a
p

a
rtitio

n
o
f
B
`
d2

su
ch

th
a
t
Å
′j 6=
∅

a
s

w
ell

a
s
Å
′j

=
A
′j

for
ev

ery
j∈
{1,...,m̃

}
an

d
su

ch
th

a
t

th
ere

ex
ist

b
a
lls
B
j

:=
B
r (z

j )⊃
A
′j

w
ith

ra
d

iu
s

r
an

d
m

u
tu

a
lly

d
istin

ct
cen

ters
z

1 ,...,z
m̃
∈
B
`
d2

sa
tisfy

in
g

(5
).

In
ad

d
itio

n
,

a
ssu

m
e

th
a
t
X

is
a

n
o
n

-em
p

ty,
clo

sed
su

b
set

o
f
B
`
d2

sa
tisfy

in
g
X̊

=
X

.
W

.l.o
.g

.
w

e
a
ssu

m
e

th
a
t,

for
so

m
e
m
≤
m̃

,
A
′j ∩

X̊
6=
∅

fo
r

a
ll
j
∈
{
1
,...,m

}
a
n

d
A
′j ∩

X̊
=
∅

for
all

j∈
{m

+
1
,...,m̃

}.
T

h
en

w
e

d
efi

n
e
A
′′j

:=
A
′j ∩

X̊
for

a
ll
j∈
{1,...,m

}
a
n

d
a
ssu

m
e

th
a
t

(A
j )
j=

1
,...,m

is
a

p
a
rtitio

n
o
f
X

sa
tisfy

in
g
A
′′j ⊂

A
j ⊂

A
′′j .

N
ote

th
a
t

th
e

p
artition

(A
j )
j=

1
,...,m

o
f
X

in
A

ssu
m

p
tion

(A
)

sa
tisfi

es,
fo

r
every

j
∈

{
1,...,m

},
A
j ⊂

B
j

fo
r
B
j

as
in

(A
)

a
n

d
Å
j 6=
∅
,

w
h

ere
th

e
la

tter
is

sh
ow

n
in

L
em

m
a

8
in

th
e

A
p

p
en

d
ix

.
O

b
v
io

u
sly,

for
th

e
p

a
rtitio

n
(A

j )
j=

1
,...,m

,
r

a
n

d
m

fu
lfi

ll
(5

).
In

A
ssu

m
p

tion
(A

)
(A
′j )
j=

1
,...,m̃

is
a

p
a
rtitio

n
o
f
B
`
d2

from
w

h
ich

w
e

b
u

ild
a

p
a
rtitio

n

(A
j )
j=

1
,...,m

of
X
⊂
B
`
d2 .

H
ow

ever,
fo

r
th

e
co

n
stru

ctio
n

o
f

o
u

r
lo

ca
l

S
V

M
a
p

p
ro

a
ch

a
n

d
th

e
p

ro
o
fs

of
th

e
b

elon
gin

g
lea

rn
in

g
rates,

it
w

ill
b

e
n

eg
lig

ib
le

w
h

eth
er

w
e

fi
rst

co
n

sid
er

a
p

a
r-

titio
n

(A
′j )
j=

1
,...,m̃

o
f
B
`
d2

o
r

on
ly

a
p

artitio
n

(A
j )
j=

1
,...,m

o
f
X

,
sin

ce
th

e
cells

A
′m

+
1 ,...A

′m̃
,

w
h

ich
a
re

rem
ov

ed
,

h
ave

zero
m

ass
w

.r.t.
th

e
m

a
rg

in
a
l
d

istrib
u

tio
n

P
X

of
X

if
P
X

(∂
X

)
=

0.
In

th
e

rem
a
in

in
g

sectio
n

s
w

e
w

ill
freq

u
en

tly
refer

to
A

ssu
m

p
tio

n
(A

).
T

h
u

s,
let

u
s

illu
strate

b
y

th
e

fo
llow

in
g

ex
a
m

p
le

th
a
t

(A
)

is
in

d
eed

a
n

a
tu

ra
l

a
ssu

m
p

tio
n

.

E
x
a
m

p
le

1
F

o
r

so
m

e
r∈

(0,1],
let

u
s

co
n

sid
er

a
n
r-n

et
z

1 ,...,z
m

o
f
B
`
d2 ,

w
h
ere

z
1 ,...,z

m

a
re

m
u

tu
a
lly

d
istin

ct.
M

o
reo

ver,
w

e
a
ssu

m
e

th
a
t
X
⊂
B
`
d2

sa
tisfi

es
X̊

=
X

.
B

a
sed

o
n

th
e

r-n
et
z

1 ,...,z
m

,
a

V
o
ro

n
o
i

pa
rtitio

n
(A

j )
j=

1
,...,m

o
f
X

is
d
efi

n
ed

by

A
j

:=

{
x
∈
X

:
m

in
a
rg

m
in

k∈{
1
,...,m

} ‖x
−
z
k ‖

2
=
j }

,
(6

)

cf.
F

igu
re

2
.

T
h
a
t

is,
A
j

co
n

ta
in

s
a
ll
x
∈
X

su
ch

th
a
t

th
e

cen
ter

z
j

is
th

e
n

ea
rest

cen
ter

to
x

,
a
n

d
in

th
e

ca
se

o
f

ties
th

e
cen

ter
w

ith
th

e
sm

a
llest

in
d
ex

is
ta

ken
.

O
bvio

u
sly,

(A
j )
j=

1
,...,m

is
a

pa
rtitio

n
o
f
X

w
ith

Å
j 6=
∅

a
n

d
A
j ⊂

B
r (z

j )
fo

r
a
ll
j∈
{1,...,m

},
a
n

d
h
en

ce
it

sa
tisfi

es
co

n
d
itio

n
(A

),
if
r

a
n

d
m

fu
lfi

ll
(5

).
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M
e
ist

e
r

a
n
d

S
t
e
in

w
a
r
t

r
z
j

B
j

X

F
igu

re
1:

C
over

(B
j )
j
=
1
,...,m

of
X

,
w

h
ere

B
1 ,...,B

m
are

b
a
lls

w
ith

rad
iu

s
r

an
d

cen
ters

z
j

(j
=

1,...,m
).

X

z
j

A
j

F
igu

re
2:

V
o
ron

o
i
p
artitio

n
(A

j )
j
=
1
,...,m

of
X

d
efi

n
ed

b
y

(6
),

w
h
ere

A
j ⊂

B
j

fo
r

every
j∈
{1,...,m

}
.

M
otivated

b
y

E
x
am

p
le

1,
w

e
call

th
e

learn
in

g
m

eth
o
d

p
ro

d
u

cin
g
f

D
,λ

given
b
y

(3)
a

V
o
ro

n
o
i

pa
rtitio

n
su

p
po

rt
vecto

r
m

a
ch

in
e,

in
sh

ort
V

P
-S

V
M

.
D

esp
ite

th
is

n
am

e,
h

ow
ever,

w
e

ju
st

tak
e

a
p

artition
(A

j )
j=

1
,...,m

satisfy
in

g
(A

)
as

b
asis

h
ere

in
stead

of
req

u
estin

g
(A

j )
j=

1
,...,m

to
b

e
a

V
oron

oi
p

artition
.

R
ecall

th
at

o
u

r
goal

is
to

d
erive

n
ot

on
ly

glob
al

b
u

t
also

lo
cal

learn
in

g
rates

for
th

is
V

P
-S

V
M

a
p

p
ro

ach
.

T
o

th
is

en
d

,
w

e
ad

d
ition

ally
con

sid
er

a
T
⊂
X

w
ith

P
X

(T
)
>

0
.

T
h

en
w

e
ex

am
in

e
th

e
learn

in
g

rate
of

th
e

V
P

-S
V

M
on

th
is

su
b

set
T

of
X

.
T

o
form

alize
th

is,
it

is
n

ecessa
ry

to
in

tro
d
u

ce
som

e
b

asic
n

otation
s

related
to
T

.
L

et
u

s
d

efi
n

e
th

e
in

d
ex

set
J
T

b
y

J
T

:=
{
j∈
{1
,...,m

}
:
A
j ∩

T
6=
∅}

(7)

sp
ecify

in
g

every
set

A
j

th
at

h
as

at
least

on
e

com
m

on
p

oin
t

w
ith

T
.

N
ote

th
a
t,

fo
r

every
n

o
n

-em
p

ty
set

T
⊂
X

,
th

e
in

d
ex

set
J
T

is
also

n
on

-em
p

ty,
i.e.,|J

T |≥
1.

B
esid

es,
d

eriv
in

g
lo

cal
ra

tes
o
n
T

req
u

ires
u

s
to

in
vestigate

th
e

ex
cess

risk
of

th
e

V
P

-S
V

M
w

ith
resp

ect
to

th
e

d
istrib

u
tion

P
an

d
th

e
loss

L
T

:
X
×
Y
×
R
→

[0,∞
)

d
efi

n
ed

b
y

L
T

(x
,y
,t)

:=
1
T

(x
)L

(x
,y
,t)

.
(8)

H
ow

ev
er,

to
m

an
age

th
e

an
aly

sis
w

e
ad

d
ition

ally
n

eed
th

e
loss

L
J
T

:
X
×
Y
×

R
→

[0,∞
)

given
b
y

L
J
T

(x
,y
,t)

:=
1
⋃
j∈
J
T
A
j (x

)L
(x
,y
,t)

,
(9)

w
h

ich
m

ay
on

ly
b

e
n

on
zero,

if
x

is
con

tain
ed

in
som

e
set

A
j

w
ith

j
∈
J
T

.
N

o
te

th
at

th
e

risk
sR

L
T
,P

(f
)

an
d
R
L
J
T
,P

(f
)

q
u

an
tify

th
e

q
u

ality
of

som
e

fu
n

ctio
n
f

ju
st

on
T

a
n

d

A
T

:=
⋃j∈
J
T

A
j ⊃

T
,

resp
ectively.

H
en

ce,
ex

am
in

in
g

th
e

ex
cess

risk
s

R
L
T
,P

( ÛfD
,λ

)−
R
∗L
T
,P
≤
R
L
J
T
,P

( ÛfD
,λ

)−
R
∗L
J
T
,P
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O
p
t
im

a
l

L
e
a
r
n
in

g
R

a
t
e
s

f
o
r

L
o
c
a
l
iz

e
d

S
V

M
s

T

X

X
(1

)
X

(2
)

X
(3

)

F
ig

u
re

3:
T

h
e

in
p
u
t

sp
a
ce
X

w
it

h
th

e
co

rr
es

p
o
n
d
in

g
p
a
rt

it
io

n
(A

j
) j

=
1
,.
..
,m

a
n
d

th
e

su
b
se

t
T

,
w

h
er

e
th

e
lo

ca
l

le
ar

n
in

g
ra

te
sh

ou
ld

b
e

ex
a
m

in
ed

.

le
ad

s
to

le
ar

n
in

g
ra

te
s

on
A
T

an
d

im
p

li
ci

tl
y

on
T

.
R

ec
ap

it
u

la
to

ry
,

le
t

u
s

d
ec

la
re

a
se

t
of

n
ot

at
io

n
s

th
at

w
il
l

b
e

fr
eq

u
en

tl
y

u
se

d
in

th
e

re
m

ai
n

d
er

of
th

e
p

ap
er

.

(T
)

F
or
T
⊂
X

,
w

e
d

efi
n

e
an

in
d

ex
se

t
J
T

b
y

(7
),

lo
ss

fu
n

ct
io

n
s
L
T
,L

J
T

:
X
×
Y
×

R
→

[0
,∞

)
b
y

(8
)

an
d

(9
),

an
d

th
e

se
t
A
T

:=
⋃
j∈
J
T
A
j
.

3
.
B
u
il
d
in
g
W

e
ig
h
te
d

G
lo
b
a
l
K
e
rn

e
ls

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
fo

cu
s

on
R

K
H

S
s

an
d

d
ir

ec
t

su
m

s
of

R
K

H
S

s.
T

h
en

,
w

e
sh

ow
th

at
a

V
P

-S
V

M
so

lu
ti

on
is

al
so

th
e

so
lu

ti
on

of
an

u
su

al
S

V
M

.
L

et
u

s
b

eg
in

w
it

h
so

m
e

b
as

ic
n

ot
at

io
n

s.
F

or
q
∈

[1
,∞

]
an

d
a

m
ea

su
re
ν

,
w

e
d
en

ot
e

b
y

L
q
(ν

)
th

e
L

eb
es

gu
e

sp
ac

es
of

or
d

er
q

w
.r

.t
.
ν

an
d

fo
r

th
e

L
eb

es
gu

e
m

ea
su

re
µ

o
n
X
⊂

R
d

w
e

w
ri

te
L
q
(X

)
:=

L
q
(µ

).
In

ad
d

it
io

n
,

fo
r

a
m

ea
su

ra
b

le
sp

ac
e
X

,
th

e
se

t
of

a
ll

re
a
l-

va
lu

ed
m

ea
su

ra
b

le
fu

n
ct

io
n

s
on

X
is

gi
ve

n
b
y
L 0

(X
)

:=
{f

:
X
→

R
|f

m
ea

su
ra

b
le
}.

M
o
re

ov
er

,
fo

r
a

m
ea

su
re
ν

on
X

an
d

m
ea

su
ra

b
le
X̃
⊂
X

,
w

e
d

efi
n
e

th
e

tr
ac

e
m

ea
su

re
ν |
X̃

o
f
ν

in
X̃

b
y
ν |
X̃

(A
)

=
ν

(A
∩
X̃

)
fo

r
ev

er
y
A
⊂
X

.

O
u

r
fi

rs
t

go
al

is
to

sh
ow

th
at

f D
,λ

in
(3

)
is

ac
tu

al
ly

an
or

d
in

ar
y

S
V

M
so

lu
ti

o
n

.
T

o
th

is
en

d
,

w
e

co
n

si
d

er
an

R
K

H
S

on
so

m
e
A

(
X

an
d

ex
te

n
d

it
to

an
R

K
H

S
on

X
b
y

th
e

fo
ll

ow
in

g
le

m
m

a,
w

h
er

e
w

e
om

it
th

e
ob

v
io

u
s

p
ro

of
.

L
e
m

m
a

2
L

et
A
⊂
X

a
n

d
H
A

be
a
n

R
K

H
S

o
n
A

w
it

h
co

rr
es

po
n

d
in

g
ke

rn
el
k
A

.
D

en
o
te

by
f̂

th
e

ze
ro

-e
xt

en
si

o
n

o
f
f
∈
H
A

to
X

d
efi

n
ed

by

f̂
(x

)
:=

{
f

(x
)
,

fo
r
x
∈
A
,

0
,

fo
r
x
∈
X
\A

.

T
h
en

,
th

e
sp

a
ce
Ĥ
A

:=
{f̂

:
f
∈
H
A
}

eq
u

ip
pe

d
w

it
h

th
e

n
o
rm
‖f̂
‖ Ĥ

A
:=
‖f
‖ H

A
is

a
n

R
K

H
S

o
n
X

a
n

d
it

s
re

p
ro

d
u

ci
n

g
ke

rn
el

is
gi

ve
n

by

k̂
A

(x
,x
′ )

:=

{
k
A

(x
,x
′ )
,

if
x
,x
′ ∈

A
,

0
,

el
se

.
(1

0
)
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:1
-4

4

M
e
is

t
e
r

a
n
d

S
t
e
in

w
a
r
t

B
a
se

d
on

th
is

le
m

m
a
,

w
e

a
re

n
ow

ab
le

to
co

n
st

ru
ct

an
R

K
H

S
b
y

a
d

ir
ec

t
su

m
o
f

R
K

H
S

s
Ĥ
A

an
d
Ĥ
B

w
it

h
A
,B
⊂
X

a
n

d
A
∩
B

=
∅.

H
er

e,
w

e
sk

ip
th

e
p

ro
o
f

on
ce

m
o
re

,
si

n
ce

th
e

as
se

rt
io

n
fo

ll
ow

s
im

m
ed

ia
te

ly
u

si
n

g,
fo

r
ex

a
m

p
le

,
o
rt

h
o
n

o
rm

al
b

as
es

o
f
Ĥ
A

a
n

d
Ĥ
B

.

L
e
m

m
a

3
F

o
r
A
,B
⊂
X

su
ch

th
a
t
A
∩
B

=
∅

a
n

d
A
∪
B
⊂
X

,
le

t
H
A

a
n

d
H
B

be
R

K
H

S
s

o
f

th
e

ke
rn

el
s
k
A

a
n

d
k
B

o
ve

r
A

a
n

d
B

,
re

sp
ec

ti
ve

ly
.

F
u

rt
h
er

m
o
re

,
le

t
Ĥ
A

a
n

d
Ĥ
B

be
th

e
R

K
H

S
s

o
f

a
ll

fu
n

ct
io

n
s

o
f
H
A

a
n

d
H
B

ex
te

n
d
ed

to
X

in
th

e
se

n
se

o
f

L
em

m
a

2
a
n

d
le

t
k̂
A

a
n

d
k̂
B

gi
ve

n
by

(1
0)

be
th

e
a
ss

oc
ia

te
d

re
p
ro

d
u

ci
n

g
ke

rn
el

s.
T

h
en

,
Ĥ
A
∩
Ĥ
B

=
{0
}

a
n

d
h
en

ce
th

e
d
ir

ec
t

su
m

H
:=

Ĥ
A
⊕
Ĥ
B

(1
1
)

ex
is

ts
.

F
o
r
λ
A
,λ

B
>

0
a
n

d
f
∈
H

,
le

t
f̂ A
∈
Ĥ
A

a
n

d
f̂ B
∈
Ĥ
B

be
th

e
u

n
iq

u
e

fu
n

ct
io

n
s

su
ch

th
a
t
f

=
f̂ A

+
f̂ B

.
T

h
en

,
w

e
d
efi

n
e

th
e

n
o
rm
‖·
‖ H

by

‖f
‖2 H

:=
λ
A
‖f̂
A
‖2 Ĥ

A
+
λ
B
‖f̂
B
‖2 Ĥ

B
(1

2
)

a
n

d
H

eq
u

ip
pe

d
w

it
h

th
e

n
o
rm
‖·
‖ H

is
a
ga

in
a
n

R
K

H
S

fo
r

w
h
ic

h

k
(x
,x
′ )

:=
λ
−

1
A
k̂
A

(x
,x
′ )

+
λ
−

1
B
k̂
B

(x
,x
′ )
,

x
,x
′ ∈

X
,

is
th

e
re

p
ro

d
u

ci
n

g
ke

rn
el

.

T
o

re
la

te
L

em
m

as
2

a
n

d
3

w
it

h
(3

),
w

e
h
av

e
to

in
tr

o
d

u
ce

so
m

e
m

o
re

n
ot

a
ti

on
s.

F
o
r

p
a
ir

w
is

e
d

is
jo

in
t

se
ts
A

1
,.
..
,A

m
⊂
X

,
le

t
H
j

b
e

a
n

R
K

H
S

on
A
j

fo
r

ev
er

y
j
∈
{1
,.
..
,m
}.

T
h

en
,

b
as

ed
on

R
K

H
S

s
Ĥ

1
,.
..
,Ĥ

m
on

X
d

efi
n

ed
b
y

L
em

m
a

2
,

a
jo

in
ed

R
K

H
S

ca
n

b
e

d
es

ig
n

ed
a
n
al

og
o
u

sl
y

to
L

em
m

a
3
.

T
h

a
t

is
,

fo
r

a
n

ar
b

it
ra

ry
in

d
ex

se
t
J
⊂
{1
,.
..
,m
}

a
n

d
a

v
ec

to
r
λ

=
(λ
j
) j
∈J
∈

(0
,∞

)|
J
| ,

th
e

d
ir

ec
t

su
m

H
J

:=
⊕ j∈
J

Ĥ
j

=

  
f

=
∑ j∈
J

f j
:
f j
∈
Ĥ
j

fo
r

a
ll
j
∈
J

  
(1

3
)

is
ag

a
in

an
R

K
H

S
eq

u
ip

p
ed

w
it

h
th

e
n

o
rm

‖f
‖2 H

J
=
∑ j∈
J

λ
j
‖f
j
‖2 Ĥ

j
.

(1
4
)

If
J

=
{1
,.
..
,m
},

w
e

si
m

p
ly

w
ri

te
H

:=
H
J
.

N
o
te

th
a
t
H

co
n
ta

in
s

in
te

r
a
li

a
f D

,λ
g
iv

en
b
y

(3
).

L
et

u
s

b
ri

efl
y

in
ve

st
ig

a
te

th
e

re
g
u

la
ri

ze
d

em
p

ir
ic

a
l

ri
sk

of
f D

,λ
=
∑

m j=
1
1
A
j
f D

j
,λ
j
,

w
h

er
e

f D
j
,λ
j
,
j

=
1,
..
.,
m

,
ar

e
d

efi
n

ed
b
y

(2
).

F
o
r

a
n

a
rb

it
ra

ry
f
∈
H

,
w

e
h

av
e

‖f
D
,λ
‖2 H

+
R
L
,D

(
Û f D
,λ

)
=

m ∑ j=
1

( λ
j

∥ ∥ f
D
j
,λ
j

∥ ∥2 Ĥ
j

+
R
L
j
,D

(
Û f D
,λ

))

≤
m ∑ j=

1

( λ
j

∥ ∥ 1
A
j
f
∥ ∥2 Ĥ

j
+
R
L
j
,D

(f
))
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O
p
t
im

a
l

L
e
a
r
n
in

g
R

a
t
e
s

f
o
r

L
o
c
a
l
iz

e
d

S
V

M
s

=
‖f‖

2H
+
R
L
,D

(f
)
,

(1
5
)

w
h

ere
w

e
u

sed
R
L
,D

(f
)

=
∑

mj=
1 R

L
j ,D

(f
),

w
h

ich
im

m
ed

ia
tely

fo
llow

s
b
y

L
em

m
a

9
g
iven

in
th

e
ap

p
en

d
ix

.
T

h
at

is,
f

D
,λ

is
th

e
d

ecisio
n

fu
n

ctio
n

o
f

a
n

S
V

M
u

sin
g
H

a
n

d
L

a
s

w
ell

as
th

e
reg

u
la

riza
tion

p
a
ra

m
eter

λ̃
=

1
.

In
o
th

er
w

o
rd

s,
th

e
latter

S
V

M
eq

u
als

th
e

V
P

-S
V

M
g
iven

b
y

(3).
T

h
is

w
ill

b
e

a
k
ey

in
sig

h
t

u
sed

in
o
u

r
a
n

a
ly

sis.

S
u

b
seq

u
en

tly,
w

e
o
n

ly
co

n
sid

er
R

K
H

S
s

o
f

G
a
u

ssian
R

B
F

kern
els.

F
or

th
is

p
u

rp
ose,

w
e

su
m

m
arize

som
e

assu
m

p
tio

n
s

for
th

e
G

au
ssia

n
ca

se
o
f

join
ed

R
K

H
S
s

in
th

e
fo

llow
in

g
a
ssu

m
p

tio
n

set.

(G
)

F
o
r

p
a
irw

ise
d

isjoin
t

su
b

sets
A

1 ,...,A
m

o
f
X

,
let

H
j

:=
H
γ
j (A

j ),
j∈
{1,...,m

},
b

e
th

e
R

K
H

S
o
f

th
e

G
a
u

ssia
n

kern
el
k
γ
j

w
ith

w
id

th
γ
j ∈

(0,r]
over

A
j .

C
o
n

seq
u

en
tly,

fo
r
λ

:=
(λ

1 ,...,λ
m

)∈
(0,∞

)
m

,
w

e
d

efi
n

e
th

e
join

ed
R

K
H

S
H

:=
⊕

mj=
1
Ĥ
γ
j (A

j )
a
n

d
eq

u
ip

it
w

ith
th

e
n

o
rm

(14
).

In
th

e
fo

llow
in

g
w

e
d

o
n

o
t

co
n

sid
er

S
V

M
s

w
ith

a
fi

x
ed

kern
el,

th
u

s,
w

e
u
se

a
m

o
re

d
eta

iled
n

o
ta

tion
th

a
n

(2
)

a
n

d
(3)

sp
ecify

in
g

th
e

kern
el

w
id

th
γ
j

o
f

th
e

R
K

H
S
H
γ
j (A

j )
a
t

h
a
n

d
.

N
am

ely,
for

all
j∈
{1,...,m

}
a
n

d
γ

:=
(γ

1 ,...,γ
m

),
w

e
w

rite

f
D
j ,λ

j ,γ
j

=
arg

m
in

f∈
Ĥ
γ
j
(A
j ) λ

j ‖
f‖

2Ĥ
γ
j
(A
j )

+
1n

n
∑i=

1

L
j (x

i ,y
i ,f

(x
i ))
,

a
n

d

f
D
,λ
,γ

:=
m
∑j=

1

f
D
j ,λ

j ,γ
j

in
stea

d
o
f
f

D
j ,λ

j
a
n

d
f

D
,λ

in
th

e
rem

a
in

d
er

o
f

th
is

w
ork

.

4
.
L
e
a
rn

in
g
R
a
te
s
fo
r
L
e
a
st

S
q
u
a
re
s
V
P
-S

V
M

s

In
th

is
section

,
th

e
n

on
-p

aram
etric

lea
st

sq
u

a
res

regression
p

ro
b
lem

is
co

n
sid

ered
u

sin
g

th
e

lea
st

sq
u

ares
lo

ss
L

:
Y
×

R
→

[0,∞
)

d
efi

n
ed

b
y
L

(y
,t)

:=
(y−

t)
2.

It
is

w
ell

k
n

ow
n

th
a
t,

in
th

is
ca

se,
th

e
B

ayes
d

ecisio
n

fu
n

ction
f
∗L
,P

:R
d
→

R
is

g
iven

b
y
f
∗L
,P

(x
)

=
E

P
(Y
|x

)
fo

r

P
X

-alm
o
st

all
x
∈

R
d.

M
o
reover,

th
is

fu
n

ctio
n

is
u

n
iq

u
e

u
p

to
zero

-sets.
B

esid
es,

fo
r

th
e

least
sq

u
a
res

loss
th

e
eq

u
ality

R
L
,P

(f
)−
R
∗L
,P

=
∥∥
f
−
f
∗L
,P ∥∥

2L
2
(P
X

)

ca
n

b
e

sh
ow

n
b
y

so
m

e
sim

p
le,

w
ell-k

n
ow

n
tra

n
sform

a
tio

n
s.

In
th

e
fi

rst
p

a
rt

o
f

S
u

b
sectio

n
4
.1

w
e

in
tro

d
u

ce
so

m
e

to
o
ls

to
d

escrib
e

sm
o
o
th

n
ess

p
ro

p
erties

of
f
∗L
,P

,
w

h
ich

are
th

en
u

sed
in

th
e

ora
cle

in
eq

u
a
lities

an
d

learn
in

g
ra

tes
of

th
e

seco
n

d
p

art.
In

S
u

b
sectio

n
4
.2

w
e

th
en

in
vestiga

te
a

sim
p

le
p

a
ram

eter
selectio

n
stra

teg
y

fo
r

w
h

ich
w

e
w

ill
sh

ow
th

at
it

is
ad

a
p

tive.
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M
e
ist

e
r

a
n
d

S
t
e
in

w
a
r
t

4
.1

B
a
sic

O
ra

c
le

In
e
q
u

a
litie

s
fo

r
L

S
-V

P
-S

V
M

s

T
o

form
u

late
o
racle

in
eq

u
alities

an
d

d
erive

rates
for

V
P

-S
V

M
s

u
sin

g
th

e
least

sq
u

ares
loss,

th
e

targ
et

fu
n

ction
f
∗L
,P

is
assu

m
ed

to
satisfy

certain
sm

o
oth

n
ess

con
d

ition
s.

T
o

th
is

en
d

,
w

e
in

itia
lly

reca
ll

th
e

m
o
d

u
lu

s
of

sm
o
oth

n
ess,

a
d

ev
ice

to
m

easu
re

th
e

sm
o
oth

n
ess

of
fu

n
ction

s,
see

e.g
.,

D
eV

ore
an

d
L

oren
tz,

1993,
p

.
4
4;

D
eV

ore
an

d
P

op
ov

,
198

8,
p

.
39

8;
as

w
ell

as
B

eren
s

an
d

D
eV

o
re,

19
78,

p
.

360.
D

en
ote

b
y
‖·‖

2
th

e
E

u
clid

ean
n

orm
an

d
let

Ω
⊂

R
d

b
e

a
su

b
set

w
ith

n
on

-em
p

ty
in

terior,
ν

b
e

an
arb

itrary
m

easu
re

on
Ω

,
p
∈

(0,∞
],

a
n

d
f

:
Ω
→

R
b

e
con

tain
ed

in
L
p

(ν
).

T
h

en
,

for
s∈

N
,

th
e
s-th

m
o
d

u
lu

s
of

sm
o
oth

n
ess

of
f

is
d

efi
n

ed
b
y

ω
s,L

p
(ν

)
(f
,t)

=
su

p
‖
h‖

2 ≤
t ‖4

sh
(f
,·)‖

L
p
(ν

)
,

t≥
0
,

w
h

ere
4
sh

(f
,·)

d
en

otes
th

e
s-th

d
iff

eren
ce

of
f

given
b
y

4
sh

(f
,x

)
=

{
∑

sj=
0 (

sj )
(−

1)
s−
j
f

(x
+
jh

)
if
x
∈

Ω
s,h

0
if
x
/∈

Ω
s,h

for
h

=
(h

1 ,...,h
d )
∈

R
d

an
d

Ω
s,h

:=
{x
∈

Ω
:
x

+
th
∈

Ω
f.a.

t∈
[0,s]}

.
B

ased
on

th
e

m
o
d

u
lu

s
of

sm
o
oth

n
ess,

w
e

in
tro

d
u

ce
B

esov
-like

sp
aces,

i.e.,
fu

n
ctio

n
sp

aces
th

at
p

rov
id

e
a

fi
n

er
scale

of
sm

o
oth

n
ess

th
an

th
e

com
m

on
ly

u
sed

S
ob

olev
sp

aces
an

d
th

at
w

ill
th

u
s

b
e

a
ssu

m
ed

to
con

tain
th

e
target

fu
n

ction
later

on
.

T
o

th
is

en
d

,
let

α
>

0,
s

:=
bαc

+
1,

a
n

d
ν

b
e

a
n

arb
itrary

m
easu

re.
T

h
en

,
th

e
B

esov
-like

sp
ace

B
α2
,∞

(ν
)

is
d

efi
n

ed
b
y

B
α2
,∞

(ν
)

:=
{
f
∈
L

2
(ν

)
:|f|B

α2
,∞

(ν
)
<
∞
}
,

w
h

ere
th

e
sem

i-n
orm

|·|B
α2
,∞

(ν
)

is
giv

en
b
y

|f|B
α2
,∞

(ν
)

:=
su

p
t>

0 (t −
α
ω
s,L

2
(ν

)
(f
,t) )

an
d

th
e

n
orm

b
y
‖
f‖

B
α2
,∞

(ν
)

:=
‖
f‖

L
2
(ν

)
+
|f|B

α2
,∞

(ν
) .

H
ere,

n
ote

th
at

w
e

d
efi

n
ed

B
esov

-

like
sp

aces
for

a
rb

itrary
m

easu
res

ν
on

Ω
⊂

R
d

w
h

ereas
in

th
e

literatu
re

B
esov

sp
aces

are
u

su
ally

d
efi

n
ed

for
th

e
L

eb
esgu

e
m

easu
re.

N
everth

eless,
ou

r
d

efi
n

ition
of

B
esov

-like
sp

aces
is

w
ell-d

efi
n

ed
.

M
oreov

er,
for

th
e

p
ro

ofs
it

is
im

p
ortan

t
to

n
o
tice

th
a
t,

if
Ω

=
R
d

an
d
ν

is
a

d
istrib

u
tio

n
o
n

Ω
w

ith
su

p
p
ν
(

Ω
,

th
en

Ω
s,h

still
eq

u
als

R
d,

i.e.,
Ω
s,h

=
Ω

.
A

lso
n

o
te

th
at

fo
r

th
e

L
eb

esgu
e

m
easu

re
on

Ω
,
w

h
ere

Ω
=

R
d

or
Ω

is
a

b
ou

n
d

ed
L

ip
sch

itz
d

om
ain

in
R
d,

ou
r

d
efi

n
itio

n
o
f

B
esov

-lik
e

sp
aces

actu
ally

coin
cid

es,
u

p
to

eq
u

iva
len

t
n

orm
s,

to
th

e
d
efi

n
ition

of
th

e
classica

l
B

esov
sp

aces
in

th
e

literatu
re,

see
e.g.,

(A
d

am
s

an
d

F
o
u

rn
ier,

2003,
S

ection
7),

(T
rieb

el,
200

6,
S

ection
1),

(T
rieb

el,
1992,

S
ection

1),
an

d
(T

rieb
el,

2
010,

S
ection

s
2

an
d

3),
w

h
ere

th
is

classical
ty

p
e

of
B

esov
sp

aces
is

also
d

efi
n

ed
for

1
≤
p
,q
≤
∞

an
d
α
>

0.
F

or
m

o
re

d
eta

ils
on

th
e

eq
u

ivalen
ces

of
ou

r
d

efi
n
ition

of
B

esov
-like

sp
aces

an
d

th
e

classical
d

efi
n

itio
n

s,
w

e
refer

to
(E

b
erts,

2015,
S

ection
3.1).

If
ν

is
th

e
L

eb
esgu

e
m

easu
re

on
Ω

,
w

e
w

rite
B
α2
,∞

(Ω
)

:=
B
α2
,∞

(ν
).

A
d

d
ition

ally,
let

u
s

b
riefl

y
con

sid
er

a
few

em
b

ed
d

in
g

p
rop

erties
fo

r
B

esov
-like

sp
a
ces

B
α2
,∞

(ν
)

w
h

ere
th

e
corresp

on
d

in
g

p
ro

ofs
can

b
e

fou
n

d
in

(E
b

erts,
20

15,

S
ection

3
.1).

T
o

th
is

en
d

,
let

ν
b

e
a

fi
n

ite
m

easu
re

on
R
d

su
ch

th
at

su
p

p
ν

=
:

Ω
⊂

R
d

h
as

n
on

-em
p

ty
in

terior
an

d
ν

h
as

a
L

eb
esgu

e
d

en
sity

g
on

Ω
.

If
g

is
b

ou
n

d
ed

aw
ay

from
0

1
2
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O
p
t
im

a
l

L
e
a
r
n
in

g
R

a
t
e
s

f
o
r

L
o
c
a
l
iz

e
d

S
V

M
s

on
Ω

,
th

en
B
α 2
,∞

(ν
)
⊂
B
α 2
,∞

(Ω
)

fo
r
α
>

0.
A

lt
er

n
at

iv
el

y,
fo

r
g
∈
L
∞

(Ω
)

a
n

d
α
>

0,

w
e

h
av

e
B
α 2
,∞

(R
d
)
⊂
B
α 2
,∞

(ν
)

an
d
( B

α 2
,∞

(Ω
+
δ
)
∩
L
∞

(R
d
))
⊂
B
α 2
,∞

(ν
),

w
h

er
e
δ
>

0
a
n

d

Ω
+
δ

:=
{x
∈
R
d

:
∃x
′
∈

Ω
su

ch
th

at
‖x
−
x
′ ‖ 2
≤
δ}

.
F

or
th

e
sa

k
e

of
co

m
p

le
te

n
es

s,
re

ca
ll

fr
om

,
e.

g.
,

(A
d

am
s

an
d

F
ou

rn
ie

r,
20

03
,

S
ec

ti
on

3)
an

d
(T

ri
eb

el
,

20
10

,
S

ec
ti

o
n

s
2

a
n

d
3
)

th
e

sc
al

e
of

S
ob

ol
ev

sp
ac

es
W

α 2
(ν

)
d

efi
n

ed
b
y

W
α 2

(ν
)

:=
{ f
∈
L
p

(ν
)

:
∂

(β
) f
∈
L

2
(ν

)
ex

is
ts

fo
r

al
l
β
∈
N
d 0

w
it

h
|β
|≤

α
}
,

w
h

er
e
α
∈
N

0
,
ν

is
an

ar
b

it
ra

ry
m

ea
su

re
,

an
d
∂

(β
)

is
th

e
β

-t
h

w
ea

k
d

er
iv

a
ti

ve
fo

r
a

m
u

lt
i-

in
d

ex
β

=
(β

1
,.
..
,β
d
)
∈
N
d 0

w
it

h
|β
|=

∑
d i=

1
β
i.

T
h

at
is

,
W

α 2
(ν

)
is

th
e

sp
a
ce

of
a
ll

fu
n

ct
io

n
s

in
L

2
(ν

)
w

h
os

e
w

ea
k

d
er

iv
at

iv
es

u
p

to
or

d
er
α

ex
is

t
an

d
ar

e
co

n
ta

in
ed

in
L

2
(ν

).
M

o
re

ov
er

,
th

e
S

ob
ol

ev
sp

ac
e

is
eq

u
ip

p
ed

w
it

h
th

e
S

ob
ol

ev
n

or
m

‖f
‖p W

α 2
(ν

)
:=

∑ |β
|≤
α

∥ ∥ ∥∂
(β

) f
∥ ∥ ∥2 L

2
(ν

)
,

(c
f.

A
d

am
s

an
d

F
ou

rn
ie

r,
20

03
,

p
.

60
).

W
e

w
ri

te
W

0 2
(ν

)
=
L

2
(ν

)
an

d
,

fo
r

th
e

L
eb

es
g
u

e
m

ea
su

re
µ

on
Ω
⊂

R
d
,

w
e

d
efi

n
e
W

α 2
(Ω

)
:=

W
α 2

(µ
).

It
is

w
el

l-
k
n

ow
n

,
se

e
e.

g
.,

(E
d

m
u

n
d

s
an

d
T

ri
eb

el
,

19
96

,
p

.
25

an
d

p
.

44
),

th
at

th
e

S
ob

ol
ev

sp
ac

es
W

α 2
(R

d
)

fa
ll

in
to

th
e

sc
al

e
of

B
es

ov
sp

ac
es

,
e.

g.
,
W

α 2
(R

d
)
⊂
B
α 2
,∞

(R
d
)

fo
r
α
∈

N
.

F
u

rt
h

er
m

or
e,

n
o
te

th
a
t

fu
n

ct
io

n
s

f
:

Ω
→

R
d

ca
n

b
e

ex
te

n
d

ed
to

fu
n

ct
io

n
s
f̂

:
R
d
→

R
su

ch
th

at
f̂

in
h

er
it

s
th

e
sm

o
o
th

n
es

s
p

ro
p

er
ti

es
of
f

,
w

h
en

ev
er

Ω
⊂

R
d

is
a

b
ou

n
d

ed
L

ip
sc

h
it

z
d

om
ai

n
.

M
or

e
p

re
ci

se
ly

,
in

th
is

ca
se

S
te

in
’s

E
x
te

n
si

on
T

h
eo

re
m

(c
f.

S
te

in
,

19
70

,
p

.
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1)
gu

ar
an

te
es

th
e

ex
is

te
n

ce
o
f

a
li

n
ea

r
ex

te
n

si
on

op
er

at
or

E
m

ap
p

in
g

fu
n

ct
io

n
s
f

:
Ω
→

R
to

fu
n

ct
io

n
s
E
f

:
R
d
→

R
su

ch
th

at
E
f |

Ω
=
f

an
d

su
ch

th
at

E
co

n
ti

n
u

ou
sl

y
m

ap
s
W

m 2
(Ω

)
in

to
W

m 2
(R

d
)

fo
r

a
ll

in
te

g
er

s
m
≥

0

an
d
B
α 2
,∞

(Ω
)

in
to
B
α 2
,∞

(R
d
)

fo
r

al
l
α
≥

0
si

m
u

lt
an

eo
u

sl
y.

F
or

m
or

e
d

et
ai

ls
,

w
e

re
fe

r
to

S
te

in
(1

97
0,

p
.

18
1)

,
T

ri
eb

el
(2

00
6,

S
ec

ti
on

1.
11

.5
),

an
d

A
d

am
s

an
d

F
ou

rn
ie

r
(2

0
0
3,

C
h

a
p
te

r
5)

.
In

th
is

ca
se

,
E

b
er

ts
(2

01
5,

C
or

ol
la

ry
3.

4)
sh

ow
s,

fo
r

a
fi

n
it

e
m

ea
su

re
ν

o
n
R
d

su
ch

th
a
t

su
p

p
ν

=
:

Ω̃
⊃

Ω
an

d
su

ch
th

at
ν

h
as

a
L

eb
es

gu
e

d
en

si
ty
g

on
Ω̃

w
it

h
g
∈
L
∞

(Ω̃
),

th
a
t

f
∈
B
α 2
,∞

(Ω
)

im
p

li
es

E
f
∈
B
α 2
,∞

(ν
).

B
as

ed
on

th
e

le
as

t
sq

u
ar

es
lo

ss
an

d
R

K
H

S
s

u
si

n
g

G
au

ss
ia

n
ke

rn
el

s
ov

er
th

e
p

a
rt

it
io

n
se

ts
A
j
,

th
e

su
b

se
q
u

en
t

th
eo

re
m

p
re

se
n
ts

an
or

a
cl

e
in

eq
u

al
it

y
fo

r
V

P
-S

V
M

s.

T
h

e
o
re

m
4

L
et
Y

:=
[−
M
,M

]
fo

r
M

>
0,
L

:
Y
×

R
→

[0
,∞

)
be

th
e

le
a
st

sq
u

a
re

s
lo

ss
,

a
n

d
P

be
a

d
is

tr
ib

u
ti

o
n

o
n
R
d
×
Y

.
W

e
d
en

o
te

th
e

m
a
rg

in
a
l

d
is

tr
ib

u
ti

o
n

o
f
P

o
n

to
R
d

by
P
X

,
w

ri
te
X

:=
su

p
p

P
X

,
a
n

d
a
ss

u
m

e
P
X

(∂
X

)
=

0.
F

u
rt

h
er

m
o
re

,
le

t
(A

)
a
n

d
(G

)
be

sa
ti

sfi
ed

.
In

a
d
d
it

io
n

,
fo

r
a
n

a
rb

it
ra

ry
su

bs
et
T
⊂
X

,
w

e
a
ss

u
m

e
(T

)
.

M
o
re

o
ve

r,
le

t
f
∗ L,

P
:
R
d
→

R
be

a
B

a
ye

s
d
ec

is
io

n
fu

n
ct

io
n

su
ch

th
a
t
f
∗ L,

P
∈
L

2
(R

d
)
∩
L
∞

(R
d
)

a
s

w
el

l
a
s
f
∗ L,

P
∈
B
α 2
,∞

(P
X
|A
T

)
fo

r
so

m
e
α
≥

1.
T

h
en

,
fo

r
a
ll
p
∈

(0
,1

),
n
≥

1
,
τ
≥

1
,
γ

=
(γ

1
,.
..
,γ
m

)
∈

(0
,r

]m
,

a
n

d
λ

=
(λ

1
,.
..
,λ

m
)
>

0
,

th
e

V
P

-S
V

M
gi

ve
n

by
(3

)
u

si
n

g
Ĥ
γ
1
(A

1
),
..
.,
Ĥ
γ
m

(A
m

),
a
n

d
th

e
lo

ss
L
J
T

sa
ti

sfi
es

m ∑ j=
1

λ
j
‖f

D
j
,λ
j
,γ
j
‖2 Ĥ

γ
j
(A
j
)

+
R
L
J
T
,P

(
Û f D
,λ
,γ

)
−
R
∗ L J

T
,P
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M
e
is

t
e
r

a
n
d

S
t
e
in

w
a
r
t

≤
C
M
,α
,p

 
∑ j∈
J
T

λ
j
γ
−
d

j
+

(
m

a
x
j∈
J
T
γ
j

m
in
j∈
J
T
γ
j

) d
m

a
x

j∈
J
T

γ
2
α
j

+
r2
p

 
m ∑ j=

1

λ
−

1
j
γ
−
d
+
2
p

p

j
P
X

(A
j
) 

p

n
−

1 +
τ
n
−

1 

w
it

h
p
ro

ba
bi

li
ty

P
n

n
o
t

le
ss

th
a
n

1
−
e−

τ
,

w
h
er

e
C
M
,α
,p
>

0
is

a
co

n
st

a
n

t
o
n

ly
d
ep

en
d
in

g
o
n

M
,
α

,
p
,
d

,
‖f
∗ L,

P
‖ L

2
(R
d
),
‖f
∗ L,

P
‖ L
∞

(R
d
),

a
n

d
‖f
∗ L,

P
‖ B

α 2
,∞

(P
X
|A
T

).

W
e

li
k
e

to
em

p
h

a
si

ze
th

at
in

th
e

th
eo

re
m

a
b

ov
e
X

:=
su

p
p

P
X

o
n

ly
se

rv
es

as
a

n
o
ta

-
ti

o
n

.
In

d
ee

d
,

th
e

p
ar

ti
ti

o
n

(A
′ j)
j=

1
,.
..
,m̃

o
f

(A
)

ca
n

b
e

fo
u

n
d

w
it

h
o
u

t
k
n

ow
in

g
su

p
p

P
X

,
a
n

d
w

h
et

h
er

w
e

a
ct

u
al

ly
re

m
ov

e
th

e
ce

ll
s

th
a
t

d
o

n
o
t

in
te

rs
ec

t
th

e
in

te
ri

o
r

of
su

p
p

P
X

is
ir

re
le

-
va

n
t

si
n

ce
th

es
e

ce
ll

s
w

il
l

n
ei

th
er

co
n
ta

in
sa

m
p

le
s

n
or

w
il

l
th

ey
co

n
tr

ib
u

te
to

th
e

ov
er

a
ll

ri
sk

of
ou

r
d

ec
is

io
n

fu
n

ct
io

n
Û f D
,λ
,γ

a
s

w
e

a
ss

u
m

ed
P
X

(∂
X

)
=

0
.

D
es

p
it

e
fr

o
m

th
is

,
th

e
p

ro
of

s
an

y
w

ay
d

o
n

o
t

re
q
u

ir
e

th
at
X

ex
a
ct

ly
co

rr
es

p
on

d
s

to
th

e
su

p
p

o
rt

o
f

th
e

d
is

tr
ib

u
ti

o
n

P
X

.
In

st
ea

d
w

e
ca

n
as

w
el

l
as

su
m

e
su

p
p

P
X
⊂
X
⊂
B
`d 2

.
M

o
re

ov
er

,
n

o
te

fo
r

th
e

p
ro

o
fs

th
a
t

th
e

co
n

si
d

er
ed

B
es

ov
-l

ik
e

sp
a
ce
B
α 2
,∞

(P
X
|A
T

)
is

d
efi

n
ed

w
.r

.t
.

Ω
=

R
d
.

T
h

eo
re

m
4

on
ly

fo
cu

se
s

o
n

th
e

le
a
st

sq
u

a
re

s
lo

ss
,

h
ow

ev
er

,
a

si
m

il
a
r

ve
rs

io
n

ca
n

b
e

sh
ow

n
u

n
d

er
m

o
re

ge
n

er
al

as
su

m
p

ti
o
n

s
fo

r
ge

n
er

ic
lo

ss
es

a
n

d
R

K
H

S
s,

w
h

er
e

w
e

re
fe

r
th

e
in

te
re

st
ed

re
ad

er
to

(E
b

er
ts

,
2
0
15

,
T

h
eo

re
m

4
.4

).
M

o
re

ov
er

,
co

n
si

d
er

in
g

a
tr

iv
ia

l
p

ar
ti

ti
on

co
n

si
st

in
g

o
f

o
n

ly
o
n

e
se

t
A

1
th

e
o
ra

cl
e

in
eq

u
a
li

ti
es

fo
r

V
P

-S
V

M
s

a
re

co
m

p
a
ra

b
le

to
th

e
a
lr

ea
d

y
k
n

ow
n

on
es

,
se

e
(E

b
er

ts
,

20
1
5,

p
.

8
1
)

fo
r

m
o
re

d
et

a
il

s.
U

si
n

g
th

e
o
ra

cl
e

in
eq

u
a
li

ty
o
f

T
h

eo
re

m
4
,

w
e

d
er

iv
e

le
a
rn

in
g

ra
te

s
w

.r
.t

.
th

e
lo

ss
L
J
T

fo
r

th
e

le
ar

n
in

g
m

et
h

o
d

d
es

cr
ib

ed
b
y

(2
)

a
n

d
(3

)
in

th
e

fo
ll

ow
in

g
th

eo
re

m
.

T
h

e
o
re

m
5

L
et
τ
≥

1
be

fi
xe

d
a
n

d
β
≥

2
α d

+
1.

U
n

d
er

th
e

a
ss

u
m

p
ti

o
n

s
o
f

T
h
eo

re
m

4
a
n

d
w

it
h

r n
=
c 1
n
−

1 β
d
,

(1
6)

λ
n
,j

=
c 2
rd
n
−

1
,

(1
7
)

γ
n
,j

=
c 3
n
−

1
2
α
+
d
,

(1
8)

fo
r

ev
er

y
j
∈
{1
,.
..
,m

n
},

w
e

h
a
ve

,
fo

r
a
ll
n
≥

1
a
n

d
ξ
>

0
,

R
L
J
T
,P

(
Û f D
,λ
n
,γ
n
)
−
R
∗ L J

T
,P
≤
C
( n
−

2
α

2
α
+
d

+
ξ

+
τ
n
−

1
)

w
it

h
p
ro

ba
bi

li
ty

P
n

n
o
t

le
ss

th
a
n

1
−
e−

τ
,

w
h
er

e
λ
n

:=
(λ
n
,1
,.
..
,λ

n
,m

n
)

a
s

w
el

l
a
s
γ
n

:=
(γ
n
,1
,.
..
,γ
n
,m

n
)

a
n

d
C
,c

1
,c

2
,c

3
a
re

po
si

ti
ve

co
n

st
a
n

ts
w

it
h
c 3
≤
c 1

.

In
th

e
la

tt
er

th
eo

re
m

th
e

co
n

d
it

io
n
β
≥

2
α d

+
1

is
re

q
u

ir
ed

to
en

su
re
γ
n
,j
≤
r n

,
j

=
1
,.
..
,m

n
,

w
h

ic
h

in
tu

rn
is

a
p

re
re

q
u

is
it

e
a
ri

si
n

g
fr

o
m

T
h

eo
re

m
1
2

a
n

d
th

e
u
se

d
en

tr
o
p
y

es
ti

m
at

e.
L

et
u
s

b
ri

efl
y

ex
am

in
e

th
e

ex
tr

em
e

ca
se
β

=
2
α d

+
1
.

U
si

n
g
r n
≈
n
−

1 β
d

an
d

(5
)

le
a
d

s

to
co

ve
ri

n
g

n
u

m
b

er
s

of
th

e
fo

rm
m
n
≈
n

d
2
α
+
d

a
n

d
co

m
p

u
ta

ti
o
n

a
l

co
st

s
o
f
O
( m

n

(
n m
n

) q
)

=

O
( n

2
α
q
+
d

2
α
+
d
)

w
h

ic
h

is
a
ct

u
a
ll

y
le

ss
th

a
n

th
e

co
m

p
u

ta
ti

o
n

a
l

co
st

o
f

or
d

er
n
q
,
q
∈

[2
,3

],
o
f

a
n

u
su

al
S

V
M

.
N

ot
e

th
a
t

fo
r

in
cr

ea
si

n
g
β

th
e

co
m

p
u

ta
ti

on
al

co
st

s
of

a
n

V
P

-S
V

M
ar

e

in
cr

ea
si

n
g

a
s

w
el

l.
H

ow
ev

er
,

fo
r
β
>

2
α d

+
1
,
r n
≈
n
−

1 β
d
,

an
d
m
n
≈
n

1 β
,

a
V

P
-S

V
M

h
a
s

co
st

s
of
O
( n

1
+
(β
−
1
)q

β
)

w
h

ic
h

st
il

l
is

le
ss

th
a
t
O

(n
q
).
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O
p
t
im

a
l

L
e
a
r
n
in

g
R

a
t
e
s

f
o
r

L
o
c
a
l
iz

e
d

S
V

M
s

L
et

u
s

fi
n

a
lly

ta
ke

a
closer

lo
o
k

a
t

th
e

V
P

-S
V

M
g
iv

en
b
y

(3
)

a
n

d
th

e
con

sid
era

tio
n

s
related

to
(1

5),
w

h
ere

f
D
,λ
∈
H

=
⊕

mj=
1
Ĥ
j

solves
th

e
m

in
im

iza
tio

n
p

ro
b

lem

f
D
,λ

=
a
rg

m
in

f
1 ∈
Ĥ

1
,...,f

m
∈
Ĥ
m

m
∑j=

1

λ
j ‖
f
j ‖

2Ĥ
j

+
R
L
,D (

m
∑j=

1

f
j )
.

C
h

o
o
sin

g
λ

1
=
...

=
λ
m

,
th

e
V

P
-S

V
M

p
ro

b
lem

can
b

e
u

n
d

ersto
o
d

a
s

p
a
rticu

la
r
`
2 -m

u
ltip

le
kern

el
lea

rn
in

g
(M

K
L

)
p

rob
lem

u
sin

g
th

e
R

K
H

S
s
Ĥ

1 ,...,Ĥ
m

.
L

ea
rn

in
g

ra
tes

fo
r

M
K

L
h

ave
b

een
trea

ted
,

for
ex

a
m

p
le,

in
(S

u
zu

k
i,

2
0
1
1)

a
n

d
(K

lo
ft

a
n

d
B

la
n

ch
a
rd

,
2
0
1
2
).

A
ssu

m
in

g

f
∗L
,P
∈
H

,
th

e
learn

in
g

ra
te

ach
ieved

in
(S

u
zu

k
i,

2
0
1
1
)

is
m
n
−

1
1
+
s

for
d

en
se

settin
g
s,

w
h

ere
s

is
th

e
so

-ca
lled

sp
ectra

l
d
ecay

co
effi

cien
t.

In
a
d

d
ition

,
K

loft
a
n

d
B

lan
ch

a
rd

(2
0
1
2
)

ob
ta

in
essen

tia
lly

th
e

sam
e

rates
u

n
d

er
th

ese
a
ssu

m
p

tio
n

s.
L

et
u

s
th

erefore
b

riefl
y

in
v
estig

a
te

th
e

a
b

ove
rate

o
f

(S
u

zu
k
i,

2
0
11

).
F

o
r

R
K

H
S

s
th

a
t

are
co

n
tin

u
ou

sly
em

b
ed

d
ed

in
a

S
o
b

o
lev

sp
ace

W
α2
(X

),
w

e
h

ave
s

=
d2
α

su
ch

th
a
t

th
e

lea
rn

in
g

ra
te

red
u

ces
to
m
n
−

2
α

2
α
+
d
.

N
o
te

th
at

th
is

learn
in

g
ra

te
is
m

tim
es

th
e

o
p

tim
a
l

lea
rn

in
g

ra
te
n
−

2
α

2
α
+
d
,

w
h

ere
th

e
n
u

m
b

er
m

=
m
n

of
k
ern

els
m

ay
in

crea
se

w
ith

th
e

sa
m

p
le

size
n

.
In

p
a
rticu

la
r,

if
m
n
→
∞

p
o
ly

n
om

ia
lly,

th
en

th
e

rates
ob

ta
in

ed
in

(S
u

zu
k
i,

2
0
1
1)

b
ecom

e
su

b
sta

n
tia

lly
w

o
rse

th
a
n

th
e

o
p

tim
a
l
ra

te.
In

co
n
trast,

d
u

e
to

th
e

sp
ecial

ch
o
ice

o
f

th
e

R
K

H
S

s,
th

is
is

n
o
t

th
e

ca
se

fo
r

ou
r

V
P

-S
V

M
p

rob
lem

,
p

rov
id

ed
th

at
m
n

d
o
es

n
o
t

g
row

fa
ster

th
an

n
1
/
β
.

N
o
te

th
at

th
e

oracle
in

eq
u

alities
a
n

d
learn

in
g

ra
tes

a
ch

ieved
in

T
h

eo
rem

s
4

an
d

5
req

u
ire

f
∗L
,P
∈
B
α2
,∞

(P
X
| ⋃

j∈
J
T
A
j ).

H
ow

ever,
fo

r
a
n

in
crea

sin
g

sam
p

le
size

n
,

th
e

sets
A
j

sh
rin

k
a
n

d

th
e

in
d

ex
set

J
T

,
in

d
ica

tin
g

every
set

A
j

su
ch

th
a
t
A
j ∩

T
6=
∅

a
n

d
T
⊂
⋃
j∈
J
T
A
j ,

in
crea

ses.
In

p
a
rticu

la
r,

th
is

a
lso

in
vo

lv
es

th
a
t

th
e

set ⋃
j∈
J
T
A
j

cov
erin

g
T

ch
a
n

g
es

in
ta

n
d

em
w

ith
n

.
S

in
ce

th
is

is
very

in
co

n
ven

ien
t

a
n

d
sin

ce
it

w
o
u

ld
b

e
d

esira
b

le
to

a
ssu

m
e

a
certa

in
level

o
f

sm
o
o
th

n
ess

of
th

e
ta

rg
et

fu
n

ctio
n

on
a

fi
x
ed

reg
ion

fo
r

a
ll
n
∈
N

,
w

e
co

n
sid

er
th

e
set

T
en

larged
b
y

a
n
δ-tu

b
e.

T
o

th
is

en
d
,

fo
r
δ
>

0
,

w
e

d
efi

n
e
T

+
δ

b
y

T
+
δ

:=
{
x
∈
X
∣∣∃
t∈

T
:‖x
−
t‖

2 ≤
δ }

,

w
h

ich
im

p
lies

T
⊂
T

+
δ⊂

X
,

cf.
F

igu
re

4
.

N
o
te

th
at,

fo
r

ev
ery

δ
>

0,
th

ere
ex

ists
a
n
n
δ ∈

N
su

ch
th

a
t,

fo
r

every
n
≥
n
δ ,

th
e

u
n

io
n

of
a
ll

p
a
rtitio

n
sets

A
j ,

h
av

in
g

a
t

least
on

e
co

m
m

o
n

p
o
in

t
w

ith
T

,
is

co
n
ta

in
ed

in
T

+
δ,

i.e.

∀
δ
>

0
∃
n
δ ∈

N
∀
n
≥
n
δ

:
⋃j∈
J
T

A
j ⊂

T
+
δ
,

(19)

w
h

ere
J
T

:=
{j∈

{1,...,m
n }

:
A
j ∩

T
6=
∅}.

C
o
llectively,

th
is

im
p

lies
T
⊂
⋃
j∈
J
T
A
j ⊂

T
+
δ

for
a
ll
n
≥
n
δ .

F
u

rth
erm

ore,
sin

ce
ev

ery
set

A
j

is
co

n
tain

ed
in

a
b

all
w

ith
ra

d
iu

s
r
n

=
cn
−

1βd

sa
tisfy

in
g

(5
),

th
e

low
est

sam
p

le
size

n
δ

in
(19

)
ca

n
b

e
d

eterm
in

ed
b
y

ch
o
o
sin

g
th

e
sm

allest
n
δ ∈

N
su

ch
th

a
t
δ≥

2r
n
δ ,

th
at

is

n
δ

=

⌈(
2
cδ

)
β
d ⌉

.

T
h

is
lea

d
s

to
th

e
fo

llow
in

g
co

ro
llary,

w
h

ich
p

resen
ts

a
n

o
racle

in
eq

u
a
lity

a
n

d
lea

rn
in

g
ra

tes
a
ssu

m
in

g
th

e
sm

o
o
th

n
ess

level
α

o
f

th
e

ta
rg

et
fu

n
ctio

n
o
n

a
fi

x
ed

reg
io

n
.
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M
e
ist

e
r

a
n
d

S
t
e
in

w
a
r
t

T

T
+
δ

X

F
igu

re
4:

A
n

in
p
u
t

sp
ace

X
w

ith
a

V
oro

n
o
i

p
a
rtition

as
w

ell
a
s

a
su

b
set

T
⊂
X

en
la

rged
b
y

an
δ-tu

b
e

to
T

+
δ.

C
o
ro

lla
ry

6
L

et
Y

:=
[−
M
,M

]
fo

r
M

>
0
,
L

:
Y
×

R
→

[0,∞
)

be
th

e
lea

st
squ

a
res

lo
ss,

a
n

d
P

be
a

d
istribu

tio
n

o
n

R
d×

Y
.

W
e

d
en

o
te

th
e

m
a
rgin

a
l

d
istribu

tio
n

o
f
P

o
n

to
R
d

by
P
X

,
w

rite
X

:=
su

p
p

P
X

,
a
n

d
a
ssu

m
e
P
X

(∂
X

)
=

0.
F

u
rth

erm
o
re,

let
(A

)
a
n

d
(G

)
be

sa
tisfi

ed
.

In
a
d
d
itio

n
,

fo
r

a
n

a
rbitra

ry
su

bset
T
⊂
X

,
w

e
a
ssu

m
e
(T

)
.

M
o
reo

ver,
let

f
∗L
,P

:R
d→

R
be

a
B

a
yes

d
ecisio

n
fu

n
ctio

n
w

ith
f
∗L
,P
∈
L

2 (R
d)∩

L
∞

(R
d)

a
s

w
ell

a
s

f
∗L
,P
∈
B
α2
,∞

(P
X
|T

+
δ )

fo
r
α
≥

1
a
n

d
so

m
e
δ
>

0.
T

h
en

,
fo

r
a
ll
p
∈

(0,1),
n
≥
n
δ ,
τ
≥

1,
γ

=
(γ

1 ,...,γ
m

)∈
(0,r] m

,
a
n

d
λ

=
(λ

1 ,...,λ
m

)
>

0
,

th
e

V
P

-S
V

M
given

by
(3)

u
sin

g
Ĥ
γ
1 (A

1 ),...,Ĥ
γ
m

(A
m

),
a
n

d
th

e
lo

ss
L
T

sa
tisfi

es

m
∑j=

1

λ
j ‖f

D
j ,λ

j ,γ
j ‖

2Ĥ
γ
j
(A
j )

+
R
L
T
,P

( ÛfD
,λ
,γ

)−
R
∗L
T
,P

≤
C
M
,α
,p 

∑j∈
J
T

λ
j γ
−
d

j
+

(
m

ax
j∈
J
T
γ
j

m
in
j∈
J
T
γ
j )

dm
ax

j∈
J
T

γ
2
α
j

+
r

2
p 

m
∑j=

1 λ
−

1
j
γ
−
d
+
2
p

p

j
P
X

(A
j ) 

pn
−

1+
τ
n
−

1 

w
ith

p
ro

ba
bility

P
n

n
o
t

less
th

a
n

1
−
e −

τ,
w

h
ere

C
M
,α
,p
>

0
is

th
e

sa
m

e
co

n
sta

n
t

a
s

in
T

h
eo

rem
4
.

A
d
d
itio

n
a
lly,

let
β
≥

2
αd

+
1

a
s

w
ell

a
s,

fo
r

every
j∈
{
1,...,m

n }
,
r
n

,
λ
n
,j ,

a
n

d
γ
n
,j

be
a
s

in
(1

6),
(17),

a
n

d
(18),

respectively,
w

h
ere

c
1 ,c

2 ,c
3

a
re

u
ser-specifi

ed
po

sitive
co

n
sta

n
ts

w
ith

c
3 ≤

c
1 .

T
h
en

,
fo

r
a
ll
n
≥
n
δ

=
⌈(

2
c
1
δ

)
β
d ⌉

a
n

d
ξ
>

0,
w

e
h
a
ve

R
L
T
,P

( ÛfD
,λ
n
,γ
n
)−
R
∗L
T
,P
≤
C
(
n
−

2
α

2
α
+
d

+
ξ

+
τ
n
−

1 )

w
ith

p
ro

ba
bility

P
n

n
o
t

less
th

a
n

1−
e −

τ,
w

h
ere

λ
n

:=
(λ
n
,1 ,...,λ

n
,m

n
),
γ
n

:=
(γ
n
,1 ,...,

γ
n
,m

n
),

a
n

d
C

is
a

po
sitive

co
n

sta
n

t.
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O
p
t
im

a
l

L
e
a
r
n
in

g
R

a
t
e
s

f
o
r

L
o
c
a
l
iz

e
d

S
V

M
s

N
ot

e
th

at
th

e
as

su
m

p
ti

on
f
∗ L,

P
∈
B
α 2
,∞

(P
X
|T

+
δ
)

m
ad

e
in

C
or

ol
la

ry
6

is
sa

ti
sfi

ed
if

,

fo
r

ex
am

p
le

,
P
X

h
as

a
b

ou
n

d
ed

L
eb

es
gu

e
d

en
si

ty
on

T
+
δ
,
f
∗ L,

P
∈
L
∞

(T
+
δ
),

a
n

d
ei

th
er

f
∗ L,

P
∈
B
α 2
,∞

(T
+

2
δ
)

fo
r
α
≥

1
or
f
∗ L,

P
∈
W

α 2
(T̃

)
⊂
B
α 2
,∞

(T
+

2
δ
)

fo
r
α
∈

N
an

d
a

b
ou

n
d

ed

L
ip

sc
h

it
z

d
om

ai
n
T̃
⊂

R
d

su
ch

th
at

T
+

2
δ
⊂
T̃

.
M

or
eo

ve
r,

if
th

is
d

en
si

ty
o
f

P
X

is
ev

en

b
ou

n
d

ed
aw

ay
fr

om
0,

it
is

w
el

l-
k
n

ow
n

th
at

th
e

m
in

m
ax

ra
te

is
n
−

2
α

2
α
+
d

fo
r
α
>
d
/2

a
n

d
ta

rg
et

fu
n

ct
io

n
s
f
∗ L,

P
∈
W

α 2
(T

)
as

w
el

l
as

fo
r
α
>
d

an
d
f
∗ L,

P
∈
B
α 2
,∞

(T
).

M
o
d

u
lo
ξ,

o
u

r
ra

te
is

th
er

ef
or

e
as

y
m

p
to

ti
ca

ll
y

op
ti

m
al

in
a

m
in

m
ax

se
n

se
on

T
.

A
lt

h
ou

gh
th

e
ob

ta
in

ed
le

ar
n
in

g
ra

te
s

ar
e

ar
b

it
ra

ry
cl

os
e

to
th

e
op

ti
m

a
l

ra
te

s,
it

is
n

ee
d

le
ss

to
sa

y
th

at
th

e
re

su
lt

s
ar

e
n

ot
fu

ll
y

sa
ti

sf
y
in

g.
In

d
ee

d
,

an
id

ea
l

re
su

lt
w

o
u

ld
n

o
t

co
n
ta

in
a

ga
p

of
th

e
fo

rm
n
ξ
,

an
d

a
cl

os
e

to
id

ea
l

re
su

lt
w

ou
ld

at
le

as
t

re
p

la
ce

th
e

g
a
p

n
ξ

b
y

a
lo

ga
ri

th
m

ic
fa

ct
or

.
U

n
fo

rt
u

n
at

el
y,

ev
en

fo
r

gl
ob

al
S

V
M

s
u

si
n
g

G
a
u

ss
ia

n
ke

rn
el

s,
su

ch
re

su
lt

s
se

em
to

b
e

cu
rr

en
tl

y
ou

t
of

re
ac

h
,

se
e

(E
b

er
ts

an
d

S
te

in
w

a
rt

,
2
01

3
)

fo
r

th
e

la
tt

er
ca

se
.

L
et

u
s

b
ri

efl
y

d
es

cr
ib

e
th

e
te

ch
n

ic
al

ob
st

ac
le

s.
O

n
e

ke
y

in
gr

ed
ie

n
t

fo
r

b
ot

h
th

e
lo

ca
l

an
d

th
e

gl
ob

al
ap

p
ro

ac
h

ar
e

es
ti

m
at

es
on

th
e

en
tr

op
y

n
u

m
b

er
s
e i

o
f

th
e

em
b

ed
d

in
gs

id
:
H
γ
→
L

2
(P

X
)

or
id

:
H
γ
→
` ∞

(X
),

se
e

S
ec

ti
on

6
fo

r
a

d
efi

n
it

io
n

.
S

ev
er

a
l
su

ch
es

ti
m

a
te

s
d

o
ex

is
t.

F
or

ex
am

p
le

,
Z

h
ou

(2
00

2)
an

d
K

ü
h

n
(2

01
1)

p
ro

ve
d

(o
p

ti
m

al
)

su
p

er
-p

o
ly

n
o
m

ia
l

es
ti

m
at

es
b

u
t

u
n

fo
rt

u
n

at
el

y
th

ei
r

b
ou

n
d

s
h

av
e

a
u

n
fa

vo
ra

b
le

d
ep

en
d
en

ce
o
n
γ

,
w

h
ic

h
m

a
ke

s
it

im
p

os
si

b
le

to
ge

t
ar

b
it

ra
ri

ly
cl

os
e

to
th

e
op

ti
m

al
ra

te
s,

se
e

e.
g.

,
(X

ia
n

g
a
n

d
Z

h
ou

,
20

0
9)

fo
r

a
si

m
il

ar
si

tu
at

io
n

in
w

h
ic

h
th

is
p
ro

b
le

m
o
cc

u
rs

.
F

or
th

is
re

as
on

w
e

fo
ll

ow
ed

th
e

p
at

h
of

(E
b

er
ts

an
d

S
te

in
w

ar
t,

20
13

),
in

w
h

ic
h

w
e

em
p

lo
y

an
en

tr
op

y
es

ti
m

at
e

o
f

th
e

fo
rm

e i
( id

:
H
γ
→
L

2
(P

X
))
≤
c p
,d
γ
−
p
i−

p d
,

i
≥

1
,γ
∈

(0
,1

],

w
h

er
e
c p
,d
≥

1
is

a
co

n
st

an
t

on
ly

d
ep

en
d

in
g

on
p
∈

N
an

d
d
.

N
ot

e
th

a
t

th
is

es
ti

m
a
te

is
cl

ea
rl

y
su

b
-o

p
ti

m
al

in
i,

b
u

t
it

h
as

a
si

gn
ifi

ca
n
tl

y
b

et
te

r
b

eh
av

io
r

in
γ

co
m

p
a
re

d
to

th
e

ab
ov

e
m

en
ti

on
ed

re
su

lt
s.

N
ow

,
u

si
n

g
th

is
en

tr
op

y
es

ti
m

at
e,

E
b

er
ts

an
d

S
te

in
w

a
rt

(2
01

3)
ob

ta
in

an
or

ac
le

in
eq

u
al

it
y

of
th

e
fo

rm

R
L
,P

(f
D
,λ
,γ

)−
R
∗ L,

P
≤
K
p

( λ
γ
−
d

+
γ

2
α

+
cd
/
p

p
,d
γ
−
d

λ
d 2
p
n

+
τ n

)
,

w
h

er
e

th
e

co
n

st
an

t
K
p

is
in

d
ep

en
d

en
t

of
γ

,
λ

,
τ
,

an
d
n

,
an

d
it

s
d

ep
en

d
en

ce
o
n
p

ca
n

b
e

tr
ac

ke
d

,
cf

.
(S

te
in

w
ar

t
an

d
C

h
ri

st
m

a
n

n
,

20
08

,
p
.

26
7)

.
N

ot
e

th
at

fo
r

th
e

lo
ca

l
a
p

p
ro

a
ch

a
st

ru
ct

u
ra

ll
y

id
en

ti
ca

l
fo

rm
u

la
is

d
er

iv
ed

im
p

li
ci

tl
y

in
th

e
p

ro
of

of
T

h
eo

re
m

4
.

N
ow

,
th

e
ra

te
s

in
th

is
p

ap
er

as
w

el
l

as
in

(E
b

er
ts

an
d

S
te

in
w

ar
t,

20
13

)
ar

e
ob

ta
in

ed
b
y

o
p

ti
m

iz
in

g
th

e
ri

gh
t

h
an

d
si

d
e

w
it

h
re

sp
ec

t
to

b
ot

h
λ

an
d
γ

fo
r

an
ar

b
it

ra
ri

ly
la

rg
e

b
u

t
fi

x
ed

p
.

S
in

ce
th

e
re

su
lt

in
g

ra
te

s
b

ec
om

e
b

et
te

r
th

e
la

rg
er

w
e

p
ic

k
p

it
is

te
m

p
ti

n
g

to
co

n
si

d
er
p

=
p
n
→

∞
.

U
n

fo
rt

u
n

at
el

y,
h

ow
ev

er
,

th
is

on
ly

b
ec

om
es

fe
as

ib
le

if
w

e
h

av
e

an
ex

p
li

ci
t

ex
p

re
ss

io
n

d
es

cr
ib

in
g

h
ow

c p
,d

m
ay

d
ep

en
d

on
p
.

F
or

ex
am

p
le

,
so

m
e

p
re

li
m

in
ar

y
co

n
si

d
er

a
ti

o
n

s
su

g
ge

st
th

at
w

e
co

u
ld

al
re

ad
y

re
p

la
ce

th
e

ga
p
n
ξ

b
y

a
lo

ga
ri

th
m

ic
fa

ct
or

if
w

e
h
ad

a
ro

u
gh

b
o
u

n
d

of
th

e
fo

rm
c p
,d
≤
c d
p
cp

.
U

n
fo

rt
u

n
at

el
y,

w
e

n
ei

th
er

co
u

ld
d

er
iv

e
su

ch
a

b
o
u

n
d

fo
r
c p
,d

n
or

co
u

ld
w

e
fi

n
d
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p
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d
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b
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b
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b
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.
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e
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p
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d
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c
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eo

re
m

s
th
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p
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d
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s
γ
n
,1
,.
..
,γ
n
,m

n
re

q
u

ir
es

u
s
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p
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p
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th
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b
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th
u
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ow
th

at
a

tr
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n
in

g
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a
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d
at

io
n

a
p

p
ro

a
ch

si
m

il
a
r
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th

e
o
n

e
ex

a
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ed
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in
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d
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an
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a
p
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b
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ie
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e
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p
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v
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e.
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w
it

h
o
u

t
k
n
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in

g
α

.
F

o
r

th
is

p
u

rp
o
se

,
le

t
Λ

:=
(Λ

n
)

a
n

d
Γ

:=
(Γ
n
)

b
e

se
q
u

en
ce

s
o
f

fi
n

it
e

su
b

se
ts

Λ
n
⊂

(0
,r
d n
]

a
n

d
Γ
n
⊂

(0
,r
n
].

F
o
r

a
d

a
ta

se
t
D

:=
((
x

1
,y

1
),
..
.,

(x
n
,y
n
))

,
w

e
d

efi
n

e

D
1

:=
((
x

1
,y

1
),
..
.,

(x
l,
y l

))
,

D
2

:=
((
x
l+

1
,y
l+

1
),
..
.,

(x
n
,y
n
))
,

w
h

er
e
l

:=
bn 2
c+

1
a
n

d
n
≥

4
.

W
e

fu
rt

h
er

sp
li

t
th

es
e

se
ts

in
d

a
ta

se
ts

D
(1

)
j

:=
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x
i,
y i

)
∈
D

1
:
x
i
∈
A
j
}
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j
∈
{1
,.
..
,m

n
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D
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)
j

:=
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x
i,
y i

)
∈
D

2
:
x
i
∈
A
j
}
,

j
∈
{1
,.
..
,m

n
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an
d

d
efi

n
e
l j

:=
|D
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)

j
|f

or
a
ll
j
∈
{1
,.
..
,m

n
}

su
ch

th
a
t
∑

m
n

j=
1
l j

=
l.

F
o
r

ev
er

y
j
∈

{1
,.
..
,m

n
},

w
e

b
a
si

ca
ll

y
u

se
D

(1
)

j
a
s

a
tr

a
in

in
g

se
t,

i.
e.

,
b

as
ed

o
n
D

1
in

co
m

b
in

a
ti

o
n

w
it

h
th

e
lo

ss
fu

n
ct

io
n
L
j

:=
1
A
j
L

w
e

co
m

p
u

te
S

V
M

d
ec

is
io

n
fu

n
ct

io
n

s

f D
(1

)
j
,λ
j
,γ
j

:=
ar

g
m

in
f
∈Ĥ

γ
j
(A
j
)λ
j
‖f
‖2 Ĥ

γ
j
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R
L
j
,D
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(λ
j
,γ
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∈

Λ
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Γ
n
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)

j
,λ
j
,γ
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=
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D
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j
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∅.

N
ex
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fo

r
ea
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w
e

u
se
D

2
in

ta
n

d
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w
it

h
L
j

(o
r

es
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n
ti

a
ll

y
D
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)
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)

to
d

et
er

m
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e
a

p
a
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(λ
D
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,j
,γ

D
2
,j

)
∈

Λ
n
×

Γ
n
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th
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R
L
j
,D

2

(
Û f D

(1
)

j
,λ

D
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,j
,γ

D
2
,j
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=
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(λ
j
,γ
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Λ
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Γ
n

R
L
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Û f D
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)
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,λ
j
,γ
j
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F
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a
ll

y,
co

m
b

in
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th

e
d

ec
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n

fu
n
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n
s
f D
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)

j
,λ

D
2
,j
,γ

D
2
,j
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r
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ll
j
∈
{1
,.
..
,m

n
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n

d
d

efi
n
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g

λ
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,.
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,λ

D
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,m
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an
d
γ

D
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D
2
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,.
..
,γ

D
2
,m

n
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w
e
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a

fu
n
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)
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D
2
,j
,γ
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j
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D
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,j
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d

w
e
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ev
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in
g
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th
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d
u
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s
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w
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Γ
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M
o
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r
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m
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d
γ
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O
p
t
im

a
l

L
e
a
r
n
in

g
R

a
t
e
s

f
o
r

L
o
c
a
l
iz

e
d

S
V

M
s

=

m
n

∑j=
1

m
in

(λ
j ,γ

j )∈
Λ
n ×

Γ
n R

L
j ,D

2 (
ÛfD

(1
)

j
,λ
j ,γ

j )

=
m

in
(λ
,γ

)∈
(Λ
n ×

Γ
n

)
m
n

m
n

∑j=
1 R

L
j ,D

2 (
ÛfD

(1
)

j
,λ
j ,γ

j )

=
m

in
(λ
,γ

)∈
(Λ
n ×

Γ
n

)
m
n R

L
,D

2 (ÛfD
1
,λ
,γ )

,

w
h

ere
f

D
1
,λ
,γ

:=
∑

m
n

j=
1
f

D
(1

)
j
,λ
j ,γ

j
w

ith
(λ
j ,γ

j )
∈

Λ
n
×

Γ
n

for
a
ll
j
∈
{1,...,m

n }
.

In

o
th

er
w

ord
s,

th
e

fu
n

ctio
n
ÛfD

1
,λ

D
2
,γ

D
2

really
m

in
im
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e
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l
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R
L
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2
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.r.t.
th

e
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n
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D

2
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d
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e
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L
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w
h
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e
m
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u
m
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ta

ken
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a
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fu
n
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n

s
ÛfD

1
,λ
,γ

w
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)∈
(Λ

n ×
Γ
n
)
m
n
.

B
efore

w
e
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n

a
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th

e
T

V
-V

P
-S

V
M

a
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o
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m
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let
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s
b
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m
p

u
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m
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e
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y
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er-p
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.

T
o

th
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en
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e
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b
e

th
e

ea
siest

w
ay

to
v
isu

a
lize

th
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b
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=
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N

a
ively,
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e
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d
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Λ
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y
p
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n
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ow

ever,
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n
d
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a
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Λ
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a
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w
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e
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Λ
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Λ
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secon
d

cell.
T
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n

d
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a
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th
e

n
a
iv

e
a
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p
ro

a
ch

.
G

en
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lizin
g

th
e

reaso
n

in
g

a
b

ove
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m
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a
n
d

Λ
×

Γ
,

w
e
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a
t

o
u

r
p

a
ra

m
eter
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n
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y
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to
th

e
in
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o
f
m
×
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|Γ|
m

a
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M
o
reover,

b
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u
se
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e
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d
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en
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w
e
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u
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a
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lly

p
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p
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p
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u
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h
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in

g
th
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p
resen

ts
lea
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in

g
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r
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e
a
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V
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h

e
o
re

m
7

L
et
r
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−

1βd
w
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n
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n
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c
>

0
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n

d
β
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.

U
n

d
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th
e

a
ssu
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p
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n
s
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f

T
h
eo
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4

w
e
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n
)

a
n

d
Γ
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(Γ
n
)

o
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n
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Λ
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⊂
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Γ
n
⊂
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n
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a
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Λ
n
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Γ
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a
δ
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]
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n
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−

1
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d
δ
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−
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u
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t
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a
lities

|Λ
n |

a
n

d
|Γ
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,
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r
a
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>
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2
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e
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M
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L
J
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( ÛfD
1
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2
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J
T
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−
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α
+
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+
τ
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−
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≥
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τ
,
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c
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0
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a
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n
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n
t
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d
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d
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o
f
n

a
n

d
τ

.

O
n

ce
m

o
re,

w
e

can
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e

assu
m

p
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n
f
∗L
,P
∈
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X
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T

)
b
y
f
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∈
B
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X
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+
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m
e
δ
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d
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m

e
lea
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a
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M
e
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e
r

a
n
d

S
t
e
in

w
a
r
t

T
+
δ

is
fi

x
ed

for
all

n
∈

N
.

H
ere,

recall
th

at
f
∗L
,P
∈
B
α2
,∞

(P
X
|T

+
δ )

w
h

en
ever

P
X

h
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a

b
o
u

n
d

ed
L
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e
d

en
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T

+
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f
∗L
,P
∈
L
∞

(T
+
δ),

an
d

eith
er
f
∗L
,P
∈
B
α2
,∞

(T
+

2
δ)

for

α
≥

1
o
r
f
∗L
,P
∈
W

α2
(T̃

)⊂
B
α2
,∞

(T
+

2
δ)
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α
∈
N

a
n

d
a

b
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n
d

ed
L
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d
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⊂

R
d

su
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a
t
T
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δ
⊂
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.
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u
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th
at

T̃
⊇
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δ
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b
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L
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R
d
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S
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E
ex
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an

d
th
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P
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a
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u
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R
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Y
su

ch
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P
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a
L

eb
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e
d
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sity
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T
+
δ
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∈
L
∞
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e.
O

n
th

e
co

n
tr

ar
y,

th
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p
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p
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b
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b
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h
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M
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b
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p
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e
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b
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p
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p
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b
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ra
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b
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d
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p
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a
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b
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b
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a
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p
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b
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ee
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b
er

ts
an

d
S

te
in

w
a
rt

,
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.
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h
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se
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ed
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e
re

su
lt

s
o
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re
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io
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b
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b
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o
f

en
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n
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s.

T
o

th
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en
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)
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e
a
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sp
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e.
T

h
en
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)
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b
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T
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>
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:
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,.
..
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∈
T
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⊂
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∈
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∞
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M
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a
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o
u
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d
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b
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e

n
o
rm

ed
sp

ac
es
E

a
n

d
F

,
th
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p
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u
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b
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b
y
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·‖

F
),

w
h

er
e
B
E

d
en

o
te

s
th
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f
E
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p
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con
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=
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e

L
S
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con
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n
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S
t
e
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w
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t

S
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e
ε-cov

erin
g

n
u
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er
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T

is
d

efi
n

ed
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y

N
(T
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,ε)
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:∃
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n
∈
T
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at
T
⊂
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B
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d
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b
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S

:
E
→

F
b
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n
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g
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S
B
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.
M

oreover,
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b
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S
⊂
T

for
w

h
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fo
r
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t∈

T
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ex

ists
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S

w
ith

d
(s,t)≤

ε
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T

.
C
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e
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a
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ε-n
et
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T
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R
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th
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d
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g

n
u

m
b

ers
are
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e
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se
in
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to
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o
th

er.
T

o
b

e
m

ore
p
recise,

for
all
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stan

ts
a
>

0
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d
q
>

0
,

th
e

im
p

licatio
n

e
i (T

,d
)≤

a
i −

1
/
q
,

i≥
1

=⇒
lnN

(T
,d
,ε)≤
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(4

) (
aε )

q
,

∀
ε
>

0
(20)

h
o
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s
b
y

(S
tein

w
a
rt

an
d

C
h

ristm
an

n
,

200
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L
em

m
a
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itio
n

a
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tein

w
a
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a
n

d
C

h
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an
n

,
20

08,
E

x
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6.8)
y
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s
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e
op

p
osite

im
p
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,

n
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ely

lnN
(T
,d
,ε)

<
(
aε )

q
,

ε
>

0
=⇒

e
i (T

,d
)≤

3
1
/
qa
i −

1
/
q
,

∀
i≥

1
.

(21)

W
ith

th
ese

p
rep

aration
s,

w
e

can
n

ow
p

rove
L

em
m

a
1,

w
h

ich
relates

th
e

rad
iu

s
r

of
a

cover
B
r (z

1 ),...,B
r (z

m
)

of
B
`
d2 ⊃

X
d

efi
n

ed
b
y

(4)
w

ith
th

e
n
u

m
b

er
m

o
f
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ters
z
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m

.
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f

[o
f

L
em

m
a

1]
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N

(cB
`
d2 ,`

d2 ,r)
=
N

(B
`
d2 ,`
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rc )

h
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s
for

all

r,c
>

0.
M

oreover,
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p
ly
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g

P
rop

osition
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s
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N
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`
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1
+

2r̃ )
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r̃∈

(0,1].
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o
n
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u

en
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e
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n
d
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cover
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r (z
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⊂
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`
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m
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1
+
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)
d

.
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w
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u
s
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+
2
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−
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≤
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−
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ex
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w
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a
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con
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e

p
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j
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.
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8
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,...,m
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a
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o
f
B
`
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∅

a
s

w
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a
s
Å
′j

=
A
′j
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r
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j
∈
{1,...,m

}
.

L
et
X
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so

m
e
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o
f
B
`
d2
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th
a
t
X̊
6=
∅
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n

d
X̊

=
X

.

W
ith

o
u

t
lo

ss
o
f
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w

e
fu

rth
er

a
ssu

m
e
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a
t
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a
n
m

0 ≤
m
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a
t
A
′j ∩

X̊
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∅
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r

a
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∈
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,...,m
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n
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A
′j ∩

X̊
=
∅
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r

a
ll
j
∈
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0
+

1
,...,m

}.
T
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efi
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′′j
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A
′j ∩

X̊
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r
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.
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ver,
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1
,...,m
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f
X
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A
′′j ⊂
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j ⊂

A
′′j .

T
h
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r
every

j∈
{1,...,m

0 }
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w
e

h
a
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Å
′′j 6=
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a
n

d
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u
s
Å
j 6=
∅.
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∩
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,
th

er
e

ex
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∩
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.
S
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∅
=
Å
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=
in

te
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∩
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=
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∩
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∩
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∂
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⊂
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∞
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⊂
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∈
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∩
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⊂
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p
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e
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H
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e
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9
L

et
P

be
a

d
is

tr
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u
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o
n

o
n
X
×
Y

a
n

d
L

:
X
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Y
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R
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,∞

)
be

a
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ss
fu

n
ct
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n

.
F

o
r
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⊂
X

su
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th
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∪
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X

a
n

d
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∩
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n
e
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fu
n
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L
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X
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Y
×
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→
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,∞

)
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L
A

(x
,y
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)
=

1
A

(x
)L
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,y
,t

)
a
n

d
L
B
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,t

)
=
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.

F
u
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o
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,
le

t
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X
→

R
a
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w
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l
a
s
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X
→

R
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m
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e

fu
n
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n
s

a
n

d
f

:
X
→

R
be

d
efi

n
ed

by
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(x
)

=
1
A

(x
)f
A

(x
)

+
1
B

(x
)f
B

(x
)

fo
r

a
ll
x
∈
X

.
T

h
en

,
w

e
h
a
ve

R
L
,P

(f
)

=
R
L
A
,P

(f
A

)
+
R
L
B
,P

(f
B

)
.

a
s

w
el

l
a
s

R
L
,P

(f
)
−
R
∗ L,

P
=
( R

L
A
,P

(f
A

)
−
R
∗ L A

,P

) +
( R

L
B
,P

(f
B

)
−
R
∗ L B

,P

)
.

P
ro

o
f

S
im

p
le

tr
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sf
or

m
at

io
n

s
u
si

n
g
A
∪
B

=
X

an
d
A
∩
B

=
∅

sh
ow

R
L
,P

(f
)

=

∫ X
×
Y
L

(x
,y
,1

A
(x

)f
A

(x
)

+
1
B

(x
)f
B

(x
))
d
P

(x
,y

)

=

∫ X
×
Y
1
A

(x
)L
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,y
,f
A

(x
))

+
1
B

(x
)L

(x
,y
,f
B

(x
))
d
P
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,y

)

=
R
L
A
,P

(f
A
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+
R
L
B
,P
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B

)
.

T
h

e
se
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n

d
as

se
rt

io
n

fo
ll

ow
s

im
m

ed
ia

te
ly

.

6
.1

S
o
m

e
G

e
n

e
ra

l
E

st
im

a
te

s
o
n

E
n
tr

o
p
y

N
u

m
b

e
rs

T
o

d
er

iv
e

an
or

ac
le

in
eq

u
al

it
y

fo
r

V
P

-S
V

M
s

w
e

w
il
l

h
av

e
to

re
la

te
th

e
en

tr
o
p
y

n
u

m
b

er
s

of
H
j
,
j
∈
{1
,.
..
,m
},

to
th

os
e

of
H

.
O

u
r

fi
rs

t
re

su
lt

es
ta

b
li

sh
es

su
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a
re

la
ti

o
n

sh
ip
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r

co
ve

ri
n

g
n
u

m
b

er
s,
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st
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d

.
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e
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a
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0
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d
is

tr
ib

u
ti

o
n

o
n
X

a
n

d
A
,B
⊂
X

w
it

h
A
∩
B

=
∅.

M
o
re

o
ve

r,
le

t
H
A

a
n

d
H
B
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R

K
H

S
s

o
n
A

a
n

d
B
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a
t

a
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d
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ed

in
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L

2
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n

d
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re

sp
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ve

ly
.

L
et

th
e

ex
te

n
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ed

R
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H
S
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Ĥ
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,
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h
er

e
th

e
n
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rm

is
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by
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2
)

w
it

h
λ
A
,λ

B
>

0
.

T
h
en

,
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r
th

e
ε-
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ve

ri
n
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n

u
m
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r

o
f
H

w
.r
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‖
·‖

L
2
(ν
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w

e
h
a
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N
(B

H
,‖
·‖

L
2
(ν

),
ε)
≤
N
( λ
−

1
/
2

A
B
Ĥ
A
,‖
·‖

L
2
(ν
|A

),
ε A

)
·N

( λ
−

1
/
2

B
B
Ĥ
B
,‖
·‖

L
2
(ν
|B

),
ε B

)
,

w
h
er

e
ε A
,ε
B
>

0
a
n

d
ε

:=
√
ε2 A

+
ε2 B

.

P
ro

o
f

F
ir

st
o
f

al
l,

w
e

a
ss

u
m

e
th

at
th

er
e

ex
is

t
a
,b
∈
N

a
n

d
fu

n
ct

io
n

s
f̂ 1
,.
..
,f̂
a
∈
λ
−

1 2
A
B
Ĥ
A

a
n

d
ĥ

1
,.
..
,ĥ

b
∈
λ
−

1 2
B
B
Ĥ
B

su
ch

th
a
t
{f̂

1
,.
..
,f̂
a
}i

s
a
n
ε A

-c
ov

er
of
λ
−

1 2
A
B
Ĥ
A

w
.r

.t
.
‖·
‖ L

2
(ν
|A

),

{ĥ
1
,.
..
,ĥ

b
}

is
a
n
ε B

-c
ov

er
o
f
λ
−

1 2
B
B
Ĥ
B

w
.r

.t
.
‖
·‖

L
2
(ν
|B

),

a
=
N

(λ
−

1 2
A
B
Ĥ
A
,‖
·‖

L
2
(ν
|A

),
ε A

)
a
n

d
b

=
N

(λ
−

1 2
B
B
Ĥ
B
,‖
·‖

L
2
(ν
|B

),
ε B

)
.

T
h

at
is

,
fo

r
ev

er
y

fu
n

ct
io

n
ĝ A
∈
λ
−

1 2
A
B
Ĥ
A

,
th

er
e

ex
is

ts
a
n
i A
∈
{1
,.
..
,a
}

su
ch

th
a
t

∥ ∥ ∥ĝ
A
−
f̂ i
A

∥ ∥ ∥ L
2
(ν
|A

)
≤
ε A
,

(2
2)

an
d

fo
r

ev
er

y
fu

n
ct

io
n
ĝ B
∈
λ
−

1 2
B
B
Ĥ
B

,
th

er
e

ex
is

ts
an

i B
∈
{1
,.
..
,b
}

su
ch

th
a
t

∥ ∥ ∥ĝ
B
−
ĥ
i B

∥ ∥ ∥ L
2
(ν
|B

)
≤
ε B
.

(2
3)

L
et

u
s

n
ow

co
n

si
d

er
a
n

a
rb

it
ra

ry
fu

n
ct

io
n
g
∈
B
H

.
T

h
en

,
th

er
e

ex
is

ts
an

ĝ A
∈
λ
−

1 2
A
B
Ĥ
A

a
n

d
an

ĝ B
∈
λ
−

1 2
B
B
Ĥ
B

su
ch

th
at
g

=
ĝ A

+
ĝ B

.
T

o
g
et

h
er

w
it

h
(2

2)
an

d
(2

3
),

th
is

im
p

li
es

∥ ∥ ∥g
−
( f̂ i

A
+
ĥ
i B

)∥ ∥ ∥
2 L
2
(ν

)
=
∥ ∥ ∥(
ĝ A
−
f̂ i
A

)
+
( ĝ B
−
ĥ
i B

)∥ ∥ ∥
2 L
2
(ν

)

=
∥ ∥ ∥ĝ

A
−
f̂ i
A

∥ ∥ ∥2 L
2
(ν
|A

)
+
∥ ∥ ∥ĝ

B
−
ĥ
i B

∥ ∥ ∥2 L
2
(ν
|B

)

≤
ε2 A

+
ε2 B

=
:
ε2
.

W
it

h
th

is
,

w
e

k
n

ow
th

at
{ f̂ i

A
+
ĥ
i B

:
f̂ i
A
∈
{f̂

1
,.
..
,f̂
a
}

an
d
ĥ
i B
∈
{ĥ

1
,.
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,ĥ

b
}}

is
an

ε-
n

et
o
f
H

w
.r
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.
‖·
‖ L

2
(ν

).
C

o
n

ce
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in
g

th
e
ε-

co
ve

ri
n

g
n
u

m
b

er
of
H

,
th

is
fi

n
a
ll

y
im

p
li

es

N
(B

H
,‖
·‖

L
2
(ν

),
ε)
≤
a
·b

=
N
( λ
−

1
/
2

A
B
Ĥ
A
,‖
·‖

L
2
(ν
|A

),
ε A

) ·
N
( λ
−

1
/
2

B
B
Ĥ
B
,‖
·‖

L
2
(ν
|B

),
ε B

) .
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∈
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ra
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j ‖
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∫
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∞
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.
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∈
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a
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∈
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,
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th
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t
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r
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}

e
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:
H
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L
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X
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a
j
i −
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i≥
1
.
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)

T
h
en

,
w

e
h
a
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e
i (id

:
H
→
L
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))≤
2 √
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3
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j
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2
p
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i −
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r
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e

a
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m
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E
D
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e
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L

2 (D
X

))≤
c
p √
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p
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is

y
ield

s

e
i (λ
−
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−
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‖I

:
B
Ĥ
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j ‖
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−
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−
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√
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√
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b
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p
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p
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R
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p
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⊂
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∈

(0,1),
th

ere
exists

a
co

n
sta

n
t
c
p
>

0
su

ch
th

a
t

e
i (id

:
H
γ (A

)→
L

2 (P
X
|A

))≤
c
p √
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‖ ∞
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√
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h
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w
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e
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Ĉ
M
,α
,p

( n
−

1
n

d
2
α
+
d

+
n
−

2
α

2
α
+
d

+
n
p
n
d
+
2
p

2
α
+
d
n
−

(2
−
d
)p

β
d
n
−

1
+
τ
n
−

1

)

=
Ĉ
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äu

ser,
B

asel,
2010

.

I.W
.

T
sa

n
g
,

J
.T

.
K

w
ok

,
an

d
P

.-K
.

C
h

eu
n
g.

C
ore

vector
m

ach
in

es:
F

ast
S

V
M

tra
in

in
g

o
n

very
la

rge
d

ata
sets.

J
.

M
a
ch

.
L

ea
rn

.
R

es.,
6:363–392,

20
05.

I.W
.

T
san

g,
A

.
K

o
csor,

an
d

J
.T

.
K

w
ok

.
S

im
p

ler
core

vector
m

ach
in

es
w

ith
en

closin
g

b
alls.

In
P

roceed
in

gs
o
f

th
e

2
4
th

in
tern

a
tio

n
a
l

co
n

feren
ce

o
n

M
a
ch

in
e

lea
rn

in
g,

p
ag

es
911–

918,
200

7.

V
.

V
a
p

n
ik

an
d

L
.

B
ottou

.
L

o
cal

algorith
m

s
for

p
attern

recogn
ition

an
d

d
ep

en
d

en
cies

esti-
m

ation
.

N
eu

ra
l

C
o
m

p
u

ta
tio

n
,

5:893–909
,

1993.

D
.

W
u

,
K

.P
.

B
en

n
ett,

N
.

C
ristian

in
i,

an
d

J
.

S
h

aw
e-T

ay
lor.

L
arge

m
argin

trees
fo

r
in

d
u

c-
tio

n
an

d
tran

sd
u

ction
.

In
P

roceed
in

gs
o
f

th
e

1
7
th

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p

ages
474–483,

1999.

D
.-H

.
X

ian
g

an
d

D
.-X

.
Z

h
ou

.
C

lassifi
cation

w
ith

G
au

ssian
s

an
d

con
vex

lo
ss.

J
.

M
a
ch

.
L

ea
rn

.
R

es.,
10:1447–1468,

2009.

A
.

Z
aka

i
an

d
Y

.
R

itov
.

C
on

sisten
cy

an
d

lo
calizab

ility.
J

.
M

a
ch

.
L

ea
rn

.
R

es.,
10:8

27–85
6,

2
009

.

H
.

Z
h

an
g,

A
.C

.
B

erg,
M

.
M

aire,
an

d
J
.

M
alik

.
S

V
M

-K
N

N
:

D
iscrim

in
ative

n
earest

n
eigh

b
or

classifi
cation

for
v
isu

al
category

recogn
ition

.
In

2
0
0
6

IE
E

E
C

o
m

p
u

ter
S

ociety
C

o
n

feren
ce

o
n

C
o
m

p
u

ter
V

isio
n

a
n

d
P

a
ttern

R
ecogn

itio
n

,
v
o
lu

m
e

2,
p

ages
2126–

2136,
2
006.

Y
.

Z
h

an
g,

J
.

D
u

ch
i,

an
d

M
.

W
ain

w
righ

t.
D

iv
id

e
an

d
con

q
u

er
k
ern

el
rid

ge
regression

:
A

d
istrib

u
ted

algorith
m

w
ith

m
in

im
ax

op
tim

al
rates.

J
.

M
a
ch

.
L

ea
rn

.
R

es.,
16:3299–

3340,
2
015

.

D
.-X

.
Z

h
ou

.
T

h
e

coverin
g

n
u

m
b

er
in

learn
in

g
th

eory.
J

.
C

o
m

p
lexity,

18:739–767,
2002.

44
JM

L
R

 17(194):1-44



Jou
rna

lo
fM

ach
ine

Le
arn

ing
Re

sea
rch

17
(20

16
)1

-10
2

Su
bm

itte
d7

/14
;R

evi
sed

9/1
6;

Pu
bli

she
d1

1/1
6

Bi
pa

rti
te

Ra
nk

in
g:

aR
isk

-T
he

or
eti

cP
er
sp
ec
tiv

e

Ad
ity

aK
ris

hn
aM

en
on

AD
IT

YA
.M

EN
ON

@D
AT

A6
1.C

SIR
O.A

U
Ro

be
rt

C.
W
ill
iam

so
n

BO
B.W

IL
LI
AM

SO
N@

AN
U.E

DU
.AU

D
at
a6

1
an

d
th
e
Au

str
al
ia
n
Na

tio
na

lU
ni
ve
rs
ity

C
an

be
rr
a,

AC
T,
Au

str
al
ia

Ed
ito

r:
Ni
col

as
Va

yat
is

Ab
str

ac
t

We
pre

sen
ta

sys
tem

ati
cs

tud
yo

fth
eb

ipa
rtit

er
ank

ing
pro

ble
m,

wi
th

the
aim

of
exp

lic
ati
ng

its
con

nec
tio

ns
to

the
cla

ss-
pro

bab
ilit

ye
stim

ati
on

pro
ble

m.
Ou

rs
tud

yf
ocu

ses
on

the
pro

per
tie
so

ft
he

sta
tist

ica
lr

isk
for

bip
art

ite
ran

kin
gw

ith
gen

era
llo

sse
s,w

hic
hi
sc

los
ely

rel
ate

dto
ag

ene
ral

ise
dn

oti
on

of
the

are
au

nd
ert

he
RO

C
cur

ve:
we

est
abl

ish
alt
ern

ate
rep

res
ent

ati
on
so

fth
isr

isk
,re

lat
eth

eB
aye

s-o
pti

ma
lri

sk
to

ac
las

so
fp

rob
abi

lity
div

erg
enc

es,
and

cha
rac

ter
ise

the
set

of
Ba

yes
-op

tim
al

sco
rer

sf
or

the
ris

k.
We

fur
the

rs
tud

yp
rop

ert
ies

of
a

gen
era

lise
dc

las
so

fb
ipa

rtit
er
isk

s,b
ase

do
nth

ep
-no

rm
pu
sh

of
Ru

din
(20

09
).O

ur
ana

lys
isi

sb
ase

do
nth

er
ich

fra
me

wo
rk

of
pro

per
los

ses
,w

hic
ha

re
the

cen
tra

lto
ol

in
the

stu
dy

of
cla

ss-
pro

bab
ilit

ye
stim

ati
on
.W

es
how

how
thi

sa
nal

yti
cto

ol
ma

kes
tra

nsp
are

nt
the

gen
era

lisa
tio

ns
of

sev
era

lex
isti

ng
res

ult
s,s

uch
as

the
equ

iva
len

ce
of

the
mi

nim
ise

rsf
or

fou
rse

em
ing

lyd
isp

ara
ter

isk
sfr

om
bip

art
ite

ran
kin

ga
nd

cla
ss-

pro
bab

ilit
ye

stim
ati
on
.A

nov
elp

rac
tic
ali

mp
lic
ati
on

of
ou
ra

nal
ysi

sis
the

des
ign

of
new

fam
ilie

so
flo

sse
sfo

rsc
ena

rio
sw

her
ea

ccu
rac

y
att

he
hea

do
fra

nke
dl

ist
isp

ara
mo

un
t,w

ith
com

par
abl

ee
mp

iric
alp

erf
orm

anc
eto

the
p-n

orm
pu
sh.

Ke
yw

or
ds
:
bip

art
ite

ran
kin

g,
cla

ss-
pro

bab
ilit

ye
stim

ati
on
,p
rop

er
los

ses
,B

aye
s-o

pti
ma

lity
,ra

nk
ing

the
bes

t

1.
Th

eB
ip
ar
tit
eR

an
ki
ng

Pr
ob

lem
Bi
pa

rt
ite

ra
nk
in
g
pro

ble
ms

(Fr
eun

de
ta

l.,
20
03
;A

gar
wa

le
ta

l.,
20
05
;C

lém
enç

on
et

al.,
20
08
;K

otl
ow

ski
et
al.,

20
11
)h

ave
rec

eiv
ed

con
sid

era
ble

att
ent

ion
fro

m
the

ma
chi

ne
lea

rni
ng

com
mu

nit
y.

In
suc

hp
rob

lem
s,

we
hav

ea
sin

pu
ta

tra
ini

ng
set

of
exa

mp
les

,ea
ch

of
wh

ich
com

pri
ses

an
in
sta

nc
e(t

yp
ica

lly
av

ect
or

of
fea

tur
es

des
cri

bin
gs

om
ee

nti
ty)

wi
tha

na
sso

cia
ted

bi
na

ry
la
be
l(t

yp
ica

lly
den

ote
d“

po
siti

ve”
or

“ne
gat

ive
”,d

esc
rib

ing
wh

eth
er

the
ins

tan
ce

po
sse

sse
ss

om
ea

ttri
bu
te)

.T
he

go
ali

sto
lea

rn
as

co
re
r,w

hic
ha

ssi
gn
sto

eac
hi

nst
anc

e
ar

eal
nu
mb

er,
suc

ht
hat

po
siti

ve
ins

tan
ces

hav
ea

hig
her

sco
re

tha
nn

ega
tiv

ei
nst

anc
es.

Vio
lat
ion

so
fth

is
con

dit
ion

are
pen

ali
sed

acc
ord

ing
to

som
el

oss
l
,a

nd
the

bi
pa

rt
ite

ra
nk
in
g
ri
sk

of
as

cor
er

isi
tse

xp
ect

ed
pen

alt
ya

cco
rdi

ng
to
l
.W

hen
l
cor

res
po
nd
sto

the
0-1

los
s,t

he
bip

art
ite

ran
kin

gr
isk

iso
ne

mi
nu
sth

ea
re
a

un
de
rt
he

RO
C
cu
rv
e
(A

UC
)o

fth
es

cor
er

(A
gar

wa
la
nd

Ni
yog

i,2
00
5;

Clé
me

nço
ne

ta
l.,

20
08
;K

rza
now

ski
and

Ha
nd
,2
00
9).

Ap
pli

cat
ion

so
fb

ipa
rtit

er
ank

ing
ran

ge
fro

m
con

ten
tre

com
me

nd
ati
on
,w

her
eth

eg
oal

ist
o

ran
ka

set
of

ite
ms

bas
ed

on
an

ind
ivi

du
al’

sp
ref

ere
nce

for
the

m,
to

epi
dem

iol
og
ica

lst
ud
ies

,w
her

eth
eg

oal
is

to
ar

ank
as

eto
fin

div
idu

als
bas

ed
on

how
lik

ely
the

ya
re

to
hav

ea
par

tic
ula

rd
ise

ase
.

Wh
ile

bip
art

ite
ran

kin
gh

as
rec

eiv
ed

con
sid

era
ble

stu
dy,

the
foc

us
has

pri
ma

rily
bee

no
na

lg
or
ith

m
de
si
gn

.
Th

ere
has

bee
nr

ela
tiv

ely
litt

le
the

ore
tic
al

stu
dy

of
iss

ues
suc

ha
sth

ep
rop

ert
ies

of
its

sta
tist

ica
lri

sk,
and

it
is

on
ly

rec
ent

ly
tha

tit
sr

ela
tio

nsh
ip

to
ext

ant
sup

erv
ise

dl
ear

nin
gp

rob
lem

sh
as

bee
nf

orm
ally

est
abl

ish
ed

(N
ara

sim
han

and
Ag

arw
al,

20
13
b).

Wh
ile

the
des

ign
of

com
pu
tat

ion
ally

and
sta

tist
ica

lly
effi

cie
nt

me
tho

ds
for

bip
art

ite
ran

kin
gi

sim
po
rta

nt,
we

bel
iev

et
her

ei
sv

alu
ei

ne
xp
lic
ati
ng

the
sta

tist
ica

lri
sk

ass
um

ed
by

the
pro

ble
m,

the
op
tim

als
olu

tio
ns

tha
tre

sul
tfr

om
it,

and
the

im
pli

ed
rel

ati
on
shi

ps
to

oth
er

lea
rni

ng
pro

ble
ms

.
To

thi
se

nd
,in

thi
sp

ape
r,1

we
sys

tem
ati
cal

ly
stu

dy
bip

art
ite

ran
kin

gt
hro

ug
hi

tss
tat

isti
cal

ris
k.

In
bri

ef,
we

stu
dy

the
pro

per
tie
so

fth
eb

ipa
rtit

er
isk

(an
dh

enc
et

he
AU

C)
for

an
arb

itra
ry

sco
rer

,th
ep

rop
ert

ies
of

the
Ba

yes
-op

tim
al

bip
art

ite
ris

ka
nd

the
bip

art
ite

reg
ret

for
an

arb
itra

ry
sco

rer
,a

nd
cha

rac
ter

ise
the

set
of

the
Ba

yes
-op

tim
al

sco
rer

s.
Wh

ile
som

eo
fth

ese
top

ics
hav

eb
een

tou
che

du
po
ni

np
rio

rs
tud

ies
,w

ea
im

to
1.

Ap
rel

im
ina

ry
ver

sio
no

fth
isw

ork
app

ear
ed

in
(M

eno
na

nd
Wi

llia
ms

on
,2

01
4).

©2
01
6A

dit
ya

Kr
ish

na
Me

no
na

nd
Ro

ber
tC

.W
illi

am
son

.
JM

L
R

 1
7(

19
5)

:1
-1

02

ME
NO

N
AN

D
W

IL
LI
AM

SO
N

pro
vid

ea
com

pre
hen

siv
e,

un
ifie

dt
rea

tm
ent

of
the

ma
ter

ial
.O

ur
ana

lys
isr

est
sh

eav
ily

up
on

the
fra

me
wo

rk
of

pro
per

los
ses

(B
uja

et
al.,

20
05
;R

eid
and

Wi
llia

ms
on
,2

01
0)—

the
ma

chi
ner

yu
nd
erl

yin
gt

he
ana

lys
iso

f
the

cla
ss-

pro
bab

ilit
ye

stim
ati
on

pro
ble

m—
wh

ich
we

ho
pe

to
dem

on
str
ate

to
be

the
nat

ura
lle

ns
wi
th

wh
ich

to
stu

dy
bip

art
ite

ran
kin

gp
rob

lem
s.T

he
pro

per
los

sfr
am

ew
ork

has
pre

vio
usl

yb
een

em
plo

yed
in

the
ana

lys
iso

f
ar

edu
cti
on

of
bip

art
ite

ran
kin

gt
oc

las
s-p

rob
abi

lity
est

im
ati
on

(A
gar

wa
l,2

01
4).

In
thi

sp
ape

r,w
es

how
how

thi
sfr

am
ew

ork
add

itio
nal

lyp
rov

ide
sa

cle
an

wa
yo

fg
ene

ral
isin

ge
xis

tin
gr

esu
lts

on
the

Ba
yes

-op
tim

als
cor

ers
(§7

.3,
§9
.5)

,m
ake

st
ran

spa
ren

tth
ec

on
nec

tio
ns

bet
we

en
bip

art
ite

ran
kin

ga
nd

cla
ss-

pro
bab

ilit
ye

stim
ati
on

(§1
0.2

),a
nd

im
me

dia
tely

est
abl

ish
es

the
equ

iva
len

ce
of

mi
nim

ise
rs

for
see

mi
ng
ly

dis
par

ate
ris

ks
(§1

1).
A

nov
el

pra
cti
cal

im
pli

cat
ion

isa
me

ans
of

des
ign

ing
los

ses
sui

tab
le

for
the

tas
ko

f“
ran

kin
gt

he
bes

t”
(§9

.6)
,

wh
ich

we
sho

wt
op

erf
orm

fav
ou
rab

ly
com

par
ed

wi
th

exi
stin

ga
pp
roa

che
s(§

9.7
).

Ta
ble

1p
rov

ide
sa

no
ver

vie
wo

fth
em

ate
ria

lco
ver

ed
in

thi
sp

ape
r.I

nm
ore

det
ail
:

•
We

for
ma

lly
defi

ne
the

bip
art

ite
ran

kin
gp

rob
lem

for
ag

ene
ral

los
sv

ia
its

sta
tist

ica
lri

sk
(§3

.3)
,a

nd
der

ive
its

equ
iva

len
ce

to
ac

las
sifi

cat
ion

pro
ble

m
ove

rp
air

s(§
4).

•
We

stu
dy

the
pro

per
tie
so

fth
eR

OC
cur

ve,
suc

ha
sit

sc
on
nec

tio
nt

ot
he

cal
ibr

ati
on

tra
nsf

orm
(§5

.2.
5),

and
its

val
ue

in
det

erm
ini

ng
thr

esh
old

sf
or

cos
t-s
ens

itiv
ec

las
sifi

cat
ion

(§5
.2.
6).

We
der

ive
a(

to
ou
r

kn
ow

led
ge

nov
el)

res
ult

(Pr
op
osi

tio
n1

3)
on

how
do
mi

nan
ce

of
on
ec

ali
bra

ted
sco

rer
ove

ra
no
the

rin
RO

Cs
pac

eim
pli

es
do
mi

nan
ce

wi
th

res
pec

tto
an
y
pro

per
com

po
site

los
s,w

hic
he

sta
bli

she
sth

ec
oh
er-

enc
eo

fu
sin

gt
he

RO
Cc

urv
eto

com
par

ec
ali
bra

ted
sco

rer
s.

•
We

dis
cus

ss
eve

ral
int

erp
ret

ati
on

of
the

AU
C,

inc
lud

ing
its

rel
ati
on
shi

pt
ot

he
bip

art
ite

ris
k(

§5
.5)

and
an

um
ber

of
int

egr
al

rep
res

ent
ati
on
s(

§5
.6)

.W
es

how
how

on
eo

fth
ese

rep
res

ent
ati
on
s,d

ue
to

Ha
nd

(20
09
),i

sr
ela

ted
to

the
int

egr
al

rep
res

ent
ati
on

for
pro

per
los

ses
,a

nd
dis

cus
si
ts
im

pli
cat

ion
sf

or
the

coh
ere

nce
of

the
use

of
AU

Ct
oc

om
par

es
cor

ers
(§5

.6.
2).

•
We

rel
ate

the
Ba

yes
-op

tim
alb

ipa
rtit

er
isk

to
an
f
-di

ver
gen

ce
bet

we
en

pro
du
ctm

eas
ure

sfo
rth

ec
las

s-
con

dit
ion

al
dis

trib
uti

on
s(

§6
.2)

,g
ene

ral
isin

ga
res

ult
for

the
cas

eo
f0

-1
los

sd
ue

to
To

rge
rse

n(
19
91
).

We
fur

the
rre

lat
eth

eb
ipa

rtit
er

egr
ett

oa
gen

era
tiv

eB
reg

ma
nd

ive
rge

nce
(§6

.3)
.

•
We

det
erm

ine
the

set
of

Ba
yes

-op
tim

al
sco

rer
sfo

rs
urr

og
ate

bip
art

ite
ran

kin
gr

isk
s(
§7
.3,

§7
.4,

§7
.5)

,
dem

on
str
ati
ng

how
the

pro
per

los
sf

ram
ew

ork
hel

ps
gen

era
lise

exi
stin

gr
esu

lts
on

the
top

ic.
We

use
the

se
res

ult
sto

der
ive

sur
rog

ate
reg

ret
bo
un
ds,

and
thu

sA
UC

-co
nsi

ste
ncy

,fo
ral

go
rith

ms
tha

tm
ini

mi
se

as
uit

abl
es

urr
og
ate

los
so

ver
pai

rs(
§8
).

•
We

for
ma

lise
the

“ra
nk
ing

the
bes

t”
ext

ens
ion

to
bip

art
ite

ran
kin

g(
§9
.1)

,a
nd

the
stu

dy
the

Ba
yes

-
op
tim

al
sco

rer
sf

or
the

p-n
orm

pu
sh

ris
k(

§9
.5)

.W
es

how
how

the
ris

kc
an

be
rel

ate
dt

oa
pro

per
com

po
site

los
sw

ith
asy

mm
etr

icw
eig

ht
fun

cti
on

ove
rm

isc
las

sifi
cat

ion
cos

ts(
§9
.6.
1).

•
We

sho
w

how
the

we
igh

tfu
nct

ion
vie

w
of

ap
rop

er
com

po
site

los
ss

ug
ges

tsa
str
ate

gy
for

des
ign

ing
los

ses
sui

tab
le

for
“ra

nk
ing

the
bes

t”.
We

the
nd

esc
rib

es
eve

ral
suc

hn
ew

los
sf

un
cti
on
s(

§9
.6.
3).

We
eva

lua
te

the
se

los
ses

em
pir

ica
lly

on
an

um
ber

of
rea

l-w
orl

dd
ata

set
s(

§9
.7)

,a
nd

dem
on
str
ate

the
ir

fav
ou
rab

lee
mp

iric
alp

erf
orm

anc
ec

om
par

ed
to

the
p-n

orm
pu
sh

ris
k.

•
Ba

sed
on

the
cor

res
po
nd
ing

Ba
yes

-op
tim

al
sol

uti
on
s,w

er
ela

te
bip

art
ite

ran
kin

gt
ot

he
lea

rni
ng

pro
b-

lem
so

fp
air

wi
se

ran
kin

g,
cla

ss-
pro

bab
ilit

ye
stim

ati
on
,an

dc
las

sifi
cat

ion
(§1

0.1
,§

10
.2)

.T
his

for
ma

lly
elu

cid
ate

sth
er

ela
tiv

e“
diffi

cul
ty”

of
eac

ho
fth

ese
pro

ble
ms

.
•

Ba
sed

on
the

cor
res

po
nd
ing

Ba
yes

-op
tim

al
sol

uti
on
s,w

ee
sta

bli
sh

the
equ

iva
len

ce
bet

we
en

the
mi

n-
im

ise
rso

fse
em

ing
lyd

isp
ara

ter
isk

sfo
rfo

ur
po
pu
lar

app
roa

che
sto

bip
art

ite
ran

kin
g(

§1
1).

Th
isf

urt
her

illu
str
ate

sth
ec

los
eli

nk
sb

etw
een

bip
art

ite
ran

kin
ga

nd
cla

ss-
pro

bab
ilit

ye
stim

ati
on
.

•
We

rel
ate

bip
art

ite
ran

kin
gt

oa
xio

ma
tic

cha
rac

ter
isa

tio
ns

of
ran

kin
gr

ela
tio

ns,
and

in
par

tic
ula

rs
how

how
the

ore
ms

cha
rac

ter
isin

gt
he

exi
ste

nce
of

uti
lity

rep
res

ent
ati
on
sd

esc
rib

eth
ec

las
so

fra
nk
ing

pro
b-

lem
so

ver
pai

rst
hat

itc
an

mo
del

(§1
2.4

).
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

Topic
Description

Reference

RISK
Bipartiterankingriskforgeneralloss

l
§3.3

Equivalencetopairwiserankingrisk
§4

RELATION
TOAUC

AUCandgeneralisationtoageneralloss
l

§5.3,§5.4
Equivalenceofbipartiterankingriskand

l-AUC
§5.5

IntegralrepresentationsoftheAUCand
l-AUC

§5.6
AUCandtheNeyman-Pearsonproblem

§D
OPTIMALRISK

RelationshipbetweenBayesriskand
f-divergences

§6.2
RelationshipbetweenregretandgenerativeBregmandivergences

§6.3
OPTIMALSCORERS

Bayes-optimalpair-scorers
§7.3

Bayes-optimalunivariatescorers
§7.4,§7.5

SURROGATEREGRET
Surrogateregretboundsforpairwiseminimisation

§8
GENERALISED

RISK
Rankingthebestformulation

§9.1
Bayes-optimalscorersforp-norm

push
§9.5

Propercompositeapproachtorankingthebest
§9.6

Empiricalcomparisonofalgorithmsforrankingthebest
§9.7

EQUIVALENCES
Reductiontoclassificationandclass-probabilityestimation

§10.1,§10.2
Equivalentrisksforbipartiteranking

§11
AXIOMATIC

CHARACTERIS-
TION

Utilityrepresentationtheorems
§12.4

Table1:Summaryoftheresultsonbipartiterankinginthispaper.

Beforeinitiatingourstudywithadescriptionofbipartiterisk,wefixnotationandprovidedefinitionsof
keyquantitiesthatwillbeusedthroughoutthepaper.

2.Prelim
inaryDefinitionsand

Notation
Wedefinetherelevantquantitiesusedintherestofthepaper,andfixsomenotation.Table2providesa
glossaryofsomefrequentlyusedsymbols.

2.1
Notation

Weusescriptedcalligraphicfontse.g.
X
,Ytodenotesets.Weuse

X
⧵
Ytodenotesetdifference,and

∅to
denotetheemptyset.

Wedenoteby
ℝ

thesetofrealnumbers,and
ℝ
+
=
[0,∞

).Forapositiveinteger
n,wewrite

[n]
=

{1,2,…
,n}.Forafunction

f
∶
X

→
ℝ,wedenoteitsimageorrangeby

Im
(f).If

f
isdifferentiable,

wedenoteitsderivativeby
f
′.Forfunctions

f
,g,f

◦gdenotesfunctionalcomposition,sothat(f
◦g)(x)=

f(g(x)).Foranonincreasingfunction
f
∶
ℝ

→
ℝ,definethepseudo-inverse

f
−
1
∶
ℝ

→
ℝ
by

f
−
1(y)

.=
inf{x

∈
ℝ
∶
f(x)≤

y}.
(1)

Iffisstrictlydecreasing,thiscoincideswiththestandardinversefunction.When
fisnondecreasing,we

replacethe
infwitha

supinEquation1.Foraconstantc
∈

ℝ,wewrite
f≡

ctomeanthatf(x)
=
cfor

every
x
∈
X.

3
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M
ENON

ANDW
ILLIAMSON

Sym
bol

M
eaning

Definition

J⋅K
Indicatorfunction

§2.1
∧,∨

Minimum
andmaximum

§2.1
�(⋅)

Sigmoidfunction
§2.1

X
Instancespace,typically

ℝ
n

§2.1
Y

Labelspace,typically
{±
1}

§2.1
Δ

S
Setofalldistributionsoveraset

S
§2.2

X
,Y

Random
variables,typicallysamplesfrom

D
§2.2

D
Distributionover

X
×
{±
1}

§3.1
R

Distributionover
X
×
X
×
{±
1}

§3.4
D
BR

Pairwiserankingdistributionderivedfrom
D

§3.3
P
,Q
,p,q

Class-conditionaldistributionsanddensitiesofD
§3.2

M
,�

ObservationdistributionanddensityofD
§3.2

�
Observation-conditionaldistributionofD

§3.2
�
Pair

Observation-conditionaldistributionofD
BR

§3.3
�

PositiveclassbaserateofD
§3.2

D
=
⧼P
,Q
,�⧽

=
⧼M

,�⧽
Constituentcomponentsofdistribution

D
§3.1

s∶
X
→

ℝ
Scorer

§2.4
sPair ∶

X
×
X
→

ℝ
Pair-scorer

§2.4
D
iff(s)∶

X
×
X
→

ℝ
Differencepair-scorer

§2.4
S
D
ecom

p
Setofalldecomposablepair-scorers

§2.4
Prb(⋅;D

,s)∶
ℝ

→
[0,1]

Score-to-probabilitytransform
Equation5

Cal(⋅;D
,s)∶

X
→
[0,1]

Calibrationtransform
Equation5

S,S
Random

variableanddistributionofscores
§2.4

l(⋅,⋅)
Lossfunction

§2.6
l
sym

m (⋅,⋅)
Symmetrisedlossfunction

Equation8
Ψ
(⋅)

Linkfunctionforapropercompositeloss
§2.6

w
(⋅)

Weightfunctionforapropercompositeloss
§2.6

L
SPC

Setofallstrictlypropercompositelosses
§2.6

L
SPC (Ψ

)
Setofallstrictlypropercompositelosseswithlink

Ψ
§2.6

L
D
ecom

p
SetofalllosseswithdecomposableBayes-optimalpair-scorer

Equation20
L
(⋅,⋅;l)

Conditionalriskforloss
l

§3.2
L
∗(⋅;l)

Bayes-optimalconditionalriskforloss
l

§3.2
L(⋅;D

,l)
Riskforloss

l
§3.2

L
BR (⋅;D

,l)
Bipartiteriskforloss

l
§3.3

L
∗(D

,l)
Bayes-optimal(minimal)riskforloss

l
§3.2

L
∗BR (D

,l)
Bayes-optimal(minimal)bipartiteriskoverscorersforloss

l
§3.3

S
∗(D

,l)
SetofBayes-optimalscorersforclassificationforloss

l
§3.2

S
∗BR (D

,l)
SetofBayes-optimalscorersforbipartiterankingforloss

l
§3.3

regret(⋅;D
,l)

Classificationregretofscorerforloss
l

§3.2
regretBR (⋅;D

,l)
Bipartiterankingregretofscorerforloss

l
§3.3

If (⋅,⋅)
f-divergencebetweendistributions

Equation3
B
f (⋅,⋅)

GenerativeBregmandivergencebetweendistributions
Equation4

TPR
,TN

R
,FPR

,FN
R

True(false)positive(negative)rates
Definition4

A
U
C
,A
U
C
l

AreaundertheROCcurve,0-1and
lloss

§5.3,§5.4

Table2:Glossaryoffrequentlyusedsymbolsusedinthispaper.
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BIP
AR

TI
TE

RA
NK

IN
G:

A
RIS

K-T
HE

OR
ET

IC
PE

RS
PE

CT
IV

E

Fo
ra

ny
fun

cti
on
f
∶
X

→
ℝ
,w

ed
eno

teb
yA

rg
m
in
x∈

X
f
(x
)th

es
eto

fa
llm

ini
mi

ser
si.

e.a
llx

∈
X
suc

h
tha

tf
(x
)
≤f

(x
′ )
for

all
x′
∈

X
.W

hen
the

set
isa

sin
gle

ton
,so

tha
tf

has
au

niq
ue

mi
nim

ise
r,w

ed
eno

te
thi

sm
ini

mi
ser

by
ar
gm
in
x∈

X
f
(x
).

We
den

ote
by
D
if
f(
f
)
∶
X
×
X

→
ℝ

the
fun

cti
on

sat
isf
yin

g(
D
if
f(
f
))(
x,
x′
)
=
f
(x
)−

f
(x
′ )
for

eve
ry

x,
x′
∈
X
.F

or
as

eto
ffu

nct
ion

sF
=
{f
∶
X
→

ℝ
},w

ed
efi

ne
D
if
f(
F
)
. =
{D
if
f(
f
)∶

f
∈
F
}.

Gi
ven

any
a,
b
∈

ℝ
,w

eu
se
a
∧
b

. =
m
in
(a
,b
)
and

a
∨
b

. =
m
ax
(a
,b
).

We
use

the
Ive

rso
nb

rac
ket

(K
nu
th,

19
92
)J
pK

to
den

ote
the

ind
ica

tor
fun

cti
on
,w

ho
se

val
ue

is
1i

fp
is
tru

ea
nd

0o
the

rw
ise

.F
or

any
x 0

∈
ℝ
,w

eu
se
� x

0(
⋅)
to

den
ote

the
Di
rac

del
ta

cen
tre

da
tx

0,
wh

ich
is
ag

ene
ral

ise
df

un
cti
on

2
sat

isf
yin

g
∫ ℝ�

x 0
(x
)f
(x
)d
x
=
f
(x
0)

for
any

con
tin

uo
us
f
∶
ℝ

→
ℝ
.

Fo
ra

ny
z
∈
ℝ
,w

ed
efi

ne
sig
n(
z)
=

Jz
≥0

K−
Jz

≤0
K.T

he
sig

mo
id

fun
cti
on
�(
⋅)
isd

efi
ned

by

(∀
z
∈
ℝ
)�
(z
)
. =

1
1
+
e−
z
,

(2)

wi
th

its
inv

ers
e�

−
1 (
⋅)
bei

ng
the

log
itf

un
cti
on
,

(∀
y
∈
(0
,1
))
�−

1 (
y)

. =
lo
g

y
1
−
y.

2.2
Pr

ob
ab

ili
ty

Di
str

ib
ut
ion

sa
nd

Ra
nd

om
Va

ria
bl
es

We
use

san
s-s

eri
ff
on
ts

e.g
.X
,Y

to
den

ote
ran

do
m

var
iab

les
.W

ed
eno

te
by

X
∼
D

tha
tX

is
ar

and
om

var
iab

le
wi
th

pro
bab

ilit
yd

istr
ibu

tio
nD

.W
ed

eno
te
by

ℙ
X
∼
D
[X
∈
A
]th

ep
rob

abi
lity

tha
ta

ran
do
m

dra
w
of

X
acc

ord
ing

to
D

fal
lsi

nt
he

set
A
.W

ed
eno

teb
y

E
X
∼
D
[X
]th

ee
xp
ect

ed
val

ue
of

the
ran

do
m

var
iab

leX
.

Gi
ven

dis
trib

uti
on
sP

and
Q
suc

hth
atP

isa
bso

lut
ely

con
tin

uo
us

wi
thr

esp
ect

toQ
,w

eu
se

dP dQ
tod

eno
tet

he
Ra

do
n-N

iko
dy
m

den
sity

of
P
wi
th

res
pec

tto
Q
.W

hen
ite

xis
ts,

we
ref

er
to

the
den

sity
of

ar
and

om
var

iab
le

wi
th

res
pec

tto
Le

bes
gu
em

eas
ure

(un
les

sn
ote

do
the

rw
ise

)b
yp

X
.A

lte
rna

tely
,w

hen
the

ran
do
m

var
iab

le
is

cle
ar

fro
m

con
tex

t,w
er

efe
rto

the
den

sity
of

the
un
der

lyi
ng

dis
trib

uti
on

(e.
g.
Q
)b

yt
he

cor
res

po
nd
ing

low
erc

ase
let
ter

(e.
g.
q).

Gi
ven

as
etS

,w
ed

eno
te
by
Δ
S
by

the
set

of
all

pro
bab

ilit
yd

istr
ibu

tio
ns

on
S
.W

ed
eno

te
by
Be
r(
�)

the
Be

rno
ull

id
istr

ibu
tio

nw
ith

par
am

ete
r�
∈
[0
,1
].

2.3
f
-a

nd
Br

eg
m
an

-D
ive

rg
en
ce
s

Fo
rc

onv
ex
f
∶
ℝ
+
→

ℝ
,th

ef
-di

ver
gen

ce
(C
sis

zár
,1
96
3)

bet
we

en
dis

trib
uti

on
sP

,Q
is

I f
(P
,Q
)
. =

E
X
∼
Q

[(
dP dQ

) (X
)] .

(3)

Th
is
can

be
see

na
sa

no
tio

no
fd

isc
rep

anc
yb

etw
een

P
and

Q
.F

or
no
rm

ali
sat

ion
pu
rpo

ses
,o

ne
typ

ica
lly

enf
orc

es
f
(1
)=

0.
Ag

en
er
at
iv
eB

re
gm

an
di
ve
rg
en
ce

isa
dis

tin
ctn

oti
on

of
dis

cre
pan

cy
bet

we
en

two
pro

bab
ilit

yd
istr

ibu
tio

ns.
Itr

eli
es

on
the

no
tio

no
fa

Br
eg
m
an

di
ve
rg
en
ce

(B
reg

ma
n,
19
67
).F

or
con

vex
,d
iffe

ren
tia
ble

f
∶
ℝ

→
ℝ
,th

e
Br
egm

an
div

erg
enc

eB
f
bet

we
en

po
int

sx
,y
∈
ℝ
is

B
f
(x
,y
)
. =
f
(x
)−

f
(y
)−

f
′ (y
)⋅
(x
−
y)
.

Th
eg

ene
rat

ive
Br
egm

an
div

erg
enc

eB
f
bet

we
en

dis
trib

uti
on
sP

,Q
wi
th

den
siti

es
p,
q
wi
th

res
pec

tto
som

e
dis

trib
uti

on
M

ist
hen

the
ave

rag
ed

ive
rge

nce
bet

we
en

the
den

siti
es

(Re
ida

nd
Wi

llia
ms

on
,20

11
,S

ect
ion

3.3
),

B f
(P
,Q
)
. =

E
X
∼
M
[B
(p
(X
),
q(
X
)) ]
.

(4)
2.

Str
ict

ly,
the

Di
rac

del
ta

isd
efi

ned
as

ad
istr

ibu
tio

no
rfu

nct
ion

al
suc

ht
hat

� x
0
(f
)
=
f
(x
0)

for
eve

ry
sm

oo
th
f
(Ru

din
,1

97
3,

pg
.

15
6;

Str
ich

art
z,1

99
4,

pg
.5

),o
ro

ne
int

erp
ret

sth
ein

teg
ral

∫ ℝ�
x 0
(x
)f
(x
)d
x
as

∫ ℝf
(x
)�

x 0
(d
x)

for
� x

0
bei

ng
the

Di
rac

me
asu

re.
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ME
NO

N
AN

D
W

IL
LI
AM

SO
N

2.4
Sc
or
er
sa

nd
Pa

ir-
Sc
or
er
s

We
are

int
ere

ste
di

ns
up
erv

ise
dl

ear
nin

gp
rob

lem
sin

vol
vin

ga
ni

nst
anc

eo
rfe

atu
re

spa
ce

X
(of

ten
ℝ
n ),

and
a

lab
els

pac
eY

.W
ec

all
an

ele
me

nt
x
∈
X
an

in
sta

nc
eo

rfe
at
ur
ev

ec
to
r,a

nd
an

ele
me

nt
y
∈
Y
ala

be
l.A

sc
or
er

s
for

the
spa

ce
(X
,Y
)is

som
e(

me
asu

rab
le)

fun
cti
on
s∶

X
→

V
,w

her
eV

⊆
ℝ
|Y

| is
the

pre
dic

tio
ns

pac
eo

f
the

sco
rer

.T
he

ma
gn
itu

de
of

eac
he

lem
ent

of
s
cor

res
po
nd
sto

the
deg

ree
of

bel
ief

in
an

ins
tan

ce
hav

ing
the

cor
res

po
nd
ing

lab
el.

A
cl
as
si
fie
r
isa

sco
rer

wi
th

V
=

Y
,so

tha
ta

ni
nst

anc
ei

sd
ire

ctly
ann

ota
ted

wi
th

on
e

of
the

lab
els

.A
cl
as
s-
pr
ob
ab

ili
ty
es
tim

at
or

isa
sco

rer
wi
th

V
=
Δ
[|Y

|],
so

tha
ta
ni

nst
anc

ei
sa

nn
ota

ted
by

a
dis

trib
uti

on
ove

rit
sp

oss
ibl

ela
bel

s.
Th

isp
ape

rfo
cus

ses
on

the
set

tin
go

fb
in
ar
yl
ab

el
s,w

her
eY

=
{±
1}
.In

the
cas

eo
fb

ina
ry

lab
els

,a
sco

rer
is

som
es
∶
X
→

V
,w

her
eV

⊆
ℝ
.H

ere
,cl

ass
ifie

rc
iso

fte
nd

eri
ved

fro
ma

sco
rer

3 s
via

c(
x;
t)
=
2J
s(
x)

≥tK
−
1

for
som

et
hre

sho
ld
t
∈

ℝ
.S

im
ila
rly

,a
cla

ss-
pro

bab
ilit

ye
stim

ato
rf

is
oft

en
der

ive
df

rom
as

cor
er
s
via

f
=
Ψ
−
1 ◦
s
for

som
e(

inv
ers

e)
lin

kf
un
cti
on
Ψ
−
1
∶
ℝ

→
[0
,1
].

Wh
en

as
cor

er
isa

pp
lie
dt

oi
nst

anc
es

dra
wn

fro
m

som
ed

istr
ibu

tio
n,

on
ec

an
con

sid
er

the
ind

uce
dd

istr
i-

bu
tio

no
ver

sco
res

.If
X
isa

ran
do
m

var
iab

leo
ver

ins
tan

ces
wi
th

dis
trib

uti
on
M

,w
ed

eno
teb

yS
the

ind
uce

d
dis

trib
uti

on
ove

rth
es

cor
es.

Wh
en

ite
xis

ts,
we

ref
er

to
the

ind
uce

d(
ma

rgi
nal

)d
istr

ibu
tio

no
fth

es
cor

er
as

M
S
,a

nd
the

dis
trib

uti
on
so

nt
he

po
siti

ve
and

neg
ati
ve

cla
sse

sb
yP

S
and

Q
S
res

pec
tiv

ely
.W

ed
eno

te
the

ma
rgi

nal
den

sity
of

the
sco

re
dis

trib
uti

on
by
� S

,an
dt

he
sco

re
den

siti
es

on
the

po
siti

ve
and

neg
ati
ve

cla
sse

s
by
p S

and
q S

res
pec

tiv
ely

.
A

pa
ir-
sc
or
er
s P
ai
r
for

ap
rod

uct
spa

ce
X
×
X

iss
om

ef
un
cti
on
s P
ai
r∶

X
×
X

→
V
.T

he
ma

gn
itu

de
of

s P
ai
r
cor

res
po
nd
sto

ad
egr

ee
of

bel
ief

in
the

firs
tin

sta
nce

hav
ing

a“
lar

ger
”la

bel
tha

nt
he

sec
on
d,

acc
ord

ing
to

som
em

etr
ic.

A
ra
nk
er

isa
pai

r-s
cor

er
wi
th

V
=
{±
1}
.A

ran
ker

r
ist

yp
ica

lly
der

ive
df

rom
ap

air
-sc

ore
r

s P
ai
r
via

r(
x,
x′
;t
)=

2J
s(
x,
x′
)≥

tK
−
1
for

som
eth

res
ho
ld
t∈

ℝ
.G

ive
na

(st
and

ard
,o
ru

niv
ari

ate
)sc

ore
rs

,
we

can
con

str
uct

ap
air

-sc
ore

rD
if
f(
s)
∶
X
×
X
→

V
−
V
(w

her
e−

den
ote

sM
ink

ow
ski

sub
tra

cti
on
)v

ia
(∀
x,
x′
∈
X
)D
if
f(
s)
(x
,x
′ )

. =
s(
x)
−
s(
x′
).

We
cal

la
pai

r-s
cor

er
s P
ai
r
de
co
m
po

sa
bl
e
if

s P
ai
r
∈
S
D
ec
om
p
. =
{s
Pa
ir
∈
V
X
×X

∶
(∃
s∶

X
→

ℝ
)s
Pa
ir
=
D
if
f(
s)
}.

We
cal

la
pai

r-s
cor

er
an

ti-
sy
m
m
et
ri
c
if,

for
eve

ry
x,
x′
∈
X
,s P

ai
r(x
,x
′ )
=
−
s P
ai
r(x

′ ,
x)
.E

ver
yd

eco
mp

os-
abl

es
cor

er
isa

nti
-sy

mm
etr

ic,
bu
tn

ot
con

ver
sel

y.

2.5
Ca

lib
ra
tio

n
Tr

an
sfo

rm
Gi
ven

as
cor

er
s
and

dis
trib

uti
on
D
∈
Δ
X
×{
±
1}
,th

es
co
re
-to

-p
ro
ba

bi
lit
y
tra

ns
fo
rm
Pr
b(
⋅;
D
,s
)∶

ℝ
→
[0
,1
]

ma
ps

eac
hs

cor
eto

the
act

ual
pro

bab
ilit

yw
hen

the
sco

re
iso

bse
rve

d:
(∀
a
∈
Im
(s
))
Pr
b(
a;
D
,s
)
. =
ℙ
(X
,Y
)∼
D
[Y
=
1|s
(X
)=

a]
.

We
cal

la
sco

rer
s
ca
lib

ra
te
d
wi
th

res
pec

tto
D

ife
ach

pre
dic

ted
sco

re
equ

als
the

pro
bab

ilit
yo

fY
=
1
wh

en
tha

tp
red

ict
ion

ism
ade

(D
eG

roo
tan

dF
ien

ber
g,
19
83
):

(∀
a
∈
Im
(s
))
Pr
b(
a;
D
,s
)=

a.

As
cor

er
mu

stb
ea

cla
ss-

pro
bab

ilit
ye

stim
ato

rto
be

cal
ibr

ate
d(

i.e.
itc

ann
ot
ou
tpu

tva
lue

so
uts

ide
[0
,1
]).

Th
e

ca
lib

ra
tio

n
tra

ns
fo
rm
Ca
l(⋅
;D
,s
)∶

X
→
[0
,1
]c

onv
ert

sa
sco

rer
int

oa
cla

ss-
pro

bab
ilit

ye
stim

ato
rv

ia
(∀
x
∈
X
)C
al
(x
;D
,s
)
. =
Pr
b(
s(
x)
;D
,s
).

(5)
Iti

se
asy

to
che

ck
tha

tfo
ra

ny
sco

rer
s∶

X
→

ℝ
,C
al
(⋅
;D
,s
)is

aut
om

ati
cal

ly
cal

ibr
ate

d.
3.

Th
ec

ase
of
s(
x)
=
tc

an
be

con
sid

ere
da

sa
tie

,th
us

req
uir

ing
ati

e-b
rea

kin
gs

che
me

.T
he

abo
ve

defi
nit

ion
cor

res
po

nd
sto

bre
aki

ng
tie

sin
fav

ou
ro

fth
ep

osi
tiv

ec
las

s.
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

2.6
LossFunctionsand

ConditionalRisks
A
binary

classification
loss

l,oftenjustreferredtoasa
loss,issome(measurable)function

l
∶
{±
1}×

ℝ
→

ℝ
+ .Animportantexampleisthe0-1loss, 4

l
01 (y,v)

.=Jyv
<
0K+

12
⋅Jv

=
0K.

Givenaloss
l,weuse

l
1 (v)=

l(1,v)and
l
−
1 (v)=

l(−
1,v)todenotetheindividualpartiallosses.Wewill

sometimesrefertoalossviathetuple
l(v)=

(l
−
1 (v),l

1 (v)).
Wedefinethe

conditionall-risk
L
(⋅,⋅;l)∶

[0,1]×
ℝ

→
ℝ
+ tobe

(∀�
∈
[0,1],s

∈
ℝ
)L
(�,s;l)

.=
E

Y∼
Ber(�) [ l(Y,s)] =

�
⋅l

1 (s)+
(1
−
�)⋅l

−
1 (s).

(6)

The
Bayes-optim

alconditionall-risk
L
∗(⋅;l)∶

[0,1]
→

ℝ
+ isthenthebestpossibleconditionalrisk,

(∀�
∈
[0,1])L

∗(�;l)
.=
inf
s∈

ℝ
L
(�,s;l).

Forthe0-1loss,theoptimalriskisattainedforanyscorewiththesamesignas
�
−

12 .Moregenerally,we
callalossclassification

calibratedifforevery
�
∈
[0,1]⧵ {

12 }(Bartlettetal.,2006,Definition1),

L
∗(�;l)<

inf
s∶s⋅(2�−

1)≤
0 L
(�,s;l),

(7)

i.e.everyoptimalpredictionhasthesamesignas2�
−
1.

Wecallaloss
l
sym

m
etricif,forevery

y
∈
{±
1}and

v
∈

ℝ,
l(y,v)

=
l(−

y,−
v).Wedenotethe

sym
m
etrised

versionofanarbitrarylossby

l
sym

m (v)
.=
l(1,v)+

l(−
1,−

v)
2

.
(8)

Wecallaloss
la

m
argin

lossif
l(y,z)=

�(yz)forsomefunction
�
∶
ℝ

→
ℝ
+ .Alossissymmetricifand

onlyifitisamarginloss;sufficiencyisstraightforward,andtoseenecessity,notethatforasymmetricloss,
l(y,v)=

Jy
=
1Kl

1 (v)+
Jy
=
−
1Kl

1 (−
v)=

l
1 (yv)=

�(yv)for�(v)
.=
l
1 (v).

2.7
Properand

Proper-Com
positeLosses

A
probability

estim
ation

loss
�issome(measurable)function

�
∶
{±
1}
×
[0,1]

→
ℝ
+
∪
{+
∞
}.Wecalla

probabilityestimationlossproper 5ifitsconditionalriskisoptimisedbypredictingtheunderlyingprobability
(Bujaetal.,2005;ReidandWilliamson,2010),

(∀�,� ′∈
[0,1])L

(�,�;�)≤
L
(�,� ′;�).

(9)
Wecallalossstrictly

properiftheinequalityisstrict.
Inthefollowing,weassumetwomildregularityconditions:that�

1 (1)=
�
−
1 (0)=

0,and
limu→0 u

⋅�
1 (u)=

limu→1 (1
−
u)⋅�

−
1 (u)=

0.

4.When
V
=
{±
1},sothatweareassessingaclassifier,thecanonicaldefinitionof0-1lossis

l
01 (y,v)=

Jy≠
vK.Whenassessinga

scorerwith
V
=
ℝ,wesimplyderiveaclassifierfrom

thescoresandcomputetheresulting0-1loss.Theonlymildcomplicationis
thatweconsiderascoreofv

=
0tobeatie,whichthusrequiresatie-breakingscheme.Inourdefinition,webreaktiesuniformly

atrandom,andthusgeneratea
random

isedclassifier.Thisresultsintheextrasecondterm
comparedtotheclassificationcase.

5.Properlossesaresometimesreferredtoasproperscoring
rules(GneitingandRaftery,2007),especiallyinthestatisticsliterature.A

“scoringrule”isdistinctfrom
ournotionofa“scorer”:theformerisaloss,andthelatterisaprediction.Intheliteratureonscoring

rules,ournotionofascorerissometimesreferredtoasa(probabilistic)“forecast”(GneitingandKatzfuss,2014).
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Nam
e

�
−
1 (u)

�
1 (u)

w
(c)

L
∗(�;�)

0-1
ru

>
12 z

ru
<

12 z
�1∕2 (c)

�
∧
(1
−
�)

Cost-sensitive
c ∗
⋅ ru

>
12 z

(1
−
c ∗)⋅ ru

<
12 z

�c ∗ (c)
((1

−
c ∗)⋅�)∧

(c ∗
⋅(1

−
�))

Brier
u 2

( 1
−
u) 2

2
�
⋅(1

−
�)

Log
−
log(1

−
u)

−
log

u
1

c⋅(1−
c)

−
�
⋅log

�
−
(1
−
�)⋅log(1

−
�)

Boosting
(

u1−
u )

1∕2
(
1−
uu )

1∕2
1

2⋅(c⋅(1−
c)) 3∕2

2
⋅ √

�
⋅(1

−
�)

Table3:Examplesofproperlosses�withassociatedweightfunctionswandconditionalBayesrisksL
∗(⋅;�).

Nam
e

Symbol
l(y,v)

�
Ψ
(u)

Ψ
−
1(v)

Square
l
sq

14
⋅(1

−
yv) 2

Brier
2u
−
1

(
v+
12
∨
0 )
∧
1

Logistic
l
log

log(1
+
e −
yv)

Log
log

u1−
u

1
1+
e −
v

Exponential
l
exp

e −
yv

Boosting
12
⋅log

u1−
u

1
1+
e −
2v

Matsushita
l
m
ts

√
1
+

v 24
−

yv2
Boosting

2u−
1

√
u⋅(1−

u)
12
⋅ (
1
+

v∕2
√
1+
(v∕2) 2 )

Table4:Examplesofpropercompositelosseswithassociatedunderlyingproperloss�andlinkfunction
Ψ.

Anyproperlosssatisfyingtheseconditionsadmitsanintegralrepresentationasaweightedcombinationof
cost-sensitivelosses(ShufordJr.etal.,1966;Schervish,1989,Theorem

4.2),

�
∶
(y,u)

↦∫
1

0
w
(c)⋅�

CS(c) (y,u)dc,
(10)

where
w
∶
[0,1]

→
ℝ
+
∪
{+
∞
}iscalledthe

weightfunctionoftheloss,and
�
CS(c) isthe

cost-sensitive
loss

�
CS(c) (+

1,u)
.=
(1
−
c)⋅Ju

<
cK+

12
⋅Ju

=
cK

�
CS(c) (−

1,u)
.=
c
⋅Ju

>
cK+

12
⋅Ju

=
cK.

(11)

WecallEquation10
Shuford’s

representation.A
lossisstrictlyproperifandonlyifitsweightfunctionis

strictlypositive.OnecanrelatetheweightfunctionandconditionalBayesriskvia(ReidandWilliamson,
2010,Corollary3)w

(c)=
−
(L
∗(⋅;�)) ′′(c).

Wecallaloss
l(strictly)propercom

positeifthereissomeinvertiblelinkfunction
Ψ
∶
[0,1]

→
ℝ
∪
{±
∞
}

suchthattheprobabilityestimationloss�(y,u)
.=
l(y,Ψ

(u))is(strictly)proper(ReidandWilliamson,2010).
ByEquation10,thisimpliesthatapropercompositelossalsoadmitsanintegralrepresentation;hence,we
definetheweightfunctionofapropercompositelossasthatofitsunderlyingproperloss.Wedenotethe
setofstrictlypropercompositelosseswithinvertiblelinkfunction

Ψ
by

L
SPC (Ψ

),andthesetofallproper
compositelossesby

L
SPC .

Whenthepropercompositeloss
lisdifferentiable,wehave(ReidandWilliamson,2010,Corollary12)

(∀v
∈
ℝ
)Ψ

−
1(v)=

(
1
−
l
′1 (v)

l
′−
1 (v) )

−
1.

(12)

8
JM

L
R

 17(195):1-102



BIP
AR

TI
TE

RA
NK

IN
G:

A
RIS

K-T
HE

OR
ET

IC
PE

RS
PE

CT
IV

E

Pr
ob

lem
In
pu

ts
pa

ce
Ou

tp
ut

Ri
sk

Cla
ssi

fic
ati
on

X
×
Y

c∶
X
→

Y
E

(X
,Y
)∼
D
[l
(Y
,s
(X
)) ]

Cla
ss-

pro
bab

ilit
y

est
im

ati
on

X
×
Y

�̂∶
X
→
Δ
[|Y

|]

Bip
art

ite
ran

kin
g

X
×
{±
1}

s∶
X
→

ℝ
E

X
∼
P
,X
′ ∼
Q
l
sy
m
m
(s
(X
)−

s(
X
′ ))

Pa
irw

ise
ran

kin
g

X
×
X
×
{±
1}

s P
ai
r∶

X
×
X
→
{±
1}

E
(X
,X
′ ,Z
)∼
R

[ l
(Z
,s
Pa
ir
(X
,X

′ ))
]

Ta
ble

5:
Su

mm
ary

of
lea

rni
ng

pro
ble

ms
in

ter
ms

of
inp

ut,
ou
tpu

t,a
nd

sta
tist

ica
lri

sk.

Gi
ven

ap
rop

er
los

s�
,w

ec
all

ali
nk

fun
cti
on
Ψ
∶
[0
,1
]→

ℝ
∪
{±
∞
}
ca
no
ni
ca
lfo

rth
atl

oss
if

(∀
c
∈
[0
,1
])
Ψ
′ (c
)=

w
(c
).

(13
)

Th
ec

ano
nic

all
ink

fun
cti
on

ism
on
oto

ne
inc

rea
sin

g,b
ut

iss
tric

tly
so

ifa
nd

on
lyi

fth
elo

ss
�
iss

tric
tly

pro
per

.
Fo

ra
str

ict
lyp

rop
er

los
s�

,th
ep

rop
er
com

po
site

los
sl
(y
,v
)=

�(
y,
Ψ
−
1 (
v)
)is

con
vex

(Re
id

and
Wi

llia
ms

on
,

20
10
,T

heo
rem

28
).

Ta
ble

3p
rov

ide
sso

me
exa

mp
les

of
po
pu
lar

pro
per

los
ses

,an
dT

abl
e4

of
po
pu
lar

pro
per

com
po
site

los
ses

,
alo

ng
wi
th

the
ira

sso
cia

ted
un
der

lyi
ng

pro
per

los
s�

and
lin

kf
un
cti
on
Ψ
.

3.
Cl

as
sifi

ca
tio

n
an

d
Ra

nk
in
g:

St
at
ist
ica

lS
etu

ps
We

now
for

ma
lly

defi
ne

the
pro

ble
ms

of
int

ere
sti

nt
his

pap
er.

Fo
re

ach
pro

ble
m,

we
sta

tet
he

nat
ure

of
the

ir
ass

um
ed

inp
ut,

pro
du
ced

ou
tpu

t,a
nd

me
asu

reo
fst

ati
stic

alp
erf

orm
anc

e(o
rri

sk
).T

abl
e5

pro
vid

es
as

um
ma

ry
of

the
se

pro
ble

ms
.O

ur
sta

rtin
gp

oin
tis

ag
ene

ral
sta

tist
ica

lp
ers

pec
tiv

eo
nl

ear
nin

gf
rom

bin
ary

lab
els

.

3.1
Le

ar
ni
ng

fro
m

Bi
na

ry
La

be
ls:

Di
str

ib
ut
ion

sa
nd

th
eir

De
co
m
po

sit
ion

s
Mo

st
pro

ble
ms

of
int

ere
st

in
thi

sp
ape

rc
on
cer

nl
ear

nin
gb

ase
do

ns
am

ple
sf

rom
som

ed
istr

ibu
tio

nD
∈

Δ
X
×{
±
1}

ove
rb

ina
ry

lab
els

.T
he

pre
cis

en
atu

re
of

the
se

pro
ble

ms
sha

llb
es

pec
ifie

dm
om

ent
ari

ly,
bu
tw

e
firs

tn
ote

two
dec

om
po
siti

on
so

fD
tha

tsh
all

pro
ve

use
ful

.T
he

firs
tin

vol
ves

spl
itti

ng
any

D
∈
Δ
X
×{
±
1}

int
o

(∀
A
⊆
X
)P
(A
)=

ℙ
[X
∈
A
|Y
=
1]

(∀
A
⊆
X
)Q
(A
)=

ℙ
[X
∈
A
|Y
=
−
1]

�
=
ℙ
[X
∈
X
,Y
=
1]
.

Eq
uiv

ale
ntl

y,w
em

ay
dec

om
po
se
D
∈
Δ
X
×{
±
1}

int
o

(∀
A
⊆
X
)M

(A
)=

ℙ
[X
∈
A
,Y
∈
{±
1}
]

(∀
x
∈
X
)�
(x
)=

ℙ
[Y
=
1|X

=
x]
.

We
ref

er
to
P
,Q

as
the

cl
as
sc

on
di
tio

na
ld

ist
ri
bu
tio

ns
,an

d�
the

ba
se

ra
te
;w

er
efe

rto
M

as
the

ob
se
rv
at
io
n

di
str

ib
ut
io
n
and

�
as

the
ob
se
rv
at
io
n-
co
nd
iti
on
al

di
str

ib
ut
io
n
or

cl
as
s-
pr
ob
ab

ili
ty

fu
nc
tio

n.
We

wi
lld

eno
te

the
den

siti
es

of
P
,Q

wi
th

res
pec

tto
M

by
p,
q.

Wh
en
M

po
sse

sse
sa

den
sity

,w
er

efe
rto

ita
s�

.W
hen

we
wi
sh

to
ref

er
to

the
se

con
stit

ute
nt

dis
trib

uti
on
so

fD
and

the
ird

ens
itie

s,w
ew

ill
exp

lic
itly

par
am

ete
ris

eD
as

eit
her

D
=
⧼P
,Q
,�

⧽
or
D
=
⧼M

,�
⧽
as

app
rop

ria
te.

We
now

pro
cee

dt
of

orm
ali
sin

gt
he

pro
ble

ms
con

sid
ere

di
nt

his
pap

er.
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3.2
Cl
as
sifi

ca
tio

n
an

d
Cl
as
s-P

ro
ba

bi
lit
yE

sti
m
at
ion

Cla
ssi

fic
ati
on

ist
he

can
on
ica

lsu
per

vis
ed

ma
chi

ne
lea

rni
ng

tas
k,

and
has

rec
eiv

ed
sev

era
ld

eca
des

’w
ort

ho
f

stu
dy

fro
m

at
heo

ret
ica

la
nd

pra
cti
cal

per
spe

cti
ve.

Cla
ssi

fic
ati
on

iso
fte

nm
oti

vat
ed

by
app

eal
ing

to
sev

era
l

rea
l-w

orl
dp

rob
lem

s,s
uch

as
pre

dic
tin

gw
het

her
an

em
ail

me
ssa

ge
iss

pam
bas

ed
on

its
con

ten
ts,

pre
dic

tin
g

wh
eth

er
or

no
ta

per
son

iss
ick

bas
ed

on
tes

tre
sul

ts,
or

pre
dic

tin
gw

het
her

or
no
ta

ni
nd
ivi

du
al

wi
lle

njo
ya

mo
vie

bas
ed

on
its

cha
rac

ter
isti

cs.
Fo

rm
ally

,in
sta

tist
ica

lcl
ass

ific
ati
on

(D
evr

oye
eta

l.,
19
96
),w

ea
re

giv
en

sam
ple

sfr
om

som
ed

istr
ibu

tio
n

D
∈
Δ
X
×Y

,an
dw

ish
to

lea
rn

ac
las

sifi
er
c∶

X
→

Y
.In

cl
as
s-
pr
ob
ab

ili
ty
es
tim

at
io
n
(B
uja

eta
l.,

20
05
;R

eid
and

Wi
llia

ms
on
,2

01
0),

the
inp

ut
isi

den
tic
al,

exc
ept

we
wi
sh

to
lea

rn
ac

las
s-p

rob
abi

lity
est

im
ato

r�̂
∶
X

→
Δ
[|Y

|].
In

the
bin

ary
cas

e,c
las

sifi
cat

ion
inv

olv
es

lea
rni

ng
som

ec
∶
X
→
{±
1}

and
cla

ss-
pro

bab
ilit

ye
stim

ati
on

inv
olv

es
lea

rni
ng

som
e�̂
∶
X

→
[0
,1
].
In

thi
ss

ett
ing

,o
ne

typ
ica

lly
firs

tle
arn

sa
gen

era
lsc

ore
rs
∶
X

→
ℝ
,

and
per

for
ms

eit
her

thr
esh

old
ing

to
get

ac
las

sifi
er

or
am

on
oto

ne
tra

nsf
orm

ati
on

to
get

ac
las

s-p
rob

abi
lity

est
im

ato
r.

Itr
em

ain
sto

defi
ne

how
the

per
for

ma
nce

of
ac

and
ida

tes
cor

ers
∶
X
→

ℝ
isa

sse
sse

dfo
rth

etw
op

rob
lem

s.
Int

uit
ive

ly,
as

the
se

pro
ble

ms
ass

um
ee

xam
ple

sd
raw

nf
rom

ap
rob

abi
lity

dis
trib

uti
on
,on

ew
ou
ld

lik
eto

inc
ur

as
ma

lld
is
ut
ili
ty

or
lo
ss

for
ar

an
do
m
ly

dr
aw

n
exa

mp
le.

Th
isn

oti
on

isc
apt

ure
db

yt
he

no
tio

no
fs

ta
tis
tic
al

ri
sk
.G

ive
na

ny
D
=
⧼M

,�
⧽
∈
Δ
X
×{
±
1}

and
los

sl
,w

ed
efi

ne
the

l
-c
la
ss
ifi
ca
tio

n
ri
sk

for
as

cor
er
s
to

be
the

ave
rag

elo
ss

inc
urr

ed
on

ar
and

om
sam

ple
fro

m
D
,

L(
s;
D
,l
)
. =

E
(X
,Y
)∼
D
[l
(Y
,s
(X
)) ]
=

E
X
∼
M
[L
(�
(X
),
s(
X
);
l
) ]
,

(14
)

rec
all
ing

tha
tL
(⋅,
⋅;
l
)
is

the
con

dit
ion

al
l
-ris

k(
Eq

uat
ion

6).
Th

eB
ay
es
-o
pt
im
al
l
-c
la
ss
ifi
ca
tio

n
ri
sk
,o

r
sim

ply
the

Ba
ye
sr

is
k,i

sth
ein

fim
all

-cl
ass

ific
ati
on

ris
k:

L∗
(D
,l
)
. =

in
f

s∶
X
→
ℝ
L(
s;
D
,l
).

Sim
ila
rly

,th
eB

ay
es
-o
pt
im
al

co
nd
iti
on
al

ri
sk
,o
rsi

mp
ly

the
co
nd
iti
on
al

Ba
ye
sr

is
k
is

L
∗ (
�;
l
)
. =
in
f

s∈
ℝ
L
(�
,s
;l
).

Wh
en

the
infi

mu
m

isa
chi

eva
ble

,6 t
he

set
of

Ba
ye
s-
op
tim

al
sc
or
er
sfo

ra
los

sl
and

dis
trib

uti
on
D

com
pri

ses
sco

rer
sth

ata
tta

in
the

Ba
yes

-op
tim

all
-cl

ass
ific

ati
on

ris
k:

S
∗ (
D
,l
)
. =
A
rg
m
in

s∶
X
→
ℝ
L(
s;
D
,l
).

Un
der

app
rop

ria
tem

eas
ura

bil
ity

ass
um

pti
on
s,t

his
set

ma
yb

ed
isc

ern
ed

po
int

wi
se,

by
stu

dy
ing

the
mi

nim
ise

rs
of

the
con

dit
ion

al
ris

kL
(⋅,
⋅;
l
)(S

tei
nw

art
,2

00
7).

Fin
ally

,th
el

-re
gr
et

of
as

cor
er
s∶

X
→

ℝ
isi

tse
xce

ss
l
-cl

ass
ific

ati
on

ris
ko

ver
the

Ba
yes

l
-cl

ass
ific

ati
on

ris
k:

re
gr
et
(s
;D
,l
)
. =
L(
s;
D
,l
)−

L∗
(D
,l
).

In
bin

ary
cla

ssi
fic

ati
on
,th

ec
ano

nic
alg

oal
ist

om
ini

mi
se

the
ris

kf
or
l
01
,

L(
s;
D
,l
01
)=

ℙ
(X
,Y
)∼
D
[Y
⋅s
(X
)<

0 ]
+
1 2
⋅ℙ

(X
,Y
)∼
D
[s
(X
)=

0]
,

(15
)

i.e.
we

wa
nto

ur
sco

rer
sto

ach
iev

elo
wm

isc
las

sifi
cat

ion
err

or
on

fut
ure

sam
ple

s.O
bse

rve
tha

tth
es

eco
nd

ter
m

abo
ve

enc
od
es

tha
tti

es
in

the
cla

ssi
fic

ati
on

are
bro

ken
un
ifo

rm
ly

at
ran

do
m.

In
cla

ss
pro

bab
ilit

ye
stim

ati
on

on
the

oth
er

han
d,
the

can
on
ica

lg
oal

ist
om

ini
mi

se
L(
s;
D
,l
)fo

rso
me

pro
per

com
po
site

los
sl

.
6.

As
im

ple
exa

mp
lew

her
eth

isi
sn

ott
rue

ist
he

cas
eo

fse
par

abl
ed

ata
,w

her
e�
(x
)∈

{0
,1
}fo

rev
ery

x.
Un

der
log

-lo
ss,

wh
ich

isp
rop

er,
the

op
tim

als
cor

er
s∗
(x
)=

�(
x)
.U

nd
er

log
isti

clo
ss,

wh
ich

isp
rop

er
com

po
site

,th
eo

pti
ma

lsc
ore

ris
in

gen
era

ls∗
(x
)=

lo
g

�(
x)

1−
�(
x)
.

Bu
tfo

rs
epa

rab
le

dat
a,

tha
tw

ou
ld

req
uir

es
∗ (
x)
∈
{±
∞
},

and
so

the
infi

mu
m

isn
ot

att
ain

abl
e.

Wo
rki

ng
wi

th
the

ext
end

ed
rea

ls
ℝ
∪
{±
∞
}
iso

ne
po

ssi
ble

fix
,b

ut
in

the
seq

uel
we

wi
lla

lwa
ys

ass
um

eth
ein

fim
um

isa
tta

ina
ble

.
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

Thebinaryclassification
l-riskhasbeenextensivelystudied.Muchoftheliteraturehasfocussedonthe

designoflosses
lwithfavourablecomputationalandstatisticalproperties,withspecificfocusonmargin

lossessuchasinthesupportvectormachine(whichemploysthehingeloss
l
hinge (y,v)

=
m
ax(0,1

−
yv)),

boosting(whichemploystheexponentialloss
l
exp (y,v)=

e −
yv),andlogisticregression(whichemploysthe

logisticloss
l
log (y,v)=

log( 1
+
e −
yv) ).Therehasalsobeentheoreticalstudyofhowregretwithrespecttoa

loss
ltranslatesintotheregretwithrespecttothe0-1loss,viasurrogateregretbounds(Zhang,2004;Bartlett

etal.,2006).

3.3
InstanceRanking

Manyapplicationstraditionallyusedtomotivatebinaryclassificationaremoreappropriatelycastasranking
problems.Forexample,ratherthanmerelypredictinganindividual’senjoymentofasinglemovie,itispo-
tentiallymoreusefultohaveasystem

capableofproducinga
ranked

listofmoviesthattheindividualmay
enjoy.Similarly,inepidemiologicalstudies,ratherthanmerelypredictingwhetherasingleindividualhasa
disease,itispotentiallymoreusefultohaveasystem

thatcanproducedarankedlistofindividualsdeemed
mostlikelytohaveaparticulardisease.Instancerankingisofsimilarinterestinmostothersettingswhere
classificationis,suchascreditfrauddetectionandclickthroughrateanalysis.

Formally,in
instance

ranking(FürnkranzandHüllermeier,2010,pg.
6;CrammerandSinger,2001;

ShashuaandLevin,2002),wearegivensamplesfrom
somedistribution

D
∈
Δ
X
×
Y ,whereeachsample

comprisesasinglex
∈
Xandalabely

∈
Y,where

Yisa(finite)totallyorderedset.Thegoalistolearnascorer
s∶

X
→

ℝsuchthattheorderingofinstancesbytheirscoresscoresmimicstheorderingbytheirlabels.Note
that

Y,whileordered,doesnotnecessarilyhaveanassociatedmetrice.g.for
Y
=
{Hate,Indifferent,Like},

thereisanaturalorderingovertheoutcomes,butitmaynotbepossibletoassignnumericvaluestothe
comparisonoftwooutcomes.When

Ydoesnothaveanassociatedmetric,instancerankingisidenticalto
ordinalregression(Agresti,1984),andthusonecansolveordinalregressionproblemsbyrankingmethods
(Herbrichetal.,2000).When

Yhasanassociatedmetric,instancerankingisahybridbetweentraditional
multi-classclassification(where

Yisfinitebutunordered)andregression(where
Yisorderedbutnotfinite)

(LiandLin,2006).
When

Y
=
{±
1},thegoalofinstancerankingcanbeseenasscoringpositiveexampleshigherthannegative

examples.Thisspecialcaseisknownasthebipartiterankingproblem,andhasreceivedconsiderableattention
(Freundetal.,2003;AgarwalandNiyogi,2005;Clémençonetal.,2008;Kotlowskietal.,2011).Bipartite
rankingisthemainfocusofthispaper.

Aspertheprevioussection,tospecifythebipartiterankingproblem,webeginwithitsunderlyingrisk.
Givenany

D
=
⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} andloss
l,wedefinethe

l-bipartite
riskforascorers∶

X
→

ℝ
tobe

L
BR (s;D

,l)
.=

E
X
∼
P
,X
′∼
Q [l

sym
m (s(X

)−
s(X

′)) ]

=
1

�
⋅(1

−
�)

E
X
∼
M
,X
′∼
M

[�(X
)⋅(1

−
�(X

′))⋅l
sym

m (s(X
)−

s(X
′)) ].

(16)

Thefirstequationindicatesthatthisriskisindependentofthebaserate
�.Whentheloss

lissymmetric,the
equationreducesto

L
BR (s;D

,l)=
E

X
∼
P
,X
′∼
Q [l

1 (s(X
)−

s(X
′)) ].

(17)
Acanonicalgoalistominimisethebipartiteriskfor

l
01 ,whichis

L
BR (s;D

,l
01 )=

ℙ
X
∼
P
,X
′∼
Q [s(X

)−
s(X

′)<
0]+

12
⋅ℙ

X
∼
P
,X
′∼
Q [s(X

)−
s(X

′)=
0],

i.e.wewantstoachievelowpairwisemisclassificationerror,inthesenseofscoringanegativehigherthana
positive,onfuturesamples.Thereadermaywonderhow,ifatall,thisrelatestothemisclassificationerrorof
Equation15;suchdiscussionshallbedeferredto§10.11
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Equippedwithanotionofstatisticalrisk,wecandefinetheBayes-optimalrisk,Bayes-optimalscorers,
andregretbyanalogywiththequantitiesfrom

theprevioussection:
L
∗BR (D

,l)
.=

inf
s∶

X
→
ℝ
L
BR (s;D

,l)

S
∗BR (D

,l)
.=
A
rgm

in
s∶

X
→
ℝ
L
BR (s;D

,l)

regretBR (s;D
,l)

.=
L
BR (s;D

,l)−
L
∗BR (D

,l).
(18)

Asinbinaryclassification,alargebodyofliteraturehasfocussedonthedesignoflosses
lwithfavourable

numericalandstatisticalproperties,againwithspecificfocusonmarginlossessuchasinSVMRank(Joachims,
2002;Herbrichetal.,1998)(correspondingtohingeloss),RankBoost(Freundetal.,2003)(correspondingto
exponentialloss),andRankNet(Burgesetal.,2005)(correspondingtologisticloss).

3.4
PairwiseRanking

Pairwiserankingproblemsinvolvelabelled
pairsofinstances,whereweonlyknow

whichoftwoinstances
ismorelikelytopossesssomecharacteristic.Forexample,inwebsearchclick-logdata,wecanelicitpair-
wisepreferencestodeterminewhichoftwosearchresultsismorelikelytobeclicked(Joachims,2002).(In
informationretrieval,theproblem

issometimesreferredtoas“averageview
paperranking”,Liu,2009,pg.

203.)Formally,in
pairw

iseranking(Cohenetal.,1999;Herbrichetal.,1998;FürnkranzandHüllermeier,2010,
pg.7)wearegivensamplesfrom

somedistribution
R
∈
Δ
X
×
X
×{±

1} ,whereeachsamplecomprisespairsof
instances(x

(1),x
(2)),andalabel{±

1},denotingthatx
(1)ranksaboveorbelow

x
(2)respectively.Following

thenotationusedforbinaryclassification,wewillwrite
RaseitherR

=
⧼P

pair ,Q
pair ,�

pair ⧽
∈
Δ
X
×
X
×{±

1} or
R
=
⧼M

pair ,�Pair ⧽,whereforexample
(∀
A
⊆
X
×
X
)P

pair (A
)=

ℙ[(X
,X

′)∈
A|Z

=
1]forrandom

variables
X
,X

′,Zdefinedovertheinstancesandlabelrespectively.
Thegoalinpairwiserankingistolearnapair-classifiercPair ∶

X
×
X
→
{±
1}thatspecifieswhetherornot

thefirstinstanceranksabovethesecond.Aswithstandardclassification,thisisoftendonebythresholdinga
pair-scorersPair ∶

X
×
X

→
ℝ.A

pair-scorerisnothingmore 7thanascorerdefinedon
X
×
X,andthusthe

notionofriskforpairwiserankingisasexpected:givenany
R
=
⧼M

pair ,�Pair ⧽
∈
Δ
X
×
X
×{±

1} andloss
l,we

definethe
l-pairw

ise
ranking

riskforapair-scorersPair tobe
L(sPair ;R

,l)
.=

E
(X
,X
′,Z)∼

R [l(Z,sPair (X
,X

′)) ]=
E

(X
,X
′)∼

M
pair [L

(�Pair (X
,X

′),sPair (X
,X

′);l) ].
(19)

Acanonicalgoalistominimisethisriskforthe0-1loss,

L(sPair ;R
,l
01 )=

ℙ
(X
,X
′,Z)∼

R [Z
⋅sPair (X

,X
′)<

0]+
12 ℙ

(X
,X
′,Z)∼

R [sPair (X
,X

′)=
0],

i.e.wewantourpair-scorersPair toachievelow
pairwisemisclassificationerroronfuturesamples.Observe

thatthesecondterm
aboveencodesthattiesintherankingarebrokenuniformlyatrandom.

Asintheprevioussections,wemaydefinetheBayes-optimalrisk,Bayes-optimalscorers,andregretfor
pairwiserankingas:

L
∗(R

,l)
.=

inf
sPair ∶

X
×
X
→
ℝ
L(sPair ;R

,l)

S
∗(R

,l)
.=

A
rgm

in
sPair ∶

X
×
X
→
ℝ
L(sPair ;R

,l)

regret(sPair ;R
,l)

.=
L(sPair ;R

,l)−
L
∗(R

,l).
7.Nonetheless,makingadistinctionwithastandardscorershallbeusefulinoursubsequentanalysis.
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BIP
AR

TI
TE

RA
NK

IN
G:

A
RIS

K-T
HE

OR
ET

IC
PE

RS
PE

CT
IV

E

4.
Re

du
cin

gB
ip
ar
tit
et

oP
air

wi
se

Ra
nk

in
g

Ha
vin

gd
efi

ned
the

ris
ks

for
thr

ee
see

mi
ng
ly

dis
par

ate
pro

ble
ms

,it
isw

ort
hn

oti
ng

how
the

yr
ela

te
to

eac
h

oth
er.

Fir
st,

the
pai

rw
ise

ran
kin

gr
isk

(Eq
uat

ion
19
)is

cle
arl

ye
qu
iva

len
tto

the
cla

ssi
fic

ati
on

ris
k(

Eq
uat

ion
14
),e

xce
ptt

hat
we

op
era

teo
ver

pai
rso

fin
sta

nce
sX

×
X
.T

hu
s,p

air
wi
se

ran
kin

gis
equ

iva
len

tto
cla

ssi
fic

ati
on

on
pai

rs;
see

als
o§

10
.1.

Fu
rth

er,
we

ma
yv

iew
bip

art
ite

ran
kin

ga
sa

spe
cia

lc
ase

of
pai

rw
ise

ran
kin

gi
nt

he
fol

low
ing

sen
se:

any
D
∈
Δ
X
×{
±
1}

ma
yb

ec
onv

ert
ed

to
ap

air
wi
se

ran
kin

gd
istr

ibu
tio

n,
D
BR
∈
Δ
X
×X

×{
±
1}
,

suc
hth

att
he

ris
ks

of
the

two
pro

ble
ms

are
equ

iva
len

t.T
hu
s,t

he
me

tho
ds

des
cri

bed
abo

ve
for

pai
rw

ise
ran

kin
g

are
equ

ally
app

lic
abl

ef
or

bip
art

ite
ran

kin
g.

De
fin

iti
on

1(
De

riv
ed

pa
irw

ise
ra
nk

in
gd

ist
rib

ut
ion

)
G
iv
en

an
y
D
=

⧼P
,Q
,�

⧽
∈
Δ
X
×{
±
1}
,t
he

der
ive

d
pai

rw
ise

ran
kin

gd
istr

ibu
tio

nD
BR
∈
Δ
X
×X

×{
±
1}

co
rr
es
po

nd
st
o
dr
aw

in
g
(X
,X

′ ,
Z
)∈

X
×
X
×
{±
1}

vi
a:

•
D
ra
w
Z
∼
Be
r(
1∕
2)

•
If
Z
=
+
1,
dr
aw

X
∼
P
,X

′
∼
Q

•
If
Z
=
−
1,
dr
aw

X
∼
Q
,X

′
∼
P
.

An
eq
ui
va
le
nt

pr
oc
es
si
s:

•
D
ra
w
(X
,Y
)∼

D

•
D
ra
w
(X
′ ,
Y
′ )
∼
D
.

•
If
Y
=
Y
′ ,
re
je
ct
an

d
re
-s
am

pl
e;

el
se
,l
et
Z
=
Y
.

Th
efo

llo
wi
ng

ris
ke

qui
val

enc
ec

an
be

eas
ily

ver
ifie

d,a
nd

isw
ell
-kn

ow
nf

or
the

cas
eo

fl
01

(B
alc

an
eta

l.,
20
08
;K

otl
ow

ski
eta

l.,
20
11
;A

gar
wa

l,2
01
4).

(Se
eP

rop
osi

tio
n6

2f
or

ap
roo

fo
fa

mo
re

gen
era

lre
sul

t).
Le

m
m
a2

Fo
ra

ny
di
str

ib
ut
io
n
D
=
⧼P
,Q
,�

⧽
∈
Δ
X
×{
±
1}
,l
os
sl

an
d
sc
or
er
s∶

X
→

ℝ
,

L B
R
(s
;D
,l
)=

L(
D
if
f(
s)
;D

BR
,l
).

Pr
oo
f
By

Eq
uat

ion
16
,

L B
R
(s
;D
,l
)=

E
X
∼
P
,X
′ ∼
Q

[ l
sy
m
m
(s
(X
)−

s(
X
′ ))
]

=
1 2
⋅

E
X
∼
P
,X
′ ∼
Q

[ l
1(
s(
X
)−

s(
X
′ ))
+
l
−
1(
s(
X
′ )
−
s(
X
))]

=
1 2
⋅

E
X
∼
P
,X
′ ∼
Q

[ l
1(
s(
X
)−

s(
X
′ ))
] +

1 2
⋅

E
X
∼
P
,X
′ ∼
Q

[ l
−
1(
s(
X
′ )
−
s(
X
))]

=
1 2
⋅

E
X
∼
P
,X
′ ∼
Q

[ l
1(
s(
X
)−

s(
X
′ ))
] +

1 2
⋅

E
X
∼
Q
,X
′ ∼
P

[ l
−
1(
s(
X
′ )
−
s(
X
))]

=
1 2
⋅

E
(X
,X
′ )∼
(P
×Q

)[ l
1(
s(
X
)−

s(
X
′ ))
] +

1 2
⋅

E
(X
,X
′ )∼
(Q
×P
)[ l

−
1(
s(
X
′ )
−
s(
X
))]
,

wh
ere

in
the

pen
ult

im
ate

equ
ati
on

we
hav

es
im

ply
ren

am
ed

the
ran

do
m

var
iab

les
in

the
sec

on
de

xp
res

sio
n.

By
defi

nit
ion

of
D
BR

and
the

pai
rw

ise
ran

kin
gr

isk
(Eq

uat
ion

19
),t

his
ise

xac
tly

L(
D
if
f(
s)
;D

BR
,l
).

We
sum

ma
ris

eth
ec

on
dit

ion
ala

nd
ma

rgi
nal

pro
bab

ilit
ies

of
D
BR

inA
pp
end

ixB
.Fo

rex
am

ple
,if
(X
,X

′ ,
Z
)

den
ote

sth
er

and
om

var
iab

les
dis

trib
ute

da
cco

rdi
ng

to
D
BR

,it
isn

ot
har

dt
oc

hec
kt

hat
ℙ
[(X

,X
′ )
∈
A
×
B
|Z
=
+
1]
=
P
(A
)⋅
Q
(B
)

ℙ
[(X

,X
′ )
∈
A
×
B
|Z
=
−
1]
=
P
(B
)⋅
Q
(A
).

Th
er

isk
equ

iva
len

ce
in

Le
mm

a2
has

as
ub
tle
ty

tha
tw

ill
pro

ve
im

po
rta

nt
in

ou
rsu

bse
que

nt
ana

lys
is:

the
bip

art
ite

ris
kf

or
as

cor
er

rel
ate

sto
the

pai
rw

ise
ris

ko
fa

de
co
m
po

sa
bl
e
pai

r-s
cor

er.
Co

nse
que

ntl
y,w

ec
ann

ot
in

gen
era

leq
uat

eth
eB

ay
es
-o
pt
im
al

bip
art

ite
ris

ks
for

the
two

pro
ble

ms
,as

the
fol

low
ing

ma
kes

pre
cis

e.
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3
Fo

ra
ny

di
str

ib
ut
io
n
D
∈
Δ
X
×{
±
1}

an
d
lo
ss
l
,

L∗ B
R
(D
,l
)=

L∗
(D

BR
,l
)
⟺

S
∗ (
D
BR
,l
)∩

S
D
ec
om
p
≠∅

.

Pr
oo
f
By

defi
nit

ion
,

L∗ B
R
(D
,l
)=

in
f

s∶
X
→
ℝ
L B

R
(s
;D
,l
)

=
in
f

s∶
X
→
ℝ
L(
D
if
f(
s)
;D

BR
,l
)b

yL
em

ma
2

=
in
f

s P
ai
r∈

S
D
ec
om
p
L(
s P
ai
r;
D
BR
,l
).

By
con

tra
st,

L∗
(D

BR
,l
)=

in
f

s P
ai
r∶

X
×X

→
ℝ
L(
s P
ai
r;
D
BR
,l
).

Th
et

wo
Ba

yes
-ris

ks
inv

olv
em

ini
mi

sat
ion

of
the

sam
ef

un
cti
on
al,

L(
s P
ai
r;
D
BR
,l
),b

ut
the

for
me

rre
qui

res
the

con
str
ain

ts
Pa
ir
∈

S
D
ec
om
p.

Fo
rth

er
esu

lts
of

an
un
con

str
ain

ed
and

con
str
ain

ed
mi

nim
isa

tio
nt

oc
oin

-
cid

e,a
tle

ast
on
es

olu
tio

nt
ot

he
un
con

str
ain

ed
mi

nim
isa

tio
nm

ust
bel

on
gt

ot
he

con
str
ain

tse
t.T

hu
s,t

he
two

Ba
yes

-ris
ks

wi
llc

oin
cid

ei
fa

nd
on
ly

ift
her

ei
sa

tle
ast

on
em

ini
mi

ser
of

L(
s P
ai
r;
D
BR
,l
)th

at
isi

nS
D
ec
om
p,

i.e.
l
∈
L
D
ec
om
p.

Th
ec

on
dit

ion
in

the
rig

ht
han

ds
ide

abo
ve

sha
llp

rov
ei
mp

ort
ant

in
ou
rs
ub
seq

uen
ta
nal

ysi
s,s

om
uch

so
tha

tw
es

hal
lu

se
L
D
ec
om
p
to

den
ote

the
set

of
los

ses
sat

isf
yin

gi
t:

L
D
ec
om
p
. =
{ l

∣(
∀D

∈
Δ
X
×{
±
1}
)S

∗ (
D
BR
,l
)∩

S
D
ec
om
p
≠∅

} .
(20

)
We

sha
llr

evi
sit

thi
sc

on
dit

ion
wh

en
com

pu
tin

gt
he

Ba
yes

-op
tim

al
sco

rer
sf
or

the
bip

art
ite

ran
kin

gr
isk

.I
n

par
tic
ula

r,P
rop

osi
tio

n4
4c

har
act

eri
ses

the
set

of
pro

per
com

po
site

los
ses

for
wh

ich
l
∈
L
D
ec
om
p,w

hic
htu

rns
ou
tto

inv
olv

ea
con

dit
ion

on
the

lin
kf

un
cti
on

for
the

los
s.
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Th
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d
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Ri
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Th
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em
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for

as
cor

er
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bip
art
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ran

kin
gi

sth
ea
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un
der

the
RO

Cc
urv

e(
AU

C)
.

In
thi

ss
ect

ion
,w

efo
rm

ally
defi

ne
the

RO
Cc

urv
ea

nd
AU

C,
and

sho
wh

ow
the

lat
ter

isr
ela

ted
to
the

bip
art

ite
ris

kd
efi

ned
in

Eq
uat

ion
16
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RO

Cc
urv

ea
nd

AU
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ea
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des
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m
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bip
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ite
ran
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.
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RO
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fal
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es
for

as
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5.1
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Fa
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sit
ive

Ra
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Th
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bip
art

ite
ran

kin
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st
op

rod
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as
cor

er
s∶

X
→

ℝ
.H

ow
eve

r,a
sm

any
pra

cti
cal

app
lic
ati
on
s

req
uir

ea
cla

ssi
fie

rc
∶
X

→
{±
1}
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fin
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to
con

ver
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sco
rer

int
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cla
ssi

fie
r.T
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sim
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som
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∈
ℝ
,p
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c(
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=
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)≥
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e
ra
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.
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ca
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ra
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

Definition
4(Trueand

falsepositiverates)
G
iven

anyD
=
⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} ,and
a
scorers∶

X
→

ℝ
,

define
the

true
(false)positive

(negative)ratesofthe
scorerata

threshold
t∈

ℝ
∪
{±
∞
}
to

be

TPR(t;D
,s)

.=
ℙ
X
∼
P [s(X

)>
t]+

12
⋅ℙ

X
∼
P [s(X

)=
t]

FPR(t;D
,s)

.=
ℙ
X
′∼
Q [s(X

′)>
t]+

12
⋅ℙ

X
′∼
Q [s(X

′)=
t]

TN
R(t;D

,s)
.=
1
−
FPR(t;D

,s)=
ℙ
X
′∼
Q [s(X

′)<
t]+

12
⋅ℙ

X
′∼
Q [s(X

′)=
t]

FN
R(t;D

,s)
.=
1
−
TPR(t;D

,s)=
ℙ
X
∼
P [s(X

)<
t]+

12
⋅ℙ

X
∼
P [s(X

)=
t].

W
hen

the
scorers

and
distribution

D
are

clearfrom
context,we

use
e.g.TPR(t)to

denote
TPR(t;D

,s).

Inordertodescribethepropertiesofthetrueandfalsepositiverates,itwillbeconvenienttoexpressthem
intermsofthedistributionofthescorer.Denotingby

P
S ,Q

S theconditionaldistributionofscoresonthe
positiveandnegativeclasswhenappliedtoinstancesdrawnfrom

D,wemaywritethetrueandfalsepositive
ratesas:

TPR(t;D
,s)=

ℙ
S∼
P
S [S

>
t]+

12
⋅ℙ

S∼
P
S [S

=
t]

FPR(t;D
,s)=

ℙ
S ′∼

Q
S [S

′>
t]+

12
⋅ℙ

S ′∼
Q
S [S

′=
t].

Thesecondtermineachexpressionencodesthattiesarebrokenuniformlyatrandombetweenthepositiveand
negativeclasses.Observethatthesecondterm

iszerounlessthereareisolatedscores;i.e.,thedistributionof
scoreshasadiscreterandom

variablecomponent.Itisevidentthatbothratesarenon-increasingfunctionsof
t,andthuspossesspseudo-inverses(Equation1).

WearenowinapositiontodescribetheROCcurveanditsbasicproperties.

5.2
TheROC

Curveand
ItsProperties

Asdiscussedabove,givenascorers∶
X
→

ℝ,onemaythresholdittoproduceaclassifier.However,itisnot
a
prioriclearhowtochooseasuitablethreshold.TheROCcurve(Egan,1975;Fawcett,2006)isagraphical

representationofascorerthatspellsouttheimplicationsofeverythresholdchoice.Itisformedbytracing
outtherelationshipbetweenthetrueandfalsepositiveratesofascoreracrossallpossiblethresholds.
Definition

5(ROC
curve)

G
iven

any
D
=

⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} ,and
a
scorer

s∶
X

→
ℝ
,the

RO
C
curve

isdefined
by

the
param

etric
representation 9

RO
C(s;D

)
.=
{(FPR(t;D

,s),TPR(t;D
,s))∶

t∈
ℝ
∪
{±
∞
}}
⊆
[0,1] 2.

Equivalently,let�(�;D
,s)be

thepowerofs
ata

false-positive
rate

of�,defined
as

(∀�
∈
[0,1])�(�;D

,s)
.=
TPR(FPR

−
1(�)),

(21)
w
here

we
use

the
pseudo-inverse

(Equation
1)ofthe

false-positive
rate.Then,

RO
C(s;D

)=
{(�,�(�;D

,s))∶
�
∈
Im
(FPR)}

⊆
[0,1] 2.

Putplainly,forallpossiblethresholdst∈
ℝ,wecreateaclassifierfrom

susingthethreshold,andassessthe
resultingaccuracyonthepositiveandnegativeclassesrespectively.EverypointontheROCcurverepresents
apairofrealisabletrueandfalsepositiverates,i.e.ratesthatmaybeattainedbyaclassifierbasedonan
9.Atathreshold

t=
+
∞,boththeFPRandTPRare0,whileatt=

−
∞,theFPRandTPRareboth1.Thus,varying

tinthisway
tracesacurvefrom

lefttoright.
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appropriatethresholdingofthescorer.Thus,theROCcurvevisuallysummarisesthesetofrealisableerror
ratesforvariouschoicesofclassifierderivedfrom

theunderlyingscorers.
Ingeneral,twopointsontheROCcurverepresentdifferenttradeoffsintermsofthetrueandfalsepositive

rates.Thus,thereisnoclearautomatedmechanism
topickthe“best”thresholdforgeneratingaclassifier

withoutadditionalinformationastoone’sunderlyingutility.

5.2.1
BASIC

PROPERTIESOFTHEROC
CURVE

WemakesomebasicobservationsabouttheROCcurveforanyscorers∶
X
→

ℝ
anddistribution

D.
(i)wehave

{(0,0),(1,1)}
⊆
RO
C(s;D

).Thisisbecause
lim

t→
∞
TPR(t)

=
0,lim

t→
−
∞
TPR(t)

=
1,and

similarlyforthe
FPR.

(ii)thecurvedoesnothaveself-intersections.Thisisbecause
FPRand

TPRaremonotonefunctions.
(iii)thecurveisinvarianttostrictlymonotoneincreasingtransformationsofthescorers.Thisisbecausethe

FPRand
TPRareinvarianttostrictlymonotoneincreasingtransformations(seealsoProposition15).

(iv)thecurveisnotnecessarilysurjectiveonto
[0,1] 2,andmaycompriseonlyafinitenumberofpointsin

[0,1] 2.ThisisaconsequenceofthefactthatFPRand
TPRarenotnecessarily

strictlymonotone.
(v)evenifthecurveissurjective,thesetofpointsbelowthecurveisnotnecessarilyaconvexseti.e.�(⋅)is

notnecessarilyaconcavefunction. 10
Figure1givesexamplesofvariouspropertiesanROC

curvemaypossess,andinparticularillustrates
points(iv)and(v).Wenowdiscusstheselasttwopointsfurther.

5.2.2
INTERPOLATION

OFTHEROC
CURVE

Inpractice,onetypicallyonlyhasaccesstoanempiricaldistribution
D̂

withfinitesupport.Theresulting
empiricalROC

curvewillthuscompriseanumberofisolatedpoints.Insuchsituations,itiscommonto
linearlyinterpolatebetweenthesepoints.Tojustifythisinterpolation,recallthateachpointontheROC
curvesummarisestheperformanceofaclassifierderivedfrom

aspecificthreshold.Everyinterpolatedpoint
issimilarlyachievablebysome

random
isedclassifierderivedfrom

s(Scottetal.,1998,Theorem
1;Provost

andFawcett,2001,Theorem
7).Toseewhythisisso,suppose

RO
C(s;D

)
=
{(f

i ,ti )} ni=
1 ,where

f
i ≤

f
i+
1 ,ti ≤

ti+
1 .Forany

i∈
[n
−
1],pickany

�
∈
[0,1],andconsidertheinterpolatedpoint(f

′,t ′)definedby
(f
′,t ′)=

�
⋅(f

i ,ti )+
(1
−
�)⋅(f

i+
1 ,ti+

1 ).

Thiscorrespondsexactlytothefalsepositiveandtruepositiveratesofarandomisedclassifierderivedfrom
s

usingathreshold
ti ,wheretiesarebrokeninfavourofpositiveswithprobability

�.Therefore,linearinterpo-
lationoftheROCcurvesummarisestheperformanceofallpossibleclassifierswith

random
isedtie-breaking

thatcanbederivedfrom
theunderlyingscorer.

5.2.3
THECONVEXIFIEDROC

CURVE
Tofurtherbuilduponlinearinterpolation,onemayconstructaconvexified

RO
C
curvefromtheconvexhullof

RO
C(s;D

) 11(ProvostandFawcett,2001),whichwedenotebyRO
C
cvx (s;D

).Aswiththelinearlyinterpolated
ROC

curve,everypointonthiscurveisachievablewithasuitablerandomisedclassifierderivedfrom
the

scorer(ProvostandFawcett,2001,Theorem
7).Itisnothardtojustifytheuseofclassifiersderivedfrom

RO
C
cvx (s;D

),ratherthanthoseofRO
C(s;D

):foreveryfalsepositiverate,theclassifiersderivedfrom
the

10.Recallafunctionisconvexiffitsepigraphisaconvexset,andisconcaveiffitsnegationisconvex.
11.Strictly,ifco(⋅)denotestheconvexhullofaset,oneconsidersRO

C
cvx (s;D

)=
{(0,0),(1,1)}∪

(co(RO
C(s;D

))∩
{(�,�)∣�

>
�}),

sothatonlytheportionoftheconvexhullstrictlyabovethediagonallineisretained.Whentheoriginalcurveisentirelybelowthe
diagonalline,onejustusesthediagonallineitself.
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Fig
ure

1:
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iou
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ert
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RO
Cc
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ay
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ss.
In

eac
he

xam
ple

,w
eu

se
=

[0
,1
],

and
in

mo
stc

ase
sfi

x�
(x
)
=
x.

Fo
r(a

),w
eu

se
the

sco
rer

s
=
sig
n(
2
⋅�
−
1)
,so

tha
tth

es
cor

e
dis
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uti

on
sP

S
,Q

S
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dis
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te.
Fo

r(b
),w

eu
se
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sco

rer
s(
x)
=
�(
x)
∨
0.
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en
�(
x)
<
0.
5

and
s(
x)
=
�(
x)
∧
0.
25

els
e,s

ot
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the
sco

re
dis

trib
uti
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sh

ave
iso

lat
ed

are
as.

Fo
r(c

),w
er
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nd
�

to
{0
,1
}
and
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sco
rer

s
pre

dic
tin

gu
nif

orm
ly

0.5
or

1w
hen

�(
x)
>
0.
5
and

3 8
⋅�
(x
)e

lse
,so

tha
tth

ep
osi

tiv
es

cor
ed

istr
ibu

tio
nh

as
iso

lat
ed

ele
me

nts
.F

or
(d)

,w
er
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nd
�
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{0
,1
}
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sco
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ict
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un
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n[
0.
25
,0
.5
]∪
[0
.9
,1
]w

hen
�(
x)
>
0.
5
and

[0
,0
.2
5]
∪
[0
.5
,0
.7
5]

els
e,

so
tha

tth
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cor
ed

istr
ibu
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hav
ein
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rt.

Fo
r(e

),w
eu

se
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sco
rer

s(
x)
=
�(
x)
−
0.
5
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en
�(
x)
<
0.
5
and

s(
x)
=
4
⋅�
(x
)−

3
els

e,s
ot
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sco
re

dis
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rla
pp
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.F
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(f)
,w
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sco
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s
=
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so
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ME
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W
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N
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cla
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fie
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ved
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m
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lat
ter

.T
hat

is,
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cur
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C c
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RO
C(
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D
).

Wh
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RO
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C c
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)is
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pro
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re
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)o

nt
he

ori
gin

als
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u-M
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l,2
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�.
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con
seq

uen
ce

of
the

cla
ssi

cal
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rta

nt
rol

ein
hyp

oth
esi

ste
stin

g.
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G
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D
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⧼M

,�
⧽
∈
Δ
X
×{
±
1}

an
d
sc
or
er
s∶

X
→

ℝ
,

(∀
�
∈
[0
,1
])
�(
�;
D
,s
)≤

�(
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D
,�
◦�
)

w
he
re
�
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an
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n.

Pr
oo
fB

yth
eN

eym
an-

Pe
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on
lem

ma
,th

eu
nif

orm
lym

ost
pow

erf
ult

est
(i.e

.th
ete

stw
ith

ma
xim

al�
(⋅)

val
ue)

ata
ny
�
isg

ive
nb

yt
he

lik
eli
ho
od

rat
io.

Fo
rth

ed
istr

ibu
tio

nD
,th

isi
sn

oth
ing

bu
ta

str
ict
ly

mo
no
ton

etr
ans

-
for

ma
tio

no
f�

.A
sth

eR
OC

cur
ve

isi
nva

ria
nt

to
suc

ht
ran

sfo
rm

ati
on
s,t

he
res

ult
fol

low
s.

We
ma

ye
qua

lly
con

sid
er

the
“w

ors
t”p

oss
ibl

ec
urv

ef
or

ag
ive

nD
,th

at
is,

ac
urv

et
hat

isd
om

in
at
ed

by
eve

ry
oth

er
on
e.

Sin
ce

the
cur

ve
for

as
cor

er
s
has

as
mi

rro
rim

age
the

cur
ve

for
the

sco
rer
−
s,e

vid
ent

ly,
suc

h
ac

urv
ew

ill
cor

res
po
nd

to
any

str
ict
ly

mo
no
ton

ed
ec
re
as
in
g
fun

cti
on

of
�,
suc

ha
se

.g.
s
=
−
�.

Fin
ally

,it
ise

asy
to

che
ck

tha
ta

no
n-i

nfo
rm

ati
ve

sco
rer

s
tha

tu
nif

orm
ly

pre
dic

tsa
con

sta
nt

(e.
g.
s
≡0

)
wi
lli

nd
uce

aR
OC

cur
ve

tha
tis

the
dia

go
nal

,v
iz.
�(
�)
=
�.

Th
us,

int
uit

ive
ly,

as
cor

er
mu

sti
nd
uce

aR
OC

cur
ve

sig
nifi

can
tly

aw
ay

fro
m

the
dia

go
nal

in
ord

er
to

be
use

ful
.

5.2
.5

DI
FF

ER
EN

TI
AB

IL
IT

Y
AN

D
CO

NC
AV

IT
Y

OF
TH

ER
OC

CU
RV

E
We

now
con

sid
er

pro
per

tie
so

fth
ed

eri
vat

ive
of

the
RO

Cc
urv

e,w
hen

ite
xis

ts.
Wh

en
the

cur
ve

com
pri

ses
a

nu
mb

ero
fis

ola
ted

po
int

s,t
hen

the
der

iva
tiv

es
of

the
int

erp
ola

ted
ver

sio
no

fth
ec

urv
ec

an
be

eas
ily

com
pu
ted

.
Mo

reg
ene

ral
ly,

fro
mt

he
defi

nit
ion

of
the

pow
erf

un
cti
on

(Eq
uat

ion
21
),i

tis
app

are
ntt

hat
the

diff
ere

nti
abi

lity
of

the
RO

Cc
urv

er
eli
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tha

to
fth

etr
ue-

and
fal

se-
po
siti

ve
rat

es.
Th

ef
oll

ow
ing
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thi
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ise

.
Pr

op
os
iti
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7(
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ém

en
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n
an

d
Va
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tis
,2
00
9,
Pr

op
os
iti
on

24
)
G
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a
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str
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ut
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n
D

=
⧼M

,�
⧽

∈
Δ
X
×{
±
1}

w
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M
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nt
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d
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or
er
s∶

X
→

ℝ
w
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g
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d
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al
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,Q

S
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e
RO
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D
)i
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S
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e
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ly
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.
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e’s
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S
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S
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m
e.g

.th
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,20
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,S

ect
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2.5
).O

bse
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hen
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and
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tiv
er

ate
sa
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diff

ere
nti

abl
e,w
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ave

(∀
t∈

ℝ
)T
PR

′ (t
)=

−
p S
(t)

FP
R′
(t)
=
−
q S
(t)
,

(22
)
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ere

p S
,q S
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siti

es
of
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cla

ss-
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uti
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s.

Wh
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RO
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urv

ei
sd

iffe
ren

-
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,th
ed

eri
vat

ive
tur
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ou
tto
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ea

we
ll-k

now
nf

orm
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olv
ing
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sco

re-
to-
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bab
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,as
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

Proposition
8(Krzanowskiand

Hand,2009,pg.22;Clém
ençon

and
Vayatis,2009b,Lem

m
a1)

G
iven

a
distribution

D
=

⧼P
,Q
,�⧽

∈
Δ
X
×{±

1}
and

scorer
s∶

X
→

ℝ
such

thatRO
C(s;D

)is
differentiable,the

slope
ofthe

RO
C
curve

ata
false

positive
rate

�
∈
(0,1)is

� ′(�)=
p
S (FPR

−
1(�))

qS (FPR
−
1(�))

=
1
−
�

�
⋅

Prb(FPR
−
1(�))

1
−
Prb(FPR

−
1(�)) .

(23)

Proposition8establishesthatthescore-to-probabilitytransform
Prb(⋅;D

,s),andthusthecalibrationtrans-
form

Cal(⋅;D
,s),maybecomputedbasedonthederivativesoftheROCcurve.ThefactthattheROCcurve

maybeusedtoobtainaclass-probabilityestimatoriswell-known(FawcettandNiculescu-Mizil,2007;Flach,
2010).Indeed,therelationshipimpliesacharacterisationofthemonotonicityofthecalibrationtransform
whentheROCcurveisdifferentiable.
Corollary9

G
iven

a
distribution

D
∈
Δ
X
×{±

1}
and

scorer
s∶

X
→

ℝ
w
ith

differentiable
RO

C
curve

and
invertible

rates,RO
C(s;D

)is(strictly)concave
ifand

only
ifthe

function
Prb(⋅;D

,s)is(strictly)increasing.

ProofByProposition8,thederivativeofthecurveatanypointcomprisesastrictlymonotonetransform
of

Prbcomposedwiththeinvertibleandhencestrictlymonotonefunction
FPR

−
1.As(strict)concavityofthe

curveisequivalentto(strict)monotonicityofitsderivative,theresultfollows.

Non-concaveregionsoftheROCcurvethuscorrespondtoregionswherethefunction
Prb(⋅;D

,s)isnon-
invertible.Aswehaveseen,onemaycomputetheconvexhulloftheROCcurvetoremovesuchregions,which
correspondstointroducingtiesinthescorer.WenotethattheassumptionofinvertibilityofratesinCorollary
9doesnotbyitselfimplyinvertibilityofPrb(⋅;D

,s),astheformerrelatestothecumulativedistributionsof
thescores,whilelatterrelatestothedensitiesofthescores.Forexample,when

P
S
=
Q
S andthusp

S
=
qS ,

wemighthaveinvertibilityoftherates,butwewillnothaveinvertibilityofPrb(⋅;D
,s).

Whenthescorersiscalibrated(Equation5),Equation23impliesthattheslopeofRO
C(s;D

)atafalse
positiverate

�
∈
(0,1)simplifiesto

� ′(�)=
1
−
�

�
⋅

FPR
−
1(�)

1
−
FPR

−
1(�) .

(24)

Further,Proposition8impliesthefollowingusefulfact.
Corollary10

G
iven

a
distribution

D
=

⧼P
,Q
,�⧽

∈
Δ
X
×{±

1}
and

calibrated
scorer

s∶
X

→
ℝ

w
ith

differ-
entiable

RO
C
curve

and
invertible

rates,RO
C(s;D

)isstrictly
concave.

ProofAs
siscalibrated,bydefinition

Prb(⋅;D
,s)istheidentitymapping,andthusstrictlymonotone.By

Corollary9theresultfollows.

Thisimpliesthatforthecalibratedscorers
=
�,theROCcurveisconcave(providedthatthecurveis

additionallydifferentiable),asnotedbeforeine.g.(ClémençonandVayatis,2009,Proposition8).Wenote
thatCorollary10reliescruciallyontheROCcurvebeingdifferentiable:thetriviallycalibratedscorers≡

�
wouldhaveanROCcurvecomprisingisolatedpoints,whoseinterpolationwouldnotbestrictlyconcave.

5.2.6
THEROC

CURVEAND
COST-SENSITIVETHRESHOLD

SELECTION
Thetruepositiveandnegativeratesmeasuretheaccuracyofaclassifieronthepositiveandnegativeclasses
respectively.Observethatthestandard0-1classificationrisk(Equation15)canbeexpressedintermsofthe
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falsepositiveandnegativeratesusingathresholdof0.Moregenerally,givenacostratio
c
∈
[0,1],the

cost-sensitive
riskofascorers∶

X
→

ℝ
whenusingathreshold

tmaybewritten
L(s;D

,l
CS(c,t) )=

�
⋅(1

−
c)⋅FN

R(t;D
,s)+

(1
−
�)⋅c

⋅FPR(t;D
,s),

(25)
where

l
CS(c,t) denotesthecost-sensitivelosswithcostratio

candthresholdchoice
t:

l
CS(c,t) (+

1,z)
.=
(1
−
c)⋅l

01 (+
1,z

−
t)

l
CS(c,t) (−

1,z)
.=
c
⋅l

01 (−
1,z

−
t).

(26)

Clearly,l
CS(c,c) =

l
CS(c) ,andfort=

0and
c
=

12 werecoverthe(scaled)0-1loss.The
optim

althreshold
function

t ∗
∶
[0,1]

↦
2 ℝmapscoststothesetofthresholdsyieldingminimalcost-sensitiverisk:

(∀c
∈
[0,1])t ∗(c;D

,s)=
A
rgm

in
t∈
ℝ

L(s;D
,l
CS(c,t) ).

DeterminingtheoptimalthresholdfunctionforascorerisintimatelyrelatedtothegradientoftheROCcurve.
(AppendixCprovidesaproofforcompleteness.)
Proposition

11(Krzanowskiand
Hand,2009,pg.24)

G
iven

any
D
=

⧼P
,Q
,�⧽

∈
Δ
X
×{±

1}
and

scorer
s∶

X
→

ℝ
w
ith

differentiable
RO

C
curve,forany

costratio
c
∈
(0,1),any

optim
althreshold

t0
∈
t ∗(c;D

,s)
forthe

cost-sensitive
risk

L(s;D
,l
CS(c,t) )satisfies

� ′(FPR(t0 ))=
c

1
−
c
⋅ 1
−
�

�
,

orequivalently,
Prb(t0 )=

c.

Further,w
hen

the
score-to-probability

m
apping

Prb(⋅;D
,s)isinvertible,

t ∗(c)=
{Prb −

1(c)}.

Intuitively,therearemultipleoptimalthresholdsforagivencostcwhen
Prb(⋅;D

,s)is
notinvertible,

whichbyCorollary9occurswhentheROCcurveisnotstrictlyconcave.Thederivativemayalsohavean
imagethatisastrictsubsetofℝ

+ .Inthiscase,theriskinEquation25ismonotoneasafunctionoft,andso
theoptimalthresholdisoneof±

∞.
TherelationshipbetweentheslopeoftheROC

andtheoptimalthresholdisusefulintwoways.First,
givenaparticularc,tofindtheoptimalthreshold,wedraw

alineofslope
c1−
c
⋅
1−
��
.Thepointatwhichit

touchestheROCcurvecorrespondstotheoptimalthreshold.Second,atagivenfalsepositiverate
�achieved

bysomethreshold,thederivativeoftheROCcurvegivesusthecostforwhichthegiventhresholdisoptimal.
Forthecaseofcalibratedscorers,wehaveasimplercharacterisationoftheoptimalthresholdforacost-

sensitiveloss:itissimplythecorrespondingcostitself.
Corollary12

G
iven

any
D
=

⧼P
,Q
,�⧽

∈
Δ
X
×{±

1}
and

calibrated
scorer

s∶
X

→
ℝ

w
ith

differentiable
RO

C
curve,forany

costc
∈
(0,1),the

optim
althreshold

function
forthe

cost-sensitive
risk

ist ∗(c)=
{c}.

ProofAssiscalibrated,Prb(⋅;D
,s)istheidentitymapping,andthusinvertible.Thus,applyingProposition

11,weknowthereisauniqueoptimalthreshold
t0 (c)foreachcostratio

c.ApplyingEquation24,theoptimal
thresholdsatisfies

t0 (c)
1
−
t0 (c)

=
c

1
−
c ,

i.e.theoptimalthresholdist0 (c)=
c.

Corollary12isagainevidentforthetriviallycalibratedscorers
=
�.
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of
as

cor
er.

Wh
ile

sim
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pro

ve,
the
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ult
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ur
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ow

led
ge

nov
el.

Pr
op

os
iti
on

13
Pi
ck

an
yd

ist
ri
bu
tio

n
D
∈
Δ
X
×{
±
1}
,a
nd

le
ts
1,
s 2
∶
X
→

ℝ
be

an
ys

co
re
rs
th
at
ar
ec

al
ib
ra
te
d

w
ith

re
sp
ec
tt
o
D
,w

ith
di
ffe
re
nt
ia
bl
e
RO

C
cu
rv
es
.I
ft
he

RO
C
cu
rv
e
of
s 2

do
m
in
at
es

th
at

of
s 1
,

(∀
�
∈
[0
,1
])
�(
�;
D
,s
1)

≤�
(�
;D
,s
2)
.

th
en

any
pr
op

er
lo
ss
�,
s 2

m
us
th

av
e
ri
sk

no
la
rg
er

th
an
s 1
:

L(
s 2
;D
,�
)≤

L(
s 1
;D
,�
).

Pr
oo
f

Ou
rb

asi
ci

dea
wi
llb

et
os

how
tha

ts
2
has

al
ow

er
cos

t-s
ens

itiv
er

isk
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ns
1
for

any
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cei
vab

le
cos
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tio

,w
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yS

hu
for

d’s
rep

res
ent

ati
on

(Eq
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ion
10
)w

ill
yie

ld
the

des
ire

dr
esu

lt.
Fo

rb
rev

ity
,in

the
fol

low
ing

we
use

e.g
.T
PR

s(
c)

as
as

ho
rth

and
for
TP
R(
c;
D
,s
).

Pic
ka

ny
c
∈
(0
,1
).

Co
nsi

der
the

cos
t-s
ens

itiv
er

isk
of

as
cor

er
s
usi

ng
at

hre
sho

ld
t
(Eq

uat
ion

25
).

Sin
ce
s 1
,s
2
are

cal
ibr

ate
d,

by
Co

rol
lar

y1
2,

the
yb

oth
hav

eo
pti

ma
lth

res
ho
ld
t∗
(c
;D
,s
)
=
{c
}.

Wi
th

thi
s

thr
esh

old
,sc

ore
rs

1
ach

iev
es

af
als

e-p
osi

tiv
er

ate
of
� 1

. =
FP
R s

1(
c)
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rue
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ve
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eT
PR

s 1
(c
).
By

the
RO

Cd
om

ina
tio

na
ssu

mp
tio

n,
we

hav
e

TP
R s

1(
c)
=
�(
� 1
;D
,s
1)

≤�
(�
1;
D
,s
2)
=
TP
R s

2(
(F
PR

s 2
)−
1 (
� 1
)).

Th
us,
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fal
se
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an
tha

to
fs
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)−
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� 1
),s

2
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nsi

tiv
er

isk
tha

ns
1:

L(
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))
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=
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=
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ma

nce
of

as
cor

er.
Iti

so
fte

nd
esi

rab
let

oa
dd
itio

nal
ly
hav

e
as

ing
le

nu
me

ric
sum

ma
ry

of
per

for
ma

nce
.O

ne
suc

hp
op
ula

rs
um

ma
ry

sta
tist

ic
ist

he
ar
ea

un
de
r
th
e
RO

C
cu
rv
e,o

rA
U
C
.

De
fin

iti
on

14
(A

re
au

nd
er

th
eR

OC
cu
rv
e(

AU
C)

)
G
iv
en

an
y
D
∈
Δ
X
×{
±
1}

an
d
sc
or
er
s∶

X
→

ℝ
,t
he

are
au

nd
er

the
RO

Cc
urv

eo
rA

UC
of
s
is
th
e
ar
ea

un
de
rt
he

cu
rv
e
RO
C(
s;
D
),

A
U
C(
s;
D
)
. =
∫1

0
�(
�;
D
,s
)d
�,

(27
)

w
he
re
�(
�;
D
,s
)i
st
he

pow
er

of
s
at
�
(E
qu
at
io
n
21
).

A
sub

tle
ty

in
the

abo
ve

defi
nit

ion
is
tha

tw
eo

nly
defi

ned
RO
C(
s;
D
)in

ter
ms

of
the

pow
er

wh
en
�
∈

Im
(F
PR
).

Ho
we

ver
,th

ep
ow

er
itse

lfi
sd

efi
ned

for
eve

ry
�
∈
[0
,1
],d

ue
to

the
use

of
the

pse
ud
o-i

nve
rse

.
Th

us,
the

int
egr

ali
sw

ell
-de

fin
ed

eve
nw

hen
RO
C(
s;
D
)c

om
pri

ses
iso

lat
ed

po
int

s.
Af

urt
her

sub
tle
ty

ist
hat

the
cur

ve
tra

ced
ou
tb

y{
(�
,T
PR
(F
PR

−
1 (
�)
))
∶
�
∈
[0
,1
]}

isn
ot

alw
ays

equ
iv-

ale
nt

to
tha

tg
ene

rat
ed

by
lin

ear
int

erp
ola

tio
no

fR
O
C(
s;
D
).

No
net

hel
ess

,th
ea

rea
un
der

the
two

cur
ves

wi
lli

ng
ene

ral
be

the
sam

e.
To

see
thi

s,s
up
po
se
P S
,Q

S
hav

ea
ni

sol
ate

dc
om

po
nen

ta
tso

me
t
∈

ℝ
,w

ith
FP
R(
t−
)=

� 1
,F
PR
(t+
)=

� 2
and

TP
R(
t−
)=

� 1
,T
PR
(t+
)=

� 2
,an

df
urt

her
TP
R(
t)
=

1 2(
� 1
+
� 2
)d

ue
to

the
bre

aki
ng

of
tie
su

nif
orm

ly
atr

and
om

.W
ew

ill
the

nh
ave

two
con

sec
uti

ve
dis

con
nec

ted
po
int

sin
RO
C(
s;
D
),

(�
1,
� 1
)a

nd
(�
2,
� 2
).W

ith
lin

ear
int

erp
ola

tio
n,
thi

sre
gio

no
fth

eR
OC

cur
ve

has
are

a1 2
⋅(
� 2
−
� 1
)⋅
(�
1
+
� 2
).

Fo
ra

ny
�
∈
(�
1,
� 2
),w

eh
ave

(F
PR
)−
1 (
�)
=
t,a

nd
so
TP
R(
(F
PR
)−
1 (
�)
)=

TP
R(
t)
=

1 2(
� 1
+
� 2
).T

hu
sw

ith
the

pse
ud
o-i

nve
rse

,th
ec

orr
esp

on
din

ga
rea

of
thi

sr
egi

on
ist

hat
of

the
cor

res
po
nd
ing

rec
tan

gle
wi
th

hei
gh
t

1 2(
� 1
+
� 2
)a

nd
wi
dth

(�
2
−
� 1
),w

hic
hi

sa
lso

exa
ctly

1 2
⋅(
� 2
−
� 1
)⋅
(�
1
+
� 2
).

5.3
.1

BA
SIC

PR
OP

ER
TI
ES

OF
TH

EA
UC

So
me

bas
icp

rop
ert

ies
of

the
AU

Ca
re

im
me

dia
tef

rom
the

abo
ve

defi
nit

ion
.F

irs
t,t

he
AU

Ci
sin

[0
,1
];a

sw
e

sha
lls

ub
seq

uen
tly

dis
cus

s,h
igh

er
AU

Cv
alu

es
ind

ica
tea

“be
tte
r”

sco
rer

.
Se
con

d,t
he

AU
Ci

sin
dep

end
ent

of
the

bas
era

te�
,an

do
nly

dep
end

so
nth

ec
las

s-c
on
dit

ion
ald

istr
ibu

tio
ns

P
,Q

for
ad

istr
ibu

tio
nD

∈
Δ
X
×{
±
1}
.T

his
me

ans
tha

ta
sco

rer
s
wi
llh

ave
the

sam
eA

UC
wi
th

res
pec

tto
all

dis
trib

uti
on
sin

the
fam

ily
{D

=
⧼P
,Q
,�

⧽}
�∈
[0
,1
].

Th
ird

,th
eA

UC
isi

nva
ria

nt
to

str
ict
ly

mo
no
ton

ein
cre

asi
ng

tra
nsf

orm
so

fth
es

cor
er,

as
sho

wn
bel

ow
.

Pr
op

os
iti
on

15
(C

lém
en
ço
n
an

d
Va

ya
tis
,2
00
9,
Pr

op
os
iti
on

24
)
G
iv
en

an
y
D

∈
Δ
X
×{
±
1}

an
d

sc
or
er

s∶
X
→

ℝ
,f
or

an
y
str

ic
tly

m
on
ot
on
e
in
cr
ea
si
ng
�
∶
ℝ

→
ℝ
,

A
U
C(
s;
D
)=

A
U
C(
�◦
s;
D
).

Pr
oo
f
Th

isi
sb

eca
use

the
0-1

los
sis

inv
ari

ant
to

mo
no
ton

ein
cre

asi
ng

tra
nsf

orm
ati
on
so

fth
es

cor
er:

(∀
t∈

ℝ
)F
PR
(t;
D
,�
◦s
)=

E
X
∼
Q
[l
01
(−
1,
�(
s(
X
))
−
t)]

=
E

X
∼
Q
[l
01
(−
1,
s(
X
)−

t)]

=
FP
R(
t;
D
,s
),

and
sim

ila
rly

for
TP
R.

Itf
oll

ow
sth

at
the

pow
er

fun
cti
on
�
isu

naff
ect

ed
by
�,

and
thu

ss
oi

sth
eR

OC
cur

ve
and

the
are

au
nd
er

it.

Fo
urt

h,
the

AU
Ci

so
pti

mi
sed

by
any

str
ict
ly

mo
no
ton

etr
ans

for
ma

tio
no

fth
eu

nd
erl

yin
g�

.
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

Corollary16
G
iven

any
D
=
⧼M

,�⧽
∈
Δ
X
×{±

1} and
any

strictly
m
onotone

increasing
�
∶
[0,1]

→
ℝ
,

sup
s∶

X
→
ℝ
A
U
C(s;D

)=
A
U
C(�

◦�;D
).

ProofByLemma6,theoptimalROCcurveisachievedbyany
�
◦�.Suchascorermustthushavemaximal

AUC.WenowshowhowtheAUCcanbeviewedintermsoflossfunctions,whichmakesapparentitsconnection
tothebipartiterankingrisk.

5.3.2
A

LOSSREPRESENTATION
OFTHEAUC

Althoughnotimmediatelyobviousfromtheabovedefinition,theAUCofascorerwithrespecttoadistribution
D
∈
Δ
X
×{±

1} istheprobabilityarandomlydrawnpositivehasahigherscorethanarandomlydrawnnegative,
withtiesbrokenuniformlyatrandom.ThisobservationgoesbacktoatleastHanleyandMcNeil(1982,
SectionIII),andhasbeennotedinmachinelearningcommunityine.g.CortesandMohri(2003,Lemma1),
Clémençonetal.(2008). 12
Proposition

17(Cortesand
M
ohri,2003,Lem

m
a1)

G
iven

any
D
=

⧼P
,Q
,�⧽

∈
Δ
X
×{±

1}
and

scorer
s∶

X
→

ℝ
,

A
U
C(s;D

)=
ℙ
X
∼
P
,X
′∼
Q [s(X

)>
s(X

′)]+
12
⋅ℙ

X
∼
P
,X
′∼
Q [s(X

)=
s(X

′)].
(28)

Equation28isoftentakenasthestartingdefinitionoftheAUC,duetoitsconveniencetomanipulate.
Indeed,onasample

D̂
=
{(x

i ,+
1)} ni=

1 ∪
{(x

j ,−
1)} mj=

1 ,theempiricalAUCis

A
U
C(s;D̂

)=
1

n
⋅m

⋅
n∑i=
1

m∑j=
1 [qs(x

i )>
s(x

j ) y
+
12
⋅ qs(x

i )=
s(x

j ) y ],

whichisequivalenttotheMann-Whitneystatistic(MannandWhitney,1947).Theresultingempiricalestimate
canbecomputedin

O
(N

log
N
)timefor

N
=
n
+
m

withasinglesortoperation,ratherthanattempting
numericalintegrationoftheempiricalROCcurve(HandandTill,2001).

ObservethatProposition17maybeexpressedintermsofariskinvolving0-1lossasfollows.
Corollary18

G
iven

any
D
=
⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} and
scorers∶

X
→

ℝ
,

A
U
C(s;D

)=
1
−

E
X
∼
P
,X
′∼
Q [qs(X

)−
s(X

′)<
0 y
+
12 qs(X

)=
s(X

′) y ]

=
1
−

E
X
∼
P
,X
′∼
Q [l

01 (1,s(X
)−

s(X
′)) ].

(29)

Buildingonthisrepresentation,wenowdescribeageneralisationoftheAUC,whichwillbeausefulbasis
forfurtheranalysis.

5.4
Generalisation:the

l-AUC
WedefinethefollowinggeneralisationoftheAUC,whichusesanylossfunction

l
∶
{±
1}
×
ℝ

→
ℝ
+ .

Definition
19(l-AUC)

G
iven

any
D
=

⧼P
,Q
,�⧽

∈
Δ
X
×{±

1}
and

a
loss

l
∶
{±
1}
×
ℝ

→
ℝ
+ ,define

the
l-AUC

ofa
scorers

w
ith

respectto
D
∈
Δ
X
×{±

1} as

A
U
C(s;D

,l)
.=
1
−

E
X
∼
P
,X
′∼
Q [l

sym
m (s(X

)−
s(X

′)) ],
12.Comparedtothecitedworks,wehaveintroducedanextraterm

thataccountsforties.
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l
A
U
C(s;D

,l)

l
01

1
−
E
X
∼
P
,X
′∼
Q [Js(X

)<
s(X

′)K+
12
⋅Js(X

)=
s(X

′)K ]

l
sq

1
−
E
X
∼
P
,X
′∼
Q [(1

−
s(X

)+
s(X

′)) 2 ]

l
log

1
−
E
X
∼
P
,X
′∼
Q [log (1

+
e s(X

′)−
s(X

) )]

l
exp

1
−
E
X
∼
P
,X
′∼
Q [e s(X

′)−
s(X

) ]

Table6:Examplesof
l-AUCforvariouslosses,givensome

D
=
⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} .

recalling
thatl

sym
m
isthe

sym
m
etrised

version
ofl

(Equation
8).W

hen
l
issym

m
etric,thissim

plifiesto

A
U
C(s;D

,l)=
1
−

E
X
∼
P
,X
′∼
Q [l

1 (s(X
)−

s(X
′)) ].

Table6providessomeexamplesofthe
l-AUC.Clearly,A

U
C(s;D

,l
01 )isthestandardAUCasdefinedearlier

(seee.g.Equation28).Whenwedonotexplicitlyrefertotheloss,itisunderstoodthatwearereferringtothe
standardAUC.

Whenusingthecost-sensitiveloss
l
CS(c,t) ofEquation26withathresholdoft=

0andany
c
∈
(0,1),we

alsorecoverthestandardAUC.Thisisbecausethesymmetrisedversionofsuchalossis

l
CS(c,0) (1,v)+

l
CS(c,0) (−

1,−
v)=

(1
−
c)⋅Jv

<
0K+

c
⋅J−

v
>
0K+

12
⋅Jv

=
0K

=
(1
−
c)⋅Jv

<
0K+

c
⋅Jv

<
0K+

12
⋅Jv

=
0K

=
Jv
<
0K+

12
⋅Jv

=
0K

=
l
01 (1,v)

Thisisintuitivelybecauseofthesymmetryinherentinthebipartiterankingproblem:scoringapositivebelow
anegativeisequivalenttoscoringanegativeaboveapositive.Therefore,onecannotexpecttohavedifferent
costsassociatedwiththetwoerrors.

Wehaveassumedthepredictionspacefortheloss
laboveto

ℝ
becausewerequirethepredictionspace

tobeclosedundernegation,andforanarbitraryscorerthatrequireswecancomputethelossforanyreal
valuedprediction.Thisrulesoutusingaproperloss(orindeedanyprobabilityestimationloss),whichisonly
definedonthepredictionspace

[0,1].However,wemayuseapropercompositeloss,whichoperatesona
real-valuedpredictionspacebutconvertsthisto

[0,1]viaalinkfunction.

5.4.1
THE

l-AUC
ASAN

AREA
OnepropertyoftheAUCthatisinheritedisthatthe

l-AUCmaybeinterpretedastheareaunderacurve
parameterisedbythefalsepositiverate,andasmoothedversionofthetruepositiveandfalsepositiverates,
definedbelow.
Definition

20
G
iven

anyD
=
⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} ,loss
l,and

a
scorers∶

X
→

ℝ
,definethe

l-true(false)
positive

(negative)ratesata
threshold

t∈
ℝ
to

be

FN
R(t;D

,s,l)=
EX
∼
P [l

1 (s(X
)−

t)]

FPR(t;D
,s,l)=

EX
∼
Q [l

−
1 (s(X

)−
t)]

TPR(t;D
,s,l)=

1
−
FN
R(t;D

,s,l)
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BIP
AR

TI
TE

RA
NK

IN
G:

A
RIS

K-T
HE

OR
ET

IC
PE

RS
PE

CT
IV

E

TN
R(
t;
D
,s
,l
)=

1
−
FP
R(
t;
D
,s
,l
).

W
he
n
th
es
co
re
rs

an
d
di
str

ib
ut
io
n
D
ar
ec

le
ar

fro
m
co
nt
ex
t,
we

sh
al
lu
se
e.
g.
TP
R l
(t)

to
de
no
te
TP
R(
t;
D
,s
,l
).

We
the

nh
ave

the
fol

low
ing

ana
log

ue
to

Eq
uat

ion
27

for
ag

ene
ral

los
s.

Pr
op

os
iti
on

21
G
iv
en

an
y
D
∈
Δ
X
×{
±
1}
,l
os
sl

,a
nd

sc
or
er
s∶

X
→

ℝ
w
ith

di
ffe
re
nt
ia
bl
e
RO

C
cu
rv
e
an

d
in
ve
rt
ib
le
fa
ls
e-

an
d
tr
ue
-p
os
iti
ve

ra
te
s1

3 ,

A
U
C(
s;
D
,l
)=

∫1

0
�(
�;
D
,s
,l
)d
�,

(30
)

w
he
re
�(
�;
D
,s
,l
)i
st
he
l
-po

we
ro

fs
at
�,

de
fin
ed

fo
r�

∈
[0
,1
]a

s

�(
�;
D
,s
,l
)=

1 2
⋅(
TP
R l
(F
PR

−
1 (
�)
)+

TN
R l
(T
PR

−
1 (
�)
))
.

(31
)

W
he
n
l
is
sy
m
m
et
ri
c,
th
is
si
m
pl
ifi
es

to

A
U
C(
s;
D
,l
)=

∫1

0
TP
R l
(F
PR

−
1 (
�)
)d
�
=
∫1

0
TN
R l
(T
PR

−
1 (
�)
)d
�.

Pr
oo
fT

he
pro

of
is

ag
ene

ral
isa

tio
no

fe
.g.

Co
rte

sa
nd

Mo
hri

(20
03
,L

em
ma

1);
Clé

me
nço

ne
ta

l.
(20

08
,

Pro
po
siti

on
B.2

)to
cov

er
an

arb
itra

ry
los

sl
∶
{±
1}
×
ℝ

→
ℝ
+
.R

eca
llt

hat
for

any
t∈

ℝ
,

TP
R l
(t)
=
1
−

E
X
∼
P
[l
1(
s(
X
)−

t)]

TN
R l
(t)
=
1
−

E
X
∼
Q
[l
−
1(
s(
X
)−

t)]
.

Sta
rtin

gf
rom

the
defi

nit
ion

,a
nd

by
sw

app
ing

the
exp

ect
ati
on

and
int

egr
al

(w
hic

hi
sj

ust
ifie

db
yT

on
ell
i’s

the
ore

m
Fo

lla
nd
,1
99
9,
pg
.6

7,
sin

ce
l
1
isn

on
neg

ati
ve

and
me

asu
rab

le)
:

∫1

0
TP
R l
(F
PR

−
1 (
�)
)d
�
=
1
−
∫1

0
E

X
∼
P
[l
1(
s(
X
)−

FP
R−

1 (
�)
)]
d�

=
1
−

E
X
∼
P

[ ∫1

0
l
1(
s(
X
)−

FP
R−

1 (
�)
)d
�]

=
1
−

E
X
∼
P

[ −
∫∞

−
∞
l
1(
s(
X
)−

t)
⋅F
PR

′ (t
)d
t] wi

th
�
=
FP
R(
t)

=
1
−

E
X
∼
P

[ ∫∞

−
∞
l
1(
s(
X
)−

t)
⋅q
S
(t)
dt
]

=
1
−

E
X
∼
P

[ ∫∞

−
∞
l
1(
s(
X
)−

t)
⋅

E
X
′ ∼
Q

[ � s
(X
′ )
(t)
] d
t]

=
1
−

E
X
∼
P
,X
′ ∼
Q

[ l
1(
s(
X
)−

s(
X
′ ))
] ,

wh
ere

the
las

tli
ne

fol
low

sfr
om

the
defi

nit
ion

of
Di
rac

del
ta.

Sim
ila
rly

,

∫1

0
TN
R l
(T
PR

−
1 (
�)
)d
�
=
1
−
∫1

0
E

X
′ ∼
Q
[l
−
1(
s(
X
′ )
−
TP
R−

1 (
�)
)]
d�

=
1
−

E
X
′ ∼
Q

[ ∫1

0
l
−
1(
s(
X
′ )
−
TP
R−

1 (
�)
)d
�]

13
.T

his
res

tric
tio

ne
nsu

res
tha

tw
ec

an
em

plo
yt

he
int

egr
als

ub
stit

uti
on

for
mu

lai
nt

he
pro

of.
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ME
NO

N
AN

D
W

IL
LI
AM

SO
N

=
1
−

E
X
′ ∼
Q

[ −
∫∞

−
∞
l
−
1(
s(
X
′ )
−
t)
⋅T
PR

′ (t
)d
t]

=
1
−

E
X
′ ∼
Q

[ ∫∞

−
∞
l
−
1(
s(
X
′ )
−
t)
⋅p

S
(t)
dt
]

=
1
−

E
X
′ ∼
Q

[ ∫∞

−
∞
l
−
1(
s(
X
′ )
−
t)
⋅
E

X
∼
P

[ � s
(X
)(t
)]
dt
]

=
1
−

E
X
′ ∼
Q
,X
∼
P

[ l
−
1(
s(
X
′ )
−
s(
X
))]
.

Th
us,

A
U
C(
s;
D
,l
)=

1 2
∫1

0
(T
PR

l
(F
PR

−
1 (
�)
)+

TN
R l
(T
PR

−
1 (
�)
))
d�
.

Fo
ra

sym
me

tric
los

s,w
ec

an
thu

sin
ter

pre
tth

el
-A
UC

as
bei

ng
the

are
au

nd
er

ac
urv

eth
atp

lot
sth

efa
lse

po
siti

ve
rat

es
of

as
cor

er
aga

ins
tth

el
-tru

ep
osi

tiv
er

ate
s,o

re
qui

val
ent

ly,
the

tru
ep

osi
tiv

er
ate

sa
gai

nst
the

l
-tru

en
ega

tiv
er

ate
s.

(Th
ese

two
cur

ves
are

no
te

qui
val

ent
in

gen
era

l,b
ut

the
are

au
nd
er

the
m

is.)
Cle

arl
y,

wh
en
l
=
l
01
,th

el
-po

we
ris

the
sta

nd
ard

pow
er

(Eq
uat

ion
21
),a

nd
the

abo
ve

ise
xac

tly
the

sta
nd
ard

AU
C.

5.4
.2

BA
SIC

PR
OP

ER
TI
ES

OF
TH

El
-A

UC
Lik

eth
es

tan
dar

dA
UC

,th
el

-A
UC

do
es

no
td
epe

nd
on

the
bas

er
ate

�.
Ho

we
ver

,th
el

-A
UC

do
es

no
tin

her
it

all
pro

per
tie
so

fth
es

tan
dar

dA
UC

.F
irs
t,i

ng
ene

ral
the

l
-A
UC

lie
sin

ℝ
,no

tne
ces

sar
ily
[0
,1
].S

eco
nd
,th

el
-

AU
Ci

sn
ot

inv
ari

ant
to

str
ict
ly

mo
no
ton

ein
cre

asi
ng

tra
nsf

orm
so

fth
es

cor
ing

fun
cti
on
s.I

nd
eed

,th
el

-A
UC

pen
ali
ses

the
m
ag

ni
tu
de

of
diff

ere
nce

sb
etw

een
pre

dic
tio

ns.
Int

uit
ive

ly,
thi

sm
ake

st
he
l
-A
UC

clo
ser

to
a

cla
ssi

fic
ati
on

or
cla

ss-
pro

bab
ilit

ye
stim

ati
on

ris
k,
as

iti
sn

ot
suffi

cie
nt

to
sim

ply
ord

er
ins

tan
ces

we
ll.

Sim
ila
r

ma
gn
itu

de-
sen

siti
ve

me
tric

sh
ave

bee
ne

xp
lor

ed
by

Wu
and

Fla
ch

(20
05
);F

err
iet

al.
(20

05
);f

or
exa

mp
le,

Wu
and

Fla
ch

(20
05
,E

qua
tio

n5
)p

rop
ose

dt
he

“sc
ore

dA
UC

”,
A
U
C s
cr
(s
;D
)
. =

E
X
∼
P
,X
′ ∼
Q

[ m
ax
(0
,s
(X
)−

s(
X
′ ))
] .

cor
res

po
nd
ing

to
the

l
-A
UC

wi
th

no
n-c

onv
ex

los
sl

1(
v)
=
(1
−
v)
∧
1.

5.5
Th

el
-A
UC

an
d
Bi
pa

rti
te

Ra
nk

in
gR

isk
As

me
nti

on
ed,

the
AU

C
is

ac
ano

nic
al

me
asu

re
of

per
for

ma
nce

for
bip

art
ite

ran
kin

gp
rob

lem
s.

Th
us

far
,

we
hav

eu
sed

the
bip

art
ite

ris
k(

Eq
uat

ion
16
)a

so
ur

me
asu

re
of

per
for

ma
nce

.I
nf

act
,th

ese
me

asu
res

are
equ

iva
len

t:
fro

m
the

defi
nit

ion
of

the
l
-A
UC

for
as

cor
er
s
(D

efi
nit

ion
19
),i

tis
app

are
nt

tha
tit

isa
lin

ear
tra

nsf
orm

ati
on

of
the

bip
art

ite
ran

kin
gr

isk
for

the
pai

r-s
cor

er
D
if
f(
s)
.E

qui
val

ent
ly,

by
Le

mm
a2

,th
el

-A
UC

ma
yb

es
een

as
ali

nea
rtr

ans
for

ma
tio

no
fth

ep
air

wi
se

ran
kin

gr
isk

ove
rD

BR
.

Le
m
m
a2

2
Fo

ra
ny
D
∈
Δ
X
×{
±
1}
,l
os
sl

,a
nd

sc
or
er
s∶

X
→

ℝ
,

A
U
C(
s;
D
,l
)=

1
−
L B

R
(s
;D
,l
)

(32
)

=
1
−
L(
D
if
f(
s)
;D

BR
,l
),

(33
)

so
th
at

th
e
l
-A
U
C
ca
n
be

se
en

as
a
lin

ea
rt
ra
ns
fo
rm

of
l
-b
ip
ar
tit
e
ra
nk
in
g
ri
sk
.

We
ma

yf
urt

her
rel

ate
the

Ba
yes

-op
tim

al
sco

rer
sf

or
AU

C
and

bip
art

ite
ris

k.
Fo

ra
dis

trib
uti

on
D
∈

Δ
X
×{
±
1}
,d
efi

ne
the

Ba
ye
s-
op
tim

al
l
-A
U
C
to

be
the

sup
rem

all
-A
UC

:
A
U
C∗
(D
,l
)=

su
p

s∶
X
→
ℝ
A
U
C(
s;
D
,l
).
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

Representation
ofA

U
C(s;D

)
Interpretation

Reference

∫
1

0
TPR(FPR

−
1(�))d�

AreaunderROCcurve
Equation

27
ℙ
X
∼
P
,X
′∼
Q [s(X

)>
s(X

′)]+
12
⋅ℙ

X
∼
P
,X
′∼
Q [s(X

)=
s(X

′)]
Probabilityofrandom

positivescor-
inghigherthanrandom

negative
Equation

28

1
−

E
X
∼
P
,X
′∼
Q [l

01 (1,s(X
)−

s(X
′)) ]

Average0-1accuracyonpairs
Equation29

1
−
L
BR (D

iff(s);D
,l
01 )

Oneminusbipartiterankingrisk
Equation32

1
−

1
2�(1

−
�)

E
(X
,Y)∼

D [∫
1

0
�
Cal(⋅;D

,s) (c)⋅

�
CS(c) (Y,Cal(X

;D
,s))dc ]

Weighted
combination

of
cost-

sensitivelosses
Equation

34

2
⋅
EX
∼
P
[ BA

CC(s(X
);D

,s)] −
12

Averagebalancedaccuracy
Equation

39
EX
∼
P
[ TN

R(s(X
))]

Averagerankofpositiveexamples
Equation37

EX
′∼
Q [TPR(s(X

′)) ]
Averagerankofnegativeexamples

Equation38

Table7:VariousrepresentationsfortheAUC
ofascorer

s∶
X

→
ℝ

withrespecttoadistribution
D
∈

Δ
X
×{±

1} .Eachgivesadifferentinterpretation,andpossiblymeansofestimatingtheAUC.

ThissupremalAUCissimplyoneminustheBayes-optimalbipartiterankingrisk;thus,itisameasureofthe
inherentdifficultyofbipartiterankingwithagivendistribution

D.
Corollary23

Forany
D
∈
Δ
X
×{±

1} and
loss

l,

A
U
C
∗(D

,l)=
1
−
L
∗BR (D

,l).

ProofTakethesupremum
ofbothtermsinEquation32.

5.6
AlternateRepresentationsoftheAUC

WenowoutlineseveralequivalentrepresentationsoftheAUC,summarisedinFigure7.Eachgivesadifferent
perspectiveabouthow

itmeasurestheperformanceofascorer,aswellaspotentiallydifferentmeansof
estimatingitfrom

samples.Manyoftheserepresentationsarespecificto
l
01 ,butwebeginwithtworelated

representationsthatholdforgenerall.

5.6.1
THESHUFORD

REPRESENTATION
Supposetheloss

lispropercompositewithlink
Ψ.RecallShuford’sintegralrepresentation(Equation10),

l(y,v)=∫
1

0
w
(c)⋅�

CS(c) (y,Ψ
−
1(v))dc.

Wecanapplythistothedefinitionofpairwiserankingrisk(Equation19)togetarepresentationofthe
bipartiterankingriskintermsofcost-sensitivebipartiterankingrisks,assuming

Ψ
hassomesymmetry.

Proposition
24

Forany
D
∈
Δ
X
×{±

1} ,l
∈
L
SPC (Ψ

)w
here

Ψ
−
1(−

v)=
1
−
Ψ
−
1(v)and

scorers∶
X
→

ℝ
,

L
BR (s;D

,l)=∫
1

0
w
(c)⋅L(Ψ

−
1◦D

iff(s);D
BR ,�

sym
m
,CS(c) )dc,
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M
ENON

ANDW
ILLIAMSON

w
here

w
(⋅)isthe

weightfunction
corresponding

to
the

properloss�
=
l
◦Ψ

−
1,and

(∀c
∈
[0,1])(∀u

∈
[0,1])�

sym
m
,CS(c) (u)=

�
CS(c) (+

1,u)+
�
CS(c) (−

1,1
−
u)

2
.

Proof
Bytheequivalenceofbipartiterankingandclassificationonpairs,thegivenconditiononthelink

function,andapplyingShuford’srepresentationtothepartiallosses
l
±
1 ,

L
BR (s;D

,l)=
L(D

iff(s);D
BR ,l)

=
E

(X
,X
′)∼
(P
×Q

) [l
sym

m ((D
iff(s))(X

,X
′)) ]

=
E

(X
,X
′)∼
(P
×Q

) [
l
1 ((D

iff(s))(X
,X

′))+
l
−
1 (−

(D
iff(s))(X

,X
′))

2

]

=
E

(X
,X
′)∼
(P
×Q

) [�
1 (Ψ

−
1((D

iff(s))(X
,X

′)))+
�
−
1 (Ψ

−
1(−

(D
iff(s))(X

,X
′)))

2

]

=
E

(X
,X
′)∼
(P
×Q

) [�
1 (Ψ

−
1((D

iff(s))(X
,X

′)))+
�
−
1 (1

−
Ψ
−
1((D

iff(s))(X
,X

′)))
2

]

=
E

(X
,X
′)∼
(P
×Q

) [∫
1

0
w
(c)⋅ �

CS(c) (1,Ψ
−
1((D

iff(s))(X
,X

′)))+
�
CS(c) (−

1,1
−
Ψ
−
1((D

iff(s))(X
,X

′)))
2

]

=∫
1

0
w
(c)⋅L(Ψ

−
1◦D

iff(s);D
BR ,�

sym
m
,CS(c) )dc,

where
�
sym

m
,CS(c) (u)=

�
CS(c) (+

1,u)+
�
CS(c) (−

1,1
−
u)

2
.

Withouttheassumptionon
Ψ

above,onecanstillobtainanintegralrepresentation,butitwillnotcleanly
relatetoweightedcombinationofprobabilityestimationlossrisks.

Giventheconnectionbetweenthe
l-AUCandbipartiterankingrisk(Lemma22),onemighthopefora

resultoftheform
A
U
C(s;D

,l)=∫
1

0
w
(c)⋅A

U
C(s;D

,�
CS(c) )dc.

However,theAUCcanonlybeequatedwiththepairwiserankingriskwhenthelatterusesadecomposable
scorer(Equation33).Intheaboveequation,ifwerequire

Ψ
−
1◦D

iff(s)tobedecomposable,thenitmustbe
thatΨ

−
1istheidentityfunction,i.e.theloss

lmustbeproper,andnotmerelypropercomposite.Butrecall
thatthe

l-AUC
isnotdefinedforaproperloss,becauseitspredictionspaceisnotclosedundernegation.

Thus,anintegralrepresentationcannotbefoundhere,either.
Interestingly,ifweallowtheweightstodependonthescorers,itispossibletogetanexpressionforthe

AUCwithstrongresemblancetoShuford’sresultforproperlosses,aswenowexplore.

5.6.2
HAND’SREPRESENTATION

Wenow
generalisearesultofHand(2009,Section4)tothecaseofgeneral

l-AUC.Informally,theresult
isarepresentationofthe

l-AUCasaweightedcombinationofcost-sensitiverisks,wheretheweightingis
distributionandscorerdependent.Morespecifically,theresultstatesthattheAUCofascorersisaweighted
combinationofcost-sensitiverisks,wheretheweightingfactoroncostsdependson

s,andthethresholdfor
costcissettotheoptimalchoice(c.f.Proposition11)ofPrb −

1(c).
Proposition

25
G
iven

any
D
∈
Δ
X
×{±

1} ,loss
l,and

scorers∶
X
→

ℝ
such

thatRO
C(s;D

)isdifferentiable
and

Prb(;D
,s)isdifferentiable

and
invertible,

A
U
C(s;D

,l)=
1
−

1
2�(1

−
�) ∫

1

0
V
S (c)⋅L(s;D

,l
trans(c) )dc
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BIP
AR

TI
TE

RA
NK

IN
G:

A
RIS

K-T
HE

OR
ET

IC
PE

RS
PE

CT
IV

E

w
he
re

th
e
tra

ns
fo
rm

ed
lo
ss
l
tr
an
s(
c)
w
ith

pa
ra
m
et
er
c
is

(l
tr
an
s(
c)
)(y
,v
)=

(T
(l
,c
,P
rb
−
1 (
c)
))(
y,
v)

(T
(l
,c
,t
))(
y,
v)
=
(1
−
c)
⋅J
y
=
1K
⋅l

1(
v
−
t)
+
c
⋅J
y
=
−
1K
⋅l

−
1(
v
−
t),

an
d
th
e
we

ig
ht
in
g
fa
ct
or

is
V S
(c
)=

(P
rb
−
1 )
′ (c
)⋅
� S
(P
rb
−
1 (
c)
)

fo
rm

ar
gi
na

ld
ist
ri
bu
tio

n
ov
er

sc
or
es
� S

.

Pr
oo
f
By

the
rat

e-b
ase

dr
epr

ese
nta

tio
nf

rom
Eq

uat
ion

s3
0,
31
,

1
−
A
U
C(
s;
D
,l
)=

1 2
∫∞

−
∞
(T
N
R′
(t)
⋅F
N
R l
(t)
+
FN
R′
(t)
⋅F
PR

l
(t)
)d
t.

Re
cal

lfr
om

§2
.4t

hat
we

ref
er

to
the

ma
rgi

nal
den

sity
of

sco
res

by
� S

,an
dt

he
cla

ss-
con

dit
ion

ald
ens

itie
s

by
p S
,q
S
.R

eca
llf

rom
Eq

uat
ion

22
tha

tfo
ra

ny
t∈

ℝ
,

TN
R′
(t)
=
q S
(t)

=
1

1
−
�
⋅�

S
(t)
⋅(
1
−
Pr
b(
t))
,

and
sim

ila
rly

,
FN
R′
(t)
=
1 �
⋅�

S
(t)
⋅P
rb
(t)
.

Th
us,

the
int

egr
and

is
�(t
)=

TN
R′
(t)
⋅F
N
R l
(t)
+
FN
R′
(t)
⋅F
PR

l
(t)

=
1

�(
1
−
�)
⋅�

S
(t)
⋅(
�
⋅(
1
−
Pr
b(
t))
⋅F
N
R l
(t)
+
(1
−
�)
⋅P
rb
(t)
⋅F
PR

l
(t)
)

=
1

�(
1
−
�)
⋅�

S
(t)
⋅L
(s
;D
,l
tr
an
s(
Pr
b(
t))
),

wh
ere

(l
tr
an
s(
c)
)(y
,v
)=

(T
(l
,c
,P
rb
−
1 (
c)
))(
y,
v)

(T
(l
,c
,t
))(
y,
v)
=
(1
−
c)
⋅J
y
=
1K
⋅l

1(
v
−
t)
+
c
⋅J
y
=
−
1K
⋅l

−
1(
v
−
t),

tra
nsf

orm
sth

elo
ss
l
to
use

ac
ost

we
igh

tin
gc

and
cor

res
po
nd
ing

op
tim

alt
hre

sho
ld
Pr
b−
1 (
c)

(c.
f.P

rop
osi

tio
n

11
).T

hu
s,r

etu
rni

ng
the

ori
gin

ali
nte

gra
l,

1
−
A
U
C(
s;
D
,l
)=

1
2�
(1
−
�)

∫∞

−
∞
� S
(t)
⋅L
(s
;D
,l
tr
an
s(
Pr
b(
t))
)d
t

=
1

2�
(1
−
�)

∫1

0
V S
(c
)⋅

L(
s;
D
,c
)d
c,

usi
ng

the
sub

stit
uti

on
c
=
Pr
b(
t),

wi
th
V S
(c
)
. =
(P
rb
−
1 )
′ (c
)⋅
� S
(P
rb
−
1 (
c)
).

Th
er

igh
th

and
sid

ea
bov

efe
atu

res
two

see
mi

ng
ly
op
aqu

eo
bje

cts
:a

tra
nsf

orm
ed

ver
sio

no
fth

elo
ss

and
a

we
igh

tin
gf

act
or,

bo
th

of
wh

ich
dep

end
on

the
sco

re-
to-

pro
bab

ilit
yt

ran
sfo

rm
ati
on
Pr
b(
⋅;
D
,s
).
Fo

rtu
nat

ely
,

bo
th

of
the

se
sim

pli
fy

wh
en

we
con

sid
er
l
01

(co
rre

spo
nd
ing

to
the

sta
nd
ard

AU
C)
,a

nd
cal

ibr
ate

ds
cor

ers
.

Fir
st,

iti
se

asy
to

che
ck

tha
tfo

rl
01
,th

etr
ans

for
me

dl
oss

ist
he

cos
t-s
ens

itiv
elo

ss
wi
th

thr
esh

old
t,

(T
(l
,c
,t
))(
y,
v)
=
l
CS
(c
,t)
(y
,v
)

29
JM

L
R

 1
7(

19
5)

:1
-1

02

ME
NO

N
AN

D
W

IL
LI
AM

SO
N

wh
ere

l
CS
(c
,t)
isa

sin
Eq

uat
ion

26
.F

urt
her

,if
we

cal
ibr

ate
ou
rsc

ore
r,w

efi
nd

(P
rb
◦C
al
)(t
)=

ℙ
[Y
=
1|s
(X
)=

Pr
b−
1 (
t)]
=
t

V C
al
(⋅;
D
,s
)(c
)=

� C
(c
),

wh
ere

C
ist

he
dis

trib
uti

on
of

the
cal

ibr
ate

ds
cor

er
Ca
l(⋅
;D
,s
).W

hen
the

cal
ibr

ati
on

tra
nsf

orm
isi

nve
rtib

le,
we

ma
yu

se
thi

sto
exp

res
sth

es
tan

dar
dA

UC
as

the
fol

low
ing

,w
hic

hi
sa

lso
ac

on
seq

uen
ce

of
Ha

nd
(20

09
,

Eq
uat

ion
6).

Co
ro
lla

ry
26

G
iv
en

an
y
D
∈
Δ
X
×{
±
1}
,l
os
sl

,a
nd

sc
or
er
s∶

X
→

ℝ
su
ch

th
at
RO
C(
s;
D
)i
sd

iff
er
en
tia

bl
e

an
d
Ca
l(⋅
;D
,s
)i
ss

tr
ic
tly

m
on
ot
on
e
in
cr
ea
si
ng
,

A
U
C(
s;
D
)=

1
−

1
2�
(1
−
�)
⋅

E
(X
,Y
)∼
D

[ ∫1

0
� C
(c
)⋅
� C

S(
c)
(Y
,C
al
(X
;D
,s
))
dc

] .
(34

)

If
in

pa
rt
ic
ul
ar
s
is
ca
lib

ra
te
d
w
ith

re
sp
ec
tt
o
D
,

A
U
C(
s;
D
)=

1
−

1
2�
(1
−
�)
⋅

E
(X
,Y
)∼
D

[ ∫1

0
� S
(c
)⋅
� C

S(
c)
(Y
,s
(X
))
dc

] .

Eq
uat

ion
34

giv
es

two
int

ere
stin

gp
ers

pec
tiv

es
on

the
AU

C.
Fir

st,
wh

en
iti

sp
oss

ibl
eto

cal
ibr

ate
as

cor
er

wi
tho

ut
los

ing
inf

orm
ati
on
,th

eA
UC

can
be

tho
ug
ht

of
as

im
pli

cit
ly

cal
ibr

ati
ng

as
cor

er
bef

ore
com

pu
tin

ga
par

tic
ula

rri
sk.

Se
con

d,
by

Sh
ufo

rd’
sr

epr
ese

nta
tio

n(
Eq

uat
ion

10
),t

he
ris

kc
om

pu
ted

isi
nf

act
ide

nti
cal

to
tha

tfo
ra

pro
per

los
s,w

ith
the

cav
eat

tha
ton

ec
on
sid

ers
as

co
re
-a

nd
di
str

ib
ut
io
n-
de
pe
nd
en
tw

eig
htf

un
cti
on

14
w
(c
)
=
� C
(c
).

Th
us,

the
AU

Ci
se

qu
iva

len
tto

the
ris

ko
fa

sco
re-

and
dis

trib
uti

on
-de

pen
den

tp
rop

er
los

s.
(Th

isi
sth

efi
nd
ing

of,
for

exa
mp

le,
He

rná
nd
ez-

Or
all
oe

tal
.(2

01
2,T

heo
rem

34
),w

hic
he

qua
tes

the
AU

Ct
oth

e
squ

are
dlo

ssr
isk

un
der

as
pec

ial
cas

e.
We

illu
str
ate

thi
se
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

Proposition
27

G
iven

any
D
∈
Δ
X
×{±

1} and
scorers∶

X
→

ℝ
w
ith

differentiableRO
C
curveand

invertible
false-and

true-positive
rates,

A
U
C(s;D

)=∫
1

0
TPR(FPR

−
1(�))d�

=∫
1

0
TPR(TN

R
−
1(�))d�

=∫
1

0
TN
R(TPR

−
1(�))d�

=∫
1

0
TN
R(FN

R
−
1(�))d�.

ProofThefirstequationissimplyEquation27.Thesubsequentexpressionsfollowfrom
afewsimplefacts.

First,iff(x)=
1
−
g(x)and

fisinvertiblewithinverse
f
−
1,then

g
−
1(x)=

f
−
1(1

−
x).

Thisimpliesthat
FPR

−
1(�)=

TN
R
−
1(1

−
�)

TPR
−
1(�)=

FN
R
−
1(1

−
�).

Second,forany
f,

∫
1

0
f(1

−
x)dx

=∫
1

0
f(x)dx.

Combinedwiththeabove,thisimplies

∫
1

0
TPR(FPR

−
1(�))d�

=∫
1

0
TPR(TN

R
−
1(�))d�

∫
1

0
TN
R(TPR

−
1(�))d�

=∫
1

0
TN
R(FN

R
−
1(�))d�.

Third,forany
f
,g,integrationbypartsimpliesthat

∫
b

a
f
′(x)g(x)dx

=
f(b)g(b)−

f(a)g(a)−∫
b

a
f(x)g

′(x)dx.
(35)

Fourth,forany
f
,gsuchthatg(a)=

0,g(b)=
1,

∫
1

0
f(g

−
1(t))dt=∫

b

a
g
′(x)f(x)dx.

(36)

Thisimpliesthat:∫
1

0
TPR(TN

R
−
1(�))d�

=∫
∞

−
∞
TN
R
′(t)⋅TPR(t)dt

=
−∫

∞

−
∞
TPR

′(t)⋅TN
R(t)dtbyEquation35

=∫
1

0
TN
R(TPR

−
1(�))d�byEquation36.
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Now
recallingthedefinitionoftheAUC(Definition14)as ∫

10
TPR(FPR

−
1(�))d�,weseethatwehave

provedtheproposition.

From
theaboveproof,weseethatonecanequivalentlyexpresstheAUCasaweightedaverageofindi-

vidualratesoverarangeofthresholds.
Corollary28

G
iven

any
D
∈
Δ
X
×{±

1}
and

scorer
s∶

X
→

ℝ
w
ith

differentiable
RO

C
curve

and
invertible

false-and
true-positive

rates,

A
U
C(s;D

)=
−∫

∞

−
∞
FPR

′(t)⋅TPR(t)dt

=∫
∞

−
∞
TN
R
′(t)⋅TPR(t)dt

=
−∫

∞

−
∞
TPR

′(t)⋅TN
R(t)dt

=∫
∞

−
∞
FN
R
′(t)⋅TN

R(t)dt.

Theweightingoverthresholdsasexpressedaboveisnotparticularlyintuitive,butrecallfrom
Equation

22thatthederivativesoftheratesarethecorrespondingclass-conditionaldensitiesofthescores.Thatmeans
thatwecaninterprettheabovechoiceasequivalentlydrawingthresholdsfrom

thesedistributions.Thisis
exploredinthenextsection.

5.6.4
RANK

REPRESENTATION
WenowshowhowtheAUCcanbeinterpretedastheaverageofranksoftheinstances,wheretheaverageis
overthresholdsdrawninaccordancewiththedistributionofscores.
Corollary29

G
iven

any
D
=
⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} and
scorers∶

X
→

ℝ
,

A
U
C(s;D

)=
EX
∼
P
[ TN

R(s(X
))]

(37)
=

EX
′∼
Q [TPR(s(X

′)) ].
(38)

ProofThisfollowsimmediatelyfrom
Corollary28andthedefinitionofthederivativesoftherates.Alter-

nately,byProposition17,andrewritingprobabilitiesasexpectations,

A
U
C(s;D

)=
ℙ
X
∼
P
,X
′∼
Q [s(X

)>
s(X

′)]+
12
⋅ℙ

X
∼
P
,X
′∼
Q [s(X

)=
s(X

′)]

=
EX
∼
P [

EX
′∼
Q [qs(X

)>
s(X

′) y
+
12 qs(X

)=
s(X

′) y ] ]

=
EX
∼
P
[ TN

R(s(X
))] .

SwappingtheorderofexpectationsintheotherdirectiongivesEquation38.

Onafinitetrainingset,theempiricalversionofTN
R(s(x))isrelatedtothe(normalisedversionof)what

istypicallycalledthe“rank”ofaninstance
x
∈

X,whereahigherrankisbetter.Specifically,theempirical
TN
R(s(x))countsthefractionofnegativeinstancesthatxisscoredhigherthan.Inthissense,theAUCcan

beseenasmeasuringtheaveragerankofthepositiveexamples.
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(t;
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,s
)
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TP
R(
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D
,s
)+
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D
,s
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2
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sse

ss
im

ult
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,w
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h
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for
pro
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cla
ss
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e(

Lin
ga

nd
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or
ar

ela
ted

rep
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ati
on
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fin
ite

tra
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ng
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,se
eF

lac
he

tal
.(2

01
1,

Th
eor

em
4,

5),
wh

ile
for

ad
iffe

ren
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roo
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rat
egy

,se
eM

eno
ne

tal
.

(20
15
,P
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tio
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0).
Pr
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30
Fo

r
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y
D
∈
Δ
X
×{
±
1}

an
d
sc
or
er
s∶

X
→

ℝ
w
ith

di
ffe
re
nt
ia
bl
e
RO

C
cu
rv
e
an

d
in
ve
rt
ib
le

fa
ls
e-

an
d
tr
ue
-p
os
iti
ve

ra
te
s,

A
U
C(
s;
D
)=

2
⋅
E

X
∼
P
[B
A
CC
(s
(X
);
D
,s
) ]
−
1 2

=
2
⋅

E
X
′ ∼
Q

[ B
A
CC
(s
(X
′ );
D
,s
)] −

1 2.
(39

)

Pr
oo
f
Th

isi
sfr

om
Co

rol
lar

y2
9a

nd
the

fac
tth

at
E

X
∼
P
[T
PR
(s
(X
);
D
,s
) ]
=

E
S
∼
P S
[T
PR
(S
;D
,s
) ]

=
∫∞

−
∞
−
TP
R′
(t)
⋅T
PR
(t)
dt

=
∫1

0
ud
u
wi
th
u
=
TP
R(
t)

=
1 2.

(40
)

As
im

ila
ra

rgu
me

nt
yie

lds
the

sec
on
di

den
tity

.

Th
er

epr
ese

nta
tio

no
fE

qua
tio

n3
9c

an
be

con
tra

ste
dw

ith
the

ris
kf

or
ap

rop
er

com
po
site

los
s.

Us
ing

Sh
ufo

rd’
sfo

rm
ula

(Eq
uat

ion
10
),f

or
ap

rop
er

com
po
site

los
sl

wi
th

sur
jec

tiv
ea

nd
diff

ere
nti

abl
eli

nk
Ψ
,w

e
hav

e(
Re

id
and

Wi
llia

ms
on
,2
01
1,
Pro

po
siti

on
20
)

L(
s;
D
,l
)=

E
(X
,Y
)∼
D

[ �(
Y
,Ψ

−
1 (
s(
X
)))
]

=
∫1

0
w
(c
)⋅

E
(X
,Y
)∼
D

[ � C
S(
c)
(Y
,Ψ

−
1 (
s(
X
)))
]

=
∫1

0
w
(c
)⋅
((1

−
�)
⋅c
⋅F
PR
(Ψ
(c
);
D
,s
)+

�
⋅(
1
−
c)
⋅F
N
R(
Ψ
(c
);
D
,s
))
dc

=
∫∞

−
∞

w
(Ψ

−
1 (
t))

Ψ
′ (Ψ

−
1 (
t))
⋅(
(1
−
�)
⋅Ψ

−
1 (
t)
⋅F
PR
(t;
D
,s
)+

�
⋅(
1
−
Ψ
−
1 (
t))
⋅F
N
R(
t;
D
,s
))
dt
.
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5.7
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eo
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los

s(K
otl

ow
ski

eta
l.,

20
11
;A

gar
wa

l,2
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re
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E.

6.1
W
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m
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pt
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d
Re

gr
et
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pai

rw
ise

ran
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equ
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bin
ary

cla
ssi

fic
ati
on

ove
rp

air
so

fin
sta

nce
s(

see
§1
0.4

),p
lug

gin
gi

na
pai

rw
ise

ran
kin

gd
istr

ibu
tio

nR
∈
Δ
X
×X

×{
±
1}

int
oe

xis
tin

gr
esu

lts
for

cla
ssi

fic
ati
on

im
me

dia
tely

im
pli

es
the

fol
low

ing
.
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on

31
Fo

r
an
y
R
=

⧼P
pa
ir
,Q

pa
ir
,�
pa
ir
⧽
∈
Δ
X
×X

×{
±
1}
,c

on
ve
x
f
∶
ℝ
+

→
ℝ
,a

nd
lo
ss
l
w
ith

co
nd
iti
on
al

Ba
ye
sr

is
k

(∀
�
∈
(0
,1
))
L
∗ (
�;
l
)=

−
1
−
�

1
−
� p
ai
r
⋅f

( 1
−
� p
ai
r

� p
ai
r

⋅
�

1
−
�) ,

th
e
Ba

ye
sp

ai
rw

is
e
ra
nk
in
g
ri
sk

ca
n
be

w
ri
tte
n

L∗
(R
,l
)=

L
∗ (
� p
ai
r;
l
)−

I f
(P
pa
ir
,Q

pa
ir
).

(41
)

C
on
ve
rs
el
y,
Eq

ua
tio

n
41

ho
ld
sf
or

an
y
R
=

⧼P
pa
ir
,Q

pa
ir
,�
pa
ir
⧽
∈
Δ
X
×X

×{
±
1}
,l
os
sl

w
ith

co
nc
av
e
co
n-

di
tio

na
lB

ay
es

ri
sk
L
∗
∶
[0
,1
]→

ℝ
+
,a

nd
f
∶
ℝ
+
→

ℝ
de
fin
ed

by

(∀
t∈

ℝ
)f
(t)

. =
L
∗ (
� p
ai
r;
l
)−

(�
pa
ir
⋅t
+
1
−
� p
ai
r)
⋅L

∗
(

� p
ai
r
⋅t

� p
ai
r
⋅t
+
1
−
� p
ai
r;
l
) .

An
im

po
rta

nt
exa

mp
le

of
the

abo
ve

is
for

the
cas

eo
ft

he
0-1

los
sl

01
,w

her
et

he
cor

res
po
nd
ing

f
-

div
erg

enc
eis

the
var

iat
ion

ald
ive

rge
nce

(or
tot

alv
ari

ati
on

dis
tan

ce)
V
(⋅,
⋅),

giv
en

by
V
(P
,Q
)
. =
su
p

A
⊆
X

2
⋅|P

(A
)−

Q
(A
)|=

∫ X
|p(
x)
−
q(
x)
|d
x.

Pro
po
siti

on
31

thu
sim

pli
es

tha
tth

eB
aye

sp
air

wi
se

ran
kin

gr
isk

isa
na

ffin
etr

ans
for

ma
tio

no
fV
(P
pa
ir
,Q

pa
ir
).

We
sim

ila
rly

hav
ea

sim
ple

exp
res

sio
nf

or
the

pai
rw

ise
ran

kin
gr

egr
etw

ith
ap

rop
er

los
s.

Pr
op

os
iti
on

32
Fo

ra
ny
R
=
⧼M

pa
ir
,�
Pa
ir
⧽
∈
Δ
X
×X

×{
±
1}
,l
∈
L
SP
C
(Ψ
),
an

d
pa

ir-
sc
or
er
s P
ai
r∶

X
×
X
→

ℝ
,

re
gr
et
(s
Pa
ir
;R
,l
)=

B −
L
∗
(�
Pa
ir
,Ψ

−
1 ◦
s P
ai
r)

w
he
re

in
an

ab
us
e
of

no
ta
tio

n
L
∗
=
L
∗ (
⋅;
l
).

We
now

see
how

the
se

res
ult

sc
an

be
tra

nsl
ate

dt
ot

he
bip

art
ite

ran
kin

gs
ett
ing

.
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

6.2
Bayes-Optim

alBipartiteRisk
asan

f-Divergence
Forbipartiteranking,wecanhopetoexploittheconnectionbetweenbipartiteandpairwiseranking(Lemma
2),andderiveanaloguesoftheaboveforthedistribution

D
BR .Asubtletyisthat,asnotedinProposition3,it

isnotnecessarilytruethatL
∗BR (D

,l)=
L
∗(D

BR ,l).Therefore,totranslatethepreviousresults,weneedan
additionalconditionensuringthisholds,whichissimplythatl

∈
L
D
ecom

p .
Proposition

33
For

any
D
=

⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} ,convex
f
∶
ℝ
+

→
ℝ
,and

loss
l
∈

L
D
ecom

p
w
ith

conditionalBayesrisk

(∀�
∈
(0,1))L

∗(�;l)=
−
2
⋅(1

−
�)⋅f (

�
1
−
� )

,

the
Bayes-risk

can
be

w
ritten

L
∗BR (D

,l)=
L
∗(1∕2;l)−

If (P
×
Q
,Q

×
P
).

(42)
C
onversely,Equation

42
holds

for
any

D
=

⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} ,loss
l
∈

L
D
ecom

p
w
ith

concave
conditionalBayesrisk

L
∗(⋅;l)∶

[0,1]
→

ℝ
+ ,and

f
∶
ℝ
+
→

ℝ
defined

by

(∀t∈
ℝ
)f(t)

.=
L
∗(1∕2;l)−

1
+
t

2
⋅L

∗ (
t

1
+
t ;l )

.

ProofByProposition3,theassumptionon
linducingadecomposableBayes-optimalpair-scorerforD

BR
implieswecanequate

L
∗BR (D

,l)and
L
∗(D

BR ,l).WethenapplyProposition31to
D
BR ,sothat

L
∗BR (D

,l)=
L
∗(D

BR ,l)byProposition3
=
L
∗(�

pair ;l)−
If (P

pair ,Q
pair )byProposition31

=
L
∗(1∕2;l)−

If (P
×
Q
,Q

×
P
)byAppendixB

.

Theotherdirectionfollowssimilarly.

AsweshallseeinProposition44,therequirementthat
l
∈

L
D
ecom

p forapropercompositelossis
equivalenttoaconditiononitslinkfunction.Importantly,thereisnorestrictionontheunderlyingproperloss
itself.Therefore,theaboveholdsforalargeclassoflosses.Onesuchexampleisthe0-1loss

l
=
l
01 ,where

wehavefollowingrelationshipbetweentheBayes-optimalAUCandthevariationaldivergencebetweenthe
productmeasuresP

×
Q

and
Q
×
P.

Corollary34
G
iven

any
D
=

⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} ,the
Bayes-optim

albipartite
ranking

risk
is
related

to
the

variationaldivergence
between

the
productdistributionsP

×
Q

and
Q
×
P
via:

L
∗(D

BR ,l
01 )=

12
−
14
⋅V
(P
×
Q
,Q

×
P
).

ProofThisfollowsfrom
Proposition33andthefactthatfor

l
01 ,

(∀�
∈
[0,1])L

∗(�;l
01 )=

�
∧
(1
−
�)=

12
− |||| �

−
12 |||| ,

with
L
∗(1∕2;l

01 )=
1∕2.Itiseasytocheckthatthiscorrespondsto

f(t)=
|t−

1|∕4
+
(1
−
t)∕4,whichisa

scaledversionoftheconvexgeneratorforthevariationaldivergence.

ByCorollary23andEquation48,Corollary34isequivalenttoaresultofTorgersen(1991,pg.582),

A
U
C
∗(D

)=
12
+
14
⋅V
(P
×
Q
,Q

×
P
).
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ThismaybefurthermanipulatedtoexplicitlyexpresstheBayes-optimalAUCintermsoftheconcentration
ofthevaluesof�(Clémençonetal.,2008),

A
U
C
∗(D

)=
12
+

1
4�(1

−
�)
⋅

E
X
∼
M
,X
′∼
M

[|�(X
)−

�(X
′)| ].

Thisexpressionmaybefurtherrelatedtotheearthmover’sdistance(orL
1 -Wassersteinmetric)betweenthe

class-conditionaldistributionofscores(Clémençonetal.,2009).

6.3
BipartiteRankingRegretasaGenerativeBregm

an
Divergence

Thebipartiterankingregretforpropercompositelossesmaysimilarlybere-expressedbyexploitingthere-
ductiontoclassificationonpairs.Weagainneedtorestrictourselvestothosepropercompositelossesthat
induceadecomposableBayes-optimalpair-scorer.
Proposition

35
PickanyD

∈
Δ
X
×{±

1} w
ith

derived
pairw

iseranking
distribution

D
BR
=
⧼M

pair ,�Pair ⧽,and
any

l
∈
L
SPC (Ψ

)∩
L
D
ecom

p .Then,forany
scorers∶

X
→

ℝ
,

regretBR (s;D
,l)=

B
−
L
∗ (�Pair ,Ψ

−
1◦D

iff(s))

w
here

in
an

abuse
ofnotation

L
∗
.=
L
∗(⋅;l).

ProofBydefinitionofthebipartiteregret(Equation18),
regretBR (s;D

,l)=
L
BR (s;D

,l)−
L
∗BR (D

,l)
=
L(D

iff(s);D
BR ,l)−

L
∗BR (D

,l)
=
regret(D

iff(s);D
BR ,l)+

L
∗(D

BR ,l)−
L
∗BR (D

,l)
=
B
−
L
∗ (�Pair ,Ψ

−
1◦D

iff(s))+
L
∗(D

BR ,l)−
L
∗BR (D

,l),

wherethelastlineisbythestandardexpressionfortheregretwithrespecttoapropercompositeloss(Propo-
sition78).Wethusneed

L
∗(D

BR ,l)=
L
∗BR (D

,l),whichbyProposition3istrueiff
l
∈
L
D
ecom

p .

Inthecaseof
l
=
l
01 ,theregretcanbeseentomeasuretheconcentrationof�intheregionwherethe

candidatescorersdisagreeswith
�,asiswellknown.

Corollary36(Clém
ençon

etal.,2008;Agarwal,2014,Theorem
11)

ForanyD
=
⧼M

,�⧽
∈
Δ
X
×{±

1} and
scorers∶

X
→

ℝ
,

regretBR (s;D
,l
01 )=

E
X
∼
M
,X
′∼
M [|�(X

)−
�(X

′)|⋅I(s,�;X
,X

′) ]

w
here

I(s,�;X
,X

′)=
q(�(X

)−
�(X

′))⋅(s(X
)−

s(X
′))<

0 y
+
12
⋅ q�(X

)=
�(X

′) y
.

6.4
Relation

toExistingW
ork

Asnotedabove,theconnectionbetweenBayesrisksand
f-divergencesinclassificationiswellknown(Öster-

reicherandVajda,1993).Forthebipartiterankingproblem,theconnectionbetweentheAUCandvariational
divergencehasbeenmadeby(Torgersen,1991;ReidandWilliamson,2011).Theextensiontothecaseof
generall-bipartiterisk(Proposition33)issimpleinhindsight,asthevariationaldivergenceiswellknownto
correspondtotheuseof0-1loss;however,toourknowledge,theextensionisnovel.
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sf
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nk
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g

Th
ep

rev
iou

ss
ect
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stu
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he
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sso
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wi
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aB
aye
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pti
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ive
sf
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t
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ot
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m,
and

hel
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rel
ate
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ot

he
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re
fam

ilia
rta

sks
of

bin
ary

cla
ssi

fic
ati
on

and
cla

ss-
pro

bab
ilit

y
est

im
ati
on
.A

sw
es

hal
lse

ein
the

nex
tse

cti
on
,th

isw
ill

als
oh

elp
in

est
abl

ish
ing

the
sta

tist
ica

lco
nsi

ste
ncy

of
the

mi
nim

isa
tio

no
fsu

rro
gat

elo
sse

so
np

air
sfo

rth
eta

sk
of

AU
Cm

axi
mi

sat
ion

.
Be

for
ep

roc
eed

ing
,w

efi
rst

rec
all

the
Ba

yes
-op

tim
al

sco
rer

sf
or

the
lat
ter

pro
ble

ms
giv

en
som

eD
=

⧼P
,Q
,�

⧽
=
⧼M

,�
⧽
∈
Δ
X
×{
±
1}
.T

abl
e8

sum
ma

ris
es

the
fin

din
gs

of
thi

ss
ect

ion
.

Lo
ss

ty
pe

Ba
ye
s-o

pt
im

al
(p
air

-)s
co
re
rs

Re
fer

en
ce

Cla
ssi

fic
ati
on
-ca

lib
rat

ed
S
∗ (
D
,l
)⊆

{ s∶
X
→

ℝ
∶
�(
x)

≠1
∕2

⟹
sig
n(
s(
x)
)=

sig
n(
2�
(x
)−

1)

}
Eq

uat
ion

43

S
∗ (
D
BR
,l
)⊆

⎧ ⎪ ⎨ ⎪ ⎩s P
ai
r∶

X
×
X
→

ℝ
∶
�(
x)

≠�
(x
′ )

⟹
sig
n(
s P
ai
r(x
,x
′ ))
=

sig
n(
�(
x)
−
�(
x′
))

⎫ ⎪ ⎬ ⎪ ⎭
Eq

uat
ion

49

{�
◦�
}
⊆
S
∗ BR
(D
,l
01
)=

{s
∶
X
→

ℝ
∶
�
=
�◦
s}

Pro
po
siti

on
42

Pro
per

com
po
site

{Ψ
◦�
}
⊆
S
∗ (
D
,l
)

Eq
uat

ion
44

wi
th

lin
kΨ

{Ψ
◦�
◦D
if
f(
�−

1 ◦
�)
}
⊆
S
∗ (
D
BR
,l
)

Eq
uat

ion
50

S
∗ BR
(D
,l
)=

{Ψ
◦�
+
b
∶
b
∈
ℝ
}
for
Ψ
∈
Σ s
ig

Co
rol

lar
y4

5

Ta
ble

8:
Ba

yes
-op

tim
als

cor
ers

and
pai

r-s
cor

ers
for

var
iou

sc
las

sifi
cat

ion
and

bip
art

ite
ran

kin
gr

isk
s.

7.1
Bi
na

ry
Cl
as
sifi

ca
tio

n
Co

nsi
der

ab
ina

ry
cla

ssi
fic

ati
on

pro
ble

m
wi
th

dis
trib

uti
on
D
=

⧼M
,�
⧽
∈
Δ
X
×{
±
1}
.I
fth

el
oss

l
isc

las
sifi

-
cat

ion
cal

ibr
ate

d(
Eq

uat
ion

7),
eve

ry
Ba

yes
-op

tim
al

sco
rer

mu
sth

ave
the

sam
es

ign
as
�(
x)
−
1∕
2,

wi
th

the
pre

dic
tio

nf
or
�(
x)
=
1∕
2
bei

ng
irre

lev
ant

(B
art

let
tet

al.,
20
06
):

S
∗ (
D
,l
)⊆

{s
∶
X
→

ℝ
∶
�(
x)

≠1
∕2

⟹
sig
n(
s(
x)
)=

sig
n(
2�
(x
)−

1)
}.

(43
)

Wh
en
l
ist

he
0-1

los
s,t

he
abo

ve
isa

ne
qua

lity
(D

evr
oye

et
al.,

19
96
).

Th
us,

for
l
01
,w

hat
iso

fin
ter

est
is

det
erm

ini
ng

wh
eth

er
or

no
tea

ch
ins

tan
ce

has
ag

rea
ter

tha
nr

and
om

cha
nce

of
bei

ng
lab

ell
ed

po
siti

ve.
Wh

en
l
isa

pro
per

com
po
site

los
sw

ith
lin

kΨ
,fr

om
the

defi
nit

ion
of

pro
per

nes
s(

Eq
uat

ion
9)

we
can

spe
cif

yo
ne

mi
nim

ise
ro

fth
ec

on
dit

ion
alr

isk
,w

hic
ha

pp
lie
dp

oin
tw
ise

giv
es:

{Ψ
◦�
}
⊆
S
∗ (
D
,l
).

(44
)

Th
isi

sa
ne

qua
lity

ifa
nd

on
lyi

fl
iss

tric
tly

pro
per

com
po
site

.T
hu
s,a

str
ict
lyp

rop
er

com
po
site

los
sre

qui
res

pre
cis

ei
nfo

rm
ati
on

abo
ut
�,

un
lik

el
01
.O

bse
rve

tha
tΨ
◦�

ma
yb

et
riv

ial
ly

tra
nsf

orm
ed

to
giv

ea
no

pti
ma

l
sco

rer
for

l
01
;t
hu
s,

exa
ctly

sol
vin

gc
las

s-p
rob

abi
lity

est
im

ati
on

als
os

olv
es

bin
ary

cla
ssi

fic
ati
on
.F

or
an

app
rox

im
ate

sol
uti

on
,on

ec
an

bo
un
dt

he
exc

ess
l
01

err
or

via
as

urr
og
ate

reg
ret

bo
un
d(

Re
id

and
Wi

llia
ms

on
,

20
09
).

7.2
Pa

irw
ise

Ra
nk

in
g

Re
cal

lfr
om

§3
.4

tha
tp

air
wi
se

ran
kin

gi
sid

ent
ica

lto
bin

ary
cla

ssi
fic

ati
on

ove
rp

air
so

fin
sta

nce
s.

Th
us,

in
the

pai
rw

ise
ran

kin
gs

ett
ing

wi
th

dis
trib

uti
on

R
=

⧼M
pa
ir
,�
Pa
ir
⧽
∈
Δ
X
×X

×{
±
1}
,th

ea
bov

er
esu

lts
can

be
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ME
NO

N
AN

D
W

IL
LI
AM

SO
N

tra
nsl

ate
d.

Fo
ra

cla
ssi

fic
ati
on

cal
ibr

ate
dl

oss
,th

eB
aye

s-o
pti

ma
lp

air
-sc

ore
rs

mu
st

hav
et

he
sam

es
ign

as
� P
ai
r(x
,x
′ )
−
1∕
2,

wi
th

the
pre

dic
tio

nf
or
� P
ai
r(x
,x
′ )
=
1∕
2
bei

ng
irre

lev
ant

:
S
∗ (
R
,l
)⊆

{ s
Pa
ir
∶
X
×
X
→

ℝ
∶
� P
ai
r(x
,x
′ )
≠1

∕2
⟹

sig
n(
s P
ai
r(x
,x
′ ))
=
sig
n(
2�
Pa
ir
(x
,x
′ )
−
1)
} . (45

)
Wh

en
l
ist

he
0-1

los
s,t

he
abo

ve
isa

ne
qua

lity
.

Wh
en
l
isa

pro
per

com
po
site

los
sw

ith
lin

kΨ
,by

defi
nit

ion
we

can
spe

cif
yo

ne
Ba

yes
-op

tim
alp

air
-sc

ore
r,

tho
ug
ht

her
em

ay
be

oth
ers

:
{Ψ
◦�
Pa
ir
}
⊆
S
∗ (
R
,l
).

(46
)

Th
isi

sa
ne

qua
lity

ifa
nd

on
ly

ifl
iss

tric
tly

pro
per

com
po
site

.

7.3
Bi
pa

rti
te

Ra
nk

in
g

Th
er

ela
tio

nsh
ip

bet
we

en
bip

art
ite

and
pai

rw
ise

ran
kin

g(
Le

mm
a2

)s
ug
ges

ts
we

can
sim

ply
com

pu
te

the
Ba

yes
-op

tim
al

sco
rer

sfo
rp

air
wi
se

ran
kin

gw
ith

D
BR

.S
pec

ific
ally

,le
tD

BR
=

⧼M
pa
ir
,�
Pa
ir
⧽.

To
det

erm
ine

S
∗ (
D
BR
,l
),w

en
eed

the
fol

low
ing

ele
me

nta
ry

bu
tim

po
rta

nt
pro

per
ty

of
� P
ai
r.

Le
m
m
a3

7
Fo

ra
ny
D
=
⧼M

,�
⧽
∈
Δ
X
×{
±
1}
,D

BR
ha

so
bs
er
va
tio

n-
co
nd
iti
on
al

di
str

ib
ut
io
n
gi
ve
n
by

� P
ai
r
=
�◦
D
if
f(
�−

1 ◦
�)
,

(47
)

w
he
re
�(
⋅)
de
no
te
st
he

si
gm

oi
d
fu
nc
tio

n
(E
qu
at
io
n
2)
.

Pr
oo
f
Su

pp
ose

(X
,X

′ ,
Z
)∼

D
BR

.R
eca

llℙ
[Z
=
+
1]
=

1 2.
Th

en,
(∀
x,
x′
∈
X
)�
Pa
ir
(x
,x
′ )
=
ℙ
[Z
=
+
1|X

=
x,
X
′
=
x′
]

=
ℙ
[X
=
x,
X
′
=
x′
|Z
=
+
1]
⋅ℙ
[Z
=
+
1]

ℙ
[X
=
x,
X
′
=
x′
]

=
ℙ
[X
=
x|Z

=
+
1]
⋅ℙ
[X
′
=
x′
|Z
=
+
1]
⋅ℙ
[Z
=
+
1]

ℙ
[X
=
x,
X
′
=
x′
]

=
ℙ
[X
=
x|Z

=
+
1]
⋅ℙ
[X
′
=
x′
|Z
=
+
1]

ℙ
[X
=
x|Z

=
+
1]
⋅ℙ
[X
′
=
x′
|Z
=
+
1]
+
ℙ
[X
=
x|Z

=
−
1]
⋅ℙ
[X
′
=
x′
|Z
=
−
1]

=
1

1
+

ℙ
[X
=
x|Z

=
−
1]
⋅ℙ
[X
′ =
x′
|Z=

−
1]

ℙ
[X
=
x|Z

=
+
1]
⋅ℙ
[X
′ =
x′
|Z=

+
1]

=
�(
�−

1 (
�(
x)
)−

�−
1 (
�(
x′
)))
.

Th
ela

sti
den

tity
fol

low
sb

eca
use �−

1 (
�(
x)
)=

lo
g

�
1
−
�
+
lo
g
ℙ
[X
=
x|Z

=
+
1]

ℙ
[X
=
x′
|Z
=
−
1]
.

Fro
m

Le
mm

a3
7,
the

Ba
yes

-op
tim

als
cor

ers
for

ac
las

sifi
cat

ion
cal

ibr
ate

dl
oss

are
im

me
dia

te.
Le

m
m
a3

8
Fo

ra
ny
D
=
⧼M

,�
⧽
∈
Δ
X
×{
±
1}
,a

nd
an
y
cl
as
si
fic
at
io
n-
ca
lib

ra
te
d
l
,

S
∗ (
D
BR
,l
)⊆

{ s
Pa
ir
∶
X
×
X
→

ℝ
∶
�(
x)

≠�
(x
′ )

⟹
sig
n(
s P
ai
r(x
,x
′ ))
=
sig
n(
�(
x)
−
�(
x′
))}

.

W
he
n
l
is
th
e
0-
1
lo
ss
,t
he

ab
ov
e
is
an

eq
ua

lit
y.
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

ProofForaclassificationcalibratedloss
l,forevery

x,x
′∈

X
suchthat�(x)≠

�(x
′),anyBayes-optimal

pair-scorers ∗Pair ∈
S
∗(D

BR ,l)mustsatisfy
sign(s ∗Pair (x,x

′))=
sign(2�Pair (x,x

′)−
1)

=
sign(2�(�

−
1(�(x))−

�
−
1(�(x

′)))−
1)byLemma37

=
sign(�

−
1(�(x))−

�
−
1(�(x

′)))
=
sign(�(x)−

�(x
′)).

(48)
When

�(x)=
�(x

′),wecanpickany
s ∗Pair (x,x

′)∈
ℝ.Thus,forallD

=
⧼M

,�⧽
∈
Δ
X
×{±

1} andclassification-
calibratedlosses

l,
S
∗(D

BR ,l)⊆
{sPair ∶

X
×
X
→

ℝ
∶
�(x)≠

�(x
′)

⟹
sign(sPair (x,x

′))=
sign(�(x)−

�(x
′)) }

.
(49)

For
l
01 ,everypair-scorersatisfyingtheaboveisoptimal,thusyieldinganequality.

When
lisapropercompositelosswithlink

Ψ,bydefinitionwecanspecifyoneBayes-optimalpair-scorer,
thoughtheremaybeothers:

{Ψ
◦�Pair }

=
{Ψ
◦�
◦D
iff(�

−
1◦�)}

⊆
S
∗(D

BR ,l).
(50)

Thisisanequalityifandonlyif
lisstrictlypropercomposite.

Havingcomputedtheoptimalpair-scorers,whenattemptingtotranslatetheresultstobipartiteranking,
weimmediatelyfaceachallenge,as

A
rgm

in
s∶

X
→
ℝ
L
BR (s;D

,l)=
A
rgm

in
s∶

X
→
ℝ
L(D

iff(s);D
BR ,l)

=
A
rgm

in
sPair ∈

S
D
ecom

p

L(sPair ;D
BR ,l).

Thatis,findingthesetofscorerssthatminimise
L
BR (D

iff(s))isequivalenttofindingthesetofpair-scorers
sPair thatminimiseL(sPair ;D

BR ,l),subjecttothepair-scorersbeingdecomposable.Formally,inthenotation
ofEquation20,weneedeverysuchoptimals ∗Pair

∈
L
D
ecom

p .Whilethelatterconstraintseemsinnocuous,
itmeansweneedtoreasonaboutaminimiserina

restrictedfunctionclass.Thus,ingeneral,itisnolonger
possibletosimplystudytheconditionalriskandmakeapointwiseanalysis.

Ofcourse,wecaneasilymakeprogressinthespecialcasewheretheoptimalpair-scorerisinfactdecom-
posable.Inthiscase,wecaneffectivelyignoretherestrictedfunctionclass,becausetheoptimalpair-scorer
mustbethedifferenceoftheoptimalunivariatescorer.Thefollowingmakesthisprecise.
Proposition

39
G
iven

any
D
∈
Δ
X
×{±

1} and
loss

l,

l
∈
L
D
ecom

p
⟺

S
∗(D

BR ,l)∩
S
D
ecom

p
=
D
iff(S

∗BR (D
,l)).

ProofThe
(⟸

)directionisimmediate,since
S
∗BR (D

,l)≠
∅andthusD

iff(S
∗BR (D

,l))≠
∅.Weshowthe

(⟹
)direction.

(⊆).Pickany
s ∗Pair ∈

S
∗(D

BR ,l)∩
S
D
ecom

p .Then
s ∗Pair =

D
iff(s)forsome

s∶
X

→
ℝ.Byoptimalityof

s ∗Pair ,
(∀t∶

X
→

ℝ
)L

BR (s)=
L(s ∗Pair ;D

BR ,l)≤
L(D

iff(t);D
BR ,l)=

L
BR (t).

Thuss
∈
S
∗BR (D

,l),andso
s ∗Pair ∈

D
iff(S

∗BR (D
,l)).

(⊇).Pickany
s ∗
∈
S
∗BR (D

,l),andletsPair =
D
iff(s ∗).Then,bydefinition,

sPair ∈
A
rgm

in
tPair ∈

S
D
ecom

p L(tPair ;D
BR ,l).
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Thisisaconstrainedoptimisationproblem.When
l
∈
L
D
ecom

p ,thereisatleastonesolutiontotheunconstrained
optimisationthatliesin

S
D
ecom

p ,callittPair .Clearly
tPair isafeasiblesolutionfortheconstrainedproblem

above.Thus,itmusthaveanidenticalriskto
sPair .Butthen

sPair isasolutiontotheunconstrainedproblem
aswell,andso

sPair ∈
S
∗(D

BR ,l)∩
S
D
ecom

p .

Theresultsimplifiessomewhatwhen
everyBayes-optimalpair-scorerisdecomposable,whichoccurs

whenthereisauniqueoptimalpair-scorer.
Corollary40

G
iven

any
D
∈
Δ
X
×{±

1} and
loss

l,

S
∗(D

BR ,l)⊆
S
D
ecom

p
⟺

S
∗(D

BR ,l)=
D
iff(S

∗BR (D
,l)).

Proof(⟹
)followsbyProposition39,and(⟸

)followsbydefinitionofdecomposability.

Simplyput,thedecomposableBayes-optimalpair-scorersareexactlytheBayes-optimalscorerspassed
through

D
iff(⋅).Thus,ifwecanshow

that
S
∗BR (D

,l)∩
S
D
ecom

p ≠
∅foraloss

l,weautomaticallydeduce
theBayes-optimalscorerfrom

theresultsoftheprevioussection.Wedeterminewhenthisconditionholds
below.

7.4
Bipartiteranking:Decom

posableCase
WestudytheBayes-optimalscorersforlossesthatinduceadecomposableBayes-optimalpair-scorer.We
beginwiththecase

l
01 .

7.4.1
OPTIMALUNIVARIATESCORER

FOR0-1LOSS
Forl

01 ,itisnothardtoseethatourearlierresultsimplythatD
BR hasatleastonedecomposableBayes-optimal

pair-scorer.
Lem

m
a41

G
iven

any
D
=
⧼M

,�⧽
∈
Δ
X
×{±

1} ,

S
∗(D

BR ,l
01 )∩

S
D
ecom

p ≠
∅.

ProofByEquation49,weseethat{D
iff(�)}

⊆
S
∗(D

BR ,l
01 )∩

S
D
ecom

p .Thatis,l
01 inducesatleastone

decomposableBayes-optimalpair-scorerinthepairwiserankingrisk.

Wecannowshowthattheoptimalscorersforthe0-1bipartiteriskarethosethatpreservetheorderingof
theclass-probability

�,whichincludesallstrictlymonotonetransformationsof�.
Proposition

42
G
iven

any
D
=
⧼M

,�⧽
∈
Δ
X
×{±

1} ,

S
∗BR (D

,l
01 )=

{s∶
X
→

ℝ
∶
�
=
�
◦s

for�
∶
ℝ

→
[0,1]non-decreasing}.

ProofLet
A
=
S
∗(D

BR ,l
01 )∩

S
D
ecom

p .Since
A

isnonemptybyProposition41,
A
=
D
iff(S

∗BR (D
,l
01 ))by

Proposition39.Equivalently,byLemma38,
A
=
{sPair ∈

S
D
ecom

p
∶
�(x)≠

�(x
′)

⟹
sign(sPair (x,x

′))=
sign(�(x)−

�(x
′)) }

=
D
iff ({s∶

X
→

ℝ
∶
�(x)≠

�(x
′)

⟹
sign(s(x)−

s(x
′))=

sign(�(x)−
�(x

′)) })

=
D
iff({ s∶

X
→

ℝ
∶
�
=
�
◦sfornon-decreasing

�}) byLemma72.
Wethushaveequalityofthedifferencesofthesetsofinterest.Butforanysetsofscorers

S
1 ,S

2 ,D
iff(S

1 )=
D
iff(S

2 )
⟹

(∀s1
∈
S
1 )(∃s2

∈
S
2 ,c

∈
ℝ
)s1

=
s2 +

c,i.e.thescorersinthetwosetsmustberelatedbya

40
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E

lin
ear
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we
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som
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ust

als
ob

et
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tha
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�
=
�̃◦
(s
+
c)

wh
ere

�̃
∶
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↦
�(
x
−
c)

isa
lso

mo
no
ton

e.
Th

us,
the

res
ult

fol
low
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for

m
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Pro
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42

isn
ot

req
uir

ed
to

be
str

ict
ly

mo
no
ton

ein
cre

asi
ng

sin
ce

if�
(x
)=

�(
x′
)

for
som

ex
≠x

′
∈

X
,it

is
all
ow

ed
for

s(
x)

≠s
(x
′ ).

(In
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ext
rem

ec
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wh
ere

�(
x)

≡c
for

eve
ry
x,

the
ne
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cor
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be
Ba
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tim
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No
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hel
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,a
ni

mm
edi

ate
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hat
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str

ict
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mo
no
ton

ein
cre

asi
ng
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�
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ssa
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op
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niv

ari
ate

sco
rer
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Co

ro
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43

G
iv
en

an
y
D
=
⧼M

,�
⧽
∈
Δ
X
×{
±
1}

an
d
an
y
str

ic
tly

m
on
ot
on
e
in
cr
ea
si
ng
�
∶
[0
,1
]→

ℝ
,

�◦
�
∈
S
∗ BR
(D
,l
01
).

We
see

tha
tli

ke
cla

ss-
pro

bab
ilit

ye
stim

ati
on
,bi

par
tite

ran
kin

gw
ith
l
01

aim
sto

fin
da

tra
nsf

orm
ati
on

of
�.

Un
lik

ec
las

s-p
rob

abi
lity

est
im

ati
on
,on

eis
sat

isfi
ed

wi
tha

ny
str

ict
lym

on
oto

ne
tra

nsf
orm

ati
on
,no

tne
ces

sar
ily

on
es

pec
ifie

db
yth

elo
ssi

tse
lf.

Lo
ose

ly,
the

n,b
ipa

rtit
era

nk
ing

isl
ess

“st
ric

t”t
han

cla
ss-

pro
bab

ilit
ye

stim
ati
on
.

(Se
ea

lso
§1
0.)

7.4
.2

OP
TI
MA

LU
NI

VA
RI

AT
ES

CO
RE

R
FO

R
ST

RI
CT

LY
PR

OP
ER

CO
MP

OS
IT
EL

OS
SE

S
We

now
pro

cee
dto

the
cas

ew
her

el
isa

str
ict
lyp

rop
erc

om
po
site

los
s.T

oa
pp
lyC

oro
lla
ry

40
,w

ec
har

act
eri

se
the

sub
set

of
pro

per
com

po
site

los
ses

for
wh

ich
the

re
exi

sts
ad

eco
mp

osa
ble

pai
r-s

cor
er.

Th
iss

hal
ltu

rn
ou
t

to
rel

yo
nt

he
fol

low
ing

set
of

inv
ers

eli
nk

fun
cti
on
sfr

om
the

sig
mo

id
fam

ily,

Σ s
ig

. =
{ Ψ

−
1
∶
ℝ

→
[0
,1
]∣
(∃
a
∈
ℝ
⧵
{0
})
(∀
v
∈
ℝ
)Ψ

−
1 (
v)
=

1
1
+
e−
av

} .
(51

)
Pr

op
os
iti
on

44
(D

ec
om

po
sa
bi
lit
yo

fB
ay
es
-o
pt
im

al
bi
pa

rti
te

pa
ir-

sc
or
er
.)

G
iv
en

an
y
l
∈

L
SP
C
(Ψ
)w

ith
Ψ
di
ffe
re
nt
ia
bl
e,

(∀
D
∈
Δ
X
×{
±
1}
)S

∗ (
D
BR
,l
)⊆

S
D
ec
om
p
⟺

Ψ
−
1
∈
Σ s
ig
.

Pr
oo
f
(⟸

)L
ett

he
lin

kf
un
cti
on

of
l
hav

eth
es

pec
ifie

df
orm

,so
tha

tΨ
(v
)=

1 a
lo
g

v 1−
v
=

1 a
�−

1 (
v)
,an

ds
o

(Ψ
◦�
)(v
)=

v a
.F

rom
Eq

uat
ion

50
,th

e16
Ba

yes
-op

tim
alp

air
-sc

ore
ris

s∗ Pa
ir
=
1 a
⋅D
if
f(
�−

1 ◦
�)

=
D
if
f((

1 a
⋅�

−
1)
◦�
)

∈
S
D
ec
om
p.

Th
us
s∗ Pa

ir
∈
S
∗ (
D
BR
,l
)∩

S
D
ec
om
p.

(⟹
)T

he
pro

of
her

eu
ses

as
im

ila
rid

ea
to

Ue
ma

tsu
and

Le
e(

20
12
,T

heo
rem

7).
Ifl

∈
L
D
ec
om
p,

Ψ
◦�
◦D
if
f(
�−

1 ◦
�)
∈
S
D
ec
om
p.

We
wi
sh

to
det

erm
ine

the
nat

ure
of
Ψ
tha

tp
erm

its
thi

sto
ho
ld.

Le
tf

=
Ψ
◦�
◦
lo
g,s

ot
hat

the
abo

ve
bec

om
es

(∀
x,
x′
∈
X
)f

(
e�

−
1 (
�(
x)
)

e�
−
1 (
�(
x′
))

)
=
g(
x)
−
g(
x′
)

15
.C

om
bin

ed
wi

th
the

con
nec

tio
nb

etw
een

the
0-1

op
tim

als
cor

er
for

the
bip

art
ite

ran
kin

gr
isk

and
AU

C(
Co

rol
lar

y2
3),

thi
sc

on
stit

ute
s

an
alt

ern
ate

pro
of

of
Co

rol
lar

y1
6,

wi
tho

ut
an

app
eal

to
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Ne
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an-
Pea

rso
nl

em
ma

.
16

.F
or

an
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tr
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s,t
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,bu
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ep

oss
ibl

eo
pti

ma
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hu
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the
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for
som

eg
∶
X
→

ℝ
.N

ow
no
tet

hat

(∀
x,
x′
,x
′′
∈
X
)f

(
e�

−
1 (
�(
x)
)

e�
−
1 (
�(
x′
))

)
=
g(
x)
−
g(
x′
′ )
+
g(
x′
′ )
−
g(
x′
)

=
f
(
e�

−
1 (
�(
x)
)

e�
−
1 (
�(
x′
′ ))

)
+
f
( e

�−
1 (
�(
x′
′ ))

e�
−
1 (
�(
x′
))

) .

We
req

uir
eth

ist
oh

old
for

any
D
,an

dt
hu
sfo

ra
ny
�.

Th
ere

for
e,e

qu
iva

len
tly,

we
hav

e
(∀
a,
b
∈
ℝ
+
)f
(a
⋅b
)=

f
(a
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f
(b
).
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hat
f
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ass
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ed
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Ψ
.T

hu
sth

eo
nly

sol
uti
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the
equ
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on

isf
(z
)=

1 a
⋅l
og
z
for

som
ea

∈
ℝ
(K

ann
app

an,
20
09
,C
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ry
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or
equ

iva
len

tly
tha

tΨ
−
1 (
v)
=
�(
a
⋅v
)=

1
1+
e−
av
.

No
tet

hat
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0
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ry
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G
iv
en

an
y
D
=
⧼M

,�
⧽
∈
Δ
X
×{
±
1}

an
d
l
∈
L
SP
C
(Ψ
)w

ith
in
ve
rs
e
lin

k
fu
nc
tio

n
Ψ
−
1
∈
Σ s
ig
,

S
∗ BR
(D
,l
)=

{Ψ
◦�
+
b
∶
b
∈
ℝ
}.

C
on
se
qu
en
tly
,w

he
n
Ψ
is
m
on
ot
on
e
in
cr
ea
si
ng

(v
iz
.w

he
n
a
∈
ℝ
+
in

Eq
ua

tio
n
51
),

S
∗ BR
(D
,l
)⊆

S
∗ BR
(D
,l
01
).

Pr
oo
f
By

Pro
po
siti

on
44

and
Co

rol
lar

y4
0,

D
if
f(
S
∗ BR
(D
,l
))
=
S
∗ BR
(D
,l
).

Fu
rth

er,
by

Eq
uat

ion
50
,an

dl
ett
ing

Ψ
−
1
∶
v
↦
�(
a
⋅v
),

S
∗ BR
(D
,l
)=

D
if
f( 1 a

⋅�
−
1 ◦
�) =

D
if
f(
Ψ
◦�
).

Th
er

esu
ltf

oll
ow

sb
eca

use
D
if
f(
f
)=

D
if
f(
g)

⟺
(∃
b
∈
ℝ
)f

=
g
+
b.

Th
ea

dm
iss

ibl
ef

am
ily

of
lin

ks
Σ s
ig
can

be
eas

ily
che

cke
dt

oc
on
tai

nt
ho
se

em
plo

yed
for

the
log

isti
ca

nd
exp

on
ent

ial
los

ses
,an

dt
hu
sw

ec
an

ded
uce

the
dec

om
po
sab

ilit
yo

fth
eB

aye
s-o

pti
ma

lsc
ore

rsf
or

the
se

los
ses

.
Co

ro
lla

ry
46

Fo
rt
he

str
ic
tly

pr
op

er
co
m
po

si
te
lo
gi
sti
c
an

d
ex
po

ne
nt
ia
ll
os
se
s,

l
lo
g(
y,
z)
=
lo
g (
1
+
e−
yz
)

l
ex
p(
y,
z)
=
e−
yz
,

w
ith

in
ve
rs
e
lin

k
fu
nc
tio

ns
Ψ
−
1 (
v)
=

1
1+
e−
v
an

d
Ψ
−
1 (
v)
=

1
1+
e−
2v

re
sp
ec
tiv
el
y,
th
e
Ba

ye
s-
op
tim

al
pa

ir-
sc
or
er

is
de
co
m
po

sa
bl
e
fo
ra

ny
D
∈
Δ
X
×{
±
1}

i.e
. S
∗ (
D
BR
,l
)⊆

S
D
ec
om
p.
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

WhileProposition44followseasilyfrom
theproperlossmachinery,therequirementonthelinkfunction

is
a
priorinon-obvious.Whatisspecialaboutlinkfunctionsthatarescaledversionsofthesigmoid?The

answerissimplythatthescorer�Pair inherentlyinvolvesasigmoidlinkfunction(Lemma37).Thisform
of

�Pair inturncanbeunderstoodviautilityrepresentationsforbinaryrelationsonsets,aswediscussin§12.

7.4.3
COMMENTON

CONVEXITY
Ingeneral,aninvertiblelinkfunction

Ψ
canbecomposedwithanyproperlosstoyieldapropercomposite

loss.Fornumericalconvenience,itisusefultoconsideronlythoseproperlosseswhichyielda
convexproper

compositeloss.Foraproperloss
�,let

l(y,v)
=
�(y,Ψ

−
1(v))forΨ

−
1(v)

∈
Σ
sig i.e.Ψ

−
1(v)

=
1

1+
e −
av for

some
a.SuchalosswillhaveBayes-optimalscorerasgivenbyProposition44;butwhenwillsuchalossbe

additionallyconvex?Supposetheweightfunction
w

for�isnormalisedsuchthatw (
12 )

=
1.Then,lis

convexonlyiftheweightfunction
w

satisfies(ReidandWilliamson,2010,Theorem
29)

w
(c)∈

[m
in (

1
a
⋅c 2

⋅(1
−
c) ,

1
a
⋅c
⋅(1

−
c) 2 )

,m
ax (

1
a
⋅c 2

⋅(1
−
c) ,

1
a
⋅c
⋅(1

−
c) 2 )]

.

Theabovegivesnecessaryconditions 17forobtainingaconvexpropercompositelosswiththegivenlink.
Asasanitycheck,twolossesencounteredearlierinCorollary46willindeedsatisfytheabove.Forthe

admissibleweightfunction
w
(c)

=
1

a⋅(c⋅(1−
c)) 3∕2 ,itiseasytocheckthatwithasigmoidallinkwerecovera

generalisedversionoftheexponentialloss,
l(y,v)

=
1a e −

yav.(Wewillrevisitthesefamilyoflossesina
differentcontextin§9.5.)Recallfrom

Equation13thatalink
Ψ

iscanonicalforagivenproperloss
�with

weightfunction
w

when
w
(c)=

Ψ
′(c).ForΨ

−
1(v)=

1
1+
e −
av ,wehave

w
(c)=

1a
⋅ (log

c1−
c )

′=
1

a⋅c⋅(1−
c) .The

resultingpropercompositelossisl(y,v)=
�(y,Ψ

−
1(v))=

1a
⋅log(1

+
e −
yav),

whichisageneralisedlogisticloss.(Masnadi-ShiraziandVasconcelos(2010)callthisthecanonicallogistic
loss.)Notethatlim

a→
∞
1a log(1

+
e −
yav)=

m
ax(0,−

v),whichistheperceptronloss.

7.5
BipartiteRanking:Non-Decom

posableCase
Wenowturntothecasewheretheloss

ldoesnothaveadecomposableBayes-optimalpair-scorer.Asnoted
earlier,wecannolongerresorttoreasoningsolelyviatheconditionalrisk.Fortunately,thesimplestructureof
S
D
ecom

p meansthatwecanhopetodirectlycomputetheriskminimiserviaanappropriatederivative.Under
someassumptionsontheloss,itturnsoutthattheBayes-optimalscorerisstillastrictlymonotonetransform
of�;however,thetransform

isnow
distribution

dependent,ratherthansimplythefixedlinkfunction
Ψ.

Proposition
47

Pick
any

D
=

⧼M
,�⧽

=
⧼P
,Q
,�⧽

∈
Δ
X
×{±

1}
and

a
differentiable,convex,sym

m
etric

strictly
propercom

posite
loss

l(y,v)=
�(yv).If�

′isbounded, 18
orthe

supportofD
isfinite,

S
∗BR (D

,l)=
{s ∗∶

X
→

ℝ
∣�
=
f
D
,s ∗ ◦s ∗},

w
here

(∀v
∈
V)f

D
,s ∗ (v)

.=
�
⋅
EX
∼
P [l

′−
1 (v

−
s ∗(X

)) ]

�
⋅
EX
∼
P [l

′−
1 (v

−
s ∗(X

)) ]−
(1
−
�)⋅

EX
′∼
Q [l

′1 (v
−
s ∗(X

′)) ] .

17.Morecomplexsufficientconditionsmayalsobederived;see(ReidandWilliamson,2010,Theorem
24).

18.Wesuspectthisrequirementmaybedropped,butdefertofutureworkinvestigationofminimalconditionsfortheresulttohold.
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ProofThebasicproofstrategyfollowsUematsuandLee(2012,Theorem
3),althoughthesubsequentsteps

andconnectiontoproperlossconceptsarenovel;wewillshortlydiscusstheconnectiontotheresultsofthat
paper.Letl(y,v)=

�(yv).Forfixed
D,letS(D

)denotethespaceofallLebesgue-measurablescorerss∶
X
→

ℝ,
withadditionandscalarmultiplicationdefinedpointwise,suchthat

L
BR (s;D

,l)=
E

X
∼
P
,X
′∼
Q [�(s(X

)−
s(X

′)) ]
<
∞
.

Then
L
BR

∶
S(D

)
→

ℝ
isaconvexfunctional,byvirtueof

�
beingconvex.Thus,itsminimisersmay

bedeterminedbyconsideringanappropriatenotionoffunctionalderivative.WeshallemploytheGâteaux
variation.

Pickany
s,t∈

S(D
).Forany

�
>
0,define

F
s,t (�)=

L
BR (s+

�t)
=

E
X
∼
P
,X
′∼
Q [�(s(X

)−
s(X

′)+
�(t(X

)−
t(X

′))) ].

TheGâteauxvariationofL
BR atsinthedirectionoftis(Troutman,1996,pg.45;GiaquintaandHildebrandt,

2004,pg.10)

�L
BR (s;t)

.=
lim�→0 L

BR (s+
�t)−

L
BR (s;D

,l)
�

=
F
′s,t (0),

assumingthelatterexists.ToshowthatF
′s,t (0)exists,wewilljustifyinterchangeofthederivativeandexpec-

tation.Forany
�
∈
(0,1]and

x,x
′∈

X,byconvexityandnonnegativityof�,
|||| �((D

iff(s+
�t))(x,x

′))−
�((D

iff(s))(x,x
′))

�
|||| ≤

|| �((D
iff(s+

t))(x,x
′))−

�((D
iff(s))(x,x

′)) ||
≤
�((D

iff(s+
t))(x,x

′))+
�((D

iff(s))(x,x
′)).

Byassumption,L
BR (s+

t)and
L
BR (s;D

,l)arebothfinite.Further,

lim�→0
�(s(x)−

s(x
′)+

�(t(x)−
t(x

′)))−
�(s(x)−

s(x
′))

�
=
(t(x)−

t(x
′))⋅�

′(s(x)−
s(x

′)).

Thus,bythedominatedconvergencetheorem
(Folland,1999,pg.56),wehave

F
′s,t (0)=

E
X
∼
P
,X
′∼
Q [(t(X

)−
t(X

′))⋅�
′(s(X

)−
s(X

′)) ]

=
E

X
∼
P
,X
′∼
Q [t(X

)⋅�
′(s(X

)−
s(X

′)) ]−
E

X
∼
Q
,X
′∼
P [t(X

)⋅�
′(s(X

′)−
s(X

)) ]

=∫
X

t(x)⋅r(x)dx,

where
(∀x

∈
X
)r(x)

.=
p(x)⋅E

X
′∼
Q [�

′(s(x)−
s(X

′)) ]−
q(x)⋅E

X
∼
P [�

′(s(X
)−

s(x)) ].
Nowsuppose

s ∗∶
X

→
ℝ

minimisesthefunctionalL
BR .ByconvexityofL

BR ,itisnecessaryandsufficient
thattheGâteauxvariationiszerofor

t
∈

L
(D
)(GelfandandFomin,2000,Theorem

2;Troutman,1996,
Proposition3.3).Thatis,

(∀t∈
L
(D
))0

=∫
X

t(x)⋅r(x)dx.

44
JM

L
R

 17(195):1-102



BIP
AR

TI
TE

RA
NK

IN
G:

A
RIS

K-T
HE

OR
ET

IC
PE

RS
PE

CT
IV

E

As
uffi

cie
nt
con

dit
ion

for
thi

sto
ho
ld
ist

hat
ris

zer
o(

alm
ost

)ev
ery

wh
ere

,an
dt

his
isi

nf
act

nec
ess

ary
as

we
ll

(Le
mm

a7
1).

Th
ati

s,f
or

(al
mo

st)
eve

ry
x 0
∈
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D
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�
⋅
E

X
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�
⋅
E

X
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P
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E
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s∗

in
ter
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itr
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ain
s
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che
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wh

eth
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or
no
tth
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f D
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∗
defi
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e.
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ef
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ing
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vid
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suffi
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nt
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dit

ion
sfo

rth
ist
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Pi
ck

an
y
D
=

⧼M
,�
⧽
∈
Δ
X
×{
±
1}

an
d
m
ar
gi
n-
ba

se
d
str

ic
tly

pr
op

er
co
m
po

si
te
lo
ss
l
(y
,v
)=

�(
yv
),
w
he
re
�
is
di
ffe
re
nt
ia
bl
e,
str

ic
tly

co
nv
ex
,a

nd
sa
tis
fie
s

(∀
v
∈
ℝ
)�

′ (v
)=

0
⟺

�′
(−
v)

≠0
.

Th
en

if
�′

is
bo
un
de
d
or

th
e
su
pp

or
to

fD
is
fin
ite
,f

D
,s
∗
is
in
ve
rt
ib
le
an

d

S
∗ BR
(D
,l
)=

{s
∗
∶
X
→

ℝ
∣s
∗
=
(f
D
,s
∗
)−
1 ◦
�}
⊆
S
∗ BR
(D
,l
01
),

w
he
re
f D

,s
∗
is
de
fin
ed

as
in

Pr
op

os
iti
on

47
.

Pr
oo
f
We

sho
wt

hat
f D

,s
∗
str

ict
ly

mo
no
ton

e,b
ye

sta
bli

shi
ng

the
str

ict
mo

no
ton

ici
ty

of

g∶
v
↦

E
X
′ ∼
Q

[ l
′ 1(
v
−
s∗
(X
′ ))
]

E
X
∼
P

[ l
′ −
1(
v
−
s∗
(X
))]
.
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is

g′
(v
)=

1
(

E
X
∼
P

[ l
′ −
1(
v
−
s∗
(X
))]

) 2
⋅(

E
X
∼
P
,X
′ ∼
Q

[ l
′ −
1(
v
−
s∗
(X
))l

′′ 1
(v
−
s∗
(X
′ ))
−

l
′′ −
1(
v
−
s∗
(X
))l

′ 1(
v
−
s∗
(X
′ ))
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.

By
con
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l
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′ ))
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tly

mo
no
ton

e,w
hic

hm
ean

sf
D
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1 ◦
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v)
=
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

however,suchaseparationofconcernsisguaranteedonlywhenoneoperateswiththefamilyoflinkfunctions
from

Proposition44.Forthisfamily,theBayes-optimalscorerisanytranslationofΨ
◦�,whileCorollary

48indicatesthatoutsidethisfamily,theoptimalscorermaybeadistribution-dependenttransformationof
�.Thus,changingthelinkfunctioninbipartiterankingcanchangetheoptimalsolutionstotheriskina
non-trivialway.

7.6
Relation

toExistingW
ork

ThestudyofBayes-optimalscorersforpairwiseandbipartiterankingproblemsdoesnotseem
asextensiveas

forthebinaryclassificationsetting.ThestudyoftheBayes-optimalscorersforbothproblemsunderproper
compositelossesappearstobenovel,althoughAgarwal(2014)employsproperlossesintheoreticalanal-
ysisrelatedtothebipartiterankingproblem.Evenourderivationoftheform

of
�Pair doesnothavemany

precedents,thoughUematsuandLee(2012)implicitlyderivetheformula.
Thissectiongeneralisedandunifiedseveralearlierresultsthroughthetheoryofproperlosses.For

l
01 ,

ourCorollary43iswell-knowninthecontextofscorersthatmaximisetheAUC,whichisoneminusthebi-
partite

l
01 risk.TheresultistypicallyestablishedbytheNeyman-Pearsonlemma(Torgersen,1991),whereas

wesimplyuseareductiontobinaryclassificationoverpairs.Forexponentiallosswithalinearhypothesis
class,ErtekinandRudin(2011)studiedthe(empirical)Bayes-optimalsolutions.Foraconvexmarginloss,
UematsuandLee(2012)andGaoandZhou(2012,2015)independentlystudiedconditionsfortheBayes-
optimalscorerstobetransformationsof�.OurProposition44isageneralisationofUematsuandLee(2012,
Theorem

7);GaoandZhou(2012,Lemma3);GaoandZhou,2015,(Corollary1),whereourresultholds
fornon-symmetricandnon-convexpropercompositelosses;AppendixGhasanempiricalillustrationofthis.
OurCorollary48isessentiallyequivalenttoUematsuandLee(2012,Theorem

3);GaoandZhou(2012,
Theorem

5);GaoandZhou(2015,Theorem
2),althoughweexplicitlyprovidetheform

ofthelinkfunction
relating

�and
s ∗.(Wetranslatetheseresultsintermsofproperlossessothattheconnectionismoreapparent

inAppendixF.)
UematsuandLee(2012,Theorem5)alsoshowedthatforthehingeloss,whichisclassificationcalibrated,

therearepossiblytiesintroducedintheranking,whichisnotcoveredbyourresultsasthehingelossisnot
proper.GaoandZhou(2012,Theorem

2,3);GaoandZhou(2015,Lemma3)similarlyshowthathingeand
absolutelossdonotproduceaconsistentranking.

8.SurrogateRegretBoundsforPairwiseSurrogateM
inim

isation
Atthisstage,wehaveestablishedthatforsuitable

l,minimisersofthe
l-bipartiteriskwillalsominimise

the
l
01 bipartiterisk.Equivalently,thesescorerswillmaximisetheAUC.Thiscanbeseenasajustification

fortheminimisationofapairwisesurrogateto
l
01 forthetaskofmaximisingtheAUC;thisissometimes

referredtoasthepairwiseapproachtobipartiteranking.
Inpractice,ofcourse,wecannotexpecttoperfectlyminimiseL

BR ,duetohavingaccesstoafinitesample,
and(or)usingarestrictedfunctionclassofscorers.Thus,wewouldideallylikeaboundastohow

much
worsetheAUCcanbewhenusinga

suboptim
alminimiserofL

BR (s;D
,l).Thisistheanalogueofsurrogate

regretboundsforclassification,whichestablishthatconvexriskminimisationisconsistentfortheproblem
of0-1minimisation(Zhang,2004;Bartlettetal.,2006;ReidandWilliamson,2009).

SurrogateregretboundshavepreviouslybeenshownforbipartiterankingbyClémençonetal.(2008,
Section7),undertheimplicitassumptionofdecomposablescorers,andforthesymmetricexponentialand
logisticlossesbyGaoandZhou(2012,Corollary6,7);GaoandZhou(2015,Corollary5).Itturnsoutthat
theanalysisoftheprevioussectionautomaticallyimpliestheexistenceofsurrogateregretboundsforpairwise
minimisationofsuitable(possiblyasymmetric)propercompositelosses.Formally,wehavethefollowing.
Proposition

49
Pick

any
D
∈
Δ
X
×{±

1}
and

scorer
s∶

X
→

ℝ
.
G
iven

any
l
∈

L
SPC (Ψ

)w
ith

inverse
link

function
Ψ
−
1
∈
Σ
+
sig ,there

existsa
convex

function
F
l
∶
[0,1]

→
ℝ
+
w
ith
F
(0)=

0
such

that,

F
l (regretBR (s;D

,l
01 ) )≤

regretBR (s;D
,l).
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ProofForany
s∶

X
→

ℝ,sPair ∶
X
×
X
→

ℝ,recallthat
regret(sPair ;D

BR ,l)=
L(sPair ;D

BR ,l)−
inf

tPair ∶
X
×
X
→
ℝ
L(tPair ;D

BR ,l)

regretBR (s;D
,l)=

L
BR (s;D

,l)−
inf

t∶
X
→
ℝ
L
BR (t).

Existingsurrogateregretboundsforpropercompositelosses(ReidandWilliamson,2009)implythatthere
existssomeconvex

F
l
∶
[0,1]

→
ℝ
+ suchthat,forany

D
∈
Δ
X
×{±

1} andscorers∶
X
→

ℝ,
F
l (regret(D

iff(s);D
BR ,l

01 ) )≤
regret(D

iff(s);D
BR ,l).

Bythereductionofbipartiterankingtoclassificationoverpairs(Lemma2),forany
l
satisfyingthe

conditionsoftheproposition,
regretBR (s;D

,l)=
L
BR (s;D

,l)−
inf

t∶
X
→
ℝ
L
BR (t)

=
L(D

iff(s);D
BR ,l)−

inf
tPair ∈

S
D
ecom

p L(tPair ;D
BR ,l)

=
L(D

iff(s);D
BR ,l)−

inf
tPair ∶

X
×
X
→
ℝ
L(tPair ;D

BR ,l)

=
regret(D

iff(s);D
BR ,l),

whereinthepenultimatelinewehaveusedthefactthattherestrictionto
S
D
ecom

p canberemovedbyvirtue
oftheloss

linducingadecomposableBayes-optimalpair-scorerforD
BR (byProposition44).Wesimilarly

knowthatl
01 inducesadecomposablepair-scorer(Proposition41).Thus,wecanwritetheregretboundas

F
l (regretBR (s;D

,l
01 ) )≤

regretBR (s;D
,l).

Thefunction
F
l
∶
[0,1]

→
ℝ
+ inProposition49isexactlythatwhichappearsinboundsrelating0-1to

l
classificationregretforpropercompositelosses,andmaybespecifiedintermsoftheconditionalBayes-risk
of
las(ReidandWilliamson,2009,Theorem

3)

F
l ∶

u
↦
L
∗ (
12 )

+
G
l (u)∨

G
l (−

u)

G
l ∶

u
↦
−
L
∗ (
12
+
u )
+
(L

∗) ′ (
12 )

⋅u.

Wemakethreeobservationsaboutthisresult.First,theboundimpliestheconsistencyofpairwisesurro-
gateminimisationforlossessatisfyingtheconditionsoftheproposition,andwhoseunderlyingproperloss�
additionallysatisfytheregularitycondition

L
∗(0)=

0,as
regretBR (s;D

,l)
→
0

⟹
F
l (regretBR (s;D

,l
01 ))

→
0

⟹
regretBR (s;D

,l
01 )

→
0,

wherethesecondlineisbecause
L
∗(u)

>
0on

(0,1∕2]bystrictconcavityoftheconditionalBayesrisk(a
consequenceofstrictpropernessoftheloss),and

L
∗(0)=

0byassumption.
Second,theboundplacesnoconvexityrestrictionon

l.Thisisakintosimilarregretboundsforclassifica-
tion(Bartlettetal.,2006,Theorem1),wherethesurrogatelossneednotbeconvex.Ofcourse,fornon-convex
l,guaranteeing

regretBR (s;D
,l)

→
0ismorechallenging.

Third,whentheoptimalpair-scoreris
notdecomposable,theproofbreakswhenattemptingtoequate

regretBR (s;D
,l)and

regret(D
iff(s);D

BR ,l),andsomoreeffortisneededtoderiveasurrogateregretbound.
ThisfurtherillustratesthevalueofthedecomposabilityoftheBayes-optimalpair-scorerasstudiedinthe
previoussection.Notethatwhilewedonothavearegretboundforsuchlosses,Corollary48establisheda
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∈
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

where
g∶

x
↦
1
−
x.

WenextrelatetheAUC
tothereverse

(l,g)-pushrisk.Atfirstglance,theAUC
appearstoinvolvea

differentconsideration,as
A
U
C(s;D

)=
EX
∼
P
[ TN

R(s(X
);D

,s)] ,

sothattheAUC
focussesonplacingpositivesaheadofnegatives,whilewhenmaximisingthenormalised

rank,wealsoconsidertherelationshipofpositivestootherpositives.(A
similarobservationismadeby

Rudin(2009,Section7),wherethefalsepositiverateiscalledthe“reverseheight”.)However,notethat
EX
∼
P
[ N
Rank(X

;D
,s)] =

�
⋅
EX
∼
P
[ TPR(s(X

);D
,s)] +

(1
−
�)⋅

EX
∼
P
[ FPR(s(X

);D
,s)]

=
�
⋅
EX
∼
P
[ TPR(s(X

);D
,s)] +

(1
−
�)⋅(1

−
A
U
C(s;D

))byEquation37
=
�2
+
(1
−
�)⋅(1

−
A
U
C(s;D

))followingEquation40
,

andso
A
U
C(s;D

)=
2
−
�

2
⋅(1

−
�) −

1
1
−
�
⋅
EX
∼
P
[ N
Rank(X

;D
,s)] .

AhighAUCthusmeansthatonaverage,thepositiveinstanceshaveasmallnormalisedranki.e.theyappear
neartheheadofthelist.Formally,wethushave

A
U
C(s;D

)=
RevPush(D

iff(s);D
,g)

where
g∶

x
↦

2−
�

2⋅(1−
�) −

11−
�
⋅x.

9.4
Established

Perform
anceM

easuresforRankingtheBest
InboththeaboveinterpretationsoftheAUC,onefocussesonaveragecasebehaviour.Thisismanifestinthe
AUChavingalineardependenceonthetruepositiverate,aswellasonthenormalisedrank.Thebasicidea
ofadaptingthemeasuretofocusontheheadofthelististoconsiderasuitablenonlineartransformation

g(⋅)
inthe(reverse)(l,g)-pushrisk,soastostronglypenaliseerrorsattheheadoverthetail.Wenowdefinesome
popularmeasures 21forrankingthebestthatdopreciselythis.Table9summarisesthemeasuresconsidered.

9.4.1
PARTIALAUC

ThepartialAU
C(PAU

C)(McClish,1989;DoddandPepe,2003;NarasimhanandAgarwal,2013a)ofascorer
onlycomputestheareaundertheROCcurveforfalsepositiveratesbetween

[a,b]⊆
[0,1]:

PAUC(s;D
,a,b)=∫

b

a
TPR((FPR) −

1(�))d�

=
EX
∼
P [TPR(s(X

))⋅Ja≤
FPR(s(X

))≤
bK ].

When
a
=
0and

b
≪
1,thisintuitivelyfocussesonlyonperformanceattheheadoftherankedlist(asthis

correspondstothresholdswithlow
falsepositiverate).Thismeasureisevidentlyrelatedtothespecialcase

ofthereverse
(l
01 ,g)-pushriskforg

∶
x
↦
(x
∨
a)∧

b,whereoneusesthetruepositiverateinplaceofthe
normalisedrank.
21.Mostofthesemeasureshavetheiroriginsininformationretrieval.Here,theyaretypicallystatedintermsofresultsfor“queries”.

Weeffectivelytreatourlabelledsamplesasthesetofresultsforasinglequery.Measuresthataverageacrossmultiplequeries,which
wouldcorrespondtoamultilabellearningproblem,arethusnotconsidered.
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Perform
ancem

easure
Sym

bol
Definition

PartialAUC
PA
U
C(s;D

,b)
EX
∼
P [TPR(s(X

))⋅JFPR(s(X
))≤

bK ]

Averageprecision
A
P(s;D

)
E
X
∼
P [

TPR(s(X
);D

,s)
N
Rank(X

;D
,s) ]

Discountedcumulativegain
D
CG

(s;D
)

E
X
∼
P [

1
lg(1+

N
Rank(X

;D
,s)) ]

Averagereciprocalrank
A
RR(s;D

)
E
X
∼
P [

1
N
Rank(X

;D
,s) ]

Reciprocalrank
RR(s;D

)
sup

x∈
supp(P

)
1

N
Rank(x;D

,s)

(Negated)p-norm
push

Push(s;D
,⋅ p)

EX
′∼
Q [− (FN

R(s(X
′);D

,s) )p ]

Positivesattop
PTop(s;D

)
infx

′∈
supp(Q

) TPR(s(x
′);D

,s)

Table9:Performancemeasuresforrankingthebest.Foreachmeasure,largervaluesaredesirable.

9.4.2
AVERAGEPRECISION

Ournextmeasurereliesonthefollowingtwoquantities.
Definition

50
G
iven

any
distribution

D
∈
Δ
X
×{±

1} and
scorers∶

X
→

ℝ
,define

the
precision

and
recallat

a
threshold

t∈
ℝ
∪
{±
∞
}
to

be

Prec(t;D
,s)

.=
ℙ[Y

=
1|s(X

)>
t]

Rec(t;D
,s)

.=
TPR(t;D

,s)=
ℙ[s(X

)>
t|Y

=
1]+

12
⋅ℙ[s(X

)=
t|Y

=
1].

W
hen

the
scorer

and
distribution

are
clear

from
context,we

shalldrop
the

dependence
on

them
and

sim
ply

w
rite

Prec(t),Rec(t).

Theprecisionmayberelatedtothemorefamiliarratesintroducedearlier:ifthedistributionofscoreshas
nodiscretecomponents,thenbyBayes’rule,

Prec(t;D
,s)=

ℙ[s(X
)>

t|Y
=
1]⋅ℙ[Y

=
1]

ℙ[s(X
)>

t]

=
�
⋅TPR(t)

�
⋅TPR(t)+

(1
−
�)⋅FPR(t)

(54)

=
(
1
+
1
−
�

�
⋅ FPR(t)
TPR(t) )

−
1.

Notethatifweuseasthreshold
t=

s(x)forsome
x
∈
X,thenthedenominatorofEquation54isnothingbut

N
Rank(t).
Wenowdefinetheaverageprecision

(AP)ofascorers(Yueetal.,2007;Chakrabartietal.,2008;Agarwal,
2011;Boydetal.,2012)tobetheaverageoftheprecisionsobtainedusingthescoresofpositiveexamplesas
thresholds:

A
P(s;D

)
.=
E
X
∼
P
[ Prec(s(X

);D
,s)]

=
�
⋅E

X
∼
P [TPR(s(X

);D
,s)

N
Rank(X

;D
,s) ]

,
(55)
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Re
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),
Pr
ec
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,s
))
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t∈

ℝ
∪
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⊆
[0
,1
]2
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e
are
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nd
er

the
pre
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ion

rec
all

cur
ve

(A
UP

RC
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fs
is
th
e
ar
ea
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th
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rv
e
PR
(s
;D
)(
Bo
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et
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.,

20
13
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U
PR
C(
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. =
∫1

0
Pr
ec
(R
ec
−
1 (
�)
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�.
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im
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see
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ot
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urv
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ve
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�.
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R
and
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R.
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an-

Pe
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y1

6),
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ot
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C.

Le
m
m
a5

2(
Bo

yd
et

al.
,2
01
3)

G
iv
en

an
y
D
∈
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→

ℝ
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C
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ra
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A
U
PR
C(
s;
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)=
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P(
s;
D
).
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f
By

defi
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,

A
U
PR
C(
s;
D
)=

∫1

0
Pr
ec
(R
ec
−
1 (
�)
)d
�

=
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∫∞

−
∞
TP
R′
(t)
⋅P
re
c(
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dt
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�
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R(
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=
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−
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uat
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X
∼
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[ ∫∞

−
∞
� s
(X
)(t
)⋅
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dt
]

=
E

X
∼
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s(
X
)) ]
.
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p-
no
rm

pu
sh

ris
k:

Pu
sh
(D
if
f(
s)
;D
,l
,⋅
p )
=

E
X
′ ∼
Q

[( F
N
R l
(s
(X
′ ))
) p]

=
E

X
′ ∼
Q

[(
E

X
∼
P

[ l
1(
s(
X
)−

s(
X
′ ))
])
p]
.

(56
)

By
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gt
he
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of
p,
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ng
ly

pen
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ses

hig
hf
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en
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tiv
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ate

s.

9.4
.7

PO
SIT
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ES

AT
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ET
OP

Th
efr
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tio

n
of
po

si
tiv
es

at
th
e
to
p
(PT

op
)o
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sco

rer
s
(A
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l,2
01
1;
Bo

yd
eta

l.,
20
12
)is

typ
ica

lly
defi

ned
on

an
em

pir
ica

lsa
mp

le
D
=
{(
x i
,1
)}
n i=
1
∪
{(
x j
,−
1)
}m j=

1
as

the
nu
mb

er
of

po
siti

ve
ins

tan
ces

ran
ked
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ve

the
hig

hes
tn

ega
tiv

ein
sta

nce
,o

re
qua

lly,
the

mi
nim

um
ove

ra
lln

ega
tiv

ein
sta

nce
so

fth
en

um
ber

of
po
siti

ves
ran

ked
abo

ve
tha

tin
sta

nce
,

PT
op
(s
;D
)
. =
m
in

1≤j
≤m

n ∑ i=
1
l
01
(s
(x
j)
−
s(
x i
)).
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Lietal.(2014)providedanefficientalgorithmtooptimisesurrogatestothismeasure.Evidently,itspopulation
counterpartis

PTop(s;D
)
.=

inf
x
′∈
supp(Q

) TPR(s(x
′);D

,s),

withnegation
1
−
PTop(s;D

)=
sup

x
′∈
supp(Q

) FN
R(s(x

′);D
,s).

(57)

ComparedtotheAUC(Equation38),whichlookstomakethe
averagerankofallnegativeinstancessmall,

thePToplookstomakethe
worstpossiblerankoverallnegativeinstancessmall.ThePTopcanberelatedto

the
p-norm

pushrisk,as
lim
p→

∞
Push(s;D

,l,⋅ p) 1∕p
=

sup
x
′∈
supp(Q

) FN
R
l (s(x

′)).

Forthecaseof
l
01 ,thisisexactlythenegationofthepositivesatthetopmeasure(Equation57).

9.5
Bayes-Optim

alScorersforthe
(l,g)-Push

Risk
Havingintroducedanumberofperformancemeasures,wenowstudywhysuitablechoicesofgforthe(l,g)-
pushriskcanbeseentofocusattentionattheheadofthelist.ThisisdonebyanalysingtheBayes-optimal
scorersforthisfamilyofrisks,andseeinghowtheyalignwithEquation52.Specifically,weaim

todetermine
theBayes-optimalpairandunivariatescorersforthe(l,g)-pushrisk,andstudythem

inlightofEquation52.
Unlikebipartiteranking,theriskinthiscasecannot(obviously)beexpressedasaclassificationriskoverpairs
ofinstances;therefore,weseparatelyconsidertheoptimalpair-andunivariate-scorers,

S
pair,∗
push

(D
,l,g)=

A
rgm

in
sPair ∶

X
×
X
→
ℝ
Push(sPair ;D

,l,g)

S
∗push (D

,l,g)=
A
rgm

in
s∶

X
→
ℝ
Push(D

iff(s);D
,l,g).

Wefirstanalysethecaseofpair-scorers,andthenproceedtounivariatescorers.Whilemostofouranalysisis
forgeneralland

g,weshallfindthe
p-norm

pushriskofEquation56tobeparticularlyamenabletoanalysis
whencombinedwiththeexponentialloss.

9.5.1
BAYES-OPTIMALPAIR-SCORERS

Aswiththestandardbipartiterisk,determiningtheBayes-optimalscorerforthe
(l,g)pushischallenging

duetotheimplicitrestrictedfunctionclass
S
D
ecom

p .Infact,thisisdifficultevenforthepair-scorercase:
the

(l,g)pushriskisnoteasilyexpressibleintermsofaconditionalrisk.Thus,weexplicitlycomputethe
derivativeoftherisk,asintheproofofProposition47.Weendupwiththefollowingdistribution-dependent
transformationof�Pair asouroptimalscorer.
Proposition

53
G
iven

anyD
=
⧼M

,�⧽
∈
Δ
X
×{±

1} ,a
differentiablefunction

g
∶
ℝ

→
ℝ
,and

a
differentiable

strictly
propercom

posite
loss

l
w
ith

link
function

Ψ
,ifl

′1 ,l
′−
1
are

bounded
or

X
isfinite,

S
pair,∗
push

(D
,l,g)=

{s ∗Pair ∶
X
×
X
→

ℝ
∶
s ∗Pair =

Ψ
◦�
◦(D

iff(�
−
1◦�)−

G
(D
,s ∗Pair )) }

,
(58)

w
here

G
(x,x

′;D
,sPair )

.=
log

g
′ (F

(x;D
,sPair ) )

g
′ (F

(x
′;D

,sPair ) )

F
(x;D

,sPair )
.=

EX
∼
P [
l
1 (sPair (X

,x))+
l
−
1 (sPair (x,X

))
2

]
.
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ProofFirst,inthenotationabove,
Push(sPair ;D

,l,g)=
EX
′∼
Q [g (F

(X
′;D

,sPair ) )].

Forfixed
D,let

S(D
)denotethespaceofallLebesgue-measurablepair-scorerssPair ∶

X
×
X
→

ℝ,withaddi-
tionandscalarmultiplicationdefinedpointwise,suchthatPush(sPair ;D

,l,g)
<
∞.Asbefore,weconsider

theGâteauxvariationofthefunctional.Pickany
sPair ,tPair ∈

S(D
).Forany

�
>
0,define

R
(�;sPair ,tPair )=

Push(sPair +
�
⋅tPair ;D

,l)
=

EX
′∼
Q [g (F

(X
′;D

,sPair +
�
⋅tPair ) )].

Forsimplicity,inthefollowingweshallnotexplicitlywritethedependenceof
F

and
G

on
D
,sPair .Now

consider

R
′(0;sPair ,tPair )=

EX
′∼
Q [

g
′ (F

(X
′) )
⋅
EX
∼
P [

tPair (X
,X

′)⋅
l
′1 (sPair (X

,X
′))

2
+

tPair (X
′,X

)⋅
l
′−
1 (sPair (X

′,X
))

2

]]

=
12 ∫

X
×
X

tPair (x,x
′)⋅ (p(x)q(x

′)⋅g
′(F

(x
′))⋅l

′1 (sPair (x,x
′))+

p(x
′)q(x)⋅g

′(F
(x))⋅l

′1 (sPair (x
′,x) )

dx
dx

′,

whereasintheproofofProposition47,theinterchangeofderivativeandexpectationisjustifiedwhen
X
is

finite,orwhenthederivatives
l
′1 ,l

′−
1 arebounded.

Fortheoptimalpair-scorers ∗Pair ,thederivativemustbezeroforevery
tPair .Asufficientconditionforthis

toholdisthatthesecondterm
intheintegrandiszerofor(almost)every

x,x
′∈

X.
Now,since

lisstrictlypropercomposite,forany
�
∈
[0,1],thesolutionto

�
⋅l

′1 (s)+
(1
−
�)⋅l

′−
1 (s)=

0

iss
=
Ψ
(�),byvirtueoftheabovebeingthederivativeoftheconditionalrisk.Thus,thesolutionto

a
a
+
b
⋅l

′1 (s)+
b

a
+
b
⋅l

′−
1 (s)=

0

fora,b
>
0iss

=
Ψ
(a∕(a

+
b))=

Ψ
(�(log(a∕b))).Letting

a
.=
g
′ (F

(x
′) )
⋅p(x)⋅q(x

′)
b

.=
g
′( F

(x)) ⋅q(x)⋅p(x
′),

theoptimalpair-scoreris,forevery
x,x

′∈
X,

s ∗Pair (x,x
′)=

Ψ
◦�
◦
log

p(x)⋅q(x
′)⋅g

′(F
(x
′))

p(x
′)⋅q(x)⋅g

′(F
(x))

=
Ψ
◦�
◦ (�

−
1(�(x))−

�
−
1(�(x

′))−
G
(D
,s ∗Pair ) ),

wherethesecondlineissince
p(x)
q(x)

=
�(x)

1
−
�(x

′)
⋅ 1
−
�

�
.

Thus,
s ∗Pair =

Ψ
◦�
◦ (D

iff(�
−
1◦�)−

G
(D
,s ∗Pair ) ).
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Ψ
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(Ψ
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1 (
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→
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n(
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ran
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gr
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G
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0
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◦�
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),h

ow
eve

r,i
tis

un
cle

ar
how

to
sim

pli
fy

the
ter

m
G

any
fur

the
r.I

ng
ene

ral
,s∗ Pa

ir
app

ear
sto

be
as
tric

tly
mo

no
ton

etr
ans

for
mo

f� P
ai
r,w

her
eth

etr
ans

for
mi

sd
istr

ibu
tio

n
dep

end
ent

.H
ow

eve
r,s

urp
ris

ing
ly,

for
the

spe
cia

lc
ase

of
l
bei

ng
the

exp
on
ent

ial
los

sa
nd
g
∶
x
↦
xp
,th

e
op
tim

als
cor

er
ise

xp
lic
itly

det
erm

ina
ble

as
as

im
ple

tra
nsf

orm
of

the
con

dit
ion

alp
rob

abi
lity

.
Pr

op
os
iti
on

54
Pi
ck

an
y
di
str

ib
ut
io
n
D
=

⧼M
,�
⧽
∈
Δ
X
×{
±
1}
.
Le
tl
(y
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)
=
e−
yv

be
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os
s

an
d
g∶

x
↦
xp

fo
ra

ny
p
≥1
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he
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th
e
op
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al
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ir-
sc
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er
s∗ Pa

ir
fo
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he
(l
,g
)-p

us
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bi
pa

rt
ite

ra
nk
in
g
ri
sk
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s∗ Pa
ir
=

1
p
+
1
⋅D
if
f(
�−

1 ◦
�)
.

Pr
oo
f
We

est
abl

ish
thi

sb
yv

eri
fyi

ng
tha

ts P
ai
r
=

1 p+
1D
if
f(
�−

1 ◦
�)

sat
isfi

es
the

im
pli
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equ

ati
on

in
Eq

uat
ion

58
.W

eb
egi

nw
ith

the
ter

m
F
(x
;D
,s
Pa
ir
)a

sd
efi

ned
in

Pro
po
siti

on
53
.P

lug
gin

gi
ng

∶
x
↦
xp

and

s P
ai
r
=

1
p
+
1
⋅�

−
1 ◦
� P
ai
r
=

1
p
+
1
⋅D
if
f(
�−

1 ◦
�)
,

we
get

(∀
x
∈
X
)F
(x
;D
,s
Pa
ir
)=

E
X
∼
P

[ l
1(
s P
ai
r(X

,x
))
+
l
−
1(
s P
ai
r(x
,X
))

2

]

=
E

X
∼
P

[ e
−
s P
ai
r(
X
,x
)
+
es
Pa
ir
(x
,X
)

2

]

=
1 2

E
X
∼
P

[ (
� P
ai
r(X

,x
)

1
−
� P
ai
r(X

,x
)) −

1∕
(p
+
1)
+
(

� P
ai
r(x
,X
)

1
−
� P
ai
r(x
,X
)) 1

∕(
p+
1)
]

=
E

X
∼
P

[ ex
p(
(�
−
1 (
�(
x)
)−

�−
1 (
�(
X
)))
∕(
p
+
1)
)]

=
ex
p(
�−

1 (
�(
x)
)∕
(p
+
1)
)⋅

E
X
∼
P

[ ex
p(
−
�−

1 (
�(
X
)))
∕(
p
+
1)
)] ,

wh
ere

cru
cia

lly
the

dep
end

enc
eo

n�
iss

epa
rat

ed
fro

m
the

dep
end

enc
eo

nt
he

res
to

fth
ed

istr
ibu

tio
n.

Th
us,

for
g∶

x
↦
xp
,

(∀
x,
x′
∈
X
)
g′
( F
(x
;D
,s
Pa
ir
))

g′
( F
(x
′ ;
D
,s
Pa
ir
))
=
ex
p(
�−

1 (
�(
x)
)⋅
(p
−
1)
∕(
p
+
1)
)

ex
p(
�−

1 (
�(
x′
))
⋅(
p
−
1)
∕(
p
+
1)
)

wi
th

the
res

ult
now

as
im

ple
fun

cti
on

of
�,

and

(∀
x,
x′
∈
X
)l
og

g′
( F
(x
;D
,s
Pa
ir
))

g′
( F
(x
′ ;
D
,s
Pa
ir
))
=
p
−
1

p
+
1
⋅(
�−

1 (
�(
x)
)−

�−
1 (
�(
x′
)).
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iv
en

an
y
D
∈
Δ
X
×{
±
1}
,g
∶
ℝ

→
ℝ
,a

nd
sc
or
er
s∶

X
→

ℝ
w
ith

di
ffe
re
nt
ia
bl
e
RO

C
cu
rv
e

an
d
in
ve
rt
ib
le
ra
te
s,

Pu
sh
(D
if
f(
s)
;D
,l
01
,g
)=

∫1

0
g
( F
N
R(
FP
R−

1 (
�)
))
d�
.
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ProofTheprooffollowshowweestablishedthe0-1bipartiterisktoanareaunderthecurve(Proposition21):
Push(D

iff(s);D
,l
01 ,g)=

EX
′∼
Q [g (FN

R(s(X
′)) )]

=
EX
′∼
Q [∫

∞

−
∞
�s(X

′) (t)⋅g
( FN

R(t))
dt ]

=∫
∞

−
∞

EX
′∼
Q [�s(X

′) (t)⋅g
( FN

R(t)) ]
dt

=∫
∞

−
∞
qS (t)⋅g

( FN
R(t))

dt

=∫
∞

−
∞
−
FPR

′(t)⋅g
( FN

R(t))
dtbyEquation22

=∫
1

0
g (FN

R(FPR
−
1(�)) )

d�.

Wecannow
establishtheBayes-optimalunivariatescorers.(A

similarresultforthecaseofthereverse
(l,g)-pushriskwasshowninClémençonandVayatis2008,Proposition7.)
Proposition

56
Letg

be
a
nonnegative,m

onotone
increasing

function.G
iven

any
D
=
⧼M

,�⧽
∈
Δ
X
×{±

1} ,

�
◦�
∈
S
∗push (D

,l
01 ,g),

forany
strictly

m
onotone

increasing
�
∶
[0,1]

→
ℝ
.

ProofRecallfrom
Proposition55thatthe

p-norm
riskforthecaseof0-1lossissimplyanareaunderthe

parametriccurve
{ (FPR(t),g(FN

R(t)))∶
t∈

ℝ
∪
{±
∞
}} .

FollowingtheNeyman-PearsonapproachtoROC
maximisation(Proposition76),maximisationofthe0-1

riskisthusequivalenttosolving,foreach
�
∈
[0,1]

A
rgm

in
s∶

X
→
ℝ
,t∈

ℝ
∪{±

∞
} g(FN

R(t;D
,s))subjectto

FPR(t;D
,s)≤

�.

Since
gisamonotoneincreasingfunction,itpreservestheoptimalsolutionofthecaseof

g(x)
=
x(al-

thoughpotentiallyintroducingnew
ones),whichisthestandardNeyman-Pearsonproblem.Thismeansthat

formonotoneincreasing
g,onefamilyofoptimalsolutionsisgivenby

s ∗
=
�
◦�,where�isstrictlymonotone

increasing.

Proposition56saysthatthe(l
01 ,g)-pushobjectiveisoptimisedbyaccuratelyrecoveringtheentireranked

list.However,whiletheysharethesameoptimalsolution,theorderingoverscorersinducedbythe
(l
01 ,g)-

pushriskisdifferentfrom
thatinducedbythestandardbipartiterankingrisk.Thismeansthatundermis-

specificationorwithfinitesamples,onewilllikelychooseadifferentscorerbyoptimisingthe
(l
01 ,g)-push

objectiveratherthanthestandardbipartiterankingobjective.TheexamplesinRudin(2009)indicatethatin
manysuchcases,thesolutionsofthe

(l
01 ,g)-pushobjectivearesuperiortothoseofbipartiterankingatthe

headofthelist.
Theabovetrickdoesnotworkwhenweuseageneralpropercompositeloss

l,asweneedtoanalysea
generalisedNeyman-Pearsonproblem.However,forexponentiallossand

g∶
x
↦
x
p,wecanusetheresults

oftheprevioussection.
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Proposition
57

Pick
any

D
=
⧼M

,�⧽
∈
Δ
X
×{±

1} .Letl
=
l
exp

and
p
>
0.Then,if

X
isfinite,

S
∗push (D

,l
exp ,⋅ p)=

{
1

p
+
1
⋅(�

−
1◦�)+

b
∶
b
∈
ℝ }

.

ProofByProposition54,theuniqueoptimalpair-scoreriss ∗Pair =
1p+
1
⋅D
iff(�

−
1◦�)=

D
iff (

1p+
1 (�

−
1◦�) ),

whichisdecomposable.Corollary40maybeadaptedheretoarguethatanyoptimalunivariatescorers ∗must
satisfy

s ∗Pair =
D
iff(s ∗),andso

s ∗
=

1p+
1
⋅(�

−
1◦�)+

bforsome
b
∈
ℝ.

Forotherlosses,theoptimalunivariatescoreragainappearstobedistributionspecific,asweillustratein
AppendixJ.

Asbefore,theBayes-optimalscorersforthep-normpusharecloselyrelatedtothoseforappropriateproper
compositelosses(namely,thosewithlinkfunctionsgivenby

Ψ
=

1p+
1
⋅�).Wenowstudyhowthetheoryof

propercompositelossessuggestsarecipeforconstructingafamilyofalternatelossessuitablefortheranking
thebesttasks.

9.6
ProperCom

positeLossesforRankingtheBest
HavingstudiedtheBayes-optimalitypropertiesofthe

p-norm
push,wenowexaminewhatthisimpliesabout

thedesignofalternatepropercompositelossesforrankingthebest.Asshallbemadeprecise,the
p-norm

pushcanbeunderstoodintermsofasuitableweightfunctionovermisclassificationcosts.

9.6.1
A

W
EIGHTFUNCTIONPERSPECTIVEOFTHE

p-NORM
PUSH

From
Proposition57,weseethatchanging

presultsinascalingofthelinkfunction
Ψ
thatiscomposedwith

�.Thus,the
p-norm

pushhasequivalentBayes-optimalsolutions,uptotranslation,asanystrictlyproper
compositelosswiththesamelinkfunction

Ψ
(p)=

1p+
1
⋅�

−
1.Onemightthenhopetounderstandthe

p-norm
pushriskbyconsideringtheriskscorrespondingtoafamilyofpropercompositelosses{l

(p)}p∈
P ,whereeach

memberofthefamilycomprisessomefixedproperloss
�composedwithanappropriatelyscaledsigmoidal

link
Ψ
(p).However,forany

p
>
0,theresultingpropercompositelossis

l
(p)(y,v)=

�(y,Ψ
(p)(v))=

�(y,�((p
+
1)⋅v))=

l
(0)(y,(p

+
1)v).

Thatis,changing
psimplyscalesthepredictionspace,andhasnorealimpactonlearning.Thismeansthat

evenonafinitesample,andwitharestrictedfunctionclass,thefamilyofpropercompositelossesgivenby
{l

(p)}p∈
P willhaveriskswhoseoptimalsolutionsthatarescalingsofoneanother.

Aswiththe
l
01 case,thisisnotsurprising.Itmerelyindicatesthatthep-normpushriskmustbeunderstood

intermsofitsbehaviourunderarestrictedfunctionclassorfinitesample.Doingsorequiresthatonemove
awayfrom

Bayes-optimalscorers,whichassumeaccesstoinfinitesamplesandanunrestrictedfunctionclass.
Ourstandardanalysisbasedontheconditionalriskthuscannotbeapplied.

Remarkably,itispossibletoshow
thatthe

p-norm
pushriskisequivalenttoaspecificpropercomposite

riskevenwhenminimisingoveralinearfunctionclass:ErtekinandRudin(2011,Theorem
1)showsthatfor

alinearfunctionclass,the
p-norm

pushriskwithexponentiallossisequivalenttothepropercompositerisk
correspondingtothe

p-classification
loss,definedby

(∀v
∈
ℝ
)l

pcl (v;p)
.= (

1p
⋅e vp,e −

v )
.

(59)

Interestingly,thislossispropercomposite.
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8
Fo
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p
>
0,
le
tl
=
l
pc
l(⋅
;p
)b

et
he
p-
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as
si
fic
at
io
n
lo
ss
of
Eq

ua
tio

n
59
.T

he
n,
l
∈
L
SP
C
(Ψ

(p
) ),

w
he
re
(Ψ

(p
) )−

1
∶
v
↦
�(
(p
+
1)
⋅v
).
Fu

rt
he
r,
th
e
un
de
rly

in
g
pr
op

er
lo
ss
� p
cl
(⋅;
p)

is

(∀
u
∈
[0
,1
])
� p
cl
(u
;p
)=

( 1 p
⋅(

u
1
−
u) 1

−
1 p+
1
,( 1

−
u

u

)
1 p+
1

)
.

Pr
oo
f
We

can
che

ck
tha

tfo
rΨ

=
Ψ
(p
) , (∀
v
∈
ℝ
)Ψ

−
1 (
v)
=

1

1
−

l
′ 1(
v)

l
′ −
1(
v)

=
1

1
+
e−
(p
+
1)
⋅v

=
�(
(p
+
1)
⋅v
),

wh
ich

isi
nve

rtib
le,

thu
sg

uar
ant

eei
ng

tha
tl

isp
rop

er
com

po
site

.
Itm

ay
be

che
cke

dt
hat

the
un
der

lyi
ng

pro
per

los
sis

(∀
u
∈
[0
,1
])
� p
cl
(u
;p
)=

l
pc
l(Ψ

(p
) (u
);
p)

=

( 1 p
⋅(

u
1
−
u) 1

−
1 p+
1
,( 1

−
u

u

)
1 p+
1

)
.

Gi
ven

the
the

los
sl

pc
l
isp

rop
er

com
po
site

,th
ea

gre
em

ent
of

the
p-n

orm
and

p-c
las

sifi
cat

ion
ris

km
in-

im
ise

rsi
str

ivi
ali

nt
he

un
res

tric
ted

fun
cti
on

cla
ss

set
tin

g;
how

eve
r,i

tis
no
to

bvi
ou
sin

the
lin

ear
cla

ss
set

tin
g.

Th
ee

qui
val

enc
et
op

-cl
ass

ific
ati
on

isv
alu

abl
e,s

inc
ew

ec
an

ana
lys

et
he

pro
per

com
po
site

los
sto

un
der

-
sta

nd
how

itf
ocu

sse
sa

ccu
rac

ya
tth

eh
ead

of
the

ran
ked

list
.W

ew
ill

do
thi

sb
yc

on
sid

eri
ng

the
cor

res
po
nd
ing

we
igh

tfu
nct

ion
for

the
pro

per
los

s�
=
� p
cl
(⋅;
p)
,

(∀
c
∈
(0
,1
))
w
pc
l(c
;p
)=

−
�′ 1(
c)

1
−
c
(by

(Re
id

and
Wi

llia
ms

on
,2
01
0,
Th

eor
em

1))
=

1
p
+
1
⋅

1

c1
+

1 p+
1
⋅(
1
−
c)
2−

1 p+
1

.

Th
isi

sa
gen

era
lise

dv
ers

ion
of

the
we

igh
tfo

rth
eb

oo
stin

gl
oss

(Ta
ble

3),
wh

ich
cor

res
po
nd
sto

p
=
1.

Th
ea

bov
ew

eig
htf

un
cti
on

vie
wh

as
atl

eas
tth

ree
ben

efi
ts.

Fir
st,

giv
en

the
equ

iva
len

ce
of
the

p-c
las

sifi
cat

ion
and

p-n
orm

pu
sh

ris
k,w

eh
ave

som
ein

sig
ht
as

to
how

the
lat
ter

enc
ou
rag

es
sol

uti
on
sto

ma
xim

ise
acc

ura
cy

at
the

hea
do

fth
er

ank
ed

list
:a

sp
inc

rea
ses

,th
elo

ss
iss

een
to

pla
ce

rel
ati
vel

ym
ore

we
igh

to
nl

arg
er

val
ues

of
c.

Th
at
is,

we
pay

att
ent

ion
to

tho
se

ins
tan

ces
wi
th

hig
h�

val
ues

,as
acc

ura
te
mo

del
lin

go
fth

ese
ise

sse
nti

al
for

det
erm

ini
ng

the
beh

avi
ou
ra

bo
ut

the
bo
un
dar

y�
(x
)=

c.
Se
con

d,
we

can
des

ign
no
rm

ali
sed

ver
sio

ns
of

the
p-c

las
sifi

cat
ion

los
sth

at
hav

em
ore

int
erp

ret
abl

eb
e-

hav
iou

rw
hen

p
→
∞
.E

vid
ent

ly,
w
pc
l(c
;p
)a

bov
et

end
sto

the
triv

ial
zer

ow
eig

ht
as
p
→
∞
,o

wi
ng

to
the

sca
lin

gf
act

or
of
(p
+
1)
−
1 .

Re
mo

vin
gt

his
sca

lin
gf

act
or

ens
ure

sth
at

the
we

igh
tsa

re
no
rm

ali
sed

for
eve

ry
p
>
0,
in

the
sen

se
tha

tw
(1
∕2
;p
)=

8.
Fu

rth
er,

the
res

ult
ing

pro
per

los
sis

eas
ily

ver
ifie

dt
ob

e

(∀
u
∈
[0
,1
])
�(
u;
p)
=

( (
1
+
1 p)

⋅(
u

1
−
u) 1

−
1 p+
1
,(
p
+
1)
⋅( (

1
−
u

u

)
1 p+
1
−
1))

,
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LI
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SO
N

wi
th

no
n-t

riv
ial

lim
itin

gc
ase

as
p
→
∞

of

(∀
u
∈
[0
,1
])
�(
u;
+
∞
)=

(
u

1
−
u,
−
lo
g

u
1
−
u) .

Wh
en

com
po
sed

wi
th

the
sig

mo
id

lin
k�

(⋅)
,th

is
no
rm

ali
sed

fam
ily

of
pro

per
los

ses
res

ult
si

nt
he

pro
per

com
po
site

fam
ily

(∀
v
∈
ℝ
)l
(v
;p
)=

((
1
+
1 p)

⋅e
p p+
1
⋅v
,(
p
+
1)
⋅(
e−

v p+
1
−
1)
) ,

(60
)

wi
th

no
n-t

riv
ial

lim
itin

gc
ase

as
p
→
∞

of
(∀
v
∈
ℝ
)l
(v
;+
∞
)=

(e
v ,
−
v )
.

Th
ird

,th
ew

eig
ht

fun
cti
on

vie
w
sug

ges
tsa

sch
em

eo
fd

es
ig
ni
ng

ne
w
lo
ss
es

for
ran

kin
gt

he
bes

t,b
yc

on
-

str
uct

ing
app

rop
ria

tew
eig

ht
fun

cti
on
se

mp
has

isin
gl

arg
ev

alu
es

of
�.

We
now

pu
rsu

eth
isi

dea
.

9.6
.2

ST
RI

CT
PR

OP
ER

NE
SS

AN
D
q-R

TB
LO

SS
ES

We
now

stu
dy

the
des

ign
of
q-R

TB
los

ses
bas

ed
on

the
the

ory
of

pro
per

com
po
site

los
ses

.W
eb

egi
nw

ith
the

sim
ple

ob
ser

vat
ion

tha
ta

ny
str

ict
ly

pro
per

com
po
site

los
sis

aq
-RT

Bl
oss

for
eve

ry
q
∈
[0
,1
],b

yv
irtu

eo
f

cho
osi

ng
the

cor
res

po
nd
ing

lin
kf

un
cti
on
Ψ
in
Eq

uat
ion

52
.M

ore
gen

era
lly,

the
set

of
q-R

TB
los

ses
ise

xac
tly

the
set

of
pro

per
com

po
site

los
ses

l
for

wh
ich

�
=
l
◦Ψ

−
1
iss

tric
tly

pro
per

on
the

int
erv

al�
∈
[q
,1
]a

nd
(no

t
nec

ess
ari

ly
str

ict
ly)

pro
per

on
the

int
erv

al
[0
,q
).

Th
iss

ug
ges

tsa
sim
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ipe
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des
ign

ing
q-R

TB
los

ses
;

how
eve

r,a
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ing
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pro
per

nes
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ose
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om
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q-R
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pro
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sth
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].
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en,

�
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can

no
tb

em
ade

con
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eca
llt

hat
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cti
on
Ψ
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for
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�◦
Ψ
−
1
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tm
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so
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onv
exi

ty.
Th

ew
eig

ht
fun

cti
on
w

of
�
isr
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can
on
ica

l
lin

kf
un
cti
on
Ψ
by
w
=
Ψ
′ .A

s�
isn

ot
str

ict
ly

pro
per

on
I,

we
mu

sth
ave

tha
tw

≡0
on
I.

Bu
tth

en
Ψ
mu

st
be

con
sta

nt
on
I,

and
hen

ce
no
tin

ver
tib

le.
Th

us,
to

ma
int

ain
con

vex
ity

,it
ise

sse
nti

al
to

ma
int

ain
str

ict
nes

s
of

the
pro

per
com

po
site

los
s.

As
as

im
ple

exa
mp

le,
sup

po
se
�
iss

om
es

tric
tly

pro
per

los
sw

ith
we

igh
tfu

nct
ion

w
.N

ow
for

som
eq

>
0,

con
sid

er
the

los
s�

RT
B
(⋅;
q)

wi
th

we
igh

tfu
nct

ion
w
RT
B
(c
;q
)
. =

Jc
≥q

K⋅
w
(c
).

(61
)
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isl
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isn

ots
tric

tly
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per
on

the
int

erv
al[
0,
q)
,an

dis
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on
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,1
].T
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efo
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ura
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mo
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tan
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x
for
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ich

�(
x)
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.W

ec
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exp
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itly
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he
par

tia
llo

sse
sfo

r�
RT
B
(⋅;
q)
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fol

low
s.

Le
m
m
a5

9
Pi
ck

an
y
pr
op

er
lo
ss
�
w
ith

we
ig
ht

fu
nc
tio

n
w
.
Fo

r
an
y
q
>
0,

le
tw

RT
B
(c
;q
)b

e
th
e
we

ig
ht

fu
nc
tio

n
gi
ve
n
by

Eq
ua

tio
n
61
.T

he
n,
th
is
we

ig
ht

ha
sc

or
re
sp
on
di
ng

pr
op

er
lo
ss

(∀
u
∈
[0
,1
])
� R
TB
(−
1,
u;
q)
=
� −

1(
u)
−
� −

1(
u
∧
q)

� R
TB
(+
1,
u;
q)
=
� 1
(u
∨
q)
.

Pr
oo
f
By

Sh
ufo

rd’
sin

teg
ral

rep
res

ent
ati
on

(Eq
uat

ion
10
),

� R
TB
(−
1,
u;
q)
=
∫1

0
Jc
<
uK
⋅J
c
≥q

K⋅
c
⋅w
(c
)d
c

=
∫1

0
Jc
<
uK
⋅c
⋅w
(c
)d
c
−
∫1

0
Jc
<
uK
⋅J
c
<
qK
⋅c
⋅w
(c
)d
c
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=∫
1

0
Jc
<
uK
⋅c
⋅w
(c)dc

−∫
1

0
Jc
<
u
∧
qK
⋅c
⋅w
(c)dc

=
�
−
1 (u)−

�
−
1 (u

∧
q).

�
RTB(q) (+

1,u;q)=∫
1

0
Jc
>
uK
⋅Jc≥

qK
⋅(1

−
c)⋅w

(c)dc

=∫
1

0
Jc
>
u
∨
qK
⋅(1

−
c)⋅w

(c)dc

=
�
1 (u

∨
q).

Whentheprediction
u≥

q,thepartiallossesof
�
RTB (⋅;q)areunchangedfrom

thoseof
�,barringa

translationfor�
−
1 .However,when

u
<
q,thepartiallossforthepositiveclassplateaus,whereasthepartial

lossforthenegativeclassdropstozero.Theresultinglossisclearlynon-convex,andfurther,noinvertible
linkfunctioncanbeappliedtomakeitconvex:composing

�
RTB (⋅;q)withainvertiblelinkfunction

Ψ
yields

aloss
l
RTB withpartiallosses

l
RTB (−

1,v;q)=
l
−
1 (v)−

l
−
1 (v

∧
Ψ
(q))

l
RTB (+

1,v;q)=
l
1 (v

∨
Ψ
(q)),

whicharenotconvexforanychoiceofΨ.
A
naturalalternativetoalossthatisnotstrictlyproperisonethatis“nearly”so,i.e.onewhoseweight

function
wiscloseto,butneverexactly

0.However,thismustbedonewiththefollowingfactinmind:forany
�
>
0,theproperlosswithscaledweightfunction

�
⋅wissimplythescaledloss�

⋅�.Thus,uniformlyscaling
aweightfunctiondoesnotaffectthestrictpropernessoftheunderlyingloss.Scalingalossonaninterval
I
⊂
[0,1]willhoweverinduceaqualitativelydifferentloss:minimally,thenewlosswillbeasymmetric,and

haveanon-triviallydifferentsetofBayes-optimalscorerscomparedtotheoriginalloss.Wenowexplorehow
propercompositelossescanbedesignedtoapproximatea

q-RTBloss.

9.6.3
PROPER

COMPOSITE
q-RTB

SURROGATES
Ourbasicrecipeforgeneratinga

q-RTBlosswillbetocombinetheweightfunctionsfortwoexistinglosses.
Specifically,letw

� ,w
� beweightfunctionscorrespondingtoproperlosses

�,�.Weassumethatw
� grows

fasternear1than
w
� doesnear0,i.e.lim

c→
1

w
� (c)

w
� (1−

c)
>
1.(Wewilltypicallybeinterestedinthecasewhere

thelimitis+
∞.)Wenowconsiderahybridweightfunctionoftheform

(∀c
∈
(0,1))w̄

(c;q)
.= {

w
� (c)

ifc
<
q

�(q)⋅w
� (c)

ifc≥
q

=
w
� (c)⋅Jc

<
qK+

�(q)⋅w
� (c)⋅Jc≥

qK,
(62)

where
�(q)=

w
� (q)

w
� (q) sothatthethereisnodiscontinuityatc

=
q.

Since
w̄
(⋅;q)isthesum

oftwoweights,wecancomputethecorrespondingproperlossesforeachcom-
ponenttogettheform

ofthecorrespondingproperloss.
Lem

m
a60

Pick
any

weightfunctionsw
� ,w

� ∶
[0,1]

→
ℝ
+
w
ith

corresponding
properlosses�,�.Forany

q
>
0,letw̄

(⋅;q)be
asperEquation

62.Then,the
properlosscorresponding

to
thisweightis

(∀u
∈
[0,1])�̄

−
1 (u;q)=

�(q)⋅�
−
1 (u)+

�−
1 (u

∧
q)−

�(q)⋅�
−
1 (u

∧
q)

�̄
1 (u;q)=

�1 (u)+
�(q)⋅�

1 (u
∨
q)−

�1 (u
∨
q),

(63)
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w
here

�(q)=
w
� (q)

w
� (q) .

ProofByLemma59,theweightw
� (c)⋅Jc

<
qK=

w
� (c)−

w
� (c)⋅Jc≥

qKcorrespondstotheproperloss
�̄(u)=

(�−
1 (u

∧
q),�1 (u)−

�1 (u
∨
q))

whiletheweight�(q)⋅w
� (c)⋅Jc≥

qKcorrespondstotheproperloss
�̄(u)=

(�(q)⋅�
−
1 (u)−

�(q)⋅�
−
1 (u

∧
q),�(q)⋅�

1 (u
∨
q)).

Thus,theweightw
correspondstothesum

oftheselosses,whichisofthegivenform.

Wemaysimilarlycombinepropercompositelossescorrespondingtotheunderlyingweightsintoacon-
tinuouspropercompositelosscorrespondingtotheweightw̄

(⋅;q).
Lem

m
a61

Supposethatproperlosses�,�
havecorresponding

propercom
positelosses�,�

using
invertible

link
functionsΨ

,Φ
.Forany

q
>
0,letw̄

(⋅;q)be
asperEquation

62.Then,w̄
(⋅;q)hascorresponding

proper
com

posite
loss

l̄
w
ith

com
ponents

(∀v
∈
ℝ
)l̄

−
1 (v;q)=

{
�−
1 (v)

ifv
<
v0 (q)

�̄
−
1 (v;q)+

�−
1 (v0 )−

�̄
−
1 (v0 ;q)

else

l̄
1 (v;q)=

{
�1 (v)+

�̄
1 (v0 ;q)−

�1 (v0 )
ifv

<
v0 (q)

�̄
1 (v;q)

else,

w
here

v0 (q)=
Ψ
(q),and

�̄(y,v;q)=
�(q)⋅� (

y, v
−
�(q)

(q)

)

�(q)=
Ψ
(q)−

(q)⋅Φ
(q)

(q)=
Ψ
′(q)

Φ
′(q) .

ProofBydefinition,wehave
�(y,v)=

�(y,Ψ
−
1(v))

�(y,v)=
�(y,Φ

−
1(v)).

Givenany
q
>
0,wewillconstructapropercompositelossusingtheproperloss

�̄(⋅;q)ofEquation63,
composedwithalinkfunction

ΠthatisasuitablecombinationofΨ
and

Φ.Thetechnicaldetailtoattendto
istoensuretherearenodiscontinuitieswiththeresultingloss.

First,toensurethatthelinkforthetwopiecesofw̄
coincide,withthesamederivativeatthethreshold

q,
wemodifythelinkforthesecondlosstoΦ̄

(c;q)
.=
(q)⋅Φ

(c)+
�(q),

where
�(q)=

Ψ
(q)−

(q)⋅Φ
(q)

(q)=
Ψ
′(q)

Φ
′(q) .
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v
∧
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1(
v
∧
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1,
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∨
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∨
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.
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

•
Thepropercompositelosswithweightbeingahybridof4and

1
2⋅c 3∕2⋅(1−

c) 3∕2 aboutthreshold
1p+
1 ,and

linkbeingahybridoftheidentityandsigmoidlink,whichweterm
the“Square-ExpHybrid”.

WecomparethesemethodsonfourUCIdatasets:ionosphere,housing,germanand
car.Eachmethod

wastrainedwitharegularisedlinearmodel,wherethetrainingobjectivewasminimisedusingL-BFGS(No-
cedalandWright,2006,pg.177).Foreachdataset,wecreated

5random
train-testsplitsintheratio

2
∶
1.

Foreachsplit,weperformed
5-foldcross-validationonthetrainingsettotunethestrengthofregularisation

�
∈
{10 −

6,10 −
5,…

,10 2},andwhereappropriatetheconstant 22
p
∈
{1,2,4,8,16,32,64}.Wethenevalu-

atedperformanceonthetestset,andreporttheaverageacrossallsplits.Asperformancemeasures,weused
theAUC,ARR,DCG,AP,andPTop(Agarwal,2011;Boydetal.,2012).Forallmeasures,ahigherscoreis
better.ParametertuningwasdonebasedontheAPonthetestfolds.

TheresultsaresummarisedinTables10—
13,withtheaverageranksofeachmethodwithrespecttoeach

metricsummarisedinTable14.Nosinglemethodclearlyoutperformsallothersinallmetrics.However,we
observethatthecandidatepropercompositelossesareverycompetitivewiththe

p-classificationloss—
the

“Log-exphybrid”and“Square-exp”hybridinparticularconsistentlyperform
comparably,andoftenbetter

than
p-classification.Weespeciallyfindthatthenewlyproposedpropercompositelossesperform

welleven
whenusedasasurrogatelossaspartofthebipartiterisk.Thisconfirmsthattheweightfunctionperspective
ofthe

p-classificationloss,andthusthe
p-norm

push,ispotentiallypracticallyusefulforthedesignoflosses
suitableforrankingthebest.

9.8
ExistingW

ork
ClémençonandVayatis(2007)identifiedtwosubproblemsinrankingthebestinstances.Thefirstproblem

is
determiningwhichinstancesqualifyasthebest.Thesecondproblem

isrankingamongsttheseidentifiedbest
instances.Thefirstproblem

canbethoughtofassimplyrecoveringanappropriatelevelsetof�(x),without
determiningthespecific

�(x)value,i.e.wesimplywishtodiscover
{x
∈
X
∶
�(x)≥

q}.

When
qisfixed,thiscanbesolvedbyreducingtheproblem

tocost-sensitiveclassification(ScottandDaven-
port,2007).Moregenerally,ClémençonandVayatis(2007)consideredthesettingwhere

qdependsonthe
quantileofthescoringfunction.Thisposeschallengesforanalysisandestimation.Thequantileversionof
theproblem

hasbeenstudiedtheoreticallyby(ClémençonandVayatis,2007),and(Boydetal.,2012)gavea
practicalconvexoptimisationsolutionforthecaseofhingeloss.Inbothcases,thethreshold

qwasspecified
asaquantileofthe

�.
Theproblem

ofrankingamongstthebestinstanceswithaquantile-basedthresholdwasstudiedtheoreti-
callybyClémençonandVayatis(2007),whoproposedthattheoptimalunivariatescoringfunctionheremust
satisfy

s ∗(x)∈

{
{�(x)}

if�(x)≥
q�

[0,q� )
if�(x)<

q� .

ObservethatthisisidenticaltoourEquation52,exceptthatqisnow
afunctionof

�.Theyshowedthat
two“local”versionsoftheAUCcriterion,oneofwhichisrelatedtothepartialAUCmentionedearlier,are
optimisedbythisscorer.Toourknowledge,ouranalysisintermsofproperlossesforthesimplercasewhere
qisafixedconstanthasnotbeendonebefore.

ErtekinandRudin(2011,Theorem
1)showedthatforthecaseofalinearhypothesisclassand

p≥
1,

theBayesoptimalscorerforthe
p-norm

pushcoincideswiththeclassificationriskfortheasymmetric
p-

classificationlossfunctionofEquation59.Theoptimalscorerforthislossiseasilycheckedtobe
s ∗

=
1p+
1
⋅(�

−
1◦�),andsointheunrestrictedhypothesisclasssetting,theresultagreeswithours.Ourresultis

22.Wehaveobservedthattheparameterpselectedbycross-validationmaynotnecessarilycorrespondtotheonethatgivesbesttest
setperformance,possiblyaresultofthelimitedsizesofthedatasetsinconsideration.Treatingeachchoiceofpasresultingina
separatelossmightthereforerevealslightlydifferentrankingsofthe(loss,risk)combinationsweconsider.
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M
ENON

ANDW
ILLIAMSON

Method AUC ARR DCG AP PTop
Proper Logistic 0.9113 ± 0.0208 (15) 0.0583 ± 0.0056 (10) 0.2192 ± 0.0050 (12) 0.9243 ± 0.0339 (15) 13.0000 ± 17.0880 (9)
Proper Exponential 0.9128 ± 0.0166 (14) 0.0585 ± 0.0056 (9) 0.2193 ± 0.0050 (11) 0.9262 ± 0.0318 (14) 12.8000 ± 12.9499 (10)
Proper P-Classification 0.9152 ± 0.0160 (9) 0.0598 ± 0.0053 (5) 0.2207 ± 0.0045 (6) 0.9349 ± 0.0232 (8) 11.6000 ± 8.8487 (12)
Proper Log-p-classification Hybrid 0.9034 ± 0.0220 (16) 0.0606 ± 0.0021 (3) 0.2208 ± 0.0020 (5) 0.9236 ± 0.0194 (16) 8.4000 ± 5.4129 (13)
Proper Log-Exp Hybrid 0.9240 ± 0.0180 (2) 0.0601 ± 0.0054 (4) 0.2211 ± 0.0046 (4) 0.9430 ± 0.0263 (2) 16.2000 ± 13.7004 (3)
Proper Square-Exp Hybrid 0.9153 ± 0.0110 (8) 0.0601 ± 0.0052 (4) 0.2211 ± 0.0041 (4) 0.9395 ± 0.0191 (4) 16.8000 ± 10.5688 (2)
Bipartite Logistic 0.9157 ± 0.0195 (6) 0.0587 ± 0.0057 (8) 0.2197 ± 0.0049 (10) 0.9316 ± 0.0315 (10) 14.8000 ± 15.1228 (5)
Bipartite Exponential 0.9149 ± 0.0149 (11) 0.0590 ± 0.0053 (7) 0.2198 ± 0.0046 (9) 0.9292 ± 0.0292 (13) 13.0000 ± 12.7475 (9)
Bipartite P-Classification 0.9151 ± 0.0287 (10) 0.0575 ± 0.0077 (11) 0.2188 ± 0.0070 (13) 0.9294 ± 0.0361 (12) 15.6000 ± 14.6731 (4)
Bipartite Log-p-classification Hybrid 0.9207 ± 0.0131 (3) 0.0612 ± 0.0027 (2) 0.2218 ± 0.0028 (2) 0.9407 ± 0.0172 (3) 16.8000 ± 14.2373 (2)
Bipartite Log-Exp Hybrid 0.9166 ± 0.0160 (5) 0.0596 ± 0.0055 (6) 0.2205 ± 0.0046 (7) 0.9341 ± 0.0277 (9) 14.6000 ± 13.1643 (6)
Bipartite Square-Exp Hybrid 0.9284 ± 0.0273 (1) 0.0618 ± 0.0025 (1) 0.2227 ± 0.0025 (1) 0.9522 ± 0.0281 (1) 28.8000 ± 19.8293 (1)
P-Norm Logistic 0.9129 ± 0.0182 (13) 0.0596 ± 0.0058 (6) 0.2204 ± 0.0050 (8) 0.9314 ± 0.0292 (11) 14.0000 ± 11.6833 (7)
P-Norm Exponential 0.9154 ± 0.0147 (7) 0.0598 ± 0.0053 (5) 0.2207 ± 0.0044 (6) 0.9354 ± 0.0222 (7) 12.0000 ± 9.5131 (11)
P-Norm P-Classification 0.9152 ± 0.0287 (9) 0.0575 ± 0.0077 (11) 0.2188 ± 0.0070 (13) 0.9294 ± 0.0362 (12) 15.6000 ± 14.6731 (4)
P-Norm Log-p-classification Hybrid 0.7893 ± 0.0618 (17) 0.0475 ± 0.0026 (12) 0.2018 ± 0.0031 (14) 0.8215 ± 0.0589 (17) 1.2000 ± 1.6432 (14)
P-Norm Log-Exp Hybrid 0.9167 ± 0.0167 (4) 0.0598 ± 0.0055 (5) 0.2207 ± 0.0047 (6) 0.9358 ± 0.0264 (6) 13.4000 ± 11.4586 (8)
P-Norm Square-Exp Hybrid 0.9144 ± 0.0122 (12) 0.0612 ± 0.0024 (2) 0.2217 ± 0.0023 (3) 0.9361 ± 0.0152 (5) 13.0000 ± 9.6177 (9)

Table 10: Results of various “ranking the best” methods on ionosphere data set.
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MethodAUCARRDCGAPPTop
ProperLogistic0.7597±0.0415(2)0.0438±0.0179(10)0.2068±0.0209(7)0.1490±0.0623(8)0.0000±0.0000(3)
ProperExponential0.7563±0.0824(3)0.0625±0.0580(5)0.2213±0.0441(2)0.1762±0.0752(1)0.4000±0.8944(1)
ProperP-Classification0.7344±0.0964(10)0.0364±0.0125(15)0.1991±0.0198(15)0.1404±0.0628(13)0.0000±0.0000(3)
ProperLog-p-classificationHybrid0.7254±0.1002(15)0.0424±0.0190(11)0.2037±0.0243(10)0.1423±0.0689(11)0.0000±0.0000(3)
ProperLog-ExpHybrid0.7785±0.0461(1)0.0402±0.0135(12)0.2045±0.0172(9)0.1490±0.0578(8)0.0000±0.0000(3)
ProperSquare-ExpHybrid0.7498±0.0729(5)0.0402±0.0205(12)0.2021±0.0241(12)0.1429±0.0682(10)0.0000±0.0000(3)
BipartiteLogistic0.7280±0.1085(13)0.0616±0.0589(6)0.2187±0.0471(5)0.1707±0.0839(5)0.4000±0.8944(1)
BipartiteExponential0.7306±0.0882(11)0.0652±0.0578(1)0.2222±0.0466(1)0.1740±0.0837(3)0.4000±0.8944(1)
BipartiteP-Classification0.7282±0.0889(12)0.0627±0.0586(4)0.2198±0.0471(3)0.1704±0.0841(6)0.4000±0.8944(1)
BipartiteLog-p-classificationHybrid0.7382±0.0711(7)0.0585±0.0512(7)0.2170±0.0398(6)0.1645±0.0666(7)0.2000±0.4472(2)
BipartiteLog-ExpHybrid0.7547±0.0710(4)0.0636±0.0578(2)0.2222±0.0445(1)0.1760±0.0760(2)0.4000±0.8944(1)
BipartiteSquare-ExpHybrid0.7273±0.1094(14)0.0632±0.0590(3)0.2195±0.0486(4)0.1709±0.0874(4)0.4000±0.8944(1)
P-NormLogistic0.6987±0.1159(17)0.0317±0.0129(17)0.1913±0.0213(17)0.1190±0.0501(17)0.0000±0.0000(3)
P-NormExponential0.7377±0.0691(8)0.0440±0.0185(9)0.2054±0.0233(8)0.1442±0.0621(9)0.0000±0.0000(3)
P-NormP-Classification0.7495±0.0632(6)0.0368±0.0132(14)0.1998±0.0195(13)0.1414±0.0609(12)0.0000±0.0000(3)
P-NormLog-p-classificationHybrid0.7354±0.0834(9)0.0348±0.0116(16)0.1970±0.0183(16)0.1354±0.0591(15)0.0000±0.0000(3)
P-NormLog-ExpHybrid0.6875±0.1557(18)0.0469±0.0316(8)0.2023±0.0206(11)0.1353±0.0545(16)0.2000±0.4472(2)
P-NormSquare-ExpHybrid0.7055±0.1290(16)0.0400±0.0162(13)0.1996±0.0215(14)0.1364±0.0657(14)0.0000±0.0000(3)

Table11:Resultsofvarious“rankingthebest”methodsonhousingdataset.

69
JM

L
R

 1
7(

19
5)

:1
-1

02

ME
NO

N
AN

D
W

IL
LI
AM

SO
N

MethodAUCARRDCGAPPTop
ProperLogistic0.8121±0.0285(7)0.0393±0.0040(4)0.1870±0.0040(5)0.6236±0.0637(7)2.4000±1.9494(4)
ProperExponential0.8131±0.0311(3)0.0372±0.0047(13)0.1855±0.0040(12)0.6218±0.0677(10)1.8000±2.0494(7)
ProperP-Classification0.8115±0.0282(9)0.0389±0.0048(7)0.1867±0.0038(7)0.6226±0.0621(9)2.4000±2.3022(4)
ProperLog-p-classificationHybrid0.8103±0.0278(13)0.0407±0.0039(1)0.1883±0.0036(1)0.6285±0.0576(1)3.4000±2.3022(1)
ProperLog-ExpHybrid0.8111±0.0290(10)0.0379±0.0040(12)0.1860±0.0040(11)0.6205±0.0666(14)2.0000±2.0000(6)
ProperSquare-ExpHybrid0.8086±0.0322(16)0.0391±0.0037(6)0.1867±0.0040(7)0.6188±0.0661(15)2.2000±1.7889(5)
BipartiteLogistic0.8136±0.0299(2)0.0382±0.0043(11)0.1863±0.0043(9)0.6233±0.0682(8)2.6000±2.7019(3)
BipartiteExponential0.8118±0.0268(8)0.0393±0.0037(4)0.1870±0.0038(5)0.6216±0.0631(11)2.4000±1.9494(4)
BipartiteP-Classification0.8131±0.0298(3)0.0393±0.0037(4)0.1871±0.0038(4)0.6245±0.0657(4)2.2000±1.6432(5)
BipartiteLog-p-classificationHybrid0.8101±0.0296(14)0.0401±0.0036(3)0.1878±0.0036(3)0.6279±0.0637(2)2.2000±1.3038(5)
BipartiteLog-ExpHybrid0.8138±0.0311(1)0.0384±0.0048(10)0.1864±0.0039(8)0.6244±0.0664(5)2.2000±2.1679(5)
BipartiteSquare-ExpHybrid0.8127±0.0304(5)0.0387±0.0052(8)0.1867±0.0042(7)0.6240±0.0640(6)2.4000±2.0736(4)
P-NormLogistic0.8129±0.0296(4)0.0392±0.0049(5)0.1870±0.0038(5)0.6240±0.0639(6)2.8000±2.5884(2)
P-NormExponential0.8105±0.0277(11)0.0385±0.0044(9)0.1863±0.0035(9)0.6206±0.0614(13)2.0000±2.0000(6)
P-NormP-Classification0.8095±0.0275(15)0.0382±0.0042(11)0.1861±0.0033(10)0.6188±0.0604(15)1.6000±1.3416(8)
P-NormLog-p-classificationHybrid0.8104±0.0294(12)0.0404±0.0032(2)0.1880±0.0033(2)0.6270±0.0645(3)2.2000±1.3038(5)
P-NormLog-ExpHybrid0.8104±0.0277(12)0.0384±0.0044(10)0.1863±0.0034(9)0.6209±0.0614(12)2.0000±2.0000(6)
P-NormSquare-ExpHybrid0.8124±0.0278(6)0.0389±0.0047(7)0.1868±0.0035(6)0.6244±0.0602(5)2.2000±1.9235(5)

Table12:Resultsofvarious“rankingthebest”methodsongermandataset.
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

Method AUC ARR DCG AP PTop
Proper Logistic 0.9976 ± 0.0012 (2) 0.1706 ± 0.0284 (1) 0.3411 ± 0.0275 (1) 0.9391 ± 0.0370 (3) 13.2000 ± 3.9623 (1)
Proper Exponential 0.9976 ± 0.0012 (2) 0.1705 ± 0.0286 (2) 0.3410 ± 0.0277 (2) 0.9376 ± 0.0339 (5) 12.8000 ± 3.9623 (3)
Proper P-Classification 0.9968 ± 0.0022 (8) 0.1703 ± 0.0290 (4) 0.3405 ± 0.0283 (6) 0.9316 ± 0.0394 (13) 12.8000 ± 3.9623 (3)
Proper Log-p-classification Hybrid 0.9973 ± 0.0014 (5) 0.1705 ± 0.0288 (2) 0.3409 ± 0.0280 (3) 0.9356 ± 0.0355 (8) 13.0000 ± 3.9370 (2)
Proper Log-Exp Hybrid 0.9973 ± 0.0014 (5) 0.1696 ± 0.0282 (8) 0.3399 ± 0.0273 (10) 0.9274 ± 0.0455 (17) 11.8000 ± 4.3243 (6)
Proper Square-Exp Hybrid 0.9972 ± 0.0018 (6) 0.1691 ± 0.0277 (9) 0.3395 ± 0.0269 (11) 0.9265 ± 0.0597 (18) 11.8000 ± 5.7184 (6)
Bipartite Logistic 0.9976 ± 0.0013 (2) 0.1704 ± 0.0286 (3) 0.3409 ± 0.0276 (3) 0.9371 ± 0.0375 (6) 12.8000 ± 3.9623 (3)
Bipartite Exponential 0.9976 ± 0.0012 (2) 0.1704 ± 0.0287 (3) 0.3408 ± 0.0278 (4) 0.9364 ± 0.0348 (7) 12.2000 ± 4.1473 (5)
Bipartite P-Classification 0.9977 ± 0.0012 (1) 0.1706 ± 0.0290 (1) 0.3411 ± 0.0281 (1) 0.9394 ± 0.0340 (1) 12.4000 ± 4.1593 (4)
Bipartite Log-p-classification Hybrid 0.9975 ± 0.0014 (3) 0.1702 ± 0.0278 (5) 0.3406 ± 0.0268 (5) 0.9354 ± 0.0457 (10) 13.0000 ± 4.3589 (2)
Bipartite Log-Exp Hybrid 0.9975 ± 0.0012 (3) 0.1703 ± 0.0287 (4) 0.3408 ± 0.0277 (4) 0.9355 ± 0.0360 (9) 12.2000 ± 4.1473 (5)
Bipartite Square-Exp Hybrid 0.9973 ± 0.0017 (5) 0.1698 ± 0.0284 (7) 0.3401 ± 0.0275 (8) 0.9293 ± 0.0523 (15) 13.0000 ± 4.4159 (2)
P-Norm Logistic 0.9976 ± 0.0013 (2) 0.1706 ± 0.0286 (1) 0.3411 ± 0.0277 (1) 0.9392 ± 0.0384 (2) 13.2000 ± 3.9623 (1)
P-Norm Exponential 0.9968 ± 0.0021 (8) 0.1702 ± 0.0288 (5) 0.3405 ± 0.0282 (6) 0.9307 ± 0.0370 (14) 12.8000 ± 3.9623 (3)
P-Norm P-Classification 0.9968 ± 0.0020 (8) 0.1704 ± 0.0291 (3) 0.3406 ± 0.0285 (5) 0.9318 ± 0.0358 (12) 13.0000 ± 3.9370 (2)
P-Norm Log-p-classification Hybrid 0.9969 ± 0.0019 (7) 0.1698 ± 0.0281 (7) 0.3400 ± 0.0272 (9) 0.9278 ± 0.0459 (16) 12.4000 ± 4.3359 (4)
P-Norm Log-Exp Hybrid 0.9976 ± 0.0012 (2) 0.1705 ± 0.0284 (2) 0.3410 ± 0.0275 (2) 0.9388 ± 0.0351 (4) 12.8000 ± 3.9623 (3)
P-Norm Square-Exp Hybrid 0.9974 ± 0.0015 (4) 0.1700 ± 0.0280 (6) 0.3403 ± 0.0270 (7) 0.9320 ± 0.0498 (11) 13.2000 ± 3.7683 (1)

Table 13: Results of various “ranking the best” methods on car data set.
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M
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AP

PTop
ProperLogistic

6.5000
6.2500

6.2500
8.2500

4.2500
ProperExponential

5.5000
7.2500

6.7500
7.5000

5.2500
ProperP-Classification

9.0000
7.7500

8.5000
10.7500

5.5000
ProperLog-p-classificationHybrid

12.2500
4.2500

4.7500
9.0000

4.7500
ProperLog-ExpHybrid

4.5000
9.0000

8.5000
10.2500

4.5000
ProperSquare-ExpHybrid

8.7500
7.7500

8.5000
11.7500

4.0000
BipartiteLogistic

5.7500
7.0000

6.7500
7.2500

3.0000
BipartiteExponential

8.0000
3.7500

4.7500
8.5000

4.7500
BipartiteP-Classification

6.5000
5.0000

5.2500
5.7500

3.5000
BipartiteLog-p-classificationHybrid

6.7500
4.2500

4.0000
5.5000

2.7500
BipartiteLog-ExpHybrid

3.2500
5.5000

5.0000
6.2500

4.2500
BipartiteSquare-ExpHybrid

6.2500
4.7500

5.0000
6.5000

2.0000
P-Norm

Logistic
9.0000

7.2500
7.7500

9.0000
3.2500

P-Norm
Exponential

8.5000
7.0000

7.2500
10.7500

5.7500
P-Norm

P-Classification
9.5000

9.7500
10.2500

12.7500
4.2500

P-Norm
Log-p-classificationHybrid

11.2500
9.2500

10.2500
12.7500

6.5000
P-Norm

Log-ExpHybrid
9.0000

6.2500
7.0000

9.5000
4.7500

P-Norm
Square-ExpHybrid

9.5000
7.0000

7.5000
8.7500

4.5000
Table14:Averageranksofvarious“rankingthebest”methodsforeachperformancemeasureacrossalldata

sets.

moregeneralinthesenseofbeingforanunrestrictedhypothesisclass,andusesproperlosstechniques.The
resultofErtekinandRudin(2011)holdsforthecaseofalinear(possiblymisspecified)functionclass.

Variantsofthep-normpushhavebeenproposed,althoughthefocushasbeenonalgorithmicissues(Rudin,
2009;Agarwal,2011;Lietal.,2014).

CossockandZhang(2008)proposedtouseanimportanceweightingapproachtotheproblemoffocussing
ontheheadoftherankedlist,andshowedthattheDCGofarankingcanbeboundedbyimportanceweighted
squarederror.

10.ExactCom
positionalReductionsBetween

Classification
and

Ranking
Wehaveintroducedseveralseeminglydistinctproblemsabove,amongthem

classification,class-probability
estimation,pairwiseranking,andbipartiteranking.Wenow

mapouttherelationshipsbetweentheseprob-
lems. 23OurfocusisonwhethertheBayes-optimalsolutionforoneoftheseproblemscanbetransformedto
givetheoptimalsolutionforanotherproblem.Formally,forsomepairofproblems(A

,B
)—

whereweunder-
standa“problem”tomeanaspecificationofadistributionandloss,andhencetheBayes-optimalsolutions—
wewouldliketoknowif

(∀s
∈
S
B
,∗)(∃f

∶
ℝ

→
ℝ
)f
◦s
∈
S
A
,∗

andvice-versa.Whentheaboveistrue,wehavean
exactcom

positionalreductionfrom
Ato

B,inthesenseof
problem

Aprovidinganoptimalsolutionforproblem
Bviaatransformation

f. 24Accordingtoourdefinition,
23.Wewillfocusonthecaseof0-1lossforbipartiteranking,asthisisthecanonicalperformancemeasureinmoststudies.Recalling

thatthe
l-bipartiterankingriskhasequivalentBayes-optimalsolutionstoclass-probabilityestimationforcertainstrictlyproper

composite
l,theresultsderivedhereforclass-probabilityestimationcanbetranslatedtothe

l-bipartiterankingriskaswell.
24.Inpractice,onemustconsidertheimpactmisspecifiedhypothesisclassesandfinitesampleshaveontransformingthesolutionof

oneproblem
toanother.TherecentworkofNarasimhanandAgarwal(2013b)considersregretandgeneralisationboundstothis

end.
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

Therestrictionon
�aboveissatisfiedby

separableornoiselessdistributions,whereforevery
x
∈

X,
�(x)

∈
{0,1}.Theabovethusshowstheintuitivefactthatintheabsenceofnoise,classificationandclass-

probabilityestimationareequivalentintermsoftheirendgoals. 25

10.4
Classification

OverPairs=
PairwiseRanking

Wecanconfirm
thatpairwiserankingisequivalenttobinaryclassificationovertheinstancespace

X
×
Xby

simplycomparingtherisksforthetwoproblems(Equations19and14).Thisimpliesthatbipartiterankingis
alsoaspecialcaseofbinaryclassificationover

X
×
X,duetotherelationshipbetweenbipartiteandpairwise

rankingestablishedin§10.1.

10.5
Classification

OverSingletons⊂
BipartiteRanking

Whilebipartiterankingreducestoclassificationoverpairs,itdoesnotreducetoclassificationoversingletons,
exceptinspecialcases.WenowpresentconditionsfortheequivalenceoftheBayes-optimalsolutionsofthe
twoproblems.
Proposition

65
G
iven

any
D
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,�⧽
∈
Δ
X
×{±

1} ,

(∀s
∈
S
∗BR (D

,l
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(∀s
∈
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,l
01 ))(∃f

D)f
D
◦s
∈
S
∗BR (D

,l
01 )

⟺
(∀x

∈
X
)�(x)∈

{a,b},

w
here

a
=
b≠

12
or(2a

−
1)(2b

−
1)<

0,i.e.
�
isconstantortakeson

exactly
two

valueson
differentsides

of1∕2.

ProofTheresultfollowsbytheestablishedrelationshipsbetweenclassificationandclass-probabilityestima-
tion(§10.3),andclass-probabilityestimationandbipartiteranking(§10.2).

Aswithclass-probabilityestimation,theaboveshowsthatforseparabledistributions,bipartiterankingis
equivalenttobinaryclassificationintermsoftheendgoal.

10.6
Relation

toExistingW
ork

Forthecaseof0-1loss,thefactthatthebipartiterankingriskexactlyequalsaspecificpairwiseclassification
risk(andhenceaspecificpairwiserankingrisk)iswellknown(Clémençonetal.,2008;Kotlowskietal.,2011;
UematsuandLee,2012;Agarwal,2014).Thederivedrankingdistribution

D
BR ,whichexplicitlyspecifies

thepairwiserankingdistributionforwhichthisholds,hasbeeninvokedbyBalcanetal.(2008);Kotlowski
etal.(2011);Agarwal(2014),amongothers.Ourgeneralisationtoanarbitraryloss

l,whilesimple,appears
novel.Ourstudyoftherelationshipbetweenthebipartiteandpairwiserankingproblemsdiffersfrom

thatof
Balcanetal.(2008);AilonandMohri(2007)inatleasttwoaspects.First,thoseworkslookatasubsetversion
ofbipartiteranking,wherethegoalistorankagivensubsetofinstances.Second,thoseworksconsiderthe
goalofbipartiterankingtoproduceaunivariatescorerratherthanapair-scorer.Therefore,theyconsiderthe
questionofhowonecanderiveaunivariatescoringfunctionsuitableforrankingfrom

aclassifieroverpairs.
ThemainresultofBalcanetal.(2008)isthat,givenaclassifierofpairsthatachievessmallclassificationrisk,
onecanproduceaunivariatescorerwithbipartiterankingriskthatisworsebyatmostafactoroftwo.

11.FourBipartiteRankingRisksW
ith

EquivalentM
inim

isers
Considerthefollowingapproachestoproducingapair-scorer,givenastrictlypropercomposite

l:
25.However,asnotedearlier,forseparabledatatheinfimum

inthedefinitionoftheBayesriskmaybeunattainableforastrictlyproper
compositeloss.
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(1)D
iff (

argm
in

s∶
X
→
ℝ

E
(X
,Y)∼

D [e −
Ys(X

) ] )
(2)D

iff (
argm

in
s∶

X
→
ℝ

E
X
∼
P
,X
′∼
Q [e −

(s(X
)−
s(X

′)) ] )

(3)
argm

in
sPair ∶

X
×
X
→
ℝ

E
X
∼
P
,X
′∼
Q [e −

sPair (X
,X
′) ]

(4)D
iff (

argm
in

s∶
X
→
ℝ

EX
′∼
Q [(

EX
∼
P [e −

(s(X
)−
s(X

′)) ] )
p ] )

Table15:Fourapproachesforobtainingapair-scorerinabipartiterankingproblem,usingexponentialloss.
Ourresultsshowthattheallapproacheshavethesametheoreticalminimiser.

(1)Minimisethe
l-classificationrisk

L(s;D
,l),and

D
iff(⋅)theresult.

(2)Minimisethe
l-bipartiterankingrisk

L
BR (s;D

,l)overallscorers,and
D
iff(⋅)theresult.

(3)Minimisethe
l-pairwiserankingrisk

L(sPair ;D
BR ,l)overallpair-scorers.

(4)Minimisethe
p-norm

pushrisk
Push(sPair ;D

,l
exp ,g

p)overdecom
posablepair-scorers.

Superficially,theseappearverydifferent:method(4)istheonlyonethatdepartsfrom
thestandardcon-

ditionalriskframework,method(3)istheonlyonetouseapair-scorerduringminimisation,andmethod(1)
istheonlyonetooperateonsingleinstancesratherthanpairs.Itisthussurprisingthatourresultsprovide
conditionsunderwhichallmethodshavethe

sam
eoutput;itisfurthersurprisingthattheconditioninvolves

thechoiceoflinkfunctionintheloss
l,whichistypicallychosenforcomputationalratherthanstatistical

reasons(ReidandWilliamson,2010).
Proposition

66
G
iven

any
D
∈
Δ
X
×{±

1}
and

l
∈
L
SPC (Ψ

)w
ith
Ψ
∈
Σ
sig ,m

ethods(1),(2)and
(3)produce

the
sam

e
pair-scorer;if

X
isfinite

and
p
=
a
−
1
fora

>
1,m

ethod
(4)also

producesthe
sam

e
pair-scorer.

ProofByEquation44andCorollary45,methods(1)and(2)producethesamescorerΨ
◦�,uptoatransla-

tionwhichisnullifiedbytheD
iffoperator.ByEquation50,thispair-scorerisequivalenttothatproducedby

method(3).Further,ifp
=
a−

1fora
>
1,thenbyProposition57,method(4)returnsΨ

◦�uptoatranslation
whichisnullifiedbythe

D
iffoperator.

Inhindsight,theseequivalencesarenotsurprisingbyvirtueoftheBayes-optimalscorerforeachtypeof
riskdependingontheobservation-conditionaldistribution

�.Theyarenothowevera
prioriobvious,given

howostensiblydifferenttherisksappear.Toillustratethesesuperficialdifferences,Table15providesacon-
creteexampleofthefourmethodswhen

l
=
l
expistheexponentialloss,whoselink

Ψ
=

12 �
−
1satisfiesthe

requiredconditionofProposition66.

11.1
Im

plicationsofEquivalences
Theaboveshowsthe“equivalence”betweenfourseeminglydisparaterisks,whereourdefinitionof“equiva-
lent”isthattwomethodshavethesameoptimalscorer.Thisdoesnotimplythatthemethodsareinterchange-
ableinpractice.A

statisticalcaveattotheseequivalencesisthattheyignoretheissuesoffinitesamplesand
arestrictedfunctionclass.Whenoneorbothofthesesituationshold,itmaybethatoneofthesemethodsis
morepreferable.A

computationalcaveatisthatmethods(2)—
(4)relyonminimisationoverpairsofexam-

ples.Onafinitetrainingset,thisrequiresroughlyquadraticcomplexity,comparedtothelinearcomplexity
ofmethod(1).Thesepracticalissuesdeserveinvestigation,butarebeyondthescopeofthispaper.

Thiscaveatinmind,webelievetheresultsatleastilluminatesimilaritiesbetweenseeminglydisparate
approaches.Fortheproblem

ofminimisingthe
l-bipartiteriskforanappropriatesurrogate

l,theabove
providesevidencethatminimisingthe

l-classificationriskisasuitableproxy.Thatis,performingclass-
probabilityestimationisasuitableproxyforranking;thiscanbeformalisedwithsurrogateregretbounds
(Agarwal,2014;NarasimhanandAgarwal,2013b).Similarly,fortheproblemofminimisingthe

p-normpush
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for

ac
orr

ect
ly

spe
cifi

ed
on
e.

12
.A

Ut
ili
ty

Re
pr
es
en

ta
tio

n
Pe

rs
pe

cti
ve

of
Bi
pa

rti
te

Ra
nk

in
g

Ou
rfi

nal
top

ico
fst

ud
yis

wh
att

he
the

ory
of

ut
ili
ty
re
pr
es
en
ta
tio

ns
tel
lsu

sa
bo
utt

he
bip

art
ite

ran
kin

gp
rob

lem
.

In
par

tic
ula

r,w
elo

ok
ath

ow
thi

sth
eor

yp
rov

ide
sin

sig
hti

nto
the

par
tic
ula

rfo
rm

of
the

ob
ser

vat
ion

-co
nd
itio

nal
dis

trib
uti

on
� P
ai
r
of
D
BR

(Eq
uat

ion
47
),w

hic
hw

es
aw

had
no
n-o

bvi
ou
si

mp
lic
ati
on
sf

or
the

der
iva

tio
no

f
Ba

yes
-op

tim
als

cor
ers

(§7
.4.
2)

and
sur

rog
ate

reg
ret

bo
un
ds

(§8
).

12
.1

Bi
na

ry
Re

lat
ion

s
Gi
ven

as
et
X
,a

bi
na

ry
re
la
tio

n
R

on
X
iss

om
es

ub
set

of
X
×
X
.T

her
ea

re
two

sta
nd
ard

wa
ys

of
ref

err
ing

to
ar

ela
tio

n.
Th

efi
rst

ist
he

op
era

tor
⪰
R
,w

ith
the

sem
ant

ics
x
⪰
R
x′

⟺
(x
,x
′ )
∈

R
.T

he
sec

on
di

s
the

fun
cti
on
r∶

X
×
X

→
{±
1}
,w

ith
the

sem
ant

ics
r(
x,
x′
)
=
+
1

⟺
(x
,x
′ )
∈

R
.W

ew
ill

use
the

se
two

rep
res

ent
ati
on
sin

ter
cha

nge
abl

y.
Ta

ble
16

sum
ma

ris
es

som
es

tan
dar

dp
rop

ert
ies

of
bin

ary
rel

ati
on
s,a

nd
exa

mp
les

of
spe

cifi
cty

pes
of

bin
ary

rel
ati
on
s.
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ME
NO

N
AN

D
W

IL
LI
AM

SO
N

A
pr
ob
ab

ili
sti
c
bi
na

ry
re
la
tio

n
(so

me
tim

es
cal

led
ar

ec
ip
ro
ca
lo

rip
so
du
al

bi
na

ry
re
la
tio

n)
(B
aet

se
ta
l.,

20
05
,p

g.
41
9)

on
as

et
X

iss
om

ef
un
cti
on
p∶

X
×
X

→
[0
,1
]s

ati
sfy

ing
p(
x,
x′
)+

p(
x′
,x
)
=
1
for

eve
ry

x,
x′
∈
X
.T

he
pai

r(X
,p
)is

som
eti
me

sre
fer

red
to

as
afo

rc
ed

ch
oi
ce

pa
ir
co
m
pa

ri
so
n
sy
ste

m
(Ro

ber
ts,

19
84
,

pg
.2

73
).E

ver
yp

rob
abi

list
icb

ina
ry

rel
ati
on

has
an

ind
uce

db
ina

ry
rel

ati
on

26
⪰
P
,w

ith

x
⪰
P
x′

⟺
p(
x,
x′
)≥

1 2.

Su
pp
ose

g
∶
[ 1 2,

1] ×
[ 1 2,

1] →
[0
,1
]is

som
ef

un
cti
on

tha
tis

com
mu

tat
ive

(i.e
.g
(x
,y
)
=
g(
y,
x)
∀x
,y
)

and
mo

no
ton

ei
ncr

eas
ing

in
bo
th

arg
um

ent
s.

A
pro

bab
ilis

tic
bin

ary
rel

ati
on
p
iss

aid
to

be
g-
sto

ch
as
tic
al
ly

tra
ns
iti
ve

(B
aet

se
tal

.,2
00
5,
pg
.4

19
)if

(∀
x,
x′
,x
′′
∈
X
)x
⪰
P
x′

and
x′
⪰
P
x′
′
⟹

p(
x,
x′
′ )
≥g

(p
(x
,x
′ ),
p(
x′
,x
′′
)).

Sp
eci

alc
ase

so
fth

ef
un
cti
on
g
cor

res
po
nd

to
po
pu
lar

no
tio

ns
of

sto
cha

stic
tra

nsi
tiv

ity
:th

ec
ase

g(
x,
y)
=
1∕
2

is
kn
ow

na
sw

ea
k
sto

ch
as
tic

tra
ns
iti
vi
ty

(Ro
ber

ts,
19
84
,p

g.
28
3),

g(
x,
y)
=
x
∧
y
as

m
od
er
at
e
sto

ch
as
tic

tra
ns
iti
vi
ty

(Ro
ber

ts,
19
84
,p

g.
28
4),

and
g(
x,
y)
=
x
∨
y
as

str
on
g
sto

ch
as
tic

tra
ns
iti
vi
ty

(Ro
ber

ts,
19
84
,

pg
.2

84
).I

tis
eas

yt
oc

hec
kt

hat
we

ak
sto

cha
stic

tra
nsi

tiv
ity

of
p
cor

res
po
nd
sto

tra
nsi

tiv
ity

of
the

ass
oci

ate
d

bin
ary

rel
ati
on
⪰
P
,p
rov

ide
dt

ies
are

bro
ken

in
fav

ou
ro

fth
er

ela
tio

ne
xis

tin
g.
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Ut
ili
ty

Re
pr
es
en
ta
tio

ns
fo
rB

in
ar
yR

ela
tio

ns
Le

t⪰
R
be

ab
ina

ry
rel

ati
on

on
X
.W

es
ay

tha
t⪰

R
has

au
til
ity

re
pr
es
en
ta
tio

n
ift

her
eis

som
es
∶
X
→

ℝ
suc

h
tha

t
(∀
x,
x′
∈
X
)x
⪰
R
x′

⟺
s(
x)

≥s
(x
′ ).

We
say

tha
ta

pro
bab

ilis
tic

bin
ary

rel
ati
on
p
has

ag
en
er
al
is
ed

ut
ili
ty
re
pr
es
en
ta
tio

n
ift

her
eis

som
efu

nct
ion

H
∶
ℝ
×
ℝ

→
[0
,1
]a

nd
som

ef
un
cti
on
s∶

X
→

ℝ
suc

ht
hat

(∀
x,
x′
∈
X
)p
(x
,x
′ )
=
H
(s
(x
),
s(
x′
)),

(64
)

wh
ere

H
is

inc
rea

sin
gi

ni
ts

firs
ta

rgu
me

nt,
dec

rea
sin

gi
ni

ts
sec

on
da

rgu
me

nt.
In

Św
ita

lsk
i(2

00
3),

iti
s

add
itio

nal
ly

ass
um

ed
tha

tH
isc

on
cav

e-c
onv

ex.
In

psy
cho

me
tric

s,s
uch
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od
el

iss
om

eti
me

sa
lso

ref
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as
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im
ple

sca
lab

ilit
ya

ssu
mp

tio
n(

Kr
ant

z,1
96
7).
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g.
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det
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s.T
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res
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ati
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sfo
llo
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:

Str
ict
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Fe
chn
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⊆
Str
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g⊊

We
ak.
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hat
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lus
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bov
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all

str
ict
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tfo

rth
ato

fF
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Str
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epr
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nta
tio
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fac
t,

p
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tro

ng
uti

lity
rep

res
ent

ati
on
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on
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ifi
th

as
ar

es
tr
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te
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Fe
chn

eri
an

uti
lity

rep
res

ent
ati
on
,w

her
e

the
res

tric
tio

ni
sth
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str
ict
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no
ton

ei
ncr
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ing

�
for
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Fe
chn

eri
an

rep
res

ent
ati
on

iso
nly

defi
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Mi
nko

ws
ki

sel
f-d

iffe
ren

ce
f
(X
)−

f
(X
)(R

ob
ert

s,1
98
4,
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.2

79
).
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)(w
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ult
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))c
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tili
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cti
on
.R

eca
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hat
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ry

rel
ati
on
⪰
R
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tot
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reo
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rif
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sto
tal

(an
dh
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tiv
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26

.M
ore

gen
era

lly,
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em
ay
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am

ily
of
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s,w

her
ee
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mb
er
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es
ad

iffe
ren
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hem
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how
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res
po

nd
ing

to
p(
x,
x′
)=

1 2
—
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ken
.
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

Utilitytype
Definition

Characterisation

Weak
H
(a,b)≥

12
⟺

a≥
b

Weakstochastictransitivity,contoursetsclosed
Strong

H
(a,b)≥

H
(c,d)

⟺
a
−
b≥

c
−
d

Quadruplecondition(understochasticcontinuity)
Fechnerian

H
(a,b)=

�(a
−
b),�monotone

Quadrupleorbicancellativecondition
Strict

H
(a,b)=

a
a
+
b

Productrule

Table17:Summaryofvarioustypesofutilityrepresentationsforbinaryprobabilisticrelations,from
mostto

leastgeneral.By“definition”wemeantheconditionsrequiredofH
inthegeneralutilityrepre-

sentationofEquation64.By“characterisation”,wemeannecessaryandsufficientconditionsona
probabilisticbinaryrelationfortherepresentationtohold.Seetextfordetails.

Proposition
67(Eilenberg,1941;Debreu,1954;Debreu,1964;Bridgesand

M
ehta,1995,pg.46)

LetX
bea

topologicalspacethatiseither(a)connected
and

separable,or(b)second
countable.Let⪰

R
bea

binary
relation

on
X
.Then

⪰
R
definesa

continuoustotalpreorderifand
only

ifthere
issom

e
s∶

X
→

ℝ
such

that

x
⪰
R
x
′
⟺

s(x)≥
s(x

′).

Theresultcharacterisespreciselytheclassofbinaryrelationsthatmayberepresentedviaautilityfunction
s∶

X
→

ℝ.Whilethe“if”directionisstraightforward,the“onlyif”directionisnot:itimpliesthatany
continuoustotalpreordercanbeperfectlyrepresentedviathestandardorderingrelation≥onthereals,foran
appropriatechoiceofutilityfunction

s∶
X
→

ℝ.
Forprobabilisticbinaryrelations,wewillfocusonthecaseofastrictutilityrepresentation, 27forwhich

H
(a,b)=

a
a
+
b
=

1
1
+

ba

=
�(�

−
1(a ′)−

�
−
1(b ′)),

where
a ′=

aa+
1 ,b ′=

bb+
1 .Thus,ifaprobabilisticbinaryrelation

ppossessesthisrepresentation,
(∃s∶

X
→

ℝ
)(∀x,x

′∈
X
)p(x,x

′)=
�(�

−
1(s(x))−

�
−
1(s(x

′))).
(65)

Wehavethefollowingcharacterisationoftheexistenceofastrictutilityrepresentation.
Proposition

68(Luceand
Suppes,1965,Theorem

48,pg.350)
Suppose

�Pair isa
binary

probabilistic
re-

lation.
Then,�Pair has

a
strictutility

representation
(Equation

65)ifand
only

ifitsatisfies
the

productrule,

(∀x,x
′,x

′′∈
X
)�Pair (x,x

′)⋅�Pair (x
′,x

′′)⋅�Pair (x
′′,x)=

�Pair (x,x
′′)⋅�Pair (x

′′,x
′)⋅�Pair (x

′,x),
(66)

w
hich,w

hen
�Pair ≠

{0,1},isequivalently

(∀x,x
′,x

′′∈
X
)�Pair (x,x

′)=
�(�

−
1(�Pair (x,x

′′))+
�
−
1(�Pair (x

′′,x
′))).

Theproductruleencodesthattheprobabilityofanintransitivecycleofrelations
{x

⪰
P
x
′,x

′
⪰
P

x
′′,x

′′
⪰
P
x}equalstheprobabilityofthecycle

{x
⪰
P
x
′,x

′
⪰
P
x
′′,x

′′
⪰
P
x}.Theproductrulenec-

essarilyimpliesthequadrupleconditionintroducedearlier(andhencestrongstochastictransitivity),sincea
strictutilityimpliesaFechnerianone.
27.Inpsychometrics,thestrictutilityrepresentationisreferredtoastheBradley-Terry-Lucemodel(Luce,1959;BradleyandTerry,

1952).
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12.4
Im

plicationsforBipartiteRanking
Bipartiterankingisfundamentallyconcernedwithlearningascorers∶

X
→

ℝ,andusingthistorankin-
stances.Wecanequivalentlythinkoftheproblem

asaspecialcaseofpairwiseranking,wherewerestrict
attentiontodecomposablepair-scorers(Lemma2).Thepairwiserankingproblem

caninturnbeinterpreted
asoneoflearningabinaryrelation:if

r
∶

X
×
X

→
{±
1}isabinaryrelationon

X
×
X,thenforany

R
∈
Δ
X
×
X
×{±

1} suchthattheBayes-optimal0-1pair-scorersmatch
rinsign,i.e.

(∀x,x
′∈

X
)r(x,x

′)=
sign(2�Pair (x,x

′)−
1),

learningapair-scorerfrom
R

isequivalenttolearningthebinaryrelation
r.Thus,onecanthenaskwhat

implicationsthedecomposabilityrestrictionhasonlearningabinaryrelation.Observethatwhenthresholded
at0,thepair-scorerD

iff(s)yieldsabinaryrelation
rover

X
×
X,with

r(x,x
′)=

+
1

⟺
(D
iff(s))(x,x

′)≥
0

⟺
s(x)≥

s(x
′).

ByProposition67,theresultingrelation
risacontinuous,totalpreorder,ascanbeeasilycheckedbythe

propertiesofD
iff(s).Lessobviously,Proposition67impliesthatforanycontinuous,totalpreorder⪰

R over
X
×
X(for

Xwithsuitabletopologicalproperties),theproblem
oflearning

⪰
R canbeexpressedasabipartite

rankingproblem.
Proposition

69
Let

X
be

a
topologicalspace

thatiseither(a)connected
and

separable,or(b)second
count-

able.Let⪰
R
bea

continuous,totalpreorderon
X
.Then,thereisa

D
∈
Δ
X
×{±

1} forw
hich

theBayes-optim
al

bipartite
scorerfor0-1

lossinducesthe
sam

e
ranking

as⪰
R
.

ProofForanycontinuous,totalpreorder⪰
R ,thereisacorrespondingutilityrepresentation

s∶
X

→
ℝ

(by
Proposition67).Pickanystrictlymonotoneincreasing

�
∶
ℝ

→
[0,1],andlet�

=
�
◦s.Further,pickany

marginaldistribution
M

over
X.Then,D

=
⧼M

,�⧽
∈
Δ
X
×{±

1} withcorresponding
D
BR has

(∀x,x
′∈

X
)sign(2�Pair (x,x

′)−
1)=

sign(�(x)−
�(x

′))=
sign(s(x)−

s(x
′))=

r(x,x
′),

sothattheBayes-optimalbipartitescorerfor0-1lossinducesanorderingover
X
×
Xidenticalto

⪰
R .

Onecanalsoconsidertheimplicationsofutilityrepresentationtheoryforlearninga
probabilisticbinary

relation.Asabove,itisclearthattheproblem
oflearningaprobabilisticbinaryrelation

pthatsatisfiesthe
productrulecanbeexpressedasfinding

S
∗BR (D

,l)forsomesuitable
D

andpropercomposite
lwithde-

composableBayes-optimalscorer.Equation47impliesthatforany
D

withderiveddistribution
D
BR ,the

corresponding
�Pair possesastrictutilityrepresentation.Thus,setting

�Pair tocoincidewiththeutilityrepre-
sentationofpgivesameansoflearningtherelation

p.
Conversely,wecangainsomeinsightastotheform

ofobservation-conditionaldistribution
�Pair ofD

BR
isofthespecialform

givenbyEquation47,whichinturnexplainswhythesigmoidalfamilyoflinksarises
in§7.4.2.
Proposition

70
G
iven

any
D
∈
Δ
X
×{±

1} ,the
resulting

D
BR

=
⧼M

pair ,�Pair ⧽
∈
Δ
X
×
X
×{±

1}
satisfies

the
productrule,and

has
(∀x,x

′∈
X
)�Pair (x,x

′)=
�(�

−
1(s(x))−

�
−
1(s(x

′)))
forsom

e
s∶

X
→

ℝ
.

ProofForD
=
⧼P
,Q
,�⧽,from

theconstructionofD
BR
=
⧼M

pair ,�Pair ⧽
=
⧼P

pair ,Q
pair ,�

pair ⧽,itisimmedi-
atethattheprobabilisticrelation

�Pair itrepresentssatisfiestheproductrule—
thisisbecauseBayes’ruleand

thenatureofP
pair impliesthat

(∀x,x
′∈

X
)�Pair (x,x

′)=
P
pair (x,x

′)⋅�
pair

M
pair (x,x

′)
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BIP
AR

TI
TE

RA
NK

IN
G:

A
RIS

K-T
HE

OR
ET

IC
PE

RS
PE

CT
IV

E

=
p(
x)
⋅q
(x
′ )

2�
pa
ir
(x
,x
′ )
,

so
tha

tth
ec

on
dit

ion
for

the
pro

du
ctr

ule
(Eq

uat
ion

66
)m

ay
be

wr
itte

n

(∀
x,
x′
∈
X
)p
(x
)⋅
q(
x′
)

� p
ai
r(x
,x
′ )
⋅
p(
x′
)⋅
q(
x′
′ )

� p
ai
r(x

′ ,
x′
′ )
⋅
p(
x′
′ )
⋅q
(x
)

� p
ai
r(x

′′
,x
)
=
p(
x)
⋅q
(x
′′
)

� p
ai
r(x
,x
′′
)
⋅
p(
x′
′ )
⋅q
(x
′ )

� p
ai
r(x

′′
,x
′ )
⋅
p(
x′
)⋅
q(
x)

� p
ai
r(x

′ ,
x)
.

Th
en

um
era

tor
sa

re
cle

arl
yi

den
tic
al,

and
the

den
om

ina
tor

sc
an

be
sho

wn
to

be
ide

nti
cal

by
exp

lic
itm

ult
ipl

i-
cat

ion
of

the
for

m
of
� p
ai
r
in

Ap
pen

dix
B.

Co
nse

que
ntl

y,P
rop

osi
tio

n6
8t

hu
sim

pli
es

tha
t�
Pa
ir
mu

stp
oss

ess
as

tric
tu

tili
ty

rep
res

ent
ati
on
,m

ean
ing

iti
so

fth
ef
orm

(∀
x,
x′
∈
X
)�
Pa
ir
(x
,x
′ )
=
�(
�−

1 (
s(
x)
)−

�−
1 (
s(
x′
)))

for
som

es
∶
X
→

ℝ
.

Th
us,

we
hav

ea
ne

xp
lan

ati
on

for
the

spe
cifi

cf
orm

of
Eq

uat
ion

47
—
iti

sd
ue

to
the

pro
bab

ilis
tic

rel
ati
on

im
pli

cit
ly
un
der

lyi
ng

the
bip

art
ite

ran
kin

gp
rob

lem
sat

isf
yin

gt
he

pro
du
ctr

ule
,in

con
jun

cti
on
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

AppendixA.Assorted
Lem

m
as

Wecollectsomeassortedlemmasthatareemployedinproofs,butarenotdirectlyrelatedtobipartiteranking.
Lem

m
a71

Lets
∶
X
→

ℝ
be

any
scorer.If

(∀t∶
X
→

ℝ
)∫

X

s(x)⋅t(x)dx
=
0,

then
s
iszero

alm
osteveryw

here.

ProofThisisinfactaspecialcaseofthefundamentallemmaofthecalculusofvariations,whichinturnisa
specialcaseoftheduBois-Reymondlemma(Troutman,1996,pg.99;GiaquintaandHildebrandt,2004,pg.
16),bothofwhichonlyrequiresthestatementholdforallinfinitelydifferentiable

t.Weshowthecontraposi-
tive.Suppose

s≠
0onasetofnonzeromeasure.Then

t=
s 2
∶
X

→
ℝ
+ is>

0onthissamesetofnonzero
measure.Thus,

∫
X

s(x)⋅s(x)dx
=∫

X

s(x) 2dx
>
0,

wheretheinequalityholdsbyFolland(1999,Proposition2.16).Thus,thestatementholds.

Lem
m
a72

Letf
,g
∶
X
→

ℝ
.Then,

(∀x,x
′∈

X
)f(x)<

f(x
′)

⟹
g(x)<

g(x
′)

ifand
only

iff
=
�
◦g

forsom
e
non-decreasing

�
∶
ℝ

→
ℝ
.

Proof(⟸
).Thisiseasilyverifiedbythedefinitionof�beingnon-decreasing.

(⟹
).Wewillconstructsuchanon-decreasing

�.Forany
y
∈
Im
(g),let

I(y)=
{x
∈
X
∶
g(x)=

y}

bethepreimageofyunderg.Forany
y
∈
ℝ,let

�(y)
.=
m
in{f(x)∶

x
∈
I(y)}.

Wewillcheckthatf
=
�
◦g,andthat�isnon-decreasing.

First,notethatforany
x,x

′∈
I(y),bydefinition

g(x)=
g(x

′).Bythecontrapositiveoftheassumption,
g(x)≥

g(x
′)

⟹
f(x)≥

f(x
′)

andbyswapping
x,x

′,
g(x)≤

g(x
′)

⟹
f(x)≤

f(x
′)

sothat
g(x)=

g(x
′)

⟹
f(x)=

f(x
′).

Thusforany
x,x

′∈
I(y),f(x)=

f(x
′).Thus,forany

x
∈
I(y),

�(y)=
f(x).

Now,forany
x
0
∈
X,

�(g(x
0 ))=

m
in{f(x)∶

x
∈
I(g(x

0 ))}
=
f(x

0 ).

Thus,f
=
�
◦g.Toseethat�isnon-decreasing,pick

y
<
y ′,and

x
∈

I(y),x
′∈

I(y ′).Then
y
=
g(x)

<
g(x

′)=
y ′.Since

g(x)<
g(x

′)impliesf(x)=
�(y)<

�(y ′)=
f(x

′),weseethaty
<
y ′

⟹
�(y)<

�(y ′).
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Lem
m
a73

Letf
,g
∶
X
→

ℝ
.Then,

(∀x,x
′∈

X
)sign(f(x)−

f(x
′))=

sign(g(x)−
g(x

′))

ifand
only

iff
=
�
◦g

forsom
e
strictly

m
onotone

increasing
�
∶
ℝ

→
ℝ
.

ProofWecanequivalentlywritetheconditionas
(∀x,x

′∈
X
)f(x)<

f(x
′)

⟺
g(x)<

g(x
′).

Thus,byLemma72,f
=
�
1 ◦gforsomemonotoneincreasing

�
1 ,and

g
=
�
2 ◦fforsomemonotoneincreas-

ing
�
2 .Thus

f
=
�
1 ◦�

2 ◦f,andso
�
1
=
�
−
1
2 .Thisimpliesthat�

1 and
�
2 areinvertible,orequivalently,

thattheybothcorrespondtostrictlymonotoneincreasingtransforms.

Lem
m
a74

G
iven

any
D
=

⧼M
,�⧽

∈
Δ
X
×{±

1} ,and
any

s∶
X

→
ℝ

such
that�

=
�
◦s

for
som

e
non-

decreasing
�,

(∀x
∈
X
)Cal(x;D

,s)=
�(x).

In
particular,the

above
equation

holdsforany
s
such

thats
=
�
◦�

forsom
e
strictly

m
onotone

�.

ProofAssumingthatthedistributionofscoresisdiscrete,forevery
x
∈
X,

Cal(x;D
,s)=

ℙ[Y
=
1|s(X

)=
s(x)]

=
E

(X
,Y)∼

D JY
=
1,s(X

)=
s(x)K

E
(X
,Y)∼

D Js(X
)=

s(x)K

=
EX
∼
M

[�(X
)⋅Js(X

)=
s(x)K ]

EX
∼
M

[Js(X
)=

s(x)K ]

=
EX
∼
M

[�(s(X
))⋅Js(X

)=
s(x)K ]

EX
∼
M

[Js(X
)=

s(x)K ]
byassumptionon

�

=
EX
∼
M

[�(s(x))⋅Js(X
)=

s(x)K ]

EX
∼
M

[Js(X
)=

s(x)K ]

=
�(s(x))⋅

EX
∼
M

[Js(X
)=

s(x)K ]

EX
∼
M

[Js(X
)=

s(x)K ]

=
�(s(x))

=
�(x).

Whenthedistributionofscoresiscontinuous,werepeattheabove,butusingDiracdeltainsteadofindicator
functions.

AppendixB.PropertiesoftheDerived
RankingDistribution

D
BR

Supposewehaveadistribution
D
=

⧼P
,Q
,�⧽

=
⧼M

,�⧽
∈
Δ
X
×{±

1} .AssumethatM
,P
,Q

havedensities
�,p,q.Wesummarisesomepropertiesoftheresultingdistributionoverpairs,D

BR
∈
Δ
X
×
X
×{±

1} .Wewill
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CT
IV

E

ass
oci

ate
thi

sd
istr

ibu
tio

nw
ith

the
ran

do
m

var
iab

let
rip

let
(X
,X

′ ,
Z
).B

yd
efi

nit
ion

,w
eh

ave
ℙ
[Z
=
1]
=
1 2

p X
|Z=

z(
x)
=

Jz
=
1K
⋅p
(x
)+

Jz
=
−
1K
⋅q
(x
)

p X
′ |Z
=
z(
x′
)=

Jz
=
1K
⋅q
(x
′ )
+

Jz
=
−
1K
⋅p
(x
′ ).

Fro
m

the
se,

we
ma

yd
eri

ve
oth

er
ma

rgi
nal

sa
nd

con
dit

ion
als

for
D
BR

,an
dr

ela
tet

hem
to

tho
se

of
D
:

p X
,X
′ |Z
=
z(
x,
x′
)=

p X
|Z=

z(
x)
⋅p

X
′ |Z
=
z(
x′
)

=
Jz
=
1K
⋅p
(x
)⋅
q(
x′
)+

Jz
=
−
1K
⋅p
(x
′ )
⋅q
(x
)

p X
,X
′(x
,x
′ )
=
p(
x)
⋅q
(x
′ )
+
p(
x′
)⋅
q(
x)

2
=

1
2�
(1
−
�)
⋅�
(x
)⋅
�(
x′
)⋅
(�
(x
)⋅
(1
−
�(
x′
))
+
�(
x′
)⋅
(1
−
�(
x)
))

p X
(x
)=

p(
x)
+
q(
x)

2

p X
|X
′ =
x′
(x
)=

p(
x)
⋅q
(x
′ )
+
p(
x′
)⋅
q(
x)

p(
x)
+
q(
x)

ℙ
[Z
=
1|X

=
x]
=

p(
x)

p(
x)
+
q(
x)

=
�(
�−

1 (
�(
x)
)−

�−
1 (
�)
)

ℙ
[Z
=
1|X

=
x,
X
′
=
x′
]=

p(
x)
⋅q
(x
′ )

p(
x)
⋅q
(x
′ )
+
p(
x′
)⋅
q(
x)

=
1

1
+

q(
x)

p(
x)
⋅
p(
x′
)

q(
x′
)

=
�(
�−

1 (
�(
x)
)−

�−
1 (
�(
x′
)))
.

Th
ela

sti
den

tity
fol

low
sb

eca
use

�−
1 (
�(
x)
)=

lo
g

�
1
−
�
+
lo
g
p(
x)

q(
x)
.

Th
us,

the
dis

trib
uti

on
so

fp
rim

ary
int

ere
sti

nt
he

pap
er

are
:

P p
ai
r
=
P
×
Q

Q
pa
ir
=
Q
×
P

� p
ai
r
=
1 2

M
pa
ir
=
P
×
Q
+
Q
×
P

2
(∀
x,
x′
∈
X
)�
Pa
ir
(x
,x
′ )
=
�(
�−

1 (
�(
x)
)−

�−
1 (
�(
x′
)))
.

Ap
pe

nd
ix

C.
Pr

op
er
tie

so
ft
he

RO
C
Cu

rv
e

Fo
rco

mp
let
ene

ssw
ep

res
ent

two
we

llk
now

nr
esu

lts
abo

utt
he

der
iva

tiv
eo

fth
eR

OC
cur

ve,
and

its
rel

ati
on
shi

p
to

the
op
tim

alt
hre

sho
ld

for
cos

t-s
ens

itiv
ele

arn
ing

.
Pr

oo
f[P

roo
fo

fP
rop

osi
tio

n8
]B

yt
he

cha
in

rul
e,

(∀
�
∈
(0
,1
))
�′
(�
)=

(F
PR

−
1 )
′ (�
)⋅
TP
R′
(F
PR

−
1 (
�)
)
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SO
N

=
TP
R′
(F
PR

−
1 (
�)
)

FP
R′
(F
PR

−
1 (
�)
)

=
p S
(F
PR

−
1 (
�)
)

q S
(F
PR

−
1 (
�)
)
by

Eq
uat

ion
22
.

By
Ba

yes
’ru

le,
for

ar
and

om
var

iab
leS

∼
S
for

S
the

dis
trib

uti
on

of
sco

res
,

(∀
a
∈
ℝ
)p
S
(a
)=

p S
|Y=

1(
a)
=

ℙ
[Y
=
1|S

=
a]
⋅ℙ
[S
=
a]

ℙ
[Y
=
1]

,

and
sim

ila
rly

for
q S

.T
hu
s

p S
(a
)

q S
(a
)
=
1
−
�

�
⋅

ℙ
[Y
=
1|S

=
a]

1
−
ℙ
[Y
=
1|S

=
a]
,

and
by

defi
nit

ion
,P
rb
(a
;D
,s
)=

ℙ
[Y
=
1|S

=
a]
.

Pr
oo
f[P

roo
fo

fP
rop

osi
tio

n1
1]

Le
t

(∀
t∈

ℝ
)R
(t)

. =
L(
s
−
t;
D
,l
CS
(c
))

=
�
⋅(
1
−
c)
⋅F
N
R(
t)
+
(1
−
�)
⋅c
⋅F
PR
(t)

be
the

ris
kf

or
afi

xed
sco

rer
s
wh

en
usi

ng
ath

res
ho
ld
t.P

ick
any

op
tim

alt
hre

sho
ld
t 0
∈
t∗
(c
;D
,s
).T

his
mu

st
sat

isf
y

0
=
R
′ (t
0)
=
�
⋅(
1
−
c)
⋅F
N
R′
(t 0
)+

(1
−
�)
⋅c
⋅F
PR

′ (t
0)
,

i.e.
�

1
−
�
⋅
TP
R′
(t 0
)

FP
R′
(t 0
)
=

c
1
−
c.

Th
isi

se
xac

tly
�′
(F
PR
(t 0
))
=

c
1
−
c
⋅
1
−
�

�
.

By
Pro

po
siti

on
8,
thi

sim
pli

es
Pr
b(
t 0
)

1
−
Pr
b(
t 0
)
=

c
1
−
c.

Wh
en
Pr
b(
⋅;
D
,s
)is

inv
ert

ibl
e,w

eth
us

hav
e
t 0
=
Pr
b−
1 (
c)
,

and
sin

ce
the

cho
ice

of
t 0
wa

sa
rbi

tra
ry

fro
mt

he
set

of
op
tim

alt
hre

sho
lds

,w
ec

on
clu

de
tha

tt∗
(c
)=

{(
Pr
b)
−
1 (
c)
}.

Ap
pe

nd
ix

D.
Re

lat
ion

sh
ip

Be
tw

ee
n
th
eR

OC
Cu

rv
ea

nd
th
eN

ey
m
an

-P
ea
rs
on

Pr
ob

lem
Th

em
axi

ma
lR

OC
cur

ve
isi

nti
ma

tely
rel

ate
dt

ot
he

fol
low

ing
cla

ssi
cal

hyp
oth

esi
ste

stin
gp

rob
lem

.S
up
po
se

we
hav

e(
kn
ow

n)
pro

bab
ilit

yd
istr

ibu
tio

ns
P +

1,
P −

1
ove

ra
ni

nst
anc

es
pac

eX
,w

ith
den

siti
es
p −
1,
p +
1
wi
th

res
pec

tto
som

er
efe

ren
ce

me
asu

re
(th

isc
ou
ld
sim

ply
be
(P
+
1
+
P −

1)
∕2

).W
ea

re
giv

en
as

am
ple

x
dra

wn
fro

m
on
eo

fP
{±
1}
.W

ew
ish

to
det

erm
ine

wh
eth

er
or

no
ti
=
1,i

.e.
con

du
cta

hyp
oth

esi
ste

stb
etw

een
H
0
∶
i=

−
1

and
H
1
∶
i=

+
1.

Th
eN

eym
an-

Pea
rso

np
rob

lem
(Le

hm
ann

and
Ro

ma
no
,20

05
,pg

.5
9)

ask
sfo

rth
ete

stt
hat

has
the

mo
stp

ow
er

in
dis

cri
mi

nat
ing

bet
we

en
the

two
alt
ern

ati
ves

,as
sum

ing
the

fal
se

po
siti

ve
rat

eis
fix

ed
at

som
ev

alu
e�

∈
[0
,1
].
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BIPARTITERANKING:ARISK-THEORETICPERSPECTIVE

Definition
75(Neym

an-Pearson
problem

)
Pick

any
�
∈
(0,1),and

letD
=
⧼P

+
1 ,P

−
1 ,�⧽

∈
Δ
X
×{±

1} .For
a
fixed

�
∈
[0,1],the

Neym
an-Pearson

problem
is

m
ax

ℎ∈
{±
1}

X
TPR(ℎ;D

)∶
FPR(ℎ;D

)≤
�,

w
here

in
an

abuse
ofnotation

TPR(ℎ;D
)=

ℙ
X
∼
P
+
1 [ ℎ(X

)=
+
1]

FPR(ℎ;D
)=

ℙ
X
∼
P
−
1 [ ℎ(X

)=
+
1] .

The
optim

alclassifierℎ
∗(x)iscalled

theuniformlymostpowerfultestat�.
From

alearningperspective,atestℎissimplyaclassifierℎ
∶
X

→
{±
1}thatspecifieswhichofthetwo

hypothesesispreferred.Further,wecanview
thedensitiesasbeingclass-conditionals

p
y (x)

=
p
X|Y=

y (x).
Thus,givenadistribution

D
=
⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} ,theNeyman-Pearsonproblem
ariseswhenwewishto

findaclassifierthathasmaximaltruepositiverateforafixedfalsepositiverate.

D.1
TheNeym

an-Pearson
Lem

m
a

TheNeyman-Pearsonlemma(LehmannandRomano,2005,pg.
60)specifiestheoptimalsolutiontothe

Neyman-Pearsonproblem.
Lem

m
a76(Neym

an-Pearson
lem

m
a)

Pick
any

�
∈
(0,1),and

letD
=

⧼P
+
1 ,P

−
1 ,�⧽

∈
Δ
X
×{±

1}
w
here

P
{±
1}

have
densities

p{±
1}

w
ith

respectto
som

e
reference

m
easure.

For
any

�
∈
[0,1],the

uniform
ly

m
ost

powerfultestat�
is

ℎ
∗(x;�,D

)=
s
p+
1 (x)

p−
1 (x) ≥

t ∗(�;D
) {

w
here

t ∗(�;D
)issuch

thatthe
classifierachievesdesired

false
positive

rate,

FPR(ℎ
∗(x;�,D

);D
)=

�.

Forcompleteness,wepresentaproofbasedonLagrangemultipliers,followingHippenstiel(2001,pg.
92).
ProofGivenaclassifierℎ,let

A
ℎ

.=
{x
∈
X
∶
ℎ(x)=

+
1}.

Then,
TPR(ℎ;D

)=
ℙ
X
∼
P
+ [X

∈
A
ℎ ]

FPR(ℎ;D
)=

ℙ
X
∼
P
− [X

∈
A
ℎ ].

Thus,theproblem
isequivalentto

m
ax

A
⊆
X ∫

x∈
A

p+ (x)dxsubjectto∫
x∈

A

p− (x)dx≤
�.

NowconsidertheLagrangian
(A
,�)=∫

x∈
A

(p+ (x)−
�
⋅p− (x))dx

+
�
⋅�.

Clearly,the
A

whichmaximisesissuchthattheintegrandisalwaysnonnegative:
A
∗(�

∗)=
{
x
∈
X
∶
p+ (x)
p− (x) ≥

�
∗ }

=
{
x
∈
X
∶
� (

p+ (x)
p− (x) )≥

�(�
∗) }

,
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forany
�strictlymonotoneincreasing.Thus,theoptimaltestorclassifierisbasedonthresholdingascorer

oftheform
s ∗(x)=

� (
p+
1 (x)

p−
1 (x) )

withthethreshold
�
∗beingthesolutiontotheequation

�
=∫

x∈
A
∗(� ∗) p− (x).

Inpracticallearningsettings,theoptimalsolutiontotheNeyman-Pearsonproblem
cannotbecomputed

asitassumesfullknowledgeoftheunderlyingdistributions.Anaturalapproachistouseempiricalversions
oftheappropriatedistributions.Forafixedfalsepositiverate

�,variousoptimisationschemeshavebeen
proposedsuchasneuralnetworkbaseddensityestimation(Streit,1990),SVMs(Davenportetal.,2010)and
non-convexoptimisation(Gassoetal.,2011).

D.2
Im

plicationsoftheNeym
an-Pearson

Lem
m
a

Fromahypothesistestingperspective,theoptimalscoringfunctionisseentobeastrictlymonotoneincreasing
transform

ofthe
likelihood

ratio
(∀x

∈
X
)Λ
(x)

.=
p+
1 (x)

p−
1 (x) .

From
anROCperspective,theNeyman-Pearsonproblem

canbeseenaspickingaparticularpointonthe
horizontalaxis(byvirtueoffixingtheFPR),andaskingforthescoringfunctionthatyieldsthemaximum
valuealongtheverticalaxis(byvirtueofmaximisingtheTPR).TheNeyman-Pearsonlemmaconcludesthat
thisisachievedbyastrictlymonotoneincreasingtransformationofΛ

(x),regardlessoftheFPRvalue.Thus,
maximisingtheAUCcanbeseenassolvingaNeyman-Pearsonproblem

foreverypossiblefalsepositiverate,
asinCorollary16.

AppendixE.Bayes-Optim
alClassification

Risk
and

Regret
AclassicalresultestablishesthattheBayes0-1riskmaybeexpressedintermsofthevariationaldivergencebe-
tweentheclass-conditionaldistributionsPand

Q
(Devroyeetal.,1996,pg.14).Thisgivesaninterpretation

oftheBayes0-1risk,whichistheinherent“difficulty”oftheproblem,intermsofamountofoverlapbetween
thedistributionsforthetwoclasses.Infact,thevariationaldivergencecanbereplacedbyany

f-divergence,
withtheBayes0-1riskbeingreplacedbytheBayes

l-classificationriskforsuitable
l.

Proposition
77(Österreicherand

Vajda,1993;Reid
and

W
illiam

son,2011,Theorem
9)

For
any

D
=

⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} ,convex
f
∶
ℝ
+
→

ℝ
,and

loss
l
w
ith

conditionalBayesrisk

(∀�
∈
(0,1))L

∗(�;l)=
−
1
−
�

1
−
�
⋅f (

1
−
�

�
⋅

�
1
−
� )

,

the
Bayes-risk

can
be

w
ritten

L
∗(D

,l)=
L
∗(�;l)−

If (P
,Q
).

(67)
C
onversely,Equation

67
holdsforany

D
=
⧼P
,Q
,�⧽

∈
Δ
X
×{±

1} ,loss
l
w
ith

concave
conditionalBayes

risk
L
∗(⋅;l)∶

[0,1]
→

ℝ
+ ,and

f
∶
ℝ
+
→

ℝ
defined

by

(∀t∈
ℝ
)f(t)=

L
∗(�;l)−

(�
⋅t+

1
−
�)⋅L

∗ (
�
⋅t

�
⋅t+

1
−
�
;l )

.
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er
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wi
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per

los
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,th
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Ba
yes
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ks

coi
nci

de
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L
∗ l
=
L
∗ �,w

es
ee

tha
tfo

ra
pro

per
los

s�
Pro

po
siti

on
77

ho
lds

for
an
yc

ho
ice

of
pro

per
com

po
site

l
res

ult
ing

fro
m

the
com

po
siti

on
of
�
wi
th

an
inv

ert
ibl

eli
nk

fun
cti
on
Ψ
.

On
ec

an
als

or
ela

te
the

reg
ret

wi
th

res
pec

tto
any

pro
per

com
po
site

los
st

oa
na

pp
rop

ria
te

gen
era

tiv
e

Br
egm

an
div

erg
enc

e.
Pr

op
os
iti
on

78
(B
uj
ae

ta
l.,

20
05
;R

eid
an

d
W
ill
iam

so
n,

20
11
)
Fo

r
an
y
D
=

⧼M
,�
⧽
∈
Δ
X
×{
±
1}
,l

∈
L
SP
C
(Ψ
),
an

d
sc
or
er
s∶

X
→

ℝ
,

re
gr
et
(s
;D
,l
)=

B −
L
∗
(�
,Ψ

−
1 ◦
s)

w
he
re

in
an

ab
us
e
of

no
ta
tio

n
L
∗
=
L
∗ (
⋅;
l
).

Pro
po
siti

on
78

sho
ws

tha
tif

as
cor

er
has

low
l
-ris

kw
ith

res
pec

tto
som

ep
rop

er
com

po
site

los
s,
the

n
�̂
=
Ψ
−
1 ◦
s
isa

go
od

est
im

ate
of
�
in

ap
rec

ise
sen

se:
ith

as
low

ave
rag

eB
reg

ma
nd

ive
rge

nce
to
�.

Ap
pe

nd
ix

F.
In
ter

pr
eta

tio
n
of

Ue
m
at
su

an
d
Le

e(
20

12
)i
n
Te

rm
so

fP
ro
pe

rL
os
se
s

Th
ef
oll

ow
ing

are
the

res
ult

ss
how

ni
nU

em
ats

ua
nd

Le
e(

20
12
).

Pr
op

os
iti
on

79
(U

em
at
su

an
d
Le

e,
20
12
,T

he
or
em

3)
Su
pp

os
e
l
(y
,v
)
=
�(
yv
)f
or

so
m
e
�
∶
ℝ

→
ℝ
+
,

w
he
re
�

is
di
ffe
re
nt
ia
bl
e,

m
on
ot
on
e
de
cr
ea
si
ng
,
co
nv
ex
,
an

d
�′
(0
)
<
0.

Fo
r
a
gi
ve
n
di
str

ib
ut
io
n
D
=

⧼M
,�
⧽
∈
Δ
X
×{
±
1}
,l
et

s∗
∈
S
∗ BR
(D
,l
).

Th
en
,

(∀
x,
x′
∈
X
)�
(x
)≠

�(
x′
)
⟹

sig
n(
D
if
f(
s∗
)(x
,x
′ ))
=
sig
n(
�(
x)
−
�(
x′
)).

If
�
is
str

ic
tly

co
nv
ex
,t
he
n
th
e
ab

ov
e
al
so

ho
ld
sw

he
n
�(
x)
=
�(
x′
).

Pr
op

os
iti
on

80
(U

em
at
su

an
d
Le

e,
20
12
,T

he
or
em

7)
Su
pp

os
e
l
(y
,v
)
=
�(
yv
)f
or

so
m
e
�
∶
ℝ

→
ℝ
+
,

w
he
re
�
is
di
ffe
re
nt
ia
bl
e,

str
ic
tly

m
on
ot
on
e
de
cr
ea
si
ng
,c

on
ve
x,

an
d
f
∶
s
↦

�′
(−
s)

�′
(s
)
is
str

ic
tly

in
cr
ea
si
ng
.

G
iv
en

an
y
D
=
⧼M

,�
⧽
∈
Δ
X
×{
±
1}
,

S
∗ BR
(D
,l
)⊆

S
D
ec
om
p

if
an

d
on
ly
if
�′
(−
s)
∕�

′ (s
)=

ea
s
fo
rs

om
e
a
>
0.

We
sho

w
how

to
int

erp
ret

the
se

res
ult

si
nt

erm
so

fp
rop

er
com

po
site

los
ses

.F
irs
t,w

es
how

tha
tth

e
con

dit
ion

so
fth

eir
the

ore
ms

im
ply

tha
tl

isa
pro

per
com

po
site

ma
rgi

nl
oss

.
Pr

op
os
iti
on

81
Le
t�

be
di
ffe
re
nt
ia
bl
e
w
ith

�′
(0
)
<
0,

m
on
ot
on
e
de
cr
ea
si
ng
,a

nd
str

ic
tly

co
nv
ex
.
Th

en
,

l
(y
,v
)=

�(
yv
)i
ss

tr
ic
tly

pr
op

er
co
m
po

si
te
.

Pr
oo
f
Le

t�
me

ett
he

sta
ted

con
dit

ion
s.

Sin
ce
�
isc

onv
ex

and
mo

no
ton

ed
ecr

eas
ing

wi
th
�′
(0
)<

0,
the

ni
t

mu
stb

etr
ue

tha
t

(∀
v
∈
ℝ
)(�

′ (v
)≠

0
∨
�′
(−
v)

≠0
).

Fu
rth

er,
the

fun
cti
on

f
(v
)
. =
�′
(v
)

�′
(−
v)

isc
on
tin

uo
us

by
diff

ere
nti

abi
lity

of
�,

and
mo

no
ton

eb
ym

on
oto

nic
ity

and
con

vex
ity

of
�,

sin
ce

f
′ (v
)=

1
(�
′ (v
))2

⋅(
�′
(−
v)
�′
′ (v
)+

�′
′ (−

v)
�′
(v
))

≤0
.

Wh
en
�
iss

tr
ic
tly

con
vex

,f
iss

tric
tly

mo
no
ton

eb
eca

use
the

nu
me

rat
or

abo
ve

can
no
tb

e0
.T

hu
s,t

he
con

di-
tio

ns
of

Co
rol

lar
y1

6i
nV

ern
ete

tal
.(2

01
1)

ho
ld,

and
so
l
iss
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Figure3:Resultsof20simulationtrialstoillustrateBayes-optimalscorer(Corollary45)forthecaseofan
asymmetricloss.Here,thedistribution

D
isvariedacrosseachtrial,andtherelationshipbetween

the
(�,s ∗)pairsacrossalltrialsisplotted.Therelationshipexactlymatchesthatofs ∗

=
Ψ
(�).

minimum
andmaximum

valuesareattained.Giventhisdistribution,weminimisedthebipartiteriskusing
L-BFGS,obtainingtheBayes-optimalscorers ∗.Astheriskisinvarianttotranslations,wetransformedthe
solutionsothatitsminimum

valueequalsΨ
(0.01)(thusagreeingwiththatoftheexpectedoptimalsolution).

Wecollectedthecorrespondingpairsof(�i ,s ∗i )valuesforall20repetitions.Wethenplottedthegraphofthe
resulting

�valuesversusthe
s ∗values.Ifs ∗isastrictlymonotonetransform

of�,thentheplotwillreflectthis
(asthedifferent�valuesfrom

thetrialsrepresentdifferentsamplingpointsofthedomainofthisfunction).
Figure3showstheresultswhere

listheasymmetric
p-classificationlossforp

=
2,

l(v)=
(
12
⋅e 2v,e −

v )

Weseethattherelationshipbetweenthetwoisstrictlymonotone.Alsoshownonthegraphistheplotof�
versusΨ

◦�,where
Ψ
=

12 �
−
1;thisperfectlyagreeswiththeobserved

s ∗values,aspredictedbythetheory.

AppendixH.Em
piricalIllustration

ofCorollary48
Wenow

presentanempiricalillustrationofthefactsthatforapropercompositelosswhoseBayes-optimal
pair-scorerisnon-decomposable,(a)theoptimalunivariatescorerisastrictlymonotonetransform

of�,and
(b)thetransformationisdistributiondependent.WerepeatedthesetupofAppendixG,exceptthatweworked
with

lbeingthesquaredloss,l(y,v)=
(1
−
yv) 2,andthecanonicalboostingloss(Bujaetal.,2005),

l(y,v)=
yv2
+ √

1
+
v 24
.

Squaredlossemploystheidentitylink,whilethecanonicalboostinglossusesthelink
Ψ
(�)=

2�−
1

√
�(1−

�) ,and
thusneitherinduceadecomposablepair-scoreraccordingtoProposition44.

Figure4showsthattherelationshipbetween
�and

s ∗fortheselossesacrossmultipletrialsisnotmonotone,
andsignificantlydeviatesfrom

theoptimalsolutionintheclass-probabilityestimationsetting,viz.
s ∗
=
Ψ
(�)

forΨ
theidentitymapping.Thisindicatesthatingeneral,therelationshipbetween

�and
s ∗isdistribution

dependent.
Figures5and6furtherstudiestherelationshipbetweenthetwoquantitiesforeachindividualtrial.We

seethat,foragiventrial(orequivalentlyforagivendistribution),therelationshipbetween
�and

s ∗isstrictly

91
JM

L
R

 17(195):1-102

M
ENON

ANDW
ILLIAMSON

monotone,asexpected.However,acrossdifferenttrials,itisevidentthattheprecisemonotonetransformation
isdifferent.

AppendixI.Em
piricalIllustration

ofOptim
alp-Norm

Push
Pair-Scorer

Wenow
presentanempiricalillustrationofthefactthatforageneralpropercompositeloss,(a)theoptimal

p-norm
pushpair-scorerisastrictlymonotonetransform

of�Pair ,and(b)thetransformationisdistribution
dependent.WerepeatedthesetupofAppendixG,exceptthatweworkedwiththe

p-norm
pushriskforp

=
4,

with
lbeinglogisticloss,andconsidered

n
=
5toreducethenumberof�Pair values.

Figure7showstherelationshipbetween
�Pair and

s ∗Pair acrossmultipletrialsis
notmonotone,andsig-

nificantlydeviatesfrom
theoptimalsolutionintheclass-probabilityestimationsetting,viz.

s ∗
=
Ψ
(�)for

Ψ
=

1p �
−
1.Thisindicatesthatingeneral,therelationshipbetween

�Pair and
s ∗Pair isdistributiondependent.

Figure8furtherstudiestherelationshipbetweenthetwoquantitiesforeachindividualtrial.Weseethat,
foragiventrial(orequivalentlyforagivendistribution),therelationshipbetween

�Pair and
s ∗Pair isstrictly

monotone,asexpected.

AppendixJ.Em
piricalIllustration

ofOptim
alp-Norm

Push
UnivariateScorer

Wenow
presentanempiricalillustrationofthefactthatforageneralpropercompositeloss,theoptimalp-

norm
pushunivariatescorerisadistributiondependenttransform

of�.WerepeatthesetupofAppendixG,
exceptthatweworkedwiththe

p-norm
pushriskforp

=
4,with

lbeinglogisticloss,andconsidered
n
=
5

toreducethenumberof�Pair values.
Figure9showstherelationshipbetween

�and
s ∗acrossmultipletrialsisnotmonotone,andsignificantly

deviatesfrom
theoptimalsolutionintheclass-probabilityestimationsetting,viz.

s ∗
=
Ψ
(�)forΨ

=
1p �

−
1.

AppendixK.Illustration
ofHand’sRepresentation

and
ProperLossEquivalence

WeillustrateempiricallythattheAUCforcertaincalibratedscorersisequivalenttoasuitableriskwithrespect
toaproperloss,owingtoHand’srepresentation(Equation34).Forafixed

n,weconsiderafiniteinstance
space

X
=
{0,1∕n,2∕n,…

,1}.Weconsideradistribution
D

over
X
wherethemarginalM

isuniform
and

theclass-probabilityfunction
�isofapre-specifiedform.Specifically,weconsidered

ℙ[�(X
)=

c]∝
w
(c),

where
w
(c)istheweightfunctioncorrespondingtoaproperloss.Weconsideredtwochoicesofw:w

(c)=
1,

correspondingtosquareloss,and
w
(c)=

1∕ √
c
⋅(1

−
c),correspondingtothearcsinlossofBujaetal.(2005,

Section11).
Foragiven

n,wethencomputedtheAUCofthescorers ∗
=
�,andcomparedittothecorresponding

properlossofthescorer.Hand’srepresentation(Equation34)suggeststhatasn
→
∞,sothatthedistribution

ofthescoresisexactlytheweightoftheproperloss,thetwowillbeequivalent.
Figure10showsthatforalarge

n,oneminustheAUC
andtheappropriateproperriskconverge.The

resultscomparethetwoover100trials,whereeachtrialcorrespondstoadifferentrandom
drawof�from

the
distributionwithdensitygivenbytheappropriatelynormalisedweightw

(⋅).
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Figure9:Resultsof20simulationtrialstoillustratetherelationshipbetween
�and

s ∗forp-norm
pushwith

logisticloss.Here,the
�i and

M
i valueswerevariedacrosseachtrial,andeachpanelrepresents

therelationshipbetween
�and

s ∗fora
specifictrial.
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k
h
e
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r
d
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1
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y
(1

)
i

=
A

(1
) x

(0
)

i
+
B

(1
) x

(1
)

i
+
ε(1

)
i
,

y
(2

)
i

=
A

(2
) x

(0
)

i
+
B

(2
) x

(2
)

i
+
ε(2

)
i
,
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)

w
it

h
x

(0
)

i
∈

R
k
0
×

1
,
x

(1
)

i
∈

R
k
1
×

1
a
n

d
x

(2
)

i
∈

R
k
2
×

1
(F

ig
u

re
1
B

).
T

h
e

la
te

n
t

ve
ct

o
r
x

(0
)

i
is

sh
ar

ed
b
y

b
ot

h
y

(1
)

i
a
n

d
y

(2
)

i
,
a
n

d
ca

p
tu

re
s

th
ei

r
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m
m

o
n

va
ri

at
io

n
th

ro
u

g
h

lo
a
d

in
g

m
a
tr
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es

A
(1

)
a
n

d
A

(2
) .

T
w

o
ad

d
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io
n

a
l
la

te
n
t

ve
ct

o
rs

,
x

(1
)

i
a
n

d
x

(2
)

i
,

a
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sp
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c

to
ea

ch
o
b

se
rv

at
io

n
;

th
ey

ar
e

m
u

lt
ip

li
ed

b
y

ob
se

rv
a
ti

o
n

-s
p

ec
ifi

c
lo

ad
in

g
m

a
tr

ic
es
B

(1
)

a
n

d
B

(2
) .

T
h

e
tw

o
re

si
d

u
a
l

er
ro

r
te

rm
s

ar
e
ε(1

)
i
∼
N
p
1
(0
,Σ

(1
) )

a
n

d
ε(2

)
i
∼
N
p
2
(0
,Σ

(2
) )

,
w

h
er

e
Σ

(1
)

a
n

d
Σ

(2
)

ar
e

d
ia

go
n

a
l

m
a
tr

ic
es

.
T

h
is

m
o
d

el
w

a
s

o
ri

g
in

a
ll

y
ca

ll
ed

in
te

r-
b

a
tt

er
y

fa
ct

or
a
n

a
ly

si
s

(I
B

F
A

)
(B

ro
w

n
e,

1
97

9
)

a
n

d
re
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n
tl

y
h
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b

ee
n

st
u

d
ie

d
u

n
d

er
a

fu
ll

B
ay

es
ia

n
in

fe
re

n
ce

fr
a
m

ew
o
rk

(K
la

m
i

et
a
l.

,
2
0
13

).
It

m
ay

b
e

in
te

rp
re

te
d

a
s

th
e

p
ro

b
a
b

il
is

ti
c

C
C

A
m

o
d

el
(E

q
u

a
ti

o
n

3)
w

it
h

an
a
d

d
it

io
n

a
l

lo
w

-r
an

k
fa

ct
o
ri

za
ti

on
o
f

th
e

o
b

se
rv

at
io

n
-s

p
ec

ifi
c

er
ro

r
co

va
ri

a
n

ce
m

at
ri

ce
s.

In
p

ar
ti

cu
la

r,
w

e
re

-w
ri

te
th

e
re

si
d

u
a
l

er
ro

r
te

rm
sp

ec
ifi

c
to

ob
se

rv
a
ti

o
n
w

(w
=

1
,2

)
fr

o
m

th
e

p
ro

b
ab

il
is

ti
c

C
C

A
m

o
d

el
(E

q
u

a
ti

o
n

3
)

as
e

(w
)

i
=
B

(w
) x

(w
)

i
+
ε(w

)
i

;
th

en
m

ar
gi

n
al

ly

e
(w

)
i
∼
N
p
w

(0
,Ψ

(w
) )

w
h

er
e

Ψ
(w

)
=
B

(w
) (
B

(w
) )
T

+
Σ

(w
) .

R
ec

en
t

w
or

k
h

a
s

re
-w

ri
tt

en
th

e
B

C
C

A
m

o
d

el
a
s

a
fa

ct
o
r

a
n
a
ly

si
s

m
o
d

el
w

it
h

gr
o
u

p
-w

is
e

sp
a
rs

it
y

in
th

e
lo

a
d

in
g

m
a
tr
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(K

la
m

i
et

a
l.

,
2
0
13

).
L

et
y
i
∈
R
p
×

1
(w

h
er

e
p

=
p

1
+
p

2
)

b
e

th
e

ve
rt

ic
al

co
n

ca
te

n
a
ti

on
o
f
y

(1
)

i
a
n

d
y

(2
)

i
;

le
t
x
i
∈
R
k
×

1
(w

h
er

e
k

=
k

0
+
k

1
+
k

2
)

b
e

th
e

ve
rt

ic
a
l

co
n

ca
te

n
a
ti

on
o
f
x

(0
)

i
,
x

(1
)

i
a
n

d
x

(2
)

i
;

a
n

d
le

t
ε i
∈
R
p
×

1
b

e
th

e
v
er

ti
ca

l
co

n
ca

te
n

a
ti

on
of

th
e

tw
o

re
si

d
u

al
er

ro
rs

.
T

h
en

,
th

e
B

C
C

A
m

o
d

el
(E

q
u

at
io

n
4
)

m
ay

b
e

w
ri

tt
en

a
s

a
fa

ct
or

an
al

y
si

s
m

o
d

el

y
i

=
Λ
x
i
+
ε i
,

w
it

h
ε i
∼
N
p
(0
,Σ

),
w

h
er

e

Λ
=

[ A
(1

)
B

(1
)

0

A
(2

)
0

B
(2

)] ,
Σ

=

[ Σ
(1

)
0

0
Σ

(2
)] .

T
h

e
st

ru
ct

u
re

in
th

e
lo

a
d

in
g

m
a
tr

ix
Λ

h
a
s

a
sp

ec
ifi

c
m

ea
n

in
g
:

th
e

n
o
n

-z
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o
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)
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n

d
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p
ro
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e
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d
la

te
n
t

fa
ct

o
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.,
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e
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t
k

0
el
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o
f
x
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y
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)
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d
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)
i

,
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e
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te
n
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o
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re
p
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n
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e
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a
n
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e

o
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T

h
e
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h

ze
ro

b
lo
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(1
) ;
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)
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o
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e
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a
ti
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m
o
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a
n
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ec
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c
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o
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at
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d
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b
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C
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d
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at
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b
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b
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B
a
y
e
sia

n
g

r
o
u
p

fa
c
t
o
r

a
n
a
ly

sis
w

it
h

st
r
u
c
t
u
r
e
d

spa
r
sit

y

C
h

en
,

2
01

1
;

R
ay

et
al.,
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1
4).

G
en

era
lly,
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ap
p

ro
a
ch

es
p

a
rtition

th
e

la
ten

t
variab
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in

to
th

o
se

th
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d
th

o
se

th
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a
re

o
b
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c
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s

fo
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(w

)
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=
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+
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)x

(w
)
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+
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.
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i
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ed
a
s

a
la

ten
t

facto
r
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a
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d
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Λ
=



A
(1

)
B
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)
···

0

A
(2

)
0

···
0

...
...

...
...

A
(m

)
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···
B
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.
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rem
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d
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b
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p
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b
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b
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Λ
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b
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b
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a
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r
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Λ
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d
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a
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4
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p
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p
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e
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F
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p
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(
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=

1,...,p
w
,

α
(w

)
h
∼
G
a
(a

0 ,b
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=
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d
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h
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a
o
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M
u
k
h
e
r
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e
,

E
n
g

e
l
h
a
r
d
t

p
a
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m
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α
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)
h
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av
e

large
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r
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p
u
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g
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)

·h
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a
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p
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g
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d
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g
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m
n
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ise
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O
th

er
w

ork
p

u
ts

altern
ative
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ctu
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regu
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Λ
(w

)
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ia
et

al.,
201

0).
T

o
in

d
u

ce
o
b
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ecifi
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m
n
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F
A
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n
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s:
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`
1

n
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en
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c
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n
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d
eith
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2
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`∞
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c
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n

:

φ
(Λ

(w
))

=

k
∑h

=
1 ||λ

(w
)

·h
||2

or
φ

(Λ
(w

))
=

k
∑h

=
1 ||λ

(w
)

·h
||∞

.

T
h

e
`
1

n
orm

p
en

alty
ach

ieves
ob

servation
-sp

ecifi
c

colu
m

n
-w

ise
sh

rin
ka

ge.
B

oth
of

th
ese

m
ix

ed
-n

orm
p

en
alties

create
a

b
i-con

v
ex

p
rob

lem
in

Λ
an

d
X

.

T
h

ese
tw

o
a
p

p
roach

es
of

ad
ap

tive
stru

ctu
red

regu
larizatio

n
in

G
F
A

m
o
d

els
cap

tu
re

covarian
ce

u
n

iq
u

ely
sh

ared
am

on
g

arb
itrary

su
b

sets
of

th
e

ob
serva

tion
s

an
d

avo
id

m
o
d

-
elin

g
sh

ared
covarian

ce
in

n
on

-m
ax

im
al

su
b

sets.
B

u
t

n
eith

er
th

e
A

R
D

ap
p

roach
n

or
th

e
m

ix
ed

-n
orm

p
en

a
lties

en
cou

rages
elem

en
t-w

ise
sp

arsity
w

ith
in

load
in

g
colu

m
n

s.
A

d
d

in
g

elem
en

t-w
ise

sp
arsity

is
im

p
ortan

t
b

ecau
se

it
resu

lts
in

in
terp

reta
b

le
laten

t
factors,

w
h

ere
featu

res
w

ith
n

on
-zero

load
in

gs
in

a
sp

ecifi
c

factor
h

av
e

an
in

terp
retation

as
a

clu
ster

(W
est,

20
03;

C
arvalh

o
et

al.,
2008).

T
o

in
d

u
ce

elem
en

t-w
ise

sp
a
rsity,

on
e

ca
n

eith
er

u
se

B
ayesian

sh
rin

kage
on

each
load

in
g

(C
arvalh

o
et

al.,
2010)

or
a

m
ix

ed
n

orm
w

ith
`
1

ty
p

e
p

en
alties

o
n

each
elem

en
t

(i.e., ∑
kh

=
1 ∑

pj=
1 |λ

(w
)

jh
|).

A
m

o
re

recen
t

G
F
A

m
o
d

el
is

a
step

tow
ard

b
oth

co
lu

m
n

-w
ise

a
n

d
elem

en
t-w

ise
sp

ar-
sity

(K
h

an
et

al.,
2014).

In
th

is
m

o
d

el,
elem

en
t-w

ise
sp

arsity
is

ach
ieved

b
y

p
u

ttin
g

in
d

e-
p

en
d

en
t

A
R

D
p

riors
on

each
load

in
g

elem
en

t,
an

d
co

lu
m

n
-w

ise
sp

arsity
is

ach
ieved

b
y

a
sp

ike-an
d

-slab
p

rior
on

th
e

load
in

g
colu

m
n

s.
H

ow
ev

er,
A

R
D

p
riors

d
o

n
ot

allow
th

e
m

o
d

el
to

a
d

ju
st

sh
rin

kag
e

lev
els

w
ith

in
each

factor,
an

d
th

is
ap

p
roach

d
o
es

n
ot

in
clu

d
e

sp
a
rse

an
d

d
en

se
fa

cto
rs.

O
n

e
con

trib
u

tion
of

ou
r

w
ork

is
to

d
efi

n
e

a
carefu

lly
stru

ctu
red

B
ayesian

sh
rin

ka
ge

p
rior

on
th

e
load

in
g

m
atrix

of
a

G
F
A

m
o
d

el
th

at
en

cou
rag

es
b

oth
elem

en
t-w

ise
a
n

d
colu

m
n

-w
ise

sh
rin

kage,
an

d
th

at
in

clu
d

es
b

oth
sp

a
rse

an
d

d
en

se
factors.

3
.
B
a
y
e
sia

n
stru

ctu
re
d

sp
a
rsity

T
h

e
co

lu
m

n
-w

ise
sp

arse
stru

ctu
re

of
Λ

in
G

F
A

m
o
d

els
b

elon
gs

to
a

gen
eral

class
of

stru
c-

tu
red

sp
arsity

m
eth

o
d

s
th

at
h

as
d

raw
n

atten
tion

recen
tly

(Z
ou

an
d

H
astie,

2005;
Y

u
an

a
n

d
L

in
,

2
006

;
J
en

atton
et

al.,
2011,

2010;
K

ow
alsk

i,
2009;

K
ow

alsk
i

an
d

T
orrésa

n
i,

2009;
Z

h
ao

et
a
l.,

2
009

;
H

u
an

g
et

al.,
2011;

J
ia

et
a
l.,

2010).
F

or
ex

am
p

le,
in

stru
ctu

red
sp

arse
P

C
A

,
th

e
load

in
g

m
atrix

is
con

strain
ed

to
h

ave
sp

ecifi
c

p
attern

s
(J

en
atton

et
al.,

2010).
L

ater
w

ork
d

iscu
ssed

m
ore

gen
eral

stru
ctu

red
variab

le
selection

m
eth

o
d

s
in

a
regression

fram
e-

w
ork

(J
en

atto
n

et
al.,

2011;
H

u
an

g
et

al.,
2011).

H
ow

ever,
th

ere
h

as
b

een
little

w
ork

in
u

sin
g

B
ayesia

n
stru

ctu
red

sp
arsity,

w
ith

som
e

ex
cep

tion
s

(K
y
u

n
g

et
a
l.,

2010;
E

n
gelh

ard
t

a
n

d
A

d
am

s,
2
014

;
W

u
et

al.,
2014).

S
tartin

g
from

B
ayesian

sp
arse

p
riors,

w
e

p
ro

p
ose

a
stru

ctu
red

h
ierarch

ical
sp

arse
p

rior
th

at
in

clu
d

es
th

ree
levels

of
sh

rin
ka

ge,
w

h
ich

is
co

n
cep

-
tu

ally
sim

ilar
to

tree
stru

ctu
red

sh
rin

kage
(R

om
b

erg
et

al.,
2001),

or
glob

a
l-lo

cal
p
riors

in
th

e
regression

fram
ew

ork
(P

olson
an

d
S

cott,
2011).
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B
a
y
e
si

a
n

g
r
o
u
p

fa
c
t
o
r

a
n
a
ly

si
s

w
it

h
st

r
u
c
t
u
r
e
d

sp
a
r
si

t
y

3
.1

B
a
y
e
si

a
n

sp
a
rs

it
y
-i

n
d

u
c
in

g
p

ri
o
rs

B
ay

es
ia

n
sh

ri
n

ka
ge

p
ri

or
s

h
av

e
b

ee
n

w
id

el
y

u
se

d
in

la
te

n
t

fa
ct

or
m

o
d

el
s

d
u

e
to

th
ei

r
fl

ex
i-

b
le

an
d

in
te

rp
re

ta
b

le
so

lu
ti

on
s

(W
es

t,
20

03
;

C
ar

va
lh

o
et

al
.,

20
08

;
P

ol
so

n
a
n

d
S

co
tt

,
20

1
1;

K
n

ow
le

s
an

d
G

h
ah

ra
m

an
i,

20
11

;
B

h
at

ta
ch

a
ry

a
an

d
D

u
n

so
n

,
20

11
).

In
B

ay
es

ia
n

st
a
ti

st
ic

s,
a

re
gu

la
ri

zi
n

g
te

rm
,
φ

(Λ
),

m
ay

b
e

v
ie

w
ed

as
a

m
ar

gi
n

al
p

ri
or

p
ro

p
or

ti
on

al
to

ex
p

(−
φ

(Λ
))

;
th

e
re

gu
la

ri
ze

d
op

ti
m

u
m

th
en

b
ec

om
es

th
e

m
ax

im
u

m
a

p
os

te
ri

or
i

(M
A

P
)

so
lu

ti
o
n

(P
ol

so
n

an
d

S
co

tt
,

20
11

).
F

or
ex

am
p

le
,

th
e

w
el

l
k
n

ow
n
` 2

p
en

al
ty

fo
r

co
effi

ci
en

ts
in

li
n

ea
r

re
g
re

s-
si

on
m

o
d

el
s

co
rr

es
p

on
d

s
to

G
au

ss
ia

n
p

ri
or

s,
al

so
k
n

ow
n

as
ri

d
ge

re
gr

es
si

o
n

o
r

T
ik

h
o
n

ov
re

gu
la

ri
za

ti
on

(H
o
er

l
an

d
K

en
n

ar
d

,
19

70
).

In
co

n
tr

as
t,

an
` 1

p
en

al
ty

co
rr

es
p

o
n

d
s

to
d
o
u

b
le

ex
p

on
en

ti
al

or
L

ap
la

ce
p

ri
or

s,
al

so
k
n
ow

n
as

th
e

B
ay

es
ia

n
L

as
so

(T
ib

sh
ir

a
n

i,
19

9
6
;

P
ar

k
an

d
C

as
el

la
,

20
08

;
H

an
s,

20
09

).

W
h

en
th

e
go

al
of

re
gu

la
ri

za
ti

on
is

to
in

d
u

ce
sp

ar
si

ty
,

th
e

p
ri

or
d

is
tr

ib
u

ti
o
n

sh
ou

ld
b

e
ch

os
en

so
th

at
it

h
as

su
b
st

an
ti

al
p

ro
b

ab
il

it
y

m
as

s
ar

ou
n

d
ze

ro
,

w
h

ic
h

d
ra

w
s

sm
a
ll

eff
ec

ts
to

w
ar

d
ze

ro
,

an
d

h
ea

v
y

ta
il

s,
w

h
ic

h
al

lo
w

s
la

rg
e

si
gn

al
s

to
es

ca
p

e
fr

om
su

b
st

a
n
ti

a
l

sh
ri

n
k
-

ag
e

(O
’H

ag
an

,
19

79
;

C
ar

va
lh

o
et

al
.,

20
10

;
A

rm
ag

an
et

al
.,

20
11

).
T

h
e

ca
n

o
n

ic
al

B
ay

es
ia

n
sp

ar
si

ty
-i

n
d

u
ci

n
g

p
ri

or
is

th
e

sp
ik

e-
an

d
-s

la
b

p
ri

or
,
w

h
ic

h
is

a
m

ix
tu

re
of

a
p

oi
n
t

m
a
ss

a
t

ze
ro

an
d

a
fl

at
d

is
tr

ib
u

ti
on

ac
ro

ss
th

e
sp

ac
e

of
re

al
va

lu
es

,
of

te
n

m
o
d

el
ed

as
a

G
a
u

ss
ia

n
w

it
h

a
la

rg
e

va
ri

an
ce

te
rm

(M
it

ch
el

l
an

d
B

ea
u

ch
am

p
,

19
88

;
W

es
t,

20
03

).
T

h
e

sp
ik

e-
an

d
-s

la
b

p
ri

or
h

as
el

eg
an

t
in

te
rp

re
ta

b
il

it
y

b
y

es
ti

m
at

in
g

th
e

p
ro

b
ab

il
it

y
th

at
ce

rt
ai

n
lo

ad
in

gs
a
re

ex
cl

u
d

ed
,

m
o
d

el
ed

b
y

th
e

‘s
p

ik
e’

d
is

tr
ib

u
ti

on
,

or
in

cl
u

d
ed

,
m

o
d

el
ed

b
y

th
e

‘s
la

b
’

d
is

tr
ib

u
ti

o
n

(C
ar

-
va

lh
o

et
al

.,
20

08
).

T
h

is
in

te
rp

re
ta

b
il

it
y

co
m

es
at

th
e

co
st

of
h

av
in

g
ex

p
o
n

en
ti

a
ll

y
m

a
n
y

p
os

si
b

le
co

n
fi

gu
ra

ti
on

s
of

m
o
d

el
in

cl
u

si
on

p
ar

am
et

er
s

in
th

e
lo

ad
in

g
m

at
ri

x
.

R
ec

en
tl

y,
sc

al
e

m
ix

tu
re

s
of

n
or

m
al

p
ri

or
s

h
av

e
b

ee
n

p
ro

p
os

ed
as

a
co

m
p

u
ta

ti
o
n

al
ly

effi
ci

en
t

al
te

rn
at

iv
e

to
th

e
tw

o
co

m
p

on
en

t
sp

ik
e-

an
d

-s
la

b
p

ri
or

(W
es

t,
19

87
;

C
a
rv

a
lh

o
et

a
l.

,
20

10
;

P
ol

so
n

an
d

S
co

tt
,

20
11

;
A

rm
ag

an
et

al
.,

20
13

,
20

11
;

B
h

at
ta

ch
ar

ya
et

a
l.

,
2
01

4
).

S
u

ch
p

ri
or

s
ge

n
er

al
ly

as
su

m
e

n
or

m
al

d
is

tr
ib

u
ti

on
s

w
it

h
a

m
ix

ed
va

ri
an

ce
te

rm
.

T
h

e
m

ix
in

g
d

is
tr

ib
u

ti
on

of
th

e
va

ri
an

ce
al

lo
w

s
st

ro
n

g
sh

ri
n

ka
ge

n
ea

r
ze

ro
b

u
t

w
ea

k
re

gu
la

ri
za

ti
o
n

aw
ay

fr
om

ze
ro

.
F

or
ex

am
p

le
,

an
in

ve
rs

e
ga

m
m

a
d

is
tr

ib
u

ti
on

on
th

e
va

ri
an

ce
te

rm
re

su
lt

s
in

a
n

A
R

D
p

ri
or

(T
ip

p
in

g,
20

01
),

an
d

an
ex

p
on

en
ti

al
d

is
tr

ib
u

ti
on

on
th

e
va

ri
a
n

ce
te

rm
re

su
lt

s
in

a
L

ap
la

ce
p

ri
or

(P
ar

k
an

d
C

as
el

la
,

2
00

8)
.

T
h

e
h

or
se

sh
o
e

p
ri

or
,

w
it

h
a

h
a
lf

C
a
u
ch

y
d

is
tr

ib
u

ti
on

on
th

e
st

an
d

ar
d

d
ev

ia
ti

on
as

th
e

m
ix

in
g

d
en

si
ty

,
h

as
b

ec
om

e
p

o
p

u
la

r
d

u
e

to
it

s
st

ro
n

g
sh

ri
n

ka
ge

an
d

h
ea

v
y

ta
il

s
(C

ar
va

lh
o

et
al

.,
20

10
).

A
m

or
e

ge
n

er
al

cl
as

s
of

b
et

a
m

ix
tu

re
s

of
n

or
m

al
s

is
th

e
th

re
e

p
ar

am
et

er
b

et
a

d
is

tr
ib

u
-

ti
on

(A
rm

ag
an

et
al

.,
20

11
).

A
lt

h
ou

gh
th

es
e

co
n
ti

n
u

ou
s

sh
ri

n
ka

ge
p

ri
or

s
d

o
n
o
t

d
ir

ec
tl

y
m

o
d

el
th

e
p

ro
b

ab
il

it
y

of
fe

at
u

re
in

cl
u

si
on

,
it

h
as

b
ee

n
sh

ow
n

in
th

e
re

gr
es

si
o
n

fr
a
m

ew
o
rk

th
at

tw
o

la
ye

rs
of

re
gu

la
ri

za
ti

on
—

gl
ob

al
re

gu
la

ri
za

ti
on

,
ac

ro
ss

al
l

co
effi

ci
en

ts
,

a
n

d
lo

ca
l

re
gu

la
ri

za
ti

on
,

sp
ec

ifi
c

to
ea

ch
co

effi
ci

en
t

(P
ol

so
n

a
n

d
S

co
tt

,
20

11
))

—
h

a
s

b
eh

av
io

r
th

a
t

is
si

m
il

ar
to

th
e

sp
ik

e-
an

d
-s

la
b

p
ri

or
in

eff
ec

ti
ve

ly
m

o
d

el
in

g
si

gn
al

an
d

n
o
is

e
se

p
a
ra

te
ly

,
b

u
t

w
it

h
co

m
p

u
ta

ti
on

al
tr

ac
ta

b
il

it
y

(C
ar

va
lh

o
et

al
.,

20
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).
In

th
is

st
u

d
y,

w
e

ex
te

n
d

a
n

d
st

ru
ct

u
re

th
e

b
et

a
m

ix
tu

re
of

n
or

m
al

s
p

ri
or

to
th

re
e

le
ve
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of

h
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h
y

to
in

d
u
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d
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a
b
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b
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av

io
r
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th

e
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n
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x
t
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7

Z
h
a
o
,

G
a
o
,

M
u
k
h
e
r
je

e
,

E
n
g

e
l
h
a
r
d
t

F
ig

u
re

2:
D

e
n

si
ty

o
f

th
e

th
re

e
p

a
ra

m
e
te

r
b

e
ta

(T
P
B)

d
is

tr
ib

u
ti

o
n

w
it

h
d

iff
e
re

n
t

v
a
lu

e
s

o
f
ν
.

F
iv

e
d

iff
er

en
t

va
lu

es
o
f
ν

=
{0
.0

1,
0.

1,
1,

1
0,

1
00
}

fo
r

th
e

th
re

e
p

ar
am

et
er

b
et

a
d

is
tr

ib
u

ti
o
n

w
it

h
a

=
b

=
0
.5

.
T

h
e

x
-a

x
is

re
p

re
se

n
ts

th
e

va
lu

e
o
f

ra
n

d
om

va
ri

ab
le
z
,

a
n

d
th

e
y
-a

x
is

re
p

re
se

n
ts

th
e

d
en

si
ty

of
ra

n
d

om
va

ri
a
b

le
z
.

3
.2

T
h

re
e

p
a
ra

m
e
te

r
b

e
ta

p
ri

o
r

T
h

e
th

re
e

p
ar

a
m

et
er

b
et

a
(T
P
B)

d
is

tr
ib

u
ti

o
n

fo
r

a
ra

n
d

om
va

ri
a
b

le
Z
∈

(0
,1

)
h

as
th

e
fo

ll
ow

in
g

d
en

si
ty

(A
rm

ag
a
n

et
a
l.

,
2
01

1
):

f
(z

;a
,b
,ν

)
=

Γ
(a

+
b)

Γ
(a

)Γ
(b

)ν
b
z
b−

1
(1
−
z
)a
−

1
{1

+
(ν
−

1
)z
}−

(a
+
b)
,

(7
)

w
h

er
e
a
,b
,φ

>
0.

W
e

d
en

ot
e

th
is

d
is

tr
ib

u
ti

o
n

a
s
T
P
B(
a
,b
,ν

).
W

h
en

0
<
a
<

1
an

d
0
<
b
<

1,
th

e
d

is
tr

ib
u

ti
o
n

is
b

im
o
d

a
l,

w
it

h
m

o
d

es
at

0
an

d
1

(F
ig

u
re

2
).

T
h

e
va

ri
an

ce
p

a
ra

m
et

er
ν

gi
ve

s
th

e
d

is
tr

ib
u

ti
o
n

fr
ee

d
om

:
w

it
h

fi
x
ed

a
a
n

d
b,

sm
a
ll

er
va

lu
es

o
f
ν

p
u

t
gr

ea
te

r
p

ro
b

ab
il

it
y

on
z

=
1
,

w
h

il
e

la
rg

er
va

lu
es

o
f
ν

m
ov

e
th

e
p

ro
b

a
b

il
it

y
m

a
ss

to
w

ar
d

s
z

=
0

(A
rm

ag
an

et
a
l.

,
2
0
11

).
W

it
h
ν

=
1
,
th

is
d

is
tr

ib
u

ti
on

is
id

en
ti

ca
l
to

a
b

et
a

d
is

tr
ib

u
ti

on
(i

.e
.,
B
e(
b,
a
))

.

L
et
λ

d
en

ot
e

th
e

p
ar

am
et

er
to

w
h

ic
h

w
e

ar
e

a
p

p
ly

in
g

sp
ar

si
ty

-i
n

d
u

ci
n

g
re

g
u

la
ri

za
ti

on
.

W
e

a
ss

ig
n

th
e

fo
ll

ow
in

g
T
P
B

n
o
rm

a
l

sc
a
le

m
ix

tu
re

d
is

tr
ib

u
ti

o
n

,
T
P
BN

,
to
λ

:

λ
|ϕ
∼
N
( 0,

1 ϕ
−

1

)
,

w
it

h
ϕ
∼
T
P
B(
a
,b
,ν

),

w
h

er
e

th
e

sh
ri

n
ka

ge
pa

ra
m

et
er
ϕ

fo
ll

ow
s

a
T
P
B

d
is

tr
ib

u
ti

o
n

.
W

it
h
a

=
b

=
1/

2
a
n

d
ν

=
1,

th
is

p
ri

or
b

ec
om

es
th

e
h

or
se

sh
o
e

p
ri

o
r

(C
a
rv

a
lh

o
et

a
l.

,
20

10
;

A
rm

a
g
an

et
a
l.

,
2
01

1
;

G
ao

et
a
l.

,
2
01

3
).

T
h

e
b

im
o
d

a
l
p

ro
p

er
ty

o
f
ϕ

in
d

u
ce

s
tw

o
d

is
ti

n
ct

sh
ri

n
ka

g
e

b
eh

av
io

rs
:

th
e

m
o
d

e
n

ea
r

on
e

en
co

u
ra

ge
s

1 ϕ
−

1
to

w
a
rd

s
ze

ro
an

d
in

d
u

ce
s

st
ro

n
g

sh
ri

n
ka

g
e

o
n
λ

;
th

e
m

o
d

e
n

ea
r

ze
ro

en
co

u
ra

g
es

1 ϕ
−

1
la

rg
e,

cr
ea

ti
n

g
a

d
iff

u
se

p
ri

o
r

o
n
λ

.
F

u
rt

h
er

d
ec

re
as

in
g

th
e

va
ri

a
n

ce
p

a
ra

m
et

er
ν

su
p

p
o
rt

s
st

ro
n

g
er

sh
ri

n
ka

g
e

(A
rm

a
ga

n
et

a
l.

,
20

1
1;

G
a
o

et
a
l.

,
2
01

3
).

If
w

e
le

t
θ

=
1 ϕ
−

1,
th

en
th

is
m

ix
tu

re
h

a
s

th
e

fo
ll

ow
in

g
h

ie
ra

rc
h

ic
al

re
p

re
se

n
ta

ti
on

:

λ
∼
N

(0
,θ

),
θ
∼
G
a
(a
,δ

),
δ
∼
G
a
(b
,ν

).
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B
a
y
e
sia

n
g

r
o
u
p

fa
c
t
o
r

a
n
a
ly

sis
w

it
h

st
r
u
c
t
u
r
e
d

spa
r
sit

y

N
o
te

th
e

d
iff

eren
ce

b
etw

een
th

e
A

R
D

p
rio

r
a
n

d
th

e
T
P
B

:
th

e
A

R
D

p
rio

r
in

d
u

ces
sp

a
rsity

u
sin

g
a
n

in
v
erse

gam
m

a
p

rio
r

on
θ,

w
h

erea
s

th
e
T
P
B

in
d

u
ces

sp
a
rsity

b
y

u
sin

g
a

g
a
m

m
a

p
rior

on
th

e
θ

variab
le

a
n

d
th

en
regu

larizin
g

th
e

ra
te

p
a
ra

m
eter

δ
u

sin
g

a
seco

n
d

g
a
m

m
a

p
rior.

T
h

ese
d

iff
eren

ces
lea

d
to

d
iff

eren
t

b
eh

av
io

r
o
f

A
R

D
a
n

d
th

e
T
P
B

in
th

eo
ry

(P
o
lso

n
a
n

d
S

cott,
20

1
1)

a
n

d
in

p
ra

ctice,
as

w
e

sh
ow

b
elow

.

3
.3

G
lo

b
a
l-fa

c
to

r-lo
c
a
l

sh
rin

k
a
g
e

T
h

e
fl

ex
ib

le
rep

resen
ta

tion
o
f

th
e
T
P
B

p
rio

r
m

a
kes

it
a
n

id
ea

l
ch

o
ice

fo
r

la
ten

t
fa

cto
r

m
o
d

els.
O

u
r

recen
t

w
ork

ex
ten

d
ed

th
e
T
P
B

p
rio

r
to

th
ree

levels
o
f

reg
u

la
riza

tio
n

on
a

loa
d

in
g

m
a
trix

(G
ao

et
a
l.,

2
01

3):

%
∼
T
P
B

(e,f
,ν

),
(G

lob
a
l)

ζ
h ∼
T
P
B
(
c,d

,
1%
−

1 )
,

(F
a
cto

r-sp
ecifi

c)

ϕ
jh ∼

T
P
B
(
a
,b,

1ζ
h
−

1 )
,

(L
o
ca

l)

λ
jh ∼

N
(

0,
1

ϕ
jh
−

1 )
.

(8)

A
t

ea
ch

o
f

th
e

th
ree

levels,
a
T
P
B

d
istrib

u
tion

is
u

sed
to

in
d

u
ce

sp
arsity

v
ia

its
estim

a
ted

va
ria

n
ce

p
aram

eter
(ν

in
E

q
u

atio
n

7),
w

h
ich

in
tu

rn
is

reg
u

la
rized

u
sin

g
aT
P
B

d
istrib

u
tio

n
.

S
p

ecifi
ca

lly,
th

e
glo

b
a
l

sh
rin

ka
g
e

p
ara

m
eter

%
a
p

p
lies

stro
n

g
sh

rin
ka

g
e

a
cross

th
e
k

co
lu

m
n

s
o
f

th
e

lo
a
d

in
g

m
a
trix

a
n

d
join

tly
a
d

ju
sts

th
e

su
p

p
ort

o
f

co
lu

m
n

-sp
ecifi

c
p
a
ra

m
eter

ζ
h ,
h
∈

{
1,...,k}

clo
se

to
eith

er
zero

or
o
n

e.
T

h
is

can
b

e
in

terp
reted

a
s

in
d

u
cin

g
su

ffi
cien

t
sh

rin
ka

ge
a
cross

loa
d

in
g

co
lu

m
n

s
to

recover
th

e
n
u

m
b

er
of

fa
ctors

su
p
p

orted
b
y

th
e

ob
served

d
a
ta.

In
p

a
rticu

la
r,

w
h

en
ζ
h

is
clo

se
to

o
n

e,
a
ll

elem
en

ts
o
f

co
lu

m
n
h

a
re

clo
se

to
zero,

eff
ectively

rem
ov

in
g

th
e
h
th

co
m

p
on

en
t.

W
h

en
n

ea
r

zero
,

th
e

fa
cto

r-sp
ecifi

c
reg

u
la

riza
tio

n
p

a
ra

m
eter

ζ
h

ad
ju

sts
th

e
sh

rin
ka

ge
ap

p
lied

to
ea

ch
elem

en
t

o
f

th
e
h
th

lo
a
d

in
g

colu
m

n
,

estim
a
tin

g
th

e
co

lu
m

n
-w

ise
sh

rin
kag

e
b
y

b
o
rrow

in
g

stren
g
th

a
cro

ss
all

elem
en

ts
(i.e.,

fea
tu

res)
in

th
at

co
lu

m
n

.
T

h
e

lo
ca

l
sh

rin
ka

ge
p

aram
eter,

ϕ
jh ,

crea
tes

elem
en

t-w
ise

sp
a
rsity

in
th

e
lo

a
d

in
g

m
a
trix

th
rou

gh
a
T
P
BN

.
T

h
ree

levels
o
f

sh
rin

ka
g
e

allow
u

s
to

m
o
d

el
b

o
th

co
lu

m
n

-w
ise

a
n

d
elem

en
t-w

ise
sh

rin
ka

g
e

sim
u

ltan
eou

sly,
a
n

d
g
iv

e
th

e
m

o
d

el
n

o
n

p
a
ra

m
etric

b
eh

av
io

r
in

th
e

n
u
m

b
er

o
f

fa
ctors

v
ia

m
o
d
el

selection
.

E
q
u

iva
len

tly,
th

is
g
lob

al-fa
cto

r-lo
ca

l
sh

rin
kag

e
p
rio

r
ca

n
b

e
w

ritten
a
s

(A
rm

ag
a
n

et
a
l.,

2
01

1
;

G
a
o

et
a
l.,

20
1
3):

G
lo

b
a
l

{
γ
∼
G
a
(f
,ν

),

η
∼
G
a
(e,γ

)),

F
acto

r-sp
ecifi

c

{
τ
h ∼

G
a
(d
,η

),

φ
h ∼

G
a
(c,τ

h ),

L
o
ca

l

{
δ
jh ∼

G
a
(b,φ

h ),

θ
jh ∼

G
a
(a
,δ
jh ),

λ
jh ∼

N
(0,θ

jh ).
(9)
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Z
h
a
o
,

G
a
o
,

M
u
k
h
e
r
je

e
,

E
n
g

e
l
h
a
r
d
t

W
e

fu
rth

er
ex

ten
d

ou
r

p
rior

to
join

tly
m

o
d

el
sp

arse
an

d
d

en
se

com
p

on
en

ts
b
y

assign
in

g
to

th
e

lo
cal

sh
rin

kage
p

aram
eter

a
tw

o-com
p

on
en

t
m

ix
tu

re
d

istrib
u

tion
(G

ao
et

al.,
2013):

θ
jh ∼

π
G
a
(a
,δ
jh )

+
(1−

π
)δ
φ
h (·),

(10)

w
h

ere
δ
φ
h (·)

is
th

e
D

irac
d

elta
fu

n
ction

cen
tered

at
φ
h .

T
h

e
m

otivation
for

th
is

tw
o

com
-

p
on

en
t

m
ix

tu
re

is
th

at,
in

real
ap

p
lication

s
su

ch
as

th
e

an
aly

sis
of

gen
e

ex
p

ression
d

ata,
it

h
a
s

b
een

sh
ow

n
th

at
m

u
ch

of
th

e
variation

in
th

e
ob

servation
is

d
u

e
to

tech
n

ical
(e.g.,

b
atch

,
p

la
tform

)
o
r

b
iological

eff
ects

(e.g.,
sex

,
eth

n
icity

),
w

h
ich

im
p

act
a

large
n
u

m
b

er
of

fea
tu

res
(L

eek
et

al.,
2010).

T
h

erefore,
load

in
gs

corresp
on

d
in

g
to

th
ese

eff
ects

w
ill

often
n

ot
b

e
sp

arse.
A

tw
o-com

p
on

en
t

m
ix

tu
re

(E
q
u

ation
10)

allow
s

th
e

p
rior

on
th

e
lo

ad
in

g
(E

q
u

a
tion

8)
to

select
b

etw
een

elem
en

t-w
ise

sp
arsity

or
colu

m
n

-w
ise

sp
arsity.

E
lem

en
t-w

ise
sp

a
rsity

is
en

cou
raged

v
ia

th
e
T
P
BN

p
rior.

C
olu

m
n

-w
ise

sp
arsity

join
tly

regu
larizes

each

elem
en

t
of

th
e

colu
m

n
w

ith
a

sh
ared

varian
ce

term
:
λ
jh
∼
N
(

0,
1ζ
h
−

1 )
.

M
o
d

elin
g

ea
ch

elem
en

t
in

a
co

lu
m

n
u

sin
g

a
sh

ared
regu

larized
varian

ce
term

h
as

tw
o

p
ossib

le
b

eh
av

iors:
i)
ζ
h

in
E

q
u

ation
(8)

is
close

to
1

an
d

th
e

en
tire

colu
m

n
is

sh
ru

n
k

tow
ard

s
zero,

eff
ectively

rem
ov

in
g

th
is

factor;
ii)

ζ
h

is
close

to
zero,

an
d

all
elem

en
ts

of
th

e
colu

m
n

h
ave

a
sh

ared
G

a
u

ssian
d

istrib
u

tion
,

in
d

u
cin

g
on

ly
n

o
n
-zero

elem
en

ts
in

th
at

load
in

g.
W

e
call

in
clu

d
ed

factors
th

at
h

ave
on

ly
n

on
-zero

elem
en

ts
d
en

se
fa

cto
rs.

J
oin

tly
m

o
d

elin
g

sp
arse

an
d

d
en

se
factors

eff
ectiv

ely
com

b
in

es
low

-ran
k

cova
rian

ce
fac-

to
riza

tion
w

ith
in

terp
retab

ility
(Z

ou
et

al.,
2006;

P
ark

h
om

en
ko

et
a
l.,

2009).
T

h
e

d
en

se
fa

cto
rs

cap
tu

re
th

e
b

road
eff

ects
of

ob
servation

con
fou

n
d

ers,
m

o
d

el
a

low
-ran

k
ap

p
rox

i-
m

a
tion

of
th

e
covarian

ce
m

atrix
,

an
d

u
su

a
lly

accou
n
t

for
a

large
p

rop
ortio

n
of

va
ria

n
ce

ex
p

la
in

ed
(C

h
an

d
rasekaran

et
al.,

2011).
T

h
e

sp
arse

fa
ctors,

on
th

e
oth

er
h

an
d

,
cap

tu
re

th
e

sm
a
ll

grou
p

s
of

in
teractin

g
featu

res
in

a
(p

ossib
ly

)
h

igh
-d

im
en

sion
al

sp
a
rse

sp
ace,

an
d

u
su

ally
acco

u
n
t

fo
r

a
sm

all
p

rop
ortion

of
th

e
varian

ce
ex

p
lain

ed
.

W
e

in
tro

d
u

ce
in

d
icator

variab
les

z
h ,
h

=
1,...,k

,
to

in
d

icate
w

h
ich

m
ix

tu
re

com
p

on
en

t
ea

ch
θ
jh

is
gen

era
ted

from
in

E
q
u

ation
(10),

w
h

ere
z
h

=
1

m
ean

s
θ
jh
∼
G
a
(a
,δ
jh )

an
d

z
h

=
0

m
ean

s
θ
jh
∼
δ
φ
h (·).

T
h
u

s,
a

com
p

on
en

t
is

a
sp

arse
fa

ctor
w

h
en

z
h

=
1

an
d

eith
er

a
d

en
se

factor
or

elim
in

ated
w

h
en

z
h

=
0.

W
e

let
z

=
[z

1 ,...,z
k ]

an
d

p
u

t
a

B
ern

ou
lli

d
istrib

u
tion

w
ith

p
aram

eter
π

on
z
h .

W
e

fu
rth

er
let

π
h

ave
a

fl
a
t

b
eta

d
istrib

u
tion

B
e(1,1).

T
h

is
con

stru
ct

allow
s

u
s

to
q
u

an
tify

th
e

p
osterior

p
ro

b
ab

ility
th

at
each

factor
h

is
gen

erated
from

each
m

ix
tu

re
com

p
on

en
t

ty
p

e
v
ia
z
h .

4
.
B
a
y
e
sia

n
g
ro

u
p

fa
cto

r
a
n
a
ly
sis

w
ith

stru
ctu

re
d

sp
a
rsity

In
th

is
w

ork
,

w
e

u
se

glob
al-factor-lo

calT
P
B

p
riors

in
th

e
G

F
A

m
o
d

el
to

en
ab

le
b

oth
elem

en
t-w

ise
an

d
colu

m
n

-w
ise

sh
rin

kage.
S

p
ecifi

cally,
w

e
p

u
t

aT
P
B

p
rior

in
d

ep
en

d
en

tly
on

each
lo

ad
in

g
m

atrix
corresp

on
d

in
g

to
th

e
w
th

ob
servation

,
Λ

(w
).

L
et
Z

=
[z

(1
);...;z

(m
)]∈

R
m
×
k.

T
h

e
in
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lt
in

th
e

sa
m

e
d

a
ta

likelih
o
o
d

.
T

h
is

p
rob

lem
w

e
a
n

d
o
th

ers
h

ave
a
d

d
ressed

sa
tisfa

ctorily
b
y

u
sin

g
p

o
sterio

r
p

ro
b

a
b

ilities
a
s

o
p

tim
izatio

n
o
b

jectives
in

stead
o
f

likelih
o
o
d
s

an
d

b
y

in
clu

d
in

g
reg

u
larizin

g
p

rio
rs

o
n

th
e

fa
ctors

th
a
t

restrict
th

e
m

a
g
n

itu
d

e
o
f

th
e

co
n

stan
t.

W
e

m
a
ke

a
n

eff
o
rt

to
n

o
t

in
terp

ret
th

e
rela

tive
o
r

a
b

so
lu

te
sca

le
o
f

th
e

fa
cto

rs
o
r

lo
ad

in
g
s

in
clu

d
in

g
sign

b
eyon

d
settin

g
a

rea
son

ab
le

th
resh

old
fo

r
zero

.

F
in

ally,
fa

ctor
an

aly
sis

is
id

en
tifi

ab
le

u
p

to
la

bel
sw

itch
in

g,
o
r

sh
u

ffl
in

g
th

e
h

=
1
,...,k

in
d

ices
of

th
e

lo
a
d

in
gs

a
n

d
fa

cto
rs,

a
ssu

m
in

g
w

e
d

o
n

ot
ta

ke
th

e
low

er
tria

n
g
u

la
r

a
p
p

roa
ch

.
O

th
er

a
p

p
ro

ach
es

p
u

t
d

istrib
u

tion
s

o
n

th
e

loa
d

in
g

sp
a
rsity

o
r

p
rop

ortio
n

o
f

va
ria

n
ce

ex
-

p
lain

ed
in

ord
er

to
a
d

d
ress

th
is

p
rob

lem
(B

h
a
ttach

a
rya

a
n

d
D

u
n

so
n

,
2
0
11

).
W

e
d

o
n

ot
ex

-
p

licitly
o
rd

er
o
r

in
terp

ret
th

e
o
rd

er
o
f
th

e
fa

ctors,
so

w
e

d
o

n
o
t

a
d

d
ress

th
is

n
o
n

-id
en

tifi
a
b
ility

in
th

e
m

o
d

el.
L

a
b

el
sw

itch
in

g
is

h
a
n

d
led

h
ere

a
n

d
elsew

h
ere

b
y

a
p

o
st-p

ro
cessin

g
step

,
su

ch
a
s

o
rd

erin
g

fa
ctors

acco
rd

in
g

to
p

rop
o
rtion

o
f

varian
ce

ex
p
lain

ed
.

In
o
u

r
sim

u
la

tion
stu

d
ies,

w
e

in
terp

ret
resu

lts
w

ith
th

is
n

on
-id

en
tifi

a
b

ility
in

m
in

d
.

5
.2

S
p

a
rse

ro
ta

tio
n

s
v
ia

P
X

-E
M

A
n

o
th

er
gen

era
l

p
ro

b
lem

w
ith

laten
t

facto
r

m
o
d

els,
in

clu
d

in
g

B
A

S
S

,
is

th
e

co
n
verg

en
ce

to
lo

ca
l

o
p

tim
a

a
n

d
sen

sitiv
ity

to
p

a
ra

m
eter

in
itia

liza
tio

n
s.

O
n

ce
th

e
m

o
d

el
p

a
ra

m
eters

a
re

in
itialized

,
th

e
E

M
alg

o
rith

m
m

ay
b

e
stu

ck
in

lo
ca

lly
o
p

tim
a
l

b
u

t
g
lo

b
a
lly

su
b

o
p

tim
a
l

reg
io

n
s

w
ith

u
n

d
esirab

le
fa

cto
r

o
rien

ta
tion

s.
T

o
a
d

d
ress

th
is

p
ro

b
lem

,
w

e
ta

ke
a
d

va
n
ta

g
e

o
f

th
e

rotatio
n

a
l

in
va

ria
n

ce
of

th
e

factor
a
n

a
ly

sis
fra

m
ew

o
rk

.
P

aram
eter

ex
p

a
n

sio
n

(P
X

)
h

as
b

een
sh

ow
n

to
red

u
ce

th
e

in
itializatio

n
d

ep
en

d
en

ce
b
y

in
tro

d
u

cin
g

a
u

x
ilia

ry
va

ria
b

les
th

a
t

ro
ta

te
th

e
cu

rren
t

estim
a
te

of
th

e
lo

a
d

in
g

m
a
trix

to
b

est
resp

ect
th

e
p

rior
w

h
ile

keep
in

g
th

e
likelih

o
o
d

stab
le

(L
iu

et
al.,

19
9
8;

D
y
k

an
d

M
en

g
,

2
0
0
1).

W
e

ex
ten

d
ou

r
m

o
d

el
(E

q
u

a
tio

n
1
1)

u
sin

g
p

a
ra

m
eter

ex
p

an
sio

n
R

,
a

p
o
sitiv

e
d

efi
n

ite
k×

k
m

atrix
,

as

y
i

=
Λ
R
−

1
L
x
i
+
ε
i ,

x
i ∼
N
k (0

,R
),

ε
i ∼
N
k (0

,Σ
),

w
h

ere
R
L

is
th

e
low

er
tria

n
g
u

la
r

m
a
trix

o
f
th

e
C

h
o
lesk

y
d

eco
m

p
o
sitio

n
o
f
R

.
T

h
e

cova
ria

n
ce

o
f
y
i

is
in

varian
t

u
n

d
er

th
is

ex
p

a
n

sion
,

an
d

,
co

rresp
on

d
in

g
ly,

th
e

lik
elih

o
o
d

is
sta

b
le.

N
o
te

R
−

1
L

is
n

o
t

a
n

o
rth

o
go

n
a
l

m
a
trix

;
h

ow
ever,

b
eca

u
se

it
is

fu
ll

ra
n

k
,

it
can

b
e

tra
n

sfo
rm

ed
in

to
a
n

orth
og

o
n

a
l

m
atrix

tim
es

a
rota

tio
n

m
a
trix

v
ia

a
p

ola
r

d
eco

m
p

o
sitio

n
(R

o
ckov

á
a
n

d
G

eo
rg

e,
20

15
).

W
e

let
Λ
?

=
Λ
R
−

1
L

a
n

d
a
ssig

n
o
u
r

B
A

S
S
T
P
BN

p
rio

r
to

th
is

ro
ta

ted
lo

a
d

in
g

m
atrix

.

15
JM

L
R

 17(196):1-47

Z
h
a
o
,

G
a
o
,

M
u
k
h
e
r
je

e
,

E
n
g

e
l
h
a
r
d
t

W
e

let
Ξ
?

=
{Λ

?,Θ
,∆

,Φ
,T
,η
,γ
,π
,Σ
}
,

an
d

th
e

p
aram

eters
of

ou
r

ex
p

an
d

ed
m

o
d

el
a
re
{
Ξ
?∪

R
}
.

T
h

e
E

M
algorith

m
in

th
is

ex
p

an
d

ed
p

aram
eter

sp
ace

gen
erates

a
seq

u
en

ce
of

p
aram

eter
estim

ates{
Ξ
?

(1
) ∪
R

(1
) ,Ξ

?
(2

) ∪
R

(2
) ,...},

w
h

ich
corresp

on
d

s
to

a
seq

u
en

ce
of

p
a
ra

m
eter

estim
ates

in
th

e
origin

al
sp

ace
{Ξ

(1
) ,Ξ

(2
) ,...},

w
h

ere
Λ

is
recovered

v
ia

Λ
?R

L

(R
o
ckov

á
an

d
G

eorge,
2015).

W
e

in
itialize

R
(0

)
=
I
k .

T
h

e
ex

p
ected

com
p

lete
log

lik
elih

o
o
d

of
th

is
P

X
B

A
S

S
m

o
d

el
is

Q
(Ξ

?,R
|Ξ

(s) )
=

E
X
,Z
|Ξ

(s
) ,Y

,R
0

log (p
(Ξ

?,R
,X

,Z
|Y

) ).
(12)

In
ou

r
p

aram
eter-ex

p
an

d
ed

E
M

(P
X

-E
M

)
for

B
A

S
S

,
th

e
co

n
d

ition
al

d
istrib

u
tio

n
s

of
X

a
n

d
Z

still
factorize

in
th

e
ex

p
ectation

.
H

ow
ever,

th
e

d
istrib

u
tion

of
x
i

d
ep

en
d

s
on

ex
p

a
n

sio
n

p
aram

eter
R

.
T

h
e

fu
ll

join
t

d
istrib

u
tion

(E
q
u

ation
1
1)

h
a
s

a
sin

gle
ch

an
g
e

in
p
(X

),
w

ith
Λ
?

in
th

e
p

lace
of

Λ
.

In
th

e
M

-step
,

th
e
R

th
at

m
ax

im
izes

E
q
u

ation
(12)

is

R
(s)

=
a
rg

m
ax

R
Q

(Ξ
?,R
|Ξ

(s) )
=

arg
m

ax
R

(
con

st−
n2

log|R
|−

12
tr (R

−
1S

X
X ) )

,

w
h

ere
S
X
X

=
∑

ni=
1 〈x
·i x

T·i 〉.
T

h
e

solu
tion

is
R

(s)
=

1n
S
X
X

.
F

or
th

e
E

-step
,

Λ
is

fi
rst

calcu
lated

an
d

th
e

ex
p

ectation
is

tak
en

in
th

e
origin

al
sp

ace
(d

eta
ils

in
A

p
p

en
d

ix
C

).

N
ote

th
at

th
e

p
rop

osed
P

X
-E

M
for

th
e

B
A

S
S

m
o
d

el
keep

s
th

e
likelih

o
o
d

in
varian

t
b

u
t

d
o
es

n
o
t

keep
th

e
p

rior
in

varian
t

after
tran

sform
ation

o
f
Λ

.
T

h
is

is
d

iff
eren

t
from

th
e

earlier
P

X
-E

M
alg

orith
m

(L
iu

et
al.,

1998),
as

d
iscu

ssed
in

recen
t

w
ork

(R
o
ck

ov
á

an
d

G
eorg

e,
20

15).
B

ecau
se

th
e

resu
ltin

g
p

osterior
is

n
ot

in
varian

t,
w

e
ru

n
P

X
-E

M
on

ly
for

a
few

itera
tion

s
an

d
th

en
sw

itch
to

th
e

E
M

algorith
m

.
T

h
e

eff
ect

is
th

a
t

th
e

B
A

S
S

m
o
d

el
is

su
b

stan
tially

less
sen

sitiv
e

to
in

itialization
(see

sim
u

lation
resu

lts).
B

y
in

tro
d

u
cin

g
ex

p
an

sio
n

p
aram

eter
R

,
th

e
p

osterior
m

o
d

es
in

th
e

origin
al

sp
ace

are
in

tersected
w

ith
eq

u
a
l

likelih
o
o
d

cu
rves

in
d

ex
ed

b
y
R

in
ex

p
an

d
ed

sp
ace.

T
h

ose
cu

rv
es

facilitate
traversal

b
etw

een
p

osterior
m

o
d

es
in

th
e

origin
al

sp
ace

an
d

en
cou

rage
in

itial
p

aram
eter

estim
ates

w
ith

ap
p

rop
riate

sp
arse

stru
ctu

re
in

th
e

lo
ad

in
g

m
atrix

(R
o
ck

ov
á

an
d

G
eorge,

2015
).

5
.3

C
o
m

p
u

ta
tio

n
a
l

c
o
m

p
le

x
ity

T
h

e
co

m
p

u
ta

tion
al

com
p

lex
ity

of
th

e
b

lo
ck

G
ib

b
s

sam
p

ler
for

th
e

B
A

S
S

m
o
d

el
is

d
em

a
n

d
-

in
g
.

U
p

d
atin

g
each

load
in

g
row

req
u

ires
th

e
in

version
of

a
k
×
k

m
atrix

w
ith

O
(k

3)
com

-
p

lex
ity

an
d

th
en

calcu
latin

g
m

ean
s

w
ith

O
(k

2n
)

com
p

lex
ity.

T
h

e
com

p
lex

ity
of

u
p

d
atin

g
th

e
fu

ll
load

in
g

m
atrix

rep
eats

th
is

calcu
lation

p
tim

es.
O

th
er

u
p

d
ates

are
of

low
er

ord
er

relative
to

u
p

d
atin

g
th

e
load

in
g.

O
u

r
G

ib
b

s
sam

p
ler

h
as

O
(k

3p
+
k

2p
n

)
com

p
lex

ity
p

er
itera

tion
,

w
h

ich
m

akes
M

C
M

C
d

iffi
cu

lt
to

ap
p

ly
w

h
en

p
is

la
rge.

In
th

e
B

A
S

S
E

M
algorith

m
,

th
e

E
-step

h
as

com
p

lex
ity

O
(k

3)
for

a
m

atrix
in

version
,

com
p

lex
ity

O
(k

2p
+
k
p
n

)
for

calcu
latin

g
th

e
fi

rst
m

om
en

t,
an

d
com

p
lex

ity
O

(k
2n

)
for

cal-
cu

latin
g

th
e

secon
d

m
om

en
t.

C
alcu

lation
s

in
th

e
M

-step
are

a
ll

of
a

low
er

o
rd

er.
T

h
u

s,
th

e
E

M
a
lgo

rith
m

h
as

com
p

lex
ity

O
(k

3
+
k

2p
+
k

2n
+
k
p
n

)
p

er
itera

tion
.

O
u

r
P

X
-E

M
algorith

m
for

th
e

B
A

S
S

m
o
d

el
req

u
ires

an
a
d

d
ition

al
C

h
olesk

y
d

ecom
p

osi-
tio

n
w

ith
co

m
p

lex
ity

O
(k

3)
an

d
a

m
atrix

m
u

ltip
lication

w
ith

com
p

lex
ity

O
(k

2p
)

ab
ove

th
e

E
M

alg
o
rith

m
.

T
h

e
total

com
p

lex
ity

is
th

erefore
th

e
sam

e
as

th
e

origin
al

E
M

algorith
m

,
alth

o
u

gh
in

p
ractice

w
e

n
ote

th
at

th
e

con
stan

ts
h

ave
a

n
egative

im
p

act
o
n

th
e

ru
n

n
in

g
tim

e.
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B
a
y
e
si

a
n

g
r
o
u
p

fa
c
t
o
r

a
n
a
ly

si
s

w
it

h
st

r
u
c
t
u
r
e
d

sp
a
r
si

t
y

6
.
S
im

u
la
ti
o
n
s
a
n
d

co
m
p
a
ri
so

n
s

W
e

d
em

on
st

ra
te

th
e

p
er

fo
rm

an
ce

of
ou

r
m

o
d

el
on

si
m

u
la

te
d

d
at

a
in

th
re

e
se

tt
in

g
s:

p
a
ir

ed
ob

se
rv

at
io

n
s,

fo
u

r
ob

se
rv

at
io

n
s,

an
d

te
n

ob
se

rv
at

io
n

s.

6
.1

S
im

u
la

ti
o
n

s

W
e

d
es

cr
ib

e
th

e
d

et
ai

ls
of

th
e

th
re

e
ty

p
es

of
si

m
u

la
ti

on
s

h
er

e.

6
.1

.1
S
im

u
l
a
t
io

n
s

w
it

h
pa

ir
e
d

o
b
se

r
v
a
t
io

n
s

(C
C

A
)

W
e

si
m

u
la

te
d

tw
o

d
at

a
se

ts
w

it
h
p

1
=

10
0,
p

2
=

12
0

in
or

d
er

to
co

m
p
ar

e
re

su
lt

s
fr

o
m

o
u

r
m

et
h

o
d

to
re

su
lt

s
fr

om
st

at
e-

of
-t

h
e-

ar
t

C
C

A
m

et
h

o
d
s.

T
h

e
n
u

m
b

er
of

sa
m

p
le

s
in

th
es

e
si

m
u

la
ti

on
s

w
as
n

=
{2

0,
30
,4

0,
50
},

ch
os

en
to

b
e

sm
al

le
r

th
an

b
ot

h
p

1
a
n

d
p

2
to

re
fl

ec
t

th
e

la
rg

e
p
,

sm
al

l
n

re
gi

m
e

(W
es

t,
20

03
)

th
at

m
ot

iv
at

ed
ou

r
st

ru
ct

u
re

d
a
p

p
ro

a
ch

.
W

e
fi

rs
t

si
m

u
la

te
d

ob
se

rv
at

io
n

s
w

it
h

on
ly

sp
ar

se
la

te
n
t

fa
ct

or
s

(S
im

1
).

In
p
ar

ti
cu

la
r,

w
e

se
t

k
=

6,
w

h
er

e
tw

o
sp

ar
se

fa
ct

or
s

ar
e

sh
ar

ed
b
y

b
ot

h
ob

se
rv

at
io

n
s

(f
ac

to
rs

1
a
n

d
2
;

T
a
b
le

1)
,

tw
o

sp
ar

se
fa

ct
or

s
ar

e
sp

ec
ifi

c
to
y

(1
)

(f
ac

to
rs

3
an

d
4;

T
ab

le
1)

,
an

d
tw

o
sp

a
rs

e
fa

ct
or

s
ar

e
sp

ec
ifi

c
to
y

(2
)

(f
ac

to
rs

5
an

d
6;

T
ab

le
1)

.
T

h
e

el
em

en
ts

in
th

e
sp

ar
se

lo
a
d

in
g

m
a
tr

ix
w

er
e

ra
n

d
om

ly
ge

n
er

at
ed

fr
om

a
N

(0
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b
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=

0.
1

an
d
c

=
1
04

.
T

h
e

M
C

M
C

it
er

at
io

n
s

w
er

e
se

t
to

1
,0

00
w

it
h

20
0

it
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at
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p
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i
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e
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b
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h

e
‘c

on
ca

te
n

at
ed

’
o
p
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p
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b
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a
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p
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d
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b
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b
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b
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b
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at
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b
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b
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b
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−
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M
u
k
h
e
r
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e
,

E
n
g

e
l
h
a
r
d
t

T
h

e
d
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se
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a
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d
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S
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q
u
a
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d
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ro
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b
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d
b
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a
ll

ow
m

u
lt

ip
le

co
u
p
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b
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d
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b
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e
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d
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e
D

S
I

fo
r

th
e

re
co

v
er

ed
d

en
se

co
m

p
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h
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T
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d
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d
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d
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i
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d
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p
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=
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( Λ
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( Λ
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(−
w

) )T
+
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d
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p
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d
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c
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e
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a
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p
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p
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R
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p
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ic

p
ro

g
ra

m
m

in
g

p
ro

b
le

m
.

In
th

is
se

ct
io

n
,

w
e

se
ek

to
d

er
iv

e
a
cc

u
ra

te
es

ti
m

a
te

s
o
f

th
e

va
lu

e
o
f

th
is

d
y
n

am
ic

p
ro

g
ra

m
in

th
e

li
m

it
w

h
en

a
n

a
d

h
a
s

a
lr

ea
d

y
b

ee
n

sh
ow

n
a

la
rg

e
n
u

m
b

er
o
f

ti
m

es
.

T
h

e
m

ai
n

p
u

rp
os

e
o
f

th
is

se
ct

io
n

is
to

il
lu

st
ra

te
th

a
t

th
e

va
lu

e
o
f

le
ar

n
in

g
te

rm
g
iv

en
in

th
e

p
re

v
io

u
s

se
ct

io
n

w
il

l
va

ry
w

it
h

1 k
2

fo
r

la
rg

e
k
.

W
e

p
ro

ve
th

is
b
y

fi
rs

t
sh

ow
in

g
th

at
th

e
ex

p
ec

te
d

effi
ci

en
cy

lo
ss

a
ri

si
n

g
d
u

e
to

th
e

u
n

ce
rt

ai
n
ty

in
th

e
eC

P
M

of
th

e
ad

va
ri

es
w

it
h

1 k
fo

r
la

rg
e
k
,

an
d

th
en

u
se

th
is

to
sh

ow
th

a
t

th
e

va
lu

e
of

le
ar

n
in

g
te

rm
va

ri
es

w
it

h
1 k
−

1
k
+

1
,

w
h

ic
h

va
ri

es
w

it
h

1 k
2

fo
r

la
rg

e
k
.

W
h

en
an

ad
h

a
s

a
lr

ea
d

y
b

ee
n

sh
ow

n
a

la
rg

e
n
u

m
b

er
of

ti
m

es
,

th
e

va
lu

e
o
f
σ
k

th
a
t

is
es

ti
m

at
ed

fo
r

th
e

a
d

is
li

ke
ly

to
b

e
ve

ry
sm

al
l.

F
o
r

sm
al

l
va

lu
es

o
f
σ
k
,

w
e

ca
n

u
se

a
T

ay
lo

r
ex

p
an

si
on

to
ap

p
ro

x
im

at
e

th
e

va
lu

e
o
f

th
e

ab
ov

e
d

y
n

a
m

ic
p

ro
g
ra

m
m

in
g

p
ro

b
le

m
.

In
p

ar
ti

cu
la

r,
w

e
o
b

ta
in

th
e

fo
ll

ow
in

g
re

su
lt
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M
a
c
h
in

e
L

e
a
r
n
in

g
in

a
n

A
u
c
t
io

n
E

n
v
ir

o
n
m

e
n
t

L
e
m

m
a

4
E
ε [ ∫

zx
+
σ
k
ε
F

(z
)−

F
(y

)
d
y
]

=
∫
zx
F

(z
)−

F
(y

)
d
y

+
12 σ

2k f
( x

)
+
a
(x

)σ
4k

+
o(σ

4k )
fo

r
so

m
e

co
n

sta
n

t
a
( x

)
fo

r
la

rge
k

.

U
sin

g
th

e
resu

lts
fro

m
th

e
p

rev
io

u
s

lem
m

a
,

o
n

e
ca

n
im

m
ed

iately
illu

stra
te

th
at
V
k

m
u

st
b

e
o
n

th
e

o
rd

er
o
f

1k
fo

r
la

rge
valu

es
o
f
k
.

T
h

e
o
re

m
5
V
k (x

)
=

Θ
(

1k
)

fo
r

la
rge

k
.

T
o

u
n

d
ersta

n
d

th
e

in
tu

ition
b

eh
in

d
th

is
resu

lt,
n
o
te

th
at

th
e

av
era

g
e

erro
r

in
th

e
estim

a
te

o
f

th
e

eC
P

M
o
f

th
e

a
d

is
p

ro
p

ortion
a
l

to
th

e
sta

n
d

a
rd

erro
r

o
f

th
is

estim
a
te,

σ
k ,

w
h
ich

varies
w

ith
1√k

,
so

th
e

p
rob

ab
ility

th
at

th
e

au
ction

eer
w

ill
d

isp
lay

th
e

w
ro

n
g

a
d

a
s

a
resu

lt

o
f

m
isestim

a
tin

g
th

e
eC

P
M

of
th

e
a
d

va
ries

w
ith

1√k
.

A
t

th
e

sa
m

e
tim

e,
co

n
d

itio
n

a
l

o
n

d
isp

lay
in

g
th

e
w

ro
n

g
a
d

as
a

resu
lt

of
m

isestim
atin

g
th

e
eC

P
M

o
f

th
e

a
d

,
th

e
avera

g
e

effi
cien

cy
loss

th
a
t

on
e

su
ff

ers
varies

w
ith

1√k
.

T
h
u

s
th

e
ex

p
ected

effi
cien

cy
lo

ss
th

a
t

th
e

a
u

ctio
n

eer
in

cu
rs

va
ries

w
ith

1k
,

w
h

ich
in

tu
rn

im
p

lies
th

e
resu

lt
in

T
h

eo
rem

5
.

T
h

eorem
5

su
gg

ests
th

a
t

w
e

m
ay

b
e

a
b

le
to

w
rite

V
k (x

)
=
−
v
( x

)
k

+
o(

1k
)

fo
r

la
rge

k
,

w
h

ere
v

is
a

fu
n

ctio
n

th
a
t

d
ep

en
d
s

o
n

ly
o
n
x

.
T

o
p

rove
th

at
V
k (x

)
ca

n
b

e
ex

p
ressed

th
is

w
ay,

it
is

n
ecessa

ry
to

sh
ow

th
at
k
V
k (x

)
in

d
eed

co
n
v
erges

to
a

fu
n

ctio
n

o
f
x

in
th

e
lim

it
as

k
→
∞

.
T

h
is

is
d

o
n

e
in

th
e

follow
in

g
th

eo
rem

:

T
h

e
o
re

m
6
k
V
k (x

)
co

n
verges

to
a

fu
n

ctio
n

o
f
x

in
th

e
lim

it
a
s
k
→
∞

.
F

u
rth

erm
o
re,

it
m

u
st

be
th

e
ca

se
th

a
t
k
V
k (x

)
=
−

1
2
(1−

δ
) s

2(x
)f

(x
)

+
O

(
1k
)

fo
r

la
rge

k
.

F
ro

m
T

h
eorem

6
,

it
fo

llow
s

th
at

w
e

ca
n

ex
p

ress
V
k (x

)
b
y
V
k (x

)
=
−
v
(x

)
k

+
O

(
1k
2 )

for
la

rge
k
,

w
h

ere
v

is
a

fu
n

ctio
n

th
a
t

satisfi
es
v
( x

)
=

1
2
(1−

δ
) s

2(x
)f

(x
).

In
o
rd

er
to

co
m

p
lete

o
u

r
a
p

p
rox

im
a
tio

n
o
f

th
e

solu
tio

n
th

e
d

y
n

a
m

ic
p

ro
g
ra

m
m

in
g

p
ro

b
lem

for
larg

e
k
,

it
is

a
lso

n
ecessary

to
b

ou
n

d
th

e
ex

p
ressio

n
E
x
′[V

k
+

1 ( x
′)]−

V
k (x

)
th

a
t

a
p
p

ea
rs

in
th

e
d

y
n

am
ic

p
ro

gra
m

m
in

g
p

ro
b

lem
.

T
h

is
is

d
o
n

e
in

th
e

follow
in

g
th

eo
rem

:

T
h

e
o
re

m
7
E
x
′[V

k
+

1 (x
′)]−

V
k (x

)
=

v
(x

)
k
(k

+
1
)

+
o (

1k
2 )

fo
r

la
rge

k
.

T
h

e
in

tu
ition

b
eh

in
d

th
is

resu
lt

is
th

a
t

sin
ce

th
e

effi
cien

cy
loss

th
a
t

th
e

a
u

ctio
n

eer
in

cu
rs

d
u
e

to
u

n
certain

ty
in

th
e

eC
P

M
o
f

a
n

a
d

va
ries

w
ith

1k
,

th
e

va
lu

e
o
f

lea
rn

in
g

w
ill

b
e

p
ro

p
o
rtio

n
a
l

to
th

e
red

u
ction

in
th

e
fu

tu
re

effi
cien

cy
lo

ss
th

a
t

th
e

a
u

ctio
n

eer
su

ff
ers

as
a

resu
lt

of
lea

rn
in

g
m

o
re

ab
o
u

t
th

e
eC

P
M

o
f

th
e

a
d

,
m

ean
in

g
th

e
va

lu
e

o
f

lea
rn

in
g

w
ill

va
ry

w
ith

1k
−

1
k
+

1 ,
w

h
ich

va
ries

w
ith

1k
2 .

T
h
e

fa
ct

th
a
t
E
x
′[V

k
+

1 (x
′)]−

V
k (x

)
va

ries
w

ith
1k
2

in
d

ica
tes

th
at

th
e

in
crem

en
ta

l
in

crea
se

in
a
n

a
d

vertiser’s
b

id
a
lso

varies
w

ith
1k
2

in
th

e
lim

it
w

h
en

k
is

la
rg

e.
T

h
is

in
tu

rn
im

p
lies

th
a
t

th
e

in
crem

en
tal

in
crea

se
in

a
n

a
d

v
ertiser’s

p
ro

b
a
b

ility
o
f

w
in

n
in

g
th

e
a
u

ctio
n

w
ill

a
lso

vary
w

ith
1k
2

fo
r

larg
e
k
.

T
h

e
resu

lt
in

T
h

eo
rem

7
su

g
gests

th
a
t

th
e

o
p

tim
a
l
m

eth
o
d

fo
r

a
d

d
in

g
a
ctiv

e
ex

p
lo

ra
tio

n
w

ill
on

ly
ra

rely
h

ave
a
n

eff
ect

o
n

w
h

ich
a
d

w
in

s
th

e
a
u

ctio
n

,
a
s

th
e

p
ro

b
a
b
ility

th
a
t

th
is

active
ex

p
lo

ra
tion

ch
a
n

g
es

w
h

ich
ad

is
sh

ow
n

va
ries

w
ith

1k
2

fo
r

la
rge

k
.

T
h

is
resu

lt
ab

ou
t

th
e

va
lu

e
o
f

learn
in

g
vary

in
g

w
ith

1k
2

for
la

rge
k

sta
n

d
s

in
m

a
rked

co
n
tra

st
to

alg
o
rith

m
s

th
a
t

h
ave

b
een

p
ro

p
o
sed

fo
r

a
ctive

ex
p

lo
ra

tio
n

in
sta

n
d

a
rd

m
u

lti-a
rm

ed
b

an
d

it
p

ro
b

lem
s

w
ith

n
o

d
isco

u
n
tin

g
o
f

p
ayo

ff
s

a
n

d
n

o
ran

d
om

va
ria

tion
in

th
e

co
m

p
etitio

n
th

at
a
n

a
rm

fa
ces
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H
u
m

m
e
l

a
n
d

M
c
A

f
e
e

in
a

g
iv

en
p

erio
d

(A
u

er
et

al.,
2002).

In
th

ese
ty

p
es

of
algorith

m
s,

th
e

valu
e

of
learn

in
g

ten
d

s
to

vary
w

ith
1√k

,
w

h
ich

m
ean

s
th

e
valu

e
of

learn
in

g
is

an
ord

er
of

m
ag

n
itu

d
e

sm
aller

in
ou

r
settin

g
th

an
in

stan
d

ard
m

u
lti-arm

ed
b

an
d

it
p

rob
lem

s.
U

ltim
ately

w
e

seek
to

u
se

th
ese

in
sigh

ts
to

d
erive

resu
lts

ab
ou

t
th

e
ch

an
ge

in
p

ayoff
th

at
w

ou
ld

resu
lt

from
in

corp
oratin

g
activ

e
learn

in
g

in
th

is
settin

g.
B

efore
d

oin
g

th
is,

w
e

fi
rst

illu
strate

h
ow

th
e

con
clu

sion
s

of
th

is
section

ab
o
u

t
th

e
valu

e
of

th
e

d
y
n

am
ic

p
rog

ram
m

in
g

p
rob

lem
an

d
th

e
op

tim
al

b
id

d
in

g
strategy

ex
ten

d
to

a
variety

of
m

o
re

com
p

licated
scen

arios
in

clu
d

in
g

settin
gs

w
h

ere
th

ere
are

m
u

ltip
le

d
iff

eren
t

ad
s

w
ith

u
n

certain
eC

P
M

s
w

h
ose

tru
e

eC
P

M
s

m
ay

b
e

correlated
an

d
w

e
also

illu
strate

a
n

atu
ral

corresp
on

d
en

ce
b

etw
een

th
e

op
tim

al
solu

tion
to

th
e

fu
ll

d
y
n

am
ic

p
rogram

m
in

g
p

rob
lem

a
n

d
a

sim
p

le
on

e-step
lo

ok
-

ah
ead

strategy.
F

irst
w

e
tack

le
th

e
p

rob
lem

of
com

p
u
tin

g
th

e
valu

e
o
f

th
e

d
y
n

am
ic

p
rogram

w
h

en
a
n

a
d

w
ith

an
u

n
certain

eC
P

M
h

as
on

ly
received

a
sm

all
n
u

m
b

er
of

im
p

ressio
n

s.

6
.
V
a
lu
e
o
f
D
y
n
a
m
ic

P
ro

g
ra

m
fo
r
S
m
a
ll

N
u
m
b
e
rs

o
f
Im

p
re
ssio

n
s

T
o

ca
lcu

late
th

e
valu

e
of
V
k (x

)
for

sm
all

valu
es

of
k
,

w
e

ap
p

ly
b

ack
w

ard
s

in
d

u
ction

.
A

t
som

e
la

rge
valu

e
of
k
,

it
w

ill
n

ecessarily
b

e
th

e
case

th
at

th
e

in
crem

en
tal

valu
e

of
ad

d
ition

al
ex

p
lora

tion
is

so
sm

all
th

at
th

e
ad

vertiser
sim

p
ly

b
id

s
z

=
x

b
ecau

se
th

e
sm

allest
p

ossib
le

in
crem

en
t

th
e

a
d

vertiser
w

ou
ld

b
e

allow
ed

to
ad

ju
st

its
b

id
ex

ceed
s

th
e

tin
y

in
crem

en
tal

va
lu

e
o
f

ad
d

ition
al

ex
p

loration
.

T
h
u

s
if
K

d
en

otes
th

e
earliest

sta
ge

at
w

h
ich

an
ad

vertiser
alw

ay
s

sets
z

=
x

,
th

en
for

all
k
≥
K

,
it

is
n

ecessarily
th

e
ca

se
th

at
th

e
valu

e
of

learn
in

g
is

zero,
an

d
V
k (x

)
=

1
1−
δ (
E
ε [−

∫
xx
+
σ
k
ε
F

(x
)−

F
(y

)
d
y ])
≈

0.

F
or

valu
es

of
k
<
K

,
w

e
h

ave

(1−
δ)V

k (x
)

=
E
ε [−

∫
z
k

x
+
σ
k
ε
F

(z
k )−

F
(y

)
d
y ]

+
δF

(z
k )(E

x
′[V

k
+

1 (x
′)]−

V
k (x

))

o
r

V
k ( x

)
=
E
ε [−

∫
z
k

x
+
σ
k
ε
F

(z
k )−

F
(y

)
d
y ]

+
δF

(z
k )E

x
′[V

k
+

1 ( x
′)]

1−
δ

+
δF

(z
k )

.

T
h
u

s
b
y

em
p

irically
m

easu
rin

g
th

e
valu

es
of
σ
k

an
d
F

(·),
w

e
can

ap
p

ly
b

ack
w

ard
in

-
d

u
ctio

n
to

a
p

p
rox

im
ate

V
k (x

)
for

sm
all

valu
es

of
k
.

W
e

n
ow

ad
d

ress
th

e
q
u

estio
n

of
w

h
at

th
ese

valu
es

o
f
V
k (x

)
w

ill
b

e
ap

p
rox

im
ately

eq
u

al
to

for
a
n

im
p

orta
n
t

class
of

ad
vertisers.

M
a
n
y

ad
s

th
at

h
ave

on
ly

received
a

sm
all

n
u

m
b

er
of

im
p

ression
s

are
ad

s
th

at
ty

p
ically

fail
to

w
in

a
u

ctio
n

s
b

ecau
se

th
e

m
ach

in
e

learn
in

g
sy

stem
is

p
essim

istic
ab

ou
t

th
e

a
d

’s
tru

e
eC

P
M

.
T

h
e

estim
ated

eC
P

M
s

for
th

ese
ad

s
m

ay
b

e
several

ord
ers

of
m

agn
itu

d
e

sm
aller

th
a
n

th
e

ty
p

ica
l

eC
P

M
s

of
th

e
ad

s
th

at
h

ave
b

een
sh

ow
n

m
an

y
tim

es.
In

th
ese

cases,
ev

en
if

th
e

p
ercen

tage
u

n
certain

ty
in

th
e

eC
P

M
s

of
th

ese
ad

s
is

q
u

ite
h

ig
h

,
th

e
ab

solu
te

am
o
u

n
t

of
u

n
certain

ty
in

th
e

eC
P

M
s

of
th

ese
ad

s
w

ill
b

e
sm

all
com

p
ared

to
th

e
ty
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d
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d
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p
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b
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p
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ra
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p
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p
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p
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b
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b
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d
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b
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d
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d
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+
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d
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d
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n
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e

au
ct

io
n

ee
r

is
n

ot
ab

le
to

m
ak

e
u

se
of

in
fo

rm
at

io
n

th
at

h
e

le
ar

n
s,

w
e

d
efi

n
e

th
is

ex
p

ec
te

d
va

lu
e

of
al

l
fu

tu
re

le
ar

n
in

g
te

rm
to

b
e

th
e

d
iff

er
en

ce
b

et
w

ee
n
V
k
(x

)
a
n

d
U
k
(x

).
W

it
h

th
is

d
efi

n
it

io
n

in
m

in
d

,
w

e
ob

ta
in

th
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h
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h
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p
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h
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ch

n
ic

al
co

n
d

it
io

n
th

at
th

e
ex

p
ec

te
d

va
lu

e
of

al
l

fu
tu

re
le

ar
n

in
g

is
lo

w
er

if
an

ad
h

as
b

ee
n

sh
ow

n
k

+
1

ti
m

es
th

an
if

th
e

ad
h

as
b

ee
n

sh
ow

n
k

ti
m

es
,

b
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at
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d
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b
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+
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d
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+
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=
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+
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h
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a
l-

li
fe

a
u

ct
io

n
s

th
er

e
m

ay
b

e
m

u
lt

ip
le

ad
ve

rt
is

er
s

w
it

h
u

n
k
n

ow
n

eC
P

M
s.

In
th

es
e

ca
se

s,
a
n

a
u
ct

io
n

ee
r

m
u

st
d

ec
id

e
b

o
th

w
h

ic
h

a
d

ve
rt

is
er

w
it

h
u

n
k
n

ow
n

eC
P

M
w

il
l

h
av

e
th

e
h
ig

h
es

t
b

id
a
s

w
el

l
as

w
h

a
t

b
id

to
su

b
m

it
fo

r
th

is
a
d

ve
rt

is
er

.

In
th

is
se

tt
in

g,
it

is
n

o
t

cl
ea

r
w

h
et

h
er

th
e

d
ec

is
io

n
m

ak
er

’s
op

ti
m

al
st

ra
te

g
y

ca
n

si
m

p
ly

b
e

re
p

re
se

n
te

d
b
y

su
b

m
it

ti
n

g
a

b
id

fo
r

ea
ch

a
d

v
er

ti
se

r
th

a
t

is
eq

u
al

to
th

e
su

m
of

th
e

b
es

t
es

ti
m

at
e

of
th

e
ad

ve
rt

is
er

’s
eC

P
M

a
s

w
el

l
a
s

a
va

lu
e

o
f

le
a
rn

in
g

te
rm

.
It

m
ay

b
e

th
e

ca
se

th
a
t

th
e

op
ti

m
al

b
id

fo
r

a
d

ve
rt

is
er
i

if
ad

ve
rt

is
er
i

su
b

m
it

s
th

e
h

ig
h

es
t

b
id

of
th

e
a
d

ve
rt

is
er

s
w

it
h

u
n

k
n

ow
n

eC
P

M
s

is
h

ig
h

er
th

an
th

e
o
p
ti

m
a
l
b

id
fo

r
so

m
e

o
th

er
a
d

ve
rt

is
er
j

if
ad

ve
rt

is
er

j
su

b
m

it
s

th
e

h
ig

h
es

t
b

id
of

th
e

ad
ve

rt
is

er
s

w
it

h
u

n
k
n

ow
n

eC
P

M
s,

ev
en

th
o
u

g
h

th
e

d
ec

is
io

n
m

ak
er

w
o
u

ld
p

re
fe

r
to

su
b

m
it

a
h

ig
h

er
b

id
fo

r
a
d

ve
rt

is
er
j

th
an

fo
r

a
d

ve
rt

is
er
i.

W
e

ad
d

re
ss

w
h

et
h

er
th

is
p

o
ss

ib
il

it
y

ca
n

a
ri

se
in

th
is

se
ct

io
n

.

T
o

ad
d

re
ss

th
is

q
u

es
ti

o
n

,
su

p
p

o
se

th
at

in
ea

ch
au

ct
io

n
,

th
er

e
a
re
n

ad
s

w
it

h
u

n
k
n

ow
n

eC
P

M
s.

T
h

e
a
ct

u
al

eC
P

M
s

o
f

th
es

e
a
d

s
a
re
x

1
,.
..
,x

n
,

an
d

w
e

le
t
z 1
,.
..
,z
n

d
en

ot
e

th
e

b
id

s
p

la
ce

d
b
y

th
es

e
ad

ve
rt

is
er

s
in

th
e

au
ct

io
n

.
A

ls
o

le
t
i

d
en

o
te

th
e

a
d

ve
rt

is
er

w
h

o
su

b
m

it
s

th
e

h
ig

h
es

t
eC

P
M

b
id

am
on

gs
t

th
es

e
n

b
id

d
er

s
a
n

d
le

t
j

d
en

o
te

th
e

ad
ve

rt
is

er
w

h
o

ac
tu

al
ly

h
a
s

th
e

h
ig

h
es

t
eC

P
M

am
o
n

g
st

th
es

e
a
d

ve
rt

is
er

s.
In

ea
ch

a
u

ct
io

n
,

th
es

e
a
d

ve
rt

is
er

s
w

it
h

u
n

k
n

ow
n

eC
P

M
s

co
m

p
et

e
a
ga

in
st

o
th

er
a
d

ve
rt

is
er

s
a
n

d
th

e
h

ig
h

es
t

su
ch

co
m

p
et

in
g

eC
P

M
is

d
ra

w
n

fr
om

a
cu

m
u

la
ti

ve
d

is
tr

ib
u

ti
o
n

fu
n

ct
io

n
F

(·)
w

it
h

co
rr

es
p

o
n

d
in

g
d

en
si

ty
f

(·)
.

N
o
te

th
at

in
th

is
ca

se
,

th
e

u
ti

li
ty

th
a
t

th
e

d
ec

is
io

n
m

a
ke

r
o
b

ta
in

s
in

a
g
iv

en
p

er
io

d
fr

om
h

av
in

g
ad

ve
rt

is
er
i

su
b

m
it

a
b

id
o
f
z i

th
a
t

is
th

e
h

ig
h

es
t

eC
P

M
b

id
am

o
n

g
st

th
es

e
n

b
id

d
er

s
is
u

=
z i

(1
−
F

(z
i)

)
+
∫ ∞ z i

(1
−
F

(y
))
d
y

+
x
iF

(z
i)

.
A

t
th

e
sa

m
e

ti
m

e,
th

is
d

ec
is

io
n

m
a
k
er

w
o
u

ld
ob

ta
in

a
u

ti
li

ty
o
f
u

=
x
j
(1
−
F

(x
j
))

+
∫ ∞ x

j
(1
−
F

(y
))
d
y

+
x
j
F

(x
j
)

in
a

g
iv

en
p

er
io

d

fr
om

m
a
k
in

g
th

e
op

ti
m

a
l

d
ec

is
io

n
in

a
gi

ve
n

p
er

io
d

.
T

h
u

s
th

e
lo

ss
th

a
t

th
is

d
ec

is
io

n
m

a
ke

r
ob

ta
in

s
in

a
gi

ve
n

p
er

io
d

as
a

re
su

lt
o
f

h
av

in
g

ad
v
er

ti
se

r
i

su
b

m
it

a
b

id
o
f
z i

th
at

is
th

e
h

ig
h

es
t

eC
P

M
b

id
am

o
n

g
st

th
es

e
n

b
id

d
er

s
is

th
e

d
iff

er
en

ce
b

et
w

ee
n

th
es

e
tw

o
u

ti
li

ti
es

or
L

=
x
j
−
z i

+
(z
i
−
x
i)
F

(z
i)

+
∫ z

i

x
j
(1
−
F

(y
))
d
y

=
∫ z

i

x
i
F

(z
i)
d
y
−
∫ z

i

x
j
F

(y
)
d
y
.

N
ow

le
t
k
i

d
en

ot
e

th
e

n
u

m
b

er
o
f

im
p

re
ss

io
n

s
th

at
ad

ve
rt

is
er
i

h
as

re
ce

iv
ed

so
fa

r,
le

t
~ k
≡

(k
1
,.
..
,k
n
)

d
en

ot
e

a
ve

ct
or

th
a
t

gi
ve

s
th

e
n
u

m
b

er
of

ti
m

es
ea

ch
o
f

th
es

e
a
d

s
h

a
s

b
ee

n
sh

ow
n

,
le

t
x
i

d
en

o
te

o
u
r

b
es

t
es

ti
m

a
te

o
f

th
e

ex
p

ec
te

d
va

lu
e

of
th

e
eC

P
M

o
f

ad
ve

rt
is

er
i,
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M
a
c
h
in

e
L

e
a
r
n
in

g
in

a
n

A
u
c
t
io

n
E

n
v
ir

o
n
m

e
n
t

a
n

d
let

x
≡

(x
1 ,...,x

n
)

d
en

o
te

a
vecto

r
of

th
ese

b
est

estim
a
tes.

A
lso

let
V
~k (x

)
d

en
o
te

th
e

valu
e

o
f

th
e

d
y
n

am
ic

p
ro

gra
m

as
a

fu
n
ction

o
f

th
ese

q
u

a
n
tities.

B
y

sim
ila

r
rea

son
in

g
to

th
at

in
th

e
p

ro
of

o
f

L
em

m
a

2
,

it
fo

llow
s

th
a
t

if
i

d
en

o
tes

th
e

a
d

vertiser
w

h
o

su
b

m
its

th
e

h
igh

est
eC

P
M

b
id

am
o
n

g
st

th
e
n

b
id

d
ers

w
ith

u
n

k
n

ow
n

eC
P

M
s,

~k ′(i)≡
(k ′1 ,...,k ′n )

is
th

e
vecto

r
w

h
ere

k ′j
=
k
j

fo
r

a
ll
j6=

i
a
n

d
k ′i

=
k
i +

1
,
a
n

d
x
′(i)

d
en

o
tes

th
e

u
n

certain
realizatio

n
o
f
x

if
ad

vertiser
i

receives
a
n

ad
d

itio
n

a
l

im
p

ressio
n

,
th

en
V
~k (x

)
eq

u
als

1

1−
δ (

m
ax
z
i

E
x
i ,x

j [∫
z
i

x
j

F
(y

)
d
y−

∫
z
i

x
i

F
(z
i )
d
y

+
δF

(z
i )(E

x
′(i) [V

~k ′(i) (x
′(i))]−

V
~k (x

)) ])
,

w
h

ere
th

e
d

iff
eren

ce
in

th
e

valu
es

o
f

th
e

d
y
n

am
ic

p
ro

g
ra

m
s

is
d

u
e

to
th

e
fa

ct
th

a
t

th
e

loss
in

a
g
iven

p
erio

d
is

n
ow
∫
z
i

x
i
F

(z
i )
d
y−

∫
z
i

x
j
F

(y
)
d
y
.

S
im

ila
rly,

th
e

o
p

tim
a
l

b
id

fo
r

a
d

v
ertiser

i

if
a
d

vertiser
i

su
b

m
its

th
e

h
igh

est
eC

P
M

b
id

a
m

o
n

g
st

th
e
n

b
id

d
ers

w
ith

u
n

k
n

ow
n

eC
P

M
s

still
satisfi

es
z
i

=
x
i

+
δ(E

x
′(i) [V

~k ′(i) (x
′(i))]−

V
~k (x

)).
W

e
u

se
th

ese
in

sigh
ts

to
p

rove
th

e

follow
in

g:

T
h

e
o
re

m
1
6

S
u

p
po

se
th

e
o
p
tim

a
l

bid
fo

r
a
d
vertiser

i
if

a
d
vertiser

i
su

bm
its

th
e

h
igh

est
bid

o
f

th
e

a
d
vertisers

w
ith

u
n

kn
o
w

n
eC

P
M

s
is

h
igh

er
th

a
n

th
e

o
p
tim

a
l

bid
fo

r
a
ll

o
th

er
a
d
vertisers

w
ith

u
n

kn
o
w

n
eC

P
M

s
if

o
n

e
o
f

th
ese

o
th

er
a
d
vertisers

su
bm

its
th

e
h
igh

est
bid

o
f

th
e

a
d
vertisers

w
ith

u
n

kn
o
w

n
eC

P
M

s.
T

h
en

it
is

a
lso

o
p
tim

a
l

fo
r

a
d
vertiser

i
to

h
a
ve

th
e

h
igh

est
bid

o
f

a
ll

th
e

a
d
vertisers

w
ith

u
n

kn
o
w

n
eC

P
M

s.

T
h

eo
rem

16
g
u

a
ra

n
tees

th
a
t

if
th

ere
a
re

m
u

ltip
le

a
d

s
w

ith
u
n

k
n

ow
n

eC
P

M
s,

th
en

o
n

e
can

sim
p

ly
com

p
u

te
th

e
op

tim
a
l

b
id

s
fo

r
ea

ch
o
f

th
ese

a
d

s
in

th
e

ca
se

w
h
ere

th
e

a
d

in
q
u

estio
n

w
a
s

g
u

a
ra

n
teed

to
h

ave
a

h
ig

h
er

b
id

th
a
n

th
e

o
th

er
a
d

s
w

ith
u

n
k
n

ow
n

eC
P

M
s.

T
h

e
ad

th
a
t

h
a
s

th
e

h
igh

est
su

ch
o
p

tim
a
l

b
id

w
ill

th
en

b
e

g
u

a
ra

n
teed

to
b

e
th

e
a
d

for
w

h
ich

th
e

m
ech

a
n

ism
d

esig
n

er
w

o
u
ld

w
a
n
t

to
su

b
m

it
th

e
h

ig
h

est
su

ch
b

id
.

T
h
u

s
even

w
h

en
th

ere
a
re

m
u

ltip
le

ad
s

in
th

e
sa

m
e

a
u

ctio
n

w
ith

u
n

k
n

ow
n

eC
P

M
s,

o
n

e
ca

n
co

n
tin

u
e

to
m

a
ke

op
tim

a
l

d
ecisio

n
s

b
y

co
m

p
u

tin
g

b
id

s
fo

r
th

e
a
d

vertisers
eq

u
al

to
th

eir
estim

ated
eC

P
M

s
p

lu
s

a
va

lu
e

of
lea

rn
in

g
term

for
th

e
a
d

a
n

d
th

en
ran

k
th

e
a
d

vertisers
o
n

th
is

b
a
sis.

1
0
.
P
e
rfo

rm
a
n
ce

G
u
a
ra

n
te
e
s

W
e

n
ow

retu
rn

to
th

e
b

a
selin

e
settin

g
in

S
ectio

n
2
.

T
h

e
resu

lts
in

th
e

p
rev

iou
s

sectio
n
s

su
g
g
est

a
p

o
ssib

le
a
lg

orith
m

th
a
t

w
ill

ap
p

rox
im

ate
th

e
o
p

tim
al

b
id

d
in

g
stra

teg
ies

fo
r

an
au

ction
eer

w
h

o
seek

s
to

m
ax

im
ize

lo
n

g
-ru

n
effi

cien
cy.

T
h

is
a
lg

o
rith

m
w

o
u

ld
com

p
u

te
th

e
ex

p
ected

eC
P

M
for

an
ad

vertiser
w

ith
u

n
k
n

ow
n

eC
P

M
,
x

,
th

e
d

en
sity

fo
r

th
e

d
istrib

u
tio

n
o
f

co
m

p
etin

g
eC

P
M

b
id

s
a
t

th
is

va
lu

e
o
f
x

,
f

(x
),

th
e

va
ria

n
ce

s
2(x

)
in

th
e

eC
P

M
for

a
n

a
d

w
ith

estim
ated

eC
P

M
x

th
a
t

h
a
s

o
n

ly
received

o
n

e
im

p
ressio

n
,

a
n

d
th

e
n
u

m
b

er
of

im
p

ressio
n

s
k

th
a
t

th
e

ad
h
as

received
.

O
n

e
th

en
d

ecid
es

w
h

ich
a
d

to
sh

ow
b
y

com
p

u
tin

g
a

sco
re

eq
u
a
l

to
x

+
δ

2
(1−

δ
)k

(k
+

1
) s

2( x
)f

(x
)

fo
r

ea
ch

ad
,

w
h

ere
δ

is
th

e
au

ction
eer’s

d
iscou

n
t

fa
cto

r,
a
n

d
sh

ow
in

g
th

e
a
d

w
ith

th
e

h
ig

h
est

su
ch

sco
re.

W
e

refer
to

th
is

stra
teg

y
as

th
e

a
p
p
ro

xim
a
tely

o
p
tim

a
l

bid
d
in

g
stra

tegy,
a
n

d
in

th
is

sectio
n

w
e

ad
d

ress
q
u

estio
n

s
related

to
th

e
size

o
f

th
e

p
erfo

rm
a
n

ce
g
u

a
ra

n
tees

th
at

ca
n

b
e

o
b

tain
ed

b
y

u
sin

g
th

is
a
lg

orith
m

a
n

d
rela

ted
alg

o
rith

m
s.
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H
u
m

m
e
l

a
n
d

M
c
A

f
e
e

F
irst

w
e

ad
d

ress
q
u

estion
s

related
to

h
ow

th
e

algorith
m

s
w

e
h

ave
co

n
sid

ered
in

th
is

p
a
p

er
w

ill
com

p
are

to
oth

er
p

lau
sib

le
algorith

m
s

in
th

e
m

ach
in

e
learn

in
g

literatu
re.

O
n

e
oth

er
alg

orith
m

th
at

is
stan

d
ard

for
m

u
lti-arm

ed
b

an
d

it
p

rob
lem

s
in

volves
ran

k
in

g
th

e
arm

s
b
y

a
term

eq
u

al
to

th
e

ex
p

ected
valu

e
of

th
e

arm
p

lu
s

a
term

p
rop

ortio
n

al
to

th
e

stan
d

ard
d

ev
iation

in
th

e
arm

(A
u

er
et

al.,
20

02).
M

ore
gen

erally,
on

e
can

ran
k

ad
vertisers

b
y

a
term

eq
u

a
l

to
th

e
eC

P
M

of
th

e
ad

v
ertiser

p
lu

s
a

term
p

rop
o
rtion

al
to

1k
α

for
a
n
y
α
≤

12 ,
w

h
ere

k
d

en
otes

th
e

n
u

m
b

er
of

im
p
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th
a
t

d
2

d
2
x
E
ε[
−
∫ z

k
(x

)
x

+
σ
k
ε
F

(z
k
(x

))
−
F

(y
)
d
y
]

=
E
ε[
z
′ k(
x

)f
(z
k
(x

))
−
f

(x
+
σ
k
ε)
−

(z
′ k(
x

)−
1)
z
′ k(
x

)f
(z
k
(x

))
−
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H
u
m

m
e
l

a
n
d

M
c
A

f
e
e

∫ z
k
(x

)
x

+
σ
k
ε
z
′′ k(
x

)f
(z
k
(x

))
+

(z
′ k(
x

))
2
f
′ (
z k

(x
))
d
y
],

w
h

ic
h

te
n

d
s

to
ze

ro
as
k
→
∞

si
n

ce
li

m
k
→
∞
z k

(x
)

=

x
a
n

d
li

m
k
→
∞
z
′ k(
x

)
=

1
.

F
ro

m
th

e
in

d
u

ct
io

n
h
y
p

ot
h

es
is

,
w

e
a
ls

o
k
n

ow
th

a
t
F

(z
k
(x

))
(E

x
′ [
V
k
+

1
,T
−

1
(x
′ )

]−
V
k
,T
−

1
(x

))
is

tw
ic

e
d
iff

er
en

ti
a
b

le
in
x

an
d

th
a
t

th
e

fi
rs

t
an

d
se

co
n

d
d

er
iv

a
ti

ve
s

of
th

is
ex

p
re

ss
io

n
w

it
h

re
sp

ec
t

to
x

te
n

d
to

ze
ro

as
k
→
∞

.
B

y
co

m
b

in
in

g
th

is
w

it
h

th
e

re
su

lt
s

in
th

e
p

re
v
io

u
s

tw
o

p
a
ra

g
ra

p
h

s,
it

fo
ll

ow
s

th
a
t
V
k
,T

(x
)

is
tw

ic
e

d
iff

er
en

ti
a
b

le
in
x

a
n

d
li

m
k
→
∞
V
′ k,
T

(x
)

=
0

an
d

li
m
k
→
∞
V
′′ k,
T

(x
)

=
0

fo
r

al
l
T

.
T

h
e

re
su

lt
fo

ll
ow

s
b
y

in
d

u
ct

io
n

.

W
e

u
se

th
es

e
o
b

se
rv

a
ti

on
s

a
b

ou
t

th
e

fi
n

it
e-

h
or

iz
o
n

g
am

e
to

fi
rs

t
p

ro
v
e

th
at
E

[V
k
+

1
(x
′ )
−

V
k
(x

)]
=
O

(
1 k
2
)

in
L

em
m

a
22

.
T

h
en

w
e

u
se

th
is

p
re

li
m

in
a
ry

re
su

lt
to

p
ro

ve
T

h
eo

re
m

7.

L
e
m

m
a

2
2
E

[V
k
+

1
(x
′ )
−
V
k
(x

)]
=
O

(
1 k
2
)

fo
r

la
rg

e
k

.

P
ro

o
f

N
o
te

th
at

if
a
n

ad
is

d
is

p
la

ye
d

,
th

en
o
n

e
o
f

tw
o

p
o
ss

ib
le

th
in

g
s

w
il

l
h
ap

p
en

to
th

e
ad

—
ei

th
er

th
e

ad
w

il
l

re
ce

iv
e

a
cl

ic
k

o
r

th
e

a
d

w
il

l
n

o
t

re
ce

iv
e

a
cl

ic
k
.

L
et
p

d
en

ot
e

th
e

p
ro

b
a
b

il
it

y
th

at
th

e
ad

w
il

l
re

ce
iv

e
a

cl
ic

k
,

le
t
x
c

d
en

o
te

th
e

es
ti

m
a
te

d
eC

P
M

of
th

e
a
d

if
th

e
ad

re
ce

iv
es

a
cl

ic
k
,

a
n

d
le

t
x
n

d
en

o
te

th
e

es
ti

m
a
te

d
eC

P
M

o
f

th
e

a
d

if
th

e
a
d

d
o
es

n
ot

re
ce

iv
e

a
cl

ic
k
.

N
ot

e
th

a
t
p
x
c

+
(1
−
p
)x
n

=
x

.
F

ro
m

L
em

m
a

2
1

w
e

k
n
ow

th
at
V
k
,T

(x
)

is
tw

ic
e

d
iff

er
en

ti
ab

le
in
x

fo
r

a
ll
k

a
n

d
T

.
T

h
u

s
th

e
se

co
n

d
-o

rd
er

T
ay

lo
r

a
p

p
ro

x
im

a
ti

on
s

fo
r
V
k
+

1
,T

(x
c
)

a
n

d
V
k
+

1
,T

(x
n
)

ar
e

V
k
+

1
,T

(x
c
)

=
V
k
+

1
,T

(x
)

+
V
′ k+

1
,T

(x
)(
x
c
−
x

)
+

1 2
V
′′ k+

1
,T

(x
)(
x
c
−
x

)2
+
o(
x
c
−
x

)2

an
d

V
k
+

1
,T

(x
n
)

=
V
k
+

1
,T

(x
)

+
V
′ k+

1
,T

(x
)(
x
n
−
x

)
+

1 2
V
′′ k+

1
,T

(x
)(
x
n
−
x

)2
+
o(
x
n
−
x

)2
.

T
h
u

s
if
x
′

d
en

ot
es

th
e

ac
tu

a
l

re
a
li

za
ti

on
o
f

th
e

es
ti

m
at

ed
eC

P
M

a
ft

er
th

e
a
d

h
a
s

b
ee

n
sh

ow
n
k

+
1

ti
m

es
(x
′

w
il

l
eq

u
al
x
c

w
it

h
p

ro
b

a
b

il
it

y
p

a
n

d
x
n

w
it

h
p

ro
b

a
b

il
it

y
1
−
p
),

th
en

b
y

u
si

n
g

th
e

fa
ct

th
a
t
p
x
c

+
(1
−
p
)x
n

=
x

an
d

b
y

ta
k
in

g
a

w
ei

g
h
te

d
av

er
a
ge

o
f

th
e

tw
o

p
re

v
io

u
s

eq
u

at
io

n
s,

w
e

fi
n

d
th

a
t

E
[V
k
+

1
,T

(x
′ )

]
=

p
V
k
+

1
,T

(x
c
)

+
(1
−
p
)V
k
+

1
,T

(x
n
)

=
V
k
+

1
,T

(x
)

+
1 2
V
′′ k+

1
,T

(x
)E

[(
x
′ −

x
)2

]+
o(
E

[(
x
′ −

x
)2

])
.

F
ro

m
th

is
it

fo
ll

ow
s

th
a
t

E
[V
k
+

1
,T

(x
′ )
−
V
k
,T

(x
)]

=
V
k
+

1
,T

(x
)−
V
k
,T

(x
)+

1 2
V
′′ k+

1
,T

(x
)E

[(
x
′ −
x

)2
]+
o(
E

[(
x
′ −
x

)2
])
.

(1
)

If
c

d
en

o
te

s
th

e
n
u

m
b

er
o
f

cl
ic

k
s

th
a
t

a
n

a
d

h
a
s

re
ce

iv
ed

so
fa

r,
th

en
th

e
p

re
d

ic
te

d
cl

ic
k
-t

h
ro

u
gh

ra
te

fo
r

a
n

ad
th

a
t

h
a
s

re
ce

iv
ed

a
la

rg
e

n
u

m
b

er
o
f

im
p

re
ss

io
n

s,
k
,

w
il

l
b

e
a
p

p
ro

x
im

at
el

y
c k
.

T
h
u

s
if
b

d
en

ot
es

th
e

b
id

p
er

cl
ic

k
th

at
th

e
a
d

p
la

ce
s,

th
en

th
e

eC
P

M

fo
r

an
a
d

th
at

h
as

re
ce

iv
ed

c
cl

ic
k
s

a
n

d
h

a
s

b
ee

n
sh

ow
n
k

ti
m

es
w

il
l

b
e
x
≈

bc k
.

F
ro

m

th
is

it
fo

ll
ow

s
th

at
x
c
≈

b(
c+

1
)

k
+

1
,
x
n
≈

bc
k
+

1
,
x
c
−
x
≈

b(
k
−
c)

k
(k

+
1
)
,

a
n

d
x
n
−
x
≈
−

bc
k
(k

+
1
)
.

T
h
u

s
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M
a
c
h
in

e
L

e
a
r
n
in

g
in

a
n

A
u
c
t
io

n
E

n
v
ir

o
n
m

e
n
t

x
′−

x
=
O

(
1k
)

fo
r

all
p

o
ssib

le
realizatio

n
s

o
f
x
′,

a
n

d
(x
′−

x
)
2

=
O

(
1k
2 ).

F
u

rth
erm

o
re,

from
L

em
m

a
2
1

w
e

k
n

ow
th

a
t

lim
k→
∞
V
′′k+

1
,T

( x
)

=
0
.

T
h
u

s
w

e
ca

n
rew

rite
eq

u
a
tion

(1)
a
s

E
[V
k
+

1
,T

(x
′)−

V
k
,T

(x
)]

=
V
k
+

1
,T

(x
)−

V
k
,T

(x
)

+
o (

1k
2 )

.

B
y

u
sin

g
th

e
fa

ct
th

a
t

lim
T→
∞
V
k
,T

(x
)

=
V
k (x

),
w

h
ere

V
k (x

)
d

en
o
tes

th
e

va
lu

e
o
f

th
e

d
y
n

a
m

ic
p

ro
gram

in
th

e
o
rig

in
a
l

in
fi

n
ite

h
orizo

n
g
a
m

e,
w

e
th

en
k
n

ow
th

a
t

E
[V
k
+

1 (x
′)−

V
k (x

)]
=

V
k
+

1 (x
)−

V
k (x

)
+
o (

1k
2 )

=
v
(x

)

k
−

v
(x

)

k
+

1
+
O

(
1k
2 )

=
O

(
1k
2 )

.

P
ro

o
f

o
f

T
h

e
o
re

m
7
:

W
e

h
ave

seen
in

th
e

p
ro

o
f

of
L

em
m

a
2
2

th
at
E

[V
k
+

1 (x
′)−

V
k (x

)]
=

V
k
+

1 (x
)−

V
k (x

)
+
o (

1k
2 ).

W
h

en
co

m
b

in
ed

w
ith

th
e

fa
ct

th
a
t
V
k (x

)
=
−
v
(x

)
k

+
O

(
1k
2 ),

th
is

im
m

ed
iately

im
p

lied
th

a
t
E

[V
k
+

1 (x
′)−

V
k (x

)]
=
O
(

1k
2 ).

If
w

e
a
re

ab
le

to
fu

rth
er

p
rove

th
a
t

w
e

ca
n

w
rite

V
k (x

)
=
−
v
(x

)
k

+
w

(x
)

k
2

+
o(

1k
2 )

fo
r

so
m

e
fu

n
ctio

n
w

(x
),

it
w

ill
th

en
fo

llow
th

at

V
k
+

1 (x
)−

V
k (x

)
=

v
(x

)
k
(k

+
1
)

+
o(

1k
2 ).

T
h
u

s
w

e
fi

rst
seek

to
sh

ow
th

at
w

e
ca

n
w

rite
V
k (x

)
as

V
k (x

)
=
−
v
(x

)
k

+
w

(x
)

k
2

+
o(

1k
2 ).

S
in

ce
E

[V
k
+

1 (x
′)−

V
k (x

)]
=
O

(
1k
2 )

fo
r

la
rg

e
k

a
n

d
th

e
op

tim
a
l

b
id

d
in

g
stra

teg
y

en
ta

ils
settin

g
z

=
x

+
δ(E

[V
k
+

1 (x
′)−

V
k (x

)]),
it

m
u

st
b

e
th

e
ca

se
th

a
t
z

=
x

+
O

(
1k
2 )

fo
r

la
rge

k
.

F
ro

m
th

is
it

fo
llow

s
th

a
t ∫

zx
F

(z
)−

F
(y

)
d
y

=
o(

1k
2 )

u
n

d
er

th
e

o
p

tim
a
l

b
id

d
in

g
stra

teg
y
z

fo
r

large
k
.

N
ow

w
e

h
ave

seen
in

L
em

m
a

4
th

a
t
E
ε [ ∫

zx
+
σ
k
ε
F

(z
)−

F
(y

)
d
y
]

=
∫
zx
F

(z
)−

F
(y

)
d
y

+
12 σ

2k f
(x

)+
a
(x

)σ
4k +

o(σ
4k )

for
so

m
e

con
sta

n
t
a
(x

)
fo

r
la

rg
e
k
.

S
in

ce ∫
zx
F

(z
)−
F

(y
)
d
y

=
o(

1k
2 )

u
n

d
er

th
e

o
p

tim
a
l
b

id
d

in
g

stra
teg

y
z

a
n

d
σ

2k
=

s
2
(x

)
k

+
h

(x
)

k
2

+
o(

1k
2 )

fo
r

la
rge

k
,

it
th

en
fo

llow
s

th
a
t
E
ε [ ∫

zx
+
σ
k
ε
F

(z
)−

F
(y

)
d
y
]

=
12
k
s

2(x
)f

(x
)

+
1k
2 [
h

(x
)f

(x
)

2
+
a
(x

)s
4(x

)]+
o(

1k
2 )

fo
r

la
rg

e
k
,

w
h

ich
w

e
ca

n
rew

rite
as
E
ε [ ∫

zx
+
σ
k
ε
F

(z
)−

F
(y

)
d
y
]

=
12
k
s

2( x
)f

(x
)

+
1k
2 u

(x
)

+
o(

1k
2 ),

w
h

ere

u
(x

)≡
h

(x
)f

(x
)

2
+
a
(x

)s
4(x

).

B
u

t−
E
ε [ ∫

zx
+
σ
k
ε
F

(z
)−

F
(y

)
d
y
]
rep

resen
ts

th
e

a
u

ctio
n

eer’s
p

er-p
erio

d
p

ayo
ff

in
th

e
n

ex
t

a
u

ctio
n

.
T

h
u

s
if
x
′
d

en
o
tes

th
e

estim
a
ted

eC
P

M
o
f

th
e

a
d

a
fter

a
n

a
d

d
ition

a
l
j

p
erio

d
s

h
av

e
p

assed
a
n

d
k ′

d
en

otes
th

e
n
u

m
b

er
o
f

im
p

ressio
n

s
th

e
a
d

h
a
s

received
a
fter

a
n

ad
d

itio
n

a
l
j

p
erio

d
s

h
av

e
p
a
ssed

,
th

en
th

e
a
u

ctio
n
eer’s

p
er-p

erio
d

p
ayo

ff
in

th
e

p
erio

d
a
fter

a
n

a
d

d
itio

n
al

j
p

erio
d
s

h
ave

p
assed

is−
12
k ′ s

2( x
′)f

(x
′)−

1
2
k ′ 2 u

( x
′)

+
o(

1k ′ 2 ).
T

h
e

d
iff

eren
ce

b
etw

een
th

is

a
n

d
−

12
k
s

2(x
)f

(x
)

is

−
12k ′ s

2(x
′)f

(x
′)−

1

2
k ′ 2

u
(x
′)

+
12k
s

2(x
)f

(x
)

+
o (

1k
2 )

2
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H
u
m

m
e
l

a
n
d

M
c
A

f
e
e

=
k ′s

2( x
)f

(x
)−

k
s

2(x
′)f

(x
′)

2k
k ′

−
12
k

2
u

( x
)

+

[
12
k

2
u

( x
)−

1

2
k ′ 2

u
( x
′) ]

+
o (

1k
2 )

=
k ′s

2(x
)f

(x
)−

k
s

2(x
′)f

(x
′)

2k
k ′

−
12
k

2
u

(x
)

+
k ′ 2u

(x
)−

k
2u

(x
′)

2
k

2k ′ 2
+
o (

1k
2 )

=
k ′s

2(x
)f

(x
)−

k
[s

2(x
)f

(x
)

+
(x
′−

x
)d

(x
)

+
o(x
′−

x
)]

2
k
k ′

−
12k

2
u

( x
)

+
k ′ 2u

(x
)−

k
2[u

(x
)

+
O

(x
′−

x
)]

2k
2k ′ 2

+
o (

1k
2 )

,
(2)

w
h

ere
d
(x

)
d

en
o
tes

th
e

d
erivative

of
th

e
fu

n
ction

s
2(x

)f
(x

)
w

ith
resp

ect
to

x
.

B
y

th
e

sa
m

e
rea

son
in

g
a
s

in
th

e
p

ro
of

of
L

em
m

a
22,

w
e

k
n

ow
th

at
x
′−

x
=
O

(
1k
)

for
all

p
o
ssib

le
realization

s
o
f
x
′.

T
h
u

s
w

e
can

rew
rite

th
e

ex
p

ression
in

eq
u

ation
(2)

as

(k ′−
k
)s

2(x
)f

(x
)−

k
(x
′−

x
)d

(x
)

2
k
k ′

−
12k

2
u

(x
)

+
(k ′ 2−

k
2)u

(x
)

2k
2k ′ 2

+
o (

1k
2 )

=
(k ′−

k
)s

2(x
)f

(x
)−

k
(x
′−

x
)d

(x
)

2
k
k ′

−
12k

2
u

(x
)

+
o (

1k
2 )

.
(3)

N
ow

n
o
te

th
at
E

[x
′]

=
x

,
w

h
ere

th
e

ex
p
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sp

ar
se

re
p

re
se

n
ta

ti
o
n

s
o
f

‘c
o
m

p
le

x
’

fu
n

ct
io

n
s.

T
h

e
R

a
n

d
o
m

F
or

es
t

(R
F

)
(B

ia
u

an
d

S
co

rn
et

20
1
6)

,
(C

ri
m

in
is

i
et

.
al

.
2
01

1
),

(H
a
st

ie
et

.
a
l.

2
0
0
9)

in
tr

o
d

u
ce

d
b
y

B
re

im
an

(B
re

im
a
n

20
01

),
(B

re
im

a
n

1
99

6
),

is
a

v
er

y
eff

ec
ti

ve
m

a
ch

in
e

le
ar

n
in

g
m

et
h

o
d

th
a
t

ca
n

b
e

co
n

si
d

er
ed

as
a

w
ay

to
ov

er
co

m
e

th
e

‘g
re

ed
y
’

n
a
tu

re
a
n

d
h

ig
h

va
ri

an
ce

o
f

a
si

n
g
le

d
ec

is
io

n

tr
ee

.
W

h
en

co
m

b
in

ed
,

th
e

w
av

el
et

d
ec

o
m

p
o
si

ti
o
n

o
f

th
e

R
F

u
n

ra
ve

ls
th

e
sp

a
rs

it
y

of
th

e

u
n

d
er

ly
in

g
fu

n
ct

io
n

a
n

d
es

ta
b

li
sh

es
a
n

o
rd

er
o
f

th
e

R
F

n
o
d

es
fr

om
‘i

m
p

or
ta

n
t’

co
m

p
o
n

en
ts

to
‘n

eg
li

gi
b

le
’

n
oi

se
.

T
h

er
ef

o
re

,
th

e
m

et
h

o
d

p
ro

v
id

es
a

b
et

te
r

u
n

d
er

st
a
n

d
in

g
of

a
n
y

co
n
-

st
ru

ct
ed

R
F

.
T

h
is

h
el

p
s

to
av

oi
d

ov
er

-fi
tt

in
g

in
ce

rt
a
in

sc
en

a
ri

o
s

(e
.g

.
sm

a
ll

n
u

m
b

er
o
f

tr
ee

s)
,

to
re

m
ov

e
n

oi
se

or
p

ro
v
id

e
co

m
p

re
ss

io
n

.
O

u
r

ap
p

ro
ac

h
co

u
ld

al
so

b
e

co
n

si
d

er
ed

as
an

a
lt

er
n

a
ti

v
e

m
et

h
o
d

fo
r

p
ru

n
in

g
of

en
se

m
b

le
s

(C
h

en
et

.
a
l.

20
0
9)

,
(K

u
lk

a
rn

i
a
n

d

S
in

h
a

20
1
2)

,
(Y

an
g

et
.

a
l.

2
01

2
),

(J
ol

y
et

.
a
l.

2
0
12

)
w

h
er

e
th

e
m

os
t

im
p

or
ta

n
t

d
ec

is
io

n

n
o
d

es
o
f

a
h
u

g
e

an
d

co
m

p
le

x
en

se
m

b
le

o
f

m
o
d

el
s

ca
n

b
e

q
u

ic
k
ly

a
n

d
effi

ci
en

tl
y

ex
tr

a
ct

ed
.

T
h
u

s,
in

st
ea

d
of

co
n
tr

o
ll

in
g

co
m

p
le

x
it

y
b
y

re
st

ri
ct

in
g

tr
ee

s’
d

ep
th

or
n

o
d

e
si

ze
,

o
n
e

co
n
tr

o
ls

co
m

p
le

x
it

y
th

ro
u

gh
a
d

a
p

ti
ve

w
av

el
et

a
p

p
ro

x
im

at
io

n
.

O
u

r
se

co
n

d
co

n
tr

ib
u

ti
on

is
to

ge
n

er
a
li

ze
th

e
fu

n
ct

io
n

sp
ac

e
ch

a
ra

ct
er

iz
a
ti

on
of

a
d

a
p

ti
ve

al
g
or

it
h

m
s

(D
eV

o
re

1
9
98

),
(D

ev
or

e
a
n

d
L

o
re

n
tz

1
9
9
3
),

to
a

ty
p

ic
a
l

m
a
ch

in
e

le
a
rn

in
g

se
tu

p
.

U
si

n
g

th
e

w
av

el
et

d
ec

o
m

p
o
si

ti
on

o
f
a

R
F

,
w

e
ca

n
a
ct

u
a
ll

y
n
u

m
er

ic
a
ll
y

co
m

p
u

te
a

‘w
ea

k
-t

y
p

e’

sm
o
ot

h
n

es
s

in
d

ex
o
f

th
e

u
n

d
er

ly
in

g
re

g
re

ss
io

n
o
r

cl
a
ss

ifi
ca

ti
on

fu
n

ct
io

n
ov

er
co

m
in

g
n

oi
se

.

W
e

p
ro

ve
th

e
fi

rs
t

p
a
rt

o
f

th
e

ch
a
ra

ct
er

iz
a
ti

on
an

d
d

em
o
n

st
ra

te
,

u
si

n
g

se
v
er

al
ex

am
p

le
s,

th
e

co
rr

es
p

o
n

d
en

ce
b

et
w

ee
n

th
e

sm
o
o
th

n
es

s
o
f

th
e

u
n

d
er

ly
in

g
fu

n
ct

io
n

a
n

d
p

ro
p

er
ti

es
su

ch

as
co

m
p

re
ss

io
n

.

A
p

p
ly

in
g

a
‘w

av
el

et
-t

y
p

e’
m

ac
h

in
er

y
fo

r
le

a
rn

in
g

ta
sk

s,
u

si
n

g
‘T

re
el

et
s’

,
w

as
in

tr
o
d

u
ce

d

b
y

(L
ee

et
.

al
.

20
0
8
).

T
re

el
et

s
p

ro
v
id

e
a

d
ec

o
m

p
o
si

ti
o
n

o
f

th
e

d
o
m

ai
n

in
to

lo
ca

li
ze

d
b

as
is

fu
n

ct
io

n
s

th
at

en
a
b

le
a

sp
a
rs

e
re

p
re

se
n
ta

ti
o
n

o
f

sm
o
o
th

si
g
n

a
ls

.
T

h
is

m
et

h
o
d

p
er

fo
rm

s

a
b

o
tt

om
-u

p
co

n
st

ru
ct

io
n

in
th

e
fe

a
tu

re
sp

a
ce

,
w

h
er

e
a
t

ea
ch

st
ep

,
a

lo
ca

l
P

C
A

a
m

o
n

g

tw
o

co
rr

el
a
te

d
va

ri
a
b

le
s

g
en

er
at

es
a

n
ew

n
o
d

e
in

a
tr

ee
.

O
u

r
m

et
h

o
d

is
d

iff
er

en
t,

si
n

ce
fo

r

su
p

er
v
is

ed
le

ar
n

in
g

ta
sk

s,
th

e
re

sp
o
n

se
va

ri
a
b

le
sh

o
u

ld
b

e
u

se
d

d
u

ri
n

g
th

e
co

n
st

ru
ct

io
n

o
f

th
e

ad
ap

ti
ve

re
p

re
se

n
ta

ti
on

.
A

ls
o,

o
u

r
w

o
rk

si
gn

ifi
ca

n
tl

y
im

p
ro

ve
s

u
p

on
th

e
‘w

av
el

et
-t

y
p

e’

co
n

st
ru

ct
io

n
o
f

(G
av

is
h

et
.

al
.

2
0
10

).
F

ir
st

,
si

n
ce

o
u

r
w

av
el

et
d

ec
o
m

p
os

it
io

n
is

b
u

il
t

o
n

th
e

so
li

d
fo

u
n

d
a
ti

on
s

of
R

F
s,

it
le

ve
ra

ge
s

o
n

th
e

w
el

l-
k
n

ow
n

fa
ct

th
a
t

ov
er

-c
om

p
le

te
re

p
re

-

se
n
ta

ti
on

s/
en

se
m

b
le

s
ou

tp
er

fo
rm

th
e

cr
it

ic
a
l

sa
m

p
le

d
re

p
re

se
n
ta

ti
on

s/
si

n
gl

e
d

ec
is

io
n

tr
ee

s
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W
a
v
e
l
e
t

d
e
c
o
m

p
o
sit

io
n
s

o
f

R
a
n
d
o
m

F
o
r
e
st

s

in
p

ro
b

lem
s

su
ch

a
s

reg
ression

,
estim

a
tio

n
,

etc.
S

eco
n

d
ly,

fro
m

th
e

th
eo

retica
l

p
ersp

ective,

th
e

L
ip

sch
itz

sp
ace

an
a
ly

sis
o
f

(G
av

ish
et.

a
l.

2
0
10

)
is

g
en

era
lized

b
y

ou
r

B
esov

sp
a
ce

a
n

aly
sis,

w
h

ich
is

th
e

rig
h
t

m
ath

em
a
tical

setu
p

fo
r

a
d
ap

tiv
e

a
p

p
rox

im
a
tio

n
u

sin
g

w
avelets.

T
h

e
p
ap

er
is

o
rg

a
n

ized
as

fo
llow

s:
In

S
ection

2
w

e
rev

iew
R

a
n

d
om

F
o
rests.

In
S

ection

3
w

e
p

resen
t

ou
r

m
ain

w
avelet

co
n

stru
ction

a
n

d
list

som
e

o
f

its
key

p
ro

p
erties.

In
sectio

n

4
w

e
p

resen
t

som
e

th
eoretical

asp
ects

o
f

fu
n

ctio
n

sp
a
ce

th
eo

ry
an

d
its

con
n

ectio
n

to
sp

a
r-

sity.
T

h
is

ch
aracterizatio

n
q
u

an
tifi

es
th

e
sp

arsity
of

th
e

d
a
ta

w
ith

resp
ect

to
th

e
resp

on
se

variab
le.

In
S

ectio
n

5
w

e
rev

iew
h

ow
a

n
ovel

form
o
f

V
aria

b
le

Im
p

o
rta

n
ce

(V
I)

is
com

p
u

ted

u
sin

g
o
u

r
ap

p
roa

ch
.

S
ectio

n
6

p
rov

id
es

ex
ten

sive
ex

p
erim

en
ta

l
resu

lts
th

a
t

d
em

o
n

stra
te

th
e

a
p

p
lica

tive
ad

d
ed

va
lu

e
o
f

ou
r

m
eth

o
d

in
term

s
of

regressio
n

,
cla

ssifi
ca

tio
n

,
co

m
p

ressio
n

a
n

d
variab

le
im

p
o
rta

n
ce

q
u

a
n
tifi

ca
tio

n
.

2
.
O
v
e
rv

ie
w

o
f
R
a
n
d
o
m

F
o
re
sts

W
e

b
eg

in
w

ith
an

ov
erv

iew
of

sin
gle

trees.
In

sta
tistics

a
n

d
m

a
ch

in
e

lea
rn

in
g

(B
reim

a
n

et.
a
l.

19
8
4),

(A
lp

ay
d

in
20

0
4),

(B
iau

an
d

S
co

rn
et

2
0
16

),
(D

en
il

et.
a
l.

2
01

4
),

(H
a
stie

et.
al.

2
00

9)
th

e
con

stru
ctio

n
is

called
a

D
ecisio

n
T

ree
o
r

th
e

C
lassifi

ca
tio

n
a
n

d
R

eg
ressio

n

T
ree

(C
A

R
T

)
w

h
ile

in
im

a
g
e

p
ro

cessin
g

a
n
d

com
p

u
ter

g
ra

p
h

ics
(R

a
d

h
a

et.
a
l.

1
9
9
6),

(S
a
lem

b
ier

a
n

d
G

a
rrid

o
2
00

0
)

it
is

co
in

ed
a
s

th
e

B
in

a
ry

S
p

a
ce

P
artitio

n
(B

S
P

)
tree.

W
e

a
re

g
iven

a
real-va

lu
ed

fu
n

ction
f
∈
L

2
(Ω

0 )
o
r

a
d

iscrete
d

a
ta

set{x
i ∈

Ω
0 ,f

(x
i )}

i∈
I ,

in
so

m
e

co
n
vex

b
ou

n
d
ed

d
o
m

ain
Ω

0
⊂

R
n
.

T
h

e
go

a
l

is
to

fi
n

d
a
n

effi
cien

t
rep

resen
tatio

n
o
f

th
e

u
n

d
erly

in
g

fu
n

ction
,

overco
m

in
g

th
e

co
m

p
lex

ity,
geo

m
etry

a
n

d
p

o
ssib

ly
n

on
-sm

o
o
th

n
a
tu

re

o
f

th
e

fu
n

ction
va

lu
es.

T
o

th
is

en
d
,
w

e
su

b
d

iv
id

e
th

e
in

itia
l
d

o
m

ain
Ω

0
in

to
tw

o
su

b
d

om
a
in

s,

e.g
.

b
y

in
tersectin

g
it

w
ith

a
h
y
p

er-p
lan

e.
T

h
e

su
b

d
iv

isio
n

is
p

erfo
rm

ed
to

m
in

im
ize

a
given

cost
fu

n
ction

.
T

h
is

su
b

d
iv

isio
n

p
ro

cess
th

en
co

n
tin

u
es

recu
rsively

o
n

th
e

su
b

d
o
m

a
in

s
u

n
til

som
e

stop
p

in
g

criterio
n

is
m

et,
w

h
ich

in
tu

rn
,

d
eterm

in
es

th
e

leaves
o
f

th
e

tree.
W

e
n

ow

d
escrib

e
o
n

e
in

sta
n

ce
o
f

th
e

co
st

fu
n

ction
w

h
ich

is
related

to
m

in
im

izin
g

va
ria

n
ce.

A
t

ea
ch

stag
e

o
f

th
e

su
b

d
iv

isio
n

p
ro

cess,
at

a
certain

n
o
d

e
of

th
e

tree,
th

e
a
lg

o
rith

m
fi

n
d

s,
fo

r
th

e

con
vex

d
om

ain
Ω
⊂

R
n

a
sso

cia
ted

w
ith

th
e

n
o
d

e:

(i)
A

p
a
rtition

b
y

a
n

h
y
p

er-p
lan

e
in

to
tw

o
co

n
vex

su
b

d
o
m

a
in

s
Ω
′,Ω
′′

(see
F

ig
u

re
1
),

(ii)
T

w
o

m
u

ltiva
ria

te
p

oly
n

o
m

ials
Q

Ω
′,Q

Ω
′′∈

Π
r−

1
(R

n
),

o
f

fi
x
ed

(ty
p

ica
lly

low
)

to
ta

l

d
egree

r−
1.

T
h

e
su

b
d

o
m

a
in

s
a
n

d
th

e
p

o
ly

n
o
m

ia
ls

a
re

ch
osen

to
m

in
im

ize
th

e
fo

llow
in

g
q
u

a
n
tity

‖
f
−
Q

Ω
′‖
pL
p
(Ω

′)
+
‖f
−
Q

Ω
′′‖
pL
p
(Ω

′′)
,

Ω
′∪

Ω
′′

=
Ω
.

(1)
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E
l
ish

a
a
n
d

D
e
k
e
l

H
ere,

for
1
≤
p
<
∞

,
w

e
u

sed
th

e
d

efi
n

ition

‖g‖
L
p (

Ω̃
)

:=

(∫

Ω̃ |g
(x

)| p
d
x )

1
/
p

,

If
th

e
d

ataset
is

d
iscrete,

con
sistin

g
of

featu
re

vectors
x
i ∈

R
n
,i∈

I
,

w
ith

resp
on

se
valu

es

f
(x
i ),

th
en

a
d

iscrete
fu

n
ction

al
is

m
in

im
ized

∑x
i ∈

Ω
′ |f

(x
i )−

Q
Ω

′(x
i )| p

+
∑x
i ∈

Ω
′′ |f

(x
i )−

Q
Ω

′′(x
i )| p,

Ω
′∪

Ω
′′

=
Ω
.

(2)

F
ig

u
re

1
:

Illu
stration

of
a

su
b

d
iv

ision
b
y

an
h
y
p

erp
lan

e
of

a
p

aren
t

d
om

ain
Ω

in
to

tw
o

ch
ild

ren
Ω
′,Ω
′′.

O
b

serve
th

at
for

an
y

given
su

b
d

iv
id

in
g

h
y
p

erp
lan

e,
th

e
ap

p
rox

im
atin

g
p

oly
n

om
ials

in

(2
)

can
b

e
u

n
iq

u
ely

d
eterm

in
ed

for
p

=
2

b
y

least
sq

u
are

m
in

im
ization

(see
(A

v
ery

))
for

a

su
rvey

of
lo

cal
p

o
ly

n
om

ial
regression

).
F

or
th

e
ord

er
r

=
1,

th
e

ap
p

rox
im

atin
g

p
oly

n
om

ials

are
n

oth
in

g
b
u

t
th

e
m

ean
of

th
e

fu
n

ction
va

lu
es

over
ea

ch
of

th
e

su
b

d
om

a
in

s

Q
Ω

′(x
)

=
C

Ω
′

=
1

#
{
x
i ∈

Ω
′}
∑x
i ∈

Ω
′ f

(x
i ),

Q
Ω

′′(x
)

=
C

Ω
′′

=
1

#
{x

i ∈
Ω
′′}

∑x
i ∈

Ω
′′ f

(x
i ).(3)

In
m

a
n
y

ap
p

lica
tion

s
of

d
ecision

trees,
th

e
h

igh
-d

im
en
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con
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er-su
rface

form
,

su
ch

as
con

ic-section
s.

O
u

r
p

arad
igm

of
w

avelet
d

ecom
p

osition
s

can
su

p
p

ort
in

p
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a
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d
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et.
al

2012),
(B

iau
2012),

(B
ia

u
an

d
S

corn
et

201
6).

T
h

e
trees

a
re

con
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b
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b
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b
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d
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p
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d
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ra
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.
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O
u

r
w
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et
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p
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m
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p
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b
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t
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e

R
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e
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p
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ra
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p
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p
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at
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-c
om

p
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p
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n
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n
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d
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n
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e
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h
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v
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.

F
or

ea
ch

n
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d
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w

e
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e
p
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ti
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d
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m

su
b
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t
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p
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et
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p
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A

ty
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n
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b
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√
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T
h

is
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n
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e
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l
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u
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e
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p
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ra
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h
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.,
J
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e
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te

s
a

d
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is
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n
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ee
T j

,
b
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ed
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a
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b

se
t

of
th

e
d

a
ta

,
X
j
.

O
n
e
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en

p
ro

v
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es
a

w
ei
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t
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)
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to
th

e
tr

ee
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m
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ed

p
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n
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o
f

th
e

tr
ee
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p
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ed
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e
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p
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g

d
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W

e
n

ot
e
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r
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y

p
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n
t
x
∈

Ω
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,

th
e

a
p
p
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x
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a
ti

o
n

as
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ed
w
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h
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e
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h

tr
ee

,
d

en
ot

ed
b
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m
p

u
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d
b
y
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in

g
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le
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Ω
∈
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w
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h
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is
co

n
ta
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ev
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u
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si
gn

s
a

w
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w
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∑
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F
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p
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∈
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b
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b
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b
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∈
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e

va
lu

e
of

a
n

o
d

e
on

th
e

re
g
u

la
r

si
m

p
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d
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E
l
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h
a

a
n
d

D
e
k
e
l
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,
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w

e
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o
o
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a
p

p
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x
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a
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n
g
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e
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∈
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m

p
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b
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y
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b
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b
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b
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b
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p
ro

x
im

a
ti

on
o
f

fu
n

ct
io

n
s

re
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p
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p
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p
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p
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e
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e
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c
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n
sp
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d
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d
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P
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w
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p
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w
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p
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e
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re
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e

co
n

st
ru

ct
io

n
ar

e
co

ve
re

d
in

th
e

n
ex

t
se

ct
io

n
.

L
et

Ω
′

b
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Ω
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′ ⊂
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d
b
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a
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b
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∈
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d

b
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Ω

′
(f

)
:=

1
Ω

′
(Q

Ω
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e
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d
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b
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b
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h
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so
lu

ti
o
n

’
le

v
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p
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b
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p
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∞
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∈
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∈

Ω
0

a
n

d
se

ri
es

o
f

d
o
m

a
in

s
Ω
l
∈
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∈
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∞
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p
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b
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=

∫
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Ω
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.
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b
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Ω
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t
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Ω
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p
en

d
ix

.

R
ecall

th
a
t

ou
r

ap
p

ro
a
ch

is
to

co
n
v
ert

cla
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b
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b
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p
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e

w
avelet

ψ
Ω

′
:R

n
→
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=
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√
∑
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ob
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b
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b
y

ord
erin

g

th
e

w
avelet

com
p

on
en

ts
b

ased
on

th
eir

n
orm

w
j(

Ω
k
1 ) ∥∥∥
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Ω
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con
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ro
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e

co
u

ld
ch

o
o
se
w
j

=
1/J

,
an

d
ob

tain

f
M

(x
)

=
1J

M∑m
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b
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b
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th
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d
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con
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at
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m
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b
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p
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u
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u
al
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d
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p
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.
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p
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m
p
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d
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th
e

p
ar
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et
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M
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1)
,

w
it

h
a

th
re

sh
ol

d
p

ar
am

et
er
ε
>

0,
ch

os
en

su
it

ab
ly

fo
r

th
e

p
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b
le

m
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ee

fo
r

ex
am

p
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S
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on
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2)
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O

n
e
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en
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s

a
w
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et
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p
ro

x
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at
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n
u
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w
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ε.

In
so

m
e
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p
re
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te

d
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b
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e
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s.

N
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e
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e
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p
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d
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w
av
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e
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b
e
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h
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p
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h
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h
p

ro
b

ab
il

it
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e

w
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el
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w
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t
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e
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b
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e
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E
x
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p
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1
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1
,

w
h
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e
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∼
B
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2
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n

d
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⊂
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∈
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d
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d
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′ ∪
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∈
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l
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.
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′ ‖
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′ ‖
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√

lo
g
(2
/
δ)

2m

)
3
/
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p
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p
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a
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b
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h
d

im
en

si
o
n

a
l

d
a
ta

se
ts

,
a

th
eo

re
ti

ca
l

fr
am

ew
or

k
th

at
h

a
s

b
ee

n
ap

p
li

ed
in

th
e

co
n
te

x
t

of
si

gn
a
l

p
ro

ce
ss

in
g
,

w
h

er
e

th
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p
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th

e
u

n
d

er
ly

in
g

fu
n

ct
io

n
o
f

a
d

a
ta

se
t.

A
s

th
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p
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is
in

d
ex

co
rr

el
a
te

s
w

el
l

w
it

h
th
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p
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p
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∈
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Ω
is

d
efi

n
ed

b
y

ω
r

(f
,t

) τ
:=

su
p
|h
|≤
t
‖∆

r h
(f
,Ω
,·)
‖ L

τ
(Ω

)
,

t
>

0,

w
h

er
e

fo
r
h
∈
R
n
,
|h
|d

en
o
te

s
th

e
n

o
rm

o
f
h

.
W

e
a
ls

o
d

en
o
te

ω
r

(f
,Ω

) τ
:=

ω
r

( f
,
d
ia
m

(Ω
)

r

) τ

.
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W
a
v
e
l
e
t

d
e
c
o
m

p
o
sit

io
n
s

o
f

R
a
n
d
o
m

F
o
r
e
st

s

D
e
fi

n
itio

n
2

F
o
r

0
<
p
<
∞

a
n

d
α
>

0
,

w
e

set
τ

=
τ

(α
,p

),
to

be
1/
τ

:=
α

+
1/
p
.

F
o
r

a
given

fu
n

ctio
n
f
∈
L
p

(Ω
0 ),

Ω
0
⊂

R
n

,
a
n

d
tree
T

,
w

e
d
efi

n
e

th
e

a
ssocia

ted
B

-spa
ce

sm
oo

th
n

ess
in
B
α
,r

τ
(T

),
r∈

N
,

by

|f|B
α
,r

τ
(T

)
:=

(
∑Ω∈T

(|Ω| −
α
ω
r

(f
,Ω

)
τ )
τ )

1
/
τ

,
(12

)

w
h
ere,|Ω|

d
en

o
tes

th
e

vo
lu

m
e

o
f

Ω
.

W
e

n
ow

sh
ow

th
a
t

a
‘w

ell
clu

stered
’

fu
n

ctio
n

is
in

fa
ct

in
fi

n
itely

sm
o
oth

in
th

e
rig

h
t

a
d

a
p

tively
ch

o
sen

B
esov

sp
ace.

L
e
m

m
a

3
L

et
f

(x
)

=
K∑k
=

P
k

(x
)
1
B
k

(x
),

w
h
ere

ea
ch

B
k
⊂

Ω
0

is
a

bo
x

w
ith

sid
es

pa
ra

llel

to
th

e
m

a
in

a
xes

a
n

d
P
k
∈

Π
r−

1 .
W

e
fu

rth
er

a
ssu

m
e

th
a
t
B
k ∩

B
j

=
∅,

w
h
en

ever
j
6=
k

.

T
h
en

,
th

ere
exists

a
n

a
d
a
p
tive

tree
pa

rtitio
n
T

,
su

ch
th

a
t
f
∈
B
α
,r

α
(T

),
fo

r
a
n

y
α
>

0.

P
ro

o
f

S
ee

A
p

p
en

d
ix

.

F
o
r

a
g
iven

forestF
=
{T

j }
Jj=

1
a
n

d
w

eig
h
ts
w
j

=
1
/J

,
th

e
α

B
esov

sem
i-n

o
rm

a
sso

ciated

w
ith

th
e

fo
rest

is

|f|B
α
,r

τ
(F

)
:=

1J


J
∑j=

1 |f| τB
α
,r

τ
(T
j ) 

1
/
τ

.
(13

)

T
h

e
B

esov
in

d
ex

o
f
f

is
d

eterm
in

ed
b
y

th
e

m
a
x
im

al
in

d
ex

α
fo

r
w

h
ich

(1
3)

is
fi

n
ite.

T
h

e

a
b

ove
d

efi
n

ition
g
en

eralizes
th

e
cla

ssica
l

fu
n

ctio
n

sp
a
ce

th
eo

ry
o
f

B
esov

sp
a
ces,

w
h

ere
th

e

tree
p

a
rtitio

n
s

are
n
on

-ad
ap

tiv
e.

T
h

a
t

is,
cla

ssica
l

B
esov

sp
aces

m
ay

b
e

d
efi

n
ed

b
y

th
e

sp
ecial

ca
se

o
f

p
a
rtitio

n
in

g
in

to
d

y
a
d

ic
cu

b
es,

ea
ch

tim
e

u
sin

g
n

levels
o
f

th
e

tree.

R
e
m

a
rk

A
n

activ
e

research
a
rea

o
f
a
p

p
rox

im
a
tion

th
eo

ry
is

th
e

ch
a
ra

cteriza
tio

n
o
f
m

o
re

g
eom

etrica
lly

a
d

a
p

tive
a
p

p
rox

im
atio

n
a
lg

o
rith

m
s

b
y

g
en

era
liza

tion
s

o
f

th
e

classic
‘iso

tro
p

ic’

B
esov

sp
ace

to
m

ore
‘geo

m
etric’

B
esov

-ty
p

e
sp

aces
(D

a
h

m
en

et.
al.

2
00

1
),

(D
ek

el
a
n

d

L
ev

iata
n

20
0
5),

(K
a
ra

iva
n

ov
an

d
P

etru
sh

ev
2
00

3
).

It
is

k
n

ow
n

th
a
t

d
iff

eren
t

geo
m

etric

a
p

p
rox

im
a
tion

sch
em

es
a
re

ch
aracterized

b
y

d
iff

eren
t

fl
avo

rs
of

B
esov

-ty
p

e
sm

o
o
th

n
ess.

In

th
is

w
o
rk

,
fo

r
ex

a
m

p
le,

w
e

assu
m

e
a
ll

trees
a
re

crea
ted

u
sin

g
p

a
rtitio

n
s

a
lon

g
th

e
m

a
in
n

ax
es.

T
h

is
restrictio

n
m

ay
lea

d
in

g
en

era
l

to
p

oten
tia

lly
low

er
B

esov
sm

o
o
th

n
ess

of
th

e

u
n

d
erly

in
g

fu
n

ctio
n

a
n

d
th

e
sp

arsity
of

th
e

w
avelet

rep
resen

ta
tio

n
.

Y
et,

th
e

th
eoretica

l

d
efi

n
ition

s
a
n

d
resu

lts
o
f

th
is

p
ap

er
ca

n
a
lso

ap
p

ly
to

m
o
re

g
en

eralized
sch

em
es

w
h

ere
for

ex
am

p
le

th
e

tree
p

a
rtitio

n
s

are
b
y

arb
itra

ry
h
y
p

er-p
la

n
es.

In
su

ch
a

ca
se,

th
e

sm
o
oth

n
ess

in
d

ex
of

a
g
iven

fu
n

ctio
n

m
ay

in
crease.

1
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E
l
ish

a
a
n
d

D
e
k
e
l

N
ex

t,
for

a
given

tree
T

an
d

p
aram

eter
0
<
τ
<
p

w
e

d
en

ote
th

e
τ
-stren

gth
of

th
e

tree

b
y

N
τ

(f
,T

)
=

(
∑Ω∈T
‖
ψ

Ω ‖
τp )

1
/
τ

.
(14)

O
b

serve
th

at

lim
τ→

0
N
τ

(f
,T

)
τ

=
{
#

Ω
∈
T

:ψ
Ω
6=

0}
.

L
et

u
s

fu
rth

er
d

en
ote

th
e
τ
-stren

gth
of

a
fo

restF
,

b
y

N
τ

(f
,F

)
:=

1J


J
∑j=

1

∑Ω∈T
j ‖ψ

Ω ‖
τp 

1
/
τ

=
1J


J
∑j=

1

N
τ

(f
,T
j )
τ 

1
/
τ

.

In
th

e
settin

g
of

a
sin

gle
tree

con
stru

cted
to

rep
resen

t
a

real-va
lu

ed
fu

n
ction

,
u

n
d

er
m

ild

con
d

itio
n

s
on

th
e

p
artition

s
(see

rem
ark

after
(5)

an
d

con
d

ition
(17))

,
th

e
th

eo
ry

of
(D

ekel

an
d

L
ev

iatan
200

5)
p

roves
th

e
eq

u
ivalen

ce

|f|B
α
,r

τ
(T

) ∼
N
τ

(f
,T

)
.

(15)

T
h

is
im

p
lies

th
at

th
ere

are
con

stan
ts

0
<
C

1
<
C

2
<
∞

,
th

at
d

ep
en

d
o
n

p
a
ram

eters
su

ch

a
s
α
,p
,n
,r

an
d
ρ

in
con

d
ition

(17)
b

elow
,

su
ch

th
at

C
1 |f|B

α
,r

τ
(T

) ≤
N
τ

(f
,T

)≤
C

2 |f|B
α
,r

τ
(T

)
.

T
h

erefo
re,

w
e

also
h

av
e

for
th

e
forest

m
o
d

el

|f|B
α
,r

τ
(F

) ∼
N
τ

(f
,F

)
.

(16)

W
e

n
ow

p
resen

t
a

“J
ack

son
-ty

p
e

estim
ate”

for
th

e
d

egree
of

th
e

ad
ap

tive
w

avelet
forest

ap
p

rox
im

ation
.

Its
p

ro
of

is
in

th
e

A
p

p
en

d
ix

.

T
h

e
o
re

m
4

L
etF

=
{T

j }
Jj=

1
be

a
fo

rest.
A

ssu
m

e
th

ere
exists

a
co

n
sta

n
t

0
<
ρ
<

1
,

su
ch

th
a
t

fo
r

a
n

y
d
o
m

a
in

Ω
∈
F

o
n

a
level

l
a
n

d
a
n

y
d
o
m

a
in

Ω
′∈
F

,
o
n

th
e

level
l

+
1,

w
ith

Ω
∩

Ω
′6=
∅
,

w
e

h
a
ve

∣∣Ω
′ ∣∣≤

ρ|Ω|,
(17)
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W
a
v
e
l
e
t

d
e
c
o
m

p
o
si

t
io

n
s

o
f

R
a
n
d
o
m

F
o
r
e
st

s

w
h
er

e
|E
|d

en
o
te

s
th

e
vo

lu
m

e
o
f
E
⊂

R
n

.
D

en
o
te

fo
rm

a
ll

y
f

=
∑ Ω
∈F

w
j(

Ω
)ψ

Ω
,

a
n

d
a
ss

u
m

e

th
a
t
|f
| B
α
,r

τ
(F

)
<
∞

,
w

h
er

e
1 τ

=
α

+
1 p
.

T
h
en

,
fo

r
th

e
M

-t
er

m
a
p
p
ro

xi
m

a
ti

o
n

(1
0
)

w
e

h
a
ve

σ
M

(f
)

:=
‖f
−
f M
‖ p
≤
C

(p
,α
,ρ

)
J
M
−
α
|f
| B
α
,r

τ
(F

)
.

(1
8)

O
n

e
im

p
or

ta
n
t

co
n
tr

ib
u

ti
on

of
th

is
w

or
k

is
th

e
at

te
m

p
t

to
ge

n
er

al
iz

e
to

th
e

se
tt

in
g

of

m
ac

h
in

e
le

ar
n

in
g,

th
e

fu
n

ct
io

n
sp

ac
e

th
eo

re
ti

ca
l

p
er

sp
ec

ti
ve

.
T

h
er

e
ar

e
se

v
er

a
l

ca
n

d
id

at
e

n
u

m
er

ic
m

et
h

o
d

s
to

es
ti

m
at

e
th

e
cr

it
ic

al
‘w

ea
k
-t

y
p

e’
B

es
ov

sm
o
ot

h
n

es
s

in
d

ex
α

fr
o
m

th
e

gi
ve

n
d

at
a.

T
h

at
is

,
th

e
m

ax
im

al
α

fo
r

w
h

ic
h

th
e

B
es

ov
n

or
m

is
fi

n
it

e.
O

u
r

g
o
al

is
to

es
ti

m
at

e
th

e
tr

u
e

sm
o
ot

h
n

es
s

of
th

e
u

n
d

er
ly

in
g

fu
n

ct
io

n
,

re
m

ov
in

g
in

fl
u

en
ce

s
o
f

n
o
is

e
a
n

d

ou
tl

ie
rs

if
ex

is
t

w
it

h
in

th
e

gi
ve

n
d

at
as

et
.

O
n

e
p

ot
en

ti
al

m
et

h
o
d

is
to

u
se

th
e

eq
u

iv
a
le

n
ce

(1
6)

an
d

th
en

se
ar

ch
fo

r
a

tr
an

si
en

t
va

lu
e

o
f
τ

fo
r

w
h

ic
h
N
τ

(f
,F

)
b

ec
om

es
‘i

n
fi

n
it

e’
.

H
ow

ev
er

,

w
e

ch
o
os

e
to

ge
n

er
al

iz
e

th
e

n
u

m
er

ic
al

go
ri

th
m

of
(D

eV
or

e
et

.
al

.
19

92
)

an
d

es
ti

m
a
te

th
e

cr
it

ic
al

in
d

ex
α

u
si

n
g

a
n
u

m
er

ic
ex

p
on

en
ti

al
fi

t
of

th
e

er
ro

r
σ
M

in
(1

8)
.

W
e

fo
u

n
d

th
a
t

it
is

so
m

ew
h

at
m

or
e

ro
b

u
st

to
fi

t
ea

ch
d

ec
is

io
n

tr
ee

in
th

e
fo

re
st

w
it

h
an

es
ti

m
a
te

d
sm

o
ot

h
n

es
s

in
d

ex
α
j

an
d

th
en

av
er

ag
e

to
ob

ta
in

th
e

es
ti

m
at

ed
fo

re
st

sm
o
ot

h
n

es
s
α

.
T

h
u

s,
b

as
ed

o
n

(1
8)

,
w

e
m

o
d

el
th

e
er

ro
r

fu
n

ct
io

n
b
y
σ
j,
m
∼
c j
m
−
α
j

fo
r

u
n

k
n

ow
n
c j
,α

j
,

w
h

er
e
σ
j,
m

is
th

e

ap
p

ro
x
im

at
io

n
er

ro
r

w
h

en
u
si

n
g

th
e
m

m
os

t
si

g
n

ifi
ca

n
t

w
av

el
et

s
of

th
e
jt

h
tr

ee
.

F
ir

st
,

n
ot

ic
e

th
at

w
e

ca
n

es
ti

m
at

e
c j
∼
σ
j,

1
.

T
h

en
,

u
si

n
g
∫ M 1

m
−
u
d
m

=
( M

1
−
u
−

1)
/ (1
−
u

),
w

e

es
ti

m
at

e
α
j

b
y

m
in
α
j

∣ ∣ ∣ ∣ ∣M
1
−
α
j
−

1

1
−
α
j

σ
j,

1
−
M
−

1
∑ m

=
1

σ
j,
m

∣ ∣ ∣ ∣ ∣.
(1

9)

S
im

il
ar

ly
to

(D
eV

or
e

et
.

al
.

19
92

),
w

e
se

le
ct

on
ly

M
si

gn
ifi

ca
n
t

te
rm

s,
to

av
o
id

fi
tt

in
g

th
e

ta
il

of
th

e
ex

p
on

en
ti

al
ex

p
re

ss
io

n
.

T
h

is
is

d
on

e
b
y

d
is

ca
rd

in
g

w
av

el
et

s
th

a
t

a
re

ov
er

fi
tt

in
g

th
e

er
ro

r
on

th
e

O
u

t
O

f
B

ag
(O

O
B

)
sa

m
p

le
s

(s
ee

F
ig

u
re

3)
.

L
et

u
s

se
e

so
m

e
ex

a
m

p
le

s
o
f

h
ow

th
is

w
or

k
s

in
p

ra
ct

ic
e.

A
s

ca
n

b
e

se
en

in
F

ig
u
re

4,
th

e
es

ti
m

at
e

of
th

e
B

es
ov

in
d

ex
of

tw
o

ta
rg

et
fu

n
ct

io
n

s
u

si
n

g
(1

9)
st

ab
il

iz
es

af
te

r
a

re
la

ti
ve

ly
sm

al
l

n
u

m
b

er
o
f

tr
ee

s
a
re

a
d
d

ed
.

N
ex

t,
w

e
sh

ow
th

at
w

h
en

an
u

n
d

er
ly

in
g

fu
n

ct
io

n
is

n
ot

‘w
el

l
cl

u
st

er
ed

’
a
n

d
h

a
s

a
sh

a
rp

tr
an

si
ti

on
of

va
lu

es
ac

ro
ss

th
e

b
ou

n
d

ar
y

of
tw

o
d

om
ai

n
s,

th
en

th
e

B
es

ov
in

d
ex

is
li

m
it

ed
in

th
e

ge
n

er
al

ca
se

an
d

su
ff

er
s

fr
om

th
e

cu
rs

e
of

d
im

en
si

on
al

it
y.

A
ga

in
,

it
sh

o
u

ld
m

a
k
e

se
n

se

to
th

e
p

ra
ct

it
io

n
er

s,
th

at
su

ch
a

fu
n

ct
io

n
ca

n
b

e
le

ar
n
t

b
u

t
w

it
h

m
or

e
eff

o
rt

,
e.

g
.

tr
ee

s
w

it
h

h
ig

h
er

d
ep

th
.

L
e
m

m
a

5
L

et
f

(x
)

=
1

Ω̃
(x

),
w

h
er

e
Ω̃
⊂

[0
,1

]n
is

a
co

m
pa

ct
d
o
m

a
in

w
it

h
a

sm
oo

th
bo

u
n

d
-

a
ry

.
T

h
en

,
f
∈
B
α
,r

τ
(T
I
),

fo
r
α
<

1/
p

(n
−

1)
,
τ
−

1
=
α

+
1/
p
,

a
n

d
a
n

y
r
≥

1
,

w
h
er

e
T I
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8

E
l
is

h
a

a
n
d

D
e
k
e
l

(a
)

“R
ed

W
in

e”
(b

)
“
A

ir
fo

il
”

F
ig

u
re

4
:

E
st

im
a
ti

on
o
f

th
e

B
es

ov
cr

it
ic

a
l

sm
o
o
th

n
es

s
in

d
ex

is
th

e
tr

ee
w

it
h

is
o
tr

o
p
ic

d
ya

d
ic

pa
rt

it
io

n
s,

cr
ea

ti
n

g
d
ya

d
ic

cu
be

s
o
f

si
d
e

le
n

gt
h
s

2−
k

o
n

th
e

le
ve

l
n
k

.

P
ro

o
f

S
ee

A
p

p
en

d
ix

.

W
e

n
ot

e
th

at
in

th
e

ge
n

er
a
l

ca
se

,
w

h
en

su
b

d
iv

is
io

n
s

a
lo

n
g

m
ai

n
a
x
es

a
re

u
se

d
,

th
e

n
o
n

-

ad
ap

ti
ve

tr
ee

of
th

e
a
b

ov
e

le
m

m
a

is
a
lm

o
st

b
es

t
p

o
ss

ib
le

.
T

h
at

is
,

on
e

ca
n

n
ot

h
o
p

e
fo

r

si
g
n

ifi
ca

n
tl

y
h

ig
h

er
sm

o
o
th

n
es

s
in

d
ex

u
si

n
g

a
n

a
d

a
p
ti

v
e

tr
ee

w
it

h
su

b
d

iv
is

io
n

s
a
lo

n
g

m
ai

n

ax
es

.
In

F
ig

u
re

5(
a
)

w
e

se
e

5
00

0
ra

n
d

o
m

p
o
in

ts
an

d
in

(b
)

2
50

ra
n

d
om

p
o
in

ts
,

sa
m

p
le

d

fr
o
m

a
u
n

if
or

m
d

is
tr

ib
u

ti
o
n

ta
k
in

g
a

re
sp

o
n

se
va

lu
e

o
f
f

(x
)

=
1

Ω̃
(x

),
w

h
er

e
Ω̃
⊂

R
2
,

is
th

e

u
n

it
sp

h
er

e.

(a
)

5,
0
00

sa
m

p
le

d
p

oi
n
ts

(b
)

2
50

sa
m

p
le

d
p

o
in

ts

F
ig

u
re

5:
D

at
as

et
cr

ea
te

d
b
y

ra
n

d
om

sa
m

p
li

n
g

p
o
in

ts
of

th
e

in
d
ic

a
to

r
fu

n
ct

io
n

o
f

a
u

n
it

sp
h

er
e
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W
a
v
e
l
e
t

d
e
c
o
m

p
o
sit

io
n
s

o
f

R
a
n
d
o
m

F
o
r
e
st

s

B
y

L
em

m
a

4.3,
th

e
low

er
b

ou
n

d
fo

r
th

e
critical

B
esov

ex
p

o
n

en
t

o
f
f

is
α

=
0.5

,
fo

r
p

=
2
.

T
h

is
sh

ou
ld

co
rrelate

w
ith

th
e

in
tu

itio
n

o
f

m
ach

in
e

lea
rn

in
g

p
ractitio

n
ers:

th
e

d
a
ta

set
d

o
es

h
ave

tw
o

w
ell

d
efi

n
ed

clu
sters,

b
u

t
th

e
b

o
u

n
d

a
ry

b
etw

een
th

e
clu

sters
(b

o
u

n
d

a
ry

o
f

th
e

sp
h

ere)
is

a
n

o
n

-triv
ial

cu
rve

a
n

d
an

y
cla

ssifi
catio

n
a
lg

o
rith

m
w

ill
n

eed
to

learn
th

e
g
eo

m
etry

o
f

th
e

cu
rve.

In
F

ig
u

re
6

w
e

see
a

p
lot

o
f
th

e
n
u

m
eric

calcu
la

tion
o
f
th

e
α

B
esov

in
d

ex
for

g
iv

en
n
u

m
b

er

o
f

sa
m

p
lin

g
p

oin
ts

o
f
f

.
W

e
see

rela
tively

fast
co

n
v
erg

en
ce

to
α

=
0.5

1
.

A
s

d
iscu

ssed
,

o
u

r

m
eth

o
d

a
ttem

p
ts

to
ca

p
tu

re
th

e
g
eo

m
etric

p
ro

p
erties

of
th

e
‘tru

e’
u

n
d

erly
in

g
fu

n
ctio

n
th

a
t

is
p

o
ten

tia
lly

b
u

ried
in

th
e

n
oisy

in
p

u
t

d
a
ta

.
T

o
sh

ow
th

is,
w

e
co

n
stru

cted
fro

m
a

d
a
ta

set

o
f

1
0
k

sa
m

p
les

o
f
f

,
a

ten
d

im
en

sio
n

al
d

a
ta

set,
b
y

a
d

d
in

g
a
d

d
itio

n
al

eig
h
t

n
o
isy

fea
tu

res,

w
ith

u
n

ifo
rm

d
istrib

u
tion

in
[0,1]

a
n

d
n

o
b

ea
rin

g
o
n

th
e

resp
o
n

se
va

riab
le.

T
h

e
n
u

m
eric

co
m

p
u

ta
tio

n
in

th
is

ex
a
m

p
le

w
as

ag
a
in

,α
=

0.51
,

w
h

ich
d

em
o
n

stra
tes

th
a
t

th
e

m
eth

o
d

is

sta
b

le
u

n
d

er
th

is
n

o
isy

em
b

ed
d

in
g

in
R
n

a
s

w
ell.

F
ig

u
re

6
:

N
u

m
eric

ca
lcu

latio
n

o
f

th
e
α

B
esov

in
d

ex
for

g
iv

en
n
u

m
b

er
o
f

sam
p

lin
g

p
o
in

ts
o
f

th
e

in
d

ica
to

r
fu

n
ction

o
f

a
u

n
it

sp
h
ere.

5
.
W

a
v
e
le
t-b

a
se
d

v
a
ria

b
le

im
p
o
rta

n
ce

In
m

a
n
y

cases,
th

ere
is

a
n

eed
to

u
n

d
ersta

n
d

in
g
rea

ter
d

eta
il

in
w

h
a
t

w
ay

th
e

d
iff

eren
t

variab
les

in
fl

u
en

ce
th

e
resp

o
n

se
va

ria
b

le
(G

u
y
o
n

a
n

d
E

lisseff
2
0
03

).
W

h
ich

o
f

th
e

p
ossib

ly

h
u

n
d

red
s

of
p

a
ram

eters
is

m
o
re

critical?
W

h
a
t

are
th

e
in

teractio
n

s
b

etw
een

th
e

sig
n
ifi

can
t

variab
les?

A
lso,

th
e

p
rop

erty
o
f

o
b

ta
in

in
g

few
er

featu
res

th
at

p
rov

id
e

eq
u

ivalen
t

p
red

ictio
n

co
u

ld
b

e
u

sed
fo

r
featu

re
en

g
in

eerin
g

an
d

fo
r

‘fea
tu

re
b

u
d

g
et

a
lgo

rith
m

s’
su

ch
a
s

in
(F

en
g

et.
a
l.

2
0
15

),
(V

en
s

a
n

d
C

o
sta

2
01

1
).

A
s

d
escrib

ed
in

(G
en

u
er

et.
al.

2
0
10

),
th

e
u

se
of

R
F

for
variab

le
im

p
o
rta

n
ce

d
etectio

n
h

a
s

severa
l

a
d

va
n
ta

ges.
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E
l
ish

a
a
n
d

D
e
k
e
l

T
h

ere
are

several
ex

istin
g

V
ariab

le
Im

p
ortan

ce
(V

I)
q
u

a
n
tifi

cation
m

eth
o
d

s
th

at
u

se

R
F

.
A

p
op

u
la

r
ap

p
roach

for
m

easu
rin

g
th

e
im

p
orta

n
ce

of
a

variab
le

is
su

m
m

in
g

th
e

total

d
ecrease

in
n

o
d

e
im

p
u

rities
w

h
en

sp
littin

g
on

th
e

variab
le,

averaged
over

all
trees

(R
F

in
R

),

(H
astie

et.
al.

20
0
9).

A
s

su
ggested

in
th

e
R

F
p

ackage
d

o
cu

m
en

tation
of

th
e

R
lan

gu
age

(R
F

in
R

):
“
F

or
classifi

cation
,

th
e

n
o
d

e
im

p
u

rity
is

m
easu

red
b
y

th
e

G
in

i
In

d
ex

.
F

or
regression

;

it
is

m
easu

red
b
y

th
e

resid
u

al
su

m
of

sq
u

ares”.
A

lth
ou

gh
n

ot
stated

sp
ecifi

cally
in

(R
F

in

R
),

it
is

com
m

on
p

ractice
to

m
u

ltip
ly

th
e

in
form

ation
g
ain

o
f
each

n
o
d

e
b
y

its
size

(R
ailean

u

an
d

S
to

ff
el

2004),
(D

u
an

d
Z

h
an

2002),
(R

okach
an

d
M

aim
o
n

200
5).

A
d

d
ition

al
m

eth
o
d

s

for
variab

le
im

p
ortan

ce
m

easu
re

are
th

e
‘P

erm
u

tation
Im

p
ortan

ce’
m

easu
re

(G
en

u
er

et.

al.
2
0
10),

or
sim

ilarly
‘O

O
B

ran
d

om
ization

’
(H

astie
et.

a
l.

2
009).

W
ith

th
ese

latter

tw
o

m
eth

o
d

s,
seq

u
en

tial
p

red
iction

s
of

R
F

are
d

on
e,

w
h

en
each

tim
e

on
e

featu
re

is
b

ein
g

p
erm

u
ted

a
s

th
e

rest
of

th
e

featu
res

rem
ain

.
T

h
en

,
th

e
m

easu
re

for
variab

le
im

p
ortan

ce
is

th
e

d
iff

eren
ce

in
p

red
iction

accu
racy

b
efore

an
d

after
a

featu
re

is
p

erm
u

ted
in

M
S

E
term

s.

H
ow

ever,
b

oth
‘Im

p
u

rity
gain

’
an

d
‘P

erm
u

tation
’

h
av

e
som

e
p

itfalls
th

at
sh

ou
ld

b
e

con
sid

ered
,

w
h

en
u

sed
for

variab
le

im
p

ortan
ce.

A
s

sh
ow

n
b
y

(S
trob

l
et.

al.
2
006),

th
e

‘Im
p

u
rity

gain
’

ten
d

s
to

b
e

in
favor

of
variab

les
w

ith
m

ore
vary

in
g

va
lu

es.
A

s
sh

ow
n

in

(S
trob

l
et.

al.
200

8),
‘P

erm
u

tation
’

ten
d

s
to

overestim
ate

th
e

variab
le

im
p

ortan
ce

of
h

igh
ly

correla
ted

va
riab

les.

T
h

e
w

avelet-b
ased

V
I

is
d

eriv
ed

b
y

im
p

osin
g

a
restrictio

n
on

th
e

ad
ap

tive
re-o

rd
erin

g

of
th

e
w

avelet
co

m
p

on
en

ts
(11),

su
ch

th
at

th
ey

m
u

st
ap

p
ear

in
‘fea

tu
re

related
b

lo
ck

s’.
T

o

m
ake

th
is

p
recise,

let{x
∈
R
n
,f

(x
)}

b
e

a
d
ataset

a
n

d
let

f̃
rep

resen
t

th
e

R
F

d
ecom

p
osition

,

a
s

in
(8

).
W

e
evalu

ate
th

e
im

p
ortan

ce
of

th
e
i-th

featu
re

b
y

S
τi

:=
1J

J
∑j=

1

∑

Ω∈T
j ∩
V
i ‖ψ

Ω ‖
τ2 ,

i
=

1,...,n
,

(20)

w
h

ere,
τ
>

0
an

d
V
i

is
th

e
set

of
ch

ild
d

om
ain

s
form

ed
b
y

p
artition

in
g

th
eir

p
aren

t
d

om
ain

alon
g

th
e
ith

variab
le.

T
h

is
allow

s
u

s
to

score
th

e
variab

les,
u

sin
g

th
e

ord
erin

g
S
τi1
≥

S
τi2 ≥

···.
R

ecall
th

at
ou

r
w

avelet-b
ased

ap
p

roach
tra

n
sform

s
classifi

catio
n

p
rob

lem
s

in
to

th
e

fu
n

ctio
n

al
settin

g
(see

section
2)

b
y

m
ap

p
in

g
each

lab
el
lk

to
a

vertex
~lk
∈

R
L−

1
of

a

regu
lar

sim
p

lex
.

T
h

erefore,
in

classifi
cation

p
rob

lem
s,

th
e

w
avelet

n
orm

s
in

(20)
are

given

b
y

(7)
w

h
ich

im
p

lies
th

at
w

e
p

rov
id

e
a

u
n

ifi
ed

ap
p

roach
to

V
I.

It
is

cru
cial

to
ob

serve
th

at
from

an
ap

p
rox

im
ation

th
eoretical

p
ersp

ective,
th

e
m

ore

su
ita

b
le

ch
oice

in
(20)

is
τ

=
1,

sin
ce

w
ith

th
is

ch
oice,

th
e

ord
erin

g
is

related
to

ord
erin

g
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W
a
v
e
l
e
t

d
e
c
o
m

p
o
si

t
io

n
s

o
f

R
a
n
d
o
m

F
o
r
e
st

s

th
e

va
ri

ab
le

s
b
y

th
e

ap
p

ro
x
im

at
io

n
er

ro
r

of
th

ei
r

co
rr

es
p

on
d

in
g

w
av

el
et

su
b

se
t

m
in

1
≤
i≤
n

∥ ∥ ∥ ∥ ∥ ∥f̃
−

1 J

J ∑ j=
1

∑

Ω
∈T

j
∩V

i

ψ
Ω

∥ ∥ ∥ ∥ ∥ ∥ 2

=
m

in
1
≤
i≤
n

∥ ∥ ∥ ∥ ∥ ∥1 J

∑ k
6=
i

J ∑ j=
1

∑

Ω
∈T

j
∩V

k

ψ
Ω

∥ ∥ ∥ ∥ ∥ ∥ 2

≤
m

in
1
≤
i≤
n

1 J

∑ k
6=
i

J ∑ j=
1

∑

Ω
∈T

j
∩V

k

‖ψ
Ω
‖ 2

=
m

in
1
≤
i≤
n

∑ k
6=
i

S
1 k

=
∑

1
≤
k
≤
n

S
1 k
−

m
ax

1
≤
i≤
n
S

1 i
.

W
h

at
is

in
te

re
st

in
g

is
th

at
,

in
re

gr
es

si
on

p
ro

b
le

m
s,

w
h

en
u

si
n

g
p

ie
ce

w
is

e
co

n
st

an
t

a
p

p
ro

x
i-

m
at

io
n

in
(1

),
(4

),
th

e
V

I
sc

or
e

(2
0)

w
it

h
τ

=
2,

is
in

fa
ct

ex
ac

tl
y

as
in

(L
ou

p
p

e
et

.
a
l.

20
1
3)

w
h

en
va

ri
an

ce
is

u
se

d
as

th
e

im
p

u
ri

ty
m

ea
su

re
.

T
o

se
e

th
is

,
fo

r
an

y
d

at
as

et
{x
∈
R
n
,f

(x
)}

an
d

d
om

ai
n

Ω̃
of

an
R

F
,

d
en

ot
e

b
ri

efl
y

K
Ω̃

:=
#
{ x

i
∈

Ω̃
}

,
V

ar
( Ω̃
)

=
1

#
{ x

i
∈

Ω̃
}
∑ x
i
∈Ω̃

( f
(x
i)
−
C

Ω̃

) 2
.

F
or

an
y

d
om

ai
n

Ω
of

a
R

F
,

w
it

h
ch

il
d

re
n

Ω
′ ,

Ω
′′ ,

th
e

va
ri

an
ce

im
p

u
ri

ty
m

ea
su

re
is

∆
(Ω

)
:=

V
ar

(Ω
)
−
K

Ω
′

K
Ω

V
ar
( Ω
′)
−
K

Ω
′′

K
Ω

V
ar
( Ω
′′)
.

T
h

e
im

p
or

ta
n

ce
of

th
e

va
ri

ab
le
i

(u
p

to
n

or
m

al
iz

at
io

n
b
y

th
e

si
ze

of
th

e
d

a
ta

se
t)

is
d

efi
n

ed

in
(L

ou
p

p
e

et
.

al
.

20
13

)
b
y 1 J

J ∑ j=
1

∑

ch
il

d
re

n
of

Ω
in
T j
∩V

i

K
Ω

∆
(Ω

).
(2

1
)

T
h

e
o
re

m
6

T
h
e

va
ri

a
bl

e
im

po
rt

a
n

ce
m

et
h
od

s
o
f

(2
0
)

a
n

d
(2

1
)

a
re

id
en

ti
ca

l
fo

r
τ

=
2.

P
ro

o
f

F
or

an
y

d
om

ai
n

Ω
an

d
it

s
tw

o
ch

il
d

re
n

Ω
′ ,

Ω
′′ ,

K
Ω

∆
(Ω

)
=
K

Ω

( V
ar

(Ω
)
−
K

Ω
′

K
Ω

V
ar
( Ω
′)
−
K

Ω
′′

K
Ω

V
ar
( Ω
′′)
)

=
∑ x
i
∈Ω

(f
(x
i)
−
C

Ω
)2
−
∑ x
i
∈Ω

′(f
(x
i)
−
C

Ω
′ )

2
−
∑

x
i
∈Ω

′′
(f

(x
i)
−
C

Ω
′′
)2

=
‖ψ

Ω
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b
d

iv
is

io
n

th
a
t

m
in

im
iz

es
(1

)
is
x
k

=
1/

2
.

D
en

ot
e

m
1

=
#
{x

i
∈

Ω
:

y i
=

1}
.

A
p

p
ly

in
g

th
e

H
o
eff

d
in

g
b

o
u

n
d

w
it

h
δ
∈

(0
,1

)
y
ie

ld
s

w
.p

.

≥
1
−
δ

∣ ∣ ∣m
1
−
m 2

∣ ∣ ∣≤
√

lo
g
(2
/
δ)

2m
.

If
Ω
′

is
th

e
su

b
se

t
o
f

[0
,1

]n
w

h
er

e
x
k
>

1
/
2
,

th
en

C
Ω

′
=

1
a
n

d
‖ψ

Ω
′ ‖

2 2
=
m

1

( 1
−

m
1
m

) 2
.

P
lu

g
gi

n
g

in
to

th
e

b
o
u

n
d

ab
ov

e
w

e
co

n
cl

u
d

e
th

a
t

w
.p

.
≥

1
−
δ,

‖ψ
Ω

′ ‖
2 2
≥
(
m 2
−
√

lo
g
(2
/
δ)

2m

)
 

1
−

m 2
+

√
lo

g
(2
/
δ
)

2
m

m

 
2

=

(
m 2
−
√

lo
g
(2
/
δ)

2m

)
3
/
m

2
.

♦

P
ro

o
f

o
f

T
h

e
o
re

m
4

W
e

p
ro

ve
th

e
ca

se
1
<
p
<
∞

(t
h

e
ca

se
0
<
p
≤

1
is

ea
si

er
).

W
e

n
ee

d
to

sh
ow

tw
o

es
se

n
ti

al
p

ro
p

er
ti

es
.

F
ir

st
,

fo
r

a
n
y

Ω
′
∈
F

a
n

d
an

y
x
∈

Ω
′ ,

d
en

o
ti

n
g

Λ
:=
{Ω
∈
F

:
x
∈

Ω
,|Ω
|≥
|Ω
′ |}

,
w

e
h

av
e

∑ Ω
∈Λ

(
|Ω
′ |
|Ω
|) 1

/
p

≤
C

(ρ
,p

)
J
.

(2
6)

In
d

ee
d

,
u

si
n

g
(1

7)
,

re
cu

rs
iv

el
y

fo
r

a
ll

d
o
m

a
in

s
o
n

lo
w

er
le

v
el

s
in

te
rs

ec
ti

n
g

w
it

h
Ω
′

w
e

h
av

e

∑ Ω
∈Λ

(
|Ω
′ |
|Ω
|) 1

/
p

≤
∞ ∑ k
=

0

J
ρ
k
/
p

≤
J

1
−
ρ

1
/
p
.
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W
a
v
e
l
e
t

d
e
c
o
m

p
o
sit

io
n
s

o
f

R
a
n
d
o
m

F
o
r
e
st

s

S
econ

d
ly,

w
e

n
eed

th
e

p
ro

p
erty

th
a
t

‖
ψ

Ω ‖∞
≤
c|Ω| −

1
/
p‖ψ

Ω ‖
p

,
∀
Ω
∈
F
.

(2
7)

It
is

easy
to

see
p

rop
erty

(27
)

for
th

e
ca

se
r

=
1
,

w
h

ere
ψ

Ω
=

1
Ω
C

Ω
,

b
u

t
it

is
also

k
n
ow

n
for

th
e

gen
era

l
ca

se
o
f
r
≥

1
a
n

d
co

n
vex

d
o
m

a
in

s
(see

e.g
(D

ek
el

an
d

L
ev

ia
ta

n
20

0
5
)).

T
h

is

a
llow

s
u

s
to

p
rov

e
th

e
follow

in
g

L
em

m
a

L
e
m

m
a

7
F

o
r

1
<
p
<
∞

,
let

F
(x

)
=

I∑i=
1
w
j(Ω

i ) ψ
Ω
i
(x

),
Ω
i ∈
F

,
w

h
ere

∥∥
w
j(Ω

i ) ψ
Ω
i ∥∥
p ≤

L
.

T
h
en

‖F
‖
p ≤

cJ
L
I

1
/
p.

(2
8)

P
ro

o
f

A
p

p
ly

in
g

p
ro

p
erty

(2
7)

g
ives

‖
F
‖
p ≤

∥∥∥∥∥
I
∑i=

1 ∥∥
w
j(Ω

i ) ψ
Ω
i ∥∥∞

1
Ω
i
(·) ∥∥∥∥∥

p

≤
L

∥∥∥∥∥
I
∑i=

1 |Ω
i | −

1
/
p
1

Ω
i
(·) ∥∥∥∥∥

p

.

W
e

d
efi

n
e

Γ
(x

)
:=

{
m

in
1≤
i≤
I {|Ω

i |
:x
∈

Ω
i }
,
x
∈
⋃
Ii=

1
Ω
i ,

0,
else.

T
h

en
,

(2
6)

y
ield

s
I
∑i=

1 |Ω
i | −

1
/
p
1

Ω
i
(x

)≤
cJ

Γ
(x

) −
1
/
p
,
∀
x
∈

Ω
0 .

T
h
u

s,

‖F
‖
p ≤

cL
∥∥∥
Γ

(·) −
1
/
p ∥∥∥
p

=
cJ
L

(
∫⋃

Ω
i

Γ
(x

) −
1
d
x )

1
/
p

≤
cJ
L

(
I
∑i=

1 |Ω
i | −

1 ∫

Ω
i

d
x )

1
/
p

=
cJ
L
I

1
/
p.
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E
l
ish

a
a
n
d

D
e
k
e
l

W
e

n
ow

p
ro

ceed
w

ith
th

e
p

ro
of

of
th

e
T

h
eorem

.
O

b
serve

th
at

w
e

m
ay

u
se

(16
),

th
at

is,

|f|B
α
,r

τ
(F

) ∼
N
τ

(f
,F

).
F

or
ν

=
1,2,···

,
d

en
ote

Ξ
ν

:=
{

Ω
∈
F

:2 −
νN

τ
(f
,F

)≤
w
j(Ω

) ‖ψ
Ω ‖

p
<

2 −
ν
+

1N
τ

(f
,F

) }
.

R
ecall

th
a
t

for
an

y
n

on
-n

egative
d

iscrete
seq

u
en

ce
β

=
{β

k } ∞k
=

1 ,
th

e
w

eak
-lτ

n
o
rm
‖
β‖

w
lτ ,

is
d

efi
n

ed
a
s

th
e

in
fi

m
u

m
(if

ex
ists)

over
all

A
>

0,
for

w
h

ich

#
{
β
k

:β
k
>
ε}
ε
τ≤

A
τ,
∀
ε
>

0.

S
in

ce
‖β‖

w
lτ ≤

‖β‖
lτ ,

th
is

im
p

lies
th

at

#
Ξ
m
≤
∑ν≤
m

#
Ξ
ν

=
#
⋃ν≤
m

Ξ
ν ≤

2
m
τ.

L
et
F
ν

(x
)

:=
∑Ω∈

Ξ
ν

w
j(Ω

) ψ
Ω

(x
).

F
or

th
e

sp
ecial

case
M

:=
∑ν≤
m

#
Ξ
ν ,

w
e

h
ave

b
y

(28)

‖
f
−
f
M
‖
p ≤

∥∥∥∥∥
∞∑

ν
=
m

+
1

F
ν ∥∥∥∥∥

p

≤
∞∑

ν
=
m

+
1 ‖
F
ν ‖
p

≤
cJ

∞∑

ν
=
m

+
1

2 −
νN

τ
(f
,F

)
(#

Ξ
ν )

1
/
p

≤
cJN

τ
(f
,F

)

∞∑

ν
=
m

+
1

2 −
ν
(1−

τ
/
p
)

≤
cJN

τ
(f
,F

)
M
−

(1
/
τ−

1
/
p
)

=
cJN

τ
(f
,F

)
M
−
α
.

E
x
ten

d
in

g
th

is
resu

lt
for

an
y
M
≥

1
is

stan
d

ard
(u

sin
g

a
larger

lead
in

g
con

stan
t).

T
h

is

com
p

letes
th

e
p

ro
of.

♦

P
ro

o
f

o
f

L
e
m

m
a

3
S

in
ce

th
ere

are
a

fi
n

ite
n
u

m
b

er
o
f

b
ox

es,
th

ere
ex

ists
a
,

p
ossib

ly

u
n
b

alan
ced

,
b

in
ary

tree
th

at
after

at
m

ost
K

2
n

p
artition

s,
h

as
also

th
e

b
ox

es
{
B
k }

as

n
o
d

es
o
f

th
e

tree.
S

in
ce

th
e

m
o
d

u
lu

s
of

sm
o
oth

n
ess

of
ord

er
r

of
p

oly
n

om
ials

of
d

egree
r−

1

is
zero

(D
eV

o
re

1998),
(D

evore
an

d
L

oren
tz

1993),
for

an
y

of
th

ese
b

ox
n

o
d

es
w

e
h

ave

th
at

ω
r

(f
,B

k )
τ

=
ω
r

(P
k ,B

k )
τ

=
0.
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W
a
v
e
l
e
t

d
e
c
o
m

p
o
si

t
io

n
s

o
f

R
a
n
d
o
m

F
o
r
e
st

s

S
im

il
ar

ly
,

fo
r

an
y

d
es

ce
n

d
an

t
n

o
d

e
Ω
′ ⊂

B
k
,

fo
r

so
m

e
1
≤
k
≤
K

,

ω
r

( f
,Ω
′) τ

=
ω
r

( P
k
,Ω
′) τ

=
0.

F
or

an
y

n
o
d

e
Ω

su
ch

th
at

Ω
∩
B
k

=
∅,

1
≤
k
≤
K

,
w

e
h

av
e

ω
r

(f
,Ω

) τ
=
ω
r

(0
,Ω

) τ
=

0.

W
e

m
ay

th
en

co
n

cl
u

d
e

th
at
ω
r

(f
,Ω

) τ
6=

0,
fo

r
on

ly
a

fi
n

it
e

lo
w

-l
ev

el
su

b
se

t
Λ

o
f

th
e

tr
ee

n
o
d

es
,

ea
ch

st
ri

ct
ly

co
n
ta

in
in

g
at

le
as

t
on

e
B
k
.

T
h

er
ef

or
e,

fo
r

an
y
α
>

0,

|f
| B

α
,r

τ
=

(
∑ Ω
∈T

( |Ω
|−
α
ω
r

(f
,Ω

))
τ

)
1
/
τ

=

(
∑ Ω
∈Λ

( |Ω
|−
α
ω
r

(f
,Ω

) τ
) τ
)

1
/
τ

≤
2r
‖f
‖ τ
( m

in k
|B

k
|) −

α

(K
2
n
)1
/
τ
,

w
h

er
e

w
e

h
av

e
u

se
d

th
e

in
eq

u
al

it
y

ω
r

(f
,Ω

) τ
≤

2
r
‖f
‖ L

τ
(Ω

)
≤

2
r
‖f
‖ L

τ
(Ω

0
)
.

♦

P
ro

o
f

o
f

L
e
m

m
a

5
A

s
st

at
ed

,
th

e
tr

ee
T I

w
it

h
is

ot
ro

p
ic

d
ya

d
ic

p
ar

ti
ti

on
s,

cr
ea

te
s

d
ya

d
ic

cu
b

es
of

si
d

e
le

n
gt

h
s

2−
k

at
th

e
le

ve
l
n
k
.

L
et

u
s

d
en

ot
e

b
y
D

:=
{D

k
}∞ k

=
0
,

th
e

co
ll

ec
ti

o
n

o
f

d
ya

d
ic

cu
b

es
of

[0
,1

]n
,

w
h

er
e
D
k

is
th

e
co

ll
ec

ti
on

of
cu

b
es

w
it

h
si

d
e

le
n

g
th

s
2−

k
.

O
b

se
rv

e

th
at

an
y

d
om

ai
n

Ω
′
∈
T I

,
at

a
le

v
el
n
k
<
l
<
n

(k
+

1)
,

is
co

n
ta

in
ed

in
so

m
e

d
y
a
d

ic
cu

b
e

Ω
∈
T
∩
D
k

at
th

e
le

ve
l
n
k
.

A
ls

o,
fr

om
th

e
p

ro
p

er
ti

es
of

th
e

m
o
d

u
lu

s
o
f

sm
o
ot

h
n

es
s,

Ω
′ ⊂

Ω
⇒
ω
r

(f
,Ω
′ )
τ
≤
ω
r

(f
,Ω

) τ
.

C
om

b
in

in
g

th
es

e
tw

o
ob

se
rv

at
io

n
s

gi
ve

s

∣ ∣ Ω
′∣ ∣−

α
ω
r

( f
,Ω
′) τ
≤

2
n
α
|Ω
|−
α
ω
r

(f
,Ω

) τ
.

N
ex

t,
ob

se
rv

e
th

at
fo

r
an

y
Ω
∈
D
k

ω
r

(f
,Ω

) τ

{
=

0,
Ω
∩
∂

Ω̃
=
∅,

≤
2−

k
n
/
τ
,

Ω
∩
∂

Ω̃
6=
∅,
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E
l
is

h
a

a
n
d

D
e
k
e
l

w
h

er
e
∂

Ω̃
is

th
e

b
ou

n
d

ar
y

o
f

Ω̃
.

T
h
er

ef
o
re

,

|f
| B
α
,r

τ
(T

)
≤
c

(n
,α
,τ

)

(
∑ Ω
∈D

( |Ω
|−
α
ω
r

(f
,Ω

) τ
) τ
)

1
/
τ

≤
c

(n
,α
,τ
,r

)

(
∞ ∑ k
=

0

2
k
n

(α
τ
−

1
) #
{ Ω
∈
D
k

:Ω
∩
∂

Ω̃
6=
∅}
)

1
/
τ

.

T
h
u

s,
it

re
m

a
in

s
to

es
ti

m
at

e
th

e
m

a
x
im

al
n
u

m
b

er
of

d
y
ad

ic
cu

b
es

o
f

si
d
e

le
n

g
th

2
−
k

th
a
t

ca
n

in
te

rs
ec

t
a

sm
o
ot

h
b

ou
n
d

ar
y

of
a

d
o
m

a
in

Ω̃
⊂

[0
,1

]n
.

F
o
r

su
ffi

ci
en

tl
y

la
rg

e
k
,

o
n

ly

on
e

co
n

n
ec

te
d

co
m

p
o
n

en
t

o
f

th
e

b
o
u

n
d

a
ry
∂

Ω̃
in

te
rs

ec
ts

a
d

ya
d

ic
cu

b
e

Ω
∈
D
k
,

in
si

m
il

ar

m
a
n

n
er

to
an

h
y
p

er
p

la
n

e
of

d
im

en
si

on
n
−

1
w

it
h

su
rf

ac
e

a
re

a
≤
c2
−
k
(n
−

1
) .

T
h

er
ef

o
re

,
fo

r

su
ffi

ci
en

tl
y

la
rg

e
k

#
{ Ω
∈
D
k

:Ω
∩
∂

Ω̃
6=
∅}
≤
c2
k
(n
−

1
) .

T
h

is
g
iv

es

|f
| B
α
,r

τ
(T

)
≤
c
( n
,α
,τ
,r
,∂

Ω̃
)(

∞ ∑ k
=

0

2k
n

(α
τ
−

1
) 2k

(n
−

1
))

1
/
τ

.

T
h

er
ef

o
re

,
if
τ
−

1
=
α

+
1
/
p
,

th
en

α
<

1

p
(n
−

1
)
⇒
|f
| B
α
,1

τ
(T

)
<
∞
.
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J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
7

(2
0
1
6
)

1
-3

1
S

u
b

m
it

te
d

8
/
1
5
;

R
ev

is
ed

1
0
/
1
6
;

P
u

b
li

sh
ed

2
/
1
6

M
u
tu

a
l

In
fo

rm
a
ti

o
n

B
a
se

d
M

a
tc

h
in

g
fo

r
C

a
u
sa

l
In

fe
re

n
ce

w
it

h
O

b
se

rv
a
ti

o
n
a
l

D
a
ta

L
e
i

S
u

n
l
e
is

u
n
@

b
u
f
fa

l
o
.e

d
u

D
ep

a
rt

m
en

t
o
f

In
d
u

st
ri

a
l

a
n

d
S

ys
te

m
s

E
n

gi
n

ee
ri

n
g

U
n

iv
er

si
ty

a
t

B
u

ff
a
lo

,
B

u
ff

a
lo

,
N

Y
1
4
2
6
0
,

U
S

A

A
le

x
a
n

d
e
r

G
.

N
ik

o
la

e
v

a
n
ik

o
l
a
e
@

b
u
f
fa

l
o
.e

d
u

D
ep

a
rt

m
en

t
o
f

In
d
u

st
ri

a
l

a
n

d
S

ys
te

m
s

E
n

gi
n

ee
ri

n
g

U
n

iv
er

si
ty

a
t

B
u

ff
a
lo

,
3
1
2

B
el

l
H

a
ll

,
B

u
ff

a
lo

,
N

Y
1
4
2
6
0
,

U
S

A

D
ep

a
rt

m
en

t
o
f

C
o
m

p
u

te
r

S
ci

en
ce

a
n

d
In

fo
rm

a
ti

o
n

S
ys

te
m

s

U
n

iv
er

si
ty

o
f

J
yv

a
sk

yl
a
,

J
yv

a
sk

yl
a
,

F
IN

-4
0
0
1
4
,

F
in

la
n

d

E
d

it
o
r:

P
et

er
S
p
ir

te
s

A
b
st

ra
ct

T
h
is

p
ap

er
p
re

se
n
ts

a
n

in
fo

rm
at

io
n

th
eo

ry
-d

ri
ve

n
m

at
ch

in
g
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iq
u

es
fo

r
st

a
ti

st
ic

s-
o
ri

en
te

d
ap

p
li

ca
ti

o
n

s
is

st
il

l
ra

re
.

O
n

e
su

ch
n

o
ta

b
le

co
n
tr

ib
u

ti
o
n

is
d

u
e

to
B

er
ts

im
a
s

a
n

d
S

h
io

d
a

(2
0
0
7)

w
h

o
re

-f
ra

m
ed

th
e

cl
a
ss

ifi
ca

-
ti

on
a
n

d
re

g
re

ss
io

n
p

ro
b

le
m

s
u

si
n

g
in

te
g
er

p
ro

g
ra

m
m

in
g
.

S
im

il
a
r

to
th

ei
r

eff
o
rt

s,
th

is
p

a
p

er
m

ot
iv

at
es

th
e

u
se

o
f

n
o
n

-l
in

ea
r

in
te

g
er

p
ro

g
ra

m
m

in
g

te
ch

n
iq

u
es

in
ca

u
sa

l
in

fe
re

n
ce

re
se

a
rc

h
.
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M
u
t
u
a
l

In
f
o
r
m

a
t
io

n
B

a
se

d
M

a
t
c
h
in

g

F
irst,

th
is

p
a
p

er
id

en
tifi

es
p

a
th

w
ay

s
fo

r
th

e
eff

ective
u

se
o
f

in
fo

rm
a
tio

n
th

eo
retic

m
ea

-
su

res
(n

a
m

ely,
M

I)
in

op
tim

izatio
n

p
rob

lem
s.

T
h

e
p

resen
ted

th
eo

retica
l

a
n

a
ly

sis
tech

n
iq

u
es

for
treatin

g
n

on
-lin

ea
rity

a
re

g
en

eric,
a
n

d
h

en
ce,

ca
n

b
e

a
d

o
p

ted
in

o
th

er
a
p

p
lica

tio
n

s,
w

h
ere

m
a
k
in

g
a
ssu

m
p

tio
n

s
on

m
o
d

el/d
a
ta

stru
ctu

res
is

u
n

d
esira

b
le.

M
o
re

g
en

erally,
th

is
p

a
p

er
m

ay
o
p

en
u

p
ven

u
es

for
th

e
ap

p
lica

tio
n

o
f

m
a
th

em
a
tical

p
ro

gra
m

m
in

g
a
n

d
o
p

tim
izatio

n
tech

n
iq

u
es

in
in

form
atio

n
th

eo
ry

itself.

S
econ

d
,

th
is

p
a
p

er
ex

p
la

in
s

h
ow

M
I

can
serve

a
s

th
e

b
a
sis

of
a

n
ew

form
o
f

cova
ria

te
b

ala
n

ce.
T

h
e

resu
ltin

g
M

I-b
ased

m
a
tch

in
g

m
eth

o
d

fo
r

selectin
g

con
trol

g
ro

u
p

s
for

cau
sa

l
in

feren
ce

is
fl

ex
ib

le
in

th
at

it
ca

n
a
ch

ieve
so

lu
tio

n
s

o
f

p
re-sp

ecifi
ed

q
u

ality,
w

ith
p
re-set

co
n
tro

l
grou

p
size,

–
m

o
reover,

it
ca

n
o
p

tim
ize

th
e

la
tter.

T
h

e
p
resen

ted
a
lgo

rith
m

ic
d

ev
el-

o
p

m
en

ts
p

ro
d

u
ce

a
m

atch
in

g
h

eu
ristic

th
a
t

ru
n

s
in

p
o
ly

n
o
m

ial
(clo

se
to

lin
ea

r)
tim

e:
it

th
u

s
a
llow

s
fo

r
ca

u
sa

l
eff

ect
estim

a
tio

n
w

ith
la

rge
d

a
ta

sets
th

a
t

are
n

ow
a
d

ay
s

b
eco

m
in

g
ava

ilab
le

th
rou

gh
m

in
in

g
so

cia
l
n

etw
ork

s,
h

ea
lth

reco
rd

s,
etc.

W
h

ile
th

is
w

o
rk

is
n

o
t

th
e

fi
rst

eff
o
rt

to
em

p
loy

th
e

in
fo

rm
a
tio

n
th

eo
retic

to
o
ls

fo
r

th
e

n
eed

s
o
f

ca
u

sal
in

feren
ce

H
ain

m
u

eller
(2

0
1
2
),

it
a
p

p
ears

to
b

e
th

e
fi

rst
w

h
ere

m
u

tu
a
l

in
fo

rm
atio

n
is

u
sed

a
s

a
n

o
p

tim
iza

tion
o
b

jective.

T
h

e
p

a
p

er
is

orga
n

ized
a
s

follow
s.

S
ectio

n
2

ex
p

la
in

s
th

e
p

ro
b

lem
o
f

ca
u

sal
in

feren
ce

w
ith

o
b

serva
tion

al
d

a
ta

,
an

d
m

otiva
tes

op
tim

izatio
n

-d
riven

su
b

set
selectio

n
a
p

p
roa

ch
es

to
a
tta

ck
in

g
it.

S
ectio

n
3

in
tro

d
u
ces

a
cla

ss
of

M
I-b

a
sed

m
a
tch

in
g

p
ro

b
lem

s
w

ith
d

iff
eren

t
o
b

-
jectives.

S
ection

4
d

erives
o
p

tim
a
lity

con
d

itio
n

s
fo

r
m

a
tch

ed
g
ro

u
p

s
u

sin
g

M
I,

a
n

d
p

resen
ts

th
e

m
ix

ed
in

teg
er

p
ro

gra
m

m
in

g
-b

a
sed

a
n

d
seq

u
en

tia
l

selectio
n

-b
a
sed

m
a
tch

in
g

alg
o
rith

m
s

th
a
t

w
o
rk

to
b

a
la

n
ce

th
e

cova
riate

d
istrib

u
tion

s
across

th
e

trea
tm

en
t

a
n

d
co

n
tro

l
g
ro

u
p

s.
S

ection
5

sh
ow

ca
ses

th
e

p
ra

ctical
va

lu
e

o
f

th
e

M
I-b

a
sed

m
atch

in
g

a
p

p
ro

a
ch

b
y

co
m

p
a
rin

g
th

e
d

esig
n

ed
a
lg

orith
m

s’
p

erform
an

ce
a
g
a
in

st
th

e
b

est
p

rev
iou

sly
ex

istin
g

m
a
tch

in
g

m
eth

-
o
d

s.
S

ectio
n

6
d

iscu
sses

th
e

M
IM

lim
ita

tio
n

s
an

d
fu

tu
re

resea
rch

d
irectio

n
s.

S
ectio

n
7

p
rov

id
es

co
n
clu

d
in

g
rem

ark
s

an
d

d
iscu

sses
th

e
p

ro
m

isin
g

ex
ten

sio
n

s
o
f

th
is

lin
e

of
w

o
rk

.

2
.

C
a
u
sa

l
In

fe
re

n
ce

w
ith

O
b
se

rv
a
tio

n
D

a
ta

O
b

serva
tion

al
stu

d
ies

a
re

o
ften

th
e

on
ly

so
u

rce
o
f

in
fo

rm
a
tio

n
a
b

ou
t

a
p

ro
g
ra

m
,

p
o
licy,

o
r

trea
tm

en
t.

F
o
r

ex
a
m

p
le,

p
eo

p
le

n
o
n

-ra
n

d
o
m

ly
ch

o
o
se

to
p

a
rticip

ate
in

eco
n

om
y
-b

o
ostin

g
p

ro
g
ra

m
s,

p
o
litica

l
m

ov
em

en
ts,

o
n

lin
e

a
ctiv

ities
su

ch
a
s

p
o
st

re-tw
eetin

g,
q
u

estio
n

a
n

sw
er-

in
g,

serv
ice

su
b

scrip
tion

,
etc.

In
estim

a
tin

g
a
n
y

ca
u

sal
eff

ect
w

ith
su

ch
d

a
ta

,
th

e
resea

rch
ers

resort
to

th
e

n
o
n

p
a
ra

m
etric

d
a
ta

p
rep

ro
cessin

g
,
co

m
m

o
n
ly

referred
to

a
s

m
a
tch

in
g

(H
o

et
al.,

2
0
11

).

In
a

rea
l-w

o
rld

ca
u

sa
l

in
feren

ce
p

ro
b

lem
in

sta
n

ce,
a

trea
tm

en
t

g
ro

u
p

(a
g
ro

u
p

o
f

trea
ted

u
n

its)
is

ty
p

ica
lly

sm
aller

th
an

th
e

size
o
f

a
p

o
ol

o
f

ava
ila

b
le

co
n

tro
l

(u
n
trea

ted
)

u
n

its;
a

co
n
tro

l
gro

u
p

can
th

en
b

e
selected

b
y

a
resea

rch
er

fro
m

th
is

p
o
o
l.

W
h

en
a

m
a
tch

in
g

p
ro

ce-
d

u
re

is
p

erfo
rm

ed
(R

u
b

in
,

2
00

6),
a

co
n
tro

l
g
ro

u
p

is
d

esig
n

ed
to

con
ta

in
th

e
u

n
its

th
at

a
re

sim
ilar

in
covaria

te
va

lu
es

to
th

ose
in

th
e

trea
tm

en
t

g
rou

p
(d

iff
erin

g
o
n

ly
on

th
e

trea
tm

en
t

in
d

icators).
A

ru
le-o

f-th
u

m
b

fo
r

eva
lu

a
tin

g
th

e
su

ccess
of

a
m

a
tch

in
g

p
ro

ced
u

re
p

osits
th

at
b

etter
b

a
la

n
ce

on
cova

ria
tes

lea
d

s
to

sm
a
ller

b
ias

in
th

e
trea

tm
en

t
eff

ect
estim

atio
n

(R
osen

-
b

au
m

a
n

d
R

u
b

in
,

19
85

);
h

ere,
b

a
lan

ce
is

u
n

d
ersto

o
d

a
s

sim
ilarity

b
etw

een
th

e
em

p
irical

cova
ria

te
d

istrib
u

tio
n

s
in

th
e

treatm
en

t
a
n

d
co

n
tro

l
g
ro

u
p

s.
N

o
te

th
at

th
eo

retica
lly,

if
a
n

o
p

tim
a
l
m

atch
in

g
d

o
es

n
o
t

ex
ist,

n
o

gu
ara

n
tee

a
s

to
th

e
b

ia
s

red
u

ctio
n

am
o
u

n
t

ca
n

b
e

given
.
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S
u
n

a
n
d

N
ik

o
l
a
e
v

A
m

on
g

d
iff

eren
t

ty
p

es
of

m
atch

in
g

recip
es,

th
e

fi
rst

p
rop

osed
an

d
w

ell-u
sed

on
e

is
th

e
n

ea
rest

n
eigh

b
or

m
atch

in
g

(R
u

b
in

,
1973).

It
p

rescrib
es

to
p
air

u
p

ea
ch

ob
serv

ed
trea

tm
en

t
u

n
it

w
ith

a
co

n
trol

u
n

it
so

as
to

m
in

im
ize

a
w

eigh
ted

d
istan

ce
b

etw
een

th
e

u
n

its’
cova

riate
vectors

in
each

su
ch

p
air.

M
ah

alan
ob

is
d

istan
ce

is
w

id
ely

u
sed

for
th

is
p
u

rp
ose

(R
u

b
in

,
19

8
0),

h
ow

ever,
as

a
m

easu
re

of
d

ivergen
ce,

it
relies

on
ellip

tical
d

istrib
u

tion
s

of
covariates

(S
ek

h
o
n

,
2008

).
A

n
oth

er
w

id
ely

-u
sed

recip
e

p
rescrib

es
to

m
atch

u
n

its
on

p
rop

en
sity

score
(R

o
sen

b
a
u

m
an

d
R

u
b

in
,

1983)
d

efi
n

ed
as

th
e

p
rob

ab
ility

of
a

u
n

it
to

receive
treatm

en
t.

T
h

e
M

ah
alan

o
b

is
d

istan
ce

an
d

p
rop

en
sity

score
b

ased
m

atch
in

g
m

eth
o
d

s
can

b
e

com
-

b
in

ed
in

variou
s

w
ay

s
(R

u
b

in
,

2001;
D

iam
on

d
an

d
S

ek
h

on
,

201
3).

H
ow

ev
er,

su
ch

m
eth

o
d

s
req

u
ire

assu
m

p
tio

n
s

on
m

o
d

el
an

d
/or

d
ata

stru
ctu

re.
A

s
su

ch
,

tru
e

u
n

its’
p

rop
en

sity
score

va
lu

es
are

g
en

erally
u

n
k
n

ow
n

,
an

d
m

u
st

b
e

estim
ated

v
ia

regression
on

covariates,
w

h
ich

m
akes

ro
o
m

fo
r

th
e

research
er’s

b
ias

in
d

ata
a
n

aly
sis

(w
h
en

on
e

can
“
tin

ker
w

ith
”

w
ith

an
an

aly
sis

to
ol

to
m

ake
it

ou
tp

u
t

th
e

resu
lt

th
at

on
e

an
ticip

ates,
p

erh
ap

s
su

b
co

n
sciou

sly
).

T
h

is
w

eak
n

ess
h

a
s

led
to

con
troversial

ex
ch

a
n

ges
b

etw
een

th
e

au
th

ors
an

aly
zin

g
th

e
sam

e
d

a
ta

an
d

reach
in

g
con

fl
ictin

g
con

clu
sion

s
(D

eh
ejia

an
d

W
ah

b
a,

1999
,
2002;

S
m

ith
an

d
T

o
d

d
,

20
0
5b

;
D

eh
ejia,

2005;
S

m
ith

an
d

T
o
d

d
,

2005a).

B
o
th

th
e

M
ah

alan
ob

is
d

istan
ce

an
d

p
rop

en
sity

score
b

ased
m

atch
in

g
m

eth
o
d

s
are

ap
-

p
lied

w
ith

th
e

ob
jective

to
m

in
im

ize
th

e
d

iff
eren

ces
b

etw
een

th
e

u
n

its
in

th
e

treatm
en

t
grou

p
an

d
th

e
con

tro
l
grou

p
of

th
e

sam
e

size.
In

con
trast,

Iacu
s

et
al.

(2012)
in

tro
d

u
ce

a
n

ew
cla

ss
of

m
a
tch

in
g

m
eth

o
d

s,
th

e
M

on
oton

ic
Im

b
alan

ce
B

ou
n

d
in

g
(M

IB
)

m
atch

in
g,

w
h

ich
lo

o
k
s

to
assem

b
le

m
atch

ed
con

trol
grou

p
s

con
sistin

g
of

a
su

ffi
cien

tly
large

n
u

m
b

er
of

ob
servation

s
w

ith
a

fi
x
ed

p
re-set

lev
el

of
m

ax
im

u
m

allow
ed

im
b

alan
ce.

B
ased

on
th

e
im

b
alan

ce
lev

el,
a
n

alg
orith

m
is

d
esig

n
ed

to
sp

lit
th

e
ran

ge
of

each
covariate

in
to

several
coarse

categories,
so

th
a
t

an
y

ex
act

m
atch

in
g

algorith
m

can
b

e
ap

p
lied

to
solve

th
is

d
iscretized

p
rob

lem
.

M
eth

o
d

olo
gies

for
d

irect
op

tim
ization

of
b

alan
ce

h
ave

b
een

p
rop

osed
b
y

research
ers

ju
st

recen
tly.

R
osen

b
a
u

m
et

al.
(2007)

in
tro

d
u

ce
a

fi
n

e
ba

la
n

ce
m

eth
o
d

,
w

h
ere

ex
act

b
alan

ce
is

so
u

g
h
t

o
n

several
categorized

n
om

in
al

covariates
an

d
ap

p
rox

im
ate

m
atch

in
g

is
con

d
u

cted
on

th
e

rem
ain

in
g

o
n

es.
F

or
th

e
ex

act
m

atch
in

g
p

art,
a

m
atrix

of
M

ah
ala

n
o
b

is
d

istan
ce

valu
es

a
cross

a
ll

p
airs

o
f

treatm
en

t
an

d
con

trol
u

n
its

is
d

efi
n

ed
,

an
d

th
en

th
e

classic
assig

n
m

en
t

a
lg

orith
m

is
u

sed
to

m
in

im
ize

th
e

total
d

istan
ce.

N
ikolaev

et
al.

(2
013)

in
tro

d
u

ce
B

alan
ce

O
p

tim
ization

S
u

b
set

S
election

(B
O

S
S

)
ap

p
roach

,
op

tim
izin

g
ex

p
licit

m
easu

res
of

b
alan

ce
a
n

d
trea

tin
g

sev
eral

m
o
d

els
w

ith
ex

act
an

d
h
eu

ristic
m

eth
o
d
s.

Z
u

b
izarreta

(201
2)

b
u

ild
s

m
ix

ed
in

teger
p

ro
g
ram

m
in

g
m

o
d

els
to

op
tim

ize
covariate

b
ala

n
ce

d
irectly

b
y

m
in

im
izin

g
th

e
tota

l
su

m
of

th
e

d
istan

ces
b

etw
een

th
e

treated
u

n
its

an
d

m
atch

ed
co

n
trol

u
n

its.
T

h
e

latter
tw

o
lin

es
of

resea
rch

w
ork

to
m

easu
re

th
e

d
iff

eren
ce

b
etw

een
th

e
covariate

d
istrib

u
tio

n
s

in
th

e
treatm

en
t

grou
p

an
d

con
trol

p
o
ol

b
y

em
p

loy
in

g
ch

i-sq
u

are,
correlation
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a
re

th
em

b
ot

h
fo

r
tr

ea
tm

en
t

eff
ec

t
es

ti
m

a
ti

o
n

(s
ee

S
ec

ti
o
n

5)
.

3
.2

N
o
n

li
n

e
a
r

In
te

g
e
r

O
p

ti
m

iz
a
ti

o
n

P
ro

b
le

m
s

T
h

e
o
b

je
ct

iv
e

o
f

ou
r

m
a
tc

h
in

g
p

ro
b

le
m

is
to

se
le

ct
su

ch
a

su
b

se
t
S
⊆
C

th
at

m
in

im
iz

es
th

e
M

I
b

et
w

ee
n

th
e

tr
ea

tm
en

t
in

d
ic

at
or

a
n

d
co

va
ri

a
te

v
ec

to
r

ov
er

se
t
S
∪
T

.
T

h
e

M
I

b
et

w
ee

n
t

a
n

d
X

(o
r

al
l

th
e
X
k
)

is
d

en
ot

ed
b
y
I
(t

;X
)

if
th

e
co

m
p

u
ta

ti
o
n

is
b

a
se

d
on

th
e

fu
ll

jo
in

t
d

is
tr

ib
u

ti
on

of
th

e
co

va
ri

at
es

,
an

d
b
y
∑

k
∈K

I
(t

;X
k
)

if
th

e
co

m
p

u
ta

ti
on

is
b

a
se

d
o
n

th
e

m
a
rg

in
a
l

d
is

tr
ib

u
ti

on
s

o
f

in
d

iv
id

u
a
l

co
va

ri
a
te

s.
S

in
ce

th
es

e
ex

p
re

ss
io

n
s

h
av

e
si

m
il

ar
m

a
th

-
em

a
ti

ca
l

fo
rm

s,
o
n

ly
I
(t
,X

)
w

il
l

b
e

u
se

d
fo

r
n

o
ta

ti
o
n

in
th

e
fo

ll
ow

in
g

d
is

cu
ss

io
n

,
w

it
h
X

re
p

re
se

n
ti

n
g

ei
th

er
X

o
r
X
k
,
d

ep
en

d
in

g
o
n

th
e

co
n
te

x
t.

N
o
te

th
a
t
I
(t
,X

)
is

a
n

u
n

am
b

ig
u

o
u

s
n

o
ta

ti
on

fo
r

M
I

in
a

p
ro

b
le

m
w

it
h

a
si

n
g
le

co
va

ri
a
te

.
M

ea
n
w

h
il

e,
fo

r
a

p
ro

b
le

m
w

it
h

m
u

lt
i-

p
le

co
va

ri
at

es
,

th
e

u
n

it
s

in
th

e
jo

in
t

or
m

a
rg

in
a
l

b
in

s
ca

n
b

e
th

ou
g
h
t

o
f

a
s

b
ei

n
g

p
ro

je
ct

ed
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M
u
t
u
a
l

In
f
o
r
m

a
t
io

n
B

a
se

d
M

a
t
c
h
in

g

in
to

a
o
n

e-d
im

en
sio

n
a
l

ran
ge,

a
n

d
h

en
ce,

ca
n

a
lso

b
e

treated
a
s

a
sin

g
le-cova

ria
te

p
ro

b
lem

,
a
lb

eit
p

ossib
ly

w
ith

th
e

a
d

d
ition

al
co

n
stra

in
ts

cap
tu

rin
g

th
e

co
p

u
la-b

a
sed

d
ep

en
d

en
cies.

In
o
rd

er
to

ex
p

ress
I
(t;X

)
u
sin

g
th

e
em

p
irica

l
cova

ria
te

d
istrib

u
tio

n
fo

r
th

e
u

n
its

in
a

g
iven

p
rob

lem
,
d

en
o
te

th
e

covariate
valu

e
fo

r
a
n
y

u
n

it
co

n
ta

in
ed

in
b

in
b

b
y

th
e

sa
m

e
va

ria
b

le
X
b .

L
et
p
(t)

b
e

th
e

p
ro

b
a
b

ility
th

a
t

a
u

n
it

is
trea

ted
,

a
n

d
p
(X

b )
b

e
th

e
p

ro
b

a
b

ility
th

a
t

its
cova

ria
te

valu
e

fa
lls

in
to

b
in
b,

w
ith
∑

b∈
B
p
(X

b )
=

1
.

A
lso

,
let

p
(X

b ,t)
b

e
th

e
p

ro
b

ab
ility

th
a
t

th
e

covariate
valu

e
of

a
u

n
it

w
ith

treatm
en

t
in

d
ica

to
r
t

fa
lls

in
to

b
in
b.

T
h

en
,

th
e

em
p

irica
l

M
I

b
etw

een
th

e
treatm

en
t

in
d

icato
r
t

a
n

d
covaria

te
X

ca
n

b
e

ex
p
ressed

as

I
(t;X

)
=
∑b∈
B

∑t∈{
0
,1}
p
(X

b ,t)
lo

g
p
(X

b ,t)

p
(X

b )p
(t) .

(1
)

L
et
S
b

(o
r
T
b ,
C
b )

d
en

ote
th

e
n
u

m
b

er
o
f

u
n

its
in

g
ro

u
p
S

(or
T

,C
)

w
ith

cova
ria

te
va

lu
es

fa
llin

g
in

to
b
in
b.

F
rom

th
e

ch
a
racteristics

o
f

th
e

u
n

its
in
S
∪
T

,
th

e
p

ro
b

ab
ilities

in
eq

u
atio

n
(1

)
ca

n
b

e
estim

ated
.

If
t

=
0
,
p
(X

b ,t)
=

S
b

|S|+
|T
|

a
n

d
p
(t)

=
|S|

|S|+
|T
| ;

if
t

=
1
,

p
(X

b ,t)
=

T
b

|S|+
|T
|

a
n

d
p
(t)

=
|T
|

|S|+
|T
| ;

also
,
p
(X

b )
=

T
b +
S
b

|S|+
|T
| .

In
gen

era
l,

a
n

M
I

estim
atio

n
b

ia
s

(w
h

ich
is

d
iff

eren
t

fro
m

th
e

ca
u

sa
l

estim
atio

n
b

ia
s

d
iscu

ssed
ab

ove)
a
rises

w
h

en
th

e
M

I
estim

a
tio

n
is

d
o
n

e
b

a
sed

o
n

a
fi

x
ed

lim
ited

n
u

m
b

er
of

o
b

serva
tion

s
(1

)
(P

an
zeri

an
d

T
rev

es,
1
9
96

;
R

ou
lston

,
1
9
9
9
).

H
ow

ev
er,

th
is

p
a
p

er
a
n

aly
zes

th
e

em
p
irica

l
d

istrib
u

tio
n

s
o
f

th
e

va
ria

b
les

d
efi

n
ed

fo
r

th
e

u
n

its
in

th
e

co
n
tro

l
a
n

d
treatm

en
t

g
rou

p
s,

w
h

ich
are

ava
ila

b
le

in
th

eir
en

tirety,
a
n

d
h

en
ce,

b
y

(1
),

th
e

M
I

is
ex

actly
given

,

I
(t;X

)
=

lo
g

(|S|+
|T
|)

+
1

|S|+
|T
| ( ∑b∈

B

S
b [lo

g
S
b −

lo
g
(T
b

+
S
b )−

lo
g|S|]

+
∑b∈
B

T
b [lo

g
T
b −

log
(T
b

+
S
b )−

lo
g|T
|]).

(2)

T
w

o
a
ltern

a
tive

M
I-b

a
sed

o
b

jectiv
e

fu
n

ctio
n

s
a
re

a
n

a
ly

zed
in

th
is

p
ap

er:
I
(t;X

)
a
n

d
∑

k∈
K
I
(t;X

k ).
F

o
rm

a
lly,

a
p

ro
b

lem
fro

m
th

e
class

of
M

u
tu

a
l

In
fo

rm
a
tio

n
b

a
se

d
M

a
tch

in
g

(M
IM

)
p

ro
b

lem
s

is
sta

ted
:

G
iven

:|K
|

cova
ria

tes;
treatm

en
t

g
ro

u
p
T

;
co

n
tro

l
p

o
o
lC

w
ith
|C|

>
|T
|;

fo
r

ea
ch

o
b

served
u

n
it
u
∈
T
∪
C

,
th

e
cova

riate
vectors

X
=
{X

1 ,X
2 ,...,X

|K
| }

;
segm

en
ted

cova
ria

te
sp

a
ce

w
ith

jo
in

t
b

in
s
b
∈
B

a
n

d
m

arg
in

al
b

in
s
m
∈
M

;
a

fi
x
ed

in
teg

er
N

a
s

th
e

targ
et

co
n
trol

gro
u

p
size.

O
bjective

:
fi

n
d

a
su

b
setS

⊆
C

su
ch

th
a
t

•
|S|

=
N

a
n

d
I
(t;X

)
is

m
in

im
ized

(M
IM

-J
oin

t
p

ro
b

lem
),

o
r

•
|S|

=
N

a
n

d
∑

k∈
K
I
(t;X

k )
is

m
in

im
ized

(M
IM

-M
a
rgin

al
p

rob
lem

).

A
m

atch
in

g
p

ro
b

lem
b

ased
o
n

eith
er

jo
in

t
or

m
a
rg

in
a
l

cova
ria

te
d

istrib
u

tio
n

(s)
is

d
e-

sig
n

ed
w

ith
th

e
d

ecision
va

ria
b

les
retu

rn
in

g
th

e
n
u

m
b

er
o
f

co
n
tro

l
u

n
its

to
b

e
selected

fro
m

ea
ch

join
t

b
in

.
C

o
m

p
lete

en
u

m
era

tio
n

o
f

fea
sib

le
so

lu
tio

n
s

in
a

p
ro

b
lem

w
ith

a
n
y

o
f

th
ese

tw
o

ob
jective

ty
p

es
w

o
u

ld
ta

ke
a
n

ex
p

o
n

en
tia

lly
grow

in
g

n
u

m
b

er
o
f

com
p

u
tin

g
o
p

era
tio

n
s

in
th

e
size

of
th

e
co

n
tro

l
p

o
o
l.

A
n

o
th

er
ch

a
llen

g
e

lies
in

th
e

n
o
n

lin
ea

rity
o
f

th
e

o
b

jective
fu

n
ctio

n
s,

fu
rth

er
a
n

a
ly

sis
of

w
h

ich
is

req
u

ired
in

o
rd

er
to

a
rrive

a
t

tra
cta

b
le

m
a
th

em
atical

p
rog

ra
m

m
in

g
fo

rm
u

la
tion

s
fo

r
M

IM
.
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S
u
n

a
n
d

N
ik

o
l
a
e
v

T
h

e
o
re

m
1

T
h
e

d
ecisio

n
versio

n
o
f

th
e

M
IM

-M
a
rgin

a
l

p
ro

blem
,

m
inS⊂

C ∑
k∈
K
I
(t;X

k )
su

bject
to
|S|

=
N

,
is

N
P

-co
m

p
lete.

P
ro

o
f

S
ee

A
p

p
en

d
ix

A
.

4
.

S
o
lu

tio
n

A
p
p
ro

a
ch

e
s

T
h

is
section

in
v
estigates

th
e

p
rop

erties
of

solu
tion

s
w

ith
th

e
m

in
im

u
m

M
I,

w
ith

th
e

g
oal

of
d

evelop
in

g
a

m
eth

o
d

for
treatin

g
th

e
n
on

lin
earity

in
th

e
ob

jective
fu

n
ction

of
M

IM
p

rob
lem

s.
T

h
e

d
erivation

s
p

resen
ted

in
th

is
section

u
n

fold
from

th
e

p
rob

lem
of

m
in

im
izin

g
I
(t;X

)
u

n
d

er
th

e
assu

m
p

tion
th

at
th

e
con

ten
ts

of
th

e
b

in
s

cap
tu

rin
g

th
e

d
istrib

u
tion

o
f

covariate
X

a
re

in
d

ep
en

d
en

t.
T

h
e

ob
tain

ed
in

sigh
ts

are
n

ex
t

ex
ten

d
ed

to
th

e
M

IM
-J

o
in

t
an

d
M

IM
-

M
arg

in
al

p
rob

lem
s.

T
h

e
m

ix
ed

in
teger

p
rogram

m
in

g
m

o
d

els
an

d
m

atch
in

g
algo

rith
m

s
are

th
en

d
evelop

ed
fo

r
selectin

g
con

trol
su

b
sets

for
M

IM
-J

o
in

t
an

d
M

IM
-M

a
rgin

al
p

rob
lem

s.

4
.1

A
n

a
ly

se
s

o
f

O
p

tim
a
lity

C
o
n

d
itio

n
s

C
o
n

sid
er

th
e

ex
p

ression
of

M
I

in
(2);

ob
serve

th
at

sin
ce

th
e

treatm
en

t
grou

p
is

given
,

an
d

th
e

ta
rget

co
n
trol

grou
p

size
is

k
n
ow

n
,|S|

=
N

,
several

term
s

in
eq

u
a
tion

(2)
are

con
stan

t.
A

lso, ∑
b∈
B
S
b
log|S|+

∑
b∈
B
T
b
log|T

|
=
|T
|log|T

|+
|S|log|S|.

T
h

en
,

th
e

term
∑

b∈
B
S
b [log

S
b −

log
(T
b

+
S
b )]+

∑
b∈
B
T
b [log

T
b −

log
(T
b

+
S
b )]

rem
ain

s
th

e
on

ly
on

e
to

b
e

con
sid

ered
for

M
I

m
in

im
ization

.
F

or
th

e
ease

of
p

resen
ta

tion
,
th

is
term

can
n

ow
b

e
rew

ritten
b

a
sed

n
ot

o
n

th
e

b
in

s’
aggregate

con
ten

ts
b

u
t

on
th

e
in

d
iv

id
u

al
u

n
its’

lo
ca

tion
s

in
th

e
b

in
s.

B
ecau

se
all

th
e

ob
served

u
n

its,
w

h
ose

covariate
valu

es
X
u

are
con

tain
ed

in
th

e
sam

e
b
in

,
h

ave
th

e
sa

m
e

valu
es

of
T
b

an
d
S
b ,

th
e

m
in

im
izatio

n
of

(2)
is

eq
u

ivalen
t

to
th

at
of

R
≡

∏

u∈S
,X

u∈
b

S
b

T
b

+
S
b

∏

u∈T
,X

u∈
b

T
b

T
b

+
S
b .

(3)

C
on

sid
er

th
e

M
IM

p
rob

lem
in

stan
ce

illu
strated

b
y

F
igu

re
2,

w
h

ere
N
−

1
co

n
trol

u
n

its
h

ave
b

een
selected

from
th

e
con

trol
p

o
ol

in
to

a
con

trol
grou

p
(n

ot
n

ecessarily
op

tim
ally

).
In

o
rd

er
to

co
m

p
lete

th
e

selection
of

u
n

its
in

to
th

e
con

tro
l

grou
p

,
on

e
last

u
n

it
h

as
to

b
e

selected
fro

m
an

y
of

th
e

b
in

s
w

ith
S
b
<
C
b .

A
ll

su
ch

b
in

s
ca

n
b

e
p

artitio
n

ed
in

to
th

ree
su

b
sets:

B
1

=
{b

:
S
b
<
T
b }

,
B

2
=
{b

:
S
b ≥

T
b ,T

b 6=
0}

,
B

3
=
{
b

:
T
b

=
0}.

G
iven

th
at

th
e

la
st

u
n

it
ad

d
ed

to
th

e
con

trol
grou

p
is

con
tain

ed
in

b
in
b,

let
I
b

d
en

ote
th

e
resu

ltin
g

M
I

b
etw

een
t

an
d
X

,
an

d
R
b

d
en

ote
th

e
resu

ltin
g

ob
jectiv

e
fu

n
ction

valu
e

in
(3).

T
h

e
follow

in
g

tw
o

lem
m

as
p

rov
id

e
th

e
gu

id
elin

es
for

th
e

o
p

tim
al

selection
of

th
e

last
u

n
it

to
b

e
in

clu
d

ed
in

to
th

e
con

trol
grou

p
.

L
e
m

m
a

2
C

o
n

sid
er

a
n

in
sta

n
ce

w
h
ere

a
n

in
co

m
p
lete

co
n

tro
l

gro
u

p
h
a
s
N
−

1
u

n
its

in
it,

a
n

d
th

ree
ca

n
d
id

a
te

u
n

its
(th

a
t

co
u

ld
co

m
p

lete
it)

a
re

co
n

ta
in

ed
in

bin
s
b
1
∈
B

1,
b
2
∈
B

2

a
n

d
b
3 ∈

B
3,

respectively.
T

h
en

,
I

1
<
I

2
<
I

3 .

P
ro

o
f

If
th

e
can

d
id

ate
u

n
it

from
b

in
b
1
∈
B

1
is

selected
,

th
en

th
e

valu
e

of
S
b
1

in
crea

ses
b
y

1
,

w
h

ile
all

th
e

oth
er

S
b

an
d
T
b

valu
es

stay
u

n
ch

an
ged

.
T

h
u
s,

th
e

ob
jectiv

e
fu

n
c-

tio
n

valu
e

in
(3)

b
ecom

es
R

1
=
R̂

(
S
b
1
+

1

T
b
1
+
S
b
1
+

1 )
S
b
1
+

1(
T
b
1

T
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n
it

fro
m
b
1

a
n

d
a
d

d
in

g
on

e
in

to
b
2 ,

I
(t;X

)
w

ill
n

o
t

ch
an

ge.
In

su
ch

a
ca

se,
if

th
e

u
p

d
a
ted
S

b
eco

m
es

id
en

tica
l

to
S
∗,

th
en

th
is

m
ea

n
s

th
a
tS

is
a
n

a
ltern

a
tive

op
tim

a
l

so
lu

tion
w

ith
th

e
m

in
im

u
m
I
(t;X

).
O

th
erw

ise,
o
n

e

ca
n

co
n
tin

u
e

sh
u

ffl
in

g
u

n
its,

w
ith

S
b
1 −

1−
∆
−
A

T
b
1

<
S
b
1 −

1−
A

T
b
1

=
S
b
2 −

A

T
b
2

<
S
b
2
+

∆
−
A

T
b
2

h
o
ld

in
g

fo
r

∀
∆
>

0.
S

im
ila

rly,
I
(t;X

)
w

ill
con

tin
u

e
in

crea
sin

g
,

lead
in

g
to
S
∗

n
o
t

b
ein

g
o
p

tim
a
l,

i.e.,
to

a
con

trad
iction

.

T
h

eorem
4

p
rov

id
es

th
e

n
ecessary

a
n

d
su

ffi
cien

t
o
p

tim
a
lity

co
n

d
itio

n
s

for
th

e
co

n
tro

l
g
rou

p
s

w
ith

th
e

m
in

im
u

m
I
(t;X

).
Its

va
lu

e
lies

in
co

n
d

itio
n

(4
)

b
ein

g
lin

ea
r

in
S
b ,

u
n

like
th

e
m

in
im

iza
tion

p
rob

lem
o
b

jective
(2

).
N

o
te,

h
ow

ever,
th

a
t

T
h

eo
rem

4
o
n

ly
w

o
rk

s
to

d
eterm

in
e

w
h

eth
er

a
co

n
trol

g
rou

p
is

o
p

tim
a
l

o
r

n
o
t;

it
ca

n
n

o
t

b
e

u
sed

to
a
ssess

or
co

m
p

are
th

e
q
u

a
lity

of
su

b
op

tim
al

co
n
trol

g
ro

u
p

s.
In

o
rd

er
to

eff
ectively

ap
p

ly
T

h
eo

rem
4

in
p

ra
ctice,

on
e

w
ou

ld
like

to
av

o
id

th
e

ex
h

a
u

stive
traversal

of
b

in
p

a
irs.

C
oro

lla
ries

5
a
n

d
6

allow
for

ta
ck

lin
g

th
is

p
ro

b
lem

a
n

d
p

rov
id

e
a

m
ea

n
s

for
effi

cien
t

o
p

tim
a
l

con
tro

l
g
ro

u
p

selectio
n

.

C
o
ro

lla
ry

5
C

o
n

sid
er

a
n

in
sta

n
ce

o
f

m
in

im
izin

g
I
(t;X

)
w

h
ere

N
>
∑

b∈{
b:T

b ≥
1}
C
b .

T
h
en

,
a

co
n

tro
l

gro
u

p
S

is
o
p
tim

a
l

if
it

in
clu

d
es

a
ll

th
e

co
n

tro
l

u
n

its
in

a
ll
b∈
{b

:
T
b ≥

1}.

P
ro

o
f

F
o
llow

s
d

irectly
from

L
em

m
a

2
.

C
o
ro

lla
ry

6
C

o
n

sid
er

a
n

in
sta

n
ce

o
f

m
in

im
izin

g
I
(t;X

),
w

h
ere

N
≤
∑

b∈{
b:T

b ≥
1}
C
b .

T
h
en

,
a

co
n

tro
l

gro
u

p
S

is
o
p
tim

a
l

if
a
n

d
o
n

ly
if

fo
r

every
pa

ir
o
f

bin
s
b
1

a
n

d
b
2

su
ch

th
a
t

b
1 ∈

a
rg

m
a
x

b∈
B
{
S
b −

1−
A

T
b

}
(5)

a
n

d

b
2 ∈

a
rg

m
in

b∈
B
{
S
b −

A

T
b

:|C
b −

S
b |≥

1}
,

(6)

o
n

e
h
a
s
S
b
1 −

1−
A

T
b
1
≤

S
b
2 −

A

T
b
2

,
w

h
ere

A
≈
−

0
.47.

P
ro

o
f

C
o
n

sid
er

a
n
y

p
air

o
f

b
in

s,
b
3

a
n

d
b
4 ,

w
ith
|C
b
4 −

S
b
4 |≥

1
.

In
o
rd

er
to

d
eterm

in
e

ifS
is

o
p

tim
a
l,

T
h

eo
rem

4
p
rescrib

es
to

co
m

p
a
re

th
e

left-h
a
n

d
a
n

d
rig

h
t-h

a
n

d
sid

es
o
f

in
eq

u
a
lity

(4
)

fo
r

b
in

s
b
3

an
d
b
4 .

B
y

th
e

sta
tem

en
t

o
f

th
is

co
rollary,

o
n

e
h

a
s
S
b
1 −

1−
A

T
b
1
≥

S
b
3 −

1−
A

T
b
3

a
n

d
S
b
2 −

A

T
b
2
≤

S
b
4 −

A

T
b
4

.
T

h
en

,
if

in
eq

u
a
lity

(4
)

h
old

s
for

b
in

s
b
1

a
n

d
b
2 ,

th
en

it
a
lso

h
o
ld

s
fo

r
b

in
s

B
3

a
n

d
B

4 ,
b

ecau
se

S
b
3 −

1−
A

T
b
3
≤

S
b
1 −

1−
A

T
b
1
≤

S
b
2 −

A

T
b
2
≤

S
b
4 −

A

T
b
4

,
a
n

d
v
ice

versa
.
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S
u
n

a
n
d

N
ik

o
l
a
e
v

4
.2

M
ix

e
d

In
te

g
e
r

P
ro

g
ra

m
m

in
g
-B

a
se

d
M

a
tch

in
g

A
lg

o
rith

m
s

T
h

e
op

tim
ality

con
d

ition
s

in
T

h
eorem

4
an

d
C

orollary
6

allow
on

e
to

con
stru

ct
an

alter-
n

a
tive

fo
rm

u
la

tion
for

th
e

p
rob

lem
of

m
in

im
izin

g
I
(t;X

)
w

ith
N
≤
∑

b∈{
b:T

b ≥
1}
C
b ,

u
sin

g

th
e

ex
p

ressio
n

S
b −

1−
A

T
b

.
N

ote
th

at
th

is
ratio

is
u

n
d

efi
n

ed
for

b
in

s
w

ith
T
b

=
0
;

h
ow

ever,
p

er
L

em
m

a
2,

an
op

tim
al

solu
tion

can
con

tain
con

trol
u

n
its

from
su

ch
b

in
s

o
n

ly
if

a
ll

th
e

ava
ila

b
le

con
tro

l
u

n
its

from
oth

er
b

in
s

h
av

e
b

een
ex

h
au

sted
.

In
ord

er
to

reform
u

late
th

e
ob

-
jective

fu
n

ction
of

m
in

im
izin

g
I
(t;X

),
th

e
ex

p
ression

S
b −

1−
A

T
b

sh
ou

ld
fi

rst
b

e
rev

ised
so

th
at

its
d

en
om

in
ator

evalu
ates

to
a

fi
x
ed

n
u

m
b

er,
α
∈

(0,1),
sm

a
ll

en
ou

gh
to

m
a
ke

th
e

selection
of

co
n
trol

u
n

its
from

b
in

s
w

ith
T
b

=
0

very
costly.

In
ord

er
to

search
for

a
con

trol
grou

p
satisfy

in
g

th
e

con
d

ition
in

C
orollary

6,
th

e
follow

in
g

op
tim

ization
p

rob
lem

is
form

u
lated

:

m
in

S⊂
C {

m
ax

b∈
B

S
b −

1−
A

m
ax{T

b ,α} },
(7)

w
h

ere
α

is
a

p
ositive

p
aram

eter
sm

all
en

ou
gh

to
d

istin
gu

ish
T
b

=
0

from
oth

er
p

ositive
va

lu
es

o
f
T
b ,

e.g
.,
α

=
0.01.

B
y

so
lv

in
g

(7
),

on
e

can
w

ork
to

con
stru

ct
a
n

op
tim

al
co

n
trol

grou
p

th
ro

u
gh

m
in

im
izin

g
th

e
m

ax
im

u
m

va
lu

e
of

th
e

fu
n

ction
in

(5).
H

av
in

g
fou

n
d

an
op

tim
a
l

solu
tion

to
(7),

on
e

can
ch

eck
if

(for
th

is
solu

tion
)

th
e

set
in

(5)
is

a
sin

gleton
.

If
it

is,
th

en
th

e
con

d
ition

in
C

o
rolla

ry
6

h
old

s.
O

th
erw

ise,
satisfy

in
g

(7)
m

ay
n

ot
b

e
su

ffi
cien

t
for

satisfy
in

g
C

oro
lla

ry
6,

sin
ce

it
req

u
ires

on
e

to
ch

eck
every

p
air

of
b

in
s

in
b

oth
th

e
set

in
(5)

an
d

th
e

set
in

(6).
A

s
an

ex
am

p
le

o
f

th
is

situ
ation

,
su

p
p

ose
th

at
th

ere
ex

ist
tw

o
b

in
s,
b
1

a
n

d
b
3 ,

in
th

e
set

in
(5),

an
d

a
b

in
b
2

in
th

e
set

in
(6)

su
ch

th
at

S
b
1 −

1−
A

T
b
1

=
S
b
3 −

1−
A

T
b
3

>
S
b
2 −

A

T
b
2

.
If

a
u

n
it

is

rem
oved

from
b
1

w
h

ile
an

oth
er

u
n

it
is

ad
d

ed
in

to
b
2 ,

th
e

ob
jective

valu
e

of
(7)

d
o
es

n
ot

im
p

rove
b

ecau
se

S
b
3 −

1−
A

T
b
3

d
o
es

n
ot

d
ecrease.

T
h
u

s,
th

e
op

tim
iza

tion
p

ro
cess

b
ased

p
u

rely

on
so

lv
in

g
(7)

w
ou

ld
term

in
ate

early
w

ith
ou

t
gu

aran
teein

g
an

op
tim

al
m

atch
in

g.
T

o
h

an
d

le
th

e
situ

ation
w

h
ere

th
e

set
in

(5)
is

n
o
t

a
sin

gleton
fo

r
a

solu
tion

of
(7),

an
algorith

m
is

d
evelop

ed
to

iteratively
solv

e
for

th
e

op
tim

al
n
u

m
b

er
of

u
n

its
to

b
e

selected
fro

m
each

b
in

.
In

an
y

iteration
,

if
solv

in
g

(7)
retu

rn
s

m
u

ltip
le

b
in

s
w

ith
valu

es
of

S
b −

1−
A

T
b

eq
u

a
l

to
th

e
m

ax
im

u
m

(over
all

th
e

b
in

s),
th

en
o
n

e
of

th
ese

b
in

s
is

ad
d

ed
to

a
“forb

id
d

en
b

in
set”,

d
en

oted
b
y
B
F

an
d

in
itialized

at
an

em
p

ty
set

b
efo

re
th

e
fi

rst
iteration

.
E

very
tim

e
B
F

is
u

p
d

ated
,

p
rob

lem
(7)

is
reform

u
lated

,
w

ith
all

th
e

b
in

s
th

at
are

n
ot

in
B
F

,
an

d
solved

a
gain

in
th

e
n

ex
t

iteration
.

A
fter

several
su

ch
iteration

s,
on

ce
th

e
set

in
(5)

is
fou

n
d

to
b

e
a

sin
gleton

for
a

solu
tion

to
(7),

on
e

ca
n

b
e

su
re

th
at

an
op

tim
al

con
trol

grou
p

h
as

b
een

fo
u

n
d

.
In

ord
er

to
en

su
re

th
at

th
e

u
n

it
p

ick
in

g
in

a
giv

en
iteration

d
o
es

n
ot

m
ess

u
p

th
e

op
tim

ality
ach

ieved
w

ith
in

an
y

b
in

in
th

e
p

rev
iou

s
iteration

(s),
a

b
in

w
ith

th
e

sm
allest

n
u

m
b

er
of

th
e

treatm
en

t
u

n
its

in
th

e
n

on
-sin

gleton
set

(5)
is

alw
ay

s
fi

x
ed

fi
rst.

In
every

itera
tion

,
(7

)
is

solved
as

a
m

ix
ed

in
teger

p
rogram

m
in

g
(M

IP
)

m
o
d

el,

m
in

q
(8)

s.t.
q≥

S
b −

1−
A

m
ax{T

b ,α}
∀
b
/∈
B
F
,

(9)

∑b∈
B

S
b

=
N
,

(10)
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M
u
t
u
a
l

In
f
o
r
m

a
t
io

n
B

a
se

d
M

a
t
c
h
in

g

S
b
≤
C
b
∀b
∈
B
,

(1
1)

S
b
≥

0
∀b
∈
B
,

(1
2
)

S
b

:
in
te
g
er
∀b
∈
B
,

(1
3
)

B
=
{b

:
C
b

+
T
b
≥

1}
.

(1
4
)

T
h

e
d

ec
is

io
n

va
ri

ab
le

s
in

th
is

M
IP

ar
e

th
e

n
u

m
b

er
s

of
th

e
co

n
tr

ol
u

n
it

s,
S
b
,

to
b

e
se

le
ct

ed
fr

om
ea

ch
b

in
.

S
in

ce
it

is
on

ly
n

ec
es

sa
ry

to
co

n
si

d
er

th
e

b
in

s
in
{b

:
C
b

+
T
b
≥

1}
,

th
en

d
es

p
it

e
th

e
fa

ct
th

at
th

e
to

ta
l

n
u

m
b

er
of

jo
in

t
b

in
s

gr
ow

s
ex

p
on

en
ti

al
ly

w
it

h
th

e
b

in
n

in
g

p
ar

ti
ti

on
gr

an
u
la

ri
ty

,
th

e
n
u

m
b

er
of

th
e

d
ec

is
io

n
va

ri
ab

le
s

is
b

ou
n

d
ed

b
y
|T
|+
|C
|.

T
h

e
co

n
te

n
ts

of
th

e
fo

rb
id

d
en

b
in

se
t
B
F

ar
e

u
p

d
at

ed
it

er
at

iv
el

y
in

th
e

d
es

cr
ib

ed
a
lg

o
ri

th
m

.
T

h
e

m
in

im
ax

op
ti

m
iz

at
io

n
p

ro
b

le
m

(7
)

is
fo

rm
u

la
te

d
w

it
h

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

(8
)

a
n

d
th

e
co

n
st

ra
in

t
se

t
(9

).
C

on
st

ra
in

t
(1

0)
en

su
re

s
th

at
th

e
to

ta
l

n
u
m

b
er

of
u

n
it

s
in

th
e

co
n
tr

o
l

gr
ou

p
is

eq
u

al
to
N

.
C

on
st

ra
in

ts
(1

1)
,

(1
2)

an
d

(1
3)

re
st

ri
ct

th
e

ra
n

ge
of
S
b

to
n

o
n

n
eg

a
ti

ve
in

te
ge

rs
n

ot
ex

ce
ed

in
g

th
e

n
u

m
b

er
of

av
ai

la
b

le
co

n
tr

ol
u

n
it

s
in

ea
ch

re
sp

ec
ti

ve
b

in
.

N
ot

e
th

at
fo

r
so

lv
in

g
an

y
M

IM
-J

oi
n
t

p
ro

b
le

m
,

si
n

ce
th

e
b

in
s’

co
n
te

n
ts

ca
n

b
e

tr
ea

te
d

as
b

ei
n

g
in

d
ep

en
d

en
t

fr
om

ea
ch

ot
h

er
,

th
e

d
es

cr
ib

ed
p

ro
ce

d
u

re
fo

r
m

in
im

iz
in

g
I
(t

;X
)

ca
n

b
e

ex
ac

tl
y

fo
ll

ow
ed

to
m

in
im

iz
e
I
(t

;X
),

w
it

h
b

in
s
b

in
(8

)-
(1

4)
b

ei
n

g
th

e
jo

in
t

b
in

s.

A
lg

o
ri

th
m

1
M

IP
-b

as
ed

m
at

ch
in

g
fo

r
M

IM
-J

oi
n
t

p
ro

b
le

m

1
:

In
it

ia
li

ze
th

e
b

in
se

t
{b

:
C
b

+
T
b
≥

1
}

co
n

si
st

in
g

of
al

l
th

e
b

in
s

o
cc

u
p

ie
d

b
y

th
e

u
n

it
s

in
T
∪
C;

co
m

p
u

te
T
b

an
d
C
b
;

fo
rb

id
d

en
b

in
se

t
B
F

=
∅.

2
:

U
p

d
at

e
an

d
so

lv
e

th
e

co
rr

es
p

on
d

in
g

in
st

an
ti

at
io

n
of

fo
rm

u
la

ti
on

(8
)-

(1
4
)

to
o
b

ta
in
S
b

fo
r

ev
er

y
b

in
b.

3
:

If
ar

g
m

ax
b
/∈B

F
{S

b
−

1
−
A

T
b
}

is
a

si
n

gl
et

on
,

go
to

st
ep

4.
O

th
er

w
is

e,
ad

d
th

e
b

in
w

it
h

th
e

sm
al

le
st

n
u

m
b

er
of

tr
ea

tm
en

t
u

n
it

s
in

ar
g
m

ax
b
/∈B

F
{S

b
−

1
−
A

T
b
}

in
to

se
t
B
F

,
re

co
rd

an
d

fi
x

th
e

op
ti

m
al

n
u

m
b

er
of

co
n
tr

ol
u

n
it

s
to

b
e

se
le

ct
ed

in
it

,
an

d
go

to
st

ep
2
.

4
:

C
on

st
ru

ct
a

co
n
tr

ol
gr

ou
p

co
m

p
ly

in
g

w
it

h
th

e
ob

ta
in

ed
va

lu
es

of
S
b

ov
er

al
l

th
e

in
it

ia
l-

iz
ed

b
in

s
b.

S
to

p
.

H
ow

ev
er

,
fo

r
so

lv
in

g
an

M
IM

-M
ar

gi
n

al
p

ro
b

le
m

,
m

o
d

ifi
ca

ti
on

s
to

th
e

ab
ov

e
fo

rm
u

la
ti

on
an

d
th

e
al

go
ri

th
m

ar
e

n
ec

es
sa

ry
d

u
e

to
th

e
fa

ct
th

at
th

e
m

ar
gi

n
al

b
in

s
ca

n
n

ot
b

e
a
ss

u
m

ed
in

d
ep

en
d

en
t.

T
h

e
d

ec
is

io
n

va
ri

ab
le

s
of

an
M

IP
-M

ar
gi

n
al

m
o
d

el
ar

e
th

e
n
u

m
b

er
s

o
f

co
n
tr

ol
u

n
it

s
to

b
e

se
le

ct
ed

in
to
S

fo
r

ev
er

y
jo

in
t

b
in

(b
st

il
l

d
en

ot
es

a
jo

in
t

b
in

),
a
n

d
co

n
st

ra
in

ts
(1

0)
-(

14
)

re
m

ai
n

a
p

ar
t

of
th

e
op

ti
m

iz
at

io
n

p
ro

b
le

m
.

L
et
m

d
en

ot
e

a
m

ar
g
in

a
l

b
in

,
M

F

d
en

ot
e

th
e

fo
rb

id
d

en
m

ar
gi

n
al

b
in

se
t,

an
d
T
m

,
C
m

an
d
S
m

d
en

ot
e

th
e

n
u

m
b

er
o
f

a
ll

th
e

tr
ea

tm
en

t
u

n
it

s,
n
u

m
b

er
of

al
l

th
e

co
n
tr

ol
u
n

it
s

an
d

n
u
m

b
er

of
th

e
se

le
ct

ed
co

n
tr

o
l

u
n

it
s

in
m

,
re

sp
ec

ti
ve

ly
.

E
q
u
at

io
n

(9
)

is
th

en
re

p
la

ce
d

b
y

(1
5)

.
A

ls
o,

an
ad

d
it

io
n
a
l

co
n

st
ra

in
t

(1
6)

is
ad

d
ed

to
th

e
fo

rm
u

la
ti

on
to

en
su

re
th

at
th

e
n
u

m
b

er
of

u
n

it
s

in
an

y
m

a
rg

in
a
l

b
in

eq
u

a
ls

th
e

su
m

m
ed

to
ta

l
n
u

m
b

er
of

u
n

it
s

in
al

l
th

e
co

rr
es

p
on

d
in

g
jo

in
t

b
in

s.

q
≥
S
m
−

1
−
A

m
ax
{T

m
,α
}
∀m

/∈
M

F
,

(1
5)

S
m

=
∑

b;
X
m
∈b
S
b
∀m
∈
{m

:
C
m

+
T
m
≥

1
}

(1
6)
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S
u
n

a
n
d

N
ik

o
l
a
e
v

R
ec

a
ll

th
at

in
ev

er
y

it
er

at
io

n
o
f

so
lv

in
g

M
IM

-J
o
in

t
u

si
n

g
A

lg
o
ri

th
m

1
,

on
e

ch
ec

k
s

w
h

et
h

er
th

e
se

t
o
f

b
in

s
w

it
h

th
e

m
a
x
im

u
m

va
lu

e
o
f
S
m
−

1
−
A

T
m

is
a

si
n

g
le

to
n

.
B

ec
a
u

se
o
f

th
e

d
ep

en
d

en
ce

b
et

w
ee

n
th

e
co

n
te

n
ts

of
m

a
rg

in
a
l

b
in

s,
th

is
co

n
d

it
io

n
b
y

it
se

lf
d

o
es

n
ot

gu
ar

an
te

es
op

ti
m

a
li

ty
fo

r
M

IM
-M

a
rg

in
a
l

p
ro

b
le

m
.

S
p

ec
ifi

ca
ll

y,
gi

v
en

a
fe

as
ib

le
so

lu
ti

o
n

to
an

M
IM

-M
ar

g
in

a
l

p
ro

b
le

m
,

if
ex

a
ct

ly
o
n

e
m

a
rg

in
a
l

b
in

is
fo

u
n

d
to

ac
h

ie
v
e

th
e

m
a
x
im

u
m

va
lu

e
o
f
S
m
−

1
−
A

T
m

a
n

d
th

is
m

a
rg

in
a
l

b
in

is
as

so
ci

at
ed

w
it

h
co

va
ri

a
te
k
,

th
en

b
ec

a
u

se
th

e
b

in
s

in
th

e
sa

m
e

co
va

ri
a
te

ar
e

in
d

ep
en

d
en

t
a
n

d
a
cc

or
d

in
g

to
C

or
o
ll

a
ry

6
,
I
(t

;X
k
)

is
m

in
im

iz
ed

.
B

u
t

th
e

M
I

in
o
th

er
co

va
ri

a
te

s
m

ig
h
t

st
il

l
b

e
im

p
ro

v
ed

w
it

h
o
u

t
ch

a
n

g
in

g
I
(t

;X
k
),

e.
g
.,

b
y

a
d

d
in

g
a
n

d
re

m
ov

in
g

th
e

sa
m

e
n
u

m
b

er
o
f

co
n
tr

ol
u

n
it

s
to

/f
ro

m
th

e
sa

m
e

m
a
rg

in
a
l

b
in

in
co

va
ri

at
e
k
.

T
h
u

s,
w

h
il

e
so

lv
in

g
fo

r
th

e
op

ti
m

a
l

n
u
m

b
er

o
f

u
n

it
s

in
ea

ch
m

a
rg

in
a
l

b
in

,
a
n

d
a
d

d
in

g
th

e
m

ar
g
in

a
l

b
in

s
o
n

e-
b
y
-o

n
e

to
a

fo
rb

id
d

en
b

in
se

t,
o
n

e
sh

o
u

ld
n

o
t

st
o
p

u
n
ti

l
th

e
se

ts
o
f

b
in

s
w

it
h

th
e

m
a
x
im

u
m

va
lu

es
of

S
m
−

1
−
A

T
m

in
a
ll

th
e
|K
|c

ov
ar

ia
te

s
b

ec
o
m

e
si

n
g
le

to
n

s.

A
lg

o
ri

th
m

2
M

IP
-b

as
ed

m
a
tc

h
in

g
fo

r
M

IM
-M

a
rg

in
a
l

p
ro

b
le

m

1
:

In
it

ia
li

ze
th

e
jo

in
t

b
in

se
t
{b

:
C
b
+
T
b
≥

1}
an

d
th

e
m

a
rg

in
al

b
in

se
t
{m

:
C
m

+
T
m
≥

1}
co

n
si

st
in

g
of

al
l

th
e

b
in

s
o
cc

u
p

ie
d

b
y

th
e

u
n

it
s

in
T
∪
C;

co
m

p
u

te
T
b
,
C
b
,
T
m

an
d
C
m

;
fo

rb
id

d
en

b
in

se
t
M

F
=
∅.

2
:

U
p

d
at

e
an

d
so

lv
e

th
e

co
rr

es
p

o
n

d
in

g
in

st
a
n
ti

a
ti

on
o
f

fo
rm

u
la

ti
o
n

(8
),

(1
0
)-

(1
6
)

to
o
b

ta
in

S
b

fo
r

ev
er

y
jo

in
t

b
in
b.

3
:

If
ar

g
m

ax
m
/∈M

F
{S

m
−

1
−
A

T
m
}i

s
a

si
n

g
le

to
n

fo
r

ev
er

y
co

va
ri

a
te

,
g
o

to
st

ep
4
.

O
th

er
w

is
e,

a
d

d

th
e

m
a
rg

in
al

b
in

w
it

h
th

e
sm

al
le

st
n
u

m
b

er
o
f
tr

ea
tm

en
t

u
n

it
s

in
a
rg

m
a
x
m
/∈M

F
{S

m
−

1
−
A

T
m
}

in
to

se
t
M

F
,

re
co

rd
a
n

d
fi

x
th

e
o
p
ti

m
a
l

n
u

m
b

er
o
f

co
n
tr

o
l

u
n

it
s

to
b

e
se

le
ct

ed
in

it
,

a
n

d
g
o

to
st

ep
2.

4
:

C
on

st
ru

ct
a

co
n
tr

ol
g
ro

u
p

co
m

p
ly

in
g

w
it

h
th

e
o
b

ta
in

ed
va

lu
es

o
f
S
b

ov
er

a
ll

th
e

in
it

ia
l-

iz
ed

b
in

s
b.

S
to

p
.

4
.3

S
e
q
u

e
n
ti

a
l

S
e
le

c
ti

o
n

M
a
tc

h
in

g
A

lg
o
ri

th
m

s

B
as

ed
on

th
e

op
ti

m
al

it
y

co
n

d
it

io
n

s
in

T
h

eo
re

m
4
,

A
lg

o
ri

th
m

s
1

an
d

2
a
re

g
u

a
ra

n
te

ed
to

ac
h

ie
ve

b
es

t
m

at
ch

ed
co

n
tr

ol
gr

ou
p

s
fo

r
M

IM
-fi

x
ed

a
n

d
M

IM
-m

a
rg

in
al

p
ro

b
le

m
in

st
an

ce
s.

H
ow

ev
er

,
th

ei
r

M
IP

s
m

ay
b

ec
o
m

e
d

iffi
cu

lt
to

so
lv

e
fo

r
p
ro

b
le

m
s

o
f
la

rg
e

si
ze

,
w

h
ic

h
,
h

ow
ev

er
,

ca
n

b
e

av
oi

d
ed

b
y

u
ti

li
zi

n
g

th
e

re
su

lt
ca

p
tu

re
d

in
T

h
eo

re
m

7
,

p
re

se
n
te

d
fo

r
th

e
p

ro
b

le
m

of
m

in
im

iz
in

g
I
(t

;X
).

T
h

e
o
re

m
7

If
co

n
tr

o
l

gr
o
u

p
S

h
a
s

th
e

m
in

im
u

m
I
(t

;X
)

a
m

o
n

g
a
ll

th
e

co
n

tr
o
l

gr
o
u

p
s

o
f

si
ze
N

,
th

en
a

gr
o
u

p
w

it
h

th
e

m
in

im
u

m
I
(t

;X
)

a
m

o
n

g
a
ll

th
e

co
n

tr
o
l

gr
o
u

p
s

o
f

si
ze
N

+
1

(N
−

1
)

ca
n

be
o
bt

a
in

ed
fr

o
m
S

by
a
d
d
in

g
to

it
a

si
n

gl
e

u
n

it
fr

o
m

bi
n
b
∈

a
rg

m
in
b∈
B
{S

b
−
A

T
b

:

|C
b
−
S
b
|≥

1
}

(r
em

o
vi

n
g

fr
o
m

it
a

si
n

gl
e

u
n

it
fr

o
m

bi
n
b
∈

a
rg

m
a
x
b∈
B
{S

b
−

1
−
A

T
b
})

.

P
ro

o
f

L
et
S+

d
en

o
te

a
co

n
tr

ol
g
ro

u
p

o
b

ta
in

ed
fr

om
S

b
y

a
d

d
in

g
to

it
a

si
n

g
le

u
n

it
fr

om
b

in
b
∈

ar
g
m

in
b∈
B
{S

b
−
A

T
b

:
|C
b
−
S
b
|≥

1
}.

A
cc

o
rd

in
g

to
L

em
m

a
3
,

th
e

M
I

b
et

w
ee

n
T

an
d

X
ov

er
se

t
T
∪
S+

is
m

in
im

al
a
m

on
g

a
ll

th
e

g
ro

u
p

s
th

at
ca

n
b

e
b

u
il

t
on
S.

T
h

e
fo

ll
ow

in
g

p
ro

o
f

w
il

l
sh

ow
S+

is
a
ls

o
gl

ob
al

ly
o
p

ti
m

a
l.

14
JM

L
R

 1
7(

19
9)

:1
-3

1



M
u
t
u
a
l

In
f
o
r
m

a
t
io

n
B

a
se

d
M

a
t
c
h
in

g

L
et

S
+b

d
en

o
te

th
e

n
u

m
b

er
of

co
n
trol

u
n

its
selected

in
to
S

+
in

b
in

b.
L

et
b
1

a
n

d

b
2

b
e

tw
o

b
in

s
su

ch
th

a
t
b
1
∈

arg
m

ax
b∈
B {

S
+b −

1−
A

T
b
}

an
d
|C
b
2 −

S
+b
2 |
≥

1
.

If
b
1

is
th

e

b
in

w
h

ere
S

+
h

a
s

on
e

m
o
re

u
n

it
th

a
n
S

,
th

en
S

+b
1 −

1
=
S
b
1

a
n

d
S

+b
2

=
S
b
2 ,

a
n

d
th

en
S
+b1 −

1−
A

T
b
1

=
S
b
1 −

A

T
b
1
≤

S
b
2 −

A

T
b
2

=
S
+b2 −

A

T
b
2

.
N

o
te

th
a
t

b
y

T
h

eorem
4
,

b
ecau

se
S

is
o
p

tim
a
l,

on
e

h
as

S
b
1 −

1−
A

T
b
1
≤

S
b
2 −

A

T
b
2

.
If
b
2

is
th

e
b

in
w

h
ereS

+
h

as
o
n

e
m

ore
u

n
it

th
a
n
S

,
th

en
S

+b
2 −

1
=
S
b
2

an
d
S

+b
1

=
S
b
1 ,

a
n

d
th

en
S
+b1 −

1−
A

T
b
1

=
S
b
1 −

1−
A

T
b
1
≤

S
b
2 −

A

T
b
2

<
S
+b2 −

A

T
b
2

.
IfS

a
n

d
S

+
h

ave
th

e
sa

m
e

n
u

m
b

ers
o
f

u
n

its
in

b
o
th
b
1

an
d
b
2 ,

th
en

S
+b1 −

1−
A

T
b
1

=
S
b
1 −

1−
A

T
b
1
≤

S
b
2 −

A

T
b
2

=
S
+b2 −

A

T
b
2

.
T

h
erefo

re,

b
y

C
o
rollary

6
,S

+
is

a
g
ro

u
p

w
ith

th
e

m
in

im
u

m
I
(t;X

)
a
m

on
g

a
ll

th
e

co
n
tro

l
gro

u
p

s
of

size
N

+
1.

L
et
S
−

d
en

o
te

a
co

n
trol

g
ro

u
p

o
b

ta
in

ed
fro

m
S

b
y

rem
ov

in
g

a
sin

gle
u

n
it

fro
m

b
in

b
∈

a
rg

m
a
x
b∈
B {

S
b −

1−
A

T
b
}
.

L
et
S
−b

d
en

o
te

th
e

n
u

m
b

er
o
f

co
n
tro

l
u

n
its

selected
in

to
S
−

in

b
in
b.

L
et
b
1

a
n

d
b
2

b
e

tw
o

b
in

s
su

ch
th

a
t
b
1 ∈

a
rg

m
a
x
b∈
B {

S
−b
−

1−
A

T
b
}

a
n

d
|C
b
2 −

S
−b
2 |≥

1.

If
b
2

is
th

e
b

in
w

h
ere
S

h
a
s

o
n

e
m

ore
u

n
it

th
a
n
S
−

,
th

en
S
b
2 −

1
=
S
−b
2

a
n

d
S

+b
1

=
S
b
1 ,

an
d

th
en

S
−b1 −

1−
A

T
b
1

=
S
b
1 −

1−
A

T
b
1
≤

S
b
2 −

1−
A

T
b
2

=
S
−b2 −

A

T
b
2

.
N

o
te

th
a
t

d
u

e
to

th
e

o
p

tim
a
lity

o
fS

,
S
b
1 −

1−
A

T
b
1
≤

S
b
2 −

A

T
b
2

.
If
b
1

is
th

e
b

in
w

h
ere
S

h
as

o
n

e
m

ore
u

n
it

th
a
n
S
−

,
th

en
S
b
1 −

1
=
S
−b
1

an
d
S

+b
2

=
S
b
2 ,

a
n

d
th

en
S
−b1 −

1−
A

T
b
1

<
S
b
1 −

1−
A

T
b
1
≤

S
b
2 −

A

T
b
2

=
S
−b2 −

A

T
b
2

.
IfS

a
n

d
S

+
h

ave
th

e
sa

m
e

n
u

m
b

ers
o
f

u
n

its
in

b
o
th
b
1

an
d
b
2 ,

th
en

S
−b1 −

1−
A

T
b
1

=
S
b
1 −

1−
A

T
b
1
≤

S
b
2 −

A

T
b
2

=
S
−b2 −

A

T
b
2

.
T

h
erefo

re,

b
y

C
o
rollary

6
,S
−

is
a

g
ro

u
p

w
ith

th
e

m
in

im
u

m
I
(t;X

)
a
m

on
g

a
ll

th
e

co
n
tro

l
gro

u
p

s
of

size
N
−

1
.

T
h

eorem
7

p
rov

id
es

a
m

eth
o
d

fo
r

fi
n

d
in

g
o
p

tim
a
l

co
n
tro

l
g
ro

u
p
s

fo
r

M
IM

p
ro

b
lem

s,
w

ith
o
u

t
solv

in
g

an
y

p
ro

gram
m

in
g

m
o
d

els.
O

n
e

ca
n

iteratively
b

u
ild

co
n
tro

l
g
ro

u
p

s
o
f

in
crea

sin
g

sizes
u

n
til

a
n

op
tim

al
solu

tio
n

o
f

th
e

d
esired

size
N

is
o
b

ta
in

ed
.

E
a
ch

co
n
tro

l
g
rou

p
in

th
is

p
ro

cess
resu

lts
in

th
e

m
in

im
u

m
va

lu
e

o
f

M
I

a
m

on
g

a
ll

th
e

g
ro

u
p

s
o
f

th
e

sa
m

e
size.

A
lso

,
T

h
eo

rem
7

p
rov

id
es

esta
b

lish
es

a
rela

tio
n

sh
ip

b
etw

een
th

e
o
p

tim
a
l

su
b

sets
for

p
ro

b
lem

s
w

ith
d

iff
eren

t
ta

rget
con

tro
l

g
ro

u
p

sizes.
T

h
is

resu
lt

w
ill

b
e

im
p

o
rta

n
t

fo
r

seek
in

g
th

e
m

in
im

u
m

M
I

in
th

e
p

ro
b

lem
s

w
ith

a
n

u
n

restricted
(fl

ex
ib

le)
co

n
tro

l
g
rou

p
size.

F
o
r

th
e

M
IM

-J
o
in

t
p

ro
b

lem
,

sin
ce

its
b

in
s

are
trea

ted
a
s

in
d

ep
en

d
en

t
fro

m
ea

ch
o
th

er,
T

h
eorem

7
d

irectly
a
p

p
lies,

a
n

d
A

lg
o
rith

m
3

g
u

a
ra

n
tees

to
retu

rn
a
n

o
p

tim
a
l
solu

tion
.

N
o
te

th
a
t

A
lg

o
rith

m
3

is
p

o
ly

n
o
m

ia
l.

In
th

e
w

o
rst

ca
se,

it
n

eed
s

to
m

a
ke

co
m

p
a
riso

n
s

o
f
S
b −
A

T
b

for
N

m
u

ltip
les

o
f

th
e

n
u

m
b

er
o
f

b
in

s
o
ccu

p
ied

b
y

treatm
en

t
u

n
its.

W
ith

th
e

M
IM

-M
a
rg

in
a
l

p
ro

b
lem

,
a

ch
a
llen

g
e

a
rises

d
u

e
to

th
e

d
ep

en
d

en
ce

b
etw

een
th

e
m

a
rg

in
al

b
in

s’
con

ten
ts.

B
y

co
m

p
a
rin

g
th

e
term

s
S
m
−
A

T
m

,
o
n

e
ca

n
id

en
tify

th
e

m
a
rg

in
a
l

b
in

to
w

h
ich

a
co

n
tro

l
u

n
it

sh
ou

ld
b

e
ad

d
ed

,
b

u
t

o
n

e
still

n
eed

s
to

p
ick

so
m

e
jo

in
t

b
in

.
E

ven
fu

rth
er,

sin
ce

th
e

m
a
rg

in
a
l

b
in

s
o
n

th
e

sa
m

e
cova

ria
te

a
re

in
d

ep
en

d
en

t
fro

m
ea

ch
o
th

er,
th

e
co

m
p

ariso
n

o
f
S
m
−
A

T
m

ca
n

revea
l

th
e

m
ost

fav
o
ra

b
le

m
a
rg

in
a
l

b
in

for
each

cova
ria

te,
b

u
t

th
e

b
in

th
at

lies
at

th
e

in
tersection

of
th

o
se
|K
|

m
a
rgin

al
b

in
s

m
ay

n
ot

co
n
tain

an
y

co
n
tro

l
u

n
it

th
a
t

co
u

ld
b

e
ad

d
ed

to
th

e
co

n
tro

l
g
ro

u
p
.

A
lg

o
rith

m
4

o
ff

ers
an

o
rg

a
n
ized

w
ay
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S
u
n

a
n
d

N
ik

o
l
a
e
v

A
lg

o
rith

m
3

S
eq

u
en

tial
selection

m
atch

in
g

for
M

IM
-J

oin
t

p
rob

lem

1
:

In
itia

lize
th

e
join

t
b

in
set{

b
:
C
b

+
T
b ≥

1}
con

sistin
g

of
all

th
e

b
in

s
o
ccu

p
ied

b
y

th
e

u
n

its
in
T
∪
C

;
com

p
u

te
T
b

an
d
C
b ;

set
S
b

=
0

for
all

b.
2
:

S
elect

a
b

in
b∈

arg
m

in
b∈
B {

S
b −
A

T
b

:|C
b −

S
b |≥

1},
u

p
d

ate
S
b

b
y

ad
d

in
g

1.
3
:

If
N

u
n

its
are

selected
,

go
to

step
4.

O
th

erw
ise,

go
to

step
2.

4
:

C
on

stru
ct

a
con

trol
grou

p
com

p
ly

in
g

w
ith

th
e

ob
tain

ed
valu

es
of
S
b

over
all

th
e

in
itia

l-
ized

b
in

s
b.

S
top

.

to
a
ch

iev
e

go
o
d

(b
u
t

n
ot

n
ecessarily

op
tim

a
l)

solu
tion

s
to

M
IM

-M
argin

al
in

stan
ces

in
th

e
follow

in
g

m
a
n

n
er.

F
or

each
join

t
u

n
it,|K

|
ra

tios
of

th
e

fo
rm

S
m
−
A

T
m

are
evalu

ated
(o

n
e

p
er

covariate);
th

ese
|K
|

ratios
are

organ
ized

in
a

d
escen

d
in

g
ord

er;
th

en
,

th
e

join
t

b
in

w
ith

th
e

lex
icog

rap
h

ically
m

in
im

al
ratio

gets
on

e
m

ore
u

n
it

ad
d

ed
to

it.
A

g
ain

,
th

e
resu

ltin
g

A
lgo

rith
m

4
is

an
ap

p
rox

im
ate

m
eth

o
d

,
b

u
t

it
is

p
oly

n
om

ia
l,

an
d

in
p

ractice,
is

fo
u

n
d

to
retu

rn
solu

tion
s

o
f

h
igh

q
u

ality
for

d
iverse

m
atch

in
g

p
ro

b
lem

in
stan

ces
(see

S
ection

5).

A
lg

o
rith

m
4

S
eq

u
en

tial
selection

m
atch

in
g

for
M

IM
-M

argin
al

p
rob

lem

1
:

In
itia

lize
th

e
join

t
b

in
set{

b
:
C
b

+
T
b ≥

1}
con

sistin
g

of
all

th
e

b
in

s
o
ccu

p
ied

b
y

th
e

u
n

its
in
T
∪
C

;
com

p
u

te
T
b

an
d
C
b ;

set
S
b

=
0

for
all

b.
2
:

U
p

d
ate

S
m
−
A

T
m

for
each

m
argin

al
b

in
,

an
d

ord
er

all
asso

cia
ted

S
m
−
A

T
m

b
y

valu
es

in
d

escen
d

seq
u

en
ce

for
each

join
t

b
in

.
3
:

F
in

d
a

b
in
b

in
set{b

:|C
b −
S
b |≥

1}
su

ch
th

at
its

ord
ered

set
o
f
S
m
−
A

T
m

is
lex

icograp
h

ica
lly

m
in

im
a
l;

in
crease

th
e

valu
e

of
th

e
d

ecision
variab

le,
S
b ,

corresp
on

d
in

g
to

th
is

b
in

,
b
y

1.
4
:

If
N

u
n

its
are

selected
,

go
to

step
5.

O
th

erw
ise,

go
to

step
2.

5
:

C
on

stru
ct

a
con

trol
grou

p
com

p
ly

in
g

w
ith

th
e

ob
tain

ed
valu

es
of
S
b

over
all

th
e

in
itia

l-
ized

b
in

s
b.

S
top

.

T
h

e
com

p
lex

ity
of

A
lgorith

m
4

d
ep

en
d

s
on

th
e

n
u

m
b

er
of

covariates|K
|,

th
e

n
u

m
b

er
of

m
arg

in
al

b
in

s|M
|,

treatm
en

t
grou

p
size
|T
|,

con
trol

p
o
ol

size
|C|

an
d

target
con

trol
grou

p
size

N
.

In
th

e
w

orst
case,

every
u

n
it

(treated
or

con
trol)

o
ccu

p
ies

on
e

u
n

iq
u

e
jo

in
t

b
in

,
w

ith
ea

ch
jo

in
t

b
in

co
n
trib

u
tin

g
to
|K
|

m
argin

al
b

in
s.

T
h

e
storage

of
th

ese
d

ata
req

u
ires

a
sp

ace
o
f

size
O

(|K
|(|T
|
+
|C|)).

In
th

e
b

in
n

in
g

step
,

b
oth

th
e

trea
tm

en
t

g
rou

p
an

d
con

trol
p

o
ol

a
re

traversed
,

w
ith

each
u

n
it

b
ein

g
assign

ed
to

th
e

ap
p

rop
riate

m
a
rgin

al
a
n

d
join

t
b

in
s:

th
is

o
p

eration
tak

es
O

(|M
|(|T
|
+
|C|))

tim
e.

In
th

e
m

atch
in

g
step

,
all

th
e

o
ccu

p
ied

jo
in

t
b

in
s

are
traversed

for
th

e
lex

icograp
h

ic
com

p
arison

,
w

h
ich

tak
esO

(N
(|T
|+
|C|)|K

| 2)
tim

e.

5
.

C
o
m

p
u
ta

tio
n
a
l

A
n
a
ly

se
s

T
h

is
section

p
resen

ts
th

e
resu

lts
of

th
e

com
p

u
tation

al
ex

p
erim

en
ts

w
ith

sy
n
th

etic
an

d
real-

w
o
rld

(L
aL

o
n

d
e,

1986)
d

ata
sets,

evalu
atin

g
th

e
p

erform
an

ce
of

th
e

M
IM

m
eth

o
d

in
esti-

m
a
tin

g
cau

sal
eff

ects,
an

d
com

p
arin

g
it

to
th

e
B

O
S

S
m

eth
o
d

(N
ikolaev

et
al.,

201
3)

an
d

th
e

w
id

ely
u

sed
p

rop
en

sity
score

b
ased

m
atch

in
g

m
eth

o
d

(R
osen

b
a
u

m
an

d
R

u
b

in
,

1983).
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M
u
t
u
a
l

In
f
o
r
m

a
t
io

n
B

a
se

d
M

a
t
c
h
in

g

5
.1

A
lg

o
ri

th
m

P
e
rf

o
rm

a
n

c
e

A
ss

e
ss

m
e
n
t

In
or

d
er

to
ev

al
u

at
e

th
e

p
er

fo
rm

an
ce

of
th

e
M

IM
al

go
ri

th
m

s,
a

se
ri

es
of

te
st

s
is

fi
rs

t
co

n
-

d
u

ct
ed

w
it

h
th

e
d

at
a

se
t

d
es

ig
n

ed
b
y

S
au

p
p

e
et

al
.

(2
01

4)
,

w
h
ic

h
w

as
fo

u
n

d
ch

a
ll

en
g
in

g
fo

r
th

e
ex

is
ti

n
g

m
at

ch
in

g
m

et
h

o
d
s1

.
T

h
is

sy
n
th

et
ic

d
at

a
se

t
w

it
h

25
co

va
ri

a
te

s
co

n
ta

in
s

10
0

tr
ea

tm
en

t
u

n
it

s
an

d
10

,0
00

co
n
tr

ol
u

n
it

s.
A

ll
th

e
co

va
ri

at
e

va
lu

es
ar

e
d

ra
w

n
fr

o
m

n
o
r-

m
al

d
is

tr
ib

u
ti

on
s

w
it

h
m

ea
n

0.
A

ll
th

e
tr

ea
tm

en
t

an
d

co
n
tr

ol
u

n
it

s
h

av
e

th
e

sa
m

e,
h

ig
h

ly
n

on
li

n
ea

r
re

sp
on

se
fu

n
ct

io
n

.
T

h
u

s,
b
y

d
es

ig
n

,
th

e
av

er
ag

e
tr

ea
tm

en
t

eff
ec

t
fo

r
th

e
tr

ea
te

d
(A

T
T

)
fo

r
th

e
cr

ea
te

d
p

op
u

la
ti

on
is

ze
ro

.

T
h

e
ex

p
er

im
en

ts
w

er
e

co
n

d
u

ct
ed

w
it

h
th

e
n
u

m
b

er
of

th
e

co
n

si
d

er
ed

co
va

ri
a
te

s
va

ri
ed

in
th

e
ra

n
ge

fr
om

1
to

25
.

In
op

ti
m

iz
in

g
th

e
co

va
ri

at
e

b
al

an
ce

,
S

au
p

p
e

et
al

.
(2

0
14

)
u

n
if

o
rm

ly
p

ar
ti

ti
on

ed
th

e
ra

n
ge

of
th

e
ob

se
rv

ed
u

n
it

va
lu

es
in

ea
ch

co
va

ri
at

e
in

to
2
0

b
in

s,
a
n

d
u

se
d

B
al

an
ce

O
p

ti
m

iz
at

io
n

S
u

b
se

t
S

el
ec

ti
on

(B
O

S
S

)
fo

r
co

n
tr

ol
gr

ou
p

se
le

ct
io

n
.

In
o
rd

er
to

tr
ea

t
th

e
in

st
an

ce
s

re
su

lt
in

g
in

la
rg

e
M

IP
fo

rm
u

la
ti

on
s,

S
au

p
p

e
et

al
.

(2
01

4)
ad

op
te

d
a

ti
m

e
li

m
it

h
eu

ri
st

ic
.

T
h

ey
ac

h
ie

ve
d

q
u

it
e

w
el

l
b

al
an

ce
d

co
n
tr

ol
gr

ou
p

s;
h

ow
ev

er
,

th
e

li
m

it
ed

co
m

p
u
ta

-
ti

on
al

effi
ci

en
cy

re
m

ai
n

s
th

e
ke

y
ch

al
le

n
ge

fo
r

th
e

ex
is

ti
n

g
B

O
S

S
m

et
h

o
d

s,
es

p
ec

ia
ll

y
w

h
en

th
e

d
at

a
se

ts
to

m
ak

e
in

fe
re

n
ce

fr
om

ar
e

ve
ry

la
rg

e.

W
it

h
th

e
sa

m
e

se
tt

in
gs

as
in

S
au

p
p

e
et

al
.
(2

0
14

),
th

is
se

ct
io

n
co

m
p

ar
es

th
e

p
er

fo
rm

a
n

ce
of

th
e

fo
ll

ow
in

g
m

at
ch

in
g

m
et

h
o
d

s:
th

e
M

ah
al

an
ob

is
d

is
ta

n
ce

-b
as

ed
on

e,
th

e
p

ro
p

en
si

ty
sc

or
e-

b
as

ed
on

e,
th

e
B

O
S

S
m

et
h

o
d

s
fr

om
S

au
p

p
e

et
al

.
(2

01
4)

,
an

d
th

re
e

M
IM

m
et

h
o
d

s
–

M
IM

-J
oi

n
t,

M
IM

-M
ar

gi
n

al
M

IP
,
an

d
M

IM
-M

ar
gi

n
al

se
q
u

en
ti

al
se

le
ct

io
n

.
N

o
te

th
a
t

th
e

fi
rs

t
tw

o
of

th
es

e
m

et
h

o
d

s
ar

e
w

id
el

y
u

se
d

an
d

in
cl

u
d

ed
in

se
v
er

al
ex

is
ti

n
g

m
a
tc

h
in

g
p

ac
ka

ge
s,

e.
g.

,
M

at
ch

It
(H

o
et

al
.,

20
11

)
an

d
op

tm
at

ch
(H

an
se

n
an

d
K

lo
p

fe
r,

20
12

).
W

e
a
ls

o
u

se
d

C
oa

rs
en

ed
E

x
ac

t
M

at
ch

in
g

(C
E

M
)

in
M

at
ch

It
(H

o
et

al
.,

20
11

)
an

d
fu

ll
m

a
tc

h
m

et
h

o
d

in
op

tm
at

ch
(H

an
se

n
an

d
K

lo
p

fe
r,

20
12

).
H

ow
ev

er
,
C

E
M

ex
cl

u
d

ed
m

an
y

tr
ea

tm
en

t
u

n
it

s
fr

om
th

e
m

at
ch
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Table 2: Marginal balance quality for matching solutions.
Mahalanobis metric Propensity score BOSS
KS pVal KS pVal KS pVal

# Covariates Avg Max Avg Min Avg Max Avg Min Avg Max Avg Min

1 0.010 0.010 1.000 1.000 0.020 0.020 1.000 1.000 0.060 0.060 0.994 0.994
5 0.062 0.070 0.984 0.967 0.158 0.180 0.190 0.078 0.058 0.070 0.991 0.967
10 0.112 0.160 0.588 0.155 0.154 0.200 0.271 0.037 0.067 0.090 0.947 0.813
15 0.127 0.180 0.452 0.078 0.162 0.200 0.190 0.037 0.068 0.100 0.942 0.699
20 0.140 0.230 0.413 0.010 0.166 0.230 0.193 0.010 0.087 0.150 0.790 0.211
25 0.140 0.230 0.393 0.010 0.155 0.230 0.252 0.010 0.098 0.190 0.708 0.054

MIM-Marginal (MIP) MIM-Marginal (Sequential)
KS pVal KS pVal

Avg Max Avg Min Avg Max Avg Min

0.000 0.000 1.000 1.000 0.000 0.000 1.000 1.000
0.006 0.010 1.000 1.000 0.003 0.010 1.000 1.000
0.034 0.050 0.999 0.998 0.029 0.040 1.000 1.000
0.070 0.120 0.891 0.475 0.069 0.140 0.914 0.281
0.106 0.190 0.614 0.080 0.109 0.190 0.605 0.054
0.131 0.220 0.471 0.026 0.119 0.240 0.556 0.006
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Table 3: Performance of the MIM-Marginal method on practical data sets.
Census 94-95 Census 94-95 Extracted 94 Extracted 94 NSW 86

(US Citizenship) (Business Ownership) (US Native) (Doctorate) (Training)

Data

# Control Units 186,122 196,825 29,170 32,148 15,992
# Treated Units 13,401 2,698 3,391 413 185
# Continuous Covariates 8 8 6 6 4
# Categorical Covariates 32 32 7 7 4
# Marginal Bins 645 647 180 206 88

Balance

Avg KS 0.064 0.001 0.020 0.095 0.032
Max KS 0.412 0.002 0.133 0.200 0.049
Avg p-value 0.524 1.000 0.769 0.746 0.995
Min p-value 0.109 1.000 0.518 0.459 0.981
Avg MI 0.020 0.001 0.004 0.085 0.002

Time
Binning (seconds) 4,410.84 4,319.71 46.23 47.62 1.74
Matching (seconds) 66,950.58 14,235.49 399.70 49.83 1.76
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H
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U
R

E
M

O
D

E
L

S

(N
M

F)(L
ee

and
Seung,1999),D

irichletprocess
G

aussian
m

ixture
m

odels
(D

P-G
M

M
)(C

hang
and

FisherIII,2013),and
dynam

ic
topic

m
odels

(D
T

M
)(B

leiand
L

afferty,2006).
T

he
restof

the
paper

is
organised

as
follow

s.
Section

2
provides

an
overview

of
related

w
ork,

follow
ed

by
an

introduction
to

the
von

M
ises-Fisher

(vM
F)

distribution
in

Section
3.

In
Section

4,
w

e
present

posterior
inference

for
B

ayesian
von

M
ises-Fisher

m
ixture

m
odels

using
collapsed

G
ibbs

sam
pling

techniques,m
odelexploration

using
our

extension
of

the
reversible

jum
p

M
C

M
C

algorithm
,and

an
online

trans-dim
ensionalvon

M
ises-Fisher

m
ixture

m
odelfor

tim
e-varying

user
behavioural

data.
W

e
dem

onstrate
the

em
pirical

perform
ance

of
the

proposed
m

odels
using

syn-
thetic

and
real-w

orld
data

in
Section

5.W
e

then
presentan

application
ofthe

features
generated

by
the

m
odels

for
user

clustering
and

churn
prediction

tasks,follow
ed

by
discussion

and
concluding

rem
arks

in
Section

6.T
he

appendix
includes

detailed
derivations

form
odelinference

and
additional

detailed
analysis

ofthe
m

odels.

2.R
elated

W
ork

In
this

section,w
e

provide
an

overview
of

the
m

ain
lines

of
research

underpinning
this

w
ork,and

discuss
how

ourw
ork

leverages
and

advances
the

state-of-the-arttechniques.

2.1
M

odelling
U

ser
B

ehaviour

R
ecently,researchers

have
approached

the
issue

of
m

odelling
online

user
behaviour

from
different

perspectives.
T

hey
have

so
far

focused
on

a
separate

set
or

com
bination

of
user

properties,such
as

inform
ation

exchange
behaviour

in
discussion

forum
s

(C
han

etal.,2010),socialand/or
lexical

dynam
ics

in
online

platform
s

(D
anescu-N

iculescu-M
izil

et
al.,2013;

R
ow

e,2013),
and

diversity
of

contribution
behaviour

on
Q

&
A

sites
(Furtado

etal.,2013).
T

hese
studies

generally
em

ployed
either

principle
com

ponent
analysis

and
clustering

analysis
to

identify
user

profiles
(C

han
et

al.,
2010;Furtado

etal.,2013)orentropy
m

easures
to

track
socialand/orlinguistic

changes
throughout

userlifecycles
(D

anescu-N
iculescu-M

iziletal.,2013;R
ow

e,2013).W
hile

previous
studies

provide
insights

into
com

m
unity

com
position,userprofiles

and
theirdynam

ics,they
have

lim
itations

either
in

their
definition

of
lifecycle

periods
(e.g.

dividing
each

user’s
lifetim

e
using

a
fixed

tim
e-slicing

approach
(D

anescu-N
iculescu-M

iziletal.,2013)ora
fixed

activity-slicing
approach

(R
ow

e,2013))
orin

the
expressiveness

ofuserlifecycles
in

term
s

ofthe
evolution

ofexpertise
and

useractivity
for

users
and

online
com

m
unities

overtim
e.Specifically,previous

studies
failed

to
capture

a
m

ixture
of

userinterests
overtim

e.D
ifferentfrom

previous
w

orks,Q
in

etal.(2014)em
ployed

topic
m

odelling
to

study
the

evolving
patterns

of
editor

behaviour
in

W
ikipedia.

T
hey

found
that

a
num

ber
of

editor
roles

(e.g.
Technical

E
xperts,Social

N
etw

orkers)
prevail

in
the

tem
poral

W
ikipedia

editor
activity

data,
and

that
the

features
inspired

by
latent

space
representation

are
beneficial

for
the

churn
prediction

task.
H

ow
ever,tw

o
m

ajor
lim

itations
existin

the
topic

m
odelused

by
Q

in
etal.

(2014):
(1)

the
inability

to
dealw

ith
num

eric
behaviouraldata,and

(2)
the

inability
to

capture
the

birth/death
oftopics

overtim
e.

2.2
Param

etric
and

N
onparam

etric
Tem

poralM
odels

Param
etric

m
odels,such

asL
atentD

irichletA
llocation

(L
D

A
)by

B
leietal.(2003)and

non-negative
m

atrix
factorization

(N
M

F)by
L

ee
and

Seung
(1999),generally

assum
e

a
fixed

pre-specified
num

-
ber

of
topics

a
priori.

T
his

assum
ption

inevitably
involves

com
putationally

expensive
m

odelcom
-

3
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Q
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,C
U

N
N

IN
G

H
A

M
A

N
D

S
A

LT
E

R-T
O

W
N

S
H

E
N

D

parison
using

m
odelselection

criteria
such

as
penalised

log-likelihoods
(A

IC
and

B
IC

)
in

order
to

choose
an

appropriate
num

ber
of

topics
for

a
given

dataset.
W

hile
log-likelihood

related
criteria

have
show

n
success

in
static

settings,itis
obvious

thatdoing
m

odelselection
for

each
tim

e
period

m
ay

lead
to

a
sub-optim

al
solution

as
it

ignores
the

role
of

context
in

m
odel

selection,
or

alter-
natively,localoptim

a
problem

s
in

m
odelselection

ateach
epoch

m
ay

accum
ulate

and
resultin

a
globally

suboptim
alsolution

(W
ang

etal.,2007;A
hm

ed
and

X
ing,2008).

N
onparam

etric
m

odels
have

been
suggested

in
orderto

relax
the

assum
ption

ofa
fixed

num
beroftopics

forstationary
and

tim
e-varying

data.
T

here
are

tw
o

m
ajorlines

ofresearch
fornon-param

etric
m

odels:(1)hierarchicalD
irichletpro-

cess
(H

D
P,Teh

etal.(2006)),and
(2)trans-dim

ensional(split/m
erge)approaches.T

he
hierarchical

D
irichletprocess

is
a

B
ayesian

nonparam
etric

m
odelthatcan

be
used

to
clustergroups

ofdata
w

ith
a

potentially
infinite

num
ber

of
com

ponents.
In

H
D

P
based

nonparam
etric

m
odels,each

observa-
tion

w
ithin

a
group

is
a

draw
from

a
D

irichletprocess
(D

P)
(or

m
ixture

m
odel),the

group-specific
D

Ps
can

be
linked

together
via

another
D

P
to

ensure
the

sharing
of

m
ixture

com
ponents

betw
een

groups;
the

w
ell-know

n
clustering

property
of

the
D

P
can

provide
a

nonparam
etric

prior
for

the
num

ber
of

m
ixture

com
ponents

w
ithin

each
group

(Teh
etal.,2006).

H
D

P
has

been
w

idely
used

to
learn

recurring
patterns

(or
“topics”)

from
docum

entcollections
(e.g.

the
nonparam

etric
Topics

over
Tim

e
(npTO

T
)

m
odelby

D
ubey

etal.(2013))
and

tim
e-varying

user
activity

data
in

com
pu-

tationaladvertising
(the

Tim
e-V

arying
U

ser
M

odel(T
V

U
M

)
by

A
hm

ed
etal.(2011)).

In
contrast,

trans-dim
ension

nonparam
etric

m
odels

adaptthe
num

ber
of

com
ponents

by
using

a
split-m

erge
or

birth-death
m

echanism
w

hile
preserving

certain
properties

(e.g.
the

zeroth,
first

and
second

m
o-

m
ents)ofthe

com
ponents.

O
ne

w
ell-know

n
exam

ple
oftrans-dim

ensionalm
odels

in
this

direction
is

the
reversible

jum
p

M
C

M
C

algorithm
by

R
ichardson

and
G

reen
(1997).

R
ecently,

C
hang

and
Fisher

III
(2013)

proposed
a

novelparallelrestricted
G

ibbs
sam

pling
algorithm

for
D

irichletpro-
cess

G
aussian

m
ixture

m
odels

(D
P-G

M
M

)
w

ith
sub-cluster

split/m
erge

m
oves,

and
show

ed
that

their
proposed

sam
pler

is
orders

of
m

agnitude
faster

than
other

exact
M

C
M

C
m

ethods.
In

addi-
tion,based

on
the

sm
all-variance

lim
itofB

ayesian
nonparam

etric
von-M

ises
Fisher(vM

F)m
ixture

distributions
(i.e.the

birth-death
strategy),Straub

etal.(2015a)proposed
tw

o
novelflexible

and
ef-

ficientk-m
eans-like

clustering
algorithm

s
for

directionaldata
such

as
surface

norm
als

in
com

puter
vision

applications.
T

he
evolving

nature
of

data
in

differentscenarios,such
as

scientific
publications,new

s
stories,

and
userquery

logs
forsearch

engines,has
m

otivated
research

abouttem
poralm

odels
to

cope
w

ith
the

challenges
of

learning
coherentand

interpretable
clusters

over
tim

e
(A

hm
ed

and
X

ing,2008).
A

good
evolutionary

m
odelshould

be
able

to
accom

m
odate

the
dynam

ics
ofdifferentaspects

ofthe
evolving

clusters
(A

hm
ed

and
X

ing,2008;A
hm

ed
and

X
ing,2010),specifically:

•
D

ynam
ics

of
cluster

param
eters.

For
exam

ple,
in

G
aussian

m
ixture

m
odels,

the
m

ean
and

covariance
for

a
m

ixture
of

G
aussians

should
be

able
to

evolve
according

to
a

given
tim

e
series

m
odel,such

as
K

alm
an

filter
thatis

used
in

the
dynam

ic
topic

m
odel(D

T
M

)
by

B
lei

and
L

afferty
(2006).O

ne
principle

forchoosing
a

tim
e

series
m

odelforclusterparam
eters

is
to

guarantee
the

sm
oothness

of
cluster

param
eters

over
tim

e.
O

ne
com

m
on

strategy
for

this
is

to
draw

the
cluster

param
eters

attim
e

epoch
t

from
the

corresponding
distribution

atthe
previous

tim
e

t−
1

by
leveraging

the
sm

oothness
assum

ption
over

cluster
param

eters
(B

lei
and

L
afferty,2006;

A
hm

ed
and

X
ing,2008;

A
hm

ed
and

X
ing,2010;

A
hm

ed
et

al.,2011;
G

opaland
Y

ang,2014).
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(S
A

M
)

fo
r

do
cu

m
en

ts
by

R
ei

si
ng

er
et

al
.(

20
10

),
th

e
D

ir
ic

hl
et

pr
oc

es
s

vM
FM

M
fo

r
ra

di
at

io
n

th
er

ap
y

da
ta

by
B

an
ge

rt
et

al
.(

20
10

),
th

e
te

m
po

ra
l

vM
F

m
ix

tu
re

m
od

el
(T

em
po

ra
l

vM
FM

M
)

fo
r

tim
e-

va
ry

in
g

do
cu

m
en

t
co

lle
ct

io
ns

by
G

op
al

an
d

Y
an

g
(2

01
4)

);
an

d
(3

)
m

od
el

s
th

at
co

ns
id

er
sp

he
ri

ca
l

ge
om

et
ry

an
d

an
is

ot
ro

pi
c

co
va

ri
an

ce
of

di
re

ct
io

na
l

da
ta

,
w

hi
ch

ca
pt

ur
e

th
e

ge
om

et
ri

c
pr

op
er

tie
s

an
d

di
ff

er
en

tv
ar

ia
nc

es
in

ea
ch

di
m

en
si

on
of

th
e

da
ta

(e
.g

.
th

e
D

ir
ic

hl
et

pr
oc

es
s

ta
ng

en
tia

lG
au

ss
ia

n
m

ix
tu

re
m

od
el

(D
P-

T
G

M
M

)b
y

St
ra

ub
et

al
.(

20
15

b)
).

E
ss

en
tia

lly
,

th
e

vM
F

di
st

ri
bu

tio
n

ca
n

be
co

ns
id

er
ed

as
a

va
ri

an
t

of
th

e
m

ul
tiv

ar
ia

te
G

au
ss

ia
n

w
ith

sp
he

ri
ca

lc
ov

ar
ia

nc
e

on
S

D
−1

,p
ar

am
et

er
iz

ed
by

co
si

ne
di

st
an

ce
ra

th
er

th
an

E
uc

lid
ea

n
di

st
an

ce
(R

ei
si

ng
er

et
al

.,
20

10
).

C
os

in
e

di
st

an
ce

be
lo

ng
s

to
th

e
no

rm
al

iz
ed

co
rr

el
at

io
n

co
ef

fic
ie

nt
an

d
ta

ke
s

in
to

co
ns

id
er

at
io

n
th

e
di

re
ct

io
ns

of
th

e
L 2

-n
or

m
al

iz
ed

fe
at

ur
e

ve
ct

or
s

w
he

n
co

m
pu

tin
g

th
e

si
m

i-
la

ri
ty

.
E

m
pi

ri
ca

l
st

ud
ie

s
ha

ve
su

gg
es

te
d

th
e

ad
va

nt
ag

es
of

su
ch

ty
pe

of
di

re
ct

io
na

l
m

ea
su

re
ov

er
E

uc
lid

ea
n

di
st

an
ce

in
hi

gh
-d

im
en

si
on

al
da

ta
pa

rt
ic

ul
ar

ly
in

in
fo

rm
at

io
n

re
tr

ie
va

l
(B

an
er

je
e

et
al

.,
20

05
;

Z
ho

ng
an

d
G

ho
sh

,2
00

5;
R

ei
si

ng
er

et
al

.,
20

10
;

G
op

al
an

d
Y

an
g,

20
14

).
T

he
vM

F
di

st
ri

-
bu

tio
n

ca
n

ca
pt

ur
e

th
e

ab
se

nc
e/

pr
es

en
ce

of
w

or
ds

,w
hi

ch
th

e
M

ul
tin

om
ia

ld
is

tr
ib

ut
io

n
ca

nn
ot

.
Fo

r
in

st
an

ce
,l

et
θ

=
[1
/3
,1
/3
,1
/3

]b
e

a
M

ul
tin

om
ia

lp
ar

am
et

er
(i

.e
.t

op
ic

-w
or

d)
ve

ct
or

,d
=

[n
1,

n 2
,n

3]
de

no
te

th
e

nu
m

be
ro

fo
cc

ur
re

nc
es

of
w

or
d

w
1,

w
2

an
d

w
3

in
do

cu
m

en
td

.A
ss

um
e

w
e

ha
ve

tw
o

do
c-

um
en

ts
:d

1
=

[1
,1
,1

]a
nd

d 2
=

[3
,0
,0

].
T

he
tw

o
do

cm
en

ts
ar

e
m

or
e

lik
el

y
to

be
cl

us
te

re
d

to
ge

th
er

un
de

r
M

ul
ti(
·|θ

),
w

he
re

as
d 1

an
d

d 2
ha

ve
di

ff
er

en
td

en
si

tie
s

un
de

r
a

co
rr

es
po

nd
in

g
vM

F(
·|θ

).
T

he
vo

n
M

is
es

-F
is

he
rm

ix
tu

re
m

od
el

s
ha

ve
be

en
sh

ow
n

to
m

od
el

sp
ar

se
da

ta
(e

.g
.t

ex
t)

m
or

e
ac

cu
ra

te
ly
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lc
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er
pa

rt
s

(B
an

er
je

e
et

al
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20
05

;Z
ho

ng
an

d
G

ho
sh

,2
00

5;
R

ei
si

ng
er

et
al

.,
20

10
;G

op
al

an
d

Y
an

g,
20

14
).

In
th

is
w

or
k,

w
e

em
pl

oy
th

e
vo

n
M

is
es

-F
is

he
r

di
st

ri
bu

tio
n

to
de

al
w

ith
L 2

no
rm

al
is

ed
us

er
be

ha
vi

ou
ra

ld
at

a.
Ta

bl
e

1
co

m
pa

re
st

he
ca

pa
bi

lit
ie

so
ft

he
pr

op
os

ed
m

od
el

an
d

pr
ev

io
us

ap
pr

oa
ch

es
.

A
lth

ou
gh

it
is

po
ss

ib
le

to
m

ak
e

th
e

pr
op

os
ed

O
T

vM
FM

M
ai

m
in

g
fo

r
an

is
ot

ro
pi

c
co

va
ri

an
ce

us
in

g
Fi

sh
er

-B
in

gh
am

di
st

ri
bu

tio
n

as
in

(K
en

t,
19

82
;P

ee
le

ta
l.,

20
01

),
ex

te
ns

io
ns

to
hi

gh
-d

im
en

si
on

al
da

ta
ar

e
di

ffi
cu

lt
du

e
to

th
e

no
rm

al
is

er
of

th
e

pr
ob

ab
ili

ty
de

ns
ity

fu
nc

tio
n

(S
tr

au
b

et
al

.,
20

15
b)

.

Ta
bl

e
1:

C
ap

ab
ili

tie
s

of
di

ff
er

en
tm

od
el

s

M
od

el
s

(A
ut

ho
rs

)
Sp

he
ri

ca
l

B
ay

es
ia

n
A

ni
so

tr
op

ic
N

on
pa

ra
m

et
ri

c
Pa

ra
lle

liz
ea

bl
e

Te
m

po
ra

l
G

eo
m

et
ry

In
fe

re
nc

e
C

ov
ar

ia
nc

e
D

T
M

(B
le

ia
nd

L
af

fe
rt

y,
20

06
)

·
·

·
np

TO
T

(D
ub

ey
et

al
.,

20
13

)
·

·
·

T
V

U
M

(A
hm

ed
et

al
.,

20
11

)
·

·
vM

FM
M

(B
an

er
je

e
et

al
.,

20
05

)
·

·
·

·
Te

m
po

ra
lv

M
FM

M
·

·
(G

op
al

an
d

Y
an

g,
20

14
)

D
P-

G
M

M
(C

ha
ng

an
d

Fi
sh

er
II

I,
20

13
)

·
·

D
P-

T
G

M
M

(S
tr

au
b

et
al

.,
20

15
b)

·
O

T
vM

FM
M

(p
ro

po
se

d)
·

N
ot

at
io

n.
In

th
is

w
or

k,
ra

nd
om

va
ri

ab
le

s
ar

e
de

no
te

d
by

ca
pi

ta
ll

et
te

rs
(e

.g
.

X
,Y

,Z
),

th
e

ob
-

se
rv

at
io

ns
of

ra
nd

om
va

ri
ab

le
s

(o
rv

ec
to

rs
)a

re
re

pr
es

en
te

d
by

th
e

co
rr

es
po

nd
in

g
lo

w
er

-c
as

e
le

tte
rs

(e
.g

.
x,

y,
z,
µ

).
T

he
se

t
of

N
ob

se
rv

at
io

ns
co

rr
es

po
nd

in
g

to
ra

nd
om

va
ri

ab
le

X
is

de
no

te
d

by
X=
{x i
}N i=

1.T
he

pr
ob

ab
ili

ty
of

a
se

to
fe

ve
nt

s
A

is
de

no
te

d
by

P
(A

),
th

e
pr

ob
ab

ili
ty

of
A

gi
ve

n
B

(i
.e

.
co

nd
iti

on
al

pr
ob

ab
ili

ty
)i

s
w

ri
tte

n
as

P
(A
|B)

.
Pr

ob
ab

ili
ty

de
ns

ity
fu

nc
tio

ns
(f

or
co

nt
in

uo
us

ra
nd

om
va

ri
ab

le
s)

an
d

pr
ob

ab
ili

ty
m

as
s

fu
nc

tio
ns

(f
or

di
sc

re
te

ra
nd

om
va

ri
ab

le
s)

ar
e

de
no

te
d

by
lo

w
er

-c
as

e
le

tte
rs

,e
.g

.
f(

x)
,

f(
x|θ

),
p

or
q,

w
he

re
θ

is
th

e
se

to
fp

ar
am

et
er

s
fo

ra
sp

ec
ifi

c
di

st
ri

bu
tio

n.
p(
·)a

nd
q(
·)

ar
e

fr
eq

ue
nt

ly
us

ed
to

re
pr

es
en

tt
he

di
st

ri
bu

tio
ns

of
ra

nd
om

va
ri

ab
le

s.
T

he
se

to
f

ob
se

rv
at

io
ns

or
pr

io
r

pa
ra

m
et

er
s

is
de

no
te

d
by

a
ca

lli
gr

ap
hi

c
le

tte
r

(e
.g

.
X,
Z,
B)

.
T

he
se

to
f

re
al

nu
m

be
rs

is
de

no
te

d
by
R

;t
he

no
rm
‖·
‖d

en
ot

es
th

e
L 2

no
rm

.

3.
Pr

el
im

in
ar

ie
s

T
hi

s
se

ct
io

n
pr

ov
id

es
a

br
ie

fr
ev

ie
w

of
th

e
fin

ite
vo

n
M

is
es

-F
is

he
rm

ix
tu

re
m

od
el

s
th

at
fa

ci
lit

at
es

a
be

tte
ru

nd
er

st
an

di
ng

of
th

e
pr

op
os

ed
m

od
el

s.

3.
1

Vo
n

M
is

es
-F

is
he

r
D

is
tr

ib
ut

io
n

A
ra

nd
om

D
-d

im
en

si
on

al
un

it
ve

ct
or

x
(i

.e
.

x
∈R

D
an

d
‖x
‖=

1)
is

sa
id

to
fo

llo
w

th
e

D
-v

ar
ia

te
vo

n
M

is
es

-F
is

he
r(

vM
F)

di
st

ri
bu

tio
n

if
its

pr
ob

ab
ili

ty
de

ns
ity

fu
nc

tio
n

is
gi

ve
n

by

f(
x
|µ
,κ

)
=

C
D

(κ
)e

xp
( κµ

T
x) ;

C
D

(κ
)

=
κD

/2
−1

(2
π

)D
/2

I D
/2
−1

(κ
)

(1
)

w
he

re
‖µ
‖=

1,
κ
≥

0,
D
≥

2;
C

D
(κ

)
is

th
e

no
rm

al
is

in
g

co
ns

ta
nt

,
I D
/2
−1

(κ
)

de
no

te
s

th
e

m
od

ifi
ed

B
es

se
lf

un
ct

io
n

of
th

e
fir

st
ki

nd
w

ith
or

de
r

D
/2
−

1
an

d
ar

gu
m

en
tκ

.
T

he
co

nc
en

tr
at

io
n

pa
ra

m
et

er
,
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O
N

L
IN

E
T

R
A

N
S-D

IM
E

N
S

IO
N

A
L

V
O

N
M

IS
E

S-F
IS

H
E

R
M

IX
T

U
R

E
M

O
D

E
L

S

κ,
quantifies

how
tightly

the
distribution

is
concentrated

around
the

m
ean

direction
µ.

N
ote

that
µ

Tx
is

the
cosine

sim
ilarity

betw
een

x
and

µ
and

that
κ

plays
the

role
of

the
inverse

of
variances

(precision).
T

he
vM

F
distribution

is
used

for
clustering

data
on

the
unithypersphere,w

hereas
the

G
aussian

distribution
is

used
for

m
odelling

data
w

ith
a

m
ultivariate

N
orm

al
distribution.

A
very

useful
property

of
the

vM
F

distribution
that

w
e

w
ill

use
in

this
w

ork
is

the
preservation

of
the

functionalform
underm

ultiplication
(C

hiuso
and

Picci,1998)

f(x|µ
1 ,κ1 )f(x|µ

2 ,κ2 )
=

f(x|µ
,κ),

w
here

µ
=

κ1 µ
1

+
κ2 µ

2

‖κ1 µ
1

+
κ2 µ

2 ‖
,
κ

=
‖κ1 µ

1
+
κ2 µ

2 ‖
(2)

Follow
ing

M
ardia

and
Jupp

(2000),the
sam

ple
covariance

m
atrix

ofdirectionaldata,X
={x

i } Ni=
1 ,

about
µ

is
defined

by:

S
=

1
N
−

1

N∑i=
1

(x
i −

µ)(x
i −

µ) T
(3)

w
hich

is
an

unbiased
estim

atorofthe
covariance

m
atrix

(i.e.
Σ

=
S

).

3.2
Finite

von
M

ises-Fisher
M

ixture

L
et

f(x|θ
h )

denote
a

vM
F

distribution
w

ith
param

eters
θ

h =(µ
h ,κh )

for
h
∈

[1
,H

].
B

anerjee
et

al.
(2005)proposed

a
sim

ple
vM

F
m

ixture
m

odelw
ith

the
density

ofvM
F

m
ixtures

given
by

f(x|{π
h ,θ

h } Hh
=

1 )
=

H∑h
=

1

π
h f(x|θ

h )
(4)

w
here

Θ
=
{π

h ,θ
h } Hh

=
1

are
the

setofparam
eters

to
be

estim
ated,π

h
are

the
m

ixing
proportions

w
hich

are
non-negative

and
sum

to
1

(i.e.
0
≤
π

h ≤
1
, ∑

h
π

h =1).
To

sam
ple

a
point

from
this

m
ixture

distribution,w
e

random
ly

choose
the

h-th
com

ponentw
ith

probability
π

h ,and
then

sam
ple

a
pointx

follow
ing

f(x|θ
h ).L

etX
={x

i } Ni=
1

be
a

setof
N

data
points

thatare
sam

pled
independently

follow
ing

E
q.(4).T

he
m

ixture
m

odelin
E

q.(4)can
be

interpreted
as

a
m

issing
data

m
odelifw

e
introduce

a
setof

m
em

bership
variables

(a.k.a.
latent/hidden

variables),Z
={zi } Ni=

1 ,for
the

data
points

(C
eleux

et
al.,

2006),
indicating

the
specific

vM
F

distribution
from

w
hich

the
points

are
sam

pled.
E

ach
m

em
bership

variable
is

a
H

-dim
ensionalindicator

vector,denoted
by

zi =(zi1 ,···
,ziH

),zih ∈
{0
,1},

so
thatzih

=
1

ifand
only

if
x

i is
generated

from
the

vM
F

distribution
f(·|{π

h ,θ
h } Hh

=
1 ),conditioning

on
zi .T

he
zih

are
assum

ed
to

be
draw

n
independently

from
the

follow
ing

distributions

P
(zih

=
1)

=
π

h ,i∈
[1
,N

],
h∈

[1
,H

]
(5)

w
here

P
(zi )

=
∏

Hh
=

1
π

zih
h

.T
he

density
ofthe

corresponding
vM

F
m

ixture
m

odelw
ith

latentvariables
is

given
by

(C
eleux

etal.,2006)

f(x
i ,zi |{π

h ,θ
h } Hh

=
1 )

=
P

(zi )f(x
i |zi ,{π

h ,θ
h } Hh

=
1 )

=

H∏h
=

1 { π
h f(x

i |θ
h )} zih

(6)

4.Proposed
Trans-dim

ensionalvM
F

M
ixture

M
odels

In
this

section,
w

e
first

describe
the

B
ayesian

von
M

ises-Fisher
m

ixture
m

odel
(B

vM
FM

M
)

by
G

opaland
Y

ang
(2014),including

inference
via

efficientcollapsed
G

ibbssam
pling.W

e
then

present
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Q
IN

,C
U

N
N

IN
G

H
A

M
A

N
D

S
A

LT
E

R-T
O

W
N

S
H

E
N

D

our
extension

of
the

reversible
jum

p
M

C
M

C
algorithm

for
m

odel
exploration

of
B

ayesian
vM

F
m

ixtures,and
introduce

the
proposed

online
trans-dim

ensionalvon
M

ises-Fisherm
ixture

m
odelfor

tem
poraluserbehaviouraldata.

4.1
Form

ulation
ofB

ayesian
vM

F
M

ixture
M

odel

T
he

B
ayesian

vM
F

m
ixture

m
odelview

s
the

vM
F

m
ixture

m
odelparam

eters
as

random
variables

and
introduces

prior
distributions

on
them

.
T

his
brings

advantages,
such

as
sharing

statistical
strength

am
ong

m
ean

directions
and

flexibility
for

param
eter

estim
ation

(G
opaland

Y
ang,2014).

T
he

B
ayesian

vM
F

m
ixture

m
odel

is
very

sim
ilar

to
the

Spherical
Topic

M
odel(R

eisinger
etal.,

2010),the
only

difference
lies

in
the

factthatthe
form

erallow
s

learning
cluster-specific

concentra-
tion

param
eters

w
hile

the
latterkeeps

the
concentration

param
eters

fixed.T
he

generative
process

of
B

vM
FM

M
proceeds

as
follow

s:

1.
D

raw
topic

proportions,
π
∼

D
irichlet(.|α),from

a
D

irichletw
ith

hyperparam
eter

α.

2.
D

raw
topics,

µ
h
∼

vM
F(.|µ

0 ,C
0 ),on

the
unithypersphere

forh∈
[1
,H

].

3.
D

raw
concentration

param
eters,κh

∼
logN

orm
al(.|m

,σ
2),from

a
log-norm

aldistribution
w

ith
m

ean
m

and
variance

σ
2

forh∈
[1
,H

].

4.
ForeachL

2
norm

alised
data

pointx
i ∈{x

i } Ni=
1 :

(a)
D

raw
topic

indicatorzi
∼

M
ulti(.|π).

(b)
D

raw
the

data
pointx

i
∼

vM
F(.|µ

zi ,κzi ).

w
here

M
ulti(.|π)

denotes
a

M
ultinom

ialdistribution.
T

he
plate

notation
1

of
B

vM
FM

M
is

given
in

Figure
1.

π
∼

D
irichlet(.|α)

(topic
proportions)

µ
h
∼

vM
F(.|µ

0 ,C
0 )

(topics,m
ean

directions)

κh
∼

logN
orm

al(.|m
,σ

2)(concentration
param

eters)

zi
∼

M
ulti(.|π)

(latentclustervariables)

x
i
∼

vM
F(.|µ

zi ,κzi )
(data

points)

h∈
[1
,H

],i∈
[1
,N

]

Figure
1:

A
graphicalm

odelrepresentation
of

B
vM

FM
M

,in
w

hich
nodes

representrandom
vari-

ables,
arrow

s
denote

dependency
am

ong
variables,

and
plates

denote
replication.

Shaded
nodes

correspond
to

observed
variables,unshaded

nodes
representhidden

variables,and
solid

nodes
rep-

resentthe
hyperparam

eters.

For
a

fully
B

ayesian
vM

F
m

ixture
m

odel,
the

num
ber

of
com

ponents
H

is
considered

as
a

random
variable

for
w

hich
a

posterior
distribution

should
be

found.
N

obile
(2005)

suggested
that

com
pared

w
ith

a
uniform

prior,
Poisson(1)

prior
is

strongly
biased

tow
ards

low
H

and
rem

oves

1.A
llthe

plate
notations

for
graphicalm

odels
used

in
this

w
ork

w
ere

draw
n

using
the

D
aftsoftw

are
provided

by
D

an
Forem

an-M
ackey

and
D

avid
W

.H
ogg,available

at:
h
t
t
p
:
/
/
d
a
f
t
-
p
g
m
.
o
r
g
/
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op

os
ed

T
vM

FM
M

ha
s

th
e

ab
ili

ty
to

ex
pl

or
e

m
ul

tip
le

m
od

el
s

si
m

ul
ta

ne
ou

sl
y,

w
hi

ch
br

in
gs

ad
di

tio
na

lb
en

efi
t-

re
fin

in
g

an
in

ap
pr

op
ri

at
e

in
iti

al
iz

at
io

n
of

m
od

el
pa

ra
m

et
er

s
w

hi
ch

pa
ra

m
et

ri
c

m
od

el
s

ar
e

in
ca

pa
bl

e
of

.

3.
T

he
D

ir
ic

hl
et

di
st

ri
bu

tio
n

of
or

de
r

H
≥

2
w

ith
pa

ra
m

et
er

s
α

1,
···

,α
H
>

0
is

gi
ve

n
by

:
D

ir
(−→ π
|−→ α

)
=

1
B

(−→ α
)

∏
H h=

1
π
α

h
−1

h
,

w
he

re
B

(−→ α
)i

s
th

e
m

ul
tin

om
ia

lB
et

a
fu

nc
tio

n
de

fin
ed

as
B

(−→ α
)

=
∏

H h=
1

Γ
(α

h
)

Γ
(∑

H h=
1
α

h
).
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O
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L
IN

E
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R
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N
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E

N
S
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N

A
L

V
O

N
M

IS
E

S-F
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H
E

R
M
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U
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E
M

O
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E
L

S

4.3.1
R

E
V

E
R

S
IB

L
E

JU
M

P
M

O
V

E
T

Y
P

E
S

R
ichardson

and
G

reen
(1997)

developed
a

m
ethodology

to
perform

B
ayesian

inference
and

m
odel

exploration
for

the
univariate

G
aussian

m
ixture

m
odelby

using
the

reversible
jum

p
M

C
M

C
algo-

rithm
,one

sw
eep

ofw
hich

consists
ofsix

types
ofm

oves:

1.
U

pdating
the

w
eights,

π,follow
ing

E
q.(13);

2.
U

pdating
the

param
eters,(µ

,κ)
,follow

ing
E

q.
(12)

for
µ

and
E

q.
(11)

for
κ

using
M

C
M

C
sam

pling;

3.
U

pdating
the

allocation,z,follow
ing

E
q.(10);

4.
U

pdating
the

hyperparam
eters,B

;

5.
Splitting

one
m

ixture
com

ponentinto
tw

o,orcom
bining

tw
o

into
one;

6.
T

he
birth

ordeath
ofan

em
pty

com
ponent.

M
oves

(5)
and

(6)
involve

changing
H

by
1

and
m

aking
necessary

corresponding
changes

to
(µ
,κ,π

,z),and
are

used
for

m
odelexploration

via
the

M
etropolis-H

astings
algorithm

(M
etropolis

etal.,1953;H
astings,1970).A

ssum
e

thata
proposed

m
ove

type
t,from

s=(Z
,Θ
,H

)to
s̃=(Z

′,Θ
′,H

+

1)=
f(s,u),w

here
f(s,u)is

an
invertible

determ
inistic

function
(R

ichardson
and

G
reen,1997).T

he
reverse

of
the

m
ove

(from
s̃

to
s)

can
be

accom
plished

by
using

the
inverse

transform
ation,so

that
the

proposalis
determ

inistic.T
he

acceptance
probabilities

from
s

to
s̃

and
from

s̃
to

s
are

m
in{1

,A}
and

m
in{1

,A −
1}respectively,w

here

A
=

likelihood
ratio×

priorratio×
proposalratio×

Jacobian

=
f(X|Z

′,Θ
′,B

,H
+

1)
f(X|Z

,Θ
,B
,H

)
×

P
(H

+
1)P

(Z
′,Θ

′|B
,H

+
1)

P
(H

)P
(Z
,Θ|B

,H
)

×
rt (s̃)

rt (s)q(u) ×
∣∣∣∣∣
∂s̃

∂(s,u) ∣∣∣∣∣

=
f(s̃|X

)
f(s|X

) ×
rt (s̃)

rt (s)q(u) ×
∣∣∣∣∣
∂s̃

∂(s,u) ∣∣∣∣∣

(14)

w
here

rt (s)is
the

probability
ofchoosing

m
ove

type
tw

hen
in

state
s,q(u)is

the
density

function
of

the
auxiliary

random
variables

u,the
finalterm

is
the

Jacobian
determ

inantarising
from

the
change

ofvariables
from

(s,u)to
s̃.T

he
birth-death

m
oves

in
(6)are

supplem
ents

to
the

split-m
erge

m
oves

in
(5)

in
a

sense
that

the
form

er
are

used
for

em
pty

com
ponents,

w
hereas

the
latter

are
used

for
non-em

pty
com

ponents.

4.3.2
S

P
L

IT
A

N
D

M
E

R
G

E
M

O
V

E
S

In
the

split-m
erge

m
ove

in
(5),the

R
JM

C
M

C
algorithm

m
akes

a
random

choice
betw

een
splitting

or
m

erging
existing

com
ponent(s)

w
ith

probabilities
b

h
and

d
h =1-b

h
respectively,depending

on
h.

G
enerally,

d
1 =0,

b
H

m
ax =0,

and
b

h =d
h =0

.5
for

h
∈

[2
,H

m
ax -1].

T
he

m
erging

proposal
w

orks
by

choosing
tw

o
random

com
ponents

j1
and

j2 ,subjectto
the

follow
ing

constraint(adjacency
condi-

tion)
µ

j1
<
µ

j2 ,
w

ith
no

other
µ

s ∈
[µ

j1 ,µ
j2 ],s

,
j1 ,j2

(15)

In
the

univariate
setting,R

ichardson
and

G
reen

(1997)
proposed

the
constraints

of
preserving

the
zeroth,

first
and

second
m

om
ents

of
com

ponents
before

and
after

the
split-m

erge
m

ove.
In

the
m

ultivariate
setting,previous

w
orks

(D
ellaportas

and
Papageorgiou,2006;Z

hang
etal.,2004)
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Q
IN
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U

N
N

IN
G

H
A

M
A

N
D

S
A

LT
E

R-T
O

W
N

S
H

E
N

D

generally
preserved

the
m

ean
vectors

and
covariance

m
atrices

of
com

ponents
via

spectraldecom
-

position
ofthe

covariance
m

atrices.
T

he
firsttw

o
m

om
ents

ofvM
F

distribution
are

m
ean

direction
and

concentration
param

eter.H
ow

ever,a
directextension

ofthe
R

JM
C

M
C

algorithm
(i.e.preserv-

ing
the

firsttw
o

m
om

ents)forvM
F

m
ixture

m
odelw

ould
be

im
practicalforthe

split-m
erge

m
ove.

R
ecallthatthe

concentration
param

etercontrols
how

tightly
the

distribution
is

concentrated
around

the
m

ean
direction,w

hich
resem

bles
the

idea
behind

covariance
m

atrices
-

groups
of

sim
ilar

data
points

w
ould

resultin
high

(variance)values
in

the
diagonalofthe

m
atrices.In

otherw
ords,to

som
e

extent,preserving
the

concentration
param

eter
is

sim
ilar

to
preserving

the
statisticalproperties

of
the

covariance
m

atrices.In
this

w
ork,w

e
m

ake
use

ofthe
spectraldecom

position
ofthe

covariance
m

atrices
forthe

split-m
erge

m
oves

ofvM
F

m
ixtures.

L
et

Σ
h

=
V

h Λ
h V

Th
be

the
spectraldecom

position
of

the
covariance

m
atrix,

Σ
h ,of

the
com

po-
nents

in
E

q.
(6),w

here
Λ

h
is

a
diagonalm

atrix
Λ

h
=

diag(λ
h1 ,···

,λ
hD )

w
ith

the
eigenvalues

of
Σ

h
in

increasing
order,

and
V

h
is

an
orthogonal

m
atrix

w
ith

the
eigenvectors

of
Σ

h
in

order
cor-

responding
to

the
eigenvalues

in
Λ

h .
L

et
λ

hd
denote

the
d-th

largest
eigenvalue

of
Σ

h .
L

et
j∗

be
one

of
the

H
com

ponents
to

be
considered

to
split,

j1 ,j2
be

the
tw

o
proposed

com
ponents,

π
j∗ ,π

j1 ,π
j2

the
corresponding

w
eights,

µ
j∗ ,µ

j1 ,µ
j2

the
corresponding

m
ean

vectors,
κ

j∗ ,κ
j1 ,κ

j2
the

corresponding
concentration

param
eters,and

Σ
j∗ ,Σ

j1 ,Σ
j2

the
corresponding

variance
m

atrices.
L

et
u

1 ,u
2

=
(u

21 ,···
,u

2D ) T
,u

3
=

(u
31 ,···

,u
3D ) T

be
the

2D
+

1
random

variables
needed

to
construct

w
eights,

m
eans

and
eigenvalues

for
the

split
m

ove.
T

hey
are

generated
from

beta
and

uniform
distributions

u
1
∼

B
eta(2

,2),
u

21
∼

B
eta(1

,2D
),

u
2d
∼

U
(−

1
,1)

u
31
∼

B
eta(1

,D
),

u
3d
∼

U
(0
,1),

d∈
[2
,D

]
(16)

L
etP

be
D×

D
rotation

m
atrix

w
ith

colum
nsorthonorm

alunitvectorsw
hich

has
D

(D−
1)/2

free
param

eters.T
he

elem
ents

in
the

low
ertriangularare

random
ly

generated
from

uniform
distribution

U
(0
,1),

and
the

elem
ents

in
other

positions
are

determ
ined

by
the

fact
that

P
is

an
orthonorm

al
m

atrix.T
hen,the

proposed
splitm

oves
are

given
by

π
j1

=
u

1 π
j∗ ,

π
j2

=
(1−

u
1 )π

j∗

µ
j1

=
µ

j∗ −
√
π

j2

π
j1 

D∑d
=

1 u
2d √

λ
j∗ d V

j∗ d 

µ
j2

=
µ

j∗
+

√
π

j1

π
j2 

D∑d
=

1 u
2d √

λ
j∗ d V

j∗ d 

λ
j1 d

=
u

3d (1−
u

22d )λ
j∗ d
π

j∗
π

j1

λ
j2 d

=
(1−

u
3d )(1−

u
22d )λ

j∗ d
π

j∗
π

j2

V
j1

=
P

V
j∗ ,

V
j2

=
P

TV
j∗ ,d∈

[1
,D

]

µ
j1

=
µ

j1

‖µ
j1 ‖
,
µ

j2
=

µ
j2

‖µ
j2 ‖

(N
orm

alized
m

ean
directions)

(17)

Itcan
be

readily
show

n
thatthese

are
indeed

valid,w
ith

w
eights

positive
and

covariance
m

atrices
positive-definite.N

ow
w

e
need

to
check

w
hetherthe

adjacency
condition

in
E

q.(15)is
satisfied.If

the
condition

is
satisfied,w

e
reallocate

those
w

ith
arg

m
ax

h
γ(zih )

=
j∗

to
j1

or
j2

using
the

form
ula
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E

S
-F

IS
H

E
R

M
IX

T
U

R
E

M
O

D
E

L
S

P
(z

ih
=

1|
···

)
∝
π

h
f(

x i
|{π

h,
θ h
}H h=

1)
.

If
th

e
te

st
is

no
tp

as
se

d,
th

en
th

e
m

ov
e

is
re

je
ct

ed
in

or
de

r
to

pr
es

er
ve

th
e

re
ve

rs
ib

ili
ty

of
th

e
sp

lit
/m

er
ge

m
ov

e.
T

he
co

rr
es

po
nd

in
g

m
er

ge
m

ov
e

is
sp

ec
ifi

ed
by

th
e

fo
llo

w
in

g
ex

pr
es

si
on

s

π
j ∗

=
π

j 1
+
π

j 2

π
j ∗
µ

j ∗
=
π

j 1
µ

j 1
+
π

j 2
µ

j 2

π
j ∗

[(
µ

T j ∗
V

j ∗
d)

2
+
λ

j ∗
d]

=
π

j 1
[(
µ

T j 1
V

j 1
d)

2
+
λ

j 1
d]

+
π

j 2
[(
µ

T j 2
V

j 2
d)

2
+
λ

j 2
d]

µ
j ∗

=
µ

j ∗
‖µ

j ∗
‖(N

or
m

al
iz

ed
m

ea
n

di
re

ct
io

ns
)

(1
8)

T
he

so
lu

tio
ns

of
u 1
,u

2,
u 3
,λ

j ∗
d,

V
j ∗

an
d

P
ar

e
as

fo
llo

w
s:

u 1
=
π

j 1
/π

j ∗

u 2
d

=
(µ

T j ∗
V

j ∗
d
−µ

T j 1
V

j ∗
d)
/(

√
λ

j ∗
d
π

j 2

π
j 1

)

u 3
d

=
π

j 1
λ

j 1
d/

[π
j ∗
λ

j ∗
d(

1
−u

2 2d
)]

λ
j ∗

d
=
π
−1 j ∗

{ π
j 1

[(
µ

T j 1
V

j 1
d)

2
+
λ

j 1
d]

+
π

j 2
[(
µ

T j 2
V

j 2
d)

2
+
λ

j 2
d]
} −

(µ
T j ∗

V
j ∗

d)
2

V
j ∗

=
1 2

(P
T

V
j 1

+
P

V
j 2

),
d
∈[

1,
D

]

(1
9)

Fo
r

su
cc

es
sf

ul
m

er
ge

m
ov

e,
w

e
ha

ve
to

re
al

lo
ca

te
th

os
e

ob
se

rv
at

io
ns

x i
w

ith
ar

g
m

ax
h
γ

(z
ih

)
=

j 1
or

ar
g

m
ax

h
γ

(z
ih

)
=

j 2
to

j ∗
.

A
tt

hi
s

po
in

t,
w

e
ca

lc
ul

at
e

th
e

ac
ce

pt
an

ce
pr

ob
ab

ili
tie

s
of

sp
lit

an
d

m
er

ge
m

ov
es

:m
in
{1,

A
}a

nd
m

in
{1,

A
−1
}a

cc
or

di
ng

to
E

q.
(1

4)
,w

he
re

A
=

P
(H

+
1,
Z′
,Θ
′ ,
B|
X)

d H
+

1

P
(H
,Z

,Θ
,B
|X

)b
H

P
al

lo
cq

(u
)
×∣ ∣ ∣ ∣ ∣ ∣de

t(
∂
Σ

∂
(λ
,V

))∣ ∣ ∣ ∣ ∣ ∣
× |

de
t(

J)
|

(2
0)

w
he

re
P

al
lo

c
is

th
e

pr
ob

ab
ili

ty
of

m
ak

in
g

th
is

pa
rt

ic
ul

ar
al

lo
ca

tio
n

of
da

ta
to

j 1
an

d
j 2

gi
ve

n
by

(B
ou

gu
ila

an
d

E
lg

ue
ba

ly
,2

01
2)

P
al

lo
c

=

∏
z i

j 1
=

1
π

j 1
f(

x i
|µ j

1
,κ

j 1
)∏

z i
j 2

=
1
π

j 2
f(

x i
|µ j

2
,κ

j 2
)

∏
z i

j ∗
=

1
π

j 1
f(

x i
|µ j

1
,κ

j 1
)+

π
j 2

f(
x i
|µ j

2
,κ

j 2
)

(2
1)

T
he

∂
Σ

∂
(λ
,V

)
te

rm
is

th
e

Ja
co

bi
an

of
th

e
tr

an
sf

or
m

at
io

n
fr

om
th

e
Σ

of
th

e
co

m
po

ne
nt

s
to

th
e

ei
ge

n-
va

lu
es

an
d

ei
ge

nv
ec

to
rs

(D
el

la
po

rt
as

an
d

Pa
pa

ge
or

gi
ou

,2
00

6)
;

J
is

th
e

Ja
co

bi
an

of
th

e
pa

ra
m

et
er

tr
an

sf
or

m
at

io
n.

T
he

ca
lc

ul
at

io
n

of
th

e
Ja

co
bi

an
te

rm
s

an
d

th
e

fa
ct

or
iz

at
io

n
of

P
(H
,Z

,θ
,B
|{x

i}N i=
1)

ar
e

gi
ve

n
in

A
pp

en
di

x
C

an
d

A
pp

en
di

x
D

.
It

is
w

or
th

no
tin

g
th

at
it

ca
n

be
co

m
pu

ta
tio

na
lly

in
ef

fic
ie

nt
to

ca
lc

ul
at

e
th

e
Ja

co
bi

an
te

rm
∣ ∣ ∣ ∣d

et
(

∂
Σ

∂
(λ
,V

))∣ ∣ ∣ ∣
pa

rt
ic

ul
ar

ly
fo

rh
ig

h-
di

m
en

si
on

al
da

ta
.T

o
so

lv
e

th
is

is
su

e,
Z

ha
ng

et
al

.(
20

04
)p

ro
po

se
d

a
si

m
pl

ifi
ed

m
ul

tiv
ar

ia
te

G
au

ss
ia

n
m

ix
tu

re
m

od
el

(G
M

M
)w

ith
re

ve
rs

ib
le

ju
m

p
M

C
M

C
al

go
ri

th
m

,
w

hi
ch

im
po

se
d

a
co

m
m

on
ei

ge
nv

ec
to

rm
at

ri
x

fo
rt

he
co

va
ri

an
ce

m
at

ri
ce

s
of

al
lc

om
po

ne
nt

s.
T

he
ir

ex
pe

ri
m

en
ts

sh
ow

ed
th

at
th

ei
rp

ro
po

se
d

si
m

pl
ifi

ed
G

M
M

ob
ta

in
sg

oo
d

es
tim

at
es

on
ge

ne
ra

lG
M

M
s,

es
pe

ci
al

ly
on

th
ei

rm
od

el
ex

pl
or

at
io

n.
In

th
is

w
or

k,
w

e
fo

llo
w

Z
ha

ng
et

al
.(

20
04

)a
nd

us
e

a
co

m
m

on
ei

ge
nv

ec
to

r
m

at
ri

x
fo

r
th

e
co

va
ri

an
ce

m
at

ri
ce

s
of

al
lt

he
vM

F
co

m
po

ne
nt

s
w

he
n

sp
lit

tin
g/

m
er

gi
ng

th
e

co
m

po
ne

nt
s.
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C
ol

la
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ed
G
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sa
m

pl
in

g
fo

rT
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M

In
pu

t:
D

at
a

po
in

ts
:X

=
{x i
}N i=

1
(U

ni
tv

ec
to

rs
on

th
e

hy
pe

rs
ph

er
e)

Pr
io

rp
ar

am
et

er
s:
B=
{α
,µ

0,
C

0,
m
,σ

2 }
In

iti
al

nu
m

be
ro

fc
om

po
ne

nt
s:

H
O

ut
pu

t: E
st

im
at

io
n

of
m

od
el

pa
ra

m
et

er
s

1
In

iti
al

is
e

pa
ra

m
et

er
s:
π

=
{π h
}H h=

1,
µ

=
{µ h
}H h=

1,
κ

=
{κ h
}H h=

1;
2

In
iti

al
is

e
la

te
nt

va
ri

ab
le

s
Z

=
{{z

ih
}H h=

1}N i=
1

ar
bi

tr
ar

ily
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3
n
←

0;
4

w
hi

le
N

ot
C

on
ve

rg
ed

do
5

Sa
m

pl
e

a
ra

nd
om

va
ri

ab
le

u
fr

om
U

ni
fo

rm
(0

,1
):

u
←
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6

if
u
6

b b
ir

th
-d

ea
th

th
en

7
C

re
at

e
or

de
le

te
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em
pt

y
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m
po

ne
nt
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8

el
se

if
u
6

b b
ir

th
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er
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se
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Sa
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pl
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te
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va
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le
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ol
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w
in
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th
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pa
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A
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ith
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e
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la
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Sa
m

pl
e

th
e

w
ei

gh
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,π
n,

fo
llo

w
in

g
E

q.
(1

3)
;

15
Sa

m
pl

e
th

e
m

ea
n

di
re

ct
io

ns
,µ

n,
fo

llo
w

in
g

E
q.

(1
2)

;
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Sa
m

pl
e

th
e
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nc

en
tr

at
io

n
pa

ra
m

et
er

s,
κ n
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si

ng
M

C
M

C
sa

m
pl

in
g;
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Sa

m
pl

e
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pe
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et
er
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d
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n
←
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+

1;
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en
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;
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en
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ea
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et
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.(
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00
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m
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C
M

C
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ai
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m
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tim

at
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n;

4.
3.

3
B

IR
T

H
A

N
D

D
E

A
T

H
M

O
V

E
S

O
ur

bi
rt

h-
de
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h

m
ov

e
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n
be
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op

te
d

st
ra

ig
ht

fo
rw

ar
dl

y
fr

om
th

e
on

e
us

ed
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(R
ic
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rd

so
n
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d

G
re

en
,

19
97

;Z
ha

ng
et

al
.,

20
04

).
W

e
fir

st
m
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e

a
ra
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om
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be

tw
ee

n
bi

rt
h

or
de

at
h

of
an
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pt

y
co

m
-

po
ne

nt
w

ith
th

e
sa

m
e
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ob

ab
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tie
s

b k
an

d
d k
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ab

ov
e.

Fo
ra

bi
rt

h,
a

m
ix

in
g

w
ei

gh
ta

nd
pa

ra
m

et
er

s
of

th
e

pr
op

os
ed
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m

po
ne

nt
ar

e
dr

aw
n

us
in

g
th

e
fo

llo
w

in
g

di
st

ri
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tio
ns

π
j ∗
∼

B
et

a(
1,

H
),
µ

j ∗
∼

vM
F(
.|µ

0,
C

0)
,
κ

j ∗
∼

lo
gN

or
m

al
(.|m

,σ
2 )

(2
2)

It
is

ne
ce

ss
ar

y
to

re
sc

al
e

th
e

ex
is

tin
g

w
ei

gh
ts

in
or

de
rt

o
‘m

ak
e

sp
ac

e’
fo

rt
he

ne
w

co
m

po
ne

nt
us

in
g

π
j′

=
π

j(1
−
π

j ∗
),

so
th

at
∑
π

h
=

1.
0.

T
he

ac
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pt
an

ce
pr

ob
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ili
tie

s
fo

r
bi

rt
h
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d
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h
m
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ar
e
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O
N

L
IN

E
T

R
A

N
S-D

IM
E

N
S

IO
N

A
L

V
O

N
M

IS
E

S-F
IS

H
E

R
M

IX
T

U
R

E
M

O
D

E
L

S

m
in{1

,A}and
m

in{1
,A −

1}respectively,w
here

A
=

P
(H

+
1)

P
(H

)
×

P
(π ′|H

+
1
,α)

P
(π|H

,α)
×

rt (s̃)
rt (s)q(u) ×

∣∣∣∣∣
∂s̃

∂(s,u) ∣∣∣∣∣

=
P

(H
+

1)
P

(H
)
×

Γ((H
+

1)α)
(Γ(α)) H

+
1

∏
H

+
1

h
=

1
π ′n

h +
α−

1
h

Γ(H
α)

(Γ(α)) H ∏
Hh
=

1
π

n
h +
α−

1
h

×
d

H
+

1

(H
0

+
1)b

H
×

1
g

1
,H (π

j∗ ) ×
(1−

π
j∗ ) H−

1

=
P

(H
+

1)
P

(H
)
×

1
B(α

,H
α) ×

π
α−

1
j∗
×

(1−
π

j∗ ) N
+

H
α−

H×
(H

+
1)×

d
H

+
1

(H
0

+
1)b

H
×

1
g

1
,H (π

j∗ ) ×
(1−

π
j∗ ) H−

1

(23)

In
E

q.
(23),H

0
is

the
num

ber
of

em
pty

com
ponents,g

1
,H

(·)
is

the
probability

density
function

of
B

eta(1
,H

)distribution.
In

our
im

plem
entation

of
the

reversible
jum

p
M

C
M

C
algorithm

,
rather

than
passing

through
each

ofthe
six

m
oves

determ
inistically,follow

ing
(A

ndrieu
etal.,2003;D

ellaportas
and

Papageor-
giou,2006),w

e
choose

to
random

ly
selectone

ofthe
three

m
oves

(i.e.M
oves

(3),(5)and
(6))w

ith
fixed

probabilities
in

each
iteration.

W
e

have
used

(.1,.4,.5)
as

probabilities
to

choose
the

three
m

oves
respectively.T

his
allow

s
som

e
extra

tuning
w

hich
can

potentially
speed

up
the

convergence
and

im
prove

the
m

ixing
ofthe

R
JM

C
M

C
chain.T

he
resulting

collapsed
G

ibbs
sam

pling
procedure

of
T

vM
FM

M
is

sum
m

arised
in

A
lgorithm

1.
N

ote
thatw

e
em

ploy
parallelsam

pling
to

update
the

latentvariables
in

A
lgorithm

2,w
hich

is
very

sim
ilar

to
state

synchronization
in

the
paralleltopic

m
odels

proposed
by

Sm
ola

and
N

arayanam
urthy

(2010).

A
lgorithm

2:Parallelsam
pling

forlatentvariablesZ
1

function
I
n
f
e
r
e
n
c
e
(X

,Z
,
α,
µ

0 ,C
0 ,m

,
σ

2)
2

Initialise
γ

old(zih )
=
γ(zih )foralli,h;

3
w

hile
Sam

pling
do

4
R

ead
globalstats{n

h } Hh
=

1
5

for
every

com
ponenth∈

[1
,H

]do
6

Sam
ple

a
latent,zih ,conditioned

on
allotherlabels

follow
ing

E
q.(10).

7
end

8
N

orm
alise

locallatentvariables
fordata

pointx
i :

9
γ(zih )

=
γ(zih )

∑
Hj=

1
γ(zij )

forevery
h∈

[1
,H

]

10
L

ock{n
h } Hh

=
1

globally.
11

U
pdate

n
h

=
n

h
+

[γ(zih )−
γ

old(zih )]forevery
h∈

[1
,H

].
12

R
elease{n

h } Hh
=

1
globally.

13
end

4.4
O

nline
Trans-dim

ensionalvM
F

M
ixture

M
odel

T
his

section
presents

the
procedures

of
collapsed

G
ibbs

sam
pling

for
the

proposed
online

trans-
dim

ensional
von

M
ises-Fisher

m
ixture

m
odel

(O
T

vM
FM

M
).

G
iven

data,X
={{x

t,i } N
t

i=
1 } Tt=

1 ,
w

here
x

t,i ∈
R

D,O
T

vM
FM

M
assum

es
the

generative
m

odelforthe
data

given
in

Figure
2.

T
he

userspecified
priorparam

eters
areB

={α
,µ

0
,0 ,C

0 ,m
,σ

2}.To
som

e
extent,the

priorparam
-

eterC
0

acts
as

a
sm

oothing
term

to
ensure

thatthe
param

eters
of

the
nexttim

e
epoch

to
be

sim
ilar

to
the

previous
one.

Follow
ing

G
opaland

Y
ang

(2014),the
concentration

param
eters

of
the

clus-
ters

at
tim

e
t

(k
t,h )

are
draw

n
from

a
log-N

orm
aldistribution

w
ith

m
ean

m
and

variance
σ

2.
T

he
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N
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H
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M
A

N
D

S
A

LT
E

R-T
O

W
N

S
H

E
N

D

π
t
∼

D
irichlet(.|α)

µ
1
,h
∼

vM
F(.|µ

0
,0 ,C

0 ),
h∈

[1
,H

]

µ
t,h
∼

vM
F

(.|µ
t−

1
,h ,C

0 ),fort∈
[2
,T

],h∈
[1
,H

]

µ
t,h
∼

vM
F(.|µ

t,0 ,C
0 ),t∈

[2
,T

],
h

=
H

+
1

k
t,h
∼

logN
orm

al(.|m
,σ

2)

zt,i |π
t
∼

M
ulti(.|π

t )

x
t,i
∼

vM
F(.|µ

zt,i ,k
zt,i )

w
here

t∈
[1
,T

],
h∈

[1
,H

],
i
=

1
,2
,···N

t

Figure
2:A

graphicalm
odelrepresentation

ofO
T

vM
FM

M
,in

w
hich

nodes
representrandom

vari-
ables,arrow

s
denote

dependency
am

ong
variables,and

plates
denote

replication.

cluster-specific
m

ean
param

eters
attim

e
t(µ

t,h )are
draw

n
from

a
vM

F
distribution

centered
around

the
corresponding

clusters
atthe

previous
tim

e
t−

1
orcentered

around
µ

t,0
w

ith
concentration

C
0 .

T
his

evolutionary
change

of
the

cluster
param

eters
introduces

flexibility
and

enables
O

T
vM

FM
M

to
accom

m
odate

sm
ooth

changes
in

the
m

ean
param

eterw
ithin

a
given

clusterovertim
e.

T
he

inference
and

reversible
jum

p
M

C
M

C
algorithm

for
O

T
vM

FM
M

can
be

adapted
straight-

forw
ardly

from
those

ofT
vM

FM
M

introduced
in

Section
4.2,4.3.T

he
likelihood

ofthe
com

plete-
data

is
given

by

P
(H
,{x

i,t } N
t

i=
1 ,{zi,t } N

t
i=

1 ,{π
t,h ,θ

t,h } Hh
=

1 |B
)

=
P

(H
)

f(π
t |α)

P
({zi,t } N

t
i=

1 |π
t )

f(µ
t |µ

t,0 ,C
0 )

f(κt |m
,σ

2)
f({x

i,t } N
t

i=
1 ,{zi,t } N

t
i=

1 |{π
t,h ,θ

t,h } Hh
=

1 )

=
P

(H
)f(π

t |α)
H∏h
=

1

f(µ
t,h |µ

t−
1
,h ,C

0 )
f(κt,h |m

,σ
2)

N
t

∏i=
1

P
(zt,i |π)

f(x
t,i |µ

zt,i ,κzt,i )

(24)

T
he

likelihood
of

x
t,i

can
be

defined
as

one
of

its
m

arginal
distributions

by
integrating

out
the

distributions
π

t ,
µ

t and
κt and

sum
m

ing
overzt,i :

f(x
t,i |m

,σ
2,µ

t−
1
,h ,C

0 ,α)
=

∫

π
t ∫

µ
t ∫

κt f(π
t |α)

H∏h
=

1

P
(zt,i,h

=
1)

f(x
t,i |µ

t,h ,κt,h )
f(µ

t,h |µ
t−

1
,h ,C

0 )
f(κt,h |m

,σ
2)

=

∫

π
t f(π

t |α)
H∏h
=

1

P
(zt,i,h

=
1) ∫

µ
t ∫

κt

H∏h
=

1

f(x
i |µ

t,h ,κt,h )
f(µ

t,h |µ
t−

1
,h ,C

0 )
f(κt,h |m

,σ
2)

(25)

Sim
ilarly

to
Section

4.2,w
e

obtain
the

follow
ing

updates
forthe

posteriorparam
eters.
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N
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IS
E

S
-F

IS
H

E
R

M
IX

T
U

R
E

M
O

D
E

L
S

γ
(z

t,i
,h

)
≡

P
(z

t,i
,h

=
1|Z

t,−
i,
{x i

,t
}N t i=

1,
κ t
,m
,σ

2 ,
µ

t−
1,

h,
C

0,
α

)

∝
( n t

,h
+
α
) C

D
(κ

t,h
)

C
D

(‖κ
t,h

∑
j,

iz
t,

j,h
x t
,j

+
C

0
µ

t−
1,

h‖)
C

D
(‖κ

t,h
(x

t,
j
+

∑
j,

iz
t,

j,h
x t
,j

)+
C

0
µ

t−
1,

h‖)
f(
κ t
,h
|X

t,
Z t
,κ

t,
m
,σ

2 ,
µ

t−
1,

h,
C

0)
∝

C
D

(κ
t,h

)n t
,h
C

D
(C

0)
C

D
(‖κ

t,h
∑

jz
t,

j,h
x t
,j

+
C

0
µ

t−
1,

h‖)
lo

gN
or

m
al

(κ
t,h
|m
,σ

2 )

f(
µ

t,h
|X

t,
Z t
,µ

t−
1,

h,
C

0)
∝

ex
p

            κ
t,h

∑ i

z t
,i,

h
x t
,i

+
C

0
µ

t−
1,

h      µ
t,h

      

f(
π

t,h
|{x

i,t
}N t i=

1,
{z i

,t
}N t i=

1,
α

)
∝

( n t
,h

+
α
)

(2
6)

w
he

re
n t
,h

is
th

e
nu

m
be

r
of

ob
se

rv
at

io
ns

as
si

gn
ed

to
th

e
h-

th
co

m
po

ne
nt

at
tim

e
t,

n t
,h

=
∑

iz
t,i
,h

.
T

he
em

pi
ri

ca
lu

pd
at

es
fo

rt
he

pr
io

rp
ar

am
et

er
s

ar
e

gi
ve

n
as

fo
llo

w
s

µ
t,0

=

∑
H h=

1
µ

t,h

‖∑
H h=

1
µ

t,h
‖,

C
0

=
rD
−r

3

1
−r

2
,w

he
re

,r
=
‖∑

H h=
1
µ

t,h
‖

H
,

t∈
[2
,T

]

ar
g

m
ax

α
>

0
−l

og
     

Γ
(H
α

)
∏

H h=
1

Γ
(α

)     +
(α
−1

)
H ∑ h=

1

π
t,h

m
=

1 H

H ∑ h=
1

lo
g(
κ t
,h

),
σ

2
=

1 H

H ∑ h=
1

lo
g(
κ t
,h

)2
−m

2

(2
7)

Si
m

ila
rl

y,
th

e
m

ov
e

(5
)

an
d

(6
)

of
th

e
R

JM
C

M
C

al
go

ri
th

m
fo

r
O

T
vM

FM
M

ca
n

be
st

ra
ig

ht
fo

r-
w

ar
dl

y
de

riv
ed

fo
llo

w
in

g
th

e
st

ra
te

gy
fo

rT
vM

FM
M

in
Se

ct
io

n
4.

3.
T

he
ac

ce
pt

an
ce

pr
ob

ab
ili

tie
s

of
sp

lit
an

d
m

er
ge

m
ov

es
ar

e
m

in
{1,

A
}a

nd
m

in
{1,

A
−1
}r

es
pe

ct
iv

el
y,

w
he

re

A
=

P
(H

+
1,
Z′ t,
{π′ t,h

,θ
′ t,h
}H h=

1,
B
|X

t)

P
(H
,Z

t,
{π t

,h
,θ

t,h
}H h=

1,
B
|X

t)
×

d H
+

1

b H
P

al
lo

cq
(u

)
×∣ ∣ ∣ ∣ ∣

∂
Σ

∂
(λ
,V

)∣ ∣ ∣ ∣ ∣×
|d

et
(J

) |
(2

8)

T
he

ac
ce

pt
an

ce
pr

ob
ab

ili
tie

s
fo

r
bi

rt
h

an
d

de
at

h
m

ov
es

ar
e

m
in
{1,

A
}a

nd
m

in
{1,

A
−1
}r

es
pe

ct
iv

el
y,

w
he

re
A

=
P

(H
+

1)
P

(H
)
×

1
B

(α
,H
α

)
×π

α
−1 t,
j ∗

(1
−π

t,
j ∗

)N
+

H
α
−M
×(

H
+

1)

×
d H

+
1

(H
0

+
1)

b H
×

1
g 1
,H

(π
t,

j ∗
)
×(

1
−π

t,
j ∗

)H
(2

9)

In
E

q.
(2

9)
,H

0
is

th
e

nu
m

be
r

of
em

pt
y

co
m

po
ne

nt
s,

g 1
,H

(·)
is

th
e

pr
ob

ab
ili

ty
de

ns
ity

fu
nc

tio
n

of
B

et
a(

1,
H

)d
is

tr
ib

ut
io

n.

5.
E

m
pi

ri
ca

lE
va

lu
at

io
n

In
th

is
se

ct
io

n,
w

e
ev

al
ua

te
th

e
pr

op
os

ed
m

od
el

s
on

sy
nt

he
tic

an
d

re
al

-w
or

ld
da

ta
.

W
e

us
ed

th
e

m
ov

M
F

so
ft

w
ar

e4
pr

ov
id

ed
by

B
an

er
je

e
et

al
.(

20
05

)
to

ge
ne

ra
te

sy
nt

he
tic

da
ta

w
ith

:
a)

4
w

el
l-

se
pa

ra
te

d
co

m
po

ne
nt

s;
b)

5
w

el
l-

se
pa

ra
te

d
co

m
po

ne
nt

s;
c)

7
no

tw
el

l-
se

pa
ra

te
d

co
m

po
ne

nt
s.

E
ac

h
of

th
e

sy
nt

he
tic

da
ta

se
ts

ha
s

a
tr

ai
ni

ng
si

ze
of

10
00

0
an

d
he

ld
-o

ut
te

st
da

ta
si

ze
of

25
00

.
T

he
vi

su
al

is
at

io
n

of
sy

nt
he

tic
da

ta
se

ti
s

pr
es

en
te

d
in

Fi
gu

re
3.

4.
h
t
t
p
:
/
/
s
u
v
r
i
t
.
d
e
/
w
o
r
k
/
s
o
f
t
/
m
o
v
m
f
/
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Q
IN
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U

N
N

IN
G

H
A

M
A

N
D

S
A

LT
E

R
-T

O
W

N
S

H
E

N
D

(a
)

4
w

el
l-

se
pa

ra
te

d
co

m
po

ne
nt

s
(b

)
5

w
el

l-
se

pa
ra

te
d

co
m

po
ne

nt
s

(c
)

7
no

tw
el

l-
se

pa
ra

te
d

co
m

po
ne

nt
s

Fi
gu

re
3:

V
is

ua
lis

at
io

n
of

sy
nt

he
tic

da
ta

on
3-

d
un

it
sp

he
re

.

Pr
ep

ro
ce

ss
in

g
of

W
ik

ip
ed

ia
da

ta
.

In
W

ik
ip

ed
ia

,
pa

ge
s

ar
e

su
bd

iv
id

ed
in

to
‘n

am
es

pa
ce

s’
5

w
hi

ch
re

pr
es

en
t

ge
ne

ra
l

ca
te

go
ri

es
of

pa
ge

s
ba

se
d

on
th

ei
r

fu
nc

tio
n.

Fo
r

in
st

an
ce

,
th

e
ar

tic
le

(o
r

m
ai

n)
na

m
es

pa
ce

is
th

e
m

os
t

co
m

m
on

na
m

es
pa

ce
an

d
is

us
ed

to
or

ga
ni

se
en

cy
cl

op
ed

ia
ar

tic
le

s.
In

m
an

y
pr

ac
tic

al
ap

pl
ic

at
io

ns
,w

e
m

ig
ht

be
m

or
e

in
te

re
st

ed
in

ho
w

th
e

ac
tu

al
in

te
re

st
s

of
ed

ito
rs

(i
n

te
rm

s
of

th
e

ca
te

go
ri

es
of

W
ik

ip
ed

ia
ar

tic
le

s
th

ey
ha

ve
ed

ite
d)

ch
an

ge
ov

er
tim

e.
Fo

r
th

is
re

a-
so

n,
ra

th
er

th
an

us
in

g
th

e
m

ai
n

na
m

es
pa

ce
as

on
e

fe
at

ur
e,

w
e

fu
rt

he
rg

ro
up

W
ik

ip
ed

ia
ar

tic
le

s
in

to
cl

us
te

rs
ba

se
d

on
th

ei
r

m
ac

ro
-c

at
eg

or
ie

s6 .
B

ec
au

se
th

e
ca

te
go

ri
es

fo
r

ar
tic

le
s

gi
ve

n
by

W
ik

ip
ed

ia
ar

e
ge

ne
ra

lly
no

tfi
ne

-g
ra

in
ed

,w
e

in
fe

r
th

e
m

ac
ro

-c
at

eg
or

ie
s

fo
r

ar
tic

le
s

by
id

en
tif

yi
ng

ca
nd

id
at

e
ca

te
go

ri
es

fr
om

th
e

D
B

pe
di

a7
ca

te
go

ry
gr

ap
h.

D
B

pe
di

a
is

on
e

of
th

e
be

st
kn

ow
n

m
ul

ti-
do

m
ai

n
kn

ow
le

dg
e

ba
se

s
w

hi
ch

ex
tr

ac
ts

st
ru

ct
ur

e
in

fo
rm

at
io

n
fr

om
W

ik
ip

ed
ia

C
at

eg
or

iz
at

io
n

sy
st

em
an

d
fo

rm
s

a
se

m
an

tic
gr

ap
h

of
co

nc
ep

ts
an

d
re

la
tio

ns
.

T
he

as
so

ci
at

io
n

be
tw

ee
n

W
ik

ip
ed

ia
ca

te
go

ri
es

an
d

D
B

pe
di

a
co

nc
ep

ts
is

de
fin

ed
us

in
g

th
e

su
bj

ec
tp

ro
pe

rt
y

of
th

e
D

C
IM

te
rm

s
vo

ca
bu

la
ry

(p
re

-
fix

ed
by

dc
te

rm
s:

)
(H

ul
pu

s
et

al
.,

20
13

).
A

ca
te

go
ry

’s
pa

re
nt

an
d

ch
ild

ca
te

go
ri

es
ca

n
be

ex
tr

ac
te

d
by

qu
er

yi
ng

fo
rp

ro
pe

rt
ie

s
sk

os
:b

ro
ad

er
an

d
sk

os
:b

ro
ad

er
of

,t
he

se
ca

te
go

ry
-s

ub
ca

te
go

ry
re

la
tio

n-
sh

ip
s

cr
ea

te
co

nn
ec

tio
ns

be
tw

ee
n

D
B

pe
di

a
co

nc
ep

ts
.W

e
ca

n
ob

ta
in

a
D

B
pe

di
a

ca
te

go
ry

gr
ap

h8
by

m
er

gi
ng

al
lt

he
co

nn
ec

tio
ns

am
on

g
D

B
pe

di
a

co
nc

ep
ts

to
ge

th
er

.
W

ith
th

e
ca

te
go

ry
gr

ap
h

av
ai

la
bl

e,
w

e
ca

n
id

en
tif

y
th

e
m

ac
ro

-c
at

eg
or

ie
s

fo
rW

ik
ip

ed
ia

ar
tic

le
s

by
se

ar
ch

in
g

fo
rt

he
sh

or
te

st
pa

th
s

fr
om

th
e

ca
te

go
ri

es
as

so
ci

at
ed

w
ith

th
e

ar
tic

le
s

to
th

e
m

ac
ro

-c
at

eg
or

ie
s

in
th

e
ca

te
go

ry
gr

ap
h.

If
m

ul
tip

le
sh

or
te

st
pa

th
s

ex
is

t,
th

en
th

e
ar

tic
le

is
as

si
gn

ed
to

m
ul

tip
le

m
ac

ro
-c

at
eg

or
ie

s
w

ith
w

ei
gh

ts
pr

op
or

-
tio

na
lt

o
th

e
nu

m
be

r
of

pa
th

s
le

ad
in

g
to

a
sp

ec
ifi

c
m

ac
ro

-c
at

eg
or

y.
Fo

r
ot

he
r

co
m

pl
ex

m
et

ho
ds

of
la

be
lli

ng
to

pi
cs

,w
e

re
co

m
m

en
d

th
e

re
ad

er
s

re
fe

rt
o

H
ul

pu
s

et
al

.(
20

13
).

U
se

rs
ca

n
m

ak
e

ed
its

to
an

y
na

m
es

pa
ce

or
ar

tic
le

ba
se

d
on

th
ei

r
in

te
re

st
s

an
d

ex
pe

rt
is

e.
T

he
am

ou
nt

of
ed

its
ac

ro
ss

al
lt

he
28

na
m

es
pa

ce
s

an
d

22
m

ac
ro

-c
at

eg
or

ie
s

ca
n

be
co

ns
id

er
ed

as
w

or
k

ar
ch

et
yp

es
.

A
na

m
es

pa
ce

or
m

ac
ro

-c
at

eg
or

y
ca

n
be

co
ns

id
er

ed
as

a
‘t

er
m

’
in

th
e

ve
ct

or
sp

ac
e

fo
r

do
cu

m
en

t
co

lle
ct

io
ns

,
th

e
nu

m
be

r
of

ed
its

to
th

at
na

m
es

pa
ce

/c
at

eg
or

y
is

an
al

og
ou

s
to

w
or

d
fr

eq
ue

nc
y.

A
us

er
’s

ed
it

ac
tiv

ity
ac

ro
ss

di
ff

er
en

t
na

m
es

pa
ce

s/
ca

te
go

ri
es

in
a

tim
e

pe
ri

od
ca

n
be

re
ga

rd
ed

as
a

‘d
oc

um
en

t’
.T

he
m

ai
n

m
ot

iv
at

io
n

of
th

is
w

or
k

is
to

ap
pl

y
to

pi
c

m
od

el
so

n
th

e
ev

ol
vi

ng
us

er
be

ha
vi

ou
ra

ld
at

a
in

or
de

rt
o

id
en

tif
y

an
d

ch
ar

ac
te

ri
se

th
e

pa
tte

rn
s

of
ch

an
ge

in
us

er
ed

it
ac

tiv
ity

5.
h
t
t
p
:
/
/
e
n
.
w
i
k
i
p
e
d
i
a
.
o
r
g
/
w
i
k
i
/
W
i
k
i
p
e
d
i
a
:
N
a
m
e
s
p
a
c
e

6.
A

t
th

e
tim

e
w

e
co

lle
ct

ed
da

ta
fo

r
th

is
w

or
k,

th
er

e
w

er
e

22
m

ac
ro

-c
at

eg
or

ie
s:
h
t
t
p
:
/
/
e
n
.
w
i
k
i
p
e
d
i
a
.
o
r
g
/

w
i
k
i
/
C
a
t
e
g
o
r
y
:
M
a
i
n
_
t
o
p
i
c
_
c
l
a
s
s
i
f
i
c
a
t
i
o
n
s

7.
h
t
t
p
:
/
/
d
b
p
e
d
i
a
.
o
r
g

8.
T

he
ca

te
go

ry
gr

ap
h

is
a

di
re

ct
ed

on
e

du
e

to
th

e
na

tu
re

of
ca

te
go

ry
-s

ub
ca

te
go

ry
st

ru
ct

ur
e.
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O
N

L
IN

E
T

R
A

N
S-D

IM
E

N
S

IO
N

A
L

V
O

N
M

IS
E

S-F
IS

H
E

R
M

IX
T

U
R

E
M

O
D

E
L

S

(i.e.
com

m
on

w
ork

archetypes)overtim
e

in
W

ikipedia.
Forthis

purpose,w
e

parsed
the

M
ay

2014
dum

p
of

E
nglish

W
ikipedia

9,collected
the

editactivity
of

allregistered
users,then

aggregated
the

edit
activity

of
each

user
on

a
quarterly

basis.
In

this
w

ay,
w

e
obtained

a
tim

e-varying
dataset

consisting
ofthe

quarterly
editing

activity
ofallusers

from
the

inception
ofW

ikipedia
tillM

ay
2nd,

2014.
T

here
is

an
overw

helm
ing

num
berofusers

w
ho

stayed
active

foronly
one

quarter.
To

avoid
a

bias
tow

ards
behaviours

m
ostdom

inantin
datasetw

ith
largeruserbases,follow

ing
Furtado

etal.
(2013),w

e
random

ly
selected

20%
of

users
w

ho
stayed

active
for

only
one

quarter,included
these

users
and

those
w

ho
w

ere
active

foratleasttw
o

quarters
as

ourtraining
dataset;the

rem
aining

80%
of

short-term
users

w
ere

used
as

held-outdataset.
T

he
statistics

and
an

exam
ple

of
the

datasetare
given

in
Figure

4.T
he

size
ofthe

quarterly
datasets

range
from

severalhundreds
to

about200,000.

1
0

1
5

2
0

2
5

3
0

Q
u
a
rte

r

0
.0

0
.5

1
.0

1
.5

2
.0

2
.5

#Examples

1
e
5

Tra
in
in
g

H
e
ld
-o
u
t

O
bservations

ofquarterly
datasets.

A
n

exam
ple

ofa
sim

ple
entry

in
the

dataset.
U

nam
e

Q
uarter

M
athem

atics
Science

A
rticle

talk
U

serA
10

233
650

2
W

ikipedia
W

ikipedia
talk

user
usertalk

299
33

2
81

D
atasetStatistics.

#Features
#Q

uarters
#True

clusters
W

ikipedia
dataset

50
21

unknow
n

Figure
4:Statistics

and
an

exam
ple

ofW
ikipedia

dataset.

W
e

im
plem

ent
the

m
odels

in
Python,

and
parallelize

the
m

odels
w

herever
possible

by
using

the
parallelfunctionality

ofPython.
Specifically,w

e
m

ake
use

ofthe
m

ultiprocessing
10

package
to

im
plem

entparallelism
for

param
eter

updates,and
use

Value
and

A
rray

data
structures

provided
by

the
package

to
enable

data
sharing

am
ong

m
ultiprocessors.

E
xperim

ental
settings.

A
ll

our
experim

ents
w

ere
run

on
32

core
A

M
D

O
pteron

6134
@

2.25G
hz

w
ith

252G
B

R
A

M
.T

he
m

ain
com

putationalbottleneck
in

our
collapsed

G
ibbs

sam
pling

algorithm
is

the
com

putation
of

z
and

κ.
W

e
com

pared
the

proposed
m

odels
w

ith
the

follow
ing

algorithm
s

and
m

odels
thatare

w
idely-used

in
the

literature:

•
K

-m
eans

(H
artigan

and
W

ong,1979)and
M

iniB
atchK

M
eans

(Sculley,2010)algorithm
s

w
ith

random
and

k-m
eans++

(A
rthur

and
V

assilvitskii,2007)
initialisation

for
the

centroids.
D

if-
ferentinitialisation

of
the

centroids
for

k-m
eans

can
affectits

convergence
and

m
ay

lead
to

a
local

m
inim

um
.

T
he

k-m
eans++

initialisation
schem

e
selects

initial
cluster

centers
in

a
heuristic

w
ay

w
hich

can
speed

up
convergence

and
lead

to
betterresults

than
random

initiali-
sation.

•
N

on-negative
m

atrix
factorization

(N
M

F)
m

odel(L
ee

and
Seung,1999).

W
e

used
the

N
on-

negative
D

ouble
Singular

V
alue

D
ecom

position
(N

N
D

SV
D

)
strategy

(B
outsidis

and
G

al-
lopoulos,2008)

to
choose

initial
factors

for
N

M
F,w

hich
can

produce
determ

inistic
results

and
avoid

a
poorlocalm

inim
um

.

9.
h
t
t
p
:
/
/
d
u
m
p
s
.
w
i
k
i
m
e
d
i
a
.
o
r
g
/
e
n
w
i
k
i
/
2
0
1
4
0
5
0
2
/

10.
h
t
t
p
s
:
/
/
d
o
c
s
.
p
y
t
h
o
n
.
o
r
g
/
2
/
l
i
b
r
a
r
y
/
m
u
l
t
i
p
r
o
c
e
s
s
i
n
g
.
h
t
m
l
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Q
IN

,C
U

N
N

IN
G

H
A

M
A

N
D

S
A

LT
E

R-T
O

W
N

S
H

E
N

D

•
D

ynam
ic

topic
m

odel(D
T

M
) 11

(B
leiand

L
afferty,2006),designed

forclustering
oftem

poral
docum

entcollections
represented

in
term

-frequency
style

form
at.

•
B

ayesian
von

M
ises-Fisherm

ixture
m

odel(B
vM

FM
M

)(G
opaland

Y
ang,2014),designed

for
clustering

of
static

num
eric

(and
directional)

data.
T

he
m

odelis
initialised

w
ith

k-m
eans++

(A
rthurand

V
assilvitskii,2007)m

ethod.

•
D

irichletprocess
G

aussian
m

ixture
m

odel(D
P-G

M
M

)
w

ith
sub-cluster

split/m
erge

m
oves 12

(C
hang

and
FisherIII,2013).

T
he

generated
synthetic

data
isL

2
norm

alised.
For

W
ikipedia

datasets,w
e

used
the

tf-idf
nor-

m
alised

representation
for

N
M

F,B
vM

FM
M

,D
P-G

M
M

and
O

T
vM

FM
M

,and
feature

countrepre-
sentation

(w
ithout

norm
alisation)

for
D

T
M

.For
k-m

eans,
M

iniB
atchK

M
eans

and
N

M
F,w

e
used

the
im

plem
entation

in
the

scikit-learn
package.

If
notspecified,w

e
run

the
m

odels
w

ith
their

de-
faultparam

eters.Ifnotexplained
specifically,T

vM
FM

M
isinitialised

w
ith

k-m
eans++

strategy,and
O

T
vM

FM
M

is
initialised

w
ith

posteriorestim
ation

from
the

previous
tim

e
point.

To
determ

ine
the

num
berofclusters

forparam
etric

m
odels

(i.e.N
M

F,B
vM

FM
M

,and
D

T
M

)on
real-w

orld
data,w

e
experim

ented
w

ith
differentnum

berofclustersk∈
[5
,45]w

ith
stepsof5

on
the

quarterly
W

ikipedia
editordatasets

using
N

on-negative
M

atrix
Factorization

(N
M

F)clustering,and
then

em
ployed

m
ea-

sures
such

as
norm

alised
pairw

ise
m

utualinform
ation

(N
PM

I)
as

suggested
by

O
’C

allaghan
etal.

(2015)
to

assess
m

odelcoherence
for

differentks.
W

e
found

thatoverall,the
run

w
ith

10
clusters

generates
m

ore
coherent

clusters,
so

w
e

set
H

=
10

for
param

etric
m

odels.
D

etailed
analysis

is
given

in
A
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O
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C
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G
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O
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T
IC

S
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F
O

T
V

M
F

M
M

B
efore

proceeding
to

m
odel

exploration,
w

e
diagnose

the
convergence

of
the

O
T

vM
FM

M
s.

W
e

follow
the

m
ethodology

of
B

rooks
and

G
iudici(2000)

w
hich

m
onitors

particular
functions

of
pa-

ram
eters(e.g.log

likelihood).T
he

m
ethod

requiresrunning
Iindependentchainsw

ith
2T

iterations,
and

then
dividesthe

Isequencesinto
batchesoflength

b,w
hich

givesa
seriesofsequencesofchains

w
ith

length
2kb

(w
here

k∈
[1
,T
/b]).

W
ith

sequences
of

chains
ready,w

e
then

calculate
the

total
variations

of
log

likelihood
both

betw
een

chains
and

betw
een

m
odels

to
diagnose

the
convergence

ofthe
R

JM
C

M
C

chain.Follow
ing

B
rooks

and
G

iudici(2000),six
quantities

are
com

puted:

•
T

he
totalvariation

V̂
and

the
w

ithin-chain
variance

W
c .

E
ssentially,the

ratio
V̂
/W

c
is

anal-
ogous

to
the

potential
scale

reduction
factor

(PSR
F,

denoted
by

R̂
)

of
G

elm
an

and
R

ubin
(1992).

•
T

he
w

ithin-m
odel

variance
W

m ,
the

variance
w

ithin
both

chains
and

m
odels

W
m W

c .
T

he
com

parison
ofW

m
and

W
m W

c ,w
hich

should
w

ellapproxim
ate

the
true

m
ean

ofw
ithin-m

odel
variance,tells

us
how

w
ellthe

chains
are

m
ixing

w
ithin

m
odels.

•
T

he
betw

een-m
odelvariance

B
m ,and

the
w

ithin-chain
variation

splitbetw
een

and
averaged

over
m

odels
B

m W
c .

T
he

com
parison

of
B

m
and

B
m W

c ,w
hich

should
w

ellapproxim
ate

the
true

betw
een-m

odelvariance,tells
us

how
w

ellthe
chains

are
m

ixing
betw

een
m

odels.
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Figure
5:

D
iagnostic

plots
for

convergence
analysis

and
trace

of
the

log
likelihood

on
W

ikipedia
data:(a)-(b)m

odels
started

w
ith

k-m
eans++

initialm
eans;(c)-(d)m

odels
started

w
ith

the
posterior

m
ean

ofthe
previous

quarter.
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LT
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W
N

S
H

E
N

D

Fordetails
ofthe

quantities
readers

can
referto

B
rooks

and
G

iudici(2000).T
hree

independent
chains(each

chain
running

20000
iterations)w

ere
used

to
diagnose

the
convergence

ofO
T

vM
FM

M
s

started
w

ith
k-m

eans++
initialm

ean
param

eters
(the

initialnum
ber

of
com

ponents
w

as
setto

10)
and

started
w

ith
the

posterior
m

ean
of

the
previous

quarter,respectively.
W

e
use

log
likelihood

as
the

scalarparam
eterforconvergence

diagnostics
w

hich
has

also
been

used
by

(B
rooks

and
G

iudici,
2000;Z

hong
and

G
irolam

i,2009).
Figure

5
gives

the
diagnostic

plots
of

convergence
analysis

on
the

15th
quarterofW

ikipedia
editoractivity

data.
T

he
results

show
ed

thatin
general,O

T
vM

FM
M

s
started

w
ith

k-m
eans++

initialm
ean

param
-

eters
have

higher
level

of
variations

in
log

likelihood
than

those
started

w
ith

posterior
param

eter
initialisation.O

T
vM

FM
M

s
started

w
ith

k-m
eans++

initialm
ean

param
eters

becam
e

convergentaf-
terk=4,as

evidenced
in

the
corresponding

trace
plotforlog

likelihood;the
overallvariations

oflog
likelihood

forO
T

vM
FM

M
s

started
w

ith
posteriorm

ean
initialisation

w
ere

relatively
stable

through-
outthe

range
of

ks,the
chains

w
ere

m
ixing

very
w

ellafter
3000

iterations.
T

he
results

suggested
that,O

T
vM

FM
M

started
w

ith
posteriorm

ean
initialisation

converges
fasterthan

thatstarted
w

ith
k-

m
eans++

initialm
ean

param
eters.W

hen
analysing

the
m

assive
tem

poralW
ikipedia

data,w
e

notice
thatO

T
vM

FM
M

s
started

w
ith

posteriorm
ean

initialisation
tend

to
converge

w
ithin

3000
iterations;

w
e

generally
determ

ine
the

convergence
ofO

T
vM

FM
M

by
checking

the
trace

ofthe
log

likelihood.

5.2.2
Q

U
A

L
ITA

T
IV

E
A

N
A

LY
S

IS

To
show

how
the

O
T

vM
FM

M
can

generate
m

ore
coherent,interpretable

and
intuitive

clusters
(or

com
m

on
user

roles)
than

existing
m

odels
for

tim
e-varying

user
behaviouraldata,w

e
com

pare
the

popularity
of

clusters
over

tim
e

and
the

evolution
of

top
term

s
for

selected
sim

ilar
clusters

identi-
fied

by
differentm

odels.
Figure

6
presents

the
trends

of
clusters

over
tim

e
for

differentm
odels 15.

W
e

hand-labelled
the

clusters
generated

by
different

m
odels

according
to

the
top

term
s

for
each

cluster.
W

e
observe

that
clusters

generated
by

D
T

M
and

O
T

vM
FM

M
evolve

relatively
sm

oothly
in

their
trends

over
tim

e;N
M

F
tends

to
generate

m
any

clusters
thatappear

in
less

than
4

quarters,
indicating

sm
oothness

issues
in

the
clusters;

D
T

M
fails

to
capture

the
birth/death

of
clusters

over
tim

e,w
hile

O
T

vM
FM

M
can

capture
the

birth/death
ofclusters

overtim
e;B

vM
FM

M
generates

the
leastsm

ooth
clusters

in
term

s
of

popularity
over

tim
e.

C
om

paring
the

cluster
labels

for
D

P-G
M

M
and

O
T

vM
FM

M
in

Figure
6,w

e
notice

thatD
P-G

M
M

tends
to

generate
few

erclusters
thatare

rel-
atively

general,w
hereas

O
T

vM
FM

M
tends

to
generate

a
largernum

berofclusters
thatare

specific,
interpretable

and
intuitive.

Figure
7

visualisesthe
evolution

oftop
term

sforselected
com

m
on

userrolesidentified
by

differ-
entm

odels.W
e

observe
thatuserroles

generated
by

D
T

M
and

O
T

vM
FM

M
generally

contain
a

few
m

ostdom
inantterm

s,indicating
interpretable

and
intuitive

clusters;N
M

F
also

generates
a

few
in-

terpretable
clusters;B

vM
FM

M
and

D
P-G

M
M

tendsto
generate

clustersw
ith

m
any

dom
inantterm

s,
indicating

generaland
less

interpretable
clusters.

T
he

visualisation
ofm

ore
com

m
on

userroles
are

provided
in

Figure
18

of
A

ppendix
I.O

verall,the
results

suggestthatD
T

M
and

O
T

vM
FM

M
tend

to
generate

interpretable
and

intuitive
clusters,N

M
F

tends
to

generate
m

any
clusters

thatappearin
less

than
4

quarters,B
vM

FM
M

and
D

P-G
M

M
tend

to
generate

generalclusters
thatlack

of
m

ost
dom

inantterm
s.

A
ppendix

G
presents

a
discrim

inative
analysis

of
of

the
topical

representations
by

different
m

odels
on

the
18th

quarterofW
ikipedia

E
ditordataset.

15.To
im

prove
readability,w

e
only

visualise
the

trends
forclusters

thatappearatleast4
quarters.
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R
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N
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E

N
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N

A
L

V
O

N
M

IS
E

S-F
IS

H
E

R
M

IX
T

U
R

E
M

O
D

E
L

S

seen
docum

ents
based

on
the

param
eters

learned
from

a
training

set(C
hang

etal.,2009).Follow
ing

these
authors,the

predictive
likelihood

of
data

point
x

can
be

approxim
ated

using
P

(x|X
train )

=
∫
Θ

P
(x,Θ|X

train )≈
P

(x|Θ̂
)

P
(Θ̂|X

train ),w
here

Θ̂
are

the
posterior

estim
ation

of
m

odelparam
eters

learned
from

the
training

set.
C

hang
etal.(2009)

show
ed

thatperplexity
w

as
often

negatively
cor-

related
w

ith
hum

an
judgem

ents
of

topic
quality,and

suggested
alternative

m
easures

such
as

topic
coherence

orfocusing
upon

real-w
orld

task
perform

ance
thatincludeshum

an
know

ledge
to

evaluate
topic

quality.
Topic

coherence
can

capture
the

sem
antic

interpretability
of

discovered
topics

based
on

their
corresponding

descriptor
term

s
using

m
easures

such
as

norm
alised

Pointw
ise

M
utualIn-

form
ation

(N
PM

I)(C
hang

etal.,2009;O
’C

allaghan
etal.,2015).H

ighercoherence
scores

indicate
bettersem

antic
interpretability,thus

m
ore

coherentand
interpretable

topics.Figure
8

com
pares

the
coherence

ofclusters,and
held-outlog

likelihood
fordifferentm

odels 16.
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Figure
8:M

ean
norm

alised
PM

Iand
held-outlog

likelihood.

W
e

observe
thatthe

N
PM

Ivalues
ofO

T
vM

FM
M

are
constantly

higherthan
those

ofN
M

F
and

D
T

M
in

the
range

of
quarters

considered;
the

N
PM

I
values

of
O

T
vM

FM
M

are
higher

than
those

of
B

vM
FM

M
and

D
P-G

M
M

in
m

ost
quarters.

T
he

N
PM

I
values

of
B

vM
FM

M
and

D
P-G

M
M

experience
certain

level
of

fluctuation
com

pared
w

ith
those

of
the

other
three

m
odels.

T
he

held-
out

log
likelihood

of
O

T
vM

FM
M

is
constantly

higher
than

that
of

B
vM

FM
M

in
all

the
quarters

considered;the
held-outlog

likelihood
ofO

T
vM

FM
M

is
higherthan

thatofD
P-G

M
M

from
quarter

10
to

23,
after

w
hich

the
m

easures
of

the
tw

o
m

odels
are

approxim
ately

at
the

sam
e

level.
To

sum
m

arise,
the

results
suggest

that
O

T
vM

FM
M

presents
better

predictive
ability

on
unseen

data
than

B
vM

FM
M

and
D

P-G
M

M
,

and
that

O
T

vM
FM

M
generates

m
ore

interpretable
and

coherent
clusters

than
otherm

odels.

5.2.4
T

IM
E

A
N

A
LY

S
IS

Table
3

com
pares

the
learning

tim
e

of
different

m
odels

on
the

13th
to

16th
quarter

of
W

ikipedia
datasets.

For
D

T
M

,the
tim

e
reported

w
as

the
totallearning

tim
e

on
the

4
datasets.

Itis
obvious

from
the

table
that

N
M

F
took

the
leasttim

e
to

learn
the

m
odel,D

T
M

took
the

second
leasttim

e
to

learn
the

m
odel,

D
P-G

M
M

and
B

vM
FM

M
took

about
the

sam
e

am
ount

of
tim

e
to

train
the

16.W
e

did
notcom

pare
w

ith
the

perplexity
of

D
T

M
because

D
T

M
inferred

m
odelparam

eters
using

variationalB
ayes,

and
gave

a
low

erbound
ofheld-outlog

likelihood.
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Q
IN

,C
U

N
N

IN
G

H
A

M
A

N
D

S
A

LT
E

R-T
O

W
N

S
H

E
N

D

m
odel.

C
om

paring
w

ith
the

other
four

m
odels,O

T
vM

FM
M

took
the

m
axim

um
am

ountof
tim

e
to

learn
the

m
odelon

allthe
datasets

considered.
T

his
is

due
to

tw
o

reasons:
(i)

itgenerally
takes

a
substantialam

ountoftim
e

forreversible
jum

p
M

C
M

C
styled

algorithm
s(e.g.R

ichardson
and

G
reen

(1997);Z
hang

etal.(2004);D
ellaportas

and
Papageorgiou

(2006);Z
hong

and
G

irolam
i(2009))

to
generate

convergentM
C

M
C

chains;(ii)com
pared

w
ith

otherm
odels,updating

the
latentvariables

in
O

T
vM

FM
M

involves
calculating

the
norm

alising
constants

of
von

M
ises-Fisher

distributions,
w

hich
is

com
putationally

expensive,particularly
forlarge

datasets.

Table
3:

L
earning

tim
e

in
seconds

fornum
berofiterations

(#Iterations)afterw
hich

the
algorithm

s
converged

fordifferentm
odels.

N
M

F
D

T
M

D
P-G

M
M

B
vM

FM
M

O
T

vM
FM

M
#O

bs

#Iterations
–

200
5000

40
10000

–

Q
uarter13

12.65

6217.0

867.95
735.66

53333.33
7344

Q
uarter14

15.83
1170.56

1503.28
69504.62

10217
Q

uarter15
32.34

1722.03
1742.40

119349.18
14829

Q
uarter16

27.92
2215.67

2032.45
108577.73

20129

6.A
pplicationsofU

ser
Profiles

In
this

section,
w

e
explore:

(1)
how

discrim
inative

are
the

generated
features

in
distinguishing

differentgroups
of

users,and
(2)

how
usefulare

the
features

generated
from

patterns
of

change
in

editor
activities

by
differentm

odels
for

the
churn

prediction
task.

Identifying
the

key
features

that
distinguish

differentusergroups
and

differentlife
stages

m
akes

itpossible
to

develop
techniques

for
im

portantapplications,such
aschurn

prediction
and

task
recom

m
endation.C

hurnerspresenta
great

challenge
forcom

m
unity

m
anagem

entand
m

aintenance
as

the
turnoverofestablished

m
em

bers
can

have
a

detrim
entaleffecton

the
com

m
unity

in
term

s
of

creating
com

m
unication

gaps,know
ledge

gaps
or

other
gaps.

Q
in

et
al.

(2014)
presented

sim
ilar

applications
of

user
profiles.

T
his

w
ork

replicates
their

application
scenarios

in
order

to
provide

insights
into

the
usefulness

of
the

features
generated

by
the

proposed
m

odels
in

real-w
orld

applications.

6.1
G

roup
L

evelC
hange

in
U

ser
Profiles

D
ifferentusers

are
m

ore
likely

to
follow

slightly
or

totally
differenttrajectories

in
their

lifecycle.
In

this
analysis,w

e
exam

ine
how

differentgroups
ofusers

evolve
throughouttheirlifecycle

periods
by

com
paring

how
each

user’s
profile

in
one

period
is

differentfrom
thatin

the
previous

periods.
T

he
historicalcom

parison
of

the
distribution

of
user

profiles
tow

ard
user

roles
is

a
usefulindicator

of
how

the
user

changes
editactivity

relative
to

pastbehaviour.
C

ross-period
entropy

can
be

used
to

gauge
the

cross-period
variation

in
user’s

editactivity
throughoutlifecycle

periods.
T

he
cross-

entropy
of

one
probability

distribution
P

(from
a

given
lifecycle

period)
w

ith
respect

to
another

distribution
Q

from
an

earlierperiod
(e.g.the

previous
quarter)is

defined
as

follow
s

(R
ow

e,2013):

C
(P
,Q

)
=
−

∑

x

p(x)logq(x)
(30)
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prediction.
Specifically,w

e
m

ake
predictions

based
on

features
generated

from
editor

profile
dis-

tributions
in

a
sliding

w
indow

w
ith

w
=4

quarters.
A

n
editor

is
in

the
‘departed’

class
if

she
leaved

the
com

m
unity

before
being

active
for

less
than

m
=1

quarter
after

the
sliding

w
indow

,denote
the

interval
[w

,
w

+m
]

as
the

departed
range.

Sim
ilarly,

an
editor

is
in

the
‘staying’

class
if

she
w

as
active

in
the

com
m

unity
long

enough
fora

relatively
large

n≥
3

quarters
afterthe

sliding-w
indow

,
term

the
interval[w

+
n,

+∞
]as

the
staying

range.

6.2.1
F

E
A

T
U

R
E

S
F

O
R

T
H

E
TA

S
K

O
urfeatures

are
generated

based
on

the
findings

reported
in

the
previous

section.Forsim
plicity,w

e
assum

e
the

w
quarters

included
in

the
i-th

sliding-w
indow

being
i
=

[j,···
,j+

w−
1](j∈

[10
,30]),

and
denote

the
Probability

O
fA

ctivity
Profile

ofan
editorin

quarter
jassigned

to
the

k-th
userrole

as
PO

A
P

i,j,k .
W

e
use

the
follow

ing
features

to
characterise

the
patterns

of
change

in
editor

profile
distributions:

•
Firstactive

quarter:
the

quarterin
w

hich
an

editorbegan
edits

in
W

ikipedia.T
he

tim
estam

p
a

userjoined
the

com
m

unity
m

ay
affectherdecision

aboutw
hetherto

stay
forlonger.

•
C

um
ulative

active
quarters:

the
total

num
ber

of
quarters

an
editor

had
been

active
in

the
com

m
unity

tillthe
lastquarterin

the
sliding

w
indow

.

•
Fraction

of
active

quarters
in

lifespan:
the

proportion
of

quarters
a

user
w

as
active

till
the

sliding
w

indow
.

•
Fraction

of
active

quarters
in

sliding
w

indow
:

the
fraction

of
quarters

a
user

w
as

active
in

currentsliding
w

indow
.

•
Sim

ilarity
of

profile
distribution

in
sliding

w
indow

:
quantifies

the
sim

ilarity
of

user
profile

distributions
in

any
tw

o
successive

quarters
using

cosine
sim

ilarity.

•
D

iversity
of

edit
activity:

denotes
the

entropy
of

PO
A

P
i,j,k

for
each

quarter
j

in
w

indow
i.

T
his

m
easure

captures
the

extent
to

w
hich

an
editor

diversified
her

edits
tow

ard
m

ultiple
nam

espaces
and

categories
ofarticles.

•
C

ross-entropy
of

edit
activity:

denotes
the

historicalvariation
in

PO
A

P
i,j,k

com
pared

to
the

sam
e

m
easure

in
previous

quarters,
calculated

using
E

q.
(30).

T
his

m
easure

captures
the

extentto
w

hich
an

editorchanged
hereditactivity

com
pared

to
herpastbehaviour.

•
m

ean
P

O
A

P
i,j,k :

denotes
the

average
of

PO
A

P
i,j,k

for
each

user
role

k
in

w
indow

i,and
cap-

tures
w

hether
an

editor
focused

her
edits

on
certain

nam
espaces

and
categories

of
articles

in
w

indow
i.

•
∆

P
O

A
P

i,j,k :
denotes

the
change

in
PO

A
P

i,j,k
betw

een
the

quarter
j−

1
and

j,m
easured

by
∆

PO
A

P
i,j,k =(PO

A
P

i,j,k −
PO

A
P

i,j−
1
,k

+
δ)/(PO

A
P

i,j−
1
,k

+
δ),w

here
δ

is
a

sm
allpositive

real
num

ber
(i.e.

0.001)
to

avoid
the

case
w

hen
PO

A
P

i,j−
1
,k

is
0.

T
his

m
easure

also
captures

the
fluctuation

ofPO
A

P
i,j,k

foreach
userrole

k
in

w
indow

i.

Foreach
editor,the

firstthree
features

are
global-levelfeatures

w
hich

m
ay

be
updated

w
ith

the
sliding

w
indow

,the
rem

aining
features

are
w

indow
-levelfeatures

and
are

recalculated
w

ithin
each

sliding
w

indow
.T

he
intuition

behind
the

lastfourfeatures
is

to
approxim

ate
the

evolution
ofeditor

lifecycle
w

e
sought

to
characterise

in
the

previous
section.

T
he

dataset
is

of
the

follow
ing

form
:

D
=(x

i ,y
i ),w

here
y

i denotes
the

churn
status

of
the

editor,y
i ∈
{C

hurner,N
on-churner};

x
i denotes

the
feature

vectorforthe
editor.
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E

Table
5:

Perform
ance

ofsliding-w
indow

based
churn

prediction
using

features
generated

from
dif-

ferentm
odels.T

he
m

easures
are

averaged
overallsliding
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e
Ju

m
p

M
C

M
C

fo
r

N
on

-N
eg

at
iv

e
M

at
ri

x
Fa

ct
or

-
iz

at
io

n.
In

P
ro

c.
of

th
e

Tw
el

fth
In

te
rn

at
io

na
lC

on
fe

re
nc

e
on

A
rt

ifi
ci

al
In

te
lli

ge
nc

e
an

d
St

at
is

tic
s

(A
IS

TA
TS

),
pa

ge
s

66
3–

67
0,

20
09

.

Sh
i

Z
ho

ng
an

d
Jo

yd
ee

p
G

ho
sh

.
G

en
er

at
iv

e
M

od
el

-b
as

ed
D

oc
um

en
t

C
lu

st
er

in
g:

A
C

om
pa

ra
tiv

e.
St

ud
y.

K
no

w
le

dg
e

an
d

In
fo

rm
at

io
n

Sy
st

em
s

(K
A

IS
),

8(
3)

:3
74

–3
84

,2
00

5.
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N
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H
E

N
D

A
pp

en
di

ce
s

A
pp

en
di

x
A

D
et

ai
le

d
In

fe
re

nc
e

fo
r

C
ol

la
ps

ed
G

ib
bs

Sa
m

pl
in

g

U
pd

at
es

fo
r

z i
.T

he
co

nd
iti

on
al

di
st

ri
bu

tio
n

fo
rz

i
is

gi
ve

n
by

γ
(z

ih
)
≡

P
(z

ih
=

1|Z
−i
,{x

j}N j=
1,
κ,

m
,σ

2 ,
µ

0,
C

0,
α

)
∝

∫ π

∫ µ
f(

x i
|µ z

i,
κ z

i)P
(z

i|π
)f

(π
|α)

∏ j,
i

P
(z

j|π
)f

(x
j|µ

z j
,κ

z j
)

H ∏ h=
1

f(
µ

h|µ
0,

C
0)

f(
κ h
|m
,σ

2 )

∝
∫ π

P
(z

i|π
)f

(π
|α)

∏ j,
i

P
(z

j|π
)×

H ∏ h=
1

∫ µ
h

        f(
x i
|µ z

i,
κ z

i)
∏

j,
i,z

jh
=

1

f(
x j
|µ h
,κ

h)

        f(
µ

h|µ
0,

C
0)

f(
κ h
|m
,σ

2 )

∝
∫ π

P
(z

i|π
)f

(π
|α)

∏ j,
i

P
(z

j|π
)×

H ∏ h=
1

∫ µ
h

        f(
x i
|µ z

i,
κ z

i)
∏

j,
i,z

jh
=

1

f(
x j
|µ h
,κ

h)

        f(
µ

h|µ
0,

C
0)

(A
-1

)

w
he

re
th

e
de

sc
ri

pt
io

n
of

ea
ch

te
rm

in
E

q.
(A

-1
)

ca
n

be
re

fe
rr

ed
to

E
q.

(7
).

E
xp

an
di

ng
ou

t
th

e
D

ir
ic

hl
et

pr
io

rs
an

d
th

e
di

sc
re

te
di

st
ri

bu
tio

ns
ac

co
rd

in
g

to
th

ei
r

us
ua

l
de

fin
iti

on
s,

i.e
.,

P
(π
|α)
∼

D
ir

ic
hl

et
(H
,α

),
P

(z
i|π

)
∼

M
ul

ti(
.|π

),
yi

el
ds

18
:

∫ π
P

(z
ih

=
1|π

)f
(π
|α)

∏ j,
i

P
(z

j|π
)

=

∫ π

H ∏ h=
1

π
z i

h
h

Γ
(H
α

)
∏

H h=
1

Γ
(α

)

H ∏ h=
1

π
α
−1 h

∏ j,
i

H ∏ h=
1

π
z i

h
h

=
Γ

(H
α

)
∏

H h=
1

Γ
(α

)

∫ π

H ∏ h=
1

π
α

+
n h
,−

i+
z i

h−
1

h

=
Γ

(H
α

)
∏

H h=
1

Γ
(α

)∏
H h=

1
Γ

(α
+

n h
,−

i
+

z ih
)

Γ
(H
α

+
N

)

∝
Γ

(α
+

n h
,−

i
+

1)
∝

(α
+

n h
,−

i)Γ
(α

+
n h
,−

i)
∝

(α
+

n h
,−

i)

(A
-2

)

Si
m

ila
rl

y,
ex

pa
nd

in
g

ou
tt

he
pr

ob
ab

ili
tie

s
f(

x i
|µ z

i,
κ z

i),
f(

x j
|µ h
,κ

h)
an

d
f(
µ

h|µ
0,

C
0)

ac
co

rd
in

g
to

th
ei

r
us

ua
ld

efi
ni

tio
ns

,
f(

x i
|µ z

i,
κ z

i)
=

C
D

(κ
z i

)e
xp
{κ z

iµ
T z i

x i
}a

nd
f(
µ

h|µ
0,

C
0)

=
C

D
(C

0)
ex

p{C
0µ

T 0
µ

h}

18
.I

n
th

e
ca

lc
ul

at
io

n,
fo

llo
w

in
g

H
ei

nr
ic

h
(2

00
9)

,
th

e
D

ir
ic

hl
et

in
te

gr
al

of
th

e
fir

st
ki

nd
fo

r
su

m
m

at
io

n
fu

nc
tio

n,
∑

h
π

h=
1,

Γ
(α

)H

Γ
(H
α

)=
∫ π

∏
H h=

1
π
α

h
−1

h
is

us
ed

,a
na

lo
go

us
to

th
e

id
en

tit
y

of
th

e
be

ta
in

te
gr

al
:

B
(α

1,
α

2)
=
∫ 1 0

xα
1−

1 (1
−x

)α
2−

1
dx

.
T

he
id

en
tit

y
Γ

(x
+

1)
=

xΓ
(x

)i
s

us
ed

in
th

e
la

st
lin

e.
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E
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A
L

V
O

N
M

IS
E

S-F
IS

H
E

R
M

IX
T

U
R

E
M

O
D

E
L

S

yields 19:

H∏h
=

1 ∫

µ
h  f(x

i |µ
zi ,κzi )

∏j,
i,z

jh =
1

f(x
j |µ

h ,κh ) 
f(µ

h |µ
0 ,C

0 )
=

=

H∏h
=

1 ∫

µ
h C

D (κh ) n
h
,−

i +
zihC

D (C
0 )exp  C

0 µ
T0
µ

h
+
κh µ

Th  x
i
+

∑j,
i z

jh x
j  

=

H∏h
=

1 C
D (κh ) n

h
,−

i +
zihC

D (C
0 ) ∫

µ
h exp   C

0 µ
T0

+
κh x

Ti
+
κh ∑j,

i z
jh x

Tj 
µ

h 

=

H∏h
=

1

C
D (κh ) n

h
,−

i +
zihC

D (C
0 )

C
D (‖κh (x

i
+

∑
j,

i z
jh x

j )
+

C
0 µ

0 ‖)

(A
-3)

Substituting
E

q.(A
-2)-(A

-3)in
E

q.(A
-1)yields

the
follow

ing:

P
(zih

=
1|Z

−
i ,{x

j } Nj=
1 ,κ,m

,σ
2,µ

0 ,C
0 ,α)

∝
∫

π
P

(zi |π)f(π|α) ∏j,
i P

(z
j |π)

H∏h
=

1 ∫

µ
h  f(x

i |µ
zi ,κzi )

∏j,
i,z

jh =
1

f(x
j |µ

h ,κh ) 
f(µ

h |µ
0 ,C

0 )

∝
(α

+
n

h
,−

i )
H∏h
=

1

C
D (κh ) n

h
,−

i +
zihC

D (C
0 )

C
D (‖κh (x

i
+

∑
j,

i z
jh x

j )
+

C
0 µ

0 ‖)

∝
(α

+
n

h
,−

i )C
D (κh )

C
D (‖κh ∑

j,
i z

jh x
j
+

C
0 µ

0 ‖)
C

D (‖κh (x
i
+

∑
j,

i z
jh x

j )
+

C
0 µ

0 ‖)

(A
-4)

U
pdatesfor

κ.Sim
ilarly,the

conditionaldistribution
for

κh
is

given
by

f(κh |Z
,{x

j } Nj=
1 ,κ,m

,σ
2,µ

0 ,C
0 )∝

∫

µ
h ∏zih =

1

f(x
i |µ

h ,κh )f(µ
h |µ

0 ,C
0 )

f(κh |m
,σ

2)

∝
∫

µ
h ∏zih =

1 C
D (κh )C

D (C
0 )exp {κh µ

Th x
i
+

C
0 µ

T0
µ

h }logN
orm

al(κh |m
,σ

2)

∝
∫

µ
h C

D (κh ) n
hC

D (C
0 )exp 

κh µ
Th

∑zih =
1 x

i
+

C
0 µ

T0
µ

h 
logN

orm
al(κh |m

,σ
2)

∝
C

D (κh ) n
hC

D (C
0 )logN

orm
al(κh |m

,σ
2) ∫

µ
h exp 

κh µ
Th

∑zih =
1 x

i
+

C
0 µ

T0
µ

h 

∝
C

D (κh ) n
hC

D (C
0 )

C
D (‖κh ∑

j:z
jh =

1 z
jh x

j
+

C
0 µ

0 ‖)
logN

orm
al(κh |m

,σ
2)

(A
-5)

w
here

n
h

is
the

num
berofobservations

assigned
to

the
h-th

com
ponent.

19.In
this

calculation,the
identity

ofthe
von

M
ises-Fisherintegral(M

ardia
and

Jupp
(2000),page

168;C
hiuso

and
Picci

(1998))is
used, ∫R

D−
1 exp {κµ

Tx }dx
=

(2
π)

D2 (
κ̂2 )1−

D
/2ID

/2−
1 (κ̂)

=
1

C
D

(κ̂) ,w
here

κ̂
=
‖κµ‖.
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A
ppendix

B
E

m
piricalB

ayesE
stim

atesfor
Prior

Param
eters

T
he

jointlikelihood
function

ofthe
priorparam

eters
(µ

0 ,C
0 ,m

,σ
2,α)is

given
by:

L
(µ

0 ,C
0 ,m

,σ
2,α|{x

i } Ni=
1 ,µ

,κ,π)
=

f({x
i } Ni=

1 |µ
,κ,π)f(µ|µ

0 ,C
0 )f(κ|m

,σ
2)f(π|α)

∝
H∏h
=

1 C
D (C

0 )exp {C
0 µ

T0
µ

h }
H∏h
=

1

1

κh σ √
2
π

exp {−
(log

κh −
m

) 2

2
σ

2

}
Γ(H

α)
∏

Hh
=

1
Γ(α)

H∏h
=

1

π
α−

1
h

(B
-1)

Since
the

priorparam
eters

are
assum

ed
to

be
independent,w

e
have

the
follow

ing
log-likelihood

functions
according

to
E

q.(B
-1)

logL
(C

0 ,µ
0 |{x

i } Ni=
1 ,µ)

=
H

logC
D (C

0 )
+

C
0 µ

T0 
H∑h
=

1

µ
h 

logL
(m
,σ

2|{x
i } Ni=

1 ,κ)
=
−

H2
log(σ

2)−
12
σ

2

H∑h
=

1 (log(κh ) 2−
2m

log(κh )
+

m
2 )

logL
(α|{x

i } Ni=
1 ,π)

=
−

log 
Γ(H

α)
∏

Hh
=

1
Γ(α) 

+
(α−

1)
H∏h
=

1

π
h

(B
-2)

Follow
ing

G
opaland

Y
ang

(2014),the
em

piricalB
ayes

estim
ate

forC
0 ,µ

0
is

given
by:

arg
m

ax
µ

0 ,C
0

H
logC

D (C
0 )

+
C

0 µ
T0 

H∑h
=

1

µ
h 

(B
-3)

w
hich

suggests
the

follow
ing

updates
(G

opaland
Y

ang,2014)

µ
0

=

∑
Hh
=

1
µ

h

‖ ∑
Hh
=

1
µ

h ‖
,C

0
=

rD
−

r 3

1−
r 2

,w
here,r

=
‖ ∑

Hh
=

1
µ

h ‖
H

(B
-4)

Sim
ilarly,the

em
piricalB

ayes
estim

ate
for

α
is

given
by

G
opaland

Y
ang

(2014):

arg
m

ax
α
>

0
−

log 
Γ(H

α)
∏

Hh
=

1
Γ(α) 

+
(α−

1)
H∑h
=

1

π
h

(B
-5)

Since
there

exists
no

closed-form
solution

forE
q.(B

-5),w
e

rely
on

num
ericaloptim

ization
such

as
gradientdescentto

find
the

M
axim

um
L

ikelihood
E

stim
ate

for
α.

T
he

em
piricalB

ayes
estim

ate
for

m
,σ

2
can

be
obtained

in
a

sim
ilar

w
ay

by
taking

the
partial

derivative
on

E
q.(B

-2)w
.r.t.m

and
σ

2,respectively,w
hich

gives:

∂logL
(m
,σ

2|X
,κ)

∂m
=
−

12
σ

2

H∑h
=

1 [−
2log(κh )

+
2m ]

=
0

∂logL
(m
,σ

2|X
,κ)

∂x
=
−

H2x
+

12x
2

H∑h
=

1 (log(κh ) 2−
2m

log(κh )
+

m
2 )

=
0

(L
etx=

σ
2)

⇒
m

=
1H

H∑h
=

1 log(κh ),
x

=
σ

2
=

1H

H∑h
=

1 log(κh ) 2−
m

2

(B
-6)

A
lternatively,w

e
can

use
the

M
onte

C
arlo

E
xpectation-M

axim
um

(M
C

E
M

)algorithm
(W

eiand
Tanner,1990)to

estim
ate

the
priorparam

eters
m

and
σ

2.
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S

•
E

-s
te

p:
R

an
do

m
ly

sa
m

pl
e

L
tim

es
th

e
va

lu
e

fo
r
κ h

,{
κ(i

)
h
}H h=

1,
i
∈

[1
,L

].
N

ot
e

th
at

pr
ev

io
us

ly
,

w
e

us
e

M
C

M
C

sa
m

pl
in

g
to

es
tim

at
e
κ k

s.
H

er
e,

w
e

ca
n

re
us

e
th

e
se

to
f

ge
ne

ra
te

d
κ h

s
in

th
e

M
C

M
C

st
ep

.

•
M

-s
te

p:
E

st
im

at
e

m
an

d
σ

2
by

m
ax

im
is

in
g

th
e

lo
g-

lik
el

ih
oo

d:

m
=

1 LH

L ∑ i=
1

H ∑ h=
1

lo
g(
κ(i

)
h

),
σ

2
=

1 LH

L ∑ i=
1

H ∑ h=
1

lo
g(
κ(i

)
h

)2
−m

2
(B

-7
)

A
pp

en
di

x
C

Fa
ct

or
iz

at
io

n
of

A
cc

ep
ta

nc
e

Pr
ob

ab
ili

ty

W
e

ca
n

fa
ct

or
iz

e
P

(H
,Z

,{π
h,
θ h
}H h=

1,
B|
{x i
}N i=

1)b
el

ow
:

P
(H
,Z

,{π
h,
θ h
}H h=

1,
B|
{x i
}N i=

1)
=

P
(H
,Z

,π
,µ
,κ
,m
,σ

2 ,
µ

0,
C

0,
α
,{x

i}N i=
1)

P
({x

i}N i=
1)

=
P

(H
)f

(π
|α)

P
(Z
|π)

f(
µ
|C

0,
µ

0)
f(
κ|m

,σ
2 )f

({x
i}N i=

1|Z
,µ
,κ

)

P
({x

i}N i=
1)

(C
-1

)

w
he

re
ea

ch
te

rm
in

E
q.

(C
-2

)c
an

be
sp

ec
ifi

ed
as

fo
llo

w
s:

P
(H

+
1,
Z′
,Θ
′ ,
B|
{x i
}N i=

1)

P
(H
,Z

,Θ
,B
|{x

i}N i=
1)

=
P

(H
+

1)
P

(H
)
×

f(
π
′ |α

)
f(
π
|α)
×

P
(Z
′ |π
′ )

P
(Z
|π)
×

f(
µ
′ |µ

0,
C

0)
f(
µ
|µ 0
,C

0)
×

f(
κ′
|m
,σ

2 )
f(
κ|m

,σ
2 )
×

f(
{x i
}N i=

1|Z
′ ,
µ
′ ,
κ′

)

f(
{x i
}N i=

1|Z
,µ
,κ

)

(C
-2

)

P
(H

+
1)

P
(H

)
=

f(
H

+
1;

1)
f(

H
;1

)
,

P
({z
′ i}N i=

1|π
)

P
({z

i}N i=
1|π

)
=
π

n
j 1 j 1
π

n
j 2 j 2

π
n

j ∗ j ∗

f(
π
′ |α

)
f(
π
|α)

=

Γ
((

H
+

1)
α

)
(Γ

(α
))

H
+

1

∏
H

+
1

h=
1
π
α
−1 h

Γ
(H
α

)
(Γ

(α
))

H

∏
H h=

1
π
α
−1 h

=
1

B
(α
,H
α

)π
α
−1 j 1
π
α
−1 j 2

π
α
−1 j ∗

f(
µ
′ |C

0,
µ

0)
f(
µ
|C

0,
µ

0)
=

(H
+

1)
f(
µ

j 1
|C

0,
µ

0)
f(
µ

j 2
|C

0,
µ

0)
f(
µ

j ∗
|C

0,
µ

0)

f(
κ′
|m
,σ

2 )
f(
κ|m

,σ
2 )

=
f(
κ

j 1
|m
,σ

2 )f
(κ

j 2
|m
,σ

2 )
f(
κ

j ∗
|m
,σ

2 )

f(
{x i
}N i=

1|{
z′ i}N i=

1,
µ
′ ,
κ′

)

f(
{x i
}N i=

1|{
z i
}N i=

1,
µ
,κ

)
=

(l
ik

el
ih

oo
d

ra
tio

)
=

∏
N i=

1
f(

x i
|µ′ z i

,κ
′ z i

)
∏

N i=
1

f(
x i
|µ z

i,
κ z

i)

w
he

re
n

j 1
=

N ∑ i=
1

z i
j 1
,n

j 2
=

N ∑ i=
1

z i
j 2
,n

j ∗
=

n
j 1

+
n

j 1

(C
-3

)

w
he

re
B

(·,
·)i

s
th

e
B

et
a

fu
nc

tio
n,

th
e

(H
+

1)
-f

ac
to

ri
n

th
e

th
ir

d
lin

e
be

in
g

th
e

ra
tio

(H
+

1)
!/

H
!f

ro
m

th
e

or
de

rs
ta

tis
tic

s
de

ns
iti

es
fo

rt
he

pa
ra

m
et

er
s

(π
,µ
,κ

)(
i.e

.l
ab

el
sw

itc
hi

ng
fo

rt
he

pa
ra

m
et

er
s)

.T
he

ca
lc

ul
at

io
n

of
th

e
Ja

co
bi

an
m

at
ri

x
J

an
d

its
de

te
rm

in
an

ti
s

si
m

ila
rt

o
th

at
in

Z
ha

ng
et

al
.(

20
04

)a
nd

gi
ve

n
in

A
pp

en
di

x
D

.
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Q
IN

,C
U

N
N

IN
G

H
A

M
A

N
D

S
A

LT
E

R
-T

O
W

N
S

H
E

N
D

Fo
llo

w
in

g
D

el
la

po
rt

as
an

d
Pa

pa
ge

or
gi

ou
(2

00
6)

,t
he

Ja
co

bi
an

te
rm

∣ ∣ ∣ ∣
∂
Σ

∂
(λ
,V

)∣ ∣ ∣ ∣c
an

be
co

m
pu

te
d

by
us

in
g

th
e

fo
llo

w
in

g
fo

rm
ul

ae

∂
λ

=
V
′ d(
∂
Σ

)V
d,
∂

V
=

(λ
d
I D
−Σ

)+
(∂

Σ
)V

d
(C

-4
)

w
he

re
λ

d
an

d
V

d,
d=

1,
···

,D
,a

re
th

e
sp

ec
ifi

c
ei

ge
nv

al
ue

-e
ig

en
ve

ct
or

pa
ir

s
of

Σ
;(

A
)+

de
no

te
s

th
e

M
oo

re
-P

en
ro

se
pe

su
do

-i
nv

er
se

m
at

ri
x

of
A

(S
ee

M
ag

nu
s

an
d

N
eu

de
ck

er
(1

98
8)

p.
17

9)
.

Fo
r

sy
m

-
m

et
ri

c
pe

rt
ur

ba
tio

ns
,M

ag
nu

s
an

d
N

eu
de

ck
er

(1
98

8)
(p

.1
81

)s
ug

ge
st

ed
th

at
ap

pl
yi

ng
th

e
pr

op
er

tie
s

of
ve

c
op

er
at

or
(i

.e
.

ve
c

A
BC

=
(C
′
⊗

A
)

ve
c

B
)

an
d

th
e

ch
ai

n
ru

le
,E

q.
(C

-4
)

ca
n

be
re

w
ri

tte
n

as
fo

llo
w

s
∂
λ

=
(V
′ d
⊗V

′ d)
D
∂

v(
Σ

),
∂

V
=

(V
′ d
⊗(
λ

d
I D
−Σ

)+
)D
∂

v(
Σ

)
(C

-5
)

w
he

re
D

is
th

e
du

pl
ic

at
io

n
m

at
ri

x
(s

ee
M

ag
nu

s
an

d
N

eu
de

ck
er

(1
98

8)
C

ha
pt

er
3)

.F
ro

m
E

q.
(C

-5
),

w
e

ob
ta

in
th

e
de

riv
at

iv
es

∂
λ

∂
(v

ec
Σ

)′
=

V
′ d
⊗V

′ d

∂
V

∂
(v

ec
Σ

)′
=

V
′ d
⊗(
λ

d
I D
−Σ

)+

(C
-6

)

A
cc

or
di

ng
to

th
e

in
ve

rs
e

fu
nc

tio
n

th
eo

re
m

(S
pi

va
k,

19
65

),
th

e
in

ve
rs

e
of

th
e

Ja
co

bi
an

m
at

ri
x

of
an

in
ve

rt
ib

le
fu

nc
tio

n
is

eq
ui

va
le

nt
to

th
e

Ja
co

bi
an

m
at

ri
x

of
th

e
in

ve
rs

e
fu

nc
tio

n.
Sp

ec
ifi

ca
lly

,i
ft

he
Ja

co
bi

an
of

th
e

fu
nc

tio
n

F
:R

n
→
R

n
is

co
nt

in
uo

us
an

d
no

n-
si

ng
ul

ar
at

th
e

po
in

tp
∈R

n
,t

he
n

F
is

in
ve

rt
ib

le
in

so
m

e
ne

ig
hb

ou
rh

oo
d

of
p

an
d

w
e

ha
ve

J F
−1

(F
(p

))
=

(J
F

(p
))
−1

(C
-7

)

T
hu

s,
if

∣ ∣ ∣ ∣
∂

(λ
,V

)
∂

(v
ec

Σ
)′

∣ ∣ ∣ ∣i
s

no
n-

ze
ro

,t
he

n
w

e
ca

n
ha

ve

∣ ∣ ∣ ∣ ∣
∂
Σ

∂
(λ
,V

)∣ ∣ ∣ ∣ ∣=
∣ ∣ ∣ ∣ ∣
∂

(λ
,V

)
∂

(v
ec

Σ
)′

∣ ∣ ∣ ∣ ∣−1
(C

-8
)

A
pp

en
di

x
D

C
al

cu
la

tio
n

of
Ja

co
bi

an
M

at
ri

x

L
et

s
=
{π

j ∗
,µ

j ∗
,g

j ∗
}a

nd
s′

=
{π

j 1
,π

j 2
,µ

j 1
,µ

j 2
,g

j 1
,g

j 2
}d

en
ot

e
th

e
st

at
e

of
M

ar
ko

v
ch

ai
n

be
fo

re
an

d
af

te
r

th
e

sp
lit

m
ov

e,
re

sp
ec

tiv
el

y,
w

he
re

g
j ∗

=
(λ

j ∗
1,
···

,λ
j ∗

D
)T

,g
j 1

=
(λ

j 1
1,
···

,λ
j 1

D
)T

,g
j 2

=

(λ
j 2

1,
···

,λ
j 2

D
)T

.
D

en
ot

e
th

e
se

t
of

co
nt

in
uo

us
ra

nd
om

va
ri

ab
le

s
ne

ed
ed

fo
r

th
e

sp
lit

m
ov

e
as

u
=
{u 1

,u
2,

u 3
},

w
he

re
u 2

=
(u

21
,··
·,

u 2
D

)T
,u

3
=

(u
31
,··
·,

u 3
D

)T
.

T
hu

s,
fr

om
th

e
tr

an
sf

or
m

at
io

n
de

fin
ed

by
E

q.
(1

7)
,w

e
ca

n
ob

ta
in

th
e

Ja
co

bi
an

m
at

ri
x

J
fo

r
th

e
sp

lit
m

ov
e

(f
ro

m
(s
,u

)
to

s′
)

as
fo

llo
w

s
(Z

ha
ng

et
al

.,
20

04
)

J
=

∂
s′

∂
(s
,u

)
=

                                    

∂
π

j 1
∂
π

j ∗
∂
π

j 1
∂

u 1
∂
π

j 1
∂
µ

j ∗
∂
π

j 1
∂

u 2
∂
π

j 1
∂

g
j ∗

∂
π

j 1
∂

u 3
∂
π

j 2
∂
π

j ∗
∂
π

j 2
∂

u 1
∂
π

j 2
∂
µ

j ∗
∂
π

j 2
∂

u 2
∂
π

j 2
∂

g
j ∗

∂
π

j 2
∂

u 3
∂
µ

j 1
∂
π

j ∗
∂
µ

j 1
∂

u 1
∂
µ

j 1
∂
µ

j ∗
∂
µ

j 1
∂

u 2
∂
µ

j 1
∂

g
j ∗

∂
µ

j 1
∂

u 3
∂
µ

j 2
∂
π

j ∗
∂
µ

j 2
∂

u 1
∂
µ

j 2
∂
µ

j ∗
∂
µ

j 2
∂

u 2
∂
µ

j 2
∂

g
j ∗

∂
µ

j 2
∂

u 3
∂

g
j 1

∂
π

j ∗
∂

g
j 1

∂
u 1

∂
g

j 1
∂
µ

j ∗
∂

g
j 1

∂
u 2

∂
g

j 1
∂

g
j ∗

∂
g

j 1
∂

u 3
∂

g
j 2

∂
π

j ∗
∂

g
j 2

∂
u 1

∂
g

j 2
∂
µ

j ∗
∂

g
j 2

∂
u 2

∂
g

j 2
∂

g
j ∗

∂
g

j 2
∂

u 3

                                    

(D
-1

)
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O
N

L
IN

E
T

R
A

N
S-D

IM
E

N
S

IO
N

A
L

V
O

N
M

IS
E

S-F
IS

H
E

R
M

IX
T

U
R

E
M

O
D

E
L

S

From
the

transform
ation

in
E

q.(17),w
e

calculate
the

partialderivatives:

∂
π

j1
∂
π

j∗
=

u
1 ,

∂
π

j1
∂u

1
=

π
j∗ ,

∂
π

j1
∂
µ

j∗
=

0
1×

D
,

∂
π

j1
∂u

2
=

0
1×

D

∂
π

j1
∂g

j∗
=

0
1×

D
,

∂
π

j1
∂u

3
=

0
1×

D

∂
π

j2
∂
π

j∗
=

1−
u

1 ,
∂
π

j2
∂u

1
=
−
π

j∗ ,
∂
π

j2
∂
µ

j∗
=

0
1×

D
,

∂
π

j2
∂u

2
=

0
1×

D

∂
π

j2
∂g

j∗
=

0
1×

D
,

∂
π

j2
∂u

3
=

0
1×

D

∂
µ

j1
∂
π

j∗
=

0
D×

1 ,
∂
µ

j1
∂u

1
=

0
D×

1 ,
∂
µ

j1
∂
µ

j∗
=

I,
∂
µ

j1
∂u

3
=

0
D×

D

∂
µ

j2
∂
π

j∗
=

0
D×

1 ,
∂
µ

j2
∂u

1
=

0
D×

1 ,
∂
µ

j2
∂
µ

j∗
=

I,
∂
µ

j2
∂u

3
=

0
D×

D

∂g
j1

∂
π

j∗
=

0
D×

1 ,
∂g

j1
∂u

1
=

0
D×

1 ,
∂g

j1
∂
µ

j∗
=

0
D×

D

∂g
j2

∂
π

j∗
=

0
D×

1 ,
∂g

j2
∂u

1
=

0
D×

1 ,
∂g

j2
∂
µ

j∗
=

0
D×

D

(D
-2)

T
he

otherpartialderivatives
can

be
calculated

as:

∂
µ

j1

∂u
2d

=
−

√
π

j2

π
j1 λ

12j∗ d V
j∗ d ,

∂
µ

j1

∂
λ

j∗ d
=
−

12

√
π

j2

π
j1 λ −

12
j∗ d u

2d V
j∗ d

∂
µ

j2

∂u
2d

=

√
π

j1

π
j2 λ

12j∗ d V
j∗ d ,

∂
µ

j2

∂
λ

j∗ d
=

12

√
π

j1

π
j2 λ −

12
j∗ d u

2d V
j∗ d

∂
λ

j1 d

∂u
2l

=


−

2u
3d u

2d λ
j∗ d

π
j∗

π
j1

l
=

d
,

0
l,

d

∂
λ

j2 d

∂u
2l

=


−

2(1−
u

3d )u
2d λ

j∗ d
π

j∗
π

j2
l

=
d
,

0
l,

d

∂
λ

j1 d

∂
λ

j∗ l
=


u

3d (1−
u

22d )
π

j∗
π

j1
l

=
d
,

0
l,

d

∂
λ

j2 d

∂
λ

j∗ l
=


(1−

u
3d )(1−

u
22d )

π
j∗

π
j2

l
=

d
,

0
l,

d

∂
λ

j1 d

∂u
3l

=


λ

j∗ d (1−
u

22d )
π

j∗
π

j1
l

=
d
,

0
l,

d

∂
λ

j2 d

∂u
3l

=


−
λ

j∗ d (1−
u

22d )
π

j∗
π

j2
l

=
d
,

0
l,

d
,

d∈
[1
,D

]

(D
-3)

T
herefore,w

e
have

the
follow

ing
expressions

∂
µ

j1
∂u

2
=
−

√
π

j2
π

j1 V
j∗ Λ

12j∗ ,
∂
µ

j1
∂g

j∗
=
−

12 √
π

j2
π

j1 V
j∗ Λ
−

12
j∗

U
2

∂
µ

j2
∂u

2
=

√
π

j1
π

j2 V
j∗ Λ

12j∗ ,
∂
µ

j2
∂g

j∗
=

12 √
π

j1
π

j2 V
j∗ Λ
−

12
j∗

U
2

∂g
j1

∂u
2

=
−

2
π

j∗
π

j1
Λ

j∗ U
3 U

2 ,
∂g

j1
∂g

j∗
=

π
j∗

π
j1 U

3 (1−
U

22 ),
∂g

j1
∂u

3
=

π
j∗

π
j1

Λ
j∗ (I−

U
22 )

∂g
j2

∂u
2

=
2
π

j∗
π

j2
Λ

j∗ (U
3 −

I)U
2 ,

∂g
j2

∂g
j∗

=
π

j∗
π

j2 (I−
U

3 )(I−
U

22 ),
∂g

j2
∂u

3
=

π
j∗

π
j2

Λ
j∗ (U

22 −
I)

(D
-4)

43
JM

L
R

 17(200):1-51

Q
IN

,C
U

N
N

IN
G

H
A

M
A

N
D

S
A

LT
E

R-T
O

W
N

S
H

E
N

D

w
here

U
2

=
diag(u

2d ,···
,u

2D )
and

U
3

=
diag(u

31 ,···
,u

3D )
are

diagonalm
atrices.

Substituting
E

q.(D
-2)and

(D
-4)into

E
q.(D

-1)yields
the

Jacobian
m

atrix,J,as
follow

s:

J
=



u
1

π
j∗

0
1×

D
0

1×
D

0
1×

D
0

1×
D

1−
u

1
−
π

j∗
0

1×
D

0
1×

D
0

1×
D

0
1×

D

0
D×

1
0

D×
1

I
−

√
π

j2
π

j1 V
j∗ Λ

12j∗
−

12 √
π

j2
π

j1 V
j∗ Λ
−

12
j∗

U
2

0
D×

D

0
D×

1
0

D×
1

I
√

π
j1

π
j2 V

j∗ Λ
12j∗

12 √
π

j1
π

j2 V
j∗ Λ
−

12
j∗

U
2

0
D×

D

0
D×

1
0

D×
1

0
D×

D
−

2
π

j∗
π

j1
Λ

j∗ U
3 U

2
π

j∗
π

j1 U
3 (I−

U
22 )

π
j∗

π
j1

Λ
j∗ (I−

U
22 )

0
D×

1
0

D×
1

0
D×

D
2
π

j∗
π

j2
Λ

j∗ (U
3 −

I)U
2

π
j∗

π
j2 (I−

U
3 )(I−

U
22 )

π
j∗

π
j2

Λ
j∗ (U

22 −
I)



(D
-5)

w
here

0
D×

1
is

the
D
×

1
zero

vector,0
1×

D
is

the
1×

D
zero

vector,0
D×

D
the

D
×

D
zero

m
atrix,

U
2 =diag{u

21 ,u
22 ,···

,u
2D }and

U
3 =diag{u

31 ,u
32 ,···

,u
3D }are

diagonalm
atrices.

B
y

blocking
the

Jacobian
m

atrix
J

defined
by

E
q.(D

-5),w
e

have

|det(J)|
=
π

j∗ ·|det(J
1 )|

(D
-6)

w
here

J
1

=



I
−

√
π

j2
π

j1 V
j∗ Λ

12j∗
−

12 √
π

j2
π

j1 V
j∗ Λ
−

12
j∗

U
2

0
D×

D

I
√

π
j1

π
j2 V

j∗ Λ
12j∗

12 √
π

j1
π

j2 V
j∗ Λ
−

12
j∗

U
2

0
D×

D

0
D×

D
−

2
π

j∗
π

j1
Λ

j∗ U
3 U

2
π

j∗
π

j1 U
3 (I−

U
22 )

π
j∗

π
j1

Λ
j∗ (I−

U
22 )

0
D×

D
2
π

j∗
π

j2
Λ

j∗ (U
3 −

I)U
2

π
j∗

π
j2 (I−

U
3 )(I−

U
22 )

π
j∗

π
j2

Λ
j∗ (U

22 −
I)



(D
-7)

W
e

partitioned
J

1
into

J
1

=

[
J

11
J

12
J

21
J

22

]
as

indicated
by

the
vertical

and
horizontal

lines
in

E
q.

(D
-7).W

hen
J

11
is

invertible,according
to

T
heorem

by
B

rualdiand
Schneider(1983),w

e
have

|det(J
1 )|

=
|det(J

11 )|·|det(J
22 −

J
21 J −

1
11

J
12 )|

(D
-8)

C
alculating

each
determ

inantin
E

q.(D
-8)and

substituting
them

into
E

q.(D
-6)yields

the
absolute

ofdeterm
inantof

J,det(J),as
follow

s

|det(J)|
=

π
3D

+
1

j∗

(π
j1 π

j2 )
3D2

D∏d
=

1

λ
3
/2

j∗ d (1−
u

22d )
(D

-9)

A
ppendix

E
C

om
parison

ofD
ifferentSplit-m

erge
M

oves

In
this

appendix,w
e

com
pared

the
perform

ance
of

T
vM

F
m

ixture
m

odelw
ith

com
m

on
eigenvec-

tors
(i.e.

sim
plified

R
JM

C
M

C
m

ove)
and

w
ithout

com
m

on
eigenvectors

(i.e.
original

R
JM

C
M

C
m

ove)
for

split-m
erge

m
oves

on
synthetic

data
from

three
aspects:

(1)
clustering

perform
ance,(2)

acceptance
rate

forthe
m

oves
and

posteriorestim
ation

forthe
num

berofcom
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a
n

d
n

o
t

in
a

p
a
irw

ise
fa

sh
io

n
.

O
u

r
m

eth
o
d

th
u

s
o
ff

ers
sig

n
ifi

ca
n
t

co
m

p
u

ta
tio

n
a
l

b
en

efi
ts,

m
o
d

ellin
g

fl
ex

ib
ility

in
th

e
p

resen
ce

o
f

d
ep

en
d

en
cies

b
etw

een
ex

p
erts,

a
n

d
a
lso

in
terp

reta
b
ility

d
u

e
to

th
e

sim
p

licity
o
f

th
e

m
o
d

el.
In

sectio
n

6
w

e
d

escrib
e

o
u

r
em

p
irica

l
resu

lts
for

ran
k

aggregation
an

d
sh

ow
th

at
ou

r
sim

p
le

algorith
m

p
erform

s
b

etter
th

an
cu

rren
t

sta
te

of
th

e
a
rt

resu
lts.

1
.2

M
u

ltip
le

R
e
p

re
se

n
ta

tio
n
s

o
f

R
a
n

k
s

T
h

ere
are

a
w

id
e

ran
ge

of
ap

p
lication

s
w

h
ich

b
en

efi
t

from
ran

k
an

aly
sis,

resu
ltin

g
in

variou
s

eq
u

iva
len

t
w

ay
s

to
rep

resen
t

ra
n

k
s

a
n

d
o
rd

erin
g
s.

T
h

e
b

a
sic

rep
resen

ta
tio

n
o
ften

u
sed

in
in

tro
d
u
ctory

tex
ts

is
to

p
rov

id
e

th
e

list
of

ob
jects,

for
ex

am
p
le

[a
,b,c,d

,e,f
],

d
en

otin
g

th
e

fa
ct

th
a
t
a

is
th

e
m

o
st

h
ig

h
ly

ra
n

k
ed

o
b

ject
a
n
d
f

is
th

e
low

est
ra

n
k
ed

.
It

is
o
ften

m
o
re

con
ven

ien
t

to
n
u
m

erically
rep

resen
t

th
e

ran
k

for
com

p
u
tation

al
p
u
rp

oses,
th

at
is

to
keep

a
list

o
f

in
teg

ers
1
,...,n

co
rresp

o
n

d
in

g
to

th
e

ra
n

k
o
f

a
p

a
rticu

la
r

o
b

ject.
F

o
r

th
e

ex
a
m

p
le

a
b

ov
e,

b
y

m
a
in

ta
in

in
g

th
e

set
o
f

o
b

jects
a
s

is,
th

e
ra

n
k
s

a
re

th
en

[1
,2
,3
,4
,5
,6

].
It

tu
rn

s
o
u

t
fo

r
em

p
irica

l
co

p
u

la
m

o
d

elin
g
,

it
is

im
p

o
rta

n
t

th
a
t

th
e

n
u

m
erica

l
va

lu
es

a
re

in
th

e
in

terva
l

(0
,1

),
a
n

d
th

erefo
re

w
e

n
o
rm

a
lise

th
e

n
u

m
erica

l
rep

resen
ta

tio
n

b
y
n

+
1
,

th
a
t

is
[
17 ,

27 ,
37 ,

47 ,
57 ,

67 ].
H

ow
ev

er,
n

o
te

th
a
t

th
e

n
u

m
erica

l
rep

resen
ta

tio
n

is
a
ctu

a
lly

d
ep

en
d

en
t

o
n

th
e

fa
ct

th
a
t

w
e

h
av

e
m

a
in

ta
in

ed
th

e
set

o
f

o
b

jects
in

a
p
a
rticu

la
r

fa
sh

io
n
.

In
fa

ct,
b
y

th
e

a
b

ov
e

n
u
m

erica
l

list,
w

e
a
re

say
in

g
th

a
t

o
b

ject
a

h
a
s

ra
n
k

17 ,
a
n
d

o
b

ject
f

h
a
s

ra
n
k

67 .
In

oth
er

w
ord

s,
w

e
are

d
efi

n
in

g
a

p
erm

u
tation

m
ap

p
in

g
R

:
Ω
→

(0,1)
from

th
e

sp
ace

of
ob

jects
Ω

to
th

e
in

terva
l

(0,1).

1
.3

R
e
la

te
d

W
o
rk

T
h

ere
are

tw
o

related
ran

k
aggregation

task
s:

score
b

ased
ran

k
aggregation

an
d

ord
er

b
ased

ran
k

aggregation
.

F
or

score
b

ased
ran

k
aggregation

ob
jects

are
asso

ciated
w

ith
scores,

w
h

ile
for

ord
er

b
ased

ran
k

aggregation
on

ly
th

e
relative

ord
er

of
ob

jects
are

availab
le.

T
h
ere

h
as

b
een

recen
t

w
ork

on
com

b
in

in
g

b
oth

scores
an

d
ran

k
s

(S
cu

lley
,

2010;
Iyer

an
d

B
ilm

es,
2013).

W
e

co
n
sid

er
th

e
lea

rn
in

g
ta

sk
referred

to
a
s

th
e

listw
ise

a
p
p
ro

a
ch

in
L

iu
(2

0
1
1
),

w
h
ere

th
e

in
p

u
t

is
a

set
o
f

ra
n

k
ed

lists
o
f

d
o
cu

m
en

ts
fro

m
m

u
ltip

le
ex

p
erts,

a
n

d
th

e
lea

rn
er

h
a
s

to
p
red

ict
th

e
fi
n
al

ran
k
s.

N
u
m

erou
s

p
rop

osals
for

solv
in

g
th

e
p
rob

lem
of

com
b
in

in
g

m
u
ltip

le
lists

in
to

a
sin

gle
list

are
su

rveyed
in

L
iu

(2011).
N

iu
et

al.
(2012)

h
as

fo
cu

sed
on

learn
in

g
a
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B
e
d
ő

a
n
d

O
n
g

g
o
o
d

ra
n

k
in

g
fro

m
g
iv

en
fea

tu
res.

A
g
o
o
d

rev
iew

o
f

p
ro

b
a
b

ility
a
n

d
sta

tistics
a
p

p
lied

to
p

erm
u

ta
tion

s
is

D
iacon

is
(1988).

S
p

earm
an

’s
ρ

is
a

n
atu

ral
m

easu
re

of
sim

ilarity
for

d
istrib

u
tion

s
of

p
erm

u
tation

s
(M

allow
s,

1
9
5
7
;

F
lig

n
er

a
n

d
V

erd
u

cci,
1
9
8
6
).

In
terestin

g
ly,

th
ere

h
a
s

n
o
t

b
een

m
u

ch
w

o
rk

u
sin

g
S

p
ea

rm
a
n

’s
ρ

fo
r

d
ea

lin
g

w
ith

ra
n

k
ed

d
a
ta

,
b

u
t

in
stea

d
th

e
fo

cu
s

h
a
s

b
een

o
n

K
en

d
a
ll’s

τ
.

O
n

e
d

iffi
cu

lty
of

in
feren

ce
w

ith
th

e
M

allow
s

m
o
d

el
(M

allow
s,

1957)
for

S
p

earm
an

’s
ρ

is
th

at
it

in
volves

estim
atin

g
th

e
p

erm
an

en
t

of
a

m
atrix

.
O

u
r

m
o
d

el
is

d
erived

from
th

e
cop

u
la

form
of

S
p

earm
an

’s
ρ

an
d

allow
s

a
sim

p
le

form
u
lation

for
aggregation

th
at

d
o
es

n
ot

req
u
ire

an
y

com
p

u
tation

ally
com

p
lex

op
eration

s,
th

u
s

p
rov

id
in

g
a

sign
ifi

can
t

com
p

u
tation

al
ad

van
tage.

O
th

er
p

rev
io

u
s

a
p

p
ro

a
ch

es
(K

lem
en

tiev
et

a
l.,

2
0
0
8
;

Iy
er

a
n

d
B

ilm
es,

2
0
1
2
)

to
ra

n
k

aggregation
con

sid
ers

p
airw

ise
com

p
arison

s
b

etw
een

ran
ked

lists.
In

con
trast,

ou
r

ap
p
roach

d
o
es

n
ot

con
sid

er
p

airw
ise

com
b

in
ation

s
an

d
op

erates
over

all
lists.

W
e

p
rove

a
resu

lt
say

in
g

th
at

th
e

geom
etric

m
ean

of
n

orm
alised

ran
k
s

m
ax

im
ise

S
p

earm
an

’s
ρ

(th
eorem

17),
w

h
ich

is
sim

ilar
in

sp
irit

to
th

e
resu

lt
in

Iyer
an

d
B

ilm
es

(2012)
th

at
sh

ow
s

th
at

for
L

ov
ász–B

regm
an

d
iv

erg
en

ces
th

e
b

est
a
g
g
reg

a
to

r
is

th
e

a
rith

m
etic

m
ea

n
.

T
h

is
p

rov
id

es
a

co
m

p
u

ta
tio

n
a
l

ad
va

n
tage

over
p

airw
ise

m
eth

o
d

s
as

th
e

n
u

m
b

er
of

lists
grow

s.
O

u
r

w
ork

b
u
ild

s
h
eav

ily
on

cop
u
la

th
eory,

an
d

w
e

u
se

resu
lts

from
N

elsen
(2006).

B
rief

in
tro

d
u

ctio
n

s
to

co
p

u
la

s
ca

n
b

e
fo

u
n

d
in

T
riv

ed
i

a
n

d
Z

im
m

er
(2

0
0
5
),

G
en

est
a
n

d
F

av
re

(2
0
0
7
),

a
n

d
E

lid
a
n

(2
0
1
3
).

F
u

rth
er

d
eta

ils
o
n

co
p

u
la

m
o
d

elin
g

a
re

ava
ila

b
le

in
a

recen
t

b
o
o
k

(J
o
e,

2
0
1
4
).

M
a
n
y

o
f

th
ese

resu
lts

a
re

p
resen

ted
fo

r
b
iva

ria
te

co
p

u
la

s
o
n

ly.
T

h
ere

a
re

few
er

resu
lts

o
n

m
u

ltiva
ria

te
co

p
u

la
s

(J
o
e,

1
9
9
0
;

N
elsen

,
1
9
9
6
)

a
n

d
th

eir
rela

tio
n

to
S
p

earm
an

’s
ρ

(Ú
b

ed
a

F
lores,

2005;
S
ch

m
id

et
al.,

2010),
w

h
ich

w
e

sh
all

d
iscu

ss
later

in
th

is
p

a
p

er.
F

in
ally,

oth
er

w
ell

k
n

ow
n

m
easu

res
of

b
ivariate

d
ep

en
d

en
ce

h
ave

form
s

u
n

d
er

th
e

cop
u

la
fra

m
ew

o
rk

a
n
d

h
av

e
m

u
ltiva

ria
te

ex
ten

sio
n

s.
In

p
a
rticu

la
r,

m
u

ltiva
ria

te
ex

ten
sio

n
s

o
f

K
en

d
a
ll’s

τ
h
av

e
b

een
p
ro

p
o
sed

(J
o
e,

2
0
1
4
).

It
is

p
o
ssib

le
in

v
estig

a
tio

n
s

in
to

th
ese

co
p
u
la

form
u
lation

s
resu

lts
in

oth
er

effi
cien

t
aggregation

m
eth

o
d
s

w
ith

d
iff

eren
t

trad
eoff

s,
h
ow

ever
in

th
is

w
o
rk

w
e

fo
cu

s
on

S
p

earm
an

’s
ρ
.

T
h

e
w

o
rk

o
n

p
a
rtia

l
ra

n
k
s

g
o
es

b
a
ck

to
a
t

lea
st

C
ritch

low
(1

9
8
5
),

w
h

o
d

escrib
es

th
e

ra
n

k
agg

rega
tion

task
in

term
s

of
d

istan
ces

b
etw

een
ran

k
in

gs.
W

e
h

ave
ap

p
lied

th
e

resu
lts

o
f

th
is

p
a
p

er
to

ra
n

k
a
g
g
reg

a
tio

n
(M

a
cin

ty
re

et
a
l.,

2
0
1
4
)

a
n

d
sta

b
ility

estim
a
tio

n
(B

ed
ő

et
a
l.,

20
14)

in
th

e
d

om
ain

of
life

scien
ces.

2
.
C
o
p
u
la
s

C
o
p

u
la

s
a
re

fu
n

ctio
n

s
fro

m
th

e
u

n
it

h
y
p

ercu
b

e
to

th
e

u
n

it
in

terva
l

(E
lid

a
n

,
2
0
1
3
).

In
th

is
section

w
e

b
riefl

y
rev

iew
th

e
b
ivariate

settin
g,

in
p
rep

aration
for

th
e

m
u
ltivariate

settin
g

in
th

e
n

ex
t

sectio
n

.
T

h
e

ex
p

ert
rea

d
er

m
ay

sk
ip

d
irectly

to
sectio

n
3

to
see

th
e

d
efi

n
itio

n
o
f

m
u

ltivariate
S

p
ea

rm
an

’s
ρ

in
term

s
of

th
e

m
u
ltivariate

cop
u

la.

2
.1

D
e
fi

n
itio

n
o
f

C
o
p

u
la

s

In
tu

itively,
for

con
tin

u
ou

s
ran

d
om

variab
les

cop
u

las
m

o
d

el
th

e
d

ep
en

d
en

ce
com

p
on

en
t

of
a

m
u
ltivariate

d
istrib

u
tion

after
d
iscou

n
tin

g
for

u
n
ivariate

m
argin

al
eff

ects.
W

e
let

R
d
en

ote
th

e
ord

in
ary

real
lin

e
(−
∞
,∞

),
an

d
R

d
en

ote
th

e
ex

ten
d

ed
real

lin
e

[−
∞
,∞

].
T

h
e

follow
in

g
algeb

raic
d

efi
n

ition
of

b
ivariate

cop
u

las
is

gen
eralised

to
th

e
m

u
ltivariate

settin
g

in
section

3.
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M
u
lt

iv
a
r
ia

t
e

S
p
e
a
r
m

a
n
’s
ρ

f
o
r

A
g

g
r
e
g

a
t
in

g
R

a
n
k
s

U
si

n
g

C
o
p
u
l
a
s

It
es

se
n
ti

al
ly

co
n

st
ra

in
s

co
p

u
la

s
to

b
e

fu
n

ct
io

n
s

th
at

ar
e

m
o
n

o
to

n
ic

a
ll

y
in

cr
ea

si
n

g
al

on
g

ea
ch

d
im

en
si

on
as

w
el

l
as

to
w

ar
d

s
th

e
d

ia
go

n
al

of
th

e
vo

lu
m

e.

D
e
fi

n
it

io
n

1
L

et
A

1
a
n

d
A

2
be

n
o
n

em
p
ty

su
bs

et
s

o
f
R

,
a

n
d

le
t
H

(·,
·)

be
a

re
a
l

fu
n

ct
io

n
su

ch
th

a
t

th
e

d
o
m

a
in

o
f
H

=
A

1
×
A

2
.

L
et
B

=
[x

1
,x

2
]×

[y
1
,y

2
]

be
a

re
ct

a
n

gl
e

a
ll

o
f

w
h
o
se

ve
rt

ic
es

a
re

in
th

e
d
o
m

a
in

o
f
H

.
T

h
en

th
e
H

-v
ol

u
m

e
of
B

is
gi

ve
n

by
:

V
H

(B
)

=
H

(x
1
,y

1
)

+
H

(x
2
,y

2
)
−
H

(x
1
,y

2
)
−
H

(x
2
,y

1
).

D
e
fi

n
it

io
n

2
A

re
a
l

fu
n

ct
io

n
H

(·,
·)

is
2-

in
cr

ea
si

n
g

if
it

s
H

-v
o
lu

m
e

is
n

o
n

-n
eg

a
ti

ve
,

th
a
t

is
V
H

(B
)
>

0
fo

r
a
ll

re
ct

a
n

gl
es
B

w
h
o
se

ve
rt

ic
es

li
e

in
th

e
d
o
m

a
in

o
f
H

.

D
e
fi

n
it

io
n

3
A

co
p

u
la

is
a

fu
n

ct
io

n
C

:
[0
,1

]2
→

[0
,1

]
w

it
h

th
e

fo
ll

o
w

in
g

p
ro

pe
rt

ie
s:

1
.

F
o
r

ev
er

y
u
,v
∈

[0
,1

],

C
(u
,0

)
=

0
=
C

(0
,v

)

C
(u
,1

)
=
u

a
n

d
C

(1
,v

)
=
v

2
.
C

is
2
-i

n
cr

ea
si

n
g.

2
.2

R
e
la

ti
o
n

B
e
tw

e
e
n

B
iv

a
ri

a
te

C
u

m
u

la
ti

v
e

D
e
n

si
ty

F
u
n

c
ti

o
n

s
a
n

d
C

o
p

u
la

s

S
k
la

r’
s

th
eo

re
m

is
ce

n
tr

al
to

th
e

th
eo

ry
of

co
p

u
la

s
an

d
is

th
e

fo
u

n
d

at
io

n
of

m
an

y
ap

p
li

ca
ti

on
s

in
st

at
is

ti
cs

.
In

d
ee

d
,

S
k
la

r’
s

th
eo

re
m

ca
n

b
e

d
efi

n
ed

fo
r

ge
n
er

al
d

is
tr

ib
u

ti
on

fu
n

ct
io

n
s

ou
ts

id
e

of
p
ro

b
ab

il
is

ti
c

se
tt

in
gs

.
H

ow
ev

er
,

si
n
ce

w
e

ar
e

in
te

re
st

ed
in

st
at

is
ti

ca
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d
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d
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p
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→
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.
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u
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d
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d
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b
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b
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w
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d
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e

o
b

je
ct
R

(x
)

a
n

d
S

(x
),

th
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b
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∑
x
(R

(x
)
−
R̄

)(
S

(x
)
−
S̄

)
√
∑
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∑
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∑
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∑
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w
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−
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d
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+
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e
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re

-e
x
p
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=
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−
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n
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p
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] d
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=
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=
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−
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=
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−
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>
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<
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=

F
1 (x

1 ),...,F
d (x

d )
a
n

d
F

(y
)

=
F

1 (y
1 ),...,F

d (y
d )

a
re

th
e

m
a
rgin

a
l

d
istribu

tio
n

s,
a
n

d
C
X
,C

Y

a
re

th
e

respective
d

co
p
u

la
s.

T
h
en

th
e

co
n

co
rd

a
n

ce
fu

n
ctio

n
Q

is
given

by

Q
(C

X
,C

Y
)

:=
2
d ∫

[0
,1

] d
C
X

(u
)

d
C
Y

(u
)−

1
.

N
o
te

th
a
t

a
lth

o
u

g
h

th
e

in
teg

ra
l

is
a

stra
ig

h
t

fo
rw

a
rd

g
en

era
lisa

tio
n

o
f

th
eo

rem
1
0
,

it
is

n
o
-lo

n
g
er

eq
u
a
l

to
th

e
d
iff

eren
ce

b
etw

een
th

e
p
ro

b
a
b
ility

o
f

co
n
co

rd
a
n
ce

a
n
d

d
isco

rd
a
n
ce.

C
o
n

seq
u

en
tly,

th
e

p
rop

erties
p

ossessed
b
y
Q

are
d

iff
eren

t
for

d
>

2.
T

h
ere

are
th

ree
cop

u
las

th
at

are
of

p
articu

lar
in

terest:
th

e
in

d
ep

en
d
en

t
cop

u
la
π

(u
)

:=
∏
i u

i ,
an

d
th

e
u
p
p

er
an

d
low

er
F

réch
et–H

o
eff

d
in

g
b

ou
n
d
s,
M

(u
)

=
m

in{u
1 ,u

2 ,...,u
d }

an
d

W
(u

)≥
m

ax{u
1

+
u

2
+
···+

u
d −

(d−
1),0}

resp
ectively

(J
o
e,

2014,
p

g.
48).

N
ote

th
at

th
at

w
h

ile
W

is
p

o
in

t-w
ise

sh
a
rp

,
th

is
low

er
b

o
u

n
d

is
n

o
t

itself
a

co
p
u

la
,

a
n

d
h

en
ce

th
e

low
er

b
ou

n
d

is
n

ot
tigh

t
(Ú

b
ed

a
F

lores,
2005).

T
h

e
o
re

m
1
2

L
et
C

,
C
′,

a
n

d
Q

be
given

a
s

in
d
efi

n
itio

n
1
1
,
M

a
n

d
W

be
th

e
u

p
per

a
n

d
lo

w
er

F
réch

et–
H

oeff
d
in

g
bo

u
n

d
s

respectively,
a
n

d
a
ssu

m
e
d
>

2.
T

h
en

1
.
Q

is
sym

m
etric

in
its

a
rgu

m
en

ts
if
C

=
C
′.

2
.
Q

is
n

o
n

-d
ecrea

sin
g

in
th

e
fi

rst
a
rgu

m
en

t,
a
n

d
bo

th
a
rgu

m
en

ts
if
C

=
C
′.

3
.
−

1
≤
Q

(W
,W

)≤
Q

(C
,C

)≤
Q

(M
,M

)
=

2
d−

1−
1
.

4
.
Q

(π
,π

)
=

0
.

P
ro

o
f

P
ro

p
e
rty

1
T

h
e

fi
rst

p
rop

erty
is

clear
from

th
e

d
efi

n
ition

of
Q

(C
,C
′)

an
d

th
e

p
rop

erties
of

in
tegration

.

P
ro

p
e
rty

2
Q

is
n

o
n

-d
ecrea

sin
g

in
th

e
fi

rst
a
rg

u
m

en
t

b
y

p
ro

p
erties

o
f

in
teg

ra
tio

n
.

F
o
r

th
e

secon
d

p
art,

n
otice

th
at∫

C
(u

)
d
C

(u
)

=
C

2(u
)−

∫
C

(u
)

d
C

(u
)

⇒
∫
C

(u
)

d
C

(u
)

=
12
C

2(u
)

b
y

a
p

p
ly

in
g

in
tegration

b
y

p
arts.

T
h

e
p

rop
erty

n
ow

follow
s.
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M
u
lt

iv
a
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ia

t
e

S
p
e
a
r
m

a
n
’s
ρ

f
o
r

A
g

g
r
e
g

a
t
in

g
R

a
n
k
s

U
si

n
g

C
o
p
u
l
a
s

P
ro

p
e
rt

y
3

It
fo

ll
ow

s
th

at Q
(M

,M
)

=
2d
∫ [0

,1
]d
M

(u
)

d
M

(u
)
−

1

=
2d
∫

1

0
u

d
u
−

1

=
2d
−

1
−

1,

an
d

Q
(W

,W
)

=
2d
∫ [0

,1
]d
W

(u
)

d
W

(u
)
−

1

≥
2d
∫

1

0
0

d
u
−

1

=
−

1.

P
ro

p
er

ty
3

n
ow

fo
ll

ow
s

fr
om

th
e

fi
rs

t
tw

o
p

ro
p

er
ti

es
.

P
ro

p
e
rt

y
4

Q
(π
,π

)
=

2d
∫ [0

,1
]d
π

(u
)

d
π

(u
)
−

1

=
2d
∫ [0

,1
]d
u

d
u
−

1

=
2
d

2
d
−

1

=
0

It
is

cl
ea

r
fr

om
th

is
th

eo
re

m
th

at
Q

is
w

el
l

ca
li
b
ra

te
d

at
Q

(W
,W

)
an

d
Q

(π
,π

),
h
ow

ev
er

n
ot

fo
r
Q

(M
,M

).
C

on
se

q
u

en
tl

y,
w

it
h

th
is

m
u

lt
id

im
en

si
on

al
ex

te
n

si
on

it
b

ec
om

es
in

cr
ea

si
n

gl
y

d
iffi

cu
lt

to
es

ti
m

at
e

d
is

co
rd

an
ce

as
d

in
cr

ea
se

s.

P
ro

p
o
si

ti
o
n

1
3

L
et
Q

be
gi

ve
n

a
s

in
d
efi

n
it

io
n

1
1
,

a
n

d
M

a
n

d
π

be
th

e
u

p
pe

r
F

ré
ch

et
–

H
oe

ff
d
in

g
bo

u
n

d
a
n

d
th

e
in

d
ep

en
d
en

t
co

p
u

la
re

sp
ec

ti
ve

ly
,

th
en

Q
(M

,π
)

=
Q

(π
,M

)
=

2
d
−

(d
+

1)

d
+

1
.

(2
)

P
ro

o
f

T
o

sh
ow

th
e

sy
m

m
et

ry
,

Q
(M

,π
)

=
2d
∫ [0

,1
]d
M

(u
)

d
π

(u
)
−

1

=
2
d

∫ [0
,1

]d
u

1
u

2
··
·u

d
d
u
−

1
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B
e
d
ő

a
n
d

O
n
g

an
d

Q
(π
,M

)
=

2d
∫ [0

,1
]d
π

(u
)

d
M

(u
)
−

1

=
2d
∫ [0

,1
]d
u

1
u

2
··
·u

d
d
u
−

1
.

T
o

o
b

ta
in

th
e

se
co

n
d

eq
u

al
it

y,
w

e
ob

se
rv

e
th

a
t

∫ [0
,1

]d
u

1
u

2
··
·u

d
d
u

=

∫
1

0
u
d

d
u

=
1

d
+

1
u
d
+

1

∣ ∣ ∣ ∣1 0

=
1

d
+

1
,

a
n

d
th

er
ef

or
e

th
e

ex
p

re
ss

io
n

fo
r
Q

(M
,π

)
fo

ll
ow

s.

In
te

rm
s

of
th

e
co

n
co

rd
an

ce
fu

n
ct

io
n

,
S

p
ea

rm
an

’s
ρ

is
gi

ve
n

b
y

th
e

co
n

co
rd

an
ce

b
et

w
ee

n
th

e
co

p
u

la
C

a
n

d
th

e
in

d
ep

en
d

en
t

co
p

u
la
π

(u
)

:=
∏
i
u
i.

H
ow

ev
er

,
u

n
li

k
e

th
e

sy
m

m
et

ry
in

p
ro

p
o
si

ti
o
n

1
3
,

th
e

co
n

co
rd

a
n

ce
fu

n
ct

io
n

is
in

g
en

er
a
l

n
o
t

sy
m

m
et

ri
c

w
it

h
re

sp
ec

t
to

it
s

a
rg

u
m

en
ts

.
T

h
is

g
iv

es
u

s
tw

o
p

o
ss

ib
le

w
ay

s
o
f

d
efi

n
in

g
m

u
lt

iv
a
ri

a
te

S
p

ea
rm

a
n

’s
ρ
,

co
rr

es
p

on
d

in
g

to
Q

(C
,π

)
an

d
Q

(π
,C

).
B

ot
h

ge
n

er
al

is
at

io
n

s
ar

e
eq

u
iv

al
en

t
in

th
e

b
iv

ar
ia

te
ca

se
,

an
d

h
as

b
ee

n
ca

ll
ed
ρ
− d

an
d
ρ

+ d
b
y

N
el

se
n

(1
99

6)
an

d
ρ

1
an

d
ρ

2
b
y

S
ch

m
id

an
d

S
ch

m
id

t
(2

00
7)

re
sp

ec
ti

ve
ly

.
N

at
u

ra
ll

y,
th

er
e

is
a

th
ir

d
sy

m
m

et
ri

c
ge

n
er

al
is

at
io

n
w

h
ic

h
is

th
e

av
er

ag
e

of
th

em
.

D
e
fi

n
it

io
n

1
4

(M
u

lt
iv

a
ri

a
te

S
p

e
a
rm

a
n

’s
ρ
)

ρ
− d

=
h

(d
)Q

(π
,C

)
=
h

(d
)

[ 2d
∫ [0

,1
]d
C

(u
)

d
u
−

1]
(3

)

a
n

d

ρ
+ d

=
h

(d
)Q

(C
,π

)
=
h

(d
)

[ 2d
∫ [0

,1
]d
π

(u
)

d
C

(u
)
−

1] ,
(4

)

w
h
er

e
h

(d
)

=
d
+

1
2
d
−

(d
+

1
)

is
th

e
n

o
rm

a
li

sa
ti

o
n

fa
ct

o
r.

T
h

e
sc

a
li

n
g

fa
ct

o
r
h

(d
)

is
d

er
iv

ed
su

ch
th

a
t

th
e

m
a
x
im

u
m

co
rr

el
a
ti

o
n

is
1
.

T
h
u

s,
fo

r
S

p
ea

rm
an

’s
ρ
,

th
is

is
th

e
co

n
co

rd
an

ce
b

et
w

ee
n

th
e

m
ax

im
u

m
co

p
u

la
M

an
d

th
e

in
d

ep
en

d
en

t
co

p
u

la
π

,
w

h
ic

h
w

e
o
b

ta
in

b
y

p
ro

p
os

it
io

n
1
3:

h
(d

)
=

1/
Q

(M
,π

)
=

d
+

1

2d
−

(d
+

1
).

(5
)
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M
u
lt

iv
a
r
ia

t
e

S
p
e
a
r
m

a
n
’s
ρ

f
o
r

A
g

g
r
e
g

a
t
in

g
R

a
n
k
s

U
sin

g
C

o
p
u
l
a
s

S
p

earm
an

’s
correlation

can
eq

u
ivalen

tly
b

e
seen

as
m

easu
rin

g
average

orth
an

t
d

ep
en

d
en

ce,
a
n

d
th

e
tw

o
v
ersio

n
s
ρ

+d
a
n

d
ρ −d

co
rresp

o
n

d
to

w
h

eth
er

w
e

lo
o
k

a
t

th
e

u
p
p

er
o
r

low
er

o
rth

a
n
t

(N
elsen

,
1
9
96

).
P

o
sitiv

e
u

p
p

er
orth

a
n
t

d
ep

en
d

en
ce

is
d

efi
n

ed
a
s

P
(X

>
x

)≥
d
∏i=

1

P
(X

i
>
x
i ),

an
d

p
ositive

low
er

orth
an

t
d

ep
en

d
en

ce
is

d
efi

n
ed

a
s

P
(X
≤
x

)≥
d
∏i=

1

P
(X

i ≤
x
i ).

W
h

en
d

=
2
,

th
e

tw
o

d
efi

n
itio

n
s

a
re

th
e

sa
m

e
a
n

d
a
re

ca
lled

p
o
sitiv

e
q
u
a
d

ra
n
t

d
ep

en
-

d
en

ce
(L

eh
m

a
n

n
,

19
6
6),

a
s

w
e

h
ave

a
lrea

d
y

ob
served

fo
r

th
e

co
n

co
rd

a
n

ce
fu

n
ctio

n
:

P
(X

1
>
x

1 ,X
2
>
x

2 )≥
P

(X
1
>
x

1 )P
(X

2
>
x

2 )

≥
[1−

P
(X

1 ≤
x

1 )][1−
P

(X
2 ≤

x
2 )]

≥
1−

P
(X

1 ≤
x

1 )−
P

(X
2 ≤

x
2 )

+
P

(X
1 ≤

x
1 )P

(X
2 ≤

x
2 ).

R
ea

rra
n

g
in

g
g
ives

P
(X

1
>
x

1 ,X
2
>
x

2 )
+
P

(X
1 ≤

x
1 )

+
P

(X
2 ≤

x
2 )−

1
≥
P

(X
1 ≤

x
1 )P

(X
2 ≤

x
2 ).

T
h

e
left

h
an

d
sid

e
is
P

(X
1 ≤

x
1 ,X

2 ≤
x

2 ).

O
b

serve
th

at
th

e
scalin

g
factor

h
(d

)
is

th
e

sam
e

for
b

oth
ρ −d

an
d
ρ

+d
d

u
e

to
p

rop
osition

13.
F

u
rth

erm
ore,

sin
ce
P

(X
i
>
x
i )

=
1−

P
(X

i ≤
x
i )

for
each

ran
d

om
variab

le,
th

e
tw

o
version

s
o
f

S
p

ea
rm

a
n

’s
ρ

co
rresp

o
n

d
to

lo
o
k
in

g
a
t

w
h

eth
er

w
e

in
terp

ret
th

e
ra

n
k
s

a
s

to
p

d
ow

n
o
r

b
ottom

u
p

.
C

on
vertin

g
from

on
e

version
to

th
e

oth
er

can
b

e
d

on
e

b
y

rein
terp

retin
g

th
e

d
ata.

F
o
r

a
p
a
rticu

la
r

a
p
p
lica

tio
n
,

th
e

ch
o
ice

o
f

w
h
ich

v
ersio

n
to

u
se

d
ep

en
d
s

o
n

th
e

ra
n
k
s

th
a
t

a
re

availab
le.

W
e

w
ill

fo
cu

s
on

ρ
+d

h
en

cefo
rth

.

R
eca

ll
th

a
t

fo
r

a
set

o
f
n

o
b

jects
fro

m
th

e
d

o
m

a
in

Ω
,

w
e

a
re

g
iv

en
a

set
o
f
d

ex
p

erts
th

a
t

ra
n

k
th

ese
o
b

jects
p

rov
id

in
g

ra
n

k
s
R

1 ,...,R
d ,

w
h

ere
ea

ch
R
j

is
a

b
ijectio

n
to

(0
,1

).
P

u
ttin

g
(4

)
an

d
(5

)
togeth

er,
w

e
ob

tain
th

e
follow

in
g

ex
p

ression
for

m
u

ltivariate
S

p
earm

an
’s

co
rrelatio

n
:

ρ
(R

1 ,...,R
d )

=
h

(d
)Q

(C
,π

)
=

d
+

1

2
d−

(d
+

1
) [

2
d ∫

[0
,1

] d
π

(u
)

d
C

(u
)−

1 ]
.

(6)

In
p

ra
ctice,

w
e

d
o

n
o
t

h
av

e
a
ccess

to
th

e
p

o
p

u
la

tio
n

v
ersio

n
o
f

th
e

co
p

u
la
C

(u
)

b
u

t
h

av
e

th
e

em
p

irica
l

cop
u

la
C
n
(u

).
W

e
d

iscu
ss

th
is

fu
rth

er
in

sectio
n

5
.

U
n

lik
e

th
e

b
iva

ria
te

ca
se,

a
s

th
e

n
u

m
b

er
o
f

d
im

en
sio

n
s

in
crea

ses,
th

e
low

er
b

o
u

n
d

o
f

S
p

ea
rm

a
n

’s
ρ

ten
d

s
to

zero
.

T
h

is
co

u
n
terin

tu
itiv

e
fa

ct
ca

n
b

e
u

n
d

ersto
o
d

b
y

co
n

sid
erin

g
th

e
th

ree
d

im
en

sio
n

a
l

ca
se.

C
o
n

sid
er

th
ree

ra
n

k
in

g
s
R

1 ,
R

2 ,
a
n

d
R

3 .
If
R

1
a
n

d
R

2
a
re

an
ti-correlated

(ρ
=

-1),
an

d
at

th
e

sam
e

tim
e
R

1
an

d
R

3
are

also
an

ti-correlated
,

th
is

im
p
lies

th
a
t
R

2
a
n

d
R

3
m

u
st

b
e

p
erfectly

co
rrela

ted
(ρ

=
1
).

H
en

ce,
th

e
ov

era
ll

3
d

im
en

sio
n

a
l
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B
e
d
ő

a
n
d

O
n
g

correlation
is

n
o

lon
ger

-1.
T

h
is

can
b

e
m

ad
e

p
recise

b
y

con
sid

erin
g

th
e

in
clu

sion
-ex

clu
sion

p
rin

cip
le,

w
h

ich
resu

lts
in

th
e

follow
in

g
relation

from
N

elsen
(1996):

12
(ρ −d

(R
1 ,R

2 ,R
3 )

+
ρ

+d
(R

1 ,R
2 ,R

3 ))
=

13
(ρ

(R
1 ,R

2 )
+
ρ
(R

1 ,R
3 )

+
ρ
(R

2 ,R
3 )).

T
h

e
fo

llow
in

g
co

ro
llary

d
efi

n
es

th
e

low
er

b
ou

n
d

as
th

e
n
u

m
b

er
of

d
im

en
sion

s
in

crea
ses.

C
o
ro

lla
ry

1
5

U
n

d
er

th
e

m
in

im
u

m
F

réch
et–

H
oeff

d
in

g
bo

u
n

d
W

,
Q

(W
,π

)≥
−

1
a
n

d

lim
d→
∞
ρ
(R

1 ,...,R
d )>

h
(d

)Q
(W

,π
)

=
0
.

In
pa

rticu
la

r,
fo

r
d
im

en
sio

n
d

,

ρ
(R

1 ,...,R
d )>

2
n−

(n
+

1)!

n
!(2

n−
(n

+
1)) .

P
ro

o
f

T
h

is
fo

llow
s

im
m

ed
ia

tely
fro

m
th

e
b

o
u

n
d
−

1
≤
Q

(W
,π

)≤
0

(fro
m

th
eo

rem
1
2
)

sin
ce
h

(d
)

go
es

to
zero

as
d
→
∞

.
T

h
e

low
er

b
ou

n
d

h
as

also
b

een
ob

served
in

N
elsen

(1996)
an

d
S

ch
m

id
et

al.
(2010).

In
su

m
m

ary,
th

e
m

u
ltivariate

ex
ten

sion
of

S
p

earm
an

’s
correlation

is
still

calib
rated

u
n

d
er

m
a
x
im

u
m

co
rrela

tio
n

a
s

it
a
ch

iev
es

a
va

lu
e

o
f

1
,

b
u

t
it

b
eco

m
es

in
crea

sin
g
ly

d
iffi

cu
lt

to
o
b
serv

e
a
n
ti-co

rrela
ted

sets
o
f

ra
n
k
s

a
s

th
e

n
u
m

b
er

o
f

lists
to

b
e

a
g
g
reg

a
ted

in
crea

ses.
In

th
e

n
ex

t
sectio

n
,

w
e

in
v
estig

a
te

a
n

a
g
g
reg

a
tio

n
a
lg

o
rith

m
th

a
t

m
a
x
im

ises
co

rrela
tio

n
.

T
h
e

eff
ect

o
f

th
e

low
er

b
ou

n
d

is
d

iscu
ssed

w
ith

resp
ect

to
im

p
u

tin
g

m
issin

g
valu

es
in

section
5.

4
.
O
p
tim

a
l
A
g
g
re
g
a
tio

n
w
ith

S
p
e
a
rm

a
n
’s

ρ

T
h

e
em

p
irica

l
co

p
u

la
req

u
ires

R
a
n

d
S

to
co

m
p

rise
o
f

ra
n

k
s

fo
r

th
e

sa
m

e
set

o
f

elem
en

ts,
th

a
t

is
D

om
R

=
D

om
S

.
R

eca
ll

fro
m

sectio
n

3
.1

th
a
t

ra
n

k
s

m
a
p

to
th

e
ra

n
g
e
{
1
,...,n},

b
u

t
th

e
em

p
irica

l
co

p
u

la
is

ex
p

ressed
in

term
s

o
f

fra
ctio

n
a
l

ra
n

k
s

(d
iv

id
ed

b
y
n

+
1
).

In
th

e
follow

in
g

it
is

con
ven

ien
t

to
w

ork
w

ith
n
orm

alised
ran

k
s,

th
at

is
to

con
sid

er
R

an
d
S

as
b

ijection
s

to
(0,1).

T
h

e
ex

p
ression

for
th

e
em

p
irical

cop
u

la
th

en
sim

p
lifi

es
to

C
n
(u
,v

)
=

1|Ω| ∑x∈
Ω

1
(R

(x
)6

u
,S

(x
)6

v
)
,

(7)

w
h

ere
is

th
e

d
o
m

a
in

o
f

th
e

o
b

jects
w

e
a
re

in
terested

in
ra

n
k
in

g
.

C
o
rresp

o
n

d
in

g
ly,

th
e
d

d
im

en
sion

al
em

p
irical

cop
u

la
for

n
ob

jects
given

b
y

C
n
(u

)
=

1n

∑

x

d
∏j=

1

1
(R

j (x
)6

u
j )
,

(8)

w
h

ere
R

1 (x
),...,R

d (x
)

is
th

e
ra

n
k
in

g
s

o
f

th
e
d

ex
p

erts.
P

lu
g
g
in

g
th

e
em

p
irica

l
co

p
u

la
(8)

ex
p

ression
in

to
S

p
earm

an
’s
ρ

(6),
an

d
ob

serv
in

g
th

at
in

tegratin
g

th
e

p
ro

d
u

ct
over

th
e

cop
u

la
is

th
e

p
ro

d
u

ct
o
f

th
e

ran
k
s

S
ch

m
id

an
d

S
ch

m
id

t
(2007),

w
e

ob
tain

an
em

p
irical

ex
p

ression
for

m
u
ltivariate

S
p

earm
an

’s
correlatio

n
:

ρ
n
(R

1 ,...,R
d )

=
h

(d
) 

2
dn

∑

x

d
∏j=

1

R
j (x

)−
1 

.
(9)
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4
.1

G
e
o
m

e
tr

ic
M

e
a
n

is
O

p
ti

m
a
l

W
e

a
re

n
ow

in
a

p
o
si

ti
o
n
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d

er
iv

e
th

e
d

ec
ep

ti
v
el
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si

m
p
le

re
su

lt
:

th
e

ra
n
k
in

g
R

th
a
t

m
a
x
im

is
es

co
rr

el
a
ti

o
n

w
it

h
a

g
iv

en
se

t
o
f

ra
n
k
in

g
s
{R

1
,.
..
,R

d
}

is
g
iv

en
b
y

th
e

g
eo

m
et

ri
c

m
ea

n
of
R

1
,.
..
,R

d
.

T
h

e
fo

ll
ow

in
g

d
efi

n
it

io
n

is
n

ee
d

ed
to

ca
p

tu
re

th
e

n
ot

io
n

th
at

ra
n

k
s

on
ly

d
ep

en
d

on
th

e
or

d
er

.

D
e
fi

n
it

io
n

1
6

(R
a
n

k
g
e
n

e
ra

to
r)

σ
:
R
|Ω
| →

[0
,1

]|Ω
|

is
a

ra
n

k
ge

n
er

at
or

if
:

•
fo

r
a
ll
x
,y
∈

Ω
a
n

d
R

w
it

h
d
o
m

a
in

Ω
,
R

(x
)
<
R

(y
)
⇐
⇒

σ
◦R

(x
)
<
σ
◦R

(y
);

•
fo

r
a
n

y
ra

n
ki

n
gs
R
,R
′

w
it

h
d
o
m

a
in

Ω
th

er
e

ex
is

ts
a

pe
rm

u
ta

ti
o
n
ξ

su
ch

th
a
t
σ
◦R
′ =

σ
◦ξ
◦R

;

•
fo

r
a
n

y
pe

rm
u

ta
ti

o
n
ξ,
ξ
◦σ

=
σ
◦ξ

.

A
ra

n
k

g
en

er
a
to

r
fo

rm
a
li

se
s

th
e

id
ea

o
f

g
en

er
a
ti

n
g

a
ra

n
k
:

th
e

ra
n

k
s

it
g
en

er
a
te

s
m

u
st

b
e

in
va

ri
an

t
to

sc
al

e
an

d
on

ly
d

ep
en

d
en

t
on

th
e

or
d

er
in

g
of

el
em

en
ts

.
T

h
e

st
an

d
ar

d
ra

n
k
in

g
fu

n
ct

io
n

s
fr

om
st

at
is

ti
cs

su
ch

as
fr

ac
ti

on
al

ra
n

k
in

g
an

d
d
en

se
ra

n
k
in

g
fi

t
in

to
th

is
fr

am
ew

or
k
.

T
h

e
o
re

m
1
7

L
et
{R

1
,R

2
,.
..
,R

d
}

be
a

se
t

o
f

ra
n

ki
n

gs
w

it
h

co
m

m
o
n

d
o
m

a
in

Ω
a
n

d
σ

be
a

ra
n

k
ge

n
er

a
to

r.
T

h
en

ar
g

m
ax

R
∈c

o
d

o
m
σ
ρ
n
(R
,R

1
,R

2
,.
..
,R

d
)

=
σ

 
d ∏ j=

1

R
j

 
.

P
ro

o
f

C
on

si
d

er
th

e
ex

p
re

ss
io

n
fo

r
S

p
ea

rm
an

’s
ρ
n

(9
):

ρ
n
(R
,R

1
,R

2
,.
..
,R

d
)

=
h

(d
+

1)

 
2
d
+

1

n

∑ x

 
R

(x
)

d ∏ j=
1

R
j
(x

) 
−

1 
.

F
o
cu

si
n

g
on

th
e

te
rm

s
in

th
e

su
m

,
sh

ow
in

g
th

at
th

e
b

es
t

p
os

si
b

le
R

(x
)

is
∏
d j=

1
R
j
(x

)
re

d
u

ce
s

to
sh

ow
in

g
∑ x
∈U
σ
◦P

(x
)P

(x
)

is
m

ax
im

al
,

w
h

er
e
P

:=
∏
j
R
j
.

S
u

p
p

os
e

th
er

e
ex

is
ts

an
P
′

su
ch

th
at

∑ x
∈U
σ
◦P
′ (
x

)P
(x

)
>
∑ x
∈U
σ
◦P

(x
)P

(x
).

B
y

d
efi

n
it

io
n

of
σ

,
th

er
e

ex
is

ts
a

p
er

m
u

ta
ti

on
ξ

su
ch

th
at

∑ x
∈U
σ
◦P
′ (
x

)P
(x

)
=
∑ x
∈U
σ
◦ξ
◦P

(x
)P

(x
)

=
∑ x
∈U
ξ
◦σ
◦P

(x
)P

(x
)

>
∑ x
∈U
σ
◦P

(x
)P

(x
).
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h
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p
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re
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ry

1
8

T
h
e
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n

ve
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e
a
p
p
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es
,

th
a
t
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:
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g

m
in

R
∈c

o
d

o
m
σ
ρ
n
(R
,R

1
,R

2
,.
..
,R

d
)

=
σ
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1

(1
−
R
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) 

.

P
ro

o
f

P
ro

of
fo

ll
ow

s
fr

om
a
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m

il
a
r

ar
g
u
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t.
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.
E
m
p
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a
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C
o
p
u
la
s
w
it
h

P
a
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ia
l
L
is
ts
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m

a
n
y

a
p
p
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o
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s

it
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p
ro

h
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it
iv

e
to

o
b

ta
in
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m

p
le

te
a
n

n
o
ta

ti
o
n

s
o
f

th
e

o
b

je
ct

ra
n

k
s.

F
o
r

ex
a
m

p
le

,
in

th
e

d
o
cu

m
en

t
re

tr
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va
l

se
tt

in
g
,

th
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a
m

o
u

n
ts

to
p

ro
v
id

in
g

ra
n

k
s

fo
r

a
ll

d
o
cu

m
en

ts
.

T
h
e

em
p
ir
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a
l
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p
u
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q
u
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e
se

t
o
f

ra
n
k
in

g
s
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m
p
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o
f

ra
n
k
s
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r

th
e
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m

e
se

t
of
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em

en
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,
th

at
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D
o
m
R

1
=
··
·=

D
o
m
R
d
.

H
en

ce
,

a
ke

y
ch

al
le

n
ge

in
a
p

p
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in
g

S
p
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rm

a
n

’s
ρ
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ra

n
k

a
g
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g
a
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n
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a
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e
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b
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n
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e
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p

ir
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a
l
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u
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).
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e
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b
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n
ke

d
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st
s.

W
e

d
efi

n
e

ex
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n
d

ed
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in

g
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S
′

w
it

h
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d
o
m

a
in
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]
su
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a
t

D
o
m
R
′ =

D
o
m
R
∪

D
om

S
=

D
o
m
S
′ .

O
n

e
w

ay
to

im
p

u
te

th
e

m
is

si
n

g
va

lu
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is
to

se
t

th
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to
a
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n
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an
t

va
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e
fo

r
al

l
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e
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n
k
s

b
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e
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p
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n
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s.

T
h
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e
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en
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b
e

th
e

m
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p
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n
t

b
et

w
ee

n
th

e
st

ar
t

an
d

en
d

of
th

e
m

is
si

n
g

se
ct

io
n

.
T

h
e

va
lu

es
in

th
e

to
p

-k
ar

e
re
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in

ed
to

b
e

th
e

or
ig

in
al

va
lu

es
in

th
e

ex
te

n
si

on
.

T
h

e
d

efi
n

it
io

n
b

el
ow

fo
rm

a
ll

y
d

efi
n

es
th

is
n

o
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o
n

.
N

o
te

th
a
t

w
e

h
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e
to
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n

o
rm

a
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se
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e
va

lu
es
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D
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n
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io
n

1
9

(n
o
n
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n
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a
ti

v
e

e
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n
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L
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R
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ra
n
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ra
to

r
a
n
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s
ex

te
n

si
o
n

to
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o
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h
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=
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o
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|
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o
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′ |
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∈
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o
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o
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o
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v
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ra
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ra
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n
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e
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p
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b
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e
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u
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∪
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p
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ra
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d
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ob
je

ct
iv

e
fu

n
ct

io
n

w
it

h
h

ig
h

p
en

al
ti

es
.

F
in

al
ra

n
k
s

w
er

e
d

et
er

m
in

ed
b
y

ra
n

k
in

g
it

em
i

in
li

st
j

b
a
se

d
on

th
e

sc
or

e
∑

k
x
i,
j,
k
k
.

W
e

ev
a
lu

a
te

d
th

is
re

la
x
ed

so
lu

ti
o
n

o
n

im
p

u
ti

n
g

ra
n

k
in

g
s

fo
r

u
n

iv
er

si
ti

es
.

T
o

th
is

en
d

,
th

e
to

p
-2

0
0

u
n
iv

er
si

ti
es

ra
n
k
ed

b
y

Q
S

in
2
0
1
4
,

S
h
a
n
g
h
a
i

in
2
0
1
4
,

a
n
d

T
im

es
in

2
0
1
5

w
er

e
o
b

ta
in

ed
.

In
a
g
g
re

g
a
ti

n
g

th
es

e
th

re
e

li
st

s,
th

er
e

a
re

a
to

ta
l

o
f

2
6
6

ra
n

k
s

th
a
t

n
ee

d
to

b
e

im
p

u
te

d
.

M
ea

su
ri

n
g

m
u
lt

iv
a
ri

a
te

S
p

ea
rm

a
n
’s
ρ

o
n

a
ll

th
re

e
li
st

s
im

p
u

ti
n
g

th
e

m
is

si
n
g

el
em

en
ts

u
si

n
g

th
e

n
o
n

-i
n
fo

rm
a
ti

v
e

ex
te

n
si

o
n

g
iv

es
ρ

=
0
.6

3
2
.

In
co

m
p

a
ri

so
n

,
th

e
re

la
x
ed

o
p

ti
m

a
l

im
p

u
ta

ti
o
n

fo
u

n
d

a
so

lu
ti

o
n

th
a
t

o
b

ta
in

ed
ρ

=
0
.6

8
3
,

a
m

o
d

es
t

in
cr

ea
se

in
th

e
co

rr
el

a
ti

o
n

.
W

e
a
ls

o
d
ev

el
o
p

ed
a
n

in
te

ra
ct

iv
e

w
eb

si
te

1
sh

ow
in

g
th

e
d
et

a
il
ed

re
su

lt
s

fo
r

a
ll

u
n
iv

er
si

ti
es

,
w

h
ic

h
a
ls

o
a
ll
ow

s
th

e
u
se

r
to

a
lt

er
th

e
w

ei
g
h
ts

o
f

ea
ch

o
f

th
e

o
ri

g
in

a
l

ex
p

er
ts

.
T

h
e

to
p

3
6

ag
g
re

g
at

e
ra

n
k
in

gs
fo

r
th

e
u

n
iv

er
si

ti
es

a
re

g
iv

en
in

a
p

p
en

d
ix

B
.

1
.
h
t
t
p
:
/
/
u
n
i
.
c
u
a
0
.
o
r
g
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M
u
lt

iv
a
r
ia

t
e

S
p
e
a
r
m

a
n
’s
ρ

f
o
r

A
g

g
r
e
g

a
t
in

g
R

a
n
k
s

U
sin

g
C

o
p
u
l
a
s

6
.
S
u
p
e
rv

ise
d

L
e
a
rn

in
g
to

R
a
n
k

W
e

n
ow

co
n

sid
er

th
e

ta
sk

o
f

lea
rn

in
g

ra
n

k
a
g
g
reg

a
tio

n
fro

m
ex

trem
e

ra
n

k
s.

T
h

eo
rem

1
7

a
n

d
d

efi
n

itio
n

1
9

p
rov

id
e

th
e

co
re

o
f

o
u

r
a
lg

o
rith

m
.

U
sin

g
th

eo
rem

1
7
,

w
e

ca
n

fi
n

d
a
n

average
ran

k
th

at
aggregates

a
set

of
ran

k
s,

an
d

b
y

ex
ten

d
in

g
top

-k
an

d
b

ottom
-k

ran
k
s

to
a

com
m

on
d

om
a
in

,
w

e
ca

n
a
p

p
ly

it
to

p
a
rtia

lly
la

b
elled

d
a
ta

.

6
.1

W
e
ig

h
te

d
M

ix
tu

re
o
f

E
x
p

e
rts

A
s

a
resu

lt
o
f

th
eo

rem
1
7

w
e

h
av

e
a

w
ay

o
f

fi
n

d
in

g
th

e
ra

n
k
in

g
(a

cco
rd

in
g

to
so

m
e

ra
n

k
g
en

era
to

r)
th

a
t

is
clo

sest
to

a
set

o
f

ra
n
k
s.

C
o
n
sid

er
th

e
lea

rn
in

g
p
ro

b
lem

w
h
ere

w
e

h
av

e
a

ra
n

k
in

g
L

w
h

ich
co

m
p

rise
o
u

r
la

b
els,

a
n

d
a

set
o
f
d

ex
p

erts{
R
j }

.
D

u
rin

g
tra

in
in

g
,

w
e

w
o
u

ld
lik

e
to

fi
n

d
a

w
eig

h
tin

g
o
f

th
e

in
p

u
t

ra
n

k
in

g
s

su
ch

th
a
t

it
g
iv

es
th

e
la

b
el.

G
iv

en
a

ta
rg

et
ran

k
in

g
L

,
w

e
w

ou
ld

lik
e

to
op

tim
ise

th
e

w
eigh

ts
ω

,

m
a
x

ω
ρ
n
(L
,R

ω
1

1
,R

ω
1

2
,...,R

ω
d
n

).

H
ere

w
e

h
ave

in
tro

d
u

ced
w

eigh
ts
ω

over
each

ran
k

to
con

trol
th

e
in

fl
u

en
ce

of
each

ran
k

over
th

e
fi

n
a
l

co
n

sen
su

s
ra

n
k
;

th
e

in
tu

itio
n

h
ere

is
th

a
t

ra
n

k
s

w
ith

ω
i
>

1
a
re

rep
lica

ted
w

ith
m

ore
in

fl
u
en

ce,
w

h
ich

is
easy

to
see

w
h

en
ω
i

are
n

atu
ral

n
u

m
b

ers.
F

or
ex

am
p

le,
a

w
eigh

t
of

2
w

o
u
ld

m
ea

n
th

e
ra

n
k
ed

list
h
a
s

a
p

p
ea

red
tw

ice
in

th
e

ca
lcu

la
tio

n
o
f

th
e

co
n

sen
su

s
ra

n
k
.

W
h

ile
it

is
co

n
v
en

ien
t

to
h

av
e

in
teg

er
w

eig
h
ts

fo
r

in
terp

reta
b

ility,
th

e
w

eig
h
ts
ω

co
u

ld
b

e
a
n
y

rea
l

n
u

m
b

er
in

g
en

era
l.

In
th

e
fo

llow
in

g
,

w
e

co
n

sid
er
ω
∈
R
n
.

In
stea

d
o
f

p
erfo

rm
in

g
th

is
h

igh
-d

im
en

sion
al

op
tim

isation
,

w
e

d
ecom

p
ose

it
in

to
a

p
airw

ise
(b

ivariate)
com

p
arison

b
etw

een
th

e
la

b
el
L

a
n
d

th
e

w
eig

h
ted

g
eo

m
etric

m
ea

n
,

w
h
ere

w
e

n
ow

ex
p
licitly

sh
ow

th
e

fact
th

a
t

th
e

ran
k
s

a
re

a
fu

n
ctio

n
of

th
e
n

o
b

jects
x

m
a
x

ω

∑

x

ρ
n
(L

(x
),
σ

(R
ω
1

1
⊗
R
ω
2

2
⊗
···⊗

R
ω
n
d

)(x
)),

w
h

ere
th

e
n
otation

⊗
in

d
icates

th
e

p
ro

d
u

ct
op

erator.
O

b
serve

th
at

w
e

h
ave

u
sed

th
eorem

17
to

co
n
v
ert

th
e
d

d
im

en
sio

n
a
l

p
ro

b
lem

in
to

th
e

p
ro

d
u

ct
o
f

ra
n

k
s
R
j

a
n

d
th

e
S

p
ea

rm
a
n

’s
correlation

ab
ove

is
on

ly
tw

o
d

im
en

sion
al.

F
or

b
ivariate

S
p

earm
an

’s
ρ
,

th
is

can
b

e
ex

p
ressed

in
term

s
of

th
e

sq
u
ared

d
iff

eren
ce

(1
).

W
e

fu
rth

er
assu

m
e

th
at
σ

is
th

e
id

en
tity

m
ap

p
in

g
to

sim
p

lify
th

e
p

rob
lem

,
giv

in
g

u
s:

m
in
ω

∑

x

(L
(x

)−
R
ω
1

1
(x

)R
ω
2

2
(x

)
...R

ω
n
d

(x
) )

2.
(16

)

T
h
e

ob
jective

(1
6)

m
in

im
ises

th
e

d
istan

ce
b

etw
een

th
e

lab
el

ran
k
s

an
d

th
e

w
eigh

ted
ex

p
ert

ra
n

k
s.

6
.2

L
e
a
st

S
q
u

a
re

s
M

e
th

o
d

o
n

L
o
g
a
rith

m
o
f

R
a
n

k
s

R
ecall

th
at

w
e

con
sid

er
n

orm
alised

ran
k
s

(d
iv

id
ed

b
y
n

+
1).

B
y

u
sin

g
th

e
logarith

m
id

en
tity,

w
e

co
n
vert

th
e

p
ow

er
sca

lin
g

in
(1

6
)

in
to

a
m

u
ltip

lica
tive

sca
lin

g.
O

u
r

a
lgo

rith
m

is:

1.
E

x
ten

d
in

co
m

p
lete

ra
n

k
s{
R
i }

to
{R
′i }

b
y

im
p

u
tin

g
th

e
av

era
g
e

m
issin

g
va

lu
e

su
ch

th
a
t

D
om

R
′i

=
D

om
L

;
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B
e
d
ő

a
n
d

O
n
g

2
3

4
5

6
7

8
9

@

1
10

0.34

0.36

0.38

0.40

0.42

0.44

0.46

0.48

NDCG

0.33

0.49
R
A
G
S
-⊤

R
A
G
S
-⊥

C
P
S
-S

θ-M
P
M

S
t.A
gg

G
eoM

ean

(a
)
M
Q
2
0
0
7

2
3

4
5

6
7

8
9

@

1
10

0.24

0.26

0.28

0.30

0.32

0.34

0.36

0.38

0.40

0.42

0.44

0.46

0.48

0.50

NDCG

0.22

0.52
R
A
G
S
-⊤

R
A
G
S
-⊥

C
P
S
-S

θ-M
P
M

S
t.A
gg

G
eoM

ean

(b
)
M
Q
2
0
0
8

F
ig

u
re

1
:

R
esu

lts
o
n

M
Q

2
0
0
7
-a

g
g

(a
,

left)
a
n

d
M

Q
2
0
0
8
-a

g
g

(b
,

rig
h
t):

N
D

C
G

@
k
.

O
u
r

m
eth

o
d

is
la

b
elled

R
A

G
S
-

a
n
d

R
A

G
S
-

co
rresp

o
n
d
in

g
to

to
p

a
n
d

b
o
tto

m
n
o
n
-in

fo
rm

a
tiv

e
im

p
u
tation

resp
ectively.

T
h
e

resu
lts

for
C

P
S
-S

w
as

th
e

b
est

rep
orted

in
Q

in
et

al.
(2010a).

T
h

e
resu

lts
of
θ-M

P
M

w
as

th
e

b
est

am
on

g
th

e
rep

orted
resu

lts
in

V
olkov

s
an

d
Z

em
el

(2012)
from

B
ord

aC
ou

n
t,

C
P

S
,

S
V

P
,

B
rad

ley
-T

erry
m

o
d
el,

an
d

P
lackett-L

u
ce

m
o
d
el.

T
h
e

resu
lts

o
f

S
t.A

g
g

w
a
s

th
e

b
est

a
m

o
n
g

th
e

rep
o
rted

resu
lts

in
N

iu
et

a
l.

(2
0
1
3
)

a
n

d
w

a
s

th
e

b
est

am
on

g
M

C
L

K
,

S
V

P
,

P
lackett-L

u
ce

m
o
d

el,
θ-M

P
M

,
B

o
rd

aC
ou

n
t

an
d

R
R

F
.

2.
C

on
vert

to
log-ran

k
s
r ′i

=
log◦R

′i
an

d
l

=
log◦

L
;

3.
L

ea
rn

w
eigh

ts
ω

b
y

m
in

im
isin

g

∑

x


l(x

)−
d
∑j=

1

ω
j r ′j (x

) 
2,

w
h

ere
th

e
ou

ter
su

m
is

over
th

e
n

ex
am

p
les

x
.

A
lo

g
tra

n
sfo

rm
a
tio

n
o
f

th
e

ra
n

k
s

is
u

sed
a
s

it
n

a
tu

ra
lly

en
co

d
es

th
e

w
eig

h
ts

a
s

a
p

ow
er

scalin
g

in
th

e
fram

ew
ork

of
th

eorem
17,

i.e.,
th

e
w

eigh
ted

con
sen

su
s

ran
k

is
given

b
y

∏
i r ′i (x

)
ω
i.

N
o
te

th
a
t

th
is

is
still

so
lv

in
g

(16)
a
s

w
e

a
re

o
p

tim
isin

g
S
p

ea
rm

a
n
’s
ρ
,

w
h
ich

is
sen

sitive
on

ly
to

ord
erin

g,
an

d
th

erefore
th

ou
gh

th
e

fi
n

al
w

eigh
ts

are
d

iff
eren

t
ρ

is
m

ax
im

ised
v
ia

(1
).

In
th

e
fo

llow
in

g
ex

p
erim

en
ts

w
e

a
lso

in
clu

d
ed

a
b

ia
s/

o
ff

set
term

in
th

e
lea

st
sq

u
a
res

p
rob

lem
,

w
h
ich

can
b

e
in

terp
reted

as
ad

d
in

g
a

ran
k
in

g
th

at
is

con
stan

t
(gives

all
ob

jects
th

e
sam

e
ran

k
).

It
is

in
terestin

g
to

n
ote

th
at

th
e

fi
n

al
step

in
th

is
p

ro
ced

u
re

is
closely

related
to

B
o
rd

a
C

o
u

n
t,

ex
cep

t
o
u

r
co

n
sen

su
s

ra
n

k
is

th
e

g
eo

m
etric

m
ea

n
in

stea
d

o
f

th
e

a
rith

m
etic

m
ea

n
.

S
in

ce
th

is
is

a
lea

st
sq

u
a
res

estim
a
tio

n
p

ro
b

lem
,

w
e

d
irectly

u
se

th
e

clo
sed

fo
rm

solu
tio

n
.

6
.3

B
e
n

ch
m

a
rk

in
g

o
n

L
E

T
O

R
4
.0

W
e

tested
ou

r
m

eth
o
d

on
th

e
M

Q
2007-agg

an
d

M
Q

2008-agg
list

aggregation
b

en
ch

m
ark

s
Q

in
et

al.
(2010b

).
T

h
e

goal
in

th
ese

ch
allen

ges
is

to
aggregate

21
an

d
25

d
iff

eren
t

ran
kers

resp
ec-
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M
u
lt

iv
a
r
ia

t
e

S
p
e
a
r
m

a
n
’s
ρ

f
o
r

A
g

g
r
e
g

a
t
in

g
R

a
n
k
s

U
si

n
g

C
o
p
u
l
a
s

ti
v
el

y
ov

er
a

se
t

o
f

q
u

er
y
-d

o
cu

m
en

t
p

a
ir

s.
E

a
ch

d
a
ta

se
t

h
a
s

5
p

re
-d

efi
n

ed
cr

o
ss

-v
a
li

d
a
ti

o
n

fo
ld

s
w

it
h

ea
ch

fo
ld

p
ro

v
id

in
g

a
tr

a
in

in
g
,

te
st

in
g

a
n
d

va
li

d
a
ti

o
n

d
a
ta

se
t

(6
0
%

/
2
0
%

/
2
0
%

).
W

e
tr

ai
n

ed
ou

r
m

o
d

el
on

th
e

tr
ai

n
in

g
se

t
an

d
te

st
ed

on
th

e
te

st
in

g
se

t,
le

av
in

g
th

e
va

li
d

at
io

n
se

t
u

n
u

se
d

si
n

ce
w

e
h

av
e

n
o

h
y
p

er
p

a
ra

m
et

er
s.

In
th

e
fo

ll
ow

in
g

w
e

co
n

si
d

er
tw

o
ty

p
es

of
ex

p
er

ts
:

ei
th

er
ex

p
er

ts
{R

j
}

ar
e

to
p

-k
ex

p
er

ts
,

th
a
t

is
th

ey
o
n

ly
ra

n
k

th
e

b
es

t
k

sa
m

p
le

s
fr

o
m

Ω
,

o
r

ex
p

er
ts

a
re

b
o
tt

o
m

-k
ex

p
er

ts
,

th
a
t

is
th

ey
id

en
ti

fy
th

e
w

or
st
k

sa
m

p
le

s
fr

om
Ω

.
W

e
ca

ll
ou

r
p

ro
p

os
ed

m
et

h
o
d

R
A

G
S

-
an

d
R

A
G

S
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Table 1: Results on MQ2007-agg: NDCG. Our method is labelled RAGS- and RAGS- corresponding to top and bottom non
informative imputation respectively. The results for CPS-S was the best reported in Qin et al. (2010a). The results of θ-MPM
was the best among the reported results in Volkovs and Zemel (2012) from BordaCount, CPS, SVP, Bradley-Terry model, and
Plackett-Luce model. The results of St.Agg was the best among the reported results in Niu et al. (2013) and was the best among
MCLK, SVP, Plackett-Luce model, θ-MPM, BordaCount and RRF.

Fold @1 @2 @3 @4 @5 @6 @7 @8 @9 @10

RAGS- 0.45986 0.46078 0.45744 0.45838 0.46102 0.46512 0.4703 0.47538 0.48042 0.4858
RAGS- 0.32804 0.3448 0.34836 0.35114 0.3552 0.36132 0.36656 0.37402 0.37952 0.38458

CPS-S 0.332 0.341 0.352 0.362
-MPM 0.4177 0.4191 0.4192 0.4234 0.4279
St.Agg 0.4195 0.4404

GeoMean 0.42264 0.42528 0.42570 0.42834 0.42886 0.43342 0.43664 0.44004 0.44648 0.45216
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Table 2: Results on MQ2008-agg: NDCG

Fold @1 @2 @3 @4 @5 @6 @7 @8 @9 @10

RAGS- 0.41158 0.44898 0.47118 0.4922 0.50696 0.51706 0.52416 0.48732 0.24498 0.24768
RAGS- 0.35156 0.40338 0.42624 0.45326 0.4706 0.48352 0.48994 0.45336 0.22138 0.22514

CPS-S 0.314 0.376 0.419 0.398
-MPM 0.3817 0.4057 0.4219 0.4307 0.4399
St.Agg 0.4515 0.2157

GeoMean 0.38470 0.41600 0.44142 0.45976 0.47938 0.49042 0.49986 0.46108 0.22334 0.22812
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p
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p
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c
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d

el
a

fu
ll

y
ob

se
rv

ed
n

et
w

o
rk

,
w

h
er

e
th

e
ab

se
n

ce
of

an
o
b

se
rv

ed
ed

ge
is

in
te

rp
re

te
d

a
s

a
n

ex
p

li
ci

tl
y

ob
se

rv
ed

ze
ro

.
In

th
is

se
t-

ti
n

g,
an

y
p

re
d
ic

ti
on

s
m

u
st

d
ir

ec
tl

y
co

n
tr

a
d

ic
t

th
es

e
ob

se
rv

ed
ze

ro
s.

W
h

il
e

it
is

p
o
ss

ib
le

to
ex

p
li

ci
tl

y
m

ar
k

ed
g
es

as
“
m

is
si

n
g
”
,

w
e

ca
n

on
ly

d
o

th
is

fo
r

a
sm

a
ll

su
b

se
t

o
f

u
n

o
b

se
rv

ed
ed

ge
s—

if
w

e
a
ss

u
m

e
a
ll

ze
ro

ed
g
es

in
a

st
o
ch

as
ti

c
b

lo
ck

m
o
d

el
a
re

in
fa

ct
u

n
ob

se
rv

ed
,

th
e

m
a
x
im

u
m

li
k
el

ih
o
o
d

n
et

w
o
rk

w
il

l
h

av
e

a
ll

th
e

ed
ge

s
eq

u
a
l

to
o
n

e.
C

o
n
ve

rs
el

y,
b
y

co
n

st
ru

ct
-

in
g

a
n

in
te

ge
r-

va
lu

ed
n

et
w

o
rk

v
ia

a
n

ex
ch

an
ge

a
b

le
se

q
u

en
ce

of
li

n
k
s,

w
e

fr
a
m

e
ou

r
p

ro
b

le
m

in
a

m
a
n

n
er

th
at

d
ir

ec
tl

y
p

ro
v
id

es
a

p
re

d
ic

ti
ve

d
is

tr
ib

u
ti

on
ov

er
th

e
lo

ca
ti

o
n

of
th

e
n

ex
t

li
n

k
,

an
d

al
lo

w
s

u
s

to
co

n
ti

n
u

o
u

sl
y

u
p

d
a
te

ou
r

p
o
st

er
io

r
p

re
d

ic
ti

ve
d

is
tr

ib
u

ti
o
n

in
th

e
fa

ce
o
f

n
ew

d
at

a
.

F
u

rt
h

er
,

b
y

ch
o
o
si

n
g

to
p
la

ce
a

n
o
n

p
a
ra

m
et

ri
c

d
is

tr
ib

u
ti

o
n

ov
er

th
e

se
q
u

en
ce

o
f

li
n

k
s,

w
e

ca
n

ea
si

ly
in

co
rp

or
a
te

p
re

v
io

u
sl

y
u

n
se

en
n

o
d

es
,

w
it

h
o
u

t
a
n
y

p
ri

o
r

k
n

ow
le

d
g
e

of
th

e
n
u

m
b

er
o
f

su
ch

n
o
d

es
.

A
fu

rt
h

er
ad

va
n
ta

ge
is

se
en

in
th

e
co

m
p

u
ta

ti
o
n

a
l

co
m

p
le

x
it

y
of

th
e

m
o
d

el
.

U
n

d
er

a
st

o
ch

a
st

ic
b

lo
ck

m
o
d

el
w

it
h
M

n
o
d

es
a
n

d
K

cl
u

st
er

s,
th

e
co

m
p

u
ta

ti
o
n
al

co
st

o
f

ev
a
lu

at
in

g
th

e
li

ke
li

h
o
o
d

o
f

th
e
it

h
n

o
d

e
b

el
o
n

g
in

g
to

th
e
k
th

cl
u

st
er

g
ro

w
s

a
s
O

(M
),

m
ea

n
in

g
th

a
t

th
e

ov
er

al
l

co
m

p
u

ta
ti

on
al

co
st

o
f

in
fe

rr
in

g
th

e
cl

u
st

er
a
ll

o
ca

ti
on

s,
w

it
h

o
u

t
re

so
rt

in
g

to
a
p

p
ro

x
im

at
io

n
s,

sc
a
le

s
a
s
O

(M
2
K

).
C

on
ve

rs
el

y,
u

n
d

er
th

e
p

ro
p

o
se

d
m

o
d

el
,

th
e

cl
u

st
er

li
ke

li
h

o
o
d

fo
r

a
li

n
k

in
vo

lv
es

on
ly

th
e

tw
o

n
o
d

es
a
ss

o
ci

at
ed

w
it

h
th

e
in

te
ra

ct
io

n
,

y
ie

ld
in

g
O

(N
)

co
m

p
u

ta
ti

o
n

a
l

co
m

p
le

x
it

y
w

h
er

e
N

is
th

e
n
u
m

b
er

o
f

li
n

k
s.

If
N

gr
ow

s
si

g
n

ifi
ca

n
tl

y
sl

ow
er

th
a
n
M

2
—

a
s

is
th

e
ca

se
if

w
e

a
ss

u
m

e
sp

ar
si

ty
—

th
is

w
il

l
le

a
d

to
co

m
p

u
ta

ti
o
n

a
l

sa
v
in

gs
as

ou
r

d
at

a
se

t
g
ro

w
s.

2
JM

L
R

 1
7(

20
2)

:1
-2

1



N
o
n
pa

r
a
m

e
t
r
ic

N
e
t
w

o
r
k

M
o
d
e
l
s

f
o
r

L
in

k
P

r
e
d
ic

t
io

n

T
h

is
p

ap
er

b
eg

in
s

b
y

ex
am

in
in

g
ex

istin
g

B
ayesia

n
n

etw
ork

m
o
d

els
in

S
ectio

n
2
,

b
efo

re
g
o
in

g
o
n

to
p

resen
t

ou
r

m
o
d

el
in

S
ectio

n
3
.

W
e

b
eg

in
b
y

in
tro

d
u

cin
g

th
e

D
irich

let
n

etw
o
rk

d
istrib

u
tion

in
S

ectio
n

3
.1,

b
efo

re
p

ro
ceed

in
g

to
d

escrib
e

h
ow

a
m

ix
tu

re
of

su
ch

d
istrib

u
-

tio
n

s
ca

n
crea

te
a

fl
ex

ib
le

n
etw

o
rk

m
o
d

el
w

ith
in

terestin
g

la
ten

t
stru

ctu
re

in
S

ection
3
.2.

W
h

ile
th

e
fo

cu
s

of
th

is
p

a
p

er
is

o
n

in
teger-va

lu
ed

n
etw

o
rk

s,
w

e
a
lso

co
n

sid
er

ex
ten

sio
n

s
to

th
e

b
in

ary
case

in
S

ection
3
.3

.
W

h
ile

th
e

p
rim

a
ry

m
eth

o
d

w
e

co
n

sid
er

d
o
es

n
o
t

ex
-

h
ib

it
ex

ch
an

gea
b

le
lin

k
s,

w
e

can
sa

m
p

le
a
n

a
u

x
ilia

ry
in

teger-valu
e

n
etw

o
rk

a
n

d
levera

ge
its

ex
ch

a
n

g
eab

ility
to

o
b

ta
in

p
red

ictive
d

istrib
u

tio
n

s.
In

S
ection

4
,

w
e

d
escrib

e
a
n

M
C

M
C

sa
m

p
ler

for
th

e
m

ix
tu

re
o
f

D
irich

let
n

etw
ork

d
istrib

u
tio

n
s,

b
efo

re
p

resen
tin

g
ex

p
erim

en
tal

resu
lts

in
S

ectio
n

5
.

1
.1

N
o
ta

tio
n

W
e

w
ill

u
se

th
e

n
o
ta

tion
Z

to
rep

resen
t

a
n
M
×
M

n
etw

o
rk

,
w

ith
elem

en
ts
z
sr ∈

N
in

d
icatin

g
th

e
rela

tion
sh

ip
b

etw
een

n
o
d

es
s

an
d
r.

If
z
sr ∈
{0,1}

,
th

en
a

n
o
n

-zero
valu

e
in

d
ica

tes
th

e
p

resen
ce

o
f

a
relatio

n
sh

ip
.

If
z
sr

is
a
llow

ed
to

ta
ke

o
n

a
rb

itra
ry

n
o
n

-n
eg

a
tive

in
teg

er
va

lu
es,

w
e

take
th

is
to

in
d

ica
te

th
e

n
u

m
b

er
o
f

in
tera

ctio
n

s
(fo

r
ex

a
m

p
le,

em
a
ils

in
a

so
cia

l
n

etw
o
rk

,
p

acka
g
es

in
a

co
m

p
u

ter
n

etw
ork

)
b

etw
een

n
o
d

es
s

a
n

d
r.

U
n

less
o
th

erw
ise

sp
ecifi

ed
,

w
e

w
ill

a
ssu

m
e
Z

to
b

e
a

d
irected

n
etw

ork
,

w
h

ere
Z
6=
Z
T

.

It
w

ill
so

m
etim

es
b

e
m

o
re

con
v
en

ien
t

to
rep

resen
t

th
e

m
a
trix

Z
a
s

a
seq

u
en

ce
o
f

in
ter-

a
ctio

n
s
Y

=
y

1 ,y
2 ,...,

w
h

ere
ea

ch
in

tera
ction

y
i

con
sists

o
f

a
n

o
rd

ered
p

a
ir

of
n

o
d

es.
W

e
ca

n
reco

n
stru

ct
th

e
m

a
trix

Z
b
y

settin
g
z
sr

=
∑

i I(y
i

=
(s,r)),

w
h

ere
I(·)

rep
resen

ts
a
n

in
d

icator
fu

n
ctio

n
,

th
a
t

retu
rn

s
o
n

e
iff

th
e

statem
en

t
it

refers
to

is
tru

e.

2
.
R
e
la
te
d

W
o
rk

A
n
u

m
b

er
of

m
o
d

els
h

av
e

b
een

p
rop

o
sed

fo
r

m
o
d

elin
g

in
tera

ctio
n

s
w

ith
in

a
n
etw

ork
.

In
a

B
ayesian

con
tex

t,
m

o
st

o
f

th
ese

m
o
d

els
fall

u
n

d
er

th
e

g
en

era
l

ca
teg

ory
o
f

sto
ch

a
stic

b
lo

ck
m

o
d

els
(S

B
s),

a
cla

ss
o
f

clu
sterin

g
-b

a
sed

m
o
d

els
th

a
t

g
en

era
te

d
en

se
n

etw
o
rk

s.
W

e
d

iscu
ss

sto
ch

a
stic

b
lo

ck
m

o
d

els
in

S
ection

2
.1

.

R
ecen

tly,
th

ere
h

a
s

b
een

g
row

in
g

in
terest

in
m

o
d

els
fo

r
sp

a
rse

n
etw

o
rk

s,
w

h
ere

th
e

n
u

m
b

er
o
f

ed
ges

grow
s

lin
early

(rath
er

th
a
n

q
u

a
d

ra
tically

)
w

ith
th

e
n
u

m
b

er
o
f

n
o
d

es.
W

e
d

iscu
ss

relevan
t

w
o
rk

in
th

is
a
rea

in
S

ectio
n

2.2
.

2
.1

S
to

ch
a
stic

B
lo

ck
m

o
d

e
ls

a
n

d
R

e
la

te
d

M
o
d

e
ls

T
h

e
b

a
sic

sto
ch

a
stic

b
lo

ck
m

o
d

el
(H

o
lla

n
d

et
a
l.,

1
9
83

;
W

a
n

g
a
n

d
W

o
n

g,
1
9
8
7)

p
osits

th
at

ea
ch

n
o
d

e
b

elo
n

g
s

to
o
n

e
of
K

laten
t

clu
sters.

F
o
r

each
p

a
ir

(i,j)
of

clu
sters

th
ere

is
a

clu
ster-sp

ecifi
c

d
istrib

u
tion

over
in

tera
ction

s
g
ov

ern
ed

b
y

so
m

e
p

a
ra

m
eter

θ
i,j ;

co
n

d
itio

n
ed

o
n

th
eir

clu
ster

a
llo

ca
tio

n
s
c
s

an
d
c
r ,

in
teractio

n
s

b
etw

een
n

o
d

es
s

a
n

d
r

a
re

i.i.d
.

sa
m

p
les

fro
m

th
e

d
istrib

u
tio

n
p

aram
etrized

b
y
θ
c
s
,c
r .

T
y
p

ically,
th

is
is

a
B

ern
o
u
lli

d
istrib

u
tion

,
giv

in
g

rise
to

a
b

in
ary

m
a
trix

;
h

ow
ever

M
a
ria

d
a
sso

u
et

a
l.

(2
0
1
0)

sh
ow

th
a
t

th
e

b
a
sic

id
ea

can
b

e
ex

ten
d

ed
to

rea
l-

o
r

in
teg

er-valu
ed

n
etw

o
rk

s
b
y

u
sin

g
d

iff
eren

t
ch

o
ices

o
f

d
istrib

u
tio

n
(fo

r
ex

a
m

p
le,

G
au

ssia
n

or
P

o
isso

n
).

3
JM

L
R

 17(202):1-21

W
il

l
ia

m
so

n

0
1

0
2

0
3

0
4
0

0

1
0

2
0

3
0

4
0

(a)
L

aten
t

stru
ctu

re
o
f

th
e

sto
ch

astic
b
lo

ck
-

m
o
d
el.

0
1

0
2

0
3

0
4
0

0

1
0

2
0

3
0

4
0

(b
)

S
am

p
le

fro
m

th
e

sto
ch

astic
b
lo

ck
m

o
d
el.

F
igu

re
1:

A
sto

ch
astic

b
lo

ck
m

o
d

el
w

ith
5

clu
sters.

T
o

p
o
sition

S
B

s
in

a
B

ayesian
con

tex
t

(S
n

ijd
ers

an
d

N
ow

ick
i,

1997
),

w
e

ca
n

p
lace

ap
-

p
ro

p
ria

te
con

ju
gate

p
riors

on
th

e
clu

ster
p

aram
eters

θ
i,j

an
d

th
e

clu
ster

p
rop

ortion
s.

F
or

ex
am

p
le,

a
B

ayesian
version

of
th

e
stan

d
ard

B
ern

ou
lli

sto
ch

astic
b

lo
ck

m
o
d

el
takes

th
e

form

π
∼

D
irich

let(φ
)

θ
i,j
∼

B
eta(α

,β
),

i,j∈
{1,...,K

}
c
s
∼

D
iscrete(π

),
s∈
{1,...,M

}
z
sr
∼

B
ern

ou
lli(θ

c
s
,c
r ).

F
igu

re
1
a

sh
ow

s
th

e
u

n
d

erly
in

g
p

artition
in

g
of

th
e

n
o
d

es,
w

ith
th

e
co

lor
of

each
p

artitio
n

in
d

icatin
g

th
e

corresp
on

d
in

g
valu

e
of
θ
c
s
,c
r

in
a

b
in

ary
S

B
.

F
igu

re
1b

sh
ow

s
an

in
stan

tiation
o
f

a
n

etw
ork

gen
erated

from
th

is
stru

ctu
re.

T
h

e
b

asic
sto

ch
astic

b
lo

ck
m

o
d

el
can

b
e

ex
ten

d
ed

in
a

n
u

m
b

er
of

w
ay

s.
T

h
e

in
fi

n
ite

relation
a
l
m

o
d

el
(IR

M
,
K

em
p

et
al.,

2006)
allow

s
an

u
n
b

ou
n

d
ed

n
u

m
b

er
of

laten
t

clu
sters

b
y

p
la

cin
g

a
D

irich
let

p
ro

cess
p

rior
over

th
e

clu
ster

p
rob

ab
ilities;

th
is

rem
ov

es
th

e
n

eed
to

p
re-

sp
ecify

a
laten

t
d

im
en

sion
ality

an
d

allow
s

th
e

n
u

m
b

er
of

clu
sters

to
grow

(in
ex

p
ectation

)
w

ith
th

e
n
u

m
b

er
of

n
o
d

es.
A

m
ore

gen
eral

class
of

m
o
d

els
is

o
b

tain
ed

if
w

e
a
sso

ciate
ea

ch
p

air
of

n
o
d

es
w

ith
a

lo
cation

in
som

e
m

etric
sp

ace,
an

d
p

lace
a

con
tin

u
ou

s
or

p
iecew

ise-
co

n
tin

u
o
u

s
p

ara
m

eter
fu

n
ction

over
th

is
sp

ace
(L

loy
d

et
al.,

20
12);

th
is

class
of

m
o
d

el
in

clu
d

es
th

e
S

B
an

d
th

e
IR

M
.

T
h

e
S

B
an

d
th

e
IR

M
b

oth
assu

m
e

th
at

each
n

o
d

e
b

elon
gs

to
a

sin
gle

clu
ster.

T
h

e
m

ix
ed

-
m

em
b

ersh
ip

sto
ch

astic
b

lo
ck

m
o
d

el
(M

M
S

B
,

A
irold

i
et

al.,
2008)

relax
es

th
is

assu
m

p
tion

b
y

a
sso

ciatin
g

each
n

o
d

e
w

ith
a

d
istribu

tio
n

over
laten

t
clu

sters.
T

o
gen

erate
th

e
in

teraction
b

etw
een

n
o
d

es
s

a
n

d
r,

each
n

o
d

e
selects

a
clu

ster
from

th
eir

in
d

iv
id

u
al

d
istrib

u
tion

s
over

clu
sters;

th
e

in
tera

ction
is

th
en

gen
erated

accord
in

g
to

th
e

d
istrib

u
tion

asso
ciated

w
ith

th
is

p
air.

T
h

is
ex

ten
sion

allow
s

th
e

m
o
d

el
to

cap
tu

re
th

e
fact

th
at

in
d

iv
id

u
a
ls

m
ay

p
erform

m
u

ltip
le

“roles”
lead

in
g

to
d

iff
eren

t
p

attern
s

of
in

teraction
:

Ian
m

ay
b

e
frien

d
s

w
ith

J
am

el
b

ecau
se

th
ey

b
oth

p
lay

ten
n

is,
an

d
frien

d
s

w
ith

K
eira

b
ecau

se
th

ey
b

oth
stu

d
y

com
p

u
ter

scien
ce.

4
JM

L
R

 17(202):1-21



N
o
n
pa

r
a
m

e
t
r
ic

N
e
t
w

o
r
k

M
o
d
e
l
s

f
o
r

L
in

k
P

r
e
d
ic

t
io

n

W
h

il
e

S
B

s
ar

e
w

el
l-

su
it

ed
to

co
m

m
u

n
it

y
d

et
ec

ti
on

,
th

ey
ar

e
le

ss
ap

p
ro

p
ri

a
te

fo
r

th
e

ta
sk

of
p

re
d

ic
ti

n
g

u
n

se
en

in
te

ra
ct

io
n

s,
i.

e.
,

as
k
in

g
q
u

es
ti

on
s

su
ch

as
“w

h
o

w
il

l
Ia

n
in

te
ra

ct
w

it
h

n
ex

t?
”.

S
to

ch
as

ti
c

b
lo

ck
m

o
d

el
s,

an
d

re
la

te
d

m
o
d

el
s,

ex
p

li
ci

tl
y

m
o
d

el
th

e
en

ti
re

n
et

w
o
rk

,
w

it
h

th
e

li
ke

li
h

o
o
d

fo
r

a
d

at
a

p
oi

n
t’

s
cl

u
st

er
al

lo
ca

ti
on

(s
)

d
ep

en
d

in
g

o
n

it
s

in
te

ra
ct

io
n

s
w

it
h

al
l
M

n
o
d

es
in

th
e

n
et

w
or

k
.

U
n

le
ss

ex
p

li
ci

tl
y

m
ar

k
ed

as
m

is
si

n
g,

ze
ro

s
in

th
e

n
et

w
o
rk

in
d

ic
at

e
th

e
ob

se
rv

ed
ab

se
n

ce
of

a
re

la
ti

on
sh

ip
,

an
d

aff
ec

t
th

e
li

ke
li

h
o
o
d

.
A

s
a

re
su

lt
,

p
re

d
ic

ti
on

s
ab

ou
t

th
e

lo
ca

ti
on

s
of

u
n

se
en

in
te

ra
ct

io
n

s
m

u
st

d
ir

ec
tl

y
co

n
tr

a
d

ic
t

th
e

ze
ro

s
p

re
se

n
t

in
th

e
tr

ai
n

in
g

se
t.

T
h

is
ca

n
n

ot
b

e
av

oi
d
ed

b
y

m
ar

k
in

g
al

l
ze

ro
s

as
u

n
ob

se
rv

ed
,

si
n

ce
in

th
is

ca
se

th
e

m
ax

im
u

m
li

ke
li
h

o
o
d

n
et

w
or

k
is

m
ax

im
al

ly
co

n
n

ec
te

d
.

F
u

rt
h

er
,

if
w

e
ex

p
li

ci
tl

y
m

o
d

el
th

e
ab

se
n

ce
o
f

in
te

ra
ct

io
n

s,
th

e
m

o
d

el
li

ke
li

h
o
o
d

is
ch

an
ge

d
if

w
e

d
is

co
ve

r
th

e
ex

is
te

n
ce

of
an

(M
+

1
)s

t
n

o
d

e
w

h
o

h
as

n
’t

ye
t

in
te

ra
ct

ed
w

it
h

an
yo

n
e—

si
n

ce
w

e
m

u
st

ex
p
li

ci
tl

y
cl

u
st

er
th

is
n

o
d

e
an

d
in

cl
u

d
e

it
s

in
te

ra
ct

io
n

s
in

o
th

er
n

o
d

es
’

li
ke

li
h

o
o
d

te
rm

s.
T

h
er

ef
or

e,
if

w
e

w
an

t
to

al
lo

w
p

re
d

ic
ti

on
of

li
n

k
s

to
o
r

fr
o
m

in
-

d
iv

id
u

al
s

n
ot

in
cl

u
d

ed
in

ou
r

tr
ai

n
in

g
se

t,
w

e
m

u
st

k
n

ow
in

ad
va

n
ce

th
e

n
u

m
b

er
o
f

su
ch

in
d

iv
id

u
al

s.
T

h
is

is
n

ot
re

al
is

ti
c

in
m

an
y

se
tt

in
gs

:
w

e
d

o
n

ot
k
n

ow
h

ow
m

an
y

p
eo

p
le

w
il

l
jo

in
a

so
ci

al
n

et
w

or
k

in
th

e
fu

tu
re

.

A
n

ot
h

er
co

n
se

q
u

en
ce

of
m

o
d

el
in

g
b

ot
h

n
on

-z
er

o-
an

d
ze

ro
-v

al
u

ed
ed

ge
s

is
th

a
t

th
e

co
m

-
p

u
ta

ti
on

al
co

st
of

ev
al

u
at

in
g

th
e

co
n

d
it

io
n

al
p

ro
b

ab
il

it
y

th
at

n
o
d

e
i

b
el

o
n

g
s

to
cl

u
st

er
k

sc
al

es
li

n
ea

rl
y

w
it

h
th

e
n
u

m
b

er
of

n
o
d

es
,

si
n

ce

P
(c
s

=
k
|c −

s
,Z
,π
,{
θ i
,j
})
∝
π
k

M ∏ r
=

1

P
(z
sr
|θ k

,c
r
)P

(z
r
s
|θ c

r
,k

).

T
h

er
ef

or
e,

re
sa

m
p

li
n

g
th

e
cl

u
st

er
al

lo
ca

ti
o
n

s
of

al
l
M

cl
u

st
er

al
lo

ca
ti

on
s

sc
a
le

s
q
u

ad
ra

ti
-

ca
ll

y
w

it
h
M

(a
n

d
li

n
ea

rl
y

w
it

h
K

).
A

s
M

gr
ow

s,
G

ib
b

s
sa

m
p

li
n

g
(S

n
ij

d
er

s
an

d
N

ow
ic

k
i,

19
97

)
q
u

ic
k
ly

b
ec

om
es

co
m

p
u

ta
ti

on
al

ly
in

fe
as

ib
le

.
V

ar
ia

ti
on

al
m

et
h

o
d

s
(M

ar
ia

d
a
ss

ou
et

al
.,

20
10

;
A

ir
ol

d
i

et
al

.,
20

08
)

ge
n

er
al

ly
gi

ve
fa

st
er

in
fe

re
n

ce
(a

lb
ei

t
at

th
e

co
st

o
f

lo
w

er
es

ti
m

at
e

q
u

al
it

y
);

h
ow

ev
er

th
ey

st
il

l
sc

al
e

q
u

ad
ra

ti
ca

ll
y

in
th

e
n
u

m
b

er
of

n
o
d

es
.

A
n
u

m
b

er
o
f

a
p

p
ro

x
-

im
at

e
m

et
h

o
d

s
h

av
e

b
ee

n
p

ro
p

os
ed

th
at

re
d

u
ce

th
e

co
m

p
u

ta
ti

on
al

co
st

b
y

a
p

p
ro

x
im

a
ti

n
g

th
e

fu
ll

li
ke

li
h

o
o
d

(A
m

in
i

et
al

.,
20

13
;

H
o

et
al

.,
20

12
);

h
ow

ev
er

as
w

it
h

va
ri

a
ti

o
n

a
l

m
et

h
o
d

s
th

es
e

ap
p

ro
ac

h
es

ar
e

n
o

lo
n

ge
r

as
y
m

p
to

ti
ca

ll
y

gu
ar

an
te

ed
to

sa
m

p
le

fr
om

th
e

tr
u

e
m

o
d

el
.

2
.2

S
ta

ti
st

ic
a
l

M
o
d

e
ls

fo
r

S
p

a
rs

e
N

e
tw

o
rk

s

A
li

m
it

at
io

n
of

st
o
ch

as
ti

c
b

lo
ck

m
o
d

el
-t

y
p

e
ap

p
ro

ac
h

es
—

an
d

in
d

ee
d

th
e

m
o
re

g
en

er
a
l

cl
as

s
of

m
o
d

el
s

d
is

cu
ss

ed
in

L
lo

y
d

et
al

.
(2

01
2)

—
is

th
at

th
ey

y
ie

ld
d

en
se

m
o
d

el
s

a
lm

os
t

su
re

ly
(O

rb
an

z
an

d
R

oy
,

20
14

).
In

ot
h

er
w

or
d

s,
th

e
n
u

m
b

er
of

n
on

-z
er

o
en

tr
ie

s
in

th
e

re
su

lt
in

g
n

et
w

or
k

gr
ow

s
as
O

(M
2
).

T
h

is
fo

ll
ow

s
fr

om
th

e
st

ru
ct

u
re

sh
ow

n
in

F
ig

u
re

1
a:

ea
ch

p
a
rt

it
io

n
is

a
si

m
p

le
E

rd
ös

-R
én

y
i
G

(n
,p

)
m

o
d

el
,

w
it

h
al

l
p

os
si

b
le

re
la

ti
on

sh
ip

s
b

ei
n

g
eq

u
a
ll

y
li

ke
ly

,
an

d
th

e
n
u

m
b

er
of

n
on

-z
er

o
re

la
ti

on
sh

ip
s

gr
ow

in
g

in
ex

p
ec

ta
ti

on
w

it
h

th
e

n
u

m
b

er
o
f

p
a
ir

s
of

n
o
d

es
in

th
at

p
ar

ti
ti

on
.

T
h

is
co

n
tr

as
ts

w
it

h
th

e
sp

ar
se

n
at

u
re

of
m

an
y

re
al

-l
if

e
so

ci
al

n
et

w
or

k
s,

w
h

er
e

th
e

n
u

m
b

er
of

n
on

-z
er

o
en

tr
ie

s
gr

ow
s

as
O

(M
),

si
n

ce
th

e
n
u

m
b

er
of

in
te

ra
ct

io
n
s

a
p

er
so

n
m

a
ke

s
d

o
es

n
ot

gr
ow

p
ro

p
or

ti
on

at
el

y
w

it
h

th
e

si
ze

of
th

e
n

et
w

or
k
.

In
ge

n
er

al
,

an
in

d
iv

id
u

al
w

il
l

o
n

ly
in

te
ra

ct
w

it
h

a
sm

al
l

su
b

se
t

of
th

e
to

ta
l

p
op

u
la

ti
on

.
C

ar
on

an
d

F
ox

(2
01

5)
h

av
e

sh
ow

n
th

at

5
JM

L
R

 1
7(

20
2)

:1
-2

1

W
il

l
ia

m
so

n

se
ve

ra
l

re
al

-w
or

ld
n

et
w

or
k
s,

in
cl

u
d

in
g

th
e

E
N

R
O

N
d

a
ta

se
t

ex
p

lo
re

d
in

th
is

p
ap

er
,

h
av

e
a

ve
ry

h
ig

h
p

ro
b

ab
il

it
y

of
ex

h
ib

it
in

g
th

is
fo

rm
o
f

sp
a
rs

it
y.

C
a
ro

n
an

d
F

ox
(2

0
1
5)

p
re

se
n
te

d
a

co
n
st

ru
ct

io
n

fo
r

sp
ar

se
n

et
w

o
rk

s
b
a
se

d
o
n

a
P

oi
ss

on
p

ro
ce

ss
.

A
n

in
te

g
er

-v
a
lu

ed
n

et
w

o
rk

is
re

p
re

se
n
te

d
a
s

a
d

is
cr

et
e

m
ea

su
re
Z

=
∑
∞ n=

1
z n
δ s
n
,r
n

on
R

2
,
w

h
er

e
ea

ch
at

o
m

’s
si

ze
z n

in
d

ic
a
te

s
th

e
ed

g
e

va
lu

e,
a
n

d
th

e
lo

ca
ti

on
(s
n
,r
n
)

sp
ec

ifi
es

a
p

ai
r

o
f

n
o
d

es
.

T
h

e
a
to

m
s

a
re

d
is

tr
ib

u
te

d
a
cc

o
rd

in
g

to
a

P
o
is

so
n

p
ro

ce
ss

,
w

it
h

b
a
se

m
ea

su
re

gi
ve

n
b
y

th
e

ou
te

r
p

ro
d

u
ct

of
tw

o
g
en

er
al

iz
ed

g
a
m

m
a

p
ro

ce
ss

(G
G

P
)-

d
is

tr
ib

u
te

d
ra

n
d

o
m

m
ea

su
re

s
(B

ri
x
,

1
9
99

),
i.

e.

W
∼

G
G

P
(ρ
,λ

)

Z
∼

P
P

(W
×
W

).
(1

)

T
h

is
co

n
st

ru
ct

io
n

ca
n

al
so

b
e

u
se

d
to

g
en

er
a
te

a
b

in
a
ry

n
et

w
o
rk

,
b
y

th
re

sh
ol

d
in

g
th

e
in

te
g
er

-v
a
lu

ed
n

et
w

o
rk

N
.

C
a
ro

n
a
n

d
F

ox
(2

0
1
5)

d
em

on
st

ra
te

th
a
t

th
e

co
n
st

ru
ct

io
n

in
E

q
u

a
ti

on
1

ca
n

b
e

u
se

d
to

ge
n

er
at

e
n

et
w

o
rk

s
th

a
t

a
re

sp
a
rs

e
in

te
rm

s
of

th
e

n
u
m

b
er

of
ed

g
es

,
a
n

d
ex

h
ib

it
p

ow
er

-l
aw

d
eg

re
e

d
is

tr
ib

u
ti

o
n

.
T

h
es

e
a
re

b
o
th

p
ro

p
er

ti
es

th
a
t

a
re

co
m

m
o
n

ly
fo

u
n

d
in

re
a
l

w
o
rl

d
n

et
w

or
k
s.

A
li

n
k

b
et

w
ee

n
th

e
sp

a
rs

e
b
in

a
ry

m
o
d

el
s

o
f

C
a
ro

n
an

d
F

ox
(2

0
1
5)

a
n

d
th

e
st

o
ch

a
st

ic
b

lo
ck

m
o
d

el
fa

m
il

y
h

a
s

re
ce

n
tl

y
b

ee
n

m
a
d

e
ex

p
li

ci
t

b
y

V
ei

tc
h

a
n

d
R

oy
(2

0
1
5
).

U
n

d
er

th
ei

r
“
g
ra

p
h

ex
”

co
n

st
ru

ct
io

n
fo

r
ra

n
d

om
b

in
a
ry

n
et

w
o
rk

s,
a

ca
n

d
id

a
te

se
t

o
f

n
o
d

es
,

an
d

a
ss

o
-

ci
a
te

d
n

o
d

e-
sp

ec
ifi

c
p

ar
am

et
er

s,
is

se
le

ct
ed

v
ia

a
P

o
is

so
n

p
ro

ce
ss

o
n
R

2
.

A
s

w
it

h
th

e
S

B
,

th
e

p
ro

b
a
b

il
it

y
o
f

a
li

n
k

b
et

w
ee

n
tw

o
n

o
d

es
is

g
ov

er
n

ed
b
y

th
e

n
o
d

es
’

p
a
ra

m
et

er
va

lu
es

v
ia

an
ap

p
ro

p
ri

a
te

li
n

k
fu

n
ct

io
n

,
m

ea
n

in
g

th
a
t

th
e

S
B

is
a

m
em

b
er

o
f

th
is

g
ra

p
h
ex

-b
a
se

d
cl

a
ss

of
m

o
d

el
s.

H
ow

ev
er

,
d

iff
er

en
t

ch
o
ic

es
o
f

li
n

k
m

o
d

el
s

ca
n

y
ie

ld
sp

ar
se

g
ra

p
h

s
in

cl
u

d
in

g
th

e
b

in
a
ry

m
o
d

el
of

C
a
ro

n
a
n

d
F

ox
(2

0
1
5
).

3
.
N
o
n
p
a
ra

m
e
tr
ic

M
o
d
e
ls

fo
r
N
e
tw

o
rk

s

A
s

w
e

sa
w

in
S

ec
ti

on
2
,

st
o
ch

a
st

ic
b

lo
ck

m
o
d

el
s

a
ss

u
m

e
a

fi
x
ed

,
fu

ll
y

o
b

se
rv

ed
n

et
w

o
rk

,
w

h
er

e
ze

ro
-v

a
lu

ed
en

tr
ie

s
a
re

ta
k
en

to
re

p
re

se
n
t

th
e

o
b

se
rv

ed
a
b

se
n

ce
o
f

an
in

te
ra

ct
io

n
,

a
n

d
m

o
d

el
th

e
n

et
w

or
k

b
y

cl
u

st
er

in
g

th
es

e
n

o
d

es
.

W
e

ta
ke

a
d

iff
er

en
t

a
p

p
ro

a
ch

:
W

e
m

o
d

el
a

n
et

w
o
rk

as
a

se
q
u

en
ce

o
f

o
b

se
rv

ed
in

te
ra

ct
io

n
s,

a
n

d
a
im

to
p

re
d

ic
t

th
e

lo
ca

ti
o
n

s
o
f

fu
tu

re
in

te
ra

ct
io

n
s

b
y

ex
p

li
ci

tl
y

cl
u

st
er

in
g

th
e

in
te

ra
ct

io
n

s,
ra

th
er

th
a
n

th
e

n
o
d

es
.

T
o

d
o

so
,

w
e

co
n

si
d

er
d

is
tr

ib
u

ti
o
n

s
ov

er
a

se
q
u

en
ce

o
f

li
n

k
s

co
n

n
ec

ti
n

g
a

se
t

o
f

n
o
d

es
.

E
a
ch

li
n

k
,

th
er

ef
or

e,
is

a
ss

o
ci

a
te

d
w

it
h

a
n

(o
rd

er
ed

)
p

a
ir

of
n

o
d

es
sa

m
p
le

d
fr

o
m

so
m

e
d

is
tr

ib
u

ti
on

ov
er

su
ch

p
a
ir

s;
w

e
m

ay
h

av
e

m
u

lt
ip

le
li

n
k
s

as
so

ci
at

ed
w

it
h

a
g
iv

en
p

ai
r.

T
o

al
lo

w
th

e
n

et
w

o
rk

to
ex

p
a
n

d
ov

er
ti

m
e,

a
n

d
to

fa
ci

li
ta

te
ou

t-
of

-s
a
m

p
le

p
re

d
ic

ti
o
n

,
w

e
le

t
th

is
se

t
o
f

n
o
d

es
b

e
co

u
n
ta

b
ly

in
fi

n
it

e
a
n

d
u

se
a

B
ay

es
ia

n
n

o
n

p
a
ra

m
et

ri
c

d
is

tr
ib

u
ti

on
to

as
si

gn
p

ro
b

a
b

il
it

ie
s

to
p

ot
en

ti
a
l

p
a
ir

s.

T
h

e
m

ai
n

fo
cu

s
of

th
is

p
ap

er
is

on
in

te
g
er

-v
a
lu

ed
n

et
w

o
rk

s—
w

e
w

il
l

u
se

th
e

ru
n

n
in

g
ex

am
p

le
of

an
em

ai
l

n
et

w
or

k
—

w
h

er
e

th
er

e
ca

n
b

e
m

u
lt

ip
le

li
n

k
s

b
et

w
ee

n
th

e
sa

m
e

p
ai

r
of

n
o
d

es
.

W
h

il
e

n
o
t

ex
p

lo
re

d
in

a
s

m
u

ch
d

ep
th

,
w

e
a
ls

o
su

g
ge

st
m

o
d

ifi
ca

ti
on

s
th

a
t

a
ll

ow
u

s
to

m
o
d

el
b

in
ar

y
n

et
w

or
k
s

in
S

ec
ti

on
3
.3

.
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N
o
n
pa

r
a
m

e
t
r
ic

N
e
t
w

o
r
k

M
o
d
e
l
s

f
o
r

L
in

k
P

r
e
d
ic

t
io

n

3
.1

D
irich

le
t

N
e
tw

o
rk

D
istrib

u
tio

n
s

A
sim

p
le

w
ay

of
co

n
stru

ctin
g

a
n

in
teg

er-va
lu

ed
n

etw
ork

w
ith

a
n

u
n
b

o
u

n
d

ed
n
u

m
b

er
of

n
o
d

es
is

to
p

lace
a

p
ro

b
a
b

ility
d

istrib
u

tio
n
G

over
a

co
u

n
ta

b
ly

in
fi

n
ite

n
u

m
b

er
of

acto
rs.

W
e

ca
n

rep
resen

t
su

ch
a

n
etw

o
rk

a
s

a
seq

u
en

ce
o
f

(sen
d

er,
receiver)

p
a
irs;

ea
ch

p
a
ir

m
ig

h
t,

for
ex

a
m

p
le,

corresp
on

d
to

a
sin

g
le

em
a
il

from
a

sen
d

er
to

a
receiv

er,
o
r

a
sin

g
le

jo
u

rn
ey

b
etw

een
tw

o
cities.

T
h

e
va

lu
e

o
f

a
(d

irected
)

ed
g
e

fro
m

a
“
sen

d
er”

s
to

a
“
receiver”

r
is

th
e

n
u

m
b

er
of

tim
es

w
e

h
ave

seen
th

e
p

a
ir

(s,r).
W

e
ca

ll
ea

ch
in

d
iv

id
u

a
l

p
a
ir

in
th

e
seq

u
en

ce
a

lin
k
;

th
e

va
lu

e
o
f

a
n

ed
ge

b
etw

een
tw

o
n

o
d

es
is

th
e

n
u

m
b

er
of

lin
k
s

b
etw

een
th

em
.

T
o

gen
era

te
su

ch
a

p
a
ir,

w
e

sim
p
ly

sam
p

le
a

sen
d

er
a
n

d
a

receiver
a
cco

rd
in

g
to
G

.
L

et
N

b
e

th
e

total
n
u

m
b

er
of

lin
k
s

in
o
u

r
n

etw
o
rk

—
th

a
t

is,
th

e
to

ta
l

su
m

o
f

th
e

ed
g
e

va
lu

es.
A

n
a
p

p
ro

p
ria

te
p

rio
r

over
G

m
ig

h
t

b
e

th
e

D
irich

let
p

ro
cess,

so
th

a
t

G
∼

D
P

(τ,Θ
)

s
n
,r
n

i.i.d
.
∼

G
,
n

=
1,...,N

(2
)

z
(N

)
ij

=
N
∑n

=
1 I(s

n
=
i,r

n
=
j).

In
o
th

er
w

o
rd

s,
w

e
g
en

erate
a

seq
u

en
ce

o
f

lin
k
s

b
y

sa
m

p
lin

g
w

ith
rep

la
cem

en
t

from
th

e
d

istrib
u

tion
im

p
lied

b
y

th
e

p
ro

d
u

ct
m

easu
re
G
×
G

.
W

e
w

ill
refer

to
th

is
co

n
stru

ction
a
s

a
sy

m
m

etric
D

irich
let

n
etw

ork
d

istrib
u

tion
(D

N
D

).
F

ig
u

re
2
a

sh
ow

s
a

n
etw

o
rk

co
n

stru
cted

in
th

is
m

an
n

er.
T

h
is

m
o
d

el
is

related
to

th
e

sp
a
rse

n
etw

o
rk

m
o
d

el
p

ro
p

o
sed

b
y

C
a
ron

an
d

F
ox

(2
0
15)

a
n

d
d

escrib
ed

in
S

ectio
n

2.2.
A

s
w

e
d

escrib
ed

in
E

q
u

atio
n

1
,

C
a
ron

a
n

d
F

ox
g
en

era
te

a
d

irected
,

in
teg

er-va
lu

ed
gra

p
h
Z

b
y

sa
m

p
lin

g
in

tera
ction

s
a
ccord

in
g

to
a

P
oisso

n
p

ro
cess,

w
ith

ra
te

g
iven

b
y

th
e

p
ro

d
u

ct
m

ea
su

re
W
×
W

w
h

ere
W
∼
G
G
P

.
If
W

h
as

fi
n

ite
total

m
a
ss
W

(Ω
),

th
en

th
is

can
eq

u
iva

len
tly

b
e

d
escrib

ed
a
s:

W
∼

G
G

P
(ρ
,λ

)

N
∼

P
o
isso

n
(W

(Ω
)
2)

s
n
,r
n
i.i.d

.
∼

W

W
(Ω

) ,n
=

1,...,N

Z
=

N
∑n

=
1

δ
(s
n
,r
n

) .

(3)

If
w

e
ch

o
o
se

a
stan

d
a
rd

g
a
m

m
a

p
ro

cess
a
s

th
e

ra
n

d
o
m

m
easu

re
W

in
E

q
u

a
tio

n
3

th
en

,
co

n
d

itio
n

ed
o
n

th
e

to
ta

l
n
u

m
b

er
o
f

lin
k
s
N

,
w

e
recover

th
e

sy
m

m
etric

n
o
n

p
a
ra

m
etric

m
o
d

el
d

escrib
ed

in
E

q
u

ation
2
.

In
th

is
p

ap
er,

w
e

fo
cu

s
o
n

th
e

g
am

m
a

p
ro

cess/
D

irich
let

p
ro

cess
ca

se
in

o
rd

er
to

ach
ieve

sim
p

le
in

feren
ce

stra
teg

ies;
h

ow
ev

er
th

e
m

o
d
els

p
ro

p
osed

in
th

is
sectio

n
can

easily
b

e
ex

ten
d

ed
to

u
se

a
n

o
rm

a
lized

g
en

era
lized

g
a
m

m
a

p
ro

cess
(L

ijo
i

et
al.,

2
0
08

),
or

som
e

oth
er

ra
n

d
om

p
ro

b
a
b
ility

m
easu

re
su

ch
a
s

a
P

itm
a
n

-Y
o
r

p
ro

cess
(P

itm
an

a
n

d
Y

o
r,

19
9
7),

in
p

lace
of

th
e

D
irich

let
p

ro
cess.

T
h

is
b

a
sic

m
o
d

el
a
ssu

m
es

th
at

th
e

p
rob

ab
ility

of
a

n
o
d

e
b

ein
g

th
e

“sen
d

er”
o
f

a
lin

k
is

th
e

sa
m

e
a
s

th
e

p
rob

ab
ility

o
f

b
ein

g
a

“receiv
er”

.
In

p
ractice,

th
is

is
o
ften

n
ot

a
rea

so
n

a
b

le
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W
il

l
ia

m
so

n

(a
)

S
am

p
le

from
a

sy
m

m
et-

ric
D

irich
let

n
etw

ork
d
is-

trib
u
tion

(τ
=

1
0,N

=
50

0).

(b
)

S
a
m

p
le

from
a
n

asy
m

m
et-

ric
D

irich
let

n
etw

o
rk

d
is-

trib
u
tion

(γ
=

5
0,τ

=
10
,N

=
50

0).

(c)
S
a
m

p
le

from
a
n

asy
m

-
m

etric
m

ix
tu

re
of

D
irich

-
let

n
etw

o
rk

d
istrib

u
tio

n
s

(γ
=

20
,τ

=
5
,α

=
5
,N

=
10

0
0).

F
igu

re
2:

S
a
m

p
les

from
D

irich
let

n
etw

ork
d

istrib
u

tion
s

a
n

d
m

ix
tu

res
o
f

D
irich

let
n

etw
ork

d
istrib

u
tion

s.

assu
m

p
tion

.
F

o
r

ex
am

p
le,

in
a

u
n

iversity
’s

em
ail

n
etw

ork
,

ad
m

in
istra

tors
m

ay
sen

d
ou

t
a

la
rge

n
u

m
b

er
of

grou
p

em
ails—

th
at

is,
th

ey
often

op
erate

in
th

e
“sen

d
er”

ro
le—

b
u

t
receive

a
relativ

ely
sm

a
ll

n
u

m
b

er
of

em
ails.

W
h

en
m

o
d

elin
g

h
u

m
an

m
igratio

n
p

a
ttern

s,
th

e
U

n
ited

S
ta

tes
h

ad
over

13
tim

es
as

m
an

y
im

m
igran

ts
as

em
igran

ts
in

2015,
w

h
ereas

M
icron

esia
h

ad
aro

u
n

d
tw

ice
as

m
an

y
em

igran
ts

as
im

m
igran

ts
(U

n
ited

N
a
tion

s,
D

ep
artm

en
t

of
E

con
o
m

ic
an

d
S

o
cial

A
ff

airs,
P

op
u

lation
D

iv
ision

,
2015).

W
e

can
cap

tu
re

th
is

form
of

asy
m

m
etry

b
y

rep
la

cin
g

th
e

sin
gle

d
istrib

u
tion

G
over

n
o
d

es
(E

q
u

ation
2
)

w
ith

a
p

air
of

d
istrib

u
tion

s,
A

an
d
B

.
T

o
en

su
re

th
e

tw
o

d
istrib

u
tion

s
h

ave
th

e
sam

e
su

p
p

ort
(m

ean
in

g
th

at
an

y
n

o
d

e
can

h
ave

b
oth

in
co

m
in

g
an

d
ou

tgoin
g

lin
k
s),

w
e

cou
p

le
th

ese
tw

o
d
istrib

u
tio

n
s

v
ia

a
sh

ared
,

d
iscrete

b
ase

m
easu

re
H

.
T

h
e

gen
eralized

p
ro

cess
b

ecom
es

H
:=

∞∑i=
1

h
i δ
θ
i
∼

D
P

(γ
,Θ

)

A
:=

∞∑i=
1

a
i δ
θ
i
∼

D
P

(τ,H
)

B
:=

∞∑i=
1

b
i δ
θ
i
∼

D
P

(τ,H
)

s
n
∼
A
,
n

=
1,...,N

r
n
∼
B
,
n

=
1,...,N

z
(N

)
ij

=

N
∑n

=
1 I(s

n
=
i,r

n
=
j).

(4)

F
igu

re
2
b

sh
ow

s
a

n
etw

ork
con

stru
cted

in
th

is
m

an
n

er;
n

ote
th

e
n

o
d

es
th

at
“sen

d
”

a
la

rge
n
u

m
b

er
o
f

lin
k
s

are
n

ot
n

ecessarily
th

ose
th

at
“receiver”

a
la

rge
n
u

m
b

er
of

lin
k
s.

T
h

e
con

cen
tratio

n
p

aram
eter

τ
govern

s
h

ow
sim

ilar
th

e
tw

o
d

istrib
u

tion
s

are
to

th
e

b
ase

m
easu

re,
an

d
h

en
ce

to
each

oth
er.

O
n

th
eir

ow
n

,
like

th
e

sp
arse

m
o
d

els
ex

p
lored

b
y

C
aron

an
d

F
ox

(2015
),

th
e

sy
m

m
etric

an
d

asy
m

m
etric

D
irich

let
n

etw
ork

d
istrib

u
tion

s
allow

very
little

in
tern

al
stru

ctu
re.

W
h

ile
w

e
d

o
see

som
e

p
referen

tial
attach

m
en

t
d

u
e

to
th

e
d

iscrete
n

atu
re

of
th

e
u
n

d
erly

in
g

ran
d

om
m

easu
res,

th
ere

is
n

o
clu

sterin
g

stru
ctu

re—
if

w
e

k
n

ow
th

at
a
n

em
a
il

w
as

sen
t

b
y

a
given
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N
o
n
pa

r
a
m

e
t
r
ic

N
e
t
w

o
r
k

M
o
d
e
l
s

f
o
r

L
in

k
P

r
e
d
ic

t
io

n

se
n

d
er

,
th

is
te

ll
s

u
s

n
ot

h
in

g
ab

ou
t

th
e

re
ce

iv
er

.
T

h
is

m
ak

es
it

a
p

o
or

m
o
d

el
fo

r
re

a
l-

w
o
rl

d
n

et
w

or
k
s,

w
h

er
e

w
e

ob
se

rv
e

cl
iq

u
es

of
u

se
rs

w
h

o
ar

e
st

ro
n

gl
y

in
te

rc
on

n
ec

te
d

,
or

g
ro

u
p

s
th

at
in

te
ra

ct
w

it
h

ot
h

er
gr

ou
p

s
in

ch
ar

ac
te

ri
za

b
le

m
an

n
er

s.
W

h
il

e
w

e
ca

n
n

o
t

ca
p

tu
re

su
ch

b
eh

av
io

r
w

it
h

th
e

b
as

ic
sy

m
m

et
ri

c
or

as
y
m

m
et

ri
c

D
ir

ic
h

le
t

n
et

w
or

k
d

is
tr

ib
u

ti
on

s
d

es
cr

ib
ed

ab
ov

e,
w

e
ca

n
u

se
th

em
as

a
co

m
p

on
en

t
of

m
or

e
co

m
p

le
x

an
d

fl
ex

ib
le

m
o
d

el
s.

3
.2

M
ix

tu
re

s
o
f

D
ir

ic
h

le
t

N
e
tw

o
rk

D
is

tr
ib

u
ti

o
n

s

R
at

h
er

th
an

u
se

a
si

n
gl

e
D

ir
ic

h
le

t
n

et
w

or
k

d
is

tr
ib

u
ti

on
ov

er
in

te
ge

r-
va

lu
ed

n
et

w
o
rk

s,
a
s

d
es

cr
ib

ed
b
y

E
q
u

at
io

n
s

2
an

d
4,

w
e

ca
n

u
se

a
m

ix
tu

re
of

su
ch

d
is

tr
ib

u
ti

on
s,

w
h

ic
h

w
e

w
il

l
re

fe
r

to
as

a
m

ix
tu

re
of

D
ir

ic
h
le

t
n

et
w

or
k

d
is

tr
ib

u
ti

on
s,

or
M

D
N

D
.

B
y

en
su

ri
n

g
b

o
th

se
n

d
er

an
d

re
ce

iv
er

b
el

on
g

to
a

co
m

m
on

m
ix

tu
re

co
m

p
on

en
t,

w
e

b
re

ak
th

e
in

d
ep

en
d

en
ce

b
et

w
ee

n
se

n
d

er
an

d
re

ce
iv

er
,
al

lo
w

in
g

u
s

to
id

en
ti

fy
co

m
m

u
n

ic
at

io
n

p
at

te
rn

s
th

at
ca

n
n

ot
b

e
ca

p
tu

re
d

u
si

n
g

th
e

D
N

D
or

th
e

re
la

te
d

C
ar

on
an

d
F

ox
(2

01
5)

m
o
d

el
..

T
o

al
lo

w
li

n
k
s

b
et

w
ee

n
th

e
su

b
gr

ap
h

s
as

so
ci

at
ed

w
it

h
ea

ch
m

ix
tu

re
co

m
p

on
en

t,
w

e
co

u
p

le
th

e
n
et

w
or

k
s

u
si

n
g

a
sh

a
re

d
,

d
is

cr
et

e
b

as
e

m
ea

su
re
H

.
C

on
cr

et
el

y,
in

th
e

as
y
m

m
et

ri
c

ca
se

,
le

t

D
:=

(d
k
,k
∈
N

)
∼

G
E

M
(α

)

H
:=

∞ ∑ i=
1

h
iδ
θ i

∼
D

P
(γ
,Θ

)

A
k

:=

∞ ∑ i=
1

a
k
,i
δ θ
i
∼

D
P

(τ
,H

),
k

=
1,

2
,.
..

B
k

:=

∞ ∑ i=
1

b k
,i
δ θ
i
∼

D
P

(τ
,H

)

c n
∼
D
,
n

=
1,
..
.,
N

s n
∼
A
c n

r n
∼
B
c n

z
(N

)
ij

=
N ∑ n
=

1

I(
s n

=
i,
r n

=
j)
,

(5
)

w
h

er
e

G
E

M
(α

)
is

th
e

d
is

tr
ib

u
ti

on
ov

er
th

e
si

ze
-b

ia
se

d
at

om
si

ze
s

of
a

D
ir

ic
h

le
t

p
ro

ce
ss

w
it

h
co

n
ce

n
tr

at
io

n
p

ar
am

et
er
α

.
F

ig
u

re
2c

sh
ow

s
a

n
et

w
or

k
co

n
st

ru
ct

ed
in

th
is

m
an

n
er

.
A

sy
m

m
et

ri
c

ve
rs

io
n

of
th

e
M

D
N

D
is

re
co

ve
re

d
if

w
e

re
p

la
ce

th
e

se
n

d
er

-
an

d
re

ce
iv

er
-s

p
ec

ifi
c

d
is

tr
ib

u
ti

on
s
A
k

an
d
B
k

w
it

h
a

sh
a
re

d
d

is
tr

ib
u

ti
on

G
k
∼

D
P

(τ
,H

),
an

d
is

a
p

p
ro

p
ri

a
te

w
h

en
w

e
b

el
ie

ve
th

e
d

is
tr

ib
u

ti
on

ov
er

ed
ge

s
or

ig
in

at
in

g
fr

om
a

gi
ve

n
n

o
d

e
is

si
m

il
a
r

to
th

e
d

is
tr

ib
u

ti
on

ov
er

ed
ge

s
en

d
in

g
at

th
at

n
o
d

e.
F

or
th

e
re

m
ai

n
d

er
of

th
is

p
a
p

er
,

w
e

w
il

l
fo

cu
s

on
th

e
as

y
m

m
et

ri
c

se
tt

in
g.

W
e

ca
n

ve
rb

al
iz

e
th

e
ge

n
er

at
iv

e
p

ro
ce

ss
of

th
e

as
y
m

m
et

ri
c

M
D

N
D

as
fo

ll
ow

s.
T

o
ge

n
er

-
at

e
th

e
n

th
li

n
k
,

w
e

fi
rs

t
se

le
ct

a
cl

u
st

er
c n

.
W

e
th

en
se

le
ct

a
“s

en
d

er
”
s n

a
n

d
a

“
re

ce
iv

er
”

r n
—

id
en

ti
fy

in
g

a
li

n
k

(s
n
,r
n
)—

ac
co

rd
in

g
to

th
e

cl
u

st
er

-s
p

ec
ifi

c
d
is

tr
ib

u
ti

on
s
A
c n

a
n

d
B
c n

.
T

h
e

co
n

ce
n
tr

at
io

n
p

ar
am

et
er

s
α

,
τ

an
d
γ

ca
n

b
e

m
an

ip
u

la
te

d
to

ob
ta

in
d

iff
er

in
g

n
et

w
o
rk

p
ro

p
er

ti
es

.
T

h
e

p
ar

am
et

er
α

co
n
tr

ol
s

th
e

n
u

m
b

er
of

cl
u

st
er

s,
w

it
h

th
e

to
ta

l
n
u

m
b

er
of

cl
u

s-
te

rs
u

se
d

to
m

o
d

el
N

li
n

k
s

gr
ow

in
g

ap
p

ro
x
im

at
el

y
as
O

(γ
lo

g
N

).
T

h
e

p
ar

a
m

et
er
τ

co
n
tr

o
ls

th
e

d
eg

re
e

of
si

m
il

ar
it

y
b

et
w

ee
n

th
e

cl
u

st
er

s:
A

s
τ

d
ec

re
as

es
,

th
e

ov
er

la
p

b
et

w
ee

n
cl

u
st

er
s

w
il

l
te

n
d

to
d

ec
re

as
e.

In
cr

ea
si

n
g
γ

in
cr

ea
se

s
th

e
ov

er
al

l
n
u

m
b

er
of

n
o
d

es
re

p
re

se
n
te

d
in

th
e

n
et

w
or

k
.

S
in

ce
th

e
p

ai
rs

ar
e

sa
m

p
le

d
i.

i.
d

.
gi

v
en

th
e

ra
n

d
om

m
ea

su
re

s,
th

e
re

su
lt

in
g

se
q
u

en
ce

is
ex

ch
an

ge
ab

le
,

m
ea

n
in

g
th

e
co

n
st

ru
ct

io
n

is
ap

p
ro

p
ri

at
e

fo
r

se
q
u

en
ce

s
of

li
n

k
s

w
h

er
e

th
er

e
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20
2)

:1
-2

1

W
il

l
ia

m
so

n

is
n

o
sp

ec
ifi

c
or

d
er

in
g

o
f

th
e

li
n

k
s,

o
r

w
h

er
e

th
e

o
rd

er
is

b
el

ie
v
ed

to
b

e
ir

re
le

va
n
t.

T
h

is
h

as
u

se
fu

l
im

p
li

ca
ti

o
n

s
fo

r
in

fe
re

n
ce

:
It

m
ea

n
s

w
e

ca
n

ea
si

ly
co

n
st

ru
ct

a
G

ib
b

s
sa

m
p

le
r,

as
d

es
cr

ib
ed

in
S

ec
ti

on
4
.

H
ow

ev
er

,
in

m
a
n
y

n
et

w
o
rk

s
th

e
o
rd

er
in

w
h

ic
h

li
n

k
s

ar
e

fo
rm

ed
d

o
es

ca
rr

y
in

fo
rm

at
io

n
.

In
S

ec
ti

o
n

3
.3

,
w

e
d

is
cu

ss
a
n

ex
te

n
si

o
n

fo
r

ex
p

li
ci

tl
y

or
d

er
ed

b
in

ar
y

li
n

k
s,

an
d

in
S

ec
ti

on
6
,

w
e

w
il

l
d

is
cu

ss
p

o
ss

ib
le

ex
te

n
si

on
s

o
f

th
e

in
te

ge
r-

va
lu

ed
n

et
w

o
rk

m
o
d

el
to

ex
p

li
ci

tl
y

or
d

er
ed

li
n

k
s.

3
.3

E
x
te

n
si

o
n

:
B

in
a
ry

-v
a
lu

e
d

N
e
tw

o
rk

s

M
a
n
y

re
a
l-

w
o
rl

d
n

et
w

o
rk

s
ex

h
ib

it
b

in
a
ry

,
ra

th
er

th
a
n

re
al

-v
a
lu

ed
,

ed
g
es

.
O

n
e

w
ay

of
ca

p
-

tu
ri

n
g

th
is

b
eh

av
io

r
is

to
th

re
sh

ol
d

th
e

in
te

g
er

-v
al

u
ed

ed
ge

s
g
en

er
a
te

d
b
y

th
e

D
N

D
o
r

th
e

M
D

N
D

.
T

h
e

m
os

t
st

ra
ig

h
tf

or
w

a
rd

ve
rs

io
n

o
f

th
is

is
si

m
p

ly
to

sa
m

p
le

a
n

et
w

o
rk
Z

=
(z
ij

)
ac

co
rd

in
g

to
th

e
D

N
D

o
r

th
e

M
D

N
D

,
a
n

d
th

en
g
en

er
at

e
a

b
in

a
ry

n
et

w
o
rk

Y
=

(y
ij

)
b
y

le
tt

in
g
y i
j

=
1

iff
z i
j
>

0.
If

w
e

p
la

ce
a

n
eg

a
ti

ve
b

in
o
m

ia
l

d
is

tr
ib

u
ti

o
n

ov
er
N

=
∑

i,
j
z i
j
,

so
th

at
N
∼

N
B

(α
,1
/(

1
+
β

))
fo

r
so

m
e
β
>

0
,

w
e

ca
n

re
p

re
se

n
t

th
is

th
re

sh
ol

d
ed

m
o
d

el
a
s

Γ
:=

∞ ∑ k
=

1

µ
k
δ θ
k
∼

G
P

(α
D

0
,β

)

G
0
∼

D
P

(γ
,H

0
)

G
k
∼

D
P

(τ
,G

0
),

k
=

1,
2
,.
..

N
k
∼

P
o
is

so
n

(µ
k
)

N
:=
∑ k

N
k

s(
k
)

n
∼
G
k
,
n

=
1,
..
.,
N
k

r(
k
)

n
∼
G
k

z
(N

)
ij

=
∞ ∑ k
=

1

N
k

∑ n
=

1

I(
s(
k
)

n
=
i,
r(
k
)

n
=
j)

y
(N

)
ij

=
I(
z

(N
)

ij
>

0)
,

(6
)

w
h

er
e

G
P

in
d

ic
at

es
a

ga
m

m
a

p
ro

ce
ss

.
T

h
is

ap
p

ro
ac

h
is

a
fo

rm
o
f

re
st

ri
ct

ed
ex

ch
a
n

ge
a
bl

e
d
is

tr
ib

u
ti

o
n

,
as

d
es

cr
ib

ed
b
y

W
il

li
am

so
n

et
a
l.

(2
0
1
3)

.
A

s
in

th
e

u
n

re
st

ri
ct

ed
,

in
te

g
er

-v
al

u
ed

n
et

w
or

k
,

th
e

d
is

tr
ib

u
ti

o
n

ov
er

ed
g
e

ev
en

ts
is

ex
ch

a
n

g
ea

b
le

.
W

e
n

o
te

th
at

th
is

tr
u

n
ca

ti
on

te
ch

n
iq

u
e

is
th

e
sa

m
e

as
th

a
t

u
se

d
b
y

C
ar

o
n

an
d

F
ox

(2
0
15

)
to

ge
n

er
a
te

b
in

ar
y

n
et

w
o
rk

s,
an

d
in

d
ee

d
if
Z

is
th

e
sy

m
m

et
ri

c
ve

rs
io

n
o
f

th
e

D
N

D
g
iv

en
b
y

E
q
u

at
io

n
3
,

a
n

d
if

w
e

o
b

ta
in

a
sy

m
m

et
ri

c
n

et
w

o
rk

b
y

m
ir

ro
ri

n
g

th
e

li
n

k
co

u
n
ts

,
th

en
th

is
co

n
st

ru
ct

io
n

co
rr

es
p

on
d

s
to

th
e

b
in

ar
y

n
et

w
or

k
d

es
cr

ib
ed

in
C

a
ro

n
a
n

d
F

ox
(2

0
1
5
),

it
se

lf
a

sp
ec

ia
l

ca
se

o
f

th
e

cl
a
ss

of
b

in
ar

y
n

et
w

or
k

m
o
d

el
s

d
es

cr
ib

ed
b
y

V
ei

tc
h

a
n

d
R

oy
(2

0
1
5
).

If
o
u

r
ob

se
rv

at
io

n
s

a
re

ex
p

li
ci

tl
y

o
rd

er
ed

,
a
n

d
w

e
b

el
ie

ve
th

at
o
rd

er
in

g
to

b
e

im
p

or
ta

n
t,

w
e

ca
n

m
o
d

if
y

th
e

D
N

D
o
r

th
e

M
D

N
D

to
sa

m
p

le
w

it
h
o
u

t
re

p
la

ce
m

en
t

fr
o
m

th
e

se
t

of
p

o
ss

ib
le

li
n

k
s,

g
iv

in
g

a
n

on
-e

x
ch

a
n

g
ea

b
le

m
o
d

el
.

T
h

is
fo

rm
o
f

n
o
n

-e
x
ch

a
n

g
ea

b
il
it

y
m

im
ic

s
b

eh
av

io
r

fo
u

n
d

in
m

an
y

n
at

u
ra

ll
y
-o

cc
u

rr
in

g
n
et

w
or

k
s.

F
o
r

ex
a
m

p
le

,
in

a
so

ci
a
l

n
et

w
o
rk

,
a

u
se

r
w

il
l

ad
d

th
ei

r
cl

o
se

fr
ie

n
d

s
fi

rs
t,

a
n
d

th
en

ov
er

ti
m

e
ad

d
m

o
re

d
is

ta
n
t

a
cq

u
a
in

ta
n

ce
s.

In
in

te
g
er

-v
al

u
ed

n
et

w
or

k
s

ex
ch

an
ge

a
b

il
it

y
ca

n
re

p
re

se
n
t

th
e

fa
ct

th
at

cl
os

e
fr

ie
n

d
s

w
il

l
co

m
m

u
n

ic
at

e
b

ot
h

ea
rl

y
an

d
o
ft

en
,

b
u

t
in

a
n

ex
ch

a
n

g
ea

b
le

b
in

a
ry

se
tt

in
g

a
ll

re
la

ti
on

sh
ip

s
ap

p
ea

r
id

en
ti

ca
l.

T
h

e
re

su
lt

in
g

b
in

a
ry

n
et

w
o
rk

m
o
d

el
is

m
at

h
em

at
ic

a
ll

y
eq

u
iv

al
en

t
to

a
ce

n
so

re
d

D
N

D
or

M
D

N
D

,
w

h
er

e
w

e
o
n

ly
o
b
se

rv
e

th
e

fi
rs

t
in

st
a
n

ce
of

a
li

n
k

b
et

w
ee

n
n
o
d

es
i

a
n

d
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N
o
n
pa

r
a
m

e
t
r
ic

N
e
t
w

o
r
k

M
o
d
e
l
s

f
o
r

L
in

k
P

r
e
d
ic

t
io

n

D
:=

(d
k ,k
∈
N

)
∼

G
E

M
(α

)

H
:=

∞∑i=
1

h
i δ
θ
i

∼
D

P
(γ
,Θ

)

A
k

:=
∞∑i=

1

a
k
,i δ
θ
i
∼

D
P

(τ,H
),
k

=
1,2,...

B
k

:=

∞∑i=
1

b
k
,i δ
θ
i
∼

D
P

(τ,H
)

c
t ∼

D
,
t

=
1,2

,...

s
t ∼

A
c
t

r
t ∼

B
c
t

y
(t)
ij

=
I (

t
∑t ′=

1 I(s
t ′

=
i,r

t ′
=
j)
>

0 )
.

D
u

e
to

th
e

fi
n

ite
p

ro
b

a
b

ility
o
f

sam
p

lin
g

an
ex

istin
g

(s,r)
p

a
ir,

Y
(t+

1
)

m
ay

b
e

th
e

sa
m

e
as
Y

(t);
in

stea
d

w
e

w
o
u

ld
likely

w
ork

w
ith

th
e

co
rresp

o
n

d
in

g
n

o
n

-rep
eatin

g
seq

u
en

ce

(Z
(n

),n
∈

N
),

w
h

ere
Z

(n
)

=
m

in
t ′ (

Y
(t ′)

: ∑
t ′t=

1 I(Y
t6=

Y
t−

1)
=
n )

.
W

h
ile

th
is

cen
so

red

m
o
d

el
is

n
o

lo
n

g
er

ex
ch

a
n

g
eab

le,
w

e
can

m
a
ke

u
se

o
f

th
e

u
n

d
erly

in
g

ex
ch

an
g
eab

le
seq

u
en

ce
o
f

in
tera

ctio
n

s
to

m
a
ke

p
red

iction
s.

3
.4

R
e
la

tio
n

sh
ip

to
O

th
e
r

M
o
d

e
ls

A
s

w
e

d
escrib

ed
in

S
ectio

n
3
.1

,
th

e
D

irich
let

n
etw

o
rk

d
istrib

u
tio

n
is

stron
g
ly

rela
ted

to
th

e
sp

a
rse

n
etw

o
rk

m
o
d

els
o
f

C
a
ro

n
a
n

d
F

ox
(2

0
1
5
)—

in
fa

ct,
co

n
d

itio
n

ed
o
n

th
e

to
tal

n
u

m
b

er
o
f

lin
k
s,

th
e

in
teger-va

lu
ed

m
o
d

el
o
f

C
a
ron

a
n

d
F

ox
(20

15
)

is
a

sp
ecia

l
ca

se
o
f

th
e

sy
m

m
etric

D
N

D
,

a
n

d
th

e
tru

n
ca

ted
m

o
d

el
o
f

E
q
u

a
tio

n
6

d
escrib

es
th

e
b

in
ary

m
o
d

el
of

C
a
ron

a
n

d
F

ox
(2

0
15

)
a
s

a
sp

ecia
l

case.
H

ow
ever,

th
e

D
N

D
o
n

its
ow

n
lack

s
th

e
fl

ex
ib

ility
to

m
o
d

el
stru

ctu
red

n
etw

o
rk

s,
w

h
ere

n
o
d

es
ten

d
to

b
elon

g
to

lo
ca

lly
co

n
n

ected
su

b
-n

etw
o
rk

s,
an

d
w

h
ere

k
n

ow
in

g
w

h
o

sen
t

a
m

essag
e

tells
u

s
so

m
eth

in
g

a
b

o
u

t
th

e
in

ten
d

ed
recip

ien
t.

T
h

e
m

ix
tu

re
o
f

D
irich

let
n

etw
ork

d
istrib

u
tio

n
s

a
llow

s
u

s
to

ca
p

tu
re

m
u

ltip
le

su
b

-n
etw

o
rk

s,
w

h
ile

a
llow

in
g

in
teraction

b
etw

een
su

b
-n

etw
ork

s
v
ia

a
com

m
o
n

D
irich

let
p

ro
cess-d

istrib
u

ted
b

a
se

m
easu

re
H

.
A

related
in

teg
er-valu

ed
n

etw
o
rk

m
o
d

el
is

d
escrib

ed
b
y

C
ra

n
e

an
d

D
em

p
sey

(2
0
16

).
T

h
is

m
o
d

el
is

ex
p

licitly
d
esig

n
ed

fo
r

m
u

lti-w
ay

in
tera

ctio
n

s,
su

ch
a
s

co
llab

o
ra

tion
s

o
r

a
cto

rs
co

-
starrin

g
in

m
ov

ies,
b

u
t

ca
n

b
e

m
o
d

ifi
ed

to
give

tw
o
-w

ay
in

tera
ctio

n
s.

T
h

e
n
u

m
b

er
o
f

“
ro

les”
in

an
in

teractio
n

is
sa

m
p

led
fro

m
an

a
p

p
ro

p
ria

te
d

istrib
u

tio
n

,
a
n

d
fo

r
ea

ch
ro

le,
n

o
d

es
are

sa
m

p
led

fro
m

a
(sin

gle)
P

itm
a
n

-Y
o
r

p
ro

cess.
T

h
e

tw
o
-w

ay
in

tera
ction

settin
g

co
rresp

o
n

d
s

to
a

P
itm

an
-Y

or
varian

t
of

th
e

sy
m

m
etric

D
irich

let
n

etw
o
rk

d
istrib

u
tion

ob
ta

in
ed

b
y

rep
lacin

g
th

e
D

irich
let

p
ro

cess
in

E
q
u

a
tio

n
2

w
ith

a
P

itm
a
n

-Y
o
r

p
ro

cess;
a
s

su
ch

it
is

u
n

a
b

le
to

ca
p

tu
re

th
e

clu
sterin

g
b

eh
av

io
r

ob
tain

ed
u

sin
g

th
e

m
ix

tu
re

o
f

D
irich

let
n

etw
o
rk

d
istrib

u
tion

s.
T

h
e

m
o
d

els
d

escrib
ed

in
th

is
p
a
p

er
also

b
ea

r
so

m
e

sim
ila

rity
to

sto
ch

a
stic

b
lo

ck
m

o
d

els,
w

h
ich

w
ere

d
escrib

ed
in

S
ection

2.
T

h
e

m
a
in

d
iff

eren
ce

b
etw

een
th

e
sto

ch
a
stic

b
lo

ck
m

o
d
el

fam
ily

an
d

th
e

m
o
d

els
p

ro
p

osed
in

th
is

p
ap

er
is

th
at,

u
n

d
er

th
e

b
lo

ck
m

o
d

el
p

a
ra

d
ig

m
,

n
o
d

es
a
re

clu
stered

in
to

a
(p

o
ten

tia
lly

in
fi

n
ite,

in
th

e
ca

se
of

th
e

IR
M

)
n
u

m
b

er
o
f

clu
sters.

C
o
n
versely,

th
e

M
D

N
D

d
irectly

clu
sters

lin
k
s,

ra
th

er
th

a
n

n
o
d

es,
a
n

d
rep

resen
ts

a
n

etw
o
rk

a
s

a
(p

o
ten

tia
lly

in
fi

n
ite)

seq
u

en
ce

o
f

p
a
irs

o
f

n
o
d

es.
T

h
is

crea
tes

a
n
a
tu

ra
l

fra
m

ew
o
rk

for
q
u

estio
n

s
o
f

p
red

ictio
n

.
F

o
r

th
e

b
a
sic

sy
m

m
etric

D
N

D
d

escrib
ed

in
S

ectio
n

3
.1

,
th

e
p

red
ictive

d
istrib

u
tio

n
over

th
e

n
ex

t
p

air
of

n
o
d

es
is

ava
ila

b
le

in
a
n

a
ly

tic
fo

rm
v
ia

a
n

u
rn
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W
il

l
ia

m
so

n

rep
resen

ta
tion

.
F

or
th

e
m

ix
tu

re
m

o
d

els
p

rop
osed

in
S

ection
s

3.2
an

d
3.3,

th
e

p
red

ictiv
e

d
istrib

u
tion

d
ep

en
d

s
on

th
e

valu
es

of
laten

t
variab

les,
b

u
t

w
e

can
easily

sam
p

le
from

th
is

d
istrib

u
tion

,
a
s

w
e

w
ill

see
in

S
ection

4.

W
h

ile
th

e
M

D
N

D
d

o
es

n
ot

ex
p

licitly
clu

ster
th

e
n

o
d

es,
w

e
can

ob
tain

a
sim

ilar
m

ix
ed

-
m

em
b

ersh
ip

in
terp

retation
to

th
at

fou
n

d
in

th
e

M
M

S
B

.
W

e
can

th
in

k
o
f

ea
ch

clu
ster

of
lin

k
s

rep
resen

tin
g

a
laten

t
top

ic
of

con
versation

b
etw

een
n

o
d

es.
E

ach
top

ic
of

con
versatio

n
is

d
escrib

ed
b
y

d
istrib

u
tion

s
over

th
e

n
o
d

es
likely

to
take

p
a
rt

in
su

ch
a

co
n
versation

.
If

w
e

con
d

ition
on

th
e

fact
th

at
th

e
sth

n
o
d

e
is

sen
d

in
g

an
em

ail,
w

e
can

u
se

th
ese

d
istrib

u
tion

s
to

in
fer

th
e

p
ro

b
a
b

ility
of

th
at

em
ail

b
elon

gin
g

to
a

given
d

iscu
ssion

.
S

in
ce

th
e

h
iera

rch
ical

co
n

stru
ctio

n
of

E
q
u

ation
5

en
su

res
th

at
th

e
to

p
ics

of
con

versa
tion

h
av

e
overlap

p
in

g
p

ar-
ticip

a
n
ts,

th
e

n
o
d

e
w

ill
b

e
asso

ciated
w

ith
a

con
d

ition
al

d
istrib

u
tion

over
an

u
n
b

ou
n

d
ed

n
u

m
b

er
of

con
versation

s.

In
S

ection
2.2,

w
e

d
iscu

ssed
h

ow
th

e
grap

h
ex

con
stru

ction
for

b
in

a
ry

ex
ch

an
geab

le
n

et-
w

ork
s

b
y

V
eitch

an
d

R
oy

(2015)
allow

s
u

s
to

rep
resen

t
th

e
sto

ch
a
stic

b
lo

ck
m

o
d

el
an

d
th

e
sp

arse
b

in
a
ry

m
o
d

el
of

C
aron

an
d

F
ox

(2015)
u

sin
g

a
com

m
on

fram
ew

ork
.

W
h

ile
th

e
in

teg
er-valu

ed
M

D
N

D
,

an
d

th
e

n
on

-ex
ch

an
geab

le
b

in
ary

n
etw

ork
d

escrib
ed

in
S
ection

3.3,
d

o
n

ot
fall

u
n

d
er

th
e

grap
h

ex
fram

ew
ork

,
it

su
ggests

an
altern

ative
w

ay
to

d
escrib

e
th

e
ex

-
ch

a
n

gea
b

le
b

in
ary

n
etw

ork
ob

tain
ed

b
y

th
resh

old
in

g
a

M
D

N
D

(as
d

escrib
ed

in
E

q
u

ation
6).

4
.
F
u
lly

N
o
n
p
a
ra

m
e
tric

In
fe
re
n
ce

v
ia

a
n

U
rn

S
ch

e
m
e

In
th

e
sim

p
le

sy
m

m
etric

n
etw

ork
m

o
d

el
of

E
q
u

ation
2,

w
e

can
d

irectly
eva

lu
a
te

th
e

p
re-

d
ictive

d
istrib

u
tio

n
ov

er
th

e
n

th
lin

k
,

giv
en

th
e

p
rev

iou
s
n
−

1
lin

k
s,

v
ia

a
straig

h
tforw

ard
ex

ten
sion

of
th

e
P

öly
a

u
rn

sam
p

ler
for

th
e

C
h

in
ese

restau
ran

t
p

ro
cess

N
eal

(1
998),

w
h

ere
th

e
p

rob
ab

ility
of

seein
g

a
lin

k
b

etw
een

tw
o

n
o
d

es
is

p
rop

ortion
a
l

to
th

e
p

ro
d

u
ct

of
th

ose
n

o
d

es’
d

egrees
(ex

clu
d
in

g
th

e
lin

k
in

q
u

estion
):

P
(y
n

=
(s,r)|y

1 ,...,y
n−

1 )
=



m
i (m

j +
I(i=

j))
(2
n−

2
+
τ
)(2
n−

1
+
τ
)

if
m
i 6=

0,m
j 6=

0
m
i τ

(2
n−

2
+
τ
)(2
n−

1
+
τ
)

if
m
i 6=

0,m
j

=
0

m
j τ

(2
n−

2
+
τ
)(2
n−

1
+
τ
)

if
m
i

=
0,m

j 6=
0

τ
1
+
I(i=

j
)

(2
n−

2
+
τ
)(2
n−

1
+
τ
)

if
m
i

=
0,m

j
=

0,

w
h

ere
m
i

=
∑

n−
1

n
′=

1 (I(s
n
′

=
i)

+
I(r

n
′

=
i))

is
th

e
su

m
of

th
e

lin
k
s

to
or

from
n

o
d

e
i.

T
h

e
M

D
N

D
is

b
ased

on
a

m
ix

tu
re

of
cou

p
led

h
ierarch

ical
D

irich
let

p
ro

cesses,
a
llow

in
g

u
s

to
co

n
stru

ct
a

collap
sed

G
ib

b
s

sam
p

ler
b
y

m
o
d

ify
in

g
th

e
d
irect

assign
m

en
t

sam
p

ler
for

th
e

h
iera

rch
ical

D
irich

let
p

ro
cess

in
tro

d
u

ced
b
y

T
eh

et
al.

(2006).
R

ecall
th

at
a
sso

cia
ted

w
ith

each
clu

ster
k

w
e

h
ave

a
sen

d
er-sp

ecifi
c

d
istrib

u
tion

A
k

an
d

a
receiver-sp

ecifi
c

d
istrib

u
tio

n

B
k . 1

L
et
η
k

=
∑

Ni=
1
I
c
i =
k

b
e

th
e

n
u

m
b

er
of

lin
k
s

asso
ciated

w
ith

clu
ster

k
;

let
m

(1
)

k
,i

b
e

th
e

n
u

m
b

er
of

ed
ges

a
sso

ciated
w

ith
clu

ster
k

th
at

origin
ate

fro
m

n
o
d

e
i

(th
at

is,
ed

ges
w

h
ere

n
o
d

e
i

is
th

e
“sen

d
er”);

an
d

let
m

(2
)

k
,i

b
e

th
e

n
u

m
b

er
o
f

ed
ges

a
sso

ciated
w

ith
clu

ster
k

th
at

en
d

at
n

o
d

e
i

(th
at

is,
ed

ges
w

h
ere

n
o
d

e
i

is
th

e
“receiv

er”).
W

e
also

in
tro

d
u

ce
au

x
ilia

ry

1
.
In

th
is

sectio
n
,
w
e
fo
cu

s
o
n
th
e
a
sy
m
m
etric

M
D
N
D
,
w
h
ere

th
ere

a
re

sep
a
ra
te

d
istrib

u
tio

n
s
ov
er

sen
d
ers

a
n
d
receiv

ers;
ex

ten
sio

n
to

th
e
sy
m
m
etric

ca
se

is
stra

ig
h
tfo

rw
a
rd
.
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N
o
n
pa

r
a
m

e
t
r
ic

N
e
t
w

o
r
k

M
o
d
e
l
s

f
o
r

L
in

k
P

r
e
d
ic

t
io

n

co
u

n
t

va
ri

ab
le

s
ρ

(1
)

k
,i

an
d
ρ

(2
)

k
,i

2
an

d
a

p
ro

b
ab

il
it

y
ve

ct
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h
Y

ta
k
in

g
va

lu
es
±

1.
T

h
e

p
ri

m
e

g
oa

l
o
f

th
is

p
a
p

er
is

to
d

er
iv

e
th

e
li

m
it

in
g

la
w

s
o
f

G
O

S
F
LR

n
(s
,p

)
in

th
e

n
u

ll
se

tt
in

g
w

h
er

e
th

e
re

sp
o
n

se
Y

a
n

d
th

e
ex

p
la

n
a
to

ry
va

ri
a
b

le
s
X

ar
e

in
d

ep
en

d
en

t.
H

er
e,

b
ot

h
s

a
n

d
p

ca
n

d
ep

en
d

o
n
n

,
a
s

w
e

sh
al

l
u

se
d

o
u

b
le

-a
rr

ay
as

y
m

p
to

ti
cs

.
W

e
w

il
l

m
a
in

ly
fo

cu
s

on
th

e
G

L
IM

an
d

ro
b

u
st

li
n

ea
r

re
g
re

ss
io

n
th

a
t

a
re

o
f

p
a
rt

ic
u

la
r

in
te

re
st

in
st

at
is

ti
cs

.

2
.1

G
e
n

e
ra

li
z
e
d

li
n

e
a
r

m
o
d

e
ls

R
ec

a
ll

th
at

(Y
1
,X

1
),
..
.,

(Y
n
,X

n
)

ar
e

i.
i.

d
.

co
p

ie
s

of
(Y
,X

).
A

ss
u

m
e

th
a
t

th
e

co
n
d

it
io

n
al

d
is

tr
ib

u
ti

on
of
Y

g
iv

en
X

=
x
∈
R
p

b
el

o
n

g
s

to
th

e
ca

n
o
n

ic
a
l

ex
p

on
en

ti
al

fa
m

il
y

w
it

h
th

e
p

ro
b

ab
il

it
y

d
en

si
ty

fu
n

ct
io

n
ta

k
in

g
th

e
fo

rm
(M

cC
u

ll
a
gh

a
n

d
N

el
d

er
,

19
89

)

f
(y

;x
,β
∗ )

=
ex

p
[ {
y
x

T
β
∗
−
b(
x

T
β
∗ )
}/
φ

+
c(
y
,φ

)]
,

(5
)

w
h

er
e
β
∗

=
(β
∗ 1
,.
..
,β
∗ p)

T
is

th
e

u
n

k
n

ow
n
p
-d

im
en

si
o
n

a
l

ve
ct

or
o
f

re
g
re

ss
io

n
co

effi
ci

en
ts

,
a
n

d
φ
>

0
is

th
e

d
is

p
er

si
on

p
a
ra

m
et

er
.

T
h

e
lo

g-
li

ke
li
h

o
o
d

fu
n

ct
io

n
w

it
h

re
sp

ec
t

to
th

e
g
iv

en
d

at
a
{(
Y
i,
X
i)
}n i=

1
is
∑

n i=
1
c(
Y
i,
φ

)
+
φ
−

1
∑

n i=
1
{Y

i
X

T i
β
−
b(
X

T i
β

)}
.

F
o
r

si
m

p
li

ci
ty

,
w

e
ta

k
e
φ

=
1

w
it

h
th

e
ex

ce
p

ti
on

th
at

in
th

e
li

n
ea

r
m

o
d

el
w

it
h

G
a
u

ss
ia

n
n

o
is

e,
φ

=
σ

2
is

th
e

va
ri

an
ce

.
T

w
o

ot
h

er
sh

ow
ca

se
s

a
re

1.
L

og
is

ti
c

re
g
re

ss
io

n
:
b(
u

)
=

lo
g
(1

+
eu

),
u
∈
R

a
n

d
φ

=
1
.

2.
P

o
is

so
n

re
gr

es
si

o
n

:
b(
u

)
=
eu

,
u
∈
R

a
n

d
φ

=
1.

In
G

L
IM

,
th

e
lo

ss
fu

n
ct

io
n

is
L
n
(β

)
=
∑

n i=
1
{b

(X
T i
β

)−
Y
i
X

T i
β
}.

B
y

(4
),

th
e

g
en

er
a
li

ze
d

m
ea

su
re

o
f

go
o
d

n
es

s
o
f

fi
t

fo
r

G
L

IM
is

LR
n
(s
,p

)
=
n
b(

0
)
−

m
in

β
∈R

p
:‖
β
‖ 0
≤
s
L
n
(β

).
(6

)

In
S

ec
ti

o
n

3,
w

e
d

er
iv

e
u
n

d
er

m
il

d
re

g
u

la
ri

ty
co

n
d

it
io

n
s

th
e

li
m

it
in

g
d

is
tr

ib
u

ti
on

of
G

O
S

F
LR

n
(s
,p

)
in

th
e

n
u

ll
m

o
d

el
.

T
h

is
ex

te
n

d
s

th
e

cl
a
ss

ic
a
l

W
il

k
s

th
eo

re
m

(W
il
k
s,

1
9
38

).
H

er
e,

w
e

in
te

rp
re

t
LR

n
(s
,p

)
as

th
e

d
eg

re
e

o
f

sp
u

ri
o
u

sn
es

s
ca

u
se

d
b
y

th
e

h
ig

h
-d

im
en

si
on

al
it

y.

2
.2

L
1

re
g
re

ss
io

n

In
th

is
se

ct
io

n
,

w
e

re
v
is

it
th

e
h

ig
h

-d
im

en
si

on
a
l

li
n

ea
r

m
o
d
el

Y
=

X
β
∗

+
ε

o
r

Y
i

=
X

T i
β
∗

+
ε i
,
i

=
1,
..
.,
n
,

(7
)

w
h

er
e
Y

=
(Y

1
,.
..
,Y

n
)T

is
th

e
re

sp
on

se
v
ec

to
r

a
n

d
ε

=
(ε

1
,.
..
,ε
n
)T

is
th

e
n

-v
ec

to
r

of
m

ea
su

re
m

en
t

er
ro

rs
.

R
o
b

u
st

n
es

s
co

n
si

d
er

a
ti

o
n

s
le

a
d

to
le

a
st

ab
so

lu
te

d
ev

ia
ti

o
n

(L
A

D
)

re
-

g
re

ss
io

n
an

d
m

or
e

g
en

er
a
ll

y
q
u

a
n
ti

le
re

g
re

ss
io

n
(K

o
en

ke
r,

20
0
5
).

F
o
r

si
m

p
li

ci
ty

,
w

e
co

n
si

d
er

th
e
` 1

-l
os

s
L
n
(β

)
=
∑

n i=
1
|Y
i
−
X

T i
β
|,
β
∈
R
p
.

T
h

e
g
en

er
al

iz
ed

m
ea

su
re

o
f

go
o
d

n
es

s
o
f

fi
t

(4
)

n
ow

b
ec

o
m

es

LR
n
(s
,p

)
=
‖Y
‖ 1
−

m
in

β
∈R

p
:‖
β
‖ 0
≤
s
L
n
(β

).
(8

)

T
h

e
li

m
it

in
g

d
is

tr
ib

u
ti

o
n

o
f

G
O

S
F
LR

n
(s
,p

)
is

st
u

d
ie

d
in

S
ec

ti
o
n

3
.4

.
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G
u
a
r
d
in

g
a
g

a
in

st
S
p
u
r
io

u
s

D
isc

o
v
e
r
ie

s
in

H
ig

h
D

im
e
n
sio

n
s

In
p

a
rticu

lar,
if
ε

1 ,...,ε
n

in
(7

)
are

i.i.d
.

fro
m

th
e

d
o
u

b
le

ex
p

o
n

en
tia

l
d

istrib
u

tion
w

ith
th

e
d

en
sity

f
ε (u

)
=

12 e −
|u|,

u
∈

R
,

th
e
`
1 -loss

L
n
(·)

corresp
on

d
s

to
th

e
n

eg
a
tiv

e
lo

g-
likelih

o
o
d

fu
n

ctio
n

.
In

g
en

era
l,

w
e

a
ssu

m
e

th
at

th
e

reg
ressio

n
erro

r
ε
i

h
a
s

m
ed

ian
zero

,
th

a
t

is,P
(ε
i ≤

0
)

=
12 .

H
en

ce,
th

e
co

n
d

itio
n

a
l

m
ed

ia
n

o
f
Y
i

g
iven

X
i

is
X

Ti
β
∗

fo
r
i∈

[n
],

an
d
β
∗

=
a
rg

m
in
β∈

R
p E
X
{
L
n
(β

)}
,

w
h

ere
E
X

(·)
=

E
(·|X

1 ,...,X
n
)

d
en

o
tes

th
e

co
n
d

itio
n

al
ex

p
ecta

tion
g
iven

{X
i }
ni=

1 .

2
.3

A
n

L
A

M
M

a
lg

o
rith

m

T
h

e
co

m
p

u
tatio

n
o
f

th
e

b
est

su
b

set
regression

co
effi

cien
t
β̂

(s)
in

(4
)

req
u

ires
so

lv
in

g
a

co
m

-
b

in
ato

ria
l

o
p

tim
iza

tion
p

ro
b
lem

w
ith

a
card

in
a
lity

co
n

stra
in

t,
a
n

d
th

erefo
re

is
N

P
-h

ard
.

In
th

e
fo

llow
in

g
,

w
e

su
g
gest

a
fa

st
an

d
easily

im
p

lem
en

ta
b

le
m

eth
o
d

,
w

h
ich

co
m

b
in

es
th

e
for-

w
a
rd

selection
(step

w
ise

ad
d

ition
)

alg
o
rith

m
a
n

d
a

lo
ca

l
a
d

a
p

tive
m

a
jo

riza
tio

n
-m

in
im

iza
tio

n
(L

A
M

M
)

alg
orith

m
(L

a
n

g
e,

H
u

n
ter

a
n

d
Y

an
g,

2
00

0
;

F
a
n

et
a
l.,

2
0
1
5
)

to
p

rov
id

e
a
n

a
p

p
rox

-
im

a
te

so
lu

tio
n

.
O

u
r

op
tim

izatio
n

p
ro

b
lem

is
m

in
β∈

R
p
:‖
β‖

0 ≤
s
f

(β
),

w
h

ere
f

(β
)

=
L
n
(β

).
W

e
say

th
a
t

a

fu
n

ctio
n
g
(β
|β

(k
))

m
a

jorizes
f

(β
)

a
t

th
e

p
o
in

t
β

(k
)

if
f

(β
(k

))
=
g
(β

(k
)|β

(k
))

a
n

d
f

(β
)≤

g
(β
|β

(k
))

fo
r

a
ll
β
∈
R
p.

A
n

m
a

jorizatio
n

-m
in

im
iza

tion
(M

M
)

a
lg

o
rith

m
in

itia
lizes

a
t
β

(0
)

an
d

th
en

itera
tively

com
p

u
tes

β
(k

+
1
)

=
arg

m
in
β∈

R
p
:‖
β‖

0 ≤
s
g
(β
|β

(k
)).

T
h

e
ta

rg
et

va
lu

e
o
f

su
ch

a
n

alg
orith

m
is

n
on

-in
creasin

g
sin

ce

f
(β

(k
+

1
))

m
a
jo
riz

a
tio

n

≤
g
(β

(k
+

1
)|β

(k
))

m
in

im
iz
a
tio

n

≤
g
(β

(k
)|β

(k
))

in
itia

liz
a
tio

n
=

f
(β

(k
)).

(9)

W
e

n
ow

m
a
jo

rize
f

(β
)

at
β̂

(k
)

b
y

a
n

iso
tro

p
ic

q
u

a
d

ra
tic

fu
n

ctio
n

g
λ (β
|β̂

(k
))

=
f

(β
)

+
〈∇

f
(β̂

(k
)),β

−
β̂

(k
) 〉

+
λ2 ‖β

−
β̂

(k
)‖

22 ,
β
∈
R
p.

(1
0)

T
h

is
is

a
va

lid
m

a
jo

riza
tion

a
s

lo
n

g
as
λ
≥

m
ax
β ‖∇

2f
(β

)‖
(th

is
w

ill
b

e
rela

x
ed

b
elow

).
T

h
e

isotro
p

ic
fo

rm
o
n

th
e

rig
h
t-h

a
n

d
sid

e
o
f

(10
)

allow
s

a
sim

p
le

a
n

a
ly

tic
so

lu
tio

n
g
iv

en
b
y

β̂
(k

+
1
)

λ
=

a
rg

m
in
β∈

R
p
:‖
β‖

0 ≤
s
g
(β
|β

(k
))

=
{
β̂

(k
)−

λ
−

1∇
f

(β̂
(k

)) }
[1

:s] .

H
ere,

w
e

u
sed

th
e

n
o
tatio

n
th

at
fo

r
a
n
y
β
∈

R
p,
β

[1
:s]
∈

R
p

reta
in

s
th

e
s

la
rg

est
(in

m
a
g
n

itu
d

e)
en

tries
of
β

a
n

d
a
ssign

s
th

e
rest

to
zero

.

R
e
m

a
rk

1
T

o
im

p
lem

en
t

th
e

M
M

a
lgo

rith
m

,
w

e
n

eed
to

co
m

p
u

te
th

e
g
ra

d
ien

t
o
f

th
e

o
b

jective
fu

n
ction

of
in

terest.
In

th
e
L

1
regressio

n
,

th
e

lo
ss

fu
n

ctio
n
L
n
(β

)
=
∑

ni=
1 |Y

i −
X

Ti
β|,

β
∈

R
p

is
n

o
t

d
iff

eren
tia

b
le

every
w

h
ere.

R
eca

ll
th

a
t

th
e

su
b

d
iff

eren
tia

l
of

th
e

a
b

so
lu

te
fu

n
ction

h
(x

)
=
|x|,

x
∈
R

is
giv

en
b
y

∂
h

(x
)

=


{
1}
,

if
x
>

0,
[−

1
,1

],
if
x

=
0,

{−
1}
,

if
x
<

0
.

W
ith

sligh
t

ab
u

se
o
f

n
o
tatio

n
,

w
e

su
g
g
est

a
ra

n
d

o
m

ized
alg

o
rith

m
u

sin
g

th
e

sto
ch

astic
su

b
g
rad

ien
t∇

L
n
(β

)
=
∑

ni=
1
I
(Y
i −

X
Ti
β
>

0
)−

I
(Y
i −

X
Ti
β
>

0
)

+
U
i I

(Y
i −

X
Ti
β

=
0
),

w
h

ere
U

1 ,...,U
n

a
re

i.i.d
.

ran
d
o
m

variab
les

u
n

ifo
rm

ly
d

istrib
u

ted
o
n

[−
1,1].
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F
a
n

a
n
d

Z
h
o
u

W
e

p
ro

p
ose

to
u

se
th

e
step

w
ise

forw
ard

selection
alg

orith
m

to
com

p
u

te
an

in
itial

esti-
m

ator
β̂

(0
).

A
s

th
e

M
M

algorith
m

d
ecreases

th
e

target
valu

e
a
s

sh
ow

n
in

(9),
th

e
resu

ltin
g

target
valu

e
is

n
o

larger
th

an
th

at
p
ro

d
u

ced
b
y

th
e

step
w

ise
forw

a
rd

selection
alg

orith
m

.
T

o
p

rop
erly

ch
o
ose

th
e

isotrop
ic

p
aram

eter
λ
>

0
w

ith
ou

t
com

p
u

tin
g

th
e

m
ax

im
u

m
eigen

valu
e,

w
e

u
se

th
e

lo
cal

ad
ap

tiv
e

p
ro

ced
u

re
as

in
F

an
et

al.
(20

15).
N

ote
th

a
t,

in
ord

er
to

h
ave

a
n

o
n

-in
creasin

g
target

valu
e,

th
e

m
a

jorization
is

n
ot

actu
ally

req
u

ired
.

A
s

lon
g

a
s
f

(β
(k

+
1
))≤

g
(β

(k
+

1
)|β

(k
)),

argu
m

en
ts

in
(9)

h
old

.
S

ta
rtin

g
from

a
p

resp
ecifi

ed
valu

e
λ

=
λ

0 ,
w

e
su

ccessfu
lly

in
fl

ate
λ

b
y

a
factor

ρ
>

1.
A

fter
th

e
`th

iteration
,
λ

=
λ
`

=
ρ
`−

1λ
0 .

W
e

ta
ke

th
e

fi
rst

`
su

ch
th

at
f

(β̂
(k

+
1
)

λ
`

)≤
g
λ
` (β̂

(k
+

1
)

λ
`
|β̂

(k
))

an
d

set
β̂

(k
+

1
)

=
β̂

(k
+

1
)

λ
`

.
S

u
ch

an
`

alw
ay

s
ex

ists
as

a
large

`
w

ill
m

a
jor

th
e

fu
n

ction
f

.
W

e
th

en
con

tin
u

e
w

ith
th

e
iteration

in
th

e
M

M
p

art.
A

sim
p

le
criteria

for
stop

p
in

g
th

e
iteration

is
th

a
t|f

(β̂
(k

+
1
))−

f
(β̂

(k
))|≤

ε
fo

r
a

su
ffi

cien
tly

sm
all

ε,
say

10 −
5.

W
e

refer
to

F
an

et
al.

(2
015)

for
a

d
etailed

com
p

u
tation

al
com

p
lex

ity
a
n
aly

sis
of

th
e

L
A

M
M

algorith
m

.
W

h
ile

th
e

L
A

M
M

algorith
m

can
b

e
ap

p
lied

to
com

p
u

te
β̂

(s)
in

a
gen

era
l

settin
g,

in
o
u

r
ap

p
lication

,
th

e
algorith

m
is

m
ain

ly
ap

p
lied

to
com

p
u

te
G

O
S

F
u

n
d

er
th

e
n
u

ll
m

o
d

el
(see

F
igu

re
1

a
n

d
S

ection
3.5).

F
rom

ou
r

sim
u

lation
ex

p
erien

ces,
ou

r
alg

orith
m

d
elivers

a
g
o
o
d

en
ou

gh
solu

tio
n

u
n

d
er

th
e

n
u

ll
m

o
d

el.
It

alw
ay

s
p

rov
id

es
an

u
p

p
er

certifi
cate

f
(β̂

0 )
to

th
e

p
rob

lem
m

in‖
β‖

0 ≤
s
f

(β
),

w
h

ere
β̂

0
is

th
e

ou
tp

u
t

of
th

e
L

A
M

M
algorith

m
.

A
s

in
B

ertsim
as,

K
in

g
an

d
M

azu
m

d
er

(2016),
if

n
eed

ed
to

verify
th

e
accu

racy
of

ou
r

m
eth

o
d

,
a

low
er

certifi
-

cate
is
f

(β̂
1 ),

w
h

ere
β̂

1
is

th
e

solu
tion

to
th

e
con

vex
p

rob
lem

m
in‖

β‖
1 ≤
B
s
f

(β
),

an
d
B
s

is
a

su
ffi

cien
t

large
con

stan
t

so
th

at
th

e
L

0 -solu
tion

satisfi
es‖β̂

(s)‖
1 ≤

B
s .

F
or

ex
am

p
le,

u
n

d
er

th
e

n
u

ll
m

o
d

el,
it

is
w

ell
k
n

ow
n

th
at‖

β̂
(s)‖

1
=
O

P {
s √

(log
p
)/n}.

T
h

erefo
re,

w
e

can
take

B
s

=
C
s s √

(log
p
)/n

for
a

su
ffi

cien
tly

large
co

n
stan

t
C
s .

A
d

ata
-d

riven
h

eu
ristic

ap
p

roach

is
to

take
B
s

=
2‖
β̂

1 (s)‖
1

alon
g

th
e

L
asso

p
ath

su
ch

th
at‖

β̂
1 (s)‖

0
=
s.

N
ote

th
a
t

th
e

m
in

im
u

m
target

valu
e

falls
in

th
e

in
terval

[f
(β̂

1 ),f
(β̂

0 )].
If

th
is

in
terval

is
v
ery

tigh
t,

w
e

h
ave

certifi
ed

th
at
β̂

0
is

an
accu

rate
solu

tion
.

3
.

A
sy

m
p
to

tic
d
istrib

u
tio

n
o
f

g
o
o
d
n
e
ss

o
f

sp
u
rio

u
s

fi
t

3
.1

P
re

lim
in

a
rie

s

D
efi

n
e
p×

p
covarian

ce
m

atrices

Σ
=

E
(X
X

T
)

an
d

Σ̂
=
n
−

1
n
∑i=

1

X
i X

Ti
.

(11)

F
or
s∈

[p
],

w
e

say
th

at
S
⊆

[p
]

is
an

s-su
b

set
if|S|

=
s.

F
or

every
s-su

b
set

S
⊆

[p
],

let
Σ
S
S

a
n

d
Σ̂
S
S

b
e

th
e
s×

s
su

b
-m

atrices
of

Σ
an

d
Σ̂

con
tain

in
g

th
e

en
tries

in
d

ex
ed

b
y
S
×
S

,
th

a
t

is,

Σ
S
S

=
E

(X
S
X

TS
),

Σ̂
S
S

=
n
−

1
n
∑i=

1

X
iS
X

TiS
.

(12)

C
o
n

d
itio

n
3
.1

T
h

e
covariates

are
stan

d
ard

ized
to

h
av

e
u

n
it

seco
n

d
m

o
m

en
t,

th
at

is,
E

(X
2j )

=
1

for
j

=
1
,...,p

.
T

h
ere

ex
its

a
ran

d
om

vector
U
∈
R
p

satisfy
in

g
E

(U
U

T
)

=
I
p ,

su
ch

th
at
X

=
Σ

1
/
2U

an
d
A

0
:=

su
p
v∈

S
p−

1 ‖
v

T
U
‖
ψ
2
<
∞

.
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G
u
a
r
d
in

g
a
g

a
in

st
S
p
u
r
io

u
s

D
is

c
o
v
e
r
ie

s
in

H
ig

h
D

im
e
n
si

o
n
s

F
or

1
≤
s
≤
p
,

th
e
s-

sp
ar

se
co

n
d

it
io

n
n
u

m
b

er
of

Σ
is

gi
v
en

b
y

γ
s

=
γ
s
(Σ

)
=
√
λ

m
a
x
(s

)/
λ

m
in

(s
),

(1
3
)

w
h

er
e
λ

m
a
x
(s

)
=

m
ax
u
∈S

p
−
1
:‖
u
‖ 0
≤
s
u

T
Σ
u

an
d
λ

m
in

(s
)

=
m

in
u
∈S

p
−
1
:‖
u
‖ 0
≤
s
u

T
Σ
u

d
en

o
te

th
e

s-
sp

ar
se

la
rg

es
t

an
d

sm
al

le
st

ei
ge

n
va

lu
es

o
f

Σ
,

re
sp

ec
ti

ve
ly

.
L

et
G

=
(G

1
,.
..
,G

p
)T
∼
N

(0
,Σ

)
b

e
a

ce
n
te

re
d

G
au

ss
ia

n
ra

n
d

om
ve

ct
o
r

w
it

h
co

va
ri

-
an

ce
m

at
ri

x
Σ

.
F

or
an

y
s-

su
b

se
t
S
⊆

[p
],
G
S
∼
N

(0
,Σ

S
S

).
D

efi
n

e
th

e
ra

n
d

o
m

va
ri

a
b

le

R
0
(s
,p

)
=

m
ax

S
⊆

[p
]:
|S
|=
s
‖Σ
−

1
/
2

S
S
G
S
‖ 2
,

(1
4
)

w
h

ic
h

is
th

e
m

ax
im

u
m

of
th

e
` 2

-n
or

m
s

of
a

se
q
u

en
ce

of
d

ep
en

d
en

t
ch

i-
sq

u
a
re

d
ra

n
d

o
m

va
ri

ab
le

s
w

it
h
s

d
eg

re
es

of
fr

ee
d

om
.

T
h

e
d

is
tr

ib
u

ti
on

of
R

0
(s
,p

)
d

ep
en

d
s

o
n

th
e

u
n
k
n

ow
n

Σ
an

d
ca

n
b

e
es

ti
m

at
ed

b
y

th
e

m
u

lt
ip

li
er

b
o
ot

st
ra

p
in

S
ec

ti
on

3.
5.

It
w

il
l

b
e

sh
ow

n
th

at
th

is
d

is
tr

ib
u

ti
on

is
th

e
as

y
m

p
to

ti
c

d
is

tr
ib

u
ti

on
of

G
O

S
F

.
In

p
ar

ti
cu

la
r,

fo
r

th
e

is
o
tr

o
p

ic
ca

se
w

h
er

e
Σ

=
I p

,
R

0
(s
,p

)
=
G

2 (1
)

+
··
·+

G
2 (s

),
th

e
su

m
of

th
e

la
rg

es
t
s

o
rd

er
st

a
ti

st
ic

s
of

p
in

d
ep

en
d

en
t
χ

2 1
ra

n
d

om
va

ri
ab

le
s.

3
.2

G
e
n

e
ra

li
z
e
d

li
n

e
a
r

m
o
d

e
ls

F
or

i.
i.

d
.

ob
se

rv
at

io
n

s
{(
Y
i,
X
i)
}n i=

1
fr

om
th

e
d

is
tr

ib
u

ti
on

in
(5

),
d

efi
n

e
in

d
iv

id
u

a
l

re
si

d
u

a
ls

ε i
=
Y
i
−
E X

(Y
i)

=
Y
i
−
b′

(X
T i
β
∗ )

w
it

h
co

n
d

it
io

n
al

va
ri

an
ce

V
ar
X

(ε
i)

=
φ
b′
′ (
X

T i
β
∗ )

,
w

h
er

e
V

ar
X

(·)
=

E X
{·
−

E X
(·)
}2

.
In

p
ar

ti
cu

la
r,

u
n

d
er

th
e

n
u

ll
m

o
d

el
,
Y

is
in

d
ep

en
d

en
t

o
f
X

w
it

h
m

ea
n
µ
Y

:=
E(
Y

)
=
b′

(0
)

an
d

va
ri

an
ce
σ

2 Y
:=

V
ar

(Y
)

=
φ
b′
′ (

0)
.

C
o
n

d
it

io
n

3
.2

T
h

er
e

ex
is

ts
a

0
>

0
su

ch
th

at
E

ex
p
{u
σ
−

1
Y

(Y
−
µ
Y

)}
≤

ex
p

(a
0
u

2
/2

)
h

ol
d

s
fo

r
al

l
u
∈
R

.
T

h
e

fu
n

ct
io

n
b(
·)

in
(5

)
sa

ti
sfi

es

m
in

u
:|u
|≤

1
b′
′ (
u

)
≥
a

1
an

d
m

a
x

u
:|u
|≤

1
|b′
′′ (
u

)|
≤
A

1
(1

5
)

fo
r

so
m

e
co

n
st

an
ts
a

1
,A

1
>

0.

C
on

d
it

io
n

3.
2

is
sa

ti
sfi

ed
b
y

a
w

id
e

cl
as

s
of

G
L

IM
s,

in
cl

u
d

in
g

th
e

lo
gi

st
ic

an
d

P
oi

ss
on

re
gr

es
si

on
m

o
d

el
s.

T
h

e
fo

ll
ow

in
g

th
eo

re
m

sh
ow

s
th

at
,

u
n

d
er

ce
rt

ai
n

m
om

en
t

a
n

d
re

g
u

la
ri

ty
co

n
d

it
io

n
s,

th
e

d
is

tr
ib

u
ti

on
of

th
e

ge
n

er
al

iz
ed

li
k
el

ih
o
o
d

ra
ti

o
st

at
is

ti
c

2L
R
n
(s
,p

)
ca

n
b

e
co

n
si

st
en

tl
y

ap
p
ro

x
im

at
ed

b
y

th
at

of
R

2 0
(s
,p

)
gi

ve
n

in
(1

4)
.

T
h

e
o
re

m
2

L
et

C
o
n

d
it

io
n

s
3
.1

a
n

d
3
.2

be
sa

ti
sfi

ed
.

A
ss

u
m

e
th

a
t
φ

=
1

in
(5

),
p
,n
≥

3
a
n

d
1
≤
s
≤

m
in

(p
,n

).
T

h
en

,
u

n
d
er

th
e

n
u

ll
m

od
el

(7
)

w
it

h
β
∗

=
0

,

su
p

t≥
0

∣ ∣ P
{ 2
LR

n
(s
,p

)
≤
t}
−
P{
R

2 0
(s
,p

)
≤
t}
∣ ∣

≤
C
[ {
s

lo
g
(γ
s
p
n

)}
7
/
8
n
−

1
/
8

+
γ

1
/
2

s
{s

lo
g
(γ
s
p
n

)}
2
n
−

1
/
2
] ,

(1
6
)

w
h
er

e
C
>

0
is

a
co

n
st

a
n

t
d
ep

en
d
in

g
o
n

ly
o
n
a

0
,a

1
,A

0
,A

1
in

C
o
n

d
it

io
n

s
3
.1

a
n

d
3
.2

.

R
e
m

a
rk

3
W

e
re

ga
rd

T
h

eo
re

m
2

as
a

n
on

as
y
m

p
to

ti
c,

h
ig

h
-d

im
en

si
on

a
l

ve
rs

io
n

o
f

th
e

ce
le

b
ra

te
d

W
il

k
s

th
eo

re
m

.
In

th
e

lo
w

-d
im

en
si

on
al

se
tt

in
g

w
h

er
e
s

=
p

is
fi

x
ed

,
T

h
eo

re
m

2
re

d
u

ce
s

to
th

e
co

n
ve

n
ti

on
al

W
il

k
s

th
eo

re
m

,
w

h
ic

h
as

se
rt

s
th

at
th

e
ge

n
er

a
li

ze
d

li
ke

li
h

o
o
d

ra
ti

o
st

at
is

ti
c

co
n
ve

rg
es

in
d

is
tr

ib
u

ti
on

to
χ

2 p
.

In
ad

d
it

io
n

,
w

e
al

so
p

ro
v
id

e
a

B
er

ry
-E

ss
ee

n
b

ou
n

d
in

(1
6)

.
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:1
-3

4

F
a
n

a
n
d

Z
h
o
u

3
.3

L
in

e
a
r

le
a
st

sq
u

a
re

s
re

g
re

ss
io

n

A
s

a
sp

ec
ifi

c
ca

se
of

G
L

IM
,
w

e
co

n
si

d
er

th
e

li
n

ea
r

re
g
re

ss
io

n
m

o
d

el
(7

)
w

it
h

th
e

lo
ss

fu
n

ct
io

n
L
n
(β

)
=

1 2
‖Y
−
X
β
‖2 2

.
T

h
e

co
rr

es
p

o
n

d
in

g
li

ke
li

h
o
o
d

ra
ti

o
st

a
ti

st
ic

LR
n
(s
,p

)
=

1 2
‖Y
‖2 2
−

m
in

β
∈R

p
:‖
β
‖ 0
≤
s
L
n
(β

)
(1

7)

th
en

co
in

ci
d

es
w

it
h

th
a
t

in
(6

)
w

it
h
b(
u

)
=

1 2
u

2
.

W
e

st
a
te

th
e

n
u

ll
li

m
it

in
g

d
is

tr
ib

u
ti

on
o
f
LR

n
(s
,p

)
in

a
ge

n
er

a
l

ca
se

,
w

h
er

e
ε 1
,.
..
,ε
n

ar
e

i.
i.

d
.

co
p

ie
s

of
a

su
b

-G
a
u

ss
ia

n
ra

n
d

o
m

va
ri

ab
le
ε.

S
p

ec
ifi

ca
ll

y,
w

e
as

su
m

e
th

a
t

C
o
n

d
it

io
n

3
.3

ε
is

a
ce

n
te

re
d

,
su

b
-G

a
u

ss
ia

n
ra

n
d

o
m

va
ri

a
b

le
w

it
h

V
a
r(
ε)

=
σ

2
>

0
a
n

d
K

0
:=
‖ε
‖ ψ

2
<
∞

.
M

o
re

ov
er

,
w

ri
te
v `

=
E(
|ε|

` )
fo

r
`
≥

3
.

T
h

e
fo

ll
ow

in
g

co
ro

ll
ar

y
is

a
p

ar
ti

cu
la

r
ca

se
o
f

th
e

ge
n

er
a
l

re
su

lt
T

h
eo

re
m

2
w

it
h
b(
u

)
=

1 2
u

2
,
u
∈

R
an

d
φ

=
σ

2
.

B
y

ex
a
m

in
in

g
th

e
p

ro
of

o
f

T
h

eo
re

m
2

an
d

n
o
ti

n
g

th
a
t
b′
′′
≡

0
,

it
ca

n
b

e
ea

si
ly

sh
ow

n
th

a
t

th
e

se
co

n
d

te
rm

o
n

th
e

ri
g
h
t-

si
d

e
o
f

(1
6)

va
n

is
h

es
.

H
en

ce
,

th
e

p
ro

of
is

om
it

te
d

.

C
o
ro

ll
a
ry

4
L

et
C

o
n

d
it

io
n

s
3
.1

a
n

d
3
.3

h
o
ld

.
A

ss
u

m
e

th
a
t
p
,n
≥

3
a
n

d
1
≤
s
≤

m
in

(p
,n

).
T

h
en

,
u

n
d
er

th
e

n
u

ll
m

od
el

(7
)

w
it

h
β
∗

=
0

,

su
p

t≥
0

∣ ∣ P
{ 2L
R
n
(s
,p

)
≤
t}
−

P{
σ

2
R

2 0
(s
,p

)
≤
t}
∣ ∣ ≤

C
{s

lo
g
(γ
s
p
n

)}
7
/
8
n
−

1
/
8
,

w
h
er

e
C
>

0
is

a
co

n
st

a
n

t
d
ep

en
d
in

g
o
n

ly
o
n
A

0
a
n

d
K

0
in

C
o
n

d
it

io
n

s
3
.1

a
n

d
3
.3

.

R
e
m

a
rk

5
U

n
d

er
th

e
n
u

ll
m

o
d

el
,

th
e

va
ri

a
n

ce
σ

2
ca

n
b

e
co

n
si

st
en

tl
y

es
ti

m
a
te

d
b
y
σ̂

2 0
=

n
−

1
∑

n i=
1
(Y
i
−
Ȳ

)2
,

w
h

er
e
Ȳ

=
n
−

1
∑

n i=
1
Y
i.

U
n

d
er

th
e

sa
m

e
co

n
d

it
io

n
s

o
f

C
o
ro

ll
a
ry

4
,

it
ca

n
b

e
p

ro
ve

d
th

at

su
p

t≥
0

∣ ∣ P
{ 2
LR

n
(s
,p

)
≤
t}
−
P{
σ̂

2 0
R

2 0
(s
,p

)
≤
t}
∣ ∣ .
{s

lo
g
(γ
s
p
n

)}
7
/
8
n
−

1
/
8
,

w
h

ic
h

is
in

li
n

e
w

it
h

T
h

eo
re

m
3
.1

in
F

an
,

S
h

a
o

a
n

d
Z

h
ou

(2
01

5
).

T
o

se
e

th
is

,
n
ot

e
th

a
t

2L
R
n
(s
,p

)
=
‖Y
‖2 2
−

m
in

S
⊆

[p
]:
|S
|=
s

m
in

θ
∈R

s
‖Y
−
X
S
θ
‖2 2

=
m

ax
S
⊆

[p
]:
|S
|=
s
Y

T
X
S

(X
T S
X
S

)−
1
X

T S
Y

=
m

a
x

α
∈R

p
:‖
α
‖ 0
≤
s(Y

T
X
α

)2
/‖
X
α
‖2 2
.

T
h

e
es

ti
m

at
or
σ̂

2 0
,

u
se

d
in

co
m

p
u

ti
n
g

th
e

m
a
x
im

u
m

sp
u

ri
ou

s
co

rr
el

a
ti

on
,

ca
n

b
e

se
ri

o
u

sl
y

b
ia

se
d

b
ey

on
d

th
e

n
u

ll
m

o
d
el

a
n

d
h

en
ce

ad
v
er

se
ly

a
ff

ec
t

th
e

p
ow

er
.

T
h
u

s,
w

e
su

g
ge

st
u

si
n

g
ei

th
er

th
e

re
fi

tt
ed

cr
o
ss

-v
a
li

d
at

io
n

p
ro

ce
d

u
re

(F
an

,
G

u
o

an
d

H
a
o,

2
01

2)
or

th
e

sc
a
le

d
L

as
so

es
ti

m
at

or
(S

u
n

an
d

Z
h

a
n

g
,

2
0
12

)
to

es
ti

m
a
te
σ

2
.

10
JM

L
R

 1
7(

20
3)

:1
-3

4



G
u
a
r
d
in

g
a
g

a
in

st
S
p
u
r
io

u
s

D
isc

o
v
e
r
ie

s
in

H
ig

h
D

im
e
n
sio

n
s

3
.4

L
in

e
a
r

m
e
d

ia
n

re
g
re

ssio
n

W
e

n
ow

sta
te

an
an

alo
g
ou

s
resu

lt
to

T
h

eorem
2

reg
ard

in
g

th
e
`
1 -lo

ss
co

n
sid

ered
in

S
ec-

tio
n

2
.2

.

C
o
n

d
itio

n
3
.4

T
h

e
n

o
ise

ε
1 ,...,ε

n
in

(7)
are

i.i.d
.

cop
ies

o
f

a
ra

n
d

o
m

varia
b

le
ε

sa
tisfy

in
g

E|ε| κ
<
∞

fo
r

so
m

e
1
<
κ
≤

2
.

T
h

ere
ex

ist
p

ositive
co

n
sta

n
ts
a

2
<

(E|ε|) −
1,
A

2
an

d
A

3

su
ch

th
at

th
e

d
istrib

u
tio

n
fu

n
ction

F
ε (·)

a
n

d
th

e
d

en
sity

fu
n

ctio
n
f
ε (·)

o
f
ε

sa
tisfy

2
m

a
x{1−

F
ε (u

),F
ε (−

u
)}
≤

(1
+
a

2 u
) −

1
for

a
ll
u
≥

0,
(1

8)

m
a
x

u∈
R
f
ε (u

)≤
A

2
an

d
m

a
x

u
:|u|≤

1
m

a
x {|f

′ε (u
+

)|,|f
′ε (u−

)| }
≤
A

3 .
(1

9)

T
h

e
o
re

m
6

If
p
,n
≥

3
a
n

d
1
≤
s≤

m
in

(p
,n

),
th

en
u

n
d
er

th
e

n
u

ll
m

od
el

(7
)

w
ith
β
∗

=
0

a
n

d
C

o
n

d
itio

n
s

3
.1

a
n

d
3
.4

,
w

e
h
a
ve

su
p

t≥
0 ∣∣P {

2LR
n
(s,p

)≤
t }
−
P {
R

20 (s,p
)/{2

f
ε (0)}

≤
t } ∣∣

≤
C

1
n

1−
κ

+
C

2 [{
s

lo
g
(γ
s p
n

)}
7
/
8n
−

1
/
8

+
γ

1
/
4

s
{s

lo
g
(γ
s p
n

)}
3
/
2n
−

1
/
4 ],(20

)

w
h
ere
LR

n
(s,p

)
is

given
by

(8
),
C

1
>

0
is

a
co

n
sta

n
t

d
epen

d
in

g
o
n
a

2 ,
κ

,
E|ε|,

E|ε| κ
a
n

d
C

2
>

0
is

a
co

n
sta

n
t

d
epen

d
in

g
o
n
a

2 ,A
0 ,A

2
a
n

d
A

3
in

C
o
n

d
itio

n
s

3
.1

a
n

d
3
.4

.

R
e
m

a
rk

7
U

n
d

er
th

e
n
u

ll
m

o
d

el,
th

e
u

n
k
n

ow
n

p
a
ram

eter
f
ε (0

)
can

b
e

co
n

sisten
tly

esti-
m

a
ted

b
y

th
e

kern
el

d
en

sity
estim

a
tor

f̂
ε (0)

=
(n
h

) −
1 ∑

ni=
1
K

(Y
i /
h

),
w

h
ere

K
(·)

is
a

kern
el

fu
n

ctio
n

a
n

d
h

=
h
n
>

0
is

th
e

b
a
n

d
w

id
th

.
F

o
r

sim
p

licity,
w

e
m

ay
u

se
th

e
E

p
a
n

ech
n

ikov
kern

el
fu

n
ctio

n
K

E
p

a (u
)

=
34 (1
−
u

2)I
(|u|≤

1
)

a
lo

n
g

w
ith

th
e

ru
le-o

f-th
u

m
b

b
an

d
w

id
th

h
R

O
T

=
2.3

4
σ̂

0 n
−

1
/
5,

w
h

ere
σ̂

20
=
n
−

1 ∑
ni=

1 (Y
i −

Ȳ
)
2.

3
.5

M
u

ltip
lie

r
b

o
o
tstra

p
p

ro
c
e
d

u
re

T
h

e
d

istrib
u

tio
n

of
th

e
ra

n
d

om
va

ria
b

le
R

0 (s,p
)

g
iv

en
b
y

(1
4)

d
ep

en
d

s
o
n

th
e

u
n

k
n

ow
n

cova
ria

n
ce

m
a
trix

Σ
.

In
p

ra
ctice,

it
is

n
a
tu

ra
l

to
rep

lace
Σ

b
y

Σ̂
=
n
−

1 ∑
ni=

1
X
i X

Ti

a
n

d
G
∼

N
(0,Σ

)
b
y
Ĝ
∼

N
(0
,Σ̂

)
in

th
e

d
efi

n
itio

n
o
f
R

0 (s,p
).

W
ith

th
is

su
b

stitu
-

tion
,

th
e

d
istrib

u
tion

of
R

0 (s,p
)

ca
n

b
e

sim
u

lated
.

In
p

a
rticu

la
r,
Ĝ

ca
n

b
e

sim
u

la
ted

as
n
−

1
/
2 ∑

ni=
1
e
i X

i ,
w

h
ere

e
1 ,...,e

n
a
re

i.i.d
.

sta
n

d
ard

n
o
rm

a
l

ra
n

d
o
m

va
ria

b
les

th
a
t

a
re

in
d

ep
en

d
en

t
o
f{X

i }
ni=

1 .
T

h
e

resu
ltin

g
estim

a
to

r
is

R
n
(s,p

)
=

m
ax

S⊆
[p

]:|S|=
s ‖

Σ̂
−

1
/
2

S
S
Ĝ
S ‖

2 ,
(21

)

w
h

ich
is

a
m

u
ltip

lier
b

o
otstra

p
versio

n
o
f
R

0 (s,p
).

T
h

e
fo

llow
in

g
p

ro
p

ositio
n

follow
s

d
irectly

fro
m

T
h

eo
rem

3
.2

in
F

a
n

,
S

h
ao

an
d

Z
h

o
u

(2
0
1
5).

P
ro

p
o
sitio

n
8

A
ssu

m
e

th
a
t

C
o
n

d
itio

n
(3.1

)
h
o
ld

s,
1
≤
s
≤

m
in

(p
,n

)
a
n

d
s

lo
g
(γ
s p
n

)
=

o(n
1
/
5)

a
s
n
→
∞

.
T

h
en

su
p
t≥

0 |P{
R

0 (s,p
)≤

t}−
P{
R
n
(s,p

)≤
t|X

1 ,...,X
n }|→

0
in

p
ro

ba
bility.
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F
a
n

a
n
d

Z
h
o
u

T
h

e
com

p
u

tation
of
R
n
(s,p

)
req

u
ires

solv
in

g
a

com
b

in
atorial

op
tim

iza
tion

.
T

h
is

can
b

e
allev

ia
ted

b
y

u
sin

g
th

e
L

A
M

M
algorith

m
in

S
ection

2.3.
T

o
b

egin
w

ith
,

b
y

R
em

ark
5,

w
e

w
rite

R
n
(s,p

)
in

(21)
as

R
2n
(s,p

)
=

m
ax

S⊆
[p

]:|S|=
s
e

TX
S

(X
TS X

S
) −

1X
TS
e

=
‖
e‖

22 −
m

in
β∈

R
p
:‖
β‖

0 ≤
s ‖e
−
X
β‖

22 ,

w
h

ere
e

=
(e

1 ,...,e
n
)
T

an
d
X
S

=
(X

1
S
,...,X

n
S

)
T

for
ev

ery
su

b
set

S
⊆

[p
].

T
h

is
can

b
e

com
p

u
ted

a
p

p
rox

im
ately

b
y

th
e

L
A

M
M

algorith
m

in
S

ection
2.3,

resu
ltin

g
in

th
e

solu
tion

β̂
(s).

F
in

ally,
w

e
set

R
2n
(s,p

)
=
‖
e‖

22 −
‖
e
−
X
β̂

(s)‖
22 .

T
h

e
n
u

m
erical

p
erform

an
ce

m
ay

b
e

im
p

rov
ed

b
y

em
p

loy
in

g
m

ix
ed

in
teger

o
p

tim
iza

tion
form

u
lation

s
(B

ertsim
as,

K
in

g
an

d
M

azu
m

d
er,

2016).
S

u
ch

an
attem

p
t,

h
ow

ever,
is

b
eyon

d
th

e
scop

e
o
f

th
e

p
ap

er
an

d
w

e
leave

it
for

fu
tu

re
research

.

4
.

S
p
u
rio

u
s

d
isco

v
e
rie

s
a
n
d

m
o
d
e
l

se
le

ctio
n

B
ased

on
th

e
th

eo
retical

d
evelop

m
en

ts
in

S
ection

3,
h

ere
w

e
a
d

d
ress

th
e

q
u

estion
w

h
eth

er
d

iscoveries
b
y

m
a
ch

in
e

learn
in

g
an

d
d

ata
m

in
in

g
tech

n
iq

u
es

fo
r

G
L

IM
are

a
n
y

b
etter

th
an

b
y

ch
a
n

ce.
F

or
sim

p
licity,

w
e

fo
cu

s
on

th
e

L
asso.

L
et
q
α
(s,p

)
b

e
th

e
u

p
p

er
α

-q
u

an
tile

of
th

e
ra

n
d

om
varia

b
le
R

0 (s,p
)

d
efi

n
ed

b
y

(14).
A

ssu
m

e
th

a
t

th
e

d
isp

ersion
p

aram
eter

φ
in

(5)
eq

u
a
ls

1.
B

y
T

h
eorem

2,
w

e
see

th
at

for
an

y
p

resp
ecifi

ed
α
∈

(0,1),

P {
2LR

n
(s,p

)≤
q

2α
(s,p

) }
→

1−
α
,

(22)

w
h

ere
LR

n
(s,p

)
is

as
in

(6).
L

et
β̂
λ

=
argm

in
β {
L
n
(β

)
+
λ‖
β‖

1 }
b

e
th

e
`
1 -p

en
alized

m
ax

im
u

m
likelih

o
o
d

estim
ator

w
ith

ŝ
λ

=
|Ŝ
λ |

=
|su

p
p

(β̂
λ )|,

w
h

ere
λ
>

0
is

th
e

regu
lariza

tion
p

a
ram

eter.
T

h
e

go
o
d

n
ess

of
fi

t
is

likelih
o
o
d

ra
tio

L
n
(0

)−
L
n
(β̂

λ ).
S

in
ce
ŝ
λ

covariates
are

selected
,
it

sh
ou

ld
b

e
com

p
ared

w
ith

th
e

d
istrib

u
tion

of
G

O
S

F
LR

n
(s,p

)
b
y

tak
in

g
s

=
ŝ
λ .

In
v
iew

of
(2

2),
if

L
n
(β̂

λ )≥
L
n
(0

)−
q

2α
(ŝ
λ ,p

)/
2

=
n
b(0)−

q
2α
(ŝ
λ ,p

)/2
,

th
en

w
e

m
ay

rega
rd

th
e

d
iscovery

of
variab

les
Ŝ
λ

as
u

n
im

p
ressive,

n
o

b
etter

th
an

fi
ttin

g
b
y

ch
an

ce,
or

sim
p

ly
sp

u
riou

s.
In

p
ractice,

th
e

u
n

k
n

ow
n

q
u

an
tile

q
α
(s,p

)
sh

ou
ld

b
e

rep
la

ced
b
y

its
b

o
o
tstrap

version
q
n
,α

(s,p
),

th
e

u
p
p

er
α

-q
u

an
tile

of
R
n
(s,p

)
d

efi
n

ed
b
y

(21).
T

h
is

lead
s

to
th

e
follow

in
g

d
ata-d

riven
criteria

for
ju

d
gin

g
w

h
ere

th
e

d
iscovery

Ŝ
(λ

)
is

sp
u

riou
s:

L
n
(β̂

λ )≥
n
b(0)−

q
2n
,α

(ŝ
λ ,p

)/2
.

(2
3)

T
h

e
th

eo
retical

ju
stifi

cation
is

given
b
y

T
h

eorem
2

an
d

P
rop

osition
8.

In
p

articu
la

r,
w

h
en

th
e

lo
ss

is
q
u

ad
ra

tic,
th

is
red

u
ces

to
th

e
case

stu
d

ied
b
y

F
an

,
S

h
ao

an
d

Z
h

ou
(2015).

T
h

e
con

cep
t

o
f
G

O
S

F
an

d
its

th
eoretical

q
u

an
tile

p
rov

id
e

im
p

o
rtan

t
gu

id
elin

es
for

m
o
d

el
selection

.
L

et
β̂

cv
b

e
a

cross-valid
ated

L
asso

estim
ator,

w
h

ich
selects

ŝ
cv

=
‖
β̂

cv ‖
0

im
p

ortan
t

variab
les.

D
u

e
to

th
e

b
ias

of
th

e
`
1

p
en

alty,
th

e
L

asso
ty

p
ically

selects
far

la
rger

m
o
d

el
size

sin
ce

th
e

v
isib

le
b

ias
in

L
asso

forces
th

e
cross-va

lid
ation

p
ro

ced
u

re
to

ch
o
ose

a
sm

aller
valu

e
of
λ

.
T

h
is

p
h

en
om

en
on

is
d

o
cu

m
en

ted
in

th
e

sim
u

lation
s

stu
d

ies.
S

ee
T

ab
le

1
in
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G
u
a
r
d
in

g
a
g

a
in

st
S
p
u
r
io

u
s

D
is

c
o
v
e
r
ie

s
in

H
ig

h
D

im
e
n
si

o
n
s

S
ec

ti
on

5.
2.

W
it

h
an

ov
er

-s
el

ec
te

d
m

o
d

el
,

b
ot

h
th

e
go

o
d

n
es

s
of

fi
t
L̂R

λ
=
L
n
(0

)
−
L
n
(β̂

λ
)

an
d

th
e

sp
u

ri
ou

s
fi

t
ca

n
b

e
v
er

y
la

rg
e,

an
d

so
is

th
e

fi
n

it
e

sa
m

p
le

W
il

k
s

a
p

p
ro

x
im

at
io

n
er

ro
r.

T
o

av
oi

d
ov

er
-s

el
ec

ti
n

g,
w

e
su

gg
es

t
an

al
te

rn
at

iv
e

p
ro

ce
d

u
re

th
at

u
se

s
th

e
q
u

a
n
ti

ty
q n
,α

(s
,p

)
as

a
gu

id
an

ce
to

ch
o
os

e
th

e
tu

n
in

g
p
ar

am
et

er
,

w
h
ic

h
gu

ar
d

s
u
s

fr
o
m

sp
u

ri
ou

s

d
is

co
ve

ri
es

.
M

or
e

sp
ec

ifi
ca

ll
y,

fo
r

ea
ch

λ
in

th
e

L
as

so
so

lu
ti

on
p
at

h
,

w
e

co
m

p
u

te
L̂R

λ
a
n

d
q n
,α

(s
,p

)| s
=
ŝ λ

w
it

h
a

p
re

sp
ec

ifi
ed
α

.
S

ta
rt

in
g

fr
om

th
e

la
rg

es
t
λ

,
w

e
st

op
th

e
L

a
ss

o
p

a
th

th
e

fi
rs

t
ti

m
e

th
at

th
e

si
gn

of
2
L̂R

λ
−
q2 n
,α

(ŝ
λ
,p

)
is

ch
an

ge
d

fr
om

p
os

it
iv

e
to

n
eg

a
ti

ve
,
an

d
le

t
λ̂

fi
t

b
e

th
e

sm
al

le
st
λ

sa
ti

sf
y
in

g
2
L̂R

λ
≥
q2 n
,α

(ŝ
λ
,p

).
D

en
ot

e
b
y
ŝ fi

t
th

e
co

rr
es

p
o
n

d
in

g
se

le
ct

ed
m

o
d

el
si

ze
.

T
h

is
va

lu
e

ca
n

b
e

re
ga

rd
ed

as
th

e
m

ax
im

u
m

m
o
d

el
si

ze
fo

r
L

a
ss

o
(o

r
a
n
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ü
h

lm
an

n
a
n

d
S

ar
a

va
n

d
e

G
ee

r.
S

ta
ti

st
ic

s
fo

r
H

ig
h
-D

im
en

si
o
n

a
l

D
a
ta

:
M

et
h
od

s,
T

h
eo

ry
a
n

d
A

p
p
li

ca
ti

o
n

s.
S

p
ri

n
g
er

-V
er

la
g,

B
er

li
n

H
ei

d
el

b
er

g
,

20
11

.

T
.

T
on

y
C

ai
an

d
T

ie
fe

n
g

J
ia

n
g
.

P
h
as

e
tr

an
si

ti
o
n

in
li

m
it

in
g

d
is

tr
ib

u
ti

o
n

s
of

co
h

er
en

ce
o
f

h
ig

h
-d

im
en

si
on

al
ra

n
d

o
m

m
at

ri
ce

s.
J

o
u

rn
a
l

o
f

M
u

lt
iv

a
ri

a
te

A
n

a
ly

si
s,

10
7:

24
–3

9
,

2
0
12

.

T
.

T
o
n
y

C
ai

,
J
ia

n
q
in

g
F

a
n

,
a
n

d
T

ie
fe

n
g
,

J
ia

n
g.

D
is

tr
ib

u
ti

o
n

s
o
f

an
g
le

s
in

ra
n

d
om

p
a
ck

in
g

on
sp

h
er

es
.

J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h
,

1
4
:1

8
3
7
–
18

64
,

2
01

3.

V
ic

to
r

C
h

er
n

oz
h
u

ko
v
,

D
en

is
C

h
et

ve
ri

k
ov

,
a
n

d
K

en
g
o

K
at

o
.

G
au

ss
ia

n
a
p

p
ro

x
im

a
ti

on
o
f

su
p

re
m

a
of

em
p

ir
ic

a
l

p
ro

ce
ss

es
.

T
h
e

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

4
2(

4
):

15
6
4
–
15

9
7
,

2
01

4.

J
ia

n
q
in

g
F

an
,

S
h

ao
ju

n
G

u
o
,

a
n

d
N

in
g

H
ao

.
V

a
ri

an
ce

es
ti

m
a
ti

o
n

u
si

n
g

re
fi

tt
ed

cr
os

s-
va

li
d

at
io

n
in

u
lt

ra
h

ig
h

d
im

en
si

o
n

a
l

re
g
re

ss
io

n
.

J
o
u

rn
a
l

o
f

th
e

R
o
ya

l
S

ta
ti

st
ic

a
l

S
oc

ie
ty

:
S

er
ie

s
B

(S
ta

ti
st

ic
a
l

M
et

h
od

o
lo

gy
),

7
4
(1

):
37

–
6
5
,

2
0
12

.

J
ia

n
q
in

g
F

an
an

d
R

u
n

ze
L

i.
(2

00
1)

.
V

a
ri

a
b

le
se

le
ct

io
n

v
ia

n
o
n

co
n

ca
ve

p
en

al
iz

ed
li

k
el

ih
o
o
d

an
d

it
s

or
a
cl

e
p

ro
p

er
ti

es
.

J
o
u

rn
a
l

o
f

th
e

A
m

er
ic

a
n

S
ta

ti
st

ic
a
l

A
ss

oc
ia

ti
o
n

,
9
6(

4
56

):
1
34

8–
13

6
0,

20
0
1.

J
ia

n
q
in

g
F

an
,
H

an
L

iu
,
Q

ia
n

g
S

u
n

,
a
n

d
T

o
n

g
Z

h
a
n

g
.
T

A
C

fo
r

sp
ar

se
le

a
rn

in
g:

S
im

u
lt

a
n

eo
u

s
co

n
tr

o
l

of
a
lg

or
it

h
m

ic
co

m
p

le
x
it

y
an

d
st

a
ti

st
ic

a
l

er
ro

r.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

5
0

7
.0

1
0
3

7
,

20
15

.

J
ia

n
q
in

g
F

an
,

Q
i-

M
an

S
h

a
o,

a
n

d
W

en
-X

in
Z

h
o
u

.
A

re
d

is
co

ve
ri

es
sp

u
ri

ou
s?

D
is

tr
ib

u
ti

o
n

s
o
f

m
ax

im
u

m
sp

u
ri

o
u

s
co

rr
el

a
ti

on
s

an
d

th
ei

r
a
p

p
li

ca
ti

o
n

s.
a
rX

iv
p
re

p
ri

n
t

a
rX

iv
:1

5
0
2
.0

4
2
3
7
,

20
15

.

Y
o
av

F
re

u
n

d
an

d
R

ob
er

t
E

S
ch

a
p

ir
e.

A
d

ec
is

io
n

-t
h

eo
re

ti
c

g
en

er
al

iz
at

io
n

of
o
n

-l
in

e
le

a
rn

in
g

an
d

an
ap

p
li

ca
ti

on
to

b
o
o
st

in
g.

J
o
u

rn
a
l

o
f

C
o
m

p
u

te
r

a
n

d
S

ys
te

m
S

ci
en

ce
s,

5
5(

1
):

11
9
–
1
39

,
19

9
7.

T
re

vo
r

H
as

ti
e,

R
o
b

er
t

T
ib

sh
ir

an
i,

a
n

d
M

a
rt

in
W

a
in

w
ri

g
h
t

S
ta

ti
st

ic
a
l

L
ea

rn
in

g
w

it
h

S
pa

rs
it

y:
T

h
e

L
a
ss

o
a
n

d
G

en
er

a
li

za
ti

o
n

s.
C

R
C

P
re

ss
,

2
0
1
5.

R
o
g
er

K
o
en

ke
r.

Q
u

a
n

ti
le

R
eg

re
ss

io
n

.
C

a
m

b
ri

d
g
e

U
n
iv

er
si

ty
P

re
ss

,
C

a
m

b
ri

d
ge

,
2
00

5
.

K
en

n
et

h
L

a
n

ge
,

D
av

id
R

.
H

u
n
te

r,
an

d
Il

so
on

Y
a
n

g
.

O
p

ti
m

iz
a
ti

o
n

tr
a
n

sf
er

u
si

n
g

su
rr

o
ga

te
ob

je
ct

iv
e

fu
n

ct
io

n
s.

J
o
u

rn
a
l

o
f

C
o
m

p
u

ta
ti

o
n

a
l

a
n

d
G

ra
p
h
ic

a
l

S
ta

ti
st

ic
s,

9
(1

):
1
–
20

,
20

0
0.

22
JM

L
R

 1
7(

20
3)

:1
-3

4



G
u
a
r
d
in

g
a
g

a
in

st
S
p
u
r
io

u
s

D
isc

o
v
e
r
ie

s
in

H
ig

h
D

im
e
n
sio

n
s

G
a
n

g
a
d

h
a
rra

o
S

.
M

a
d

d
a
la

.
L

im
ited

-D
epen

d
en

t
a
n

d
Q

u
a
lita

tive
V

a
ria

bles
in

E
co

n
o
m

etrics.
C

a
m

b
rid

ge
U

n
iv

ersity
P

ress,
C

am
b

rid
g
e,

1
9
83

.

P
eter

M
cC

u
llag

h
a
n

d
J
o
h
n

A
.

N
eld

er.
G

en
era

lized
L

in
ea

r
M

od
els.

C
h

ap
m

a
n

&
H

a
ll/

C
R

C
,

L
o
n

d
o
n

,
1
98

9
.

A
n

d
ré
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.
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p
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,
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1
51

,
2
0
1
3.

S
a
m

u
el

S
.

W
ilk

s.
T

h
e

la
rg

e-sa
m

p
le

d
istrib

u
tio

n
o
f

th
e

likelih
o
o
d

ratio
fo

r
testin

g
co

m
p

o
site

h
y
p

oth
eses.

T
h
e

A
n

n
a
ls

o
f

M
a
th

em
a
tica

l
S

ta
tistics,

9
(1):6

0
–
6
2,

19
3
8
.

H
u

i
Z

o
u

an
d

R
u

n
ze

L
i.

O
n

e-step
sp

a
rse

estim
ates

in
n

o
n

co
n

cave
p

en
a
lized

likelih
o
o
d

m
o
d

els.
T

h
e

A
n

n
a
ls

o
f

S
ta

tistics,
36

(4
):15

0
9
–
15

3
3
,

2
00

8
.

23
JM

L
R

 17(203):1-34

F
a
n

a
n
d

Z
h
o
u

A
p
p

e
n
d
ix

A
.

A
p
p

e
n
d
ix

A
.

In
th

is
ap

p
en

d
ix

w
e

p
rov

e
th

e
tech

n
ical

lem
m

as
ap

p
eared

in
S
ection

6.

A
.1

P
ro

o
f

o
f

L
e
m

m
a

9

D
efi

n
e

th
e

lo
ss

fu
n

ction
`(y

,z
)

=
y
z
−
b(z

)
for

y
,z
∈
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⊆
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∈
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∑
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∇
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{∇
ζ
S

(0
)}

=
n
φ
b ′′(0)

Σ̂
S
S

.

F
o
r

every
u
∈
R
s\{

0}
an

d
u
∈
R

,

E
X

ex
p {

u
u

T∇
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∏i=

1 E
X

ex
p (
u
u

T
X
iS

‖V
0 u‖

2
ε
i )

=
n
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=
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=
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1
/
2

S
V

20 H
∗−

1
/
2

S
=
φ
I
s

an
d

g
=
{
C

tr(B
2)}

1
/
2

for
som

e
C
≥
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−
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−
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‖ξ̂
S ‖
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con
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∥ ∥ D
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∥ ∥
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D
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,
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=
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=
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‖ 2

=
r
>

0,
it

fo
ll

ow
s

fr
om

th
e

se
co

n
d

-o
rd

er
T

ay
lo

r
ex

p
an

si
on

th
at

−
2
{E
X
LS n

(θ
)
−
E X
LS n

(0
)}

=
−

2
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n
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−
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−
E X
{L

S n
(θ

)−
LS n

(0
)}

,
w

e
se

e
th

at
−
E X
{L

S n
(θ

)
−
LS n

(0
)}
≥
a

1
r{
n
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=
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d
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×
s
,

th
en

X
S
Σ
−

1
/
2

S
S

is
a
n
n
×
s

m
at

ri
x

w
h

o
se

ro
w

s
ar

e
in

d
ep

en
d

en
t

su
b

-G
au

ss
ia

n
ra

n
d

o
m

ve
ct

o
rs

in
R
s
.

F
u

rt
h

er
,

ob
se

rv
e

th
a
t
X
iS

=
P
S
X
i

an
d

Σ
S
S

=
P
S
Σ

P
T S

,
w

h
er

e
P
S
∈

R
s×
p

is
a

p
ro

je
ct

io
n

m
at

ri
x
.

U
n

d
er

C
on

d
it

io
n

3.
1,

‖u
T
Σ
−

1
/
2

S
S
X
iS
‖ ψ

2
=
‖u

T
Σ
−

1
/
2

S
S

P
S
Σ

1
/
2

S
S
U
‖ ψ

2
≤
A

0
‖Σ

1
/
2

S
S

P
T S
Σ
−

1
/
2

S
S
u
‖ 2

=
A

0
fo

r
u
∈

Ss
−

1
.

T
h

en
,
it

fo
ll

ow
s

fr
o
m

(3
2)

th
at

fo
r

a
ll

su
ffi

ci
en

t
la

rg
e
n

so
th

a
t
δ
≤

1 2
,
‖Σ

1
/
2

S
S

Σ̂
−

1
S
S
Σ

1
/
2

S
S
−

I s
‖
≤

2
δ

an
d

h
en

ce
,

|‖
ξ̂
S
‖ 2
−
‖ξ
S
‖ 2
|=
|‖
ξ̂
S
‖2 2
−
‖ξ
S
‖2 2
|

‖ξ̂
S
‖ 2

+
‖ξ
S
‖ 2

≤
‖ξ
S
‖−

1
2
×
|‖
ξ̂
S
‖2 2
−
‖ξ
S
‖2 2
|≤

2C
3
(s
∨
t)

1
/
2
n
−

1
/
2
×
‖ξ
S
‖ 2
.

(5
9
)

N
ex

t
w

e
u

p
p

er
b

o
u

n
d

th
e

q
u

a
d

ra
ti

c
te

rm
‖ξ
S
‖ 2

.
F

ir
st

w
e

sh
ow

th
at

Σ
−

1
/
2

S
S
Z
iS

=

φ
1
/
2
Σ
−

1
/
2

S
S
ε̃ i
X
i

a
re

su
b

-e
x
p

o
n

en
ti

a
l

ra
n

d
om

ve
ct

o
rs

,
w

h
er

e
ε̃ i

:=
ε i
/
(V

a
r
ε i

)1
/
2
.

In
fa

ct
,

fo
r

ev
er

y
u
∈

Ss
−

1
,
‖u

T
Σ
−

1
/
2

S
S
Z
iS
‖ ψ

1
≤

2
‖ε̃
i‖
ψ
2
‖u

T
Σ
−

1
/
2

S
S
X
iS
‖ ψ

2
≤

2
A
′ 0
A

0
,

w
h

er
e
A
′ 0
>

0
is

a
co

n
st

an
t

d
ep

en
d

in
g

o
n

ly
o
n
a

0
in

C
o
n

d
it

io
n

3.
1
.

F
o
ll

ow
in

g
th

e
p

ro
o
f

o
f

L
em

m
a

5.
1
5

in
V

er
sh

y
n

in
(2

01
2
),

w
e

d
er

iv
e

th
a
t

fo
r

ev
er

y
u
∈
R
s

sa
ti

sf
y
in

g
‖u
‖ 2
≤
φ
−

1
/
2
(4
eA
′ 0
A

0
)−

1
√
n

,

lo
g
E

ex
p

(u
T
ξ
S

)
=

n ∑ i=
1

lo
g
E

ex
p

(n
−

1
/
2
u

T
Σ
−

1
/
2

S
S
Z
iS

)

≤
2
e2
‖u
‖2 2
n
−

1
n ∑ i=

1

∥ ∥ (
u
/
‖u
‖ 2

)T
Σ
−

1
/
2

S
S
Z
iS

∥ ∥2 ψ
1

≤
(4
eA
′ 0
A

0
)2
φ
‖u
‖2 2

2
.
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G
u
a
r
d
in

g
a
g

a
in

st
S
p
u
r
io

u
s

D
isc

o
v
e
r
ie

s
in

H
ig

h
D

im
e
n
sio

n
s

C
o
n

seq
u

en
tly,

ap
p

ly
in

g
C

o
ro

lla
ry

1.1
2

in
th

e
su

p
p

lem
en

t
o
f

S
p

oko
in

y
(2

0
1
2)

w
ith

g
=
√
n

,
B

=
I
s

a
n

d
x
c

=
34 n
−

12 (1
+

lo
g

3)s
≥

34 n
−

32 s
to

th
e

ran
d

om
vector

(4
eA
′0 A

0 ) −
1φ
−

1
/
2ξ
S

y
ield

s
th

a
t,

fo
r

every
0
≤
t≤

x
c ,

P [‖ξ
S ‖

2 ≥
4
eA
′0 A

0 {
φ

∆
(s,t)}

1
/
2 ]≤

2
e −

t
+

8
.4
e −

x
c.

(6
0
)

F
in

a
lly,

co
m

b
in

in
g

(59
)

an
d

(6
0)

com
p

letes
th

e
p

ro
o
f

of
(3

8).

A
.4

P
ro

o
f

o
f

L
e
m

m
a

1
2

F
irst,

o
b

serve
th

a
t

m
ax

S⊆
[p

]:|S|=
s ‖ξ

S ‖
2

=
m

a
x

u∈F
(s,p

) n
−

1
/
2

n
∑i=

1

u
T
Z
i

(u
T
Σ
u

)
1
/
2
,

w
h

ere
F

(s,p
)

=
{x
7→
u

T
x

:
u
∈

S
p−

1,‖u‖
0
≤
s}.

R
ecall

th
at
Z

1 ,...,Z
n

are
i.i.d

.
p
-

d
im

en
sion

a
l

cen
tered

ran
d

o
m

vecto
rs

w
ith

cova
ria

n
ce

m
a
trix

E
(Z

i Z
Ti

)
=
φ
Σ

.
A

s
in

th
e

p
ro

o
f

o
f

L
em

m
a

1
1,

w
e

h
ave

for
a
n
y
u
∈
S
p−

1,

‖
φ
−

1
/
2u

T
Z
i ‖
ψ
1 ≤

2‖ε
i /(V

a
r
ε
i )

1
/
2‖
ψ
2 ‖
u

T
Σ

1
/
2U

i ‖
ψ
2 ≤

2
A
′0 A

0 (u
T
Σ
u

)
1
/
2.

C
o
n

seq
u

en
tly,

it
fo

llow
s

from
L

em
m

a
7
.5

in
F

a
n

,
S

h
a
o

a
n

d
Z

h
ou

(2
0
1
5
)

th
a
t

th
ere

ex
ists

a

ra
n

d
o
m

variab
le
T

0
d=
R

0 (s,p
)

=
m

a
x
u∈F

(s,p
)

u
T
G

(u
T

Σ
u

)
1
/
2

fo
r
G
∼
N

(0
,Σ

)
su

ch
th

at,
fo

r
a
n
y

δ∈
(0,1],

P { ∣∣∣∣
m

ax
S⊆

[p
]:|S|=

s ‖φ
−

1
/
2ξ
S ‖

2 −
T

0 ∣∣∣∣ ≥
C

1 A
′0 A

0 (
δ

+
γ

1
/
2

s,p
,n

√
n

+
γ

2s,p
,n

n
3
/
2 )}

≤
C

2 [{
s

lo
g
(γ
s p
n

)}
2

δ
3 √
n

+
{
s

log
(γ
s p
n

)}
5

δ
4n

]
,

w
h

ere
γ
s,p
,n

=
s

lo
g
γ
s
ep
s

+
log

n
a
n

d
C

1 ,C
2
>

0
a
re

ab
so

lu
te

co
n

sta
n
ts.

T
h

is
p

roves
(4

0
).

A
.5

P
ro

o
f

o
f

L
e
m

m
a

1
3

T
h

e
p

ro
o
f

em
p

loy
s

tech
n

iq
u

es
fro

m
em

p
irica

l
p

ro
cess

th
eo

ry
w

h
ich

m
o
d

ify
th

e
a
rgu

m
en

ts
u

sed
in

W
an

g
(2

01
3
).

T
o

b
eg

in
w

ith
,

n
o
te

th
a
t

θ̂
S

=
arg

m
in

θ∈
R
s
f

(θ
)

:=
a
rg

m
in

θ∈
R
s ‖
Y
−
X
S
θ‖

1 .

U
n

d
er

th
e

n
u

ll
m

o
d

el,
Y

=
X
β
∗

+
ε

=
X
S
θ
∗

+
ε

w
ith

θ
∗

=
0

.
T

h
en

th
e

su
b

-d
iff

eren
tia

l
o
f

f
(θ

)
at
θ

=
0

can
b

e
w

ritten
a
s∇

f
(0

)
=
−
X

TS
sg

n
(ε

),
w

h
ere

sg
n

(ε
)

=
(sgn

(ε
1 ),...,sg

n
(ε
n
))

T

w
ith

sgn
(u

)
:=

I
(u

>
0
)−

I
(u

<
0).

D
efi

n
e
z

=
(z

1 ,...,z
n
)
T

=
sg

n
(ε

),
a
n

d
n

o
te

th
a
t

z
1 ,...,z

n
a
re

i.i.d
.

ran
d
om

variab
les

sa
tisfy

in
g
P

(z
i

=
1
)

=
P

(z
i

=
−

1
)

=
1
/2

.

S
in

ce
θ̂
S

m
in

im
izes‖

Y
−
X
S
θ‖

1
over

R
s,

w
e

h
ave

th
e

fo
llow

in
g

b
a
sic

in
eq

u
a
lity

‖
Y
−
X
S
θ̂
S ‖

1
=
‖X

S
θ̂
S
−
ε‖

1 ≤
‖ε‖

1 .
(61

)
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F
a
n

a
n
d

Z
h
o
u

F
u

rth
er,

d
efi

n
e

a
ran

d
om

p
ro

cess{
Q

(θ
)}

in
d

ex
ed

b
y
θ
∈
R
s:

Q
(θ

)
=
n
−

1
/
2

n
∑i=

1 (|X
TiS
θ
−
ε
i |−
|ε
i | ).

(62)

In
w

h
a
t

follow
s,

w
e

p
rove

th
at

w
ith

overw
h

elm
in

gly
h

igh
p

ro
b

ab
ility

,
Q

(θ
)

is
con

cen
trated

aro
u

n
d

its
ex

p
ectation

Q
X

(θ
)

:=
E
X
{Q

(θ
)}

u
n

iform
ly

over
θ
∈

R
s

v
ia

a
straigh

tfo
rw

ard
ad

a
p

tation
of

th
e

p
eelin

g
argu

m
en

t.

F
or
δ

1
>

0
an

d
`

=
1,2

,...,
con

sid
er

th
e

follow
in

g
seq

u
en

ce
of

even
ts

G
(δ

1 )
=
{
θ
∈
R
s

:‖
Σ̂

1
/
2

S
S
θ‖

2 ≥
δ

1 }
,
G
` (δ

1 )
=
{
θ
∈
R
s

:
α
`−

1δ
1 ≤
‖Σ̂

1
/
2

S
S
θ‖

2 ≤
α
`δ

1 }
,(63)

w
h

ere
α

=
√

2.
H

ere,
δ

1
can

b
e

regard
ed

as
a

toleran
ce

p
aram

eter,
an

d
it

is
easy

to
see

th
a
tG

(δ
1 )

=
∪
∞`=

1 G
` (δ

1 ).
F

or
R
>

0,
setV

(R
)

=
{θ
∈
G

(δ
1 )

:‖Σ̂
1
/
2

S
S
θ‖

2 ≤
R}

an
d

let
∆

(R
)

b
e

th
e

m
ax

im
u

m
d

ev
iation

ov
er

th
e

ellip
tic

v
icin

ity
V

(R
):

∆
(R

)
=

m
ax

θ∈V
(R

) |Q
(θ

)−
Q

X
(θ

)|.
(64)

F
or

every
θ
∈
R
s,

d
efi

n
e

th
e

rescaled
v
ector

θ̃
=

Σ̂
1
/
2

S
S
θ

su
ch

th
at

∆
(R

)
=

m
ax

δ
1 ≤
‖
θ̃‖

2 ≤
R ∣∣∣ Q

(Σ̂
−

1
/
2

S
S
θ̃

)−
Q

X
(Σ̂
−

1
/
2

S
S
θ̃

) ∣∣∣ .

F
or

every
0
<
ε≤

R
,

th
ere

ex
ists

an
ε-n

etN
ε

of
th

e
E

u
clid

ean
b

allB
s2 (R

)
w

ith
ca

rd
in

ality

b
o
u

n
d

ed
b
y
(1

+
2
Rε )

s.
F

or
θ̃

1 ,θ̃
2 ∈

B
s2 (R

)
satisfy

in
g
‖θ̃

1 −
θ̃

2 ‖
2 ≤

ε,
ob

serv
e

th
at

∣∣∣ Q
(Σ̂
−

1
/
2

S
S
θ̃

1 )−
Q

(Σ̂
−

1
/
2

S
S
θ̃

2 ) ∣∣∣ ≤
n
−

1
/
2

n
∑i=

1 ∣∣∣ X
TiS

Σ̂
−

1
/
2

S
S

(θ̃
1 −

θ̃
2 ) ∣∣∣

≤
∥∥∥ X

S
Σ̂
−

1
/
2

S
S

(θ̃
1 −

θ̃
2 ) ∥∥∥

2 ≤
εn

1
/
2.

T
h

en
,

it
is

easy
to

see
th

at

∆
(R

)≤
m

ax
θ̃∈N

ε ∣∣∣ Q
(Σ̂
−

1
/
2

S
S
θ̃

)−
Q

X
(Σ̂
−

1
/
2

S
S
θ̃

) ∣∣∣
+

2
εn

1
/
2.

(65)

F
or

each
θ̃
∈

B
s2 (R

)
fi

x
ed

,
Q

(Σ̂
−

1
/
2

S
S
θ̃

)−
Q

X
(Σ̂
−

1
/
2

S
S
θ̃

)
is

a
su

m
of

in
d

ep
en

d
en

t
ran

d
om

varia
b

les
w

ith
zero

m
ean

s
an

d
for

i
=

1,...,n
,||X

TiS
Σ̂
−

1
/
2

S
S
θ̃
−
ε
i |−
|ε
i ||≤

|X
TiS

Σ̂
−

1
/
2

S
S
θ̃|.

T
h

erefore,
it

follow
s

from
H

o
eff

d
in

g’s
in

eq
u
ality

th
at

for
every

t
>

0,

P
X

{ ∣∣∣ Q
(Σ̂
−

1
/
2

S
S
θ̃

)−
Q

X
(Σ̂
−

1
/
2

S
S
θ̃

) ∣∣∣ ≥
t }

≤
2

ex
p {
−

n
t 2

2 ∑
ni=

1 (X
TiS

Σ̂
−

1
/
2

S
S
θ̃

)
2 }

=
2

ex
p (
−

t 2

2‖
θ̃‖

22 )
.
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c
o
v
e
r
ie

s
in

H
ig

h
D

im
e
n
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o
n
s

In
ot

h
er

w
or

d
s,

fo
r

ev
er

y
θ̃
∈
Bs 2

(R
)

an
d
δ
>

0,
∣ ∣ ∣Q

(Σ̂
−

1
/
2

S
S
θ̃

)
−
Q

X
(Σ̂
−

1
/
2

S
S
θ̃

)∣ ∣ ∣≤
(2
δ)

1
/
2
‖θ̃
‖ 2
≤

(2
δ)

1
/
2
R

h
ol

d
s

w
it

h
p

ro
b

ab
il

it
y

at
le

as
t

1
−

2
e−

δ
.

T
h

is
,

to
ge

th
er

w
it

h
th

e
u

n
io

n
b

o
u

n
d

y
ie

ld
s

P X
{

m
ax

θ̃
∈N

ε

∣ ∣ ∣Q
(Σ̂
−

1
/
2

S
S
θ̃

)
−
Q

X
(Σ̂
−

1
/
2

S
S
θ̃

)∣ ∣ ∣≥
(2
δ)

1
/
2
R

}
≤

ex
p
{ s

lo
g
( 1

+
2
R ε

) −
δ}
.

(6
6)

In
p

ar
ti

cu
la

r,
b
y

ta
k
in

g
ε

=
R
n
−

1
in

(6
5)

an
d
δ

=
s

lo
g
(1

+
2
R ε

)
+
t
≤

2
s

lo
g
n

+
t

in
(6

6
)

w
e

co
n

cl
u

d
e

th
at

P X
{ ∆

(R
)
≥
R

(2
t)

1
/
2

+
2
R

(s
lo

g
n

)1
/
2

+
2
R
n
−

1
/
2
}
≤

2
e−

t
(6

7)

h
ol

d
s

al
m

os
t

su
re

ly
on

th
e

ev
en

t
E 0

(τ
)

fo
r

an
y
τ
>

0.
In

p
ar

ti
cu

la
r,

b
y

ta
k
in

g
t

=
cn
R

2
in

(6
7)

fo
r

so
m

e
c
>

0
to

b
e

sp
ec

ifi
ed

b
el

ow
(7

2
)

a
n

d
th

e
u

n
io

n
b

ou
n

d
,

w
e

h
av

e

P X
[ ∃
θ
∈
G(
δ 1

),
s.

t.
|Q

(θ
)
−
Q

X
(θ

)|
≥

2
3
/
2
‖θ̃
‖ 2
{ ‖
θ̃
‖ 2

(c
n

)1
/
2

+
(s

lo
g
n

)1
/
2

+
n
−

1
/
2
}]

≤
∞ ∑ `=

1

P X
[ ∃
θ
∈
G `

(δ
1
),

s.
t.
|Q

(θ
)
−
Q

X
(θ

)|
≥

(α
` δ

1
)2

(2
cn

)1
/
2

+
2
α
` δ

1

{ (s
lo

g
n

)1
/
2

+
n
−

1
/
2
}]

≤
∞ ∑ `=

1

P X
[ ∆

(α
` δ

1
)
≥

(α
` δ

1
)2

(2
cn

)1
/
2

+
2
α
` δ

1

{ (s
lo

g
n

)1
/
2

+
n
−

1
/
2
}]

≤
2
∞ ∑ `=

1

ex
p
{−
cn

(α
` δ

1
)2
}
≤

2
∞ ∑ `=

1

ex
p
{−

2c
`

lo
g
(α

)n
δ2 1
}
≤

2
ex

p
(−
c 0
n
δ2 1

)

1
−

ex
p

(−
c 0
n
δ2 1

),

w
h

er
e
c 0

=
c

lo
g

2.
T

h
is

im
p

li
es

th
at

w
it

h
p

ro
b

ab
il

it
y

at
le

as
t

1
−

4
ex

p
(−
c 0
n
δ2 1

),

|Q
(θ

)
−
Q

X
(θ

)|
≤

2
3
/
2
√
c
‖Σ̂

1
/
2

S
S
θ
‖2 2

+
2

3
/
2
‖Σ̂

1
/
2

S
S
θ
‖ 2
{ (s

lo
g
n

)1
/
2

+
n
−

1
/
2
}

(6
8)

h
ol

d
s

fo
r

al
l
θ
∈
G(
δ 1

)
w

h
en

ev
er
n
≥
c−

1
δ−

2
1

.
F

or
th

e
(c

on
d

it
io

n
al

)
ex

p
ec

ta
ti

on

Q
X

(θ
)

=
n
−

1
/
2

n ∑ i=
1

E X
( |X

T iS
θ
−
ε i
|−
|ε i
|)

=
n
−

1
/
2
( E
X
‖X

S
θ
−
ε
‖ 1
−
E‖
ε
‖ 1
) ,

ap
p

ly
in

g
L

em
m

as
5

an
d

6
in

W
an

g
(2

01
3)

w
it

h
sl

ig
h
t

m
o
d

ifi
ca

ti
on

s
gi

ve
s

Q
X

(θ
)
≥
{

1
4
√
n
‖X

S
θ
‖ 1

=
√
n 4
‖n
−

1
X
S
θ
‖ 1

if
‖X

S
θ
‖ 1
≥

2
n a
2
,

a
2

8
√
n
‖X

S
θ
‖2 2

=
a
2
√
n

8
‖Σ̂

1
/
2

S
S
θ
‖2 2

if
‖X

S
θ
‖ 1
<

2
n a
2
,

(6
9)

w
h

er
e
a

2
is

as
in

C
on

d
it

io
n

3.
4.

F
or

th
e

se
q
u

en
ce

of
L

A
D

es
ti

m
at

or
s
{θ̂

S
:
S
⊆

[p
],
|S
|=

s}
,

fr
om

(6
1)

it
ca

n
b

e
se

en
th

at
‖X

S
θ̂
S
‖ 1
≤
‖X

S
θ̂
S
−
ε
‖ 1

+
‖ε
‖ 1
≤

2
‖ε
‖ 1

,
an

d
h

en
ce

m
ax

S
⊆

[p
]:
|S
|=
s
‖n
−

1
X
S
θ̂
S
‖ 1
≤

2

{ E|
ε|

+
n
−

1
n ∑ i=

1

(|ε
i|
−

E|
ε i
|)} .
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F
a
n

a
n
d

Z
h
o
u

F
or

ev
er

y
t
>

0
an

d
1
<
κ
≤

2
,

b
y

M
a
rk

ov
’s

in
eq

u
al

it
y

w
e

h
av

e

P{
n ∑ i=

1

(|ε
i|
−

E|
ε i
|)
≥
t}
≤
t−
κ
E∣ ∣ ∣ ∣

n ∑ i=
1

(|ε
i|
−

E|
ε i
|)∣ ∣ ∣ ∣κ

≤
4

2
−
κ
t−
κ
n
E|
ε|κ
,

w
h

er
e

w
e

u
se

d
th

e
in

eq
u

al
it

y
|1

+
x
|κ
≤

1
+
κ
x

+
2

2
−
κ
|x
|κ

fo
r

1
<
κ
≤

2
a
n

d
x
∈
R

.
T

h
e

la
st

tw
o

d
is

p
la

y
s

to
g
et

h
er

im
p

ly
th

a
t,

w
it

h
p

ro
b

a
b

il
it

y
a
t

le
a
st

1
−
δ 2

,

m
ax

S
⊆

[p
]:
|S
|=
s
‖n
−

1
X
S
θ̂
S
‖ 1
≤

2
E|
ε|{

1
+

4
(2
−
κ

)/
κ
(E
|ε|

)−
1
(E
|ε|

κ
)1
/
κ
δ−

1
/
κ

2
n
−

1
+

1
/
κ
} .

B
y

C
on

d
it

io
n

3.
4
,

w
e

h
av

e
a

2
E|
ε|
<

1
.

T
h

er
ef

o
re

,
a
s

lo
n

g
as

th
e

sa
m

p
le

si
ze
n

sa
ti

sfi
es

n
≥
{

42
−
q
a
κ 2
E|
ε|κ

(1
−
a

2
E|
ε|)

κ

} 1
/
(κ
−

1
) δ−

1
/
(κ
−

1
)

2
,

(7
0)

th
e

ev
en

t

E 1
:=

{
m

a
x

S
⊆

[p
]:
|S
|=
s
‖n
−

1
X
S
θ̂
S
‖ 1
≤

2a
−

1
2

}
(7

1)

o
cc

u
rs

w
it

h
p

ro
b

a
b

il
it

y
a
t

le
a
st

1
−
δ 2

.
N

ow
,

b
y

(6
1)

,
w

e
h

av
e
Q

(θ̂
S

)
≤

0
an

d
th

u
s
−
{Q

(θ̂
S

)
−
Q

X
(θ̂
S

)}
≥
Q

X
(θ̂
S

)
h

ol
d

s
fo

r
ev

er
y
s-

su
b

se
t
S
⊆

[p
].

T
og

et
h

er
w

it
h

(6
8
)–

(7
1
)

a
n

d
th

e
u

n
io

n
b

ou
n

d
,

th
is

im
p

li
es

th
a
t

on
th

e
ev

en
t
E 0

(τ
)
∩
E 1

fo
r

an
y
τ
>

0
,

m
a
x

S
⊆

[p
]:
|S
|=
s
‖Σ̂

1
/
2

S
S
θ̂
S
‖ 2
≤

m
in

[ δ 1
,3

2√
2
a
−

1
2

{(
s

lo
g
n

n

) 1
/
2

+
1 n

}]
(7

2)

h
ol

d
s

w
it

h
(c

on
d

it
io

n
a
l)

p
ro

b
ab

il
it

y
1
−

4
( p s

) ex
p

(−
c 0
n
δ2 1

)
−
δ 2

,
p

ro
v
id

ed
th

a
t

th
e

sa
m

p
le

si
ze
n

sa
ti

sfi
es
n
≥

2
·3

22
(a

2
δ 1

)−
2

a
n

d
(7

0
).

F
in

al
ly

,
ta

k
in

g

δ 1
=

3
2 a
2

√
2

lo
g
(2

)(
s

lo
g
ep s

+
lo

g
n

n

) 1
/
2

a
n

d
δ 2

=
42
−
q
a
κ 2
E|
ε|κ

(1
−
a

2
E|
ε|)

κ

1

n
κ
−

1

in
(7

2)
p

ro
ve

s
(4

4)
.

A
.6

P
ro

o
f

o
f

L
e
m

m
a

1
4

W
e

p
ro

ve
th

is
le

m
m

a
b
y

em
p

lo
y
in

g
th

e
a
rg

u
m

en
ts

si
m

il
a
r

to
th

o
se

u
se

d
in

S
p

ok
o
in

y
(2

0
1
3)

,
w

h
er

e
th

e
li

ke
li

h
o
o
d

fu
n

ct
io

n
L(
θ

)
is

a
ss

u
m

ed
to

b
e

tw
ic

e
d

iff
er

en
ti

a
b

le
w

it
h

re
sp

ec
t

to
θ

.
It

is
w

or
th

n
ot

ic
in

g
th

at
b

o
th

C
o
n

d
it

io
n

s
(L

)
an

d
(E
D

2
)

in
S

p
ok

o
in

y
(2

01
3
)

a
re

n
o
t

sa
ti

sfi
ed

in
th

e
cu

rr
en

t
si

tu
at

io
n

.
W

e
p

ro
v
id

e
h

er
e

a
se

lf
-c

o
n
ta

in
ed

p
ro

of
in

w
h

ic
h

L
em

m
a

1
3

al
so

p
la

y
s

an
im

p
o
rt

an
t

ro
le

.

S
te
p
1
:
L
o
ca

l
li
n
ea

r
a
p
p
ro

x
im

a
ti
o
n

o
f
∇
LS n

(θ
).

L
et
χ
S 1

(θ
)

b
e

th
e

n
o
rm

a
li

ze
d

re
si

d
u

al
of

th
e

lo
ca

l
li

n
ea

r
a
p

p
ro

x
im

at
io

n
o
f
∇
LS n

(θ
)

gi
ve

n
b
y

χ
S 1

(θ
)

=
D
−

1
0
{∇
LS n

(θ
)
−
∇
LS n

(0
)

+
D

2 0
θ
}

=
D
−

1
0
{U

(θ
)

+
∇
E X
LS n

(θ
)
−
∇
E X
LS n

(0
)

+
D

2 0
θ
},

(7
3
)
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G
u
a
r
d
in

g
a
g

a
in

st
S
p
u
r
io

u
s

D
isc

o
v
e
r
ie

s
in

H
ig

h
D

im
e
n
sio

n
s

w
h

ere
U

(θ
)

=
∇
ζ
S

(θ
)−
∇
ζ
S

(0
)

a
n

d
D

20
=
−
∇

2E
X
{L

Sn
(0

)}
=

2f
ε (0) ∑

ni=
1
X
iS
X

TiS
.

T
h

en
it

follow
s

from
th

e
m

ea
n

va
lu

e
th

eo
rem

th
a
t

E
X
{
χ
S1

(θ
)}

=
{
I
s −

D
−

1
0

D
2(θ̃

)D
−

1
0
}
D

0 θ
,

(7
4)

w
h

ere
D

2(θ
)

=
−
∇

2E
X
{L

Sn
(θ

)}
=

2 ∑
ni=

1
f
ε (X

TiS
θ

)X
iS
X

TiS
a
n

d
θ̃

=
λ
θ

fo
r

so
m

e
0
≤
λ
≤

1.
A

s
b

efo
re,

fo
r

every
r≥

0,
d

efi
n

e
th

e
lo

ca
l

ellip
tic

n
eigh

b
o
rh

o
o
d

o
f

0
as

Θ
0 (r)

=
{
θ
∈
R
s

:‖D
0 θ‖

2 ≤
r}
.

O
n

th
e

even
tE

0 (τ
)

fo
r

so
m

e
τ
>

0
,

|X
TiS
θ|≤

‖D
0 θ‖

2 ‖D
−

1
0
X
iS ‖

2 ≤
{2
n
f
ε (0

)} −
1
/
2τ

1
/
2r

(7
5)

for
all
θ
∈

Θ
0 (r).

T
h
u

s
it

follow
s

fro
m

th
e

T
ay

lo
r

ex
p

a
n

sio
n

th
a
t

fo
r
r≤
{2n

f
ε (0

)/
τ}

1
/
2,

∥∥
I
s −

D
−

1
0

D
2(θ̃

)D
−

1
0

∥∥

=
2 ∥∥∥∥

D
−

1
0

n
∑i=

1 {f
ε (X

TiS
θ̃

)−
f
ε (0

)}
X
iS
X

TiS
D
−

1
0

∥∥∥∥
≤

A
3

√
2f

3
/
2

ε
(0

)

τ
1
/
2r

n
1
/
2

:=
δ(τ,r).

(76
)

T
o
geth

er,
(7

4)
a
n

d
(7

6
)

im
p

ly
th

at
u

n
d

er
th

e
sa

m
e

co
n

stra
in

t
fo

r
(7

6
),

‖E
X
{
χ
S1

(θ
)}‖

2 ≤
δ(τ,r)r.

(77
)

T
u

rn
in

g
to

th
e

sto
ch

a
stic

co
m

p
on

en
t

D
−

1
0
U

(θ
)

=
χ
S1

(θ
)−

E
X
{χ

S1
(θ

)}
,

w
e

a
im

to
b

o
u

n
d

m
a
x
θ∈

Θ
0
(r

) ‖D
−

1
0
U

(θ
)‖

2 ,
w

h
ich

ca
n

b
e

w
ritten

a
s

m
ax

θ∈
Θ

0
(r

),‖
u‖

2 ≤
1
u

T
D
−

1
0
U

(θ
)

=
r −

1
m

a
x

u
,θ∈

Θ
0
(r

) v
T
U

(θ
).

(78
)

N
o
te

th
at{v

T
U

(θ
)

:
v
,θ
∈
R
s}

is
a

b
iva

ria
te

p
ro

cess
in

d
ex

ed
b
y

(v
T
,θ

T
)
T
∈
R

2
s.

D
efi

n
e

θ̄
=

(v
T
,θ

T
)
T
∈
R

2
s,

D̄
0

=

(
D

0
0

0
D

0

)
∈
R

(2
s)×

(2
s),

Ū
(θ̄

)
=
v

T
U

(θ
),

Θ̄
0 (r)

=
{θ̄
∈
R

2
s

:‖
D̄

0 θ̄‖
2 ≤

r}.

In
th

is
n

ota
tio

n
,

from
(78

)
an

d
th

e
id

en
tity

D̄
0 θ̄

=
D

0 v
+

D
0 θ

,
it

is
easy

to
see

th
a
t

m
a
x

θ∈
Θ

0
(r

) ‖D
−

1
0
U

(θ
)‖

2 ≤
r −

1
m

a
x

θ̄∈
Θ̄

0
(2
r
) Ū

(θ̄
).

(79)

R
eca

llth
a
t∇
ζ
S

(θ
)−
∇
ζ
S

(0
)

=
−

2 ∑
ni=

1 {
I
(Y
i ≤

X
TiS
θ

)−
I
(Y
i ≤

0
)+

1/
2−
F
ε (X

TiS
θ

)}
X
iS

,
w

h
ere

fo
r
i

=
1,...,n

,
I
(Y
i ≤

X
TiS
θ

)−
I
(Y
i ≤

0
)

+
1
/2−

F
ε (X

TiS
θ

)
is

eq
u

a
l

to

{
I
(0
<
Y
i ≤

X
TiS
θ

)−
P
X

(0
<
Y
i ≤

X
TiS
θ

)
if
X

TiS
θ
≥

0,

−
I
(X

TiS
θ
<
Y
i ≤

0
)

+
P
X

(X
TiS
θ
<
Y
i ≤

0
)

if
X

TiS
θ
<

0
.

F
o
r
θ
∈
R
s,

d
efi

n
e

ran
d

o
m

va
riab

les
ε
i,θ

=
I
(0
<
Y
i ≤

X
TiS
θ

)−
I
(X

TiS
θ
<
Y
i ≤

0)
sa

tisfy
in

g
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F
a
n

a
n
d

Z
h
o
u

(i)
co

n
d

ition
al

on
X

TiS
θ
≥

0,
ε
i,θ

=
1

w
ith

p
rob

ab
ility

P
i,θ
−

1
/2

an
d
ε
i,θ

=
0

w
ith

p
rob

ab
ility

3
/
2−

P
i,θ

;

(ii)
co

n
d

ition
al

on
X

TiS
θ
<

0,
ε
i,θ

=
−

1
w

ith
p

rob
ab

ility
1/

2
−
P
i,θ

an
d
ε
i,θ

=
0

w
ith

p
ro

b
a
b

ility
1
/
2

+
P
i,θ

,

w
h

ere
P
i,θ

=
F
ε (X

TiS
θ

).
In

th
is

n
otation

,∇
ζ
S

(θ
)−
∇
ζ
S

(0
)

=
−

2 ∑
ni=

1 (Id
−

E
X

)ε
i,θ
X
iS

.
F

o
r

every
λ
∈
R

a
n

d
u
∈
R
s,

w
e

h
ave

E
X

ex
p

[λ
u

T{∇
ζ
S

(θ
)−
∇
ζ
S

(0
)}

]

=
n
∏i=

1 [E
X
{
e −

2
λ
u

T
X
iS

(I−
E
X

)ε
i,θ}

I
(X

TiS
θ
≥

0)
+

E
X
{e −

2
λ
u

T
X
iS

(I−
E
X

)ε
i,θ}

I
(X

TiS
θ
<

0) ]

=
n
∏i=

1 [{
e −

2
λ
u

T
X
iS

(3
/
2−
P
i,θ

)(P
i,θ −

1/
2)

+
e

2
λ
u

T
X
iS

(P
i,θ −

1
/
2
)(3/2−

P
i,θ

) }
I
(X

TiS
θ
≥

0)

+
{
e

2
λ
u

T
X
iS

(1
/
2
+
P
i,θ

)(1/
2−

P
i,θ

)
+
e

2
λ
u

T
X
iS

(P
i,θ −

1
/
2
)(1/

2
+
P
i,θ

) }
I
(X

TiS
θ
<

0) ].

F
u

rth
er,

u
sin

g
th

e
in

eq
u

alities
|e
u−

1−
u|≤

12 u
2e
u∨

0
an

d
1

+
u
≤
e
u

w
h

ich
h
old

for
all

u
∈
R

,
th

e
last

term
ab

ov
e

can
b

e
b

ou
n

d
ed

b
y

n
∏i=

1 [{
1

+
2
λ

2(u
T
X
iS

)
2(P

i,θ −
1/

2)(3/2−
P
i,θ

)e
2
λ|u

T
X
iS | }

I
(X

TiS
θ
≥

0)

+
{

1
+

2
λ

2(u
T
X
iS

)
2(1/

2−
P
i,θ

)(1/
2

+
P
i,θ

)e
2
λ|u

T
X
iS | }

I
(X

TiS
θ
<

0
) ]

≤
n
∏i=

1 {
1

+
2
λ

2(u
T
X
iS

)
2|P

i,θ −
1
/2|e

2
λ|u

T
X
iS | }

≤
n
∏i=

1

ex
p {

2λ
2(u

T
X
iS

)
2|P

i,θ −
1
/2|e

2
λ|u

T
X
iS | }

.

C
o
n

seq
u

en
tly,

fo
r

ev
ery

θ̄
=

(v
T
,θ

T
)
T
∈

Θ̄
0 (2r),

log
E
X

ex
p {

λ
Ū

(θ̄
)−

Ū
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ria

te
m

eth
o
d

s
to

fu
n

ction
a
l

d
ata

a
fter

p
er-

form
in

g
d

iscretization
o
r

featu
re

ex
tra

ctio
n
.

S
u

ch
a
p

p
ro

a
ch

es
m

ay
n

ot
ta

k
e

fu
ll

ad
va

n
ta

g
e

o
f

th
e

fact
th

at
d
ata

a
rise

fro
m

a
fu

n
ctio

n
a
n

d
ca

n
la

ck
rea

so
n

a
b

le
lim

itin
g

b
eh

av
ior.

O
u

r
g
rap

h
ica

l
m

o
d

el
fram

ew
o
rk

g
u

a
ra

n
tees

p
ro

p
er

th
eoretica

l
b

eh
av

ior
a
s

w
ell

a
s

co
m

p
u

ta
tio

n
al

co
n
ven

ien
ce.

2
.

G
ra

p
h
ica

l
M

o
d
e
ls

fo
r

M
u
ltiv

a
ria

te
F
u
n
ctio

n
a
l

D
a
ta

In
th

is
sectio

n
,

w
e

fi
rst

rev
iew

g
rap

h
ica

l
m

o
d

els
for

m
u

ltivaria
te

d
a
ta

in
S

ectio
n

2
.1,

th
en

in
tro

d
u

ce
g
ra

p
h

ical
m

o
d

els
fo

r
m

u
ltiva

ria
te

fu
n

ction
a
l

d
a
ta

in
S

ection
2
.2

,
a
n

d
fi

n
ally

p
resen

t
th

e
sp

ecifi
c

ca
se

o
f

G
a
u

ssia
n

p
ro

cess
g
ra

p
h

ica
l

m
o
d

els
in

S
ectio

n
2
.3.

2
.1

R
e
v
ie

w
o
f

G
ra

p
h

T
h

e
o
ry

a
n

d
G

a
u

ssia
n

G
ra

p
h

ic
a
l

M
o
d

e
ls

W
e

fo
llow

D
aw

id
a
n

d
L

a
u

ritzen
(1

9
9
3
),

L
a
u

ritzen
(1

9
9
6
),

a
n

d
J
o
n

es
et

a
l.

(2
0
05

).
L

et
G

=
(V
,E

)
d

en
o
te

a
n

u
n
d

irected
g
rap

h
w

ith
a

vertex
set

V
a
n

d
a

set
o
f

ed
g
e

p
a
irs

E
=

{
(i,j)}

.
E

ach
vertex

corresp
on

d
s

to
o
n

e
va

ria
b

le.
T

w
o

va
ria

b
les

a
a
n

d
b

are
co

n
d

itio
n

a
lly

in
d

ep
en

d
en

t
if

a
n

d
o
n

ly
if

(a
,b)

/∈
E

.
A

g
rap

h
or

a
su

b
g
ra

p
h

is
co

m
p
lete

if
a
ll

p
ossib

le
p

a
irs

o
f

vertices
a
re

jo
in

ed
b
y

ed
ges.

A
co

m
p

lete
su

b
gra

p
h

is
m

a
xim

a
l

if
it

is
n

o
t

co
n
tain

ed
w

ith
in

an
oth

er
co

m
p

lete
su

b
g
ra

p
h

.
A

m
a
x
im

a
l

su
b

g
ra

p
h

is
ca

lled
a

cliqu
e.

If
A

,
B

,
C

are
su

b
sets

of
V

w
ith

V
=
A
∪
B

,
C

=
A
∩
B

,
th

en
C

is
sa

id
to

sep
a
rate

A
fro

m
B

if
every

p
a
th

from
a

vertex
in
A

to
a

vertex
in
B

g
o
es

th
rou

g
h
C

.
C

is
ca

lled
a

sepa
ra

to
r

an
d

th
e

p
a
ir

(A
,B

)
fo

rm
s

a
d

eco
m

p
o
sitio

n
o
f
G

.
T

h
e

sep
ara

to
r

is
m

in
im

a
l

if
it

d
o
es

n
ot

co
n
ta

in
a

p
rop

er
su

b
g
ra

p
h

w
h

ich
a
lso

sep
a
ra

tes
A

fro
m
B

.
W

h
ile

k
eep

in
g

th
e

sep
a
ra

to
rs

m
in

im
a
l,

w
e

ca
n

itera
tiv

ely
d

eco
m

p
o
se

a
g
ra

p
h

in
to

a
seq

u
en

ce
o
f

p
rim

e
co

m
po

n
en

ts
–

a
seq

u
en

tia
lly

d
efi

n
ed

co
llectio

n
o
f
su

b
g
ra

p
h

s
th

at
can

n
o
t

b
e

fu
rth

er
d

eco
m

p
o
sed

(J
o
n

es
et

al.,
2
00

5
).

If
all

th
e

p
rim

e
com

p
on

en
ts

of
a

co
n

n
ected

g
ra

p
h

a
re

co
m

p
lete,

th
e

g
ra

p
h

is
ca

lled
d
eco

m
po

sa
ble.

A
ll

th
e

p
rim

e
co

m
p

o
n

en
ts

of
a

d
eco

m
p

o
sa

b
le

gra
p

h
a
re

cliq
u

es.
Itera

tiv
ely

d
eco

m
p

o
sin

g
a

d
eco

m
p

osa
b

le
g
rap

h
G

p
ro

d
u

ces
a

perfectly
o
rd

ered
seq

u
en

ce
o
f

cliq
u

es
a
n

d
sep

a
ra

tors
(C

1 ,S
2 ,C

2 ,...,S
m
,C

m
)

su
ch

th
a
t
S
i

=
H
i−

1 ∩
C
i

a
n

d
H
i−

1
=
C

1 ∪
···∪

C
i−

1 .
L

et
C

=
{C

1 ,...,C
m }

d
en

o
te

th
e

set
o
f

cliq
u

es
a
n

d
S

=
{
S

2 ,...,S
m }

d
en

o
te

th
e

set
o
f
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Z
h
u
,

S
t
r
a
w

n
,

a
n
d

D
u
n
so

n

sep
ara

tors.
T

h
e

p
erfect

ord
erin

g
m

ean
s

th
at

for
every

i
=

2
,...,m

,
th

ere
is

a
j
<
i

w
ith

S
i ⊂

C
j

(L
au

ritzen
,

1996,
p

age
15).

If
th

e
com

p
on

en
ts

of
a

ran
d
om

vector
X

=
(X

1 ,...,X
p )
T

ob
ey

con
d

ition
al

in
d

ep
en

d
en

ce
a
ccord

in
g

to
a

d
ecom

p
osab

le
grap

h
G

,
th

e
join

t
d

en
sity

can
b

e
factorized

as

p
(X
|
G

)
=

∏
C
∈C
p
(X

C
)

∏
S∈S

p
(X

S
)
,

w
h

ere
X
A

=
{X

i ,i∈
A}.

If
X

is
G

au
ssian

w
ith

zero
m

ean
an

d
p

recision
m

atrix
Ω

=
Σ
−

1,
th

en
X
i

is
con

d
ition

ally
in

d
ep

en
d

en
t

of
X
j

given
X
V
\{
i,j} ,

d
en

oted
b
y
X
i ⊥⊥

X
j |

X
V
\{
i,j} ,

if
a
n

d
on

ly
if

th
e

(i,j)th
elem

en
t

of
Ω

is
zero.

In
th

is
case

p
(X
|
G

)
is

u
n

iq
u

ely
d

eterm
in

ed
b
y

m
a
rgin

al
cova

rian
ces
{Σ

C
,Σ

S
,C
∈
C
,S
∈
S},

w
h

ich
are

su
b

-d
ia

gon
al

b
lo

ck
s

of
Σ

accord
in

g
to

th
e

cliq
u

e
an

d
sep

arator
sets.

F
or

a
giv

en
G

,
a

con
ven

ien
t

co
n

ju
gate

p
rior

for
Σ

is
h
y
p

er-in
v
erse-W

ish
art

(H
IW

)
w

ith
d

en
sity

p
(Σ
|
G
,δ,U

)
=

∏
C
∈C
p
(Σ

C
|
δ,U

C
)

∏
S∈S

p
(Σ

S
|
δ,U

S
)
,

w
h

ere
p
(Σ

C
|
δ,U

C
)

an
d
p
(Σ

S
|
δ,U

S
)

are
d
en

sities
of

in
verse-W

ish
art

(IW
)

d
istrib

u
tion

s.
In

th
is

p
ap

er,
th

e
in

verse-W
ish

art
follow

s
th

e
p

aram
eterization

of
D

aw
id

(19
81),

i.e.,
Σ
∼

IW
(δ,U

)
if

an
d

o
n

ly
if

Σ
−

1
h

as
a

W
ish

art
d

istrib
u

tion
W

(δ
+
p−

1,U
−

1),
w

h
ere

δ
>

0
an

d
Σ

is
a
p

b
y
p

m
atrix

.

2
.2

G
ra

p
h

ic
a
l

M
o
d

e
ls

fo
r

M
u

ltiv
a
ria

te
F
u

n
c
tio

n
a
l

D
a
ta

L
et

f
=
{f
j }
pj=

1
d

en
ote

a
collection

of
ran

d
om

p
ro

cesses
w

h
ere

each
com

p
o
n

en
t
f
j

is

in
L

2(T
j )

an
d

each
T
j

is
a

closed
su

b
set

of
th

e
real

lin
e.

T
h

e
d

o
m

ain
of

f
is

d
en

o
ted

b
y

T
=
⊔
pj=

1
T
j ,

w
h

ere ⊔
d

en
otes

th
e

d
isjoin

t
u

n
ion

d
efi

n
ed

b
y ⊔

pj=
1
T
j

=
⋃
pj=

1 {
(t,j)

:
t∈

T
j }

.

F
or

ea
ch

j,
let
{
φ
jk } ∞k

=
1

d
en

ote
an

orth
on

orm
al

b
asis

of
L

2(T
j ).

T
h

e
ex

ten
d

ed
b

asis
fu

n
ction

s
ψ
jk

=
(0,...,0,φ

jk ,0
,...,0),

w
ith

φ
jk

in
th

e
jth

com
p

on
en

t
an

d
0

fu
n

ction
s

elsew
h

ere
fo

r
j

=
1,...,p

an
d
k

=
1,...,∞

,
form

an
orth

on
orm

al
b

asis
of
L

2(T
).

L
et

(L
2(T

),B
(L

2(T
)),P

)
b

e
a

p
rob

ab
ility

sp
ace,

w
h

ere
B

(L
2(T

))
is

th
e

B
o
rel

σ
-algeb

ra
on

L
2(T

).
F

or
V

=
{
1,2,...,p}

an
d
A
⊂
V

,
d

en
ote

b
y

f
A

th
e

su
b

set
of

f
w

ith
d

om
ain

T
A

=
⊔
j∈
A
T
j .

W
e

d
efi

n
e

th
e

con
d

ition
al

in
d

ep
en

d
en

ce
relation

sh
ip

s
for

com
p

on
en

ts
of

f
in

D
efi

n
ition

1
.

D
e
fi

n
itio

n
1

L
et

A
,

B
,

a
n

d
C

be
su

bsets
o
f

V
.

T
h
en

f
A

is
co

n
d
itio

n
a
lly

in
d
epen

d
en

t
o
f

f
B

given
f
C

u
n

d
er

P
,

w
ritten

a
s

f
A
⊥⊥

f
B
|

f
C

[P
],

if
fo

r
a
n

y
f
A
∈
D
A

,
w

h
ere

D
A

is
a

m
ea

su
ra

ble
set

in
L

2(T
A

),
th

ere
exists

a
versio

n
o
f

th
e

co
n

d
itio

n
a
l

p
ro

ba
bility

P
(f
A
∈
D
A
|

f
B
,f
C

)
w

h
ich

is
B

(L
2(T

C
))

m
ea

su
ra

ble,
a
n

d
h
en

ce
o
n

e
m

a
y

w
rite

P
(f
A
∈
D
A
|
f
B
,
f
C

)
=

P
(f
A
∈
D
A
|
f
C

).
H

ere,B
(L

2(T
C

))
d
en

o
tes

th
e

B
o
rel

σ
-a

lgebra
o
n
L

2(T
C

).
N

o
te

th
a
t

th
is

im
p
lies

P
(f
A
∈
D
A
,f
B
∈
D
B
|
f
C

)
=
P

(f
A
∈
D
A
|
f
C

)
P

(f
B
∈
D
B
|
f
C

).

W
e

w
ou

ld
lik

e
to

u
se

a
d

ecom
p

osab
le

gra
p

h
G

=
(V
,E

)
to

d
escrib

e
th

e
con

d
itio

n
al

in
d

ep
en

d
en

ce
relation

sh
ip

s
of

com
p

on
en

ts
in

f,
w

h
ereb

y
a

B
ayesian

fram
ew

o
rk

can
b

e
con

-
stru

cted
an

d
G

can
b

e
in

ferred
th

rou
gh

p
osterior

in
feren

ce.
T

o
th

is
en

d
,

w
e

lin
k

th
e

p
rob

a-
b

ility
m

easu
re
P

of
f

w
ith

G
b
y

assu
m

in
g

th
at
P

is
M

a
rko

v
over

G
,

as
d

efi
n

ed
in

D
efi

n
ition

2
.
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G
r
a
p
h
ic

a
l

M
o
d
e
l
s

f
o
r

F
u
n
c
t
io

n
a
l

D
a
t
a

D
e
fi

n
it

io
n

2
L

et
G

=
(V
,E

)
d
en

o
te

a
d
ec

o
m

po
sa

bl
e

gr
a
p
h
.

A
p
ro

ba
bi

li
ty

m
ea

su
re
P

o
f

f
is

ca
ll

ed
M

a
rk

o
v

o
ve

r
G

if
fo

r
a
n

y
d
ec

o
m

po
si

ti
o
n

(A
,B

)
o
f
G

,
f A
⊥⊥

f B
|f

A
∩B

[P
].

G
iv

en
a

d
ec

om
p

os
ab

le
gr

ap
h
G

,
a

p
ro

b
ab

il
it

y
m

ea
su

re
of

f
w

it
h

M
ar

ko
v

p
ro

p
er

ty
m

ay
b

e
co

n
st

ru
ct

ed
.

T
o

en
ab

le
th

e
co

n
st

ru
ct

io
n

,
w

e
fi

rs
t

st
at

e
L

em
m

a
1,

w
h

ic
h

g
en

er
al

iz
es

L
em

m
a

2.
5

of
D

aw
id

an
d

L
au

ri
tz

en
(1

99
3)

fr
om

th
e

ra
n

d
om

va
ri

ab
le

to
th

e
ra

n
d

o
m

p
ro

ce
ss

ca
se

.

L
e
m

m
a

1
L

et
f

=
(f

1
,.
..
,f
p
)

be
a

co
ll

ec
ti

o
n

o
f

ra
n

d
o
m

p
ro

ce
ss

es
in
L

2
(T

).
F

o
r

su
bs

et
s

A
,B
⊂
V

=
{1
,.
..
,p
}

w
it

h
A
∩
B
6=

∅
,

su
p
po

se
th

a
t
P

1
a
n

d
P

2
a
re

p
ro

ba
bi

li
ty

m
ea

su
re

s
o
f

f A
a
n

d
f B

,
re

sp
ec

ti
ve

ly
.

If
P

1
a
n

d
P

2
a
re

co
n

si
st

en
t,

m
ea

n
in

g
th

a
t

th
ey

in
d
u

ce
th

e
sa

m
e

m
ea

su
re

fo
r

f A
∩B

,
th

en
th

er
e

ex
is

ts
a

u
n

iq
u

e
p
ro

ba
bi

li
ty

m
ea

su
re
P

fo
r

f A
∪B

su
ch

th
a
t

(i
)

P
A

=
P

1
,

(i
i)
P
B

=
P

2
,

a
n

d
(i

ii
)

f A
⊥⊥

f B
|f

A
∩B

[P
].

T
h
e

m
ea

su
re
P

is
ca

ll
ed

a
M

a
rk

o
v

co
m

bi
n

a
ti

o
n

o
f
P

1
a
n

d
P

2
,

d
en

o
te

d
a
s
P

=
P

1
?
P

2
.

W
e

p
ro

v
id

e
a

p
ro

of
of

L
em

m
a

1
th

ro
u

gh
co

n
st

ru
ct

io
n

in
A

p
p

en
d

ix
B

.
T

h
e

m
a
in

id
ea

is
to

fi
rs

t
co

n
st

ru
ct

th
e

co
n

d
it

io
n
al

p
ro

b
ab

il
it

y
P

1
{·
|π

A
∩B

(f
A

)}
fr

om
P

1
,

w
h

er
e
π
A
∩B

:
L

2
(T
A

)
→
L

2
(T
A
∩B

)
is

a
p

ro
je

ct
io

n
m

ap
an

d
T
A

=
⊔
j∈
A
T
j
.

W
e

th
en

d
efi

n
e
P
{·
|π

B
(f

)}
b

as
ed

u
p

on
P

1
{·
|π

A
∩B

(f
A

)}
u

si
n

g
d

is
in

te
gr

at
io

n
th

eo
ry

(C
h

an
g

an
d

P
o
ll

a
rd

,
1
9
97

),
an

d
fi

n
al

ly
co

n
st

ru
ct

th
e

jo
in

t
m

ea
su

re
P

th
at

sa
ti

sfi
es

co
n

d
it

io
n

s
(i

)–
(i

ii
).

W
it

h
L

em
m

a
1
,

w
e

ca
n

co
n

st
ru

ct
a

jo
in

t
p

ro
b

ab
il

it
y

m
ea

su
re

fo
r

f
th

at
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p
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∩
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b
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w
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=
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=
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=

1,
..
.,
m
−

1.
(2

)

O
n

e
ca

n
sh

ow
th

at
th

e
p

ro
b
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d
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h
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p
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b
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d
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d
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b
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d
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b
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p
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p
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p
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h
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b
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b
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∈
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∈
M

(G
).

T
h

e
fo

ll
ow

in
g

P
ro

p
os

it
io

n
1

st
at

es
th

at
th
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p
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p
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p
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e

gr
a
p
h
s,

a
s

d
es

cr
ib

ed
in

S
ec

ti
o
n

3
o
f

D
a
w

id
a
n

d
L

a
u

ri
tz

en
(1

9
9
3
),

h
o
ld

s
fo

r
ra

n
d
o
m

p
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p
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b
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b
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Π
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p
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p
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p
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p
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p
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h
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∈
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c
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∞
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b
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c
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(e.g.,
a

zero
seq

u
en

ce)
so

th
a
t

th
e

d
istrib

u
tio

n
o
f

c
is

u
n

iq
u

ely
d

eterm
in

ed
b
y
Q
C .

A
s

in
d

ica
ted

in
S

ectio
n

2
.2,

w
e

w
o
u

ld
like

to
co

n
stru

ct
a

h
y
p

er
M

arkov
law

for
th

e
d
M

G
P
G

d
istrib

u
tio

n
.

S
in

ce
d
M

G
P
G

is
u

n
iq

u
ely

d
eterm

in
ed

b
y
Q
C ,

it
is

eq
u

iva
len

t
to

co
n

stru
ct

a
h
y
p

er
M

a
rk

ov
law

fo
rQ
C .

G
iven

a
p

o
sitive

in
teg

er
δ

a
n

d
a

collection
U

=
{
u
ij

:
N
×

N
→

R
,i,j

∈
V
}

w
h

ich
is

sy
m

m
etric,

p
o
sitive

sem
id

efi
n

ite,
an

d
tra

ce
cla

ss,
w

e
co

n
stru

ct
a

h
y
p

er-in
verse-W

ish
a
rt-p

ro
cess

(H
IW

P
)

p
rior

fo
rQ
C

fo
llow

in
g

T
h

eo
rem

1.

T
h

e
o
re

m
1

A
ssu

m
e

th
at

c
∼

d
M

G
P
G

(c
0 ,Q

C ).
S

u
p

p
o
se

th
a
t
δ

is
a

p
o
sitiv

e
in

teg
er,

an
d

U
is

a
co

llection
o
f

kern
els

th
a
t

is
sy

m
m

etric,
p

o
sitive

sem
id

efi
n

ite
a
n

d
tra

ce
cla

ss.
T

h
en

th
ere

ex
ists

a
seq

u
en

ce
of

p
a
irw

ise
co

n
sisten

t
in

verse-W
ish

a
rt

p
ro

cesses
d

eterm
in

ed
b
y
δ

a
n

d
U
C

=
{
u
ij ,i,j∈

C
},C

∈
C

,
b

a
sed

o
n

w
h

ich
on

e
ca

n
con

stru
ct

a
u

n
iq

u
e

h
y
p

er
M

a
rkov

law
forQ

C ,
w

h
ich

w
e

call
a

h
y
p

er-in
verse-W

ish
a
rt-p

ro
cess,

a
n

d
w

rite
Q
C
∼

H
IW

P
G

(δ,U
C ),

w
h

ere
U
C

=
{
u
ij ,i,j∈

C
,C
∈
C}

.

B
a
sed

on
T

h
eo

rem
1,

a
B

ayesian
G

au
ssian

p
ro

cess
g
ra

p
h

ica
l

m
o
d

el
ca

n
b

e
w

ritten
a
s

c
∼

d
M

G
P
G

(c
0 ,Q

C ),
Q
C ∼

H
IW

P
G

(δ,U
C ),

G
∼

Π
.

(4
)

It
is

o
f

in
terest

to
in

vestiga
te

th
e

p
ro

p
erties

o
f

th
e

H
IW

P
p

rio
r

a
n

d
th

e
corresp

on
d

in
g

p
osterio

r
d

istrib
u

tion
.

A
s

sh
ow

n
in

D
aw

id
a
n

d
L

a
u

ritzen
(1

99
3
),

o
n

e
n

ice
p

ro
p

erty
o
f

th
e

H
IW

law
is

th
e

stro
n

g
h
y
p

er
M

ark
ov

p
ro

p
erty,

w
h

ich
lea

d
s

to
co

n
ju

g
acy

a
s

w
ell

a
s

co
n
ven

ien
t

p
osterio

r
com

p
u

tatio
n

at
ea

ch
cliq

u
e.

In
case

of
th

e
H

IW
P

p
rio

r,
th

e
stro

n
g

h
y
p

er
M

a
rkov

p
ro

p
erty

is
d

efi
n

ed
su

ch
th

at
for

a
n
y

d
ecom

p
o
sition

(A
,B

)
o
f
G

in
m

o
d

el
(4

),Q
B
|A
⊥⊥
Q
A

,
w

h
ere
Q
B
|A

d
en

otes
th

e
con

d
ition

a
l

d
istrib

u
tio

n
(i.e.,

co
n

d
ition

a
l

cova
ria

n
ce)

o
f

c
B

g
iven

c
A

.
In

th
e

fo
llow

in
g

p
rop

o
sition

,
w

e
sh

ow
th

a
t

th
e

H
IW

P
G

p
rio

r
co

n
stru

cted
in

T
h

eo
rem

1
is

stro
n

g
h
y
p

er
M

a
rkov

w
h

en
ra

n
k
(u
ij )

<
∞

fo
r
i,j∈

V
.

P
ro

p
o
sitio

n
2

S
u

p
po

se
th

a
t

th
e

co
llectio

n
o
f

kern
els
U

sa
tisfi

es
th

a
t

ra
n

k(u
ij )

<
∞

fo
r

i,j∈
V

,
th

en
th

e
h
yper-in

verse-W
ish

a
rt-p

rocess
p
rio

r
co

n
stru

cted
in

T
h
eo

rem
1

sa
tisfi

es
th

e
stro

n
g

h
yper

M
a
rko

v
p
ro

perty.
T

h
a
t

is,
ifQ

C
∼

H
IW

P
G

(δ,U
C ),

th
en

fo
r

a
n

y
d
eco

m
po

sitio
n

(A
,B

)
o
f
G

,Q
B
|A
⊥⊥
Q
A

,
w

h
ereQ

B
|A

d
en

o
tes

th
e

co
n

d
itio

n
a
l

d
istribu

tio
n

(e.g.,
co

n
d
itio

n
a
l

co
va

ria
n

ce)
o

f
c
B

given
c
A

.

T
h

e
fi

n
ite

ra
n

k
co

n
d

ition
fo

r
th

e
p

rio
r

p
a
ra

m
eters{

u
ij }

in
P

ro
p

ositio
n

2
is

a
rela

tiv
ely

stron
g

co
n

d
itio

n
u

n
d

er
w

h
ich

th
e

H
IW

P
G

satisfi
es

th
e

stro
n

g
h
y
p

er
M

a
rkov

p
ro

p
erty.

It
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Z
h
u
,

S
t
r
a
w

n
,

a
n
d

D
u
n
so

n

im
p

lies
th

a
t

th
e

covarian
ce

kern
elQ

C ,
th

u
s

th
e

seq
u

en
ce

c
,

is
a

p
riori

fi
n

ite
d

im
en

sion
al.

W
h

eth
er

th
e

stron
g

h
y
p

er
M

arkov
p

rop
erty

still
h

old
s

w
ith

ou
t

th
is

con
d

ition
rem

a
in

s
a

ch
a
llen

g
in

g
op

en
p

rob
lem

.
In

th
e

on
lin

e
ap

p
en

d
ix

,
w

e
h

ave
in

clu
d

ed
several

in
terestin

g
resu

lts
m

ad
e

th
ro

u
gh

ou
r

p
relim

in
ary

stu
d

y,
w

h
ich

m
ay

p
rov

id
e

u
sefu

l
in

sigh
ts

in
to

fu
rth

er
in

vestigatio
n

s
of

th
is

p
rob

lem
.

T
h

e
stron

g
h
y
p

er
M

arkov
p

rop
erty

of
H

IW
P
G

en
su

res
th

at
th

e
jo

in
t

p
osterior

ofQ
C

(con
d

ition
al

on
G

)
can

b
e

con
stru

cted
from

th
e

m
argin

al
p

osterior
ofQ

C
(con

d
itio

n
a
l

on
G

)
at

each
cliq

u
e
C

,
as

stated
in

T
h

eorem
2.

T
h

erefore
on

e
essen

-
tia

lly
tra

n
sfo

rm
s

th
e

B
ayesian

an
aly

sis
to

a
seq

u
en

ce
of

su
b

-an
aly

ses
at

th
e

cliq
u

es,
w

h
ich

su
b

sta
n
tially

red
u

ces
th

e
size

of
th

e
p

rob
lem

.

T
h

e
o
re

m
2

S
u

p
po

se
th

a
t

c
i ∼

d
M

G
P
G

(c
0 ,Q

C ),i
=

1,...,n
a
re

in
d
epen

d
en

t
a
n

d
id

en
ti-

ca
lly

d
istribu

ted
.

F
u

rth
er

a
ssu

m
e

th
a

t
th

e
p
rio

r
o
fQ
C

is
H

IW
P
G

(δ,U
C )

w
h
ere

th
e

co
llectio

n
o
f

kern
els
U

sa
tisfi

es
th

a
t

ra
n

k(u
ij )

<
∞

fo
r
i,j
∈
V

.
T

h
en

th
e

co
n

d
itio

n
a
l

po
sterio

r
o
f

Q
C

given
{
c
i }

a
n

d
G

is
H

IW
P
G

(δ̃,Ũ
C ),

w
h
ere

δ̃
=
δ

+
n

,Ũ
C

=
{ũ

ij ,i,j
∈
C
,C
∈
C}

a
n

d
ũ
ij

=
u
ij

+
∑

ni=
1 (c

i −
c

0
i )⊗

(c
j −

c
0
j ).

H
ere
⊗

d
en

o
tes

th
e

o
u

ter
p
rod

u
ct.

F
u

rth
erm

o
re,

th
e

m
a
rgin

a
l

d
istribu

tio
n

o
f{c

i }
given

{G
,c

0 ,δ,Ũ
C }

is
a
ga

in
M

a
rko

v
o
ver

G
.

T
h

eorem
2

im
p

lies
th

at
w

h
en

ran
k
(u
ij )

<
∞

for
i,j
∈
V

,
th

e
H

IW
P
G

(δ,U
C )

p
rior

is
a

co
n

ju
gate

p
rio

r
forQ

C
in

th
e

d
M

G
P
G

(c
0 ,Q

C )
likelih

o
o
d

.
N

ote
th

at
h

ere
th

e
likelih

o
o
d

,
th

e
p

rior,
an

d
th

e
p

osterior
are

all
con

d
ition

al
on

G
,

w
h

ich
m

akes
B

ayesian
in

feren
ce

of
G

tracta
b

le.
M

o
d
el

(4)
an

d
resu

lts
in

T
h

eorem
2

p
rov

id
e

th
e

th
eoretical

fou
n

d
ation

for
p

ra
ctica

l
B

ayesia
n

in
feren

ce
u

n
d

er
a

reason
ab

le
regu

larity
con

d
ition

,
as

d
iscu

ssed
in

S
ection

3
.

3
.

B
a
y
e
sia

n
P

o
ste

rio
r

In
fe

re
n
ce

D
esp

ite
th

e
fa

ct
th

at
fu

n
ction

al
d

ata
are

realization
s

of
in

h
eren

tly
in

fi
n

ite-d
im

en
sion

al
ra

n
d

om
p
ro

cesses,
d

ata
can

on
ly

b
e

collected
at

a
fi

n
ite

n
u

m
b

er
of

m
easu

rem
en

t
p

oin
ts.

E
ssen

tia
lly,

estim
atin

g
th

e
con

d
ition

al
in

d
ep

en
d

en
ce

stru
ctu

re
of

in
fi

n
ite-d

im
en

sion
al

ran
-

d
o
m

p
ro

cesses
b

ased
on

a
fi

n
ite

n
u

m
b

er
of

m
easu

rem
en

t
p

oin
ts

is
an

in
verse

p
rob

lem
an

d
th

erefore
req

u
ires

regu
larization

.
M

ü
ller

an
d

Y
ao

(200
8)

rev
iew

ed
tw

o
m

ain
ap

p
roach

es
for

reg
u

larization
in

fu
n

ction
al

d
ata

an
aly

sis—
fi

n
ite

ap
p

rox
im

ation
th

rou
gh

,
e.g.,

su
itab

ly
tru

n
ca

tin
g

th
e

b
asis

ex
p
an

sion
rep

resen
tation

an
d

p
en

alized
likelih

o
o
d

.
In

th
is

p
a
p

er,
w

e
su

g
gest

p
erfo

rm
in

g
p

osterior
in

feren
ce

b
ased

on
ap

p
rox

im
atin

g
th

e
u

n
d

erly
in

g
ran

d
o
m

p
ro-

cesses
w

ith
orth

ogon
al

b
asis

fu
n

ction
s.

In
p

articu
lar,

w
e

assu
m

e
th

e
follow

in
g

regu
larity

co
n

d
ition

:

C
o
n

d
itio

n
1

T
h
e

fu
n

ctio
n

a
l

d
a
ta

f
a
re

o
bserved

d
iscretely

o
n

a
d
en

se
grid

t
=
⊔

t
j

w
ith

t
j

=
(tj1 ,...,tjm

j (n
) )

a
n

d
m
j (n

)
→
∞

a
s
n
→
∞

.
O

n
e

ca
n

fi
n

d
M
j (n

)
so

th
a
t

th
e

u
n

d
erlyin

g
ra

n
d
o
m

p
rocess

f
j

ca
n

be
a
p
p
ro

xim
a
ted

w
ith

a
n
M
j -term

o
rth

ogo
n

a
l

ba
sis

expa
n

sio
n
f̂
j

=
∑

M
j

l=
1
c
jl φ

jl ,
w

ith
a
p
p
ro

xim
a
tio

n
erro

r||f
j −

f̂
j ||L

2
=
O
p (n
−
β
)

w
ith

β
≥

1
/
2

fo
r

a
ll
j∈

V
.

E
ssen

tia
lly,

C
on

d
ition

1
req

u
ires

th
at

th
e

d
iscretely

-m
easu

red
fu

n
ction

a
l

d
ata

cap
tu

re
su

ffi
cien

t
in

form
a
tion

ab
ou

t
th

e
u

n
d

erly
in

g
ran

d
om

p
ro

cesses,
so

th
at

w
e

can
a
p

p
rox

im
ate

each
f
j

w
ith

a
n

egligib
le

ap
p

rox
im

ation
error.

T
h

is
con

d
itio

n
p

rov
id

es
th

e
con

sisten
cy

of
th

e
b

asis
rep

resen
tation

,
i.e.,

th
e

ap
p

rox
im

ation
error

con
verges

to
zero

w
ith

ord
er
O
p (n
−
β
)
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G
r
a
p
h
ic

a
l

M
o
d
e
l
s

f
o
r

F
u
n
c
t
io

n
a
l

D
a
t
a

w
h

en
M
j

in
cr

ea
se

s
w

it
h

th
e

sa
m

p
le

si
ze
n

.
W

e
n

ee
d

su
ch

a
co

n
d

it
io

n
in

o
rd

er
to

g
u

a
ra

n
te

e
th

at
th

e
b

eh
av

io
r

of
{f
j
}i

s
n

ot
to

o
ou

tr
ag

eo
u

s.
C

er
ta

in
as

su
m

p
ti

on
s,

su
ch

a
s

th
e

d
ec

ay
ra

te
of

th
e

ei
ge

n
va

lu
es

of
f j

,
th

e
sm

o
ot

h
n

es
s

p
ro

p
er

ty
of
f j

,
or

th
e

ch
ar

ac
te

ri
st

ic
s

o
f

th
e

b
a
si

s
fu

n
ct

io
n

s,
w

il
l

d
et

er
m

in
e

th
e

sp
ec

ifi
c

ra
te
β

(D
e

B
o
or

,
20

01
;

J
an

se
n

an
d

O
on

in
cx

,
20

1
5
).

H
ow

ev
er

,
u

n
d

er
ou

r
ge

n
er

ic
se

tu
p

,
si

n
ce

w
e

p
re

fe
r

n
ot

to
sp

ec
if

y
p

ar
ti

cu
la

r
a
ss

u
m

p
ti

o
n

s,
w

e
on

ly
re

q
u

ir
e

a
m

il
d

ra
n

ge
fo

r
th

e
co

n
ve

rg
en

ce
ra

te
.

C
on

d
it

io
n

1
is

a
b

as
ic

a
ss

u
m

p
ti

on
in

th
e

fu
n

ct
io

n
al

se
tt

in
g,

an
d

a
si

m
il

ar
re

gu
la

ri
ty

co
n

d
it

io
n

h
as

b
ee

n
ad

op
te

d
b
y

Q
ia

o
et

a
l.

(2
01

5)
in

a
fu

n
ct

io
n

al
gr

ap
h

ic
al

m
o
d

el
b

as
ed

on
th

e
gr

ou
p

L
A

S
S
O

p
en

al
ty

.

3
.1

B
a
y
e
si

a
n

P
o
st

e
ri

o
r

In
fe

re
n

c
e

u
n

d
e
r

th
e

R
e
g
u

la
ri

z
a
ti

o
n

C
o
n

d
it

io
n

T
h

e
re

gu
la

ri
ty

fr
om

C
on

d
it

io
n

1
en

ab
le

s
u

s
to

w
ri

te
th

e
d

en
si

ty
fu

n
ct

io
n

s
o
f

th
e

M
a
rk

ov
d

is
tr

ib
u

ti
on

s
an

d
h
y
p

er
M

ar
ko

v
la

w
s

so
th

at
p

os
te

ri
or

in
fe

re
n
ce

ca
n

b
e

p
ra

ct
ic

a
ll

y
im

p
le

-
m

en
te

d
.

D
en

ot
in

g
M

=
(M

1
,.
..
,M

p
),

w
e

ca
n

ex
p

li
ci

tl
y

w
ri

te
th

e
d

en
si

ty
fu

n
ct

io
n

fo
r

th
e

tr
u

n
ca

te
d

p
ro

ce
ss

c
M

=
(c
M

1
1
,.
..
,c
M
p

p
),

an
d

a
n

M
C

M
C

al
go

ri
th

m
ca

n
th

en
b

e
d

es
ig

n
ed

fo
r

th
e

p
os

te
ri

or
in

fe
re

n
ce

of
th

e
u

n
d

er
ly

in
g

gr
ap

h
G

.
T

h
e

d
en

si
ty

fu
n

ct
io

n
o
f

c
M

is

p
(c
M
|c

M 0
,Q
C,
G

)
=

∏
C
∈C
p
(c
M C
|c

M 0
,C
,Q

C
)

∏
S
∈S
p
(c
M S
|c

M 0
,S
,Q

S
)
,

(5
)

w
h

er
e

Q
C

is
a

b
lo

ck
-w

is
e

co
va

ri
an

ce
m

at
ri

x
w

it
h

th
e

(i
,j

)t
h

b
lo

ck
fo

rm
ed

b
y
{q
ij

(k
,l

),
k

=
1
,.
..
,M

i,
l

=
1,
..
.,
M
j
},

an
d

Q
C

,
Q
S

ar
e

su
b

m
at

ri
ce

s
of

Q
C

co
rr

es
p

on
d

in
g

to
cl

iq
u

e
C

an
d

se
p
ar

at
or

S
,

re
sp

ec
ti

v
el

y.
T

h
e

H
IW

P
G

p
ri

or
of
Q
C

in
d

u
ce

s
a

h
y
p

er
in

ve
rs

e-
W

is
h

a
rt

p
ri

or
w

it
h

d
en

si
ty

p
(Q
C
|G

)
=

∏
C
∈C
p
(Q

C
|δ
,U

C
)

∏
S
∈S
p
(Q

S
|δ
,U

S
)
,

(6
)

w
h

er
e
p
(Q

C
|δ
,U

C
)

is
th

e
d

en
si

ty
of

in
ve

rs
e-

W
is

h
ar

t
d

efi
n

ed
in

D
aw

id
(1

9
8
1
),

U
C

is
a

su
b

m
at

ri
x

of
U
C

co
rr

es
p

on
d

in
g

to
cl

iq
u

e
C

,
an

d
U
C

is
a

b
lo

ck
-w

is
e

m
at

ri
x

fo
rm

ed
b
y
{u

ij
}

in
th

e
sa

m
e

w
ay

as
Q
C

is
fo

rm
ed

b
y
{q
ij
}.

T
h

e
p
(Q

S
|δ
,U

S
)

co
m

p
on

en
t

in
th

e
d

en
o
m

in
a
to

r
is

d
efi

n
ed

si
m

il
ar

ly
.

B
as

ed
on

(5
)

an
d

(6
),

an
d

as
su

m
in

g
th

at
{c
i,
i

=
1,
..
.,
n
}

is
a

ra
n

d
o
m

sa
m

p
le

of
c
,

on
e

ca
n

fu
rt

h
er

in
te

gr
at

e
ou

t
Q
C

to
ge

t
th

e
m

ar
gi

n
al

d
en

si
ty

p
({

c
M i
}
|c

M 0
,G

)
=

(2
π

)−
n 2

(∑
i
M
i
)
h

(δ
,U
C)

h
(δ̃
,Ũ
C)
,

(7
)

w
h

er
e

h
(δ
,U
C)

=

∏
C
∈C
|1 2

U
C
|(δ

+
d
c
−
1

2
) Γ
−

1
d
c
{1 2

(δ
+
d
c
−

1)
}

∏
S
∈S
|1 2

U
S
|(δ

+
d
s
−
1

2
) Γ
−

1
d
s
{1 2

(δ
+
d
s
−

1)
},

an
d
d
c

an
d
d
s

ar
e

th
e

d
im

en
si

on
s

of
U
C

an
d

U
S

re
sp

ec
ti

ve
ly

,
an

d
Γ
b
(a

)
=
π
b(
b−

1
)/

4
∏
b−

1
i=

0
Γ

(a
−

i/
2)

.
T

h
e

d
en

om
in

at
or
h

(δ̃
,Ũ
C)

in
(7

)
is

d
efi

n
ed

in
th

e
sa

m
e

w
ay

.
B

as
ed

o
n

th
es

e
re

su
lt

s,
p

os
te

ri
or

in
fe

re
n

ce
ca

n
b

e
d

on
e

th
ro

u
gh

sa
m

p
li

n
g

fr
om

th
e

p
os

te
ri

or
d

en
si

ty

p
(G
|{

c
M i
},

c
M 0

)
∝
p
({

c
M i
}
|c

M 0
,G

)
p
(G

),
(8

)
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Z
h
u
,

S
t
r
a
w

n
,

a
n
d

D
u
n
so

n

w
h

er
e
p
(G

)
is

th
e

d
en

si
ty

fu
n

ct
io

n
co

rr
es

p
on

d
in

g
to

th
e

p
ri

o
r

d
is

tr
ib

u
ti

on
G
∼

Π
,

w
h

ic
h

is
a

d
is

cr
et

e
d

is
tr

ib
u

ti
o
n

su
p

p
or

te
d

o
n

a
ll

d
ec

o
m

p
o
sa

b
le

g
ra

p
h

s
w

it
h
p

n
o
d

es
.

G
iu

d
ic

i
a
n

d
G

re
en

(1
99

9)
u

se
d

th
e

d
is

cr
et

e
u

n
if

o
rm

p
ri

o
r

P
r(
G

=
G

0
)

=
1/
d

fo
r

an
y

fi
x
ed

p
-n

o
d

e
d

ec
om

p
o
sa

b
le

gr
ap

h
G

0
,

w
h

er
e
d

is
th

e
to

ta
l

n
u

m
b

er
o
f

su
ch

g
ra

p
h

s;
J
o
n

es
et

a
l.

(2
0
0
5)

u
se

d
th

e
in

d
ep

en
d

en
t

B
er

n
o
u

ll
i

p
ri

o
r

w
it

h
p

ro
b

a
b

il
it

y
2/

(p
−

1
)

fo
r

ea
ch

ed
g
e,

w
h

ic
h

fa
vo

rs
sp

a
rs

er
gr

ap
h

s
(G

iu
d

ic
i,

1
99

6)
.

T
h

e
fo

ll
ow

in
g

M
C

M
C

al
go

ri
th

m
d

es
cr

ib
es

th
e

st
ep

s
to

ge
n

er
a
te

p
os

te
ri

or
sa

m
p
le

s
b

a
se

d
o
n

(8
).

A
lg

o
ri

th
m

1

S
te

p
0
.

S
et

a
n

in
it

ia
l

d
ec

o
m

po
sa

bl
e

gr
a
p
h
G

a
n

d
se

t
th

e
p
ri

o
r

pa
ra

m
et

er
s
c

0
,
δ,

a
n

d
U
C.

S
te

p
1
.

W
it

h
p
ro

ba
bi

li
ty

1
−
q,

p
ro

po
se
G̃

by
ra

n
d
o
m

ly
a
d
d
in

g
o
r

d
el

et
in

g
a
n

ed
ge

fr
o
m
G

(e
a
ch

w
it

h
p
ro

ba
bi

li
ty

0.
5)

w
it

h
in

th
e

sp
a
ce

o
f

d
ec

o
m

po
sa

bl
e

gr
a
p
h
s;

w
it

h
p
ro

ba
bi

l-
it

y
q,

p
ro

po
se
G̃

fr
o
m

a
d
is

cr
et

e
u

n
if

o
rm

d
is

tr
ib

u
ti

o
n

su
p
po

rt
ed

o
n

th
e

se
t

o
f

a
ll

d
ec

o
m

po
sa

bl
e

gr
a
p
h
s.

A
cc

ep
t

th
e

n
ew

G̃
w

it
h

p
ro

ba
bi

li
ty

α
=

m
in

{
1,
p
(G̃
|{

c
M i
},
c
M 0

)
p
(G
|G̃

)

p
(G
|{

c
M i
},
c
M 0

)
p
(G̃
|G

)}
.

R
ep

ea
t

S
te

p
1

fo
r

a
la

rg
e

n
u

m
be

r
o
f

it
er

a
ti

o
n

s
u

n
ti

l
co

n
ve

rg
en

ce
is

a
ch

ie
ve

d
.

D
et

a
il

ed
d

er
iv

a
ti

o
n

s
a
re

av
ai

la
b

le
in

th
e

on
li

n
e

a
p

p
en

d
ix

.
T

h
e

a
b

ov
e

al
go

ri
th

m
is

a
M

et
ro

p
ol

is
-H

as
ti

n
g
s

sa
m

p
le

r
w

it
h

a
m

ix
tu

re
o
f
lo

ca
l
a
n

d
h

ea
v
ie

r-
ta

il
ed

p
ro

p
o
sa

ls
,
a
ls

o
ca

ll
ed

a
sm

a
ll

-w
o
rl

d
sa

m
p
le

r.
T

h
e

“
lo

ca
l”

m
ov

e
in

vo
lv

es
ra

n
d

o
m

ly
ad

d
in

g
o
r

d
el

et
in

g
on

e
ed

g
e

b
a
se

d
on

th
e

cu
rr

en
t

gr
ap

h
,

a
n

d
th

e
“g

lo
b

a
l”

m
ov

e
is

a
ch

ie
ve

d
th

ro
u

g
h

th
e

d
is

cr
et

e
u

n
if

o
rm

p
ro

p
o
sa

l.
G

u
an

et
a
l.

(2
0
0
6)

a
n

d
G

u
a
n

a
n

d
K

ro
n

e
(2

0
0
7
)

h
av

e
sh

ow
n

th
a
t

th
e

sm
a
ll

-w
o
rl

d
sa

m
p

le
r

le
a
d

s
to

m
u

ch
fa

st
er

co
n
ve

rg
en

ce
es

p
ec

ia
ll

y
w

h
en

th
e

p
os

te
ri

or
d

is
tr

ib
u

ti
o
n

is
ei

th
er

m
u

lt
i-

m
o
d

a
l

or
sp

ik
y.

3
.2

B
a
y
e
si

a
n

P
o
st

e
ri

o
r

In
fe

re
n

c
e

fo
r

N
o
is

y
F
u

n
c
ti

o
n

a
l

D
a
ta

T
h

e
th

eo
ry

in
S

ec
ti

o
n

2
a
n

d
th

e
p

o
st

er
io

r
in

fe
re

n
ce

in
S

ec
ti

on
3
.1

re
li

es
on

th
e

a
ss

u
m

p
ti

on
th

at
th

e
d

is
tr

ib
u

ti
on

o
f
f

(a
n

d
c
)

is
M

ar
ko

v
ov

er
G

.
In

m
a
n
y

si
tu

a
ti

o
n

s,
it

is
m

o
re

d
es

ir
a
b
le

to
m

a
ke

su
ch

an
as

su
m

p
ti

o
n

in
a

h
ie

ra
rc

h
ic

a
l

m
o
d

el
.

F
or

ex
a
m

p
le

,
w

h
en

fu
n

ct
io

n
a
l

d
at

a
a
re

su
b

je
ct

to
m

ea
su

re
m

en
t

er
ro

r,
o
n

e
m

ig
h
t

w
is

h
to

in
co

rp
o
ra

te
a
n

a
d

d
it

iv
e

er
ro

r
te

rm
an

d
co

n
si

d
er

th
e

fo
ll

ow
in

g
m

o
d

el

y i
jt

=
f i
j
(t

)
+
ε i
jt
,

i
=

1,
..
.,
n
,

j
=

1,
..
.,
p
,

t
∈

t j
,

(9
)

w
h

er
e
{y
ij
t,
t
∈

t j
}

ar
e

n
o
is

y
ob

se
rv

a
ti

on
s

m
ea

su
re

d
o
n

a
d

en
se

g
ri

d
t j

=
(t
j1
,.
..
,t
jm

j
),

{f
ij
}

a
re

th
e

u
n

d
er

ly
in

g
tr

u
e

fu
n

ct
io

n
s,

a
n

d
{ε
ij
t,
t
∈

t j
}

a
re

m
ea

su
re

m
en

t
er

ro
rs

.
W

e
a
ss

u
m

e
th

a
t
{f
ij
}

a
n

d
{ε
ij
t,
t
∈

t j
}

a
re

m
u

tu
a
ll

y
in

d
ep

en
d

en
t

of
ea

ch
ot

h
er

.
T

h
e

in
fe

re
n

ce
o
f

m
o
d

el
(9

)
in

v
ol

ve
s

b
o
th

sm
o
o
th

in
g

(i
.e

.,
es

ti
m

a
ti

n
g
f i
j
)

a
n

d
es

ti
m

at
io

n
o
f

th
e

u
n

d
er

ly
in

g
g
ra

p
h
G

.
W

e
a
ch

ie
ve

th
es

e
g
o
al

s
si

m
u

lt
an

eo
u

sl
y

th
ro

u
g
h

fi
tt

in
g

a
B

ay
es

ia
n

h
ie

ra
rc

h
ic

a
l

m
o
d

el
.

In
p

ar
ti

cu
la

r,
w

e
as

su
m

e
th

a
t
{f
ij
}

a
re

G
a
u

ss
ia

n
p
ro

ce
ss

es
in
L

2
(T
j
),

a
n

d
d

en
o
te
{c
ij
k
}

th
ei

r
b

as
is

co
effi

ci
en

ts
co

rr
es

p
o
n

d
in

g
a
n

o
rt

h
o
n

o
rm

al
b

a
si

s
{φ

jk
}∞ k

=
1
.

W
it

h
th

is
re

p
re

se
n
ta

-
ti

o
n

,
m

o
d
el

(9
)

h
a
s

th
e

fo
rm

y i
jt

=
∑
∞ k=

1
c i
jk
φ
jk

(t
)

+
ε i
jt

,
an

d
{c
ij
k
}

is
a

d
is

cr
et

e
G

a
u

ss
ia

n
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G
r
a
p
h
ic

a
l

M
o
d
e
l
s

f
o
r

F
u
n
c
t
io

n
a
l

D
a
t
a

p
ro

cess.
W

e
fu

rth
er

assu
m

e
th

a
t

th
e

m
easu

rem
en

t
erro

r
ε
ij

=
{ε
ijt ,t

∈
t
j }

is
G

a
u

ssian
w

h
ite

n
o
ise

w
ith

varian
ce

σ
2j ,

i.e.,
ε
ijt
∼
N

(0,σ
2j )

in
d

ep
en

d
en

tly
a
cross

a
ll
t

fo
r
t
∈

t
j .

T
ru

n
catin

g
at

th
e
M
j th

b
a
sis

elem
en

t,
w

e
can

rep
a
ram

eterize
th

e
m

o
d

el
a
s

y
ijt

=

M
j

∑k
=

1

c
ijk φ

jk (t)
+
ε̃
ijt ,

t∈
t
j

(1
0)

w
h

ere
ε̃
ijt

is
a

n
ew

resid
u

a
l

term
th

a
t

con
sists

of
th

e
a
p

p
rox

im
a
tio

n
error

o
f

th
e

tru
n

ca
ted

series
(e.g

., ∑
∞k
=
M
j +

1
c
ijk φ

jk (t))
a
n

d
th

e
m

ea
su

rem
en

t
erro

r.
If

w
e

co
n

ca
ten

a
te

th
e

n
o
isy

ob
servatio

n
s

to
fo

rm
a

vecto
r

y
i

=
(y
i1
t
1
1 ,...,y

i1
t
1
m

1 ,...,y
ip
t
p
1 ,...,y

ip
t
p
m
p )
T

a
n

d
d

en
o
te

c
Mi

th
e

vecto
r

fo
rm

ed
b
y

th
e

b
a
sis

co
effi

cien
ts{c

ijk ,j
=

1,...,p
,k

=
1,...,M

j }
,

th
en

m
o
d

el
(1

0)
ca

n
b

e
w

ritten
a
s

y
i

=
Φ

c
Mi

+
ε̃
i ,

w
h

ere
Φ

=
d

ia
g{
φ

1 ,...,φ
p }

is
a

∑
j
m
j

b
y
∑

j
M
j

b
lo

ck
-d

ia
g
on

al
m

a
trix

w
ith

th
e
jth

d
ia

g
o
n

a
l

b
lo

ck
co

n
tain

in
g
φ
j

=
[φ
j1 (t

j ),...,φ
jM

j (t
j )],

a
n
d
ε̃
i

d
en

o
te

th
e

co
n

ca
ten

a
ted

v
ector

o
f

th
e

n
ew

resid
u

al
term

s.
W

e
assu

m
e

th
a
t
ε̃
i ∼

N
(0,Λ

)
w

h
ere

Λ
=

d
ia

g(s
21 1
Tm

1 ,...,s
2p 1
Tm
p ).

N
o
tice

th
a
t

if
Q
C

=
cov

(c
Mi

),

th
en

cov
(y
Mi

)
=

Φ
Q
C Φ

T
+

Λ
.

T
h

e
d

ia
go

n
a
ls

o
f

Φ
Q
C Φ

T
a
n

d
Λ

can
n

ot
b

e
sep

a
ra

tely
id

en
tifi

a
b

le.
T

h
erefo

re,
w

e
treat

Λ
a
s

a
fi

x
ed

m
o
d

el
p

ara
m

eter,
w

h
o
se

q
u

a
n
tity

ca
n

b
e

p
re-d

eterm
in

ed
b
y

th
e

a
p

p
rox

im
atio

n
s

2j ≈
σ̂

2j ,
w

h
ere

σ̂
2j

is
th

e
estim

a
tio

n
o
f
σ

2j
u

sin
g

lo
ca

l
sm

o
o
th

in
g

on
{ε
ijt }.

A
p

p
ly

in
g

a
p

rio
r

for
c
Mi

in
th

e
fo

rm
o
f

(5
)

(co
n

d
itio

n
a
l

o
n
G

)
a
n

d
th

e
H

IW
P
G

p
rio

r
fo

r
th

e
cova

ria
n

ce
m

atrix
Q
C

in
th

e
form

o
f

(6
),

w
e

o
b

tain
th

e
d

en
sity

fu
n

ction
fo

r
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w

e
ca

n
in
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ra
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d
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p
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n
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2
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Ũ
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d
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=
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−
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+
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Λ
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m
ber

o
f

itera
tio

n
s

u
n

til
co

n
vergen

ce
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.
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b
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b
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h
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d
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b
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d
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algorith

m
of

Y
ao

et
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e
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b
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{c
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re-d

eterm
in

e
th

e
tru

n
cation

p
aram

eters
u

sin
g

ap
p

rox
im
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h
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p
ly

in
g

th
e

p
seu

d
o

A
kaike

in
form

ation
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f-varian
ce-ex
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con
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p
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u
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p
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=
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c
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b
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pj=
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con
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istrib

u
tio

n
w

ith
zero

m
ean

an
d

a
b

lo
ck

-w
ise

covarian
ce

m
atrix

Q
=
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∑

pj=
1
M
j .

H
ere

R
is

a
b

lo
ck

-
w

ise
correlatio
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f
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R
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p
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n
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h
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d
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p
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u
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p
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p
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d
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p
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p
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=
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=
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=
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m
an

a
lcoh

olism
stu

d
y.

D
ata

w
ere

in
itially

ob
tain

ed
from

64
electro

d
es

p
laced

o
n

su
b

jects’
scalp

s
th

at
cap

tu
red

E
E

G
sig

n
a
ls

at
2
56

H
z

d
u

rin
g

a
on

e-secon
d

p
erio

d
.

T
h
e

m
easu

rem
en

ts
w

ere
taken

from
12

2
su

b
jects,

of
w

h
ich

77
b

elon
ged

to
th

e
alcoh

olism
grou

p
an

d
45

to
th

e
con

trol
grou

p
.

E
ach

su
b

ject
com

p
leted

120
trials.

D
u

rin
g

each
trial,

th
e

su
b

ject
w

as
ex

p
osed

to
eith

er
a

sin
g
le

stim
u

lu
s

(a
sin

gle
p

ictu
re)

or
tw

o
stim

u
li

(a
p

air
of

p
ictu

res)
sh

ow
n

on
a

com
p

u
ter

m
o
n

ito
r.

W
e

b
a
n

d
-p

ass
fi

ltered
th

e
E

E
G

sign
als

to
ex

tract
th

e
α

freq
u

en
cy

b
a
n

d
in

th
e

ran
g
e

of
8–1

2.5
H

z.
T

h
e

fi
lterin

g
w

as
p

erform
ed

b
y

ap
p

ly
in

g
th

e
e
e
g
f
i
l
t

fu
n

ction
in

th
e

E
E

G
L

A
B

to
olb

ox
of

M
atlab

.
T

h
e
α

-b
an

d
sign

al
is

k
n

ow
n

to
b

e
a
sso

cia
ted

w
ith

in
h

ib
itory

con
tro

l
(K

n
yazev

,
2007).

R
esearch

h
as

sh
ow

n
th

at,
relative

to
con

trol
su

b
jects,

a
lcoh

olic
su

b
jects

d
em

on
strate

u
n

stab
le

or
p

o
or

rh
y
th

m
an

d
low

er
sign

a
l

p
ow

er
in

th
e
α

-b
an

d
sign

al
(P

o
rjesz

et
al.,

20
05;

F
in

n
an

d
J
u

stu
s,

1999),
in

d
icatin

g
d

ecreased
in

h
ib

itory
con

trol
(S

h
er

et
al.,

200
5).

M
oreover,

region
al

asy
m

m
etric

p
attern

s
h

ave
b

een
fo

u
n

d
in

alcoh
o
lics—

alco
h

o
lics

ex
h

ib
it

low
er

left
α

-b
an

d
activ

ities
in

an
terior

region
s

rela
tive

to
righ

t
(H

ay
d

en
et

a
l.,

20
06).

In
th

is
stu

d
y,

w
e

aim
to

estim
ate

th
e

con
d

ition
al

in
d

ep
en

d
en

ce
relation

sh
ip

s
of
α

-b
an

d
sign

a
ls

from
d

iff
eren

t
lo

cation
s

of
th

e
scalp

,
an

d
ex

p
ect

to
fi

n
d

ev
id

en
ce

th
at

refl
ects

d
iff

eren
ces

in
b

rain
con

n
ectiv

ity
an

d
a
sy

m
m

etric
p
attern

b
etw

een
th

e
tw

o
grou

p
s.

S
in

ce
m

u
ltip

le
trials

w
ere

m
easu

red
over

tim
e

for
each

su
b

ject,
th

e
E

E
G

m
easu

rem
en

ts
m

ay
n

o
t

b
e

treated
as

in
d

ep
en

d
en

t
d

u
e

to
th

e
tim

e
d

ep
en

d
en

ce
of

th
e

trials.
F

u
rth

erm
ore,

sin
ce

th
e

m
easu

rem
en

ts
w

ere
taken

u
n

d
er

d
iff

eren
t

stim
u

li,
th

e
sig

n
als

cou
ld

b
e

in
fl

u
en

ced
b
y

d
iff

eren
t

stim
u

lu
s

eff
ects.

T
o

rem
ove

th
e

p
oten

tial
d
ep

en
d

en
ce

b
etw

een
th

e
m

easu
rem

en
ts

an
d

th
e

in
fl

u
en

ce
of

d
iff

eren
t

stim
u

lu
s

ty
p

es,
for

each
su

b
ject,

w
e

averag
ed

th
e

b
an

d
-fi

ltered
E

E
G

sign
a
ls

a
cro

ss
all

trials
u

n
d

er
th

e
sin

gle
stim

u
lu

s,
resu

ltin
g

in
on

e
E

ven
t-rela

ted
po

-
ten

tia
l

(E
R

P
)

cu
rve

p
er

electro
d
e

p
er

su
b

ject.
E

R
P

is
a

ty
p

e
of

electrop
h
y
siolog

ical
sig

n
al

gen
era

ted
b
y

averagin
g

E
E

G
segm

en
ts

record
ed

u
n

d
er

rep
eated

ap
p
lication

s
of

a
stim

u
-

lu
s,

w
ith

th
e

averagin
g

serv
in

g
to

red
u

ce
b

iological
n

oise
levels

an
d

en
h

an
ce

th
e

stim
u

lu
s

evo
ked

n
eu

rolo
gical

sign
al

(B
ran

d
eis

an
d

L
eh

m
an

n
,

1986;
B

ressler,
20

02).
B

ased
on

th
e

p
rep

ro
cessed

E
R

P
cu

rves,
w

e
fu

rth
er

rem
ov

ed
su

b
jects

w
ith

m
issin

g
n

o
d
es,

a
n

d
b

a
lan

ced
th

e
sam

p
le

size
across

th
e

tw
o

grou
p

s,
p

ro
d

u
cin

g
m

u
ltivariate

fu
n

ction
al

d
ata

w
ith

n
=

44
a
n

d
p

=
6
4

for
b

o
th

th
e

alcoh
olic

an
d

th
e

con
trol

grou
p

.
W

e
ap

p
lied

m
o
d

el
(4

)
u

sin
g

co
effi

-
cien

ts
of

th
e

eigen
b

asis
ex

p
an

sion
.

T
h

e
n
u

m
b

er
of

eigen
b

asis{
M
j }

w
as

d
eterm

in
ed

th
rou

gh
retain

in
g

90%
of

th
e

total
variation

;
th

is
resu

lted
in

4–7
co

effi
cien

ts
p

er
f
j .

W
e

collected
3
0,0

00
p

osterio
r

sam
p

les
u

sin
g

A
lgorith

m
1,

in
w

h
ich

th
e

fi
rst

10,000
w

ere
trea

ted
as

th
e

b
u

rn
-in

p
erio

d
.

T
h

e
m

o
d

el
w

as
fi

tted
for

b
oth

th
e

alcoh
olic

an
d

th
e

con
trol

grou
p

,
an

d
con

vergen
ce

of
th

e
M

C
M

C
w

as
ju

stifi
ed

b
y

ru
n

n
in

g
m

u
ltip

le
ch

ain
s

startin
g

w
ith

variou
s

in
itia

l
valu

es.

T
h

e
p

osterior
resu

lts
are

su
m

m
arized

in
F

igu
re

3.
T

h
e

p
lots

in
(a)

an
d

(b
)

sh
ow

th
e

m
a
rg

in
a
l
in

clu
sion

p
rob

ab
ilities

for
ed

ges
in

th
e

alcoh
olic

an
d

th
e

con
tro

l
g
rou

p
resp

ectively,
w

h
ere

th
e

ed
ge

co
lor

in
d

icates
th

e
p

rop
ortion

th
at

each
ed

ge
is

in
clu

d
ed

in
th

e
p

osterior

1
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G
r
a
p
h
ic

a
l

M
o
d
e
l
s

f
o
r

F
u
n
c
t
io

n
a
l

D
a
t
a

F
ig

u
re

3:
S

u
m

m
ar

y
of

p
os

te
ri

or
in

fe
re

n
ce

:
th

e
m

ar
gi

n
al

in
cl

u
si

on
p
ro

b
ab

il
it

ie
s

fo
r

ed
g
es

in
th

e
al

co
h

ol
ic

gr
ou

p
(a

)
an

d
th

e
co

n
tr

ol
gr

ou
p

(b
);

th
e

b
ox

p
lo

ts
o
f

co
n
n

ec
ti

v
it

y
m

ea
su

re
s:

th
e

n
u

m
b

er
of

ed
ge

s
co

n
n

ec
ti

n
g

w
it

h
n

o
d

es
in

th
e

fr
o
n
ta

l
a
n

d
p

a
ri

et
a
l

re
gi

on
s

(c
),

an
d

th
e

ov
er

al
l

to
ta

l
n
u

m
b

er
of

ed
ge

s
(d

);
th

e
b

ox
p

lo
ts

o
f

a
sy

m
m

et
ry

m
ea

su
re

s:
th

e
n
u

m
b

er
of

as
y
m

m
et

ri
c

ed
ge

s
fo

r
n
o
d

es
in

th
e

fr
o
n
ta

l
a
n

d
th

e
p

ar
ie

ta
l

re
gi

on
s

(e
),

an
d

th
e

ov
er

al
l

to
ta

l
n
u

m
b

er
of

as
y
m

m
et

ri
c

ed
g
es

(f
).

In
(a

)
an

d
(b

),
th

e
ed

ge
co

lo
r

in
d

ic
at

es
th

e
m

ag
n

it
u

d
e

of
th

e
p

o
st

er
io

r
in

cl
u

si
o
n

p
ro

b
ab

il
it

y.
In

(c
)–

(f
),

th
e

al
co

h
ol

ic
gr

ou
p

is
ab

b
re

v
ia

te
d

as
“a

l”
,

a
n

d
th

e
co

n
tr

ol
gr

ou
p

is
ab

b
re

v
ia

te
d

as
“c

t”
.

sa
m

p
le

s.
T

o
d

is
ti

n
gu

is
h

d
iff

er
en

t
re

gi
on

s,
w

e
u

se
d

li
gh

t
b

lu
e

to
h

ig
h

li
g
h
t

n
o
d

es
in

th
e

fr
on

ta
l

re
gi

on
,

u
se

d
d

ar
k

gr
ee

n
to

h
ig

h
li

gh
t

n
o
d

es
in

th
e

p
ar

ie
ta

l
re

gi
on

,
a
n

d
u

se
d

g
re

en
to

in
d

ic
at

e
n

o
d

es
in

th
e

ce
n
tr

al
an

d
o
cc

ip
it

al
re

gi
on

s.
C

om
p

ar
in

g
(a

)
w

it
h

(b
),

w
e

se
e

th
a
t

th
e

al
co

h
ol

ic
gr

ou
p

co
n
ta

in
s

m
or

e
ed

ge
s

co
n

n
ec

ti
n

g
th

e
le

ft
fr

on
ta

l-
ce

n
tr

a
l,

ri
g
h
t

ce
n
tr

al
,

an
d

ri
gh

t
p

ar
ie

ta
l

re
gi

on
s

th
an

th
e

co
n
tr

ol
gr

ou
p

.
T

h
e

co
n
tr

ol
gr

ou
p

,
on

th
e

ot
h

er
h

a
n

d
,

co
n
ta

in
s

m
or

e
ed

ge
s

co
n

n
ec

ti
n

g
th

e
m

id
d

le
an

d
ri

gh
t

fr
on

ta
l

re
gi

on
s,

a
s

w
el

l
as

th
e

le
ft

p
ar

ie
ta

l
re

gi
on

th
an

th
e

al
co

h
ol

ic
gr

ou
p

.
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Z
h
u
,

S
t
r
a
w

n
,

a
n
d

D
u
n
so

n

T
o

fu
rt

h
er

co
m

p
a
re

w
it

h
es

ta
b

li
sh

ed
re

su
lt

s,
w

e
ca

lc
u

la
te

d
tw

o
su

m
m

ar
y

st
a
ti

st
ic

s
fo

r
co

n
n

ec
ti

v
it

y
:

th
e

n
u

m
b

er
o
f

ed
ge

s
co

n
n

ec
te

d
w

it
h

n
o
d

es
in

a
sp

ec
ifi

c
re

gi
o
n

,
an

d
th

e
ov

er
a
ll

to
ta

l
n
u
m

b
er

o
f

ed
g
es

.
W

e
al

so
ca

lc
u

la
te

d
tw

o
a
d

d
it

io
n

a
l
su

m
m

ar
y

st
at

is
ti

cs
fo

r
as

y
m

m
et

ry
:

th
e

n
u
m

b
er

o
f

as
y
m

m
et

ri
c

ed
ge

s
fo

r
a
ll

n
o
d

es
in

a
sp

ec
ifi

c
re

gi
o
n
,

a
n

d
th

e
ov

er
a
ll

to
ta

l
n
u

m
b

er
of

as
y
m

m
et

ri
c

ed
g
es

.
W

e
su

m
m

a
ri

ze
d

th
es

e
su

m
m

a
ry

st
a
ti

st
ic

s
a
cr

o
ss

th
e

tw
o

gr
ou

p
s

u
si

n
g

b
ox

p
lo

ts
in

F
ig

u
re

3
(c

)–
(f

),
a
n

d
ca

lc
u

la
te

d
th

e
p

o
st

er
io

r
p
ro

b
a
b

il
it

y
th

a
t

th
e

al
co

h
o
li

c
gr

ou
p

is
g
re

at
er

th
a
n

,
eq

u
al

to
,

o
r

le
ss

th
a
n

th
e

co
n
tr

o
l

gr
o
u

p
fo

r
ea

ch
st

a
ti

st
ic

.
R

es
u

lt
s

sh
ow

th
a
t,

w
it

h
p

ro
b

a
b

il
it

y
≈

1
,
th

e
a
lc

o
h

o
li

c
g
ro

u
p

h
a
s

fe
w

er
ed

ge
s

th
a
n

th
e

co
n
tr

o
l

gr
ou

p
in

th
e

fr
o
n
ta

l
an

d
th

e
p

ar
ie

ta
l

re
g
io

n
,

a
n

d
h

a
s

fe
w

er
ov

er
al

l
to

ta
l

n
u

m
b

er
of

ed
g
es

;
w

it
h

p
ro

b
a
b

il
it

y
0
.9

5,
th

e
al

co
h

o
li
c

gr
o
u

p
h
a
s

m
o
re

a
sy

m
m

et
ri

c
ed

g
es

th
a
n

th
e

co
n
tr

o
l

gr
ou

p
in

th
e

fr
o
n
ta

l
re

gi
on

;
a
n

d
w

it
h

p
ro

b
a
b

il
it

y
≈

1
,

th
e

a
lc

oh
ol

ic
g
ro

u
p

h
as

h
ig

h
er

ov
er

a
ll

to
ta

l
n
u

m
b

er
of

as
y
m

m
et

ri
c

ed
ge

s
th

a
n

th
e

co
n
tr

o
l

g
ro

u
p

.
T

h
es

e
re

su
lt

s
in

d
ic

a
te

th
a
t

th
e

al
co

h
ol

ic
gr

ou
p

ex
h

ib
it

s
d

ec
re

as
ed

re
g
io

n
a
l
an

d
ov

er
a
ll

co
n

n
ec

ti
v
it

y,
in

cr
ea

se
d

as
y
m

m
et

ry
in

th
e

fr
on

ta
l

re
gi

on
,

an
d

in
cr

ea
se

d
ov

er
a
ll

a
sy

m
m

et
ry

.
T

h
es

e
ob

se
rv

a
ti

o
n

s
a
re

co
n

si
st

en
t

w
it

h
th

e
fi

n
d

in
gs

of
H

ay
d

en
et

al
.

(2
0
06

),
w

h
o

st
u

d
ie

d
th

e
a
sy

m
m

et
ri

c
p

at
te

rn
s

at
tw

o
fr

o
n
ta

l
el

ec
tr

o
d

es
(F

3,
F

4
)

an
d

tw
o

p
a
ri

et
a
l

el
ec

tr
o
d

es
(P

3
,

P
4)

u
si

n
g

th
e

a
n

a
ly

si
s

o
f

va
ri

an
ce

m
et

h
o
d

b
as

ed
on

th
e

re
st

in
g-

st
at

e
α

-b
an

d
p

ow
er

.
In

co
m

p
a
ri

so
n

,
o
u

r
a
n

a
ly

si
s

p
ro

v
id

es
co

n
n

ec
ti

v
it

y
a
n

d
a
sy

m
m

et
ri

c
p

a
tt

er
n

o
f

a
ll

6
4

el
ec

tr
o
d

es
si

m
u

lt
an

eo
u

sl
y

w
h

er
ea

s
H

ay
d

en
et

a
l.

(2
00

6
)

on
ly

fo
cu

se
s

o
n

th
e

fo
u

r
re

p
re

se
n
ta

ti
v
e

el
ec

tr
o
d

es
.

6
.

D
is

cu
ss

io
n

W
e

h
av

e
co

n
st

ru
ct

ed
a

th
eo

re
ti

ca
l

fr
a
m

ew
o
rk

fo
r

g
ra

p
h
ic

a
l

m
o
d

el
s

o
f

m
u

lt
iv

ar
ia

te
fu

n
c-

ti
on

al
d

a
ta

an
d

p
ro

p
o
se

d
a

H
IW

P
p

ri
o
r

fo
r

th
e

sp
ec

ia
l

ca
se

o
f

G
au

ss
ia

n
p

ro
ce

ss
g
ra

p
h

ic
a
l

m
o
d

el
s.

F
or

p
ra

ct
ic

al
im

p
le

m
en

ta
ti

o
n

,
w

e
h

av
e

su
g
g
es

te
d

a
p

o
st

er
io

r
in

fe
re

n
ce

a
p

p
ro

a
ch

b
as

ed
on

a
re

gu
la

ri
za

ti
o
n

co
n

d
it

io
n

,
w

h
ic

h
en

ab
le

s
p

o
st

er
io

r
sa

m
p

li
n

g
th

ro
u

gh
M

C
M

C
a
l-

go
ri

th
m

s.

O
n

e
co

n
ce

rn
is

w
h
et

h
er

it
is

p
o
ss

ib
le

to
p

er
fo

rm
ex

ac
t

p
o
st

er
io

r
in

fe
re

n
ce

w
it

h
ou

t
th

e
re

gu
la

ri
ty

co
n

d
it

io
n

o
n

ap
p

ro
x
im

at
io

n
,

i.
e.

,
in

fe
rr

in
g

th
e

g
ra

p
h

d
ir

ec
tl

y
fr

o
m

th
e

jo
in

t
p

os
-

te
ri

or
p
(G
|{

c
i}

)
∝
p
({

c
i}
|G

)p
(G

)
b

a
se

d
on

m
o
d

el
(4

),
w

h
er

e
p
({

c
i}
|G

)
is

th
e

m
ar

g
in

al
li

ke
li

h
o
o
d

(w
it

h
th

e
co

va
ri

an
ce

k
er

n
el
Q
C

in
te

g
ra

te
d

ou
t)

a
n

d
p
(G

)
is

th
e

p
ri

or
d

is
tr

ib
u

ti
on

fo
r
G

.
A

lt
h

ou
gh

th
e

ab
ov

e
jo

in
t

p
o
st

er
io

r
is

th
eo

re
ti

ca
ll

y
w

el
l-

d
efi

n
ed

a
cc

o
rd

in
g

to
T

h
eo

-
re

m
2
,

ex
ac

t
p

os
te

ri
or

sa
m

p
li

n
g

is
d

iffi
cu

lt
d

u
e

to
th

e
fa

ct
th

a
t

th
e

d
en

si
ty

fu
n

ct
io

n
fo

r
th

e
m

ar
gi

n
al

li
ke

li
h

o
o
d

ca
n

o
n
ly

b
e

ca
lc

u
la

te
d

o
n

a
fi

n
it

e
d

im
en

si
on

al
p

ro
je

ct
io

n
o
f
{c
i}

.

In
p

o
st

er
io

r
in

fe
re

n
ce

,
th

e
in

fl
u

en
ce

of
th

e
a
p

p
ro

x
im

a
ti

on
er

ro
r

o
n

th
e

p
o
st

er
io

r
d

is
tr

ib
u
-

ti
o
n

ca
n

b
e

q
u

an
ti

fi
ed

em
p

ir
ic

a
ll

y.
A

ss
u

m
in

g
th

a
t

th
e

fu
n

ct
io

n
a
l
d

a
ta

a
re

p
re

-s
m

o
ot

h
ed

,
th

e
a
p

p
ro

x
im

at
io

n
er

ro
r

ca
n

b
e

q
u

a
n
ti

fi
ed

b
y

ca
lc

u
la

ti
n

g
th

e
d

iff
er

en
ce

o
f

th
e
`2

n
o
rm

s
b

et
w

ee
n

th
e

fu
ll

se
q
u
en

ce
a
n

d
th

e
tr

u
n

ca
te

d
se

q
u

en
ce

.
T

h
e

in
fl

u
en

ce
on

th
e

p
o
st

er
io

r
d

is
tr

ib
u

ti
on

ca
n

b
e

q
u

an
ti

fi
ed

b
y

m
ea

su
ri

n
g

th
e

se
n

si
ti

v
it

y
o
f

th
e

p
o
st

er
io

r
d

is
tr

ib
u

ti
on

to
th

e
ch

a
n

g
e

o
f

tr
u

n
ca

ti
o
n

(S
a
lt

el
li

et
a
l.

,
2
0
00

).
F

o
r

ex
a
m

p
le

,
b

a
se

d
on

m
o
d

el
(4

)
o
n

e
m

ay
ca

lc
u

la
te

th
e

K
u

ll
b

ac
k
-L

ei
b

le
r

d
iv

er
g
en

ce
fo

r
tw

o
d

iff
er

en
t

tr
u

n
ca

ti
o
n

p
ar

a
m

et
er

s
M

a
n

d
M
′ .

A
n

a
lt

er
n

at
iv

e
m

et
h

o
d

fo
r

p
re

-d
et

er
m

in
in

g
th

e
tr

u
n

ca
ti

o
n

p
ar

a
m

et
er

is
to

ch
o
o
se

a
p

ri
o
r

fo
r
M

in
a

B
ay

es
ia

n
h

ie
ra

rc
h

ic
a
l

m
o
d

el
,

in
w

h
ic

h
ca

se
h
y
b

ri
d

M
C

M
C

a
lg

o
ri

th
m

s
ar

e
n

ee
d

ed
fo

r
fi

tt
in

g
b

o
th

m
o
d

el
s

(4
)

a
n

d
(1

1
).

T
h

e
p

o
st

er
io

r
sa

m
p

li
n

g
in

th
es

e
m

o
d

el
s

w
ou

ld
b

ec
o
m

e
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G
r
a
p
h
ic

a
l

M
o
d
e
l
s

f
o
r

F
u
n
c
t
io

n
a
l

D
a
t
a

m
o
re

co
m

p
lica

ted
b

eca
u

se
th

e
d

im
en

sio
n

o
f

th
e

tru
n

ca
ted

seq
u

en
ces

an
d

th
e

size
o
f

th
e

cova
ria

n
ce

m
atrix

Q
C

w
o
u

ld
ch

a
n

g
e

w
h

en
ever

M
is

u
p

d
a
ted

.
W

e
h

ave
d

em
on

strated
th

e
ap

p
lica

tio
n

o
f

th
e

p
ro

p
o
sed

a
p

p
ro

ach
th

rou
g
h

a
n

E
R

P
d

ata
set.

B
y

treatin
g

E
R

P
s

a
s

fu
n

ctio
n

a
l

d
a
ta,

w
e

a
re

estim
a
tin

g
th

e
sy

stem
a
tic

b
rain

co
n

n
ec-

tiv
ity

th
a
t

is
co

m
m

o
n

a
cro

ss
a

g
ro

u
p

o
f

su
b

jects
a
n

d
a

tim
e

in
terva

l.
F

o
r

o
th

er
m

o
d

elin
g

p
u

rp
o
ses,

su
ch

as
estim

a
tin

g
th

e
in

d
iv

id
u

al
level

or
d

y
n

a
m

ic
b

ra
in

co
n

n
ectiv

ity,
o
n

e
cou

ld
u

se
m

u
ltiva

riate
gra

p
h
ica

l
m

o
d

els
d

escrib
ed

in
C

arvalh
o

a
n

d
W

est
(2

0
0
7
)

o
r

B
ilm

es
(2

0
1
0
).

W
e

h
ave

fo
cu

sed
on

d
eco

m
p

osa
b

le
g
ra

p
h

s.
In

case
o
f

n
o
n

-d
eco

m
p

osa
b

le
g
rap

h
s,

th
e

p
ro

p
osed

H
IW

P
p

rio
r

m
ay

still
ap

p
ly

if
w

e
rep

la
ce

th
e

in
verse-W

ish
a
rt

p
ro

cess
p

rio
r

fo
r

ea
ch

cliq
u

e
w

ith
th

a
t

fo
r

a
p

rim
e

com
p

on
en

t
o
f

th
e

g
ra

p
h

.
F

o
r

a
n

o
n

-co
m

p
lete

p
rim

e
co

m
p

on
en

t
P

,
th

e
in

verse-W
ish

art
p

ro
cesses

p
rio

r
fo

r
Q
P

is
su

b
ject

to
ex

tra
co

n
stra

in
t

in
d

u
ced

b
y

m
issin

g
ed

g
es.

W
e

h
ave

a
p

p
lied

th
e

p
ro

p
osed

m
eth

o
d

to
g
ra

p
h

s
o
f

sm
a
ll

to
m

o
d

era
te

size,
w

ith
n
u

m
b

er
o
f

n
o
d

es
a
s

larg
e

as
6
0.

T
o

d
ea

l
w

ith
la

rg
er

scale
p

rob
lem

s
(e.g

,
m

u
ltiva

ria
te

fu
n

ctio
n

a
l
d

a
ta

w
ith

h
u

n
d

red
s

o
r

th
o
u

sa
n

d
s

of
fu

n
ctio

n
a
l

co
m

p
o
n

en
ts),

m
ore

effi
cien

t
la

rge-scale
co

m
p

u
-

ta
tio

n
a
l

tech
n

iq
u

es
su

ch
a
s

th
e

fa
st

C
h

o
lesk

y
fa

cto
riza

tion
(L

i
et

a
l.,

2
0
12

)
ca

n
b

e
rea

d
ily

co
m

b
in

ed
w

ith
o
u

r
M

C
M

C
alg

orith
m

s.
F

u
rth

erm
o
re,

n
o
n

-M
C

M
C

a
lg

o
rith

m
s

m
ay

b
e

m
o
re

co
m

p
u

ta
tio

n
a
lly

effi
cien

t
in

ca
se

o
f

la
rge

g
rap

h
s.

F
o
r

ex
a
m

p
le,

b
ased

on
th

e
p

o
sterior

d
is-

trib
u

tio
n

of
G

in
(8

),
a

fast
search

alg
o
rith

m
m

ay
b

e
d

evelo
p

ed
to

search
for

th
e

m
ax

im
u

m
a

p
o
sterio

ri
(M

A
P

)
so

lu
tion

fo
llow

in
g

id
ea

s
sim

ilar
to

D
au

m
é

III
(20

0
7
)

a
n

d
J
a
la

li
et

al.
(2

0
11

).

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h

is
m

aterial
w

a
s

b
a
sed

u
p

o
n

w
o
rk

p
a
rtia

lly
su

p
p

o
rted

b
y

th
e

N
a
tio

n
a
l
S

cien
ce

F
o
u

n
d

a
tion

u
n

d
er

G
ra

n
t

D
M

S
-11

2
79

1
4

to
th

e
S

tatistica
l

a
n

d
A

p
p
lied

M
a
th

em
atica

l
S

cien
ces

In
stitu

te.
A

n
y

o
p

in
io

n
s,

fi
n

d
in

gs,
an

d
con

clu
sio

n
s

o
r

recom
m

en
d

a
tio

n
s

ex
p

ressed
in

th
is

m
a
terial

a
re

th
ose

o
f

th
e

au
th

ors
a
n

d
d

o
n

o
t

n
ecessarily

refl
ect

th
e

v
iew

s
o
f

th
e

N
atio

n
al

S
cien

ce
F

o
u

n
d

a
tio

n
.

H
on

gx
ia

o
Z

h
u

’s
resea

rch
is

su
p

p
o
rted

b
y

N
a
tio

n
al

S
cien

ce
F

o
u

n
d

a
tio

n
(N

S
F

-
D

M
S

16
1
19

01
).

D
av

id
B

.
D

u
n

so
n

’s
resea

rch
is

su
p

p
orted

b
y

O
ffi

ce
o
f

N
ava

l
R

esea
rch

(N
0
0
0
14

-1
4
-1

-0
24

5
).
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Z
h
u
,

S
t
r
a
w

n
,

a
n
d

D
u
n
so

n

A
p
p

e
n
d
ix

A
.

D
e
fi
n
itio

n
s

D
efi

n
ition

s
u

sed
in

th
e

lem
m

as,
th

eorem
s

an
d

th
eir

p
ro

o
fs

a
re

listed
a
s

follow
s:

(I)
P

ro
jectio

n
m

a
p
.

L
et

R
b

e
th

e
real

lin
e

an
d
T

b
e

an
in

d
ex

set.
C

on
sid

er
th

e
C

arte-
sia

n
p

ro
d

u
ct

sp
ace

R
T×

T
=
∏

(α
,β

)∈
T×

T
R

(α
,β

).
F

or
a

fi
x
ed

p
oin

t
(α
,β

)
∈
T
×
T

,
w

e

d
efi

n
e

th
e

p
ro

jection
m

ap
π

(α
,β

)
:
R
T×

T
→

R
(α
,β

)
as

π
(α
,β

) ({
x

(l,m
)

:
(l,m

)∈
T
×
T} )

=

x
(α
,β

) .
F

or
a

su
b

set
B
⊂
T
×
T

,
w

e
d

efi
n

e
th

e
p

artial
p

ro
jection

π
B

:
R
T×

T
→

R
B

as
π
B

({
x

(l,m
)

:
(l,m

)∈
T
×
T} )

=
{x

(s,t)
:

(s,t)
∈
B
}.

M
ore

gen
erally,

for
su

b
sets

B
1 ,B

2 ,

su
ch

th
at
B

2
⊂
B

1
⊂
T
×
T

,
w

e
d

efi
n

e
th

e
p

artial
su

b
-p

ro
jection

s
π
B

2 ←
B

1
:R

B
1
→

R
B

2,
b
y
π
B

2 ←
B

1 ({x
(l,m

)
:

(l,m
)
∈
B

1 }
)

=
{x

(s,t)
:

(s,t)
∈
B

2 }.
(II)

T
h
e

p
u

llba
ck

o
f

a
σ

-

a
lgebra

.
L

et
B

(α
,β

)
b

e
a
σ

-algeb
ra

on
R

(α
,β

).
W

e
can

create
a
σ

-algeb
ra

on
R
T×

T
b
y

p
u

llin
g

b
a
ck

th
e
B

(α
,β

)
u

sin
g

th
e

in
v
erse

of
th

e
p

ro
jection

m
ap

an
d

d
efi

n
e
π
∗(α
,β

) (B
(α
,β

) )
=

{π
−

1
(α
,β

) (A
)

:
A
∈
B

(α
,β

) }
.

O
n

e
can

verify
th

at
π
∗(α
,β

) (B
(α
,β

) )
is

a
σ

-algeb
ra.

(III)
P

rod
-

u
ct
σ

-a
lgebra

.
W

e
d

efi
n

e
th

e
p

ro
d

u
ct
σ

-algeb
ra

as
B

(R
T×

T
)

=
∏

(α
,β

)∈
T×

T B
(α
,β

) ,
w

h
ere

∏
(α
,β

)∈
T×

T B
(α
,β

)
=
σ
(⋃

(α
,β

)∈
T×

T
π
∗(α
,β

) (B
(α
,β

) ) )
.

(IV
)

P
u

sh
fo

rw
a
rd

m
ea

su
re.

G
iven

a

m
easu

re
µ
T×

T
on

th
e

p
ro

d
u

ct
σ

-algeb
ra,

an
d

a
su

b
set

B
of
T
×
T

,
w

e
d

efi
n

e
th

e
p

u
sh

-
forw

a
rd

m
easu

re
µ
B

=
(π
B

)∗ µ
T×

T
on

R
B

as
µ
B

(A
)

=
µ
T×

T {
π
−

1
B

(A
)}

fo
r

all
A
∈
B
B

,
w

h
ere
B
B

=
∏

(α
,β

)∈
B
B

(α
,β

) .
(V

)
C

o
m

pa
tibility.

G
iven

su
b

sets
B

1 ,B
2

of
T
×
T

su
ch

th
at

B
2 ⊂

B
1 ⊂

T
×
T

,
th

e
p

u
sh

forw
ard

m
easu

res
µ
B

1
an

d
µ
B

2
are

said
to

ob
ey

com
p

atib
ility

relatio
n

if
(π
B

2 ←
B

1 )∗ µ
B

1
=
µ
B

2 .

A
p
p

e
n
d
ix

B
.

P
ro

o
f

o
f

L
e
m

m
a

1

T
h

is
p

ro
of

in
volv

es
som

e
m

easu
re-th

eoretic
argu

m
en

ts.
T

h
e

essen
tial

id
ea

is
to

u
se

d
isin

teg
ration

th
eory

C
h

an
g

an
d

P
ollard

(1997)
to

fi
rst

con
stru

ct
th

e
con

d
ition

al
p

rob
ab

ility
m

easu
re
P

1 {·|
π
A
∩
B

(f
A

)}
on
B

(L
2(T

A
)),

ex
ten

d
th

is
to
P
{·|

π
B

(f)}
on
B

(L
2(T

A
∪
B

)),
an

d
fi

n
ally

co
n

stru
ct

th
e

join
t

m
easu

re
P

w
h

ich
satisfi

es
con

d
ition

s
(i)–

(iii).
D

en
ote

T
A

=
⊔
j∈
A
T
j .

S
in

ce
P

1
is

a
fi

n
ite

R
ad

on
m

easu
re

an
d

th
e

p
ro

jection
π
A
∩
B

:

L
2(T

A
)→

L
2(T

A
∩
B

)
is

m
easu

rab
le,

w
e

in
v
oke

th
e

d
isin

tegration
th

eorem
to

ob
tain

m
easu

res
P

1 {·|
π
A
∩
B

(f
A

)}
on
B

(L
2(T

A
))

satisfy
in

g:

(a.1)
P

1 (X
|
f
A
∩
B

)
=
P

1 {X
∩

[L
2(T

A
\
B

)×
{
π
A
∩
B

(f
A

)}
]|
π
A
∩
B

(f
A

) }
for

allX
∈
B

(L
2(T
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es
to

ot
h
er

d
at

a
ty

p
es

,
w

h
ic

h
is

ex
p
lo

re
d

la
te

r
(S

ec
ti

on
3)

an
d

in
ot

h
er

w
or

k
(S

ec
ti

o
n

8)
.

N
A

D
E

b
eg

in
s

w
it

h
th

e
o
b

se
rv

a
ti

o
n

th
a
t

a
n
y
D

-d
im

en
si

o
n

a
l

d
is

tr
ib

u
ti

o
n
p
(x

)
ca

n
b

e
fa

ct
o
re

d
in

to
a

p
ro

d
u
ct

o
f

o
n
e-

d
im

en
si

o
n
a
l

d
is

tr
ib

u
ti

o
n
s,

in
a
n
y

o
rd

er
o

(a
p

er
m

u
ta

ti
o
n

o
f

th
e

in
te

ge
rs

1,
..
.,
D

):

p
(x

)
=

D ∏ d
=

1

p
(x
o
d
|x

o
<
d
).

(1
)

H
er

e
o <

d
co

n
ta

in
s

th
e

fi
rs

t
d
−

1
d

im
en

si
o
n

s
in

o
rd

er
in

g
o

a
n

d
x
o
<
d

is
th

e
co

rr
es

p
o
n

d
in

g
su

b
ve

ct
or

fo
r

th
es

e
d

im
en

si
on

s.
T

h
u

s,
on

e
ca

n
d

efi
n

e
an

‘a
u
to

re
gr

es
si

ve
’

ge
n

er
at

iv
e

m
o
d

el
of

th
e

d
a
ta

si
m

p
ly

b
y

sp
ec

if
y
in

g
a

p
ar

a
m

et
er

iz
a
ti

o
n

o
f

al
l
D

co
n

d
it

io
n

a
ls
p
(x
o
d
|x

o
<
d
).

F
re

y
et

al
.

(1
99

6)
fo

ll
ow

ed
th

is
ap

p
ro

ac
h

an
d

p
ro

p
os

ed
u

si
n

g
si

m
p

le
(l

og
-)

li
n

ea
r

lo
gi

st
ic

re
gr

es
si

on
m

o
d
el

s
fo

r
th

es
e

co
n
d
it

io
n
al

s.
T

h
is

ch
oi

ce
y
ie

ld
s

su
rp

ri
si

n
gl

y
co

m
p

et
it

iv
e

re
su

lt
s,

b
u
t

ar
e

n
ot

co
m

p
et

it
iv

e
w

it
h

n
on

-l
in

ea
r

m
o
d
el

s
su

ch
as

an
R

B
M

.
B

en
gi

o
an

d
B

en
gi

o
(2

00
0)

p
ro

p
os

ed
a

m
or

e
fl
ex

ib
le

ap
p
ro

ac
h
,

w
it

h
a

si
n
gl

e-
la

ye
r

fe
ed

-f
or

w
ar

d
n
eu

ra
l

n
et

w
or

k
fo

r
ea

ch
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N
e
u
r
a
l

A
u
t
o
r
e
g

r
e
ssiv

e
D

ist
r
ib

u
t
io

n
E

st
im

a
t
io

n

co
n
d
itio

n
a
l.

M
o
reov

er,
th

ey
a
llow

ed
co

n
n
ectio

n
s

b
etw

een
th

e
o
u
tp

u
t

o
f

ea
ch

n
etw

o
rk

a
n
d

th
e

h
id

d
en

lay
er

o
f

n
etw

o
rk

s
fo

r
th

e
co

n
d

itio
n

a
ls

a
p

p
ea

rin
g

ea
rlier

in
th

e
a
u
to

reg
ressiv

e
ord

erin
g.

U
sin

g
n

eu
ral

n
etw

ork
s

led
to

som
e

im
p

rovem
en

ts
in

m
o
d

elin
g

p
erform

an
ce,

th
ou

gh
a
t

th
e

cost
o
f

a
really

la
rg

e
m

o
d

el
fo

r
very

h
ig

h
-d

im
en

sio
n

a
l

d
ata

.
In

N
A

D
E

,
w

e
also

m
o
d

el
each

con
d

ition
al

u
sin

g
a

feed
-forw

ard
n

eu
ral

n
etw

ork
.

S
p

ecifi
-

ca
lly,

ea
ch

con
d

itio
n

a
l
p
(x
o
d |x

<
d )

is
p

a
ram

eterized
as

fo
llow

s:

p
(x
o
d
=

1|x
o
<
d )

=
sig

m
(V

o
d
,· h

d
+
b
o
d )

(2
)

h
d

=
sigm

(W
·,o
<
d x

o
<
d

+
c )
,

(3)

w
h
ere

sig
m

(a
)

=
1
/(1

+
e −

a)
is

th
e

lo
g
istic

sig
m

o
id

,
a
n
d

w
ith

H
a
s

th
e

n
u
m

b
er

o
f

h
id

d
en

u
n

its,
V
∈
R
D
×
H

,
b
∈
R
D

,
W
∈
R
H
×
D

,
c
∈
R
H

a
re

th
e

p
a
ra

m
eters

of
th

e
N

A
D

E
m

o
d

el.
T

h
e

h
id

d
en

layer
m

atrix
W

an
d

b
ias
c

are
sh

ared
b
y

each
h

id
d

en
layer

h
d

(w
h

ich
are

all
of

th
e

sam
e

size).
T

h
is

p
aram

eter
sh

arin
g

sch
em

e
(illu

strated
in

F
igu

re
1)

m
ean

s
th

at
N

A
D

E
h
as
O

(H
D

)
p
aram

eters,
rath

er
th

an
O

(H
D

2)
req

u
ired

if
th

e
n
eu

ral
n
etw

ork
s

w
ere

sep
arate.

L
im

itin
g

th
e

n
u

m
b

er
of

p
aram

eters
can

red
u

ce
th

e
risk

of
over-fi

ttin
g.

A
n

oth
er

ad
van

tage
is

th
at

all
D

h
id

d
en

layers
h
d

can
b

e
com

p
u

ted
in
O

(H
D

)
tim

e
in

stead
of
O

(H
D

2).
D

en
otin

g
th

e
p

re-activation
of

th
e
d

th
h

id
d

en
layer

as
a
d

=
W
·,o
<
d x

o
<
d

+
c
,

th
is

com
p

lex
ity

is
ach

ieved
b
y

u
sin

g
th

e
recu

rren
ce

h
1

=
sigm

(a
1 )
,

w
h

ere
a

1
=
c

(4
)

h
d

=
sig

m
(a

d )
,

w
h

ere
a
d

=
W
·,o
<
d x

o
<
d

+
c

=
W
·,o
d−

1 x
o
d−

1
+
a
d−

1
(5

)

fo
r
d
∈
{2
,...,D

}
,

w
h
ere

E
q
u
ation

5
given

vector
a
d−

1
can

b
e

com
p
u
ted

in
O

(H
).

M
oreover,

th
e

com
p
u
tation

of
E

q
u

ation
2

given
h

is
also

O
(H

).
T

h
u

s,
com

p
u

tin
g
p
(x

)
from

D
con

d
ition

al
d

istrib
u

tion
s

(E
q
u

a
tio

n
1
)

co
sts

O
(H

D
)

fo
r

N
A

D
E

.
T

h
is

co
m

p
lex

ity
is

co
m

p
a
ra

b
le

to
th

a
t

o
f

reg
u

la
r

feed
-forw

a
rd

n
eu

ral
n

etw
o
rk

m
o
d

els.
N

A
D

E
can

b
e

train
ed

b
y

m
ax

im
u

m
likelih

o
o
d

,
or

eq
u

ivalen
tly

b
y

m
in

im
izin

g
th

e
average

n
ega

tive
log

-likelih
o
o
d

,

1N

N
∑n

=
1 −

lo
g
p
(x

(n
))

=
1N

N
∑n

=
1

D
∑d
=

1 −
lo

g
p
(x

(n
)

o
d
|x

(n
)

o
<
d ),

(6
)

u
su

a
lly

b
y

sto
ch

a
stic

(m
in

ib
a
tch

)
g
ra

d
ien

t
d

escen
t.

A
s

p
ro

b
a
b

ilities
p
(x

)
co

st
O

(H
D

),
g
ra

d
ien

ts
o
f

th
e

n
eg

a
tiv

e
lo

g
-p

ro
b

a
b

ility
o
f

tra
in

in
g

ex
a
m

p
les

ca
n

a
lso

b
e

co
m

p
u

ted
in

O
(H
D

).
A

lgorith
m

1
d

escrib
es

th
e

com
p

u
tation

of
b

oth
p
(x

)
an

d
th

e
grad

ien
ts

of−
log

p
(x

)
w

ith
resp

ect
to

N
A

D
E

’s
p

aram
eters.

2
.1

R
e
la

tio
n

sh
ip

w
ith

th
e

R
B

M

T
h
e

p
ro

p
o
sed

w
eig

h
t-ty

in
g

fo
r

N
A

D
E

isn
’t

sim
p
ly

m
o
tiva

ted
b
y

co
m

p
u
ta

tio
n
a
l

rea
so

n
s.

It
a
lso

refl
ects

th
e

com
p

u
tatio

n
s

o
f

a
p

p
rox

im
a
tio

n
in

feren
ce

in
th

e
R

B
M

.
D

en
otin

g
th

e
en

erg
y

fu
n

ctio
n

a
n

d
d

istrib
u

tio
n

u
n

d
er

a
n

R
B

M
a
s

E
(x
,h

)
=
−
h
>
W
x
−
b >
x
−
c >
h

(7
)

p
(x
,h

)
=

ex
p{−

E
(x
,h

)}
/Z

,
(8

)
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U
r
ia

,
C

ô
t
é
,

G
r
e
g

o
r
,

M
u
r
r
a
y
,

a
n
d

L
a
r
o
c
h
e
l
l
e

500 units

784 units

...

784 units

...

...

...

............

F
igu

re
1:

Illu
stra

tio
n

o
f

a
N

A
D

E
m

o
d

el.
In

th
is

ex
a
m

p
le,

in
th

e
in

p
u

t
lay

er,
u

n
its

w
ith

va
lu

e
0

a
re

sh
ow

n
in

b
la

ck
w

h
ile

u
n

its
w

ith
va

lu
e

1
a
re

sh
ow

n
in

w
h

ite.
T

h
e

d
a
sh

ed
b

o
rd

er
rep

resen
ts

a
lay

er
p

re-a
ctiva

tio
n

.T
h

e
o
u

tp
u

ts
x̂
O

g
iv

e
p

red
ictiv

e
p

ro
b

a
b

ilities
fo

r
ea

ch
d

im
en

sio
n

o
f

a
v
ecto

r
x
O

,
g
iv

en
elem

en
ts

ea
rlier

in
so

m
e

ord
erin

g.
T

h
ere

is
n

o
p

ath
of

con
n

ection
s

b
etw

een
an

ou
tp

u
t

an
d

th
e

valu
e

b
ein

g
p

red
icted

,
o
r

elem
en

ts
o
f
x
O

la
ter

in
th

e
o
rd

erin
g
.

A
rrow

s
co

n
n

ected
to

g
eth

er
corresp

o
n

d
to

con
n

ection
s

w
ith

sh
ared

(tied
)

p
aram

eters.

com
p

u
tin

g
all

co
n

d
ition

als

p
(x

o
d |x

o
<
d )

=
∑

x
o
>
d ∈{

0
,1}

D
−
d

∑

h∈{
0
,1}

H

ex
p{−

E
(x
,h

)}
/Z

(x
o
<
d )

(9)

Z
(x
o
<

d
)

=
∑

x
o≥
d ∈{

0
,1}

D
−
d
+
1

∑

h∈{
0
,1}

H

ex
p{−

E
(x
,h

)}
(10)

is
in

tractab
le.

H
ow

ever,
th

ese
cou

ld
b

e
ap

p
rox

im
ated

u
sin

g
m

ean
-fi

eld
variation

al
in

feren
ce.

S
p

ecifi
cally,

con
sid

er
th

e
con

d
ition

al
over

x
o
d ,
x
o
>
d

an
d
h

in
stea

d
:

p
(x
o
d ,x

o
>
d ,h
|x

o
<
d )

=
ex

p{−
E

(x
,h

)}
/Z

(x
o
<
d ).

(11)

A
m

ean
-fi

eld
ap

p
roach

cou
ld

fi
rst

ap
p

rox
im

ate
th

is
con

d
ition

al
w

ith
a

factorized
d

istrib
u

tion

q(x
o
d ,x

o
>
d ,h
|x

o
<
d )

=
µ
i (d

)
x
o
d(1−

µ
d (d

))
1−
x
o
d ∏j>

d

µ
j (d

)
x
o
j(1−

µ
j (d

))
1−
x
o
j

∏

k

τ
k (d

)
h
k(1−

τ
k (d

))
1−
h
k,

(12)

w
h
ere

µ
j (d

)
is

th
e

m
argin

al
p
rob

ab
ility

of
x
o
j

b
ein

g
eq

u
al

to
1,

given
x
o
<
d .

S
im

ilarly,
τ
k (d

)
is

th
e

m
a
rg

in
a
l

fo
r

h
id

d
en

va
ria

b
le
h
k .

T
h
e

d
ep

en
d
en

ce
o
n
d

co
m

es
fro

m
co

n
d

itio
n

in
g

o
n

x
o
<
d ,

th
at

is
on

th
e

fi
rst

d−
1

d
im

en
sion

s
of
x

in
ord

erin
g
o.

F
or

som
e
d
,

a
m

ean
-fi

eld
ap

p
rox

im
ation

is
ob

tain
ed

b
y

fi
n
d
in

g
th

e
p
aram

eters
µ
j (d

)
for

j
∈
{
d
,...,D

}
a
n

d
τ
k (d

)
fo

r
k
∈
{
1
,...,H

}
w

h
ich

m
in

im
ize

th
e

K
L

d
iv

erg
en

ce
b

etw
een

q(x
o
d ,x

o
>
d ,h
|x

o
<
d )

a
n

d
p
(x
o
d ,x

o
>
d ,h
|x

o
<
d ).

T
h

is
is

u
su

a
lly

d
o
n

e
b
y

fi
n

d
in

g
m

essa
g
e
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N
e
u
r
a
l

A
u
t
o
r
e
g

r
e
ss

iv
e

D
is

t
r
ib

u
t
io

n
E

st
im

a
t
io

n

A
lg

o
ri

th
m

1
C

om
p

u
ta

ti
on

of
p
(x

)
an

d
le

ar
n

in
g

gr
ad

ie
n
ts

fo
r

N
A

D
E

.

In
p

u
t:

tr
ai

n
in

g
ob

se
rv

at
io

n
ve

ct
o
r
x

an
d

or
d

er
in

g
o

of
th

e
in

p
u

t
d

im
en

si
o
n

s.
O

u
tp

u
t:
p
(x

)
an

d
gr

ad
ie

n
ts

of
−

lo
g
p
(x

)
on

p
a
ra

m
et

er
s.

#
C

om
p

u
ti

n
g
p
(x

)
a

1
←
c

p
(x

)
←

1
fo

r
d

fr
om

1
to
D

d
o

h
d
←

si
gm

(a
d
)

p
(x
o
d
=

1
|x

o
<
d
)
←

si
gm

(V
o
d
,·h

d
+
b o
d
)

p
(x

)
←
p
(x

)
( p

(x
o
d
=

1
|x

o
<
d
)x
o
d

+
(1
−
p
(x
o
d
=

1
|x

o
<
d
))

1
−
x
o
d

)

a
d
+

1
←
a
d

+
W
·,o
d
x
o
d

e
n

d
fo

r

#
C

om
p

u
ti

n
g

gr
ad

ie
n
ts

of
−

lo
g
p
(x

)
δa

D
←

0
δc
←

0
fo

r
d

fr
om

D
to

1
d

o
δb
o
d
←
( p

(x
o
d
=

1
|x

o
<
d
)
−
x
o
d

)

δV
o
d
,·
←
( p

(x
o
d
=

1
|x

o
<
d
)
−
x
o
d

) h
> d

δh
d
←
( p

(x
o
d
=

1
|x

o
<
d
)
−
x
o
d

) V
> o d
,·

δc
←
δc

+
δh

d
�
h
d
�

(1
−
h
d
)

δW
·,o
d
←
δa

d
x
o
d

δa
d
−

1
←
δa

d
+
δh

d
�
h
d
�

(1
−
h
d
)

e
n

d
fo

r
re

tu
rn

p
(x

),
δb
,δ
V
,δ
c
,δ
W

p
a
ss

in
g

u
p

d
a
te

s
th

a
t

ea
ch

se
t

th
e

d
er

iv
a
ti

v
es

o
f

th
e

K
L

d
iv

er
g
en

ce
to

0
fo

r
so

m
e

o
f

th
e

p
ar

am
et

er
s

of
q(
x
o
d
,x

o
>
d
,h
|x

o
<
d
)

gi
v
en

ot
h

er
s.

F
o
r

so
m

e
d
,

le
t

u
s

fi
x
µ
j
(d

)
=
x
o
d

fo
r
j
<
d
,

le
av

in
g

o
n

ly
µ
j
(d

)
fo

r
j
>
d

to
b

e
fo

u
n

d
.

T
h

e
K

L
-d

iv
er

ge
n

ce
d

ev
el

op
s

as
fo

ll
ow

s:

K
L

(q
(x
o
d
,x

o
>
d
,h
|x

o
<
d
)
||
p
(x
o
d
,x

o
>
d
,h
|x

o
<
d
))

=
−

∑

x
o
d
,x
o
>
d
,h

q(
x
o
d
,x

o
>
d
,h
|x

o
<
d
)

lo
g
p
(x
o
d
,x

o
>
d
,h
|x

o
<
d
)

+
∑

x
o
d
,x
o
>
d
,h

q(
x
o
d
,x

o
>
d
,h
|x

o
<
d
)

lo
g
q(
x
o
d
,x

o
>
d
,h
|x

o
<
d
)

=
lo

g
Z

(x
o
<
d
)
−
∑ j

∑ k

τ k
(d

)W
k
,o
j
µ
j
(d

)
−
∑ j

b o
j
µ
j
(d

)
−
∑ k

c k
τ k

(d
)

+
∑ j≥
d

(µ
j
(d

)
lo

g
µ
j
(d

)
+

(1
−
µ
j
(d

))
lo

g
(1
−
µ
j
(d

))
)

+
∑ k

(τ
k
(d

)
lo

g
τ k

(d
)

+
(1
−
τ k

(d
))

lo
g
(1
−
τ k

(d
))

)
.
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U
r
ia

,
C

ô
t
é
,

G
r
e
g

o
r
,

M
u
r
r
a
y
,

a
n
d

L
a
r
o
c
h
e
l
l
e

T
h

en
,

w
e

ca
n

ta
ke

th
e

d
er

iv
a
ti

ve
w

it
h

re
sp

ec
t

to
τ k

(d
)

a
n

d
se

t
it

to
0
,

to
o
b

ta
in

:

0
=

∂
K

L
(q

(x
o
d
,x

o
>
d
,h
|x

o
<
d
)
||
p
(x
o
d
,x

o
>
d
,h
|x

o
<
d
))

∂
τ k

(d
)

0
=
−
c k
−
∑ j

W
k
,o
j
µ
j
(d

)
+

lo
g

(
τ k

(d
)

1
−
τ k

(d
))

τ k
(d

)

1
−
τ k

(d
)

=
ex

p

  
c k

+
∑ j

W
k
,o
j
µ
j
(d

)  
(1

3)

τ k
(d

)
=

ex
p
{ c k

+
∑

j
W
k
,o
j
µ
j
(d

)}

1
+

ex
p
{ c k

+
∑

j
W
k
,o
j
µ
j
(d

)}

τ k
(d

)
=

si
gm

 
c k

+
∑ j≥
d

W
k
,o
j
µ
j
(d

)
+
∑ j<
d

W
k
,o
j
x
o
j

 
.

(1
4
)

w
h
er

e
in

th
e

la
st

st
ep

w
e

h
av

e
u
se

d
th

e
fa

ct
th

at
µ
j
(d

)
=
x
o
j

fo
r
j
<
d
.

E
q
u
at

io
n

14
w

ou
ld

co
rr

es
p

o
n

d
to

th
e

m
es

sa
g
e

p
a
ss

in
g

u
p

d
a
te

s
o
f

th
e

h
id

d
en

u
n

it
m

a
rg

in
a
ls
τ k

(d
)

g
iv

en
th

e
m

ar
g
in

al
s

of
in

p
u

t
µ
j
(d

).
S

im
il

ar
ly

,
w

e
ca

n
se

t
th

e
d

er
iv

a
ti

ve
w

it
h

re
sp

ec
t

to
µ
j
(d

)
fo

r
j
≥
d

to
0

an
d

ob
ta

in
:

0
=

∂
K

L
(q

(x
o
d
,x

o
>
d
,h
|x

o
<
d
)
||
p
(x
o
d
,x

o
>
d
,h
|x

o
<
d
))

∂
µ
j
(d

)

0
=
−
b o
d
−
∑ k

τ k
(d

)W
k
,o
j

+
lo

g

(
µ
j
(d

)

1
−
µ
j
(d

))

µ
j
(d

)

1
−
µ
j
(d

)
=

ex
p

{
b o
j

+
∑ k

τ k
(d

)W
k
,o
j

}

µ
j
(d

)
=

ex
p
{ b
o
j

+
∑

k
τ k

(d
)W

k
,o
j

}

1
+

ex
p
{ b
o
j

+
∑

k
τ k

(d
)W

k
,o
j

}

µ
j
(d

)
=

si
gm

(
b o
j

+
∑ k

τ k
(d

)W
k
,o
j

)
.

(1
5)

E
q
u
at

io
n

15
w

ou
ld

co
rr

es
p

on
d

to
th

e
m

es
sa

ge
p
as

si
n
g

u
p

d
at

es
of

th
e

in
p
u
t

m
ar

gi
n
al

s
µ
j
(d

)
g
iv

en
th

e
h

id
d

en
la

y
er

m
a
rg

in
a
ls
τ k

(d
).

T
h

e
co

m
p

le
te

m
ea

n
-fi

el
d

a
lg

o
ri

th
m

w
o
u
ld

th
u

s
al

te
rn

a
te

b
et

w
ee

n
a
p

p
ly

in
g

th
e

u
p

d
a
te

s
o
f

E
q
u

a
ti

on
s

1
4

a
n

d
1
5
,

ri
gh

t
to

le
ft

.
W

e
n

ow
n

o
ti

ce
th

a
t

E
q
u

a
ti

o
n

1
4

co
rr

es
p

o
n

d
s

to
N

A
D

E
’s

h
id

d
en

la
y
er

co
m

p
u

ta
ti

o
n

(E
q
u

a
ti

o
n

3
)

w
h

er
e
µ
j
(d

)
=

0
∀j
≥
d
.

A
ls

o
,

E
q
u

a
ti

o
n

1
5

co
rr

es
p

o
n

d
s

to
N

A
D

E
’s

o
u

tp
u

t
la

y
er

co
m

p
u

ta
ti

o
n

(E
q
u

a
ti

o
n

2
)

w
h

er
e
j

=
d
,
τ k

(d
)

=
h
d
,k

a
n

d
W
>

=
V

.
T

h
u

s,
in

sh
o
rt

,
N

A
D

E
’s

fo
rw

a
rd

p
a
ss

is
eq

u
iv

a
le

n
t

to
a
p

p
ly

in
g

a
si

n
g
le

p
a
ss

o
f

m
ea

n
-fi

el
d

in
fe

re
n

ce
to

a
p

p
ro

x
im

a
te

a
ll

th
e

co
n

d
it

io
n

a
ls
p
(x

o
d
|x

o
<
d
)

o
f

a
n

R
B

M
,

w
h

er
e

in
it

ia
ll

y
µ
j
(d

)
=

0
a
n

d
w

h
er

e
a

se
p

a
ra

te
m

a
tr

ix
V

is
u

se
d

fo
r

th
e

h
id

d
en

-t
o
-i

n
p

u
t

m
es

sa
g
es

.
A

g
en

er
a
li

za
ti

o
n

o
f

N
A

D
E

b
as

ed
on

th
is

co
n
n
ec

ti
on

to
m

ea
n

fi
el

d
in

fe
re

n
ce

h
as

b
ee

n
fu

rt
h
er

ex
p
lo

re
d

b
y

R
ai

ko
et

a
l.

(2
01

4)
.
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N
e
u
r
a
l

A
u
t
o
r
e
g

r
e
ssiv

e
D

ist
r
ib

u
t
io

n
E

st
im

a
t
io

n

3
.
N
A
D
E

fo
r
N
o
n
-B

in
a
ry

O
b
se
rv
a
tio

n
s

S
o

far
w

e
h
ave

on
ly

con
sid

ered
th

e
case

of
b
in

ary
ob

servation
s
x
i .

H
ow

ever,
th

e
fram

ew
ork

o
f

N
A

D
E

n
atu

ra
lly

ex
ten

d
s

to
d

istrib
u

tio
n

s
over

o
th

er
ty

p
es

o
f

o
b

serva
tio

n
s.

In
th

e
n
ex

t
sectio

n
,

w
e

d
iscu

ss
th

e
ca

se
o
f

rea
l-va

lu
ed

o
b
serva

tio
n
s,

w
h
ich

is
o
n
e

o
f

th
e

m
o
st

g
en

era
l

ca
ses

o
f

n
o
n

-b
in

a
ry

o
b
serva

tio
n

s
a
n

d
p

rov
id

es
a
n

illu
stra

tiv
e

ex
a
m

p
le

o
f

th
e

tech
n

ical
co

n
sid

era
tion

s
o
n

e
fa

ces
w

h
en

ex
ten

d
in

g
N

A
D

E
to

n
ew

o
b

serva
tio

n
s.

3
.1

R
N

A
D

E
:

R
e
a
l-V

a
lu

e
d

N
A

D
E

A
N

A
D

E
m

o
d
el

fo
r

rea
l-va

lu
ed

d
a
ta

co
u
ld

b
e

o
b
ta

in
ed

b
y

a
p
p
ly

in
g

th
e

d
eriva

tio
n
s

sh
ow

n
in

S
ectio

n
2
.1

to
th

e
G

a
u

ssia
n

-R
B

M
(W

ellin
g

et
a
l.,

2
0
0
5
).

T
h

e
resu

ltin
g

n
eu

ra
l

n
etw

o
rk

w
o
u

ld
o
u

tp
u

t
th

e
m

ea
n

o
f

a
G

a
u

ssia
n

w
ith

fi
x
ed

va
ria

n
ce

fo
r

ea
ch

o
f

th
e

co
n

d
itio

n
a
ls

in
E

q
u

ation
1.

S
u

ch
a

m
o
d

el
is

n
ot

com
p

etitive
w

ith
m

ix
tu

re
m

o
d

els,
for

ex
am

p
le

on
p

ercep
tu

al
d

a
ta

sets
(U

ria
,

2
0
1
5
).

H
ow

ev
er,

w
e

ca
n

ex
p

lo
re

a
ltern

a
tiv

e
m

o
d

els
b
y

m
a
k
in

g
th

e
n

eu
ra

l
n

etw
ork

for
each

con
d

ition
al

d
istrib

u
tion

ou
tp

u
t

th
e

p
aram

eters
of

a
d

istrib
u

tion
th

at’s
n

ot
a

fi
x
ed

-va
ria

n
ce

G
a
u

ssia
n

.

In
p

articu
lar,

a
m

ix
tu

re
of

on
e-d

im
en

sion
al

G
au

ssian
s

for
each

au
toregressive

con
d

ition
al

p
rov

id
es

a
fl

ex
ib

le
m

o
d

el.
G

iven
en

ou
gh

com
p

on
en

ts,
a

m
ix

tu
re

of
G

au
ssian

s
can

m
o
d
el

an
y

con
tin

u
ou

s
d

istrib
u

tion
to

arb
itrary

p
recision

.
T

h
e

resu
ltin

g
m

o
d

el
can

b
e

in
terp

reted
as

a
seq

u
en

ce
o
f

m
ix

tu
re

d
en

sity
n

etw
ork

s
(B

ish
op

,
1
9
94

)
w

ith
sh

a
red

p
a
ram

eters.
W

e
ca

ll
th

is
m

o
d

el
R

N
A

D
E

-M
oG

.
In

R
N

A
D

E
-M

oG
,

each
of

th
e

con
d

ition
als

is
m

o
d

eled
b
y

a
m

ix
tu

re
of

G
a
u

ssian
s:

p
(x
o
d |x

o
<
d )

=

C
∑c=

1

π
o
d
,c N

(x
o
d ;
µ
o
d
,c ,
σ

2o
d
,c ),

(1
6
)

w
h

ere
th

e
p

a
ra

m
eters

a
re

set
b
y

th
e

o
u

tp
u

ts
o
f

a
n
eu

ra
l

n
etw

o
rk

:

π
o
d
,c

=
ex

p {
z

(π
)

o
d
,c }

∑
Cc=

1
ex

p {
z

(π
)

o
d
,c }

(1
7)

µ
o
d
,c

=
z

(µ
)

o
d
,c

(1
8)

σ
o
d
,c

=
ex

p {
z

(σ
)

o
d
,c }

(19
)

z
(π

)
o
d
,c

=
b
(π

)
o
d
,c

+
H
∑k

=
1

V
(π

)
o
d
,k
,c h

d
,k

(2
0)

z
(µ

)
o
d
,c

=
b
(µ

)
o
d
,c

+

H
∑k

=
1

V
(µ

)
o
d
,k
,c h

d
,k

(21
)

z
(σ

)
o
d
,c

=
b
(σ

)
o
d
,c

+
H
∑k

=
1

V
(σ

)
o
d
,k
,c h

d
,k

(22
)

P
aram

eter
sh

arin
g

con
vey

s
th

e
sam

e
com

p
u

tation
al

an
d

statistical
ad

van
tages

as
it

d
o
es

in
th

e
b

in
ary

N
A

D
E

.
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U
r
ia

,
C

ô
t
é
,

G
r
e
g

o
r
,

M
u
r
r
a
y
,

a
n
d

L
a
r
o
c
h
e
l
l
e

D
iff

eren
t

on
e

d
im

en
sion

al
con

d
ition

al
form

s
m

ay
b

e
p

referred
,

for
ex

am
p

le
d

u
e

to
lim

ited
d

a
ta

set
size

o
r

d
o
m

a
in

k
n

ow
led

g
e

a
b

o
u

t
th

e
fo

rm
o
f

th
e

co
n

d
itio

n
a
l

d
istrib

u
tio

n
s.

O
th

er
ch

o
ices,

lik
e

sin
g
le

va
ria

b
le-va

ria
n
ce

G
a
u
ssia

n
s,

sin
h
-a

rcsin
h

d
istrib

u
tio

n
s,

a
n
d

m
ix

tu
res

o
f

L
ap

la
ce

d
istrib

u
tion

s,
h

ave
b

een
ex

am
in

ed
b
y

U
ria

(2015
).

T
rain

in
g

an
R

N
A

D
E

can
still

b
e

d
on

e
b
y

sto
ch

astic
grad

ien
t

d
escen

t
on

th
e

p
aram

eters
o
f

th
e

m
o
d

el
w

ith
resp

ect
to

th
e

n
eg

a
tiv

e
lo

g
-d

en
sity

o
f

th
e

tra
in

in
g

set.
It

w
a
s

fo
u

n
d

em
p

irica
lly

(U
ria

et
a
l.,

2
0
1
3
)

th
a
t

sto
ch

a
stic

g
ra

d
ien

t
d

escen
t

lea
d

s
to

b
etter

p
a
ra

m
eter

co
n

fi
g
u

ra
tio

n
s

w
h

en
th

e
g
ra

d
ien

t
o
f

th
e

m
ea

n
(

∂
J

∂
µ
o
d
,c )

w
a
s

m
u

ltip
lied

b
y

th
e

sta
n

d
a
rd

d
ev

iation
(σ
o
d
,c ).

4
.
O
rd

e
rle

ss
a
n
d

D
e
e
p

N
A
D
E

T
h

e
fi

x
ed

ord
erin

g
of

th
e

variab
les

in
a

N
A

D
E

m
o
d
el

m
akes

th
e

ex
act

calcu
lation

of
arb

itrary
co

n
d

itio
n

a
l

p
ro

b
a
b

ilities
co

m
p

u
ta

tio
n

a
lly

in
tra

cta
b

le.
O

n
ly

a
sm

a
ll

su
b

set
o
f

co
n

d
itio

n
a
l

d
istrib

u
tion

s,
th

ose
w

h
ere

th
e

con
d

ition
ed

variab
les

are
at

th
e

b
egin

n
in

g
of

th
e

ord
erin

g
an

d
m

arg
in

alized
va

ria
b

les
at

th
e

en
d

,
are

com
p

u
tation

ally
tractab

le.

A
n
o
th

er
lim

ita
tio

n
o
f

N
A

D
E

is
th

a
t

a
n
a
iv

e
ex

ten
sio

n
to

a
d
eep

v
ersio

n
,

w
ith

m
u
ltip

le
lay

ers
o
f

h
id

d
en

u
n

its,
is

co
m

p
u

ta
tio

n
a
lly

ex
p

en
siv

e.
D

eep
n

eu
ra

l
n

etw
o
rk

s
(B

en
g
io

,
2
0
0
9
;

L
eC

u
n

et
al.,

2015)
are

at
th

e
core

of
state-of-th

e-art
m

o
d

els
for

su
p

erv
ised

task
s

like
im

age
reco

gn
ition

(K
rizh

ev
sk

y
et

al.,
2012)

an
d

sp
eech

recogn
ition

(D
a
h

l
et

al.,
20

13).
T

h
e

sam
e

in
d

u
ctiv

e
b

ia
s

sh
o
u

ld
a
lso

p
rov

id
e

b
etter

u
n

su
p

erv
ised

m
o
d

els.
H

ow
ev

er,
ex

ten
d

in
g

th
e

N
A

D
E

fram
ew

ork
to

n
etw

ork
arch

itectu
res

w
ith

several
h

id
d

en
layers,

b
y

in
tro

d
u

cin
g

ex
tra

n
on

-lin
ear

calcu
lation

s
b

etw
een

E
q
u
ation

s
3

an
d

2,
in

creases
its

com
p
lex

ity
to

cu
b
ic

in
th

e
n
u
m

b
er

of
u
n
its

p
er

layer.
S
p

ecifi
cally,

th
e

cost
b

ecom
es
O

(D
H

2L
),

w
h
ere

L
stan

d
s

for
th

e
n
u

m
b

er
o
f

h
id

d
en

lay
ers

a
n

d
ca

n
b

e
a
ssu

m
ed

to
b

e
a

sm
a
ll

co
n
sta

n
t,
D

is
th
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u
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er
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b
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e
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b
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h
is
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b
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b
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d
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E
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,
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e
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e
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In
th
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section

w
e

d
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e
an
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er-agn
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g

p
ro
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u

re,
D

eep
N

A
D

E
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0
1
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),

w
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ich
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b
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f
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e
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ov
e.
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h
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ro
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le
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d
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n
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en
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d
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d
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d
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p
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con
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d
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b
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d
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d
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b
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A

D
E
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o
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4
.1
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w

h
ich
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th

a
n

a
n
y

sin
g
le

N
A

D
E

.
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ro
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ra
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e
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r
e
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E
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e
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e
th
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d
el
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er
n
eu

ra
l
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et
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or
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b
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A
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d
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d
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u
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on
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in

ed
d

ir
ec
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y

fr
om

a
h

id
d

en
u

n
it

in
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e
fi

n
al

la
ye

r:

p
(x
o
d
=

1
|x

o
<
d
,θ
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<
d
,o
d
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=
h
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)

o
d
.

(2
3)
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h

is
h
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d

en
u

n
it

is
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p
u

te
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om

p
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la
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l
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h
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n
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d
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e
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d
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b
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d
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a
b
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u
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u
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b
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y
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k
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1
∈o
<
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2
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,.
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,1
D
∈o
<
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(2
4
)

w
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h
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el
em

en
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w
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e
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u
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ip
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ed

w
it
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e
in
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u
ts

b
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et
w
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)
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d
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a
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1
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+
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)
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)
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=
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)

T
h

e
n

et
w

o
rk

is
sp
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b
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a
fr

ee
ch

o
ic

e
o
f

th
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∈
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a
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∈
R
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)
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w
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e
H
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e
n
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m
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n
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e
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y
er

.
A

s
la

y
er
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th

e
m

a
sk

ed
in

p
u
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=
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.
T
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e
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l
L
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h
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er

n
ee

d
s

to
b

e
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le
to

p
ro

v
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e
p

re
d
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(E
q
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at
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n
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)
an

d
so
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so

h
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D

u
n

it
s.

T
o

tr
a
in

a
D

ee
p
N

A
D

E
,

th
e

o
rd

er
in

g
o
f

th
e

va
ri

a
b
le

s
is

tr
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te
d
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st

o
ch

a
st

ic
va

ri
a
b
le

w
it
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a

u
n

if
or
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d
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tr

ib
u
ti
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.

M
or

eo
ve

r,
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n
ce

w
e

w
is

h
D

ee
p

N
A

D
E

to
p

ro
v
id

e
go

o
d

p
re

d
ic
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s
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r
an

y
or
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er
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w
e
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ti

m
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e
th

e
ex

p
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te
d

li
k
el
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o
o
d

ov
er

th
e
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d

er
in

g
of

va
ri

a
b

le
s:

J
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)
=

E
o
∈D

!
−
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g
p
(X
|θ
,o
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∝

E
o
∈D

!
E
x
∈X
−
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g
p
(x
|θ
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),
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9)

w
h

er
e

w
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m
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e

th
e

d
ep

en
d

en
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on
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e
or

d
er

in
g
o
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e
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or

k
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p
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et

er
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p
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!
st
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s
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r
th

e
se

t
of

al
l

or
d

er
in
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h
e

p
er

m
u

ta
ti
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of
D
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em

en
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)
an

d
x
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a

u
n

if
or

m
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m

p
le

d
d
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a

p
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n
t
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e
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n
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.
U
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g
N

A
D

E
’s

ex
p
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n
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r

th
e
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a

d
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a
p
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n
t
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q
u

at
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n
1

w
e

h
av

e
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(θ

)
=

E
o
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!
E
x
∈X
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=
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−
lo

g
p
(x
o
d
|x

o
<
d
,θ
,o

),
(3

0)

w
h

er
e
d

in
d

ex
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th
e

el
em

en
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in
th

e
or
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er

in
g,
o,

of
th

e
va

ri
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le
s.

B
y

m
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in
g
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e

ex
p
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ti
on

ov
er
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d

er
in
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in
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d

e
th

e
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m
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er
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e
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of

th
e
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er
in
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e
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d
er
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g
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n

b
e
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t
in
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e
p

a
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d
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h
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d
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e
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1
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d
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o
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er
in

g
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o d
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h

e
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d
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o
f
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e
d
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h
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a
b
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)
a
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d
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h
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o
f
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g
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T
h
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o
re

,
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e
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fu

n
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n

ca
n

b
e
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w

ri
tt

en
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J
(θ

)
=

E
x
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D ∑ d
=

1
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−
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g
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d
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<
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>
d
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1
)
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,
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G
r
e
g
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M
u
r
r
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h
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l
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T
h
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ef
or
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b
e
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m

p
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:

J
(θ
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=

E
x
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D ∑ d
=
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E o <
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E o d
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o
d
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d
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d
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(3
2
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ra
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b
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b
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o
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o d
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b
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ra
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n
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p
u
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o
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d
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n
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u
t
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b
e
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r
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o d

.
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u

m
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g
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l
or

d
er
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e
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u

a
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y
p
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,
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e
w
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l
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b
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∑ o
d

−
lo

g
p
(x
o
d
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b
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b
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b
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b
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d
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=

D

D
−
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1
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(3
4
)
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b
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in
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u
re

re
se
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le
s

th
a
t

o
f

a
d

en
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en
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er
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et
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ik

e
th
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en
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er
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D

ou
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u
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e

u
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p
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u
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b
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n
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o
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m
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in
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p
ro
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ss

(m
o
<
d

in
E

q
u
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ti

o
n

2
5
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si

n
g
le
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rw
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rd

p
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ss

ca
n
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m

p
u

te
h
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o
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d
,

w
h

ic
h

p
ro
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id
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p
re
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ti
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p
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o
d

=
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|x

o
<
d
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,o
<
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,o
d
)
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r

ev
er

y
m

a
sk
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va

ri
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h
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u
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e
u

se
d

n
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in
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n
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rd

er
in
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st

a
rt
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g
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it
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o <
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.

U
n
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k
e

th
e

a
u

to
en

co
d

er
,

th
e

o
u
tp

u
ts
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r

va
ri
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le

s
co

rr
es

p
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th
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ro

v
id

ed
in
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e

in
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u
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o
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m
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.
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th
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fr

a
m
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rk

,
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n
g
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ri
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a
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o
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se
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d
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b
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h
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b
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b
y
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n
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n
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rk
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a
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w
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.
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h
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e
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e
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b
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u
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es
cr

ib
ed

in
E

q
u

a
ti

o
n

2
5
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=
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x
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<
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(3
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)
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b
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p
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p
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ra
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e
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p
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l
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b
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D
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b
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b
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h
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a
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p
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e

‘f
u

ll
n

et
’

p
a
rt

is
o
n

ly
co

m
p
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b
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v
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.
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u
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p
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.
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p
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b
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u
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h
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d
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=
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d

(4
1)

g
=

si
g
m
( v
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p
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b
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b
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b
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b
st

i-
tu

te
d

fo
r
g

as
d

efi
n

ed
in

E
q
u

at
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D
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p
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p
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p
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3.
In

ou
r

ex
p
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ä
rin

en
,

2
0
0
7
a
,b

),
n

o
ise

co
n
tra

stiv
e

estim
a
tio

n
(G

u
tm

a
n

n
a
n

d
H

y
v
ä
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é
,

G
r
e
g

o
r
,

M
u
r
r
a
y
,

a
n
d

L
a
r
o
c
h
e
l
l
e

Im
ag
e

64
@
8x
8(
va
lid
)

64
@
4x
4(
va
lid
)

64
@
6x
6(
va
lid
)

64
@
7x
7(
va
lid
)

64
@
4x
4(
fu
ll)

64
@
6x
6(
fu
ll)

64
@
7x
7(
fu
ll)

1@
8x
8(
fu
ll)

O
ut
pu
t

(a
)
C
o
n
v
N
A
D
E

Im
ag
e

64
@
8x
8(
va
lid
)

64
@
4x
4(
va
lid
)

64
@
6x
6(
va
lid
)

64
@
7x
7(
va
lid
)

64
@
4x
4(
fu
ll)

64
@
6x
6(
fu
ll)

64
@
7x
7(
fu
ll)

1@
8x
8(
fu
ll)

O
ut
pu
t

50
0

50
0

78
4

+

(b
)
C
o
n
v
N
A
D
E

+
D
ee
p
N
A
D
E

F
ig

u
re

5:
N

et
w

or
k

ar
ch

it
ec

tu
re

s
fo

r
b

in
ar

iz
ed

M
N

IS
T

.
(a

)
C

on
v
N

A
D

E
w

it
h

8
co

n
vo

lu
ti

on
al

la
y
er

s
(d

ep
ic

te
d

in
b

lu
e)

.
T

h
e

n
u

m
b

er
o
f

fe
a
tu

re
m

a
p

s
fo

r
a

g
iv

en
la

y
er

is
g
iv

en
b
y

th
e

n
u
m

b
er

b
ef

o
re

th
e

“
@

”
sy

m
b

o
l

fo
ll
ow

ed
b
y

th
e

fi
lt

er
si

ze
a
n
d

th
e

ty
p

e
o
f

co
n
vo

lu
ti

on
is

sp
ec

ifi
ed

in
p
ar

en
th

es
es

.
(b

)
T

h
e

sa
m

e
C

on
v
N

A
D

E
co

m
b
in

ed
w

it
h

a
D

ee
p
N

A
D

E
co

n
si

st
in

g
o
f

th
re

e
fu

ll
y
-c

o
n

n
ec

te
d

la
y
er

s
o
f

re
sp

ec
ti

v
el

y
5
0
0
,

5
0
0

an
d

78
4

u
n
it

s.

22
JM

L
R

 1
7(

20
5)

:1
-3

7



N
e
u
r
a
l

A
u
t
o
r
e
g

r
e
ssiv

e
D

ist
r
ib

u
t
io

n
E

st
im

a
t
io

n

-61.21
-36.33

-84.40
-46.22

-96.68
-66.26

-86.37
-73.31

-93.35
-79.40

-45.84
-41.88

F
ig

u
re

6
:

E
x
am

p
le

of
m

argin
alization

an
d

sam
p

lin
g.

T
h

e
fi

rst
colu

m
n

sh
ow

s
fi

ve
ex

am
p
les

from
th

e
test

set
of

th
e

M
N

IS
T

d
ata

set.
T

h
e

secon
d

colu
m

n
sh

ow
s

th
e

d
en

sity
of

th
ese

ex
am

p
les

w
h

en
a

ran
d

om
10×

10
p

ix
el

region
is

m
argin

alized
.

T
h

e
righ

t-m
ost

fi
ve

colu
m

n
s

sh
ow

sam
p
les

for
th

e
h
ollow

ed
region

.
B

oth
task

s
can

b
e

d
on

e
easily

w
ith

a
N

A
D

E
w

h
ere

th
e

p
ix

els
to

m
a
rg

in
a
lize

a
re

a
t

th
e

en
d

o
f

th
e

o
rd

erin
g
.

0
50

100
150

200

050

100

150

200

Sam
ples

F
ig

u
re

7:
L

e
ft:

sam
p

les
from

C
on

v
N

A
D

E
+

D
eep

N
A

D
E

train
ed

on
b

in
arized

M
N

IS
T

.
R

ig
h
t:

p
ro

b
a
b

ilities
fro

m
w

h
ich

ea
ch

p
ix

el
w

a
s

sa
m

p
led

.
A

n
cestra

l
sa

m
p

lin
g

w
a
s

u
sed

w
ith

a
d

iff
eren

t
ra

n
d

o
m

ord
erin

g
fo

r
ea

ch
sa

m
p
le.

23
JM

L
R

 17(205):1-37

U
r
ia

,
C

ô
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é
,

G
r
e
g

o
r
,

M
u
r
r
a
y
,

a
n
d

L
a
r
o
c
h
e
l
l
e

R
u

sla
n

S
a
la

k
h
u

td
in

ov
.

L
ea

rn
in

g
in

M
a
rk

ov
ra

n
d

o
m

fi
eld

s
u

sin
g

tem
p

ered
tra

n
sitio

n
s.

In
A

d
va

n
ces

in
N

eu
ra

l
In

fo
rm

a
tio

n
P

rocessin
g

S
ystem

s
2
2
,

p
a
g
es

1
5
9
8
–
1
6
0
6
.

C
u

rra
n

A
sso

ciates,
In

c.,
2009.

R
u

sla
n

S
a
la

k
h
u

td
in

ov
.

L
ea

rn
in

g
d

eep
B

o
ltzm

a
n

n
m

a
ch

in
es

u
sin

g
a
d

a
p

tiv
e

M
C

M
C

.
In

P
roceed

in
gs

o
f

th
e

2
7
th

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p

a
g
es

9
4
3
–
9
5
0
.

O
m

n
ip

ress,
201

0.

R
u

sla
n

S
a
la

k
h
u

td
in

ov
a
n

d
G

eo
ff

rey
E

.
H

in
to

n
.

D
eep

B
o
ltzm

a
n

n
m

a
ch

in
es.

P
roceed

in
gs

o
f

th
e

T
w

elfth
In

tern
a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics,

J
M

L
R

W
&

C
P

,
5:448–

4
55,

2009.

R
u

slan
S

alak
h
u

td
in

ov
an

d
H

u
go

L
aro

ch
elle.

E
ffi

cien
t

learn
in

g
of

d
eep

B
oltzm

an
n

m
ach

in
es.

P
roceed

in
gs

o
f

th
e

1
3
th

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics,

J
M

L
R

W
&

C
P

,
9:693–700,

2010.

R
u

slan
S

alak
h
u

td
in

ov
an

d
Iain

M
u

rray.
O

n
th

e
q
u

an
titative

an
aly

sis
of

d
eep

b
elief

n
etw

ork
s.

In
P

roceed
in

gs
o
f

th
e

2
5
th

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a

ch
in

e
L

ea
rn

in
g,

p
ages

872–879.
O

m
n

ip
ress,

200
8.

R
icard

o
S
ilva,

C
h

arles
B

lu
n

d
ell,

an
d

Y
ee

W
h
ye

T
eh

.
M

ix
ed

cu
m

u
lative

d
istrib

u
tion

n
etw

ork
s.

P
roceed

in
gs

o
f

th
e

1
4
th

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

A
rtifi

cia
l

In
telligen

ce
a
n

d
S

ta
tistics,

J
M

L
R

W
&

C
P

,
15:670–678,

2011.

P
a
u

l
S

m
o
len

sk
y.

In
fo

rm
a
tio

n
p

ro
cessin

g
in

d
y
n
a
m

ica
l

sy
stem

s:
F

o
u

n
d

a
tio

n
s

o
f

h
a
rm

o
n
y

th
eory.

In
D

.E
.

R
u
m

elh
art

an
d

J
.L

.
M

cC
lellan

d
,

ed
itors,

P
a
ra

llel
D

istribu
ted

P
rocessin

g:
V

o
lu

m
e

1
:

F
o
u

n
d
a
tio

n
s,

volu
m

e
1,

ch
ap

ter
6,

p
ages

194–281.
M

IT
P

ress,
C

am
b

rid
ge,

1986.

P
a
d

h
ra

ic
S

m
y
th

a
n

d
D

av
id

W
o
lp

ert.
L

in
ea

rly
co

m
b

in
in

g
d

en
sity

estim
a
to

rs
v
ia

sta
ck

in
g
.

M
a
ch

in
e

L
ea

rn
in

g,
36(1-2):59–83,

1999.

J
a
sch

a
S

o
h

l-D
ick

stein
,

P
eter

B
a
tta

g
lin

o
,

a
n

d
M

ich
a
el

R
.

D
eW

eese.
M

in
im

u
m

p
ro

b
a
b

ility
fl
ow

learn
in

g.
In

P
roceed

in
gs

o
f

th
e

2
8
th

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p

a
ges

9
05–91

2.
O

m
n

ip
ress,

2011.

J
ost

T
ob

ias
S

p
rin

gen
b

erg,
A

lex
ey

D
osov

itsk
iy,

T
h

om
as

B
rox

,
an

d
M

artin
R

ied
m

iller.
S

triv
in

g
for

sim
p

licity
:

th
e

all
con

volu
tion

al
n

et.
In

P
roceed

in
gs

o
f

th
e

3
rd

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

L
ea

rn
in

g
R

ep
resen

ta
tio

n
s.

arX
iv

:1412.6806v
3,

2015
.

Y
ich

u
a
n

T
a
n

g
,

R
u

sla
n

S
a
la

k
h
u

td
in

ov
,

a
n

d
G

eo
ff

rey
E

.
H

in
to

n
.

D
eep

m
ix

tu
res

o
f

fa
cto

r
a
n

a
ly

sers.
In

P
roceed

in
gs

o
f

th
e

2
9
th

In
tern

a
tio

n
a
l

C
o
n

feren
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p

a
ges

5
05–51

2.
O

m
n

ip
ress,

2012.

T
h

e
T

h
ean

o
D

evelop
m

en
t

T
eam

,
R

am
i
A

l-R
fou

,
G

u
illau

m
e

A
lain

,
A

m
jad

A
lm

ah
airi,

C
h

ristof
A

n
germ

u
eller,

D
zm

itry
B

ah
d

an
au

,
N

icolas
B

allas,
F

réd
éric

B
astien

,
J
u

stin
B

ayer,
A

n
atoly

B
elik

ov
,

et
a
l.

T
h

ea
n

o
:

A
p
y
th

o
n

fra
m

ew
o
rk

fo
r

fa
st

co
m

p
u

ta
tio

n
o
f

m
a
th

em
a
tica

l
ex

p
ressio

n
s.

a
rX

iv
p
rep

rin
t

a
rX

iv:1
6
0
5
.0

2
6
8
8
,

2016.

36
JM

L
R

 17(205):1-37



N
e
u
r
a
l

A
u
t
o
r
e
g

r
e
ss

iv
e

D
is

t
r
ib

u
t
io

n
E

st
im

a
t
io

n

L
u

ca
s

T
h

ei
s

a
n

d
M

a
tt

h
ia

s
B

et
h

g
e.

G
en

er
a
ti

v
e

im
a
g
e

m
o
d

el
in

g
u

si
n

g
sp

a
ti

a
l

ls
tm

s.
In

A
d
-

va
n

ce
s

in
N

eu
ra

l
In

fo
rm

a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
2
8
,

p
ag

es
19

27
–1

93
5.

C
u

rr
an

A
ss

o
ci

at
es

,
In

c.
,

20
15

.

T
ij

m
en

T
ie

le
m

a
n

.
T

ra
in

in
g

re
st

ri
ct

ed
B

o
lt

zm
a
n

n
m

a
ch

in
es

u
si

n
g

a
p

p
ro

x
im

a
ti

o
n

s
to

th
e

li
k
el

ih
o
o
d

g
ra

d
ie

n
t.

In
P

ro
ce

ed
in

gs
o
f

th
e

2
5
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p

ag
es

10
64

–1
07

1.
O

m
n

ip
re

ss
,

2
00

8.

T
ij

m
en

T
ie

le
m

an
an

d
G

eo
ff

re
y

E
.
H

in
to

n
.

U
si

n
g

fa
st

w
ei

gh
ts

to
im

p
ro

ve
p

er
si

st
en

t
co

n
tr

as
ti

ve
d

iv
er

g
en

ce
.

In
P

ro
ce

ed
in

gs
o
f

th
e

2
6
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p

ag
es

10
33

–1
04

0.
O

m
n

ip
re

ss
,

20
09

.

B
en

ig
n
o

U
ri

a
.

C
o
n

n
ec

ti
o
n

is
t

m
u

lt
iv

a
ri

a
te

d
en

si
ty

-e
st

im
a
ti

o
n

a
n

d
it

s
a

p
p
li

ca
ti

o
n

to
sp

ee
ch

sy
n

th
es

is
.

P
h

D
th

es
is

,
T

h
e

U
n

iv
er

si
ty

of
E

d
in

b
u

rg
h

,
20

15
.

B
en

ig
n

o
U

ri
a
,

Ia
in

M
u

rr
ay

,
a
n

d
H

u
g
o

L
a
ro

ch
el

le
.

R
N

A
D

E
:

T
h

e
re

a
l-

va
lu

ed
n

eu
ra

l
a
u

to
re

-
g
re

ss
iv

e
d

en
si

ty
-e

st
im

a
to

r.
In

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
2
6
,

p
ag

es
21

75
–2

18
3.

C
u

rr
an

A
ss

o
ci

at
es

,
In

c.
,

20
13

.

B
en

ig
n
o

U
ri

a
,

Ia
in

M
u
rr

ay
,

a
n
d

H
u
g
o

L
a
ro

ch
el

le
.

A
d
ee

p
a
n
d

tr
a
ct

a
b
le

d
en

si
ty

es
ti

m
a
to

r.
P

ro
ce

ed
in

gs
o
f

th
e

3
1
st

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
J

M
L

R
W

&
C

P
,

32
:

46
7–

47
5,

20
14

.

J
a
k
o
b

V
er

b
ee

k
.

M
ix

tu
re

o
f

fa
ct

o
r

a
n

a
ly

ze
rs

M
a
tl

a
b

im
p

le
m

en
ta

ti
o
n

,
2
0
0
5
.
h
t
t
p
:
/
/
l
e
a
r
.

i
n
r
i
a
l
p
e
s
.
f
r
/
~
v
e
r
b
e
e
k
/
s
o
f
t
w
a
r
e
.
p
h
p
.

P
as

ca
l

V
in

ce
n
t,

H
u

go
L

ar
o
ch

el
le

,
Y

os
h
u

a
B

en
gi

o,
an

d
P

ie
rr

e-
A

n
to

in
e

M
an

za
go

l.
E

x
tr

ac
ti

n
g

a
n
d

co
m

p
o
si

n
g

ro
b
u
st

fe
a
tu

re
s

w
it

h
d
en

o
is

in
g

a
u
to

en
co

d
er

s.
In

P
ro

ce
ed

in
gs

o
f

th
e

2
5
th

In
te

rn
a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

M
a
ch

in
e

L
ea

rn
in

g,
p

ag
es

10
96

–1
10

3.
O

m
n

ip
re

ss
,

2
0
0
8.

M
a
x

W
el

li
n
g
,

M
ic

h
a
l

R
o
se

n
-Z

v
i,

a
n
d

G
eo

ff
re

y
E

.
H

in
to

n
.

E
x
p

o
n
en

ti
a
l

fa
m

il
y

h
a
rm

o
n
iu

m
s

w
it

h
an

ap
p

li
ca

ti
on

to
in

fo
rm

at
io

n
re

tr
ie

va
l.

In
A

d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
1
7
,

p
ag

es
14

81
–1

48
8.

M
IT

P
re

ss
,

20
05

.

L
a
u

re
n
t

Y
o
u

n
es

.
P

a
ra

m
et

er
in

fe
re

n
ce

fo
r

im
p

er
fe

ct
ly

o
b

se
rv

ed
G

ib
b

si
a
n

fi
el

d
s.

P
ro

ba
bi

li
ty

T
h
eo

ry
R

el
a
te

d
F

ie
ld

s,
82

:6
25

–6
45

,
19

89
.

Y
in

Z
h

en
g,

R
ic

h
ar

d
S

.
Z

em
el

,
Y

u
-J

in
Z

h
an

g,
an

d
H

u
go

L
ar

o
ch

el
le

.
A

n
eu

ra
l

au
to

re
gr

es
si

ve
ap

p
ro

ac
h

to
at

te
n
ti

on
-b

as
ed

re
co

gn
it

io
n

.
In

te
rn

a
ti

o
n

a
l

J
o
u

rn
a
l

o
f

C
o
m

p
u

te
r

V
is

io
n

,
11

3
(1

):
67

–7
9,

20
15

a.

Y
in

Z
h

en
g
,

Y
u

-J
in

Z
h

a
n

g
,

a
n

d
H

u
g
o

L
a
ro

ch
el

le
.

A
d

ee
p

a
n

d
a
u
to

re
g
re

ss
iv

e
a
p

p
ro

a
ch

fo
r

to
p

ic
m

o
d

el
in

g
of

m
u

lt
im

o
d

al
d

at
a.

IE
E

E
T

ra
n

sa
ct

io
n

s
o
n

P
a
tt

er
n

A
n

a
ly

si
s

a
n

d
M

a
ch

in
e

In
te

ll
ig

en
ce

,
38

(6
):

10
56

–1
06

9,
20

15
b

.

D
an

ie
l

Z
or

an
an

d
Y

ai
r

W
ei

ss
.

F
ro

m
le

ar
n

in
g

m
o
d

el
s

of
n

at
u

ra
l

im
ag

e
p

at
ch

es
to

w
h

ol
e

im
ag

e
re

st
or

at
io

n
.

In
In

te
rn

a
ti

o
n

a
l

C
o
n

fe
re

n
ce

o
n

C
o
m

p
u

te
r

V
is

io
n

,
p

ag
es

47
9–

48
6.

IE
E

E
,

20
11

.

D
an

ie
lZ

or
an

an
d

Y
ai

r
W

ei
ss

.
N

at
u

ra
li

m
ag

es
,
G

au
ss

ia
n

m
ix

tu
re

s
an

d
d

ea
d

le
av

es
.
In

A
d
va

n
ce

s
in

N
eu

ra
l

In
fo

rm
a
ti

o
n

P
ro

ce
ss

in
g

S
ys

te
m

s
2
5
,

p
a
g
es

1
7
4
5
–
1
7
5
3
.

C
u

rr
a
n

A
ss

o
ci

a
te

s,
In

c.
,

20
12

.

37
JM

L
R

 1
7(

20
5)

:1
-3

7

 



 
 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
7

(2
0
1
6
)

1
-4

S
u

b
m

it
te

d
1
0
/
1
6
;

P
u

b
li

sh
ed

1
1
/
1
6

E
R
R
A
T
A

O
n

th
e
E
st
im

a
ti
o
n

o
f
th

e
G
ra

d
ie
n
t
L
in
e
s
o
f
a
D
e
n
si
ty

a
n
d

th
e
C
o
n
si
st
e
n
cy

o
f
th

e
M

e
a
n
-S

h
if
t
A
lg
o
ri
th

m

E
ry

A
ri

a
s-

C
a
st

ro
e
a
r
ia

sc
a
@

m
a
t
h
.u

c
sd

.e
d
u

D
ep

a
rt

m
en

t
o
f

M
a
th

em
a
ti

cs
U

n
iv

er
si

ty
o
f

C
a
li

fo
rn

ia
,

S
a
n

D
ie

go
L

a
J

o
ll

a
,

C
A

9
2
0
9
3
,

U
S

A

D
a
v
id

M
a
so

n
d
a
v
id

m
@

u
d
e
l
.e

d
u

D
ep

a
rt

m
en

t
o
f

A
p
p
li

ed
E

co
n

o
m

ic
s

a
n

d
S

ta
ti

st
ic

s
U

n
iv

er
si

ty
o
f

D
el

a
w

a
re

N
ew

a
rk

,
D

E
1
9
7
1
7
,

U
S

A

B
ru

n
o

P
e
ll

e
ti

e
r

b
r
u
n
o
.p

e
l
l
e
t
ie

r
@

u
n
iv

-r
e
n
n
e
s2

.f
r

D
ép

a
rt

em
en

t
d
e

M
a
th

ém
a
ti

qu
es

IR
M

A
R

–
U

M
R

C
N

R
S

6
6
2
5

U
n

iv
er

si
té

R
en

n
es

II
,

F
ra

n
ce

E
d

it
o
r:

K
ev

in
M

u
rp

h
y

O
u

r
re

ce
n
t

w
or

k
(A

ri
as

-C
as

tr
o

et
al

.,
20

16
)

es
ta

b
li

sh
ed

th
e

co
n
ve

rg
en

ce
o
f

th
e

m
ea

n
sh

if
t

al
go

ri
th

m
u

n
d

er
re

la
ti

ve
ly

ge
n

er
al

co
n

d
it

io
n

s.
A

ft
er

th
e

p
u

b
li

ca
ti

o
n

o
f

th
is

a
rt

ic
le

,
P

ro
f.

J
os

e
E

.
C

h
ac

ón
—

w
h

o
h

as
w

or
ke

d
on

th
e

to
p

ic
(C

h
ac

ón
an

d
M

on
fo

rt
,

2
0
1
3;

C
h

a
có
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in
g

m
eth

o
d

.
In

S
ection

3
w

e
d

evelo
p

o
u

r
m

eth
o
d

in
th

e
co

n
tex

t
o
f

th
e

L
a
sso

fo
r

th
e

lin
ea

r
m

o
d

el.
In

S
ectio

n
4
,

w
e

d
escrib

e
h

ow
o
u

r
m

eth
o
d

ca
n

b
e

ex
ten

d
ed

b
eyon

d
th

e
ca

se
o
f

th
e

L
a
sso

fo
r

th
e

lin
ea

r
m

o
d

el.
In

S
ectio

n
5

w
e

rep
o
rt

th
e

resu
lts

o
f

so
m

e
sim

u
latio

n
ex

p
erim

en
ts

a
n

d
rea

l
d

a
ta

an
a
ly

ses
th

a
t

d
em

on
stra

te
th

e
eff

ectiven
ess

o
f

B
a
ck

tra
ck

in
g.

F
in

a
lly,

in
S

ectio
n

6,
w

e
p

resen
t

so
m

e
th

eo
retica

l
resu

lts
w

h
ich

aim
to

g
ive

a
d

eep
er

u
n

d
ersta

n
d

in
g

of
th

e
w

ay
in

w
h

ich
B

a
ck

tra
ck

in
g

w
o
rk

s.
P

ro
o
fs

a
re

co
llected

in
th

e
a
p

p
en

d
ix

.
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S
h
a
h

2
.
M

o
tiv

a
tio

n

In
th

is
section

w
e

in
tro

d
u

ce
a

toy
ex

am
p

le
w

h
ere

ap
p

ro
ach

es
th

at
select

can
d

id
ate

in
terac-

tio
n

s
b

a
sed

on
selected

m
ain

eff
ects

w
ill

ten
d

to
p

erform
p

o
orly.

W
e

co
n

sid
er

a
lin

ear
m

o
d

el
w

ith
in

teractio
n

s
in

volv
in

g
a

d
esign

m
atrix

X
∈
R
n×

p
w

ith
n

=
200,

p
=

5
00

an
d

w
h

ere

Y
i

=

6
∑j=

1

β
j X

ij
+
β

7 X
i1 X

i2
+
β

8 X
i3 X

i4
+
β

9 X
i5 X

i6
+
ε
i ,

ε
i ∼

N
(0,σ

2),
i

=
1,...,n

.
(2)

W
e

take
X

w
ith

i.i.d
.

row
s

h
av

in
g

a
d

istrib
u

tion
su

ch
th

a
t
X
i5

is
u

n
correla

ted
w

ith
{X

ij
:

j
6=

5}
.

W
e

th
en

ch
o
ose

β
1 ,...,β

9
in

su
ch

a
w

ay
th

at
X
i5

is
also

u
n

correlated
w

ith
th

e
resp

on
se

yet
β

5 6=
0.

T
h

e
p
recise

con
stru

ction
is

d
etailed

in
th

e
ap

p
en

d
ix

.
In

ord
er

to
select

variab
le

5
u

sin
g

th
at

L
asso,

w
e

w
ou

ld
n

eed
to

h
ave

alread
y

selected
so

m
e

im
p

ortan
t

in
teraction

s.
T

h
u

s
if

w
e

fi
rst

select
im

p
ortan

t
m

ain
eff

ects
u

sin
g

th
e

L
asso,

fo
r

ex
am

p
le,

it
is

v
ery

u
n

likely
th

at
va

riab
le

5
w

ill
b

e
selected

.
T

h
en

if
w

e
ad

d
all

tw
o-w

ay
in

tera
ctio

n
s

b
etw

een
th

e
selected

variab
les

an
d

fi
t

th
e

L
asso

on
ce

m
ore,

th
e

in
teractio

n
b

etw
een

va
riab

les
5

an
d

6
w

ill
n

ot
b

e
in

clu
d

ed
.

O
f

cou
rse,

on
e

can
again

ad
d

in
teractio

n
s

b
etw

een
selected

variab
les

an
d

com
p

u
te

an
oth

er
L

asso
fi

t,
an

d
th

en
th

ere
is

a
ch

an
ce

th
e

in
tera

ctio
n

w
ill

b
e

selected
.

T
h
u

s
it

is
v
ery

likely
th

at
at

least
th

ree
L

asso
fi

ts
w

ill
b

e
n

eed
ed

in
ord

er
to

select
th

e
righ

t
variab

les.
F

ig
u

re
1a

sh
ow

s
th

e
resu

lt
of

ap
p

ly
in

g
th

e
L

asso
to

d
ata

g
en

erated
accord

in
g

to
(2),

σ
ch

o
sen

to
give

a
sign

al-to-n
oise

ratio
(S

N
R

)
of

4,
an

d

β
=

(−
1
.25,−

0.75,0.75,−
0
.5
,−

2
,1
.5,2,2,1

)
T
.

A
s

ex
p

ected
,

w
e

see
variab

le
5

is
n

ow
h

ere
to

b
e

seen
an

d
in

stead
m

an
y

u
n
w

an
ted

variab
les

a
re

selected
as
λ

is
d

ecreased
.

F
igu

re
1b

illu
strates

th
e

eff
ect

of
in

clu
d

in
g

all
p
(p−

1)/
2

p
ossib

le
in

teraction
s

in
th

e
d

esign
m

atrix
.

E
ven

in
ou

r
rath

er
m

o
d

erate-d
im

en
sion

al
situ

a-
tion

,
w

e
a
re

n
ot

ab
le

to
recover

th
e

tru
e

sign
al.

T
h

ou
gh

all
th

e
tru

e
in

teraction
term

s
are

selected
,

n
ow

n
eith

er
variab

le
4

n
or

variab
le

5
are

p
resen

t
in

th
e

solu
tion

p
ath

s
an

d
m

an
y

fa
lse

in
tera

ction
s

are
selected

.
A

lth
o
u

g
h

th
is

ex
am

p
le

is
rath

er
con

trived
,

it
illu

strates
h

ow
som

etim
es

th
e

righ
t

in
-

teraction
s

n
eed

to
b

e
au

gm
en

ted
to

th
e

d
esign

m
atrix

in
o
rd

er
fo

r
certain

variab
les

to
b

e
selected

.
E

v
en

w
h

en
in

teraction
s

are
on

ly
p

resen
t

if
th

e
corresp

on
d

in
g

m
ain

eff
ects

are
to

o,
m

a
in

eff
ects

can
b

e
m

issed
b
y

a
p

ro
ced

u
re

th
at

d
o
es

n
ot

co
n

sid
er

in
teraction

s.
In

fact,
w

e
ca

n
see

th
e

sam
e

p
h

en
om

en
on

o
ccu

rrin
g

w
h

en
th

e
d

esign
m

atrix
h

as
i.i.d

.
G

a
u

ssian
en

tries
(see

S
ectio

n
5.1).

T
h
u

s
m

u
ltip

le
L

asso
fi
ts

m
igh

t
b

e
n

eed
ed

to
h

ave
an

y
ch

an
ce

of
selectin

g
th

e
righ

t
m

o
d

el.
T

h
is

raises
th

e
q
u

estion
of

w
h

ich
tu

n
in

g
p

aram
eters

to
u
se

in
th

e
m

u
ltip

le
L

asso
fi

ts.
O

n
e

o
p
tion

,
w

h
ich

w
e

sh
all

refer
to

a
s

th
e

iterated
L

asso,
is

to
select

tu
n

in
g

p
aram

eters
b
y

cross-va
lid

atio
n

each
tim

e.
A

d
raw

b
ack

of
th

is
ap

p
roach

,
th

o
u

gh
,

is
th

at
th

e
n
u

m
b

er
of

in
teraction

s
to

ad
d

can
b

e
q
u

ite
large

if
cross-valid

ation
ch

o
oses

a
large

active
set.

T
h

is
is

o
ften

th
e

case
w

h
en

th
e

p
resen

ce
of

in
teraction

s
m

akes
som

e
im

p
ortan

t
m

ain
eff

ects
h

ard
to

d
istin

gu
ish

fro
m

n
oise

variab
les

in
th

e
in

itial
L

asso
fi

t.
T

h
en

cross-valid
ation

m
ay

ch
o
ose

a
low

λ
in

ord
er

to
try

to
select

th
ose

variab
les,

b
u

t
th

is
w

ou
ld

resu
lt

in
m

an
y

n
oise

variab
les

a
lso

b
ein

g
in

clu
d

ed
in

th
e

active
set.
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M
o
d
e
l
l
in

g
In

t
e
r
a
c
t
io

n
s

W
e

ta
ke

an
al

te
rn

at
iv

e
ap

p
ro

ac
h

h
er

e
an

d
in

cl
u

d
e

su
sp

ec
te

d
in

te
ra

ct
io

n
s

in
th

e
d

es
ig

n
m

at
ri

x
as

so
on

as
p

os
si

b
le

.
T

h
at

is
,

if
w

e
p

ro
gr

es
s

al
on

g
th

e
so

lu
ti

on
p

at
h

fr
o
m
λ

=
∞

,
a
n

d
tw

o
va

ri
ab

le
s

en
te

r
th

e
m

o
d

el
,

w
e

im
m

ed
ia

te
ly

ad
d

th
ei

r
in

te
ra

ct
io

n
to

th
e

d
es

ig
n

m
a
tr

ix
an

d
st

ar
t

co
m

p
u
ti

n
g

th
e

L
as

so
ag

ai
n

.
W

e
co

u
ld

n
ow

d
is

re
ga

rd
th

e
or

ig
in

a
l

p
a
th

,
b

u
t

th
er

e
is

li
tt

le
to

lo
se

,
an

d
p

os
si

b
ly

m
u

ch
to

ga
in

,
in

co
n
ti

n
u

in
g

th
e

or
ig

in
al

p
at

h
in

p
a
ra

ll
el

w
it

h
th

e
n

ew
on

e.
W

e
ca

n
th

en
re

p
ea

t
th

is
p

ro
ce

ss
,

ad
d
in

g
n

ew
in

te
ra

ct
io

n
s

w
h

en
n

ec
es

sa
ry

,
an

d
re

st
ar

ti
n

g
th

e
L

as
so

,
w

h
il

st
st

il
l

co
n
ti

n
u

in
g

al
l

p
re

v
io

u
s

p
at

h
s

in
p

ar
al

le
l.

W
e

sh
ow

in
th

e
n

ex
t

se
ct

io
n

h
ow

co
m

p
u

ta
ti

on
ca

n
b

e
m

ad
e

ve
ry

fa
st

si
n

ce
m

an
y

of
th

es
e

so
lu

ti
o
n

p
a
th

s
w

il
l

sh
ar

e
th

e
sa

m
e

in
it

ia
l

p
or

ti
on

s.

3
.
B
a
ck

tr
a
ck

in
g
w
it
h

th
e
L
a
ss
o

In
th

is
se

ct
io

n
w

e
in

tr
o
d

u
ce

a
ve

rs
io

n
of

th
e

B
ac

k
tr

ac
k
in

g
al

go
ri

th
m

ap
p

li
ed

to
th

e
L

a
ss

o
(1

).
F

ir
st

,
w

e
p

re
se

n
t

a
n

ai
v
e

v
er

si
on

of
th

e
al

go
ri

th
m

,
w

h
ic

h
is

ea
sy

to
u

n
d
er

st
a
n
d

.
L

a
te

r
in

S
ec

-
ti

on
3.

2,
w

e
sh

ow
th

at
th

is
al

go
ri

th
m

p
er

fo
rm

s
a

la
rg

e
n
u

m
b

er
of

u
n

n
ec

es
sa

ry
ca

lc
u

la
ti

o
n

s,
an

d
w

e
gi

ve
a

fa
r

m
or

e
effi

ci
en

t
ve

rs
io

n
.

3
.1

A
N

a
iv

e
A

lg
o
ri

th
m

A
s

w
el

l
as

a
b

as
e

re
gr

es
si

on
p

ro
ce

d
u

re
,
th

e
ot

h
er

ke
y

in
gr

ed
ie

n
t

th
at

B
ac

k
tr

a
ck

in
g

re
q
u

ir
es

is
a

w
ay

of
su

gg
es

ti
n

g
ca

n
d

id
at

e
in

te
ra

ct
io

n
s

b
as

ed
on

se
le

ct
ed

m
ai

n
eff

ec
ts

,
o
r

m
o
re

ge
n

er
a
ll

y
a

w
ay

of
su

gg
es

ti
n

g
h

ig
h

er
-o

rd
er

in
te

ra
ct

io
n

s
b

as
ed

on
lo

w
er

-o
rd

er
in

te
ra

ct
io

n
s.

In
o
rd

er
to

d
is

cu
ss

th
is

an
d

p
re

se
n
t

ou
r

al
go

ri
th

m
,

w
e

fi
rs

t
in

tr
o
d

u
ce

so
m

e
n

ot
a
ti

o
n

co
n

ce
rn

in
g

in
te

ra
ct

io
n

s.
L

et
X

b
e

th
e

or
ig

in
al
n
×
p

d
es

ig
n

m
at

ri
x
,

w
it

h
n

o
in

te
ra

ct
io

n
s.

In
or

d
er

to
co

n
si

d
er

in
te

ra
ct

io
n

s
in

ou
r

m
o
d

el
s,

ra
th

er
th

an
in

d
ex

in
g

va
ri

ab
le

s
b
y

a
si

n
gl

e
n
u

m
b

er
j,

w
e

u
se

su
b

se
ts

of
{1
,.
..
,p
}.

T
h
u

s
b
y

va
ri

ab
le
{1
,2
},

w
e

m
ea

n
th

e
in

te
ra

ct
io

n
b

et
w

ee
n

va
ri

ab
le

s
1

an
d

2,
or

in
ou

r
n

ew
n

ot
at

io
n

,
va

ri
ab

le
s
{1
}

an
d
{2
}.

W
h

en
re

fe
rr

in
g

to
m

a
in

eff
ec

ts
{j
}

h
ow

ev
er

,
w

e
w

il
l

of
te

n
om

it
th

e
b

ra
ce

s.
A

s
w

e
ar

e
u

si
n

g
th

e
L

as
so

as
th

e
b

a
se

re
gr

es
si

o
n

p
ro

ce
d

u
re

h
er

e,
in

te
ra

ct
io

n
{1
,2
}w

il
l
b

e
th

e
co

m
p

on
en

tw
is

e
p

ro
d

u
ct

of
th

e
fi

rs
t

tw
o

co
lu

m
n

s
of

X
.

W
e

w
il

l
w

ri
te

X
v
∈
R
n

fo
r

va
ri

ab
le
v
.

T
h

e
ch

oi
ce

of
w

h
et

h
er

an
d

h
ow

to
sc

al
e

an
d

ce
n
tr

e
in

te
ra

ct
io

n
s

an
d

m
ai

n
eff

ec
ts

ca
n

b
e

a
ra

th
er

d
el

ic
at

e
on

e,
w

h
er

e
d

om
ai

n
k
n

ow
le

d
ge

m
ay

p
la

y
a

ke
y

ro
le

.
In

th
is

w
or

k
,

w
e

w
il

l
ce

n
tr

e
al

l
m

ai
n

eff
ec

ts
,

an
d

sc
al

e
th

em
to

h
av

e
` 2

-n
or

m
√
n

.
T

h
e

in
te

ra
ct

io
n

s
w

il
l
b

e
cr

ea
te

d
u

si
n

g
th

es
e

ce
n
tr

ed
an

d
sc

al
ed

m
ai

n
eff

ec
ts

,
an

d
th

ey
th

em
se

lv
es

w
il

l
al

so
b

e
ce

n
tr

ed
a
n

d
sc

al
ed

to
h

av
e
` 2

-n
or

m
√
n

.
F

or
C

a
se

t
of

su
b

se
ts

of
{1
,.
..
,p
}

w
e

ca
n

fo
rm

a
m

o
d

ifi
ed

d
es

ig
n

m
a
tr

ix
X
C

,
w

h
er

e
th

e
co

lu
m

n
s

of
X
C

ar
e

gi
v
en

b
y

th
e

va
ri

ab
le

s
in
C

,
ce

n
tr

ed
an

d
sc

al
ed

as
d

es
cr

ib
ed

a
b

ov
e.

T
h
u

s
C

is
th

e
se

t
of

ca
n

d
id

at
e

va
ri

ab
le

s
av

ai
la

b
le

fo
r

se
le

ct
io

n
w

h
en

d
es

ig
n

m
a
tr

ix
X
C

is
u

se
d

.
T

h
is

su
b

se
tt

in
g

op
er

at
io

n
w

il
l

al
w

ay
s

b
e

ta
ke

n
to

h
av

e
b

ee
n

p
er

fo
rm

ed
b

ef
o
re

a
n
y

fu
rt

h
er

op
er

at
io

n
s

on
th

e
m

at
ri

x
,

so
in

p
ar

ti
cu

la
r

X
T C

m
ea

n
s

(X
C

)T
.

W
e

w
il

l
co

n
si

d
er

al
l

as
so

ci
at

ed
ve

ct
or

s
an

d
m

at
ri

ce
s

as
in

d
ex

ed
b
y

va
ri

a
b

le
s,

so
w

e
m

ay
sp

ea
k

of
co

m
p

on
en

t
{1
,2
}

of
β

,
d

en
ot

ed
β
{1
,2
},

if
β

w
er

e
m

u
lt

ip
ly

in
g

a
d

es
ig

n
m

a
tr

ix
w

h
ic

h
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w
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p
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M
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u
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ra
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p
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p
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a
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e
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b
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a
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ra
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d
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ra
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d
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b
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a
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⊆
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∈
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d
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p
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=
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p
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=
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p
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b
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r
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b
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e
in

d
ex

fo
r

th
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th
e

cu
rren

t
p
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p
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p
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P
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+
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+
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+
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p
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λ
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p
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e

in
itial

set
o
f

ca
n

d
id

ates
w

ith
in

tera
ction

s
selected

th
ro

u
g
h

a
sim

p
le

m
a
rg

in
a
l

screen
in

g
step

.
If

o
n

ly
p

a
irw

ise
in

tera
ctio

n
s

are
co

n
sid

ered
h

ere,
th

en
th

is
w

ou
ld

req
u

ire
O

(p
2n

)
o
p

era
tio

n
s.

T
h

o
u

g
h

th
is

w
o
u

ld
b

e
in

fea
sib

le
fo

r
very

la
rg

e
p
,

for
m

o
d

era
te
p

th
is

w
o
u

ld
a
llow

im
p

o
rta

n
t

in
tera

ctio
n

s
w

h
ose

corresp
o
n

d
in

g
m

a
in

eff
ects

are
n

o
t

stron
g

to
b

e
selected

.

5
.
N
u
m
e
rica

l
R
e
su

lts

In
th

is
sectio

n
w

e
evalu

ate
th

e
p

erfo
rm

a
n

ce
of

B
a
ck

tra
ck

in
g

o
n

b
o
th

sim
u

la
ted

a
n

d
rea

l
d

a
ta

sets.

5
.1

S
im

u
la

tio
n

s

H
ere

w
e

co
n

sid
er

fi
ve

n
u

m
erical

stu
d

ies
d

esig
n

ed
to

d
em

o
n

stra
te

th
e

eff
ectiven

ess
o
f

B
a
ck

-
tra

ck
in

g
w

ith
th

e
L

a
sso

a
n

d
also

h
ig

h
ligh

t
so

m
e

o
f

th
e

d
raw

b
a
ck

s
o
f

u
sin

g
th

e
L

a
sso

w
ith

m
a
in

eff
ects

on
ly,

w
h

en
in

teractio
n

s
a
re

p
resen

t.
In

each
o
f

th
e

fi
ve

scen
a
rios,

w
e

g
en

era
ted

20
0

d
esign

m
atrices

w
ith

n
=

2
50

o
b

servatio
n

s
a
n

d
p

=
1
0
00

cova
ria

tes.
T

h
e

row
s

o
f

th
e

d
esign

m
atrices

w
ere

sa
m

p
led

in
d

ep
en

d
en

tly
fro

m
N
p (0

,Σ
)

d
istrib

u
tio

n
s.

T
h

e
cova

rian
ce

m
a
trix

Σ
w

as
ch

o
sen

to
b

e
th

e
id

en
tity

in
a
ll

scen
a
rio

s
ex

cep
t

scen
a
rio

2
,

w
h

ere

Σ
ij

=
0.7

5 −
||i−

j|−
p
/
2|+

p
/
2.

T
h
u

s
in

th
is

ca
se,

th
e

correlatio
n

b
etw

een
th

e
co

m
p

o
n

en
ts

d
ecay

s
ex

p
on

en
tia

lly
w

ith
th

e
d

ista
n

ce
b

etw
een

th
em

in
Z
/pZ

.

W
e

crea
ted

th
e

resp
o
n
ses

a
ccord

in
g

to
th

e
lin

ea
r

m
o
d

el
w

ith
in

tera
ctio

n
s

an
d

set
th

e
in

tercep
t

to
0:

Y
=

X
S
∗β
∗S
∗

+
ε
,

ε
i

i.i.d
.
∼

N
(0,σ

2).
(6

)

T
h

e
erro

r
va

ria
n

ce
σ

2
w

as
ch

osen
to

a
ch

ieve
a

sig
n

a
l-to-n

o
ise

ratio
(S

N
R

)
o
f

eith
er

2
o
r

3.
T

h
e

set
of

m
a
in

eff
ects

in
S
∗,
S
∗1 ,

w
a
s

1,...,1
0
.

T
h

e
su

b
set

o
f

va
ria

b
les

in
vo

lved
in

in
tera

ction
s

w
a
s

1
,...,6

.
T

h
e

set
o
f

fi
rst-o

rd
er

in
teractio

n
s

in
S
∗

ch
o
sen

in
th

e
d

iff
eren

t
scen

a
rios,

S
∗2 ,

is
d

isp
layed

in
T

a
b

le
1
,

a
n

d
w

e
to

o
k
S
∗

=
S
∗1 ∪

S
∗2

so
S
∗

co
n
ta

in
ed

n
o

h
ig

h
er

o
rd

er
in

teractio
n

s.
In

each
sim

u
la

tio
n

ru
n

,
β
∗S
∗1

w
a
s

fi
x
ed

a
n

d
g
iven

b
y

(2,−
1
.5
,1
.2

5,−
1
,1
,−

1
,1
,1
,1
,1

)
T
.
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S
h
a
h

S
cen

ario
S
∗2

1
∅

2
∅

3
{{1,2}

,{
3
,4},{5

,6}}
4

{{1
,2},{1

,3},...,{1
,6}}

5
I

(1,2
,3)∪

I
(4,5

,6)

T
ab

le
1:

S
im

u
lation

settin
g
s.

E
a
ch

co
m

p
on

en
t

of
β
∗S
∗2

w
as

ch
osen

to
b

e
√
‖β
∗S
∗1 ‖

22 /|S
∗1 |.

T
h
u

s
th

e
sq

u
ared

m
agn

itu
d
e

of

th
e

in
teraction

s
w

as
eq

u
al

to
average

of
th

e
sq

u
ared

m
a
gn

itu
d

es
o
f

th
e

m
ain

eff
ects.

In
a
ll

of
th

e
scen

arios,
w

e
ap

p
lied

fou
r

m
eth

o
d

s:
th

e
L

asso
u

sin
g

o
n

ly
th

e
m

a
in

eff
ects;

itera
ted

L
a
sso

fi
ts;

m
argin

al
screen

in
g

for
in

teraction
s

follow
ed

b
y

th
e

L
asso;

an
d

th
e

L
asso

w
ith

B
ack

track
in

g
.

N
ote

th
at

d
u

e
to

th
e

size
of
p

in
th

ese
ex

am
p

les,
m

ost
of

th
e

m
eth

o
d

s
for

fi
n

d
in

g
in

teraction
s

in
low

er-d
im

en
sion

al
d

ata
d

iscu
ssed

in
S

ection
1,

a
re

com
p

u
tation

ally
im

p
ra

ctical
h

ere.

F
or

th
e

iterated
L

asso
fi

ts,
w

e
rep

eated
th

e
follow

in
g

p
ro

cess.
G

iven
a

d
esign

m
atrix

,
fi

rst
fi

t
th

e
L

asso.
T

h
en

ap
p

ly
5-fold

cross-valid
ation

to
give

a
λ

valu
e

an
d

asso
ciated

active
set.

F
in

ally
ad

d
a
ll

in
teraction

s
b

etw
een

variab
les

in
th

is
active

set
to

th
e

d
esign

m
a
trix

,
read

y
for

th
e

n
ex

t
iteration

.
F

or
com

p
u

tation
a
l

feasib
ility,

th
e

p
ro

ced
u

re
w

as
term

in
ated

w
h

en
th

e
n
u

m
b

er
of

variab
les

in
th

e
d

esign
m

atrix
ex

ceed
ed

p
+

250×
249

/
2.

W
ith

th
e

m
a
rgin

al
screen

in
g

ap
p

roach
,

w
e

selected
th

e
2p

in
tera

ction
s

w
ith

th
e

largest
m

a
rg

in
a
l
correla

tion
w

ith
th

e
resp

on
se

an
d

ad
d

ed
th

em
to

th
e

d
esig

n
m

atrix
.

T
h

en
a

regu
lar

L
a
sso

w
as

p
erform

ed
on

th
e

au
gm

en
ted

m
atrix

of
p

red
ictors.

A
d

d
ition

ally,
in

scen
arios

3–5,
w

e
ap

p
lied

th
e

L
asso

w
ith

all
m

ain
eff

ects
an

d
on

ly
th

e
tru

e
in

teraction
s.

T
h

is
th

eoretical
O

racle
ap

p
roach

p
rov

id
ed

a
gold

sta
n

d
ard

ag
ain

st
w

h
ich

to
test

th
e

p
erform

an
ce

of
B

ack
track

in
g.

W
e

u
sed

th
e

p
ro

ced
u

res
m

en
tion

ed
to

y
ield

active
sets

o
n

w
h

ich
w

e
a
p

p
lied

O
L

S
to

give
a

fi
n

al
estim

ator.
T

o
select

th
e

tu
n

in
g

p
aram

eters
of

th
e

m
eth

o
d
s

w
e

u
sed

cross-
va

lid
ation

ran
d

o
m

ly
selection

5
fold

s
b

u
t

rep
eatin

g
th

is
a

total
of

5
tim

es
to

red
u

ce
th

e
va

ria
n

ce
o
f

th
e

cross-valid
ation

scores.
T

h
u

s
for

each
λ

valu
e

w
e

ob
ta

in
ed

an
estim

ate
of

th
e

ex
p

ected
p

red
iction

error
th

at
w

a
s

an
average

ov
er

th
e

o
b

serv
ed

p
red

iction
errors

on
25

(overla
p

p
in

g)
valid

ation
sets

of
size

n
/5

=
50.

N
ote

th
at

for
b

oth
B

ack
track

in
g

a
n

d
th

e
itera

ted
L

asso,
th

is
form

of
cross-valid

ation
ch

ose
n
ot

ju
st

a
λ

valu
e

b
u

t
a
lso

a
p

ath
ran

k
.

W
h

en
u

sin
g

B
ack

track
in

g,
th

e
size

of
th

e
activ

e
set

w
as

restricted
to

5
0

a
n

d
th

e
size

of
C
k

to
p

+
50×

49/2
=

1225,
so
T

w
as

at
m

ost
50.

In
scen

arios
1

an
d

2,
th

e
resu

lts
of

th
e

m
eth

o
d

s
w

ere
alm

o
st

in
d

istin
gu

ish
ab

le
ex

cep
t

th
at

th
e

screen
in

g
ap

p
roach

p
erform

ed
far

w
orse

in
scen

ario
1

w
h
ere

it
ten

d
ed

to
select

several
false

in
tera

ction
s

w
h

ich
in

tu
rn

h
am

p
ered

th
e

selectio
n

of
m

ain
eff

ects
a
n

d
resu

lted
in

a
m

u
ch

la
rger

p
red

iction
error.

T
h

e
resu

lts
of

scen
arios

3–5,
w

h
ere

th
e

sign
al

con
tain

s
in

teraction
s,

are
m

ore
in

terestin
g

an
d

g
iven

in
T

ab
le

2.
F

or
each

scen
ario,

m
eth

o
d

an
d

S
N

R
level,

w
e

rep
ort

5
statistics.

‘L
2 -

sq
’

is
th

e
ex

p
ected

sq
u

ared
d

istan
ce

of
th

e
sign

a
l

f ∗
an

d
ou

r
p

red
iction

fu
n

ction
s

f̂
b

a
sed
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M
o
d
e
l
l
in

g
In

t
e
r
a
c
t
io

n
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tr
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n

in
g

d
at

a
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tr
a
in
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in
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ev
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t
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st
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se
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a
ti
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ew
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E x
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e
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a
in
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a
in
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x
n
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n
ew

;Y
tr

a
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tr
a
in
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.

‘F
P

M
ai

n
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an
d

‘F
P

In
te

r’
ar

e
th

e
n
u

m
b

er
s

of
n
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se

m
ai

n
eff

ec
ts

an
d

n
oi

se
in

te
ra
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n
te

rm
s

re
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ec
ti

ve
ly

,
in

co
rr

ec
tl

y
in
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u

d
ed

in
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e
fi

n
al

ac
ti

v
e

se
t.

‘F
N

M
ai

n
’

an
d

‘F
N

In
te

r’
a
re

th
e

n
u

m
b

er
s

of
tr

u
e

m
ai

n
eff

ec
ts

an
d

in
te

ra
ct

io
n

te
rm

s
re

sp
ec

ti
ve

ly
,

in
co

rr
ec

tl
y

ex
cl

u
d

ed
fr

o
m

th
e

fi
n

al
ac

ti
ve

se
t.

F
or

al
l

th
e

st
at

is
ti

cs
p

re
se

n
te

d
,

lo
w

er
n
u

m
b

er
s

ar
e

to
b

e
p

re
fe

rr
ed

.
H

ow
ev

er
,

th
e

h
ig

h
er

n
u

m
b

er
of

fa
ls

e
se

le
ct

io
n

s
in

cu
rr

ed
b
y

b
ot

h
B

ac
k
tr

ac
k
in

g
an

d
th

e
O

ra
cl

e
p

ro
ce

d
u
re

co
m

-
p

ar
ed

to
u

si
n

g
th

e
m

ai
n

eff
ec
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ly
or

it
er

at
ed

L
as

so
fi

ts
,

is
d

u
e

to
th

e
m

o
d

el
se

le
ct

io
n

cr
it

er
io

n
b

ei
n

g
th

e
ex

p
ec

te
d

p
re

d
ic

ti
on

er
ro

r.
It

sh
ou

ld
n

ot
b

e
ta

ke
n

as
a
n

in
d

ic
a
ti

o
n

th
at

th
e

la
tt

er
p

ro
ce

d
u

re
s

ar
e

p
er

fo
rm

in
g

b
et

te
r

in
th

es
e

ca
se

s.

B
ac

k
tr

ac
k
in

g
p

er
fo

rm
s

b
es

t
ou

t
of

th
e

fo
u

r
m

et
h

o
d

s
co

m
p

ar
ed

h
er

e.
N

o
te

th
a
t

u
n

d
er

al
l

of
th

e
se

tt
in

gs
,
it

er
at

ed
L

as
so

fi
ts

in
co

rr
ec

tl
y

se
le

ct
s

m
or

e
in

te
ra

ct
io

n
te

rm
s

th
a
n

B
a
ck

tr
a
ck

-
in

g.
W

e
se

e
th

at
th

e
m

or
e

ca
re

fu
l

w
ay

in
w

h
ic

h
B

ac
k
tr

ac
k
in

g
ad

d
s

ca
n

d
id

at
e

in
te

ra
ct

io
n

s,
h

el
p

s
h

er
e.

U
n

su
rp

ri
si

n
gl

y,
fi

tt
in

g
th

e
L

as
so

on
ju

st
th

e
m

ai
n

eff
ec

ts
p

er
fo

rm
s

ra
th

er
p

o
o
rl

y
in

te
rm

s
of

p
re

d
ic

ti
ve

p
er

fo
rm

an
ce

.
H

ow
ev

er
,

it
al

so
fa

il
s

to
se

le
ct

im
p

or
ta

n
t

m
ai

n
eff

ec
ts
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B

ac
k
tr

ac
k
in

g
an

d
It

er
at

es
h

av
e

m
u

ch
lo

w
er

m
ai

n
eff

ec
t

fa
ls

e
n

eg
at

iv
es
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T

h
e

sc
re

en
in

g
a
p

-
p

ro
ac

h
ap

p
ea

rs
to

p
er

fo
rm

w
or

st
h

er
e.

T
h

is
is

p
ar

tl
y

b
ec

au
se

it
is

n
ot

m
a
k
in

g
u

se
o
f

th
e
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ct

th
at
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l
of

th
e

ex
am

p
le

s
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si

d
er

ed
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th
e

m
ai

n
eff

ec
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in
vo
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ed

in
in

te
ra

ct
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n
s
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re

al
so

in
fo

rm
at

iv
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H
ow

ev
er
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it
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p

o
or

p
er

fo
rm

an
ce
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al

so
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u
e

th
e
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ct

th
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n
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in
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ra

ct
io

n
s
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e.
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u
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g
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e
n
u

m
b
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p

ro
v
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b
u
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er
of
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te

ra
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io
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u
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p
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b
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m
p

u
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ti
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al
ly

co
st

ly
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u
n

le
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a
B

ac
k
tr

a
ck

in
g
-t

y
p

e
st

ra
te

gy
of

th
e

so
rt

in
tr

o
d

u
ce

d
in
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p
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er
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er
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se
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W
e

al
so

n
ot

e
th
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t

fo
r

ve
ry
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e
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m
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n
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re
en

in
g

of
in

te
ra
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.
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n

al
re

st
ri

ct
io

n
s

on
th

e
si

ze
s

of
n

on
-z

er
o

co
m

p
o
n

en
ts

o
f
β
∗

ev
en

w
h

en
σ

=
0.

A
5

en
su

re
s

th
at

th
e

m
o
d

el
is

n
ot

to
o

h
ea

v
il

y
m

is
sp

ec
ifi

ed
in

th
e

in
it

ia
l

st
ag

es
of

th
e

al
go

ri
th

m
,

w
h

er
e

w
e

ar
e

re
gr

es
si

n
g

on
on

ly
m

ai
n

eff
ec

ts
.

T
h

e
fo

ll
ow

in
g

th
eo

re
m

st
at

es
th

at
gi

ve
n

th
e

as
su

m
p

ti
on

s
ab

ov
e,

w
it

h
p

ro
b

a
b

il
it

y
te

n
d

in
g

to
1

w
e

ar
e

gu
ar

an
te

ed
a

ca
n

d
id

at
e

se
t

w
il

l
b

e
p

ro
d

u
ce

d
b
y

ou
r

al
go

ri
th

m
w

h
ic

h
co

n
ta

in
s

al
l

tr
u

e
in

te
ra

ct
io

n
s

an
d

n
o

in
te

ra
ct

io
n

s
in

vo
lv

in
g

a
n

oi
se

va
ri

ab
le

.

T
h

e
o
re

m
1

A
ss

u
m

in
g

A
1
–
A

5
,

th
e

p
ro

ba
bi

li
ty

th
a
t

th
er

e
ex

is
ts

a
k
∗

su
ch

th
a
t
C
∗
⊇
C
k
∗
⊇

S
∗

te
n

d
s

to
1

a
s
n
→
∞

.
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S
h
a
h

6
.2

F
ix

e
d

D
e
si

g
n

T
h

e
re

su
lt

fo
r

a
ra

n
d

om
n

o
rm

a
l

d
es

ig
n

a
b

ov
e

is
b

a
se

d
on

a
co

rr
es

p
o
n

d
in

g
re

su
lt

fo
r

fi
x
ed

d
es

ig
n

w
h

ic
h

w
e

p
re

se
n
t

h
er

e.
In

o
rd

er
fo

r
B

ac
k
tr

a
ck

in
g

n
o
t

to
a
d

d
a
n
y

in
te

ra
ct

io
n

s
in

vo
lv

in
g

n
oi

se
va

ri
ab

le
s,

to
b

eg
in

w
it

h
,
o
n

e
p

a
ir

o
f

in
te

ra
ct

in
g

si
gn

al
va

ri
a
b

le
s

m
u

st
en

te
r

th
e

so
lu

ti
on

p
at

h
b

ef
or

e
a
n
y

n
o
is

e
va

ri
a
b

le
s.

O
th

er
in

te
ra

ct
in

g
si

g
n

a
l

va
ri

a
b

le
s

n
ee

d
o
n

ly
b

ec
o
m

e
a
ct

iv
e

af
te

r
th

e
in

te
ra

ct
io

n
b

et
w

ee
n

th
is

fi
rs

t
p

ai
r

h
a
s

b
ec

o
m

e
a
ct

iv
e.

T
h
u

s
w

e
n

ee
d

th
a
t

th
er

e
is

so
m

e
or

d
er

in
g

of
th

e
in

te
ra

ct
in

g
va

ri
ab

le
s

w
h

er
e

ea
ch

va
ri

ab
le

o
n

ly
re

q
u

ir
es

in
te

ra
ct

io
n
s

b
et

w
ee

n
th

o
se

va
ri

ab
le

s
ea

rl
ie

r
in

th
e

o
rd

er
to

b
e

p
re

se
n
t

b
ef

o
re

it
ca

n
b

ec
o
m

e
a
ct

iv
e.

V
a
ri

a
b

le
s

ea
rl

y
on

in
th

e
o
rd

er
m

u
st

h
av

e
th

e
ab

il
it

y
to

b
e

se
le

ct
ed

w
h

en
th

er
e

is
se

ri
ou

s
m

o
d

el
m

is
sp

ec
ifi

ca
ti

o
n

a
s

fe
w

in
te

ra
ct

io
n

te
rm

s
w

il
l
b

e
av

ai
la

b
le

fo
r

se
le

ct
io

n
.

V
a
ri

a
b

le
s

la
te

r
in

th
e

o
rd

er
on

ly
n

ee
d

to
h

av
e

th
e

a
b

il
it

y
to

b
e

se
le

ct
ed

w
h

en
th

e
m

o
d

el
is

a
p

p
ro

x
im

at
el

y
co

rr
ec

t.

N
ot

e
th

at
a

si
g
n

a
l
va

ri
a
b

le
h

av
in

g
a

co
effi

ci
en

t
la

rg
e

in
a
b

so
lu

te
va

lu
e

d
o
es

n
ot

n
ec

es
sa

ri
ly

en
su

re
th

a
t

it
b

ec
o
m

es
a
ct

iv
e

b
ef

or
e

an
y

n
o
is

e
va

ri
a
b

le
.

In
d

ee
d

,
in

ou
r

ex
a
m

p
le

in
S

ec
ti

on
2,

va
ri

ab
le

5
d

id
n

ot
en

te
r

th
e

so
lu

ti
o
n

p
at

h
at

a
ll

w
h

en
o
n

ly
m

a
in

eff
ec

ts
w

er
e

p
re

se
n
t,

b
u

t
h

ad
th

e
la

rg
es

t
co

effi
ci

en
t.

W
ri

te
f∗

fo
r

X
S
∗
β
S
∗
,

an
d

fo
r

a
se

t
S

su
ch

th
a
t

X
S

h
a
s

fu
ll

co
lu

m
n

ra
n

k
,

d
efi

n
e

β
S

:=
(X

T S
X
S

)−
1
X
T S
f∗
.

In
tu

it
iv

el
y

w
h

at
sh

o
u

ld
m

a
tt

er
ar

e
th

e
si

ze
s

o
f

th
e

a
p

p
ro

p
ri

at
e

co
effi

ci
en

ts
o
f
β
S

fo
r

su
it

a
b

le
ch

o
ic

es
o
f
S

.
In

th
e

n
ex

t
se

ct
io

n
,

w
e

g
iv

e
a

su
ffi

ci
en

t
co

n
d

it
io

n
b

a
se

d
o
n
β
S

fo
r

a
va

ri
a
b

le
v
∈
S

to
en

te
r

th
e

so
lu

ti
o
n

p
a
th

b
ef

o
re

an
y

va
ri

a
b

le
o
u

ts
id

e
S

.

6
.2

.1
T

h
e

E
n
t
r
y

C
o
n
d
it

io
n

L
et

P
S

=
X
S

(X
T S
X
S

)−
1
X
T S

d
en

o
te

o
rt

h
o
g
on

a
l

p
ro

je
ct

io
n

o
n

to
th

e
sp

a
ce

sp
a
n

n
ed

b
y

th
e

co
lu

m
n

s
of

X
S

.
F

u
rt

h
er

,
fo

r
an

y
tw

o
ca

n
d

id
a
te

se
ts
S
,M

th
at

ar
e

se
ts

o
f

su
b

se
ts

of
{1
,.
..
,p
},

d
efi

n
e

Σ̂
S
,M

=
1 n
X
T S
X
M
.

N
ow

g
iv

en
a

se
t

of
ca

n
d

id
a
te

s,
C

,
le

t
v
∈
S
⊂
C

a
n

d
w

ri
te
M

=
C
\S

.
F

o
r
η
>

0
,

w
e

sh
al

l
sa

y
th

at
th

e
E

n
t(
v
,S
,C

;η
)

co
n

d
it

io
n

h
o
ld

s
if

,
X
S

h
a
s

fu
ll

co
lu

m
n

ra
n

k
,

a
n

d
th

e
fo

ll
ow

in
g

h
ol

d
s,

su
p

τ
S
∈R
|S
| :
‖τ

S
‖ ∞
≤

1

‖Σ̂
M
,S

Σ̂
−

1
S
,S
τ
S
‖ ∞

<
1,

(8
)

|β
S v
|>

m
a
x

u
∈M

{
1 n

∣ ∣ X
T u

(I
−

P
S

)f
∗∣ ∣

+
2
η

1
−
‖Σ̂
−

1
S
,S

Σ̂
S
,{
u
}‖

1

+
η

}
‖(

Σ̂
−

1
S
,S

) v
‖ 1
.

(9
)

In
L

em
m

a
4

g
iv

en
in

th
e

ap
p

en
d

ix
,

w
e

sh
ow

th
at

th
is

co
n

d
it

io
n

is
su

ffi
ci

en
t

fo
r

va
ri

a
b

le
v

to
en

te
r

th
e

ac
ti

ve
se

t
b

ef
or

e
an

y
va

ri
a
b

le
in
M

,
w

h
en

th
e

se
t

of
ca

n
d

id
a
te

s
is
C

an
d

‖X
T C
ε
‖ ∞
≤
η
.

In
ad

d
it

io
n

,
w

e
sh

ow
th

a
t
v

w
il

l
re

m
a
in

in
th

e
ac

ti
ve

se
t

a
t

le
as

t
u

n
ti

l
so

m
e

va
ri

ab
le

fr
om

M
en

te
rs

th
e

ac
ti

ve
se

t.

T
h

e
se

co
n

d
p

ar
t

o
f

th
e

en
tr

y
co

n
d

it
io

n
(9

)
a
ss

er
ts

th
a
t

co
effi

ci
en

t
v

o
f

th
e

re
gr

es
si

on
of

f∗
o
n

X
S

m
u

st
ex

ce
ed

a
ce

rt
ai

n
q
u

a
n
ti

ty
th

a
t

w
e

n
ow

ex
am

in
e

in
m

or
e

d
et

a
il

.
T

h
e
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M
o
d
e
l
l
in

g
In

t
e
r
a
c
t
io

n
s

1n
X
Tu

(I−
P
S

)f ∗
term

is
th

e
sa

m
p

le
cova

rian
ce

b
etw

een
X
u ,

w
h

ich
is

o
n

e
o
f

th
e

co
lu

m
n

s
of

X
M

,
a
n

d
th

e
resid

u
a
l

fro
m

regressin
g

f ∗
on

X
S

.
N

ote
th

at
th

e
m

o
re

o
f
S
∗

th
at
S

co
n
ta

in
s,

th
e

clo
ser

th
is

w
ill

b
e

to
0.

T
o

u
n

d
ersta

n
d

th
e
‖
(Σ̂
−

1
S
,S

)
v ‖

1
term

,
w

ith
o
u

t
lo

ss
of

g
en

era
lity

take
v

a
s{1}

a
n

d
w

rite

b
=

Σ̂
S\{

v}
,{
v}

an
d

D
=

Σ̂
S\{

v}
,S\{

v} .
F

o
r

a
n
y

sq
u

are
m

a
trix

Σ̂
,

let
c

m
in (Σ̂

)
d

en
o
te

its
m

in
im

a
l

eig
en

valu
e.

U
sin

g
th

e
form

u
la

fo
r

th
e

in
verse

of
a

b
lo

ck
m

a
trix

a
n

d
w

ritin
g
s

for
|S|,

w
e

h
ave

‖(Σ̂
−

1
S
,S

)
v ‖

1
=

∥∥∥∥ (
1

+
b
T

(D
−

b
b
T

) −
1b

−
(D
−

b
b
T

) −
1b

) ∥∥∥∥
1

≤
1

+
‖
b‖

22
+
√
s−

1‖b‖
2

c
m

in (Σ̂
S
,S

)
.

In
th

e
fi

n
a
l

lin
e

w
e

h
ave

u
sed

th
e

C
a
u

ch
y
–S

ch
w

a
rz

in
eq

u
a
lity

a
n

d
th

e
fa

ct
th

a
t

if
w
∗

is
a

u
n

it
eigen

v
ecto

r
o
f

D
−

b
b
T

w
ith

m
in

im
a
l

eig
en

va
lu

e,
th

en

c
m

in (D
−

b
b
T

)
=

∥∥∥∥
Σ̂
S
,S (−

b
T
w
∗

w
∗

) ∥∥∥∥
2 ≥

c
m

in (Σ̂
S
,S

) √
1

+
|b
T
w
∗| 2≥

c
m

in (Σ̂
S
,S

).

T
h
u

s
w

h
en

va
ria

b
le
v

is
n

ot
to

o
co

rrelated
w

ith
th

e
o
th

er
varia

b
les

in
S

,
a
n

d
so
‖
b‖

2
is

sm
a
ll,‖(Σ̂

−
1

S
,S

)
v ‖

1
w

ill
n

o
t

b
e

to
o

la
rg

e.
E

ven
w

h
en

th
is

is
n

o
t

th
e

ca
se,

w
e

still
h

av
e

th
e

b
o
u

n
d

‖(Σ̂
−

1
S
,S

)
v ‖

1 ≤
√
|S|

c
m

in (Σ̂
S
,S

) .

T
u

rn
in

g
n

ow
to

th
e

d
en

om
in

a
to

r,‖Σ̂
−

1
S
,S

Σ̂
S
,{
u} ‖

1
is

th
e
`
1 -n

o
rm

o
f

th
e

co
effi

cien
t

o
f

reg
ression

of
X
u

on
X
S

,
a
n

d
th

e
m

ax
im

u
m

o
f

th
is

q
u

a
n
tity

over
u
∈
M

gives
th

e
left-h

a
n

d

sid
e

o
f

(8
).

T
h
u

s
w

h
en
u

is
h

igh
ly

correla
ted

w
ith

m
a
n
y

of
th

e
va

ria
b

les
in
S

,‖Σ̂
−

1
S
,S

Σ̂
S
,{
u} ‖

1

w
ill

b
e

large.
O

n
th

e
o
th

er
h

an
d

,
in

th
is

case
o
n

e
w

o
u

ld
ex

p
ect‖

(I−
P
S

)X
u ‖

2
to

b
e

sm
all,

a
n

d
so

to
som

e
ex

ten
t

th
e

n
u

m
erato

r
a
n

d
d

en
o
m

in
a
to

r
co

m
p

en
sate

fo
r

ea
ch

o
th

er.

6
.2

.2
S
t
a
t
e
m

e
n
t

o
f

R
e
su

lt
s

W
ith

o
u

t
lo

ss
of

g
en

era
lity

a
ssu

m
e
I ∗

=
{
1,...,|I ∗|}.

A
lso

let
J

=
{I

(A
)

:
A
⊆
S
∗1 }

.
O

u
r

fo
rm

a
l

assu
m

p
tio

n
corresp

on
d

in
g

to
th

e
d

iscu
ssio

n
a
t

th
e

b
eg

in
n

in
g

o
f

S
ectio

n
6

is
th

e
fo

llow
in

g.

T
h

e
e
n
try

o
rd

e
r

c
o
n

d
itio

n
.

T
h

ere
is

so
m

e
ord

erin
g

o
f

th
e

va
ria

b
les

in
I ∗,

w
h

ich
w

ith
o
u

t
lo

ss
o
f

gen
era

lity
w

e
ta

ke
to

sim
p

ly
b

e
1
,...,|I ∗|,

su
ch

th
a
t

fo
r

ea
ch

j∈
I ∗,

w
e

h
ave,

F
o
r

all
A
∈
J

w
ith
I

(1,...,j−
1
)⊆

A
⊆
I

(S
∗1 )

E
n
t(j,S

∗1 ∪
B
,C

1 ∪
A

;η
)

h
old

s
fo

r
so

m
e
A
∩
S
∗2 ⊆

B
⊆
A
.

H
ere

η
=
η
(t;n

,p
,s

1 ,σ
)

=
σ √

t 2
+

2
lo

g
(p

+
s

21 )

n
.
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S
h
a
h

F
irst

w
e

d
iscu

ss
th

e
im

p
lication

s
for

variab
le

1.
T

h
e

con
d

ition
en

su
res

th
at

w
h

en
ever

th
e

can
d

id
a
te

set
is

en
larged

from
C

1
to

a
lso

in
clu

d
e

an
y

set
o
f

in
teractio

n
s

b
u

ilt
from

S
∗1 ,

varia
b

le
1

en
ters

th
e

active
set

b
efore

an
y

variab
le

ou
tsid

eI
(S
∗1 ),

an
d

m
oreover,

it
rem

ain
s

in
th

e
active

set
a
t

least
u

n
til

a
variab

le
ou

tsid
e
I

(S
∗1 )

en
ters.

F
o
r
j
>

2,
w

e
see

th
at

th
e

en
larged

can
d

id
ate

sets
for

w
h

ich
w

e
req

u
ire

th
e

en
try

co
n

d
itio

n
s

to
h

o
ld

,
are

few
er

in
n
u

m
b

er.
V

ariab
le
|I ∗|

on
ly

req
u

ires
th

e
en

try
con

d
ition

to
h

old
for

can
d

id
a
te

sets
th

at
at

least
in

clu
d

eI
(1,...,|I ∗|−

1)
an

d
th

u
s

in
clu

d
e

alm
ost

all
of

S
∗.

W
h

at
th

is
m

ean
s

is
th

at
w

e
req

u
ire

som
e

‘stron
g’

in
teractin

g
variab

les,
for

w
h

ich
w

h
en

f ∗
is

regressed
on

to
a

variety
of

sets
of

variab
les

con
tain

in
g

th
em

(som
e

of
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−
‖Σ̂
−

1
S
,S

Σ̂
S
,{
u
}‖

1

+
η

}
‖(

Σ̂
−

1
S
,S

) v
‖ 1
,

th
er

e
ex

is
ts

a
λ
>
λ

en
t

su
ch

th
a
t

th
e

so
lu

ti
o
n
β̂

(λ
,C

)
is

u
n

iq
u

e,
a
n

d
fo

r
a
ll
λ
′ ∈

(λ
en

t ,
λ

]
a
n

d
a
ll

L
a
ss

o
so

lu
ti

o
n

s
β̂

(λ
′ ,
C

),
w

e
h
a
ve
β̂
v
(λ
′ ,
C

)
6=

0.
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M
o
d
e
l
l
in

g
In

t
e
r
a
c
t
io

n
s

P
ro

o
f

W
e

b
eg

in
b
y

p
rov

in
g

(i).
S

u
p

p
ressin

g
th

e
d

ep
en

d
en

ce
o
f
β̂

on
λ

an
d
C

,
w

e
can

w
rite

th
e

K
K

T
co

n
d

itio
n

s
((3

),
(4))

a
s

1n
X
TC

(Y
−

X
C
β̂

)
=
λ
τ̂
,

w
h

ere
τ̂

is
an

elem
en

t
o
f

th
e

su
b

d
iff

eren
tial

∂‖β̂‖
1

a
n

d
th

u
s

sa
tisfi

es

‖
τ̂‖∞

≤
1,

(1
1)

β̂
v 6=

0
⇒
τ̂
v

=
sgn

(β̂
v ).

(1
2)

B
y

d
ecom

p
o
sin

g
Y

a
s

P
S
f ∗+

(I−
P
S

)f ∗+
ε,

X
C

a
s

(X
S

X
M

),
a
n

d
n

o
tin

g
th

at
X
TS

(I−
P
S

)
=

0
,

w
e

ca
n

rew
rite

th
e

K
K

T
co

n
d

ition
s

in
th

e
fo

llow
in

g
w

ay
:

1n
X
TS

(P
S
f ∗−

X
S
β̂
S

)
+

1n
X
TS
ε−

Σ̂
S
,M
β̂
J
∗

=
λ
τ̂
S
,

(1
3)

1n
X
TM

(P
S
f ∗−

X
S
β̂
S

)
+

1n
X
TM
{
(I−

P
S

)f ∗
+
ε}−

Σ̂
M
,M
β̂
M

=
λ
τ̂
M
.

(1
4)

N
ow

let
β̆
S

b
e

a
so

lu
tio

n
to

th
e

restricted
L

asso
p

ro
b

lem
,

(µ̂
,β̆

S
)

=
arg

m
in

µ
,β
S

{
12
n ‖Y

−
µ
1
−

X
S
β
S ‖

2
+
λ‖β

S ‖
1 }
.

T
h

e
K

K
T

co
n

d
itio

n
s

give
th

a
t
β̆
S

sa
tisfi

es

1n
X
TS

(Y
−

X
S
β̆
S

)
=
λ
τ̆
S
,

(1
5)

w
h

ere
τ̆
S
∈
∂‖β̆

S ‖
1 .

W
e

n
ow

cla
im

th
at

(β̂
S
,β̂

M
)

=
(β̆

S
,0

)
(1

6
)

(τ̂
S
,τ̂

M
)

=
(
τ̆
S
,
Σ̂
M
,S

Σ̂
−

1
S
,S

(τ̆
S
−

1n
λ
−

1X
TS
ε
)

+
1n
λ
−

1X
TM
{
(I−

P
S

)f ∗
+
ε} )

(1
7)

is
th

e
u

n
iq

u
e

so
lu

tio
n

to
(1

3
),

(1
4
),

(1
1)

a
n

d
(12

).
In

d
eed

,
a
s
β̆
S

so
lves

th
e

red
u

ced
L

a
sso

p
rob

lem
,
w

e
m

u
st

h
ave

th
a
t

(1
3)

a
n

d
(1

2
)

a
re

satisfi
ed

.
M

u
ltip

ly
in

g
(1

3
)

b
y

X
S
Σ̂
−

1
S
,S

,
settin

g

β̂
M

=
0

a
n

d
rearran

gin
g

g
iv

es
u

s
th

a
t

P
S
f ∗−

X
S
β̂
S

=
X
S
Σ̂
−

1
S
,S

(λ
τ̂
S
−

1n
X
TS
ε
),

(1
8)

an
d

su
b

stitu
tin

g
th

is
in

to
(1

4
)

sh
ow

s
th

at
o
u

r
ch

o
ice

o
f
τ̂
M

sa
tisfi

es
(14

).
It

rem
a
in

s
to

ch
eck

th
at

w
e

h
av

e
‖
τ̂
M
‖∞
≤

1.
In

fa
ct,

w
e

sh
a
ll

sh
ow

th
a
t‖τ̂

M
‖∞

<
1
.

S
in

ce
w

e
a
re

on
Ω
C
,η

an
d
‖
τ̆
S ‖∞

≤
1
,

fo
r
u
∈
M

w
e

h
ave

λ|τ̂
u |≤

‖Σ̂
−

1
S
,S

Σ̂
S
,{
u} ‖

1 (λ‖τ̆
S ‖∞

+
‖

1n
X
TS
ε‖∞

)
+

1n ∣∣X
Tu

(I−
P
S

)f ∗ ∣∣
+

1n ∣∣X
Tu
ε ∣∣

<
λ‖

Σ̂
−

1
S
,S

Σ̂
S
,{
u} ‖

1
+

1n ∣∣X
Tu

(I−
P
S

)f ∗ ∣∣
+

2
η

<
λ
,
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S
h
a
h

w
h

ere
th

e
fi

n
a
l

in
eq

u
ality

follow
s

from
(10).

W
e

h
ave

sh
ow

n
th

at
th

ere
ex

ists
a

solu
tion

,
β̂

,
to

th
e

L
asso

op
tim

isation
p

rob
lem

w
ith

β̂
M

=
0.

T
h

e
u
n

iq
u

en
ess

o
f

th
is

solu
tion

follow
s

from
n

o
tin

g
th

at
‖
τ̂
M
‖∞

<
1,

X
S

h
as

fu
ll

colu
m

n
ran

k
a
n

d
ap

p
ealin

g
to

L
em

m
a

1
of

W
a
in

w
righ

t
(2009

).
F

or
(ii),

n
o
te

th
at

from
(13),

p
rov

id
ed
β̂
M

=
0,

w
e

h
ave

th
at

β̂
S

=
β
S
−

Σ̂
−

1
S
,S

(λ
τ̂
S
−

1n
X
TS
ε
).

B
u

t
b
y

assu
m

p
tion|β

Sv |
>
‖(Σ̂

−
1

S
,S

)
v ‖

1 (λ
+
η
)≥

∣∣∣∣ (Σ̂
−

1
S
,S

)
Tv

(λ
τ̂
S
−

1n
X
TS
ε
) ∣∣∣∣
,

w
h

en
ce
β̂
v 6=

0.
(iii)

follow
s

ea
sily

from
(i)

an
d

(ii).

P
ro

o
f

o
f

T
h

e
o
re

m
2
.

In
all

th
at

follow
s,

w
e

w
ork

on
th

e
even

t
Ω
C
∗
,η

d
efi

n
ed

in
L

em
m

a
4.

U
sin

g
stan

d
ard

b
ou

n
d

s
for

th
e

tails
o
f

G
au

ssian
ran

d
om

variab
les

an
d

th
e

u
n

ion
b

ou
n

d
,

it
is

easy
to

sh
ow

th
at

P
(Ω

1 ∩
Ω
C
∗
,η )≥

1−
ex

p
(−
t 2/2).

L
et
N

=
{1
,...,p}\

S
∗1 .

L
et
T̃

b
e

th
e

n
u

m
b

er
of

step
s

taken
b
y

th
e

algorith
m

:
th

is
w

o
u

ld
ty

p
ically

b
e
T

,
b

u
t

m
ay

b
e

sm
aller

if
a

p
erfect

fi
t

is
reach

ed
or

if
p
<
T

for
ex

am
p

le.
L

et
C
k

b
e

th
e

larg
est

m
em

b
er

of{C
1 ,...,C

T̃ }
satisfy

in
g
C
k ⊆

C
∗.

S
u

ch
a
C
k

ex
ists

sin
ce
C

1 ⊆
C
∗.

N
ow

su
p

p
ose

for
a

con
trad

iction
th

at
C
k
+
S
∗.

L
et
j

b
e

su
ch

th
at

I
(1,...,j−

1)⊆
C
k ,

w
ith

j
m

ax
im

al.
S

in
ce
I

(1)
=
∅,

su
ch

a
j

ex
ists.

L
et
A

=
C
k \

C
1 .

N
ote

th
at
A
∈
J

an
d

I
(1,...,j−

1)⊆
A
⊆
C
∗\

C
1

=
I

(S
∗1 ).

B
y

th
e

en
try

o
rd

er
con

d
ition

,
w

e
k
n

ow
th

at
j

w
ill

en
ter

th
e

activ
e

set
b

efore
an

y
va

riab
le

in
N

,
a
n

d
b

efore
a

p
erfect

fi
t

is
reach

ed
.

T
h
u

s
k

+
1
≤
T̃

an
d
C
k
+

1
con

ta
in

s
on

ly
ad

d
itio

n
al

in
teraction

s
n
ot

in
volv

in
g

an
y

variab
les

from
N

,
so
C
k
+

1 ⊆
C
∗.

P
ro

o
f

o
f

C
o
ro

lla
ry

3
.

L
et

Ω
C
∗
,η

b
e

d
efi

n
ed

as
in

L
em

m
a

4.
A

lso
d

efi
n

e
th

e
even

ts

Ω
1

=
{

1n ‖X
TN

(I−
P
S
∗)ε‖∞

≤
η}
,

Ω
2

=
{

1n ‖
Σ̂
−

1
S
∗
,S
∗ X

TS
∗ ε‖∞

≤
ξ}

In
all

th
at

fo
llow

s,
w

e
w

ork
on

th
e

even
t

Ω
1 ∩

Ω
2 ∩

Ω
C
∗
,η .

A
s

I−
P
S
∗

is
a

p
ro

jectio
n

,

P
(

1n |X
v
T

(I−
P
S
∗)ε|≤

η
)≥

P
(

1n |X
v
T
ε|≤

η
).

F
u

rth
er,

1n
Σ̂
−

1
S
∗
,S
∗ X

TS
∗ ε
∼
N
|S
∗| (0

,
1n
σ

2Σ̂
−

1
S
∗
,S
∗ ).

T
h
u

s

P
(Ω

3 )≥
|S
∗|P

(|Z|≤
ξ)
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M
o
d
e
l
l
in

g
In

t
e
r
a
c
t
io

n
s

w
h

er
e
Z
∼
N

(0
,σ

2
/
(n
c m

in
(Σ̂

S
∗ ,
S
∗
))

).
N

ot
e

th
at

P(
Ω

1
∩

Ω
2
∩

Ω
C
∗ ,
η
)
≥

1
−
P(

Ω
c C
∗ ,
η
)
−
P(

Ω
c 1
)
−
P(

Ω
c 2
).

U
si

n
g

th
is

,
it

is
st

ra
ig

h
tf

or
w

ar
d

to
sh

ow
th

at
P(

Ω
1
∩

Ω
2
∩

Ω
C
∗ ,
η
)
≥

1
−

3
ex

p
(−
t2
/
2
).

S
in

ce
w

e
ar

e
on

Ω
C
∗ ,
η
,

w
e

ca
n

as
su

m
e

th
e

ex
is

te
n

ce
of

a
k
∗

fr
om

T
h
eo

re
m

2
.

W
e

n
ow

fo
ll

ow
th

e
p

ro
of

of
L

em
m

a
4

ta
k
in

g
S

=
S
∗

an
d
M

=
C
k
∗
\S
∗
⊆
N

.
T

h
e

K
K

T
co

n
d

it
io

n
s

b
ec

om
e

Σ̂
S
∗ ,
S
∗
(β
∗ S∗
−
β̂
S
∗
)

+
1 n
X
T S
∗
ε
−

Σ̂
S
∗ ,
M
β̂
M

=
λ
τ̂
S
∗
,

(1
9
)

Σ̂
M
,S
∗
(β
∗ S∗
−
β̂
S
∗
)

+
1 n
X
T M
ε
−

Σ̂
M
,M
β̂
M

=
λ
τ̂
M
,

(2
0
)

w
it

h
τ̂

al
so

sa
ti

sf
y
in

g
(1

1)
an

d
(1

2)
as

b
ef

or
e.

N
ow

le
t
λ

b
e

su
ch

th
at

η

1
−
‖Σ̂

M
,S
∗
Σ̂
−

1
S
∗ ,
S
∗
sg

n
(β
∗ S∗

)‖
∞
<
λ
<

m
in

v
∈S
∗

{ ∣ ∣ ∣
sg

n
(β
∗ S∗

)T
(Σ̂
−

1
S
∗ ,
S
∗
) v

∣ ∣ ∣−
1

(|β
∗ v|
−
ξ)

}
.

It
is

st
ra

ig
h
tf

or
w

ar
d

to
ch

ec
k

th
at

(β̂
S
∗
,β̂

M
)

=
(β
∗ S∗
−
λ
Σ̂
−

1
S
∗ ,
S
∗
sg

n
(β
∗ S∗

)
+

1 n
Σ̂
−

1
S
∗ ,
S
∗
X
T S
∗
ε
,
0

)

(τ̂
S
∗
,τ̂

M
)

=
( sg

n
(β
∗ S∗

),
Σ̂
M
,S
∗
Σ̂
−

1
S
∗ ,
S
∗
sg

n
(β
∗ S∗

)
+

1 n
λ
−

1
X
T M

(I
−

P
S
∗
)ε
)

is
th

e
u

n
iq

u
e

so
lu

ti
on

to
(1

9)
,

(2
0)

,
(1

1)
an

d
(1

2)
.

A
p
p
e
n
d
ix

C
.
P
ro

o
f
o
f
T
h
e
o
re
m

1

In
th

e
fo

ll
ow

in
g,

w
e

m
ak

e
u

se
of

n
ot

at
io

n
d

efi
n

ed
in

S
ec

ti
on

6.
2.

In
ad

d
it

io
n

,
fo

r
co

n
ve

n
ie

n
ce

w
e

w
ri

te
S

=
S
∗ 1
,
M

=
S
∪
J
∗ .

A
ls

o,
w

e
w

il
l

w
ri

te
m

ai
n

eff
ec

ts
va

ri
ab

le
s
{j
}

a
s

si
m

p
ly
j.

F
or

an
y

m
at

ri
x

M
,
‖M
‖ ∞

w
il

l
d

en
ot

e
m

ax
jk
|M

jk
|.

F
ir

st
w

e
co

ll
ec

t
to

ge
th

er
va

ri
o
u

s
re

su
lt

s

co
n

ce
rn

in
g

Σ̂
C
∗ ,
C
∗
.

L
e
m

m
a

5
C

o
n

si
d
er

th
e

se
tu

p
o
f

T
h
eo

re
m

1
.

L
et

E n
a
n

d
V

ar
n

d
en

o
te

em
p
ir

ic
a
l

ex
pe

ct
a
ti

o
n

a
n

d
va

ri
a
n

ce
w

it
h

re
sp

ec
t

to
Z

so
th

a
t,

fo
r

ex
a
m

p
le

E n
z j

=
∑

n i=
1
Z
ij
/n

.

(i
)

L
et

D
be

th
e

d
ia

go
n

a
l

m
a
tr

ix
in

d
ex

ed
by

C
∗

u
se

d
to

sc
a
le

tr
a
n

sf
o
rm

a
ti

o
n

s
o
f

Z
in

o
rd

er
to

cr
ea

te
X
C
∗

i.
e.

w
it

h
en

tr
ie

s
su

ch
th

a
t
D

2 jj
=

V
ar
n
(z
j
)

a
n

d
D

2 v
v

=
V

a
r n

(z
j
−

E n
z j

)(
z k
−
E n
z k

)
w

h
en

v
=
{j
,k
}.

T
h
en

m
ax

j∈
C

1

|D
2 jj
−

1
|=

O
P

(√
lo

g
(p

)/
n

)
(2

1)

m
ax

{j
,k
}∈
M
|D

2 {j
,k
},
{j
,k
}
−

1
−

Σ
2 jk
|=

O
P

(√
lo

g
(s

1
)n
−

1
/
4
)

(2
2)

(i
i)

1 n
‖X

T J
∗
X
S
‖ ∞

=
O
P

(√
lo

g
(s

1
)n
−

1
/
3
)

(2
3
)

c m
in

(Σ̂
S
,S

)
≥
c ∗
−
s 1
O
P

(√
lo

g
(s

1
)/
n

)
(2

4)

c m
in

(Σ̂
M
,M

)
≥
c2 ∗

+
s2 1
O
P

(√
lo

g
(s

1
)n
−

1
/
4
)

(2
5)

c m
a
x
(Σ̂

J
∗ ,
J
∗
)
≤

2c
∗2

+
s2 1
O
P

(√
lo

g
(s

1
)n
−

1
/
4
).

(2
6
)
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S
h
a
h

P
ro

o
f

W
e

u
se

b
ou

n
d

s
o
n

th
e

ta
il

s
o
f

p
ro

d
u
ct

s
of

n
o
rm

a
l

ra
n

d
o
m

va
ri

a
b
le

s
fr

o
m

H
a
o

a
n

d
Z

h
a
n

g
(2

0
14

)
(e

q
u

a
ti

o
n

B
.9

).
W

e
h

av
e

m
ax
j,
k
|C

ov
n
(z
j
,z
k
)
−

Σ
jk
|=

m
a
x

j,
k
|E
n
(z
j
z k

)
−

E n
z j
E n
z k
−

Σ
jk
|

=
O
P

(√
lo

g
(p

)/
n

).

A
ls

o,

m
ax

j,
k
,l
,m
∈S
|C

ov
n

( (z
j
−
E n
z j

)(
z k
−
E n
z k

),
(z
l
−
E n
z l

)(
z m
−
E n
z m

))
−

Σ
jl

Σ
k
m
−

Σ
jm

Σ
k
l|

=
m

ax
j,
k
,l
,m
∈S
|E
n
(z
j
z k
z l
z m
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t
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o
u

r
p

u
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o
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a
s
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p

la
in
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S
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n
4.
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o
u

r
settin

g
,
w

e
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n
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p
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,
p

a
rtly
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m
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eo
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l
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lts,

p
a
rtly

fro
m

a
h

eu
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u

m
en

t,
w

h
y
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k
in

g
,
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V
>

1
0
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n
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ecessary
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gettin
g

a
p

erfo
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n
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th

e
o
p
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u

m
,

as
su

p
p

o
rted

b
y

ex
p
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en
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n
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d
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ta
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S
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n

6.
A

n
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eq

u
ality
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n

d
ex

a
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rm

u
la

s
fo

r
th

e
va
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ce

a
re
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p

roved
fo

r
o
th
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cro

ss-
va

lid
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n
m
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o
d

s:
M
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te-C
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cro

ss-va
lid

a
tio

n
,

a
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k
n

ow
n

a
s

rep
eated

cro
ss-va

lid
a
tio

n
,

w
h

ere
th

e
p

a
ra

m
eter

V
is

rep
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ced
b
y

th
e

n
u

m
b

er
B

of
ran

d
o
m

sp
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o
f

th
e
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n

8
.1
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a
n
d

h
old

-o
u

t
p

en
a
liza

tio
n

(S
ectio

n
8
.2).

N
o
ta

tio
n

.
F

o
r

an
y

in
teg

er
k
>

1
,JkK

d
en

o
tes{1

,...,k}
.

F
o
r

a
n
y

vector
ξJnK

:=
(ξ

1 ,...,ξ
n
)

a
n

d
a
n
y
B
⊂

JnK,
ξ
B

d
en

otes
(ξ
i )
i∈
B

,|B
|

d
en

o
tes

th
e

ca
rd

in
a
lity

o
f
B

a
n

d
B
c

=
JnK\

B
.

F
or

an
y

rea
l

n
u

m
b

ers
t,u

,
w

e
d

efi
n

e
t∨

u
:=

m
a
x{t,u}

,
u

+
:=

u∨
0

an
d
u
−

:=
(−
u

)∨
0.

A
ll

asy
m

p
to

tic
resu

lts
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n

d
n

o
ta
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o
(·)

o
rO
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are
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r
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e
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e

w
h

en
th

e
n
u

m
b

er
n

o
f
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tio
n

s
ten

d
s
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n
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.

L
e
a
st-S

q
u
a
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s
D

e
n
sity

E
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a
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n
a
n
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D
e
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n
itio
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o
f
V

-F
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ce
d
u
re

s

T
h

is
section

in
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d
u
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e
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m
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o
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f
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e

p
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er,
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e
m

a
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p
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u
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d
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m
e

u
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l
n
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.

2
.1

G
e
n

e
ra

l
S
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a
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m
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w
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L
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1 ,...,ξ
n

b
e
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b
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a
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,
w
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m
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d
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u
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P
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d
d
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s
w
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m

e
k
n
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n

m
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µ

.
S

u
p

p
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L
∞
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w
h

ich
im

p
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at
s∈

L
2(µ

).
T

h
e

g
oa

l
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a
te
s

fro
m
ξJnK

=
(ξ

1 ,...,ξ
n
),

th
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b
u

ild
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a
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r
ŝ

=
ŝ(ξJnK )∈

L
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)
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a
t
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ss‖ŝ−
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2
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a
s
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a
ll

a
s

p
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le,
w

h
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a
n
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L
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2
:=
∫X

t 2
d
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.
P
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n
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a
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rs
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a
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g
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m
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l
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a
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m

ew
o
rk
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r
ex

am
p

le,
D

eV
o
re

a
n

d
L

o
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tz,
19

9
3

a
n

d
M

a
ssa

rt,
2
00

7).
G

iven
a
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a
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lin

ea
r

su
b

sp
ace

S
m
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L

2(µ
)

(ca
lled

a
m

o
d

el),
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e
p

ro
jectio

n
estim

a
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r
o
f
s

on
to
S
m
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d

efi
n

ed
b
y

ŝ
m

:=
a
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m
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t∈
S
m

{‖t‖
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n
(t) }

,
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)

w
h

ere
P
n
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e
em

p
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m
easu
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fo

r
a
n
y
t∈

L
2(µ
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P
n
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∫
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P
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i ).
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ŝ
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b
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A
r
l
o
t

a
n
d

L
e
r
a
sl

e

d
en

oted
b
y

P
n
γ

(t)
=
‖t‖

2−
2P

n
(t)

w
h
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∀
x
∈
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,∀
t∈

L
2(µ

),
γ

(t;x
)

=
‖t‖
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2t(x

)
.

T
h

e
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n
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n
γ
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e
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con
trast.
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⊂
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1(P
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(ŝ
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ŝ
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ŝ
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ŝ
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m
−
s‖

2 }
+
R
n

h
o
ld

s
w

ith
a

large
p

rob
ab

ility.
T

h
e

p
ro

ced
u

re
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w
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ŝ
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(ŝ
m

)
+
‖
ŝ
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(ŝ
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n
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(ŝ
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)
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p
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p
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.

F
rom
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w
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alty

p
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id (m
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(ŝ
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−
P
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(ŝ
m
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)(ŝ
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=
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P

)(ŝ
m
−
s
m

)
+
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P
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)
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2‖ŝ
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s
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+

2(P
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P
)(s
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)
,

w
h

ere
s
m

:=
argm
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t∈
S
m

{
P
γ

(t) }
=

argm
in

t∈
S
m

{‖
t−

s‖
2 }

is
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e
o
rth

ogo
n

al
p

ro
jection

of
s

on
to
S
m

in
L

2(µ
).

L
et

u
s

fi
n

ally
recall

so
m

e
u

sefu
l

a
n

d
cla

ssical
reform

u
lation

s
of

th
e

m
ain
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in

th
e

id
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p
en

alty
(2

),
th
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p
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p
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th
e
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eq
u

a
lity
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E

q
.

(2):
If

B
m

=
{
t
∈
S
m

s.t.‖t‖
6

1}
an

d
(ψ

λ )
λ∈

Λ
m

d
en

otes
an

orth
on
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a
l

b
asis

of
S
m
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L
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),

th
en
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n −

P
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m
−
s
m

)
=
∑λ∈

Λ
m [(P

n −
P

)(ψ
λ ) ]

2

=
‖ŝ
m
−
s
m ‖

2
=

su
p

t∈
B
m [(P

n −
P

)(t) ]
2
,

(3)

w
h

ere
th

e
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eq
u

ality
follow

s
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E
q
.

(30)
in

A
p

p
en

d
ix

A
.
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⊂
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ŝ(
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)
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⊂
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e
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cr
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w
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h
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p
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p
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( ŝ(
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=
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)
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( ŝ(
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)
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∥ ∥ ŝ
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∥ ∥2
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at
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n
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b
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∈
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b
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b
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d
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b
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p
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b
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p
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b
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b
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it

er
io

n

cr
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(ŝ
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.
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∑
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p
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p
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p
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ŝ
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d
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p
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b
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at
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b
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b
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p
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p
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b
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b
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d
b
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a
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b
y
W
i

=
(1
−

C
ar

d
(B

J
)/
n

)−
1
1
i/∈
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d
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h
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p
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p
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d
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b
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b
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P
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c
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r
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b
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b
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p
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n
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p
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p
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p
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p
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b
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b
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p
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∑
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b
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p
a
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b
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p
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d
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w
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p
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e
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(ŝ
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l
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r
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(ŝ
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(ŝ
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(ŝ
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(ŝ
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/
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∈
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∈E

p

P
(A

)
n

γ (
ŝ
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⊂
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∀
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ŝ
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a
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d
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e
g

).
E

q.
(1

0
)

fo
llo

w
s

fro
m

L
era

sle
(2

0
1
2
,

L
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p
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p
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∑
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P
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R
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d
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d
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a
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r
o
f

M
a
ssa

rt
(2

0
0
7
,

T
h
eo

rem
7
.6

)
is

th
e

estim
a
to

r
selected

by
th

e
pen

a
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p
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−

1
)
2

2 [n
−
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>
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a
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n
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e
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p
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b
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p
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e
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V
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e
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p
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(ŝ
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b
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ŝ
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at
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ŝ
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com

p
lete

th
e

p
ictu

re.

3
.

O
ra

cle
In

e
q
u
a
litie

s

In
th

is
section

,
w

e
state

ou
r

fi
rst

m
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p
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b
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h
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p
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p
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c
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P
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a
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i.i.d

.
rea

l-va
lu

ed
ra

n
d
o
m

va
ria

bles
w

ith
d
en

sity
s
∈
L
∞
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ra
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ŝ
m ‖

2 ]
,

w
h
ere

ŝ
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E
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r
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n

y
x
,ε
>

0,
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‖s‖∞
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‖s‖
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2
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bso
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n
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κ
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t
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r
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a
t

lea
st

1−
8e −
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r
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n
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w
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g
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o
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lities
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o
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e

∣∣∣∣ p
en

V
F
(m
,B
,V
−

1)−
2D

m

n

∣∣∣∣ 6
ε D

mn
+
κ
ρ

1 (m
,ε,s,x

,n
)

(15)

∣∣p
en

V
F
(m
,B
,V
−

1)−
2‖s

m
−
ŝ
m ‖

2 ∣∣6
ε D

mn
+
κ
ρ

1 (m
,ε,s,x

,n
)
.

(16)
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at
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p
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=
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at
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p
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p
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en
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b
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√
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d
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p
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b
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b
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b
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b
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∈
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h
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Λ
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∈
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ra
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p
le

s.

E
x
a
m

p
le

1
(R

e
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∈
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∈
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∈
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Ψ
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p
en

V
F
(m
,B
,V
−
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∞
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b
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p
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=
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∈
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∈
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d
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x
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−
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∈
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+
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p
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p
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p
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Ψ
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,
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a
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o
re

,
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k
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∈
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‖2

.

3
.3

O
ra

c
le

In
e
q
u

a
li

ty
fo

r
V

-F
o
ld

P
ro

c
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e

m
ai

n
re

su
lt

,
w

e
in

tr
o
d

u
ce

th
e

fo
ll

ow
in

g
h
y
p

ot
h

es
es

:

9
JM

L
R

 1
7(

20
8)

:1
-5

0

A
r
l
o
t

a
n
d

L
e
r
a
sl

e

•
A

u
n

if
o
rm

bo
u

n
d

o
n
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∞
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w
h

er
e

w
e

re
ca

ll
th

a
t
b m

:=
su

p
t∈
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‖ ∞
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∈
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•
T

h
e
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m
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S
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∪
S
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∈
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m
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′ }
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2
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H
er

ea
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w
e

d
efi

n
e
A

:=
a
∨
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‖ ∞

w
h

en
(H

2
)

h
o
ld

s
an
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A

:=
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‖ ∞

w
h
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o
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O

n
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1
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h
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ld

s
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d
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f λ
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µ
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>
n
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n

d
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2
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h
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d
s
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h
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=
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‖ ∞
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h

e
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re

m
5

L
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n
K
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∞
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∈M

n
be

a
co

ll
ec

ti
o
n

o
f

se
pa

ra
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m
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a
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th
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r
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2
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h
o
ld

s
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u
e.

L
et

C
∈
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/2
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],
δ
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−

1
)

a
n

d
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r

a
n

y
x
,ε
>
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ρ
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(ε
,s
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A
x
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+
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‖s
‖2 n
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d
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d
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E
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h
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a
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>
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p
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−
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∈
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2
6
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f

m
∈M

n

‖ŝ
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κ
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2
(ε
,s
,x

n
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)
.

(1
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T
h
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m
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p

ro
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d
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S
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T

a
k
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>
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u
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h
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re
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p
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t
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o
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d
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p
ro

ce
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T

h
e
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a
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b
e

b
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g
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a
l
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∀n
∈
N
?
,

|M
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n
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(H
3

)

F
or

in
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an
ce
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(H

3
)

h
o
ld

s
in

E
x
am

p
le

1
w

it
h
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=
1

a
n

d
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E
x
a
m

p
le

2
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it
h
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n

d
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e
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m
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n
d
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te
rm
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E

q
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(1
7
)

is
b

o
u

n
d

ed
b
y
L
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o
g
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/
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3
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)
fo

r
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m
e
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>
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w
h
ic

h
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m
u
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al
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r
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n
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e
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e
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p
a
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m
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.
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h
e

le
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a
n
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e
o
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eq

u
a
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ty
(1

7)
is

(1
+
δ +

)/
(1
−
δ −

)
+

o
(1

)
b
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=
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b
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p
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b
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=
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reta
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con
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n
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+
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=
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p
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b
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d
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b
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p
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p
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b
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an

a
ly

zed
b
y

T
h
eo

rem
5,

sin
ce

b
y

L
em

m
a

1
it

corresp
o
n

d
s

to
C

=
1

+
1
/
(2(V

−
1
)),

h
en

ce
δ

=
1
/
(V
−

1
).

W
h

en
V

is
fi

x
ed

,
th

e
o
racle

in
eq

u
a
lity

is
a
sy

m
p

to
tica

lly
su

b
-o

p
tim

al,
w

h
ich

is
con

sisten
t

w
ith

th
e

resu
lt

p
roved

in
reg

ressio
n

b
y

A
rlo

t
(2

0
08

).
O

n
th

e
con

tra
ry,

ifB
=
B
n

h
a
s
V
n

b
lo

cs,
w

ith
V
n
→
∞

,
T

h
eo

rem
5

im
p

lies
u

n
d

er
assu

m
p

tio
n

(H
3

)
th

e
asy

m
p

to
tic

op
tim

ality
of
V
n
-fo

ld
cro

ss-va
lid

a
tio

n
in

th
e

n
o
n

p
a
ram

etric
case.T

h
e

b
o
u

n
d

ob
ta

in
ed

in
T

h
eorem

5
ca

n
b

e
in

teg
ra

ted
a
n

d
w

e
g
et

1−
δ−
−
ε

1
+
δ

+
+
ε E [‖s̃−

s‖
2 ]

6
E [

in
f

m
∈M

n ‖
ŝ
m
−
s‖

2 ]
+
κ
′ρ

2 (
ε,s,log (|M

n | ) )

fo
r

som
e

a
b

so
lu

te
con

stan
t
κ
′
>

0.
A

ssu
m

in
g
C
>

1
/2

is
n

ecessary,
a
cco

rd
in

g
to

m
in

im
al

p
en

alty
resu

lts
p

roved
b
y

L
era

sle
(20

1
2).

A
ssu

m
in

g
C

6
2

o
n

ly
sim

p
lifi

es
th

e
p

resen
ta

tio
n

;
if
C
>

2
,

th
e

sa
m

e
p

ro
o
f

sh
ow

s
th

a
t

T
h

eorem
5

h
o
ld

s
w

ith
κ

rep
laced

b
y
C
κ

.
A

n
o
ra

cle
in

eq
u

ality
sim

ila
r

to
T

h
eo

rem
5

h
o
ld

s
in

a
m

ore
g
en

eral
settin

g
,

a
s

p
roved

in
a

p
rev

io
u

s
v
ersio

n
of

th
is

p
a
p

er
(A

rlo
t

a
n

d
L

era
sle,

2
0
1
2,

T
h

eo
rem

1
);

w
e

sta
te

a
less

gen
era

l
resu

lt
h

ere
for

sim
p

lify
in

g
th

e
ex

p
o
sitio

n
,

sin
ce

it
d
o
es

n
o
t

ch
a
n

ge
th

e
m

essag
e

of
th

e
p

a
p

er.
F

irst,
a
ssu

m
p

tion
(R

e
g

)
ca

n
b

e
rela

x
ed

in
to

a
ssu

m
in

g
th

e
p

a
rtitio

n
B

is
clo

se
to

reg
u

la
r,

th
a
t

is,

B
is

a
p

a
rtitio

n
of

JnK
of

size
V

a
n

d
su

p
k∈JV

K ∣∣∣ C
a
rd

(B
k )−

nV

∣∣∣ 6
1
,

(R
e
g
′)

w
h

ich
ca

n
h

old
for

an
y
V
∈

JnK.
S

eco
n

d
,

d
a
ta

ξ
1 ,...,ξ

n
ca

n
b

elo
n

g
to

a
g
en

eral
P

olish
sp

a
ce
X

,
a
t

th
e

p
rice

o
f

so
m

e
ad

d
itio

n
a
l

tech
n

ica
l

assu
m

p
tio

n
.

3
.4

C
o
m

p
a
riso

n
w

ith
P

re
v
io

u
s

W
o
rk

s
o
n
V

-F
o
ld

P
ro

c
e
d
u

re
s

F
ew

n
o
n

-asy
m

p
totic

o
ra

cle
in

eq
u

a
lities

h
ave

b
een

p
roved

fo
r
V

-fo
ld

p
en

a
liza

tion
o
r

cro
ss-

va
lid

a
tion

p
ro

ced
u

res.
C

o
n

cern
in

g
cross-va

lid
a
tio

n
,
p

rev
io

u
s

o
ra

cle
in

eq
u

a
lities

a
re

listed
in

th
e

su
rv

ey
b
y

A
rlo

t
a
n

d
C

elisse
(2

01
0
).

In
th

e
lea

st-sq
u

a
res

d
en

sity
estim

a
tio

n
fra

m
ew

o
rk

,
o
racle

in
eq

u
a
lities

w
ere

p
rov

ed
b
y

van
d

er
L

a
a
n

et
a
l.

(2
0
04

)
in

th
e
V

-fo
ld

ca
se,

b
u

t
co

m
p

ared
th

e
risk

o
f

th
e

selected
estim

a
to

r
w

ith
th

e
risk

o
f

an
o
racle

tra
in

ed
w

ith
n

(V
−

1
)/
V

d
a
ta

.
In

co
m

p
a
riso

n
,
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A
r
l
o
t

a
n
d

L
e
r
a
sl

e

T
h

eorem
5

con
sid

ers
th

e
stron

gest
p

ossib
le

oracle,
th

at
is,

train
ed

w
ith

n
d

ata.
O

p
tim

al
oracle

in
eq

u
alities

w
ere

p
roved

b
y

C
elisse

(2014)
for

leave-p
-o

u
t

estim
ators

w
ith

p
�

n
,

a
case

a
lso

treated
in

T
h

eorem
5

b
y

tak
in

g
V

=
n

an
d
C

=
(n
/p−

1
/2)/

(n
/p−

1)
as

sh
ow

n
b
y

L
em

m
a

1.
If
p
�
n

,
C
∼

1,
h

en
ce
δ

=
o(1)

an
d

w
e

recover
th

e
resu

lt
o
f

C
elisse

(2014
).

C
on

cern
in

g
V

-fold
p

en
alization

,
p

rev
iou

s
resu

lts
w

ere
eith

er
valid

for
V

=
n

on
ly

—
b
y

M
assart

(200
7,

T
h

eorem
7.6)

an
d

L
erasle

(2012)
for

least-sq
u

ares
d

en
sity

estim
ation

,
b
y

A
rlot

(2
009)

fo
r

regressogram
estim

ators—
,

or
for

V
b

o
u

n
d

ed
w

h
en
n

ten
d

s
to

in
fi

n
ity

—
b
y

A
rlo

t
(2008)

for
regressogram

estim
ators.

In
co

m
p

arison
,

T
h

eorem
5

p
rov

id
es

a
resu

lt
valid

fo
r

all
V

,
ex

cep
t

for
th

e
assu

m
p

tion
th

at
V

d
iv

id
es
n

,
w

h
ich

can
b

e
rem

oved
(A

rlot
an

d
L

era
sle,

20
12).

In
p

articu
lar,

th
e

loss
b

ou
n

d
b
y

A
rlot

(200
8)

d
eterio

rates
w

h
en

V
grow

s,
w

h
ile

it
rem

a
in

s
stab

le
in

ou
r

resu
lt.

O
u

r
resu

lt
is

th
erefore

m
u

ch
closer

to
th

e
ty

p
ical

b
eh

av
io

r
of

th
e

loss
ratio

‖
s̃−

s‖
2/

in
f
m
∈M

n ‖
ŝ
m
−
s‖

2
of
V

-fo
ld

p
en

alization
,

w
h

ich
u

su
ally

d
ecreases

a
s

a
fu

n
ction

of
V

in
sim

u
lation

ex
p

erim
en

ts,
see

S
ectio

n
6

an
d

th
e

ex
p

erim
en

ts
b
y

A
rlot

(2008
),

for
in

stan
ce.

T
h

eorem
5

m
ay

n
ot

satisfactorily
ad

d
ress

th
e

p
aram

etric
settin

g,
th

at
is,

w
h
en

th
e

collection
(S
m

)
m
∈M

n
con

tain
s

som
e

fi
x
ed

tru
e

m
o
d

el.
In

su
ch

a
case,

th
e

u
su

al
w

ay
to

o
b

tain
asy

m
p

to
tic

op
tim

ality
is

to
u

se
a

m
o
d

el
selection

p
ro

ced
u

re
targettin

g
id

en
tifi

cation
,

th
a
t

is,
tak

in
g
C
→

+
∞

w
h

en
n
→

+
∞

.
F

or
in

stan
ce,

C
elisse

(2014,
T

h
eorem

3.3)
sh

ow
s

th
at

log
(n

)�
C
�
n

is
a

su
ffi

cien
t

con
d

ition
for

su
ch

a
resu

lt.

4
.

H
o
w

to
C

o
m

p
a
re

T
h
e
o
re

tica
lly

th
e

P
e
rfo

rm
a
n
ce

s
o
f

M
o
d
e
l

S
e
le

ctio
n

P
ro

ce
d
u
re

s
fo

r
E

stim
a
tio

n
?

T
h

e
m

ain
go

al
of

th
e

p
ap

er
is

to
com

p
are

th
e

m
o
d

el
selection

p
erform

an
ces

of
several

(V
-

fold
)

cross-valid
a
tion

m
eth

o
d

s,
w

h
en

th
e

goal
is

estim
a
tion

,
th

at
is,

m
in

im
izin

g
th

e
loss

‖
ŝ
m̂
−
s‖

2
of

th
e

fi
n

al
estim

ator.
In

th
is

section
,

w
e

d
iscu

ss
h

ow
su

ch
a

co
m

p
arison

can
b

e
m

a
d

e
on

th
eoretical

grou
n

d
s,

in
a

gen
eral

settin
g.

F
or

som
e

d
ata

-d
riven

fu
n

ction
C

:M
n
→

R
,

th
e

g
oal

is
to

u
n

d
erstan

d
h

ow
‖ŝ
m̂

(C
) −

s‖
2

d
ep

en
d

s
o
n
C

w
h

en
th

e
selected

m
o
d

el
is

m̂
(C

)∈
argm

in
m
∈M

n {C
(m

) }
.

(18)

F
rom

n
ow

on
,

in
th

is
section

,C
is

assu
m

ed
to

b
e

a
cross-valid

a
tion

estim
ator

of
th

e
risk

,
b

u
t

th
e

h
eu

ristic
d

evelop
ed

h
ere

ap
p

lies
to

th
e

gen
eral

case.

Id
ea

l
co

m
p
a
riso

n
.

Id
eally,

for
p

rov
in

g
th

atC
1

is
a

b
etter

m
eth

o
d

th
an
C

2
in

so
m

e
settin

g,
w

e
w

ou
ld

like
to

p
rove

th
at∥∥
ŝ
m̂

(C
1
) −

s ∥∥
2
<

(1−
ε
n
) ∥∥
ŝ
m̂

(C
2
) −

s ∥∥
2

(19)

w
ith

a
la

rg
e

p
rob

ab
ility,

for
som

e
ε
n
>

0.

P
re

v
io

u
s

w
o
rk

s
a
n

d
th

e
ir

lim
its.

W
h

en
th

e
g
oal

is
estim

ation
,

th
e

cla
ssica

l
w

ay
to

a
n

a
ly

ze
th

e
p

erfo
rm

an
ce

of
a

m
o
d

el
selection

p
ro

ced
u

re
is

to
p

rov
e

an
oracle

in
eq

u
ality,

th
at

is,
to

u
p
per

bo
u

n
d

(w
ith

a
large

p
rob

ab
ility

or
in

ex
p

ectatio
n

)

∥∥
ŝ
m̂

(C
) −

s ∥∥
2−

in
f

m
∈M

n {‖ŝ
m
−
s‖

2 }
or

R
n
(C

)
:=

∥∥
ŝ
m̂

(C
) −

s ∥∥
2

in
f
m
∈M

n {‖ŝ
m
−
s‖

2 }
.
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C
h
o
ic

e
o
f
V

f
o
r
V

-f
o
l
d

C
r
o
ss

-V
a
l
id

a
t
io

n
in

L
e
a
st

-S
q
u
a
r
e
s

D
e
n
si

t
y

E
st

im
a
t
io

n

A
lt

er
n

at
iv

el
y,

as
y
m

p
to

ti
c

re
su

lt
s

sh
ow

th
at

w
h

en
n

te
n

d
s

to
in

fi
n

it
y,
R
n
(C

)
→

1
(a

sy
m

p
to

ti
c

op
ti

m
al

it
y

of
C)

or
R
n
(C

1
)
∼

R
n
(C

2
)

(a
sy

m
p

to
ti

c
eq

u
iv

al
en

ce
of
C 1

an
d
C 2

);
se

e
A

rl
ot

an
d

C
el

is
se

(2
01

0,
S

ec
ti

on
6)

fo
r

a
re

v
ie

w
o
f

su
ch

re
su

lt
s.

N
ev

er
th

el
es

s,
p

ro
v
in

g
E

q
.

(1
9)

re
q
u

ir
es

a
lo

w
er

b
ou

n
d

on
R
n
(C

)
(a

sy
m

p
to

ti
c

or
n

ot
),

w
h

ic
h

h
as

b
ee

n
d

on
e

o
n

ly
o
n

ce
fo

r
so

m
e

cr
os

s-
va

li
d

at
io

n
m

et
h

o
d

,
to

th
e

b
es

t
of

ou
r

k
n

ow
le

d
ge

.
In

so
m

e
le

a
st

-s
q
u

a
re

s
re

gr
es

si
on

se
tt

in
g,
V

-f
ol

d
cr

os
s-

va
li

d
at

io
n

(C
V

F
)

p
er

fo
rm

s
(a

sy
m

p
to

ti
ca

ll
y
)

w
or

se
th

a
n

al
l

as
y
m

p
to

ti
ca

ll
y

op
ti

m
al

m
o
d

el
se

le
ct

io
n

p
ro

ce
d

u
re

s
si

n
ce

R
n
(C

V
F
)
>
κ

(V
)
>

1
w

it
h

a
la

rg
e

p
ro

b
ab

il
it

y
(A

rl
ot

,
20

08
).

T
h

e
m

a
jo

r
li

m
it

at
io

n
of

al
l

th
es

e
p

re
v
io

u
s

re
su

lt
s

is
th

at
th

ey
ca

n
on

ly
co

m
p

a
re
C 1

to
C 2

at
fi

rs
t

or
d

er
,

th
at

is
,

ac
co

rd
in

g
to

li
m
n
→
∞
R
n
(C

1
)/
R
n
(C

2
),

w
h

ic
h

on
ly

d
ep

en
d

s
o
n

th
e

b
ia

s
of
C i

(m
)

(i
=

1,
2)

as
an

es
ti

m
at

or
of

E[
‖ŝ
m
−
s‖

2
],

h
en

ce
,

on
th

e
as

y
m

p
to

ti
c

ra
ti

o
b

et
w

ee
n

th
e

tr
ai

n
in

g
se

t
si

ze
an

d
th

e
sa

m
p

le
si

ze
(A

rl
ot

an
d

C
el

is
se

,
20

10
,

S
ec

ti
on

6
).

F
o
r

in
st

a
n

ce
,

th
e

le
av

e-
p
-o

u
t

an
d

th
e

h
ol

d
-o

u
t

w
it

h
a

tr
ai

n
in

g
se

t
of

si
ze

(n
−
p
)

ca
n

n
ot

b
e

d
is

ti
n

g
u

is
h

ed
at

fi
rs

t
or

d
er

,
w

h
il

e
th

e
le

av
e-
p
-o

u
t

p
er

fo
rm

s
m

u
ch

b
et

te
r

in
p

ra
ct

ic
e,

ce
rt

ai
n

ly
b

ec
a
u

se
it

s
“v

ar
ia

n
ce

”
is

m
u

ch
sm

al
le

r.

B
e
y
o
n

d
fi

rs
t-

o
rd

e
r.

S
o,

w
e

m
u

st
go

b
ey

on
d

th
e

fi
rs

t-
or

d
er

of
R
n
(C

)
a
n

d
ta

k
e

in
to

ac
-

co
u

n
t

th
e

va
ri

an
ce

of
C(
m

).
N

ev
er

th
el

es
s,

p
ro

v
in

g
a

lo
w

er
b

ou
n

d
on

R
n
(C

)
is

a
lr

ea
d

y
ch

al
le

n
gi

n
g

at
fi

rs
t

or
d

er
—

p
ro

b
ab

ly
th

e
re

as
on

w
h
y

on
ly

on
e

h
as

b
ee

n
p

ro
ve

d
u
p

to
n

ow
,

in
a

sp
ec

ifi
c

se
tt

in
g

on
ly

—
so

th
e

ch
al

le
n

ge
of

co
m

p
u

ti
n

g
a

p
re

ci
se

lo
w

er
b

ou
n

d
o
n

th
e

se
co

n
d

or
d

er
te

rm
of

R
n
(C

)
se

em
s

to
o

h
ig

h
fo

r
th

e
p
re

se
n
t

p
ap

er
.

W
e

p
ro

p
os

e
in

st
ea

d
a

h
eu

ri
st

ic
sh

ow
in

g
th

at
th

e
va

ri
an

ce
s

of
so

m
e

q
u

an
ti

ti
es

—
d

ep
en

d
in

g
on

(C
i)
i=

1
,2

an
d

o
n
M

n
—

ca
n

b
e

u
se

d
as

a
p

ro
x
y

to
a

p
ro

p
er

co
m

p
ar

is
on

of
R
n
(C

1
)

an
d
R
n
(C

2
)

at
se

co
n

d
o
rd

er
.

S
in

ce
w

e
fo

cu
s

on
se

co
n

d
-o

rd
er

te
rm

s,
fr

om
n

ow
on

,
w

e
as

su
m

e
th

at
C 1

an
d
C 2

h
av

e
th

e
sa

m
e

b
ia

s,
th

at
is

,

∀m
∈
M

n
,

E[
C 1

(m
)]

=
E[
C 2

(m
)]

.
(S

a
m

e
B

ia
s)

In
le

as
t-

sq
u

ar
es

d
en

si
ty

es
ti

m
at

io
n

,
gi

ve
n

L
em

m
a

1,
th

is
m

ea
n

s
th

at
fo

r
i
∈
{1
,2
},

C i
=
C (
C
,B
i
)

as
d

efi
n

ed
b
y

E
q
.

(1
1)

,
w

it
h

d
iff

er
en

t
p

ar
ti

ti
on

s
B i

sa
ti

sf
y
in

g
(R

e
g

)
w

it
h

d
iff

er
en

t
V

=
V
i,

b
u

t
th

e
sa

m
e

co
n

st
an

t
C
>

0;
C

=
1

co
rr

es
p

on
d

s
to

th
e

u
n
b

ia
se

d
ca

se
.

T
h
e

v
a
ri

a
n

ce
o
f

th
e

c
ro

ss
-v

a
li

d
a
ti

o
n

c
ri

te
ri

a
is

n
o
t

th
e

co
rr

ec
t

q
u

a
n

ti
ty

to
lo

o
k

a
t.

If
w

e
w

er
e

on
ly

co
m

p
ar

in
g

cr
os

s-
va

li
d

a
ti

on
m

et
h

o
d

s
C 1
,C

2
a
s

es
ti

m
at

or
s

of
E[
‖ŝ
m
−
s‖

2
]

fo
r

ev
er

y
si

n
gl

e
m
∈
M

n
,

w
e

co
u

ld
n

at
u

ra
ll

y
co

m
p

ar
e

th
em

th
ro

u
g
h

th
ei

r
m

ea
n

sq
u

ar
ed

er
ro

rs
.

U
n

d
er

as
su

m
p

ti
on

(S
a
m

e
B

ia
s)

,
th

is
w

ou
ld

m
ea

n
to

co
m

p
ar

e
th

ei
r

va
ri

an
ce

s.
T

h
is

ca
n

b
e

d
on

e
fr

om
E

q
.
(2

3)
b

el
ow

,
b

u
t

it
is

n
ot

su
ffi

ci
en

t
to

so
lv

e
o
u

r
p

ro
b

le
m

,
si

n
ce

it
is

k
n

ow
n

th
at

th
e

b
es

t
cr

o
ss

-v
al

id
at

io
n

es
ti

m
at

or
of

th
e

ri
sk

d
o
es

n
o
t

n
ec

es
sa

ri
ly

y
ie

ld
th

e
b

es
t

m
o
d

el
se

le
ct

io
n

p
ro

ce
d

u
re

(B
re

im
an

an
d

S
p

ec
to

r,
19

92
).

M
o
re

p
re

ci
se

ly
,

th
e

se
le

ct
ed

m
o
d

el
m̂

(C
)

d
efi

n
ed

b
y

E
q
.

(1
8)

is
u

n
ch

an
ge

d
w

h
en
C(
m

)
is

tr
a
n

sl
a
te

d
b
y

a
n
y

ra
n

d
om

q
u

an
ti

ty
,

b
u

t
su

ch
a

tr
an

sl
at

io
n

d
o
es

ch
an

ge
V

ar
(C

(m
))

an
d

ca
n

m
a
k
e

it
a
s

la
rg

e
as

d
es

ir
ed

.
F

or
m

o
d

el
se

le
ct

io
n

,
w

h
a
t

re
al

ly
m

at
te

rs
is

th
at

si
gn
( C

(m
1
)
−
C(
m

2
))

=
si

gn
( ‖
ŝ m

1
−
s‖

2
−
‖ŝ
m

2
−
s‖

2
)
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0

A
r
l
o
t

a
n
d

L
e
r
a
sl

e

as
o
ft

en
as

p
os

si
b
le

fo
r

ev
er

y
(m

1
,m

2
)
∈
M

2 n
,

a
n

d
th

a
t

m
o
st

m
is

ta
ke

s
in

th
e

ra
n

k
in

g
of

m
o
d

el
s

o
cc

u
r

w
h

en
‖ŝ
m

1
−
s‖

2
−
‖ŝ
m

2
−
s‖

2
is

sm
a
ll

,
so

th
at
‖ŝ
m̂

(C
)
−
s‖

2
ca

n
n

o
t

b
e

m
u

ch
la

rg
er

th
an

in
f m
∈M

n
{‖
ŝ m
−
s‖

2
}.

H
e
u

ri
st

ic
.

T
h

e
h

eu
ri

st
ic

w
e

p
ro

p
o
se

g
o
es

a
s

fo
ll

ow
s.

F
o
r

si
m

p
li

ci
ty

,
w

e
as

su
m

e
th

at
m
?

=
ar

gm
in
m
∈M

n
E[
‖ŝ
m
−
s‖

2
]

is
u

n
iq

u
el

y
d

efi
n

ed
.

If
th

e
go

a
l

w
a
s

id
en

ti
fi

ca
ti

o
n

,
w

e
co

u
ld

d
ir

ec
tl

y
st

at
e

th
at

fo
r

a
n
y
C,

th
e

sm
a
ll

er
is
P(
m

=
m̂

(C
))

fo
r

al
l
m
6=
m
?
,

th
e

b
et

te
r

sh
ou

ld
b

e
th

e
p

er
fo

rm
an

ce
o
f
m̂

(C
).

In
th

is
p

a
p

er
,

ou
r

go
a
l

is
es

ti
m

a
ti

o
n

,
b

u
t

a
si

m
il

a
r

cl
a
im

ca
n

b
e

co
n

je
ct

u
re

d
b
y

co
n

si
d

er
in

g
“a

ll
m
∈
M

n
su

ffi
ci

en
tl

y
fa

r
fr

om
m
?

in
te

rm
s

o
f

ri
sk

”,
th

at
is

,
a
ll
m
∈
M

n
su

ch
th

at
E[
‖ŝ
m
−
s‖

2
]

is
si

gn
ifi

ca
n
tl

y
w

o
rs

e
th

an
E[
‖ŝ
m
?
−
s‖

2
].

In
d

ee
d

,
fo

r
a
n
y
m

“
cl

os
e

to
m
?
”

in
te

rm
s

o
f

ri
sk

,
se

le
ct

in
g
m

in
st

ea
d

o
f
m
?

d
o
es

n
o
t

si
g
n

ifi
ca

n
tl

y
ch

a
n

ge
th

e
p

er
fo

rm
a
n

ce
o
f
m̂

(C
);

on
th

e
co

n
tr

ar
y,

fo
r

an
y
m

“f
a
r

fr
o
m
m
?
”

in
te

rm
s

o
f

ri
sk

,
se

le
ct

in
g
m

in
st

ea
d

of
m
?

d
o
es

in
cr

ea
se

si
g
n

ifi
ca

n
tl

y
th

e
ri

sk
E[
‖ŝ
m̂

(C
)
−
s‖

2
].

T
h

en
,

ou
r

id
ea

is
to

fi
n

d
a

p
ro

x
y

fo
r
P(
m

=
m̂

(C
))

,
th

a
t

is
,

a
q
u
a
n
ti

ty
th

at
sh

ou
ld

b
eh

av
e

si
m

il
ar

ly
as

a
fu

n
ct

io
n

o
f
C

an
d

it
s

“
va

ri
a
n

ce
”

p
ro

p
er

ti
es

.
F

or
a
ll
m
,m
′
∈
M

n
,

le
t

∆
C(
m
,m
′ )

:=
C(
m

)
−
C(
m
′ )

,
N

so
m

e
st

an
d

a
rd

G
a
u

ss
ia

n
ra

n
d

om
va

ri
a
b

le
a
n

d
,

fo
r

a
ll
t
∈
R

,
Φ

(t
)

=
P(
N
>
t)

.
T

h
en

,
fo

r
ev

er
y
m
∈
M

n

P(
m̂

(C
)

=
m
) =

P(
∀m
′ 6=

m
,

∆
C(
m
,m
′ )
<

0
)

�
m

in
m

′ 6=
m
P(

∆
C(
m
,m
′ )
<

0)
(2

0
)

≈
m

in
m

′ 6=
m
P(

E[
∆
C(
m
,m
′ )
] +
N
√

V
a
r(

∆
C(
m
,m
′ )

)
<

0
)

(2
1)

=
Φ
( S

N
R
C(
m

))
w

h
er

e
S

N
R
C(
m

)
:=

m
a
x

m
′ 6=
m

E[
∆
C(
m
,m
′ )
]

√
V

a
r(

∆
C(
m
,m
′ )
)
.

S
o,

if
S

N
R
C 1

(m
)
>

S
N

R
C 2

(m
)

fo
r

a
ll
m

“
su

ffi
ci

en
tl

y
fa

r
fr

o
m
m
?
”
,
C 1

sh
ou

ld
b

e
b

et
te

r
th

an
C 2

.
A

ss
u
m

in
g

(S
a
m

e
B

ia
s)

h
o
ld

s
tr

u
e

a
n

d
th

a
t

{m
?
}

=
a
rg

m
in

m
∈M

n

E[
C 1

(m
)]

=
a
rg

m
in

m
∈M

n

E[
C 2

(m
)]

,
(S

a
m

e
M

in
)

th
is

le
ad

s
to

th
e

fo
ll

ow
in

g
h

eu
ri

st
ic

∀m
6=
m
′ ,

V
ar
( ∆
C 1

(m
,m
′ )
) <

V
a
r(

∆
C 2

(m
,m
′ )
) ⇒

C 1
b

et
te

r
th

an
C 2

.
(2

2
)

In
d

ee
d

,
fo

r
ev

er
y
m
6=
m
′ ,

as
su

m
p

ti
o
n

(S
a
m

e
M

in
)

im
p

li
es

th
a
t

S
N

R
C i

(m
)
>

0
fo

r
i

=
1,

2,
h

en
ce

w
e

ca
n

re
st

ri
ct

th
e

m
a
x

in
th

e
d

efi
n

it
io

n
o
f

S
N

R
C i

to
a
ll
m
′

su
ch

th
a
t
E[

∆
C i

(m
,m
′ )

]
is

p
os

it
iv

e.
B

y
as

su
m

p
ti

o
n

(S
a
m

e
B

ia
s)

,
th

e
n
u

m
er

a
to

r
in

th
e

d
efi

n
it

io
n

o
f

S
N

R
C i

d
o
es

n
o
t

d
ep

en
d

o
n
i,

h
en

ce
th

e
ra

ti
o

is
m

a
x
im

a
l

w
h

en
th

e
d

en
o
m

in
a
to

r
is

m
in

im
al

,
w

h
ic

h
le

ad
s

to
E

q
.

(2
2)

.
L

et
u

s
m

ak
e

so
m

e
re

m
a
rk

s.

•
T

h
e

q
u

an
ti

ty
∆
C(
m
,m
′ )

a
p

p
ea

rs
in

re
la

ti
ve

b
o
u

n
d

s
(C

a
to

n
i,

2
00

7
,

S
ec

ti
on

1.
4
)

w
h

ic
h

ca
n

b
e

u
se

d
a
s

a
to

ol
fo

r
m

o
d

el
se

le
ct

io
n

(A
u

d
ib

er
t,

2
00

4
).

•
A

ss
u

m
p

ti
on

s
(S

a
m

e
B

ia
s)

a
n

d
(S

a
m

e
M

in
)

h
o
ld

tr
u

e
in

p
ar

ti
cu

la
r

in
th

e
u
n
b

ia
se

d
ca

se
,

th
at

is
,

w
h

en
E[
C i

(m
)]

=
E[
‖ŝ
m
−
s‖

2
]

fo
r

a
ll
m
∈
M

n
a
n

d
i
∈
{1
,2
}.
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C
h
o
ic

e
o
f
V

f
o
r
V

-f
o
l
d

C
r
o
ss-V

a
l
id

a
t
io

n
in

L
e
a
st

-S
q
u
a
r
e
s

D
e
n
sit

y
E

st
im

a
t
io

n

•
A

ssu
m

p
tio

n
(S

a
m

e
M

in
)

is
n

ecessa
ry

:
F

igu
re

3
sh

ow
s

a
n

ex
a
m

p
le

w
h

ere
a

la
rg

er
va

ria
n

ce
co

rresp
o
n
d

s
to

b
etter

p
erfo

rm
a
n

ce
u

n
d

er
a
ssu

m
p

tio
n

(S
a
m

e
B

ia
s)

a
lo

n
e.

•
A

s
n

o
ticed

a
b

ove,
th

e
h
eu

ristic
(2

2
)

sh
o
u

ld
a
p

p
ly

w
h

en
th

e
g
o
a
l

is
estim

a
tio

n
a
n

d
w

h
en

th
e

g
oa

l
is

id
en

tifi
catio

n
,

p
rov

id
ed

th
a
t

(S
a
m

e
B

ia
s)

a
n

d
(S

a
m

e
M

in
)

h
o
ld

tru
e.

W
h

at
sh

o
u

ld
d

ep
en

d
o
n

th
e

g
o
a
l

is
th

e
su

ita
b

le
a
m

o
u

n
t

o
f

b
ia

s
fo

rC
i (m

)
as

a
n

estim
a
to

r
o
f

th
e

risk
E

[‖ŝ
m
−
s‖

2].

•
A

p
p

rox
im

ation
(2

0
)

is
th

e
stro

n
g
est

o
n

e.
C

lea
rly,

in
eq

u
ality

6
h

o
ld

s
tru

e.
T

h
e

eq
u

al-
ity

ca
se

o
ccu

rs
is

fo
r

a
very

p
articu

la
r

d
ep

en
d

en
ce

settin
g
,

th
a
t

is,
w

h
en

o
n

e
am

on
g

th
e

even
ts

({∆
C (m

,m
′)
<

0}
),
m
′∈
M

n
,

is
in

clu
d

ed
in

to
all

th
e

o
th

ers.
In

g
en

era
l,

th
e

left-h
a
n

d
sid

e
is

sig
n

ifi
can

tly
sm

a
ller

th
a
n

th
e

rig
h
t-h

a
n

d
sid

e;
w

e
co

n
jectu

re
th

at
th

ey
vary

sim
ila

rly
a
s

a
fu

n
ctio

n
o
fC

.

•
T

h
e

G
au

ssia
n

a
p

p
rox

im
a
tion

(2
1
)

fo
r

∆
C (m

,m
′)

d
o
es

n
o
t

h
o
ld

ex
a
ctly,

b
u

t
it

seem
s

rea
son

ab
le

to
m

ake
it,

at
fi

rst
o
rd

er
a
t

least.

•
T

h
e

valid
ity

of
a
p

p
rox

im
atio

n
s

(2
0
)

a
n

d
(2

1
)

is
su

p
p

o
rted

b
y

th
e

n
u

m
erica

l
ex

p
eri-

m
en

ts
o
f

S
ection

6
.

In
th

e
h

eu
ristic

(2
2),

a
ll

(m
,m
′)

d
o

n
o
t

m
a
tter

eq
u

a
lly

for
ex

p
la

in
in

g
a

q
u

a
n
titative

d
iff

er-
en

ce
in

th
e

p
erfo

rm
a
n

ces
o
fC

.
F

irst,
w

e
ca

n
fi

x
m
′

=
m
?,

sin
ce

in
tu

itively,
th

e
stro

n
g
est

ca
n

d
id

a
te

ag
a
in

st
an

y
m
6=
m
?

is
m
?,

w
h

ich
clea

rly
h

o
ld

s
in

all
ou

r
ex

p
erim

en
ts,

see
F

ig
-

u
res

1
8

a
n

d
24

in
S

ectio
n

G
o
f

th
e

O
n

lin
e

A
p

p
en

d
ix

.
S

eco
n

d
,

a
s

m
en

tio
n

ed
a
b

ove,
if
m

a
n

d
m
?

are
very

close,
th

at
is,‖

ŝ
m
−
s‖

2/‖ŝ
m
?−

s‖
2

is
sm

a
ller

th
a
n

th
e

m
in

im
a
l

o
rd

er
o
f

m
a
g
n

itu
d

e
w

e
ca

n
ex

p
ect

fo
r
R
n
(C

)
w

ith
a

d
a
ta

-d
riv

en
C

,
ta

k
in

g
m

in
stea

d
of
m
?

d
o
es

n
ot

d
ecrea

se
th

e
p

erform
an

ce
sign

ifi
ca

n
tly.

T
h

ird
,

if
Φ

(S
N

R
C (m

))
is

very
sm

a
ll,

in
crea

sin
g

it
even

b
y

an
o
rd

er
o
f

m
a
gn

itu
d

e
w

ill
n

o
t

aff
ect

th
e

p
erfo

rm
a
n

ce
o
f
m̂

(C
)

sign
ifi

ca
n
tly

;
h

en
ce,

all
m

su
ch

th
a
t,

say,
S

N
R
C (m

)�
(log

(n
))
α

fo
r

a
ll
α
>

0
,

ca
n

a
lso

b
e

d
isca

rd
ed

.
O

vera
ll,

p
airs

(m
,m
′)

th
at

rea
lly

m
a
tter

in
(2

2
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ŝ m

2
)(
ξ)
) −

(n
+

1)
V

ar
( (s

m
1
−
s m

2
)(
ξ)
)
.

17
JM

L
R

 1
7(

20
8)

:1
-5

0

A
r
l
o
t

a
n
d

L
e
r
a
sl

e

0
0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

1
0

0
.2

0
.4

0
.6

0
.81

1
.2

1
.4

1
.6

0
0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

1
0

0
.51

1
.52

2
.53

3
.5

F
ig

u
re

1:
T

h
e

tw
o

d
en

si
ti

es
co

n
si

d
er

ed
.

L
ef

t:
se

tt
in

g
L

.
R

ig
h
t:

se
tt

in
g

S
.

6
.

S
im

u
la

ti
o
n

S
tu

d
y

T
h

is
se

ct
io

n
il

lu
st

ra
te

s
th

e
m

a
in

th
eo

re
ti

ca
l

re
su

lt
s

o
f

th
e

p
a
p

er
w

it
h

so
m

e
ex

p
er

im
en

ts
on

sy
n
th

et
ic

d
a
ta

.

6
.1

S
e
tt

in
g

In
th

is
se

ct
io

n
,

w
e

ta
k
e
X

=
[0
,1

]
an

d
µ

is
th

e
L

eb
es

g
u

e
m

ea
su

re
on
X

.
T

w
o

ex
am

p
le

s
ar

e
co

n
si

d
er

ed
fo

r
th

e
ta

rg
et

d
en

si
ty
s

an
d

fo
r

th
e

co
ll

ec
ti

on
o
f

m
o
d

el
s

(S
m

) m
∈M

n
.

T
w

o
d
en

si
ty

fu
n

ct
io

n
s
s

a
re

co
n

si
d

er
ed

,
se

e
F

ig
u

re
1
:

•
S

et
ti

n
g

L
:
s(
x

)
=

1
0
x 3
1

0
6
x
<

1
/
3

+
(1

+
x 3
)1

1
>
x
>

1
/
3
.

•
S

et
ti

n
g

S
:
s

is
th

e
m

ix
tu

re
o
f

th
e

p
ie

ce
w

is
e

li
n

ea
r

d
en

si
ty

x
7→

(8
x
−

4
)1

1
>
x
>

1
/
2

(w
it

h
w

ei
gh

t
0
.8

)
an

d
fo

u
r

tr
u

n
ca

te
d

G
a
u

ss
ia

n
d

en
si

ti
es

w
it

h
m

ea
n

s
(k
/
1
0)
k
=

1
,.
..
,4

a
n

d
st

an
d

ar
d

d
ev

ia
ti

o
n

1/
6
0

(e
a
ch

w
it

h
w

ei
g
h
t

0.
0
5
).

T
w

o
co

ll
ec

ti
o
n

s
o
f

m
od

el
s

a
re

co
n

si
d

er
ed

,
b

o
th

le
ad

in
g

to
h

is
to

g
ra

m
es

ti
m

a
to

rs
:

fo
r

ev
er

y
m
∈
M

n
,
S
m

is
th

e
se

t
o
f

p
ie

ce
w

is
e

co
n

st
a
n
t

fu
n

ct
io

n
s

o
n

so
m

e
p

ar
ti

ti
o
n

Λ
m

o
f
X

.

•
“R

eg
u

”
fo

r
re

gu
la

r
h

is
to

g
ra

m
s:
M

n
=
{1
,.
..
,n
}

w
h

er
e

fo
r

ev
er

y
m
∈
M

n
,

Λ
m

is
th

e
re

gu
la

r
p

a
rt

it
io

n
o
f

[0
,1

]
in

to
m

b
in

s.

•
“D

ya
2”

fo
r

d
ya

d
ic

re
gu

la
r

h
is

to
g
ra

m
s

w
it

h
tw

o
b

in
si

ze
s

a
n

d
a

va
ri

a
b

le
ch

a
n

g
e-

p
o
in

t:

M
n

=
⋃

k
∈{

1
,.
..
,ñ
}{
k
}×

{ 0
,.
..
,⌊

lo
g

2
(k

)⌋
}
×
{ 0,

..
.,
⌊ lo

g
2
(ñ
−
k
)⌋
}

w
h

er
e
ñ

=
bn
/

lo
g
(n

)c
a
n

d
fo

r
ev

er
y

(k
,i
,j

)
∈
M

n
,

Λ
(k
,i
,j

)
is

th
e

u
n

io
n

of
th

e
re

gu
la

r
p

ar
ti

ti
on

of
[0
,k
/
ñ

)
in

to
2i

p
ie

ce
s

a
n

d
th

e
re

gu
la

r
p

ar
ti

ti
o
n

o
f

[k
/
ñ
,1

]
in

to
2j

p
ie

ce
s.

T
h

e
d

iff
er

en
ce

b
et

w
ee

n
“
R

eg
u
”

a
n

d
“D

ya
2
”

ca
n

b
e

v
is

u
a
li

ze
d

o
n

F
ig

u
re

2
,

o
n

w
h

ic
h

th
e

co
rr

es
p

on
d

in
g

or
a
cl

e
es

ti
m

a
to

rs
ŝ m̂

?
h

av
e

b
ee

n
p

lo
tt

ed
fo

r
o
n

e
sa

m
p

le
in

se
tt

in
g

S
,

w
h

er
e

m̂
?
∈

a
rg

m
in

m
∈M

n

‖ŝ
m
−
s‖

2
.

18
JM

L
R

 1
7(

20
8)

:1
-5

0



C
h
o
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e
o
f
V

f
o
r
V

-f
o
l
d

C
r
o
ss-V

a
l
id

a
t
io

n
in

L
e
a
st

-S
q
u
a
r
e
s

D
e
n
sit

y
E

st
im

a
t
io

n

0
0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

1
0

0
.5 1

1
.5 2

2
.5 3

3
.5

0
0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9

1
0

0
.5 1

1
.5 2

2
.5 3

3
.5

F
ig

u
re

2
:

O
racle

estim
a
to

r
fo

r
on

e
sa

m
p

le
o
f

size
n

=
5
0
0,

in
settin

g
S

.
L

eft:
R

eg
u

.
R

ig
h
t:

D
ya

2.

S
ettin

g
O

racle(R
egu

)
O

racle(D
ya2

)
B

est(R
eg

u
)

B
est(D

ya
2
)

L
13
.4±

0.1
5
.4

6±
0.0

2
2
5
.8±

0
.1

1
9
.4±

0.1
S

6
2.4±

0
.1

4
3
.9
±

0.1
1
0
0
.9±

0
.2

8
3
.4±

0.2

T
ab

le
1
:

C
o
m

p
a
rison

of
R

egu
a
n
d

D
ya

2:
q
u

ad
ratic

risk
sE

[‖ŝ
m̂ −

s‖
2]

o
f
“
O

ra
cle”

an
d

“
B

est”
estim

a
tors

(m
u

ltip
lied

b
y

1
0

3)
w

ith
th

e
tw

o
co

llectio
n

s
o
f

m
o
d

els.
“
B

est”
m

ea
n

s
th

at
m̂

is
th

e
d

a
ta

-d
riv

en
p

ro
ced

u
re

m
in

im
izin

g
E

[‖
ŝ
m̂
−
s‖

2]
a
m

o
n

g
a
ll

th
e

d
a
ta-

d
riven

p
ro

ced
u

res
w

e
co

n
sid

ered
in

o
u

r
ex

p
erim

en
ts

(see
S

ectio
n

6
.2).

“
O

ra
cle”

m
ea

n
s

th
a
t
m̂
∈

argm
in
m
∈M

n ‖ŝ
m
−
s‖

2
is

th
e

o
ra

cle
m

o
d

el
fo

r
ea

ch
sa

m
p

le.

W
h

ile
“
R

eg
u

”
is

o
n

e
o
f

th
e

sim
p

lest
a
n
d

m
o
st

cla
ssica

l
co

llectio
n

s
fo

r
d

en
sity

estim
a
tio

n
,
th

e
fl

ex
ib

ility
o
f

“
D

ya
2”

a
llow

s
to

a
d

a
p

t
to

th
e

va
ria

b
ility

o
f

th
e

sm
o
o
th

n
ess

of
s.

In
tu

itively,
in

settin
g
s

L
a
n

d
S

,
th

e
op

tim
al

b
in

size
is

sm
a
ller

o
n

[0
,1
/
2
]

(w
h

ere
s

is
va

ry
in

g
fa

stly
)

th
a
n

o
n

[1/
2,1

]
(w

h
ere
|s ′|

is
m

u
ch

sm
a
ller).

A
n

o
th

er
p

o
in

t
of

co
m

p
ariso

n
of

R
egu

a
n

d
D

ya
2

is
g
iv

en
b
y

T
ab

le
1
,

th
a
t

rep
orts

va
lu

es
o
f

th
e

q
u

ad
ra

tic
risk

s
o
b

ta
in

ed
d

ep
en

d
in

g
o
n

th
e

co
llection

of
m

o
d

els
con

sid
ered

.
T

a
b

le
1

sh
ow

s
th

a
t

in
settin

g
s

L
a
n

d
S
,

th
e

collection
D

ya
2

h
elp

s
red

u
cin

g
th

e
q
u

ad
ra

tic
risk

b
y

a
p

p
rox

im
ately

2
0
%

(w
h

en
co

m
p

a
rin

g
th

e
b

est
d

ata
-d

riven
p

ro
ced

u
res

of
ou

r
ex

p
erim

en
t),

a
n

d
even

m
o
re

w
h

en
co

m
p

a
rin

g
o
ra

cle
estim

a
tors

(3
0
%

in
settin

g
S

,
5
9
%

in
settin

g
L

).
T

h
erefo

re,
in

settin
gs

L
an

d
S

,
it

is
w

orth
co

n
sid

erin
g

m
o
re

com
p

lex
co

llectio
n

s
o
f

m
o
d

els
(su

ch
a
s

D
ya

2)
th

an
reg

u
lar

h
istog

ra
m

s.

L
et

u
s

fi
n

ally
rem

ark
th

a
t

D
ya

2
d

o
es

n
o
t

red
u

ce
th

e
q
u

a
d
ra

tic
risk

in
a
ll

settin
gs

a
s

sig
n

ifi
ca

n
tly

as
in

settin
g
s

L
a
n

d
S

.
W

e
p

erfo
rm

ed
sim

ila
r

ex
p

erim
en

ts
w

ith
a

few
o
th

er
d

en
sity

fu
n

ction
s,

so
m

etim
es

lead
in

g
to

less
im

p
orta

n
t

d
iff

eren
ces

b
etw

een
R

egu
an

d
D

y
a2

in
term

s
o
f

risk
(resu

lts
n

o
t

sh
ow

n
).

T
h

e
ora

cle
m

o
d

el
w

as
a
lw

ay
s

b
etter

w
ith

D
ya

2
,

b
u

t
in
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A
r
l
o
t

a
n
d

L
e
r
a
sl

e

tw
o

cases,
th

e
risk

of
th

e
b

est
d

ata-d
riven

p
ro

ced
u

re
w

ith
D

ya2
w

as
la

rger
th

a
n

w
ith

R
egu

b
y

6
to

8%
.

6
.2

P
ro

c
e
d

u
re

s
C

o
m

p
a
re

d

In
each

settin
g
,

w
e

con
sid

er
th

e
follow

in
g

m
o
d

el
selection

p
ro

ced
u

res:

•
p

en
d

im
(B

arron
et

al.,
1999):

p
en

alization
w

ith
p

en
(m

)
=

2
C

ard
(Λ

m
)/n

.

•
V

-fold
cross-valid

ation
w

ith
V
∈
{2,5,10,n}

,
see

S
ection

2.3.

•
V

-fo
ld

p
en

alties
(w

ith
lead

in
g

con
stan

t
x

=
V
−

1,
th

at
is,

b
ia

s-corrected
V

-fold
cro

ss-valid
ation

),
for

V
∈
{2,5,10,n}

,
see

S
ection

2.4.

•
for

com
p

arison
,

p
en

alization
w

ith
E

[p
en

id (m
)],

th
at

is,
m̂

(C
id ).

S
in

ce
it

is
o
ften

su
ggested

to
m

u
ltip

ly
th

e
u

su
a
l

p
en

alties
b
y

som
e

factor
larger

th
an

on
e

(A
rlot,

20
08),

w
e

con
sid

er
all

p
en

alties
ab

ove
m

u
ltip

lied
b
y

a
factor

C
∈

[0,10].
C

om
p

lete
resu

lts
can

b
e

fo
u

n
d

in
S

ection
G

of
th

e
O

n
lin

e
A

p
p

en
d

ix
.

6
.3

M
o
d

e
l

S
e
le

c
tio

n
P

e
rfo

rm
a
n

c
e
s

In
each

settin
g
,

all
p

ro
ced

u
res

are
com

p
ared

on
N

=
1
0

000
in

d
ep

en
d

en
t

sy
n
th

etic
d

ata
sets

of
size

n
=

5
00.

F
or

m
easu

rin
g

th
eir

resp
ective

m
o
d

el
selectio

n
p

erform
an

ces,
for

each
p

ro
ced

u
re
m̂

(C
)

w
e

estim
ate

C
o
r (C

)
:=

E [R
n
(C

) ]
=

E [
∥∥
ŝ
m̂

(C
) −

s ∥∥
2

in
f
m
∈M

n ‖
ŝ
m
−
s‖

2 ]

b
y

th
e

corresp
o
n

d
in

g
average

over
th

e
N

sim
u

lated
d

ata
sets;

C
o
r (C

)
rep

resen
ts

th
e

con
stan

t
th

at
w

ou
ld

ap
p

ea
r

in
fron

t
of

an
oracle

in
eq

u
ality.

T
h

e
u

n
certa

in
ty

of
estim

a
tion

of
C

o
r (C

)
is

m
ea

su
red

b
y

th
e

em
p

irical
stan

d
ard

d
ev

iation
of

R
n
(C

)
d

iv
id

ed
b
y
√
N

.
T

h
e

resu
lts

a
re

rep
orted

in
T

a
b

le
2

for
settin

gs
L

an
d

S
,

w
ith

th
e

collectio
n

D
ya2.

R
esu

lts
for

R
egu

are
n

ot
rep

orted
h

ere
sin

ce
d

im
en

sion
ality

-b
ased

p
en

a
lties

are
a
lread

y
k
n

ow
n

to
w

ork
w

ell
w

ith
R

egu
(L

erasle,
2012),

so
V

-fold
m

eth
o
d
s

can
n

ot
im

p
rove

sig
n

if-
ica

n
tly

th
eir

p
erfo

rm
an

ce,
w

ith
a

larger
com

p
u

tation
al

cost.
C

om
p

lete
resu

lts
(in

clu
d
in

g
R

egu
,

w
ith

n
=

1
00

an
d
n

=
500)

are
given

in
T

ab
les

3
an

d
4

in
S

ection
G

of
th

e
O

n
lin

e
A

p
p

en
d

ix
,

sh
ow

in
g

th
at

th
e

p
erform

an
ces

of
p

en
d

im
an

d
V

-fold
m

eth
o
d

s
in

d
eed

are
very

clo
se.

P
e
rfo

rm
a
n

ce
a
s

a
fu

n
c
tio

n
o
f
V

.
L

et
u

s
fi

rst
con

sid
er
V

-fo
ld

p
en

alizatio
n

.
In

b
oth

settin
g
s

L
an

d
S

,
as

su
ggested

b
y

ou
r

th
eoretical

resu
lts,

C
o
r

d
ecreases

w
h

en
V

in
creases.

T
h

e
im

p
rov

em
en

t
is

large
w

h
en

V
go

es
from

2
to

5
(27%

for
L

,
10%

for
S

)
an

d
sm

all
w

h
en

V
go

es
fro

m
5

to
10

an
d

w
h

en
V

go
es

from
10

to
n

=
500

(ea
ch

tim
e,

8%
for

L
,

2%
for

S
).

S
in

ce
th

e
m

a
in

in
fl

u
en

ce
of
V

is
on

th
e

varian
ce

of
th

e
V

-fo
ld

p
en

alty,
th

ese
ex

p
erim

en
ts

su
p

p
ort

ou
r

in
terp

retation
of

T
h

eorem
6

in
S

ection
5:

in
creasin

g
V

h
elp

s
m

u
ch

m
ore

from
2

to
5

or
10

th
an

from
10

to
n

.
T

h
e

p
ictu

re
is

less
clear

for
V

-fold
cro

ss-valid
ation

,
for

w
h

ich
alm

ost
n

o
d

iff
eren

ce
is

ob
served

am
o
n

g
V
∈
{
2
,5
,10,n}—

less
th

an
2%

—
,

an
d
C

o
r

is
m

in
im

ized
for

V
∈
{
5
,10}

.

20
JM

L
R

 17(208):1-50



C
h
o
ic

e
o
f
V

f
o
r
V

-f
o
l
d

C
r
o
ss

-V
a
l
id

a
t
io

n
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L
e
a
st

-S
q
u
a
r
e
s

D
e
n
si

t
y

E
st

im
a
t
io

n

P
ro

ce
d

u
re

L
–D

ya
2

S
–D

ya
2

p
en

d
im

8
.2

7
±

0.
07

3
.2

1
±

0.
01

p
en

2F
10
.2

1
±

0.
08

2
.3

9
±

0.
01

p
en

5F
7.

47
±

0.
06

2
.1

6
±

0.
01

p
en

10
F

6.
89
±

0.
06

2
.1

1
±

0.
01

p
en

L
O

O
6.

35
±
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A
r
l
o
t

a
n
d

L
e
r
a
sl

e

E
q
.

(2
7)

al
lo

w
s

to
co

m
p

a
re

th
e

h
o
ld

-o
u

t
(B

=
1
)

w
it

h
th

e
le

av
e-
p
-o

u
t

(B
→

+
∞

),
fo

r
a

gi
ve

n
va

lu
e
n
τ n

=
n
−
p

of
th

e
tr

a
in

in
g

sa
m

p
le

si
ze

.
L

et
u

s
a
ss

u
m

e
fo

r
si

m
p

li
ci

ty
th

a
t

n
→

+
∞

an
d
τ n
�
n
−

1
/
2
.

T
h

en
,

C
M

C
1

(1
,n
,τ
n
)
∼

1 τ
2 n

+
2

τ n
(1
−
τ n

)
>

1
1

an
d

C
M

C
2

(1
,n
,τ
n
)
∼

1

1
−
τ n

>
1

w
h

er
ea

s
C

M
C

1
(∞

,n
,τ
n
)
→

1
a
n

d
C

M
C

2
(∞

,n
,τ
n
)
→

1

w
h

ic
h

sh
ow

s
an

im
p

ro
ve

m
en

t
a
t

le
a
st

b
y

a
co

n
st

a
n
t

fa
ct

o
r

in
ge

n
er

al
.

W
h

en
τ n

te
n

d
s

to
ze

ro
—

le
av

e-
m

os
t-

ou
t—

o
r

1
—

su
ch

a
s

fo
r

th
e

le
av

e-
on

e-
o
u

t—
,
th

e
im

p
ro

ve
m

en
t

is
b
y

a
n

o
rd

er
of

m
a
gn

it
u

d
e.

T
h

e
fa

ct
th

at
th

e
le

av
e-
p
-o

u
t

h
a
s

a
sm

a
ll

er
va

ri
an

ce
th

a
n

th
e

h
o
ld

-o
u

t
is

n
o
t

su
rp

ri
si

n
g

a
t

al
l—

it
h

o
ld

s
in

fu
ll

ge
n

er
a
li
ty

,
a
s

a
co

n
se

q
u

en
ce

of
J
en

se
n

’s
in

eq
u

al
it

y
—

,
b

u
t

th
e

ex
ac

t
q
u

an
ti

fi
ca

ti
on

o
f

th
e

im
p

ro
v
em

en
t

gi
ve

n
b
y

T
h

eo
re

m
1
0

is
n

ew
an

d
ca

n
b

e
u

se
fu

l
in

p
ra

ct
ic

e
fo

r
ch

o
o
si

n
g

th
e

n
u

m
b

er
o
f

sp
li

ts
B

w
h

en
u

si
n

g
M

o
n
te

-C
a
rl

o
cr

os
s-

va
li

d
a
ti

on
.

E
q
.

(2
7)

al
so

a
ll

ow
s

to
co

m
p

a
re
V

-f
o
ld

cr
o
ss

-v
a
li

d
a
ti

o
n

,
g
iv

en
b
y

T
h

eo
re

m
6

w
it

h

C
=

1
+

1

2
(V
−

1
)
,

w
it

h
M

C
C

V
w

it
h
B

=
V

an
d
τ n

=
(V
−

1
)/
V

,
w

h
ic

h
ca

n
b

e
n

a
m

ed
“M

o
n
te

-C
a
rl

o
V

-
fo

ld
”

cr
os

s-
va

li
d

at
io

n
.

T
h

e
o
n

ly
d

iff
er

en
ce

b
et

w
ee

n
th

e
tw

o
m

et
h
o
d

s
is

th
at

th
e
V

sp
li

ts
ar

e
ch

o
se

n
in

d
ep

en
d

en
tl

y
fo

r
“M

o
n
te

-C
a
rl

o
V

-f
ol

d
”,

w
h

er
ea

s
th

e
u

su
al
V

-f
o
ld

m
ak

es
a

b
a
la

n
ce

d
u

se
o
f

ea
ch

ob
se

rv
a
ti

o
n

—
p

u
tt

in
g

it
ex

a
ct

ly
(V
−

1)
ti

m
es

in
th

e
tr

a
in

in
g

se
t.

L
et

u
s

a
ss

u
m

e
fo

r
si

m
p

li
ci

ty
th

at
n
→

+
∞

w
h

il
e
V

=
V
n

ca
n

va
ry

w
it

h
n

.
T

h
en

,
w

e
h

av
e

C
M

C
V

F
1

(V
n
,n

)
:=

C
M

C
1

( V
n
,n
,
V
n
−

1

V
n

)
∼

3
+

2
V
n

+
1

V
n
(V
n
−

1
)

+
1

(V
n
−

1)
2

C
V

F
1

(V
n
,n

)
:=

C
p

en
V

F
1

( V
n
,n
,1

+
1

2
(V
n
−

1
))
∼

1
+

4

V
n
−

1
+

4

(V
n
−

1)
2

+
1

(V
n
−

1
)3

h
en

ce
C

M
C

V
F

1
(V
n
,∞

)

C
V

F
1

(V
n
,∞

)
>

1
if
V
n
>

3
,

C
M

C
V

F
1

(V
n
,n

)

C
V

F
1

(V
n
,n

)
−−
−−
−−
−→

n
,V
n
→

+
∞

3
,

C
M

C
V

F
2

(V
n
,n

)
:=

C
M

C
2

( V
n
,n
,
V
n
−

1

V
n

)
∼

2
−

1 V
n
∈
[ 3 2
,2

]

an
d

C
V

F
2

(V
n
,n

)
:=

C
p

en
V

F
2

( V
n
,n
,1

+
1

2(
V
n
−

1)

)
→

1
.

O
ve

ra
ll

,
w

e
g
et

th
a
t
V

-f
ol

d
cr

os
s-

va
li

d
a
ti

o
n

h
as

a
sm

a
ll

er
va

ri
an

ce
th

an
“
M

o
n
te

-C
ar

lo
V

-
fo

ld
”

fo
r
V

>
3,

at
le

as
t

fo
r
n

la
rg

e
en

o
u

g
h

,
an

d
th

a
t

th
e

im
p

ro
ve

m
en

t
is

b
y

a
co

n
st

an
t

fa
ct

o
r

b
et

w
ee

n
3/

2
an

d
3.

S
in

ce
in

cr
ea

si
n

g
V

ca
n

n
o
t

d
ec

re
a
se

th
e

va
ri

an
ce

of
(b

ia
s-

co
rr

ec
te

d
)

V
F

C
V

b
y

m
or

e
th

a
n

a
sm

al
l

co
n

st
a
n
t

fa
ct

o
r,

th
e

ab
ov

e
d

iff
er

en
ce

b
et

w
ee

n
tw

o
m

et
h

o
d
s

w
it

h
th

e
sa

m
e

co
m

p
u

ta
ti

o
n

a
l

co
m

p
le

x
it

y
is

q
u

it
e

im
p

or
ta

n
t.

T
h

is
su

p
p

o
rt

s
st

ro
n

gl
y

th
e

u
se

of
V

-f
ol

d
C

V
m

et
h

o
d

s
in

st
ea

d
o
f

“
M

on
te

-C
ar

lo
V

-f
o
ld

”
.

S
u

ch
a
n

im
p

ro
ve

m
en

t
w

as
p

re
v
io

u
sl

y
n

ot
ic

ed
in

th
e

a
sy

m
p

to
ti

c
co

m
p

u
ta

ti
o
n

s
o
f

B
u

rm
a
n

(1
9
8
9)

;
h
er

e
w

e
sh

ow
th

a
t

it
h

o
ld

s
in

a
n

on
-a

sy
m

p
to

ti
c

fr
a
m

ew
o
rk

,
w

h
er

e
th

e
m

o
d

el
s
m

1
,m

2
ca

n
d

ep
en

d
o
n
n

.
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C
h
o
ic

e
o
f
V

f
o
r
V

-f
o
l
d

C
r
o
ss-V

a
l
id

a
t
io

n
in

L
e
a
st

-S
q
u
a
r
e
s

D
e
n
sit

y
E

st
im

a
t
io

n

8
.2

H
o
ld

-O
u

t
C

rite
ria

O
u

r
a
n

a
ly

sis
o
f

cross-va
lid

atio
n

p
ro

ced
u

res
for

m
o
d

el
selectio

n
ca

n
a
lso

b
e

ex
ten

d
ed

to
h

old
-o

u
t

criteria.
F

irst,
let

u
s

em
p

h
a
size

th
a
t

th
e

h
o
ld

-o
u

t
criterio

n
d

efi
n

ed
b
y

E
q
.

(4
)

co
rresp

o
n

d
s

to
ta

k
in

g
B

=
1

in
th

e
resu

lts
o
f

S
ectio

n
8
.1,

sin
ce

ch
o
o
sin

g
T

u
n

ifo
rm

ly
ov

er
E
n−

p ,
in

d
ep

en
d

en
tly

from
D
n
,

is
eq

u
iva

len
t

to
ch

o
osin

g
so

m
e

arb
itra

ry
T

of
size

n−
p

b
efo

re
seein

g
th

e
d

a
ta
D
n
.

S
eco

n
d

,
sim

ila
rly

to
th

e
d

efi
n

itio
n

o
f

th
e

h
o
ld

-o
u

t
criterio

n
in

E
q
.

(4),
w

e
ca

n
d

efi
n
e

th
e

h
o
ld

-o
u

t
p

en
a
lty

b
y

∀
x
>

0,
p

en
H

O
(m
,T
,x

)
:=

2
x (
P

(T
)

n
−
P
n )(

ŝ
(T

)
m
−
ŝ
m )

,
(2

8)

th
a
t

is,
th

e
h

o
ld

-o
u

t
estim

ato
r

o
fE

[2
(P

n −
P

)(ŝ
m
−
s
m

)]
w

h
ich

is
eq

u
a
l

to
th

e
ex

p
ecta

tio
n

of
th

e
id

eal
p

en
a
lty,

see
E

q
.

(2
).

W
e

d
o

n
o
t

d
efi

n
e

p
en

H
O

b
y

E
q
.

(6
)

w
ith

V
=

1
a
n

d
T

=
B
c1 —

th
a
t

is,
th

e
h

o
ld

-ou
t

estim
a
tor

o
fE

[(P
−
P
n
)γ

(ŝ
m

)],
w

h
ich

a
m

o
u

n
ts

to
rem

ov
in

g
th

e
cen

terin
g

term
−
ŝ
m

in
E

q
.
(2

8)—
b

eca
u

se
th

is
w

ou
ld

d
ra

m
atica

lly
in

crea
se

its
va

ria
b

ility.
N

ote
th

at
a
d

d
in

g
su

ch
a

term
−
ŝ
m

in
E

q
.
(6)

d
o
es

n
o
t

ch
a
n

g
e

th
e

va
lu

e
of

th
e
V

-fo
ld

p
en

a
lty

u
n

d
er

(R
e
g

)
sin

ce
∑

VK
=

1 (P
(B
cK

)
n

−
P
n
)

=
0.

D
en

otin
g

b
y
τ
n

=
|T|/n

a
s

in
S

ectio
n

8
.1

,
it

co
m

es
fro

m
L

em
m

a
2
6

in
S

ection
D

.1
o
f

th
e

O
n

lin
e

A
p

p
en

d
ix

th
a
t

E [p
en

H
O

(m
,T
,x

) ]
=
x

1−
τ
n

τ
n

E [p
en

id (m
) ]

.

In
th

e
fo

llow
in

g
,

w
e

ch
o
o
se
x

=
C
τ
n
/
(1−

τ
n
)

so
th

at
C

=
1

co
rresp

o
n

d
s

to
th

e
u

n
b

ia
sed

case,
as

in
th

e
p

rev
iou

s
section

s
fo

r
th

e
V

-fo
ld

p
en

a
lty.

R
e
m

a
rk

1
1

S
in

ce
P
n

=
τ
n
P

(T
)

n
+

(1−
τ
n
)P

(T
c)

n
,

by
lin

ea
rity

o
f

th
e

estim
a

to
r
ŝ
m

,

p
en

H
O

(m
,T
,x

)
:=

2
x

(1−
τ
n
)
2 (
P

(T
)

n
−
P

(T
c)

n

)(
ŝ

(T
)

m
−
ŝ

(T
c)

m

)

w
h
ich

is
sym

m
etric

in
T

a
n

d
T
c,

h
en

ce
p

en
H

O
(m
,T

c,x
)

=
p

en
H

O
(m
,T
,x

).
In

pa
rticu

la
r,

if|T|
=
n
/2

,
th

e
2
-fo

ld
pen

a
lty

co
m

p
u

ted
o
n

th
e

pa
rtitio

n
B

=
{
T
,T

c}
a
n

d
th

e
h
o
ld

-o
u

t
pen

a
lty

co
in

cid
e

∀
x
>

0
,

p
en

V
F (m

,{T
,T

c}
,x )

=
p

en
H

O
(m
,T
,x

)
.

T
h

e
o
re

m
1
2

L
et
ξJnK

be
i.i.d

.
rea

l-va
lu

ed
ra

n
d
o
m

va
ria

bles,
s
∈
L
∞

(µ
)

th
eir

co
m

m
o
n

d
en

sity,
T
⊂

JnK
w

ith
τ
n

=
|T|/

n
∈

(0,1
)

a
n

d
(S
m

)
m
∈M

n
be

a
co

llectio
n

o
f

sepa
ra

ble
lin

ea
r

spa
ces

sa
tisfyin

g
(H

1
).

A
ssu

m
e

th
a
t

eith
er

(H
2

)
o
r

(H
2
′)

h
o
ld

s
tru

e.
L

et
C
∈

(1/
2,2

]
a
n

d
δ

:=
2
(C
−

1
).

F
o
r

every
m
∈
M

n
,

let
ŝ
m

be
th

e
p
ro

jectio
n

estim
a
to

r
o
n

to
S
m

d
efi

n
ed

by
E

q.
(1),

a
n

d
s̃

H
O

=
ŝ
m̂

H
O

w
h
ere

m̂
H

O
=

a
rg

m
in

m
∈M

n {
P
n
γ

(ŝ
m

)
+

p
en

H
O (

m
,T
,
C
τ
n

1−
τ
n )}

.

T
h
en

,
a
n

a
bso

lu
te

co
n

sta
n

t
κ

exists
su

ch
th

a
t,

fo
r

a
n

y
x
>

0
,

d
efi

n
in

g
x
n

=
x

+
lo

g|M
n |,

w
ith

p
ro

ba
bility

a
t

lea
st

1−
e −

x,
fo

r
a
n

y
ε∈

(0,1
],

1−
δ−
−
ε

1
+
δ

+
+
ε ‖s̃

H
O
−
s‖

26
in

f
m
∈M

n ‖
ŝ
m
−
s‖

2
+
κ (

A
x
n

εn
+
τ

2n
+

(1−
τ
n
)
2

τ
n
(1−

τ
n
)

x
2n

ε
3n )

.
(2

9)
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A
r
l
o
t

a
n
d

L
e
r
a
sl

e

T
h

eorem
12

is
p

roved
in

S
ection

D
.1

of
th

e
O

n
lin

e
A

p
p

en
d

ix
.

T
h

eorem
12

ex
ten

d
s

T
h

eorem
5

to
h

old
-ou

t
p

en
alties,

u
n

d
er

sim
ila

r
assu

m
p

tion
s.

A
s

in
T

h
eorem

5
,
δ

q
u

an
tifi

es
th

e
b

ias
of

th
e

h
old

-ou
t

p
en

alized
criterio

n
,

a
n

d
p

lay
s

th
e

sam
e

ro
le

in
th

e
lead

in
g

con
stan

t
of

th
e

oracle
in

eq
u

ality
(29).

W
e

can
com

p
a
re

th
e

resu
lts

ob
tain

ed
for

h
old

-ou
t

an
d
V

-fold
p

en
a
lization

in
T

h
eo

rem
s

5
an

d
12

.
F

or
th

is
com

p
arison

,
let

V
b

e
som

e
d

iv
iso

r
of
n

,
T
⊂

JnK
su

ch
th

at|T|
=
n
−
n
/V

a
n

d
ch

o
ose

th
e

sam
e
C

so
th

at
b

oth
criteria

h
ave

th
e

sam
e

b
ias

δ.
T

h
en

,
th

e
on

ly
d

iff
eren

ce
lies

in
th

e
rem

ain
d

er
term

,
th

e
on

e
in

E
q
.
(29)

is
larger

th
an

th
e

o
n

e
o
f
E

q
.
(17

)
in

T
h

eorem
5

b
y

a
factor

of
o
rd

er
V

w
h

en
V

is
large.

T
h

ese
on

ly
are

u
p

p
er

b
ou

n
d

s,
b

u
t

at
least

th
ey

are
co

n
sisten

t
w

ith
th

e
com

m
on

in
tu

ition
ab

ou
t

th
e

stab
ilizin

g
eff

ect
of

averag
in

g
over

V
fold

s.
W

e
can

also
com

p
are

th
e

resu
lts

ob
tain

ed
for

h
old

-ou
t

p
en

alization
in

T
h

eorem
12

a
n
d

for
th

e
h

old
-ou

t
criterion

in
T

h
eorem

9.
F

irst,
h

old
-ou

t
p

en
alization
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‖ŝ
m
‖2
−

2

n
(n
−

1)

∑

1
6
i6=
j6
n

∑ λ
∈Λ

m

ψ
λ
(ξ
i)
ψ
λ
(ξ
j
)

=
P
n
γ

(ŝ
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∑j=
1 E [g

i,j (ξ
i ,ξ

j )
2 ]

,

B
=

su
p 

E 
n
∑i=

2

i−
1
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ãe

s.
C

ro
ss

-V
a
li

d
a
ti

o
n

a
n

d
P

en
a
li

za
ti

o
n

fo
r

D
en

si
ty

E
st

im
a
ti

o
n

.
P

h
D

th
es

is
,

U
n

iv
er

si
ty

P
a
ri

s-
S

u
d

1
1,

M
ay

2
0
1
5.

A
va

il
a
b

le
el

ec
tr

o
n

ic
a
ll

y
a
t

h
t
t
p
:
/
/
t
e
l
.
a
r
c
h
i
v
e
s
-
o
u
v
e
r
t
e
s
.
f
r
/
t
e
l
-
0
1
1
6
4
5
8
1
/
.

P
as

ca
l

M
as

sa
rt

.
C

o
n

ce
n

tr
a
ti

o
n

In
eq

u
a
li

ti
es

a
n

d
M

od
el

S
el

ec
ti

o
n

,
vo

lu
m

e
1
89

6
o
f

L
ec

tu
re

N
o
te

s
in

M
a
th

em
a
ti

cs
.

S
p

ri
n

ge
r,

B
er

li
n

,
20

0
7
.

L
ec

tu
re

s
fr

o
m

th
e

33
rd

S
u

m
m

er
S

ch
o
o
l

on
P

ro
b

ab
il

it
y

T
h

eo
ry

h
el

d
in

S
ai

n
t-

F
lo

u
r,

J
u

ly
6
–
2
3,

2
0
0
3
.

R
ic

h
ar

d
R

.
P

ic
ar

d
a
n

d
R

.
D

en
n

is
C

o
o
k
.

C
ro

ss
-v

a
li

d
at

io
n

o
f

re
g
re

ss
io

n
m

o
d

el
s.

J
o
u

rn
a
l

o
f

th
e

A
m

er
ic

a
n

S
ta

ti
st

ic
a
l

A
ss

oc
ia

ti
o
n

,
7
9
(3

8
7)

:5
7
5–

58
3
,

19
84

.

P
h

il
ip

p
e

R
ig

o
ll

et
.

A
d

a
p

ti
ve

d
en

si
ty

es
ti

m
a
ti

o
n

u
si

n
g

th
e

b
lo

ck
w

is
e

S
te

in
m

et
h

o
d

.
B

er
n

o
u

ll
i,

1
2(

2)
:3

51
–
37

0,
2
00

6
.

P
h

il
ip

p
e

R
ig

ol
le

t
an

d
A

le
x
an

d
er

B
.

T
sy

b
a
ko

v
.

L
in

ea
r

a
n

d
co

n
ve

x
a
g
g
re

g
at

io
n

o
f

d
en

si
ty

es
ti

m
a
to

rs
.

M
a
th

em
a
ti

ca
l

M
et

h
od

s
o
f

S
ta

ti
st

ic
s,

16
(3

):
2
6
0–

28
0
,

20
07

.

M
a
ts

R
u

d
em

o.
E

m
p

ir
ic

al
ch

oi
ce

of
h

is
to

g
ra

m
s

an
d

ke
rn

el
d

en
si

ty
es

ti
m

a
to

rs
.

S
ca

n
d
in

a
vi

a
n

J
o
u

rn
a
l

o
f

S
ta

ti
st

ic
s.

T
h
eo

ry
a
n

d
A

p
p
li

ca
ti

o
n

s,
9
(2

):
6
5–

78
,

1
9
8
2.

J
u

n
S
h

a
o.

A
n

as
y
m

p
to

ti
c

th
eo

ry
fo

r
li

n
ea

r
m

o
d

el
se

le
ct

io
n

.
S

ta
ti

st
ic

a
S

in
ic

a
,

7
(2

):
2
2
1
–
26

4
,

19
97

.
W

it
h

co
m

m
en

ts
an

d
a

re
jo

in
d

er
b
y

th
e

a
u

th
o
r.

M
er

v
y
n

S
to

n
e.

C
ro

ss
-v

a
li

d
a
to

ry
ch

o
ic

e
an

d
a
ss

es
sm

en
t

of
st

a
ti

st
ic

al
p

re
d

ic
ti

o
n

s.
J

o
u

rn
a
l

o
f

th
e

R
o
ya

l
S

ta
ti

st
ic

a
l

S
oc

ie
ty

.
S

er
ie

s
B

.
M

et
h
od

o
lo

gi
ca

l,
3
6
:1

1
1
–1

47
,

1
9
7
4.

M
ar

k
J
.

va
n

d
er

L
aa

n
an

d
S

a
n

d
ri

n
e

D
u

d
o
it

.
U

n
ifi

ed
cr

o
ss

-v
al

id
at

io
n

m
et

h
o
d
ol

o
gy

fo
r

se
le

ct
io

n
am

o
n

g
es

ti
m

a
to

rs
a
n

d
a

g
en

er
a
l

cr
o
ss

-v
al

id
a
te

d
a
d

a
p

ti
ve

ep
si

lo
n

-n
et

es
ti

m
at

or
:

F
in

it
e

sa
m

p
le

or
ac

le
in

eq
u

al
it

ie
s

a
n

d
ex

am
p

le
s.

W
or

k
in

g
P

ap
er

13
0
,

U
.C

.
B

er
ke

le
y

D
iv

is
io

n
of

B
io

st
a
ti

st
ic

s,
N

ov
em

b
er

2
0
0
3
.

A
va

il
a
b

le
el

ec
tr

on
ic

a
ll

y
at

h
t
t
p
:
/
/
w
w
w
.
b
e
p
r
e
s
s
.
c
o
m
/
u
c
b
b
i
o
s
t
a
t
/
p
a
p
e
r
1
3
0
.

M
ar

k
J
.

va
n

d
er

L
aa

n
,

S
a
n

d
ri

n
e

D
u

d
o
it

,
a
n

d
S

u
n
d

u
z

K
el

es
.

A
sy

m
p

to
ti

c
op

ti
m

al
it

y
o
f

li
ke

li
h

o
o
d

-b
as

ed
cr

os
s-

va
li

d
a
ti

o
n

.
S

ta
ti

st
ic

a
l

A
p
p
li

ca
ti

o
n

s
in

G
en

et
ic

s
a
n

d
M

o
le

cu
la

r
B

i-
o
lo

gy
,

3:
A

rt
.

4,
27

p
p

.
(e

le
ct

ro
n

ic
),

2
0
0
4
.

Y
u

h
o
n

g
Y

a
n

g
.

C
an

th
e

st
re

n
gt

h
s

o
f

A
IC

a
n

d
B

IC
b

e
sh

ar
ed

?
A

co
n

fl
ic

t
b

et
w

ee
n

m
o
d

el
in

d
en

ti
fi

ca
ti

o
n

an
d

re
g
re

ss
io

n
es

ti
m

at
io

n
.

B
io

m
et

ri
ka

,
9
2(

4
):

9
3
7
–9

5
0
,

2
00

5.

Y
u

h
o
n

g
Y

a
n

g
.

C
o
m

p
a
ri

n
g

le
a
rn

in
g

m
et

h
o
d

s
fo

r
cl

a
ss

ifi
ca

ti
on

.
S

ta
ti

st
ic

a
S

in
ic

a
,

1
6
(2

):
63

5–
65

7,
20

06
.

Y
u

h
o
n

g
Y

a
n

g.
C

o
n

si
st

en
cy

o
f

cr
o
ss

va
li

d
a
ti

o
n

fo
r

co
m

p
a
ri

n
g

re
g
re

ss
io

n
p

ro
ce

d
u

re
s.

T
h
e

A
n

n
a
ls

o
f

S
ta

ti
st

ic
s,

3
5
(6

):
2
4
50

–
24

7
3
,

2
0
0
7. 50

JM
L

R
 1

7(
20

8)
:1

-5
0



 
 



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
7

(2
0
1
6
)

1
-4

9
S

u
b

m
it

te
d

5
/
1
5
;

R
ev

is
ed

4
/
1
6
;

P
u

b
li

sh
ed

1
2
/
1
6

T
o
w

a
rd

s
M

o
re

E
ffi

ci
e
n
t

S
P

S
D

M
a
tr

ix
A

p
p
ro

x
im

a
ti

o
n

a
n
d

C
U

R
M

a
tr

ix
D

e
co

m
p

o
si

ti
o
n

S
h
u

se
n

W
a
n

g
sh

u
se

n
@

b
e
r
k
e
l
e
y
.e

d
u

D
ep

a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

U
n

iv
er

si
ty

o
f

C
a
li

fo
rn

ia
a
t

B
er

ke
le

y
B

er
ke

le
y,

C
A

9
4
7
2
0
,

U
S

A

Z
h

ih
u

a
Z

h
a
n

g
z
h
z
h
a
n
g

@
m

a
t
h
.p

k
u
.e

d
u
.c

n
S

ch
oo

l
o
f

M
a
th

em
a
ti

ca
l

S
ci

en
ce

s
P

ek
in

g
U

n
iv

er
si

ty
B

ei
ji

n
g

1
0
0
8
7
1
,

C
h
in

a

T
o
n

g
Z

h
a
n

g
t
z
h
a
n
g

@
st

a
t
.r

u
t
g

e
r
s.

e
d
u

D
ep

a
rt

m
en

t
o
f

S
ta

ti
st

ic
s

R
u

tg
er

s
U

n
iv

er
si

ty

P
is

ca
ta

w
a
y,

N
ew

J
er

se
y

0
8
8
5
4
,

U
S

A

E
d

it
o
r:

G
er

t
L

a
n
ck

ri
et

A
b
st

ra
ct

S
y
m

m
et

ri
c

p
o
si

ti
ve

se
m

i-
d
efi

n
it

e
(S

P
S
D

)
m

a
tr

ix
ap

p
ro

x
im

at
io

n
m

et
h
o
d
s

h
av

e
b

ee
n

ex
te

n
si

ve
ly

u
se

d
to

sp
ee

d
u
p

la
rg

e-
sc

al
e

ei
ge

n
va

lu
e

co
m

p
u
ta

ti
o
n

an
d

ke
rn

el
le

ar
n
in

g
m

et
h
o
d
s.

T
h
e

st
an

d
a
rd

sk
et

ch
b
as

ed
m

et
h
o
d
,

w
h
ic

h
w

e
ca

ll
th

e
p
ro

to
ty

p
e

m
o
d
el

,
p
ro

d
u
ce

s
re

la
ti

ve
ly

ac
cu

ra
te

a
p
p
ro

x
im

a
ti

on
s,

b
u
t

is
in

effi
ci

en
t

o
n

la
rg

e
sq

u
ar

e
m

at
ri

ce
s.

T
h
e

N
y
st

rö
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Ũ

su
ch

th
a
t

th
e

fo
llo

w
in

g
tw

o
requ

irem
en

ts
a
re

sa
tisfi

ed
:

R
1

T
h
e

m
a
trix

Ũ
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rö
m

m
et

h
o
d

,
an

d
th

e
sp

ec
tr

al
sh

if
ti

n
g

N
y
st

rö
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iu

s
n

or
m

ap
p

ro
x
im

at
io

n
,

th
e

fa
st

m
o
d

el
is

al
m

os
t

as
go

o
d

a
s

th
e

p
ro

to
ty

p
e

m
o
d

el
.

In
S

ec
ti

on
4.

4
w

e
d

es
cr

ib
e

th
e

im
p

le
m

en
ta

ti
on

of
th

e
fa

st
m

o
d

el
a
n

d
a
n

a
ly

ze
th

e
ti

m
e

co
m

p
le

x
it

y.
In

S
ec

ti
on

4.
5

w
e

gi
v
e

so
m

e
im

p
le

m
en

ta
ti

on
d

et
ai

ls
th

a
t

h
el

p
to

im
p

ro
ve

th
e

ap
p

ro
x
im

at
io

n
q
u

al
it

y.
In

S
ec

ti
on

4.
6

w
e

sh
ow

th
at

ou
r

fa
st

m
o
d

el
ex

a
ct

ly
re

co
ve

rs
K

u
n

d
er

ce
rt

ai
n

co
n

d
it

io
n

s,
an

d
w

e
p

ro
v
id

e
a

lo
w

er
er

ro
r

b
ou

n
d

of
th

e
fa

st
m

o
d

el
.

4
.1

M
o
ti

v
a
ti

o
n

L
et

P
∈

R
n
×
c

b
e

sk
et

ch
in

g
m

at
ri

x
an

d
C

=
K

P
∈

R
n
×
c
.

T
h

e
fa

st
S

P
S

D
m

a
tr

ix
ap

p
ro

x
im

at
io

n
m

o
d

el
is

d
efi

n
ed

b
y

K̃
fa

st
c,
s

,
C
( S

T
C
) †
( S

T
K

S
)(

C
T
S
) †

C
T
,

w
h

er
e

S
is
n
×
s

sk
et

ch
in

g
m

at
ri

x
.

F
ro

m
(2

)
an

d
(3

)
w

e
ca

n
se

e
th

at
th

e
N

y
st

rö
m

m
et

h
o
d

is
a

sp
ec

ia
l

ca
se

o
f

th
e

fa
st

m
o
d

el
w

h
er

e
S

is
d

efi
n

ed
as

P
an

d
th

at
th

e
p

ro
to

ty
p

e
m

o
d

el
is

a
sp

ec
ia

l
ca

se
w

h
er

e
S

is
d

efi
n

ed
as

I n
.

T
h

e
fa

st
m

o
d
el

al
lo

w
s

u
s

to
tr

ad
e

off
th

e
ac

cu
ra

cy
an

d
th

e
co

m
p
u

ta
ti

o
n

a
l

co
st

—
la

rg
er

s
le

ad
s

to
h

ig
h

er
ac

cu
ra

cy
an

d
h

ig
h

er
ti

m
e

co
st

,
an

d
v
ic

e
v
er

sa
.

S
et

ti
n

g
s

as
sm

a
ll

as
c
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W
a
n
g

,
Z

h
a
n
g

,
a
n
d

Z
h
a
n
g

T
a
b

le
3:

S
u

m
m

ar
y

of
th

e
ti

m
e

co
st

o
f

th
e

m
o
d
el

s
fo

r
co

m
p

u
ti

n
g

th
e

U
m

at
ri

ce
s

an
d

th
e

n
u

m
b

er
o
f
en

tr
ie

s
o
f
K

re
q
u

ir
ed

to
b

e
o
b

se
rv

ed
in

or
d

er
to

co
m

p
u

te
th

e
U

m
at

ri
ce

s.
A

s
fo

r
th

e
fa

st
m

o
d

el
,

a
ss

u
m

e
th

a
t

S
is

co
lu

m
n

se
le

ct
io

n
m

a
tr

ix
.

T
h

e
n

o
ta

ti
o
n

is
d

efi
n

ed
p

re
v
io

u
sl

y
in

T
ab

le
1.

T
im

e
#

E
n
tr

ie
s

N
y
st

rö
m

O
(c

3
)

n
c

P
ro

to
ty

p
e
O
( n

n
z(

K
)c

+
n
c2
)

n
2

F
as

t
O

(n
c2

+
s2
c)

n
c

+
(s
−
c)

2

Ny
st
rö
m

Pr
ot
ot
yp
e

Fa
st

s
n

c
c

s

n

F
ig

u
re

1:
T

h
e

ye
ll

ow
b

lo
ck

s
d

en
o
te

th
e

su
b

m
a
tr

ic
es

o
f

K
th

a
t

m
u

st
b

e
se

en
b
y

th
e

k
er

n
el

a
p

p
ro

x
im

a
ti

on
m

o
d

el
s.

T
h

e
N

y
st

rö
m

m
et

h
o
d

co
m

p
u

te
s

an
n
×
c

b
lo

ck
o
f

K
,

p
ro

v
id

ed
th

at
P

is
co

lu
m

n
se

le
ct

io
n

m
a
tr

ix
;

th
e

p
ro

to
ty

p
e

m
o
d

el
co

m
p

u
te

s
th

e
en

ti
re
n
×
n

m
a
tr

ix
K

;
th

e
fa

st
m

o
d

el
co

m
p

u
te

s
a
n
n
×
c

b
lo

ck
an

d
an

(s
−
c)
×

(s
−
c)

b
lo

ck
of

K
(d

u
e

to
th

e
sy

m
m

et
ry

o
f

K
),

p
ro

v
id

ed
th

a
t

P
an

d
S

a
re

co
lu

m
n

se
le

ct
io

n
m

at
ri

ce
s.

sa
cr

ifi
ce

s
to

o
m

u
ch

ac
cu

ra
cy

,
w

h
er

ea
s

se
tt

in
g
s

a
s

la
rg

e
a
s
n

is
u
n

n
ec

es
sa

ri
ly

ex
p

en
si

ve
.

L
at

er
o
n

,
w

e
w

il
l

sh
ow

th
at

s
=
O

(c
√
n
/ε

)
�

n
is

a
g
o
o
d

ch
o
ic

e.
T

h
e

se
tt

in
g
s
�

n
m

ak
es

th
e

fa
st

m
o
d

el
m

u
ch

ch
ea

p
er

to
co

m
p

u
te

th
a
n

th
e

p
ro

to
ty

p
e

m
o
d

el
.

W
h

en
a
p

p
li

ed
to

ke
rn

el
m

et
h

o
d

s,
th

e
fa

st
m

o
d

el
av

o
id

s
co

m
p

u
ti

n
g

th
e

en
ti

re
ke

rn
el

m
a
tr

ix
.

W
e

su
m

m
a
ri

ze
th

e
ti

m
e

co
m

p
le

x
it

ie
s

of
th

e
th

re
e

m
at

ri
x

ap
p

ro
x
im

a
ti

o
n

m
et

h
o
d

s
in

T
ab

le
3
;

th
e

m
id

d
le

co
lu

m
n

li
st

s
th

e
ti

m
e

co
st

fo
r

co
m

p
u

ti
n

g
th

e
U

m
a
tr

ic
es

g
iv

en
C

a
n

d
K

;
th

e
ri

gh
t

co
lu

m
n

li
st

s
th

e
n
u

m
b

er
of

en
tr

y
o
f
K

w
h

ic
h

m
u

ch
b

e
o
b

se
rv

ed
.

W
e

sh
ow

a
v
er

y
in

tu
it

iv
e

co
m

p
a
ri

so
n

in
F

ig
u

re
1.

4
.2

O
p

ti
m

iz
a
ti

o
n

P
e
rs

p
e
c
ti

v
e

W
it

h
th

e
sk

et
ch

C
=

K
P
∈

R
n
×
c

at
h

an
d

,
w

e
w

a
n
t

to
fi

n
d

th
e

U
m

a
tr

ix
su

ch
th

a
t

C
U

C
T
≈

K
.

It
is

ve
ry

in
tu

it
iv

e
to

so
lv

e
th

e
fo

ll
ow

in
g

p
ro

b
le

m
to

m
a
ke

th
e

a
p

p
ro

x
im

at
io

n

10
JM

L
R

 1
7(

21
0)

:1
-4

9



T
o
w

a
r
d
s

M
o
r
e

E
f
f
ic

ie
n
t

S
P

S
D

M
a
t
r
ix

A
p
p
r
o
x
im

a
t
io

n
a
n
d

C
U

R
M

a
t
r
ix

D
e
c
o
m

p
o
sit

io
n

tig
h
t:

U
?

=
a
rg

m
in

U

∥∥
C

U
C
T
−

K
∥∥

2F
=

C
†K

(C
†)
T
.

(4)

T
h

is
is

th
e

p
rototy

p
e

m
o
d

el.
S

in
ce

so
lv

in
g

th
is

sy
stem

is
tim

e
ex

p
en

sive,
w

e
p

ro
p

o
se

to
d

raw
a

sketch
in

g
m

a
trix

S
∈
R
n×

s
a
n

d
so

lve
th

e
follow

in
g

p
ro

b
lem

in
stea

d
:

U
fa

st
=

a
rg

m
in

U

∥∥
S
T

(C
U

C
T
−

K
)S ∥∥

2F

=
a
rg

m
in

U

∥∥
(S

T
C

)U
(S

T
C

)
T
−

S
T
K

S ∥∥
2F

=
(S

T
C

) †(S
T
K

S
)(C

T
S

) †,
(5

)

w
h

ich
resu

lts
in

th
e

fast
m

o
d

el.
S

im
ila

r
id

ea
s

h
ave

b
een

ex
p

lo
ited

to
effi

cien
tly

solv
e

th
e

least
sq

u
a
res

reg
ression

p
ro

b
lem

(D
rin

ea
s

et
a
l.,

20
0
6
,

2
0
11

;
C

la
rk

so
n

a
n

d
W

o
o
d

ru
ff

,
2
0
1
3
),

b
u

t
th

eir
an

a
ly

sis
ca

n
n

o
t

b
e

d
irectly

a
p

p
lied

to
th

e
m

o
re

co
m

p
lica

ted
sy

stem
(5

).
T

h
is

a
p

p
rox

im
ate

lin
ear

sy
stem

in
terp

reta
tio

n
o
ff

ers
a

n
ew

p
ersp

ective
o
n

th
e

N
y
strö

m
m

eth
o
d

.
T

h
e

U
m

a
trix

of
th

e
N

y
strö

m
m

eth
o
d

is
in

fact
a
n

a
p

p
rox

im
a
te

so
lu

tio
n

to
th

e
p

ro
b

lem
m

in
U
‖
C

U
C
T
−

K
‖

2F
.

T
h

e
N

y
strö

m
m

eth
o
d

u
ses

S
=

P
a
s

th
e

sketch
in

g
m

a
trix

,
w

h
ich

lead
s

to
th

e
so

lu
tio

n

U
n
y
s

=
a
rgm

in
U

∥∥
P
T

(C
U

C
T
−

K
)P
∥∥

2F
=

(P
T
K

P
) †

=
W
†.

4
.3

E
rro

r
A

n
a
ly

sis

L
et

U
fa

st
co

rresp
on

d
to

th
e

fa
st

m
o
d

el
(5

).
A

n
y

o
f

th
e

fi
ve

sketch
in

g
m

eth
o
d

s
in

L
em

m
a

2
ca

n
b

e
u

sed
to

co
m

p
u

te
U

fa
st,

a
lth

o
u

g
h

colu
m

n
selectio

n
is

m
o
re

u
sefu

l
th

a
n

ra
n

d
o
m

p
ro

jection
in

th
is

a
p

p
licatio

n
.

In
th

e
fo

llow
in

g
w

e
sh

ow
th

a
t

U
fa

st
is

n
ea

rly
a
s

g
o
o
d

as
U
?

in
term

s
o
f

th
e

o
b

jective
fu

n
ction

valu
e.

T
h

e
p

ro
of

is
in

A
p

p
en

d
ix

D
.

T
h

e
o
re

m
3

(M
a
in

R
e
su

lt)
L

et
K

be
a
n

y
n
×
n

fi
xed

sym
m

etric
m

a
trix,

C
be

a
n

y
n
×
c

fi
xed

m
a
trix,

k
c

=
ra

n
k
(C

),
a

n
d

U
fa
st

be
th

e
c×

c
m

a
trix

d
efi

n
ed

in
(5

).
L

et
S
∈
R
n×

s
be

a
n

y
o
f

th
e

fi
ve

sketch
in

g
m

a
trices

d
efi

n
ed

in
T

a
ble

4
.

A
ssu

m
e

th
a
t
ε −

1
=
o(n

)
o
r
ε −

1
=
o(n

/
c).

T
h
e

in
equ

a
lity

∥∥
K
−

C
U

fa
stC

T ∥∥
2F
≤

(1
+
ε)

m
in
U

∥∥
K
−

C
U

C
T ∥∥

2F
(6)

h
o
ld

s
w

ith
p
ro

ba
bility

a
t

lea
st

0
.8

.

In
th

e
th

eorem
,
G

au
ssia

n
p

ro
jectio

n
a
n

d
S

R
H

T
req

u
ire

sm
a
ller

sketch
size

th
an

th
e

o
th

er
th

ree
m

eth
o
d

s.
It

is
b

eca
u

se
G

a
u
ssia

n
p

ro
jectio

n
a
n

d
S

R
H

T
en

joy
s

a
ll

o
f

P
ro

p
erties

1
,

2,
3

in
L

em
m

a
2
,

w
h

ereas
levera

g
e

sco
re

sa
m

p
lin

g
,

u
n

ifo
rm

sa
m

p
lin

g
,

a
n

d
co

u
n
t

sketch
d

o
es

n
o
t

en
joy

P
ro

p
erty

3.

R
e
m

a
rk

4
W

a
n

g
et

a
l.

(2
0
1
6
)

sh
o
w

ed
th

a
t

th
ere

exists
a
n

a
lgo

rith
m

(th
o
u

gh
n

o
t

lin
ea

r-
tim

e
a
lgo

rith
m

)
a
tta

in
in

g
th

e
erro

r
bo

u
n

d

∥∥
K
−

C
C
†K

(C
†)
T
C
T ∥∥

2F
≤

(1
+
ε) ∥∥

K
−

K
k ∥∥

2F

11
JM

L
R

 17(210):1-49

W
a
n
g

,
Z

h
a
n
g

,
a
n
d

Z
h
a
n
g

T
a
b

le
4:

L
everage

score
sam

p
lin

g
m

ean
s

sam
p

lin
g

accord
in

g
to

th
e

row
leverag

e
scores

of
C

.
F

or
u

n
iform

sam
p

lin
g,

th
e

p
aram

eter
µ

(C
)∈

[1,n
]

is
th

e
row

coh
eren

ce
of

C
.

S
k
e
tch

in
g

O
rd
er

o
f
s

A
ssu

m
p
tio

n
T
sk

e
tc
h

#
E
n
tries

L
ev
era

g
e
S
co
re

S
a
m
p
lin

g
c √

n
/
ε

ε
=
o(n

)
O
(n
c
2
+
s
2)

n
c
+

(s−
c)

2

U
n
ifo

rm
S
a
m
p
lin

g
µ
(C

)c √
n
/
ε

ε
=
o(n

)
O
(s

2)
n
c
+

(s−
c)

2

G
a
u
ssia

n
P
ro
jectio

n
√

ncε (c
+

lo
g
nc )

ε
=
o(n

/
c)

O
(n

n
z(K

)s )
n
2

S
R
H
T

√
ncε (c

+
lo
g
n
)
lo
g
(n

)
ε
=
o(n

/
c)

O
(n

2
lo
g
s)

n
2

C
o
u
n
t
S
k
etch

c √
n
/
ε

ε
=
o(n

)
O
(n

n
z(K

) )
n
2

A
lg

o
rith

m
1

T
h

e
F

ast
S

P
S

D
M

atrix
A

p
p

rox
im

ation
M

o
d

el.
1
:

In
p

u
t:

an
n
×
n

sy
m

m
etric

m
atrix

K
an

d
th

e
n
u
m

b
er

of
selected

co
lu

m
n
s

o
r

ta
rget

d
im

en
sio

n
of

p
ro

jection
c

(<
n

).
2
:

S
ketch

in
g:

C
=

K
P

u
sin

g
a
n

arb
itra

ry
n
×
c

sketch
in

g
m

a
trix

P
(n

ot
stu

d
ied

in
th

is
w

ork
);

3
:

O
p
tion

al:
rep

lace
C

b
y

an
y

o
rth

on
orm

a
l

b
ases

of
th

e
colu

m
n
s

of
C

;
4
:

C
om

p
u
te

an
oth

er
n
×
s

sketch
in

g
m

atrix
S

,
e.g.

th
e

leverag
e

sco
re

sam
p
lin

g
in

A
lg

orith
m

2
;

5
:

C
om

p
u
te

th
e

sketch
es

S
T
C
∈
R
s×
c

a
n
d

S
T
K

S
∈
R
s×
s;

6
:

C
om

p
u
te

U
fa

st
=

(S
T
C

) †(S
T
K

S
)(C

T
S

) †∈
R
c×
c;

7
:

O
u

tp
u

t:
C

an
d

U
fa

st
su

ch
th

at
K
≈

C
U

fa
stC

T
.

w
ith

h
igh

p
ro

ba
bility

by
sa

m
p
lin

g
c

=
O

(k
/ε)

co
lu

m
n

s
o
f
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p
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d
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b
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d
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w
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r
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p
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p
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p
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:
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p
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p
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p
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b
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×
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√
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b
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d
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:
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b
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ra
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at
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b
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p
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⊂
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at
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e

su
b

se
ts

of
[n

]
se

le
ct

ed
b
y

P
an

d
S

,
re

sp
ec

ti
ve

ly
.
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p
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b
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∪
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⊂
S

im
p

ro
ve

s
th

e
ac

cu
ra

cy
is

u
n

k
n

ow
n

to
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⊂
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b
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p
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⊂
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p
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b
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⊂
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p
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∈
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b
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p
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b
et

te
r

n
ot

to
sc

a
le

th
e

en
tr

ie
s

o
f

S
,

al
th

ou
gh

th
e

sc
al

in
g

is
n

ec
es

sa
ry

fo
r

th
eo

re
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d
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d
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p
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p
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p
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v
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T
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th

e
fo

ll
ow

in
g

th
eo

re
m

th
at

th
e

fa
st

m
o
d

el
h

as
th

e
sa

m
e

p
ro

p
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p
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p
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R
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v
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∈
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∈
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ra
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ra
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=
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g
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b
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p
li

es
th

at
to

a
tt

a
in

th
e

1
+
ε

F
ro

b
en

iu
s

n
o
rm

b
o
u

n
d

re
la

ti
ve

to
th

e
b

es
t

ra
n

k
k

ap
p

ro
x
im

a
ti

o
n

,
th
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si
ty

a
n

d
n

o
n

-n
eg

a
ti

v
it

y
p

ro
p

er
ti

es
of

A
;

it
is

th
u

s
m

o
re

at
tr

a
ct

iv
e

th
a
n

S
V

D
in

ce
rt

a
in

a
p

p
li

ca
ti

o
n

s
(M

a
h

o
n

ey
a
n

d
D

ri
n

ea
s,

2
00

9)
.

In
a
d

d
it

io
n

,
w

it
h

th
e

C
U

R
of

A
at

h
a
n

d
,

th
e

tr
u

n
ca

te
d

S
V

D
o
f

A
ca

n
b

e
ve

ry
effi

ci
en

tl
y

co
m

p
u

te
d

.
A

st
a
n

d
a
rd

w
ay

to
fi

n
d

in
g

th
e

U
m

at
ri

x
is

b
y

m
in

im
iz

in
g
‖A
−

C
U

R
‖2 F

to
o
b

ta
in

th
e

o
p

ti
m

al
U

m
at

ri
x

U
?

=
a
rg

m
in

U
‖A
−

C
U

R
‖2 F

=
C
† A

R
† ,
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)
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o
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M
o
r
e

E
f
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ie
n
t

S
P

S
D

M
a
t
r
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A
p
p
r
o
x
im

a
t
io

n
a
n
d

C
U

R
M

a
t
r
ix

D
e
c
o
m

p
o
sit

io
n

w
h

ich
h

a
s

b
een

u
sed

b
y

S
tew

a
rt

(1
9
9
9
);

W
a
n

g
a
n

d
Z

h
a
n

g
(2

0
1
3
);

B
ou

tsid
is

an
d

W
o
o
d

ru
ff

(2
0
1
4).

T
h

is
a
p

p
ro

a
ch

co
sts

tim
eO

(m
c

2
+
n
r

2)
to

com
p

u
te

th
e

M
o
o
re-P

en
ro

se
in

verse
a
n

d
O

(m
n·m

in{
c,r})

to
co

m
p

u
te

th
e

m
atrix

p
ro

d
u

ct.
T

h
erefo

re,
even

if
C

a
n

d
R

are
u

n
ifo

rm
ly

sa
m

p
led

from
A

,
th

e
tim

e
co

st
of

C
U

R
isO

(m
n
·m

in{
c,r}).

A
t

p
resen

t
th

e
stro

n
g
est

th
eo

retica
l

g
u

a
ran

tee
is

b
y

B
o
u

tsid
is

a
n

d
W

o
o
d
ru

ff
(2

0
1
4).

T
h

ey
u

se
th

e
a
d

a
p

tive
sa

m
p

lin
g

a
lgo

rith
m

to
select

c
=
O

(k
/ε)

colu
m

n
a
n

d
r

=
O

(k
/
ε)

row
s

to
form

C
an

d
R

,
resp

ectively,
a
n

d
fo

rm
U
?

=
C
†A

R
†.

T
h

e
a
p

p
rox

im
a
tio

n
erro

r
is

b
o
u

n
d

ed
b
y

‖
A
−

C
U
?R
‖

2F
≤

(1
+
ε)‖A

−
A
k ‖

2F
.

T
h

is
resu

lt
m

a
tch

es
th

e
th

eo
retica

l
low

er
b

o
u

n
d

u
p

to
a

co
n

sta
n
t

factor.
T

h
erefo

re
th

is
C

U
R

a
lg

o
rith

m
is

n
ea

r
op

tim
al.

W
e

esta
b

lish
in

T
h

eo
rem

8
a
n

im
p

roved
erro

r
b

o
u

n
d

o
f

th
e

ad
ap

tive
sa

m
p

lin
g

b
ased

C
U

R
alg

o
rith

m
,

an
d

th
e

co
n
sta

n
ts

in
th

e
th

eo
rem

a
re

b
etter

th
an

th
e

th
o
se

in
(B

o
u

tsid
is

an
d

W
o
o
d

ru
ff

,
20

1
4
).

T
h

eo
rem

8
is

o
b

ta
in

ed
b
y

fo
llow

in
g

th
e

id
ea

o
f

B
o
u

tsid
is

an
d

W
o
o
d

ru
ff

(20
1
4
)

a
n

d
slig

h
tly

ch
an

g
in

g
th

e
p

ro
of

o
f

W
a
n

g
an

d
Z

h
a
n

g
(2

0
13

).
T

h
e

p
ro

of
is

in
A

p
p

en
d

ix
G

.

T
h

e
o
re

m
8

L
et

A
be

a
n

y
given

m
×
n

m
a
trix,

k
be

a
n

y
po

sitive
in

teger
less

th
a
n
m

a
n

d
n

,
a
n

d
ε∈

(0,1)
be

a
n

a
rbitra

ry
erro

r
pa

ra
m

eter.
L

et
C
∈
R
m
×
c

a
n

d
R
∈
R
r×
n

be
co

lu
m

n
s

a
n

d
ro

w
s

o
f

A
selected

by
th

e
n

ea
r-o

p
tim

a
l

co
lu

m
n

selectio
n

a
lgo

rith
m

o
f

B
o
u

tsid
is

et
a
l.

(2
0
1
4
).

W
h
en

c
a
n

d
r

a
re

bo
th

grea
ter

th
a
n

4
k
ε −

1 (1
+
o(1

) ),
th

e
fo

llo
w

in
g

in
equ

a
lity

h
o
ld

s:

E ∥∥
A
−

C
C
†A

R
†R
‖

2F
≤

(1
+
ε)‖

A
−

A
k ‖

2F
,

w
h
ere

th
e

expecta
tio

n
is

ta
ken

w
.r.t.

th
e

ra
n

d
o
m

co
lu

m
n

a
n

d
ro

w
selectio

n
.

5
.2

F
a
st

C
U

R
D

e
c
o
m

p
o
sitio

n

A
n

a
log

o
u

s
to

th
e

fa
st

S
P

S
D

m
atrix

a
p
p

rox
im

atio
n

m
o
d

el,
th

e
C

U
R

d
eco

m
p

o
sitio

n
can

b
e

sp
ed

u
p

w
h

ile
p

reserv
in

g
its

accu
ra

cy.
L

et
S
C
∈

R
m
×
s
c

a
n

d
S
R
∈

R
n×

s
r

b
e

an
y

sketch
in

g
m

a
trices

satisfy
in

g
th

e
a
p

p
rox

im
ate

m
atrix

m
u

ltip
lica

tion
p

ro
p

erties.
W

e
p

ro
p

ose
to

com
p

u
te

U
m

o
re

effi
cien

tly
b
y

Ũ
=

a
rgm

in
U

‖
S
TC

A
S
R
−

(S
TC

C
)U

(R
S
R

)‖
2F

=
(S

TC
C

) †
︸
︷︷

︸
c×
s
c

(S
TC

A
S
R

)
︸

︷︷
︸

s
c ×
s
r

(R
S
R

) †
︸
︷︷

︸
s
r ×
r

,
(9)

w
h

ich
co

sts
tim

e
O

(s
r r

2
+
s
c c

2
+
s
c s
r ·m

in{
c,r}

)
+
T

sk
etch ,

w
h

ere
T

sk
etch

d
en

otes
th

e
tim

e
fo

r
fo

rm
in

g
th

e
sketch

es
S
TC

A
S
R

,
S
TC

C
,

a
n

d
R

S
R

.
A

s
for

G
au

ssia
n

p
ro

jection
,
S

R
H

T
,a

n
d

cou
n
t

sketch
,
T

sk
etch

a
re

resp
ectivelyO

(n
n

z(A
)

m
in{

s
c ,s

r } ),
O
(m

n
lo

g
(m

in{s
c ,s

r }) ),
an

d
O
(n

n
z(A

) ).
A

s
fo

r
lev

era
g
e

sco
re

sa
m

p
lin

g
a
n

d
u

n
ifo

rm
sa

m
p

lin
g
,
T

sk
etch

a
re

resp
ectively

O
(m
c

2
+
n
r

2
+
s
c s
r )

a
n

d
O

(s
c s
r ).

F
o
rm

in
g

th
e

sketch
es

b
y

co
lu

m
n

selectio
n

is
m

ore
effi

cien
t

th
a
n

b
y

ra
n

d
o
m

p
ro

jection
.

T
h

e
fo

llow
in

g
th

eorem
sh

ow
s

th
a
t

w
h

en
s
c

a
n

d
s
r

a
re

su
ffi

cien
tly

la
rg

e,
Ũ

is
n

ea
rly

as
g
o
o
d

as
th

e
b

est
p

o
ssib

le
U

m
a
trix

.
In

th
e

th
eo

rem
,

lev
erag

e
sco

re
sam

p
lin

g
m

ean
s

th
a
t

S
C

a
n

d
S
R

sam
p

le
colu

m
n

s
a
cco

rd
in

g
to

th
e

row
levera

g
e

scores
o
f
C

a
n

d
R
T

,
resp

ectively.
T

h
e

p
ro

o
f

is
in

A
p

p
en

d
ix

H
.
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W
a
n
g

,
Z

h
a
n
g

,
a
n
d

Z
h
a
n
g

T
h

e
o
re

m
9

L
et

A
∈
R
m
×
n

,
C
∈
R
m
×
c,

R
∈
R
r×
n

be
a
n

y
fi

xed
m

a
trices

w
ith

c�
n

a
n

d
r
�

m
.

L
et
q

=
m

in{
m
,n}

a
n

d
q̃

=
m

in{m
/c,n

/r}.
T

h
e

sketch
in

g
m

a
trices

S
C
∈
R
m
×
s
c

a
n

d
S
R
∈
R
n×

s
r

a
re

d
escribed

in
T

a
ble

5
.

A
ssu

m
e

th
a
t
ε −

1
=
o(q)

o
r
ε −

1
=
o(q̃),

a
s

sh
o
w

n
in

th
e

ta
ble.

T
h
e

m
a
trix

Ũ
is

d
efi

n
ed

in
(9

).
T

h
en

th
e

in
equ

a
lity

‖A
−

C
Ũ

R
‖

2F
≤

(1
+
ε)

m
in
U
‖A
−

C
U

R
‖

2F

h
o
ld

s
w

ith
p
ro

ba
bility

a
t

lea
st

0
.7

.

T
ab

le
5:

L
evera

ge
score

sam
p

lin
g

m
ean

s
sam

p
lin

g
accord

in
g

to
th

e
row

leverage
scores

of
C

an
d

th
e

colu
m

n
leverage

scores
of

R
,

resp
ectively.

F
or

u
n

iform
sam

p
lin

g,
th

e
p

a
ra

m
eter

µ
(C

)
is

th
e

row
coh

eren
ce

of
C

an
d
ν

(R
)

is
th

e
co

lu
m

n
co

h
eren

ce
of

R
.

S
k
e
tch

in
g

O
rd
er

o
f
s
c

O
rd
er

o
f
s
r

A
ssu

m
p
tio

n

L
ev
era

g
e
S
co
re

S
a
m
p
lin

g
c √

q/
ε

r √
q/
ε

ε −
1
=
o(q)

U
n
ifo

rm
S
a
m
p
lin

g
µ
(C

)c √
q/
ε

ν
(R

)r √
q/
ε

ε −
1
=
o(q)

G
a
u
ssia

n
P
ro
jectio

n
√

mc
ε (c

+
lo
g
nc )

√
nrε (r

+
lo
g
mr )

ε −
1
=
o(q̃)

S
R
H
T

√
mc
ε (c

+
lo
g
m
nc )

lo
g
(m

)
√

nrε (r
+

lo
g
m
nr )

lo
g
(n

)
ε −

1
=
o(q̃)

C
o
u
n
t
S
k
etch

c √
q/
ε

r √
q/
ε

ε −
1
=
o(q)

A
s

fo
r

leverag
e

score
sam

p
lin

g,
u

n
iform

sam
p

lin
g,

an
d

co
u

n
t

sketch
,

th
e

sketch
sizes

s
c

=
O

(c √
q/ε)

an
d
s
r

=
O

(r √
q/ε)

su
ffi

ce,
w

h
ere

q
=

m
in{

m
,n}.

A
s

for
G

au
ssian

p
ro

jection
an

d
S

R
H

T
,

m
u

ch
sm

aller
sk

etch
sizes

are
req

u
ired

:
s
c

=
Õ

( √
m
c/ε)

an
d

s
r

=
Õ

( √
n
r/ε)

su
ffi

ce.
H

ow
ev

er,
th

ese
ran

d
om

p
ro

jection
m

eth
o
d

s
are

in
effi

cien
t

ch
oices

in
th

is
a
p

p
lication

an
d

on
ly

h
ave

th
eoretical

in
terest.

O
n

ly
colu

m
n

sam
p
lin

g
m

eth
o
d
s

h
ave

lin
ear

tim
e

com
p

lex
ities.

If
S
C

an
d

S
R

are
leverage

score
sam

p
lin

g
m

atrices
(a

ccord
in

g
to

th
e

row
lev

erag
e

scores
of

C
an

d
R
T

,
resp

ectively
),

it
follow

s
from

T
h

eorem
9

th
at

Ũ
w

ith
1

+
ε

b
ou

n
d

ca
n

b
e

com
p

u
ted

in
tim

e

O
(s
r r

2
+
s
c c

2
+
s
c s
r ·

m
in{c,r} )

+
T

sk
etch

=
O
(crε −

1·
m

in{
m
,n}·

m
in{c,r} ),

w
h

ich
is

lin
ear

in
O

(m
in{m

,n}
).

5
.3

E
m

p
iric

a
l

C
o
m

p
a
riso

n
s

T
o

in
tu

itively
d

em
on

strate
th

e
eff

ectiven
ess

of
ou

r
m

eth
o
d

,
w

e
con

d
u

ct
a

sim
p
le

ex
p

erim
en

t
o
n

a
1
920
×

116
8

n
atu

ral
im

age
ob

tain
ed

from
th

e
in

tern
et.

W
e

fi
rst

u
n

iform
ly

sam
p

le
c

=
1
00

colu
m

n
s

to
form

C
an

d
r

=
100

row
s

to
fo

rm
R

,
an

d
th

en
com

p
u

te
th

e
U

m
a
trix

b
y

vary
in

g
s
c

a
n

d
s
r .

W
e

sh
ow

th
e

im
age

Ã
=

C
U

R
in

F
igu

re
2.

F
igu

re
2(b

)
is

ob
tain

ed
b
y

com
p

u
tin

g
th

e
U

m
atrix

accord
in

g
to

(8),
w

h
ich

is
th

e
b

est
p

o
ssib

le
resu

lt
w

h
en

C
an

d
R

are
fi

x
ed

.
T

h
e

U
m

atrix
of

F
igu

re
2(c)

is
com

p
u
ted

accord
in

g
to

D
rin

eas
et

al.
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U
=
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P
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o
w

a
r
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S
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D
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t
r
ix

A
p
p
r
o
x
im
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t
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n
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n
d

C
U

R
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a
t
r
ix

D
e
c
o
m

p
o
si
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n

w
h

er
e

P
C

an
d

P
R

ar
e

co
lu

m
n

se
le
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io

n
m

at
ri

ce
s

su
ch

th
at

C
=

A
P
C

an
d

R
=

P
T R
A

.
T

h
is

is
eq

u
iv

al
en

tl
y

to
(9

)
b
y

se
tt

in
g

S
C

=
P
R

an
d

S
R

=
P
C

.
O

b
v
io

u
sl

y,
th

is
se

tt
in

g
le

a
d
s

to
ve

ry
p

o
or

q
u

al
it

y.
In

F
ig

u
re

s
2(

c)
an

d
(d

)
th

e
sk

et
ch

in
g

m
at

ri
ce

s
S
C

an
d

S
R

a
re

u
n

if
o
rm

sa
m

p
li

n
g

m
at

ri
ce

s.
T

h
e

fi
gu

re
s

sh
ow

th
at

w
h

en
s c

an
d
s r

ar
e

m
o
d

er
at

el
y

g
re

a
te

r
th

a
n
r

an
d
c,

re
sp

ec
ti

ve
ly

,
th

e
ap

p
ro

x
im

at
io

n
q
u

al
it

y
is

si
gn

ifi
ca

n
tl

y
im

p
ro

v
ed

.
E

sp
ec

ia
ll

y,
w

h
en

s c
=

4r
an

d
s r

=
4c

,
th

e
ap

p
ro

x
im

at
io

n
q
u

al
it

y
is

n
ea

rl
y

as
go

o
d

as
u

si
n

g
th

e
o
p
ti

m
a
l

U
m

at
ri

x
d

efi
n

ed
in

(8
).

(a
)
O
ri
g
in
al
.

(b
)
s c

=
m
,s

r
=

n
.

(c
)
s c

=
r,
s r

=
c.

(d
)
s c

=
2
r,
s r

=
2
c.

(e
)
s c

=
4
r,
s r

=
4
c.

F
ig

u
re

2:
(a

):
th

e
or

ig
in

al
19

20
×

11
68

im
ag

e.
(b

)
to

(e
):

C
U

R
d

ec
om

p
os

it
io

n
w

it
h
c

=
r

=
10

0
an

d
d

iff
er

en
t

se
tt

in
gs
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rö
m

m
et

h
o
d

,
es

p
ec

ia
ll

y
w

h
en

c
is

sm
al

l.
U

si
n

g
th

e
sa

m
e

am
ou

n
t

of
ti

m
e,

th
e

fa
st

m
o
d

el
o
u

tp
er

fo
rm

s
th

e
N

y
st

rö
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rö
m

m
et

h
o
d

.
U

si
n

g
th

e
sa

m
e

a
m

ou
n
t

of
ti

m
e,

th
e

fa
st

m
o
d

el
a
n

d
th

e
N

y
st

rö
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b
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p
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−
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−
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−
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ε∥ ∥

(I
n
−

U
C

U
T C

)K
∥ ∥ ∗
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Ũ

C
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p
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b
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b
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p
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L
et

C
∈
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∈
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∈
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∈
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∈
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ra
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Ũ
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∈
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p
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p
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Ũ
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−
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−
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b
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=
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p
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−
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︸
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∥ ∥2 F
≤

ε
+

ε k
c
(n
−
k
c
)

=
εn k
c
.

It
fo

ll
ow

s
fr

om
L

em
m

a
16

an
d

th
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Ũ

C
T
∥ ∥2 F
−
∥ ∥ A
−

C
U
?
C
T
∥ ∥2 F

≤
( 2

0√
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h
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p
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p
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p
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√
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.0

1
a
n

d
δ 2

=
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p
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p
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d
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√
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p
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=
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∈
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∈
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≥
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≥

ra
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=

ra
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=
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=
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=
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=

W
X
,

an
d

th
u

s
ra

n
k
(W

)
=
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=
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=

ra
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=
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p
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Φ
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T

=
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ρ×
c

.

S
in

ce
S
T
C

=
Φ
T
W

a
n

d
ra

n
k
(S

T
C

)
=
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=
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=
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=
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=

(Φ
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=
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→
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a
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+
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i-th

d
ia

go
n

a
l

b
lo

ck
o
f

A
.

T
h
u

s
C

=
d
iag

(Ĉ
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,Ĉ
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[Ã

fa
st

c,s ]
ii ‖
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c
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+
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−
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+
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,c
k

an
d
s

1 ,···
,s
k

w
ith

con
strain

ts
∑

i c
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+
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s
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l
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=
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I c
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I c
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−
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h
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n
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e
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l
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︸
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A
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n
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k

a
p
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m

a
ti
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e
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A
k
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I c
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I c
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T c
.

P
ro

o
f

T
h

e
le

m
m

a
d

ir
ec

tl
y

fo
ll

ow
s

fr
om

th
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+
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=
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−
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+
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L
e
m

m
a

2
3
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d
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l
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P
∈
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=

C
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p
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⊂
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−
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≥
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+
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−
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S
∈
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∈
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e
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e
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b
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=
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B
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B
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=
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p
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∈
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=
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T c
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b
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=

(S
T
C

)†
(S

T
B

S
)(

C
T
S

)†
=
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I c
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T c
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I c
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I c
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I c
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=
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2
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α
c

1−
α

+
α
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︸
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︸
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−
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‖
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p
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L
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e
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d
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=
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∥∥
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B
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A
−
P
C
,k (A

) ∥∥
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∈
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∈
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∥∥
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∈
R
n×

r
2

b
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p
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−
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=
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+
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con
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=
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ε −
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+
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d
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=
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.
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∈
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∈
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∈
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√
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√
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Ũ

R
‖2 F

≤
‖A
−

C
U
?
R
‖2 F

+
( f R

√
h
R

+
f C
√
h
C

+
f C
f R

√
g C
g
′ R

) 2
,

w
h
er

e
α
∈

[0
,1

]
is

a
rb

it
ra

ry
,

a
n

d

f C
=
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T C
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∥ ∥ Σ

1
−
α

A
V

A
(I
n
−

V
R

V
T R

)S
R
S
T R
V

R

∥ ∥2 F
,

g
′ C

=
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=
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T C
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√
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∥ ∥ U
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∥ ∥ U
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)∥ ∥
2 F

+
∥ ∥ U
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∥ ∥ F
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io
n

su
p

p
o
rt

w
it

h
o
u

t
h

av
in

g
to

re
fe

r
to

a
n
y

p
a
rt

ic
u

la
r

sc
a
la

ri
za

ti
on

fu
n

ct
io

n
.

S
h

ow
in

g
th

e
ex

p
ec

te
d

re
tu

rn
s

in
th

e
o
ri

g
in

a
l
re

w
ar

d
sp

ac
e

a
ll

ow
s

u
s

to
m

o
re

ea
si

ly
u

n
d

er
st

an
d

th
e

q
u

a
li

ta
ti

ve
d

iff
er

en
ce

s
b

et
w

ee
n

a
ct

io
n

ch
oi

ce
s.

A
lt

h
o
u

g
h

d
ec

is
io

n
su

p
p

o
rt

is
im

p
o
rt

a
n
t

in
m

a
n
y

a
p

p
li

ca
ti

on
ar

ea
s,

w
e

a
re

m
ot

iv
a
te

d
b
y

cl
in

ic
a
l

d
ec

is
io

n
-m

a
k
in

g
;

th
er

e-
fo

re
w

e
d

em
on

st
ra

te
th

e
u

se
of

o
u

r
a
lg

o
ri

th
m

u
si

n
g

d
at

a
fr

o
m

th
e

C
li

n
ic

al
A

n
ti

p
sy

ch
ot

ic
T

ri
al

s
o
f

In
te

rv
en

ti
o
n

E
ff

ec
ti

ve
n

es
s

(C
A

T
IE

).

S
im

p
li

fi
ed

ve
rs

io
n

s
o
f

so
m

e
o
f

o
u

r
id

ea
s

w
er

e
p

re
se

n
te

d
in

a
sh

or
te

r
p

a
p

er
b
y

L
a
b

er
et

a
l.

(2
01

4a
),

b
u

t
w

e
tr

ea
t

th
e

p
ro

b
le

m
in

it
s

fu
ll

g
en

er
al

it
y

h
er

e.
In

p
a
rt

ic
u

la
r,

o
u

r
w

o
rk

g
o
es

b
ey

o
n

d
“
S

et
-V

al
u

ed
D

y
n

am
ic

T
re

at
m

en
t

R
eg

im
es

”
in

fo
u

r
si

g
n

ifi
ca

n
t

w
ay

s:

2
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M
O

M
D

P
s

f
o
r

D
a
t
a
-D

r
iv

e
n

D
e
c
isio

n
S
u
p
p
o
r
t

•
W

e
in

tro
d

u
ce

a
com

p
lete

n
o
n

-d
eterm

in
istic

fi
tted

-Q
alg

o
rith

m
th

a
t

is
ap

p
licab

le
to

a
rb

itra
ry

n
u

m
b

ers
o
f

a
ction

s
an

d
a
rb

itra
ry

tim
e

h
o
rizon

s.
(P

rev
io

u
s

w
ork

w
a
s

lim
ited

to
b

in
a
ry

actio
n

s
a
n

d
m

a
x
im

u
m

tw
o

d
ecisio

n
p

o
in

ts.)
T

h
is

a
llow

s
u

s
to

p
erform

fi
tted

-
Q

b
a
ck

u
p

s
in

gen
era

l
settin

gs
u

sin
g

m
u

ltip
le

rew
a
rd

fu
n

ction
s

ov
er

co
n
tin

u
ou

s-va
lu

ed
sta

te
featu

res.

•
W

e
p

rove
th

a
t

ou
r

a
lgo

rith
m

fi
n

d
s

a
ll

p
o
licies

th
at

a
re

o
p

tim
a
l

fo
r

som
e

sca
larizatio

n
fu

n
ction

b
y

co
n

sid
erin

g
a

co
llectio

n
o
f

p
o
licies

a
t

th
e

n
ex

t
tim

e
step

th
a
t

is
o
n

ly
p

oly
n

om
ia

l
in

th
e

d
a
ta

set
size.

•
W

e
fo

rm
a
lize

a
so

lu
tio

n
co

n
cep

t,
p
ra

ctica
l

d
o
m

in
a
tio

n
,

th
at

is
m

o
re

fl
ex

ib
le

th
a
n

P
areto

d
o
m

in
a
tio

n
fo

r
id

en
tify

in
g

w
h

eth
er

a
n

actio
n

is
n

o
t

d
esira

b
le.

A
sim

ilar
co

n
cep

t
w

a
s

in
tro

d
u

ced
in

p
rev

iou
s

w
o
rk

(L
ab

er
et

a
l.,

2
0
1
4a

),
b

u
t

w
e

sh
ow

th
at

u
sin

g
p

ra
ctica

l
d

o
m

in
atio

n
,

w
h

ile
u

sefu
l,

is
p
ro

b
lem

a
tic

fo
r

m
o
re

th
a
n

tw
o

d
ecisio

n
p

o
in

ts
b

eca
u

se
it

is
d

o
es

n
o
t

in
d

u
ce

a
p

artia
l

o
rd

er
o
n

actio
n

s.
H

ow
ever,

w
e

sh
ow

th
at

a
m

o
d

ifi
ca

tio
n

o
f

p
ractical

d
o
m

in
a
tio

n
lead

s
to

a
p
a
rtial

o
rd

erin
g

fo
r

a
n
y

n
u

m
b

er
o
f

a
ctio

n
s

o
r

tim
e

p
o
in

ts.

•
W

e
d

em
on

strate
th

e
u
se

o
f

o
u

r
a
lg

o
rith

m
o
n

th
e

C
lin

ica
l

A
n
tip

sy
ch

o
tic

T
ria

ls
of

In
terven

tion
E

ff
ectiven

ess
(C

A
T

IE
)

a
n

d
w

e
co

m
p

are
o
u

r
a
p

p
ro

a
ch

q
u

a
n
tita

tively
a
n

d
q
u

alita
tively

w
ith

a
com

p
etin

g
a
p
p

ro
a
ch

d
erived

fro
m

p
rev

io
u
s

w
ork

o
f

L
izo

tte
et

al.
(20

1
0,

20
1
2).

3
.
M

o
tiv

a
tio

n

O
u

r
w

o
rk

is
m

otivated
b
y

a
clea

r
op

p
o
rtu

n
ity

fo
r

rein
fo

rcem
en

t
learn

in
g

m
eth

o
d

s
to

p
rov

id
e

n
ovel

w
ay

s
of

a
n

a
ly

zin
g

d
a
ta

to
p

ro
d

u
ce

h
ig

h
-q

u
a
lity,

ev
id

en
ce-b

a
sed

d
ecisio

n
su

p
p

o
rt.

W
e

b
riefl

y
rev

iew
som

e
sp

ecifi
c

a
p

p
lica

tion
s

h
ere

w
h

ere
w

e
b

elieve
o
u

r
a
p

p
ro

a
ch

co
u

ld
b

e
p

articu
larly

relevan
t.

3
.1

In
te

llig
e
n
t

T
u

to
ria

l
S

y
ste

m
s

B
ru

n
sk

ill
a
n

d
R

u
ssell

(2
01

1
),

a
n

d
R

a
ff

erty
et

a
l.

(2
01

1
)

stu
d

y
th

e
a
u

to
m

a
tic

con
stru

ctio
n

o
f

ad
a
p

tiv
e

p
ed

a
g
og

ica
l

stra
teg

ies
fo

r
in

tellig
en

t
tu

to
rin

g
sy

stem
s.

T
h

ey
em

p
loy

P
O

M
D

P
m

o
d

els
to

cap
tu

re
th

e
p

artially
o
b

serva
b

le
an

d
seq

u
en

tia
l

a
sp

ect
o
f

th
is

p
ro

b
lem

,
u

sin
g

h
id

d
en

sta
te

to
rep

resen
t

a
stu

d
en

t’s
k
n

ow
led

g
e.

T
h

eir
a
p

p
roa

ch
u

ses
tim

e
ta

k
en

to
lea

rn
a
ll

sk
ills

a
s

a
cost,

i.e.,
n

ega
tive

rew
ard

,
th

a
t

d
rives

tea
ch

in
g

a
ction

selectio
n

.
C

h
i

et
al.

(2
0
11

)
u

se
a
n

M
D

P
fo

rm
u

la
tion

a
n

d
u

se
“N

orm
a
lized

L
ea

rn
in

g
G

a
in

,”
a

q
u

a
n
tifi

ca
tio

n
of

sk
ill

a
cq

u
isitio

n
,

as
a

rew
ard

;
h

ow
ever,

th
ey

d
o

n
o
t

ex
p

licitly
co

n
sid

er
tim

e
sp

en
t.

T
h

e
a
b

ility
to

co
n

sid
er

b
o
th

o
f

th
ese

rew
a
rd

s
sim

u
lta

n
eo

u
sly

w
o
u

ld
em

p
ow

er
th

e
lea

rn
er

or
th

e
tea

ch
er

to
em

p
h

asize
o
n

e
o
r

th
e

o
th

er
over

th
e

co
u

rse
of

th
eir

in
tera

ctio
n

w
ith

th
e

sy
stem

.
T

h
e

m
eth

o
d

w
e

p
resen

t
co

u
ld

off
er

a
selection

of
teach

in
g

a
ction

s
th

a
t

a
re

a
ll

o
p

tim
a
l

for
d

iff
eren

t
p
referen

ces
over

th
ese

rew
a
rd

s,
a
n

d
p

ossib
ly

oth
ers

a
s

w
ell.

3
.2

C
o
m

p
u

ta
tio

n
a
l

S
u

sta
in

a
b

ility

P
ăd

u
ra

ru
et

al.
(2

01
2
)

id
en

tify
a
n

a
p

p
lica

tion
w

ith
in

th
e

d
o
m

a
in

o
f

su
stain

ab
le

w
ild

life
m

a
n

a
g
em

en
t

w
h

ere
th

e
M

D
P

fra
m

ew
o
rk

is
p

articu
la

rly
ap

p
ro

p
ria

te.
T

h
ey

in
vestiga

te
th

e

3
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L
iz

o
t
t
e

a
n
d

L
a
b
e
r

effi
cacy

of
severa

l
off

-p
olicy

m
eth

o
d

s
for

d
evelop

in
g

con
trol

p
olicies

for
m

allard
d

u
ck

p
op

-
u

latio
n

s.
T

h
eir

ou
tp

u
t,

rath
er

th
an

p
rov

id
in

g
au

ton
om

ou
s

co
n
trol,

is
in

ten
d

ed
to

p
rov

id
e

d
ecisio

n
su

p
p

o
rt

for
p

u
b

lic
en

v
iron

m
en

tal
p

olicy
-m

akers.
T

h
ey

u
se

“n
u
m

b
er

of
b

ird
s

h
ar-

vested
p

er
yea

r”
as

th
e

rew
ard

.
H

ow
ever,

in
p

ractical
m

an
agem

en
t

p
lan

s,
several

ou
tco

m
es

m
ay

b
e

of
in

terest
in

clu
d

in
g

m
in

im
u

m
p

op
u

lation
size,

p
rogram

co
st,

an
d

so
on

.
B

ecau
se

form
u

latin
g

a
(e.g.

lin
ear)

trad
e-off

am
on

g
th

ese
rew

ard
s

w
ou

ld
b

e
d

iffi
cu

lt,
ou

r
m

eth
o
d

is
releva

n
t

to
th

is
p

rob
lem

.

3
.3

T
re

a
tin

g
C

h
ro

n
ic

D
ise

a
se

R
ein

fo
rcem

en
t

learn
in

g
h
as

also
b

een
u

sed
as

a
m

ean
s

of
an

aly
zin

g
seq

u
en

tial
m

ed
ical

d
ata

to
in

form
clin

ical
d

ecision
-m

ak
ers

of
th

e
com

p
arative

eff
ectiven

ess
of

d
iff

eren
t

treatm
en

ts
(S

h
ortreed

et
al.,

2011).
R

L
m

eth
o
d

s
are

su
ited

to
d

ecision
su

p
p

ort
for

trea
tin

g
ch

ro
n

ic
illn

ess
w

h
ere

a
go

o
d

po
licy

for
ch

o
osin

g
treatm

en
ts

over
tim

e
is

cru
cial

for
su

ccess.
In

d
eed

,
op

tim
al

p
olicies—

k
n

ow
n

as
“D

y
n

am
ic

T
reatm

en
t

R
egim

es”
in

statistics
an

d
th

e
b

eh
av

ioral
scien

ces—
h

av
e

b
een

learn
ed

for
th

e
m

an
agem

en
t

of
ch

ron
ic

con
d

itio
n

s
in

clu
d

in
g

atten
tion

d
efi

cit
h
y
p

era
ctiv

ity
d
isord

er
(L

ab
er

et
al.,

2014b
),

H
IV

in
fection

(M
o
o
d

ie
et

al.,
2007),

an
d

sm
o
k
in

g
ad

d
iction

(S
trech

er
et

al.,
2006).

T
h
ey

h
av

e
also

b
een

ap
p

lied
to

seq
u

en
ces

of
d

iag
n

ostics
as

w
ell,

for
ex

am
p

le
in

b
reast

can
cer

(B
u

rn
sid

e
et

al.,
201

2).
W

e
p

resen
t

a
ca

se
stu

d
y

in
th

is
d

om
ain

in
S

ection
7.

4
.
B
a
ck

g
ro

u
n
d

W
e

in
tro

d
u

ce
a

n
ew

ap
p

roach
for

solv
in

g
M

u
lti-O

b
jective

M
arkov

D
ecision

P
ro

cesses
w

ith
th

e
go

al
of

p
rov

id
in

g
d

ata-d
riven

d
ecision

su
p
p

ort.
O

u
r

ap
p

roach
u

ses
n

on
-d

eterm
in

istic
p

o
licies

to
en

co
d

e
th

e
set

of
all

n
on

-d
om

in
ated

p
olicies.

In
th

is
section

,
w

e
rev

iew
th

e
m

ost
releva

n
t

ex
istin

g
literatu

re
on

M
O

M
D

P
s

an
d

N
D

P
s.

4
.1

M
u

lti-o
b

je
c
tiv

e
O

p
tim

iz
a
tio

n
a
n

d
M

O
M

D
P

s

T
h

e
m

o
st

b
asic

d
efi

n
ition

of
a

M
ark

ov
D

ecision
P

ro
cess

is
as

a
4-tu

p
lexS

,A
,P
,Ry

w
h

ere
S

is
a

set
of

states,A
is

a
set

of
action

s,
Pps,a

,s 1q“
P
rps 1|s,aq

gives
th

e
p

rob
ab

ility
of

a
sta

te
tran

sitio
n

giv
en

action
an

d
cu

rren
t

state,
an

d
Rps,aq

is
th

e
im

m
ed

iate
scalar

rew
ard

ob
tain

ed
in

sta
te
s

w
h

en
tak

in
g

action
a
.

O
n

e
com

m
on

goal
of

“solv
in

g”
an

M
D

P
,

if
w

e
assu

m
e

a
fi

n
ite

tim
e

h
orizon

of
T

step
s,

is
to

fi
n

d
a

p
olicy

π
:S
Ñ
A

th
at

m
ax

im
izes

V
πpsq“

E
πr

Tÿt“
1

Rps
t ,a

t q|s
1 “

ss

p
oin

tw
ise

for
a
ll

states.
In

th
e

p
reced

in
g,E

π
in

d
icates

th
at

th
e

ex
p

ectation
is

taken
assu

m
in

g
th

e
state-a

ction
tra

jectories
are

ob
tain

ed
b
y

follow
in

g
p

olicy
π

.
B

ecau
se

in
th

e
fi

n
ite-h

orizon
settin

g
th

a
t

th
e

op
tim

al
π

is
in

gen
eral

n
on

-station
ary

(B
ertsekas,

2007
),

w
e

d
efi

n
e
π

to
b

e
a

seq
u

en
ce

of
fu

n
ction

s
π
t

for
tPt1

,...,Tu,
w

h
ere

π
t

:S
t Ñ
A
t .

L
ike

p
rev

iou
s

w
ork

b
y

L
izotte

et
al.

(2010,
2012)

an
d

b
y

m
a
n
y

oth
ers

(R
oijers

et
al.,

201
3
),

w
e

fo
cu

s
o
n

th
e

settin
g

w
h

ere
th

e
d

efi
n
ition

of
an

M
D

P
is

au
gm

en
ted

b
y

assu
m

in
g

a
D

-d
im

en
sion

al
rew

ard
vector

Rps
t ,a

t q
is

ob
served

at
each

tim
e

step
.

W
e

d
efi

n
e

a
fi

n
ite-

h
o
rizo

n
M

O
M

D
P

w
ith

fi
n

ite
tim

e
h

orizon
T

as
a

tu
p

le
of

state
sp

acesS
t ,

actio
n

sp
acesA

t ,
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M
O

M
D

P
s

f
o
r

D
a
t
a
-D

r
iv

e
n

D
e
c
is

io
n

S
u
p
p
o
r
t

st
at

e
tr

an
si

ti
on

fu
n

ct
io

n
s
P
t

:
S t
ˆ
A
t
Ñ

Pp
S t
`1
qw

h
er

e
Pp
S t
`1
qi

s
th

e
sp

ac
e

of
p

ro
b

ab
il

it
y

m
ea

su
re

s
on
S t
`1

,
an

d
re

w
ar

d
fu

n
ct

io
n

s
R
t

:
S t
ˆ
A
t
Ñ

R
D

fo
r
t
Pt

1,
..
.,
T
u.

In
ke

ep
in

g
w

it
h

th
e

M
ar

ko
v

as
su

m
p

ti
on

,
b

ot
h

R
t

an
d
P
t

d
ep

en
d

on
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li

ty
ca

n
st

il
l

re
su

lt
a
ct

io
n

s
b

ei
n

g
el

im
in

a
te

d
u

n
n

ec
es

sa
ri

ly
;

th
is

is
il

lu
st

ra
te

d
in

F
ig

u
re

1
(b

).
W

e
a
d

d
re

ss
th

is
p

ro
b

le
m

b
y

in
tr

o
d

u
ci

n
g

an
a
lt

er
n

at
iv

e
n

o
ti

on
of

d
o
m

in
a
ti

on
in

S
ec

ti
o
n

6
.

E
ac

h
o
f

th
es

e
co

n
tr

ib
u

ti
o
n

s
le

a
d

s
to

in
cr

ea
se

d
a
ct

io
n

ch
oi

ce
fo

r
th

e
d

ec
is

io
n

-m
a
k
er

b
y

co
n

si
d

er
in

g
a

la
rg

er
cl

a
ss

o
f

p
re

fe
re

n
ce

s
ov

er
re

w
a
rd

ve
ct

o
rs

.

4
.2

N
o
n

-D
e
te

rm
in

is
ti

c
P

o
li

c
ie

s

M
il

an
i

F
a
rd

an
d

P
in

ea
u

(2
0
1
1)

d
es

cr
ib

e
n

o
n

-d
et

er
m

in
is

ti
c

p
o
li

ci
es

fo
r

M
a
rk

ov
D

ec
is

io
n

P
ro

ce
ss

es
(M

D
P

s)
w

it
h

a
fi

n
it

e
st

a
te

sp
a
ce

a
n

d
a

si
n

g
le

re
w

ar
d

fu
n

ct
io

n
.

T
h

e
te

rm
n

o
n

-
d
et

er
m

in
is

ti
c

is
u

se
d

as
in

th
e

st
u

d
y

o
f

n
o
n

-d
et

er
m

in
is

ti
c

fi
n

it
e

a
u

to
m

a
ta

an
d

in
d

ic
a
te

s
th

at
th

er
e

a
re

ch
oi

ce
s

m
a
d

e
a
s

th
e

sy
st

em
ev

o
lv

es
a
b

o
u

t
w

h
ic

h
w

e
as

su
m

e
w

e
h

av
e

n
o
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o
r
t

0
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4
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1
0
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1
0

a
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a
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a
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a
2

Q
Tr1s ps

T
,aq

pbq

QT r2spsT , aq

E
lim

in
a
te

u
sin

g
con

vex
com

b
in

atio
n

s

0
2

4
6

8
10

0 2 4 6 8 1
0

a
1

a
3

a
4

a
2

Q
Tr1s ps

T
,aq

pbq

QT r2spsT , aq

E
lim

in
ate

u
sin

g
P

a
reto

p
a
rtia

l
o
rd

er

F
ig

u
re

1:
C

om
p

arison
o
f

ex
istin

g
a
p

p
ro

a
ch

es
to

elim
in

a
tin

g
a
ctio

n
s

a
t

tim
e
T

.
T

h
e

p
rob

-
lem

s
illu

stra
ted

h
ere

h
ave

a
n

a
lo

g
s

fo
r
tă

T
w

h
ere

th
e

p
ictu

re
is

m
o
re

com
-

p
lica

ted
.

In
th

is
sim

p
le

ex
am

p
le,

w
e

su
p

p
ose

th
e

vecto
r-va

lu
ed

ex
p

ected
re-

w
a
rd

spQ
Tr1s ps

T
,aq,Q

Tr2s ps
T
,aqq

arep1
,9q,p9

,1q,p4.9
,4
.9q,p4.6

,4
.6q

for
a
ctio

n
s

a
1 ,a

2 ,a
3 ,a

4 ,
resp

ectively.
F

ig
u

re
1
(a

):
U

sin
g

th
e

m
eth

o
d

o
f

L
izotte

et
al.

(2
0
10,

20
12

)
b

ased
o
n

co
n
v
ex

com
b

in
atio

n
s

o
f

rew
a
rd

s,
a
ctio

n
s
a

3
a
n

d
a

4
w

ou
ld

b
e

elim
i-

n
ated

,
a
n

d
w

e
w

o
u

ld
h

ave
Π
T ps

t q“
ta

1 ,a
2 u.

(A
n
y

actio
n

w
h

o
se

ex
p

ected
rew

ard
s

fa
ll

in
th

e
sh

ad
ed

region
w

o
u

ld
b

e
elim

in
a
ted

.)
H

ow
ever,

w
e

w
o
u

ld
p

refer
to

at
lea

st
in

clu
d

e
a

3
sin

ce
it

off
ers

a
m

o
re

“
m

o
d

era
te”

o
u

tco
m

e
th

a
t

m
ay

b
e

im
p

or-
ta

n
t

to
som

e
d

ecisio
n

-m
a
k
ers.

F
ig

u
re

1
(b

):
U

sin
g

th
e

P
a
reto

p
a
rtia

l
o
rd

er,
o
n

ly
a
ctio

n
a

4
is

elim
in

a
ted

,
a
n

d
w

e
h

ave
Π
T ps

T q“
ta

1 ,a
2 ,a

3 u.
H

ow
ever,

w
e

m
ay

p
refer

to
in

clu
d

e
a

4
sin

ce
its

p
erfo

rm
a
n

ce
is

very
close

to
th

at
o
f
a

3 ,
a
n

d
m

ay
b

e
p

referab
le

fo
r

rea
so

n
s

w
e

ca
n
n

o
t

in
fer

fro
m

o
u

r
d

ata
—

e.g
.

co
st,

o
r

allerg
y

to
a

3 .
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L
iz

o
t
t
e

a
n
d

L
a
b
e
r

in
fo

rm
a
tion

. 1
G

iven
an

M
D

P
w

ith
sta

te
spa

ce
S

an
d

an
a
ctio

n
set
A

,
a
n

N
D

P
Π

is
a

m
ap

from
th

e
sta

te
sp

ace
to

th
e

set
2 AztH

u.
M

ilan
i

F
ard

an
d

P
in

eau
a
ssu

m
e

th
at

a
u

ser
op

era
tin

g
th

e
M

D
P

w
ill,

at
each

tim
estep

,
ch

o
ose

a
n

action
from

th
e

set
Πpsq.

T
h

ey
are

m
otivated

b
y

th
e

sam
e

con
sid

eration
s

th
at

w
e

are
in

th
e

sen
se

th
at

th
ey

w
ish

to
p

rov
id

e
ch

oice
to

th
e

u
ser

w
h

ile
still

ach
iev

in
g

go
o
d

p
erform

an
ce;

th
u

s,
th

ey
on

ly
elim

in
ate

action
s

th
at

are
clea

rly
su

b
-op

tim
al.

B
ecau

se
th

ey
co

n
sid

er
on

ly
a

sin
gle

rew
ard

fu
n

ction
,

th
ey

can
m

easu
re

p
erform

an
ce

u
sin

g
th

e
ex

p
ected

d
iscou

n
ted

in
fi
n

ite
su

m
of

fu
tu

re
(scalar)

rew
ard

s
in

th
e

u
su

a
l

w
ay,

an
d

th
ey

can
p

ro
d

u
ce

an
N

D
P

Π
th

at
h

as
n

ear-op
tim

al
p

erform
an

ce
even

if
th

e
u

ser
ch

o
oses

th
e

“w
orst”

action
s

from
Πpsq

in
each

state.
O

n
e

can
v
iew

th
e

N
D

P
as

a
com

p
act

w
ay

of
ex

p
ressin

g
a

set
of

p
olicies

th
at

m
igh

t
b

e
ex

ecu
ted

.
S

u
p

p
ose

th
at

#
A
“
|Πpsq|,

th
e

n
u

m
b

er
of

actio
n

s
p

rov
id

ed
b
y

th
e

N
D

P
Π

,
is

th
e

sam
e

a
t

all
states.

T
h
en

th
e

n
u

m
b

er
of

p
olicies

th
a
t

are
co

n
sisten

t
w

ith
Π

,
th

at
is,

th
e

p
olicies

fo
r

w
h

ich
πpsqP

Πpsq,
is

#
A
|S|.

S
o

th
e

N
D

P
Π

is
a

com
p

act
en

co
d

in
g

of
a
n

ex
p

o
n

en
tial

n
u

m
b

er
of

p
olicies.

W
e

w
ill

m
ake

u
se

of
th

is
p

rop
erty

to
en

co
d

e
ou

r
p

olicies.
T

h
e

tw
o

m
ost

im
p

ortan
t

d
iff

eren
ces

b
etw

een
ou

r
w

ork
an

d
th

at
o
f

M
ilan

i
F

ard
an

d
P

in
eau

are
th

at
ou

r
m

otivation
for

learn
in

g
n

o
n

-d
eterm

in
istic

p
olicies

is
d

riven
ex

p
licitly

b
y

h
av

in
g

m
o
re

th
an

on
e

b
asis

rew
ard

of
in

terest,
an

d
th

at
w

e
u

se
m

ore
gen

eral
valu

e
fu

n
ction

m
o
d

els
rath

er
th

an
a

ta
b

u
lar

rep
resen

tation
.

H
av

in
g

m
u

ltip
le

b
asis

rew
ard

s
com

b
in

ed
w

ith
va

lu
e

fu
n

ction
ap

p
rox

im
ation

lead
s

u
s

to
a

d
iff

eren
t,

n
ovel

algorith
m

fo
r

learn
in

g
N

D
P

s.

5
.
F
itte

d
-Q

fo
r
M

O
M

D
P
s

O
u

r
n

on
-d

eterm
in

istic
fi

tted
-Q

algorith
m

for
m

u
ltip

le
o
b

jectives
u

ses
fi

n
ite-h

orizon
,

b
atch

d
a
ta

.
W

e
p

resen
t

a
v
ersion

th
at

u
ses

lin
ear

valu
e

fu
n

ction
ap

p
rox

im
ation

b
ecau

se
th

is
m

o
d
el

is
com

m
on

ly
u

sed
b
y

statistician
s

w
ork

in
g

in
clin

ical
d

ecision
su

p
p

ort
(S

trech
er

et
a
l.,

2
006;

L
izotte

et
a
l.,

20
1
0,

2012;
L

ab
er

et
al.,

2014b
),

an
d

b
ecau

se
availa

b
le

d
ata

o
ften

con
tain

con
tin

u
ou

s-valu
ed

featu
res,

e.g.,
sy

m
p

tom
an

d
sid

e-eff
ect

levels,
lab

oratory
valu

es,
etc.,

an
d

ou
tco

m
es,

e.g.,
sy

m
p
tom

scores,
b

o
d
y

m
ass

in
d

ex
.

It
is

a
fl

ex
ib

le
m

o
d

el
b

ecau
se

w
e

w
ill

n
o
t

restrict
th

e
state

featu
res

on
e

m
igh

t
u

se.
F

or
learn

in
g,

w
e

assu
m

e
a

b
atch

o
f
n

d
ata

tra
jectories

of
th

e
form

s
i1 ,a

i1 ,r
i1r1s ,...,r

i1rDs ,s
i2 ,a

i2 ,r
i2r1s ,...,r

i2rDs ,...,s
iT
,a
iT
,r
iTr1s ,...,r

iTrDs
for

i“
1,...,n

.

In
th

e
follow

in
g

ex
p

osition
,

w
e

b
egin

b
y

sp
ecify

in
g

h
ow

th
e

algorith
m

w
ork

s
for

th
e

la
st

tim
e

p
oin

t
t“

T
.

T
h

is
w

ou
ld

b
e

th
e

on
ly

step
n

eed
ed

in
a

“n
on

-seq
u

en
tial”

d
ecision

p
rob

lem
.

W
e

th
en

d
escrib

e
th

e
step

s
an

alogou
s

to
th

e
fi

tted
-Q

“b
ack

u
p

”
op

eratio
n

for
earlier

tim
ep

oin
ts
tă

T
,

w
h

ich
are

m
ore

com
p

lex
.

5
.1

F
in

a
l

tim
e

p
o
in

t,
t“

T

A
t

tim
e
T

,
w

e
d

efi
n

e
th

e
ap

p
rox

im
ate

Q
-fu

n
ctio

n
for

rew
ard

d
im

en
sion

d
a
s

th
e

lin
ear

least
sq

u
ares

fi
t

Q̂
Trds ps

T
,a
T q“

φ
T ps

T
,a
T q ᵀŵ

Trds ,
ŵ
Trds “

argm
in

w

ÿ

i

´
φ
T ps

iT
,a
iT q ᵀw

´
r
iTrds ¯

2
(2)

1
.

N
o
te

th
a
t
n
o
n
-d
eterm

in
istic

d
o
es

n
o
t

m
ea

n
“
sto

ch
a
stic”

;
i.e.,

w
e

d
o

n
o
t

su
p
p

o
se

a
k
n
ow

n
sta

tio
n
a
ry

ra
n
d
o
m

p
o
licy

w
ill

b
e

fo
llow

ed
.
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f
o
r

D
a
t
a
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r
iv

e
n

D
e
c
is

io
n

S
u
p
p
o
r
t

gi
v
in

g
th

e
es

ti
m

at
ed

ve
ct

or
-v

al
u

ed
ex

p
ec

te
d

re
w

ar
d

fu
n

ct
io

n

Q̂
T
ps T

,a
T
q“

pQ̂
T
r1s
ps T

,a
T
q,.
..
,Q̂

T
rD
sps

T
,a
T
qqᵀ
.

(3
)

H
er

e,
φ
T
ps T

,a
T
qi

s
a

fe
at

u
re

ve
ct

or
of

st
at

e
an

d
ac

ti
on

.
A

s
d

is
cu

ss
ed

b
y

L
iz

o
tt

e
et

al
.

(2
01

2)
,
φ
T
ps T

,a
T
qw

ou
ld

ty
p

ic
al

ly
in

cl
u

d
e:

a
co

n
st

an
t

co
m

p
on

en
t

fo
r

th
e

in
te

rc
ep

t,
fe

a
tu

re
s

d
es

cr
ib

in
g
s T

,
d

u
m

m
y

va
ri

ab
le

s
en

co
d

in
g

th
e

d
is

cr
et

e
ac

ti
on

a
T

,
an

d
th

e
p

ro
d

u
ct

o
f

th
e

d
u

m
m

y
va

ri
ab

le
s

w
it

h
th

e
fe

at
u

re
s

d
es

cr
ib

in
g
s T

(C
o
ok

an
d

W
ei

sb
er

g,
1
9
9
9
).

O
n

e
co

u
ld

al
so

in
cl

u
d

e
ot

h
er

n
on

-l
in

ea
r

fu
n

ct
io

n
s

of
s T

an
d
a
T

as
fe

at
u

re
s

if
d

es
ir

ed
.

W
e

p
re

se
n
t

o
u

r
m

et
h

o
d

as
su

m
in

g
th

at
ŵ
T
rds

ar
e

fo
u

n
d

b
y

le
as

t
sq

u
ar

es
re

gr
es

si
on

,
b

u
t

on
e

co
u

ld
fo

r
ex

a
m

p
le

ad
d

an
L

1
p

en
al

ty
,

or
u

se
su

p
p

or
t

ve
ct

or
re

gr
es

si
on

(H
as

ti
e

et
al

.,
20

01
).

F
u

rt
h

er
m

o
re

,
u

n
li

ke
p

re
v
io

u
s

w
or

k
b
y

L
iz

ot
te

et
al

.
(2

01
2)

,
an

y
G

en
er

al
iz

ed
L

in
ea

r
M

o
d

el
(G

L
M

)
w

it
h

a
m

on
ot

on
ic

in
cr

ea
si

n
g

li
n

k
fu

n
ct

io
n

(e
.g

.
lo

gi
st

ic
re

gr
es

si
on

,
P

oi
ss

on
re

g
re

ss
io

n
,

an
d

so
on

)
ca

n
al

so
b

e
u

se
d

(C
o
ok

an
d

W
ei

sb
er

g,
19

99
).

N
ot

e
th

at
w

e
ca

n
re

co
v
er

a
“
ta

b
u

la
r”

re
p

re
se

n
ta

ti
on

if
th

e
st

at
es

ar
e

d
is

cr
et

e
an

d
w

e
as

si
gn

m
u

tu
al

ly
or

th
og

on
a
l

fe
a
tu

re
ve

ct
or

s
to

ea
ch

on
e.

H
av

in
g

ob
ta

in
ed

th
e

Q̂
T

fr
om

(2
),

w
e

co
n
st

ru
ct

an
N

D
P

Π
T

th
at

w
il

l
gi

ve
,
fo

r
ea

ch
st

a
te

,
th

e
ac

ti
on

s
on

e
m

ig
h
t

ta
ke

at
th

e
la

st
ti

m
e

p
oi

n
t.

F
or

ea
ch

st
at

e
s T

at
th

e
la

st
ti

m
e

p
o
in

t,
ea

ch
ac

ti
on

a
T

is
as

so
ci

at
ed

w
it

h
a

u
n

iq
u

e
ve

ct
or

-v
al

u
ed

es
ti

m
at

ed
ex

p
ec

te
d

re
w

a
rd

g
iv

en
b
y

Q̂
T
ps T

,a
T
q.

T
h
u

s,
w

e
d

ec
id

e
w

h
ic

h
am

on
g

th
es

e
ve

ct
or

s
is

a
d

es
ir

ab
le

ou
tc

o
m

e,
a
n

d
in

cl
u

d
e

th
ei

r
as

so
ci

at
ed

ac
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d
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Π
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Π
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m
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p
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Π
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d
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a
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b
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b
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a
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p
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Π
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p
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d
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a
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b
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m
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h
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.
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b
y

al
so

d
ec

id
in

g
w

h
ic

h
p

a
rt

ic
u

la
r

p
o
li

cy
w

il
l

b
e

fo
ll

ow
ed

to
ch

o
o
se

fu
tu

re
a
ct

io
n

s.
In

st
an

d
ar

d
fi

tt
ed

-Q
,

fo
r

ex
a
m

p
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b
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Π
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b
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p
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ď
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π
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,Q̂

trD
sps

t,
a
t;
π
t`

1
,.
..
,π
T
q) ᵀ
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ŵ
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ŵ
trd
sπ
t`

1
,.
..
,π
T
“

ar
gm

in
w

n ÿ i“
1

” φ
tps

i t,
a
i tqᵀ
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b
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b
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d

en
o
te

a
se

t
of

p
a
rt

ia
ll

y
-e

va
lu

at
ed

Q
-f

u
n

ct
io

n
s;

ea
ch

m
em

b
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a
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π
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p
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p
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e

su
b

je
ct

o
f

th
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v
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p
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p
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b
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c
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Π
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Π
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Π
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b
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π
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π
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d
iff

er
en

t
p

os
si

b
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Π
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p
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.
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e
fo

ll
ow

in
g,

w
e

d
efi

n
e

th
es

e
n

o
ti

on
s

o
f

co
n

si
st

en
cy

a
n

d
re

p
re

se
n
ta

b
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d
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d
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b
le

p
ol

ic
ie

s
ca

n
b

e
effi

ci
en

tl
y

en
u

m
er

at
ed

u
si

n
g

m
ix

ed
in

te
g
er

li
n

ea
r

p
ro

gr
a
m

m
in
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w
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p
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Π
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p
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Q̂
T´

1 P
Q
T´

1
a
n

d
fo

r
ea

ch
a
T´

1 Ptİ,‚,Ĳ,§,đu.
F

o
r

ex
am

p
le,

th
e
İ

m
a
rkers

n
ea

r
th
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b
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p
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d
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n
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y
c
o
n

siste
n

c
y
)

A
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Π
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Ă
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a
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d
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a
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p
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w
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p
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d
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d
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r
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r
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r
d

a
ta

set
a
t

tim
e
t.
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b
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on

va
lu
e
is

ze
ro

in
ca
se
s
of

st
at
is
ti
ca
l
in
de
pe

nd
en
ce

an
d
no

n-
ze
ro

ot
h-

er
w
is
e.

M
ea
su
re
s
of

de
pe

nd
en
ce

ar
e
at
tr
ac
ti
ve

be
ca
us
e
th
ey

gu
ar
an

te
e
th
at

as
ym

pt
ot
ic
al
ly

no
no

n-
tr
iv
ia
lr
el
at
io
ns
hi
p
w
ill

er
ro
ne
ou

sl
y
be

de
cl
ar
ed

tr
iv
ia
l.
In

th
e
se
tt
in
g
of

co
nt
in
uo

us
-

va
lu
ed

da
ta
,
w
hi
ch

is
ou

r
fo
cu
s,

th
er
e
is

a
lo
ng

lin
e
of

fr
ui
tf
ul

re
se
ar
ch

on
su
ch

st
at
is
ti
cs

in
cl
ud

in
g,

e.
g.
,
H
oe
ffd

in
g
(1
94
8)
;
R
én
yi

(1
95
9)
;
B
re
im

an
an

d
Fr
ie
dm

an
(1
98
5)
;
P
an

in
sk
i

(2
00
3)
;
Sz
ék
el
y
et

al
.
(2
00
7)
;
G
re
tt
on

et
al
.
(2
00
5)
;
R
es
he
f
et

al
.
(2
01
1)
;
G
re
tt
on

et
al
.

(2
01
2)
;L

op
ez
-P
az

et
al
.(
20
13
);
H
el
le
r
et

al
.(
20
13
);
Ji
an

g
et

al
.(
20
15
);
H
el
le
r
et

al
.(
20
16
).

O
ne

w
ay

to
m
ea
su
re

th
e
ut
ili
ty

of
a
m
ea
su
re

of
de
pe

nd
en
ce
ϕ̂
is
po
w
er

ag
ai
ns
t
in
de
pe
n-

de
nc
e,
i.e
.,
th
e
po

w
er

of
in
de
pe

nd
en
ce

te
st
in
g
ba

se
d
on
ϕ̂
to

de
te
ct

va
ri
ou

st
yp

es
of

no
n-
tr
iv
ia
l

re
la
ti
on

sh
ip
s.

T
hi
s
is
an

im
po

rt
an

t
go
al

fo
r
da

ta
se
ts

th
at

ha
ve

ve
ry

fe
w
no

n-
tr
iv
ia
lr
el
at
io
n-

sh
ip
s,
or

on
ly

ve
ry

w
ea
k
re
la
ti
on

sh
ip
st

ha
ta

re
di
ffi
cu
lt
to

de
te
ct
.
O
ft
en
,h

ow
ev
er
,t
he

nu
m
be

r
of

re
la
ti
on

sh
ip
s
de
cl
ar
ed

st
at
is
ti
ca
lly

si
gn

ifi
ca
nt

by
a
m
ea
su
re

of
de
pe

nd
en
ce

gr
ea
tl
y
ex
ce
ed
s

th
e
nu

m
be

r
of

re
la
ti
on

sh
ip
s
th
at

ca
n
th
en

be
ex
pl
or
ed

fu
rt
he
r.

Fo
r
ex
am

pl
e,

bi
ol
og
ic
al

da
ta

se
ts

of
te
n
co
nt
ai
n
m
an

y
no

n-
tr
iv
ia
lr
el
at
io
ns
hi
ps
,b

ut
fu
rt
he
r
co
rr
ob

or
at
in
g
an

y
on

e
of

th
em

m
ay

ta
ke

ex
te
ns
iv
e
m
an

ua
ll
ab

w
or
k
or

a
st
ud

y
on

hu
m
an

or
an

im
al

su
bj
ec
ts
.
In

th
is

ca
se
,

it
is

te
m
pt
in
g
to

re
st
ri
ct

fo
llo

w
-u
p
to

a
fe
w

re
la
ti
on

sh
ip
s
w
it
h
th
e
hi
gh

es
t
va
lu
es

of
ϕ̂
,
bu

t
th
is

ca
n
sk
ew

th
e
di
re
ct
io
n
of

fo
llo

w
-u
p
w
or
k:

if
ϕ̂

sy
st
em

at
ic
al
ly

as
si
gn

s
hi
gh

er
sc
or
es

to
,

sa
y,

lin
ea
r
re
la
ti
on

sh
ip
s
th
an

to
no

n-
lin

ea
r
on

es
,
re
la
ti
ve
ly

no
is
y
lin

ea
r
re
la
ti
on

sh
ip
s
m
ig
ht

cr
ow

d
ou

t
st
ro
ng

no
n-
lin

ea
r
re
la
ti
on

sh
ip
s
fr
om

th
e
to
p-
sc
or
in
g
se
t.

M
ot
iv
at
ed

by
th
is
pr
ob

le
m
,w

e
pr
ev
io
us
ly

in
tr
od

uc
ed

a
se
co
nd

w
ay

of
as
se
ss
in
g
a
m
ea
su
re

of
de
pe

nd
en
ce
,
ca
lle

d
eq
ui
ta
bi
lit
y
(R

es
he
f
et

al
.,
20
11
).

In
fo
rm

al
ly
,
an

eq
ui
ta
bl
e
st
at
is
ti
c
is

on
e
th
at
,f
or

so
m
e
m
ea
su
re

of
re
la
ti
on

sh
ip

st
re
ng

th
,a

ss
ig
ns

si
m
ila

r
sc
or
es

to
eq
ua

lly
st
ro
ng

re
la
ti
on

sh
ip
s
re
ga
rd
le
ss

of
re
la
ti
on

sh
ip

ty
pe

.
Fo

r
in
st
an

ce
,
w
e
m
ay

w
an

t
ou

r
m
ea
su
re

of
de
pe

nd
en
ce

to
al
so

ha
ve

th
e
pr
op

er
ty

th
at

on
no

is
y
fu
nc
ti
on

al
re
la
ti
on

sh
ip
s
it
as
si
gn

s
si
m
ila

r
sc
or
es

to
re
la
ti
on

sh
ip
s
w
it
h

th
e
sa
m
e
R

2
,
i.e

.,
th
e
sq
ua

re
d

P
ea
rs
on

co
rr
el
at
io
n

be
tw

ee
n

th
e
ob

se
rv
ed

y-
va
lu
es

an
d
th
e
x-
va
lu
es

pa
ss
ed

th
ro
ug

h
th
e
un

de
rl
yi
ng

fu
nc
ti
on

in
qu

es
ti
on

(R
es
he
fe
t
al
.,
20
11
).

O
r,
al
te
rn
at
iv
el
y,
w
e
m
ay

w
an

t
th
e
va
lu
e
of

ou
r
st
at
is
ti
c
to

te
ll
us

ab
ou

t
th
e
pr
op

or
ti
on

of
po

in
ts

co
m
in
g
fr
om

th
e
de
te
rm

in
is
ti
c
co
m
po

ne
nt

of
a
m
ix
tu
re

co
nt
ai
ni
ng

pa
rt

si
gn

al
an

d
pa

rt
un

ifo
rm

no
is
e
(D

in
g
an

d
Li
,
20
13
).

D
efi

ni
ng

m
ea
su
re
s
of

de
pe

nd
en
ce

th
at

ac
hi
ev
e
go

od
eq
ui
ta
bi
lit
y
w
it
h
re
sp
ec
t
to

in
te
re
st
in
g
m
ea
su
re
s
of

re
la
ti
on

sh
ip

st
re
ng

th
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M
ea

su
r
in

g
D

epen
d
en

ce
P
o
w

er
fu

lly
a
n
d

E
q
u
ita

bly

is
a
new

and
challenging

problem
,
w
ith

a
num

ber
of

different
form

alizations.
(See,

e.g.,
R
eshef

et
al.,2015b

and
D
ing

and
Li,2013

cited
above,as

w
ellas

K
inney

and
A
tw

al,2014
along

w
ith

associated
technical

com
m
ents

R
eshef

et
al.,

2014
and

M
urrell

et
al.,

2014.)
A

com
panion

paper
to

this
w
ork

(R
eshef

et
al.,

2015b)
presents

a
general

form
alization

that
unifies

these.
In

this
paper,

w
e
introduce

and
theoretically

characterize
tw

o
new

m
easures

of
depen-

dence
that

w
e
em

pirically
show

to
have

good
equitability

w
ith

respect
to

R
2
and

pow
er

against
independence,

respectively.
W
e
begin

by
introducing

a
new

population
m
easure

of
dependence

called
M
IC
∗ .

G
iven

a
pair

of
jointly

distributed
random

variables
(X
,Y

),
M
IC
∗ (X

,Y
)
is

the
suprem

um
,
over

all
finite

grids
G

im
posed

on
the

support
of

(X
,Y

),
of

the
m
utual

inform
ation

of
the

discrete
distribution

induced
by

(X
,Y

)
on

the
cells

of
G
,

subject
to

a
regularization

based
on

the
resolution

of
G
.
W
e
prove

three
results,

each
of

w
hich

gives
a
different

w
ay

that
this

population
quantity

can
be

view
ed.

1.
M
IC
∗
is
the

population
value

ofthe
m
axim

alinform
ation

coeffi
cient

(M
IC

),a
statistic

introduced
in

R
eshef

et
al.(2011)

that
is

em
pirically

highly
equitable

w
ith

respect
to

R
2
on

a
large

class
of

noisy
functional

relationships.
Sim

ple
corollaries

of
this

result
sim

plify
and

strengthen
m
any

of
the

theoreticalresults
proven

in
R
eshef

et
al.(2011)

about
M
IC

.

2.
M
IC
∗
is
a
m
inim

alsm
oothing

ofm
utualinform

ation,in
the

sense
that

the
regulariza-

tion
in

the
definition

ofM
IC
∗
renders

it
uniform

ly
continuous

as
a
function

ofrandom
variables

w
ith

respect
to

statisticaldistance,and
no

“sm
aller”

regularization
achieves

continuity.
T
his

result
yields

as
a
corollary

that
m
utual

inform
ation

by
itself

is
not

continuous
w
ith

respect
to

statisticaldistance.

3.
M
IC
∗
is

the
suprem

um
of

an
infinite

sequence
defined

in
term

s
of

optim
al

(one-
dim

ensional)
partitions

of
the

m
arginal

distributions
of

(X
,Y

)
rather

than
optim

al
(tw

o-dim
ensional)gridsim

posed
on

the
jointdistribution.

T
hischaracterization

greatly
sim

plifies
com

putation.

A
fter

proving
these

three
results,w

e
leverage

them
to

introduce
effi

cient
algorithm

s
both

for
approxim

ating
M
IC
∗
in

practice
and

for
estim

ating
it

consistently
from

a
finite

sam
ple.

W
e
first

provide
an

effi
cient

algorithm
that

in
m
any

cases
allow

s
for

com
putation

to
arbitrary

precision
of

the
M
IC
∗
of

a
pair

of
random

variables
w
hose

joint
density

is
know

n.
W
e
then

introduce
a
statistic,

called
M
IC

e ,
that

w
e
prove

is
a
consistent

estim
ator

of
M
IC
∗ .

In
contrast

to
the

M
IC

statistic
from

R
eshef

et
al.

(2011),
for

w
hich

no
effi

cient
algorithm

is
know

n
and

a
heuristic

algorithm
is

used
in

practice,M
IC

e
is

effi
ciently

com
putable.

It
has

a
better

runtim
e
com

plexity
than

the
heuristic

algorithm
currently

in
use

for
com

puting
the

originalM
IC

statistic,and
is

orders
of

m
agnitude

faster
in

practice.
W

ith
a
consistentand

fastestim
atorforM

IC
∗
in

hand,w
e
turn

to
em

piricalanalysisofits
perform

ance.
Specifically,w

e
show

through
sim

ulation
that

M
IC

e
has

better
bias/variance

properties
than

the
heuristic

algorithm
used

in
R
eshef

et
al.

(2011)
for

com
puting

M
IC

,
w
hich

has
no

theoretical
convergence

guarantees.
O
ur

analysis
also

reveals
that

the
m
ain

param
eter

of
M
IC

e
can

be
used

to
tune

statistical
perform

ance
tow

ard
either

stronger
or

w
eaker

relationships
in

general.
A
fter

studying
the

bias/variance
properties

of
M
IC

e ,
w
e

3
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R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

then
dem

onstrate
via

sim
ulation

that
it

outperform
s
currently

available
m
ethods

in
term

s
ofequitability

w
ith

respect
to
R

2
on

a
broad

set
ofnoisy

functionalrelationships.
W
e
show

this
perform

ance
advantage

both
on

the
set

of
functional

relationships
analyzed

in
R
eshef

et
al.(2011)

as
w
ellas

on
a
large

set
of

random
ly

chosen
noisy

functionalrelationships.

W
e
choose

in
this

paper
to

analyze
equitability

specifically
w
ith

respect
to
R

2,
rather

than
som

e
other

notion
ofrelationship

strength,because
R

2
on

noisy
functionalrelationships

is
a
sim

ple
m
easure

w
ith

broad
fam

iliarity
and

intuitive
interpretation

am
ong

practitioners.
O
f
course,

it
is

also
im

portant
to

develop
m
easures

of
dependence

that
are

equitable
w
ith

respect
to

notions
ofrelationship

strength
besides

R
2
or

on
fam

ilies
ofrelationships

besides
noisy

functional
relationships;

how
ever,

our
focus

here
rem

ains
on

the
“sim

ple”
case

of
R

2

on
noisy

functionalrelationships.

Im
portantly,w

e
note

that
although

there
are

m
ethods

for
directly

estim
ating

the
R

2
ofa

noisy
functionalrelationship

via
nonparam

etric
regression

(see,e.g.,C
leveland

and
D
evlin,

1988;Stone,1977),those
m
ethods

are
not

applicable
in

the
context

of
equitability

because
they

are
not

m
easures

of
dependence.

T
hat

is,because
non-param

etric
regression

m
ethods

assum
e
a
functional

form
for

the
relationship

in
question,

they
can

give
trivial

scores
to

non-functional
relationships,

even
in

the
large-sam

ple
lim

it.
(A

sim
ple

exam
ple

of
this

is
a
uniform

distribution
over

a
circle,

w
hose

regression
function

is
constant.)

In
contrast,

a
m
easure

ofdependence
is
guaranteed

never
to

m
ake

this
“m

istake”.
A

m
easure

ofdependence
that

is
equitable

w
ith

respect
to
R

2
can

therefore
be

view
ed

either
as

an
“upgraded”

m
easure

ofdependence
that

also
com

es
w
ith

som
e
ofthe

interpretability
properties

ofnon-param
etric

regression,or
as

an
“upgraded”

approxim
ate

non-param
etric

regression
m
ethod

that
also

has
the

robustness
properties

of
a
m
easure

of
dependence.

T
he

m
ain

strength
ofM

IC
e
is
equitability

rather
than

pow
er

to
reject

a
nullhypothesis

of
independence.

In
som

e
settings,though,it

m
ay

be
m
ore

im
portant

to
focus

on
good

pow
er

against
independence.

W
e
therefore

introduce
here

a
statistic

closely
related

to
M
IC

e
called

the
total

inform
ation

coeffi
cient

and
denoted

T
IC

e .
W
e
prove

the
consistency

of
testing

for
independence

using
T
IC

e ,
and

show
via

sim
ulations

that
it

achieves
excellent

pow
er

in
practice,

perform
ing

com
parably

to
or

better
than

current
m
ethods

on
an

index
suite

of
relationships

from
Sim

on
and

T
ibshirani

(2012).
B
ecause

T
IC

e
arises

naturally
as

a
side-

product
ofthe

com
putation

ofM
IC

e ,it
is
available

“for
free”

once
M
IC

e
has

been
com

puted.
T
his

leads
us

to
propose

a
data

analysis
strategy

consisting
of

first
using

T
IC

e
to

filter
out

non-significant
relationships,and

then
ranking

the
rem

aining
ones

using
the

sim
ultaneously

com
puted

values
of

M
IC

e .

In
addition

to
the

com
panion

paper
R
eshef

et
al.

(2015b),
w
hich

focuses
on

the
theory

behind
equitability,

this
paper

is
accom

panied
by

a
second

com
panion

w
ork

(R
eshef

et
al.,

2015a)
that

explores
in

detail
the

em
pirical

perform
ance

of
the

m
ethods

introduced
here.

T
hat

paper
com

pares
M
IC

e
and

T
IC

e
to

severalleading
m
easures

of
dependence

(K
raskov

et
al.,2004;Székely

and
R
izzo,2009;H

eller
et

al.,2013,2016;G
retton

et
al.,2005;B

reim
an

and
Friedm

an,
1985;

Lopez-P
az

et
al.,

2013)
on

a
broad

range
of

relationship
types

under
m
any

different
sam

pling
and

noise
m
odels,finding

that
the

equitability
w
ith

respect
to
R

2

ofM
IC

e
and

the
pow

er
ofindependence

testing
using

T
IC

e
are

both
state-of-the-art

on
the

relationships
exam

ined.
It

also
show

s
that

these
m
ethods

can
be

com
puted

very
fast

in
practice.
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M
ea

su
r
in

g
D

ep
en

d
en

ce
P
o
w

er
fu

ll
y

a
n
d

E
q
u
it

a
bl

y

T
ak

en
to
ge
th
er
,
ou

r
re
su
lt
s
sh
ed

si
gn

ifi
ca
nt

lig
ht

on
th
e
th
eo
ry

be
hi
nd

th
e
m
ax

im
al

in
fo
rm

at
io
n
co
effi

ci
en
t,

an
d
su
gg
es
t
th
at

T
IC

e
an

d
M
IC

e
ar
e
a
us
ef
ul

pa
ir

of
m
et
ho

ds
fo
r

da
ta

ex
pl
or
at
io
n.

Sp
ec
ifi
ca
lly

,
th
ey

po
in
t
to

jo
in
t
us
e
of

th
es
e
tw

o
st
at
is
ti
cs

to
fil
te
r
an

d
th
en

ra
nk

re
la
ti
on

sh
ip
s
as

a
fa
st
,
pr
ac
ti
ca
l
w
ay

to
ex
pl
or
e
la
rg
e
da

ta
se
ts

by
m
ea
su
ri
ng

de
pe

nd
en
ce

bo
th

po
w
er
fu
lly

an
d
eq
ui
ta
bl
y.

2.
P
re
li
m
in
ar
ie
s

W
e
w
or
k
ex
te
ns
iv
el
y
in

th
is

pa
pe

r
w
it
h

gr
id
s
an

d
di
sc
re
te

di
st
ri
bu

ti
on

s
ov
er

th
ei
r
ce
lls
.

G
iv
en

a
gr
id
G

an
d

a
po

in
t

(x
,y

),
w
e
de
fin

e
th
e
fu
nc
ti
on

ro
w
G

(y
)
to

be
th
e
ro
w

of
G

co
nt
ai
ni
ng

y
an

d
w
e
de
fin

e
co
l G

(x
)
an

al
og
ou

sl
y.

Fo
r
a
pa

ir
(X
,Y

)
of

jo
in
tl
y
di
st
ri
bu

te
d

ra
nd

om
va
ri
ab

le
s,
w
e
w
ri
te

(X
,Y

)| G
to

de
no

te
(c
ol
G

(X
),
ro
w
G

(Y
))
,a

nd
w
e
us
e
I
((
X
,Y

)| G
)

to
de
no

te
th
e
di
sc
re
te

m
ut
ua

l
in
fo
rm

at
io
n
(C

ov
er

an
d
T
ho

m
as
,
20
06
;
C
si
sz
ár

an
d
Sh

ie
ld
s,

20
04
;
C
si
sz
ár
,
20
08
)
be

tw
ee
n

co
l G

(X
)
an

d
ro
w
G

(Y
).

G
iv
en

a
fin

it
e
sa
m
pl
e
D

fr
om

th
e

di
st
ri
bu

ti
on

of
(X
,Y

),
w
e
so
m
et
im

es
us
e
D

to
re
fe
r
bo

th
to

th
e
se
t
of

po
in
ts

in
th
e
sa
m
pl
e

as
w
el
l
as

to
a
po

in
t
ch
os
en

un
ifo

rm
ly

at
ra
nd

om
fr
om

D
.
In

th
e
la
tt
er

ca
se
,
it

w
ill

th
en

m
ak
e
se
ns
e
to

ta
lk

ab
ou

t,
e.
g.
,D
| G

an
d
I
(D
| G

).
Fo

r
na

tu
ra
ln

um
be

rs
k
an

d
`,
w
e
us
e
G

(k
,`

)
to

de
no

te
th
e
se
t
of

al
lk

-b
y-
`
gr
id
s
(p
os
si
bl
y

w
it
h
em

pt
y
ro
w
s/
co
lu
m
ns
).

A
gr
id
G

is
an

eq
ui
pa

rt
it
io
n
of

(X
,Y

)
if
al
lt
he

ro
w
s
of

(X
,Y

)| G
ha

ve
th
e
sa
m
e
pr
ob

ab
ili
ty

m
as
s,

an
d

al
l
th
e
co
lu
m
ns

do
as

w
el
l.

W
e
al
so

us
e
th
e
te
rm

eq
ui
pa

rt
it
io
n
in

th
e
an

al
og
ou

s
w
ay

fo
r
on

e-
di
m
en
si
on

al
pa

rt
it
io
ns

in
to

ju
st

ro
w
s
or

co
lu
m
ns
.

Fo
r
a
on

e-
di
m
en
si
on

al
pa

rt
it
io
n
P

in
to

ro
w
s
an

d
a
on

e-
di
m
en
si
on

al
pa

rt
it
io
n
Q

in
to

co
lu
m
ns
,

w
e
w
ri
te

(P
,Q

)
to

re
fe
r
to

th
e
gr
id

co
ns
tr
uc
te
d
fr
om

th
es
e
tw

o
pa

rt
it
io
ns
.
W

he
n
a
pa

rt
it
io
n

P
ca
n
be

ob
ta
in
ed

fr
om

a
pa

rt
it
io
n
P
′
by

ad
di
ti
on

of
se
pa

ra
to
rs

al
on

e,
w
e
w
ri
te
P
′ ⊂

P
.

F
in
al
ly
,
le
t
us

es
ta
bl
is
h
so
m
e
no

ta
ti
on

fo
r
in
fin

it
e
m
at
ri
ce
s.

W
e
us
e
m
∞

to
de
no

te
th
e

sp
ac
e
of

in
fin

it
e
m
at
ri
ce
s
eq
ui
pp

ed
w
it
h
th
e
su
pr
em

um
no

rm
.
G
iv
en

a
m
at
ri
x
A
∈
m
∞
,w

e
of
te
n
ex
am

in
e
on

ly
th
e
k
,`
-t
h
en
tr
ie
s
of
A

fo
r
w
hi
ch

k
`
≤
i
fo
r
so
m
e
i.

T
hu

s,
fo
r
i
∈

Z+
,

w
e
de
fin

e
th
e
pr
oj
ec
ti
on

r i
:
m
∞
→
m
∞

vi
a

r i
(A

) k
,`

=

{
A
k
,`

k
`
≤
i

0
k
`
>
i
.

U
nl
es
s
no

te
d
ot
he
rw

is
e,

al
ll
og
ar
it
hm

s
ar
e
to

ba
se

2.

3.
T
h
e
P
op

u
la
ti
on

M
ax

im
al

In
fo
rm

at
io
n
C
oe
ffi
ci
en
t
M
IC
∗

In
th
is

se
ct
io
n,

w
e
de
fin

e
an

d
ch
ar
ac
te
ri
ze

th
e
po

pu
la
ti
on

m
ax

im
al

in
fo
rm

at
io
n
co
effi

ci
en
t

M
IC
∗.

W
e
be

gi
n

by
de
fin

in
g
th
e
po

pu
la
ti
on

qu
an

ti
ty

M
IC
∗(
X
,Y

)
fo
r
a
pa

ir
of

jo
in
tl
y

di
st
ri
bu

te
d
ra
nd

om
va
ri
ab

le
s

(X
,Y

).
W
e
th
en

sh
ow

th
re
e
di
ffe

re
nt

w
ay
s
to

ch
ar
ac
te
ri
ze

th
is

po
pu

la
ti
on

qu
an

ti
ty
:
fir
st
,a

s
th
e
la
rg
e-
sa
m
pl
e
lim

it
of

th
e
st
at
is
ti
c
M
IC

fr
om

R
es
he
f
et

al
.

(2
01
1)
;
se
co
nd

,
as

a
m
in
im

al
ly

sm
oo

th
ed

ve
rs
io
n
of

m
ut
ua

l
in
fo
rm

at
io
n;

an
d
th
ir
d,

as
th
e

su
pr
em

um
of

an
in
fin

it
e
se
qu

en
ce

de
fin

ed
in

te
rm

s
of

op
ti
m
al

on
e-
di
m
en
si
on

al
pa

rt
it
io
ns

of
th
e
m
ar
gi
na

l
di
st
ri
bu

ti
on

s
of

(X
,Y

).
W
e
co
nc
lu
de

th
e
se
ct
io
n
by

sh
ow

in
g
ho

w
th
e
th
ir
d

ch
ar
ac
te
ri
za
ti
on

le
ad

s
to

an
effi

ci
en
t
ap

pr
oa
ch

fo
r
ap

pr
ox
im

at
in
g
M
IC
∗
in

pr
ac
ti
ce

fr
om

th
e

de
ns
it
y
of

(X
,Y

).
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R
es

h
ef

,
R

es
h
ef

,
F
in

u
ca

n
e,

S
a
be

ti
,
a
n
d

M
it

ze
n
m
ac

h
er

3.
1
D
efi

n
in
g
M
IC
∗

T
he

po
pu

la
ti
on

m
ax

im
al

in
fo
rm

at
io
n
co
effi

ci
en
t
ca
n
be

de
fin

ed
in

se
ve
ra
l
eq
ui
va
le
nt

w
ay
s,

as
w
e
w
ill

se
e
la
te
r.

Fo
r
no

w
,w

e
be

gi
n
w
it
h
th
e
si
m
pl
es
t
de
fin

it
io
n.

D
efi

n
it
io
n
1

Le
t

(X
,Y

)
be

jo
in
tly

di
st
ri
bu
te
d
ra
nd

om
va
ri
ab
le
s.

T
he

po
pu

la
ti
on

m
ax

im
al

in
fo
rm

at
io
n
co
effi

ci
en
t
(M

IC
∗)

of
(X
,Y

)
is

de
fin

ed
by

M
IC
∗(
X
,Y

)
=

su
p
G

I
((
X
,Y

)| G
)

lo
g
‖G
‖

w
he
re
‖G
‖
de
no

te
s
th
e
m
in
im

um
of

th
e
nu

m
be
r
of

ro
w
s
of
G

an
d
th
e
nu

m
be
r
of

co
lu
m
ns

of
G
.

G
iv
en

th
at
I
(X
,Y

)
=

su
p
G
I
((
X
,Y

)| G
)
(s
ee
,
e.
g.
,
C
ha

pt
er

8
of

C
ov
er

an
d
T
ho

m
as

20
06
),

th
is
ca
n
be

vi
ew

ed
as

a
re
gu

la
ri
ze
d
ve
rs
io
n
of

m
ut
ua

li
nf
or
m
at
io
n
th
at

pe
na

liz
es

co
m
pl
ic
at
ed

gr
id
s
an

d
en
su
re
s
th
at

th
e
re
su
lt
fa
lls

be
tw

ee
n
ze
ro

an
d
on

e.
B
ef
or
e
w
e
co
nt
in
ue
,w

e
st
at
e
on

e
si
m
pl
e
eq
ui
va
le
nt

de
fin

it
io
n
of

M
IC
∗
th
at

is
us
ef
ul

fo
r

th
e
re
su
lt
s
in

th
is

se
ct
io
n.

T
hi
s
de
fin

it
io
n
vi
ew

s
M
IC
∗
as

th
e
su
pr
em

um
of

a
m
at
ri
x
ca
lle

d
th
e
po
pu

la
ti
on

ch
ar
ac
te
ri
st
ic

m
at
ri
x,

de
fin

ed
be

lo
w
.

D
efi

n
it
io
n
2

Le
t

(X
,Y

)
be

jo
in
tly

di
st
ri
bu
te
d
ra
nd

om
va
ri
ab
le
s.

Le
t

I
∗ (

(X
,Y

),
k
,`

)
=

m
ax

G
∈G

(k
,`

)
I
((
X
,Y

)| G
).

T
he

po
pu

la
ti
on

ch
ar
ac
te
ri
st
ic

m
at
ri
x
of

(X
,Y

),
de
no

te
d
by
M

(X
,Y

),
is

de
fin

ed
by

M
(X
,Y

) k
,`

=
I
∗ (

(X
,Y

),
k
,`

)

lo
g

m
in
{k
,`
}

fo
r
k
,`
>

1
.

It
is

ea
sy

to
se
e
th
e
fo
llo

w
in
g:

P
ro
p
os
it
io
n
3

Le
t

(X
,Y

)
be

jo
in
tly

di
st
ri
bu
te
d
ra
nd

om
va
ri
ab
le
s.

W
e
ha

ve

M
IC
∗(
X
,Y

)
=

su
p
M

(X
,Y

)

w
he
re
M

(X
,Y

)
is

th
e
po
pu

la
ti
on

ch
ar
ac
te
ri
st
ic

m
at
ri
x
of

(X
,Y

).

T
he

po
pu

la
ti
on

ch
ar
ac
te
ri
st
ic
m
at
ri
x
is
so

na
m
ed

be
ca
us
e
ju
st

as
M
IC
∗,
th
e
su
pr
em

um
of

th
is

m
at
ri
x,

ca
pt
ur
es

a
se
ns
e
of

re
la
ti
on

sh
ip

st
re
ng

th
,o

th
er

pr
op

er
ti
es

of
th
is

m
at
ri
x
co
rr
e-

sp
on

d
to

di
ffe

re
nt

pr
op

er
ti
es

of
re
la
ti
on

sh
ip
s.

Fo
r
in
st
an

ce
,l
at
er

in
th
is
pa

pe
r
w
e
in
tr
od

uc
e

an
ad

di
ti
on

al
pr
op

er
ty

of
th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x,

th
e
to
ta
l
in
fo
rm

at
io
n
co
effi

ci
en
t,

th
at

is
us
ef
ul

fo
r
te
st
in
g
fo
r
th
e
pr
es
en
ce

or
ab

se
nc
e
of

a
re
la
ti
on

sh
ip

ra
th
er

th
an

qu
an

ti
fy
in
g

re
la
ti
on

sh
ip

st
re
ng

th
.
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M
ea

su
r
in

g
D

epen
d
en

ce
P
o
w

er
fu

lly
a
n
d

E
q
u
ita

bly

3.2
F
irst

A
ltern

ate
C
h
aracterization

:
M
IC
∗
Is

th
e
P
op

u
lation

V
alu

e
of

M
IC

W
ith

M
IC
∗
defined,

w
e
now

state
our

first
alternate

characterization
of

it,
as

the
large-

sam
ple

lim
it

of
the

statistic
M
IC

introduced
in

R
eshef

et
al.

(2011).
W
e
begin

by
first

reproducing
a
description

of
M
IC

from
R
eshef

et
al.(2011),via

the
tw

o
definitions

below
.

D
efi

n
ition

4
(R

esh
ef

et
al.,

2011)
Let

D
⊂

R
2
be

a
set

of
ordered

pairs.
T
he

sam
ple

characteristic
m
atrix

M̂
(D

)
of
D

is
defined

by

M̂
(D

)
k
,`

=
I ∗(D

,k
,`)

lo
g

m
in{

k
,`}

.

D
efi

n
ition

5
(R

esh
ef

et
al.,

2011)
Let

D
⊂

R
2
be

a
set

of
n
ordered

pairs,
and

let
B

:
Z

+
→

Z
+
.
W
e
define

M
IC

B
(D

)
=

m
a
x

k
`≤
B

(n
) M̂

(D
)
k
,` .

w
here

the
function

B
(n

)
is

specified
by

the
user.

In
R
eshef

et
al.

(2011),
it

w
as

suggested
that

B
(n

)
be

chosen
to

be
n
α
for

som
e
constant

α
in

the
range

of
0.5

to
0.8.

(T
he

statistics
w
e
introduce

later
w
illhave

an
analogous

param
eter;see

Section
4.4.1.)

W
e
show

the
follow

ing
result

about
convergence

offunctions
ofthe

sam
ple

characteristic
m
atrix

to
their

population
counterparts,a

consequence
of

w
hich

is
the

convergence
of

M
IC

to
M
IC
∗ .

(In
the

theorem
statem

ent
below

,recallthat
m
∞

is
the

space
of

infinite
m
atrices

equipped
w
ith

the
suprem

um
norm

,and
given

a
m
atrix

A
the

projection
r
i zeros

out
allthe

entries
A
k
,`
for

w
hich

k
`
>
i.)

T
h
eorem

6
Let

f
:
m
∞
→

R
be

uniform
ly

continuous,
and

assum
e
that

f
◦
r
i →

f
point-

w
ise.

T
hen

for
every

random
variable

(X
,Y

),
w
e
have

(f
◦
r
B

(n
) ) (

M̂
(D

n
) )
→
f

(M
(X
,Y

))

in
probability

w
here

D
n

is
a
sam

ple
of

size
n

from
the

distribution
of

(X
,Y

),
provided

ω
(1

)
<
B

(n
)≤

O
(n

1−
ε)

for
som

e
ε
>

0.

P
roof

See
A
ppendix

A
.

Since
the

suprem
um

of
a
m
atrix

is
uniform

ly
continuous

as
a
function

on
m
∞

and
can

be
realized

as
the

lim
it
ofm

axim
a
oflarger

and
larger

segm
ents

ofthe
m
atrix,this

theorem
yields

our
claim

about
M
IC
∗
as

a
corollary.

C
orollary

7
M
IC

B
is

a
consistent

estim
ator

ofM
IC
∗
provided

ω
(1

)
<
B

(n
)≤

O
(n

1−
ε)

for
som

e
ε
>

0.

T
hough

T
heorem

6
is

proven
in

A
ppendix

A
,w

e
provide

here
som

e
intuition

for
w
hy

it
should

hold
as

w
ellas

a
description

of
the

obstacles
that

m
ust

be
overcom

e
in

the
proof.

For
concreteness,suppose

f
is

the
suprem

um
function.

T
o
see

w
hy

the
theorem

should
hold,fix

a
random

variable
(X
,Y

)
and

let
D

be
a
sam

ple
of

size
n
from

its
distribution.

It
is

know
n
that

for
a
fixed

grid
G
I
(D
|G

)
is

a
consistent

estim
ator

of
I
((X

,Y
)|G

)
(R

oulston,

7
JM

L
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 17(212):1-63

R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

1999;P
aninski,2003).

W
e
m
ight

therefore
expect

I ∗(D
,k
,`)

to
be

a
consistent

estim
ator

of
I ∗((X

,Y
),k

,`)
as

w
ell.

A
nd

if
I ∗(D

,k
,`)

is
a
consistent

estim
ator

of
I ∗((X

,Y
),k

,`),
then

w
e
m
ight

expect
the

m
axim

um
of

the
sam

ple
characteristic

m
atrix

(w
hich

just
consists

of
norm

alized
I ∗

term
s)

to
be

a
consistent

estim
ator

ofthe
suprem

um
ofthe

true
characteristic

m
atrix.
T
hese

intuitions
turn

out
to

be
true,

but
there

are
tw

o
reasons

they
are

non-trivial
to

prove.
F
irst,

consistency
for

I ∗
does

not
follow

from
abstract

considerations
since

the
suprem

um
of

an
infinite

set
of

estim
ators

is
not

necessarily
a
consistent

estim
ator

of
the

suprem
um

of
the

estim
ands. 1

Second,consistency
of
I ∗

alone
does

not
suffi

ce
to

show
that

the
m
axim

um
ofthe

sam
ple

characteristic
m
atrix

converges
to

M
IC
∗ .

In
particular,if

B
(n

)
grow

s
too

quickly,
and

the
convergence

of
I ∗(D

,k
,`)

to
I ∗((X

,Y
),k

,`)
is

slow
,
inflated

values
ofM

IC
can

result.
T
o
see

this,notice
that

if
B

(n
)

=
∞

then
M
IC

=
1
for

uniform
ly

generated
noise

at
any

finite
sam

ple
size,

even
though

each
individual

entry
of

the
sam

ple
characteristic

m
atrix

converges
to

its
true

value
eventually.

T
he

technicalheart
ofthe

proofis
overcom

ing
these

obstacles
by

using
the

dependencies
betw

een
the

quantities
I
(D
|G

)
for

different
grids

G
to

not
only

show
the

consistency
of

I ∗(D
,k
,`)

but
then

to
quantify

how
quickly

I ∗(D
,k
,`)

converges
to
I ∗((X

,Y
),k

,`).

3.3
S
econ

d
A
ltern

ate
C
h
aracterization

:
M
IC
∗
Is

a
M
in
im

ally
S
m
ooth

ed
M
u
tu
al

In
form

ation

W
e
now

describe
a
second

equivalent
view

of
M
IC
∗ .

R
ecall

that
for

a
pair

of
jointly

dis-
tributed

random
variables

(X
,Y

),w
e
defined

M
IC
∗ (X

,Y
)
as

M
IC
∗ (X

,Y
)

=
su

p
G

I
((X

,Y
)|G

)

log‖
G
‖

w
here

‖
G
‖
denotes

the
m
inim

um
of

the
num

ber
of

row
s
of
G

and
the

num
ber

of
colum

ns
of
G
.
A
s
w
e
discussed

in
Section

3.1,
the

m
utualinform

ation
I
(X
,Y

)
is

also
a
suprem

um
,

nam
ely

I
(X
,Y

)
=

su
p
G
I
((X

,Y
)|G

).

and
so

M
IC
∗
can

be
view

ed
as

a
regularized

version
of
I.

It
is

natural
to

ask
w
hether

the
regularization

in
the

definition
of

M
IC
∗
has

any
sm

oothing
effect

on
I.

In
this

sub-section
w
e
show

first
that

it
does,

in
the

sense
that

M
IC
∗
is

uniform
ly

continuous
as

a
function

of
random

variables
w
ith

respect
to

the
m
etric

of
statisticaldistance, 2

and
second

that
the

regularization
by

log‖
G
‖
is
in

som
e
sense

the
m
inim

alone
necessary

for
achieving

any
sort

of
continuity.

A
s
a
corollary,

w
e
obtain

that
I
by

itself
is

not
continuous

as
a
function

of

1.
If
θ̂
1 ,...,θ̂

k
is

a
finite

set
of

estim
ators,

then
a

union
bound

show
s

that
the

random
variable

(θ̂
1 (D

),...,θ̂
k
(D

))
converges

in
probability

to
(θ

1 ,...,θ
k
)
w
ith

respect
to

the
suprem

um
m
etric.

T
he

continuous
m
apping

theorem
then

gives
the

desired
result.

H
ow

ever,
if

the
set

of
estim

ators
is

in-
finite,

the
union

bound
cannot

be
em

ployed.
A
nd

indeed,
if

w
e

let
θ
1

=
···

=
θ
k

=
0,

and
let

θ̂
i (D

n
)

=
i/
n

determ
inistically,

then
each

θ̂
i
is

a
consistent

estim
ator

of
θ
i ,

but
since

the
set

{
θ̂
1 (D

n
),θ̂

2 (D
n
),...}

=
{
1
/
n
,2
/
n
,...}

is
unbounded,

su
p
i
θ̂
i (D

n
)
=
∞

for
every

n.
2.

R
ecall

that
the

statistical
distance

betw
een

random
variables

A
and

B
is

defined
as

su
p
T
|P

(A
∈
T
)−

P
(B
∈
T
)|.

W
hen

A
and

B
have

probability
density

functions
or

probability
m
ass

functions,this
equals

one-half
of

the
L

1
distance

betw
een

those
functions.
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M
ea

su
r
in

g
D

ep
en

d
en

ce
P
o
w

er
fu

ll
y

a
n
d

E
q
u
it

a
bl

y

ra
nd

om
va
ri
ab

le
s
w
it
h
re
sp
ec
t
to

th
e
m
et
ri
c
of

st
at
is
ti
ca
ld

is
ta
nc
e.

T
hi
s
pr
ov
id
es

a
vi
ew

of
M
IC
∗
as

a
ca
no

ni
ca
ls

m
oo

th
in
g
of
I
th
at

yi
el
ds

co
nt
in
ui
ty
.

Fo
rm

al
ly
,l
et

P
(R

2
)
de
no

te
th
e
sp
ac
e
of

ra
nd

om
va
ri
ab

le
s
su
pp

or
te
d
on

R
2
eq
ui
pp

ed
w
it
h

th
e
m
et
ri
c
of

st
at
is
ti
ca
l
di
st
an

ce
.
O
ur

fir
st

cl
ai
m

is
th
at

as
a
fu
nc
ti
on

de
fin

ed
on

P
(R

2
),

M
IC
∗
is

un
ifo

rm
ly

co
nt
in
uo

us
.
W
e
pr
ov
e
th
is

cl
ai
m

by
es
ta
bl
is
hi
ng

a
st
ro
ng

er
re
su
lt
:
th
e

un
ifo

rm
co
nt
in
ui
ty

of
th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
M

(X
,Y

).
Sp

ec
ifi
ca
lly

,
by

sh
ow

in
g
th
at

th
e
fa
m
ily

of
m
ap

s
co
rr
es
po

nd
in
g
to

ea
ch

in
di
vi
du

al
en
tr
y
of

th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
is

un
ifo

rm
ly

eq
ui
co
nt
in
uo

us
,w

e
ob

ta
in

th
e
fo
llo

w
in
g
re
su
lt
.

T
h
eo
re
m

8
T
he

m
ap

fr
om

P
(R

2
)
to

m
∞

de
fin

ed
by

(X
,Y

)
7→

M
(X
,Y

)
is

un
ifo

rm
ly

co
nt
in
uo

us
.

P
ro
of

Se
e
A
pp

en
di
x
B
.

Si
nc
e
th
e
su
pr
em

um
is

a
un

ifo
rm

ly
co
nt
in
uo

us
fu
nc
ti
on

on
m
∞
,
T
he
or
em

8
yi
el
ds

th
e

fo
llo

w
in
g
co
ro
lla

ry
.

C
or
ol
la
ry

9
T
he

m
ap

(X
,Y

)
7→

M
IC
∗(
X
,Y

)
is

un
ifo

rm
ly

co
nt
in
uo

us
.

Si
m
ila

r
co
ro
lla

ri
es

ex
is
t
fo
r
an

y
un

ifo
rm

ly
co
nt
in
uo

us
fu
nc
ti
on

of
th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x.

In
te
re
st
in
gl
y,

T
he
or
em

8
re
lie

s
cr
uc
ia
lly

on
th
e
no

rm
al
iz
at
io
n
in

th
e
de
fin

it
io
n
of

th
e

ch
ar
ac
te
ri
st
ic

m
at
ri
x.

T
hi
s
is

no
t
a
co
in
ci
de
nc
e:

as
th
e
fo
llo

w
in
g
pr
op

os
it
io
n
sh
ow

s,
an

y
no

rm
al
iz
at
io
n
th
at

is
m
ea
ni
ng

fu
lly

sm
al
le
r
th
an

th
e
on

e
in

th
e
de
fin

it
io
n
of

th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
w
ill

ca
us
e
th
e
m
at
ri
x
to

co
nt
ai
n
a
di
sc
on

ti
nu

it
y
as

a
fu
nc
ti
on

on
P

(R
2
).

P
ro
p
os
it
io
n
10

Fo
r
so
m
e
fu
nc

ti
on

N
(k
,`
),

le
t
M

N
be

th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
w
it
h
no

r-
m
al
iz
at
io
n
N
,
i.e

.,

M
N

(X
,Y

) k
,`

=
I
∗ (

(X
,Y

),
k
,`

)

N
(k
,`

)
.

If
N

(k
,`

)
=
o(

lo
g

m
in
{k
,`
})

al
on

g
so
m
e
in
fin

it
e
pa
th

in
N
×

N
,
th
en

M
N

an
d

su
p
M

N
ar
e

no
t
co
nt
in
uo

us
as

fu
nc

ti
on

s
of
P

([
0,

1]
×

[0
,1

])
⊂

P
(R

2
).

P
ro
of

Se
e
A
pp

en
di
x
C
.

T
he

ab
ov
e
pr
op

os
it
io
n
im

pl
ie
s
th
at

th
e
“s
m
oo

th
in
g”

th
at

M
IC
∗
ap

pl
ie
s
to

m
ut
ua

li
nf
or
-

m
at
io
n
is

ne
ce
ss
ar
y
in

so
m
e
se
ns
e.

In
pa

rt
ic
ul
ar
,
on

e
co
ro
lla

ry
of

th
e
pr
op

os
it
io
n
is

th
at

m
ut
ua

li
nf
or
m
at
io
n
w
it
h
no

sm
oo

th
in
g
w
ill

co
nt
ai
n
a
di
sc
on

ui
ty
.

C
or
ol
la
ry

11
M
ut
ua

li
nf
or
m
at
io
n
is

no
t
co
nt
in
uo

us
on
P

([
0,

1]
×

[0
,1

])
⊂

P
(R

2
).

P
ro
of

M
ut
ua

li
nf
or
m
at
io
n
is

th
e
su
pr
em

um
of
M

N
w
it
h
N
≡

1
.

T
he

sa
m
e
re
su
lt
ca
n
al
so

be
sh
ow

n
fo
r
th
e
sq
ua

re
d
Li
nf
oo

t
co
rr
el
at
io
n
(S
pe

ed
,2

01
1;

Li
nf
oo

t,
19
57
),

w
hi
ch

eq
ua

ls
1
−

2
−

2
I
w
he
re
I
re
pr
es
en
ts

m
ut
ua

l
in
fo
rm

at
io
n.

T
hu

s,
th
ou

gh
th
e

Li
nf
oo

t
co
rr
el
at
io
n
sm

oo
th
es

th
e
m
ut
ua

l
in
fo
rm

at
io
n
en
ou

gh
to

ca
us
e
it

to
lie

in
th
e
un

it
in
te
rv
al
,i
t
do

es
no

t
sm

oo
th

th
e
m
ut
ua

li
nf
or
m
at
io
n
su
ffi
ci
en
tl
y
to

ca
us
e
it
to

be
co
nt
in
uo

us
.
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3

R
es

h
ef

,
R

es
h
ef

,
F
in

u
ca

n
e,

S
a
be

ti
,
a
n
d

M
it

ze
n
m
ac

h
er

A
s
w
e
re
m
ar
ke
d
pr
ev
io
us
ly
,
th
es
e
re
su
lt
s,

w
he
n
co
nt
ra
st
ed

w
it
h
th
e
un

ifo
rm

co
nt
in
ui
ty

of
M
IC
∗,

al
lo
w

us
to

vi
ew

th
e
la
tt
er

as
a
ca
no

ni
ca
l“
m
in
im

al
ly

sm
oo

th
ed
”
ve
rs
io
n
of

m
ut
ua

l
in
fo
rm

at
io
n
th
at

is
un

ifo
rm

ly
co
nt
in
uo

us
.
T
hi
s
vi
ew

gi
ve
s
a
m
ea
ni
ng

fu
l
in
te
rp
re
ta
ti
on

to
th
e
no

rm
al
iz
at
io
n

us
ed

in
M
IC
∗.

U
nd

er
st
an

di
ng

M
IC
∗
as

ha
vi
ng

sm
oo

th
ne
ss

pr
op

er
ti
es

no
t
sh
ar
ed

by
m
ut
ua

l
in
fo
rm

at
io
n
al
so

su
gg
es
ts

th
at

es
ti
m
at
or
s
of

M
IC
∗
m
ay

ha
ve

be
tt
er

st
at
is
ti
ca
l
pr
op

er
ti
es

th
an

es
ti
m
at
or
s
of

or
di
na

ry
m
ut
ua

l
in
fo
rm

at
io
n.

T
hi
s
is

co
ns
is
te
nt

w
it
h
a
re
ce
nt

ha
rd
ne
ss
-o
f-
es
ti
m
at
io
n
re
su
lt

fo
r
m
ut
ua

l
in
fo
rm

at
io
n
in

D
in
g
an

d
Li

(2
01
3)

an
d
is

al
so

bo
rn
e
ou

t
em

pi
ri
ca
lly

in
R
es
he
f
et

al
.(

20
15
a)
.

3.
4
T
h
ir
d
A
lt
er
n
at
e
C
h
ar
ac
te
ri
za
ti
on

:
M
IC
∗
Is

th
e
S
u
p
re
m
u
m

of
th
e

B
ou

n
d
ar
y
of

th
e
C
h
ar
ac
te
ri
st
ic

M
at
ri
x

W
e
no

w
sh
ow

th
e
th
ir
d
al
te
rn
at
e
vi
ew

of
M
IC
∗:

th
at

it
ca
n
be

eq
ui
va
le
nt
ly

de
fin

ed
as

th
e

su
pr
em

um
ov
er

a
bo
un

da
ry

of
th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
ra
th
er

th
an

as
a
su
pr
em

um
ov
er

al
l

of
th
e
en
tr
ie
s
of

th
e
m
at
ri
x.

T
hi
s
ch
ar
ac
te
ri
za
ti
on

of
M
IC
∗
w
ill

se
rv
e
as

th
e
fo
un

da
ti
on

bo
th

fo
r
ou

r
ap

pr
oa
ch

to
ap

pr
ox

im
at
in
g
M
IC
∗(
X
,Y

)
as

w
el
la

s
th
e
ne
w

es
ti
m
at
or

of
M
IC
∗
th
at

w
e
in
tr
od

uc
e
la
te
r
in

th
is

pa
pe

r.
W
e
be

gi
n
by

de
fin

in
g
w
ha

t
w
e
m
ea
n
by

th
e
bo

un
da

ry
of

th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x.

O
ur

de
fin

it
io
n
re
st
s
on

th
e
fo
llo

w
in
g
ob

se
rv
at
io
n.

P
ro
p
os
it
io
n
12

Le
t
M

be
a
po
pu

la
ti
on

ch
ar
ac
te
ri
st
ic

m
at
ri
x.

T
he
n

fo
r
`
≥
k
,
M
k
,`
≤

M
k
,`

+
1
.

P
ro
of

Le
t(
X
,Y

)
be

th
e
ra
nd

om
va
ri
ab

le
in

qu
es
ti
on

.
Si
nc
e
w
e
ca
n
al
w
ay
s
le
ta

ro
w
/c
ol
um

n
be

em
pt
y,

w
e
kn

ow
th
at
I
∗ (

(X
,Y

),
k
,`

)
≤
I
∗ (

(X
,Y

),
k
,`

+
1
).

A
nd

si
nc
e
`,
`

+
1
≥
k
,
w
e

kn
ow

th
at
M
k
,`

=
I
∗ (

(X
,Y

),
k
,`

)/
lo

g
k
≤
I
∗ (

(X
,Y

),
k
,`

+
1)
/

lo
g
k

=
M
k
,`

+
1
.

Si
nc
e
th
e
en
tr
ie
s
of

th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
ar
e
bo

un
de
d,

th
e
m
on

ot
on

e
co
nv

er
ge
nc
e

th
eo
re
m

th
en

gi
ve
s
th
e
fo
llo

w
in
g
co
ro
lla

ry
.
In

th
e
co
ro
lla

ry
an

d
he
nc
ef
or
th
,
w
e
le
t
M
k
,↑

=
li

m
`→
∞
M
k
,`
an

d
de
fin

e
M
↑,
`
si
m
ila

rl
y.

C
or
ol
la
ry

13
Le

t
M

be
a
po
pu

la
ti
on

ch
ar
ac
te
ri
st
ic

m
at
ri
x.

T
he
n
M
k
,↑
ex
is
ts
,i
s
fin

it
e,

an
d

eq
ua

ls
su

p
`≥
k
M
k
,`
.
T
he

sa
m
e
is

tr
ue

fo
r
M
↑,
`.

T
he

ab
ov
e
co
ro
lla

ry
al
lo
w
s
us

to
de
fin

e
th
e
bo
un

da
ry

of
th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x.

D
efi

n
it
io
n
14

Le
t
M

be
a
po
pu

la
ti
on

ch
ar
ac
te
ri
st
ic

m
at
ri
x.

T
he

bo
un

da
ry

of
M

is
th
e
se
t

∂
M

=
{M

k
,↑

:
1
<
k
<
∞
}⋃
{M
↑,
`

:
1
<
`
<
∞
}.

T
he

th
eo
re
m

be
lo
w

th
en

gi
ve
s
a
re
la
ti
on

sh
ip

be
tw

ee
n
th
e
bo

un
da

ry
of

th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
an

d
M
IC
∗.

T
h
eo
re
m

15
Le

t
(X
,Y

)
be

a
ra
nd

om
va
ri
ab
le
.
W
e
ha

ve

M
IC
∗(
X
,Y

)
=

su
p
∂
M

(X
,Y

)

w
he
re
M

(X
,Y

)
is

th
e
po
pu

la
ti
on

ch
ar
ac
te
ri
st
ic

m
at
ri
x
of

(X
,Y

).
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M
ea

su
r
in

g
D

epen
d
en

ce
P
o
w

er
fu

lly
a
n
d

E
q
u
ita

bly

P
roof

T
he

follow
ing

argum
ent

show
s
that

every
entry

of
M

is
at

m
ost

su
p
∂
M

:
fix

a
pair

(k
,`)

and
notice

that
either

k
≤
`,

in
w
hich

case
M
k
,`
≤
M
k
,↑ ,

or
`
≤
k,

in
w
hich

case
M
k
,` ≤

M
↑
,` .

T
hus,M

IC
∗ ≤

su
p{
M
↑
,` }∪

{
M
k
,↑ }

=
su

p
∂
M

.
O
n
the

other
hand,

C
orollary

13
show

s
that

each
elem

ent
of
∂
M

is
a
suprem

um
over

som
e
elem

ents
of
M

.
T
herefore,

su
p
∂
M

,
being

a
suprem

um
over

suprem
a
of

elem
ents

of
M

,cannot
exceed

su
p
M

=
M
IC
∗ .

3.5
A
p
p
roxim

atin
g
M
IC
∗
in

P
ractice

T
he

im
portance

of
the

characterization
in

T
heorem

15
from

the
previous

sub-section
is

com
putational.

Specifically,
elem

ents
of

the
boundary

of
the

characteristic
m
atrix

can
be

expressed
in

term
s
of

a
m
axim

ization
over

(one-dim
ensional)

partitions
rather

than
(tw

o-
dim

ensional)
grids,the

form
er

being
m
uch

quicker
to

com
pute

exactly.
T
his

is
stated

in
the

theorem
below

.

T
h
eorem

16
Let

M
be

a
population

characteristic
m
atrix.

T
hen

M
k
,↑
equals

m
ax

P
∈
P

(k
)

I
(X
,Y
|P

)

lo
g
k

w
here

P
(k

)
denotes

the
set

of
allpartitions

of
size

at
m
ost

k.

P
roof

See
A
ppendix

D
.

T
o
form

ally
state

how
this

w
ill

help
us

from
an

algorithm
ic

standpoint,
w
e
note

that
T
heorem

s
15

and
16

above
together

give
the

follow
ing

corollary.

C
orollary

17
Let

(X
,Y

)
be

a
random

variable,and
letP

be
the

set
offinite-size

partitions.
T
hen

M
IC
∗ (X

,Y
)

=
su

p {
I
(X
,Y
|P

)

lo
g|P
|

:
P
∈
P }
⋃
{
I
(X
|P
,Y

)

lo
g|P
|

:
P
∈
P }

w
here

|P
|
is

the
num

ber
of

bins
in

the
partition

P
.

W
e
can

exploit
the

fact
that

the
expressions

in
the

above
corollary

involve
m
axim

ization
only

over
one-dim

ensionalpartitions
rather

than
tw

o-dim
ensionalgrids

to
give

an
algorithm

for
com

puting
elem

ents
of

the
boundary

of
the

characteristic
m
atrix

to
arbitrary

precision,
and

by
extension

an
approach

to
approxim

ating
M
IC
∗
in

practice.
T
o
do

so,w
e
utilize

as
a

subroutine
a
dynam

ic
program

m
ing

algorithm
from

R
eshefet

al.(2011)
called

O
pt

im
izeX

-
A

x
is.

B
efore

continuing,w
e
therefore

give
a
brief

overview
of

that
algorithm

.
O
verview

of
O

pt
im

izeX
A

x
is

algorithm
from

R
eshef

et
al.

(2011).
T
he

O
pt

im
izeX

-
A

x
is

algorithm
takes

as
input

a
set

D
of
n
data

points,
a
fixed

partition
into

colum
ns 3

Q
of

size
`,

a
“m

aster”
partition

into
row

s
Π
,
and

a
num

ber
k.

T
he

algorithm
returns,

for

3.
D
espite

its
nam

e,
the

O
pt

im
izeX

A
x
is

algorithm
can

be
used

to
optim

ize
a
partition

of
either

axis.
In

our
description

ofthe
algorithm

here,w
e
choose

to
describe

the
algorithm

as
it
w
ould

w
ork

for
optim

izing
a
partition

of
the

y-axis
rather

than
the

x-axis.
T
his

is
for

notationalcoherence
of

this
paper

only.
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R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

2
≤
i≤

k,the
partition

into
row

s
P
i ⊂

Π
that

m
axim

izes
the

m
utualinform

ation
of
D
|(P

i ,Q
)

am
ong

allsub-partitions
of

Π
of

size
at

m
ost

i.
T
he

algorithm
w
orks

by
exploiting

the
fact

that,conditioned
on

the
location

y
ofthe

top-m
ost

line
of
P
i ,the

optim
ization

ofthe
rest

of
P
i
can

be
form

ulated
as

a
sub-problem

that
depends

only
on

the
data

points
below

y.
T
he

algorithm
uses

dynam
ic

program
m
ing

to
store

and
reuse

solutions
to

these
subproblem

s,re-
sulting

in
a
runtim

e
of
O

(|Π| 2k
`).

Ifa
black-box

algorithm
is
used

to
com

pute
each

required
m
utualinform

ation
in

tim
e
at

m
ost

T
,then

the
runtim

e
of

the
algorithm

can
be

show
n
to

be
O

(T
k|Π|).

T
he

follow
ing

theorem
show

s
that

the
theory

developed
about

the
boundary

ofthe
char-

acteristic
m
atrix,togetherw

ith
O

pt
im

izeX
A

x
is,yields

an
effi

cientalgorithm
forcom

puting
entries

of
the

boundary
to

arbitrary
precision.

T
h
eorem

18
G
iven

a
random

variable
(X
,Y

),
M
k
,↑
(resp.

M
↑
,` )

is
com

putable
to

w
ithin

an
additive

error
of
O

(k
ε

log
(1/

(k
ε)))

+
E

(resp.
O

(`ε
log

(1/(`ε)))
+
E
)
in

tim
e
O

(k
T

(E
)/ε)

(resp.
O

(`T
(E

)/ε)),
w
here

T
(E

)
is

the
tim

e
required

to
num

erically
com

pute
the

m
utual

inform
ation

of
a
continuous

distribution
to

w
ithin

an
additive

error
of
E
.

P
roof

See
A
ppendix

E
.

T
he

algorithm
proposed

in
T
heorem

18
gives

us
a
polynom

ial-tim
e
m
ethod

forcom
puting

any
finite

subset
of

the
boundary

∂
M

of
the

population
characteristic

m
atrix

M
(X
,Y

)
of

a
random

variable
(X
,Y

).
T
hus,

if
w
e
have

som
e
k

0 ,`
0
such

that
the

m
axim

um
of

the
finite

subset
{M

k
,↑ ,M

↑
,`

:
k
≤
k

0 ,`
≤
`
0 }

of
∂
M

w
ill

be
ε-close

to
the

suprem
um

of
the

entire
set

∂
M

,
w
e
can

com
pute

M
IC
∗ (X

,Y
)
to

w
ithin

an
error

of
ε.

T
hough

w
e
usually

do
not

have
precise

know
ledge

of
k

0
and

`
0 ,for

m
any

distributions
it

is
often

easy
to

m
ake

very
conservative

educated
guesses

for
them

,
in

w
hich

case
this

algorithm
allow

s
us

to
approxim

ate
M
IC
∗ (X

,Y
)
very

w
ellin

practice.
B
eing

able
to

com
pute

M
IC
∗ (X

,Y
)
to

arbitrary
precision

in
som

e
cases

has
tw

o
m
ain

advantages.
T
he

first
advantage

is
that

it
allow

s
us

to
assess

in
sim

ulations
the

large-sam
ple

properties
of

M
IC
∗
independent

of
any

estim
ator.

T
his

is
done

in
the

com
panion

paper
(R

eshef
et

al.,
2015a),

w
hich

show
s
that

M
IC
∗
achieves

high
equitability

w
ith

respect
to

R
2
on

a
set

of
noisy

functional
relationships

thereby
confirm

ing
that

statistically
effi

cient
estim

ation
of

M
IC
∗
is

a
w
orthw

hile
goal.

T
he

second
advantage

is
that

w
e
can

em
pirically

assess
the

bias,variance,and
expected

squared
error

of
estim

ators
of

M
IC
∗
by

taking
a
distribution,

com
puting

M
IC
∗ ,

and
then

com
paring

the
result

to
estim

ates
of

it
based

on
finite

sam
ples.

In
the

next
section,

w
e

introduce
a
new

estim
ator

M
IC

e
of

M
IC
∗
and

carry
out

such
an

analysis
to

com
pare

its
statisticalproperties

to
those

of
the

statistic
M
IC

from
R
eshef

et
al.(2011).

4.
E
stim

atin
g
M
IC
∗
w
ith

M
IC

e

A
s
w
e
have

show
n,M

IC
∗
is

the
population

value
of

the
statistic

M
IC

introduced
in

R
eshef

et
al.

(2011).
H
ow

ever,
though

consistent,
the

statistic
M
IC

is
not

know
n
to

be
effi

ciently
com

putable
and

in
R
eshefet

al.(2011)
a
heuristic

approxim
ation

algorithm
called

A
ppro

x
-

M
IC

w
as

com
puted

instead.
In

this
section,w

e
leverage

the
theory

w
e
have

developed
here
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y
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d

E
q
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it
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y

to
in
tr
od

uc
e
a
ne
w

es
ti
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at
or
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IC
∗
th
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is
bo
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co
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is
te
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d
effi

ci
en
tl
y
co
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e.

T
he

ne
w

es
ti
m
at
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,
ca
lle

d
M
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e
,
ha
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be

tt
er

ru
nt
im

e
co
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ex
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en

th
an

th
e
he
ur
is
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c
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pp
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x
-M
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de
rs
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.

T
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at
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on
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e
of

th
e
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at
e
ch
ar
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on

s
of

M
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∗
pr
ov
en

in
th
e
pr
ev
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se
ct
io
n.

N
am

el
y,
if
M
IC
∗
ca
n
be

vi
ew

ed
as

th
e
su
pr
em

um
of

th
e
bo
un

da
ry

of
th
e

ch
ar
ac
te
ri
st
ic

m
at
ri
x
ra
th
er

th
an

of
th
e
en
ti
re

m
at
ri
x,

th
en

on
ly

th
e
bo

un
da

ry
of

th
e
m
at
ri
x

m
us
t
be

ac
cu
ra
te
ly

es
ti
m
at
ed

in
or
de
r
to

es
ti
m
at
e
M
IC
∗.

T
hi
s
ha

s
th
e
ad

va
nt
ag
e
th
at
,

w
he
re
as

co
m
pu

ti
ng

in
di
vi
du

al
en
tr
ie
s
of

th
e
sa
m
pl
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
in
vo

lv
es

fin
di
ng

op
ti
m
al

(t
w
o-
di
m
en
si
on

al
)
gr
id
s,

es
ti
m
at
in
g
en
tr
ie
s
of

th
e
bo

un
da

ry
re
qu

ir
es

us
on

ly
to

fin
d

op
ti
m
al

(o
ne
-d
im

en
si
on

al
)
pa

rt
it
io
ns
.

W
hi
le

th
e
fo
rm

er
pr
ob

le
m

is
co
m
pu

ta
ti
on

al
ly

di
ffi
cu
lt
,
th
e
la
tt
er

ca
n
be

so
lv
ed

us
in
g
th
e
dy

na
m
ic

pr
og
ra
m
m
in
g
al
go
ri
th
m

fr
om

R
es
he
f

et
al
.
(2
01
1)

th
at

w
e
al
so

em
pl
oy
ed

in
Se
ct
io
n
3.
5
to

co
m
pu

te
M
IC
∗
to

ar
bi
tr
ar
y
pr
ec
is
io
n

in
th
e
la
rg
e-
sa
m
pl
e
lim

it
.

W
e
fo
rm

al
iz
e
th
is
id
ea

vi
a
a
ne
w
ob

je
ct

ca
lle

d
th
e
eq
ui
ch
ar
ac
te
ri
st
ic

m
at
ri
x,

w
hi
ch

w
e
de
-

no
te

by
[M

].
T
he

di
ffe

re
nc
e
be

tw
ee
n

[M
]
an

d
th
e
ch
ar
ac
te
ri
st
ic
m
at
ri
x
M

is
as

fo
llo

w
s:

w
hi
le

th
e
k
,`
-t
h
en
tr
y
of
M

is
co
m
pu

te
d
fr
om

th
e
m
ax

im
al

ac
hi
ev
ab

le
m
ut
ua

li
nf
or
m
at
io
n
us
in
g

an
y
k
-b
y-
`
gr
id
,t
he
k
,`
-t
h
en
tr
y
of

[M
]
is
co
m
pu

te
d
fr
om

th
e
m
ax

im
al

ac
hi
ev
ab

le
m
ut
ua

li
n-

fo
rm

at
io
n
us
in
g
an

y
k
-b
y-
`
gr
id

th
at

eq
ui
pa

rt
it
io
ns

th
e
di
m
en
si
on

w
it
h
m
or
e
ro
w
s/
co
lu
m
ns
.

(S
ee

F
ig
ur
e
1.
)
D
es
pi
te

th
is

di
ffe

re
nc
e,

as
th
e
eq
ui
pa

rt
it
io
n
in

qu
es
ti
on

ge
ts

fin
er

an
d
fin

er
it

be
co
m
es

in
di
st
in
gu

is
ha

bl
e
fr
om

an
op

ti
m
al

pa
rt
it
io
n
of

th
e
sa
m
e
si
ze
.
T
hi
s
in
tu
it
io
n
ca
n

be
fo
rm

al
iz
ed

to
sh
ow

th
at

th
e
bo

un
da

ry
of

[M
]
eq
ua

ls
th
e
bo

un
da

ry
of
M

,
an

d
th
er
ef
or
e

th
at

su
p

[M
]

=
su

p
M

=
M
IC
∗.

It
w
ill

th
en

fo
llo

w
th
at

es
ti
m
at
in
g

[M
]
an

d
ta
ki
ng

th
e

su
pr
em

um
—
as

w
e
di
d
w
it
h
M

in
th
e
ca
se

of
M
IC

—
yi
el
ds

a
co
ns
is
te
nt

es
ti
m
at
e
of

M
IC
∗.

4.
1
T
h
e
E
qu

ic
h
ar
ac
te
ri
st
ic

M
at
ri
x

W
e
no

w
de
fin

e
th
e
eq
ui
ch
ar
ac
te
ri
st
ic

m
at
ri
x
an

d
sh
ow

th
at

it
s
su
pr
em

um
is

in
de
ed

M
IC
∗.

T
o

do
so
,
w
e
fir
st

de
fin

e
a

ve
rs
io
n

of
I
∗
th
at

eq
ui
pa

rt
it
io
ns

th
e
di
m
en
si
on

w
it
h

m
or
e

ro
w
s/
co
lu
m
ns
.

N
ot
e
th
at

in
th
e
de
fin

it
io
n,

br
ac
ke
ts

ar
e
us
ed

to
in
di
ca
te

th
e
pr
es
en
ce

of
an

eq
ui
pa

rt
it
io
n.

D
efi

n
it
io
n
19

Le
t

(X
,Y

)
be

jo
in
tly

di
st
ri
bu
te
d
ra
nd

om
va
ri
ab
le
s.

D
efi

ne

I
∗

((
X
,Y

),
k
,[
`]

)
=

m
ax

G
∈G

(k
,[
`]

)
I

((
X
,Y

)| G
)

w
he
re
G

(k
,[
`]

)
is

th
e
se
t
of
k
-b
y-
`
gr
id
s
w
ho

se
y-
ax
is

pa
rt
it
io
n
is

an
eq
ui
pa
rt
it
io
n
of

si
ze
`.

D
efi

ne
I
∗ (

(X
,Y

),
[k

],
`)

an
al
og
ou

sl
y.

D
efi

ne
I

[∗
] (

(X
,Y

),
k
,`

)
to

eq
ua

lI
∗ (

(X
,Y

),
k
,[
`]

)
if
k
<
`
an

d
I
∗ (

(X
,Y

),
[k

],
`)

ot
he
rw

is
e.

W
e
no

w
de
fin

e
th
e
eq
ui
ch
ar
ac
te
ri
st
ic

m
at
ri
x
in

te
rm

s
of
I

[∗
] .
In

th
e
de
fin

it
io
n
be

lo
w
,w

e
co
nt
in
ue

ou
r
co
nv

en
ti
on

of
us
in
g
br
ac
ke
ts

to
de
no

te
th
e
pr
es
en
ce

of
eq
ui
pa

rt
it
io
ns
.

D
efi

n
it
io
n
20

Le
t(
X
,Y

)
be

jo
in
tly

di
st
ri
bu
te
d
ra
nd

om
va
ri
ab
le
s.

T
he

po
pu

la
ti
on

eq
ui
ch
ar
-

ac
te
ri
st
ic

m
at
ri
x
of

(X
,Y

),
de
no

te
d
by

[M
](
X
,Y

),
is

de
fin

ed
by

[M
](
X
,Y

) k
,`

=
I

[∗
] (

(X
,Y

),
k
,`

)

lo
g

m
in
{k
,`
}

fo
r
k
,`
>

1
.
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:1
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3

R
es

h
ef

,
R

es
h
ef

,
F
in

u
ca

n
e,

S
a
be

ti
,
a
n
d

M
it

ze
n
m
ac

h
er

M
(X
,Y

) 2
,3

[M
](
X
,Y

) 2
,3

I
∗

=
0.

91
8

I
[∗

]
=

0.
61

3

M
(X
,Y

) 2
,9

[M
](
X
,Y

) 2
,9

I
∗

=
0.

91
8

I
[∗

]
=

0.
91

8

F
ig
ur
e
1:

A
sc
he
m
at
ic

ill
us
tr
at
in
g
th
e
di
ffe

re
nc
e
be

tw
ee
n
th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
M

an
d

th
e
eq
ui
ch
ar
ac
te
ri
st
ic
m
at
ri
x

[M
].
(T

op
)W

he
n
re
st
ri
ct
ed

to
2
ro
w
s
an

d
3
co
lu
m
ns
,

th
e
ch
ar
ac
te
ri
st
ic
m
at
ri
x
M

is
co
m
pu

te
d
fr
om

th
e
op

ti
m
al

2-
by

-3
gr
id
.
In

co
nt
ra
st
,

th
e
eq
ui
ch
ar
ac
te
ri
st
ic

m
at
ri
x

[M
]
st
ill

op
ti
m
iz
es

th
e
sm

al
le
r
pa

rt
it
io
n
of

si
ze

2
bu

t
is
re
st
ri
ct
ed

to
ha

ve
th
e
la
rg
er

pa
rt
it
io
n
be

an
eq
ui
pa

rt
it
io
n
of

si
ze

3.
T
hi
s
re
su
lt
s

in
a
lo
w
er

m
ut
ua

l
in
fo
rm

at
io
n
of

0.
61

3.
(B

ot
to
m
)
W

he
n
9
co
lu
m
ns

ar
e
al
lo
w
ed

in
st
ea
d
of

3,
th
e
gr
id

fo
un

d
by

th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
do

es
no

t
ch
an

ge
,
si
nc
e

th
e
gr
id

w
it
h
3
co
lu
m
ns

w
as

al
re
ad

y
op

ti
m
al
.
H
ow

ev
er
,n

ow
th
e
eq
ui
ch
ar
ac
te
ri
st
ic

m
at
ri
x
us
es

an
eq
ui
pa

rt
it
io
n
in
to

co
lu
m
ns

of
si
ze

9,
w
ho

se
re
so
lu
ti
on

is
ab

le
to

fu
lly

ca
pt
ur
e
th
e
de
pe

nd
en
ce

be
tw

ee
n
X

an
d
Y
.

T
he

bo
un

da
ry

of
th
e
eq
ui
ch
ar
ac
te
ri
st
ic

m
at
ri
x
ca
n
be

de
fin

ed
vi
a
a
lim

it
in

th
e
sa
m
e

w
ay

as
th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x.

W
e
th
en

ha
ve

th
e
fo
llo

w
in
g
th
eo
re
m
.

T
h
eo
re
m

21
Le

t
(X
,Y

)
be

jo
in
tly

di
st
ri
bu
te
d
ra
nd

om
va
ri
ab
le
s.

T
he
n
∂

[M
]

=
∂
M

.

P
ro
of

Se
e
A
pp

en
di
x
F
.

Si
nc
e
ev
er
y
en
tr
y
of

th
e
eq
ui
ch
ar
ac
te
ri
st
ic

m
at
ri
x
is

do
m
in
at
ed

by
so
m
e
en
tr
y
on

it
s

bo
un

da
ry
,t
he

eq
ui
va
le
nc
e
of
∂

[M
]
an

d
∂
M

yi
el
ds

th
e
fo
llo

w
in
g
co
ro
lla

ry
as

a
si
m
pl
e
co
ns
e-

qu
en
ce
.

C
or
ol
la
ry

22
Le

t
(X
,Y

)
be

jo
in
tly

di
st
ri
bu
te
d
ra
nd

om
va
ri
ab
le
s.

T
he
n

su
p

[M
](
X
,Y

)
=

M
IC
∗(
X
,Y

).
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4.2
T
h
e
E
stim

ator
M
IC

e

W
ith

the
equicharacteristic

m
atrix

defined,
w
e
can

now
define

our
new

estim
ator

M
IC

e
in

term
s
of

the
sam

ple
equicharacteristic

m
atrix,

analogously
to

the
w
ay

w
e
defined

M
IC

in
term

s
of

the
sam

ple
characteristic

m
atrix.

D
efi

n
ition

23
Let

D
⊂

R
2
be

a
set

of
ordered

pairs.
T
he

sam
ple

equicharacteristic
m
atrix

[̂M
](D

)
of
D

is
defined

by

[̂M
](D

)
k
,`

=
I

[∗
](D

,k
,`)

lo
g

m
in{k

,`}
.

D
efi

n
ition

24
Let

D
⊂

R
2
be

a
set

of
n
ordered

pairs,
and

let
B

:Z
+
→

Z
+
.
W
e
define

M
IC

e
,B

(D
)

=
m

a
x

k
`≤
B

(n
) [̂M

](D
)
k
,` .

W
ith

the
equivalence

betw
een

the
boundary

ofthe
characteristic

m
atrix

and
that

ofthe
equicharacteristic

m
atrix

established,it
is
straightforw

ard
to

show
that

M
IC

e
is
a
consistent

estim
ator

of
M
IC
∗
via

argum
ents

sim
ilar

to
those

w
e
applied

in
the

case
of

M
IC

.
(See

A
ppendix

G
.)
Specifically,w

e
show

the
follow

ing
theorem

,an
analogue

of
T
heorem

6.

T
h
eorem

25
Let

f
:
m
∞
→

R
be

uniform
ly

continuous,
and

assum
e
that

f
◦
r
i
→

f
pointw

ise.
T
hen

for
every

random
variable

(X
,Y

),
w
e
have

(f
◦
r
B

(n
) ) (

[̂M
](D

n
) )
→
f

([M
](X

,Y
))

in
probability

w
here

D
n

is
a
sam

ple
of

size
n

from
the

distribution
of

(X
,Y

),
provided

ω
(1

)
<
B

(n
)≤

O
(n

1−
ε)

for
som

e
ε
>

0.

B
y
setting

f
([M

])
=

su
p

[M
],w

e
then

obtain
as

a
corollary

the
consistency

of
M
IC

e .

C
orollary

26
M
IC

e
,B

is
a
consistent

estim
ator

of
M
IC
∗
provided

ω
(1

)
<
B

(n
)≤

O
(n

1−
ε)

for
som

e
ε
>

0.

A
s
w
ith

the
statistic

M
IC

,the
statistic

M
IC

e
requires

the
user

to
specify

a
function

B
(n

)
to

use.
W

hile
the

theory
suggests

that
any

function
ofthe

form
B

(n
)

=
n
α
suffi

ces
provided

0
<
α
<

1,
different

values
of
α

m
ay

yield
different

finite-sam
ple

properties.
W
e
study

the
em

pirical
perform

ance
of

M
IC

e
for

different
choices

of
B

(n
)
in

Section
4.4

and
point

the
reader

to
specific

recom
m
endations

for
practicaluse

in
Section

4.4.1.

4.3
C
om

p
u
tin

g
M
IC

e

B
oth

M
IC

and
M
IC

e
are

consistent
estim

ators
of

M
IC
∗ .

T
he

difference
betw

een
them

is
that

w
hile

M
IC

can
currently

be
com

puted
effi

ciently
only

via
a
heuristic

approxim
ation,

M
IC

e
can

be
com

puted
exactly,

very
effi

ciently,
via

an
approach

sim
ilar

to
the

one
used

for
approxim

ating
M
IC
∗
involving

the
O

pt
im

izeX
A

x
is

subroutine.
W
e
now

describe
the

details
of

this
approach.

R
ecall

that,
given

a
fixed

x-axis
partition

Q
into

`
colum

ns,
a
set

of
n

data
points,

a
“m

aster”
y-axis

partition
Π
,
and

a
num

ber
k,

the
O

pt
im

izeX
A

x
is

subroutine
finds,

for
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R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

every
2
≤
i≤

k,
a
y-axis

partition
P
i ⊂

Π
of

size
at

m
ost

i
that

m
axim

izes
the

m
utual

inform
ation

induced
by

the
grid

(P
i ,Q

).
T
he

algorithm
does

this
in

tim
e
O

(|Π| 2k
`).

(For
m
ore

discussion
of

O
pt

im
izeX

A
x
is,see

Section
3.5)

In
the

pair
of

theorem
s
below

,w
e
show

tw
o
w
ays

that
O

pt
im

izeX
A

x
is

can
be

used
to

com
pute

M
IC

e
effi

ciently.
In

the
proofs

of
both

theorem
s,

w
e
neglect

issues
of

divisibility,
e.g.,w

e
often

w
rite

B
/
2
rather

than
bB
/
2c.

T
his

does
not

affect
the

results.

T
h
eorem

27
T
here

exists
an

algorithm
E
q
u
ic

h
a
r
that,

given
a
sam

ple
D

of
size

n
and

som
e
B
∈
Z

+
,
com

putes
the

portion
r
B

(n
) ([̂M

](D
))

of
the

sam
ple

equicharacteristic
m
atrix

in
tim

e
O

(n
2B

2),
w
hich

equals
O

(n
4−

2
ε)

for
B

(n
)

=
O

(n
1−
ε)

w
ith

ε
>

0.

P
roof

W
e
describe

the
algorithm

and
sim

ultaneously
bound

its
runtim

e.
W
e
do

so
only

for
the

k
,`-th

entries
of

[̂M
](D

)
satisfying

k
≤
`,k

`≤
B
.
T
his

suffi
ces,since

by
sym

m
etry

com
puting

the
rest

of
the

required
entries

at
m
ost

doubles
the

runtim
e.

T
o
com

pute
[̂M

](D
)
k
,`

w
ith

k
≤
`,

w
e
m
ust

fix
an

equipartition
into

`
colum

ns
on

the
x-axis

and
then

find
the

optim
al

partition
of

the
y-axis

of
size

at
m
ost

k.
If

w
e
set

the
m
aster

partition
Π

of
the

O
pt

im
izeX

A
x
is

algorithm
to

be
an

equipartition
into

row
s

of
size

n,
then

it
perform

s
precisely

the
required

optim
ization.

M
oreover,

for
fixed

`
it

can
carry

out
the

optim
ization

sim
ultaneously

for
all

of
the

pairs
{
(2,`),...,(B

/`,`)}
in

tim
e
O

(|Π| 2(B
/`)`)

=
O

(n
2B

).
For

fixed
`,

this
set

contains
all

the
pairs

(k
,`)

satisfying
k
≤
`,k

l≤
B
.
T
herefore,to

com
pute

allthe
required

entries
of

[̂M
](D

)
w
e
need

only
apply

this
algorithm

for
each

`
=

2,...,B
/
2.

D
oing

so
gives

a
runtim

e
of
O

(n
2B

2).

T
he

algorithm
above,w

hile
polynom

ial-tim
e,is

nonetheless
not

effi
cient

enough
for

use
in

practice.
H
ow

ever,a
sim

ple
m
odification

solves
this

problem
w
ithout

affecting
the

consis-
tency

ofthe
resulting

estim
ates.

T
he

m
odification

hinges
on

the
fact

that
O

pt
im

izeX
A

x
is

can
use

m
aster

partitions
Π

besides
the

equipartition
of

size
n
that

w
e
used

above.
Spefi-

cally,setting
Π

in
the

above
algorithm

to
be

an
equipartition

into
ck

“clum
ps”,w

here
k
is
the

size
of

the
largest

optim
alpartition

being
sought,

speeds
up

the
com

putation
significantly.

T
his

m
odification

gives
a
slightly

different
statistic,

but
one

that
has

all
of

the
theoretical

properties
ofM

IC
e —

nam
ely,consistent

estim
ation

ofM
IC
∗
and

effi
cient

exact
com

putation.
T
hese

properties
are

form
alized

in
the

follow
ing

theorem
.

T
h
eorem

28
Let

(X
,Y

)
be

a
pair

of
jointly

distributed
random

variables,
and

let
D
n
be

a
sam

ple
of

size
n
from

the
distribution

of
(X
,Y

).
For

every
c
≥

1,
there

exists
a
m
atrix

{M̂
}
c(D

n
)
such

that

1.
T
he

function

M̃
IC

e
,B

(·)
=

m
ax

k
`≤
B

(n
) {M̂
}
c(·)

k
,`

is
a
consistent

estim
ator

of
M
IC
∗
provided

ω
(1)

<
B

(n
)≤

O
(n

1−
ε)

for
som

e
ε
>

0.

2.
T
here

exists
an

algorithm
E
q
u
ic

h
a
r
C

lu
m

p
for

com
puting

r
B

({
M̂
}
c(D

n
))

in
tim

e
O

(n
+
B

5
/
2),

w
hich

equals
O

(n
+
n

5
(1−

ε)/
2)

w
hen

B
(n

)
=
O

(n
1−
ε).
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at
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is

st
ra
te
gy

w
or
ks

ve
ry

w
el
lo

n
ty
pi
ca
lr

el
at
io
ns
hi
ps
.

W
e
re
m
ar
k
th
at

th
e

E
q
u
ic

h
a
r
C

lu
m

p
al
go
ri
th
m

gi
ve
n
ab

ov
e
is

as
ym

pt
ot
ic
al
ly

fa
st
er

ev
en

th
an

th
e
he
ur
is
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pr
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h
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p
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at
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B
ia
s/
V
ar
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h
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T
he

al
go
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th
m

w
e
pr
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d
in

Se
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n
3.
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om
pu
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ng
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is
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so
m
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w
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is
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re
la
ti
on

sh
ip
s

Q
=
{(
x

+
ε σ
,f

(x
)

+
ε′ σ

)
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x
∈
X
f
,ε
σ
,ε
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N

(0
,σ

2
),
f
∈
F
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∈
R
≥

0
}

w
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ε σ
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at
is
ti
c
on
Z
.
W
e
th
en

an
al
yz
ed

th
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at
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w
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h
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e
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ra
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T
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pr
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en
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d
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F
ig
ur
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e
in
te
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in
g
fo
r
tw

o
re
as
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F
ir
st
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th
ey

de
m
on

-
st
ra
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n
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d
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M
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in
an

tl
y

aff
ec
ts

th
os
e
re
gi
m
es
.
O
n
th
e
ot
he
r
ha

nd
,
sm

al
l
va
lu
es

of
α

le
ad

to
an

in
cr
ea
se
d
ex
pe

ct
ed

er
ro
r
in

hi
gh

er
-s
ig
na

lr
eg
im

es
(h
ig
h
R

2
)
by

le
ad

in
g
to

a
ne
ga
ti
ve

bi
as

in
th
os
e
re
gi
m
es

an
d

by
sh
ift
in
g
th
e
va
ri
an

ce
of

th
e
es
ti
m
at
or

to
w
ar
d
th
os
e
re
gi
m
es
.
In

ot
he
r
w
or
ds
,l
ow

er
va
lu
es

of
α
ar
e
be

tt
er

su
it
ed

fo
r
de
te
ct
in
g
w
ea
ke
r
si
gn

al
s,
w
hi
le

hi
gh

er
va
lu
es

of
α
ar
e
be

tt
er

su
it
ed

fo
r
di
st
in
gu

is
hi
ng

am
on

g
st
ro
ng

er
si
gn

al
s.

T
hi
s
is

co
ns
is
te
nt

w
it
h
th
e
re
su
lt
s
se
en

in
ou

r
co
m
pa

ni
on

pa
pe

r
(R

es
he
f
et

al
.,
20
15
a)
,
w
hi
ch

sh
ow

th
at

lo
w

va
lu
es

of
α

ca
us
e
M
IC

e
to

yi
el
d
be

tt
er

po
w
er
ed

in
de
pe

nd
en
ce

te
st
s
w
hi
le

hi
gh

va
lu
es

of
α

ca
us
e
M
IC

e
to

ha
ve

be
tt
er

eq
ui
ta
bi
lit
y.

R
es
he
f
et

al
.
(2
01
5a
)
pr
ov

id
es

si
m
pl
e,

em
pi
ri
ca
l
re
co
m
m
en
da

ti
on

s
ab

ou
t
ap

pr
op

ri
at
e

va
lu
es

of
α

fo
r
di
ffe

re
nt

se
tt
in
gs
.

T
ho

se
re
co
m
m
en
da

ti
on

s
ar
e
fo
rm

ul
at
ed

by
ch
oo

si
ng

a
se
t
of

re
pr
es
en
ta
ti
ve

re
la
ti
on

sh
ip
s
(e
.g
.,
a
se
t
of

no
is
y
fu
nc
ti
on

al
re
la
ti
on

sh
ip
s)
,a

s
w
el
la

s
a

“g
ro
un

d
tr
ut
h”

po
pu

la
ti
on

qu
an

ti
ty

Φ
(e
.g
.,
R

2
)
th
at

ca
n
be

us
ed

to
qu

an
ti
fy

th
e
st
re
ng

th
of

ea
ch

of
th
os
e
re
la
ti
on

sh
ip
s,

an
d
th
en

as
se
ss
in
g
w
hi
ch

va
lu
es

of
α
m
ax

im
iz
e
th
e
eq
ui
ta
bi
lit
y

of
M
IC

e
w
it
h
re
sp
ec
t
to

Φ
at

a
gi
ve
n
sa
m
pl
e
si
ze
.
T
hi
s
ap

pr
oa
ch

is
ap

pl
ie
d
to

an
an

al
ys
is
of

re
al

da
ta

fr
om

th
e
W
or
ld

H
ea
lt
h
O
rg
an

iz
at
io
n
in

R
es
he
fe

t
al
.(
20
15
a)
,a

nd
th
e
pa

ra
m
et
er
s

ch
os
en

fo
r
th
at

an
al
ys
is

ar
e
th
e
on

es
us
ed

fo
r
al
ls

ub
se
qu

en
t
an

al
ys
es

in
th
is

pa
pe

r.
W
e
re
m
ar
k
th
at

if
th
e
go
al

of
th
e
us
er

is
on

ly
de
te
ct
io
n
of

no
n-
tr
iv
ia
lr
el
at
io
ns
hi
ps

ra
th
er

di
sc
ov
er
y
of

th
e
st
ro
ng

es
t
su
ch

re
la
ti
on

sh
ip
s,
α
ca
n
al
so

be
ch
os
en

in
a
m
or
e
st
ra
ig
ht
fo
rw

ar
d

m
an

ne
r:

th
e
us
er

ca
n
su
bs
am

pl
e
a
sm

al
l
ra
nd

om
se
t
of

re
la
ti
on

sh
ip
s
on

w
hi
ch

to
co
m
pa

re
th
e
po

w
er

of
M
IC

e
fo
r
di
ffe

re
nt

va
lu
es

of
α
.
T
ho

se
re
la
ti
on

sh
ip
s
ca
n
th
en

be
di
sc
ar
de
d
an

d
th
e
re
st

of
th
e
re
la
ti
on

sh
ip
s
an

al
yz
ed

w
it
h
th
e
op

ti
m
al

va
lu
e
of
α
.
H
ow

ev
er
,
if
th
e
us
er
’s

pr
im

ar
y
go
al

is
po

w
er

ag
ai
ns
t
in
de
pe

nd
en
ce
,
th
e
st
at
is
ti
c
T
IC

e
in
tr
od

uc
ed

in
Se
ct
io
n
5
of

th
is

pa
pe

r
sh
ou

ld
be

us
ed

w
it
h
th
is

st
ra
te
gy

ra
th
er

th
an

M
IC

e
.

4.
5
E
qu

it
ab

il
it
y
of

M
IC

e

A
s
m
en
ti
on

ed
pr
ev
io
us
ly
,
on

e
of

th
e
m
ai
n

m
ot
iv
at
io
ns

fo
r
th
e
in
tr
od

uc
ti
on

of
M
IC

w
as

eq
ui
ta
bi
lit
y,

th
e
ex
te
nt

to
w
hi
ch

a
m
ea
su
re

of
de
pe

nd
en
ce

us
ef
ul
ly

ca
pt
ur
es

so
m
e
no

ti
on

of
re
la
ti
on

sh
ip

st
re
ng

th
on

so
m
e
se
t
of

st
an

da
rd

re
la
ti
on

sh
ip
s.

W
e
th
er
ef
or
e
ca
rr
ie
d

ou
t

an
em

pi
ri
ca
l
an

al
ys
is

of
th
e
eq
ui
ta
bi
lit
y

of
M
IC

e
w
it
h

re
sp
ec
t
to

R
2
an

d
co
m
pa

re
d

it
s

pe
rf
or
m
an

ce
to

di
st
an

ce
co
rr
el
at
io
n
(S
zé
ke
ly

et
al
.,
20
07
;S

zé
ke
ly

an
d
R
iz
zo
,2

00
9)
,m

ut
ua

l
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o
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lly
a
n
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E
q
u
ita

bly

(a)

(b)

F
igure

2:
B
ias/variance

characterization
of

A
ppro

x
-M

IC
and

M
IC

e .
E
ach

plot
show

s
ex-

pected
squared

error,bias,or
variance

across
the

set
of

noisy
functionalrelation-

ships
described

in
Section

4.4
as

a
function

of
the

R
2
of

the
relationships.

T
he

results
are

aggregated
across

the
16

function
types

analyzed
by

either
the

average,
m
edian,

or
w
orst

result
at

every
value

of
R

2.
(a)

A
com

parison
betw

een
M
IC

e

(light
purple)

and
M
IC

as
com

puted
via

the
heuristic

A
ppro

x
-M

IC
algorithm

(black),at
a
typicalusage

param
eter.

(b)
P
erform

ance
of

M
IC

e
w
ith

B
(n

)
=
n
α

for
various

values
of
α
.
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R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

inform
ation

estim
ation

(K
raskov

et
al.,2004),and

m
axim

alcorrelation
estim

ation
(B

reim
an

and
Friedm

an,1985).
W
e
began

by
assessing

equitability
on

the
set

ofrelationshipsQ
defined

above,a
set

that
has

been
analyzed

in
previous

w
ork

(R
eshef

et
al.,

2011,
2015a;

K
inney

and
A
tw

al,
2014).

T
he

results,show
n
in

F
igure

3,confirm
the

superior
equitability

ofthe
new

estim
ator

M
IC

e

on
this

set
of

relationships.
T
o
assess

equitability
m
ore

objectively
w
ithout

relying
on

a
m
anually

curated
set

of
functions,

w
e
then

analyzed
160

random
functions

draw
n
from

a
G
aussian

process
distri-

bution
w
ith

a
radial

basis
function

kernel
w
ith

one
of

eight
possible

bandw
idths

in
the

set
{
0.0

1
,0
.02

5
,0
.05,0

.1
,0
.2
,0
.25,0.5

,1}
to

represent
a
range

ofpossible
relationship

com
plexi-

ties.
T
he

results,show
n
in

F
igure

4,show
that

M
IC

e
outperform

s
existing

m
ethods

in
term

s
of

equitability
w
ith

respect
to
R

2
on

these
functions

as
w
ell.

A
ppendix

F
igure

J1
show

s
a

version
ofthis

analysisundera
differentnoise

m
odelthatyields

the
sam

e
conclusion.

W
e
also

exam
ined

the
effect

ofoutlier
relationships

on
our

results
by

repeatedly
subsam

pling
random

subsets
of20

functions
from

this
large

set
ofrelationships

and
m
easuring

the
equitability

of
each

m
ethod

on
average

over
the

subsets;results
w
ere

sim
ilar.

O
ne

feature
of

the
perform

ance
of

M
IC

e
on

these
random

ly
chosen

relationships
that

is
dem

onstrated
in

F
igure

4
is

that
it

appears
m
inim

ally
sensitive

to
the

bandw
idth

of
the

G
aussian

process
from

w
hich

a
given

relationship
is
draw

n.
T
his

puts
it
in

contrast
to,e.g.,

m
utual

inform
ation

estim
ation,

w
hich

show
s
a
pronounced

sensitivity
to

this
param

eter
that

prevents
it

from
being

highly
equitable

w
hen

relationships
w
ith

different
bandw

idths
are

present
in

the
sam

e
data

set.
In

our
com

panion
paper

(R
eshef

et
al.,

2015a),
w
e
perform

m
ore

in-depth
analyses

of
the

equitability
w
ith

respect
to
R

2
ofM

IC
e ,M

IC
,and

the
four

m
easures

ofdependence
de-

scribed
above

as
w
ellas

the
H
ilbert-Schm

idt
independence

criterion
(H

SIC
)
(G

retton
et

al.,
2005,2007),the

H
eller-H

eller-G
orfine

(H
H
G
)
test

(H
eller

et
al.,2013),the

data-derived
par-

titions
(D

D
P
)
test

(H
eller

et
al.,2016),and

the
random

ized
dependence

coeffi
cient

(R
D
C
)

(Lopez-P
az

et
al.,

2013).
T
hese

analyses
consider

a
range

of
sam

ple
sizes,

noise
m
odels,

m
arginaldistributions,and

param
eter

settings.
T
hey

conclude
that,in

term
s
ofequitability

w
ith

respect
to
R

2
on

the
sets

of
noisy

functionalrelationships
studied,a)

M
IC

e
uniform

ly
outperform

s
M
IC

,
and

b)
M
IC

e
outperform

s
all

the
m
ethods

tested
in

the
large

m
ajor-

ity
of

settings
exam

ined.
A
ppendix

F
igure

I1
contains

a
reproduction

of
a
representative

equitability
analysis

from
that

paper
for

the
reader’s

reference.

5.
T
h
e
T
otal

In
form

ation
C
oeffi

cient

So
far

w
e
have

presented
results

about
estim

ators
of

the
population

m
axim

al
inform

ation
coeffi

cient,
a
quantity

for
w
hich

equitability
is

the
prim

ary
m
otivation.

W
e
now

introduce
and

analyze
a
new

m
easure

of
dependence,

the
total

inform
ation

coeffi
cient

(T
IC

).In
con-

trast
to

the
m
axim

alinform
ation

coeffi
cient,the

totalinform
ation

coeffi
cient

is
designed

not
for

equitability
but

rather
as

a
test

statistic
for

testing
a
nullhypothesis

of
independence.

W
e
begin

by
giving

som
e
intuition.

R
ecall

that
the

m
axim

al
inform

ation
coeffi

cient
is

the
suprem

um
of

the
characteristic

m
atrix.

W
hile

estim
ating

the
suprem

um
of

this
m
atrix

has
m
any

advantages,
this

estim
ation

involves
taking

a
m
axim

um
over

m
any

estim
ates

of
individual

entries
of

the
characteristic

m
atrix.

Since
m
axim

a
of

sets
of

random
variables
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a
bl

y

φ̂

Ф
 (e

.g
. R

2 )
Ф

 (e
.g

. R
2 )

Ф
 (e

.g
. R

2 )
Ф

 (e
.g

. R
2 )

Ф
 (e

.g
. R

2 )

φ

(a
)

(b
)

(c
)

(d
)

(e
)

(f
)

F
ig
ur
e
3:

E
qu

it
ab

ili
ty

w
it
h
re
sp
ec
t
to
R

2
on

a
se
t
of

no
is
y
fu
nc
ti
on

al
re
la
ti
on

sh
ip
s
of

(a
)
th
e

P
ea
rs
on

co
rr
el
at
io
n
co
effi

ci
en
t,

(b
)
a
hy

po
th
et
ic
al

m
ea
su
re

of
de
pe

nd
en
ce
ϕ

w
it
h

pe
rf
ec
t
eq
ui
ta
bi
lit
y,
(c
)
di
st
an

ce
co
rr
el
at
io
n,

(d
)
M
IC

e
,(
e)

m
ax

im
al

co
rr
el
at
io
n
es
-

ti
m
at
io
n,

an
d
(f
)
m
ut
ua

li
nf
or
m
at
io
n
es
ti
m
at
io
n.

Fo
r
ea
ch

re
la
ti
on

sh
ip
,a

sh
ad

ed
re
gi
on

de
no

te
s
es
ti
m
at
ed

5t
h
an

d
95
th

pe
rc
en
ti
le

va
lu
es

of
th
e
sa
m
pl
in
g
di
st
ri
bu

-
ti
on

of
th
e
st
at
is
ti
c
in

qu
es
ti
on

on
th
at

re
la
ti
on

sh
ip

at
ev
er
y
R

2
.
T
he

re
su
lt
in
g

pl
ot

sh
ow

s
w
hi
ch

va
lu
es

of
R

2
co
rr
es
po

nd
to

a
gi
ve
n
va
lu
e
of

ea
ch

st
at
is
ti
c.

T
he

re
d
in
te
rv
al

on
ea
ch

pl
ot

in
di
ca
te
s
th
e
w
id
es
t
ra
ng

e
of
R

2
va
lu
es

co
rr
es
po

nd
in
g
to

an
y
on

e
va
lu
e
of

th
e
st
at
is
ti
c;

th
e
na

rr
ow

er
th
e
re
d
in
te
rv
al
,
th
e
hi
gh

er
th
e
eq
ui
-

ta
bi
lit
y.

A
re
d
in
te
rv
al

w
it
h
w
id
th

0,
as

in
(b
),

m
ea
ns

th
at

th
e
st
at
is
ti
c
re
fle

ct
s

on
ly
R

2
w
it
h
no

de
pe

nd
en
ce

on
re
la
ti
on

sh
ip

ty
pe

,
as

de
m
on

st
ra
te
d
by

th
e
pa

ir
s

of
th
um

bn
ai
ls

of
re
la
ti
on

sh
ip
s
of

di
ffe

re
nt

ty
pe

s
w
it
h
id
en
ti
ca
lR

2
va
lu
es
.
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R
es

h
ef

,
R

es
h
ef

,
F
in

u
ca

n
e,

S
a
be

ti
,
a
n
d

M
it

ze
n
m
ac

h
er

F
ig
ur
e
4:

E
qu

it
ab

ili
ty

of
m
et
ho

ds
ex
am

in
ed

on
fu
nc
ti
on

s
ra
nd

om
ly

dr
aw

n
fr
om

a
G
au

ss
ia
n

pr
oc
es
s
di
st
ri
bu

ti
on

.
E
ac
h
m
et
ho

d
is

as
se
ss
ed

as
in

F
ig
ur
e
3,

w
it
h
a
re
d
in
te
rv
al

in
di
ca
ti
ng

th
e
w
id
es
t
ra
ng

e
of
R

2
va
lu
es

co
rr
es
po

nd
in
g
to

an
y
on

e
va
lu
e
of

th
e

st
at
is
ti
c;
th
e
na

rr
ow

er
th
e
re
d
in
te
rv
al
,t
he

hi
gh

er
th
e
eq
ui
ta
bi
lit
y.

E
ac
h
sh
ad

ed
re
-

gi
on

co
rr
es
po

nd
s
to

on
e
re
la
ti
on

sh
ip
,a

nd
th
e
re
gi
on

s
ar
e
co
lo
re
d
by

th
e
ba

nd
w
id
th

of
th
e
G
au

ss
ia
n
pr
oc
es
s
fr
om

w
hi
ch

th
ey

w
er
e
sa
m
pl
ed
.
Sa

m
pl
e
re
la
ti
on

sh
ip
s
fo
r

ea
ch

ba
nd

w
id
th

ar
e
sh
ow

n
in

th
e
to
p
ri
gh

t
w
it
h
m
at
ch
in
g
co
lo
rs
.
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tend
to

becom
e
large

as
the

num
ber

ofvariables
grow

s,one
can

im
agine

that
this

procedure
m
ay

lead
to

an
undesirable

positive
bias

in
the

case
of

statistical
independence,

w
hen

the
population

characteristic
m
atrix

equals
0.

T
his

m
ight

be
detrim

ental
for

independence
testing,w

hen
the

sam
pling

distribution
ofa

statistic
under

a
nullhypothesis

ofindependence
is

crucial.
T
he

intuition
behind

the
total

inform
ation

coeffi
cient

is
that

if
w
e
instead

consider
a

m
ore

stable
property,such

as
the

sum
of

the
entries

in
the

characteristic
m
atrix,w

e
m
ight

expect
to

obtain
a
statistic

w
ith

a
sm

aller
bias

in
the

case
of

independence
and

therefore
better

pow
er.

Stated
differently,

if
our

only
goal

is
to

distinguish
any

dependence
at

all
from

com
plete

noise,then
disregarding

allofthe
sam

ple
characteristic

m
atrix

except
for

its
m
axim

al
value

m
ay

throw
aw

ay
useful

signal,
and

the
total

inform
ation

coeffi
cient

avoids
this

by
sum

m
ing

allthe
entries.

W
e
rem

ark
that

in
R
eshef

et
al.

(2011)
it

is
suggested

that
other

properties
of

the
characteristic

m
atrix

m
ay

allow
us

to
m
easure

other
aspects

of
a
given

relationship
besides

its
strength,and

severalsuch
properties

w
ere

defined.
T
he

totalinform
ation

coeffi
cient

fits
w
ithin

this
conceptualfram

ew
ork.

In
thissection

w
e
define

the
totalinform

ation
coeffi

cientin
the

case
ofboth

the
character-

istic
m
atrix

(T
IC

)
and

the
equicharacteristic

m
atrix

(T
IC

e ).
W
e
then

prove
that

both
T
IC

and
T
IC

e
yield

independence
tests

that
are

consistent
against

all
dependent

alternatives.
(A

s
in

the
case

of
M
IC

and
M
IC

e ,T
IC

e
is

m
ore

easily
com

putable
than

T
IC

.)
F
inally,w

e
present

a
sim

ulation
study

ofthe
pow

er
ofindependence

testing
based

on
T
IC

e
on

an
index

set
ofrelationships

chosen
in

Sim
on

and
T
ibshirani(2012),show

ing
that

T
IC

e
outperform

s
other

com
m
on

m
easures

of
dependence

on
m
any

of
the

relationships
and

closely
m
atches

their
perform

ance
on

the
rest.

5.1
D
efi

n
ition

an
d
C
on

sisten
cy

of
th
e
T
otal

In
form

ation
C
oeffi

cient

W
e
begin

by
defining

the
tw

o
versions

of
the

totalinform
ation

coeffi
cient.

In
the

definition
below

,recallthat
M̂

denotes
a
sam

ple
characteristic

m
atrix

w
hereas

[̂M
]denotes

a
sam

ple
equicharacteristic

m
atrix.

D
efi

n
ition

30
Let

D
⊂

R
2
be

a
set

of
n
ordered

pairs,
and

let
B

:Z
+
→

Z
+
.
W
e
define

T
IC

B
(D

)
=

∑

k
`≤
B

(n
) M̂

(D
)
k
,`

and
T
IC

e
,B

(D
)

=
∑

k
`≤
B

(n
) [̂M

](D
)
k
,` .

T
o
show

that
these

tw
o
statistics

lead
to

consistent
independence

tests,w
e
m
ust

take
a

step
back

and
analyze

the
behavior

of
the

analogous
population

quantities.

D
efi

n
ition

31
For

a
m
atrix

A
and

a
positive

num
ber

B
,
the

B
-partialsum

of
A
,
denoted

by
S
B

(A
),

is
S
B

(A
)

=
∑k
`≤
B

A
k
,` .
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R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

W
hen

A
is

an
(equi)characteristic

m
atrix,

S
B

(A
)
is

the
sum

over
all

entries
corresponding

to
grids

w
ith

at
m
ost

B
total

cells.
T
hus,

if
M̂

(D
)
is

a
sam

ple
characteristic

m
atrix

of
a

sam
ple

D
,
S
B

(M̂
(D

))
=

T
IC

B
(D

),and
the

sam
e
holds

for
S
B

([̂M
](D

))
and

T
IC

e
,B

(D
).

It
is
clear

that
if
X

and
Y

are
statistically

independent
random

variables,then
both

the
characteristic

m
atrix

M
(X
,Y

)
and

the
equicharacteristic

m
atrix

[M
](X

,Y
)
are

identically
0,so

that
S
B

(M
(X
,Y

))
=
S
B

([M
](X

,Y
))

=
0
for

all
B
.
H
ow

ever,w
e
are

also
interested

in
how

these
quantitiesbehave

w
hen

X
and

Y
are

dependent.
T
he

follow
ing

pairofpropositions
helps

us
understand

this.
T
he

first
proposition

show
s
a
low

er
bound

on
the

values
ofentries

in
both

M
(X
,Y

)
and

[M
](X

,Y
).

T
he

second
proposition

translates
this

into
an

asym
ptotic

characterization
of

how
quickly

S
B

(M
)
and

S
B

([M
])

grow
as

functions
of
B
.
T
hese

tw
o

propositionsare
the

technicalheartofw
hy

the
totalinform

ation
coeffi

cientyieldsa
consistent

independence
test.

P
rop

osition
32

Let
(X
,Y

)
be

a
pair

of
jointly

distributed
random

variables.
If
X

and
Y

are
statistically

independent,then
M

(X
,Y

)≡
[M

](X
,Y

)≡
0.

Ifnot,then
there

exists
som

e
a
>

0
and

som
e
integer

`
0 ≥

2
such

that

M
(X
,Y

)
k
,` ,[M

](X
,Y

)
k
,` ≥

a

log
m

in{k
,`}

either
for

all
k
≥
`≥

`
0 ,

or
for

all
`≥

k
≥
`
0 .

P
roof

See
A
ppendix

K
.1

P
rop

osition
33

Let
(X
,Y

)
be

a
pair

of
jointly

distributed
random

variables.
If
X

and
Y

are
statistically

independent,
then

S
B

(M
(X
,Y

))
=
S
B

([M
](X

,Y
))

=
0
for

all
B
>

0.
If

not,
then

S
B

(M
(X
,Y

))
and

S
B

([M
](X

,Y
))

are
both

Ω
(B

log
log

B
).

P
roof

See
A
ppendix

K
.2

T
he

propositions
above,together

w
ith

reasoning
analogous

to
the

convergence
argum

ents
presented

earlier,
can

be
used

to
show

the
m
ain

result
of

this
section,

nam
ely

that
the

statistics
T
IC

and
T
IC

e
yield

consistent
independence

tests.

T
h
eorem

34
T
he

statistics
T
IC

B
and

T
IC

e
,B

yield
consistent

right-tailed
tests

ofindepen-
dence,

provided
ω

(1)
<
B

(n
)≤

O
(n

1−
ε)

for
som

e
ε
>

0.

P
roof

See
A
ppendix

K
.3.

In
practice,w

e
often

use
the

E
q
u
ic

h
a
r
C

lu
m

p
algorithm

(see
Section

4.3)
to

com
pute

the
equicharacteristic

m
atrix

from
w
hich

w
e
calculate

T
IC

e .
T
his

algorithm
does

not
com

-
pute

the
sam

ple
equicharacteristic

m
atrix

exactly.
H
ow

ever,as
in

the
case

ofM
IC

e ,the
use

ofthe
algorithm

does
not

affect
the

theoreticalproperties
ofthe

statistic.
T
his

is
proven

in
A
ppendix

H
.
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5.
2
P
ow

er
of

In
d
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en
d
en

ce
T
es
ts

B
as
ed

on
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e

W
it
h
th
e
co
ns
is
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y
of
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te
st
s
ba

se
d
on
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is
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to
em
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ti
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of
th
e
po

w
er

of
in
de
pe

nd
en
ce

te
st
in
g
ba

se
d
on

T
IC

e
as

co
m
pu

te
d

us
in
g
th
e

E
q
u
ic

h
a
r
C
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m

p
al
go
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th
m
.

T
o
ev
al
ua

te
th
e
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w
er

of
T
IC

e
-b
as
ed

te
st
s,

w
e
re
pr
od

uc
ed

th
e
an

al
ys
is

pe
rf
or
m
ed

in
Si
m
on

an
d
T
ib
sh
ir
an

i(
20
12
).

N
am

el
y,

w
e
co
ns
id
er
ed

th
e
se
t
of

re
la
ti
on

sh
ip
s
th
ey

an
al
yz
ed
,

de
fin

ed
by

Q
=
{ (X

,f
(X

)
+
ε′

)
:
X
∼

U
ni
f,
f
∈
F
,ε
′ ∼
N

(0
,σ

2
),
σ
∈
R
≥

0

} .

w
he
re
F

is
a
se
t
of

fu
nc
ti
on

s
sp
ec
ifi
ed

in
Si
m
on

an
d
T
ib
sh
ir
an

i
(2
01
2)
.
(N

B
:
on

e
of

th
e

re
la
ti
on

sh
ip
s
is

a
ci
rc
le
,w

hi
ch

w
e
tr
ea
t
as

a
un

io
n
of

tw
o
ha

lf-
ci
rc
le
s.
)

Fo
r
ea
ch

re
la
ti
on

sh
ip
Z

in
th
is

se
t
th
at

w
e
ex
am

in
ed
,
w
e
si
m
ul
at
ed

a
nu

ll
hy

po
th
es
is

of
in
de
pe

nd
en
ce

w
it
h
th
e
sa
m
e
m
ar
gi
na

l
di
st
ri
bu

ti
on

s,
an

d
ge
ne
ra
te
d

1,
0
0
0
in
de
pe

nd
en
t

sa
m
pl
es
,
ea
ch

w
it
h
a
sa
m
pl
e
si
ze

of
n

=
50

0,
fr
om

bo
th
Z

an
d
fr
om

th
e
nu

ll
di
st
ri
bu

ti
on

.
T
he
se

w
er
e
us
ed

to
es
ti
m
at
e
th
e
po

w
er

of
th
e
si
ze
-α

ri
gh

t-
ta
ile

d
in
de
pe

nd
en
ce

te
st

ba
se
d
on

ea
ch

st
at
is
ti
c
be

in
g
ev
al
ua

te
d.

Fo
llo

w
in
g
Si
m
on

an
d
T
ib
sh
ir
an

i,
w
e
co
m
pa

re
d
T
IC

e
to

th
e

di
st
an

ce
co
rr
el
at
io
n
(S
zé
ke
ly

et
al
.,
20
07
;
Sz
ék
el
y
an

d
R
iz
zo
,
20
09
),

th
e
or
ig
in
al

m
ax

im
al

in
fo
rm

at
io
n
co
effi

ci
en
t
(R

es
he
f
et

al
.,
20
11
)
as

ap
pr
ox
im

at
ed

us
in
g

A
pp

ro
x
-M

IC
,
an

d
to

th
e
P
ea
rs
on

co
rr
el
at
io
n.

(T
ho

ug
h
it
is
no

t
a
m
ea
su
re

of
de
pe

nd
en
ce
,t
he

P
ea
rs
on

co
rr
el
at
io
n

w
as

pr
es
um

ab
ly

in
cl
ud

ed
by

Si
m
on

an
d
T
ib
sh
ir
an

i
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an
in
tu
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iv
e
be

nc
hm

ar
k
fo
r
w
ha

t
is

ac
hi
ev
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le
un

de
r
a
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W
e
al
so

co
m
pa

re
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to

M
IC

e
us
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g
id
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l
pa

ra
m
et
er
s
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th
os
e
of

T
IC
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in
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w
he
th
er
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at
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by
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th
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m
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at
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w
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N
ot
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th
at

w
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do
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co
m
pa

re
to

m
et
ho

ds
of

an
al
yz
in
g
co
nt
in
ge
nc
y
ta
bl
es
,
su
ch

as
P
ea
rs
on

’s
ch
i-s

qu
ar
ed

te
st
.
T
hi
s
is

be
ca
us
e
ou

r
da

ta
ar
e
re
al
-v
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ue
d
ra
th
er

th
an

di
sc
re
te
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nt
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da
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ve
ry

w
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T
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re
su
lt
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of

ou
r
an

al
ys
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e
pr
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d
in

F
ig
ur
e
5.
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ir
st
,t

he
fig

ur
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ra
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at
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at
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ra
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m
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at
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h
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F
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C
om

pa
ri
so
n
of

po
w
er

of
in
de
pe

nd
en
ce

te
st
in
g
ba

se
d
on

T
IC

e
(b
lu
e)

to
M
IC

w
it
h

de
fa
ul
t
pa

ra
m
et
er
s
(g
ra
y)
,M

IC
e
w
it
h
th
e
sa
m
e
pa

ra
m
et
er
s
as

T
IC

e
(b
la
ck
),

di
s-

ta
nc
e
co
rr
el
at
io
n
(p
ur
pl
e)
,
an

d
th
e
P
ea
rs
on

co
rr
el
at
io
n
co
effi

ci
en
t
(g
re
en
)
ac
ro
ss

se
ve
ra
la

lt
er
na

ti
ve

hy
po

th
es
is

re
la
ti
on

sh
ip

ty
pe

s
ch
os
en

by
Si
m
on

an
d
T
ib
sh
ir
an

i
(2
01
2)
.
T
he

re
la
ti
on

sh
ip
s
an

al
yz
ed

ar
e
de
sc
ri
be

d
in

Se
ct
io
n
5.
2.
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M
ea

su
r
in

g
D

epen
d
en

ce
P
o
w

er
fu

lly
a
n
d

E
q
u
ita

bly

as
tests

based
on

m
utualinform

ation
estim

ation
(K

raskov
et

al.,2004),m
axim

alcorrelation
estim

ation
(B

reim
an

and
Friedm

an,1985),H
SIC

(G
retton

et
al.,2005,2007),H

H
G

(H
eller

et
al.,2013),D

D
P

(H
eller

et
al.,2016),and

R
D
C

(Lopez-P
az

et
al.,2013).

T
hese

analyses
consider

a
range

of
sam

ple
sizes

and
param

eter
settings,

as
w
ell

as
a
variety

of
w
ays

of
quantifying

pow
er

across
different

alternative
hypothesis

relationship
types

and
noise

levels.
T
hey

conclude
that

in
m
ost

settings
T
IC

e
either

outperform
s
all

the
m
ethods

tested
or

perform
s
com

parably
to

the
best

ones.
A
ppendix

F
igure

I2
contains

a
reproduction

of
one

detailed
set

ofpow
er

curves
from

the
m
ain

analysis
in

that
paper

for
the

reader’s
reference.

6.
C
on

clu
sion

A
s
high-dim

ensional
data

sets
becom

e
increasingly

com
m
on,

data
exploration

requires
not

only
statistics

that
can

accurately
detect

a
large

num
ber

of
non-trivial

relationships
in

a
data

set,
but

also
ones

that
can

identify
a
sm

aller
num

ber
of

strongest
relationships.

T
he

form
er

property
is

achieved
by

m
easures

of
dependence

that
yield

independence
tests

w
ith

high
pow

er;the
latter

is
achieved

by
m
easures

ofdependence
that

are
equitable

w
ith

respect
to

som
e
m
easure

ofrelationship
strength.

In
this

paper,w
e
introduced

tw
o
related

m
easures

of
dependence

that
achieve

these
tw

o
goals,

respectively,
through

the
follow

ing
theoretical

contributions.

•
A

new
population

m
easure

of
dependence,

M
IC
∗ ,

that
w
e
proved

can
be

view
ed

in
three

different
w
ays:

as
the

population
value

of
the

m
axim

al
inform

ation
coeffi

cient
(M

IC
)
from

R
eshefet

al.(2011),as
a
“m

inim
alsm

oothing”
ofm

utualinform
ation

that
m
akes

it
uniform

ly
continuous,or

as
the

suprem
um

of
an

infinite
sequence

defined
in

term
s
of

optim
alpartitions

of
one

m
arginalat

a
tim

e
of

a
given

joint
distribution.

•
A
n
effi

cient
approach

for
approxim

ating
the

M
IC
∗
of

a
given

joint
distribution.

•
A

statistic
M
IC

e
that

is
a
consistent

estim
ator

of
M
IC
∗ ,

is
effi

ciently
com

putable,
and

has
good

equitability
w
ith

respect
to
R

2
both

on
a
m
anually

chosen
set

of
noisy

functional
relationships

as
w
ell

as
on

a
set

of
random

ly
chosen

noisy
functional

rela-
tionships.

•
T
he

totalinform
ation

coeffi
cient

(T
IC

e ),a
statistic

that
arises

as
a
trivialside-product

of
the

com
putation

of
M
IC

e
and

yields
a
consistent

and
pow

erfulindependence
test.

T
hough

w
e
presented

here
som

e
em

piricalresults
for

M
IC
∗ ,M

IC
e ,and

T
IC

e ,our
focus

w
as

on
theoretical

considerations;
the

perform
ance

of
these

m
ethods

is
analyzed

in
detail

in
our

com
panion

paper
(R

eshef
et

al.,
2015a).

T
hat

paper
show

s
that

on
a
large

set
of

noisy
functional

relationships
w
ith

varying
noise

and
sam

pling
properties,

the
asym

ptotic
equitability

w
ith

respect
to

R
2
of

M
IC
∗
is

quite
high

and
the

equitability
w
ith

respect
to
R

2
of

M
IC

e
is

state-of-the-art.
It

also
show

s
that

the
pow

er
of

the
independence

test
based

on
T
IC

e
is
state-of-the-art

across
a
w
ide

variety
ofdependent

alternative
hypotheses.

F
inally,it

dem
onstrates

that
the

algorithm
s
presented

here
allow

for
M
IC

e
and

T
IC

e
to

be
com

puted
sim

ultaneously
very

quickly,enabling
analysis

of
extrem

ely
large

data
sets

using
both

statistics
together.
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R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

O
ur

contributions
are

of
both

theoretical
and

practical
im

portance
for

several
reasons.

F
irst,

our
characterization

of
M
IC
∗
as

the
large-sam

ple
lim

it
of

M
IC

sheds
light

on
the

latter
statistic.

For
exam

ple,
w
hile

M
IC

is
param

etrized,
M
IC
∗
is

not.
K
now

ing
that

M
IC

converges
in

probability
to

M
IC
∗
tells

us
that

this
param

etrization
is

statistical
only:

it
controls

the
bias/variance

properties
of

the
statistic,but

not
its

asym
ptotic

behavior.
Second,the

norm
alization

in
the

definition
ofM

IC
,w

hile
em

pirically
seen

to
yield

good
perform

ance,
had

previously
not

been
theoretically

understood.
O
ur

result
that

this
nor-

m
alization

is
the

m
inim

alsm
oothing

necessary
to

m
ake

m
utualinform

ation
uniform

ly
con-

tinuous
provides

for
the

first
tim

e
a
lens

through
w
hich

the
norm

alization
is

canonical.
In

doing
so,

it
constitutes

an
initial

step
tow

ard
understanding

the
role

of
the

norm
alization

in
the

perform
ance

of
M
IC
∗
and

M
IC

.
T
he

uniform
continuity

of
M
IC
∗
and

the
lack

of
continuity

of
ordinary

m
utual

inform
ation

also
suggest

that
estim

ation
of

the
form

er
m
ay

be
easier

in
som

e
sense

than
estim

ation
ofthe

latter.
T
his

is
consonant

w
ith

a
recent

result
concerning

diffi
culty

of
estim

ation
of

m
utual

inform
ation

show
n
in

D
ing

and
Li

(2013).
It

is
also

borne
out

em
pirically

by
the

substantialfinite-sam
ple

bias
and

variance
observed

in
R
eshef

et
al.

(2015a)
of

the
K
raskov

m
utual

inform
ation

estim
ator

(K
raskov

et
al.,

2004)
com

pared
to

M
IC

e .
T
hird,our

alternate
characterization

of
M
IC
∗
in

term
s
of

one-dim
ensionaloptim

ization
over

partitions
rather

than
tw

o-dim
ensional

optim
ization

over
grids

enhances
our

under-
standing

ofhow
to

effi
ciently

com
pute

it
in

the
large-sam

ple
lim

it
and

estim
ate

it
from

finite
sam

ples
using

M
IC

e .
T
his

is
a
significant

im
provem

ent
over

the
previous

state
of

affairs,in
w
hich

the
statistic

M
IC

could
only

be
approxim

ated
heuristically,

w
ith

even
the

heuristic
approxim

ation
being

orders
of

m
agnitude

slow
er

than
the

results
in

this
paper

now
allow

.
F
inally,

the
introduction

of
the

total
inform

ation
coeffi

cient
provides

evidence
that

the
basic

approach
of

considering
the

set
of

norm
alized

m
utual

inform
ation

values
achievable

by
applying

different
grids

to
a
joint

distribution
is

of
fundam

ental
value

in
characterizing

dependence.
Interestingly,

a
statistic

introduced
in

H
eller

et
al.

(2016)
follow

s
a
sim

ilar
approach

by
considering

the
(non-norm

alized)sum
ofthe

m
utualinform

ation
valuesachieved

by
allpossible

finite
grids.

C
onsistent

w
ith

our
dem

onstration
here

that
an

aggregative
grid-

based
approach

w
orks

w
ell,that

statistic
also

achieves
excellent

pow
er.

(T
IC

e
is

com
pared

to
the

statistic
from

H
eller

et
al.2016

in
our

com
panion

paper,R
eshef

et
al.,2015a.)

T
aken

together,
our

results
point

to
joint

use
of

the
statistics

M
IC

e
and

T
IC

e
as

a
theoretically

grounded,com
putationally

effi
cient,and

highly
practicalapproach

to
data

ex-
ploration.

Specifically,
since

the
tw

o
statistics

can
be

com
puted

sim
ultaneously

w
ith

little
extra

cost
beyond

that
of

com
puting

either
individually,

w
e
propose

com
puting

both
of

them
on

all
variable

pairs
in

a
data

set,
using

T
IC

e
to

filter
out

non-significant
associa-

tions,
and

then
using

M
IC

e
to

rank
the

rem
aining

variable
pairs.

Such
a
strategy

w
ould

have
the

advantage
of

leveraging
the

state-of-the-art
pow

er
of

T
IC

e
to

substantially
reduce

the
m
ultiple-testing

burden
on

M
IC

e ,
w
hile

utilizing
the

latter
statistic’s

state-of-the-art
equitability

to
effectively

rank
relationships

for
follow

-up
by

the
practitioner.

O
ur

results,w
hile

useful,nevertheless
have

lim
itations

that
w
arrant

exploration
in

future
w
ork.

F
irst,for

a
sam

ple
D

from
the

distribution
ofsom

e
random

(X
,Y

),allofthe
sam

ple
quantities

w
e
define

here
use

the
naive

estim
ate

I
(D
|G

)
of

the
quantity

I
((X

,Y
)|G

)
for

various
grids

G
.
T
here

is
a
long

and
fruitfulline

ofw
ork

on
m
ore

sophisticated
estim

ators
of

the
discrete

m
utualinform

ation
P
aninski(2003)

w
hose

use
instead

of
I
(D
|G

)
could

im
prove
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Y

)|
+
|H

(Q
)
−
H

(P
)|

w
he
re
Q
X

an
d
P
X

de
no

te
th
e
m
ar
gi
na

l
di
st
ri
bu

ti
on

s
on

th
e
co
lu
m
ns

of
G

an
d
Q
Y

an
d

P
Y

de
no

te
th
e
m
ar
gi
na

ld
is
tr
ib
ut
io
ns

on
th
e
ro
w
s.

W
e
ca
n
bo

un
d
ea
ch

of
th
e
te
rm

s
on

th
e

ri
gh

t-
ha

nd
si
de

of
th
e
eq
ua

ti
on

ab
ov
e
us
in
g
a
T
ay
lo
r
ex
pa

ns
io
n
ar
gu

m
en
t
gi
ve
n
in

Le
m
m
a
51
,

w
ho

se
pr
oo

f
is

fo
un

d
in

A
pp

en
di
x
L.

D
oi
ng

so
gi
ve
s

|I
(Q

)
−
I
(P

)|
≤

(l
n
B

)

 
∑ i

O
(|ε

i,
∗|)

+
∑ j

O
(|ε
∗,
j
|)

+
∑ i,
j

O
(|ε

i,
j
|) 

w
he
re

ε i
,∗

=

∑
j
(ψ

i,
j
−
π
i,
j
)

∑
j
π
i,
j

an
d
ε ∗
,j
is

de
fin

ed
an

al
og
ou

sl
y.

T
o
ob

ta
in

th
e
re
su
lt
,w

e
ob

se
rv
e
th
at

|ε i
,∗
|=

∣ ∣ ∣ ∣ ∣∑
j
π
i,
j
ε i
,j

∑
j
π
i,
j

∣ ∣ ∣ ∣ ∣≤
∑

j
π
i,
j
|ε i
,j
|

∑
j
π
i,
j
≤
∑ j

|ε i
,j
|

si
nc
e
π
i,
j
/
∑

j
π
i,
j
≤

1,
an

d
th
e
an

al
og
ou

s
bo

un
d
ho

ld
s
fo
r
|ε ∗

,j
|.
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M
ea

su
r
in

g
D

epen
d
en

ce
P
o
w

er
fu

lly
a
n
d

E
q
u
ita

bly

W
e
now

extend
Lem

m
a
35

to
all

grids
w
ith

B
cells

rather
than

just
those

that
are

sub-grids
of

the
m
aster

grid
Γ.

T
he

proof
of

this
lem

m
a
relies

on
an

inform
ation-theoretic

result
proven

in
A
ppendix

B
that

bounds
the

difference
in

m
utualinform

ation
betw

een
tw

o
distributions

that
can

be
obtained

from
each

other
by

m
oving

a
sm

allam
ount

ofprobability
m
ass.

L
em

m
a
36

Let
Π

=
(Π

X
,Π

Y
)
and

Ψ
=

(Ψ
X
,Ψ

Y
)
be

random
variables,and

let
Γ
be

a
grid.

D
efine

ε
i,j

on
Π|Γ

and
Ψ
|Γ

as
in

Lem
m
a
35.

Let
G

be
any

grid
w
ith

B
cells,

and
let

δ
(resp.

d)
represent

the
total

probability
m
ass

of
Π|Γ

(resp.
Ψ
|Γ )

falling
in

cells
of

Γ
that

are
not

contained
in

individualcells
of
G
.
W
e
have

that

|I
(Ψ
|G

)−
I
(Π|G

)|≤
O



∑i,j

|ε
i,j |+

δ
+
d 

lo
g
B

+
δ

lo
g
(1/

δ)
+
d

lo
g
(1/

d
) 

provided
that

the
|ε
i,j |

are
bounded

aw
ay

from
1
and

that
d
,δ≤

1
/
2.

P
roof

In
the

proofbelow
,w

e
use

the
convention

that
for

any
tw

o
grids

G
and

G
′and

any
random

variable
Z
,the

expression
∆
Z

(G
,G
′)
denotes|I

(Z|G
)−

I
(Z|G

′)|.
C
onsider

the
grid

G
′obtained

by
replacing

every
horizontalor

verticalline
in
G

that
is

not
in

Γ
w
ith

a
closest

line
in

Γ.
T
he

grid
G
′is

clearly
a
sub-grid

of
Γ.

M
oreover,

Π|G
′(resp.

Ψ
|G
′)
can

be
obtained

from
Π|G

(resp.
Π|G

)
by

m
oving

at
m
ost

δ
(resp.

d)
probability

m
ass.

T
his

can
be

show
n
to

im
ply

that

∆
Π

(G
,G
′)≤

O
(δ

log
(1/

δ)
+
δ

lo
g
B

)
and

∆
Ψ

(G
′,G

)≤
O

(d
lo

g
(1/

d
)

+
d

log
B

)
.

T
he

proof
of

this
inform

ation-theoretic
fact

is
self-contained

and
so

w
e
defer

it
to

P
roposi-

tion
40

in
A
ppendix

B
,as

it
is

m
ore

centralto
the

argum
ents

presented
there.

W
ith

∆
Φ

(G
,G
′)
and

∆
Ψ

(G
′,G

)
bounded

in
term

s
of
δ
and

d,w
e
can

bound
|I

(Ψ
|G

)−
I
(Φ|G

)|using
the

triangle
inequality

by
com

paring
it
w
ith

∆
Π

(G
,G
′)

+
|I

(Π|G
′)−

I
(Ψ
|G
′)|

+
∆

Ψ
(G
′,G

)

and
bounding

the
m
iddle

term
using

Lem
m
a
35,since

G
′⊂

Γ.

W
e
now

use
the

fact
that

the
variables

ε
i,j

defined
in

Lem
m
a
35

are
sm

all
w
ith

high
probability

to
give

a
concrete

bound
on

the
bias

of
I
(D
|G

)
that

is
uniform

over
all

k-by-`
grids

G
and

that
holds

w
ith

high
probability.

It
is
usefulat

this
point

to
recallthat,given

a
distribution

(X
,Y

),an
equipartition

of
(X
,Y

)
is
a
grid

G
such

that
allthe

row
s
of

(X
,Y

)|G
have

the
sam

e
probability

m
ass,and

allthe
colum

ns
do

as
w
ell.

L
em

m
a
37

Let
D
n
be

a
sam

ple
of

size
n
from

the
distribution

of
a
pair

(X
,Y

)
of

jointly
distributed

random
variables.

For
any

α
≥

0,
any

ε
>

0,
and

any
integers

k
,`
>

1,
w
e
have

that
for

all
n

|I
(D

n |G
)−

I
((X

,Y
)|G

)|≤
O

(
lo

g
(k
`)

C
(n

)
α

+
lo

g
(k
`n

)

n
ε/

4

)

for
every

k-by-`
grid

G
w
ith

probability
atleast

1−
C

(n
)e −

Ω
(n
/
C

(n
)
1
+
2
α

),w
here

C
(n

)
=
k
`n

ε/
2.
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R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

P
roof

F
ix
n,

and
let

Γ
be

an
equipartition

of
(X
,Y

)
into

k
n
ε/

4
row

s
and

`n
ε/

4
colum

ns.
C

(n
)
is

now
the

num
ber

of
cells

in
Γ.

Lem
m
a
36,w

ith
Π

=
(X
,Y

)
and

Ψ
=
D
,show

s
that

|I
(D
|G

)−
I
((X

,Y
)|G

)|is
at

m
ost

O



∑i,j

|ε
i,j |+

δ
+
d 

log
(k
`)

+
δ

log
(1/δ)

+
d

log
(1/d

) 

provided
the

ε
i,j

have
absolute

value
bounded

aw
ay

from
1,and

provided
that

d
,δ≤

1/
2.

T
he

rem
ainder

of
the

proof
proceeds

as
follow

s.
W
e
first

show
that

the
ε
i,j

are
sm

all
w
ith

high
probability.

T
his

w
ill

both
show

that
the

lem
m
a’s

requirem
ent

on
the

ε
i,j

holds
and

allow
us

to
bound

the
sum

in
the

inequality
above.

W
e
w
illthen

use
our

bound
on

the
ε
i,j

to
bound

d
in

term
s
of
δ.

F
inally,

w
e
w
ill

bound
δ
using

the
fact

that
the

num
ber

of
row

s
and

colum
ns

in
Γ
increases

w
ith

n.
T
his

w
ill

give
us

that
d
,δ
≤

1
/
2
and

allow
us

to
bound

the
rest

of
the

term
s
in

the
expression

above.
B
ounding

the
ε
i,j :

W
e
bound

the
ε
i,j

using
a
m
ultiplicative

C
hernoff

bound.
Let

π
i,j

and
ψ
i,j

represent
the

probability
m
ass

functions
of

(X
,Y

)|Γ
and

D
|Γ

respectively.
W
e
w
rite

P
(|ε

i,j |≥
δ)

=
P

(π
i,j (1−

δ)≤
ψ
i,j ≤

π
i,j (1

+
δ))

≤
e −

Ω
(n
π
i,j δ

2
)

since
ψ
i,j

is
a
sum

of
n

i.i.d.
B
ernoulli

random
variables

and
E

(ψ
i,j )

=
n
π
i,j .

(See,
e.g.,

M
itzenm

acher
and

U
pfal2005.)

Setting
δ

=
√
π
i,j /C

(n
)
1
/
2
+
α
yields

P

(|ε
i,j |≥

√
π
i,j

C
(n

)
1
/
2
+
α )
≤
e −

Ω
(n
/
C

(n
)
1
+
2
α

).

A
union

bound
over

the
pairs

(i,j)
then

gives
that,w

ith
the

desired
probability,the

above
bound

on
|ε
i,j |holds

for
all

i,j.
B
ounding

∑
|ε
i,j |:

T
he

bound
on

the
ε
i,j

im
plies

that

∑

i

|ε
i,j |

≤
1

C
(n

)
1
/
2
+
α

∑i,j

√
π
i,j

≤
1

C
(n

)
1
/
2
+
α √

C
(n

)

≤
1

C
(n

)
α

w
here

the
second

line
follow

s
from

the
fact

that
the

function
∑
√
π
i,j

is
sym

m
etric

and
concave

and
therefore,

w
hen

restricted
to

the
hyperplane

∑
π
i,j

=
1,

m
ust

achieve
its

m
axim

um
w
hen

π
i,j

=
1/C

(n
)
for

all
i,j.

B
ounding

d
in

term
s
of
δ:

W
e
use

our
bound

on
the

ε
i,j

to
bound

d.
W
e
do

so
by

observing
that

it
im

plies

ψ
i,j ≤

π
i,j (

1
+

√
π
i,j

C
(n

)
1
/
2
+
α )

=
π
i,j

+
π

3
/
2

i,j

C
(n

)
1
/
2
+
α
≤
π
i,j

+
π
i,j

C
(n

)
1
/
2
+
α
≤

2π
i,j
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M
ea

su
r
in

g
D

ep
en

d
en

ce
P
o
w

er
fu

ll
y

a
n
d

E
q
u
it

a
bl

y

si
nc
e
π
i,
j
≤

1
an

d
C

(n
)
≥

1
.

T
he

co
nn

ec
ti
on

to
d
co
m
es

fr
om

th
e
fa
ct

th
at

fo
r
an

y
co
lu
m
n
j
of

Γ
,t
hi
s
m
ea
ns

th
at

ψ
∗,
j

=
∑ i

ψ
i,
j
≤

2
∑ i

π
i,
j

=
2π
∗,
j
.

T
hi
s
al
so

ap
pl
ie
s
to

th
e
su
m
s
ac
ro
ss

ro
w
s.

Si
nc
e
d
is

a
su
m

of
te
rm

s
of

th
e
fo
rm

ψ
∗,
j
an

d
ψ
i,
∗
fo
r
j
in

so
m
e
in
de
x
se
t
J

an
d
i
in

an
in
de
x
se
t
I
,
an

d
δ
is

a
su
m

of
te
rm

s
of

th
e
fo
rm

π
∗,
j
an

d
π
i,
∗
w
it
h
th
e
sa
m
e
in
de
x
se
ts
,w

e
th
er
ef
or
e
ge
t
th
at
d
≤

2
δ.

B
ou

nd
in
g
δ
an

d
ob
ta
in
in
g
th
e
re
su
lt:

T
o
bo

un
d
δ,

w
e
ob

se
rv
e
th
at

be
ca
us
e
G

ha
s
at

m
os
t
`
−

1
ve
rt
ic
al

lin
es

an
d
k
−

1
ho

ri
zo
nt
al

lin
es
,w

e
ha

ve

δ
≤

`

`n
ε/

4
+

k

k
n
ε/

4
≤

2

n
ε/

4
.

T
hi
s
bo

un
d
on

δ
al
lo
w
s
us

to
bo

un
d
th
e
te
rm

s
in
vo
lv
in
g
d
an

d
δ
by

δ
+
d
≤
O

(
1

n
ε/

4

)
,

δ
lo

g

(
1 δ

)
+
d

lo
g

(
1 d

)
≤
O

(
lo

g
n

n
ε/

4

)
.

C
om

bi
ni
ng

al
lo

f
th
e
bo

un
ds

gi
ve
s
th
e
de
si
re
d
re
su
lt
.

O
ur

fin
al

le
m
m
a
sh
ow

s
th
at

as
lo
ng

as
B

(n
)
do

es
n’
t
gr
ow

to
o
fa
st
,t

he
bo

un
d
fr
om

th
e

pr
ev
io
us

le
m
m
a
yi
el
ds

a
un

ifo
rm

bo
un

d
on

th
e
en
ti
re

sa
m
pl
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x.

T
hi
s
is

do
ne

by
sp
ec
ify

in
g
an

er
ro
r
th
re
sh
ol
d
fo
r
w
hi
ch

Le
m
m
a
37

yi
el
ds

a
bo

un
d
th
at

ho
ld
s
w
it
h

hi
gh

pr
ob

ab
ili
ty
,a

nd
th
en

in
vo

ki
ng

a
un

io
n
bo

un
d.

L
em

m
a
38

Le
t
D
n
be

a
sa
m
pl
e
of

si
ze
n
fr
om

th
e
di
st
ri
bu
ti
on

of
a
pa
ir

(X
,Y

)
of

jo
in
tly

di
st
ri
bu
te
d
ra
nd

om
va
ri
ab
le
s.

Fo
r
ev
er
y
B

(n
)

=
O
( n

1
−
ε
) ,

th
er
e
ex
is
ts

an
a
>

0
su
ch

th
at

fo
r
su
ffi
ci
en

tly
la
rg
e
n
,

∣ ∣ ∣M̂
(D

n
) k
,`
−
M

(X
,Y

) k
,`

∣ ∣ ∣≤
O

(
1 n
a

)

ho
ld
s
fo
r
al
lk
`
≤
B

(n
)
w
it
h
pr
ob
ab
ili
ty
P

(n
)

=
1
−
o(

1
),

w
he
re
M̂

(D
n
) k
,`
is

th
e
k
,`
-t
h
en

tr
y

of
th
e
sa
m
pl
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
an

d
M

(X
,Y

) k
,`

is
th
e
k
,`
-t
h
en

tr
y
of

th
e
po
pu

la
ti
on

ch
ar
ac
te
ri
st
ic

m
at
ri
x
of

(X
,Y

).

P
ro
of

F
ix
k
,`
,a

nd
an

y
α
sa
ti
sf
yi
ng

0
<
α
<
ε/

(4
−

2
ε)
.
Le

m
m
a
37

im
pl
ie
s
th
at

w
it
h
hi
gh

pr
ob

ab
ili
ty

th
e
di
ffe

re
nc
e
|M̂

(D
n
) k
,`
−
M
k
,`
|i
s
at

m
os
t

O

(
lo

g
(k
`)

C
(n

)α
+

lo
g
(k
`n

)

n
ε/

4

)
≤

O

(
lo

g
n

C
(n

)α
+

lo
g
n

n
ε/

4

)

≤
O

(
lo

g
n

n
α
ε/

2
+

lo
g
n

n
ε/

4

)

w
he
re

th
e
fir
st

in
eq
ua

lit
y
co
m
es

fr
om

k
`
≤
B

(n
)
an

d
se
co
nd

is
be

ca
us
e
C

(n
)

=
k
`n

ε/
2
≥
n
ε/

2
.

T
hi
s
bo

un
d
is

at
m
os
t
O

(1
/n

a
)
fo
r
ev
er
y
a
<

m
in
{α
ε/

2,
ε/

4
},

as
de
si
re
d.

It
re
m
ai
ns

on
ly

to
sh
ow

th
at

th
e
bo

un
d
ho

ld
s
w
it
h
hi
gh

pr
ob

ab
ili
ty

ac
ro
ss

al
lk
`
≤
B

(n
).
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R
es

h
ef

,
R

es
h
ef

,
F
in

u
ca

n
e,

S
a
be

ti
,
a
n
d

M
it

ze
n
m
ac

h
er

Le
m
m
a
37

st
at
es

th
at

th
e
pr
ob

ab
ili
ty

ou
r
bo

un
d
ho

ld
s
fo
r
on

e
fix

ed
pa

ir
(k
,`

)
is
at

le
as
t

1
−
C

(n
)e
−

Ω
(n
/
C

(n
)1

+
2
α

)
≥

1
−
O

(n
)
e−

Ω
(n
u

)

fo
r
so
m
e
po

si
ti
ve
u
.
T
hi
s
is

be
ca
us
e
C

(n
)
≤
B

(n
)n
ε/

2
≤
O
( n

1
−
ε/

2
)
fo
r
la
rg
e
n
,a

nd
so

ou
r

ch
oi
ce

of
α
en
su
re
s
th
at
C

(n
)1

+
2
α

=
O
( n

1
−
u
)
fo
r
so
m
e
u
>

0.
W
e
ca
n
th
en

pe
rf
or
m

a
un

io
n
bo

un
d
ov
er

al
lp

ai
rs
k
`
≤
B

(n
):

si
nc
e
th
e
nu

m
be

r
of

su
ch

pa
ir
s
ca
n
be

bo
un

de
d
by

a
po

ly
no

m
ia
li
n
n
,
w
e
ha

ve
th
at

th
e
de
si
re
d
co
nd

it
io
n
is

sa
ti
sfi
ed

fo
r
al
lk
`
≤
B

(n
)
w
it
h
pr
ob

ab
ili
ty

ap
pr
oa
ch
in
g
1.

W
e
ar
e
no

w
re
ad

y
to

pr
ov
e
th
e
m
ai
n
re
su
lt
.

T
h
eo
re
m

Le
t
f

:
m
∞
→

R
be

un
ifo

rm
ly

co
nt
in
uo

us
,a

nd
as
su
m
e
th
at
f
◦r

i
→
f
po
in
tw
is
e.

T
he
n
fo
r
ev
er
y
ra
nd

om
va
ri
ab
le

(X
,Y

),
w
e
ha

ve
( f
◦r

B
(n

))
( M̂

(D
n
))
→
f

(M
(X
,Y

))

in
pr
ob
ab
ili
ty

w
he
re

D
n

is
a
sa
m
pl
e
of

si
ze

n
fr
om

th
e
di
st
ri
bu
ti
on

of
(X
,Y

),
pr
ov
id
ed

ω
(1

)
<
B

(n
)
≤
O

(n
1
−
ε
)
fo
r
so
m
e
ε
>

0
.

P
ro
of

Le
t
N

de
no

te
B

(n
),

le
t
M
N

=
r N

(M
),

an
d
le
t
M̂
N

(D
n
)

=
r N

(M̂
(D

n
))
.
W
e
be

gi
n

by
w
ri
ti
ng

∣ ∣ ∣f
( M̂

N
(D

n
))
−
f

(M
)∣ ∣ ∣
≤

∣ ∣ ∣f
( M̂

N
(D

n
))
−
f

(M
N

)∣ ∣ ∣+
|f

(M
N

)
−
f

(M
)|

=
∣ ∣ ∣f
( M̂

N
(D

n
))
−
f

(M
N

)∣ ∣ ∣+
|(f
◦r

N
)

(M
)
−
f

(M
)|

an
d
ob

se
rv
in
g
th
at

as
n
→
∞

,t
he

se
co
nd

te
rm

va
ni
sh
es

by
th
e
po

in
tw

is
e
co
nv

er
ge
nc
e
of
f
◦r
i

an
d
th
e
fa
ct

th
at
B

(n
)
>
ω

(1
).

It
th
er
ef
or
e
su
ffi
ce
s
to

sh
ow

th
at

th
e
fir
st

te
rm

co
nv

er
ge
s

to
ze
ro

in
pr
ob

ab
ili
ty
.
Si
nc
e
f
is

un
ifo

rm
ly

co
nt
in
uo

us
,
w
e
ca
n
es
ta
bl
is
h
th
is

vi
a
a
si
m
pl
e

ad
ap

ta
ti
on

of
th
e
co
nt
in
uo

us
m
ap

pi
ng

th
eo
re
m
,w

hi
ch

sa
ys

th
at

if
th
e
se
qu

en
ce

of
ra
nd

om
va
ri
ab

le
s
R
n
→

R
in

pr
ob

ab
ili
ty
,
an

d
g
is

co
nt
in
uo

us
,
th
en

g
(R

n
)
→

g
(R

)
in

pr
ob

ab
ili
ty
.

W
e
re
pl
ac
e
R

w
it
h
a
se
co
nd

se
qu

en
ce
,a

nd
re
pl
ac
e
co
nt
in
ui
ty

w
it
h
un

ifo
rm

co
nt
in
ui
ty
.

Le
t
‖·
‖
de
no

te
th
e
su
pr
em

um
no

rm
on

m
∞
,
an

d
fix

an
y
z
>

0
.
T
he
n,

fo
r
an

y
δ
>

0,
de
fin

e
C
δ

=
{ A
∈
m
∞

:
∃A
′ ∈

m
∞

s.
t.
‖A
−
A
′ ‖
<
δ,
∣ ∣ f

(A
)
−
f
A
′ )
∣ ∣ >

z
} .

T
hi
s
is
th
e
se
t
of

m
at
ri
ce
s
A
∈
m
∞

fo
r
w
hi
ch

it
is
po

ss
ib
le

to
fin

d,
w
it
hi
n
a
δ-
ne
ig
hb

or
ho

od
of
A
,a

se
co
nd

m
at
ri
x
th
at
f
m
ap

s
to

m
or
e
th
an

z
aw

ay
fr
om

f
(A

).
B
ec
au

se
f
is
un

ifo
rm

ly
co
nt
in
uo

us
,t

he
re

ex
is
ts

a
δ∗

su
ffi
ci
en
tl
y
sm

al
ls

o
th
at
C
δ
∗

=
∅.

Su
pp

os
e
th
at
|f

(M̂
N

(D
n
))
−
f

(M
N

)|
>
z
.
T
hi
s
m
ea
ns

th
at

ei
th
er
‖M̂

N
(D

n
)−
M
N
‖
>
δ∗
,

or
M
N
∈
C
δ
∗
.
T
he

la
tt
er

op
ti
on

is
im

po
ss
ib
le

si
nc
e
C
δ
∗

=
∅,

an
d
Le

m
m
a
38

te
lls

us
th
at

P
( ‖
M̂
N

(D
n
)
−
M
N
‖
>
δ∗
)
→

0
as
n
gr
ow

s.
W
e
th
er
ef
or
e
ha

ve
th
at

∣ ∣ ∣f
( M̂

N
(D

n
))
−
f

(M
N

)∣ ∣ ∣→
0

in
pr
ob

ab
ili
ty
,a

s
de
si
re
d.
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A
p
p
en

d
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B
.
P
roof

of
T
h
eorem

8

In
this

appendix
w
e
prove

T
heorem

8,reproduced
below

.

T
h
eorem

LetP
(R

2)
denote

the
space

of
random

variables
supported

on
R

2
equipped

w
ith

the
m
etric

ofstatisticaldistance.
T
he

m
ap

from
P

(R
2)

to
m
∞

defined
by

(X
,Y

)7→
M

(X
,Y

)
is

uniform
ly

continuous.

T
he

proposition
below

begins
our

argum
ent

w
ith

the
sim

ple
observation

that
the

fam
ily

ofm
aps

consisting
ofapplying

any
finite

grid
to

som
e

(X
,Y

)∈
P

(R
2)

is
uniform

ly
equicon-

tinuous.
T
he

reason
this

holds
is

that
(X
,Y

)|G
is

a
determ

inistic
function

of
(X
,Y

),
and

determ
inistic

functions
cannot

increase
statisticaldistance.

P
rop

osition
39

Let
G

be
the

set
of

allfinite
grids.

T
he

fam
ily
{
(X
,Y

)7→
(X
,Y

)|G
:
G
∈

G
}
is

uniform
ly

equicontinuous
on

P
(R

2).

P
roof

T
o
establish

uniform
equicontinuity,

w
e
need

to
show

that,
given

som
e

(X
,Y

)
∈

P
(R

2)
and

som
e
ε
>

0,
w
e
can

choose
δ
to

satisfy
the

continuity
condition

in
a
w
ay

that
does

not
depend

on
G

or
on

(X
,Y

).
B
ut

because
determ

inistic
functions

cannot
increase

statisticaldistance,w
e
have

that
if

(X
,Y

),(X
′,Y
′)∈

P
are

at
m
ost

ε
apart

then

∆
((X

,Y
)|G

,(X
′,Y
′)|G )≤

∆
((X

,Y
),(X

′,Y
′) )

=
ε

w
here

∆
denotes

statisticaldistance.
C
hoosing

δ
=
ε
therefore

gives
the

result.

A
t
this

point
it

is
tem

pting
to

try
to

use
continuity

properties
of

discrete
m
utualinfor-

m
ation

to
obtain

uniform
continuity

ofthe
characteristic

m
atrix.

A
nd

indeed,this
strategy

does
yield

that
each

individual
entry

of
the

characteristic
m
atrix

is
a
uniform

ly
continuous

function.
H
ow

ever,to
obtain

continuity
ofthe

entire
(infinite)

characteristic
m
atrix

w
e
need

to
m
ake

a
statem

ent
about

all
grid

resolutions
sim

ultaneously.
T
his

is
not

straightforw
ard

because
m
utualinform

ation
is
only

uniform
ly

continuous
for

a
fixed

grid
resolution,and

the
fam

ily
{(X

,Y
)7→

I
((X

,Y
)|G

)
:
G
∈
G
}
is

in
fact

not
even

equicontinuous.
T
he

norm
alization

in
the

definition
of

M
IC
∗
is

w
hat

allow
s
us

to
establish

the
uniform

continuity
of

the
characteristic

m
atrix

despite
this

problem
.
T
o
see

w
hy,

suppose
w
e
have

a
distribution

over
a
k-by-`

grid
and

w
e
are

allow
ed

to
m
ove

at
m
ost

δ
aw

ay
in

statistical
distance

for
som

e
sm

all
δ.

T
he

largest
change

in
discrete

m
utualinform

ation
that

this
can

cause
indeed

increases
as

w
e
increase

k
and

`.
H
ow

ever,it
turns

out
that

w
e
can

bound
the

extent
of

this
“non-uniform

ity”:
the

proposition
below

show
s
that

as
w
e
m
ove

aw
ay

from
a

distribution,the
discrete

m
utualinform

ation
can

change
only

proportionally
to

the
am

ount
of

m
ass

w
e
m
ove,

w
ith

the
proportionality

constant
bounded

by
log

m
in{

k
,`}.

B
ecause

lo
g

m
in{k

,`}
is
the

quantity
by

w
hich

w
e
regularize

the
entries

ofthe
characteristic

m
atrix,

this
is

exactly
enough

to
m
ake

the
norm

alized
m
atrix

continuous.
T
his

proposition
is

the
technical

heart
of

our
continuity

result.
A
nd

as
w
e
show

in
C
orollary

11
w
hen

w
e
dem

on-
strate

the
non-continuity

of
the

non-norm
alized

characteristic
m
atrix

m
utual

inform
ation,

our
bound

is
tight.
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R
esh

ef,
R

esh
ef,

F
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ca

n
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M
itzen

m
ach

er

P
rop

osition
40

Let
I
k
,`

:P
({

1,...,k}×
{
1
,...,`}

)
→

R
denote

the
discrete

m
utual

in-
form

ation
function

on
k-by-`

grids.
For

0
<
δ
≤

1
/4,

the
m
axim

al
change

in
I
k
,`
over

any
subset

ofP
({

1,...,k}×
{
1,...,`}

)
of

diam
eter

δ
(in

statisticaldistance)
is

O

(
δ

log (
1δ )

+
δ

log
m

in{
k
,`} )

.

P
roof

W
ithout

loss
of

generality,assum
e
k
≤
`,so

that
log

m
in{

k
,`}

=
lo

g
k.

Let
(X
,Y

)
and

(X
′,Y
′)

be
tw

o
random

variables
distributed

over
{
1,...,k}

×
{1,...,`}

that
are

at
m
ost

δ
apart

in
statisticaldistance.

U
sing

I
(X
,Y

)
=
H

(Y
)−

H
(Y
|X

),w
e
can

express
the

difference
betw

een
the

m
utualinform

ation
of

these
tw

o
pairs

of
random

variables
as

∣∣I
(X
,Y

)−
I
(X
′,Y
′) ∣∣≤

∣∣H
(Y

)−
H

(Y
′) ∣∣

+
∣∣H

(Y
|X

)−
H

(Y
′|X
′) ∣∣.

W
e
now

use
Lem

m
a
55,w

hich
relatesm

ovem
entofprobability

m
assto

changesin
entropy

and
is

proven
in

A
ppendix

L,
to

separately
bound

each
of

the
term

s
on

the
right

hand
side.

Straightforw
ard

application
of

the
lem

m
a
to
|H

(Y
)−

H
(Y
′)|show

s
that

it
is

at
m
ost

2H
b (2δ)

+
3δ

log
k,w

here
H
b (·)

is
the

binary
entropy

function.
Since

H
b (x

)≤
O

(x
lo

g
(1/x

))
for

x
sm

all,this
is
O

(δ
log

(1/δ)
+
δ

log
k
).

B
ounding

the
term

w
ith

the
conditionalentropies

is
m
ore

involved.
Let

p
x

=
P

(X
=
x

),
and

let
p ′x

=
P

(X
′
=
x

).
W
e
have

∣∣H
(Y
|X

)−
H

(Y
′|X
′) ∣∣

=
∑

x

∣∣p
x H

(Y
|X

=
x

)−
p ′x H

(Y
′|X
′
=
x

) ∣∣

≤
∑

x

(p
x ∣∣H

(Y
|X

=
x

)−
H

(Y
′|X
′
=
x

) ∣∣
+

(1)

∣∣p ′x −
p
x ∣∣
H

(Y
′|X
′
=
x

) )

=
∑

x

p
x ∣∣H

(Y
|X

=
x

)−
H

(Y
′|X
′
=
x

) ∣∣
+
∑

x

∣∣p ′x −
p
x ∣∣

log
k

≤
∑

x

p
x ∣∣H

(Y
|X

=
x

)−
H

(Y
′|X
′
=
x

) ∣∣
+
δ

lo
g
k

(2)

w
here

the
last

line
is

because
∑

x |p
x −

p ′x |≤
δ
and

H
(Y
′|X
′
=
x

)≤
log

k.
N
ow

let
δ
x

+
be

the
m
agnitude

ofallthe
probability

m
ass

entering
any

cellin
colum

n
x,

let
δ
x−

be
the

m
agnitude

of
all

the
probability

m
ass

leaving
any

cell
in

colum
n
x,

and
let

δ
x

=
δ
x

+
+
δ
x−

.
U
sing

this
notation,w

e
can

again
apply

Lem
m
a
55

to
obtain

∑

x

p
x ∣∣H

(Y
|X

=
x

)−
H

(Y
′|X
′
=
x

) ∣∣
≤

∑

x

p
x (

2
H
b (

2δ
x

p
x

)
+

3
δ
x

p
x

log
k )

=
2 ∑

x

p
x H

b (
2
δ
x

p
x

)
+

3 ∑

x

δ
x

log
k

≤
2 ∑

x

p
x H

b (
2
δ
x

p
x

)
+

3
δ

log
k

≤
2
H
b (2δ)

+
3
δ

lo
g
k
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E
q
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it

a
bl

y

w
he
re

th
e
la
st

lin
e
is
by

ap
pl
ic
at
io
n
of

Le
m
m
a
52

fr
om

th
e
ap

pe
nd

ix
,w

hi
ch

bo
un

ds
w
ei
gh

te
d

su
m
s
of

bi
na

ry
en
tr
op

ie
s.

C
om

bi
ni
ng

th
is

w
it
h
Li
ne

(2
)
gi
ve
s
th
at

∣ ∣ H
(Y
|X

)
−
H

(Y
′ |X
′ )
∣ ∣ ≤

2
H
b
(2
δ)

+
4
δ

lo
g
k

w
hi
ch
,t
og
et
he
rw

it
h
th
e
bo

un
d
on
|H

(Y
)
−
H

(Y
′ )
|a

nd
th
e
fa
ct

th
at
H
b
(X

)
≤
O

(x
lo

g
(1
/
x

))
fo
r
x
sm

al
l,
gi
ve
s
th
e
re
su
lt
.

H
av
in
g
bo

un
de
d
th
e
ex
te
nt

to
w
hi
ch

va
ri
at
io
n
in

m
ut
ua

l
in
fo
rm

at
io
n
de
pe

nd
s
on

gr
id

re
so
lu
ti
on

,w
e
ar
e
no

w
re
ad

y
to

sh
ow

th
e
un

ifo
rm

co
nt
in
ui
ty

of
th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x.

T
h
eo
re
m

Le
t
P

(R
2
)
de
no

te
th
e
sp
ac
e
of

ra
nd

om
va
ri
ab
le
s
su
pp
or
te
d
on

R
2
eq
ui
pp
ed

w
it
h

th
e
m
et
ri
c
of

st
at
is
ti
ca
ld

is
ta
nc
e.

T
he

m
ap

fr
om

P
(R

2
)
to
m
∞

de
fin

ed
by

(X
,Y

)
7→
M

(X
,Y

)
is

un
ifo

rm
ly

co
nt
in
uo

us
.

P
ro
of

W
e
co
m
pl
et
e
th
e
pr
oo

f
in

th
re
e
st
ep
s.

F
ir
st
,
w
e
sh
ow

th
at

a
ce
rt
ai
n

fa
m
ily

of
fu
nc
ti
on

s
F

is
un

ifo
rm

ly
eq
ui
co
nt
in
uo

us
.
Se
co
nd

,w
e
us
e
th
is
to

sh
ow

th
at

a
di
ffe

re
nt

fa
m
ily

F
′
co
ns
is
ti
ng

of
fu
nc
ti
on

s
of

th
e
fo
rm

su
p
g
∈A

g
w
it
h
A
⊂
F

is
un

ifo
rm

ly
eq
ui
co
nt
in
uo

us
.

F
in
al
ly
,
w
e
ar
gu

e
th
at

si
nc
e
th
e
en
tr
ie
s
of
M

(X
,Y

)
co
ns
is
t
of

th
e
fu
nc
ti
on

s
in
F
′ ,
th
is

is
su
ffi
ci
en
t
to

es
ta
bl
is
h
th
e
re
su
lt
.

D
efi

ne

F
=

{ (X
,Y

)
7→

I k
,`

((
X
,Y

)| G
)

lo
g

m
in
{k
,`
}

:
k
,`
∈
Z >

1
,G
∈
G

(k
,`

)}
.

F
is

un
ifo

rm
ly

eq
ui
co
nt
in
uo

us
by

th
e
fo
llo

w
in
g
ar
gu

m
en
t.

G
iv
en

so
m
e
ε
>

0,
w
e
kn

ow
(P

ro
po

si
ti
on

39
)
th
at

fo
r
an

y
(X
′ ,
Y
′ )

in
an

ε-
ba

ll
ar
ou

nd
(X
,Y

),
(X
′ ,
Y
′ )
| G

w
ill

re
m
ai
n

w
it
hi
n
ε
of

(X
,Y

)| G
fo
r
an

y
G
.
P
ro
po

si
ti
on

40
th
en

te
lls

us
th
at

if
ε
is

su
ffi
ci
en
tl
y
sm

al
l

th
en

th
e
di
st
an

ce
be

tw
ee
n
I k
,`

((
X
′ ,
Y
′ )
| G

)
an

d
I k
,`

((
X
,Y

)| G
)
w
ill

be
at

m
os
t

O
(ε

lo
g
(1
/ε

)
+
ε

lo
g

m
in
{k
,`
})
.

A
ft
er

th
e
no

rm
al
iz
at
io
n,

th
is

be
co
m
es

at
m
os
t
O

(ε
(l

og
(1
/ε

)
+

1)
),

w
hi
ch

go
es

to
ze
ro

(u
ni
-

fo
rm

ly
w
it
h
re
sp
ec
t
to

(X
,Y

))
as
ε
ap

pr
oa
ch
es

ze
ro
,a

s
de
si
re
d.

N
ex
t,
de
fin

e
F
′ =
{(
X
,Y

)
7→
M

(X
,Y

) k
,`

:
k
,`
∈
Z >

1
}.

E
ac
h
m
ap

in
F
′
is

of
th
e
fo
rm

su
p
g
∈A

g
fo
r
so
m
e
A
⊂
F
.
T
he
re
fo
re
,
fo
r
a
gi
ve
n
ε
>

0,
w
ha

te
ve
r
δ
es
ta
bl
is
he
s
th
e
un

ifo
rm

eq
ui
co
nt
in
ui
ty

fo
r
F

ca
n
be

us
ed

to
es
ta
bl
is
h
co
nt
in
ui
ty

of
al
l
th
e
fu
nc
ti
on

s
in
F
′ .

(T
o
se
e
th
is
:

su
p
g
∈A

g
ca
n’
t
in
cr
ea
se

by
m
or
e
th
an

ε
if

no
g

in
cr
ea
se
s
by

m
or
e
th
an

ε,
an

d
su

p
g
∈A

g
is

al
so

lo
w
er

bo
un

de
d
by

an
y
of

th
e
g
’s
,s

o
it

ca
n’
t

de
cr
ea
se

by
m
or
e
th
an

ε
ei
th
er
.)

Si
nc
e
w
e
ca
n
us
e
th
e
sa
m
e
δ
fo
r
al
lo

ft
he

m
ap

s
in
F
′ ,
th
ey

th
er
ef
or
e
fo
rm

a
un

ifo
rm

ly
eq
ui
co
nt
in
uo

us
fa
m
ily

.
F
in
al
ly
,t
he

δ
pr
ov
id
ed

by
th
e
un

ifo
rm

eq
ui
co
nt
in
ui
ty

of
F
′
al
so

en
su
re
s
th
at
M

(X
′ ,
Y
′ )

is
w
it
hi
n
ε
of

M
(X
,Y

)
in

th
e
su
pr
em

um
no

rm
,
th
us

gi
vi
ng

th
e
un

ifo
rm

co
nt
in
ui
ty

of
(X
,Y

)
7→
M

(X
,Y

).
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R
es

h
ef

,
R

es
h
ef

,
F
in

u
ca

n
e,

S
a
be

ti
,
a
n
d

M
it

ze
n
m
ac

h
er

A
p
p
en

d
ix

C
.
P
ro
of

of
P
ro
p
os
it
io
n
10

T
h
eo
re
m

Fo
r
so
m
e
fu
nc

ti
on

N
(k
,`
),

le
t
M

N
be

th
e
ch
ar
ac
te
ri
st
ic

m
at
ri
x
w
it
h
no

rm
al
iz
a-

ti
on

N
,
i.e

.,

M
N

(X
,Y

)
=
I
∗ (

(X
,Y

),
k
,`

)

N
(k
,`

)
.

If
N

(k
,`

)
=
o(

lo
g

m
in
{k
,`
})

al
on

g
so
m
e
in
fin

it
e
pa
th

in
N
×

N
,
th
en

M
N

an
d

su
p
M

N
ar
e

no
t
co
nt
in
uo

us
as

fu
nc

ti
on

s
of
P

([
0
,1

]×
[0
,1

])
⊂

P
(R

2
).

P
ro
of

C
on

si
de
r
a
ra
nd

om
va
ri
ab

le
Z

un
ifo

rm
ly

di
st
ri
bu

te
d
on

[0
,1
/2

]2
.
B
ec
au

se
Z

ex
-

hi
bi
ts

st
at
is
ti
ca
li
nd

ep
en
de
nc
e,
I
∗ (
Z
,k
,`

)
is
ze
ro

fo
r
al
lk
,`
.
N
ow

de
fin

e
Z
ε
to

be
un

ifo
rm

ly
di
st
ri
bu

te
d
on

[0
,1
/2

]2
w
it
h
pr
ob

ab
ili
ty

1
−
ε
an

d
un

ifo
rm

ly
di
st
ri
bu

te
d
on

th
e
lin

e
fr
om

(1
/2
,1
/
2)

to
(1
,1

)
w
it
h
pr
ob

ab
ili
ty
ε.

W
e
lo
w
er
-b
ou

nd
I
∗ (
Z
ε
,k
,`

).
W

it
ho

ut
lo
ss

of
ge
ne
ra
lit
y
su
pp

os
e
th
at
k
≤
`,
an

d
co
ns
id
er

a
gr
id

th
at

pl
ac
es

al
lo

f
[0
,1
/
2
]2

in
to

on
e
ce
ll
an

d
un

ifo
rm

ly
pa

rt
it
io
ns

th
e
se
t

[1
/
2,

1
]2

in
to

k
−

1
ro
w
s
an

d
k
−

1
co
lu
m
ns
.
B
y
co
ns
id
er
in
g
ju
st

th
e
ro
w
s/
co
lu
m
ns

in
th
e
se
t

[1
/2
,1

]2
w
e

se
e
th
at

th
is
gr
id

gi
ve
s
a
m
ut
ua

li
nf
or
m
at
io
n
of

at
le
as
t
ε

lo
g
(k
−

1
).

T
hu

s,
w
e
ha

ve
th
at

fo
r

al
lk
,`
,

I
∗ (
Z
ε
,k
,`

)
≥
ε

lo
g

m
in
{k
−

1
,`
−

1}
.

T
hi
s
im

pl
ie
s
th
at

th
e
lim

it
of
M

N
(Z

ε
)
al
on

g
P

is
∞

,a
nd

so
th
e
di
st
an

ce
be

tw
ee
n
M

N
(Z

)
an

d
M

N
(Z

ε
)
in

th
e
su
pr
em

um
no

rm
is

in
fin

it
e.

A
p
p
en

d
ix

D
.
P
ro
of

of
T
h
eo
re
m

16

T
h
eo
re
m

Le
t
M

be
a
po
pu

la
ti
on

ch
ar
ac
te
ri
st
ic

m
at
ri
x.

T
he
n
M
k
,↑
eq
ua

ls

m
a
x

P
∈P

(k
)

I
(X
,Y
| P

)

lo
g
k

w
he
re
P

(k
)
de
no

te
s
th
e
se
t
of

al
lp

ar
ti
ti
on

s
of

si
ze

at
m
os
t
k
.

P
ro
of

D
efi

ne
M
∗ k,
↑

=
m

ax
P
∈P

(k
)

I
(X
,Y
| P

)

lo
g
k

.

W
e
w
is
h

to
sh
ow

th
at

M
∗ k,
↑
is

in
fa
ct

eq
ua

l
to

M
k
,↑
.

T
o
sh
ow

th
at

M
k
,↑
≤

M
∗ k,
↑,

w
e

ob
se
rv
e
th
at

fo
r
ev
er
y
k
-b
y-
`
gr
id
G

=
(P
,Q

),
w
he
re
P

is
a
pa

rt
it
io
n
in
to

ro
w
s
an

d
Q

is
a

pa
rt
it
io
n
in
to

co
lu
m
ns
,t
he

da
ta

pr
oc
es
si
ng

in
eq
ua

lit
y
gi
ve
s
I
((
X
,Y

)| G
)
≤
I
(X
,Y
| P

).
T
hu

s
M
k
,`
≤
M
∗ k,
↑
fo
r
`
≥
k
,i
m
pl
yi
ng

th
at

M
k
,↑

=
li

m
`→
∞
M
k
,`
≤
M
∗ k,
↑.

It
re
m
ai
ns

to
sh
ow

th
at
M
∗ k,
↑
≤
M
k
,↑
.
T
o
do

th
is
,w

e
le
t
P

be
an

y
pa

rt
it
io
n
in
to
k
ro
w
s,

an
d
w
e
de
fin

e
Q
`
to

be
an

eq
ui
pa

rt
it
io
n
in
to
`
co
lu
m
ns
.
W
e
le
t

M
∗ k,
`,
P

=
I
(X
| Q
`
,Y
| P

)

lo
g
k

.
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M
ea

su
r
in

g
D

epen
d
en

ce
P
o
w

er
fu

lly
a
n
d

E
q
u
ita

bly

Since
M
∗k,`,P
≤
M
k
,`
w
hen

`≥
k,w

e
have

that
for

all
P

I
(X
,Y
|P

)

lo
g
k

=
lim
`→
∞
M
∗k,`,P
≤

lim
`→
∞
M
k
,`

=
M
k
,↑

w
hich

gives
that

M
∗k,↑

=
su

pP

I
(X
,Y
|P

)

log
k

≤
M
k
,↑

as
desired.

A
p
p
en

d
ix

E
.
P
roof

of
T
h
eorem

18

T
h
eorem

G
iven

a
random

variable
(X
,Y

),
M
k
,↑

(resp.
M
↑
,` )

is
com

putable
to

w
ithin

an
additive

error
of
O

(k
ε

lo
g
(1/

(k
ε)))

+
E

(resp.
O

(`ε
lo

g
(1/(`ε)))

+
E
)
in

tim
e
O

(k
T

(E
)/
ε)

(resp.
O

(`T
(E

)/
ε)),

w
here

T
(E

)
is

the
tim

e
required

to
num

erically
com

pute
the

m
utual

inform
ation

of
a
continuous

distribution
to

w
ithin

an
additive

error
of
E
.

P
roof

W
ithout

loss
of

generality
w
e
prove

the
claim

only
for

M
k
,↑ .

G
iven

0
<
ε
<

1,
w
e
w
ould

like
a
partition

into
row

s
P

of
size

at
m
ost

k
such

that
I
(X
,Y
|P

)
is

m
axim

ized.
W
e
w
ould

like
to

use
O

pt
im

izeX
A

x
is

for
this

purpose,
but

w
hile

our
search

problem
is

continuous,O
pt

im
izeX

A
x
is

can
only

perform
a
discrete

search
over

sub-partitions
ofsom

e
m
aster

partition
Π
.
W
e
therefore

set
Π

to
be

an
equipartition

into
1
/
ε
row

s
and

show
that

this
gets

us
close

enough
to

achieve
the

desired
result.

W
ith

Π
as

described,
the

O
pt

im
izeX

A
x
is

provides
in

tim
e
O

(k
T

(E
)/
ε)

a
partition

P
0
into

at
m
ost

k
row

s
such

that
I

(X
,Y
|P

0 )
is

m
axim

ized,
subject

to
P

0
⊂

Π
,
to

w
ithin

an
additive

error
of
E
.
T
o
prove

the
claim

then,
w
e
m
ust

show
that

the
loss

w
e
incur

by
restricting

to
sub-partitions

of
Π

costs
us

at
m
ost

O
(k
ε

lo
g
(1/

(k
ε))).

In
other

w
ords,

w
e

m
ust

show
that

I
(X
,Y
|P

)−
I

(X
,Y
|P

0 )≤
O

(k
ε)

w
here

P
is

an
optim

al
partition

into
row

s.
N
ote

that
w
e
have

om
itted

the
absolute

value
above,since

by
the

optim
ality

of
P
,
I

(X
,Y
|P

)≥
I

(X
,Y
|P

0 )
alw

ays.
W
e
prove

the
desired

bound
by

show
ing

that
there

exists
som

e
P
′⊂

Π
such

that
the

m
utual

inform
ation

of
(X
,Y
|P
′)

is
O

(k
ε

lo
g
(1/

(k
ε)))-close

to
that

achieved
w
ith

(X
,Y
|P

).
Since

P
′⊂

Π
givesusthat

I
(X
,Y
|P

0 )≥
I

(X
,Y
|P
′),w

e
m
ay

then
conclude

that
I

(X
,Y
|P

)−
I

(X
,Y
|P

0 )
is

at
m
ost

O
(k
ε

lo
g
(1/

(k
ε))).

W
e
construct

P
′by

sim
ply

replacing
every

horizontalline
in
P

w
ith

a
horizontalline

in
Π

closest
to

it.
Since

there
are

at
m
ost

k
−

1
horizontal

lines
in
P
,
and

each
such

line
is

contained
in

a
row

of
Π

containing
1/ε

probability
m
ass,

perform
ing

this
operation

m
oves

at
m
ost

(k−
1
)ε

probability
m
ass.

In
other

w
ords,the

statisticaldistance
betw

een
(X
,Y
|P
′)

and
(X
,Y
|P

)
is
at

m
ost

(k−
1)ε≤

k
ε.

T
hus,for

suffi
ciently

sm
all

ε,P
roposition

40,proven
in

A
ppendix

B
,can

be
used

to
show

that

|I
(X
,Y
|P
′)−

I
(X
,Y
|P

)|≤
O

(
k
ε

lo
g (

1k
ε )

+
k
ε

log (
1ε ))
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R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

w
hich

yields
the

desired
result.

R
em

ark
41

W
e
do

not
explore

here
the

details
of

the
num

ericalintegration
associated

w
ith

the
above

theorem
,
since

the
error

introduced
by

the
num

ericalintegration
is

independent
of

the
algorithm

being
proposed.

H
ow

ever,
standard

num
ericalintegration

m
ethods

can
be

used
to

m
ake

this
error

arbitrarily
sm

all
w
ith

an
understood

com
plexity

tradeoff
(see,

e.g.,
Stoer

and
B
ulirsch

1980).

A
p
p
en

d
ix

F
.
P
roof

of
T
h
eorem

21

T
h
eorem

Let
(X
,Y

)
be

jointly
distributed

random
variables.

T
hen

∂
[M

]
=
∂
M

.

P
roof

W
ithout

loss
ofgenerality,w

e
show

that
[M

]k
,↑

=
M
k
,↑ .

F
ix

any
partition

into
row

s
P
.
If
Q
`
is

an
equipartition

into
`
colum

ns
then

lim
`→
∞
I
(X
|Q
` ,Y
|P

)
=
I
(X
,Y
|P

),

because
the

continuous
m
utualinform

ation
equals

the
lim

it
ofthe

discrete
m
utualinform

a-
tion

w
ith

increasingly
fine

partitions.
(See,e.g.,C

hapter
8
ofC

over
and

T
hom

as
2006

for
a

proof
of

this.)
T
his

m
eans

that,letting
P

(k
)
denote

the
set

of
allpartitions

of
size

at
m
ost

k,w
e
have

[M
]k
,↑

=
m

ax
P
∈
P

(k
)

I
(X
,Y
|P

)

log
k

=
M
k
,↑

w
here

the
second

equality
follow

s
from

P
roposition

16.

A
p
p
en

d
ix

G
.
C
on

sisten
cy

of
M
IC

e
in

E
stim

atin
g
M
IC
∗

T
he

consistency
of

M
IC

e
for

estim
ating

M
IC
∗
can

be
established

using
the

sam
e
technical

lem
m
as

that
w
e
used

to
show

that
M
IC
→

M
IC
∗ .

Specifically,w
e
can

use
Lem

m
a
37,w

hich
bounds

the
difference,for

all
k-by-`

grids
G
,betw

een
the

sam
ple

quantity
I
(D

n |G
)
and

the
population

quantity
I
((X

,Y
)|G

)
w
ith

high
probability,w

here
D
n
is
a
sam

ple
ofsize

n
from

(X
,Y

).
T
hat

lem
m
a
yields

the
follow

ing
fact

about
the

sam
ple

equicharacteristic
m
atrix,

w
hose

proof
is

sim
ilar

to
that

of
Lem

m
a
38.

L
em

m
a
42

Let
D
n
be

a
sam

ple
of

size
n
from

the
distribution

of
a
pair

(X
,Y

)
of

jointly
distributed

random
variables.

For
every

B
(n

)
=
O
(n

1−
ε ),

there
exists

an
a
>

0
such

that
for

suffi
ciently

large
n,

∣∣∣ [̂M
](D

n
)
k
,` −

[M
](X

,Y
)
k
,` ∣∣∣ ≤

O

(
1n
a )

holds
for

all
k
`
≤
B

(n
)
w
ith

probability
P

(n
)

=
1−

o(1),
w
here

[̂M
](D

n
)
k
,`
is

the
k
,`-th

entry
of

the
sam

ple
equicharacteristic

m
atrix

and
[M

](X
,Y

)
k
,`

is
the

k
,`-th

entry
of

the
population

equicharacteristic
m
atrix

of
(X
,Y

).40
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M
ea

su
r
in

g
D

ep
en

d
en

ce
P
o
w

er
fu

ll
y

a
n
d

E
q
u
it

a
bl

y

In
th
e
ca
se

of
M
IC

,w
e
pr
oc
ee
de
d
to

ap
pl
y
ab

st
ra
ct

co
nt
in
ui
ty

co
ns
id
er
at
io
ns

to
ob

ta
in

ou
r
co
ns
is
te
nc
y

th
eo
re
m

(T
he
or
em

6)
fr
om

a
re
su
lt

an
al
og
ou

s
to

th
e
ab

ov
e
le
m
m
a.

A
si
m
ila

r
ar
gu

m
en
t
sh
ow

s
us

th
at
,i
n
th
e
ca
se

of
th
e
eq
ui
ch
ar
ac
te
ri
st
ic

m
at
ri
x
as

w
el
l,
w
e
ca
n

es
ti
m
at
e
a
la
rg
e
cl
as
s
of

fu
nc
ti
on

s
of

th
e
m
at
ri
x
in

th
e
sa
m
e
w
ay
.
T
hi
s
is
st
at
ed

fo
rm

al
ly

in
th
e
th
eo
re
m

be
lo
w
.
A
s
be

fo
re
,
w
e
le
t
m
∞

be
th
e
sp
ac
e
of

in
fin

it
e
m
at
ri
ce
s
eq
ui
pp

ed
w
it
h

th
e
su
pr
em

um
no

rm
,
an

d
gi
ve
n
a
m
at
ri
x
A

th
e
pr
oj
ec
ti
on

r i
ze
ro
s
ou

t
al
l
th
e
en
tr
ie
s
A
k
,`

fo
r
w
hi
ch
k
`
>
i.

T
h
eo
re
m

Le
t
f

:
m
∞
→

R
be

un
ifo

rm
ly

co
nt
in
uo

us
,a

nd
as
su
m
e
th
at
f
◦r

i
→
f
po
in
tw
is
e.

T
he
n
fo
r
ev
er
y
ra
nd

om
va
ri
ab
le

(X
,Y

),
w
e
ha

ve

( f
◦r

B
(n

))
( [̂M

](
D
n
))
→
f

([
M

](
X
,Y

))

in
pr
ob
ab
ili
ty

w
he
re

D
n

is
a
sa
m
pl
e
of

si
ze

n
fr
om

th
e
di
st
ri
bu
ti
on

of
(X
,Y

),
pr
ov
id
ed

ω
(1

)
<
B

(n
)
≤
O

(n
1
−
ε
)
fo
r
so
m
e
ε
>

0
.

A
p
p
en

d
ix

H
.
T
h
e

E
q
u
ic

h
a
r
C

lu
m

p
A
lg
or
it
h
m

In
T
he
or
em

28
,
w
e
sk
et
ch
ed

an
al
go
ri
th
m

ca
lle

d
E
q
u
ic

h
a
r
C

lu
m

p
fo
r
ap

pr
ox
im

at
in
g
th
e

sa
m
pl
e
eq
ui
ch
ar
ac
te
ri
st
ic

m
at
ri
x

th
at

is
m
or
e
effi

ci
en
t
th
an

th
e
na

iv
e
co
m
pu

ta
ti
on

.
In

th
is

ap
pe

nd
ix
,
w
e
de
sc
ri
be

th
e
al
go
ri
th
m

in
de
ta
il,

bo
un

d
it
s
ru
nt
im

e,
an

d
sh
ow

th
at

it
in
de
ed

yi
el
ds

a
co
ns
is
te
nt

es
ti
m
at
or

of
M
IC
∗
fr
om

fin
it
e
sa
m
pl
es

as
w
el
l
as

a
co
ns
is
te
nt

in
de
pe

nd
en
ce

te
st

w
he
n
us
ed

to
co
m
pu

te
th
e
to
ta
li
nf
or
m
at
io
n
co
effi

ci
en
t.

W
e
th
en

pr
es
en
t

so
m
e
em

pi
ri
ca
l
re
su
lt
s
ch
ar
ac
te
ri
zi
ng

th
e
se
ns
it
iv
it
y
of

th
e
al
go
ri
th
m

to
it
s
sp
ee
d-
ve
rs
us
-

op
ti
m
al
it
y
pa

ra
m
et
er
c.

T
he

re
su
lt
s
in

th
is

se
ct
io
n
ca
n
be

su
m
m
ar
iz
ed

as
fo
llo

w
s:

le
t

(X
,Y

)
be

a
pa

ir
of

jo
in
tl
y

di
st
ri
bu

te
d
ra
nd

om
va
ri
ab

le
s,

an
d
le
t
D
n
be

a
sa
m
pl
e
of

si
ze

n
fr
om

th
e
di
st
ri
bu

ti
on

of
(X
,Y

).
Fo

r
ev
er
y
c
≥

1
,t
he
re

ex
is
ts

a
m
at
ri
x
{M̂
}c

(D
n
)
su
ch

th
at

1.
T
he
re

ex
is
ts

an
al
go
ri
th
m

E
q
u
ic

h
a
r
C

lu
m

p
fo
r
co
m
pu

ti
ng

r B
({
M̂
}c

(D
n
))

in
ti
m
e

O
(n

+
B

5
/
2
),

w
hi
ch

eq
ua

ls
O

(n
+
n

5
(1
−
ε)
/
2
)
w
he
n
B

(n
)

=
O

(n
1
−
ε
).

2.
T
he

fu
nc
ti
on

M̃
IC

e
,B

(·)
=

m
ax

k
`≤
B

(n
){
M̂
}c

(·)
k
,`

is
a
co
ns
is
te
nt

es
ti
m
at
or

of
M
IC
∗
pr
ov
id
ed

ω
(1

)
<
B

(n
)
≤
O

(n
1
−
ε
)
fo
r
so
m
e
ε
>

0
.

3.
T
he

fu
nc
ti
on

T̃
IC

e
,B

(·)
=

∑

k
`≤
B

(n
){
M̂
}c

(·)
k
,`

yi
el
ds

a
co
ns
is
te
nt

ri
gh

t-
ta
ile

d
te
st

of
in
de
pe

nd
en
ce

pr
ov

id
ed

ω
(1

)
<
B

(n
)
≤
O

(n
1
−
ε
)

fo
r
so
m
e
ε
>

0

W
e
w
ill

pr
ov
e
th
es
e
re
su
lt
s
in

or
de
r.
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R
es

h
ef

,
R

es
h
ef

,
F
in

u
ca

n
e,

S
a
be

ti
,
a
n
d

M
it

ze
n
m
ac

h
er

H
.1

A
lg
or
it
h
m

D
es
cr
ip
ti
on

an
d
A
n
al
ys
is

of
R
u
nt
im

e

W
e
be

gi
n
by

de
sc
ri
bi
ng

th
e
al
go
ri
th
m

an
d
bo

un
di
ng

it
s
ru
nt
im

e
si
m
ul
ta
ne
ou

sl
y.

A
s
in

th
e

pr
oo

f
of

T
he
or
em

27
,
w
e
bo

un
d
th
e
ru
nt
im

e
re
qu

ir
ed

to
ap

pr
ox
im

at
el
y
co
m
pu

te
on

ly
th
e

k
,`
-t
h
en
tr
ie
s
of
{M̂
}c

(D
n
)
sa
ti
sf
yi
ng

k
≤
`,
k
`
≤
B
.
T
o
do

th
is
,
w
e
an

al
yz
e
tw

o
po

rt
io
ns

of
{M̂
}c

(D
n
)
se
pa

ra
te
ly
:
w
e
fir
st

co
ns
id
er

th
e
ca
se
`
≥
√
B
,
in

w
hi
ch

w
e
m
us
t
co
m
pu

te
th
e
en
tr
ie
s
co
rr
es
po

nd
in
g
to

al
l
th
e
pa

ir
s
{(

2,
`)
,.
..
,(
B
/`
,`

)}
.
W
e
th
en

co
ns
id
er
`
<
√
B
,

in
w
hi
ch

ca
se

w
e
ne
ed

on
ly

co
m
pu

te
th
e
en
tr
ie
s
{(

2,
`)
,.
..
,(
`,
`)
}
si
nc
e
th
e
ad

di
ti
on

al
pa

ir
s

w
ou

ld
al
lh

av
e
k
>
`.

Fo
r
th
e
ca
se

of
`
≥
√
B
,
as

in
th
e
pr
ev
io
us

th
eo
re
m

w
e
ca
n
si
m
ul
ta
ne
ou

sl
y
co
m
pu

te
us
in
g

O
pt

im
iz

eX
A

x
is

th
e
en
tr
ie
s
co
rr
es
po

nd
in
g
to

al
lt
he

pa
ir
s
{(

2,
`)
,.
..
,(
B
/
`,
`)
}i

n
ti
m
e

O
(|Π
|2 (
B
/`

)`
)

=
O

(|Π
|2 B

),
w
hi
ch

eq
ua

ls
O

(c
2
B

3
/
`2

)
w
he
n
w
e
se
t

Π
to

be
an

eq
ui
pa

rt
it
io
n

of
si
ze
cB
/
`.

D
oi
ng

th
is

fo
r
`

=
√
B
,.
..
,B
/2

gi
ve
s
a
co
nt
ri
bu

ti
on

of
th
e
fo
llo

w
in
g
or
de
r
to

th
e
ru
nt
im

e.

O
(c

2
B

3
)

B
/
2

∑

`=
√
B

1 `2
=
O
( c

2
B

3
) O
(

1 √
B

)

=
O

(c
2
B

5
/
2
)

Fo
r
th
e
ca
se

of
`
<
√
B
,
w
e
ca
n
si
m
ul
ta
ne
ou

sl
y
co
m
pu

te
us
in
g

O
pt

im
iz

eX
A

x
is

th
e

en
tr
ie
s
co
rr
es
po

nd
in
g

to
al
l
th
e
pa

ir
s
{(

2,
`)
,.
..
,(
`,
`)
}

in
ti
m
e
O

(|Π
|2 `

2
)
w
hi
ch

eq
ua

ls
O

(c
2
`4

)
≤
O

(c
2
B

2
)
w
he
n
w
e
se
t

Π
to

be
an

eq
ui
pa

rt
it
io
n
of

si
ze

c`
.

Su
m
m
in
g
ov
er

th
e

O
(√
B

)
po

ss
ib
le

va
lu
es

of
`
w
it
h
`
<
√
B

gi
ve
s
an

up
pe

r
bo

un
d
of
O

(c
2
B

5
/
2
).

H
.2

C
on

si
st
en

cy

Le
t

(X
,Y

)
be

a
pa

ir
of

jo
in
tl
y

di
st
ri
bu

te
d

ra
nd

om
va
ri
ab

le
s.

Fo
r
a
sa
m
pl
e
D
n

of
si
ze

n
fr
om

th
e
di
st
ri
bu

ti
on

of
(X
,Y

)
an

d
a

sp
ee
d-
ve
rs
us
-o
pt
im

al
it
y

pa
ra
m
et
er

c
≥

1
,
le
t

{M̂
}c

(D
n
)
de
no

te
th
e
m
at
ri
x
co
m
pu

te
d

by
E
q
u
ic

h
a
r
C

lu
m

p.
(N

ot
ic
e
th
e
us
e
of

cu
rl
y

br
ac
es

to
di
ffe

re
nt
ia
te

th
is

fr
om

th
e
sa
m
pl
e
eq
ui
ch
ar
ac
te
ri
st
ic

m
at
ri
x

[̂M
].)

W
e
sh
ow

he
re

th
at

m
a
x
k
`≤
B

(n
){
M̂
}c

(D
n
) k
,`
is
a
co
ns
is
te
nt

es
ti
m
at
or

of
M
IC
∗(
X
,Y

),
an

d
co
rr
es
po

nd
in
gl
y

th
at
∑

k
`≤
B

(n
){
M̂
}c

(D
n
) k
,`
yi
el
ds

a
co
ns
is
te
nt

in
de
pe

nd
en
ce

te
st
.

T
he

ke
y
to

bo
th

co
ns
is
te
nc
y
re
su
lt
s
is

th
at
,
th
ou

gh
in

ca
lc
ul
at
in
g
th
e
k
,`
-t
h
en
tr
y
of

{M̂
}c

(D
n
)
th
e
al
go
ri
th
m

on
ly

se
ar
ch
es

fo
r
op

ti
m
al

pa
rt
it
io
ns

th
at

ar
e
su
b-
pa

rt
it
io
ns

of
so
m
e
eq
ui
pa

rt
it
io
n,

th
e
si
ze

of
th
e
eq
ui
pa

rt
it
io
n
us
ed

al
w
ay

s
gr
ow

s
as
n
,k

,a
nd

`
gr
ow

la
rg
e.

T
he
re
fo
re
,
in

th
e
lim

it
th
is

ad
di
ti
on

al
re
st
ri
ct
io
n

do
es

no
t
hi
nd

er
th
e
op

ti
m
iz
at
io
n.

W
e

pr
es
en
t
th
is
ar
gu

m
en
t
by

in
tr
od

uc
in
g
a
po

pu
la
ti
on

ob
je
ct

ca
lle

d
th
e
cl
um

pe
d
eq
ui
ch
ar
ac
te
r-

is
ti
c
m
at
ri
x.

W
e
ob

se
rv
e
th
at

th
is
m
at
ri
x
is
th
e
lim

it
of

th
e
E
q
u
ic

h
a
r
C

lu
m

p
pr
oc
ed
ur
e
as

sa
m
pl
e
si
ze

gr
ow

s,
an

d
th
en

sh
ow

th
at

th
e
su
pr
em

um
an

d
pa

rt
ia
ls

um
s
of

th
is

m
at
ri
x
ha

ve
th
e
ne
ce
ss
ar
y
pr
op

er
ti
es
.

D
efi

n
it
io
n
43

Le
t

(X
,Y

)
be

jo
in
tly

di
st
ri
bu
te
d
ra
nd

om
va
ri
ab
le
s
an

d
fix

so
m
e
c
≥

1.
Le

t

I
{c
∗}

((
X
,Y

),
k
,`

)
=

m
ax G
I
((
X
,Y

)| G
)
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M
ea

su
r
in

g
D

epen
d
en

ce
P
o
w

er
fu

lly
a
n
d

E
q
u
ita

bly

w
here

the
m
axim

um
is

over
k-by-`

grids
w
hose

larger
partition

is
an

equipartition
and

w
hose

sm
aller

partition
m
ust

be
contained

in
an

equipartition
of

size
c·

m
a
x{k

,`}.
T
he

clum
ped

equicharacteristic
m
atrix

of
(X
,Y

),
denoted

by
{M
}
c(X

,Y
),

is
defined

by

{
M
}
c(X

,Y
)
k
,`

=
I {
c∗}((X

,Y
),k

,`)

lo
g

m
in{

k
,`}

N
otice

that
curly

braces
differentiate

the
quantities

I {
c∗}

and
{
M
}
c
defined

above
from

the
corresponding

equicharacteristic
m
atrix

quantities
I

[∗
]and

[M
].

T
he

follow
ing

tw
o
results,w

hich
w
e
state

w
ithout

proof,characterize
the

convergence
of

the
output

of
E
q
u
ic

h
a
r
C

lu
m

p
to

the
clum

ped
equicharacteristic

m
atrix.

T
hese

lem
m
as

can
be

show
n
using

Lem
m
a
37,

w
hich

sim
ultaneously

bounds
the

difference,
for

all
k-by-`

grids
G
,
betw

een
the

sam
ple

quantity
I
(D

n |G
)
and

the
population

quantity
I
((X

,Y
)|G

)
w
ith

high
probability

over
the

sam
ple

D
n
of

size
n
from

(X
,Y

).

L
em

m
a
44

Let
D
n
be

a
sam

ple
of

size
n
from

the
distribution

of
a
pair

(X
,Y

)
of

jointly
distributed

random
variables.

For
every

B
(n

)
=
O
(n

1−
ε ),

there
exists

an
a
>

0
such

that
for

suffi
ciently

large
n,

∣∣∣ {M̂
}
c(D

n
)
k
,` −
{
M
}
c(X

,Y
)
k
,` ∣∣∣ ≤

O

(
1n
a )

holds
for

all
k
,`≤

√
B

(n
)
w
ith

probability
P

(n
)

=
1−

o(1
),

w
here

{M̂
}
c(D

n
)
denotes

the
m
atrix

com
puted

by
the

E
q
u
ic

h
a
r
C

lu
m

p
algorithm

w
ith

param
eter

c
on

the
sam

ple
D
n .

N
otice

that
the

error
bound

provided
by

the
above

lem
m
a
holds

not
for

k
`
≤
B

(n
)
as

in
the

analogous
Lem

m
a
38

and
Lem

m
a
42,

but
rather

for
the

sm
aller

region
defined

by
k
,`
≤
√
B

(n
).

H
ow

ever,
though

w
e
do

not
have

uniform
convergence

outside
the

region
k
,`≤

√
B

(n
),w

e
do

nevertheless
have

pointw
ise

convergence
there,as

stated
below

.

L
em

m
a
45

F
ix
k
,`≥

2.
Let

D
n
be

a
sam

ple
ofsize

n
from

the
distribution

ofa
pair

(X
,Y

)
of

jointly
distributed

random
variables.

For
every

B
(n

)
>
ω

(1
),

w
e
have

that

{
M̂
}
c(D

n
)
k
,` →

{M
}
c(X

,Y
)
k
,`

in
probability

as
n
grow

s,
w
here

{M̂
}
c(D

n
)
denotes

the
m
atrix

com
puted

by
the

E
q
u
ic

h
a
r
-

C
lu

m
p
algorithm

w
ith

param
eter

c
on

the
sam

ple
D
n .

H
.2.1

C
o
n
sist

en
c
y

fo
r

E
st

im
at

in
g

M
IC
∗

T
he

consistency
of{

M̂
}
c(D

n
)
for

estim
ating

M
IC
∗
follow

s
from

the
follow

ing
property

of
the

clum
ped

equicharacteristic
m
atrix

{
M
}
c,for

w
hich

w
e
state

a
proof

sketch.

P
rop

osition
46

Let
(X
,Y

)
be

a
pair

ofjointly
distributed

random
variables.

T
hen

w
e
have

su
p{
M
}
c(X

,Y
)

=
M
IC
∗ (X

,Y
).
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JM

L
R

 17(212):1-63

R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

P
roof

(Sketch)
Let
{
M
}
c

=
{M
}
c(X

,Y
),

and
let

M
=
M

(X
,Y

)
be

the
characteristic

m
atrix.

F
ix
k,

and
consider

the
lim

it
{M
}
ck
,`
as
`
grow

s.
T
he

grid
chosen

for
the

k
,`-th

entry
w
hen

`
>
k
w
illcontain

an
equipartition

P
`
ofsize

`
on

the
x-axis,and

a
partition

Q
`

of
size

k
on

the
y-axis

that
is

optim
alsubject

to
the

restriction
that

Q
`
be

contained
in

an
equipartition

of
size

c`.
A
s
`
grow

s
large,the

equipartition
P
`
on

the
first

axis
w
illbecom

e
finer

and
finer

until
in

the
lim

it
X
|P
` →

X
.
A
nd

the
partition

Q
`
w
ill

be
chosen

from
a

finer
and

finer
equipartition,

so
that

in
the

lim
it

it
approaches

an
unconditionally

optim
al

partition
Q

of
size

k.
T
he

convergence
of
Q
`
to

the
optim

al
partition

Q
of

size
k
can

be
show

n
to

be
uniform

using
P
roposition

40.
T
his

im
plies

that

{M
}
ck
,↑

=
lim
`→
∞
{
M
}
ck
,`

=
m

ax
P
∈
P

(k
)

I
(X
,Y
|P

)

lo
g
k

w
here

P
(k

)denotesthe
setofallpartitionsofsize

atm
ost

k.
T
herefore,the

boundary
∂{
M
}
c

of{M
}
c
equals

the
boundary

∂
M

of
M

.
Since

M
IC
∗ (X

,Y
)

=
su

p
∂
M

(T
heorem

15),
this

im
plies

that
su

p{M
}
c≥

su
p
∂{
M
}
c

=
su

p
∂
M

=
M
IC
∗ (X

,Y
).

O
n
the

other
hand,{

M
}
c
≤
M

elem
ent-w

ise
since

the
optim

ization
for

the
k
,`-th

entry
of{M

}
c
is

perform
ed

over
a
subset

of
the

grids
searched

for
the

k
,`-th

entry
of
M

.
T
his

m
eans

that
su

p{
M
}
c≤

su
p
M

=
M
IC
∗ (X

,Y
).

T
his

fact,
together

w
ith

the
pointw

ise
convergence

of{M̂
}
c(D

n
)
to
{M
}
c,

suffi
ces

to
establish

the
consistency

w
e
seek

via
standard

continuity
argum

ents,
w
hich

w
e
give

in
the

abstract
lem

m
a
below

.
T
he

lem
m
a
applies

to
a
double-indexed

sequence
indexed

by
i
and

j;in
our

argum
ent,the

index
i
corresponds

to
position

in
the

equicharacteristic
m
atrix,and

the
index

j
corresponds

to
sam

ple
size.

T
he

sequence
A

corresponds
to

the
output

of
the

E
q
u
ic

h
a
r
C

lu
m

p
algorithm

,the
sequence

a
corresponds

to
the

clum
ped

equicharacteristic
m
atrix,and

the
sequence

B
corresponds

to
the

sam
ple

equicharacteristic
m
atrix.

L
em

m
a
47

Let{
A
ij } ∞i,j=

1
and
{
B
ij } ∞i,j=

1
be

sequences
ofrandom

variables,
and

let{
a
i } ∞i=

1

be
a
non-stochastic

sequence.
A
ssum

e
that

the
follow

ing
conditions

hold.

1.
A
ij ≤

B
ij

alm
ost

surely

2.
For

every
i,
A
ij →

a
i
in

probability

3.
B
′j

=
m

a
x
i≤
j
B
ij

satisfies
B
′j →

su
p{
a
i }

in
probability

T
hen

A
′j

=
m

a
x
i≤
j
A
ij

converges
in

probability
to

su
p{a

i }
as

w
ell.

P
roof

Let
a

=
su

p{
a
i }.

W
e
give

the
proof

for
the

case
that

a
<
∞

.
H
ow

ever,
it

is
easily

adapted
to

the
infinite

case.
W
e
m
ust

show
that

for
every

ε
>

0
and

every
0
<
p
≤

1,
there

exists
som

e
N

such
that

P
(|A
′j −

a|
<
ε)
>
p
for

all
j≥

N
.
B
y
the

definition
of
a,w

e
know

that
there

exists
som

e
k
such

that|a
k −

a|
<
ε/2.

A
lso,by

the
convergence

of
A
k
j
to

a
k ,

there
exists

som
e
m

such
that

P
(|A

k
j −

a
k |
<
ε/2)

>
1−

p
for

all
j
≥
m
.
T
hus,

w
ith

probability
at

least
1−

p,w
e
have

|A
k
j −

a|≤
|A

k
j −

a
k |

+
|a
k −

a|
≤
ε
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m
ax
{m

,k
}
w
e
ha

ve
P

(A
′ j
>
a
−
ε)
>

1
−
p
.
It

re
m
ai
ns

on
ly

to
sh
ow

th
at
A
′ j
do

es
n’
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ar
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≥

m
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fo
r
j
≥
N
.
Si
nc
e

B
′ j
<
a

+
ε
im

pl
ie
s
A
′ j
<
a

+
ε,

w
e
ha

ve
th
at

P
(|A
′ j
−
a
|<
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fo
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=

m
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te
nt

es
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m
at
or
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M
IC
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ed
ω

(1
)
<
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(n
)
≤
O

(n
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−
ε
)
fo
r
so
m
e
ε
>
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w
he
re

{M̂
}c

(·)
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th
e
ou

tp
ut

of
th
e
th
e

E
q
u
ic

h
a
r
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m

p
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go
ri
th
m
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th
e
di
st
ri
bu

ti
on

of
(X
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t
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k
i,
` i

)}
∞ i=
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×

Z+
be
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se
qu

en
ce

of
co
or
di
na

te
s
w
it
h
th
e
pr
op

er
ty

th
at

fo
r
ev
er
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nu
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B

th
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e
ex
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an
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de
x
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B

)
su
ch

th
at

{(
k
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)
:
i
≤
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B
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=
{(
k
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W
e
de
fin

e
B
ij

=
[̂M
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D
j
) k
i
,`
i
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i.e
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B
ij

is
th
e
k
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h
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y
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at
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de
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) k
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i
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e
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) k
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ob
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=
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IC
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ra
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sh
ow
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at
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e
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=
m
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B
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→
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=
m
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w
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th
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th
e
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en
ce
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B
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=
m
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(n
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(D
q
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(n
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) k
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,`
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=
m

ax
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){
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(D
q
(B
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er
ge
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pr
ob
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ty
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M
IC
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w
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th
e
se
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en
ce
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en
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fo
r
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ta
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r
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at
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n
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o
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n
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ila
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e
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y
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en
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w
e
be

gi
n
by

ex
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ng

th
e
re
le
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pr
op

er
ty

of
th
e
po

pu
la
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on

cl
um

pe
d
eq
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ch
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ac
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m
at
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Le
t
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)
be

a
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ir

of
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st
ri
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te
d
ra
nd

om
va
ri
ab
le
s.

If
X

an
d
Y

ar
e
st
at
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ti
ca
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in
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pe
nd

en
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th
en
{M
}c

(X
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≡

0.
If

no
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th
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th
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e
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is
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so
m
e
a
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0
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d
so
m
e
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ge
r
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}c
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≥
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r
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≥
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≥
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h
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=
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l
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m
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m
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m
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p
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m
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c
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er
ef
or
e
ch
oo

se
to

an
al
yz
e

T̃
IC

e
,B

(D
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u
ita

bly

w
here

#
n

=
B

(n
)
represents

the
num

ber
of

pairs
(k
,`)

such
that

k
,`≤

√
B

(n
).

T
o
obtain

the
result,w

e
note

that
this

m
eans

that

log
B

(n
)

B
(n

)
T̃
IC

e
,B

(D
n
)≥

lo
g
B

(n
)

B
(n

)

∑

k
,`≤ √

B
(n

) {
M̂
}
c(X

,Y
)
k
,` −

O

(
lo

g
B

(n
)

n
a

)

and
then

invoke
P
roposition

49,w
hich

im
plies

that
for

large
n

∑

k
,`≤ √

B
(n

) {
M
}
c(X

,Y
)≥

Ω

(
B

(n
)

log
B

(n
) )

.

H
.3

E
m
p
irical

C
h
aracterization

of
th
e
P
erform

an
ce

of
E
q
u
ic

h
a
r
C

lu
m

p

T
he

E
q
u
ic

h
a
r
C

lu
m

p
algorithm

has
a
param

eter
c
that

controls
the

fineness
ofthe

equipar-
tition

w
hose

sub-partitions
are

searched
over

by
the

algorithm
.
T
o
gain

an
em

pirical
un-

derstanding
of

the
effect

of
c
on

perform
ance,

w
e
com

puted
M
IC

e
on

the
set

of
relation-

ships
described

in
Section

4.4
using

E
q
u
ic

h
a
r
C

lu
m

p
w
ith

different
values

of
c.

For
each

relationship,
w
e
com

pared
the

average
M
IC

e
across

all500
independent

sam
ples

from
that

relationship
w
ith

different
values

of
c.

W
e
perform

ed
this

analysis
at

sam
ple

sizes
of
n

=
2
50

(F
igure

H
1),

n
=

5
00

(F
igure

H
2),and

5,00
0
(F

igure
H
3).

W
e
sum

m
arize

our
findings

as
follow

s.

•
A
t
low

(n
=

2
50)

and
m
edium

(n
=

5
0
0)

sam
ple

sizes,
using

c
=

1
introduces

a
dow

nw
ard

bias
for

m
ore

com
plex

relationships
w
hen

B
(n

)
=
n

0
.6
is
used

but
not

w
hen

B
(n

)
=
n

0
.8

is
used.

T
his

m
akes

sense
since

the
low

sam
ple

size
and

low
setting

of
B

(n
)
m
ean

that
the

algorithm
is

searching
over

grids
w
ith

relatively
few

cells,and
so

setting
c

=
1
hinders

its
ability

to
find

good
grids

in
this

lim
ited

search
space.

T
his

bias
is

alm
ost

entirely
alleviated

by
setting

c≥
2.

•
A
t
high

sam
ple

size
(n

=
5,00

0),this
effect

is
stillobservable

but
m
uch

reduced.
T
his

m
akes

sense
since

w
hen

n
is

large,
B

(n
)
is

large
as

w
ell,

and
so

the
num

ber
of

cells
allow

ed
in

the
grids

being
searched

over
is

already
large

regardless
of

the
exponent

α
used

in
B

(n
)

=
n
α.

T
hus,there

is
less

need
for

the
robustness

provided
by

searching
for

an
optim

algrid.

A
p
p
en

d
ix

I.
E
qu

itab
ility

an
d
P
ow

er
A
n
alyses

from
R
esh

ef
et

al.
(2015a)

F
igure

I1
contains

a
representative

equitability
analysis

from
R
eshefet

al.(2015a).
F
igure

I2
contains

pow
er

curves
from

R
eshef

et
al.(2015a)

for
a
large

set
of

leading
m
ethods.
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F
igure

I1:
(R

eproduced
from

R
eshef

et
al.,2015a.)

T
he

equitability
of

m
easures

of
depen-

dence
on

a
set

of
noisy

functional
relationships,

reproduced
from

R
eshef

et
al.

(2015a).
[N

arrow
er

is
m
ore

equitable.]
T
he

plots
w
ere

constructed
as

in
F
igure

3.
M
utualinform

ation,estim
ated

using
the

K
raskov

estim
ator,is

represented
using

the
squared

Linfoot
correlation.
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R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

F
igure

I2:
(R

eproduced
from

R
eshef

et
al.,

2015a.)
P
ow

er
of

independence
testing

using
several

leading
m
easures

of
dependence,

on
the

relationships
chosen

by
Sim

on
and

T
ibshirani

(2012),
at

50
noise

levels
w
ith

linearly
increasing

m
agnitude

for
each

relationship
and

n
=

500.
T
o
enable

com
parison

of
pow

er
regim

es
across

relationships,the
x-axis

of
each

plot
lists

R
2
rather

than
noise

m
agnitude.
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A
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p
en

d
ix

J.
E
qu

it
ab

il
it
y
A
n
al
ys
is

of
R
an

d
om

ly
C
h
os
en

Fu
n
ct
io
n
s
w
it
h

A
d
d
it
io
n
al

N
oi
se

M
od

el

F
ig
ur
e
J1

co
nt
ai
ns

a
ve
rs
io
n
of

th
e
m
ai
n
te
xt

F
ig
ur
e
4,

bu
t
w
he
re

no
is
e
ha

s
be

en
ad

de
d
on

ly
to

th
e
de
pe

nd
en
t
va
ri
ab

le
in

ea
ch

fu
nc
ti
on

al
re
la
ti
on

sh
ip
,
ra
th
er

to
bo

th
th
e
in
de
pe

nd
en
t

an
d
de
pe

nd
en
t
va
ri
ab

le
s.

A
p
p
en

d
ix

K
.
C
on

si
st
en

cy
of

In
d
ep

en
d
en

ce
T
es
ti
n
g
B
as
ed

on
T
IC

e

H
er
e
w
e
pr
ov
e
P
ro
po

si
ti
on

s
32

an
d
33

an
d
th
en

us
e
th
os
e
pr
op

os
it
io
ns

to
pr
ov
e
T
he
or
em

34
,

w
hi
ch

sh
ow

s
th
at

T
IC

e
ca
n
be

us
ed

fo
r
in
de
pe

nd
en
ce

te
st
in
g.

K
.1

P
ro
of

of
P
ro
p
os
it
io
n
32

P
ro
p
os
it
io
n

Le
t

(X
,Y

)
be

a
pa
ir

of
jo
in
tly

di
st
ri
bu
te
d
ra
nd

om
va
ri
ab
le
s.

If
X

an
d
Y

ar
e

st
at
is
ti
ca
lly

in
de
pe
nd

en
t,

th
en

M
(X
,Y

)
≡

[M
](
X
,Y

)
≡

0.
If

no
t,

th
en

th
er
e
ex
is
ts

so
m
e

a
>

0
an

d
so
m
e
in
te
ge
r
` 0
≥

2
su
ch

th
at

M
(X
,Y

) k
,`
,[
M

](
X
,Y

) k
,`
≥

a

lo
g

m
in
{k
,`
}

ei
th
er

fo
r
al
lk
≥
`
≥
` 0
,
or

fo
r
al
l`
≥
k
≥
` 0
.

P
ro
of

W
e
gi
ve

th
e
pr
oo

fo
nl
y
fo
r

[M
]

=
[M

](
X
,Y

),
w
it
h
th
e
un

de
rs
ta
nd

in
g
th
at

al
lp

ar
ts

of
th
e
ar
gu

m
en
t
ar
e
ei
th
er

id
en
ti
ca
lo

r
si
m
ila

r
fo
r
M

(X
,Y

).
W

he
n
X

an
d
Y

ar
e
in
de
pe

nd
en
t,

th
en

fo
r
an

y
gr
id
G
,(
X
,Y

)| G
ex
hi
bi
ts

in
de
pe

nd
en
ce

as
w
el
l.
T
he
re
fo
re
I
((
X
,Y

)| G
)

=
0
fo
r

al
lg

ri
ds
G
,a

nd
so

ev
er
y
en
tr
y
of

[M
],
be

in
g
a
su
pr
em

um
ov
er

su
ch

qu
an

ti
ti
es
,i
s
0.

Fo
r
th
e
ca
se

th
at
X

an
d
Y

ar
e
de
pe

nd
en
t,

ou
r
st
ra
te
gy

is
to

fir
st

fin
d,

w
it
ho

ut
lo
ss

of
ge
ne
ra
lit
y,

a
co
lu
m
n
of

[M
]
al
m
os
t
al
l
of

w
ho

se
va
lu
es

ar
e
bo

un
de
d
aw

ay
fr
om

ze
ro
,
an

d
th
en

ar
gu

e
th
at

th
is

su
ffi
ce
s.

T
he

de
pe

nd
en
ce

of
X

an
d
Y

im
pl
ie
s
th
at

M
IC
∗(
X
,Y

)
>

0
.

B
y
C
or
ol
la
ry

22
,
w
hi
ch

st
at
es

th
at

su
p
∂

[M
]

=
M
IC
∗(
X
,Y

),
w
e
th
er
ef
or
e
kn

ow
th
at

th
er
e
is

at
le
as
t
on

e
no

n-
ze
ro

el
em

en
t
of

th
e
bo

un
da

ry
of

[M
],

as
de
fin

ed
in

D
efi

ni
ti
on

14
.

W
it
ho

ut
lo
ss

of
ge
ne
ra
lit
y,

su
pp

os
e
th
at

th
is

el
em

en
t
is

[M
] ↑
,`
0

=
li

m
k
→
∞

[M
] k
,`
0
.
T
he

fa
ct

th
at

th
is

lim
it

is
st
ri
ct
ly

po
si
ti
ve

im
pl
ie
s
th
at

th
er
e
ex
is
ts

so
m
e
k

0
≥
` 0

an
d
so
m
e
r
>

0
su
ch

th
at

[M
] k
,`
0
≥
r
fo
r
al
l

k
≥
k

0
.
T
ha

t
is
,a

ll
bu

t
fin

it
el
y
m
an

y
of

th
e
en
tr
ie
s
in

th
e
` 0
-t
h
co
lu
m
n
of

[M
]
ar
e
at

le
as
t

r.
W
e
no

w
sh
ow

th
at

th
e
ex
is
te
nc
e
of

su
ch

a
co
lu
m
n
su
ffi
ce
s
to

pr
ov
e
th
e
cl
ai
m
.
F
ix

so
m
e

k
>
k

0
an

d
no

te
th
at

th
is

im
pl
ie
s
th
at
k
>
` 0
.
W
e
ar
gu

e
th
at

fo
r
al
l
`
in
{`

0
,.
..
,k
},

th
e

de
si
re
d
co
nd

it
io
n
ho

ld
s.

Si
nc
e
k
>
` 0
,t
he

te
rm

I
[∗

] (
(X
,Y

),
k
,`

0
)
in

th
e
de
fin

it
io
n
of

[M
] k
,`
0

is
a
m
ax

im
iz
at
io
n
ov
er

gr
id
s
th
at

ha
ve

an
eq
ui
pa

rt
it
io
n
of

si
ze
k
on

on
e
ax

is
an

d
an

op
ti
m
al

pa
rt
it
io
n
of

si
ze
` 0

on
th
e
ot
he
r.

Si
nc
e
w
e
al
lo
w

em
pt
y
ro
w
s/
co
lu
m
ns

in
th
e
m
ax

im
iz
at
io
n,

su
bs
ti
tu
ti
ng

an
y
`
sa
ti
sf
yi
ng

` 0
≤
`
≤
k
th
er
ef
or
e
do

es
no

t
co
ns
tr
ai
n
th
e
m
ax

im
iz
at
io
n
in

an
y
w
ay

an
d
so

it
ca
nn

ot
de
cr
ea
se
I

[∗
] .
In

ot
he
r
w
or
ds
,f
or
`
sa
ti
sf
yi
ng

` 0
≤
`
≤
k
,w

e
ha

ve

I
[∗

] ((
X
,Y

),
k
,`

)
≥
I

[∗
] ((
X
,Y

),
k
,`

0
).
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E
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am
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fu
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on

s
ra
nd
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dr
aw

n
fr
om

a
G
au

s-
si
an

pr
oc
es
s
di
st
ri
bu

ti
on

,
us
in
g
a
di
ffe

re
nt

no
is
e
m
od

el
.
T
hi
s
fig

ur
e
is

id
en
ti
ca
l

to
F
ig
ur
e
4,

bu
t
w
it
h
no

is
e
ad

de
d
on

ly
to

th
e
de
pe

nd
en
t
va
ri
ab

le
in

ea
ch

re
la
-

ti
on

sh
ip
.
E
ac
h
m
et
ho

d
is

as
se
ss
ed

as
in

F
ig
ur
e
4,

w
it
h
a
re
d
in
te
rv
al

in
di
ca
ti
ng

th
e
w
id
es
t
ra
ng

e
of
R

2
va
lu
es

co
rr
es
po

nd
in
g
to

an
y
on

e
va
lu
e
of

th
e
st
at
is
ti
c;

th
e
na

rr
ow

er
th
e
re
d
in
te
rv
al
,
th
e
hi
gh

er
th
e
eq
ui
ta
bi
lit
y.

Sa
m
pl
e
re
la
ti
on

sh
ip
s

fo
r
ea
ch

G
au

ss
ia
n
pr
oc
es
s
ba

nd
w
id
th

ar
e
sh
ow

n
in

th
e
to
p
ri
gh

t
w
it
h
m
at
ch
in
g

co
lo
rs
.
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Since
k
≥
`,`

0 ,the
norm

alizations
in

the
definition

of
[M

]k
,`
and

[M
]k
,`
0
are

log
`
and

lo
g
`
0

respectively.
T
herefore,w

e
have

that

[M
]k
,` ≥

[M
]k
,`
0

log
`
0

lo
g
`
≥
r

lo
g
`
0

lo
g
`

w
here

the
last

inequality
is

because
k
>
k

0 .
Setting

a
=
r

lo
g
`
0
then

gives
the

result.

K
.2

P
roof

of
P
rop

osition
33

P
rop

osition
Let

(X
,Y

)
be

a
pair

of
jointly

distributed
random

variables.
If
X

and
Y

are
statistically

independent,
then

S
B

(M
(X
,Y

))
=
S
B

([M
](X

,Y
))

=
0
for

all
B
>

0.
If

not,
then

S
B

(M
(X
,Y

))
and

S
B

([M
](X

,Y
))

are
both

Ω
(B

log
lo

g
B

).

P
roof

W
e
give

the
argum

ent
for

M
=
M

(X
,Y

)
only,but

the
argum

ent
holds

as
stated

for
[M

](X
,Y

)
as

w
ell.

T
he

result
follow

s
from

the
guarantee

given
by

the
P
roposition

32
above.

In
the

case
of

independence,the
proposition

tells
us

that
M
≡

0,w
hich

im
m
ediately

gives
that

S
B

(M
)

=
0

for
all

B
>

0.
For

the
case

of
dependence,

the
proposition

im
plies

that
there

is
som

e
a
>

0
and

som
e
integer

`
0 ≥

2
such

that,
w
ithout

loss
of

generality,
M
k
,` ≥

a
/

lo
g
`
for

all
k
≥
`≥

`
0 .

W
e
convert

this
into

a
low

er
bound

on
S
B

(M
).

T
he

key
is

to
w
rite

the
sum

one
colum

n
at

a
tim

e,
counting

how
m
any

entries
in

each
colum

n
both

satisfy
k
≥
`≥

`
0
and

k
`≤

B
.
For

any
`
satisfying

`
0 ≤

`≤
√
B
,the

entries
(`,`),...,(B

/`,`)
m
eet

this
criterion,and

there
are

B
/`

0 −
(`

0 −
1
)
ofthem

.
M
oreover,since

the
guarantee

ofP
roposition

32
tells

us
that

allofthese
entries

are
at

least
a
/

lo
g
`,w

e
can

low
er-bound

S
B

(M
)
as

follow
s.

S
B

(A
)≥

√
B
∑`=
`
0

a

lo
g
` (

B`
−

(`−
1) )

=
a
B

√
B
∑`=
`
0

1

`
lo

g
` −

a

√
B
∑`=
`
0

`−
1

log
`

=
a 

B

√
B
∑`=
`
0

1

`
lo

g
` −

O
(B

) 

=
Ω

(B
lo

g
lo

g
B

)

w
here

the
second-to-last

equality
is
because

(`−
1
)/

lo
g
`≤

`,and
the

last
equality

is
because

∑
ni=
i0

1
/(i

lo
g
i)

grow
s
like

lo
g

lo
g
n.

K
.3

P
roof

of
T
h
eorem

34

T
h
eorem

T
he

statistics
T
IC

B
and

T
IC

e
,B

yield
consistent

right-tailed
tests

of
indepen-

dence,
provided

ω
(1)

<
B

(n
)≤

O
(n

1−
ε)

for
som

e
ε
>

0.
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R
esh

ef,
R

esh
ef,

F
in

u
ca

n
e,

S
a
beti,

a
n
d

M
itzen

m
ach

er

P
roof

W
e
give

the
proof

for
T
IC

only;how
ever,the

argum
ent

holds
as

stated
for

T
IC

e
as

w
ell.Let

(X
,Y

)
be

jointly
distributed

random
variables,and

let
D
n
be

a
sam

ple
ofsize

n
from

the
distribution

of
(X
,Y

).
Let

M
=
M

(X
,Y

)
be

the
characteristic

m
atrix

of
(X
,Y

)
and

let
M̂

(D
n
)
be

the
sam

ple
characteristic

m
atrix.

It
suffi

ces
to

establish
the

result
for

a
determ

in-
istic

m
onotonic

function
of

T
IC

B
(D

n
).

W
e
therefore

show
convergence

of
T
IC

B
(D

n
)/
B

(n
)

to
zero

under
the

null
hypothesis

of
independence

and
to
∞

under
any

alternative.
O
ur

general
strategy

for
doing

so
is

to
translate

know
n
bounds

on
our

error
at

estim
ating

en-
tries

of
M

into
bounds

on
the

difference
betw

een
T
IC

B
(D

n
)/B

(n
)

=
S
B

(n
) (M̂

(D
n
))/B

(n
)

and
S
B

(M
)/
B

(n
).

W
e
then

obtain
the

result
by

invoking
P
roposition

33,
w
hich

im
plies

that
S
B

(M
)/B

(n
)
is

zero
under

the
null

hypothesis
but

grow
s
w
ithout

bound
under

the
alternative.

W
e
know

from
Lem

m
a
38

(Lem
m
a
42

for
the

equicharacteristic
m
atrix)

that
there

exists
som

e
a
>

0
depending

only
on

B
such

that
∣∣∣ M̂

(D
n
)
k
,` −

M
k
,` ∣∣∣ ≤

O

(
1n
a )

for
all

k
`≤

B
(n

)
w
ith

probability
1−

o(1).
T
his

m
eans

that
w
ith

probability
1−

o(1)
w
e

have
1

B
(n

) ∣∣T
IC

B
(D

n
)−

S
B

(n
) (M

) ∣∣≤
O

(
#
n

B
(n

)n
a )

w
here

#
n
is

the
num

ber
of

pairs
(k
,`)

such
that

k
`≤

B
(n

).
It

can
be

show
n
by

taking
the

integralof
B
/x

w
ith

respect
to
x
that

#
n

=
O

(B
(n

)
log

B
(n

)).
T
herefore,the

error
in

the
above

bound
is

at
m
ost

O
(log

B
(n

)/n
a)

=
O

(1/poly
(n

))
for

our
choice

of
B

(n
).

W
e
now

use
P
roposition

33
to

show
that

this
bound

gives
the

desired
result.

U
nder

the
null

hypothesis
of

independence,
the

proposition
says

that
S
B

(n
) (M

)
=

0
alw

ays,
and

so
since

B
is

a
grow

ing
function

the
bound

im
plies

that
T
IC

B
(D

n
)/B

(n
)→

0
in

probability.
U
nder

the
alternative

hypothesis
in

w
hich

(X
,Y

)
exhibit

a
dependence,the

proposition
im

-
plies

that
S
B

(n
) (M

)/B
(n

)
>
ω

(1).
Since

B
is

a
grow

ing
function

of
n,

this
m
eans

that
for

any
r
>

0,
the

probability
that

S
B

(n
) (M

)/B
(n

)
>
r
goes

to
1
as
n
grow

s.
In

other
w
ords,

T
IC

B
(D

n
)/B

(n
)→
∞

in
probability.

A
p
p
en

d
ix

L
.
In
form

ation
-T

h
eoretic

L
em

m
as

L
em

m
a
51

Let
Π

and
Ψ

be
random

variables
distributed

over
a
discrete

set
of

states
Γ,

and
let

(π
i )
and

(ψ
i )
be

their
respective

distributions.
Let

P
=
f

(Π
)
and

Q
=
f

(Ψ
)
for

som
e

function
f
w
hose

im
age

is
of

size
B
.
D
efine

ε
i

=
ψ
i −

π
i

π
i

.

T
hen

for
every

0
<
a
<

1
there

exists
som

e
A
>

0
such

that

|H
(Q

)−
H

(P
)|≤

(log
B

)
A
∑

i

|ε
i |

w
hen
|ε
i |≤

1−
a
for

all
i.
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E
q
u
it

a
bl

y

P
ro
of

W
e
pr
ov
e
th
e
cl
ai
m

w
it
h

en
tr
op

y
m
ea
su
re
d

in
na

ts
.

A
re
sc
al
in
g
th
en

gi
ve
s
th
e

ge
ne
ra
lr
es
ul
t.

Le
t

(p
i)

an
d

(q
i)

be
th
e
di
st
ri
bu

ti
on

s
of
P

an
d
Q

re
sp
ec
ti
ve
ly
,a

nd
de
fin

e

e i
=
q i
−
p
i

p
i

an
al
og
ou

sl
y
to
ε i
.
B
ef
or
e
pr
oc
ee
di
ng

,w
e
ob

se
rv
e
th
at

e i
=

∑

j∈
f
−
1
(i

)

π
j p
i
ε j
.

W
e
no

w
pr
oc
ee
d
w
it
h
th
e
ar
gu

m
en
t.

W
e
ha

ve
fr
om

R
ou

ls
to
n
(1
99
9)

th
at

|H
(Q

)
−
H

(P
)|
≤

∣ ∣ ∣ ∣ ∣∑ i

( e i
p
i(

1
+

ln
p
i)

+
1 2
e2 i
p
i
+
O
( e

3 i

))
∣ ∣ ∣ ∣ ∣

(3
)

≤
∣ ∣ ∣ ∣ ∣∑ i

e i
p
i∣ ∣ ∣ ∣ ∣+

∣ ∣ ∣ ∣ ∣∑ i

e i
p
i
ln
p
i∣ ∣ ∣ ∣ ∣+

1 2

∣ ∣ ∣ ∣ ∣∑ i

e2 i
p
i∣ ∣ ∣ ∣ ∣+

∣ ∣ ∣ ∣ ∣∑ i

O
( e

3 i

)∣ ∣ ∣ ∣ ∣
(4
)

=

∣ ∣ ∣ ∣ ∣∑ i

e i
p
i
ln
p
i∣ ∣ ∣ ∣ ∣+

1 2

∑ i

e2 i
p
i
+

∣ ∣ ∣ ∣ ∣∑ i

O
( e

3 i

)∣ ∣ ∣ ∣ ∣
(5
)

w
he
re

th
e
fin

al
eq
ua

lit
y
is

be
ca
us
e
∑

i
e i
p
i

=
∑

i
q i
−
∑

i
p
i

=
0
.
W
e
pr
oc
ee
d
by

bo
un

di
ng

ea
ch

of
th
e
te
rm

s
in

E
qu

at
io
n
5
se
pa

ra
te
ly
.

T
o
bo

un
d
th
e
fir
st

te
rm

,w
e
w
ri
te

∣ ∣ ∣ ∣ ∣∑ i

e i
p
i
ln
p
i∣ ∣ ∣ ∣ ∣≤
−
∑ i

|e i
|p
i
ln
p
i.

W
e
th
en

no
te

th
at
−
∑

i
p
i
ln
p
i
≤

ln
B
,a

nd
si
nc
e
ea
ch

of
th
e
su
m
m
an

ds
ha

s
th
e
sa
m
e
si
gn

th
is

m
ea
ns

th
at
−
p
i
ln
p
i
≤

ln
B
.
W
e
al
so

ob
se
rv
e
th
at

|e i
|≤

∣ ∣ ∣ ∣ ∣ ∣
∑

j∈
f
−
1
(i

)

π
j p
i
ε j

∣ ∣ ∣ ∣ ∣ ∣≤
∑ j

π
j p
i
|ε j
|≤

∑ j

|ε j
|

si
nc
e
π
j
/p
i
≤

1
.
T
og
et
he
r,
th
es
e
tw

o
fa
ct
s
gi
ve

−
∑ i

|e i
|p
i
ln
p
i
≤

(l
n
B

)
∑ i

|e i
|

≤
(l

n
B

)
∑ i

|ε i
|

T
he

se
co
nd

in
eq
ua

lit
y
is

be
ca
us
e
ea
ch

e i
is

a
w
ei
gh

te
d
av
er
ag
e
of

a
se
t
of
ε i

an
d
ea
ch

ε i
en
te
rs

in
to

th
e
ex
pr
es
si
on

of
ex
ac
tl
y
on

e
e i
.

T
o
bo

un
d
th
e
se
co
nd

te
rm

,w
e
us
e
th
e
fa
ct

th
at
p
i
≤

1
fo
r
al
li
,a

nd
so

∑ i

e2 i
p
i
≤
∑ i

e2 i
.
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R
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R
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h
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,
F
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ca
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e,

S
a
be

ti
,
a
n
d

M
it

ze
n
m
ac

h
er

W
e
th
en

w
ri
te

∑ i

e2 i
=

∑ i

 
∑

j∈
f
−
1
(i

)

π
j p
i
ε j

 
2

≤
∑ i

∑

j∈
f
−
1
(i

)

π
j p
i
ε2 j

≤
∑ j

ε2 j

=
∑ j

O
(|ε

j
|)

w
he
re

th
e
se
co
nd

lin
e
is

a
co
ns
eq
ue
nc
e
of

th
e
co
nv

ex
it
y
of
f

(x
)

=
x

2
an

d
th
e
th
ir
d
lin

e
is

be
ca
us
e
th
e
se
ts
f
−

1
(i

)
pa

rt
it
io
n

Γ
.

T
o
bo

un
d
th
e
th
ir
d
te
rm

,w
e
w
ri
te

∣ ∣ ∣ ∣ ∣∑ i

O
( e

3 i

)∣ ∣ ∣ ∣ ∣
≤
∑ i

O
( |e

i|3
)

an
d
th
en

pr
oc
ee
d
as

w
e
di
d
w
it
h
th
e
se
co
nd

te
rm

,
us
in
g
th
e
fa
ct

th
at
f

(x
)

=
x

3
is

co
nv

ex
fo
r
x
≥

0.
T
hi
s
gi
ve
s

∑ i

O
( |e

i|3
) ≤

∑ i

O
( |ε

i|3
) =

∑ i

O
(|ε

i|)

co
m
pl
et
in
g
th
e
pr
oo

f.

L
em

m
a
52

Le
t
{w

i}
⊂

[0
,1

]
be

a
se
t
of

si
ze
n
w
it
h
∑

i
w
i
≤

1
,
an

d
le
t
{u

i}
be

a
se
t
of
n

no
n-
ne
ga
ti
ve

nu
m
be
rs

sa
ti
sf
yi
ng
∑

i
u
i

=
a
an

d
u
i
≤
w
i.

T
he
n

n ∑ i=
1

w
iH

b

(
u
i

w
i

)
≤
H
b
(a

)

w
he
re
H
b
is

th
e
bi
na

ry
en

tr
op

y
fu
nc

ti
on

.

P
ro
of

C
on

si
de
r
th
e
ra
nd

om
va
ri
ab

le
X

ta
ki
ng

va
lu
es

in
{0
,.
..
,n
}
th
at

eq
ua

ls
ze
ro

w
it
h

pr
ob

ab
ili
ty

1
−
∑

i
w
i
an

d
eq
ua

ls
i
w
it
h
pr
ob

ab
ili
ty
w
i
fo
r

0
<
i
≤
n
.
D
efi

ne
th
e
ra
nd

om
va
ri
ab

le
Y

ta
ki
ng

va
lu
es

in
{0
,1
}
by

P
(Y

=
0|
X

=
i)

=

{
0

i
=

0
u
i/
w
i

0
<
i
≤
n

.

T
he

fu
nc
ti
on

w
e
w
is
h
to

bo
un

d
eq
ua

ls
H

(Y
|X

)
≤
H

(Y
).

W
e
th
er
ef
or
e
ob

se
rv
e
th
at

n ∑ i=
1

w
iH

b

(
u
i

w
i

)
≤
H

(Y
).
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T
he

result
follow

s
from

the
observation

that

P
(Y

=
0
)

=
∑

i

P
(X

=
i)
u
i

w
i

=
∑

i

u
i ≤

a
.

L
em

m
a
53

Let
X

be
a
random

variable
distributed

over
k
states,

w
ith

P
(X

=
x

)
=
p
x .

Let
α
x
≥

0
be

such
that ∑

α
x

=
δ,

and
define

the
random

variable
X
′
by

P
(X
′
=
x

)
=

(p
x

+
α
x )/

(1
+
δ).

W
e
have∣∣H

(X
′)−

H
(X

) ∣∣≤
H
b (δ)

+
δ

lo
g
k

w
here

H
b
is

the
binary

entropy
function.

P
roof

D
efine

a
new

random
variable

Z
by

P
(Z

=
0|X

′
=
x )

=
p
x

p
x

+
α
x
,

P
(Z

=
1|X

′
=
x )

=
α
x

p
x

+
α
x
.

W
e
w
illuse

the
fact

that
H

(X
′|Z

=
0
)

=
H

(X
)
to

obtain
the

required
bound.

T
o
upper

bound
H

(X
′)−

H
(X

),w
e
w
rite

H
(X
′)−

H
(X

)
≤

H
(X
′,Z

)−
H

(X
)

=
H

(Z
)

+
P

(Z
=

0
)
H

(X
′|Z

=
0
)

+
P

(Z
=

1
)
H

(X
′|Z

=
1
)−

H
(X

)

≤
H
b (δ)

+
(1−

δ)H
(X

)
+
δH

(X
′|Z

=
1
)−

H
(X

)

=
H
b (δ)−

δH
(X

)
+
δ

log
k

≤
H
b (δ)

+
δ

lo
g
k

w
here

in
the

fourth
line

w
e
have

used
that

H
(X
′|Z

=
1
)≤

lo
g
k.

T
o
upper

bound
H

(X
)−

H
(X
′),w

e
w
rite

H
(X
′)

+
H

(Z
)
≥

H
(X
′,Z

)

≥
P

(Z
=

0
)
H

(X
′|Z

=
0
)

=
(1−

δ)H
(X

)

w
hich

yields
H

(X
′)≥

(1−
δ)H

(X
)−

H
b (δ)

since
H

(Z
)

=
H
b (δ).

T
hus,w

e
have

H
(X

)−
H

(X
′)≤

δH
(X

)
+
H
b (δ)≤

δ
lo

g
k

+
H
b (δ).
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L
em

m
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Let
X

be
a
random

variable
distributed

over
k
states,

w
ith

P
(X

=
x

)
=
p
x .

Let
α
x
≤

0
be

such
that ∑

|α
x |

=
δ,

and
define

the
random

variable
X
′
by

P
(X
′
=
x

)
=

(p
x

+
α
x )/

(1−
δ).

W
e
have

∣∣H
(X
′)−

H
(X

) ∣∣≤
H
b (

δ

1−
δ )

+
δ

1−
δ

log
k

w
here

H
b
is

the
binary

entropy
function.

In
particular,

w
hen

δ≤
1/

3
w
e
have

∣∣H
(X
′)−

H
(X

) ∣∣≤
H
b (2δ)

+
2
δ

log
k
.

P
roof

W
e
observe

that
w
e
can

get
from

X
′to

X
by

adding
δ/(1−

δ)
probability

m
ass

and
rescaling.

T
he

previous
lem

m
a
then

gives
the

result.

L
em

m
a
55

Let
X

be
a
random

variable
distributed

over
k
states,

w
ith

P
(X

=
x

)
=
p
x .

Let
α
x
be

such
that ∑

|α
x |

=
δ,

and
define

the
random

variable
X
′
by

P
(X
′
=
x

)
=

(p
x

+
α
x )/

(1−
∑
α
x ).

T
hat

is,
X
′
is

the
result

of
changing

the
probability

of
state

x
by

α
x
and

then
re-norm

alizing
to

obtain
a
valid

distribution.
If
δ≤

1
/4,

w
e
have

∣∣H
(X
′)−

H
(X

) ∣∣≤
2
H
b (2δ)

+
3
δ

log
k

w
here

H
b
is

the
binary

entropy
function.

P
roof

Let
δ

+
be

the
totalm

agnitude
ofallthe

positive
α
x ,and

let
δ−

be
the

totalm
agnitude

of
all

the
negative

α
x .

W
e
first

add
all

the
m
ass

w
e’re

going
to

add,
and

apply
the

first
of

the
previous

tw
o
lem

m
as.

T
hen

w
e
rem

ove
allthe

m
ass

w
e
are

going
to

rem
ove,and

apply
the

second
of

the
tw

o
previous

lem
m
as.

T
his

yields
a
bound

of

H
b (δ

+
)

+
δ

+
log

k
+
H
b (

2
δ−

1
+
δ

+ )
+

2
δ−

1
+
δ

+
log

k

≤
H
b (δ

+
)

+
δ

+
log

k
+
H
b (2δ−

)
+

2
δ−

log
k

≤
H
b (2δ)

+
δ

log
k

+
H
b (2δ)

+
2
δ

log
k

≤
2H

b (2δ)
+

3
δ

log
k

w
here

the
first

inequality
is
because

1
+
δ

+
≤

1
+
δ
<

2
and

2δ−
≤

2δ≤
1
/2,and

the
second

inequality
is

because
δ

+
≤
δ
<

2δ≤
1/

2.
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n
te

ed
cl

a
ss

ifi
er

s
u

n
d

er
th

e
N

P
p

a
ra

d
ig

m
in

h
ig

h
-d

im
en

si
o
n

a
l

se
tt

in
g
s.

B
a
se

d
o
n

th
e

N
ey

m
an

-P
ea

rs
on

L
em

m
a
,

w
e

em
p

lo
y

N
a
iv

e
B

ay
es

m
o
d

el
s

a
n

d
p

ro
-

p
os

e
a

co
m

p
u

ta
ti

o
n
al

ly
fe

a
si

b
le

p
lu

g-
in

ap
p

ro
ac

h
to

co
n

st
ru

ct
cl

a
ss

ifi
er

s
th

at
sa

ti
sf

y
th

e
N

P
or

ac
le

in
eq

u
al

it
ie

s.
W

e
a
ls

o
im

p
ro

ve
th

e
d
et

ec
ti

o
n

co
n

d
it

io
n

,
a

cr
it

ic
al

th
eo

re
ti

ca
l

as
su

m
p

-
ti

on
fi

rs
t

in
tr

o
d

u
ce

d
in

T
on

g
(2

0
13

),
fo

r
eff

ec
ti

v
e

th
re

sh
o
ld

le
ve

l
es

ti
m

at
io

n
th

a
t

g
ro

u
n

d
s

th
e

go
o
d

N
P

p
ro

p
er

ti
es

o
f

th
es

e
cl

a
ss

ifi
er

s.
N

ec
es

si
ty

o
f

th
e

n
ew

d
et

ec
ti

o
n

co
n

d
it

io
n

is
a
ls

o
d

is
cu

ss
ed

.
N

ot
e

th
a
t

cl
as

si
fi

er
s

p
ro

p
o
se

d
in

th
is

w
o
rk

a
re

n
ot

st
ra

ig
h
tf

or
w

a
rd

ex
te

n
si

o
n

s
o
f

T
on

g
(2

01
3)

:
ke

rn
el

d
en

si
ty

es
ti

m
a
ti

on
is

n
ow

a
p

p
li

ed
in

co
m

b
in

a
ti

o
n

w
it

h
fe

a
tu

re
se

le
ct

io
n

,
an

d
th

e
th

re
sh

ol
d

le
ve

l
is

es
ti

m
a
te

d
in

a
m

o
re

p
re

ci
se

w
ay

b
y

o
rd

er
st

at
is

ti
cs

th
a
t

re
q
u

ir
e

on
ly

m
o
d

er
at

e
sa

m
p

le
si

ze
—

w
h

il
e

T
o
n

g
(2

0
1
3
)

re
so

rt
ed

to
th

e
V

a
p

n
ik

-C
h

er
v
o
n

en
k
is

th
e-

or
y

a
n

d
re

q
u

ir
ed

sa
m

p
le

si
ze

m
u

ch
b

ig
g
er

th
an

w
h

a
t

is
av

ai
la

b
le

in
m

os
t

h
ig

h
-d

im
en

si
o
n

al
ap

p
li

ca
ti

on
s.

T
h

e
re

st
of

th
e

p
a
p

er
is

or
g
an

iz
ed

a
s

fo
ll

ow
s.

T
w

o
sc

re
en

in
g

b
as

ed
p

lu
g
-i

n
N

P
-t

y
p

e
cl

a
ss

ifi
er

s
ar

e
p

re
se

n
te

d
in

S
ec

ti
on

2
,

w
h

er
e

th
eo

re
ti

ca
l

p
ro

p
er

ti
es

ar
e

a
ls

o
d

is
cu

ss
ed

.
P

er
-

fo
rm

an
ce

of
th

e
p

ro
p

o
se

d
cl

a
ss

ifi
er

s
is

d
em

o
n

st
ra

te
d

in
S

ec
ti

on
3

b
y

b
o
th

si
m

u
la

ti
o
n

st
u

d
ie

s
an

d
re

al
d

at
a

an
al

y
si

s.
W

e
co

n
cl

u
d

e
in

S
ec

ti
o
n

4
w

it
h

a
sh

o
rt

d
is

cu
ss

io
n

.
T

h
e

te
ch

n
ic

al
p

ro
o
fs

a
re

re
le

ga
te

d
to

th
e

A
p

p
en

d
ix

.

2
.

M
e
th

o
d
s

In
th

is
se

ct
io

n
,

w
e

fi
rs

t
in

tr
o
d

u
ce

se
v
er

a
l

n
o
ta

ti
o
n

s
a
n

d
d

efi
n

it
io

n
s,

w
it

h
a

fo
cu

s
o
n

th
e

d
et

ec
ti

o
n

co
n

d
it

io
n

.
T

h
en

w
e

p
re

se
n
t

th
e

p
lu

g
-i

n
p

ro
ce

d
u

re
,

to
g
et

h
er

w
it

h
it

s
th

eo
re

ti
ca

l
p

ro
p

er
ti

es
.

2
.1

N
o
ta

ti
o
n

s
a
n

d
d

e
fi

n
it

io
n

s

W
e

in
tr

o
d

u
ce

h
er

e
se

ve
ra

l
n

ot
a
ti

on
s

ad
ap

te
d

fr
o
m

A
u

d
ib

er
t

a
n

d
T

sy
b

a
ko

v
(2

0
07

).
F

o
r

β
>

0
,

d
en

ot
e

b
y
bβ
c

th
e

la
rg

es
t

in
te

g
er

st
ri

ct
ly

le
ss

th
an

β
.

F
or

a
n
y
x
,x
′
∈

R
a
n

d
a
n
y

bβ
c

ti
m

es
co

n
ti

n
u

ou
sl

y
d

iff
er

en
ti

a
b

le
re

a
l-

va
lu

ed
fu

n
ct

io
n
g
(·)

o
n
R

,
w

e
d

en
o
te

b
y
g x

it
s

T
ay

lo
r

p
ol

y
n

om
ia

l
o
f

d
eg

re
e
bβ
c

at
p

oi
n
t
x

.
F

o
r
L
>

0
,

th
e

(β
,L
,[
−

1
,1

])
-H

ö
ld

er
cl

a
ss

of
fu

n
ct

io
n

s,
d

en
o
te

d
b
y

Σ
(β
,L
,[
−

1,
1
])

,
is

th
e

se
t

o
f

fu
n

ct
io

n
s
g

:
[−

1
,1

]
→

R
th

a
t

ar
e

bβ
c

ti
m

es
co

n
ti

n
u

ou
sl

y
d

iff
er

en
ti

a
b

le
an

d
sa

ti
sf

y,
fo

r
an

y
x
,x
′
∈

[−
1,

1
],

th
e

in
eq

u
al

it
y

|g
(x
′ )
−
g x

(x
′ )
|≤

L
|x
−
x
′ |β
.

T
h

e
(β
,L
,[
−

1,
1
])

-H
ö
ld

er
cl

as
s

o
f

d
en

si
ty

is
d

efi
n

ed
a
s

P Σ
(β
,L
,[
−

1,
1
])

=

{ f
:
f
≥

0
,∫

f
=

1,
f
∈

Σ
(β
,L
,[
−

1
,1

])

}
.

W
e

w
il

l
u

se
β

-v
al

id
ke

rn
el

s
(k

er
n

el
s

o
f

o
rd

er
β

,
T

sy
b

a
ko

v
(2

0
0
9
))

fo
r

a
ll

th
e

ke
rn

el
es

ti
m

at
io

n
th

ro
u

g
h

o
u

t
th

e
th

eo
re

ti
ca

l
d

is
cu

ss
io

n
,

th
e

d
efi

n
it

io
n

o
f

w
h

ic
h

is
a
s

fo
ll

ow
s.

D
e
fi

n
it

io
n

2
.1

.
L

et
K

(·)
be

a
re

a
l-

va
lu

ed
fu

n
ct

io
n

o
n
R

w
it

h
su

p
po

rt
[−

1,
1
].

T
h
e

fu
n

ct
io

n
K

(·)
is

a
β

-v
a
li

d
ke

rn
el

if
it

sa
ti

sfi
es
∫
K

=
1,
∫
|K
|v
<
∞

fo
r

a
n

y
v
≥

1,
∫
|t|
β
|K

(t
)|d
t
<

∞
,

a
n

d
in

th
e

ca
se
bβ
c≥

1
,

it
sa

ti
sfi

es
∫
tl
K

(t
)d
t

=
0

fo
r

a
n

y
l
∈
N

su
ch

th
a
t

1
≤
l
≤
bβ
c.
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N
e
y
m

a
n
-P

e
a
r
so

n
C

l
a
ssif

ic
a
t
io

n

W
e

a
ssu

m
e

th
at

all
th

e
β

-va
lid

k
ern

els
co

n
sid

ered
in

th
e

th
eo

retica
l

p
a
rt

o
f

th
is

p
ap

er
a
re

con
stru

cted
fro

m
L

eg
en

d
re

p
o
ly

n
om

ia
ls,

an
d

a
re

th
u

s
L

ip
sch

itz
a
n

d
b

o
u

n
d

ed
,

sa
tisfy

in
g

th
e

k
ern

el
co

n
d

ition
s

fo
r

th
e

im
p

o
rta

n
t

tech
n

ica
l

L
em

m
a

A
.6.

D
e
fi

n
itio

n
2
.2

(m
a
rg

in
a
ssu

m
p

tio
n

).
A

fu
n

ctio
n
f

(·)
is

sa
id

to
sa

tisfy
m

a
rgin

a
ssu

m
p
tio

n
o
f

o
rd

er
γ̄

w
ith

respect
to

p
ro

ba
bility

d
istribu

tio
n
P

a
t

th
e

level
C
∗

if
th

ere
exists

a
po

sitive
co

n
sta

n
t
M

0 ,
su

ch
th

a
t

fo
r

a
n

y
δ≥

0
,

P
{|f

(X
)−

C
∗|≤

δ}
≤
M

0 δ
γ̄
.

T
h

is
a
ssu

m
p

tio
n

w
a
s

fi
rst

in
tro

d
u

ced
in

P
o
lo

n
ik

(1
9
95

).
In

th
e

cla
ssical

b
in

a
ry

cla
s-

sifi
ca

tio
n

fra
m

ew
ork

,
M

am
m

en
a
n

d
T

sy
b

a
k
ov

(1
99

9
)

p
ro

p
osed

a
sim

ila
r

co
n

d
itio

n
n

am
ed

“
m

a
rg

in
con

d
ition

”
b
y

req
u

irin
g

m
ost

d
a
ta

to
b

e
aw

ay
fro

m
th

e
o
p

tim
a
l

d
ecisio

n
b

ou
n

d
ary.

In
th

e
classical

classifi
catio

n
p

a
ra

d
ig

m
,

d
efi

n
ition

2
.2

red
u

ces
to

th
e

“
m

arg
in

co
n

d
ition

”
b
y

tak
in

g
f

=
η

an
d
C
∗

=
1
/2,

w
ith
{
x

:|f
(x

)−
C
∗|

=
0}

=
{
x

:
η
(x

)
=

1
/2}

giv
in

g
th

e
d

ecisio
n

b
o
u

n
d

a
ry

o
f

th
e

B
ay

es
cla

ssifi
er.

O
n

th
e

oth
er

h
a
n

d
,

u
n

like
th

e
cla

ssical
p

a
ra

d
ig

m
w

h
ere

th
e

o
p

tim
a
l

th
resh

old
level

is
k
n

ow
n

a
n

d
d
o
es

n
o
t

n
eed

a
n

estim
a
te,

th
e

o
p

tim
al

th
resh

old
lev

el
C
α

in
th

e
N

P
p

a
ra

d
ig

m
is

u
n

k
n

ow
n

an
d

n
eed

s
to

b
e

estim
a
ted

,
su

g
g
estin

g
th

e
n

ecessity
o
f

h
av

in
g

su
ffi

cien
t

d
a
ta

a
rou

n
d

th
e

d
ecisio

n
b

o
u

n
d

a
ry

to
d

etect
it

w
ell.

T
h

is
co

n
cern

m
o
tivated

th
e

follow
in

g
co

n
d

itio
n

im
p

roved
fro

m
T

o
n

g
(2

0
1
3).

D
e
fi

n
itio

n
2
.3

(d
etectio

n
co

n
d

itio
n

).
A

fu
n

ctio
n
f

(·)
is

sa
id

to
sa

tisfy
d
etectio

n
co

n
d
itio

n
o
f

o
rd

er
γ−

w
ith

respect
to
P

(i.e.,
X
∼
P

)
a
t

level
(C
∗,δ ∗)

if
th

ere
exists

a
po

sitive
co

n
sta

n
t

M
1 ,

su
ch

th
a
t

fo
r

a
n

y
δ∈

(0,δ ∗),

P
{
C
∗≤

f
(X

)≤
C
∗

+
δ}
≥
M

1 δ
γ−
.

A
d

etectio
n

co
n

d
itio

n
w

o
rk

s
as

a
n

o
p

p
o
site

fo
rce

to
th

e
m

a
rgin

a
ssu

m
p

tio
n

,
a
n

d
is

b
a
sica

lly
a
n

a
ssu

m
p

tio
n

on
th

e
low

er
b

o
u

n
d

o
f

p
ro

b
a
b

ility.
T

h
o
u

g
h

w
e

ta
ke

h
ere

a
p

ow
er

fu
n

ctio
n

of
δ

a
s

th
e

low
er

b
ou

n
d

,
so

th
at

it
is

sim
p

le
a
n
d

a
esth

etica
lly

sim
ila

r
to

th
e

m
a
rg

in
assu

m
p

tio
n

,
a
n
y

in
crea

sin
g

fu
n

ctio
n
u

(·)
o
f
δ

o
n
R

+
w

ith
lim

x→
0
+
u

(x
)

=
0

sh
o
u

ld
b

e
a
b

le
to

serve
th

e
p

u
rp

o
se.

T
h

e
v
ersio

n
o
f

d
etectio

n
co

n
d

itio
n

w
e

w
o
u

ld
u

se
to

esta
b

lish
th

e
N

P
in

eq
u

alities
for

th
e

(to
b

e)
p

rop
osed

cla
ssifi

ers
ta

kes
f

=
r,
C
∗

=
C
α
,

a
n

d
P

=
P

0
(reca

ll
th

a
t
P

0
is

th
e

co
n

d
ition

al
d

istrib
u

tio
n

o
f
X

g
iven

Y
=

0
).

N
ow

w
e

arg
u

e
w

h
y

su
ch

a
co

n
d

itio
n

is
n

ecessa
ry

to
a
ch

iev
e

th
e

N
P

o
ra

cle
in

eq
u

a
lities.

C
o
n

sid
er

th
e

sim
p

ler
ca

se
w

h
ere

th
e

d
en

sity
ra

tio
r

is
k
n

ow
n
,

a
n

d
w

e
o
n

ly
n

eed
a

p
ro

p
er

estim
a
te

of
th

e
th

resh
o
ld

lev
el
Ĉ
α
.

If
th

ere
is

n
o
th

in
g

like
th

e
d

etectio
n

con
d

itio
n

(D
efi

n
itio

n
2.3

in
v
o
lves

a
p

ow
er

fu
n

ctio
n
,

b
u

t
th

e
id

ea
is

ju
st

to
h

ave
a
n
y

k
in

d
of

low
er

b
o
u

n
d

),
w

e
w

o
u

ld
h

ave,
for

so
m

e
δ
>

0
,

P
0 {C

α
≤
r(X

)≤
C
α

+
δ}

=
0
.

(2
.1

)

In
gettin

g
th

e
th

resh
old

estim
a
te
Ĉ
α

o
f
φ̂

(x
)

=
1I{
r(x

)≥
Ĉ
α }

,
w

e
can

n
o
t

d
istin

g
u

ish
a
n
y

th
resh

o
ld

level
b

etw
een

C
α

a
n

d
C
α

+
δ.

In
p

a
rticu

la
r,

it
is

p
o
ssib

le
th

a
t

Ĉ
α
>
C
α

+
δ/2

.

B
u

t
th

en
th

e
ex

cess
ty

p
e

II
error

is
b

o
u

n
d

ed
fro

m
b

elow
a
s

fo
llow

s
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Z
h
a
o
,

F
e
n
g

,
W

a
n
g

a
n
d

T
o
n
g

R
1 (φ̂

)−
R

1 (φ
∗)

=
P

1 {C
α
<
r(X

)
<
Ĉ
α }

>
P

1 {
C
α
<
r(X

)
<
C
α

+
δ/2}

,

w
h

ere
th

e
last

q
u

a
n
tity

can
b

e
p

ositive.
T

h
erefore,

th
e

secon
d

N
P

oracle
in

eq
u

a
lity

(d
im

in
-

ish
in

g
ex

cess
ty

p
e

II
error)

d
o
es

n
ot

h
old

for
φ̂

.
S

in
ce

som
e

d
etection

con
d

ition
is

n
ecessary

in
th

is
sim

p
ler

case,
it

is
certain

ly
n

ecessary
in

ou
r

real
setu

p
.

N
ote

th
a
t

D
efi

n
ition

2.3
is

a
sign

ifi
can

t
im

p
rovem

en
t

o
f

th
e

d
etection

co
n

d
ition

form
u

-
la

ted
in

T
o
n

g
(20

13),
w

h
ich

req
u

ires

P
{
C
∗−

δ≤
f

(X
)≤

C
∗}∧

P
{C
∗≤

f
(X

)≤
C
∗

+
δ}
≥
M

1 δ
γ−
.

W
e

a
re

ab
le

to
d

rop
th

e
low

er
b

ou
n
d

for
th

e
fi

rst
p

iece
d
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ü

h
lm

an
n

(2010)
an

d
R

ob
in

s
et

a
l.

(2006).
G

iv
en

th
ese

sam
p

les,
w

e
in

tro
d

u
ce

th
e

fo
llow

in
g

p
lu

g
-in

p
ro

ced
u

re.

D
e
fi

n
itio

n
2
.4

.
N

e
y
m

a
n

-P
e
a
rso

n
p

lu
g
-in

p
ro

c
e
d

u
re

S
tep

1
U

se
S

11
,S

12
,S

01
,

a
n

d
S

02
to

co
n

stru
ct

a
d
en

sity
ra

tio
estim

a
te
r̂.

T
h
e

specifi
c

u
se

o
f

ea
ch

su
bsa

m
p
le

w
ill

be
in

trod
u

ced
in

S
ectio

n
2
.4

.

S
tep

2
G

iven
r̂,

ch
oo

se
a

th
resh

o
ld

estim
a
te
Ĉ
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−
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∞
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p
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m
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p
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d
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=
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Ĉ
α
−
T
}.

T
h
u

s,
w

e
h

av
e
Ĉ
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Ĉ
α }

=
{
r
<
C
α
,r≥

r−
r̂

+
Ĉ
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P
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p
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p
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p
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p
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p
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p
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p
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b
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b
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ra
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p
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ra
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d
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n
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p
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a
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a
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a
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u
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p
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p
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h
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e
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p
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p
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p
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p
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itio

n
al

co
m

p
u

ta
tio

n
a
l

co
m

p
lex

ity
o
f
β
S

is
O

(rp
2),

i.e.,
sim

p
ly

call
a

trad
ition

a
l

L
S

so
lver

o
n

th
e

sketch
ed

p
rob

lem
.

T
h
u

s,
w

h
en

u
sin

g
a

sketch
in

g
a
lgo

rith
m

,
tw

o
criteria

a
re

im
p

o
rta

n
t:

fi
rst,

en
su

re
th

e
a
ccu

racy
o
f

th
e

sketch
ed

L
S

estim
a
to

r
is

com
p

ara
b

le
to

,
e.g.,

n
o
t

m
u

ch
w

o
rse,

th
a
n

th
e

p
erfo

rm
a
n

ce
o
f

th
e

origin
al

L
S

estim
a
to

r;
a
n

d
secon

d
,

en
su

re
th

a
t

co
m

p
u

tin
g

a
n

d
a
p

p
ly

in
g

th
e

sketch
in

g
m

a
trix

S
is

n
ot

to
o

co
m

p
u

ta
tion

ally
in

ten
sive,

e.g
.,

th
a
t

is
fa

ster
th

a
n

so
lv

in
g

th
e

o
rig

in
al

p
ro

b
lem

ex
actly.

1
.2

P
rio

r
R

e
su

lts

R
a
n

d
o
m

sam
p

lin
g

a
n

d
ra

n
d

om
p

ro
jection

s
p

rov
id

e
tw

o
a
p

p
ro

a
ch

es
to

con
stru

ct
sk

etch
in

g
m

a
trices

S
th

a
t

sa
tisfy

b
oth

o
f

th
ese

criteria
an

d
th

a
t

h
ave

receiv
ed

atten
tio

n
recen

tly
in

th
e

co
m

p
u

ter
scien

ce
com

m
u

n
ity.

V
ery

lo
o
sely

sp
ea

k
in

g
,

a
ra

n
d

o
m

p
ro

jectio
n

m
a
trix

S
is

a
d

en
se

m
atrix

, 3
w

h
ere

ea
ch

en
try

is
a

m
ea

n
-zero

b
o
u

n
d
ed

-varia
n

ce
G

a
u

ssian
o
r

R
ad

em
a
ch

er
ran

d
o
m

va
ria

b
le,

a
lth

o
u

g
h

oth
er

co
n

stru
ctio

n
s

b
a
sed

on
ran

d
o
m

ized
H

a
d

a
m

a
rd

tra
n

sfo
r-

m
a
tio

n
s

a
re

also
o
f

in
terest;

an
d

a
ra

n
d

o
m

sa
m

p
lin

g
m

a
trix

S
is

a
very

sp
a
rse

m
a
trix

th
a
t

h
a
s

ex
a
ctly

1
n

o
n

-zero
en

try
(w

h
ich

ty
p

ica
lly

eq
u

als
o
n
e

m
u
ltip

lied
b
y

a
resca

lin
g

fa
cto

r)
in

ea
ch

row
,

w
h

ere
th

a
t

o
n

e
n

o
n

-zero
can

b
e

ch
o
sen

u
n

iform
ly,

n
o
n

-u
n

ifo
rm

ly
b

ased
on

h
y
p

o
th

eses
ab

o
u

t
th

e
d

ata
,

o
r

n
o
n

-u
n

ifo
rm

ly
b

a
sed

o
n

em
p

irica
l

sta
tistics

o
f

th
e

d
a
ta

su
ch

a
s

th
e

levera
ge

sco
res

o
f

th
e

m
a
trix

X
.

In
p

a
rticu

la
r,

n
o
te

th
at

a
sketch

co
n

stru
cted

from
a
n
r×

n
ran

d
o
m

p
ro

jection
m

a
trix

S
co

n
sists

o
f
r

lin
ea

r
co

m
b

in
a
tion

s
of

m
o
st

o
r

a
ll

o
f

th
e

row
s

o
f

(X
,Y

),
a
n

d
a

sketch
co

n
stru

cted
fro

m
a

ra
n

d
om

sa
m

p
lin

g
m

a
trix

S
co

n
sists

o
f
r

ty
p

ica
lly

-resca
led

row
s

o
f

(X
,Y

).
R

a
n

d
om

p
ro

jectio
n

a
lgo

rith
m

s
h

ave
received

a
g
rea

t
d

ea
l

of
atten

tion
m

o
re

g
en

erally,
la

rgely
d

u
e

to
th

eir
con

n
ectio

n
s

w
ith

th
e

J
o
h

n
so

n
-L

in
d

en
stra

u
ss

lem
m

a
(J

oh
n

so
n

an
d

L
in

d
en

stra
u

ss,
1
98

4
)

a
n

d
its

ex
ten

sio
n

s;
a
n

d
ra

n
d

o
m

sa
m

p
lin

g
a
lg

o
-

rith
m

s
h

ave
received

a
g
rea

t
d

ea
l
o
f

a
tten

tio
n

,
larg

ely
d

u
e

to
th

eir
a
p

p
lica

tio
n

s
in

la
rge-scale

d
a
ta

a
n

a
ly

sis
a
p

p
lica

tio
n

s
(M

ah
on

ey
a
n

d
D

rin
ea

s,
20

0
9
).

A
d

eta
iled

overv
iew

o
f

ran
d

o
m

p
ro

jectio
n

a
n

d
ran

d
o
m

sa
m

p
lin

g
alg

o
rith

m
s

for
m

a
trix

p
rob

lem
s

m
ay

b
e

fo
u

n
d

in
th

e
recen

t
m

o
n

o
g
ra

p
h

o
f

M
ah

on
ey

(20
11

).
H

ere,
w

e
b

riefl
y

su
m

m
a
rize

th
e

m
o
st

relevan
t

asp
ects

o
f

th
e

th
eory.

In
term

s
of

ru
n

n
in

g
tim

e
g
u

a
ra

n
tees,

th
e

ru
n

n
in

g
tim

e
b

o
ttlen

eck
fo

r
ra

n
d

om
p

ro
jec-

tion
a
lg

orith
m

s
for

th
e

L
S

p
rob

lem
is

th
e

a
p

p
lica

tio
n

o
f

th
e

p
ro

jectio
n

to
th

e
in

p
u

t
d

a
ta

,
i.e.,

actu
a
lly

p
erfo

rm
in

g
th

e
m

a
trix

-m
a
trix

m
u

ltip
lica

tion
to

im
p

lem
en

t
th

e
p

ro
jectio

n
a
n

d
com

p
u

te
th

e
sk

etch
.

B
y

u
sin

g
fa

st
H

a
d

a
m

a
rd

-b
a
sed

ra
n

d
o
m

p
ro

jectio
n

s,
h

ow
ever,

D
rin

ea
s

et
al.

(2
0
11

)
d
evelop

ed
a

ran
d

o
m

p
ro

jectio
n

a
lg

orith
m

th
a
t

ru
n

s
o
n

a
rb

itra
ry

o
r

w
o
rst-ca

se
in

p
u

t
in
o(n

p
2)

tim
e.

(S
ee

D
rin

ea
s

et
a
l.

(2
0
1
1
)

for
a

p
recise

sta
tem

en
t

o
f

th
e

ru
n

n
in

g
tim

e.)
A

s
for

ra
n

d
o
m

sam
p

lin
g
,

it
is

triv
ial

to
im

p
lem

en
t

u
n

ifo
rm

ra
n

d
o
m

sa
m

p
lin

g,
b

u
t

it
is

very
easy

to
sh

ow
ex

am
p

les
o
f

in
p

u
t

d
a
ta

on
w

h
ich

u
n

iform
sam

p
lin

g
p

erfo
rm

s
very

p
o
o
rly.

O
n

th
e

o
th

er
h

an
d

,
D

rin
ea

s
et

a
l.

(2
00

6
b

,
20

1
2
)

h
av

e
sh

ow
n

th
a
t

if
th

e
ra

n
d

o
m

sam
p

lin
g

is
p

erfo
rm

ed
w

ith
resp

ect
to

n
o
n
u

n
iform

im
p

orta
n

ce
sa

m
p

lin
g

p
ro

b
ab

ilities
th

a
t

d
ep

en
d

o
n

th
e

em
p
irica

l
sta

tistica
l

levera
ge

sco
res

o
f

th
e

in
p

u
t

m
a
trix

X
,

i.e.,
th

e
d

ia
go

n
a
l

en
tries

of
th

e
h
a
t

m
a
trix

H
=
X

(X
T
X

) −
1X

T
,

th
en

o
n

e
o
b

tain
s

a
ra

n
d

o
m

sa
m

p
lin

g
a
lg

o
rith

m
th

at
a
ch

ieves
m

u
ch

b
etter

resu
lts

fo
r

a
rb

itra
ry

o
r

w
o
rst-ca

se
in

p
u

t.

3
.

T
h
e

rea
d
er

sh
o
u
ld

,
h
ow

ev
er,

b
e

aw
a
re

o
f

recen
tly

-d
ev

elo
p

ed
in

p
u
t-sp

a
rsity

tim
e

ra
n
d

o
m

p
ro

jectio
n

m
eth

-
o
d
s

(C
la

rk
so

n
a
n
d

W
o
o
d
ru

ff
,

2
0
1
3
;

M
en

g
a
n
d

M
a
h
o
n
ey,

2
0
1
3
;

N
elso

n
a
n
d

H
u
y
,

2
0
1
3
).
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R
a
sk

u
t
t
i

a
n
d

M
a
h
o
n
e
y

L
everage

sco
res

h
ave

a
lon

g
h

istory
in

rob
u

st
statistics

a
n

d
ex

p
erim

en
ta

l
d

esign
.

In
th

e
ro

b
u

st
statistics

com
m

u
n

ity,
sam

p
les

w
ith

h
igh

leverage
scores

are
ty

p
ically

fl
ag

ged
as

p
oten

tia
l
ou

tliers
(see,

e.g.,
C

h
atterjee

an
d

H
ad

i
(2006,

1988);
H

am
p

el
et

al.
(1

986);
H

oa
glin

an
d

W
elsch

(197
8);

H
u

b
er

an
d

R
on

ch
etti

(1981)).
In

th
e

ex
p

erim
en

tal
d

esig
n

co
m

m
u

n
ity,

sam
p

les
w

ith
h

igh
leverage

h
ave

b
een

sh
ow

n
to

im
p

rove
overall

effi
cien

cy,
p

rov
id

ed
th

at
th

e
u

n
d

erly
in

g
statistical

m
o
d

el
is

accu
rate

(see,
e.g.,

R
oyall

(19
70);

Z
av

lav
sk

y
et

al.
(20

08)).
T

h
is

sh
o
u

ld
b

e
con

trasted
w

ith
th

eir
u

se
in

th
eoretical

com
p

u
ter

scien
ce.

F
rom

th
e

al-
go

rith
m

ic
p

ersp
ective

of
w

orst-case
an

aly
sis,

th
at

w
as

ad
op

ted
b
y

D
rin

eas
et

al.
(2

011)
an

d
D

rin
eas

et
a
l.

(2012),
sam

p
les

w
ith

h
igh

leverage
ten

d
to

con
tain

th
e

m
ost

im
p

orta
n
t

in
form

a
tion

fo
r

su
b

sam
p

lin
g/sketch

in
g,

an
d

th
u

s
it

is
b

en
efi

cial
fo

r
w

o
rst-ca

se
an

a
ly

sis
to

b
ias

th
e

ran
d

o
m

sam
p
le

to
in

clu
d

e
sam

p
les

w
ith

large
statistical

levera
ge

scores
or

to
rota

te
to

a
ran

d
om

b
asis

w
h

ere
th

e
leverage

scores
are

ap
p

rox
im

ately
u

n
iform

ized
.

T
h

e
ru

n
n

in
g
-tim

e
b

ottlen
eck

for
th

is
lev

erage-b
ased

ran
d

om
sa

m
p

lin
g

algorith
m

is
th

e
com

p
u

tatio
n

of
th

e
leverage

scores
of

th
e

in
p

u
t

d
ata;

an
d

th
e

ob
v
iou

s
w

ell-k
n

ow
n

alg
orith

m
for

th
is

in
vo

lves
O

(n
p

2)
tim

e
to

p
erform

a
Q

R
d

ecom
p

osition
to

com
p

u
te

an
orth

ogon
al

b
asis

for
X

(G
olu

b
an

d
L

oan
,
1996).

B
y

u
sin

g
fast

H
ad

am
ard

-b
ased

ran
d

o
m

p
ro

jection
s,

h
ow

ever,
D

rin
ea

s
et

al.
(2

012)
sh

ow
ed

th
at

on
e

can
com

p
u

te
ap

p
rox

im
ate

Q
R

d
ecom

p
osition

s
an

d
th

u
s

ap
p

rox
im

a
te

leverage
scores

in
o(n

p
2)

tim
e,

an
d

(b
ased

on
p

rev
iou

s
w

ork
(D

rin
eas

et
al.,

2
006

b
))

th
is

im
m

ed
iately

im
p

lies
a

lev
erage-b

ased
ran

d
o
m

sam
p

lin
g

algo
rith

m
th

at
ru

n
s

on
a
rb

itra
ry

o
r

w
o
rst-case

in
p

u
t

in
o(n

p
2)

tim
e

(D
rin

eas
et

al.,
201

2).
R

ea
d

ers
in

terested
in

th
e

p
ractical

p
erform

an
ce

of
th

ese
ran

d
om

ized
alg

orith
m

s
sh

ou
ld

con
su

lt
B

e
n
d
e
n
p
ik

(A
v
ron

et
al.,

2
010

)
or

L
S
R

N
(M

en
g

et
al.,

2014).
In

term
s

o
f

accu
racy

gu
aran

tees,
b

oth
D

rin
eas

et
al.

(2011)
an

d
D

rin
eas

et
al.

(2012)
p

rove
th

a
t

th
eir

resp
ective

ran
d

om
p

ro
jection

an
d

leverag
e-b

ased
ran

d
om

sam
p

lin
g

L
S

sketch
in

g
a
lgo

rith
m

s
each

ach
ieve

th
e

follow
in

g
w

orst-case
(W

C
)

error
gu

ara
n
tee:

fo
r

a
n
y

a
rb

itra
ry

(X
,Y

),
‖Y
−
X
β
S ‖

22 ≤
(1

+
κ

)‖Y
−
X
β
O
L
S ‖

22 ,
(3)

w
ith

h
igh

p
rob

a
b

ility
for

som
e

p
re-sp

ecifi
ed

error
p

aram
eter

κ
∈

(0,1). 4
T

h
is

1
+
κ

relative-
error

gu
aran

tee
5

is
ex

trem
ely

stron
g,

an
d

it
is

ap
p

licab
le

to
arb

itrary
or

w
o
rst-ca

se
in

p
u

t.
T

h
at

is,
w

h
ereas

in
statistics

on
e

ty
p

ically
assu

m
es

a
m

o
d

el,
e.g.,

a
sta

n
d

ard
lin

ea
r

m
o
d

el
on

Y
,

Y
=
X
β

+
ε,

(4)

w
h

ere
β
∈
R
p

is
th

e
tru

e
p
aram

eter
an

d
ε∈

R
n

is
a

stan
d

ard
ized

n
oise

vector,
w

ith
E

[ε]
=

0
an

d
E

[εε
T

]
=
I
n×

n
,

in
D

rin
eas

et
al.

(2011)
an

d
D

rin
eas

et
al.

(20
12)

n
o

statistical
m

o
d

el
is

a
ssu

m
ed

on
X

an
d
Y

,
an

d
th

u
s

th
e

ru
n

n
in

g
tim

e
an

d
q
u

ality
-of-a

p
p

rox
im

ation
b

o
u

n
d

s
ap

p
ly

to
an

y
a
rb

itrary
(X
,Y

)
in

p
u

t
d
ata.

1
.3

O
u

r
A

p
p

ro
a
ch

a
n

d
M

a
in

R
e
su

lts

In
th

is
p

ap
er,

w
e

ad
op

t
a

statistical
p

ersp
ectiv

e
on

th
ese

ran
d

om
ized

sketch
in

g
algorith

m
s,

a
n

d
w

e
ad

d
ress

th
e

follow
in

g
fu

n
d

am
en

tal
q
u

estion
s.

F
irst,

u
n

d
er

a
stan

d
ard

lin
ear

m
o
d

el,
e.g.,

a
s

giv
en

in
E

q
n

.
(4),

w
h

at
p

rop
erties

of
a

sketch
in

g
m

atrix
S

are
su

ffi
cien

t
to

en
su

re

4
.

T
h
e

q
u
a
n
tity
‖
β
S
−
β
O
L
S ‖

22
is

a
lso

b
o
u
n
d
ed

b
y

D
rin

ea
s

et
a
l.

(2
0
1
1
)

a
n
d

D
rin

ea
s

et
a
l.

(2
0
1
2
).

5
.

T
h
e

n
o
n
sta

n
d
a
rd

p
a
ra

m
eter

κ
is

u
sed

h
ere

fo
r

th
e

erro
r

p
a
ra

m
eter

sin
ce
ε

is
u
sed

b
elow

to
refer

to
th

e
n
o
ise

o
r

erro
r

p
ro

cess.
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S
t
a
t
is

t
ic

a
l

P
e
r
sp

e
c
t
iv

e
o
n

R
a
n
d
o
m

iz
e
d

S
k
e
t
c
h
in

g
A

l
g

o
r
it

h
m

s

lo
w

st
at

is
ti

ca
l

er
ro

r,
e.

g.
,

m
ea

n
-s

q
u

ar
ed

,
er

ro
r?

S
ec

on
d

,
h

ow
d
o

ex
is

ti
n

g
ra

n
d

om
p

ro
je

c-
ti

on
al

go
ri

th
m

s
an

d
le

v
er

ag
e-

b
as

ed
ra

n
d

om
sa

m
p

li
n

g
al

go
ri

th
m

s
p

er
fo

rm
b
y

th
is

st
at

is
ti

ca
l

m
ea

su
re

?
T

h
ir

d
,

h
ow

d
o
es

th
is

re
la

te
to

th
e

p
ro

p
er

ti
es

of
a

sk
et

ch
in

g
m

a
tr

ix
S

th
a
t

a
re

su
ffi

ci
en

t
to

en
su

re
lo

w
w

or
st

-c
as

e
er

ro
r,

e.
g.

,
o
f

th
e

fo
rm

of
E

q
n

.
(3

),
as

h
a
s

b
ee

n
es

ta
b

-
li

sh
ed

p
re

v
io

u
sl

y
in

D
ri

n
ea

s
et

al
.

(2
01

1,
20

12
);

M
ah

on
ey

(2
01

1)
?

W
e

ad
d

re
ss

th
es

e
re

la
te

d
q
u

es
ti

on
s

in
a

n
u

m
b

er
of

st
ep

s.

In
S

ec
ti

on
2,

w
e

w
il

l
p

re
se

n
t

a
fr

am
ew

or
k

fo
r

ev
al

u
at

in
g

th
e

al
go

ri
th

m
ic

a
n

d
st

a
ti

st
ic

al
p

ro
p

er
ti

es
of

ra
n

d
om

iz
ed

sk
et

ch
in

g
m

et
h

o
d

s
in

a
u

n
ifi

ed
m

an
n

er
;

an
d

w
e

w
il

l
sh

ow
th

at
p

ro
v
id

in
g

w
or

st
-c

as
e

er
ro

r
b

ou
n
d

s
of

th
e

fo
rm

of
E

q
n

.
(3

)
an

d
p

ro
v
id

in
g

b
o
u

n
d

s
o
n

tw
o

re
la

te
d

st
at

is
ti

ca
l

ob
je

ct
iv

es
b

oi
l

d
ow

n
to

co
n
tr

ol
li

n
g

d
iff

er
en

t
st

ru
ct

u
ra

l
p

ro
p

er
ti

es
o
f

h
ow

th
e

sk
et

ch
in

g
m

at
ri

x
S

in
te

ra
ct

s
w

it
h

th
e

le
ft

si
n

gu
la

r
su

b
sp

ac
e

of
th

e
d

es
ig

n
m

a
tr

ix
.

In
p

ar
ti

cu
la

r,
w

e
w

il
l

co
n

si
d

er
th

e
ob

li
q
u

e
p

ro
je

ct
io

n
m

at
ri

x
,

Π
U S

=
U

(S
U

)†
S

,
w

h
er

e
(·)
†

d
en

ot
es

th
e

M
o
or

e-
P

en
ro

se
p

se
u

d
o-

in
ve

rs
e

of
a

m
at

ri
x

an
d
U

is
th

e
le

ft
si

n
gu

la
r

m
a
tr

ix
of

X
.

T
h

is
fr

am
ew

or
k

w
il

l
al

lo
w

u
s

to
d

ra
w

a
co

m
p

ar
is

on
b

et
w

ee
n

th
e

w
or

st
-c

as
e

er
ro

r
a
n

d
tw

o
re

la
te

d
st

at
is

ti
ca

l
effi

ci
en

cy
cr

it
er

ia
,

th
e

st
at

is
ti

ca
l

p
re

d
ic

ti
on

effi
ci

en
cy

(P
E

)
(w

h
ic

h
is

b
as

ed
on

th
e

p
re

d
ic

ti
on

er
ro

r
E[
‖X

(β̂
−
β

)‖
2 2
]

an
d

w
h

ic
h

is
gi

ve
n

in
E

q
n

.
(7

)
b

el
ow

)
a
n

d

th
e

st
at

is
ti

ca
l

re
si

d
u

al
effi

ci
en

cy
(R

E
)

(w
h

ic
h

is
b

as
ed

on
re

si
d

u
al

er
ro

r
E[
‖Y
−
X
β̂
‖2 2

]
an

d
w

h
ic

h
is

gi
ve

n
in

E
q
n

.
(8

)
b

el
ow

);
an

d
it

w
il

l
al

lo
w

u
s

to
p

ro
v
id

e
su

ffi
ci

en
t

co
n

d
it

io
n

s
th

at
an

y
sk

et
ch

in
g

m
at

ri
x
S

m
u

st
sa

ti
sf

y
in

or
d

er
to

ac
h

ie
ve

p
er

fo
rm

an
ce

gu
a
ra

n
te

es
fo

r
th

es
e

tw
o

st
at

is
ti

ca
l

ob
je

ct
iv

es
.

In
S

ec
ti

on
3,

w
e

w
il

l
p

re
se

n
t

ou
r

m
ai

n
th

eo
re

ti
ca

l
re

su
lt

s,
w

h
ic

h
co

n
si

st
o
f

b
o
u

n
d

s
fo

r
th

es
e

tw
o

st
at

is
ti

ca
l

q
u

an
ti

ti
es

fo
r

va
ri

an
ts

of
ra

n
d

om
sa

m
p

li
n

g
an

d
ra

n
d

o
m

p
ro

je
ct

io
n

sk
et

ch
in

g
al

go
ri

th
m

s.
In

p
ar

ti
cu

la
r,

w
e

p
ro

v
id

e
u

p
p

er
b

ou
n

d
s

on
th

e
P

E
a
n

d
R

E
(a

s
w

el
l

as
th

e
w

or
st

-c
as

e
W

C
)

fo
r

fo
u

r
sk

et
ch

in
g

sc
h

em
es

:
(1

)
a
n

ap
p

ro
x
im

at
e

le
ve

ra
g
e-

b
a
se

d
ra

n
d

om
sa

m
p

li
n

g
al

go
ri

th
m

,
as

is
an

al
y
ze

d
b
y

D
ri

n
ea

s
et

al
.

(2
01

2)
;

(2
)

a
va

ri
an

t
of

le
v
er

a
g
e-

b
as

ed
ra

n
d

om
sa

m
p

li
n

g,
w

h
er

e
th

e
ra

n
d

om
sa

m
p

le
s

ar
e

n
o
t

re
-s

ca
le

d
p
ri

or
to

th
ei

r
in

cl
u

si
o
n

in
th

e
sk

et
ch

,
as

is
co

n
si

d
er

ed
b
y

M
a

et
al

.
(2

01
4,

20
15

);
(3

)
a

va
n

il
la

ra
n

d
om

p
ro

je
ct

io
n

a
lg

or
it

h
m

,
w

h
er

e
S

is
a

ra
n

d
om

m
at

ri
x

co
n
ta

in
in

g
i.

i.
d
.

G
au

ss
ia

n
or

R
ad

em
ac

h
er

ra
n

d
o
m

va
ri

a
b

le
s,

as
is

p
op

u
la

r
in

st
at

is
ti

cs
an

d
sc

ie
n
ti

fi
c

co
m

p
u

ti
n

g;
an

d
(4

)
a

ra
n

d
om

p
ro

je
ct

io
n

a
lg

or
it

h
m

,
w

h
er

e
S

is
a

ra
n

d
om

H
ad

am
ar

d
-b

as
ed

ra
n

d
om

p
ro

je
ct

io
n

,
as

an
al

y
ze

d
in

B
o
u

ts
id

is
a
n

d
G

it
te

n
s

(2
01

3)
.

F
or

sk
et

ch
in

g
sc

h
em

es
(1

),
(3

),
an

d
(4

),
ou

r
u

p
p

er
b

o
u

n
d

s
fo

r
ea

ch
o
f

th
e

tw
o

m
ea

su
re

s
of

st
at

is
ti

ca
l

effi
ci

en
cy

ar
e

id
en

ti
ca

l
u

p
to

co
n

st
an

ts
;

an
d

th
ey

sh
ow

th
at

th
e

R
E

sc
al

es
as

1
+

p r
,

w
h

il
e

th
e

P
E

sc
al

es
as

n r
.

In
p

ar
ti

cu
la

r,
th

is
m

ea
n

s
th

a
t

it
is

p
os

si
b

le
to

ob
ta

in
go

o
d

b
ou

n
d

s
fo

r
th

e
R

E
w

h
en

p
.
r
�

n
(i

n
a

m
an

n
er

si
m

il
a
r

to
th

e
sa

m
p

li
n

g
co

m
p

le
x
it

y
of

th
e

W
C

b
ou

n
d

s)
;

b
u

t
in

or
d

er
to

ob
ta

in
ev

en
n

ea
r-

co
n

st
an

t
b

o
u

n
d

s
fo

r
P

E
,
r

m
u

st
b

e
at

le
as

t
of

co
n

st
an

t
or

d
er

co
m

p
ar

ed
to

n
.

W
e

th
en

p
re

se
n
t

a
lo

w
er

b
ou

n
d

d
ev

el
op

ed
in

su
b

se
q
u

en
t

w
or

k
b
y

P
il

an
ci

an
d

W
ai

n
w

ri
gh

t
(2

01
4)

w
h

ic
h

sh
ow

s
th

at
u

n
d

er
ge

n
er

al
co

n
d

it
io

n
s

on
S

,
ou

r
u

p
p

er
b

ou
n

d
of

n r
fo

r
P

E
ca

n
n

ot
b

e
im

p
ro

v
ed

.
F

o
r

th
e

sk
et

ch
in

g
sc

h
em

e
(2

),
w

e
sh

ow
,

on
th

e
ot

h
er

h
an

d
,

th
at

u
n

d
er

th
e

st
ro

n
g

a
ss

u
m

p
ti

on
th

at
th

er
e

ar
e
k

“l
ar

ge
”

le
ve

ra
ge

sc
or

es
an

d
th

e
re

m
ai

n
in

g
n
−
k

ar
e

“s
m

al
l,

”
th

en
th

e
W

C
sc

a
le

s
as

1
+

p r
,

th
e

R
E

sc
al

es
as

1
+

p
k
r
n

,
an

d
th

e
P

E
sc

al
es

as
k r
.

T
h

at
is

,
sh

a
rp

er
b

o
u

n
d

s
a
re

p
os

si
b

le
fo

r
le

ve
ra

ge
-s

co
re

sa
m

p
li

n
g

w
it

h
ou

t
re

-s
ca

li
n

g
in

th
e

st
at

is
ti

ca
l

se
tt

in
g
,

b
u

t
m

u
ch

st
ro

n
ge

r
as

su
m

p
ti

on
s

ar
e

n
ee

d
ed

on
th

e
in

p
u

t
d

at
a.

In
S

ec
ti

on
4,

w
e

w
il

l
su

p
p

le
m

en
t

ou
r

th
eo

re
ti

ca
l
re

su
lt

s
b
y

p
re

se
n
ti

n
g

ou
r

m
a
in

em
p

ir
ic

a
l

re
su

lt
s,

w
h

ic
h

co
n

si
st

of
an

ev
al

u
at

io
n

of
th

e
co

m
p

le
m

en
ta

ry
p

ro
p

er
ti

es
of

ra
n

d
o
m

sa
m

p
li

n
g

5
JM

L
R

 1
7(

21
4)

:1
-3

1

R
a
sk

u
t
t
i

a
n
d

M
a
h
o
n
e
y

ve
rs

u
s

ra
n

d
om

p
ro

je
ct

io
n

m
et

h
o
d

s.
O

u
r

em
p

ir
ic

a
l

re
su

lt
s

su
p

p
o
rt

ou
r

th
eo

re
ti

ca
l

re
su

lt
s,

an
d

th
ey

al
so

sh
ow

th
a
t

fo
r
r

la
rg

er
th

a
n
p

b
u

t
m

u
ch

cl
os

er
to
p

th
a
n
n

,
p

ro
je

ct
io

n
-b

a
se

d
m

et
h

o
d

s
te

n
d

to
ou

t-
p

er
fo

rm
sa

m
p

li
n

g
-b

a
se

d
m

et
h

o
d

s,
w

h
il
e

fo
r
r

si
g
n

ifi
ca

n
tl

y
la

rg
er

th
an

p
,

ou
r

le
ve

ra
ge

-b
as

ed
sa

m
p

li
n

g
m

et
h

o
d

s
p

er
fo

rm
sl

ig
h
tl

y
b

et
te

r.
In

S
ec

ti
on

5
,

w
e

w
il

l
p

ro
v
id

e
a

b
ri

ef
d

is
cu

ss
io

n
an

d
co

n
cl

u
si

on
an

d
w

e
p

ro
v
id

e
p

ro
of

s
of

ou
r

m
ai

n
re

su
lt

s
in

th
e

A
p

p
en

d
ix

.

1
.4

A
d

d
it

io
n

a
l

R
e
la

te
d

W
o
rk

V
er

y
re

ce
n
tl

y
M

a
et

a
l.

(2
01

4
)

co
n

si
d

er
ed

st
a
ti

st
ic

a
l
a
sp

ec
ts

of
le

ve
ra

g
e-

b
a
se

d
sa

m
p

li
n

g
al

go
-

ri
th

m
s

(c
a
ll

ed
a
lg

o
ri

th
m

ic
le

ve
ra

gi
n

g
in

M
a

et
a
l.

(2
01

4
))

.
A

ss
u

m
in

g
a

st
a
n

d
a
rd

li
n

ea
r

m
o
d

el
o
n
Y

of
th

e
fo

rm
o
f

E
q
n

.
(4

),
th

e
a
u
th

o
rs

d
ev

el
op

ed
fi

rs
t-

o
rd

er
T

ay
lo

r
a
p

p
ro

x
im

at
io

n
s

to
th

e
st

a
ti

st
ic

al
re

la
ti

ve
effi

ci
en

cy
o
f

d
iff

er
en

t
es

ti
m

a
to

rs
co

m
p

u
te

d
w

it
h

le
ve

ra
g
e-

b
a
se

d
sa

m
p

li
n

g
a
lg

or
it

h
m

s,
a
n

d
th

ey
v
er

ifi
ed

th
e

q
u

a
li

ty
of

th
o
se

a
p

p
ro

x
im

a
ti

on
s

w
it

h
co

m
p

u
ta

ti
o
n

s
o
n

re
a
l

a
n

d
sy

n
th

et
ic

d
a
ta

.
T

a
ke

n
as

a
w

h
o
le

,
th

ei
r

re
su

lt
s

su
gg

es
t

th
at

,
if

o
n

e
is

in
te

re
st

ed
in

th
e

st
a
ti

st
ic

al
p

er
fo

rm
an

ce
of

th
es

e
ra

n
d

o
m

iz
ed

sk
et

ch
in

g
a
lg

o
ri

th
m

s,
th

en
th

er
e

a
re

n
on

tr
iv

ia
l

tr
ad

e-
off

s
th

at
a
re

n
ot

ta
ke

n
in

to
a
cc

o
u

n
t

b
y

st
a
n

d
a
rd

w
or

st
-c

as
e

a
n

al
y
si

s.
T

h
ei

r
a
p
p

ro
a
ch

,
h

ow
ev

er
,
d

o
es

n
ot

im
m

ed
ia

te
ly

a
p

p
ly

to
ra

n
d

o
m

p
ro

je
ct

io
n

s
o
r

o
th

er
m

o
re

g
en

er
al

sk
et

ch
in

g
m

at
ri

ce
s.

F
u

rt
h

er
,

th
e

re
al

m
o
f

a
p

p
li

ca
b

il
it

y
o
f

th
e

fi
rs

t-
o
rd

er
T

ay
lo

r
a
p

p
ro

x
im

a
ti

on
w

as
n

o
t

p
re

ci
se

ly
q
u

an
ti

fi
ed

,
an

d
th

ey
le

ft
o
p

en
th

e
q
u

es
ti

on
of

st
ru

ct
u

ra
l

ch
ar

a
ct

er
iz

a
ti

o
n

s
o
f

ra
n

d
om

sk
et

ch
in

g
m

a
tr

ic
es

th
a
t

w
er

e
su

ffi
ci

en
t

to
en

su
re

g
o
o
d

st
a
ti

st
ic

al
p

ro
p

er
ti

es
o
n

th
e

sk
et

ch
ed

d
a
ta

.
W

e
ad

d
re

ss
th

es
e

is
su

es
in

th
is

p
a
p

er
.

A
ft

er
th

e
ap

p
ea

ra
n

ce
o
f

th
e

o
ri

g
in

a
l

te
ch

n
ic

a
l

re
p

or
t

v
er

si
on

o
f

th
is

p
a
p

er
(R

a
sk

u
tt

i
a
n

d
M

ah
o
n

ey
,
2
01

4)
,
w

e
w

er
e

m
a
d

e
aw

ar
e

of
su

b
se

q
u

en
t

w
o
rk

b
y

P
il

an
ci

a
n

d
W

a
in

w
ri

g
h
t

(2
0
1
4)

,
w

h
o

a
ls

o
co

n
si

d
er

a
st

a
ti

st
ic

al
p

er
sp

ec
ti

ve
o
n

sk
et

ch
in

g
.

A
m

o
n

g
st

o
th

er
re

su
lt

s,
th

ey
d

ev
el

op
a

lo
w

er
b

o
u

n
d

w
h

ic
h

co
n

fi
rm

s
th

a
t

u
si

n
g

a
si

n
g
le

ra
n

d
o
m

iz
ed

sk
et

ch
in

g
m

at
ri

x
S

ca
n

n
o
t

a
ch

ie
ve

a
P

E
b

et
te

r
th

a
n
n r

.
T

h
is

lo
w

er
b

o
u

n
d

co
m

p
le

m
en

ts
o
u

r
u

p
p

er
b

ou
n

d
s

d
ev

el
o
p

ed
in

th
is

p
a
p

er
.

T
h

ei
r

m
a
in

fo
cu

s
is

to
u

se
th

is
in

si
gh

t
to

d
ev

el
o
p

an
it

er
at

iv
e

sk
et

ch
in

g
sc

h
em

e
w

h
ic

h
y
ie

ld
s

b
ou

n
d

s
o
n

th
e

P
E

w
h

en
an

r
×
n

sk
et

ch
is

a
p

p
li

ed
re

p
ea

te
d

ly
.

2
.
G
e
n
e
ra

l
F
ra

m
e
w
o
rk

a
n
d

S
tr
u
ct
u
ra

l
R
e
su

lt
s

In
th

is
se

ct
io

n
,
w

e
d

ev
el

op
a

fr
a
m

ew
o
rk

th
a
t

al
lo

w
s

u
s

to
v
ie

w
th

e
a
lg

o
ri

th
m

ic
a
n

d
st

a
ti

st
ic

al
p

er
sp

ec
ti

ve
s

on
L

S
p

ro
b

le
m

s
fr

o
m

a
co

m
m

o
n

p
er

sp
ec

ti
ve

.
W

e
th

en
u

se
th

is
fr

a
m

ew
or

k
to

sh
ow

th
a
t

ex
is

ti
n

g
w

o
rs

t-
ca

se
b

o
u

n
d

s
a
s

w
el

l
a
s

o
u

r
n

ov
el

st
a
ti

st
ic

al
b

o
u

n
d

s
fo

r
th

e
m

ea
n

-
sq

u
ar

ed
er

ro
rs

ca
n

b
e

ex
p

re
ss

ed
in

te
rm

s
of

d
iff

er
en

t
st

ru
ct

u
ra

l
co

n
d

it
io

n
s

o
n

h
ow

th
e

sk
et

ch
in

g
m

a
tr

ix
S

in
te

ra
ct

s
w

it
h

th
e

d
a
ta

(X
,Y

).

2
.1

A
S

ta
ti

st
ic

a
l-

A
lg

o
ri

th
m

ic
F
ra

m
e
w

o
rk

R
ec

al
l
th

at
w

e
ar

e
g
iv

en
as

in
p

u
t

a
d

a
ta

se
t,

(X
,Y

)
∈
R
n
×
p
×
R
n
,

a
n

d
th

e
o
b

je
ct

iv
e

fu
n

ct
io

n
o
f

in
te

re
st

is
th

e
st

a
n

d
ar

d
L

S
ob

je
ct

iv
e,

as
g
iv

en
in

E
q
n

.
(1

).
S

in
ce

w
e

a
re

a
ss

u
m

in
g,

w
it

h
o
u

t
lo

ss
o
f

g
en

er
al

it
y,

th
a
t

ra
n

k
(X

)
=
p
,

w
e

h
av

e
th

a
t

β
O
L
S

=
X
† Y

=
(X

T
X

)−
1
X
T
Y
,

(5
)
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S
t
a
t
ist

ic
a
l

P
e
r
sp

e
c
t
iv

e
o
n

R
a
n
d
o
m

iz
e
d

S
k
e
t
c
h
in

g
A

l
g

o
r
it

h
m

s

w
h

ere
(·) †

d
en

otes
th

e
M

o
o
re-P

en
ro

se
p

seu
d

o-in
verse

of
a

m
a
trix

,
a
n

d
w

h
ere

th
e

seco
n

d
eq

u
ality

fo
llow

s
sin

ce
ran

k
(X

)
=
p
.

T
o

p
resen

t
ou

r
fra

m
ew

ork
an

d
ob

jectiv
es,

let
S
∈

R
r×
n

d
en

o
te

a
n

a
rbitra

ry
sketch

in
g

m
a
trix

.
T

h
a
t

is,
alth

ou
gh

w
e

w
ill

b
e

m
o
st

in
terested

in
sk

etch
es

con
stru

cted
fro

m
ra

n
d

o
m

sa
m

p
lin

g
o
r

ra
n

d
o
m

p
ro

jectio
n

o
p

era
tion

s,
fo

r
n

ow
w

e
let

S
b

e
a
n

y
r×

n
m

atrix
.

T
h

en
,

w
e

a
re

in
terested

in
an

aly
zin

g
th

e
p

erform
a
n

ce
o
f

o
b

jectives
ch

ara
cterizin

g
th

e
q
u

a
lity

o
f

a
“
sketch

ed
”

L
S

o
b

jectiv
e,

a
s

given
in

E
q
n

(2
),

w
h

ere
ag

a
in

w
e

a
re

in
terested

in
so

lu
tio

n
s

o
f

th
e

form
β
S

=
(S
X

) †S
Y
.

(6)

(W
e

em
p

h
asize

th
at

th
is

d
o
es

n
o
t

in
gen

era
leq

u
al

((S
X

)
T
S
X

) −
1(S

X
)
T
S
Y

,
sin

ce
th

e
in

v
erse

w
ill

n
o
t

ex
ist

if
th

e
sketch

in
g

p
ro

cess
d

o
es

n
o
t

p
reserv

e
ra

n
k
.)

O
u

r
g
o
al

h
ere

is
to

co
m

p
a
re

th
e

p
erform

a
n

ce
o
f
β
S

to
β
O
L
S

.
W

e
w

ill
d

o
so

b
y

co
n

sid
erin

g
th

ree
rela

ted
p

erfo
rm

an
ce

criteria
,

tw
o

o
f

a
statistica

l
fl

avo
r,

an
d

on
e

o
f

a
m

ore
a
lg

orith
m

ic
or

w
orst-ca

se
fl

avo
r.

F
ro

m
a

sta
tistica

l
p

ersp
ectiv

e,
it

is
co

m
m

o
n

to
a
ssu

m
e

a
sta

n
d

a
rd

lin
ea

r
m

o
d

el
o
n
Y

,

Y
=
X
β

+
ε,

w
h

ere
w

e
rem

in
d

th
e

rea
d

er
th

a
t
β
∈
R
p

is
th

e
tru

e
p

a
ra

m
eter

a
n

d
ε∈

R
n

is
a

sta
n

d
a
rd

ized
n

o
ise

vecto
r,

w
ith

E
[ε]

=
0

a
n

d
E

[εε
T

]
=
I
n×

n
.

F
ro

m
th

is
statistica

l
p

ersp
ective,

w
e

w
ill

co
n

sid
er

th
e

follow
in

g
tw

o
criteria.

•
T

h
e

fi
rst

sta
tistica

l
criterio

n
w

e
co

n
sid

er
is

th
e

p
red

ictio
n

effi
cien

cy
(P

E
),

d
efi

n
ed

as
follow

s:

C
P
E

(S
)

=
E

[‖
X

(β
−
β
S

)‖
22 ]

E
[‖
X

(β
−
β
O
L
S

)‖
22 ] ,

(7
)

w
h

ere
th

e
ex

p
ectatio

n
E

[·]
is

taken
ov

er
th

e
ra

n
d

o
m

n
o
ise

ε.

•
T

h
e

seco
n

d
statistica

l
criterio

n
w

e
con

sid
er

is
th

e
resid

u
a
l

effi
cien

cy
(R

E
),

d
efi

n
ed

a
s

fo
llow

s:

C
R
E

(S
)

=
E

[‖
Y
−
X
β
S ‖

22 ]

E
[‖
Y
−
X
β
O
L
S ‖

22 ] ,
(8

)

w
h

ere,
a
g
ain

,
th

e
ex

p
ecta

tion
E

[·]
is

ta
ken

ov
er

th
e

ra
n

d
o
m

n
o
ise

ε.

R
eca

ll
th

a
t

th
e

sta
n

d
a
rd

rela
tiv

e
sta

tistica
l

effi
cien

cy
fo

r
tw

o
estim

a
to

rs
β

1
a
n

d
β

2
is

d
e-

fi
n

ed
a
s

eff
(β

1 ,β
2 )

=
V

a
r
(β

1
)

V
a
r
(β

2
) ,

w
h

ere
V

ar(·)
d

en
o
tes

th
e

va
ria

n
ce

o
f

th
e

estim
a
to

r
(see

e.g
.,

L
eh

m
an

n
(1

9
98

)).
F

or
th

e
P

E
,
w

e
h

ave
rep

la
ced

th
e

va
ria

n
ce

o
f

each
estim

a
to

r
b
y

th
e

m
ea

n
-

sq
u

ared
p

red
ictio

n
erro

r.
F

or
th

e
R

E
,

w
e

u
se

th
e

term
resid

u
a
l

sin
ce

fo
r

a
n
y

estim
a
to

r
β̂

,
Y
−
X
β̂

a
re

th
e

resid
u

a
ls

fo
r

estim
atin

g
Y

.
F

rom
a
n

a
lg

o
rith

m
ic

p
ersp

ectiv
e,

th
ere

is
n

o
n

o
ise

p
ro

cess
ε.

In
stea

d
,
X

a
n

d
Y

a
re

a
rb

itra
ry,

a
n

d
β

is
sim

p
ly

com
p

u
ted

fro
m

E
q
n

(5
).

T
o

d
raw

a
p

a
ra

llel
w

ith
th

e
u

su
al

sta
tistica

l
g
en

erative
p

ro
cess,

h
ow

ev
er,

an
d

to
u

n
d

ersta
n

d
b

etter
th

e
relatio

n
sh

ip
b

etw
een

va
rio

u
s

ob
jectives,

co
n

sid
er

“d
efi

n
in

g”
Y

in
term

s
o
f
X

b
y

th
e

fo
llow

in
g

“
lin

ea
r

m
o
d

el”
:

Y
=
X
β

+
ε,

w
h

ere
β
∈
R
p

an
d
ε∈

R
n
.

Im
p

orta
n
tly,

β
a
n

d
ε

h
ere

rep
resen

t
d

iff
eren

t
q
u

an
tities

th
a
n

in
th

e
u

su
a
l

sta
tistical

settin
g
.

R
ath

er
th

a
n
ε

rep
resen

tin
g

a
n

o
ise

p
ro

cess
an

d
β

rep
resen

tin
g
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R
a
sk

u
t
t
i

a
n
d

M
a
h
o
n
e
y

a
“tru

e
p

aram
eter”

th
at

is
ob

served
th

rou
gh

a
n

oisy
Y

,
h

ere
in

th
e

algorith
m

ic
settin

g,
w

e
w

ill
ta

ke
a
d

van
tage

of
th

e
ran

k
-n

u
llity

th
eorem

in
lin

ear
algeb

ra
to

relate
X

an
d
Y

. 6

T
o

d
efi

n
e

a
“w

orst
case

m
o
d

el”
Y

=
X
β

+
ε

for
th

e
algo

rith
m

ic
settin

g,
on

e
can

v
iew

th
e

“
n

o
ise”

p
ro

cess
ε

to
con

sist
of

an
y

vector
th

at
lies

in
th

e
n
u

ll-sp
a
ce

o
f
X
T

.
T

h
en

,
sin

ce
th

e
ch

o
ice

of
β
∈
R
p

is
arb

itrary,
on

e
can

con
stru

ct
an

y
arb

itrary
o
r

w
orst-case

in
p

u
t

d
a
ta
Y

.
F

rom
th

is
alg

orith
m

ic
case,

w
e

w
ill

con
sid

er
th

e
follow

in
g

criterion
.

•
T

h
e

algo
rith

m
ic

criterion
w

e
con

sid
er

is
th

e
w

o
rst-ca

se
(W

C
)

error,
d

efi
n

ed
as

follow
s:

C
W
C

(S
)

=
su

p
Y

‖
Y
−
X
β
S ‖

22

‖
Y
−
X
β
O
L
S ‖

22

.
(9)

T
h

is
criterio

n
is

w
orst-case

sin
ce

w
e

take
a

su
p

rem
u

m
Y

,
an

d
it

is
th

e
p

erform
an

ce
criterion

th
a
t

is
a
n

aly
zed

in
D

rin
eas

et
al.

(2011)
an

d
D

rin
eas

et
al.

(2
012),

as
b

ou
n

d
ed

in
E

q
n

.
(3).

W
ritin

g
Y

as
X
β

+
ε,

w
h

ere
X
T
ε

=
0,

th
e

W
C

error
can

b
e

re-ex
p

ressed
a
s:

C
W
C

(S
)

=
su

p
Y

=
X
β

+
ε,
X
T
ε=

0

‖
Y
−
X
β
S ‖

22

‖
Y
−
X
β
O
L
S ‖

22

.

H
en

ce,
in

th
e

w
orst-case

algorith
m

ic
setu

p
,

w
e

tak
e

a
su

p
rem

u
m

over
ε,

w
h

ere
X
T
ε

=
0,

w
h

erea
s

in
th

e
sta

tistical
setu

p
,

w
e

take
an

ex
p

ectation
ov

er
ε

w
h

ere
E

[ε]
=

0.

B
efore

p
ro

ceed
in

g,
several

oth
er

com
m

en
ts

ab
ou

t
th

is
alg

orith
m

ic-sta
tistical

fram
ew

ork
a
n

d
ou

r
ob

jectives
are

w
orth

m
en

tion
in

g.

•
T

h
e

m
ost

im
p

ortan
t

d
istin

ction
b

etw
een

th
e

algorith
m

ic
ap

p
ro

ach
an

d
th

e
statistical

a
p

p
ro

ach
is

h
ow

th
e

d
ata

is
assu

m
ed

to
b

e
gen

erated
.

F
or

th
e

sta
tistical

ap
p

ro
ach

,
(X
,Y

)
a
re

assu
m

ed
to

b
e

gen
erated

b
y

a
stan

d
ard

G
a
u

ssian
lin

ear
m

o
d

el
an

d
th

e
g
oal

is
to

estim
ate

a
tru

e
p

aram
ter

β
w

h
ile

for
th

e
alg

orith
m

ic
ap

p
roach

(X
,Y

)
are

n
ot

assu
m

ed
to

follow
an

y
statistical

m
o
d

el
an

d
th

e
goal

is
to

d
o

p
red

iction
o
n
Y

rath
er

th
an

estim
ate

a
tru

e
p

aram
eter

β
.

S
in

ce
ord

in
ary

least-sq
u

ares
is

often
ru

n
in

th
e

co
n
tex

t
of

solv
in

g
a

statistical
in

feren
ce

p
ro

b
lem

,
w

e
b

elieve
th

is
d

istrin
ction

is
im

p
ortan

t
an

d
fo

cu
s

in
th

is
article

m
ore

o
n

th
e

im
p

lication
s

for
th

e
statistical

p
erp

sective.

•
F

ro
m

th
e

p
ersp

ective
of

ou
r

tw
o

lin
ear

m
o
d

els,
w

e
h

ave
th

a
t
β
O
L
S

=
β

+
(X

T
X

) −
1X

T
ε.

In
th

e
statistical

settin
g,

sin
ce

E
[εε

T
]

=
I
n×

n
,
it

follow
s

th
at
β
O
L
S

is
a

ran
d

om
variab

le
w

ith
E

[β
O
L
S

]
=
β

an
d
E

[(β
−
β
O
L
S

)(β
−
β
O
L
S

)
T

]
=

(X
T
X

) −
1.

In
th

e
algorith

m
ic

settin
g
,

o
n

th
e

oth
er

h
an

d
,

sin
ce
X
T
ε

=
0,

it
follow

s
th

a
t
β
O
L
S

=
β

.

•
C
R
E

(S
)

is
a

statistical
an

alogu
e

of
th

e
w

orst-case
algorith

m
ic

ob
jective

C
W
C

(S
),

sin
ce

b
oth

con
sid

er
th

e
ratio

of
th

e
m

etrics
‖
Y
−
X
β
S ‖

22

‖
Y
−
X
β
O
L
S ‖

22 .
T

h
e

d
iff

eren
ce

is
th

at
a

su
p

ov
er
Y

in
th

e
a
lgorith

m
ic

settin
g

is
rep

laced
b
y

an
ex

p
ectation

over
n

oise
ε

in
th

e
sta

tistical

6
.

T
h
e

ra
n
k
-n

u
llity

th
eo

rem
a
sserts

th
a
t

g
iv

en
a
n
y

m
a
trix

X
∈

R
n×

p
a
n
d

v
ecto

r
Y
∈

R
n
,

th
ere

ex
ists

a
u
n
iq

u
e

d
eco

m
p

o
sitio

n
Y

=
X
β

+
ε,

w
h

ere
β

is
th

e
p

ro
jectio

n
o
f
Y

o
n

to
th

e
ra

n
g
e

sp
a
ce

o
f
X
T

a
n

d
ε

=
Y
−
X
β

lies
in

th
e

n
u

ll-sp
a
ce

o
f
X
T

(M
ey

er,
2
0
0
0
).
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S
t
a
t
is

t
ic

a
l

P
e
r
sp

e
c
t
iv

e
o
n

R
a
n
d
o
m

iz
e
d

S
k
e
t
c
h
in

g
A

l
g

o
r
it

h
m

s

se
tt

in
g.

A
n

at
u

ra
l

q
u

es
ti

on
is

w
h

et
h

er
th

er
e

is
an

al
go

ri
th

m
ic

an
al

o
g
u

e
o
f
C
P
E

(S
).

S
u

ch
a

p
er

fo
rm

an
ce

m
et

ri
c

w
ou

ld
b

e:

su
p

Y

‖X
(β
−
β
S

)‖
2 2

‖X
(β
−
β
O
L
S

)‖
2 2

,
(1

0
)

w
h

er
e
β

is
th

e
p

ro
je

ct
io

n
of
Y

on
to

th
e

ra
n

ge
sp

ac
e

of
X
T

.
H

ow
ev

er
,

si
n

ce
β
O
L
S

=
β

+
(X

T
X

)−
1
X
T
ε

an
d

si
n

ce
X
T
ε

=
0,
β
O
L
S

=
β

in
th

e
al

go
ri

th
m

ic
se

tt
in

g
,

th
e

d
en

om
in

at
or

of
E

q
n

.
(1

0)
eq

u
al

s
ze

ro
,

an
d

th
u

s
th

e
ob

je
ct

iv
e

in
E

q
n

.
(1

0
)

is
n

o
t

w
el

l-
d

efi
n

ed
.

T
h

e
“d

iffi
cu

lt
y
”

of
co

m
p

u
ti

n
g

or
ap

p
ro

x
im

at
in

g
th

is
ob

je
ct

iv
e

p
ar

a
ll

el
s

ou
r

re
su

lt
s

b
el

ow
th

at
sh

ow
th

at
ap

p
ro

x
im

at
in

g
C
P
E

(S
)

is
m

u
ch

m
or

e
ch

a
ll

en
gi

n
g

(i
n

te
rm

s
of

th
e

n
u

m
b

er
of

sa
m

p
le

s
n

ee
d

ed
)

th
an

ap
p

ro
x
im

at
in

g
C
R
E

(S
).

•
In

th
e

al
go

ri
th

m
ic

se
tt

in
g,

th
e

sk
et

ch
in

g
m

at
ri

x
S

an
d

th
e

ob
je

ct
iv

e
C
W
C

(S
)

ca
n

d
e-

p
en

d
on

X
an

d
Y

in
an

y
ar

b
it

ra
ry

w
ay

,
b

u
t

in
th

e
fo

ll
ow

in
g

w
e

co
n

si
d

er
on

ly
sk

et
ch

in
g

m
at

ri
ce

s
th

at
ar

e
ei

th
er

in
d

ep
en

d
en

t
of

b
ot

h
X

an
d
Y

or
d

ep
en

d
on

ly
o
n
X

(e
.g

.,
v
ia

th
e

st
at

is
ti

ca
l

le
ve

ra
ge

sc
or

es
of
X

).
In

th
e

st
at

is
ti

ca
l

se
tt

in
g,
S

is
al

lo
w

ed
to

d
ep

en
d

on
X

,
b

u
t

n
ot

on
Y

,
as

an
y

d
ep

en
d

en
ce

of
S

on
Y

m
ig

h
t

in
tr

o
d

u
ce

co
rr

el
at

io
n

b
et

w
ee

n
th

e
sk

et
ch

in
g

m
at

ri
x

an
d

th
e

n
oi

se
va

ri
ab

le
ε.

R
em

ov
in

g
th

is
re

st
ri

ct
io

n
is

o
f

in
te

re
st

,
es

p
ec

ia
ll

y
si

n
ce

on
e

ca
n

ob
ta

in
W

C
b

ou
n

d
s

of
th

e
fo

rm
E

q
n

.
(3

)
b
y

co
n

st
ru

ct
in

g
S

b
y

ra
n

d
om

ly
sa

m
p

li
n

g
ac

co
rd

in
g

to
an

im
p

or
ta

n
ce

sa
m

p
li

n
g

d
is

tr
ib

u
ti

o
n

th
a
t

d
ep

en
d

s
on

th
e

in
fl

u
en

ce
sc

o
re

s—
es

se
n
ti

al
ly

th
e

le
ve

ra
ge

sc
or

es
of

th
e

m
at

ri
x
X

a
u

gm
en

te
d

w
it

h
−
Y

as
an

ad
d

it
io

n
al

co
lu

m
n

—
of

th
e

(X
,Y

)
p

ai
r.

•
B

ot
h
C
P
E

(S
)

an
d
C
R
E

(S
)

ar
e

q
u

al
it

at
iv

el
y

re
la

te
d

to
q
u

an
ti

ti
es

a
n

a
ly

ze
d

b
y

M
a

et
al

.
(2

01
4,

20
15

).
In

ad
d

it
io

n
,
C
W
C

(S
)

is
q
u

al
it

at
iv

el
y

si
m

il
ar

to
C

ov
(β̂
|Y

)
in

M
a

et
al

.
(2

01
4,

20
15

),
si

n
ce

in
th

e
al

go
ri

th
m

ic
se

tt
in

g
Y

is
tr

ea
te

d
as

fi
x
ed

;
a
n

d
C
R
E

(S
)

is
q
u

al
it

at
iv

el
y

si
m

il
ar

to
C

ov
(β̂

)
in

M
a

et
al

.
(2

01
4,

20
15

),
si

n
ce

in
th

e
st

a
ti

st
ic

a
l

se
tt

in
g
Y

is
tr

ea
te

d
as

ra
n

d
om

an
d

co
m

in
g

fr
om

a
li

n
ea

r
m

o
d

el
.

T
h

a
t

b
ei

n
g

sa
id

,
th

e
m

et
ri

cs
an

d
re

su
lt

s
w

e
p

re
se

n
t

in
th

is
p

ap
er

ar
e

n
ot

d
ir

ec
tl

y
co

m
p

ar
a
b

le
to

th
o
se

o
f

M
a

et
al

.
(2

01
4,

20
15

)
si

n
ce

,
e.

g.
,

th
ey

h
ad

a
sl

ig
h
tl

y
d

iff
er

en
t

se
tu

p
th

a
n

w
e

h
av

e
h

er
e,

an
d

si
n

ce
th

ey
u

se
d

a
fi

rs
t-

or
d

er
T

ay
lo

r
ap

p
ro

x
im

at
io

n
w

h
il

e
w

e
d

o
n

o
t.

2
.2

S
tr

u
c
tu

ra
l

R
e
su

lt
s

o
n

S
k
e
tc

h
in

g
M

a
tr

ic
e
s

W
e

ar
e

n
ow

re
ad

y
to

d
ev

el
op

st
ru

ct
u

ra
l

co
n

d
it

io
n

s
ch

ar
ac

te
ri

zi
n

g
h

ow
th

e
sk

et
ch

in
g

m
a
tr

ix
S

in
te

ra
ct

s
w

it
h

th
e

d
at

a
m

at
ri

x
X

th
at

w
il

l
al

lo
w

u
s

to
p

ro
v
id

e
u

p
p

er
b

ou
n

d
s

fo
r

th
e

q
u

an
ti

ti
es
C
W
C

(S
),
C
P
E

(S
),

an
d
C
R
E

(S
).

T
o

d
o

so
,

re
ca

ll
th

at
gi

ve
n

th
e

d
a
ta

m
a
tr

ix
X

,
w

e
ca

n
ex

p
re

ss
th

e
si

n
gu

la
r

va
lu

e
d

ec
om

p
os

it
io

n
of
X

as
X

=
U

Σ
V
T

,
w

h
er

e
U
∈
R
n
×
p

is
an

or
th

og
on

al
m

at
ri

x
,

i.
e.

,
U
T
U

=
I p
×
p
.

In
ad

d
it

io
n

,
w

e
ca

n
d

efi
n

e
th

e
o
bl

iq
u

e
p
ro

je
ct

io
n

m
at

ri
x

Π
U S

:=
U

(S
U

)†
S
.

(1
1)

N
ot

e
th

at
if

ra
n

k
(S
X

)
=
p
,

th
en

Π
U S

ca
n

b
e

ex
p

re
ss

ed
as

Π
U S

=
U

(U
T
S
T
S
U

)−
1
U
T
S
T
S

,
si

n
ce
U
T
S
T
S
U

is
in

v
er

ti
b

le
.

Im
p

or
ta

n
tl

y
h

ow
ev

er
,

d
ep

en
d

in
g

on
th

e
p
ro

p
er

ti
es

o
f
X

a
n

d
h

ow
S

is
co

n
st

ru
ct

ed
,

it
ca

n
ea

si
ly

h
ap

p
en

th
a
t

ra
n

k
(S
X

)
<
p
,

ev
en

if
ra

n
k
(X

)
=
p
.

9
JM

L
R

 1
7(

21
4)

:1
-3

1

R
a
sk

u
t
t
i

a
n
d

M
a
h
o
n
e
y

G
iv

en
th

is
se

tu
p

,
w

e
ca

n
n

ow
st

a
te

th
e

fo
ll

ow
in

g
le

m
m

a
,
th

e
p

ro
o
f
of

w
h

ic
h

m
ay

b
e

fo
u

n
d

in
S

ec
ti

o
n

A
.1

.
T

h
is

le
m

m
a

ch
ar

ac
te

ri
ze

s
h

ow
C
W
C

(S
),
C
P
E

(S
),

an
d
C
R
E

(S
)

d
ep

en
d

on
d

iff
er

en
t

st
ru

ct
u
ra

l
p

ro
p

er
ti

es
of

Π
U S

an
d
S
U

.

L
e
m

m
a

1
F

o
r

th
e

a
lg

o
ri

th
m

ic
se

tt
in

g,

C
W
C

(S
)

=
1

+
su

p
δ
∈R

p
,U
T
ε=

0

[ ‖
(I
p
×
p
−

(S
U

)†
(S
U

))
δ‖

2 2

‖ε
‖2 2

+
‖Π

U S
ε‖

2 2

‖ε
‖2 2

] .

F
o
r

th
e

st
a
ti

st
ic

a
l

se
tt

in
g,

C
P
E

(S
)

=
‖(
I p
×
p
−

(S
U

)†
S
U

)Σ
V
T
β
‖2 2

p
+
‖Π

U S
‖2 F
p

,

a
n

d

C
R
E

(S
)

=
1

+
‖(
I p
×
p
−

(S
U

)†
S
U

)Σ
V
T
β
‖2 2

n
−
p

+
‖Π

U S
‖2 F
−
p

n
−
p

=
1

+
C
P
E

(S
)
−

1

n
/
p
−

1
.

S
ev

er
a
l

p
oi

n
ts

ar
e

w
o
rt

h
m

a
k
in

g
a
b

ou
t

L
em

m
a

1
.

•
F

or
a
ll

3
cr

it
er

ia
,
th

e
te

rm
w

h
ic

h
in

vo
lv

es
(S
U

)†
S
U

is
a

“
b

ia
s”

te
rm

th
at

is
n

on
-z

er
o

in
th

e
ca

se
th

at
ra

n
k
(S
U

)
<
p
.

F
or
C
P
E

(S
)

a
n

d
C
R
E

(S
),

th
e

te
rm

co
rr

es
p

o
n

d
s

ex
a
ct

ly
to

th
e

st
a
ti

st
ic

al
b

ia
s;

a
n

d
if

ra
n

k
(S
U

)
=
p
,

m
ea

n
in

g
th

a
t
S

is
a

ra
n

k-
p
re

se
rv

in
g

sk
et

ch
in

g
m

a
tr

ix
,

th
en

th
e

b
ia

s
te

rm
eq

u
a
ls

0
,

si
n

ce
(S
U

)†
S
U

=
I p
×
p
.

In
p
ra

ct
ic

e,
if
r

is
ch

os
en

sm
a
ll

er
th

an
p

or
la

rg
er

th
a
n

b
u

t
ve

ry
cl

o
se

to
p
,

it
m

ay
h

a
p

p
en

th
at

ra
n

k
(S
U

)
<
p
,

in
w

h
ic

h
ca

se
th

is
b

ia
s

is
in

cu
rr

ed
.

•
T

h
e

fi
n

a
l

eq
u

a
li

ty
C
R
E

(S
)

=
1

+
C
P
E

(S
)−

1
n
/
p
−

1
sh

ow
s

th
a
t

in
g
en

er
a
l

it
is

m
u
ch

m
o
re

d
iffi

cu
lt

(i
n

te
rm

s
of

th
e

n
u

m
b

er
o
f

sa
m

p
le

s
n

ee
d

ed
)

to
o
b

ta
in

b
ou

n
d

s
o
n
C
P
E

(S
)

th
an

C
R
E

(S
)—

si
n

ce
C
R
E

(S
)

re
-s

ca
le

s
C
P
E

(S
)

b
y
p
/
n

,
w

h
ic

h
is

m
u

ch
le

ss
th

a
n

1
.

T
h

is
w

il
l

b
e

re
fl

ec
te

d
in

th
e

m
a
in

re
su

lt
s

b
el

ow
,

w
h

er
e

th
e

sc
al

in
g

of
C
R
E

(S
)

w
il

l
b

e
a

fa
ct

or
of
p
/n

sm
al

le
r

th
a
n
C
P
E

(S
).

In
g
en

er
a
l,

it
is

si
g
n

ifi
ca

n
tl

y
m

o
re

d
iffi

cu
lt

to
b

o
u

n
d
C
P
E

(S
),

si
n

ce
‖X

(β
−
β
O
L
S

)‖
2 2

is
p
,

w
h

er
ea

s
‖Y
−
X
β
O
L
S
‖2 2

is
n
−
p
,

a
n

d
so

th
er

e
is

m
u

ch
le

ss
m

a
rg

in
fo

r
er

ro
r

in
a
p

p
ro

x
im

a
ti

n
g
C
P
E

(S
).

•
In

th
e

al
go

ri
th

m
ic

o
r

w
o
rs

t-
ca

se
se

tt
in

g
,

su
p
ε∈

R
n
/
{0
},

Π
U
ε=

0
‖Π

U S
ε‖

2 2

‖ε
‖2 2

is
th

e
re

le
va

n
t

q
u

a
n

-

ti
ty

,
w

h
er

ea
s

in
th

e
st

at
is

ti
ca

l
se

tt
in

g
‖Π

U S
‖2 F

is
th

e
re

le
va

n
t

q
u

an
ti

ty
.

T
h

e
F

ro
b

e-
n

iu
s

n
o
rm

en
te

rs
in

th
e

st
a
ti

st
ic

a
l

se
tt

in
g

b
ec

a
u

se
w

e
a
re

ta
k
in

g
an

av
er

ag
e

ov
er

h
o
-

m
o
sc

ed
as

ti
c

n
oi

se
,

a
n

d
so

th
e
` 2

n
o
rm

o
f

th
e

ei
g
en

va
lu

es
o
f

Π
U S

n
ee

d
to

b
e

co
n
tr

o
ll

ed
.

O
n

th
e

ot
h
er

h
a
n

d
,

in
th

e
a
lg

o
ri

th
m

ic
o
r

w
o
rs

t-
ca

se
se

tt
in

g,
th

e
w

o
rs

t
d

ir
ec

ti
o
n

in
th

e
n
u

ll
-s

p
ac

e
of
U
T

n
ee

d
s

to
b

e
co

n
tr

o
ll

ed
,

a
n

d
th

u
s

th
e

sp
ec

tr
a
l

n
o
rm

en
te

rs
.

3
.
M

a
in

T
h
e
o
re
ti
ca

l
R
e
su

lt
s

In
th

is
se

ct
io

n
,

w
e

p
ro

v
id

e
u

p
p

er
b

o
u

n
d

s
fo

r
C
W
C

(S
),
C
P
E

(S
),

a
n

d
C
R
E

(S
),

w
h

er
e
S

co
rr

e-
sp

o
n

d
to

ra
n

d
om

sa
m

p
li

n
g

a
n
d

ra
n

d
o
m

p
ro

je
ct

io
n

m
at

ri
ce

s.
In

p
ar

ti
cu

la
r,

w
e

p
ro

v
id

e
u

p
p

er
b

ou
n

d
s

fo
r

4
sk

et
ch

in
g

m
a
tr

ic
es

:
(1

)
a

va
n

il
la

le
ve

ra
ge

-b
as

ed
ra

n
d

o
m

sa
m

p
li

n
g

a
lg

or
it

h
m
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S
t
a
t
ist

ic
a
l

P
e
r
sp

e
c
t
iv

e
o
n

R
a
n
d
o
m

iz
e
d

S
k
e
t
c
h
in

g
A

l
g

o
r
it

h
m

s

fro
m

D
rin

ea
s

et
al.

(20
1
2);

(2
)

a
varian

t
o
f

levera
ge-b

a
sed

ran
d

o
m

sa
m

p
lin

g
,

w
h

ere
th

e
ran

-
d

om
sam

p
les

a
re

n
o
t

re-scaled
p

rio
r

to
th

eir
in

clu
sio

n
in

th
e

sketch
;

(3
)

a
va

n
illa

ran
d

o
m

p
ro

jectio
n

a
lg

orith
m

,
w

h
ere

S
is

a
ran

d
o
m

m
a
trix

co
n
ta

in
in

g
i.i.d

.
su

b
-G

a
u

ssian
ran

d
o
m

variab
les;

a
n

d
(4

)
a

ran
d

o
m

p
ro

jection
a
lg

orith
m

,
w

h
ere

S
is

a
ra

n
d

o
m

H
a
d

a
m

a
rd

-b
a
sed

ra
n

d
o
m

p
ro

jectio
n

,
as

an
aly

zed
in

B
o
u

tsid
is

an
d

G
itten

s
(2

01
3
).

3
.1

R
a
n

d
o
m

S
a
m

p
lin

g
M

e
th

o
d

s

H
ere,

w
e

con
sid

er
ran

d
o
m

sam
p

lin
g

a
lg

orith
m

s.
T

o
d

o
so

,
fi

rst
d

efi
n

e
a

ra
n

d
o
m

sa
m

p
lin

g
m

a
trix

S̃
∈
R
n

a
s

fo
llow

s:
S̃
ij ∈
{
0,1}

for
a
ll

(i,j)
a
n

d
∑

nj=
1
S̃
ij

=
1
,

w
h

ere
each

row
h

as
a
n

in
d

ep
en

d
en

t
m

u
ltin

o
m

ia
l

d
istrib

u
tion

w
ith

p
ro

b
a
b

ilities
(p
i )
ni=

1 .
T

h
e

m
a
trix

o
f

cro
ss-

levera
ge

sco
res

is
d

efi
n

ed
a
s
L

=
U
U
T
∈

R
n×

n
,

a
n
d
`
i

=
L
ii

d
en

o
tes

th
e

levera
ge

sco
re

corresp
o
n

d
in

g
to

th
e
i th

sam
p

le.
N

o
te

th
a
t

th
e

levera
g
e

sco
res

satisfy
∑

ni=
1
`
i

=
trace(L

)
=

p
a
n

d
0
≤
`
i ≤

1.
T

h
e

sa
m

p
lin

g
p

ro
b

a
b

ility
d

istrib
u

tion
w

e
co

n
sid

er
(p
i )
ni=

1
is

o
f

th
e

fo
rm

p
i

=
(1
−

θ)
`
ip

+
θq
i ,

w
h

ere
{
q
i }
ni=

1
sa

tisfi
es

0
≤
q
i ≤

1
a
n

d
∑

ni=
1
q
i

=
1

is
a
n

a
rb

itra
ry

p
ro

b
a
b

ility
d

istrib
u

tion
,

an
d

0
≤
θ
<

1
.

In
oth

er
w

o
rd

s,
it

is
a

co
n
v
ex

co
m

b
in

atio
n

o
f

a
levera

g
e-b

a
sed

d
istrib

u
tion

a
n

d
a
n

o
th

er
a
rb

itrary
d

istrib
u

tion
.

N
ote

th
a
t

fo
r
θ

=
0,

th
e

p
rob

a
b

ilities
are

p
rop

o
rtio

n
a
l

to
th

e
leverag

e
scores,

w
h

erea
s

fo
r
θ

=
1
,

th
e

p
ro

b
a
b

ilities
fo

llow
{q
i }
ni=

1 .
W

e
co

n
sid

er
tw

o
sa

m
p

lin
g

m
a
trices,

o
n

e
w

h
ere

th
e

ra
n

d
om

sa
m

p
lin

g
m

a
trix

is
re-sca

led
,

a
s

in
D

rin
eas

et
a
l.

(2
01

1),
a
n

d
o
n

e
in

w
h

ich
n

o
re-sca

lin
g

takes
p

la
ce.

In
p

articu
la

r,
let

S
N
R

=
S̃

d
en

ote
th

e
ran

d
o
m

sam
p

lin
g

m
a
trix

(w
h

ere
th

e
su

b
scrip

t
N
R

d
en

otes
th

e
fact

th
at

n
o

re-sca
lin

g
takes

p
lace).

T
h

e
re-sca

led
sam

p
lin

g
m

a
trix

is
S
R
∈
R
r×
n

=
S̃
W

,
w

h
ere

W
∈
R
n×

n
is

a
d
ia

go
n

a
l

re-sca
lin

g
m

a
trix

,
w

h
ere

[W
]jj

=
√

1
r
p
j

a
n

d
W
ji

=
0

fo
r
j6=

i.
T

h
e

q
u

a
n
tity

1p
j

is
th

e
re-sca

lin
g

fa
cto

r.
In

th
is

ca
se,

w
e

h
ave

th
e

fo
llow

in
g

resu
lt,

th
e

p
ro

o
f

o
f

w
h

ich
m

ay
b

e
fou

n
d

in
S

ectio
n

B
.1

.

T
h

e
o
re

m
1

F
o
r
S

=
S
R

,
th

ere
exists

co
n

sta
n

ts
C

a
n

d
C

su
ch

th
a
t

if
r≥

C
p

(1−
θ
)

log (
C
′p

(1−
θ
) ),

ra
n

k(S
R
U

)
=
p

a
n

d
:

C
W
C

(S
R

)
≤

1
+

12
pr

C
P
E

(S
R

)
≤

4
4
nr

C
R
E

(S
R

)
≤

1
+

4
4
pr
,

w
ith

p
ro

ba
bility

a
t

lea
st

0.7.

S
everal

th
in

g
s

a
re

w
o
rth

n
o
tin

g
a
b

o
u

t
th

is
resu

lt.
F

irst,
n

o
te

th
a
t

b
o
th
C
W
C

(S
R

)−
1

a
n
d

C
R
E

(S
R

)−
1

sca
le

a
s
pr ;

th
u

s,
it

is
p

ossib
le

to
o
b

ta
in

h
igh

-q
u

ality
p

erfo
rm

a
n

ce
g
u

a
ran

tees
fo

r
o
rd

in
a
ry

least
sq

u
ares,

a
s

lon
g

a
s
pr →

0
,

e.g
.,

if
r

is
o
n

ly
sligh

tly
la

rg
er

th
a
n
p
.

O
n

th
e

o
th

er
h

a
n

d
,
C
P
E

(S
R

)
scales

a
s
nr

,
m

ea
n

in
g
r

n
eed

s
to

b
e

clo
se

to
n

to
p

rov
id

e
sim

ila
r

p
erfo

rm
a
n

ce
g
u

a
ran

tees.
N

ex
t,

n
o
te

th
a
t

a
ll

o
f

th
e

u
p
p

er
b

o
u

n
d

s
a
p

p
ly

to
a
n
y

d
ata

m
a
trix

X
,

w
ith

o
u

t
a
ssu

m
in

g
an

y
ad

d
itio

n
a
l

stru
ctu

re
o
n
X

.
F

in
a
lly,

n
o
te

th
a
t

w
h

en
θ

=
1
,

w
h

ich
co

rresp
on

d
s

to
sam

p
lin

g
th

e
row

s
b

a
sed

o
n
{
q
i }
ni=

1 ,
a
ll

th
e

u
p

p
er

b
o
u

n
d

s
are
∞

.
O

u
r

sim
u

la
tion

s
a
lso

revea
l

th
a
t

u
n

ifo
rm

sa
m

p
lin

g
g
en

era
lly

p
erfo

rm
s

m
o
re

p
o
o
rly

th
a
n

levera
ge-score

b
a
sed

a
p

p
ro

ach
es

u
n

d
er

th
e

lin
ea

r
m

o
d

els
w

e
co

n
sid

er.
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R
a
sk

u
t
t
i

a
n
d

M
a
h
o
n
e
y

A
n

im
p

o
rtan

t
p

ractical
p

oin
t

is
th

e
follow

in
g:

th
e

d
istrib

u
tion

{
q
i }
ni=

1
d

o
es

n
o
t

en
ter

th
e

resu
lts.

T
h

is
allow

s
u

s
to

con
sid

er
d

iff
eren

t
d

istrib
u

tion
s.

A
n

ob
v
io

u
s

ch
oice

is
u

n
ifo

rm
,

i.e.,
q
i

=
1n

(see
e.g.,

M
a

et
al.

(2014,
2015)).

A
n

oth
er

im
p

orta
n
t

ex
am

p
le

is
th

at
of

a
p
p
ro

x-
im

a
te

levera
ge-score

sam
p

lin
g,

as
d

evelop
ed

in
D

rin
eas

et
al.

(20
12).

(T
h

e
ru

n
n
in

g
tim

e
of

th
e

m
ain

algorith
m

of
D

rin
eas

et
al.

(2012)
is
o(n

p
2),

an
d

th
u

s
th

is
red

u
ces

com
p

u
tation

com
p

a
red

w
ith

th
e

u
se

of
ex

act
lev

erage
scores,

w
h

ich
ta

ke
O

(n
p

2)
tim

e
to

com
p

u
te).

L
et

(
˜̀i )
ni=

1
d

en
ote

th
e

ap
p

rox
im

ate
leverage

scores
d

evelop
ed

b
y

th
e

p
ro

ced
u

re
in

D
rin

eas
et

al.
(201

2).
B

ased
on

T
h

eorem
2

in
D

rin
eas

et
al.

(2012),|`
i −

˜̀i |≤
ε

w
h

ere
0
<
ε
<

1
for

r

ap
p

ro
p

riately
ch

o
sen

.
N

ow
,
u

sin
g
p
i

=
˜̀ip ,
p
i

can
b

e
re-ex

p
ressed

as
p
i

=
(1−

ε)
`
ip +

εq
i

w
h

ere
(q
i )
ni=

1
is

a
d

istrib
u

tion
(u

n
k
n

ow
n

sin
ce

w
e

on
ly

h
ave

a
b

ou
n

d
on

th
e

ap
p

rox
im

ate
leverag

e
scores).

H
en

ce,
th

e
p

erform
an

ce
b

ou
n

d
s

ach
ieved

b
y

ap
p

rox
im

ate
leveragin

g
are

an
alo

gou
s

to
th

ose
ach

ieved
b
y

ad
d

in
g
ε

m
u

ltip
lied

b
y

a
u

n
iform

or
o
th

er
arb

itrary
d

istrib
u

tio
n

.

N
ex

t,
w

e
co

n
sid

er
th

e
lev

erage-sco
re

estim
ator

w
ith

ou
t

re-sca
lin

g
S
N
R

.
In

ord
er

to
d

evelop
n

on
triv

ial
b

ou
n

d
s

on
C
W
C

(S
N
R

),
C
P
E

(S
N
R

),
an

d
C
R
E

(S
N
R

),
w

e
n

eed
to

m
ake

a
stron

g
assu

m
p

tion
on

th
e

leverage-score
d

istrib
u

tion
on
X

.
T

o
d

o
so,

w
e

d
efi

n
e

th
e

follow
in

g.

D
e
fi

n
itio

n
1

(k
-h

e
a
v
y

h
itte

r
le

v
e
ra

g
e

d
istrib

u
tio

n
)

A
sequ

en
ce

o
f

levera
ge

sco
res

(`
i )
ni=

1

is
a

k
-h

eav
y

h
itter

levera
ge

sco
re

d
istribu

tio
n

if
th

ere
exist

co
n

sta
n

ts
c,C

>
0

su
ch

th
a
t

fo
r

1
≤
i≤

k
,
cpk
≤
`
i ≤

C
pk

a
n

d
fo

r
th

e
rem

a
in

in
g
n
−
k

levera
ge

sco
res, ∑

pi=
k
+

1
`
i ≤

34 .

T
h

e
in

terp
reta

tion
of

a
k
-h

eav
y

h
itter

leverage
d

istrib
u
tion

is
on

e
in

w
h

ich
on

ly
k

sam
p

les
in
X

con
ta

in
th

e
m

a
jority

of
th

e
lev

erage
score

m
ass.

In
th

e
sim

u
la

tion
s

b
elow

,
w

e
p

rov
id

e
ex

a
m

p
les

o
f

sy
n
th

etic
m

atrices
X

w
h

ere
th

e
m

a
jority

of
th

e
m

ass
is

in
th

e
largest

levera
ge

scores.
T

h
e

p
ara

m
eter

k
acts

as
a

m
easu

re
of

n
on

-u
n

iform
ity,

in
th

at
th

e
sm

aller
th

e
k
,

th
e

m
o
re

n
o
n

-u
n

iform
are

th
e

lev
erage

scores.
T

h
e
k
-h

eav
y

h
itter

leverage
d
istrib

u
tion

allow
s

u
s

to
m

o
d

el
h

igh
ly

n
on

-u
n

iform
lev

erage
scores.

In
th

is
case,

w
e

h
av

e
th

e
follow

in
g

resu
lt,

th
e

p
ro

o
f

of
w

h
ich

m
ay

b
e

fou
n

d
in

S
ection

B
.2.

T
h

e
o
re

m
2

F
o
r
S

=
S
N
R

,
w

ith
θ

=
0

a
n

d
a
ssu

m
in

g
a
k

-h
ea

vy
h
itter

levera
ge

d
istribu

tio
n

a
n

d
,

th
ere

exist
co

n
sta

n
ts
c

1
a
n

d
r≥

c
1 p

log (c
2 p ),

su
ch

th
a
t

ra
n

k(S
N
R

)
=
p

a
n

d
:

C
W
C

(S
N
R

)
≤

1
+

44C
2

c
2

pr

C
P
E

(S
N
R

)
≤

44C
4

c
2

kr

C
R
E

(S
N
R

)
≤

1
+

44C
4

c
2

p
k

n
r
,

w
ith

p
ro

ba
bility

a
t

lea
st

0.6.

N
otice

th
at

w
h

en
k
�

n
,

b
ou

n
d

s
in

T
h

eorem
2

o
n
C
P
E

(S
N
R

)
an

d
C
R
E

(S
N
R

)
are

sig
n
ifi

-
can

tly
sh

a
rp

er
th

a
n

b
ou

n
d

s
in

T
h

eorem
1

on
C
P
E

(S
R

)
an

d
C
R
E

(S
R

).
H

en
ce

n
ot

re-scalin
g

h
as

th
e

p
o
ten

tial
to

p
rov

id
e

sh
arp

er
b

ou
n

d
in

th
e

statistica
l

settin
g.

H
ow

ever
a

stron
ger

assu
m

p
tion

o
n
X

is
n

eed
ed

for
th

is
resu

lt.
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S
t
a
t
is

t
ic

a
l

P
e
r
sp

e
c
t
iv

e
o
n

R
a
n
d
o
m

iz
e
d

S
k
e
t
c
h
in

g
A

l
g

o
r
it

h
m

s

3
.2

R
a
n

d
o
m

P
ro

je
c
ti

o
n

M
e
th

o
d
s

H
er

e,
w

e
co

n
si

d
er

tw
o

ra
n

d
om

p
ro

je
ct

io
n

al
go

ri
th

m
s,

on
e

b
as

ed
on

a
su

b
-G

a
u

ss
ia

n
p

ro
-

je
ct

io
n

m
at

ri
x

an
d

th
e

ot
h

er
b

as
ed

on
a

H
ad

am
ar

d
p

ro
je

ct
io

n
m

at
ri

x
.

T
o

d
o

so
,

d
efi

n
e

[S
S
G
P

] i
j

=
1 √
r
X
ij

,
w

h
er

e
(X

ij
) 1
≤
i≤
r,

1
≤
j≤
n

ar
e

i.
i.

d
.

su
b

-G
au

ss
ia

n
ra

n
d

o
m

va
ri

a
b

le
s

w
it

h

E[
X
ij

]
=

0,
va

ri
an

ce
E[
X

2 ij
]

=
σ

2
an

d
su

b
-G

au
ss

ia
n

p
a
ra

m
at

er
1.

In
th

is
ca

se
,

w
e

h
av

e
th

e
fo

ll
ow

in
g

re
su

lt
,

th
e

p
ro

of
of

w
h

ic
h

m
ay

b
e

fo
u

n
d

in
S

ec
ti

on
B

.3
.

T
h

e
o
re

m
3

F
o
r

a
n

y
m

a
tr

ix
X

,
th

er
e

ex
is

ts
a

co
n

st
a
n

t
c

su
ch

th
a
t

if
r
≥
c

lo
g
n

,
th

en
w

it
h

p
ro

ba
bi

li
ty

gr
ea

te
r

th
a
n

0
.7

,
it

h
o
ld

s
th

a
t

ra
n

k(
S
S
G
P

)
=
p

a
n

d
th

a
t:

C
W
C

(S
S
G
P

)
≤

1
+

1
1
p r

C
P
E

(S
S
G
P

)
≤

44
(1

+
n r

)

C
R
E

(S
S
G
P

)
≤

1
+

44
p r
.

N
ot

ic
e

th
at

th
e

b
ou

n
d

s
in

T
h
eo

re
m

3
fo

r
S
S
G
P

ar
e

eq
u

iv
al

en
t

to
th

e
b

ou
n

d
s

in
T

h
eo

re
m

1
fo

r
S
R

,
ex

ce
p

t
th

at
r

is
re

q
u

ir
ed

on
ly

to
b

e
la

rg
er

th
an
O

(l
og
n

)
ra

th
er

th
an
O

(p
lo

g
p
).

H
en

ce
fo

r
sm

al
le

r
va

lu
es

of
p
,

ra
n
d

om
su

b
-G

au
ss

ia
n

p
ro

je
ct

io
n

s
ar

e
m

or
e

st
ab

le
th

a
n

le
ve

ra
ge

-
sc

or
e

sa
m

p
li

n
g

b
as

ed
ap

p
ro

ac
h

es
.

T
h

is
re

fl
ec

ts
th

e
fa

ct
th

at
to

a
fi

rs
t-

or
d

er
a
p

p
ro

x
im

a
ti

on
,

le
ve

ra
ge

-s
co

re
sa

m
p

li
n

g
p

er
fo

rm
s

as
w

el
l

as
p

er
fo

rm
in

g
a

sm
o
ot

h
p

ro
je

ct
io

n
.

N
ex

t,
w

e
co

n
si

d
er

th
e

ra
n

d
om

iz
ed

H
ad

am
ar

d
p

ro
je

ct
io

n
m

at
ri

x
.

In
p

a
rt

ic
u

la
r,
S
H
a
d

=
S
U
n
if
H
D

,
w

h
er

e
H
∈
R
n
×
n

is
th

e
st

an
d

ar
d

H
ad

am
ar

d
m

at
ri

x
(s

ee
e.

g.
,

H
ed

ay
a
t

a
n

d
W

a
ll

is
(1

97
8)
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el
op

u
p

p
er

b
ou

n
d

s
fo

r
3

p
er

fo
rm

a
n

ce
cr

it
er

ia
a
p

p
li

ed
to

4
sk

et
ch

in
g

sc
h

em
es

.
O

u
r

u
p

p
er

b
o
u
n

d
s

re
ve

a
l

th
a
t

in
th

e
re

gi
m

e
w

h
er

e
p
<
r
�

n
,

ou
r

sk
et

ch
in

g
sc

h
em

es
a
ch

ie
ve

o
p

ti
m

a
l

p
er

fo
rm

an
ce

u
p

to
co

n
st

an
ts

,
in

te
rm

s
of

W
C

an
d

R
E

.
O

n
th

e
ot

h
er

h
an

d
,

th
e

P
E

sc
al

es
as

n r
m

ea
n

in
g
r

n
ee

d
s

to
b

e
cl

o
se

to
(o

r
g
re

a
te

r
th

a
n

)
n

fo
r

go
o
d

p
er

fo
rm

an
ce

.
S
u

b
se

q
u

en
t

lo
w

er
b

ou
n

d
s

in
P

il
an

ci
a
n

d
W

a
in

w
ri

gh
t

(2
0
14

)
sh

ow
th

at
th

is
u

p
p

er
b

ou
n

d
ca

n
n
o
t

b
e

im
p

ro
ve

d
,

b
u

t
su

b
se

q
u

en
t

w
o
rk

b
y

P
il

a
n

ci
a
n

d
W

ai
n
w

ri
gh

t
(2

01
4
)

a
s

w
el

l
a
s

L
u

a
n

d
F

os
te

r
(2

0
14

);
L

u
et

a
l.

(2
0
1
3
)

p
ro

v
id

e
a
lt

er
n

a
te

m
or

e
so

p
h
is

ti
ca

te
d

sk
et

ch
in

g
ap

p
ro

ac
h

es
to

d
ea

l
w

it
h

th
es

e
ch

a
ll

en
g
es

.
O

u
r

si
m

u
la

ti
on

re
su

lt
s

re
ve

al
th

a
t

fo
r

w
h

en
r

is
ve

ry
cl

os
e

to
p
,

p
ro

je
ct

io
n

-b
as

ed
ap

p
ro

a
ch

es
te

n
d

to
o
u

t-
p

er
fo

rm
sa

m
p

li
n

g-
b

as
ed

ap
p

ro
a
ch

es
si

n
ce

p
ro

je
ct

io
n

-b
a
se

d
a
p

p
ro

ac
h

es
te

n
d

to
b

e
m

o
re

st
a
b

le
in

th
a
t

re
gi

m
e.

T
h

er
e

ar
e

n
u

m
er

o
u

s
w

ay
s

in
w

h
ic

h
th

e
fr

a
m

ew
o
rk

a
n

d
re

su
lt

s
fr

o
m

th
is

p
a
p

er
ca

n
b

e
ex

-
te

n
d

ed
.

F
ir

st
ly

,
th

er
e

is
a

la
rg

e
li

te
ra

tu
re

th
a
t

p
re

se
n
ts

a
n
u

m
b

er
o
f

d
iff

er
en

t
a
p

p
ro

a
ch

es
to

sk
et

ch
in

g.
S

in
ce

o
u

r
fr

a
m

ew
or

k
p

ro
v
id

es
ge

n
er

a
l
co

n
d

it
io

n
s

to
a
ss

es
s

th
e

st
a
ti

st
ic

al
an

d
a
lg

o
-

ri
th

m
ic

p
er

fo
rm

an
ce

fo
r

sk
et

ch
in

g
m

a
tr

ic
es

,
a

n
at

u
ra

l
a
n

d
st

ra
ig

h
tf

o
rw

ar
d

ex
te

n
si

o
n

w
o
u

ld
b

e
to

u
se

ou
r

fr
am

ew
o
rk

to
co

m
p
ar

e
o
th

er
sk

et
ch

in
g

m
a
tr

ic
es

.
A

n
o
th

er
n

a
tu

ra
l

ex
te

n
si

o
n

is
to

d
et

er
m

in
e

w
h

et
h

er
a
sp

ec
ts

o
f

th
e

fr
am

ew
o
rk

ca
n

b
e

a
d

a
p

te
d

to
ot

h
er

st
a
ti

st
ic

al
m

o
d

el
s

an
d

p
ro

b
le

m
s

of
in

te
re

st
(e

.g
.,

g
en

er
a
li

ze
d

li
n

ea
r

m
o
d

el
s,

co
va

ri
a
n

ce
es

ti
m

at
io

n
,

P
C

A
,

et
c.

).
F

in
a
ll

y,
an

ot
h
er

im
p

o
rt

a
n
t

d
ir

ec
ti

on
is

to
co

m
p

a
re

th
e

st
a
b

il
it

y
an

d
ro

b
u

st
n

es
s

p
ro

p
er

ti
es

of
d

iff
er

en
t

sk
et

ch
in

g
m

a
tr

ic
es

.
O

u
r

cu
rr

en
t

a
n

al
y
si

s
a
ss

u
m

es
a

k
n

ow
n

li
n

ea
r

m
o
d

el
,

an
d

it
is

u
n

cl
ea

r
h

ow
th

e
sk

et
ch

in
g

m
at

ri
ce

s
b

eh
av

e
u

n
d

er
m

o
d

el
m

is
-s

p
ec

ifi
ca

ti
on

.
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S
t
a
t
ist

ic
a
l

P
e
r
sp

e
c
t
iv

e
o
n

R
a
n
d
o
m

iz
e
d

S
k
e
t
c
h
in

g
A

l
g

o
r
it

h
m

s

A
ck

n
o
w

le
d

g
e
m

e
n
t.

W
e

w
ou

ld
like

to
th

a
n

k
th

e
S

ta
tistica

l
an

d
A

p
p

lied
M

ath
em

a
tical

S
cien

ces
In

stitu
te

an
d

th
e

m
em

b
ers

of
its

va
rio

u
s

w
o
rk

in
g

g
ro

u
p

s
fo

r
h

elp
fu

l
d

iscu
ssio

n
s.

A
p
p
e
n
d
ix

A
.
A
u
x
ilia

ry
R
e
su

lts

In
th

is
sectio

n
,

w
e

p
rov

id
e

p
ro

o
fs

of
L

em
m

a
1

a
n

d
a
n

in
term

ed
ia

te
resu

lt
w

e
w

ill
la

ter
u

se
to

p
rov

e
th

e
m

a
in

th
eo

rem
s.

A
.1

P
ro

o
f

o
f

L
e
m

m
a

1

R
ecall

th
a
t
X

=
U

Σ
V
T

,
w

h
ere

U
∈
R
n×

p,
Σ
∈
R
p×
p

a
n

d
V
∈
R
p×
p

d
en

o
te

th
e

left
sin

g
u

lar
m

a
trix

,
d

iag
o
n

a
l

sin
g
u

la
r

valu
e

m
a
trix

an
d

rig
h
t

sin
gu

la
r

m
atrix

resp
ectively.

F
irst

w
e

sh
ow

th
at‖Y

−
X
β
O
L
S ‖

22
=
‖ε‖

22 .
T

o
d

o
so

,
ob

serve
th

a
t

‖
Y
−
X
β
O
L
S ‖

22
=
‖
Y
−
U

Σ
V
T
β
O
L
S ‖

22 ,

a
n

d
set

δ
O
L
S

=
Σ
V
T
β
O
L
S

.
It

follow
s

th
a
t
δ
O
L
S

=
U
T
Y

.
H

en
ce

‖
Y
−
X
β
O
L
S ‖

22
=
‖Y
−

Π
U
Y
‖

22 ,

w
h

ere
Π
U

=
U
U
T

.
F

o
r

ev
ery

Y
∈
R
n
,

th
ere

ex
ists

a
u

n
iq

u
e
δ
∈
R
p

a
n

d
ε∈

R
n

su
ch

th
a
t

U
T
ε

=
0

a
n

d
Y

=
U
δ

+
ε.

H
en

ce

‖Y
−
X
β
O
L
S ‖

22
=
‖
(I
n×

n −
Π
U

)ε‖
22

=
‖ε‖

22 ,

w
h

ere
th

e
fi

n
al

eq
u

a
lity

h
old

s
sin

ce
Π
U
ε

=
0.

N
ow

w
e

a
n

a
ly

ze
‖
Y
−
X
β
S ‖

22 .
O

b
serv

e
th

a
t

‖
Y
−
X
β
S ‖

22
=
‖
Y
−

Π
SU
Y
‖

22 ,

w
h

ere
Π
US

=
U

(S
U

) †S
.

S
in

ce
Y

=
U
δ

+
ε,

it
follow

s
th

a
t

‖
Y
−
X
β
S ‖

22
=
‖
U

(I
p×
p −

(S
U

) †S
U

)δ
+

(I
n×

n −
Π
SU

)ε‖
22

=
‖
(I
p×
p −

(S
U

) †S
U

)δ‖
22

+
‖(I

n×
n −

Π
SU

)ε‖
22

=
‖
(I
p×
p −

(S
U

) †S
U

)δ‖
22

+
‖ε‖

22
+
‖Π

SU
ε‖

22 .

T
h

erefo
re

fo
r

all
Y

:

C
W
C

(S
)

=
‖
Y
−
X
β
S ‖

22

‖
Y
−
X
β
O
L
S ‖

22

=
1

+
‖
(I
p×
p −

(S
U

) †S
U

)δ‖
22

+
‖
Π
US
ε‖

22

‖ε‖
22

,

w
h

ere
U
T
ε

=
0.

T
a
k
in

g
a

su
p

rem
u

m
ov

er
Y

a
n

d
con

seq
u

en
tly

over
ε

a
n

d
δ

com
p

letes
th

e
p

ro
of

fo
r
C
W
C

(S
).

N
ow

w
e

tu
rn

to
th

e
p

ro
o
f

fo
r
C
P
E

(S
).

F
irst

n
o
te

th
a
t

E
[‖
X

(β
O
L
S
−
β

)‖
22 ]

=
E

[‖
U
U
T
Y
−
U

Σ
V
T
β‖

22 ].

U
n

d
er

th
e

lin
ear

m
o
d

el
Y

=
U

Σ
V
T
β

+
ε,

E
[‖
X

(β
O
L
S
−
β

)‖
22 ]

=
E

[‖Π
U
ε‖

22 ].
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R
a
sk

u
t
t
i

a
n
d

M
a
h
o
n
e
y

S
in

ce
E

[εε
T

]
=
I
n×

n
,

it
follow

s
th

at

E
[‖
X

(β
O
L
S
−
β

)‖
22 ]

=
E

[‖
Π
U
ε‖

22 ]
=
‖Π

U ‖
2F

=
p
.

F
o
r
β
S

,
w

e
h

ave
th

at

E
[‖X

(β
S
−
β

)‖
22 ]

=
E

[‖
Π
US
Y
−
U

Σ
V
T
β‖

22 ]
=

E
[‖

(U
(I−

(S
U

) †S
U

)Σ
V
T
β

+
Π
US
ε‖

22 ]

=
‖
(I
p×
p −

(S
U

) †S
U

)Σ
V
T
β‖

22
+
E

[‖Π
US
ε‖

22 ]

=
‖
(I
p×
p −

(S
U

) †S
U

)Σ
V
T
β‖

22
+
‖Π

US ‖
2F
.

H
en

ce
C
P
E

(S
)

=
1/p

(‖(I
p×
p −

(S
U

) †S
U

)Σ
V
T
β‖

22
+
‖
Π
US ‖

2F
)

as
stated

.
F

or
C
R
E

(S
),

th
e

m
ean

-sq
au

red
error

for
δ
O
L
S

an
d
δ
S

are

E
[‖Y
−
X
β
O
L
S ‖

22 ]
=

E
[‖(I−

Π
U

)ε‖
22 ]

=
‖
I−

Π
U‖

2F
=
n
−
p
,

an
dE

[‖Y
−
X
β
S ‖

22 ]
=
‖(I

p×
p −

(S
U

) †S
U

)Σ
V
T
β‖

22
+

E
[‖(I−

Π
US

)ε‖
22 ]

=
‖(I

p×
p −

(S
U

) †S
U

)Σ
V
T
β‖

22
+

trace((I−
Π
S

)
T

(I−
Π
S

))

=
‖(I

p×
p −

(S
U

) †S
U

)Σ
V
T
β‖

22
+

trace(I
)−

2
trace(Π

S
)

+
‖
Π
S ‖

2F

=
‖(I

p×
p −

(S
U

) †S
U

)Σ
V
T
β‖

22
+
n
−

2p
+
‖
Π
S ‖

2F

=
‖(I

p×
p −

(S
U

) †S
U

)Σ
V
T
β‖

22
+
n
−
p

+
‖Π

S ‖
2F
−
p
.

H
en

ce,

C
R
E

(S
)

=
n
−
p

+
‖
(I
p×
p −

(S
U

) †S
U

)Σ
V
T
β‖

22
+
‖
Π
S ‖

2F
−
p

n
−
p

=
1

+
‖
(I
p×
p −

(S
U

) †S
U

)Σ
V
T
β‖

22
+
‖Π

S ‖
2F
−
p

n
−
p

=
1

+
C
P
E

(S
)−

1

n
/p−

1
.

A
.2

In
te

rm
e
d

ia
te

R
e
su

lt

In
ord

er
to

p
rov

id
e

a
con

ven
ien

t
w

ay
to

p
aram

eterize
ou

r
u

p
p

er
b

ou
n

d
s

for
C
W
C

(S
),

C
P
E

(S
),

a
n

d
C
R
E

(S
),

w
e

in
tro

d
u

ce
th

e
follow

in
g

th
ree

stru
ctu

ral
co

n
d

ition
s

on
S

.
L

et
σ̃
m
in

(A
)

d
en

ote
th

e
m

in
im

u
m

n
o
n

-zero
sin

gu
lar

valu
e

of
a

m
a
trix

A
.

•
T

h
e

fi
rst

con
d

ition
is

th
at

th
ere

ex
ists

an
α

(S
)
>

0
su

ch
th

at

σ̃
m

in
(S
U

)≥
α

(S
).

(12)

•
T

h
e

seco
n

d
con

d
ition

is
th

at
th

ere
ex

ists
a
β

(S
)

su
ch

th
at

su
p

ε,
U
T
ε=

0 ‖
U
T
S
T
S
ε‖

2

‖ε‖
2

≤
β

(S
).

(13)
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S
t
a
t
is

t
ic

a
l

P
e
r
sp

e
c
t
iv

e
o
n

R
a
n
d
o
m

iz
e
d

S
k
e
t
c
h
in

g
A

l
g

o
r
it

h
m

s

•
T

h
e

th
ir

d
co

n
d
it

io
n

is
th

at
th

er
e

ex
is

ts
a
γ

(S
)

su
ch

th
at

‖U
T
S
T
S
‖ F
≤
γ

(S
).

(1
4)

N
ot

e
th

at
th

e
st

ru
ct

u
ra

l
co

n
d

it
io

n
s

d
efi

n
ed

b
y
α

(S
)

an
d
β

(S
)

h
av

e
b

ee
n

d
efi

n
ed

p
re

v
io

u
sl

y
as

E
q
n

.
(8

)
an

d
E

q
n

.
(9

)
in

D
ri

n
ea

s
et

al
.

(2
01

1)
.

G
iv

en
th

es
e

q
u

an
ti

ti
es

,
w

e
ca

n
st

at
e

th
e

fo
ll

ow
in

g
le

m
m

a,
th

e
p

ro
of

of
w

h
ic

h
m

ay
b

e
fo

u
n

d
in

S
ec

ti
on

A
.2

.
T

h
is

le
m

m
a

p
ro

v
id

es
u

p
p

er
b

ou
n

d
s

fo
r
C
W
C

(S
),
C
P
E

(S
),

a
n
d
C
R
E

(S
)

in
te

rm
s

of
th

e
p

ar
am

et
er

s
α

(S
),
β

(S
),

an
d
γ

(S
).

L
e
m

m
a

2
F

o
r
α

(S
)

a
n

d
β

(S
),

a
s

d
efi

n
ed

in
E

qn
.

(1
2)

a
n

d
(1

3)
,

C
W
C

(S
)
≤

1
+

su
p

δ
∈R

p
,U
T
ε=

0

‖(
I p
×
p
−

(S
U

)†
(S
U

))
δ‖

2 2

‖ε
‖2 2

+
β

2
(S

)

α
4
(S

).

F
o
r
α

(S
)

a
n

d
γ

(S
),

a
s

d
efi

n
ed

in
E

qn
.

(1
2)

a
n

d
(1

4)
,

C
P
E

(S
)
≤
‖(
I p
×
p
−

(S
U

)†
S
U

)Σ
V
T
β
‖2 2

p
+
γ

2
(S

)

α
4
(S

).

F
u

rt
h
er

m
o
re

,

C
R
E

(S
)
≤

1
+
p n

[ ‖
(I
p
×
p
−

(S
U

)†
S
U

)Σ
V
T
β
‖2 2

p
+
γ

2
(S

)

α
4
(S

)] .

A
ga

in
,
th

e
te

rm
s

in
vo

lv
in

g
(S
U

)†
S
U

ar
e

a
“b

ia
s”

th
at

eq
u

al
ze

ro
fo

r
ra

n
k
-p

re
se

rv
in

g
sk

et
ch

-
in

g
m

at
ri

ce
s.

In
ad

d
it

io
n
,

w
e

em
p

h
as

iz
e

th
at

th
e

re
su

lt
s

of
L

em
m

a
1

an
d

L
em

m
a

2
h

ol
d

fo
r

ar
b

it
ra

ry
sk

et
ch

in
g

m
at

ri
ce

s
S

.
In

A
p
p

en
d

ix
A

.3
,

w
e

b
ou

n
d
α

(S
),
β

(S
)

a
n

d
γ

(S
)

fo
r

se
ve

ra
l

d
iff

er
en

t
ra

n
d

om
iz

ed
sk

et
ch

in
g

m
at

ri
ce

s,
an

d
th
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w

il
l

p
er

m
it

u
s
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o
b
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in

b
o
u

n
d

s
on

C
W
C

(S
),
C
P
E

(S
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an
d
C
R
E

(S
).

F
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th
e

sk
et

ch
in

g
m

at
ri

ce
s

w
e

an
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y
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,
w

e
p

ro
ve

th
at
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e

b
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s
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0
w
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h

h
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h
p

ro
b
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it
y.

A
.3

P
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o
f

o
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L
e
m

m
a

2

N
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e
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Π
U S

=
U

(S
U

)†
S

.
L

et
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n
k
(S
U

)
=
k
<
p
,

an
d
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e
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n

gu
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r
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e

d
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o
m
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S
U

=
Ũ
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Ṽ
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h
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∈
R
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x
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.
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,

‖Π
U S
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2 2
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‖2 2

=
‖U
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U
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2 2
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‖2 2

=
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U
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2 2
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‖2 2
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−

1
Ũ
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S
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2 2
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‖2 2
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−

2
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Ũ
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‖2 2

,

21
JM

L
R

 1
7(

21
4)

:1
-3

1

R
a
sk

u
t
t
i

a
n
d
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d
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Ũ
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Ũ
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‖Ṽ

Σ̃
−

2
Ṽ
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Ũ
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p
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d
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d
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)
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p
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it
y
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d
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h
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b
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b

il
it

y
b

o
u

n
d

s.

B
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P
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h

e
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m
1
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ir
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e
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α
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)
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g
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ti
n
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D
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).
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p

p
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g

T
h
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re

m
4
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D
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n
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a
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(2
0
1
1)

w
it

h
β

=
1
−
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A

=
U
T

,
ε

=
1 √
2
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d
δ

=
0
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p
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v
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e
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n
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t
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e
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a

2
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0
si

n
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n

k
(S
R
U
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=
p
.

T
o

u
p

p
er

b
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n
d
β
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R
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w

e
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t
u

p
p

er
b

ou
n

d
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en
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p

p
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M
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u
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it
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U
si

n
g
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e

re
su
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T
a
b

le
1
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ec
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d

ro
w

)
o
f

D
ri

n
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et

a
l.

(2
0
06

a)
w

it
h
β

=
1
−
θ:

E[
‖U

T
S
T R
S
R
ε‖

2 2
]
≤

1

(1
−
θ)
r
‖U

T
‖2 F
‖ε
‖2 2

=
p

(1
−
θ)
r
‖ε
‖2 2
.

A
p

p
ly

in
g

M
ar

ko
v
’s

in
eq

u
a
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, ‖U

T
S
T R
S
R
ε‖
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1
1p
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−
θ)
r
‖ε
‖2 2
,

w
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h
p
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b
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a
st

0
.9

.
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U
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TR
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`
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TR
S
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∑
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F
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p

er
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u

n
d

E
[γ

(S
R

)]
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n
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en
a
p

p
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M
a
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’s
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eq

u
ality.

R
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th
a
t

[S
R

]k
i

=
1
√
r
p
i σ
k
i

w
h

ere
P

(σ
k
i

=
+

1
)

=
p
i .

T
h

en
,

1p

n
∑i=

1

`
i E

([S
TR
S
R

] 2ii ])
=

1r
2p

n
∑i=

1

`
i

p
2i

r
∑m

=
1

r
∑`=
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[σ

2m
i σ

2`i ]

=
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2p
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1

`
i

p
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=
1

r
∑`=

1 E
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m
i σ
`i ]

=
1r
2p

n
∑i=

1

`
i

p
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r)p
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+
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i ]
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n
∑i=
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i (r

2−
r)

+
r
`
i

p
i )]

=
1−

1r
+

1rp

n
∑i=

1

`
i

p
i .

S
u

b
stitu

tin
g
p
i

=
(1−

θ)
`
ip

+
θq
i

com
p

letes
th

e
u

p
p

er
b

o
u

n
d

o
n
E

[γ
(S
R

)]:

1−
1r

+
1rp

n
∑i=

1

`
i

p
i

=
1−

1r
+

1rp

n
∑i=

1

`
i

(1−
θ)
`
ip

+
θq
i

≤
1−

1r
+

1r

n
∑i=

1

1

1−
θ

≤
1−

1r
+

n

(1−
θ)r

≤
1

+
n

(1−
θ)r

.

U
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g
M

a
rkov

’s
in

eq
u

a
lity,

P (|γ
(S
R

)−
E

[γ
(S
R

)]|≥
1
0E

[γ
(S
R

)] )≤
0
.1
,
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a
n
d

M
a
h
o
n
e
y
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d
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n
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u

en
tly

γ
(S
R

)
≤

11(1
+

n
(1−

θ
)r )

w
ith

p
rob

ab
ility

greater
th

a
n

0
.9.

T
h

e
fi

n
al

p
rob

a
b

ility
of

0.7
arises

sin
ce

w
e

sim
u

ltan
eou

sly
req

u
ire

a
ll

th
ree

b
ou

n
d

s
to

h
old

w
h

ich
h
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w

ith
p

ro
b

a
b

ility
0
.9

3
>

0.7.
A

p
p

ly
in

g
L

em
m

a
2

in
com

b
in

ation
w

ith
ou

r
h

ig
h

p
rob

ab
ility

b
o
u

n
d

s
fo

r
α

(S
R

),
β

(S
R

)
an

d
γ

(S
R

)
com

p
letes

th
e

p
ro

of
for

T
h

eorem
1.

B
.2

P
ro

o
f

o
f

T
h

e
o
re

m
2

D
efi

n
e
S

=
√

kr
S
N
R

w
h

ere
S
N
R

is
th

e
sam

p
lin

g
m

atrix
w

ith
ou

t
re-scalin

g.
R

ecall
th

e

k
-h

eav
y

h
itter

leverage-score
assu

m
p

tion
.

S
in

ce
∑

ni=
k
+

1
`
i ≤

p
1
0
r , ∑

ni=
k
+

1
p
i ≤

1
1
0
r

(recall

p
i

=
`
ip ).

H
en

ce
th

e
p

rob
ab

ility
th

at
a

sam
p

le
on

ly
con

tain
s

th
e
k

sam
p

les
w

ith
h

igh
lev

era
ge

sco
re

is:

(1−
110r

)
r≥

1−
110

=
0.9
.

F
or

th
e

rem
ain

d
er

of
th

e
p

ro
of,

w
e

con
d

itio
n

on
th

e
ev

en
tA

th
a
t

on
ly

th
e

row
s

w
ith

th
e
k

la
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leverag
e

scores
are

selected
.

L
et
Ũ
∈
R
k×

p
b

e
th

e
su

b
-m

atrix
of
U

corresp
o
n

d
in

g
to

th
e

top
k

leverage
scores.

L
et
W

=
E

[ S
T
S

]∈
R
k×

k.
S

in
ce

ck
≤
p
i ≤

Ck
for

all
1
≤
i≤

k
,
cI
k×

k
�
W
�
C
I
k×

k .

F
u

rth
erm

ore
sin

ce
∑

ni=
k
+

1
`
i ≤

p
1
0
r ,

0
.9
I
p×
p �

Ũ
T
Ũ
�
I
p×
p .

F
irst

w
e

low
er

b
ou

n
d
α

2(S
N
R

).
A

p
p

ly
in

g
T

h
eorem

4
in

D
rin

eas
et

al.
(20

11)
w

ith
β

=
C

,
A

=
Ũ
T
W

1
/
2,
ε

=
c2

an
d
δ

=
0
.1

en
su

res
th

at
as

lon
g
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r≥

c ′p
log

(p
)

for
su

ffi
cien

tly
large

c ′,

‖Ũ
T
W
Ũ
−
Ũ
T
S
T
S
Ũ
‖
o
p ≤
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C
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w
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p
rob
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ility

a
t
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0.9.

S
in

ce
Ũ
T
W
Ũ
�

3
c4
,
Ũ
T
S
T
S
Ũ
�

c4 .
T

h
erefore

w
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p
rob
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ility
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0.9
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α
2(S

N
R

)≥
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4
C
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N
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t
w

e
b

o
u

n
d
β

(S
N
R

).
S
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ce
S

=
√

kr
S
N
R

,
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w
e
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n

d
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A

,
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e
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g
k
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e
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are
selected
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Ũ
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R
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p
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e
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e
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b
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d
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g
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th
e
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e

sco
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U
sin

g
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e
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lt
of

T
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le
1

(secon
d

row
)

of
D

rin
ea

s
et

al.
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6a)
w
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β

=
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E
[‖U

T
S
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R
S
N
R
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22 ]
=
r

2

k
2 E

[‖U
T
S
T
S
ε‖

22 ]
=
r

2

k
2 E
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Ũ
T
S
T
S
ε‖
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r

2

k
2 ‖
Ũ
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22 ‖
ε‖

22 ≤
p
r

2

k
2 ‖ε‖

22 .

A
p

p
ly

in
g

M
a
rkov

’s
in

eq
u

ality,‖
U
T
S
TN
R
S
N
R
ε‖

22 ≤
11p

r
2

k
2
‖ε‖
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w
ith

p
ro

b
a
b
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a
t
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0
.9

w
h

ich
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p
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e

u
p

p
er

b
o
u

n
d

for
β

(S
N
R
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P
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k
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al
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):
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Ũ
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T
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=
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]2 ii
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Ũ
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T
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C
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w
h

er
e
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e
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s
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≤

C
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k
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d
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er

w
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N
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ta

k
in
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√
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+
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A
p

p
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M
a
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u
a
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≤
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p
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p
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h
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P
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d
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d
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g
ra

p
h
G

=
(V
,E

)
w

ith
vertices

V
=
{
1,..,n}

a
s

P
(x

)∝
∏i∈
V

ψ
i (x

i )
∏{
i,j}∈

E

ψ
ij (x

i ,x
j )

∝
ex

p 
∑i∈
V

f
i (x

i )
+
∑{
i,j}∈

E f
ij (x

i ,x
j ) 

,

(1
)

w
h

ere
ψ
i ,ψ

ij
≥

0
a
re

n
on

-n
eg

a
tive

n
o
d

e
a
n

d
ed

g
e

com
p

a
tib

ility
fu

n
ctio

n
s.

F
o
r

p
o
sitive

ψ
’s,

w
e

m
ay

also
rep

resen
t
P

(x
)

a
s

a
G

ib
b

s
d
istrib

u
tion

w
ith

p
o
ten

tia
ls
f
i

=
log

ψ
i

an
d

f
ij

=
lo

g
ψ
ij .

D
e
fi

n
itio

n
1

A
n

Isin
g

m
o
d

el
o
n

bin
a
ry

ra
n

d
o

m
va

ria
bles

x
=

(x
1 ,...,x

n
)

a
n

d
gra

p
h
G

=
(V
,E

)
is

th
e

p
ro

ba
bility

d
istribu

tio
n

d
efi

n
ed

by

P
(x

)
=

1

Z
(θ)

ex
p 

∑i∈
V

θ
i x
i
+
∑{
i,j}∈

E θ
ij x

i x
j 

,

Z
(θ)

=
∑

x

ex
p 

∑i∈
V

θ
i x
i
+
∑{
i,j}∈

E θ
ij x

i x
j 

,

w
h
ere

x
i ∈
{−

1,1}
.

T
h
e

p
a
rtitio

n
fu

n
ctio

n
Z

(θ)
serves

to
n

o
rm

a
lize

th
e

p
ro

ba
bility

d
istri-

bu
tio

n
.

F
o
rm

a
lly,

th
is

d
efi

n
es

a
n

expo
n

en
tia

l
fa

m
ily

P
θ (x

)
=

ex
p{
θ
T
φ

(x
)−

Φ
(θ)}

(B
arn

d
o
rff

-
N

ielsen
,
1
97

9
;
W

a
in

w
rig

h
t

an
d

J
ord

a
n

,
2
0
0
8)

b
a
sed

o
n

su
ffi

cien
t

sta
tistics

(φ
i (x

)
=
x
i ,i∈

V
)

a
n

d
(φ
ij (x

)
=
x
i x
j ,{i,j}

∈
E

),
p

ara
m

eters
(θ
i ,i∈

V
)

an
d

(θ
ij ,{i,j}

∈
E

)
a
n

d
m

om
en

t
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J
o
h
n
so

n
,

O
y
e
n
,

C
h
e
r
t
k
o
v

a
n
d

N
e
t
r
a
pa

l
l
i

p
a
ra

m
eters

(µ
i

=
E

[x
i ],i∈

V
)

an
d

(µ
ij

=
E

[x
i x
j ],{

i,j}
∈
E

).
T

h
e

fu
n

ction
Φ

(θ)
=

log
Z

(θ)
is

a
con

vex
fu

n
ctio

n
of
θ

an
d

h
as

th
e

m
om

en
t

gen
eratin

g
p

ro
p

erties:∇
Φ

(θ)
=

E
θ [φ

(x
)]

=
µ

an
d
∇

2Φ
(θ)

=
E
θ [(φ

(x
)−

µ
)(φ

(x
)−

µ
)
T

].

In
fact,

an
y

p
a
irw

ise
grap

h
ical

m
o
d

el
am

on
g

b
in

ary
variab

les
can

b
e

rep
resen

ted
as

an
Isin

g
m

o
d

el:

θ
i

=
12 ∑x

i

x
i f
i (x

i )
+

14

∑{
i,j}∈

E

∑x
i ,x

j

x
i f
ij (x

i ,x
j ),

θ
ij

=
14

∑x
i ,x

j

x
i x
j f
ij (x

i ,x
j ).

T
h

e
m

o
m

en
ts

can
b

e
com

p
u

ted
as:

µ
i

=
∑

x
i
x
i P

(x
i )

an
d
µ
ij

=
∑

x
i ,x

j
x
i x
j P

(x
i ,x

j ).
In

versely,
th

e
m

argin
als

are
com

p
u

ted
b
y
:

P
(x
i )

=
12 (1

+
µ
i x
i ),

P
(x
i ,x

j )
=

14 (1
+
µ
i x
i
+
µ
j x
j

+
µ
ij x

i x
j ).

W
e

w
ill

b
e

esp
ecially

con
cern

ed
w

ith
th

e
follow

in
g

su
b

-fam
ily

of
Isin

g
m

o
d

els:

D
e
fi

n
itio

n
2

A
n

Isin
g

m
od

el
is

sa
id

to
be

zero-fi
eld

if
θ
i

=
0

fo
r

a
ll
i∈

V
.

It
is

zero-m
ean

if
µ
i

=
0

(P
(x
i

=
±

1)
=

12 )
fo

r
a
ll
i∈

V
.

T
h

e
Isin

g
m

o
d

el
is

zero-fi
eld

if
an

d
on

ly
if

it
is

zero-m
ea

n
.

A
lth

o
u

g
h

th
e

zero-fi
eld

assu
m

p
-

tion
a
p

p
ea

rs
very

restrictive,
a

gen
era

l
Isin

g
m

o
d

el
can

b
e

rep
resen

ted
as

a
zero-fi

eld
m

o
d

el
b
y

a
d

d
in

g
on

e
au

x
iliary

variab
le

n
o
d

e
con

n
ected

to
ev

ery
oth

er
n

o
d

e
of

th
e

grap
h

(J
aak

kola
an

d
T

.,
2
007).

T
h

e
p

aram
eters

an
d

m
om

en
ts

of
th

e
tw

o
m

o
d

els
are

th
en

related
as

follow
s:

P
ro

p
o
sitio

n
1

C
o
n

sid
er

th
e

Isin
g

m
od

el
o
n
G

=
(V
,E

)
w

ith
V

=
{1
,...,n}

,
pa

ra
m

eters
{θ
i }

a
n

d
{θ
ij },

m
o
m

en
ts
{
µ
i }

a
n

d
{
µ
ij }

a
n

d
pa

rtitio
n

fu
n

ctio
n
Z

.
L

et
Ĝ

=
(V̂
,Ê

)
d
en

o
te

th
e

exten
d
ed

gra
p
h

ba
sed

o
n

n
od

es
V̂

=
V
∪
{
n

+
1}

w
ith

ed
ges

Ê
=
E
∪
{{
i,n

+
1}
,i∈

V
}).

W
e

d
efi

n
e

a
zero

-fi
eld

Isin
g

m
od

el
o
n
Ĝ

w
ith

pa
ra

m
eters{

θ̂
ij }

,
m

o
m

en
ts{

µ̂
ij }

a
n

d
pa

rtitio
n

fu
n

ctio
n
Ẑ

.
If

w
e

set
th

e
pa

ra
m

eters
a
cco

rd
in

g
to

θ̂
ij

=

{
θ
i

if
j

=
n

+
1

θ
ij

o
th

erw
ise

,

th
en

Ẑ
=

2Z
a
n

d

µ̂
ij

=

{
µ
i

if
j

=
n

+
1

µ
ij

o
th

erw
ise

.

T
h
u

s,
in

feren
ce

o
n

th
e

corresp
on

d
in

g
zero-fi

eld
Isin

g
m

o
d

el
on

th
e

ex
ten

d
ed

g
rap

h
Ĝ

is
eq

u
iva

len
t

to
in

feren
ce

on
th

e
(n

on
-zero-fi

eld
)

Isin
g

m
o
d

el
d

efi
n

ed
on

G
.

P
ro

of
given

in
A

p
p

en
d

ix
A

.
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L
e
a
r
n
in

g
P

l
a
n
a
r

Is
in

g
M

o
d
e
l
s

2
.3

In
fe

re
n

c
e

fo
r

P
la

n
a
r

Is
in

g
M

o
d

e
ls

T
h

e
m

ot
iv

at
io

n
fo

r
ou

r
p

ap
er

is
th

e
fo

ll
ow

in
g

re
su

lt
on

tr
ac

ta
b

il
it

y
of

in
fe

re
n

ce
fo

r
th

e
p
la

n
a
r

ze
ro

-fi
el

d
Is

in
g

m
od

el
.

D
e
fi

n
it

io
n

3
A

gr
a
p
h

is
p

la
n

ar
if

it
m

a
y

be
em

be
d
d
ed

in
th

e
p
la

n
e

w
it

h
o
u

t
a
n

y
ed

ge
cr

o
ss

-
in

gs
.

M
or

eo
ve

r,
it

is
k
n

ow
n

th
at

an
y

p
la

n
ar

gr
ap

h
ca

n
b

e
em

b
ed

d
ed

su
ch

th
at

al
l
ed

g
es

a
re

d
ra

w
n

as
st

ra
ig

h
t

li
n

es
.

T
h

e
o
re

m
1

(K
a
c

a
n

d
W

a
rd

,
1
9
5
2
;

S
h
er

m
a
n

,
1
9
6
0
;

L
oe

bl
,

2
0
1
0
)

L
et
G

be
a

p
la

n
a
r

gr
a
p
h

w
it

h
sp

ec
ifi

ed
st

ra
ig

h
t-

li
n

e
em

be
d
d
in

g
in

th
e

p
la

n
e

a
n

d
le

t
φ
ij
k
∈

[−
π
,+
π

]
d
en

o
te

th
e

cl
oc

k-
w

is
e

ro
ta

ti
o
n

be
tw

ee
n

th
e

d
ir

ec
te

d
ed

ge
s

(i
,j

)
a
n

d
(j
,k

).
W

e
d
efi

n
e

th
e

m
a
tr

ix
W
∈

C
2
|E
|×

2
|E
|

in
d
ex

ed
by

d
ir

ec
te

d
ed

ge
s

o
f

th
e

gr
a
p
h

a
s

fo
ll

o
w

s:
W

=
A
D

w
h
er

e
D

is
th

e
d
ia

go
n

a
l

m
a
tr

ix
w

it
h
D
ij
,i
j

=
ta

n
h
θ i
j
,
w
ij

a
n

d

A
ij
,k
l

=

{
ex

p
(1 2

√
−

1
φ
ij
l)
,
j

=
k

a
n

d
i
6=
l

0,
o
th

er
w

is
e.

T
h
en

,
th

e
pa

rt
it

io
n

fu
n

ct
io

n
o
f

th
e

ze
ro

-fi
el

d
p
la

n
a
r

Is
in

g
m

od
el

is
gi

ve
n

by
th

e
K

a
c-

W
a
rd

d
et

er
m

in
a
n

t
fo

rm
u

la
:

Z
=

2n

 
∏

{i
,j
}∈
E

co
sh
θ i
j

 
d

et
(I
−
W

)1 2
.

A
n

ot
h

er
re

la
te

d
m

et
h

o
d

fo
r

co
m

p
u

ti
n

g
th

e
Is

in
g

m
o
d

el
p

ar
ti

ti
on

fu
n

ct
io

n
is

b
a
se

d
o
n

co
u

n
t-

in
g

p
er

fe
ct

m
at

ch
in

gs
of

p
la

n
ar

gr
ap

h
s

(K
as

te
le

y
n

,
19

63
;

F
is

h
er

,
19

66
).

T
h
u

s,
ca

lc
u

la
ti

n
g

th
e

p
ar

ti
ti

on
fu

n
ct

io
n

re
d

u
ce

s
to

ca
lc

u
la

ti
n

g
th

e
d

et
er

m
in

an
t

of
a

m
at

ri
x
;

th
er

ef
o
re

,
u

si
n

g
th

e
ge

n
er

al
iz

ed
n

es
te

d
d

is
se

ct
io

n
al

go
ri

th
m

to
ex

p
lo

it
sp

ar
si

ty
of

th
e

m
at

ri
x
,

th
e

co
m

p
le

x
-

it
y

of
th

es
e

ca
lc

u
la

ti
on

s
is
O

(n
3
/
2
)

(L
ip

to
n

et
al

.,
19

79
;

L
ip

to
n

an
d

T
ar

ja
n

,
1
97

9
;

G
a
ll
u

cc
io

et
al

.,
20

00
).

T
h
u

s,
in

fe
re

n
ce

of
th

e
ze

ro
-fi

el
d

p
la

n
ar

Is
in

g
m

o
d

el
is

tr
ac

ta
b

le
a
n

d
sc

a
le

s
w

el
l

w
it

h
p

ro
b

le
m

si
ze

.
T

h
e

gr
ad

ie
n
t

an
d

H
es

si
an

of
th

e
lo

g-
p

ar
ti

ti
on

fu
n

ct
io

n
Φ

(θ
)

=
lo

g
Z

(θ
)

ca
n

al
so

b
e

ca
lc

u
la

te
d

effi
ci

en
tl

y
fr

om
th

e
K

ac
-W

ar
d

d
et

er
m

in
an

t
fo

rm
u

la
.

D
er

iv
at

iv
es

o
f

Φ
(θ

)
re

co
ve

r
th

e
m

om
en

t
p

ar
am

et
er

s
of

th
e

ex
p

on
en

ti
al

fa
m

il
y

m
o
d

el
as
∇

Φ
(θ

)
=

E θ
[φ

]
=
µ

(B
ar

n
d

o
rff

-
N

ie
ls

en
,

19
79

;
W

ai
n
w

ri
gh

t
an

d
J
or

d
an

,
20

08
).

T
h
u

s,
in

fe
re

n
ce

of
m

om
en

ts
(a

n
d

n
o
d

e
a
n

d
ed

ge
m

ar
gi

n
al

s)
is

tr
ac

ta
b

le
fo

r
th

e
ze

ro
-fi

el
d

p
la

n
ar

Is
in

g
m

o
d

el
.

P
ro

p
o
si

ti
o
n

2
L

et
µ

=
∇

Φ
(θ

),
H

=
∇

2
Φ

(θ
).

L
et
S

=
(I
−
W

)−
1
A

a
n

d
T

=
(I

+
P

)(
S
◦

S
T

)(
I

+
P
T

)
w

h
er

e
A

a
n

d
W

a
re

d
efi

n
ed

a
s

in
T

h
eo

re
m

1
,
◦

d
en

o
te

s
th

e
el

em
en

t-
w

is
e

p
ro

d
u

ct
a
n

d
P

is
th

e
pe

rm
u

ta
ti

o
n

m
a
tr

ix
sw

a
p
p
in

g
th

e
in

d
ic

es
o
f

th
e

d
ir

ec
te

d
ed

ge
s

(i
,j

)
a
n

d
(j
,i

).
T

h
en

,

µ
ij

=
w
ij
−

1 2
(1
−
w

2 ij
)(
S
ij
,i
j

+
S
ji
,j
i)

H
ij
,k
l

=

{
1
−
µ

2 ij
,

ij
=
k
l

−
1 2
(1
−
w

2 ij
)T
ij
,k
l(

1
−
w

2 k
l)
,

o
th

er
w

is
e.
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:1
-2

6

J
o
h
n
so

n
,

O
y
e
n
,

C
h
e
r
t
k
o
v

a
n
d

N
e
t
r
a
pa

l
l
i

C
al

cu
la

ti
n

g
th

e
fu

ll
m

a
tr

ix
S

re
q
u

ir
es
O

(n
3
)

ca
lc

u
la

ti
on

s.
H

ow
ev

er
,

to
co

m
p

u
te

ju
st

th
e

m
om

en
ts
µ

o
n

ly
th

e
d

ia
go

n
al

el
em

en
ts

o
f
S

a
re

n
ee

d
ed

.
T

h
en

,
u

si
n

g
th

e
g
en

er
a
li

ze
d

n
es

te
d

d
is

se
ct

io
n

m
et

h
o
d

,
in

fe
re

n
ce

o
f

m
om

en
ts

(e
d

g
e-

w
is

e
m

a
rg

in
a
ls

)
o
f

th
e

ze
ro

-fi
el

d
Is

in
g

m
o
d

el
ca

n
b

e
ac

h
ie

ve
d

w
it

h
co

m
p

le
x
it

y
O

(n
3
/
2
).

C
o
m

p
u

ti
n

g
th

e
fu

ll
H

es
si

a
n

is
m

o
re

ex
p

en
si

ve
,

re
q
u

ir
in

g
O

(n
3
)

ca
lc

u
la

ti
on

s.

2
.3

.1
In

f
e
r
e
n
c
e

f
o
r

O
u
t
e
r
-P

l
a
n
a
r

G
r
a
p
h
ic

a
l

M
o
d
e
l
s

W
e

em
p

h
a
si

ze
th

a
t

th
e

a
b

ov
e

ca
lc

u
la

ti
o
n

s
re

q
u

ir
e

b
o
th

a
p

la
n

a
r

g
ra

p
h
G

a
n

d
a

ze
ro

-fi
el

d
Is

in
g

m
o
d

el
.

U
si

n
g

th
e

g
ra

p
h

ic
al

tr
a
n

sf
o
rm

a
ti

o
n

o
f

P
ro

p
os

it
io

n
1
,

th
e

la
tt

er
ze

ro
-fi

el
d

co
n

d
it

io
n

m
ay

b
e

re
la

x
ed

b
u

t
a
t

th
e

ex
p

en
se

o
f

a
d
d

in
g

an
a
u

x
il

ia
ry

n
o
d

e
co

n
n

ec
te

d
to

al
l

th
e

o
th

er
n

o
d

es
.

In
g
en

er
al

p
la

n
ar

gr
a
p

h
s
G

,
th

e
n

ew
g
ra

p
h
Ĝ

m
ay

n
o
t

b
e

p
la

n
a
r
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m
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n
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u

la
ti
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n
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H

ow
ev

er
,

fo
r

th
e

su
b

se
t

o
f

p
la

n
a
r

gr
ap

h
s

w
h

er
e

th
is

tr
an

sf
or
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ti
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d

o
es

p
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e
p

la
n

ar
it

y
in

fe
re

n
ce

is
st

il
l

tr
a
ct
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le
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p
h
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te
r-

p
la

n
a
r

if
th

er
e
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n
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d
d
in
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o
f
G

in
th

e
p
la

n
e

w
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er

e
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ll

th
e
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od

es
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re

o
n

th
e
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u

te
r

fa
ce

.

In
ot

h
er

w
or

d
s,

th
e

gr
a
p

h
G

is
o
u

te
r-

p
la

n
a
r

if
th

e
ex

te
n

d
ed

gr
a
p

h
Ĝ

(d
efi

n
ed

b
y

P
ro

p
o
-

si
ti
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)

is
p

la
n

ar
.

T
h

en
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fr
o
m

P
ro

p
o
si

ti
o
n

1
a
n

d
T

h
eo

re
m

1
it

fo
ll

ow
s

th
a
t:

P
ro

p
o
si

ti
o
n

3
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a
a
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n
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T
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2
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T
h
e
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rt

it
io

n
fu

n
ct

io
n
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n

d
m

o
m

en
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o
f
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n
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o
u
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r-

p
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n
a
r
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in
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a
p
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a
l
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(n

o
t
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es
sa

ri
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ro
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d
)
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n
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u
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te
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ci
en
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y.

H
en

ce
,

in
fe

re
n

ce
is

tr
a
ct

a
bl

e
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r
a
n

y
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n
a
ry

-v
a
ri

a
bl

e
gr

a
p
h
ic

a
l

m
od

el
w

it
h

pa
ir

w
is

e
in

te
ra

ct
io

n
s

d
e-

fi
n

ed
o
n

a
n

o
u

te
r-

p
la

n
a
r

gr
a
p
h
.

T
h

is
m

ot
iv

at
es

th
e

p
ro

b
le

m
o
f

le
ar

n
in

g
o
u

te
r-

p
la

n
a
r

g
ra

p
h

ic
al

m
o
d

el
s

fo
r
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ll
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ti
o
n

of
(p

os
si

b
ly

n
on

-z
er

o
m

ea
n

)
b

in
ar

y
ra

n
d

o
m

va
ri

a
b
le

s.

3
.
L
e
a
rn

in
g
P
la
n
a
r
Is
in
g
M

o
d
e
ls

T
h

is
se

ct
io

n
ad

d
re

ss
es

th
e

m
a
in

g
oa

ls
of

th
e

p
a
p

er
,

w
h

ic
h

ar
e

tw
o-

fo
ld

:

1
.

S
o
lv

in
g

fo
r

th
e

m
a
x
im

u
m

-l
ik

el
ih

o
o
d

Is
in

g
m

o
d

el
on

a
g
iv

en
p

la
n

a
r

gr
a
p

h
to

b
es

t
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p
ro

x
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e

a
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ll
ec

ti
o
n

of
ze

ro
-m

ea
n

ra
n

d
om

va
ri

a
b

le
s.

2
.

S
el

ec
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n
g

h
eu

ri
st

ic
a
ll

y
th

e
p

la
n

a
r

g
ra

p
h

to
o
b

ta
in

th
e

b
es

t
a
p

p
ro

x
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at
io

n
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W
e

ad
d
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ss

th
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e
p

ro
b

le
m

s
in

th
e

fo
ll

ow
in

g
tw

o
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b
se
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io

n
s.

T
h

e
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ti

o
n
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th

e
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rs
t

p
ro

b
le

m
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an
in

te
gr

al
p

a
rt

of
o
u

r
a
p

p
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ch

to
th

e
se

co
n

d
.

B
ot

h
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ti

o
n
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a
re
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a
d

a
p

te
d

to
th

e
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n
te

x
t

o
f
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a
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in
g

o
u

te
r-

p
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n
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r
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ra

p
h
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d
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f
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n
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n
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o
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n
)

b
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ry
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n

d
o
m

va
ri
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le

s.
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a
x
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u
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e
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h
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o
d

P
a
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m
e
te

r
E
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a
ti

o
n

M
a
x
im

u
m

-l
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el
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o
o
d

es
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m
a
ti

o
n

ov
er

an
ex

p
o
n

en
ti

a
l
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m
il

y
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a
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n
v
ex

o
p

ti
m
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a
ti

on
p

ro
b

le
m

b
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ed
on

th
e

lo
g-

p
a
rt

it
io

n
fu

n
ct

io
n

Φ
(θ
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th
e
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of
th

e
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ro
-fi
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d

Is
in

g
m

o
d

el
d
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n
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o
n

a
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en
p

la
n

ar
g
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p
h
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tr
a
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le

to
co

m
p

u
te
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)
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m
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L
e
a
r
n
in

g
P

l
a
n
a
r

Isin
g

M
o
d
e
l
s

T
h

eorem
1.

T
h
u

s,
w

e
ob

ta
in

an
u

n
co

n
stra

in
ed

,
tra

cta
b

le,
co

n
vex

o
p

tim
iza

tio
n

p
ro

b
lem

for
th

e
m

a
x
im

u
m

-lik
elih

o
o
d

zero-fi
eld

Isin
g

m
o
d

el
o
n

th
e

p
la

n
a
r

g
ra

p
h
G

to
b

est
a
p

p
rox

im
ate

a
p

ro
b

ab
ility

d
istrib

u
tio

n
P

(x
):

m
a
x

θ
{µ

T
θ−

Φ
(θ)}

=
m

ax
θ∈

R
|E
| 
∑

ij

(µ
ij θ

ij −
lo

g
co

sh
θ
ij )−

12
lo

g
d

et(I−
W

(θ)) 
.

H
ere,

µ
ij

=
E
P

[x
i x
j ]

fo
r

a
ll

ed
ges{

i,j}
∈
G

an
d

th
e

m
atrix

W
(θ)

is
a
s

d
efi

n
ed

in
T

h
eorem

1
.

If
P

rep
resen

ts
th

e
em

p
irica

l
d

istrib
u

tio
n

o
f

a
set

o
f

in
d

ep
en

d
en

t
id

en
tica

lly
-d

istrib
u

ted
(iid

)
sa

m
p

les{
x

(s),s
=

1,...,S}
th

en
{
µ
ij }

a
re

th
e

co
rresp

o
n

d
in

g
em

p
irica

l
m

o
m

en
ts
µ
ij

=
1S

∑
s
x

(s)
i
x

(s)
j

.

3
.1
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e
w

t
o
n
’s

M
e
t
h
o
d

W
e

so
lve
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u
n

co
n
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in

ed
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n
vex

o
p

tim
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p

ro
b

lem
u

sin
g

N
ew

to
n
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eth
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d

w
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size
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o
sen
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b
ack
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g
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oy
d

a
n
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V
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n
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en

b
erg

h
e,
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h
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p
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d
u
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u

en
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θ
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θ
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=
θ

(t)
+
λ
t H

(θ
(t)) −

1(µ
(θ
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µ
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w
h

ere
µ
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n

d
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lcu
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ted
u
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ro

p
o
sitio

n
2

an
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λ
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∈
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]
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a
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ch
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b
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b
ack
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ck

in
g
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e
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(see
B

oy
d

a
n

d
V

an
d

en
b

erg
h

e
(20

0
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C
h

ap
ter
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S
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n

2
fo

r
d
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h
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er
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m
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f
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n
is
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sin
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p

u
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n
of

th
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n
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b
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b
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n
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e
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n
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er
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d
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e
o
f

th
e

fa
ct

th
a
t

th
e

g
rad

ien
t

co
m

p
u
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tion

o
n

ly

req
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ires
O

(n
32)
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s
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n
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m

eth
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d
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u
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d

ra
tic

co
n
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en
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e
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er
o
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n

s
req

u
ired

to
ach

ieve
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h
ig

h
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ccu
ra
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so

lu
tio

n
is
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p

ica
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-1

6
iteratio

n
s

(essen
tia

lly
in

d
ep

en
d

en
t

of
p

ro
b

lem
size).

W
e

estim
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th
e

com
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u
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n
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p
lex
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so
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in
g
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vex

o
p

tim
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n
p
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lem
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h
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n
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r
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p
h

S
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c
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n

W
e
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th
e

p
ro

b
lem

o
f
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f

th
e

p
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r
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ra

p
h
G

to
b

est
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p

p
rox

im
ate

a
p

rob
ab
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d

istrib
u

tion
P

(x
)

w
ith

p
airw

ise
m

om
en

ts
µ
ij

=
E
P

[x
i x
j ]

g
iven

for
all

i,j
∈

V
.

F
orm

a
lly,

w
e

seek
th

e
p

la
n

a
r

g
ra

p
h

th
a
t

m
ax

im
izes

th
e

lo
g-likelih

o
o
d

(m
in

im
izes

th
e

d
iverg

en
ce)

rela
tive

to
P

:

Ĝ
=

a
rg

m
a
x

G
∈P

V

L
L

(P
,P

G
)

=
arg

m
a
x

G
∈P

V

m
a
x

Q
∈F

G

L
L

(P
,Q

),

w
h

ere
P
V

is
th

e
set

o
f

p
lan

ar
g
ra

p
h

s
o
n

th
e

vertex
set

V
,F

G
d

en
o
tes

th
e

fa
m

ily
o
f

zero-
fi

eld
Isin

g
m

o
d

els
d

efi
n

ed
o
n

g
ra

p
h
G
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n

d
P
G

=
a
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m
a
x
Q
∈F

G
L
L
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)
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th
e
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a
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u
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-
likelih
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o
d

(m
in

im
u

m
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iverg
en
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rox

im
a
tio

n
to
P

over
th
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fa

m
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W
e

o
b

ta
in

a
h
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ristic

solu
tio

n
to

th
is

g
ra

p
h

selection
p

ro
b

lem
u

sin
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th
e

fo
llow

in
g

g
reed

y
ed

g
e-selection

p
ro

ced
u

re.
T

h
e

in
p

u
t

to
th

e
a
lg

orith
m

is
a

p
ro

b
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ility
d

istrib
u

tio
n
P

(w
h

ich
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u
ld

b
e

em
p

irica
l)

o
n
n

b
in
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1
,1}
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n

d
o
m

va
ria

b
les.

In
fa

ct,
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is
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ffi
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t
to
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m

-
m

a
rize

P
b
y
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p

a
irw

ise
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rrela
tio

n
s
µ
ij

=
E
P

[x
i x
j ]

o
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p
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∈
V

.
T

h
e

o
u

tp
u

t
is

a

7
JM

L
R

 17(215):1-26

J
o
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n
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O
y
e
n
,

C
h
e
r
t
k
o
v

a
n
d

N
e
t
r
a
pa

l
l
i

m
a
xim

a
l

p
lan

ar
grap

h
G

an
d

th
e

m
ax

im
u

m
-likelih

o
o
d

ap
p

rox
im

ation
θ
G

to
P

in
th

e
fam

ily
of

zero-fi
eld

Isin
g

m
o
d

els
d

efi
n

ed
on

th
is

grap
h

.
N

ote
th

at
a

m
ax

im
a
l

p
lan

ar
grap

h
is

a
p

la
n

a
r

g
rap

h
for

w
h

ich
n

o
n

ew
ed

ge
can

b
e

ad
d

ed
th

at
w

ou
ld

m
ain

ta
in

p
lan

arity.
P

lan
ar

gra
p

h
s

a
re

in
h
eren

tly
sp

arse.
A

ll
m

ax
im

al
p

lan
ar

grap
h

s
w

ith
n
>

2
h

av
e

3
n
−

6
ed

ges
1.

A
lg

o
rith

m
1

G
reed

y
P

lan
arG

rap
h

S
elect(P

)

1
:
G

=
∅
,θ
G

=
0

2
:

fo
r
k

=
1

:
3
n
−

6
d

o
.

A
d

d
ed

ges
u

n
til

m
ax

im
al

p
lan

ar
grap

h
reach

ed
3
:

∆
=
{{i,j}

⊂
V
|{i,j}

/∈
G
,G

+
ij∈

P
V }

.
S

et
of

ed
ges

th
at

p
reserv

e
p

lan
arity

4
:

µ̃
∆

=
{µ̃

ij
=

E
θ
G

[x
i x
j ],{

i,j}
∈

∆
}

.
C

om
p

u
te

p
airw

ise
correlation

s
5
:

G
←
G
∪

a
rg

m
ax

e∈
∆

D
(P

e ,P̃
e )

.
S

elect
ed

ge
th

at
m

ax
im

izes
gain

in
lo

g-likelih
o
o
d

6
:

θ
G

=
P

lan
arIsin

g(G
,P

)
.

C
om

p
u

te
m

ax
im

u
m

-likelih
o
o
d

p
aram

eters
fo

r
G

7
:

e
n

d
fo

r

T
h

e
algorith

m
starts

w
ith

an
em

p
ty

grap
h

an
d

th
en

seq
u

en
tially

ad
d

s
ed

ges
to

th
e

grap
h

on
e

a
t

a
tim

e
so

a
s

to
greed

ily
in

crease
th

e
log-likelih

o
o
d

(d
ecrease

th
e

d
ivergen

ce)
relative

to
P

as
m

u
ch

as
p

ossib
le

at
each

step
.

H
ere

is
a

m
ore

d
eta

iled
d

escrip
tion

of
th

e
algorith

m
alon

g
w

ith
estim

ates
of

th
e

com
p

u
tation

al
com

p
lex

ity
of

each
step

:

•
L

in
e

3
.

F
irst,

w
e

en
u

m
erate

th
e

set
∆

of
all

ed
ges

on
e

m
igh

t
ad

d
(in

d
iv

id
u

ally
)

to
th

e
grap

h
w

h
ile

p
reserv

in
g

p
lan

arity.
T

h
is

is
acco

m
p

lish
ed

b
y

an
O

(n
3)

a
lgorith

m
in

w
h

ich
w

e
iterate

over
all

p
airs
{i,j}

6∈
G

an
d

for
each

su
ch

p
air

w
e

fo
rm

th
e

gra
p

h
G

+
ij

a
n

d
test

p
lan

arity
of

th
is

grap
h

u
sin

g
k
n

ow
n
O

(n
)

algo
rith

m
s

(C
h

rob
a
k

a
n

d
P

ay
n

e,
1995).

•
L

in
e

4
.

N
ex

t,
w

e
p

erform
tractab

le
in

feren
ce

calcu
lation

s
w

ith
resp

ect
to

th
e

Isin
g

m
o
d

el
o
n
G

to
calcu

late
th

e
p

airw
ise

correlation
s
µ̃
ij

fo
r

all
p

airs{
i,j}

∈
∆

.
T

h
is

is
accom

p
lish

ed
u

sin
g
O

(n
3
/
2)

in
feren

ce
calcu

lation
s

on
au

g
m

en
ted

version
s

of
th

e
grap

h
G

.
F

or
com

p
u

tation
al

effi
cien

cy
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e
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R
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b
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m
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d
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p
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b
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ra
te

m
ig

h
t

b
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p
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ra
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a
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ra
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d
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cien

t
sca

lin
g

m
a
trix

.
T

h
is

id
ea

lies
a
t

th
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p
roa
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p
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y
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2
01

1
;
V

in
ya

ls
a
n

d
P

ov
ey

,
2
01

1
;
E

rd
o
g
d

u
a
n

d
M

o
n
ta

n
a
ri,

2
0
1
5;

R
o
osta

-K
h

o
ra

sa
n

i
an

d
M

ah
o
n
ey

,
2
0
1
6a

,b
).

M
a
n
y

co
n
tem

p
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]
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e

H
essian

of
f

w
ith

resp
ect

to
β

are
d

en
oted

b
y
∇
β
f

an
d
∇
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e
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d
en

oted
b
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‖
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‖
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b
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sio
n

a
l

b
all

of
rad

iu
s
R

.
F

or
a

ran
d

om
variab

le
x

an
d

d
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∈
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∈
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b
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∈
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∈
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b
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b
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∀
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e
join

t
likelih

o
o
d

can
b

e
w

ritten
as

f
(y

1 ,y
2 ,...,y

n |η
)

=
ex

p {
n
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th

e
vector

η
∈
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∈
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+
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=
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log-likelih
o
o
d

fu
n

ction
`(β

),

`(β
)

=
1n

n
∑i=

1

[φ
(〈x

i ,β〉)−
y
i 〈x

i ,β〉],
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b
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d
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t
e
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∇
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∈
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t ∇
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at
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p
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b
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p
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p
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p
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at
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ra
ti

on
co

st
m

ak
es

it
im

p
ra

c-
ti

ca
l

fo
r

la
rg

e-
sc

al
e

op
ti

m
iz

at
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b
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h
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p
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b
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ep
in

g
th

e
p

er
-i

te
ra

ti
on
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st

m
an

ag
ea

b
le

.
T

o
th

is
en

d
,

a
p

op
u

la
r

ap
p

ro
ac

h
is

to
co

n
st

ru
ct

a
sc

a
li

n
g

m
at

ri
x

Q
t ,

w
h

ic
h

ap
p

ro
x
im

at
es

th
e

in
ve

rs
e

H
es

si
a
n

at
ev

er
y

it
er

at
io

n
t.

T
h

e
ta

sk
of
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n

st
ru

ct
in

g
an

ap
p

ro
x
im

at
e

H
es

si
an

ca
n

b
e

v
ie

w
ed

as
an

es
ti

m
a
ti

o
n

p
ro

b
-

le
m

.
A

ss
u

m
in

g
th

at
th

e
ro

w
s

of
X

ar
e

i.
i.

d
.

ra
n

d
om

ve
ct

or
s,

th
e

H
es

si
a
n

o
f

th
e

n
eg

a
ti

ve
lo

g-
li

ke
li

h
o
o
d

of
G

L
M

s
w

it
h

a
cu

m
u

la
n
t

ge
n

er
at

in
g

fu
n

ct
io

n
φ

h
as

th
e

fo
ll

ow
in

g
sa

m
p
le

av
er

ag
e

fo
rm

[ Q
t] −

1
=

1 n

n ∑ i=
1

x
ix
T i
φ

(2
) (〈
x
i,
β
〉)
≈

E[
x
x
T
φ

(2
) (〈
x
,β
〉)

].

W
e

ob
se

rv
e

th
at
[ Q

t] −
1

is
ju

st
a

su
m

of
i.

i.
d

.
m

at
ri

ce
s.

H
en

ce
,

th
e

tr
u

e
H

es
si

a
n

is
n

o
th

in
g

b
u

t
a

sa
m

p
le

m
ea

n
es

ti
m

at
or

to
it

s
ex

p
ec

ta
ti

o
n

.
A

n
ot

h
er

n
at

u
ra

l
es

ti
m

a
to

r
w

o
u

ld
b

e
th

e
su

b
-s

am
p

le
d

H
es

si
an

m
et

h
o
d

w
h

ic
h

is
ex

te
n

si
ve

ly
st

u
d

ie
d

b
y

M
ar

te
n

s,
2
01

0
;

B
y
rd

et
a
l.

,
20

11
;
E

rd
og

d
u

an
d

M
on

ta
n

ar
i,

20
15

;
R

o
os

ta
-K

h
or

as
an

ia
n

d
M

ah
on

ey
,2

01
6
a
.

T
h

er
ef

o
re

,
o
u

r
go

al
is

to
p

ro
p

os
e

an
es

ti
m

at
or

fo
r

th
e

p
op

u
la

ti
on

le
ve

l
H

es
si

an
th

at
is

al
so

co
m

p
u

ta
ti

on
a
ll

y
effi

ci
en

t.
S

in
ce
n

is
la

rg
e,

th
e

p
ro

p
os

ed
es

ti
m

at
or

w
il

l
b

e
cl

os
e

to
th

e
tr

u
e

H
es

si
an

.
W

e
u

se
th

e
fo

ll
ow

in
g

S
te

in
-t

y
p

e
le

m
m

a
to

fi
n

d
a

m
or

e
effi

ci
en

t
es

ti
m

a
to

r
to

th
e

ex
p

ec
-

ta
ti

on
of

th
e

H
es

si
an

.

L
e
m

m
a

1
(S

te
in

-t
y
p

e
le

m
m

a
)

A
ss

u
m

e
th

a
t
x
∼

N
p
(0
,Σ

)
a
n

d
β
∈

R
p

is
a

co
n

st
a
n

t
ve

ct
o
r.

T
h
en

fo
r

a
n

y
fu

n
ct

io
n
f

:
R
→

R
th

a
t

is
tw

ic
e

“w
ea

k
ly

”
d
iff

er
en

ti
a
bl

e,
w

e
h
a
ve

E
[ x
x
T
f

(〈
x
,β
〉)
] =

E
[f

(〈
x
,β
〉)

]Σ
+
E
[ f

(2
) (〈
x
,β
〉)
] Σ

β
β
T
Σ
.

(6
)

P
ro

o
f

T
h

e
p

ro
of

w
il

l
fo

ll
ow

fr
om

in
te

g
ra

ti
on

b
y

p
ar

ts
.

L
et
g
(x
|Σ

)
d

en
ot

e
th

e
d

en
si

ty
o
f

a
m

u
lt

iv
ar

ia
te

n
or

m
al

ra
n

d
om

va
ri

ab
le
x

w
it

h
m

ea
n

0
an

d
co

va
ri

an
ce

Σ
.
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e
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E
r
d
o
g

d
u

A
lg

o
ri

th
m

1
N

ew
to

n
-S

te
in

M
et

h
o
d

In
p

u
t:
β̂

0
,|S
|,ε
,{
γ
t}
t≥

0
.

1
.

E
st

im
a
te

th
e

co
va

ri
an

ce
u

si
n

g
a

ra
n

d
o
m

su
b

-s
am

p
le
S
⊂

[n
]:

Σ̂
S

=
1 |S
|∑

i∈
S
x
ix
T i

.

2.
w

h
il

e
∥ ∥ β̂

t+
1
−
β̂
t∥ ∥

2
>
ε

d
o

µ̂
2
(β̂
t )

=
1 n

∑
n i=

1
φ

(2
) (
〈x
i,
β̂
t 〉)
,

µ̂
4
(β̂
t )

=
1 n

∑
n i=

1
φ

(4
) (
〈x
i,
β̂
t 〉)

,

Q
t

=
1

µ̂
2
(β̂
t )

[ Σ̂
−

1

S
−

β̂
t [
β̂
t ]
T

µ̂
2
(β̂
t )
/µ̂

4
(β̂
t )

+
〈Σ̂

S
β̂
t ,
β̂
t 〉] ,

β̂
t+

1
=
β̂
t
−
γ
t
Q
t ∇

β
`(
β̂
t )

,

t
←
t

+
1
.

3
.

e
n

d
w

h
il

e

O
u

tp
u

t:
β̂
t .

id
en

ti
ty
x
g
(x
|Σ

)d
x

=
−

Σ
d
g
(x
|Σ

)
a
n

d
w

ri
te

E[
x
x
T
f

(〈
x
,β
〉)

]
=

∫
x
x
T
f

(〈
x
,β
〉)
g
(x

)d
x
,

=
Σ

{ ∫
f

(〈
x
,β
〉)
g
(x
|Σ

)d
x

+

∫
β
x
T
f

(1
) (〈
x
,β
〉)
g
(x
|Σ

)d
x

}
,

=
Σ

{ E[
f

(〈
x
,β
〉)

]+

∫
β
β
T
f

(2
) (〈
x
,β
〉)
g
(x
|Σ

)d
x
Σ

}
,

=
E[
f

(〈
x
,β
〉)

]Σ
+
E
[ f

(2
) (〈
x
,β
〉)
] Σ

β
β
T
Σ
.

T
h

e
ri

gh
t

h
an

d
si

d
e

o
f

E
q
u

a
ti

on
6

is
a

ra
n

k
-1

u
p

d
a
te

to
th

e
fi

rs
t

te
rm

.
H

en
ce

,
it

s
in

ve
rs

e
ca

n
b

e
co

m
p

u
te

d
w

it
h
O

(p
2
)

co
st

.
Q

u
a
n
ti

ti
es

th
a
t

ch
a
n
g
e

a
t

ea
ch

it
er

at
io

n
ar

e
th

e
on

es
th

a
t

d
ep

en
d

o
n
β

,
i.

e.
,

µ
2
(β

)
=

E[
φ

(2
) (〈
x
,β
〉)

],
a
n

d
µ

4
(β

)
=

E[
φ

(4
) (〈
x
,β
〉)

].

N
ot

e
th

a
t
µ

2
(β

)
an

d
µ

4
(β

)
ar

e
sc

a
la

r
q
u

a
n
ti

ti
es

an
d

th
ey

ca
n

b
e

es
ti

m
a
te

d
b
y

th
ei

r
co

r-
re

sp
on

d
in

g
sa

m
p

le
m

ea
n

s
µ̂

2
(β

)
an

d
µ̂

4
(β

)
(e

x
p

li
ci

tl
y

d
efi

n
ed

at
S

te
p

2
o
f

A
lg

o
ri

th
m

1
)

re
sp

ec
ti

ve
ly

,
w

it
h

o
n

ly
O

(n
p
)

co
m

p
u

ta
ti

o
n

.

T
o

co
m

p
le

te
th

e
es

ti
m

at
io

n
ta

sk
su

g
g
es

te
d

b
y

E
q
u

a
ti

o
n

6
,

w
e

n
ee

d
a
n

es
ti

m
at

o
r

fo
r

th
e

co
va

ri
an

ce
m

a
tr

ix
Σ

.
A

n
at

u
ra

l
es

ti
m

a
to

r
is

th
e

sa
m

p
le

m
ea

n
w

h
er

e,
w

e
o
n

ly
u

se
a

su
b

-s
am

p
le

of
th

e
in

d
ic

es
S
⊂

[n
]

so
th

a
t

th
e

co
st

is
re

d
u

ce
d

to
O

(|S
|p

2
)

fr
om
O

(n
p

2
).

S
u
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p

li
n

g
b

as
ed

sa
m

p
le

m
ea

n
es

ti
m
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to
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y
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N
e
w

t
o
n
-S

t
e
in

M
e
t
h
o
d

−
4

−
3

−
2

−
1 0

0
100

200
300

400
D

im
ension (p)

log10(Estimation error)

R
andom

ness
B

ernoulli
G

aussian
P

oisson
U

niform

D
ifference betw

een estim
ated and true H

essian

−
3

−
2

−
1 0

0
10

20
30

40
50

Iterations

log10(Error)

S
ub−sam

ple size
N

ew
S

t:S
=

1000
N

ew
S

t:S
=

10000

C
onvergence R

ate

F
ig

u
re

1
:

T
h

e
left

p
lo

t
d

em
on

stra
tes

th
e

a
ccu

racy
o
f

p
ro

p
o
sed

H
essian

estim
a
tio

n
over

d
iff

eren
t

d
istrib

u
tio

n
s.

N
u

m
b

er
o
f

ob
serva

tio
n

s
is

set
to

b
e
n

=
O

(p
lo

g
(p

)).
T

h
e

righ
t

p
lo

t
sh

ow
s

th
e

p
h

a
se

tra
n

sitio
n

in
th

e
co

n
verg

en
ce

rate
o
f

N
ew

ton
-S

tein
m

eth
o
d

(N
ew

S
t
).

C
o
n
verg

en
ce

sta
rts

w
ith

a
q
u

a
d

ratic
ra

te
a
n

d
tra

n
sition

s
in

to
lin

ea
r.

P
lots

a
re

ob
ta

in
ed

u
sin

g
C

o
vertype

d
a
ta

set.

w
id

ely
u
sed

in
la

rg
e-sca

le
p

ro
b

lem
s

(V
ersh

y
n

in
,

2
0
1
0
).

W
e

h
ig

h
lig

h
t

th
e

fa
ct

th
a
t

L
em

m
a

1
rep

lacesO
(n
p

2)
p

er-itera
tio

n
cost

o
f

N
ew

ton
’s

m
eth

o
d

w
ith

a
o
n

e-tim
e

cost
o
fO

(n
p

2).
W

e
fu

rth
er

u
se

su
b

-sa
m

p
lin

g
to

red
u

ce
th

is
on

e-tim
e

cost
to
O

(|S|p
2),

a
n

d
ob

ta
in

th
e

follow
in

g
H

essia
n

estim
a
tor

a
t
β

[Q
t ]−

1

︸
︷︷
︸

∈
R
p×
p

=
µ̂

2 (β
)

︸ ︷︷︸
∈

R

Σ̂
S

︸︷︷︸
∈

R
p×
p

+
µ̂

4 (β
)

︸ ︷︷︸
∈

R

ra
n

k
-1

u
p

d
a
te

︷
︸︸

︷
Σ̂
S
β
β
T
Σ̂
S

︸
︷︷

︸
∈

R
p×
p

(7)

W
e

em
p

h
a
size

th
a
t

an
y

cova
rian

ce
estim

a
tio

n
m

eth
o
d

ca
n

b
e

a
p

p
lied

in
th

e
fi

rst
step

of
th

e
alg

orith
m

.
T

h
ere

are
va

riou
s

estim
a
tio

n
tech

n
iq

u
es

m
o
st

o
f

w
h

ich
rely

on
th

e
co

n
cep

t
o
f

sh
rin

ka
ge

(C
ai

et
a
l.,

2
0
10

;
D

o
n

o
h

o
et

al.,
2
01

3
).

T
h

is
is

b
eca

u
se,

im
p

o
rtan

t
cu

rva
tu

re
in

fo
rm

atio
n

is
gen

era
lly

co
n
ta

in
ed

in
th

e
la

rg
est

few
sp

ectral
featu

res
(E

rd
o
g
d

u
an

d
M

o
n
ta-

n
a
ri,

2
0
1
5).

In
p

articu
la

r,
for

a
g
iven

th
resh

old
r,

w
e

su
gg

est
to

u
se

th
e

la
rg

est
r

eig
en

va
lu

es
o
f

th
e

su
b

-sam
p

led
covarian

ce
estim

a
to

r
Σ̂
S

,
a
n

d
settin

g
rest

o
f

th
em

to
(r

+
1
)-th

eig
en

-
valu

e.
T

h
is

o
p

eration
h

elp
s

d
en

oisin
g

a
n

d
p

rov
id

es
a
d

d
itio

n
a
l

co
m

p
u

ta
tio

n
a
l

b
en

efi
ts

w
h

en
in

vertin
g

th
e

covaria
n

ce
estim

ato
r

(E
rd

o
g
d

u
a
n

d
M

on
ta

n
a
ri,

2
0
1
5
).

In
vertin

g
th

e
con

stru
cted

H
essia

n
estim

a
to

r
can

m
a
k
e

u
se

o
f

th
e

low
-ra

n
k

stru
ctu

re.
F

irst,
n

o
tice

th
a
t

th
e

u
p

d
ates

in
E

q
u

a
tio

n
7

a
re

b
a
sed

o
n

ra
n

k
-1

m
a
trix

a
d

d
ition

s.
H

en
ce,

w
e

ca
n

sim
p

ly
a
p
p

ly
S

h
erm

a
n

–
M

o
rriso

n
in

versio
n

fo
rm

u
la

to
E

q
u

a
tio

n
7

an
d

ob
ta

in
a
n

ex
p

licit
eq

u
atio

n
for

th
e

sca
lin

g
m

atrix
Q
t

(S
tep

2
o
f

A
lg

o
rith

m
1).

T
h

is
fo

rm
u
la

tio
n

w
o
u

ld
im

p
o
se

a
n

o
th

er
in

verse
o
p

eratio
n

on
th

e
cova

ria
n

ce
estim

a
to

r.
W

e
em

p
h

asize
th

a
t

th
is

o
p

era
tio

n
is

p
erform

ed
o
n

ce.
T

h
erefore,

in
stead

o
fO

(p
3)

p
er-itera

tio
n

co
st

o
f

N
ew

to
n
’s

m
eth

o
d

d
u

e
to

in
versio

n
,
N

ew
to

n
-S

tein
m

eth
o
d

(N
ew

S
t)

req
u

iresO
(p

2)
p

er-itera
tio

n
a
n

d
a

o
n

e-tim
e

co
st

o
f

O
(p

3).
A

ssu
m

in
g

th
at

N
ew

ton
-S

tein
a
n

d
N

ew
to

n
m

eth
o
d
s

con
verg

e
in
T

1
a
n

d
T

2
itera

tio
n

s
resp

ectively,
th

e
overa

ll
com

p
lex

ity
o
f

N
ew

to
n

-S
tein

is
O
(n
p
T

1
+
p

2T
1

+
(|S|+

p
)p

2 )
≈
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E
r
d
o
g

d
u

O
(n
p
T

1
+
p

2T
1

+
|S|p

2 )
w

h
ereas

th
at

of
N

ew
ton

is
O

(n
p

2T
2

+
p

3T
2 ).

W
e

sh
ow

b
oth

em
-

p
irica

lly
an

d
th

eo
retically

th
at

th
e

q
u

an
tities

T
1

an
d
T

2
are

close
to

each
oth

er.
T

h
e

con
vergen

ce
rate

of
N

ew
ton

-S
tein

m
eth

o
d

h
as

tw
o

p
h

ases.
C

on
vergen

ce
sta

rts
q
u

a
d

ra
tically

an
d

tran
sition

s
in

to
lin

ear
rate

w
h

en
it

gets
close

to
th

e
tru

e
m

in
im

izer.
T

h
e

p
h

a
se

tra
n

sition
b

eh
av

ior
can

b
e

ob
serv

ed
th

rou
gh

th
e

righ
t

p
lot

in
F

igu
re

1.
T

h
is

is
a

con
seq

u
en

ce
of

th
e

b
ou

n
d

p
rov

id
ed

in
E

q
u

ation
2,

w
h
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m
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con
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at
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p
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b
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b
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b
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e

d
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tran
sform

ation
ap

p
lied

tw
ice

to
th

e
en

try
(i,j)

of
m

atrix
E

[x
x
T
f

(〈x
,β〉)]
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Σk6=
i x
k β

k ) ]
if

i
=
j,

β
i β
j E [f

(2
)(β

i x
∗i

+
β
j x
∗j

+
Σ

k6=
i,j x

k β
k ) ]

if
i6=
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,β〉
=
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b
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a
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b
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b
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∈
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∈
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d
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b
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d
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∈
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∈
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∈
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∈
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at
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b
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b
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ra
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e
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e
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b
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b
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p
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t ∇
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p
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b
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p
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h
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p
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p
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p
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ra
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e

cu
m

u
la

n
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=
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∣ ∣ ∣µ
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d
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ra
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d
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d
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∗∥ ∥

2 2
,

(9
)

w
h
er

e
th

e
co

effi
ci

en
ts
τ 1

a
n

d
τ 2

a
re

d
et

er
m

in
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√
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d
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√
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→
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∈
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2
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3
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P

(
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p
β
∈B

p
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x
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β
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v
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−
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x
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√
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√
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∆
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∆
L
K

1
.5

.
T

h
en

,
w

e
ca

n
w

ri
te

∣ ∣ ∣ ∣ ∣1 n
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∆
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b
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∈B

p
(R

)

∣ ∣ ∣ ∣ ∣1 n
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ε)

≤
P

(
m

a
x

β
∈T

∆

∣ ∣ ∣ ∣ ∣1 n
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∆
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∆
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b
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√
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√
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t
e
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et
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1
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,
be
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su
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a
u
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n
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d
o
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n
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Σ
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n
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b-G
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ssia
n
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o
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A
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→

R
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n
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u

n
d
ed

fu
n

ctio
n

su
ch

th
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t
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r

so
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e
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e
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a
ve
‖f‖∞

<
B

a
n

d
f

is
L

ip
sch

itz
co

n
tin
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u

o
u

s
w

ith
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n
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n
t
L

.
T

h
en

,
th

ere
exists

a
bso

lu
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co
n

sta
n

ts
c

1 ,c
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3
su

ch
th

a
t

P

(
su

p
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B
n

(R
) ∣∣∣∣∣ 1n

n
∑i=

1

f
(〈x

i ,β〉)−
E

[f
(〈x

,β〉)] ∣∣∣∣∣
>
c

1 √
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g
(n
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c
3
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ere
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eigen
va

lu
es

o
f

Σ
,

bo
u

n
d
B
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b-
G

a
u
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K
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P
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o
f

W
e

start
b
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d
efi

n
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g
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e
b

ra
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f
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e
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f
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,β〉)−

ε
‖
x‖

2

4E
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u
β
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f
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,β〉)

+
ε
‖
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2
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2 ] .

O
b
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a
t

th
e

size
o
f

b
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β
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β
]
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2
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E

[u
β
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`
β
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.
N

ow
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T
∆

b
e

a
∆
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B
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)
w

h
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w
e

u
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∆
=
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T
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∆
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b
e

seen
b
y

w
ritin

g
o
u

t
th

e
L

ip
sch

itz
p

ro
p

erty
of

th
e

fu
n

ctio
n
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∆
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T
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∆ |
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E
r
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d
u
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e
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n
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∈
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∀
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∆
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∈
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∆
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/ √
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[‖
x‖
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C
′

w
h

er
e
C
′ =
√

2
K
/4
K
′

is
a

co
n

st
an

t
an

d
w

e
al

so
as

su
m

ed
ε
<

1.
N

ow
,

d
efi

n
e

th
e

fu
n
ct

io
n

g β
(x

)
=
u
β
(x

)
−
E[
u
β
(x

)]
.

N
ot

e
th

at
g β

(x
)

is
a

ce
n
te

re
d

su
b

-G
au

ss
ia

n
ra

n
d

om
va

ri
ab

le
w

it
h

su
b

-G
au

ss
ia

n
n

o
rm

‖g
β
(x

)‖
ψ

2
≤

2
B

+
2
C
′ .

T
h

en
,

b
y

th
e

H
o
eff

d
in

g-
ty

p
e

in
eq

u
al

it
y

fo
r

th
e

su
b

-G
au

ss
ia

n
ra

n
d

om
va

ri
a
b

le
s,

w
e

o
b

ta
in

P

(
∣ ∣ ∣ ∣ ∣1 n

n ∑ i=
1

g β
(x
i)

∣ ∣ ∣ ∣ ∣>
ε/

2)
≤

2e
−
cn
ε2
/
(B

+
C
′ )

2

w
h

er
e
c

is
an

ab
so

lu
te

co
n

st
an

t.
T

h
e

sa
m

e
ar

gu
m

en
t

al
so

h
ol

d
s

fo
r
l β

(x
).

U
si

n
g

th
e

ab
ov

e
le

m
m

a
w

it
h

th
e

u
n

io
n

b
ou

n
d

ov
er

th
e

se
t
T

∆
,

w
e

ca
n

w
ri

te

P

(
su

p
β
∈B

p
(R

)

∣ ∣ ∣ ∣ ∣1 n

n ∑ i=
1

f
(〈
x
i,
β
〉)
−
E[
f

(〈
x
,β
〉)

]∣ ∣ ∣ ∣ ∣>
ε)
≤

4
|T

∆
|e−

C
n
ε2
.
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33

|T
∆
|≤

(
R
√
p

∆

) p
≤
(

4
R
L
E[
‖x
‖ 2

]√
p

ε

) p
,

≤
(

4
√

2R
L
K
p

ε

)
p

,

an
d

w
e

ob
se

rv
e

th
a
t,

fo
r

th
e

co
n

st
a
n
t
c′

=
4√

2
R
L
K

,

P

(
su

p
β
∈B

n
(R

)

∣ ∣ ∣ ∣ ∣1 n

n ∑ i=
1

f
(〈
x
i,
β
〉)
−

E[
f

(〈
x
,β
〉)

]∣ ∣ ∣ ∣ ∣>
ε)
≤

4

(
4√

2
R
L
K
p

ε

)
p

e−
C
n
ε2
,

=
4

ex
p
{ p

lo
g
(c
′ p
/
ε)
−
C
n
ε2
} .

W
e

w
il
l

ob
ta

in
an

ex
p

o
n

en
ti

a
l

d
ec

ay
of

o
rd

er
p

o
n

th
e

ri
g
h
t

h
a
n

d
si

d
e.

F
o
r

so
m

e
co

n
st

a
n
t

h
d

ep
en

d
in

g
o
n
n

a
n

d
p
,

if
w

e
ch

o
os

e
ε

=
h
p
,

w
e

n
ee

d

h
2
≥

1

C
n
p

lo
g
(c
′ /
h

).

B
y

th
e

L
em

m
a

34
,

ch
o
os

in
g
h

2
=

lo
g
(2
c′

2
C
n
p
)/

(2
C
n
p
),

w
e

sa
ti

sf
y

th
e

a
b

ov
e

re
q
u

ir
em

en
t.

N
ot

e
th

at
fo

r
n

la
rg

e
en

ou
gh

,
th

e
co

n
d

it
io

n
of

th
e

le
m

m
a

is
ea

si
ly

sa
ti

sfi
ed

.
H

en
ce

,
fo

r

ε2
=
p

lo
g
(2
c′

2
C
n
p
)

2C
n

=
O
(
p

lo
g
(n

)

n

)
,

w
e

o
b

ta
in

th
at

th
er

e
ex

is
ts

co
n

st
a
n
ts
c 1
,c

2
,c

3
su

ch
th

a
t

P

(
su

p
β
∈B

n
(R

)

∣ ∣ ∣ ∣ ∣1 n

n ∑ i=
1

f
(〈
x
i,
β
〉)
−
E[
f

(〈
x
,β
〉)

]∣ ∣ ∣ ∣ ∣>
c 1

√
p

lo
g
(n

)

n

)
≤
c 2
e−

c 3
p
,

w
h

er
e

c 1
=

3

( B
+

√
2
K

4
√

T
r(

Σ
)/
p
−

1
6
K

2

) 2

2
c

,

c 2
=

4
,

c 3
=

1 2
lo

g
(7

)
≤

1 2
lo

g
(l

og
(6

4R
2
L

2
K

2
C

)
+

6
lo

g
(p

))
.

w
h

en
p
>
e

an
d

64
R

2
L

2
K

2
C
>
e.

In
th

e
fo

ll
ow

in
g
,

w
e

st
a
te

th
e

co
n

ce
n
tr

a
ti

o
n

re
su

lt
s

o
n

th
e

u
n
b

o
u

n
d

ed
fu

n
ct

io
n

s
o
f

th
e

fo
rm

x
→
f

(〈
x
,β
〉)
〈x
,v
〉2
.

F
u

n
ct

io
n

s
of

th
is

ty
p

e
fo

rm
th

e
su

m
m

a
n

d
s

o
f

th
e

H
es

si
an

m
a
tr

ix
in

G
L

M
s.
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N
e
w

t
o
n
-S

t
e
in

M
e
t
h
o
d

L
e
m

m
a

2
3

L
et
x
i ,

fo
r
i

=
1,...,n

,
be

i.i.d
su

b-G
a
u

ssia
n

ra
n

d
o
m

va
ria

bles
w

ith
m

ea
n

0
,

co
va

ria
n

ce
m

a
trix

Σ
a
n

d
su

b-G
a
u

ssia
n

n
o
rm

K
.

A
lso

let
f

:R
→

R
be

a
u

n
ifo

rm
ly

bo
u

n
d
ed

fu
n

ctio
n

su
ch

th
a
t

fo
r

so
m

e
B
>

0
,

w
e

h
a
ve
‖f‖∞

<
B

a
n

d
f

is
L

ip
sch

itz
co

n
tin

u
o
u

s
w

ith
co

n
sta

n
t
L

.
F

u
rth

er,
let

v
∈

R
p

su
ch

th
a
t
‖
v‖

2
=

1.
T

h
en

,
fo

r
n
,p

su
ffi

cien
tly

la
rge

sa
tisfyin

g
n

0
.2/

lo
g
(n

)&
p
,

th
ere

exist
co

n
sta

n
ts
c

1 ,c
2

d
epen

d
in

g
o
n
L
,B
,R

a
n

d
th

e
eigen

va
lu

es
o
f

Σ
su

ch
th

a
t,

w
e

h
a
veP

(
su

p
β∈
B
p
(R

) ∣∣∣∣∣ 1n

n
∑i=

1

f
(〈x

i ,β〉)〈x
i ,v〉

2−
E

[f
(〈x

,β〉)〈x
,v〉

2] ∣∣∣∣∣
>
c

1 √
p

n
0
.2

lo
g

(n
) )
≤
c

2 e −
p.

P
ro

o
f

W
e

d
efi

n
e

th
e

b
ra

ckets
of

th
e

fo
rm

lβ
(x

)
=
f

(〈x
,β〉)〈x

,v〉
2−

ε
‖
x‖

32

4E
[‖x‖

32 ]
,

u
β
(x

)
=
f

(〈x
,β〉)〈x

,v〉
2

+
ε
‖
x‖

32

4E
[‖x‖

32 ]
,

(1
8)

a
n

d
w

e
ob

serve
th

a
t

th
e

b
racket

[`
β
,u

β
]

h
a
s

size
ε/2

in
L

1 ,
th

a
t

is,

E
[|u

β
(x

)−
lβ

(x
)|]

=
ε/2

.

N
ex

t,
fo

r
th

e
follow

in
g

con
stan

t

∆
=

ε

4L
E
[‖x‖

32 ]
,

w
e

d
efi

n
e

a
∆

-n
et

over
B
p (R

)
a
n

d
ca

ll
it
T

∆
.

T
h

en
,∀

β
∈
B
p (R

),∃
β
′∈
T

∆
su

ch
th

at
f

(〈·,β〉)〈·,v〉
2

b
elon

g
s

to
th

e
b

ra
cket

[`
β
′,u

β
′].

T
h

is
ca

n
b

e
seen

b
y

w
ritin

g
th

e
L

ip
sch

itz
con

tin
u

ity
o
f

th
e

fu
n

ctio
n
f

,
i.e.,

∣∣f
(〈x

,β〉)〈x
,v〉

2−
f

(〈x
,β
′〉)〈x

,v〉
2 ∣∣

=
〈x
,v〉

2 ∣∣ {
f

(〈x
,β〉)−

f
(〈x

,β
′〉) } ∣∣

,

≤
L‖x‖

22 ‖
v‖

22

∣∣〈x
,β
−
β
′〉 ∣∣,

≤
L‖x‖

32 ‖β
−
β
′‖

2 ,

≤
∆
L‖
x‖

32 ,

w
h

ere
w

e
u

sed
C

a
u

ch
y
-S

ch
w

artz
to

ob
ta

in
th

e
a
b

ove
in

eq
u

alities.
H

en
ce,

w
e

m
ay

co
n

clu
d

e
th

a
t

for
th

e
b

ra
ck

etin
g

fu
n

ctio
n

s
giv

en
in

E
q
u

a
tio

n
1
8
,
th

e
co

rresp
o
n

d
in

g
b

ra
ck

etin
g

n
u

m
b

er
of

th
e

fu
n
ctio

n
cla

ss
F

=
{
f

(〈·,β〉)〈·,v〉
2

:
β
∈
B
p (R

)}
is

b
o
u

n
d

ed
a
b

ov
e

b
y

th
e

coverin
g

n
u

m
b

er
o
f

th
e

b
a
ll

of
ra

d
iu

s
R

fo
r

th
e

g
iven

scale
∆

=
ε/(4L

E
[‖
x‖

32 ]),
i.e.,

N
[] (ε/2

,F
,L

1 )≤
|T

∆ |.

27
JM

L
R

 17(216):1-52

E
r
d
o
g

d
u

N
ex

t,
w

e
w

ill
u

p
p

er
b

ou
n

d
th

e
target

p
rob

ab
ility

u
sin

g
th

e
b

rack
etin

g
fu

n
ction

s
u
β
,lβ

.
W

e
h

ave
∀
β
∈
B
p (R

),∃
β
′∈
T

∆
su

ch
th

at

1n

n
∑i=

1

f
(〈x

i ,β〉)〈x
i ,v〉

2−
E

[f
(〈x

,β〉)〈x
,v〉

2]≤
1n

n
∑i=

1

u
β
′(x

i )−
E

[u
β
′(x

)]+
ε2
,

1n

n
∑i=

1

f
(〈x

i ,β〉)〈x
i ,v〉

2−
E

[f
(〈x

,β〉)〈x
,v〉

2]≥
1n

n
∑i=

1

lβ
′(x

i )−
E

[lβ
′(x

)]−
ε2
.

U
sin

g
th

e
ab

ove
in

eq
u

alities,∀
β
∈
B
p (R

),∃
β
′∈
T

∆
,

w
e

can
w

rite
{
[

1n

n
∑i=

1

u
β
′(x

i )−
E

[u
β
′(x

)] ]
>
ε/2 }

∪
{
[−

1n

n
∑i=

1

lβ
′(x

i )
+

E
[lβ
′(x

)] ]
>
ε/2 }

⊃
{
∣∣∣∣∣ 1n

n
∑i=

1

f
(〈x

i ,β〉)〈x
i ,v〉

2−
E

[f
(〈x

,β〉)〈x
,v〉

2] ∣∣∣∣∣
>
ε }

.

H
en

ce,
b
y

th
e

u
n

ion
b

ou
n

d
,

w
e

ob
tain

P

(
m

ax
β∈T

∆ [
1n

n
∑i=

1

u
β
(x
i )−

E
[u
β
(x

)] ]
>
ε/2 )

+
P

(
m

ax
β∈T

∆ [−
1n

n
∑i=

1

lβ
(x
i )

+
E

[lβ
(x

)] ]
>
ε/2 )

≥
P

(
su

p
β∈
B
p
(R

) ∣∣∣∣∣ 1n

n
∑i=

1

f
(〈x

i ,β〉)〈x
i ,v〉

2−
E

[f
(〈x

,β〉)〈x
,v〉

2] ∣∣∣∣∣
>
ε )

.
(19)

In
ord

er
to

com
p

lete
th

e
p
ro

of,
w

e
n

eed
on

e-sid
ed

con
cen

tratio
n

in
eq

u
alities

fo
r
u
β

an
d
lβ

.
H

an
d

lin
g

th
ese

fu
n

ction
s

is
som

ew
h

at
ted

iou
s

sin
ce
‖
x‖

32
term

s
d

o
n

o
t

con
cen

trate
n

icely.
W

e
state

th
e

follow
in

g
lem

m
a.

L
e
m

m
a

2
4

F
o
r

given
α
,ε
>

0
,

a
n

d
n

su
ffi

cien
tly

la
rge

su
ch

th
a
t,
ν

(n
α
,p
,ε,B

,K
,Σ

)
<
ε/4

w
h
ere

ν
(n
α
,p
,ε,B

,K
,Σ

)
=

:2 (
n
α

+
6
B
K

2p

c

)
ex

p (−
c

n
α

6B
K

2p )
+

2 {
n
α

+
3
K

2p

cT
r(Σ

) n
α
/
3ε

2
/
3

+
3
K

4p
2

c
2T

r(Σ
)
2
ε
4
/
3n
−
α
/
3 }

ex
p (
−
c
T

r(Σ
)(n

α
/ε)

2
/
3

2K
2p

)
.

T
h
en

,
th

ere
exists

co
n

sta
n

ts
c ′,c ′′,c ′′′

d
epen

d
in

g
o
n

th
e

eigen
va

lu
es

o
f

Σ
,
B

a
n

d
K

su
ch

th
a
t∀
β

,
w

e
h
a
ve,

P

(
1n

n
∑i=

1

u
β
(x
i )−

E
[u
β
(x

)]
>
ε/2 )

≤
2

ex
p (−

c ′n
α
/p )

+
2

ex
p (−

c ′′n
2
α
/
3ε −

2
/
3 )

+
ex

p (−
c ′′′n

1−
2
α
ε
2 )
,

a
n

d

P

(
−

1n

n
∑i=

1

lβ
(x
i )

+
E

[lβ
(x

)]
>
ε/2 )

≤
2

ex
p (−

c ′n
α
/p )

+

2
ex

p (−
c ′′n

2
α
/
3ε −

2
/
3 )

+
ex

p (−
c ′′′n

1−
2
α
ε
2 )
.

28
JM

L
R

 17(216):1-52



N
e
w

t
o
n
-S

t
e
in

M
e
t
h
o
d

P
ro

o
f

F
or

th
e

sa
ke

of
si

m
p

li
ci

ty
,

w
e

d
efi

n
e

th
e

fu
n

ct
io

n
s

ũ
β
(w

)
=
u
β
(w

)
−
E[
u
β
(x

)]
,

l̃ β
(w

)
=
l β

(w
)
−
E[
l β

(x
)]
.

W
e

w
il
l

d
er

iv
e

th
e

re
su

lt
fo

r
th

e
u

p
p

er
b

ra
ck

et
,
ũ

,
an

d
sk

ip
th

e
p

ro
of

fo
r

th
e

lo
w

er
b
ra

ck
et

l̃
as

it
fo

ll
ow

s
fr

om
th

e
sa

m
e

st
ep

s.
W

e
w

ri
te

,

P

(
1 n

n ∑ i=
1

ũ
β
(x
i)
>
ε/

2

)
≤
P

(
1 n

n ∑ i=
1

ũ
β
(x
i)
>
ε/

2
,

m
ax

1
≤
i≤
n
|ũ
β
(x
i)
|<

n
α

)

+
P
(

m
ax

1
≤
i≤
n
|ũ
β
(x
i)
|≥

n
α

)
.

(2
0)

W
e

n
ee

d
to

b
ou

n
d

th
e

ri
gh

t
h
an

d
si

d
e

of
th

e
ab

ov
e

eq
u

at
io

n
.

F
or

th
e

se
co

n
d

te
rm

,
si

n
ce

ũ
β
(x
i)

’s
ar

e
i.

i.
d

.
ce

n
te

re
d

ra
n

d
om

va
ri

ab
le

s,
w

e
h

av
e

P
(

m
ax

1
≤
i≤
n
|ũ
β
(x
i)
|≥

n
α

)
=

1
−
P
(

m
ax

1
≤
i≤
n
|ũ
β
(x
i)
|<

n
α

)
,

=
1
−
P

(|ũ
β
(x

)|
<
n
α
)n
,

=
1
−

(1
−
P

(|ũ
β
(x

)|
≥
n
α
))
n
,

≤
n
P

(|ũ
β
(x

)|
≥
n
α
)
.

A
ls

o,
n

ot
e

th
at

|ũ
β
(x

)|
≤
B
‖x
‖2 2

+
ε
‖x
‖3 2

4
E
[ ‖
x
‖3 2

] +
E[
u
β
(x

)]
,

≤
B
‖x
‖2 2

+
ε
‖x
‖3 2

4
E
[ ‖
x
‖3 2

] +
B
λ

m
a
x
(Σ

)
+
ε/

4
.

T
h

er
ef

or
e,

if
t
>

3B
λ

m
a
x
(Σ

)
an

d
fo

r
ε

sm
al

l,
w

e
ca

n
w

ri
te

{|
ũ
β
(x

)|
>
t}
⊂
{ B
‖x
‖2 2
>
t/

3
}
∪
{
ε
‖x
‖3 2

4E
[ ‖
x
‖3 2

]
>
t/

3

}
.

(2
1)

S
in

ce
x

is
a

su
b

-G
au

ss
ia

n
ra

n
d

om
va

ri
ab

le
w

it
h
‖x
‖ ψ

2
=
K

,
w

e
h

av
e

K
=

su
p

w
∈S

p
−

1

‖〈
w
,x
〉‖
ψ

2
=
‖x
‖ ψ

2
.

U
si

n
g

th
is

an
d

th
e

re
la

ti
on

b
et

w
ee

n
su

b
-G

au
ss

ia
n

an
d

su
b

-e
x
p

on
en

ti
al

n
o
rm

s
a
s

in
E

q
u

a-
ti

on
17

,
w

e
h

av
e
‖‖
x
‖ 2
‖2 ψ

2
≤

2K
2
p
.

T
h

is
p

ro
v
id

es
th

e
fo

ll
ow

in
g

ta
il

b
ou

n
d

fo
r
‖x
‖ 2

,

P
(‖
x
‖ 2
>
s)
≤

2
ex

p

( −
cs

2

2p
K

2

)
,

(2
2)
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E
r
d
o
g

d
u

w
h

er
e
c

is
a
n

ab
so

lu
te

co
n

st
a
n
t.

U
si

n
g

th
e

a
b

ov
e

ta
il

b
ou

n
d

,
w

e
ca

n
w

ri
te

,

P
( ‖
x
‖2 2
>

1 3
B
t)
≤

2
ex

p

( −
c

t

6B
K

2
p

)
.

F
or

th
e

n
ex

t
te

rm
in

E
q
u

a
ti

on
2
1
,
w

e
n

ee
d

a
lo

w
er

b
ou

n
d

fo
r
E
[ ‖
x
‖3 2

] .
W

e
u

se
a

m
o
d

ifi
ed

ve
rs

io
n

of
th

e
H

öl
d

er
’s

in
eq

u
al

it
y

a
n

d
o
b

ta
in

E
[ ‖
x
‖3 2

] ≥
E
[ ‖
x
‖2 2

] 3
/
2

=
T

r(
Σ

)3
/
2
.

U
si

n
g

th
e

ab
ov

e
in

eq
u

a
li

ty
,

w
e

ca
n

w
ri

te

P

(
ε
‖x
‖3 2

4E
[ ‖
x
‖3 2

]
>
t/

3

)
≤
P
( ‖
x
‖3 2
>

4 3ε
T

r(
Σ

)3
/
2
t)
,

=
P

(
‖x
‖ 2
>

(
4
t

3
ε

) 1
/
3

T
r(

Σ
)1
/
2

)
,

≤
2

ex
p

(
−
c
T

r(
Σ

)(
t/
ε)

2
/
3

2
K

2
p

)
,

w
h

er
e
c

is
th

e
sa

m
e

a
b

so
lu

te
co

n
st

a
n
t

a
s

in
E

q
u
a
ti

o
n

2
2.

N
ow

fo
r
α
>

0
su

ch
th

a
t
t

=
n
α
>

3B
λ

m
a
x
(Σ

)
(w

e
w

il
l

ju
st

if
y

th
is

as
su

m
p
ti

on
fo

r
a

p
a
rt

ic
u

la
r

ch
o
ic

e
o
f
α

la
te

r)
,

w
e

co
m

b
in

e
th

e
a
b

ov
e

re
su

lt
s,

P
(|ũ

β
(x

)|
>
t)
≤

2
ex

p

( −
c

t

6
B
K

2
p

)
+

2
ex

p

(
−
c
T

r(
Σ

)(
t/
ε)

2
/
3

2K
2
p

)
.

(2
3)

N
ex

t,
w

e
fo

cu
s

o
n

th
e

fi
rs

t
te

rm
in

E
q
u

a
ti

o
n

2
0
.

L
et
µ

=
E[
ũ
β
(x

)I
{|
ũ
β

(x
)|<

n
α
}]

,
an

d
w

ri
te

P

(
1 n

n ∑ i=
1

ũ
β
(x
i)
>
ε 2

;
m

ax
1
≤
i≤
n
|ũ
β
(x
i)
|<

n
α

)
≤
P

(
1 n

n ∑ i=
1

ũ
β
(x
i)
I {
|ũ
β

(x
i
)|<

n
α
}
>
ε 2

)
,

=
P

(
1 n

n ∑ i=
1

ũ
β
(x
i)
I {
|ũ
β

(x
i
)|<

n
α
}
−
µ
>
ε 2
−
µ

)

≤
ex

p

{ −
n

1
−

2
α

2

( ε 2
−
µ
) 2
}
,

w
h

er
e

w
e

u
se

d
th

e
H

o
eff

d
in

g
’s

co
n

ce
n
tr

a
ti

o
n

in
eq

u
a
li

ty
fo

r
th

e
b

o
u

n
d

ed
ra

n
d

om
va

ri
ab

le
s.

F
u

rt
h

er
,

n
ot

e
th

at

0
=

E[
ũ
β
(x

)]
=
µ

+
E
[ ũ

β
(x

)I
{|
ũ
β

(x
)|>

n
α
}] .

B
y

L
em

m
a

30
,

w
e

ca
n

w
ri

te

|µ
|=

∣ ∣ ∣E
[ ũ

β
(x

)I
{|
ũ
β

(x
)|>

n
α
}]∣ ∣ ∣
≤
n
α
P(
|ũ
β
(x

)|
>
n
α
)

+

∫
∞

n
α

P(
|ũ
β
(x

)|
>
t)
d
t.
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N
e
w

t
o
n
-S

t
e
in

M
e
t
h
o
d

T
h

e
fi

rst
term

on
th

e
rig

h
t

h
a
n

d
sid

e
ca

n
b

e
easily

b
o
u

n
d

ed
b
y

u
sin

g
E

q
u

atio
n

2
3
,

i.e.,

n
αP

(|ũ
β
(x

)|
>
n
α
)≤

2
n
α

ex
p (−

c
n
α

6B
K

2p )
+

2
n
α

ex
p (
−
c
T

r(Σ
)(n

α
/ε)

2
/
3

2
K

2p

)
.

F
o
r

th
e

seco
n

d
term

,
u

sin
g

E
q
u

a
tio

n
2
3

o
n

ce
ag

a
in

,
w

e
o
b

ta
in

∫
∞n
α

P
(|ũ

β
(x

)|
>
t)d
t≤

2 ∫
∞n
α

ex
p (−

c
t

6B
K

2p )
d
t

+
2 ∫

∞n
α

ex
p (
−
c
T

r(Σ
)(t/

ε)
2
/
3

2K
2p

)
d
t,

=
1
2
B
K

2p

c
ex

p (−
c

n
α

6
B
K

2p )
+

2 ∫
∞n
α

ex
p (
−
c
T

r(Σ
)(t/

ε)
2
/
3

2
K

2p

)
d
t.

N
ex

t,
w

e
ap

p
ly

L
em

m
a

31
to

b
ou

n
d

th
e

seco
n

d
term

o
n

th
e

rig
h
t

h
a
n
d

sid
e.

T
h

a
t

is,
w

e
h

ave

∫
∞n
α

ex
p (
−
c
T

r(Σ
)(t/

ε)
2
/
3

2K
2p

)
d
t

≤
{

3K
2p

cT
r(Σ

) n
α
/
3ε

2
/
3

+
3
K

4p
2

c
2T

r(Σ
)
2
ε
4
/
3n
−
α
/
3 }

ex
p (
−
c
T

r(Σ
)(n

α
/
ε)

2
/
3

2
K

2p

)
.

C
o
m

b
in

in
g

th
e

a
b

ove
resu

lts,
w

e
can

w
rite

|µ|≤
2 (

n
α

+
6
B
K

2p

c

)
ex

p (−
c

n
α

6
B
K

2p )

+
2 {

n
α

+
3K

2p

cT
r(Σ

) n
α
/
3ε

2
/
3

+
3
K

4p
2

c
2T

r(Σ
)
2
ε
4
/
3n
−
α
/
3 }

ex
p (
−
c
T

r(Σ
)(n

α
/
ε)

2
/
3

2
K

2p

)
,

=
:ν

(n
α
,p
,ε,B

,K
,Σ

).

N
o
tice

th
a
t,

th
e

u
p

p
er

b
o
u

n
d

on
|µ|,

n
a
m

ely
ν

(n
α
,p
,ε,B

,K
,Σ

),
is

clo
se

to
0

w
h

en
n

is
la

rg
e.

T
h

is
is

b
ecau

se
of

ex
p

o
n

en
tia

lly
d

ecay
in

g
fu

n
ctio

n
s

th
at

d
o
m

in
a
tes

th
e

o
th

er
term

s.
W

e
a
ssu

m
e

th
a
t
n

is
su

ffi
cien

tly
la

rg
e

th
a
t

th
e

u
p

p
er

b
o
u

n
d

fo
r|µ|

is
less

th
a
n
ε/

4
.

F
o
r

th
e

valu
e

o
f
α

,
w

e
w

ill
ch

o
o
se
α

=
0.4

la
ter

in
th

e
p

ro
of.

A
p

p
ly

in
g

th
is

b
o
u

n
d

s
in

E
q
u

a
tion

2
0
,

w
e

o
b

ta
in

P

(
1n

n
∑i=

1

ũ
β
(x
i )
>
ε/2 )

≤
2

ex
p (−

c
n
α

6B
K

2p )

+
2

ex
p (
−
c
T

r(Σ
)(n

α
/ε)

2
/
3

2
K

2p

)
+

ex
p (−

n
1−

2
α

32
ε
2 )

,

=
2

ex
p (−

c ′n
α
/p )

+
2

ex
p (−

c ′′n
2
α
/
3ε −

2
/
3 )

+
ex

p (−
c ′′′n

1−
2
α
ε
2 )
,
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E
r
d
o
g

d
u

w
h

ere

c ′
=

c

6
B
K

2
,

c ′′
=
cT

r(Σ
)/p

2K
2
≥
cλ

m
in (Σ

)

2
K

2
,

c ′′′
=

132
.

H
en

ce,
th

e
p

ro
of

is
com

p
leted

for
th

e
u

p
p

er
b

racket.
T

h
e

p
ro

of
fo

r
th

e
low

er
b

rack
ets

lβ
(x

)
follow

s
from

ex
actly

th
e

sam
e

step
s

an
d

o
m

itted
h

ere.

A
p

p
ly

in
g

th
e

ab
ov

e
lem

m
a

on
E

q
u

ation
19

,
for

α
>

0,
w

e
ob

ta
in

P

(
su

p
β∈
B
n

(R
) ∣∣∣∣∣ 1n

n
∑i=

1

f
(〈x

i ,β〉)〈x
i ,v〉

2−
E

[f
(〈x

,β〉)〈x
,v〉

2] ∣∣∣∣∣
>
ε )

(24)

≤
4|T

∆ |ex
p (−

c ′n
α
/p )

+
4|T

∆ |ex
p (−

c ′′n
2
α
/
3ε −

2
/
3 )

+
2|T

∆ |ex
p (−

c ′′′n
1−

2
α
ε
2 )
.

O
b

serve
th

at
w

e
can

w
rite,

b
y

L
em

m
a

33

|T
∆ |≤

(
R √

p

∆

)
p

=

(
4 √

p
R
L
E

[‖x‖
32 ]

ε

)
p

.

A
lso

,
reca

ll
th

at‖
x‖

2
w

as
a

su
b

-G
au

ssian
ran

d
om

variab
le

w
ith
‖‖x‖

2 ‖
ψ

2 ≤
K
√

2
p
.

U
sin

g
th

e
d

efi
n

ition
of

su
b

-G
au

ssian
n

orm
,

w
e

h
ave

1√3
E

[‖
x‖

32 ] 1
/
3≤
‖‖x‖

2 ‖
ψ

2 ≤
√

2
p
K
,

=⇒
E

[‖
x‖

32 ]≤
15K

3p
3
/
2.

T
h

erefo
re,

w
e

h
ave

E
[‖x‖

32 ]
=
O

(p
3
/
2)

(recall
th

at
w

e
h

ad
a

low
er

b
ou

n
d

of
th

e
sam

e
ord

er).
W

e
d

efi
n

e
a

con
stan

t
K
′,

an
d

as
ε

is
sm

all,
w

e
h

av
e

|T
∆ |≤

(
60R

L
K

3p
2

ε

)
p

=

(
K
′p

2

ε

)
p

,

w
h

ere
w

e
let

K
′

=
60
R
L
K

3.
W

e
w

ill
sh

ow
th

at
each

term
on

th
e

righ
t

h
an

d
sid

e
of

E
q
u

ation
2
4

d
ecay

s
ex

p
on

en
tially

w
ith

a
rate

of
ord

er
p
.

F
or

th
e

fi
rst

term
,

for
s
>

0,
w

e
w

rite

|T
∆ |ex

p (−
c ′n

α
/p )

=
ex

p (−
c ′n

α
/p

+
p

log
(K
′)

+
2
p

lo
g
(p

)
+
p

lo
g
(ε −

1) )
,

≤
ex

p (−
c ′n

α
/p

+
2
p

log
(K
′p
/ε) )

.
(25)

S
im

ila
rly

for
th

e
secon

d
an

d
th

ird
term

s,
w

e
w

rite

|T
∆ |ex

p (−
c ′′n

2
α
/
3ε −

2
/
3 )
≤

ex
p (−

c ′′n
2
α
/
3ε −

2
/
3

+
2
p

lo
g
(K
′p
/
ε) )

,
(26)

|T
∆ |ex

p (−
c ′′′n

1−
2
α
ε
2 )≤

ex
p (−

c ′′′n
1−

2
α
ε
2

+
2
p

log
(K
′p
/ε) )

.
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w
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p

o
n

th
e

ri
g
h
t

si
d

es
of

E
q
u

at
io

n
s

25
an

d
26

.
T

h
at

is
,

w
e

n
ee

d

c′
n
α
/p
≥

2
p

lo
g
(K
′′ p
/ε

),
(2

7
)

c′
′ n

2
α
/
3
≥

2
p

lo
g
(K
′′ p
/ε

)ε
2
/
3
,

c′
′′ n

1
−

2
α
ε2
≥

2
p

lo
g
(K
′′ p
/ε

),

w
h

er
e
K
′′

=
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′ .
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e

la
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in
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at
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T

h
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is
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ε2
=

p
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′′ n

1
−

2
α

lo
g
( c′
′′ K
′′2
p
n

1
−

2
α
) ,

(2
8)

=
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(

p

n
1
−

2
α

lo
g

(n
)) .

w
h

er
e

w
e

as
su

m
e

th
at
n

is
su

ffi
ci

en
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y
la

rg
e.

T
h

e
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e

st
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em
en
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s
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<
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.
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0
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/
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w
h

ic
h

p
ro

v
id

es
ε
<

1.
N

ot
e

th
at

th
is

ch
oi

ce
of
α
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so

ju
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es

th
e
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su
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at
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α
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4
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e
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sfi
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su
ffi
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.
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to
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k
w

h
et
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er
ν
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α
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,ε
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)
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n
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a
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)
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d
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.
W

e
u

se
th
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su
m

p
ti
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on

n
,p

an
d

w
ri

te

ν
(n

0
.4
,p
,ε
,B
,K

,Σ
)
.
n

0
.4

ex
p

( −
cn

0
.4

6
B
K

2
p

)
+
n

0
.4

ex
p

(
−
cT

r(
Σ

)/
p
n

0
.8
/
3

2K
2

)
,

(3
0)

.
n

0
.4

ex
p
( −

c

6
B
K

2
n

0
.2
)

+
n

0
.4

ex
p

( −
cλ

m
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)

2K
2

n
0
.8
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3
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.
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su
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ci
en

tl
y

la
rg

e,
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u
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to
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p
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en
ti

al
d

ec
ay
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n

0
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,
th

e
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ov
e

q
u

an
ti
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n
b

e
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d

e
ar
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ev

en
t
E.

S
in

ce
w

e
w

o
rk

ed
o
n

th
e

ev
en

t
E,

th
e

p
ro

b
ab

il
it

y
of

a
d

es
ir

ed
ou

tc
om

e
is

at
le

as
t
P(
E)
−
δ,

w
h

er
e
δ

is
ei

th
er
c/
p

2
o
r
ce
−
p

d
ep

en
d

in
g

on
th

e
d

is
tr

ib
u

ti
on

of
th

e
co

va
ri

at
es

.
H

en
ce

,
co

n
d

it
io

n
ed

on
th

e
ev

en
t
E,

th
e

p
ro

b
ab

il
it

y
b

ec
om

es
1
−
δ/
P(
E)

,
w

h
ic

h
co

m
p

le
te

s
th

e
p

ro
of

.
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u

C
.1

P
ro

o
f

o
f

C
o
ro

ll
a
ri

e
s

5
a
n

d
9

In
th

e
fo

ll
ow

in
g,

w
e

p
ro

v
id

e
th

e
p

ro
o
f

fo
r

C
o
ro

ll
a
ry

5
.

T
h

e
p

ro
o
f

fo
r

C
o
ro

ll
a
ry

9
fo

ll
ow

s
fr

o
m

th
e

ex
ac

t
sa

m
e

st
ep

s.

T
h

e
st

at
em

en
t

of
T

h
eo

re
m

4
h

ol
d

s
o
n

th
e

p
ro

b
a
b

il
it

y
sp

a
ce

w
it

h
a

p
ro

b
ab

il
it

y
lo

w
er

b
o
u

n
d

ed
b
y
P(
E)
−
c/
p

2
fo

r
so

m
e

co
n

st
a
n
t
c

(S
ee

p
re

v
io

u
s

se
ct

io
n

).
L

et
Q

d
en

o
te

th
is

se
t,

o
n

w
h

ic
h

th
e

st
at

em
en

t
of

th
e

th
eo

re
m

h
o
ld

s
w

it
h

o
u

t
th

e
co

n
d

it
io

n
in

g
o
n

th
e

ev
en

t
E.

N
ot

e
th

at
Q
⊂
E

an
d

w
e

a
ls

o
h

av
e

P(
E)
≥

P(
Q

)
≥

P(
E)
−
c/
p

2
.

(3
4
)

T
h

is
su

gg
es

ts
th

at
th

e
d

iff
er

en
ce

b
et

w
ee

n
Q

a
n

d
E

is
sm

al
l.

B
y

ta
k
in

g
ex

p
ec

ta
ti

o
n

s
on

b
o
th

si
d

es
ov

er
th

e
se

t
Q

,
w

e
o
b

ta
in

,

E
[ ‖
β̂
t+

1
−
β
∗‖

2
;Q
] ≤

κ

{ D
(x
,z

)
+
c 1

√
p

m
in
{p
/

lo
g
(p

)|S
|,n

/
lo

g
(n

)}

}
E
[ ‖
β̂
t
−
β
∗‖

2

]

+
κ
c 2
E
[ ‖
β̂
t
−
β
∗‖

2 2

]

w
h

er
e

w
e

u
se

d

E
[ ‖
β̂
t
−
β
∗‖
l 2
;Q
] ≤

E
[ ‖
β̂
t
−
β
∗‖
l 2

] ,
l

=
1,

2
.

S
im

il
a
rl

y
fo

r
th

e
it

er
a
te
β̂
t+

1
,

w
e

w
ri

te

E
[ ‖
β̂
t+

1
−
β
∗‖

2

] =
E
[ ‖
β̂
t+

1
−
β
∗‖

2
;Q
] +

E
[ ‖
β̂
t+

1
−
β
∗‖

2
;Q

C
] ,

≤
E
[ ‖
β̂
t+

1
−
β
∗‖

2
;Q
] +

2
R
P(
Q
C

),

≤
E
[ ‖
β̂
t+

1
−
β
∗‖

2
;Q
] +

2
R

( P(
EC

)
+

c p
2

)
,

≤
E
[ ‖
β̂
t+

1
−
β
∗‖

2
;Q
] +

ε 1
0
,

≤
E
[ ‖
β̂
t+

1
−
β
∗‖

2
;Q
] +

E
[ ‖
β̂
t
−
β
∗‖

2

]

1
0

.

C
o
m

b
in

in
g

th
es

e
tw

o
in

eq
u

a
li

ti
es

,
w

e
ob

ta
in

E
[ ‖
β̂
t+

1
−
β
∗‖

2

] ≤
{ 0
.1

+
κ
D

(x
,z

)
+
c 1
κ

√
p

m
in
{p
/

lo
g
(p

)|S
|,n

/
lo

g
(n

)}

} E
[ ‖
β̂
t
−
β
∗‖

2

]

+
c 2
κ
E
[ ‖
β̂
t
−
β
∗‖

2 2

] .

H
en

ce
th

e
p
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o
f
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s.
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N
e
w

t
o
n
-S

t
e
in

M
e
t
h
o
d

C
.2

P
ro

o
f

o
f

T
h

e
o
re

m
6

T
h

e
itera

tes
g
en

era
ted

b
y

th
e

N
ew

to
n

-S
tein

m
eth

o
d

sa
tisfy

th
e

fo
llow

in
g

in
eq

u
a
lity,

‖β̂
t+

1−
β∗ ‖

2 ≤
(
τ

1
+
τ

2 ‖β̂
t−

β∗ ‖
2 )‖β̂

t−
β∗ ‖

2 ,

on
th

e
ev

en
tQ

w
h

ere
Q

is
d

efi
n

ed
in

th
e

p
rev

io
u

s
sectio

n
.

W
e

h
ave

o
b

served
th

a
t
P

(Q
)≥

P
(E

)−
c/
p

2
in

E
q
u

a
tion

34
.

S
in

ce
th

e
co

effi
cien

ts
τ

1
an

d
τ

2
a
re

ob
ta

in
ed

b
y

u
n

iform
b

o
u

n
d

s
on

th
e

fea
sib

le
set,

th
e

a
b

ove
in

eq
u

a
lity

h
o
ld

s
fo

r
every

t
o
n
Q

.
O

n
th

e
even

t
w

e
co

n
sid

er,
Q
∩
{
ϑ
<

(1−
τ

1 )/
τ

2 }
,

th
e

startin
g

p
o
in

t
sa

tisfi
es

th
e

fo
llow

in
g

τ
1

+
τ

2 ‖β̂
0−

β∗ ‖
2
<

1
,

(35)

w
h

ich
im

p
lies

th
a
t

th
e

seq
u

en
ce

o
f

itera
tes

co
n
verg

es.
L

et
ξ
∈

(ε,ϑ
)

a
n

d
tξ

b
e

th
e

last

itera
tio

n
th

a
t‖
β̂
t−

β∗ ‖
2
>
ξ.

T
h

en
,

for
t
>
tξ

‖β̂
t+

1−
β∗ ‖

2 ≤
(
τ

1
+
τ

2 ‖β̂
t−

β∗ ‖
2 )‖β̂

t−
β∗ ‖

2 ,

≤
(τ

1
+
τ

2 ξ)‖
β̂
t−

β∗ ‖
2 .

T
h

is
co

n
verg

en
ce

b
eh

av
io

r
d

escrib
es

a
lin

ea
r

ra
te

a
n
d

req
u

ires
a
t

m
o
st

lo
g
(ε/
ξ)

lo
g
(τ

1
+
τ

2 ξ)

itera
tio

n
s

to
rea

ch
a

to
lera

n
ce

o
f
ε.

F
or
t≤

tξ ,
w

e
h

ave

‖
β̂
t+

1−
β∗ ‖

2 ≤
(
τ

1
+
τ

2 ‖β̂
t−

β∗ ‖
2 )‖β̂

t−
β∗ ‖

2 ,

≤
(τ

1 /
ξ

+
τ

2 )‖β̂
t−

β∗ ‖
22 .

T
h

is
d

escrib
es

a
q
u

a
d

ra
tic

ra
te

a
n

d
th

e
n
u

m
b

er
o
f

itera
tio

n
s

to
rea

ch
a

to
lera

n
ce

of
ξ

can
b

e
u

p
p

er
b

o
u

n
d

ed
b
y

lo
g

2 (
lo

g
(ξ

(τ
1 /
ξ

+
τ

2 ))

lo
g

(τ
1 /ξ

+
τ

2 )‖β̂
0−

β∗ ‖
2 )
≤

lo
g

2 (
log

(τ
1

+
τ

2 ξ)

log
((τ

1 /ξ
+
τ

2 )(1−
τ

1 )/
τ

2 ) )
.

T
h

erefo
re,

th
e

overa
ll

n
u
m

b
er

o
f

itera
tion

s
to

rea
ch

a
toleran

ce
o
f
ε

is
u

p
p

er
b

o
u

n
d

ed
b
y

lo
g

2 (
log

(τ
1

+
τ

2 ξ)

log
((τ

1 /ξ
+
τ

2 )(1−
τ

1 )/
τ

2 ) )
+

lo
g
(ε/ξ)

lo
g
(τ

1
+
τ

2 ξ)

w
h

ich
is

a
fu

n
ction

of
ξ.

T
h

erefore,
w

e
take

th
e

m
in

im
u

m
over

th
e

fea
sib

le
set

a
n

d
con

clu
d

e
th

a
t

on
E
∩
{
ϑ
<

(1−
τ

1 )/
τ

2 }
,

th
e

n
u
m

b
er

o
f

itera
tio

n
s

to
rea

ch
a

toleran
ce

o
f
ε

is
u

p
p

er
b

ou
n

d
ed

b
y

in
f
ξ J

(ξ)
w

ith
a

b
a
d

ev
en

t
p

ro
b

a
b

ility
o
f
c/p

2.
B

y
co

n
d

itio
n

in
g

on
th

e
even

t
E
∩
{ϑ

<
(1−

τ
1 )/

τ
2 },

w
e

co
n

clu
d

e
th

at
w

ith
p

ro
b

a
b

ility
at

lea
st

1−
c ′/
p

2,
th

e
statem

en
t

o
f

th
e

th
eo

rem
h

o
ld

s
for

c ′
=
c/P

(E
∩
{ϑ

<
(1−

τ
1 )/

τ
2 }

).
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E
r
d
o
g

d
u

A
p
p
e
n
d
ix

D
.
P
ro

o
f
o
f
T
h
e
o
re
m

7

W
e

h
ave

th
e

follow
in

g
p
ro

jected
u

p
d

ates

β̂
t+

1
=
P
C (
β̂
t−

γ
t Q

t∇
`(β̂

t);Q
t )

=
β̂
t−

γ
t D

γ
t (β̂

t),

w
h

ere
w

e
d

efi
n

e

D
γ (β̂

t)
=

1γ

(
β̂
t−
P
C (β̂

t−
γ
Q
t∇
`(β̂

t);Q
t) )

.

F
or

sim
p

licity,
w

e
on

ly
con

sid
er

th
e

p
ro

jection
on

to
a

con
v
ex

set,
i.e.,

P
tC (β

+
)

=
P
C (β

+
;Q

t)
=

argm
in

w
∈C

12 ‖w
−
β

+‖
2Q
t −

1 ,
(36)

=
argm

in
w
∈
R
p

12 ‖w
−
β

+‖
2Q
t −

1
+
IC (w

),

w
h

ere
IC (w

)
is

th
e

in
d

icator
fu

n
ction

for
th

e
con

vex
setC

,
i.e.

IC (w
)

=

{
0

if
w
∈
C
,

∞
oth

erw
ise.

W
e

n
o
te

th
at

oth
er

p
ro

jection
m

eth
o
d

s
(su

ch
as

p
rox

im
al

m
ap

p
in

gs)
are

also
ap

p
licab

le
to

o
u

r
u

p
d

a
te

ru
le.

D
efi

n
in

g
th

e
d

ecrem
en

t
λ
t

=
〈∇
`(β̂

t),D
γ (β̂

t)〉,
w

e
con

sid
er

th
e

follow
in

g
form

of
b

ack
-

track
in

g
lin

e
search

w
ith

u
p

d
ate

p
a
ram

eters
a
∈

(0,0
.5)

an
d
b∈

(0,1):

γ
=
γ̄

;
w

h
ile

:
` (
β̂
t−

γ
D
γ (β̂

t) )
>
`(β̂

t)−
a
γ
λ
t,

γ
←
γ
b.

D
ep

en
d

in
g

on
th

e
p

ro
jection

ch
oice,

th
ere

are
variou

s
oth

er
sea

rch
m

eth
o
d

s
th

at
ca

n
b

e
a
p

p
lied

.
B

efore
w

e
m

ove
on

to
th

e
con

vergen
ce

an
aly

sis,
w

e
fi

rst
estab

lish
som

e
p

rop
erties

o
f

th
e

m
o
d

ifi
ed

grad
ien

t
D
γ .

F
or

a
given

p
oin

t
w
∈
C

,
th

e
su

b
-d

iff
eren

tial
of

th
e

in
d

icato
r

fu
n

ction
is

th
e

n
orm

al
con

e.
T

h
is

tog
eth

er
w

ith
E

q
u

ation
36

im
p

lies
th

at

β̂
t−

γ
Q
t∇
`(β̂

t)−
P
tC (β̂

t−
γ
Q
t∇
`(β̂

t))∈
Q
t
∂IC (P

tC (β̂
t−

γ
Q
t∇
`(β̂

t))),

w
h

ich
in

tu
rn

im
p

lies

γ
[Q

t] −
1 {
D
γ (β̂

t)−
Q
t∇
`(β̂

t), }
∈
∂IC (P

tC (β̂
t−

γ
Q
t∇
`(β̂

t))),

a
n

d
co

rresp
on

d
in

gly
for

an
y
β
∈
C

〈[Q
t] −

1D
γ (β̂

t)−
∇
`(β̂

t),P
tC (β̂

t−
γ
Q
t∇
`(β̂

t))−
β〉≥

0
.

F
o
r
β

=
β̂
t∈
C

,
th

is
y
ield

s

κ
−

1‖
D
γ (β̂

t)‖
22 ≤
〈D

γ (β̂
t),[Q

t] −
1D

γ (β̂
t)〉≤

〈∇
`(β̂

t),D
γ
t (β̂

t)〉,
(37)
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it

h
p
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b
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il
it

y
at

le
as

t
P

(E
)
−
c/
p

2
.

A
ls

o
n

ot
e

th
at

th
e

H
es

si
an

of
th

e
G

L
M

p
ro

b
le

m
ca

n
b

e
u

p
p

er
b

ou
n

d
ed

b
y

∥ ∥ ∥ ∥ ∥1 n

n ∑ i=
1

x
ix
T i
φ

(2
) (〈
x
i,
β̂
t )

∥ ∥ ∥ ∥ ∥ 2

≤
B

2

∥ ∥ ∥ ∥ ∥1 n

n ∑ i=
1

x
ix
T i

∥ ∥ ∥ ∥ ∥ 2

≤
B

2
K
.

N
ow

w
e

m
ov

e
to

th
e

co
n
ve

rg
en

ce
an

al
y
si

s.
F

or
a

st
ep

si
ze
γ

,
b
y

th
e

co
n
ve

x
it

y
o
f

th
e

n
eg

at
iv

e
lo

g-
li

ke
li

h
o
o
d

,
w

e
ca

n
w

ri
te

a
lm

os
t

su
re

ly

`(
β̂
t
−
γ
D
γ
(β̂
t )

)
≤
`(
β̂
t )
−
γ
〈∇
`(
β̂
t )
,D

γ
(β̂
t )
〉+

γ
2
B

2
K

2
‖D

γ
(β̂
t )
‖2 2
,

≤
`(
β̂
t )
−
γ
〈∇
`(
β̂
t )
,D

γ
(β̂
t )
〉{

1
−
γ 2
B

2
K
κ
}

an
d

n
ot

ic
e

th
at

th
e

ex
it

co
n

d
it

io
n

fo
r

th
e

b
ac

k
tr

ac
k
in

g
li

n
e

se
ar

ch
al

go
ri

th
m

is
sa

ti
sfi

ed
w

h
en

γ
≤

(κ
B

2
K

)−
1
.

H
en

ce
,

th
e

li
n

e
se

ar
ch

re
tu

rn
s

a
st

ep
si

ze
sa

ti
sf

y
in

g

γ
t
≥

m
in
{γ̄
,b
/
(κ
B

2
K

)}
.

U
si

n
g

th
e

li
n

e
se

ar
ch

co
n

d
it

io
n

,
w

e
h

av
e

`
( β̂

t
−
γ
tD

γ
t
(β̂
t )
)
−
`(
β̂
t )
≤
−
a
γ
tλ
t ,

w
it

h
p

ro
b

ab
il

it
y

at
le

as
t
P(
E)
−
c/
p

2
w

h
ic

h
im

p
li

es
th

at
th

e
se

q
u

en
ce
{`

(β̂
t )
} t

is
d

ec
re

a
si

n
g
.

W
e

n
ot

e
th

at
th

is
ev

en
t

is
in

d
ep

en
d

en
t

of
th

e
it

er
at

io
n

n
u

m
b

er
d

u
e

to
u

n
if

o
rm

p
o
si

ti
ve

d
efi

n
it

e
co

n
d

it
io

n
gi

ve
n

in
E.

S
in

ce
`

is
co

n
ti

n
u

o
u

s
a
n

d
C

is
cl

os
ed

,
`

is
a

cl
o
se

d
fu

n
ct

io
n

.
H

en
ce

,
th

e
se

q
u

en
ce
{`

(β̂
t )
} t

m
u

st
co

n
v
er

ge
to

a
li

m
it

.
T

h
is

im
p

li
es

th
at
a
γ
tλ
t
→

0
.

B
u

t
w

e
h

av
e
a
>

0
an

d
γ
t
>

m
in
{γ̄
,b
/
(κ
B

2
K

)}
>

0.
T

h
er

ef
or

e,
w

e
co

n
cl

u
d

e
th

a
t
λ
t
→

0.
U

si
n

g
th

e
in

eq
u

al
it

y
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es

p
it

e
it

s
av

a
il

a
b

il
it

y
a
n

d
sc

a
la

b
il

it
y,

ch
a
ll

en
ge

s
re

m
a
in

in
cr

ow
d

so
u

rc
ed

ra
n

k
in

g.
A

ce
rt

a
in

am
ou

n
t

of
m

on
et

a
ry

re
w

a
rd

is
p

a
id

to
a

w
or

k
er

fo
r

ea
ch

p
a
ir

of
it

em
s

h
e

or
sh

e
co

m
p

ar
es

w
h

il
e

th
er

e
is

u
su

a
ll
y

o
n

ly
a

fi
x
ed

am
o
u

n
t

o
f

b
u

d
g
et

av
a
il

a
b

le
,

li
m

it
in

g
th

e
to

-
ta

l
n
u

m
b

er
of

p
ai

rw
is

e
la

b
el

s
w

e
ca

n
co

ll
ec

t.
H

en
ce

,
th

er
e

is
a

n
ee

d
fo

r
a

b
u

d
ge

t-
effi

ci
en

t
d

ec
is

io
n

p
ro

ce
ss

fo
r

al
lo

ca
ti

n
g

th
e

b
u

d
g
et

ov
er

it
em

p
a
ir

s
an

d
w

o
rk

er
s.

In
p

a
rt

ic
u

la
r,

o
n

cr
ow

d
so

u
rc

in
g

p
la

tf
or

m
s,

th
er

e
ar

e
u

n
re

li
a
b

le
w

or
ke

rs
w

h
o

su
b

m
it

th
ei

r
a
n

sw
er

s
q
u

ic
k
ly

b
u

t
ca

re
le

ss
ly

in
or

d
er

to
o
b

ta
in

m
or

e
m

o
n

et
a
ry

re
w

a
rd

w
it

h
le

ss
eff

o
rt

.
H

en
ce

,
th

e
co

m
p

a
ri

so
n

re
su

lt
s

p
ro

v
id

ed
b
y

cr
ow

d
w

o
rk

er
s

of
te

n
co

n
ta

in
n

o
n

-n
eg

li
gi

b
le

n
o
is

e.
A

s
a

re
m

ed
y,

m
u

lt
ip

le
w

or
ke

rs
ar

e
h

ir
ed

to
co

m
p

a
re

th
e

sa
m

e
p

ai
r

of
it

em
s

in
d

ep
en

d
en

tl
y

in
th

e
h

o
p

e
th

at
th

e
co

rr
ec

t
ra

n
k
in

g
ca

n
b

e
re

co
ve

re
d

,
a
n

d
th

a
t

th
e

u
n

re
li

a
b

le
w

or
ke

rs
ca

n
b

e
id

en
ti

fi
ed

b
y

co
m

-
p

a
ri

n
g

th
ei

r
a
n

sw
er

s
w

it
h

th
e

re
st

o
f

w
o
rk

er
s.

H
ow

ev
er

,
ea

ch
p

a
ir

w
is

e
co

m
p

a
ri

so
n

w
il

l
in

cu
r

a
p

re
-s

p
ec

ifi
ed

m
o
n

et
ar

y
co

st
.

W
it

h
ou

t
a

ca
re

fu
l

co
n
tr

o
l,

su
ch

a
re

p
et

it
iv

e
la

b
el

in
g

st
ra

te
g
y

of
te

n
re

su
lt

s
in

to
o

m
a
n
y

la
b

el
s

on
th

e
sa

m
e

p
a
ir

b
y

d
iff

er
en

t
w

o
rk

er
s,

le
a
d

in
g

to
a

h
ig

h
co

st
.

F
u

rt
h

er
m

or
e,

b
ec

a
u

se
o
f

th
e

d
iv

er
si

ty
of

th
ei

r
b

a
ck

g
ro

u
n

d
s

an
d

ex
p

er
ti

se
,

w
o
rk

er
s

d
o

n
o
t

a
lw

ay
s

a
gr

ee
w

it
h

ea
ch

o
th

er
in

th
e

re
su

lt
s

o
f

p
a
ir

w
is

e
co

m
p

ar
is

on
s,

es
p

ec
ia

ll
y

w
h

en
th

e
tw

o
it

em
s

in
co

m
p

a
ri

so
n

a
re

co
m

p
et

it
iv

e
to

ea
ch

o
th

er
.

W
e

re
fe

r
to

su
ch

a
co

m
p

et
it

iv
e

p
a
ir

as
a
n

a
m

bi
gu

o
u

s
pa

ir
si

n
ce

th
e

o
rd

er
in

g
o
f

th
em

is
m

o
re

d
iffi

cu
lt

to
b

e
d

et
er

m
in

ed
.
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C
o
st

-E
f
f
ic

ie
n
t

D
y
n
a
m

ic
C

r
o
w

d
so

u
r
c
e
d

R
a
n
k
in

g

P
resu

m
a
b

ly,
a

g
rea

ter
b
u

d
get

sh
o
u

ld
b

e
sp

en
t

o
n

a
m

b
igu

ou
s

p
a
irs,

b
u

t
id

en
tify

in
g

a
m

b
igu

-
o
u

s
p

a
irs

u
n

d
er

th
e

b
u

d
g
et

con
stra

in
t

itself
is

a
ch

allen
g
in

g
p

rob
lem

,
w

h
ich

req
u

ires
so

m
e

eff
ective

lea
rn

in
g

sch
em

e.
G

iv
en

th
e

tra
d

e-o
ff

b
etw

een
th

e
lab

elin
g

co
st

a
n
d

th
e

q
u

ality
of

ra
n

k
in

g
resu

lts,
th

ere
are

tw
o

fu
n

d
am

en
ta

l
ch

a
llen

g
es

in
crow

d
so

u
rced

ra
n

k
in

g
:

1.
G

iven
th

e
in

con
sisten

t
p

a
irw

ise
la

b
els

from
crow

d
w

o
rkers

w
ith

d
iff

eren
t

relia
b

ility,
h

ow
to

a
gg

reg
a
te

th
ese

la
b

els
in

to
a

g
lo

b
al

ra
n

k
in

g
over

item
s.

2.
W

ith
b

o
th

u
n

relia
b

le
w

o
rkers

a
n

d
a
m

b
igu

ou
s

p
a
irs

in
itia

lly
u

n
id

en
tifi

ed
,

h
ow

to
in

-
co

rp
orate

a
lea

rn
in

g
sch

em
e

w
ith

a
n

effi
cien

t
sam

p
lin

g
p

ro
ced

u
re

(ov
er

b
oth

p
a
irs

o
f

item
s

a
n

d
w

o
rkers)

u
n

d
er

th
e

b
u

d
g
et

co
n

stra
in

t
to

ach
ieve

th
e

h
ig

h
est

ra
n

k
in

g
a
ccu

ra
cy.

T
o

ad
d

ress
th

ese
ch

allen
g
es,

w
e

n
eed

to
fi

rst
m

o
d

el
th

e
relia

b
ility

o
f

w
o
rkers

a
n

d
th

e
a
m

b
ig

u
ity

o
f

item
p

airs
a
n

d
an

aly
ze

h
ow

th
ey

in
fl

u
en

ce
th

e
p

a
irw

ise
la

b
el.

T
o

th
is

en
d

,
w

e
a
d

o
p

t
a

co
m

b
in

a
tion

o
f

th
e

B
ra

d
ley

-T
erry

-L
u

ce
ra

n
k
in

g
m

o
d

el
(B

rad
ley

a
n

d
T

erry
,

1
9
5
2;

L
u

ce,
19

5
9)

fo
r

m
o
d

elin
g

th
e

co
m

p
a
riso

n
resu

lts
a
n

d
th

e
D

aw
id

-S
ken

e
m

o
d

el
(D

aw
id

a
n

d
S

ken
e,

19
7
9)

for
w

o
rkers’

reliab
ility.

T
h

e
rea

so
n

w
h
y

w
e

ad
o
p

t
th

e
B

ra
d

ley
-T

erry
-L

u
ce

m
o
d

el
is

th
a
t

lea
rn

in
g

su
ch

a
m

o
d

el
w

ill
n

ot
o
n

ly
p

rov
id

e
a

ra
n

k
in

g
over

item
s

b
u

t
a
lso

g
ive

a
score

to
ea

ch
item

,
w

h
ich

ca
n

b
e

u
sefu

l
in

m
a
n
y

a
p

p
lica

tion
s

(e.g.,
p

rov
id

in
g

p
layer’s

ra
tin

g
in

ch
ess

ga
m

es).
W

e
m

ea
su

re
th

e
q
u

ality
o
f

th
e

ran
k
in

g
in

ferred
fro

m
th

e
co

llected
la

b
els

u
sin

g
th

e
K

en
d
a
ll’s

ta
u

ra
n

k
co

rrela
tio

n
coeffi

cien
t

(K
en

d
a
ll’s

tau
fo

r
sh

ort)
w

ith
resp

ect
to

th
e

u
n

d
erly

in
g

tru
e

ra
n

k
in

g.

U
n

d
er

su
ch

a
m

o
d

el
a
n

d
a

q
u
ality

m
ea

su
re,

w
e

p
ro

p
o
se

a
d

y
n

am
ic

sam
p

lin
g

a
n

d
ra

n
k
in

g
p

ro
ced

u
re

w
h

ich
a
d

d
resses

th
e

afo
rem

en
tio

n
ed

tw
o

ch
allen

g
es

in
a

u
n

ifi
ed

fra
m

ew
o
rk

.
In

p
articu

la
r,

w
e

fi
rst

in
tro

d
u

ce
th

e
p

rio
rs

fo
r

item
s’

la
ten

t
tru

e
sco

res
a
n
d

w
o
rkers’

relia
b

ility
a
n

d
fo

rm
u

late
th

e
crow

d
so

u
rced

ra
n

k
in

g
p

ro
b

lem
in

to
a

fi
n

ite-h
o
rizo

n
B

ay
esia

n
M

a
rko

v
d
ecisio

n
p
ro

blem
(M

D
P

),
w

h
o
se

state
va

ria
b

les
co

rresp
o
n

d
to

th
e

p
osterio

r
d

istrib
u

tio
n

s
g
iven

th
e

o
b

served
la

b
els.

H
ere,

th
e

n
u

m
b

er
of

sta
g
es

is
d

eterm
in

ed
b
y

th
e

to
ta

l
b
u

d
g
et,

i.e.,
th

e
total

n
u

m
b

er
o
f

p
airs

th
a
t

ca
n

b
e

req
u

ested
fo

r
la

b
elin

g
.

A
s

th
e

b
u

d
get

level
in

crea
ses,

th
e

size
of

th
e

state
sp

a
ce

g
row

s
a
t

a
n

ex
p

o
n

en
tial

ra
te,

w
h

ich
m

a
kes

th
e

ex
a
ct

so
lv

in
g

o
f

su
ch

a
M

D
P

p
ro

b
lem

in
tra

ctab
le.

T
o

a
d

d
ress

th
e

co
m

p
u

ta
tion

a
l

d
iffi

cu
lty,

w
e

p
rop

ose
a
n

effi
cien

t
sa

m
p
lin

g
stra

tegy
ca

lled
a
p
p
ro

xim
a
ted

kn
o
w

led
ge

gra
d
ien

t
(A

K
G

)
p

o
licy

b
ased

on
th

e
p

op
u

la
r

k
n

ow
led

g
e

g
ra

d
ien

t
p

o
licy

(P
ow

ell,
2
0
10

;
F

ra
zier,

2
00

9
;

F
razier

et
a
l.,

2
0
08

;
R

y
zh

ov
et

a
l.,

20
12

).
T

h
e

p
rop

o
sed

p
olicy

d
y
n

a
m

ica
lly

ch
o
oses

th
e

n
ex

t
p

air
of

item
s

a
n

d
th

e
w

orker
th

a
t

to
g
eth

er
lead

to
a

m
a
x
im

u
m

ex
p

ected
im

p
rovem

en
t

in
K

en
d

a
ll’s

ta
u

ra
n

k
correla

tion
co

effi
cien

t.
F

in
a
lly,

to
d

eterm
in

e
th

e
g
lob

a
l
ra

n
k
in

g
th

a
t

m
a
x
im

izes
th

e
ex

p
ected

K
en

d
a
ll’s

ta
u

,
o
n

e
n

eed
s

to
solv

e
a

m
ax

im
u

m
lin

ea
r

ord
erin

g
p

ro
b

lem
(G

rö
tsch

el
et

a
l.,

19
8
4
),

w
h

ich
is

a
N

P
-h

ard
p

rob
lem

(a
n

d
in

fa
ct,

A
P

X
-h

a
rd

(ap
p

rox
im

a
b

le-h
a
rd

)
(M

ish
ra

an
d

S
ik

d
a
r,

20
0
4)).

T
o

a
d

d
ress

th
is

ch
a
llen

g
e,

w
e

p
ro

p
o
se

a
m

o
m

en
t

m
atch

in
g

tech
n

iq
u

e
to

ap
p

rox
im

a
te

th
e

p
o
steriors

in
p

aram
etric

fo
rm

s
so

th
a
t

th
e

lin
ear

o
rd

erin
g

p
ro

b
lem

u
n

d
er

th
e

a
p

p
rox

im
a
ted

p
o
sterior

can
b

e
ea

sily
solved

b
y

a
sim

p
le

so
rtin

g
p

ro
ced

u
re.

T
h

e
rest

o
f

th
e

p
ap

er
is

o
rg

an
ized

a
s

fo
llow

s.
In

S
ection

2
,

w
e

rev
iew

th
e

rela
ted

literatu
re.

In
S

ection
3
,
w

e
in

tro
d

u
ce

th
e

m
o
d

el
a
n

d
th

e
p

ro
p

o
sed

p
o
licy

u
n

d
er

th
e

sim
p

lifi
ed

case
w

h
ere

all
w

o
rkers

a
re

h
o
m

og
en

eo
u

s
a
n

d
p

erfectly
relia

b
le.

In
S

ectio
n

4,
w

e
ex

ten
d

o
u

r
p

olicy
to

th
e

ca
se

w
h

ere
th

e
crow

d
w

o
rkers

h
ave

h
eterog

en
eo

u
s

relia
b

ility.
In

S
ectio

n
5
,

w
e
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X
i

C
h
e
n

a
n
d

K
e
v
in

J
ia

o
a
n
d

Q
ih

a
n
g

L
in

p
resen

t
n
u
m

erical
resu

lts
on

b
oth

sim
u

lated
an

d
real

d
atasets,

fo
llow

ed
b
y

con
clu

sion
s

in
S

ection
6.

T
h

e
d

etailed
p

ro
ofs

an
d

d
erivation

s
are

p
rov

id
ed

in
th

e
a
p

p
en

d
ix

.

2
.

R
e
la

te
d

W
o
rk

T
h

e
d

ataset
of

p
artial

ran
k
in

gs
over

item
s

can
b

e
gen

erated
from

a
variety

of
sou

rces
in

clu
d

-
in

g
crow

d
sou

rcin
g

serv
ices

(S
h

ah
et

al.,
2016b

),
on

lin
e

com
p

etition
gam

es
(e.g.,

M
icrosoft’s

T
ru

eS
k
ill

sy
stem

(H
erb

rich
et

al.,
2007)),

an
d

on
lin

e
u

sers’
activ

ities
su

ch
as

b
row

sin
g,

click
in

g
an

d
tra

n
saction

s
th

at
reveal

certain
p

referen
ces.

L
earn

in
g

a
glob

al
ran

k
in

g
of

a
la

rge
set

of
item

s
b
y

aggregatin
g

a
collection

of
p

artial
ran

k
in

gs/p
referen

ces
h

as
b

een
an

active
research

area
for

th
e

p
ast

ten
years

(see,
e.g.,

G
leich

a
n

d
L

im
(201

1);
N

egah
b

an
et

a
l.

(2
012);

Y
i

et
al.

(2013);
S

h
ah

et
al.

(20
16a,b

);
R

a
jk

u
m

ar
an

d
A

garw
a
l

(20
14);

L
u

an
d

B
ou

tilier
(201

4);
V

olkov
s

an
d

Z
em

el
(20

14)).
H

ow
ever,

m
ost

w
ork

o
n

ran
k

a
ggregation

con
sid

ers
a

static
estim

ation
p

rob
lem

—
in

ferrin
g

a
glob

al
ran

k
in

g
b

ased
o
n

a
p

re-ex
istin

g
d

ataset.
T

h
e

p
rob

lem
w

e
con

sid
er

h
ere

is
related

to
b

u
t

sign
ifi

ca
n
tly

d
iff

eren
t

from
th

ese
w

ork
s

b
eca

u
se

w
e

m
o
d

el
crow

d
sou

rced
ran

k
in

g
as

a
d

y
n

am
ic

p
ro

ced
u

re
w

h
ere

th
e

in
feren

ce
of

ran
k
in

g
an

d
collection

of
d

ata
p

ro
ceed

con
cu

rren
tly

an
d

in
fl

u
en

ce
each

oth
er.

T
h

e
crow

d
sou

rced
ran

k
in

g
p

rob
lem

w
e

con
sid

ered
h

as
a

close
co

n
n

ection
w

ith
th

e
d

y
-

n
am

ic
sortin

g
p

rob
lem

u
sin

g
n

oisy
p

airw
ise

com
p

arison
s,

w
h

ich
h

as
b

een
stu

d
ied

b
y

several
au

th
o
rs

(A
ilon

,
20

12;
B

raverm
an

an
d

M
ossel,

2008;
R

ad
in

sk
y

an
d

A
ilon

,
2011;

W
au

th
ier

et
al.,

2
0
13;

J
a
m

ieson
an

d
N

ow
ak

,
2011).

H
ow

ever,
th

ese
p

ap
ers

assu
m

e
th

e
n
o
ise

of
p

air-
w

ise
co

m
p

ariso
n

resu
lts

h
as

th
e

sam
e

d
istrib

u
tion

for
all

p
airs,

w
h

ich
is

n
ot

reason
ab

le
in

crow
d

sou
rced

ran
k
in

g
b

ecau
se

w
orkers

u
su

ally
ran

k
sign

ifi
can

tly
d

iff
eren

t
item

s
m

ore
cor-

rectly
th

an
th

ey
d

o
for

sim
ilar

item
s.

T
h

e
ap

p
ro

ach
es

p
rop

osed
b
y

P
feiff

er
et

al.
(201

2)
an

d
Q

ian
et

a
l.

(2015)
assu

m
e

th
at

th
e

lab
elin

g
n

oise
d

ep
en

d
s

on
th

e
laten

t
q
u

alities
or

featu
res

of
th

e
item

s.
H

ow
ever,

th
eir

ap
p

roach
es

d
o

n
ot

m
o
d

el
th

e
reliab

ility
of

w
orkers

in
th

e
d
ecision

p
ro

cess.
In

con
trast,

ou
r

ap
p

roach
allow

s
a

lab
el’s

n
oise

to
d

ep
en

d
n

ot
o
n

ly
on

th
e

item
s

th
em

selves,
b

u
t

also
on

th
e

reliab
ility

of
th

e
w

ork
er

w
h

o
p

rov
id

es
th

e
lab

el.
T

h
e

ra
n

k
in

g
m

o
d

el
ad

op
ted

in
th

is
p

ap
er,

w
h

ich
com

b
in

es
th

e
B

rad
ley

-T
erry

-L
u
ce

m
o
d

el
an

d
th

e
D

aw
id

-S
ken

e
m

o
d

el,
w

as
origin

ally
p

rop
osed

in
(C

h
en

et
al.,

20
13),

w
h

ich
also

con
-

sid
ers

a
sim

ilar
p

rob
lem

of
B

ayesian
statistical

d
ecision

-m
ak

in
g

for
crow

d
sou

rced
ran

k
in

g.
H

ow
ever,

th
e

sam
p

lin
g

strategy
d

ev
elop

ed
in

C
h

en
et

al.
(201

3),
w

h
ich

p
rioritizes

th
e

p
a
ir

of
item

s
a
n
d

th
e

w
orker

w
ith

th
e

h
igh

est
in

form
ation

gain
,

is
a

sim
p

le
h

eu
ristic

w
ith

ou
t

a
w

ell-d
efi

n
ed

ob
jective

fu
n

ction
to

b
e

op
tim

ized
.

In
con

trast,
o
u

r
w

ork
ch

o
oses

th
e

ex
p

ected
K

en
d

a
ll’s

tau
as

th
e

ob
jective

fu
n
ction

to
m

ax
im

ize,
w

h
ich

g
u

id
es

th
e

d
evelop

m
en

t
o
f

th
e

k
n

ow
led

ge
grad

ien
t

p
olicy.

In
a
d

d
ition

to
crow

d
sou

rced
ran

k
in

g,
th

e
p

rob
lem

of
crow

d
sou

rced
categorical

la
b

el-
in

g/
cla

ssifi
ca

tion
h

as
b

een
ex

ten
sively

stu
d

ied
in

th
e

p
ast

fi
ve

years.
M

ost
w

ork
aim

s
at

solv
in

g
a

static
p

rob
lem

,
w

h
ich

in
fers

th
e

categorical
lab

els
a
n

d
w

orkers’
reliab

ility
b

ased
on

a
sta

tic
p

ro
b

lem
(see,

e.g.,
D

aw
id

an
d

S
ken

e
(1979);

R
ay

kar
et

al.
(2010);

W
elin

d
er

et
a
l.

(2
010);

W
h

iteh
ill

et
al.

(2009);
L

iu
et

al.
(2012);

G
ao

an
d

Z
h

ou
(2013);

Z
h

an
g

et
al.

(20
1
4)).

R
ecen

tly,
som

e
research

h
as

b
een

d
evoted

to
d

y
n

am
ic

sam
p

lin
g

in
crow

d
sou

rced
cla

ssifi
cation

(K
a
rger

et
al.,

2013b
,a

;
B

ach
rach

et
al.,

2
012;

E
rtek

in
et

al.,
201

2;
K

am
ar

et
al.,

20
12;

H
o

et
al.,

2013;
C

h
en

et
al.,

20
15).

In
p

articu
la

r,
b

oth
K

am
ar

et
al.

(2012)
an

d
C

h
en

et
al.

(20
15)

u
tilized

th
e

M
arkov

d
ecision

p
ro

cess
to

m
o
d

el
th

e
b

u
d

get
a
llo

cation
(i.e.,

4
JM

L
R

 17(217):1-40



C
o
st

-E
f
f
ic

ie
n
t

D
y
n
a
m

ic
C

r
o
w

d
so

u
r
c
e
d

R
a
n
k
in

g

sa
m

p
li

n
g

ov
er

it
em

s
an

d
w

or
ke

rs
)

p
ro

ce
ss

.
S

in
ce

w
e

al
so

ad
op

t
a

B
ay

es
ia

n
M

a
rk

ov
d

ec
is

io
n

p
ro

ce
ss

w
it

h
a

va
ri

an
t

of
k
n

ow
le

d
ge

gr
ad

ie
n
t

p
ol

ic
y,

th
e

sp
ir

it
of

ou
r

m
et

h
o
d

is
si

m
il

a
r

to
th

at
in

C
h

en
et

al
.

(2
01

5)
.

H
ow

ev
er

,
si

n
ce

th
e

st
at

is
ti

ca
l

m
o
d

el
fo

r
a

ra
n

k
in

g
p

ro
b

le
m

is
fu

n
d

am
en

ta
ll

y
d

iff
er

en
t

fr
om

th
at

of
a

cl
as

si
fi

ca
ti

on
p

ro
b

le
m

,
th

e
M

ar
ko

v
d

ec
is

io
n

p
ro

ce
ss

in
th

is
p

ap
er

is
si

gn
ifi

ca
n
tl

y
d

iff
er

en
t

fr
om

th
e

on
e

in
tr

o
d

u
ce

d
b
y

C
h

en
et

a
l.

(2
0
1
5)

in
m

a
n
y

as
p

ec
ts

su
ch

as
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
,

st
ag

e-
w

is
e

re
w

ar
d

s,
tr

an
si

ti
on

p
ro

b
a
b

il
it

ie
s,

o
p

ti
m

a
l

p
ol

ic
y,

et
c.

F
or

ex
am

p
le

,
th

e
p

ol
ic

y
b
y

C
h

en
et

al
.

(2
01

5)
is

d
es

ig
n

ed
to

m
a
x
im

iz
e

th
e

ex
-

p
ec

te
d

cl
as

si
fi

ca
ti

on
ac

cu
ra

cy
w

h
il

e
ou

r
p

ol
ic

y
ai

m
s

at
m

ax
im

iz
in

g
th

e
ex

p
ec

te
d

K
en

d
a
ll

’s
ta

u
w

it
h

re
sp

ec
ti

ve
to

th
e

tr
u

e
ra

n
k
in

g.
In

fa
ct

,
ev

en
fo

r
a

st
at

ic
p

ro
b

le
m

w
it

h
a

g
iv

en
se

t
of

co
ll

ec
te

d
d

at
a,

in
fe

rr
in

g
th

e
ra

n
k
in

g
w

it
h

th
e

m
ax

im
u

m
ex

p
ec

te
d

K
en

d
al

l’
s

ta
u

is
eq

u
iv

al
en

t
to

a
N

P
-h

ar
d

m
ax

im
u

m
li

n
ea

r
or

d
er

in
g

p
ro

b
le

m
w

h
il

e
cl

as
si

fy
in

g
it

em
s

w
it

h
a

m
a
x
im

u
m

ex
p

ec
te

d
ac

cu
ra

cy
ca

n
b

e
d

on
e

in
cl

os
ed

-f
o
rm

b
y

B
ay

es
ia

n
d

ec
is

io
n

ru
le

.
In

th
is

p
a
p

er
,

w
e

av
oi

d
th

is
co

m
p

u
ta

ti
on

al
ch

al
le

n
ge

b
y

ex
p

lo
it

in
g

th
e

st
ru

ct
u

re
of

th
e

ex
p

ec
te

d
K

en
d

al
l’

s
ta

u
an

d
ap

p
ro

x
im

at
in

g
th

e
p

os
te

ri
or

s
u

si
n
g

m
om

en
t

m
at

ch
in

g.
W

e
al

so
n

ot
e

th
a
t,

a
lt

h
o
u

g
h

on
e

ca
n

v
ie

w
th

e
p

ro
b

le
m

of
ra

n
k
in

g
K

it
em

s
as

a
p

ro
b

le
m

of
cl

as
si

fy
in

g
K

(K
−

1
)/

2
p

a
ir

s
(e

ac
h

p
ai

r
is

tr
ea

te
d

as
an

it
em

in
C

h
en

et
al

.
(2

01
5)

),
su

ch
an

ap
p

ro
ac

h
in

cr
ea

se
s

th
e

si
ze

of
th

e
p

ro
b
le

m
an

d
ig

n
or

es
th

e
d

ep
en

d
en

cy
b

et
w

ee
n

p
ai

rw
is

e
la

b
el

s.

In
ad

d
it

io
n

,
it

is
w

or
th

to
n

ot
e

th
at

th
e

p
ro

b
le

m
w

e
co

n
si

d
er

h
er

e
is

d
iff

er
en

t
fr

o
m

th
e

ty
p

ic
al

ta
sk

s
in

m
ac

h
in

e-
le

ar
n

ed
ra

n
k
in

g
or

le
ar

n
in

g
to

ra
n

k
(L

iu
,

20
09

;
A

ch
a
ry

ya
,

2
01

3
)

w
h

er
e

so
m

e
fe

at
u

re
in

fo
rm

at
io

n
is

av
ai

la
b

le
fo

r
ea

ch
it

em
an

d
tr

ai
n

in
g

d
a
ta

is
u

se
d

to
ca

li
b

ra
te

so
m

e
st

at
is

ti
ca

l
m

o
d

el
s

fo
r

ra
n

k
in

g
n

ew
it

em
s.

In
co

n
tr

as
t

to
th

es
e

p
ro

b
le

m
s,

th
e

fe
at

u
re

in
fo

rm
at

io
n

is
n

ot
n

ec
es

sa
ry

in
ou

r
cr

ow
d

so
u

rc
ed

ra
n

k
in

g
p

ro
b

le
m

.
M

o
re

ov
er

,
b

es
id

es
b

ei
n

g
ap

p
li

ed
to

ra
n

k
in

g
it

em
s

d
ir

ec
tl

y,
ou

r
m

et
h

o
d
s

ca
n

b
e

u
ti

li
ze

d
to

co
ll

ec
t

tr
ai

n
in

g
la

b
el

s
fo

r
le

ar
n

in
g

to
ra

n
k

p
ro

b
le

m
s.

A
cc

or
d

in
g

to
th

e
ty

p
e

of
tr

ai
n

in
g

d
a
ta

u
ti

li
ze

d
,

st
at

is
ti

ca
l

ra
n

k
in

g
m

et
h

o
d

s
ca

n
b

e
cl

as
si

fi
ed

in
to

th
re

e
ca

te
go

ri
es

(L
iu

,
2
0
09

;
A

ch
a
ry

ya
,

20
13

):
p

oi
n
tw

is
e

m
et

h
o
d

,
p

ai
rw

is
e

m
et

h
o
d

an
d

li
st

w
is

e
m

et
h

o
d

.
T

h
e

p
oi

n
tw

is
e

m
et

h
o
d

s
(L

i
et

al
.,

20
08

;
C

o
op

er
et

al
.,

19
92

;
C

ra
m

m
er

an
d

S
in

ge
r,

20
01

)
le

ar
n

a
ra

n
k
in

g
m

o
d

el
b

a
se

d
on

th
e

d
at

a
of

sc
or

es
or

ra
ti

n
gs

of
it

em
s.

T
h

e
p

ai
rw

is
e

m
et

h
o
d

s
(F

re
u

n
d

et
a
l.

,
2
0
0
3;

B
u

rg
es

et
al

.,
20

05
;

Z
h

en
g

et
al

.,
20

08
;

C
ao

et
al

.,
20

06
)

an
d

th
e

li
st

w
is

e
m

et
h

o
d

s
(X

u
a
n

d
L

i,
20

07
;

C
ao

et
al

.,
20

07
;

T
ay

lo
r

et
al

.,
20

08
;

K
u

o
et

al
.,

20
09

)
le

ar
n

a
ra

n
k
in

g
m

o
d

el
u

si
n

g
p

ai
rw

is
e

co
m

p
ar

is
on

re
su

lt
s

or
p

ar
ti

al
ra

n
k
in

gs
ov

er
a

su
b

se
t

of
it

em
s.

F
or

th
e

p
a
ir

w
is

e
or

li
st

w
is

e
m

et
h

o
d

s,
th

e
cr

ow
d

so
u

rc
ed

ra
n

k
in

g
te

ch
n

iq
u

e
w

e
p

ro
p

os
ed

ca
n

b
e

u
se

d
a
s

a
n

u
p

st
re

am
p

ro
ce

d
u

re
th

at
p

ro
v
id

es
h

ig
h

-q
u

al
it

y
p

ai
rw

is
e/

li
st

w
is

e
co

m
p

a
ri

so
n

d
a
ta

w
h

ic
h

h
el

p
s

in
cr

ea
se

th
e

ac
cu

ra
cy

of
th

e
m

o
d

el
s

in
th

e
af

or
em

en
ti

on
ed

p
ap

er
s.

3
.

C
ro

w
d
so

u
rc

e
d

R
a
n
k
in

g
b
y

H
o
m

o
g
e
n
e
o
u
s

W
o
rk

e
rs

In
th

is
se

ct
io

n
,
w

e
fi

rs
t

co
n

si
d

er
a

si
m

p
li

fi
ed

se
tt

in
g

w
h

er
e

w
or

ke
rs

ar
e

h
om

o
g
en

eo
u

s
(w

e
w

il
l

cl
ar

if
y

th
e

m
ea

n
in

g
of

“h
om

og
en

eo
u
s

w
or

ke
rs

”
sh

or
tl

y
).

In
S

ec
ti

on
4,

w
e

fu
rt

h
er

ex
te

n
d

th
e

d
ev

el
op

ed
m

et
h

o
d

fo
r

h
om

og
en

eo
u
s

w
or

ke
rs

to
h

et
er

og
en

eo
u

s
w

or
ke

rs
w

it
h

d
iff

er
en

t
le

ve
ls

of
re

li
ab

il
it

y.

3
.1

M
o
d

e
l

S
e
tu

p

W
e

as
su

m
e

th
at

th
er

e
ar

e
K

it
em

s
(d

en
ot

ed
b
y
{1
,.
..
,K
})

to
b

e
ra

n
ke

d
an

d
ea

ch
it

em
i

h
as

an
u

n
kn

o
w

n
la

te
n
t

sc
or

e
θ i
>

0
fo

r
i

=
1,

2,
..
.,
K

.
L

et
θ

=
(θ

1
,θ

2
,.
..
,θ
K

)T
,

w
h

er
e

ea
ch

5
JM

L
R

 1
7(

21
7)

:1
-4

0

X
i

C
h
e
n

a
n
d

K
e
v
in

J
ia

o
a
n
d

Q
ih

a
n
g

L
in

la
te

n
t

sc
or

e
θ i

m
o
d

el
s

th
e

in
te

n
si

ty
o
f

p
re

fe
re

n
ce

to
it

em
i

u
n

d
er

so
m

e
cr

it
er

io
n

.
A

ra
n

k-
in

g
ov

er
K

it
em

s
{1
,2
,.
..
,K
}

is
a

p
er

m
u

ta
ti

o
n
/
o
n

e-
to

-o
n
e

m
a
p

p
in

g
π

:
{1
,2
,.
..
,K
}
→

{1
,2
,.
..
,K
}

an
d
π

(i
)

is
th

e
ra

n
k

o
f

it
em

i
u

n
d

er
π

.
W

e
fo

ll
ow

th
e

co
n
ve

n
ti

o
n

th
a
t
θ i
>
θ j

m
ea

n
s

it
em

i
is

p
re

fe
rr

ed
to

it
em

j
a
n

d
th

u
s

it
em

i
sh

ou
ld

h
av

e
a

h
ig

h
er

ra
n

k
th

a
n

it
em

j.
T

h
er

ef
o
re

,
th

e
u

n
d

er
ly

in
g

tr
u

e
ra

n
ki

n
g
π
∗

ov
er
K

it
em

s
is

d
et

er
m

in
ed

b
y

th
e

ra
n

k
in

g
of

th
ei

r
la

te
n
t

sc
o
re

s,
i.

e.
,

π
∗ (
i)
>
π
∗ (
j)

if
a
n

d
on

ly
if

θ i
>
θ j
.

(1
)

W
e

n
ot

e
th

at
th

e
la

te
n
t

sc
o
re

s
n

at
u

ra
ll

y
p

ro
v
id

e
a

ch
a
ra

ct
er

iz
at

io
n

o
f

a
m

bi
gu

it
y

fo
r

a
pa

ir
o
f

it
em

s:
w

h
en

th
e

va
lu

es
o
f
θ i

an
d
θ j

a
re

cl
o
se

r,
th

e
p

a
ir

o
f

it
em

i
an

d
j

is
m

o
re

am
b

ig
u

ou
s

in
th

e
se

n
se

th
a
t

th
e

tr
u

e
or

d
er

in
g

o
f

th
em

is
le

ss
o
b
v
io

u
s.

T
h

e
w

ay
w

e
ex

p
lo

re
th

e
ra

n
k
in

g
o
f
θ i

’s
is

th
ro

u
g
h

th
e

co
ll

ec
ti

o
n

o
f
w

o
rk

er
s’

p
re

fe
re

n
ce

s
on

d
iff

er
en

t
p

ai
rs

o
f

it
em

s.
S

p
ec

ifi
ca

ll
y,

w
e

w
il

l
p
re

se
n
t

on
ly

tw
o

it
em

s
a
t

a
ti

m
e

to
a

w
o
rk

er
,

w
h

o
w

il
l

b
e

as
ke

d
to

co
m

p
ar

e
th

es
e

tw
o

it
em

s
ac

co
rd

in
g

to
th

e
g
iv

en
ra

n
k
in

g
cr

it
er

io
n

.
E

a
ch

w
or

ke
r

w
il

l
n

o
t

b
e

as
ke

d
to

co
m

p
a
re

th
e

sa
m

e
p

a
ir

m
or

e
th

an
o
n

ce
.

T
h

e
re

su
lt

s
of

co
m

p
ar

is
on

s
w

il
l

b
e

co
ll

ec
te

d
ov

er
ti

m
e

a
n

d
b

ec
o
m

e
o
u

r
h

is
to

ri
ca

l
d

a
ta

,
b

a
se

d
o
n

w
h

ic
h

,
ou

r
ta

sk
is

to
in

fe
r

th
e

tr
u

e
ra

n
k
in

g
π
∗ .

In
th

is
se

ct
io

n
,

w
e

co
n

si
d

er
a

b
a
si

c
se

tu
p

w
h

er
e

th
e

cr
ow

d
w

or
ke

rs
a
re

as
su

m
ed

to
b

e
h
o
m

og
en

eo
u

s,
m

ea
n

in
g

th
at

th
e

p
ro

b
a
b

il
is

ti
c

o
u
tc

o
m

es
of

th
ei

r
co

m
p

a
ri

so
n
s

ar
e

o
n

ly
aff

ec
te

d
b
y

th
e

a
m

b
ig

u
it

ie
s

of
p

a
ir

s.
M

o
re

sp
ec

ifi
ca

ll
y,

su
p

p
o
se

a
w

o
rk

er
is

ra
n

d
o
m

ly
se

le
ct

ed
fr

om
th

e
cr

ow
d

to
co

m
p

a
re

a
p

a
ir

o
f

it
em

s
i

an
d
j

w
it

h
i
<
j

an
d

th
e

co
m

p
ar

is
on

re
su

lt
is

d
en

o
te

d
b
y

a
ra

n
d

o
m

va
ri

ab
le
Y
ij

:

Y
ij

=

{
1

if
it

em
i

is
p

re
fe

rr
ed

to
it

em
j

b
y

th
e

ra
n

d
o
m

ly
se

le
ct

ed
w

o
rk

er
−

1
if

it
em

j
is

p
re

fe
rr

ed
to

it
em

i
b
y

th
e

ra
n

d
o
m

ly
se

le
ct

ed
w

o
rk

er
.

(2
)

T
h

e
se

tt
in

g
of

h
o
m

og
en

eo
u

s
w

o
rk

er
s

m
ea

n
s

th
e

p
ro

b
a
b
il

it
y

d
is

tr
ib

u
ti

on
of
Y
ij

ta
ke

s
th

e
fo

ll
ow

in
g

fo
rm

P
r(
Y
ij

=
1)

=
θ i

θ i
+
θ j

a
n

d
P

r(
Y
ij

=
−

1
)

=
θ j

θ i
+
θ j

fo
r
i,
j

=
1,

2,
..
.,
K
.

(3
)

T
h

e
p

ro
b

ab
il

is
ti

c
m

o
d

el
w

e
u
se

d
in

(3
)

is
th

e
w

el
l-

k
n

ow
n

B
ra

d
le

y
-T

er
ry

-L
u

ce
(B

T
L

)
m

o
d

el
(B

ra
d

le
y

an
d

T
er

ry
,

1
95

2
;

L
u

ce
,

19
5
9
).

W
e

ch
o
o
se

th
is

m
o
d

el
fo

r
th

e
d

is
tr

ib
u

ti
o
n

of
Y
ij

b
ec

au
se

it
ad

m
it

s
a

si
m

p
le

st
ru

ct
u

re
a
n

d
w

el
l

fi
ts

o
u

r
fr

a
m

ew
or

k
o
f

d
y
n

am
ic

sa
m

p
li

n
g.

F
u

rt
h

er
m

or
e,

ou
r

m
et

h
o
d

d
ev

el
o
p

ed
fo

r
th

e
B

T
L

m
o
d

el
ca

n
b

e
ea

si
ly

ex
te

n
d

ed
to

th
e

ca
se

o
f

h
et

er
og

en
eo

u
s

w
o
rk

er
s

w
h

ic
h

w
il

l
b

e
st

u
d

ie
d

in
S

ec
ti

o
n

4
.

It
is

w
o
rt

h
w

h
il

e
to

m
en

ti
o
n

th
a
t

o
th

er
co

m
p

a
ri

so
n

m
o
d

el
s

ca
n

p
o
te

n
ti

a
ll

y
b

e
im

p
le

-
m

en
te

d
h

er
e.

C
on

si
d

er
in

g
a

si
m

p
li

fi
ed

ve
rs

io
n

o
f

th
e

T
h
u

rs
to

n
e

m
o
d

el
(T

h
u

rs
to

n
e,

1
9
27

)
in

w
h

ic
h

ea
ch

ob
je

ct
i

h
as

a
sc

or
e

fo
ll

ow
in

g
N

(θ
i,

1)
,

th
en

w
e

h
av

e

P
r(
Y
ij

=
1)

=
Φ

(
θ i
−
θ j

√
2

)
an

d
P

r(
Y
ij

=
−

1
)

=
Φ

(
θ j
−
θ i

√
2

)
.

T
h

e
p

ro
b

le
m

ca
n

st
il

l
b

e
fo

rm
u

la
te

d
u

si
n

g
a

B
ay

es
ia

n
d

ec
is

io
n

p
ro

ce
ss

fr
a
m

ew
or

k
.

H
ow

ev
er

,
th

er
e

a
re

se
ve

ra
l

re
as

o
n

s
w

h
y

th
e

B
T

L
m

o
d

el
is

fa
vo

re
d

in
th

is
p

a
p

er
.

F
ir

st
of

al
l,

m
o
m

en
t
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C
o
st

-E
f
f
ic

ie
n
t

D
y
n
a
m

ic
C

r
o
w

d
so

u
r
c
e
d

R
a
n
k
in

g

m
a
tch

in
g

u
n

d
er

th
e

T
h
u

rsto
n

e
m

o
d

el
d

o
es

n
o
t

h
ave

clo
sed

-fo
rm

so
lu

tion
s

an
d

h
en

ce
w

e
m

u
st

rely
o
n

n
u

m
erica

l
sch

em
e

to
co

m
p

u
te

th
e

fi
rst

a
n

d
seco

n
d

m
o
m

en
ts

o
f

th
e

p
o
sterio

r.
S

eco
n

d
,

u
sin

g
m

o
m

en
t

m
atch

in
g

a
p

p
roa

ch
,

b
eca

u
se

th
e

p
o
sterio

r
is

an
n

-d
im

en
sio

n
a
l

m
u

ltiva
riate

G
a
u

ssian
d

istrib
u

tion
,

w
e

n
eed

to
u

p
d

ate
n

(n
+

1
)/2

p
ara

m
eters

(th
e

n
u

m
b

er
o
f

m
ea

n
p

a
ra

m
eters

p
lu

s
th

e
n
u

m
b

er
of

o
ff

-d
iag

o
n

al
elem

en
ts

of
th

e
cova

ria
n

ce
m

a
trix

)
d

u
rin

g
ea

ch
itera

tion
o
f
th

e
algo

rith
m

w
h

erea
s

w
ith

D
irich

let
p

o
sterio

r
th

ere
are

o
n

ly
n

p
ara

m
eters.

L
ast

b
u

t
n

o
t

lea
st,

w
ith

T
h
u

rsto
n

e
m

o
d

el
th

e
ra

n
k
in

g
is

n
o

lo
n

g
er

a
sim

p
le

so
rtin

g
o
f

p
a
ra

m
eters,

w
h

ich
is

a
fea

tu
re

o
f

th
e

B
T

L
m

o
d

el
as

sh
ow

n
in

T
h

eo
rem

2
.

S
in

ce
ea

ch
w

orker
can

com
p

are
th

e
sa

m
e

p
a
ir

a
t

m
o
st

on
ce,

w
e

a
ssu

m
e

th
e

size
o
f

th
e

crow
d

w
orkers

is
larg

e
en

o
u

g
h

so
th

a
t

th
e

d
istrib

u
tio

n
of
Y
ij

stay
s

th
e

sam
e

a
fter

sa
m

p
lin

g
w

o
rkers

w
ith

o
u

t
rep

lacem
en

t.
N

o
te

th
at

w
e

ca
n

assu
m

e ∑
Ki=

1
θ
i

=
1

w
ith

ou
t

loss
o
f

gen
era

lity
sin

ce
th

e
d

istrib
u

tio
n

o
f
Y
ij

in
(3

)
rem

a
in

s
u

n
ch

an
g
ed

if
w

e
m

u
ltip

ly
each

θ
i

b
y

th
e

sam
e

p
ositive

co
n
stan

t.
T

h
e

p
ro

b
a
b

ility
θ
i

θ
i +
θ
j

in
(3

)
can

a
lso

b
e

in
terp

reted
a
s

th
e

p
ercen

ta
ge

o
f

w
orkers

in
th

e
crow

d
w

h
o

p
refer

item
i

to
item

j.

S
in

ce
th

e
p

ro
b

a
b
ilistic

m
o
d

el
(3)

d
o
es

n
o
t

in
co

rp
o
ra

te
or

rev
ea

l
th

e
q
u

ality
o
f

each
w

orker
in

th
e

co
m

p
a
riso

n
resu

lt,
in

th
e

su
b

seq
u

en
t

stu
d

y
o
f

th
is

section
,

w
e

o
n

ly
n

eed
to

fo
cu

s
o
n

h
ow

to
d

y
n

am
ically

select
p

a
irs

of
item

s
to

co
m

p
a
re.

T
h

e
w

orker
w

ill
b

e
selected

ra
n

d
o
m

ly
fro

m
th

e
crow

d
.

A
d

y
n

am
ic

ch
o
ice

over
w

o
rkers

w
ill

b
e

in
co

rp
o
ra

ted
in

to
o
u

r
m

eth
o
d

in
S

ection
4

w
h

ere
th

e
p

erfo
rm

a
n

ce
o
f

w
orkers

is
m

o
d

eled
h

etero
g
en

eo
u

sly.

3
.2

B
a
y
e
sia

n
D

e
c
isio

n
P

ro
c
e
ss

In
a

ty
p

ica
l

crow
d

sou
rcin

g
m

ark
etp

lace,
a

m
o
n

etary
cost

m
u
st

b
e

p
a
id

to
a

w
o
rker

every
tim

e
th

is
w

ork
er

com
p

letes
a

ta
sk

su
ch

a
s

co
m

p
a
rin

g
a

p
a
ir

o
f

item
s.

W
e

a
ssu

m
e

th
e

co
st

for
ea

ch
co

m
p

ariso
n

is
on

e
u

n
it

an
d

th
e

to
ta

l
b

u
d

g
et

ava
ilab

le
is
T

u
n

its
so

th
at

a
t

m
ost

T
p

airs
(rep

etition
a
llow

ed
)

ca
n

b
e

co
m

p
a
red

in
to

ta
l.

S
in

ce
co

m
p

a
rin

g
d
iff

eren
t

p
a
irs

w
ill

g
en

erate
d

iff
eren

t
h

isto
rica

l
d

ata
a
n

d
revea

l
d

iff
eren

t
in

fo
rm

a
tion

a
b

o
u

t
th

e
tru

e
ra

n
k
in

g,
it

is
critica

l
to

d
y
n

a
m

ica
lly

d
eterm

in
e

th
e

rig
h
t

seq
u

en
ce

o
f

p
a
irs

to
com

p
a
re

in
o
rd

er
to

m
a
x
im

ize
th

e
fi

n
al

ra
n

k
in

g
a
ccu

ra
cy,

esp
ecia

lly
w

h
en

th
e

b
u

d
g
et
T

is
sm

a
ll.

In
th

e
trad

ition
al

offl
in

e
settin

g
,
o
n

e
n

eed
s

to
d

eterm
in

e
T

p
a
irs

a
t

a
tim

e
b

efo
reh

a
n

d
a
n

d
req

u
est

th
e

co
m

p
a
riso

n
s

on
th

ose
p

a
irs

in
a

b
a
tch

.
T

h
e

p
o
ten

tia
l

p
ro

b
lem

o
f

su
ch

a
sta

tic
a
p

p
ro

ach
is

th
at

th
e

b
u

d
get

T
is

n
o
t

sp
en

t
in

an
effi

cien
t

w
ay

to
d
iscover

th
e

tru
e

ra
n

k
in

g.
In

fact,
th

e
d

istrib
u

tio
n

in
(3

)
im

p
lies

th
a
t,

w
h
en

tw
o

item
s

h
ave

sim
ila

r
la

ten
t

scores,
w

o
rkers

w
ill

p
rov

id
e

h
ig

h
ly

in
co

n
sisten

t
p

referen
ces

a
n

d
it

is
h

a
rd

to
rea

ch
a
n

a
greem

en
t

o
n

su
ch

a
p

air.
In

th
is

ca
se,

th
e

co
m

p
a
riso

n
resu

lts
w

ill
b

e
very

n
oisy

a
n

d
on

e
n
eed

s
to

sp
en

d
m

ore
b

u
d

g
et

on
th

is
p

air
in

ord
er

to
ran

k
th

em
co

rrectly.
In

co
n
tra

st,
w

h
en

tw
o

item
s

h
ave

sig
n

ifi
ca

n
tly

d
iff

eren
t

laten
t

sco
res,

w
o
rkers

w
ill

p
rov

id
e

co
n

sisten
t

a
n

sw
ers

so
th

at
th

e
a
d

d
ition

a
l

in
fo

rm
a
tion

w
e

ca
n

o
b

tain
is

little
from

rep
ea

ted
ly

co
m

p
a
rin

g
th

e
sa

m
e

tw
o

item
s.

In
th

is
case,

o
n

e
m

ig
h
t

w
a
n
t

to
red

u
ce

th
e

b
u

d
g
et

o
n

su
ch

a
p

a
ir.

U
n

fo
rtu

n
a
tely,

w
ith

o
u

t
an

y
p

rior
k
n

ow
led

ge
o
f

th
e

la
ten

t
sco

res,
it

is
im

p
o
ssib

le
to

d
ecid

e
h

ow
m

u
ch

b
u

d
g
et

sh
o
u

ld
b

e
sp

en
t

on
ea

ch
p

a
ir

b
efore

o
b

serv
in

g
so

m
e

co
m

p
a
riso

n
resu

lts.

In
ord

er
to

effi
cien

tly
allo

cate
th

e
lim

ited
to

ta
l

b
u

d
g
et

over
a
ll

p
a
irs,

w
e

co
n

sid
er

a
d

y
n

a
m

ic
crow

d
so

u
rced

ra
n

k
in

g
p

o
licy

(A
lgo

rith
m

1
)

w
h

ere
on

ly
o
n

e
p

a
ir

o
f

item
s

is
selected

a
n

d
p

resen
ted

to
a

w
o
rker

a
t

ea
ch

tim
e

b
a
sed

o
n

h
istorica

l
co

m
p

arison
resu

lts.
T

h
is

o
n

lin
e
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X
i

C
h
e
n

a
n
d

K
e
v
in

J
ia

o
a
n
d

Q
ih

a
n
g

L
in

m
eth

o
d

allow
s

th
e

b
u

d
get

to
b

e
ad

ap
tiv

ely
sh

ifted
tow

ard
s

th
e

am
b

igu
ou

s
p

airs
so

th
at

th
e

fi
n

al
ran

k
in

g
accu

racy
can

b
e

im
p

rov
ed

.
In

p
a
rticu

lar,
given

th
e

total
b

u
d

get
T

,
th

e
d

y
n

am
ic

d
ecision

p
ro

cess
co

n
sists

of
T

sta
ges

an
d
,

in
sta

ge
t

=
0
,1
,...,T

−
1,

a
p

air
of

item
s

(it ,j
t )

w
ith

it
<
j
t

is
p

resen
ted

to
a

ra
n

d
o
m

ly
selected

w
orker

an
d

w
e

receiv
e

th
e

com
p

arison
resu

lt
Y
it j
t

d
efi

n
ed

in
(2)

an
d

(3).
T

h
e

h
isto

rical
com

p
arison

resu
lts

u
p

to
stage

t
can

b
e

su
m

m
arized

b
y

a
K
×
K

m
atrix

M
t

w
ith

its
en

try
1
M

tij
eq

u
al

to
th

e
n
u

m
b

er
of

tim
es

item
i

is
p

referred
to

item
j

u
p

to
stage

t.
F

or
ea

ch
stag

e
t

w
h

ere
th

e
p

air
(it ,j

t )
is

com
p

ared
,

w
e

d
efi

n
e

∆
t

to
b

e
a

sp
a
rse

K
×
K

m
atrix

w
ith

o
n

ly
on

e
n

on
-zero

elem
en

t:
∆
tit j
t

=
1

if
Y
it j
t

=
1

an
d

∆
tj
t it

=
1

if
Y
it j
t

=
−

1.
B

y
its

d
efi

n
itio

n
,
M

t
can

b
e

u
p

d
ated

iterativ
ely

as
follow

s

M
0

=
0
,

M
t+

1
=
M

t
+

∆
t

for
t

=
0,1

,...,T
−

1
,

(4)

w
h

ere
0

d
en

otes
th

e
K
×
K

all-zero
m

atrix
.

W
e

d
en

ote
an

a
d
a
p
tive

d
yn

a
m

ic
bu

d
get

a
lloca

tio
n

/
sa

m
p
lin

g
po

licy
b
yA

=
{
(it ,j

t )}
t=

0
,1
,...,T−

1

w
h

ere
(it ,j

t )
=

(it (M
t),j

t (M
t))

d
ep

en
d

s
on

th
e

p
rev

iou
s

com
p

arison
resu

lts
th

ro
u

g
h
M

t.
O

u
r

goa
l

is
to

fi
n

d
th

e
b

est
A

so
th

at
th

e
in

ferred
ran

k
in

g
b

ased
on

all
th

e
h

isto
rical

com
p

arison
s

(rep
resen

ted
b
y
M

T
)

ach
ieves

th
e

h
igh

est
accu

racy.
T

o
m

easu
re

th
e

accu
racy

of
an

in
ferred

ran
k
in

g
π

,
w

e
ad

op
t

th
e

p
op

u
lar

evalu
atio

n
criterio

n
—

n
orm

alized
K

en
d
a
ll’s

ta
u

ra
n

k
co

rrela
tio

n
coeffi

cien
t

(K
en

d
all,

1938
)

b
etw

een
π

an
d
π
∗

(K
en

d
all’s

tau
for

sh
ort):

τ
(π
,π
∗)
≡
|{(i,j)

:
i
<
j,

(π
(i)−

π
(j))

(π
∗(i)−

π
∗(j))

>
0}|

K
(K
−

1)/2
(5)

=
2

K
(K
−

1) ∑i6=
j

1
{
π

(i)>
π

(j)} 1
{
θ
i >
θ
j } ,

w
h

ere
1
{·}

d
en

o
tes

th
e

in
d

icator
fu

n
ction

.
H

ere,
th

e
n
u

m
erator

cou
n
ts

th
e

n
u

m
b

er
o
f

p
a
irs

th
at
π

an
d
π
∗

a
gree

w
ith

each
oth

er
an

d
th

e
d

en
om

in
ator

is
th

e
tota

l
n
u

m
b

er
of

p
a
irs

over
K

item
s.

H
en

ce,
τ
(π
,π
∗)∈

[0,1]
an

d
rep

resen
ts

th
e

p
ercen

tage
of

agreem
en

ts
b

etw
een

π
an

d
π
∗.

T
h

e
ra

n
k
in

g
accu

racy
of
π

is
h

igh
er

w
h

en
τ
(π
,π
∗)

is
closer

to
on

e
an

d
π

=
π
∗

if
an

d
o
n

ly
if
τ
(π
,π
∗)

=
1.

H
ow

ever,
w

e
can

n
ot

in
fer

a
ran

k
in

g
b

ased
on

th
e

collected
d

ata
b
y

d
irectly

m
a
x
im

izin
g

τ
(π
,π
∗)

b
ecau

se
π
∗

an
d
θ

are
u

n
k
n

ow
n

.
T

o
ad

d
ress

th
is

ch
a
llen

ge,
w

e
ad

op
t

a
B

ayesian
fra

m
ew

ork
b
y

p
ro

p
osin

g
a

p
rior

d
istrib

u
tion

on
θ

an
d

in
fer

a
ran

k
in

g
π

th
at

m
ax

im
izes

th
e

p
osterior

ex
p

ectation
of
τ
(π
,π
∗).

R
ecall

th
at

th
e

vector
of

laten
t

scores
θ

is
assu

m
ed

to
lie

in
th

e
sim

p
lex

∆
≡
{
θ
∈
R
k ∣∣∣∣

K
∑i=

1

θ
i

=
1,θ

i
>

0 }
.

(6)

It
is

n
a
tu

ra
l

to
assu

m
e

th
at
θ

is
d

raw
n

from
a

D
irich

let
p
rio

r
d
istribu

tio
n

p
ara

m
eterized

b
y
α

0
=

(α
01 ,...,α

0K
)
T

w
ith

α
0i
>

0
for

all
i

(n
ote

th
at

D
irich

let
d

istrib
u

tion
of

ord
er
K

is
su

p
p

o
rted

on
∆

).
N

am
ely,

θ
∼

D
ir(α

0)
=

1

B
(α

0)

K∏i=
1

θ
α
i −

1
i

,

1
.
In

th
is

p
a
p
er,

th
e
n
o
ta
tio

n
A
ij

rep
resen

ts
th
e
en

try
in

th
e
i-th

row
a
n
d
j-th

co
lu
m
n
o
f
m
a
trix

A
.
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C
o
st

-E
f
f
ic

ie
n
t

D
y
n
a
m

ic
C

r
o
w

d
so

u
r
c
e
d

R
a
n
k
in

g

w
h

er
e

B
(α

)
=

∏
K i=

1
Γ

(α
i
)

Γ
( ∑

K i=
1
α
i

)
an

d
Γ

(x
)
≡
∫ ∞ 0

λ
x
−

1
e−

λ
d
λ

is
th

e
ga

m
m

a
fu

n
ct

io
n

.
G

iv
en

th
e

co
m

p
ar

is
on

d
at

a
M

t
u

p
to

st
ag

e
t

an
d

th
e

p
ro

b
ab

il
it

y
d

is
tr

ib
u

ti
on

of
ea

ch
co

m
p

a
ri

so
n

re
su

lt
in

(3
),

th
e

d
en

si
ty

fu
n

ct
io

n
of

th
e

p
os

te
ri

or
d

is
tr

ib
u

ti
on

of
θ

ta
ke

s
th

e
fo

ll
ow

in
g

fo
rm

,

p
(θ
|M

t ,
α

0
)

=
1

H
(M

t ,
α

0
)

∏ i6=
j

(
θ i

θ i
+
θ j

) M
t ij
∏ i

θα
0 i
−

1
i

=
1

H
(M

t ,
α

0
)

∏
K i=

1
θβ

t i
+
α
0 i
−

1
i

∏
i<
j
(θ
i
+
θ j

)M
t ij

+
M
t j
i

,
(7

)

w
h

er
e
β
t

=
(β
t 1
,β

t 2
,.
..
,β

t K
)T

w
it

h
β
t i
≡
∑

j6=
i
M

t ij
,

i.
e.

,
th

e
n
u

m
b

er
o
f

ti
m

es
it

em
i

is
p

re
fe

rr
ed

to
an

ot
h
er

it
em

u
p

to
st

ag
e
t,

an
d

H
(M

t ,
α

0
)
≡
∫ ∆

∏
K i=

1
θβ

t i
+
α
0 i
−

1
i

∏
i<
j
(θ
i
+
θ j

)M
t ij

+
M
t j
i

d
θ
,

is
th

e
n

or
m

al
iz

at
io

n
co

n
st

an
t.

W
it

h
th

is
p

os
te

ri
or

d
is

tr
ib

u
ti

on
in

p
la

ce
an

d
w

it
h
M

t
at

an
y

st
ag

e
t,

w
e

ca
n

in
fe

r
a

ra
n

k
in

g
π̂
t

to
m

ax
im

iz
e

th
e

p
os

te
ri

or
ex

p
ec

te
d

ra
n

k
in

g
ac

cu
ra

cy
m

ea
su

re
d

b
y

it
s

K
en

d
a
ll

’s
ta

u
w

it
h

re
sp

ec
t

to
π
∗ ,

n
am

el
y,

to
fi

n
d

π̂
t
∈

ar
g

m
ax

π
E
[ τ

(π
,π
∗ )
|M

t ,
α

0
] ,

(8
)

w
h

er
e

th
e

ex
p

ec
ta

ti
on

is
ta

k
en

w
it

h
re

sp
ec

t
to

th
e

p
os

te
ri

or
d
is

tr
ib

u
ti

on
p
(θ
|M

t ,
α

0
)

in
(7

).
W

e
d

en
ot

e
th

e
co

rr
es

p
on

d
in

g
m

ax
im

u
m

p
os

te
ri

o
r

ex
p

ec
te

d
ac

cu
ra

cy
b
y
h

(M
t )

,
i.

e.
,

h
(M

t )
≡

m
ax π

E
[ τ

(π
,π
∗ )
|M

t ,
α

0
] ,

(9
)

w
h

er
e

th
e

d
ep

en
d

en
ce

of
h

on
th

e
p

ri
or
α

0
is

su
p

p
re

ss
ed

fo
r

n
ot

at
io

n
a
l

si
m

p
li

ci
ty

.
W

e
ar

e
in

te
re

st
ed

in
fi

n
d

in
g

a
d

y
n

am
ic

b
u

d
ge

t
al

lo
ca

ti
on

p
ol

ic
y
A

=
{(
i t
,j
t)
} t

=
0
,1
,.
..
,T
−

1
th

a
t

m
ax

im
iz

es
h

(M
T

),
i.

e.
,

th
e

fi
n

al
ex

p
ec

te
d

ra
n

k
in

g
ac

cu
ra

cy
w

h
en

th
e

b
u

d
g
et

is
ex

h
au

st
ed

.
T

h
is

p
ro

b
le

m
ca

n
b

e
st

at
ed

as

m
ax A

EA
[ h

(M
T

)|α
0
] ,

(1
0)

w
h

er
e
EA

re
p

re
se

n
ts

th
e

ex
p

ec
ta

ti
on

ov
er

th
e

sa
m

p
le

p
at

h
s

(i
.e

.,
th

e
sa

m
p

le
d

p
a
ir

s
a
n

d
ou

tc
om

es
)

ge
n

er
at

ed
b
y

th
e

p
ol

ic
y
A

.
T

h
e

m
ax

im
iz

at
io

n
p

ro
b

le
m

in
(1

0)
ca

n
b

e
fo

rm
u

la
te

d
as

a
T

-s
ta

ge
B

ay
es

ia
n

M
a
rk

ov
d

ec
is

io
n

p
ro

ce
ss

(M
D

P
),

w
h

er
e

th
e

st
a
te

va
ri

a
bl

e
is

th
e

p
os

te
ri

or
d

is
tr

ib
u

ti
o
n

in
(7

)
o
r

si
m

p
ly

th
e

m
at

ri
x
M

t .
T

h
e

st
a
te

sp
a
ce

at
ea

ch
st

ag
e
t

d
en

ot
ed

b
y
St

ta
ke

s
th

e
fo

rm
of

St
=
{ M

t
∈
ZK
×
K

≥
0

:
∑ i,
j

M
t ij

=
t}
,

(1
1)

w
h

er
e
Z ≥

0
d

en
ot

es
th

e
se

t
of

n
on

-n
eg

at
iv

e
in

te
ge

rs
.

T
h

e
st

at
e

va
ri

ab
le

m
a
ke

s
a

tr
a
n

si
ti

o
n

ac
co

rd
in

g
to

(4
)

gi
v
en

th
e

ob
se

rv
ed

co
m

p
ar

is
on

re
su

lt
Y
i t
j t

,
w

h
er

e
th

e
sa

m
p

le
d

p
a
ir

(i
t,
j t

)
is

d
et

er
m

in
ed

b
y

th
e

p
ol

ic
y
A

.
T

h
e

ex
p

ec
te

d
tr

an
si

ti
on

p
ro

b
ab

il
it

ie
s

ta
k
e

th
e

fo
rm

o
f,

E
[ P

r(
Y
ij

=
1)
|M

t ,
α

0
]

=
E
[

θ i
θ i

+
θ j

∣ ∣ M
t ,
α

0

]
(1

2)

E
[ P

r(
Y
ij

=
−

1)
|M

t ,
α

0
]

=
E
[

θ j
θ i

+
θ j

∣ ∣ M
t ,
α

0

]
(1

3)
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-4

0

X
i

C
h
e
n

a
n
d

K
e
v
in

J
ia

o
a
n
d

Q
ih

a
n
g

L
in

fo
r

1
≤
i
<
j
≤
K

a
n

d
th

e
ex

p
ec

ta
ti

o
n

is
ta

ke
n

ov
er

th
e

p
os

te
ri

or
of
θ

in
(7

).
T

o
co

m
p

le
te

th
e

d
efi

n
it

io
n

of
ou

r
B

ay
es

ia
n

M
D

P
fo

r
cr

ow
d

so
u

rc
ed

ra
n

k
in

g
,

w
e

st
il

l
n

ee
d

to
d

efi
n

e
th

e
st

a
ge

-w
is

e
re

w
a
rd

.
T

o
th

is
en

d
,

w
e

re
w

ri
te
h

(M
T

)
in

(1
0
)

a
s

a
te

le
sc

op
ic

su
m

,

h
(M

T
)

=
∑

t=
0
,1
,.
..
,T
−

1

R
(M

t ,
i t
,j
t,
Y
i t
j t

);
R

(M
t ,
i t
,j
t,
Y
i t
j t

)
≡
h

(M
t+

1
)
−
h

(M
t )
,

(1
4)

an
d

n
o
te

th
at
R

(M
t ,
i t
,j
t,
Y
i t
j t

)
=
h

(M
t+

1
)−

h
(M

t )
on

ly
d

ep
en

d
s

o
n
M

t ,
i t

,
j t

,
Y
i t
j t

.
G

iv
en

(1
4)

,
th

e
m

ax
im

iz
a
ti

o
n

p
ro

b
le

m
(1

0)
is

eq
u

iv
a
le

n
t

to

m
ax A

EA
[ h

(M
0
)

+

T
−

1
∑ t=

0

R
(M

t ,
i t
,j
t,
Y
i t
j t

)∣ ∣ ∣ ∣α
0

]
(1

5)

=
h

(M
0
)

+
m

ax A
EA
[ T
−

1
∑ t=

0

E
[ R

(M
t ,
i t
,j
t,
Y
i t
j t

)∣ ∣ M
t ,
α

0
]∣ ∣ ∣ ∣
α

0

] .

F
ro

m
(1

5)
,

it
is

cl
ea

r
th

at
R

(M
t ,
i t
,j
t,
Y
i t
j t

)
is

th
e

st
a
ge

-w
is

e
re

w
a
rd

,
w

h
ic

h
ca

n
b

e
in

te
r-

p
re

te
d

a
s

th
e

im
p
ro

ve
m

en
t

of
th

e
ex

p
ec

te
d

ra
n

k
in

g
a
cc

u
ra

cy
af

te
r

re
ce

iv
in

g
th

e
co

m
p

ar
is

on
re

su
lt
Y
i t
j t

at
st

ag
e
t

fo
r
t

=
0,

1
,.
..
,T
−

1.

G
iv

en
th

e
B

ay
es

ia
n

M
D

P
in

p
la

ce
,

w
e

ca
n

ap
p
ly

th
e

d
y
n

am
ic

p
ro

g
ra

m
m

in
g

(D
P

)
a
l-

g
o
ri

th
m

(a
.k

.a
.

b
a
ck

w
a
rd

in
d

u
ct

io
n

)
(P

u
te

rm
a
n

,
20

0
5
)

to
co

m
p
u

te
th

e
o
p
ti

m
a
l

p
ol

ic
y.

A
lt

h
o
u

gh
D

P
fi

n
d

s
th

e
o
p

ti
m

al
p

o
li

cy
,

it
s

co
m

p
u

ta
ti

on
is

in
tr

a
ct

a
b

le
b

ec
au

se
:

1.
T

h
e

so
p

h
is

ti
ca

te
d

fo
rm

o
f
th

e
p

o
st

er
io

r
d

is
tr

ib
u

ti
o
n

in
(7

)
m

ak
es

it
d

iffi
cu

lt
to

ev
a
lu

at
e

th
e

p
os

te
ri

or
ex

p
ec

te
d

ra
n

k
in

g
a
cc

u
ra

cy
E
[ τ

(π
,π
∗ )
|M

t ,
α

0
] in

(9
)

an
d

th
e

ex
p

ec
te

d
tr

an
si

ti
o
n

p
ro

b
a
b

il
it

ie
s

in
(1

2
)

an
d

(1
3
).

2.
T

h
e

m
ax

im
iz

a
ti

on
p

ro
b

le
m

(9
)

fo
r

so
lv

in
g

th
e

o
p

ti
m

a
l

p
o
st

er
io

r
ex

p
ec

te
d

ra
n

k
in

g
ac

cu
ra

cy
is

es
se

n
ti

a
ll

y
a

li
n

ea
r

o
rd

er
in

g
p

ro
b

le
m

(G
rö

ts
ch

el
et

a
l.

,
1
98

4
),

w
h

ic
h

is
N

P
-h

ar
d

in
g
en

er
al

(s
ee

S
ec

ti
o
n

3
.3

fo
r

m
o
re

d
et

a
il

s)
.

3.
T

h
e

si
ze

of
th

e
st

a
te

sp
a
ce
St

g
ro

w
s

ex
p

o
n

en
ti

a
ll

y
in
t

ac
co

rd
in

g
to

(1
1)

,
w

h
ic

h
is

k
n

ow
n

a
s

th
e

cu
rs

e
o
f

d
im

en
si

o
n

a
li

ty
th

a
t

p
re

ve
n
ts

u
s

fr
o
m

so
lv

in
g

(1
5
)

ex
ac

tl
y

w
it

h
th

e
st

an
d

ar
d

te
ch

n
iq

u
es

su
ch

va
lu

e
it

er
a
ti

o
n

,
p

ol
ic

y
it

er
a
ti

on
an

d
li
n

ea
r

p
ro

g
ra

m
m

in
g
.

T
o

ad
d

re
ss

th
es

e
ch

al
le

n
g
es

,
w

e
p

ro
p

o
se

a
n

ap
p

ro
x
im

a
te

d
k
n

ow
le

d
g
e

gr
a
d

ie
n
t

p
o
li

cy
(A

K
G

)
in

th
e

n
ex

t
S

ec
ti

on
.

3
.3

A
p

p
ro

x
im

a
te

d
K

n
o
w

le
d

g
e

G
ra

d
ie

n
t

P
o
li

c
y

In
th

is
se

ct
io

n
,

w
e

d
es

cr
ib

e
a
n

a
p

p
ro

x
im

a
te

d
p

o
li

cy
to

so
lv

e
(1

0
),

w
h

ic
h

is
co

m
p

u
ta

ti
o
n

a
ll

y
effi

ci
en

t
an

d
st

il
l

p
ro

v
id

es
a
n

in
fe

rr
ed

ra
n

k
in

g
w

it
h

h
ig

h
q
u

al
it

y.
T

h
e

p
ro

p
o
se

d
ap

p
ro

x
im

a
-

ti
on

p
ol

ic
y

b
el

on
gs

to
th

e
fa

m
il

y
o
f

kn
o
w

le
d
ge

gr
a
d
ie

n
t

(K
G

)
p

o
li
ci

es
(G

u
p

ta
an

d
M

ie
sc

k
e,

1
9
96

;
F

ra
zi

er
et

a
l.

,
2
0
08

;
P

ow
el

l,
2
01

0
;

R
y
zh

ov
et

a
l.

,
2
01

2)
,

w
h

ic
h

is
es

se
n
ti

a
ll

y
a

si
n

gl
e-

st
ep

lo
ok

-a
h

ea
d

p
o
li

cy
.

In
ou

r
p

ro
b

le
m

,
th

e
K

G
p

o
li

cy
w

il
l

sa
m

p
le

th
e

n
ex

t
p

ai
r

o
f

it
em

s
w

it
h

th
e

h
ig

h
es

t
ex

p
ec

te
d

st
ag

e-
w

is
e

re
w

ar
d

in
ea

ch
st

a
g
e,

i.
e.

,
ch

o
o
si

n
g

th
e

p
a
ir

(i
t,
j t

)
su

ch
th

a
t
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C
o
st

-E
f
f
ic

ie
n
t

D
y
n
a
m

ic
C

r
o
w

d
so

u
r
c
e
d

R
a
n
k
in

g

(it ,j
t )
∈

a
rg

m
a
x
i<
j

E
[R

(M
t,it ,j

t ,Y
it j
t ) ∣∣M

t,α
0 ]

(1
6)

=
a
rg

m
a
x
i<
j

E
[P

r(Y
ij

=
1)|M

t,α
0 ]
R

(M
t,it ,j

t ,1)

+
E
[P

r(Y
ij

=
−

1
)|M

t,α
0 ]
R

(M
t,it ,j

t ,−
1
).

D
esp

ite
its

sim
p

licity
an

d
w

id
e

a
p

p
licab

ility,
th

e
im

p
lem

en
ta

tion
o
f

th
e

K
G

p
o
licy

fo
r

o
u

r
p

ro
b

lem
in

(1
6
)

is
still

co
m

p
u

ta
tio

n
a
lly

in
tra

cta
b

le
sin

ce
w

e
h

av
e

to
eva

lu
a
te

th
e

ex
p

ected
sta

g
e-w

ise
rew

ard
E
[R

(M
t,it ,j

t ,Y
it j
t ) ∣∣M

t,α
0 ],

w
h

ere
tw

o
m

a
in

ch
a
llen

ges
w

ill
a
rise.

F
irst,

w
e

h
ave

to
eva

lu
a
te

th
e

tra
n

sitio
n

p
rob

ab
ilities

(1
2
)

a
n

d
(1

3
)

a
s

w
ell

as
th

e
ran

k
in

g
accu

ra
cy

(9),
w

h
ich

ca
n

b
e

w
ritten

a
s

h
(M

t)
=

m
ax
π

E
[τ

(π
,π
∗)|M

t,α
0 ]

=
m

a
x

π

2 ∑
i6=
j E
[1
{
π

(i)>
π

(j)} 1
{
θ
i >
θ
j } |M

t,α
0 ]

K
(K
−

1
)

=
m

a
x

π

2 ∑
i6=
j
1
π

(i)>
π

(j) P
r (θ

i
>
θ
j |M

t,α
0 )

K
(K
−

1
)

.
(1

7)

H
ow

ever,
d

u
e

to
th

e
co

m
p

licated
stru

ctu
re

o
f

th
e

p
o
sterio

r
d

istrib
u

tio
n
p
(θ|M

t,α
0)

in
(7

),
th

e
ex

p
ected

tran
sitio

n
p

ro
b

a
b

ilities
(1

2)
an

d
(1

3
)

a
n

d
th

e
p

o
sterio

r
p

ro
b

ab
ility

P
r (θ

i
>
θ
j |M

t,α
0 )

in
(1

7
)

d
o

n
ot

a
d

m
it

a
clo

sed
fo

rm
so

th
a
t

o
n

e
n

eed
s

to
u

se
m

u
ltid

im
en

sio
n

a
l
n
u

m
erica

l
in

te-
g
ral

or
sam

p
lin

g
tech

n
iq

u
es

to
co

m
p

u
te

th
eir

valu
es.

N
o
te

th
a
t

fo
r

ea
ch

sta
g
e
t,

w
e

n
eed

to
evalu

ate
(12

),
(13

)
a
n

d
P

r (θ
i
>
θ
j |M

t,α
0 )

fo
r

all
K

(K
−

1
)/2

p
a
irs.

W
h

en
th

ese
q
u

a
n
tities

ca
n

n
ot

b
e

ea
sily

com
p

u
ted

,
th

e
overa

ll
com

p
u

tatio
n

a
l

co
st

w
ill

b
e

ex
trem

ely
ex

p
en

siv
e.

S
econ

d
,

even
if

th
e

p
o
sterior

p
ro

b
a
b

ilities
P

r (θ
i
>
θ
j |M

t,α
0 )

fo
r

a
ll

p
a
irs

a
re

g
iven

,
th

e
m

a
x
im

iza
tion

p
ro

b
lem

(17
)

w
ith

resp
ect

to
a

g
lo

b
a
l

ra
n

k
in

g
π

is
still

very
ch

a
llen

g
in

g
.

In
fact,

th
is

p
ro

b
lem

is
eq

u
ivalen

t
to

th
e

m
a
xim

u
m

lin
ea

r
o
rd

erin
g

p
ro

blem
(M

A
X

-L
O

P
)

d
escrib

ed
as

fo
llow

s.
L

et
G

=
(V
,E
,w

)
b

e
a

co
m

p
leted

d
irected

g
ra

p
h

d
efi

n
ed

o
n

a
set

V
o
f
K

n
o
d

es,
w

h
ere

th
e

ed
g
e

set
E

co
n
ta

in
s

th
e

d
irected

a
rcs

b
etw

een
a
ll

p
a
irs

o
f

n
o
d

es
a
n

d
w

(i,j)
refers

to
th

e
w

eigh
t

a
sso

cia
ted

w
ith

th
e

arc
fro

m
n

o
d

e
i

to
n

o
d

e
j.

A
to

u
rn

a
m

en
t

D
is

a
su

b
-g

rap
h

of
G

su
ch

th
a
t,

fo
r

a
n
y

p
a
ir

of
n

o
d

es
i

an
d
j,
D

co
n
ta

in
s

eith
er

th
e

a
rc

fro
m
i

to
j

o
r

th
e

a
rc

fro
m
j

to
i

b
u

t
n

o
t

b
o
th

.
T

h
e

M
A

X
-L

O
P

a
im

s
to

fi
n

d
a
n

acy
clic

to
u

rn
a
m

en
t
D

w
ith

a
m

a
x
im

u
m

to
tal

w
eig

h
t

o
n

its
a
rcs.

If
w

e
in

terp
ret

th
e

a
rc

fro
m

n
o
d

e
i

an
d

n
o
d

e
j

a
s

th
e

p
referen

ce
o
f

n
o
d

e
i

to
n

o
d

e
j

u
n

d
er

a
ra

n
k
in

g
criterio

n
,

ea
ch

a
cy

clic
tou

rn
am

en
t

in
G

co
rresp

on
d

s
o
n

e-to
-o

n
e

to
a

glo
b

a
l

ra
n

k
in

g
of

th
e

n
o
d

es.
H

en
ce,

M
A

X
-L

O
P

is
eq

u
iva

len
t

to
fi

n
d

in
g

a
ran

k
in

g
π

su
ch

th
a
t

th
e

to
ta

l
w

eigh
t ∑

π
(i)>

π
(j)
w

(i,j)
is

m
a
x
im

ized
.

In
p

ro
b

lem
(1

7
),

th
e

n
o
d

es
co

rresp
o
n

d
to

th
e
K

item
s

a
n

d
th

e
w

eig
h
t

w
(i,j)

=
P

r (θ
i
>
θ
j |M

t,α
0 ).

U
n
fo

rtu
n

ately,
th

e
M

A
X

-L
O

P
is

k
n

ow
n

to
b

e
a

N
P

-h
a
rd

p
ro

b
lem

a
n

d
in

fact,
A

P
X

(ap
p

rox
im

a
b

le)-co
m

p
lete

a
n

d
th

u
s

n
o

P
T

A
S

(P
o
ly

n
o
m

ia
l

T
im

e
A

p
p

rox
im

a
tion

S
ch

em
e)

u
n

d
er

P
6=

N
P

(M
ish

ra
a
n

d
S

ik
d

a
r,

2
0
0
4
).

G
iven

th
ese

tw
o

ch
a
llen

g
es,

evalu
atin

g
E
[R

(M
t,it ,j

t ,Y
it j
t ) ∣∣M

t,α
0 ]

a
n

d
so

lv
in

g
(1

6)
rep

eated
ly

at
ea

ch
sta

ge
are

com
p

u
ta

tio
n

a
lly

in
tra

cta
b

le.
T

o
a
d

d
ress

th
is

p
ro

b
lem

,
w

e
p

ro
-

p
o
se

a
n

a
p
p
ro

xim
a
ted

kn
o
w

led
ge

gra
d
ien

t
(A

K
G

)
p

olicy,
w

h
ich

fi
rst

rep
la

ces
th

e
sta

g
e-w

ise
rew

ard
(1

4)
b
y

a
n

ap
p

rox
im

a
ted

b
u

t
co

m
p

u
ta

b
le

rew
a
rd

a
n

d
th

en
ch

o
o
ses

th
e

p
a
ir

th
a
t
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X
i

C
h
e
n

a
n
d

K
e
v
in

J
ia

o
a
n
d

Q
ih

a
n
g

L
in

m
a
x
im

izes
th

is
ap

p
rox

im
ated

rew
ard

.
O

u
r

ap
p

rox
im

ation
sch

em
e

starts
w

ith
ap

p
rox

im
a
t-

in
g

th
e

p
osterior

d
istrib

u
tion

p
(θ|M

t,α
0)

in
(7)

recu
rsiv

ely
u

sin
g

a
seq

u
en

ce
of

D
irich

let
d

istrib
u

tion
s

D
ir(α

t)
for

t
=

1,2,...,T
b

ased
on

m
o
m

en
t

m
a
tch

in
g.

O
n

e
key

b
en

efi
t

of
su

ch
a
n

ap
p

rox
im

ation
is

th
at,

at
each

stage
t,

th
e

ap
p

rox
im

ated
p

osterior
d

istrib
u

tion
o
f
θ

is
still

a
D

irich
let

d
istrib

u
tion

so
th

at
th

e
N

P
-h

ard
M

A
X

-L
O

P
p

rob
lem

in
(17)

w
ill

ad
m

it
a

sim
p

le
solu

tion
v
ia

a
sortin

g
p

ro
ced

u
re

(see
T

h
eorem

2).
A

lth
ou

gh
th

ere
ex

ist
oth

er
m

eth
o
d

s
for

p
osterior

ap
p

rox
im

ation
,

th
ese

m
eth

o
d

s
can

n
ot

b
e

im
p

lem
en

ted
a
s

effi
cien

tly
as

m
om

en
t

m
atch

in
g

in
ou

r
ap

p
lication

.
F

or
ex

am
p

le,
som

e
m

eth
o
d

s
su

ch
as

variation
al

in
feren

ce
(e.g.,

B
eal,

2003;
P

aisley
et

a
l.,

2012
)

m
in

im
ize

th
e

K
L

-d
ivergen

ce
b

etw
een

th
e

ex
act

p
osterior

an
d

th
e

va
riation

al
p

osterior,
w

h
ich

req
u

ires
an

itera
tive

op
tim

ization
algorith

m
as

a
su

b
rou

tin
e.

O
th

er
m

eth
o
d

s
like

G
ib

b
s

sam
p

ler
are

com
p

u
tatio

n
a
lly

ex
p

en
sive

in
ou

r
case

b
ecau

se
th

e
fu

ll
con

d
itio

n
al

d
istrib

u
tion

d
o
es

n
ot

h
ave

a
closed

form
to

allow
easy

sam
p

lin
g.

In
con

trast,
th

e
p

rop
o
sed

(algorith
m

ic)
m

om
en

t
m

atch
in

g
ad

m
its

a
closed

-form
solu

tion
for

ap
p

rox
im

atin
g

th
e

p
osterior,

w
h

ich
is

com
p

u
-

tation
ally

v
ery

effi
cien

t,
an

d
fu

rth
er

p
rov

id
es

a
D

irich
let

d
istrib

u
tion

as
th

e
ap

p
rox

im
ated

p
osterior,

w
h

ich
facilitates

solv
in

g
th

e
M

A
X

-L
O

P
.

W
e

n
ote

th
at

th
e

close-form
u

p
d

ate
is

critical
for

on
lin

e
crow

d
sou

rcin
g

ap
p

lication
s

to
red

u
ce

th
e

com
p

u
tation

tim
e

b
etw

een
tw

o
sta

ges.
In

p
ractice,

sin
ce

th
e

crow
d

w
ork

ers
w

an
t

to
m

ax
im

ize
th

eir
retu

rn
in

a
sh

ort
p

erio
d

of
tim

e,
th

ey
m

ay
q
u

it
th

e
cu

rren
t

task
if

w
e

let
th

em
w

ait
for

to
o

lon
g

b
efore

w
e

d
eter-

m
in

e
th

e
n

ex
t

p
a
ir.

F
in

ally,
w

e
n

ote
th

at,
alth

ou
g
h

p
rov

id
in

g
th

e
th

eo
retical

gu
aran

tee
for

su
ch

an
iterative

ap
p

rox
im

ation
is

h
ard

in
th

e
B

ay
esian

setu
p

,
w

e
em

p
irically

sh
ow

th
at

th
e

resu
ltin

g
A

K
G

p
olicy

w
ill

gen
erate

a
fi

n
a
l

ran
k
in

g
of

a
h

igh
accu

racy
w

ith
th

e
lim

ited
b

u
d

get.
N

ow
w

e
fo

rm
ally

in
tro

d
u

ce
th

e
p

osterior
ap

p
rox

im
ation

an
d

A
K

G
p

olicy.
S

u
p

p
ose

θ
∼

D
ir(α

)
fo

r
som

e
p

aram
eters

α
∈

R
K

.
W

e
con

sid
er

a
b

asic
case

w
h

ere
on

ly
on

e
com

p
arison

resu
lt
Y
ij

for
a

p
air

(i,j)
w

ith
i
<
j

h
as

b
een

ob
served

.
In

th
is

case,
w

e
ap

p
rox

im
ate

th
e

p
osterior

p
(θ|Y

ij ,α
)

b
y

an
oth

er
D

irich
let

d
istrib

u
tion

D
ir(α

′)
su

ch
th

at

E
[θ
k |θ
∼

D
ir(α

′) ]
=

E
[θ
k |Y

ij ,α
]

for
k

=
1,2

,...,K
(18)

E

[
K
∑k

=
1

θ
2k |θ
∼

D
ir(α

′) ]
=

E

[
K
∑k

=
1

θ
2k |Y

ij ,α ]
.

(1
9)

T
h

is
sy

stem
of

eq
u

ation
s

h
as

th
e

follow
in

g
ex

p
licit

ch
aracterization

.

P
ro

p
o
sitio

n
1

S
u

p
po

se
θ
∼

D
ir(α

)
a
n

d
Y
ij

is
th

e
o
n

ly
co

m
pa

riso
n

resu
lt

fo
r
i
<
j.

L
et

α
0

=
∑

Kk
=

1
α
k

a
n

d
α
′0

=
∑

Kk
=

1
α
′k .

T
h
e

equ
a
tio

n
s

(18)
a
n

d
(19)

ca
n

be
rep

resen
ted

a
s



α
′i

α
′0

=

(
α
i +

1
+
Y
ij

2

)
(α
i +
α
j )

α
0
(α
i +
α
j +

1
)

α
′j

α
′0

=

(
α
j +

1−
Y
ij

2

)
(α
i +
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ir(α̂

)]−
m

a
x

π
E
[τ

(π
,π
∗)|θ
∼

D
ir(α

t) ]

=
E

[τ
(π
α̂
,π
∗)|θ
∼

D
ir(α̂

)]−
E
[τ

(π
α̂
,π
∗)|θ
∼

D
ir(α

t) ]

=
2

K
(K
−

1
) (

∑

i ′,j ′
:
π
α̂

(i ′)>
π
α̂

(j ′) I
12 (α̂

j ′,α̂
i ′)−

∑

i ′,j ′
:
π
α
t (i ′)>

π
α
t (j ′) I

12 (α
tj ′ ,α

ti ′ ) )

≡
R̃

(α
t,i,j,Y

ij )
(2

9)

w
h

ere
α̂

=
M

M
(α

t,i,j,Y
ij ),

th
e

th
ird

eq
u

a
lity

is
fro

m
T

h
eo

rem
2

an
d

th
e

fo
u

rth
eq

u
a
lity

is
d

u
e

to
(2

6
).

P
u

ttin
g

(1
6),

(2
4
),

(25
),

a
n

d
(2

9
)

tog
eth

er,
w

e
ca

n
a
p

p
rox

im
a
te

th
e

ex
p

ected
sta

g
e-w

ise
rew

ard
E
[R

(M
t,i,j,Y

ij ) ∣∣M
t,α

0 ]
a
s

E
[R

(M
t,i,j,Y

ij ) ∣∣M
t,α

0 ]

=
E
[P

r(Y
ij

=
1
)|M

t,α
0 ]
R

(α
t,i,j,1)

+
E
[P

r(Y
ij

=
−

1
)|M

t,α
0 ]
R

(M
t,i,j,−

1
)

≈
α
ti

α
ti
+
α
tj

R̃
(α

t,i,j,1)
+

α
ti

α
ti
+
α
tj

R̃
(α

t,i,j,−
1
).

(3
0)

T
h

e
p

rop
o
sed

A
K

G
p

o
licy

w
ill

ch
o
o
se

th
e

p
air

(it ,j
t )

th
a
t

m
a
x
im

izes
th

e
a
p

p
rox

im
ated

ex
p

ected
sta

ge-w
ise

rew
a
rd

in
(3

0
).

A
s

a
su

m
m

ary,
w

e
d

escrib
e

th
e

A
K

G
p

olicy
a
s

A
lg

o
-

rith
m

1
.

It
is

n
o
tew

orth
y

th
a
t

it
is

ea
sy

to
im

p
lem

en
t

a
ba

tch
versio

n
o
f

A
lg

o
rith

m
1
.

In
fa

ct,
th

e
A

K
G

p
o
licy

in
A

lgo
rith

m
1

is
k
n

ow
n

a
s

a
n

in
d
ex

po
licy

w
h

ere
th

e
rig

h
t-h

an
d

sid
e

of
(3

1),
w

h
ich

calcu
la

tes
th

e
m

a
rg

in
a
l

im
p

rovem
en

t
on

th
e

ra
n
k
in

g
accu

ra
cy,

can
b

e
trea

ted
as

th
e

in
d

ex
fo

r
ea

ch
p

a
ir

o
f

item
s.

T
h

e
A

K
G

p
o
licy

selects
th

e
p

air
w

ith
th

e
h

ig
h

est
in

d
ex

at
ea

ch
sta

g
e.

In
th

e
b

a
tch

versio
n

,
in

stea
d

o
f

selectin
g

on
ly

o
n

e
p

a
ir,

o
n

e
h

eu
ristics

is
to

select
th

e
top

B
p

airs
a
n

d
d

istrib
u

te
to

w
o
rkers

sim
u

lta
n

eo
u

sly,
w

h
ere

B
is

a
p

re-d
efi

n
ed

b
a
tch

size.
S

u
ch

a
b

atch
im

p
lem

en
ta

tio
n

ca
n

red
u

ce
th

e
w

a
itin

g
tim

e
o
f

crow
d

w
o
rkers

a
n

d
th

u
s

a
ccelerate

th
e

ra
n

k
in

g
p

ro
ced

u
re.

M
o
reover,

th
e

A
K

G
p

o
licy

can
b

e
co

m
b

in
ed

w
ith

som
e

o
th

er
b

a
tch

o
p

tim
iza

tion
tech

n
iq

u
es

(W
u

a
n

d
F

ra
zier,

2
0
1
6
)

to
d

eterm
in

e
th

e
op

tim
a
l

set
o
f

p
a
irs

to
evalu

ate
n

ex
t.

1
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X
i

C
h
e
n

a
n
d

K
e
v
in

J
ia

o
a
n
d

Q
ih

a
n
g

L
in

A
lg

o
rith

m
1

A
p

p
rox

im
ated

K
n

ow
led

ge
G

rad
ien

t
P

olicy
w

ith
H

om
og

en
eo

u
s

W
orkers

In
itia

liz
a
tio

n
:

C
h

o
ose

α
0

for
th

e
p

rior
d
istrib

u
tion

.
L

et
M

0
b

e
a
K
×
K

all-zero
m

atrix
.

F
o
r
t

=
0,...,T

−
1

d
o

1
:

F
or

each
p

air
(i,j)

w
ith

i
<
j,

com
p

u
te
R̃

(α
t,i,j,1)

an
d
R̃

(α
t,i,j,−

1)
accord

in
g

to
(29

).
2
:

S
elect

(it ,j
t )

su
ch

th
at

(it ,j
t )∈

arg
m

ax
i<
j

[
α
ti

α
ti
+
α
tj

R̃
(α

t,i,j,1)
+

α
ti

α
ti
+
α
tj

R̃
(α

t,i,j,−
1) ]

(31)

a
n

d
p

resen
t

item
it

an
d

item
j
t

to
a

ran
d

om
ly

selected
w

orker
an

d
receive

th
e

com
p

arison
resu

lt
Y
it j
t .

3
:

A
cco

rd
in

g
to

(21)
an

d
(22),

com
p

u
te

α
t+

1
=

M
M

(α
t,it ,j

t ,Y
it j
t )

(32)

E
n

d
F
o
r

R
e
tu

rn
:

T
h

e
agg

regated
ran

k
in

g
π
α
T

ob
tain

ed
b
y

sortin
g

th
e

com
p

on
en

ts
of
α
T

.

4
.

C
ro

w
d
so

u
rce

d
R

a
n
k
in

g
b
y

H
e
te

ro
g
e
n
e
o
u
s

W
o
rk

e
rs

In
th

e
p

rev
iou

s
section

,
w

e
con

sid
ered

th
e

settin
g

of
h

om
o
gen

eou
s

w
orkers,

w
h

ere
th

e
com

-
p

a
rison

resu
lts

are
d

eterm
in

ed
on

ly
b
y

th
e

in
trin

sic
laten

t
scores

of
item

s
b

u
t

n
ot

b
y

th
e

ch
a
racteristics

o
f

w
orkers.

H
ow

ever,
on

crow
d

sou
rcin

g
p

la
tform

s,
th

e
q
u

ality
of

th
e

w
orkers

va
ries

a
lo

t.
S

om
e

w
ork

ers
are

less
reliab

le
or

lack
of

th
e

d
om

ain
k
n

ow
led

ge;
som

e
w

o
rkers

are
sp

am
m

ers,
w

h
o

eith
er

d
o

n
ot

actu
ally

take
a

lo
ok

at
th

e
assign

ed
p

airs
or

are
rob

ots
p

reten
d

in
g

to
b

e
h
u

m
an

w
orkers,

an
d

th
u

s
p

rov
id

e
ran

d
om

com
p

arison
resu

lts
in

o
rd

er
to

q
u

ick
ly

receive
p

ay
m

en
t;

som
e

w
orkers

m
ay

b
e

p
o
orly

in
form

ed
(or

ev
en

m
aliciou

s),
m

isu
n

-
d

ersta
n

d
th

e
ran

k
in

g
criteria

an
d

th
u
s

alw
ay

s
fl

ip
th

e
com

p
arison

resu
lts.

T
o

id
en

tify
th

e
reliab

ility
of

a
w

orker,
on

e
can

assign
th

e
sam

e
p

air
of

item
s

to
m

u
ltip

le
w

orkers
an

d
h

op
e

to
id

en
tify

th
e

u
n

reliab
le

on
es

w
h

ose
lab

els
are

often
d

iff
eren

t
from

th
e

m
a

jo
rity.

H
ow

ever,
th

e
ab

u
se

of
th

is
strategy

w
ill

resu
lt

in
h

irin
g

to
o

m
an

y
w

orkers
an

d
lead

to
a

q
u

ick
grow

th
of

th
e

m
o
n

etary
cost.

In
ord

er
to

m
ax

im
ize

th
e

accu
racy

of
th

e
fi

n
a
l
ra

n
k
in

g
u

n
d

er
th

e
lim

ited
am

ou
n
t

o
f

b
u

d
get,

it
is

critical
to

b
alan

ce
th

e
b

u
d

get
sp

en
t

on
estim

a
tin

g
th

e
reliab

ility
of

th
e

w
orkers

an
d

learn
in

g
th

e
tru

e
ran

k
in

g
of

th
e

item
s.

T
o

form
alize

su
ch

tra
d

e-off
,

w
e

in
corp

ora
te

th
e

reliab
ility

of
each

w
o
rker

to
ou

r
p

rev
iou

s
B

ay
esia

n
M

D
P

an
d

gen
eralize

th
e

A
K

G
p

olicy
to

th
e

h
eterogen

eity
of

w
ork

ers.

4
.1

M
o
d

e
l

S
e
tu

p

S
im

ilar
to

th
e

p
rev

iou
s

settin
g,

w
e

assu
m

e
th

at
each

item
i

h
as

an
u

n
k
n

ow
n

laten
t

score
θ
i
>

0
fo

r
i

=
1,2

,...,K
w

h
ich

d
eterm

in
es

its
tru

e
ran

k
in

g
π
∗

(see
(1

))
an

d
θ
∼

D
ir(α

0).
In

th
e

settin
g

of
h

eterogen
eou

s
w

orkers,
w

e
assu

m
e

th
at

th
ere

are
M

crow
d

w
orkers

in
total,

d
en

oted
b
y
w

=
1,2

,...,M
.

If
a

p
air

of
item

s
i

an
d
j

w
ith

i
<
j

is
p

resen
ted

to
th

e
w

o
rker

1
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C
o
st

-E
f
f
ic

ie
n
t

D
y
n
a
m

ic
C

r
o
w

d
so

u
r
c
e
d

R
a
n
k
in

g

w
,

w
e

d
en

ot
e

th
e

re
tu

rn
ed

co
m

p
ar

is
on

re
su

lt
b
y

a
ra

n
d

om
va

ri
ab

le
Y
w ij

su
ch

th
a
t

Y
w ij

=

{
1

if
it

em
i

is
p

re
fe

rr
ed

to
it

em
j

b
y

w
or

ke
r
w

−
1

if
it

em
j

is
p

re
fe

rr
ed

to
it

em
i

b
y

w
or

ke
r
w
.

(3
3)

T
o

m
o
d

el
th

e
re

li
ab

il
it

y
fo

r
w

or
ke

rs
,
w

e
in

tr
o
d

u
ce
M

la
te

n
t

p
ar

am
et

er
s
ρ

=
(ρ

1
,ρ

2
,.
..
,ρ
M

)T

of
re

li
ab

il
it

y
w

it
h
ρ
w
∈

[0
,1

]
fo

r
w

or
ke

r
w

an
d

as
su

m
e
Y
w ij

h
as

th
e

fo
ll

ow
in

g
d

is
tr

ib
u

ti
o
n

P
r(
Y
w ij

=
1)

=
ρ
w

θ i
θ i

+
θ j

+
(1
−
ρ
w

)
θ j

θ i
+
θ j

(3
4)

P
r(
Y
w ij

=
−

1)
=

ρ
w

θ j
θ i

+
θ j

+
(1
−
ρ
w

)
θ i

θ i
+
θ j

(3
5)

fo
r

1
≤
i
<
j
≤
K

an
d
w

=
1,

2
,.
..
,M

.
T

h
is

m
o
d

el
ca

n
b

e
v
ie

w
ed

as
a

co
m

b
in

at
io

n
o
f

D
aw

id
-S

ke
n

e
m

o
d

el
fo

r
ca

te
go

ri
ca

l
la

b
el

in
g

ta
sk

s
(D

aw
id

an
d

S
k
en

e,
19

79
;

R
ay

ka
r

et
a
l.

,
20

10
;
K

ar
ge

r
et

al
.,

20
13

a)
an

d
B

ra
d

le
y
-T

er
ry

-L
u

ce
(B

T
L

)
m

o
d

el
,
w

h
ic

h
w

a
s

fi
rs

t
in

tr
o
d

u
ce

d
in

C
h

en
et

al
.

(2
01

3)
.

S
u

ch
a

m
ix

tu
re

of
B

T
L

m
o
d
el

is
fl

ex
ib

le
an

d
ca

p
ab

le
of

m
o
d

el
in

g
va

ri
ou

s
ty

p
es

of
w

or
ke

rs
.

W
h

en
ρ
w

=
1,

th
e

d
is

tr
ib

u
ti

on
in

(3
4)

an
d

(3
5)

re
d

u
ce

s
to

(3
),

a
n
d

w
e

re
fe

r
to

w
or

ke
r
w

w
it

h
ρ
w

=
1

as
a

“f
u

ll
y

re
li

ab
le

”
w

or
ke

r2
.

T
h

er
ef

o
re

,
th

e
re

li
a
b

il
it

y
p

ar
am

et
er
ρ
w

ca
n

b
e

in
te

rp
re

te
d

as
th

e
p

ro
b

ab
il

it
y

th
at

w
or

k
er
w

b
eh

av
es

as
a

ra
n

d
o
m

fu
ll

y
re

li
ab

le
w

or
k
er

s
in

th
e

p
re

v
io

u
s

se
ct

io
n

,
n

am
el

y,
th

e
on

e
w

h
os

e
p

re
fe

re
n

ce
ov

er
a

p
ai

r
i

an
d
j

fo
ll

ow
s

a
d

is
tr

ib
u

ti
on

in
ac

co
rd

an
ce

w
it

h
th

e
B

T
L

m
o
d

el
(3

).
T

h
e

w
o
rk

er
w

it
h
ρ
w

cl
os

er
to

1
is

co
n

si
d
er

ed
to

b
e

m
or

e
re

li
ab

le
w

h
il
e

a
w

or
k
er

w
it

h
ρ
w

cl
o
se

r
to

0
te

n
d

s
to

b
e

a
p

o
or

ly
in

fo
rm

ed
(o

r
m

al
ic

io
u

s)
on

e
w

h
o

in
te

n
ti

on
al

ly
gi

v
es

an
sw

er
s

o
p

p
o
si

ti
ve

to
th

e
m

a
jo

ri
ty

(t
ru

th
).

A
ls

o,
a

w
or

ke
r

is
k
n

ow
n

as
a

sp
am

m
er

if
th

e
as

so
ci

at
ed

ρ
w

is
n

ea
r

0
.5

si
n

ce
th

is
w

or
ke

r
p

re
fe

rs
i

or
j

in
an

y
p

ai
r
i

an
d
j

w
it

h
an

eq
u

al
p

ro
b

ab
il
it

y
re

g
a
rd

le
ss

of
th

ei
r

la
te

n
t

sc
or

es
.

T
h

e
re

li
ab

il
it

y
of

ea
ch

w
or

ke
r

is
u

n
k
n

ow
n

fo
r

th
e

ra
n

k
in

g
ta

sk
,

w
h

ic
h

n
ee

d
s

to
b

e
gr

a
d

-
u

al
ly

id
en

ti
fi

ed
d

u
ri

n
g

th
e

co
m

p
ar

is
on

p
ro

ce
ss

.
In

th
e

B
ay

es
ia

n
fr

am
ew

or
k
,

si
n

ce
th

e
re

li
a
-

b
il

it
y

p
ar

am
et

er
ρ
w

is
su

p
p

or
te

d
on

[0
,1

],
it

ca
n

b
e

n
at

u
ra

ll
y

m
o
d

el
ed

to
fo

ll
ow

a
B

et
a

p
ri

o
r

d
is

tr
ib

u
ti

on
,

i.
e.

,
ρ
w
∼

B
et

a(
µ

0 w
,ν

0 w
),

fo
r
w

=
1
,2
,.
..
,M

,
w

h
er

e
µ

0
=

(µ
0 1
,µ

0 2
,.
..
,µ

0 M
)

a
n

d
ν

0
=

(ν
0 1
,ν

0 2
,.
..
,ν

0 M
)

ar
e

p
os

it
iv

e
p

ar
am

et
er

s.

4
.2

B
a
y
e
si

a
n

D
e
c
is

io
n

P
ro

c
e
ss

In
th

is
se

ct
io

n
,

w
e

m
o
d

el
th

e
se

q
u

en
ti

al
d

ec
is

io
n

p
ro

b
le

m
w

it
h

a
fi

n
it

e
b

u
d

g
et

of
T

in
th

e
se

tt
in

g
of

h
et

er
og

en
eo

u
s

w
or

ke
rs

.
S

in
ce

th
e

w
or

ke
rs

n
ow

h
av

e
d

iff
er

en
t

le
v
el

s
o
f

re
li

ab
il

it
y,

w
e

ca
n

n
o

lo
n

ge
r

ra
n

d
om

ly
se

le
ct

a
w

or
ke

r
fr

om
th

e
cr

ow
d

in
ea

ch
st

ag
e.

In
st

ea
d

,
w

e
n

ee
d

to
ad

ap
ti

v
el

y
d

et
er

m
in

e
n

ot
on

ly
w

h
ic

h
p

ai
r

of
it

em
s

to
b

e
co

m
p

ar
ed

b
u

t
a
ls

o
w

h
o

sh
o
u

ld
p

er
fo

rm
th

is
co

m
p

ar
is

on
ta

sk
ac

co
rd

in
g

to
th

e
h

is
to

ri
ca

l
re

su
lt

s
so

th
at

th
e

b
u

d
ge

t
ca

n
b

e
gr

ad
u

al
ly

sh
if

te
d

to
w

ar
d

s
m

or
e

re
li

ab
le

w
or

ke
rs

.

2
.
W
e
n
o
te

th
a
t
th
e
fu
ll

re
li
a
b
il
it
y

d
o
es

n
o
t
im

p
ly

th
a
t
th
e
w
o
rk
er

is
ca
p
a
b
le

o
f
id
en

ti
fy
in
g
th
e
la
te
n
t

sc
o
re
s
o
f
it
em

s
a
n
d

a
lw
ay

s
g
iv
e
th
e
co
rr
ec
t
co
m
p
a
ri
so
n

re
su
lt
,
i.
e.
,
p
re
fe
rr
in
g
th
e
it
em

w
it
h

a
h
ig
h
er

la
te
n
t
sc
o
re
.
In
st
ea
d
,
b
ei
n
g
fu
ll
y
re
li
a
b
le

o
n
ly

m
ea
n
s
th
e
w
o
rk
er

tr
ie
s
h
er

b
es
t
to

p
ro
v
id
e
th
e
p
re
fe
re
n
ce

a
ft
er

a
ca
re
fu
l
co
n
si
d
er
a
ti
o
n
,
a
n
d
th
e
in
co
n
si
st
en

cy
o
f
co
m
p
a
ri
so
n
s
a
m
o
n
g
w
o
rk
er
s
is
m
a
in
ly

b
ec
a
u
se

th
e

in
tr
in
si
c
a
m
b
ig
u
it
y
o
f
th
e
p
a
ir

o
f
it
em

s.
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0

X
i

C
h
e
n

a
n
d

K
e
v
in

J
ia

o
a
n
d

Q
ih

a
n
g

L
in

S
u

p
p

os
e

a
p

ai
r

of
it

em
s

(i
t,
j t

)
w

it
h
i t
<
j t

is
co

m
p

ar
ed

b
y

a
w

o
rk

er
w
t

in
st

a
ge

t
a
n

d
th

e
co

m
p

a
ri

so
n

re
su

lt
is
Y
w
t

i t
j t

d
efi

n
ed

in
(3

3)
.

T
h

e
h

is
to

ri
ca

l
co

m
p

ar
is

on
re

su
lt

s
u

p
to

st
a
g
e

t
ca

n
b

e
su

m
m

a
ri

ze
d

b
y

a
K
×
K
×
M

te
n

so
r

M
t ,

w
h

ic
h

is
u

p
d

a
te

d
it

er
a
ti

ve
ly

a
s

fo
ll

ow
s.

In
p

ar
ti

cu
la

r,
at

ea
ch

st
a
ge

t,
w

e
d

efi
n

e
∆
t

to
b

e
a

sp
a
rs

e
K
×
K
×
M

te
n

so
r

w
it

h
o
n

ly
n

o
n

-z
er

o
el

em
en

t:
if
Y
w
t

i t
j t

=
1
,
∆
t i t
j t
w
t

=
1

an
d

if
Y
w
t

i t
j t

=
−

1,
∆
t j t
i t
w
t

=
1
.

L
et

M
0

=
0
,

M
t+

1
=

M
t
+

∆
t

fo
r
t

=
0,

1
,.
..
,T
−

1,
(3

6
)

w
h

er
e

0
is

a
K
×
K
×
M

al
l-

ze
ro

te
n

so
r.

In
co

n
tr

a
st

to
th

e
m

a
tr

ix
M

t
in

(4
),

ea
ch

el
em

en
t

in
th

e
te

n
so

r
M

t
ta

ke
s

th
e

va
lu

e
ei

th
er

ze
ro

o
r

o
n

e
b

ec
a
u

se
ea

ch
w

o
rk

er
is

n
o
t

a
ll

ow
ed

to
co

m
p

ar
e

th
e

sa
m

e
p

a
ir

m
o
re

th
a
n

o
n

ce
.

T
h

e
d

y
n

a
m

ic
b

u
d
g
et

a
ll

o
ca

ti
o
n

p
o
li

cy
is

d
en

o
te

d
b
y
A

=
{(
i t
,j
t,
w
t)
} t

=
0
,1
,.
..
,T
−

1
w

h
er

e
(i
t,
j t
,w

t)
=

(i
t(

M
t )
,j
t(

M
t )
,w

t(
M

t )
)

d
ep

en
d

s
on

th
e

p
re

v
io

u
s

co
m

p
ar

is
o
n

re
su

lt
s

th
ro

u
gh

M
t .

T
h

e
p

o
st

er
io

r
d

is
tr

ib
u

ti
on

s
o
f
θ

a
n

d
ρ

in
st

ag
e
t

a
re

d
en

ot
ed

b
y
p
(θ
|M

t ,
α

0
,µ

0
,ν

0
)

a
n

d
p
(ρ
|M

t ,
α

0
,µ

0
,ν

0
),

re
sp

ec
ti

ve
ly

.

S
im

il
a
r

to
th

e
h

o
m

og
en

eo
u

s
w

or
ke

r
se

tu
p

,
w

e
a
d

op
t

th
e

K
en

d
al

l’
s

ta
u

(5
)

to
m

ea
su

re
th

e
ra

n
k
in

g
ac

cu
ra

cy
.

A
t

ea
ch

st
a
ge
t,

w
e

d
en

ot
e

th
e

m
a
x
im

u
m

p
o
st

er
io

r
ex

p
ec

te
d

ra
n

k
in

g
a
cc

u
ra

cy
b
y

(w
it

h
a

sl
ig

h
t

a
b

u
se

o
f

n
o
ta

ti
o
n
)

h
(M

t )
≡

m
a
x

π
E
[ τ

(π
,π
∗ )
|M

t ,
α

0
,µ

0
,ν

0
]

(3
7
)

=
m

a
x

π

2
∑

i6=
j
1
π

(i
)>
π

(j
)P

r
( θ
i
>
θ j
|M

t ,
α

0
,µ

0
,ν

0
)

K
(K
−

1
)

.

T
h

e
m

ax
im

iz
er

in
(3

7)
is

th
e

op
ti

m
a
l
ra

n
k
in

g
in

fe
rr

ed
fr

o
m

th
e

h
is

to
ri

ca
l
co

m
p

ar
is

on
re

su
lt

s
u

p
to

th
e

st
ag

e
t.

O
u

r
g
o
al

is
to

se
a
rc

h
fo

r
th

e
o
p

ti
m

al
p

ol
ic

y
A

th
a
t

m
a
x
im

iz
es

th
e

fi
n

al
ex

p
ec

te
d

ra
n

k
in

g
a
cc

u
ra

cy
h

(M
T

),
i.

e.
,

m
ax A

EA
[ h

(M
T

)|α
0
,µ

0
,ν

0
] .

(3
8
)

T
h

is
m

ax
im

iz
at

io
n

p
ro

b
le

m
ca

n
b

e
fu

rt
h

er
re

fo
rm

u
la

te
d

in
a

te
le

sc
o
p

ic
su

m

h
(M

0
)

+
m

ax A
E

[ T
−

1
∑ t=

0

E
[ R

(M
t ,
i t
,j
t,
w
t,
Y
w
t

i t
j t

)∣ ∣ M
t ,
α

0
,µ

0
,ν

0
]∣ ∣ ∣ ∣
α

0
,µ

0
,ν

0

] ,
(3

9
)

w
h

er
e

R
(M

t ,
i t
,j
t,
w
t,
Y
w
t

i t
j t

)
≡
h

(M
t+

1
)
−
h

(M
t )
,

(4
0
)

is
th

e
st

a
ge

-w
is

e
re

w
a
rd

d
ep

en
d

in
g

o
n

M
t ,
i t

,j
t,
w
t

a
n

d
Y
w
t

i t
j t

.
It

ca
n

b
e

in
te

rp
re

te
d

as
th

e
im

p
ro

ve
m

en
t

of
th

e
ex

p
ec

te
d

ra
n

k
in

g
a
cc

u
ra

cy
a
ft

er
re

ce
iv

in
g

th
e

co
m

p
a
ri

so
n

re
su

lt
a
t

st
a
g
e

t.
T

h
e

st
a
te

va
ri

a
bl

e
of

th
e

M
D

P
(3

8
)

o
r

(3
9)

is
th

e
te

n
so

r
M

t
w

h
ic

h
ev

ol
v
es

a
cc

or
d

in
g

to
(3

6)
a
n

d
th

e
st

at
e

sp
a
ce

at
ea

ch
t

is

St
=
{ M

∈
{0
,1
}K
×
K
×
M

:
∑ i,
j,
w

M
ij
w

=
t}
.
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C
o
st

-E
f
f
ic

ie
n
t

D
y
n
a
m

ic
C

r
o
w

d
so

u
r
c
e
d

R
a
n
k
in

g

T
h

e
expected

tra
n

sitio
n

p
ro

ba
bilities

o
f

M
D

P
(3

8
)

a
re

E
[P

r(Y
wij

=
1
)|M

t,α
0,µ

0,ν
0 ]

=
E
[
ρ
w

θ
i

θ
i
+
θ
j

+
(1−

ρ
w

)
θ
j

θ
i
+
θ
j ∣∣M

t,α
0,µ

0,ν
0 ]

(4
1)

E
[P

r(Y
wij

=
−

1
)|M

t,α
0,µ

0,ν
0 ]

=
E
[
ρ
w

θ
j

θ
i
+
θ
j

+
(1−

ρ
w

)
θ
i

θ
i
+
θ
j ∣∣M

t,α
0,µ

0,ν
0 ]

(4
2)

for
i,j

=
1,2,...,K

a
n

d
w

=
1,2

,...,M
.

S
o

far,
w

e
h

ave
m

o
d

eled
th

e
seq

u
en

tia
l

b
u

d
get

a
llo

catio
n

in
th

e
h

etero
gen

eou
s

w
o
rker

settin
g

a
s

a
B

ayesia
n

M
D

P
.
D

u
e

to
th

e
sim

ilar
rea

so
n
s

th
a
t

h
ave

b
een

ex
p

la
in

ed
in

S
ectio

n
3
.2,

a
lth

o
u

gh
th

e
d

y
n

a
m

ic
p

rog
ra

m
m

in
g

can
b

e
d

irectly
a
p

p
lied

to
so

lve
th

e
B

ayesian
M

D
P

a
n

d
ob

ta
in

th
e

o
p

tim
a
l

p
olicy,

it
is

co
m

p
u

ta
tio

n
a
lly

in
tra

ctab
le.

In
fact,

th
e

B
ayesia

n
M

D
P

(3
9)

is
even

m
o
re

ch
a
llen

g
in

g
to

so
lve

th
an

th
at

fo
r

th
e

h
om

o
g
en

eo
u

s
w

o
rker

settin
g

d
u

e
to

a
m

u
ch

la
rg

er
state

sp
a
ce

a
fter

in
tro

d
u

cin
g

th
e

relia
b

ility
o
f

w
orkers.

In
th

e
n

ex
t

su
b

sectio
n

,
w

e
w

ill
p

ro
p

o
se

a
co

m
p

u
ta

tio
n

a
lly

effi
cien

t
a
p

p
rox

im
ated

k
n

ow
led

g
e

grad
ien

t
p

o
licy

fo
r

(39
).

4
.3

A
p

p
ro

x
im

a
te

d
K

n
o
w

le
d

g
e

G
ra

d
ie

n
t

P
o
lic

y

T
o

solve
th

e
B

ayesia
n

M
D

P
(3

9),
w

e
still

co
n

sid
er

th
e

fa
m

ily
o
f

k
n

ow
led

g
e

g
ra

d
ien

t
(K

G
)

p
o
licies.

In
o
u

r
p

ro
b

lem
,

th
e

K
G

p
olicy

w
ill

select
th

e
p

a
ir

o
f

item
s

a
n

d
th

e
w

o
rker

th
at

tog
eth

er
give

th
e

h
igh

est
ex

p
ected

sta
ge-w

ise
rew

ard
.

In
p

articu
la

r,
a
t

th
e
t-sta

g
e,

th
e

K
G

p
o
licy

fo
r

(3
9)

w
ill

ch
o
ose

th
e

p
a
ir

(it ,j
t )

an
d

th
e

w
orker

w
t

su
ch

th
a
t

(it ,j
t ,w

t )
∈

a
rg

m
a
x

i<
j,w

E
[R

(M
t,i,j,w

,Y
wij

) ∣∣M
t,α

0,µ
0,ν

0 ]
(43

)

=
a
rg

m
a
x

i<
j,w

{
E
[P

r(Y
wij

=
1
)|M

t,α
0,µ

0,ν
0 ]
R

(M
t,i,j,w

,1
)

+
E
[P

r(Y
wij

=
−

1)|M
t,α

0,µ
0,ν

0 ]
R

(M
t,i,j,w

,−
1
) }
.

T
o

im
p

lem
en

t
th

e
K

G
p

olicy
(4

3
),

w
e

en
cou

n
ter

th
e

sa
m

e
d

iffi
cu

lties
a
s

w
h

en
w

e
im

p
lem

en
ted

(1
6
).

S
p

ecifi
cally,

sin
ce

th
e

p
o
sterio

r
d

istrib
u

tio
n

s
p
(θ|M

t,α
0,µ

0,ν
0)

a
n

d
p
(ρ|M

t,α
0,µ

0,ν
0)

are
so

p
h
istica

ted
a
n

d
th

e
M

A
X

-L
O

P
p

ro
b

lem
(3

7)
is

N
P

-h
ard

,
w

e
can

-
n

ot
effi

cien
tly

eva
lu

a
te

th
e

sta
g
e-w

ise
rew

ard
(4

0
)

a
n

d
th

e
tra

n
sitio

n
p

rob
a
b

ilities
(41

)
a
n

d
(4

2
).

T
o

o
b

ta
in

a
co

m
p

u
ta

tio
n

a
lly

effi
cien

t
p

o
licy,

w
e

fo
llow

th
e

tech
n
iq

u
es

in
S

ectio
n

3
.3

to
a
p

p
rox

im
a
te

th
e

p
osterior

d
istrib

u
tio

n
s
p
(θ|M

t,α
0,µ

0,ν
0)

an
d
p
(ρ
w |M

t,α
0,µ

0,ν
0)

recu
rsively

u
sin

g
a

seq
u

en
ce

o
f

D
irich

let
d

istrib
u

tio
n

s
D

ir(α
t)

a
n

d
a

seq
u

en
ce

o
f

b
eta

d
istri-

b
u

tio
n

s
B

eta
(µ
tw
,ν
tw

),
resp

ectively,
fo

r
w

=
1,2,...,M

an
d
t

=
1,2

,...,T
.

T
h

e
p

a
ra

m
eters

α
t(α

t1 ,α
t2 ,...,α

tK
),
µ
t

=
(µ
t1 ,µ

t2 ,...,µ
tM

)
an

d
ν
t

=
(ν
t1 ,ν

t2 ,...,ν
tM

)
w

ill
b

e
ch

osen
recu

r-
sively

b
a
sed

on
m

o
m

en
t

m
a
tch

in
g
.

S
u

p
p

o
se
θ
∼

D
ir(α

)
fo

r
so

m
e

p
ara

m
eter

v
ector

α
∈
R
K

an
d
ρ
w
∼

B
eta

(µ
w
,ν
w

)
for

ea
ch

w
w

ith
µ

=
(µ

1 ,µ
2 ,...,µ

M
)

an
d
ν

=
(ν

1 ,ν
2 ,...,ν

M
).

W
e

con
sid

er
a

b
a
sic

scen
a
rio

w
h

ere
o
n

ly
on

e
co

m
p

a
riso

n
resu

lt
Y
wij

fro
m

w
o
rker

w
fo

r
a

p
a
ir

(i,j)
h

a
s

b
een

o
b

served
.

W
e

ca
n

ap
p

rox
im

a
te
p
(θ|Y

wij
,α
,µ
,ν

)
b
y

a
D

irich
let

d
istrib

u
tion

D
ir(α

′)
a
n

d
p
(ρ
w |Y

wij
,α
,µ
,ν

)
b
y
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X
i

C
h
e
n

a
n
d

K
e
v
in

J
ia

o
a
n
d

Q
ih

a
n
g

L
in

a
B

eta
d

istrib
u

tion
B

eta(µ
′w
,ν ′w

)
su

ch
th

at

E
[θ
k |θ
∼

D
ir(α

′) ]
=

E
[θ
k |Y

wij
,α
,µ
,ν

]
for

k
=

1,2
,...,K

(44)

E

[
K
∑k

=
1

θ
2k |θ
∼

D
ir(α

′) ]
=

E

[
K
∑k

=
1

θ
2k |Y

wij
,α
,µ
,ν ]

(45)

E
[ρ
w |ρ

w
∼

B
eta(µ

′w
,ν ′w

) ]
=

E
[ρ
w |Y

wij
,α
,µ
,ν ]

(46)

E
[ρ

2w
+

(1−
ρ
w

)
2|ρ

w
∼

B
eta(µ

′w
,ν ′w

) ]
=

E
[ρ

2w
+

(1−
ρ
w

)
2|Y

wij
,α
,µ
,ν ]

.
(47)

N
ote

th
at

w
e

d
o

n
ot

n
eed

to
ap

p
rox

im
ate

p
(ρ
w
′|Y

wij
,α
,µ
,ν

)
fo

r
w
′6=

w
sin

ce
th

e
w

orker
w
′

h
a
s

n
ot

p
erfo

rm
ed

an
y

com
p

arison
so

th
at
p
(ρ
w
′|Y

wij
,α
,µ
,ν

)
is

still
th
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=
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=
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p
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.

E
a
ch

scen
a
rio

co
n
sists

o
f

1
0
0

in
d

ep
en

d
en

t
trials

a
n

d
th

e
avera

g
e

ra
n

k
in

g
accu

ra
cy

is
rep

orted
.

F
o
r

ea
ch

tria
l,

th
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e

co
m

p
a
riso

n
resu

lts
a
re

gen
era

ted
a
ccord

in
g

to
th

e
B

ra
d

ley
-T

erry
-L

u
ce

m
o
d

el
(3

).
W

e
co

m
p

a
re

severa
l

d
iff

eren
t

m
eth

o
d

s,
in

clu
d

in
g

th
e

p
ro

p
o
sed

A
K

G
,

ra
n

d
o
m

sa
m

p
lin

g
(u

n
ifo

rm
ly

ra
n

d
om

sa
m

p
lin

g
),

d
ista

n
ce-b

a
sed

sa
m

p
lin

g
,

a
d

ap
tive

p
o
llin

g
(P

feiff
er

et
al.,

2
0
12

)
a
n

d
ra

n
k

cen
tra

lity
w

ith
u

n
ifo

rm
sa

m
p

lin
g

o
r

k
n

ow
led

ge
g
rad

ien
t

sam
p

lin
g

(N
ega

h
b

an
et

a
l.,

2
0
12

).
T

h
e

d
eta

ils
of

th
e

m
eth

o
d

s
are

p
rov

id
ed

a
s

fo
llow

s.

1.
A

K
G

(see
A

lgo
rith

m
1
):

W
e

set
th

e
p

rio
r

o
f
θ

to
b

e
th

e
u

n
ifo

rm
d

istrib
u

tion
o
n

th
e

sim
p

lex
(i.e.,

α
0

is
set

to
b

e
a
n

all-on
e

vecto
r).

2.
R

a
n

d
o
m

S
a
m

p
lin

g
:

T
h

e
ra

n
d

o
m

sam
p

lin
g

a
lg

orith
m

is
sim

ila
r

to
A

lg
orith

m
1

in
term

s
of

th
e

p
o
sterio

r
a
p

p
rox

im
a
tio

n
(b

y
m

o
m

en
t

m
a
tch

in
g
)

a
n

d
ran

k
in

feren
ce

(b
y

so
rtin

g
th

e
ap

p
rox

im
ated

p
osterio

r
p

a
ra

m
eters

α
t)

a
fter

receiv
in

g
ea

ch
la

b
el.

T
h
e

on
ly

d
iff

eren
ce

is
th

a
t

th
is

alg
o
rith

m
rep

laces
S

tep
2

o
f

A
lg

o
rith

m
1

b
y

a
ran

d
o
m

sam
p

lin
g

p
o
licy,

w
h

ich
selects

(it ,j
t )

ra
n

d
o
m

ly
a
t

each
sta

g
e.

W
e

a
lso

ch
o
o
se

th
e

u
n

ifo
rm

d
istrib

u
tio

n
o
n

th
e

sim
p

lex
a
s

th
e

p
rio

r.

23
JM

L
R

 17(217):1-40

X
i

C
h
e
n

a
n
d

K
e
v
in

J
ia

o
a
n
d

Q
ih

a
n
g

L
in

3
.

D
ista

n
c
e
-B

a
se

d
S

a
m

p
lin

g
:

T
h

is
algorith

m
is

also
th

e
sam

e
as

A
lgorith

m
1

in
term

s
of

th
e

p
osterior

ap
p

rox
im

ation
.

H
ow

ever,
in

th
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b
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p
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p
ossib

le
p

airs
an

d
all

p
ossib

le
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s,
B

et
a
(1

0,
1)

,
B

et
a(

2
,1

),
an

d
B

et
a(

5
,2

),
an

d
co

m
p

ar
e

th
e

p
er

fo
rm

an
ce

s
of

A
K

G
b

et
w

ee
n

u
si

n
g

th
e

tr
u

e
ge

n
er

at
in

g
d

is
tr

ib
u

ti
on

as
th

e
p

ri
or

an
d

u
si

n
g

th
e

ge
n

er
ic

B
et

a(
4
,1

)
as

th
e

p
ri

or
.

T
h

e
re

su
lt

s
ar

e
p

lo
tt

ed
in

F
ig

u
re

6.
A

s
on

e
ca

n
se

e
fr

om
F

ig
u

re
6,

u
si

n
g

th
e

tr
u

e
ge

n
er

a
ti

n
g

d
is

tr
ib

u
ti

o
n

an
d

ge
n

er
ic

B
et

a(
4
,1

)
p

ri
or

le
ad

to
v
er

y
si

m
il

ar
p

er
fo

rm
an

ce
in

a
ll

th
re

e
ca

se
s.

A
lt

h
o
u

gh
th

er
e

ar
e

so
m

e
sm

al
l

d
iff

er
en

ce
s

b
et

w
ee

n
th

e
tw

o
gr

ou
p

s
o
f

cu
rv

es
,

th
ey

a
re

n
ot

si
g
n
ifi

ca
n
t

as
to

th
e

ov
er

al
l

p
er

fo
rm

an
ce

of
th

e
al

go
ri

th
m

.
T

h
is

re
su

lt
sh

ow
s

th
at

w
h

en
th

er
e

is
n

o
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0.
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8

0.
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F
ig

u
re

7:
A

ve
ra

g
ed

n
u

m
b

er
of

co
m

p
a
ri

so
n

s
(a

.k
.a

.,
la

b
el

in
g

fr
eq

u
en

cy
)

m
a
d

e
b
y

w
o
rk

er
s

w
it

h
d

iff
er

en
t

le
ve

ls
of

re
li

a
b

il
it

y
ρ
w

.

ex
ac

t
in

fo
rm

at
io

n
o
n

th
e

q
u

al
it

y
o
f

al
l

w
o
rk

er
s,

B
et

a
(4
,1

)
is

a
re

as
o
n

a
b

le
p

ri
o
r

fo
r

w
or

ke
rs

’
re

li
ab

il
it

y
an

d
th

e
p

ro
p

os
ed

A
K

G
p

ol
ic

y
is

q
u

it
e

ro
b

u
st

to
th

e
p

ri
or

d
is

tr
ib

u
ti

o
n

in
u

se
.

F
in

a
ll

y,
w

e
in

ve
st

ig
at

e
w

h
et

h
er

go
o
d

w
o
rk

er
s

ar
e

in
d

ee
d

as
si

g
n

ed
m

or
e

co
m

p
a
ri

so
n

ta
sk

s
b
y

o
u

r
A

K
G

p
ol

ic
y

in
th

e
se

tt
in

g
o
f

h
et

er
o
g
en

eo
u

s
w

o
rk

er
s.

In
p

a
rt

ic
u

la
r,

w
e

co
n

si
d

er
K

=
10

it
em

s
an

d
M

=
1
5

w
o
rk

er
s

w
it

h
th

e
w

or
ke

rs
’

tr
u

e
re

li
a
b

il
it

y
p

ar
a
m

et
er

s
ρ
w
,w

=
1
,2
,.
..
,M

ra
n

gi
n

g
fr

om
0.

4
to

1
w

it
h

a
n

eq
u

a
l

sp
ac

e
in

b
et

w
ee

n
.

T
h

is
cr

ow
d

o
f

w
o
rk

er
s

is
fi

x
ed

an
d

th
e

to
ta

l
b

u
d

g
et

in
ea

ch
tr

ia
l
T

=
25

0.
W

e
re

p
or

t
th

e
av

er
a
ge

d
n
u

m
b

er
o
f

p
a
ir

s
a
ss

ig
n

ed
to

w
o
rk

er
s

w
it

h
d

iff
er

en
t

le
ve

ls
of

re
li

ab
il

it
y

in
F

ig
u

re
7.

A
s

o
n

e
ca

n
se

e
fr

om
F

ig
u

re
7,

th
er

e
is

a
cl

ea
r

tr
en

d
th

a
t

m
or

e
re

li
ab

le
w

o
rk

er
s

re
ce

iv
e

m
o
re

p
a
ir

s
o
n

av
er

a
ge

.

5
.3

R
e
a
l

D
a
ta

S
tu

d
y

W
e

n
ow

ap
p

ly
th

e
p

ro
p

o
se

d
A

K
G

p
ol

ic
y

(A
lg

o
ri

th
m

2
)

to
a

re
a
l

d
a
ta

se
t

o
n

re
a
d
in

g
d

iffi
-

cu
lt

y
le

ve
ls

(C
ol

li
n

s-
T

h
o
m

p
so

n
an

d
C

a
ll

a
n

,
2
0
0
4
).

T
h

e
d

a
ta

se
t

co
m

p
ri

se
s
K

=
4
9
1

d
iff

er
-

en
t

p
ar

a
gr

a
p

h
s,

ea
ch

a
ss

ig
n

ed
a
n

in
te

ge
r-

va
lu

ed
tr

u
e

re
ad

in
g

d
iffi

cu
lt

y
sc

o
re

ra
n

g
in

g
fr

om
1
,2
,.
..
,1

2.
H

er
e,

a
h

ig
h

er
sc

o
re

m
ea

n
s

th
e

p
a
ra

gr
a
p

h
is

m
o
re

d
iffi

cu
lt

to
re

a
d

.
A

to
ta

l
n
u

m
b

er
of
M

=
21

7
d

iff
er

en
t

w
o
rk

er
s

fr
o
m

C
a
n

a
d

a
a
n

d
th

e
U

n
it

ed
S

ta
te

s
p

er
fo

rm
ed

th
e

co
m

p
ar

is
on

ta
sk

s
on

an
on

li
n

e
cr

ow
d

so
u

rc
in

g
p

la
tf

o
rm

ca
ll

ed
C

ro
w

d
F

lo
w

er
3
.

E
ac

h
w

o
rk

er
w

as
p

re
se

n
te

d
a

p
a
ir

o
f

p
a
ra

gr
ap

h
s

ev
er

y
ti

m
e

a
n

d
th

e
w

o
rk

er
id

en
ti

fi
ed

w
h

ic
h

p
ar

a
g
ra

p
h

is
m

or
e

d
iffi

cu
lt

to
re

a
d

.
T

o
ov

er
co

m
e

th
e

is
su

e
o
f

an
im

b
a
la

n
ce

d
ju

d
ge

m
en

ta
l

p
o
o
l,

ea
ch

w
or

ke
r

w
a
s

a
ll

ow
ed

to
co

m
p

ar
e

a
t

m
os

t
4
0

d
iff

er
en

t
p

ai
rs

.
T

h
er

e
a
re

7,
89

8
p

a
ir

w
is

e
co

m
-

p
a
ri

so
n

re
su

lt
s

av
ai

la
b

le
in

th
is

d
a
ta

se
t.

U
si

n
g

th
es

e
p

a
ir

w
is

e
la

b
el

s,
w

e
a
p

p
ly

th
e

A
K

G
p

ol
ic

y
to

re
co

ve
r

th
e

ra
n

k
in

g
b
y

d
iffi

cu
lt

y
o
f

th
es

e
49

1
p

a
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g
ra

p
h

s.
W

e
n

o
te

th
a
t

si
n

ce
th

e
u

n
d

er
ly

in
g

tr
u

th
is

g
iv

en
as

a
d
iffi

cu
lt

y
le

ve
l

(1
–
1
2)

fo
r

ea
ch

p
a
ra

g
ra

p
h

(d
en

o
te

d
b
y
s i

fo
r

i
=

1,
..
.,
K

)
in

st
ea

d
o
f

a
g
lo

b
a
l

ra
n

k
in

g
,

w
e

m
ea

su
re

th
e

ac
cu

ra
cy

o
f

a
ra

n
k
in

g
π

as

2

K
(K
−

1
)

∑ i6=
j

1
{π

(i
)>
π

(j
)}

1
{s
i
≥
s j
}.

3
.
h
t
t
p
:
/
/
w
w
w
.
c
r
o
w
d
f
l
o
w
e
r
.
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m
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C
o
st

-E
f
f
ic

ie
n
t

D
y
n
a
m

ic
C

r
o
w

d
so

u
r
c
e
d

R
a
n
k
in

g

B
udget

0
500

1000
1500

2000
2500

3000
3500

Accuracy

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

A
K

G
R

andom
 S

am
pling

C
entrality +

 R
S

C
entrality +

 K
G

(a)
H

om
o
gen

eou
s

w
orkers

(fu
lly

reliab
le)

B
udget

0
500

1000
1500

2000
2500

3000
3500

Accuracy

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

A
K

G
R

andom
 S

am
pling

C
row

d-B
T

(b
)

H
etero

gen
eo

u
s

w
o
rkers

F
ig

u
re

8
:

P
erform

a
n

ce
co

m
p

a
riso

n
o
n

th
e

rea
l

d
a
taset

In
th

e
a
b

ove
d

efi
n

ition
o
f

ran
k
in

g
accu

ra
cy,

w
h

en
tw

o
p

a
ra

gra
p

h
s

h
ave

th
e

sam
e

rea
d

in
g

d
iffi

cu
lty

level,
a
n
y

ra
n

k
in

g
b

etw
een

th
is

p
a
ir

w
ill

b
e

trea
ted

a
s

correct.
It

is
a
lso

w
o
rth

n
otin

g
th

a
t,

in
th

e
k
n

ow
led

g
e

gra
d

ien
t

step
in

(59
),

it
is

p
o
ssib

le
th

a
t

th
e

selected
trip

let
(it ,j

t ,w
t )

d
o
es

n
ot

ex
ist

in
th

e
d

a
taset

(i.e.,
th

e
w

o
rker

w
t

d
id

n
ot

co
m

p
a
re
it

a
n

d
j
t

in
th

is
d

a
ta

).
H

en
ce,

in
ou

r
im

p
lem

en
ta

tio
n

o
f

A
K

G
,

w
e

select
th

e
trip

let
in

th
e

d
a
ta

set
th

at
m

a
x
im

izes
th

e
rig

h
t-h

a
n

d
sid

e
o
f

(59
).

W
e

set
th

e
p

rio
r

o
f
θ

to
b

e
th

e
u

n
ifo

rm
d

istrib
u

tio
n

o
n

th
e

sim
p

lex
.

T
h

is
d

ata
set

a
lso

co
m

es
w

ith
a

ra
tin

g
fo

r
ea

ch
w

o
rker

w
h

ich
m

ea
su

res
th

e
lo

n
g
-ru

n
p

erfo
rm

a
n

ce
o
f

th
is

w
orker

o
n

C
row

d
F

low
er.

A
h

ig
h

er
ra

tin
g

im
p

lies
a

h
igh

er
relia

b
ility

o
f

th
e

w
orker.

T
h

is
d

a
ta

set
sh

ow
s

th
e

avera
g
ed

w
o
rkers’

ra
tin

g
is

a
b

ov
e

0
.75

.
T

h
u

s,
w

e
still

u
se

B
eta

(4
,1)

a
s

th
e

p
rio

r
o
n

w
o
rkers’

relia
b

ility.
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X
i

C
h
e
n

a
n
d

K
e
v
in

J
ia

o
a
n
d

Q
ih

a
n
g

L
in

W
e

ru
n

ex
p

erim
en

ts
in

tw
o

d
iff

eren
t

settin
gs.

T
h

e
fi

rst
on

e
assu

m
es

th
at

a
ll

w
orkers

are
h

o
m

og
en

eo
u

s
an

d
fu

lly
reliab

le.
In

th
is

settin
g,

w
e

on
ly

n
eed

to
select

th
e

n
ex

t
p

air
of

p
a
ra

gra
p

h
s

to
com

p
are

b
u

t
can

ran
d

om
ly

ch
o
ose

a
w

orker
to

p
erform

th
e

com
p

ariso
n

task
.

In
th

is
case,

fou
r

algorith
m

s
are

im
p

lem
en

ted
(A

K
G

p
olicy

(A
lgorith

m
1),

ran
d

om
sam

p
lin

g,
ra

n
k

cen
trality

w
ith

th
e

ran
d

om
sam

p
lin

g
p

olicy,
an

d
ran

k
cen

trality
w

ith
th

e
k
n

ow
led

ge
grad

ien
t

p
olicy

)
a
n

d
w

e
rep

ort
th

e
averaged

accu
racy

over
100

in
d

ep
en

d
en

t
tria

ls
in

F
ig

u
re

8a
to

m
in

im
ize

th
e

sam
p

lin
g

eff
ect

of
ran

d
om

ly
selectin

g
th

e
n

ex
t

w
orker.

T
h

e
secon

d
ex

p
erim

en
t

in
corp

orates
th

e
h

eterogen
eou

s
reliab

ility
of

w
orkers

so
th

at
th

e
algorith

m
s

h
ave

to
select

b
oth

th
e

p
air

to
com

p
are

an
d

th
e

w
o
rker

to
p

erform
th

e
co

m
p

arison
task

.
In

th
is

ca
se,

th
ree

algorith
m

s,
A

K
G

p
olicy

(A
lgorith

m
2),

ran
d

om
sam

p
lin

g
an

d
C

row
d

-B
T

,
are

im
p

lem
en

ted
an

d
th

e
resu

lt
is

sh
ow

n
in

F
igu

re
8b

.
A

s
o
n

e
can

see
from

th
ese

tw
o

p
lots,

A
K

G
o
u

tp
erform

s
th

e
oth

er
m

eth
o
d

s
in

b
oth

settin
gs,

esp
ecially

w
h

en
th

e
am

ou
n
t

of
b

u
d

get
is

relatively
low

.
A

s
th

e
b

u
d

get
lev

el
in

creases,
th

e
p

erform
an

ce
o
f

C
row

d
-B

T
an

d
ra

n
k

cen
trality

w
ill

even
tu

ally
im

p
rove

an
d

ach
ieve

a
sim

ilar
accu

racy
as

A
K

G
.

6
.

C
o
n
clu

sio
n

In
th

is
p

ap
er,

w
e

ad
d

ress
th

e
d

y
n

am
ic

b
u

d
g
et

allo
cation

p
rob

lem
in

crow
d
sou

rced
ran

k
in

g.
U

sin
g

th
e

K
en

d
a
ll’s

tau
w

ith
resp

ect
to

th
e

tru
e

ran
k
in

g
as

th
e

m
easu

re
of

ran
k
in

g
accu

ra
cy,

w
e

fo
rm

u
late

th
e

p
rob

lem
of

m
ax

im
izin

g
ex

p
ected

K
en

d
all’s

tau
b
y

seq
u

en
tial

com
p

arison
s

in
to

a
B

ayesia
n

M
arkov

d
ecision

p
ro

cess.
T

o
fu

rth
er

ad
d

ress
th

e
com

p
u

tation
al

ch
allen

ges
(esp

ecia
lly,

solv
in

g
th

e
N

P
-h

ard
M

A
X

-L
O

P
)

in
volv

ed
in

th
e

d
ecision

p
ro

cess,
w

e
p

rop
ose

an
ap

p
rox

im
ated

k
n

ow
led

ge
grad

ien
t

p
olicy,

w
h

ich
is

n
ot

on
ly

co
m

p
u
tation

ally
effi

cien
t

b
u

t
also

a
ch

ieves
go

o
d

p
erform

an
ce

as
sh

ow
n

in
th

e
ex

p
erim

en
tal

section
s.

W
e

n
ote

th
at

alth
ou

gh
th

is
p

ap
er

fo
cu

ses
on

th
e

B
rad

ley
-T

erry
-L

u
ce

m
o
d

el
(B

rad
ley

an
d

T
erry

,
1
952;

L
u
ce,

1959),
it

w
ill

b
e

in
terestin

g
to

stu
d

y
th

e
d

y
n

am
ic

sa
m

p
lin

g
in

crow
d

-
sou

rced
ran

k
in

g
for

oth
er

ran
k
in

g
m

o
d

els
su

ch
as

p
erm

u
tation

-b
ased

m
o
d

els
(e.g.,

M
allow

s
(M

a
llow

s,
1
957)

a
n

d
C

P
S

(Q
in

et
al.,

2010)
m

o
d

els)
or

sto
ch

astically
tra

n
sitive

m
o
d

els
(F

ish
b

u
rn

,
197

3;
S

h
ah

et
al.,

2016b
)).

M
ean

w
h

ile,
th

eoretical
b

o
u

n
d

s
on

p
osterior

ap
p

rox
i-

m
ation

errors
are

d
iffi

cu
lt

to
ob

tain
an

d
error

p
rop

agation
d

o
es

ex
ist

d
u

rin
g

each
iteration

of
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P
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d
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∈
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a
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∥∥
E
F

[u
(x−

X
)] ∥∥
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a
tion

s.
S

P
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e

sta
n

d
ard

ized
v
ersio

n
o
f

X
a
s

w
ell.
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∥∥
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d
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b
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h
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d
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.
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u
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S
P
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b
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d
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m
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=
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p
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d
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∈
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P
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d
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p
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P
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d
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∈
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of‖x‖
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secon
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m
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e

oth
er

h
an

d
,

th
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m
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p
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p
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b
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d
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h
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p
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p
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cl

as
se

s
d

iff
er

ed
m

ai
n

ly
in

th
ei

r
lo

ca
ti

o
n

s.
A

s
a

co
n
se

-
q
u

en
ce

,
th

ou
gh

th
e

p
ro

p
os

ed
L

S
P

D
cl

as
si

fi
er

h
ad

a
go

o
d

ov
er

al
l
p

er
fo

rm
an

ce
,
it

s
su

p
er

io
ri

ty
ov

er
th

e
n

on
p

ar
am

et
ri

c
m

et
h

o
d

s
w

as
n

ot
as

p
ro

m
in

en
t

as
it

w
as

in
th

e
si

m
u

la
te

d
ex

a
m

p
le

s.

A
ck

n
o
w

le
d
g
m

e
n
ts

T
h

e
au

th
or

s
ar

e
gr

at
ef

u
l

to
P

ro
f.

P
ro

b
al

C
h

au
d

h
u

ri
fo

r
h

is
va

lu
ab

le
co

n
tr

ib
u

ti
o
n

s
to

th
is

m
an

u
sc

ri
p

t.
T

h
ey

ar
e

al
so

th
an

k
fu

l
to

th
e

A
ct

io
n

E
d

it
or

an
d

tw
o

an
on

y
m

o
u

s
re

v
ie

w
er

s
fo

r
p

ro
v
id

in
g

th
em

w
it

h
se

ve
ra

l
h

el
p

fu
l

co
m

m
en

ts
.

T
h
e

fi
rs

t
au

th
or

w
ou

ld
li

ke
to

th
a
n

k
P

ro
f.

T
h

om
as

W
.

Y
ee

fo
r

h
is

h
el

p
w

it
h
V
G
A
M
,

an
d

P
ro

f.
J
u

n
L

i
fo

r
sh

ar
in

g
R

co
d

es
o
f

th
e

D
D

cl
as

si
fi

er
.

A
p
p

e
n
d
ix

A
.

P
ro

o
fs

a
n
d

M
a
th

e
m

a
ti

ca
l

D
e
ta

il
s

L
e
m

m
a

7
If
F

h
a
s

a
sp

h
er

ic
a
ll

y
sy

m
m

et
ri

c
d
en

si
ty
f

(x
)

=
g
(‖

x
‖)

o
n
R
d

w
it

h
d
>

1,
th

en
‖E

F
[u

(x
−

X
)]
‖

is
a

n
o
n

-n
eg

a
ti

ve
m

o
n

o
to

n
ic

a
ll

y
in

cr
ea

si
n

g
fu

n
ct

io
n

o
f
‖x
‖.

P
ro

o
f

o
f

L
e
m

m
a

7
:

In
v
ie

w
of

sp
h

er
ic

al
sy

m
m

et
ry

of
f

(x
),
S

(x
)

=
‖E

F
[u

(x
−

X
)]
‖

is
in

va
ri

an
t

u
n

d
er

or
th

og
on

al
tr

an
sf

or
m

at
io

n
s

of
x

.
C

on
se

q
u

en
tl

y,
S

(x
)

=
η
(‖

x
‖)

fo
r

so
m

e
n

on
-n

eg
at

iv
e

fu
n

ct
io

n
η
.

C
on

si
d

er
n

ow
x

1
an

d
x

2
su

ch
th

at
‖x

1
‖
<
‖x

2
‖.

U
si

n
g

sp
h

er
ic

a
l

sy
m

m
et

ry
of
f

(x
),

w
it

h
ou

t
lo

ss
of

ge
n

er
al

it
y,

w
e

ca
n

as
su

m
e

x
i

=
(t
i,

0
,.
..
,0

)T
fo

r
i

=
1,

2
su

ch
th

at
|t 1
|<
|t 2
|.

F
or

an
y

x
=

(t
,0
,.
..
,0

)T
,

w
e

h
av

e

S
(x

)
=

∣ ∣ ∣ ∣E
F

[
(t
−
X

1
)

√
(t
−
X

1
)2

+
X

2 2
+
..
.
+
X

2 d

]∣ ∣ ∣ ∣
,

d
u

e
to

sp
h

er
ic

al
sy

m
m

et
ry

of
f

(x
).

F
or

an
y

x
∈
R
d

w
it

h
d
>

1,
E
F

[‖
x
−

X
‖]

is
a

st
ri

ct
ly

co
n
ve

x
fu

n
ct

io
n

of
x

in
th

is
ca

se
.

C
on

se
q
u

en
tl

y,
it

is
a

st
ri

ct
ly

co
n
ve

x
fu

n
ct

io
n

o
f
t.

O
b

se
rv

e
n

ow
th

at
S

(x
)

w
it

h
th

is
ch

oi
ce

of
x

is
th

e
ab

so
lu

te
va

lu
e

of
th

e
d

er
iv

at
iv

e
of
E
F

[‖
x
−

X
‖]

w
.r

.t
.
t.

T
h

is
d

er
iv

at
iv

e
is

a
sy

m
m

et
ri

c
fu

n
ct

io
n

of
t

th
at

va
n

is
h

es
at
t

=
0
.

H
en

ce
,
S

(x
)

is
an

in
cr

ea
si

n
g

fu
n
ct

io
n

of
|t|

,
an

d
th

is
p

ro
ve

s
th

at
η
(‖

x
1
‖)
<
η
(‖

x
2
‖)

.

P
ro

o
f

o
f

T
h

e
o
re

m
1

:
If

th
e

p
op

u
la

ti
on

d
is

tr
ib

u
ti

on
f j

(x
)

is
el

li
p

ti
ca

ll
y

sy
m

m
et

ri
c,

w
e

h
av

e
f j

(x
)

=
|Σ

j
|−

1
/
2
g j

(δ
(x
,F

j
))

,
w

h
er

e
δ(

x
,F

j
)

=
‖Σ
−

1
/
2

j
(x
−
µ
j
)‖

is
th

e
M

a
h

a
la

n
o
b

is

d
is

ta
n

ce
fo

r
1
≤
j
≤
J

.
S

in
ce

S
P

D
∗ (

x
,F

j
)

=
1
−
‖E

[u
(Σ
−

1
/
2

j
(x
−
µ
j
))

]‖
is

a
ffi

n
e

in
va

ri
a
n
t,

it

is
a

fu
n

ct
io

n
of
δ(

x
,F

j
).

A
ga

in
,

as
Σ
−

1
/
2

j
(X
−
µ
j
)

h
as

a
sp

h
er

ic
al

ly
sy

m
m

et
ri

c
d

is
tr

ib
u

ti
o
n
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D
u
t
t
a
,

S
a
r
k
a
r

a
n
d

G
h
o
sh

w
it

h
it

s
ce

n
te

r
at

th
e

o
ri

g
in

,
fr

om
L

em
m

a
7

it
fo

ll
ow

s
th

a
t

S
P

D
∗ (

x
,F

j
)

is
a

m
o
n

o
to

n
ic

al
ly

d
ec

re
as

in
g

fu
n

ct
io

n
o
f
δ(

x
,F

j
).

T
h

er
ef

o
re

,
δ(

x
,F

j
)

is
a
ls

o
a

fu
n

ct
io

n
of

S
P

D
∗ (

x
,F

j
)

an
d

u
si

n
g

th
is

fa
ct
f j

(x
)

ca
n

al
so

b
e

ex
p

re
ss

ed
a
s

f j
(x

)
=
ψ
j
(S

P
D
∗ (

x
,F

j
))

fo
r

a
ll

1
≤
j
≤
J
,

w
h

er
e
ψ
j

is
an

ap
p

ro
p

ri
at

e
re

a
l-

va
lu

ed
fu

n
ct

io
n

th
a
t

d
ep

en
d

s
o
n
g j

.
N

ow
,

o
n

e
ca

n
ch

ec
k

th
a
t

lo
g
[ p

(j
|x

)

p
(J
|x

)] =
lo

g
(π
j
/π

J
)

+
lo

g
ψ
j
(S

P
D
∗ (

x
,F

j
))
−

lo
g
ψ
J
(S

P
D
∗ (

x
,F

J
))
.

fo
r

1
≤
j
≤

(J
−

1)
.

N
ow

,
if

w
e

d
efi

n
e
ϕ
jj

(z
)

=
lo

g
π
j

+
lo

g
ψ
j
(z

)
a
n

d
ϕ
ij

(z
)

=
0

fo
r

1
≤
j
6=
i
≤

(J
−

1
);

an
d
ϕ

1
J
(z

)
=
··
·=

ϕ
(J
−

1
)J

(z
)

=
−

lo
g
π
J
−

lo
g
ψ
J
(z

),
th

en
th

e
p

ro
o
f

is
co

m
p

le
te

.

R
e
m

a
rk

8
If
f j

(x
)

is
u

n
im

od
a
l,
ψ
j
(z

)
is

m
o
n

o
to

n
ic

a
ll

y
in

cr
ea

si
n

g
fo

r
1
≤
j
≤
J

.
M

o
re

-
o
ve

r,
if

th
e

d
is

tr
ib

u
ti

o
n

s
d
iff

er
o
n

ly
in

th
ei

r
lo

ca
ti

o
n

s,
th

en
th

e
ψ
j
s

a
re

sa
m

e
fo

r
a
ll

cl
a
ss

es
.

In
th

a
t

ca
se

,
f j

(x
)
>

f i
(x

)
⇔

δ(
x
,F

j
)
<

δ(
x
,F

i)
⇔

S
P

D
∗ (

x
,F

j
)
>

S
P

D
∗ (

x
,F

i)
fo

r
1
≤
i
6=
j
≤
J

,
a
n

d
h
en

ce
th

e
cl

a
ss

ifi
er

tu
rn

s
o
u

t
to

be
th

e
m

a
xi

m
u

m
S

P
D

cl
a
ss

ifi
er

.

P
ro

o
f

o
f

T
h

e
o
re

m
3
(a

)
:

L
et
h
<

1
.

F
o
r

an
y

fi
x
ed

x
∈
R
d

a
n

d
th

e
d

is
tr

ib
u

ti
o
n

fu
n

ct
io

n
F
j
,

w
e

h
av

e
L

S
P

D
∗ h(

x
,F

j
)

=
E
F
j
[K

h
(t

)]
−
‖E

F
j
[K

h
(t

)u
(t

)]
‖,

w
h

er
e

t
=

Σ
j
−

1
/
2
(x
−

X
)

fo
r

1
≤
j
≤
J

.
F

o
r

th
e

fi
rs

t
te

rm
in

th
e

ex
p

re
ss

io
n

o
f

L
S

P
D
∗ h(

x
,F

j
)

a
b

ov
e,

w
e

h
av

e

E
F
j
[K

h
(t

)]
=

∫ R
d

1 h
d
K
h
(Σ
−

1
/
2

j
(x
−

v
))
f j

(v
)d

v
=
|Σ

j
|1/

2

∫ R
d

K
(y

)f
j
(x
−
h
Σ

1
/
2

j
y

)d
y
,

w
h

er
e

y
=
h
−

1
Σ
−

1
/
2

j
(x
−

v
).

S
o,

u
si

n
g

T
ay

lo
r’

s
ex

p
a
n

si
o
n

o
f
f j

(x
),

w
e

g
et

E
F
j
[K

h
(t

)]
=
|Σ

j
|1/

2
f j

(x
)
−
h
|Σ

j
|1/

2

∫ R
d

K
(y

)
(Σ

1
/
2

j
y

)T
∇
f j

(ξ
)d

y
,

w
h

er
e
ξ

li
es

on
th

e
li

n
e

jo
in

in
g

x
a
n

d
(x
−
h
Σ

1
/
2

j
v

).
U

si
n

g
th

e
C

a
u

ch
y
-S

ch
w

ar
tz

in
eq

u
al

it
y,

on
e

g
et

s
∣ ∣ ∣E

F
j
[K

h
(t

)]
−
|Σ

j
|1/

2
f j

(x
)∣ ∣ ∣≤

h
|Σ

j
|1/

2
λ

1
/
2

j
M
◦ jM

K
,
w

h
er

e
M
◦ j

=
su

p
x
∈R

d
‖∇

f j
(x

)‖
,

M
K

=
∫
‖y
‖K

(y
)d

y
,

an
d
λ
j

is
th

e
la

rg
es

t
ei

g
en

va
lu

e
of

Σ
j
.

T
h

is
im

p
li

es
∣ ∣ ∣E

F
j
[K

h
(t

)]
−

|Σ
j
|1/

2
f j

(x
)∣ ∣ ∣→

0
a
s
h
→

0
fo

r
1
≤
j
≤
J

.

F
o
r

th
e

se
co

n
d

te
rm

in
th

e
ex

p
re

ss
io

n
o
f

L
S

P
D
∗ h(

x
,F

j
),

a
si

m
il

a
r

ar
g
u

m
en

t
y
ie

ld
s

E
F
j
[K

h
(t

)u
(t

)]
=
|Σ

j
|1/

2

∫ R
d

K
(y

)u
(y

)f
j
(x
−
h
Σ

1
/
2

j
y

)d
y

=
−
h
|Σ

j
|1/

2

∫ R
d

K
(y

)u
(y

)
(Σ

1
/
2

j
y

)T
∇
f j

(ξ
)d

y
(a

s

∫ R
d

K
(y

)u
(y

)d
y

=
0

).

N
ow

,
‖E

F
j
[K

h
(t

)u
(t

)]
‖
≤
h
|Σ

j
|1/

2
λ

1
/
2

j
M
◦ jM

K
→

0
a
n

d
th

is
im

p
li

es
th

a
t

L
S

P
D
∗ h(

x
,F

j
)
→

|Σ
j
|1/

2
f j

(x
),

as
h
→

0
.

C
o
n

se
q
u
en

tl
y,

w
e

h
av

e
z
∗ h(

x
)
→

(|Σ
1
|1/

2
f 1

(x
),
..
.,
|Σ

J
|1/

2
f J

(x
))
T

as
h
→

0.
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M
u
lt

i-sc
a
l
e

C
l
a
ssif

ic
a
t
io

n
u
sin

g
L

o
c
a
l
iz

e
d

S
pa

t
ia

l
D

e
p
t
h

P
ro

o
f

o
f

T
h
e
o
re

m
3
(b

)
:

H
ere

w
e

con
sid

er
th

e
case

h
>

1
.

T
ake

a
n
y

fi
x
ed

x
∈

R
d

an
d

a
j

w
ith

1
≤

j
≤

J
.

F
o
r

a
n
y

fi
x
ed

t,
sin

ce
K

(t/h
)
→

K
(0

)
a
s
h
→
∞

an
d
K

is
b

o
u

n
d

ed
,

u
sin

g
D

om
in

ated
C

o
n
verg

en
ce

T
h

eo
rem

(D
C

T
),

o
n

e
ca

n
sh

ow
th

a
t

L
S

P
D
∗h (x

,F
j )
→

K
(0

)S
P

D
∗(x

,F
j )

a
s
h
→
∞
.

S
o,

z ∗h (x
)
→

(K
(0

)S
P

D
∗(x

,F
1 ),...,K

(0
)

S
P

D
∗(x

,F
J
))
T

a
s
h
→
∞

.

P
ro

o
f

o
f

T
h

e
o
re

m
5

:
D

efi
n

e
th

e
sets

B
n

=
{
x

=
(x

1 ,...,x
d )

:
‖x‖

≤
√
d
n}

,
a
n

d
A
n

=
{
x

:
n

2x
i

is
a
n

in
teg

er
a
n

d
|x
i |≤

n
fo

r
a
ll

1
≤
i≤

d}
.

C
learly

A
n
⊂
B
n
⊂

R
d,

th
e

set
B
n

is
a

clo
sed

b
a
ll

an
d

th
e

set
A
n

h
a
s

ca
rd

in
a
lity

(2
n

3
+

1
)
d.

W
e

w
ill

p
rov

e
a
lm

o
st

su
re

(a
.s.)

u
n

ifo
rm

co
n
verg

en
ce

o
n

th
ree

d
isjo

in
t

sets:
(i)

A
n
,

(ii)
B
n \

A
n

a
n

d
(iii)

B
cn .

C
o
n

sid
er

a
n
y

fi
x
ed

h
∈

(0,1].
R

ecall
th

a
t

fo
r

th
is

ch
o
ice

of
h

,
L

S
P

D
◦h (x

,F
)

(see
eq

u
a
tion

(3
))

a
n

d
L

S
P

D
◦h (x

,F
n
)

are
d

efi
n

ed
as

fo
llow

s:

L
S

P
D
◦h (x

,F
n
)

=
1

n
h
d

n
∑i=

1

K
(

x
−

X
i

h

)
−
∥∥∥

1

n
h
d

n
∑i=

1

K
(

x
−

X
i

h

)
u

(x
−

X
i ) ∥∥∥
,

a
n

d

L
S

P
D
◦h (x

,F
)

=
1h
d
E
[K
(

x
−

X

h

)]−
1h
d ∥∥∥
E
[K
(

x
−

X

h

)
u

(x
−

X
) ] ∥∥∥

.

(i)
D

efi
n

e
Z
i

=
K

(h
−

1(x
−

X
i ))u

(x
−

X
i )−

E
[K

(h
−

1(x
−

X
))u

(x
−

X
)]

for
1
≤
i≤

n
.

N
ote

th
a
t

Z
i s

a
re

in
d

ep
en

d
en

t
a
n
d

id
en

tica
lly

d
istrib

u
ted

(i.i.d
.)

w
ith

E
(Z

i )
=

0
a
n

d
‖
Z
i ‖
≤

2K
(0

).
F

ix
an

ε
>

0.
U

sin
g

th
e

ex
p

on
en

tia
l

in
eq

u
a
lity

fo
r

su
m

s
o
f

i.i.d
.

ra
n

d
om

vecto
rs

(see
Y

u
rin

sk
ii,

1
9
76

,
p

.
4
91

),
w

e
o
b

ta
in
P
(‖
n
−

1 ∑
ni=

1
Z
i ‖
≥
ε )
≤

2
e −

C
0
n
ε
2.

H
ere

C
0

is
a

p
o
sitiv

e
con

stan
t

th
a
t

d
ep

en
d
s

o
n
K

(0
)

an
d
ε.

T
h

is
n

ow
im

p
lies

th
a
t

P

(∥∥∥
1

n
h
d

n
∑i=

1

K
(

x
−

X
i

h

)
u

(x
−

X
i ) ∥∥∥
−
∥∥∥

1h
d
E
[K
(

x
−

X

h

)
u

(x
−

X
) ] ∥∥∥
≥
ε )

≤
P

(∥∥∥
1

n
h
d

n
∑i=

1

K
(

x
−

X
i

h

)
u

(x
−

X
i )−

1h
d
E
[K
(

x
−

X

h

)
u

(x
−

X
) ] ∥∥∥
≥
ε )

=
P
( ∥∥∥

1n

n
∑i=

1

Z
i ∥∥∥
≥
h
dε )
≤

2
e −

C
0
n
h
2
d
ε
2.

(6)

F
o
r

a
fi

x
ed

va
lu

e
of
h

, ∑
ni=

1
K

(h
−

1(x
−

X
i ))

is
a

su
m

o
f

i.i.d
.

b
o
u

n
d

ed
ra

n
d

o
m

va
riab

les.
U

sin
g

B
ern

stein
’s

in
eq

u
a
lity,

w
e

ob
ta

in

P

(∣∣∣ 1n

n
∑i=

1

K
(

x
−

X
i

h

)
−
E
[K
(

x
−

X

h

)] ∣∣∣ ≥
ε )
≤

2e −
C

1
n
ε
2,

fo
r

so
m

e
su

itab
le

p
o
sitive

co
n

sta
n
t
C

1 .
T

h
is

im
p

lies

P

(∣∣∣
1

n
h
d

n
∑i=

1

K
(

x
−

X
i

h

)
−

1h
d
E
[K
(

x
−

X

h

)] ∣∣∣ ≥
ε )
≤

2
e −

C
1
n
h
2
d
ε
2.

(7
)

C
o
m

b
in

in
g

(6
)

an
d

(7
),

w
e

g
et
P

(|L
S

P
D
◦(x

,F
n
)−

L
S

P
D
◦(x

,F
)|≥

ε)≤
C

3 e −
C

4
n
h
2
d
ε
2

fo
r

so
m

e
su

itab
le

con
sta

n
ts
C

3
a
n

d
C

4 .
S

in
ce

th
e

ca
rd

in
a
lity

o
f
A
n

is
(2
n

3
+

1
)
d,

w
e

h
ave

P

(
su

p
x
∈
A
n |L

S
P

D
◦(x

,F
n
)−

L
S

P
D
◦(x

,F
)|≥

ε )
≤
C

3 (2n
3

+
1)
de −

C
4
n
h
2
d
ε
2.

(8)
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D
u
t
t
a
,

S
a
r
k
a
r

a
n
d

G
h
o
sh

N
ow

, ∑
n≥

1 (2n
3

+
1)
de −

C
4
n
h
2
d
ε
2
<
∞

.
S

o,
an

ap
p

licatio
n

of
B

o
rel-C

an
telli

lem
m

a
im

p
lies

th
a
t

su
p
x
∈
A
n |L

S
P

D
◦h (x

,F
n
)−

L
S

P
D
◦h (x

,F
)|
a
.s.
→

0
as
n
→
∞
.

(ii)
C

on
sid

er
th

e
set

B
n
\
A
n
.

G
iv

en
an

y
x

in
B
n
\
A
n
,

th
ere

ex
ists

y
∈
A
n

su
ch

th
at

‖
x
−

y‖
≤
√

2/n
2.

F
irst

w
e

w
ill

sh
ow

th
at|L

S
P

D
◦(y

,F
n
)−

L
S

P
D
◦(x

,F
n
)|
a
.s.
→

0
a
s
n
→
∞

.
U

sin
g

th
e

m
ea

n
-valu

e
th

eorem
,

on
e

ob
tain

s
∣∣∣∣∣

1

n
h
d

n
∑i=

1

K
(

x
−

X
i

h

)
−

1

n
h
d

n
∑i=

1

K
(

y
−

X
i

h

) ∣∣∣∣∣ ≤
1

n
h
d
+

1

n
∑i=

1 ∣∣∣∣ (x
−

y
)
T∇

K
(
ξ−

X
i

h

) ∣∣∣∣
,

w
h

ere
ξ

lies
o
n

th
e

lin
e

join
in

g
x

an
d

y
.

N
ote

th
at

th
e

righ
t

h
an

d
sid

e
is

less
th

an
M
′K

h
d
+

1 √
2

n
2

,

a
n

d
M
′K

=
su

p
t ‖∇

K
(t)‖

.
T

h
is

u
p

p
er

b
ou

n
d

is
free

of
x

,
an

d
go

es
to

0
as
n
→
∞

.
N

ow
,

∥∥∥∥∥
1

n
h
d

n
∑i=

1

K
(

x
−

X
i

h

)
u

(x
−

X
i ) ∥∥∥∥∥
−
∥∥∥∥∥

1

n
h
d

n
∑i=

1

K
(

y
−

X
i

h

)
u

(y
−

X
i ) ∥∥∥∥∥

≤
∥∥∥∥∥

1

n
h
d

n
∑i=

1 [K
(

x
−

X
i

h

)
u

(x
−

X
i )−

K
(

y
−

X
i

h

)
u

(y
−

X
i ) ] ∥∥∥∥∥

(9)

≤
∣∣∣∣∣

1

n
h
d

n
∑i=

1 [K
(

x
−

X
i

h

)
−
K
(

y
−

X
i

h

)] ∣∣∣∣∣
+
K

(0
) ∥∥∥∥∥

1

n
h
d

n
∑i=

1 [u
(x
−

X
i )−

u
(y
−

X
i )] ∥∥∥∥∥

.

W
e

h
ave

p
roved

a
b

ov
e

th
at

th
e

fi
rst

p
art

con
v
erges

to
0

in
a.s.

sen
se.

F
or

th
e

seco
n

d
p

art,
con

sid
er

a
b

all
of

rad
iu

s
1
/n

arou
n

d
x

(say,
B

(x
,1
/n

)).
N

ow
,

∥∥∥∥∥
1

n
h
d

n
∑i=

1 [u
(x
−

X
i )−

u
(y
−

X
i )] ∥∥∥∥∥
≤
∣∣∣∣

2

n
h
d

n
∑i=

1

I
[X

i ∈
B

(x
,1
/n

)] ∣∣∣∣
+

2
nh
d ‖

x
−

y‖

≤
2h
d ∣∣∣∣ 1n

n
∑i=

1

I
[X

i ∈
B

(x
,1
/n

)]−
P

[X
1 ∈

B
(x
,1/n

)] ∣∣∣∣

+
2h
d
P

[X
1 ∈

B
(x
,1
/n

)]+
2n √

2

n
2h
d
.

N
ote

th
at

I
[X

i
∈

B
(x
,1
/n

)]s
are

i.i.d
.

b
ou

n
d

ed
ran

d
om

variab
les

w
ith

ex
p

ectation
P

[X
∈
B

(x
,1/n

)].
T

h
erefore,

a.s.
con

vergen
ce

of
th

e
fi

rst
term

follow
s

from
B

ern
stein

’s
in

eq
u

ality.
S

in
ce
P

[X
∈
B

(x
,1
/n

)]≤
M
f n
−
d

(w
h

ere
M
f

=
su

p
x
f

(x
)
<
∞

),
th

e
secon

d
term

co
n
verges

to
0.

F
or

an
y

fi
x
ed

h
,

th
e

th
ird

term
also

con
verges

to
0

as
n
→
∞

.
S

o,
w

e
h

ave
|L

S
P

D
◦h (x

,F
n
)−

L
S

P
D
◦h (y

,F
n
)|
a
.s.
→

0
as
n
→
∞

.

S
im

ilarly,
on

e
can

p
rove

th
at
|L

S
P

D
◦h (x

,F
)−

L
S

P
D
◦h (y

,F
)|

a
.s.
→

0
as

n
→
∞

.
In

th
e

a
rgu

m
en

ts
ab

ov
e,

all
th

e
b

ou
n

d
s

are
free

from
x

an
d

y
.

W
e

h
ave

also
p

roved
th

at
su

p
y
∈
A
n |L

S
P

D
◦h (y

,F
n
)−

L
S

P
D
◦h (y

,F
)|

a
.s.
→

0
as
n
→
∞

.
C

om
b

in
in

g
all

th
ese

resu
lts,

w
e

h
ave

su
p
x
∈
B
n \
A
n |L

S
P

D
◦h (x

,F
n
)−

L
S

P
D
◦h (x

,F
)|
a
.s.
→

0
as
n
→
∞
.

(iii)
N

ow
,

co
n

sid
er

th
e

region
ou

tsid
e
B
n

(i.e.,
th

e
set

B
cn ).

F
irst

n
ote

th
at

su
p

x
∈
B
cn |L

S
P

D
◦h (x

,F
n
)−

L
S

P
D
◦h (x

,F
)|≤

su
p

x
∈
B
cn

1

n
h
d

n
∑i=

1

K
(

x
−

X
i

h

)
+

su
p

x
∈
B
cn

1h
d
E
[K
(

x
−

X

h

)].
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M
u
lt

i-
sc

a
l
e

C
l
a
ss

if
ic

a
t
io

n
u
si

n
g

L
o
c
a
l
iz

e
d

S
pa

t
ia

l
D

e
p
t
h

W
e

w
il

l
sh

ow
th

at
b

ot
h

of
th

es
e

te
rm

s
b

ec
om

e
su

ffi
ci

en
tl

y
sm

al
l

as
n
→
∞

.
F

ix
an

ε
>

0.
W

e
ca

n
ch

o
os

e
tw

o
co

n
st

an
ts
M

1
an

d
M

2
su

ch
th

at
P

(‖
X
‖
≥
M

1
)
≤

h
d
ε/

2
K

(0
)

an
d
K

(t
)
≤
h
d
ε/

2
w

h
en
‖t
‖
≥
M

2
.

N
ow

,
on

e
ca

n
ch

ec
k

th
at

1 h
d
E
[ K
( x
−

X

h

)]
≤

1 h
d
E
[ K
( x
−

X

h

) I
(‖

X
‖
≤
M

1
)] +

1 h
d
K

(0
)P

(‖
X
‖
>
M

1
).

If
x
∈
B
c n

an
d
‖X
‖
≤
M

1
,

th
en

h
−

1
‖x
−

X
‖
≥
h
−

1
|√
d
n
−
M

1
|.

C
h
o
os

e
n

la
rg

e
en

o
u

g
h

so
th

at
|√
d
n
−
M

1
|≥

M
2
h

,
an

d
th

is
im

p
li

es
K

(h
−

1
(x
−

X
))
≤
h
d
ε/

2.
S

o,
w

e
ob

ta
in

1 h
d
E
[ K
( x
−

X

h

)]
≤
ε 2

+
1 h
d
K

(0
)P

(‖
X
‖
>
M

1
)
≤
ε,

an
d

1

n
h
d

n ∑ i=
1

K
( x
−

X
i

h

)
≤
ε 2

+
1 h
d
K

(0
)
1 n

n ∑ i=
1

I
(‖

X
i‖
>
M

1
)

≤
ε

+
1 h
d
K

(0
)

∣ ∣ ∣ ∣ ∣1 n

n ∑ i=
1

I
(‖

X
i‖
>
M

1
)
−
P

(‖
X
‖
>
M

1
)∣ ∣ ∣ ∣ ∣.

T
h

e
G

li
ve

n
ko

-C
an

te
ll

i
th

eo
re

m
im

p
li

es
th

at
th

e
la

st
te

rm
on

th
e

ri
gh

t
h

a
n

d
si

d
e

co
n
ve

rg
es

to
0

as
n
→
∞

.
S

o,
w

e
h

av
e

su
p
x
∈B

c n
|L

S
P

D
◦ h(

x
,F

n
)
−

L
S

P
D
◦ h(

x
,F

)|
a
.s
.
→

0
a
s
n
→
∞
.

C
om

b
in

in
g

th
e

ar
gu

m
en

ts
in

p
ar

ts
(i

),
(i

i)
an

d
(i

ii
)

an
d

fo
r

a
fi

x
ed

h
∈

(0
,1

],
w

e
ge

t
su

p
x
|L

S
P

D
◦ h(

x
,F

n
)−

L
S

P
D
◦ h(

x
,F

)|
a
.s
.
→

0
as
n
→
∞

.
If

w
e

h
av

e
h
>

1,
th

en
th

is
co

n
ve

rg
en

ce
re

su
lt

ca
n

b
e

p
ro

v
ed

in
a

si
m

il
ar

w
ay

.
F

or
th

is
ca

se
,
re

ca
ll

th
at

th
e

d
efi

n
it

io
n

o
f

L
S

P
D
◦ (

x
,F

)
d

o
es

n
ot

in
vo

lv
e

th
e
h
d

te
rm

in
th

e
d

en
om

in
at

or
(s

ee
eq

u
at

io
n

(3
))

.

R
e
m

a
rk

9
F

o
ll

o
w

in
g

th
e

p
ro

o
f

o
f

T
h
eo

re
m

5
,

it
is

ea
sy

to
ch

ec
k

th
a
t

a
.s

.
co

n
ve

rg
en

ce
h
o
ld

s
w

h
en

h
d
iv

er
ge

s
to

in
fi

n
it

y
w

it
h
n

.

R
e
m

a
rk

1
0

T
h
e

re
su

lt
co

n
ti

n
u

es
to

h
o
ld

w
h
en

h
→

0
a
s

w
el

l.
H

o
w

ev
er

,
fo

r
a
.s

.
co

n
ve

r-
ge

n
ce

in
pa

rt
(i

)
(t

o
u

se
th

e
B

o
re

l-
C

a
n

te
ll

i
le

m
m

a
)

w
e

re
qu

ir
e
n
h

2
d
/

lo
g
n
→
∞

a
s
n
→
∞

.
In

pa
rt

(i
ii

),
w

e
n

ee
d
M

1
a
n

d
M

2
to

va
ry

w
it

h
n

.
A

ss
u

m
e

th
e

fi
rs

t
m

o
m

en
t

o
f

th
e

d
en

si
ty

co
rr

es
po

n
d
in

g
to
F

to
be

fi
n

it
e,

a
n

d
∫
‖t
‖K

(t
)d

t
<
∞

(w
h
ic

h
im

p
li

es
th

a
t
‖t
‖K

(t
)
→

0
a
s
‖t
‖
→
∞

).
A

ls
o
,

a
ss

u
m

e
th

a
t
n
h

2
d
/

lo
g
n
→
∞

a
s
n
→
∞

.
W

e
ca

n
n

o
w

ch
oo

se
M

1
=
M

2
=
√
n

to
en

su
re

th
a
t

bo
th
P

(‖
X
‖
≥
M

1
)
≤
h
d
ε/

2K
(0

)
a
n

d
K

(t
)
≤
h
d
ε/

2
fo

r
‖t
‖
≥
M

2
h
o
ld

fo
r

a
su

ffi
ci

en
tl

y
la

rg
e
n

.

P
ro

o
f

o
f

T
h

e
o
re

m
6
(a

)
:

C
on

si
d

er
tw

o
in

d
ep

en
d

en
t

ra
n

d
om

v
ec

to
rs

X
=

(X
(1

) ,
..
.,

X
(d

) )
T
∼
F
j

an
d

X
1

=
(X

(1
)

1
,.
..
,X

(d
)

1
)T
∼
F
j
,

w
h

er
e

1
≤
j
≤
J

.
It

fo
ll

ow
s

fr
om

(C
1
)

a
n

d

(C
2)

th
at
‖X
−

X
1
‖/
√
d
a
.s
.
→
√

2
σ

2 j
as
d
→
∞
.

S
o,

fo
r

al
m

os
t

ev
er

y
re

al
iz

a
ti

o
n

x
o
f
X
∼
F
j
,

‖x
−

X
1
‖/
√
d
a
.s
.
→
√

2σ
2 i

as
d
→
∞
.

(1
0)

N
ex

t,
co

n
si

d
er

tw
o

in
d

ep
en

d
en

t
ra

n
d

om
ve

ct
o
rs

X
∼
F
j

an
d

X
1
∼
F
i

fo
r

1
≤
i
6=
j
≤
J

.

U
si

n
g

(C
1)

an
d

(C
2)

,
w

e
ge

t
‖X
−

X
1
‖/
√
d
a
.s
.
→
√
σ

2 j
+
σ

2 i
+
ν j
i

as
d
→
∞
.

C
o
n

se
q
u

en
tl

y,

fo
r

al
m

os
t

ev
er

y
re

al
iz

at
io

n
x

of
X
∼
F
j

‖x
−

X
1
‖/
√
d
a
.s
.
→
√
σ

2 j
+
σ

2 i
+
ν j
i

as
d
→
∞
.

(1
1)
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−
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−
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n
fo

rm
a
ti

v
it

y
(C

si
sz

á
r,

19
7
2)

,
w

h
ic

h
is

a
fu

n
ct

io
n

of
th

e
u
n
d
er

ly
in

g
cl

as
s

of
p
ro

b
ab

il
it

y
m

ea
su

re
s

a
n
d

th
e

p
ri

or
.

A
p
p
li
ca

ti
on

o
f

o
u
r

b
o
u
n
d
s

re
q
u
ir

es
u
p
p

er
b

ou
n
d
s

on
th

e
f

-i
n
fo

rm
at

iv
it

y,
th

u
s

w
e

d
er

iv
e

n
ew

u
p
p

er
b

ou
n
d
s

o
n
f

-i
n
fo

rm
a
ti

v
it

y
w

h
ic

h
of

te
n

le
a
d

to
ti

gh
t

B
ay

es
ri

sk
lo

w
er

b
o
u
n
d
s.

O
u
r

te
ch

n
iq

u
e

le
a
d
s

to
g
en

er
a
li
za

ti
on

s
o
f

a
va

ri
et

y
of

cl
as

si
ca

l
m

in
im

a
x

b
o
u
n
d
s

(e
.g

.,
g
en

er
al

iz
ed

F
an

o
’s

in
eq

u
a
li
ty

).
O

u
r

B
ay

es
ri

sk
lo

w
er

b
o
u
n
d
s

ca
n

b
e

d
ir

ec
tl

y
ap

p
li
ed

to
se

ve
ra

l
co

n
cr

et
e

es
ti

m
a
ti

o
n

p
ro

b
le

m
s,

in
cl

u
d
in

g
G

a
u
ss

ia
n

lo
ca

ti
on

m
o
d
el

s,
g
en

er
al

iz
ed

li
n
ea

r
m

o
d
el

s,
an

d
p
ri

n
ci

p
al

co
m

p
on

en
t

an
a
ly

si
s

fo
r

sp
ik

ed
co

va
ri

a
n
ce

m
o
d
el

s.
T

o
fu

rt
h
er

d
em

o
n
st

ra
te

th
e

ap
p
li
ca

ti
o
n
s

of
ou

r
B

ay
es

ri
sk

lo
w

er
b

ou
n
d
s

to
m

ac
h
in

e
le

a
rn

in
g

p
ro

b
le

m
s,

w
e

p
re

se
n
t

tw
o

n
ew

th
eo

re
ti

ca
l

re
su

lt
s:

(1
)

a
p
re

ci
se

ch
ar

ac
te

ri
za

ti
o
n

of
th

e
m

in
im

a
x

ri
sk

of
le

a
rn

in
g

sp
h
er

ic
al

G
a
u
ss

ia
n

m
ix

tu
re

m
o
d
el

s
u
n
d
er

th
e

sm
o
o
th

ed
an

a
ly

si
s

fr
am

ew
or

k
,

an
d

(2
)

lo
w

er
b

o
u
n
d
s

fo
r

th
e

B
ay

es
ri

sk
u
n
d
er

a
n
at

u
ra

l
p
ri

o
r

fo
r

b
ot

h
th

e
p
re

d
ic

ti
on

an
d

es
ti

m
a
ti

on
er

ro
rs

fo
r

h
ig

h
-d

im
en

si
o
n
al

sp
ar

se
li
n
ea

r
re

g
re

ss
io

n
u
n
d
er

an
im

p
ro

p
er

le
ar

n
in

g
se

tt
in

g.

K
e
y
w

o
rd

s:
B

ay
es

ri
sk

,
M

in
im

ax
ri

sk
,
f

-d
iv

er
ge

n
ce

,
f

-i
n
fo

rm
at

iv
it

y,
F

a
n
o’

s
in

eq
u
al

it
y,

S
m

o
ot

h
ed

an
a
ly

si
s

1
.
In

tr
o
d
u
ct
io
n

C
on

si
d

er
a

st
an

d
ar

d
se

tt
in

g
w

h
er

e
w

e
ob

se
rv

e
d

at
a

p
oi

n
ts
X

ta
k
in

g
va

lu
es

in
a

sa
m

p
le

sp
ac

e
X

.
T

h
e

d
is

tr
ib

u
ti

on
of
X

d
ep

en
d

s
on

an
u

n
k
n

ow
n

p
ar

am
et

er
θ
∈

Θ
a
n

d
is

d
en

o
te

d
b
y
P
θ
.

T
h

e
go

al
is

to
co

m
p

u
te

an
es

ti
m

at
e

of
θ

b
as

ed
on

th
e

ob
se

rv
ed

sa
m

p
le

s.
F

or
m

a
ll

y,
w

e
d

en
ot

e
th

e
es

ti
m

at
or

b
y
d(
X

),
w

h
er

e
d

:
X
→

Θ
is

a
m

ap
p

in
g

fr
om

th
e

sa
m

p
le

sp
a
ce

to
th

e
p

ar
am

et
er

sp
ac

e.
T

h
e

ri
sk

of
th

e
es

ti
m

at
or

is
d

efi
n

ed
b
y
E θ
L

(θ
,d

(X
))

w
h

er
e
L

:

c ©
2
0
1
6

X
i

C
h

en
,

A
d

it
y
a
n

a
n

d
G

u
n
tu

b
o
y
in

a
,

a
n

d
Y

u
ch

en
Z

h
a
n

g
.
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C
h
e
n

a
n
d

G
u
n
t
u
b
o
y
in

a
a
n
d

Z
h
a
n
g

Θ
×
A
7→

[0
,∞

)
is

a
n

on
-n

eg
a
ti

ve
lo

ss
fu

n
ct

io
n

.
T

h
is

fr
a
m

ew
o
rk

ap
p

li
es

to
a

b
ro

ad
sc

o
p

e
of

m
ac

h
in

e
le

ar
n

in
g

p
ro

b
le

m
s.

T
a
k
in

g
sp

a
rs

e
li

n
ea

r
re

g
re

ss
io

n
as

a
co

n
cr

et
e

ex
a
m

p
le

,
th

e
d

at
a
X

re
p

re
se

n
ts

th
e

d
es

ig
n

m
at

ri
x

an
d

th
e

re
sp

o
n

se
ve

ct
o
r;

th
e

p
ar

a
m

et
er

sp
ac

e
is

th
e

se
t

o
f

sp
ar

se
ve

ct
or

s;
th

e
lo

ss
fu

n
ct

io
n

ca
n

b
e

ch
o
se

n
a
s

a
sq

u
a
re

d
lo

ss
.

G
iv

en
an

es
ti

m
a
ti

o
n

p
ro

b
le

m
,

w
e

a
re

in
te

re
st

ed
in

th
e

lo
w

es
t

p
os

si
b

le
ri

sk
a
ch

ie
va

b
le

b
y

an
y

es
ti

m
at

or
,

w
h

ic
h

w
il

l
b

e
u

se
fu

l
in

ju
st

if
y
in

g
th

e
p

ot
en

ti
a
l

o
f

im
p

ro
v
in

g
ex

is
ti

n
g

al
g
or

it
h

m
s.

T
h

e
cl

a
ss

ic
a
l

n
ot

io
n

o
f

op
ti

m
a
li

ty
is

fo
rm

a
li

ze
d

b
y

th
e

so
-c

a
ll

ed
m

in
im

a
x

ri
sk

.
M

or
e

sp
ec

ifi
ca

ll
y,

w
e

a
ss

u
m

e
th

at
th

e
st

a
ti

st
ic

ia
n

ch
o
os

es
a
n

o
p
ti

m
a
l

es
ti

m
a
to

r
d,

th
en

th
e

a
d

ve
rs

ar
y

ch
o
os

es
th

e
w

o
rs

t
p

ar
a
m

et
er
θ

b
y

k
n

ow
in

g
th

e
ch

o
ic

e
of

d.
T

h
e

m
in

im
a
x

ri
sk

is
d

efi
n

ed
as

:

R
m

in
im

a
x
(L

;Θ
)

:=
in

f
d

su
p

θ
∈Θ

E θ
L

(θ
,d

(X
))
.

(1
)

T
h

e
m

in
im

a
x

ri
sk

h
a
s

b
ee

n
d

et
er

m
in

ed
u

p
to

m
u

lt
ip

li
ca

ti
ve

co
n

st
a
n
ts

fo
r

m
a
n
y

im
p

or
-

ta
n
t

p
ro

b
le

m
s.

E
x
am

p
le

s
in

cl
u

d
e

sp
a
rs

e
li

n
ea

r
re

g
re

ss
io

n
(R

a
sk

u
tt

i
et

a
l.

,
2
01

1
),

cl
a
s-

si
fi

ca
ti

on
(Y

an
g,

1
99

9
),

a
d

d
it

iv
e

m
o
d

el
s

ov
er

ke
rn

el
cl

a
ss

es
(R

as
k
u

tt
i

et
a
l.

,
2
0
12

),
an

d
cr

ow
d

so
u

rc
in

g
(Z

h
a
n

g
et

a
l.

,
2
0
16

).
T

h
e

as
su

m
p

ti
o
n

th
at

th
e

ad
ve

rs
a
ry

is
ca

p
a
b

le
o
f

ch
o
o
si

n
g

a
w

or
st

-c
as

e
p

a
ra

m
et

er
is

so
m

et
im

es
ov

er
-p

es
si

m
is

ti
c.

In
p

ra
ct

ic
e,

th
e

p
a
ra

m
et

er
th

at
in

cu
rs

a
w

or
st

-c
as

e
ri

sk
m

ay
a
p

p
ea

r
w

it
h

ve
ry

sm
a
ll

p
ro

b
a
b

il
it

y.
T

o
ca

p
tu

re
th

e
h

ar
d

n
es

s
o
f

th
e

p
ro

b
le

m
w

it
h

th
is

p
ri

o
r

k
n

ow
le

d
ge

,
it

is
re

a
so

n
a
b

le
to

a
ss

u
m

e
th

a
t

th
e

tr
u

e
p

a
ra

m
et

er
is

sa
m

p
le

d
fr

o
m

a
n

u
n

d
er

ly
in

g
p

ri
or

d
is

tr
ib

u
ti

on
w

.
In

th
is

ca
se

,
w

e
a
re

in
te

re
st

ed
in

th
e

B
a
ye

s
ri

sk
of

th
e

p
ro

b
le

m
.

T
h

at
is

,
th

e
lo

w
es

t
p

o
ss

ib
le

ri
sk

w
h

en
th

e
tr

u
e

p
a
ra

m
et

er
is

sa
m

p
le

d
fr

o
m

th
e

p
ri

o
r

d
is

tr
ib

u
ti

on
:

R
B

a
y
es

(w
,L

;Θ
)

:=
in

f
d

∫ Θ
E θ
L

(θ
,d

(X
))
w

(d
θ)
.

(2
)

If
th

e
p

ri
or

d
is

tr
ib

u
ti

on
w

is
k
n
ow

n
to

th
e

le
ar

n
er

,
th

en
th

e
B

ay
es

es
ti

m
a
to

r
at

ta
in

s
th

e
B

ay
es

ri
sk

(B
er

g
er

,
2
0
13

).
B

u
t

in
g
en

er
a
l,

th
e

B
ay

es
es

ti
m

a
to

r
is

co
m

p
u

ta
ti

o
n

a
ll

y
h

a
rd

to
ev

a
lu

at
e,

a
n

d
th

e
B

ay
es

ri
sk

h
as

n
o

cl
o
se

d
-f

or
m

ex
p

re
ss

io
n

.
It

is
th

u
s

u
n

cl
ea

r
w

h
at

is
th

e
fu

n
d

a
m

en
ta

l
li

m
it

of
es

ti
m

a
to

rs
w

h
en

th
e

p
ri

o
r

k
n

ow
le

d
g
e

is
av

ai
la

b
le

.
In

th
is

p
ap

er
,

w
e

p
re

se
n
t

a
te

ch
n

iq
u
e

fo
r

es
ta

b
li

sh
in

g
lo

w
er

b
ou

n
d

s
o
n

th
e

B
ay

es
ri

sk
fo

r
a

ge
n

er
al

p
ri

o
r

d
is

tr
ib

u
ti

on
w

.
W

h
en

th
e

lo
w

er
b

o
u

n
d

m
a
tc

h
es

th
e

ri
sk

o
f

a
n
y

ex
is

ti
n
g

a
lg

or
it

h
m

,
it

ca
p

tu
re

s
th

e
co

n
ve

rg
en

ce
ra

te
o
f

th
e

B
ay

es
ri

sk
.

T
h

e
B

ay
es

ri
sk

lo
w

er
b

o
u

n
d

s
a
re

u
se

fu
l

fo
r

th
re

e
m

ai
n

re
a
so

n
s:

1.
T

h
ey

p
ro

v
id

e
a
n

id
ea

o
f

th
e

d
iffi

cu
lt

y
o
f

th
e

p
ro

b
le

m
u

n
d

er
a

sp
ec

ifi
c

p
ri

or
w

.

2.
T

h
ey

au
to

m
at

ic
a
ll

y
p

ro
v
id

e
lo

w
er

b
o
u

n
d

s
fo

r
th

e
m

in
im

a
x

ri
sk

an
d

,
b

ec
a
u

se
th

e
m

in
-

im
ax

re
g
re

t
is

al
w

ay
s

la
rg

er
th

a
n

o
r

eq
u

a
l

to
th

e
m

in
im

ax
ri

sk
(s

ee
,

fo
r

ex
am

p
le

,
R

a
k
h

li
n

et
al

.
(2

0
13

))
,

th
ey

a
ls

o
y
ie

ld
lo

w
er

b
o
u

n
d

s
fo

r
th

e
m

in
im

ax
re

gr
et

.

3.
A

s
w

e
w

il
l

sh
ow

,
th

ey
h

av
e

a
n

im
p

o
rt

a
n
t

a
p

p
li

ca
ti

o
n

in
es

ta
b

li
sh

in
g

th
e

m
in

im
a
x

lo
w

er
b

ou
n

d
u

n
d

er
th

e
sm

oo
th

ed
a
n

a
ly

si
s

fr
a
m

ew
o
rk

.

T
h

ro
u

g
h

o
u

t
th

is
p

ap
er

,
w

h
en

th
e

lo
ss

fu
n

ct
io

n
L

a
n

d
th

e
p

a
ra

m
et

er
sp

a
ce

Θ
a
re

cl
ea

r
fr

o
m

th
e

co
n
te

x
t,

w
e

si
m

p
ly

d
en

o
te

th
e

B
ay

es
ri

sk
b
y
R

B
a
y
es

(w
).

W
h

en
th

e
p

ri
o
r
w

is
a
ls

o
cl

ea
r,

th
e

n
ot

at
io

n
is

fu
rt

h
er

si
m

p
li

fi
ed

to
R

.

2
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O
n

B
a
y
e
s

r
isk

l
o
w

e
r

b
o
u
n
d
s

1
.1

O
u

r
M

a
in

R
e
su

lts

In
o
rd

er
to

give
th

e
rea

d
er

a
fl

avo
r

o
f

th
e

k
in

d
o
f

resu
lts

p
roved

in
th

is
p

a
p

er,
let

u
s

co
n

sid
er

F
a
n

o
’s

cla
ssica

l
in

eq
u

ality
(H

an
an

d
V

erd
ú

,
19

9
4
;
C

over
a
n

d
T

h
om

a
s,

2
00

6
;
Y

u
,
19

9
7
)

w
h

ich
is

o
n

e
o
f

th
e

m
o
st

w
id

ely
u

sed
B

ayes
risk

low
er

b
o
u

n
d

s
in

sta
tistics

a
n

d
in

form
a
tio

n
th

eo
ry.

T
h

e
sta

n
d

ard
version

o
f

F
a
n

o
’s

in
eq

u
a
lity

a
p

p
lies

to
th

e
ca

se
w

h
en

Θ
=
A

=
{1
,...,N

}
for

so
m

e
p

o
sitive

in
teger

N
w

ith
th

e
in

d
ica

to
r

loss
L

(θ,a
)

:=
I{
θ
6=
a}

(I
stan

d
s

fo
r

th
e

zero
-o

n
e

va
lu

ed
in

d
ica

tor
fu

n
ctio

n
)

an
d

th
e

p
rior

w
b

ein
g

th
e

d
iscrete

u
n

ifo
rm

d
istrib

u
tio

n
o
n

Θ
.

In
th

is
settin

g
,

F
a
n

o
’s

in
eq

u
ality

sta
tes

th
a
t

R
B

a
y
es (w

)≥
1−

I
(w
,P

)
+

lo
g

2

log
N

(3)

w
h

ere
I
(w
,P

)
is

th
e

m
u

tu
a
l

in
form

atio
n

b
etw

een
th

e
ra

n
d

o
m

va
ria

b
les

θ
∼
w

a
n

d
X

w
ith

X
|θ
∼
P
θ

(n
o
te

th
a
t

th
is

m
u

tu
a
l

in
fo

rm
atio

n
o
n

ly
d

ep
en

d
s

o
n
w

an
d
P

=
{P

θ
:
θ
∈

Θ
}

w
h

ich
is

w
h
y

w
e

d
en

ote
it

b
y
I
(w
,P

)).
F

a
n

o
’s

in
eq

u
a
lity

im
p

lies
th

a
t

w
h

en
I
(w

;P
)

is
large

i.e.,
w

h
en

th
e

in
form

atio
n

th
a
t
X

h
a
s

ab
ou

t
θ

is
la

rg
e,
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a
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s
a
n
d

N
o
ta
tio

n
s

W
e

fi
rst

rev
iew

th
e

n
o
tion

s
of
f

-d
iverg

en
ce

(C
siszá

r,
1
9
63

;
A

li
a
n

d
S

ilvey
,

1
9
6
6)

an
d
f

-
in

form
a
tiv

ity
(C

siszár,
1
97

2
).

L
etC

d
en

o
te

th
e

cla
ss

o
f

a
ll

co
n
vex

fu
n

ctio
n

s
f

:
(0,∞

)→
R

w
h

ich
sa

tisfy
f

(1
)

=
0.

B
ecau

se
of

co
n
vex

ity,
th

e
lim

its
f

(0
)

:=
lim

x↓
0
f

(x
)

a
n

d
f
′(∞

)
:=

lim
x↑∞

f
(x

)/
x

ex
ist

(even
th

o
u

g
h

th
ey

m
ay

b
e

+
∞

)
fo

r
ea

ch
f
∈
C

.
E

a
ch

fu
n

ction
f
∈
C

d
efi

n
es

a
d

ivergen
ce

b
etw

een
p

ro
b

a
b

ility
m

ea
su

res
w

h
ich

is
referred

to
a
s
f

-d
iverg

en
ce.

F
or

tw
o

p
rob

ab
ility

m
ea

su
res

P
a
n

d
Q

on
a

sa
m

p
le

sp
ace

h
av

in
g

d
en

sities
p

a
n

d
q

w
ith

resp
ect

to
a

com
m

on
m

ea
su

re
µ

,
th

e
f

-d
iverg

en
ce
D
f (P
||Q

)
b

etw
een

P
a
n

d
Q

is
d

efi
n

ed
a
s

follow
s:

D
f (P
||Q

)
:=

∫
f (

pq )
qd
µ

+
f
′(∞

)P
{q

=
0}
.

(9
)

W
e

n
o
te

th
at

th
e

co
n
ven

tio
n

0·∞
=

0
is

a
d

o
p

ted
h

ere
so

th
at
f
′(∞

)P
{
q

=
0}

=
0

w
h

en
f
′(∞

)
=
∞

a
n

d
P
{q

=
0}

=
0
.

N
ote

th
a
t
D
f (P
‖
Q

)
=

+
∞

w
h

en
f
′(∞

)
=

+
∞

a
n

d
P
{q

=
0}
>

0.
A

lso
n

ote
th

a
t
f

(1
)

=
0

im
p

lies
th

at
D
f (P
‖Q

)
=

0
w

h
en

P
=
Q

.

C
erta

in
d

ivergen
ces

are
co

m
m

o
n

ly
u

sed
b

eca
u

se
th

ey
ca

n
b

e
ea

sily
com

p
u

ted
o
r

b
o
u

n
d

ed
w

h
en

P
a
n

d
Q

a
re

p
ro

d
u

ct
m

ea
su

res.
T

h
ese

d
iv

erg
en

ces
a
re

th
e

p
ow

er
d

iverg
en

ces
co

rre-
sp

on
d

in
g

to
th

e
fu

n
ctio

n
s
f
α

d
efi

n
ed

b
y

f
α
(x

)
=



x
α−

1
fo

r
α
6∈

[0,1];

1−
x
α

fo
r

α
∈

(0,1
);

x
lo

g
x

for
α

=
1
;

−
lo

g
x

for
α

=
0.

P
o
p

u
la

r
ex

a
m

p
les

o
f

p
ow

er
d

iverg
en

ces
in

clu
d

e:

1
)

K
u

llb
a
ck

-L
eib

ler
(K

L
)

d
ivergen

ce:
α

=
1
,
D
f
1 (P
||Q

)
=
∫
p

lo
g
(p
/q)d

µ
if
P

is
a
b

-
so

lu
tely

con
tin

u
o
u

s
w

ith
resp

ect
to
Q

(a
n

d
it

is
in

fi
n

ite
if
P

is
n

o
t

a
b

so
lu

tely
co

n
tin

u
ou

s
w

ith
resp

ect
to
Q

).
F

o
llow

in
g

th
e

con
v
en

tio
n

a
l

n
o
ta

tio
n

,
w

e
d

en
o
te

th
e

K
L

d
iv

erg
en

ce
b
y

D
(P
||Q

)
(in

stea
d

o
f
D
f
1 (P
||Q

)).

2
)

C
h

i-sq
u

a
red

d
iverg

en
ce:

α
=

2
,
D
f
2 (P
||Q

)
=
∫

(p
2/
q)d

µ
−

1
if
P

is
ab

solu
tely

co
n
tin

u
o
u

s
w

ith
resp

ect
to

Q
(a

n
d

it
is

in
fi

n
ite

if
P

is
n

ot
ab

so
lu

tely
co

n
tin

u
o
u

s
w

ith
resp

ect
to
Q

).
W

e
d

en
ote

th
e

ch
i-sq

u
a
red

d
iv

ergen
ce

b
y
χ

2(P
||Q

)
fo

llow
in

g
th

e
co

n
v
en

tion
al

n
o
ta

tion
.

3
)

W
h

en
α

=
1
/2

,
o
n

e
h

a
s
D
f
1
/
2 (P
||Q

)
=

1−
∫
√
p
qd
µ

w
h

ich
is

a
h

alf
of

th
e

sq
u

a
red

H
ellin

g
er

d
istan

ce.
T

h
at

is,
D
f
1
/
2 (P
||Q

)
=
H

2(P
||Q

)/
2
,

w
h

ere
H

2(P
||Q

)
=
∫

( √
p−
√
q)

2d
µ

is
th

e
sq

u
ared

H
ellin

ger
d

istan
ce

b
etw

een
P

a
n

d
Q

.

T
h

e
tota

l
variatio

n
d

istan
ce‖

P
−
Q
‖
T
V

is
a
n

o
th

er
f

-d
ivergen

ce
(w

ith
f

(x
)

=
|x−

1|/
2
)

b
u

t
n

o
t

a
p

ow
er

d
iv

ergen
ce.

O
n

e
o
f
th

e
m

ost
im

p
o
rtan

t
p

rop
erties

o
f
f

-d
iverg

en
ces

is
th

e
“
d
a
ta

p
ro

cessin
g

in
eq

u
ality

”
(C

siszár
(1

97
2
)

an
d

L
iese

(2
0
12

,
T

h
eorem

3
.1))

w
h

ich
states

th
e

fo
llow

in
g
:

letX
an

d
Y

b
e

tw
o

m
easu

rab
le

sp
aces

a
n

d
let

Γ
:X
→
Y

b
e

a
m

easu
ra

b
le

fu
n

ctio
n

.
F

o
r

every
f
∈
C

a
n

d
every

p
a
ir

of
p

ro
b

a
b

ility
m

ea
su

res
P

an
d
Q

o
n
X

,
w

e
h

ave

D
f (P

Γ
−

1||Q
Γ
−

1)≤
D
f (P
||Q

),
(1

0)
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C
h
e
n

a
n
d

G
u
n
t
u
b
o
y
in

a
a
n
d

Z
h
a
n
g

w
h

ere
P

Γ
−

1
an

d
Q

Γ
−

1
d

en
ote

th
e

in
d
u

ced
m

ea
su

res
of

Γ
o
n
Y

,
i.e.,

for
a
n
y

m
easu

rab
le

set
B

o
n

th
e

sp
ace
Y

,
P

Γ
−

1(B
)

:=
P

(Γ
−

1(B
)),

Q
Γ
−

1(B
)

:=
Q

(Γ
−

1(B
))

(see
th

e
d

efi
n

ition
of

in
d

u
ced

m
easu

re
from

D
efi

n
ition

2.2.1.
in

A
th

reya
an

d
L

ah
iri

(20
06)).

N
ex

t,
w

e
in

tro
d

u
ce

th
e

n
otion

of
f

-in
form

a
tiv

ity
(C

siszár,
1972).

L
etP

=
{
P
θ

:
θ
∈

Θ
}

b
e

a
fam

ily
of

p
ro

b
ab

ility
m

easu
res

on
a

sp
ace
X

an
d
w

b
e

a
p

ro
b

ab
ility

m
ea

su
re

on
Θ

.
F

or
ea

ch
f
∈
C

,
th

e
f

-in
form

ativ
ity,

I
f (w

,P
),

is
d

efi
n

ed
as

I
f (w

,P
)

=
in

f
Q

∫
D
f (P

θ ||Q
)w

(d
θ),

(11)

w
h

ere
th

e
in

fi
m

u
m

is
tak

en
over

all
p

ossib
le

p
rob

ab
ility

m
easu

res
Q

on
X

.
W

h
en

f
(x

)
=

x
log

x
(so

th
at

th
e

corresp
on

d
in

g
f

-d
ivergen

ce
is

th
e

K
L

d
iv

ergen
ce),

th
e
f

-in
form

ativ
ity

is
eq

u
al

to
th

e
m

u
tu

al
in

form
ation

an
d

is
d

en
oted

b
y
I
(w
,P

).
W

e
d

en
ote

th
e

in
form

ativ
ity

co
rresp

on
d

in
g

to
th

e
p

ow
er

d
ivergen

ce
D
f
α

b
y
I
f
α
(w
,P

).
F

or
th

e
sp

ecia
l

case
α

=
2,

w
e

u
se

th
e

m
o
re

su
ggestive

n
otation

I
χ
2 (w

,P
).

T
h

e
in

form
ativ

ity
corresp

on
d

in
g

to
th

e
total

va
ria

tion
d

istan
ce

w
ill

b
e

d
en

oted
b
y
I
T
V

(w
,P

).
A

d
d

ition
al

n
otation

s
an

d
d
efi

n
ition

s
are

d
escrib

ed
as

follow
s.

R
ecall

th
e

B
ayes

risk
(2)

a
n

d
th

e
m

in
im

ax
risk

(1).
W

h
en

th
e

loss
fu

n
ction

L
an

d
p

ara
m

eter
sp

ace
Θ

are
clear

from
th

e
con

tex
t,

w
e

d
rop

th
e

d
ep

en
d

en
ce

on
L

an
d

Θ
.

W
h

en
th

e
p

rior
w

is
a
lso

clear
from

th
e

co
n
tex

t,
w

e
d

en
ote

th
e

B
ayes

risk
b
y
R

an
d

th
e

m
in

im
ax

risk
b
y
R

m
in

im
a
x .

W
e

n
eed

certa
in

n
otation

for
coverin

g
n
u

m
b

ers.
F

or
a

given
f

-d
ivergen

ce
an

d
a

su
b

set
S
⊂

Θ
,

let
M
f (ε,S

)
d

en
ote

a
n
y

u
p

p
er

b
ou

n
d

on
th

e
sm

allest
n
u

m
b

er
M

for
w

h
ich

th
ere

ex
ist

p
rob

-
ab

ility
m

easu
res

Q
1 ,...,Q

M
th

at
form

an
ε
2-cov

er
of{P

θ ,θ
∈
S}

u
n

d
er

th
e
f

-d
ivergen

ce
i.e.,

su
p

θ∈
S

m
in

1≤
j≤
M
D
f (P

θ ||Q
j )≤

ε
2.

(12)

W
e

w
rite

th
e

coverin
g

n
u

m
b

er
as

M
K
L

(ε,S
)

w
h

en
f

(x
)

=
x

log
x

an
d
M
χ
2 (ε,S

)
w

h
en

f
(x

)
=
x

2−
1.

W
e

w
rite

M
α
(ε,S

)
w

h
en

f
=
f
α

for
oth

er
α
∈
R

.
W

e
n

ote
th

at
log

M
f (ε,S

)
is

a
n

u
p

p
er

b
ou

n
d

on
th

e
m

etric
en

trop
y.

T
h

e
q
u

an
tity

M
f (ε,S

)
can

b
e

in
fi

n
ite

if
S

is
arb

itrary.
F

or
a

vector
x

=
(x

1 ,...,x
d )

an
d

a
real

n
u

m
b

er
p
≥

1,
d

en
o
te

b
y
‖
x‖

p
th

e
`
p -

n
orm

o
f
x

.
In

p
a
rticu

lar,‖x‖
2

d
en

otes
th

e
E

u
clid

ean
n

orm
o
f
x

.
I(A

)
d

en
otes

th
e

in
d

icator
fu

n
ction

w
h

ich
takes

valu
e

1
w

h
en

A
is

tru
e

an
d

0
oth

erw
ise.

W
e

u
se
C

,
c,

etc.
to

d
en

ote
gen

eric
co

n
stan

ts
w

h
ose

valu
es

m
igh

t
ch

an
ge

from
p

lace
to

p
lace.

3
.
B
a
y
e
s
R
isk

L
o
w
e
r
B
o
u
n
d
s
fo
r
Z
e
ro

-o
n
e
V
a
lu
e
d

L
o
ss

F
u
n
ctio

n
s
a
n
d

T
h
e
ir

A
p
p
lica

tio
n
s

In
th

is
section

,
w

e
con

sid
er

zero-on
e

loss
fu

n
ction

s
L

an
d

p
resen

t
a

p
rin

cip
led

ap
p

ro
ach

to
d

erive
B

ayes
risk

low
er

b
ou

n
d

s
in

volv
in

g
f

-in
form

ativ
ity

for
ev

ery
f
∈
C

.
O

u
r

resu
lts

h
old

fo
r

an
y

given
p

rior
w

an
d

zero-on
e

loss
L

.
B

y
sp

ecia
lizin

g
th

e
f

-d
iverg

en
ce

to
K

L
d

iverg
en

ce,
w

e
ob

tain
th

e
gen

eralized
F

an
o’s

in
eq

u
ality

(5).
W

h
en

sp
ecializin

g
to

oth
er

f
-d

iverg
en

ces,
ou

r
b

ou
n

d
s

lead
to

som
e

classical
m

in
im

ax
b

ou
n

d
s

o
f

L
e

C
a
m

an
d

A
ssou

ad
(A

ssou
ad

,
1983

),
m

ore
recen

t
m

in
im

ax
resu

lts
of

G
u

sh
ch

in
(200

3);
B

irgé
(20

05)
an

d
also

resu
lts

in
T

sy
b

a
kov

(2010,
C

h
ap

ter
2).

B
ayes

risk
low

er
b

ou
n

d
s

for
gen

era
l

n
on

n
egative

loss
fu

n
ction

s
w

ill
b

e
p

resen
ted

in
th

e
n

ex
t

section
.

W
e

n
eed

ad
d

ition
al

n
otation

s
to

state
th

e
m

ain
resu

lts
of

th
is

section
.

F
or

each
f
∈
C

,
let

φ
f

:
[0,1] 2→

R
b

e
th

e
fu

n
ction

d
efi

n
ed

in
th

e
follow

in
g

w
ay

:
for

a
,b∈

[0,1] 2,
φ
f (a

,b)
is

th
e
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O
n

B
a
y
e
s

r
is

k
l
o
w

e
r

b
o
u
n
d
s

f
-d

iv
er

ge
n

ce
b

et
w

ee
n

th
e

tw
o

p
ro

b
ab

il
it

y
m

ea
su

re
s
P

an
d
Q

on
{0
,1
}

gi
ve

n
b
y
P
{1
}

=
a

an
d
Q
{1
}

=
b.

B
y

th
e

d
efi

n
it

io
n

(9
),

it
is

ea
sy

to
se

e
th

at
φ
f
(a
,b

)
h

a
s

th
e

fo
ll

ow
in

g
ex

p
re

ss
io

n
(r

ec
al

l
th

at
f
′ (
∞

)
:=

li
m
x
↑∞

f
(x

)/
x

):

φ
f
(a
,b

)
=

      

bf
( a b
) +

(1
−
b)
f
( 1
−
a

1
−
b

)
fo

r
0
<
b
<

1;

f
(1
−
a
)

+
a
f
′ (
∞

)
fo

r
b

=
0;

f
(a

)
+

(1
−
a
)f
′ (
∞

)
fo

r
b

=
1.

(1
3)

T
h

e
co

n
ve

x
it

y
of
f

im
p

li
es

m
on

ot
on

ic
it

y
an

d
co

n
ve

x
it

y
p

ro
p

er
ti

es
of
φ
f
,

w
h

ic
h

is
st

a
te

d
in

th
e

fo
ll

ow
in

g
le

m
m

a.

L
e
m

m
a

1
F

o
r

ea
ch

f
∈
C,

fo
r

ev
er

y
fi

xe
d
b,

th
e

m
a
p
g
(a

)
:
a
7→
φ
f
(a
,b

)
is

n
o
n

-i
n

cr
ea

si
n

g
fo

r
a
∈

[0
,b

]
a
n

d
g
(a

)
is

co
n

ve
x

a
n

d
co

n
ti

n
u

o
u

s
in
a

.
F

u
rt

h
er

,
fo

r
ev

er
y

fi
xe

d
a

,
th

e
m

a
p

h
(b

)
:
b
7→
φ
f
(a
,b

)
is

n
o
n

-d
ec

re
a
si

n
g

fo
r
b
∈

[a
,1

].

W
e

al
so

d
efi

n
e

th
e

q
u

an
ti

ty

R
0

:=
in

f
a
∈A

∫ Θ
L

(θ
,a

)w
(d
θ)
,

(1
4)

w
h

er
e

th
e

d
ec

is
io

n
a

d
o
es

n
ot

d
ep

en
d

on
d

at
a
X

.
N

ot
e

th
at
R

0
re

p
re

se
n
ts

th
e

B
ay

es
ri

sk
w

it
h

re
sp

ec
t

to
w

in
th

e
“n

o
d
at

a”
p

ro
b

le
m

i.
e.

,
w

h
en

on
e

on
ly

h
as

in
fo

rm
at

io
n

o
n

Θ
,
A

,
L

a
n

d
th

e
p

ri
or
w

b
u

t
n

ot
th

e
d

at
a
X

.
F

or
si

m
p

li
ci

ty
,

ou
r

n
ot

at
io

n
fo

r
R

0
su

p
p

re
ss

es
it

s
d

ep
en

d
en

ce
on

w
.

B
ec

au
se

th
e

lo
ss

fu
n

ct
io

n
is

ze
ro

-o
n

e
va

lu
ed

so
th

at
L

(θ
,a

)
=

1
−
I(
L

(θ
,a

)
=

0
),

th
e

q
u

an
ti

ty
R

0
h

as
th

e
fo

ll
ow

in
g

al
te

rn
a
ti

ve
ex

p
re

ss
io

n
:

R
0

=
1
−

su
p

a
∈A

w
(B

(a
))
,

(1
5)

w
h

er
e

B
(a

)
:=
{θ
∈

Θ
:
L

(θ
,a

)
=

0}
,

(1
6
)

an
d
w

(B
(a

))
is

th
e

p
ri

or
m

as
s

of
th

e
“b

a
ll

”
B

(a
).

It
w

il
l

b
e

im
p

or
ta

n
t

in
th

e
se

q
u

el
to

ob
se

rv
e

th
at

th
e

B
ay

es
ri

sk
,
R

B
a
y
es

(w
)

is
b

ou
n

d
ed

fr
om

ab
ov

e
b
y
R

0
.

T
h

is
is

o
b
v
io

u
s

b
ec

au
se

th
e

ri
sk

w
it

h
so

m
e

d
at

a
ca

n
n

ot
b

e
gr

ea
te

r
th

an
th

e
ri

sk
in

th
e

n
o

d
a
ta

p
ro

b
le

m
(w

h
ic

h
ca

n
b

e
v
ie

w
ed

as
an

ap
p

li
ca

ti
on

of
th

e
d

at
a

p
ro

ce
ss

in
g

in
eq

u
al

it
y
).

F
o
rm

a
ll

y,
if

D
=
{d

:
∃a
∈
A

su
ch

th
at

d(
x

)
=
a
∀x
∈
X
}

is
th

e
cl

as
s

of
th

e
co

n
st

an
t

d
ec

is
io

n
ru

le
s,

th
en

R
0

=
in

f d
∈D
∫ Θ

E θ
L

(θ
,d

(X
))
w

(d
θ)
≥
R

B
a
y
es

(w
).

B
ec

au
se

0
≤
R

B
a
y
es

(w
)
≤
R

0
,

w
e

h
av

e
R

B
a
y
es

(w
)

=
0

w
h

en
R

0
=

0.
W

e
sh

al
l

th
er

ef
or

e
as

su
m

e
th

ro
u

gh
ou

t
th

is
se

ct
io

n
th

at
R

0
>

0.
T

h
e

m
ai

n
re

su
lt

of
th

is
se

ct
io

n
is

p
re

se
n
te

d
n

ex
t.

It
p

ro
v
id

es
an

im
p

li
ci

t
lo

w
er

b
o
u

n
d

fo
r

th
e

B
ay

es
ri

sk
in

te
rm

s
of
R

0
an

d
th

e
f

-i
n

fo
rm

at
iv

it
y
I f

(w
,P

)
fo

r
ev

er
y
f
∈
C.

T
h

e
on

ly
as

su
m

p
ti

on
is

th
at
L

is
ze

ro
-o

n
e

va
lu

ed
an

d
w

e
d

o
n

ot
as

su
m

e
th

e
ex

is
te

n
ce

o
f

th
e

B
ay

es
d

ec
is

io
n

ru
le

.

T
h

e
o
re

m
2

S
u

p
po

se
th

a
t

th
e

lo
ss

fu
n

ct
io

n
L

is
ze

ro
-o

n
e

va
lu

ed
.

F
o
r

a
n

y
f
∈
C,

w
e

h
a
ve

I f
(w
,P

)
≥
φ
f
(R

B
a
y
es

(w
),
R

0
)

(1
7)

w
h
er

e
φ
f

a
n

d
R

0
a
re

d
efi

n
ed

(1
3)

a
n

d
(1

4)
re

sp
ec

ti
ve

ly
.
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C
h
e
n

a
n
d

G
u
n
t
u
b
o
y
in

a
a
n
d

Z
h
a
n
g

F
ig

u
re

1:
Il

lu
st

ra
ti

o
n

o
n

w
h
y

(1
7)

le
ad

s
to

a
lo

w
er

b
o
u

n
d

o
n
R

B
a
y
es

(w
).

R
ec

a
ll

th
a
t
R
≤
R

0

an
d
r
7→
φ
f
(r
,R

0
)

is
n

on
-i

n
cr

ea
si

n
g

in
r

fo
r
r
∈

[0
,R

0
].

G
iv

en
I f

(w
,P

)
a
s

an
u

p
p

er
b

o
u

n
d

of
φ
f
(R

B
a
y
es

(w
),
R

0
),

w
e

h
av

e
R

B
a
y
es

(w
)
≥
R
L

=
g
−

1
(I
f
(w
,P

))
an

d
th

u
s
R
L

se
rv

es
as

a
B

ay
es

ri
sk

lo
w

er
b

o
u

n
d

.

B
ef

o
re

w
e

p
ro

ve
T

h
eo

re
m

2,
w

e
fi

rs
t

sh
ow

th
a
t

th
e

in
eq

u
al

it
y

(1
7)

in
d

ee
d

p
ro

v
id

es
a
n

im
p

li
ci

t
lo

w
er

b
ou

n
d

fo
r

th
e

B
ay

es
ri

sk
R

:=
R

B
a
y
es

(w
)

si
n

ce
R
≤
R

0
an

d
r
7→
φ
f
(r
,R

0
)

is
n

on
-i

n
cr

ea
si

n
g

in
r

fo
r
r
∈

[0
,R

0
]

(L
em

m
a

1
).

T
h

er
ef

o
re

,
le

t
g
(r

)
:=

φ
f
(r
,R

0
).

W
e

h
av

e

R
B

a
y
es

(w
)
≥
g
−

1
(I
f
(w
,P

))
,

(1
8
)

w
h

er
e
g
−

1
(x

)
:=

in
f{

0
≤
r
≤
R

0
,g

(r
)
≤
x
}

is
th

e
g
en

er
a
li

ze
d

in
ve

rs
e

fu
n

ct
io

n
o
f

th
e

n
o
n

-i
n

cr
ea

si
n

g
g
(r

).
A

s
an

il
lu

st
ra

ti
on

,
w

e
p

lo
t
φ
f
(r
,R

0
)

fo
r
f

(x
)

=
x

lo
g
x

a
n

d
th

e
co

r-
re

sp
o
n

d
in

g
B

ay
es

ri
sk

lo
w

er
b

ou
n

d
g
−

1
(I
f
(w
,P

))
in

F
ig

u
re

1
.

T
h

e
lo

w
er

b
o
u

n
d

(1
8
)

ca
n

b
e

im
m

ed
ia

te
ly

a
p
p

li
ed

to
o
b

ta
in

B
ay

es
ri

sk
lo

w
er

b
o
u

n
d

s
w

h
en

th
e
f

-d
iv

er
g
en

ce
in

(1
7
)

is
ch

i-
sq

u
a
re

d
d

iv
er

ge
n

ce
,

to
ta

l
va

ri
a
ti

o
n

d
is

ta
n

ce
,

o
r

H
el

li
n

g
er

d
is

ta
n

ce
(s

ee
C

o
ro

ll
ar

y
7)

.
H

ow
ev

er
,

fo
r

th
e

K
L

d
iv

er
ge

n
ce

,
th

er
e

is
n

o
si

m
p

le
fo

rm
of
g
−

1
(x

).
T

o
ob

ta
in

th
e

co
rr

e-
sp

on
d

in
g

B
ay

es
ri

sk
lo

w
er

b
o
u

n
d

,
w

e
ca

n
in

ve
rt

(1
7
)

b
y

u
ti

li
zi

n
g

th
e

co
n
ve

x
it

y
o
f
g
(r

),
w

h
ic

h
w

il
l
gi

ve
a

g
en

er
al

iz
ed

F
a
n

o
’s

in
eq

u
al

it
y

(s
ee

C
or

o
ll

a
ry

5
).

In
p

ar
ti

cu
la

r,
si

n
ce
r
7→
φ
f
(r
,R

0
)

is
co

n
ve

x
(s

ee
L

em
m

a
1
),

φ
f
(R
,R

0
)
≥
φ
f
(r
,R

0
)

+
φ
′ f(
r−
,R

0
)(
R
−
r)

fo
r

ev
er

y
0
<
r
≤
R

0

w
h

er
e
φ
′ f(
r−
,R

0
)

d
en

o
te

s
th

e
le

ft
d

er
iv

at
iv

e
of
x
7→
φ
f
(x
,R

0
)

a
t
x

=
r.

T
h

e
m

o
n

o
to

n
ic

it
y

o
f
φ
f
(r
,R

0
)

in
r

(L
em

m
a

1
)

gi
ve

s
φ
′ f(
r−
,R

0
)
≤

0
a
n

d
w

e
th

u
s

h
av

e,

R
≥
r

+
φ
f
(R
,R

0
)
−
φ
f
(r
,R

0
)

φ
′ f(
r−
,R

0
)

fo
r

ev
er

y
0
<
r
≤
R

0
.

In
eq

u
al

it
y

(1
7)
I f

(w
,P

)
≥
φ
f
(R
,R

0
)

ca
n

n
ow

b
e

u
se

d
to

d
ed

u
ce

th
a
t

(n
o
te

th
at
φ
′ f(
r−
,R

0
)
≤

0)

R
≥
r

+
I f

(w
,P

)
−
φ
f
(r
,R

0
)

φ
′ f(
r−
,R

0
)

fo
r

ev
er

y
0
<
r
≤
R

0
.

(1
9)
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O
n

B
a
y
e
s

r
isk

l
o
w

e
r

b
o
u
n
d
s

T
h

e
in

eq
u

alities
(18)

an
d

(19
)

p
rov

id
e

gen
era

l
a
p

p
roa

ch
es

to
co

n
vert

(17
)

to
a
n

ex
p

licit
low

er
b

o
u
n

d
on

R
.

T
h

eorem
2

is
n

ew
,

b
u

t
its

sp
ecia

l
ca

se
Θ

=
A

=
{1
,...,N

}
,
L

(θ,a
)

:=
I{θ
6=
a}

a
n

d
th

e
u

n
iform

p
rio

r
w

is
k
n

ow
n

(see
G

u
sh

ch
in

(2
0
0
3
)

a
n

d
G

u
n
tu

b
oy

in
a

(2
01

1
b

)).
In

su
ch

a
d

iscrete
settin

g
,
w

(B
(a

))
=

1/N
fo

r
a
n
y
a
∈
A

a
n

d
th

u
s
R

0
=

1
−

1/N
.

T
h

e
p

ro
of

o
f

T
h

eo
rem

2
h

eav
ily

relies
o
n

th
e

follow
in

g
lem

m
a
,

w
h

ich
is

a
co

n
seq

u
en

ce
o
f

th
e

d
a
ta

p
ro

cessin
g

in
eq

u
ality

for
f

-d
iverg

en
ces

(see
(1

0)
in

S
ectio

n
2
).

L
e
m

m
a

3
S

u
p
po

se
th

a
t

th
e

lo
ss

fu
n

ctio
n
L

is
zero

-o
n

e
va

lu
ed

.
F

o
r

every
f
∈
C

,
every

p
ro

ba
bility

m
ea

su
re
Q

o
n
X

a
n

d
every

d
ecisio

n
ru

le
d,

w
e

h
a
ve

∫

Θ
D
f (P

θ ||Q
)w

(d
θ)≥

φ
f (R

d,R
dQ

)
(2

0
)

w
h
ere

R
d

:=

∫

Θ
E
θ L

(θ,d(X
))w

(d
θ)

,
R

dQ
:=

∫X

∫

Θ
L

(θ,d(x
))w

(d
θ)Q

(d
x

).
(2

1)

W
e

n
o
te

th
a
t

L
em

m
a

3
is

of
in

d
ep

en
d

en
t

in
terest,

w
h

ich
can

b
e

a
p

p
lied

to
esta

b
lish

m
in

im
a
x

low
er

b
o
u

n
d

a
s

sh
ow

n
in

th
e

fo
llow

in
g

rem
ark

.
P

ro
o
f

[P
ro

of
of

L
em

m
a

3
]

L
et

P
d

en
o
te

th
e

jo
in

t
d

istrib
u

tio
n

of
θ

an
d
X

u
n

d
er

th
e

p
rior

w
i.e.,

θ
∼

w
a
n

d
X
|θ
∼
P
θ .

F
o
r

a
n
y

d
ecisio

n
ru

le
d,
R

d
in

(2
1)

ca
n

b
e

w
ritten

a
s
R

d
=

E
P L

(θ,d(X
)).

L
et

Q
d

en
ote

th
e

jo
in

t
d

istrib
u

tio
n

of
θ

a
n

d
X

u
n

d
er

w
h

ich
th

ey
a
re

in
d

ep
en

d
en

tly
d

istrib
u

ted
a
cco

rd
in

g
to
θ
∼
w

an
d
X
∼
Q

resp
ectively.

T
h

e
q
u

a
n
tity

R
dQ

in
(2

1
)

ca
n

th
en

b
e

w
ritten

a
s
R

dQ
=

E
Q
L

(θ,d(X
)).

B
eca

u
se

th
e

lo
ss

fu
n

ction
is

zero
-o

n
e

va
lu

ed
,

th
e

fu
n

ctio
n

Γ
(θ,x

)
:=

L
(θ,d(x

))
m

a
p

s
Θ
×
X

in
to
{0
,1}.

O
u

r
strateg

y
is

to
fi

x
f
∈
C

a
n

d
a
p

p
ly

th
e

d
a
ta

p
ro

cessin
g

in
eq

u
a
lity

(1
0)

to
th

e
p

ro
b

a
b
ility

m
ea

su
res

P
,Q

an
d

th
e

m
a
p

p
in

g
Γ

.
T

h
is

g
iv

es

D
f (P||Q

)≥
D
f (P

Γ
−

1||Q
Γ
−

1),
(22

)

w
h

ere
P

Γ
−

1
a
n

d
Q

Γ
−

1
a
re

in
d

u
ced

m
ea

su
res

on
th

e
sp

a
ce{0

,1}
o
f

Γ
.

In
o
th

er
w

o
rd

s,
sin

ce
L

is
zero

-o
n

e
va

lu
ed

,
b

o
th

P
Γ
−

1
a
n

d
Q

Γ
−

1
a
re

tw
o
-p

oin
t

d
istrib

u
tio

n
s

o
n
{
0,1}

w
ith

P
Γ
−

1{1}
=

∫
Γ
dP

=
E
P L

(θ,d(X
))

=
R

d,
Q

Γ
−

1{
1}

=

∫
Γ
dQ

=
R

dQ
.

B
y

th
e

d
efi

n
itio

n
of

th
e

fu
n

ctio
n
φ
f (·,·),

it
follow

s
th

a
t
D
f (P

Γ
−

1||Q
Γ
−

1)
=
φ
f (R

d,R
dQ

).
It

is
a
lso

ea
sy

to
see

D
f (P||Q

)
=
∫

Θ
D
f (P

θ ||Q
)w

(d
θ).

C
o
m

b
in

in
g

th
is

eq
u

a
tion

w
ith

in
eq

u
al-

ity
(22

)
esta

b
lish

es
in

eq
u

a
lity

(20
).

W
ith

L
em

m
a

3
in

p
la

ce,
w

e
a
re

rea
d

y
to

p
rov

e
T

h
eo

rem
2.

P
ro

o
f

[P
ro

o
f

o
f

T
h

eo
rem

2]
W

e
w

rite
R

as
a

sh
o
rth

a
n
d

n
o
ta

tio
n

o
f
R

B
a
y
es (w

).
B

y
th

e
d

efi
n

itio
n

(1
1
)

o
f
I
f (w

,P
),

it
su

ffi
ces

to
p

rove
th

a
t

∫
D
f (P

θ ‖Q
)w

(d
θ)≥

φ
f (R

,R
0 )

(2
3)

1
1

JM
L

R
 17(219):1-58

C
h
e
n

a
n
d

G
u
n
t
u
b
o
y
in

a
a
n
d

Z
h
a
n
g

for
ev

ery
p

rob
ab

ility
m

easu
re
Q

.

N
otice

th
a
t
R
≤
R

0 .
If
R

=
R

0 ,
th

en
th

e
righ

t
h

an
d

sid
e

o
f

(17)
is

zero
an

d
h

en
ce

th
e

in
eq

u
a
lity

im
m

ed
iately

h
old

s.
A

ssu
m

e
th

at
R
<
R

0 .
L

et
ε
>

0
b

e
sm

all
en

ou
gh

so
th

at
R

+
ε
<
R

0 .
L

et
d

d
en

ote
an

y
d

ecision
ru

le
for

w
h

ich
R
≤
R

d
<
R

+
ε

an
d

n
o
te

th
at

su
ch

a
ru

le
ex

ists
sin

ce
R

=
in

f
d
R

d.
It

is
easy

to
see

th
at

R
dQ

=

∫X

∫

Θ
L

(θ,d(x
))w

(d
θ)Q

(d
x

)≥
∫X

(
in

f
a∈A

∫

Θ
L

(θ,a
)w

(d
θ) )

Q
(d
x

)
=
R

0 .

W
e

th
u

s
h
ave

R
≤
R

d
<
R

+
ε
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d(
X

))
=

1 N
E θ

0

N ∑ i=
1

I
{θ
i
6=

d(
X

)}
.

It
is

ea
sy

to
ve

ri
fy

th
a
t
∑

N i=
1
I
{θ
i
6=

d(
X

)}
=
N
−

I
{θ

0
6=

d(
X

)}
.

W
e

th
u

s
h

av
e
R

d Q
=

1
−
E θ

0
L

(θ
0
,d

(X
))
/N

.
B

ec
a
u

se
d

is
m

in
im

a
x
,
E θ

0
L

(θ
0
,d

(X
))
≤
R

m
in

im
a
x

a
n

d
th

u
s

R
d Q
≥

1
−
R

m
in

im
a
x
/N
.

(3
0)
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O
n

B
a
y
e
s

r
isk

l
o
w

e
r

b
o
u
n
d
s

(a
)
φ
f
(1/

2,b)
(b

)
u
f
(x

)

F
ig

u
re

2
:

Illu
stra

tio
n

o
f
φ
f (1/

2,b)
a
n

d
u
f (x

)
fo

r
f

(x
)

=
x

lo
g
x

.

O
n

th
e

oth
er

h
an

d
,

w
e

h
av

e
R

m
in

im
a
x ≤

N
/(N

+
1).

T
o

see
th

is,
n

o
te

th
a
t

th
e

m
in

im
a
x

risk
is

u
p

p
er

b
o
u

n
d

ed
b
y

th
e

m
ax

im
u

m
risk

o
f

a
ra

n
d

o
m

d
ecisio

n
ru

le,
w

h
ich

ch
o
oses

am
o
n

g
th

e
N

+
1

h
y
p

oth
eses

u
n

ifo
rm

ly
a
t

ra
n

d
o
m

.
F

o
r

th
is

ra
n

d
o
m

d
ecisio

n
ru

le,
its

risk
is

N
N

+
1

n
o

m
a
tter

w
h

a
t

th
e

tru
e

h
y
p

oth
esis

is.
T

h
u

s,
N
N

+
1

is
a
n

u
p

p
er

b
o
u

n
d

o
n

th
e

m
in

im
a
x

risk
.

W
e

th
u

s
h

ave,
fro

m
(3

0
),

th
a
t
R

dQ
≥

1−
R

m
in

im
a
x /N

≥
R

m
in

im
a
x .

W
e

ca
n

th
u

s
a
p

p
ly

(2
4)

to
ob

ta
in

1N

N
∑i=

1

D
f (P

θ
i ||P

θ
0 )≥

φ
f (R

m
in

im
a
x ,1−

R
m

in
im

a
x /N

).

w
h

ich
com

p
letes

th
e

p
ro

of
P

rop
o
sitio

n
8
.

4
.
B
a
y
e
s
R
isk

L
o
w
e
r
B
o
u
n
d
s
fo
r
N
o
n
n
e
g
a
tiv

e
L
o
ss

F
u
n
ctio

n
s

In
th

e
p

rev
io

u
s

section
,

w
e

d
iscu

ssed
B

ayes
risk

low
er

b
ou

n
d

s
fo

r
zero

-o
n

e
va

lu
ed

lo
ss

fu
n

ctio
n

s.
W

e
d

eal
w

ith
gen

era
l

n
o
n

n
eg

a
tive

lo
ss

fu
n

ctio
n

s
in

th
is

sectio
n

.
T

h
e

m
a
in

resu
lt

o
f

th
is

section
,

T
h

eorem
9
,

p
rov

id
es

low
er

b
ou

n
d

s
for

R
B

a
y
es (w

,L
;Θ

)
for

a
n
y

g
iven

lo
ss
L

a
n

d
p

rio
r
w

.
T

o
sta

te
th

is
resu

lt,
w

e
n

eed
th

e
follow

in
g

n
o
tio

n
.

F
ix
f
∈
C

a
n

d
reca

ll
th

e
d

efi
n

ition
o
f
φ
f

in
(13

).
W

e
d

efi
n

e
u
f

:
[0,∞

)7→
[1/

2
,1

]
b
y

u
f (x

)
:=

in
f{1

/2
≤
b≤

1
:
φ
f (1/2

,b)
>
x}

(3
1)

a
n

d
if
φ
f (1/

2,b)≤
x

fo
r

ev
ery

b∈
[1/

2,1
],

th
en

w
e

ta
k
e
u
f (x

)
to

b
e

1.
B

y
L

em
m

a
1
,

it
is

easy
to

see
th

at
u
f (x

)
is

a
n

on
-d

ecrea
sin

g
fu

n
ctio

n
o
f
x

.
F

o
r

ex
a
m

p
le,

fo
r

K
L

-d
iverg

en
ce

w
ith

f
(x

)
=
x

log
x

,
w

e
h

ave
φ
f (1/2

,b)
=

12
log

1
4
b(1−

b)
a
n

d
u
f (x

)
=

12
+

12 √
1−

e −
2
x

(see

F
ig

u
re

2
).

W
e

are
n

ow
rea

d
y

to
state

th
e

m
a
in

th
eo

rem
o
f

th
is

p
a
p

er.

T
h

e
o
re

m
9

F
o
r

every
Θ
,A
,L
,w

a
n

d
f
∈
C

,
w

e
h
a
ve

R
B

a
y
es (w

,L
;Θ

)≥
12

su
p {

t
>

0
:

su
p

a∈A
w

(B
t (a
,L

))
<

1−
u
f (I

f (w
,P

)) }
,

(3
2)

w
h
ere

B
t (a
,L

)
:=
{
θ
∈

Θ
:
L

(θ,a
)
<
t}

fo
r
a
∈
A

a
n

d
t
>

0
.

(33
)
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C
h
e
n

a
n
d

G
u
n
t
u
b
o
y
in

a
a
n
d

Z
h
a
n
g

P
ro

o
f

[P
ro

of
of

T
h

eorem
9]

F
ix

Θ
,A
,L
,w

an
d
f

.
L

et
I

:=
I
f (w

,P
)

b
e

a
sh

orth
a
n

d
n

otation
.

S
u

p
p

ose
t
>

0
is

su
ch

th
a
t

su
p

a∈A
w

(B
t (a
,L

))
<

1−
u
f (I

).
(34)

W
e

p
rove

b
elow

th
at

R
B

a
y
es (w

,L
;Θ

)
≥
t/2

an
d

th
is

w
ou

ld
com

p
lete

th
e

p
ro

o
f.

L
et
L
t

d
en

ote
th

e
zero

-o
n

e
valu

ed
loss

fu
n

ction
L
t (θ,a

)
:=

I{
L

(θ,a
)≥

t}
.

It
is

ob
v
iou

s
th

at
L
≥
tL

t
an

d
h

en
ce

th
e

p
ro

of
w

ill
b

e
com

p
lete

if
w

e
estab

lish
th

at
R

B
a
y
es (w

,L
t ;Θ

)≥
1
/2.

L
et
R

:=
R

B
a
y
es (w

,L
t ;Θ

)
for

a
sh

orth
an

d
n

otation
.

B
ecau

se
L
t

is
a

zero-on
e

valu
ed

loss
fu

n
ction

,
T

h
eorem

2
g
ives

I
≥
φ
f (R

,R
0 )

w
h

ere
R

0
=

1−
su

p
a∈A

w
(B

t (a
,L

)).
(35)

B
y

(3
4
),

it
th

en
fo

llow
s

th
at
R

0
>
u
f (I

).
B

y
d

efi
n

ition
of
u
f (·),

it
is

clea
r

th
at

th
ere

ex
ists

b ∗∈
[1/

2,R
0 )

su
ch

th
at
φ

(1/
2,b ∗)

>
I

(th
is

in
p

articu
la

r
im

p
lies

th
a
t
R

0 ≥
1
/2).

L
em

m
a

1
im

p
lies

th
at
b7→

φ
f (1/

2,b)
is

n
on

-d
ecreasin

g
for

b∈
[1/

2,1
],

w
h

ich
y
ield

s
φ
f (1/

2,b ∗)≤
φ
f (1/2

,R
0 ).

T
h

e
ab

ove
tw

o
in

eq
u

alities
im

p
ly
I
<
φ
f (1/

2,R
0 ).

C
om

b
in

in
g

th
is

in
eq

u
ality

w
ith

(35
),

w
e

h
av

e

φ
f (1/

2,R
0 )
>
I
≥
φ
f (R

,R
0 ).

L
em

m
a

1
sh

ow
s

th
at
a
7→
φ
f (a

,R
0 )

is
n

on
-in

creasin
g

for
a
∈

[0,R
0 ].

T
h
u

s,
w

e
h

av
e
R
≥

1
/2.

W
e

fu
rth

er
n

o
te

th
at

b
ecau

se
u
f (x

)
is

n
on

-d
ecreasin

g
in
x

,
on

e
can

rep
lace

I
f (w

,P
)

in
(3

2)
b
y

an
y

u
p

p
er

b
ou

n
d
I

u
p

f
i.e.,

for
an

y
I

u
p

f
≥
I
f (w

,P
),

w
e

h
ave

R
B

a
y
es (w

,L
;Θ

)≥
12

su
p {

t
>

0
:

su
p

a∈A
w

(B
t (a
,L

))
<

1−
u
f (I

u
p

f
) }

.
(36)

T
h

is
is

u
sefu

l
sin

ce
I
f (w

,P
)

is
often

d
iffi

cu
lt

to
calcu

late
ex

actly.
W

h
en

f
(x

)
=
x

log
x

,
H

au
ssler

an
d

O
p

p
er

(1997)
p

rov
id

ed
a

u
sefu

l
u

p
p

er
b

ou
n

d
on

th
e

m
u

tu
al

in
form

a
tion

I
(w
,P

).
W

e
d

escrib
e

th
is

resu
lt

in
S

ection
5

w
h

ere
w

e
also

ex
ten

d
it

to
p

ow
er

d
ivergen

ces
f
α

fo
r
α
6∈

[0,1]
(w

h
ich

covers
th

e
case

o
f

ch
i-sq

u
ared

d
ivergen

ce).

R
e
m

a
rk

1
0

F
ro

m
th

e
p
roo

f
o
f

T
h
eo

rem
9
,

it
ca

n
be

o
bserved

th
a
t

th
e

co
n

sta
n

t
1
/2

in
th

e
righ

t
h
a
n

d
sid

e
o
f

(32)
a
n

d
in

th
e

d
efi

n
itio

n
o
f
u
f (·)

ca
n

be
rep

la
ced

by
a
n

y
c∈

(0,1].
T

h
is

gives
th

e
sh

a
rper

lo
w

er
bo

u
n

d
:

R
B
a
y
e
s (w

,L
;Θ

)≥
su

p
c∈

(0
,1
] (
c

su
p {

t
>

0
:

su
p

a∈A
w

(B
t (a
,L

))
<

1−
u
f
,c (I

f
(w
,P

)) })
,

w
h
ere

u
f
,c (x

)
=

in
f{c
≤
b
≤

1
:
φ
f (c,b)≥

x}
.

S
in

ce
o
bta

in
in

g
exa

ct
co

n
sta

n
ts

is
n

o
t

o
u

r
m

a
in

co
n

cern
,

th
e

in
equ

a
lity

(32)
is

u
su

a
lly

su
ffi

cien
t

to
p
ro

vid
e

B
a
yes

risk
lo

w
er

bo
u

n
d
s

w
ith

co
rrect

d
epen

d
en

ce
o
n

th
e

m
od

el
a
n

d
p
rio

r.
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O
n

B
a
y
e
s

r
is

k
l
o
w

e
r

b
o
u
n
d
s

R
e
m

a
rk

1
1

W
e

n
o
te

th
a
t

th
e

lo
w

er
bo

u
n

d
p
re

se
n

te
d

in
T

h
eo

re
m

9
m

ig
h
t

n
o
t

be
ti

gh
t

fo
r

so
m

e
sp

ec
ia

l
p
ri

o
rs

,
e.

g.
,

w
h
en

th
e

p
ri

o
r
w

h
a
s

ex
tr

em
el

y
la

rg
e

d
en

si
ty

in
so

m
e

sm
a
ll

re
gi

o
n

o
f

th
e

pa
ra

m
et

er
sp

a
ce

.
W

e
ca

ll
su

ch
re

gi
o
n

s
w

it
h

u
n

bo
u

n
d
ed

d
en

si
ty

a
s

sp
ik

es
in

th
e

p
ri

o
r

d
is

tr
ib

u
ti

o
n

.
A

s
a

co
n

cr
et

e
ex

a
m

p
le

,
le

t
Θ

=
A

be
a

su
bs

et
o
f

a
fi

n
it

e
d
im

en
si

o
n

a
l

E
u

cl
id

ea
n

sp
a
ce

co
n

ta
in

in
g

th
e

o
ri

gi
n

w
it

h
L

be
in

g
th

e
E

u
cl

id
ea

n
d
is

ta
n

ce
a
n

d
le

t
w

d
en

o
te

th
e

m
ix

tu
re

o
f

th
e

u
n

if
o
rm

p
ri

o
rs

o
ve

r
th

e
ba

ll
s
B

1
(0
,L

)
a
n

d
B
ε(

0,
L

)
fo

r
so

m
e

ve
ry

sm
a
ll

0
<
ε
�

1
.

In
th

is
ca

se
,

th
e

m
ix

tu
re

co
m

po
n

en
t
B
ε(

0,
L

)
is

a
sp

ik
e.

If
ε

is
ve

ry
sm

a
ll

,
th

en
th

e
te

rm
su

p
a
∈A

w
(B

t(
a
,L

))
m

ig
h
t

be
to

o
bi

g
fo

r
T

h
eo

re
m

9
to

es
ta

bl
is

h
a

ti
gh

t
lo

w
er

bo
u

n
d
.

E
ve

n
in

su
ch

ex
tr

em
e

ca
se

s,
th

e
ti

gh
t

lo
w

er
bo

u
n

d
ca

n
be

sa
lv

a
ge

d
by

pa
rt

it
io

n
in

g
th

e
pa

ra
m

et
er

sp
a
ce

Θ
in

to
fi

n
it

e
o
r

co
u

n
ta

bl
y

m
a
n

y
d
is

jo
in

t
su

bs
et

s
Θ
i,
i
≥

0
a
n

d
to

a
p
p
ly

T
h
eo

re
m

9
to
w

re
st

ri
ct

ed
to

ea
ch

Θ
i.

T
o

il
lu

st
ra

te
th

is
te

ch
n

iq
u

e,
su

p
po

se
th

a
t
w

h
a
s

a
L

eb
es

gu
e

d
en

si
ty
ϕ

th
a
t

is
bo

u
n

d
ed

fr
o
m

a
bo

ve
.

L
et
ϕ

m
a
x

d
en

o
te

th
e

su
p
re

m
u

m
o
f
ϕ

.
W

e
pa

rt
it

io
n

th
e

pa
ra

m
et

er
sp

a
ce

Θ
in

to
d
is

jo
in

t
su

bs
et

s
Θ

0
,Θ

1
,.
..

w
it

h

Θ
i

:=
{θ
∈

Θ
:
2
−

(i
+

1
) ϕ

m
a
x
<
ϕ

(θ
)
≤

2
−
i ϕ

m
a
x
}.

(3
7
)

T
h
en

,
w

e
a
p
p
ly

T
h
eo

re
m

9
to
w

re
st

ri
ct

ed
to

ea
ch

Θ
i.

M
o
re

sp
ec

ifi
ca

ll
y,

le
t
w
i

d
en

o
te

th
e

p
ro

ba
bi

li
ty

m
ea

su
re
w

re
st

ri
ct

ed
to

Θ
i

i.
e.

,
w
i(
S

)
:=

w
(S
∩

Θ
i)
/w

(Θ
i)

fo
r

a
n

y
m

ea
su

ra
bl

e
se

t
S
⊆

Θ
i.

w
e

h
a
ve

R
B

a
y
es

(w
,L

;Θ
)
≥
∑ i

w
(Θ

i)
R

B
a
y
es

(w
i,
L

;Θ
i)
,

(3
8)

w
h
er

e
R

B
a
y
es

(w
i,
L

;Θ
i)

=
in

f d
∫ Θ

i
E θ
L

(θ
,d

(X
))
w
i(

d
θ)

.
T

o
se

e
th

is
,

fo
r

a
n

y
d
ec

is
io

n
ru

le
d,

w
e

h
a
ve

R
d
(w
,L

;Θ
)

=
∑
∞ i=

1
w

(Θ
i)
R

d
(w

i,
L

;Θ
i)

;
th

en
ta

ke
in

fi
m

u
m

o
ve

r
a
ll

po
ss

ib
le

d
o
n

bo
th

si
d
es

,

R
B

a
y
es

(w
,L

;Θ
)

=
in

f
d
R

d
(w
,L

;Θ
)

≥
∞ ∑ i=

1

w
(Θ

i)
in

f
d
R

d
(w

i,
L

;Θ
i)

=
∞ ∑ i=

1

w
(Θ

i)
R

B
a
y
es

(w
i,
L

;Θ
i)

O
n

e
ca

n
lo

w
er

bo
u

n
d

ea
ch

B
a
ye

s
ri

sk
R

B
a
y
es

(w
i,
L

;Θ
i)

fo
r

a
ll
i

u
si

n
g

T
h
eo

re
m

9
.

S
in

ce
th

e
d
en

si
ty

o
f
w
i

d
iff

er
s

by
a

fa
ct

o
r

a
t

m
o
st

2
,

th
e

sp
ik

in
g

p
ri

o
r

p
ro

bl
em

w
il

l
n

o
lo

n
ge

r
ex

is
t

w
h
il

e
a
p
p
ly

in
g

T
h
eo

re
m

9
fo

r
w
i.

W
e

a
ls

o
n

o
te

th
a
t

a
n

o
th

er
u

se
fu

l
a
p
p
li

ca
ti

o
n

o
f

su
ch

a
pa

rt
it

io
n

in
g

te
ch

n
iq

u
e

is
p
re

se
n

te
d

in
C

o
ro

ll
a
ry

1
7
.

N
o
w

ta
ke

th
e

co
n

cr
et

e
ex

a
m

p
le

o
f

th
e

m
ix

tu
re

o
f

th
e

u
n

if
o
rm

p
ri

o
rs

o
ve

r
B

1
:=

B
1
(0
,L

)
a
n

d
B
ε

:=
B
ε(

0,
L

).
It

is
cl

ea
r

fr
o

m
(3

7)
th

a
t

Θ
0

=
B
ε

a
n

d
Θ
k

=
B

1
\B

ε
fo

r
so

m
e
k
>

0
a
n

d
th

e
re

st
o
f

Θ
i’

s
a
re

em
p
ty

se
ts

.
A

p
p
ly

in
g

(3
8)

,
w

e
h
a
ve

R
B

a
y
es

(w
,L

;Θ
)
≥
w

(B
ε)
R

B
a
y
es

(w
1
,L

;B
ε)

+
w

(B
1
\B

ε)
R

B
a
y
es

(w
2
,L

;B
1
\B

ε)

≥
w

(B
1
\B

ε)
R

B
a
y
es

(w
2
,L

;B
1
\B

ε)

N
o
te

th
a
t
w

(B
1
\B

ε)
is

lo
w

er
bo

u
n

d
ed

by
a

u
n

iv
er

sa
l

co
n

st
a
n

t.
T

h
en

w
e

ca
n

lo
w

er
bo

u
n

d
R

B
a
y
es

(w
2
,L

;B
1
\B

ε)
u

si
n

g
T

h
eo

re
m

9
a
n

d
o
bt

a
in

a
ti

gh
t

lo
w

er
bo

u
n

d
u

p
to

a
co

n
st

a
n

t
fa

ct
o
r

th
a
t

is
in

d
ep

en
d
en

t
o
f
ε

(s
ee

a
n

ex
a
m

p
le

o
f

d
er

iv
in

g
B

a
ye

s
ri

sk
lo

w
er

bo
u

n
d

fo
r

es
ti

m
a
ti

n
g

th
e

m
ea

n
o
f

a
G

a
u

ss
ia

n
m

od
el

w
it

h
u

n
if

o
rm

p
ri

o
r

o
n

a
ba

ll
in

S
ec

ti
o
n

5
).
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C
h
e
n

a
n
d

G
u
n
t
u
b
o
y
in

a
a
n
d

Z
h
a
n
g

F
or

sp
ec

ifi
c
f
∈
C,

th
e

ri
gh

t
h

a
n

d
si

d
e

o
f

(3
6
)

ca
n

b
e

ex
p

li
ci

tl
y

ev
al

u
at

ed
as

sh
ow

n
in

th
e

n
ex

t
co

ro
ll

ar
y.

C
o
ro

ll
a
ry

1
2

F
ix

Θ
,A
,L
,w

a
n

d
P

.
T

h
e

B
a
ye

s
ri

sk
R

B
a
y
es

(w
,L

;Θ
)

sa
ti

sfi
es

ea
ch

o
f

th
e

fo
ll

o
w

in
g

in
eq

u
a
li

ti
es

(t
h
e

qu
a
n

ti
ty
I

u
p

f
re

p
re

se
n

ts
a
n

u
p
pe

r
bo

u
n

d
o
n

th
e

co
rr

es
po

n
d
in

g
f

-
in

fo
rm

a
ti

vi
ty

):

(i
)

K
L

d
iv

er
ge

n
ce

: R
B
a
y
e
s
(w
,L

;Θ
)
≥

1 2
su

p

{ t
>

0
:

su
p

a
∈A

w
(B

t
(a
,L

))
<

1 4
e−

2
I
u
p

f

}
.

(3
9)

(i
i)

C
h
i-

sq
u

a
re

d
d
iv

er
ge

n
ce

:

R
B
a
y
e
s
(w
,L

;Θ
)
≥

1 2
su

p

  
t
>

0
:

su
p

a
∈A

w
(B

t
(a
,L

))
<

1

4
( 1

+
I
u
p

f

)  
.

(4
0
)

(i
ii

)
T

o
ta

l
va

ri
a
ti

o
n

d
is

ta
n

ce
:

R
B
a
y
e
s
(w
,L

;Θ
)
≥

1 2
su

p

{ t
>

0
:

su
p

a
∈A

w
(B

t
(a
,L

))
<

1 2
−
I
u
p

f

}
.

(4
1
)

(i
v)

H
el

li
n

ge
r

d
is

ta
n

ce
:

If
I

u
p

f
<

1
−

1/
√

2,
th

en
w

e
h
a
ve

R
B
a
y
e
s
(w
,L

;Θ
)
≥

1 2
su

p

{
t
>

0
:

su
p

a
∈A

w
(B

t
(a
,L

))
<

1 2
−
( 1
−
I
u
p

f

)√
I
u
p

f

( 2
−
I
u
p

f

)}
.

(4
2)

P
ro

o
f

[P
ro

of
of

C
o
ro

ll
a
ry

12
]

In
eq

u
al

it
y

(3
9
)

in
vo

lv
in

g
K

L
d

iv
er

g
en

ce
:

S
u

p
p

o
se
f

(x
)

=
x

lo
g
x

so
th

a
t
D
f
(P
||Q

)
=

D
(P
||Q

)
eq

u
a
ls

th
e

K
L

d
iv

er
g
en

ce
.

T
h

en
th

e
fu

n
ct

io
n
u
f
(x

)
in

(3
1)

h
a
s

th
e

ex
p

re
ss

io
n

fo
r

a
ll
x
>

0
,

u
f
(x

)
=

in
f
{ 1/

2
≤
b
≤

1
:
b(

1
−
b)
<
e−

2
x
/
4
}

=
1 2

+
1 2

√
1
−
e−

2
x
.

T
h

e
el

em
en

ta
ry

in
eq

u
a
li

ty
√

1
−
a
≤

1
−
a
/2

g
iv

es
fo

r
a
ll
x
>

0
,

u
f
(x

)
≤

1
−

1 4
e−

2
x
.

In
eq

u
al

it
y

(3
2
)

re
d

u
ce

s
to

th
e

d
es

ir
ed

in
eq

u
a
li

ty
(3

9
):

R
B

a
y
es

(w
,L

;Θ
)
≥

1 2
su

p

{ t
>

0
:

su
p

a
∈A

w
(B

t(
a
,L

))
<

1 4
e−

2
I
u
p
f

}
.

T
h

e
p

ro
of

of
th

e
B

ay
es

ri
sk

lo
w

er
b

ou
n

d
s

fo
r

th
e

o
th

er
th

re
e
f

-d
iv

er
g
en

ce
s

ar
e

si
m

il
a
r

a
n

d
th

u
s

w
e

on
ly

p
re

se
n
t

th
e

fo
rm

of
u
f
(x

).
In

eq
u

a
li

ty
(4

0)
in

v
o
lv

es
ch

i-
sq

u
a
re

d
d

iv
er

ge
n

ce
w

it
h
f

(x
)

=
x

2
−

1
.

T
h

er
ef

o
re

,
w

e
h

av
e

fo
r

a
ll
x
>

0,

u
f
(x

)
=

in
f

{ 1
/2
≤
b
≤

1
:

(1
−

2b
)2

4b
(1
−
b)
>
x

}
=

1 2
+

1 2

√
x

1
+
x
≤

1
−

1

4
(1

+
x

).
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O
n

B
a
y
e
s

r
isk

l
o
w

e
r

b
o
u
n
d
s

In
eq

u
a
lity

(4
1)

in
volves

to
ta

l
va

ria
tio

n
d

ista
n
ce

w
ith

f
(x

)
=
|x
−

1|/2.
T

h
en

u
f (x

)
=

in
f{

1/
2
≤
b≤

1
:|1−

2
b|
>

2
x}

=
12

+
x
.

In
eq

u
a
lity

(4
2)

in
volves

H
ellin

g
er

d
iverg

en
ce

w
ith

f
(x

)
=

1−
√
x

a
n

d
th

u
s

u
f (x

)
=

in
f {

1
/2
≤
b≤

1
:

1−
√
b/2−

√
(1−

b)/
2
>
x }

=

{
1

if
x
≥

1−
1/ √

2
12

+
(1−

x
) √

x
(2−

x
)

if
x
<

1−
1
/ √

2
.

R
e
m

a
rk

1
3

A
specia

l
ca

se
o
f

C
o
ro

lla
ry

1
2
(i)

a
p
pea

red
a
s

Z
h
a
n

g
(2

0
0
6
,

T
h
eo

rem
6
.1

).
T

o
see

th
a
t

Z
h
a
n

g
(2

0
0
6
,

T
h
eo

rem
6
.1

)
is

in
d
eed

a
specia

l
ca

se
o
f

(3
9
),

n
o
te

fi
rst

th
a
t

(3
9)

is
equ

iva
len

t
toR

B
a
y
es (w

,L
;Θ

)≥
12

su
p {

t
>

0
:

in
f

a∈A
1

w
(B

t (a
,L

))
>

2I
u
p

+
lo

g
4 }

.
(4

3
)

H
ere

I
u
p

is
a
n

y
u

p
per

bo
u

n
d

o
n

th
e

m
u

tu
a
l

in
fo

rm
a
tio

n
.

O
n

e
su

ch
u

p
per

bo
u

n
d

o
n

th
e

m
u

tu
a
l

in
fo

rm
a
tio

n
is

I
u
p

=

∫

Θ

∫

Θ
D

(P
θ ‖
P
ξ )w

(d
ξ)w

(d
θ)

(4
4)

T
h
a
t
I
u
p

is
a
n

u
p
per

bo
u

n
d

o
n

th
e

m
u

tu
a
l

in
fo

rm
a
tio

n
ca

n
be

seen
fo

r
exa

m
p
le

by
u

sin
g

co
n

ca
vity

o
f

th
e

loga
rith

m
(46

)
w

h
en

th
e

fa
m

ily
{
Q
ξ ,ξ
∈

Ξ}
is

ch
o
sen

to
be

th
e

sa
m

e
a
s

{
P
θ ,θ∈

Θ
}
.

U
sin

g
(44

)
in

(4
3
),

w
e

o
bta

in

R
B
a
y
es (w

,L
;Θ

)≥
12

su
p {

t
>

0
:

in
f

a∈A
1

w
(B

t (a
,L

))
>

2 ∫

Θ

∫

Θ
D

(P
θ ‖
P
ξ )w

(d
ξ)w

(d
θ)

+
lo

g
4 }

.

If
w

e
n

o
w

specia
lize

to
th

e
settin

g
w

h
en

th
e

p
ro

ba
bility

m
ea

su
res
{
P
θ ,θ
∈

Θ
}

a
re

a
ll
n

-
fo

ld
p
rod

u
ct

m
ea

su
res

i.e.,
w

h
en

ea
ch

P
θ

is
o
f

th
e

fo
rm

P
nθ

fo
r

so
m

e
cla

ss
o
f

p
ro

ba
bilities

{
P
θ ,θ∈

Θ
},

th
en

th
e

in
equ

a
lity

beco
m

es

R
B
a
y
es (w

,L
;Θ

)≥
12

su
p {

t
>

0
:

in
f

a∈A
1

w
(B

t (a
,L

))
>

2n ∫

Θ

∫

Θ
D

(P
θ ‖
P
ξ )w

(d
ξ)w

(d
θ)

+
lo

g
4 }

.

T
h
is

in
equ

a
lity

is
p
recisely

Z
h
a
n

g
(2

0
0
6
,

T
h
eo

rem
6
.1

).

5
.
U
p
p
e
r
B
o
u
n
d
s
o
n
f
-in

fo
rm

a
tiv

ity
a
n
d

E
x
a
m
p
le
s

A
p

p
lica

tion
o
f

T
h

eo
rem

9
req

u
ires

u
p

p
er

b
o
u

n
d

s
o
n

th
e
f

-in
fo

rm
a
tiv

ity
I
f (w

;P
).

T
h

is
is

th
e

su
b

ject
o
f

th
is

section
.

W
e

fo
cu

s
o
n

th
e

p
ow

er
d

ivergen
ce

f
α

fo
r
α
≥

1
w

h
ich

in
clu

d
es

th
e

K
L

d
ivergen

ce
an

d
ch

i-sq
u

ared
d

iverg
en

ce
as

sp
ecia

l
ca

ses.
R

eca
ll

th
a
t

in
th

e
co

m
m

en
t/p

arag
ra

p
h

b
elow

C
o
ro

lla
ry

7
(see

a
lso

S
ectio

n
A

.5
in

th
e

ap
p

en
d

ix
),

w
e

p
rov

id
ed
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C
h
e
n

a
n
d

G
u
n
t
u
b
o
y
in

a
a
n
d

Z
h
a
n
g

m
otivatio

n
fo

r
restrictin

g
ou

r
atten

tion
to

su
ch

d
ivergen

ces
as

op
p

osed
to

e.g.,
H

ellin
ger

d
istan

ce.
W

e
assu

m
e

th
at

th
ere

is
a

m
easu

re
µ

on
X

th
at

d
om

in
ates

P
θ

fo
r

ev
ery

θ∈
Θ

.
N

on
e

of
ou

r
resu

lts
d

ep
en

d
on

th
e

ch
oice

of
th

e
d

om
in

atin
g

m
easu

re
µ

.
W

h
en

th
e
f

-in
form

ativ
ity

is
th

e
m

u
tu

al
in

form
ation

,
H

au
ssler

an
d

O
p

p
er

(19
97)

h
av

e
p

roved
u

sefu
l

u
p

p
er

b
ou

n
d

s
w

h
ich

w
e

b
riefl

y
rev

iew
h

ere.
L

et
P

an
d
{Q

ξ ,ξ
∈

Ξ}
b

e
p

rob
a
b

ility
m

easu
res

on
X

h
av

in
g

d
en

sities
p

an
d
{q
ξ ,ξ
∈

Ξ}
resp

ectively
w

ith
resp

ect
to

µ
.

L
et
ν

b
e

a
n

arb
itrary

p
rob

ab
ility

m
easu

re
on

Ξ
an

d
Q̄

b
e

th
e

p
rob

a
b

ility
m

ea
su

re
on

X
h

av
in

g
d

en
sity

q̄
=
∫

Ξ
q
ξ ν

(d
ξ)

w
ith

resp
ect

to
µ

.
H

au
ssler

an
d

O
p

p
er

(1997
)

p
roved

th
e

fo
llow

in
g

in
eq

u
alityD

(P
||Q̄
)≤
−

log (∫

Ξ
ex

p
(−
D

(P
||Q

ξ ))
ν

(d
ξ) )

.
(45)

N
ow

given
a

class
of

p
rob

ab
ility

m
easu

res
{
P
θ ,θ
∈

Θ
},

ap
p

ly
in

g
th

e
a
b

ov
e

in
eq

u
ality

for
ea

ch
P
θ

an
d

in
teg

ratin
g

th
e

resu
ltin

g
in

eq
u

alities
w

ith
resp

ect
to

a
p

rob
ab

ility
m

easu
re
w

o
n

Θ
,

H
au

ssler
a
n

d
O

p
p

er
(1997,

T
h

eorem
2)

ob
tain

ed
th

e
follow

in
g

m
u

tu
al

in
form

ation
u

p
p

er
b

o
u

n
d

:

I
(w
,P

)≤
−
∫

Θ
log (∫

Ξ
ex

p
(−
D

(P
θ ||Q

ξ ))
ν

(d
ξ) )

w
(d
θ).

(46)

In
th

e
sp

ecial
case

w
h

en
Ξ

=
{1
,...,M

}
an

d
ν

is
th

e
u

n
iform

p
rob

ab
ility

m
easu

re
on

Ξ
,

w
e

h
ave

Q̄
=

(Q
1

+
...

+
Q
M

)
/M

an
d

in
eq

u
ality

(4
5)

th
en

b
ecom

es
D

(P
||Q̄

)
≤

−
log (

1M

∑
Mj=

1
ex

p
(−
D

(P
||Q

j )) )
.B

ecau
se ∑

Mj=
1

ex
p

(−
D

(P
‖
Q
j ))≥

ex
p

(−
m

in
j
D

(P
‖
Q
j )),

w
e

ob
ta

in
D

(P
‖Q̄

)≤
log

M
+

m
in

1≤
j≤
M
D

(P
‖Q

j ).

In
eq

u
ality

(4
6)

ca
n

b
e

fu
rth

er
sim

p
lifi

ed
to

I
(w
,P

)≤
log

M
+

∫

Θ
m

in
1≤
j≤
M
D

(P
θ ||Q

j )w
(d
θ).

(47)

T
h

is
in

eq
u

ality
ca

n
b

e
u

sed
to

give
an

u
p

p
er

b
ou

n
d

for
f

-in
form

ativ
ity

in
term

s
o
f

th
e

K
L

coverin
g

n
u

m
b

ers.
R

ecall
th

e
d

efi
n

ition
of
M
K
L

(ε,Θ
)

fro
m

(12
).

A
p

p
ly

in
g

(47
)

to
an

y
fi

x
ed

ε
>

0
a
n

d
ch

o
o
sin

g
{Q

1 ,...,Q
M
}

to
b

e
an

ε
2-coverin

g,
w

e
h

ave

I
(w
,P

)≤
in

f
ε>

0 (log
M
K
L

(ε,Θ
)

+
ε
2 )
.

(48)

W
h

en
w

is
th

e
u

n
iform

p
rior
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∈
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g
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p
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a
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p
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)

=
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g
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.
T
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t
D

(P
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P
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θ ′‖
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2
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r
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Θ
.
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3
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√
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√
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√
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Γ
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a
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Γ
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p
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f
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h
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n
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p
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b
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a
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b
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b
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b
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b
ou

n
d
ed

u
sin

g
(48).
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h
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d
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R
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11.
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e
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m
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d
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g
of

E
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p
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W
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u
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n
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.
F
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d
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esgu
e
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S

.

C
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1
7
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Θ
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A
⊆

R
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>
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√
d
δ
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>
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D
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>
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p
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2
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p
/
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1
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(e.g.,

estim
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d
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d
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p
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u
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p
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1
.

B
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D
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θ ′‖
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A
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2) −
1
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.

M
o
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L

(θ,a
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=
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22 ,
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ea
sy
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)
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p
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R
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re
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√
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/
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n
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)
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/
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d −
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e
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d
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e
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b
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a
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b
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r
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b
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p
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w
el

l.
U

n
d

er
th
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p
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p
li

ed
to

an
al

y
ze

li
n

ea
r

p
ro

gr
am

m
in

g
(B

lu
m

a
n

d
D

u
n

ag
a
n

,
20

02
;

D
u

n
ag

an
et

al
.,

20
11

;
H
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p
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b
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e

p
ol

y
n

om
ia

l-
ti

m
e

al
go

ri
th

m
p

ro
p

os
ed

b
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h
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p
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b
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p
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p
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∈
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p
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p
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b
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p
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em

p
al

a
an

d
W

an
g

(2
00

4)
sh

ow
th

at
,

as
lo

n
g

as
D
>
C

fo
r
C

b
ei

n
g

a
su

ffi
ci

en
tl

y
la

rg
e

co
n

st
an

t,
th

e
es

ti
m

at
io

n
er

ro
r

on
θ

sc
al

es
as
O

(n
−

1
/
2
).

H
ow

ev
er

,
th

e
al

g
o
ri

th
m

ac
h

ie
v
in

g
th

is
ra

te
h

as
O

(k
k
)

ti
m

e
co

m
p

le
x
it

y.
W

h
en

th
e

m
u

tu
al

d
is

ta
n

ce
D

is
la

rg
e

en
ou

g
h

,
th

er
e

ar
e

p
ol

y
(n
,d
,k

)-
ti

m
e

al
go

ri
th

m
s

to
es

ti
m

at
e

th
e

m
o
d

el
p

ar
am

et
er

s.
In

p
ar

ti
cu

la
r,

D
a
sg

u
p

ta
(1

99
9)

p
re

se
n
ts

an
al

go
ri

th
m

fo
r
D

=
Ω

(√
d
).

A
ro

ra
an

d
K

an
n

an
(2

00
5)

a
n

d
D

a
sg

u
p

ta
a
n

d
S

ch
u

lm
an

(2
00

0)
p

re
se

n
t

al
go

ri
th

m
s

fo
r
D

=
Ω

(d
1
/
4
).

V
em

p
al

a
an

d
W

a
n

g
(2

0
0
4
)

re
d

u
ce

th
is

d
is

ta
n

ce
lo

w
er

b
ou

n
d

to
Ω

(k
1
/
4
).

H
ow

ev
er

,
d

es
ig

n
in

g
p

ol
y
(n
,d
,k

)-
ti

m
e

a
lg

o
ri

th
m

fo
r

Ω̃
(1

)-
se

p
ar

at
ed

G
M

M
s

is
a

lo
n

g-
st

an
d

in
g

op
en

p
ro

b
le

m
.

H
su

an
d

K
ak

ad
e

(2
01

3)
p

ro
p

os
ed

a
m

et
h

o
d

th
at

d
o
es

n
ot

n
ee

d
th

e
w

el
l-

se
p

a
ra

ti
o
n

co
n

d
it

io
n

.
T

h
e

on
ly

as
su

m
p

ti
on

is
th

at
{θ

1
,.
..
,θ
k
}

ar
e

li
n

ea
rl

y
in

d
ep

en
d

en
t.

L
et
σ

m
in
>

0
b

e
th

e
sm

al
le

st
si

n
gu

la
r

va
lu

e
of

th
e

m
at

ri
x
θ.

T
h

ei
r

al
go

ri
th

m
ru

n
s

in
p

o
ly

(n
,d
,k

)-
ti

m
e

1
.
F
o
r
si
m
p
li
ci
ty
,
w
e
fo
cu

s
o
n
th
e
ca
se

w
h
en

a
ll
m
ix
tu
re

co
m
p
o
n
en
ts

h
av
e
eq

u
a
l
w
ei
g
h
ts
,
b
u
t
o
u
r
a
rg
u
m
en
t

ca
n
b
e
ea
si
ly

g
en

er
a
li
ze
d
to

th
e
ca
se

o
f
n
o
n
-u
n
if
o
rm

w
ei
g
h
ts
.
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C
h
e
n

a
n
d

G
u
n
t
u
b
o
y
in

a
a
n
d

Z
h
a
n
g

an
d

a
ch

ie
v
es

th
e

fo
ll

ow
in

g
b

ou
n

d
fo

r
es

ti
m

at
o
r
θ̂:

‖θ̂
−
θ‖

2 F
=
O
(

p
o
ly

(d
,k
,1
/
σ

m
in

)
lo

g
(1
/
δ)

n

)
w

it
h

p
ro

b
ab

il
it

y
a
t

le
as

t
1
−
δ.

(5
5)

H
er

e,
‖
·‖

F
d

en
ot

es
th

e
m

a
tr

ix
F

ro
b

en
iu

s
n

o
rm

.
In

g
en

er
a
l,

w
e

ca
n

n
ot

g
u

a
ra

n
te

e
th

at
σ

m
in
>

0.
H

ow
ev

er
,

if
w

e
a
d

d
a

sm
a
ll

p
er

tu
rb

a
ti

o
n

o
n

th
e

tr
u

e
co

m
p

o
n

en
t

m
ea

n
s,

th
en

th
e

a
ss

u
m

p
ti

on
is

sa
ti

sfi
ed

a
lm

o
st

su
re

ly
.

M
o
re

p
re

ci
se

ly
,

w
e

as
su

m
e

th
at

th
er

e
is

a
m

at
ri

x
θ∗
∈

R
d
×
k

so
th

at
ea

ch
en

tr
y

of
m

a
tr

ix
θ

is
sa

m
p

le
d

fr
o
m
θ i
j
∼
N

(θ
∗ ij

;ρ
2
).

T
h

e
fo

ll
ow

in
g

le
m

m
a

lo
w

er
b

ou
n

d
s

th
e

sm
a
ll

es
t

si
n

g
u

la
r

va
lu

e.

L
e
m

m
a

1
8

(G
e

e
t

a
l.

(2
0
1
5
),

L
e
m

m
a

G
.1

6
)

L
et
θ∗
∈
R
d
×
k

a
n

d
su

p
po

se
th

a
t
d
≥

3
k

.
If

a
ll

en
tr

ie
s

o
f
θ∗

a
re

in
d
ep

en
d
en

tl
y

pe
rt

u
rb

ed
by
N

(0
,ρ

2
)

to
yi

el
d

m
a
tr

ix
θ.

F
o
r

a
n

y
ε
>

0,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
c 1

(c
2
ε)
d
,

th
e

sm
a
ll

es
t

si
n

gu
la

r
va

lu
e

o
f

m
a
tr

ix
θ

is
lo

w
er

bo
u

n
d
ed

by
:

σ
m

in
>
ερ
√
d
.

H
er

e,
c 1
,c

2
a
re

u
n

iv
er

sa
l

co
n

st
a
n

ts
.

W
e

ch
o
os

e
ε,
ρ
∼
n
−
c

fo
r

a
su

ffi
ci

en
tl

y
sm

a
ll
c
>

0
,

th
en

th
e

p
er

tu
rb

a
ti

on
d

im
in

is
h

es
to

ze
ro

,
an

d
if
σ

m
in
>
ερ
√
d

h
o
ld

s,
th

en
th

e
ri

g
h
t-

h
a
n
d

si
d

e
o
f

eq
u

at
io

n
(5

5
)

co
n
ve

rg
es

to
ze

ro
at

a
p

ol
y
n

om
ia

l
ra

te
as
n
→
∞

.
L

em
m

a
1
8

im
p

li
es

th
a
t

th
e

p
ro

b
ab

il
it

y
o
f

th
is

ev
en

t
is

at
le

a
st

1
−
O

(n
−
cd

).
T

h
u

s,
w

it
h

h
ig

h
p

ro
b

a
b

il
it

y,
th

e
es

ti
m

a
to

r
θ̂

is
co

n
si

st
en

t
u

n
d
er

th
e

sm
o
ot

h
ed

an
al

y
si

s.
T

h
e

co
n
ve

rg
en

ce
ra

te
o
f

th
e

es
ti

m
a
to

r
θ̂

ca
n

b
e

im
p

ro
ve

d
if

w
e

a
d

d
a

m
il

d
as

su
m

p
ti

o
n

th
a
t
D

=
Õ

(√
lo

g
(n
k
))

.
A

lt
h

o
u

g
h

th
e

m
a
in

fo
cu

s
o
f
th

e
p

ap
er

is
o
n

lo
w

er
b

o
u

n
d

s,
th

e
u

p
p

er

b
o
u

n
d

re
su

lt
on

th
e

es
ti

m
a
ti

o
n

o
f
θ̂

in
le

a
rn

in
g

m
ix

tu
re

o
f

G
au

ss
ia

n
s

is
o
f

it
s

in
d

ep
en

d
en

t
in

te
re

st
.

T
o

ob
ta

in
th

e
u

p
p

er
b

o
u

n
d

o
n
E[
‖θ̂
−
θ‖

2 F
],

w
e

fi
rs

t
es

ta
b

li
sh

th
e

fo
ll

ow
in

g
le

m
m

a
:

L
e
m

m
a

1
9

L
et

th
e

m
u

tu
a
l

d
is

ta
n

ce
sa

ti
sf

y
D
≥

c 1
√

lo
g
(n
k
/δ

)
≥

3
fo

r
a

su
ffi

ci
en

tl
y

la
rg

e
co

n
st

a
n

t
c 1

.
W

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ,

th
e

in
eq

u
a
li

ty
‖x

i
−
θ j
‖ 2
−
‖x

i
−
θ z
i
‖ 2
≥

c 2
(d

lo
g
(n
k
/
δ)

)−
1
/
2

h
o
ld

s
fo

r
a

co
n

st
a
n

t
c 2
>

0,
fo

r
a
n

y
i
∈

[n
]

a
n

d
a
n

y
j
∈

[k
]\
{z
i}

.

T
h

e
p

ro
of

o
f

th
is

te
ch

n
ic

a
l

le
m

m
a

is
re

le
g
at

ed
to

A
p

p
en

d
ix

D
.

L
em

m
a

19
sh

ow
s

th
a
t

w
it

h
h

ig
h

p
ro

b
ab

il
it

y,
th

e
d

is
ta

n
ce

o
f

a
ra

n
d

o
m

sa
m

p
le

to
it

s
tr

u
e

co
m

p
on

en
t

m
ea

n
is

si
g
n

ifi
ca

n
tl

y
le

ss
th

an
th

e
d

is
ta

n
ce

to
a
n
y

o
th

er
m

ea
n

s.
L

et
θ̂ j

re
p

re
se

n
t

th
e
j-

th
co

lu
m

n

of
θ̂.

W
h

en
th

e
sa

m
p

le
si

ze
n

is
su

ffi
ci

en
tl

y
la

rg
e,

th
e

m
et

h
o
d

of
H

su
a
n

d
K

a
ka

d
e

(2
0
13

)
g
u

ar
an

te
es

th
at
‖θ̂
j
−
θ j
‖ 2
<
o(

(d
lo

g
(n
k
/
δ)

)−
1
/
2
)

fo
r

a
n
y
j
∈

[k
].

T
h
u

s,
L

em
m

a
1
9

im
p
li

es

th
a
t

th
e

d
is

ta
n

ce
o
f
x
i

to
θ̂ z
i

is
sm

a
ll

er
th

an
th

e
d

is
ta

n
ce

to
an

y
o
th

er
es

ti
m

at
ed

ce
n
te

rs
.

A
s

a
co

n
se

q
u

en
ce

,
w

e
m

ay
re

co
ve

r
th

e
m

em
b

er
sh

ip
of

in
st

a
n

ce
s

b
y

co
m

p
u

ti
n

g
th

e
ce

n
te

r
th

a
t

is
th

e
cl

os
es

t
to

th
em

.
ẑ i

=
a
rg

m
in

j∈
[k

]
‖x

i
−
θ̂ j
‖ 2
.

A
cc

or
d

in
g

to
L

em
m

a
1
9,

w
it

h
h

ig
h

p
ro

b
a
b

il
it

y
w

e
h

av
e
ẑ i

=
z i

fo
r

an
y
i
∈

[n
].

G
iv

en
th

e
m

em
b

er
sh

ip
,

w
e

re
fi

n
e

th
e

m
ea

n
es

ti
m

a
te

s
b
y
:

θ̂ j
←

∑
i:
ẑ i

=
j
x
i

|{
i

:
ẑ i

=
j}
|.

26
JM

L
R

 1
7(

21
9)

:1
-5

8



O
n

B
a
y
e
s

r
isk

l
o
w

e
r

b
o
u
n
d
s

S
in

ce
th

e
m

em
b

ersh
ip

is
u

n
ifo

rm
ly

a
ssig

n
ed

,
w

ith
h

ig
h

p
ro

b
ab

ility
th

e
sa

m
p

le
size

o
f

th
e

j-th
G

a
u

ssian
co

m
p

o
n

en
t

is
low

er
b

o
u

n
d

ed
b
y

n2
k
.

T
h
u

s,
w

ith
h

ig
h

p
rob

a
b

ility
th

e
sq

u
ared

erro
r

o
f
θ̂
j

w
ill

b
e

u
p

p
er

b
o
u

n
d

ed
b
y
O

(d
k
/n

).
S

in
ce

th
ere

are
k

co
m

p
o
n

en
ts,

th
e

overa
ll

sq
u

ared
erro

r
is

b
o
u

n
d

ed
b
y
O

(d
k

2/n
).

P
u

ttin
g

p
ieces

to
g
eth

er,
w

e
h
ave

a
n

u
p

p
er

b
o
u

n
d

o
n

th
e

m
ea

n
-sq

u
a
red

error
o
f

p
aram

eter
estim

a
tio

n
.

P
ro

p
o
sitio

n
2
0

S
u

p
po

se
th

a
t
d
≥

3
k

a
n

d
n

is
grea

ter
th

a
n

a
fi

xed
po

lyn
o
m

ia
l

fu
n

ctio
n

o
f

(d
,k
,1
/
ρ
).

L
et

th
e

tru
e

pa
ra

m
eter

θ
be
ρ

-pertu
rbed

fro
m

a
n

a
rbitra

ry
m

a
trix

θ ∗∈
R
d×
k.

In
a
d
d
itio

n
,

a
ssu

m
e

th
a
t

th
e

d
ista

n
ces

betw
een

th
e

co
lu

m
n

s
o
f
θ ∗

a
re

a
t

lea
st
D

=
c √

lo
g
(n
k
)

fo
r

so
m

e
u

n
iversa

l
co

n
sta

n
t
c.

T
h
en

th
ere

is
a

u
n

iversa
l

co
n

sta
n

t
C

su
ch

th
a
t

th
e

estim
a
to

r
θ̂

d
escribed

a
bo

ve
a
ch

ieves
m

ea
n

-squ
a
re

erro
r:

E
[‖θ̂−

θ‖
2F

]≤
C
d
k

2

n
.

6
.2

M
in

im
a
x

R
isk

o
f

S
m

o
o
th

e
d

A
n
a
ly

sis

In
th

is
sectio

n
,

w
e

fo
rm

a
lize

th
e

n
otio

n
o
f

m
in

im
ax

risk
u

n
d

er
sm

o
oth

ed
a
n

a
ly

sis.
S

im
ila

r
to

th
e

cla
ssica

l
statistical

settin
g
,

th
e

m
in

im
a
x

risk
u

n
d
er

sm
oo

th
ed

a
n

a
lysis

ca
n

b
e

d
efi

n
ed

in
a

g
a
m

e
th

eoretic
w

ay.
T

h
e

learn
er

fi
rst

ch
o
o
ses

a
n

estim
ator

θ̂,
th

en
th

e
a
d

versa
ry

ch
o
oses

a
p

a
ra

m
eter

θ ∗
from

th
e

p
a
ra

m
eter

sp
a
ce

Θ
,

w
h

ich
is

ra
n

d
o
m

ly
p

ertu
rb

ed
to

fo
rm

th
e

tru
e

p
ara

m
eter

θ.
T

h
e

d
a
ta
X

is
g
en

erated
w

ith
resp

ect
to
θ.

U
n

d
er

th
is

ra
n

d
o
m

p
ertu

rb
a
tio

n
fra

m
ew

o
rk

,
th

e
m

in
im

a
x

risk
is

d
efi

n
ed

a
s:

R
m

in
im

a
x

:=
in

fθ̂
su

p
θ ∗∈

Θ
E
θ [L

(θ̂(X
),θ)]

(5
6)

w
h

ere
L

(·,·)
is

th
e

lo
ss

fu
n

ctio
n

.
In

o
u

r
G

M
M

a
p

p
lica

tio
n

,
th

e
p

a
ra

m
eters

a
re

th
e

m
ea

n
s

of
m

ix
tu

re
co

m
p

o
n

en
ts.

T
h

e
p

a
ra

m
eter

sp
ace

is
th

e
set

o
f

m
ea

n
s

w
h

ose
m

u
tu

a
l

d
ista

n
ces

a
re

low
er

b
ou

n
d

ed
b
y
D

.
T

h
e

tru
e

p
a
ram

eter
is

g
en

erated
b
y

a
ra

n
d
o
m

G
a
u

ssia
n

p
ertu

rb
a
tio

n
w

ith
varian

ce
ρ

2.
T

h
e

lo
ss

is
th

e
F

ro
b

en
iu

s
n

o
rm

o
f

th
e

d
iff

eren
ce

o
f

m
atrices.

W
e

n
ote

th
a
t

th
e

m
in

im
a
x

risk
(5

6
)

d
iff

ers
fro

m
th

e
cla

ssical
n

o
tio

n
o
f

m
in

im
a
x

risk
in

th
a
t

th
e

ad
versa

ry
is

n
o
t

a
b

le
to

ex
p

licitly
ch

o
o
se

th
e

tru
e

p
a
ra

m
eter

θ.
In

stea
d

,
th

e
tru

e
p

ara
m

eter
is

sam
p

led
fro

m
a

p
rio

r
d

istrib
u

tio
n

p
a
ra

m
etrized

b
y
θ ∗.

T
h

is
B

ay
es

n
atu

re
m

a
kes

it
h

a
rd

to
low

er
b

o
u

n
d

th
e

m
in

im
ax

risk
(5

6)
u

sin
g

th
e

tra
d

itio
n

a
l

L
e

C
a
m

’s
o
r

th
e

F
a
n

o’s
m

eth
o
d

.
In

p
a
rticu

la
r,

b
o
th

th
e

L
e

C
a
m

’s
m

eth
o
d

a
n

d
th

e
F

a
n

o
’s

m
eth

o
d

low
er

b
o
u

n
d

th
e

m
in

im
a
x

risk
b
y

a
ssu

m
in

g
a

u
n

ifo
rm

p
rio

r
over

a
ca

refu
lly

co
n

stru
cted

d
iscrete

set.
H

ow
ever,

in
o
u

r
G

M
M

settin
g
,

th
e

p
rio

r
d

istrib
u

tio
n

o
f

p
ara

m
eter

θ
is

a
lw

ay
s

co
n
tin

u
o
u

s.

O
u

r
B

ayes
risk

low
er

b
ou

n
d

n
a
tu

ra
lly

fi
ts

in
to

th
e

settin
g

o
f

sm
o
o
th

ed
a
n

a
ly

sis.
L

et
w
∗

b
e

a
n

a
rb

itra
ry

p
rio

r
d

istrib
u

tio
n

over
θ ∗.

S
in

ce
θ

is
p

ertu
rb

ed
from

θ ∗,
th

e
p

rio
r
w
∗

in
d

u
ces

a
p

rio
r
w

over
θ.

It
is

easy
to

see
th

a
t

th
e

B
ay

es
risk

w
ith

resp
ect

to
w

is
a

low
er

b
o
u

n
d

on
th

e
m

in
im

a
x

risk
(56

).
T

h
u

s,
it

su
ffi

ces
to

low
er

b
o
u

n
d

th
e

B
ayes

risk
:

R
B

a
y
es (w

,L
;Θ

)
:=

in
fθ̂
E
θ∼
w

[L
(θ̂(X

),θ)].

F
o
r

th
e

G
M

M
ex

am
p

le,
w

e
co

n
stru

ct
th

e
p

rio
r

d
istrib

u
tion

w
∗

as
fo

llow
:

th
e
j-th

co
lu

m
n

o
f
θ ∗,

n
am

ely
th

e
vector

θ ∗j
∈

R
d,

is
sam

p
led

fro
m

th
e

n
orm

a
l

d
istrib

u
tion

N
(D
e
j ;I

d×
d ),
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C
h
e
n

a
n
d

G
u
n
t
u
b
o
y
in

a
a
n
d

Z
h
a
n
g

w
h

ere
e
j

is
th

e
u

n
it

vector
of

th
e
j-th

co
ord

in
ate.

A
s

a
con

seq
u

en
ce,

th
e

p
rior

d
istrib

u
tion

w
sa

m
p

les
th

e
j-th

colu
m

n
of
θ

from
th

e
n

orm
al

d
istrib

u
tion

N
(D
e
j ;(1

+
ρ

2)I
d×
d ).

In
th

e
G

M
M

settin
g,

th
e

m
em

b
ersh

ip
variab

les
z
i

are
u

n
k
n

ow
n

to
th

e
estim

ator.
If

w
e

assu
m

e
th

a
t

th
e

m
em

b
ersh

ip
s

are
given

to
th

e
estim

ator,
it

m
akes

th
e

p
rob

lem
easier

so
th

a
t

th
e

asso
ciated

B
ay

es
risk

is
a

sm
aller

th
an

or
eq

u
al

to
th

e
o
rig

in
a
l

B
ayes

risk
.

S
in

ce
w

e
w

an
t

to
d

erive
a

low
er

b
ou

n
d
,

w
e

m
ake

th
e

assu
m

p
tion

th
at

th
e

m
em

b
ersh

ip
s

are
given

,
th

en
p

a
rtitio

n
th

e
in

stan
ces

in
to
k

d
isjoin

t
su

b
sets

accord
in

g
to

th
eir

m
em

b
ersh

ip
s.

L
et

th
e

j-th
su

b
set

S
j

b
e

d
efi

n
ed

as
S
j

:=
{x

i
:
z
i

=
j}

.
C

on
d

ition
in

g
on

th
e

m
em

b
ersh

ip
s,

th
e

d
istrib

u
tion

s
of{

(θ
j ,S

j )}
kj=

1
are

m
u

tu
ally

in
d

ep
en

d
en

t.
T

h
u

s,
w

e
h

av
e

R
B

a
y
es (w

,L
;Θ

)≥
k
∑j=

1

in
f

θ̂
j

E
θ
j ∼
w
j [L

(θ̂
j (S

j ),θ
j )]≥

k
∑j=

1 E [
in

f
θ̂
j

E
θ
j ∼
w
j [L

(θ̂
j (S

j ),θ
j )|n

j ] ]
(57)

w
h

ere
w
j

is
th

e
p

rior
d

istrib
u

tion
N

(D
e
j ;(1

+
ρ

2)I
d×
d )

an
d
n
j

is
th

e
card

in
ality

of
S
j .

W
e

fo
cu

s
on

th
e

in
n

er
term

on
th

e
righ

t-h
an

d
sid

e,
n

am
ely

in
f
θ̂
j E

θ
j ∼
w
j [L

(θ̂
j (S

j ),θ
j )|n

j ],

an
d

fi
n

d
th

at
it

is
th

e
B

ayes
risk

of
G

au
ssian

m
ean

estim
a
tion

w
ith

n
j

i.i.d
.

sam
p

les,
w

ith
th

e
tru

e
p

aram
eter

θ
j

satisfy
in

g
a

G
au

ssian
p

rior
w
j .

T
h

is
B

ay
es

risk
ca

n
b

e
easily

low
er

b
o
u

n
d

ed
b
y

th
e

tech
n

iq
u

es
th

at
w

e
d

evelop
in

th
is

p
ap

er.

L
e
m

m
a

2
1

S
u

p
po

se
th

a
t

th
e

sta
n

d
a
rd

d
evia

tio
n

o
f

n
o
rm

a
l

pertu
rba

tio
n
ρ
≤

1
a
n

d
n
j ≥

1
.

F
o
r

a
u

n
iversa

l
co

n
sta

n
t
c,

th
e

B
a
yes

risk
is

lo
w

er
bo

u
n

d
ed

by

R
B

a
y
es (w

j ,n
j )

:=
in

f
θ̂
j

E
θ
j ∼
w
j [L

(θ̂
j (S

j ),θ
j )|n

j ]≥
cdn
j
.

P
ro

o
f

[P
ro

of
of

L
em

m
a

21]
W

e
d

en
ote

th
e

d
istrib

u
tion

of
in

stan
ces

in
S
j

b
y
P
θ
j

an
d

let
P

b
e

th
e

set
of

su
ch

d
istrib

u
tion

s.
S

in
ce

th
e

su
p

p
ort

of
w
j

is
R
d,

w
e

sta
rt

b
y

d
efi

n
in

g
a

p
rior

w
h

ose
su

p
p

o
rt

is
an

E
u

clid
ean

b
all

of
rad

iu
s

Γ
:=
√

2d
.

L
et
w

b
e

th
e

tru
n

cated
p

rior
satisfy

in
g:

w
(x

)
=

{
w
j (x

)/c
1

if‖x
−
D
e
j ‖

2 ≤
Γ

0
oth

erw
ise.

T
h

e
n

orm
a
liza

tion
factor

c
1

is
eq

u
al

to
th

e
total

m
ass

of
w

in
th

e
b

all{
x

:‖
x
−
D
e
j ‖

2 ≤
Γ}

.
It

is
straigh

tforw
ard

to
v
erify

th
at

th
e

rad
iu

s
Γ

is
su

ffi
cien

tly
larg

e
so

th
at
c

1
is

low
er

b
o
u

n
d

ed
b
y

a
u

n
iversa

l
con

stan
t.

T
h

e
p

rior
w

can
b

e
v
iew

ed
as

restrictin
g

th
e

origin
al

p
rior

in
a

fi
n

ite
rad

iu
s.

A
cco

rd
in

g
to

R
em

ark
11,

w
e

m
ay

low
er

b
ou

n
d

th
e

B
ay

es
risk

b
y

R
B

a
y
es (w

j ,n
j )≥

c
1 ·
R

B
a
y
es (w

,n
j ).

T
h
u

s,
it

su
ffi

ces
to

low
er

b
ou

n
d

th
e

secon
d

term
on

th
e

righ
t-h

an
d

sid
e.

W
e

follow
th

e
sim

ilar
step

s
of

E
x
am

p
le

1
to

estab
lish

th
e

low
er

b
ou

n
d

.
W

e
start

b
y

u
p

p
er

b
ou

n
d

in
g

th
e

term
s

su
p
a∈A

w
(B

t (a
,L

))
an

d
th

e
ch

i-sq
u

a
red

in
form

ativ
ity

I
χ
2 (w

,P
).

U
sin

g
d

efi
n

ition
of

th
e

m
u

ltivariate
n

orm
al

d
istrib

u
tion

,
it

is
easy

to
see

th
at

su
p

a∈A
w

(B
t (a
,L

))
=
w

(B
t (D

e
j ,L

))≤
V

( √
t)

c
1 (2π

(1
+
ρ

2))
d
/
2
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O
n

B
a
y
e
s

r
is

k
l
o
w

e
r

b
o
u
n
d
s

w
h

er
e
V

(√
t)

re
p

re
se

n
ts

th
e

vo
lu

m
n

of
th

e
E

u
cl

id
ea

n
b

al
l

of
ra

d
iu

s
√
t.

T
h
u

s,
th

er
e

is
a

u
n

iv
er

sa
l

co
n

st
an

t
c 2

su
ch

th
at

su
p
a
∈A

w
(B

t(
a
,L

))
≤

(c
2

√
t/

Γ
)d

.
O

n
th

e
ot

h
er

h
a
n

d
,

w
e

fo
ll

ow
th

e
sa

m
e

st
ep

s
of

E
x
am

p
le

1
to

u
p
p

er
b

ou
n

d
th

e
ch

i-
sq

u
ar

e
in

fo
rm

a
ti

v
it

y.
N

ot
e

th
a
t

ou
r

se
tu

p
h

as
n
j

i.
i.

d
.

ob
se

rv
at

io
n

s,
b

u
t

in
E

x
am

p
le

1
th

er
e

is
on

ly
on

e
ob

se
rv

a
ti

o
n

.
In

th
is

ge
n

er
al

iz
ed

se
tu

p
,

th
e

ch
i-

sq
u

ar
e

d
is

ta
n

ce
χ

2
(P

θ
‖P

θ
′ )

is
eq

u
al

to
ex

p
( n

j
‖θ
−
θ′
‖2 2
/
σ

2
) −

1.
P

lu
gg

in
g

th
is

fo
rm

u
la

in
to

th
e

ar
gu

m
en

t
o
f

E
x
am

p
le

1,
w

e
ob

ta
in

th
e

u
p

p
er

b
o
u

n
d

I χ
2
(w
,P

)
≤

(3
eΓ
√
n
j
/d

)d
−

1.
L

et
I

u
p

f
b

e
th

e
ob

ta
in

ed
in

fo
rm

at
iv

it
y

u
p

p
er

b
ou

n
d

.
If

w
e

ch
o
os

e
t

=
cd
/n

j
fo

r
a

su
ffi

-

ci
en

tl
y

sm
al

l
co

n
st

an
t
c
>

0,
th

en
w

e
h

av
e

su
p
a
∈A

w
(B

t(
a
,L

))
<

1 4
(1

+
I

u
p

f
)−

1
.

C
o
ro

ll
a
ry

1
2

th
en

gi
ve

s
R

B
a
y
es

(w
,n

j
)
≥
cd
/n

j
.

C
om

b
in

in
g

in
eq

u
al

it
y

(5
7)

an
d

L
em

m
a

21
,

w
e

h
av

e

R
B

a
y
es

(w
,L

;Θ
)
≥

k ∑ j=
1

cd
k

2
n
P(
n
j
≤

2n
/k

).

R
ec

al
l

th
at

ev
er

y
n
j

sa
ti

sfi
es

a
b

in
om

ia
l

d
is

tr
ib

u
ti

on
B

(n
,1
/k

),
w

h
ic

h
h

as
m

ed
ia

n
bn
/
k
co

r
dn
/k
e,

th
u

s
th

e
p

ro
b

ab
il

it
y
P(
n
j
≤

2
n
/
k
)

w
il

l
b

e
at

le
a
st

1
/
2.

It
im

p
li

es
th

a
t

th
e

B
ay

es
ri

sk
is

lo
w

er
b

ou
n

d
ed

b
y

Ω
(d
k

2
/n

).
P

u
tt

in
g

p
ie

ce
s

to
ge

th
er

,
w

e
h
av

e
th

e
fo

ll
ow

in
g

lo
w

er
b

o
u

n
d

on
th

e
m

in
im

ax
ri

sk
.

P
ro

p
o
si

ti
o
n

2
2

A
ss

u
m

e
th

a
t

th
e

st
a
n

d
a
rd

d
ev

ia
ti

o
n

o
f

n
o
rm

a
l

pe
rt

u
rb

a
ti

o
n
ρ
≤

1,
th

en
fo

r
so

m
e

u
n

iv
er

sa
l

co
n

st
a
n

t
c

th
e

m
in

im
a
x

ri
sk

o
f

sm
oo

th
ed

a
n

a
ly

si
s

is
lo

w
er

bo
u

n
d
ed

by
R

m
in

im
a
x
≥
c
d
k
2

n
.

C
om

p
ar

in
g

p
ro

p
os

it
io

n
20

an
d

p
ro

p
os

it
io

n
22

,
w

e
fi

n
d

th
at

b
ot

h
th

e
u

p
p

er
b

o
u

n
d

a
n

d
th

e
lo

w
er

b
ou

n
d

ar
e

ti
gh

t.
M

or
e

p
re

ci
se

ly
,

u
n

d
er

th
e

as
su

m
p

ti
on

s
of

p
ro

p
o
si

ti
o
n

2
0
,

th
e

m
in

im
ax

ri
sk

of
sm

o
ot

h
ed

an
al

y
si

s
is

p
re

ci
se

ly
on

th
e

or
d

er
of
d
k

2
/n

.

7
.
B
a
y
e
s
R
is
k
L
o
w
e
r
B
o
u
n
d
s
fo
r
S
p
a
rs
e
L
in
e
a
r
R
e
g
re
ss
io
n

L
in

ea
r

re
gr

es
si

on
is

a
ca

n
on

ic
al

p
ro

b
le

m
in

m
ac

h
in

e
le

ar
n

in
g

an
d

st
at

is
ti

cs
.

F
or

a
fi

x
ed

d
es

ig
n

m
at

ri
x
X
∈
R
n
×
d

an
d

an
u
n

k
n

ow
n

p
ar

a
m

et
er
θ
∈
R
d
,

th
e

le
ar

n
er

o
b

se
rv

es
a

n
o
is

e-
co

rr
u

p
te

d
re

sp
on

se
ve

ct
or
y

=
X
θ

+
ε,

w
h

er
e
ε

sa
ti

sfi
es

an
is

ot
ro

p
ic

n
o
rm

a
l

d
is

tr
ib

u
ti

o
n

N
(0
,σ

2
I d
×
d
).

T
h

e
go

al
is

to
ta

k
e

th
e

re
sp

on
se

ve
ct

or
as

in
p

u
t

an
d

fi
n

d
a
n

es
ti

m
a
to

r
θ̂
∈

R
d

fo
r

th
e

tr
u

e
p

ar
am

et
er

θ.
T

h
e

ri
sk

is
m

ea
su

re
d

ei
th

er
b
y

th
e

es
ti

m
a
ti

on
er

ro
r

L
es

t(
θ,
θ̂)

:=
‖θ̂
−
θ‖

2 2
,

or
b
y

th
e

p
re

d
ic

ti
on

er
ro

r
L

p
re

(θ
,θ̂

)
:=
‖X

θ̂
−
X
θ‖

2 2
.

B
ot

h
er

ro
rs

w
il

l
b

e
st

u
d

ie
d

in
th

is
se

ct
io

n
.

F
or

h
ig

h
-d

im
en

si
on

al
li

n
ea

r
re

gr
es

si
on

,
th

e
d

im
en

si
on

d
ca

n
b

e
m

u
ch

g
re

a
te

r
th

a
n

th
e

sa
m

p
le

si
ze
n

.
In

or
d

er
to

p
re

ve
n
t

ov
er

-fi
tt

in
g,

on
e

n
ee

d
s

to
im

p
os

e
st

ru
ct

u
ra

l
a
ss

u
m

p
ti

on
s

on
th

e
tr

u
e

p
ar

am
et

er
,

fo
r

ex
am

p
le

,
as

su
m

in
g

th
at

th
e

th
e

n
u

m
b

er
of

n
o
n
-z

er
o

en
tr

ie
s

in
ve

ct
or
θ

is
at

m
os

t
k

(k
�
d
).

F
or

m
al

ly
,
w

e
u
se

B 0
(k

)
to

re
p

re
se

n
t

th
e

se
t

o
f
k
-s

p
a
rs

e
ve

ct
o
rs

in
R
d
,

an
d

as
su

m
e

th
at
θ
∈

B 0
(k

).
U

n
d

er
th

is
se

tt
in

g,
w

e
w

an
t

to
co

m
p

u
te

a
n

es
ti

m
a
to

r
θ̂
∈
R
d

to
m

in
im

iz
e

th
e

es
ti

m
at

io
n

er
ro

r
or

th
e

p
re

d
ic

ti
on

er
ro

r.
N

ot
e

th
a
t

th
e

es
ti

m
a
to

r
θ̂

d
o
es

n
ot

n
ee

d
to

b
e
k
-s

p
ar

se
.

H
en

ce
,

ou
r

th
eo

re
ti

ca
l

fr
am

ew
or

k
in

cl
u

d
es

im
p
ro

pe
r

le
a
rn

er
s

w
h

ic
h

ar
e

al
lo

w
ed

to
ou

tp
u

t
n

on
-s

p
ar

se
es

ti
m

at
es

w
h

en
ev

er
th

ey
ac

h
ie

ve
sm

a
ll

ri
sk

s.
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C
h
e
n

a
n
d

G
u
n
t
u
b
o
y
in

a
a
n
d

Z
h
a
n
g

T
h

e
m

in
im

ax
ri

sk
s

o
f

sp
ar

se
li

n
ea

r
re

gr
es

si
o
n

h
av

e
b

ee
n

w
el

l-
st

u
d

ie
d

.
U

n
d

er
th

e
sa

m
e

p
ro

b
le

m
se

tt
in

g,
R

a
sk

u
tt

i
et

al
.

(2
0
1
1
)

p
ro

ve
d

in
fo

rm
a
ti

o
n

th
eo

re
ti

c
lo

w
er

b
o
u

n
d

s
on

b
o
th

th
e

es
ti

m
at

io
n

er
ro

r
a
n

d
th

e
p
re

d
ic

ti
o
n

er
ro

r.
C

er
ta

in
lo

w
er

b
ou

n
d

s
h

av
e

a
ls

o
b

ee
n

p
ro

ve
d

u
n

d
er

th
e

co
m

p
u

ta
ti

o
n

tr
a
ct

a
b

il
it

y
co

n
st

ra
in

t
Z

h
a
n

g
et

a
l.

(2
01

4
),

o
r

p
ro

v
ed

fo
r

th
e

fa
m

il
y

of
re

gu
la

ri
ze

d
M

-e
st

im
a
to

rs
Z

h
an

g
et

a
l.

(2
0
1
5
).

A
ll

th
es

e
lo

w
er

b
ou

n
d

s
h

an
d

le
th

e
w

o
rs

t-
ca

se
sc

en
ar

io
—

gi
v
en

an
a
rb

it
ra

ry
es

ti
m

a
to

r,
th

ey
p

ro
ve

th
e

ex
is

te
n

ce
o
f

a
p

ar
am

et
er
θ

th
a
t

at
ta

in
s

th
e

lo
w

er
b

ou
n

d
.

T
h

is
se

tt
in

g
m

ig
h
t

b
e

to
o

p
es

si
m

is
ti

c
in

p
ra

ct
ic

e.
T

h
e

g
o
al

of
th

is
se

ct
io

n
is

to
st

u
d

y
th

e
B

ay
es

ri
sk

of
sp

a
rs

e
li

n
ea

r
re

gr
es

si
on

u
n

d
er

a
n

a
tu

ra
l

p
ri

or
,

w
h

os
e

co
n

st
ru

ct
io

n
is

d
es

cr
ib

ed
in

th
e

n
ex

t
su

b
se

ct
io

n
.
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P
ri

o
r

D
e
fi

n
it

io
n

a
n

d
A

ss
u

m
p

ti
o
n

s

W
e

d
efi

n
e

a
p

ri
o
r

ov
er
k
-s

p
a
rs

e
d
-d

im
en

si
on

al
ve

ct
or

s
fo

r
th

e
tr

u
e

p
a
ra

m
et

er
θ
∈
R
d
,
re

fe
rr

ed
to

a
s

d
is

tr
ib

u
ti

on
w

,
a
s

fo
ll

ow
s:

1.
U

n
if

o
rm

ly
sa

m
p

le
a

su
b

se
t

of
k

in
d

ic
es

fr
o
m

th
e

in
te

ge
r

se
t
{1
,2
,.
..
,d
},

n
a
m

in
g

th
is

su
b

se
t

b
y
K

.

2
.

F
or

ev
er

y
in

d
ex

i
∈
K

,
th

e
co

o
rd

in
at

e
θ i

is
g
en

er
at

ed
b
y

sa
m

p
li

n
g

fr
o
m

th
e

n
o
rm

a
l

d
is

tr
ib

u
ti

on
N

(0
,τ

2
).

F
o
r

an
y
i
/∈
K

,
d

efi
n

e
θ i

:=
0.

G
iv

en
an

in
d

ex
se

t
K

,
w

e
u

se
θ K

a
s

a
sh

o
rt

h
a
n

d
n

o
ta

ti
o
n

to
d

en
o
te

th
e

co
o
rd

in
a
te

s
of

th
e

ve
ct

or
θ
∈
R
d

w
h

o
se

in
d

ic
es

b
el

o
n

g
to

th
e

se
t
K

.
S
im

il
a
rl

y,
w

e
u

se
θ −

K
to

d
en

o
te

th
e

su
b
ve

ct
or

w
h

os
e

in
d

ic
es

a
re

n
ot

in
K

.
T

h
en

th
e

th
e

se
co

n
d

st
ep

of
th

e
ab

ov
e

ge
n

er
a
ti

ve
p

ro
ce

ss
ca

n
b

e
re

p
h

ra
se

d
as

ge
n

er
a
ti

n
g
θ K
∼
N

(0
,τ

2
I k
×
k
)

a
n

d
d

efi
n

in
g
θ −

K
=

0.
It

is
cl

ea
r

th
a
t

th
e

sa
m

p
le

d
θ

b
el

on
g
s

to
th

e
k
-s

p
a
rs

e
` 0

-b
al

l
B 0

(k
)

:=
{ θ
∈
R
d

:
‖θ
‖ 0
≤
k
} .

O
n

e
m

ay
co

n
si

d
er

va
ri

a
n
ts

o
f

th
e

th
e

p
ri

or
d

efi
n

ed
a
b

ov
e.

F
o
r

ex
am

p
le

,
on

e
ca

n
a
ss

u
m

e
th

a
t

th
e

n
u

m
b

er
of

n
o
n

-z
er

o
en

tr
ie

s
o
f

th
e

ve
ct

o
r
θ

is
n

ot
ex

ac
tl

y
eq

u
al

to
k
,

b
u

t
ra

n
d

om
sa

m
p

le
d

fr
o
m

a
P

o
is

so
n

d
is

tr
ib

u
ti

o
n

w
it

h
m

ea
n
k
.

O
n

e
m

ay
a
ls

o
re

d
efi

n
e

th
e

p
ri

o
r

of
n

on
-

ze
ro

en
tr

ie
s

to
b

e
a

n
o
n

-G
a
u

ss
ia

n
d

is
tr

ib
u

ti
on

.
H

ow
ev

er
,

th
es

e
va

ri
a
n
ts

d
o
n

’t
ad

d
es

se
n
ti

a
l

te
ch

n
ic

al
ch

al
le

n
g
e

to
th

e
an

al
y
si

s,
th

u
s

w
e

fo
cu

s
o
n

th
e

th
e

p
ri

o
r
w

a
s

a
co

n
cr

et
e

ex
am

p
le

fo
r

il
lu

st
ra

ti
n

g
th

e
g
en

er
a
l

id
ea

.

W
e

m
ak

e
a
n

a
d

d
it

io
n

al
a
ss

u
m

p
ti

on
on

th
e

d
es

ig
n

m
a
tr

ix
X

th
a
t

is
im

p
o
rt

an
t

fo
r

ch
a
ra

c-
te

ri
zi

n
g

th
e

m
in

im
ax

ri
sk

(s
ee

,
e.

g
.

R
a
sk

u
tt

i
et

a
l.

,
2
0
1
1
),

a
n

d
in

th
is

se
ct

io
n

,
w

e
st

u
d

y
th

ei
r

eff
ec

ts
on

th
e

B
ay

es
ri

sk
.

S
p

ec
ifi

ca
ll

y,
th

e
d

es
ig

n
m

a
tr

ix
X

sa
ti

sfi
es

th
e

sp
a
rs

e
ei

ge
n

va
lu

e
co

n
d
it

io
n

s
w

it
h

p
a
ra

m
et

er
(κ
u
,κ

`)
if

:

κ
`‖
β
‖ 2
≤
‖X

β
‖ 2

√
n
≤
κ
u
‖β
‖ 2

fo
r

a
n
y

(2
k
)-

sp
a
rs

e
v
ec

to
r
β
∈
R
d
.

(5
8
)

H
er

e,
b

o
th

κ
u

an
d
κ
`

a
re

p
os

it
iv

e
co

n
st

a
n
ts

.
A

s
a

co
n

cr
et

e
ex

am
p

le
,

if
en

tr
ie

s
o
f

th
e

m
a-

tr
ix
X

a
re

i.
i.

d
.

sa
m

p
le

d
fr

o
m

a
n

o
rm

a
l

d
is

tr
ib

u
ti

on
,

th
en

th
e

m
a
tr

ix
is

ca
ll

ed
a

G
a
u

ss
ia

n
ra

n
d
o
m

d
es

ig
n

.
T

h
is

ty
p

e
o
f

m
a
tr

ic
es

h
av

e
b

ee
n

ex
te

n
si

ve
ly

st
u

d
ie

d
fo

r
sp

a
rs

e
li

n
ea

r
re

-
g
re

ss
io

n
(C

an
d

es
et

a
l.

,
2
00

6
;

G
u

éd
o
n

et
al

.,
2
0
08

),
a
n

d
p

ro
v
ed

to
sa

ti
sf

y
co

n
d

it
io

n
(5

8)
w

it
h
κ
u
/κ

`
=
O

(1
)

(R
a
sk

u
tt

i
et

a
l.

,
2
0
1
0)

.
F

o
r

th
e

re
st

o
f

th
is

se
ct

io
n

,
w

e
a
ss

u
m

e
th

a
t

th
e

d
es

ig
n

m
a
tr

ix
X

sa
ti

sfi
es

th
e

co
n

d
it

io
n

(5
8
).
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O
n

B
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y
e
s

r
isk

l
o
w

e
r

b
o
u
n
d
s

7
.2

B
a
y
e
s

R
isk

L
o
w

e
r

B
o
u

n
d

s

F
o
r

sp
a
rse

lin
ear

regression
,

w
e

d
en

o
te

th
e

p
a
ra

m
eter

sp
a
ce

a
n

d
a
ctio

n
sp

a
ce

b
y

Θ
=

B
0 (k

)
a
n

d
A

=
R
d,

resp
ectively.

W
e

p
resen

t
a

B
ayes

risk
low

er
b

ou
n

d
w

ith
resp

ect
to

th
e

p
rior

d
istrib

u
tion

d
efi

n
ed

in
S

ection
7
.1

,
th

en
d

em
on

stra
te

its
con

seq
u

en
ces.

T
h

e
o
re

m
2
3

A
ssu

m
e

th
a
t

th
e

d
esign

m
a
trix

X
sa

tisfi
es

th
e

spa
rse

eigen
va

lu
e

co
n

d
itio

n
(58

),
a
n

d
th

a
t
d
>
k

3.
T

h
ere

a
re

u
n

iversa
l

co
n

sta
n

ts
c ′,c ′′

>
0

su
ch

th
a
t

fo
r

a
n

y
τ
>

0
,

w
e

h
a
ve

B
a
yes

risk
lo

w
er

bo
u

n
d
s:
R

B
a
y
es (w

,L
est ;Θ

)≥
c ′T

(τ
)

a
n

d
R

B
a
y
es (w

,L
p

re ;Θ
)≥

c ′′κ
2` T

(τ
),

w
h
ere

T
(τ

)
is

a
term

d
efi

n
ed

by

T
(τ

)
:=

k
τ

2
m

a
x {

1

1
+
κ

2u τ
2n
/
σ

2
,ex

p (
−

4
κ

2u n

σ
2

[τ
2−

σ
2

lo
g
(d
/k

)

1
6κ

2u n

]
+ )}

.
(5

9)

T
h

e
p

ro
of

o
f

T
h

eorem
2
3

follow
s

th
e

gen
era

l
stra

teg
y

th
at

w
e

sketch
ed

in
ea

rlier
sectio

n
s:

fi
rst,

w
e

b
o
u

n
d

th
e

m
u

tu
a
l

in
fo

rm
a
tiv

ity
u

sin
g

th
e

tech
n

iq
u

es
d

escrib
ed

in
S

ectio
n

5
,

th
en

w
e

u
p

p
er

b
ou

n
d

th
e

p
rob

ab
ility

su
p
a∈A

w
(B

t (a
,L

))
fo

r
a

sp
ecifi

c
sca

la
r
t
>

0.
C

o
m

b
in

in
g

th
e

tw
o

u
p
p

er
b

ou
n

d
s

w
ith

C
orollary

1
2

estab
lish

es
th

e
th

eo
rem

.
S

ee
A

p
p

en
d

ix
E

fo
r

th
e

p
ro

of.
W

e
m

ake
a

few
im

p
orta

n
t

rem
a
rk

s
of

th
is

resu
lt

in
th

e
b

elow
.

E
stim

a
tio

n
v
e
rsu

s
p

re
d

ic
tio

n
B

y
T

h
eorem

2
3,

th
e

low
er

b
o
u

n
d
s

o
n

th
e

estim
a
to

r
erro

r
a
n

d
th

e
p

red
iction

erro
r

d
iff

er
b
y

a
fa

cto
r
κ

2` .
A

s
a

co
n

seq
u

en
ce,

if
w

e
m

u
ltip

ly
a

co
n

sta
n
t

to
th

e
d

esig
n

m
atrix

,
th

en
th

e
term

κ
2`

w
ill

a
lso

b
e

sca
led

.
If

th
e

scala
r

is
very

sm
a
ll,

th
en

th
e

low
er

b
ou

n
d

on
th

e
p

red
ictio

n
error

w
ill

b
e

clo
se

to
zero

,
b

u
t

th
e

low
er

o
n

th
e

estim
a
tio

n
error

w
on

’t.
T

h
ese

a
re

th
e

rig
h
t

sca
lin

g
fo

r
b

o
th

risk
s.

In
d

eed
,

w
h

en
th

e
d

esign
m

a
trix

co
n
verg

es
to

a
n

all-zero
m

a
trix

,
th

e
tru

e
p

ara
m

eters
w

ill
b

e
h

a
rd

to
id

en
tify,

b
u

t
th

e
co

n
sta

n
t

estim
ato

r
θ̂≡

0
w

ill
b

e
a
b

le
to

a
ch

ieve
a

sm
a
ll

p
red

ictio
n

erro
r.

C
o
m

p
a
riso

n
w

ith
m

in
im

a
x

risk
lo

w
e
r

b
o
u

n
d

s
It

is
w

o
rth

com
p

a
rin

g
T

h
eo

rem
23

w
ith

th
e

w
ell-stu

d
ied

m
in

im
a
x

risk
low

er
b

o
u

n
d
.

U
n

d
er

th
e

sp
a
rse

eig
en

va
lu

e
co

n
d

itio
n

(5
8
),

R
ask

u
tti

et
a
l.

(2
01

1)
p

rov
ed

th
e

follow
m

in
im

a
x

risk
low

er
b

o
u

n
d

:

in
fθ̂

m
a
x

θ∈
B
0
(k

) E
[L

est (θ,θ̂)]≥
c ′
σ

2k
lo

g
(d
/
k
)

κ
2u n

a
n

d
in

fθ̂
m

a
x

θ∈
B
0
(k

) E
[L

p
re (θ,θ̂)]≥

c ′′
κ

2` σ
2k

lo
g
(d
/k

)

κ
2u n

,

(6
0)

w
h

ere
c ′

a
n

d
c ′′

are
u

n
iversal

co
n

sta
n
ts.

T
h

ese
b

ou
n

d
s

are
m

a
tch

ed
b
y

T
h

eo
rem

23
.

In
p

a
rticu

lar,
if

w
e

assu
m

e
d
>
k

3
an

d
con

sid
er

th
e

p
rior

d
istrib

u
tio

n
w

ith
va

ria
n

ce:

τ
2

=

(
τ

2∗
:=

σ
2

lo
g
(d
/
k
)

1
6κ

2u n

)
,

(6
1)

th
en

ex
p

ressio
n

(5
9)

im
p

lies
T

(τ
)

=
k
τ

2,
a
n

d
a
s

a
co

n
seq

u
en

ce,
w

e
h

av
e

R
B

a
y
es (w

,L
est ;Θ

)≥
c ′
σ

2k
lo

g
(d
/
k
)

κ
2u n

a
n

d
R

B
a
y
es (w

,L
p

re ;Θ
)≥

c ′′
κ

2` σ
2k

lo
g
(d
/
k
)

κ
2u n

,
(6

2)

w
h

ere
c ′

a
n

d
c ′′

a
re

u
n

iversal
co

n
sta

n
ts.

T
h

e
m

in
im

a
x

risk
low

er
b

ou
n

d
s

(6
0
)

a
n

d
th

e
B

ayes
risk

low
er

b
o
u

n
d

s
(6

2)
th

u
s

m
a
tch

b
y

a
u

n
iversa

l
con

sta
n
t

fa
cto

r.
T

h
erefo

re,
u

sin
g

o
u

r
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C
h
e
n

a
n
d

G
u
n
t
u
b
o
y
in

a
a
n
d

Z
h
a
n
g

tech
n

iq
u

e,
w

e
can

d
irectly

ob
tain

th
is

classical
m

in
im

ax
resu

lt
on

sp
arse

lin
ear

regression
.

It
is

w
o
rth

n
otin

g
th

at
th

e
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con
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τ
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=
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E
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)
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E
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p
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B
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n
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).

A
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a
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w
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m

a
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a∈A
w
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(a

))≤
R

dQ
≤

1−
m

in
a∈A

w
(B

(a
)).

(7
1
)

U
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g
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e
b

o
u

n
d

s
in

(7
1
)

o
n

th
e

rig
h
t

h
an
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o
f

(6
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),

w
e

d
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u
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∫

Θ
D
f (P

θ ‖Q
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θ)≥

−
H

(R
d)−

R
d
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g

(1−
w

m
in )−

(1−
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g
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m
a
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w
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m
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n
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m
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p
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T
a
k
-
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g
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u
m

o
n
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e
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d
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e
a
b
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o
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(R
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m
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(1−
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m
a
x )
.

P
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ed

w
m

in
+
w

m
a
x
<

1
,

o
n

e
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n
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th

e
a
b

ove
in

eq
u

a
lity

as
(6

8
).

T
h

is
co

m
p

letes
th

e
p

ro
o
f

o
f

(6
8
).

A
.3

P
ro

o
f

o
f

C
o
ro

lla
ry

7

1
.

P
ro

o
f

o
f

in
e
q
u

a
lity

(2
6):

A
p

p
ly

in
g

T
h

eo
rem

2
w

ith
f

(x
)

=
x

2−
1
,

w
e

o
b

ta
in

I
χ
2 (w

,P
)≥

(R
0 −

R
)
2

R
0 (1−

R
0 )

B
eca

u
se
R
≤
R

0 ,
w

e
ca

n
in

v
ert

th
e

a
b

ove
to

ob
ta

in
(2

6
).

2
.

P
ro

o
f

o
f

in
e
q
u

a
lity

(2
7):

T
h

eo
rem

2
w

ith
f

(x
)

=
|x
−

1|/
2

g
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I
T
V

(w
,P

)≥
R

0

2

∣∣∣∣
RR

0 −
1 ∣∣∣∣

+
1−

R
0

2

∣∣∣∣
1−

R

1−
R

0 −
1 ∣∣∣∣

=
R

0 −
R
,

w
h
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e
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u
ality

u
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e
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ct
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t
R
≤
R

0 .
In

vertin
g

th
e
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ove

in
eq

u
a
lity,

w
e

o
b

tain
(2

7).
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C
h
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G
u
n
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b
o
y
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a
a
n
d

Z
h
a
n
g

3.
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u

a
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(28):
T
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2
w
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)
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1
/
2 (x

)
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1−
√
x
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I
f
1
/
2 (w
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)≥
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√
R
R

0 −
√

(1−
R
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R

0 ).
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√
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ab
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∫X

√
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u
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√
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2
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=

∫

Θ

∫

Θ
H

2(P
θ ‖
P
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√
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√
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p
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√
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b
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√

1−
R

0
(at

R
=
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R
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∈
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b
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b
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R
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T
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e
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b
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√
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).
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r
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≤
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R
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=
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=
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e
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√
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ra
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p
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.
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d
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d
,

ap
p

ly
in

g
(2

7)
w

it
h
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=
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=
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an
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=
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d
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‖P

θ 1
−
Q
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e
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y
:

R
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a
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P
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T
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L
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∪

Θ
1

fo
r

tw
o

d
is

jo
in

t
su

b
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∈
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∈
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∈
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∈
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w
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d
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d
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1
ar

e
m

ar
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∫
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p
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or
w

=
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n
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b
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b
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b
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b
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p
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.
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∈
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b
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∈
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=
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b
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p
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∈
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e
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in
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e

ze
ro

-o
n

e
va
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n
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L
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)
is

b
ou

n
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θ
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R
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ti
n

g
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is
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g
u

m
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t
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r
L
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)
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a
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r
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an
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a
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d
in

g
u

p
th

e
re
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in
g

b
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n
d
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w
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1
).

B
y
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n
g

L
e

C
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u

a
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,

e.
g
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L
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m
a

2
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v
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2
0
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w

h
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h
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′ ‖
T
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√
H
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1 4
H
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θ
‖P

θ
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e
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eq

u
a
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ty
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1)

fu
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er

im
p
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th
e

H
el
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n

g
er

d
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n
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rs
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o
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A
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u

a
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a
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e
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T
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b
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0
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,
T

h
eo

re
m

2
.1

2
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,

R
m
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a
x
≥
d 2

m
in

L
(θ
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=
1

{
1
−
√
H

2
(P

θ
‖P

θ
′ )

( 1
−

1 4
H

2
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θ
‖P
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a
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n

o
f
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D
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c
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b
ou

n
d

s
g
iv

en
b
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d
iff

er
en
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p
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u
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t
u

s
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e

d
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e
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g
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e
Θ

=
A
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L
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=
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d
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e
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ch
a
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u
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st
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g
p
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b
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p

,
R

0
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l
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−
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W

e
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N
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en
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y
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e
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R

0
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T
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m
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a
x
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er
b

o
u

n
d
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a

ty
p
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a
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p
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a
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b
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u
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h
y
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o
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p
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b
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m
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a
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m
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o
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p

,
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y
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p
ro
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a
t

th
e

B
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R
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>

0
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ee
S

ec
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2
.
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T
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b
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0
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.
W
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h
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t
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n
er

a
li
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w
e
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ke
c

=
1/

2
a
n

d
w

e
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a
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e

h
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e
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e
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eq
u

a
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6
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d
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es
ta

b
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et
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st
ar
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h
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es
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d
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K
L

d
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h
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h
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n
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l

F
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e
d
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o
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b
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R
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1
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,
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e
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d
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sh
o
u
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I
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≤
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N 4
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W
e
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at
I
(w
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g
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w
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e
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L
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∞
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e

in
eq

u
al

it
y

(4
7
)

fr
om

S
ec

ti
on

5
(l

et
M

=
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=
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b
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−
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d
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g
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h
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χ
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∞
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p
er
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b
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b
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b
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≥

1/
2.

F
o
r

th
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w
e

claim
th

a
t

it
g
ives

n
o

m
ore

u
sefu
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ob
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p
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=
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)
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h
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√
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√
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h
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w
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∑
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N
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e
a
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≥
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ffi
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d
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.
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=
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‖
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j ‖
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θ
j )

4



S
in

ce
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θ
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1
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d
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)
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≥
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,
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p
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r
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s
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a
t
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H
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g
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p
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eses
is

n
ot

m
ore

u
sefu

l
th

a
n
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p
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e
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b
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d
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b
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a
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b
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b
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i ‖
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∞
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h
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i ‖
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∞
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p
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e
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d
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m
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u
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l
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th
a
n

th
ose

ob
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b
y
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e

sim
p

le
tw

o
p

oin
t

argu
m

en
t.
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b
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ellin
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eq

u
a
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(26).
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th
e

H
ellin

g
er
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n

d
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)
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g
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u
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y
p
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p
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d
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p
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L
e
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L
et
φ

(t)
≡
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w
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φ
′(t)

=
rt r−

1
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d
φ
′′(t)

=
r(r−
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2

an
d
ϕ
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=
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r

w
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ϕ
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=
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T
h

en
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)
=
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(∫

T
φ
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.
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o
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th
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con
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ity
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f
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con
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g
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n
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=
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∈
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con
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con
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∫
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n
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=
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r ∫

T
u

(t)
r−

1v
(t)µ

(d
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r ∫
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(∫

T
a
(t)b(t)µ

(d
t) )

2≤
(∫

T
a
(t)

2µ
(d
t) )

(∫
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d
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−
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w
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is
ex

am
p
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d
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w
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e
d
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p
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v
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b
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.
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b
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e
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e
E

u
clid

ea
n

b
a
ll

w
ith

u
n

it
ra

d
iu

s.
T

h
u

s
th
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−
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/
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<
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a
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.
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p
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a
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/
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w
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b
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b
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con
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p
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p
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b
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b
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a∈
A
w

(B
t (a
,L

))≤
W
t d
/
2V

ol(B
).

W
h

en
ε→

0,
w

e
h

ave
W
→
∞

so
th

at
th

e
u

p
p

er
b

ou
n

d
is

fa
irly

lo
ose.

H
ow

ever,
sin

ce
H

is
th
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b
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∩
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∩
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w
is

restricted
in

a
(d−
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R
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b
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b
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d
efi

n
ed

in
th

e
p

rev
iou

s
ex

am
p
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p
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b
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b
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con
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θ∈

R
d

:‖
θ‖
<
√
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n

in
g

al
g
o
ri

th
m

p
ro

p
o
se

d
re

ce
n
tl

y
b
y

S
u

tt
on

,
M

ah
m

o
o
d

,
an

d
W

h
it

e
(2

01
6)

:
th

e
em

p
h
a
ti

c
te

m
p

o
ra

l-
d

iff
er

en
ce

(T
D

)
le

a
rn

in
g

a
l-

go
ri

th
m

,
or

E
T

D
(λ

).
T

h
e

a
lg

or
it

h
m

is
si

m
il

a
r

to
th

e
st

a
n

d
a
rd

T
D

(λ
)

al
g
o
ri

th
m

w
it

h
li

n
ea

r
fu

n
ct

io
n

a
p

p
ro

x
im

at
io

n
(S

u
tt

o
n

,
1
98

8
),

b
u

t
u

se
s

a
n

ov
el

sc
h

em
e

to
re

so
lv

e
a

lo
n
g
-s

ta
n

d
in

g
d

iv
er

ge
n

ce
p

ro
b

le
m

in
T

D
(λ

)
w

h
en

a
p

p
li
ed

to
off

-p
o
li

cy
d

at
a
.

R
eg

a
rd

in
g

th
e

d
iv

er
g
en

ce
p

ro
b

le
m

,
w

h
il

e
T

D
(λ

)
w

as
p

ro
ve

d
to

co
n
v
er

g
e

fo
r

th
e

o
n

-p
ol

ic
y

ca
se

(T
si

ts
ik

li
s

a
n

d
V

an
R

oy
,

19
97

),
it

w
as

k
n

ow
n

q
u
it

e
ea

rl
y

th
a
t

th
e

a
lg

o
ri

th
m

ca
n

d
iv

er
ge

in
ot

h
er

ca
se

s
(B

ai
rd

,
19

9
5;

T
si

ts
ik

li
s

an
d

V
a
n

R
oy

,
1
9
97

).
1

T
h

e
d

iffi
cu

lt
y

is
in

tr
in

si
c

to
sa

m
p

li
n

g
st

a
te

s
a
cc

o
rd

in
g

to
a
n

a
rb

it
ra

ry
d

is
tr

ib
u

ti
o
n

.
S

in
ce

th
en

a
lt

er
n

at
iv

e
a
lg

or
it

h
m

s
w

it
h

o
u

t
co

n
ve

rg
en

ce
is

su
es

h
av

e
b

ee
n

so
u
gh

t
fo

r
o
ff

-p
o
li

cy
le

a
rn

in
g
.

In
p

a
rt

ic
u

la
r,

in
th

e
o
ff

-p
ol

ic
y

L
S

T
D

(λ
)

al
g
o
ri

th
m

(B
er

ts
ek

as
an

d
Y

u
,

20
09

;
Y

u
,

2
01

2
),

w
h

ic
h

is
a
n

ex
te

n
si

o
n

of
th

e
o
n

-p
o
li

cy
le

a
st

-s
q
u

a
re

s
ve

rs
io

n
o
f

T
D

(λ
)

p
ro

p
o
se

d
b
y

B
ra

d
tk

e
a
n

d
B

a
rt

o
(1

99
6)

a
n

d
B

oy
a
n

(1
99

9)
,

w
it

h
h

ig
h

er
co

m
p

u
ta

ti
on

al
co

m
p
le

x
it

y
th

a
n

T
D

(λ
),

th
e

li
n

ea
r

eq
u

a
ti

o
n

a
ss

o
ci

a
te

d
w

it
h

T
D

(λ
)

is
es

ti
-

m
at

ed
fr

om
d

at
a

a
n

d
th

en
so

lv
ed

.2
In

th
e

g
ra

d
ie

n
t-

T
D

a
lg

or
it

h
m

s
(S

u
tt

o
n

et
al

.,
20

0
8,

2
00

9;
M

a
ei

,
20

11
)

a
n

d
th

e
p

ro
x
im

a
l

g
ra

d
ie

n
t-

T
D

a
lg

or
it

h
m

s
(L

iu
et

al
.,

2
00

9
;

M
a
h

a
d

ev
a
n

a
n

d
L

iu
,

2
01

2
;

se
e

al
so

M
ah

ad
ev

an
et

al
.,

20
1
4
;

L
iu

et
a
l.

,
2
01

5
),

th
e

d
iffi

cu
lt

y
in

T
D

(λ
)

is
ov

er
co

m
e

b
y

re
fo

rm
u

la
ti

n
g

th
e

ap
p

ro
x
im

a
te

p
o
li

cy
ev

a
lu

a
ti

o
n

p
ro

b
le

m
T

D
(λ

)
at

te
m

p
ts

to
so

lv
e

a
s

op
ti

m
iz

a
ti

o
n

p
ro

b
le

m
s

a
n

d
th

en
ta

ck
le

th
em

w
it

h
o
p

ti
m

iz
at

io
n

te
ch

n
iq

u
es

.
(S

ee
th

e
su

rv
ey

s
G

ei
st

an
d

S
ch

er
re

r,
2
01

4
a
n

d
D

a
n

n
et

a
l.

,
2
01

4
fo

r
o
th

er
a
lg

o
ri

th
m

ex
a
m

p
le

s.
)

C
o
m

p
ar

ed
to

th
e

a
lg

o
ri

th
m

s
ju

st
m

en
ti

o
n

ed
,

E
T

D
(λ

)
is

cl
os

er
to

th
e

st
a
n

d
ar

d
T

D
(λ

)
al

g
or

it
h

m
an

d
ad

d
re

ss
es

th
e

is
su

e
in

T
D

(λ
)

m
o
re

d
ir

ec
tl

y.
It

in
tr

o
d

u
ce

s
a

n
ov

el
w

ei
g
h
ti

n
g

sc
h

em
e

to
re

-w
ei

gh
t

th
e

st
at

es
w

h
en

fo
rm

in
g

th
e

el
ig

ib
il

it
y

tr
a
ce

s
in

T
D

(λ
),

so
th

at
th

e
w

ei
g
h
ts

re
fl
ec

t
th

e
o
cc

u
p

at
io

n
fr

eq
u

en
ci

es
o
f

th
e

ta
rg

et
p

o
li

cy
ra

th
er

th
a
n

th
e

b
eh

av
io

r
p

ol
ic

y.
A

n
im

p
or

ta
n
t

re
su

lt
o
f

th
is

w
ei

g
h
ti

n
g

sc
h
em

e
is

th
at

u
n

d
er

n
a
tu

ra
l

co
n

d
it

io
n
s

on
th

e
fu

n
ct

io
n

a
p

p
ro

x
im

a
ti

o
n

a
rc

h
it

ec
tu

re
,

th
e

av
er

ag
e

d
y
n
a
m

ic
s

o
f

E
T

D
(λ

)
ca

n
b

e
d

es
cr

ib
ed

b
y

an
affi

n
e

fu
n

ct
io

n
in

vo
lv

in
g

a
n

eg
a
ti

v
e

d
efi

n
it

e
m

a
tr

ix
(S

u
tt

on
et

a
l.

,
2
01

6
;

Y
u

,
2
01

5
a)

,3

1
.

F
o
r

re
la

te
d

d
is

cu
ss

io
n
s,

se
e

a
ls

o
B

er
ts

ek
a
s

a
n
d

T
si

ts
ik

li
s

(1
9
9
6
);

S
u
tt

o
n

a
n
d

B
a
rt

o
(1

9
9
8
);

a
n

d
S

u
tt

o
n

et
a
l.

(2
0
1
6
).

2
.

A
n

effi
ci

en
t

a
lg

o
ri

th
m

fo
r

so
lv

in
g

th
e

es
ti

m
a
te

d
eq

u
a
ti

o
n
s

is
th

e
o
n
e

g
iv

en
b
y

Y
a
o

a
n
d

L
iu

(2
0
0
8
)

b
a
se

d
o
n

th
e

li
n
e

se
a
rc

h
m

et
h
o
d
.

It
ca

n
a
ls

o
b

e
a
p
p
li
ed

to
fi
n
d
in

g
a
p
p
ro

x
im

a
te

so
lu

ti
o
n
s

u
n
d
er

a
d
d
it

io
n

a
l

p
en

a
lt

y
te

rm
s

su
g
g
es

te
d

b
y

P
ir

es
a
n
d

S
ze

p
es

v́
a
ri

(2
0
1
2
).

3
.

S
u
tt

o
n

et
a
l.

(2
0
1
6
)

w
o
rk

w
it

h
th

e
n
eg

a
ti

o
n

o
f

th
e

m
a
tr

ix
th

a
t

w
e

a
ss

o
ci

a
te

w
it

h
E

T
D

(λ
)

in
th

is
p
a
p

er
.

T
h
e

n
eg

a
ti

v
e

d
efi

n
it

en
es

s
p
ro

p
er

ty
w

e
d
is

cu
ss

h
er

e
co

rr
es

p
o
n

d
s

to
th

e
p

o
si

ti
v
e

d
efi

n
it

en
es

s
p

ro
p

er
ty

d
is

cu
ss

ed
in

th
ei

r
w

o
rk

.

2
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L
R
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0)
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

w
h

ich
p

rov
id

es
a

d
esired

sta
b

ility
p

ro
p

erty,
sim

ila
r

to
th

e
ca

se
of

con
vergen

t
o
n

-p
o
licy

T
D

a
lg

orith
m

s.
T

h
e

a
lm

ost
su

re
con

v
erg

en
ce

o
f

E
T

D
(λ

),
u

n
d

er
g
en

era
l

o
ff

-p
o
licy

tra
in

in
g

co
n

d
itio

n
s,

h
a
s

b
een

sh
ow

n
in

o
u
r

recen
t

w
o
rk

(Y
u

,
2
01

5
a
)

fo
r

d
im

in
ish

in
g

step
size.

T
h

a
t

resu
lt,

h
ow

ev
er,

req
u

ires
th

e
step

size
to

d
im

in
ish

a
t

th
e

ra
te

o
f
O

(1/
t),

w
ith

t
b

ein
g

th
e

tim
e

in
d

ex
o
f

th
e

itera
te

seq
u

en
ce.

T
h

is
ran

ge
o
f

step
size

is
to

o
n

a
rrow

fo
r

a
p

p
lica

tio
n

s.
In

p
ra

ctice,
a
lg

orith
m

s
ten

d
to

m
a
k
e

p
ro

g
ress

to
o

slow
ly

if
th

e
step

size
b

ecom
es

to
o

sm
a
ll,

a
n

d
th

e
en

v
iron

m
en

t
m

ay
b

e
n

o
n

-sta
tion

ary,
so

it
is

often
p

referred
to

u
se

a
m

u
ch

la
rger

step
size

o
r

co
n

sta
n
t

step
size.

T
h

e
p

u
rp

o
se

o
f

th
is

p
ap

er
is

to
p

rov
id

e
a
n

a
n

a
ly

sis
o
f

E
T

D
(λ

)
fo

r
a

b
ro

ad
ran

g
e

of
step

sizes.
S

p
ecifi

cally,
w

e
co

n
sid

er
con

stan
t

step
size

an
d

step
size

th
a
t

ca
n

d
ecrea

se
a
t

a
ra

te
m

u
ch

slow
er

th
a
n
O

(1/t).
W

e
w

ill
m

a
in

tain
g
en

era
l

o
ff

-p
o
licy

tra
in

in
g

co
n

d
itio

n
s,

w
ith

o
u

t
p

la
cin

g
restrictio

n
s

o
n

th
e

b
eh

av
io

r
p

o
licy.

H
ow

ever,
w

e
w

ill
co

n
sid

er
con

stra
in

ed
versio

n
s

o
f

E
T

D
(λ

),
w

h
ich

co
n

stra
in

th
e

itera
tes

to
b

e
in

a
b

o
u

n
d

ed
set,

a
n

d
a

m
o
d

e
of

co
n
verg

en
ce

th
a
t

is
w

ea
ker

th
a
n

alm
o
st

su
re

con
verg

en
ce.

C
o
n

stra
in

in
g

th
e

E
T

D
(λ

)
itera

tes
is

n
o
t

o
n

ly
n

eed
ed

in
an

aly
sis,

b
u

t
a
lso

a
m

ea
n

s
to

con
tro

l
th

e
va

ria
n

ces
o
f
th

e
itera

tes,
w

h
ich

is
im

p
o
rtan

t
in

p
ractice

sin
ce

off
-p

o
licy

lea
rn

in
g

a
lg

o
rith

m
s

g
en

era
lly

h
av

e
h

ig
h

va
rian

ces.
A

lm
o
st

su
re

co
n
vergen

ce
is

n
o

lon
ger

g
u

a
ran

teed
for

a
lg

o
rith

m
s

u
sin

g
la

rg
e

step
sizes;

h
en

ce
w

e
a
n

a
ly

ze
th

eir
b

eh
av

io
r

w
ith

resp
ect

to
a

w
ea

ker
con

verg
en

ce
m

o
d

e.
W

e
stu

d
y

a
sim

p
le,

b
asic

versio
n

o
f

co
n

stra
in

ed
E

T
D

(λ
)

a
n

d
severa

l
va

ria
tio

n
s

o
f

it,
som

e
of

w
h

ich
a
re

b
ia

sed
b

u
t

ca
n

m
itiga

te
th

e
va

ria
n

ce
issu

e
b

etter.
T

o
g
ive

a
n

overv
iew

of
o
u

r
resu

lts,
w

e
sh

a
ll

refer
to

th
e

fi
rst

a
lg

orith
m

a
s

th
e

u
n
b

ia
sed

a
lg

o
rith

m
,

a
n

d
its

b
ia

sed
va

ria
tion

s
a
s

th
e

b
iased

varian
ts.

T
w

o
g
rou

p
s

o
f

resu
lts

w
ill

b
e

g
iven

to
ch

a
racterize

th
e

asy
m

p
to

tic
b

eh
av

ior
o
f

th
e

tra
jecto

ry
of

iterates
p
ro

d
u

ced
b
y

th
ese

a
lg

o
rith

m
s.

T
h

e
fi

rst
gro

u
p

o
f

resu
lts

are
d

eriv
ed

b
y

co
m

b
in

in
g

k
ey

p
ro

p
erties

o
f

E
T

D
(λ

)
w

ith
p

ow
erfu

l
co

n
ver-

g
en

ce
th

eorem
s

from
th

e
w

ea
k

co
n
verg

en
ce

m
eth

o
d

s
in

sto
ch

a
stic

a
p

p
rox

im
atio

n
th

eo
ry.

T
h

e
resu

lts
sh

ow
(ro

u
g
h

ly
sp

eak
in

g)
th

a
t:

(i)
In

th
e

ca
se

o
f

d
im

in
ish

in
g

step
size,

u
n

d
er

m
ild

co
n

d
ition

s,
th

e
tra

jecto
ry

o
f

itera
tes

p
ro

d
u

ced
b
y

th
e

u
n
b

ia
sed

a
lgo

rith
m

even
tu

a
lly

sp
en

d
s

n
ea

rly
a
ll

its
tim

e
in

a
n

a
rb

i-
tra

rily
sm

a
ll

n
eigh

b
o
rh

o
o
d

of
th

e
d

esired
solu

tion
,

w
ith

an
arb

itra
rily

h
ig

h
p

ro
b

a
b

ility
(T

h
eo

rem
4);

an
d

th
e

tra
jecto

ry
p

ro
d

u
ced

b
y

th
e

b
ia

sed
a
lg

o
rith

m
s

h
a
s

a
sim

ila
r

b
e-

h
av

io
r,

w
h

en
th

e
a
lg

o
rith

m
ic

p
a
ra

m
eters

are
set

to
m

ake
th

e
b

ia
ses

su
ffi

cien
tly

sm
all

(T
h

eo
rem

6).
T

h
ese

resu
lts

en
ta

il
th

e
con

v
erg

en
ce

in
m

ea
n

to
th

e
d

esired
so

lu
tio

n
for

th
e

u
n
b

iased
a
lgo

rith
m

(C
o
rollary

2
),

a
n

d
th

e
con

vergen
ce

in
p

ro
b

a
b

ility
to

so
m

e
v
icin

ity
of

th
e

d
esired

so
lu

tio
n

fo
r

th
e

b
ia

sed
varia

n
ts.

(ii)
In

th
e

case
o
f

co
n

stan
t

step
size,

im
a
gin

e
th

a
t

w
e

ru
n

th
e

a
lg

o
rith

m
s

fo
r

a
ll

step
sizes;

th
en

co
n

clu
sio

n
s

sim
ila

r
to

th
o
se

in
(i)

h
o
ld

in
th

e
lim

it
a
s

th
e

step
size

p
a
ra

m
eter

ap
p

ro
a
ch

es
zero

(T
h

eo
rem

s
5

a
n

d
7
).

In
p

articu
la

r,
a

sm
aller

step
size

p
a
ra

m
eter

resu
lts

in
an

in
creasin

gly
lon

g
er

segm
en

t
o
f

th
e

tra
jecto

ry
to

sp
en

d
,
w

ith
an

in
crea

sin
g

p
ro

b
a
b

ility,
n

ea
rly

all
its

tim
e

in
so

m
e

n
eigh

b
o
rh

o
o
d

o
f
th

e
d

esired
solu

tio
n

.
T
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L
et
γ

(s
)
∈

[0
,1

],
s
∈
S

,
b

e
st

at
e-

d
ep

en
d

en
t

d
is

co
u

n
t

fa
ct

or
s,

w
it

h
γ

(s
)
<

1
fo

r
at

le
as

t
on

e
st

at
e.

W
e

m
ea

su
re

th
e

p
er

fo
rm

an
ce

of
π

in
te

rm
s

of
th

e
ex

p
ec

te
d

d
is

co
u

n
te

d
to

ta
l

re
w

ar
d

s
at

ta
in

ed
u

n
d

er
π

as
fo

ll
ow

s:
fo

r
ea

ch
st

at
e
s
∈
S,

v π
(s

)
:=

E
π

[ R
0

+

∞ ∑ t=
1

γ
(S

1
)
γ

(S
2
)
··
·γ

(S
t)
·R

t

∣ ∣ ∣S
0

=
s] ,

(1
)
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Y
u

w
h

er
e
R
t
is

th
e

ra
n

d
o
m

re
w

ar
d

re
ce

iv
ed

at
ti

m
e
t,

a
n

d
E
π

d
en

o
te

s
ex

p
ec

ta
ti

o
n

w
it

h
re

sp
ec

t
to

th
e

p
ro

b
ab

il
it

y
d

is
tr

ib
u

ti
on

of
th

e
st

a
te

s,
a
ct

io
n

s
a
n

d
re

w
a
rd

s,
(S
t,
A
t,
R
t)

,
t
≥

0
,

ge
n

er
a
te

d
u

n
d

er
th

e
p

ol
ic

y
π

.
T

h
e

fu
n

ct
io

n
v π

o
n
S

is
ca

ll
ed

th
e

va
lu

e
fu

n
ct

io
n

o
f
π

.
T

h
e

sp
ec

ia
l

ca
se

of
γ

b
ei

n
g

a
co

n
st

an
t

le
ss

th
a
n

1
co

rr
es

p
o
n

d
s

to
th

e
γ

-d
is

co
u

n
te

d
re

w
ar

d
cr

it
er

io
n

:
v π

(s
)

=
E
π
[ ∑
∞ t=

0
γ
t R

t
|S

0
=
s]

.
In

th
e

ge
n

er
a
l

ca
se

,
b
y

le
tt

in
g
γ

d
ep

en
d

o
n

th
e

st
a
te

,
th

e
fo

rm
u

la
ti

on
is

ab
le

to
a
ls

o
co

ve
r

ce
rt

a
in

u
n
d

is
co

u
n
te

d
to

ta
l
re

w
ar

d
M

D
P

s
w

it
h

te
rm

in
a
ti

o
n

;4

h
ow

ev
er

,
fo

r
v π

to
b

e
w

el
l-

d
efi

n
ed

(i
.e

.,
to

h
av

e
th

e
ri

g
h
t-

h
a
n

d
si

d
e

of
E

q
u

a
ti

on
1

w
el

l-
d

efi
n

ed
fo

r
ea

ch
st

at
e)

,
a

co
n

d
it

io
n

o
n

th
e

ta
rg

et
p

o
li

cy
is

n
ee

d
ed

,
w

h
ic

h
is

st
at

ed
b

el
ow

an
d

w
il

l
b

e
as

su
m

ed
th

ro
u

g
h

o
u

t
th

e
p

a
p

er
.

L
et
P
π

d
en

ot
e

th
e

tr
a
n

si
ti

o
n

m
at

ri
x

o
f

th
e

M
ar

k
ov

ch
ai

n
o
n
S

in
d

u
ce

d
b
y
π

.
L

et
Γ

d
en

o
te

th
e
N
×
N

d
ia

go
n

a
l

m
a
tr

ix
w

it
h

d
ia

g
o
n

a
l

en
tr

ie
s
γ

(s
),
s
∈
S.

A
ss

u
m

p
ti

o
n

1
(c

o
n

d
it

io
n

s
o
n

th
e

ta
rg

e
t

a
n

d
b

e
h

a
v
io

r
p

o
li

c
ie

s)

(i
)

T
h
e

ta
rg

et
po

li
cy

π
is

su
ch

th
a
t

(I
−
P
π
Γ

)−
1

ex
is

ts
.

(i
i)

T
h
e

be
h
a
vi

o
r

po
li

cy
π
o

in
d
u

ce
s

a
n

ir
re

d
u

ci
bl

e
M

a
rk

o
v

ch
a
in

o
n
S,

a
n

d
m

o
re

o
ve

r,
fo

r
a
ll

(s
,a

)
∈
S
×
A

,
π
o
(a
|s

)
>

0
if
π

(a
|s

)
>

0
.

U
n

d
er

A
ss

u
m

p
ti

o
n

1(
i)

,
th

e
va

lu
e

fu
n

ct
io

n
v π

in
(1

)
is

w
el

l-
d

efi
n

ed
,

an
d

fu
rt

h
er

m
or

e,
v π

sa
ti

sfi
es

u
n

iq
u

el
y

th
e

B
el

lm
a
n

eq
u

a
ti

on
5

v π
=
r π

+
P
π
Γ
v π
,

i.
e.
,

v π
=

(I
−
P
π
Γ

)−
1
r π
,

w
h

er
e
r π

is
th

e
ex

p
ec

te
d

o
n

e-
st

a
ge

re
w

ar
d

fu
n

ct
io

n
u
n

d
er
π

(i
.e

.,
r π

(s
)

=
E
π
[R

0
|S

0
=
s]

fo
r
s
∈
S)

.

2
.2

T
h

e
E

T
D

(λ
)

A
lg

o
ri

th
m

L
ik

e
th

e
st

a
n

d
ar

d
T

D
(λ

)
al

go
ri

th
m

(S
u

tt
o
n

,
1
9
88

;
T

si
ts

ik
li

s
an

d
V

an
R

oy
,

1
99

7)
,

th
e

E
T

D
(λ

)
al

go
ri

th
m

(S
u

tt
o
n

et
al

.,
2
0
1
6)

a
p
p

ro
x
im

a
te

s
th

e
va

lu
e

fu
n

ct
io

n
v π

b
y

a
fu

n
c-

ti
on

of
th

e
fo

rm
v
(s

)
=
φ

(s
)>
θ,
s
∈
S,

u
si

n
g

a
p

a
ra

m
et

er
ve

ct
or
θ
∈

R
n

a
n

d
n

-d
im

en
si

o
n

al
fe

at
u

re
re

p
re

se
n
ta

ti
o
n

s
φ

(s
)

fo
r

th
e

st
a
te

s.
(H

er
e
φ

(s
)

is
a

co
lu

m
n

ve
ct

o
r

an
d
>

st
a
n

d
s

fo
r

tr
an

sp
os

e.
)

In
m

a
tr

ix
n

o
ta

ti
o
n

,
d

en
o
te

b
y

Φ
th

e
N
×
n

m
a
tr

ix
w

it
h
φ

(s
)>
,s
∈
S,

a
s

it
s

ro
w

s.
T

h
en

th
e

co
lu

m
n

s
o
f

Φ
sp

a
n

th
e

su
b

sp
a
ce

o
f

ap
p

ro
x
im

a
te

va
lu

e
fu

n
ct

io
n

s,
a
n

d
th

e
ap

p
ro

x
im

at
io

n
p

ro
b

le
m

is
to

fi
n

d
in

th
a
t

su
b

sp
a
ce

a
fu

n
ct

io
n
v

=
Φ
θ
≈
v π

.
W

e
fo

cu
s

o
n

a
g
en

er
al

fo
rm

o
f

th
e

E
T

D
(λ

)
a
lg

o
ri

th
m

,
w

h
ic

h
u

se
s

st
a
te

-d
ep

en
d
en

t
λ

va
lu

es
sp

ec
ifi

ed
b
y

a
fu

n
ct

io
n
λ

:
S
→

[0
,1

].
In

p
u

ts
to

th
e

al
g
o
ri

th
m

a
re

th
e

st
at

es
,

a
ct

io
n

s
an

d
re

w
ar

d
s,
{(
S
t,
A
t,
R
t)
},

g
en

er
at

ed
u

n
d

er
th

e
b

eh
av

io
r

p
ol

ic
y
π
o
,

w
h

er
e
R
t

is
th

e
ra

n
d

om
re

w
ar

d
re

ce
iv

ed
u

p
o
n

th
e

tr
a
n

si
ti

on
fr

o
m

st
at

e
S
t

to
S
t+

1
w

it
h

a
ct

io
n
A
t.

T
h

e
a
lg

or
it

h
m

ca
n

a
cc

es
s

th
e

fo
ll

ow
in

g
fu

n
ct

io
n
s,

in
ad

d
it

io
n

to
th

e
fe

a
tu

re
s
φ

(s
):

4
.

W
e

m
ay

v
ie

w
v π

(s
)

a
s

th
e

ex
p

ec
te

d
(u

n
d
is

co
u
n
te

d
)

to
ta

l
re

w
a
rd

s
a
tt

a
in

ed
u
n
d
er
π

st
a
rt

in
g

fr
o
m

th
e

st
a
te
s

a
n
d

u
p

to
a

ra
n
d
o
m

te
rm

in
a
ti

o
n

ti
m

e
τ
≥

1
th

a
t

d
ep

en
d
s

o
n

th
e

st
a
te

s
in

a
M

a
rk

ov
ia

n
w

ay
.

In
p
a
rt

ic
u

la
r,

if
a
t

ti
m

e
t
≥

1
,

th
e

st
a
te

is
s

a
n
d

te
rm

in
a
ti

o
n

h
a
s

n
o
t

o
cc

u
rr

ed
y
et

,
th

e
p
ro

b
a
b
il
it

y
o
f
τ

=
t

(t
er

m
in

a
ti

n
g

a
t

ti
m

e
t)

is
1
−
γ

(s
).

T
h
en

v π
(s

)
ca

n
b

e
eq

u
iv

a
le

n
tl

y
w

ri
tt

en
a
s
v π

(s
)

=
E
π
[ ∑

τ
−
1

t=
0
R
t
|

S
0

=
s]

.
5
.

O
n
e

ca
n

v
er

if
y

th
is

B
el

lm
a
n

eq
u
a
ti

o
n

d
ir

ec
tl

y.
It

a
ls

o
fo

ll
ow

s
fr

o
m

th
e

st
a
n
d
a
rd

M
D

P
th

eo
ry

,
a
s

b
y

d
efi

n
it

io
n
v π

h
er

e
ca

n
b

e
re

la
te

d
to

a
va

lu
e

fu
n
ct

io
n

in
a

d
is

co
u
n
te

d
M

D
P

w
h
er

e
th

e
d
is

co
u

n
t

fa
ct

o
rs

d
ep

en
d

o
n

st
a
te

tr
a
n
si

ti
o
n
s,

si
m

il
a
r

to
d
is

co
u
n
te

d
se

m
i-

M
a
rk

ov
d
ec

is
io

n
p

ro
ce

ss
es

(s
ee

e.
g
.,

P
u
te

rm
a
n
,

1
9
9
4
).
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

(i)
th

e
sta

te-d
ep

en
d

en
t

d
isco

u
n
t

fa
ctor

γ
(s)

th
at

d
efi

n
es
v
π
,

a
s

d
escrib

ed
ea

rlier;

(ii)
λ

:S
→

[0,1
],

w
h

ich
d

eterm
in

es
th

e
sin

gle
o
r

m
u
lti-step

B
ellm

a
n

eq
u

a
tion

fo
r

th
e

a
lgo

rith
m

(cf.
th

e
su

b
seq

u
en

t
E

q
u

a
tion

s
6
-7

an
d

F
o
o
tn

o
te

7);

(iii)
ρ

:S
×
A
→

R
+

given
b
y
ρ
(s,a

)
=
π

(a|
s)/

π
o(a|

s)
(w

ith
0
/0

=
0
),

w
h

ich
g
ives

th
e

likelih
o
o
d

ra
tios

fo
r

actio
n

p
rob

a
b

ilities
th

at
can

b
e

u
sed

to
co

m
p

en
sate

for
sa

m
p

lin
g

sta
tes

a
n

d
action

s
acco

rd
in

g
to

th
e

b
eh

av
io

r
p

o
licy

π
o

in
stea

d
o
f

th
e

ta
rg

et
p

o
licy

π
;

(iv
)
i

:S
→

R
+

,
w

h
ich

gives
th

e
a
lgo

rith
m

a
d

d
itio

n
a
l

fl
ex

ib
ility

to
w

eig
h

states
a
cco

rd
in

g
to

th
e

d
eg

ree
of

“in
terest”

in
d

ica
ted

b
y
i(s).

T
h

e
a
lgo

rith
m

a
lso

u
ses

a
seq

u
en

ce
α
t
>

0
,t≥

0,
a
s

step
size

p
a
ra

m
eters.

W
e

sh
a
ll

co
n

sid
er

o
n

ly
d

eterm
in

istic
{
α
t }

.
T

o
sim

p
lify

n
o
ta

tion
,

let

ρ
t

=
ρ
(S
t ,A

t ),
γ
t

=
γ

(S
t ),

λ
t

=
λ

(S
t ).

E
T

D
(λ

)
calcu

la
tes

recu
rsively

θ
t ∈

R
n
,
t≥

0
,

a
cco

rd
in

g
to

θ
t+

1
=
θ
t
+
α
t e
t ·ρ

t (R
t
+
γ
t+

1 φ
(S
t+

1 ) >
θ
t −

φ
(S
t ) >

θ
t ),

(2)

w
h

ere
e
t ∈

R
n
,

called
th

e
“
elig

ib
ility

tra
ce,”

is
ca

lcu
la

ted
to

geth
er

w
ith

tw
o

n
o
n

n
eg

ative
sca

lar
iterates

(F
t ,M

t )
acco

rd
in

g
to

6

F
t

=
γ
t ρ
t−

1
F
t−

1
+
i(S

t ),
(3)

M
t

=
λ
t i(S

t )
+

(1−
λ
t )
F
t ,

(4)

e
t

=
λ
t γ
t ρ
t−

1
e
t−

1
+
M
t φ

(S
t ).

(5
)

F
or
t

=
0,

(e
0 ,F

0 ,θ
0 )

a
re

given
a
s

an
in

itia
l

co
n

d
itio

n
o
f

th
e

a
lg

o
rith

m
.

W
e

reco
gn

ize
th

at
th

e
itera

tio
n

(2
)

h
as

th
e

sa
m

e
fo

rm
a
s

T
D

(λ
),

b
u

t
th

e
tra

ce
e
t

is
ca

lcu
la

ted
d

iff
eren

tly,
in

vo
lv

in
g

an
“
em

p
h

a
sis”

w
eigh

t
M
t

o
n

th
e

sta
te
S
t ,

w
h

ich
itself

evo
lves

a
lon

g
w

ith
th

e
iterate

F
t ,

ca
lled

th
e

“fo
llow

-o
n

”
trace.

If
M
t

is
a
lw

ay
s

set
to

1
reg

a
rd

less
o
f
F
t

a
n

d
i(·),

th
en

th
e

itera
tio

n
(2

)
red

u
ces

to
th

e
o
ff

-p
o
licy

T
D

(λ
)

a
lg

o
rith

m
in

th
e

ca
se

w
h

ere
γ

an
d
λ

are
co

n
sta

n
ts.

2
.3

A
sso

c
ia

te
d

B
e
llm

a
n

E
q
u

a
tio

n
s

a
n

d
A

p
p

ro
x
im

a
tio

n
a
n

d
C

o
n
v
e
rg

e
n

c
e

P
ro

p
e
rtie

s
o
f

E
T

D
(λ

)

L
et

Λ
d

en
o
te

th
e

d
iag

on
al

m
a
trix

w
ith

d
ia

go
n

a
l
en

tries
λ

(s),s∈
S

.
A

sso
cia

ted
w

ith
E

T
D

(λ
)

is
a

g
en

eralized
m

u
ltistep

B
ellm

an
eq

u
a
tion

of
w

h
ich

v
π

is
th

e
u

n
iq

u
e

so
lu

tion
(S

u
tton

,
19

9
5): 7

v
=
r
λπ
,γ

+
P
λπ,γ
v
.

(6)

6
.

T
h
e

d
efi

n
itio

n
(5

)
w

e
u
se

h
ere

d
iff

ers
slig

h
tly

fro
m

th
e

o
rig

in
a
l

d
efi

n
itio

n
o
f
e
t

u
sed

b
y

S
u
tto

n
et

a
l.

(2
0
1
6
),

b
u
t

th
e

tw
o

a
re

eq
u
iva

len
t

a
n
d

(5
)

a
p
p

ea
rs

to
b

e
m

o
re

co
n
v
en

ien
t

fo
r

o
u
r

a
n
a
ly

sis.
7
.

F
o
r

th
e

d
eta

ils
o
f

th
is

B
ellm

a
n

eq
u
a
tio

n
,

w
e

refer
th

e
rea

d
ers

to
th

e
ea

rly
w

o
rk

(S
u

tto
n
,
1
9
9
5
;
S
u
tto

n
a
n
d

B
a
rto

,
1
9
9
8
)

a
n
d

th
e

recen
t

w
o
rk

(S
u
tto

n
et

a
l.,

2
0
1
6
).

W
e

rem
a
rk

th
a
t

sim
ila

r
to

th
e

sta
n
d
a
rd

o
n
e-step

B
ellm

a
n

eq
u
a
tio

n
,

w
h
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p
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a
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b
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b
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a
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ra
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p
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p
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a
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∈
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b
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b
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Γ
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Γ

Λ
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=
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⇒
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Π
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d
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=
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b
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p
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−
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=

Φ
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p
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p
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b
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b
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d
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>
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d
e

th
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u
tto

n
,

1
9
9
5
)

a
n
d

C
h
a
p
.
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b
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b
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a
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n
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p
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p
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b
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b
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p
o
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p
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c
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p
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h
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.
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p
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p
ti

o
n

2
h
o
ld

s.

A
ss

u
m

p
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p
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∈
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p
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b
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d
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p
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e

eq
u

at
io

n
C
θ

+
b
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u
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Π
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Π
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d
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p
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p
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b
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∈
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b
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Φ
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p
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b
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p
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h
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h
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p
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/
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ra
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p
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d
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p

er
a
te

w
it

h
m

u
ch

la
rg

er
st

ep
si

ze
s

an
d

al
so

su
ff

er
le

ss
fr

om
th

e
is

su
e

of
h

ig
h

va
ri

an
ce

in
off

-p
o
li

cy
le

a
rn

in
g
.

W
e

w
il

l
an

al
y
ze

th
ei

r
b

eh
av

io
r

u
n

d
er

A
ss

u
m

p
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p
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h
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=
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≥
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>
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p
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>
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.
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in
T

h
eo

rem
2

im
p

lies
th

a
t

fo
r

ea
ch

g
iven

in
itia

l
co

n
d

itio
n

o
f
Z

0 ,
th

e
av

era
g
es

1t ∑
t−

1
k
=

0
f

(Z
k )

co
n
verg

e
alm

o
st

su
rely

to
E
ζ {f

(Z
0 )}

fo
r

a
n
y

b
o
u
n

d
ed

co
n
tin

u
o
u

s
fu

n
ctio

n
f

. 1
2

T
o

stu
d

y
th

e
averag

e
d

y
n

a
m

ics
of

th
e

algo
rith

m
(1

1
),

h
ow

ever,
w

e
n

eed
to

a
lso

co
n

sid
er

u
n
b

ou
n

d
ed

fu
n

ctio
n

s.
In

p
a
rticu

lar,
th

e
fu

n
ctio

n
rela

ted
to

b
o
th

(1
1
)

an
d

th
e

u
n

co
n

stra
in

ed
E

T
D

(λ
)

is
h

:R
n×

Ξ
→

R
n
,h
(θ,ξ)

=
e·
ρ
(s,a

) (r(s,a
,s ′)

+
γ

(s ′)
φ

(s ′) >
θ−

φ
(s) >

θ ),
(1

4)

w
h

ere

ξ
=

(e,F
,s,a

,s ′)∈
Ξ

:=
R
n

+
1×
S
×
A
×
S
.

W
ritin

g
ξ
t

for
th

e
traces

a
n

d
tra

n
sition

a
t

tim
e
t:
ξ
t

=
(e
t ,F

t ,S
t ,A

t ,S
t+

1 ),
w

e
ca

n
ex

p
ress

th
e

recu
rsio

n
(11

)
eq

u
iva

len
tly

as

θ
t+

1
=

Π
B (θ

t
+
α
t h

(θ
t ,ξ

t )
+
α
t e
t ·ω̃

t+
1 ),

(15
)

w
h

ere
ω̃
t+

1
=
ρ
t (R

t −
r(S

t ,A
t ,S

t+
1 ))

is
th

e
n

o
ise

p
art

of
th

e
o
b

served
rew

a
rd

.
T

h
e

con
verg

en
ce

to
h̄

(θ)
o
f

th
e

avera
g
ed

seq
u

en
ce

1t ∑
t−

1
k
=

0
h

(θ,ξ
k ),

w
ith

θ
h

eld
fi

x
ed

a
n

d
t

g
oin

g
to

in
fi

n
ity,

w
ill

b
e

n
eed

ed
to

p
rove

th
a
t

(1
2
)

is
th

e
m

ea
n

O
D

E
o
f

(1
1
).

S
in

ce

1
1
.

S
ee

S
ectio

n
4
.3

.1
o
r

th
e

b
o
o
k

b
y

M
ey

n
a
n
d

T
w

eed
ie

(2
0
0
9
,

C
h
a
p
.

6
)

fo
r

th
e

d
efi

n
itio

n
a
n
d

p
ro

p
erties

o
f

w
ea

k
F

eller
M

a
rk

ov
ch

a
in

s.
1
2
.

W
ith

th
e

u
su

a
l

d
iscrete
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p

o
lo

g
y

fo
r

th
e

fi
n
ite
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a
ce
S
×
A

a
n
d

th
e

u
su

a
l

to
p

o
lo

g
y

fo
r
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e

E
u
clid

ea
n

sp
a
ce

R
n
+
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th
e
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a
ce
S
×
A
×

R
n
+
1
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p
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w
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e

p
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d
u
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to
p

o
lo

g
y
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m
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b
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n
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u
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fu
n
ctio

n
f

(s,a
,e,F
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t
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n
tin

u
o
u
s

in
(e,F

)
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r
ea

ch
(s,a

)∈
S
×
A

.
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Y
u

h̄
(θ)

=
C
θ

+
b,

th
is

con
vergen

ce
for

each
fi

x
ed

θ
can

b
e

id
en

tifi
ed

w
ith

th
e

con
vergen

ce
o
f

th
e

m
a
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an
d

vector
iterates

calcu
lated

b
y

E
L

S
T

D
(λ
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th

e
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u
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version
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E
T

D
(λ
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ap
p

rox
im
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e
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an
d
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e

of
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e
eq

u
ation

C
θ

+
b

=
0.
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w
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p

roved
in

o
u

r
w

ork
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5a)
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a
sp

ecial
case

of
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e
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vergen
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of
averaged
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u
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for
a
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er

set
o
f

fu
n

ction
s
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d
in

g
h

(θ,·).
S

in
ce

th
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gen
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resu
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w
ill

b
e

n
eed

ed
in

an
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zin
g

varian
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o
f

(11),
w

e
give
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form

u
lation

h
ere.

T
h

ro
u

g
h

o
u

t
th

e
rest

of
th

e
p

ap
er,

w
e

let‖·‖
d

en
o
te

th
e

in
fi

n
ity

n
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a

E
u

clid
ea

n
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ace,
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d
w

e
u

se
th

is
n

otation
for

b
oth

vectors
an

d
m

atrices
(v

iew
ed

as
vectors).

F
or

R
m

-valu
ed

ran
d

o
m

variab
les

X
t ,

w
e

say
{
X
t }

con
verges

to
a

ran
d

om
variab

le
X

in
m

ean
if

E
[‖
X
t −

X
‖]→

0
as
t→
∞

.
C

o
n

sid
er

a
vector-valu

ed
fu

n
ction

g
:

Ξ
→

R
m

su
ch

th
at

w
ith

ξ
=

(e,F
,s,a

,s ′),
g
(ξ)

is
L

ip
sch
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con

tin
u

ou
s

in
(e,F

)
u

n
iform

ly
in

(s,a
,s ′).

T
h

at
is,

th
ere

ex
ists

a
fi

n
ite

co
n

stan
t

L
g

su
ch

th
at

fo
r

an
y

(e,F
),(ê,F̂

)∈
R
n

+
1,

∥∥
g
(e,F

,s,a
,s ′)−

g
(ê,F̂

,s,a
,s ′) ∥∥

≤
L
g ∥∥

(e,F
)−

(ê,F̂
) ∥∥
,
∀

(s,a
,s ′)∈

S
×
A
×
S
.

(1
6)

F
o
r

ea
ch

θ
∈

R
n
,

th
e

fu
n

ction
h

(θ,·)
in

(14)
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a
sp

ecial
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of
g
.

T
h

e
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e
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seq

u
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k
=

0
g
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in
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e
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th
e

p
a
rt

o
n

con
vergen

ce
in

m
ean

w
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b
e

u
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en
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later
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p
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er.
T

h
e
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ce
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k
=

0
h
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fo
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T
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e
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o
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v
e
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e
n

c
e
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v
e
ra

g
e
d

se
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e
n

c
e
s;

Y
u

,
2
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1
5
a
,

T
h

e
o
re

m
s

3
.1

-3
.3

)
L

et
g

be
a

vecto
r-va

lu
ed

fu
n

ctio
n

sa
tisfyin

g
th

e
L

ip
sch

itz
co

n
d
itio

n
(1

6
).

T
h
en

u
n

d
er

A
s-

su
m

p
tio

n
1
,

E
ζ [‖g

(ξ
0 )‖ ]

<
∞

a
n

d
fo

r
a
n

y
given

in
itia

l
(e

0 ,F
0 )
∈

R
n

+
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a
s
t
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∞

,
1t ∑

t−
1

k
=

0
g
(ξ
k )

co
n

verges
to
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=
E
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(ξ
0 ) ]

in
m

ea
n
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n

d
a
lm

o
st

su
rely.

C
o
ro

lla
ry

1
(Y

u
,

2
0
1
5
a
,

T
h

e
o
re

m
2
.1

)
U

n
d
er

A
ssu

m
p
tio

n
1
,

fo
r

th
e

fu
n

ctio
n

s
h̄
,h

given
in

(1
3
),

(1
4
)

respectively,
th

e
fo

llo
w

in
g

h
o
ld

:
F

o
r

ea
ch
θ
∈

R
n

,
E
ζ [‖h

(θ,ξ
0 )‖ ]

<
∞

a
n

d

h̄
(θ)

=
E
ζ [h

(θ,ξ
0 ) ];

a
n

d
fo

r
a
n

y
given

in
itia

l
(e

0 ,F
0 )∈

R
n

+
1,

a
s
t→

∞
,

1t ∑
t−

1
k
=

0
h

(θ,ξ
k )

co
n

verges
to
h̄

(θ)
in

m
ea

n
a
n

d
a
lm

o
st

su
rely.

3
.

C
o
n
v
e
rg

e
n
ce

R
e
su

lts
fo

r
C

o
n
stra

in
e
d

E
T

D
(λ

)

In
th

is
sectio

n
w

e
p

resen
t

th
e

con
vergen

ce
p

rop
erties

of
th

e
con

strain
ed

E
T

D
(λ

)
algorith

m
(11

)
a
n

d
severa

l
varian

ts
of

it,
for

con
stan

t
step

size
an

d
fo

r
step

size
th

at
d

im
in

ish
es

slow
ly.

W
e

w
ill

ex
p

lain
b

riefl
y

h
ow

th
e

resu
lts

are
ob

tain
ed

,
leav

in
g

th
e

d
etailed

an
aly

ses
to

S
ec-

tio
n

4
.

T
h

e
fi

rst
set

of
resu

lts
ab

ou
t

th
e

algorith
m

(11)
w

ill
b

e
given

fi
rst

in
S

ection
3
.1,

follow
ed

b
y

sim
ilar

resu
lts

in
S

ection
3.2

for
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o
varian

t
alg

orith
m

s
th

a
t

h
av

e
b

iases
b

u
t

ca
n

m
itiga

te
th

e
varian

ce
issu

e
in

off
-p

olicy
learn

in
g

b
etter.

T
h
ese

resu
lts

are
ob

tain
ed

th
rou

gh
ap

p
ly

in
g
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o

gen
eral

con
vergen

ce
th

eorem
s

from
(K

u
sh

n
er

a
n

d
Y

in
,

2003),
w

h
ich

co
n

cern
w

eak
con

vergen
ce

of
sto

ch
astic

ap
p

rox
im

ation
algorith

m
s

for
d
im

in
ish

in
g

an
d

co
n

-
stan

t
step

size.
F

in
ally,

th
e

con
stan

t-step
size

case
w

ill
b

e
a
n

aly
zed

fu
rth

er
in

S
ection

3.3,
in

ord
er

to
refi

n
e

som
e

resu
lts

of
S

ection
s

3.1-3.2
so

th
at

th
e

asy
m

p
to

tic
b

eh
av

ior
of

th
e

a
lgorith

m
s

for
a

fi
x
ed

step
size

can
b

e
ch

aracterized
ex

p
licitly.

In
th

at
su

b
sectio

n
,

b
esid

es
th

e
th

ree
a
lgo

rith
m

s
ju

st
m

en
tion

ed
,

w
e

w
ill

also
d

iscu
ss

an
oth

er
varian

t
algorith

m
w

ith
p

ertu
rb

a
tion

.
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
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r
n
in

g

R
eg

ar
d

in
g

n
ot

at
io

n
,
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ca

ll
th

at
1(
·)

is
th

e
in

d
ic

at
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fu
n

ct
io

n
,
|·
|s

ta
n

d
s

fo
r

th
e

u
su

al
(u

n
w

ei
gh

te
d

)
E

u
cl

id
ea

n
n

or
m

an
d
‖·
‖

th
e

in
fi

n
it

y
n

or
m

fo
r

R
m

.
W

e
d

en
o
te

b
y
N
δ
(D

)
th

e
δ-

n
ei

gh
b

or
h

o
o
d

of
a

se
t
D
⊂

R
m

:
N
δ
(D

)
=
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∈

R
m
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n
f y
∈D
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−
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|≤

δ}
,

a
n

d
w

e
w

ri
te

N
δ
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∗ )

fo
r

th
e
δ-

n
ei

gh
b

or
h

o
o
d

of
θ∗

.
F

or
th

e
it

er
at

io
n

in
d

ex
t,

th
e

n
ot

at
io

n
t
∈

[k
1
,k

2
]

o
r

t
∈

[k
1
,k

2
)

w
il

l
b

e
u

se
d

to
m

ea
n

th
at

th
e

ra
n

ge
of
t
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th

e
se

t
of

in
te

ge
rs

in
th

e
in

te
rv

a
l
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1
,k

2
]
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1
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).

M
or

e
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efi
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at
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b
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a
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R
e
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W
e
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n
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d

er
fi

rs
t

th
e

al
go

ri
th
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1)
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r
d
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ep

si
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et
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e
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ep
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ze
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a
n

ge
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in
th

e
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ow

in
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se
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p
ti

o
n

3
(c

o
n
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io
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o
n

d
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in
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h
in

g
st

e
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z
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T
h
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n
o
n

n
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a
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a
t
∑

t≥
0
α
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∞

,
α
t
→

0
a
s
t
→
∞
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d
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m
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o
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∞
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t→
∞
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d
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p
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d
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∈
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b
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p
ar

ti
ti

on
th

e
ti

m
e

in
te

rv
a
l

[0
,∞

)
in

to
in

cr
ea

si
n

gl
y

lo
n

ge
r

in
te

rv
al

s
I k
,k
≥
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b
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∈
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∑
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.
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∈
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er

e
ar

e
O

(k
β
)

it
er

a
te

s
b

et
w

ee
n

th
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.

H
ow

ev
er

,
th

ey
ch

ar
ac

te
ri

ze
th

e
b

eh
av

io
r

of
th

e
it

er
at

es
in

th
e

li
m

it
as

th
e

st
ep

si
ze

p
ar

am
et

er
a
p

p
ro

a
ch

es
0,

an
d

d
ea

l
w

it
h

on
ly

a
fi

n
it

e
se

gm
en

t
of

th
e

it
er

at
es

fo
r

ea
ch

st
ep

si
ze

(a
lt

h
ou

g
h

in
th

ei
r

p
ar

t
(i

i)
b

ot
h

th
e

se
gm

en
t’

s
le

n
gt

h
T
α
/α
→
∞

an
d

it
s

st
ar

ti
n

g
p

os
it

io
n
k
α
→
∞

a
s
α
→

0
).

S
o

u
n

li
k
e

in
th

e
d

im
in

is
h

in
g

st
ep

si
ze

ca
se

,
th

es
e

re
su

lt
s

d
o

n
ot

te
ll

u
s

ex
p

li
ci

tl
y

a
b

o
u

t
th

e
b

eh
av

io
r

of
θα t

fo
r

a
fi

x
ed

st
ep

si
ze
α

as
w

e
ta

ke
t

to
in

fi
n

it
y.

T
h

e
p

u
rp

os
e

of
th

e
p

re
se

n
t

su
b

se
ct

io
n

is
to

an
al

y
ze

fu
rt

h
er

th
e

ca
se

of
a

fi
x
ed

st
ep

si
ze

ju
st

m
en

ti
on

ed
.

W
e

ob
se

rv
e

th
at

fo
r

a
fi

x
ed

st
ep

si
ze

α
,

th
e

it
er

at
es

θα t
to

g
et

h
er

w
it

h
Z
t

=
(S
t,
A
t,
e t
,F

t)
fo

rm
a

w
ea

k
F

el
le

r
M

ar
ko

v
ch

ai
n
{(
Z
t,
θα t

)}
(s

ee
L

em
m

a
4
,
S

ec
ti

o
n

4
.3

.1
).

T
h
u

s
w

e
ca

n
ap

p
ly

se
ve

ra
l

er
go

d
ic

th
eo

re
m

s
fo

r
w

ea
k

F
el

le
r

M
ar

ko
v

ch
a
in

s
(M

ey
n

,
1
9
89

;
M

ey
n

an
d

T
w

ee
d

ie
,
20

09
)

to
an

al
y
ze

th
e

co
n

st
an

t-
st

ep
si

ze
ca

se
an

d
co

m
b

in
e

th
e

im
p

li
ca

ti
o
n

s
fr

om
th

es
e

th
eo

re
m

s
w

it
h

th
e

re
su

lt
s

w
e

ob
ta

in
ed

p
re

v
io

u
sl

y
u

si
n

g
th

e
w

ea
k

co
n
v
er

g
en

ce
m

et
h

o
d

s
fr

om
st

o
ch

as
ti

c
ap

p
ro

x
im

at
io

n
th

eo
ry

.

W
e

n
ow

p
re

se
n
t

ou
r

re
su

lt
s

u
si

n
g

th
is

ap
p

ro
ac

h
.

L
et
M

α
d

en
ot

e
th

e
se

t
o
f

in
va

ri
a
n
t

p
ro

b
ab

il
it

y
m

ea
su

re
s

of
th

e
M

ar
ko

v
ch

ai
n
{(
Z
t,
θα t

)}
.

T
h

is
se

t
d

ep
en

d
s

o
n

th
e

p
a
rt

ic
u

la
r

1
7
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Y
u

al
go

ri
th

m
u

se
d

to
ge

n
er

a
te

th
e
θ-

it
er

a
te

s,
b

u
t

w
e

sh
a
ll

u
se

th
e

n
ot

a
ti

on
M

α
fo

r
a
ll

th
e

al
g
or

it
h

m
s

w
e

d
is

cu
ss

h
er

e,
fo

r
n

o
ta

ti
o
n

a
l

si
m

p
li

ci
ty

.
W

e
k
n

ow
th

a
t
{Z

t}
h

a
s

a
u

n
iq

u
e

in
va

ri
an

t
p

ro
b

ab
il

it
y

m
ea

su
re

(T
h

eo
re

m
2
,
S

ec
ti

o
n

2
.4

),
b

u
t

it
n

ee
d

n
ot

b
e

so
fo

r
th

e
M

a
rk

ov
ch

a
in
{(
Z
t,
θα t

)}
w

h
en
{θ
α t
}

is
g
en

er
a
te

d
b
y

th
e

al
g
o
ri

th
m

(1
1)

or
it

s
tw

o
va

ri
a
n
ts

.
T

h
e

se
t

M
α

ca
n

th
er

ef
or

e
h

av
e

m
u

lt
ip

le
el

em
en

ts
(i

t
is

n
on

em
p

ty
;

se
e

P
ro

p
.

6
,

S
ec

ti
o
n

4
.3

.2
).

W
e

d
en

ot
e

b
y
M̄

α
th

e
se

t
th

a
t

co
n

si
st

s
o
f

th
e

m
a
rg

in
a
l

o
f
µ

o
n
B

(t
h

e
sp

a
ce

o
f

th
e
θ’

s)
,

fo
r

al
l

th
e

in
va

ri
an

t
p

ro
b

ab
il

it
y

m
ea

su
re

s
µ
∈
M

α
.

A
s

in
th

e
p
re

v
io

u
s

a
n

a
ly

si
s,

w
e

a
re

in
te

re
st

ed
in

th
e

b
eh

av
io

r
o
f

m
u

lt
ip

le
co

n
se

cu
ti

ve
θ-

it
er

a
te

s.
In

o
rd

er
to

ch
a
ra

ct
er

iz
e

th
a
t,

w
e

co
n

si
d

er
fo

r
ea

ch
m
≥

1
,

th
e

M
a
rk

ov
ch

a
in

{(
(Z

t,
θα t

),
(Z

t+
1
,θ
α t+

1
),
..
.,

(Z
t+
m
−

1
,θ
α t+
m
−

1
))
} t≥

0

(i
.e

.,
ea

ch
st

at
e

n
ow

co
n

si
st

s
o
f
m

co
n

se
cu

ti
ve

st
at

es
of

th
e

ch
a
in
{(
Z
t,
θα t

)}
).

W
e

sh
al

l
re

fe
r

to
th

is
ch

ai
n

as
th

e
m

-s
te

p
ve

rs
io

n
o
f
{(
Z
t,
θα t

)}
.

S
im

il
a
r

to
M

α
,

d
en

o
te

b
y
M

m α
th

e
se

t
of

in
va

ri
a
n
t

p
ro

b
a
b

il
it

y
m

ea
su

re
s

of
th

e
m

-s
te

p
v
er

si
o
n

of
{(
Z
t,
θα t

)}
,

an
d

co
rr

es
p

on
d

in
gl

y
d

efi
n

e
M̄

m α
to

b
e

th
e

se
t

o
f

m
ar

gi
n

al
s

of
µ

on
B
m

fo
r

al
l
µ
∈
M

m α
.

T
h

e
se

t
M

m α
is

,
of

co
u

rs
e,

d
et

er
m

in
ed

b
y
M

α
,

si
n

ce
ea

ch
in

va
ri

a
n
t

p
ro

b
a
b

il
it

y
m

ea
su

re
in
M

m α
is

ju
st

th
e

m
-d

im
en

si
on

al
d

is
tr

ib
u

ti
on

o
f

a
st

a
ti

o
n

a
ry

M
a
rk

ov
ch

a
in
{(
Z
t,
θα t

)}
.

O
u

r
fi

rs
t

re
su

lt
,

gi
ve

n
in

T
h
eo

re
m

8
b

el
ow

,
sa

y
s

th
a
t

fo
r

th
e

a
lg

or
it

h
m

(1
1)

,
a
s

th
e

st
ep

si
ze
α

a
p

p
ro

ac
h

es
ze

ro
,

th
e

in
va

ri
a
n
t

p
ro

b
a
b

il
it

y
m

ea
su

re
s

in
M

m α
w

il
l
co

n
ce

n
tr

a
te

th
ei

r
m

as
se

s
o
n

an
ar

b
it

ra
ri

ly
sm

a
ll

n
ei

g
h
b

o
rh

o
o
d

o
f

(θ
∗ ,
..
.,
θ∗

)
(m

co
p

ie
s

o
f
θ∗

).
M

or
eo

v
er

,
fo

r
a

fi
x
ed

st
ep

si
ze

,
as

th
e

n
u

m
b

er
o
f

it
er

a
ti

o
n

s
g
ro

w
s

to
in

fi
n

it
y,

th
e

ex
p

ec
te

d
m

a
x
im

al
d

ev
ia

ti
o
n

of
th

e
m

co
n

se
cu

ti
ve

av
er

a
g
ed

it
er

a
te

s
fr

om
θ∗

ca
n

b
e

b
o
u

n
d

ed
in

te
rm

s
o
f

th
e

m
a
ss

es
th

os
e

in
va

ri
a
n
t

p
ro

b
ab

il
it

y
m

ea
su

re
s

a
ss

ig
n

to
th

e
v
ic

in
it

ie
s

o
f

(θ
∗ ,
..
.,
θ∗

).
H

er
e

b
y

av
er

ag
ed

it
er

at
es

,
w

e
m

ea
n

θ̄α t
=

1 t

t−
1

∑ k
=

0

θα k
,

∀t
≥

1
,

(2
2)

an
d

w
e

sh
al

l
re

fe
r

to
{θ̄
α t
}

a
s

th
e

a
ve

ra
ge

d
se

qu
en

ce
co

rr
es

p
on

d
in

g
to
{θ
α t
}.

T
h

is
it

er
a
ti

ve
av

er
a
gi

n
g

is
al

so
k
n

ow
n

a
s

“
P

ol
ya

k
-a

ve
ra

g
in

g
”

w
h

en
it

is
a
p
p

li
ed

to
ac

ce
le

ra
te

th
e

co
n
ve

r-
ge

n
ce

o
f

th
e
θ-

it
er

at
es

(s
ee

P
ol

ya
k

a
n

d
J
u

d
it

sk
y
,

1
9
92

;
K

u
sh

n
er

a
n

d
Y

in
,

2
0
0
3
,

C
h

a
p

.
10

;
an

d
th

e
re

fe
re

n
ce

s
th

er
ei

n
).

T
h

is
is

n
o
t

th
e

ro
le

o
f

th
e

av
er

a
gi

n
g

op
er

a
ti

on
h

er
e,

h
ow

ev
er

.
T

h
e

p
u

rp
os

e
h

er
e

is
to

b
ri

n
g

to
b

ea
r

th
e

er
g
o
d

ic
th

eo
re

m
s

fo
r

w
ea

k
F

el
le

r
M

a
rk

ov
ch

a
in

s,
in

p
ar

ti
cu

la
r,

th
e

w
ea

k
co

n
v
er

g
en

ce
o
f

ce
rt

a
in

av
er

a
g
ed

p
ro

b
a
b

il
it

y
m

ea
su

re
s

or
o
cc

u
p

a-
ti

on
p

ro
b

a
b

il
it

y
m

ea
su

re
s

to
th

e
in

va
ri

a
n
t

p
ro

b
a
b

il
it

y
m

ea
su

re
s

o
f

th
e
m

-s
te

p
v
er

si
o
n

of
{(
Z
t,
θα t

)}
.

(F
or

th
e

d
et

ai
ls

se
e

S
ec

ti
o
n

4
.3

,
w

h
er

e
th

e
p

ro
o
fs

of
th

e
re

su
lt

s
o
f

th
is

su
b

se
ct

io
n

w
il

l
b

e
g
iv

en
.)

It
ca

n
al

so
b

e
se

en
th

a
t

fo
r

a
se

q
u

en
ce
{β

t}
w

it
h
β
t
∈

[0
,1

),
β
t
→

0
as

t
→
∞

,
if

w
e

d
ro

p
a

fr
ac

ti
o
n
β
t

of
th

e
te

rm
s

in
(2

2
)

w
h

en
av

er
a
g
in

g
th

e
θ’

s
a
t

ea
ch

ti
m

e
t,

th
e

re
su

lt
in

g
d

iff
er

en
ce

s
in

th
e

av
er

ag
ed

it
er

at
es
θ̄α t

a
re

a
sy

m
p

to
ti

ca
ll

y
n

eg
li

gi
b

le
.

T
h

er
e-

fo
re

,
al

th
o
u

gh
ou

r
re

su
lt

s
b

el
ow

w
il

l
b

e
st

at
ed

fo
r

(2
2
),

th
ey

a
p

p
ly

to
a

va
ri

et
y

o
f

av
er

a
gi

n
g

sc
h

em
es

.

R
ec

a
ll

th
a
t
N
δ
(θ
∗ )

d
en

o
te

s
th

e
cl

o
se

d
δ-

n
ei

g
h
b

o
rh

o
o
d

o
f
θ∗

.
In

w
h

at
fo

ll
ow

s,
N
′ δ(
θ∗

)
d

en
ot

es
th

e
o
p

en
δ-

n
ei

gh
b

o
rh

o
o
d

o
f
θ∗

,
i.

e.
,

th
e

o
p

en
b

a
ll

a
ro

u
n

d
θ∗

w
it

h
ra

d
iu

s
δ.

W
e

w
ri

te
[N

δ
(θ
∗ )

]m
or

[N
′ δ(
θ∗

)]
m

fo
r

th
e

C
a
rt

es
ia

n
p

ro
d

u
ct

o
f
m

co
p

ie
s

o
f
N
δ
(θ
∗ )

o
r
N
′ δ(
θ∗

).
R

ec
al

l
a
ls

o
th

at
r B

is
th

e
ra

d
iu

s
o
f

th
e

co
n

st
ra

in
t

se
t
B

.
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

T
h

e
o
re

m
8

In
th

e
settin

g
o
f

T
h
eo

rem
5
,

let{
θ
αt }

be
gen

era
ted

by
th

e
a
lgo

rith
m

(1
1
)

w
ith

co
n

sta
n

t
step

size
α
>

0
,

a
n

d
let{

θ̄
αt }

be
th

e
co

rrespo
n

d
in

g
a
vera

ged
sequ

en
ce.

T
h
en

th
e

fo
llo

w
in

g
h
o
ld

fo
r

a
n

y
δ
>

0
a
n

d
m
≥

1
:

(i)
lim

in
f
α→

0
in

f
µ∈M̄

mα
µ ([N

δ (θ ∗)] m )
=

1,
a
n

d
m

o
re

stro
n

gly,
w

ith
m
α

=
d
mα e,

lim
in

f
α→

0
in

f
µ∈M̄

m
α

α

µ ([N
δ (θ ∗)] m

α )
=

1.

(ii)
F

o
r

ea
ch

step
size

α
a
n

d
a
n

y
in

itia
l

co
n

d
itio

n
o
f

(e
0 ,F

0 ,θ
α0
),

lim
su

p
k→
∞

E [
su

p
k≤

t<
k
+
m

∣∣θ̄
αt −

θ ∗ ∣∣ ]≤
δ
κ
α
,m

+
2
r
B

(1−
κ
α
,m

),

w
h
ere

κ
α
,m

=
in

f
µ∈M̄

mα
µ

([N
′δ (θ ∗)] m

).

N
o
te

th
a
t

in
p

art
(ii)

a
b

ove,
κ
α
,m
→

1
a
s
α
→

0
b
y

p
a
rt

(i).
N

o
te

a
lso

th
a
t

fo
r
m

=
1
,

th
e

con
clu

sio
n

s
from

th
e

p
reced

in
g

th
eo

rem
ta

ke
th

e
sim

p
lest

fo
rm

:

lim
in

f
α→

0
in

f
µ∈M̄

α

µ (N
δ (θ ∗) )

=
1,

lim
su

p
t→
∞

E [ ∣∣θ̄
αt −

θ ∗ ∣∣ ]≤
δ
κ
α

+
2
r
B

(1−
κ
α
),

for
κ
α

=
in

f
µ∈M̄

α

µ (N
′δ (θ ∗) ).

T
h

e
con

clu
sio

n
s

fo
r
m
>

1
a
re,

h
ow

ever,
m

u
ch

stro
n

ger.
T

h
ey

a
lso

su
g
g
est

th
at

in
p

ra
ctice,

in
stea

d
o
f

sim
p

ly
ch

o
osin

g
th

e
la

st
itera

te
o
f

th
e

alg
o
rith

m
as

its
fi

n
a
l

o
u

tp
u

t
a
t

th
e

en
d

o
f

its
ru

n
,

o
n

e
ca

n
b

a
se

th
at

ch
o
ice

on
th

e
b

eh
av

io
r

o
f

m
u

ltip
le

co
n

secu
tive

θ̄
αt

d
u

rin
g

th
e

ru
n

.
F

o
r

th
e

tw
o

va
ria

n
t

a
lg

o
rith

m
s

(19
)

a
n

d
(2

0),
w

e
h

av
e

a
sim

ila
r

resu
lt

g
iv

en
in

T
h
eo

rem
9

b
elow

.
H

ere
th

e
n

eigh
b

o
rh

o
o
d

of
(θ ∗,...,θ ∗)

a
ro

u
n

d
w

h
ich

th
e

m
a
sses

o
f

th
e

in
varian

t
p

ro
b

a
b

ility
m

ea
su

res
a
re
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of
s

w
il

l
re

ly
o
n

m
an

y
p

ro
p

er
ti

es
of

th
e

E
T

D
it

er
a
te

s
th

at
w

e
h

av
e

es
ta

b
li

sh
ed

in
(2

01
5a

)
w

h
en

an
al

y
zi

n
g

th
e

al
m

os
t

su
re

co
n
ve

rg
en

ce
of

th
e

al
go

ri
th

m
.

4
.1

.1
C

o
n
d
it

io
n
s

t
o

V
e
r
if

y

W
e

n
ee

d
so

m
e

d
efi

n
it

io
n

s
an

d
n

ot
at

io
n

,
b

ef
or

e
d

es
cr

ib
in

g
th

e
co

n
d

it
io

n
s

re
q
u

ir
ed

.
F

o
r

so
m

e
in

d
ex

se
t
K

,
le

t
{X

k
} k
∈K

b
e

a
se

t
of

ra
n

d
om

va
ri

ab
le

s
ta

k
in

g
va

lu
es

in
a

m
et

ri
c

sp
a
ce

X
(i

n
ou

r
co

n
te

x
t

X
w

il
l

b
e

R
m

or
Ξ

).
T

h
e

se
t
{X

k
} k
∈K

is
sa

id
to

b
e

ti
gh

t
o
r

bo
u

n
d
ed

in
p
ro

ba
bi

li
ty

,
if

th
er

e
ex

is
ts

fo
r

ea
ch

δ
>

0
a

co
m

p
ac

t
se

t
D
δ
⊂

X
su

ch
th

at

in
f

k
∈K

P
(X

k
∈
D
δ
)
≥

1
−
δ.
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Y
u

F
or

R
m

-v
al

u
ed

X
k
,

th
e

se
t
{X

k
} k
∈K

is
sa

id
to

b
e

u
n

if
o
rm

ly
in

te
gr

a
bl

e
(u

.i
.)

if

li
m

a
→
∞

su
p

k
∈K

E
[ ‖
X
k
‖1
( ‖
X
k
‖
≥
a
)]

=
0.

T
o

an
al

y
ze

th
e

co
n

st
ra

in
ed

E
T

D
(λ

)
al

g
o
ri

th
m

(1
1
),

w
h

ic
h

is
g
iv

en
b
y

θ t
+

1
=

Π
B

(θ
t
+
α
tY
t)
,

w
h

er
e
Y
t

:=
e t
·ρ

t(
R
t
+
γ
t+

1
φ

(S
t+

1
)>
θ t
−
φ

(S
t)
>
θ t
) ,

le
t

E
t

d
en

ot
e

ex
p

ec
ta

ti
on

co
n

d
it

io
n

ed
on
F t

,
th

e
si

g
m

a
-a

lg
eb

ra
ge

n
er

a
te

d
b
y
θ m
,ξ
m
,m
≤
t,

w
h

er
e

w
e

re
ca

ll
ξ m

=
(e
m
,F

m
,S

m
,A

m
,S

m
+

1
)

a
n

d
it

s
sp

a
ce

R
n

+
1
×
S
×
A
×
S

is
d

en
o
te

d
b
y

Ξ
.

B
y

w
ri

ti
n

g
Y
t

=
E
t[
Y
t]

+
(Y
t
−

E
t[
Y
t]

),
w

e
h

av
e

th
e

eq
u

iv
a
le

n
t

fo
rm

o
f

(1
1)

g
iv

en
in

(1
5)

:

θ t
+

1
=

Π
B

(θ
t
+
α
t
h

(θ
t,
ξ t

)
+
α
t
e t
·ω̃

t+
1
)
.

In
ot

h
er

w
or

d
s,
h

(θ
t,
ξ t

)
=

E
t[
Y
t]

an
d
e t
·ω̃

t+
1

=
Y
t
−

E
t[
Y
t]

,
a

n
o
is

e
te

rm
th

a
t

sa
ti

sfi
es

E
t[
e t
·ω̃

t+
1
]

=
0
.

T
h

is
a
lg

o
ri

th
m

b
el

o
n

g
s

to
th

e
cl

a
ss

o
f

st
o
ch

a
st

ic
a
p

p
ro

x
im

a
ti

o
n

al
g
or

it
h

m
s

w
it

h
“e

x
-

og
en

ou
s

n
o
is

es
”

st
u

d
ie

d
in

th
e

b
o
o
k

(K
Y

)
–

th
e

te
rm

“e
x
o
g
en

o
u

s
n

oi
se

s”
re

fl
ec

ts
th

e
fa

ct
th

at
th

e
ev

ol
u

ti
on

o
f
{ξ
t}

is
n

o
t

d
ri

ve
n

b
y

th
e
θ-

it
er

a
te

s.
T

h
eo

re
m

s
4

a
n

d
5

w
il

l
fo

ll
ow

a
s

sp
ec

ia
l

ca
se

s
fr

o
m

T
h
eo

re
m

s
8
.2

.3
an

d
8.

2
.2

o
f

(K
Y

,
C

h
ap

.
8)

,
re

sp
ec

ti
ve

ly
,

if
w

e
ca

n
sh

ow
th

a
t

th
e

al
go

ri
th

m
(1

1)
sa

ti
sfi

es
th

e
fo

ll
ow

in
g

co
n

d
it

io
n

s.

C
o
n

d
it

io
n

s
fo

r
th

e
ca

se
o
f

d
im

in
is

h
in

g
st

ep
si

ze
:

(i
)

T
h

e
se

q
u

en
ce
{Y

t}
=
{h

(θ
t,
ξ t

)
+
e t
·ω̃

t+
1
}

is
u

.i
.

(T
h

is
co

rr
es

p
o
n

d
s

to
th

e
co

n
d

it
io

n
A

.8
.2

.1
in

K
Y

.)

(i
i)

T
h

e
fu

n
ct

io
n
h

(θ
,ξ

)
is

co
n
ti

n
u

o
u

s
in
θ

u
n

if
o
rm

ly
in
ξ
∈
D

,
fo

r
ea

ch
co

m
p

ac
t

se
t

D
⊂

Ξ
.

(T
h

is
co

rr
es

p
o
n
d

s
to

th
e

co
n
d

it
io

n
A

.8
.2

.3
in

K
Y

.)

(i
ii

)
T

h
e

se
q
u

en
ce
{ξ
t}

is
ti

g
h
t.

(T
h

is
co

rr
es

p
o
n

d
s

to
th

e
co

n
d

it
io

n
A

.8
.2

.4
in

K
Y

.)

(i
v
)

T
h

e
se

q
u

en
ce
{h

(θ
t,
ξ t

)}
is

u
.i
.,

a
n

d
so

is
{h

(θ
,ξ
t)
}

fo
r

ea
ch

fi
x
ed

θ
∈
B

.
(T

h
is

co
rr

es
p

on
d

s
to

th
e

co
n

d
it

io
n

A
.8

.2
.5

in
K

Y
.)

(v
)

T
h

er
e

is
a

co
n
ti

n
u

o
u

s
fu

n
ct

io
n
h̄

(·)
su

ch
th

at
fo

r
ea

ch
θ
∈
B

a
n

d
ea

ch
co

m
p

a
ct

se
t

D
⊂

Ξ
,

li
m

k
→
∞
,t
→
∞

1 k

t+
k
−

1
∑ m

=
t

E
t

[ h
(θ
,ξ
m

)
−
h̄

(θ
)]

1(
ξ t
∈
D
) =

0
in

m
ea

n
,

w
h

er
e
k

an
d
t

a
re

ta
k
en

to
∞

in
a
n
y

w
ay

p
o
ss

ib
le

.
In

o
th

er
w

o
rd

s,
if

w
e

d
en

ot
e

th
e

av
er

a
ge

o
n

th
e

le
ft

-h
a
n

d
si

d
e

b
y
X
k
,t
,

th
en

th
e

re
q
u

ir
em

en
t

“
li

m
k
→
∞
,t
→
∞
X
k
,t

=
0

in
m

ea
n

”
m

ea
n

s
th

a
t

a
lo

n
g

a
n
y

su
b

se
q
u

en
ce

s
k
j
→
∞
,t
j
→
∞

,
w

e
m

u
st

h
av

e
li

m
j→
∞

E
[‖
X
k
j
,t
j
‖]

=
0
.

(T
h

is
co

n
d

it
io

n
co

rr
es

p
o
n

d
s

to
th

e
co

n
d

it
io

n
A

.8
.2

.7
in

K
Y

.)

F
o
r

th
e

ca
se

of
co

n
st

a
n
t

st
ep

si
ze

,
w

e
co

n
si

d
er

th
e

it
er

a
te

s
th

at
co

u
ld

b
e

g
en

er
a
te

d
b
y

th
e

a
lg

or
it

h
m

fo
r

al
l

st
ep

si
ze

s.
T

o
d

is
ti

n
gu

is
h

b
et

w
ee

n
th

e
it

er
a
te

s
a
ss

o
ci

a
te

d
w

it
h

d
iff

er
en

t
st

ep
si

ze
s,

in
th

e
co

n
d
it

io
n

s
b

el
ow

,
th

e
su

p
er

sc
ri

p
t
α

is
at

ta
ch

ed
to

th
e

va
ri

ab
le

s
in

v
ol

ve
d

in
th

e
al

go
ri

th
m

w
it

h
st

ep
si

ze
α

,
an

d
si

m
il

a
rl

y,
th

e
co

n
d

it
io

n
a
l

ex
p

ec
ta

ti
o
n

E
t

is
d

en
ot

ed
b
y

E
α t

in
st

ea
d

.

C
o
n

d
it

io
n

s
fo

r
th

e
ca

se
o
f

co
n

st
a
n

t
st

ep
si

ze
:

In
a
d

d
it

io
n

to
th

e
co

n
d

it
io

n
(i

i)
ab

ov
e

(w
h
ic

h
co

rr
es

p
o
n

d
s

to
th

e
co

n
d

it
io

n
A

.8
.1

.6
in

K
Y

fo
r

th
e

ca
se

of
co

n
st

a
n
t

st
ep

si
ze

),
th

e
fo

ll
ow

in
g

co
n

d
it

io
n

s
ar

e
re

q
u

ir
ed

.
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

(i ′)
T

h
e

set
{Y

αt
|
t≥

0
,α

>
0}

:=
{h

(θ
αt
,ξ
αt
)

+
e
αt
·
ω̃
αt+

1
|
t≥

0
,α

>
0}

is
u

.i.
(T

h
is

co
rresp

o
n

d
s

to
th

e
co

n
d

itio
n

A
.8.1

.1
in

K
Y

.)

(iii ′)
T

h
e

set
{ξ
αt
|
t≥

0
,α

>
0}

is
tig

h
t.

(T
h

is
co

rresp
o
n

d
s

to
th

e
con

d
itio

n
A

.8
.1

.7
in

K
Y

.)

(iv ′)
T

h
e

set{
h

(θ
αt
,ξ
αt
)|

t≥
0
,α

>
0}

is
u

.i.,
in

ad
d

itio
n

to
th

e
u

n
ifo

rm
in

tegra
b

ility
of

{h
(θ,ξ

αt
)|

t≥
0,α

>
0}

fo
r

ea
ch

θ
∈
B

.
(T

h
is

co
rresp

o
n

d
s

to
th

e
co

n
d

ition
A

.8
.1

.8
in

K
Y

.)

(v ′)
T

h
ere

is
a

co
n
tin

u
o
u

s
fu

n
ctio

n
h̄

(·)
su

ch
th

a
t

fo
r

ea
ch

θ
∈
B

a
n

d
ea

ch
com

p
a
ct

set
D
⊂

Ξ
,

lim
k→
∞
,t→
∞
,α→

0

1k

t+
k−

1
∑m

=
t

E
αt [h

(θ,ξ
αm

)−
h̄

(θ) ]
1 (ξ

αt
∈
D
)

=
0

in
m

ean
,

w
h

ere
α

is
taken

to
0

an
d
k
,t

a
re

taken
to
∞

in
an

y
w

ay
p

o
ssib

le.
(T

h
is

co
n

d
ition

co
rresp

on
d

s
to

th
e

co
n

d
ition

A
.8

.1
.9

in
K

Y
,

a
n

d
it

is
in

fa
ct

stro
n

g
er

th
a
n

th
e

la
tter

co
n

d
itio

n
b

u
t

is
satisfi

ed
b
y

o
u

r
a
lg

orith
m

s
a
s

w
e

w
ill

sh
ow

.)

T
h

e
p

reced
in

g
con

d
ition

s
allow

ξ
αt

a
n

d
θ
αt

to
b

e
g
en

erated
u

n
d

er
d

iff
eren

t
in

itia
l

co
n

d
i-

tio
n

s
fo

r
d

iff
eren

t
α

.
W

h
ile

w
e

w
ill

n
eed

th
is

g
en

era
lity

la
ter

in
S

ection
4
.3

,
h

ere
w

e
w

ill
fo

cu
s

o
n

a
co

m
m

on
in

itia
l

co
n
d

ition
fo

r
a
ll

step
sizes,

fo
r

sim
p

licity.
T

h
en

,
th

e
p

reced
in

g
co

n
d

itio
n

s
fo

r
th

e
con

stan
t-step

size
case

a
re

essen
tially

th
e

sa
m

e
a
s

th
o
se

for
th

e
d

im
in

ish
in

g
step

size
case,

b
ecau

se
ex

cep
t

for
th

e
θ-itera

tes,
a
ll

th
e

o
th

er
varia

b
les

(su
ch

a
s
ξ
t

a
n

d
ω̃
t )

in
vo

lv
ed

in
th

e
alg

o
rith

m
h

av
e

id
en

tica
l

p
ro

b
a
b

ility
d

istrib
u

tio
n

s
fo

r
all

step
sizes

α
a
n

d
a
re

n
o
t

aff
ected

b
y

th
e
θ-iterates.

F
or

th
is

rea
so

n
,

in
th

e
p

ro
o
fs

b
elow

,
ex

cep
t

for
th

e
θ-itera

tes,
w

e
sim

p
ly

om
it

th
e

su
p

erscrip
t
α

fo
r

o
th

er
va

ria
b

les
in

th
e

ca
se

o
f

co
n

stan
t

step
size,

a
n

d
to

verify
th

e
tw

o
sets

o
f

co
n

d
itio

n
s

a
b

ove,
w

e
sh

a
ll

treat
th

e
ca

se
o
f

d
im

in
ish

in
g

step
size

a
n

d
th

e
case

o
f

con
sta

n
t

step
size

sim
u

lta
n

eo
u

sly.

A
s

m
en

tion
ed

in
S

ectio
n

2
.4

,
th

ese
co

n
d

itio
n

s
a
re

to
en

su
re

th
at

th
e

p
ro

jected
O

D
E

(1
2),

ẋ
=
h̄

(x
)

+
z
,z
∈
−
N
B

(x
),

is
th

e
m

ea
n

O
D

E
fo

r
th

e
a
lg

o
rith

m
(1

1
)

a
n

d
refl

ects
its

averag
e

d
y
n

a
m

ics.
A

m
o
n

g
th

e
p

ro
ofs

fo
r

th
ese

co
n

d
itio

n
s

giv
en

n
ex

t,
th

e
p

ro
o
f

fo
r

th
e

con
verg

en
ce

in
m

ea
n

con
d

itio
n

(v
)

a
n

d
(v ′)

w
ill

b
e

th
e

m
o
st

in
volved

.

4
.1

.2
P

r
o
o
f
s

T
h

e
co

n
d

itio
n

(ii)
is

clea
rly

sa
tisfi

ed
.

In
w

h
at

fo
llow

s,
w

e
p

rove
th

a
t

th
e

rest
o
f
th

e
co

n
d

ition
s

a
re

sa
tisfi

ed
a
s

w
ell.

W
e

sta
rt

w
ith

th
e

tig
h
tn

ess
co

n
d

itio
n

s
(iii)

a
n

d
(iii ′),

as
th

ey
a
re

im
m

ed
iately

im
p

lied
b
y

a
p

rop
erty

o
f

th
e

tra
ce

itera
tes

w
e

a
lrea

d
y

k
n

ow
.

W
e

th
en

tack
le

th
e

u
n

ifo
rm

in
teg

ra
b

ility
co

n
d

ition
s

(i),
(i ′),

(iv
)

a
n

d
(iv ′),

b
efo

re
w

e
a
d

d
ress

th
e

con
vergen

ce
in

m
ean

req
u
ired

in
(v

)
a
n

d
(v ′).

T
h

e
p

ro
o
fs

b
u

ild
u

p
o
n

several
key

p
rop

erties
o
f

th
e

E
T

D
itera

tes
w

e
h

ave
esta

b
lish

ed
in

(2
0
15

a
)

a
n

d
reco

u
n
ted

in
S

ectio
n

2
.4

a
n

d
A

p
p

en
d

ix
A

.

F
irst,

w
e

sh
ow

th
a
t

th
e

tig
h
tn

ess
co

n
d

itio
n

s
(iii)

a
n

d
(iii ′)

a
re

satisfi
ed

.
T

h
is

is
im

p
lied

b
y

th
e

follow
in

g
p

ro
p

erty
o
f

traces:
su

p
t≥

0
E [ ∥∥

(e
t ,F

t ) ∥∥ ]
<
∞

for
a
n
y

g
iven

in
itia

l
co

n
d

itio
n

(e
0 ,F

0 )
(see

P
rop

.
1
1
,

A
p

p
en

d
ix

A
).

P
ro

p
o
sitio

n
1

U
n

d
er

A
ssu

m
p
tio

n
1
,

fo
r

ea
ch

given
in

itia
l

(e
0 ,F

0 )
∈

R
n

+
1,{

(e
t ,F

t )}
is

tigh
t

a
n

d
h
en

ce
{
ξ
t }

is
tigh

t.
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Y
u

P
ro

o
f

B
y

P
rop

.
11,

c
:=

su
p
t≥

0
E [ ∥∥

(e
t ,F

t ) ∥∥ ]
<
∞

.
T

h
en

,
b
y

th
e

M
a
rkov

in
eq

u
ality,

for
a
>

0,
su

p
t≥

0
P
( ∥∥

(e
t ,F

t ) ∥∥
≥
a )≤

c/a
→

0
as
a
→
∞
.

T
h

is
im

p
lies

th
at{

(e
t ,F

t )}
is

tigh
t.

S
in

ce
th

e
sp

ace
S
×
A
×
S

is
fi

n
ite

an
d
ξ
t

=
(e
t ,F

t ,S
t ,A

t ,S
t+

1 ),{
ξ
t }

is
a
lso

tigh
t.

W
e

n
ow

h
an

d
le

th
e

u
n

iform
in

tegrab
ility

con
d

ition
s

(i),
(i ′),

(iv
)

an
d

(iv ′).
T

h
e

u
n

iform
in

tegra
b

ility
of

th
e

trace
seq

u
en

ce
{e
t }

,
as

w
e

w
ill

p
rove,

is
im

p
o
rtan

t
h

ere.

P
ro

p
o
sitio

n
2

U
n

d
er

A
ssu

m
p
tio

n
1
,

fo
r

ea
ch

given
in

itia
l

(e
0 ,F

0 )∈
R
n

+
1,

th
e

fo
llo

w
in

g
sets

o
f

ra
n

d
o
m

va
ria

bles
a
re

u
.i.:

(i)
{e
t }

;

(ii)
{h

(θ,ξ
t )}

fo
r

ea
ch

fi
xed

θ
∈
B

;

(iii)
{h

(θ
t ,ξ

t )}
in

th
e

ca
se

o
f

d
im

in
ish

in
g

step
size;

a
n

d
{
h

(θ
αt
,ξ
t )
|
t≥

0,α
>

0}
in

th
e

ca
se

o
f

co
n

sta
n

t
step

size;

(iv
)
{h

(θ
t ,ξ

t )
+
e
t ω̃

t+
1 }

in
th

e
ca

se
o
f

d
im

in
ish

in
g

step
size;

a
n

d
{
h

(θ
αt
,ξ
t )

+
e
t ω̃

t+
1 |

t≥
0,α

>
0}

in
th

e
ca

se
o
f

co
n

sta
n

t
step

size.

T
h

e
p

ro
of

of
P

rop
.

2
w

ill
u

se
facts

ab
ou

t
u

.i.
seq

u
en

ces
of

ran
d
om

variab
les

g
iv

en
in

th
e

lem
m

a
b

elow
.

T
h

is
lem

m
a

b
asically

follow
s

from
th

e
d

efi
n

ition
of

u
n

ifo
rm

in
tegra

b
ility.

W
e

th
erefo

re
om

it
its

p
ro

of,
w

h
ich

can
b

e
fou

n
d

in
th

e
arX

iv
version

of
th

is
p

ap
er

(Y
u

,
2015b

).

L
e
m

m
a

2
L

et
X
k ,Y

k ,k
∈
K

(so
m

e
in

d
ex

set)
be

rea
l-va

lu
ed

ra
n

d
o
m

va
ria

bles
w

ith
X
k

a
n

d
Y
k

d
efi

n
ed

o
n

a
co

m
m

o
n

p
ro

ba
bility

spa
ce

fo
r

ea
ch

k
.

(i)
If{

X
k }
k∈K

,{
Y
k }
k∈K

a
re

u
.i.,

th
en
{
X
k

+
Y
k }
k∈K

is
u

.i.

(ii)
If{

X
k }
k∈K

is
u

.i.
a
n

d
fo

r
a
ll
k

,|Y
k |≤

|X
k |

a
.s.,

th
en
{
Y
k }
k∈K

is
u

.i.

(iii)
If{

X
k }
k∈K

,{
Y
k }
k∈K

a
re

u
.i.

a
n

d
fo

r
so

m
e
c≥

0,
E

[|Y
k ||X

k ]≤
c

a
.s.

fo
r

a
ll
k

,
th

en
{X

k Y
k }
k∈K

is
u

.i.

W
e

n
ow

p
ro

ceed
to

p
rove

P
rop

.
2.

T
h
e

p
ro

of
w

ill
in

volve
au

x
iliary

variab
les,

w
h

ich
w

e
ca

ll
tru

n
ca

ted
tra

ces.
T

h
ey

are
d

efi
n

ed
sim

ilarly
to

th
e

trace
iterates

(e
t ,F

t ),
b

u
t

in
stea

d
of

d
ep

en
d

in
g

on
all

th
e

p
ast

states
an

d
actio

n
s,

th
ey

on
ly

d
ep

en
d

on
a

certain
n
u

m
b

er
of

th
e

m
ost

recen
t

states
an

d
action

s.
S

p
ecifi

cally,
for

each
in

teger
K
≥

1,
w

e
d

efi
n

e
tru

n
cated

tra
ces

(ẽ
t,K
,F̃

t,K
)

as
follow

s:(ẽ
t,K
,F̃

t,K
)

=
(e
t ,F

t )
for

t≤
K
,

a
n

d
for

t≥
K

+
1
,

w
ith

th
e

sh
orth

an
d
β
t

:=
ρ
t−

1 γ
t λ
t ,

F̃
t,K

=

t
∑k
=
t−
K

i(S
k )· (ρ

k γ
k
+

1 ···ρ
t−

1 γ
t ),

(24)

M̃
t,K

=
λ
t i(S

t )
+

(1−
λ
t )F̃

t,K
,

(25)

ẽ
t,K

=

t
∑k
=
t−
K

M̃
k
,K
·
φ

(S
k )· (β

k
+

1 ···β
t ).

(26)
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p
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N
ot

e
th

at
w
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en

t
≥

2K
+

1,
th

e
tr

ac
es

(ẽ
t,
K
,F̃

t,
K

)
n

o
lo

n
ge

r
d

ep
en

d
on

th
e

in
it

ia
l

(e
0
,F

0
);

b
ei

n
g

fu
n

ct
io

n
s

of
th

e
st

at
es

an
d
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ti

on
s

b
et

w
ee

n
ti

m
e
t
−

2K
an

d
t

o
n

ly
,

th
ey

li
e

in
a

b
ou

n
d

ed
se

t
d

et
er

m
in

ed
b
y
K
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si

n
ce

th
e

st
at

e
an

d
ac

ti
on

sp
ac

es
ar

e
fi

n
it

e.
F

o
r
t

=
0,
..
.,

2K
,

(ẽ
t,
K
,F̃

t,
K

)
al

so
li

e
in

a
b

ou
n

d
ed

se
t,

w
h

ic
h

is
d

et
er

m
in

ed
b
y
K

an
d

th
e

in
it

ia
l

(e
0
,F

0
).

W
e

w
il

l
u

se
th

es
e

b
ou

n
d

ed
tr

u
n

ca
te

d
tr

ac
es

to
ap

p
ro

x
im

at
e

th
e

or
ig

in
al

tr
ac

es
{(
e t
,F

t)
}

in
th

e
an

al
y
si

s.
A

n
im

p
or

ta
n
t

ap
p

ro
x
im

at
io

n
p

ro
p

er
ty

,
gi

ve
n

in
P

ro
p

.
13

(A
p

p
en

d
ix

A
),

is
th

a
t

fo
r

ea
ch

K
an

d
an

y
in

it
ia

l
(e

0
,F

0
)

fr
om

a
gi

ve
n

b
ou

n
d

ed
se

t
E

,

su
p

t≥
0

E
[ ∥ ∥

(e
t,
F
t)
−

(ẽ
t,
K
,F̃

t,
K

)∥ ∥
] ≤

L
K
,

w
h

er
e
L
K

is
a

fi
n

it
e

co
n

st
an

t
th

at
d

ep
en

d
s

on
K

an
d
E

an
d

d
ec

re
as

es
m

o
n

o
to

n
ic

a
ll
y

to
0

as
K

in
cr

ea
se

s:
L
K
↓

0
as
K
→
∞
.

W
e

w
il

l
u

se
th

is
p

ro
p

er
ty

in
th

e
fo

ll
ow

in
g

an
al

y
si

s.

P
ro

o
f

o
f

P
ro

p
.

2
F

ir
st

,
w

e
p

ro
ve
{e
t}

is
u
.i

.
W

e
th

en
u

se
th

is
to

sh
ow

th
e

u
n

if
o
rm

in
te

gr
ab

il
it

y
of

th
e

ot
h

er
se

ts
re

q
u

ir
ed

in
p

ar
ts

(i
i)

-(
iv

).

(i
)

T
o

p
ro

ve
{e
t}

is
u

.i
.,

w
e

sh
al

l
ex

p
lo

it
it

s
re

la
ti

on
w

it
h

th
e

tr
u

n
ca

te
d

tr
ac

es
,
ẽ t
,K
,t
≥

0
fo

r
in

te
ge

rs
K
≥

1.
N

ot
e

th
at

si
n

ce
th

e
st

at
e

an
d

ac
ti

on
sp

ac
es

ar
e

fi
n

it
e,

th
e

tr
u

n
ca

te
d

tr
ac

es
{ẽ
t,
K
}

li
e

in
a

b
ou

n
d

ed
se

t
(t

h
is

se
t

d
ep

en
d

s
on

K
an

d
th

e
in

it
ia

l
(e

0
,F

0
))

,
so

th
er

e
ex

is
ts

a
co

n
st

an
t
a
K

su
ch

th
at
‖ẽ
t,
K
‖
≤
a
K

fo
r

al
l
t.

T
h

is
fa

ct
w

il
l

gr
ea

tl
y

si
m

p
li

fy
th

e
a
n

al
y
si

s.
L

et
u

s
fi

rs
t

fi
x
K

an
d

co
n

si
d

er
a
≥
a
k
.

D
en

ot
e
ā

=
a
−
a
K
≥

0.
T

h
en

‖e
t‖

1(
‖e
t‖
≥
a
)
≤
‖e
t‖

1(
‖e
t
−
ẽ t
,K
‖
≥
ā
)

≤
‖e
t
−
ẽ t
,K
‖1
( ‖
e t
−
ẽ t
,K
‖
≥
ā
) +
‖ẽ
t,
K
‖1
( ‖
e t
−
ẽ t
,K
‖
≥
ā
)

≤
‖e
t
−
ẽ t
,K
‖1
( ‖
e t
−
ẽ t
,K
‖
≥
ā
) +

a
K

1(
‖e
t
−
ẽ t
,K
‖
≥
ā
) .

(2
7
)

F
or

th
e

se
co

n
d

te
rm

on
th

e
ri

gh
t-

h
a
n

d
si

d
e,

w
e

ca
n

b
ou

n
d

it
s

ex
p

ec
ta

ti
on

b
y

E
[ a
K

1(
‖e
t
−
ẽ t
,K
‖
≥
ā
)]

=
a
K

P
(‖
e t
−
ẽ t
,K
‖
≥
ā
)
≤
a
K
·L

K
/ā
,

∀t
,

(2
8)

w
h

er
e

in
th

e
la

st
in

eq
u

al
it

y
L
K

is
a

co
n

st
an

t
th

at
d

ep
en

d
s

on
K

(a
n

d
th

e
in

it
ia

l
(e

0
,F

0
))

an
d

h
as

th
e

p
ro

p
er

ty
th

at
L
K
↓

0
as
K
→
∞

,
an

d
th

is
in

eq
u
al

it
y

is
d

er
iv

ed
b
y

co
m

b
in

g
th

e
M

ar
ko

v
in

eq
u

al
it

y
P

(‖
e t
−
ẽ t
,K
‖
≥
ā
)
≤

E
[‖
e t
−
ẽ t
,K
‖]
/ā

w
it

h
P

ro
p

.
1
3
,

w
h

ic
h

b
o
u

n
d
s

su
p
t≥

0
E

[‖
e t
−
ẽ t
,K
‖]

b
y
L
K

.
S

im
il

ar
ly

,
fo

r
th

e
fi

rs
t

te
rm

on
th

e
ri

gh
t-

h
a
n

d
si

d
e

o
f

(2
7
),

u
si

n
g

P
ro

p
.

13
,

w
e

ca
n

b
ou

n
d

it
s

ex
p

ec
ta

ti
on

b
y
L
K

:

E
[ ‖
e t
−
ẽ t
,K
‖1
( ‖
e t
−
ẽ t
,K
‖
≥
ā
)]
≤

E
[‖
e t
−
ẽ t
,K
‖]
≤
L
K
,

∀t
.

(2
9
)

F
ro

m
(2

7)
-(

29
)

it
fo

ll
ow

s
th

at

su
p

t≥
0

E
[ ‖
e t
‖1
( ‖
e t
‖
≥
a
)]
≤
L
K

+
a
K
·L

K
/
(a
−
a
K

),

so
fo

r
fi

x
ed

K
,

b
y

ta
k
in

g
a
→
∞

,
w

e
ob

ta
in

li
m

a
→
∞

su
p

t≥
0

E
[ ‖
e t
‖1
( ‖
e t
‖
≥
a
)]
≤
L
K
.
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Y
u

S
in

ce
L
K
↓

0
as
K
→
∞

(P
ro

p
.

13
),

th
is

im
p

li
es

li
m
a
→
∞

su
p
t≥

0
E
[ ‖
e t
‖1
( ‖
e t
‖
≥
a
)]

=
0
,

w
h

ic
h

p
ro

ve
s

th
e

u
n

if
o
rm

in
te

g
ra

b
il

it
y

of
{e
t}

.

(i
i)

W
e

n
ow

p
ro

ve
fo

r
ea

ch
θ,
{h

(θ
,ξ
t)
}

is
u

.i
.

S
in

ce
th

e
st

at
e

a
n

d
ac

ti
o
n

sp
a
ce

s
ar

e
fi

n
it

e
an

d
θ

is
g
iv

en
,

u
si

n
g

th
e

ex
p

re
ss

io
n

o
f
h

(θ
,ξ
t)

,
w

e
ca

n
b

o
u

n
d

it
a
s
‖h

(θ
,ξ
t)
‖
≤
L
‖e
t‖

fo
r

so
m

e
co

n
st

an
t
L

.
A

s
ju

st
p

ro
ve

d
,
{e
t}

is
u

.i
.
(e

q
u
iv

al
en

tl
y
{‖
e t
‖}

is
u

.i
.)

an
d

th
u

s
{L
‖e
t‖
}i

s
u

.i
.,

so
b
y

L
em

m
a

2
(i

i)
,
{h

(θ
,ξ
t)
}

is
u

.i
.

(s
in

ce
th

is
is

b
y

d
efi

n
it

io
n

eq
u

iv
a
le

n
t

to
{‖
h

(θ
,ξ
t)
‖}

b
ei

n
g

u
.i

.,
w

h
ic

h
is

tr
u

e
b
y

L
em

m
a

2
(i

i)
).

(i
ii

)
T

h
e

u
n

if
or

m
in

te
g
ra

b
il

it
y

o
f
{h

(θ
t,
ξ t

)}
in

th
e

ca
se

o
f

d
im

in
is

h
in

g
st

ep
si

ze
o
r
{h

(θ
α t
,ξ
t)
|

t
≥

0,
α
>

0
}

in
th

e
ca

se
o
f

co
n

st
a
n
t

st
ep

si
ze

fo
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ow
s

fr
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th
e

sa
m

e
ar

gu
m

en
t

g
iv

en
fo

r
(i

i)
a
b

ov
e,

b
ec

au
se
θ t

o
r
θα t

fo
r

a
ll
t
≥

0
a
n
d
α
>

0
li
e

in
th

e
b

ou
n

d
ed

se
t
B

b
y

th
e

d
efi

n
it

io
n

o
f

th
e

co
n

st
ra

in
ed

E
T

D
(λ

)
al

go
ri

th
m

.

(i
v
)

C
on

si
d

er
fi

rs
t

th
e

ca
se

of
d

im
in

is
h

in
g

st
ep

si
ze

.
W

e
p

ro
ve

th
a
t
{h

(θ
t,
ξ t

)
+
e t
ω̃
t+

1
}

is
u

.i
.

(r
ec

a
ll
ω̃
t+

1
=
ρ
t
(R

t
−
r(
S
t,
A
t,
S
t+

1
))

is
th

e
n

o
is

e
p

a
rt

o
f

th
e

o
b

se
rv

ed
re

w
ar

d
).

S
in

ce
w

e
al

re
ad

y
sh

ow
ed

th
at
{h

(θ
t,
ξ t

)}
is

u
.i

.,
b
y

L
em

m
a

2
(i

),
it

is
su

ffi
ci

en
t

to
p

ro
ve

th
a
t

{e
t
ω̃
t+

1
}

is
u

.i
.

N
ow
{e
t}

is
u

.i
.

b
y

p
a
rt

(i
).

S
in

ce
th

e
ra

n
d

om
re

w
a
rd

s
R
t

in
ou

r
m

o
d

el
h

av
e

b
ou

n
d

ed
va

ri
an

ce
s,

th
e

n
o
is

e
va

ri
a
b

le
s
ω̃
t+

1
,t
≥

0
,

al
so

h
av

e
b

o
u

n
d

ed
va

ri
an

ce
s.

T
h

is
im

p
li

es
th

at
{ω̃

t+
1
}

is
u

.i
.

(B
il

li
n

g
sl

ey
,

1
9
6
8
,

p
.

3
2
)

a
n

d
th

a
t

E
[|ω̃

t+
1
||

e t
]
<
c

fo
r

so
m

e
co

n
st

a
n
t
c

(i
n

d
ep

en
d

en
t

o
f
t)

.
It

th
en

fo
ll

ow
s

fr
o
m

L
em

m
a

2
(i

ii
)

th
a
t
{e
t
ω̃
t+

1
}

is
u

.i
.,

a
n

d
h

en
ce
{h

(θ
t,
ξ t

)
+
e t
ω̃
t+

1
}

is
u

.i
.

S
im

il
ar

ly
,

in
th

e
ca

se
of

co
n

st
a
n
t

st
ep

si
ze

,
it

fo
ll

ow
s

fr
o
m

L
em

m
a

2(
i)

th
at

th
e

se
t

{h
(θ
α t
,ξ
t)

+
e t
ω̃
t+

1
|t
≥

0,
α
>

0
}

is
u

.i
.,

b
ec

a
u

se
{h

(θ
α t
,ξ
t)
|t
≥

0
,α

>
0}

is
u

.i
.

b
y

p
a
rt

(i
ii

)
p

ro
v
ed

ea
rl

ie
r

a
n

d
{e
t
ω̃
t+

1
}

is
u

.i
.

a
s

w
e

ju
st

p
ro

ve
d

.

F
in

a
ll

y,
w

e
h

an
d

le
th

e
co

n
d

it
io

n
s

(v
)

a
n

d
(v
′ )

st
a
te

d
in

S
ec

ti
o
n

4
.1

.1
.

T
h

e
tw

o
co

n
d
it

io
n

s
ar

e
th

e
sa

m
e

co
n

d
it

io
n

in
th

e
ca

se
h

er
e,

b
ec

a
u

se
th

ey
co

n
ce

rn
ea

ch
fi

x
ed

θ,
w

h
er

ea
s
{ξ
t}

is
n

ot
aff

ec
te

d
b
y

th
e

st
ep

si
ze

a
n

d
th

e
θ-

it
er

at
es

.
S

o
w

e
ca

n
fo

cu
s

ju
st

on
th

e
co

n
d

it
io

n
(v

)
in

p
re

se
n
ti

n
g

th
e

p
ro

o
f,

fo
r

n
ot

a
ti

on
al

si
m

p
li

ci
ty

.
F

o
r

th
e

a
lg

or
it

h
m

(1
1
),

th
e

co
n
ti

n
u

o
u

s
fu

n
ct

io
n
h̄

re
q
u

ir
ed

in
th

e
co

n
d

it
io

n
is

th
e

fu
n

ct
io

n
h̄

(θ
)

=
C
θ

+
b

as
so

ci
at

ed
w

it
h

th
e

d
es

ir
ed

m
ea

n
O

D
E

(1
2)

.
W

e
n

ow
p

ro
ve

th
e

re
q
u

ir
ed

co
n
ve

rg
en

ce
in

m
ea

n
b
y

u
si

n
g

th
e

p
ro

p
er

ti
es

of
tr

ac
e

it
er

at
es

an
d

th
e

co
n
ve

rg
en

ce
re

su
lt

s
g
iv

en
in

T
h

eo
re

m
3

an
d

C
or

o
ll

a
ry

1
(S

ec
ti

on
2
.4

).

P
ro

p
o
si

ti
o
n

3
L

et
A

ss
u

m
p
ti

o
n

1
h
o
ld

.
F

o
r

ea
ch

θ
∈
B

a
n

d
ea

ch
co

m
pa

ct
se

t
D
⊂

Ξ
,

li
m

k
→
∞
,t
→
∞

1 k

t+
k
−

1
∑ m

=
t

E
t

[ h
(θ
,ξ
m

)
−
h̄

(θ
)]

1(
ξ t
∈
D
) =

0
in

m
ea

n
.

P
ro

o
f

D
en

o
te

X
k
,t

=
1 k

∑
t+
k
−

1
m

=
t

( h
(θ
,ξ
m

)
−
h̄

(θ
))

1(
ξ t
∈
D
) .

S
in

ce
E
[∥ ∥

E
t{
X
k
,t
}∥ ∥
]
≤

E
[‖
X
k
,t
‖]

,
to

p
ro

ve
li

m
k
,t

E
[∥ ∥

E
t{
X
k
,t
}∥ ∥
] =

0
(h

er
e

a
n

d
in

w
h

a
t

fo
ll

ow
s

w
e

si
m

p
ly

w
ri

te
“
k
,t

”
u

n
d

er
a

li
m

it
sy

m
b

ol
fo

r
“k
→
∞
,t
→
∞

”
),

it
is

su
ffi

ci
en

t
to

p
ro

ve
li

m
k
,t

E
[‖
X
k
,t
‖]

=
0,

th
a
t

is
,

to
p

ro
ve

li
m k,
t

1 k

t+
k
−

1
∑ m

=
t

( h
(θ
,ξ
m

)
−
h̄

(θ
))

1(
ξ t
∈
D
) =

0
in

m
ea

n
.

(3
0
)
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

F
u

rth
erm

ore,
sin

ce
lim

su
p
k
,t

E [‖X
k
,t ‖

1 (ξ
t ∈

D
)]

is
u

p
p

er-b
o
u

n
d

ed
b
y

∑

(s,a
,s ′)∈S×

A
×
S

lim
su

p
k
,t

E
[‖
X
k
,t ‖

1 (ξ
t ∈

D
,(S

t ,A
t ,S

t+
1 )

=
(s,a

,s ′) )]
,

it
is

su
ffi

cien
t

in
th

e
p
ro

o
f

to
co

n
sid

er
o
n

ly
th

o
se

co
m

p
a
ct

sets
D

o
f

th
e

fo
rm

D
=
E
×

{
(s,a

,s ′)}
,

fo
r

each
co

m
p

a
ct

set
E
⊂

R
n

+
1

a
n

d
ea

ch
(s,a

,s ′)∈
S
×
A
×
S

.
H

en
cefo

rth
,

let
u

s
fi

x
a

com
p

a
ct

set
E

tog
eth

er
w

ith
a

trip
let

(s,a
,s ′)

a
s

th
e

set
D

u
n

d
er

co
n

sid
era

tion
,

an
d

fo
r

th
is

set
D

,
w

e
p

ro
ceed

to
p

rove
(3

0
).

T
o

sh
ow

(3
0
),

w
h

a
t

w
e

n
eed

to
sh

ow
is

th
a
t

fo
r

tw
o

arb
itra

ry
su

b
seq

u
en

ces
o
f

in
teg

ers
k
j →
∞

,
tj →

∞
,

lim
j→
∞

1k
j

t
j +
k
j −

1
∑m

=
t
j

(h
(θ,ξ

m
)−

h̄
(θ) )

1 (ξ
t
j ∈

D
)

=
0

in
m

ea
n
.

(3
1
)

T
o

th
is

en
d

,
w

e
fi

rst
d

efi
n

e
au

x
ilia

ry
tra

ce
va

riab
les

to
d

eco
m

p
o
se

each
d

iff
eren

ce
term

h
(θ,ξ

m
)−

h̄
(θ)

in
to

tw
o

d
iff

eren
ce

term
s

a
s

follow
s:

(a
)

F
ix

a
p

o
in

t
(ē,F̄

)∈
E

.

(b
)

F
o
r

each
j
≥

1
,

d
efi

n
e

a
seq

u
en

ce
o
f

tra
ce

p
airs,

(e
jm
,F

jm
),
m
≥
tj ,

b
y

u
sin

g
th

e
sa

m
e

recu
rsio

n
(3

)-(5
)

th
a
t

d
efi

n
es

th
e

traces{
(e
t ,F

t )}
,

b
a
sed

o
n

th
e

sa
m

e
tra

jecto
ry

{(S
t ,A

t )}
,

b
u

t
sta

rtin
g

a
t

tim
e
m

=
tj

w
ith

th
e

in
itial

(e
jt
j ,F

jtj )
=

(ē,F̄
).

D
en

o
te
ξ
jm

=
(e
jm
,F

jm
,S

m
,A

m
,S

m
+

1 )
fo

r
m
≥
tj ;

it
d

iff
ers

fro
m
ξ
m

o
n

ly
in

th
e

tw
o

tra
ce

com
p

o
n

en
ts.

N
ex

t,
fo

r
each

m
,

w
e

w
rite

h
(θ,ξ

m
)−

h̄
(θ)

=
(h

(θ,ξ
jm

)−
h̄

(θ))
+

(h
(θ,ξ

m
)−

h
(θ,ξ

jm
))

a
n

d
co

rresp
o
n

d
in

gly,
w

e
w

rite

1k
j

t
j +
k
j −

1
∑m

=
t
j

(h
(θ,ξ

m
)−

h̄
(θ) )

=
1k
j

t
j +
k
j −

1
∑m

=
t
j

(h
(θ,ξ

jm
)−

h̄
(θ) )

+
1k
j

t
j +
k
j −

1
∑m

=
t
j

(h
(θ,ξ

m
)−

h
(θ,ξ

jm
) ).

W
e

see
th

at
fo

r
(31

)
to

h
old

,
it

is
su

ffi
cien

t
th

a
t

lim
j→
∞

1k
j

t
j +
k
j −

1
∑m

=
t
j

(h
(θ,ξ

jm
)−

h̄
(θ) )

1 (ξ
t
j ∈

D
)

=
0

in
m

ea
n
,

(3
2)

an
d

lim
j→
∞

1k
j

t
j +
k
j −

1
∑m

=
t
j

(h
(θ,ξ

m
)−

h
(θ,ξ

jm
) )

1 (ξ
t
j ∈

D
)

=
0

in
m

ea
n
.

(3
3)

L
et

u
s

n
ow

p
rov

e
th

ese
tw

o
statem

en
ts.

P
ro

o
f

o
f

(3
2
):

S
in

ce
th

e
set

D
=
E
×
{(s,a

,s ′)}
a
n

d
1 (ξ

t
j
∈
D
)
≤

1 ((S
t
j ,A

t
j ,S

t
j +

1 )
=

(s,a
,s ′) ),

w
e

can
rem

ove
ξ
t
j

fro
m

con
sid

era
tio

n
an

d
sh

ow
in

stea
d

lim
j→
∞

1k
j

t
j +
k
j −

1
∑m

=
t
j

(h
(θ,ξ

jm
)−

h̄
(θ) )

1 ((S
t
j ,A

t
j ,S

t
j +

1 )
=

(s,a
,s ′) )

=
0

in
m

ean
,

(34
)
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Y
u

w
h

ich
w

ill
im

p
ly

(32).
B

y
d

efi
n

ition
ξ
jm
,m
≥
tj ,

are
gen

erated
fro

m
th

e
in

itial
trace

p
airs

(ē,F̄
)

an
d

in
itial

tran
sition

(S
t
j ,A

t
j ,S

t
j +

1 )
at

tim
e
m

=
tj .

S
o

if
(S
t
j ,A

t
j ,S

t
j +

1 )
=

(s,a
,s ′),

th
en

co
n

d
ition

ed
on

th
is

tran
sition

at
tj ,

th
e

seq
u

en
ce{ξ

jm
,m
≥
tj }

h
as

th
e

sam
e

p
rob

ab
ility

d
istrib

u
tion

as
a

seq
u

en
ce

ξ̂
m
,m
≥

0,
w

h
ere

ξ̂
m

=
(ê
m
,F̂

m
,Ŝ

m
,Â

m
,Ŝ

m
+

1 )
is

gen
era

ted
fro

m
th

e
in

itial
co

n
d

ition
ξ̂

0
=

(ē,F̄
,s,a

,s ′)
b
y

th
e

sam
e

recu
rsion

(3)-(5)
an

d
a

tra
jectory

{
(Ŝ
m
,Â

m
)}

of
sta

tes
an

d
action

s
u

n
d

er
th

e
b

eh
av

ior
p

olicy.
T

h
is

sh
ow

s
th

a
t

E

 ∥∥∥∥∥∥
1k
j

t
j +
k
j −

1
∑m

=
t
j

(
h

(θ,ξ
jm

)−
h̄

(θ) )
1 (

(S
t
j ,A

t
j ,S

t
j +

1 )
=

(s,a
,s ′) ) ∥∥∥∥∥∥ 

≤
E

 ∥∥∥∥∥∥
1k
j

k
j −

1
∑m

=
0 (
h

(θ,ξ̂
m

)−
h̄

(θ) ) ∥∥∥∥∥∥ 
,

from
w

h
ich

w
e

see
th

at
th

e
con

vergen
ce

in
m

ean
stated

b
y

(34)
h

o
ld

s
if

w
e

h
av

e

lim
k→
∞

1k

k−
1

∑m
=

0 (
h

(θ,ξ̂
m

)−
h̄

(θ) )
=

0
in

m
ean

.
(35)

N
ow

sin
ce

for
each

θ,
th

e
fu

n
ction

h
(θ,·)

is
L

ip
sch

itz
con

tin
u

ou
s

in
e

u
n

iform
ly

in
th

e
o
th

er
argu

m
en

ts,
(35)

h
old

s
b
y

T
h

eorem
3

an
d

its
im

p
lication

C
orollary

1
(S

ection
2.4).

C
on

seq
u

en
tly,

(34
)

h
old

s,
an

d
th

is
im

p
lies

(32).

P
ro

of
o
f

(33
):

U
sin

g
th

e
ex

p
ression

of
h

an
d

th
e

fi
n

iten
ess

of
th

e
state

an
d

action
sp

aces,
w

e
can

b
ou

n
d

th
e

d
iff

eren
ce
h

(θ,ξ
m

)−
h

(θ,ξ
jm

)
b
y

∥∥
h

(θ,ξ
m

)−
h

(θ,ξ
jm

) ∥∥
≤
c· ∥∥

e
m
−
e
jm ∥∥

for
som

e
con

stan
t
c

(in
d

ep
en

d
en

t
of
m
,j).

L
et

u
s

sh
ow

lim
j→
∞

1k
j

t
j +
k
j −

1
∑m

=
t
j

∥∥
e
m
−
e
jm ∥∥

1 (ξ
t
j ∈

D
)

=
0

in
m

ean
,

(36)

w
h

ich
w

ill
im

p
ly

(33).

T
o

p
rove

(36
),

sim
ilarly

to
th

e
p

reced
in

g
p

ro
of,

w
e

fi
rst

d
ecom

p
ose

each
d

iff
eren

ce
term

e
m
−
e
jm

in
(36

)
in

to
several

d
iff

eren
ce

term
s,

b
y

u
sin

g
tru

n
cated

traces{
(ẽ
m
,K
,F̃

m
,K

)}
an

d

{
(ẽ
jm
,K
,F̃

jm
,K

)
|
m
≥
tj },

j
≥

1
,K
≥

1,
w

h
ich

w
e

n
ow

in
tro

d
u

ce.
S

p
ecifi

cally,
fo

r
each

K
≥

1
,{

(ẽ
m
,K
,F̃

m
,K

)}
are

d
efi

n
ed

b
y

(24)-(26).
F

or
each

j≥
1

an
d
K
≥

1,
th

e
tru

n
cated

tra
ces{(ẽ

jm
,K
,F̃

jm
,K

)|
m
≥
tj }

are
also

d
efi

n
ed

b
y

(24)-(26),
ex

cep
t

th
at

th
e

in
itial

tim
e

is

set
to

b
e
tj

(in
stead

of
0)

an
d

for
m
≤
tj

+
K

,
(ẽ
jm
,K
,F̃

jm
,K

)
is

set
to

b
e

(e
jm
,F

jm
)

(in
stead

o
f

(e
m
,F

m
)).

L
et

u
s

fi
x
K

for
n

ow
.

W
e

b
ou

n
d

th
e

d
iff

eren
ce
e
m
−
e
jm

b
y

th
e

su
m

of
th

ree
d

iff
eren

ce
term

s
a
s

∥∥
e
m
−
e
jm ∥∥
≤
∥∥
e
m
−
ẽ
m
,K ∥∥

+
∥∥
e
jm
−
ẽ
jm
,K ∥∥

+
∥∥
ẽ
m
,K
−
ẽ
jm
,K ∥∥

,
(37)

2
8

JM
L

R
 17(220):1-58



W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

an
d

co
rr

es
p

on
d

in
gl

y,
w

e
co

n
si

d
er

th
e

fo
ll

ow
in

g
th

re
e

se
q
u

en
ce

s
of

va
ri

ab
le

s,
a
s
j

te
n

d
s

to
∞

:

1 k
j

t j
+
k
j
−

1
∑ m

=
t j

∥ ∥ e
m
−
ẽ m

,K

∥ ∥ 1
( ξ
t j
∈
D
) ,

1 k
j

t j
+
k
j
−

1
∑ m

=
t j

∥ ∥ e
j m
−
ẽj m

,K

∥ ∥ ,
(3

8)

an
d

1 k
j

t j
+
k
j
−

1
∑ m

=
t j

∥ ∥ ẽ
m
,K
−
ẽj m

,K

∥ ∥ 1
( ξ
t j
∈
D
) .

(3
9)

In
w

h
at

fo
ll

ow
s,

w
e

w
il

l
b

ou
n

d
th

ei
r

ex
p

ec
te

d
va

lu
es

as
j
→
∞

an
d

th
en

ta
k
e
K
→
∞

;
th

is
w

il
l

le
ad

to
(3

6)
.

T
h

e
an

al
y
se

s
fo

r
th

e
tw

o
se

q
u

en
ce

s
in

(3
8)

ar
e

si
m

il
ar

.
R

ec
al

l
D

=
E
×
{(
s,
a
,s
′ )
},

so
ξ t
j
∈
D

im
p

li
es

(e
t j
,F

t j
)
∈
E

.
S

in
ce

th
e

se
t
E

is
b

ou
n

d
ed

,
if

(e
t j
,F

t j
)
∈
E

,
th

en
w

e
ca

n
u

se
P

ro
p

.
13

(A
p

p
en

d
ix

A
)

to
b

ou
n

d
th

e
ex

p
ec

ta
ti

on
of
‖e
m
−
ẽ m

,K
‖

fo
r
m
≥
t j

co
n

d
it

io
n

ed
on
F t

j
,

an
d

th
is

gi
ve

s
u

s
th

e
b

ou
n

d

su
p

m
≥
t j

E
t j

[∥ ∥
e m
−
ẽ m

,K

∥ ∥]
1(
ξ t
j
∈
D
) ≤

L
K

w
h

er
e
L
K

is
a

co
n

st
an

t
th

at
d

ep
en

d
s

o
n
K

an
d

th
e

se
t
E

,
an

d
h

as
th

e
p

ro
p

er
ty

th
at
L
K
↓

0
as
K
→
∞

.
F

ro
m

th
is

b
ou

n
d

,
w

e
ob

ta
in

E

 
1 k
j

t j
+
k
j
−

1
∑ m

=
t j

∥ ∥ e
m
−
ẽ m

,K

∥ ∥ 1
( ξ
t j
∈
D
) 
≤
L
K
,

∀j
≥

1
.

(4
0
)

S
im

il
ar

ly
,

fo
r

th
e

se
co

n
d

se
q
u

en
ce

in
(3

8)
,

b
y

P
ro

p
.

13
w

e
h

av
e

E

 
1 k
j

t j
+
k
j
−

1
∑ m

=
t j

∥ ∥ e
j m
−
ẽj m

,K

∥ ∥ 
≤
L
K
,

∀j
≥

1
,

(4
1)

w
h

er
e
L
K

is
so

m
e

co
n

st
an

t
th

at
ca

n
b

e
ch

os
en

to
b

e
th

e
sa

m
e

co
n

st
an

t
in

(4
0)

(b
ec

a
u

se
th

e
p

oi
n
t

(ē
,F̄

),
w

h
ic

h
is

th
e

in
it

ia
l

tr
ac

e
p

ai
r

fo
r

(e
j m
,F

j m
)

at
ti

m
e
m

=
t j

,
li

es
in
E

).
C

on
si

d
er

n
ow

th
e

se
q
u
en

ce
in

(3
9)

.
A

s
d

is
cu

ss
ed

af
te

r
th

e
d

efi
n

it
io

n
(2

4)
-(

26
)

o
f

tr
u

n
-

ca
te

d
tr

ac
es

,
b

ec
au

se
of

tr
u

n
ca

ti
on

,
th

es
e

tr
ac

es
li
e

in
a

b
ou

n
d

ed
se

t
d

et
er

m
in

ed
b
y
K

a
n

d
th

e
se

t
in

w
h

ic
h

th
e

in
it

ia
l

tr
ac

e
p
ai

r
li

es
.

T
h
er

ef
or

e,
th

er
e

ex
is

ts
a

fi
n

it
e

co
n

st
a
n
t
c K

w
h

ic
h

d
ep

en
d

s
on

K
an

d
E

,
su

ch
th

at
fo

r
al

l
m
≥
t j

,

‖ẽ
j m
,K
‖
≤
c K
,

an
d
‖ẽ
m
,K
‖
≤
c K

if
(e
t j
,F

t j
)
∈
E
.

A
ls

o
b
y

th
ei

r
d

efi
n
it

io
n

,
on

ce
m

is
su

ffi
ci

en
tl

y
la

rg
e,

th
e

tr
u

n
ca

te
d

tr
ac

es
d

o
n

ot
d

ep
en

d
o
n

th
e

in
it

ia
l

tr
ac

e
p

ai
rs

;
in

p
ar

ti
cu

la
r,

ẽj m
,K

=
ẽ m

,K
,

∀m
≥
t j

+
2
K

+
1
.

F
ro

m
th

es
e

tw
o

ar
gu

m
en

ts
it

fo
ll

ow
s

th
at

E

 
1 k
j

t j
+
k
j
−

1
∑ m

=
t j

∥ ∥ ẽ
m
,K
−
ẽj m

,K

∥ ∥ 1
( ξ
t j
∈
D
) 
≤

(2
K

+
1)
·2
c K

k
j

→
0

as
j
→
∞
.

(4
2)
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Y
u

F
in

al
ly

,
co

m
b

in
in

g
(4

0
)-

(4
2)

w
it

h
(3

7)
,

w
e

o
b

ta
in

li
m

su
p

j→
∞

E

 
1 k
j

t j
+
k
j
−

1
∑ m

=
t j

∥ ∥ e
m
−
ej m
∥ ∥

1(
ξ t
j
∈
D
) 

≤
li

m
su

p
j→
∞

E

 
1 k
j

t j
+
k
j
−

1
∑ m

=
t j

∥ ∥ e
m
−
ẽ m

,K

∥ ∥ 1
( ξ
t j
∈
D
) 

+
li

m
su

p
j→
∞

E

 
1 k
j

t j
+
k
j
−

1
∑ m

=
t j

∥ ∥ e
j m
−
ẽj m

,K

∥ ∥ 

+
li

m
j→
∞

E

 
1 k
j

t j
+
k
j
−

1
∑ m

=
t j

∥ ∥ ẽ
m
,K
−
ẽj m

,K

∥ ∥ 1
( ξ
t j
∈
D
) 

≤
2L

K
.

S
in

ce
L
K
↓

0
as
K
→
∞

(P
ro

p
.

1
3,

A
p
p

en
d

ix
A

),
b
y

ta
k
in

g
K
→
∞

,
w

e
o
b

ta
in

li
m

j→
∞

E

 
1 k
j

t j
+
k
j
−

1
∑ m

=
t j

∥ ∥ e
m
−
ej m
∥ ∥

1(
ξ t
j
∈
D
) 

=
0.

T
h

is
p

ro
v
es

(3
6)

,
w

h
ic

h
im

p
li

es
(3

3
).

W
it

h
P

ro
p

s.
1-

3,
w

e
h

av
e

fu
rn

is
h

ed
a
ll

th
e

co
n

d
it

io
n

s
re

q
u

ir
ed

in
o
rd

er
to

a
p

p
ly

(K
Y

,
T

h
eo

re
m

s
8.

2.
2,

8
.2

.3
)

to
th

e
co

n
st

ra
in

ed
E

T
D

a
lg

or
it

h
m

(1
1)

,
so

w
e

ca
n

n
ow

sp
ec

ia
li

ze
th

e
co

n
cl

u
si

o
n

s
o
f

th
es

e
tw

o
th

eo
re

m
s

to
o
u

r
p

ro
b

le
m

.
In

p
a
rt

ic
u

la
r,

th
ey

te
ll

u
s

th
a
t

th
e

p
ro

je
ct

ed
O

D
E

(1
2
)

is
th

e
m

ea
n

O
D

E
fo

r
(1

1
),

a
n

d
fu

rt
h

er
m

o
re

,
b
y

(K
Y

,
T

h
eo

re
m

8.
2
.3

)
(r

es
p

ec
ti

ve
ly

,
K

Y
,

T
h

eo
re

m
8
.2

.2
),

th
e

co
n

cl
u

si
o
n

s
o
f

T
h

eo
re

m
4

(r
es

p
ec

ti
ve

ly
,

T
h

eo
re

m
5)

h
o
ld

w
it

h
N
δ
(L

B
)

in
p

la
ce

o
f
N
δ
(θ
∗ )

,
w

h
er

e
N
δ
(L

B
)

is
th

e
δ-

n
ei

g
h
b

o
rh

o
o
d

o
f

th
e

li
m

it
se

t
L
B

fo
r

th
e

p
ro

je
ct

ed
O

D
E

(1
2
).

R
ec

a
ll

th
a
t

th
is

li
m

it
se

t
is

g
iv

en
b
y

L
B

=
∩ τ̄

>
0
∪ x

(0
)∈
B
{x

(τ
),
τ
≥
τ̄
}

w
h

er
e
x

(τ
)

is
a

so
lu

ti
on

o
f

th
e

p
ro

je
ct

ed
O

D
E

(1
2
)

w
it

h
in

it
ia

l
co

n
d

it
io

n
x

(0
),

th
e

u
n

io
n

is
ov

er
al

l
th

e
so

lu
ti

o
n

s
w

it
h

in
it

ia
l
x

(0
)
∈
B

,
a
n

d
D

fo
r

a
se

t
D

d
en

ot
es

th
e

cl
o
su

re
o
f
D

.
N

ow
w

h
en

th
e

m
a
tr

ix
C

is
n

eg
a
ti

ve
d

efi
n

it
e

(a
s

im
p

li
ed

b
y

A
ss

u
m

p
ti

on
s

1-
2
)

an
d

w
h

en
th

e
ra

d
iu

s
of
B

ex
ce

ed
s

th
e

th
re

sh
o
ld

g
iv

en
in

L
em

m
a

1
,

b
y

th
e

la
tt

er
le

m
m

a
,

th
e

so
lu

ti
o
n

s
x

(τ
),
τ
∈

[0
,∞

),
o
f

th
e

O
D

E
(1

2
)

co
in

ci
d

e
w

it
h

th
e

so
lu

ti
o
n

s
o
f
ẋ

=
h̄

(x
)

=
C
x

+
b

fo
r

a
ll

in
it

ia
l
x

(0
)
∈
B

.
T

h
en

fr
om

th
e

n
eg

a
ti

ve
d

efi
n

it
en

es
s

o
f
C

(T
h

eo
re

m
1,

S
ec

ti
o
n

2
.3

),
it

fo
ll

ow
s

th
at

as
τ
→
∞

,
x

(τ
)
→

θ∗
u

n
if

o
rm

ly
in

th
e

in
it

ia
l

co
n

d
it

io
n

,
an

d
co

n
se

q
u

en
tl

y,
L
B

=
{θ
∗ }

.1
4

T
h
u

s
N
δ
(L

B
)

=
N
δ
(θ
∗ )

a
n

d
w

e
o
b

ta
in

T
h

eo
re

m
s

4
a
n

d
5
.

1
4
.

T
h
e

d
et

a
il
s

fo
r

th
is

st
a
te

m
en

t
a
re

a
s

fo
ll
ow

s.
S
in

ce
h̄

is
b

o
u
n
d
ed

o
n
B

a
n
d

th
e

b
o
u

n
d

a
ry

re
fl
ec

ti
o
n

te
rm

z
(·)
≡

0
u
n
d
er

o
u

r
a
ss

u
m

p
ti

o
n
s

(L
em

m
a

1
,

S
ec

ti
o
n

2
.4

),
a

so
lu

ti
o
n
x

(·)
o
f

(1
2
)

is
L

ip
sc

h
it

z
co

n
ti

n
u

o
u

s
o
n

[0
,∞

).
W

e
ca

lc
u
la

te
V̇

(τ
)

fo
r

th
e

L
y
a
p
u
n
ov

fu
n
ct

io
n
V

(τ
)

=
|x

(τ
)
−
θ
∗ |2

.
B

y
th

e
n
eg

a
ti

v
e

d
efi

n
it

en
es

s
o
f

th
e

m
a
tr

ix
C

,
fo

r
so

m
e
c
>

0
,
x
>
C
x
≤
−
c|x
|2

fo
r

a
ll
x
∈

R
n
.

T
h
en

,
si

n
ce
h̄

(x
)

=
C
x

+
b

=
C

(x
−
θ
∗ )

,

w
e

h
av

e
V̇

(τ
)

=
2
〈 x

(τ
)
−
θ
∗
,
h̄

(x
(τ

))
〉
≤
−

2
c
∣ ∣ x

(τ
)
−
θ
∗∣ ∣

2
,

a
n

d
h

en
ce

fo
r

a
n
y
δ
>

0
,

th
er

e
ex

is
ts
ε
>

0

su
ch

th
a
t
V̇

(τ
)
≤
−
ε

if
V

(τ
)

=
|x

(τ
)
−
θ
∗ |2
≥
δ2

.
T

h
is

to
g
et

h
er

w
it

h
th

e
co

n
ti

n
u
it

y
o
f

th
e

so
lu

ti
o
n
x

(·)
im

p
li
es

th
a
t

fo
r

a
n
y
x

(0
)
∈
B

,
w

it
h
in

ti
m

e
τ̄

=
r2 B
/
ε,

th
e

tr
a
je

ct
o
ry
x

(τ
)

m
u
st

re
a
ch
N
δ
(θ
∗ )

a
n
d

st
ay

in
th

a
t

se
t

th
er

ea
ft

er
.

B
y

th
e

d
efi

n
it

io
n

o
f

th
e

li
m

it
se

t
a
n
d

th
e

a
rb

it
ra

ri
n
es

s
o
f
δ,

th
is

im
p

li
es
L
B

=
{θ
∗ }

.
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

4
.2

P
ro

o
fs

fo
r

T
h

e
o
re

m
s

6
a
n

d
7

In
th

is
su

b
sectio

n
w

e
p

rove
th

e
p

art
o
f

T
h

eo
rem

s
6
-7

for
th

e
fi

rst
va

ria
n
t

of
th

e
co

n
stra

in
ed

E
T

D
(λ

)
alg

orith
m

given
in

(19
),

S
ection

3
.2

.
T

h
e

p
ro

o
f

fo
r

th
e

seco
n

d
va

ria
n
t

a
lg

o
rith

m
(2

0
)

is
sim

ila
r

a
n

d
ca

n
b

e
fo

u
n

d
in

th
e

arX
iv

version
o
f

th
is

p
a
p

er
(Y

u
,

2
01

5
b

).
L

ike
in

th
e

p
rev

io
u

s
su

b
sectio

n
,

w
e

w
ill

a
p

p
ly

(K
Y

,
T

h
eo

rem
s

8.2
.2

,
8
.2.3

)
a
n

d
sh

ow
th

a
t

th
e

req
u

ired
co

n
d

ition
s

are
m

et.
U

sin
g

th
e

p
ro

p
erties

of
th

e
m

ea
n

O
D

E
o
f

th
e

va
rian

t
alg

o
rith

m
,

w
e

w
ill

th
en

sp
ecia

lize
th

e
co

n
clu

sion
s

o
f

th
o
se

th
eo

rem
s

to
o
b

ta
in

th
e

d
esired

resu
lts.

C
o
n

sid
er

th
e

fi
rst

varian
t

a
lg

o
rith

m
(19

):

θ
t+

1
=

Π
B (
θ
t
+
α
t ψ

K
(e
t )·ρ

t (R
t
+
γ
t+

1 φ
(S
t+

1 ) >
θ
t −

φ
(S
t ) >

θ
t ) )

.

W
e

d
efi

n
e

a
fu

n
ctio

n
h
K

:R
n×

Ξ
→

R
n

b
y

h
K

(θ,ξ)
=
ψ
K

(e)·ρ
(s,a

) (r(s,a
,s ′)

+
γ

(s ′)
φ

(s ′) >
θ−

φ
(s) >

θ ),
fo

r
ξ

=
(e,F

,s,a
,s ′),

(43
)

a
n

d
w

rite
(1

9)
eq

u
ivalen

tly
a
s

θ
t+

1
=

Π
B (
θ
t
+
α
t h

K
(θ
t ,ξ

t )
+
α
t ψ

K
(e
t )·

ω̃
t+

1 )

w
ith

ω̃
t+

1
=
ρ
t (R

t −
r(S

t ,A
t ,S

t+
1 ))

as
b

efo
re.

N
o
te

th
a
t

E
t [ψ

K
(e)

ω̃
t+

1 ]
=

0
,

an
d

th
e

alg
o
rith

m
is

sim
ila

r
to

th
e

a
lgo

rith
m

(1
1
)—

eq
u

ivalen
tly

(1
5
)—

ex
cep

t
th

a
t

w
e

h
ave

h
K

a
n

d
ψ
K

(e
t )

in
p

la
ce

o
f
h

an
d
e
t ,

resp
ectively.

W
e

n
o
te

tw
o

p
rop

erties
of

th
e

fu
n

ctio
n
h
K

.
T

h
ey

fo
llow

fro
m

d
irect

ca
lcu

latio
n

s
a
n

d
w

ill
b

e
u

sefu
l

in
ou

r
an

a
ly

sis
sh

ortly
:

(a
)

U
sin

g
th

e
L

ip
sch

itz
con

tin
u

ity
o
f

th
e

fu
n

ctio
n
ψ
K

(cf.
E

q
u

a
tio

n
18

,
S

ectio
n

3.2
),

w
e

h
ave

th
a
t

for
ea

ch
θ
∈

R
n
,

th
ere

ex
ists

a
fi

n
ite

c
>

0
su

ch
th

a
t

w
ith

ξ
=

(e,F
,s,a

,s ′)
an

d
ξ ′

=
(e ′,F

′,s,a
,s ′),

‖
h
K

(θ,ξ)−
h
K

(θ,ξ ′)‖
≤
c‖e−

e ′‖,
∀

(s,a
,s ′)∈

S
×
A
×
S
.

(44
)

T
h
u

s
h
K

(θ,·)
is

L
ip

sch
itz

co
n
tin

u
o
u
s

in
(e,F

)
u

n
ifo

rm
ly

in
(s,a

,s ′).

(b
)

S
in

ce
th

e
set

B
is

b
ou

n
d

ed
,

w
e

ca
n

b
o
u

n
d

th
e

d
iff

eren
ce
h
K

(θ,ξ)−
h

(θ,ξ)
fo

r
a
ll
θ

in
B

as
fo

llow
s.

F
or

so
m

e
fi

n
ite

con
sta

n
t
c
>

0,

‖
h
K

(θ,ξ)−
h

(θ,ξ)‖
≤
c‖ψ

K
(e)−

e‖
≤

2
c‖
e‖·1

(‖
e‖
≥
K

),
∀
θ∈

B
,

(4
5
)

w
h

ere
th

e
last

in
eq

u
ality

fo
llow

s
fro

m
th

e
p

ro
p

erty
(1

8
)

of
ψ
K

:

‖ψ
K

(x
)‖
≤
‖
x‖
∀
x
∈

R
n
,

a
n

d
ψ
K

(x
)

=
x

if‖
x‖
≤
K
.

W
e

n
ow

a
p

p
ly

(K
Y

,
T

h
eorem

s
8.2

.2
,

8
.2

.3)
to

o
b

tain
th

e
d

esired
con

clu
sio

n
s

in
T

h
eo-

rem
s

6
-7

fo
r

th
e

a
lg

o
rith

m
(1

9).
T

h
is

req
u

ires
u

s
to

sh
ow

th
a
t

th
e

co
n

d
itio

n
s

(i)-(v
)

an
d

(i ′)-(v ′)
given

in
S

ection
4
.1.1

are
still

sa
tisfi

ed
w

h
en

w
e

rep
la

ce
e
t

b
y
ψ
K

(e
t )

a
n

d
h

b
y
h
K

.
T

h
e

u
n

ifo
rm

in
tegrab

ility
co

n
d

itio
n

s
(i),

(i ′),
(iv

)
a
n

d
(iv ′)

req
u

ire
th

e
follow

in
g

sets
to

b
e

u
.i.:{

h
K

(θ
t ,ξ

t )
+
ψ
K

(e
t )·ω̃

t+
1 }

a
n

d
{h

K
(θ
αt
,ξ
t )

+
ψ
K

(e
t )·ω̃

t+
1 |
t≥

0
,α

>
0}

,{
h
K

(θ
t ,ξ

t )}
a
n

d
{h

K
(θ
αt
,ξ
t )|

t≥
0,α

>
0}

,
an

d
{
h
K

(θ,ξ
t )}

fo
r

each
θ.

T
h

ese
co

n
d

itio
n

s
a
re

ev
id

en
tly
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Y
u

satisfi
ed

,
in

v
iew

of
th

e
b

ou
n

d
ed

n
ess

of
th

e
fu

n
ction

s
ψ
K

an
d
h
K

(θ,·)
for

each
θ,

th
e

b
o
u

n
d

-
ed

n
ess

of
th

e
θ-iterates

d
u

e
to

con
strain

ts,
an

d
th

e
fi

n
ite

varian
ces

of{ω̃
t }.

T
h

e
con

d
ition

(ii)
o
n

th
e

con
tin

u
ity

of
h
K

(·,ξ)
u

n
iform

ly
in
ξ
∈
D

,
for

each
com

p
act

set
D
⊂

Ξ
,

is
also

clearly
sa

tisfi
ed

,
w

h
ereas

th
e

con
d

ition
(iii)

(eq
u

iva
len

tly
(iii ′))

on
th

e
tigh

tn
ess

of{ξ
t }

w
as

alread
y

verifi
ed

earlier
in

P
rop

.
1

(S
ection

4.1.2).

W
h

at
rem

ain
s

is
th

e
con

d
ition

(v
)

(w
h

ich
is

eq
u

iva
len

t
to

(v ′),
for

th
e

sam
e

reason
as

d
iscu

ssed
im

m
ed

iately
b

efore
P

rop
.

3,
S

ection
4.1.2).

It
req

u
ires

th
e

ex
isten

ce
of

a
con

tin
u

o
u

s
fu

n
ction

h̄
K

:R
n
→

R
n

su
ch

th
at

for
each

θ
∈
B

an
d

each
com

p
a
ct

set
D
⊂

Ξ
,

lim
k→
∞
,t→
∞

1k

t+
k−

1
∑m

=
t

E
t [h

K
(θ,ξ

m
)−

h̄
K

(θ) ]
1 (ξ

t ∈
D
)

=
0

in
m

ean
.

(46)

If
th

is
con

d
ition

is
satisfi

ed
as

w
ell,

th
en

th
e

m
ean

O
D

E
for

th
e

algo
rith

m
(1

9)
is

giv
en

b
y

ẋ
=
h̄
K

(x
)

+
z
,

z
∈
−
N
B

(x
).

(47)

T
o

fu
rn

ish
th

e
con

d
ition

(v
),

w
e

fi
rst

id
en

tify
th

e
fu

n
ction

h̄
K

(θ)
to

b
e

E
ζ [h

K
(θ,ξ

0 )],
th

e
ex

p
ectatio

n
of
h
K

(θ,ξ
0 )

u
n

d
er

th
e

station
ary

d
istrib

u
tion

of
th

e
p

ro
cess{

Z
t }

w
ith

th
e

in
varian

t
p

ro
b

a
b

ility
m

easu
re
ζ

as
its

in
itia

l
d
istrib

u
tion

.
W

e
relate

th
e

fu
n

ction
s
h̄
K
,K

>
0,

to
h̄

in
th

e
p
rop

osition
b

elow
,

an
d

w
e

w
ill

u
se

it
to

ch
aracterize

th
e

b
ias

o
f

th
e

alg
orith

m
(19)

later.

P
ro

p
o
sitio

n
4

L
et

A
ssu

m
p
tio

n
1

h
o
ld

.
C

o
n

sid
er

th
e

settin
g

o
f

th
e

a
lgo

rith
m

(1
9
),

a
n

d
fo

r
ea

ch
θ
∈

R
n

,
let

h̄
K

(θ)
=

E
ζ [h

K
(θ,ξ

0 )].
T

h
en

th
e

fu
n

ctio
n
h̄
K

is
L

ip
sch

itz
co

n
tin

u
o
u

s
o
n

R
n

,
a
n

d

su
p

θ∈
B
‖
h̄
K

(θ)−
h̄

(θ)‖
→

0
a
s
K
→
∞
.

(48)

P
ro

o
f

F
o
r

each
θ,

th
e

fu
n

ction
h
K

(θ,·)
is

b
y

d
efi

n
ition

b
ou

n
d

ed
.

U
n

d
er

A
ssu

m
p

tio
n

1,
th

e
M

arkov
ch

ain
{
(S
t ,A

t ,e
t ,F

t )}
h

as
a

u
n

iq
u

e
in

varian
t

p
ro

b
ab

ility
m

ea
su

re
ζ

(T
h

eorem
2,

S
ectio

n
2.4).

T
h

erefore,
h̄
K

(θ)
is

w
ell-d

efi
n

ed
an

d
fi

n
ite.

L
et
c

1
=

su
p
e∈

R
n ‖
ψ
K

(e)‖
<
∞

(sin
ce
ψ
K

is
b

ou
n

d
ed

).
F

or
an

y
θ,θ ′,

u
sin

g
th

e
d

efi
n

ition
of
h
K

,
a

d
irect

ca
lcu

latio
n

sh
ow

s
th

a
t

for
som

e
c

2
>

0,‖h
K

(θ,ξ)−
h
K

(θ ′,ξ)‖
≤
c

1 c
2 ‖θ−

θ ′‖
for

all
ξ
∈

Ξ
,

from
w

h
ich

it
follow

s
th

at

‖h̄
K

(θ)−
h̄
K

(θ ′)‖
≤

E
ζ [‖

h
K

(θ,ξ
0 )−

h
K

(θ ′,ξ
0 )‖ ]≤

c
1 c

2 ‖
θ−

θ ′‖
.

T
h

is
sh

ow
s

th
at
h̄
K

is
L

ip
sch

itz
con

tin
u

ou
s.

W
e

n
ow

p
rove

(48).
S

in
ce
h̄
K

(θ)
=

E
ζ [h

K
(θ,ξ

0 )]
b
y

d
efi

n
ition

an
d
h̄

(θ)
=

E
ζ [h

(θ,ξ
0 )]

b
y

C
orollary

1
(S

ection
2.4),

it
is

su
ffi

cien
t

to
p

rove
th

e
fo

llow
in

g
statem

en
t,

w
h

ich
en

tails
(48):

su
p

θ∈
B

E
ζ [ ∥∥

h
K

(θ,ξ
0 )−

h
(θ,ξ

0 ) ∥∥ ]→
0

as
K
→
∞
.

(49)

B
y

(45),
for

som
e

con
stan

t
c
>

0,

‖h
K

(θ,ξ
0 )−

h
(θ,ξ

0 )‖
≤

2
c‖e

0 ‖·1
(‖e

0 ‖
≥
K

),
∀
θ
∈
B
,
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

an
d

th
er

ef
or

e,

su
p

θ
∈B

E
ζ

[∥ ∥
h
K

(θ
,ξ

0
)
−
h

(θ
,ξ

0
)∥ ∥
] ≤

2c
E
ζ

[ ‖
e 0
‖·

1(
‖e

0
‖
≥
K

)]
.

B
y

T
h

eo
re

m
3

(S
ec

ti
on

2.
4)

,
E
ζ
[‖
e 0
‖]
<
∞

an
d

h
en

ce
E
ζ
[‖
e 0
‖·

1(
‖e

0
‖
≥
K

)]
→

0
as
K
→
∞

.
T

og
et

h
er

w
it

h
th

e
p

re
ce

d
in

g
in

eq
u

al
it

y,
th

is
im

p
li

es
(4

9)
,

w
h

ic
h

in
tu

rn
im

p
li

es
(4

8
).

W
e

n
ow

sh
ow

th
at

th
e

co
n
ve

rg
en

ce
in

m
ea

n
re

q
u

ir
ed

in
(4

6)
is

sa
ti

sfi
ed

.

P
ro

p
o
si

ti
o
n

5
U

n
d
er

A
ss

u
m

p
ti

o
n

1
,

th
e

co
n

cl
u

si
o
n

o
f

P
ro

p
.

3
(S

ec
ti

o
n

4
.1

.2
)

h
o
ld

s
in

th
e

se
tt

in
g

o
f

th
e

a
lg

o
ri

th
m

(1
9
),

w
it

h
th

e
fu

n
ct

io
n

s
h
K

a
n

d
h̄
K

in
p
la

ce
o
f
h

a
n

d
h̄

,
re

sp
ec

ti
ve

ly
.

P
ro

o
f

T
h

e
sa

m
e

ar
gu

m
en

ts
gi

ve
n

in
th

e
p

ro
o
f

of
P

ro
p

.
3

ap
p
ly

h
er

e,
w

it
h

th
e

fu
n

ct
io

n
s

h
K
,h̄

K
in

p
la

ce
of
h
,h̄

,
re

sp
ec

ti
ve

ly
.

O
n

ly
tw

o
d

et
ai

ls
ar

e
w

or
th

n
ot

in
g

h
er

e.
T

h
e

p
ro

of
re

li
es

on
th

e
L

ip
sc

h
it

z
co

n
ti

n
u

it
y

p
ro

p
er

ty
of
h
K

gi
ve

n
in

(4
4)

.
A

s
m

en
ti

o
n

ed
ea

rl
ie

r,
th

is
p

ro
p

er
ty

im
p

li
es

th
at

fo
r

ea
ch
θ,

w
it

h
ξ

=
(e
,F
,s
,a
,s
′ )

,
h
K

(θ
,ξ

)
is

L
ip

sc
h

it
z

co
n
ti

n
u

o
u

s
in

(e
,F

)
u

n
if

or
m

ly
in

(s
,a
,s
′ )

,
so

w
e

ca
n

ap
p

ly
T

h
eo

re
m

3
to

co
n

cl
u

d
e

th
a
t

(3
5
)

a
n

d
h
en

ce
(3

2)
h

ol
d

in
th

is
ca

se
(f

or
h
K
,h̄

K
in

st
ea

d
of
h
,h̄

).
T

h
e

p
ro

p
er

ty
(4

4)
al

so
a
ll

ow
s

u
s

to
ob

ta
in

(3
3)

in
th

is
ca

se
,

b
y

ex
ac

tl
y

th
e

sa
m

e
p

ro
of

gi
ve

n
ea

rl
ie

r.

T
h
u

s
w

e
h

av
e

fu
rn

is
h

ed
al

l
th

e
co

n
d

it
io

n
s

re
q
u

ir
ed

b
y

(K
Y

,
T

h
eo

re
m

s
8
.2

.2
,

8.
2
.3

).
A

s
in

th
e

ca
se

of
th

e
al

go
ri

th
m

(1
1)

,
b
y

th
es

e
tw

o
th

eo
re

m
s,

th
e

as
se

rt
io

n
s

o
f

T
h

eo
re

m
s

4
-5

h
ol

d
fo

r
th

e
va

ri
an

t
al

go
ri

th
m

(1
9)

w
it

h
N
δ
(L

B
)

in
p

la
ce

of
N
δ
(θ
∗ )

,
w

h
er

e
L
B

is
th

e
li

m
it

se
t

of
th

e
p

ro
je

ct
ed

m
ea

n
O

D
E

as
so

ci
at

ed
w

it
h

(1
9)

:

ẋ
=
h̄
K

(x
)

+
z
,

z
∈
−
N
B

(x
).

T
o

fi
n

is
h

th
e

p
ro

of
fo

r
T

h
eo

re
m

s
6-

7,
it

is
n

ow
su

ffi
ci

en
t

to
sh

ow
th

at
fo

r
an

y
g
iv

en
δ
>

0,
w

e
ca

n
ch

o
os

e
a

n
u

m
b

er
K
δ

la
rg

e
en

ou
gh

so
th

at
L
B
⊂
N
δ
(θ
∗ )

fo
r

al
l
K
≥
K
δ
.

W
e

p
ro

v
e

th
is

b
el

ow
,

u
si

n
g

P
ro

p
.

4.
N

ot
e

th
at

th
e

se
t
L
B

re
fl

ec
ts

th
e

b
ia

s
of

th
e

co
n

st
ra

in
ed

al
g
o
ri

th
m

(1
9)

,
so

w
h

at
w

e
ar

e
sh

ow
in

g
n

ow
is

th
at

th
is

b
ia

s
d

ec
re

as
es

as
K

in
cr

ea
se

s.

L
e
m

m
a

3
L

et
A

ss
u

m
p
ti

o
n

s
1
-2

h
o
ld

,
a
n

d
le

t
th

e
ra

d
iu

s
o
f

th
e

se
t
B

ex
ce

ed
th

e
th

re
sh

o
ld

gi
ve

n
in

L
em

m
a

1
.

T
h
en

fo
r

a
ll
K

su
ffi

ci
en

tl
y

la
rg

e,
gi

ve
n

a
n

y
in

it
ia

l
co

n
d
it

io
n
x

(0
)
∈
B

,
a

so
lu

ti
o
n

to
th

e
p
ro

je
ct

ed
O

D
E

(4
7
)

co
in

ci
d
es

w
it

h
th

e
u

n
iq

u
e

so
lu

ti
o
n

to
ẋ

=
h̄
K

(x
),

w
it

h
th

e
bo

u
n

d
a
ry

re
fl

ec
ti

o
n

te
rm

be
in

g
z
(·)
≡

0
.

G
iv

en
δ
>

0,
th

er
e

ex
is

ts
K
δ

su
ch

th
a
t

fo
r

K
≥
K
δ
,

th
e

li
m

it
se

t
L
B

o
f

(4
7
)

sa
ti

sfi
es
L
B
⊂
N
δ
(θ
∗ )

.

P
ro

o
f

U
n

d
er

A
ss

u
m

p
ti

on
s

1-
2,

th
e

m
at

ri
x
C

is
n

eg
at

iv
e

d
efi

n
it

e
(T

h
eo

re
m

1
,

S
ec

ti
o
n

2
.3

),
an

d
w

h
en

th
e

ra
d

iu
s

of
th

e
se

t
B

ex
ce

ed
s

th
e

th
re

sh
ol

d
gi

ve
n

in
L

em
m

a
1
,

th
er

e
ex

is
ts

a
co

n
st

an
t
ε
>

0
su

ch
th

at
fo

r
al

l
b

ou
n

d
ar

y
p

oi
n
ts
x

of
B

,
〈x
,h̄

(x
)〉
<
−
ε.

A
t

su
ch

p
o
in

ts
x

,
th

e
n

or
m

al
co

n
e
N
B

(x
)

=
{a
x
|a
≥

0
},

an
d

〈x
,h̄

K
(x

)〉
=
〈x
,h̄

(x
)〉

+
〈x
,h̄

K
(x

)
−
h̄

(x
)〉
<
−
ε

+
〈x
,h̄

K
(x

)
−
h̄

(x
)〉
.

B
y

(4
8)

in
P

ro
p

.
4,
〈x
,h̄

K
(x

)
−
h̄

(x
)〉
→

0
u

n
if

or
m

ly
on

B
as
K
→
∞

.
T

h
u

s
w

h
en

K
is

su
ffi

ci
en

tl
y

la
rg

e,
at

al
l

b
ou

n
d

ar
y

p
oi

n
ts
x

of
B

,
〈x
,h̄

K
(x

)〉
<

0;
i.

e.
,
h̄
K

(x
)

p
oi

n
ts

in
si

d
e
B
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8

Y
u

an
d

th
e

b
o
u

n
d

ar
y

re
fl

ec
ti

on
te

rm
z

=
0
.

It
th

en
fo

ll
ow

s
th

a
t

fo
r

su
ch

K
,

gi
ve

n
a
n

in
it

ia
l

co
n

d
it

io
n
x

(0
)
∈
B

,
a

so
lu

ti
on

to
(4

7
)

co
in

ci
d

es
w

it
h

th
e

u
n

iq
u

e
so

lu
ti

o
n

to
ẋ

=
h̄
K

(x
),

w
h

er
e
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b
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d
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te
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en
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in
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e
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p
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b
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u
si
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n

o
f
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e

fi
rs
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p
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ld
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L

et
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,∞
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b

e
th

e
so

lu
ti

o
n

of
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fo

r
a
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ve

n
in

it
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l
x

(0
)
∈
B

.
S
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h̄
K
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b

o
u

n
d

ed
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n
B

,
x

(·)
is

L
ip

sc
h

it
z

co
n
ti

n
u

ou
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n
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,∞
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L

et
V
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n

d
w

e
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u
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).

S
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ce
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r
a
ll
x

,
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C
x

+
b
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C
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fo
r

so
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e
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>

0
b
y

th
e
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ti

v
e
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n
it

en
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=
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−
θ∗
,
h̄

(x
(τ

))
〉 +
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)
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∣ ∣ x

(τ
)
−
θ∗
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)
−
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K
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(τ

))
−
h̄
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(τ
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∣ ∣ .

B
y

(4
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P

ro
p
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p
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∈B
|h
K
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)
−
h̄
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0
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→
∞
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th
en

fo
ll

ow
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a
t
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r
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y
δ
>

0,
th

er
e

ex
is

t
ε
>

0
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n
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K
δ
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0
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ch
th

a
t

fo
r

a
ll
K
≥

K
δ
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V̇

(τ
)
≤
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ε

if
V

(τ
)

=
|x

(τ
)
−
θ∗
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T

h
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g
et

h
er

w
it

h
th

e
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n
ti

n
u
it

y
of

th
e

so
lu

ti
on

x
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sh
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s
th

a
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r
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n
y
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∈
B
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w

it
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in
ti

m
e
τ̄

=
r2 B
/
ε

(w
h

er
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e
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je
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m
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N
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n

d
st

ay
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th
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t

se
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th
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ea
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C
o
n

se
q
u

en
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fo

r
al
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K
≥
K
δ
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th
e
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m
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se
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L
B
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∪ x
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τ
≥
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⊂
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δ
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T
h
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m
p

le
te

s
th

e
p

ro
o
fs

o
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T
h
eo

re
m

s
6

a
n

d
7

fo
r

th
e

fi
rs

t
va

ri
an

t
al

go
ri

th
m
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4
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F
u
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h

e
r
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n

a
ly

si
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o
f

th
e

C
o
n

st
a
n
t-

st
e
p

si
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C
a
se

W
e

n
ow
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si
d

er
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n

th
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se
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n
st

a
n
t
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ep

si
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n

d
p

ro
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T
h
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m
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1
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g
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en
in

S
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on

3
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.
T

h
e

p
ro

o
fs

w
il
l

b
e

b
a
se

d
o
n
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m

b
in

in
g

th
e
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su
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s

w
e

o
b

ta
in

ed
ea
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ie

r
b
y

u
si

n
g

st
o
ch
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ti

c
a
p

p
ro

x
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a
ti

o
n

th
eo
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w
it

h
th

e
er

g
o
d

ic
th

eo
re

m
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o
f
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ea

k
F

el
le

r
M

a
rk

ov
ch

a
in
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A

s
b

ef
or

e
th

e
p

ro
o
fs

w
il

l
a
ls

o
re
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on

th
e

k
ey

p
ro

p
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o
f

th
e

E
T

D
it

er
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te

s.

4
.3

.1
W

e
a
k

F
e
l
l
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r

M
a
r
k
o
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C
h
a
in
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W
e

sh
al

l
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M

a
rk

ov
ch

a
in

s
o
n
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m

p
le
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se

p
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b
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m
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ac

es
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F
or

su
ch

a
M

ar
ko

v
ch

a
in
{X
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w

it
h

st
a
te

sp
a
ce

X
,
le

t
P

(·,
·)

d
en

ot
e

it
s

tr
a
n

si
ti

o
n

k
er

n
el

,
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a
t
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,
P
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×
B(

X
)
→
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P
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=

P
x
(X
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∈
D
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∀x
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X
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D
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w
h

er
e
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d
en

o
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s
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e
B

o
re

l
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g
m

a
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an
d

P
x

d
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p
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a
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p
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a
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ke
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→
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]
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en
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P
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P
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∈
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p
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≥
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W
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k
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c
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P
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p
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∑t=
0

P
t(x
,·).

T
h

e
M

a
rkov

ch
a
in
{X

t }
h

a
s

th
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p
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∫
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u
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.
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p
articu

la
r

sev
era

l
p

ro
p

erties
rela

tin
g

to
th

e
in

varia
n
t

p
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ab
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∫
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b
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p
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F

o
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itra
ry

)
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b
a
b

ility
m

ea
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to
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e
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fo
r

every
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δ ⊂

X
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∈
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ility
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u
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h
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F
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eller
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ch
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p
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b
a
b

ility
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b
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p
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h

eo
rem

s
8
-9

.
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be
a

w
ea

k
F

eller
M

a
rko

v
ch

a
in

w
ith

tra
n

sitio
n

kern
el
P

(·,·)
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∈

X
,

a
n

y
w

ea
k

lim
it

o
f{
P̄
k (x

,·)}
k≥

1
is

a
n

in
va

ria
n

t
p
ro

ba
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p
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a
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µ
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∀
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ra
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con
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p
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.
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b
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p
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h
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L
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e
y
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9
8
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.
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k
F
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M

a
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v
ch

a
in

w
ith

tra
n

-
sitio

n
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p
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⊂
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∈
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u
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r
a
ll

in
itia

l
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n
d

itio
n
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∈

X
,
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ce
o
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m

pa
ct

sets
E
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X
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a
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E
k ⊂

E
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1
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r
a
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∪
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k
=

X
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a
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∞

µ
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P
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T
h
en

,
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r
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ch
in

itia
l
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n

d
itio

n
x
∈

X
,

th
e
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en
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µ
x
,t }

o
f
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n

p
ro

ba
bility

m
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ea

kly
to
µ
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T
h

e
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d
itio
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u
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t
to

th
at
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e

seq
u

en
ce{

µ
x
,t }

o
f

o
ccu

p
a
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b
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m
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d
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h
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n
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th
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b
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e
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8
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r
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e
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an
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h
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9
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its

tw
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(1
9)
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d
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W

e
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sh
ow

th
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th
e

con
clu
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s

o
f

T
h

eo
rem

s
8-9

h
old

for
th

e
p
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ese
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w
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h
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p
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f
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b
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b
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>
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×

R
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a
b

il
it

y
m

ea
su

re
s

o
f

th
e
m

-s
te

p
ve

rs
io

n
of

{(
Z
t,
θα t

)}
.

B
y

L
em

m
a

7
th

e
la

tt
er

M
a
rk

ov
ch

a
in

sa
ti

sfi
es

th
e

co
n

d
it

io
n

(i
i)

of
L

em
m

a
5,

an
d

th
is

im
p

li
es

th
at

th
e

se
t
{ P̄

(m
,k

)
(z
,θ

)

} k
≥

1
is

ti
g
h
t

fo
r

ea
ch

in
it

ia
l

co
n

d
it

io
n

(Z
0
,θ
α 0
)

=
(z
,θ

).

R
ec

al
l
th

at
a
n
y

su
b

se
q
u

en
ce

o
f

a
ti

g
h
t

se
q
u

en
ce

h
a
s

a
fu

rt
h

er
co

n
v
er

ge
n
t

su
b

se
q
u

en
ce

(D
u

d
-

le
y
,

2
00

2
,

T
h
eo

re
m

1
1
.5

.4
).

F
or
{ P̄

(m
,k

)
(z
,θ

)

} k
≥

1
,

a
ll

th
e

w
ea

k
li

m
it

s
(i

.e
.,

th
e

li
m

it
s

of
it

s

co
n
ve

rg
en

t
su

b
se

q
u

en
ce

s)
m

u
st

b
e

in
va

ri
a
n
t

p
ro

b
a
b

il
it

y
m

ea
su

re
s

in
M

m α
,

b
y

th
e

p
ro

p
er

ty
o
f

w
ea

k
F

el
le

r
M

ar
ko

v
ch

a
in

s
g
iv

en
in

L
em

m
a

4:

P
ro

p
o
si

ti
o
n

6
U

n
d
er

A
ss

u
m

p
ti

o
n

1
,

co
n

si
d
er

th
e
m

-s
te

p
ve

rs
io

n
o
f
{(
Z
t,
θα t

)}
fo

r
m
≥

1
.

F
o
r

ea
ch

(z
,θ

)
∈
Z
×
B

,
th

e
se

qu
en

ce
{ P̄

(m
,k

)
(z
,θ

)

} k
≥

1
o
f

p
ro

ba
bi

li
ty

m
ea

su
re

s
is

ti
gh

t,
a
n

d
a
n

y
w

ea
k

li
m

it
o
f

th
is

se
qu

en
ce

is
a
n

in
va

ri
a
n

t
p
ro

ba
bi

li
ty

m
ea

su
re

o
f

th
e
m

-s
te

p
ve

rs
io

n
o
f

{(
Z
t,
θα t

)}
.

(T
h
u

s
M

m α
6=
∅.

)

W
e

ar
e

n
ow

re
a
d

y
to

p
ro

ve
T

h
eo

re
m

s
8
-9

.
T

h
e

id
ea

is
to

u
se

th
e

co
n

cl
u

si
o
n

s
on

th
e

θ-
it

er
at

es
th

at
w

e
ca

n
o
b

ta
in

b
y

ap
p

ly
in

g
(K

Y
,

T
h

eo
re

m
8.

2.
2
),

to
in

fe
r

th
e

co
n

ce
n
tr

at
io

n
o
f

th
e

m
a
ss

a
ro

u
n

d
a

sm
a
ll

n
ei

g
h
b

o
rh

o
o
d

of
(θ
∗ ,
..
.,
θ∗

)
(m

co
p

ie
s

o
f
θ∗

)
fo

r
th

e
m

a
rg

in
a
ls

3
8
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

o
f

a
ll

th
e

in
va

ria
n
t

p
rob

ab
ility

m
ea

su
res

in
th

e
setM

mα
,

w
h

en
α

is
su

ffi
cien

tly
sm

a
ll.

T
h

is
can

th
en

b
e

com
b

in
ed

w
ith

P
ro

p
.

6
a
b

ove
to

p
rove

th
e

d
esired

co
n
clu

sio
n
s

o
n

th
e
θ-itera

tes
for

a
given

step
size.

R
eca

ll
th

at
M

α
is

th
e

set
of

in
va

ria
n
t

p
ro

b
a
b

ility
m

ea
su

res
o
f{

(Z
t ,θ

αt
)}

.
R

eca
ll

also
th

a
tM̄

mα
d

en
o
tes

th
e

set
of

m
a
rg

in
a
ls

o
f

th
e

in
va

ria
n
t

p
ro

b
a
b

ility
m

ea
su

res
in
M

mα
,

o
n

th
e

sp
a
ce

o
f

th
e
θ’s.

P
ro

p
o
sitio

n
7

In
th

e
settin

g
o
f

T
h
eo

rem
5
,

fo
r

ea
ch

α
>

0,
let{

θ
αt }

be
gen

era
ted

in
stea

d
by

th
e

a
lgo

rith
m

(1
1
)

o
r

its
pertu

rbed
versio

n
(2

3
),

w
ith

co
n

sta
n

t
step

size
α

a
n

d
u

n
d
er

th
e

co
n

d
itio

n
th

a
t

th
e

in
itia

l
(Z

0 ,θ
α0
)

is
d
istribu

ted
a
cco

rd
in

g
to

so
m

e
in

va
ria

n
t

p
ro

ba
bility

m
ea

su
re

in
M

α
.

T
h
en

th
e

co
n

clu
sio

n
s

o
f

T
h
eo

rem
5

co
n

tin
u

e
to

h
o
ld

.

P
ro

o
f

T
h

e
p

ro
o
f

a
rg

u
m

en
ts

a
re

th
e

sam
e

a
s

th
o
se

for
T

h
eorem

5
g
iven

in
S

ectio
n

4
.1

.
W

e
o
n

ly
n

eed
to

sh
ow

th
a
t

th
e

co
n

d
ition

s
(ii)

an
d

(i ′)-(v ′)
g
iv

en
in

S
ectio

n
4
.1

.1
fo

r
a
p
p

ly
in

g
(K

Y
,

T
h

eo
rem

8
.2.2)

a
re

still
satisfi

ed
u

n
d

er
o
u

r
p

resen
t

assu
m

p
tio

n
s.

F
or

th
e

a
lgo

rith
m

(1
1),

th
e

on
ly

d
iff

eren
ce

from
th

e
p

rev
io

u
s

a
ssu

m
p

tio
n

s
in

T
h

eo
rem

5
is

th
at

h
ere

for
ea

ch
step

size
α

,
th

e
in

itia
l

(Z
0 ,θ

α0
)

h
a
s

a
d

istrib
u

tio
n
µ
α
∈
M

α
.

T
h

e
co

n
d

ition
(ii)

d
o
es

n
ot

d
ep

en
d

on
su

ch
in

itia
l

co
n

d
itio

n
s,

so
it

con
tin

u
es

to
h

o
ld

.
F

o
r

th
e

oth
er

co
n

d
itio

n
s,

n
o
te

th
at

sin
ce
{Z

t }
h

a
s

a
u

n
iq

u
e

in
va

rian
t

p
ro

b
a
b

ility
m

ea
su

re
ζ

(T
h

eo
rem

2
),

reg
ard

less
o
f

th
e

ch
o
ice

o
f
µ
α
,

fo
r

a
ll
α

,
{
Z
t }

is
sta

tion
a
ry

a
n

d
h

a
s

th
e

sam
e

d
istrib

u
tion

.
T

h
en

th
e

tigh
tn

ess
co

n
d

itio
n

(iii ′)
triv

ia
lly

h
o
ld

s
b

eca
u

se
a
s
{
ξ
t }

is
also

sta
tion

ary
an

d
u

n
aff

ected
b
y

th
e

step
size,

ea
ch

ξ
αt

in
(iii ′)

h
a
s

th
e

sa
m

e
d

istrib
u

tio
n

.
S

im
ila

rly,
sin

ce
{e
t }

is
sta

tio
n

a
ry

an
d

u
n

a
ff

ected
b
y

th
e

step
size,

a
n
d

ea
ch

e
t

h
a
s

th
e

sa
m

e
d

istrib
u

tio
n

w
ith

th
e

m
ean

o
f‖
e
t ‖

g
iven

b
y

E
ζ [‖
e
t ‖]

<
∞

(T
h

eo
rem

3
),

w
e

o
b

ta
in

th
a
t{
e
t }

is
u

.i.
F

rom
th

is
th

e
u

n
ifo

rm
in

teg
rab

ility
req

u
ired

in
th

e
co

n
d

itio
n

s
(i ′)

a
n

d
(iv ′)

fo
llow

s
as

a
co

n
seq

u
en

ce,
a
s

sh
ow

n
in

th
e

p
ro

of
of

P
ro

p
.

2
(ii)-(iv

).
L

a
stly,

th
e

co
n
v
erg

en
ce

in
m

ea
n

con
d

itio
n

(v ′)
con

tin
u

es
to

h
o
ld

(b
y

th
e

sa
m

e
p

ro
o
f

given
for

P
ro

p
.

3).
T

h
is

is
b

eca
u

se{
ξ
t }

h
as

th
e

sam
e

d
istrib

u
tio

n
reg

ard
less

o
f

th
e

step
size,

a
n

d
b

eca
u

se
th

e
co

n
d

ition
(v ′)

is
for

each
co

m
p

a
ct

set
D

a
n

d
con

cern
s

ta
ils

o
f

a
tra

jectory
sta

rtin
g

a
t

in
stan

ts
t

w
ith

ξ
t ∈

D
,

w
h

ich
ren

d
ers

an
y

in
itia

l
co

n
d

itio
n

o
n
Z

0
in

eff
ective.

T
h
u

s
a
ll

th
e

req
u

ired
co

n
d

itio
n

s
a
re

m
et,

an
d

w
e

ob
tain

th
e

sa
m

e
con

clu
sio

n
s

o
n

th
e
θ-itera

tes
a
s

g
iven

in
T

h
eo

rem
5
.

F
o
r

th
e

p
ertu

rb
ed

version
(2

3)
of

th
e

alg
o
rith

m
(1

1),
th

e
o
n

ly
d

iff
eren

ce
to

(1
1
)

u
n

d
er

th
e

p
resen

t
a
ssu

m
p

tion
s

is
th

e
p

ertu
rb

a
tio

n
va

ria
b

les
∆
αθ
,t

in
vo

lv
ed

in
each

itera
tio

n
.

B
u

t
b
y

d
efi

n
itio

n
th

ese
varia

b
les

h
ave

con
d

itio
n

al
zero

m
ea

n
:

E
αt
[∆

αθ
,t ]

=
0
,

so
th

e
o
n

ly
co

n
d

ition
in

w
h

ich
th

ey
a
p

p
ea

r
is

th
e

u
n

ifo
rm

in
teg

rab
ility

co
n

d
ition

(i ′):{Y
αt
|
t≥

0,α
>

0}
is

u
.i.,

w
h

ere
Y
αt

is
n

ow
g
iven

b
y
Y
αt

=
h

(θ
αt
,ξ
t )

+
e
t ·
ω̃
t+

1
+

∆
αθ
,t .

B
y

d
efi

n
itio

n
∆
αθ
,t

fo
r

a
ll
α

a
n

d
t

h
ave

b
ou

n
d

ed
va

rian
ce,

a
n

d
h

en
ce
{
∆
αθ
,t }

is
u

.i.
(B

illin
g
sley

,
1
9
68

,
p

.
3
2).

T
h

e
set

{
h

(θ
αt
,ξ
t )

+
e
t ·
ω̃
t+

1
|
t≥

0
,α

>
0}

is
u

.i.,
w

h
ich

fo
llow

s
from

th
e

u
.i.

o
f{
e
t }

,
as

w
e

ju
st

verifi
ed

in
th

e
case

of
th

e
a
lgo

rith
m

(11
).

T
h

erefo
re,

b
y

L
em

m
a

2(i),{Y
αt
|
t≥

0
,α

>
0}

is
u

.i.
a
n

d
th

e
con

d
ition

(i ′)
is

sa
tisfi

ed
.

S
in

ce
th

e
p

ertu
rb

ed
version

(2
3
)

m
eets

a
ll

th
e

req
u

ired
co

n
d

itio
n

s,
an

d
sh

a
res

w
ith

(1
1
)

th
e

sam
e

m
ea

n
O

D
E

,
th

e
sa

m
e

co
n

clu
sio

n
s

g
iven

in
T

h
eo

rem
5

h
old

fo
r

th
is

algo
rith

m
a
s

w
ell.

W
e

n
ow

p
rov

e
T

h
eo

rem
8

for
th

e
a
lg

orith
m

(1
1).

W
e

p
rov

e
its

p
a
rt

(i)
a
n

d
p

a
rt

(ii)
sep

ara
tely,

as
th

e
a
rg

u
m

en
ts

a
re

d
iff

eren
t.

O
u

r
p

ro
o
fs

b
elow

a
lso

a
p

p
ly

to
th

e
p

ertu
rb

ed
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Y
u

versio
n

(23)
of

th
e

algorith
m

(11),
an

d
togeth

er
w

ith
th

e
p

reced
in

g
p

rop
osition

,
th

ey
estab

-
lish

th
e

fi
rst

p
art

of
T

h
eorem

10
(w

h
ich

say
s

th
at

th
e

con
clu

sion
s

of
b

oth
T

h
eorem

5
an

d
T

h
eorem

8
h

old
for

th
e

p
ertu

rb
ed

algorith
m

).

P
ro

o
f

o
f

T
h

e
o
re

m
8
(i)

P
ro

of
b
y

con
trad

iction
.

C
on

sid
er

th
e

statem
en

t
of

T
h

eorem
8(i):

∀
δ
>

0
,

lim
in

f
α→

0
in

f
µ∈M̄

m
α

α

µ ([N
δ (θ ∗)] m

α )
=

1,
w

h
ere

m
α

=
d
mα e.

S
u

p
p

o
se

it
is

n
ot

tru
e.

T
h

en
th

ere
ex

ist
δ,ε

>
0,
m
≥

1,
a

seq
u

en
ce
α
k →

0
,

an
d

a
seq

u
en

ce
µ
α
k ∈
M̄

m
k

α
k

,
w

h
ere

m
k

=
m
α
k ,

su
ch

th
at

µ
α
k ([N

δ (θ ∗)] m
k)≤

1−
ε,

∀
k
≥

0.
(55)

E
a
ch

µ
α
k

corresp
on

d
s

to
an

in
varian

t
p

rob
ab

ility
m

easu
re

of{(Z
t ,θ

α
k

t
)}

in
M

α
k ,

w
h

ich
w

e
d

en
ote

b
y
µ̂
α
k .

F
or

each
k
≥

0,
gen

erate
th

e
iterates

{
θ
α
k

t
}

u
sin

g
µ̂
α
k

as
th

e
in

itial
d

istrib
u

tion
of

(Z
0 ,θ

α
k

0
).

F
or

oth
er

valu
es

of
α

,
g
en

erate
th

e
iterates

{
θ
αt }

u
sin

g
som

e
µ̂
α
∈
M

α
as

th
e

in
itial

d
istrib

u
tion

of
(Z

0 ,θ
α0
).

B
y

P
rop

.
7,

th
e

con
clu

sion
s

of
T

h
eorem

5
h

o
ld

:
lim

su
p

α→
0

P
(
θ
αt
6∈
N
δ (θ ∗),

som
e
t∈
[
k
α
,
k
α

+
T
α
/α
] )

=
0,

w
h

ere
T
α
→
∞

as
α
→

0,
an

d
th

is
im

p
lies

for
th

e
given

m
,

lim
su

p
α→

0
P
(
θ
αt
6∈
N
δ (θ ∗),

som
e
t∈
[
k
α
,
k
α

+
d
mα e ) )

=
0.

(56)

B
u

t
for

each
α
>

0,
th

e
p

ro
cess

{(Z
t ,θ

αt
)}

w
ith

th
e

in
itial

d
istrib

u
tion

µ̂
α

is
station

ary,
so

th
e

p
rob

ab
ility

in
th

e
left-h

an
d

sid
e

of
(56)

is
ju

st
1−

µ
α
([N

δ (θ ∗)] m
α
),

fo
r

th
e

m
argin

al
p

rob
a
b

ility
m

easu
re

µ
α
∈
M̄

m
α

α
th

at
corresp

on
d
s

to
th

e
in

varian
t

p
rob

ab
ility

m
easu

re
µ̂
α
.

T
h

erefore,
b
y

(56),
lim

in
f
α→

0
µ
α
([N

δ (θ ∗)] m
α
)

=
1.

O
n

th
e

oth
er

h
an

d
,

b
y

(55),
lim

in
f
α→

0
µ
α
([N

δ (θ ∗)] m
α
)
≤

lim
in

f
k→
∞
µ
α
k ([N

δ (θ ∗)] m
k)

<
1,

a
con

trad
iction

.
T

h
u

s
th

e
statem

en
t

of
T

h
eo

rem
8(i)

recou
n
ted

at
th

e
b

egin
n
in

g
of

th
is

p
ro

of
m

u
st

h
old

.
T

h
is

also
p
roves

th
e

oth
er

statem
en

t
of

T
h

eorem
8(i),

lim
in

f
α→

0
in

f
µ∈M̄

mα
µ ([N

δ (θ ∗)] m )
=

1
,

b
eca

u
se

for
α
<

1,
b
y

th
e

corresp
on

d
en

ces
b

etw
een

th
ose

in
va

rian
t

p
rob

ab
ility

m
easu

res
in
M

mα
an

d
th

ose
in
M
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s

a
u

n
iq

u
e

in
va

ri
a
n

t
p
ro

ba
bi

li
ty

m
ea

su
re

.

T
h

e
n

ex
t

tw
o

le
m

m
a
s

a
re

th
e

in
te

rm
ed

ia
te

st
ep

s
to

p
ro

ve
P

ro
p

.
8.

W
e

n
ee

d
th

e
n

ot
io

n
of

a
st

o
ch

as
ti

c
k
er

n
el

,
o
f

w
h

ic
h

th
e

tr
a
n

si
ti

o
n

ke
rn

el
o
f

a
M

ar
ko

v
ch

ai
n

is
o
n

e
ex

a
m

p
le

.
F

o
r

tw
o

to
p

ol
og

ic
al

sp
ac

es
X

an
d

Y
,

a
fu

n
ct

io
n
Q

:
B(

X
)
×

Y
→

[0
,1

]
is

a
(B

o
re

l
m

ea
su

ra
b

le
)

st
oc

h
a
st

ic
ke

rn
el

o
n

X
gi

ve
n

Y
,

if
fo

r
ea

ch
y
∈

Y
,
Q

(·
|
y
)

is
a

p
ro

b
a
b

il
it

y
m

ea
su

re

4
2
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

o
n
B

(X
)

an
d

fo
r

ea
ch

D
∈
B

(X
),
Q

(D
|
y
)

is
a

B
o
rel

m
ea

su
ra

b
le

fu
n

ction
o
n

Y
.

F
o
r

th
e

alg
o
rith

m
s

w
e

co
n

sid
er,

th
e

iteratio
n

th
a
t

g
en

era
tes

(Z
t+

1 ,θ
αt+

1 )
fro

m
(Z

t ,θ
αt
)

ca
n

b
e

eq
u

iva
len

tly
d

escrib
ed

in
term

s
of

sto
ch

astic
kern

els.
In

p
a
rticu

la
r,

th
e

tra
n

sitio
n

from
Z
t

to
Z
t+

1
is

d
escrib

ed
b
y

th
e

tra
n

sition
kern

el
o
f

th
e

M
a
rkov

ch
a
in
{
Z
t }

,
a
n
d

th
e

p
rob

a
b

ility
d

istrib
u

tio
n

o
f
θ
αt+

1
given

θ
αt

an
d
ξ
t

=
(e
t ,F

t ,S
t ,A

t ,S
t+

1 )
is

d
escrib

ed
b
y

a
n

o
th

er
sto

ch
a
stic

kern
el,

w
h
ich

w
ill

b
e

o
u

r
fo

cu
s

in
th

e
a
n

aly
sis

b
elow

.

L
e
m

m
a

8
L

et
A

ssu
m

p
tio

n
1
(ii)

h
o
ld

.
L

et
Q

(d
θ ′|

ξ,θ)
be

th
e

stoch
a
stic

kern
el

(o
n
B

given
Ξ
×
B

)
th

a
t

d
escribes

th
e

p
ro

ba
bility

d
istribu

tio
n

o
f
θ
αt+

1
given

ξ
t

=
ξ,θ

αt
=
θ.

T
h
en

fo
r

ea
ch

bo
u

n
d
ed

set
E
⊂

Ξ
,

th
ere

exist
β
∈

(0,1
]

a
n

d
a

p
ro

ba
bility

m
ea

su
re
Q

1
o
n
B

su
ch

th
a
t

Q
(d
θ ′|

ξ,θ)≥
β
Q

1 (d
θ ′),

∀
ξ∈

E
,
θ
∈
B
.

(6
1)

P
ro

o
f

W
e

co
n

sid
er

on
ly

th
e

ca
se

w
h

ere{
θ
αt }

is
g
en

era
ted

b
y

th
e

p
ertu

rb
ed

version
of

th
e

a
lgo

rith
m

(1
1);

th
e

p
ro

o
f

fo
r

th
e

p
ertu

rb
ed

v
ersion

o
f

th
e

tw
o

o
th

er
a
lg

o
rith

m
s

(19
)

a
n

d
(2

0
)

follow
s

ex
a
ctly

th
e

sa
m

e
argu

m
en

ts.
In

th
e

p
ro

o
f

b
elow

w
e

u
se

th
e

n
o
ta

tio
n

th
a
t

fo
r

a
sca

lar
c

a
n

d
a

set
D
⊂

R
n
,

th
e

set
cD

=
{
cx
|
x
∈
D
}
.

B
y

th
e

d
efi

n
itio

n
s

o
f

th
e

a
lgo

rith
m

s
(1

1
)

a
n

d
(2

3
),

fo
r
ξ

=
(e,F

,s,a
,s ′)∈

Ξ
an

d
θ
∈
B

,
w

e
ca

n
ex

p
ress

Q
(·|

ξ,θ)
as

Q
(D
|
ξ,θ)

=

∫
∫

1 (
Π
B (θ

+
α
f

(ξ,θ,r)
+
α

∆
)∈

D
)
p
(d

∆
)
q(d

r|
s,a

,s ′),
∀
D
∈
B

(B
),

(6
2)

w
h

ere
f

(ξ,θ,r)
=
e·ρ

(s,a
) (r

+
γ

(s ′)φ
(s ′) >

θ−
φ

(s) >
θ ),

a
n

d
p
(·)

is
th

e
com

m
o
n

d
istrib

u
tion

o
f

th
e

p
ertu

rb
atio

n
varia

b
les

∆
θ
,t .

L
et
r̄
>

0
b

e
la

rg
e

en
ou

g
h

so
th

a
t

fo
r

so
m

e
c
>

0,
q([−

r̄,r̄]|
s̄,ā

,s̄ ′)≥
c

fo
r

a
ll

(s̄,ā
,s̄ ′)∈

S
×
A
×
S

.
L

et
E

b
e

a
n

arb
itra

ry
b

o
u

n
d

ed
su

b
set

o
f

Ξ
.

F
o
r

all
ξ
∈
E
,θ
∈
B

a
n

d
r
∈

[−
r̄,r̄],

sin
ce

E
a
n

d
B

are
b

o
u

n
d

ed
,
g
(ξ,θ,r)

:=
(θ

+
α
f

(ξ,θ,r))/
α

lies
in

a
com

p
a
ct

su
b

set
o
f

R
n
,

w
h

ich
w

e
d

en
o
te

b
y
D̄

.
L

et
ε∈

(0,r
B
/
α

]
a
n

d
let

D̄
ε

b
e

th
e
ε-n

eig
h
b

orh
o
o
d

o
f
D̄

.
B

y
o
u

r
a
ssu

m
p
tion

o
n

th
e

p
ertu

rb
a
tion

varia
b

les
in

vo
lv

ed
in

th
e

a
lg

o
rith

m
(23

),
p
(·)

h
as

a
p

o
sitive

co
n
tin

u
o
u

s
d

en
sity

fu
n

ctio
n

w
ith

resp
ect

to
th

e
L

eb
esg

u
e

m
easu

re
`(·).

T
h

erefo
re,

th
ere

ex
ists

so
m

e
c ′
>

0
su

ch
th

at
fo

r
an

y
B

o
rel

su
b

set
D

o
f

th
e

co
m

p
act

set−
D̄
ε

:=
{−
x
|
x
∈
D̄
ε },

p
(D

)≥
c ′`(D

).

N
ow

con
sid

er
a
n

arb
itrary

ξ
∈
E

,
θ
∈
B

,
a
n

d
r
∈

[−
r̄,r̄].

W
e

h
ave

y
:=

g
(ξ,θ,r)∈

D̄
.

L
et
B
ε (−

y
)

b
e

th
e
ε-n

eig
h
b

o
rh

o
o
d

o
f−

y
,

a
n

d
let

B
ε

d
en

o
te

th
e

clo
sed

b
a
ll

in
R
n

cen
tered

a
t

th
e

o
rigin

w
ith

rad
iu

s
ε.

If
∆
∈
B
ε (−

y
),

th
en
θ

+
α
f

(ξ,θ,r)
+
α

∆
=
α
y

+
α

∆
∈
α
B
ε ⊂

B
(sin

ce
α
ε≤

r
B

).
T

h
erefo

re,
fo

r
a
n
y
D
∈
B

(B
),

∫
1 (

Π
B (θ

+
α
f

(ξ,θ,r)
+
α

∆
)∈

D
)
p
(d

∆
)≥

∫

B
ε (−

y
) 1 (α

y
+
α

∆
∈
D
)
p
(d

∆
)

≥
c ′ ∫

B
ε (−

y
) 1 (α

y
+
α

∆
∈
D
)
`(d

∆
)

=
c ′` (

1α
D
∩
B
ε ),

(6
3)

w
h

ere
in

th
e

secon
d

in
eq

u
ality

w
e

u
sed

th
e

fa
ct

th
a
t
B
ε (−

y
)
⊂
−
D̄
ε

a
n

d
restricted

to
B

(−
D̄
ε ),

p
(d

∆
)≥

c ′`(d
∆

),
a
s

d
iscu

ssed
ea

rlier.
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Y
u

T
o

fi
n

ish
th

e
p

ro
of,

d
efi

n
e

th
e

p
rob

ab
ility

m
easu

re
Q

1
o
n
B

b
y
Q

1 (D
)

=
`(

1α
D
∩

B
ε )/
`(B

ε )
for

all
D
∈
B

(B
).

T
h

en
for

all
ξ
∈
E

an
d
θ
∈
B

,
u

sin
g

(62)
an

d
(63)

an
d

o
u

r
ch

oice
o
f
r̄,

w
e

h
ave

Q
(D
|
ξ,θ)≥

∫

[−
r̄
,r̄

] c ′`(B
ε )·Q

1 (D
)
q(d

r|
s,a

,s ′)≥
c·c ′`(B

ε )·
Q

1 (D
),

D
∈
B

(B
),

a
n

d
th

e
d

esired
in

eq
u

ality
(61)

th
en

follow
s

b
y

lettin
g
β

=
cc ′`(B

ε )
>

0
(w

e
m

u
st

h
ave

β
≤

1
sin

ce
w

e
ca

n
ch

o
ose

D
=
B

in
th

e
in

eq
u

ality
ab

ove).

W
e

w
ill

u
se

th
e

p
reced

in
g

resu
lt

in
th

e
p

ro
of

of
th

e
n

ex
t

lem
m

a.

L
e
m

m
a

9
L

et
A

ssu
m

p
tio

n
1

h
o
ld

.
L

et
{µ

x
,t }

be
th

e
sequ

en
ce

o
f

occu
pa

tio
n

p
ro

ba
bility

m
ea

su
res

o
f{(Z

t ,θ
αt
)}

fo
r

ea
ch

in
itia

l
co

n
d
itio

n
x
∈
Z
×
B

.
S

u
p
po

se
th

a
t

fo
r

so
m

e
x

=
(z
,θ)∈

Z
×
B

a
n

d
µ
∈
M

α
,{
µ
x
,t }

co
n

verges
w

ea
kly

to
µ

,
P
x -a

lm
o
st

su
rely.

T
h
en

fo
r

ea
ch

θ ′∈
B

a
n

d
x
′
=

(z
,θ ′),{µ

x
′,t }

a
lso

co
n

verges
w

ea
kly

to
µ

,
P
x
′-a

lm
o
st

su
rely.

P
ro

o
f

W
e

u
se

a
cou

p
lin

g
argu

m
en

t
to

p
rove

th
e

statem
en

t.
In

th
e

p
ro

of,
w

e
su

p
p

ress
th

e
su

p
erscrip

t
α

of
θ
αt
.

L
et{X

t }
d

en
ote

th
e

p
ro

cess{
(Z

t ,θ
t )}

w
ith

in
itial

co
n

d
ition

x
=

(z
,θ),

an
d

let{
X
′t }

d
en

o
te

th
e

p
ro

cess{(Z
t ,θ

t )}
w

ith
in

itial
con

d
ition

x
′
=

(z
,θ ′),

for
an

arb
itrary

θ ′∈
B

.
In

w
h

a
t

follow
s,

w
e

fi
rst

d
efi

n
e

a
seq

u
en

ce

{(Z
t ,θ̃

t ,θ̃ ′t )}
w

ith
(Z

0 ,θ̃
0 ,θ̃ ′0 )

=
(z
,θ,θ ′),

in
su

ch
a

w
ay

th
at

th
e

tw
o

m
argin

al
p

ro
cesses

{
(Z

t ,θ̃
t )}

an
d
{
(Z

t ,θ̃ ′t )}
h

ave
th

e
sam

e
p

ro
b

ab
ility

d
istrib

u
tion

s
as
{X

t }
an

d
{
X
′t }

,
resp

ectively.
W

e
th

en
relate

th
e

o
ccu

p
ation

p
ro

b
a
b

ility
m

easu
res{

µ
x
,t },{

µ
x
′,t }

to
th

ose
of

th
e

m
argin

al
p

ro
cesses,{

µ̃
x
,t },{

µ̃
x
′,t },

w
h

ich
are

d
efi

n
ed

a
s

µ̃
x
,t (D

)
=

1t

t−
1

∑k
=

0

1 ((Z
k ,θ̃

k )∈
D
),

µ̃
x
′,t (D

)
=

1t

t−
1

∑k
=

0

1 ((Z
k ,θ̃ ′k )∈

D
),
∀
D
∈
B

(Z
×
B

).

W
e

n
ow

d
efi

n
e{(Z

t ,θ̃
t ,θ̃ ′t )}.

F
irst,

let{
Z
t }

b
e

gen
erated

as
b

efore
w

ith
Z

0
=
z
.

D
en

ote
ξ
t

=
(e
t ,F

t ,S
t ,A

t ,S
t+

1 )
as

b
efore,

an
d

let
Q

b
e

th
e

sto
ch

astic
kern

el
th

at
d

escrib
es

th
e

evo
lu

tion
of
θ
t+

1
given

(ξ
t ,θ

t ).
B

y
L

em
m

a
7,

th
e

o
ccu

p
atio

n
p
rob

ab
ility

m
easu

res
of{Z

t }
is

alm
o
st

su
rely

tigh
t

for
each

in
itial

con
d

ition
.

T
h

is
im

p
lies

th
e

ex
isten

ce
of

a
com

p
act

set
Ē
⊂

R
n

+
1

su
ch

th
at

for
th

e
com

p
act

set
E

=
Ē
×
S
×
A
×
S
⊂

Ξ
,

th
e

seq
u

en
ce
{
ξ
t }

v
isits

E
in

fi
n

itely
often

w
ith

p
rob

ab
ility

on
e.

F
o
r

th
is

set
E

,
b
y

L
em

m
a

8,
th

ere
ex

ist
som

e
β
∈

(0,1]
an

d
p

ro
b

ab
ility

m
easu

re
Q

1
on

B
su

ch
th

at
Q

(·|
ξ̄,θ̄)≥

β
Q

1 (·)
for

all
ξ̄∈

E
an

d
θ̄
∈
B

.
T

h
erefore,

on
E
×
B

,
w

e
can

w
rite

Q
(·|

ξ̄,θ̄)
as

th
e

con
v
ex

com
b
in

atio
n

of
Q

1
an

d
an

oth
er

sto
ch

a
stic

kern
el
Q

0
as

follow
s:

Q
(·|

ξ̄,θ̄)
=
β
Q

1 (·)
+

(1−
β

)
Q

0 (·|
ξ̄,θ̄),

∀
ξ̄∈

E
,
θ̄∈

B
,

(64)

w
h

ere
Q

0 (·|
ξ̄,θ̄)

=
[Q

(·|
ξ̄,θ̄)−

β
Q

1 (·) ]/
(1−

β
)

an
d
Q

0
is

a
sto

ch
astic

kern
el

on
B

given
E
×
B

.

44
JM

L
R

 17(220):1-58



W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

N
ex

t,
in

d
ep

en
d

en
tl

y
of
{Z

t}
,

ge
n

er
at

e
a

se
q
u

en
ce
{Y

t}
t≥

1
of

i.
i.

d
.,
{0
,1
}-

va
lu

ed
ra

n
d

o
m

va
ri

ab
le

s
su

ch
th

at
Y
t

=
1

w
it

h
p

ro
b

ab
il

it
y
β

an
d
Y
t

=
0

w
it

h
p

ro
b

ab
il

it
y

1
−
β

.
S

et
Y

0
=

0.
L

et
t Y

=
m

in
{t
≥

1
|Y

t
=

1,
ξ t
−

1
∈
E
}.

T
h

en
t Y

<
∞

w
it

h
p

ro
b

ab
il

it
y

on
e.

(S
in

ce
{ξ
t}

v
is

it
s
E

in
fi

n
it

el
y

of
te

n
a
n

d
th

e
p

ro
ce

ss
{Y

t}
is

in
d

ep
en

d
en

t
of
{ξ
t}

,
th

is
fo

ll
ow

s
ea

si
ly

fr
om

ap
p

ly
in

g
th

e
B

or
el

-C
a
n
te

ll
i

le
m

m
a

to
{(
ξ t
k
,Y

t k
+

1
)}
k
≥

1
,

w
h

er
e
t k

is
w

h
en

th
e
k
-t

h
v
is

it
to
E

b
y
{ξ
t}

o
cc

u
rs

.)
N

ow
fo

r
ea

ch
t
≥

0,
le

t
u

s
d

efi
n

e
th

e
p

ai
r

(θ̃
t+

1
,θ̃
′ t+

1
)

ac
co

rd
in

g
to

th
e

fo
ll

ow
in

g
ru

le
,

b
as

ed
on

th
e

va
lu

es
of

(ξ
0
,θ̃

0
,θ̃
′ 0
),
..
.,

(ξ
t,
θ̃ t
,θ̃
′ t)

an
d

(Y
0
,.
..
,Y

t,
Y
t+

1
):

(i
)

In
th

e
ca

se
t
<
t Y

an
d
ξ t
6∈
E

,
ge

n
er

a
te
θ̃ t

+
1

an
d
θ̃′ t

+
1

ac
co

rd
in

g
to
Q

(·
|ξ

t,
θ̃ t

)
an

d

Q
(·
|ξ
t,
θ̃′ t

)
re

sp
ec

ti
ve

ly
.

(i
i)

In
th

e
ca

se
t
<
t Y

an
d
ξ t
∈
E

,
if
Y
t+

1
=

0,
ge

n
er

at
e
θ̃ t

+
1

an
d
θ̃′ t

+
1

a
cc

or
d

in
g

to

Q
0
(·
|ξ

t,
θ̃ t

)
an

d
Q

0
(·
|ξ

t,
θ̃′ t

)
re

sp
ec

ti
ve

ly
;

if
Y
t+

1
=

1,
ge

n
er

at
e
θ̃ t

+
1

ac
co

rd
in

g
to

Q
1
(·)

an
d

le
t
θ̃′ t

+
1

=
θ̃ t

+
1
.

(i
ii

)
In

th
e

ca
se
t
≥
t Y

,
ge

n
er

at
e
θ̃ t

+
1

ac
co

rd
in

g
to
Q

(·
|ξ
t,
θ̃ t

)
an

d
le

t
θ̃′ t

+
1

=
θ̃ t

+
1
.

In
v
ie

w
of

(6
4)

,
it

ca
n

b
e

ve
ri

fi
ed

d
ir

ec
tl

y
b
y

in
d

u
ct

io
n

on
t

th
at

th
e

m
a
rg

in
a
l

p
ro

ce
ss

{(
Z
t,
θ̃ t

)}
(r

es
p

.
{(
Z
t,
θ̃′ t

)}
)

in
th

e
p

re
ce

d
in

g
co

n
st

ru
ct

io
n

h
as

th
e

sa
m

e
p

ro
b

a
b

il
it

y
d

is
tr

ib
u

-
ti

on
as
{X

t}
(r

es
p

.
{X
′ t}

).
T

h
is

im
p

li
es

th
at
{µ

x
,t
}(

re
sp

.
{µ

x
′ ,
t}

)
co

n
ve

rg
es

w
ea

k
ly

to
µ

w
it

h
p

ro
b

ab
il

it
y

on
e

if
an

d
on

ly
if
{µ̃

x
,t
}

(r
es

p
.
{µ̃

x
′ ,
t}

)
co

n
ve

rg
es

w
ea

k
ly

to
µ

w
it

h
p

ro
b

ab
il

it
y

on
e.

O
n

th
e

ot
h

er
h

an
d

,
b
y

co
n

st
ru

ct
io

n
θ̃ t

=
θ̃′ t

fo
r
t
≥
t Y

,
w

h
er

e
t Y

<
∞

w
it

h
p

ro
b

ab
il

it
y

on
e,

so
ex

ce
p

t
on

a
n
u

ll
se

t,
{µ̃

x
,t
}

an
d
{µ̃

x
′ ,
t}

h
av

e
th

e
sa

m
e

w
ea

k
li

m
it

s.
C

o
m

b
in

in
g

th
es

e
tw

o
ar

gu
m

en
ts

w
it

h
th

e
as

su
m

p
ti

on
th

at
{µ

x
,t
}

co
n
ve

rg
es

w
ea

k
ly

to
µ

w
it

h
p

ro
b

a
b

il
it

y
o
n

e,
it

fo
ll

ow
s

th
at

th
e

th
re

e
se

q
u

en
ce

s
{µ̃

x
,t
},
{µ̃

x
′ ,
t}

,
an

d
{µ

x
′ ,
t}

m
u

st
al

l
co

n
ve

rg
e

w
ea

k
ly

to
µ

w
it

h
p

ro
b

ab
il

it
y

on
e.

P
ro

o
f

o
f

P
ro

p
.
8

W
e

su
p

p
re

ss
th

e
su

p
er

sc
ri

p
t
α

of
θα t

in
th

e
p

ro
of

.
L

et
{X

t}
=
{(
Z
t,
θ t

)}
.

B
y

P
ro

p
.

6,
th

e
se

t
M

α
of

in
va

ri
an

t
p

ro
b

ab
il

it
y

m
ea

su
re

s
of
{X

t}
is

n
on

em
p

ty
.

R
ec

a
ll

a
ls

o
th

at
si

n
ce

th
e

ev
ol

u
ti

on
of
{Z

t}
is

n
ot

aff
ec

te
d

b
y

th
e
θ-

it
er

at
es

,
th

e
m

ar
gi

n
al

o
f

an
y
µ
∈
M

α

on
th

e
sp

ac
e
Z

m
u

st
eq

u
al
ζ
,

th
e

u
n

iq
u

e
in

va
ri

an
t

p
ro

b
ab

il
it

y
m

ea
su

re
of
{Z

t}
(T

h
eo

re
m

2
).

S
u

p
p

os
e
{X

t}
h

as
m

u
lt

ip
le

in
va

ri
an

t
p

ro
b

ab
il

it
y

m
ea

su
re

s;
i.

e.
,

th
er

e
ex

is
t
µ
,µ
′
∈
M

α

w
it

h
µ
6=
µ
′ .

T
h

en
b
y

(D
u

d
le

y
,

20
02

,
T

h
eo

re
m

1
1.

3.
2)

th
er

e
ex

is
ts

a
b

ou
n

d
ed

co
n
ti

n
u

o
u

s
fu

n
ct

io
n
f

on
Z
×
B

su
ch

th
at

∫
f
d
µ
6=
∫
f
d
µ
′ .

(6
5
)

O
n

th
e

ot
h
er

h
an

d
,

si
n

ce
µ

is
an

in
va

ri
an

t
p

ro
b

ab
il

it
y

m
ea

su
re

of
{X

t}
,

a
p

p
ly

in
g

a
st

ro
n

g
la

w
of

la
rg

e
n
u

m
b

er
s

fo
r

st
at

io
n

ar
y

p
ro

ce
ss

es
(D

o
ob

,
19

53
,

C
h

ap
.

X
,

T
h

eo
re

m
2
.1

;
se

e
al

so
M

ey
n

an
d

T
w

ee
d

ie
,

20
09

,
L

em
m

a
17

.1
.1

an
d

T
h

eo
re

m
17

.1
.2

)
to

th
e

st
a
ti

on
a
ry

M
ar

ko
v

ch
ai

n
{X

t}
w

it
h

in
it

ia
l

d
is

tr
ib

u
ti

on
µ

,
w

e
h

av
e

th
at

th
er

e
ex

is
t

a
se

t
D

1
⊂
Z
×
B

w
it

h
µ

(D
1
)

=
1

an
d

a
m

ea
su

ra
b
le

fu
n

ct
io

n
g f

on
Z
×
B

su
ch

th
at

(i
)

fo
r

ea
ch

x
∈
D

1
,

w
it

h
th

e
in

it
ia

l
co

n
d

it
io

n
X

0
=
x

,
li

m
t→
∞

1 t

∑
t−

1
k
=

0
f

(X
k
)

=
g f

(x
),

P
x
-a

.s
.;

(i
i)

E
µ
[g
f
(X

0
)]

=
E
µ
[f

(X
0
)]

(i
.e

.,
∫
g f
d
µ

=
∫
f
d
µ

).
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Y
u

T
h

e
sa

m
e

is
tr

u
e

fo
r

th
e

in
va

ri
a
n
t

p
ro

b
a
b

il
it

y
m

ea
su

re
µ
′ :

th
er

e
ex

is
t

a
se

t
D

2
⊂
Z
×
B

w
it

h
µ
′ (
D

2
)

=
1

an
d

a
m

ea
su

ra
b
le

fu
n

ct
io

n
g
′ f(
x

)
su

ch
th

a
t

(i
)

fo
r

ea
ch

x
∈
D

2
,

w
it

h
th

e
in

it
ia

l
co

n
d

it
io

n
X

0
=
x

,
li

m
t→
∞

1 t

∑
t−

1
k
=

0
f

(X
k
)

=
g
′ f(
x

),
P
x
-a

.s
.;

(i
i)

E
µ
′ [
g
′ f(
X

0
)]

=
E
µ
′ [
f

(X
0
)]

(i
.e

.,
∫
g
′ fd
µ
′ =

∫
f
d
µ
′ )

.

A
ls

o,
si

n
ce
{X

t}
is

a
w

ea
k

F
el

le
r

M
ar

ko
v

ch
a
in

(L
em

m
a

6)
,

b
y

(M
ey

n
,

1
98

9
,

P
ro

p
.

4
.1

),
fo

r
a

se
t

o
f

in
it

ia
l
co

n
d

it
io

n
s
x

w
it

h
µ

-m
ea

su
re

1
,
th

e
o
cc

u
p

a
ti

o
n

p
ro

b
a
b

il
it

y
m

ea
su

re
s
{µ

x
,t
}

of
{X

t}
co

n
ve

rg
e

w
ea

k
ly

,
P
x
-a

lm
o
st

su
re

ly
,

to
so

m
e

(n
o
n

ra
n

d
o
m

)
µ̃
x
∈
M

α
th

a
t

d
ep

en
d

s
on

th
e

in
it

ia
l
x

.
T

h
e

sa
m

e
is

tr
u

e
fo

r
µ
′ .

S
o

b
y

ex
cl

u
d

in
g

fr
om

D
1

a
µ

-n
u

ll
se

t
an

d
fr

om
D

2
a
µ
′ -

n
u

ll
se

t
if

n
ec

es
sa

ry
,

w
e

ca
n

a
ss

u
m

e
th

at
th

e
se

ts
D

1
,D

2
a
b

ov
e

a
ls

o
sa

ti
sf

y
th

at
fo

r
ea

ch
x
∈
D

1
∪
D

2
,

th
e

o
cc

u
p

a
ti

on
p

ro
b

a
b

il
it

y
m

ea
su

re
s
{µ

x
,t
}

co
n
ve

rg
e

w
ea

k
ly

to
a
n

in
va

ri
a
n
t

p
ro

b
ab

il
it

y
m

ea
su

re
µ̃
x

a
lm

o
st

su
re

ly
.

T
h

en
si

n
ce

1 t

∑
t−

1
k
=

0
f

(X
k
)

is
th

e
sa

m
e

as
∫
f
d
µ
x
,t

fo
r
X

0
=
x

,
w

e
h

av
e,

b
y

th
e

w
ea

k
co

n
ve

rg
en

ce
of
{µ

x
,t
}

ju
st

d
is

cu
ss

ed
,

th
at

g f
(x

)
=

∫
f
d
µ̃
x

fo
r

ea
ch

x
∈
D

1
,

g
′ f(
x

)
=

∫
f
d
µ̃
x

fo
r

ea
ch

x
∈
D

2
.

(6
6
)

C
er

ta
in

ly
w

e
m

u
st

h
av

e
g f

(x
)

=
g
′ f(
x

)
o
n
D

1
∩
D

2
.

W
e

n
ow

re
la

te
th

e
va

lu
es

o
f

th
es

e
tw

o
fu

n
ct

io
n

s
a
t

p
oi

n
ts

th
a
t

sh
ar

e
th

e
sa

m
e
z
-c

o
m

p
o
n

en
t.

In
p

a
rt

ic
u

la
r,

le
t

p
ro

j(
D

1
)

d
en

o
te

th
e

p
ro

je
ct

io
n

of
D

1
o
n
Z

:
p

ro
j(
D

1
)

=
{z
∈
Z
|∃

θ
w

it
h

(z
,θ

)
∈
D

1
},

a
n

d
le

t
D

1
,z

b
e

th
e

ve
rt

ic
al

se
ct

io
n

of
D

1
a
t
z
:
D

1
,z

=
{θ
|(
z
,θ

)
∈
D

1
}.

D
efi

n
e

p
ro

j(
D

2
)

a
n

d
D

2
,z

si
m

il
ar

ly
.

If
x

=
(z
,θ

)
∈
D

1
∪
D

2
an

d
x
′

=
(z
,θ
′ )
∈
D

1
∪
D

2
,

th
en

in
v
ie

w
of

L
em

m
a

9
a
n

d
th

e
w

ea
k

co
n
ve

rg
en

ce
of
{µ

x
,t
}

a
n

d
{µ

x
′ ,
t}

,
w

e
m

u
st

h
av

e
µ̃
x

=
µ̃
x
′ .

C
o
n

se
q
u

en
tl

y,
b
y

(6
6)

,
fo

r
ea

ch
z
∈

p
ro

j(
D

1
),
g f

(z
,·)

is
co

n
st

a
n
t

o
n
D

1
,z

;
fo

r
ea

ch
z
∈

p
ro

j(
D

2
),
g
′ f(
z
,·)

is
co

n
st

a
n
t

o
n
D

2
,z

;
an

d
fo

r
ea

ch
z
∈

p
ro

j(
D

1
)
∩

p
ro

j(
D

2
),

th
e

co
n

st
a
n
ts

th
a
t
g f

(z
,·)

,
g
′ f(
z
,·)

ta
ke

on
D

1
,z

,
D

2
,z

,
re

sp
ec

ti
ve

ly
,

a
re

th
e

sa
m

e.
W

e
n

ow
sh

ow
∫
f
d
µ

=
∫
f
d
µ
′

to
co

n
tr

a
d

ic
t

(6
5)

a
n

d
fi

n
is

h
th

e
p

ro
o
f.

S
in

ce
µ

(D
1
)

=
µ
′ (
D

2
)

=
1

an
d

b
y

T
h

eo
re

m
2

(S
ec

ti
on

2
.4

)
µ
,µ
′ h

av
e

th
e

sa
m

e
m

ar
g
in

a
l

d
is

tr
ib

u
ti

o
n

o
n
Z

,
w

h
ic

h
is
ζ
,

th
er

e
ex

is
ts

a
B

o
re

l
se

t
E
⊂

p
ro

j(
D

1
)
∩

p
ro

j(
D

2
)

w
it

h
ζ
(E

)
=

1
.

C
o
n

si
d

er
th

e
se

ts
(E
×
B

)∩
D

1
a
n

d
(E
×
B

)∩
D

2
,

w
h
ic

h
h

av
e
µ

-m
ea

su
re

1
an

d
µ
′ -

m
ea

su
re

1
,

re
sp

ec
ti

ve
ly

.
B

y
(D

u
d

le
y
,

2
00

2
,

P
ro

p
.

10
.2

.8
),

w
e

ca
n

d
ec

o
m

p
o
se
µ
,µ
′

in
to

th
e

m
ar

g
in

a
l
ζ

on
Z

an
d

th
e

co
n

d
it

io
n

al
d

is
tr

ib
u

ti
on

s
µ

(d
θ
|z

),
µ
′ (
d
θ
|z

)
fo

r
z
∈
Z

.
T

h
en

1
=
µ
( (E
×
B

)∩
D

1

) =

∫ E

∫ D
1
,z

µ
(d
θ
|z

)
ζ
(d
z
),

1
=
µ
′( (E
×
B

)∩
D

2

) =

∫ E

∫ D
2
,z

µ
′ (
d
θ
|z

)
ζ
(d
z
),

w
h

er
e

th
e

eq
u

al
it

y
fo

r
th

e
it

er
a
te

d
in

te
g
ra

l
in

ea
ch

re
la

ti
on

fo
ll

ow
s

fr
om

(D
u

d
le

y
,

2
0
02

,
T

h
eo

re
m

10
.2

.1
(i

i)
).

T
h

es
e

re
la

ti
on

s
im

p
ly

th
a
t

fo
r

so
m

e
se

t
E

0
⊂
E

w
it

h
ζ
(E

0
)

=
0
,

∫ D
1
,z

µ
(d
θ
|z

)
=

∫ D
2
,z

µ
′ (
d
θ
|z

)
=

1
,

∀z
∈
E
\E

0
.

(6
7
)

W
e

n
ow

ca
lc

u
la

te
∫
g f
d
µ

a
n

d
∫
g
′ fd
µ
′ .

W
e

h
av

e
∫
g f
d
µ

=

∫ (E
×
B

)∩
D

1

g f
d
µ

=

∫ E

∫ D
1
,z

g f
(z
,θ

)
µ

(d
θ
|z

)
ζ
(d
z
),

(6
8)

∫
g
′ f
d
µ
′ =

∫ (E
×
B

)∩
D

2

g
′ f
d
µ
′ =

∫ E

∫ D
2
,z

g
′ f(
z
,θ

)
µ
′ (
d
θ
|z

)
ζ
(d
z
),

(6
9)
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
ie

s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

w
h

ere
th

e
eq

u
a
lity

fo
r

th
e

itera
ted

in
teg

ra
l

in
ea

ch
rela

tio
n

a
lso

fo
llow

s
fro

m
(D

u
d

ley
,

2
0
02

,
T

h
eorem

10
.2.1

(ii)).
A

s
d

iscu
ssed

earlier,
fo

r
ea

ch
z
∈
E
⊂

p
ro

j(D
1 )∩

p
ro

j(D
2 ),

th
e

tw
o

con
sta

n
t

fu
n

ction
s,
g
f (z

,·)
on

D
1
,z

a
n

d
g ′f (z

,·)
o
n
D

2
,z ,

h
av

e
th

e
sa

m
e

va
lu

e.
U

sin
g

th
is

tog
eth

er
w

ith
(6

7
),

w
e

co
n

clu
d
e

th
a
t

∫

D
1
,z

g
f (z

,θ)
µ

(d
θ
|
z
)

=

∫

D
2
,z

g ′f (z
,θ)

µ
′(d
θ|

z
),

∀
z
∈
E
\
E

0 .
(7

0)

S
in

ce
ζ
(E

0 )
=

0,
w

e
o
b

ta
in

fro
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w
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d
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E
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s
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=
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−
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Φ
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P
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th
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w
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p
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a
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p
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e
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at
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.
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-
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b
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p
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p

ti
on

2
d

o
es

n
ot

h
ol

d
(i
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b
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h
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ra
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b
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p
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b
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h
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se
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w
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th

e
st

at
e

sp
ac
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at
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∈
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∈
S
|M̄

ss
=
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Y
u
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d
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g
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e
p
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n
,

b
y
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d
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a
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n
ec
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w
ri

te

Φ
=
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Φ
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=
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=
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|
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|
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e
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∈
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b
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+
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Φ
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C

o
n
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d
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n
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e
m
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x
C

.
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is
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e
p

ro
o
f
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P
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.
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u
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2
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G
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a
l
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u
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Ĝ
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|
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|
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b
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Ĝ
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b
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Ĝ
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d
M̂
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n

b
e
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p
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ed
ex
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y
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s

d
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g
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)
=
d
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>
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−
Q̂
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d
1 π
o
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∈

R
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1
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d

1 π
o
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=
d
π
o
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)
·i
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),
s
∈
J 1
.

(7
7)

T
h
u

s
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e
m
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x
C

h
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l
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u
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:

T
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m
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2
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u
c
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f

th
e

m
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;
Y
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,

2
0
1
5
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,

A
p

p
e
n

d
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C
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.
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1
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4
)

L
et
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u
m

p
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1
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,
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le
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>

0
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r
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∈
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T
h
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Ĝ

Φ
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h
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e
Ĝ
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)
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po
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d
efi

n
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e.

L
et
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)
d

en
o
te
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e

ra
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tr
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B
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e
p

os
it

iv
e

d
efi
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Ĝ
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x
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ow
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p
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p
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e

o
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e
st

ra
ig

h
tf

o
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a
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p
ro

o
f)

:

P
ro
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o
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1
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L
et
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u
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p
ti
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n

1
h
o
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,
a
n

d
le

t
i(
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>

0
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r
a
t

le
a
st

o
n

e
st

a
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∈
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T
h
en

th
e

m
a
tr
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C
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th
a
t
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)
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n
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(C

)
=

ra
n
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a
n
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(s
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∈
J 1
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a
n
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th
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e
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t
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r

a
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∈
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a
n
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∈
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C
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T
w

o
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at
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n
s
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en
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ow
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ia
te
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S
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M̂
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∈
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a
n
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∈
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P
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1
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)
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ow
s
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a
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e
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at
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n
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+
b
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∈
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b
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A
p
p
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.
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w
h
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h
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)-
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w
e
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e
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p
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n
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Φ
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h
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p
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Π
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Π
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b
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∈
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h
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d
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∈
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b
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p
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b
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b
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p
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r
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p
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W
e
a
k

C
o
n
v
e
r
g

e
n
c
e

P
r
o
p
e
r
t
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s
o
f

C
o
n
st

r
a
in

e
d

E
T

D
L

e
a
r
n
in

g

(ii)
P

rop
.

1
0
(ii)

sh
ow

s
th

a
t
C

a
cts

like
a

n
ega

tive
d

efi
n

ite
m

a
trix

o
n

th
e

sp
a
ce

o
f

featu
re

vectors,
sp

a
n{φ

(s)|s∈
J

1 }
,

th
a
t

th
e

E
T

D
(λ

)
a
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orith
m

s
n

a
tu

ra
lly

o
p
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te

o
n

. 1
6

W
e
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th
a
t
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r
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a
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n
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efi
n

ite
m

a
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C
,
n

eith
er

o
f
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n
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sio
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s

h
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p
o
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d
efi

n
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Ĝ
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d
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C
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an
d
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o
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d
efi

n
iten

ess
p
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d
u

e
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e

em
p

h
a
tic

w
eig

h
tin

g
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em
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(3)-(5
)
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p
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b
y

E
T

D
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).

N
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let
u

s
d
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th
e

b
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r
o
f
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e
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n
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E

T
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)

a
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o
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m
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g
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0
o
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e
a
b
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f

A
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m
p
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w
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A
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2
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p
ly

in
g

th
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n
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a
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b
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p
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e

so
lu

tio
n

p
ro

p
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.
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a
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),

w
e
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n
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b
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d
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b
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d
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b
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p
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a
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θ
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c
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sis
to

d
erive

risk
b

o
u

n
d

s
fo

r
th

e
k
ern

el
reg

ressio
n

a
p

p
ro

ach
to

stru
ctu

red
p

red
ictio

n
.

In
a

sim
ila

r
vein

a
s

th
e

a
b

ov
e

litera
tu

re,
y
et

ta
k
in

g
a

sig
n

ifi
ca

n
tly

d
iff

eren
t

a
p

p
ro

a
ch

,
B

rad
ley

a
n

d
G

u
estrin

(2
0
12

)
d

eriv
ed

fi
n

ite
sam

p
le

co
m

p
lex

ity
b

o
u

n
d

s
fo

r
lea

rn
in

g
co

n
d

itio
n

a
l

ra
n

d
o
m

fi
eld

s
u

sin
g

th
e

co
m

p
osite

likelih
o
o
d

estim
a
tor.

A
ll

of
th

e
a
b

ove
w

ork
s

h
ave

a
p
p

ro
ach

ed
th

e
p

rob
lem

from
th

e
trad

itio
n
a
l

v
iew

p
o
in

t,
th

a
t

th
e

g
en

eralizatio
n

error
sh

ou
ld

d
ecrea

se
p
ro

p
ortio

n
a
lly

to
th

e
n
u
m

b
er

o
f

ex
am

p
les.

In
a

p
rev

iou
s

p
u

b
lica

tion
(L

o
n

d
on

et
a
l.,

20
1
3),

w
e

p
ro

p
o
sed

th
e

fi
rst

b
o
u

n
d

s
th

a
t

d
ecrease

w
ith

b
o
th

th
e

n
u

m
b

er
o
f

ex
a
m

p
les

a
n

d
th

e
size

of
ea

ch
ex

a
m

p
le

(g
iven

su
ita

b
ly

w
ea

k
d

e-
p

en
d

en
ce

w
ith

in
ea

ch
ex

a
m

p
le).

W
e

la
ter

refi
n

ed
th

ese
resu

lts
u

sin
g

P
A

C
-B

ayesia
n

a
n

aly
sis

(L
on

d
o
n

et
al.,

20
1
4).

O
u

r
cu

rren
t

w
ork

b
u

ild
s

u
p

o
n

th
is

fou
n

d
atio

n
to

d
eriv

e
sim

ila
rly

o
p

tim
istic

gen
era

liza
tion

b
o
u

n
d

s,
w

h
ile

acco
m

m
o
d

a
tin

g
a

b
ro

ad
er

ra
n

g
e

o
f

lo
ss

fu
n

ction
s

a
n

d
h
y
p

o
th

esis
classes.

F
ro

m
a

certain
p

ersp
ectiv

e,
o
u

r
w

o
rk

fi
ts

in
to

a
la

rg
e

b
o
d

y
o
f

litera
tu

re
o
n

lea
rn

in
g

fro
m

va
rio

u
s

ty
p

es
o
f

in
terd

ep
en

d
en

t
d

ata
.

M
ost

o
f

th
is

is
d

evo
ted

to
“
u

n
stru

ctu
red

”
p

red
iction

.
U

su
n

ier
et

al.
(20

0
6)

a
n

d
R

alaiv
o
la

et
a
l.

(2
01

0
)

u
sed

con
cep

ts
fro

m
g
ra

p
h

co
lo

rin
g

to
a
n

a-
ly

ze
gen

era
liza

tio
n

in
lea

rn
in

g
p

rob
lem

s
th

at
in

d
u

ce
a

d
ep

en
d

en
cy

g
rap

h
,

su
ch

a
s

b
ip

artite
ra

n
k
in

g
.

In
th

is
ca

se,
th

e
train

in
g

d
a
ta

con
ta

in
s

d
ep

en
d

en
cies,

b
u

t
p

red
ictio

n
is

lo
ca

lized
to

ea
ch

in
p

u
t-ou

tp
u

t
p
air.

S
im

ila
rly,

M
o
h

ri
a
n

d
R

o
sta

m
iza

d
eh

(2
0
0
9,

2
01

0
)

d
erived

risk
b

o
u

n
d

s
fo

r
φ

-m
ix

in
g

a
n

d
β

-m
ix

in
g

tem
p

o
ra

l
d
a
ta

,
u

sin
g

a
n

“
in

d
ep

en
d

en
t

b
lo

ck
in

g
”

tech
-

n
iq

u
e

d
u

e
to

Y
u

(1
99

4
).

T
h

e
h
y
p

oth
eses

th
ey

con
sid

er
p

red
ict

ea
ch

tim
e

step
in

d
ep

en
d

en
tly,

w
h

ich
m

akes
in

d
ep

en
d

en
t

b
lo

ck
in

g
p

o
ssib

le.
S

in
ce

w
e

a
re

in
terested

in
h
y
p

o
th

eses
(an

d
loss

fu
n

ctio
n

s)
th

a
t

p
erfo

rm
jo

in
t

in
feren

ce,
w

h
ich

m
ay

n
o
t

d
eco

m
p

o
se

over
th

e
ou

tp
u

ts,
w

e
ca

n
n

o
t

em
p

loy
tech

n
iq

u
es

su
ch

a
s

g
rap

h
colo

rin
g

a
n

d
in

d
ep

en
d

en
t

b
lo

ck
in

g.

A
rela

ted
a
rea

of
resea

rch
is

learn
in

g
to

forecast
tim

e
series

d
a
ta

.
In

th
is

settin
g
,

th
e

g
o
a
l

is
to

p
red

ict
th

e
n

ex
t

(o
r,

so
m

e
fu

tu
re)

va
lu

e
in

th
e

series,
g
iv

en
(a

m
ov

in
g

w
in

d
ow

o
f)

p
rev

io
u

s
o
b
serva

tion
s.

T
h

e
g
en

eralizatio
n

erro
r

o
f

tim
e

series
fo

reca
stin

g
h

a
s

b
een

stu
d

ied
ex

ten
sively

b
y

M
cD

on
ald

et
al.

(e.g.,
20

12
)

in
th

e
β

-m
ix

in
g

reg
im

e.
S

im
ila

rly,
A

lq
u

ier
a
n

d
W

in
ten

b
u

rger
(2

0
12

)
d

erived
oracle

in
eq

u
a
lities

fo
r
φ

-m
ix

in
g

co
n

d
itio

n
s.

1
.

P
A

C
-B

ay
esia

n
a
n
a
ly

sis
is

o
ften

a
ccred

ited
to

M
cA

llester
(1

9
9
8
,

1
9
9
9
),

a
n
d

h
a
s

b
een

refi
n
ed

b
y

a
n
u
m

b
er

o
f
a
u
th

o
rs

(e.g
.,

H
erb

rich
a
n
d

G
ra

ep
el,

2
0
0
1
;
L

a
n
g
fo

rd
a
n
d

S
h
aw

e-T
ay

lo
r,

2
0
0
2
;
S
eeg

er,
2
0
0
2
;
A

m
b
ro

la
d
ze

et
a
l.,

2
0
0
6
;

C
a
to

n
i,

2
0
0
7
;

G
erm

a
in

et
a
l.,

2
0
0
9
;

L
ev

er
et

a
l.,

2
0
1
0
;

S
eld

in
et

a
l.,

2
0
1
2
).
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L
o
n
d
o
n
,

H
u
a
n
g

a
n
d

G
e
t
o
o
r

T
h

e
id

ea
of

learn
in

g
from

on
e

ex
am

p
le

is
related

to
th

e
“on

e-n
etw

ork
”

learn
in

g
p

arad
igm

,
in

w
h

ich
d

ata
is

gen
erated

b
y

a
(p

ossib
ly

in
fi

n
ite)

ran
d

om
fi

eld
,

w
ith

certain
lab

els
o
b

served
for

train
in

g.
T

h
e

u
n

d
erly

in
g

m
o
d

el
is

estim
ated

from
th

e
p

artially
ob

served
n
etw

ork
,

an
d

th
e

learn
ed

m
o
d

el
is

u
sed

to
p

red
ict

th
e

m
issin

g
lab

els,
ty

p
ically

w
ith

som
e

form
o
f

jo
in

t
in

feren
ce.

X
ia

n
g

an
d

N
ev

ille
(2011)

ex
am

in
ed

m
ax

im
u

m
lik

elih
o
o
d

an
d

p
seu

d
o-likelih

o
o
d

estim
atio

n
in

th
is

settin
g,

p
rov

in
g

th
at

are
asy

m
p

totically
co

n
sisten

t.
N

ote
th

at
th

is
is

a
tra

n
sd

u
ctive

settin
g,

in
th

at
th

e
n

etw
ork

d
ata

is
fi

x
ed

(i.e.,
realized

),
so

th
e

learn
ed

h
y
p

oth
esis

is
n
ot

ex
p

ected
to

gen
eralize

to
oth

er
n

etw
ork

d
ata

.
In

con
trast,

w
e

an
aly

ze
in

d
u

ctive
learn

in
g,

w
h

erein
th

e
m

o
d

el
is

ap
p

lied
to

fu
tu

re
d

raw
s

from
a

d
istrib

u
tio

n
ov

er
n

etw
o
rk

d
a
ta.

C
o
n

n
ection

s
b

etw
een

stab
ility

an
d

gen
eralization

h
ave

b
een

ex
p

lored
in

va
rio

u
s

form
s.

B
ou

sq
u

et
a
n

d
E

lisseeff
(2002)

p
rop

osed
th

e
stab

ility
of

a
learn

in
g

algorith
m

as
a

to
ol

for
an

aly
zin

g
gen

eralization
error.

W
ain

w
righ

t
(2006)

an
aly

zed
th

e
stab

ility
of

m
argin

al
p

rob
-

ab
ilities

in
variation

al
in

feren
ce,

id
en

tify
in

g
th

e
relatio

n
sh

ip
b

etw
een

stab
ility

an
d

stro
n

g
con

vex
ity

(sim
ilar

to
ou

r
w

ork
in

L
on

d
on

et
al.,

2013,
2014).

H
e

u
sed

th
is

resu
lt

to
sh

ow
th

at
an

in
co

n
sisten

t
estim

ator,
w

h
ich

u
ses

ap
p

rox
im

ate
in

feren
ce

d
u

rin
g

train
in

g,
can

asy
m

p
tot-

ica
lly

y
ield

low
er

regret
(relative

to
th

e
op

tim
al

B
ay

es
least

sq
u
ares

estim
ator)

th
an

u
sin

g
th

e
tru

e
m

o
d

el
w

ith
ap

p
rox

im
ate

in
feren

ce.
H

on
orio

(20
11)

sh
ow

ed
th

a
t

th
e

B
ayes

error
rate

of
va

riou
s

gra
p

h
ical

m
o
d

els
is

related
to

th
e

stab
ility

of
th

eir
log-likelih

o
o
d

fu
n

ction
s

w
ith

resp
ect

to
ch

an
ges

in
th

e
m

o
d

el
p

aram
eters.

1
.2

O
u

r
C

o
n
trib

u
tio

n
s

O
u

r
p

rim
ary

con
trib

u
tion

is
a

n
ew

P
A

C
-B

ayesian
an

aly
sis

of
stru

ctu
red

p
red

iction
,

p
ro-

d
u

cin
g

gen
eraliza

tion
b

ou
n

d
s

th
at

d
ecrease

w
h

en
eith

er
th

e
n
u

m
b

er
of

ex
am

p
les,

m
,

or
th

e
size

of
ea

ch
ex

am
p

le,
n

,
in

crease.
U

n
d

er
su

itab
le

con
d

ition
s,

o
u

r
b

ou
n

d
s

can
b

e
as

tig
h
t

as
Õ

(1/ √
m
n

).
O

u
r

resu
lts

ap
p

ly
to

an
y

com
p

osition
of

loss
fu

n
ction

an
d

h
y
p

o
th

esis
class

th
at

satisfi
es

ou
r

lo
cal

stab
ility

con
d

ition
s,

w
h

ich
in

clu
d

es
a

b
road

ran
ge

of
m

o
d

elin
g

reg
im

es
u

sed
in

p
ra

ctice.
W

e
also

p
rop

ose
a

n
ov

el
v
iew

o
f

P
A

C
-B

ayesian
“d

era
n

d
om

iza
tion

,”
b

a
sed

on
th

e
p

rin
cip

le
o
f

stab
ility,

w
h

ich
p

rov
id

es
a

gen
eral

p
ro

of
tech

n
iq

u
e

for
con

vertin
g

a
g
en

-
era

liza
tion

b
o
u

n
d

for
a

ran
d

om
ized

stru
ctu

red
p

red
ictor

in
to

a
b

ou
n

d
for

a
d

eterm
in

istic
stru

ctu
red

p
red

ictor.

A
s

p
art

of
o
u

r
an

aly
sis,

w
e

d
erive

a
n

ew
b

ou
n

d
on

th
e

m
om

en
t-gen

eratin
g

fu
n

ction
of

a
lo

cally
stab

le
fu

n
ction

al.
T

h
e

tigh
tn

ess
of

th
is

b
ou

n
d

(h
en

ce,
ou

r
gen

era
liza

tion
b

ou
n

d
s)

h
in

g
es

o
n

a
m

easu
re

of
th

e
aggregate

d
ep

en
d

en
ce

b
etw

een
th

e
ran

d
om

variab
les

w
ith

in
each

ex
a
m

p
le.

O
u

r
b

ou
n

d
s

are
m

ean
in

gfu
l
w

h
en

th
e

d
ep

en
d
en

ce
is

su
b

-log
arith

m
ic

in
th

e
n
u

m
b

er
of

va
ria

b
les.

W
e

p
rov

id
e

tw
o

ex
am

p
les

of
sto

ch
astic

p
ro

cesses
for

w
h

ich
th

is
con

d
ition

h
old

s.
T

h
ese

resu
lts,

an
d

th
eir

im
p

lication
s

for
m

easu
re

con
cen

tration
,

are
of

in
d

ep
en

d
en

t
in

terest.

W
e

a
p

p
ly

ou
r

P
A

C
-B

ay
es

b
ou

n
d

s
to

severa
l

com
m

on
learn

in
g

scen
arios,

in
clu

d
in

g
m

a
x-

m
a
rgin

a
n

d
so

ft-m
a
x

train
in

g
of

(con
d

ition
al)

M
ark

ov
ra

n
d

om
fi

eld
s.

T
o

d
em

o
n
strate

th
e

b
en

efi
t

of
lo

cal
stab

ility
an

aly
sis,

w
e

also
con

sid
er

a
sp

ecifi
c

g
en

erative
p

ro
cess

th
a
t

in
d

u
ces

u
n
b

ou
n

d
ed

stab
ility

in
certain

p
red

ictors,
giv

en
certain

in
p
u

ts.
T

h
ese

ex
am

p
les

su
ggest

several
factors

to
b

e
con

sid
ered

w
h

en
m

o
d

elin
g

stru
ctu

red
d

ata
,

in
o
rd

er
to

ob
tain

th
e

fa
st

gen
era

liza
tion

ra
te:

(1)
tem

p
latin

g
is

cru
cial;

(2)
th

e
n

o
rm

of
th

e
p

aram
eters

con
trib

u
tes

to
th

e
stab

ility
of

in
feren

ce,
an

d
sh

ou
ld

b
e

con
trolled

v
ia

regu
larization

;
a
n

d
(3

)
lim

itin
g
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S
t
a
b
il

it
y

a
n
d

G
e
n
e
r
a
l
iz

a
t
io

n
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic

t
io

n

lo
ca

l
in

te
ra

ct
io

n
s

in
th

e
m

o
d

el
ca

n
im

p
ro

ve
st

ab
il

it
y,

h
en

ce
,

ge
n

er
al

iz
at

io
n

.
A

ll
of

th
es

e
co

n
si

d
er

at
io

n
s

ca
n

b
e

su
m

m
ar

iz
ed

b
y

th
e

cl
as

si
c

te
n

si
on

b
et

w
ee

n
re

p
re

se
n
ta

ti
o
n

a
l

p
ow

er
an

d
ov

er
fi

tt
in

g,
ap

p
li

ed
to

th
e

st
ru

ct
u

re
d

se
tt

in
g.

M
os

t
im

p
or

ta
n
tl

y,
th

es
e

ex
a
m

p
le

s
co

n
fi

rm
th

at
ge

n
er

al
iz

at
io

n
fr

om
li

m
it

ed
tr

ai
n

in
g

ex
am

p
le

s
is

in
d

ee
d

p
os

si
b

le
fo

r
m

a
n
y

st
ru

ct
u

re
d

p
re

d
ic

ti
on

te
ch

n
iq

u
es

u
se

d
in

p
ra

ct
ic

e.

1
.3

O
rg

a
n

iz
a
ti

o
n

T
h

e
re

m
ai

n
d

er
of

th
is

p
ap

er
is

or
ga

n
iz

ed
as

fo
ll

ow
s.

S
ec

ti
on

2
in

tr
o
d

u
ce

s
th

e
n

ot
a
ti

on
u

se
d

th
ro

u
gh

ou
t

th
e

p
ap

er
an

d
re

v
ie

w
s

so
m

e
b

ac
k
gr

ou
n

d
in

st
ru

ct
u
re

d
p

re
d

ic
ti

o
n
,

te
m

p
la

te
d

M
ar

ko
v

ra
n

d
om

fi
el

d
s,

ge
n

er
al

iz
at

io
n

er
ro

r
an

d
P

A
C

-B
ay

es
ia

n
an

al
y
si

s.
In

S
ec

ti
o
n

3
,

w
e

p
ro

p
os

e
ge

n
er

al
p

ro
p

er
ti

es
th

at
ch

ar
ac

te
ri

ze
th

e
lo

ca
l

st
ab

il
it
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)

=
θ
c (x

;w
)·

y
c .

T
h
u

s,
w

ith

θ
(x

;w
),

(θ
c (x

;w
))
c∈C

a
n

d
ŷ
,

(y
c )
c∈C

,

w
e

h
ave

th
a
t

∑c∈C
θ
c (y
|x

;w
)

=
θ

(x
;w

)·
ŷ
.

W
e

refer
to

ŷ
a
s

th
e

fu
ll

rep
resen

ta
tio

n
of

y
.

T
h

e
can

on
ica

l
in

feren
ce

p
ro

b
lem

s
for

M
R

F
s

are
m

a
xim

u
m

a
po

sterio
ri

(M
A

P
)

in
feren

ce,
w

h
ich

co
m

p
u

tes
th

e
m

o
d

e
of

th
e

d
istrib

u
tion

,

a
rg

m
a
x

y∈Y
n

p
(Y

=
y
|X

=
x

;w
)
,

a
n

d
m

a
rgin

a
l

in
feren

ce,
w

h
ich

co
m

p
u

tes
th

e
m

arg
in

a
l

d
istrib

u
tio

n
o
f

a
su

b
set

o
f

th
e

va
ri-

a
b

les.
In

g
en

eral,
b

oth
ta

sk
s

are
in

tracta
b
le—

M
A

P
in

feren
ce

is
N

P
-h

a
rd

a
n

d
m

a
rg

in
a
l

in
feren

ce
is

#
P

-h
ard

(R
o
th

,
1
9
96

)—
th

o
u

g
h

th
ere

are
som

e
u

sefu
l

sp
ecia

l
ca

ses
fo

r
w

h
ich

in
feren

ce
is

tractab
le,

a
n

d
m

an
y

a
p

p
rox

im
a
tio

n
alg

o
rith

m
s

fo
r

th
e

gen
era

l
ca

se.
In

th
is

w
o
rk

,
w

e
a
ssu

m
e

th
at

an
effi

cien
t

(a
p

p
rox

im
ate)

in
feren

ce
a
lg

orith
m

is
g
iven

.

2
.2

.2
T

e
m

p
l
a
t
in

g

A
n

im
p

orta
n
t

p
ro

p
erty

of
th

e
a
b

ove
con

stru
ctio

n
is

th
a
t

th
e

sa
m

e
vecto

r
o
f

w
eig

h
ts,

w
,

is
u

sed
to

p
aram

eterize
all

o
f

th
e

p
o
ten

tia
l

fu
n

ctio
n

s.
O

n
e

co
u

ld
im

ag
in

e
th

a
t

w
con

ta
in

s
a

u
n

iq
u

e
su

b
v
ecto

r,
w
c ,

for
every

cliq
u

e.
H

ow
ever,

on
e

cou
ld

a
lso

b
in

th
e

cliq
u

es
b
y

a
set

o
f

tem
p
la

tes—
su

ch
a
s

sin
gleto

n
s

(n
o
d

es),
p

airs
(ed

g
es)

o
r

tria
n

gles
(h

y
p

ered
ges)—

th
en

u
se

th
e

sa
m

e
w

eigh
ts

for
ea

ch
tem

p
la

te.
T

h
is

tech
n

iq
u

e
is

a
ltern

ativ
ely

referred
to

as
tem

p
la

tin
g

o
r

pa
ra

m
eter-tyin

g.

W
ith

tem
p

la
tin

g
,

on
e

ca
n

d
efi

n
e

g
en

eral
in

d
u

ctiv
e

ru
les

to
rea

son
a
b

o
u

t
d

a
tasets

of
a
rb

itra
ry

size
an

d
stru

ctu
re.

B
eca

u
se

o
f

th
is

fl
ex

ib
ility,

tem
p

latin
g

is
u

sed
in

m
a
n
y

rela
tio

n
a
l

m
o
d

els,
su

ch
a
s

rela
tion

al
M

a
rk

ov
n

etw
o
rk

s
(T

a
skar

et
a
l.,

2
00

2
),

rela
tio

n
a
l

d
ep

en
d
en

cy
n

etw
o
rk

s
(N

ev
ille

an
d

J
en

sen
,
20

0
4),

an
d

M
a
rkov

lo
g
ic

n
etw

o
rk

s
(R

ich
a
rd

so
n

a
n

d
D

o
m

in
g
os,

2
0
06

).

A
tem

p
lated

m
o
d

el
im

p
licitly

a
ssu

m
es

th
a
t

a
ll

gro
u

n
d
in

gs
(i.e.,

in
sta

n
ces)

o
f

a
tem

-
p

la
te

sh
o
u

ld
b

e
m

o
d

eled
id

en
tica

lly,
m

ea
n
in

g
lo

ca
tio

n
w

ith
in

th
e

gra
p

h
is

irreleva
n
t.

A
n

on
-tem

p
lated

m
o
d

el
is

lo
catio

n
-aw

are
an

d
th

erefo
re

h
a
s

h
ig

h
er

rep
resen

ta
tio

n
a
l

p
ow

er.
H

ow
ever,

w
ith

o
u

t
tem

p
la

tin
g
,

th
e

d
im

en
sio

n
a
lity

o
f

w
sca

les
w

ith
th

e
n
u

m
b

er
o
f

cliq
u

es;
w

h
erea

s,
w

ith
tem

p
la

tin
g
,

th
e

d
im

en
sio

n
a
lity

o
f

w
is

con
sta

n
t.

T
h
u

s,
w

e
fi

n
d

th
e

cla
ssic

ten
sio

n
b

etw
een

rep
resen

tatio
n

a
l

p
ow

er
a
n
d

overfi
ttin

g
.

T
o

m
itig

a
te

overfi
ttin

g
,

o
n

e
m

u
st

restrict
m

o
d

el
co

m
p

lex
ity.

Y
et,

to
o

little
ex

p
ressiv

ity
w

ill
h

a
m

p
er

p
red

ictive
p

erfo
rm

a
n

ce.
T

h
is

con
sid

era
tio

n
is

critical
to

th
e

a
p

p
licatio

n
o
f

ou
r

g
en

era
liza

tio
n

b
ou

n
d

s.

In
p

ra
ctice,

tem
p

lated
m

o
d

els
ty

p
ica

lly
con

sist
o
f

u
n

ary
an

d
p

a
irw

ise
tem

p
la

tes.
W

e
refer

to
th

ese
a
s

p
a
irw

ise
m

o
d

els.
H

ig
h

er-ord
er

tem
p

la
tes

(i.e.,
cliq

u
es

o
f

th
ree

o
r

m
o
re)
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L
o
n
d
o
n
,

H
u
a
n
g

a
n
d

G
e
t
o
o
r

can
ca

p
tu

re
certain

in
d

u
ctive

ru
les

th
at

p
airw

ise
m

o
d

els
can

n
o
t.

F
or

ex
am

p
le,

for
a

b
in

ary
relation

r,
th

e
tra

n
sitive

closu
re
r(A

,B
)∧

r(B
,C

)
=⇒

r(A
,C

)
req

u
ires

triad
ic

tem
p

lates.
R

u
les

like
th

is
are

som
etim

es
u

sed
for

lin
k

p
red

iction
an

d
en

tity
resolu

tion
.

O
f

cou
rse,

th
is

a
d

d
ition

al
ex

p
ressiv

ity
com

es
at

a
cost,

as
w

ill
b

ecom
e

ap
p

aren
t

later.

2
.2

.3
D

e
f
in

in
g

t
h
e

P
o
t
e
n
t
ia

l
F

u
n
c
t
io

n
s

In
m

an
y

a
p

p
lica

tio
n

s
of

M
R

F
s,

th
e

p
oten

tials
are

d
efi

n
ed

as
m

u
ltilin

ear
fu

n
ction

s
o
f
(w
,x
,y

).
F

or
ex

a
m

p
le,

a
ssu

m
in

g
each

n
o
d

e
i

h
as

lo
cal

ob
servation

s
x
i ∈
X

an
d

lab
el
y
i ∈
Y

,
w

e
can

d
efi

n
e

a
vector

of
lo

cal
fea

tu
res,

f
i (x

,y
),

x
i ⊗

y
i ,

u
sin

g
th

e
K

ron
ecker

p
ro

d
u

ct
(sin

ce
y
i

is
a

stan
d

ard
b

asis
v
ecto

r).
S

im
ilarly,

fo
r

each
ed

ge
{
i,j}

∈
E

,
let

f
ij (x

,y
),

12

[
x
i

x
j ]⊗

(y
i ⊗

y
j ).

H
ere,

w
e

h
ave

d
efi

n
ed

th
e

ed
ge

featu
res

u
sin

g
a

con
caten

ation
of

th
e

lo
cal

ob
servation

s,
th

ou
g
h

th
is

n
eed

n
ot

b
e

th
e

case.
In

gen
eral,

th
e

ed
ge

featu
res

can
b

e
a
rb

itrary
fu

n
c-

tion
s

of
th

e
ob

servation
s,

su
ch

as
kern

els
or

sim
ilarity

fu
n

ction
s.

O
r,

w
e

cou
ld

esch
ew

th
e

ob
servation

s
altog

eth
er

an
d

ju
st

u
se
y
i ⊗

y
j ,

w
h

ich
is

ty
p

ical
in

p
ractice.

T
h

e
p

oten
tial

fu
n

ction
s

are
th

en
d

efi
n

ed
as

w
eigh

ted
featu

re
fu

n
ction

s.
F

or
th

e
fo

llow
in

g,
w

e
w

ill
a
ssu

m
e

th
at

th
e

w
eigh

ts
are

tem
p

lated
,

as
d

escrib
ed

in
S

ection
2.2.2.

F
or

ea
ch

n
o
d

e,
w

e
asso

cia
te

a
set

of
sin

gleton
w

eigh
ts,

w
s ∈

R
d
s,

an
d

for
each

ed
ge,

a
set

of
p

airw
ise

w
eigh

ts,
w
p
∈

R
d
p,

w
h

ere
d
s

an
d
d
p

d
en

ote
th

e
resp

ective
len

gth
s

o
f

th
e

n
o
d

e
an

d
ed

ge
fea

tu
res.

T
h

en
,

θ
i (y
|x

;w
),

w
s ·f

i (x
,y

)
a
n

d
θ
ij (y
|x

;w
),

w
p ·f

ij (x
,y

);

an
d

,
w

ith

w
,
[
w
s

w
p ]

an
d

f(x
,y

),
[
∑

i∈V
f
i (x

,y
)

∑
{
i,j}∈E

f
ij (x

,y
) ]
,

w
e

h
ave

th
at

θ
(x

;w
)·ŷ

=
w
·f(x

,y
).

In
S

ectio
n

6,
w

e
ap

p
ly

ou
r

gen
eralization

b
ou

n
d

s
to

th
e

a
b

ov
e

con
stru

ction
of

a
tem

-
p

lated
M

R
F

,
con

sistin
g

of
sin

gleton
an

d
p
airw

ise
lin

ear
p

o
ten

tials
(w

ith
or

w
ith

ou
t

ed
ge

featu
res).

2
.3

L
e
a
rn

in
g

a
n

d
G

e
n

e
ra

liz
a
tio

n

G
iven

a
set

of
m

train
in

g
ex

am
p

les,
Ẑ

,
(Z

(l))
ml=

1 ,
d

raw
n

in
d

ep
en

d
en

tly
an

d
id

en
tically

fro
m

D
,

th
e

g
oal

of
learn

in
g

is
to

p
ro

d
u

ce
a

h
y
p

oth
esis

from
a

sp
ecifi

ed
class,

d
en

oted
H
⊆
{
h

:X
n
→
Y
n}

.
W

e
d

o
n

ot
assu

m
e

th
at

th
e

d
ata

is
g
en

erated
acco

rd
in

g
to

som
e

targ
et

con
cep

t
in
H

,
so
H

m
ay

b
e

m
issp

ecifi
ed

.

H
y
p

oth
eses

are
evalu

ated
u

sin
g

a
lo

ss
fu

n
ctio

n
of

th
e

form
L

:H
×
Z
n
→

R
+

,
w

h
ich

m
ay

h
ave

a
ccess

to
th

e
in

tern
al

rep
resen

tation
of

th
e

h
y
p

oth
esis.

F
o
r

a
giv

en
loss

fu
n

ction
,
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S
t
a
b
il

it
y

a
n
d

G
e
n
e
r
a
l
iz

a
t
io

n
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic

t
io

n

L
,

le
t
L

(h
)
,

E Z
∼
D

[L
(h
,Z

)]
d

en
ot

e
th

e
ex

p
ec

te
d

lo
ss

ov
er

re
al

iz
at

io
n

s
of

a
n

ex
am

p
le

.
T

h
is

q
u

an
ti

ty
,

k
n

ow
n

as
th

e
ri

sk
,

co
rr

es
p

on
d

s
to

th
e

er
ro

r
h

w
il

l
in

cu
r

on
fu

tu
re

p
re

d
ic

ti
on

s.
L

et

L̂
(h
,Ẑ

)
,

1 m

m ∑ l=
1

L
(h
,Z

(l
) )

d
en

ot
e

th
e

av
er

ag
e

lo
ss

on
th

e
tr

ai
n

in
g

se
t,

Ẑ
.

M
os

t
le

ar
n

in
g

al
go

ri
th

m
s

m
in

im
iz

e
(a

n
u

p
p

er
b

ou
n

d
on

)
L̂

(h
,Ẑ

),
si

n
ce

it
is

an
em

p
ir

ic
a
l

es
ti

m
at

e
of

th
e

ri
sk

.
T

h
e

go
al

of
ou

r
an

al
y
si

s
is

to
u

p
p

er
-b

ou
n

d
th

e
d

iff
er

en
ce

of
th

e
ex

p
ec

te
d

an
d

em
p

ir
ic

al
ri

sk
s,
L

(h
)
−
L̂

(h
,Ẑ

)—
w

h
ic

h
w

e
re

fe
r

to
as

th
e

ge
n

er
a
li

za
ti

o
n

er
ro

r
3
—

th
er

eb
y

y
ie

ld
in

g
an

u
p
p

er
b

ou
n
d

on
th

e
ri

sk
.

A
s

is
ty

p
ic

al
ly

d
on

e
in

ge
n
er

al
iz

at
io

n
a
n

a
ly

si
s,

w
e

sh
ow

th
at

,
w

it
h

h
ig

h
p

ro
b

ab
il

it
y

ov
er

d
ra

w
s

of
a

tr
ai

n
in

g
se

t,
th

e
ge

n
er

al
iz

at
io

n
er

ro
r

is
u
p

p
er

-
b

ou
n

d
ed

b
y

a
fu

n
ct

io
n

of
ce

rt
ai

n
p

ro
p

er
ti

es
of

th
e

d
om

ai
n

,
h
y
p

ot
h

es
is

cl
a
ss

a
n

d
le

ar
n

in
g

al
go

ri
th

m
,

w
h

ic
h

d
ec

re
as

es
as

th
e

(e
ff

ec
ti

ve
)

si
ze

of
th

e
tr

ai
n
in

g
se

t
in

cr
ea

se
s.

N
o
te

th
at

sm
al

l
ge

n
er

al
iz

at
io

n
er

ro
r

d
o
es

n
ot

n
ec

es
sa

ri
ly

im
p

ly
sm

al
l
ri

sk
,

si
n

ce
th

e
em

p
ir

ic
a
l
ri

sk
m

ay
b

e
la

rg
e.

N
on

et
h

el
es

s,
sm

al
l

ge
n
er

al
iz

at
io

n
er

ro
r

im
p

li
es

th
at

th
e

em
p

ir
ic

a
l

ri
sk

w
il

l
b

e
a

go
o
d

es
ti

m
at

e
of

th
e

ri
sk

,
th

u
s

m
ot

iv
at

in
g

em
p

ir
ic

al
ri

sk
m

in
im

iz
at

io
n

.

2
.3

.1
P

A
C

-B
a
y
e
s

P
A

C
-B

ay
es

is
a

fr
am

ew
or

k
fo

r
an

al
y
zi

n
g

th
e

ri
sk

of
a

ra
n

d
om

iz
ed

p
re

d
ic

to
r.

O
n

e
b

eg
in

s
b
y

fi
x
in

g
a

p
ri

o
r

d
is

tr
ib

u
ti

on
,
P,

on
th

e
h
y
p

ot
h

es
is

sp
ac

e,
H

.
T

h
en

,
gi

ve
n

so
m

e
tr

a
in

in
g

d
a
ta

,
on

e
co

n
st

ru
ct

s
a

po
st

er
io

r
d

is
tr

ib
u

ti
on

,
Q

,
th

e
p

ar
am

et
er

s
of

w
h

ic
h

ar
e

ty
p

ic
a
ll

y
le

a
rn

ed
fr

om
th

e
tr

ai
n

in
g

d
at

a.
F

or
ex

am
p

le
,

w
h

en
H

is
a

su
b

se
t

of
E

u
cl

id
ea

n
sp

a
ce

,
a

co
m

m
on

P
A

C
-B

ay
es

ia
n

co
n
st

ru
ct

io
n

is
a

st
an

d
ar

d
m

u
lt

iv
ar

ia
te

G
au

ss
ia

n
p

ri
or

w
it

h
a
n

is
o
tr

op
ic

G
au

ss
ia

n
p

os
te

ri
or

,
ce

n
te

re
d

at
th

e
le

ar
n

ed
h
y
p

ot
h

es
is

.
T

o
m

ak
e

a
p
re

d
ic

ti
on

o
n

a
n

in
p

u
t,

x
,

on
e

d
ra

w
s

a
h
y
p

ot
h

es
is

,
h
∈
H

,
ac

co
rd

in
g

to
Q

,
th

en
co

m
p

u
te

s
h

(x
).

S
in

ce
p

re
d

ic
ti

on
is

ra
n

d
om

iz
ed

,
th

e
ri

sk
q
u

an
ti

ti
es

ar
e

d
efi

n
ed

ov
er

d
ra

w
s

o
f
h

,
w

h
ic

h
w

e
d

en
ot

e
b
y

L̂
(Q
,Ẑ

)
,

E
h
∼
Q

[ L̂
(h
,Ẑ

)]
an

d
L

(Q
)
,

E
h
∼
Q

[ L
(h

)]
.

T
h

e
go

al
of

P
A

C
-B

ay
es

ia
n

an
al

y
si

s
is

to
u

p
p

er
-b

ou
n

d
so

m
e

m
ea

su
re

of
d

is
cr

ep
a
n

cy
b

et
w

ee
n

th
es

e
q
u

an
ti

ti
es

.
T

h
e

d
is

cr
ep

an
cy

is
so

m
et

im
es

d
efi

n
ed

as
th

e
K

L
d

iv
er

ge
n

ce
b

et
w

ee
n

er
ro

r
ra

te
s,

or
th

e
sq

u
ar

ed
d

iff
er

en
ce

.
In

th
is

w
or

k
,
w

e
u

p
p

er
-b

ou
n

d
th

e
d

iff
er

en
ce

,
L

(Q
)−
L̂

(Q
,Ẑ

),
w

h
ic

h
is

th
e

P
A

C
-B

ay
es

ia
n

an
al

og
of

th
e

ge
n

er
al

iz
a
ti

on
er

ro
r.

3
.
S
ta
b
il
it
y

A
ke

y
co

m
p

on
en

t
of

ou
r

an
al

y
si

s
is

th
e

st
a
bi

li
ty

of
th

e
lo

ss
fu

n
ct

io
n

.
In

th
is

se
ct

io
n

,
w

e
in

tr
o
d

u
ce

so
m

e
d

efi
n

it
io

n
s

of
st

ab
il

it
y

an
d

re
la

te
th

em
to

ot
h

er
fo

rm
s

fo
u

n
d

in
th

e
li

te
ra

tu
re

.
B

ro
ad

ly
sp

ea
k
in

g,
st

ab
il

it
y

en
su

re
s

th
at

ch
an

ge
s

to
th

e
in

p
u

t
re

su
lt

in
p

ro
p

o
rt

io
n

a
l

ch
a
n

g
es

in
th

e
ou

tp
u

t.
In

st
ru

ct
u

re
d

p
re

d
ic

ti
on

,
w

h
er

e
in

fe
re

n
ce

is
ty

p
ic

al
ly

a
gl

o
b

a
l

o
p

ti
m

iz
at

io
n

ov
er

m
an

y
in

te
rd

ep
en

d
en

t
va

ri
ab

le
s,

ch
an

gi
n

g
an

y
si

n
gl

e
ob

se
rv

at
io

n
m

ay
aff

ec
t

m
a
n
y

of
th

e
in

fe
rr

ed
va

lu
es

.
T

h
e

st
ru

ct
u

re
d

lo
ss

fu
n

ct
io

n
s

w
e

co
n

si
d

er
im

p
li

ci
tl

y
re

q
u

ir
e

so
m

e
fo

rm

3
.

O
u
r

d
efi

n
it

io
n

o
f

g
en

er
a
li
za

ti
o
n

er
ro

r
d
iff

er
s

fr
o
m

so
m

e
li
te

ra
tu

re
,

in
w

h
ic

h
th

e
te

rm
is

u
se

d
to

re
fe

r
to

th
e

ex
p

ec
te

d
lo

ss
.
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L
o
n
d
o
n
,

H
u
a
n
g

a
n
d

G
e
t
o
o
r

of
jo

in
t

in
fe

re
n

ce
;

th
er

ef
o
re

,
th

ei
r

st
a
b

il
it

y
is

n
o
n
tr

iv
ia

l.
In

th
is

ch
a
p

te
r,

w
e

in
tr

o
d

u
ce

so
m

e
d

efi
n

it
io

n
s

o
f

st
ab

il
it

y
a
n

d
re

la
te

th
em

to
o
th

er
fo

rm
s

fo
u

n
d

in
th

e
li

te
ra

tu
re

.

T
h

e
fo

ll
ow

in
g

d
efi

n
it

io
n

s
w

il
l
m

a
ke

u
se

o
f

th
e

H
a
m

m
in

g
d
is

ta
n

ce
.

F
or

ve
ct

or
s

z
,z
′ ∈
Z
n
,

d
en

ot
e

th
ei

r
H

am
m

in
g

d
is

ta
n

ce
b
y

D
h
(z
,z
′ )
,

n ∑ i=
1

1
{z
i
6=
z
′ i}
.

3
.1

U
n

if
o
rm

a
n

d
L

o
c
a
l

S
ta

b
il

it
y

T
h

ro
u

gh
ou

t
th

is
se

ct
io

n
,
le

t
F

,
{ϕ

:
Z
n
→

R
}d

en
ot

e
a
n

ar
b

it
ra

ry
cl

a
ss

of
fu

n
ct

io
n

al
s;

e.
g.

,
F

co
u

ld
b

e
a

st
ru

ct
u

re
d

lo
ss

fu
n

ct
io

n
co

m
p

os
ed

w
it

h
a

cl
a
ss

o
f

h
y
p

o
th

es
es

.
T

h
e

d
efi

n
it

io
n

s
in

th
is

se
ct

io
n

d
es

cr
ib

e
n

ot
io

n
s

of
st

a
b

il
it

y
th

at
h

ol
d

ei
th

er
u

n
if

o
rm

ly
ov

er
th

e
d

o
m

ai
n

o
f

F
(f

or
ea

ch
ϕ
∈
F

),
or

lo
ca

ll
y

ov
er

so
m

e
su

b
se

t
o
f

th
e

d
o
m

a
in

(f
o
r

so
m

e
su

b
se

t
of
F

).

D
e
fi

n
it

io
n

1
.

W
e

sa
y

th
a
t

a
fu

n
ct

io
n
ϕ
∈
F

is
β

-u
n

if
o
rm

ly
st

a
bl

e
if

,
fo

r
a
n
y

in
p

u
ts

z
,z
′ ∈
Z
n
,

∣ ∣ ϕ
(z

)
−
ϕ

(z
′ )
∣ ∣ ≤

β
D

h
(z
,z
′ )
.

(1
)

S
im

il
a
rl

y,
th

e
cl

a
ss
F

is
β

-u
n

if
or

m
ly

st
a
b

le
if

ev
er

y
ϕ
∈
F

is
β

-u
n

if
o
rm

ly
st

a
b

le
.

E
q
u

at
io

n
1

m
ea

n
s

th
a
t

th
e

ch
a
n

g
e

in
th

e
o
u

tp
u

t
sh

o
u

ld
b

e
p

ro
p

o
rt

io
n

a
l

to
th

e
H

am
m

in
g

d
is

ta
n

ce
b

et
w

ee
n

th
e

in
p

u
ts

.
P

u
t

d
iff

er
en

tl
y,

a
u

n
if

or
m

ly
st

a
b

le
fu

n
ct

io
n

is
L

ip
sc

h
it

z
u

n
d

er
th

e
H

am
m

in
g

n
or

m
.

U
n

if
or

m
st

a
b

il
it

y
ov

er
th

e
en

ti
re

d
o
m

ai
n

ca
n

b
e

a
st

ro
n

g
re

q
u

ir
em

en
t.

S
o
m

et
im

es
,

st
ab

il
it

y
on

ly
h
o
ld

s
fo

r
a

ce
rt

a
in

su
b

se
t

o
f

in
p

u
ts

,
su

ch
a
s

p
o
in

ts
co

n
ta

in
ed

in
a

E
u

cl
id

ea
n

b
al

l
of

a
ce

rt
ai

n
ra

d
iu

s.
W

e
re

fe
r

to
th

e
se

t
o
f

in
p

u
ts

fo
r

w
h

ic
h

st
ab

il
it

y
h

o
ld

s
a
s

th
e

“
g
o
o
d

”
se

t;
al

l
ot

h
er

in
p

u
ts

ar
e

“
b

a
d

.”
T

h
e

p
re

ci
se

m
ea

n
in

g
o
f

go
o
d

a
n

d
b

a
d

d
ep

en
d

s
on

th
e

h
y
p

o
th

es
is

cl
as

s.
G

iv
en

so
m

e
d

el
in

ea
ti

o
n

o
f

g
o
o
d

a
n

d
b

a
d

,
w

e
o
b

ta
in

th
e

fo
ll

ow
in

g
lo

ca
li

ze
d

n
ot

io
n

o
f

st
a
b

il
it

y.

D
e
fi

n
it

io
n

2
.

F
or

a
su

b
se

t
B Z
⊆
Z
n
,

w
e

sa
y

th
a
t

a
fu

n
ct

io
n
ϕ
∈
F

is
(β
,B
Z

)-
lo

ca
ll

y
st

a
bl

e
if

E
q
u

at
io

n
1

h
ol

d
s

fo
r

a
ll

z
,z
′
/∈
B Z

.
T

h
e

cl
a
ss
F

is
(β
,B
Z

)-
lo

ca
ll

y
st

ab
le

if
ev

er
y
ϕ
∈
F

is
(β
,B
Z

)-
lo

ca
ll

y
st

a
b

le
.

D
efi

n
it

io
n

2
h

as
a
n

al
te

rn
a
te

p
ro

b
ab

il
is

ti
c

in
te

rp
re

ta
ti

o
n

.
If

D
is

a
d
is

tr
ib

u
ti

o
n

o
n
Z
n
,

th
en

E
q
u

at
io

n
1

h
o
ld

s
w

it
h

so
m

e
p

ro
b

ab
il

it
y

ov
er

d
ra

w
s

o
f

z
,z
′
∼

D
.

If
th

e
b

ad
se

t
B Z

h
a
s

m
ea

su
re

D
(B
Z

)
≤
ν

,
th

en
(β
,B
Z

)-
lo

ca
l

st
a
b

il
it

y
is

si
m

il
a
r

to
,

th
ou

gh
sl

ig
h
tl

y
w

ea
ke

r
th

an
,

th
e

st
ro

n
gl

y
d
iff

er
en

ce
-b

o
u

n
d
ed

p
ro

p
er

ty
p

ro
p

o
se

d
b
y

K
u

ti
n

(2
0
02

).
If
ϕ

is
st

ro
n

gl
y

d
iff

er
en

ce
-b

ou
n

d
ed

,
th

en
E

q
u

a
ti

o
n

1
m

u
st

h
o
ld

fo
r

a
n
y

z
/∈
B Z

an
d

z
′
∈
Z
n

(w
h

ic
h

co
u

ld
b

e
in
B Z

).
A

ll
fu

n
ct

io
n

s
th

a
t

a
re

st
ro

n
g
ly

d
iff

er
en

ce
-b

ou
n

d
ed

ar
e

lo
ca

ll
y

st
a
b

le
,

b
u

t
th

e
co

n
ve

rs
e

is
n

ot
tr

u
e.

T
h

e
n

ot
io

n
of

p
ro

b
a
b

il
is

ti
c

st
ab

il
it

y
ca

n
b

e
ex

te
n

d
ed

to
d

is
tr

ib
u

ti
on

s
o
n

th
e

fu
n

ct
io

n
cl

a
ss

.
F

or
an

y
st

ab
il

it
y

p
ar

am
et

er
β

(a
n

d
b

a
d

in
p

u
ts
B Z

),
th

e
fu

n
ct

io
n

cl
a
ss

is
p

a
rt

it
io

n
ed

in
to

fu
n

ct
io

n
s

th
at

sa
ti

sf
y

E
q
u

at
io

n
1
,
a
n

d
th

o
se

th
a
t

d
o

n
o
t.

T
h

er
ef

or
e,

fo
r

a
n
y

d
is

tr
ib

u
ti

on
Q

o
n
F

,
u

n
if

or
m

(o
r

lo
ca

l)
st

ab
il

it
y

h
o
ld

s
w

it
h

so
m

e
p

ro
b
a
b

il
it

y
ov

er
d

ra
w

s
of
ϕ
∼

Q
.

T
h

is
id

ea
m

ot
iv

at
es

th
e

fo
ll

ow
in

g
d

efi
n

it
io

n
.
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S
t
a
b
il

it
y

a
n
d

G
e
n
e
r
a
l
iz

a
t
io

n
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic

t
io

n

D
e
fi

n
itio

n
3
.

F
ix

so
m

e
β
≥

0
a
n

d
B
Z
⊆
Z
n
,
a
n

d
letB

F
⊆
F

d
en

o
te

th
e

su
b

set
o
f

fu
n

ctio
n

s
th

at
a
re

n
ot

(β
,B
Z

)-lo
cally

stab
le.

W
e

say
th

a
t

a
d

istrib
u

tio
n
Q

on
F

is
(β
,B
Z
,η

)-loca
lly

sta
ble

ifQ
(B
F

)≤
η
.

N
o
te

th
e

ta
x
o
n

o
m

ical
rela

tion
sh

ip
b

etw
een

th
ese

d
efi

n
itio

n
s.

D
efi

n
itio

n
1

is
th

e
stro

n
g
est

co
n

d
itio

n
,

sin
ce

it
im

p
lies

D
efi

n
ition

s
2

a
n

d
3.

C
lea

rly,
ifF

is
β

-u
n

ifo
rm

ly
sta

b
le,

th
en

it
is

(β
,∅

)-lo
ca

lly
a
n

d
(β
,∅
,0)-lo

cally
sta

b
le.

D
efi

n
itio

n
2

ex
ten

d
s

D
efi

n
ition

1
b
y

a
ccom

m
o
d

at-
in

g
b

ro
ad

er
d

o
m

a
in

s.
D

efi
n

ition
3

ex
ten

d
s

th
is

even
fu

rth
er,

b
y

a
cco

m
m

o
d

a
tin

g
cla

sses
in

w
h

ich
o
n
ly

so
m

e
fu

n
ctio

n
s

sa
tisfy

lo
ca

l
sta

b
ility.

D
efi

n
itio

n
3

is
p

a
rticu

la
rly

in
terestin

g
in

th
e

P
A

C
-B

ayes
fra

m
ew

o
rk

,
in

w
h

ich
a

p
red

icto
r

is
selected

at
ran

d
om

acco
rd

in
g

to
a

(lea
rn

ed
)

p
o
sterio

r
d

istrib
u

tion
.

W
ith

p
rio

r
k
n

ow
led

g
e

o
f

th
e

h
y
p

oth
esis

class
(an

d
d
ata

d
istrib

u
tion

),
a

p
osterio

r
ca

n
b

e
co

n
stru

cted
so

a
s

to
p

la
ce

low
m

a
ss

on
p

red
icto

rs
th

a
t

d
o

n
o
t

sa
tisfy

u
n

ifo
rm

o
r

lo
ca

l
sta

b
ility.

A
s

w
e

sh
ow

in
S

ectio
n

6
,

th
is

tech
n

iq
u

e
lets

u
s

rela
x

certa
in

restrictio
n

s
o
n

th
e

h
y
p

oth
esis

class.
S

ta
b

ility
m

easu
res

th
e

ch
an

ge
in

th
e

o
u

tp
u

t
rela

tive
to

th
e

ch
an

g
e

in
th

e
in

p
u

ts.
A

rela
ted

p
rop

erty
is

th
a
t

th
e

ch
an

ge
in

th
e

o
u

tp
u

t
is

b
o
u

n
d

ed
—

i.e.,
th

e
fu

n
ctio

n
h

as
b

o
u

n
d

ed
ra

n
g
e.

D
e
fi

n
itio

n
4
.

W
e

say
th

a
t
ϕ
∈
F

is
α

-u
n

ifo
rm

ly
ra

n
ge-bo

u
n

d
ed

if,
fo

r
an

y
z
,z ′∈

Z
n
,

∣∣ϕ
(z

)−
ϕ

(z ′) ∣∣≤
α
.

R
an

g
e-b

ou
n

d
ed

n
ess

is
im

p
lied

b
y

stab
ility,

b
u

t
th

e
ra

n
ge

con
sta

n
t,
α

,
m

ay
b

e
sm

a
ller

th
an

th
e

u
p

p
er

b
o
u

n
d

im
p

lied
b
y

sta
b

ility.
O

u
r

a
n
a
ly

sis
u

ses
ra

n
g
e-b

o
u

n
d

ed
n

ess
a
s

a
fa

ll-b
a
ck

p
ro

p
erty

w
h

en
“g

o
o
d

”
stab

ility
d

o
es

n
ot

h
o
ld

.

3
.2

C
o
n

n
e
c
tio

n
s

to
O

th
e
r

N
o
tio

n
s

o
f

S
ta

b
ility

In
th

e
lea

rn
in

g
th

eory
litera

tu
re,

th
e

w
o
rd

“
sta

b
ility

”
h

a
s

tra
d

itio
n

a
lly

b
een

a
sso

ciated
w

ith
a

lea
rn

in
g

alg
orith

m
,

rath
er

th
a
n

an
in

feren
ce

a
lg

o
rith

m
.

A
lea

rn
in

g
a
lgo

rith
m

is
sa

id
to

b
e

sta
b

le
w

ith
resp

ect
to

a
lo

ss
fu

n
ction

if
th

e
lo

ss
of

a
lea

rn
ed

h
y
p

o
th

esis
varies

b
y

a
b

o
u

n
d

ed
a
m

o
u

n
t

u
p

o
n

rep
lacin

g
(o

r
d

eletin
g)

ex
a
m

p
les

from
th

e
tra

in
in

g
set.

T
h

is
p

ro
p

erty
h

a
s

b
een

u
sed

to
d

erive
gen

eralizatio
n

b
o
u

n
d

s
(e.g

.,
B

ou
sq

u
et

a
n

d
E

lisseeff
,

20
0
2
),

sim
ila

r
to

th
e

w
ay

w
e

u
se

sta
b

ility
o
f

in
feren

ce.
T

h
e

key
id

ea
is

th
at

sta
b

ility
en

a
b

les
con

cen
tra

tio
n

o
f

m
ea

su
re,

w
h
ich

is
cen

tra
l

to
g
en

eraliza
tio

n
.

T
h

a
t

sa
id

,
lea

rn
in

g
sta

b
ility

is
d

istin
ct

from
in

feren
ce

sta
b

ility,
an

d
n

eith
er

p
ro

p
erty

im
p

lies
th

e
oth

er.
In

d
eed

,
a

learn
in

g
a
lgo

rith
m

m
ig

h
t

retu
rn

h
y
p

o
th

eses
w

ith
d

rastically
d

iff
eren

t
losses

fo
r

slig
h
tly

d
iff

eren
t

tra
in

in
g

sets,
even

if
ea

ch
h
y
p

o
th

esis,
co

m
p

osed
w

ith
th

e
loss

fu
n

ctio
n

,
is

u
n

ifo
rm

ly
stab

le.
L

ikew
ise,

a
sta

b
le

lea
rn

in
g

a
lgo

rith
m

m
ig

h
t

p
ro

d
u

ce
h
y
p

o
th

eses
w

ith
u

n
sta

b
le

lo
ss.

O
u

r
d

efi
n

itio
n

o
f

sta
b

ility
sh

o
u

ld
also

b
e

co
n
trasted

w
ith

sen
sitivity

a
n

a
lysis.

S
in

ce
th

e
term

s
a
re

o
ften

u
sed

in
terch

a
n

g
ea

b
ly,

w
e

d
istin

gu
ish

th
e

tw
o

a
s

fo
llow

s:
sta

b
ility

m
ea

su
res

th
e

am
o
u

n
t

o
f

ch
a
n

g
e

in
d

u
ced

in
th

e
o
u

tp
u

t
o
f

a
fu

n
ctio

n
u

p
on

p
ertu

rb
in

g
its

in
p

u
t

w
ith

in
a

certa
in

ra
n

g
e,

an
d

sen
sitiv

ity
a
n

a
ly

sis
m

ea
su

res
th

e
a
m

o
u

n
t

o
f

p
ertu

rb
a
tio

n
on

e
ca

n
a
p
p

ly
to

th
e

in
p
u

t
su

ch
th

a
t

its
ou

tp
u

t
rem

a
in

s
w

ith
in

a
certa

in
ra

n
ge.

B
y

th
ese

d
efi

n
itio

n
s,

o
n

e
is

th
e

d
u
a
l

of
th

e
o
th

er.
In

th
e

con
tex

t
of

p
ro

b
ab

ilistic
in

feren
ce,

sen
sitiv

ity
a
n

aly
sis

h
as

b
een

u
sed

to
d

eterm
in

e
th

e
m

a
x
im

u
m

a
m

o
u

n
t

on
e

can
p

ertu
rb

th
e

m
o
d

el
p

ara
m

eters
(o

r
ev

id
en

ce)
su

ch
th

at
th

e
likelih

o
o
d

o
f

a
q
u

ery
stay

s
w

ith
in

a
g
iven

to
lera

n
ce,

o
r

su
ch

th
a
t
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L
o
n
d
o
n
,

H
u
a
n
g

a
n
d

G
e
t
o
o
r

th
e

m
ost

likely
assign

m
en

t
d

o
es

n
ot

ch
an

ge
(C

h
an

an
d

D
arw

ich
e,

2005,
200

6).
S

tab
ility

m
easu

res
h
o
w

m
u

ch
th

e
likelih

o
o
d

or
m

ost
likely

assign
m

en
t

ch
an

ges.

O
u

r
fi

rst
gen

eralization
b

ou
n

d
s

for
stru

ctu
red

p
red

iction
(L

o
n

d
on

et
al.,

2013)
cru

cially
relied

on
a

p
rop

erty
w

e
referred

to
as

u
n

ifo
rm

co
llective

sta
bility.

A
class

of
vecto

r-valu
ed

fu
n

ction
s,G

,
{
g

:Z
n
→

R
N }

,
h

as
β

-u
n

ifo
rm

co
llective

sta
bility

if,
for

an
y
g
∈
G

,
an

d
an

y
z
,z ′∈

Z
n
,

∥∥
g
(z

)−
g
(z ′) ∥∥

1 ≤
β
D

h (z
,z ′).

W
e

later
relax

ed
th

is
req

u
irem

en
t

to
variou

s
n

on
-u

n
iform

d
efi

n
ition

s
of

collective
sta

b
ility

(L
o
n

d
on

et
al.,

2014).
B

ecau
se

collective
stab

ility
im

p
licitly

in
volv

es
th

e
m

ax
im

izin
g

a
rgu

-
m

en
t

of
a

h
igh

-d
im

en
sion

al
glob

al
op

tim
ization

(i.e.,
a

v
ector

of
p

red
iction

s),
w

e
restricted

o
u

r
p

rev
iou

s
an

aly
ses

to
p

red
ictors

w
ith

stron
gly

con
vex

in
feren

ce
ob

jectiv
es.

S
tron

g
con

-
vex

ity
let

u
s

b
ou

n
d

th
e

collectiv
e

stab
ility

of
a

p
red

ictor,
h

en
ce,

th
e

stab
ility

of
its

o
u

tp
u

t
co

m
p

osed
w

ith
an

a
d
m

issible
4

loss
fu

n
ction

.
O

u
r

n
ew

d
efi

n
ition

s
in

volv
e

th
e

o
u

tp
u

t
of

a
fu

n
ctio

n
a
l

(i.e.,
a

scalar-valu
ed

fu
n

ction
of

m
u

ltip
le

in
p
u

ts),
w

h
ich

essen
tially

m
ean

s
th

a
t

w
e

a
re

in
terested

in
th

e
stab

ility
of

th
e

loss,
in

stead
of

th
e

collective
stab

ility
of

th
e

p
red

iction
s.

In
o
u

r
n

ew
an

aly
sis,

th
e

loss
fu

n
ction

h
as

access
to

th
e

m
o
d

el
an

d
m

ay
u

se
it

for
in

feren
ce.

H
ow

ever,
th

e
loss

fu
n

ction
m

ay
n

ot
req

u
ire

th
e

sam
e

in
feren

ce
u

sed
for

p
red

iction
.

(F
or

ex
a
m

p
le,

th
e

lo
sses

con
sid

ered
in

S
ection

6
u

se
th

e
m

ax
im

u
m

of
th

e
in

feren
ce

ob
jective

in
stead

of
th

e
m

ax
im

izin
g

argu
m

en
t.)

T
h

is
fram

ew
ork

lets
u

s
an

aly
ze

a
b

road
ra

n
ge

of
stru

ctu
red

losses,
w

ith
ou

t
req

u
irin

g
stron

gly
con

vex
in

feren
ce.

F
u
rth

er,
it

can
b

e
sh

ow
n

th
at

a
n
y

p
red

ictor
w

ith
“go

o
d

”
collective

stab
ility

(su
ch

as
on

e
w

ith
a

stron
gly

con
vex

in
-

feren
ce

ob
jective),

com
p

osed
w

ith
an

ad
m

issib
le

loss
fu

n
ction

,
satisfi

es
ou

r
n

ew
d

efi
n

ition
s

o
f

stab
ility.

T
h

erefore,
ou

r
n

ew
d

efi
n

itio
n

s
are

strictly
m

ore
gen

eral
th

an
collective

stab
ility.

4
.
S
ta
tistica

l
T
o
o
ls

R
easo

n
in

g
ab

ou
t

th
e

con
cen

tration
of

fu
n

ction
s

of
d

ep
en

d
en

t
ran

d
om

variab
les

req
u

ires
so

p
h

istica
ted

statistical
m

ach
in

ery.
In

th
is

section
,

w
e

rev
iew

som
e

su
p

p
ortin

g
d

efi
n

ition
s

a
n

d
in

tro
d

u
ce

a
q
u

an
tity

to
su

m
m

arize
th

e
am

ou
n
t

of
d

ep
en

d
en

ce
in

th
e

d
a
ta

d
istrib

u
tion

.
W

e
u
se

th
is

q
u

an
tity

in
a

n
ew

m
om

en
t-gen

eratin
g

fu
n

ctio
n

in
eq

u
a
lity

for
lo

cally
stab

le
fu

n
ctio

n
s

o
f

d
ep

en
d

en
t

ran
d

om
variab

les.
W

e
th

en
p

rov
id

e
som

e
ex

am
p

le
con

d
ition

s
u

n
d

er
w

h
ich

d
ep

en
d

en
ce

is
su

itab
ly

b
ou

n
d

ed
,
th

ereb
y

su
p

p
ortin

g
im

p
roved

gen
eralization

b
ou

n
d

s.

4
.1

Q
u

a
n
tify

in
g

D
e
p

e
n

d
e
n

c
e

F
o
r

p
rob

ab
ility

m
easu

res
P

an
d
Q

on
a
σ

-algeb
ra

(i.e.,
ev

en
t

sp
ace)

Σ
,

th
e

to
ta

l
va

ria
tio

n
d
ista

n
ce

is

‖P
−
Q
‖

t
v
,

su
p

A
∈

Σ |P
(A

)−
Q

(A
)|.

A
s

a
sp

ecial
case,

w
h

en
th

e
sam

p
le

sp
ace,

Ω
,

is
fi

n
ite,

‖P
−
Q
‖

t
v

=
12

∑ω∈
Ω |P

(ω
)−

Q
(ω

)|.

4
.

S
ee

(L
o
n
d
o
n

et
a
l.,

2
0
1
3
,

2
0
1
4
)

fo
r

a
p
recise

d
efi

n
itio

n
o
f

lo
ss

a
d
m

issib
ility.
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S
t
a
b
il

it
y

a
n
d

G
e
n
e
r
a
l
iz

a
t
io

n
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic

t
io

n

L
et
π

b
e

a
p

er
m

u
ta

ti
on

of
[n

]
,
{1
,.
..
,n
},

w
h

er
e
π

(i
)

d
en

ot
es

th
e
it

h
el

em
en

t
in

th
e

se
q
u

en
ce

an
d
π

(i
:
j)

d
en

ot
es

a
su

b
se

q
u

en
ce

of
el

em
en

ts
i

th
ro

u
gh

j.
U

se
d

to
in

d
ex

va
ri

a
b

le
s

Z
,

(Z
i)
n i=

1
,

d
en

ot
e

b
y
Z
π

(i
)

th
e
it

h
va

ri
ab

le
in

th
e

p
er

m
u

ta
ti

on
an

d
Z
π

(i
:j

)
th

e
su

b
se

q
u

en
ce

(Z
π

(i
),
..
.,
Z
π

(j
))

.

D
e
fi

n
it

io
n

5
.

W
e

sa
y

th
at

a
se

q
u

en
ce

of
p

er
m

u
ta

ti
on

s,
π

,
(π
i)
n i=

1
,

is
a

fi
lt

ra
ti

o
n

if
,

fo
r

i
=

1,
..
.,
n
−

1,
π
i(

1
:
i)

=
π
i+

1
(1

:
i)
.

L
et

Π
(n

)
d

en
ot

e
th

e
se

t
of

al
l

fi
lt

ra
ti

on
s

fo
r

a
gi

ve
n
n

.

T
h

e
fo

ll
ow

in
g

d
at

a
st

ru
ct

u
re

q
u

an
ti

fi
es

th
e

d
ep

en
d

en
ce

b
et

w
ee

n
su

b
se

ts
o
f

va
ri

a
b

le
s

d
efi

n
ed

b
y

a
fi

lt
ra

ti
on

.

D
e
fi

n
it

io
n

6
.

L
et

Z
,

(Z
i)
n i=

1
d

en
ot

e
ra

n
d

om
va

ri
ab

le
s

w
it

h
jo

in
t

d
is

tr
ib

u
ti

o
n
D

o
n
Z
n
.

F
ix

a
fi

lt
ra

ti
on

,
π
∈

Π
(n

),
an

d
a

se
t

of
in

p
u

ts
,
B Z
⊆
Z
n
.

L
et
B

d
en

ot
e

th
e

ev
en

t
Z
/∈
B Z

.
F

or
i
∈

[n
],

le
t
Z
i π
,B

d
en

ot
e

th
e

su
b

se
t

of
Z
i

su
ch

th
at

,
fo

r
ev

er
y

z
∈
Z
i π
,B

,
Z
π
i
(1

:i
)

=
z

is

co
n

si
st

en
t

w
it

h
B.

W
it

h
a

sl
ig

h
t

ab
u

se
of

n
ot

at
io

n
,

fo
r

z
∈
Z
i−

1
π
, B

,
le

t
Z
i π
,B

(z
)

d
en

o
te

th
e

su
b

se
t

of
Z

su
ch

th
at

,
fo

r
an

y
z
∈
Z
i π
, B

(z
),

Z
π
i
(1

:i
)

=
(z
,z

)
is

co
n

si
st

en
t

w
it

h
B.

T
h

en
,

fo
r

i
∈

[n
],
j
>
i,

z
∈
Z
i−

1
π
,B

an
d
z
,z
′ ∈
Z
i π
,B

(z
),

w
e

d
efi

n
e

th
e
ϑ

-m
ix

in
g

co
effi

ci
en

ts
5

as

ϑ
π ij

(z
,z
,z
′ )
,
∥ ∥ D
( Z

π
i
(j

:n
)
| B
,Z

π
i
(1

:i
)

=
(z
,z

))
−
D
( Z

π
i
(j

:n
)
|B
,Z

π
i
(1

:i
)

=
(z
,z
′ )
)∥ ∥

t
v
.

W
e

u
se

th
es

e
to

d
efi

n
e

th
e

u
p

p
er

-t
ri

an
gu

la
r

d
ep

en
d
en

cy
m

a
tr

ix
,
Γ
π B
∈
R
n
×
n
,

w
it

h
en

tr
ie

s

γ
π ij
,

      

1
fo

r
i

=
j,

su
p

z
∈Z

i−
1

π
,B
,z
,z
′ ∈
Z
i π
,B

(z
)
ϑ
π ij

(z
,z
,z
′ )

fo
r
i
<
j,

0
fo

r
i
>
j.

W
h

en
B Z

=
∅,

w
e

si
m

p
ly

om
it

th
e

su
b

sc
ri

p
t

n
ot

at
io

n
.

E
ac

h
ϑ

-m
ix

in
g

co
effi

ci
en

t
m

ea
su

re
s

th
e

in
fl

u
en

ce
of

so
m

e
va

ri
ab

le
,
Z
π
i
(i

),
o
n

so
m

e
su

b
se

t,
Z
π
i
(j

:n
),

gi
ve

n
so

m
e

as
si

gn
m

en
t

to
th

e
va

ri
ab

le
s,

Z
π
i
(1

:i
−

1
),

th
at

p
re

ce
d

ed
Z
π
i
(i

)
in

th
e

fi
lt

ra
ti

on
;
γ
π ij

m
ea

su
re

s
th

e
m

ax
im

al
in

fl
u

en
ce

of
Z
π
i
(i

)
co

n
d

it
io

n
ed

on
a
n
y

a
ss

ig
n

m
en

t
to

Z
π
i
(1

:i
−

1
).

T
h
u

s,
to

su
m

m
ar

iz
e

th
e

am
ou

n
t

of
d

ep
en

d
en

ce
in

th
e

d
at

a
d

is
tr

ib
u

ti
o
n

,
w

e
u

se
th

e
in

d
u

ce
d

m
at

ri
x

in
fi

n
it

y
n

or
m

of
Γ
π B

,
d

en
ot

ed

∥ ∥ Γ
π B

∥ ∥ ∞
,

m
ax

i∈
[n

]

n ∑ j=
1

∣ ∣ γ
π ij

∣ ∣ ,

w
h

ic
h

eff
ec

ti
ve

ly
m

ea
su

re
s

th
e

m
ax

im
al

ag
gr

eg
at

e
in

fl
u

en
ce

of
an

y
si

n
g
le

va
ri

a
b

le
,

g
iv

en
th

e
fi

lt
ra

ti
on

.
O

b
se

rv
e

th
at

,
if

(Z
1
,.
..
,Z

n
)

ar
e

m
u

tu
al

ly
in

d
ep

en
d

en
t,

th
en

Γ
π B

is
th

e
id

en
ti

ty
m

at
ri

x
an

d
∥ ∥ Γ

π B

∥ ∥ ∞
=

1.
A

t
th

e
ot

h
er

ex
tr

em
e,

if
(Z

1
,.
..
,Z

n
)

ar
e

d
et

er
m

in
is

ti
ca

ll
y

d
ep

en
d

en
t,

th
en

th
e

to
p

ro
w

of
Γ
π B

is
n

,
so
∥ ∥ Γ

π B

∥ ∥ ∞
=
n

.

5
.

T
h
e
ϑ

-m
ix

in
g

co
effi

ci
en

ts
w

er
e

in
tr

o
d
u
ce

d
b
y

K
o
n
to

ro
v
ic

h
a
n
d

R
a
m

a
n

a
n

(2
0
0
8
)

a
s
η

-m
ix

in
g

a
n
d

a
re

re
la

te
d

to
th

e
m

a
xi

m
a

l
co

u
p

li
n

g
co

effi
ci

en
ts

u
se

d
b
y

C
h
a
zo

tt
es

et
a
l.

(2
0
0
7
).
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cien
ts

a
t

d
ista

n
ce

1
:

fo
r

th
e

im
m

ed
ia

te
n

eigh
b

ors
o
f

a
n

o
d
e—
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a
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ro
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ra
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b
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d

e
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o
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π‖∞
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b
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,Ẑ

),
b
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b
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d
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≥
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ra
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→
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d
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+
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p
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p
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≥
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( D
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+
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( D
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p
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b
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n
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Π
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∈
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≥
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d
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p
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p
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as
e

w
it

h
m

,
si

n
ce

D
is

al
m

os
t

ce
rt

ai
n

ly
ag

n
o
st

ic
to

th
e

n
u

m
b

er
o
f

tr
ai

n
in

g
ex

a
m

p
le

s.
T

h
u

s,
T

h
eo

re
m

1
is

in
te

re
st

in
g

w
h

en
ei

th
er
ν

is
n

eg
li

g
ib

le
,

o
r

w
h

en
m

is
a

sm
a
ll

co
n

st
an

t.

It
ca

n
b

e
sh

ow
n

th
at

an
y

h
y
p

ot
h

es
is

cl
a
ss

w
it

h
co

ll
ec

ti
ve

st
a
b

il
it

y,
co

m
p

os
ed

w
it

h
a

su
it

ab
le

lo
ss

fu
n

ct
io

n
,

sa
ti

sfi
es

th
e

co
n

d
it

io
n

s
of

th
e

b
o
u

n
d

.
T

h
u

s,
T

h
eo

re
m

1
is

st
ri

ct
ly

m
or

e
g
en

er
al

th
an

ou
r

p
ri

or
P

A
C

-B
ay

es
b

o
u

n
d

s
(L

o
n

d
on

et
a
l.

,
2
01

4
).

M
o
re

ov
er

,
T

h
eo

re
m

1
ea

si
ly

ap
p

li
es

to
co

m
p

o
si

ti
o
n

s
w

it
h

u
n

if
or

m
st

a
b

il
it

y,
si

n
ce

Q
(B
H

)
=

0
fo

r
al

l
p

os
te

ri
or

s.
T

h
is

in
si

g
h
t

y
ie

ld
s

th
e

fo
ll

ow
in

g
co

ro
ll

a
ry

.

C
o
ro

ll
a
ry

1
.

S
u

p
po

se
L
◦H

is
(β
/
n

)-
u

n
if

o
rm

ly
st

a
bl

e.
T

h
en

,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ

o
ve

r
re

a
li

za
ti

o
n

s
o
f

Ẑ
,

fo
r

a
ll
Q

,

L
(Q

)
≤
L̂

(Q
,Ẑ

)
+

2
β
‖Γ

π
‖ ∞

√
D

k
l
(Q
‖P

)
+

ln
2 δ

2m
n

.
(3

)

A
s

w
e

sh
ow

in
S

ec
ti

on
6
.1

.2
,

C
o
ro

ll
a
ry

1
is

u
se

fu
l

w
h

en
th

e
h
y
p

o
th

es
is

cl
a
ss

a
n

d
in

st
a
n

ce
sp

ac
e

ar
e

u
n

if
or

m
ly

b
ou

n
d

ed
.

E
ve

n
w

h
en

th
is

p
ro

p
er

ty
d

o
es

n
ot

h
o
ld

,
w

e
o
b

ta
in

an
id

en
ti

ca
l

b
ou

n
d

fo
r

al
l

p
os

te
ri

or
s

w
it

h
(β
/n
,∅
,0

)-
lo

ca
l

st
a
b

il
it

y,
m

ea
n

in
g

th
e

su
p

p
o
rt

of
th

e
p

o
st

er
io

r
is

(β
/
n

)-
u

n
if

or
m

ly
st

ab
le

.
H

ow
ev

er
,

th
is

co
n

d
it

io
n

is
le

ss
u

se
fu

l,
si

n
ce

it
is

a
ss

u
m

ed
th

a
t

th
e

p
os

te
ri

or
co

n
st

ru
ct

io
n

p
u

ts
n
on

ze
ro

d
en

si
ty

o
n

a
le

a
rn

ed
h
y
p

o
th

es
is

,
w

h
ic

h
m

ay
n

o
t

sa
ti

sf
y

u
n

if
o
rm

st
ab

il
it

y
fo

r
a

fi
x
ed

β
.

It
is

w
o
rt

h
n

o
ti

n
g

th
at

,
if

th
e

h
y
p

o
th

es
is

cl
a
ss

d
o
es

n
o
t

u
se

jo
in

t
in

fe
re

n
ce

—
fo

r
ex

-
am

p
le

,
if

a
gl

ob
al

p
re

d
ic

ti
on

,
h

(X
),

is
in

fa
ct

a
se

t
o
f

in
d

ep
en

d
en

t,
lo

ca
l

p
re

d
ic

ti
on

s,
(h

(X
1
),
..
.,
h

(X
n
))

—
an

d
th

e
lo

ss
fu

n
ct

io
n

d
ec

o
m

p
o
se

s
ov

er
th

e
la

b
el

s,
th

en
u

n
if

o
rm

st
a
b

il
-

it
y

is
tr

iv
ia

ll
y

sa
ti

sfi
ed

.
In

th
is

ca
se

,
C

o
ro

ll
ar

y
1

p
ro

d
u

ce
s

a
P

A
C

-B
ay

es
b

ou
n

d
fo

r
le

a
rn

in
g

tr
a
d

it
io

n
a
l

p
re

d
ic

to
rs

fr
o
m

in
te

rd
ep

en
d

en
t

d
a
ta

.
If

w
e

fu
rt

h
er

h
av

e
th

at
(Z

1
,.
..
,Z

n
)

a
re

in
d

ep
en

d
en

t
an

d
id

en
ti

ca
ll

y
d

is
tr

ib
u

te
d

(i
.i

.d
.)

—
fo

r
in

st
an

ce
,

if
th

ey
re

p
re

se
n
t

“
m

ic
ro

ex
-

a
m

p
le

s”
d

ra
w

n
in

d
ep

en
d

en
tl

y
fr

om
so

m
e

ta
rg

et
d

is
tr

ib
u

ti
on

—
th

en
C

or
o
ll

a
ry

1
re

d
u

ce
s

to
st

a
n

d
ar

d
P

A
C

-B
ay

es
b

o
u

n
d

s
fo

r
le

ar
n

in
g

fr
o
m

i.
i.

d
.

d
a
ta

(e
.g

.,
M

cA
ll

es
te

r,
1
9
99

).

W
e

n
ow

p
ro

ve
T

h
eo

re
m

1
.
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S
t
a
b
il

it
y

a
n
d

G
e
n
e
r
a
l
iz

a
t
io

n
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic

t
io

n

P
ro

o
f

(T
h

eorem
1
)

W
e

b
egin

b
y

d
efi

n
in

g
tw

o
con

v
en

ien
ce

fu
n

ctio
n

s,

φ
(h
,Ẑ

),
L

(h
)−

L̂
(h
,Ẑ

)
(4)

a
n

d
φ̃

(h
,Ẑ

),
{
E

Z∼
D [L

(h
,Z

)|B ]−
L̂

(h
,Ẑ

)
if
h
/∈
B
H
,

0
o
th

erw
ise,

(5)

If
L
◦H

is
α

-u
n

ifo
rm

ly
ran

g
e-b

ou
n

d
ed

(D
efi

n
itio

n
4
),

th
en

,
fo

r
a
n
y
h
∈
H

,

φ
(h
,Ẑ

)
=

1m

m
∑l=

1

L
(h

)−
L

(h
,Z

(l))

≤
1m

m
∑l=

1

su
p

z∈Z
n ∣∣∣ L

(h
,z

)−
L

(h
,Z

(l)) ∣∣∣

≤
1m

m
∑l=

1

α
=
α
.

(6)

It
fo

llow
s

th
a
t

φ
(h
,Ẑ

)
=

EZ∼
D [L

(h
,Z

)−
L̂

(h
,Ẑ

) ]

=
EZ∼
D [(

L
(h
,Z

)−
L̂

(h
,Ẑ

) )
1{

Z
/∈
B
Z } ]

+
EZ∼
D [(

L
(h
,Z

)−
L̂

(h
,Ẑ

) )
1{

Z
∈
B
Z } ]

≤
EZ∼
D [(

L
(h
,Z

)−
L̂

(h
,Ẑ

) )
1{

Z
/∈
B
Z } ]

+
α

EZ∼
D

[1{Z
∈
B
Z }

]

≤
EZ∼
D [(

L
(h
,Z

)−
L̂

(h
,Ẑ

) )
1{

Z
/∈
B
Z } ]

+
α
ν

=
P

r
Z∼

D {Z
/∈
B
Z } (

EZ∼
D [L

(h
,Z

)|B ]−
L̂

(h
,Ẑ

) )
+
α
ν

≤
EZ∼
D [L

(h
,Z

)|B ]−
L̂

(h
,Ẑ

)
+
α
ν
.

(7
)

M
o
reover,

for
a
n
y

p
o
sterio

r
Q

w
ith

(β
/
n
,B
Z
,η

)-lo
ca

l
sta

b
ility,

L
(Q

)−
L̂

(Q
,Ẑ

)
=

Eh∼
Q [φ

(h
,Ẑ

) ]

=
Eh∼
Q [φ

(h
,Ẑ

)
1{
h
∈
B
H } ]

+
Eh∼
Q [φ

(h
,Ẑ

)
1{h

/∈
B
H } ]

≤
α

Eh∼
Q

[1{h
∈
B
H }]+

Eh∼
Q [φ

(h
,Ẑ

)
1{
h
/∈
B
H } ]

≤
α
η

+
Eh∼
Q [φ

(h
,Ẑ

)
1{h

/∈
B
H } ]

≤
α
η

+
α
ν

+
Eh∼
Q [φ̃

(h
,Ẑ

) ]
.

(8
)

T
h

en
,

fo
r

an
y
u
∈
R

,
u

sin
g

L
em

m
a

1
,

w
e

h
ave

th
a
t

L
(Q

)−
L̂

(Q
,Ẑ

)≤
α
η

+
α
ν

+
1u

Eh∼
Q [u

φ̃
(h
,Ẑ

) ]

≤
α
η

+
α
ν

+
1u

(
D

k
l (Q
‖P

)
+

ln
Eh∼
P [e

u
φ̃

(h
,Ẑ

) ] )
.

(9)

19
JM

L
R

 17(222):1-52

L
o
n
d
o
n
,

H
u
a
n
g

a
n
d

G
e
t
o
o
r

S
in

ce
u

can
n

o
t

d
ep

en
d

on
(η
,Q

),
w

e
d

efi
n

e
it

in
term

s
of

fi
x
ed

q
u

an
tities.

F
or

j
=

0
,1
,2
,...,

let
δ
j ,

δ2 −
(j+

1
),

let

u
j ,

2
j √√√√

8
m
n

ln
2δ

β
2 ∥∥

Γ
πB ∥∥

2∞
,

(10)

an
d

d
efi

n
e

an
even

t,E
j ,

1

{
Eh∼
P [e

u
j φ̃

(h
,Ẑ

) ]≥
1δ
j

ex
p (

u
2j β

2 ∥∥
Γ
πB ∥∥

2∞
8m

n

)
}
.

(11)

N
ote

th
at
u
j

a
n

d
E
j

are
in

d
ep

en
d

en
t

of
(η
,Q

),
sin

ce
β

(h
en

ce,B
H

)
is

fi
x
ed

.
L

et
E

,
⋃
∞j=

0
E
j

d
en

ote
th

e
even

t
th

at
an

y
E
j

o
ccu

rs.
W

e
also

d
efi

n
e

an
ev

en
t

B
,

m⋃l=
1

1
{

Z
(l)∈

B
Z }

,
(12)

w
h

ich
in

d
icates

th
at

at
least

on
e

of
th

e
train

in
g

ex
am

p
les

is
“b

ad
.”

U
sin

g
th

e
law

of
total

p
ro

b
ab

ility
a
n

d
th

e
u

n
ion

b
ou

n
d

,
w

e
th

en
h

ave
th

at

P
r

Ẑ∼
D
m
{
B
∪
E
}

=
P

r
Ẑ∼

D
m {
B
}

+
P

r
Ẑ∼

D
m
{E
∩
¬
B
}

≤
P

r
Ẑ∼

D
m {
B
}

+
P

r
Ẑ∼

D
m
{E
|¬
B
}

≤
m
∑l=

1

P
r

Z
(l)∼

D {Z
(l)∈

B
Z }

+
∞∑j=

0

P
r

Ẑ∼
D
m {
E
j |¬

B
}

≤
m
ν

+
∞∑j=

0

P
r

Ẑ∼
D
m {E

j |¬
B
}.

(13)

T
h

e
la

st
in

eq
u

ality
follow

s
from

th
e

d
efi

n
ition

of
ν

.
T

h
en

,
u

sin
g

M
arkov

’s
in

eq
u

a
lity,

an
d

rea
rra

n
g
in

g
th

e
ex

p
ectation

s,
w

e
h

av
e

th
a
t

P
r

Ẑ∼
D
m {E

j |¬
B
}
≤
δ
j

ex
p (
−
u

2j β
2 ∥∥

Γ
πB ∥∥

2∞
8m

n

)
Eh∼
P

E
Ẑ∼

D
m

[e
u
j φ̃

(h
,Ẑ

)|¬
B
]
.

(14)

L
et

ϕ
(h
,Z

),
{

1m

(E
Z
′∼

D [L
(h
,Z
′)|B ]−

L
(h
,Z

) )
if
h
/∈
B
H
,

0
oth

erw
ise,

(15)
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S
t
a
b
il

it
y

a
n
d

G
e
n
e
r
a
l
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a
t
io

n
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic

t
io

n

an
d

n
ot

e
th

at
φ̃

(h
,Ẑ

)
=
∑

m l=
1
ϕ

(h
,Z

(l
) )

.
T

h
en

,
si

n
ce

Z
(1

) ,
..
.,

Z
(m

)
ar

e
in

d
ep

en
d

en
t

a
n

d

id
en

ti
ca

ll
y

d
is

tr
ib

u
te

d
,

w
e

ca
n

w
ri

te
th

e
in

n
er

ex
p

ec
ta

ti
on

ov
er

Ẑ
as

E
Ẑ
∼
D
m

[ eu
j
φ̃

(h
,Ẑ

)
|¬
B
] =

m ∏ l=
1

E
Z
(l
)
∼
D

[ eu
j
ϕ

(h
,Z

(l
)
)
|¬
B
]

=
m ∏ l=

1

E
Z
(l
)
∼
D

[ eu
j
ϕ

(h
,Z

(l
)
)
|Z

(l
)
/∈
B Z
]

=
m ∏ l=

1

E
Z
(l
)
∼
D

[ eu
j
ϕ

(h
,Z

(l
)
)
|B
] .

(1
6)

B
y

co
n

st
ru

ct
io

n
,
ϕ

(h
,·)

ou
tp

u
ts

ze
ro

w
h

en
ev

er
h
∈
B H

.
In

th
es

e
ca

se
s,
ϕ

(h
,·)

tr
iv

ia
ll

y
sa

ti
sfi

es
u

n
if

or
m

st
ab

il
it

y,
w

h
ic

h
im

p
li

es
lo

ca
l

st
ab

il
it

y.
F

u
rt

h
er

,
if
Q

is
(β
/
n
,B
Z
,η

)-
lo

ca
ll

y
st

ab
le

,
th

en
ev

er
y
L

(h
,·)

:
h
/∈
B H

is
(β
/n
,B
Z

)-
lo

ca
ll

y
st

ab
le

,
an

d
it

is
ea

si
ly

ve
ri

fi
ed

th
at

ϕ
(h
,·)

:
h
/∈
B H

is
(β
/(
m
n

),
B Z

)-
lo

ca
ll

y
st

ab
le

.
T

h
u

s,
ϕ

(h
,·)

:
h
∈
H

is
(β
/(
m
n

),
B Z

)-
lo

ca
ll

y
st

ab
le

.
S

in
ce

E Z
∼
D

[ϕ
(h
,Z

)
|B

]
=

0,
w

e
th

er
ef

or
e

ap
p

ly
P

ro
p

os
it

io
n

1
a
n

d
h

av
e,

fo
r

al
l
h
∈
H

,

E
Z
(l
)
∼
D

[ eu
j
ϕ

(h
,Z

(l
)
)
|B
] ≤

ex
p

(
u

2 j
β

2
∥ ∥ Γ

π B

∥ ∥2 ∞
8
m

2
n

)
.

(1
7)

C
om

b
in

in
g

E
q
u

at
io

n
s

14
,

16
an

d
17

,
w

e
h

av
e

th
at

P
r

Ẑ
∼
D
m
{E

j
|¬
B
}
≤
δ j

ex
p

(
−
u

2 j
β

2
∥ ∥ Γ

π B

∥ ∥2 ∞
8
m
n

)
E
h
∼
P

[
m ∏ l=

1

E
Z
(l
)
∼
D

[ eu
j
ϕ

(h
,Z

(l
)
)
|B
]]

≤
δ j

ex
p

(
−
u

2 j
β

2
∥ ∥ Γ

π B

∥ ∥2 ∞
8
m
n

)
E
h
∼
P

[
m ∏ l=

1

ex
p

(
u

2 j
β

2
∥ ∥ Γ

π B

∥ ∥2 ∞
8m

2
n

)
]

=
δ j

ex
p

(
−
u

2 j
β

2
∥ ∥ Γ

π B

∥ ∥2 ∞
8
m
n

)
ex

p

(
u

2 j
β

2
∥ ∥ Γ

π B

∥ ∥2 ∞
8
m
n

)
=
δ j
.

(1
8)

T
h

en
,

co
m

b
in

in
g

E
q
u

at
io

n
s

13
an

d
18

,
an

d
u

si
n

g
th

e
ge

om
et

ri
c

se
ri

es
id

en
ti

ty
,

w
e

h
av

e
th

at

P
r

Ẑ
∼
D
m
{B
∪
E
}
≤
m
ν

+
∞ ∑ j=

0

δ j
=
m
ν

+
δ
∞ ∑ j=

0

2−
(j

+
1
)

=
m
ν

+
δ.

T
h
u

s,
w

it
h

p
ro

b
ab

il
it

y
at

le
as

t
1
−
δ
−
m
ν

ov
er

re
al

iz
at

io
n

s
of

Ẑ
,

ev
er

y
l
∈

[m
]

sa
ti

sfi
es

Z
(l

)
/∈
B Z

,
an

d
ev

er
y
u
j

sa
ti

sfi
es

E
h
∼
P

[ eu
j
φ̃

(h
,Ẑ

)]
≤

1 δ j
ex

p

(
u

2 j
β

2
∥ ∥ Γ

π B

∥ ∥2 ∞
8m

n

)
.

(1
9)

W
e

n
ow

sh
ow

h
ow

to
se

le
ct
j

fo
r

an
y

p
ar

ti
cu

la
r

p
os

te
ri

or
Q

.
L

et

j?
,
⌊

1

2
ln

2
ln

(
D

k
l
(Q
‖P

)

ln
(2
/δ

)
+

1

)⌋
,

(2
0)
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L
o
n
d
o
n
,

H
u
a
n
g

a
n
d

G
e
t
o
o
r

an
d

n
ot

e
th

at
j?
≥

0.
F

or
a
ll
v
∈

R
,

w
e

h
av

e
th

a
t
v
−

1
≤
bv
c
≤
v
,

a
n

d
2

ln
v

=
v

ln
2
.

W
e

ap
p

ly
th

es
e

id
en

ti
ti

es
to

E
q
u

a
ti

on
2
0

to
sh

ow
th

a
t

1 2

√
D

k
l
(Q
‖P

)

ln
(2
/
δ)

+
1
≤

2j
?
≤
√
D

k
l
(Q
‖P

)

ln
(2
/
δ)

+
1
,

im
p

ly
in

g
√ √ √ √

2m
n
( D

k
l
(Q
‖P

)
+

ln
2 δ

)

β
2
∥ ∥ Γ

π B

∥ ∥2 ∞
≤
u
j?
≤

√ √ √ √
8
m
n
( D

k
l
(Q
‖P

)
+

ln
2 δ

)

β
2
∥ ∥ Γ

π B

∥ ∥2 ∞
.

(2
1)

F
u

rt
h

er
,

b
y

d
efi

n
it

io
n

of
δ j
?
,

D
k
l
(Q
‖P

)
+

ln
1 δ j
?

=
D

k
l
(Q
‖P

)
+

ln
2 δ

+
j?

ln
2

≤
D

k
l
(Q
‖P

)
+

ln
2 δ

+
ln

2

2
ln

2
ln

(
D

k
l
(Q
‖P

)

ln
(2
/δ

)
+

1

)

=
D

k
l
(Q
‖P

)
+

ln
2 δ

+
1 2

ln

( D
k
l
(Q
‖P

)
+

ln
2 δ

)
−

1 2
ln

ln
2 δ

≤
D

k
l
(Q
‖P

)
+

ln
2 δ

+
1 2

( D
k
l
(Q
‖P

)
+

ln
2 δ

)
.

(2
2)

T
h

e
la

st
in

eq
u

a
li

ty
u

se
s

th
e

id
en

ti
ty
v
−

ln
ln

(2
/
δ)
≤
v

+
1
≤
ev

,
fo

r
a
ll
v
∈
R

an
d
δ
∈

(0
,1

).
It

ca
n

b
e

sh
ow

n
th

a
t

th
is

b
o
u

n
d

is
a
p

p
ro

x
im

a
te

ly
o
p

ti
m

al
,

in
th

a
t

it
is

a
t

m
o
st

tw
ic

e
w

h
at

it
w

ou
ld

b
e

fo
r

a
fi

x
ed

p
os

te
ri

o
r.

P
u

tt
in

g
it

al
l

to
g
et

h
er

,
w

e
n

ow
h

av
e

th
a
t,

w
it

h
p

ro
b

a
b

il
it

y
a
t

le
as

t
1
−
δ
−
m
ν

,
th

e
ap

p
ro

x
im

at
el

y
o
p

ti
m

al
(u
j?
,δ
j?

)
fo

r
an

y
p

o
st

er
io

r
Q

sa
ti

sfi
es

L
(Q

)
−
L̂

(Q
,Ẑ

)
≤
α

(η
+
ν

)
+

1 u
j?

( D
k
l
(Q
‖P

)
+

ln
E
h
∼
P

[ eu
j
?
φ̃

(h
,Ẑ

)]
)

≤
α

(η
+
ν

)
+

1 u
j?

(
D

k
l
(Q
‖P

)
+

ln
1 δ j
?

+
u

2 j?
β

2
∥ ∥ Γ

π B

∥ ∥2 ∞
8
m
n

)

≤
α

(η
+
ν

)
+

3
( D

k
l
(Q
‖P

)
+

ln
2 δ

)

2
u
j?

+
u
j?
β

2
∥ ∥ Γ

π B

∥ ∥2 ∞
8
m
n

≤
α

(η
+
ν

)
+

2
β
∥ ∥ Γ

π B

∥ ∥ ∞

√
D

k
l
(Q
‖P

)
+

ln
2 δ

2m
n

.

T
h

e
fi

rs
t

in
eq

u
al

it
y

su
b

st
it

u
te

s
u
j?

in
to

E
q
u

a
ti

o
n

9
;

th
e

se
co

n
d

u
se

s
E

q
u

a
ti

on
1
9
;

th
e

th
ir

d
is

fr
o
m

E
q
u

at
io

n
22

;
a
n

d
th

e
la

st
u

se
s

th
e

lo
w

er
a
n

d
u

p
p

er
b

ou
n

d
s

fr
o
m

E
q
u

a
ti

on
2
1
.

5
.2

P
o
st

e
ri

o
r-

D
e
p

e
n

d
e
n
t

S
ta

b
il

it
y

In
T

h
eo

re
m

1
,
w

e
re

q
u

ir
ed
β

to
b

e
fi

x
ed

a
p
ri

o
ri

,
m

ea
n

in
g

w
e

re
q
u

ir
ed

th
e

u
se

r
to

p
re

-s
p

ec
if

y
a

d
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ir
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il
it

y.
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th
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se
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n

,
w

e
p

ro
ve

b
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n
d

s
th

a
t

h
o
ld
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r

a
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β
≥

1
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m
u
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a
n
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u
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S
t
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b
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d

G
e
n
e
r
a
l
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a
t
io

n
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic

t
io

n

m
ea

n
in

g
th

e
va

lu
e

o
f
β

ca
n

d
ep

en
d

o
n

th
e

learn
ed

p
o
sterior.

(T
h

e
req

u
irem

en
t

of
n

o
n

n
eg-

a
tiv

ity
is

n
o
t

restrictive,
sin

ce
sta

b
ility

w
ith

β
≤

1
im

p
lies

sta
b

ility
w

ith
β

=
1
.)

T
h

e
o
re

m
2
.

F
ix
m
≥

1,
n
≥

1,
π
∈

Π
(n

),
δ∈

(0,1
)

a
n

d
α
≥

0
.

F
ix

a
d
istribu

tio
n

,D
,

o
n

Z
n

.
F

ix
a

set
o
f

ba
d

in
p
u

ts,B
Z

,
w

ith
ν
,

D
(B
Z

).
L

et
Γ
πB

d
en

o
te

th
e

d
epen

d
en

cy
m

a
trix

in
d
u

ced
by

D
,
π

a
n

d
B
Z

.
F

ix
a

p
rio

r,
P

,
o
n

a
h
ypo

th
esis

cla
ss,H

.
F

ix
a

lo
ss

fu
n

ctio
n

,
L

,
su

ch
th

a
t
L◦H

is
α

-u
n

ifo
rm

ly
ra

n
ge-bo

u
n

d
ed

.
T

h
en

,
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ−

m
ν

o
ver

rea
liza

tio
n

s
o
f

Ẑ
,

(Z
(l))

ml=
1 ,

d
ra

w
n

a
cco

rd
in

g
to

D
m

,
th

e
fo

llo
w

in
g

h
o
ld

:
1
)

fo
r

a
ll
l∈

[m
],

Z
(l)
/∈
B
Z

;
2
)

fo
r

a
ll
β
≥

1
,
η
∈

[0,1
]

a
n

d
po

sterio
rs

Q
w

ith
(β
/
n
,B
Z
,η

)-loca
l

sta
bility,

L
(Q

)≤
L̂

(Q
,Ẑ

)
+
α

(η
+
ν

)
+

4
β
∥∥
Γ
πB ∥∥∞

√
D

k
l (Q
‖P

)
+

ln
4δ

+
ln
β

2
m
n

.
(2

3)

T
h

e
p

ro
o
f

is
sim

ila
r

to
th

a
t

of
T

h
eo

rem
1,

so
w

e
d

efer
it

to
A

p
p

en
d

ix
B

.1
.

T
h

eorem
2

im
m

ed
ia

tely
y
ield

s
th

e
fo

llow
in

g
coro

lla
ry

b
y

tak
in

g
B
Z
,
∅.

C
o
ro

lla
ry

2
.

W
ith

p
ro

ba
bility

a
t

lea
st

1−
δ

o
ver

rea
liza

tio
n

s
o
f

Ẑ
,

fo
r

a
ll
β
≥

1
,
η
∈

[0,1]
a
n

d
Q

w
ith

(β
/
n
,∅
,η

)-loca
l

sta
bility,

L
(Q

)≤
L̂

(Q
,Ẑ

)
+
α
η

+
4
β
‖
Γ
π‖∞

√
D

k
l (Q
‖P

)
+

ln
4δ

+
ln
β

2m
n

.
(2

4)

In
S

ectio
n

6,
w

e
a
p

p
ly

th
is

co
ro

lla
ry

to
u

n
b

o
u

n
d

ed
h
y
p

o
th

esis
cla

sses,
w

ith
b

o
u

n
d

ed
in

sta
n

ce
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a
ces.

C
orollary

2
triv

ia
lly

im
p

lies
a

b
ou

n
d

fo
r

p
osteriors

w
ith

(β
/
n
,∅,0

)-lo
ca

l
stab

ility,
su

ch
as

th
o
se

w
ith

b
ou

n
d

ed
su

p
p

ort
on

a
n

u
n
b

o
u

n
d

ed
h
y
p

o
th

esis
class,

w
h

ere
β

m
ay

d
ep

en
d

o
n

a
lea

rn
ed

m
o
d

el.

5
.3

D
e
ra

n
d

o
m

iz
in

g
th

e
L

o
ss

u
sin

g
S

ta
b

ility

P
A

C
-B

ayes
b

o
u

n
d

s
a
re

sta
ted

in
term

s
o
f

a
ra

n
d

o
m

ized
p

red
ictor.

Y
et,

in
p

ra
ctice,

on
e

is
u

su
a
lly

in
terested

in
th

e
lo

ss
o
f

a
lea

rn
ed

,
d

eterm
in

istic
p

red
icto

r.
G

iven
a

p
ro

p
erly

co
n

stru
cted

p
o
sterio

r
d

istrib
u

tio
n

,
it

is
p

o
ssib

le
to

co
n
v
ert

a
P

A
C

-B
ayes

b
o
u

n
d

to
a

g
en

-
eraliza

tio
n

b
o
u

n
d

for
th

e
lea

rn
ed

h
y
p

o
th

esis.
T

h
ere

are
va

rio
u

s
w

ay
s

to
go

a
b

ou
t

th
is

fo
r

u
n

stru
ctu

red
h
y
p

o
th

eses;
h

ow
ever,

m
a
n
y

o
f

th
ese

m
eth

o
d

s
fail

fo
r

stru
ctu

red
p

red
icto

rs,
sin

ce
th

e
ou

tp
u

t
is

n
o
t

sim
p
ly

a
sca

la
r,

b
u

t
a

h
ig

h
-d

im
en

sion
a
l

vecto
r.

In
th

is
section

,
w

e
p

resen
t

a
gen

eric
tech

n
iq

u
e

fo
r

d
eran

d
o
m

izin
g

P
A

C
-B

ay
es

b
o
u

n
d

s
for

stru
ctu

red
p

red
ictio

n
b

a
sed

on
th

e
id

ea
o
f

sta
b

ility.
A

n
attra

ctiv
e

featu
re

o
f

th
is

tech
n

iq
u

e
is

th
a
t

it
o
b
v
ia

tes
m

a
rgin

-b
a
sed

a
rg

u
m

en
ts,

w
h

ich
o
ften

req
u

ire
a

free-p
ara

m
eter

fo
r

th
e

m
a
rgin

.
W

e
fi

rst
d

efi
n

e
a

sp
ecia

lized
n

otio
n

o
f

lo
ca

l
stab

ility
th

a
t

m
ea

su
res

th
e

d
iff

eren
ce

in
loss

in
d

u
ced

b
y

p
ertu

rb
in

g
a

given
h
y
p

o
th

esis.
F

o
r

th
e

follow
in

g
,

w
e

v
iew

th
e

p
o
sterio

r
Q

a
s

a
fu

n
ctio

n
th

a
t,

g
iv

en
a

h
y
p

o
th

esis
h
∈
H

,
retu

rn
s

a
d

istrib
u

tio
n
Q
h

o
n
H

.

D
e
fi

n
itio

n
8
.

F
ix

a
h
y
p

o
th

esis
cla

ss,H
,

a
set

o
f

in
p

u
ts,B

Z
⊆
Z
n
,

a
lo

ss
fu

n
ctio

n
,
L

,
an

d
a

p
o
sterio

r,
Q

.
W

e
say

th
a
t

th
e

p
a
ir

(L
,Q

)
h

a
s

(λ
,B
Z
,η

)-lo
ca

l
sta

b
ility

if,
fo

r
a
n
y

h
∈
H

an
d

z
/∈
B
Z

,
th

ere
ex

ists
a

setB
H

(h
,z

)⊆
H

su
ch

th
a
t
Q
h (B
H

(h
,z

))≤
η

a
n

d
,

fo
r

a
ll

h
′
/∈
B
H

(h
,z

),
∣∣L

(h
,z

)−
L

(h
′,z

) ∣∣≤
λ
.

(2
5
)
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L
o
n
d
o
n
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H
u
a
n
g

a
n
d

G
e
t
o
o
r

T
h

is
fo

rm
of

stab
ility

is
a

sligh
tly

w
eaker

con
d

ition
th

an
th

e
p
rev

iou
s

d
efi

n
ition

s,
in

th
at

each
in

p
u

t,
(h
,z

),
h

as
its

ow
n

“b
ad

”
set,B

H
(h
,z

).
T

h
is

d
istin

ction
m

ean
s

th
a
t

“b
ad

n
ess”

is
rela

tiv
e,

w
h

erea
s,

in
D

efi
n
ition

s
2

an
d

3,
it

is
ab

solu
te.

P
ro

p
o
sitio

n
4
.

F
ix

a
h
ypo

th
esis

cla
ss,H

,
a

set
o
f

in
p
u

ts,B
Z
⊆
Z
n

,
w

ith
ν
,

D
(B
Z

),
a
n

d
a

lo
ss

fu
n

ctio
n

,
L

,
su

ch
th

a
t,

fo
r

a
n

y
z
∈
Z
n

,
L

(·,z
)

is
α

-u
n

ifo
rm

ly
ra

n
ge-bo

u
n

d
ed

.
L

etQ
d
en

o
te

a
po

sterio
r

fu
n

ctio
n

o
n
H

.
If

(L
,Q

)
h
a
s

(λ
,B
Z
,η

)-loca
l

sta
bility,

th
en

,
fo

r
a
ll

h
∈
H

,
∣∣L

(h
)−

L
(Q

h ) ∣∣≤
α

(η
+
ν

)
+
λ
,

(26)

a
n

d
,

fo
r

a
ll

ẑ
,

(z
(l))

ml=
1

su
ch

th
a
t,∀

l∈
[m

],
z

(l)
/∈
B
Z

,
∣∣∣ L̂

(h
,ẑ

)−
L̂

(Q
h ,ẑ

) ∣∣∣ ≤
α
η

+
λ
.

(27)

P
ro

o
f

D
efi

n
e

a
con

ven
ien

ce
fu

n
ction

ϕ
(h
,h
′,z

),
∣∣L

(h
,z

)−
L

(h
′,z

) ∣∣
.

F
or

an
y

z
/∈
B
Z

,
u

sin
g

th
e

ran
ge-b

ou
n

d
ed

n
ess

an
d

stab
ility

assu
m

p
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s,
w

e
h

ave
th

at

E
h
′∼

Q
h [ϕ

(h
,h
′,z

) ]

=
E

h
′∼

Q
h [ϕ

(h
,h
′,z

)
1{
h
′∈
B
H

(h
,z

)} ]
+

E
h
′∼

Q
h [ϕ

(h
,h
′,z

)
1{h

′
/∈
B
H

(h
,z

)} ]
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α
η

+
λ
.
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h
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if,∀
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],
z

(l)
/∈
B
Z

,
b
y

lin
earity
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ex

p
ectation

an
d
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e
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eq

u
a
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=
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1m
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E
h
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Q
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≤
α
η
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.
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=
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∈
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(m
n

),
∅,

1/
(m
n

))
-l

o
ca

l
st

a
b

il
it

y.
It

th
en

fo
ll

ow
s,

v
ia

P
ro

p
o
si

ti
on

4
an

d
E

q
u

at
io

n
32

,
th

a
t

L
h
(h

)
≤
L

r(
h

)
≤
L

r(
Q
h
)

+
3 m
n
,

(3
8)

an
d

L̂
r(
Q
h
,Ẑ

)
≤
L̂

r(
h
,Ẑ

)
+

3 m
n
≤
L̂

h
(h
,Ẑ

)
+

3 m
n
.

(3
9)

C
o
m

b
in

in
g

E
q
u

a
ti

on
s

3
6,

38
an

d
39

co
m

p
le

te
s

th
e

p
ro

o
f.

6
.2

S
o
ft

-M
a
x

L
e
a
rn

in
g

A
d

ra
w

b
ac

k
of

m
a
x
-m

a
rg

in
le

a
rn

in
g

is
th

at
th

e
le

ar
n

in
g

o
b

je
ct

iv
e

is
n

ot
d

iff
er

en
ti

ab
le

ev
-

er
y
w

h
er

e,
d

u
e

to
th

e
h

in
g
e

lo
ss

.
T

h
u

s,
re

se
a
rc

h
er

s
(G

im
p

el
a
n

d
S

m
it

h
,

20
1
0;

H
a
za

n
an

d
U

rt
a
su

n
,

20
10

)
h

av
e

p
ro

p
os

ed
a

sm
o
o
th

al
te

rn
a
ti

ve
,

b
a
se

d
o
n

th
e

so
ft

-m
a
x

fu
n

ct
io

n
.

T
h

is
fo

rm
o
f

le
ar

n
in

g
h

a
s

b
ee

n
p

op
u

la
ri

ze
d

fo
r

le
ar

n
in

g
co

n
d

it
io

n
al

ra
n

d
om

fi
el

d
s

(C
R

F
s)

.
T

h
e

so
ft

-m
ax

lo
ss

,
fo

r
a

g
iv

en
te

m
p

er
a
tu

re
p

a
ra

m
et

er
,
ε
∈

[0
,1

],
is

d
efi

n
ed

a
s

L
sm

(h
,x
,y

)
,

1 n
(Φ

ε(
x
,y

;w
)
−
h

(x
,y

))
,

(4
0)

w
h

er
e
h

(x
,y

)
is

th
e

u
n

n
o
rm

a
li

ze
d

lo
g-

li
ke

li
h

o
o
d

(E
q
u

a
ti

o
n

29
)

a
n

d

Φ
ε(

x
,y

;w
)
,
ε

ln
∑

y
′ ∈
Y
n

ex
p

(
1 ε

( D
h
(y
,y
′ )

+
h

(x
,y
′ )
))

=
ε

ln
∑

y
′ ∈
Y
n

ex
p

(
1 ε
θ̃

(x
,y

;w
)
·ŷ
′)
.

(4
1
)

is
th

e
so

ft
-m

ax
fu

n
ct

io
n

.
W

e
p

u
rp

o
se

fu
ll

y
ov

er
lo

a
d

th
e

n
o
ta

ti
o
n

of
th

e
lo

g
-p

a
rt

it
io

n
fu

n
ct

io
n

d
u

e
to

it
s

re
la

ti
on

sh
ip

to
th

e
so

ft
-m

a
x
.

O
b

se
rv

e
th

a
t,

fo
r
ε

=
1
,

th
e

so
ft

-m
ax

b
ec

o
m

es
th

e
lo

g-
p

ar
ti

ti
on

o
f

th
e

d
is

tr
ib

u
ti

on
in

d
u

ce
d

b
y

th
e

lo
ss

-a
u

gm
en

te
d

p
o
te

n
ti

a
ls

,
an

d
E

q
u

a
ti

on
4
0

is
th

e
co

rr
es

p
o
n

d
in

g
n

eg
a
ti

ve
lo

g
-l

ik
el

ih
o
o
d

,
sc

al
ed

b
y

1
/n

.
F

u
rt

h
er

,
a
s
ε
→

0
,

th
e

so
ft

-m
ax

a
p

p
ro

a
ch

es
th

e
m

ax
o
p

er
at

or
an

d
E

q
u

a
ti

o
n

4
0

b
ec

o
m

es
th

e
h

in
g
e

lo
ss

(E
q
u

at
io

n
2
8)

.
T

h
e

la
tt

er
eq

u
iv

a
le

n
ce

ca
n

b
e

il
lu

st
ra

te
d

b
y

co
n
ve

x
co

n
ju

g
ac

y.
T

h
is

re
q
u

ir
es

so
m

e
a
d

d
it

io
n

al
n

ot
at

io
n

.
L

et
µ
∈

[0
,1

]|V
||Y
|+
|E
||Y
|2

d
en

o
te

a
ve

ct
o
r

of
m

a
rg

in
al

p
ro

b
a
b

il
it

ie
s

fo
r

a
ll

cl
iq

u
es

an
d

cl
iq

u
e

st
a
te

s.
L

et
M

d
en

o
te

th
e

se
t

o
f

a
ll

co
n

si
st

en
t

m
ar

g
in

a
l

v
ec

to
rs

,
o
ft

en
ca

ll
ed

th
e

m
a
rg

in
a
l

po
ly

to
pe

.
F

o
r

ev
er

y
µ
∈
M

,
th

er
e

is
a

co
rr

es
p

on
d

in
g

d
is

tr
ib

u
ti

on
,
p
µ

,
su

ch
th

at
µ
c
·y

c
=
p
µ

(Y
c

=
y
c
)

fo
r

ev
er

y
cl

iq
u

e,
c
∈
C,

a
n

d
cl

iq
u

e
st

a
te

,
y
c
.

L
et

Φ
∗ (
µ

)
d

en
ot

e
th

e
co

n
ve

x
co

n
ju

ga
te

o
f

th
e

lo
g
-p

a
rt

it
io

n
,

w
h

ic
h

,
fo

r
µ
∈
M

,
is

eq
u

a
l

to
th

e
n

eg
at

iv
e

en
tr

op
y

of
p
µ

.7
W

it
h

th
es

e
d

efi
n

it
io

n
s,

th
e

so
ft

-m
a
x
,
li

ke
th

e
lo

g
-p

a
rt

it
io

n
,
h

a
s

th
e

fo
ll

ow
in

g
va

ri
at

io
n

a
l

fo
rm

:

Φ
ε(

x
,y

;w
)

=
m

a
x

µ
∈M

θ̃
(x
,y

;w
)
·µ
−
ε

Φ
∗ (
µ

)

=
m

a
x

µ
∈M

(θ
(x
,y

;w
)

+
δ(

y
))
·µ
−
ε

Φ
∗ (
µ

).
(4

2)

7
.

W
e

o
m

it
so

m
e

d
et

a
il
s

o
f

th
e

co
n
ju

g
a
te

fu
n
ct

io
n

fo
r

si
m

p
li

ci
ty

o
f

ex
p

o
si

ti
o
n

.
S

ee
W

a
in

w
ri

g
h
t

a
n
d

J
o
rd

a
n

(2
0
0
8
)

fo
r

a
p

re
ci

se
d
efi

n
it

io
n
.
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S
t
a
b
il

it
y

a
n
d

G
e
n
e
r
a
l
iz

a
t
io

n
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic

t
io

n

T
h

is
m

ax
im

iza
tion

is
eq

u
iva

len
t

to
m

a
rg

in
a
l

in
feren

ce
w

ith
lo

ss-au
g
m

en
ted

p
o
ten

tials. 8
L

et
µ

u
d

en
ote

th
e

m
a
rgin

a
ls

o
f

th
e

u
n

a
ry

cliq
u

es,
a
n

d
o
b

serv
e

th
a
t

δ(y
)·
µ

=
12
‖y
−
µ

u ‖
1 ,

D
1 (y

,µ
).

(43
)

W
ith

a
slig

h
t

ab
u

se
o
f

n
ota

tio
n

,
w

e
d
efi

n
e

a
n

altern
a
te

sco
rin

g
fu

n
ctio

n
fo

r
m

a
rg

in
a
ls:

h
ε (x

,µ
),

θ
(x

;w
)·
µ
−
ε

Φ
∗(µ

).
(44

)

N
o
te

th
a
t

each
fu

ll
la

b
elin

g
,
ŷ

,
corresp

o
n

d
s

to
a

vertex
o
f

th
e

m
a
rg

in
al

p
oly

to
p

e,
so

ŷ
∈
M

.
F

u
rth

er,
h
ε (x

,ŷ
)

=
h

(x
,y

),
sin

ce
Φ
∗(ŷ

)
=

0
.

T
h
u

s,
co

m
b

in
in

g
E

q
u

a
tio

n
s

4
2

to
4
4
,

w
e

h
av

e
th

at
th

e
soft-m

ax
lo

ss
(E

q
u

a
tion

40
)

is
eq

u
iva

len
t

to

L
sm

(h
,x
,y

)
=

1n

(
m

ax
µ∈M

D
1 (y

,µ
)

+
h
ε (x

,µ
)−

h
ε (x

,ŷ
) )
,

w
h

ich
resem

b
les

a
sm

o
o
th

ed
h

in
ge

lo
ss

fo
r
ε∈

(0,1
).

L
ike

th
e

reg
u

la
r

h
in

g
e

loss,
L

sm
(h
,x
,y

)
is

n
ot

u
n

ifo
rm

ly
ra

n
ge-b

o
u

n
d

ed
fo

r
certain

h
y
p

oth
esis

classes,
so

it
can

n
o
t

b
e

u
sed

w
ith

o
u

r
P

A
C

-B
ayes

b
ou

n
d

s.
H

ow
ever,

w
e

ca
n

u
se

th
e

ra
m

p
lo

ss,
w

ith
a

sligh
t

m
o
d

ifi
ca

tio
n

:

L
sr (h

,x
,y

),
1n

(
m

a
x

µ∈M
D

1 (y
,µ

)
+
h
ε (x

,µ
)−

m
a
x

µ
′∈M

h
ε (x

,µ
′) )

.

W
e

h
ave

essen
tia

lly
ju

st
rep

laced
th

e
m

a
x
es

overZ
n

w
ith

m
a
x
es

overM
a
n

d
u

sed
E

q
u

a
-

tion
4
4

in
stead

of
E

q
u

a
tio

n
2
9
.

W
e

refer
to

th
is

lo
ss

a
s

th
e

so
ft

ra
m

p
lo

ss.
T

h
e

sta
b

ility
p

rop
erties

o
f

th
e

reg
u

la
r

ram
p

lo
ss

ca
rry

over
to

th
e

so
ft

ra
m

p
lo

ss;
it

is
stra

ig
h
tfo

rw
a
rd

to
sh

ow
th

at
L

em
m

a
s

2
an

d
3

h
old

w
h

en
L

r (h
,x
,y

)
is

rep
la

ced
w

ith
L

sr (h
,x
,y

). 9

T
h

e
d

istan
ce

fu
n

ction
,
D

1 (y
,µ

),
h

a
s

a
p

ro
b

ab
ilistic

in
terp

reta
tion

:

D
1 (y

,µ
)

=
n
∑i=

1

1−
p
µ

(Y
i

=
y
i |X

=
x

)
.

T
h

is
id

en
tity

m
o
tiva

tes
an

oth
er

loss
fu

n
ctio

n
;

w
ith

h
ε (x

),
a
rg

m
a
x

µ∈M
h
ε (x

,µ
),

let

L
1 (h

,x
,y

),
1n
D

1
(y
,h

ε (x
))

=
1n

n
∑i=

1

1−
p

(Y
i

=
y
i |X

=
x

;w
)
.

N
o
te

th
a
t

L
1 (h

,x
,y

)≤
L

sr (h
,x
,y

)≤
L

sm
(h
,x
,y

).

8
.

S
in

ce
m

a
rg

in
a
l
in

feren
ce

is
o
ften

in
tra

cta
b
le,

ex
a
ct

in
feren

ce
co

u
ld

b
e

rep
la

ced
w

ith
a

tra
cta

b
le

su
rro

g
a
te,

su
ch

a
s

th
e

B
eth

e
a
p
p
rox

im
a
tio

n
.

9
.

T
h
e

a
d
d
itio

n
a
l
ε

Φ
∗(·)

term
in

E
q
u
a
tio

n
4
4

is
ca

n
celed

o
u
t

in
E

q
u
a
tio

n
s

5
5
,

5
6
,

5
8

a
n
d

5
9
.
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L
o
n
d
o
n
,

H
u
a
n
g

a
n
d

G
e
t
o
o
r

M
a
rg

in
a
l

in
feren

ce,
h
ε (x

),
can

b
e

d
eco

d
ed

b
y

selectin
g

th
e

la
b

els
w

ith
th

e
h

igh
est

m
arg

in
al

p
rob

ab
ilities.

T
h

is
tech

n
iq

u
e

is
som

etim
es

referred
to

as
po

sterio
r

d
ecod

in
g.

C
on

-
ven

ien
tly,

b
ecau

se
th

e
m

argin
als

su
m

to
on

e,
it

can
b

e
sh

ow
n

th
at

th
e

H
am

m
in

g
loss

of
th

e
p

osterior
d

eco
d

in
g

is
at

m
ost

tw
ice

L
1 .

In
th

e
fo

llow
in

g
ex

am
p

le,
w

e
con

sid
er

th
e

class
of

soft-m
ax

C
R

F
s,H

c
r
f .

F
or

h
istorical

rea
son

s,
th

ese
m

o
d

els
ty

p
ically

d
o

n
ot

u
se

ed
ge

ob
servatio

n
s,

w
h

ich
is

a
com

m
on

m
o
d

elin
g

d
ecision

in
,

e.g.,
seq

u
en

ce
m

o
d

els.
W

e
th

erefore
assu

m
e

th
at

th
e

ed
ge

featu
res

a
re

sim
p

ly
f
ij (x

,y
),

y
i ⊗

y
j .

E
x
a
m

p
le

3
.

F
ix

an
y
m
≥

1,
n
≥

1,
π
∈

Π
(n

),
δ
∈

(0,1)
an

d
G

,
(V
,E

).
A

ssu
m

e
th

at
su

p
x∈X
‖
x‖

2
≤

1.
T

h
en

,
w

ith
p

rob
ab

ility
at

least
1−

δ
over

realization
s

of
Ẑ

,
(Z

(l))
ml=

1 ,
for

a
ll
h
∈
H

c
r
f ,

L
1 (h

)≤
L̂

sm
(h
,Ẑ

)
+

7m
n

+
4
β
h ‖Γ

π‖∞

√
12 ‖

w
‖

22
+

d2
ln

(2d
(m
|G
|)

2
ln

(2d
m
n

))
+

ln
4
β
h
δ

2
m
n

,

w
h

ere

β
h
,

4 (‖w
‖

2
+

1

m
|G
| )

+
1
.

W
e

om
it

th
e

p
ro

of,
sin

ce
it

is
alm

ost
id

en
tical

to
E

x
am

p
le

2.
T

h
e

key
d

iff
eren

ce
w

orth
n

otin
g

is
th

at,
sin

ce
th

e
m

o
d

el
d

o
es

n
ot

u
se

ed
ge

ob
servation

s,
th

e
grap

h
’s

m
a
x
im

u
m

d
eg

ree
d

o
es

n
ot

ap
p

ear
in
β
h .

6
.3

P
o
ssib

ly
U

n
b

o
u

n
d
e
d

D
o
m

a
in

s

U
n
til

n
ow

,
w

e
h

ave
assu

m
ed

th
at

th
e

ob
servation

s
are

u
n

iform
ly

b
ou

n
d

ed
in

th
e

u
n

it
b
all.

T
h

is
assu

m
p

tio
n

is
com

m
on

in
th

e
literatu

re,
b

u
t

it
d

o
es

n
ot

q
u

ite
m

atch
w

h
at

h
ap

p
en

s
in

p
ra

ctice.
T

y
p

ically,
on

e
w

ill
rescale

each
d

im
en

sion
o
f

th
e

in
p

u
t

sp
ace

u
sin

g
th

e
m

in
im

u
m

a
n

d
m

a
x
im

u
m

valu
es

fou
n
d

in
th

e
train

in
g

d
ata.

W
h

ile
th

is
p

ro
ced

u
re

gu
aran

tees
a

b
ou

n
d

o
n

th
e

ob
servatio

n
s

at
train

in
g

tim
e,

th
e

b
ou

n
d

m
ay

n
ot

h
old

at
test

tim
e

w
h

en
o
n

e
resca

les
b
y

th
e

lim
its

estim
ated

from
th

e
train

in
g

set.
T

h
is

ou
tco

m
e

w
ou

ld
v
iolate

th
e

p
reco

n
d
ition

s
o
f

th
e

stab
ility

gu
aran

tees
u

sed
to

p
rov

e
th

e
p

rev
iou

s
ex

am
p

les.
N

ow
,

su
p

p
o
se

w
e

k
n

ew
th

at
th

e
ob

servation
s

w
ere

b
ou

n
d
ed

w
ith

h
igh

p
rob

ab
ility.

In
th

e
follow

in
g

ex
a
m

p
le,

w
e

con
stru

ct
a

h
y
p

oth
etica

l
d

ata
d

istrib
u

tion
u

n
d

er
w

h
ich

th
is

as-
su

m
p

tion
h

old
s.

W
e

com
b

in
e

th
is

w
ith

T
h

eorem
2

to
d

erive
a

varian
t

of
E

x
am

p
le

2.

E
x
a
m

p
le

4
.

F
ix

an
y
m
≥

1,
n
≥
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b
e

sl
ig

h
tl

y
lo

os
er

th
an

so
m

e.
H

ow
ev

er
,

if
th

e
d

ep
en

d
en

ce
is

su
b

-l
og

a
ri

th
m

ic
,

i.
e.

,
∥ ∥ Γ

π B

∥ ∥ ∞
=

O
(l

n
n

),
th

en
o
u

r
b

ou
n

d
s

ar
e

m
u

ch
m

o
re

op
ti

m
is

ti
c.

In
S

ec
ti

o
n

4.
3
,

w
e

ex
a
m

in
ed

tw
o

se
tt

in
g
s

in
w

h
ic

h
th

is
as

su
m

p
ti

o
n

h
ol

d
s;

th
es

e
se

tt
in

g
s

ca
n

b
e

ch
ar

ac
te

ri
ze

d
b
y

th
e

fo
ll

ow
in

g
co

n
d

it
io

n
s:

st
ro

n
g

lo
ca

l
si

gn
a
l,

b
ou

n
d
ed

in
te

ra
ct

io
n

s
(i

.e
.,

d
eg

re
e)

,
a
n

d
d

ep
en

d
en

ce
th

a
t

d
ec

ay
s

w
it

h
gr

a
p

h
d

is
ta

n
ce

.
S

in
ce

th
e

d
at

a
d

is
tr

ib
u

ti
o
n

is
d

et
er

m
in

ed
b
y

n
a
tu

re
,

it
is

n
o
t

a
va

ri
a
b

le
o
n

e
ca

n
co

n
tr

o
l.

T
h

er
e

m
ay

b
e

si
tu

at
io

n
s

in
w

h
ic

h
th

e
m

ix
in

g
co

effi
ci

en
ts

ca
n

b
e

es
ti

m
at

ed
fr

om
d

a
ta

,
a
s

d
o
n

e
b
y

M
cD

on
al

d
et

al
.
(2

0
11

)
fo

r
β

-m
ix

in
g

ti
m

e
se

ri
es

.
W

e
le

av
e

th
is

a
s

a
q
u

es
ti

on
fo

r
fu

tu
re

re
se

ar
ch

.
Id

en
ti

fy
in

g
w

ea
ke

r
su

ffi
ci

en
t

d
ep

en
d

en
ce

co
n

d
it

io
n

s
is

al
so

o
f

in
te

re
st

.

T
h

er
e

ar
e

se
v
er

a
l

w
ay

s
in

w
h

ic
h

ou
r

an
a
ly

si
s

ca
n

b
e

re
fi

n
ed

a
n

d
ex

te
n

d
ed

.
In

L
em

m
a

2,
w

h
ic

h
w

e
u

se
to

es
ta

b
li

sh
th

e
st

a
b

il
it

y
o
f
th

e
ra

m
p

lo
ss

,
w

e
u

se
d

a
ra

th
er

co
u

rs
e

a
p

p
li

ca
ti

o
n

o
f

H
öl

d
er

’s
in

eq
u

al
it

y
to

is
ol

a
te

th
e

in
fl

u
en

ce
of

th
e

w
ei

g
h
ts

.
T

h
is

te
ch

n
iq

u
e

ig
n

o
re

s
th

e
re

la
ti

v
e

m
ag

n
it

u
d

es
of

th
e

n
o
d

e
a
n

d
ed

g
e

w
ei

g
h
ts

.
In

d
ee

d
,

it
m

ay
b

e
th

e
ca

se
th

a
t

th
e

ed
g
e

w
ei

g
h
ts

ar
e

si
g
n

ifi
ca

n
tl

y
lo

w
er

th
a
n

th
e

n
o
d
e

w
ei

g
h
ts

.
A

fi
n

er
a
n

a
ly

si
s

of
th

e
w

ei
g
h
ts

co
u

ld
im

p
ro

ve
E

q
u

at
io

n
3
3

an
d

m
ig

h
t

y
ie

ld
n

ew
in

si
g
h
ts

fo
r

w
ei

gh
t

re
gu

la
ri

za
ti

o
n

.
O

n
e

co
u

ld
a
ls

o
a
b

st
ra

ct
th

e
d

es
ir

a
b

le
p

ro
p

er
ti

es
o
f

th
e

p
ot

en
ti

a
l

fu
n

ct
io

n
s

to
a
cc

o
m

m
o
d

a
te

a
b

ro
ad

er
cl

a
ss

th
a
n

th
e

li
n

ea
r

p
ot

en
ti

al
s

u
se

d
in

o
u

r
ex

am
p

le
s.

F
in

a
ll

y,
w

e
co

n
je

ct
u

re
th

at
ou

r
b

o
u

n
d

s
co

u
ld

b
e

ti
g
h
te

n
ed

b
y

a
d

a
p

ti
n

g
G

er
m

a
in

et
a
l.

’s
(2

0
09

)
a
n

a
ly

si
s

to
b

o
u

n
d
φ

2
(h
,Ẑ

)
,
( L

(h
)−
L̂

(h
,Ẑ

))
2

in
st

ea
d

of
φ

(h
,Ẑ

)
,
L

(Q
)−
L̂

(Q
,Ẑ

).
T

h
e

p
ri

m
ar

y
ch

al
le

n
ge

w
ou

ld
b

e
b

o
u

n
d
in

g
th

e
m

o
m

en
t-

ge
n

er
a
ti

n
g

fu
n

ct
io

n
,
E Ẑ
∼
D
m

[ e
u
φ
2
(h
,Ẑ

)] ,
si

n
ce

o
u

r
m

a
rt

in
g
a
le

-b
a
se

d
m

et
h

o
d

w
ou

ld
n

ot
w

or
k
.

If
su

cc
es

sf
u

l,
th

is
an

al
y
si

s
co

u
ld

y
ie

ld
b

o
u

n
d

s
th

a
t

ti
g
h
te

n
w

h
en

th
e

em
p

ir
ic

al
lo

ss
is

sm
a
ll

.

A
ck

n
o
w
le
d
g
m
e
n
ts
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S
t
a
b
il

it
y

a
n
d

G
e
n
e
r
a
l
iz

a
t
io

n
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic

t
io

n

T
h

is
p

ap
er

is
d

ed
ica

ted
to

th
e

m
em

o
ry

o
f
ou

r
frien

d
a
n

d
co

lla
b

ora
to

r,
B

en
T

a
ska

r.
T

h
is

w
o
rk

w
as

su
p

p
o
rted

b
y

th
e

N
a
tio

n
a
l

S
cien

ce
F

o
u

n
d
a
tio

n
(N

S
F

),
u

n
d

er
g
ra

n
t

n
u

m
b

er
IIS

1
2
18

4
8
8,

a
n

d
b
y

th
e

In
tellig

en
ce

A
d

van
ced

R
esearch

P
ro

jects
A

ctiv
ity

(IA
R

P
A

),
v
ia

D
ep

a
rtm

en
t

o
f

In
terior

N
atio

n
a
l

B
u

sin
ess

C
en

ter
(D

o
I/

N
B

C
)

co
n
tra

ct
n
u

m
b

er
D

1
2
P

C
0
03

3
7
.

T
h

e
U

.S
.

G
overn

m
en

t
is

a
u
th

o
rized

to
rep

ro
d

u
ce

a
n

d
d

istrib
u

te
rep

rin
ts

fo
r

g
overn

m
en

ta
l

p
u

rp
o
ses

n
otw

ith
sta

n
d

in
g

an
y

cop
y
rig

h
t

an
n

o
ta

tio
n

th
ereo

n
.

D
iscla

im
er:

T
h
e

v
iew

s
a
n

d
co

n
clu

sio
n

s
co

n
ta

in
ed

h
erein

a
re

th
ose

o
f

th
e

au
th

o
rs

a
n

d
sh

o
u

ld
n

ot
b

e
in

terp
reted

a
s

n
ecessarily

rep
-

resen
tin

g
th

e
offi

cia
l

p
olicies

o
r

en
d

orsem
en

ts,
eith

er
ex

p
ressed

o
r

im
p

lied
,

o
f

N
S

F
,

IA
R

P
A

,
D

o
I/

N
B

C
,

o
r

th
e

U
.S

.
G

ov
ern

m
en

t.

A
p
p
e
n
d
ix

A
.
P
ro

o
fs

fro
m

S
e
ctio

n
4

T
h

is
ap

p
en

d
ix

con
tain

s
th

e
d

eferred
p

ro
o
fs

fro
m

S
ectio

n
6
.

W
e

b
egin

w
ith

so
m

e
su

p
p

le-
m

en
tal

b
a
ck

g
rou

n
d

in
m

ea
su

re
co

n
cen

tra
tio

n
.

W
e

th
en

p
rov

e
P

ro
p

o
sition

1
,

a
n

d
d
eriv

e
a

co
n

cen
tra

tion
in

eq
u

a
lity

im
p

lied
b
y

th
e

resu
lt.

W
e

co
n

clu
d

e
w

ith
th

e
p

ro
o
fs

of
P

ro
p

osi-
tio

n
s

2
an

d
3.

A
.1

T
h

e
M

e
th

o
d

o
f

B
o
u

n
d

e
d

D
iff

e
re

n
c
e
s

O
u

r
p

ro
o
f

o
f

P
ro

p
osition

1
fo

llow
s

M
cD

ia
rm

id
’s

m
eth

od
o
f

bo
u

n
d
ed

d
iff

eren
ces

(M
cD

ia
rm

id
,

1
9
89

),
w

h
ich

u
ses

a
co

n
stru

ction
k
n

ow
n

a
s

a
D

oo
b

m
a
rtin

ga
le

d
iff

eren
ce

sequ
en

ce.
L

et
ϕ

:
Z
n
→

R
d

en
o
te

a
m

ea
su

ra
b

le
fu

n
ctio

n
.

L
et

Z
,

(Z
i )
ni=

1
d

en
o
te

a
set

o
f

ra
n

d
o
m

variab
les

w
ith

join
t

d
istrib

u
tio

n
D

,
a
n

d
let

µ
,

E
[ϕ

(Z
)]

d
en

o
te

th
e

m
ean

o
f
ϕ

.
F

o
r
i∈

[n
],

let
V
i ,

E
[ϕ

(Z
)|Z

1
:i ]−

E
[ϕ

(Z
)|Z

1
:i−

1 ],

w
h

ere
V

1 ,
E

[ϕ
(Z

)|Z
1 ]−

µ
.

T
h

e
seq

u
en

ce
(V

1 ,...,V
n
)

h
a
s

th
e

co
n
ven

ien
t

p
ro

p
erty

th
a
t

n
∑i=

1

V
i

=
ϕ

(Z
)−

µ
.

T
h

erefo
re,

u
sin

g
th

e
law

o
f

to
ta

l
ex

p
ectatio

n
,

w
e

h
ave

th
a
t,

for
a
n
y
τ
∈
R

,

E
[e
τ
(ϕ

(Z
)−
µ

) ]
=

E

[
n
∏i=

1

e
τ
V
i ]

=
E

[(
n−

1
∏i=

1

e
τ
V
i )

E
[e
τ
V
n|Z

1
:n−

1 ] ]

≤
E

[
n−

1
∏i=

1

e
τ
V
i ]

su
p

z∈Z
n−

1 E
[e
τ
V
n|Z

1
:n−

1
=

z ]

...≤
n
∏i=

1

su
p

z∈Z
i−

1 E
[e
τ
V
i|Z

1
:i−

1
=

z ]
.

(4
5)

N
o
te

th
a
t

th
e

ord
er

in
w

h
ich

w
e

co
n

d
itio

n
o
n

va
ria

b
les

is
a
rb

itra
ry,

a
n

d
d

o
es

n
o
t

n
ecessa

rily
n

eed
to

co
rresp

on
d

to
an

y
sp

atio
-tem

p
o
ral

p
ro

cess.
T

h
e

im
p

o
rta

n
t

p
ro

p
erty

is
th

a
t

th
e
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L
o
n
d
o
n
,

H
u
a
n
g

a
n
d

G
e
t
o
o
r

seq
u

en
ce

of
σ

-algeb
ras

gen
erated

b
y

th
e

co
n

d
ition

ed
varia

b
les

are
n

ested
(M

cD
iarm

id
(1998)

called
th

is
a

fi
lter

),
w

h
ich

is
gu

aran
teed

b
y

th
e

co
n

stru
ction

of
(V

1 ,...,V
n
).

O
n

e
can

th
en

u
se

H
o
eff

d
in

g’s
lem

m
a

(H
o
eff

d
in

g,
1963)

to
b

ou
n

d
each

term
in

th
e

ab
ov

e
p

ro
d

u
ct.

L
e
m

m
a

5
.

If
ξ

is
a

ra
n

d
o
m

va
ria

ble,
su

ch
th

a
t
E

[ξ]
=

0
a
n

d
a
≤
ξ≤

b
a
lm

o
st

su
rely,

th
en

fo
r

a
n

y
τ
∈
R

,

E
[e
τ
ξ ]≤

ex
p (

τ
2(b−

a
)
2

8

)
.

C
lea

rly,E
[V
i |Z

1
:i−

1 ]
=

0.
T

h
u

s,
if,

for
all

i∈
[n

],
th

ere
ex

ists
a

valu
e
c
i ≥

0
su

ch
th

at

su
p

z∈Z
i−

1

su
p

z∈Z
(V
i )−

in
f

z ′∈Z
(V
i )

=
su

p
z∈Z

i−
1

z
,z ′∈Z

E
[ϕ

(Z
)|Z

1
:i

=
(z
,z

)]−
E
[ϕ

(Z
)|Z

1
:i

=
(z
,z ′) ]≤

c
i ,

th
en

E
[e
τ
(ϕ

(Z
)−
µ

) ]≤
n
∏i=

1

ex
p (

τ
2c

2i

8

)
=

ex
p (

τ
28

n
∑i=

1

c
2i )

.

W
h

en
Z

1 ,...,Z
n

are
m

u
tu

ally
in

d
ep

en
d

en
t,

an
d
ϕ

h
as
β

-u
n

iform
ly

sta
b

ility,
u

p
p

er-b
ou

n
d

in
g

c
i

is
straig

h
tforw

a
rd

;
it

b
ecom

es
com

p
licated

w
h

en
w

e
relax

th
e

in
d

ep
en

d
en

ce
assu

m
p

tion
,

or
w

h
en

ϕ
is

n
ot

u
n

iform
ly

stab
le.

T
h

e
follow

in
g

section
ad

d
resses

th
e

form
er

ch
allen

ge.

A
.2

C
o
u

p
lin

g

T
o

a
n

a
ly

ze
in

terd
ep

en
d

en
t

ran
d

om
variab

les,
w

e
u

se
a

th
eoretical

co
n

stru
ction

k
n

ow
n

as
co

u
p
lin

g.
F

or
ran

d
om

variab
les

Z
1

an
d
Z

2 ,
w

ith
resp

ective
d

istrib
u

tion
s
D

1
an

d
D

2
over

a
com

m
o
n

sam
p

le
sp

ace
Z

,
a

cou
p

lin
g

is
an

y
join

t
d

istrib
u

tion
D̂

overZ
×
Z

su
ch

th
at

th
e

m
a
rgin

a
l

d
istrib

u
tion

s,D̂
(Z

1 )
an

d
D̂

(Z
2 ),

are
eq

u
al

to
D

1 (Z
1 )

an
d
D

2 (Z
2 )

resp
ectively.

U
sin

g
a

con
stru

ction
d

u
e

to
F

ieb
ig

(1993),
on

e
can

create
a

co
u

p
lin

g
o
f

tw
o

seq
u

en
ces

of
ran

d
om

variab
les,

su
ch

th
at

th
e

p
rob

ab
ility

th
at

an
y

tw
o

corresp
on

d
in

g
variab

les
are

d
iff

eren
t

is
u

p
p

er-b
ou

n
d

ed
b
y

th
e
ϑ

-m
ix

in
g

co
effi

cien
ts

in
D

efi
n

itio
n

6.
T

h
e

follow
in

g
is

a
n

ad
ap

ta
tion

of
th

is
resu

lt
(d

u
e

to
S

am
son

,
2000

)
for

con
tin

u
o
u

s
d

o
m

ain
s.

L
e
m

m
a

6
.

L
et

Z
(1

),
(Z

(1
)

i
)
ni=

1
a
n

d
Z

(2
),

(Z
(2

)
i

)
ni=

1
be

ra
n

d
o
m

va
ria

bles
w

ith
respective

d
istribu

tio
n

s
D

1
a
n

d
D

2
o
ver

a
sa

m
p
le

spa
ce
Z
n

.
T

h
en

th
ere

exists
a

co
u

p
lin

g
D̂

,
w

ith
m

a
rgin

a
l

d
istribu

tio
n

s
D̂

(Z
(1

))
=

D
1 (Z

(1
))

a
n

d
D̂

(Z
(2

))
=

D
2 (Z

(2
)),

su
ch

th
a
t,

fo
r

a
n

y
i∈

[n
],

P
r

(Z
(1

),Z
(2

))∼
D̂ {

Z
(1

)
i
6=
Z

(2
)

i

}
≤
∥∥∥ D

1 (Z
(1

)
i:n )−

D
2 (Z

(2
)

i:n ) ∥∥∥
t
v
,

w
h
ere

P
r
(Z

(1
),Z

(2
))∼

D̂ {
Z

(1
)

i
6=
Z

(2
)

i

}
d
en

o
tes

th
e

m
a
rgin

a
l

p
ro

ba
bility

th
a
t
Z

(1
)

i
6=
Z

(2
)

i
u

n
d
er

D̂
.

N
ote

th
at

th
e

req
u

irem
en

t
of

strictly
p

ositiv
e

d
en

sities
is

n
o
t

restrictive,
sin

ce
o
n

e
can

alw
ay

s
con

stru
ct

a
p

ositiv
e

d
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p

+
∑{
i,j}∈E

12

(‖
x
i ‖
p

+
‖
x
j ‖
p )‖y

i ‖
p ‖y

j ‖
p

≤
∑i∈V

R
×

1
+
∑{
i,j}∈E

12
(R

+
R

)×
1×

1

=
(|V|

+
|E|)R

=
|G
|R
,

w
h

ich
com

p
letes

th
e

p
ro

of.

N
o
te

th
at

L
em

m
as

7
an

d
8

h
old

w
h

en
d
iscrete

lab
els

a
re

rep
la

ced
w

ith
m

argin
als,

sin
ce

each
cliq

u
e’s

m
argin

als
su

m
to

on
e.

T
h

is
ad

a
p

tation
en

ab
les

th
e

p
ro

of
of

E
x
am

p
le

3.

C
.1

P
ro

o
f

o
f

L
e
m

m
a

2

T
o

sim
p

lify
n

o
tation

,
let:

y
1 ,

arg
m

ax
u∈Y

n
D

h (y
,u

)
+
h

(x
,u

);
y

2 ,
arg

m
ax

u∈Y
n

h
(x
,u

);

y
′1 ,

a
rg

m
ax

u∈Y
n

D
h (y
′,u

)
+
h

(x
′,u

);
y
′2 ,

arg
m

ax
u∈Y

n
h

(x
′,u

).

U
sin

g
th

is
n

otatio
n
,

w
e

h
ave

th
at

n ∣∣L
r (h

,z
)−

L
r (h

,z ′) ∣∣
=
∣∣(D

h (y
,y

1 )
+
h

(x
,y

1 )−
h

(x
,y

2 ))−
(D

h (y
′,y
′1 )

+
h

(x
′,y
′1 )−

h
(x
′,y
′2 ) ) ∣∣

≤
∣∣(D

h (y
,y

1 )
+
h

(x
,y

1 ))−
(D

h (y
′,y
′1 )

+
h

(x
′,y
′1 ) ) ∣∣

+
∣∣h

(x
,y

2 )−
h

(x
′,y
′2 ) ∣∣

,
(54)

u
sin

g
th

e
trian

gle
in

eq
u

ality.
F

o
cu

sin
g

on
th

e
secon

d
ab

solu
te

d
iff

eren
ce,

w
e

can
assu

m
e,

w
ith

ou
t

loss
of

gen
era

lity,
th

a
t
h

(x
,y

2 )≥
h

(x
′,y
′2 ),

m
ean

in
g

∣∣h
(x
,y

2 )−
h

(x
′,y
′2 ) ∣∣

=
h

(x
,y

2 )−
h

(x
′,y
′2 )

≤
h

(x
,y

2 )−
h

(x
′,y

2 )

=
w
· (f(x

,y
2 )−

f(x
′,y

2 ) )

≤
‖w
‖
q ∥∥

f(x
,y

2 )−
f(x
′,y

2 ) ∥∥
p

≤
‖w
‖
q

(∆
G

+
2)R

D
h (x

,x
′).

(55)
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t
a
b
il

it
y

a
n
d

G
e
n
e
r
a
l
iz

a
t
io

n
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic

t
io

n

T
h

e
fi

rs
t

in
eq

u
al

it
y

u
se

s
th

e
op

ti
m

al
it

y
of

y
′ 2
,

im
p

ly
in

g
−
h

(x
′ ,

y
′ 2
)
≤
−
h

(x
′ ,

y
2
);

th
e

se
co

n
d

in
eq

u
al

it
y

u
se

s
H

öl
d

er
’s

in
eq

u
al

it
y
;

th
e

th
ir

d
in

eq
u

al
it

y
u

se
s

L
em

m
a

7
(E

q
u

at
io

n
5
1)

.
N

o
te

th
at

w
e

ob
ta

in
th

e
sa

m
e

u
p

p
er

b
ou

n
d

if
w

e
as

su
m

e
th

at
h

(x
,y

2
)
≤
h

(x
′ ,

y
′ 2
),

si
n

ce
w

e
ca

n
re

ve
rs

e
th

e
te

rm
s

in
si

d
e

th
e

ab
so

lu
te

va
lu

e
an

d
p

ro
ce

ed
w

it
h

y
′ 2

in
st

ea
d

of
y

2
.

W
e

n
ow

re
tu

rn
to

th
e

fi
rs

t
ab

so
lu

te
d

iff
er

en
ce

.
T

o
re

d
u

ce
cl

u
tt

er
,

it
w

il
l

h
el

p
to

u
se

th
e

lo
ss

-a
u

gm
en

te
d

p
ot

en
ti

al
s,
θ̃

(x
,y

;w
),

fr
om

E
q
u

at
io

n
31

.
R

ec
al

l
th

at
δ(

y
)

d
en

o
te

s
th

e
lo

ss
au

gm
en

ta
ti

on
v
ec

to
r

fo
r

y
.

W
e

th
en

h
av

e
th

at

∣ ∣ (D
h
(y
,y

1
)

+
h

(x
,y

1
))
−
( D

h
(y
′ ,

y
′ 1
)

+
h

(x
′ ,

y
′ 1
))
∣ ∣ =

∣ ∣ ∣θ̃
(x
,y

;w
)
·ŷ

1
−
θ̃

(x
′ ,

y
′ ;

w
)
·ŷ
′ 1

∣ ∣ ∣.

If
w

e
as

su
m

e
(w

it
h

ou
t

lo
ss

of
ge

n
er

al
it

y
)

th
at
θ̃

(x
,y

;w
)
·ŷ

1
≥
θ̃

(x
′ ,

y
′ ;

w
)
·ŷ
′ 1
,

th
en

∣ ∣ ∣θ̃
(x
,y

;w
)
·ŷ

1
−
θ̃

(x
′ ,

y
′ ;

w
)
·ŷ
′ 1

∣ ∣ ∣=
θ̃

(x
,y

;w
)
·ŷ

1
−
θ̃

(x
′ ,

y
′ ;

w
)
·ŷ
′ 1

≤
θ̃

(x
,y

;w
)
·ŷ

1
−
θ̃

(x
′ ,

y
′ ;

w
)
·ŷ

1

=
( θ

(x
;w

)
+
δ(

y
)
−
θ

(x
′ ;

w
)
−
δ(

y
′ )
) ·

ŷ
1

=
w
·(

f(
x
,y

1
)
−

f(
x
′ ,

y
1
))

+
( δ

(y
)
−
δ(

y
′ )
) ·

ŷ
1

≤
‖w
‖ q

(∆
G

+
2)
R
D

h
(x
,x
′ )

+
( δ

(y
)
−
δ(

y
′ )
) ·

ŷ
1

≤
‖w
‖ q

(∆
G

+
2)
R
D

h
(x
,x
′ )

+
D

h
(y
,y
′ )
.

(5
6)

T
h

e
fi

rs
t

in
eq

u
al

it
y

u
se

s
th

e
op

ti
m

al
it

y
of

y
′ 1
;

th
e

se
co

n
d

in
eq

u
al

it
y

u
se

s
H

ö
ld

er
’s

in
eq

u
a
li

ty
an

d
L

em
m

a
7

ag
ai

n
;

th
e

la
st

in
eq

u
al

it
y

u
se

s
th

e
fa

ct
th

at

( δ
(y

)
−
δ(

y
′ )
) ·

ŷ
1

=
D

h
(y
,y

1
)
−
D

h
(y
′ ,

ŷ
1
)
≤
D

h
(y
,y
′ )
.

T
h

e
u

p
p

er
b

ou
n

d
in

E
q
u

at
io

n
56

al
so

h
ol

d
s

w
h

en
θ̃

(x
′ ,

y
′ ;

w
)
·ŷ
′ 1
≥
θ̃

(x
,y

;w
)
·ŷ

1
.

C
om

b
in

in
g

E
q
u

at
io

n
s

55
to

57
,

w
e

th
en

h
av

e
th

at

n
∣ ∣ L

r(
h
,z

)
−
L

r(
h
,z
′ )
∣ ∣ ≤

2(
∆
G

+
2)
R
‖w
‖ q
D

h
(x
,x
′ )

+
D

h
(y
,y
′ )

≤
2(

∆
G

+
2)
R
‖w
‖ q
D

h
(z
,z
′ )

+
D

h
(z
,z
′ )
.

D
iv

id
in

g
b

ot
h

si
d

es
b
y
n

y
ie

ld
s

E
q
u

at
io

n
33

.
T

o
ob

ta
in

E
q
u

at
io

n
34

,
w

e
u

se
L

em
m

a
7’

s
E

q
u

at
io

n
52

in
E

q
u

at
io

n
s

55
an

d
56

,
w

h
ic

h
re

d
u

ce
s

th
e

te
rm

(∆
G

+
2)

to
ju

st
2
.

C
.2

P
ro

o
f

o
f

L
e
m

m
a

3

T
h

e
p

ro
of

p
ro

ce
ed

s
si

m
il
ar

ly
to

th
at

of
L

em
m

a
2.

L
et

y
1
,

ar
g

m
ax

u
∈Y

n
D

h
(y
,u

)
+
h

(x
,u

);
y

2
,

ar
g

m
ax

u
∈Y

n
h

(x
,u

);

y
′ 1
,

ar
g

m
ax

u
∈Y

n
D

h
(y
,u

)
+
h
′ (

x
,u

);
y
′ 2
,

ar
g

m
ax

u
∈Y

n
h
′ (

x
,u

).

U
si

n
g

th
is

n
ot

at
io

n
,

w
e

h
av

e
th

at

n
∣ ∣ L

r(
h
,z

)
−
L

r(
h
′ ,

z
)∣ ∣

≤
∣ ∣ (D

h
(y
,y

1
)

+
h

(x
,y

1
))
−
( D

h
(y
,y
′ 1
)

+
h
′ (

x
,y
′ 1
))
∣ ∣ +
∣ ∣ h

(x
,y

2
)
−
h
′ (

x
,y
′ 2
)∣ ∣
,

(5
7)
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L
o
n
d
o
n
,

H
u
a
n
g

a
n
d

G
e
t
o
o
r

v
ia

th
e

tr
ia

n
gl

e
in

eq
u

al
it

y.
A

ss
u

m
in

g
h

(x
,y

2
)
≥
h
′ (

x
,y
′ 2
),

w
e

h
av

e
th

at

∣ ∣ h
(x
,y

2
)
−
h
′ (

x
,y
′ 2
)∣ ∣

=
h

(x
,y

2
)
−
h
′ (

x
,y
′ 2
)

≤
h

(x
,y

2
)
−
h
′ (

x
,y

2
)

=
(w
−

w
′ )
·f

(x
,y

2
)

≤
∥ ∥ w
−

w
′∥ ∥
q
‖f

(x
,y

2
)‖
p

≤
∥ ∥ w
−

w
′∥ ∥
q
|G
|R
,

(5
8)

v
ia

L
em

m
a

8.
F

u
rt

h
er

,
u

si
n

g
th

e
lo

ss
-a

u
g
m

en
te

d
p

ot
en

ti
a
ls

,
an

d
a
ss

u
m

in
g
θ̃

(x
,y

;w
)
·ŷ

1
≥

θ̃
(x
,y

;w
′ )
·ŷ
′ 1
,

w
e

h
av

e
th

a
t

∣ ∣ (D
h
(y
,y

1
)

+
h

(x
,y

1
))
−
( D

h
(y
,y
′ 1
)

+
h
′ (

x
,y
′ 1
))
∣ ∣ =

θ̃
(x
,y

;w
)
·ŷ

1
−
θ̃

(x
,y

;w
′ )
·ŷ
′ 1

≤
θ̃

(x
,y

;w
)
·ŷ

1
−
θ̃

(x
,y

;w
′ )
·ŷ

1

=
( θ

(x
;w

)
+
δ(

y
)
−
θ

(x
;w
′ )
−
δ(

y
))
·ŷ

1

=
(w
−

w
′ )
·f

(x
,y

1
)

≤
∥ ∥ w
−

w
′∥ ∥
q
‖f

(x
,y

1
)‖
p

≤
∥ ∥ w
−

w
′∥ ∥
q
|G
|R
.

(5
9)

C
o
m

b
in

in
g

th
e

in
eq

u
a
li

ti
es

an
d

d
iv

id
in

g
b
y
n

co
m

p
le

te
s

th
e

p
ro

o
f.

C
.3

P
ro

o
f

o
f

E
x
a
m

p
le

1

S
in

ce
th

e
w

ei
gh

ts
a
re

u
n

if
o
rm

ly
b

o
u

n
d

ed
,
w

e
d

efi
n

e
th

e
p

ri
o
r,
P,

a
s

a
u

n
if

or
m

d
is

tr
ib

u
ti

o
n

o
n

th
e
d
-d

im
en

si
on

al
u
n

it
b

al
l.

G
iv

en
a

(l
ea

rn
ed

)
h
y
p

o
th

es
is

,
h

,
w

it
h

w
ei

g
h
ts

w
,

w
e

co
n

st
ru

ct
a

p
o
st

er
io

r,
Q
h
,

as
a

u
n

if
o
rm

d
is

tr
ib

u
ti

o
n

o
n

a
d
-d

im
en

si
on

a
l

b
al

l
w

it
h

ra
d

iu
s
ε,

ce
n
te

re
d

a
t

w
,

an
d

cl
ip

p
ed

a
t

th
e

b
o
u

n
d

ar
y

o
f

th
e

u
n

it
b
al

l;
i.

e.
,

it
s

su
p

p
o
rt

is
{w
′ ∈

R
d

:
‖w
′ −

w
‖ 2
≤

ε,
‖w
′ ‖ 2
≤

1
}.

W
e

le
t
ε
,

(m
|G
|)−

1
,

m
ea

n
in

g
th

e
ra

d
iu

s
o
f

th
e

b
a
ll

sh
o
u

ld
d

ec
re

a
se

a
s

th
e

si
ze

of
th

e
tr

ai
n

in
g

se
t

in
cr

ea
se

s.

F
or

a
u

n
if

or
m

d
is

tr
ib

u
ti

o
n

,
U

,
w

it
h

su
p
po

rt
su

p
p

(U
)
⊆
H

,
w

e
d

en
o
te

it
s

vo
lu

m
e

b
y

vo
l(
U

)
,
∫ H

1
{h
∈

su
p

p
(U

)}
d
h
.

T
h

e
p

ro
b

a
b

il
it

y
d
en

si
ty

fu
n

ct
io

n
o
f
U

is
th

e
in

ve
rs

e
o
f

it
s

v
o
lu

m
e.

T
h

e
vo

lu
m

e
o
f
P

is
th

e
vo

lu
m

e
of

a
u

n
it

b
a
ll

,
w

h
ic

h
is

p
ro

p
o
rt

io
n

al
to

1
.

S
im

il
a
rl

y,
th

e
v
ol

u
m

e
of

Q
h

is
a
t

le
as

t
th

e
vo

lu
m

e
of

a
d
-d

im
en

si
on

a
l

b
a
ll

w
it

h
ra

d
iu

s
ε/

2
(d

u
e

to
th

e
in

te
rs

ec
ti

o
n

w
it

h
th

e
u

n
it

b
al

l)
,

w
h

ic
h

is
p

ro
p

o
rt

io
n

a
l

to
(ε
/2

)d
.1

2
T

h
er

ef
o
re

,
u
si

n
g
p

an
d
q h

to
d

en
o
te

th
ei

r
re

sp
ec

ti
ve

1
2
.

W
e

w
it

h
h
o
ld

th
e

p
re

ci
se

d
efi

n
it

io
n
s

fo
r

si
m

p
li
ci

ty
o
f

ex
p

o
si

ti
o
n
.

It
w

il
l

su
ffi

ce
to

re
co

g
n

iz
e

th
ei

r
re

la
ti

v
e

p
ro

p
o
rt

io
n
s,

si
n
ce

th
e

w
it

h
h
el

d
co

n
st

a
n
t

d
ep

en
d
s

o
n
ly

o
n
d
,

a
n
d

is
th

er
eb

y
ca

n
ce

le
d

o
u
t

in
th

e
K

L
d
iv

er
g
en

ce
.
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S
t
a
b
il

it
y

a
n
d

G
e
n
e
r
a
l
iz

a
t
io

n
in

S
t
r
u
c
t
u
r
e
d

P
r
e
d
ic

t
io

n

d
en

sities,
w

e
h

ave
th

at

D
k
l (Q

h ‖P
)

=

∫H
q
h (h
′)

ln
q
h (h
′)

p
(h
′)

d
h
′

=

∫H
q
h (h
′)

ln
vo

l(P
)

vo
l(Q

h )
d
h
′

≤
∫H

q
h (h
′)

ln
(2/

ε)
d

d
h
′

=
d

ln
(2m
|G
|).

B
y

a
ssu

m
p

tion
,

every
a
llow

a
b

le
h
y
p

o
th

esis
h
a
s

a
w

eigh
t

vector
w

w
ith
‖
w
‖

2 ≤
1
.

W
e

a
lso

a
ssu

m
e

th
a
t

su
p
x∈X
‖
x‖

2 ≤
1
.

T
h

erefo
re,

w
ith

R
=

1
an

d
β
,

(2
∆
G

+
4
)
+

1
,

L
em

m
a

2
im

m
ed

ia
tely

p
roves

th
at
L

r ◦{
h
∈
H

m
3
n

:‖
w
‖

2
≤

1}
is

(β
/
n

)-u
n

ifo
rm

ly
sta

b
le.

In
vo

k
in

g
C

o
rolla

ry
1
,

w
e

th
en

h
ave

th
a
t,

w
ith

p
rob

ab
ility

a
t

lea
st

1−
δ,

every
Q
h

:‖
w
‖

2 ≤
1

satisfi
es

L
r (Q

h )≤
L̂

r (Q
h ,Ẑ

)
+

2
((2

∆
G

+
4
)

+
1
)‖Γ

π‖∞

√
d

ln
(2m
|G
|)

+
ln

2δ

2m
n

.
(6

0)

B
y

co
n

stru
ction

,
every

h
′∼

Q
h
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arcı́a-
G

arcı́a
and

W
illiam

son,2012).

§9

Table
1:C

om
parison

ofpresentpaperto
previous

w
orks

on
loss

functions.

Properlosses
are

the
naturallosses

to
use

forprobability
estim

ation.T
hey

have
been

studied
in

detailw
hen

n
=

2
(the

“binary
case”)w

here
there

is
a

nice
integralrepresentation

(B
uja

etal.,
2005;G

neiting
and

R
aftery,2007;R

eid
and

W
illiam

son,2011),and
characterization

(R
eid

and
W

illiam
son,2010)

w
hen

differentiable.
T

he
proper

com
posite

representation
for

binary
losses

has
proved

very
illum

inating
in

the
study

ofbipartite
ranking

problem
s

(M
enon

and
W

illiam
son,
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W
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L
IA

M
S

O
N

,V
E

R
N

E
T

A
N

D
R

E
ID

2014).C
lassification

calibrated
losses

are
an

analog
ofproperlosses

forthe
problem

ofclassifi-
cation

(B
artlettetal.,2006).

T
he

relationship
betw

een
classification

calibration
and

properness
w

as
determ

ined
by

R
eid

and
W

illiam
son

(2010)
for

n
=

2.
M

ostof
these

results
have

had
no

m
ulticlass

analogue
untilnow

.
W

hilstthere
is

m
uch

w
ork

on
classification

problem
s,itis

now
w

idely
understood

thatthere
are

often
advantages

in
being

able
to

predictprobabilities,rather
than

justlabels
(B

ennett,2003;C
ohen

and
G

oldszm
idt,2004).

T
he

theory
of

loss
functions

m
akes

itclear
how

one
ideally

chooses
a

loss—
one

takes
ac-

count
of

one’s
utility

concerning
various

incorrect
predictions

(K
iefer,

1987),
(B

erger,
1985,

Section
2.4).

T
he

practice
rarely

involves
such

a
step,prim

arily,w
e

conjecture,because
there

is
no

adequate
understanding

of
the

w
ay

one
can

param
etrise

losses
effectively,

especially
in

the
m

ulticlass
case.

T
here

is
little

guidance
in

the
literature

concerning
how

to
choose

a
loss

function;
typically

heuristic
argum

ents
are

used
for

the
choice—

confer
e.g.

(Ighodaro
et

al.,
1982;N

ayak
and

N
aik,1989).A

n
early

approach
to

m
ulticlass

losses
is

sim
ply

reduction
to

bi-
nary

(A
llw

ein
etal.,2001;B

eygelzim
eretal.,2007;C

ram
m

erand
Singer,2001;D

ietterich
and

B
akiri,1995;Z

adrozny
and

E
lkan,2002).R

elated
approaches

are
pairw

ise
coupling

orB
radley-

Terry
m

odels
(H

astie
and

Tibshirani,
1998;

W
u

and
W

eng,
2004;

H
uang

et
al.,

2006)
w

here
certain

relationships
are

assum
ed

to
hold

betw
een

the
pairw

ise
probabilities

and
the

m
ultivariate

probability
ofinterest.

T
he

design
of

losses
for

m
ulticlass

prediction
has

received
recent

attention
(Z

hang,2004;
H

ill
and

D
oucet,

2007;
Tew

ari
and

B
artlett,

2007;
L

iu,
2007;

Santos-R
odrı́guez

et
al.,

2009;
Z

ou
etal.,2008;Z

hang
etal.,2009)although

none
ofthese

papers
developed

the
connection

to
proper

losses,and
m

ostrestrictconsideration
to

m
argin

losses
(w

hich
im

ply
certain

sym
m

etry
conditions).Z

ou
etal.(2005)proposed

a
m

ulticlass
generalisation

of“adm
issible

losses”
(their

nam
e

for
classification

calibration)
for

m
ulticlass

m
argin

classification.
L

iu
(2007)

considered
severalm

ulticlass
generalisations

ofhinge
loss

(suitable
form

ulticlass
SV

M
s)and

show
ed

som
e

of
them

w
ere

and
others

w
ere

notFisher
consistent,and

w
hen

they
w

ere
notitw

as
show

n
how

the
training

algorithm
could

be
m

odified
to

m
ake

the
losses

behave
consistently.

Shi
et

al.
(2010)

have
investigated

the
relationship

betw
een

classification
calibration

of
m

ulticlass
losses

and
losses

for
structure

prediction,and
have

proposed
an

extension
of

classification
calibration

w
hich

they
callparam

etric
consistency,w

hich
attem

ptsto
take

accountofthe
function

classused
(classification

calibration
is,like

allthe
resultsin

thispaper,concerned
w

ith
behaviourperpoint;

in
practice

one
typically

optim
ises

over
restricted

classes
of

functions).
M

ulticlass
losses

have
also

been
considered

in
the

developm
entofm

ulticlassboosting
(e.g.Z

hu
etal.,2009;M

ukherjee
and

Schapire,2013;W
u

and
L

ange,2010).

1.2
O

utline

T
he

restof
the

paper
is

organised
as

follow
s.

In
§2:

w
e

setup
the

problem
form

ally
and

state
som

e
purely

m
athem

aticalresults
w

e
w

illneed;§3:
w

e
relate

properness,classification
calibra-

tion,and
the

notion
used

by
Tew

ariand
B

artlett(2007)w
hich

w
e

renam
e

“prediction
calibrated”;

§4:w
e

provide
a

novelcharacterization
ofm

ulticlass
properness;§5:w

e
study

com
posite

proper
losses

(the
com

position
of

a
proper

loss
w

ith
an

invertible
link)

and
characterise

w
hen

a
given

loss
has

such
a

representation
and

w
hen

the
representation

is
unique;§6:

w
e

develop
a

num
-

ber
of

interesting
im

plications
of

the
representation

and
the

characterisation
results

in
term

s
of
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.F
or
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am
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e

if
on

e
w

is
he

s
to

us
e

lin
ea

rp
re

di
ct

or
s,

th
ei

rn
at

ur
al

ra
ng

e
is
R

n .O
ne

ca
n

co
ns

id
er

lo
ss

es
`

:
V
→

R
n +

.S
up

po
se

th
er

e
ex

is
ts

an
in

ve
rt

ib
le

fu
nc

tio
n

ψ
:

∆n
→

V
.T

he
n
`

ca
n

be
w

ri
tte

n
as

a
co

m
po

si
tio

n
of

a
lo

ss
λ

de
fin

ed
on

th
e

si
m

pl
ex

w
ith

ψ
−

1 .T
ha

ti
s,
`(

v)
=

λ
ψ

(v
)

:=
λ

(ψ
−

1 (
v)

).
Su

ch
a

fu
nc

tio
n

λ
ψ

is
a

co
m

po
si

te
lo

ss
.I

fλ
is

pr
op

er
,w

e
sa

y
`

is
a

pr
op

er
co

m
po

si
te

lo
ss

,w
ith

as
so

ci
at

ed
pr

op
er

lo
ss

λ
an

d
lin

k
ψ

;s
ee

Fi
gu

re
1.

M
an

y
co

m
m

on
ly

us
ed

m
ul

tic
la

ss
lo

ss
es

ar
e

co
m

po
si

te
lo

ss
es

,e
ve

n
th

ou
gh

th
ey

ar
e

no
to

ft
en

ex
pr

es
se

d
as

su
ch

;s
ee

th
e

ex
am

pl
e

in
§8

.4
.

T
hr

ou
gh

ou
tt

he
pa

pe
r,
`

is
a

ge
ne

ra
ll

os
s

de
fin

ed
on

V
,w

he
re

V
m

ay
eq

ua
l∆

n ,a
nd

λ
is

al
-

w
ay

s
a

lo
ss

de
fin

ed
on

∆n ,w
hi

ch
m

ay
be

pr
op

er
.F

or
su

ch
a

lo
ss

λ
:

∆n
→

R
n +

,i
ts

co
rr

es
po

nd
in

g
co

nd
iti

on
al

ri
sk

is
de

no
te

d
Λ

(p
,q

)
an

d
its

co
nd

iti
on

al
B

ay
es

ri
sk

is
Λ

(p
).

In
or

de
rt

o
di

ff
er

en
tia

te
th

e
lo

ss
es

w
e

pr
oj

ec
tt

he
n-

si
m

pl
ex

in
to

a
su

bs
et

of
R

n−
1 .L

et

∆̃n
:=

{
(p

1,
..
.,

p n
−

1)
′ :

p i
≥

0,
∀i
∈

[n
],

n−
1 ∑ i=
1

p i
≤

1}

de
no

te
th

e
“b

ot
to

m
”

of
th

e
n-

si
m

pl
ex

.W
e

de
no

te
by

Π
∆

:
∆n
3

p
=

(p
1,
..
.,

p n
)′
7→

p̃
=

(p
1,
..
.,

p n
−

1)
′ ∈

∆̃n ,

th
e

pr
oj

ec
tio

n
of

th
e

∆n ,a
nd

Π
−

1
∆

:∆̃
n
3

p̃
=

(p̃
1,
..
.,

p̃ n
−

1)
′ 7→

p
=

(p̃
1,
..
.,

p̃ n
−

1,
1
−

n−
1 ∑ i=
1

p̃ i
)′
∈

∆n

its
in

ve
rs

e.
Fo

rc
on

ve
ni

en
ce

,w
e

w
ill

of
te

n
us

e
ñ

:=
n
−

1
to

de
no

te
th

e
di

m
en

si
on

of
th

e
se

t∆̃
n .
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T
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Figure
2:

A
partitioning

of
the

3-sim
plex

by
regions

T
i (c),i

=
1,2

,3,w
here

c
=

(.35,.2
,.45)

as
view

ed
from

the
direction

(1,1,1
).

W
e

use
the

follow
ing

notation.T
he

kth
unitvectore

k isthe
n

vectorw
ith

allcom
ponentszero

exceptthe
kth

w
hich

is
1.T

he
n-vector

1
n

:=
(1
,...,1) ′.T

he
(relative)interiorofthe

sim
plex

is
∆̊

n
:=
{(p

1 ,...,p
n ):

∑
i∈

[n] p
i =

1
,and

0
<

p
i <

1
,∀i∈

[n
]}

and
the

boundary
is∂∆

n
:=

∆
n\∆̊

n.
W

e
also

adoptnotation
from

M
agnus

and
N

eudecker
(1999).

For
the

reader’s
convenience

w
e

listthe
essentialnotations

and
conventions

in
A

ppendix
A

.

3.R
elating

Propernessto
C

lassification
C

alibration

Propernessisan
attractive

property
ofa

lossforthe
task

ofclassprobability
estim

ation.H
ow

ever
ifone

is
m

erely
interested

in
classifying

(predicting
ŷ∈

[n]given
x∈

X
)then

itis
strongerthan

one
needs.

In
this

section
w

e
relate

classification
calibration

(the
analog

of
properness

for
classification

problem
s)to

properness.
Suppose

c∈
∆̊

n.W
e

cover∆
n

w
ith

n
subsets

each
representing

one
class:

T
i (c)

:=
{p∈

∆
n:∀

j6=
i

p
i c

j ≥
p

j c
i }
,

i∈
[n].

O
bserve

thatfor
i6=

j,the
sets

R
ij (c)

:=
{p∈

∆
n:

p
i c

j =
p

j c
i }

are
subsets

ofdim
ension

n−
2

through
c

and
alle

k
such

thatk6=
iand

k6=
j.T

hese
subsets

partition
R

n
into

tw
o

parts.T
he

set
R

ij (c)
is

the
intersection

of∆
n

and
the

subspaces
delim

ited
by

the
precedent

(n−
2
)-subspace

and
in

the
sam

e
side

as
e

i .
A

n
exam

ple
of

this
partition

is
show

n
graphically

in
Figure

2.
W

e
w

illm
ake

use
ofthe

follow
ing

properties
of

T
i (c).

L
em

m
a

1
Suppose

c∈
∆̊

n,i∈
[n].Then

the
follow

ing
hold:

1.
For

all
p∈

∆
n,there

exists
isuch

that
p∈

T
i (c).

2.
Suppose

p∈
∆

n.
T

i (c)∩
T

j (c)⊆
{p∈

∆
n:

p
i c

j =
p

j c
i },a

subsetofa
subspace

ofdim
en-

sion
n−

2.

7

JM
L

R
 17(223):1-52

W
IL

L
IA

M
S

O
N

,V
E

R
N

E
T

A
N

D
R

E
ID

3.
Suppose

p∈
∆

n.If
p∈

⋂
ni=

1
T

i (c)
then

p
=

c.

4.
For

allp,q∈
∆

n,p6=
q,there

exists
c∈

∆̊
n,and

i∈
[n

]such
thatp∈

T
i (c)

and
q
/∈

T
i (c).

T
he

proofis
deferred

to
A

ppendix
B

.1.
C

lassification
calibrated

losses
have

been
developed

and
studied

under
som

e
differentdef-

initions
and

nam
es

(Z
hang,

2004;
B

artlett
et

al.,
2006).

B
elow

w
e

generalise
the

notion
of

c-calibration
w

hich
w

as
proposed

for
n

=
2

by
R

eid
and

W
illiam

son
(2010)

and
developed

by
Scott(2011,2012)as

a
generalisation

ofthe
notion

ofclassification
calibration

ofB
artlettetal.

(2006);conferalso
Steinw

art(2007).

D
efinition

2
Suppose

`:∆
n→

R
n+

is
a

loss
and

c∈
∆̊

n.W
e

say
`

is
c-calibrated

at
p∈

∆
n

iffor
alli∈

[n
]such

that
p
/∈

T
i (c)

then
∀q∈

T
i (c),

L
(p

)
<

L
(p,q

).W
e

say
that

`
is

c-calibrated
if

∀
p∈

∆
n,
`

is
c-calibrated

at
p.

D
efinition

2
m

eans
thatifthe

probability
vectorq

one
predicts

doesn’tbelong
to

the
sam

e
subset

(i.e.doesn’tpredictthe
sam

e
class)as

the
realprobability

vector
p,then

the
loss

m
ightbe

larger
than

L
(p

).
C

lassification
calibration

in
the

sense
used

by
B

artlettetal.(2006)correspondsto
12 -calibrated

losses
w

hen
n

=
2.Ifc

m
id

:=
(

1n ,...,
1n ) ′,c

m
id -calibration

induces
Fisher-consistentestim

ates
in

the
case

of
classification.

Furtherm
ore

“`
is

c
m

id -calibrated
and

for
alli∈

[n],and
`i is

contin-
uous

and
bounded

below
”

is
equivalentto

“`
is

infinite
sam

ple
consistent”

as
defined

by
Z

hang
(2004).T

his
is

because
if
`

is
continuous

and
T

i (c)
is

closed,then∀q∈
T

i (c),L
(p

)
<

L
(p,q)

if
and

only
ifL

(p
)
<

infq∈
T

i (c) L
(p,q

).
T

he
follow

ing
resultgeneralises

the
correspondence

betw
een

binary
classification

calibra-
tion

and
properness

(R
eid

and
W

illiam
son,2010,T

heorem
16)to

m
ulticlass

losses
(n
>

2).

Proposition
3

A
continuous

loss
`:∆

n→
R

n+
is

strictly
proper

ifand
only

ifitis
c-calibrated

for
allc∈

∆̊
n.

Proof
(⇒

)Suppose
that`

isstrictly
proper.T

hen
forallc∈

∆̊
n,foralli∈

[n
]such

thatp
/∈

T
i (c)

and
forallq∈

T
i (c)

then
p6=

q
and

thus
L

(p)
<

L
(p
,q)

since
`

is
strictly

proper.
(⇐

)
Suppose

that
`

is
c-calibrated

forallc∈
∆̊

n.Suppose
p,q∈

∆
n

and
p6=

q.B
y

L
em

m
a

1
(part4)one

can
partition

p
and

q
into

tw
o

differentclasses:
there

exists
c∈

∆̊
n

and
i∈

[n
]such

thatq∈
T

i (c)
and

p
/∈

T
i (c).H

ence
L

(p
)
<

L
(p,q)

since
`

is
c-calibrated.Since

`
is

continuous
and

∆
n

is
closed,the

infim
um

in
the

definition
of

L
(p)

is
attained.

Since
L

(p)
<

L
(p
,q)

for
all

q6=
p,w

e
conclude

L
(p)

=
L

(p
,p).T

hus
`

is
strictly

proper.

In
particular,a

continuous
strictly

proper
loss

is
c

m
id -calibrated.

T
hus

for
any

estim
ator

q̂
n

of
the

conditional
probability

vector
one

constructs
by

m
inim

izing
the

em
pirical

average
of

a
continuous

strictly
proper

loss,
one

can
build

an
estim

ator
of

the
label

(corresponding
to

the
largestprobability

ofq̂
n )w

hich
is

Fisherconsistentforthe
problem

ofclassification.
In

the
binary

case,`
is

classification
calibrated

ifand
only

ifthe
follow

ing
im

plication
holds

(B
artlettetal.,2006):

(
L

(fn )→
m

ing
L

(g) )
⇒
(
P

X
,Y

(Y
6=

fn (X
))→

m
ing
P

X
,Y

(Y
6=

g
(X

)) )
.

(1)
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(1
)h
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e
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tic
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ss
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.S
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re
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at
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n
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(1
)

st
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fo

r
n
>

2,
w

e
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ve
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ff
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r
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e
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.
W
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at
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n

ca
lib

ra
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n
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e
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n

(D
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Fi
sh
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te
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y
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d
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e
pr
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tio
n

ca
lib

ra
te

d
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efi
ne

d
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w

)
fo

rt
he

no
tio

n
of

Te
w

ar
ia

nd
B

ar
tle

tt
(e

qu
iv

al
en

tt
o

(1
))

.

D
efi

ni
tio

n
4

Su
pp

os
e
`

:
V
→

R
n +

is
a

lo
ss

.
Le

t
C
`

:=
co

({
`(

v)
:

v
∈

V
})

,
th

e
co

nv
ex

hu
ll

of
th

e
im

ag
e

of
V

.
`

is
sa

id
to

be
pr

ed
ic

tio
n

ca
lib

ra
te

d
if

th
er

e
ex

is
ts

a
pr

ed
ic

tio
n

fu
nc

tio
n

pr
ed

:
R

n
→

[n
]

su
ch

th
at

∀p
∈

∆n
:

in
f

z∈
C
`
:

p p
re

d(
z)
<

m
ax

i∈
[n

]p
i
p′
·z
>

in
f

z∈
C
`

p′
·z

=
L(

p)
.

Su
pp

os
e

th
at
`

:
∆n
→

R
n +

is
su

ch
th

at
`

is
pr

ed
ic

tio
n

ca
lib

ra
te

d
an

d
pr

ed
(`

(p
))
∈

ar
g

m
ax

ip
i.

T
he

n
`

is
c m

id
-c

al
ib

ra
te

d
al

m
os

te
ve

ry
w

he
re

.
B

y
in

tr
od

uc
in

g
a

re
fe

re
nc

e
lin

k
ψ̄

(w
hi

ch
co

rr
es

po
nd

s
to

th
e

ac
tu

al
lin

k
ψ

if
`

is
a

pr
op

er
co

m
po

si
te

lo
ss
`

=
λ
◦ψ
−

1 )w
e

no
w

sh
ow

ho
w

th
e

pr
ed

fu
nc

tio
n

ca
n

be
ca

no
ni

ca
lly

ex
pr

es
se

d
in

te
rm

s
of

ar
g

m
ax

ip
i.

Pr
op

os
iti

on
5

Su
pp

os
e
`

:
V
→

R
n +

is
a

lo
ss

.L
et

ψ̄
:

∆n
→

V
sa

tis
fy

ψ̄
(p

)
∈

ar
g

m
in

v∈
V

L(
p,

v)
an

d
λ

=
`
◦ψ̄

.T
he

n
λ

is
pr

op
er

.I
f`

is
pr

ed
ic

tio
n

ca
lib

ra
te

d
th

en
pr

ed
(λ

(p
))
∈

ar
g

m
ax

i∈
[n

]
p i

.

Pr
oo

f
W

e
sh

ow
fir

st
th

at
λ

is
pr

op
er

.L
et

p
∈

∆n .T
he

n

Λ
(p
,p

)
=

L(
p,

ψ̄
(p

))
=

L(
p,

ar
g

m
in

v
L(

p,
v)

)
=

m
in v

L(
p,

v)
≤

m
in

q∈
∆n

Λ
(p
,q

).

T
hu

s
λ

is
pr
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er
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d

L(
p)

=
Λ

(p
).

W
e

no
w
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m
e

th
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`
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n
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ra
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d.
Su
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e
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=
λ
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))
/∈
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T
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n
p p
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λ
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m
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s
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Λ
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Λ
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.
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ed
ov

er
pr

ob
ab

ili
tie

s.
To

st
at

e
ou

r
pr

op
os

iti
on

s
w

e
ne

ed
to

in
tr

od
uc

e
m

on
ot

on
e

fu
nc

tio
ns

,d
ir

ec
tio

na
ld

er
iv

at
iv

es
,

an
d

su
pe

rd
iff

er
en

tia
ls

(c
f.

(H
ir

ia
rt

-U
rr

ut
y

an
d

L
em

ar
éc

ha
l,

20
01

))
.

W
e

sa
y

f:
C
⊂

R
n
→

R
n

is
m

on
ot

on
e

(r
es

p.
st

ri
ct

ly
m

on
ot

on
e)

on
C

w
he

n
fo

ra
ll

x
an

d
y

in
C

,

(
f(

x)
−

f(
y)

)′
·(

x−
y)
≥

0
re

sp
.

(
f(

x)
−

f(
y)

)′
·(

x−
y)
>

0;
(2

)
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co
nf

er
(H

ir
ia

rt
-U

rr
ut

y
an

d
L

em
ar

éc
ha

l,
20

01
;

R
oc

ka
fe

lla
r

an
d

W
et

s,
20

04
).

If
a

fu
nc

tio
n

f
:

R
n
→

R
is

co
nc

av
e

th
en

lim
t↓

0
f(

x+
td

)−
f(

x)
t

ex
is

ts
,a

nd
is

ca
lle

d
th

e
di

re
ct

io
na

ld
er

iv
at

iv
e

of
f

at
x

in
th

e
di

re
ct

io
n

d
an

d
is

de
no

te
d
D

f(
x,

d)
.B

y
an

al
og

y
w

ith
th

e
us

ua
ld

efi
ni

tio
n

of
su

bd
iff

er
en

tia
l

fo
rc

on
ve

x
fu

nc
tio

ns
,w

e
in

tr
od

uc
e

th
e

su
pe

rd
iff

er
en

tia
l∂

f(
x)

fo
rc

on
ca

ve
f

at
x

is

∂
f(

x)
:=
{ s
∈
R

n
:

s′
·y
≥
D

f(
x,

y)
,
∀y
∈
R

n}

=
{ s
∈
R

n
:

f(
y)
≤

f(
x)

+
s′
·(

y−
x)
,
∀y
∈
R

n}
.

Si
m

ila
rl

y,
a

ve
ct

or
s
∈

∂
f(

x)
is

ca
lle

d
a

su
pe

rg
ra

di
en

to
f

f
at

x.

Pr
op

os
iti

on
6

Su
pp

os
e
`

:
∆n
→

R
n +

is
a

lo
ss

.
If
`

is
pr

op
er

,t
he

n
−
`

is
m

on
ot

on
e

on
∆n .

F
ur

-
th

er
m

or
e,

if
`

is
st

ri
ct

ly
pr

op
er

th
en

it
is

al
so

in
ve

rt
ib

le
.

Pr
oo

f
Fo

r
al

l
p,

q
∈

∆n ,(
`(

p)
−
`(

q)
)′
·(

p
−

q)
=

p′
·`

(p
)
−

q′
·`

(p
)
+

q′
·`

(q
)
−

p′
·`

(q
)
≤

0
si

nc
e

p′
·`

(p
)
≤

p′
·`

(q
).

Fo
rt

he
st

ri
ct

ly
pr

op
er

ca
se

,w
e

ju
st

ha
ve

to
ch

ec
k

th
at
`

is
in

je
ct

iv
e.

B
y

w
ay

of
co

nt
ra

di
ct

io
n

as
su

m
e
`

is
no

ti
nv

er
tib

le
.

T
he

n
th

er
e

ex
is

ts
p
6=

q
su

ch
th

at
`(

p)
=
`(

q)
.

w
hi

ch
m

ea
ns

L(
p,

p)
=

L(
p,

q)
,c

on
tr

ad
ic

tin
g

th
e

su
pp

os
ed

st
ri

ct
pr

op
er

ne
ss

of
`.

T
he

fo
llo

w
in

g
pr

op
os

iti
on

pr
es

en
ts

se
ve

ra
l

ch
ar

ac
te

ri
sa

tio
ns

of
m

ul
tic

la
ss

pr
op

er
ne

ss
.

It
sh

ow
s

ho
w

th
e

ch
ar

ac
te

ri
sa

tio
n

of
pr

op
er

ne
ss

in
th

e
ge

ne
ra

l(
no

tn
ec

es
sa

ri
ly

di
ff

er
en

tia
bl

e)
m

ul
-

tic
la

ss
ca

se
ca

n
be

re
du

ce
d

to
th

e
bi

na
ry

ca
se

.
W

e
al

so
sh

ow
th

is
is

eq
ui

va
le

nt
to

te
st

in
g

th
e

pr
op

er
ne

ss
co

nd
iti

on
fo

r
th

e
lo

ss
on

al
lp

os
si

bl
e

lin
e

se
gm

en
ts

jo
in

in
g

tw
o

di
st

ri
bu

tio
ns

w
ith

in
th

e
si

m
pl

ex
.

T
hi

s
la

tte
r

ch
ar

ac
te

ri
sa

tio
n

ca
n

be
vi

ew
ed

as
a

st
at

em
en

tc
on

ne
ct

in
g

“o
rd

er
se

ns
i-

tiv
ity

”
an

d
pr

op
er

ne
ss

:
th

e
tr

ue
cl

as
s

pr
ob

ab
ili

ty
m

in
im

iz
es

th
e

ri
sk

an
d

if
th

e
pr

ed
ic

tio
n

m
ov

es
aw

ay
fr

om
th

e
tr

ue
cl

as
s

pr
ob

ab
ili

ty
in

a
lin

e
th

en
th

e
ri

sk
in

cr
ea

se
s.

T
hi

s
pr

op
er

ty
ap

pe
ar

s
co

n-
ve

ni
en

tf
or

op
tim

is
at

io
n

pu
rp

os
es

:
if

on
e

re
ac

he
s

a
lo

ca
lm

in
im

um
in

th
e

se
co

nd
ar

gu
m

en
to

f
th

e
ri

sk
an

d
th

e
lo

ss
is

st
ri

ct
ly

pr
op

er
th

en
it

is
a

gl
ob

al
m

in
im

um
.

If
th

e
lo

ss
is

pr
op

er
,s

uc
h

a
lo

ca
lm

in
im

um
is

a
gl

ob
al

m
in

im
um

or
a

co
ns

ta
nt

in
an

op
en

se
t.

B
ut

ob
se

rv
e

th
at

ty
pi

ca
lly

on
e

is
m

in
im

is
in

g
th

e
fu

ll
ri

sk
L(

q(
·))

ov
er

fu
nc

tio
ns

q
:
X
→

∆n .W
e

no
te

th
at

or
de

rs
en

si
tiv

ity
of

`
do

es
no

ti
m

pl
y

th
is

op
tim

is
at

io
n

pr
ob

le
m

is
w

el
lb

eh
av

ed
;o

ne
ne

ed
s

co
nv

ex
ity

of
q
7→

L(
p,

q)
fo

ra
ll

p
∈

∆n
to

en
su

re
co

nv
ex

ity
of

th
e

fu
nc

tio
na

lo
pt

im
is

at
io

n
pr

ob
le

m
;w

e
ch

ar
ac

te
ri

se
w

he
n

th
at

ho
ld

s
in

se
ct

io
n

6.
4.

Pr
op

os
iti

on
7

Su
pp

os
e
`

:
∆n
→

R
n +

is
a

lo
ss

.W
e

de
fin

e
th

e
bi

na
ry

lo
ss

˜̀p
,q

:
[0
,1

]3
η
7→
(

˜̀p
,q 1

(η
)

˜̀p
,q −
1
(η

)

)
=

(
q′
·`
( p

+
η

(q
−

p)
)

p′
·`
( p

+
η

(q
−

p)
)
)
.

Th
e

fo
llo

w
in

g
st

at
em

en
ts

ar
e

eq
ui

va
le

nt
:

1.
`

is
pr

op
er

;

2.
˜̀p
,q

is
pr

op
er

fo
r

al
l

p,
q
∈

∂∆
n ;

3.
∀p
,q
∈

∆n ,
∀0
≤

h 1
≤

h 2
,

L(
p,

p
+

h 1
(q
−

p)
)
≤

L(
p,

p
+

h 2
(q
−

p)
);

an
d
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4.
there

exists
a

concave
function

f
:∆

n→
R

and
∀q
∈

∆
n,

there
exists

a
supergradient

A
(q)∈

∂
f(q

)
such

that∀
p,q∈

∆
n,

p ′·`(q
)

=
L

(p,q
)

=
f(q

)
+

(p−
q) ′·A

(q
).

T
he

proofis
deferred

to
A

ppendix
B

.3.
C

haracterisation
(2)show

s
thatin

orderto
check

ifa
loss

is
properone

need
only

check
the

properness
in

each
line.O

ne
could

use
the

easy
characterization

ofproperness
fordifferentiable

binary
losses

(`:
[0
,1]→

R
2+

is
properifand

only
if∀η

∈
[0,1

],
−
` ′1 (η

)
1−

η
=

` ′−
1 (η

)

η
≥

0,(R
eid

and
W

illiam
son,2010)).

H
ow

ever
this

needs
to

be
checked

for
alllines

defined
by

p
,q∈

∂∆
n.

T
he

above
resultcan

also
been

seen
as

a
generalisation

of
a

resultby
L

am
bert(2010)

w
ho

proved
thatproperness

is
equivalentto

the
factthatthe

furtheryourprediction
is

from
reality,the

larger
the

loss
(hence

the
nam

e
“ordersensitivity”);also

conferthe
results

on
m

onotonicity
due

to
N

au
(1985).H

is
resultrelied

upon
on

the
totalorderofR

.In
the

m
ulticlass

case,there
does

notexist
such

a
totalorder.Y

et,as
the

above
resultshow

s,one
can

com
pare

tw
o

predictions
ifthey

are
in

the
sam

e
line

as
the

true
realclass

probability.
C

haracterisation
(4)

is
a

restatem
ent

of
the

w
ell

know
n

B
regm

an
representation

of
proper

losses;
C

id-Sueiro
and

Figueiras-V
idal

(2001)
presented

the
differentiable

case,
and

G
neiting

and
R

aftery
(2007,T

heorem
3.2)

the
generalcase.

T
his

lastproperty
gives

us
the

form
of

the
properlosses

associated
w

ith
a

given
B

ayes
risk.

Suppose
L

:∆
n→

R
+

is
concave.

T
he

proper
losses

w
hose

B
ayes

risk
is

equalto
L

are

`:∆
n3

q7→
(

L
(q)

+
(e

i −
q) ′·A

(q) )
ni=

1 ∈
R

n+
,∀A

(q)∈
∂

L
(q).

(3)

T
his

resultsuggests
thatsom

e
inform

ation
is

lostby
representing

a
properloss

via
its

B
ayes

risk
(w

hen
the

lastis
notdifferentiable).T

he
nextproposition

elucidates
this

by
show

ing
thatproper

losses
w

hich
have

the
sam

e
B

ayes
risk

are
equalalm

osteveryw
here.

Proposition
8

Tw
o

properlosses
` 1,` 2:∆

n→
R

n+
have

the
sam

e
conditionalB

ayesrisk
function

L
ifand

only
if
` 1

=
` 2

alm
osteveryw

here.IfL
is

differentiable,` 1
=
` 2

everyw
here.

Proof
A

concave
function

is
differentiable

alm
osteveryw

here
(H

iriart-U
rruty

and
L

em
aréchal,

2001,
theorem

4.2.3).
T

hus
(3)

proves
that

tw
o

proper
losses

` 1
and

` 2
w

hich
have

the
sam

e
B

ayes
risk

are
equalalm

osteveryw
here.

Suppose
now

thattw
o

proper
losses

are
equalalm

ost
everyw

here.T
hen

theirassociated
B

ayes
risks

L
1

and
L

2
are

equalalm
osteveryw

here
and

con-
tinuous

(since
they

are
concave).

If
there

exists
p

such
thatL

1(p
)6=

L
2(p),then

since
L

1
and

L
2

are
continuous,there

exists
ε
>

0
such

that∀q∈
B

(p,ε
)∩

∆
n,L

1(q
)6=

L
2(q

),w
here

B
(p,ε

)
is

a
ballof

radius
ε

centred
at

p.
Y

etthis
contradicts

the
factthatL

1
and

L
2

are
equalalm

ost
everyw

here.H
ence

the
B

ayes
risks

are
equaleveryw

here.

W
hile

the
previous

proposition
show

s
thatlosses

are
closely

related
to

theirB
ayes

risks
the

nextproposition
also

show
s

how
the

continuity
of

a
loss

is
related

to
the

differentiability
of

its
B

ayes
risk.

Proposition
9

Suppose
`:∆

n→
R

n+
is

a
proper

loss.Then
`

is
continuous

in
∆̊

n
ifand

only
ifL

is
differentiable

on
∆̊

n;
`

is
continuous

at
p∈

∆̊
n

ifand
only

ifL
is

differentiable
at

p∈
∆̊

n.

11

JM
L

R
 17(223):1-52

W
IL

L
IA

M
S

O
N

,V
E

R
N

E
T

A
N

D
R

E
ID

T
he

proof
of

this
result

can
be

found
in

A
ppendix

B
.2.

T
his

type
of

relationship
is

further
explored

in
Section

6.4
w

here
the

convexity
of

a
com

posite
loss

is
related

to
properties

of
its

B
ayes

risk.

5.T
he

Proper
C

om
posite

R
epresentation:U

niquenessand
E

xistence

M
any

naturalpredictorshave
a

range
otherthan

the
sim

plex
(forexam

ple
those

induced
by

linear
functions).Itis

thus
som

etim
es

convenientto
define

a
loss

on
som

e
set

V
ratherthan

∆
n;confer

(R
eid

and
W

illiam
son,2010).

T
he

link
function

explicates
the

resultof
G

rünw
ald

and
D

aw
id

(2004)
that

every
decision

problem
induces

a
decision

problem
expressed

in
term

s
of

proper
losses;(see

van
E

rven
etal.,2011,section

6,forfurtherexplanation).
Traditionally

(M
cC

ullagh
and

N
elder,

1989)
links

are
defined

only
for

binary
problem

s
(w

here
one

is
using

univariate
probabilities).

H
ow

ever
there

is
scattered

(but
seem

ingly
un-

system
atic)w

ork
on

m
ultivariate

links
(G

lonek
and

M
cC

ullagh,1995;G
lonek,1996),prim

arily
from

the
perspective

of
probabilistic

m
odelling

(as
opposed

to
the

design
of

loss
functions).

Som
etim

es
m

ultivariate
links

are
constructed

from
univariate

links
(M

olenberghs
and

L
esaffre,

1999).
C

om
posite

losses
(see

the
definition

in§2)are
a

w
ay

ofconstructing
losses

on
sets

otherthan
∆

n:
given

a
proper

loss
λ

:∆
n→

R
n+

and
an

invertible
link

ψ
:∆

n→
V

,one
defines

λ
ψ

:
V
→

R
n+

as
λ

ψ
:=

λ
◦

ψ
−

1.
W

e
now

consider
the

question:
given

a
loss

`:
V
→

R
n+

,w
hen

does
`

have
a

proper
com

posite
representation

(w
hereby

`
can

be
w

ritten
as
`

=
λ
◦

ψ
−

1),and
is

this
representation

unique?
W

e
firstconsider

the
binary

case.
H

ere
the

prediction
space

V
⊆

R
is

assum
ed

to
be

eitheran
intervalorthe

entire
realline.

5.1
T

he
B

inary
C

ase

O
ur

firstresultshow
s

thatif
you

can
w

rite
a

binary
loss

as
a

proper
com

posite
loss,the

proper
loss

defined
on

the
sim

plex
is

unique.
Furtherm

ore,as
soon

as
the

loss
is

notconstantthe
link

function
is

also
unique.

If
the

loss
is

constant
on

an
interval,

then
you

can
choose

any
value

ofthe
link

function
on

this
intervalw

hich
keeps

the
link

function
continuous

and
invertible

and
stillobtain

a
com

posite
properloss.T

he
proofcan

be
found

in
A

ppendix
B

.4.A
s

is
com

m
on

in
the

literature,w
e

w
rite

the
binary

labels
as{−

1
,+

1}
and

so
the

partiallosses
are

`−
1

and
`

+
1 .

Proposition
10

Suppose
`

=
λ
◦ψ
−

1:
V
→

R
2+

is
a

proper
com

posite
loss

and
thatthe

proper
loss

λ
is

differentiable
and

the
link

function
ψ

is
differentiable

and
invertible.

Then
the

proper
lossλ

is
unique.F

urtherm
ore

ψ
is

unique
if∀v

1 ,v
2 ∈

V
,∃v∈

[v
1 ,v

2 ],` ′1 (v)6=
0

or
` ′−

1 (v)6=
0.

Ifthere
exists

v̄
1 ,v̄

2 ∈
V

such
that

` ′1 (v)
=
` ′−

1 (v)
=

0∀v∈
[v̄

1 ,v̄
2 ],one

can
choose

any
ψ |[v̄1 ,v̄2 ]

such
thatψ

is
differentiable,invertible

and
continuous

in
[v̄

1 ,v̄
2 ]and

obtain
`

=
λ
◦ψ
−

1,and
ψ

is
uniquely

defined
w

here
`

is
invertible.

W
e

now
determ

ine
necessary

and
sufficientconditions

fora
binary

loss
to

be
expressed

as
a

propercom
posite

loss.O
nce

again,the
proofis

deferred
to

Section
B

.5.

Proposition
11

Suppose
`:

V
→

R
2+

isa
differentiable

binary
losssuch

that∀v∈
V

,` ′−
1 (v)6=

0
or
` ′1 (v)6=

0.
Then

`
can

be
expressed

as
a

proper
com

posite
loss

ifand
only

ifthe
follow

ing
three

conditions
hold:
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1.
` 1

is
de

cr
ea

si
ng

(i
nc

re
as

in
g)

;

2.
` −

1
is

in
cr

ea
si

ng
(d

ec
re

as
in

g)
;a

nd

3.
f:

V
3

v
7→

`′ 1(
v)

`′ −
1(

v)
is

st
ri

ct
ly

in
cr

ea
si

ng
(d

ec
re

as
in

g)
an

d
co

nt
in

uo
us

.

O
bs

er
ve

th
at

th
e

la
st

co
nd

iti
on

is
al

w
ay

sa
tis

fie
d

if
bo

th
` 1

an
d
` −

1
ar

e
co

nv
ex

.

5.
2

B
in

ar
y

M
ar

gi
n

L
os

se
s

Su
pp

os
e

ϕ
:
R
→

R
+

is
a

fu
nc

tio
n.

T
he

lo
ss
` ϕ

:
V
3

v
7→

(`
−

1(
v)
,`

1(
v)

)′
=

(ϕ
(−

v)
,ϕ

(v
))
′ ∈

R
2 +

is
ca

lle
d

a
bi

na
ry

m
ar

gi
n

lo
ss

.
B

in
ar

y
m

ar
gi

n
lo

ss
es

ar
e

of
te

n
us

ed
fo

r
cl

as
si

fic
at

io
n

pr
ob

-
le

m
s.

W
e

w
ill

no
w

sh
ow

ho
w

th
e

pr
ev

io
us

pr
op

os
iti

on
ap

pl
ie

s
to

th
em

.

C
or

ol
la

ry
12

Su
pp

os
e

ϕ
:
R
→

R
+

is
di

ffe
re

nt
ia

bl
e

an
d
∀v
∈
R

,ϕ
′ (

v)
6=

0
or

ϕ
′ (
−

v)
6=

0.
Th

en
` ϕ

ca
n

be
ex

pr
es

se
d

as
a

pr
op

er
co

m
po

si
te

lo
ss

if
an

d
on

ly
if

f:
R
3

v
7→
−

ϕ
′ (

v)
ϕ
′ (
−

v)
is

st
ri

ct
ly

m
on

ot
on

ic
co

nt
in

uo
us

an
d

ϕ
is

m
on

ot
on

ic
.

If
ϕ

is
co

nv
ex

or
co

nc
av

e
th

en
f

de
fin

ed
ab

ov
e

is
m

on
ot

on
ic

.
H

ow
ev

er
no

ta
ll

bi
na

ry
m

ar
gi

n
lo

ss
es

ar
e

co
m

po
si

te
pr

op
er

lo
ss

es
.

O
ne

ca
n

ev
en

bu
ild

a
sm

oo
th

m
ar

gi
n

lo
ss

w
hi

ch
ca

nn
ot

be
ex

pr
es

se
d

as
a

pr
op

er
co

m
po

si
te

lo
ss

.
C

on
si

de
r

ϕ
(x

)
=

1−
ar

ct
an

(x
−

1)
π

.
T

he
n

f(
v)

=
ϕ
′ (

v)
ϕ
′ (
−

v)
=

x2 +
2x

+
2

x2
−

2x
+

2
w

hi
ch

is
no

ti
nv

er
tib

le
.T

hi
sl

os
si

si
llu

st
ra

te
d

in
Fi

gu
re

5,
af

te
rs

om
e

ad
di

tio
na

lc
on

ce
pt

s
ar

e
in

tr
od

uc
ed

.

5.
3

T
he

M
ul

tic
la

ss
C

as
e

U
ni

qu
en

es
s

of
th

e
co

m
po

si
te

re
pr

es
en

ta
tio

n
re

m
ai

ns
st

ra
ig

ht
fo

w
ar

d
in

th
e

m
ul

tic
la

ss
ca

se
.

Pr
op

os
iti

on
13

Su
pp

os
e

a
lo

ss
`

:
V
→

R
n +

ha
s

tw
o

pr
op

er
co

m
po

si
te

re
pr

es
en

ta
tio

ns
`

=
λ
◦ψ
−

1
=

µ
◦φ
−

1
w

he
re

λ
an

d
µ

ar
e

pr
op

er
lo

ss
es

w
ith

co
rr

es
po

nd
in

g
B

ay
es

ri
sk

s
Λ

an
d

M
re

sp
ec

tiv
el

y,
an

d
ψ

an
d

φ
ar

e
co

nt
in

uo
us

in
ve

rt
ib

le
lin

k
fu

nc
tio

ns
.T

he
n

λ
=

µ
al

m
os

te
ve

ry
-

w
he

re
.

If
`

is
co

nt
in

uo
us

an
d

ha
s

a
co

m
po

si
te

re
pr

es
en

ta
tio

n,
th

en
th

e
pr

op
er

lo
ss

(i
n

th
e

de
co

m
po

-
si

tio
n)

is
un

iq
ue

(λ
=

µ
ev

er
yw

he
re

).
If
`

is
in

ve
rt

ib
le

an
d

ha
s

a
co

m
po

si
te

re
pr

es
en

ta
tio

n,
th

en
th

e
re

pr
es

en
ta

tio
n

is
un

iq
ue

.

Pr
oo

f
Λ

(p
)

=
in

f q
p′
·λ

(q
)

=
in

f q
p′
·`

(ψ
(q

))
=

in
f v

L(
p,

v)
(s

in
ce

ψ
is

in
ve

rt
ib

le
)

=
in

f v
L(

p,
v)

=
in

f v
L(

p,
φ(

q)
)

=
M

(p
).

T
he

n
λ

an
d

µ
ar

e
tw

o
pr

op
er

lo
ss

es
w

hi
ch

ha
ve

th
e

sa
m

e
B

ay
es

ri
sk

,s
o

th
es

e
tw

o
lo

ss
es

ar
e

eq
ua

la
lm

os
te

ve
ry

w
he

re
.

If
m

or
eo

ve
r`

is
co

nt
in

uo
us

,λ
=
`
◦ψ

an
d

µ
=
`
◦φ

ar
e

co
nt

in
uo

us
.S

o
λ

=
µ

ev
er

yw
he

re
.

If
m

or
eo

ve
r
`

is
in

ve
rt

ib
le

,ψ
=

λ
◦`
−

1
an

d
φ

=
µ
◦`
−

1 .
So

ψ
an

d
φ

ar
e

al
so

eq
ua

la
lm

os
t

ev
er

yw
he

re
an

d
as

th
ey

ar
e

co
nt

in
uo

us
,t

he
y

ar
e

eq
ua

le
ve

ry
w

he
re

.S
o

λ
=
`
◦ψ

=
`
◦φ

=
µ

.
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W
IL

L
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M
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O
N

,V
E

R
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E
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A
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D
R

E
ID

∆n -s
m

oo
th
∀x
∈
`(

V
)∃

!p
∈

∆n

∆n-strictlyconvex∀p∈∆n∃!x∈`(V)

N
o

Y
es

N
o

Y
es

Fi
gu

re
3:

Il
lu

st
ra

tio
n

of
∆n -s

m
oo

th
ne

ss
an

d
∆n -s

tr
ic

t
co

nv
ex

ity
.

T
he

hy
pe

rp
la

ne
s

w
itn

es
s

th
e

po
ss

es
si

on
or

no
n-

po
ss

es
si

on
of

th
e

re
sp

ec
tiv

e
pr

op
er

rt
ie

s.

C
ha

ra
ct

er
is

in
g

th
e

ex
is

te
nc

e
of

a
co

m
po

si
te

re
pr

es
en

ta
tio

n
is

m
or

e
co

m
pl

ex
in

th
e

m
ul

tic
la

ss
ca

se
.

W
e

ne
ed

to
in

tr
od

uc
e

so
m

e
de

fin
iti

on
s:

W
e

m
ak

e
us

e
of

a
se

to
f

hy
pe

rp
la

ne
s

fo
r

p
∈

∆n

an
d

β
∈
R

,
hβ p

:=
{x
∈
R

n
:

x′
·p

=
β
}.

A
hy

pe
rp

la
ne

hβ p
su

pp
or

ts
a

se
tA

at
x
∈

A
w

he
n

x
∈

hβ p
an

d
fo

r
al

la
∈

A
,a
′ ·

p
≥

β
or

fo
r

al
l

a
∈

A
,a
′ ·

p
≤

β
.G

iv
en

a
lo

ss
`

:
V
→

R
n +

,t
he

lo
ss

im
ag

e
`(

V
)

:=
{`

(v
):

v
∈

V
}.

D
efi

ni
tio

n
14

Le
tS

(p
,x

)
:=

“`
(V

)
is

su
pp

or
te

d
by

hβ p
at

x
fo

r
so

m
e

β
∈
R

.”
.

1.
A

lo
ss

im
ag

e
`(

V
)

is
∆n -s

tr
ic

tly
co

nv
ex

if
fo

r
al

l
p
∈

∆n
th

er
e

ex
is

ts
a

un
iq

ue
x
∈
`(

V
)

su
ch

th
at

S
(p
,x

).

2.
A

lo
ss

im
ag

e
`(

V
)

is
∆n -s

m
oo

th
if

fo
r

al
lx
∈
`(

V
)

th
er

e
ex

is
ts

a
un

iq
ue

p
∈

∆n
su

ch
th

at
S

(p
,x

).

T
hi

s
de

fin
iti

on
is

ill
us

tr
at

ed
in

Fi
gu

re
3.

D
ro

pp
in

g
th

e
un

iq
ue

ne
ss

re
qu

ir
em

en
t

in
th

es
e

de
fi-

ni
tio

ns
w

ou
ld

dr
as

tic
al

ly
ch

an
ge

th
in

gs
:

si
nc

e
w

e
w

ill
re

qu
ir

e
`

is
co

nt
in

uo
us

,`
(V

)
is

al
w

ay
s

cl
os

ed
.

Si
nc

e
by

as
su

m
pt

io
n
`(

V
)
⊂

[0
,∞

)n
ev

er
y

su
ch

lo
ss

sa
tis

fie
s

th
e

w
ea

ke
ne

d
ve

rs
io

n
of

∆n -s
tr

ic
tc

on
ve

xi
ty

:
fo

r
al

l
p
∈

∆n
th

er
e

ex
is

ts
x
∈
`(

V
)

su
ch

th
at

S
(p
,x

).
T

he
w

ea
ke

ne
d

ve
r-

si
on

of
∆n -s

m
oo

th
ne

ss
re

qu
ir

es
th

at
fo

r
al

l
x
∈
`(

V
)

th
er

e
ex

is
ts

p
∈

∆n
su

ch
th

at
S

(p
,x

)
is
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S
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E
S

`1 (v)

`2(v)
q

h
L(q)

q
={x:x·q=

L(q)}

S
`

x
=
`(v)

`(V
)

Figure
4:

Illustration
of

geom
etry

of
loss

functions.
T

he
locus

of
the

vector
valued

loss
`

is
plotted

as
v

varies
over

V
.

T
he

superprediction
set

S
`

is
the

region
to

the
“north-

east”
of

the
loss

im
age

`(V
).

T
he

hyperplane
h

L
(q)

q
has

norm
al

vector
q

and
offset

L
(q).Itsupports

S
` atthe

pointx
=
`(v)

indicating
the

B
ayes

risk
is

achieved
atv

for
the

true
probability

q.

a
convexity-like

requirem
ent.

(C
onfer

the
follow

ing
result

(Schneider,1993,T
heorem

1.3.3):
Suppose

A
is

closed
setsuch

thatÅ
6=
∅

and
through

each
boundary

pointofA
there

is
a

support
plane

to
A

;then
A

is
convex.)

T
he

nam
e

“∆
n-strictly

convex”
is

justified
by

the
observation

thatreplacing
∆

n
by

B
l n1

(the
l n1

unitball)gives
a

naturaldefinition
ofstrictconvexity

ofa
generalsetin

R
n.W

e
also

observe
that

both
∆

n-strictconvexity
and

∆
n-sm

oothness
are

closely
related

to
the

curvature
ofthe

B
ayes

risk
L

by
w

ay
ofthe

factthatthe
supportfunction

ofthe
set

`(V
)

(restricted
to

∆
n)is

the
B

ayes
risk;

confer
(W

illiam
son,2014).

Specifically,∆
n-strictconvexity

is
equivalentto

the
H

essian
H

L
(p)

being
non-singularforallp∈

∆
n

w
hile

∆
n-sm

oothnessisim
plied

w
heneverL

(p)iscontinuously
differentiable.

Suppose
A
,B
⊂
R

n.T
hen

the
M

inkow
skisum

A
+

B
:=
{a

+
b

:
a∈

A
,b∈

B}.

D
efinition

15
G

iven
a

loss
`:

V
→

R
n+

,w
e

denote
by

S
` :=

`(V
)
+

[0,∞
) n

=
{x∈

R
n+

:∃v∈
V
,∀i∈

[n
],

x
i ≥

`i (v)}

the
superprediction

setof
`

(K
alnishkan

and
V

yugin,2008).

O
ne

can
characterise

the
existence

of
proper

com
posite

representations
in

term
s

of
properties

the
superprediction

set.W
e

startw
ith

an
old

result;confer(D
aw

id,2007).

Proposition
16

E
very

continuous
proper

loss
has

a
convex

superprediction
set.
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W
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R
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E
T

A
N

D
R

E
ID

`1 (v)

`−1(v)

S
`

Figure
5:

Superprediction
setof

a
binary

m
argin

loss
w

hich
is

a
nota

com
posite

proper
loss;

See
textfollow

ing
C

orollary
12.

Proof
Suppose

`
is

properbut
S
` is

notconvex.T
hen

there
exists

x
0 ∈

`(∆
n)

such
that

`(∆
n)

is
notsupported

atx
0

by
any

hyperplane
h

p
w

ith
norm

alvector
p∈

∆
n.

L
etq

0 ∈
∆

n
be

such
that

`(q
0 )

=
x

0 .T
hen

there
is

a
hyperplane

h
q

0
(w

ith
norm

alq
0 )thatsupports

`(∆
n)

atsom
e

x
1 6=

x
0 .

T
hus

q ′0 `(q
)

is
m

inim
ised

atq
1

and
notm

inim
ised

atq
0

and
thus

`
is

can
notbe

proper—
a

con-
tradiction.

T
he

geom
etry

of
continuous

proper
losses

is
illustrated

(for
n

=
2)

in
Figure

4.
T

he
superpre-

diction
setof

the
m

argin
loss

discussed
follow

ing
C

orollary
12

is
notconvex

as
can

be
seen

in
Figure

5.
C

ontinuous
properlosses

are
quasiconvex,canonically

so,as
the

follow
ing

resultshow
s.

Proposition
17

Suppose
`:

∆
n→

R
n+

is
a

continuous
proper

loss.
Then

its
superprediction

set
S
`

is
convex

and,for
all

p∈
∆

n,the
function

fp (q)
:=

L
(p,q

)
=

p ′·`(q)
is

quasi-convex.
C

onversely,suppose
fp (q

):=
p ′·`(q

)
is

quasi-convex
in

q
for

allp∈
∆

n.Then
there

is
a

unique
convex

setS
such

that
T
`

=
S

and
`

is
necessarily

proper.

T
he

proof
is

in
A

ppendix
B

.6.
Som

e
(butnotall)

proper
losses

are
in

addition
convex;

this
is

studied
in

m
ore

detailin
Section

6.4
below

.
W

orking
w

ith
S
` is

problem
atic

forcharacterising
the

existence
ofstrictly

propercom
posite

representations
(essentially

because
w

hile
fora

strictly
properloss

`,`(∆
n)

is∆
n-strictly

convex,
S
`

is
notstrictly

convex
(because

ofthe
flatspots

atthe
extrem

es—
bounded

losses
have

super-
prediction

sets
w

ith
flats

parallelto
the

axes
by

construction) 1.W
e

w
illthus

characterise
proper

and
strictly

propercom
posite

representations
in

term
s

ofproperties
of
`(V

)
ratherthan

S
` .

1.Itturns
outthatby

starting
w

ith
the

superprediction
set,and

defining
the

loss
in

term
s

ofthe
(super-)gradientof

the
(concave)supportfunction

ofthe
superprediction

set,these
difficulties

can
be

avoided
(W

illiam
son,2014).
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Su
pp

os
e
`

:
V
→

R
n +

is
a

co
nt

in
uo
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lo

ss
.
`

ha
s

a
pr

op
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si
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pr
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en
-
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tio

n
if

an
d

on
ly

if
`(

V
)

is
∆n -s

m
oo

th
.A

dd
iti

on
al

ly
,`

is
st

ri
ct

ly
pr

op
er

co
m

po
si

te
if

an
d

on
ly

if
`(

V
)

is
al

so
∆n -s

tr
ic

tly
co

nv
ex

.

T
he

pr
oo

fi
s

in
Se

ct
io

n
B

.7
.

6.
Im

pl
ic

at
io

ns
:M

ix
ab

ili
ty

,A
dm

is
si

bi
lit

y,
M

in
im

ax
ity

an
d

C
on

ve
xi

ty

W
e

no
w

co
ns

id
er

so
m

e
of

th
e

im
pl

ic
at

io
ns

th
at

th
e

pr
op

er
co

m
po

si
te

re
pr

es
en

ta
tio

n
ha

s
fo

r
se

ve
ra

lp
re

vi
ou

sl
y

st
ud

ie
d

pr
op

er
tie

s
of

lo
ss

fu
nc

tio
ns

.

6.
1

M
ix

ab
ili

ty

M
ix

ab
ili

ty
is

a
fu

nd
am

en
ta

lp
ro

pe
rt

y
of

a
lo

ss
fu

nc
tio

n
in

th
e

st
ud

y
of

“p
re

di
ct

io
n

w
ith

ex
pe

rt
ad

vi
ce

.”
In

th
is

se
tti

ng
le

ar
ni

ng
ta

ke
s

pl
ac

e
in

fix
ed

nu
m

be
r

of
se

qu
en

tia
lr

ou
nd

s.
E

ac
h

ro
un

d
a

le
ar

ne
ri

s
pr

es
en

te
d

w
ith

pr
ed

ic
tio

ns
so

m
e

fin
ite

nu
m

be
ro

fe
xp

er
ts

.T
he

le
ar

ne
rt

he
n

m
ak

es
a

pr
ed

ic
tio

n
an

d
th

e
ou

tc
om

e
fo

rt
ha

tr
ou

nd
is

re
ve

al
ed

.T
he

le
ar

ne
r’

s
an

d
ex

pe
rt

s’
pr

ed
ic

tio
ns

ar
e

as
se

ss
ed

us
in

g
so

m
e

pr
ed

efi
ne

d
lo

ss
fu

nc
tio

n
an

d
th

e
ai

m
of

th
e

le
ar

ne
r

is
to

in
cu

r
a

to
ta

ll
os

s
no

tm
uc

h
w

or
se

th
an

th
e

be
st

ex
pe

rt
–

i.e
.,

th
e

on
e

w
ith

th
e

sm
al

le
st

to
ta

ll
os

s.
T

he
di

ff
er

en
ce

be
tw

ee
n

th
e

le
ar

ne
r’

s
to

ta
ll

os
s

an
d

th
at

of
th

e
be

st
ex

pe
rt

is
kn

ow
n

as
th

e
re

gr
et

.I
n

hi
s

se
m

in
al

w
or

k,
Vo

vk
(1

99
5)

sh
ow

ed
th

at
no

m
at

te
rh

ow
th

e
ex

pe
rt

s
be

ha
ve

,t
he

re
ex

is
ts

a
st

ra
te

gy
fo

rt
he

le
ar

ne
r(

ca
lle

d
th

e
“a

gg
re

ga
tin

g
al

go
ri

th
m

”)
th

at
gu

ar
an

te
es

a
re

gr
et

bo
un

de
d

by
ln

K η
w

he
re

K
is

th
e

nu
m

be
ro

fe
xp

er
ts

an
d

η
is

a
po

si
tiv

e
nu

m
be

rc
al

le
d

th
e

m
ix

ab
ili

ty
co

ns
ta

nt
(d

efi
ne

d
be

lo
w

)
th

at
on

ly
de

pe
nd

s
on

th
e

lo
ss

.
L

os
se

s
fo

r
w

hi
ch

th
is

co
ns

ta
nt

is
de

fin
ed

ar
e

ca
lle

d
m

ix
ab

le
.

Fu
rt

he
rm

or
e,

th
is

co
ns

ta
nt

ch
ar

ac
te

ri
se

s
w

he
n

su
ch

a
co

ns
ta

nt
re

gr
et

bo
un

d
is

po
ss

ib
le

.T
ha

ti
s,

if
a

lo
ss

is
no

tm
ix

ab
le

th
en

th
er

e
is

no
st

ra
te

gy
th

e
le

ar
ne

rc
an

us
e

to
gu

ar
an

te
e

a
co

ns
ta

nt
re

gr
et

bo
un

d. Fo
rm

al
ly

,m
ix

ab
ili

ty
of

a
lo

ss
`

is
de

fin
ed

in
te

rm
s

of
th

e
co

nv
ex

ity
of

a
tr

an
sf

or
m

at
io

n
of

th
e

lo
ss

’s
su

pe
rp

re
di

ct
io

n
se

tS
`

(s
ee

D
efi

ni
tio

n
15

).
W

e
sa

y
th

at
fo

rη
>

0
th

e
η

-e
xp

on
en

tia
te

d
su

pe
rp

re
di

ct
io

n
se

t
is

th
e

im
ag

e
of

S
`
⊂

R
n

un
de

r
th

e
m

ap
pi

ng
E

η
:
R

n
→

R
n +

de
fin

ed
by

E
η
(x

)
:=

(e
−

η
x i

)n i=
1.

A
lo

ss
`

is
sa

id
to

be
η

-m
ix

ab
le

if
its

η
-e

xp
on

en
tia

te
d

su
pe

rp
re

di
ct

io
n

se
ti

s
co

nv
ex

.T
he

m
ix

ab
ili

ty
of
`

is
th

e
sm

al
le

st
va

lu
e

of
η

fo
rw

hi
ch
`

is
η

-m
ix

ab
le

.F
or

fu
rt

he
r

de
ta

ils
,t

he
re

ad
er

is
re

fe
rr

ed
to

pa
pe

rs
by

Vo
vk

(1
99

5)
;K

al
ni

sh
ka

n
an

d
V

yu
gi

n
(2

00
8)

;V
ov

k
an

d
Z

hd
an

ov
(2

00
9)

.
R

ec
en

tly
,v

an
E

rv
en

et
al

.(
20

12
b)

2
ha

ve
sh

ow
n

th
at

th
e

m
ix

ab
ili

ty
of

a
lo

ss
is

re
la

te
d

to
th

e
cu

rv
at

ur
e

of
th

e
lo

ss
’s

B
ay

es
ri

sk
re

la
tiv

e
to

th
e

cu
rv

at
ur

e
of

th
e

B
ay

es
ri

sk
fo

r
lo

g
lo

ss
.

T
he

m
ai

n
re

su
lt

he
re

bu
ild

s
on

so
m

e
of

th
e

in
si

gh
ts

fr
om

th
at

w
or

k
an

d
sh

ow
s

th
at

m
ix

ab
le

lo
ss

es
(u

nd
er

m
ild

co
nd

iti
on

s)
al

w
ay

s
ha

ve
pr

op
er

co
m

po
si

te
re

pr
es

en
ta

tio
ns

.
Fo

rα
∈

(0
,1

)
w

e
w

ri
te

ᾱ
:=

1
−

α
.F

or
x,

y
∈
R

n ,x
≤

y
⇔

(x
i
≤

y i
,
∀i
∈

[n
])

.W
e

no
w

gi
ve

a
ne

ce
ss

ar
y

co
nd

iti
on

fo
rm

ix
ab

ili
ty

.

2.
A

n
ex

te
ns

io
n

of
th

is
no

tio
n

of
m

ix
ab

ili
ty

ca
n

be
re

la
te

d
to

a
na

tu
ra

lc
on

ve
x

du
al

ity
(R

ei
d

et
al

.,
20

15
).
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Su

pp
os

e
`

:
V
→

R
n +

,x
0

=
`(

v 0
),

x 1
=
`(

v 1
)

w
ith

x 0
6=

x 1
.

Fo
r

α
∈

(0
,1

),
de

fin
e

x α
:=

ᾱ
x 0

+
α

x 1
an

d
v α

=
ᾱ

v 0
+

α
v 1

.I
ff

or
so

m
e

α

x α
≤
`(

v α
)

(4
)

th
en
`

is
no

tm
ix

ab
le

.

Pr
oo

f
Pi

ck
so

m
e

η
>

0.
L

et
f η

(a
)

=
e−

η
a

fo
r

a
∈
R

so
th

at
fo

r
x
∈
R

n
w

e
ha

ve
E

η
(x

)
=

(
f η

(x
i)

)n i=
1.

O
bs

er
ve

th
at

th
e

fu
nc

tio
n

f η
is

st
ri

ct
ly

m
on

ot
on

e
de

cr
ea

si
ng

(a
<

b
⇒

f η
(a

)
>

f η
(b

))
an

d
st

ri
ct

ly
co

nv
ex

(ᾱ
f η

(a
)
+

α
f η

(b
)
>

f η
(ᾱ

a
+

α
b)

).
Fo

r
i∈

[n
]

se
tx

0,
i
=
` i

(v
0)

an
d

x 1
,i

=
` i

(v
1)

.B
y

as
su

m
pt

io
n,

w
e

ha
ve

ᾱ
x 0
,i

+
α

x 1
,i
≤
` i

(ᾱ
v 0

+
α

v 1
),
∀i
∈

[n
],

w
hi

ch
by

st
ri

ct
m

on
ot

on
ic

ity

⇒
f η

(ᾱ
x 0
,i

+
α

x 1
,i
)
≥

f η
(`

i(
ᾱ

v 0
+

α
v 1

))
,
∀i
∈

[n
],

an
d

he
nc

e
by

st
ri

ct
co

nv
ex

ity

⇒
ᾱ

f η
(x

0,
i)

+
α

f η
(x

1,
i)
>

f η
(`

i(
ᾱ

v 0
+

α
v 1

))
,
∀i
∈

[n
]

⇔
ᾱ

E
η
(`

(v
0)

)
+

α
E

η
(`

(v
1)

)
>

E
η
(`

(ᾱ
v 0

+
α

v 1
))

an
d

th
us
`

is
no

t
m

ix
ab

le
si

nc
e

w
e

ha
ve

w
itn

es
se

d
th

e
no

n-
co

nv
ex

ity
of

th
e

η
-e

xp
on

en
tia

te
d

su
pe

rp
re

di
ct

io
n

se
tf

or
`.

va
n

E
rv

en
et

al
.

(2
01

2b
)

sh
ow

ed
th

at
(u

nd
er

so
m

e
m

ild
co

nd
iti

on
s)

a
pr

op
er

lo
ss

λ
an

d
th

e
co

m
po

si
te

lo
ss

λ
ψ

ob
ta

in
ed

vi
a

th
e

re
fe

re
nc

e
lin

k
ψ̄

(s
ee

Pr
op

os
iti

on
5)

sh
ar

e
th

e
sa

m
e

m
ix

ab
ili

ty
co

ns
ta

nt
.

W
e

no
w

sh
ow

th
at

m
ix

ab
le

lo
ss

es
al

w
ay

s
ha

ve
st

ri
ct

ly
pr

op
er

co
m

po
si

te
re

pr
es

en
ta

tio
ns

.

Pr
op
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iti

on
20

Su
pp

os
e
`

:
V
→

R
n +

is
a

∆n -s
m

oo
th

co
nt

in
uo

us
lo

ss
.I

f`
is

m
ix

ab
le

th
en
`

ha
s

a
st

ri
ct

ly
pr

op
er

co
m

po
si

te
re

pr
es

en
ta

tio
n.

Pr
oo

f
W

e
pr

ov
e

th
e

co
nt

ra
po

si
tiv

e.
L

ac
k

of
a

st
ri

ct
ly

pr
op

er
co

m
po

si
te

re
pr

es
en

ta
tio

n
is

eq
ui

v-
al

en
tt

he
n

to
`(

V
)

be
in

g
no

t∆
n -s

tr
ic

tly
co

nv
ex

.S
up

po
se

th
en

th
at
`(

V
)

is
in

de
ed

no
t∆

n -s
tr

ic
tly

co
nv

ex
.T

he
re

ar
e

tw
o

po
ss

ib
ili

tie
s

to
co

ns
id

er
:

1.
T

he
re

ex
is

ts
p
∈

∆n
su

ch
th

at
th

er
e

is
no

x
∈
`(

V
)

su
ch

th
at
`(

V
)

is
su

pp
or

te
d

by
hβ p

at
x

fo
rs

om
e

β
∈
R

;o
r

2.
T

he
re

ex
is

ts
p
∈

∆n
su

ch
th

at
th

er
e

ex
is

ts
v 0
,v

1
∈

V
,

v 0
6=

v 1
,

x 0
=
`(

v 0
),

x 1
=
`(

v 1
),
∃β
∈

R
,

hβ p
su

pp
or

ts
`(

V
)

at
x 1

an
d

x 2
.

Si
nc

e
`(

V
)
⊂

[0
,∞

)n
an

d
`

is
co

nt
in

uo
us

(a
nd

he
nc

e
`(

V
)

is
cl

os
ed

),
fo

r
al

l
p
∈

∆n
th

er
e

al
-

w
ay

s
ex

is
ts

x
∈
`(

V
)

su
ch

th
at

hβ p
su

pp
or

ts
`(

V
)

at
x.

T
hu

s
un

de
r

th
e

hy
po

th
es

is
,c

as
e

2
m

us
t

al
w

ay
s

ho
ld

.T
he

n
by

co
nt

in
ui

ty
of
`

an
d

th
e

de
fin

iti
on

of
a

su
pp

or
tin

g
hy

pe
rp

la
ne

,t
he

re
ex

is
ts

α
∈

(0
,1

)
su

ch
th

at
(4

)h
ol

ds
an

d
so
`

is
no

tm
ix

ab
le

.
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6.2
A

dm
issibility

T
he

above
results

are
strongly

related
to

the
classicalnotion

of
adm

issibility
(Ferguson,1967;

C
hernoffand

M
oses,1986;K

iefer,1987),w
hich

isparticularly
sim

ple
in

oursituation.W
e

adapt
the

term
inology

ofFerguson
(1967)to

be
consistentw

ith
elsew

here
in

the
presentpaper.

D
efinition

21
Suppose

`:
V
→

R
n+

isa
loss.A

prediction
v

1 ∈
V

isbetterthan
v

2 ∈
V

if`(v
1 )≤

`(v
2 )

and
for

som
e

i∈
[n

],
`i (v

1 )
<
`i (v

2 ).
A

prediction
v

1
is

equivalentto
v

2
if
`(v

1 )
=
`(v

2 ).
A

prediction
v∈

V
is

adm
issible

ifthere
is

no
prediction

better
than

v.
Ifa

prediction
v∈

V
is

the
B

ayes-optim
alfor

som
e

distribution
p,thatis

for
allv∈

V
there

exists
p∈

∆
n

such
that

v∈
arg

m
in

v̄∈
V

p ′·`(v̄),then
w

e
say

v
is

strongly
adm

issible.

Ferguson
(1967,

T
heorem

1,
page

60)
states

the
follow

ing
(w

hich
w

e
present

for
invertible

losses,so
that

`(v
1 )

=
`(v

2 )⇒
v

1
=

v
2 ).

Proposition
22

Suppose
`:

V
→

R
n+

is
invertible

and
p∈

∆
n.Ifv∈

V
is

the
unique

prediction
such

thatL
(p
,v)

=
L

(p),then
v

is
adm

issible.

Proposition
18

then
im

plies
the

follow
ing.

C
orollary

23
Suppose

`:
V
→

R
n+

is
continuous

and
invertible.If

`
has

a
strictly

proper
com

-
posite

representation
then

allv∈
V

are
adm

issible
and

strongly
adm

issible.

Proof
If
`

has
a

strictly
proper

com
posite

representation,then
`(V

)
is

∆
n-strictly

convex
and

thus
for

all
p
∈

∆
n

there
exists

a
unique

x∈
`(V

)
such

that
h

L
(p)

p
supports

`(V
)

at
x.

T
hus

by
Proposition

22,
v

such
that

`(v)
=

x
is

an
adm

issible
prediction.

Furtherm
ore,since

`(V
)

is
∆

n-sm
ooth,

this
previous

argum
ent

actually
holds

for
all

v∈
V

and
thus

`
is

adm
issible.

Furtherm
ore,

it
follow

s
directly

from
the

definition
of

∆
n-sm

oothness
that

all
v

are
strongly

adm
issible.

Proposition
24

If
`:

V
→

R
n+

is
continuous

and
has

a
proper

com
posite

representation
then

every
prediction

is
adm

issible.

Proof
W

e
w

illprove
the

contrapositive:Suppose
a

continuousloss
`:

V
→

R
n+

issuch
thatthere

existx
0 ,x

1 ∈
`(V

)w
ith

x
1

betterthan
x

0 .T
hen

`
can

nothave
a

propercom
posite

representation.
O

bserve
that“x

1
is

betterthan
x

0 ”
is

equivalentto

∀i∈
[n

],
e ′i ·(x

0 −
x

1 )≥
0

∃i∈
[n

],
e ′i ·(x

0 −
x

1 )
>

0.

C
onsidertw

o
m

utually
exclusive

and
exhaustive

cases:

1.
e ′i ·(x

0 −
x

1 )
>

0
,∀i∈

[n].T
hen

forallp∈
∆

n,p ′·(x
0 −

x
1 )
>

0⇒
p ′·x

0
>

p ′·x
1

and
thus

`(V
)

can
notbe

supported
atx

0
by

h
βp

forany
p∈

∆
n

and
thus

`(V
)

is
not∆

n-sm
ooth.

2.
A

lternatively
suppose

e ′i ·(x
0 −

x
1 ) {

=
0
,

i∈
I⊂

[n
]

>
0
,

i∈
[n]\

I

w
ith

1≤
|I|<

n.C
onsiderthe

tw
o

m
utually

exclusive
subcases

over
p∈

∆
n:
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(a)
p

i >
0

for
som

e
i∈

[n
]\

I.
T

hen
p ′·(x

0 −
x

1 )
>

0
and

`(V
)

can
notbe

supported
at

x
0

by
h

βp
forany

β
∈
R

.

(b)
p

i −
0

for
alli∈

[n
]\

I.
T

hen
p ′·(x

0 −
x

1 )
=

0
in

w
hich

case
`(V

)
is

supported
by

h
βp

forsom
e

β
atboth

x
0

and
x

1 .

In
eitherofthese

subcases,the
∆

n-sm
oothness

condition
is

violated.

T
hus

in
both

cases
w

e
have

show
n
`(V

)
can

notbe
∆

n-sm
ooth

and
by

Proposition
18

can
not

have
a

propercom
posite

representation.

A
s

can
be

seen
in

Figure
6,

there
can

be
no

hope
of

a
converse:

m
ere

adm
issibility

of
every

prediction
x∈

`(V
)

can
notim

ply
that

`
has

a
propercom

posite
representation.

H
ow

ever
strong

adm
issibility

of
every

prediction
im

plies
`(V

)
is

∆
n-sm

ooth
and

so
if
`

is
continuous,

strong
adm

issibility
of

every
prediciton

im
plies

(via
Proposition

18)
that

`
has

a
propercom

posite
representation.

T
he

relationship
betw

een
strictconvexity

of
S
` and

adm
issibility

is
notnew

(B
row

n,1981);
butthe

connection
w

ith
ourcharacterisation

ofcom
posite

properlosses
is

new
.

W
e

conclude
that

if
`

is
continuous

and
invertible

and
w

e
desire

that
all

predictions
are

adm
issible,then

itsuffices
to

only
considerlosses

w
ith

a
propercom

posite
representation.C

on-
tinuous

invertible
losses

thatdo
nothave

a
proper

com
posite

representation
are

“redundant”
in

the
sense

thatthere
are

guaranteed
to

existpredictions
thatare

notB
ayes

optim
alfor

any
true

distribution.

6.3
M

inim
axity

W
e

say
a

loss
`:

V
→

R
n+

is
m

inim
ax

ifits
conditionalrisk

L
(p,v)

=
p ′·`(v)

satisfies

m
ax

p∈
∆

n m
in

v∈
V

L
(p,v)

=
m

in
v∈

V
m

ax
p∈

∆
n L

(p,v).
(5)

M
inim

axity
ofproperlosses

has
been

studied
in

a
very

generalsetting
by

G
rünw

ald
and

D
aw

id
(2004)

w
ho

show
ed

the
connection

betw
een

robust
B

ayes
procedures

and
m

axim
um

entropy;
conferclassicalresults

presented,forexam
ple,by

Ferguson
(1967).

In
this

briefsubsection
w

e
point

out
som

e
sim

ple
im

plications
of

our
earlier

results.
Setting

V
=

∆
n,oberve

that
for

all
proper

losses
λ

:∆
n→

R
n+

,
p
7→

Λ
(p
,q)

=
p ′·λ

(q)
is

linear
for

all
q
∈

∆
n,

and
if

λ
is

also
continuous,by

Proposition
17

q7→
Λ

(p
,q

)
is

quasi-convex
for

all
p∈

∆
n.

Itthus
follow

s
from

the
m

inim
ax

theorem
ofSion

(1958)thatallcontinuous
properlosses

satisfy

m
ax

p∈
∆

n m
in

q∈
∆

n Λ
(p,q

)
=

m
in

q∈
∆

n m
ax

p∈
∆

n Λ
(p,q

)
(6)

and
are

thus
m

inim
ax.

Suppose
`

=
λ

ψ
=

λ
◦

ψ
−

1:
V
→

R
n+

is
a

proper
com

posite
loss,

w
ith

conditional
risk

L
(p,v)

=
Λ

(p
,ψ
−

1(v)).Since
ψ
−

1
is

invertible,

m
ax

p∈
∆

n m
in

v∈
V

L
(p
,v)

=
m

ax
p∈

∆
n m

in
q∈

∆
n Λ

(p,q
),

(7)
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)
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)
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=
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` 1
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q
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=
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`

`(
V
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x 2
=
`(

v 2
)

x 3
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`(

v 3
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x 1
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`(

v 1
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x 4

Fi
gu

re
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Le
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Il
lu

st
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tio
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uo
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ss
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(w
hi
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n
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re
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bo

th
ar

e
B

ay
es

op
tim

al
si
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e

q′
·`

(v
1)

=
q′
·`

(v
2)

=
L(

v)
;t

hu
s

hL(
v 1

)
q

=
hL(

v 3
)

q
su

pp
or

ts
`(

V
)

at
bo

th
x 1

an
d

x 3
.

T
he

po
in

tx
2

is
ne

ve
ra

m
em

be
ro

fa
su

pp
or

tin
g

hy
pe

rp
la

ne
of
`(

V
)

an
d

is
th

us
ne

ve
r

th
e

B
ay

es
op

tim
al

pr
ed

ic
tio

n
fo

ra
ny

q
an

d
so

no
ts

tr
on

gl
y

ad
m

is
si

bl
e.

T
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gr
ee

n
lin

e
in

di
ca

te
s

th
e

se
t

of
pr

ed
ic

tio
ns

th
at

ar
e

no
t

st
ro

ng
ly

ad
m

is
si

bl
e—

th
ey

w
ill

ne
ve

r
be

B
ay

es
op

tim
al

fo
r

an
y

q
∈

∆n .
Su

ch
pr

ed
ic

tio
ns

ar
e,

ho
w

ev
er

,a
dm

is
si

bl
e,

as
ca

n
be

se
en

by
th

e
gr

ey
tr

an
sl

at
ed

ne
ga

tiv
e

or
th

an
ts

ce
nt

re
d
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x 1

,
x 2

an
d

x 3
(e

ac
h

or
th

an
t

do
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no
tc

on
ta

in
an

y
ot

he
r
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ed

ic
tio

ns
“b

et
te

r
th

an
”

th
em
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A

ll
th

e
ot

he
r

pr
ed

ic
tio

ns
w

ho
se

im
ag

e
lie

s
in

th
e

bl
ac

k
lin

e
ar

e
bo

th
ad

m
is

si
bl

e
an

d
st

ro
ng

ly
ad

m
is

si
bl

e.
T

he
lo

ss
im

ag
e
`(

V
)

is
no

t∆
n -s

m
oo

th
be

ca
us

e
th

er
e

ex
is

tn
o

p
∈

∆n
th

at
su

pp
or

ts
`(

V
)

at
x 2

.H
en

ce
by

Pr
op

os
iti

on
18

,`
ca

n
no

th
av

e
a

pr
op

er
co

m
po

si
te

re
pr

es
en

ta
tio

n.
R

ig
ht

:
Si

m
ila

r
to

th
e

fig
ur

e
on

th
e

le
ft

,e
xc

ep
tt

he
re

ar
e

no
w

so
m

e
pr

ed
ic

tio
ns

,s
uc

h
as

x 2
,

w
hi

ch
ar

e
no

ta
dm

is
si

bl
e:

x 4
is

be
tte

r
th

an
x 2

as
ca

n
be

se
en

si
nc

e
x 4

is
co

nt
ai

ne
d

in
th

e
in

te
ri

or
of

th
e

sh
if

te
d

ne
ga

tiv
e

or
th

an
tc

en
tr

ed
at

x 2
.N

ot
e

in
th

is
ca

se
th

e
bo

un
da

ry
of

th
e

su
pe

r-
pr

ed
ic

tio
n

se
tS

`
do

es
no

te
qu

al
`(

V
)

(s
ee

th
e

pa
rt

of
S
`

cr
os

s-
ha

tc
he

d
in

re
d)

.T
hi

s
lo

ss
ca

n
no

th
av

e
a

pr
op

er
co

m
po

si
te

re
pr

es
en

ta
tio

n
by

Pr
op

os
iti

on
24

.

w
he

re
by

th
e

re
la

tio
ns

hi
p

be
tw

ee
n

q
an

d
v,

ar
g

m
in

v∈
V

L(
p,

v)
=

ψ

(
ar

g
m

in
q∈

∆n
Λ

(p
,q

))
.S

im
ila

rl
y,

m
in

v∈
V

m
ax

p∈
∆n

L(
p,

v)
=

m
in

q∈
∆n

m
ax

p∈
∆n

Λ
(p
,q

).
(8

)

Si
nc

e
λ

is
pr

op
er

,Λ
sa

tis
fie

s
(6

)w
hi

ch
co

m
bi

ne
d

w
ith

(7
)a

nd
(8

)p
ro

ve
s

th
e

fo
llo

w
in

g.

Pr
op

os
iti

on
25

E
ve

ry
co

nt
in

uo
us

pr
op

er
co

m
po

si
te

lo
ss

is
m

in
im

ax
.

N
ot

e
th

at
th

is
al

on
e

do
es

no
ti

m
pl

y
th

at
al

lc
on

tin
uo

us
pr

op
er

co
m

po
si

te
lo

ss
es

ar
e

qu
as

i-
co

nv
ex

,
w

hi
ch

w
ou

ld
fo

llo
w

if
ψ

m
ap

pe
d

co
nv

ex
se

ts
to

co
nv

ex
se

ts
;

ho
w

ev
er

th
is

ca
n

no
t

be
tr

ue
in
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W
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L
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M
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O
N
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E

R
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E
T

A
N

D
R

E
ID

ge
ne

ra
li

n
R

n
be

ca
us

e
co

nv
ex

ity
pr

es
er

vi
ng

m
ap

pi
ng

s
m

us
tb

e
af

fin
e

(W
eb

st
er

,1
99

4,
T

he
or

em
7.

3.
7)

;c
on

fe
r(

M
ey

er
an

d
K

ay
,1

97
3)

.
R

ec
al

lP
ro

po
si

tio
n

17
sh

ow
ed

th
e

qu
as

i-
co

nv
ex

ity
of

al
l

pr
op

er
lo

ss
es

.
Pr

op
os

iti
on

25
m

ea
ns

th
at

th
e

us
e

of
th

e
cl

as
si

ca
l

m
in

im
ax

th
eo

re
m

by
A

be
rn

et
hy

et
al

.
(2

00
9)

in
or

de
r

to
pr

ov
e

th
ei

r
m

ai
n

re
su

lt
fo

r
co

nv
ex

lo
ss

es
ca

n
be

fo
re

go
ne

;
th

ei
r

re
su

lt
al

so
ho

ld
s

fo
ra

rb
itr

ar
y

co
nt

in
uo

us
pr

op
er

co
m

po
si

te
lo

ss
es

.

6.
4

C
on

ve
xi

ty

In
or

de
r

to
co

m
pu

ta
tio

na
lly

op
tim

is
e

m
od

el
s

w
ith

re
sp

ec
tt

o
a

lo
ss

fu
nc

tio
n

it
is

co
nv

en
ie

nt
if

th
e

lo
ss

is
co

nv
ex

.
In

th
is

su
bs

ec
tio

n
w

e
de

ve
lo

p
co

nd
iti

on
s

fo
r

th
e

co
nv

ex
ity

of
m

ul
tic

la
ss

co
m

po
si

te
pr

op
er

lo
ss

es
.

W
e

as
su

m
e

th
ro

ug
ho

ut
th

is
se

ct
io

n
th

at
th

e
lo

ss
an

d
lin

k
ar

e
tw

ic
e

di
ff

er
en

tia
bl

e.
W

e
st

ar
tb

y
pr

ov
in

g
so

m
e

id
en

tit
ie

s
fo

rt
he

ir
fir

st
an

d
se

co
nd

de
riv

at
iv

es
.

6.
4.

1
T

E
C

H
N

IC
A

L
P

R
E

L
IM

IN
A

R
IE

S

Su
pp

os
e
`

=
λ
◦ψ
−

1
is

co
m

po
se

d
of

th
e

pr
op

er
lo

ss
λ

:
∆n
→

R
n +

an
d

th
e

in
ve

rs
e

of
th

e
lin

k
ψ

:
∆n
→

V
.

In
or

de
r

to
si

m
pl

if
y

th
e

ca
lc

ul
at

io
n

of
de

riv
at

iv
es

fo
r

th
e

fu
nc

tio
n
`

:
V
→

R
n +

w
e

w
ill

as
su

m
e

th
e

se
tV

is
a

fla
t,

(n
−

1)
-d

im
en

si
on

al
,c

on
ve

x
su

bs
et

of
R

n +
.

W
e

do
so

si
nc

e
if

V
w

er
e

so
m

e
ar

bi
tr

ar
y

m
an

if
ol

d
th

e
ex

tr
a

de
fin

iti
on

s
re

qu
ir

ed
to

m
ak

e
se

ns
e

of
co

nv
ex

ity
(e

.g
.,

in
te

rm
s

of
ge

od
es

ic
s)

an
d

de
riv

at
iv

es
on

m
an

if
ol

ds
w

ou
ld

ob
sc

ur
e

th
e

gi
st

of
th

e
re

su
lts

be
lo

w
.

Fu
rt

he
rm

or
e,

lit
tle

is
lo

st
ei

th
er

pr
ac

tic
al

ly
or

th
eo

re
tic

al
ly

by
as

su
m

in
g

a
si

m
pl

e
V

.
In

pr
ac

tic
e,

pr
ed

ic
tio

ns
ar

e
us

ua
lly

ve
ct

or
s

in
R

n +
,

an
d

in
th

eo
ry

on
e

co
ul

d
al

w
ay

s
ch

oo
se

a
pa

ra
m

et
ri

sa
tio

n
of

V
in

te
rm

s
of

so
m

e
si

m
pl

er
sp

ac
e

U
an

d
re

de
fin

e
th

e
lin

k
vi

a
co

m
po

si
tio

n
w

ith
th

at
pa

ra
m

et
ri

sa
tio

n.
A

lte
rn

at
iv

el
y,

si
nc

e
lin

ks
m

us
tb

e
in

ve
rt

ib
le

,a
co

m
po

si
te

lo
ss

co
ul

d
be

de
fin

ed
by

a
ch

oi
ce

of
lo

ss
an

d
ch

oi
ce

of
in

ve
rs

e
lin

k
ψ
−

1
:V
→

∆n
fo

r
a

V
as

su
m

ed
to

be
fla

t,
et

c.
R

ec
al

lin
g

th
e

co
nv

en
tio

n
th

at
ñ

:=
n
−

1,
le

tv
∈

V
fix

ed
bu

ta
rb

itr
ar

y
w

ith
co

rr
es

po
nd

in
g

p̃
=

ψ̃
−

1 (
v)

w
he

re
ψ̃

(p̃
)

:=
ψ

((
p̃ 1
,.
..
,p̃

ñ,
p n

)′
)

w
ith

p n
:=

∑
ñ i=

1
p̃ i

is
th

e
in

du
ce

d
fu

nc
tio

n
fr

om
∆̃n

to
V

.
B

y
th

e
ch

ai
n

ru
le

an
d

th
e

in
ve

rs
e

fu
nc

tio
n

th
eo

re
m

,
th

e
de

riv
at

iv
es

fo
r

ea
ch

of
th

e
pa

rt
ia

ll
os

se
s
` i

sa
tis

fy

D
` i

(v
)

=
D
[ λ i

(ψ̃
−

1 (v
))
] =

D
λ i

(p̃
)
·[D

ψ̃
(p̃

)]
−

1
.

(9
)

W
e

us
e

en i
to

de
no

te
th

e
ith

n-
di

m
en

si
on

al
un

it
ve

ct
or

,
en i

=
(0
,.
..
,0
,1
,0
,.
..
,0

)′
w

he
n

i∈
[n

],
an

d
de

fin
e

en i
=

0 n
w

he
n

i>
n.

W
e

ca
n

no
w

w
ri

te
D

λ i
(p̃

)
in

te
rm

s
of

th
e

n
×

ñ
m

a-
tr

ix
D

λ
(p̃

)
us

in
g
D

λ i
(p̃

)
=

(e
n i)
′ ·
D

λ
(p̃

).
N

ow
D

λ
(p̃

)
=

(D
λ̃

(p̃
)′
,D

λ n
(p̃

)′
)′

,
w

he
re

λ̃
(p̃

)
=

(λ
1(

p̃)
,.
..
,λ

ñ(
p̃)

)′
,a

nd
so D

λ i
(p̃

)
=

(e
n i)
′ ·
D

λ
(p̃

)
=

(e
n i)
′ ·
(

D
λ̃

(p̃
)

D
λ n

(p̃
)

)
.

(1
0)

Fu
rt

he
rm

or
e,

si
nc

e
λ

is
pr

op
er

,
L

em
m

a
6

of
(v

an
E

rv
en

et
al

.,
20

12
b)

m
ea

ns
w

e
ca

n
us

e
th

e
re

la
tio

ns
hi

p
be

tw
ee

n
a

pr
op

er
lo

ss
an

d
its

pr
oj

ec
te

d
B

ay
es

ri
sk

L̃
:=

L
◦Π
−

1
∆

to
w

ri
te

D
λ̃

(p̃
)

=
W

(p̃
)
·H

L̃ (
p̃)

(1
1)

D
λ n

(p̃
)

=
y(

p̃)
′ ·
D

λ̃
(p̃

)
(1

2)

22

JM
L

R
 1

7(
22

3)
:1

-5
2



C
O

M
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E
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w
here

W
(p̃

)
:=

Iñ −
1

ñ ·p̃ ′and
w

here
y(p̃)

:=
−

p̃/p
n (p̃

)
and

p
n (p̃

)
:=

1−
∑

i∈
[ñ] p

i .
T

hus,com
bining

(10–12)w
e

have
foralli∈

[ñ
]

D
λ

i (p̃)
=

(e
ñi ) ′·W

(p̃)·H
L̃

(p̃)

=
((e

ñi ) ′−
(e

ñi ) ′·
1

ñ ·p̃ ′)·H
L̃

(p̃
)

=
(e

ñi −
p̃) ′·H

L̃
(p̃)

(13)

and

D
λ

n (p̃
)

=
y(p̃

) ′·W
(p̃

)·H
L̃

(p̃
)

=
−

1
p

n (p̃) p̃ ′·(Iñ −
1

ñ ·p̃ ′)·H
L̃

(p̃
)

=
−

1
p

n (p̃) (p̃ ′−
(1−

p
n (p̃

))p̃ ′)·H
L̃

(p̃
)

=
−

p̃ ′·H
L̃

(p̃).
(14)

Finally,noting
thatby

definition
e

ñn
=

0,(14)and
(13)can

be
m

erged
and

com
bined

w
ith

(9)
to

obtain
the

follow
ing

proposition.

Proposition
26

For
alli∈

[n],p̃∈
˚̃∆

n
(the

relative
interior

of∆̃
n),and

v
=

ψ̃
(p̃

),

D
`i (v)

=
−
(e

ñi −
p̃ )′·κ

(p̃
)

(15)

w
here

κ
(p̃

)
:=
−
H

L̃
(p̃

)·[D
ψ̃

(p̃)] −
1
.

(16)

U
sing

the
definition

ofthe
H

essian
H
`i =

D
[(D

`i ) ′]and
the

productrule
(31)gives

D
[(D

`i (v)) ′ ]
=
D

v [

f(p̃)
︷

︸︸
︷

[D
ψ̃

(p̃) ′ ]−
1·H

L̃
(p̃) ′·

g(p̃)
︷
︸︸

︷
(e

ñi −
p̃ )]

=
((e

ñi −
p̃ )′⊗

Iñ )·D
v [f(p̃) ′+

(I1 ⊗
f(p̃))·D

(e
ñi −

ψ̃
−

1(v) )

=
((e

ñi −
p̃ )′⊗

Iñ )·D
v [H

L̃
(p̃)·[D

ψ̃
(p̃

)] −
1 ]−

([D
ψ̃

(p̃) ′ ]−
1
H

L̃
(p̃) ′ )·[D

ψ̃
(p̃)] −

1
,

w
here

D
v

is
used

to
indicate

thatthe
derivative

is
w

ith
respectto

v
even

w
hen

the
term

s
inside

the
derivative

are
expressed

using
p̃.W

e
have

now
established

the
follow

ing
proposition.

Proposition
27

For
alli∈

[n],p̃∈
˚̃∆

n,and
v

=
ψ̃

(p̃),

H
`i (v)

=
−
((e

ñi −
p̃ )′⊗

Iñ )·D
[κ (ψ̃

−
1(v) )]

+
(κ

(p̃
) ′ )·[D

ψ̃
(p̃)] −

1
,

w
here

κ
(p̃

)
is

defined
in

(16).
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T
he

product
κ

(p̃
)

:=
−
H

L̃
(p̃

)[D
ψ̃

(p̃)] −
1

that
appears

in
both

propositions
above

can
be

interpreted
as

the
curvature

ofthe
B

ayes
risk

function
L̃

relative
to

the
rate

ofchange
ofthe

link
function

ψ̃
.

W
hen

the
link

function
is

the
identity

ψ̃
(p̃

)
=

p̃
(i.e.w

hen
w

e
have

a
proper

loss
directly)the

expressions
forthe

derivative
and

H
essian

ofeach
`i sim

plify
to

D
`i (p̃)

=
(e

ñi −
p̃
) ′·H

L̃
(p̃

)
(17)

H
`i (p̃)

=
((e

ñi −
p̃ )′⊗

Iñ )·D
[H

L̃
(p̃) ]−

H
L̃

(p̃
) ′.

(18)

T
he

form
ofκ

as
the

productof
H

L̃
and

D
ψ̃

suggests
anothersim

plification.

D
efinition

28
The

canonicallink
function

for
a

lossλ
w

ith
B

ayes
risk

L
is

defined
via

ψ̃
λ
(p̃

)
:=
−
D

L̃
(p̃

) ′.
(19)

W
e

w
illshow

in
section

8.1
that(19)

is
indeed

guaranteed
to

be
a

legitim
ate

link.
T

he
term

κ
sim

plifies
to

κ
(p̃

)
=

Iñ
since

D
ψ̃

(p̃
)

=
−
D

(D
L̃

(p̃) ′)
=
−
H

L̃
(p̃

).Forthis
choice

oflink
function,

the
firstand

second
derivatives

becom
e

considerably
sim

pler.

Proposition
29

Ifλ
:∆

n→
R

n+
is

a
proper

loss
and

ψ̃
λ

is
its

associated
canonicallink

then,for

alli∈
[n],p̃∈

˚̃∆
n,and

v
=

ψ̃
λ
(p̃),the

com
posite

loss
`

=
λ
◦ψ̃

satisfies

D
`i (v)

=
(e

ñi −
p̃)

(20)

H
`i (v)

=
[H

L̃
(p̃) ]−

1
.

(21)

T
he

sim
plified

form
ofthe

H
essian

above
is

established
by

noting
thatsince

κ
(p̃)

=
Iñ

w
e

have
D

[κ
(ψ̃
−

1(v))]=
0

forallv∈
V

in
Proposition

27.
T

he
above

propositions
hold

for
any

num
ber

of
classes

n.
It

is
instructive

(both
here

and
later

in
the

paper)
to

exam
ine

the
binary

case
w

here
n

=
2.

In
this

case,
Proposition

26
and

Proposition
27

reduce
to

` ′1 (v)
=
−

(1−
p̃)κ

(p̃
)

;
` ′2 (v)

=
p̃κ

(p̃)
(22)

` ′′1 (v)
=
−

(1−
p̃
)κ
′(p̃)

+
κ

(p̃
)

ψ̃
′(p̃)

(23)

` ′′2 (v)
=

p̃κ
′(p̃

)
+

κ
(p̃)

ψ̃
′(p̃

)
(24)

w
here

κ
(p̃)

=
−

L̃ ′′(p̃)
ψ̃
′(p̃) ≥

0
and

so
ddv κ

(ψ̃
−

1(v))
=

κ
′(p̃)

ψ̃
′(p̃) .

6.4.2
C

O
N

D
IT

IO
N

S
F

O
R

C
O

N
V

E
X

IT
Y

O
F

M
U

LT
IC

L
A

S
S

C
O

M
P

O
S

IT
E

P
R

O
P

E
R

L
O

S
S

E
S

W
e

w
illnow

consider
w

hen
m

ulticlass
proper

losses
are

convex,and
give

a
characterisation

in
term

s
of

the
corresponding

B
ayes

risk
w

hich
as

w
e

have
seen

is
the

naturalw
ay

to
param

etrise
a

loss.
T

he
results

below
are

the
m

ulticlass
generalisation

of
the

characterisation
of

convexity
ofbinary

com
posite

losses
(R

eid
and

W
illiam

son,2010).In
factw

e
obtain

m
ore

generalresults
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C
O

M
P

O
S

IT
E

M
U

LT
IC

L
A

S
S

L
O

S
S

E
S

ev
en

in
th

e
bi

na
ry

ca
se

be
ca

us
e

he
re

w
e

co
ns

id
er

st
ro

ng
ly

co
nv

ex
lo

ss
es

.
W

e
w

ill
al

so
sh

ow
ho

w
an

y
no

n-
co

nv
ex

pr
op

er
lo

ss
ca

n
be

m
ad

e
co

nv
ex

by
su

ita
bl

e
ch

oi
ce

of
a

lin
k

fu
nc

tio
n

(t
he

ca
no

ni
ca

ll
in

k)
3 .

Fo
r

a
co

nv
ex

se
tC
⊆

R
n ,a

lo
ss
`

:C
→

R
n +

is
sa

id
to

be
co

nv
ex

if
fo

r
al

l
p
∈

∆n ,t
he

m
ap

C
3

v
7→

L(
p,

v)
=

p′
·`

(v
)

is
co

nv
ex

.
T

ha
ti

s,
a

lo
ss

is
co

nv
ex

if
,u

nd
er

an
y

di
st

ri
bu

tio
n

p
ov

er
ou

tc
om

es
i∈

[n
],

th
e

ex
pe

ct
ed

lo
ss

E i
∼

p[
` i

(v
)]

is
co

nv
ex

in
v.

It
is

ea
sy

to
se

e
th

at
`

is
co

nv
ex

if
an

d
on

ly
if
` i

:C
→

R
+

is
co

nv
ex

fo
ra

ll
i∈

[n
].

(T
he

“i
f”

pa
rt

fo
llo

w
s

si
nc

e
a

su
m

of
co

nv
ex

fu
nc

tio
ns

is
co

nv
ex

;t
he

“o
nl

y
if

”
fo

llo
w

s
by

co
ns

id
er

in
g

p
=

e i
,f

or
i∈

[n
].)

D
efi

ni
tio

n
30

Su
pp

os
e

C
⊆

R
n

is
co

nv
ex

.
A

fu
nc

tio
n

f:
C
→

R
is

st
ro

ng
ly

co
nv

ex
on

C
w

ith
m

od
ul

us
c
≥

0
if

fo
r

al
lx
,x

0
∈

C
,∀

α
∈

(0
,1

),

f(
α

x+
(1
−

α
)x

0)
≤

α
f(

x)
+

(1
−

α
)

f(
x 0

)
−

1 2
cα

(1
−

α
)‖

x−
x 0
‖2
.

W
he

n
c

=
0

in
th

e
ab

ov
e

de
fin

iti
on

,
f

is
co

nv
ex

.
T

he
fu

nc
tio

n
f

is
st

ro
ng

ly
co

nv
ex

on
C

w
ith

m
od

ul
us

c
if

an
d

on
ly

if
x
7→

f(
x)
−

c 2
‖x
‖2

is
co

nv
ex

on
C

(H
ir

ia
rt

-U
rr

ut
y

an
d

L
em

ar
éc

ha
l,

20
01

,
pa

ge
73

).
T

he
re

fo
re

,t
he

m
ap

s
v
7→
` i

(v
)

ar
e

c-
st

ro
ng

ly
co

nv
ex

if
an

d
on

ly
if
H
` i

(v
)
<

cI
ñ.

B
y

ap
pl

yi
ng

Pr
op

os
iti

on
27

w
e

ob
ta

in
th

e
fo

llo
w

in
g

ch
ar

ac
te

ri
sa

tio
n

of
th

e
c-

st
ro

ng
co

nv
ex

ity
of

th
e

lo
ss
`.

Pr
op

os
iti

on
31

A
pr

op
er

co
m

po
si

te
lo

ss
`

=
λ
◦ψ
−

1
is

st
ro

ng
ly

co
nv

ex
w

ith
m

od
ul

us
c
≥

0
if

an
d

on
ly

if
fo

r
al

l
p̃
∈

˚̃ ∆n
an

d
fo

r
al

li
∈

[n
]

((
eñ i
−

p̃)
⊗

I ñ
) ·

D
( κ
( ψ̃
−

1 (v
))
) 4

κ(
p̃)
′ ·

[D
ψ̃

(p̃
)]
−

1
−

cI
ñ.

(2
5)

W
e

no
w

co
ns

id
er

th
e

im
pl

ic
at

io
ns

of
Pr

op
os

iti
on

31
in

tw
o

sp
ec

ia
lc

as
es

:
in

th
e

m
ul

tic
la

ss
ca

se
w

ith
ca

no
ni

ca
ll

in
k,

an
d

in
th

e
bi

na
ry

ca
se

w
ith

th
e

id
en

tit
y

lin
k.

R
ec

al
lt

ha
tt

he
ca

no
ni

ca
ll

in
k

ψ̃
`

is
ch

os
en

so
th

at
ψ̃

(p̃
)

=
−
D

L̃(
p̃)
′ .

T
hi

s
si

m
pl

ifi
es

κ(
p̃)

to
th

e
id

en
tit

y
m

at
ri

x
I ñ

so
D

κ(
p̃)

=
0.

In
th

is
ca

se
th

e
ab

ov
e

pr
op

os
iti

on
re

du
ce

s
to

th
e

fo
llo

w
in

g
co

ro
lla

ry
.

C
or

ol
la

ry
32

If
`

=
λ
◦ψ
−

1
is

de
fin

ed
so

th
at

ψ̃
=
−
D

L̃′
th

en
ea

ch
m

ap
v
7→
` i

(v
)

is
c-

st
ro

ng
ly

co
nv

ex
if

an
d

on
ly

if
[ −

H
L̃(

p̃)
] −

1
<

cI
ñ,

or
eq

ui
va

le
nt

ly
−
H

L̃(
p̃)

4
1 c
I ñ

.

A
n

im
m

ed
ia

te
co

ns
eq

ue
nc

e
of

th
is

re
su

lt
is

ob
ta

in
ed

by
ob

se
rv

in
g

th
at

th
e

de
fin

ite
ne

ss
co

ns
tr

ai
nt

is
al

w
ay

s
m

et
w

he
n

c
=

0
si

nc
e

L̃
is

al
w

ay
s

a
co

nc
av

e
fu

nc
tio

n.
T

hu
s,

us
in

g
a

ca
no

ni
ca

ll
in

k
gu

ar
an

te
es

a
pr

op
er

co
m

po
si

te
lo

ss
is

co
nv

ex
.

T
he

re
is

an
up

pe
r

de
fin

ite
ne

ss
co

nd
iti

on
an

al
og

ou
s

to
th

at
fo

r
st

ro
ng

co
nv

ex
ity

th
at

ha
s

im
-

pl
ic

at
io

ns
fo

r
ra

te
s

of
co

nv
er

ge
nc

e
in

nu
m

er
ic

al
op

tim
is

at
io

n.
B

oy
d

an
d

V
an

de
nb

er
gh

e
(2

00
4,

§9
.1

.2
)s

ho
w

th
at

if
a

tw
ic

e
di

ff
er

en
tia

bl
e

fu
nc

tio
n

f:
X
→

R
sa

tis
fie

s

M
I
<
H

f(
x)

<
m

I

3.
T

he
re

ar
e

pr
ob

le
m

s
as

so
ci

at
ed

w
ith

th
e

do
m

ai
n

of
de

fin
iti

on
of

su
ch

lin
k

fu
nc

tio
ns

th
an

ne
ed

to
be

de
al

tw
ith

(K
am

al
ar

ub
an

et
al

.,
20

15
).
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fo
ra

ll
x
∈

X
⊂

R
n

th
en

th
e

va
lu

e
M m

is
an

up
pe

rb
ou

nd
on

th
e

co
nd

iti
on

nu
m

be
r

of
H

f,
th

at
is

,
th

e
ra

tio
of

m
ax

im
um

to
m

in
im

um
ei

ge
nv

al
ue

of
H

f.
T

hi
s

va
lu

e
m

ea
su

re
s

th
e

ec
ce

nt
ri

ci
ty

of
th

e
su

bl
ev

el
se

ts
of

f
an

d
co

nt
ro

ls
th

e
ra

te
at

w
hi

ch
op

tim
a

of
f

ar
e

ap
pr

oa
ch

ed
.

A
pp

ly
in

g
th

is
re

su
lt

to
th

e
H

es
si

an
of

a
co

m
po

si
te

lo
ss
`

w
ith

a
ca

no
ni

ca
ll

in
k

sh
ow

s
th

at
th

e
co

nd
iti

on
nu

m
be

r
bo

un
d

is
co

nt
ro

lle
d

by
th

e
H

es
si

an
of

th
e

B
ay

es
ri

sk
of
`.

Sp
ec

ifi
ca

lly
,i

f
th

e
co

nd
iti

on
nu

m
be

r
is

to
be

no
m

or
e

th
an

M
/m

th
en

1 M
<
−
H

L̃(
p̃)

<
1 m

fo
r

al
l

p̃.
In

th
e

ca
se

th
at

M
=

m
an

d
th

e
co

nd
iti

on
nu

m
be

r
is

1,
th

e
on

ly
H

es
si

an
th

at
sa

tis
fie

s
th

es
e

co
nd

iti
on

s
is

H
L̃(

p̃)
=
−

I ñ
w

hi
ch

is
ea

si
ly

sh
ow

n
to

be
th

e
B

ay
es

ri
sk

fo
rs

qu
ar

e
lo

ss
.T

hu
s,

sq
ua

re
lo

ss
is

th
e

on
ly

ca
no

ni
ca

lc
om

po
si

te
lo

ss
fo

rw
hi

ch
a

co
nd

iti
on

nu
m

be
ro

f1
is

po
ss

ib
le

.
In

th
e

bi
na

ry
ca

se
,w

he
n

n
=

2,
(2

3)
an

d
(2

4)
an

d
th

e
po

si
tiv

ity
of

ψ̃
′ s

im
pl

if
y

(2
5)

to
th

e
tw

o
co

nd
iti

on
s:

(1
−

p̃)
κ′

(p̃
)
≤

κ(
p̃)
−

cψ̃
′ (

p̃)
−

p̃κ
′ (

p̃)
≤

κ(
p̃)
−

cψ̃
′ (

p̃)

}
,
∀p̃
∈

(0
,1

).

Fu
rt

he
ra

ss
um

in
g

th
at

ψ̃
is

th
e

id
en

tit
y

lin
k

(ψ̃
(v

)
=

v)
an

d
le

tti
ng

w
(p̃

)
:=
−

L̃′
′ (p̃

)
gi

ve
s

w
′ (

p̃)
≤

1
1−

p̃
(w

(p̃
)
−

c)
)

w
′ (

p̃)
≥
−

1 p̃
(w

(p̃
)
−

c)

}
,
∀p̃
∈

(0
,1

)

⇔
−

1 p̃
≤

w
′ (

p̃)
w

(p̃
)
−

c
≤

1
1
−

p̃
,
∀p̃
∈

(0
,1

).
(2

6)

T
he

la
st

eq
ui

va
le

nc
e

is
ac

hi
ev

ed
by

di
vi

di
ng

th
ro

ug
h

by
w

(p̃
)
−

c
w

hi
ch

m
us

t
ne

ce
ss

ar
ily

be
po

si
tiv

e
si

nc
e

if
it

w
er

e
no

tt
he

fin
al

pa
ir

of
in

eq
ua

lit
ie

s
w

ou
ld

im
pl

y
−

1 p̃
≥

1
1−

p̃
,a

co
nt

ra
di

ct
io

n
gi

ve
n

th
at

p̃
∈

[0
,1

].
N

ot
e

th
at

(2
6)

re
du

ce
s

to
(R

ei
d

an
d

W
ill

ia
m

so
n,

20
10

,C
or

ol
la

ry
26

)
fo

r
c

=
0. O

bs
er

ve
th

at
if

g(
p̃)

:=
lo

g(
w

(p̃
)
−

c)
th

en
g′

(p̃
)

=
w
′ (

p̃)
w

(p̃
)−

c
is

th
e

m
id

dl
e

te
rm

in
(2

6)
.

T
hi

s

al
lo

w
s

a
si

m
pl

ifi
ca

tio
n

of
th

e
in

eq
ua

lit
y.

Sp
ec

ifi
ca

lly
,i

fw
e

as
su

m
e

w
(1 2

)
=

1
th

en

−
1 p̃
≤

g′
(p̃

)
≤

1
1
−

p̃
,
∀p̃
∈

(0
,1

)

⇒
∫

q 1 2

−
1 p̃

d
p̃
Q
∫

q 1 2

g′
(p̃

)d
p̃
Q
∫

q 1 2

1
1
−

p̃
d

p̃,
∀q
∈

(0
,1

)

⇔
−

lo
g(

q)
−

lo
g(

2)
Q

g(
q)
−

lo
g(

1
−

c)
(2

7)

Q
−

lo
g(

2)
−

lo
g(

1
−

q)
,
∀q
∈

(0
,1

)

⇔
1 2q

Q
eg(

q)
−

lo
g(

1−
c)

Q
1

2(
1
−

q)
,
∀q
∈

(0
,1

)

w
hi

ch
gi

ve
s

th
e

fo
llo

w
in

g
pr

op
os

iti
on

pu
re

ly
in

te
rm

s
of

w
(p̃

),
ra

th
er

th
an

w
(p̃

)
an

d
its

de
riv

a-
tiv

e.
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Figure
7:

G
raph

ofw
(p̃

)
=
−

L̃ ′′(p̃
)asa

function
of

p̃
necessary

fora
suitably

norm
alised

binary
proper

loss
to

be
strongly

convex
w

ith
m

odulus
c∈
{0
,

15 ,
25 ,

35 ,
45 ,1}.

T
he

regions
R

c

are
nested

by
subsethood

so
thatR

0 ⊃
R

1/5 ⊃
R

2/5 ⊃
R

3/5 ⊃
R

4/5 ⊃
R

1 ,w
here

R
1

is
sim

ply
the

dotted
line

(containing
only

the
function

w
(c)

=
1
,∀c∈

[0,1],w
hich

is
the

w
eightfunction

corresponding
to

squared
loss).T

he
palestshaded

region
corresponds

to
R

0 ,the
allow

able
range

of
w

(c)
necessary

for
the

corresponding
proper

loss
to

be
convex,and

the
darkestcorresponds

to
R

4/5 .

Proposition
33

Letw
(p̃

)
=
−
H

L̃
(p̃

)
=
−

L̃ ′′(p̃
)

and
assum

e
w

(1
/2

)
=

1.
A

proper
binary

loss
`:∆

2→
R

2+
is

strongly
convex

w
ith

m
odulus

c∈
[0
,1]only

if

12p̃
Q

w
(p̃

)−
c

1−
c

Q
1

2
(1−

p̃
) ,
∀

p̃∈
(0
,1

),
(28)

w
hereQ

denotes≤
for

p̃≥
12

and
denotes≥

for
p̃≤

12 .

W
hen

c
=

0
(corresponding

to
`

being
convex)

this
is

equivalentto
an

expression
by

R
eid

and
W

illiam
son

(2010,E
quation

31),w
here

itw
as

incorrectly
claim

ed
this

condition
w

as
also

suffi-
cient.Inequation

28
is

illustrated
in

Figure
7.
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T
he

above
proposition

only
gives

a
necessary

condition
for

strong
convexity.

(In
addition

to
w

belonging
to

the
specified

region,w
′(p̃

)
also

needs
to

be
suitably

controlled).
A

sufficient
condition

is
usefulfordesigning

strongly
convex

properlosses.O
bserve

thatif

w
(p̃

)
=

exp (
∫

p̃

1/2 u
(t)dt+

K )
+

c

w
here

u
:

[0,1
]→

R
and

K
,c∈

R
,then

∂∂
p̃ log(w

(p̃
)−

c)
=

u(p̃
).W

e
require

w
(1
/2

)
=

1
and

so

exp (∫
1/2
1/2

u(t)dt+
K )

+
c

=
1

and
so

e
K

=
1−

c
and

w
(p̃

)
=

(1−
c)exp (

∫
p̃

1/2 u
(t)dt )

+
c

(29)

satisfies
(26)if

−
1p̃
≤

u(p̃
)≤

1
1−

p̃
,
∀

p̃∈
(0,1),

(30)

and
hence

the
loss

w
ith

w
eightfunction

w
is

strongly
convex

w
ith

m
odulus

c.T
hus

by
choosing

u
to

satisfy
(30)and

constructing
w

via
(29)one

can
design

strongly
convex

properbinary
losses.

O
ne

can
ask

w
hether

equation
(25)

can
be

sim
plified

in
the

n
>

2
case

by
using

a
m

atrix
version

of
the

logarithm
ic

derivative
trick

in
a

m
anner

sim
ilar

to
thatused

above
w

hen
n

=
2.

Such
a

resultdoes
exist(H

orn
and

Johnson,1991,Section
6.6.19)butitrequires

that
(H

L̃
(p̃

)) −
1

and
D

(H
L̃

(p̃
))

com
m

ute
forall

p̃∈
∆̃

n,w
hich

is
notgenerally

the
case.

7.IntegralR
epresentationsofProper

L
osses

B
inary

proper
losses

have
an

attractive
integralrepresentation

thatprovides
substantialinsight

and
is

a
useful

tool
for

both
designing

losses
and

understanding
the

im
plications

of
different

choices
of

loss.
Specifically,there

exists
a

fam
ily

of
“extrem

al”
loss

functions
(cost-w

eighted
generalisations

of
the

0-1
loss)

param
etrised

by
c∈

[0
,1]

and
defined

for
all

η
∈

[0
,1

]
by

` c−
1 (η

)
:=

cJη
≥

cK
and

` c1
:=

(1−
c)Jη

<
cK.

A
s

show
n

by
B

uja
et

al.(2005)
and

R
eid

and
W

illiam
son

(2011),given
these

extrem
alfunctions,any

properbinary
loss

`
can

be
expressed

as
the

w
eighted

integral

`
=
∫

10
` cw

(c)dc
+

constant

w
ith

“w
eightfunction”

w
(c)

=
−

L̃ ′′(c).T
his

representation
is

a
specialcase

ofa
representation

from
C

hoquettheory
(Phelps,2001;Sim

on,2011)w
hich

characterisesw
hen

every
pointin

som
e

setcan
be

expressed
as

a
w

eighted
com

bination
of

the
“extrem

alpoints”
of

the
set.

A
lthough

there
is

such
a

representation
w

hen
n
>

2,
the

difficulty
is

that
the

set
of

extrem
al

points
is

m
uch

larger
and

this
rules

out
the

existence
of

a
nice

sm
all

set
of

“prim
itive”

proper
losses

w
hen

n
>

2,and
consequently

rules
outan

easy-to-w
ork-w

ith
w

eightfunction
param

eterizing
allpossible

m
ulticlass

lossses
in

a
m

anneranalogous
to

the
binary

case.T
he

restofthis
section

m
akes

this
statem

entprecise.
A

convex
cone

K
is

a
set

of
points

closed
under

positive
linear

com
binations.

T
hat

is,
K

=
α

K
+

β
K

for
any

α
,β
≥

0.
A

point
f∈

K
is

extrem
alif

f
=

12 (g
+

h)
for

g,h∈
K
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∂
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e

re
ve

rs
e

im
pl

ic
at

io
n

of
th

e
le

m
m

a
is

a
di

re
ct

co
ns

eq
ue

nc
e

of
th

e
fir

st
re

su
lt

an
d

th
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n
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losses
thatconverges

alm
osteveryw

here
to
`.

L
em

m
a

35
guarantees

thateach
` iis

extrem
alin

L
n

since
each

f i∈
ex

F
n

and
so

w
e

have
show

n
there

exists
a

sequence
(` i)i w

ith
` i∈

ex
L

n

w
hich

converges
to

an
`

w
hich

w
as

arbitrary.

8.Toolsfor
D

esigning
L

osses

In
this

section
w

e
show

how
the

results
developed

above
could

be
used

to
design

losses
for

particularpurposes.T
here

is
no

question
abouthow

this
should

be
done

“in
principle”

(B
erger,

1985,Section
2.4).

A
nd

even
w

hen
notm

ade
explicitatthe

outset,allinference
ultim

ately
has

an
im

plicitloss
function

thatcaptures
w

hatm
atters

to
the

end
user,even

ifthe
originalpurpose

w
as

to
m

erely
“gather

inform
ation”,sim

ply
because

in
the

end
the

“inform
ation”

is
acted

upon
(D

eG
root,1962).

U
ntil

now
,

the
lack

of
convenient

and
canonical

param
etrisations

of
m

ulti-
class

loss
functions

has
m

ade
the

com
parison

of
different

loss
functions,

and
their

tuning
for

specific
applications,difficult.

In
subsection

8.1,w
e

show
how

to
constructa

param
etric

fam
ily

ofvalid
link

functions
from

a
finite

num
ber

of
“base”

links
by

effectively
taking

their
convex

com
bination.

B
y

com
posing

each
link

w
ith

a
fixed

proper
loss,this

im
m

ediately
allow

s
for

the
specification

of
a

fam
ily

of
losses

w
ith

a
fixed

B
ayes

risk.
T

his
construction

enables
the

creation
of

losses
w

ith
a

range
of

optim
isation

characteristics
(e.g.,convexity,robustness)buta

com
m

on
statisticalbasis

(i.e.,the
sam

e
B

ayes
risk).

In
subsection

8.2
w

e
show

how
itis

possible
to

build
losses

by
building

them
up

from
con-

straints
on

their
B

ayes
risk

curves
on

the
edges

of
the

sim
plex.

T
his

allow
s

a
loss

to
be

con-
structed

by
effectively

specifying
its

behaviouron
pairs

ofoutcom
es.

W
e

show
how

this
obser-

vation
can

be
used

to
create

piecew
ise

linear,properlosses
forcost-sensitive

m
isclassification.

Finally
(subsection

8.3)w
e

observe
how

link
functions

are
in

factthem
selves

very
sim

ilarto
loss

functions,and
(subsection

8.4)w
e

presentsom
e

exam
ples

ofpropercom
posite

losses
from

the
literature

(w
here

they
w

ere
notexpressed

in
the

propercom
posite

param
etrisation)

8.1
Fam

iliesofL
ossesw

ith
Fixed

B
ayesR

isk

T
he

theory
developed

above
suggests

that
each

choice
of

proper
loss

λ
and

link
function

ψ
results

in
an

overallloss
function

w
ith

properties
(e.g.,convexity)

thatdepend
entirely

on
their

relationship
to

each
other.

G
iven

these
tw

o
“knobs”

for
param

eterising
a

loss
function,w

e
can

begin
to

ask
w

hatkind
ofpracticaltrade-offs

are
involved

w
hen

selecting
a

com
posite

loss
as

a
surrogate

loss
fora

particularproblem
.

W
e

now
propose

a
sim

ple
schem

e
for

constructing
fam

ilies
of

losses
w

ith
the

sam
e

B
ayes

risk.
T

his
is

achieved
by

fixing
a

choice
of

proper
loss

λ
and

creating
a

param
eterised

fam
ily

(described
below

)
of

link
functions

ψ
α

for
param

eters
α
∈

A
.

Since
the

B
ayes

risk
is

entirely
determ

ined
by

λ
any

com
posite

loss
λ
◦

ψ
−

1
α

forα
∈

A
w

illhave
B

ayes
risk

L
(p)

=
p ′·λ

(p).
T

hus,w
e

are
able

to
exam

ine
the

effectdifferentchoicesofcom
posite

losscan
have

on
a

problem
w

ithoutchanging
the

essentialunderlying
problem

. 4

4.O
f

course,this
argum

entonly
holds

in
a

point-w
ise

analysis.
T

hatis,w
here

choices
for

estim
ates

p
(x)

can
be

m
ade

independently.
O

nce
a

restricted
hypothesis

class
for

the
functions

p
is

introduced
the

choice
of

link
can
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E
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In
order

to
construct

a
param

etric
fam

ily
of

links
w

e
first

choose
som

e
set

of
inverse

link
functions

I
=
{ψ
−

1
1
,...,ψ

−
1

B
}

w
ith

a
com

m
on

dom
ain,thatis,ψ

−
1

b
:V
→

∆
n

fora
com

m
on

n
and

V
.T

hiscollection
w

illbe
called

the
basis

setoflink
functions.W

e
then

take
the

convex
hull

of
I

to
form

a
setof

inverse
link

functions
Ψ
−

1
=

co(I
).

E
ach

ψ
−

1∈
Ψ
−

1
is

then
identified

w
ith

the
unique

α
∈

A
=

∆
B

such
that∑

Bb=
1 α

b ψ
−

1
b

=
ψ
−

1.
For

this
construction

to
be

valid,it
itnecessary

to
show

thatevery
such

ψ
−

1∈
Ψ
−

1
is

indeed
an

inverse
link

function,thatis,itis
invertible.

T
he

follow
ing

proposition
show

s
thatitsuffices

to
assum

e
thatallofthe

basis
functions

are
strictly

m
onotone

(see
E

quation
2).

Proposition
37

E
very

function
ψ
−

1
in

the
setΨ

−
1

=
co(I

)
is

invertible
w

henever
each

basis
function

in
I

is
strictly

m
onotone.

T
his

resultis
a

consequence
of:

1)
strictm

onotonicity
being

preserved
under

convex
com

bina-
tion;and

2)
strictm

onotonicity
im

plies
invertibility.

T
he

firstclaim
is

established
by

consider-
ing

strictly
m

onotone
f

and
g

and
som

e
α
∈

[0,1
]

and
noting

that
if

h
=

α
f

+
(1−

α
)g

then
(h

(u
)−

h
(v)) ′(u−

v)
=

α
(f(u

)−
f(v)) ′(u−

v)
+

(1−
α

)(g(u
)−

g
(v)) ′(u−

v)
>

0.
A

strictly
m

onotone
function

f
thatisnotinvertible

isim
possible

since
ifw

e
have

(f(u
)−

f(v)) ′(u−
v)
>

0
forallu,v

then
a

u6=
v

such
that

f(u)
=

f(v)
w

ould
lead

to
a

contradiction.
Strictly

m
onotone

basis
functions

are
easily

obtained
via

canonicallinks
for

strictly
proper

losses.
B

y
definition,a

canonicallink
satisfies

ψ̃
=
−
D

L̃
for

som
e

B
ayes

risk
function.

Strict
properness

guarantees
L̃

is
strictly

concave
(van

E
rven

etal.,2012b,L
em

m
a

1).K
achurovskii’s

theorem
(H

iriart-U
rruty

and
L

em
aréchal,2001,

T
heorem

4.1.4)
states

that
the

derivative
of

a
function

is(strictly)m
onotone

ifand
only

ifthe
function

is(strictly)convex.Since
(f(f −

1(u
))−

f(f −
1(v))) ′(f −

1(u)−
f −

1(v))
=

(u−
v) ′(f −

1(u
)−

f −
1(v))

w
e

see
thatstrictly

m
onotone

func-
tions

have
strictly

m
onotone

inverses
and

w
e

have
established

the
follow

ing
proposition.

Proposition
38

Ifλ
is

a
strictly

proper
loss

then
its

canonical
link

ψ̃
λ

=
−
D

L̃
has

a
strictly

m
onotone

inverse.

T
his

result
m

eans
that

a
set

of
basis

links
can

be
defined

via
a

choice
of

strictly
concave

B
ayes

risk
functions.

A
s

an
exam

ple,
the

class
of

Fisher-consistent
m

argin
losses

proposed
by

Z
ou

et
al.

(2008)
provides

a
flexible

starting
point

for
designing

sets
of

link
functions

as
described

above.T
hey

give
explicitform

ulae
forthe

inverse
link

fora
com

posite
loss

defined
by

a
choice

ofconvex
function

φ
:R
→

R
.Specifically,ifthe

loss
forpredicting

v∈
V

=
{v∈

R
n

:
∑

i v
i =

0}
is

given
by
`(v)

=
φ

(v
j )

then
its

inverse
link

isψ
−

1
φ

(v)
=

1
Z

φ
(v) ([φ

′(v
i )] −

1 )
ni=

1
w

here
Z

φ
(v)

norm
alises

the
vector

to
lie

in
∆

n.
E

ach
choice

of
strictly

convex
φ

gives
a

valid
inverse

link
w

hich
can

be
used

as
a

basis
function.

8.2
Piecew

ise
L

inear
M

ulticlassL
osses

W
e

now
build

a
fam

ily
of

conditional
B

ayes
risks.

Suppose
w

e
are

given
n(n−

1)
2

concave
functions{L

i1 ,i2:∆
2→

R}
1≤

i1 <
i2 ≤

n
on

∆
2,

and
w

e
w

ant
to

build
a

concave
function

L
on

∆
n

affectthe
m

inim
alachievable

risk.T
he

interaction
betw

een
the

hypothesis
class

and
the

loss
function

is
com

plex
(van

E
rven

etal.,2015).
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..
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=
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os

e
w

e
ha

ve
a
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m

ily
of

co
nc

av
e

fu
nc

tio
ns
{L

i 1
,i 2

:
∆2
→

R
} 1
≤

i 1
<

i 2
≤

n,
th

en

L
:

∆n
3

p
7→

L(
(p

1,
..
.,

p n
)′

)
=

∑
1≤

i 1
<

i 2
≤

n(p
i 1

+
p i

2
)L

i 1
,i 2

((
p i

1

p i
1
+

p i
2

,
p i

2

p i
1
+

p i
2

) ′
)

is
co

nc
av

e
an

d
∀1
≤

i 1
<

i 2
≤

n,
L(

(0
,.
..
,0
,p

i 1
,0
,.
..
,0
,p

i 2
,0
,.
..
,0

)′
)

=
Li 1

,i 2
((

p i
1
,p

i 2
)′

).

Pr
oo

f
In

or
de

rt
o

sh
ow

th
at

L
is

co
nc

av
e

it
su

ffi
ce

s
to

sh
ow

th
at

fo
rg

:∆
2
→

R
co

nc
av

e,
f

:p
∈

∆n
→

f(
p)

=
(p

1
+

p 2
)g
(

p 1
p 1

+
p 2
,

p 2
p 1

+
p 2

)
is

co
nc

av
e,

si
nc

e
a

su
m

of
co

nc
av

e
fu

nc
tio

ns
is

co
nc

av
e.

L
et

γ
∈

[0
,1

],
p,

q
∈

∆n .
Si

nc
e

g
is

co
nc

av
e,
∀α
∈

[0
,1

],
∀p
,q
∈

∆2 ,
g(

α
p 1

+
p 2

p
+

1−
α

q 1
+

q 2
q)
≥

α
g(

p
p 1

+
p 2

) +
(1
−

α
)g
(

q
q 1

+
q 2

) .T
he

n
w

ith
α

=
γ(

p 1
+

p 2
)

γ(
p 1

+
p 2

)+
(1
−

γ)
(q

1+
q 2

)
,w

e
ge

t
f(

γp
+
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−

γ)
q)
≥

γf
(p

)
+

(1
−

γ)
f(

q)
.
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+
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+
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+
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x)

:=
m

ax
ia

i(
x)

.
T

he
se

tK
:=
{ P

i
=
{x
∈

∆n
:

f(
x)

=
a i

(x
)}
} i

s
a

co
ve

ri
ng

of
∆n

by
po

ly
to

pe
s.

B
ro

ns
ht

ei
n

(1
97

8,
T

he
or

em
2.

1)
sh

ow
s

th
at

fo
r

f,
P i

an
d

K
so

de
fin

ed
,

f
is

ex
tr

em
al

if
th

e
fo

llo
w

in
g

tw
o

co
nd

iti
on

s

33

JM
L

R
 1

7(
22

3)
:1

-5
2

W
IL

L
IA

M
S

O
N

,V
E

R
N

E
T

A
N

D
R

E
ID

ar
e

sa
tis

fie
d:

1)
fo

ra
ll

po
ly

to
pe

s
P i

in
K

an
d

fo
re

ve
ry

fa
ce

F
of

P i
,F
∩

∆n
6=

∅
im

pl
ie

s
F

ha
s

a
ve

rt
ex

in
∆n ;2

)e
ve

ry
ve

rt
ex

of
P i

in
∆n

be
lo

ng
s

to
n

di
st

in
ct

po
ly

to
pe

s
of

K
.T

he
se

to
fa

ll
su

ch
f

is
de

ns
e

in
K

(U
).

U
si

ng
th

is
re

su
lt

it
is

st
ra

ig
ht

fo
rw

ar
d

to
ex

hi
bi

t
so

m
e

se
ts

of
ex

tr
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−
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→
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Figure
9:

Illustration
of

the
link

function
in

the
proper

com
posite

representation
of

the
binary

coherence
loss

for
T
∈

[0.1
,4

].
B

lue
corresponds

to
T

=
0.1

and
red

to
T

=
4,w

ith
there

being
80

equalincrem
ents

ofT
plotted.

W
e

w
illillustrate

som
e

aspects
of

the
presentpaper

w
ith

reference
to

this
param

etrised
fam

ily
of

losses.
For

ease
of

calculation,w
e

consider
only

n
=

2
below

,butthe
conclusions

w
e

draw
below

hold
forn

>
2

also.In
the

binary
case,this

corresponds
to

a
param

etric
fam

ily
ofm

argin
losses

w
ith

m
argin

function

φ
T
(z)

:=
T

log (
1

+
exp (

1−
z

T

))
,

and
thus

φ
′T
(z)

=
e

(1−
z)/T

1+
e

(1−
z)/T

and
one

can
check

thatg
T
(v)

:=
−

φ
′T
(v)

φ
′T
(−

v)
is

strictly
m

onotone
con-

tinuous
and

φ
T

is
m

onotone
for

all
T
>

0
and

thus
by

C
orollary

12
there

is
a

strictly
proper

com
posite

representation.
Identifying

`−
1 (v)

w
ith

φ
(−

v)
and

`1 (v)
w

ith
φ

(v)
w

e
can

find
fora
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Figure
10:

Illustration
of

the
conditionalB

ayes
risk

corresponding
to

the
the

binary
coherence

loss
forT

∈
[0
.02,4

]w
ith

blue
corresponding

to
T

=
0
.02

and
red

to
T

=
4.

given
p

the
v

thatm
inim

ises
L

(p
,v)

by
solving

∂∂
v L

(p,v)
=

(1−
p)φ

′T
(−

v)
+

pφ
′T
(v)

=
0

and
obtain

1−
p

p
=
−

g
T
(v).Solving

this
forv

(using
M

aple)w
e

find
the

link
function

com
ponent

ofthe
propercom

posite
representation:

ψ
T
(p)

=
T
(

ln (
1

2(1−
p
) (

2
pe

T
−

1−
e

T
−

1
+

√
4

e
2

T
−

1p
2−

4
pe

2
T
−

1−
4

p
2
+

e
2

T
−

1
+

4
p )))

.

T
his

is
illustrated

in
Figure

9.Z
ou

etal.(2008,T
heorem

1)effectively
com

pute
ψ
−

1
T

forgeneral
n.O

ne
can

determ
ine

the
propercom

ponentas

L
T
(p)

=
pφ

T
(ψ

T
(p

))
+

(1−
p
)φ

T
(−

ψ
T
(p

))

w
hich

is
plotted

in
Figure

10.
O

ne
can

glean
further

insightby
considering

the
corresponding

w
eightfunction

w
T
(p)

:=
−

L ′′T
(p),w

hich
is

plotted
in

Figure
11.
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e
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→
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ss
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e
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nv

er
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e

in
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re
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no
tu
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rm
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iv
en

th
e
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ha
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ou
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t0

an
d
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O
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er
ve

to
o

th
at
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w

el
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th

e
pr

op
er

lo
ss

va
ry

in
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w
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so
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at
ed

lin
k

al
so

va
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es
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ex

w
ay
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se

e
Fi

gu
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9)
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hu
s

no
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ly

is
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e
va

ry
in
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e
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at
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lo
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ay
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ei
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ed
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=

1 2
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e

T
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se
ri
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ex

pa
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n

of
w

T
(p

)
sh

ow
s

th
at

w
T
(p

)
≈

T
( 1 p

+
1

1−
p

) +
4.

A
n

al
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e

to
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s

of
lo

ss
es

,w
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to
fix

a
lin

k,
an

d
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)

ar
e

go
ve

rn
ed

by
th

e
pr

op
er

lo
ss

,
an

d
th

e
co

nv
ex

ity
(n

ec
es

sa
ry

fo
r

nu
m

er
ic

al
op

tim
is

at
io

n)
is

co
nt

ro
lle

d
by

th
e

lin
k

fu
nc

tio
n.

It
th

us
se

em
s

to
be

th
e

be
st

w
ay

to
pa

ra
m

et
ri

se
lo

ss
fu

nc
tio

ns
.

T
he

ke
y

te
ch

ni
ca

lc
on

tr
ib

ut
io

ns
of

th
e

pa
pe

ra
re

as
fo

llo
w

s.

•
R

el
at

io
ns

hi
p

be
tw

ee
n

pr
ed

ic
tio

n
ca

lib
ra

tio
n

an
d

cl
as

si
fic

at
io

n
ca

lib
ra

tio
n,

sh
ow

in
g

th
at

th
e

la
tte

rc
an

be
se

en
as

a
“p

oi
nt

w
is

e”
ve

rs
io

n
of

th
e

fo
rm

er
(S

ec
tio

n
3)

;

•
C

ha
ra

ct
er

is
at

io
n

of
m

ul
tic

la
ss

pr
op

er
lo

ss
es

in
te

rm
s

of
th

ei
rb

in
ar

y
re

st
ri

ct
io

ns
(P

ro
po

si
-

tio
n

7)
;

•
E

ve
ry

(m
ul

tic
la

ss
)p

ro
pe

rl
os

s
is

qu
as

i-
co

nv
ex

(P
ro

po
si

tio
n

17
);

•
C

ha
ra

ct
er

is
at

io
n

of
w

hi
ch

bi
na

ry
m

ar
gi

n
lo

ss
es

ha
ve

a
pr

op
er

co
m

po
si

te
re

pr
es

en
ta

tio
n

(C
or

ol
la

ry
12

);

•
C

ha
ra

ct
er

is
at

io
n

of
w

he
n

a
m

ul
tic

la
ss

lo
ss

ha
sa

pr
op

er
co

m
po

si
te

re
pr

es
en

ta
tio

n
an

d
w

he
n

th
e

re
pr

es
en

ta
tio

n
is

un
iq

ue
(S

ec
tio

n
5.

3)
;

•
R

el
at

io
ns

hi
p

be
tw

ee
n

th
e

pr
op

er
co

m
po

si
te

re
pr

es
en

ta
tio

n,
m

ix
ab

ili
ty

an
d

ad
m

is
si

bi
lit

y
(S

ec
tio

ns
6.

1
an

d
6.

2)
;

•
N

ec
es

sa
ry

co
nd

iti
on

s
fo

r
st

ro
ng

co
nv

ex
ity

of
m

ul
tic

la
ss

pr
op

er
lo

ss
es

in
te

rm
s

of
th

ei
r

co
rr

es
po

nd
in

g
B

ay
es

ri
sk

s
(P

ro
po

si
tio

n
31

);

•
C

an
on

ic
al

lin
ks

al
w

ay
sc

on
ve

xi
fy

pr
op

er
lo

ss
es

,a
nd

ou
tli

ne
ho

w
th

is
ca

n
he

lp
in

th
e

de
si

gn
of

lo
ss

es
(P

ro
po

si
tio

n
32

);

•
T

he
at

tr
ac

tiv
e

(s
im

pl
y

pa
ra

m
et

ri
se

d)
in

te
gr

al
re

pr
es

en
ta

tio
n

fo
r

bi
na

ry
pr

op
er

lo
ss

es
ca

n
no

tb
e

ex
te

nd
ed

to
th

e
m

ul
tic

la
ss

ca
se

(S
ec

tio
n

7)
;

T
he

se
re

su
lts

su
gg

es
tt

ha
ti

n
or

de
rt

o
de

si
gn

lo
ss

es
fo

rm
ul

tic
la

ss
pr

ed
ic

tio
n

pr
ob

le
m

si
ti

sh
el

pf
ul

to
us

e
th

e
co

m
po

si
te

re
pr

es
en

ta
tio

n,
an

d
de

si
gn

th
e

pr
op

er
pa

rt
vi

a
th

e
B

ay
es

ri
sk

as
su

gg
es

te
d

fo
r

th
e

bi
na

ry
ca

se
by

B
uj

a
et

al
.(

20
05

).
T

he
lin

k
fu

nc
tio

n
ca

n
be

tu
ne

d
to

co
nt

ro
lt

he
op

tim
is

at
io

n
pr

op
er

tie
s

of
th

e
lo

ss
.M

er
el

y
re

qu
ir

in
g

th
e

lo
ss

to
be

co
nv

ex
co

nf
ou

nd
s

tw
o

se
pe

ra
te

as
pe

ct
s

of

38

JM
L

R
 1

7(
22

3)
:1

-5
2



C
O

M
P

O
S

IT
E

M
U

LT
IC

L
A

S
S

L
O

S
S

E
S

a
loss:the

shape
of
`(V

)
w

hich
controls

the
predictive

perform
ance,and

the
param

etrization
of

`(V
)

w
hich

affects
the

num
ericaloptim

isation
ofa

loss.
T

here
rem

ain
open

questions.
Perhaps

the
m

ostpractically
im

portantis
the

interaction
be-

tw
een

the
loss

and
restricted

hypothesis
classes:

typically
one

does
notoptim

ise
conditionally,

one
optim

ises
the

fullexpected
risk

w
ith

respectto
a

restricted
function

class
F
⊂

Y
X

.
T

he
question

of
how

know
ledge

of
F

should
influence

the
design

of
a

loss
rem

ains
open;

som
e

initialw
ork

along
these

lines
is

the
notion

of
“stochastic

m
ixability”

(van
E

rven
etal.,2012a,

2015).

A
cknow

ledgm
ents

T
he

research
reported

here
w

asperform
ed

w
hilstE

lodie
V

ernetw
asa

studentatE
N

S
C

achan
and

visiting
A

N
U

and
N

IC
TA

,and
w

as
supported

by
the

A
ustralian

R
esearch

C
ounciland

N
IC

TA
,

w
hich

w
as

funded
by

the
A

ustralian
governm

entthrough
the

IC
T

centre
ofexcellence

program
.

A
n

earlier
version

of
som

e
of

these
results

appeared
in

N
IPS2011

and
IC

M
L

2012.
T

he
w

ork
benefited

from
discussions

w
ith

Jake
A

bernethy,
Tim

van
E

rven,
R

afael
Frongillo,

and
D

ario
G

arcı́a-G
arcı́a,

and
com

m
ents

from
the

referees
w

ho
w

e
thank.

T
hanks

also
to

H
arish

G
u-

ruprasad
foridentifying

a
flaw

in
an

earlierproofofquasi-convexity
ofproperlosses.

A
ppendix

A
.M

atrix
C

alculus

IfA
=

[a
ij ]is

an
n×

m
m

atrix,vecA
is

the
vectorofcolum

ns
ofA

stacked
on

top
ofeach

other.
T

he
K

ronecker
productofan

m×
n

m
atrix

A
w

ith
a

p×
q

m
atrix

B
is

the
m

p×
nq

m
atrix

A⊗
B

:=


A

1,1 B
···

A
1,n B

...
...

...
A

m
,1 B

···
A

m
,n B 

.

W
e

use
the

follow
ing

properties
ofK

roneckerproducts
(M

agnus
and

N
eudecker,1999,C

hapter
2):

(A⊗
B

)(C⊗
D

)
=

(AC⊗
B

D
)

forallappropriately
sized

A
,B
,C
,D

,and
I1 ⊗

A
=

A
.

If
f

:R
n→

R
m

is
differentiable

atc
then

the
partialderivative

of
fi w

ith
respectto

the
jth

coordinate
atc

is
denoted

D
j fi (c).

T
he

m
×

n
m

atrix
of

partialderivatives
of

f
is

the
Jacobian

of
f

and
denoted

(D
f(c))i,j :=

D
j fi (c)

fori∈
[m

],j∈
[n].

IfF
is

a
m

atrix
valued

function
D

F
(X

)
:=

D
f(vecX

)
w

here
f(X

)
=

vecF
(X

).
W

e
w

illrequire
the

productrule
for

m
atrix

valued
functions

(V
etter,1970;Fackler,2005):

Suppose
f:R

n→
R

m×
p,g

:R
n→

R
p×

q
so

that
(f×

g):R
n→

R
m×

q.T
hen

D
(f×

g)(x)
=

(g
(x) ′⊗

Im
)·D

f(x)
+

(Iq ⊗
f(x))·D

g
(x).

(31)

T
he

H
essian

atx∈
X
⊆
R

n
ofa

real-valued
function

f
:X
→

R
isthe

n×
n

real,sym
m

etric
m

atrix
ofsecond

derivatives
atx(H

f(x))
j,k

:=
D

k,j f(x)
=

∂
2f

∂
x

k ∂
x

j .
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N
ote

thatthe
derivative

D
k,j is

in
row

j,colum
n

k.Itis
easy

to
establish

thatthe
Jacobian

ofthe
transpose

ofthe
Jacobian

of
f

is
the

H
essian

of
f.T

hatis,

H
f(x)

=
D
((D

f(x)) ′ )
(32)

(M
agnus

and
N

eudecker,1999,C
hapter

10).
If

X
⊂

R
n

and
f:

X
→

R
m

is
a

vector-valued
function,then

the
H

essian
of

f
atx∈

X
is

the
m

n×
n

m
atrix

thatconsists
of

the
H

essians
of

the
functions

fi stacked
vertically:

H
f(x)

:=


H

f1 (x)
...

H
fm

(x) 
.

A
ppendix

B
.D

eferred
Proofs

T
his

appendix
contains

proofs
ofresults

in
the

m
ain

textthat,due
to

theirlength
ortechnicality,

are
betterpresented

outside
the

flow
ofthe

m
ain

text.

B
.1

ProofofL
em

m
a

1

1.
W

e
prove

this
by

contradiction.Suppose
p∈

∆
n

such
thatforalli∈

[n],p
/∈

T
i (c).T

hen

p
/∈

T
j1 (c)⇒

∃
j2 6=

j1
such

that
p

j1

c
j1
<

p
j2

c
j2

p
/∈

T
j2 (c)⇒

∃
j3 6=

j2
such

that
p

j2

c
j2
<

p
j3

c
j3

and
hence

by
repeating

this
argum

ent

p
/∈

T
jn (c)⇒

∃
jn+

1 6=
jn

such
that

p
jn

c
jn
<

p
jn+

1

c
jn

+
1

.

T
hus

w
e

have
n

+
1

indices
j1 ,...,jn+

1
belonging

to
[n]and

therefore
one

is
repeated

(jk )
and

p
jk

c
jk
<

p
jk

c
jk

w
hich

is
a

contradiction.

2.
O

bvious.

3.
If

p∈
⋂

ni=
1
T

i (c),then
forall

j∈
[n

],c
j =

∑
i p

i c
j =

∑
i p

j c
i =

p
j .T

hus
p

=
c.

4.
W

e
prove

this
by

contradiction.
Suppose

p6=
q

such
thatfor

allc
if

p∈
T

i (c)
then

q∈
T

i (c).
O

bserve
that∀

j∈
[n

],
p
∈

T
j (p),

and
so

q
∈
⋂

nj=
1
T

j (q),
and

hence
q

=
p,

a
contradiction.

B
.2

ProofofProposition
9

O
bserve

that
∂

L
(p

)
=
{(s ′,0

) ′+
α
1
,

s∈
∂

L̃
(p̃

),α
∈
R}.

(33)
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E
S

In
de

ed
(q̃
−

p̃)
′ ·

s
=

(q
−

p)
′ ·

((
s′
,0

)′
+

α
1

).
(⇐

)W
e

fir
st

as
su

m
e

th
at

L
is

di
ff

er
en

tia
bl

e
at

p.
W

e
us

e
th

e
fo

llo
w

in
g

re
su

lt
(H

ir
ia

rt
-U

rr
ut

y
an

d
L

em
ar

éc
ha

l,
20

01
,p

ag
e

20
3)

:I
f

f
is

a
co

nv
ex

fu
nc

tio
n,

th
en
∀ε
>

0,
∃δ

>
0,

y
∈

B
(x
,δ

)
⇒

∂
f(

y)
⊂

∂
f(

x)
+

B
(0
,ε

).
A

ss
um

e
ε
>

0,
th

en
si

nc
e

L
is

di
ff

er
en

tia
bl

e
at

p̃,
∃δ̃

>
0,

su
ch

th
at

∀q̃
∈

B
(p̃
,δ̃

),
∀A

(q̃
)
∈

∂L̃
(q̃

),
||A

(q̃
)
−
D

L̃(
p̃)
||
≤

ε.
(3

4)

T
he

n
th

er
e

ex
is

ts
δ

su
ch

th
at

q
∈

B
(p
,δ

)
im

pl
ie

s
p̃
∈

B
(p̃
, δ̃

).
T

hu
s

us
in

g
(3

)a
nd

(3
4)

,∀
i∈

[n
],

∀q
∈

B
(p
,δ

),
fo

rα
1,

α 2
∈
R

,

` i
(q

)
−
` i

(p
)

=
L(

q)
+

(e
i−

q)
′ ·

((
A

(q̃
)′
,0

)′
+

α 1
1

)−
(L

(p
)
+

(e
i−

p)
′ ·

((
D

L(
p̃)
′ ,

0)
′ +

α 2
1

))
,

=
L(

q)
−

L(
p)

+
(ẽ

i−
q̃)
′ ·

A
(q̃

)
−

(ẽ
i−

p̃)
′ ·
D

L(
p̃)

+
γ,
∀A

(q̃
)
∈

∂L̃
(q̃

),

w
he

re
A

(q̃
)
∈

∂L̃
(q̃

),
an

d

γ
=
−

(e
i−

q)
′ ·

α 1
1

+
(e

i−
p)
′ ·

α 2
1

=
−

α 1
+

α 1
q′
·1

+
α 2
−

α 2
p′
·1

=
−

α 1
+

α 1
+

α 2
−

α 2
=

0

an
d

so ` i
(q

)
−
` i

(p
)

=
L(

q)
−

L(
p)

+
(ẽ

i−
q̃)
′ ·

(A
(q̃

)
−
D

L(
p̃)

)
+

(p̃
−

q̃)
′ ·
D

L(
p̃)
.

B
y

co
nt

in
ui

ty
of

L ,
||L

(q
)
−

L(
p)
||
<

ε
fo

r
sm

al
l

en
ou

gh
δ.

Fu
rt

he
rm

or
e

by
(3

4)
,
||A

(q̃
)
−

D
L̃(

p̃)
||≤

0
an

d
||p̃
−

q̃|
|≤

ε.
H

en
ce
||`

i(
q)
−
` i

(p
)||
≤

ε+
ε+

δ
w

hi
ch

ca
n

be
m

ad
e

ar
bi

tr
ar

ily
sm

al
lb

y
su

ita
bl

e
ch

oi
ce

of
ε.

T
hu

s
` i

is
co

nt
in

uo
us

fo
ra

ll
i∈

[n
]

an
d

so
`

is
co

nt
in

uo
us

.
(⇒

)A
ss

um
e

th
at

L
is

no
td

iff
er

en
tia

bl
e

at
p
∈

∆̊n .T
hu

s
th

er
e

ex
is

ts
tw

o
di

ff
er

en
ts

up
er

gr
a-

di
en

ts
at

p:
A

(p̃
)

an
d

B
(p̃

).
A

ss
um

e
th

at
on

e
of

th
es

e
su

pe
rg

ra
di

en
ts

,A
(p̃

),
is

th
e

on
e

as
so

ci
at

ed
to

th
e

lo
ss
`

in
th

e
se

ns
e

th
at

fo
ra

ll
i∈

[n
]
` i

(p
)

=
L(

p)
+

(ẽ
i−

p̃)
′ ·

A
(p̃

).
Su

pp
os

e
th

at
∀i
∈

[n
],

(e
i−

p)
′ ·

((
A

(p̃
)′
,0

)′
+

α 1
1

)
≤

(e
i−

p)
′ ·

((
B

(p̃
)′
,0

)′
+

α 2
1

),
α 1
,α

2
∈
R
.

(3
5)

T
hu

s

∑ i∈
[n

]q i
(e

i−
p)
′ ·

((
A

(p̃
)′
,0

)′
+

α 1
1

)
≤

∑ i∈
[n

]q i
(e

i−
p)
′ ·

((
B

(p̃
)′
,0

)′
+

α 2
1

),
∀q
∈

∆n ,
α 1
,α

2
∈
R

⇔
(q
−

p)
′ ·

((
A

(p̃
)′
,0

)′
+

α 1
1

)
≤

(q
−

p)
′ ·

((
B

(p̃
)′
,0

)′
+

α 2
1

),
∀q
∈

∆n ,
α 1
,α

2
∈
R

⇔
(q̃
−

p̃)
′ ·

A
(p̃

)
≤

(q̃
−

p̃)
′ ·

B
(p̃

),
∀q̃
∈

∆̃n .
(3

6)

Si
nc

e
p
∈

∆̊n
w

e
ca

n
ch

oo
se

q̃ 1
an

d
q̃ 2
∈

∆̃n
su

ch
th

at
q̃ 1
−

p̃
=

p̃
−

q̃ 2
an

d
so

th
e

on
ly

w
ay

(3
6)

ca
n

ho
ld

is
if

(q̃
−

p̃)
′ ·

A
(p̃

)
=

(q̃
−

p̃)
′ ·

B
(p̃

).
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Si
nc

e
p
∈

∆̊n
is

ar
bi

tr
ar

y,
w

e
ob

ta
in

th
at

A
(p̃

)
=

B
(p̃

),
a

co
nt

ra
di

ct
io

n
an

d
so

(3
5)

m
us

tb
e

fa
ls

e.
T

hu
s

th
er

e
ex

is
ts

i∈
[n

]
su

ch
th

at

(e
i−

p)
′ ·

((
A

(p̃
)′
,0

)′
+

α 1
1

)
>

(e
i−

p)
′ ·

((
B

(p̃
)′
,0

)′
+

α 2
1

),
α 1
,α

2
∈
R
.

T
hu

s
∃i
∈

[n
],

(ẽ
i−

p̃)
′ ·

A
(p̃

)
>

(ẽ
i−

p̃)
′ ·

B
(p̃

).
(3

7)

L
et

p η
:=

p
+

η
(e

i−
p)

an
d

de
no

te
by

C
(p̃

η
)

th
e

su
pe

rg
ra

di
en

ta
ss

oc
ia

te
d

w
ith

`
at

p η
(t

ha
ti

s,
` i

(p
η
)

=
L(

p η
)
+

(ẽ
i−

p̃ η
)′
·C

)p̃
η
))

.B
y

de
fin

iti
on

of
th

e
su

pe
rg

ra
di

en
t,

L(
p η

)
≤

L(
p)

+
(p̃

η
−

p̃)
′ ·

B
(p̃

)
an

d
L(

p)
≤

L(
p η

)
+

(p̃
−

p̃ η
)′
·C

(p̃
η
).

T
hu

s

L(
p η

)
≤

L(
p η

)
+

C
(p̃

η
)′
·(

p̃
−

p̃ η
)
+

B
(p̃

)′
·(

p̃ η
−

p̃)

⇒
C

(p
η
)′
·(

p̃ η
−

p̃)
′
≤

B
(p̃

)′
·(

p̃ η
−

p̃)
′ .

B
ut

by
de

fin
iti

on
of

p η
,p̃

η
−

p̃
=

p̃
+

η
(ẽ

i−
p̃)
−

p̃
=

η
(ẽ

i−
p̃)

.T
hu

s
fo

rη
>

0,

C
(p̃

η
)′
·(

ẽ i
−

p̃)
≤

B
(p̃

)′
·(

p̃
−

ẽ i
).

(3
8)

N
ow

` i
(p

η
)

=
L(

p η
)
+

(ẽ
i−

p̃ η
)′
·C

(p̃
η
).

H
en

ce
(3

8)
im

pl
ie

s

` i
(p

η
)
≤

L(
p η

)
+

(ẽ
i−

p̃)
′ ·

B
(p̃

).

H
ow

ev
er

lim
η
↘

0
p η

=
p

an
d

by
co

nt
in

ui
ty

of
L,

lim η
↘

0
L(

p η
)
+

(ẽ
i−

p̃)
′ ·

B
(p̃

)
=

L(
p)

+
(ẽ

i−
p̃)
′ ·

B
(p̃

)

<
L(

p)
+

(ẽ
i−

p̃)
′ ·

A
(p̃

)

=
` i

(p
)

by
(3

7)
.

T
hu

s
lim

η
↘

0
` i

(p
η
)
<
` i

(p
)

an
d

so
` i

is
no

tc
on

tin
uo

us
at

p
an

d
th

us
`

is
no

tc
on

tin
uo

us
at

p.

B
.3

Pr
oo

fo
fP

ro
po

si
tio

n
7

T
he

pr
oo

fs
ho

w
s

th
e

eq
ui

va
le

nc
e

of
st

at
em

en
ts

1
an

d
2

an
d,

se
pa

ra
te

ly
th

e
eq

ui
va

le
nc

e
of

1
an

d
3

an
d

1
an

d
4.

1
⇒

2:
Su

pp
os

e
th

at
`

is
pr

op
er

an
d

p,
q
∈

∂∆
n .L

et
L̃

p,
q

de
no

te
th

e
co

nd
iti

on
al

ri
sk

as
so

ci
-

at
ed

w
ith

˜̀p
,q

.T
he

n

L̃
p,

q (η
,η̂

)
=
( η

q
+

(1
−

η
)p
) ′
·`
( p

+
η̂

(q
−

p)
) =

L(
p

+
η

(q
−

p)
,p

+
η̂

(q
−

p)
)

≥
L(

p
+

η
(q
−

p)
,p

+
η

(q
−

p)
) =

L̃
p,

q (η
,η

).

H
en

ce
˜̀p
,q

is
pr

op
er

.
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Figure
12:

Illustration
of

proof
of

Proposi-
tion

7.

1
⇐

2:
Suppose

that
˜̀ p
,q

is
proper∀

p
,q
∈

∂∆
n.

Suppose
p
,q∈

∆
n.

T
hen

there
exists

p̃
and

q̃∈
∂∆

n
such

that
p

=
p̃

+
η

(q̃−
p̃
)

and
q

=
p̃

+
η̂

(q̃−
p̃
),

w
here

η
,η̂
∈

[0,1]
(the

line
passing

through
p

and
q

cuts
∂∆

n
at

p̃
and

q̃;
see

Figure
12).

T
hen

L
(p
,q

)
=

L̃
p̃,q̃(η

,η̂
)≥

L̃
p̃,q̃(η

,η
)

=
L

(p,p
).

H
ence

`
is

proper.
O

ne
can

easily
prove

that3⇒
1

by
taking

h
1

=
0.

For3⇐
1

w
e

use
a

resultofL
am

bert(2010,Proposition
1),

w
hich

tells
us

a
binary

probability
estim

ation
loss

`b
is

proper
if

and
only

if∀η
≤

η
1 ≤

η
2

or
η
≥

η
1 ≥

η
2 ,

L
b (η

,η
1 )≤

L
b (η

,η
2 )

(the
assum

ptions
on

the
statistic

are
checked

in
the

binary
case

w
ith

the
statistic

function
Γ

:∆
23

p7→
E

(p)∈
[0
,1]).

W
e

also
know

thatif
`

is
proper

then
∀

p
,q∈

∂∆
n,

˜̀ p,q
(introduced

in
Proposition

7)
is

proper.
W

e
assum

e
that

`
is

proper,∀
p
,q∈

∆
n,∀0≤

h
1 ≤

h
2 ,w

e
introduce

the
projections

p̃
,q̃∈

∂∆
n

of
p

and
q,then

there
exists

η
and

µ
such

that
p

=
p̃

+
η

(q̃−
p̃)

and
q

=
p̃

+
µ

(q̃−
p̃).

W
e

denote
η

1
=

η
+

h
1 (µ
−

η
)

and
η

2
=

η
+

h
2 (µ
−

η
).T

hen
the

resultofL
am

bertapplied
to

˜̀ p,q

gives
us

L
(p,p

+
h

1 (q−
p
))≤

L
(p
,p

+
h

2 (q−
p)).O

ne
can

adaptthe
proofin

the
case

ofstrict
properness.

1
⇒

4:
If
`

is
proper,

p ′·`(q
)

=
q ′·`(q

)
+

(p−
q
) ′·`(q)

=
L

(q)
+

(p−
q) ′·`(q

).
T

hus
∀q∈

∆
n

there
exists

A
(q

)
such

as
L

(p
,q)

=
L

(q
)
+

(p−
q
) ′·A

(q
).

Since
`

is
proper,∀

p∈
∆

n,
0≤

L
(p
,p)−

L
(p,q)

=
L

(q)−
L

(p
)

+
(p−

q) ′·A
(q

).
T

hen
A

(q
)

is
a

supergradient
of

L
=

f
(w

hich
is

concave)atq,and
p ′·`(q

)
=

f(q
)
+

(p−
q) ′·A

(q).
4⇒

1:Ifthere
exists

a
function

f
concave

and∀q∈
∆

n,there
exists

a
supergradientA

(q
)∈

∂
f(q)

such
that∀

p,q∈
∆

n,
p ′·`(q

)
=

f(q)
+

(p−
q
) ′·A

(q
).T

hen,L
(p
,p)−

L
(p,q

)
=

f(p)−
f(q

)
+

(p−
q
) ′·A

(q
)≥

0.H
ence

`
is

proper.

B
.4

ProofofProposition
10

T
he

proposition
is

a
directconsequence

of
the

characterization
of

differentiable
binary

proper
losses

(R
eid

and
W

illiam
son,

2010).
A

differentiable
binary

loss
λ

is
proper

if
and

only
if

−
λ
′1 (η

)
1−

η
=

λ
′−

1 (η
)

η
≥

0,∀η
∈

(0
,1).

Suppose
the

loss
`

can
be

expressed
as

a
proper

com
posite

loss:
`

=
λ

ψ
=

λ
◦

ψ
−

1
and

so
λ

=
`◦ψ

.T
herefore

fory∈
{−

1,1},λ
′y (η

)
=

ψ
′(η

)` ′y (ψ
(η

)).T
hen

λ
is

properand
thus

−
λ
′1 (η

)

1−
η

=
λ
′−

1 (η
)

η
,∀η

∈
(0
,1

)
(39)

⇔
−

ψ
′(ψ
−

1(v))
1−

ψ
−

1(v)
` ′1 (v)

=
ψ
′(ψ
−

1(v))
ψ
−

1(v)
` ′−

1 (v),∀v∈
V

⇔
ψ
′(ψ
−

1(v))
=

0
or
` ′−

1 (v)
=
` ′1 (v)

=
0

orψ
−

1(v)
=

` ′−
1 (v)

` ′−
1 (v)−

` ′1 (v) ,∀v∈
V
.

(40)

43

JM
L

R
 17(223):1-52

W
IL

L
IA

M
S

O
N

,V
E

R
N

E
T

A
N

D
R

E
ID

Since
ψ

is
differentiable

and
invertible,ψ

′cannotequalzero
on

an
interval.B

y
continuity,ψ

−
1

is
uniquely

defined
on

an
intervalI

w
hen
∀v

1 ,v
2 ∈

I,∃v∈
[v

1 ,v
2 ],
` ′1 (v)6=

0
or
` ′−

1 (v)6=
0.

If
I

=
V

then
ψ

is
unique

and
thusλ

=
`◦ψ

is
unique.

If
` ′1 (v)

=
` ′−

1 (v)
=

0,∀v∈
[v

1 ,v
2 ]then

one
can

choose
any

ψ |[v1 ,v2 ] w
hich

is
differentiable,

invertible
and

such
thatψ

is
continuous

in
v

1
and

v
2

and
as
`1

and
`−

1
are

constanton
[v

1 ,v
2 ],

λ
(η

)
=
`(ψ

(η
))

does
notdepend

on
ψ

and
so

in
any

case
λ

is
unique.

B
.5

ProofofProposition
11

T
he

loss
λ

is
proper

if
and

only
if

(39)
and
−

λ
′1 (η

)≥
0

and
λ
′−

1 (η
)≥

0.
T

his
is

equivalentto
there

exists
an

invertible
ψ

such
that(40)holds

and

−
ψ
′(ψ
−

1(v))` ′1 (v)≥
0

and
ψ
′(ψ
−

1(v))` ′−
1 (v)≥

0
,∀v∈

V
.

(41)

(⇒
)

Suppose
`

has
a

com
posite

representation
w

ith
ψ

strictly
increasing

and
thusψ

′(v)
>

0
for

allv∈
V

and
thus−

` ′1 (v)≥
0

and
` ′−

1 (v)≥
0.

H
ence

`1
is

decreasing
and

`−
1

is
increasing.

B
y

hypothesis,` ′−
1 (v)6=

0
or
` ′1 (v)6=

0.Furtherm
ore

ψ
′(v)

can
notequalzero

exceptatisolated

points.
T

hus
(40)

im
plies

ψ
−

1(v)
=

` ′−
1 (v)

` ′−
1 (v)−

` ′1 (v)
=

1
1−

f(v)
and

thus
f

is
strictly

increasing.
(If

instead
ψ

w
as

strictly
decreasing,w

e
can

run
the

sam
e

argum
entto

conclude
`1

is
increasing,

`−
1

is
decreasing

and
f

is
strictly

decreasing.)
(⇐

)Suppose
`1

isdecreasing,`−
1

isincreasing
and

f
isstrictly

increasing.B
y

setting
ψ
−

1(v)
=

1
1−

f(v) ,ψ
−

1
is

invertible
and

(41)holds.T
he

othercase
is

analogous.

B
.6

ProofofProposition
17

Fix
an

arbitrary
p∈

∆
n.T

he
function

fp
is

quasi-convex
ifitsα

sublevelsets

F
αp

:=
{q∈

∆
n:

p ′`(q)≤
α}

are
convex

forallα
∈
R

(G
reenberg

and
Pierskalla,1971).Fix

an
arbitrary

α
>

L
(p

)i,and
thus

F
αp
6=

/0.L
et

Q
αp

:=
{x∈

R
n:

p ′x≤
α}

so
F

αp
=
{q∈

∆
n:
`(q

)∈
Q

αp }.D
enote

by

h
βq

:=
{x:

x ′·q
=

β}

the
hyperplane

in
direction

q∈
∆

n
w

ith
offsetβ

∈
R

and
by

H
βq

:=
{x:

x ′·q≥
β}

the
corresponding

half-space.
Since

`
is

proper,
S
`

is
supported

atx
=
`(q

)
by

the
hyperplane

h
L

(q)
q

and
furtherm

ore
since

S
` is

convex,S
`

=
⋂

q∈
∆

n H
L

(q)
q

.
L

et
V

αp
:=

⋂

x∈
`(∆

n)∩
Q

αp H
L

(` −
1(x))

` −
1(x)

=
⋂q∈

F
αp

H
L

(q)
q
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` 1
(q

)

`2(q)
S
` z
=
`(

q) p
Q

α p

V
α p

q

`(
∆n )

h
L(q)

q
=
{x : x ·q

=
L(q)
}

Fi
gu

re
13

:I
llu

st
ra

tio
n

of
pr

oo
fo

fq
ua

si
-c

on
ve

xi
ty

of
co

nt
in

uo
us

pr
op

er
lo

ss
es

(s
ee

te
xt

).

(s
ee

fig
ur

e
13

).
Si

nc
e

V
α p

is
th

e
in

te
rs

ec
tio

n
of

ha
lf

sp
ac

es
it

is
co

nv
ex

.
N

ot
e

th
at

a
gi

ve
n

ha
lf

-

sp
ac

e
H

L(
q)

q
is

su
pp

or
te

d
by

ex
ac

tly
on

e
hy

pe
rp

la
ne

,n
am

el
y

hL(
q)

q
.

T
hu

s
th

e
se

to
f

hy
pe

rp
la

ne
s

th
at

su
pp

or
t

V
α p

is
{h

L(
q)

q
:

q
∈

F
α p
}

If
u
∈

F
α p

th
en

th
er

e
is

a
hy

pe
rp

la
ne

in
di

re
ct

io
n

u
th

at
su

pp
or

ts
V

α p
an

d
its

of
fs

et
is

gi
ve

n
by

σ V
α p
(u

)
:=

in
f

x∈
V

α p

u′
·x

=
L(

p)
>
−

∞

w
he

re
as

if
u
6∈

F
α p

th
en

fo
r

al
lβ
∈
R

,h
β u

do
es

no
ts

up
po

rt
V

α p
an

d
he

nc
e

σ V
α p
(u

)
=
−

∞
.

T
hu

s
w

e
ha

ve
sh

ow
n

( u
6∈

W
α p
) ⇔

( σ V
α p
(u

)
=
−

∞
) .

O
bs

er
ve

th
at

σ V
α p
(u

)
=
−

s V
α p
(−

u)
w

he
re

s C
(u

)
=

su
p x
∈C

u′
·x

is
th

e
su

pp
or

tf
un

ct
io

n
of

a
se

tC
.

It
is

kn
ow

n
(V

al
en

tin
e,

19
64

,T
he

or
em

5.
1)

th
at

th
e

“d
om

ai
n

of
de

fin
iti

on
”

of
a

su
pp

or
tf

un
ct

io
n

{u
∈
R

n
:

s C
(u

)
<

+
∞
}

fo
r

a
co

nv
ex

se
tC

is
al

w
ay

s
co

nv
ex

.
T

hu
s

G
α p

:=
{u
∈

∆n
:

σ V
α p
(u

)
>

−
∞
}=
{u
∈
R

n
:

σ V
α p
(u

)
>
−

∞
}∩

∆n
is

al
w

ay
s

co
nv

ex
be

ca
us

e
it

is
th

e
in

te
rs

ec
tio

n
of

co
nv

ex
se

ts
.F

in
al

ly
by

ob
se

rv
in

g
th

at

G
α p

=
{p
∈

∆n
:
`(

p)
∈
`(

∆n )
∩

Q
α p
}=

F
α p

w
e

ha
ve

sh
ow

n
th

at
F

α p
is

co
nv

ex
.

Si
nc

e
p
∈

∆n
an

d
α
∈
R

w
er

e
ar

bi
tr

ar
y

w
e

ha
ve

th
us

sh
ow

n
th

at
f p

is
qu

as
i-

co
nv

ex
fo

ra
ll

p
∈

∆n .
Fo

rt
he

co
nv

er
se

,t
he

co
nv

ex
ity

of
S

co
m

es
fr

om
th

e
co

nt
ru

ct
io

n
in

th
e

fir
st

pa
rt

of
th

is
pr

oo
f.

A
ll

th
at

ne
ed

s
to

be
sh

ow
n

is
un

iq
ue

ne
ss

.
Su

pp
os

e
th

en
,

fo
r

th
e

sa
ke

of
a

co
nt

ra
di

ct
io

n,
th

at
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a
gi

ve
n

qu
as

i-
co

nv
ex

f p
co

rr
es

po
nd

s
to

tw
o

di
st

in
ct

S 1
,S

2.
T

he
n

th
e

co
rr

es
po

nd
in

g
su

pp
or

t
fu

nc
tio

ns
s S

1
6=

s S
2

an
d

th
us

th
er

e
ex

is
ts

u
su

ch
th

at
s S

1
(u

)
6=

s S
2
(u

).
L

et
x i

be
th

e
po

in
t

of
su

pp
or

t
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sú
s

C
id

-
Su

ei
ro

.
C

os
t-

se
ns

iti
ve

le
ar

ni
ng

ba
se

d
on

B
re

gm
an

di
ve

rg
en

ce
s.

M
ac

hi
ne

Le
ar

ni
ng

,7
6:

27
1–

28
5,

20
09

.

R
ol

f
Sc

hn
ei

de
r.

C
on

ve
x

B
od

ie
s:

Th
e

B
ru

nn
-M

in
ko

w
sk

iT
he

or
y.

C
am

br
id

ge
U

ni
ve

rs
ity

Pr
es

s,
19

93
.

C
la

yt
on

Sc
ot

t.
Su

rr
og

at
e

lo
ss

es
an

d
re

gr
et

bo
un

ds
fo

rc
os

t-
se

ns
iti

ve
cl

as
si

fic
at

io
nw

ith
ex

am
pl

e-
de

pe
nd

en
tc

os
ts

.I
n

P
ro

c.
of

th
e

28
th

In
te

rn
at

io
na

lC
on

fe
re

nc
e

on
M

ac
hi

ne
Le

ar
ni

ng
(I

C
M

L)
,

20
11

.

50

JM
L

R
 1

7(
22

3)
:1

-5
2



C
O

M
P

O
S

IT
E

M
U

LT
IC

L
A

S
S

L
O

S
S

E
S

C
layton

Scott.
C

alibrated
asym

m
etric

surrogate
losses.

E
lectronic

JournalofStatistics,6:958–
992,2012.

Q
infeng

Shi,M
ark

R
eid,and

Tiberio
C

aetano.
C

onditional
random

fields
and

support
vector

m
achines:

A
hybrid

approach.
arX

iv:1009:3346v1,Septem
ber2010.

U
R

L
h
t
t
p
:
/
/
a
r
x
i
v
.

o
r
g
/
P
S
_
c
a
c
h
e
/
a
r
x
i
v
/
p
d
f
/
1
0
0
9
/
1
0
0
9
.
3
3
4
6
v
1
.
p
d
f.

B
arry

Sim
on.

C
onvexity:

A
n

A
nalytic

View
point.

C
am

bridge
U

niversity
Press,2011.

M
aurice

Sion.
O

n
generalm

inim
ax

theorem
s.

Pacific
JournalofM

athem
atics,8(1):171–176,

1958.

Ingo
Steinw

art.
H

ow
to

com
pare

different
loss

functions.
C

onstructive
A

pproxim
ation,

26:
225–287,2007.

A
m

buj
Tew

ari
and

Peter
L

.B
artlett.

O
n

the
consistency

of
m

ulticlass
classification

m
ethods.

JournalofM
achine

Learning
R

esearch,8:1007–1025,2007.

Frederick
A

.V
alentine.

C
onvex

Sets.
M

cG
raw

-H
ill,N

ew
Y

ork,1964.

Tim
van

E
rven,M

ark
D

.R
eid,and

R
obertC

.W
illiam

son.
M

ixability
is

B
ayes

risk
curvature

relative
to

log
loss.In

P
roceedings

ofthe
24th

A
nnualC

onference
on

Learning
Theory,2011.

Tim
van

E
rven,

Peter
G

rünw
ald,

M
ark

D
R

eid,
and

R
obert

C
W

illiam
son.

M
ixability

in
sta-

tisticallearning.
In

A
dvances

in
N

euralInform
ation

P
rocessing

System
s,pages

1691–1699,
2012a.

Tim
van

E
rven,M

ark
D

.R
eid,and

R
obertC

.W
illiam

son.
M

ixability
is

B
ayes

risk
curvature

relative
to

log
loss.

JournalofM
achine

Learning
R

esearch,13:1639–1663,M
ay

2012b.

Tim
van

E
rven,PeterD

.G
rünw

ald,N
ishantA

.M
ehta,M

ark
D

.R
eid,and

R
obertC

.W
illiam

son.
Fastrates

in
statisticaland

online
learning.JournalofM

achine
Learning

R
esearch,16:1793–

1861,2015.

W
illiam

J.V
etter.

D
erivative

operations
on

m
atrices.

IE
E

E
Transactions

on
Autom

atic
C

ontrol,
15(2):241–244,A

pril1970.

Volodya
Vovk.

A
gam

e
of

prediction
w

ith
expertadvice.

In
P

roceedings
ofthe

E
ighth

A
nnual

C
onference

on
C

om
putationalLearning

Theory,pages
51–60.A

C
M

,1995.

Volodya
Vovk

and
FedorZ

hdanov.Prediction
w

ith
expertadvice

forthe
B

riergam
e.Journalof

M
achine

Learning
R

esearch,10:2445–2471,2009.

R
ogerW

ebster.
C

onvexity.
O

xford
U

niversity
Press,1994.

R
obert

C
.W

illiam
son.

T
he

geom
etry

of
losses.

In
C

onference
on

Learning
Theory

(JM
LR

:
W

&
C

P
),volum

e
35,pages

1078–1108,2014.

Ting-Fan
W

u
and

R
uby

C
.W

eng.Probability
estim

ates
form

ulti-class
classification

by
pairw

ise
coupling.

JournalofM
achine

Learning
R

esearch,5:975–1005,2004.

51

JM
L

R
 17(223):1-52

W
IL

L
IA

M
S

O
N

,V
E

R
N

E
T

A
N

D
R

E
ID

Tong
Tong

W
u

and
K

enneth
L

ange.
M

ulticategory
vertex

discrim
inant

analysis
for

high-
dim

ensionaldata.
The

A
nnals

ofA
pplied

Statistics,4:1698–1721,2010.

B
ianca

Z
adrozny

and
C

harles
E

lkan.
Transform

ing
classifier

scores
into

accurate
m

ulticlass
probability

estim
ates.

In
P

roceedings
ofSIG

K
D

D
,2002.

Tong
Z

hang.
Statistical

analysis
of

som
e

m
ulti-category

large
m

argin
classification

m
ethods.

JournalofM
achine

Learning
R

esearch,5:1225–1251,2004.

Z
hihua

Z
hang,

M
ichael

I.
Jordan,

W
u-Jun

L
i,

and
D

it-Y
an

Y
eung.

C
oherence

functions
for

m
ulticategory

m
argin-based

classification
m

ethods.In
P

roceedings
ofthe

Tw
elfth

C
onference

on
A

rtificialIntelligence
and

Statistics
(A

ISTATS),2009.

JiZ
hu,H

uiZ
ou,Saharaon

R
osset,and

Trevor
H

astie.
M

ulti-class
A

daB
oost.

Statistics
and

its
Interface,2:349–360,2009.

H
uiZ

ou,JiZ
hu,and

TrevorH
astie.T

he
m

argin
vector,adm

issible
loss

and
m

ulti-class
m

argin-
based

classifiers.
Preprint,

2005.
U

R
L

h
t
t
p
:
/
/
w
w
w
-
s
t
a
t
.
s
t
a
n
f
o
r
d
.
e
d
u
/
~
h
a
s
t
i
e
/

P
a
p
e
r
s
/
m
a
r
g
i
n
.
p
d
f.

H
uiZ

ou,JiZ
hu,and

TrevorH
astie.

N
ew

m
ulticategory

boosting
algorithm

s
based

on
m

ulticat-
egory

Fisher-consistentlosses.
The

A
nnals

ofA
pplied

Statistics,2(4):1290–1306,2008.

52

JM
L

R
 17(223):1-52



Jo
u

rn
al

of
M

ac
hi

ne
L

ea
rn

in
g

R
es

ea
rc

h
17

(2
01

6)
1-

52
Su

bm
it

te
d

9/
14

;R
ev

is
ed

5/
15

;P
u

bl
is

he
d

12
/1

6

L
ea

rn
in

g
L

at
en

t
V

ar
ia

b
le

M
od

el
s

b
y

Pa
ir

w
is

e
C

lu
st

er
C

om
p

ar
is

on
:P

ar
t

I
−T

h
eo

ry
an

d
O

ve
rv

ie
w

N
u

am
an

A
sb

eh
as
be
h
@
po

st
.b
gu

.a
c.
il

D
ep

ar
tm

en
to

fI
nd

us
tr

ia
lE

ng
in

ee
ri

ng
an

d
M

an
ag

em
en

t
B

en
-G

ur
io

n
U

ni
ve

rs
it

y
of

th
e

N
eg

ev
B

ee
r

Sh
ev

a,
84

10
5,

Is
ra

el

B
oa

z
L

er
n

er
bo

az
@
bg

u
.a
c.
il

D
ep

ar
tm

en
to

fI
nd

us
tr

ia
lE

ng
in

ee
ri

ng
an

d
M

an
ag

em
en

t
B

en
-G

ur
io

n
U

ni
ve

rs
it

y
of

th
e

N
eg

ev
B

ee
r

Sh
ev

a,
84

10
5,

Is
ra

el

E
d

it
or

s:
Is

ab
el

le
G

u
yo

n
an

d
A

le
xa

nd
er

St
at

ni
ko

v

A
b

st
ra

ct

Id
en

ti
fi

ca
ti

on
of

la
te

nt
va

ri
ab

le
s

th
at

go
ve

rn
a

p
ro

bl
em

an
d

th
e

re
la

ti
on

sh
ip

s
am

on
g

th
em

,
gi

ve
n

m
ea

su
re

m
en

ts
in

th
e

ob
se

rv
ed

w
or

ld
,a

re
im

p
or

ta
nt

fo
r

ca
u

sa
ld

is
co

ve
ry

.T
hi

s
id

en
-

ti
fi

ca
ti

on
ca

n
be

ac
co

m
p

li
sh

ed
by

an
al

yz
in

g
th

e
co

ns
tr

ai
nt

s
im

p
os

ed
by

th
e

la
te

nt
s

in
th

e
m

ea
su

re
m

en
ts

.
W

e
in

tr
od

u
ce

th
e

co
nc

ep
t

of
pa

ir
w

is
e

cl
us

te
r

co
m

pa
ri

so
n

(P
C

C
)

to
id

en
ti

fy
ca

u
sa

lr
el

at
io

ns
hi

p
s

fr
om

cl
u

st
er

s
of

d
at

a
p

oi
nt

s
an

d
p

ro
vi

d
e

a
tw

o-
st

ag
e

al
go

ri
th

m
ca

ll
ed

le
ar

ni
ng

PC
C

(L
P

C
C

)
th

at
le

ar
ns

a
la

te
nt

va
ri

ab
le

m
od

el
(L

V
M

)
u

si
ng

P
C

C
.

Fi
rs

t,
L

P
C

C
le

ar
ns

ex
og

en
ou

s
la

te
nt

s
an

d
la

te
nt

co
ll

id
er

s,
as

w
el

l
as

th
ei

r
ob

se
rv

ed
d

es
ce

nd
an

ts
,

by
u

si
ng

p
ai

rw
is

e
co

m
p

ar
is

on
s

be
tw

ee
n

d
at

a
cl

u
st

er
s

in
th

e
m

ea
su

re
m

en
t

sp
ac

e
th

at
m

ay
ex

p
la

in
la

te
nt

ca
u

se
s.

Si
nc

e
in

th
is

fi
rs

t
st

ag
e

L
P

C
C

ca
nn

ot
d

is
ti

ng
u

is
h

en
d

og
en

ou
s

la
-

te
nt

no
n-

co
ll

id
er

s
fr

om
th

ei
r

ex
og

en
ou

s
an

ce
st

or
s,

a
se

co
nd

st
ag

e
is

ne
ed

ed
to

ex
tr

ac
t

th
e

fo
rm

er
,w

it
h

th
ei

r
ob

se
rv

ed
ch

il
d

re
n,

fr
om

th
e

la
tt

er
.

If
th

e
tr

u
e

gr
ap

h
ha

s
no

se
ri

al
co

nn
ec

ti
on

s,
L

P
C

C
re

tu
rn

s
th

e
tr

u
e

gr
ap

h,
an

d
if

th
e

tr
u

e
gr

ap
h

ha
s

a
se

ri
al

co
nn

ec
ti

on
,

L
P

C
C

re
tu

rn
s

a
p

at
te

rn
of

th
e

tr
u

e
gr

ap
h.

L
P

C
C

’s
m

os
t

im
p

or
ta

nt
ad

va
nt

ag
e

is
th

at
it

is
no

t
li

m
it

ed
to

li
ne

ar
or

la
te

nt
-t

re
e

m
od

el
s

an
d

m
ak

es
on

ly
m

il
d

as
su

m
p

ti
on

s
ab

ou
t

th
e

d
is

tr
ib

u
ti

on
.

T
he

p
ap

er
is

d
iv

id
ed

in
tw

o
p

ar
ts

:P
ar

t
I

(t
hi

s
p

ap
er

)p
ro

vi
d

es
th

e
ne

ce
ss

ar
y

p
re

li
m

in
ar

ie
s,

th
eo

re
ti

ca
l

fo
u

nd
at

io
n

to
P

C
C

,a
nd

an
ov

er
vi

ew
of

L
P

C
C

;P
ar

t
II

fo
rm

al
ly

in
tr

od
u

ce
s

th
e

L
P

C
C

al
go

ri
th

m
an

d
ex

p
er

im
en

ta
ll

y
ev

al
u

at
es

it
s

m
er

it
in

d
iff

er
en

t
sy

n-
th

et
ic

an
d

re
al

d
om

ai
ns

.
T

he
co

d
e

fo
r

th
e

L
P

C
C

al
go

ri
th

m
an

d
d

at
a

se
ts

u
se

d
in

th
e

ex
p

er
im

en
ts

re
p

or
te

d
in

Pa
rt

II
ar

e
av

ai
la

bl
e

on
lin

e.

K
ey

w
or

d
s:

ca
u

sa
ld

is
co

ve
ry

,c
lu

st
er

in
g,

le
ar

ni
ng

la
te

nt
va

ri
ab

le
m

od
el

,m
u

lt
ip

le
in

d
ic

a-
to

r
m

od
el

,p
u

re
m

ea
su

re
m

en
t

m
od

el

1.
In

tr
od

u
ct

io
n

L
at

en
t

(u
nm

ea
su

re
d

,
hi

d
d

en
,

u
nr

ec
or

d
ed

)
va

ri
ab

le
s,

as
op

p
os

ed
to

ob
se

rv
ed

(m
ea

su
re

d
,

m
an

if
es

t,
re

co
rd

ed
)

va
ri

ab
le

s,
ca

nn
ot

u
su

al
ly

be
ob

se
rv

ed
d

ir
ec

tl
y

in
a

d
om

ai
n

bu
t

on
ly

in
fe

rr
ed

fr
om

ot
he

r
ob

se
rv

ed
va

ri
ab

le
s

or
in

d
ic

at
or

s
(S

p
ir

te
s,

20
13

).
C

on
ce

p
ts

su
ch

as
“q

u
al

it
y

of
li

fe
,”

“e
co

no
m

ic
st

ab
il

it
y,

”
“g

ra
vi

ta
ti

on
al

fi
el

d
s,

”
an

d
“p

sy
ch

ol
og

ic
al

st
re

ss
”

©
20

16
N

u
am

an
A

sb
eh

an
d

B
oa

z
L

er
ne

r.
JM

L
R

 1
7(

22
4)

:1
-5

2

A
sb
eh

an
d
L
er

n
er

p
la

y
a

ke
y

ro
le

in
sc

ie
nt

ifi
c

th
eo

ri
es

an
d

m
od

el
s,

an
d

ye
t

su
ch

en
ti

ti
es

ar
e

la
te

nt
(K

le
e,

19
97

).
So

m
et

im
es

,
la

te
nt

va
ri

ab
le

s
co

rr
es

p
on

d
to

as
p

ec
ts

of
p

hy
si

ca
l

re
al

it
y

th
at

co
u

ld
,

in
p

ri
nc

ip
le

,
be

m
ea

su
re

d
bu

t
m

ay
no

t
be

fo
r

p
ra

ct
ic

al
re

as
on

s,
fo

r
ex

am
p

le
,

“q
u

ar
ks

”.
In

th
is

si
tu

at
io

n,
th

e
te

rm
hi

d
d

en
va

ri
ab

le
s

is
co

m
m

on
ly

u
se

d
,

re
fl

ec
ti

ng
th

e
fa

ct
th

at
th

e
va

ri
ab

le
s

ar
e

“r
ea

ll
y

th
er

e”
,

bu
t

hi
d

d
en

.
O

n
th

e
ot

he
r

ha
nd

,
la

te
nt

va
ri

ab
le

s
m

ay
no

t
be

p
hy

si
ca

ll
y

re
al

bu
t

in
st

ea
d

co
rr

es
p

on
d

to
ab

st
ra

ct
co

nc
ep

ts
su

ch
as

“p
sy

ch
ol

og
ic

al
st

re
ss

”
or

“m
en

ta
l

st
at

es
”.

T
he

te
rm

s
hy

p
ot

he
ti

ca
l

va
ri

ab
le

s
or

hy
p

ot
he

ti
ca

l
co

ns
tr

u
ct

s
m

ay
be

u
se

d
in

th
es

e
si

tu
at

io
ns

.
L

at
en

t
va

ri
ab

le
m

od
el

s
(L

V
M

s)
re

p
re

se
nt

la
te

nt
va

ri
ab

le
s

an
d

th
e

ca
u

sa
l

re
la

ti
on

sh
ip

s
am

on
g

th
em

to
ex

p
la

in
ob

se
rv

ed
va

ri
ab

le
s

th
at

ha
ve

be
en

m
ea

su
re

d
in

th
e

d
om

ai
n.

T
he

se
m

od
el

s
ar

e
co

m
m

on
an

d
es

se
nt

ia
l

in
d

iv
er

se
ar

ea
s,

su
ch

as
in

ec
on

om
ic

s,
so

ci
al

sc
ie

nc
es

,
p

sy
ch

ol
og

y,
na

tu
ra

ll
an

gu
ag

e
p

ro
ce

ss
in

g,
an

d
m

ac
hi

ne
le

ar
ni

ng
.

T
hu

s,
th

ey
ha

ve
re

ce
nt

ly
be

co
m

e
th

e
fo

cu
s

of
an

in
cr

ea
si

ng
nu

m
be

r
of

st
u

d
ie

s.
LV

M
s

re
du

ce
d

im
en

si
on

al
it

y
by

ag
gr

eg
at

in
g

(m
an

y)
ob

se
rv

ed
va

ri
ab

le
s

in
to

a
fe

w
la

te
nt

va
ri

ab
le

s,
ea

ch
of

w
hi

ch
re

p
re

se
nt

s
a

“c
on

ce
p

t”
ex

p
la

in
in

g
so

m
e

as
p

ec
ts

of
th

e
d

om
ai

n
th

at
ca

n
be

in
te

rp
re

te
d

fr
om

th
e

d
at

a.
L

at
en

t
va

ri
ab

le
m

od
el

in
g

is
a

ce
nt

u
ry

-o
ld

en
te

rp
ri

se
in

st
at

is
ti

cs
.

It
or

ig
in

at
ed

w
it

h
th

e
w

or
k

of
Sp

ea
rm

an
(1

90
4)

,w
ho

d
ev

el
op

ed
fa

ct
or

an
al

yt
ic

m
od

el
s

fo
r

co
nt

in
u

ou
s

va
ri

ab
le

s
in

th
e

co
nt

ex
t

of
in

te
ll

ig
en

ce
te

st
in

g.
L

ea
rn

in
g

an
LV

M
ex

p
lo

it
s

va
lu

es
of

th
e

m
ea

su
re

d
va

ri
ab

le
s

as
m

an
if

es
te

d
in

th
e

d
at

a
to

m
ak

e
an

in
fe

re
nc

e
ab

ou
tt

he
ca

u
sa

lr
el

at
io

ns
hi

p
s

am
on

g
th

e
la

te
nt

va
ri

ab
le

s
an

d
to

p
re

-
d

ic
t

th
e

va
lu

e
of

th
es

e
va

ri
ab

le
s.

St
at

is
ti

ca
l

m
et

ho
d

s
fo

r
le

ar
ni

ng
an

LV
M

,s
u

ch
as

fa
ct

or
an

al
ys

is
,a

re
m

os
tc

om
m

on
ly

u
se

d
to

re
ve

al
th

e
ex

is
te

nc
e

an
d

in
fl

u
en

ce
of

la
te

nt
va

ri
ab

le
s.

A
lt

ho
u

gh
th

es
e

m
et

ho
d

s
eff

ec
ti

ve
ly

re
du

ce
d

im
en

si
on

al
it

y
an

d
m

ay
fi

tt
he

d
at

a
re

as
on

ab
ly

w
el

l,
th

e
re

su
lt

in
g

m
od

el
s

m
ig

ht
no

t
ha

ve
an

y
co

rr
es

p
on

d
en

ce
to

re
al

ca
u

sa
l

m
ec

ha
ni

sm
s

(S
il

va
et

al
.,

20
06

).
O

n
th

e
ot

he
r

ha
nd

,t
he

fo
cu

s
of

le
ar

ni
ng

B
ay

es
ia

n
ne

tw
or

ks
(B

N
s)

is
on

ca
u

sa
l

re
la

ti
on

s
am

on
g

ob
se

rv
ed

va
ri

ab
le

s,
w

he
re

as
th

e
d

et
ec

ti
on

of
la

te
nt

va
ri

ab
le

s
an

d
th

e
in

te
rr

el
at

io
ns

am
on

g
th

em
se

lv
es

an
d

w
it

h
th

e
ob

se
rv

ed
va

ri
ab

le
s

ha
s

re
ce

iv
ed

li
tt

le
at

-
te

nt
io

n.
L

ea
rn

in
g

an
LV

M
u

si
ng

In
du

ct
iv

e
C

au
sa

ti
on

*
(I

C
*)

(P
ea

rl
,2

00
0;

Pe
ar

la
nd

V
er

m
a,

19
91

)a
nd

Fa
st

C
au

sa
lI

nf
er

en
ce

(F
C

I)
(S

p
ir

te
s

et
al

.,
20

00
)r

et
u

rn
s

p
ar

ti
al

an
ce

st
ra

lg
ra

p
hs

,
w

hi
ch

in
d

ic
at

e
fo

r
ea

ch
li

nk
w

he
th

er
it

is
a

(p
ot

en
ti

al
)m

an
if

es
ta

ti
on

of
a

hi
d

d
en

co
m

m
on

ca
u

se
fo

r
th

e
tw

o
li

nk
ed

va
ri

ab
le

s.
T

he
st

ru
ct

u
ra

l
E

M
al

go
ri

th
m

(F
ri

ed
m

an
,1

99
8)

le
ar

ns
a

st
ru

ct
u

re
u

si
ng

a
fi

xe
d

se
t

of
p

re
vi

ou
sl

y
gi

ve
n

la
te

nt
s.

B
y

se
ar

ch
in

g
fo

r
“s

tr
u

ct
u

ra
l

si
g-

na
tu

re
s”

of
la

te
nt

s,
th

e
Fi

nd
H

id
d

en
al

go
ri

th
m

(E
li

d
an

et
al

.,
20

00
)

d
et

ec
ts

su
bs

tr
u

ct
u

re
s

th
at

su
gg

es
t

th
e

p
re

se
nc

e
of

la
te

nt
s

in
th

e
fo

rm
of

d
en

se
su

bn
et

w
or

ks
.

E
li

d
an

an
d

Fr
ie

d
-

m
an

(2
00

1)
gi

ve
a

fa
st

al
go

ri
th

m
fo

r
d

et
er

m
in

in
g

th
e

ca
rd

in
al

it
y

–
th

e
nu

m
be

r
of

p
os

si
bl

e
st

at
es

–
of

la
te

nt
va

ri
ab

le
s

in
tr

od
u

ce
d

th
is

w
ay

.H
ow

ev
er

,S
il

va
et

al
.(

20
06

)s
u

sp
ec

te
d

th
at

Fi
nd

H
id

d
en

ca
nn

ot
al

w
ay

s
fi

nd
a

p
u

re
m

ea
su

re
m

en
ts

u
b-

m
od

el
,1

w
hi

ch
is

a
fl

aw
in

ca
u

sa
l

an
al

ys
is

.
A

ls
o,

th
e

re
co

ve
ry

of
la

te
nt

tr
ee

s
of

bi
na

ry
an

d
G

au
ss

ia
n

va
ri

ab
le

s
ha

s
be

en
su

g-
ge

st
ed

(P
ea

rl
,2

00
0)

.H
ie

ra
rc

hi
ca

ll
at

en
t

cl
as

s
(H

LC
)m

od
el

s,
w

hi
ch

ar
e

ro
ot

ed
tr

ee
s

w
he

re
th

e
le

af
no

d
es

ar
e

ob
se

rv
ed

w
hi

le
al

l
ot

he
r

no
d

es
ar

e
la

te
nt

,
w

er
e

p
ro

p
os

ed
fo

r
th

e
cl

u
s-

te
ri

ng
of

ca
te

go
ri

ca
ld

at
a

(Z
ha

ng
,2

00
4)

.T
w

o
gr

ee
d

y
al

go
ri

th
m

s
ar

e
su

gg
es

te
d

(H
ar

m
el

in
g

1
A

p
u

re
m

ea
su

re
m

en
t

m
od

el
co

nt
ai

ns
al

l
gr

ap
h

va
ri

ab
le

s
an

d
al

l
an

d
on

ly
ed

ge
s

d
ir

ec
te

d
fr

om
la

te
nt

va
ri

ab
le

s
to

ob
se

rv
ed

va
ri

ab
le

s,
w

he
re

ea
ch

ob
se

rv
ed

va
ri

ab
le

ha
s

on
ly

on
e

la
te

nt
p

ar
en

t
an

d
no

ob
se

rv
ed

p
ar

en
t.

2
JM

L
R

 1
7(

22
4)

:1
-5

2



L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
T
h
eory

&
O
verview

and
W

illiam
s,

2011)
to

exp
ed

ite
learning

of
both

the
stru

ctu
re

of
a

binary
H

LC
and

the
card

inalities
of

the
latents.T

he
B

IN
-G

algorithm
d

eterm
ines

both
the

stru
ctu

re
of

the
tree

and
the

card
inality

of
the

latent
variables

in
a

bottom
-u

p
fashion.

T
he

B
IN

-A
algorithm

fi
rst

d
eterm

ines
the

tree
stru

ctu
re

u
sing

agglom
erative

hierarchical
clu

stering
and

then
d

eterm
ines

the
card

inality
of

the
latent

variables
in

the
sam

e
m

anner
as

the
B

IN
-G

algo-
rithm

.L
atent-tree

m
od

els
are

also
u

sed
to

sp
eed

ap
p

roxim
ate

inference
in

B
N

,trad
ing

the
ap

p
roxim

ation
accu

racy
w

ith
inferentialcom

p
lexity

(W
ang

et
al.,2008).

M
od

els
in

w
hich

m
u

ltip
le

latents
m

ay
have

m
u

ltip
le

ind
icators

(observed
child

ren),
also

know
n

as
m

u
ltip

le
ind

icator
m

od
els

(M
IM

s)(B
artholom

ew
etal.,2002;Sp

irtes,2013),
are

a
very

im
p

ortantsu
bclass

ofstru
ctu

ralequ
ation

m
od

els
(SE

M
),w

hich
are

w
id

ely
u

sed
,

together
w

ith
B

N
s,in

ap
p

lied
and

social
sciences

to
analyze

cau
sal

relations
(Pearl,2000;

Shim
izu

et
al.,

2011).
For

these
m

od
els,

and
others

that
are

not
tree-constrained

,
m

ost
of

the
m

entioned
algorithm

s
m

ay
lead

to
u

nsatisfactory
resu

lts.
T

his
is

one
of

the
m

ost
d

iffi
cu

lt
p

roblem
s

in
m

achine
learning

and
statistics

since,in
general,a

joint
d

istribu
tion

can
be

generated
by

an
infi

nite
nu

m
ber

of
d

iff
erent

LV
M

s.
H

ow
ever,

an
algorithm

that
fi

lls
the

gap
betw

een
learning

latent-tree
m

od
els

and
learning

M
IM

s
is

B
u

ild
P

u
reC

lu
sters

(B
P

C
;Silva

et
al.,2006).

B
P

C
searches

for
the

set
(an

equ
ivalence

class)of
M

IM
s

that
best

m
atches

the
set

of
vanishing

tetrad
d

iff
erences

(Scheines
et

al.,
1995),

bu
t

is
lim

ited
to

linear
m

od
els

(Sp
irtes,2013).

In
this

stu
d

y,
w

e
m

ake
another

attem
p

t
in

this
d

irection
and

target
the

goal
of

Silva
et

al.(2006),bu
t

concentrate
on

the
d

iscrete
case,rather

than
on

the
continu

ou
s

case
d

ealt
w

ith
B

P
C

.Tow
ard

s
this

m
ission,w

e
borrow

id
eas

and
p

rincip
les

of
clu

stering
and

u
nsu

-
p

ervised
learning.

Interestingly,the
sam

e
d

iffi
cu

lty
in

learning
M

IM
s

is
also

faced
in

the
d

om
ain

of
u

nsu
p

ervised
learning

that
confronts

sim
ilar

qu
estions

su
ch

as:
(1)

H
ow

m
any

clu
sters

are
there

in
the

observed
d

ata?
and

(2)W
hich

classes
d

o
the

clu
sters

really
rep

re-
sent?

D
u

e
to

this
sim

ilarity,ou
r

stu
d

y
su

ggests
linking

the
tw

o
d

om
ains

–
learning

a
cau

sal
grap

hical
m

od
el

w
ith

latent
variables

and
clu

stering
analysis.

W
e

p
rop

ose
a

concep
t

and
an

algorithm
thatcom

bine
learning

cau
salgrap

hicalm
od

els
w

ith
clu

stering.A
ccord

ing
to

the
pairw

ise
cluster

com
parison

(P
C

C
)concep

t,w
e

com
p

are
p

airw
ise

clu
sters

of
d

ata
p

oints
rep

resenting
instantiations

ofthe
observed

variables
to

id
entify

those
p

airs
ofclu

sters
that

exhibit
m

ajor
changes

in
the

observed
variables

du
e

to
changes

in
their

ancestor
latent

variables.C
hanges

in
a

latentvariable
thatare

m
anifested

in
changes

in
the

observed
vari-

ables
revealthis

latent
variable

and
its

cau
salp

aths
of

infl
u

ence
in

the
d

om
ain.

U
sing

the
learning

PC
C

(L
P

C
C

)algorithm
,w

e
learn

an
LV

M
.W

e
id

entify
P

C
C

s
and

u
se

them
to

learn
latent

variables
–

exogenou
s

and
end

ogenou
s

(the
latter

m
ay

be
either

collid
ers

or
non-

collid
ers)

–
and

their
cau

sal
interrelationship

s
as

w
ell

as
their

child
ren

(latent
variables

and
observed

variables)and
cau

salp
aths

from
latent

variables
to

observed
variables.

T
his

p
ap

er
is

the
fi

rst
of

tw
o

p
arts

that
introdu

ce,d
escribe,and

evalu
ate

L
P

C
C

.In
this

p
ap

er
(Part

I),w
e

p
rovid

e
its

fou
nd

ations
and

theoreticalinfrastru
ctu

re,from
p

relim
inar-

ies
to

a
broad

overview
ofthe

P
C

C
concep

tand
L

P
C

C
algorithm

.In
the

second
p

ap
er

(Part
II),w

e
form

ally
introdu

ce
the

tw
o-stage

L
P

C
C

algorithm
,w

hich
im

p
lem

ents
the

P
C

C
con-

cep
t,

and
evalu

ate
L

P
C

C
,

in
com

p
arison

to
state-of-the-art

algorithm
s,

u
sing

sim
u

lated
and

real-w
orld

d
ata

sets.T
he

ou
tline

of
the

tw
o

p
ap

ers
is

as
follow

s:
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A
sbeh

an
d
L
ern

er

PartI:

•
Section

2:
P

relim
in

aries
to

LV
M

learn
in

g
d

escribes
the

assu
m

p
tions

of
ou

r
ap

-
p

roach
and

basic
d

efi
nitions

of
essentialconcep

ts
of

grap
hicalm

od
els

and
SE

M
;

•
Section

3:
P

relim
in

aries
to

L
P

C
C

form
alizes

ou
r

id
eas

and
bu

ild
s

the
theoretical

basis
for

L
P

C
C

;

•
Section

4:
O

verview
of

L
P

C
C

starts
w

ith
an

illu
strative

exam
p

le
and

a
broad

d
e-

scrip
tion

of
the

L
P

C
C

algorithm
and

then
d

escribes
each

step
of

L
P

C
C

in
d

etail;

•
Section

5:D
iscu

ssion
an

d
fu

tu
re

research
su

m
m

arizes
and

d
iscu

sses
the

contribu
-

tion
of

L
P

C
C

and
su

ggests
severalnew

avenu
es

of
research;

•
A

p
p

en
d

ix
A

p
rovid

es
p

roofs
to

all
p

rop
ositions,

lem
m

as,
and

theorem
s

for
w

hich
the

p
roof

is
either

too
d

etailed
,

lengthy,
or

im
p

ed
es

the
fl

ow
of

read
ing.

A
ll

other
p

roofs
are

given
in

the
bod

y
of

the
p

ap
er;

•
A

p
p

en
d

ix
B

sets
a

m
ethod

to
calcu

late
a

threshold
in

su
p

p
ort

of
Section

4.4;and

•
A

p
p

en
d

ix
C

su
p

p
lies

a
d

etailed
list

of
assu

m
p

tions
L

P
C

C
m

akes
and

the
m

eaning
of

their
violation.

PartII:

•
Section

2:T
h

e
L

P
C

C
algorith

m
introdu

ces
and

form
ally

d
escribes

a
tw

o-stage
algo-

rithm
that

im
p

lem
ents

the
P

C
C

concep
t;

•
Section

3:L
P

C
C

evalu
ation

evalu
ates

L
P

C
C

,in
com

p
arison

to
state-of-the-art

algo-
rithm

s,u
sing

sim
u

lated
and

real-w
orld

d
ata

sets;

•
Section

4:
R

elated
w

ork
s

com
p

ares
L

P
C

C
to

state-of-the-art
LV

M
learning

algo-
rithm

s;

•
Section

5:
D

iscu
ssion

su
m

m
arizes

the
theoretical

ad
vantages

(from
Part

I)
and

the
p

racticalbenefi
ts

(from
this

p
art)of

u
sing

L
P

C
C

;

•
A

p
p

en
d

ix
A

brings
assu

m
p

tions,d
efi

nitions,p
rop

ositions,and
theorem

s
from

Part
I

that
are

essentialto
Part

II;

•
A

p
p

en
d

ix
B

su
p

p
lies

ad
d

itionalresu
lts

for
the

exp
erim

ents
w

ith
the

sim
u

lated
d

ata
sets;and

•
A

p
p

en
d

ix
C

p
rovid

es
P

C
C

analysis
for

tw
o

exam
p

le
d

atabases.
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p
ti

on
s

th
at

L
P

C
C

m
ak

es
an

d
th

e
co

ns
tr

ai
nt

s
it

ap
p

li
es

on
LV

M
an

d
co

m
p

ar
e

th
em

to
th

os
e

re
qu
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ot
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st
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e-
ar
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A
ss

u
m

p
ti

on
1

T
he

un
de

rl
yi

ng
m

od
el

is
a

B
ay

es
ia

n
ne

tw
or

k,
B

N
=
<
G

,Θ
>

,e
nc

od
in

g
a

di
sc

re
te

jo
in

t
pr

ob
ab

ili
ty

di
st

ri
bu

ti
on

P
fo

r
a

se
t

of
ra

nd
om

va
ri

ab
le

s
V

=
L
∪O

,
w

he
re

G
=
<
V

,E
>

is
a

di
re

ct
ed

ac
yc

lic
gr

ap
h

(D
A

G
)

w
ho

se
no

de
s

V
co

rr
es

po
nd

to
la

te
nt

s
L

an
d

ob
se

rv
ed

va
ri

ab
le

s
O

,
an

d
E

is
th

e
se

t
of

ed
ge

s
be

tw
ee

n
no

de
s

in
G

.
Θ

is
th

e
se

t
of

pa
ra

m
et

er
s,

i.e
.,

th
e

co
nd

it
io

na
l

pr
ob

ab
ili

ti
es

of
va

ri
ab

le
s

in
V

gi
ve

n
th

ei
r

pa
re

nt
s.

A
ss

u
m

p
ti

on
2

N
o

ob
se

rv
ed

va
ri

ab
le

in
O

is
an

an
ce

st
or

of
an

y
la

te
nt

va
ri

ab
le

in
L

.T
hi

s
p

ro
p

-
er

ty
is

ca
ll

ed
th

e
m

ea
su

re
m

en
ta

ss
um

pt
io

n
(S

p
ir

te
s

et
al

.,
20

00
).

B
ef

or
e

w
e

p
re

se
nt

ad
d

it
io

na
la

ss
u

m
p

ti
on

s
ab

ou
tt

he
le

ar
ne

d
LV

M
,w

e
ne

ed
D

efi
ni

ti
on

s
1–

4
(f

ol
lo

w
in

g
Si

lv
a

et
al

.,
20

06
),

w
hi

ch
ar

e
sp

ec
ifi

c
to

LV
M

:

D
efi

n
it

io
n

1
A

m
od

el
sa

ti
sf

yi
ng

A
ss

um
pt

io
ns

1
an

d
2

is
a

la
te

nt
va

ri
ab

le
m

od
el

.

D
efi

n
it

io
n

2
G

iv
en

an
LV

M
G

w
it

h
a

va
ri

ab
le

se
t
V

,t
he

su
bg

ra
ph

co
nt

ai
ni

ng
al

lv
ar

ia
bl

es
in

V
an

d
al

la
nd

on
ly

th
os

e
ed

ge
s

di
re

ct
ed

in
to

va
ri

ab
le

s
in

O
is

ca
lle

d
th

e
m

ea
su

re
m

en
t

m
od

el
of

G
.

D
efi

n
it

io
n

3
G

iv
en

an
LV

M
G

,t
he

su
bg

ra
ph

co
nt

ai
ni

ng
al

la
nd

on
ly

G
’s

la
te

nt
no

de
sa

nd
th

ei
r

re
sp

ec
ti

ve
ed

ge
s

is
ca

lle
d

th
e

st
ru

ct
ur

al
m

od
el

of
G

.

W
he

n
ea

ch
m

od
el

va
ri

ab
le

is
a

li
ne

ar
fu

nc
ti

on
of

it
s

p
ar

en
ts

in
th

e
gr

ap
h

p
lu

s
an

ad
-

d
it

iv
e

er
ro

r
te

rm
of

p
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it
iv

e
fi

ni
te

va
ri

an
ce

,t
he

la
te

nt
va

ri
ab

le
m

od
el

is
li

ne
ar

;t
hi

s
is

al
so

kn
ow

n
as

SE
M

.
G

re
at

in
te

re
st

ha
s

be
en

sh
ow

n
in

li
ne

ar
LV

M
s

an
d

th
ei

r
ap

p
li

ca
ti

on
s

in
so

ci
al

sc
ie

nc
e,

ec
on

om
et

ri
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,a
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p
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ch
om
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ol
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n,
19

89
),
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w

el
la

s
in

th
ei

r
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ni

ng
(S

il
va

et
al

.,
20

06
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T
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m
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iv
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u

se
li

ne
ar

m
od
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s

u
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m
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re
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d

sc
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Fo

r
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p
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su
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a
qu
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on
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ir
e

w
it

h
qu

es
ti

on
s

li
ke

:
“O

n
a

sc
al

e
of

1
to

5,
ho

w
m

u
ch

d
o

yo
u

ag
re

e
w

it
h

th
e

st
at

em
en

t:
‘I

fe
el

sa
d

ev
er

y
d

ay
’.”

T
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an
sw

er
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m
ea
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d
by

an
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e
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th

e
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p
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ar
it

y
as

su
m

p
ti

on
to

A
ss

u
m

p
ti

on
s

1
an

d
2

al
lo

w
s

fo
r

th
e

tr
an

sf
or

m
a-

ti
on

of
D

efi
ni

ti
on

1
in

to
th

at
of

a
li

ne
ar

LV
M

.S
in

ce
as

su
m

in
g

li
ne

ar
it

y
m

ea
ns

li
ne

ar
it

y
is

as
su

m
ed

in
th

e
m

ea
su

re
m

en
t

m
od

el
,a

ke
y

to
le

ar
ni

ng
a

li
ne

ar
LV

M
is

le
ar

ni
ng

th
e

m
ea

-
su

re
m

en
t

m
od

el
an

d
on

ly
th

en
th

e
st

ru
ct

u
ra

lm
od

el
.

In
le

ar
ni

ng
th

e
m

ea
su

re
m

en
t

m
od

el
of

M
IM

,t
he

li
ne

ar
it

y
as

su
m

p
ti

on
en

ta
il

s
co

ns
tr

ai
nt

s
on

th
e

co
va

ri
an

ce
m

at
ri

x
of

th
e

ob
-

se
rv

ed
va

ri
ab

le
s

an
d

th
er

eb
y

el
im

in
at

es
le

ar
ni

ng
co

-v
ar

ia
nt

s
(d

ep
en

d
en

ce
s)

be
tw

ee
n

p
ai

rs
of

ob
se

rv
ed

va
ri

ab
le

s
th

at
“s

ho
u

ld
”

no
t

be
co

nn
ec

te
d

in
th

e
le

ar
ne

d
m

od
el

(S
il

va
et

al
.,

20
06

;S
p

ir
te

s,
20

13
).

If
,h

ow
ev

er
,t

he
li

ne
ar

it
y

as
su

m
p

ti
on

d
oe

s
no

t
ho

ld
,t

he
al

go
ri

th
m

s
su

gg
es

te
d

in
Si

lv
a

et
al

.(
20

06
)

m
ay

no
t

fi
nd

a
m

od
el

an
d

w
ou

ld
ou

tp
u

t
a

“c
an

’t
te

ll
”

an
-

sw
er

,w
hi

ch
is

,n
ev

er
th

el
es

s,
a

be
tt

er
re

su
lt

th
an

le
ar

ni
ng

an
in

co
rr

ec
t

m
od

el
.

In
th

is
st

u
d

y,
w

e
d

is
p

en
se

w
it

h
th

e
li

ne
ar

it
y

as
su

m
p

ti
on

an
d

ap
p

ly
th

e
ab

ov
e

co
n-

ce
p

ts
to

le
ar

n
no

tn
ec

es
sa

ri
ly

li
ne

ar
M

IM
s

or
la

te
nt

-t
re

e
m

od
el

s.
O

u
r

su
gg

es
te

d
al

go
ri

th
m

,
L

P
C

C
,i

s
no

t
li

m
it

ed
by

th
e

li
ne

ar
it

y
as

su
m

p
ti

on
an

d
le

ar
ns

a
m

od
el

as
lo

ng
as

it
is

M
IM

.
In

ad
d

it
io

n,
w

e
ar

e
in

te
re

st
ed

in
d

is
cr

et
e

LV
M

s.
A

no
th

er
im

p
or

ta
nt

d
efi

ni
ti

on
w

e
ne

ed
is

:

D
efi

n
it

io
n

4
A

pu
re

m
ea

su
re

m
en

tm
od

el
is

a
m

ea
su

re
m

en
tm

od
el

in
w

hi
ch

ea
ch

ob
se

rv
ed

va
ri

-
ab

le
ha

s
on

ly
on

e
la

te
nt

pa
re

nt
an

d
no

ob
se

rv
ed

pa
re

nt
.

A
ss

u
m

p
ti

on
3

T
he

m
ea

su
re

m
en

tm
od

el
of

G
is

pu
re

.

A
s

a
p

ri
nc

ip
le

d
w

ay
of

te
st

in
g

co
nd

it
io

na
l

in
d

ep
en

d
en

ce
am

on
g

la
te

nt
s,

Si
lv

a
et

al
.

(2
00

6)
fo

cu
s

on
M

IM
s,

w
hi

ch
ar

e
p

u
re

m
ea

su
re

m
en

t
m

od
el

s.
P

ra
ct

ic
al

ly
,

th
es

e
m

od
el

s
ha

ve
a

sm
al

le
r

eq
u

iv
al

en
ce

cl
as

s
of

th
e

la
te

nt
st

ru
ct

u
re

th
an

th
at

of
no

n-
p

u
re

m
od

el
s

an
d

th
u

s
ar

e
ea

si
er

to
u

na
m

bi
gu

ou
sl

y
le

ar
n.

C
on

si
d

er
,f

or
ex

am
p

le
,t

ha
t

w
e

ar
e

in
te

re
st

ed
in

le
ar

ni
ng

th
e

to
p

ic
of

a
d

oc
u

m
en

t
(e

.g
.,

th
e

fi
rs

t
p

ag
e

in
a

ne
w

sp
ap

er
)

fr
om

an
ch

or
w

or
d

(k
ey

p
hr

as
e)

d
is

tr
ib

u
ti

on
s

an
d

th
at

th
is

d
oc

u
m

en
t

m
ay

co
ve

r
se

ve
ra

l
to

p
ic

s
(e

.g
.,

p
ol

it
ic

s,
sp

or
ts

,
an

d
fi

na
nc

e)
.

Si
m

p
li

fi
ca

ti
on

of
th

is
to

p
ic

m
od

el
in

g
p

ro
bl

em
,

fo
ll

ow
in

g
th

e
re

p
-

re
se

nt
at

io
n

of
a

to
p

ic
u

si
ng

a
la

te
nt

va
ri

ab
le

in
LV

M
,

ca
n

be
ac

hi
ev

ed
by

as
su

m
in

g
an

d
le

ar
ni

ng
a

p
u

re
m

ea
su

re
m

en
t

m
od

el
re

p
re

se
nt

in
g

a
p

u
re

to
p

ic
m

od
el

fo
r

w
hi

ch
ea

ch
sp

e-
ci

fi
c

d
oc

u
m

en
t

co
ve

rs
on

ly
a

si
ng

le
to

p
ic

,
w

hi
ch

is
re

as
on

ab
le

in
so

m
e

ca
se

s,
su

ch
as

a
sp

or
ts

or
fi

na
nc

ia
ln

ew
sp

ap
er

.
L

P
C

C
d

oe
s

no
t

as
su

m
e

th
at

th
e

tr
u

e
m

ea
su

re
m

en
t

m
od

el
is

li
ne

ar
(w

hi
ch

is
a

p
ar

a-
m

et
ri

c
as

su
m

p
ti

on
th

at
,

e.
g.

,
B

P
C

m
ak

es
),

bu
t

ra
th

er
as

su
m

es
th

at
th

e
m

od
el

is
p

u
re

(a
st

ru
ct

u
ra

l
as

su
m

p
ti

on
).

W
he

n
th

e
tr

u
e

ca
u

sa
l

m
od

el
is

p
u

re
,

L
P

C
C

w
il

l
id

en
ti

fy
it

co
r-

re
ct

ly
(o

r
fi

nd
it

s
p

at
te

rn
th

at
re

p
re

se
nt

s
th

e
eq

u
iv

al
en

ce
cl

as
s

of
th

e
tr

u
e

gr
ap

h)
.

W
he

n
it

is
no

t
p

u
re

,L
P

C
C

–
si

m
il

ar
ly

to
B

P
C

(S
il

va
et

al
.,

20
06

)
–

w
il

l
le

ar
n

a
p

u
re

su
b-

m
od

el
of

th
e

tr
u

e
m

od
el

u
si

ng
tw

o
in

d
ic

at
or

s
fo

r
ea

ch
la

te
nt

(c
om

p
ar

ed
to

th
re

e
in

d
ic

at
or

s
p

er
la

te
nt

th
at

ar
e

re
qu

ir
ed

by
B

P
C

).
Pa

rt
II

of
th

is
p

ap
er

p
re

se
nt

s
se

ve
ra

l
ex

am
p

le
s

of
re

al
-

w
or

ld
p

ro
bl

em
s

fr
om

d
iff

er
en

t
d

om
ai

ns
fo

r
w

hi
ch

L
P

C
C

le
ar

ns
a

p
u

re
(s

om
et

im
es

su
b-

)
m

od
el

,n
ev

er
le

ss
ac

cu
ra

te
ly

th
an

ot
he

r
m

et
ho

d
s.

T
ha

t
is

,L
P

C
C

as
su

m
es

th
at

:

6
JM

L
R

 1
7(

22
4)

:1
-5

2



L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
T
h
eory

&
O
verview

A
ssu

m
p

tion
4

T
he

true
m

odelG
is

M
IM

,in
w

hich
each

latent
has

at
least

tw
o

observed
chil-

dren
and

m
ay

have
latentparents.

C
au

salstru
ctu

re
d

iscovery
–

learning
the

nu
m

ber
oflatentvariables

in
the

m
od

el,their
interconnections

and
connections

to
the

observed
variables,as

w
ellas

the
interconnections

am
ong

the
observed

variables
–

is
very

d
iffi

cu
lt

and
thu

s
requ

ires
m

aking
som

e
assu

m
p

-
tions

abou
t

the
p

roblem
.

Particu
larly,

M
IM

s,
in

w
hich

m
u

ltip
le

observed
variables

are
assu

m
ed

to
be

aff
ected

by
latent

variables
and

p
erhap

s
by

each
other

(Sp
irtes,2013),are

reasonable
m

od
els

bu
t

have
attracted

scant
attention

in
the

m
achine-learning

com
m

u
nity.

A
s

Silva
et

al.(2006)
p

ointed
ou

t,
factor

analysis,
p

rincip
al

com
p

onent
analysis,

and
re-

gression
analysis

ad
ap

ted
to

learning
LV

M
s

are
w

ellu
nd

erstood
bu

thave
notbeen

p
roven,

u
nd

er
any

general
assu

m
p

tions,
to

learn
the

tru
e

cau
sal

LV
M

,calling
for

better
learning

m
ethod

s.B
y

assu
m

ing
thatthe

tru
e

m
od

elm
anifests

localinfl
u

ence
ofeach

latentvariable
on

at
least

a
sm

all
nu

m
ber

of
observed

variables,Silva
et

al.(2006)
show

ed
that

learning
the

com
p

lete
M

arkov
equ

ivalence
class

of
M

IM
is

feasible.
Sim

ilar
to

Silva
et

al.(2006),
w

e
assu

m
e

that
the

tru
e

m
od

elis
M

IM
;thu

s,this
is

w
here

w
e

p
lace

ou
r

focu
s

on
learning.

N
ote

also
thatbased

on
A

ssu
m

p
tions

3
and

4,the
observed

variables
in

G
are

d
-sep

arated
,

given
the

latents.

3.P
relim

in
aries

to
L

P
C

C

Figu
re

1
sketches

a
range

of
M

IM
s,w

hich
allexhibit

p
u

re
m

easu
rem

ent
m

od
els,from

ba-
sic

to
m

ore
com

p
lex

m
od

els.
C

om
p

ared
to

G
1,w

hich
is

a
basic

M
IM

of
tw

o
u

nconnected
latents,G

2
show

s
a

stru
ctu

ral
m

od
el

that
is

characterized
by

a
latent

collid
er.

N
ote

that
su

ch
an

LV
M

cannot
be

learned
by

latent-tree
algorithm

s
su

ch
as

in
Z

hang
(2004).G

3
and

G
4

d
em

onstrate
serial

and
d

iverging
stru

ctu
ral

m
od

els,
resp

ectively,
that

together
w

ith
G

2
cover

the
three

basic
stru

ctu
ralm

od
els.

G
5

and
G

6
m

anifest
m

ore
com

p
lex

stru
ctu

ral
m

od
els

com
p

rising
a

latentcollid
er

and
a

com
bination

ofserialand
d

iverging
connections.

A
s

the
stru

ctu
ralm

od
elbecom

es
m

ore
com

p
licated

,the
learning

task
becom

es
m

ore
chal-

lenging;
hence,

G
1–G

6
p

resent
a

sp
ectru

m
of

su
ch

challenges
to

an
LV

M
learning

algo-
rithm

.
3

In
Section

3.1,w
e

bu
ild

the
infrastru

ctu
re

to
p

airw
ise

clu
ster

com
p

arison
thatrelies

on
u

nd
erstand

ing
the

infl
u

ence
ofthe

exogenou
s

latentvariables
on

the
observed

variables
in

the
LV

M
.T

his
infl

u
ence

is
d

ivid
ed

into
m

ajor
and

m
inor

eff
ects

that
are

introdu
ced

and
exp

lained
in

Section
3.2.In

Section
3.3,w

e
link

this
stru

ctu
ralinfl

u
ence

to
d

ata
clu

stering
and

introdu
ce

the
p

airw
ise

clu
ster

com
p

arison
concep

t
for

learning
an

LV
M

.

3.1
T

h
e

in
fl

u
en

ce
of

exogen
ou

s
laten

ts
on

ob
served

variab
les

is
fu

n
d

am
en

talto
learn

in
g

an
LV

M

W
e

d
istingu

ish
betw

een
observed

(O
)

and
latent(L

)
variables

and
betw

een
exogenou

s
(E

X
)

and
end

ogenou
s

(E
N

)
variables.

E
X

have
zero

in-d
egree,are

au
tonom

ou
s,and

u
naff

ected

3In
PartII

ofthe
p

ap
er,w

e
com

p
are

L
P

C
C

w
ith

B
P

C
and

exp
loratory

factor
analysis

u
sing

these
six

LV
M

s.
Since

B
P

C
requ

ires
three

ind
icators

p
er

latent
to

id
entify

a
latent,

w
e

d
eterm

ined
from

the
beginning

three
ind

icators
p

er
latentfor

alltru
e

m
od

els
to

recover.N
evertheless,in

PartII,w
e

evalu
ate

the
learning

algorithm
s

for
increasing

nu
m

bers
of

ind
icators.
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A
sbeh

an
d
L
ern

er

Figu
re

1:
E

xam
p

le
LV

M
s

that
are

all
M

IM
s.

E
ach

is
based

on
a

p
u

re
m

easu
rem

ent
m

od
el

and
a

stru
ctu

ralm
od

elof
d

iff
erent

com
p

lexity,p
osing

a
d

iff
erent

challenge
to

a
learning

algorithm
.

by
the

valu
es

of
the

other
variables

(e.g.,
L

1
in

all
grap

hs
bu

t
G

4
in

Figu
re

1),
w

hereas
E

N
are

all
non-exogenou

s
variables

in
G

(e.g.,
L

2
in

all
grap

hs
bu

t
G

1
and

G
4,

and
X

1
in

all
grap

hs
in

Figu
re

1).
W

e
id

entify
three

typ
es

of
variables:

(1)
E

xogenou
s

latents,
E

X⊂
(L∩

N
C

)
[all

exogenou
s

variables
are

latent
non-collid

ers
(N

C
)];

(2)
E

nd
ogenou

s
la-

tents,
E

L⊂
(L∩

E
N

),
w

hich
are

d
ivid

ed
into

latent
collid

ers
C⊂

E
L

(e.g.,
L

2
in

G
2

and
G

5;
note

that
all

latent
collid

ers
are

end
ogenou

s)
and

latent
non-collid

ers
(in

serial
and

d
i-

verging
connections)S⊂

(E
L∩

N
C

)
(e.g.,L

3
in

G
3,G

4,and
G

6),thu
s

N
C

=
(E

X∪
S);and

(3)
O

bserved
variables,O⊂

E
N

,w
hich

are
alw

ays
end

ogenou
s

and
child

less,that
are

d
ivid

ed
into

child
ren

of
exogenou

s
latents

O
E

X⊂
O

(e.g.,X
1

and
X

9
in

G
2),child

ren
of

latent
col-

lid
ers

O
C⊂

O
(e.g.,X

4,X
5,and

X
6

in
G

2),and
child

ren
of

end
ogenou

s
latentnon-collid

ers
O

S⊂
O

(e.g.,X
4,X

5,and
X

6
in

G
3).

W
e

d
enote

valu
e

confi
gu

rations
of

E
X

,E
N

(w
hen

w
e

d
o

not
know

w
hether

the
end

ogenou
s

variables
are

latent
or

observed
),E

L
,C

,N
C

(w
hen

w
e

d
o

not
know

w
hether

the
non-collid

er
variables

are
exogenou

s
or

end
ogenou

s),S,O
,

O
E

X
,O

C
,and

O
S

by
ex,en

,el,c,n
c,s,o,oex,oc,and

os,resp
ectively.

Since
the

u
nd

erlying
m

od
elis

a
B

N
,the

joint
p

robability
over

V
,w

hich
is

rep
resented

by
the

B
N

,is
factored

accord
ing

to
the

localM
arkov

assu
m

p
tion

for
G

.T
hatis,any

variable
in

V
is

ind
ep

end
ent

of
its

non-d
escend

ants
in

G
cond

itioned
on

its
p

arents
in

G
:

P
(V

)=
∏V
i ∈V
P

(V
i |Pa

i )
(1)
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L
ea

rn
in
g
by

Pa
ir
w
is
e
C
lu

st
er

C
om

pa
ri
so
n
−T

h
eo

ry
&

O
ve

rv
ie
w

w
he

re
Pa

i
ar

e
th

e
p

ar
en

ts
of
V
i.

It
ca

n
be

fa
ct

or
iz

ed
u

nd
er

ou
r

as
su

m
p

ti
on

s
as

:

P
(V

)=
P

(E
X
,C
,S
,O

E
X
,O

C
,O

S)
=

∏

E
X
i∈E

X

P
(E
X
i)

∏ C
j∈

C

P
(C
j|P

a j
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(the
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p
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;
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p
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p
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p
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p
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p
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d

escribed
by

L
em

m
a

1,w
e

focu
s

on
the

infl
u

ence
ofa

sp
ecifi

c
(p

artial)setofexogenou
s

variables
on

the
valu

es
oftheir

end
ogenou

s
d

escend
ants.A

nalysis
ofthe

infl
u

ence
ofallconfi

gu
rations

exs
on

all
en

s
and

that
of

the
confi

gu
rations

of
sp

ecifi
c

exogenou
s

ancestors
in

these
exs

on
their

end
ogenou

s
d

escend
ants

enable
learning

the
stru

ctu
re

and
p

aram
eters

of
the

m
od

el
and

cau
sald

iscovery.Finally,in
Section

3.3,w
e

show
how

these
concep

ts
can

be
exp

loited
to

learn
an

LV
M

from
d

ata
clu

stering.

3.2
M

ajor
an

d
m

in
or

eff
ects

an
d

valu
es

So
far,

w
e

have
analyzed

the
stru

ctu
ral

infl
u

ences
(p

ath
of

hierarchies)
of

the
latents

on
the

observed
variables.

In
this

section,w
e

com
p

lem
ent

this
analysis

w
ith

the
p

aram
etric

infl
u

ences,w
hich

w
e

d
ivid

e
into

m
ajor

and
m

inor
eff

ects.

D
efi

n
ition

8
A

localeffect
on

an
endogenous

variable
EN

is
the

influence
ofa

configuration
of

EN
’s

directlatentparents
on

any
ofEN

’s
values.

1.
A

m
ajor

localeffect
is

the
largest

localeffect
on
E
N
i ,and

it
is

identified
by

the
m

axim
al

conditional
probability

of
a

specific
value

en
i

of
E
N
i

given
a

configuration
p

a
i

of
E
N
i ’s

latentparents
Pa

i ,w
hich

is
M
A
E
E
N
i (p

a
i )=

m
ax
en ′i P

(E
N
i =

en ′i |Pa
i =

p
a
i ).

2.
A

m
inor

localeffect
is

any
non-m

ajor
localeffect

on
E
N
i ,and

it
is

identified
by

a
condi-

tionalprobability
ofany

other
value

ofE
N
i given

p
a
i thatis

sm
aller

than
M
A
E
E
N
i (p

a
i ).

T
he

m
inor

localeffectset,M
IE
S
E
N
i (p

a
i ),com

prises
allsuch

probabilities.
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A
sbeh

an
d
L
ern

er

3.
A

m
ajor

localvalue
isthe

en
i corresponding

to
M
A
E
E
N
i (p

a
i ),i.e.,the

m
ostprobable

value
of
E
N
i due

to
p

a
i ,M

A
V
E
N
i (p

a
i )=

arg
m
ax
en ′i P

(E
N
i =

en ′i |Pa
i =

p
a
i ).

4.
A

m
inor

localvalue
is

an
en
i corresponding

to
a

m
inor

localeffect,and
M
IV
S
E
N
i (p

a
i )is

the
setofallm

inor
values

thatcorrespond
to
M
IE
S
E
N
i (p

a
i ).

W
hen

E
N
i

is
an

observed
variable

or
an

end
ogenou

s
latent

non-collid
er,

and
thu

s
has

only
a

single
p

arent
P
a
i ,the

confi
gu

ration
p

a
i is

actu
ally

the
valu

e
p
a
i of

P
a
i .

So
far,w

e
have

listed
ou

r
assu

m
p

tions
abou

t
the

stru
ctu

re
of

the
m

od
el.Follow

ing
is

a
p

aram
etric

assu
m

p
tion:

A
ssu

m
p

tion
6

For
every

endogenous
variable

E
N
i

in
G

and
every

configuration
p

a ′i
of
E
N
i ’s

parents
Pa

i ,there
exists

a
certain

value
en ′i ofE

N
i ,such

that
P

(E
N
i =

en ′i |Pa
i =

p
a ′i )

>
P

(E
N
i =

en ′′i |Pa
i

=
p

a ′i )
for

every
other

value
en ′′i

of
E
N
i .

T
his

assu
m

p
tion

is
related

to
the

m
ost

p
robable

exp
lanation

of
a

hyp
othesis

given
the

d
ata

(Pearl,1988).

N
ote

that
in

the
case

that
A

ssu
m

p
tion

6
is

violated
,in

other
w

ord
s,if

m
ore

than
one

valu
e

of
E
N
i

gets
the

m
axim

u
m

p
robability

valu
e

given
a

confi
gu

ration
of

p
arents,

L
P

C
C

still
learns

a
m

od
elbecau

se
the

im
p

lem
entation

w
illrand

om
ly

choose
a

valu
e

that
m

axim
izes

the
p

robability
as

the
m

ost
p

robable.H
ow

ever,the
correctness

of
the

algorithm
is

gu
aran-

teed
only

if
allassu

m
p

tions
are

valid
;in

other
w

ord
s,given

the
assu

m
p

tions
are

valid
,all

cau
salclaim

s
m

ad
e

by
the

ou
tp

u
t

grap
h

are
correct.

P
rop

osition
2

T
he

m
ajor

local
value

M
A
V
E
N
i (p

a ′i )
of

an
endogenous

variable
E
N
i

given
a

certain
configuration

ofits
parents

p
a ′i is

also
certain.

P
roof

A
ssu

m
p

tion
6

gu
arantees

that
given

a
certain

confi
gu

ration
p

a ′i
of

Pa
i ,there

exists
a

certain
valu

e
en ′i of

E
N
i ,su

ch
that

P
(E
N
i =

en ′i |Pa
i =

p
a ′i )

>
P

(E
N
i =

en ′′i |Pa
i =

p
a ′i )for

ev-
ery

other
valu

e
en ′′i of

E
N
i .From

the
d

efi
nition

ofa
m

ajor
localvalu

e,M
A
V
E
N
i (p

a ′i )
=
en ′i .

W
e

need
one

ad
d

itional
assu

m
p

tion
abou

t
the

m
od

el
p

aram
eters

that
refl

ects
p

arent-
child

infl
u

ence
in

the
cau

sal
m

od
el.

Sp
ecifi

cally,to
id

entify
p

arent-child
relations,L

P
C

C
need

s
for

each
observed

variable
or

end
ogenou

s
latent

non-collid
er

to
get

d
iff

erent
M

A
V

s
for

d
iff

erent
valu

es
of

their
latent

p
arent.

Sim
ilarly,L

P
C

C
need

s
a

collid
er

to
get

d
iff

erent
valu

es
for

each
of

its
p

arents
in

at
least

tw
o

p
arent

confi
gu

rations
in

w
hich

this
p

arent
changes,w

hereas
the

other
p

arents
d

o
not.

A
ssu

m
p

tion
7

First,for
every

E
N
i

that
is

an
observed

variable
or

an
endogenous

latent
non-

collider
and

for
every

tw
o

values
p
a ′i and

p
a ′′i of

P
a
i ,M

A
V
E
N
i (p
a ′i )

,
M
A
V
E
N
i (p
a ′i ).

Second,
for

every
C
j

that
is

a
latent

collider
and

for
every

P
a
j ∈

Pa
j ,

there
are

at
least

tw
o

configu-
rations

p
a ′j

and
p

a ′′j
of
P
a
j

in
w

hich
only

the
value

of
P
a
j

is
different

and
M
A
V
C
j (p

a ′j )
,

M
A
V
C
j (p

a ′′j ).
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ea
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ir
w
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&

O
ve

rv
ie
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at
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n
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fl
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w
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ze
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B
N

p
ar
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d

M
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p
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p
er
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l
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fl

u
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ifi

c
en

d
og

en
ou

s
va
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ab
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s

to
in

fl
u

en
ce

on
al

le
nd

og
en

ou
s

va
ri

ab
le

s
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th
e

gr
ap

h.

D
efi

n
it

io
n

9
A

n
eff

ec
t

on
E
N

is
th

e
in

flu
en

ce
of

a
co

nfi
gu

ra
ti

on
ex

of
E
X

on
E
N

.
T

he
eff

ec
t

is
m

ea
su

re
d

by
a

va
lu

e
co

nfi
gu

ra
ti

on
en

of
E
N

du
e

to
ex

.
A

m
aj

or
eff

ec
t

(M
A

E)
is

th
e

la
rg

es
t

eff
ec

t
of

ex
on

E
N

an
d

a
m

in
or

eff
ec

t
(M

IE
)

is
an

y
no

n-
M

A
E

eff
ec

t
of

ex
on

E
N

.A
ls

o,
a

m
aj

or
va

lu
e

co
nfi

gu
ra

ti
on

(M
AV

)
is

th
e

co
nfi

gu
ra

ti
on

en
of

E
N

co
rr

es
po

nd
in

g
to

M
A

E
(i

.e
.,

th
e

m
os

t
pr

ob
ab

le
en

du
e

to
ex

),
an

d
a

m
in

or
va

lu
e

co
nfi

gu
ra

ti
on

is
a

co
nfi

gu
ra

ti
on

en
co

rr
es

po
nd

in
g

to
an

y
M

IE
.

[N
ot

e
th

e
d

iff
er

en
ce

be
tw

ee
n

a
m

aj
or

eff
ec

t,
M

A
E

,a
nd

a
m

aj
or

lo
ca

l
eff

ec
t,
M
A
E
E
N
i,

an
d

be
tw

ee
n

a
m

aj
or

va
lu

e
co

nfi
gu

ra
ti

on
,M

A
V

,a
nd

a
m

aj
or

lo
ca

l
va

lu
e,
M
A
V
E
N
i

(a
nd

si
m

i-
la

rl
y

fo
r

th
e

“m
in

or
s”

).]

B
as

ed
on

th
e

p
ro

of
of

P
ro

p
os

it
io

n
1,

w
e

ca
n

qu
an

ti
fy

th
e

eff
ec

t
of

ex
on

E
N

.F
or

ex
am

-
p

le
,

a
m

aj
or

eff
ec

t
of

ex
on

E
N

ca
n

be
fa

ct
or

iz
ed

ac
co

rd
in

g
to

th
e

p
ro

du
ct

of
m

aj
or

lo
ca

l
eff

ec
ts

on
E

N
(w

ei
gh

te
d

by
th

e
p

ro
du

ct
of

p
ri

or
s,
P

(E
X
i=
ex
i)

):

M
A
E

(e
x)

=
∏

E
X
i∈E

X

P
(E
X
i

=
ex
i)

∏ C
j∈

C

M
A
E
C
j
(p

aex
C
j

j
)∏ S

t∈
S

M
A
E
S
t
(p
ae
x S
t

t
)

∏

O
E
X
m
∈O

E
X

M
A
E
O
E
X
m

(e
x m

)
∏

O
C
k
∈O

C

M
A
E
O
C
k
(c

ex
C
k

k
)

∏

O
S
v
∈O

S

M
A
E
O
S
v
(s
ex
S
v

v
)=

∏

E
X
i∈E

X

P
(E
X
i

=
ex
i)

∏ C
j∈

C

m
ax
c′ j
P

(C
j

=
c′ j
|Pa

j
=

p
aex

C
j

j
)∏ S

t∈
S

m
ax
s′ t
P

(S
t

=
s′ t
|Pa

t
=
p
ae
x S
t

t
)

∏

O
E
X
m
∈O

E
X

m
ax
oe
x′ m
P

(O
E
X
m

=
oe
x′ m
|EX

m
=
ex
m

)
∏

O
C
k
∈O

C

m
ax
oc
′ kP

(O
C
k

=
oc
′ k|C

k
=
cex

C
k

k
)

∏

O
S
v
∈O

S

m
ax
os
′ vP

(O
S
v

=
os
′ v|S

v
=
se
x S
v

v
).

(4
)

A
co

nfi
gu

ra
ti

on
en

of
E

N
in

w
hi

ch
ea

ch
va

ri
ab

le
in

E
N

ta
ke

s
on

th
e

m
aj

or
lo

ca
l

va
lu

e
is

m
aj

or
or

a
M

A
V

.
A

ny
eff

ec
t

in
w

hi
ch

at
le

as
t

on
e

EN
ta

ke
s

on
a

m
in

or
lo

ca
l

eff
ec

t
is

m
in

or
,

an
d

an
y

co
nfi

gu
ra

ti
on

in
w

hi
ch

at
le

as
t

on
e

EN
ta

ke
s

on
a

m
in

or
lo

ca
l

va
lu

e
is

m
in

or
.

W
e

d
en

ot
e

th
e

se
t

of
al

l
m

in
or

eff
ec

ts
fo

r
ex

w
it

h
M
IE
S

(e
x)

(w
it

h
co

rr
es

p
on

d
en

ce
to
M
IE
S
E
N
i)

an
d

th
e

se
to

f
al

lm
in

or
co

nfi
gu

ra
ti

on
s

w
it

h
M
IV
S

(e
x)

(w
it

h
co

rr
es

p
on

d
en

ce
to
M
IV
S
E
N
i)

.
M

ot
iv

at
ed

by
L

em
m

a
1

an
d

P
ro

p
os

it
io

n
1,

w
e

ar
e

in
te

re
st

ed
in

re
p

re
se

nt
in

g
th

e
in

fl
u

-
en

ce
on

a
su

bs
et
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th

e
en

d
og

en
ou

s
va

ri
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le
s

of
th

e
su
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et
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e
ex

og
en

ou
s

va
ri
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le

s
th

at
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p
ac

t
th

es
e
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d

og
en

ou
s

va
ri
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le
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T

hi
s

p
ar

ti
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p
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M

A
E

w
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L
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r
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e
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og

en
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s
an
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st
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d

on
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th
e

d
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ce
nd

an
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th
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ar
e

aff
ec
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by
th

es
e

ex
og

en
ou

s
va

ri
ab

le
s.

To
ac

hi
ev

e
th

is
,w

e
fi

rs
t

ex
te

nd
th

e
co

nc
ep

t
of

eff
ec

t
to

th
e

co
nc

ep
t

of
p

ar
ti

al
eff

ec
t

of
sp

ec
ifi

c
ex

og
en

ou
s

va
ri

ab
le

s
an

d
th

en
qu
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ti

fy
it

.
L

at
er

,w
e

sh
al

lf
or

m
al

iz
e

al
lo

f
th

is
in

L
em

m
a

2.
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p
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n
of

la
te

nt
no

n-
co

ll
id

er
s

th
at

ar
e

li
nk

ed
to

th
ei

r
ex

og
en

ou
s

an
ce

st
or

s,
ea

ch
vi

a
a

si
ng

le
d

ir
ec

te
d

p
at

h;
an

d
(2

)
O

bs
er

ve
d

d
es

ce
nd

an
ts

in
O

C
th

at
ar

e
ch

il
d

re
n

of
la

te
nt

co
ll

id
er

s
an

d
li

nk
ed

to
th

ei
r

ex
og

en
ou

s
an

ce
st

or
s

vi
a

a
se

t
of

d
ir

ec
te

d
p

at
hs

th
ro

u
gh

th
ei

r
la

te
nt

co
ll

id
er

p
ar

en
ts

.T
hu

s,
w

e
ar

e
in

te
re

st
ed

in
:

1.
T

he
p

ar
ti

al
eff

ec
t

of
a

va
lu

e
of

ex
og

en
ou

s
an

ce
st

or
E
X
N
C
v

to
no

n-
co

ll
id

er
N
C
v

on
an

y
co

nfi
gu

ra
ti

on
of

th
e

se
t

of
va

ri
ab

le
s
{T
S
N
C
v
\E
X
N
C
v
,O
N
C
v
},w

he
re
O
N
C
v

is
an

ob
se

rv
ed

ch
il

d
of

la
te

nt
no

n-
co

ll
id

er
N
C
v
,

an
d
T
S
N
C
v

is
th

e
se

t
of

va
ri

ab
le

s
in

th
e

d
ir

ec
te

d
p

at
h

(r
ec

al
lD

efi
ni

ti
on

7)
T
N
C
v

fr
om

E
X
N
C
v

to
N
C
v
.T

he
co

rr
es

p
on

d
in

g
M
A
E
{T
S
N
C
v
\E
X
N
C
v
,O
N
C
v
}( e
x N

C
v

) an
d
M
A
V
{T
S
N
C
v
\E
X
N
C
v
,O
N
C
v
}( e
x N

C
v

) ar
e

p
ar

ti
al

m
a-

jo
r

eff
ec

t
an

d
p

ar
ti

al
m

aj
or

va
lu

e
co

nfi
gu

ra
ti

on
,r

es
p

ec
ti

ve
ly

.
Fo

r
ex

am
p

le
,w

e
m

ay
be

in
te

re
st

ed
in

th
e

p
ar

ti
al

eff
ec

t
of

a
va

lu
e

of
E
X
N
C
v

=
E
X

L
5

=
L

3
in

G
5

(F
ig

u
re

1)
on
{T
S
N
C
v
\E
X
N
C
v
,O
N
C
v
}=
{T
S

L
5
\L

3,
X

13
}=
{L

4,
L

5,
X

13
}.

N
ot

e
th

at
w

e
u

se
he

re
th

e
no

ta
ti

on
N
C
v

si
nc

e
w

e
ar

e
in

te
re

st
ed

in
bo

th
ex

og
en

ou
s

an
d

en
d

og
en

ou
s

la
te

nt
no

n-
co

ll
id

er
s.

W
he

n
w

e
ar

e
in

te
re

st
ed

in
th

e
p

ar
ti

al
eff

ec
t

on
an

ob
se

rv
ed

va
ri

ab
le

in
O

E
X

,i
ts

ex
og

en
ou

s
an

ce
st

or
(w

hi
ch

is
al

so
it

s
d

ir
ec

tp
ar

en
t)

is
al

so
th

e
la

te
nt

no
n-

co
ll

id
er

,N
C
v
,a

nd
th

e
eff

ec
t

is
no

t
m

ea
su

re
d

on
an

y
ot

he
r

va
ri

ab
le

bu
t

th
is

ob
se

rv
ed

va
ri

ab
le

.T
hi

s
is

C
as

e
1,

w
hi

ch
is

an
al

yz
ed

be
lo

w
;

2.
T

he
p

ar
ti

al
eff

ec
to

fa
co

nfi
gu

ra
ti

on
of

ex
og

en
ou

s
va

ri
ab

le
s

E
X
C
k

to
co

ll
id

er
C
k

on
an

y
co

nfi
gu

ra
ti

on
of

th
e

se
t

of
va

ri
ab

le
s
{T

S C
k
\E

X
C
k
,O
C
k
},

w
he

re
O
C
k

is
an

ob
se

rv
ed

ch
il

d
of

la
te

nt
co

ll
id

er
C
k
,

4
an

d
T

S C
k

is
th

e
se

t
of

va
ri

ab
le

s
in

th
e

se
t

of
d

ir
ec

te
d

p
at

hs
T
C
k

fr
om

E
X
C
k

to
C
k
.T

he
co

rr
es

p
on

d
in

g
M
A
E
{T

S C
k
\E

X
C
k
,O
C
k
}( ex

C
k

) an
d

M
A
V
{T

S C
k
\E

X
C
k
,O
C
k
}( ex

C
k

)
ar

e
p

ar
ti

al
m

aj
or

eff
ec

t
an

d
p

ar
ti

al
m

aj
or

va
lu

e
co

nfi
g-

u
ra

ti
on

,
re

sp
ec

ti
ve

ly
.

Fo
r

ex
am

p
le

,
w

e
m

ay
be

in
te

re
st

ed
in

th
e

p
ar

ti
al

eff
ec

t
of

a
co

nfi
gu

ra
ti

on
of

E
X
C
k

=
E

X
L

4
=
{L

1,
L

5}
in

G
6

(F
ig

u
re

1)
on
{T

S C
k
\E

X
C
k
,O
C
k
}=

{{{
L

1,
L

2,
L

3,
L

4}\
{L

1},
{L

5}\
{L

5}}
,X

11
}=
{L

2,
L

3,
L

4,
X

11
}.

T
hi

s
is

C
as

e
2,

w
hi

ch
is

an
a-

ly
ze

d
be

lo
w

.

4
T

hr
ou

gh
ou

tt
he

p
ap

er
,w

e
u

se
a

ch
il

d
in

d
ex

al
so

fo
r

it
s

p
ar

en
t,

e.
g.

,O
C
k
’s

p
ar

en
ti

s
C
k
,a

lt
ho

u
gh

ge
ne

ra
ll

y,
w

e
u

se
th

e
in

d
ex
j

fo
r

a
co

ll
id

er
,s

u
ch

as
C
j.
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L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
T
h
eory

&
O
verview

Follow
ing,

w
e

p
rovid

e
d

etailed
d

escrip
tions

for
these

p
artial

eff
ects

and
p

artial
val-

u
es

for
observed

child
ren

of
latent

non-collid
ers

(C
ase

1)
and

observed
child

ren
of

latent
collid

ers
(C

ase
2)

and
form

alize
their

p
rop

erties
in

P
rop

ositions
3–7

to
set

the
stage

for
L

em
m

a
2.

C
ase

1:O
bserved

children
oflatentnon-colliders

If
the

latent
non-collid

er
N
C
v

is
exogenou

s,N
C
v

=
E
X
v

and
O
N
C
v =
O
E
X
v ,then,

{T
S
N
C
v \E

X
N
C
v ,O

N
C
v }=

O
E
X
v .

T
hu

s,the
p

artialeff
ect

is
sim

p
ly

the
localeff

ect,and
the

p
artialm

ajor
eff

ect
is

the
m

ajor
localeff

ect
M
A
E
O
E
X
v (ex

v ).
If

the
latent

non-collid
er
N
C
v

is
end

ogenou
s,then

N
C
v

=
S
v

and
O
N
C
v =
O
S
v .

T
hen,all

variables
in
{T
S
S
v \E

X
S
v ,O

S
v }

are
d

-sep
arated

by
E
X
S
v

from
E

X\E
X
S
v .

For
exam

p
le,{L

4,
L

5,
X

13}
in

G
5

(Figu
re

1)
are

d
-sep

arated
by

L
3

from
L

2
and

its
child

ren.
T

hu
s,the

eff
ect

of
ex

on
the

joint
p

robability
d

istribu
tion

(3)
can

be
factored

to
the:

a)
joint

p
robability

over
E

X
=

ex;
b)

cond
itional

p
robabilities

of
the

infl
u

enced
variables

along
a

sp
ecifi

c
d

irected
p

ath
that

end
s

at
O
S
v

on
E
X
S
v

=
ex
S
v

(note
that

the
valu

e
ex
S
t for

all
S
t ∈
T
S
S
v

is
the

sam
e

becau
se
E
X
S
t =

E
X
v

is
the

sam
e

exogenou
s

ancestor
of

all
latent

non-collid
ers

on
the

p
ath

to
S
v );and

c)
cond

itional
p

robabilities
of

allthe
rem

aining
variables

in
the

grap
h

on
E

X
=

ex:

P
(V|E

X
=

ex)=
P

(E
X

=
ex)P

({T
S
S
v \E

X
S
v ,O

S
v }|E

X
S
v

=
ex
S
v )

P
(V\{T

S
S
v \E

X
S
v ,O

S
v }|E

X
=

ex)
(5)

in
w

hich
the

second
factor

corresp
ond

s
to

the
p

artial
eff

ect
of
E
X
S
v

=
ex
S
v

on
T
S
S
v \E

X
S
v

(the
latentnon-collid

ers
on

the
p

ath
from

E
X
S
v

to
S
v )and

S
v ’s

observed
child

,O
S
v ,and

the
third

factor
corresp

ond
s

to
the

infl
u

ence
of

E
X

=
ex

on
all

the
other

(latent
and

observed
)

variables
in

the
grap

h.
W

e
can

w
rite

the
second

factor
d

escribing
the

p
artial

eff
ect

of
the

valu
e
ex
S
v

on
the

valu
es

of
the

variables
T
S
S
v \E

X
S
v

in
the

d
irected

p
ath

from
E
X
S
v

to
O
S
v

(inclu
d

ing)as:

P
({T

S
S
v \E

X
S
v ,O

S
v }|E

X
S
v

=
ex
S
v )=

∏

S
t ∈{T

S
S
v \E

X
S
v } P

(S
t =

st |P
a
t =

p
a
ex
S
t

t
)P

(O
S
v

=
osv |S

v
=
s ex

S
v

v
)

(6)

T
he

p
artial

m
ajor

eff
ect

in
(4)

for
this

d
irected

p
ath

can
be

w
ritten

as
(note

again
that

ex
S
t =

ex
S
v ):

M
A
E{T

S
S
v \E

X
S
v ,O

S
v } (ex

S
v )=

M
A
E{T

S
S
v \E

X
S
v } (ex

S
v )·M

A
E
O
S
v (s ex

S
v

v
)=

∏

S
t ∈{T

S
S
v \E

X
S
v } M

A
E
S
t (p
a
ex
S
v

t
)·M

A
E
O
S
v (s ex

S
v

v
)

(7)

P
rop

osition
3

T
he
M
A
V
{T
S
N
C
v \E

X
N
C
v ,O

N
C
v } (ex

N
C
v )

corresponding
to

M
A
E{T

S
N
C
v \E

X
N
C
v ,O

N
C
v } (ex

N
C
v )

is
a

certain
value

configuration
for

each
certain

value
ex
N
C
v .

(N
ote

that
here

w
e

u
se

the
notation

N
C
v

rather
than

S
v

since
the

p
rop

osition
ap

p
lies

to
both

exogenou
s

and
end

ogenou
s

latent
non-collid

ers.)
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A
sbeh

an
d
L
ern

er

P
rop

osition
4

A
llcorresponding

values
in
M
A
V
{T
S
N
C
v \E

X
N
C
v ,O

N
C
v } (ex ′N

C
v )

and

M
A
V
{T
S
N
C
v \E

X
N
C
v ,O

N
C
v } (ex ′′N

C
v ),for

tw
o

values
ex ′N

C
v

and
ex ′′N

C
v

of
E
X
N
C
v ,are

different.

(H
ere

also
w

e
u

se
the

notation
N
C
v ,since

the
p

rop
osition

ap
p

lies
to

both
exogenou

s
and

end
ogenou

s
latent

non-collid
ers.)

So
far,w

e
have

analyzed
the

im
p

act
of

an
exogenou

s
variable

on
a

latent
non-collid

er
by

“p
rop

agating”
the

exogenou
s

(sou
rce)

im
p

act
along

the
p

ath
to

the
latent

non-collid
er

(sink).
P

rop
ositions

3
and

4,resp
ectively,gu

arantee
that

a
certain

valu
e

of
the

exogenou
s

variable
is

resp
onsible

for
a

certain
valu

e
of

the
latent

non-collid
er

and
d

iff
erent

valu
es

of
the

exogenou
s

are
echoed

throu
gh

d
iff

erent
valu

es
of

the
latent

non-collid
er.

P
rop

osition
4

is
based

on
the

corresp
ond

ence
betw

een
changes

in
valu

es
of

a
latent

non-collid
er

and
changes

in
valu

es
ofits

p
arent;a

corresp
ond

ence
thatis

gu
aranteed

by
A

ssu
m

p
tion

7
(fi

rst
p

art).P
rop

ositions
3

and
4,resp

ectively,ensu
re

the
existence

and
u

niqu
eness

of
the

valu
e

a
latent

non-collid
er

gets
u

nd
er

the
infl

u
ence

of
an

exogenou
s

ancestor;one
(P

rop
osition

3)
and

only
one

(P
rop

osition
4)

valu
e

of
the

latent
non-collid

er
changes

w
ith

a
change

in
the

valu
e

of
the

exogenou
s.W

e
form

alize
this

in
the

follow
ing

P
rop

osition
5.

P
rop

osition
5
E
X
N
C
v

changes
values

(i.e.,
has

tw
o

values
ex ′N

C
v

and
ex ′′N

C
v )

if
and

only
if

N
C
v

changes
values

in
the

tw
o

corresponding
m

ajor
value

configurations:
M
A
V
{T
S
N
C
v \E

X
N
C
v ,O

N
C
v } (ex ′N

C
v )

and
M
A
V
{T
S
N
C
v \E

X
N
C
v ,O

N
C
v } (ex ′′N

C
v ).

C
ase

2:O
bserved

children
oflatentcolliders

In
the

case
of

an
observed

variable
O
C
k

that
is

a
child

of
a

latent
collid

er
C
k ,allvariables

in
{T

S
C
k \E

X
C
k ,O

C
k }

are
d

-sep
arated

by
E

X
C
k

from
E

X\E
X
C
k .

T
hu

s,
the

eff
ect

of
ex

on
the

joint
p

robability
d

istribu
tion

(3)
can

be
factored

(sim
ilarly

to
C

ase
1)

to
the:

a)
joint

p
robability

over
E

X
=

ex;
b)

cond
itional

p
robabilities

of
the

infl
u

enced
variables

along
all

d
irected

p
aths

that
end

at
O
C
k

on
E

X
C
k

=
ex
C
k (note

that
all

variables
along

each
d

irected
p

ath
T
C
k

are
infl

u
enced

by
the

sam
e
ex
C
k );

and
c)

cond
itional

p
robabilities

of
all

the
re-

m
aining

variables
in

the
grap

h
on

E
X

=
ex:

P
(V|E

X
=

ex)=
P

(E
X

=
ex)P

({T
S
C
k \E

X
C
k ,O

C
k }|E

X
C
k

=
ex
C
k )

P
(V\{T

S
C
k \E

X
C
k ,O

C
k }|E

X
=

ex)
(8)

in
w

hich
the

second
factor

corresp
ond

s
to

the
p

artial
eff

ect
on{T

S
C
k \E

X
C
k ,O

C
k }

of
E

X
C
k ,

and
the

third
factor

corresp
ond

s
to

the
p

artialeff
ect

on
allvariables

other
than

{T
S
C
k \E

X
C
k ,O

C
k }.

W
e

can
d

ecom
p

ose
the

second
factor

into
a

p
rodu

ct
of:

a)
a

p
rodu

ct
over

all
d

irected
p

aths
into

C
k

of
a

p
rodu

ct
of

p
artial

eff
ects

over
all

variables
(exclu

d
ing

C
k )in

su
ch

a
p

ath;b)the
p

artialeff
ect

on
C
k ;and

c)the
p

artialeff
ect

on
its

child
O
C
k :

P
({T

S
C
k \E

X
C
k ,O

C
k }|E

X
C
k

=
ex
C
k )=

∏

T
S
C
k ∈T

S
C
k

∏

S
t ∈
T
S
C
k \{E

X
C
k ,C

k } P
(S
t =

st |P
a
t =

p
a
ex
C
k

t
)P

(C
k

=
c
k |Pa

k
=

p
a

ex
C
k

k
)P

(O
C
k

=
oc
k |C

k
=
c ex

C
k

k
).

(9)
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L
ea

rn
in
g
by

Pa
ir
w
is
e
C
lu

st
er

C
om

pa
ri
so
n
−T

h
eo

ry
&

O
ve

rv
ie
w

T
hi

s
fa

ct
or

ca
n

be
re

w
ri

tt
en

as
:

P
({T

S C
k
\E

X
C
k
,O
C
k
}|E

X
C
k

=
ex
C
k
)=

∏

T
S
C
k
∈T

S C
k

P
({T

S
C
k
\E
X
C
k
,C
k
}|E
X
C
k

=
ex
C
k
)P

(C
k

=
c k
|Pa

k
=

p
aex

C
k

k
)P

(O
C
k

=
oc
k
|C
k

=
cex

C
k

k
). (1
0)

It
re

fl
ec

ts
th

e
p

ar
ti

al
eff

ec
ts

of
a

co
nfi

gu
ra

ti
on

ex
C
k

on
th

e
va

lu
es

of
th

e
va

ri
ab

le
s

in
{T

S C
k
\E

X
C
k
}

an
d

th
e

va
lu

es
C
k

an
d
O
C
k

ge
t,

an
d

th
u

s
th

e
p

ar
ti

al
m

aj
or

eff
ec

t
of

th
e

se
co

nd
fa

ct
or

ca
n

be
re

p
re

se
nt

ed
as

:

M
A
E
{T

S C
k
\E

X
C
k
,O
C
k
}(e

x C
k
)=

∏

T
S
C
k
∈T

S C
k

M
A
E
{T
S
C
k
\E
X
C
k
,C
k
}(e
x C

k
)M
A
E
C
k
(p

aex
C
k

k
)M
A
E
O
C
k
(c

ex
C
k

k
).

(1
1)

P
ro

p
os

it
io

n
6

T
he
M
A
V
{T

S C
k
\E

X
C
k
,O
C
k
}( ex

C
k

) co
rr

es
po

nd
in

g
to
M
A
E
{T

S C
k
\E

X
C
k
,O
C
k
}( ex

C
k

) is
a

ce
rt

ai
n

va
lu

e
co

nfi
gu

ra
ti

on
fo

r
ea

ch
ce

rt
ai

n
va

lu
e

co
nfi

gu
ra

ti
on

ex
C
k
.

W
e

w
is

h
to

ap
p

ly
th

e
sa

m
e

m
ec

ha
ni

sm
as

in
C

as
e

1
to

an
al

yz
e

th
e

im
p

ac
t

of
m

or
e

th
an

a
si

ng
le

ex
og

en
ou

s
an

ce
st

or
on

a
la

te
nt

co
ll

id
er

,b
u

t
he

re
th

e
im

p
ac

t
is

p
ro

p
ag

at
ed

to
w

ar
d

th
e

co
ll

id
er

al
on

g
m

or
e

th
an

a
si

ng
le

p
at

h.
To

ac
co

m
p

li
sh

th
is

,t
he

fo
ll

ow
in

g
P

ro
p

os
it

io
n

7
an

al
yz

es
th

e
eff

ec
to

n
a

co
ll

id
er

of
ea

ch
of

it
s

ex
og

en
ou

s
an

ce
st

or
s

by
co

ns
id

er
in

g
th

e
eff

ec
t

of
su

ch
an

ex
og

en
ou

s
on

th
e

co
rr

es
p

on
d

in
g

co
ll

id
er

’s
p

ar
en

t
(u

si
ng

P
ro

p
os

it
io

n
5,

si
m

il
ar

to
C

as
e

1
fo

r
a

la
te

nt
no

n-
co

ll
id

er
)

an
d

th
en

th
e

eff
ec

t
of

th
is

p
ar

en
t

on
th

e
co

ll
id

er
it

se
lf

(u
si

ng
th

e
se

co
nd

p
ar

t
of

A
ss

u
m

p
ti

on
7)

.

P
ro

p
os

it
io

n
7

Fo
r

ev
er

y
ex

og
en

ou
s

an
ce

st
or
E
X
C
k
∈E

X
C
k

of
a

la
te

nt
co

lli
de

r
C
k
,t

he
re

ar
e

at
le

as
t

tw
o

co
nfi

gu
ra

ti
on

s
ex
′ C k

an
d

ex
′′ C k

of
E

X
C
k

in
w

hi
ch

on
ly
E
X
C
k
of

al
lE

X
C
k

ch
an

ge
s

va
lu

es

w
he

n
C
k

ch
an

ge
sv

al
ue

si
n

th
e

tw
o

co
rr

es
po

nd
in

g
m

aj
or

va
lu

e
co

nfi
gu

ra
ti

on
sM

A
V
{T

S C
k
\E

X
C
k
,O
C
k
}( ex

′ C k
)

an
d
M
A
V
{T

S C
k
\E

X
C
k
,O
C
k
}( ex

′′ C k
) .

L
em

m
a

2
1.

A
la

te
nt

no
n-

co
lli

de
r
N
C
v

an
d

it
s

ob
se

rv
ed

ch
ild

O
N
C
v
,b

ot
h

de
sc

en
da

nt
s

of
an

ex
og

en
ou

s
va

ri
ab

le
E
X
N
C
v
,c

ha
ng

e
th

ei
r

va
lu

es
in

an
y

tw
o

m
aj

or
co

nfi
gu

-
ra

ti
on

s
if

an
d

on
ly

if
E
X
N
C
v

ha
s

ch
an

ge
d

it
s

va
lu

e
in

th
e

co
rr

es
po

nd
in

g
tw

o
co

nfi
gu

ra
ti

on
s

of
E
X

.

2.
A

la
te

nt
co

lli
de

r
C
k

an
d

it
s

ob
se

rv
ed

ch
ild

O
C
k
,

bo
th

de
sc

en
da

nt
s

of
a

se
t

of
ex

og
en

ou
sv

ar
ia

bl
es

E
X
C
k
,c

ha
ng

e
th

ei
r

va
lu

es
in

an
y

tw
o

m
aj

or
co

nfi
gu

ra
ti

on
s

on
ly

if
at

le
as

to
ne

of
th

e
ex

og
en

ou
s

va
ri

ab
le

s
in

E
X
C
k

ha
s

ch
an

ge
d

it
s

va
lu

e
in

th
e

co
rr

es
po

nd
in

g
tw

o
co

nfi
gu

ra
ti

on
s

of
E
X

.

3.
3

P
C

C
b

y
cl

u
st

er
in

g
ob

se
rv

at
io

n
al

d
at

a

P
ra

ct
ic

al
ly

,
w

e
u

se
ob

se
rv

at
io

na
l

d
at

a
th

at
w

er
e

ge
ne

ra
te

d
fr

om
an

u
nk

no
w

n
LV

M
an

d
m

ea
su

re
d

ov
er

th
e

ob
se

rv
ed

va
ri

ab
le

s.
P

ro
p

os
it

io
n

1
sh

ow
ed

u
s

th
at

ea
ch

co
nfi

gu
ra

ti
on
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A
sb
eh

an
d
L
er

n
er

of
ob

se
rv

ed
va

ri
ab

le
s

(w
hi

ch
is

p
ar

t
of

a
co

nfi
gu

ra
ti

on
of

th
e

en
d

og
en

ou
s

va
ri

ab
le

s)
an

d
th

ei
r

jo
in

t
p

ro
ba

bi
li

ty
is

a
re

su
lt

of
th

e
as

si
gn

m
en

t
of

a
co

nfi
gu

ra
ti

on
ex

to
th

e
ex

og
en

ou
s

va
ri

ab
le

s
E

X
.T

he
re

fo
re

,w
e

d
efi

ne
:

D
efi

n
it

io
n

11
A

n
ob

se
rv

ed
va

lu
e

co
nfi

gu
ra

ti
on

,
ob

se
rv

ed
m

aj
or

va
lu

e
co

nfi
gu

ra
ti

on
,

an
d

ob
-

se
rv

ed
m

in
or

va
lu

e
co

nfi
gu

ra
ti

on
du

e
to

ex
ar

e
th

e
pa

rt
s

in
en

,M
AV

,a
nd

a
m

in
or

va
lu

e
co

nfi
g-

ur
at

io
n,

re
sp

ec
ti

ve
ly

,t
ha

tc
or

re
sp

on
d

to
th

e
ob

se
rv

ed
va

ri
ab

le
s.

T
he

fo
ll

ow
in

g
tw

o
p

ro
p

os
it

io
ns

fo
rm

al
iz

e
th

e
re

la
ti

on
sh

ip
s

be
tw

ee
n

th
e

ob
se

rv
ed

m
a-

jo
r

va
lu

e
co

nfi
gu

ra
ti

on
s

an
d

th
e

se
t

of
p

os
si

bl
e

ex
.

P
ro

p
os

it
io

n
8

T
he

re
is

on
ly

a
si

ng
le

ob
se

rv
ed

m
aj

or
va

lu
e

co
nfi

gu
ra

ti
on

to
ea

ch
ex

og
en

ou
s

co
nfi

gu
ra

ti
on

ex
of

E
X

.

P
ro

of
B

as
ed

on
L

em
m

a
2,

d
iff

er
en

t
ob

se
rv

ed
m

aj
or

va
lu

e
co

nfi
gu

ra
ti

on
s

ca
n

be
ob

ta
in

ed
if

an
d

on
ly

if
th

er
e

is
m

or
e

th
an

a
si

ng
le

ex
og

en
ou

s
co

nfi
gu

ra
ti

on
ex

of
E

X
.T

hu
s,

an
ex

-
og

en
ou

s
co

nfi
gu

ra
ti

on
ex

ca
n

on
ly

le
ad

to
a

si
ng

le
ob

se
rv

ed
m

aj
or

va
lu

e
co

nfi
gu

ra
ti

on
.

P
ro

p
os

it
io

n
9

T
he

re
ar

e
di
ffe

re
nt

ob
se

rv
ed

m
aj

or
va

lu
e

co
nfi

gu
ra

ti
on

s
to

di
ffe

re
nt

ex
og

en
ou

s
co

nfi
gu

ra
ti

on
s

ex
s.

P
ro

of
A

ss
u

m
e

fo
r

th
e

sa
ke

of
co

nt
ra

d
ic

ti
on

th
at

tw
o

d
iff

er
en

tv
al

u
e

co
nfi

gu
ra

ti
on

s
ex

1
an

d
ex

2
le

d
to

th
e

sa
m

e
ob

se
rv

ed
m

aj
or

va
lu

e
co

nfi
gu

ra
ti

on
.

B
ec

au
se

th
e

tw
o

co
nfi

gu
ra

ti
on

s
ar

e
d

iff
er

en
t,

th
er

e
is

at
le

as
t

on
e

ex
og

en
ou

s
va

ri
ab

le
E
X
′ t

ha
t

ha
s

d
iff

er
en

t
va

lu
es

in
ex

1
an

d
ex

2
.S

in
ce

ba
se

d
on

A
ss

u
m

p
ti

on
4,
E
X
′ h

as
at

le
as

tt
w

o
ob

se
rv

ed
ch

il
d

re
n,

th
en

,b
as

ed
on

A
ss

u
m

p
ti

on
7,

ea
ch

of
th

es
e

ch
il

d
re

n
ha

s
d

iff
er

en
t

va
lu

es
in

th
e

tw
o

ob
se

rv
ed

m
aj

or
va

lu
e

co
nfi

gu
ra

ti
on

s
du

e
to

th
e

d
iff

er
en

t
va

lu
e

of
E
X
′ i

n
ex

1
an

d
ex

2
.

T
hi

s
is

co
nt

ra
ry

to
ou

r
as

su
m

p
ti

on
th

at
th

er
e

is
on

ly
on

e
ob

se
rv

ed
m

aj
or

va
lu

e
co

nfi
gu

ra
ti

on
.

D
u

e
to

th
e

p
ro

ba
bi

li
st

ic
na

tu
re

of
B

N
,e

ac
h

ob
se

rv
ed

va
lu

e
co

nfi
gu

ra
ti

on
du

e
to

ex
m

ay
be

re
p

re
se

nt
ed

by
se

ve
ra

l
d

at
a

p
oi

nt
s.

C
lu

st
er

in
g

th
es

e
d

at
a

p
oi

nt
s

m
ay

p
ro

du
ce

se
ve

ra
l

cl
u

st
er

s
fo

r
ea

ch
ex

an
d

ea
ch

cl
u

st
er

co
rr

es
p

on
d

s
to

an
ot

he
r

ob
se

rv
ed

va
lu

e
co

nfi
gu

ra
ti

on
.

B
as

ed
on

P
ro

p
os

it
io

ns
8

an
d

9,
on

e
an

d
on

ly
on

e
of

th
e

cl
u

st
er

s
co

rr
es

p
on

d
s

to
ea

ch
of

th
e

ob
se

rv
ed

m
aj

or
va

lu
e

co
nfi

gu
ra

ti
on

s,
w

he
re

as
th

e
ot

he
r

cl
u

st
er

s
co

rr
es

p
on

d
to

ob
se

rv
ed

m
in

or
va

lu
e

co
nfi

gu
ra

ti
on

s.
W

e
d

is
ti

ng
u

is
h

be
tw

ee
n

th
es

e
cl

u
st

er
s

u
si

ng
D

efi
ni

ti
on

12
.

D
efi

n
it

io
n

12
T

he
si

ng
le

cl
us

te
r

th
at

co
rr

es
po

nd
s

to
th

e
ob

se
rv

ed
m

aj
or

va
lu

e
co

nfi
gu

ra
ti

on
,

an
d

th
us

al
so

re
pr

es
en

ts
th

e
m

aj
or

eff
ec

t
M
A
E

( e
x)

du
e

to
co

nfi
gu

ra
ti

on
ex

of
E

X
,i

s
th

e
m

aj
or

cl
us

te
r

fo
r

ex
,

an
d

al
l

th
e

cl
us

te
rs

th
at

co
rr

es
po

nd
to

th
e

ob
se

rv
ed

m
in

or
va

lu
e

co
nfi

gu
ra

ti
on

s
du

e
to

m
in

or
eff

ec
ts

in
M
IE
S

( e
x)

ar
e

m
in

or
cl

us
te

rs
.

To
re

so
lv

e
be

tw
ee

n
d

iff
er

en
t

ty
p

es
of

m
in

or
eff

ec
ts

/c
lu

st
er

s,
w

e
m

ak
e

tw
o

d
efi

ni
ti

on
s.

D
efi

n
it

io
n

13
A

k-
or

de
r

m
in

or
eff

ec
ti

s
a

m
in

or
eff

ec
ti

n
w

hi
ch

ex
ac

tl
y

k
en

do
ge

no
us

va
ri

ab
le

s
in

E
N

co
rr

es
po

nd
to

m
in

or
lo

ca
l

eff
ec

ts
.

A
n

en
co

rr
es

po
nd

in
g

to
a

k-
or

de
r

m
in

or
eff

ec
t

is
a

k-
or

de
r

m
in

or
va

lu
e

co
nfi

gu
ra

ti
on

.

18
JM

L
R

 1
7(

22
4)

:1
-5

2



L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
T
h
eory

&
O
verview

D
efi

n
ition

14
M

inor
clusters

that
correspond

to
k-order

m
inor

effects
are

k-order
m

inor
clus-

ters.B
ased

on
P

rop
osition

9
and

D
efi

nition
12,the

set
of

all
m

ajor
clu

sters
(corresp

ond
ing

to
all

observed
m

ajor
valu

e
confi

gu
rations)

refl
ects

the
eff

ect
of

all
p

ossible
exs,and

thu
s

the
nu

m
ber

of
m

ajor
clu

sters
is

exp
ected

to
be

equ
al

to
the

nu
m

ber
of

E
X

confi
gu

rations.
T

herefore,
the

id
entifi

cation
of

all
m

ajor
clu

sters
is

a
key

to
the

d
iscovery

of
exogenou

s
variables

and
their

cau
sal

interrelations.
For

this
p

u
rp

ose,
w

e
introdu

ce
the

concep
t

of
pairw

ise
clustercom

parison
(P

C
C

).P
C

C
m

easu
res

the
d

iff
erences

betw
een

tw
o

clu
sters;each

rep
resents

the
resp

onse
of

LV
M

to
another

ex.

D
efi

n
ition

15
Pairw

ise
cluster

com
parison

is
a

procedure
by

w
hich

pairs
of

clusters
are

com
-

pared,for
exam

ple
through

a
com

parison
oftheir

centroids.T
he

resultofPC
C

betw
een

a
pair

of
cluster

centroids
of

dim
ension|O|,w

here
O

is
the

set
of

observed
variables,can

be
represented

by
a

binary
vector

ofsize|O|in
w

hich
each

elem
entis

1
or

0
depending,respectively,on

w
hether

or
notthere

is
a

difference
betw

een
the

corresponding
elem

ents
in

the
com

pared
centroids.

W
hen

P
C

C
is

betw
een

clu
sters

thatrep
resentobserved

m
ajor

valu
e

confi
gu

rations
(i.e.,

P
C

C
betw

een
m

ajor
clu

sters),
an

elem
ent

of
1

id
entifi

es
an

observed
variable

that
has

changed
its

valu
e

betw
een

the
com

p
ared

clu
sters

du
e

to
a

change
in

ex.
T

hu
s,the

1s
in

a
m

ajor–m
ajor

P
C

C
p

rovid
e

evid
ence

of
cau

salrelationship
s

betw
een

E
X

and
O

.P
ractically,

L
P

C
C

alw
ays

id
entifi

es
all

observed
variables

that
are

rep
resented

by
1s

together
in

all
P

C
C

s
as

the
observed

d
escend

ants
of

the
sam

e
exogenou

s
variable

(Section
4.1).H

ow
ever,

du
e

to
the

p
robabilistic

natu
re

of
B

N
and

the
existence

of
end

ogenou
s

latents
(m

ed
iating

the
connections

from
E

X
to

O
),som

e
of

the
clu

sters
are

k-ord
er

m
inor

clu
sters

(in
d

iff
er-

ent
ord

ers),
rep

resenting
k-ord

er
m

inor
confi

gu
rations/eff

ects.
M

inor
clu

sters
are

m
ore

d
iffi

cu
lt

to
id

entify
than

m
ajor

clu
sters

becau
se

the
latter

refl
ect

the
m

ajor
eff

ects
of

E
X

on
E

N
and

,
therefore,

are
consid

erably
m

ore
p

op
u

lated
by

d
ata

p
oints

than
the

form
er.

N
evertheless,

m
inor

clu
sters

are
im

p
ortant

in
cau

sal
d

iscovery
by

L
P

C
C

even
thou

gh
a

m
ajor–m

inor
P

C
C

cannot
tell

the
eff

ect
of

E
X

on
E

N
becau

se
an

observed
variable

in
tw

o
com

p
ared

(m
ajor

and
m

inor)clu
sters

shou
ld

not
necessarily

change
its

valu
e

as
a

resu
lt

of
a

change
in

ex.
T

heir
im

p
ortance

is
becau

se
a

m
ajor

clu
ster,w

hich
is

a
zero-ord

er
m

inor
valu

e
confi

gu
ration

and
thu

s
has

zero
m

inor
valu

es,cannotind
icate

(w
hen

com
p

ared
w

ith
another

m
ajor

clu
ster)the

existence
of

m
inor

valu
es.O

n
the

contrary,P
C

C
betw

een
m

ajor
and

m
inor

clu
sters

show
s

(throu
gh

the
nu

m
ber

of
1s)

the
nu

m
ber

of
m

inor
valu

es
rep

re-
sented

in
the

m
inor

clu
ster,and

this
is

exp
loited

by
L

P
C

C
for

id
entifying

the
end

ogenou
s

latents
and

interrelations
am

ong
them

(Section
4.4).

T
hat

is,P
C

C
is

the
sou

rce
to

id
entify

cau
salrelationship

s
in

the
u

nknow
n

LV
M

;m
ajor–m

ajor
P

C
C

s
are

u
sed

for
id

entifying
the

exogenou
s

variables
and

their
d

escend
ants,and

m
ajor–m

inor
P

C
C

s
are

u
sed

for
id

entify-
ing

the
end

ogenou
s

latents,their
interrelations,and

their
observed

child
ren.

4.O
verview

of
th

e
L

P
C

C
con

cep
t 5

L
et

u
s

d
em

onstrate
the

relations
betw

een
clu

stering
resu

lts
and

learning
an

LV
M

u
sing

L
P

C
C

throu
gh

an
exam

p
le.G

1
in

Figu
re

1
show

s
a

m
od

elhaving
tw

o
exogenou

s
variables,

5P
relim

inary
versions

of
the

P
C

C
concep

t
and

L
P

C
C

algorithm
are

given
in

A
sbeh

and
L

erner
(2012).
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A
sbeh

an
d
L
ern

er

L
1

and
L

2,each
having

three
child

ren
X

1,X
2,X

3
and

X
4,X

5,X
6,resp

ectively.
6

For
the

exam
p

le,letu
s

assu
m

e
thatallvariables

are
binary,

7
i.e.,L

1
and

L
2

have
fou

r
p

ossible
exs

(L
1L

2=
00,01,10,11).

First,w
e

generated
a

synthetic
d

ata
set

of
1,000

p
atterns

from
G

1
over

the
six

observed
variables.W

e
u

sed
a

u
niform

d
istribu

tion
over

L
1

and
L

2
and

setthe
p

robabilities
of

an
observed

child
,X

i ,i=
1,...,6,given

its
latent

p
arent,L

k ,k
=

1,2
(only

if
L
k

is
a

d
irect

p
arent

of
X
i ,e.g.,L

1
and

X
1),to

be
P

(X
i =

v| L
k

=
v )=

0.8,v
=

0,1.
Second

,
u

sing
the

self-organizing
m

ap
(SO

M
)(K

ohonen,1997),w
e

clu
stered

the
d

ata
setand

fou
nd

16
clu

sters,of
w

hich
fou

r
w

ere
m

ajor
(see

Section
4.3

for
d

etails
on

how
to

id
entify

m
ajor

clu
sters).

T
his

m
eets

ou
r

exp
ectation

of
fou

r
m

ajor
clu

sters
corresp

ond
ing

to
the

fou
r

p
ossible

exs.T
hese

clu
sters

are
p

resented
in

Table
1a

by
their

centroid
s,w

hich
are

the
m

ost
p

revalent
p

atterns
in

the
clu

sters,
and

in
Table

1b
by

their
P

C
C

s.
For

exam
p

le,PC
C

1,2,
com

p
aring

clu
sters

C
1

and
C

2,
show

s
that

w
hen

m
oving

from
C

1
to

C
2,

only
the

valu
es

corresp
ond

ing
to

variables
X

1,X
2,and

X
3

have
been

changed
(i.e.,

δX
1

=
δX

2
=
δX

3
=

1
in

Table
1b).L

em
m

a
2

gu
arantees

that
the

three
variables

are
d

escend
ants

of
the

sam
e

EX
that

changed
its

valu
e

betw
een

tw
o

exs
rep

resented
by

C
1

and
C

2.
PC

C
1,4,PC

C
2,3,and

PC
C

3,4
reinforce

this
conclu

sion.
Ind

eed
,w

e
know

from
the

tru
e

grap
h,G

1,that
this

EX
is

latent
L

1.
A

sim
ilar

conclu
sion

can
be

d
edu

ced
abou

t
X

4,X
5,and

X
6

as
d

escend
ants

of
an

exogenou
s

latent,w
hich

w
e

know
,based

on
the

tru
e

grap
h,is

L
2.

C
en

troid
X

1
X

2
X

3
X

4
X

5
X

6
C

1
0

0
0

1
1

1
C

2
1

1
1

1
1

1
C

3
0

0
0

0
0

0
C

4
1

1
1

0
0

0

P
C

C
δX

1
δX

2
δX

3
δX

4
δX

5
δX

6
PC

C
1,2

1
1

1
0

0
0

PC
C

1,3
0

0
0

1
1

1
PC

C
1,4

1
1

1
1

1
1

PC
C

2,3
1

1
1

1
1

1
PC

C
2,4

0
0

0
1

1
1

PC
C

3,4
1

1
1

0
0

0

(a)
(b)

Table
1:(a)C

entroid
s

of
m

ajor
clu

sters
for

G
1

and
(b)P

C
C

s
betw

een
these

m
ajor

clu
sters

L
P

C
C

is
fed

by
d

ata
thatis

sam
p

led
from

the
observed

variables
in

the
u

nknow
n

m
od

el.
L

P
C

C
clu

sters
the

d
ata

u
sing

SO
M

(althou
gh

any
other

clu
stering

algorithm
is

good
as

w
ell),and

selects
an

initial
set

of
m

ajor
clu

sters
(Section

4.3).
T

hen,L
P

C
C

learns
LV

M
in

tw
o

stages.
In

the
fi

rst
stage,

L
P

C
C

fi
rst

id
entifi

es
exogenou

s
latent

variables
and

latent
collid

ers
(w

ithou
td

istingu
ishing

them
yet)and

their
corresp

ond
ing

observed
d

escend
ants

(Section
4.1)before

d
istingu

ishing
them

(Section
4.2).L

P
C

C
iteratively

im
p

roves
the

selec-
tion

of
the

m
ajor

clu
sters

(Section
4.3),and

the
entire

stage
is

rep
eated

u
ntilconvergence.

In
the

second
stage,L

P
C

C
id

entifi
es

end
ogenou

s
latent

non-collid
ers

w
ith

their
child

ren.
B

ecau
se

this
stage

cannot
d

istingu
ish

from
the

ou
tset

betw
een

latent
non-collid

ers
and

their
latent

ancestors,L
P

C
C

also
need

s
to

ap
p

ly
a

m
echanism

to
sp

lit
these

tw
o

typ
es

of
latentvariables

from
each

other
and

to
fi

nd
the

links
betw

een
them

after
the

sp
lit(Section

4.4).A
fl

ow
chart

of
the

L
P

C
C

algorithm
is

given
in

Figu
re

2.

6W
e

rem
ind

that
w

e
d

eterm
ined

three
ind

icators
p

er
latent

in
alltru

e
m

od
els

w
e

d
em

onstrate
their

learn-
ing

(Figu
re

1)becau
se

B
P

C
requ

ires
three

ind
icators

p
er

latent
to

id
entify

that
latent;w

hich
m

akes
the

exp
er-

im
entalevalu

ation
w

e
d

id
in

Part
II

of
the

p
ap

er
fair.

7T
his

is
only

for
d

em
onstration

p
u

rp
oses.

Part
II

of
the

p
ap

er
show

s
evalu

ation
resu

lts
also

for
ternary

latent
variables

and
observed

variables
of

d
iff

erent
d

im
ensions.
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ep
.

Fo
r

th
is

th
eo

re
m

,
w

e
al

so
ne

ed
D

efi
ni

ti
on

17
of

eq
u

iv
al

en
ce

re
la

ti
on

/c
la

ss
es

fr
om

se
t

th
eo

ry
an

d
L

em
m

a
3,

w
hi

ch
is

im
p

or
ta

nt
by

it
se

lf
an

d
fo

r
be

tt
er

u
nd

er
st

an
d

in
g

of
L

P
C

C
,b

u
t

al
so

fo
r

p
ro

vi
ng

T
he

or
em

1.

D
efi

n
it

io
n

17
A

gi
ve

n
bi

na
ry

re
la

ti
on

(i
.e

.,
be

tw
ee

n
tw

o
el

em
en

ts
)
∼

on
a

se
t
A

is
sa

id
to

be
an

eq
ui

va
le

nc
e

re
la

ti
on

if
an

d
on

ly
if

it
is

re
fle

xi
ve

(a
∼

a)
,s

ym
m

et
ri

c
(i

fa
∼

b
th

en
b
∼

a)
,a

nd
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L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
T
h
eory

&
O
verview

transitive
(ifa∼

b
and

b∼
c,then

a∼
c)

for
alla,b,and

c
in

A
.T

he
equivalence

class
ofa

under
∼

,denoted
[a],is

defined
as:[ a] ={b∈

A
| b
z
a}(Enderton,1977).

N
ote

that
every

tw
o

equ
ivalence

classes
are

either
equ

al
or

d
isjoint.

T
herefore,

the
set

of
all

equ
ivalence

classes
of

A
form

s
a

p
artition

of
A

;every
elem

ent
of

A
belongs

to
one

and
only

one
equ

ivalence
class.

It
follow

s
from

the
p

rop
erties

of
an

equ
ivalence

relation
that:a∼

b
if

and
only

if
[a]=

[b].
T

he
follow

ing
L

em
m

a
3

is
im

p
ortant

since
it

show
s

that
each

M
SO

is
an

equ
ivalence

class,and
thu

s
M

SO
s

corresp
ond

ing
to

the
learned

latents
are

d
isjoint.

A
t

this
stage,L

P
C

C
learns

a
set

of
at

least
tw

o
observed

variables
corresp

ond
ing

to
a

sp
ecifi

c
M

SO
for

each
latentw

here
none

ofthe
observed

variables
is

shared
w

ith
other

M
SO

s
for

other
latents;in

other
w

ord
s,a

p
u

re
m

easu
rem

ent
m

od
el.

L
em

m
a

3
T

he
relation

“alw
ays

changes
together

w
ith”

on
the

set
O

of
all

observed
variables,

such
as

“variable
O
i ∈O

alw
ays

changes
together

w
ith

variable
O
j ∈O

in
each

PC
C

in
w

hich
either

O
i or

O
j

has
changed”

is
an

equivalence
relation.

Each
equivalence

class
for

this
relation

com
prises

an
M
SO

.

P
roof

A
ll

three
cond

itions
that

are
requ

ired
for

a
binary

relation
to

becom
e

equ
ivalence

are
m

et:

1.
O
i alw

ays
changes

w
ith

O
i (trivial).

2.
If
O
i alw

ays
changes

w
ith

O
j ,then

O
j

alw
ays

changes
w

ith
O
i .

3.
If
O
i alw

ays
changes

w
ith

O
j ,and

O
j alw

ays
changes

w
ith

O
k ,then

O
i alw

ays
changes

w
ith

O
k .

T
hu

s,the
set

of
observed

variables
in

a
m

od
el

can
be

rep
resented

by
a

set
of

equ
ivalence

classes
for

this
relation,w

here
each

equ
ivalence

class
inclu

d
es

all
the

variables
that

have
the

sam
e

equ
ivalence

relation,su
ch

as
an

M
SO

.

T
h

eorem
1

Variablesofa
particular

M
SO

are
children

ofa
particular

exogenouslatentvariable
EX

or
its

latentnon-collider
descendantor

children
ofa

particular
latentcollider

C
.

N
ote

thatT
heorem

1
gu

arantees
thateach

ofm
u

ltip
le

latentvariables
(either

an
exogenou

s
or

any
ofits

non-collid
er

d
escend

ants
or

a
collid

er)is
id

entifi
ed

by
its

ow
n

M
SO

,regard
less

of
the

latent
card

inality.

4.2
D

istin
gu

ish
in

g
laten

t
collid

er
variab

les

A
fter

id
entifying

the
exogenou

s
latents

and
latentcollid

ers
together

(Section
4.1),w

e
need

now
to

sep
arate

them
.

To
d

em
onstrate

ou
r

concep
t

for
d

istingu
ishing

latent
collid

ers,w
e

u
se

grap
h

G
2

in
Figu

re
1,

w
hich

show
s

tw
o

exogenou
s

latent
variables,

L
1

and
L

3,
that

collid
e

in
one

end
ogenou

s
latent

variable,
L

2.
W

e
assu

m
e

that
all

latent
variables

are
binary,

8
and

each
has

three
binary

observed
child

ren
X

1,X
2,and

X
3

(L
1),X

4,X
5,and

X
6

8See
footnote

7.
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A
sbeh

an
d
L
ern

er

(L
2),and

X
7,X

8,and
X

9
(L

3).
H

aving
tw

o
exogenou

s
binary

variables,w
e

exp
ect

to
fi

nd
fou

r
m

ajor
clu

sters
in

the
d

ata
generated

from
G

2.
E

ach
clu

ster
w

illcorresp
ond

to
one

of
the

fou
r

p
ossible

exs
(L

1L
3=

00,01,10,11).
In

this
case,as

for
G

1
that

w
as

analyzed
in

the
introdu

ction
to

Section
4,w

e
exp

ect
the

valu
es

of
X

1,X
2,and

X
3

to
change

together
in

allthe
P

C
C

s
follow

ing
a

change
in

the
valu

e
of

L
1

,and
the

valu
es

of
X

7,X
8,and

X
9

to
change

together
in

allthe
P

C
C

s
follow

ing
a

change
in

the
valu

e
ofL

3.H
ow

ever,the
valu

es
of

X
4,X

5,and
X

6
w

ill
change

together
w

ith
those

of
X

1,X
2,and

X
3

in
p

art
of

the
P

C
C

s
and

together
w

ith
those

of
X

7,X
8,and

X
9

in
the

rem
aining

P
C

C
s,bu

t
alw

ays
together

in
all

of
the

P
C

C
s.

T
his

w
ill

be
evid

ence
that

X
4,

X
5,

and
X

6
are

d
escend

ants
of

the
sam

e
latent

variable
(L

2,as
w

e
know

),w
hich

is
a

collid
er

of
L

1
and

L
3.

So
far,

L
P

C
C

learned
latent

variables
bu

t
cou

ld
not

d
istingu

ish
betw

een
exogenou

s
latents

and
latent

collid
ers

(learning
latent

non-collid
ers

w
illbe

d
escribed

in
Section

4.4).
To

learn
that

an
alread

y
learned

latent
variable

L
is

a
collid

er
for

a
set

of
other

alread
y

learned
(exogenou

s)
latent

ancestor
variables

L
A⊂

E
X

,L
P

C
C

requ
ires

that:
(1)

T
he

valu
es

of
the

child
ren

ofL
w

illchange
w

ith
the

valu
es

of
d

escend
ants

of
d

iff
erentlatentvariables

in
L

A
in

d
iff

erent
p

arts
of

m
ajor–m

ajor
P

C
C

s;and
(2)

T
he

valu
es

of
the

child
ren

of
L

w
ill

not
change

in
any

P
C

C
u

nless
the

valu
es

of
d

escend
ants

of
at

least
one

of
the

variables
in

L
A

change.T
his

insu
res

thatL
d

oes
not

change
ind

ep
end

ently
of

latents
in

L
A

that
are

L’s
ancestors.W

e
form

alize
this

id
entifi

cation
step

in
T

heorem
2:

T
h

eorem
2

A
latentvariable

L
is

a
collider

ofa
setoflatentancestors

L
A⊂

E
X

only
if:

1.
T

he
values

ofthe
children

ofL
change

in
different

parts
ofsom

e
m

ajor–m
ajor

PC
C

s
each

tim
e

w
ith

the
values

ofdescendants
ofanother

latentancestor
in

L
A

;and

2.
T

he
values

ofthe
children

ofL
do

notchange
in

any
PC

C
unless

the
values

ofdescendants
ofatleastone

ofthe
variables

in
L
A

change
too.

4.3
Strategy

for
ch

oosin
g

m
ajor

clu
sters

In
this

p
roblem

of
u

nsu
p

ervised
id

entifi
cation

of
latent

variables
given

only
observational

d
ata,L

P
C

C
has

to
d

ealw
ith

a
lack

of
p

rior
inform

ation
regard

ing
the

d
istribu

tion
of

each
latent

variable.T
herefore,in

its
fi

rst
iteration,L

P
C

C
assu

m
es

a
u

niform
d

istribu
tion

over
the

latents
and

selects
the

m
ajor

clu
sters

based
only

on
clu

ster
size,w

hich
is

the
nu

m
ber

of
p

atterns
clu

stered
by

the
clu

ster.
C

lu
sters

that
are

larger
than

the
average

clu
ster

size
are

selected
as

m
ajors.

H
ow

ever,
this

initial
selection

m
ay

generate
false

negative
errors

(i.e.,d
ecid

ing
a

m
ajor

clu
ster

is
m

inor).
T

his
m

ay
hap

p
en

w
hen

a
latent

variable
L

has
a

skew
ed

d
istribu

tion
over

its
valu

es
du

e
to

a
low

p
robability

of
L

to
take

on
any

of
its

rare
valu

es.
T

hen,
the

valu
e

confi
gu

ration
ex

for
w

hich
L=
v,

w
here

v
is

a
rare

valu
e,

w
ill

be
rep

resented
only

by
sm

all
clu

sters
that

cou
ld

not
be

chosen
as

m
ajors,

althou
gh

at
least

one
of

them
shou

ld
be

m
ajor

in
rep

resenting
v.

In
ad

d
ition,the

initialselection
m

ay
p

erform
a

false
p

ositive
error

(i.e.,d
ecid

ing
a

m
i-

nor
clu

ster
is

m
ajor),e.g.,as

a
resu

lt
of

a
very

w
eak

infl
u

ence
of

L
on

any
of

its
child

ren
(observed

variables)
X
i .

In
the

d
iscrete

case,
this

w
eak

infl
u

ence
can

be
rep

resented
as

(alm
ost)

equ
al

cond
itional

p
robabilities

of
an

observed
variable

to
take

on
tw

o
d

iff
erent

valu
es
v

1 ,
v

2
given

the
sam

e
valu

e
v

of
its

latent
p

arent,
P

(X
i =
v

1 | L=
v )�

P
(X

i =
v

2 | L=
v ).

T
his

m
ay

lead
to

sp
litting

a
d

ata
clu

ster
that

rep
resents

a
confi

gu
ration

in
w

hich
L=
v

into
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L
ea

rn
in
g
by

Pa
ir
w
is
e
C
lu

st
er

C
om

pa
ri
so
n
−T

h
eo

ry
&

O
ve

rv
ie
w

tw
o

cl
u

st
er

s
w

it
h

al
m

os
t

th
e

sa
m

e
si

ze
,

an
d

,
w

he
n

en
ou

gh
sa

m
p

le
s

ex
is

t
in

bo
th

cl
u

s-
te

rs
,

ac
ce

p
ti

ng
bo

th
as

m
aj

or
cl

u
st

er
s

in
st

ea
d

of
on

ly
on

e.
Fo

r
ex

am
p

le
,

co
ns

id
er

G
1

in
Fi

gu
re

1,
w

he
re

al
l

th
e

va
ri

ab
le

s
ar

e
bi

na
ry

.
Su

p
p

os
e

th
at
P

( X
2

=
0
|L

1
=

0)
=

0.
6

an
d

P
( X

2
=

1
|L

1
=

0)
=

0.
4.

T
hi

s
m

ay
sp

li
tt

he
cl

u
st

er
re

p
re

se
nt

in
g

th
e

co
nfi

gu
ra

ti
on

L
1L

2=
00

in
to

tw
o

cl
u

st
er

s;
in

th
e

fi
rs

t
cl

u
st

er
X

2
=

0
an

d
in

th
e

se
co

nd
cl

u
st

er
X

2
=

1.
D

u
e

to
th

e
si

m
il

ar
p

ro
ba

bi
li

ti
es

,b
ot

h
cl

u
st

er
s

m
ay

ha
ve

ap
p

ro
xi

m
at

el
y

th
e

sa
m

e
si

ze
,a

nd
if

en
ou

gh
sa

m
p

le
s

ex
is

t
fo

r
L

1L
2=

00
th

es
e

tw
o

cl
u

st
er

s
m

ay
be

la
rg

er
th

an
th

e
av

er
ag

e
cl

u
st

er
si

ze
.

T
he

re
fo

re
,b

ot
h

m
ay

be
ac

ce
p

te
d

as
m

aj
or

cl
u

st
er

s
in

th
e

in
it

ia
ls

el
ec

ti
on

.R
ec

al
lt

ha
t

ea
ch

ex
sh

ou
ld

be
re

p
re

se
nt

ed
by

a
si

ng
le

m
aj

or
cl

u
st

er
,

w
hi

ch
is

th
e

cl
u

st
er

th
at

re
fl

ec
ts

th
e

m
aj

or
eff

ec
t

of
ex

on
th

e
ob

se
rv

ed
va

ri
ab

le
s.

In
th

e
ex

am
p

le
,

on
ly

th
e

cl
u

st
er

in
w

hi
ch

X
2

=
0

sh
ou

ld
be

a
m

aj
or

cl
u

st
er

,b
u

t
du

e
to

th
e

si
m

il
ar

p
ro

ba
bi

li
ti

es
a

fa
ls

e
p

os
it

iv
e

er
ro

r
co

u
ld

oc
cu

r
by

al
so

ac
ce

p
ti

ng
th

e
cl

u
st

er
in

w
hi

ch
X

2
=

1
as

m
aj

or
.

To
av

oi
d

th
es

e
p

os
si

bl
e

er
ro

rs
du

e
to

sk
ew

ed
d

at
a

an
d

ci
rc

u
m

st
an

ce
s

th
at

u
nd

er
m

in
e

id
en

ti
fi

ab
il

it
y,

L
P

C
C

d
ec

id
es

on
m

aj
or

cl
u

st
er

s
it

er
at

iv
el

y.
A

ft
er

le
ar

ni
ng

a
gr

ap
h

ba
se

d
on

th
e

in
it

ia
ls

el
ec

ti
on

of
m

aj
or

cl
u

st
er

s
ba

se
d

on
th

ei
r

si
ze

s,
it

be
co

m
es

p
os

si
bl

e
to

le
ar

n
th

e
ca

rd
in

al
it

ie
s

of
th

e
la

te
nt

va
ri

ab
le

s
an

d
co

ns
eq

u
en

tl
y

to
fi

nd
al

lp
os

si
bl

e
ex

s
(S

ec
ti

on
4.

1)
.

T
he

n,
fo

r
ea

ch
ex

,w
e

ca
n

se
le

ct
th

e
m

os
t

p
ro

ba
bl

e
cl

u
st

er
gi

ve
n

th
e

d
at

a
an

d
u

se
it

as
an

u
p

d
at

e
to

th
e

m
aj

or
cl

u
st

er
th

at
re

p
re

se
nt

s
th

is
ex

.
U

si
ng

an
E

M
-s

ty
le

p
ro

ce
du

re
(D

em
p

-
st

er
et

al
.,

19
77

),
th

e
se

t
of

m
aj

or
cl

u
st

er
s

ca
n

be
u

p
d

at
ed

it
er

at
iv

el
y

an
d

p
ro

ba
bi

li
st

ic
al

ly
an

d
au

gm
en

t
L

P
C

C
to

le
ar

n
m

or
e

ac
cu

ra
te

gr
ap

hs
(s

ee
Se

ct
io

n
2.

1
in

Pa
rt

II
fo

r
m

or
e

d
e-

ta
il

s)
.T

hi
s

p
ro

ce
ss

ca
n

be
re

p
ea

te
d

u
nt

il
co

nv
er

ge
nc

e
to

a
fi

na
lg

ra
p

h
(F

ig
u

re
2)

.S
in

ce
th

e
fi

na
l

gr
ap

h
d

ep
en

d
s

on
th

e
in

it
ia

l
gr

ap
h,

th
e

it
er

at
iv

e
ap

p
ro

ac
h

ca
nn

ot
gu

ar
an

te
e

fi
nd

in
g

th
e

op
ti

m
al

m
od

el
,b

u
t

on
ly

im
p

ro
vi

ng
th

e
in

it
ia

lg
ra

p
h.

4.
4

Id
en

ti
fi

ca
ti

on
of

la
te

n
t

n
on

-c
ol

li
d

er
va

ri
ab

le
s

So
fa

r
(S

ec
ti

on
4.

1)
,b

as
ed

on
m

aj
or

–m
aj

or
P

C
C

s,
al

l
th

e
en

d
og

en
ou

s
la

te
nt

no
n-

co
ll

id
er

s
th

at
ar

e
d

es
ce

nd
an

ts
of

an
ex

og
en

ou
s

va
ri

ab
le

EX
w

er
e

te
m

p
or

ar
il

y
co

m
bi

ne
d

w
it

h
EX

,
an

d
al

l
th

e
ob

se
rv

ed
ch

il
d

re
n

of
th

es
e

la
te

nt
no

n-
co

ll
id

er
s

w
er

e
te

m
p

or
ar

il
y

co
m

bi
ne

d
w

it
h

th
e

d
ir

ec
t

ch
il

d
re

n
of

EX
.T

hu
s,

to
id

en
ti

fy
la

te
nt

no
n-

co
ll

id
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p
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p
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L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
T
h
eory

&
O
verview

latent
non-collid

er
d

escend
ant

of
EX

.T
hu

s,P
C

C
s

betw
een

1-M
C

s
and

m
ajor

clu
sters

that
show

a
change

in
the

valu
es

of
tw

o
or

m
ore

observed
variables

p
rovid

e
evid

ence
of

the
ex-

istence
of

an
N

C
that

shou
ld

be
sp

lit
from

its
exogenou

s
ancestor.

Follow
ing,w

e
d
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how

L
P

C
C

fi
nd

s
the

set
of

1-M
C

s.
T

hen,
w

e
elaborate

w
hy

and
how

the
analysis

of
the

P
C

C
s

betw
een

1-M
C

s
and

m
ajor

clu
sters

is
u

sed
to

id
entify

and
sp

lit
latent

non-collid
ers

from
their

exogenou
s

ancestor.
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0
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0
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0
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ll2S-P
C

C
s

for
G

3
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nd
the

set
of

1-M
C

s,
L

P
C

C
fi

rst
calcu

lates
a

threshold
on

the
m

axim
al

size
of

2-ord
er

m
inor

clu
sters

(2-M
C

s).
T

his
threshold

rep
resents

the
m

axim
al

size
of

a
m

inor
clu

ster
that

corresp
ond

s
to

a
2-ord

er
m

inor
valu

e
confi

gu
ration,i.e.,a

m
inor

clu
ster

that
rep

resents
exactly

tw
o

end
ogenou

s
variables

in
E

N
thathave

m
inor

valu
es

(D
efi

nition
13).

T
his

threshold
is

an
ap

p
roxim

ation
for

the
m

axim
alp

robability
of

having
m

inor
valu

es
as

a
resp

onse
to

any
ex

in
exactly

tw
o

d
escend

ants
of

EX
,w

here
all

other
d

escend
ants

of
EX

in
E

N
have

m
ajor

valu
es.

T
his

ap
p

roxim
ation

is
d

erived
from

the
p

rodu
ct

of
the

m
axim

al
m

inor
localeff

ects
(D

efi
nition

B
.1

in
A

p
p

end
ix

B
)of

tw
o

observed
d

escend
ants

of
EX

and
the

m
axim

al
m

ajor
local

eff
ects

(D
efi

nition
B

.1)
of

the
other

observed
d

escend
ants

in
E

N
(A

p
p

end
ix

B
).T

hu
s,

the
sizes

of
all

1-M
C

s
lie

betw
een

the
m

axim
al

size
of

a
2-M

C
(i.e.,

the
threshold

)
and

the
m

inim
al

size
of

a
m

ajor
clu

ster
(note

that
a

m
ajor

clu
ster

is
also

a
zero-ord

er
m

inor
clu

ster
corresp

ond
ing

to
a

zero-ord
er

m
inor

valu
e

confi
gu

ration).
For

exam
p

le,based
on

the
analysis

above,C
2

is
the

m
inim

alm
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clu
ster
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learning

G
3,and

all
the

fi
fteen

clu
sters

(Table
2)
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aller
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C

2
and
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the
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(calcu
lated
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11),i.e.,C

3-C
17,are

1-M
C

s.
N

ote
that

this
p

rocedu
re

is
sep

arately
ap

p
lied

to
each

E
X∈E

X
.

T
hat

is,for
each

E
X

,there
is

a
d

iff
erent

set
of

1-M
C

s,each
rep

resenting
a

single
m

inor
valu

e
of

a
d

escend
ant

of
EX

and
u

sed
to

id
entify

this
d

escend
ant,w
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the

other
d

escend
ants

of
EX

have
m

ajor
valu

es.
R

ecallthat
every

1-M
C

corresp
ond

s
to

a
1-ord

er
m

inor
valu

e
confi

gu
ration
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du
e

to
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a
single

m
inor

valu
e
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O
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er
N

C
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w
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O
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N

C
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d
escend

ants
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E
N
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m
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A
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an
d
L
ern

er
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tw

o
cases

is
that

in
the

form
er,the

m
inor

valu
e

in
O

is
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ected
only

in
this

valu
e,

w
hereas

in
the

latter,
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m
inor

valu
e

in
N

C
m

ay
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the

valu
es

of
all

d
escend

ant
la-

tents
of

N
C
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w
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of
all

the
d

irect
child

ren
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variables)
of

N
C

and
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d
escend

ant
latents.

A
m
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e
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O
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the

p
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e
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a
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e
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O
’s

d
irect

p
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that
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m
axim

al
p
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for
another

valu
e
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valu
e)cond

itioned
on

the
sam

e
valu

e
of

O
’s

d
irect

p
arent.

T
his

hap
p

ens
for

each
valu

e
of

the
d

irect
p

arent
and

d
oes

not
requ

ire
a

change
in

EX
to

hap
p

en.
From

d
efi

nition,a
m

inor
valu

e
in

O
in

a
1-ord

er
m

inor
valu

e
confi

gu
ration

can
only

hap
p

en
w

hen
all

EX
’s

d
escend

ants,
excep

t
O

,obtain
m

ajor
valu

es.
A

lthou
gh

the
m

echanism
of

obtaining
a

m
inor

valu
e

in
a

latent
d

escend
ant

N
C

of
EX

is
sim

ilar
to

that
in

O
,the

im
p

act
of

su
ch

a
m

inor
valu

e
is

not
locally

restricted
to

N
C

,as
for

O
,bu

titsim
u

ltaneou
sly

aff
ects

allthe
d

escend
ants

(latentand
observed

)ofN
C

,
w

hich
again,from

d
efi

nition,obtain
m

ajor
valu

es.
W

e
are

only
interested

in
the

second
case

of
m

inor
valu

es
ofN

C
,becau

se
their

id
entifi

-
cation

help
s

sp
lit

this
N

C
from

its
ancestor

EX
to

w
hich

it
w

as
initially

com
bined

(Section
4.1).

Since
the

observed
variables

in
both

cases
are

am
ong

EX
’s

d
escend

ants,w
hich

w
ere

alread
y

u
sed

to
id

entify
EX

,it
is

a
challenge

to
d

istingu
ish

betw
een

them
.

Follow
ing,w

e
analyze

1-M
C

s
to

id
entify

these
tw

o
cases

and
concentrate

on
the

second
case.

C
ase

1:A
m

inor
value

ofan
observed

variable
W

hen
com

p
aring,for

a
sp

ecifi
c

EX
,tw

o
centroid

s
–

one
of

a
m

ajor
clu

ster
and

the
other

of
a

1-M
C

that
corresp

ond
s

to
an

observed
m

inor
valu

e
confi

gu
ration

(D
efi

nition
11)

in
w

hich
an

observed
variable

O
,w

hich
is

a
d

escend
ant

of
EX

,has
a

m
inor

valu
e

–
w

e
can

observe
that

w
hen:

1.
EX

changes
valu

es
betw

een
tw

o
exs

that
corresp

ond
to

the
com

p
ared

clu
sters,

all
observed

d
escend

ants
of

EX
,excep

t
O

,change
valu

es
together,

and
w

hen

2.
EX

d
oes

not
change

valu
es

betw
een

tw
o

exs
that

corresp
ond

to
the

com
p

ared
clu

s-
ters,the

only
observed

d
escend

ant
of

EX
that

changes
valu

e
is

O
.

T
hu

s,
a

P
C

C
–

betw
een

the
centroid

of
su

ch
1-M

C
and

a
centroid

of
any

of
the

m
ajor

clu
sters

–
thatshow

s
the

sam
e

valu
e

for
allbu

tone
(i.e.,O

)of
the

observed
d

escend
ants

of
EX

(i.e.,either
1

ifEX
changes

valu
es

in
the

corresp
ond

ing
exs

or
0

ifitd
oes

not)id
entifi

es
a

m
inor

valu
e

in
O

.For
exam

p
le,in

Table
3,PC

C
1,3

and
PC

C
2,3

of
C

3,w
hich

is
a

1-M
C

,
w

ith
the

tw
o

m
ajor

clu
sters

C
1

and
C

2
(Table

2)show
the

set
of

observed
variables

X
1–X

8
that

either
d

o
or

d
o

not
change

valu
es

together,w
hereas

the
single

observed
variable

X
9

acts
contrariw

ise.T
his

is
evid

ence
thatC

3
is

a
1-M

C
du

e
to

exactly
a

single
m

inor
valu

e
of

an
observed

variable
d

escend
ent(X

9)of
L

1
in

G
3.Su

ch
an

analysis
help

s
L

P
C

C
ignore,on

the
one

hand
,observed

d
escend

ants
of

L
1

that
cannot

refl
ect

m
inor

valu
es

in
L

1’s
latent

(non-collid
er)

d
escend

ants,and
focu

s,on
the

other
hand

,on
the

latent
d

escend
ants

that
shou

ld
be

sp
lit

from
L

1,as
p

art
of

C
ase

2.
C

ase
2:A

m
inor

value
ofa

latentnon-collider
T

he
m

inor
valu

e
of

a
latent

non-collid
er

N
C

,w
hich

is
a

d
escend

ent
of

EX
,can

be
refl

ected
only

via
the

valu
es

of
its

observed
d

escend
ants

in
an

observed
m

inor
valu

e
confi

gu
ration

that
is

rep
resented

by
a

certain
1-M

C
.

B
y

d
efi

nition,
all

of
these

observed
d

escend
ants
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to
ok

w
he

n
N

C
ha

d
a

m
aj

or
va

lu
e.

Si
nc

e
th

e
tw

o
va

lu
e

co
nfi

gu
ra

ti
on

s
ar

e
re

p
re

se
nt

ed
in

tw
o

co
rr

es
p

on
d

in
g

cl
u

st
er

s
–

a
m

aj
or

cl
u

st
er

an
d

a
2S

-M
C

fo
r

N
C

–
th

e
si

gn
at

u
re

of
N

C
ca

n
u

ni
qu

el
y

be
d

et
ec

te
d

by
co

m
p

ar
in

g
th

e
tw

o
cl

u
st

er
s

u
si

ng
2S

-P
C

C
.10

L
em

m
a

4
sh

ow
s

th
at

it
is

p
os

si
bl

e
to

id
en

ti
fy

N
C

be
ca

u
se

:
1)

E
ve

n
w

he
n

EX
le

ad
s

to
m

aj
or

va
lu

es
in

al
lN

C
’s

an
ce

st
or

s
(a

nd
in

m
os

tc
as

es
al

so
in

N
C

),
N

C
ca

n
st

il
lt

ak
e

a
m

in
or

va
lu

e;
an

d
2)

ev
en

w
he

n
EX

ch
an

ge
s

va
lu

es
,l

ea
d

in
g

al
lN

C
’s

an
ce

st
or

s
to

ch
an

ge
va

lu
es

as
w

el
l,

N
C

ca
n

st
il

l
ke

ep
th

e
sa

m
e

(m
in

or
)

va
lu

e.
T

he
re

by
,

m
in

or
va

lu
e

co
nfi

gu
ra

ti
on

s
fo

r
N

C
d

em
on

st
ra

te
it

s
au

to
no

m
y,

en
ab

li
ng

it
s

id
en

ti
fi

ca
ti

on
an

d
it

s
sp

li
t

fr
om

EX
.

L
em

m
a

4
Le

t
a

la
te

nt
no

n-
co

lli
de

r
N

C
be

a
de

sc
en

da
nt

of
an

ex
og

en
ou

s
la

te
nt

va
ri

ab
le

EX
.

2S
-P

C
C

is
a

PC
C

be
tw

ee
n

a
“t

w
o-

se
t”

fir
st

-o
rd

er
m

in
or

cl
us

te
r

2S
-M

C
du

e
to

a
m

in
or

va
lu

e
in

N
C

an
d

a
m

aj
or

cl
us

te
r

th
at

id
en

ti
fie

d
EX

.e
x′

an
d

ex
′′

ar
e

tw
o

va
lu

e
co

nfi
gu

ra
ti

on
s

of
E
X

th
at

co
rr

es
po

nd
to

th
e

co
m

pa
re

d
cl

us
te

rs
by

2S
-P

C
C

.W
he

n:

1.
EX

do
es

no
tc

ha
ng

e
va

lu
es

be
tw

ee
n

ex
′ a

nd
ex
′′ ,

al
lt

he
el

em
en

ts
in

2S
-P

C
C

co
rr

es
po

nd
in

g
to

th
e

ob
se

rv
ed

de
sc

en
da

nt
s

of
th

e
la

te
nt

an
ce

st
or

s
of

N
C

(i
nc

lu
di

ng
EX

)
sh

ow
no

ch
an

ge
(i

.e
.,

ar
e

0)
,w

he
re

as
th

e
el

em
en

ts
co

rr
es

po
nd

in
g

to
th

e
ob

se
rv

ed
de

sc
en

da
nt

s
of

N
C

sh
ow

a
ch

an
ge

(i
.e

.,
ar

e
1)

,

an
d

w
he

n

2.
EX

ch
an

ge
s

va
lu

es
be

tw
ee

n
ex
′ a

nd
ex
′′ ,

al
lt

he
el

em
en

ts
in

2S
-P

C
C

co
rr

es
po

nd
in

g
to

th
e

ob
se

rv
ed

de
sc

en
da

nt
s

of
th

e
la

te
nt

an
ce

st
or

s
of

N
C

(i
nc

lu
di

ng
EX

)
sh

ow
a

ch
an

ge
(i

.e
.,

ar
e

1)
,w

he
re

as
th

e
el

em
en

ts
co

rr
es

po
nd

in
g

to
th

e
ob

se
rv

ed
de

sc
en

da
nt

s
of

N
C

sh
ow

no
ch

an
ge

(i
.e

.,
ar

e
0)

.
9

A
ll

ot
he

r
fi

rs
t-

or
d

er
m

in
or

va
lu

e
co

nfi
gu

ra
ti

on
s

(d
u

e
to

ot
he

r
la

te
nt

va
ri

ab
le

s,
w

hi
ch

ar
e

al
so

E
X

’s
d

e-
sc

en
d

an
ts

)o
r

k-
or

d
er

m
in

or
va

lu
e

co
nfi

gu
ra

ti
on

s
(D

efi
ni

ti
on

13
)d

u
e

to
E

X
ar

e
ir

re
le

va
nt

to
th

e
id

en
ti

fi
ca

ti
on

of
N

C
,a

lt
ho

u
gh

th
e

fo
rm

er
–

as
w

il
lb

e
sh

ow
n

in
T

he
or

em
3

–
p

la
y

a
ro

le
in

d
et

er
m

in
in

g
th

e
d

ir
ec

t
ob

se
rv

ed
ch

il
d

re
n

of
N

C
am

on
g

it
s

ob
se

rv
ed

d
es

ce
nd

an
ts

.
10

A
ny

2S
-P

C
C

,w
hi

ch
is

d
et

ec
te

d
fo

r
E

X
,w

il
l

p
oi

nt
to

th
e

N
C

th
at

co
rr

es
p

on
d

s
to

th
e

2S
-M

C
th

at
is

co
m

-
p

ar
ed

by
th

is
2S

-P
C

C
.
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L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
T
h
eory

&
O
verview

B
efore

m
oving

to
T

heorem
3,let

u
s

illu
strate

the
tw

o
cases

d
iscu

ssed
in

L
em

m
a

4
for

G
3.

T
he

“EX
d

oes
not

change
valu

es
betw

een
ex ′

and
ex ′′”

case
can

be
d

em
onstrated

,
for

exam
p

le,w
hen

com
p

aring
C

1
and

C
6

(Table
2).

In
resp

onse
to

EX
(=

L
1)=

1,N
C

’s
(L

3)
p

arent(L
2)takes

a
m

ajor
valu

e
of

1
in

both
the

valu
e

confi
gu

rations
of

the
latentvariables

in
resp

onse
to

ex ′=
ex ′′. 11

A
lso,

L
3

takes
a

m
ajor

valu
e

of
1

in
the

confi
gu

ration
that

is
rep

resented
by

C
1,

w
hich

is
one

of
the

tw
o

m
ajor

clu
sters.

B
u

t,
L

3,
in

resp
onse

to
the

sam
e

confi
gu

ration
of

its
latent

ancestors
(L

1
and

L
2),

takes
a

m
inor

valu
e

of
0

in
the

valu
e

confi
gu

ration
that

is
rep

resented
by

the
2S-M

C
C

6.
B

y
com

p
aring

C
1

and
C

6,
the

corresp
ond

ing
2S-P

C
C

(i.e.,PC
C

1,6;see
Table

4)show
s

tw
o

sets
ofelem

ents:the
fi

rstof0s
thatcorresp

ond
to

the
observed

variables
X

1–X
6,w

hich
d

o
notchange

valu
es

betw
een

the
clu

sters,and
the

second
of

1s
that

corresp
ond

to
X

7–X
9,w

hich
d

o
change

valu
es

betw
een

the
clu

sters.T
his

is
the

evid
ence

w
e

are
looking

for
that

is
need

ed
to

id
entify

L
3.

T
he

“EX
changes

valu
es

betw
een

ex ′and
ex ′′”

case
can

be
d

em
onstrated

,for
exam

p
le,

w
hen

com
p

aring
C

1
and

C
9

(Table
2).

In
resp

onse
to

EX
(=

L
1)=

1
and

EX
(=

L
1)=

0,
N

C
’s

(L
3)

p
arent

(L
2)

takes
a

m
ajor

valu
e

of
1

in
resp

onse
to

L
1=

1
and

a
m

ajor
valu

e
of

0
in

resp
onse

to
L

1=
0.

In
the

fi
rst

instance,
L

3
takes

a
m

ajor
valu

e
of

1
to

create
the

m
ajor

confi
gu

ration
that

is
rep

resented
by

C
1,

and
in

the
second

instance,
L

3
takes

a
m

inor
valu

e
of

1
in

the
valu

e
confi

gu
ration

that
is

rep
resented

by
the

2S-M
C

C
9

(and
althou

gh
the

fi
rst

valu
e

is
m

ajor
and

second
is

m
inor,

they
are

both
1).

B
y

com
p

aring
C

1
and

C
9,

the
corresp

ond
ing

2S-P
C

C
show

s
tw

o
sets

of
elem

ents,
the

fi
rst

of
1s

that
corresp

ond
to

the
observed

variables
X

1–X
6,w

hich
changed

valu
es

betw
een

the
clu

sters,and
the

second
of

0s
that

corresp
ond

to
X

7–X
9,w

hich
d

id
not

change
valu

es
betw

een
the

clu
sters.T

his
is

ad
d

itional
su

p
p

ort
of

the
existence

of
L

3.
H

ow
ever,relying

only
on

p
art

of
the

2S-P
C

C
s

m
ay

be
inad

equ
ate

to
conclu

d
e

on
all

p
ossible

sp
lits.

For
exam

p
le,

PC
C

1,8
and

PC
C

2,8
(Table

4)show
that

X
1–X

3
and

X
4–X

9
are

child
ren

of
d

iff
erent

latents,bu
t

d
o

not
su

ggest
the

sp
lit

of
X

7–X
9

as
PC

C
1,6

and
PC

C
2,6

d
o.

T
herefore,

sim
ilarly

to
the

M
SO

concep
t

that
w

as
introdu

ced
for

m
ajor–m

ajor
P

C
C

s
to

id
entify

exogenou
s

latents,it
is

necessary
to

introdu
ce

also
for

2S-P
C

C
s

a
m

axim
alsetofobserved

variables(2S-M
SO

)thatalw
ays

change
their

valu
es

together
in

all2S-P
C

C
s.W

e
d

efi
ne:

D
efi

n
ition

19
A

2S-M
SO

is
the

m
axim

al
set

of
observed

variables
that

alw
ays

change
their

values
together

in
all2S-PC

C
s.

For
exam

p
le,X

1
in

Table
4

changes
its

valu
e

in
PC

C
2,6,PC

C
1,8,PC

C
1,9,and

PC
C

2,10
and

alw
ays

together
w

ith
X

2
and

X
3

(and
the

other
w

ay
arou

nd
).

T
hu

s,{X
1,X

2,X
3}

and
sim

ilarly{X
4,X

5,X
6}

and{X
7,X

8,X
9}

are
2S-M

SO
s.

E
ach

2S-M
SO

inclu
d

es
child

ren
of

the
sam

e
latentnon-collid

er,w
hich

is
a

d
escend

antofEX
,or

EX
itself.A

fter
com

p
u

ting
all

2S-P
C

C
s

forEX
,L

P
C

C
d

etects
2S-M

SO
s

for
allthese

latentvariables
and

thereby
id

entifi
es

allp
ossible

sp
lits

for
EX

.N
ote

that
com

p
ared

to
M

SO
(Section

4.1),w
hich

is
id

entifi
ed

in
m

ajor–m
ajor

P
C

C
s

to
revealexogenou

s
latents,2S-M

SO
is

id
entifi

ed
in

P
C

C
s

betw
een

2S-
M

C
s

and
m

ajor
clu

sters
to

reveal
sp

lits
of

latent
non-collid

ers
from

the
exogenou

s
latent

that
w

as
p

reviou
sly

learned
u

sing
these

m
ajor

clu
sters.

11N
ote

that
the

valu
es

the
three

latents
take

in
the

tw
o-valu

e
confi

gu
rations

can
only

be
inferred

from
the

valu
es

their
child

ren
(X

1–X
3

for
L

1,X
4–X

6
for

L
2,and

X
7–X

9
for

L
3)take.
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A
sbeh

an
d
L
ern

er

T
h

eorem
3

Variables
ofa

particular
2S-M

SO
are

children
ofan

exogenous
latent

variable
EX

or
any

ofits
descendantlatentnon-colliders

N
C

.

A
fter

sp
litting

the
latent

non-collid
er

d
escend

ants
from

their
exogenou

s
latent

ances-
tor

EX
,w

e
need

to
id

entify
the

links
betw

een
these

latents.
To

id
entify

these
links,L

P
C

C
exp

loits
the

follow
ing

P
rop

osition
10

and
T

heorem
4.

W
e

w
ill

see
that

in
the

case
of

a
serial

connection,L
P

C
C

learns
the

u
nd

irected
links

am
ong

the
latents,and

in
the

case
of

a
d

iverging
connection,L

P
C

C
learns

the
d

irected
links

am
ong

the
latents.

T
hat

is,L
P

C
C

learns
a

p
attern

over
the

stru
ctu

ral
m

od
el

of
G

,w
hich

rep
resents

a
M

arkov
equ

ivalence
class

of
m

od
els

am
ong

the
latents.

In
the

sp
ecial

case
w

here
G

has
no

serial
connection,

L
P

C
C

learns
the

tru
e

grap
h.

P
rop

osition
10

In
2S-PC

C
s

in
w

hich
only

the
observed

children
ofa

single
latent

change,the
latentis

1.
EX

or
its

leaflatentnon-collider
descendant,ifthe

connection
is

serial;or

2.
EX

’s
leaflatentnon-collider

descendant,ifthe
connection

is
diverging.

P
roof

W
e

alread
y

show
ed

that
at

least
a

single
2S-P

C
C

exists
in

the
serialconnection

case
in

w
hich

only
the

observed
child

ren
of

EX
change

(T
heorem

3).
In

ad
d

ition,in
the

p
roof

of
T

heorem
3

(Part
II),

w
e

alread
y

show
ed

that
for

any
N

C
that

is
a

latent
non-collid

er
d

escend
ent

of
EX

,N
C

’s
observed

child
ren

change
valu

es
in

som
e

2S-P
C

C
s

w
ith

observed
child

ren
of

a
latent

non-collid
er

d
escend

ant
of

N
C

and
in

the
other

2S-P
C

C
s

w
ith

ob-
served

child
ren

of
a

latent
non-collid

er
ancestor

of
N

C
,bu

t
never

alone.
A

sp
ecialcase

in
the

p
roof

of
T

heorem
3

is
w

hen
N

C
is

a
leaf.T

hen,at
least

a
single

2S-P
C

C
exists

in
w

hich
only

the
child

ren
of

N
C

change.

W
e

w
ill

exem
p

lify
P

rop
osition

10
u

sing
G

3.
Table

4
show

s
all

the
2S-P

C
C

s
for

G
3

from
w

hich
w

e
can

id
entify

three
2S-M

SO
s:{X

1,X
2,X

3},{X
4,X

5,X
6},

and
{X

7,X
8,X

9}.
If

w
e

consid
er

only
2S-P

C
C

s
du

e
to

C
1

(the
fi

rst
m

ajor
clu

ster),{X
1,X

2,X
3}

change
alone

in
PC

C
1,8,and

{X
7,X

8,X
9}

change
alone

in
PC

C
1,6.

B
y

P
rop

osition
10,these

tw
o

2S-M
SO

s
are

observed
child

ren
of

an
exogenou

s
latent

variable
EX

and
its

leaf
latent

non-collid
er

d
escend

ant.
From

know
ing

G
3,w

e
know

that
these

tw
o

latents
are

L
1

and
L

3.
N

ote
that

if
m

ore
than

a
single

leaf
of

EX
exists

(i.e.,in
the

case
of

a
d

iverging
connection

em
erging

from
EX

),then
for

each
su

ch
leaf,there

is
a

2S-P
C

C
in

w
hich

only
the

observed
child

ren
of

this
leaf

change
alone.

T
his

w
ill

help
L

P
C

C
to

id
entify

a
d

iverging
connection

and
d

eterm
ine

EX
as

the
sou

rce
in

all
p

aths
lead

ing
to

the
leaves

(sinks).
A

s
a

resu
lt,

L
P

C
C

cou
ld

id
entify

the
correct

d
irection

of
the

links
am

ong
the

latents.
P

rop
osition

10
gu

arantees
that

if
the

connection
is

serial,w
e

fi
nd

the
sou

rce
(EX

)
and

sink
ofthe

p
ath

betw
een

them
(bu

tnotw
ho

is
w

ho).To
id

entify
the

d
irectionality

betw
een

any
tw

o
latentnon-collid

er
variables

on
the

p
ath

betw
een

the
sou

rce
and

sink,w
e

w
illneed

m
ore.

To
m

otivate
the

need
,su

p
p

ose
that

w
hen

learning
G

3,w
e

alread
y

id
entifi

ed
L

1
as

EX
and

L
3

as
EX

’s
leaf

d
escend

ant
(P

rop
osition

10),and
now

w
e

have
to

sp
lit

L
2

from
L

1
u

sing
the

tw
o

m
ajor

clu
sters,

C
1

and
C

2
(Table

2),
w

hich
revealed

L
1,

and
id

entify
the

d
irectionality

am
ong

these
three

latent
variables.L

em
m

a
4

(fi
rst

p
art)gu

arantees
that

the
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L
ea

rn
in
g
by

Pa
ir
w
is
e
C
lu

st
er

C
om

pa
ri
so
n
−T

h
eo

ry
&

O
ve

rv
ie
w

ob
se

rv
ed

ch
il

d
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n
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y
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s
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e
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e
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-P

C
C

s,
it

ap
p
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es

th
e

an
al

ys
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p
ro

p
os

ed
in

T
he

or
em

4
to

ea
ch

of
th

e
la

te
nt

s.
If

it
ob

ta
in

s
th

e
sa

m
e

p
at

h
w

it
h

op
p

os
it

e
d

ir
ec

ti
on

s,
th

en
L

P
C

C
co

ns
id

er
s

it
as

a
se

ri
al

co
nn

ec
ti

on
an

d
re

tu
rn

s
th

e
u

nd
ir

ec
te

d
p

at
h;

ot
he

rw
is

e,
it

co
ns

id
er

s
it

as
a

d
iv

er
gi

ng
co

nn
ec

ti
on

an
d

re
tu

rn
s

th
e

tw
o

d
ir

ec
te

d
p

at
hs
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EX
.

5.
D

is
cu

ss
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n
an

d
Fu

tu
re

R
es
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rc

h

W
e

in
tr

od
u

ce
d

th
e

P
C

C
co

nc
ep

t
an

d
L

P
C

C
al
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ri

th
m
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r

le
ar

ni
ng

LV
M

s:

1.
L

P
C

C
co

m
bi

ne
s

le
ar

ni
ng
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ap
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l
m

od
el

s
w

it
h

d
at

a
cl

u
st

er
in

g
by

u
si

ng
th

e
P

C
C
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nc

ep
t

to
an

al
yz

e
cl

u
st

er
in

g
re

su
lt

s
of

d
is

cr
et

e
va

ri
ab

le
s

fo
r

le
ar

ni
ng

LV
M

s;

2.
L

P
C

C
le

ar
ns

M
IM

,w
hi

ch
is

a
la

rg
e

su
bc

la
ss

of
SE

M
.I

n
M

IM
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u
lt

ip
le

la
te

nt
va
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-
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le

s
m

ay
ha

ve
m

u
lt

ip
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in
d

ic
at

or
s

(o
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er
ve

d
ch

il
d

re
n)

,
an

d
no

ob
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m
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or

of
an

y
la

te
nt
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ri
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;
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L
earn
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g
by

Pairw
ise

C
lu

ster
C
om

parison−
T
h
eory

&
O
verview

3.
L

P
C

C
is

not
lim

ited
to

latent-tree
m

od
els,

w
hich

are
only

a
su

bclass
of

M
IM

,
and

d
oes

not
m

ake
sp

ecialassu
m

p
tions,su

ch
as

linearity,abou
t

the
d

istribu
tion;

4.
L

P
C

C
assu

m
es

thatthe
m

easu
rem

entm
od

elofthe
tru

e
grap

h
is

p
u

re,bu
t,ifthe

tru
e

grap
h

is
not

p
u

re,
L

P
C

C
learns

a
p

u
re

su
b-m

od
el

of
the

tru
e

m
od

el,
if

one
exists.

L
P

C
C

’s
only

assu
m

p
tion

abou
t

the
stru

ctu
ralm

od
elis

that
a

latent
collid

er
d

oes
not

have
any

latent
d

escend
ants

(a
d

etailed
list

of
assu

m
p

tions
L

P
C

C
m

akes
is

given
in

A
p

p
end

ix
C

);

5.
L

P
C

C
is

a
tw

o-stage
algorithm

.
First,

L
P

C
C

learns
the

exogenou
s

latents
and

the
latent

collid
ers,

as
w

ell
as

their
observed

d
escend

ants,
by

u
tilizing

p
airw

ise
com

-
p

arisons
betw

een
d

ata
clu

sters
in

the
m

easu
rem

ent
sp

ace
that

m
ay

exp
lain

latent
cau

ses.Second
,L

P
C

C
learns

the
end

ogenou
s

latent
non-collid

ers
and

their
child

ren
by

sp
litting

these
latents

from
their

p
reviou

sly
learned

latent
ancestors;

6.
L

P
C

C
learns

an
equ

ivalence
class

of
the

stru
ctu

ralm
od

elof
the

tru
e

grap
h;and

7.
L

P
C

C
is

form
ally

exp
ressed

as
an

algorithm
and

evalu
ated

u
sing

synthetic
and

real-
w

orld
d

atabases
in

Part
II

of
the

p
ap

er.

A
nu

m
ber

of
op

en
p

roblem
s

invite
fu

rther
research

inclu
d

ing:

1.
E

xtend
ing

L
P

C
C

to
id

entify
observed

variables
thatare

eff
ects

ofother
observed

vari-
ables;

2.
P

rovid
ing

a
form

al
analysis

for
the

cond
itions

of
m

od
el

id
entifi

cation
and

its
sensi-

tivity
to

p
aram

eterization.
L

earning
by

L
P

C
C

that
an

observed
variable

O
is

a
d

e-
scend

ent
of

a
latent

variable
L

d
ep

end
s

on
tw

o
factors.

T
he

fi
rst

factor
is

the
“grap

h
d

istance”,
w

hich
m

eans
that

the
m

ore
ed

ges
that

sep
arate

O
from

L,the
less

likely
O

w
ou

ld
be

grou
p

ed
w

ith
other

observed
variables,

d
escend

ants
of

L.
T

he
second

factor
is

the
cond

itionalp
robabilities

of
an

observed
variable

given
its

latent
p

arent,
w

hich
m

eans
that

the
stronger

the
p

robabilities
are,the

m
ore

likely
the

link
w

ill
be

id
entifi

ed
by

L
P

C
C

.A
lthou

gh
the

iterative
strategy

for
choosing

the
m

ajor
clu

sters
(Section

4.3)im
p

roves
the

id
entifi

cation
ofobserved

child
ren

w
ith

w
eak

associations
w

ith
their

latent
p

arents,the
fi

nal
grap

h
still

d
ep

end
s

on
the

initial
grap

h.
T

hat
is,

the
iterative

ap
p

roach
alone

cannot
gu

arantee
fi

nd
ing

the
op

tim
al

m
od

el.
Fu

tu
re

analysis
shou

ld
take

into
accou

nt
both

factors;

3.
A

nalyzing
L

P
C

C
com

p
lexity.Fu

tu
re

research
shou

ld
d

ive
into

this
top

ic
and

d
ecom

-
p

ose
L

P
C

C
com

p
lexity

to
those

of
clu

stering,
id

entifi
cation

of
m

ajor–m
ajor

P
C

C
s,

and
id

entifi
cation

of
m

ajor–m
inor

P
C

C
s.

A
ssu

m
e

a
set

V
=

(L∪
O

)
w

ith
a

variable
m

axim
al

card
inality,

k
=

m
ax(| V

i | ),
a

nu
m

ber
of

exogenou
s

variables,|E
X|,

and
a

nu
m

ber
of

m
ajor

valu
e

confi
gu

rations
(m

ajor
clu

sters),|ex|=
k |E

X|.
A

p
relim

inary
analysis

show
s

that
L

P
C

C
com

p
lexity

in
id

entifying
m

ajor–m
ajor

P
C

C
s

is
O

(|ex| 2)=
O

(k
2|E

X|).
To

com
p

u
te

the
L

P
C

C
’s

com
p

lexity
in

id
entifying

m
ajor–m

inor
P

C
C

s,w
e

fi
rst

have
to

id
entify

1-M
C

m
inor

clu
sters

(valu
es),w

ith
com

p
lexity

of
O

((|V|−|E
X|)

k |E
X|(k−

1))
du

e
to

(k−
1 )

m
inor

valu
es

for
each

of
k |E

X|
p

arent
confi

gu
rations

of
(|V|−|E

X|)
end

ogenou
s

variables.
T

hen,the
com

p
lexity

in
id

entifying
m

ajor–m
inor
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A
sbeh

an
d
L
ern

er

P
C

C
s

is
O

((|V|−|E
X|)k

2|E
X|(k−

1)),
and

the
total

com
p

lexity
in

com
p

u
ting

P
C

C
s

is
O

((|V|−|E
X|)k

2|E
X|),

w
hich

is
exp

onential
in
|E

X|,
bu

t
in

m
ost

p
roblem

s|E
X|�

|V|.
H

ow
ever,a

m
ore

elaborated
analysis

that
also

inclu
d

es
the

com
p

lexity
of

clu
stering

is
d

esired
.

4.
E

xp
loring

the
im

p
actofclu

stering
–

as
is

m
anifested

by
the

clu
stering

algorithm
and

its
p

aram
eters

–
on

the
L

P
C

C
resu

lts.In
PartII,w

e
show

a
p

roblem
in

w
hich

the
d

ata
stru

ctu
re

is
hierarchical,and

a
clu

stering
algorithm

that
is

m
ore

sop
histicated

than
SO

M
,w

hich
is

su
ggested

in
Section

4,is
need

ed
to

p
rep

rocess
the

d
ata

u
sed

to
learn

an
LV

M
that

is
m

eaningfu
lto

the
d

om
ain.E

xp
loring

the
requ

irem
ents

on
clu

stering
and

any
gu

id
elines

abou
t

the
best

ap
p

roach
to

take
for

clu
stering

is
a

d
irection

of
fu

rther
research;and

5.
Su

ggesting
w

ays
to

u
se

the
grap

hicalm
od

elto
clu

ster
d

ata
p

oints.A
lthou

gh
w

e
have

established
and

exp
loited

a
link

betw
een

clu
ster

analysis
and

learning
an

LV
M

,
in

this
w

ork,w
e

only
stu

d
ied

learning
(reconstru

cting)the
grap

hicalm
od

elby
analyz-

ing
clu

sters
of

observationald
ata.A

nother
very

interesting
line

of
fu

tu
re

research
is

in
the

op
p

osite
d

irection,extend
ing

p
reviou

s
stu

d
ies

su
ch

as
that

in
Z

hang
(2004).

B
ecau

se
M

IM
m

od
els

learned
by

L
P

C
C

are
richer

than
H

LC
m

od
els

(w
hich

are
only

a
su

bset
of

M
IM

),su
ch

a
line

of
research

m
ay

enable
accu

rate
clu

stering
of

observa-
tionald

ata
generated

by
a

m
od

elalso
having

collid
er

nod
es.
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p
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ro
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d
th
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le
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r
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A
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p
ro
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n
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th
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bo
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of

th
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p
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.

L
em

m
a

1
1.

Ea
ch

la
te

nt
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n-
co
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de

r
N
C
t
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s

on
ly
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e

ex
og

en
ou

s
la

te
nt

an
ce

st
or
E
X
N
C
t
,

an
d

th
er

e
is

on
ly

on
e

di
re

ct
ed

pa
th
T
N
C
t

fr
om

E
X
N
C
t
(s

ou
rc
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to
N
C
t
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in
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ot

e
th

at
w

e
u

se
th

e
no

ta
ti

on
N
C
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ra
th

er
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an
S
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si
nc

e
th
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em
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a
ap
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p
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es
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bo
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en

ou
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an
d
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nt
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E
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la
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d
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of 1.
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th
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la
te

nt
no
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ll
id

er
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og

en
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N
C
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X
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N
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e
em

p
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=
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e

la
te

nt
no

n-
co

ll
id

er
is

en
d

og
en

ou
s,
N
C
t

=
S
t,

an
d

w
e

as
su

m
e

by
co

nt
ra

d
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at
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ex
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an
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S
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g
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p
ti
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of
th

e
p

at
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p
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se
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th
ro

u
gh

a
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ll
id

er
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ha
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id
e

at
S
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th
en

S
t

is
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ll

id
er
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s
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nt

ra
ry

to
th

e
as

su
m

p
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S
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u
gh
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p
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P
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S
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=

L
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u
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.
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d
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u
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p
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⊂
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∪
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p
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T
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,{L

5,
L

4}}
in

G
6

(F
ig

u
re

1)
.

P
ro

p
os

it
io

n
3

T
he
M
A
V
{T
S
N
C
v
\E
X
N
C
v
,O
N
C
v
}( e
x N

C
v

) co
rr

es
po

nd
in

g
to

M
A
E
{T
S
N
C
v
\E
X
N
C
v
,O
N
C
v
}( e
x N

C
v

) is
a

ce
rt

ai
n

va
lu

e
co

nfi
gu

ra
ti

on
fo

r
ea

ch
ce

rt
ai

n
va

lu
e
ex
N
C
v
.

(N
ot

e
th

at
he

re
w

e
u

se
th

e
no

ta
ti

on
N
C
v

ra
th

er
th

an
S
v

si
nc

e
th

e
p

ro
p

os
it

io
n

ap
p

li
es

to
bo

th
ex

og
en

ou
s

an
d

en
d

og
en

ou
s

la
te

nt
no

n-
co

ll
id

er
s.

)
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A
sb
eh

an
d
L
er

n
er

P
ro

of
If

th
e

la
te

nt
no

n-
co

ll
id

er
N
C
v

is
ex

og
en

ou
s,
N
C
v

=
E
X
v

an
d
O
N
C
v
=
O
E
X
v
,t

he
n

{T
S
N
C
v
\E
X
N
C
v
,O
E
X
v
}=

O
E
X
v

an
d

th
e

p
ar

ti
al

m
aj

or
va

lu
e

is
th

e
lo

ca
lm

aj
or

va
lu

e
M
A
V
O
E
X
v
(e
x v

),
w

hi
ch

by
P

ro
p

os
it

io
n

2
is

ce
rt

ai
n

fo
r

a
ce

rt
ai

n
va

lu
e
ex
v
.

If
th

e
la

te
nt

no
n-

co
ll

id
er
N
C
v

is
en

d
og

en
ou

s,
N
C
v

=
S
v

an
d
O
N
C
v
=
O
S
v
,

th
en

w
e

co
ns

id
er
{T
S
S
v
\E
X
S
v
,O
S
v
},w

hi
ch

is
a

se
t

of
or

d
er

ed
va

ri
ab

le
s

al
on

g
th

e
d

ir
ec

te
d

p
at

h
T
S
v

th
at

en
d

s
in
O
S
v
.T

he
re

m
ai

nd
er

of
th

e
p

ro
of

is
by

in
du

ct
io

n:
B

as
is

:B
as

ed
on

P
ro

p
os

it
io

n
2,
M
A
V
S

1
(e
x S

v
),

w
he

re
S

1
is

th
e

fi
rs

t
va

ri
ab

le
in

{T
S
S
v
\E
X
S
v
,O
S
v
}a

nd
a

d
ir

ec
t

ch
il

d
of
E
X
S
v
,g

iv
en

a
ce

rt
ai

n
va

lu
e
ex
S
v
,i

s
al

so
ce

rt
ai

n.
St

ep
:

If
th

e
m

aj
or

va
lu

e
of

th
e

it
h

va
ri

ab
le

,
S
i,

in
th

e
su

bs
et
{T
S
S
v
\E
X
S
v
,O
S
v
},

i.e
.,

M
A
V
S
i(
p
ae
x S
v

i
),

is
ce

rt
ai

n
fo

r
a

ce
rt

ai
n

va
lu

e
p
ae
x S
v

i
,

th
en

th
e

m
aj

or
va

lu
e

of
th

e
(i

+
1)

th
va

ri
ab

le
,S

i+
1
,i

n
th

e
su

bs
et

(w
hi

ch
is
S
i’s

ch
il

d
),

i.e
.,
M
A
V
S
i+

1
(p
ae
x S
v

i+
1

),
is

by
P

ro
p

os
it

io
n

2
ce

rt
ai

n
to

o
fo

r
a

ce
rt

ai
n

va
lu

e
p
ae
x S
v

i+
1

(w
hi

ch
is
M
A
V
S
i(
p
ae
x S
v

i
))

.

P
ro

p
os

it
io

n
4

A
ll

co
rr

es
po

nd
in

g
va

lu
es

in
M
A
V
{T
S
N
C
v
\E
X
N
C
v
,O
N
C
v
}( e
x′ N

C
v

) an
d

M
A
V
{T
S
N
C
v
\E
X
N
C
v
,O
N
C
v
}( e
x′
′ NC

v

) ,f
or

tw
o

va
lu

es
ex
′ NC

v
an

d
ex
′′ NC

v
of
E
X
N
C
v
,a

re
di
ffe

re
nt

.

(H
er

e
al

so
w

e
u

se
th

e
no

ta
ti

on
N
C
v
,s

in
ce

th
e

p
ro

p
os

it
io

n
ap

p
li

es
to

bo
th

ex
og

en
ou

s
an

d
en

d
og

en
ou

s
la

te
nt

no
n-

co
ll

id
er

s.
)

P
ro

of
If

th
e

la
te

nt
no

n-
co

ll
id

er
N
C
v

is
ex

og
en

ou
s,
N
C
v

=
E
X
v

an
d
O
N
C
v
=
O
E
X
v
,t

he
n

{T
S
N
C
v
\E
X
N
C
v
,O
E
X
v
}=

O
E
X
v
,a

nd
,b

y
A

ss
u

m
p

ti
on

7,
th

e
co

rr
es

p
on

d
in

g
M
A
V
O
E
X
v
(e
x′ v

)
an

d
M
A
V
O
E
X
v
(e
x′
′ v)

ar
e

d
iff

er
en

t
fo

r
tw

o
va

lu
es
ex
′ v

an
d
ex
′ v.

If
th

e
la

te
nt

no
n-

co
ll

id
er
N
C
v

is
en

d
og

en
ou

s,
N
C
v

=
S
v

an
d
O
N
C
v
=
O
S
v
,

th
en

w
e

co
ns

id
er
{T
S
S
v
\E
X
S
v
,O
S
v
},w

hi
ch

is
a

se
t

of
or

d
er

ed
va

ri
ab

le
s

al
on

g
th

e
d

ir
ec

te
d

p
at

h
T
S
v

th
at

en
d

s
in
O
S
v
.T

he
re

m
ai

nd
er

of
th

e
p

ro
of

is
by

in
du

ct
io

n:
B

as
is

:
T

he
m

aj
or

lo
ca

l
va

lu
es
M
A
V
S

1
(e
x′ S

v
)

an
d
M
A
V
S

1
(e
x′
′ S v

)
of

th
e

fi
rs

t
va

ri
ab

le
,
S

1
,

in
{T
S
S
v
\E
X
S
v
,O
S
v
}(

w
hi

ch
is

al
so

a
d

ir
ec

t
ch

il
d

of
E
X
S
v
)

an
d

tw
o

va
lu

es
ex
′ S v

an
d
ex
′′ S v

of
E
X
S
v

ar
e

d
iff

er
en

t
ba

se
d

on
A

ss
u

m
p

ti
on

7.
St

ep
:

If
th

e
m

aj
or

lo
ca

lv
al

u
es

of
th

e
it

h
va

ri
ab

le
,S

i,
in
{T
S
S
v
\E
X
S
v
,O
S
v
}a

nd
tw

o
va

l-
u

es
ex
′ v

an
d
ex
′′ v

of
E
X
S
v
,i

.e
.,
M
A
V
S
i(
ex
′ S v

)
an

d
M
A
V
S
i(
ex
′′ S v

),
ar

e
d

iff
er

en
t,

th
en

th
e

m
aj

or
lo

ca
l

va
lu

es
of
S
i+

1
(S
i’s

ch
il

d
),

an
d

th
e

tw
o

va
lu

es
M
A
V
S
i(
ex
′ S v

)
an

d
M
A
V
S
i(
ex
′′ S v

),
i.e

.,

M
A
V
S
i+

1

( p
ae
x′ S
v

i+
1

) =
M
A
V
S
i+

1

( M
A
V
S
i(
ex
′ S v

)) an
d
M
A
V
S
i+

1
(p
ae
x′
′ S v

i+
1

)=

M
A
V
S
i+

1

( M
A
V
S
i(
ex
′′ S v

)) ar
e

d
iff

er
en

t
to

o
ba

se
d

on
A

ss
u

m
p

ti
on

7.

P
ro

p
os

it
io

n
5
E
X
N
C
v

ch
an

ge
s

va
lu

es
(i

.e
.,

ha
s

tw
o

va
lu

es
ex
′ NC

v
an

d
ex
′′ NC

v
)

if
an

d
on

ly
if

N
C
v

ch
an

ge
s

va
lu

es
in

th
e

tw
o

co
rr

es
po

nd
in

g
m

aj
or

va
lu

e
co

nfi
gu

ra
ti

on
s:

M
A
V
{T
S
N
C
v
\E
X
N
C
v
,O
N
C
v
}( e
x′ N

C
v

) an
d
M
A
V
{T
S
N
C
v
\E
X
N
C
v
,O
N
C
v
}( e
x′
′ NC

v

) .

P
ro

of
(“

if
”)

P
ro

p
os

it
io

n
3

gu
ar

an
te

es
th

at
N
C
v

ha
s

a
ce

rt
ai

n
va

lu
e

in
M
A
V
{T
S
N
C
v
\E
X
N
C
v
,O
N
C
v
}( e
x N

C
v

)
fo

r
a

ce
rt

ai
n

va
lu

e
ex
N
C
v

of
E
X
N
C
v
.

T
hu

s,
if
N
C
v

ha
s

38
JM

L
R

 1
7(

22
4)

:1
-5

2



L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
T
h
eory

&
O
verview

d
iff

erent
valu

es
in

tw
o
M
A
V
{T
S
N
C
v \E

X
N
C
v ,O

N
C
v } (ex

N
C
v ),then

E
X
N
C
v

shou
ld

also
have

tw
o

corresp
ond

ing
valu

es,say
ex ′N

C
v

and
ex ′′N

C
v .

(“only
if”)P

rop
osition

4
gu

arantees
that

N
C
v

w
illhave

d
iff

erent
valu

es
in

M
A
V
{T
S
N
C
v \E

X
N
C
v ,O

N
C
v } (ex ′N

C
v )

and
M
A
V
{T
S
N
C
v \E

X
N
C
v ,O

N
C
v } (ex ′′N

C
v )

for
tw

o
valu

es
ex ′N

C
v

and
ex ′′N

C
v

of
E
X
N
C
v .T

hu
s,if

N
C
v

has
only

a
certain

valu
e

in
tw

o

M
A
V
{T
S
N
C
v \E

X
N
C
v ,O

N
C
v } (ex

N
C
v ),then

E
X
N
C
v

shou
ld

have
also

a
certain

valu
e

in
the

corre-
sp

ond
ing

tw
o
ex
N
C
v .

P
rop

osition
6

T
he
M
A
V
{T

S
C
k \E

X
C
k ,O

C
k } (ex

C
k )

corresponding
to
M
A
E{T

S
C
k \E

X
C
k ,O

C
k } (ex

C
k )

is
a

certain
value

configuration
for

each
certain

value
configuration

ex
C
k .

P
roof

{T
S
C
k \E

X
C
k ,O

C
k }

com
p

rises
sets

of
variables{T

S
C
k \E

X
C
k ,O

C
k }

along
all

d
irected

p
aths

throu
gh
C
k

that
end

at
O
C
k .W

e
w

illd
ivid

e
each

su
ch

set
into

three
su

bsets
{T
S
C
k \{E

X
C
k ,C

k }},
C
k ,and

O
C
k

and
consid

er
a

valu
e

confi
gu

ration
for

ex
C
k

for
each

su
b-

set
sep

arately.First,since
no

latent
collid

er
can

be
a

child
of

a
latent

collid
er

(A
ssu

m
p

tion
5),

a
valu

e
confi

gu
ration

for
the

su
bset{T

S
C
k \{E

X
C
k ,C

k }}
is

consid
ered

to
be

id
entical

to
a

valu
e

confi
gu

ration
for{T

S
N
C
v \E

X
N
C
v },

and
thu

s
accord

ing
to

P
rop

osition
3,

is
a

certain
valu

e
confi

gu
ration

for
a

certain
valu

e
ex
C
k .

B
ecau

se
M
A
V
{T
S
C
k \{E

X
C
k ,C

k }} (ex
C
k )

is
a

certain
valu

e
confi

gu
ration

for
a

certain
ex
C
k

for
each

d
irected

p
ath

T
S
C
k

that
is

inclu
d

ed
in

T
S
C
k ,

the
p

rodu
ct

of
these

valu
e

confi
gu

rations,
w

hich
corresp

ond
s

to
the

p
rodu

ct
of
M
A
E{T

S
C
k \{E

X
C
k ,C

k }} (ex
C
k )

in
(11),

is
also

certain.
Second

,
since

C
k ’s

p
arents

Pa
k ⊂

⋃
T
S
C
k ∈T

S
C
k {T

S
C
k \{E

X
C
k ,C

k }},
p

a
k ex

C
k

are
certain

valu
e

confi
gu

rations.
T

hu
s,

based

on
P

rop
osition

2,M
A
V
C
k (p

a
k ex

C
k )

is
also

a
certain

valu
e

and
sim

ilarly
M
A
V
O
C
k (C

ex
C
k

k
)

is

certain,w
here

C
ex

C
k

k
=
M
A
V
C
k (p

a
k ex

C
k ).

T
herefore,all

variables
in{T

S
C
k \E

X
C
k ,O

C
k }

are
certain

in
the

m
ajor

confi
gu

ration
for

a
certain

valu
e

confi
gu

ration
ex
C
k .

P
rop

osition
7

For
every

exogenous
ancestor

E
X
C
k ∈

E
X
C
k

ofa
latent

collider
C
k ,there

are
at

least
tw

o
configurations

ex ′C
k

and
ex ′′Ck

ofE
X
C
k

in
w

hich
only

E
X
C
k ofallE

X
C
k

changes
values

w
hen

C
k

changesvaluesin
the

tw
o

corresponding
m

ajorvalue
configurations

M
A
V
{T

S
C
k \E

X
C
k ,O

C
k } (ex ′C

k )

and
M
A
V
{T

S
C
k \E

X
C
k ,O

C
k } (ex ′′Ck ).

P
roof

W
e

d
ivid

e
the

p
roof

into
tw

o
p

arts.
In

the
fi

rst
p

art,w
e

p
rove

that
for

each
exoge-

nou
s

ancestor
of

a
latent

collid
er,there

are
at

least
tw

o
M

A
V

s
in

w
hich

only
the

collid
er’s

p
arent

on
the

p
ath

from
the

exogenou
s

to
the

collid
er

(of
all

collid
er’s

p
arents)

changes
valu

es
together

w
ith

the
exogenou

s.
W

e
are

aid
ed

in
this

p
art

of
the

p
roof

by
P

rop
osition

5
after

consid
ering

the
collid

er’s
p

arent
as

a
latent

non-collid
er.

In
the

second
p

art,u
sing

A
ssu

m
p

tion
7,w

e
show

that
each

su
ch

collid
er’s

p
arent

changes
valu

es
together

w
ith

the
collid

er
in

the
sam

e
tw

o
M

A
V

s
in

w
hich

the
p

arent
changes

valu
es

together
w

ith
the

ex-
ogenou

s.T
hereby,w

e
p

rove
that

for
each

exogenou
s

ancestor
of

a
latent

collid
er,there

are
at

least
tw

o
M

A
V

s
in

w
hich

the
collid

er
changes

valu
es

only
w

ith
this

exogenou
s

ancestor.
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A
sbeh

an
d
L
ern

er

For
the

fi
rst

p
art,

P
rop

osition
5

gu
arantees

that
any

exogenou
s

ancestor
E
X
C
k

of
a

p
arent

P
a
k ∈

Pa
k

of
collid

er
C
k

(and
thu

s
E
X
P
a
k

=
E
X
C
k

and
P
a
k

is
also

a
latent

non-
collid

er)
changes

its
valu

e
if

and
only

if
P
a
k

changes
its

valu
e

in
tw

o
valu

e
confi

gu
rations

M
A
V
{T
S
P
ak \E

X
P
ak ,O

P
a
k } (ex

P
a
k ).

B
y

the
op

p
osite

of
P

rop
osition

5,
any

exogenou
s

ancestor
E
X
∗C
k

of
a

p
arent

P
a ∗k ∈

Pa
k \P

a
k

of
C
k

is
certain

if
and

only
if
P
a ∗k

is
certain

in
tw

o
valu

e

confi
gu

rations
M
A
V
{T
S
P
a ∗k \E

X
∗P
a ∗k ,O

P
a ∗k } (ex ∗P

a ∗k ).

For
the

second
p

art,w
e

know
by

A
ssu

m
p

tion
7

(second
p

art)
that

for
every

C
k

that
is

a
latent

collid
er

and
for

every
P
a
k ∈

Pa
k ,there

are
at

least
tw

o
confi

gu
rations

p
a ′k

and
p

a ′′k
of

Pa
k

in
w

hich
only

the
valu

e
of
P
a
k

is
d

iff
erent

and
M
A
V
C
k (p

a ′k )
,
M
A
V
C
k (p

a ′′k ).
T

hat
is,the

collid
er

(w
hich

is
the

only
variable

in
M
A
V
C
k )changes

valu
es

together
w

ith
each

of
its

p
arents

in
at

least
tw

o
p

arents’confi
gu

rations.
C

om
bining

the
tw

o
p

arts,
w

e
have

p
roven

that
a

collid
er

changes
valu

es
follow

ing
a

change
in

the
valu

e
of

each
of

its
p

arents
in

at
least

tw
o

confi
gu

rations
of

the
p

arents,
w

hen
the

change
of

valu
es

of
this

p
arent

is
du

e
to

a
change

of
valu

es
of

its
exogenou

s
ancestor

in
tw

o
exogenou

s
confi

gu
rations.

T
his

m
eans

that
the

collid
er

changes
valu

es
w

ith
each

of
its

exogenou
s

ancestors
in

at
least

tw
o

exogenou
s

confi
gu

rations.
T

hat
is,

for
tw

o
confi

gu
rations

ex ′C
k

and
ex ′′Ck

of
E

X
C
k

in
w

hich
only

E
X
C
k

changes
valu

es,
there

are
at

least
tw

o
confi

gu
rations

p
a ′k

and
p

a ′′k
of

Pa
k

in
w

hich
P
a
k ∈

Pa
k

changes
valu

es
in

M
A
V
{T

S
C
k \E

X
C
k ,O

C
k } (ex ′C

k )
and

M
A
V
{T

S
C
k \E

X
C
k ,O

C
k } (ex ′′Ck )

w
ith

E
X
C
k .

Since
these

valu
es

of
P
a
k

in
p

a ′k
and

p
a ′′k also

change
w

ith
valu

es
of
C
k ,C

k
changes

valu
es

w
ith

E
X
C
k

in
ex ′C

k
and

ex ′′Ck .
T

herefore,there
are

at
least

tw
o

confi
gu

rations
ex ′C

k
and

ex ′′Ck
of

E
X
C
k

in
w

hich
only

E
X
C
k

has
changed

valu
es

w
hen

C
k

changes
valu

es
in

the
tw

o
corresp

ond
ing

m
ajor

valu
e

confi
gu

rations
M
A
V
{T

S
C
k \E

X
C
k ,O

C
k } (ex ′C

k )
and

M
A
V
{T

S
C
k \E

X
C
k ,O

C
k } (ex ′′Ck ).

L
em

m
a

2
1.

A
latent

non-collider
N
C
v

and
its

observed
child

O
N
C
v ,both

descendants
of

an
exogenous

variable
E
X
N
C
v ,change

their
values

in
any

tw
o

m
ajor

configu-
rations

if
and

only
if
E
X
N
C
v

has
changed

its
value

in
the

corresponding
tw

o
configurations

ofE
X

.

2.
A

latent
collider

C
k

and
its

observed
child

O
C
k ,

both
descendants

of
a

set
of

exogenousvariablesE
X
C
k ,change

their
valuesin

any
tw

o
m

ajor
configurations

only
ifatleastone

ofthe
exogenous

variables
in

E
X
C
k

has
changed

its
value

in
the

corresponding
tw

o
configurations

ofE
X

.

P
roof

1.
First

(“only
if”),

by
P

rop
osition

3,
the

m
ajor

valu
e

confi
gu

ration
of

a
latent

non-
collid

er
N
C
v

and
its

observed
child

O
N
C
v ,both

of
w

hich
are

d
escend

ants
of

an
ex-

ogenou
s

variable
E
X
N
C
v ,are

certain
for

any
certain

ex
N
C
v .T

hatis,if
N
C
v

and
O
N
C
v

changed
their

valu
es

in
any

tw
o

m
ajor

confi
gu

rations,it
is

only
becau

se
E
X
N
C
v

has
changed

its
valu

e
in

the
corresp

ond
ing

tw
o

confi
gu

rations
of

E
X

.Second
(“if”),

by
P

rop
osition

4,
the

m
ajor

valu
e

confi
gu

rations
of
N
C
v

and
O
N
C
v

are
changed

if
E
X
N
C
v

has
changed

its
valu

e
betw

een
tw

o
confi

gu
rations

of
E

X
.

40
JM

L
R

 17(224):1-52



L
ea

rn
in
g
by

Pa
ir
w
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h
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&
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2.
B

y
P

ro
p

os
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io
n

6,
th

e
m

aj
or

va
lu

e
co

nfi
gu

ra
ti

on
of

a
co

ll
id

er
C
k

an
d

it
s

ob
se

rv
ed

ch
il

d
O
C
k
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ot
h

of
w
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ch
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e

d
es

ce
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an
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of
a

se
t

of
ex
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s

va
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le

s
E

X
C
k
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n
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r
a

ce
rt
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ex
C
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.

T
ha

t
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if
C
k
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d
O
C
k

ch
an

ge
d

th
ei

r
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es

in
an

y
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o
m
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nfi
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ra

ti
on

s,
it

is
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ca
u

se
at

le
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t
on

e
of

th
e

va
ri

ab
le

s
in

E
X
C
k

al
so

ch
an

ge
d

it
s

va
lu

e
in

th
e

co
rr

es
p

on
d

in
g
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o

co
nfi

gu
ra

ti
on

s
of

E
X

.

T
h

eo
re

m
1

Va
ri

ab
le

so
fa

pa
rt

ic
ul

ar
M
SO

ar
e

ch
ild

re
n

of
a

pa
rt

ic
ul

ar
ex

og
en

ou
sl

at
en

tv
ar

ia
bl

e
EX

or
it

s
la

te
nt

no
n-

co
lli

de
r

de
sc

en
da

nt
or

ch
ild

re
n

of
a

pa
rt

ic
ul

ar
la

te
nt

co
lli

de
r

C
.

P
ro

of
T

he
p

ro
of

is
d

iv
id

ed
in

to
tw

o
se

p
ar

at
e

ca
se

s.
In

th
e

fi
rs

t
ca

se
,

w
e

sh
ow

th
at

th
e

ch
il

d
re

n
of

a
p

ar
ti

cu
la

r
ex

og
en

ou
s

la
te

nt
va

ri
ab

le
or

it
s

no
n-

co
ll

id
er

d
es

ce
nd

an
t

be
lo

ng
to

th
e

sa
m

e
M

SO
,a

nd
in

th
e

se
co

nd
ca

se
,w

e
sh

ow
th

at
th

e
ch

il
d

re
n

of
a

p
ar

ti
cu

la
r

co
ll

id
er

la
te

nt
be

lo
ng

to
th

e
sa

m
e

M
SO

.
C

as
e

1:
M

SO
of

ob
se

rv
ed

ch
ild

re
n

of
an

ex
og

en
ou

s
la

te
nt

or
it

s
la

te
nt

no
n-

co
lli

de
r

de
sc

en
-

da
nt

s
L

et
O

N
C
i

13
(i

n
O

E
X
⋃

O
S)

be
a

se
to

fo
bs

er
ve

d
va

ri
ab

le
s

th
at

ar
e

ch
il

d
re

n
of

an
ex

og
en

ou
s

va
ri

ab
le
E
X
i

an
d

an
y

of
it

s
la

te
nt

no
n-

co
ll

id
er

d
es

ce
nd

an
ts

(i
f

th
ey

ex
is

t)
,a

nd
le

t
O

C
i

be
a

se
t

of
ob

se
rv

ed
va

ri
ab

le
s

th
at

ar
e

ch
il

d
re

n
of

la
te

nt
co

ll
id

er
s

w
he

re
ea

ch
ha

s
E
X
i

as
an

ex
og

en
ou

s
an

ce
st

or
w

it
h

ot
he

r
ex

og
en

ou
s

va
ri

ab
le

s.
N

ot
e

th
at

O
C
i

m
ay

be
em

p
ty

,i
f
E
X
i

d
oe

s
no

t
ha

ve
an

y
co

ll
id

er
d

es
ce

nd
an

ts
,

bu
t

O
N

C
i

is
ne

ve
r

em
p

ty
be

ca
u

se
it

in
cl

u
d

es
at

le
as

t
O

E
X
i

(A
ss

u
m

p
ti

on
4)

.
B

ec
au

se
no

ob
se

rv
ed

ch
il

d
ca

n
be

in
cl

u
d

ed
in

bo
th

O
C
i

an
d

O
N

C
i,

th
es

e
se

ts
ar

e
d

is
jo

in
t.

T
he

ir
u

ni
on

,
O

V
i=

O
N

C
i⋃

O
C
i,

in
cl

u
d

es
al

l
th

e
ob

se
rv

ed
va

ri
ab

le
s

th
at

ar
e

aff
ec

te
d

by
E
X
i

an
d

th
u

s
sh

ou
ld

ch
an

ge
th

ei
r

va
lu

es
w

he
n
E
X
i

ch
an

ge
s.

•
Fi

rs
t,

by
L

em
m

a
2

(fi
rs

t
p

ar
t)

,a
ny

su
bs

et
of

va
ri

ab
le

s
in

O
N

C
i

(a
nd

th
u

s
al

so
O

N
C
i

it
se

lf
,w

hi
ch

is
a

m
ax

im
al

se
t)

al
w

ay
s

ch
an

ge
s

to
ge

th
er

in
al

lP
C

C
s

th
at

co
rr

es
p

on
d

to
a

ch
an

ge
in
E
X
i

an
d

ne
ve

r
ch

an
ge

to
ge

th
er

in
an

y
ot

he
r

P
C

C
.T

he
se

va
ri

ab
le

s
be

lo
ng

to
th

e
sa

m
e

M
SO

th
at

re
p

re
se

nt
s
E
X
i.

•
Se

co
nd

,l
et

su
bs

et
O

C
ij

of
O

C
i

co
nt

ai
n

al
lv

ar
ia

bl
es

th
at

(1
)h

av
e

a
sh

ar
ed

ex
og

en
ou

s
an

ce
st

or
E
X
j

(b
es

id
es
E
X
i)

an
d

(2
)

ch
an

ge
th

ei
r

va
lu

es
to

ge
th

er
in

at
le

as
t

on
e

P
C

C
,

w
hi

ch
co

rr
es

p
on

d
s

to
a

ch
an

ge
on

ly
in

th
e

va
lu

e
of
E
X
j.

B
y

L
em

m
a

2,
th

e
ot

he
r

va
ri

ab
le

s
in

O
V
i

th
at

ar
e

no
t

d
es

ce
nd

an
ts

of
E
X
j

d
o

no
t

ch
an

ge
in

th
at

P
C

C
.T

hu
s,

va
ri

ab
le

s
in

O
C
ij
∀j

d
o

no
t

be
lo

ng
to

th
e

sa
m

e
M

SO
fo

r
w

hi
ch

va
ri

ab
le

s
in

O
N

C
i

be
lo

ng
.

C
on

se
qu

en
tl

y,
va

ri
ab

le
s

in
O

N
C
i

w
il

lc
ha

ng
e

to
ge

th
er

on
ly

in
al

lP
C

C
s

th
at

co
rr

es
p

on
d

to
a

ch
an

ge
in
E
X
i,

an
d

th
er

ef
or

e,
w

il
le

st
ab

li
sh

a
m

ax
im

al
se

t
of

th
e

va
ri

ab
le

s
M

SO
i=

O
N

C
i

th
at

co
rr

es
p

on
d

s
to

al
la

nd
on

ly
ob

se
rv

ed
va

ri
ab

le
s

th
at

ar
e

ch
il

d
re

n
of

ex
og

en
ou

s
va

ri
ab

le
E
X
i

an
d

it
s

la
te

nt
no

n-
co

ll
id

er
d

es
ce

nd
an

ts
.

13
So

fa
r,

ob
se

rv
ed

va
ri

ab
le

s
ha

d
th

ei
r

ow
n

in
d

ic
es

an
d

th
ei

r
p

ar
en

ts
/a

nc
es

to
rs

al
so

ha
d

th
es

e
in

d
ic

es
.

In
T

he
or

em
1,

th
e

in
d

ex
is

as
so

ci
at

ed
w

it
h

th
e

ex
og

en
ou

s
va

ri
ab

le
(C

as
e

1)
an

d
th

e
co

ll
id

er
la

te
nt

(C
as

e
2)

,s
in

ce
th

es
e

ar
e

th
e

ce
nt

ra
ls

u
bj

ec
ts

of
in

te
re

st
he

re
.
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:1
-5

2

A
sb
eh

an
d
L
er

n
er

C
as

e
2:

M
SO

of
ob

se
rv

ed
ch

ild
re

n
of

a
la

te
nt

co
lli

de
r

In
th

is
ca

se
,i

t
is

im
p

or
ta

nt
to

no
te

th
at

d
iff

er
en

t
co

ll
id

er
s

an
d

th
ei

r
ch

il
d

re
n

ar
e

aff
ec

te
d

by
d

iff
er

en
t

se
ts

of
ex

og
en

ou
s

va
ri

ab
le

s.
T

hu
s,

w
e

as
su

m
e:

A
ss

u
m

p
ti

on
8

La
te

nt
co

lli
de

rs
do

no
ts

ha
re

ex
ac

tl
y

th
e

sa
m

e
se

ts
of

ex
og

en
ou

s
an

ce
st

or
s.

(I
n

ca
se

A
ss

u
m

p
ti

on
8

is
vi

ol
at

ed
,f

or
ex

am
p

le
,i

f
se

ve
ra

ll
at

en
t

co
ll

id
er

s
sh

ar
e

ex
ac

tl
y

th
e

sa
m

e
se

t
of

ex
og

en
ou

s
an

ce
st

or
s,

L
P

C
C

d
oe

s
no

t
id

en
ti

fy
th

e
la

te
nt

co
ll

id
er

s
as

se
p

ar
at

e
an

d
le

ar
ns

on
e

co
ll

id
er

as
th

e
p

ar
en

t
of

al
l

ch
il

d
re

n
of

th
e

la
te

nt
co

ll
id

er
s.

N
ev

er
th

el
es

s,
w

e
be

li
ev

e
th

is
as

su
m

p
ti

on
is

ve
ry

re
al

is
ti

c.
)

L
et

O
C
i

be
th

e
se

t
of

th
e

ob
se

rv
ed

va
ri

ab
le

s
th

at
ar

e
ch

il
d

re
n

of
la

te
nt

co
ll

id
er
C
i

th
at

is
a

d
es

ce
nd

an
t

of
a

se
t

of
ex

og
en

ou
s

va
ri

ab
le

s
E

X
C
i.

B
y

L
em

m
a

2,
an

y
va

ri
ab

le
in

O
C
i

sh
ou

ld
no

t
ch

an
ge

in
an

y
P

C
C

u
nl

es
s

at
le

as
t

on
e

of
it

s
ex

og
en

ou
s

an
ce

st
or

s
ch

an
ge

s.
T

he
se

ts
of

va
ri

ab
le

s
th

at
sh

ou
ld

ch
an

ge
to

ge
th

er
w

it
h

va
ri

ab
le

s
in

O
C
i

if
an

y
of

th
e

ex
og

en
ou

s
va

ri
ab

le
s

in
E

X
C
i

ch
an

ge
is

re
p

re
se

nt
ed

by
:

O
V

=
⋃

E
X
t∈

E
X
C
i

O
V
t

=
⋃

E
X
t∈

E
X
C
i{O

N
C
t

⋃
O

C
t}

=
⋃

E
X
t∈

E
X
C
i{O

N
C
t

⋃
{O

C
t\O

C
i}}

⋃
O

C
i

(1
2)

w
he

re
th

e
u

ni
on

is
ov

er
al

le
xo

ge
no

u
s

an
ce

st
or

s
E
X
t

of
C
i.

W
e

se
p

ar
at

e
th

e
p

ro
of

to
in

cl
u

d
e

th
re

e
se

ts
of

ob
se

rv
ed

va
ri

ab
le

s:
1)

O
C
i,

w
hi

ch
ar

e
ch

il
d

re
n

of
C
i;

2)
O

N
C
t,

w
hi

ch
ar

e
ch

il
d

re
n

of
an

ex
og

en
ou

s
va

ri
ab

le
E
X
t

an
d

an
y

of
it

s
la

te
nt

no
n-

co
ll

id
er

d
es

ce
nd

an
ts

;a
nd

3)
{O

C
t\O

C
i},

w
hi

ch
ar

e
ch

il
d

re
n

of
la

te
nt

co
ll

id
er

s,
ot

he
r

th
an

C
i,

th
at

ar
e

d
es

ce
nd

an
ts

of
E
X
t.

Fi
gu

re
3:

LV
M

w
it

h
tw

o
la

te
nt

co
ll

id
er

s.

Fo
r

ex
am

p
le

,
fo

r
la

te
nt

co
ll

id
er
C
i

=
L

2
in

Fi
gu

re
3,

E
X
L

2
=
{L

1,
L

3},
O

C
L

2
=
{X

4,
X

5,
X

6},
O

N
C

L
1
=
{X

1,
X

2,
X

3},
O

N
C

L
3
=
{X

7,
X

8,
X

9},
an

d
{O

C
L

4
\O

C
L

2
}=
{X

10
,X

11
,X

12
}.

Fo
ll

ow
in

g,
w

e
an

al
yz

e
th

e
th
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e

su
bs

et
s

of
O

V
,s

p
ec

ifi
ca

ll
y,

O
C
i,

O
N

C
t,

an
d
{O

C
t\O

C
i},

an
d

sh
ow

th
at

on
ly

va
ri

ab
le

s
in

O
C
i

(o
r

an
y

su
bs

et
of

O
C
i)

w
il

l
al

w
ay

s
ch

an
ge

to
ge

th
er

,
w

he
re

as
ot

he
r

va
ri

ab
le

s
in

O
V

w
il

l
no

t.
W

e
an

al
yz

e
th

e
su
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et

s
O

N
C
t

an
d
{O

C
t\O

C
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r
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ch

ex
og

en
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s
E
X
t
∈E

X
C
i;

th
u

s,
th

e
an

al
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is
is

al
so

co
rr

ec
t

fo
r

th
ei

r
u

ni
on

(1
2)

.

•
O

C
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B
y

L
em

m
a

2
(s

ec
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d
p
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,a
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su
bs

et
of

va
ri

ab
le

s
in

O
C
i

al
w

ay
s

ch
an

ge
s

to
-

ge
th

er
in
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l

P
C

C
s

th
at

co
rr

es
p

on
d

to
a

ch
an

ge
in
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in

E
X
C
i.

In
ad

d
it

io
n,

no
ne

of
th

e
va

ri
ab

le
s

in
O

C
i

ha
s

an
ex

og
en

ou
s

an
ce

st
or

th
at

is
no

t
in

E
X
C
i;

th
er

ef
or

e,
no

va
ri

ab
le

in
O

C
i

ev
er

ch
an

ge
s

in
an

y
P

C
C

th
at

co
rr

es
p

on
d

s
to

an
ex

og
en

ou
s

va
ri

ab
le

th
at

is
no

t
in

E
X
C
i.

T
he

se
va

ri
ab

le
s

be
lo

ng
to

th
e

sa
m

e
M

SO
th

at
re

p
re

se
nt

s
C
i.
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L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
T
h
eory

&
O
verview

•
O

N
C
t :

W
e

p
reviou

sly
show

ed
in

C
ase

1
that

each
O

N
C
t

form
s

an
M

SO
that

corre-
sp

ond
s

to
a

single
E
X
t ,and

this
is

the
only

exogenou
s

ancestor
for

O
N

C
t .B

y
L

em
m

a
3,an

M
SO

is
an

equ
ivalence

class;therefore,no
other

variable
in

a
su

bset
of

O
V

(in-
clu

d
ing

O
C
i )can

be
ad

d
ed

to
O

N
C
t ,and

itw
illrem

ain
an

M
SO

.Sim
ilarly,no

su
bset

of
variables

in
O

N
C
t

can
be

ad
d

ed
to

any
su

bset
of

O
V

to
obtain

an
M

SO
.

•
{O

C
t \O

C
i }:A

ny
su

bsetofO
C
t \O

C
i d

oes
notchange

together
w

ith
any

su
bsetofO

C
i

becau
se

(A
ssu

m
p

tion
8)

for
each

variable
O
C
j

in
O

C
t \O

C
i ,

there
is

an
exogenou

s
ancestor

E
X
j

thatis
notan

ancestor
of

variables
in

O
C
i .T

hu
s,by

P
rop

osition
7,O

C
j

changes
its

valu
e

in
a

P
C

C
that

corresp
ond

s
to

a
change

only
in

the
valu

e
of
E
X
j ,

w
hereas

the
variables

in
O

C
i ,

w
hich

are
not

d
escend

ants
of
E
X
j ,

d
o

not
change

in
that

P
C

C
.

C
onsequ

ently,alland
only

variables
in

O
C
i (m

axim
alsu

bset
of

O
C
i )

com
p

ose
M

SO
i that

changes
together

in
allP

C
C

s
that

corresp
ond

to
a

change
in

E
X
C
i .

T
h

eorem
2

A
latentvariable

L
is

a
collider

ofa
setoflatentancestors

L
A⊂

E
X

only
if:

1.
T

he
values

ofthe
children

ofL
change

in
different

parts
ofsom

e
m

ajor–m
ajor

PC
C

s
each

tim
e

w
ith

the
values

ofdescendants
ofanother

latentancestor
in

L
A

;and

2.
T

he
values

ofthe
children

ofL
do

notchange
in

any
PC

C
unless

the
values

ofdescendants
ofatleastone

ofthe
variables

in
L
A

change
too.

P
roof

R
ecall

that
by

this
p

oint
(Section

4.1),
latent

variables
that

have
alread

y
been

learned
are

either
exogenou

s
or

collid
ers.

T
hu

s,
fi

rst,
w

e
show

that
a

latent
variable

L
that

satisfi
es

(2)
has

to
be

a
collid

er
for

a
set

of
latent

ancestors
L

A⊂
E

X
by

assu
m

ing
by

contrad
iction

that
L

is
not

a
collid

er
bu

t
an

exogenou
s

variable.
If

L
is

an
exogenou

s
vari-

able,then
there

exists
at

least
a

single
m

ajor–m
ajor

P
C
C
L

that
corresp

ond
s

to
tw

o
exs

in
w

hich
only

L
changes

its
valu

e.T
hu

s,in
P
C
C
L ,only

the
valu

es
ofd

escend
ants

of
L

change,
w

hereas
d

escend
ants

of
other

variables
in

any
su

b-set
L

A⊂
E

X
d

o
not

change.
T

his
is

in
contrast

to
(2).

Second
,w

e
show

thatifL
satisfi

es
(1),then

L
A

is
the

setofL’s
exogenou

s
ancestors

that
collid

e
in

L.L
et

O
N

C
i

(in
O

E
X ⋃

O
S)

be
the

set
of

observed
variables

that
are

child
ren

of
L
A
i ∈

L
A

or
child

ren
of

its
latent

non-collid
er

d
escend

ants.
L

et
O

C
i be

the
set

of
child

ren
of

latent
collid

ers
w

here
each

has
L
A
i as

its
ancestor

w
ith

other
exogenou

s
variables

in
L

A
or

not.
O

V
i =

O
N

C
i ⋃

O
C
i

inclu
d

es
all

the
observed

variables
that

are
aff

ected
by

L
A
i

and
thu

s
m

ay
change

their
valu

es
w

hen
L
A
i

changes
valu

es.
In

ad
d

ition,let
O

C
L

be
the

set
of

child
ren

of
L.

W
e

need
to

show
that

if
L

satisfi
es

(1),
then

O
C
L ⊂

O
C
i

for
each

L
A
i ∈

L
A

.
Since

L
A
i

is
an

ancestor
of

L,(1)
ensu

res
that

there
exists

a
P

C
C

in
w

hich
only

the
valu

es
of

d
escend

ants
of
L
A
i

inclu
d

ing
O

C
L

change,w
hereas

the
valu

es
of

d
escend

ants
of

other
variables

in
L

A\L
A
i

d
o

not
change.

T
hu

s,O
C
L ⊂

O
V
i .

H
ow

ever,none
of

the
child

ren
in

O
C
L

belongs
to

O
N

C
i ;otherw

ise,it
w

ou
ld

have
alread

y
been

id
entifi

ed
(T

heorem
1)

as
a

d
escend

ant
of
L
A
i .T

hu
s,O

C
L ⊂

O
C
i .
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A
sbeh

an
d
L
ern

er

L
em

m
a

4
Let

a
latent

non-collider
N

C
be

a
descendant

of
an

exogenous
latent

variable
EX

.
2S-PC

C
is

PC
C

betw
een

a
“tw

o-set”
first-order

m
inor

cluster
2S-M

C
due

to
a

m
inor

value
in

N
C

and
a

m
ajor

cluster
thatidentified

EX
.ex ′and

ex ′′are
tw

o
value

configurations
ofE

X
that

correspond
to

the
com

pared
clusters

by
2S-PC

C
.W

hen:

1.
EX

doesnotchange
valuesbetw

een
ex ′and

ex ′′,allthe
elem

entsin
2S-PC

C
corresponding

to
the

observed
descendants

ofthe
latent

ancestors
ofN

C
(including

EX
)

show
no

change
(i.e.,are

0),w
hereas

the
elem

ents
corresponding

to
the

observed
descendants

ofN
C

show
a

change
(i.e.,are

1),

and
w

hen

2.
EX

changes
values

betw
een

ex ′and
ex ′′,allthe

elem
ents

in
2S-PC

C
corresponding

to
the

observed
descendants

ofthe
latentancestors

ofN
C

(including
EX

)
show

a
change

(i.e.,are
1),w

hereas
the

elem
ents

corresponding
to

the
observed

descendants
ofN

C
show

no
change

(i.e.,are
0).

P
roof

2S-M
C

rep
resents

a
1-ord

er
m

inor
confi

gu
ration

of
E

N
in

w
hich

only
N

C
has

a
m

inor
valu

e,and
allthe

other
variables

in
E

N
have

m
ajor

valu
es.T

hu
s,w

hen

•
EX

d
oes

not
change

valu
es

betw
een

ex ′and
ex ′′(i.e.,ex ′=

ex ′′),then

1.
the

m
ajor

valu
e

confi
gu

ration
of

the
latent

ancestors
of

N
C

is
the

sam
e

for
both

exs
(P

rop
osition

3),and
for

each
su

ch
latent,each

of
its

observed
child

ren
has

the
sam

e
m

ajor
local

valu
e

(P
rop

osition
2)

for
both

exs.
T

hu
s,all

the
observed

child
ren

ofthe
latentancestors

ofN
C

d
o

notchange
valu

es
in

both
clu

sters,and
allthe

corresp
ond

ing
elem

ents
in

2S-P
C

C
are

0;and

2.
N

C
m

ay
take

either
a

m
ajor

or
m

inor
valu

e
in

resp
onse

to
ex ′(=

ex ′′),d
ep

end
ing

on
the

p
robabilities

of
N

C
to

take
any

of
its

valu
es

cond
itioned

on
the

valu
es

N
C

’s
d

irect
p

arent
takes.

T
he

resu
lt

of
the

fi
rst

case
is

a
m

ajor
clu

ster
(N

C
and

both
its

ancestors
and

d
escend

ants
have

m
ajor

valu
es)

and
that

of
the

sec-
ond

case
is

1-M
C

.Since
allN

C
’s

ancestors
and

d
escend

ants
have

m
ajor

valu
es,

w
hereas

N
C

has
a

m
inor

valu
e,this

1-M
C

is
2S-M

C
by

d
efi

nition.
U

sing
these

tw
o

clu
sters,L

P
C

C
creates

2S-P
C

C
.Since

N
C

d
-sep

arates
its

d
escend

ants
(both

latents
and

observed
)from

its
ancestors,the

valu
es

of
N

C
’s

d
escend

ants
are

d
e-

term
ined

only
by

N
C

in
a

w
ay

sim
ilar

to
that

w
hich

w
e

u
sed

to
p

rove
P

rop
osi-

tion
3.Since

w
e

are
concerned

w
ith

the
case

in
w

hich
N

C
takes

d
iff

erent
valu

es
for

ex ′and
ex ′′,its

d
escend

ants
too

have
d

iff
erentvalu

es
in

the
tw

o
corresp

ond
-

ing
confi

gu
rations,and

follow
ing

A
ssu

m
p

tion
7,all

of
their

observed
child

ren
have

d
iff

erent
valu

es
in

the
corresp

ond
ing

observed
confi

gu
rations

and
clu

s-
ters.T

herefore,these
child

ren
change

their
valu

es
betw

een
the

clu
sters,as

rep
-

resented
by

1s
in

the
2S-P

C
C

.

•
EX

changes
valu

es
betw

een
ex ′and

ex ′′,then

1.
by

P
rop

osition
4,

all
the

latent
ancestors

of
N

C
have

d
iff

erent
valu

es
for

ex ′
and

ex ′′,and
by

A
ssu

m
p

tion
7,all

the
observed

child
ren

of
these

latents
have
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L
ea

rn
in
g
by

Pa
ir
w
is
e
C
lu

st
er

C
om

pa
ri
so
n
−T

h
eo

ry
&

O
ve

rv
ie
w

d
iff

er
en

t
va

lu
es

fo
r

ex
′

an
d

ex
′′ .

T
hu

s,
in

an
y

2S
-P

C
C

be
tw

ee
n

tw
o

cl
u

st
er

s
co

rr
es

p
on

d
in

g
to

ex
′ a

nd
ex
′′ ,

al
lt

he
el

em
en

ts
th

at
co

rr
es

p
on

d
to

th
e

ob
se

rv
ed

ch
il

d
re

n
of

th
e

la
te

nt
an

ce
st

or
s

of
N

C
(i

nc
lu

d
in

g
EX

)s
ho

w
a

ch
an

ge
(i

.e
.,

ar
e

1)
;

an
d

2.
N

C
d

oe
s

no
tc

ha
ng

e
va

lu
es

be
tw

ee
n

ex
′ a

nd
ex
′′

be
ca

u
se

if
it

d
id

,t
he

n
by

P
ro

p
o-

si
ti

on
4,

al
l

of
it

s
la

te
nt

d
es

ce
nd

an
ts

ha
ve

d
iff

er
en

t
va

lu
es

fo
r

ex
′ a

nd
ex
′′ ,

an
d

by
A

ss
u

m
p

ti
on

7,
al

lo
f

th
ei

r
ob

se
rv

ed
ch

il
d

re
n

ha
ve

d
iff

er
en

t
va

lu
es

in
th

e
tw

o
co

rr
es

p
on

d
in

g
ob

se
rv

ed
co

nfi
gu

ra
ti

on
s.

A
nd

fo
ll

ow
in

g,
in

an
y

2S
-P

C
C

be
tw

ee
n

tw
o

cl
u

st
er

s
co

rr
es

p
on

d
in

g
to

ex
′ a

nd
ex
′′ ,

al
l

th
e

el
em

en
ts

th
at

co
rr

es
p

on
d

to
N

C
an

d
it

s
d

es
ce

nd
an

ts
w

ou
ld

sh
ow

a
ch

an
ge

(i
.e

.,
ar

e
1)

.
B

u
t,

si
nc

e
as

w
e

al
-

re
ad

y
sh

ow
ed

th
at

al
lt

he
ob

se
rv

ed
ch

il
d

re
n

of
th

e
an

ce
st

or
s

of
N

C
ar

e
eq

u
al

to
1

in
th

es
e

2S
-P

C
C

s,
it

is
co

nt
ra

ry
to

th
e

d
efi

ni
ti

on
of

a
2S

-P
C

C
th

at
ne

ed
s

tw
o

se
ts

of
tw

o
or

m
or

e
el

em
en

ts
of

d
iff

er
en

t
va

lu
es

.T
hu

s,
N

C
ca

nn
ot

ch
an

ge
va

lu
es

be
-

tw
ee

n
ex
′ a

nd
ex
′′ .

Fo
ll

ow
in

g
an

d
by

P
ro

p
os

it
io

n
3,

al
lt

he
la

te
nt

d
es

ce
nd

an
ts

of
N

C
ha

ve
ce

rt
ai

n
va

lu
es

fo
r

th
is

ce
rt

ai
n

va
lu

e
of

N
C

in
bo

th
co

nfi
gu

ra
ti

on
s,

an
d

by
P

ro
p

os
it

io
n

2,
al

l
th

e
ob

se
rv

ed
ch

il
d

re
n

of
th

es
e

la
te

nt
s

ha
ve

ce
rt

ai
n

va
lu

es
in

th
e

co
rr

es
p

on
d

in
g

ob
se

rv
ed

co
nfi

gu
ra

ti
on

s.
T

hu
s,

al
lt

he
el

em
en

ts
in

2S
-P

C
C

th
at

co
rr

es
p

on
d

to
th

e
ob

se
rv

ed
ch

il
d

re
n

of
N

C
an

d
it

s
d

es
ce

nd
an

ts
d

o
no

ts
ho

w
a

ch
an

ge
(i

.e
.,

ar
e

0)
.

N
ot

e
th

at
th

e
p

ro
of

im
p

li
ci

tl
y

as
su

m
es

th
at

N
C

is
on

a
se

ri
al

co
nn

ec
ti

on
em

er
gi

ng
fr

om
EX

.I
n

a
d

iv
er

gi
ng

co
nn

ec
ti

on
,a

ll
th

e
la

te
nt

va
ri

ab
le

s
th

at
ar

e
on

th
e

p
at

hs
ot

he
r

th
an

th
e

on
e

th
at

in
cl

u
d

es
N

C
ca

n
be

co
ns

id
er

ed
w

it
h

N
C

’s
an

ce
st

or
s

be
ca

u
se

bo
th

th
e

la
te

nt
s

on
th

e
ot

he
r

p
at

hs
an

d
N

C
’s

an
ce

st
or

s
ar

e
d

-s
ep

ar
at

ed
(f

or
th

es
e

2S
-P

C
C

s)
by

N
C

fr
om

it
s

d
es

ce
nd

an
ts

.T
hu

s,
th

e
an

al
ys

is
p

ro
p

os
ed

ab
ov

e
fo

r
a

se
ri

al
co

nn
ec

ti
on

ge
ne

ra
li

ze
s

al
so

to
th

e
d

iv
er

gi
ng

co
nn

ec
ti

on
.

T
h

eo
re

m
3

Va
ri

ab
le

s
of

a
pa

rt
ic

ul
ar

2S
-M

SO
ar

e
ch

ild
re

n
of

an
ex

og
en

ou
s

la
te

nt
va

ri
ab

le
EX

or
an

y
of

it
s

de
sc

en
da

nt
la

te
nt

no
n-

co
lli

de
rs

N
C

.

P
ro

of
I.

Va
ri

ab
le

s
of

2S
-M

SO
th

at
ar

e
ch

ild
re

n
of

EX

W
e

ne
ed

,fi
rs

t,
to

p
ro

ve
th

at
th

e
ch

il
d

re
n

of
EX

al
w

ay
s

ch
an

ge
va

lu
es

to
ge

th
er

an
d

se
co

nd
,

th
at

no
ot

he
r

ob
se

rv
ed

ch
il

d
of

an
ot

he
r

la
te

nt
ca

n
al

w
ay

s
ch

an
ge

va
lu

e
w

it
h

th
em

.
Fi

rs
t,

L
em

m
a

4
gu

ar
an

te
es

th
at

th
e

ob
se

rv
ed

ch
il

d
re

n
of

EX
al

w
ay

s
ch

an
ge

va
lu

es
to

ge
th

er
si

nc
e

a
va

lu
e

ch
an

ge
of

EX
be

tw
ee

n
tw

o
ex

s
co

rr
es

p
on

d
s

to
th

e
co

m
p

ar
ed

cl
u

st
er

s
in

al
l2

S-
P

C
C

s
of

2S
-M

C
s

w
it

h
th

e
m

aj
or

cl
u

st
er

s
fo

r
EX

.T
he

re
m

ai
nd

er
of

th
e

p
ro

of
is

d
iv

id
ed

in
to

tw
o

ca
se

s:
1)

a
se

ri
al

co
nn

ec
ti

on
an

d
2)

a
d

iv
er

gi
ng

co
nn

ec
ti

on
.I

n
ca

se
1,

th
er

e
ex

is
ts

at
le

as
t

a
si

ng
le

2S
-P

C
C

in
w

hi
ch

on
ly

th
e

ob
se

rv
ed

ch
il

d
re

n
of

EX
ch

an
ge

.T
hi

s
2S

-P
C

C
is

be
tw

ee
n

a
m

aj
or

cl
u

st
er

fo
r

EX
an

d
2S

-M
C

du
e

to
a

m
in

or
va

lu
e

of
th

e
d

ir
ec

t
la

te
nt

no
n-

co
ll

id
er
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A
sb
eh

an
d
L
er

n
er

ch
il

d
N

C
14

of
EX

(e
.g

.,
L

2
is

th
e

d
ir

ec
t

la
te

nt
no

n-
co

ll
id

er
ch

il
d

of
L

1
in

G
3)

.15
T

hu
s,

on
ly

th
e

el
em

en
ts

in
2S

-P
C

C
th

at
co

rr
es

p
on

d
to

th
e

ob
se

rv
ed

ch
il

d
re

n
of

EX
sh

ow
a

ch
an

ge
an

d
ar

e
eq

u
al

to
1

(e
.g

.,
PC

C
2,

10
in

Ta
bl

e
4)

,w
hi

ch
gu

ar
an

te
es

th
at

th
e

ob
se

rv
ed

ch
il

d
re

n
of

EX
es

ta
bl

is
h

a
2S

-M
SO

.
In

ca
se

2,
th

e
sa

m
e

an
al

ys
is

p
ro

p
os

ed
in

ca
se

1
is

re
p

ea
te

d
fo

r
ea

ch
of

th
e

d
ir

ec
t

la
te

nt
no

n-
co

ll
id

er
ch

il
d

re
n

of
EX

in
ea

ch
of

th
e

p
at

hs
th

at
em

er
ge

s
fr

om
EX

.L
et

u
s

u
se

th
e

sa
m

e
no

ta
ti

on
N

C
fo

r
ea

ch
su

ch
d

ir
ec

t
ch

il
d

in
ea

ch
p

at
h

in
tu

rn
.

In
th

is
ca

se
,n

ot
on

ly
d

o
th

e
ob

se
rv

ed
ch

il
d

re
n

of
EX

ch
an

ge
ea

ch
ti

m
e

EX
ch

an
ge

s,
bu

t
al

so
th

e
ob

se
rv

ed
d

es
ce

nd
an

ts
of

th
e

ot
he

r
d

ir
ec

t
la

te
nt

no
n-

co
ll

id
er

ch
il

d
re

n
of

EX
(i

n
al

l
p

at
hs

ex
ce

p
t

th
at

w
hi

ch
in

-
cl

u
d

es
N

C
)

ch
an

ge
w

it
h

EX
.T

hi
s

sh
ow

s
th

at
th

e
ob

se
rv

ed
ch

il
d

re
n

of
EX

ch
an

ge
w

it
h

th
e

ob
se

rv
ed

d
es

ce
nd

an
ts

of
th

e
d

ir
ec

t
la

te
nt

no
n-

co
ll

id
er

ch
il

d
re

n
of

EX
(a

ll
bu

t
th

e
d

es
ce

n-
d

an
ts

of
N

C
),

bu
tn

ev
er

to
ge

th
er

w
it

h
al

lo
ft

he
m

(a
s

at
ea

ch
ti

m
e,

an
ot

he
r

N
C

is
ex

cl
u

d
ed

).
T

hi
s

gu
ar

an
te

es
th

at
th

e
ob

se
rv

ed
ch

il
d

re
n

of
EX

es
ta

bl
is

h
a

2S
-M

SO
.

II
.V

ar
ia

bl
es

of
2S

-M
SO

th
at

ar
e

ch
ild

re
n

of
EX

’s
de

sc
en

da
nt

N
C

In
a

se
ri

al
co

nn
ec

ti
on

,w
e

id
en

ti
fy

th
re

e
p

os
si

bl
e

si
tu

at
io

ns
in

w
hi

ch
ei

th
er

N
C

,i
ts

la
te

nt
d

es
ce

nd
an

t,
or

it
s

la
te

nt
an

ce
st

or
ta

ke
s

a
m

in
or

va
lu

e.
In

ea
ch

of
th

es
e

si
tu

at
io

ns
,n

o
ot

he
r

la
te

nt
or

ob
se

rv
ed

va
ri

ab
le

ca
n

ta
ke

a
m

in
or

va
lu

e
be

ca
u

se
w

e
fo

cu
s

th
e

an
al

ys
is

on
2S

-M
C

th
ro

u
gh

th
e

ev
al

u
at

io
n

of
2S

-P
C

C
be

tw
ee

n
th

is
m

in
or

cl
u

st
er

an
d

a
m

aj
or

cl
u

st
er

fo
r

EX
.

Fo
r

ea
ch

of
th

e
th

re
e

si
tu

at
io

ns
,E

X
m

ay
ch

an
ge

it
s

va
lu

e
or

no
t,

so
w

e
ha

ve
to

co
ns

id
er

si
x

ca
se

s:

1.
2S

-M
C

is
du

e
to

a
m

in
or

va
lu

e
of

an
y

of
N

C
’s

la
te

nt
no

n-
co

ll
id

er
d

es
ce

nd
an

ts
,N

C
1,

an
d

EX
d

oe
s

no
t

ch
an

ge
va

lu
e

be
tw

ee
n

tw
o

ex
s

th
at

co
rr

es
p

on
d

to
th

e
co

m
p

ar
ed

cl
u

st
er

s.
T

he
n,

by
L

em
m

a
4

(fi
rs

tp
ar

t)
,a

ll
of

N
C

1’
s

ob
se

rv
ed

d
es

ce
nd

an
ts

d
o

ch
an

ge
va

lu
es

,
bu

t
al

l
th

e
ob

se
rv

ed
ch

il
d

re
n

of
N

C
1’

s
la

te
nt

an
ce

st
or

s,
in

cl
u

d
in

g
th

os
e

of
N

C
,d

o
no

t
ch

an
ge

va
lu

es
.

2.
2S

-M
C

is
du

e
to

a
m

in
or

va
lu

e
of

an
y

of
N

C
’s

la
te

nt
no

n-
co

ll
id

er
d

es
ce

nd
an

ts
,N

C
1,

an
d

EX
ch

an
ge

s
va

lu
e

be
tw

ee
n

tw
o

ex
s

th
at

co
rr

es
p

on
d

to
th

e
co

m
p

ar
ed

cl
u

st
er

s.
T

he
n,

by
L

em
m

a
4

(s
ec

on
d

p
ar

t)
,a

ll
of

N
C

1’
s

ob
se

rv
ed

d
es

ce
nd

an
ts

d
o

no
t

ch
an

ge
va

lu
es

,
bu

t
al

l
th

e
ob

se
rv

ed
ch

il
d

re
n

of
N

C
1’

s
la

te
nt

an
ce

st
or

s,
in

cl
u

d
in

g
th

os
e

of
N

C
,c

ha
ng

e
va

lu
es

.

3.
2S

-M
C

is
du

e
to

a
m

in
or

va
lu

e
of

N
C

,a
nd

EX
d

oe
s

no
tc

ha
ng

e
va

lu
e

be
tw

ee
n

tw
o

ex
s

th
at

co
rr

es
p

on
d

to
th

e
co

m
p

ar
ed

cl
u

st
er

s.
T

he
n,

by
L

em
m

a
4

(fi
rs

t
p

ar
t)

,a
ll

of
N

C
’s

14
A

)W
e

fo
cu

s
on

th
e

la
te

nt
no

n-
co

ll
id

er
N
C

th
at

is
th

e
d

ir
ec

tc
hi

ld
of
E
X

si
nc

e
on

ly
a

m
in

or
va

lu
e

th
at
N
C

ta
ke

s
ca

n
d

-s
ep

ar
at

e
E
X

an
d

it
s

ob
se

rv
ed

ch
il

d
re

n
fr

om
N

C
’s

ob
se

rv
ed

ch
il

d
re

n
an

d
th

e
ob

se
rv

ed
ch

il
d

re
n

of
th

e
re

m
ai

ni
ng

la
te

nt
no

n-
co

ll
id

er
s,

an
d

p
ar

ti
ti

on
th

e
el

em
en

ts
in

th
e

co
rr

es
p

on
d

in
g

2S
-P

C
C

in
to

tw
o

se
ts

in
w

hi
ch

th
e

fi
rs

t
co

ns
is

ts
of

th
e

ob
se

rv
ed

ch
il

d
re

n
of

E
X

an
d

th
e

se
co

nd
co

ns
is

ts
of

th
e

ob
se

rv
ed

ch
il

d
re

n
of

al
l

E
X

’s
la

te
nt

d
es

ce
nd

an
ts

.
B

)
In

ou
r

ci
rc

u
m

st
an

ce
s,

w
he

re
at

le
as

t
a

si
ng

le
la

te
nt

no
n-

co
ll

id
er

ha
s

be
en

co
m

bi
ne

d
w

it
h

E
X

,
th

e
ex

is
te

nc
e

of
su

ch
a

la
te

nt
va

ri
ab

le
is

gu
ar

an
te

ed
.

C
)

It
is

al
so

gu
ar

an
te

ed
th

at
th

e
1-

M
C

du
e

to
th

e
m

in
or

va
lu

e
of

th
e

d
ir

ec
t

la
te

nt
ch

il
d

of
E

X
is

2S
-M

C
be

ca
u

se
it

ca
nn

ot
be

du
e

to
an

ob
se

rv
ed

va
ri

ab
le

(s
ee

C
as

e
2

ab
ov

e)
.

15
W

e
as

su
m

e
th

at
al

lp
os

si
bl

e
1-

M
C

s,
in
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u

d
in

g
th

e
on

e
co

rr
es

p
on

d
in

g
to

a
m

in
or

va
lu

e
of

th
e

d
ir

ec
tl

at
en

t
no

n-
co

ll
id

er
ch

il
d

N
C

of
E

X
,a

re
fo

u
nd

.P
ra

ct
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al
ly

,i
fw

e
er

r
in

es
ti

m
at

in
g

th
e

th
re

sh
ol

d
on

th
e

m
ax

im
al

2-
M

C
(a

s
d

es
cr

ib
ed

ab
ov

e
an

d
in

A
p

p
en

d
ix

B
),

w
e

m
ay

m
is

s
th

is
1-

M
C

,b
u

t
th

is
is

an
id

en
ti

fi
ca

ti
on

is
su

e
th

at
d

oe
s

no
t

aff
ec

t
th

e
co

rr
ec

tn
es

s
of

th
e

th
eo

re
m
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L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
T
h
eory

&
O
verview

observed
d

escend
ants

d
o

change
valu

es,bu
tallthe

observed
child

ren
ofits

ancestors
d

o
not.

4.
2S-M

C
is

du
e

to
a

m
inor

valu
e

of
N

C
,and

EX
changes

valu
e

betw
een

tw
o

exs
that

corresp
ond

to
the

com
p

ared
clu

sters.
T

hen,
by

L
em

m
a

4
(second

p
art),

all
of

N
C

’s
observed

d
escend

ants
d

o
not

change
valu

es,bu
t

all
the

observed
child

ren
of

its
an-

cestors
d

o.

5.
2S-M

C
is

du
e

to
a

m
inor

valu
e

of
N

C
’s

latent
non-collid

er
ancestor,

N
C

1,
and

EX
d

oes
not

change
valu

e
betw

een
tw

o
exs

that
corresp

ond
to

the
com

p
ared

clu
sters.

T
hen,

by
L

em
m

a
4

(fi
rst

p
art),

all
the

observed
child

ren
of

N
C

1
and

of
its

latent
d

escend
ants,inclu

d
ing

those
of

N
C

,change
valu

es.

6.
2S-M

C
is

du
e

to
a

m
inor

valu
e

of
N

C
’s

latent
non-collid

er
ancestor,

N
C

1,
and

EX
changes

valu
e

betw
een

tw
o

exs
that

corresp
ond

to
the

com
p

ared
clu

sters.
T

hen,by
L

em
m

a
4

(second
p

art),
all

the
observed

child
ren

of
N

C
1

and
of

its
latent

d
escen-

d
ants,inclu

d
ing

those
of

N
C

,d
o

not
change

valu
es.

T
hat

is,
in

all
six

cases,
N

C
’s

observed
child

ren
change

valu
es

together;
in

som
e

2S-
P

C
C

s
they

change
valu

es
w

ith
observed

child
ren

of
a

latent
non-collid

er
ancestor

of
N

C
and

in
som

e
other

2S-P
C

C
s

w
ith

observed
child

ren
of

a
latent

non-collid
er

d
escend

ant
of

N
C

.T
hu

s,
not

only
w

ill
the

set
of

all
the

observed
child

ren
of

N
C

alw
ays

change
valu

es
together,

bu
t

also
no

observed
child

of
any

of
N

C
’s

latent
non-collid

er
ancestors

or
d

e-
scend

ants
can

be
p

art
of

this
set.

T
his

m
eans

that
the

set
of

observed
child

ren
of

N
C

is
a

m
axim

alset
of

variables
that

alw
ays

change
together,i.e.,2S-M

SO
.

N
ote

that
if

N
C

d
oes

not
have

a
latent

non-collid
er

d
escend

ant
or

ancestor,then
C

ases
1

and
2

and
C

ases
5

and
6,

resp
ectively,

d
o

not
exist.

In
the

sp
ecial

case
w

here
N

C
is

a
leaf

(i.e.,d
oes

not
have

a
latent

d
escend

ant),C
ase

3
gu

arantees
that

there
exists

at
least

a
single

2S-P
C

C
in

w
hich

only
the

observed
child

ren
of

N
C

change.
In

a
d

iverging
connection,allthe

latent
variables

that
are

on
p

aths
other

than
the

one
that

inclu
d

es
N

C
can

be
consid

ered
w

ith
N

C
’s

ancestors
becau

se
N

C
d

-sep
arates

them
all

from
its

d
escend

ants.T
hu

s,the
sam

e
analysis

p
rop

osed
in

the
serialcase

also
hold

s
in

the
d

iverging
case.

T
h

eorem
4

A
latentnon-collider

N
C

1
isa

directchild
ofanother

latentnon-collider
N

C
2

(both
on

the
sam

e
path

em
erging

in
EX

)
only

if:

•
In

all2S-PC
C

s
for

w
hich

EX
doesnotchange,the

observed
children

ofN
C

1
alw

ays
change

w
ith

those
ofN

C
2

and
also

in
a

single
2S-PC

C
w

ithoutthe
children

ofN
C

2;and

•
In

all2S-PC
C

s
for

w
hich

a
latent

non-collider
leafdescendant

ofEX
does

not
change,the

observed
children

ofN
C

2
alw

ays
change

w
ith

those
ofN

C
1

and
also

in
a

single
2S-PC

C
w

ithoutthe
children

ofN
C

1.

P
roof

L
et

N
C

1
and

N
C

2
be

latent
non-collid

er
d

escend
ants

of
EX

(both
on

the
sam

e
p

ath
em

erging
from

EX
),and

N
C

1
be

a
d

irectchild
ofN

C
2.A

2S-P
C

C
m

ay
resu

ltfrom
a

2S-M
C
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A
sbeh

an
d
L
ern

er

du
e

to
a

m
inor

valu
e

in:1)a
latent

ancestor
of

N
C

1
(inclu

d
ing

N
C

2
itself),2)N

C
1,or

3)a
latentd

escend
entofN

C
1.In

the
fi

rsttyp
e

ofsu
ch

2S-P
C

C
(for

w
hich

EX
d

oes
notchange),

L
em

m
a

4
(fi

rst
p

art)
gu

arantees
that

the
child

ren
of

N
C

1
and

N
C

2
change

together
in

(1)
and

d
o

not
change

at
all

in
(3),w

hereas
in

(2)
only

the
observed

child
ren

of
N

C
1

change.
T

hu
s,the

child
ren

ofN
C

1
alw

ays
change

w
ith

the
child

ren
ofN

C
2,and

in
ad

d
ition

also
in

a
single

2S-P
C

C
in

w
hich

the
child

ren
of

N
C

2
d

o
not

change.

In
the

second
typ

e
of

su
ch

2S-P
C

C
for

w
hich

the
observed

child
ren

of
the

leaf
latent

non-collid
er

d
escend

ant
of

EX
d

o
not

change,L
em

m
a

4
(second

p
art)

gu
arantees

that
EX

changes
valu

e,and
the

child
ren

ofN
C

1
and

N
C

2
d

o
not

change
at

allin
(1)and

change
to-

gether
in

(3),w
hereas

in
(2)only

the
observed

child
ren

of
N

C
2

change.T
hu

s,the
child

ren
ofN

C
2

alw
ays

change
w

ith
the

child
ren

ofN
C

1,and
in

ad
d

ition
also

in
a

single
2S-P

C
C

in
w

hich
the

child
ren

of
N

C
1

d
o

not
change.

T
he

sam
e

analysis
is

tru
e

for
both

a
serial

and
d

iverging
connection.

A
p

p
en

d
ix

B
.Settin

g
a

th
resh

old
for

th
e

m
axim

alsize
of

2-ord
er

m
in

or
clu

sters
(Section

4.4)

In
this

ap
p

end
ix,w

e
d

escribe
the

calcu
lation

of
a

2-ord
er

m
inor

clu
ster

threshold
(2M

C
T

)
on

the
m

axim
alsize

of2-ord
er

m
inor

clu
sters

(2-M
C

s)thatw
ere

introdu
ced

in
Section

4.4.

T
his

threshold
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resents
the

m
axim

al
size

of
a

m
inor

clu
ster

that
corresp

ond
s

to
a

2-ord
er

m
inor

valu
e

confi
gu

ration
(D

efi
nition

13),
i.e.,

a
m

inor
clu

ster
that

rep
resents

exactly
tw

o
end

ogenou
s

variables
in

E
N

that
have

m
inor

valu
es.

T
his

threshold
is

sep
a-

rately
calcu

lated
to

each
E
X
i ∈E

X
,

w
hen

all
end

ogenou
s

variables
in

E
N

,
excep

t
the

tw
o

m
entioned

,have
m

ajor
valu

es.
T

his
threshold

is
an

ap
p

roxim
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for
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m
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alp
rob-

ability
of

having
m

inor
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es
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a
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to

any
ex

in
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tw
o

d
escend

ants
of

EX
,

w
here

all
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d
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of

EX
and

the
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s

variables
in

E
X

have
m

ajor
valu

es.
T

his
ap

p
roxim

ation
is

d
erived

from
the

p
rodu

ct
of

the
m

axim
al

m
inor

local
ef-

fects
(D

efi
nition

B
.1)of

tw
o

observed
d

escend
ants

of
E
X
i ,the

m
axim

alm
ajor

localeff
ects

(D
efi

nition
B

.1)of
the

other
observed

d
escend

ants
of
E
X
i ,the

m
axim

alm
ajor

localeff
ects

of
the

d
escend

ants
of

the
other

exogenou
s

variables
in

E
X

,and
the

m
axim

al
p

rior
of

all
exogenou

s
variables

in
E

X
.W

e
d

efi
ne:

D
efi

n
ition

B
.1

A
m

axim
al

m
ajor

local
effect

on
an

observed
child

O
i

of
a

latent
p

arent
P
a
i

is
the

m
axim

al
m

ajor
eff

ect
on

O
i

over
all

valu
es
p
a ′i

of
P
a
i ,

su
ch

that
M
axM

A
E
i

=
m
ax
p
a ′i M

A
E
i (p

a ′i ).
Sim

ilarly,a
m

axim
alm

inor
localeffect

is
the

m
axim

al
m

inor
eff

ect
over

allvalu
es
p
a ′i of

P
a
i ,su

ch
that

M
axM

IE
i =

m
ax
p
a ′i M

IE
i (p

a ′i ).

First,w
e

fi
nd

M
axM

A
E
V
i and

M
axM

IE
V
i ,w

hich
are

the
sorted

vectors
of
M
axM

A
E
t

and
M
axM

IE
t

(D
efi

nition
B

.1)of
all

O
t ∈C

h
i (observed

d
escend

ants
of
E
X
i ),resp

ectively.
T

hese
vectors

inclu
d

e
the

m
axim

alm
ajor

localeff
ects

and
the

m
axim

alm
inor

localeff
ects

on
the

observed
d

escend
ants

of
E
X
i

sorted
from

the
highest

to
the

low
est.

N
ote

that
E
X
i

rep
laces

the
actu

ald
irectp

arentofan
observed

variable
for

calcu
lating

the
m

axim
alm

ajor
and

m
inor

eff
ects

since
the

d
irect

p
arent

has
not

been
id

entifi
ed

and
sp

lit
yet

from
E
X
i at

this
stage.
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b
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as

si
fi

ca
ti

on
b

o
u

n
d
ar

ie
s,

on
e

se
p

a
ra

ti
n

g
ea

ch
cl

as
s

fr
o
m

a
ll

th
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.
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b
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p
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a
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h
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b
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p
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b
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p
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p
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b
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b
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p
re

d
ic

ti
o
n

s
a
re

am
b

ig
u
o
u

s,
a
s

il
lu

st
ra

te
d

in
F

ig
u

re
s

1
a

a
n

d
1
b

.
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ra
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p
ro

a
ch

es
ar

e
u

se
d

m
o
re

of
te

n
th

a
n

ot
h
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p
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ra
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b
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h
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a
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p
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at
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p
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p
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ra
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p
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b
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b
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b
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d
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p
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b
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ra
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r
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b
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.
In

D
ie

tt
er

ic
h

a
n

d
B

ak
ir

i
(1

99
5
)

an
d

A
ll

w
ei

n
et

a
l.
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h
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b
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b
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p
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d

o
f

L
ee

et
a
l.
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.
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G
e
n
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r
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l
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e
d

M
u
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l
a
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u
p
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o
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e
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a
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)
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d
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d
in
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p
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p
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o
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p
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-ca
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p
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b
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b
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ra
m

m
er

an
d

S
in

g
er

(2
0
0
2a

),
L

ee
et

al.
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d
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atk
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ra
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b
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b
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b
les

fo
r

ea
ch

o
b

serva
tio

n
.

T
h

e
m

eth
o
d
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n
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b
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b
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b
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n
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p
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p
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p
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p
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iscla
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p
ly

su
m

m
in

g
th

ese
m

isclassifi
ca

tio
n

erro
rs

(as
in

L
ee

et
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d
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iscla
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u
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a
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iscla
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ca
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b
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.
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a
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b
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p
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d
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.
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u
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m
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p

erform
an

ce
an

d
train

in
g

tim
e

o
f

all
classifi

ers
is

com
p

ared
u

sin
g

p
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d
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p
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h
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d
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d
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p
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p
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p
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p
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b
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p
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ti

o
n

o
f

h
ow

th
e

m
is

cl
as

si
fi

ca
ti

on
er

ro
rs

ar
e

co
m

p
u

te
d

fo
r

a
si

n
gl

e
ob

je
ct

.
C

on
si

d
er

ob
je

ct
A

w
it

h
tr

u
e

cl
a
ss
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V
a
n

d
e
n

B
u
r
g

a
n
d

G
r
o
e
n
e
n

x
1

x
2

(a
)

In
p
u
t

sp
a
ce

s 1

s 2

(b
)

S
im

p
le

x
sp

a
ce

x
1

x
2

(c
)

In
p

u
t

sp
a
ce

w
it

h
b

o
u
n
d

-
a
ri

es

F
ig

u
re

2
:

Il
lu

st
ra

ti
o
n

of
G

en
S

V
M

fo
r

a
2
D

d
a
ta

se
t

w
it

h
K

=
3

cl
as

se
s.

In
(a

)
th

e
or

ig
-

in
al

d
at

a
is

sh
ow

n
,

w
it

h
d

iff
er

en
t

sy
m

b
o
ls

d
en

o
ti

n
g

d
iff

er
en

t
cl

a
ss

es
.

F
ig

u
re

(b
)

sh
ow

s
th

e
m

a
p

p
in

g
of

th
e

d
a
ta

to
th

e
(K
−

1
)-

d
im

en
si

on
al

si
m

p
le

x
sp

a
ce

,
af

te
r

a
n

ad
d

it
io

n
a
l

R
B

F
ke

rn
el

m
a
p

p
in

g
h

as
b

ee
n

ap
p

li
ed

an
d

th
e

o
p

ti
m

a
l

so
lu

ti
o
n

h
as

b
ee

n
d

et
er

m
in

ed
.

T
h

e
d

ec
is

io
n

b
o
u

n
d

a
ri

es
in

th
is

sp
a
ce

ar
e

fi
x
ed

a
s

th
e

p
er

p
en

d
ic

u
la

r
b

is
ec

to
rs

o
f

th
e

fa
ce

s
o
f

th
e

si
m

p
le

x
,

w
h

ic
h

is
sh

ow
n

as
th

e
g
ra

y
tr

ia
n

gl
e.

F
ig

u
re

(c
)

sh
ow

s
th

e
re

su
lt

in
g

b
o
u

n
d

a
ri

es
m

a
p

p
ed

b
a
ck

to
th

e
or

ig
in

a
l

in
p

u
t

sp
ac

e,
a
s

ca
n

b
e

se
en

b
y

co
m

p
ar

in
g

w
it

h
(a

).
In

F
ig

u
re

s
(b

)
a
n

d
(c

)
th

e
d

as
h

ed
li

n
es

sh
ow

th
e

m
a
rg

in
s

o
f

th
e

S
V

M
so

lu
ti

on
.

y A
=

2.
It

is
cl

ea
r

th
at

ob
je

ct
A

is
m

is
cl

a
ss

ifi
ed

a
s

it
is

n
ot

lo
ca

te
d

in
th

e
sh

ad
ed

a
re

a
th

a
t

h
as

V
er

te
x

u
2

as
th

e
n

ea
re

st
ve

rt
ex

.
T

h
e

b
o
u

n
d

a
ri

es
of

th
e

sh
ad

ed
a
re

a
ar

e
gi

ve
n

b
y

th
e

p
er

p
en

d
ic

u
la

r
b

is
ec

to
rs

o
f

th
e

ed
g
es

o
f

th
e

si
m

p
le

x
b

et
w

ee
n

V
er

ti
ce

s
u

2
a
n

d
u

1
a
n

d
b

et
w

ee
n

V
er

ti
ce

s
u

2
a
n

d
u

3
,

an
d

fo
rm

th
e

d
ec

is
io

n
b

o
u

n
d

a
ri

es
fo

r
cl

a
ss

2
.

T
h

e
er

ro
r

fo
r

o
b

je
ct
A

is
co

m
p

u
te

d
b
y

d
et

er
m

in
in

g
th

e
d

is
ta

n
ce

fr
o
m

th
e

o
b

je
ct

to
ea

ch
of

th
es

e
d

ec
is

io
n

b
ou

n
d

a
ri

es
.

L
et
q(2

1
)

A
an

d
q(2

3
)

A
d

en
ot

e
th

es
e

d
is

ta
n

ce
s

to
th

e
cl

a
ss

b
o
u

n
d

ar
ie

s,
w

h
ic

h
a
re

ob
ta

in
ed

b
y

p
ro

je
ct

in
g

s′ A
=

x
′ A
W

+
t′

o
n

u
2
−

u
1

a
n

d
u

2
−

u
3

re
sp

ec
ti

ve
ly

,
as

il
lu

st
ra

te
d

in
th

e
fi

g
u

re
.

G
en

er
a
li

zi
n

g
th

is
re

a
so

n
in

g
,

sc
a
la

rs
q(k

j)
i

ca
n

b
e

d
efi

n
ed

to
m

ea
su

re
th

e
p

ro
je

ct
io

n
d
is

ta
n

ce
of

ob
je

ct
i

on
to

th
e

b
o
u

n
d

ar
y

b
et

w
ee

n
cl

as
s
k

a
n

d
j

in
th

e
si

m
p

le
x

sp
ac

e,
a
s

q(k
j)

i
=

(x
′ iW

+
t′

)(
u
k
−

u
j
).

(2
)

It
is

re
q
u

ir
ed

th
a
t

th
e

G
en

S
V

M
lo

ss
fu

n
ct

io
n

is
b

o
th

g
en

er
a
l

an
d

fl
ex

ib
le

,
su

ch
th

a
t

it
ca

n
ea

si
ly

b
e

tu
n

ed
fo

r
th

e
sp

ec
ifi

c
d

a
ta

se
t

a
t

h
a
n

d
.

T
o

a
ch

ie
ve

th
is

,
a

lo
ss

fu
n

ct
io

n
is

co
n

st
ru

ct
ed

w
it

h
a

n
u

m
b

er
of

d
iff

er
en

t
w

ei
gh

ti
n

g
s,

ea
ch

w
it

h
a

sp
ec

ifi
c

eff
ec

t
o
n

th
e

o
b

je
ct

d
is

ta
n

ce
s
q(k

j)
i

.
In

th
e

p
ro

p
os

ed
lo

ss
fu

n
ct

io
n

,
fl

ex
ib

il
it

y
is

ad
d
ed

th
ro

u
g
h

th
e

u
se

o
f

th
e

H
u

b
er

h
in

ge
fu

n
ct

io
n

in
st

ea
d

o
f

th
e

a
b

so
lu

te
h

in
ge

fu
n

ct
io

n
,

an
d

b
y

u
si

n
g

th
e
` p

n
or

m
o
f

th
e

h
in

ge
er

ro
rs

in
st

ea
d

of
th

e
su

m
.

T
h

e
m

o
ti

va
ti

o
n

fo
r

th
es

e
ch

oi
ce

s
fo

ll
ow

s.

A
s

is
cu

st
om

ar
y

fo
r

S
V

M
s

a
h

in
g
e

lo
ss

is
u

se
d

to
en

su
re

th
at

in
st

a
n

ce
s

th
a
t

d
o

n
o
t

cr
o
ss

th
ei

r
cl

as
s

m
ar

gi
n

w
il

l
y
ie

ld
ze

ro
er

ro
r.

H
er

e,
th

e
fl

ex
ib

le
a
n

d
co

n
ti

n
u

ou
s

H
u

b
er

h
in

g
e

lo
ss
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G
e
n
e
r
a
l
iz

e
d

M
u
lt

ic
l
a
ss

S
u
p
p
o
r
t

V
e
c
t
o
r

M
a
c
h
in

e

s
1

s
2

u
′3

u
′1

u
′2

q
(
2
1
)

A

q
(
2
3
)

A

A

u
′2 −

u
′1

u
′2 −

u
′3

F
ig

u
re

3
:

G
rap

h
ical

illu
stratio

n
o
f

th
e

ca
lcu

latio
n

o
f

d
ista

n
ces

q
(y
A
j)

i
fo

r
a
n

o
b

ject
A

w
ith

y
A

=
2

a
n

d
K

=
3
.

T
h

e
fi

g
u

re
sh

ow
s

th
e

situ
atio

n
in

th
e

(K
−

1
)-d

im
en

sio
n

a
l

sp
a
ce.

T
h

e
d

istan
ce
q

(2
1
)

A
is

ca
lcu

la
ted

b
y

p
ro

jectin
g

s ′A
=

x
′A
W

+
t ′

o
n

u
2 −

u
1 ,

an
d

th
e

d
ista

n
ce
q

(2
3
)

A
is

fo
u

n
d

b
y

p
ro

jectin
g

s ′A
o
n

u
2 −

u
3 .

T
h

e
b

o
u
n

d
a
ry

b
etw

een
th

e
class

1
an

d
class

3
reg

ion
s

h
as

b
een

o
m

itted
fo

r
cla

rity,
b

u
t

lies
a
lo

n
g

u
2 .

is
u

sed
(after

th
e

H
u

b
er

erro
r

in
ro

b
u

st
sta

tistics,
see

H
u

b
er,

1
9
64

),
w

h
ich

is
d

efi
n

ed
a
s

h
(q)

=



1−
q−

κ
+

1
2

if
q≤
−
κ

1
2
(κ

+
1
) (1−

q)
2

if
q∈

(−
κ
,1

]

0
if
q
>

1,

(3)

w
ith

κ
>
−

1
.

T
h

e
H

u
b

er
h

in
ge

lo
ss

h
as

b
een

in
d

ep
en

d
en

tly
in

tro
d

u
ced

in
C

h
a
p

elle
(20

0
7),

R
o
sset

a
n
d

Z
h
u

(2
00

7
),

a
n

d
G

ro
en

en
et

a
l.

(2
00

8
).

T
h

is
h

in
g
e

erro
r

is
zero

w
h

en
a
n

in
sta

n
ce

is
cla

ssifi
ed

co
rrectly

w
ith

resp
ect

to
its

cla
ss

m
arg

in
.

H
ow

ever,
in

co
n
trast

to
th

e
a
b

so
lu

te
h

in
g
e

erro
r,

it
is

con
tin

u
o
u

s
d

u
e

to
a

q
u

a
d

ra
tic

regio
n

in
th

e
in

terva
l
(−
κ
,1

].
T

h
is

q
u

a
d

ra
tic

regio
n

a
llow

s
fo

r
a

so
fter

w
eigh

tin
g

o
f

o
b

jects
clo

se
to

th
e

d
ecision

b
ou

n
d

ary.
A

d
d

itio
n

ally,
th

e
sm

o
oth

n
ess

o
f
th

e
H

u
b

er
h

in
g
e

erro
r

is
a

d
esira

b
le

p
rop

erty
for

th
e

itera
tive

m
a

jorizatio
n

a
lg

o
rith

m
d

eriv
ed

in
S

ection
4.1

.
N

o
te

th
at

th
e

H
u

b
er

h
in

ge
erro

r
ap

p
ro

ach
es

th
e

a
b

solu
te

h
in

g
e

fo
r
κ
↓
−

1
,

an
d

th
e

q
u

a
d

ra
tic

h
in

g
e

fo
r
κ
→
∞

.

T
h

e
H

u
b

er
h

in
ge

erro
r

is
a
p

p
lied

to
ea

ch
o
f

th
e

d
ista

n
ces

q
(y
i j)

i
,

for
j
6=
y
i .

T
h
u

s,
n

o
erro

r
is

co
u

n
ted

w
h

en
th

e
o
b

ject
is

co
rrectly

cla
ssifi

ed
.

F
or

each
o
f

th
e

o
b

jects,
errors

w
ith

resp
ect

to
th

e
o
th

er
cla

sses
are

su
m

m
ed

u
sin

g
an

`
p

n
orm

to
o
b

ta
in

th
e

to
ta

l
o
b

ject
erro

r


K
∑j=

1
j6=
y
i h

p (
q

(y
i j)

i

) 

1
/
p

.
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V
a
n

d
e
n

B
u
r
g

a
n
d

G
r
o
e
n
e
n

T
h

e
`
p

n
orm

is
a
d

d
ed

to
p

rov
id

e
a

form
of

regu
larizatio

n
on

H
u

b
er

w
eigh

ted
errors

for
in

stan
ces

th
at

are
m

isclassifi
ed

w
ith

resp
ect

to
m

u
ltip

le
classes.

A
s

argu
ed

in
th

e
In

tro
d

u
c-

tion
,

sim
p

ly
su

m
m

in
g

m
isclassifi

cation
errors

can
lead

to
overem

p
h

asizin
g

of
in

stan
ces

w
ith

m
u

ltip
le

m
isclassifi

cation
errors.

B
y

ad
d

in
g

an
`
p

n
orm

of
th

e
h

in
ge

errors
th

e
in

fl
u

en
ce

of
su

ch
in

stan
ces

on
th

e
loss

fu
n

ction
can

b
e

tu
n
ed

.
W

ith
th

e
ad

d
ition

of
th

e
`
p

n
orm

on
th

e
h

in
ge

erro
rs

it
is

p
ossib

le
to

illu
strate

h
ow

G
en

S
V

M
gen

eralizes
ex

istin
g

m
eth

o
d

s.
F

or
in

stan
ce,

w
ith

p
=

1
an

d
κ
↓
−

1,
th

e
loss

fu
n

ction
solves

th
e

sam
e

p
rob

lem
as

th
e

m
eth

o
d

of
L

ee
et

al.
(2

004
).

N
ex

t,
for

p
=

2
an

d
κ
↓
−

1
it

resem
b

les
th

at
of

G
u

erm
eu

r
an

d
M

o
n

frin
i

(201
1).

F
in

a
lly,

for
p

=
∞

an
d
κ
↓
−

1
th

e
`
p

n
orm

red
u

ces
to

th
e

m
ax

n
orm

of
th

e
h

in
ge

erro
rs,

w
h

ich
corresp

on
d

s
to

th
e

m
eth

o
d

of
C

ram
m

er
a
n

d
S

in
ger

(2
002a).

N
ote

th
a
t

in
each

case
th

e
va

lu
e

of
κ

can
ad

d
ition

ally
b

e
varied

to
in

clu
d
e

a
n

ev
en

b
ro

ad
er

fam
ily

of
loss

fu
n

ction
s.

T
o

illu
stra

te
th

e
eff

ects
of
p

an
d
κ

on
th

e
total

ob
ject

error,
refer

to
F

igu
re

4.
In

F
igu

res
4
a

a
n

d
4b

,
th

e
va

lu
e

of
p

is
set

to
p

=
1

an
d
p

=
2

resp
ectively,

w
h

ile
m

ain
tain

in
g

th
e

ab
so

lu
te

h
in

ge
error

u
sin

g
κ

=
−

0
.95.

A
referen

ce
p

oin
t

is
p

lotted
a
t

a
fi

x
ed

p
osition

in
th

e
area

o
f

th
e

sim
p

lex
sp

ace
w

h
ere

th
ere

is
a

n
on

zero
error

w
ith

resp
ect

to
tw

o
cla

sses.
It

can
b

e
seen

from
th

is
referen

ce
p

oin
t

th
at

th
e

valu
e

of
th

e
co

m
b

in
ed

erro
r

is
h

ig
h

er
w

h
en
p

=
1.

W
ith

p
=

2
th

e
com

b
in

ed
error

at
th

e
referen

ce
p

oin
t

ap
p

rox
im

ates
th

e
E

u
clid

ean
d

istan
ce

to
th

e
m

argin
,

w
h

en
κ
↓
−

1.
F

igu
res

4a,
4c,

an
d

4d
sh

ow
th

e
eff

ect
of

va
ry

in
g
κ

.
It

can
b

e
seen

th
at

th
e

error
n

ear
th

e
m

argin
b

ecom
es

m
ore

q
u

ad
ratic

w
ith

in
crea

sin
g
κ

.
In

fact,
a
s
κ

in
creases

th
e

error
ap

p
roach

es
th

e
sq

u
ared

E
u

clid
ean

d
ista

n
ce

to
th

e
m

argin
,

w
h

ich
ca

n
b

e
u

sed
to

ob
tain

a
q
u
ad

ratic
h

in
ge

m
u

lticlass
S

V
M

.
B

oth
of

th
ese

eff
ects

w
ill

b
eco

m
e

stron
g
er

w
h

en
th

e
n
u

m
b

er
of

classes
in

creases,
a
s

in
creasin

gly
m

ore
ob

jects
w

ill
h

ave
errors

w
ith

resp
ect

to
m

ore
th

an
on

e
class.

N
ex

t,
let

ρ
i ≥

0
d

en
ote

op
tion

al
ob

ject
w

eigh
ts,

w
h

ich
are

in
tro

d
u

ced
to

allow
fl

ex
ib

ility
in

th
e

w
ay

in
d

iv
id

u
al

ob
jects

con
trib

u
te

to
th

e
total

loss
fu

n
ction

.
W

ith
th

ese
in

d
iv

id
u

al
w

eigh
ts

it
is

p
ossib

le
to

correct
for

d
iff

eren
t

grou
p

sizes,
or

to
give

ad
d

ition
al

w
eigh

ts
to

m
iscla

ssifi
catio

n
s

of
certain

classes.
W

h
en

correctin
g

for
g
rou

p
sizes,

th
e

w
eigh

ts
ca

n
b

e
ch

osen
as

ρ
i

=
n

n
k K

,
i∈

G
k ,

(4)

w
h

ere
G
k

=
{
i

:
y
i

=
k}

is
th

e
set

of
ob

jects
b

elon
gin

g
to

cla
ss
k
,

an
d
n
k

=
|G

k |.
T

h
e

com
p

lete
G

en
S

V
M

loss
fu

n
ction

com
b

in
in

g
all

n
ob

jects
can

n
ow

b
e

form
u

lated
as

L
M

S
V

M
(W

,t)
=

1n

K
∑k

=
1 ∑i∈

G
k

ρ
i 
∑j6=
k

h
p (
q

(k
j)

i

) 
1
/
p

+
λ

tr
W
′W

,
(5)

w
h

ere
λ

tr
W
′W

is
th

e
p

en
alty

term
to

avoid
overfi

ttin
g,

a
n

d
λ
>

0
is

th
e

regu
larization

p
ara

m
eter.

N
ote

th
at

for
th

e
case

w
h

ere
K

=
2,

th
e

ab
ove

loss
fu

n
ction

red
u

ces
to

th
e

loss
fu

n
ctio

n
for

b
in

ary
S

V
M

given
in

G
ro

en
en

et
al.

(2008),
w

ith
H

u
b

er
h

in
ge

errors.

T
h

e
ou

tlin
e

of
a

p
ro

of
for

th
e

con
vex

ity
of

th
e

loss
fu

n
ction

in
(5)

is
given

.
F

irst,

n
ote

th
a
t

th
e

d
istan

ces
q

(k
j)

i
in

th
e

loss
fu

n
ction

are
affi

n
e

in
W

an
d

t.
H

en
ce,

if
th

e
loss

fu
n

ction
is

co
n
vex

in
q

(k
j)

i
it

is
con

v
ex

in
W

an
d

t
as

w
ell.

S
eco

n
d

,
th

e
H

u
b

er
h

in
ge

fu
n

ction

is
triv

ially
con

vex
in
q

(k
j)

i
,

sin
ce

each
sep

arate
p

iece
of

th
e

fu
n

ction
is

con
vex

,
an

d
th

e
H

u
b

er
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G
e
n
e
r
a
l
iz

e
d

M
u
lt

ic
l
a
ss

S
u
p
p
o
r
t

V
e
c
t
o
r

M
a
c
h
in

e

08

s 2
s 1

(a
)
p

=
1

a
n
d
κ

=
−

0
.9

5

08

s 2
s 1

(b
)
p

=
2

a
n
d
κ

=
−

0
.9

5

08

s 2
s 1

(c
)
p

=
1

a
n
d
κ

=
1
.0

08

s 2
s 1

(d
)
p

=
1

a
n

d
κ

=
5
.0

F
ig

u
re

4:
Il

lu
st

ra
ti

on
of

th
e
` p

n
or

m
of

th
e

H
u

b
er

w
ei

gh
te

d
er

ro
rs

.
C

om
p

ar
in

g
fi

g
u

re
s

(a
)

an
d

(b
)

sh
ow

s
th

e
eff

ec
t

of
th

e
` p

n
or

m
.

W
it

h
p

=
1

ob
je

ct
s

th
at

h
av

e
er

ro
rs

w
.r

.t
.

b
ot

h
cl

as
se

s
ar

e
p

en
al

iz
ed

m
or

e
st

ro
n

gl
y

th
an

th
os

e
w

it
h

on
ly

o
n

e
er

ro
r,

w
h

er
ea

s
w

it
h
p

=
2

th
is

is
n

ot
th

e
ca

se
.

F
ig

u
re

s
(a

),
(c

),
an

d
(d

)
co

m
p

a
re

th
e

eff
ec

t
of

th
e
κ

p
ar

am
et

er
,

w
it

h
p

=
1.

T
h

is
sh

ow
s

th
at

w
it

h
a

la
rg

e
va

lu
e

of
κ

,
th

e
er

ro
rs

cl
os

e
to

th
e

b
ou

n
d

ar
y

ar
e

w
ei

gh
te

d
q
u

ad
ra

ti
ca

ll
y.

N
o
te

th
at
s 1

a
n

d
s 2

in
d

ic
at

e
th

e
d

im
en

si
on

s
of

th
e

si
m

p
le

x
sp

ac
e.

h
in

ge
is

co
n
ti

n
u

ou
s.

T
h

ir
d

,
th

e
` p

n
or

m
is

a
co

n
ve

x
fu

n
ct

io
n

b
y

th
e

M
in

ko
w

sk
i

in
eq

u
a
li

ty
,

an
d

it
is

m
on

ot
on

ic
al

ly
in

cr
ea

si
n

g
b
y

d
efi

n
it

io
n

.
T

h
u

s,
it

fo
ll

ow
s

th
at

th
e
` p

n
o
rm

o
f

th
e

H
u

b
er

w
ei

gh
te

d
in

st
an

ce
er

ro
rs

is
co

n
v
ex

(s
ee

fo
r

in
st

an
ce

R
o
ck

af
el

la
r,

19
9
7
).

N
ex

t,
si

n
ce

it
is

re
q
u

ir
ed

th
at

th
e

w
ei

gh
ts
ρ
i

ar
e

n
on

-n
eg

at
iv

e,
th

e
su

m
in

th
e

fi
rs

t
te

rm
o
f

(5
)

is
a

co
n
ve

x
co

m
b

in
at

io
n

.
F

in
al

ly
,

th
e

p
en

al
ty

te
rm

ca
n

al
so

b
e

sh
ow

n
to

b
e

co
n
ve

x
,

si
n
ce

tr
W
′ W

is
th

e
sq

u
ar

e
of

th
e

F
ro

b
en

iu
s

n
or

m
of

W
,

an
d

it
is

re
q
u

ir
ed

th
at
λ
>

0.
T

h
u

s,
it

h
o
ld

s
th

at
th

e
lo

ss
fu

n
ct

io
n

in
(5

)
is

co
n
ve

x
in

W
an

d
t.

P
re

d
ic

ti
n

g
cl

as
s

la
b

el
s

in
G

en
S

V
M

ca
n

b
e

d
on

e
as

fo
ll

ow
s.

L
et

(W
∗ ,

t∗
)

d
en

o
te

th
e

p
ar

am
et

er
s

th
at

m
in

im
iz

e
th

e
lo

ss
fu

n
ct

io
n

.
P

re
d

ic
ti

n
g

th
e

cl
as

s
la

b
el

of
a
n

u
n

se
en

sa
m

p
le

x
′ n+

1
ca

n
th

en
b

e
d

on
e

b
y

fi
rs

t
m

ap
p

in
g

it
to

th
e

si
m

p
le

x
sp

ac
e,

u
si

n
g

th
e

op
ti

m
al

p
ro

je
ct

io
n

:
s′ n

+
1

=
x
′ n+

1
W
∗

+
t′
∗ .

T
h

e
p

re
d

ic
te

d
cl

as
s

la
b

el
is

th
en

si
m

p
ly

th
e

la
b

el
co

rr
es

p
on

d
in

g
to

9
JM

L
R

 1
7(

22
5)

:1
-4

2

V
a
n

d
e
n

B
u
r
g

a
n
d

G
r
o
e
n
e
n

th
e

n
ea

re
st

si
m

p
le

x
ve

rt
ex

a
s

m
ea

su
re

d
b
y

th
e

sq
u

a
re

d
E

u
cl

id
ea

n
n

o
rm

,
o
r

ŷ n
+

1
=

a
rg

m
in

k
‖s
′ n+

1
−

u
′ k‖

2
,

fo
r
k

=
1,
..
.,
K
.

(6
)

3
.
It
e
ra

ti
v
e
M

a
jo
ri
za

ti
o
n

T
o

m
in

im
iz

e
th

e
lo

ss
fu

n
ct

io
n

gi
ve

n
in

(5
),

a
n

it
er

a
ti

ve
m

a
jo

ri
za

ti
o
n

(I
M

)
al

g
o
ri

th
m

w
il

l
b

e
d

er
iv

ed
.

It
er

at
iv

e
m

a
jo

ri
za

ti
o
n

w
a
s

fi
rs

t
d

es
cr

ib
ed

b
y

W
ei

sz
fe

ld
(1

93
7
),

h
ow

ev
er

th
e

fi
rs

t
a
p

p
li

ca
ti

o
n

o
f

th
e

al
g
or

it
h

m
in

th
e

co
n
te

x
t

o
f

a
li

n
e

se
a
rc

h
co

m
es

fr
o
m

O
rt

eg
a

a
n

d
R

h
ei

n
b

ol
d

t
(1

97
0,

p
.

25
3—

2
55

).
D

u
ri

n
g

th
e

la
te

1
9
70

s,
th

e
m

et
h

o
d

w
as

in
d

ep
en

d
en

tl
y

d
ev

el
op

ed
b
y

D
e

L
ee

u
w

(1
9
77

)
a
s

p
a
rt

of
th

e
S

M
A

C
O

F
al

g
o
ri

th
m

fo
r

m
u

lt
id

im
en

si
on

al
sc

al
in

g
,

a
n

d
b
y

V
os

s
an

d
E

ck
h

a
rd

t
(1

9
8
0
)

a
s

a
ge

n
er

a
l

m
in

im
iz

at
io

n
m

et
h

o
d

.
F

or
th

e
re

a
d

er
u

n
fa

m
il

ia
r

w
it

h
th

e
it

er
at

iv
e

m
a

jo
ri

za
ti

o
n

a
lg

o
ri

th
m

a
m

o
re

d
et

ai
le

d
d

es
cr

ip
ti

o
n

h
as

b
ee

n
in

cl
u

d
ed

in
A

p
p

en
d

ix
B

an
d

fu
rt

h
er

ex
am

p
le

s
ca

n
b

e
fo

u
n

d
in

fo
r

in
st

an
ce

H
u

n
te

r
a
n

d
L

an
ge

(2
00

4)
.

T
h

e
as

y
m

p
to

ti
c

co
n
ve

rg
en

ce
ra

te
o
f

th
e

IM
al

g
o
ri

th
m

is
li

n
ea

r,
w

h
ic

h
is

le
ss

th
an

th
at

of
th

e
N

ew
to

n
-R

ap
h

so
n

a
lg

o
ri

th
m

(D
e

L
ee

u
w

,
1
9
9
4
).

H
ow

ev
er

,
th

e
la

rg
es

t
im

p
ro

ve
m

en
ts

in
th

e
lo

ss
fu

n
ct

io
n

w
il

l
o
cc

u
r

in
th

e
fi

rs
t

fe
w

st
ep

s
o
f

th
e

it
er

at
iv

e
m

a
jo

ri
za

ti
o
n

al
g
o
ri

th
m

,
w

h
er

e
th

e
as

y
m

p
to

ti
c

li
n

ea
r

ra
te

d
o
es

n
o
t

a
p

p
ly

(H
av

el
,

19
91

).
T

h
is

p
ro

p
er

ty
w

il
l

b
ec

o
m

e
ve

ry
u

se
fu

l
fo

r
G

en
S

V
M

as
it

a
ll

ow
s

fo
r

a
q
u

ic
k

a
p

p
ro

x
im

a
ti

o
n

to
th

e
ex

a
ct

S
V

M
so

lu
ti

on
in

fe
w

it
er

at
io

n
s.

T
h

er
e

is
n

o
st

ra
ig

h
tf

o
rw

ar
d

te
ch

n
iq

u
e

fo
r

d
er

iv
in

g
th

e
m

a
jo

ri
za

ti
on

fu
n

ct
io

n
fo

r
a
n
y

gi
ve

n
fu

n
ct

io
n

.
H

ow
ev

er
,

in
th

e
n

ex
t

se
ct

io
n

th
e

d
er

iv
a
ti

on
of

th
e

m
a

jo
ri

za
ti

on
fu

n
ct

io
n

fo
r

th
e

G
en

S
V

M
lo

ss
fu

n
ct

io
n

is
p

re
se

n
te

d
u

si
n

g
a
n

“o
u

ts
id

e-
in

”
a
p

p
ro

a
ch

.
In

th
is

ap
p

ro
a
ch

,
ea

ch
fu

n
ct

io
n

th
at

co
n

st
it

u
te

s
th

e
lo

ss
fu

n
ct

io
n

is
m

a
jo

ri
ze

d
se

p
a
ra

te
ly

a
n

d
th

e
m

a
jo

ri
za

ti
o
n

fu
n

ct
io

n
s

ar
e

co
m

b
in

ed
.

T
w

o
p

ro
p

er
ti

es
o
f

m
a

jo
ri

za
ti

on
fu

n
ct

io
n
s

th
a
t

ar
e

u
se

fu
l

fo
r

th
is

d
er

iv
a
ti

o
n

a
re

n
ow

fo
rm

al
ly

d
efi

n
ed

.
In

th
es

e
ex

p
re

ss
io

n
s,
x

is
a

su
p

p
o
rt

in
g

p
oi

n
t,

a
s

d
efi

n
ed

in
A

p
p

en
d

ix
B

.

P
1.

L
et
f 1

:
Y
→
Z

,
f 2

:
X
→
Y,

an
d

d
efi

n
e
f

=
f 1
◦
f 2

:
X
→
Z

,
su

ch
th

at
fo

r
x
∈
X

,
f

(x
)

=
f 1

(f
2
(x

))
.

If
g 1

:
Y
×
Y
→
Z

is
a

m
a

jo
ri

za
ti

o
n

fu
n

ct
io

n
o
f
f 1

,
th

en
g

:
X
×
X
→
Z

d
efi

n
ed

a
s
g

=
g 1
◦f

2
is

a
m

a
jo

ri
za

ti
o
n

fu
n

ct
io

n
o
f
f

.
T

h
u

s
fo

r
x
,x
∈
X

it
h

ol
d

s
th

at
g
(x
,x

)
=
g 1

(f
2
(x

),
f 2

(x
))

is
a

m
a

jo
ri

za
ti

o
n

fu
n

ct
io

n
o
f
f

(x
)

a
t
x

.

P
2.

L
et
f i

:
X
→
Z

a
n

d
d

efi
n

e
f

:
X
→
Z

su
ch

th
at
f

(x
)

=
∑

i
a
if
i(
x

)
fo

r
x
∈
X

,
w

it
h

a
i
≥

0
fo

r
al

l
i.

If
g i

:
X
×
X
→
Z

is
a

m
a
jo

ri
za

ti
on

fu
n

ct
io

n
fo

r
f i

a
t

a
p

o
in

t
x
∈
X

,
th

en
g

:
X
×
X
→
Z

g
iv

en
b
y
g
(x
,x

)
=
∑

i
a
ig
i(
x
, x

)
is

a
m

a
jo

ri
za

ti
on

fu
n

ct
io

n
o
f
f

.

P
ro

of
s

of
th

es
e

p
ro

p
er

ti
es

a
re

om
it

te
d

,
a
s

th
ey

fo
ll

ow
d

ir
ec

tl
y

fr
o
m

th
e

re
q
u

ir
em

en
ts

fo
r

a
m

a
jo

ri
za

ti
on

fu
n

ct
io

n
gi

ve
n

in
A

p
p

en
d

ix
B

.
T

h
e

fi
rs

t
p

ro
p

er
ty

al
lo

w
s

fo
r

th
e

u
se

of
th

e
“
ou

ts
id

e-
in

”
ap

p
ro

a
ch

to
m

a
jo

ri
za

ti
o
n
,

a
s

w
il

l
b

e
il

lu
st

ra
te

d
in

th
e

n
ex

t
se

ct
io

n
.

4
.
G
e
n
S
V
M

O
p
ti
m
iz
a
ti
o
n

a
n
d

Im
p
le
m
e
n
ta
ti
o
n

In
th

is
se

ct
io

n
,

a
q
u

a
d
ra

ti
c

m
a
jo

ri
za

ti
o
n

fu
n

ct
io

n
fo

r
G

en
S

V
M

w
il

l
b

e
d

er
iv

ed
.

A
lt

h
o
u

g
h

it
is

p
os

si
b

le
to

d
er

iv
e

a
m

a
jo

ri
za

ti
o
n

al
g
o
ri

th
m

fo
r

g
en

er
al

va
lu

es
o
f

th
e
` p

n
o
rm

p
a
ra

m
et

er
,2

2
.

F
o
r

a
m

a
jo

ri
za

ti
o
n

a
lg

o
ri

th
m

o
f

th
e
` p

n
o
rm

w
it

h
p
≥

2
,

se
e

G
ro

en
en

et
a
l.

(1
9
9
9
).
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G
e
n
e
r
a
l
iz

e
d

M
u
lt

ic
l
a
ss

S
u
p
p
o
r
t

V
e
c
t
o
r

M
a
c
h
in

e

th
e

fo
llow

in
g

d
eriva

tion
w

ill
restrict

th
is

va
lu

e
to

th
e

in
terva

l
p
∈

[1,2
]

sin
ce

th
is

sim
p

lifi
es

th
e

d
erivatio

n
a
n

d
avoid

s
th

e
issu

e
th

a
t

q
u

a
d

ra
tic

m
a

jo
riza

tion
ca

n
b

eco
m

e
slow

fo
r
p
>

2
.

P
seu

d
o
co

d
e

for
th

e
d

eriv
ed

alg
o
rith

m
w

ill
b

e
p

resen
ted

,
a
s

w
ell

a
s

a
n

an
a
ly

sis
o
f

th
e

co
m

-
p

u
tatio

n
a
l

com
p

lex
ity

o
f

th
e

alg
o
rith

m
.

F
in

ally,
a
n

im
p

o
rta

n
t

rem
a
rk

o
n

th
e

u
se

o
f

w
a
rm

starts
in

th
e

a
lgo

rith
m

is
given

.

4
.1

M
a
jo

riz
a
tio

n
D

e
riv

a
tio

n

T
o

sh
orten

th
e

n
otatio

n
,

d
efi

n
e

V
=

[t
W
′] ′,

z ′i
=

[1
x
′i ],

δ
k
j

=
u
k −

u
j ,

su
ch

th
at

q
(k
j)

i
=

z ′i V
δ
k
j .

W
ith

th
is

n
o
tatio

n
it

b
eco

m
es

su
ffi

cien
t

to
o
p

tim
ize

th
e

lo
ss

fu
n

ctio
n

w
ith

resp
ect

to
V

.
F

orm
u

la
ted

in
th

is
m

a
n

n
er

(5
)

b
ecom

es

L
M

S
V

M
(V

)
=

1n

K
∑k

=
1 ∑i∈

G
k

ρ
i 
∑j6=
k

h
p (
q

(k
j)

i

) 
1
/
p

+
λ

tr
V
′J

V
,

(7
)

w
h

ere
J

is
a
n
m

+
1

d
ia

g
on

al
m

a
trix

w
ith

J
i,i

=
1

fo
r
i
>

1
a
n

d
zero

elsew
h

ere.
T

o
d

erive
a

m
a

jo
riza

tion
fu

n
ction

for
th

is
ex

p
ressio

n
th

e
“
o
u

tsid
e-in

”
a
p

p
ro

a
ch

w
ill

b
e

u
sed

,
to

g
eth

er
w

ith
th

e
p

ro
p

erties
o
f

m
a

jo
riza

tio
n

fu
n

ctio
n

s.
In

w
h

a
t

follow
s,

va
ria

b
les

w
ith

a
b

a
r

d
en

ote
su

p
p

o
rtin

g
p

oin
ts

fo
r

th
e

IM
alg

orith
m

.
T

h
e

go
a
l

o
f

th
e

d
eriva

tio
n

is
to

fi
n

d
a

q
u

a
d

ra
tic

m
a

jo
riza

tion
fu

n
ctio

n
in

V
su

ch
th

a
t

L
M

S
V

M
(V

)≤
tr

V
′Z
′A

Z
′V
−

2
tr

V
′Z
′B

+
C
,

(8
)

w
h

ere
A

,
B

,
an

d
C

are
co

effi
cien

ts
o
f

th
e

m
a

jo
riza

tio
n

d
ep

en
d

in
g

o
n

V
.

T
h

e
m

atrix
Z

is
sim

p
ly

th
e
n
×

(m
+

1
)

m
atrix

w
ith

row
s

z ′i .
P

ro
p

erty
P

2
a
b

ove
m

ea
n

s
th

at
th

e
su

m
m

atio
n

over
in

sta
n

ces
in

th
e

lo
ss

fu
n

ction
ca

n
b

e
ig

n
o
red

fo
r

n
ow

.
M

o
reover,

th
e

reg
u

la
riza

tio
n

term
is

q
u

a
d

ra
tic

in
V

,
a
n

d
th

u
s

req
u

ires
n

o
m

a
jo

riza
tion

.
T

h
e

o
u

term
o
st

fu
n

ctio
n

fo
r

w
h

ich
a

m
a

jo
riza

tion
fu

n
ctio

n
h

a
s

to
b

e
fo

u
n

d
is

th
u

s
th

e
`
p

n
orm

o
f

th
e

H
u

b
er

h
in

g
e

errors.
H

en
ce

it
is

p
ossib

le
to

co
n

sid
er

th
e

fu
n

ctio
n

f
(x

)
=
‖
x‖

p
fo

r
m

a
jo

riza
tio

n
.

A
m

a
jo

riza
tio

n
fu

n
ctio

n
fo

r
f

(x
)

ca
n

b
e

co
n

stru
cted

,
b

u
t

a
d

iscon
tin

u
ity

in
th

e
d

eriva
tive

a
t

x
=

0
w

ill
rem

a
in

(T
su

tsu
a
n

d
M

o
rikaw

a
,

2
0
12

).
T

o
avoid

th
e

d
isco

n
tin

u
ity

in
th

e
d

eriva
tive

o
f

th
e
`
p

n
orm

,
th

e
fo

llow
in

g
in

eq
u
a
lity

is
n

eed
ed

(H
ard

y
et

al.,
1
9
34

,
eq

.
2.1

0.3
)


∑j6=
k

h
p (
q

(k
j)

i

) 
1
/
p≤

∑j6=
k

h (
q

(k
j)

i

)
.

T
h

is
in

eq
u

a
lity

can
b

e
u

sed
a
s

a
m

a
jo

riza
tion

fu
n

ctio
n

o
n

ly
if

eq
u

a
lity

h
o
ld

s
a
t

th
e

su
p

-
p

ortin
g

p
o
in

t

∑j6=
k

h
p (
q

(k
j)

i

) 
1
/
p

=
∑j6=
k

h (
q

(k
j)

i

)
.
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V
a
n

d
e
n

B
u
r
g

a
n
d

G
r
o
e
n
e
n

It
is

n
ot

d
iffi

cu
lt

to
see

th
at

th
is

on
ly

h
old

s
if

at
m

ost
on

e
of

th
e
h (

q
(k
j)

i

)
errors

is
n

on
zero

for
j
6=
k
.

T
h
u

s
an

in
d

icator
variab

le
ε
i

is
in

tro
d

u
ced

w
h

ich
is

1
if

at
m

ost
on

e
of

th
ese

errors
is

n
on

zero,
an

d
0

oth
erw

ise.
T

h
en

it
follow

s
th

at

L
M

S
V

M
(V

)≤
1n

K
∑k

=
1 ∑i∈

G
k

ρ
i 
ε
i ∑j6=

k

h (
q

(k
j)

i

)
+

(1−
ε
i ) 

∑j6=
k

h
p (
q

(k
j)

i

) 
1
/
p 

(9)

+
λ

tr
V
′J

V
.

N
ow

,
th

e
n

ex
t

fu
n

ction
for

w
h

ich
a

m
a

jorization
n

eed
s

to
b

e
fou

n
d

is
f

1 (x
)

=
x

1
/
p.

F
ro

m
th

e
in

eq
u

a
lity

a
α
b
β
<
α
a

+
β
b,

w
ith

α
+
β

=
1

(H
ard

y
et

a
l.,

19
34,

T
h

eorem
3
7),

a
lin

ear
m

a
jorization

in
eq

u
ality

can
b

e
con

stru
cted

for
th

is
fu

n
ctio

n
b
y

su
b

stitu
tin

g
a

=
x

,
b

=
x

,
α

=
1/
p

a
n

d
β

=
1−

1/p
(G

ro
en

en
an

d
H

eiser,
1996).

T
h

is
y
ield

s

f
1 (x

)
=
x

1
/
p≤

1p
x

1
/
p−

1x
+

(
1−

1p )
x

1
/
p

=
g

1 (x
,x

).

A
p

p
ly

in
g

th
is

m
a

jorization
an

d
u

sin
g

p
rop

erty
P

1
gives


∑j6=
k

h
p (
q

(k
j)

i

) 
1
/
p≤

1p


∑j6=
k

h
p (
q

(k
j)

i

) 
1
/
p−

1 
∑j6=
k

h
p (
q

(k
j)

i

) 

+

(
1−

1p )

∑j6=
k

h
p (
q

(k
j)

i

) 
1
/
p

.

P
lu

gg
in

g
th

is
in

to
(9)

an
d

collectin
g

term
s

y
ield

s

L
M

S
V

M
(V

)≤
1n

K
∑k

=
1 ∑i∈

G
k

ρ
i 
ε
i ∑j6=

k

h (
q

(k
j)

i

)
+

(1−
ε
i )ω

i ∑j6=
k

h
p (
q

(k
j)

i

) 

+
Γ

(1
)

+
λ

tr
V
′J

V
,

w
ith

ω
i

=
1p


∑j6=
k

h
p (
q

(k
j)

i

) 
1
/
p−

1

.
(10)

T
h

e
co

n
stan

t
Γ

(1
)

con
tain

s
all

term
s

th
at

on
ly

d
ep

en
d

on
p

rev
iou

s
errors

q
(k
j)

i
.

T
h

e
n

ex
t

m
a

jorization
step

b
y

th
e

“ou
tsid

e-in
”

ap
p
roach

is
to

fi
n

d
a

q
u
a
d

ratic
m

a
jorization

fu
n

ction
for

f
2 (x

)
=
h
p(x

),
of

th
e

form

f
2 (x

)
=
h
p(x

)≤
a
(x
,p

)x
2−

2
b(x

,p
)x

+
c(x

,p
)

=
g

2 (x
,x

).

S
in

ce
th

is
d
erivation

is
m

ostly
an

algeb
raic

ex
ercise

it
h
as

b
een

m
oved

to
A

p
p

en
d

ix
C

.
In

th
e

rem
ain

d
er

of
th

is
d

erivation
,
a

(p
)

ijk
w

ill
b

e
u

sed
to

a
b

b
rev

iate
a
( q

(k
j)

i
,p

),
w

ith
sim

ilar
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G
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e
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e
d

M
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l
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S
u
p
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t

V
e
c
t
o
r

M
a
c
h
in

e
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b

re
v
ia

ti
on

s
fo

r
b

an
d
c.

U
si

n
g

th
es

e
m

a
jo

ri
za

ti
on

s
an

d
m

ak
in

g
th

e
d

ep
en

d
en

ce
on

V

ex
p

li
ci

t
b
y

su
b

st
it

u
ti

n
g
q(k

j)
i

=
z
′ iV
δ
k
j

gi
ve

s

L
M

S
V

M
(V

)
≤

1 n

K ∑ k
=

1

∑ i∈
G
k

ρ
iε
i

∑ j6=
k

[ a
(1

)
ij
k
z
′ iV
δ
k
j
δ
′ kj

V
′ z
i
−

2b
(1

)
ij
k
z
′ iV
δ
k
j

]

+
1 n
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=

1

∑ i∈
G
k

ρ
i(

1
−
ε i
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i

∑ j6=
k

[ a
(p

)
ij
k
z
′ iV
δ
k
j
δ
′ kj

V
′ z
i
−

2
b(p

)
ij
k
z
′ iV
δ
k
j

]

+
Γ

(2
)

+
λ

tr
V
′ J

V
,

w
h

er
e

Γ
(2

)
ag

ai
n

co
n
ta

in
s

al
l

co
n

st
an

t
te

rm
s.

D
u

e
to

d
ep

en
d

en
ce

on
th

e
m

a
tr

ix
δ
k
j
δ
′ kj

,
th

e
ab

ov
e

m
a
jo

ri
za

ti
on

fu
n

ct
io

n
is

n
ot

ye
t

in
th

e
d

es
ir

ed
q
u

ad
ra

ti
c

fo
rm

o
f

(8
).

H
ow

ev
er

,
si

n
ce

th
e

m
ax

im
u

m
ei

ge
n
va

lu
e

of
δ
k
j
δ
′ kj

is
1

b
y

d
efi

n
it

io
n

of
th

e
si

m
p

le
x

co
o
rd

in
a
te

s,
it

fo
ll

ow
s

th
at

th
e

m
at

ri
x
δ
k
j
δ
′ kj
−

I
is

n
eg

at
iv

e
se

m
id

efi
n

it
e.

H
en

ce
,

it
ca

n
b

e
sh

ow
n

th
at

th
e

in
eq

u
al

it
y

z
′ i(

V
−

V
)(
δ
k
j
δ
′ kj
−

I)
(V
−

V
)′

z
i
≤

0
h

ol
d

s
(B

ij
le

ve
ld

an
d

D
e

L
ee

u
w

,
1
9
91

,
T

h
eo

re
m

4)
.

R
ew

ri
ti

n
g

th
is

gi
v
es

th
e

m
a

jo
ri

za
ti

on
in

eq
u

al
it

y

z
′ iV
δ
k
j
δ
′ kj

V
′ z
i
≤

z
′ iV

V
′ z
i
−

2z
′ iV

(I
−
δ
k
j
δ
′ kj

)V
z
i
+

z
′ iV

(I
−
δ
k
j
δ
′ kj

)V
′ z
i.

W
it

h
th

is
in

eq
u

al
it

y
th

e
m

a
jo

ri
za

ti
on

in
eq

u
al

it
y

b
ec

om
es

L
M

S
V

M
(V

)
≤

1 n

K ∑ k
=

1

∑ i∈
G
k

ρ
iz
′ iV

(V
′ −

2V
′ )z

i

∑ j6=
k

[ ε i
a

(1
)

ij
k

+
(1
−
ε i

)ω
ia

(p
)

ij
k

]
(1

1
)

−
2 n

K ∑ k
=

1

∑ i∈
G
k

ρ
iz
′ iV
∑ j6=
k

[ ε i

( b(1
)

ij
k
−
a

(1
)

ij
k
q(k

j)
i

)

+
(1
−
ε i

)ω
i

( b(p
)

ij
k
−
a

(p
)

ij
k
q(k

j)
i

)]
δ
k
j

+
Γ

(3
)

+
λ

tr
V
′ J

V
,

w
h

er
e
q(k

j)
i

=
z
′ iV
δ
k
j
.

T
h

is
m

a
jo

ri
za

ti
on

fu
n

ct
io

n
is

q
u

ad
ra

ti
c

in
V

an
d

ca
n

th
u

s
b

e
u

se
d

in
th

e
IM

al
go

ri
th

m
.

T
o

d
er

iv
e

th
e

fi
rs

t-
or

d
er

co
n

d
it

io
n

u
se

d
in

th
e

u
p

d
at

e
st

ep
o
f

th
e

IM
al

go
ri

th
m

(s
te

p
2

in
A

p
p

en
d

ix
B

),
m

a
tr

ix
n

ot
at

io
n

fo
r

th
e

ab
ov

e
ex

p
re

ss
io

n
is

in
tr

o
d

u
ce

d
.

L
et

A
b

e
an

n
×
n

d
ia

go
n

al
m

at
ri

x
w

it
h

el
em

en
ts
α
i,

an
d

le
t

B
b

e
an

n
×

(K
−

1)
m

a
tr

ix
w

it
h

ro
w

s
β
′ i,

w
h

er
e

α
i

=
1 n
ρ
i

∑ j6=
k

[ ε i
a

(1
)

ij
k

+
(1
−
ε i

)ω
ia

(p
)

ij
k

] ,
(1

2)

β
′ i

=
1 n
ρ
i

∑ j6=
k

[ ε i

( b(1
)

ij
k
−
a

(1
)

ij
k
q(k

j)
i

)
+

(1
−
ε i

)ω
i

( b(p
)

ij
k
−
a

(p
)

ij
k
q(k

j)
i

)]
δ
′ kj
.

(1
3)

T
h

en
th

e
m

a
jo

ri
za

ti
on

fu
n

ct
io

n
of
L

M
S

V
M

(V
)

gi
v
en

in
(1

1)
ca

n
b

e
w

ri
tt

en
a
s

L
M

S
V

M
(V

)
≤

tr
(V
−

2V
)′

Z
′ A

Z
V
−

2
tr

B
′ Z

V
+

Γ
(3

)
+
λ

tr
V
′ J

V

=
tr

V
′ (

Z
′ A

Z
+
λ
J

)V
−

2
tr

(V
′ Z
′ A

+
B
′ )

Z
V

+
Γ

(3
) .
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V
a
n

d
e
n

B
u
r
g

a
n
d

G
r
o
e
n
e
n

T
h

is
m

a
jo

ri
za

ti
on

fu
n

ct
io

n
h

as
th

e
d

es
ir

ed
fu

n
ct

io
n

a
l

fo
rm

d
es

cr
ib

ed
in

(8
).

D
iff

er
en

ti
a
ti

on
w

it
h

re
sp

ec
t

to
V

an
d

eq
u

at
in

g
to

ze
ro

y
ie

ld
s

th
e

li
n

ea
r

sy
st

em

(Z
′ A

Z
+
λ
J

)V
=

Z
′ A

Z
V

+
Z
′ B
.

(1
4
)

T
h

e
u

p
d

at
e

V
+

th
at

so
lv

es
th
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sy

st
em

ca
n

th
en

b
e

ca
lc

u
la

te
d

effi
ci

en
tl

y
b
y

G
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ia
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el

im
in

at
io

n
.

4
.2

A
lg

o
ri

th
m

Im
p

le
m

e
n
ta

ti
o
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a
n

d
C

o
m

p
le

x
it

y

P
se

u
d

o
co

d
e
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r

G
en

S
V

M
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n
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A
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h
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.

A
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b
e
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,
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e
a
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p
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u
p
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at
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g
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it
er

at
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n
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g

b
y
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et

er
m
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g
th

e
in

d
ic

a
to

r
va
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le
ε i

.
In

p
ra

ct
ic

e,
so

m
e

ca
lc

u
la

ti
o
n

s
ca

n
b

e
d

o
n

e
effi
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en

tl
y

fo
r

al
l

in
st

a
n

ce
s

b
y

u
si

n
g

m
at

ri
x

a
lg

eb
ra

.
W

h
en

st
ep

d
o
u

b
li

n
g

(s
ee

A
p

p
en

d
ix

B
)

is
a
p
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lá
et

al.,

7
.

T
h
is

is
d

o
n
e

b
y

ta
k
in

g
th

e
sm

a
llest

va
lu

e
o
f
α
/
(N

C
−
i)

fo
r

w
h
ich

th
e

n
u
ll

h
y
p

o
th

esis
is

rejected
,

lo
o
k
in

g
u
p

th
e

co
rresp

o
n
d
in

g
z
-sta

tistic,
a
n
d

in
v
ertin

g
(1

6
).

8
.

F
o
r

k
d

d
cu

p
9
9

th
e

1
0
%

tra
in

in
g

d
a
ta

set
a
n
d

th
e

co
rrected

test
d
a
ta

set
a
re

u
sed

h
ere,

b
o
th

ava
ila

b
le

th
ro

u
g
h

th
e

U
C

I
rep

o
sito

ry.

24
JM

L
R

 17(225):1-42



G
e
n
e
r
a
l
iz

e
d

M
u
lt

ic
l
a
ss

S
u
p
p
o
r
t

V
e
c
t
o
r

M
a
c
h
in

e

P
ac

ka
ge

M
et

h
o
d

C
ov

ty
p

e
F

ar
s

K
D

D
C

u
p
-9

9

G
en

S
V

M
G

en
S

V
M

0.
35

71
∗∗

0.
81

02
∗∗
∗

0.
97

58
L

ib
L

in
ea

r
L

1R
-L

2L
0.

33
72

0.
80

80
0.

97
62

L
ib

L
in

ea
r

L
2R

-L
1L

(D
)

0.
34

05
0.

79
95

0.
97

89
L

ib
L

in
ea

r
L

2R
-L

2L
0.

33
83

0.
80

90
∗∗

0.
97

81
L

ib
L

in
ea

r
L

2R
-L

2L
(D

)
0.

33
93

0.
80

85
∗

0.
97

44
L

ib
L

in
ea

r
C

&
S

0.
35

82
∗∗
∗

0.
80

81
0.

97
58

L
ib

S
V

M
D

A
G

0.
80

56
0.

98
09
∗∗
∗

L
ib

S
V

M
O

v
A

0.
78

72
0.

98
00
∗

L
ib

S
V

M
O

v
O

0.
80

55
0.

98
04
∗∗

M
S

V
M

p
ac

k
C

&
S

0.
34

32
∗

0.
79

96
0.

97
41

M
S

V
M

p
ac

k
L

L
W

0.
31

17
0.

78
46

0.
96

60
M

S
V

M
p

ac
k

M
S

V
M

2
0.

31
65

0.
65

67
0.

96
58

M
S

V
M

p
ac

k
W

&
W

0.
28

48
0.

77
19

0.
64

46

T
ab

le
2:

O
ve

rv
ie

w
of

p
re

d
ic

ti
v
e

p
er

fo
rm

an
ce

on
la

rg
e

d
at

a
se

ts
,

as
m

ea
su

re
d

b
y

th
e

A
R

I.
A

st
er

is
k
s

ar
e

u
se

d
to

m
ar

k
th

e
th

re
e

b
es

t
p

er
fo

rm
in

g
m

et
h

o
d

s
fo

r
ea

ch
d

a
ta

se
t,

w
it

h
th

re
e

st
ar

s
d

en
ot

in
g

th
e

b
es

t
p

er
fo

rm
in

g
m

et
h

o
d
.

20
10

).
F

or
la

rg
e

d
at

a
se

ts
th

e
L

ib
L

in
ea

r
p

ac
ka

ge
(F

an
et

al
.,

20
08

)
is

o
ft

en
u

se
d

,
so

th
e

S
V

M
m

et
h

o
d

s
fr

om
th

is
p

ac
ka

ge
w

er
e

ad
d

ed
to

th
e

li
st

of
al

te
rn

at
iv

e
m

et
h

o
d

s.
9

L
ib

L
in

ea
r

in
cl

u
d

es
fi

ve
d

iff
er

en
t

S
V

M
im

p
le

m
en

ta
ti

on
s:

a
co

or
d

in
at

e
d

es
ce

n
t

a
lg

o
ri

th
m

fo
r

th
e
` 2

-r
eg

u
la

ri
ze

d
` 1

-l
os

s
an

d
` 2

-l
os

s
d

u
al

p
ro

b
le

m
s

(H
si

eh
et

al
.,

20
0
8
),

a
co

or
d

in
at

e
d

es
ce

n
t

al
go

ri
th

m
fo

r
th

e
` 1

-r
eg

u
la

ri
ze

d
` 2

-l
os

s
S

V
M

(Y
u

an
et

al
.,

20
10

;
F

a
n

et
a
l.

,
20

0
8
),

a
N

ew
to

n
m

et
h

o
d

fo
r

th
e

p
ri

m
al
` 2

-r
eg

u
la

ri
ze

d
` 2

-l
os

s
S

V
M

p
ro

b
le

m
(L

in
et

a
l.

,
2
00

8
),

a
n

d
fi

n
al

ly
a

se
q
u

en
ti

al
d

u
al

m
et

h
o
d

fo
r

th
e

m
u

lt
ic

la
ss

S
V

M
b
y

C
ra

m
m

er
an

d
S

in
g
er

(2
0
0
2a

)
in

tr
o
d

u
ce

d
b
y

K
ee

rt
h

i
et

al
.

(2
00

8)
.

T
h

is
la

st
m

et
h

o
d

w
as

ag
ai

n
in

cl
u

d
ed

to
fa

ci
li

ta
te

a
co

m
p

ar
is

on
b

et
w

ee
n

th
e

im
p

le
m

en
ta

ti
on

s
of

L
ib

L
in

ea
r

an
d

M
S

V
M

p
ac

k
.

N
o
te

th
a
t

w
it

h
th

e
ex

ce
p

ti
on

of
th

is
la

st
m

et
h

o
d

al
l

m
et

h
o
d

s
in

L
ib

L
in

ea
r

ar
e

b
in

ar
y

S
V

M
s

th
a
t

im
p

le
m

en
t

th
e

on
e-

v
s-

al
l

st
ra

te
gy

.

W
it

h
th

e
d

iff
er

en
t

va
ri

an
ts

of
th

e
li

n
ea

r
m

u
lt

ic
la

ss
S

V
M

s
in

cl
u

d
ed

in
L

ib
L

in
ea

r,
a

to
ta

l
o
f

13
m

et
h

o
d

s
w

er
e

co
n
si

d
er

ed
fo

r
th

es
e

la
rg

e
d

at
a

se
ts

.
S
in

ce
tr

ai
n

in
g

of
th

e
h
y
p

er
p

ar
a
m

et
er

s
fo

r
ea

ch
m

et
h

o
d

le
ad

s
to

a
h

ig
h

co
m

p
u

ta
ti

on
al

b
u

rd
en

th
e

n
es

te
d

C
V

p
ro

ce
d

u
re

w
a
s

re
p

la
ce

d
b
y

a
gr

id
se

ar
ch

u
si

n
g

te
n

-f
ol

d
C

V
on

a
tr

ai
n

in
g

se
t

of
80

%
of

th
e

d
at

a,
fo

ll
ow

ed
b
y

ou
t-

of
-s

am
p

le
p

re
d

ic
ti

on
on

th
e

re
m

ai
n

in
g

20
%

u
si

n
g

th
e

fi
n

al
m

o
d

el
.

T
h

e
k
d
d
c
u
p
9
9

d
a
ta

se
t

co
m

es
w

it
h

a
se

p
ar

at
e

te
st

d
at

a
se

t
of

29
2
30

2
in

st
an

ce
s,

so
th

is
w

as
u

se
d

fo
r

th
e

o
u

t-
o
f-

sa
m

p
le

p
re

d
ic

ti
on

s.
T

h
e

gr
id

se
ar

ch
on

th
e

tr
ai

n
in

g
se

t
u

se
d

th
e

sa
m

e
h
y
p

er
p

ar
a
m

et
er

co
n

fi
gu

ra
ti

on
s

as
fo

r
th

e
sm

al
l

d
at

a
se

ts
ab

ov
e,

w
it

h
34

2
co

n
fi

gu
ra

ti
on

s
fo

r
G

en
S

V
M

a
n

d
1
9

9
.

Y
et

a
n
o
th

er
in

te
re

st
in

g
S
V

M
a
p
p
ro

a
ch

to
m

u
lt

ic
la

ss
cl

a
ss

ifi
ca

ti
o
n

is
th

e
P

eg
a
so

s
m

et
h
o
d

b
y

S
h
a
le

v
-

S
h
w

a
rt

z
et

a
l.

(2
0
1
1
).

H
ow

ev
er

,
th

e
L

ib
L

in
ea

r
p
a
ck

a
g
e

in
cl

u
d

es
fi
v
e

d
iff

er
en

t
a
p
p
ro

a
ch

es
to

S
V

M
,

in
cl

u
d
in

g
a

fa
st

so
lv

er
fo

r
th

e
m

et
h
o
d

b
y

C
ra

m
m

er
a
n
d

S
in

g
er

(2
0
0
2
a
),

w
h
ic

h
m
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m
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n
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ie
n
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r
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r
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p
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e
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e
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P
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s
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v
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h
w
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0
1
1
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n
d

S
V

M
p
e
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o
a
ch
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2
0
0
6
)”
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b
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a
in
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h
y
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n
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ra
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ll
va

lu
es

a
re

re
p
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d
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n
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S
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e
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ll
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h
co

u
ld

n
ev

er
b

e
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m
p
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d
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n
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e
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n
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er
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e
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n
is

h
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n
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ra
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n
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n
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g
u

ra
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s

fo
r

th
e

ot
h

er
m

et
h

o
d

s.
T

h
e

o
n

ly
d

iff
er

en
ce

w
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th
a
t

fo
r

G
en

S
V

M
ε
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−
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w
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u
se

d
w

h
en
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n
in

g
th

e
fi

n
a
l
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o
d

el
.

T
o
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ce
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ra

te
th

e
G

en
S

V
M
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m

p
u

ta
ti

o
n
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p
p
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t
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r
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m
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s

w
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d
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u

e
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th
e
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rg

e
d
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m
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n
y
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et

h
o
d
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h

a
d
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b
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n
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er

g
in

g
w

it
h
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a
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n

a
b
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n
t
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m
e.

T
h

er
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o
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l
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m

p
u
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o
n
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m
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w
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s
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it
ed

to
fi
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h
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u
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p
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h
y
p
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p
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n
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gu

ra
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o
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p
er

m
et

h
o
d

,
b

ot
h

d
u

ri
n

g
C

V
a
n

d
w

h
en

tr
a
in

in
g

th
e

fi
n

al
m

o
d

el
.

W
h
er

e
p

os
si

b
le

th
is

li
m

it
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io
n

w
a
s

in
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u
d

ed
in

th
e

m
a
in

o
p

ti
m
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a
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o
n

ro
u

ti
n

e
of

ea
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m
et

h
o
d
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ch
th

at
tr

a
in

in
g

w
a
s

st
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p
ed

w
h

en
co

n
v
er

g
en

ce
w
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re

a
ch

ed
o
r

w
h

en
m

o
re

th
a
n

fi
v
e

h
o
u

rs
h

ad
p

a
ss

ed
.

A
d

d
it
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n

a
ll
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fo

r
a
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m
et

h
o
d

s
th

e
C

V
p
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ce

d
u

re
w

a
s

st
o
p
p

ed
p

re
m

at
u

re
ly

if
m

or
e

th
an
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h
o
u
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h

a
d

p
a
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ed
a
ft

er
co

m
p

le
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o
f

a
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ld
.
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th
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se
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o
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va
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d
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io
n

p
er

fo
rm

a
n

ce
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on
ly

m
ea

su
re

d
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r
th

e
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ld
s

th
a
t

w
er

e
co

m
p

le
te

d
.

T
h

es
e
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m

p
u

ta
ti

o
n
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w

er
e

a
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in
p

er
fo

rm
ed

o
n

th
e

D
u
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h

N
a
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al

L
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A
C

o
m

p
u

te
C
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st

er
.

T
a
b

le
2

sh
ow

s
th
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o
u

t-
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a
m

p
le
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re

d
ic

ti
v
e

p
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rm

a
n
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o
f

th
e

d
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er
en

t
M

S
V

M
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th

e
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d
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.
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n
b

e
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a
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G
en

S
V

M
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th
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b
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t
p
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g
m
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o
d

o
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e
f
a
r
s

d
a
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t
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d

th
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co

n
d

b
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t
m
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h

o
d

o
n

th
e
c
o
v
t
y
p
e

d
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a
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t,
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st
a
ft

er
L

L
C

&
S

.
T

h
e

L
ib

S
V

M
m
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h

o
d

s
o
u
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er
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rm

th
e

o
th

er
m

et
h
o
d

s
o
n

th
e
k
d
d
c
u
p
9
9

d
a
ta

se
t,

w
it

h
D

A
G

S
V

M
h
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in

g
th

e
h

ig
h

es
t

p
er

fo
rm

an
ce

.
N

o
re

su
lt

s
ar

e
av

a
il

ab
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r

L
ib

S
V

M
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r
th

e
c
o
v
t
y
p
e

d
a
ta
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t

b
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a
u
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n
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u
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n
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b
e
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h
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w
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h
in
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e
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ve

h
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r
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m
e

li
m
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d

u
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n
g

th
e
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p
h
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e.

R
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u
lt

s
o
n

th
e

co
m

p
u

ta
ti

o
n

ti
m

e
a
re

re
p

o
rt

ed
in

T
a
b

le
3.

T
h

e
` 2

-r
eg

u
la

ri
ze

d
` 2

-l
o
ss

m
et

h
o
d

b
y

L
in

et
al

.
(2

0
0
8)

is
cl

ea
rl

y
th

e
fa

st
es

t
m

et
h

o
d

.
H

ow
ev

er
,

fo
r

th
e
c
o
v
t
y
p
e

d
at

a
se

t
G

en
S

V
M

to
ta

l
tr

a
in

in
g

ti
m

e
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m

p
et

it
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e
w
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m

e
o
f
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e
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h
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L
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s
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s
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rm

s
o
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a
g
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d
a
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e
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G
e
n
e
r
a
l
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e
d

M
u
lt

ic
l
a
ss

S
u
p
p
o
r
t

V
e
c
t
o
r

M
a
c
h
in

e
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ge

train
in

g
tim

e
o
f

G
en

S
V

M
is

also
co

m
p

etitiv
e

w
ith

so
m

e
o
f

th
e

L
ib

L
in
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r

m
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o
d
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m

o
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n
o
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th

e
m

eth
o
d

b
y

C
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m
m

er
a
n

d
S
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g
er
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00

2
a
).

T
h

e
M

S
V

M
p

ack
m

eth
o
d
s

seem
to

b
e
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fea
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fo
r

su
ch

large
d

ata
sets,
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co

m
p

u
ta

tion
s

w
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sto
p

p
ed

b
y

th
e

fi
ve

h
o
u

r
tim

e
lim

it
for

a
lm

ost
all

h
y
p

erp
a
ra

m
eter

co
n

fi
g
u

ra
tio

n
s.

E
a
rly

sto
p

p
in

g
w

a
s

a
lso

n
eed

ed
for

th
e

L
ib

L
in

ea
r

im
p
lem

en
tatio

n
of

C
&

S
o
n

th
e
c
o
v
t
y
p
e

a
n

d
f
a
r
s

d
ata

sets,
a
n

d
fo

r
th

e
L

ib
S

V
M

m
eth

o
d

s
o
n

a
ll

d
ata

sets.
F

or
G

en
S

V
M

,
ea

rly
stop

p
in

g
w

a
s

o
n

ly
n

eed
ed

fo
r

th
e

k
d
d
c
u
p
9
9

d
ata

set,
w

h
ich

ex
p

la
in

s
th

e
h

ig
h

to
ta

l
com

p
u

tatio
n

tim
e

th
ere.

E
sp

ecia
lly

o
n

th
ese

large
d

ata
sets

th
e

a
d

van
ta

ge
of

u
sin

g
w

a
rm

sta
rts

in
G

en
S

V
M

is
v
isib

le:
tra

in
in

g
tim

e
w

a
s

less
th

a
n

3
0

seco
n

d
s

in
3
0
%

o
f

h
y
p

erp
a
ra

m
eters

o
n
f
a
r
s
,

2
3%

o
n
c
o
v
t
y
p
e
,

a
n

d
1
1
%

o
n
k
d
d
c
u
p
9
9
.
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D
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ssio
n

A
g
en
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m

u
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su
p

p
o
rt
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r

m
ach

in
e

h
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b
een

in
tro

d
u
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,
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G

en
S

V
M

.
T

h
e

m
eth

o
d
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g
en

eral
in

th
e
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th
at

it
su

b
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m
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m
u

lticlass
S

V
M

s
p

ro
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o
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in
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e
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an

d
it
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ex
ib

le
d

u
e

to
severa

l
d
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t
w

eig
h
tin

g
o
p
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s.

T
h

e
sim

p
lex

en
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d
in

g
o
f

th
e

m
u

lticlass
classifi

ca
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n
p

ro
b
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u

sed
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G
en

S
V

M
is
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itive
a
n

d
h

a
s

a
n
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t
g
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l

in
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reta
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.
A

n
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tiv
e

m
a
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n
a
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m

h
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b
een

d
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m
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ize
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e
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n
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S
V

M
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n
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e
p
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a
l.

T
h
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p
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a
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o
p

tim
iza

tion
a
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p
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a
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h
a
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com
p

u
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al
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n
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g
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d
u

e
to

th
e

p
o
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u
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w
a
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a
n

d
b
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u
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n

b
e
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u
n

d
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o
d

.
T

h
e

ab
ility
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u
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w

a
rm
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rts

co
n
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u
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a
ll
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in
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g

tim
e

d
u

rin
g
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va
lid

a
tio

n
in

a
g
rid

sea
rch

,
a
n

d
a
llow

s
G

en
S

V
M

to
p

erfo
rm

co
m

p
etitively

o
n

la
rg

e
d

ata
sets.
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o
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u
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p
u
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a
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tests
o
f
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m
u
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S
V

M
s

o
n
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a
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d
a
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G

en
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V
M
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n
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n
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s
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istin
g

m
u

lticla
ss

S
V

M
s

(fo
u

r
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p
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n
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o
n

p
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ictive
p

erfo
rm

a
n
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a
t

th
e

5
%

sign
ifi

ca
n
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level.

O
n

th
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m
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G
en

S
V

M
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th
e

seco
n

d
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est
p

erform
in

g
m
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o
d
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a
n

d
th

e
b
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m

eth
o
d

a
m

o
n

g
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g
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ach
in

e
m

u
lti-

cla
ss

S
V

M
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a
lth

o
u

g
h

th
e

d
iff

eren
ce

w
ith

th
e

m
eth

o
d

o
f

W
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a
n

d
W

a
tk

in
s

(1
9
9
8)
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u
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n

ot
b

e
sh

ow
n
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b

e
sta

tistica
lly
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n

ifi
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n
t.

G
en

S
V

M
ou

tp
erfo

rm
s
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ve

o
th

er
m

eth
o
d

s
o
n

to
ta

l
train

in
g

tim
e
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d

h
a
s

th
e

sm
allest

to
ta

l
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in
in

g
tim

e
w

h
en
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g
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a
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d
a
ta
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d
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th
e
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g
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o
f

h
y
p

erp
a
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eters
is

18
tim

es
la

rg
er

th
an

th
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o
f

o
th

er
m

eth
o
d

s.
D

u
e

to
th

e
p
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o
f

w
a
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starts
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a
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h
a
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e
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g
e
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in
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g

tim
e

p
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h
y
p

erp
a
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m
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d
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n

ifi
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tly
o
u
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rm

s
a
ll

b
u

t
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o
a
ltern

a
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m
eth

o
d

s
in

th
is

rega
rd

a
t

th
e

1
%

sig
n

ifi
can

ce
level.

F
o
r

th
e

la
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d
a
ta

sets,
it

w
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fo
u

n
d

th
a
t

G
en

S
V

M
still

a
ch

iev
es

h
ig

h
classifi

ca
tion

accu
ra

cy
a
n

d
th

a
t

tota
l

train
in

g
tim

e
rem

a
in

s
m

a
n

a
g
eab

le
d

u
e

to
th

e
w

arm
starts.

In
p

ractice,
th

e
n
u

m
b

er
o
f

h
y
p

erp
a
ra

m
eters

co
u

ld
b

e
red

u
ced

if
sm

a
ller

train
in

g
tim

e
is

d
esired

.
S

in
ce

G
en

S
V

M
o
u

tp
erfo

rm
s

ex
istin

g
m

eth
o
d

s
on

a
n
u

m
b

er
o
f

d
ata

sets
a
n

d
ach

ieves
fa

st
tra

in
in

g
tim

e
it

is
a

w
o
rth

w
h

ile
a
d

d
ition

to
th

e
co

llectio
n

o
f

m
eth

o
d

s
ava

ila
b

le
to

th
e

p
ractitio

n
er.

In
th

e
com

p
a
riso

n
tests

M
S

V
M

p
a
ck

(L
a
u

er
a
n

d
G

u
erm

eu
r,

20
1
1
)

w
as

u
sed

to
access

fo
u

r
sin

g
le

m
ach

in
e

m
u

lticlass
S
V

M
s

p
ro

p
o
sed

in
th

e
literatu

re.
A

b
ig

a
d

van
ta

ge
o
f

u
sin

g
th

is
lib

ra
ry

is
th

a
t

it
a
llow

s
fo

r
a

sin
g
le

stra
igh

tforw
a
rd

C
im

p
lem

en
ta

tio
n

,
w

h
ich

g
rea

tly
red

u
ces

th
e

p
rog

ra
m

m
in

g
eff

ort
n

eed
ed

fo
r

th
e

co
m

p
a
riso

n
s.

H
ow

ever,
a
s

is
n

o
ted

in
th

e
M

S
V

M
p

a
ck

d
o
cu

m
en

ta
tio

n
,

sligh
t

d
iff

eren
ces

ex
ist

b
etw

een
M

S
V

M
p

ack
a
n

d
m

eth
o
d

-sp
ecifi

c
im

p
lem

en
-

ta
tio

n
s.

F
o
r

in
sta

n
ce,

on
sm

a
ll

d
a
ta

sets
M

S
V

M
p

a
ck

can
b

e
slow

er,
d

u
e

to
w

o
rk

in
g

set
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V
a
n

d
e
n

B
u
r
g

a
n
d

G
r
o
e
n
e
n

selectio
n

a
n

d
sh

rin
k
in

g
p

ro
ced

u
res

in
oth

er
im

p
lem

en
tation

s.
H

ow
ever,

classifi
cation

p
er-

form
a
n

ce
is

com
p

arab
le

b
etw

een
M

S
V

M
p

ack
an

d
m

eth
o
d

-sp
ecifi

c
im

p
lem

en
tation

s,
a
s

w
as

verifi
ed

b
y

ad
d

in
g

th
e

L
ib

L
in

ear
im

p
lem

en
tation

of
th

e
m

eth
o
d

of
C

ram
m

er
an

d
S

in
ger

(200
2a

)
to

th
e

list
of

altern
ativ

e
m

eth
o
d

s.
T

h
u

s,
w

e
arg

u
e

th
at

th
e

resu
lts

for
p

red
ictive

accu
ra

cy
p

resen
ted

ab
ove

are
accu

rate
regard

less
of

im
p

lem
en

tation
,

b
u

t
sm

all
d

iff
eren

ces
can

ex
ist

fo
r

train
in

g
tim

e
w

h
en

oth
er

im
p

lem
en

tation
s

for
sin

gle
m

ach
in

e
M

S
V

M
s

are
u

sed
.

A
n

o
th

er
in

terestin
g

con
clu

sion
th

at
can

b
e

d
raw

n
from

th
e

ex
p

erim
en

tal
resu

lts
is

th
at

th
e

o
n

e-v
s-a

ll
m

eth
o
d

n
ever

p
erform

s
as

go
o
d

as
on

e-v
s-on

e,
D

A
G

S
V

M
,
or

G
en

S
V

M
.
In

fact,
th

e
p

rofi
le

p
lot

in
F

igu
re

6
sh

ow
s

th
at

O
v
A

alw
ay

s
h

as
a

sm
aller

p
rob

a
b

ility
o
f

o
b

tain
in

g
th

e
b

est
classifi

ca
tion

p
erform

an
ce

as
eith

er
of

th
ese

th
ree

m
eth

o
d

s.
T

h
ese

resu
lts

are
also

refl
ected

in
th

e
classifi

cation
accu

racy
of

th
e

L
ib

L
in

ear
m

eth
o
d

s
on

th
e

large
d

ata
set.

In
th

e
literatu

re,
th

e
p

ap
er

b
y

R
ifk

in
an

d
K

lau
tau

(2004)
is

often
cited

as
ev

id
en

ce
th

at
O

v
A

p
erfo

rm
s

w
ell

(see
for

in
stan

ce
K

eerth
i

et
al.,

2008).
H

ow
ev

er,
th

e
sim

u
latio

n
resu

lts
in

th
is

p
a
p

er
su

ggest
th

at
O

v
A

is
in

fact
in

ferior
to

O
v
O

,
D

A
G

,
an

d
G

en
S

V
M

.

T
h

is
p

ap
er

w
a
s

fo
cu

sed
on

lin
ear

m
u

lticlass
S

V
M

s.
A

n
ob

v
io

u
s

ex
ten

sion
is

to
in

corp
o-

ra
te

n
o
n

lin
ea

r
m

u
lticlass

S
V

M
s

th
rou

gh
k
ern

els.
D

u
e

to
th

e
larg

e
n
u

m
b

er
of

d
ata

sets
an

d
th

e
lo

n
g

train
in

g
tim

e
th

e
n
u

m
erical

ex
p

erim
en

ts
w

ere
lim

ited
to

lin
ear

m
u

lticla
ss

S
V

M
.

N
o
n

lin
ea

r
classifi

cation
th

rou
gh

kern
els

can
b

e
a
ch

ieved
b
y

lin
ear

m
eth

o
d

s
th

rou
g
h

a
p

re-
p

ro
cessin

g
step

of
an

eigen
d

ecom
p

osition
on

th
e

kern
el

m
atrix

,
w

h
ich

is
a

p
ro

cess
of

th
e

ord
er
O

(n
3).

In
th

is
case,

G
en

S
V

M
w

ill
b

en
efi

t
from

p
recom

p
u

tin
g

kern
els

b
efore

startin
g

th
e

grid
search

,
o
r

u
sin

g
a

larger
stop

p
in

g
criterion

in
th

e
IM

algo
rith

m
b
y

in
creasin

g
ε

in
A

lgo
rith

m
1
.

In
ad

d
ition

,
ap

p
rox

im
ation

s
can

b
e

d
on

e
b
y

u
sin

g
ran

k
ap

p
rox

im
ated

ker-
n

el
m

atrices,
su

ch
as

th
e

N
y
ström

m
eth

o
d

p
rop

osed
b
y

W
illiam

s
an

d
S

eeger
(200

1).
S

u
ch

en
h

an
cem

en
ts

a
re

con
sid

ered
top

ics
for

fu
rth

er
research

.

F
in

a
lly,

th
e

p
oten

tial
of

u
sin

g
G

en
S
V

M
in

an
on

lin
e

settin
g

is
recogn

ized
.

S
in

ce
th

e
solu

tio
n

ca
n

b
e

fou
n

d
q
u

ick
ly

w
h

en
a

w
arm

-start
is

u
sed

,
G

en
S

V
M

m
ay

b
e

u
sefu

l
in

situ
-

atio
n

s
w

h
ere

n
ew

in
stan

ces
h

av
e

to
b

e
p

red
icted

at
a

certain
m

om
en

t,
a
n

d
th

e
tru

e
class

la
b

el
a
rrives

later.
T

h
en

,
re-estim

atin
g

th
e

G
en

S
V

M
so

lu
tion

can
b

e
d

on
e

as
so

on
as

th
e

tru
e

class
lab

el
o
f

an
ob

ject
arriv

es,
an

d
a

p
rev

iou
sly

k
n

ow
n

solu
tion

can
b

e
u

sed
a
s

a
w

a
rm

sta
rt.

It
is

ex
p

ected
th

at
in

th
is

scen
ario

on
ly

a
few

iteration
s

o
f

th
e

IM
alg

orith
m

are
n

eed
ed

to
arrive

at
a

n
ew

op
tim

al
solu

tion
.

T
h

is,
to

o,
is

con
sid

ered
a

su
b

ject
for

fu
rth

er
resea

rch
.

A
ck

n
o
w
le
d
g
m
e
n
ts

T
h

e
com

p
u

tation
al

ex
p

erim
en

ts
of

th
is

w
ork

w
ere

p
erform

ed
on

th
e

D
u

tch
N

a
tion

al
L

IS
A

C
o
m

p
u

te
C

lu
ster,

an
d

su
p

p
orted

b
y

th
e

D
u

tch
N

ation
al

S
cien

ce
F

ou
n

d
a
tion

(N
W

O
).

T
h
e

au
th

ors
th

an
k

S
U

R
F

sara
(w
w
w
.
s
u
r
f
s
a
r
a
.
n
l
)

for
th

e
su

p
p

o
rt

in
u

sin
g

th
e

L
IS

A
clu

ster.

A
p
p
e
n
d
ix

A
.
S
im

p
le
x
C
o
o
rd

in
a
te
s

T
h

e
sim

p
lex

u
sed

in
th

e
form

u
lation

of
th

e
G

en
S

V
M

loss
fu

n
ction

is
a

regu
lar

K
-sim

p
lex

in
R
K
−

1
w

ith
d

istan
ce

1
b

etw
een

each
p

air
of

vertices,
w

h
ich

is
cen

tered
at

th
e

origin
.

S
in

ce
th

ese
req

u
irem

en
ts

alon
e

d
o

n
ot

u
n

iq
u

ely
d

efi
n

e
th

e
sim

p
lex

co
ord

in
ates

in
gen

eral,
it

w
ill
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G
e
n
e
r
a
l
iz

e
d

M
u
lt

ic
l
a
ss

S
u
p
p
o
r
t

V
e
c
t
o
r

M
a
c
h
in

e

b
e

ch
os

en
su

ch
th

at
at

le
as

t
on

e
of

th
e

ve
rt

ic
es

li
es

on
an

ax
is

.
T

h
e

2-
si

m
p

le
x

in
R

1
is

u
n

iq
u

el
y

d
efi

n
ed

w
it

h
th

e
co

or
d

in
at

es
−

1 2
an

d
+

1 2
.

U
si

n
g

th
es

e
re

q
u

ir
em

en
ts

,
it

is
p

o
ss

ib
le

to
d

efi
n

e
a

re
cu

rs
iv

e
fo

rm
u

la
fo

r
U
K

,
th

e
si

m
p

le
x

co
or

d
in

at
e

m
at

ri
x

of
th

e
K

-s
im

p
le

x
in

R
K
−

1
as

U
K

=

[ U
K
−

1
1
t

0
′

s

] ,
w

it
h

U
2

=

[ −
1 2

1 2

] .

N
ot

e
th

at
th

e
m

at
ri

x
U
K

h
as
K

ro
w

s
an

d
K
−

1
co

lu
m

n
s.

S
in

ce
th

e
si

m
p

le
x

is
ce

n
te

re
d

at
ze

ro
it

h
ol

d
s

th
at

th
e

el
em

en
ts

in
ea

ch
co

lu
m

n
su

m
to

0,
im

p
ly

in
g

th
at
s

=
−

(K
−

1
)t

.
D

en
ot

e
b
y

u
′ i

th
e
i-

th
ro

w
of

U
K

an
d

b
y

ũ
′ i

th
e
i-

th
ro

w
of

U
K
−

1
,

th
en

it
fo

ll
ow

s
fr

o
m

th
e

ed
ge

le
n

gt
h

re
q
u

ir
em

en
t

th
at

‖u
′ i−

u
′ K
‖2

=
‖ũ
′ i−

0
′ +

t
−
s‖

2
=
‖ũ
′ i‖

2
+

(t
−
s)

2
=

1,
∀i
6=
K
.

F
ro

m
th

e
re

q
u

ir
em

en
t

of
eq

u
al

d
is

ta
n

ce
fr

om
ea

ch
ve

rt
ex

to
th

e
or

ig
in

it
fo

ll
ow

s
th

a
t

‖u
′ i‖

2
=
‖u
′ K
‖2
,

‖ũ
′ i‖

2
+
t2

=
s2
,
∀i
6=
K
.

C
om

b
in

in
g

th
es

e
tw

o
ex

p
re

ss
io

n
s

y
ie

ld
s

th
e

eq
u

at
io

n
2
s2
−

2
st
−

1
=

0
.

S
u

b
st

it
u

ti
n

g
s

=
−

(K
−

1)
t

an
d

ch
o
os

in
g
s
>

0
an

d
t
<

0
gi

ve
s

t
=

−
1

√
2
K

(K
−

1)
,

s
=

K
−

1
√

2
K

(K
−

1)
.

N
ot

e
th

at
u

si
n

g
K

=
2

in
th

es
e

ex
p

re
ss

io
n

s
gi

v
es
t

=
−

1 2
an

d
s

=
1 2
,

a
s

ex
p

ec
te

d
.

T
h

e
re

cu
rs

iv
e

re
la

ti
on

sh
ip

d
efi

n
ed

ab
ov

e
th

en
re

ve
al

s
th

at
th

e
fi

rs
t
K
−

1
el

em
en

ts
in

co
lu

m
n

K
−

1
of

th
e

m
at

ri
x

ar
e

eq
u

al
to
t,

an
d

th
e
K

-t
h

el
em

en
t

in
co

lu
m

n
K
−

1
is

eq
u

al
to
s.

T
h

is
ca

n
th

en
b

e
ge

n
er

al
iz

ed
fo

r
an

el
em

en
t
u
k
l

in
ro

w
k

an
d

co
lu

m
n
l

of
U
K

,
y
ie

ld
in

g
th

e
ex

p
re

ss
io

n
gi

v
en

in
(1

).

A
p
p
e
n
d
ix

B
.
D
e
ta
il
s
o
f
It
e
ra

ti
v
e
M

a
jo
ri
za

ti
o
n

In
th

is
se

ct
io

n
a

b
ri

ef
in

tr
o
d

u
ct

io
n

to
it

er
at

iv
e

m
a
jo

ri
za

ti
on

is
gi

ve
n

,
fo

ll
ow

in
g

th
e

d
es

cr
ip

-
ti

on
of

V
os

s
an

d
E

ck
h

ar
d

t
(1

98
0)

.
T

h
e

se
ct

io
n

co
n

cl
u

d
es

w
it

h
a

n
ot

e
on

st
ep

d
ou

b
li

n
g
,

a
co

m
m

on
te

ch
n

iq
u

e
to

sp
ee

d
u

p
q
u

ad
ra

ti
c

m
a
jo

ri
za

ti
on

al
go

ri
th

m
s.

G
iv

en
a

co
n
ti

n
u

ou
s

fu
n

ct
io

n
f

:
X
→

R
w

it
h
X
⊆

R
d
,

co
n

st
ru

ct
a

m
a
jo

ri
za

ti
o
n

fu
n

ct
io

n
g
(x
,x

)
su

ch
th

at

f
( x

)
=
g
(x
,x

),

f
(x

)
≤
g
(x
,x

)
fo

r
al

l
x
∈
X
,

w
it

h
x
∈
X

a
so

-c
al

le
d

su
p
po

rt
in

g
po

in
t.

In
ge

n
er

al
,
th

e
m

a
jo

ri
za

ti
on

fu
n

ct
io

n
is

co
n

st
ru

ct
ed

su
ch

th
at

it
s

m
in

im
u

m
ca

n
ea

si
ly

b
e

fo
u

n
d

,
fo

r
in

st
an

ce
b
y

ch
o
os

in
g

it
to

b
e

q
u

a
d

ra
ti

c
in
x

.
If

f
(x

)
is

d
iff

er
en

ti
ab

le
at

th
e

su
p

p
or

ti
n

g
p

oi
n
t,

th
e

ab
ov

e
co

n
d

it
io

n
s

im
p

ly
∇
f

(x
)

=
∇
g
(x
,x

).
T

h
e

fo
ll

ow
in

g
p

ro
ce

d
u
re

ca
n

n
ow

b
e

u
se

d
to

fi
n

d
a

st
at

io
n

ar
y

p
oi

n
t

of
f

(x
),

1.
L

et
x

=
x

0
,

w
it

h
x

0
a

ra
n

d
om

st
ar

ti
n

g
p

oi
n
t.
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V
a
n

d
e
n

B
u
r
g

a
n
d

G
r
o
e
n
e
n

f
(x

0
)

f
(x

1
)

f
(x

2
)

f
(x

∗ )

x
∗

x
0

x
1

x
2

f
(x

)

g
(x
,x

0
)

g
(x
,x

1
)

f
(x

)
✻

x
✲

f
(x

)

F
ig

u
re

9:
O

n
e-

d
im

en
si

o
n

a
l

gr
ap

h
ic

a
l

il
lu

st
ra

ti
o
n

o
f

th
e

it
er

a
ti

ve
m

a
jo

ri
za

ti
o
n

al
g
o
ri

th
m

,
ad

ap
te

d
fr

o
m

D
e
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−
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p
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u

se
th

e
n

o
ta

ti
o
n
p
(ξ

;π
)

to
d

en
o
te

th
e

p
ro

b
ab

il
it

y
o
f

g
en

er
at

in
g

th
e

tr
a
je

ct
or

y
ξ

u
n

d
er

th
e

p
o
li

cy
π

.
W

e
n

ow
in

tr
o
d

u
ce

se
ve

ra
l

fu
n

ct
io

n
s

th
at

a
re

of
ce

n
tr

al
im

p
or

ta
n

ce
.

T
h

e
st

at
e

va
lu

e
fu

n
ct

io
n

w
.r

.t
.

p
o
li

cy
π

is
d

efi
n
ed

as
th

e
to

ta
l

ex
p

ec
te

d
fu

tu
re

re
w

a
rd

g
iv

en
th

e
cu

rr
en

t
st

at
e,

V
π
(s

)
:=

∞ ∑ t=
1

E s
t
,a
t
∼
p
t

[ γ
t−

1
R

(s
t,
a
t)
∣ ∣ s

1
=
s;
π

] .

It
ca

n
b

e
se

en
th

a
t,
U

(π
)

=
E s
∼
D

[V
π
(s

)]
.

T
h

e
st

at
e

va
lu

e
fu

n
ct

io
n

ca
n

al
so

b
e

w
ri

tt
en

a
s

th
e

so
lu

ti
o
n

of
th

e
fo

ll
ow

in
g

fi
x
ed

-p
oi

n
t

eq
u

a
ti

on
,
V
π
(s

)
=

E a
∼
π

(·|
s)

[ R
(s
,a

)+
γ
E s
′ ∼
P

(·|
s,
a
)[ V

π
(s
′ )
]]

,

w
h

ic
h

is
k
n

ow
n

as
th

e
B

el
lm

an
eq

u
a
ti

o
n

(B
er

ts
ek

a
s,

2
01

0
).

T
h

e
st

a
te

-a
ct

io
n

va
lu

e
fu

n
ct

io
n

w
.r

.t
.

p
ol

ic
y
π

is
g
iv

en
b
y, Q
π
(s
,a

)
:=

R
(s
,a

)
+
γ
E s
′ ∼
P

(·|
s,
a
)[ V

π
(s
′ )
] ,

(3
)

a
n

d
g
iv

es
th

e
va

lu
e

of
p

er
fo

rm
in

g
a
n

ac
ti

o
n

,
in

a
g
iv

en
st

at
e,

a
n

d
th

en
fo

ll
ow

in
g

th
e

p
ol

ic
y.

N
o
te

th
a
t,
V
π
(s

)
=
∑

a
∈A

π
(a
|s)
Q
π
(s
,a

).
F

in
a
ll

y,
th

e
a
d

va
n
ta

g
e

fu
n

ct
io

n
,
A
π
(s
,a

)
:=

Q
π
(s
,a

)
−
V
π
(s

),
g
iv

es
th

e
re

la
ti

ve
a
d

va
n
ta

g
e

o
f

a
n

ac
ti

o
n

in
re

la
ti

on
to

th
e

ot
h

er
a
ct

io
n

s
av

ai
la

b
le

in
th

at
st

a
te

.
It

ca
n

b
e

se
en

th
a
t,
∑

a
∈A

π
(a
|s)
A
π
(s
,a

)
=

0,
fo

r
ea

ch
s
∈
S.

2
.2

P
o
li

c
y

S
e
a
rc

h
M

e
th

o
d

s

In
p

ol
ic

y
se

ar
ch

m
et

h
o
d

s
th

e
p

ol
ic

y
is

g
iv

en
so

m
e

d
iff

er
en

ti
ab

le
p
a
ra

m
et

ri
c

fo
rm

,
d

en
o
te

d
π

(a
|s;
w

),
w

it
h

p
o
li

cy
p

ar
am

et
er

s,
w
∈
W
⊂

R
n
,
n
∈

N
.

(W
e

a
ls

o
u

se
th

e
n

ot
a
ti

o
n

,
π
w

(a
|s)
≡
π

(a
|s;
w

),
w

h
er

e
a
p

p
ro

p
ri

at
e.

)
L

o
ca

l
in

fo
rm

a
ti

o
n

,
su

ch
as

th
e

gr
a
d

ie
n
t

o
f

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

,
is

th
en

u
se

d
to

u
p

d
a
te

th
e

p
o
li

cy
in

a
n

in
cr

em
en

ta
l

m
a
n

n
er

u
n
ti

l
th

e
al

go
ri

th
m

co
n
ve

rg
es

to
a

lo
ca

l
o
p

ti
m

u
m

o
f

th
e

o
b

je
ct

iv
e

fu
n

ct
io

n
.

W
e

ov
er

lo
a
d

n
o
ta

ti
o
n

an
d

w
ri

te
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
d

ir
ec

tl
y

in
te

rm
s

o
f

th
e

p
a
ra

m
et

er
ve

ct
o
r,

i.
e.

,

U
(w

)
:=

U
(π
w

),
∀w
∈
W
,

(4
)

w
h

il
e

th
e

tr
a
je

ct
or

y
d

is
tr

ib
u

ti
o
n

is
w

ri
tt

en
in

th
e

fo
rm

p
(a

1
:t
,s

1
:t
;w

)
=
p
(a

1
:t
,s

1
:t
;π
w

).
S

im
il

ar
ly

,
V

(s
;w

),
Q

(s
,a

;w
)

a
n

d
A

(s
,a

;w
)

d
en

o
te

re
sp

ec
ti

ve
ly

th
e

st
a
te

va
lu

e
fu

n
ct

io
n

,

6
JM

L
R
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7)
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1



A
p
p
r
o
x
im

a
t
e

N
e
w

t
o
n

M
e
t
h
o
d
s

f
o
r

P
o
l
ic

y
S
e
a
r
c
h

in
M

a
r
k
o
v

D
e
c
isio

n
P

r
o
c
e
sse

s

sta
te-a

ction
va

lu
e

fu
n

ction
a
n

d
th

e
ad

va
n
ta

g
e

fu
n
ction

in
term

s
of

th
e

p
a
ra

m
eter

vecto
r
w

.
W

e
in

tro
d

u
ce

th
e

fu
n

ctio
n

,

p
γ (s,a

;w
)

:=

∞∑t=
1

γ
t−

1p
t (s

t
=
s,a

t
=
a
;w

).
(5

)

N
o
te

th
a
t ∑

(s,a
)∈S×

A
p
γ (s,a

;w
)

=
(1−

γ
) −

1.
A

d
d

ition
a
lly,

th
e

o
b

jective
fu

n
ctio

n
ca

n
b

e
w

ritten
in

th
e

fo
rm

U
(w

)
=
∑

(s,a
)∈S×

A
p
γ (s,a

;w
)R

(s,a
).

W
e

sh
all

co
n

sid
er

tw
o

fo
rm

s
of

p
o
licy

sea
rch

a
lg

o
rith

m
in

th
is

p
a
p

er:
g
ra

d
ien

t-b
ased

o
p

tim
iza

tio
n

m
eth

o
d

s
an

d
m

eth
o
d

s
b

ased
o
n

itera
tiv

ely
op

tim
izin

g
a

low
er-b

o
u

n
d

o
n

th
e

o
b

jective
fu

n
ctio

n
.

In
grad

ien
t-b

a
sed

m
eth

o
d
s

th
e

u
p

d
a
te

o
f

th
e

p
olicy

p
a
ra

m
eters

ta
kes

th
e

form
,

w
n

ew
=
w

+
αM

(w
)
∂∂
w
U

(w
),

(6
)

w
h

ere
α
∈

R
+

is
a

step
size

p
a
ram

eter
a
n

d
M

(w
)

is
so

m
e

p
reco

n
d

itio
n

in
g

m
a
trix

th
a
t

p
ossib

ly
d

ep
en

d
s

on
w
∈
W

.
If
U

is
sm

o
o
th

,M
(w

)
is

p
ositive-d

efi
n

ite
a
n

d
α

is
su

ffi
cien

tly
sm

a
ll

th
en

su
ch

a
n

u
p

d
a
te

w
ill

in
crease

th
e

tota
l

ex
p

ected
rew

a
rd

.
If

th
e

p
reco

n
d

itio
n
in

g
m

a
trix

is
alw

ay
s

p
ositive-d

efi
n

ite,
th

e
step

size
seq

u
en

ce
is

ap
p

ro
p

riately
selected

an
d
U

is
L

ip
sch

itz,
w

h
ich

is
th

e
case

w
h

en
‖
∂∂w

log
π

(a|s;w
)‖

2
is

u
n

ifo
rm

ly
b

o
u

n
d

ed
b
y
M
∈
R

for
all
w
∈
W

a
n

d
(a
,s)∈

A
×
S

,
th

en
iteratively

u
p

d
a
tin

g
th

e
p

o
licy

p
a
ram

eters
a
cco

rd
in

g
to

(6)
w

ill
resu

lt
in

th
e

p
olicy

p
a
ra

m
eters

con
verg

in
g

to
a

lo
ca

l
o
p

tim
u

m
o
f
U

.
T

h
is

g
en

eric
gra

d
ien

t-b
a
sed

p
o
licy

sea
rch

a
lgo

rith
m

is
g
iven

in
A

lg
orith

m
1
.

G
ra

d
ien

t-b
a
sed

m
eth

o
d

s
va

ry
in

th
e

fo
rm

of
th

e
p

reco
n

d
ition

in
g

m
a
trix

u
sed

in
th

e
p

ara
m

eter
u

p
d

a
te.

T
h

e
ch

o
ice

of
th

e
p

recon
d

ition
in

g
m

a
trix

d
eterm

in
es

va
rio

u
s

asp
ects

o
f

th
e

resu
ltin

g
a
lg

o
rith

m
,

su
ch

as
th

e
co

m
p

u
ta

tio
n

a
l

com
p

lex
ity,

th
e

ra
te

a
t

w
h

ich
th

e
alg

o
rith

m
co

n
verg

es
to

a
lo

ca
l

op
ti-

m
u

m
a
n

d
in

va
ria

n
ce

p
ro

p
erties

of
th

e
p

a
ra

m
eter

u
p

d
a
te.

T
y
p

ica
lly

th
e

gra
d

ien
t,

∂∂w
U

(w
),

a
n

d
th

e
p
recon

d
itio

n
er,M

(w
),

w
ill

n
o
t

b
e

k
n

ow
n

ex
a
ctly

a
n

d
m

u
st

b
e

a
p

p
rox

im
ated

b
y

co
llectin

g
d
a
ta

from
th

e
sy

stem
.

In
th

e
con

tex
t

of
rein

forcem
en

t
lea

rn
in

g
,

th
e

ex
p

ecta
tio

n
m

a
x
im

iza
tion

(E
M

)
alg

orith
m

sea
rch

es
for

th
e

op
tim

a
l

p
o
licy

b
y

itera
tively

o
p

tim
izin

g
a

low
er

b
o
u

n
d

o
n

th
e

o
b

jective
fu

n
ctio

n
.

W
h

ile
E

M
d

o
es

n
o
t

h
ave

a
n

u
p

d
a
te

o
f

th
e

fo
rm

g
iven

in
(6

)
w

e
sh

a
ll

see
in

S
ectio

n
5.2

th
at

th
e

a
lg

o
rith

m
is

clo
sely

rela
ted

to
su

ch
a
n

u
p

d
ate.

W
e

n
ow

rev
iew

sp
ecifi

c
p

o
licy

search
m

eth
o
d

s.

2
.2

.1
G

r
a
d
ie

n
t

A
sc

e
n
t

G
rad

ien
t

a
scen

t
co

rresp
o
n

d
s

to
th

e
ch

o
iceM

(w
)

=
I
n
,

w
h

ere
I
n

d
en

o
tes

th
e
n×

n
id

en
tity

m
a
trix

,
so

th
at

th
e

p
ara

m
eter

u
p

d
ate

ta
kes

th
e

fo
rm

:

P
o
licy

search
u

p
d

a
te

u
sin

g
grad

ien
t

a
scen

t

w
n

ew
=
w

+
α
∂∂
w
U

(w
).

(7
)

T
h

e
g
ra

d
ien

t,
∂∂w
U

(w
),

ca
n

b
e

w
ritten

in
a

rela
tively

sim
p

le
fo

rm
u

sin
g

th
e

fo
llow

in
g

th
eorem

:

7
JM

L
R

 17(227):1-51

F
u
r
m

st
o
n
,

L
e
v
e
r

a
n
d

B
a
r
b
e
r

A
lg

o
rith

m
1
:

G
en

eric
grad

ien
t-b

ased
p

olicy
search

alg
orith

m

In
p

u
t:

In
itial

vector
of

p
olicy

p
a
ram

eters,
w

0 ∈
W

,
an

d
a

step
size

seq
u

en
ce,

(α
k ) ∞k

=
0 ,

w
ith

α
k ∈

R
+

for
k
∈
N

.
S

et
iteration

cou
n
ter,

k
←

0.
re

p
e
a
t

E
ith

er
ca

lcu
late

or
estim

ate
th

e
grad

ien
t

of
th

e
ob

jective,
∂∂w
U

(w
)|w

=
w
k ,

an
d

th
e

p
recon

d
ition

er,M
(w

k ),
at

th
e

cu
rren

t
p

oin
t

in
th

e
p

a
ram

eter
sp

ace.

U
p

d
ate

p
o
licy

p
aram

eters,
w
k
+

1
=
w
k

+
α
k M

(w
k )

∂∂w
U

(w
)|w

=
w
k .

U
p

d
a
te

iteration
cou

n
ter,

k
←
k

+
1.

u
n
til

C
on

vergen
ce

of
th

e
p

olicy
p
aram

eters;

re
tu

rn
w
k

T
h

e
o
re

m
1

(P
o
licy

G
rad

ien
t

T
h

eorem
(S

u
tton

et
al.,

20
00)).

S
u

p
po

se
w

e
a
re

given
a

M
a
rko

v
d
ecisio

n
p
rocess

w
ith

o
bjective

(1
)

a
n

d
M

a
rko

via
n

tra
jecto

ry
d
istribu

tio
n

(2
).

F
o
r

a
n

y
given

pa
ra

m
eter

vecto
r,
w
∈
W

,
th

e
gra

d
ien

t
o
f

(4
)

ta
kes

th
e

fo
rm

,

∂∂
w
U

(w
)

=
∑s∈S ∑a∈A

p
γ (s,a

;w
)Q

(s,a
;w

)
∂∂
w

lo
g
π

(a|s;w
).

(8)

P
roo

f.
T

h
is

is
a

w
ell-k

n
ow

n
resu

lt
th

at
can

b
e

fou
n

d
in

S
u

tton
et

al.
(2000).

A
d

erivatio
n

of
(8

)
is

p
rov

id
ed

in
S

ection
A

.1
in

th
e

A
p

p
en

d
ix

.

It
is

n
ot

p
o
ssib

le
to

calcu
late

th
e

grad
ien

t
ex

a
ctly

for
m

an
y

real-w
orld

M
D

P
s

of
in

terest.
F

or
in

stan
ce,

in
d

iscrete
d

om
ain

s
th

e
size

of
th

e
state-action

sp
ace

m
ay

b
e

to
o

la
rge

for
en

u
-

m
era

tion
over

th
ese

sets
to

b
e

feasib
le.

A
ltern

ativ
ely,

in
con

tin
u

ou
s

d
om

ain
s

th
e

p
resen

ce
of

n
o
n

-lin
earities

in
th

e
tran

sition
d

y
n

am
ics

m
akes

th
e

calcu
lation

o
f

th
e

o
ccu

p
an

cy
m

argin
als

an
in

tra
ctab

le
p

ro
b

lem
.

A
d

d
ition

ally,
it

can
b

e
th

e
case

th
at

P
an

d
R

are
u

n
k
n

ow
n

in
p

ractice.
In

su
ch

cases
it

can
b

e
p

referab
le

to
d

irectly
estim

ate
th

e
grad

ien
t

u
sin

g
sam

p
les

ob
tain

ed
fro

m
th

e
en

v
iron

m
en

t,
rath

er
th

an
b

u
ild

in
g

a
m

o
d

el
of

th
e

M
D

P
.

V
a
riou

s
tech

-
n

iq
u

es
h

av
e

b
een

p
rop

osed
in

th
e

literatu
re

to
estim

ate
th

e
grad

ien
t,

in
clu

d
in

g
th

e
m

eth
o
d

of
fi

n
ite-d

iff
eren

ces
(K

iefer
an

d
W

olfow
itz,

1952;
K

oh
l

an
d

S
ton

e,
2
004;

T
ed

rak
e

an
d

Z
h

a
n

g,
20

0
5),

sim
u

ltan
eou

s
p

ertu
rb

ation
m

eth
o
d

s
(S

p
all,

1992;
S

p
all

an
d

C
ristion

,
1998

;
S

rin
ivasan

et
a
l.,

20
06)

an
d

likelih
o
o
d

-ratio
m

eth
o
d

s
(G

ly
n

n
,

1986,
1990;

W
illiam

s,
1
992;

B
ax

ter
an

d
B

artlett,
2
001;

K
o
n

d
a

an
d

T
sitsik

lis,
2003,

199
9;

S
u

tton
et

a
l.,

200
0;

B
h

atn
agar

et
al.,

2009;
K

o
b

er
an

d
P

eters,
2011).

L
ikelih

o
o
d

-ratio
m

eth
o
d
s,

w
h

ich
origin

ated
in

th
e

statistics
lit-

era
tu

re
a
n

d
w

ere
later

ap
p

lied
to
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p
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)
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)
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∂
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e

total
ex

p
ected

rew
ard

,
w

ith
atten

tion
given

to
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∂
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∑
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.
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b
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n
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b
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∈
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∈
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∂
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∀s
∈
S

it
h
o
ld

s
th

a
t

ei
th

er
,

si
gn

(
∂

∂
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b
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∂
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∂
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∂
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p
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p
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p
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p
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p
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d
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h
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→
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b
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p
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p
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p
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b
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.
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p
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d
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m

id
efi

n
it

e
a
n
d

n
o
t

n
eg

a
ti

v
e-

d
efi

n
it

e
is

a
st

a
n

d
a
rd

p
ro

b
-

le
m

w
it

h
m

a
n
y

o
p
ti

m
is

a
ti

o
n

te
ch

n
iq

u
es

th
a
t

re
q
u
ir

e
th

e
in

v
er

si
o
n

o
f

a
p
re

co
n
d
it

io
n
in

g
m

a
tr

ix
.

T
h

is
in

cl
u
d
es

n
a
tu

ra
l

g
ra

d
ie

n
t

a
sc

en
t

w
h
en

th
e

F
is

h
er

in
fo

rm
a
ti

o
n

m
a
tr

ix
is

u
se

d
to

p
re

co
n
d
it

io
n

th
e

g
ra

d
ie

n
t

(T
h
o
m

a
s,

2
0
1
4
).

V
a
ri

o
u
s

a
p
p
ro

a
ch

es
ca

n
b

e
ta

k
en

w
it

h
re

g
a
rd

to
th

is
p

ro
b
le

m
:

A
d
d

a
ri

d
g
e

te
rm

to
th

e
p
re

co
n
d
it

io
n
in

g
m

a
tr

ix
;

M
in

im
iz

e
||H

2
(w

)p
+

∂
∂
w
U

(w
)||

2
w

it
h

re
sp

ec
t

to
p

b
y

g
ra

d
ie

n
t

d
es

ce
n
t,

a
n
d

u
se

p
a
s

th
e

se
a
rc

h
d
ir

ec
ti

o
n
;

P
re

co
n
d
it

io
n

th
e

g
ra

d
ie

n
t

w
it

h
th

e
p

se
u
d
o
in

v
er

se
−
H

+ 2
(w

).
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F
u
r
m

st
o
n
,

L
e
v
e
r

a
n
d

B
a
r
b
e
r

d
ia

go
n

a
li

za
ti

on
a
m

o
u

n
ts

to
p

er
fo

rm
in

g
th

e
a
p

p
ro

x
im

a
te

N
ew

to
n

m
et

h
o
d

s
on

ea
ch

p
ar

a
m

et
er

in
d

ep
en

d
en

tl
y,

b
u

t
si

m
u

lt
an

eo
u

sl
y.

4
.1

.1
E

st
im

a
t
io

n
o
f

t
h
e

P
r
e
c
o
n
d
it

io
n
e
r
s

a
n
d

t
h
e

G
a
u
ss

-N
e
w

t
o
n

U
p
d
a
t
e

D
ir

e
c
t
io

n

It
is

p
o
ss

ib
le

to
ex

te
n

d
ty

p
ic

al
te

ch
n

iq
u

es
u

se
d

to
es

ti
m

at
e

th
e

p
o
li

cy
g
ra

d
ie

n
t

to
es

ti
m

at
e

th
e

p
re

co
n

d
it

io
n

er
fo

r
th

e
G

a
u

ss
-N

ew
to

n
m

et
h

o
d

,
b
y

in
cl

u
d

in
g

ei
th

er
th

e
H

es
si

a
n

o
f

th
e

lo
g
-

p
ol

ic
y,

th
e

o
u

te
r

p
ro

d
u

ct
of

th
e

d
er

iv
a
ti

ve
of

th
e

lo
g
-p

o
li

cy
,
o
r

th
e

re
sp

ec
ti

ve
d

ia
g
on

al
te

rm
s.

A
s

an
ex

am
p

le
,

in
S

ec
ti

on
B

.1
of

th
e

A
p

p
en

d
ix

w
e

d
et

ai
l
th

e
ex

te
n

si
on

o
f

th
e

re
cu

rr
en

t
st

at
e

fo
rm

u
la

ti
on

of
gr

ad
ie

n
t

ev
al

u
a
ti

on
in

th
e

av
er

a
ge

re
w

ar
d

fr
am

ew
o
rk

(W
il

li
a
m

s,
1
99

2
)

to
th

e
se

co
n

d
G

au
ss

-N
ew

to
n

m
et

h
o
d

.
W

e
u
se

th
is

ex
te

n
si

on
in

th
e

T
et

ri
s

ex
p

er
im

en
t

th
at

w
e

co
n

si
d

er
in

S
ec

ti
on

6
.

G
iv

en
n
s

sa
m

p
le

d
st

at
e-

a
ct

io
n

p
a
ir

s,
th

e
co

m
p

le
x
it

y
of

th
is

ex
te

n
si

on
sc

al
es

as
O

(n
s
n

2
)

fo
r

th
e

se
co

n
d

G
a
u

ss
-N

ew
to

n
m

et
h

o
d

,
w

h
il

e
it

sc
al

es
a
s
O

(n
s
n

)
fo

r
th

e
d

ia
go

n
a
l

ve
rs

io
n

o
f

th
e

a
lg

or
it

h
m

.
W

e
p

ro
v
id

e
m

o
re

d
et

ai
ls

o
f

si
tu

a
ti

o
n

s
in

w
h

ic
h

th
e

in
ve

rs
io

n
of

th
e

p
re

co
n

d
it

io
n

in
g

m
a
tr

ic
es

ca
n

b
e

p
er

fo
rm

ed
m

o
re

effi
ci

en
tl

y
in

S
ec

ti
o
n

B
.2

of
th

e
A

p
p

en
d

ix
.

4
.2

P
e
rf

o
rm

a
n

c
e

G
u

a
ra

n
te

e
s

a
n

d
A

n
a
ly

si
s

4
.2

.1
A

sc
e
n
t

D
ir

e
c
t
io

n
s

In
g
en

er
al

th
e

o
b

je
ct

iv
e

(4
)

is
n

ot
co

n
ca

ve
,

w
h

ic
h

m
ea

n
s

th
at

th
e

H
es

si
an

w
il

l
n

ot
b

e
n

eg
a
ti

ve
-d

efi
n

it
e

ov
er

th
e

en
ti

re
p

ar
a
m

et
er

sp
a
ce

.
In

su
ch

ca
se

s
N

ew
to

n
’s

m
et

h
o
d

ca
n

ac
tu

a
ll

y
lo

w
er

th
e

ob
je

ct
iv

e
a
n

d
th

is
is

an
u

n
d

es
ir

ab
le

a
sp

ec
t

o
f

N
ew

to
n

’s
m

et
h

o
d
.

W
e

n
ow

co
n

si
d

er
as

ce
n
t

d
ir

ec
ti

on
s

fo
r

th
e

G
a
u

ss
-N

ew
to

n
m

et
h

o
d

s,
a
n

d
in

p
a
rt

ic
u

la
r

d
em

o
n

st
ra

te
th

at
th

e
p

ro
p

os
ed

se
co

n
d

G
au

ss
-N

ew
to

n
m

et
h

o
d

gu
ar

a
n
te

es
a
n

as
ce

n
t

d
ir

ec
ti

on
in

ty
p

ic
al

se
tt

in
gs

.

A
sc

en
t

d
ir

ec
ti

o
n

s
fo

r
th

e
fi

rs
t

G
a
u

ss
-N

ew
to

n
m

et
h
od

:
A

s
m

en
ti

o
n

ed
p

re
v
io

u
sl

y,
th

e
m

a
tr

ix
A

1
(w

)
+
A

2
(w

)
w

il
l

ty
p

ic
al

ly
b

e
in

d
efi

n
it

e,
an

d
so

a
st

ra
ig

h
tf

or
w

ar
d

ap
p

li
ca

ti
on

of
th

e
fi

rs
t

G
au

ss
-N

ew
to

n
m

et
h

o
d

w
il

l
n

o
t

n
ec

es
sa

ri
ly

re
su

lt
in

a
n

in
cr

ea
se

in
th

e
o
b

je
ct

iv
e

fu
n

ct
io

n
.

T
h

er
e

a
re

,
h

ow
ev

er
,

st
an

d
a
rd

co
rr

ec
ti

o
n

te
ch

n
iq

u
es

th
at

o
n

e
co

u
ld

co
n

si
d

er
to

en
su

re
th

at
a
n

in
cr

ea
se

in
th

e
ob

je
ct

iv
e

fu
n

ct
io

n
is

o
b

ta
in

ed
,

su
ch

a
s

a
d

d
in

g
a

ri
d

ge
te

rm
to

th
e

p
re

co
n

d
it

io
n
in

g
m

at
ri

x
.

A
su

rv
ey

o
f

su
ch

co
rr

ec
ti

on
te

ch
n

iq
u

es
ca

n
b

e
fo

u
n

d
in

B
oy

d
an

d
V

an
d

en
b

er
gh

e
(2

0
0
4)

.

A
sc

en
t

d
ir

ec
ti

o
n

s
fo

r
th

e
se

co
n

d
G

a
u

ss
-N

ew
to

n
m

et
h
od

:
It

w
a
s

se
en

in
T

h
eo

re
m

5
th

at
H

2
(w

)
w

il
l

b
e

n
eg

at
iv

e-
se

m
id

efi
n

it
e

ov
er

th
e

en
ti

re
p
a
ra

m
et

er
sp

a
ce

if
ei

th
er

th
e

p
o
li

cy
is

lo
g
-c

o
n

ca
ve

w
it

h
re

sp
ec

t
to

th
e

p
o
li

cy
p

a
ra

m
et

er
s,

o
r

th
e

p
o
li

cy
h

as
co

n
st

an
t

cu
rv

a
tu

re
w

it
h

re
sp

ec
t

to
th

e
ac

ti
o
n

sp
a
ce

.
It

fo
ll

ow
s

th
at

in
su

ch
ca

se
s

a
n

in
cr

ea
se

o
f

th
e

ob
je

ct
iv

e
fu

n
ct

io
n

w
il

l
b

e
o
b
ta

in
ed

w
h

en
u

si
n

g
th

e
se

co
n

d
G

a
u

ss
-N

ew
to

n
m

et
h

o
d

w
it

h
a

su
ffi

ci
en

tl
y

sm
a
ll

st
ep

-
si

ze
.

A
d

d
it

io
n

a
ll

y,
th

e
d

ia
g
on

al
te

rm
s

of
a

n
eg

a
ti

v
e-

se
m

id
efi

n
it

e
m

a
tr

ix
a
re

n
o
n

-p
os

it
iv

e,
so

th
a
t
D H

2
(w

)
is

n
eg

at
iv

e-
se

m
id

efi
n

it
e

w
h

en
ev

er
H

2
(w

)
is

n
eg

a
ti

ve
-s

em
id

efi
n

it
e,

an
d

th
u

s
si

m
il

a
r

p
er

fo
rm

an
ce

gu
ar

a
n
te

es
ex

is
t

fo
r

th
e

d
ia

go
n

a
l

v
er

si
o
n

o
f

th
e

se
co

n
d

G
a
u

ss
-N

ew
to

n
al

go
ri

th
m

.

T
o

m
ot

iv
at

e
th

is
re

su
lt

w
e

n
ow

b
ri

efl
y

co
n

si
d
er

so
m

e
w

id
el

y
u

se
d

p
o
li

ci
es

th
at

ar
e

ei
th

er
lo

g
-c

o
n

ca
ve

or
b

lo
ck

w
is

e
lo

g
-c

on
ca

ve
.

F
ir

st
ly

,
co

n
si

d
er

th
e

li
n

ea
r

so
ft

m
ax

p
o
li

cy
p

ar
a
m

-
et

er
is

a
ti

on
,
π

(a
|s;
w

)
∝

ex
p
w
T
φ

(a
,s

),
in

w
h

ic
h
φ

(a
,s

)
∈

R
n

is
a

fe
at

u
re

v
ec

to
r.
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A
p
p
r
o
x
im

a
t
e

N
e
w

t
o
n

M
e
t
h
o
d
s

f
o
r

P
o
l
ic

y
S
e
a
r
c
h

in
M

a
r
k
o
v

D
e
c
isio

n
P

r
o
c
e
sse

s

p
o
licy

is
w

id
ely

u
sed

in
d

iscrete
sy

stem
s

a
n

d
is

lo
g
-co

n
cave

in
w

,
w

h
ich

ca
n

b
e

seen
fro

m
th

e
fa

ct
th

a
t

lo
g
π

(a|s;w
)

is
th

e
su

m
o
f

a
lin

ea
r

term
a
n

d
a

n
eg

ative
log-su

m
-exp

term
,

b
o
th

o
f

w
h

ich
a
re

co
n

cave
(B

oy
d

an
d

V
a
n

d
en

b
erg

h
e,

2
0
04

).
In

sy
stem

s
w

ith
a

con
tin

u
o
u

s
sta

te-a
ction

sp
a
ce

a
co

m
m

on
ch

o
ice

o
f

co
n
tro

ller
is
π

(a|s;K
,Σ

)
=
N

(a|K
φ

(s),Σ
),

in
w

h
ich

φ
(s)∈

R
n

is
a

fea
tu

re
vector.

T
h

is
con

tro
ller

is
n

ot
jo

in
tly

lo
g
-con

cave
in
K

an
d

Σ
,

b
u

t
it

is
b

lo
ck

w
ise

log
-co

n
cave

in
K

an
d

Σ
−

1.
In

term
s

o
f
K

th
e

lo
g
-p

o
licy

is
q
u

a
d

ratic
a
n

d
th

e
co

effi
cien

t
m

a
trix

of
th

e
q
u

a
d

ra
tic

term
is

n
eg

a
tiv

e-sem
id

efi
n

ite.
In

term
s

o
f

Σ
−

1
th

e
lo

g
-p

o
licy

co
n

sists
o
f

a
lin

ea
r

term
a
n

d
a

lo
g
-d

eterm
in

a
n
t

term
,

b
o
th

o
f

w
h

ich
a
re

co
n

cave.

4
.2

.2
A

f
f
in

e
In

v
a
r
ia

n
c
e

A
n

u
n

d
esira

b
le

a
sp

ect
of

g
ra

d
ien

t
ascen

t
is

th
at

its
p

erfo
rm

a
n

ce
is

d
ep

en
d

en
t

on
th

e
ch

o
ice

o
f

b
a
sis

u
sed

to
rep

resen
t

th
e

p
a
ra

m
eter

sp
ace.

A
n

im
p

o
rta

n
t

a
n

d
d

esira
b

le
p

rop
erty

of
N

ew
to

n
’s

m
eth

o
d

is
th

at
it

is
in

va
ria

n
t

to
n

o
n

-sin
gu

lar
a
ffi

n
e

tra
n

sfo
rm

a
tio

n
s

o
f

th
e

p
a
ra

m
-

eter
sp

a
ce

(B
oy

d
a
n

d
V

a
n

d
en

b
erg

h
e,

2
00

4
).

T
h

e
p

rop
o
sed

ap
p

rox
im

a
te

N
ew

to
n

m
eth

o
d

s
h

ave
va

rio
u

s
in

va
ria

n
ce

p
rop

erties,
an

d
th

ese
p

ro
p

erties
a
re

su
m

m
a
rized

in
th

e
fo

llow
in

g
th

eorem
.

T
h

e
o
re

m
8
.

T
h
e

fi
rst

a
n

d
seco

n
d

G
a
u

ss-N
ew

to
n

m
eth

od
s

a
re

in
va

ria
n

t
to

(n
o
n

-sin
gu

la
r)

a
ffi

n
e

tra
n

sfo
rm

a
tio

n
s

o
f

th
e

pa
ra

m
eter

spa
ce.

T
h
e

d
ia

go
n

a
l

versio
n

s
o
f

th
ese

a
lgo

rith
m

s
a
re

in
va

ria
n

t
to

(n
o
n

-sin
gu

la
r)

resca
lin

gs
o
f

th
e

pa
ra

m
eter

spa
ce.

P
roo

f.
S

ee
S

ection
A

.6
in

th
e

A
p

p
en

d
ix

.

4
.2

.3
C

o
n
v
e
r
g

e
n
c
e

A
n
a
ly

sis

W
e

n
ow

p
rov

id
e

a
lo

cal
con

verg
en

ce
a
n

a
ly

sis
o
f

th
e

G
a
u

ss-N
ew

to
n

fra
m

ew
o
rk

.
W

e
sh

a
ll

fo
cu

s
o
n

th
e

fu
ll

G
au

ss-N
ew

ton
m

eth
o
d

s,
w

ith
th

e
an

aly
sis

o
f

th
e

d
ia

go
n

al
G

a
u

ss-N
ew

ton
m

eth
o
d

fo
llow

in
g

sim
ilarly.

A
d

d
itio

n
a
lly,

w
e

sh
a
ll

fo
cu

s
o
n

th
e

ca
se

in
w

h
ich

a
co

n
sta

n
t

step
size

is
con

sid
ered

th
ro

u
g
h

ou
t,

w
h

ich
is

d
en

oted
b
y
α
∈
R

+
.

W
e

say
th

a
t

a
n

a
lg

orith
m

con
verges

lin
ea

rly
to

a
lim

it
L

a
t

a
ra

te
r
∈

(0,1
)

if
lim

k→
∞
|U

(w
k
+

1
)−
L|

|U
(w

k
)−
L|

=
r.

If
r

=
0

th
en

th
e

a
lg

o
rith

m
co

n
verg

es
su

p
er-lin

ea
rly.

W
e

d
en

o
te

th
e

p
a
ram

eter
u

p
d

a
te

fu
n

ctio
n
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o
ri

th
m

,
w

h
ic

h
is

eq
u

iv
al

en
t

to
gr

ad
ie

n
t

as
ce

n
t.

G
iv

en
th

at
th

e
E

M
-a

lg
or

it
h

m
is

ty
p

ic
a
ll

y
u

se
d

to
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F
u
r
m

st
o
n
,

L
e
v
e
r

a
n
d

B
a
r
b
e
r

ov
er

co
m

e
th

e
n

eg
a
ti

v
e

a
sp

ec
ts

of
g
ra

d
ie

n
t

a
sc

en
t,

th
is

is
a
n

u
n

d
es

ir
ab

le
a
lt

er
n

a
ti

ve
.

It
is

p
os

si
b

le
to

fi
n

d
th

e
op

ti
m

u
m

o
f

(1
3
)

n
u

m
er

ic
a
ll

y,
b

u
t

th
is

is
a
ls

o
u

n
d

es
ir

ab
le

as
it

re
su

lt
s

in
a

d
ou

b
le

-l
o
op

a
lg

o
ri

th
m

th
a
t

co
u

ld
b

e
co

m
p

u
ta

ti
o
n

al
ly

ex
p

en
si

v
e.

F
in

a
ll

y,
th

is
re

su
lt

p
ro

v
id

es
n

o
in

si
gh

t
in

to
th

e
b

eh
av

io
u

r
o
f

th
e

E
M

-a
lg

or
it

h
m

,
in

te
rm

s
o
f

th
e

d
ir

ec
ti

on
of

it
s

p
a
ra

m
et

er
u

p
d

at
e,

w
h

en
th

e
m

a
x
im

iz
a
ti

on
ov

er
w

in
(1

3
)

ca
n

b
e

p
er

fo
rm

ed
ex

p
li

ci
tl

y.
W

e
n

ow
d

em
on

st
ra

te
th

at
th

e
st

ep
-d

ir
ec

ti
on

o
f

th
e

E
M

-a
lg

or
it

h
m

h
a
s

a
n

u
n

d
er

ly
in

g
re

la
ti

on
sh

ip
w

it
h

th
e

se
co

n
d

o
f

o
u

r
p

ro
p

o
se

d
G

a
u

ss
-N

ew
to

n
m

et
h

o
d

s.
In

p
a
rt

ic
u

la
r,

w
e

sh
ow

th
a
t

u
n

d
er

su
it

a
b

le
re

gu
la

ri
ty

co
n

d
it

io
n

s
th

e
d

ir
ec

ti
o
n

o
f

th
e

E
M

-u
p

d
a
te

,
w
k
+

1
−
w
k
,

is
th

e
sa

m
e,

u
p

to
fi

rs
t

or
d

er
,

a
s

th
e

d
ir

ec
ti

o
n

o
f

th
e

se
co

n
d

G
a
u

ss
-N

ew
to

n
m

et
h

o
d

.

T
h

e
o
re

m
1
1
.

S
u

p
po

se
w

e
a
re

gi
ve

n
a

M
a
rk

o
v

d
ec

is
io

n
p
ro

ce
ss

w
it

h
o
bj

ec
ti

ve
(1

)
a
n

d
M

a
rk

o
vi

a
n

tr
a
je

ct
o
ry

d
is

tr
ib

u
ti

o
n

(2
).

C
o
n

si
d
er

th
e

pa
ra

m
et

er
u

pd
a
te

(M
-s

te
p
)

o
f

ex
pe

ct
a
-

ti
o
n

m
a
xi

m
iz

a
ti

o
n

a
t

th
e
k

th
it

er
a
ti

o
n

o
f

th
e

a
lg

o
ri

th
m

,
i.

e.
,
w
k
+

1
=

ar
gm

a
x
w
∈W
Q

(w
,w

k
).

P
ro

vi
d
ed

th
a
t
Q

(w
,w

k
)

is
tw

ic
e

co
n

ti
n

u
o
u

sl
y

d
iff

er
en

ti
a
bl

e
in

th
e

fi
rs

t
pa

ra
m

et
er

w
e

h
a
ve

th
a
t,

w
k
+

1
−
w
k

=
−
H
−

1
2

(w
k
)
∂ ∂
w
U

(w
)| w

=
w
k

+
O

(‖
w
k
+

1
−
w
k
‖2

).
(3

2)

A
d
d
it

io
n

a
ll

y,
in

th
e

ca
se

w
h
er

e
th

e
lo

g
-p

o
li

cy
is

qu
a
d
ra

ti
c

th
e

re
la

ti
o
n

to
th

e
a
p
p
ro

xi
m

a
te

N
ew

to
n

m
et

h
od

is
ex

a
ct

,
i.

e.
,

th
e

se
co

n
d

te
rm

o
n

th
e

r.
h

.s
.

o
f

(3
2
)

is
ze

ro
.

P
ro

o
f.

S
ee

S
ec

ti
on

A
.8

in
th

e
A

p
p

en
d

ix
.

G
iv

en
a

se
q
u

en
ce

o
f

p
ar

am
et

er
ve

ct
o
rs

,
(w

k
)∞ k

=
1
,

g
en

er
at

ed
th

ro
u

g
h

a
n

a
p

p
li

ca
ti

on
of

th
e

E
M

-a
lg

or
it

h
m

,
th

en
li

m
k
→
∞
‖w

k
+

1
−
w
k
‖

=
0.

T
h

is
m

ea
n

s
th

a
t

th
e

ra
te

of
co

n
ve

rg
en

ce
o
f

th
e

E
M

-a
lg

or
it

h
m

w
il

l
b

e
th

e
sa

m
e

a
s

th
at

o
f

th
e

se
co

n
d

G
a
u

ss
-N

ew
to

n
m

et
h

o
d

w
h

en
co

n
si

d
er

in
g

a
co

n
st

a
n
t

st
ep

si
ze

o
f

o
n

e.
W

e
fo

rm
a
li

ze
th

is
in

tu
it

io
n

an
d

p
ro

v
id

e
th

e
co

n
-

ve
rg

en
ce

p
ro

p
er

ti
es

of
th

e
E

M
-a

lg
or

it
h

m
w

h
en

a
p

p
li

ed
to

M
ar

k
ov

d
ec

is
io

n
p

ro
ce

ss
es

in
th

e
fo

ll
ow

in
g

th
eo

re
m

.
T

h
is

is
,

to
o
u

r
k
n

ow
le

d
ge

,
th

e
fi

rs
t

fo
rm

a
l

d
er

iv
a
ti

o
n

o
f

th
e

co
n
ve

rg
en

ce
p

ro
p

er
ti

es
fo

r
th

is
a
p

p
li
ca

ti
on

o
f

th
e

E
M

-a
lg

o
ri

th
m

.

T
h

e
o
re

m
1
2
.

S
u

p
po

se
th

a
t

th
e

se
qu

en
ce

,
(w

k
) k
∈N

,
is

ge
n

er
a
te

d
by

a
n

a
p
p
li

ca
ti

o
n

o
f

th
e

E
M

-a
lg

o
ri

th
m

,
w

h
er

e
th

e
se

qu
en

ce
co

n
ve

rg
es

to
w
∗ .

D
en

o
te

th
e

u
pd

a
te

o
pe

ra
ti

o
n

o
f

th
e

E
M

-
a
lg

o
ri

th
m

by
G

E
M

,
so

th
a
t
w
k
+

1
=
G

E
M

(w
k
).

U
si

n
g
∇
G

E
M

(w
∗ )

to
d
en

o
te

∂ ∂
w
G

E
M

(w
)| w

=
w
∗
,

th
en

,

∇
G

E
M

(w
∗ )

=
I
−
H
−

1
2

(w
∗ )
H

(w
∗ )
.

W
h
en

th
e

po
li

cy
pa

ra
m

et
er

is
a
ti

o
n

is
va

lu
e-

co
n

si
st

en
t

w
it

h
re

sp
ec

t
to

th
e

gi
ve

n
M

a
rk

o
v

d
e-

ci
si

o
n

p
ro

ce
ss

th
is

si
m

p
li

fi
es

to
∇
G

E
M

(w
∗ )

=
I
−
H
−

1
2

(w
∗ )
A

1
(w
∗ )

.
W

h
en

th
e

H
es

si
a
n

,
H

(w
∗ )

,
is

n
eg

a
ti

ve
-d

efi
n

it
e

th
en

ρ
(∇
G

E
M

(w
∗ )

)
<

1
a
n

d
w
∗

is
a

lo
ca

l
po

in
t

o
f

a
tt

ra
ct

io
n

fo
r

th
e

E
M

-a
lg

o
ri

th
m

.

P
ro

o
f.

S
ee

S
ec

ti
on

A
.9

in
th

e
A

p
p

en
d

ix
.

6
.
E
x
p
e
ri
m
e
n
ts

In
th

is
se

ct
io

n
w

e
p

ro
v
id

e
an

em
p

ir
ic

al
ev

a
lu

a
ti

o
n

o
f
th

e
G

a
u

ss
-N

ew
to

n
m

et
h

o
d

s
o
n

a
va

ri
et

y
of

d
om

a
in

s.
W

e
su

m
m

ar
iz

e
th

e
ex

p
er

im
en

ta
l

re
su

lt
s

h
er

e.
F

or
re

p
ro

d
u

ci
b

il
it

y,
m

o
re

d
et

a
il

s
ca

n
b

e
fo

u
n

d
in

A
p

p
en

d
ix

C
.
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A
p
p
r
o
x
im

a
t
e

N
e
w

t
o
n

M
e
t
h
o
d
s

f
o
r

P
o
l
ic

y
S
e
a
r
c
h

in
M

a
r
k
o
v

D
e
c
isio

n
P

r
o
c
e
sse

s

0
2
0
0

4
0
0

6
0
0

8
0
0

0
.6

0
.7

0
.8

0
.9 1

T
ra

in
in

g
 Ite

ra
tio

n
s

Normalised Total Expected Reward(a
)

N
o
n
-L

in
ea

r
N

av
ig

ation
T

a
sk

:
R

esu
lts

0
2
0
0

4
0
0

6
0
0

0

0
.2

0
.4

0
.6

0
.8 1

T
ra

in
in

g
 T

im
e

Normalised Total Expected Reward
(b

)
3-L

in
k

M
an

ip
u
lator

E
x
p

erim
en

t
:

R
esu

lts

F
ig

u
re

3
:

(a)
R

esu
lts

fro
m

th
e

n
o
n

-lin
ear

n
av

ig
a
tion

task
,

w
ith

th
e

resu
lts

fo
r

g
rad

ien
t

a
s-

cen
t

(b
lack

),
ex

p
ectatio

n
m

a
x
im

iza
tio

n
(b

lu
e),

n
a
tu

ral
g
ra

d
ien

t
a
scen

t
(g

reen
)

an
d

th
e

seco
n

d
G

a
u

ss-N
ew

to
n

m
eth

o
d

(red
).

(b
)

N
orm

a
lized

to
tal

ex
p

ected
re-

w
ard

p
lotted

a
ga

in
st

tra
in

in
g

tim
e

(in
seco

n
d

s)
fo

r
th

e
3
-lin

k
rig

id
m

a
n

ip
u

lator.
T

h
e

p
lo

t
sh

ow
s

th
e

resu
lts

ex
p

ecta
tio

n
m

a
x
im

iza
tio

n
(b

lu
e),

th
e

seco
n

d
G

a
u

ss-
N

ew
to

n
m

eth
o
d

(red
)

a
n

d
n

a
tu

ra
l

g
rad

ien
t

a
scen

t
(green

).

6
.1

N
o
n

-L
in

e
a
r

N
a
v
ig

a
tio

n
E

x
p

e
rim

e
n
t

T
h

e
fi

rst
d

om
a
in

th
at

w
e

co
n

sid
er

is
th

e
sy

n
th

etic
tw

o
-d

im
en

sio
n

a
l

n
o
n

-lin
ea

r
M

D
P

co
n

-
sid

ered
in

th
e

w
o
rk

o
f

V
lassis

et
a
l.

(2
0
09

).
In

th
is

ex
p

erim
en

t
w

e
co

n
sid

er
g
ra

d
ien

t
a
scen

t,
n

atu
ra

l
gra

d
ien

t
ascen

t,
ex

p
ectatio

n
m

a
x
im

isatio
n

a
n

d
th

e
seco

n
d

G
a
u

ss-N
ew

to
n

m
eth

o
d

.
D

eta
ils

o
f

th
e

d
om

a
in

an
d

th
e

ex
p

erim
en

t
settin

g
s

a
re

given
in

S
ectio

n
C

.1
.

T
h

e
ex

p
erim

en
t

w
a
s

rep
ea

ted
1
00

tim
es

a
n
d

th
e

resu
lts

o
f

th
e

ex
p

erim
en

t
a
re

g
iven

in
F

igu
re

3
a
,

w
h

ich
giv

es
th

e
m

ean
a
n

d
sta

n
d

a
rd

erro
r

o
f

th
e

resu
lts.

T
h

e
step

size
seq

u
en

ces
o
f

g
ra

d
ien

t
a
scen

t,
n

a
t-

u
ra

l
g
ra

d
ien

t
a
scen

t
an

d
th

e
G

au
ss-N

ew
ton

m
eth

o
d

w
ere

a
ll

tu
n

ed
fo

r
p

erfo
rm

a
n

ce
a
n

d
th

e
resu

lts
sh

ow
n

w
ere

ob
ta

in
ed

fro
m

th
e

b
est

step
size

seq
u

en
ce

fo
r

ea
ch

a
lg

o
rith

m
.

6
.2

N
-lin

k
R

ig
id

M
a
n

ip
u

la
to

r
E

x
p

e
rim

e
n
t

T
h

e
N

-lin
k

rigid
ro

b
ot

arm
m

a
n
ip

u
la

to
r

is
a

sta
n

d
a
rd

co
n
tin

u
o
u
s

m
o
d

el,
con

sistin
g

o
f

a
n

en
d

eff
ector

co
n

n
ected

to
a
n
N

-lin
ked

rig
id

b
o
d

y
(K

h
a
lil,

2
0
0
1
).

A
ty

p
ica

l
co

n
tin

u
ou

s
co

n
trol

p
ro

b
lem

for
su

ch
sy

stem
s

is
to

a
p

p
ly

ap
p

ro
p

ria
te

to
rq

u
e

fo
rces

to
th

e
join

ts
o
f

th
e

m
a
n

ip
u

lator
so

a
s

to
m

ove
th

e
en

d
eff

ecto
r

in
to

a
d

esired
p

o
sitio

n
.

M
ore

d
eta

ils
on

th
e

settin
gs

o
f

th
e

d
o
m

ain
u

sed
in

th
is

ex
p

erim
en

t
ca

n
b

e
fo

u
n

d
in

S
ectio

n
C

.2
.

W
e

con
sid

er
a

p
o
licy

of
th

e
fo

rm
,

π
(a|s;w

)
=
N

(a|K
s

+
m
,σ

2I
),

(3
3)

w
ith

w
=

(K
,m

,σ
)

a
n

d
s∈

R
n
s,
a
∈
R
n
a,

for
so

m
e
n
s ,n

a ∈
N

.
W

e
co

n
sid

er
a

3-lin
k

rig
id

m
a
n

ip
u

lator,
w

h
ich

resu
lts

in
a

p
a
ra

m
eter

sp
a
ce

w
ith

22
d

im
en

sion
s.
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L
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F
u
r
m

st
o
n
,

L
e
v
e
r

a
n
d

B
a
r
b
e
r

In
th

is
ex

p
erim

en
t

w
e

com
p

are
grad

ien
t

ascen
t,

n
atu

ral
gra

d
ien

t
a
scen

t,
ex

p
ectation

m
ax

im
iza

tion
a
n

d
th

e
secon

d
G

au
ss-N

ew
ton

m
eth

o
d

.
T

h
e

step
size

seq
u

en
ces

o
f

grad
ien

t
ascen

t,
n

atu
ral

grad
ien

t
ascen

t
an

d
th

e
G

au
ss-N

ew
ton

m
eth

o
d

w
ere

all
tu

n
ed

for
p

erfor-
m

an
ce.

D
etails

o
f

th
e

ex
p

erim
en

t
settin

gs
an

d
th

e
p

ro
ced

u
re

u
sed

to
tu

n
e

th
e

step
size

seq
u

en
ces

are
d

escrib
ed

in
S

ection
C

.2.
W

e
rep

eated
th

e
ex

p
erim

en
t

100
tim

es,
each

tim
e

w
ith

a
d

iff
eren

t
ran

d
om

in
itialisation

of
th

e
sy

stem
.

T
h

e
fi

n
a
l

resu
lts,

ob
tain

ed
u

sin
g

th
e

b
est

step
size

seq
u

en
ce

for
each

algorith
m

,
are

given
in

F
igu

re
3b

.
W

e
om

it
th

e
resu

lt
of

grad
ien

t
a
scen

t
as

w
e

w
ere

u
n

ab
le

to
ob

tain
an

y
m

ean
in

gfu
l
resu

lts
for

th
is

d
om

a
in

w
ith

th
is

alg
orith

m
.

In
th

is
ex

p
erim

en
t

th
e

m
ax

im
al

valu
e

of
th

e
ob

jective
fu

n
ction

varied
d

ram
ati-

cally
d

ep
en

d
in

g
on

th
e

ran
d

om
in

itialization
of

th
e

sy
stem

.
T

o
accou

n
t
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n
t

is
ta

ke
n

w
it

h
re

sp
ec

t
to

th
e

p
ol

ic
y

p
ar

am
et

er
s

of
st

at
e
s̄,

w
h

il
e

th
e

p
ol

ic
y

p
ar

am
et

er
s

of
th

e
re

m
ai

n
in

g
st

at
es

ar
e

h
el

d
fi

x
ed

.

L
e
m

m
a

5
.

S
u

p
po

se
w

e
a
re

gi
ve

n
a

M
a
rk

o
v

d
ec

is
io

n
p
ro

ce
ss

w
it

h
a

ta
bu

la
r

po
li

cy
su

ch
th

a
t

V
(s

;w
)

is
d
iff

er
en

ti
a
bl

e
fo

r
ea

ch
s
∈
S.

G
iv

en
s̄,
ŝ
∈
S,

su
ch

th
a
t
s̄
6=
ŝ,

th
en

w
e

h
a
ve

th
a
t

∂

∂
w
s̄
V

(ŝ
;w

)
=
p

h
it

(ŝ
→
s̄)

∂

∂
w
s̄
V

(s̄
;w

),
(4

3)

w
h
er

e
th

e
n

o
ta

ti
o
n

∂
∂
w
s̄
V

(ŝ
;w

)
is

u
se

d
to

d
en

o
te

th
e

gr
a
d
ie

n
t

o
f

th
e

st
a
te

va
lu

e
fu

n
ct

io
n

w
.r

.t
.

th
e

po
li

cy
pa

ra
m

et
er

o
f

st
a
te
s̄,

w
it

h
th

e
po

li
cy

pa
ra

m
et

er
s

o
f

a
ll

o
th

er
st

a
te

s
co

n
si

d
er

ed
fi

xe
d
.

T
h
e

te
rm

p
h

it
(ŝ
→
s̄)

in
(4

3
)

is
gi

ve
n

by

p
h

it
(ŝ
→
s̄)

=

∞ ∑ t=
2

γ
t−

1
p
(s
t

=
s̄|s

1
=
ŝ,
s τ
6=
s̄,
τ

=
1,
..
.,
t
−

1;
w

).

F
u

rt
h
er

m
o
re

,
w

h
en

M
a
rk

o
v

ch
a
in

in
d
u

ce
d

by
th

e
po

li
cy

pa
ra

m
et

er
s

is
er

go
d
ic

th
en

p
h

it
>

0
.

P
ro

o
f.

G
iv

en
th

e
eq

u
al

it
y
V

(s
;w

)
=
∑

a
∈A

π
(a
|s;
w

)Q
(s
,a

;w
),

w
e

h
av

e
th

a
t

∂

∂
w
s̄
V

(ŝ
;w

)
=
∑ a
∈A

(
∂

∂
w
s̄
π

(a
|ŝ;
w

)Q
(ŝ
,a

;w
)

+
π

(a
|ŝ;
w

)
∂

∂
w
s̄
Q

(ŝ
,a

;w
)) .

A
s

th
e

p
ol

ic
y

is
ta

b
u

la
r

an
d
ŝ
6=
s̄

w
e

h
av

e
th

at
∂
∂
w
s̄
π

(a
|ŝ;
w

)
=

0
,

so
th

at
th

is
si

m
p

li
fi

es
to

∂

∂
w
s̄
V

(ŝ
;w

)
=
∑ a
∈A

π
(a
|ŝ;
w

)
∂

∂
w
s̄
Q

(ŝ
,a

;w
).

U
si

n
g

th
e

fa
ct

th
at
Q

(s
,a

;w
)

=
R

(s
,a

)
+
γ
∑

s′
∈S
p
(s
′ |s
,a

)V
(s
′ ;
w

),
w

e
h

av
e

∂

∂
w
s̄
V

(ŝ
;w

)
=
γ
∑ s′
∈S
p
(s
′ |ŝ

;w
)
∂

∂
w
s̄
V

(s
′ ;
w

)

=
γ
p
(s̄
|ŝ;
w

)
∂

∂
w
s̄
V

(s̄
;w

)
+
γ
∑ s
′ ∈
S

s′
6=
s̄

p
(s
′ |ŝ

;w
)
∂

∂
w
s̄
V

(s
′ ;
w

).
(4

4)
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F
u
r
m

st
o
n
,

L
e
v
e
r

a
n
d

B
a
r
b
e
r

A
p

p
ly

in
g

eq
u

at
io

n
(4

4
)

re
cu

rs
iv

el
y

g
iv

es

∂

∂
w
s̄
V

(ŝ
;w

)
=
∞ ∑ t=

2

γ
t−

1
p
(s
t

=
s̄|s

1
=
ŝ,
s τ
6=
s̄,
τ

=
1,
..
.,
t
−

1;
w

)
∂

∂
w
s̄
V

(s̄
;w

)

=
p

h
it

(ŝ
→
s̄)

∂

∂
w
s̄
V

(s̄
;w

),
(4

5
)

w
h

ic
h

co
m

p
le

te
s

th
e

p
ro

of
.

T
h

e
p

ro
b

ab
il
it

y,
p
(s
t

=
s̄|s

1
=
ŝ,
s τ
6=
s̄,
τ

=
1
,.
..
,t
−

1;
w

),
is

eq
u

iv
al

en
t

to
th

e
p

ro
b

ab
il
it

y
th

at
th

e
fi

rs
t

h
it

ti
n

g
ti

m
e

(o
f

h
it

ti
n

g
st

at
e
s̄

w
h

en
st

a
rt

in
g

in
st

a
te
ŝ)

is
eq

u
al

to
t.

T
h

e
st

ri
ct

in
eq

u
a
li

ty
,
p

h
it

(ŝ
→

s̄)
>

0
,

fo
ll

ow
s

fr
o
m

th
e

er
g
o
d

ic
it

y
of

th
e

M
ar

ko
v

ch
ai

n
in

d
u

ce
d

b
y
w

.

W
e

ar
e

n
ow

re
a
d

y
to

p
ro

ve
T

h
eo

re
m

6.

T
h

e
o
re

m
6
.

P
ro

o
f.

S
u

p
p

o
se

th
at

th
er

e
ex

is
ts
i
∈
{1
,.
..
,n
},
w
∈
W

a
n

d
ŝ
∈
S

su
ch

th
a
t

∂
∂
w
i
V

(ŝ
;w

)
6=

0,
fo

r
so

m
e
ŝ
∈
S.

A
s

th
e

p
o
li

cy
p

a
ra

m
et

er
is

a
ti

o
n

is
ta

b
u
la

r,
th

en
th

e
it

h

co
m

p
o
n

en
t

of
w

co
rr

es
p

o
n

d
s

to
a

p
o
li

cy
p

ar
a
m

et
er

fo
r

a
p

a
rt

ic
u

la
r

st
a
te

,
s̄
∈
S.

F
ro

m
L

em
m

a
5

it
fo

ll
ow

s
th

at

∂

∂
w
i
V

(s
;w

)
=
p

h
it

(s
→
s̄)

∂

∂
w
i
V

(s̄
;w

),

fo
r

al
l
s
∈
S.

It
fo

ll
ow

s
th

a
t

fo
r

st
at

es
,
s
∈
S,

fo
r

w
h

ic
h
p

h
it

(s
→
s̄)
>

0
th

at
w

e
h

av
e

si
gn

(
∂

∂
w
i
V

(s
;w

))
=

si
g
n

(
∂

∂
w
i
V

(ŝ
;w

))
,

w
h

il
e

in
st

a
te

s
fo

r
w

h
ic

h
p

h
it

(s
→
s̄)

=
0

w
e

h
av

e
si

gn
(
∂
∂
w
i
V

(s
;w

))
=

0
.

It
re

m
ai

n
s

to
sh

ow
th

a
t

fo
r

st
at

es
in

w
h

ic
h
p

h
it

(s
→
s̄)

=
0

th
a
t

si
gn
(
∂
∂
w
i
π

(a
|s;
w

))
=

0
,

∀a
∈
A

.
T

h
is

p
ro

p
er

ty
fo

ll
ow

s
im

m
ed

ia
te

ly
fr

o
m

th
e

fa
ct

th
a
t

th
e

p
o
li

cy
p

a
ra

m
et

er
is

a
ti

on
is

ta
b

u
la

r
an

d
p

h
it

(s̄
→
s̄)
6=

0
.

A
.5

P
ro

o
f

o
f

T
h

e
o
re

m
7

L
e
m

m
a

6
.

G
iv

en
a

M
a
rk

o
v

d
ec

is
io

n
p
ro

ce
ss

a
n

d
a

po
li

cy
pa

ra
m

et
er

is
a
ti

o
n

th
a
t

is
ε-

va
lu

e-
co

n
si

st
en

t,
if

th
er

e
ex

is
ts
i
∈
{1
,.
..
,n
}

a
n

d
ŝ
∈
S

su
ch

th
a
t,

∣ ∣ ∣ ∣
∂

∂
w
i
V

(ŝ
;w

)∣ ∣ w
=
w
∗

∣ ∣ ∣ ∣>
ε,

(4
6
)

th
en

fo
r

ea
ch

s
∈
S,

si
g
n

(
∂

∂
w
i
V

(s
;w

))
=

si
g
n

(
∂

∂
w
i
V

(ŝ
;w

))
.

P
ro

o
f.

In
or

d
er

to
o
b

ta
in

a
co

n
tr

a
d

ic
ti

o
n

su
p

p
o
se

th
at

th
er

e
ex

is
ts
s
∈
S

su
ch

th
a
t,

si
g
n

(
∂

∂
w
i
V

(s
;w

))
6=

si
g
n

(
∂

∂
w
i
V

(ŝ
;w

))
.

(4
7)
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A
p
p
r
o
x
im

a
t
e

N
e
w

t
o
n

M
e
t
h
o
d
s

f
o
r

P
o
l
ic

y
S
e
a
r
c
h

in
M

a
r
k
o
v

D
e
c
isio

n
P

r
o
c
e
sse

s

B
y

d
efi

n
itio

n
2

it
fo

llow
s

th
a
t

for
a
ll
s ′∈
S

,

sig
n (

∂

∂
w
i V

(s ′;w
) )

=
sig

n (
∂

∂
w
i V

(s;w
) )
,

(4
8)

or
∣∣∣∣
∂

∂
w
i V

(s ′;w
) ∣∣∣∣ ≤

ε.
(4

9)

F
ro

m
(47

)
it

fo
llow

s
th

a
t,

∣∣∣∣
∂

∂
w
i V

(ŝ;w
) ∣∣∣∣ ≤

ε.
(5

0)

T
h

is
is

a
co

n
trad

iction
o
f

(4
6
),

w
h

ich
co

m
p

letes
th

e
p

ro
of.

T
h

e
o
re

m
7
.

P
roo

f.
In

o
rd

er
to

o
b
ta

in
a

con
tra

d
ictio

n
su

p
p

o
se

th
a
t

th
ere

ex
ists

i∈
{1
,...,n}

a
n

d
ŝ∈
S

su
ch

th
a
t,

∣∣∣∣
∂

∂
w
i V

(ŝ;w
) ∣∣w

=
w
∗ ∣∣∣∣
>
ε.

(5
1)

W
e

su
p

p
o
se

th
a
t

∂
∂
w
i V

(ŝ;w
)|w

=
w
∗
>
ε

(a
n

id
en

tica
l

a
rg

u
m

en
t

ca
n

b
e

u
sed

fo
r

th
e

case
∂
∂
w
i V

(ŝ;w
)|w

=
w
∗
<
−
ε).

A
s

th
e

p
o
licy

p
ara

m
eterisa

tio
n

is
ε-va

lu
e-co

n
sisten

t
it

fo
llow

s
fro

m
lem

m
a

6
th

a
t,

fo
r

ea
ch

s∈
S

,∂

∂
w
i V

(s;w
)|w

=
w
∗≥

0
.

(5
2
)

In
o
rd

er
to

ob
ta

in
a

co
n
tra

d
ictio

n
w

e
w

ill
sh

ow
th

a
t

th
ere

is
n

o
s
∈
S

fo
r

w
h

ich
(5

2)
h

o
ld

s
w

ith
eq

u
a
lity.

G
iven

th
is

p
ro

p
erty

a
co

n
tra

d
ictio

n
is

o
b

ta
in

ed
b

eca
u

se
it

fo
llow

s
th

a
t

∂

∂
w
i U

(w
)|w

=
w
∗

=
E
p

1
(s

) [
∂

∂
w
i V

(s
;w

)|w
=
w
∗ ]
>

0,

co
n
tra

d
ictin

g
th

e
fact

th
a
t
w
∗

is
a

lo
ca

l
o
p

tim
u

m
o
f

th
e

o
b

jective
fu

n
ctio

n
.

In
tro

d
u

cin
g

th
e

n
otatio

n

S
=

=
{
s∈
S
∣∣
∂

∂
w
i V

(s;w
)|w

=
w
∗

=
0 }
,

S
>

=
{
s∈
S
|
∂

∂
w
i V

(s;w
)|w

=
w
∗
>

0}
,

w
e

w
ish

to
sh

ow
th

atS
=

=
∅
.

In
p

a
rticu

la
r,

fo
r

a
co

n
tra

d
ictio

n
,

su
p

p
ose

th
a
tS

=
6=
∅.

T
h

is
m

ean
s,

g
iven

th
e

erg
o
d

icity
o
f

th
e

M
arkov

ch
a
in

in
d

u
ced

b
y
w
∗

an
d

th
e

fa
ct

th
a
tS

>
6=
∅
,

th
a
t

th
ere

ex
ists

s∈
S

=
an

d
s ′∈
S
>

su
ch

th
a
t
p
(s ′|s;w

∗)
=
∑

a∈A
p
(s ′|s,a

)π
(a|s;w

∗)
>

0
.

W
e

n
ow

con
sid

er
th

e
fo

rm
o
f

∂∂w
V

(s;w
)|w

=
w
∗.

In
p

a
rticu

la
r,

w
e

h
ave

∂∂
w
V

(s;w
)

=
∑a∈A

∂∂
w
π

(a|s;w
) (
R

(a
,s)

+
γ
∑s

n
e
x
t ∈S

p
(s

n
ex

t |s,a
)V

(s
n

ex
t ;w

) )

+
γ
∑a∈A

π
(a|s;w

)
∑s

n
e
x
t ∈S

p
(s

n
ex

t |s,a
)
∂∂
w
V

(s
n

ex
t ;w

).
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F
u
r
m

st
o
n
,

L
e
v
e
r

a
n
d

B
a
r
b
e
r

A
s
s∈
S

=
,

w
e

h
ave

b
y

valu
e

con
sisten

cy
th

at
∂
∂
w
i π

(a|s;w
)|w

=
w
∗

=
0.

T
h

is
m

ean
s

th
a
t

∂

∂
w
i V

(s;w
)|w

=
w
∗

=
γ
∑a∈A

π
(a|s;w

)
∑s

n
e
x
t ∈S

p
(s

n
ex

t |s,a
)
∂

∂
w
i V

(s
n

ex
t ;w

)|w
=
w
∗
>

0.

T
h

e
in

eq
u

ality
follow

s
from

th
e

fact
th

at
p
(s ′|s;w

∗)
>

0,
for

som
e
s ′∈

S
>

.
T

h
is

is
a

co
n
tra

d
iction

of
th

e
fact

th
at
s

=
∈
S

=
,

so
it

follow
s

th
atS

=
=
∅

an
d

fo
r

all
s∈
S

w
e

h
ave

∂
∂
w
i V

(s;w
)|w

=
w
∗
>

0,
w

h
ich

com
p

letes
th

e
p

ro
of.

A
.6

P
ro

o
f

o
f

T
h

e
o
re

m
8

T
h

e
o
re

m
8
.

P
roo

f.
A

op
tim

isation
m

eth
o
d

is
said

to
a
ffi

n
e

in
varian

t
if,

given
an

y
ob

jective
fu

n
ction

(for
w

h
ich

th
e

op
tim

isation
tech

n
iq

u
e

is
ap

p
licab

le),
f

:W
→

R
,

an
d

n
on

-sin
gu

lar
a
ffi

n
e

m
ap

p
in

g,
T
∈

R
n×

n
,

th
e

u
p

d
ate

of
th

e
ob

jective
f̃

(w
)

=
f

(T
w

)
is

related
to

th
e

u
p

d
a
te

of
th

e
orig

in
al

ob
jectiv

e
th

rou
gh

th
e

sam
e

affi
n

e
m

a
p

p
in

g,
i.e.,

v
+

∆
v

step
=
T (w

+
∆
w

step ),
in

w
h

ich
v

=
T
w

an
d

∆
v

step
an

d
∆
w

step
d

en
ote

th
e

resp
ective

step
s

in
th

e
p

a
ra

m
eter

sp
ace.

W
e

sh
a
ll

con
sid

er
th

e
secon

d
G

au
ss-N

ew
ton

m
eth

o
d

,
w

ith
th

e
resu

lt
for

th
e

d
ia

gon
al

ap
p

rox
im

ate
N

ew
ton

m
eth

o
d

follow
in

g
sim

ilarly.
G

iv
en

a
n

on
-sin

gu
lar

affi
n
e

tran
sform

a-
tion

,
T
∈

R
n×

n
,

d
efi

n
e

th
e

ob
jective,

Û
(w

)
=
U

(T
w

)
=
U

(v
),

w
ith

v
=
T
w

,
an

d
d

en
ote

th
e

ap
p

rox
im

ate
H

essian
of
Û

(w
)

b
y
Ĥ

2 (w
).

G
iv

en
w
∈
W

,
th

en
it

is
su

ffi
cien

t
to

sh
ow

th
a
t,

T
w

n
ew

=
T (
w
−
αĤ
−

1
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∂∂
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∈
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∂∂
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∂
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∂∂
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∂
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∂
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∂∂
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∈
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∂∂
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ra
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h
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d
iff

er
en

ti
ab

le
ca

n
b

e
fo

u
n

d
in

S
ec

ti
on

10
.2

.1
of
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d
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∂
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∇
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∂ ∂
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∂
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∂
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∂ ∂
w
U

(w
)| w

=
w
∗

=
0

m
ea

n
s

th
at

∇
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m
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m
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P
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,
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N

G
,

P
E

IS
S
IG
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A

N
D
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U

R
N

S
ID

E

2
.1

.3
G

e
n
e
t
ic

v
a
r
ia

n
t
s

W
e

d
ec

id
ed

to
fo

cu
s

on
h
ig

h
-f

re
q
u

en
cy

/
lo

w
-p

en
et

ra
n

ce
S

N
P

s
th

at
aff

ec
t

b
re

as
t

ca
n

ce
r

ri
sk

as
op

p
os

ed
to

lo
w

fr
eq

u
en

cy
S

N
P

s
w

it
h

h
ig

h
p

en
et
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n

ce
or

in
te

rm
ed

ia
te

p
en

et
ra

n
ce

.
W

e
co

n
so

li
d

a
te

d
a

li
st

of
7
7

co
m

m
o
n

ge
n

et
ic

va
ri

a
n
ts

(T
a
b

le
2
)

w
h

ic
h

w
er

e
id

en
ti

fi
ed

b
y

re
ce

n
t

la
rg

e-
sc

a
le

G
W

A
S

st
u

d
ie

s
o
r

u
se

d
to

ge
n
er

a
te

p
u

b
li

sh
ed

p
re

d
ic

ti
ve

m
o
d

el
s

(L
iu

et
al

.,
20

1
4)

.
T

h
e

li
st

in
cl

u
d

ed
4
1

S
N

P
s

id
en

ti
fi

ed
b
y

C
O

G
S

th
ro

u
g
h

a
m

et
a
-a

n
al

y
si

s
of

9
G

W
A

S
st

u
d

ie
s

(M
ic

h
ai

li
d

o
u

et
al

.,
20

1
3)

.
R

ec
en

tl
y,

a
si

m
il

a
r

se
t

o
f

7
7

b
re

a
st

ca
n
ce

r-
a
ss

o
ci

a
te

d
S

N
P

s
is

al
so

st
u

d
ie

d
fo

r
ri

sk
p

re
d

ic
ti

on
(M

av
a
d

d
a
t

et
a
l.

,
2
0
1
5)

.

2
.2

L
o
g
is

ti
c

R
e
g
re

ss
io

n

A
ss

u
m

e
th

at
w

e
h

av
e

in
d

ep
en

d
en

t
an

d
id

en
ti

ca
l
d

is
tr

ib
u

te
d

su
b

je
ct

s
{(
x
i,
y i

)}
n i=

1
,
w

h
er

e
th

e
ex

p
la

n
at

or
y

va
ri

a
b

le
X
∈
R
d

a
n

d
th

e
b

in
a
ry

re
sp

on
se

va
ri

a
b

le
Y
∈
{−

1
,1
}.

N
ot

e
th

a
t

th
e

co
n

d
it

io
n

a
l

p
ro

b
ab

il
it

y
η
(x

)
=

P(
Y

=
1|
X

=
x

)
p

la
y
s

a
n

im
p

o
rt

a
n
t

ro
le

in
th

e
cl

as
si

fi
ca

ti
on

p
ro

b
le

m
.

D
en

ot
e
x
i

=
(x
i1
,.
..
,x

id
)T

,
an

d
li
n

ea
r

lo
g
is

ti
c

re
g
re

ss
io

n
m

o
d

el
is

d
efi

n
ed

b
y

lo
g

η
(x
i)

1
−
η
(x
i)

=
x
T i
β
,

i
=

1,
..
.,
n
,

w
h

er
e
β

=
(β

1
,.
..
,β
d
)T

is
th

e
sl

o
p

e
p

a
ra

m
et

er
.

A
n

d
th

e
lo

g
is

ti
c

re
g
re

ss
io

n
es

ti
m

at
o
r
β̂

is
gi

ve
n

b
y

th
e

m
in

im
iz

er
of

th
e

n
eg

a
ti

ve
lo

g
-l

ik
el

ih
o
o
d

fu
n

ct
io

n

L
(β

)
=

1 n

n ∑ i=
1

lo
g
(1

+
ex

p
(−
y i
·x

T i
β

))
.

(1
)

W
it

h
β̂

,
w

e
th

en
es

ti
m

a
te

th
e

co
n

d
it

io
n

a
l

p
ro

b
a
b

il
it

y
η
(x
i)

b
y

η̂
(x
i)

=
ex

p
(x
T i
β̂

)

1
+

ex
p

(x
T i
β̂

)
=

1

1
+

ex
p

(−
x
T i
β̂

).

T
h

en
w

e
sh

ou
ld

p
re

d
ic

t
y i

=
1

if
η̂
(x
i)
≥

0
.5

a
n

d
y i

=
−

1
if
η̂
(x
i)
<

0
.5

.

2
.3

G
ro

u
p

P
e
n

a
lt

y
a
n

d
`p

F
u

si
o
n

P
e
n

a
lt

y

N
ot

e
th

at
th

er
e

ex
is

t
n

a
tu

ra
l

gr
o
u

p
st

ru
ct

u
re

a
n

d
d

ep
en

d
en

ce
st

ru
ct

u
re

in
m

a
m

m
o
g
ra

p
h
y

fe
at

u
re

s
(F

ig
u

re
1
),

w
h

ic
h

a
ll

ow
s

u
s

to
in

cl
u

d
e

th
e

st
ru

ct
u
re

in
fo

rm
a
ti

o
n

in
to

o
u
r

ri
sk

p
re

d
ic

ti
on

m
o
d

el
s

d
ir

ec
tl

y.
F

o
r

ge
n

et
ic

va
ri

a
n
ts

,
g
ro

u
p

st
ru

ct
u

re
s

a
ls

o
ex

is
t

(L
iu

et
a
l.

,
20

1
2,

2
01

3)
.

In
th

is
p

ap
er

,
w

e
a
p

p
ly

h
ie

ra
rc

h
ic

a
l

cl
u

st
er

in
g

to
cl

u
st

er
th

e
7
7

S
N

P
s

b
a
se

d
on

th
ei

r
d

is
si

m
il

ar
it

y
m

a
tr

ix
ob

ta
in

ed
b
y

co
m

p
u

ti
n

g
S

p
ea

rm
a
n

’s
co

rr
el

at
io

n
o
r

H
a
m

m
in

g
d

is
ta

n
ce

am
on

g
th

em
.

M
o
re

d
et

ai
ls

a
re

p
ro

v
id

ed
in

S
ec

ti
o
n

2.
5
.

S
u

p
p

os
e

th
at
d

fe
a
tu

re
s

a
re

d
iv

id
ed

in
to
G

g
ro

u
p

s
w

it
h
d
g

th
e

n
u

m
b

er
o
f

fe
a
tu

re
s

in
gr

ou
p
g
.

D
efi

n
e
β
g
∈
R
d
g

to
b

e
th

e
co

rr
es

p
o
n

d
in

g
co

effi
ci

en
t

ve
ct

o
r

in
g
ro

u
p
g
.

T
h

e
g
ro

u
p

la
ss

o
lo

gi
st

ic
re

gr
es

si
o
n

(M
ei

er
et

a
l.

,
2
0
08

)
is

d
efi

n
ed

a
s

th
e

fo
ll

ow
in

g
o
p
ti

m
iz

a
ti

on
p

ro
b

le
m

m
in

β
∈R

d

  
L

(β
)

+
λ

1

G ∑ g
=

1

√
d
g
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g
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S
t
r
u
c
t
u
r
e
-l

e
v
e
r
a
g

e
d

m
e
t
h
o
d
s

in
b
r
e
a
st

c
a
n
c
e
r

r
isk

p
r
e
d
ic

t
io

n

w
h

ere
L

(β
)

is
d

efi
n

ed
b
y

(1
)

an
d
λ

1
≥

0
is

th
e

tu
n

in
g

p
a
ram

eter.
It

in
clu

d
es

lasso
a
s

a
sp

ecia
l

case
w

ith
G

=
d
.

T
h

e
fact

th
at

th
ere

ex
ist

d
ep

en
d

en
ce

stru
ctu

re
w

ith
in

ea
ch

m
a
m

m
og

ra
p

h
y

fea
tu

re
g
rou

p
a
n

d
ea

ch
S

N
P

grou
p

en
co

u
ra

ges
u

s
to

p
ro

p
o
se

th
e

fo
llow

in
g

n
ovel

m
eth

o
d

b
y

com
b

in
in

g
g
ro

u
p

la
sso

lo
gistic

reg
ressio

n
a
n

d
`
p

fu
sio

n
p

en
alty.

m
in

β∈
R
d 

L
(β

)
+

G
∑g
=

1 (
λ

1 √
d
g ‖
β
g ‖

2
+
λ

2 ‖
D
g β
g ‖
pp ) 

,
(2)

w
h

ere
D
g

is
a

(d
g −

1
)×

d
g

sp
a
rse

m
a
trix

w
ith

on
ly
D

[i,i]
=

1
an

d
D

[i,i
+

1
]
=
−

1
,
λ

2 ≥
0

is
th

e
tu

n
in

g
p

a
ra

m
eter,

a
n

d
1
≤
p
≤

2
is

th
e

sh
rin

ka
g
e

p
a
ra

m
eter.

M
oreover,

if
th

e
w

ith
in

-g
ro

u
p

d
ep

en
d

en
ce

stru
ctu

res
are

d
iff

eren
t

fo
r

g
ro

u
p

s{1
,...,G

1 }
a
n

d
{
G

1
+

1
,...,G

}
,

w
e

ca
n

sp
lit

th
e
`
p

fu
sio

n
p

en
a
lty

in
to

tw
o

p
a
rts

a
s

m
in

β∈
R
d 

L
(β

)
+
λ

1

G
∑g
=

1 √
d
g ‖β

g ‖
2

+
λ

2 
G

1
∑g
=

1 ‖
D
g β
g ‖
p
1
p
1

+

G
∑g

=
G

1
+

1 ‖
D
g β
g ‖
p
2
p
2 

,

(3
)

w
h

ere
1
≤
p

1 ,p
2 ≤

2
a
re

selected
b

a
sed

on
cross

valid
a
tio

n
.

T
h

e
n

ov
elty

of
ou

r
m

eth
o
d

com
p

ared
to

p
rev

io
u

s
w

o
rk

s
is

th
ree-fo

ld
:

F
irst,

it
in

clu
d

es
w

ith
in

-g
ro

u
p

fu
sio

n
p

en
a
lty

in
th

e
m

o
d

el
a
n
d

m
a
k
es

th
e

co
effi

cien
ts

of
fea

tu
res

in
th

e
sam

e
grou

p
clo

se
to

ea
ch

oth
er,

w
h

ich
refl

ects
th

e
d

ep
en

d
en

ce
stru

ctu
re

o
f

fea
tu

res
a
n

d
im

p
roves

th
e

risk
p

red
ictio

n
;

S
eco

n
d

,
in

b
rea

st
ca

n
cer

risk
p

red
iction

,
w

e
fi

n
d

th
a
t

th
e

d
ep

en
d

en
ce

stru
ctu

res
a
re

d
iff

eren
t

fo
r

m
a
m

m
o
g
ra

p
h
y

fea
tu

res
a
n

d
S

N
P

s,
w

h
ich

a
re

a
ctu

a
lly

tw
o

d
iff

eren
t

v
iew

s
of

th
e

sam
e

d
a
ta.

A
n

d
th

e
u

tiliza
tion

o
f

m
eth

o
d

(3
)

w
ill

im
p

rov
e

th
e

p
red

ictive
p

erfo
rm

a
n

ce
fu

rth
er;

A
t

la
st,

w
e

fi
n

d
th

a
t

g
en

etic
va

ria
n
ts

im
p

rove
risk

p
red

iction
on

m
a
m

m
o
gra

p
h
y

fea
tu

res,
w

h
ich

p
rov

id
es

so
m

e
in

sig
h
t

rega
rd

in
g

p
erso

n
a
lized

b
reast

ca
n

cer
d

ia
g
n

o
sis.

2
.4

C
o
m

p
u

ta
tio

n
a
l

A
lg

o
rith

m
s

M
a
n
y

a
lgo

rith
m

s
h

ave
b

een
p

rop
o
sed

in
th

e
litera

tu
res

to
so

lve
th

e
log

istic
regressio

n
w

ith
fu

sed
la

sso
reg

u
la

rizatio
n

(L
in

,
2
0
15

;
Y

u
et

a
l.,

2
0
1
5).

In
th

is
su

b
section

w
e

a
d

o
p

t
th

e
fa

st
itera

tive
sh

rin
ka

ge
th

resh
old

in
g

alg
o
rith

m
(B

eck
a
n

d
T

eb
ou

lle,
2
0
0
9
)

to
solve

(2
)

a
s

β
k
+

1
=

a
rg

m
in

β∈
R
d
L

(β
k)

+
〈β
−
β
k,∇

L
(β
k)〉

+
τ2 ‖β

−
β
k‖

22
+

G
∑g
=

1 (
λ

1 √
d
g ‖β

g ‖
2

+
λ

2 ‖D
g β
g ‖
pp )

w
ith

β
=

(β
1 ,···,β

d )
T

a
n

d
τ
>

0
th

e
L

ip
sch

itz
co

n
sta

n
t

o
f
L

(·).
A

n
d

th
e

itera
tion

step
is

eq
u
iva

len
t

to
solv

in
g

m
in

β∈
R
d 

12 ‖β
−

(β
k−

1τ ∇
L

(β
k))‖

22
+

G
∑g
=

1 (
λ

1 √
d
g

τ
‖
β
g ‖

2
+
λ

2τ
‖
D
g β
g ‖
pp )

.

(4)
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L
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F
A

N
,

W
U

,
Y

U
A

N
,

P
A

G
E

,
L

IU
,

O
N

G
,

P
E

IS
S
IG

,
A

N
D

B
U

R
N

S
ID

E

T
h

erefore,
it

su
ffi

ces
to

solv
e

th
e

fo
llow

in
g

op
tim

ization
p

ro
b

lem
w

ith
in

each
grou

p

m
in

β
g ∈

R
d
g {

12 ‖β
g −

z‖
22

+
ρ

1 ‖β
g ‖

2
+
ρ

2 ‖
D
g β
g ‖
pp }

,
(5)

w
h

ere
z

=
β
kg −

1τ ∇
L

(β
kg ),

ρ
1

=
λ
1 √

d
g

τ
an

d
ρ

2
=

λ
2τ .

T
h

e
p

rox
im

ity
op

erator
(P

olson
et

al.,
2015)

of
a

fu
n

ction
f

is
d

efi
n

ed
as

P
f (z

)
=

arg
m

int {
12 ‖
t−

z‖
2

+
λ
f

(t) }
.

•
F

o
r
f

(t)
=
|t|

an
d
z
∈

R
,
P
f (z

)
:=

S
1 (z

,λ
)

=
sig

n
(z

)
m

a
x{|z|−

λ
,0},

w
h

ich
is

also
called

soft
th

resh
old

op
erator.

•
F

or
f

(t)
=
|t| p

w
ith

1
<
p
≤

2
an

d
z
∈

R
,
P
f (z

)
:=

S
p (z

,λ
)

=
sig

n
(z

)ξ,
w

h
ere

ξ
is

th
e

u
n

iq
u

e
n

on
n

egative
solu

tion
to

ξ
+
p
λ
ξ
p−

1
=
|ξ|.

In
p

articu
lar,

w
e

h
ave

S
2 (z

,λ
)

=
z

2
λ

+
1 ,
S

3
/
2 (z

,λ
)

=
z

+
9
λ

2sig
n

(z
)(1−

√
1

+
16|z|/

(9λ
2))/

8
an

d
S

4
/
3 (z

,λ
)

=

z
+

4
λ

3
2
13

((χ
−
z
)
1
/
3−

(χ
+
z
)
1
/
3)

w
ith

χ
=
√
z

2
+

256
λ

3/
729

.

•
F

o
r
f

(t)
=
‖
t‖

2
an

d
z
∈
R
d,
P
f (z

)
:=

S
2
,1 (z

,λ
)

=
m

ax{1−
λ
‖
z‖

2 ,0}∗
z
.

W
ith

th
e

h
elp

of
th

ese
p

rox
im

ity
op

erators
an

d
B

regm
an

sp
littin

g
algo

rith
m

(Y
e

an
d

X
ie,

2
011

),
w

e
ca

n
solve
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G
ains

Losses
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bound
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log
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√
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lo
g
d

d

√
T
d

√
T
s

lo
g
ds

Low
er

bound
√
T
s

√
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s

F
igure

1:
Sum

m
ary

of
upper

and
low

er
bounds.

1.1
S
u
m

m
ary

of
R

esu
lts
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e
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inim

ization
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on
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hand,and
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on

the
other

hand.
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hen
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escent

fam
ily

(Shalev-Shw
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e
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√
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If
outcom

es
are

losses
instead

of
gains,

although
the

previous
analysis

rem
ains

valid,
a

m
uch

better
bound

can
be

obtained.
W
e
build

upon
a
regret

bound
for

the
E
xponential

W
eight

A
lgorithm

(Littlestone
and

W
arm

uth,
1994;

Freund
and

Schapire,
1997)

and
w
e

m
anage

to
get

in
T
heorem

4
a
regret

bound
oforder √

T
s

lo
g
d

d
,w

hich
is
decreasing

in
d,for

a
given

s.
A

nontrivialm
atching

low
er

bound
is

established
in

T
heorem

6.
B
oth

of
these

algorithm
s
need

to
be

tuned
as

a
function

of
s.

In
T
heorem

9
and

T
heo-

rem
10,

w
e
construct

algorithm
s
w
hich

essentially
achieve

the
sam

e
regret

bounds
w
ithout

prior
know

ledge
of
s,

by
adapting

over
tim

e
to

the
sparsity

level
of

past
outcom

e
vectors,

using
an

adapted
version

of
the

doubling
trick.

F
inally,w

e
investigate

the
bandit

setting,w
here

the
only

feedback
available

to
the

deci-
sion

m
aker

is
the

outcom
e
ofhis

decisions
(and,not

the
outcom

e
ofallpossible

decisions).
In

the
case

oflosses
w
e
obtain

in
T
heorem

11
an

upper
bound

oforder √
T
s

lo
g
(d
/
s),using

the
G
reedy

O
nline

M
irror

D
escent

fam
ily

of
algorithm

s
(A

udibert
and

B
ubeck,2009;A

udibert
et

al.,2013;B
ubeck,2011).

T
his

bound
is

proven
to

be
optim

alup
to

a
logarithm

ic
factor,

as
T
heorem

13
establishes

a
low

er
bound

of
order √

T
s.

T
he

rates
of

convergence
achieved

by
our

algorithm
s
are

sum
m
arized

in
F
igure

1.

1.2
G

en
eral

M
od

el
an

d
N

otation

W
e
recall

the
classical

non-stochastic
regret

m
inim

ization
problem

.
A
t
each

tim
e
instance

t>
1,the

decision
m
aker

chooses
a
decision

d
t
in

the
finite

set
[d

]
=
{
1,...,d},possibly

at
random

,according
to
x
t ∈

∆
d ,w

here

∆
d

=

{
x

=
(x

(1
),...,x

(d
))∈

R
d+

∣∣∣∣∣
d
∑i=

1

x
(i)

=
1 }

3
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K
w

o
n

a
n
d

P
erch

et

is
the

the
set

of
probability

distributions
over

[d
].

N
ature

then
reveals

an
outcom

e
vector

ω
t ∈

[0,1
] d

and
the

decision
m
aker

receives
ω

(d
t )

t
∈

[0,1].
A
s
outcom

es
are

bounded,w
e
can

easily
replace

ω
(d
t )

t
by

its
expectation

that
w
e
denote

by
〈ω
t ,x

t 〉.
Indeed,H

oeffding-A
zum

a
concentration

inequality
w
illim

ply
that

allthe
results

w
e
w
illstate

in
expectation

hold
w
ith

high
probability.

G
iven

a
tim

e
horizon

T
>

1,the
objective

ofthe
decision

m
aker

is
to

m
inim

ize
his

regret,
w
hose

definition
depends

on
w
hether

outcom
es

are
gains

or
losses.

In
the

case
ofgains

(resp.
losses),the

notation
ω
t
is

then
changed

to
g
t
(resp.

`
t )

and
the

regret
is:

R
T

=
m

a
x

i∈
[d

]

T
∑t=

1

g
(i)
t
−

T
∑t=

1 〈g
t ,x

t 〉
(
resp.

R
T

=
T
∑t=

1 〈`
t ,x

t 〉−
m

in
i∈

[d
]

T
∑t=

1

`
(i)
t

)
.

In
both

cases,
the

w
ell-know

n
E
xponential

W
eight

A
lgorithm

guarantees
a
bound

on
the

regret
oforder √

T
log

d.
M
oreover,this

bound
cannot

be
im

proved
in

generalas
it
m
atches

a
low

er
bound.

W
e
shallconsider

an
additionalstructuralassum

ption
on

the
outcom

es,nam
ely

that
ω
t

is
s-sparse

in
the

sense
that‖ω

t ‖
0 6

s,i.e.,the
num

ber
of

nonzero
com

ponents
of
ω
t
is

less
than

s,
w
here

s
is

a
fixed

know
n
param

eter.
T
he

set
of

com
ponents

w
hich

are
nonzero

is
not

fixed
nor

know
n,and

m
ay

change
arbitrarily

over
tim

e.
W
e
aim

atproving
thatitisthen

possible
to

drastically
im

prove
the

previously
m
entioned

guarantee
oforder √

T
log

d
and

thatlossesand
gainsare

tw
o
fundam

entally
differentsettings

w
ith

m
inim

ax
regrets

of
different

orders.

2.
W

h
en

O
u
tcom

es
are

G
ain

s
to

b
e

M
axim

ized

2.1
O

n
lin

e
M

irror
D

escent
A

lgorith
m

s

W
e
quickly

present
the

general
O
nline

M
irror

D
escent

algorithm
(Shalev-Shw

artz,
2011;

B
ubeck,

2011;
B
ubeck

and
C
esa-B

ianchi,
2012;

K
w
on

and
M
ertikopoulos,

2014)
and

state
the

regret
bound

it
incurs;it

w
illbe

used
as

a
key

elem
ent

in
T
heorem

2.
A

convex
function

h
:
R
d
→

R
∪
{+
∞
}
is

called
a
regularizer

on
∆
d
if
h

is
strictly

convex
and

continuous
on

its
dom

ain
∆
d ,

and
h

(x
)

=
+
∞

outside
∆
d .

D
enote

δ
h

=
m

a
x

∆
d
h
−

m
in

∆
d
h
and

h
∗

:R
d→

R
d
the

Legendre-Fencheltransform
of
h:

h
∗(y

)
=

su
p

x∈
R
d {〈y

,x〉−
h

(x
)}
,

y
∈
R
d,

w
hich

is
differentiable

since
h
is

strictly
convex.

For
all

y
∈
R
d,it

holds
that∇

h
∗(y

)∈
∆
d .

Let
η
∈
R

be
a
param

eter
to

be
tuned.

T
he

O
nline

M
irror

D
escent

A
lgorithm

associated
w
ith

the
regularizer

h
and

param
eter

η
is

defined
by:

x
t

=
∇
h
∗ (

η
t−

1
∑k

=
1

ω
k )

,
t>

1,

w
here

ω
t ∈

[0,1] d
denote

the
vector

of
outcom

es
and

x
t
the

probability
distribution

chosen
at

stage
t.

T
he

specific
choice

h
(x

)
=
∑

di=
1
x

(i)
log

x
(i)

for
x

=
(x

(1
),...,x

(d
))∈

∆
d
(and
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G
a
in

s
a
n
d

L
o
ss

es
a
r
e

F
u
n
d
a
m
en

ta
ll

y
D

if
fe

r
en

t
in

R
eg

r
et

M
in

im
iz

at
io

n

h
(x

)
=

+
∞

ot
he
rw

is
e)

gi
ve
s
th
e
ce
le
br
at
ed

E
xp

on
en
ti
al

W
ei
gh

t
A
lg
or
it
hm

,
w
hi
ch

ca
n
be

w
ri
tt
en

ex
pl
ic
it
ly
,c

om
po

ne
nt

by
co
m
po

ne
nt
:

x
(i

)
t

=
ex

p
( η
∑

t−
1

k
=

1
ω

(i
)

k

)

∑
d j=

1
ex

p
( η
∑

t−
1

k
=

1
ω

(j
)

k

) ,
t
>

1
,
i
∈

[d
].

T
he

fo
llo

w
in
g
ge
ne
ra
l
re
gr
et

gu
ar
an

te
e
fo
r
st
ro
ng

ly
co
nv

ex
re
gu

la
ri
ze
rs

is
ex
pr
es
se
d
in

te
rm

s
of

th
e
du

al
no

rm
‖·
‖ ∗

of
‖·
‖.

Si
m
ila

r
st
at
em

en
ts

ha
ve

ap
pe

ar
ed

in
e.
g.

(S
ha

le
v-

Sh
w
ar
tz
,2

01
1,

T
he
or
em

2.
21
),

(B
ub

ec
k
an

d
C
es
a-
B
ia
nc
hi
,2

01
2,

T
he
or
em

5.
6)

an
d
(K

w
on

an
d
M
er
ti
ko

po
ul
os
,2

01
4,

T
he
or
em

5.
1)
.

T
h
eo

re
m

1
Le

t
K
>

0
an

d
as
su
m
e
h
to

be
K
-s
tr
on

gl
y
co
nv
ex

w
it
h
re
sp
ec
t
to

a
no

rm
‖·
‖.

T
he
n,

fo
r
an

y
se
qu
en

ce
of

ou
tc
om

e
ve
ct
or
s

(ω
t)
t>

1
in

R
d
,t
he

O
nl
in
e
M
ir
ro
r
D
es
ce
nt

st
ra
te
gy

as
so
ci
at
ed

w
it
h
h
an

d
η
(w

it
h
η
>

0
in

ca
se
s
of

ga
in
s
an

d
η
<

0
in

ca
se
s
of

lo
ss
es
)
gu
ar
an

te
es
,

fo
r
T

>
1
,
th
e
fo
llo

w
in
g
re
gr
et

bo
un

d:

R
T
6
δ h |η
|+
|η
|

2K

T ∑ t=
1

‖ω
t‖

2 ∗
.

2.
2

U
p
p
er

B
ou

n
d

on
th

e
R

eg
re

t

W
e
fir
st

as
su
m
e
s
>

2
.
Le

t
p
∈

(1
,2

]
an

d
de
fin

e
th
e
fo
llo

w
in
g
re
gu

la
ri
ze
r:

h
p
(x

)
=

{
1 2
‖x
‖2 p

if
x
∈

∆
d

+
∞

ot
he
rw

is
e.

O
ne

ca
n
ea
si
ly

ch
ec
k
th
at
h
p
is
in
de
ed

a
re
gu

la
ri
ze
r
on

∆
d
an

d
th
at
δ h
p
6

1
/2

.
M
or
eo
ve
r,
it

is
(p
−

1)
-s
tr
on

gl
y
co
nv

ex
w
it
h
re
sp
ec
t
to
‖·
‖ p
:
se
e
(B

ub
ec
k,

20
11
,L

em
m
a
5.
7)

or
(K

ak
ad

e
et

al
.,
20
12
,L

em
m
a
9)
.

W
e
ca
n
no

w
st
at
e
ou

r
fir
st

re
su
lt
,t
he

ge
ne
ra
lu

pp
er

bo
un

d
on

re
gr
et

w
he
n
ou

tc
om

es
ar
e

s-
sp
ar
se

ga
in
s.

T
h
eo

re
m

2
Le

t
η
>

0
an

d
s
>

3
.
A
ga
in
st

al
l
se
qu
en

ce
s
of
s-
sp
ar
se

ga
in

ve
ct
or
s
g t
,
i.e

.,
g t
∈

[0
,1

]d
an

d
‖g
t‖

0
6
s,

th
e
O
nl
in
e
M
ir
ro
r
D
es
ce
nt

al
go
ri
th
m

as
so
ci
at
ed

w
it
h
re
gu
la
ri
ze
r

h
p
an

d
pa
ra
m
et
er
η
gu
ar
an

te
es
:

R
T
6

1 2η
+

η
T
s2
/
q

2(
p
−

1)
,

w
he
re

1/
p
+

1
/q

=
1.

In
pa
rt
ic
ul
ar
,t
he

ch
oi
ce
s
η

=
√

(p
−

1)
/T
s2
/
q
an

d
p

=
1
+

(2
lo

g
s−

1
)−

1

gi
ve
:

R
T
6
√

2
eT

lo
g
s.

P
ro

of
h
p
be

in
g

(p
−

1)
-s
tr
on

gl
y
co
nv

ex
w
it
h
re
sp
ec
t
to
‖·
‖ p
,a

nd
‖·
‖ q

be
in
g
th
e
du

al
no

rm
of
‖·
‖ p
,T

he
or
em

1
gi
ve
s:

R
T
6
δ h
p η

+
η

2(
p
−

1)

T ∑ t=
1

‖g
t‖

2 q
.
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K
w

o
n

a
n
d

P
er

ch
et

Fo
r
ea
ch
t
>

1
,t
he

no
rm

of
g t

ca
n
be

bo
un

de
d
as

fo
llo

w
s:

‖g
t‖

2 q
=

(
d ∑ i=

1

∣ ∣ ∣g
(i

)
t

∣ ∣ ∣q
)

2
/
q

6
(
∑

s
te

rm
s

∣ ∣ ∣g
(i

)
t

∣ ∣ ∣q
)

2
/
q

6
s2
/
q
,

w
hi
ch

yi
el
ds

R
T
6

1 2η
+

η
T
s2
/
q

2
(p
−

1
).

W
e
ca
n
no

w
ba

la
nc
e
bo

th
te
rm

s
by

ch
oo

si
ng

η
=
√

(p
−

1
)/

(T
s2
/
q
)
an

d
ge
t:

R
T
6

√
T
s2
/
q

p
−

1
.

F
in
al
ly
,
si
nc
e
s
>

3
,
w
e
ha

ve
2

lo
g
s
>

1
an

d
w
e
se
t
p

=
1

+
(2

lo
g
s
−

1
)−

1
∈

(1
,2

],
w
hi
ch

gi
ve
s:

1 q
=

1
−

1 p
=
p
−

1

p
=

(2
lo

g
s
−

1
)−

1

1
+

(2
lo

g
s
−

1)
−

1
=

1

2
lo

g
s
,

an
d
th
us
:

R
T
6

√
T
s2
/
q

p
−

1
=

√
2T

lo
g
s
e2

lo
g
s/
q

=
√

2e
T

lo
g
s.

W
e
em

ph
as
iz
e
th
e
fa
ct

th
at

w
e
ob

ta
in
,
up

to
a
m
ul
ti
pl
ic
at
iv
e
co
ns
ta
nt
,
th
e
ex
ac
t
sa
m
e

ra
te

as
w
he
n
th
e
de
ci
si
on

m
ak
er

on
ly

ha
s
a
se
t
of
s
de
ci
si
on

s.
T
he
or
em

2
w
as

re
st
ri
ct
ed

to
s
>

3
to

si
m
pl
ify

th
e
an

al
ys
is
.
In

th
e
ca
se
s
s

=
1,

2
,w

e
ca
n

ea
si
ly

de
ri
ve

a
bo

un
d
of

re
sp
ec
ti
ve
ly
√
T

an
d
√

2T
us
in
g
th
e
sa
m
e
re
gu

la
ri
ze
r
w
it
h
p

=
2.

2.
3

M
at

ch
in

g
L
ow

er
B

ou
n
d

Fo
r
s
∈

[d
]
an

d
T

>
1,

w
e
de
no

te
v
g
,s
,d

T
th
e
m
in
im

ax
re
gr
et

of
th
e
T
-s
ta
ge

de
ci
si
on

pr
ob

le
m

w
it
h
ou

tc
om

e
ve
ct
or
s
re
st
ri
ct
ed

to
s-
sp
ar
se

ga
in
s:

v
g
,s
,d

T
=

m
in

st
ra

t.
m

ax
(g
t
) t
R
T

w
he
re

th
e
m
in
im

um
is

ta
ke
n
ov
er

al
lp

os
si
bl
e
po

lic
ie
s
of

th
e
de
ci
si
on

m
ak

er
,a

nd
th
e
m
ax

i-
m
um

ov
er

al
ls

eq
ue
nc
es

of
s-
sp
ar
se

ga
in
s
ve
ct
or
s.

T
o
es
ta
bl
is
h
a
lo
w
er

bo
un

d
in

th
e
pr
es
en
t
se
tt
in
g,

w
e
ca
n
as
su
m
e
th
at

on
ly

th
e
s
fir
st

co
or
di
na

te
s
of
g t

m
ay

be
po

si
ti
ve

(f
or

al
l
t
>

1)
an

d
th
at

th
e
de
ci
si
on

m
ak

er
is

aw
ar
e
of

th
at
.
T
he
re
fo
re

he
ha

s
no

in
te
re
st

in
as
si
gn

in
g
po

si
ti
ve

pr
ob

ab
ili
ti
es

to
an

y
de
ci
si
on

bu
t
th
e

fir
st
s
on

es
.
In
de
ed
,
fo
r
an

y
m
ix
ed

ac
ti
on

x
t,
th
e
de
ci
si
on

m
ak
er

ca
n
co
ns
tr
uc
t
al
te
rn
at
iv
e

m
ix
ed

ac
ti
on

x
′ t

=
(x

(1
)

t
,.
..
,x

(s
)

t
+
··
·+

x
(d

)
t
,0
,.
..
,0

)
w
hi
ch

ob
vi
ou

sl
y
gi
ve

a
hi
gh

er
pa

yo
ff:

〈g
t,
x
t〉
6
〈 g
t,
x
′ t〉
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G
a
in

s
a
n
d

L
o
sses

a
r
e

F
u
n
d
a
m
en

ta
lly

D
iffer

en
t

in
R

eg
r
et

M
in

im
izatio

n

and
therefore

a
low

er
regret:

m
a
x

i∈
[d

]

T
∑t=

1

g
(i)
t
−

T
∑t=

1 〈g
t ,x
′t 〉

6
m

a
x

i∈
[d

]

T
∑t=

1

g
(i)
t
−

T
∑t=

1 〈g
t ,x

t 〉
.

T
herefore,w

e
can

restrict
the

strategies
ofthe

decision
m
aker

to
those

w
hich

assign
positive

probability
to

the
s
first

com
ponents

only.
T
hat

setup,
w
hich

is
sim

pler
for

the
decision

m
aker

than
the

originalone,is
obviously

equivalent
to

the
basic

regret
m
inim

ization
prob-

lem
w
ith

only
s
decisions.

T
herefore,

the
classical

low
er

bound
(C

esa-B
ianchi

et
al.,

1997,
T
heorem

3.2.3)
holds

and
w
e
obtain

the
follow

ing.

T
h
eorem

3

lim
in

f
s→

+
∞

d>
s

lim
in

f
T→

+
∞

v
g
,s,d
T

√
T

lo
g
s
>
√

22
.

T
he

sam
e
low

er
bound,up

to
the

m
ultiplicative

constant
actually

holds
non

asym
ptoti-

cally,see
(C

esa-B
ianchiand

Lugosi,2006,T
heorem

3.6).

A
n
im

m
ediate

consequence
ofT

heorem
3
is
that

the
regret

bound
derived

in
T
heorem

2
is

asym
ptotically

m
inim

ax
optim

al,up
to

a
m
ultiplicative

constant.

3.
W

h
en

O
u
tcom

es
are

L
osses

to
b
e

M
in

im
ized

3.1
U

p
p
er

B
ou

n
d

on
th

e
R

egret

W
e
now

consider
the

case
oflosses,and

the
regularizer

shallno
longer

depend
on

s
(as

w
ith

gains),as
w
e
w
illalw

ays
use

the
E
xponentialW

eight
A
lgorithm

.
Instead,it

is
the

param
eter

η
that

w
illbe

tuned
as

a
function

of
s.

T
h
eorem

4
Let

s
>

1.
For

any
sequence

of
s-sparse

loss
vectors

(`
t )
t>

1 ,
i.e.,

`
t ∈

[0,1
] d

and
‖
`
t ‖

0 6
s,

the
E
xponentialW

eight
A
lgorithm

w
ith

param
eter−

η
w
here

η
:=

lo
g (

1
+
√

2d
lo

g
d
/
sT )

>
0

guarantees,
for

T
>

1:

R
T
6
√

2sT
lo

g
d

d
+

lo
g
d
.

W
e
build

upon
the

follow
ing

regret
bound

for
losses

w
hich

is
w
ritten

in
term

s
of

the
perform

ance
ofthe

best
action.

It
is
often

called
im

provem
ent

for
sm

alllosses:
see

e.g.(Lit-
tlestone

and
W
arm

uth,1994)
or

(C
esa-B

ianchiand
Lugosi,2006,T

heorem
2.4).

T
h
eorem

5
Let

η
>

0.
For

any
sequence

of
loss

vectors
(`
t )
t>

1
in

[0,1
] d,

the
E
xponential

W
eight

A
lgorithm

w
ith

param
eter−

η
guarantees,

for
all

T
>

1:

R
T
6

lo
g
d

1−
e −

η
+

(
η

1−
e −

η
−

1 )
L
∗T
,

w
here

L
∗T

=
m

in
i∈

[d
]

T
∑t=

1

`
(i)
t

is
the

loss
of

the
best

stationary
decision.
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K
w

o
n

a
n
d

P
erch

et

P
roof

Let
T

>
1
and

L
∗T

=
m

in
i∈

[d
] ∑

Tt=
1
`
(i)
t

be
the

loss
of

the
best

stationary
policy.

F
irst

note
that

since
the

loss
vectors

`
t
are

s-sparse,
w
e
have

s
>
∑

di=
1
`
(i)
t
.
B
y
sum

m
ing

over
1
6
t6

T
:sT

>
T
∑t=

1

d
∑i=

1

`
(i)
t

=

d
∑i=

1 (
T
∑t=

1

`
(i)
t

)
>
d (

m
in

i∈
[d

]

T
∑t=

1

`
(i)
t

)
=
d
L
∗T
,

and
therefore,w

e
have

L
∗T
6
T
s/d.

T
hen,by

using
the

inequality
η
6

(e
η−

e −
η)/

2,the
bound

from
T
heorem

5
becom

es:

R
T
6

log
d

1−
e −

η
+

(
e
η−

e −
η

2(1−
e −

η) −
1 )

L
∗T
.

T
he

factor
of
L
∗T
in

the
second

term
can

be
transform

ed
as

follow
s:

e
η−

e −
η

2(1−
e −

η) −
1

=
(1

+
e −

η)(e
η−

e −
η)

2(1−
e −

2
η)

−
1

=
(1

+
e −

η)e
η

2
−

1
=
e
η−

1

2
,

and
therefore

the
bound

on
the

regret
becom

es:

R
T
6

log
d

1−
e −

η
+
e
η−

1

2
L
∗T
6

log
d

1−
e −

η
+

(e
η−

1)T
s

2d
,

w
here

w
e
have

been
able

to
use

the
upper-bound

on
L
∗T

since
e
η−

1
2

>
0.

A
long

w
ith

the
choice

η
=

log
(1

+
√

2
d

log
d
/T
s)

and
standard

com
putations,this

yields:

R
T
6
√

2
T
s

log
d

d
+

log
d
.

Interestingly,the
bound

from
T
heorem

4
show

s
that √

2sT
lo

g
d
/d,the

dom
inating

term
of

the
regret

bound,is
decreasing

w
hen

the
num

ber
of

decisions
d
increases.

T
his

is
due

to
the

sparsity
assum

ptions
(as

the
regret

increases
w
ith

s,
the

m
axim

al
num

ber
of

decision
w
ith

positive
losses).

Indeed,w
hen

s
is

fixed
and

d
increases,m

ore
and

m
ore

decisions
are

optim
al

at
each

stage,
a
proportion

1−
s/d

to
be

precise.
A
s
a
consequence,

it
becom

es
easier

to
find

an
optim

al
decisions

w
hen

d
increases.

H
ow

ever,
this

intuition
w
ill

turn
out

not
to

be
valid

in
the

bandit
fram

ew
ork.

O
n
the

other
hand,

if
the

proportion
s/d

of
positive

losses
rem

ains
constant

then
the

regret
bound

achieved
is

of
the

sam
e
order

as
in

the
usualcase.

3.2
M

atch
in

g
L
ow

er
B

ou
n
d

W
hen

outcom
es

are
losses,the

argum
ent

from
Section

2.3
does

not
allow

to
derive

a
low

er
bound.

Indeed,
if

w
e
assum

e
that

only
the

first
s
coordinates

of
the

loss
vectors

`
t
can

be
positive,

and
that

the
decision

m
aker

know
s
it,

then
he

just
has

to
take

at
each

stage
the

decision
d
t

=
d
w
hich

incurs
a
loss

of
0.

A
s
a
consequence,

he
trivially

has
a
regret
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G
a
in

s
a
n
d

L
o
ss

es
a
r
e

F
u
n
d
a
m
en

ta
ll

y
D

if
fe

r
en

t
in

R
eg

r
et

M
in

im
iz

at
io

n

R
T

=
0.

C
ho

os
in
g
at

ra
nd

om
,b

ut
on

ce
an

d
fo
r
al
l,
a
fix

ed
su
bs
et

of
s
co
or
di
na

te
s
do

es
no

t
pr
ov
id
e
an

y
in
te
re
st
in
g
lo
w
er

bo
un

d
ei
th
er
.
In
st
ea
d,

th
e
ke
y
id
ea

of
th
e
fo
llo

w
in
g
re
su
lt
is
to

ch
oo

se
at

ra
nd

om
an

d
at

ea
ch

st
ag
e
th
e
s
co
or
di
na

te
s
as
so
ci
at
ed

w
it
h
po

si
ti
ve

lo
ss
es
.
A
nd

w
e
th
er
ef
or
e
us
e
th
e
fo
llo

w
in
g
cl
as
si
ca
lp

ro
ba

bi
lis
ti
c
ar
gu

m
en
t.

A
ss
um

e
th
at

w
e
ha

ve
fo
un

d
a
pr
ob

ab
ili
ty

di
st
ri
bu

ti
on

on
(`
t)
t
su
ch

th
at

th
e
ex
pe

ct
ed

re
gr
et

ca
n
be

bo
un

de
d
fr
om

be
lo
w

by
a
qu

an
ti
ty

w
hi
ch

do
es

no
t
de
pe

nd
on

th
e
st
ra
te
gy

of
th
e
de
ci
si
on

m
ak

er
.
T
hi
s
w
ou

ld
im

pl
y
th
at

fo
r
an

y
al
go
ri
th
m
,t
he
re

ex
is
ts

a
se
qu

en
ce

of
(`
t)
t
su
ch

th
at

th
e
re
gr
et

is
gr
ea
te
r

th
an

th
e
sa
m
e
qu

an
ti
ty
.

In
th
e
fo
llo

w
in
g
st
at
em

en
t,
v
`,
s,
d

T
st
an

ds
fo
r
th
e
m
in
im

ax
re
gr
et

in
th
e
ca
se

w
he
re

ou
t-

co
m
es

ar
e
lo
ss
es
.

T
h
eo

re
m

6
Fo

r
al
ls

>
1
,

li
m

in
f

d
→

+
∞

li
m

in
f

T
→

+
∞

v
`,
s,
d

T
√
T
s d

lo
g
d
>
√

2 2
.

T
he

m
ai
n
co
ns
eq
ue
nc
es

of
th
is

th
eo
re
m

ar
e
th
at

th
e
al
go
ri
th
m

de
sc
ri
be

d
in

T
he
or
em

4
is

as
ym

pt
ot
ic
al
ly

m
in
im

ax
op

ti
m
al

(u
p
to

a
m
ul
ti
pl
ic
at
iv
e
co
ns
ta
nt
)
an

d
th
at

ga
in
s
an

d
lo
ss
es

ar
e
fu
nd

am
en
ta
lly

di
ffe

re
nt

fr
om

th
e
po

in
t
of

vi
ew

of
re
gr
et

m
in
im

iz
at
io
n.

P
ro

of
W
e
de
fin

e
th
e
se
qu

en
ce

of
i.i
.d
.
lo
ss

ve
ct
or
s
` t

(t
>

1
)
as

fo
llo

w
s.

F
ir
st
,
w
e
dr
aw

a
se
t
I t
⊂

[d
]
of

ca
rd
in
al
it
y
s
un

ifo
rm

ly
am

on
g
th
e
( d s

) p
os
si
bi
lit
ie
s.

T
he
n,

if
i
∈
I t

se
t
`(i

)
t

=
1

w
it
h
pr
ob

ab
ili
ty

1
/2

an
d
`(i

)
t

=
0
w
it
h
pr
ob

ab
ili
ty

1/
2,

in
de
pe

nd
en
tl
y
fo
r
ea
ch

co
m
po

ne
nt
.

If
i
6∈
I t
,w

e
se
t
`(i

)
t

=
0.

A
s
a
co
ns
eq
ue
nc
e,

w
e
al
w
ay
s
ha

ve
th
at
` t

is
s-
sp
ar
se
.
M
or
eo
ve
r,
fo
r
ea
ch
t
>

1
an

d
ea
ch

co
or
di
na

te
i
∈

[d
],
`(i

)
t

sa
ti
sfi
es
:

P
[ `(i

)
t

=
1] =

s 2
d

an
d

P
[ `(i

)
t

=
0] =

1
−

s 2d
,

th
us

E
[ `(i

)
t

] =
s/

2d
.
T
he
re
fo
re

w
e
ob

ta
in

th
at

fo
r
an

y
al
go
ri
th
m

(x
t)
t>

1
,E

[〈`
t,
x
t〉]

=
s/

2d
.

T
hi
s
yi
el
ds

th
at

E
[ R

T
√
T

]
=

E

[
1 √
T

(
T ∑ t=

1

〈`
t,
x
t〉
−

m
in

i∈
[d

]

T ∑ t=
1

`(i
)

t

)
]

=
E

[ m
a
x

i∈
[d

]

1 √
T

T ∑ t=
1

(
s 2d
−
`(i

)
t

)]

=
E

[ m
ax

i∈
[d

]

1 √
T

T ∑ t=
1

X
(i

)
t

] ,

w
he
re
t
>

1,
w
e
ha

ve
de
fin

ed
th
e
ra
nd

om
ve
ct
or
X
t
by

X
(i

)
t

=
s/

2
d
−
`(i

)
t

fo
r
al
li
∈

[d
].
Fo

r
t
>

1,
th
e
X
t
ar
e
i.i
.d
.
ze
ro
-m

ea
n
ra
nd

om
ve
ct
or
s
w
it
h
va
lu
es

in
[−

1,
1]
d
.
W
e
ca
n
th
er
ef
or
e

ap
pl
y
th
e
co
m
pa

ri
so
n
Le

m
m
a
8
to

ge
t:

li
m

in
f

T
→

+
∞
E
[ R

T
√
T

]
=

li
m

in
f

T
→

+
∞
E

[ m
ax

i∈
[d

]

1 √
T

T ∑ t=
1

X
(i

)
t

]
>

E
[ m

ax
i∈

[d
]
Z

(i
)]

,
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K
w

o
n

a
n
d

P
er

ch
et

w
he
re
Z
∼
N

(0
,Σ

)
w
it
h

Σ
=

(c
ov

(X
(i

)
1
,X

(j
)

1
))
i,
j
.

W
e
no

w
m
ak

e
ap

pe
al

to
Sl
ep
ia
n’
s
le
m
m
a,

re
ca
lle

d
in

P
ro
po

si
ti
on

7
be

lo
w
.
T
he
re
fo
re
,w

e
in
tr
od

uc
e
th
e
G
au

ss
ia
n
ve
ct
or
W
∼
N

(0
,Σ̃

)
w
he
re

Σ̃
=

d
ia

g
( V

a
r
X

(1
)

1
,.
..
,V

a
r
X

(1
)

1

) .

A
s
a
co
ns
eq
ue
nc
e,

th
e
fir
st

tw
o
hy

po
th
es
es

of
P
ro
po

si
ti
on

7
fo
llo

w
fr
om

th
e
de
fin

it
io
ns

of
Z

an
d
W

.
Le

t
i
6=
j,

th
en

E
[ Z

(i
) Z

(j
)]

=
co

v
(Z

(i
) ,
Z

(j
) )

=
co

v
(`

(i
)

1
,`

(j
)

1
)

=
E
[ `(i

)
1
`(j

)
1

] −
E
[ `(i

)
1

] E
[ `(j

)
1

] .

B
y
de
fin

it
io
n
of
` 1
,
`(i

)
1
`(j

)
1

=
1
if

an
d
on

ly
if
`(i

)
1

=
`(j

)
1

=
1
an

d
`(i

)
1
`(j

)
1

=
0
ot
he
rw

is
e.

T
he
re
fo
re
,u

si
ng

th
e
ra
nd

om
su
bs
et
I 1

th
at

ap
pe

ar
s
in

th
e
de
fin

it
io
n
of
` 1
:

E
[ Z

(i
) Z

(j
)]

=
P
[ `(i

)
1

=
`(j

)
1

=
1] −

(
s 2d

) 2

=
P
[ `(i

)
1

=
`(j

)
1

=
1
∣ ∣ ∣{
i,
j}
⊂
I 1

] P
[{
i,
j}
⊂
I 1

]
−
(
s 2d

) 2

=
1 4
·( d
−

2
s−

2

)
( d s

)
−
(
s 2
d

) 2

=
1 4

(
s(
s
−

1
)

d
(d
−

1
)
−
s2 d

2

)
6

0
,

an
d
si
nc
e
E
[ W

(i
) W

(i
)]

=
0
by

in
de
pe

nd
en
ce
,t
he

th
ir
d
hy

po
th
es
is
of

Sl
ep
ia
n’
s
le
m
m
a
is
al
so

sa
ti
sfi
ed
.
It

yi
el
ds

th
at
,f
or

al
lθ
∈
R
:

P
[ m

a
x

i∈
[d

]
Z

(i
)
6
θ]

=
P
[ Z

(1
)
6
θ,
..
.,
Z

(d
)
6
θ]

6
P
[ W

(1
)
6
θ,
..
.,
W

(d
)
6
θ]

=
P
[ m

a
x

i∈
[d

]
W

(i
)
6
θ] .

T
hi
s
in
eq
ua

lit
y
be

tw
ee
n
tw

o
cu
m
ul
at
iv
e
di
st
ri
bu

ti
on

fu
nc
ti
on

s
im

pl
ie
s
th
e
re
ve
rs
e
in
eq
ua

lit
y

on
ex
pe

ct
at
io
ns
:

E
[ m

ax
i∈

[d
]
Z

(i
)]

>
E
[ m

a
x

i∈
[d

]
W

(i
)]

.

T
he

co
m
po

ne
nt
s
of

th
e
G
au

ss
ia
n
ve
ct
or
W

be
in
g
in
de
pe

nd
en
t,
an

d
of

sa
m
e
va
ri
an

ce
V

a
r
`(1

)
1

,
w
e
ha

ve

E
[ m

ax
i∈

[d
]
W

(i
)]

=
κ
d

√
V

a
r
`(1

)
1

=
κ
d

√
s 2
d

( 1
−

s 2
d

)
>
κ
d

√
s 4
d
,

w
he
re
κ
d
is
th
e
ex
pe

ct
at
io
n
of

th
e
m
ax

im
um

of
d
G
au

ss
ia
n
va
ri
ab

le
s.

C
om

bi
ni
ng

ev
er
yt
hi
ng

gi
ve
s:

li
m

in
f

T
→

+
∞
v
`,
s,
d

T √
T

>
li

m
in

f
T
→

+
∞
E
[ R

T
√
T

]
>

E
[ m

a
x

i∈
[d

]
Z

(i
)]

>
E
[ m

a
x

i∈
[d

]
W

(i
)]

>
κ
d

√
s 4d

.
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G
a
in

s
a
n
d

L
o
sses

a
r
e

F
u
n
d
a
m
en

ta
lly

D
iffer

en
t

in
R

eg
r
et

M
in

im
izatio

n

A
nd

for
large

d,since
κ
d
is

equivalent
to
√

2
lo

g
d
(see

e.g.G
alam

bos,1978),

lim
in

f
d→

+
∞

lim
in

f
T→

+
∞

v
`,s,d
T

√
T
sd

lo
g
d
>
√

22
.

P
rop

osition
7

(S
lep

ian
(1962))

Let
Z

=
(Z

(1
),...,Z

(d
))

and
W

=
(W

(1
),...,W

(d
))

be
G
aussian

random
vectors

in
R
d
satisfying:

(i)
E

[Z
]

=
E

[W
]

=
0;

(ii)
E
[(Z

(i))
2 ]

=
E
[(W

(i))
2 ]

for
i∈

[d
];

(iii)
E
[Z

(i)Z
(j) ]6

E
[W

(i)W
(j) ]

for
i6=

j∈
[d

].

T
hen,

for
allrealnum

bers
θ

1 ,...,θ
d ,

w
e
have:

P
[Z

(1
)6

θ
1 ,...,Z

(d
)6

θ
d ]

6
P
[W

(1
)6

θ
1 ,...,W

(d
)6

θ
d ]

.

T
he

follow
ing

lem
m
a
is

an
extension

of
e.g.

(C
esa-B

ianchi
and

Lugosi,
2006,

Lem
m
a

A
.11)

to
random

vectors
w
ith

correlated
com

ponents.

L
em

m
a

8
(C

om
p
arison

lem
m

a)
For

t>
1,

let
(X

t )
t>

1
be

i.i.d.
zero-m

ean
random

vec-
tors

in
[−

1
,1

] d,
Σ

be
the

covariance
m
atrix

of
X
t
and

Z
∼
N

(0,Σ
).

T
hen,

lim
in

f
T→

+
∞
E

[
m

a
x

i∈
[d

]

1
√
T

T
∑t=

1

X
(i)
t

]
>

E
[
m

a
x

i∈
[d

]
Z

(i) ]
.

P
roof

D
enote

Y
T

=
m

a
x

i∈
[d

]

1
√
T

T
∑t=

1

X
(i)
t
.

Let
A

6
0
and

consider
the

function
φ
A

:R
→

R
defined

by
φ
A

(x
)

=
m

a
x

(x
,A

).

E
[Y
T

]
=

E
[Y
T
·
1
{
Y
T >

A
} ]

+
E
[Y
T
·
1
{
Y
T
<
A
} ]

=
E
[φ
A

(Y
T

)·
1
{
Y
T >

A
} ]

+
E
[Y
T
·
1
{
Y
T
<
A
} ]

=
E

[φ
A

(Y
T

)]−
E
[φ
A

(Y
T

)·
1
{
Y
T
<
A
} ]

+
E
[Y
T
·
1
{
Y
T
<
A
} ]

=
E

[φ
A

(Y
T

)]−
E
[(A
−
Y
T

)·
1
{
A
−
Y
T
>

0} ]
.
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K
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o
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a
n
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P
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Let
us

estim
ate

the
second

term
.
D
enote

Z
T

=
(A
−
Y
T

)·
1
A
−
Y
T
>

0 .
W
e
clearly

have,for
all

u
>

0,P
[Z
T
>
u

]
=

P
[A
−
Y
T
>
u

].
A
nd

Z
T
being

nonnegative,w
e
can

w
rite:

0
6

E
[(A
−
Y
T

)·
1
{
A
−
Y
T }
>

0 ]
=

E
[Z
T

]

=

∫
+
∞

0
P

[Z
T
>
u

]
d
u

=

∫
+
∞

0
P

[A
−
Y
T
>
u

]
d
u

=

∫
+
∞

−
A

P
[Y
T
<
−
u

]
d
u

=

∫
+
∞

−
A

P

[
m

ax
i∈

[d
]

1
√
T

T
∑t=

1

X
(i)
t
<
u ]

d
u

6
∫

+
∞

−
A

P

[
T
∑t=

1

X
(1

)
t

<
u √

T ]
d
u
.

For
u
>

0,
using

H
oeffding’s

inequality
together

w
ith

the
assum

ptions
E
[X

(1
)

t

]
=

0
and

X
(1

)
t
∈

[−
1
,1],w

e
can

bound
the

last
integrand:

P

[
T
∑t=

1

X
(1

)
t

<
u √

T ]
6
e −

u
2
/
2,

W
hich

gives:

0
6

E
[(A
−
Y
T

)·
1
{
A
−
Y
T }
>

0 ]6
∫

+
∞

−
A

e −
u
2
/
2

d
u
6
e −

A
2
/
2

−
A

.

T
herefore:

E
[Y
T

]>
E

[φ
A

(Y
T

)]+
e −

A
2
/
2

A
.

W
e
now

take
the

lim
inf

on
both

sides
as
t→

+
∞

.
T
he

left-hand
side

is
the

quantity
that

appears
in

the
statem

ent.
W
e
now

focus
on

the
second

term
of

the
right-hand

side.
T
he

centrallim
it
theorem

gives
the

follow
ing

convergence
in

distribution:

1
√
T

T
∑t=

1

X
t

L
−−−−−→
T→

+
∞

X
.

T
he

application
(x

(1
),...,x

(d
))7−→

m
a
x
i∈

[d
] x

(i)
being

continuous,w
e
can

apply
the

contin-
uous

m
apping

theorem
:

Y
T

=
m

ax
i∈

[d
]

1
√
T

T
∑t=

1

X
(i)
t

L
−−−−−→
n→

+
∞

m
a
x

i∈
[d

]
X

(i).
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G
a
in

s
a
n
d

L
o
ss

es
a
r
e

F
u
n
d
a
m
en

ta
ll

y
D

if
fe

r
en

t
in

R
eg

r
et

M
in

im
iz

at
io

n

T
hi
s
co
nv

er
ge
nc
e
in

di
st
ri
bu

ti
on

al
lo
w
s
th
e
us
e
of

th
e
po

rt
m
an

te
au

le
m
m
a:
φ
A
be

in
g
lo
w
er

se
m
i-c

on
ti
nu

ou
s
an

d
bo

un
de
d
fr
om

be
lo
w
,w

e
ha

ve
:

li
m

in
f

t→
+
∞

E
[φ
A

(Y
T

)]
>

E
[ φ

A

( m
ax

i∈
[d

]
X

(i
))
] ,

an
d
th
us
:

li
m

in
f

t→
+
∞

E
[Y
T

]
>

E
[ φ

A

( m
ax

i∈
[d

]
X

(i
))
] +

e−
A

2
/
2

A
.

W
e
w
ou

ld
no

w
lik

e
to

ta
ke

th
e
lim

it
as
A
→
−
∞

.
B
y
de
fin

it
io
n
of
φ
A
,
fo
r
A

6
0
,
w
e
ha

ve
th
e
fo
llo

w
in
g
do

m
in
at
io
n:

∣ ∣ ∣ ∣φ
A

( m
ax

i∈
[d

]
X

(i
))
∣ ∣ ∣ ∣6

∣ ∣ ∣ ∣m
ax

i∈
[d

]
X

(i
)∣ ∣ ∣ ∣
6

m
ax

i∈
[d

]

∣ ∣ ∣X
(i

)∣ ∣ ∣
6

d ∑ i=
1

∣ ∣ ∣X
(i

)∣ ∣ ∣
,

w
he
re

ea
ch

X
(i

)
is
L

1
si
nc
e
it

is
a
no

rm
al

ra
nd

om
va
ri
ab

le
.

W
e
ca
n
th
er
ef
or
e
ap

pl
y
th
e

do
m
in
at
ed

co
nv

er
ge
nc
e
th
eo
re
m

as
A
→
−
∞

:

E
[ φ

A

( m
ax

i∈
[d

]
X

(i
))
]
−−
−−
−→

A
→
−
∞

E
[ m

ax
i∈

[d
]
X

(i
)]
,

an
d
ev
en
tu
al
ly
,w

e
ge
t
th
e
st
at
ed

re
su
lt
:

li
m

in
f

t→
+
∞

E
[Y
T

]
>

E
[ m

ax
i∈

[d
]
X

(i
)]
.

4.
W

h
en

th
e

S
p
ar

si
ty

L
ev

el
s

is
U

n
kn

ow
n

W
e
no

lo
ng

er
as
su
m
e
in

th
is

se
ct
io
n

th
at

th
e
de
ci
si
on

m
ak
er

ha
ve

th
e
kn

ow
le
dg

e
of

th
e

sp
ar
si
ty

le
ve
l
s.

W
e
m
od

ify
ou

r
al
go
ri
th
m
s
to

be
ad

ap
ti
ve

ov
er

th
e
sp
ar
si
ty

le
ve
l
of

th
e

ob
se
rv
ed

ga
in
/l
os
s
ve
ct
or
s.

T
he

al
go
ri
th
m
s
ar
e
pr
ov
ed

to
es
se
nt
ia
lly

ac
hi
ev
e
th
e
sa
m
e
re
gr
et

bo
un

ds
as

in
th
e
ca
se

w
he
re
s
is

kn
ow

n.
T
he

co
ns
tr
uc
ti
on

s
fo
llo

w
th
e
sa
m
e
id
ea
s
be

hi
nd

th
e
cl
as
si
ca
ld

ou
bl
in
g
tr
ic
k.

H
ow

ev
er
,
th
e
la
tt
er

ca
nn

ot
be

di
re
ct
ly

ap
pl
ie
d
he
re
:
th
e
us
ua

l
do

ub
lin

g
tr
ic
k
in
vo
lv
es

ti
m
e
in
te
rv
al
s
w
ho

se
le
ng

th
s
ar
e
al
w
ay
s
th
e
sa
m
e,

w
he
re
as

w
e
he
re

ne
ed

to
m
ak
e
th
e
le
ng

th
s
on

th
e
sp
ar
si
ty

le
ve
ls

of
th
e
pa

yo
ff
ve
ct
or
s.

Sp
ec
ifi
ca
lly

,
le
t
T

>
1
be

th
e
nu

m
be

r
of

ro
un

ds
an

d
s∗

th
e
hi
gh

es
t
sp
ar
si
ty

le
ve
l
of

th
e
ga
in
/l
os
s
ve
ct
or
s
ch
os
en

by
N
at
ur
e
up

to
ti
m
e
T
.
In

th
e
fo
llo

w
in
g,

w
e
co
ns
tr
uc
t
al
go
-

ri
th
m
s
w
hi
ch

ac
hi
ev
e
re
gr
et

bo
un

ds
of

or
de
r
√
T

lo
g
s∗

an
d
√
T
s∗

lo
g
d

d
fo
r
ga
in
s
an

d
lo
ss
es

re
sp
ec
ti
ve
ly
,w

it
ho

ut
pr
io
r
kn

ow
le
dg

e
of
s∗
.

4.
1

Fo
r

L
os

se
s

Le
t

(`
t)
t>

1
be

th
e
se
qu

en
ce

of
lo
ss

ve
ct
or
s
in

[0
,1

]d
ch
os
en

by
N
at
ur
e,

an
d
T

>
1
th
e
nu

m
be

r
of

ro
un

ds
.
W
e
de
no

te
s∗

=
m

ax
1
6
t6
T
‖`
t‖

0
th
e
hi
gh

er
sp
ar
si
ty

le
ve
l
of

th
e
lo
ss

ve
ct
or
s
up
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K
w

o
n

a
n
d

P
er

ch
et

to
ti
m
e
T
.
T
he

go
al

is
to

co
ns
tr
uc
t
an

al
go
ri
th
m

w
hi
ch

ac
hi
ev
es

a
re
gr
et

bo
un

d
of

or
de
r

√
T
s∗

lo
g
d

d
w
it
ho

ut
an

y
pr
io
r
kn

ow
le
dg

e
ab

ou
t
th
e
sp
ar
si
ty

le
ve
lo

f
th
e
lo
ss

ve
ct
or
s.

T
he

ti
m
e
in
st
an

ce
s
{1
,.
..
,T
}
w
ill

be
di
vi
de
d
in
to

se
ve
ra
l
ti
m
e
in
te
rv
al
s.

O
n
ea
ch

of
th
os
e,

th
e
pr
ev
io
us

lo
ss

ve
ct
or
s
w
ill

be
le
ft

as
id
e,

an
d
a
ne
w

in
st
an

ce
of

th
e
E
xp

on
en
ti
al

W
ei
gh

t
A
lg
or
it
hm

w
it
h
a
sp
ec
ifi
c
pa

ra
m
et
er

w
ill

be
ru
n.

Le
t
M

=
dlo

g
2
s∗
e
an

d
τ
(0

)
=

0.
T
he
n,

fo
r

1
6
m
<
M

w
e
de
fin

e

τ
(m

)
=

m
in
{1

6
t
6
T
|‖
` t
‖ 0
>

2
m
}

an
d

τ
(M

)
=
T
.

In
ot
he
r
w
or
ds
,τ

(m
)
is

th
e
fir
st

ti
m
e
in
st
an

ce
at

w
hi
ch

th
e
sp
ar
si
ty

le
ve
lo

f
th
e
lo
ss

ve
ct
or

ex
ce
ed
s

2m
.

(τ
(m

))
1
6
m
6
M

is
th
us

a
no

nd
ec
re
as
in
g
se
qu

en
ce
.
W
e
ca
n
th
en

de
fin

e
th
e
ti
m
e

in
te
rv
al
s
I
(m

)
as

fo
llo

w
s.

Fo
r

1
6
m

6
M

,l
et

I
(m

)
=

{
{τ

(m
−

1
)

+
1
,.
..
,τ

(m
)}

if
τ
(m
−

1
)
<
τ
(m

)

∅
if
τ
(m
−

1
)

=
τ
(m

).
.

T
he

se
ts

(I
(m

))
1
6
m
6
M

cl
ea
rl
y
fo
rm

a
pa

rt
it
io
n
of
{1
,.
..
,T
}
(s
om

e
of

th
e
in
te
rv
al
s
m
ay

be
em

pt
y)
.
Fo

r
1
6
t
6
T
,w

e
de
fin

e
m
t

=
m

in
{m

>
1
|τ

(m
)
>
t}

w
hi
ch

im
pl
ie
s
t
∈
I
(m

t)
.
In

ot
he
r
w
or
ds
,m

t
is

th
e
in
de
x
of

th
e
on

ly
in
te
rv
al
t
be

lo
ng

s
to
.

Le
t
C
>

0
be

a
co
ns
ta
nt

to
be

ch
os
en

la
te
r
an

d
fo
r

1
6
m

6
M

,l
et

η
(m

)
=

lo
g

(
1

+
C

√
d

lo
g
d

2
m
T

)

be
th
e
pa

ra
m
et
er

of
th
e
E
xp

on
en
ti
al

W
ei
gh

t
A
lg
or
it
hm

to
be

us
ed

on
in
te
rv
al
I
(m

).
In

th
is

se
ct
io
n,
h
w
ill

be
en
tr
op

ic
re
gu

la
ri
ze
r
on

th
e
si
m
pl
ex

h
(x

)
=
∑

d i=
1
x

(i
)
lo

g
x

(i
) ,
so

th
at

y
7−→

∇
h
∗ (
y
)
is

th
e
lo
gi
t
m
ap

us
ed

in
th
e
E
xp

on
en
ti
al

W
ei
gh

t
A
lg
or
it
hm

.
W
e
ca
n
th
en

de
fin

e
th
e
pl
ay
ed

ac
ti
on

s
to

be
:

x
t

=
∇
h
∗

   
−
η
(m

t)
∑ t′
<
t

t′
∈I

(m
t
)

` t
′   

,
t

=
1,
..
.,
T
.

T
h
eo

re
m

9
T
he

ab
ov
e
al
go
ri
th
m

w
it
h
C

=
23
/
4
(√

2
+

1
)1
/
2
gu
ar
an

te
es

R
T
6

4

√
T
s∗

lo
g
d

d
+
dlo

g
s∗
el

o
g
d

2
+

5
s∗
√

lo
g
d

d
T
.

P
ro

of
Le

t
1
6
m

6
M

.
O
n
ti
m
e
in
te
rv
al
I
(m

),
th
e
E
xp

on
en
ti
al

W
ei
gh

t
A
lg
or
it
hm

is
ru
n

w
it
h
pa

ra
m
et
er
η
(m

)
ag
ai
ns
t
lo
ss

ve
ct
or
s
in

[0
,1

]d
.
T
he
re
fo
re
,
th
e
fo
llo

w
in
g
re
gr
et

bo
un

d
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G
a
in

s
a
n
d

L
o
sses

a
r
e

F
u
n
d
a
m
en

ta
lly

D
iffer

en
t

in
R

eg
r
et

M
in

im
izatio

n

A
lgorith

m
1:

For
losses

in
fullinform

ation
w
ithout

prior
know

ledge
about

sparsity
in

p
u
t:
T

>
1,
d
>

1
integers,and

C
>

0.
η
←

lo
g
(1

+
C
√
d

lo
g
d
/
2T

);
m
←

1;
for

i←
1

to
d

d
o

w
(i)←

1/d;
en

d
for

t←
1

to
T

d
o

draw
and

play
decision

i
w
ith

probability
w

(i)/ ∑
dj=

1
w

(j);
observe

loss
vector

`
t ;

if
‖
`
t ‖

0 6
2
m

th
en

for
i←

1
to

d
d
o

w
(i)←

w
(i)e −

η
`
(i)
t
;

en
d

elsem
←
dlo

g
2 ‖`

t ‖
0 e;

η
←

log
(1

+
C
√
d

lo
g
d
/2
m
T

);
for

i←
1

to
d

d
o

w
(i)←

1
/d;

en
d

en
d

en
d
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K
w

o
n

a
n
d

P
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et

derived
in

the
proof

of
T
heorem

4
applies:

R
(m

)
:=

∑t∈
I
(m

) 〈`
t ,x

t 〉−
m

in
i∈

[d
]

∑t∈
I
(m

) `
(i)
t

6
log

d

1−
e −

η
(m

)
+
e
η
(m

)−
1

2
m

in
i∈

[d
]

∑t∈
I
(m

) `
(i)
t

=
1C

√
2
m
T

log
d

d
+

log
d

C
+
C2 √

d
log

d

2
m
T
·
m

in
i∈

[d
]

∑t∈
I
(m

) `
(i)
t
.

W
e
now

bound
the

“best
loss”

quantity
from

above,
using

the
fact

that
`
t
is

2
m
-sparse

for
t∈

I
(m

)\{
τ
(m

)}
and

that
`
τ
(m

)
is
s ∗-sparse:

d
∑i=

1

∑t∈
I
(m

) `
(i)
t

=
∑t∈
I
(m

)

d
∑i=

1

`
(i)
t

=
∑t<
τ
(m

)
t∈
I
(m

)

d
∑i=

1

`
(i)
t

+

d
∑i=

1

`
(i)
τ
(m

)

6
(τ

(m
)−

τ
(m
−

1))2
m

+
s ∗,

w
hich

im
plies:

m
in

i∈
[d

]

∑t∈
I
(m

) `
(i)
t

6
(τ

(m
)−

τ
(m
−

1))2
m

+
s ∗

d
.

T
herefore,the

regret
on

interval
I
(m

),w
hich

w
e
w
illdenote

R
(m

),is
bounded

by:

R
(m

)
:=

∑t∈
I
(m

) 〈`
t ,x

t 〉−
m

in
i∈

[d
]

∑t∈
I
(m

) `
(i)
t

6
1C

√
2
m
T

log
d

d
+

log
d

C
+
C2 √

2
m

log
d

d
T

(τ
(m

)−
τ
(m
−

1))
+
C2 √

log
d

2
m
d
T
s ∗

6
1C

√
2
m
T

log
d

d
+

log
d

C
+
C2 √

2s ∗
log

d

d
T

(τ
(m

)−
τ
(m
−

1))
+
C2 √

log
d

2
m
d
T
s ∗,

w
here

w
e
used

2
m

6
2
M

=
2 dlo

g
2
s ∗e6

2
lo

g
2
s ∗

+
1

=
2s ∗

for
the

third
term

of
the

last
line.

W
e
now

turn
the

w
hole

regret
R
T

from
1
to
T
.
Since

(I
(m

))
16
m
6
M

is
a
partition

of
{
1,...,T},w

e
obtain

R
T

=
T
∑t=

1 〈`
t ,x

t 〉−
m

in
i∈

[d
]

T
∑t=

1

`
(i)
t

6
M∑m
=

1

∑t∈
I
(m

) 〈`
t ,x

t 〉−
M∑m
=

1

m
in

i∈
[d

]

∑t∈
I
(m

) `
(i)
t

=
M∑m
=

1

R
(m

)

6
1C

√
T

log
d

d

M∑m
=

1 √
2
m

+
C

√
s ∗T

log
d

2
d

+
M

lo
g
d

C
+
C2 √

log
d

d
T
s ∗

M∑m
=

1

2 −
m
/
2.
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G
a
in

s
a
n
d

L
o
ss

es
a
r
e

F
u
n
d
a
m
en

ta
ll

y
D

if
fe

r
en

t
in

R
eg

r
et

M
in

im
iz

at
io

n

T
he

su
m

in
th
e
fir
st

te
rm

ab
ov
e
ca
n
be

bo
un

de
d
as

fo
llo

w
s

M ∑ m
=

1

√
2m

6
M ∑ m
=

1

√
2m

=
√

2

√
2
M
−

1
√

2
−

1
6
√

2

√
2

lo
g
2
s∗

+
1

√
2
−

1
=

2

√
s∗

√
2
−

1
=

2
(√

2
+

1
)√
s∗
,

w
he
re
as

th
e
su
m

in
th
e
la
st

te
rm

ca
n
be

bo
un

de
d
by
√

2
+

1.
E
ve
nt
ua

lly
,
th
e
ch
oi
ce
C

=
2

3
/
4
(√

2
+

1)
1
/
2
gi
ve
s:

R
T
6

2
5
/
4
(√

2
+

1)
1
/
2

√
T
s∗

lo
g
d

d
+
dlo

g
s∗
el

og
d

2
3
/
4
(√

2
+

1)
1
/
2

+
2

1
/
4
(√

2
+

1)
3
/
2
s∗
√

lo
g
d

d
T
,

an
d
th
e
st
at
em

en
t
fo
llo

w
s
fr
om

nu
m
er
ic
al

co
m
pu

ta
ti
on

of
th
e
co
ns
ta
nt

fa
ct
or
s.

4.
2

Fo
r

G
ai

n
s

T
he

co
ns
tr
uc
ti
on

is
si
m
ila

r
to

th
e
ca
se

of
lo
ss
es
,b

ut
th
e
ti
m
e
in
te
rv
al
s
ar
e
sl
ig
ht
ly

di
ffe

re
nt
.

Le
t

(g
t)
t>

1
be

th
e
se
qu

en
ce

of
ga
in

ve
ct
or
s
in

[0
,1

]d
ch
os
en

by
N
at
ur
e.

W
e
as
su
m
e
s∗

>
2

an
d
se
t
M

=
dlo

g
2

lo
g

2
s∗
e
an

d
τ
(0

)
=

0
.
Fo

r
1
6
m

6
M

w
e
de
fin

e

τ
(m

)
=

m
in
{ 1

6
t
6
T
∣ ∣ ‖
g t
‖ 0
>

2
2
m
}

an
d

τ
(M

)
=
T
.

W
e
no

w
de
fin

e
th
e
ti
m
e
in
te
rv
al
s
I
(m

).
Fo

r
1
6
m

6
M

,

I
(m

)
=

{
{τ

(m
−

1)
+

1
,.
..
,τ

(m
)}

if
τ
(m
−

1)
<
τ
(m

)

∅
if
τ
(m
−

1)
=
τ
(m

).

T
he
re
fo
re
,
fo
r

1
6
m

6
M

an
d
t
<
τ
(m

),
w
e
ha

ve
‖g
t‖

0
6

2
2
m
.

Fo
r

1
6
t
6
T
,
w
e

de
no

te
m
t

=
m

in
{m

>
1
|τ

(m
)
>
t}
.
Le

t
C
>

0
be

a
co
ns
ta
nt

to
be

ch
os
en

la
te
r
an

d
fo
r

1
6
m

6
M

,l
et

p
(m

)
=

1
+

1

lo
g

2
·2
m

+
1
−

1
,

q(
m

)
=

( 1
−

1

p
(m

)) −
1

,

η
(m

)
=
C

√
p
(m

)
−

1

T
22
m

+
1
/
q
(m

)
.

A
s
in

Se
ct
io
n
2.
2,

fo
r
p
∈

(1
,2

],
w
e
de
no

te
h
p
th
e
re
gu

la
ri
ze
r
on

th
e
si
m
pl
ex

de
fin

ed
by

:

h
p
(x

)
=

{
1 2
‖x
‖2 p

if
x
∈

∆
d

+
∞

ot
he
rw

is
e.

T
he

al
go
ri
th
m

is
th
en

de
fin

ed
by

:

x
t

=
∇
h
∗ p(
m
t
)

   
η
(m

t)
∑ t′
<
t

t′
∈I

(m
t
)

g t
′   

,
t

=
1,
..
.,
T
.
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2

K
w

o
n

a
n
d

P
er

ch
et

A
lg

or
it

h
m

2:
Fo

r
ga
in
s
in

fu
ll
in
fo
rm

at
io
n
w
it
ho

ut
pr
io
r
kn

ow
le
dg

e
ab

ou
t
sp
ar
si
ty
.

in
p
u
t:
T

>
1,
d
>

1
in
te
ge
rs
,a

nd
C
>

0
.

p
←

1
+

(4
lo

g
2
−

1)
−

1
;

q
←

(1
−

1/
p
)−

1
;

η
←
C
√

(p
−

1)
/2

4
/
q
T
;

m
←

1
;

y
←

(0
,.
..
,0

)
∈
R
d
;

fo
r
t
←

1
to

T
d
o

dr
aw

an
d
pl
ay

de
ci
si
on

i
∼
∇
h
∗ p(
η
·y

);
ob

se
rv
e
ga
in

ve
ct
or
g t
;

if
‖g
t‖

0
6

2
2
m

th
en

y
←
y

+
g t
;

el
se
m
←
dlo

g
2

lo
g

2
‖g
t‖

0
e;

p
←

1
+

(l
og

2
·2
m

+
1
−

1
)−

1
;

q
←

(1
−

1
/p

)−
1
;

η
←
C
√

(p
−

1
)/

2
2
m

+
1
/
q
T
;

y
←

(0
,.
..
,0

);
en

d
en

d

T
h
eo

re
m

10
T
he

ab
ov
e
al
go
ri
th
m

w
it
h
C

=
(e
√

2(
√

2
+

1
))

1
/
2
gu
ar
an

te
es

R
T
6

7
√
T

lo
g
s∗

+
4
s∗ √
T
.

P
ro

of
Le

t
1
6
m

6
M

.
O
n
ti
m
e
in
te
rv
al
I
(m

),
th
e
al
go
ri
th
m

bo
ils

do
w
n
to

an
O
nl
in
e

M
ir
ro
r
D
es
ce
nt

al
go
ri
th
m

w
it
h

re
gu

la
ri
ze
r
h
p
(m

)
an

d
pa

ra
m
et
er
η
(m

).
T
he
re
fo
re
,
us
in
g

T
he
or
em

1,
th
e
re
gr
et

on
th
is

in
te
rv
al

is
bo

un
de
d
as

fo
llo

w
s.

R
(m

)
:=

m
ax

i∈
[d

]

∑

t∈
I
(m

)

g
(i

)
t
−
∑

t∈
I
(m

)

〈g
t,
x
t〉

6
1

2η
(m

)
+

η
(m

)

2
(p

(m
)
−

1
)

∑

t∈
I
(m

)

‖g
t‖

2 q
(m

)

=
1

2η
(m

)
+

η
(m

)

2
(p

(m
)
−

1
)

   
∑

t∈
I
(m

)
t<
τ
(m

)

‖g
t‖

2 q
(m

)
+
∥ ∥ g

τ
(m

)∥ ∥2 q
(m

)   
.

g t
be

in
g

2
2
m
-s
pa

rs
e
fo
r
t
<
τ
(m

)
an

d
g τ

(m
)
be

in
g
s∗
-s
pa

rs
e,

th
e
q(
m

)-
no

rm
s
ca
n
th
er
ef
or
e

bo
un

de
d
fr
om

ab
ov
e
as

fo
llo

w
s:

‖g
t‖

2 q
(m

)
6

22
m

+
1
/
q
(m

)
an

d
∥ ∥ g

τ
(m

)∥ ∥2 q
(m

)
6

(s
∗ )

2
/
q
(m

) .

18
JM

L
R

 1
7(

22
9)

:1
-3

2



G
a
in

s
a
n
d

L
o
sses

a
r
e

F
u
n
d
a
m
en

ta
lly

D
iffer

en
t

in
R

eg
r
et

M
in

im
izatio

n

T
he

bound
on

R
(m

)
then

becom
es

R
(m

)6
1

2
η
(m

)
+
η
(m

)(τ
(m

)−
τ
(m
−

1))2
2
m

+
1
/
q
(m

)

2
(p

(m
)−

1
)

+
η
(m

)(s ∗)
2
/
q
(m

)

2
(p

(m
)−

1)

=
12
C

√
T
e(log

2·2
m

+
1−

1)
+
C2 √

e(lo
g

2·
2
m

+
1−

1
)

T
(τ

(m
)−

τ
(m
−

1
))

+
C2

(s ∗)
1
/
(lo

g
2·2

m
) √

e(lo
g

2·2
m

+
1−

1
)

T

6
12
C

√
T
e

lo
g

2·
2
m

+
1

+
C

√
e

lo
g
s ∗

T
(τ

(m
)−

τ
(m
−

1
))

+
C2
s ∗ √

e
lo

g
2·2

m
+

1

T
,

w
here

for
the

second
term

of
the

last
expression

w
e
used:

log
2·2

m
+

1−
1
6

log
2·

2
M

+
1

=
lo

g
2·ex

p
(lo

g
2

(dlo
g

2
lo

g
2
s ∗e

+
1
))

6
lo

g
2·

ex
p

(log
2

(lo
g

2
log

2
s ∗

+
2))

=
lo

g
2·
e

2
lo

g
2

ex
p

(lo
g

2·lo
g

2
lo

g
2
s ∗)

=
4

lo
g

2·ex
p

(lo
g

lo
g

2
s ∗)

=
4

log
2·lo

g
2
s ∗

=
4

log
s ∗.

T
hen,the

w
hole

regret
R
T
is

bounded
by

the
sum

of
the

regrets
on

each
interval:

R
T
6

M∑m
=

1

R
(m

)6
12
C

√
T
e

lo
g

2

M∑m
=

1 √
2
m

+
1

+
C

√
e

lo
g
s ∗

T

M∑m
=

1 (τ
(m

)−
τ
(m
−

1))

+
C
s ∗

2

√
e

log
2

T

M∑m
=

1

2 −
(m

+
1
)/

2.

T
he

second
sum

is
equal

to
T

and
the

third
sum

is
bounded

from
above

by
( √

2
+

1
)/ √

2.
Let

us
bound

the
first

sum
from

above:

√
lo

g
2

M∑m
=

1 √
2
m

+
1

=
2 √

log
2

2
M
/
2−

1
√

2−
1

6
2( √

2
+

1
) √

log
2·ex

p (
lo

g
2

2
(lo

g
2

log
2
s ∗

+
1
) )

=
2( √

2
+

1
) √

log
2· √

2
e

lo
g

lo
g
2
s ∗

=
2 √

2( √
2

+
1) √

log
2

lo
g

2
s ∗

=
2 √

2( √
2

+
1) √

log
s ∗.

T
herefore,R

T
6
√

2
( √

2
+

1
)

C

√
T
e

lo
g
s ∗

+
C
√
T
e

log
s ∗

+
C

( √
2

+
1
)s ∗

2

√
e

lo
g

2

2T
.
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K
w

o
n

a
n
d

P
erch

et

C
hoosing

C
=

(e √
2( √

2
+

1))
1
/
2
balances

the
first

tw
o
term

and
gives:

R
T
6

2(e √
2( √

2
+

1))
1
/
2 √

T
log

s ∗
+

2 −
5
/
4e √

log
2( √

2
+

1)
3
/
2
s ∗
√
T

6
7 √

T
log

s ∗
+

4s ∗
√
T
.

5.
T

h
e

B
an

d
it

S
ettin

g

W
e
now

turn
to

the
bandit

fram
ew

ork—
see

for
instance

(B
ubeck

and
C
esa-B

ianchi,
2012)

for
a
recent

survey.
R
ecall

that
the

m
inim

ax
regret

(A
udibert

and
B
ubeck,

2009)
in

the
basic

bandit
fram

ew
ork

(w
ithout

sparsity)
is
oforder √

T
d.

In
the

case
oflosses,w

e
m
anage

to
take

advantage
of

the
sparsity

assum
ption

and
obtain

in
T
heorem

11
an

upper
bound

of
order √

T
s

log
ds ,

and
a
low

er
bound

of
order √

T
s
in

T
heorem

13.
T
his

establishes
the

order
of

the
m
inim

ax
regret

up
to

a
logarithm

ic
factor.

In
the

case
of

gains,
the

argum
ent

from
Section

2.3
can

be
adapted

to
get

a
low

er
bound

of
order √

sT
;
but

the
upper

bound
techniques

from
losses

do
not

seem
to

w
ork;this

diffi
culty

is
discussed

below
in

R
em

ark
12.

For
sim

plicity,
w
e
shall

assum
e
that

the
sequence

of
outcom

e
vectors

(ω
t )
t>

1
is

cho-
sen

before
stage

1
by

the
environm

ent,
w
hich

is
called

oblivious
in

that
case.

W
e
refer

to
(B

ubeck
and

C
esa-B

ianchi,
2012,

Section
3)

for
a
detailed

discussion
on

the
difference

betw
een

oblivious
and

non-oblivious
opponent,and

betw
een

regret
and

pseudo-regret.
A
s
before,

at
stage

t,
the

decision
m
aker

chooses
x
t ∈

∆
d
and

draw
s
decision

d
t ∈

[d
]

according
to
x
t .

T
he

m
ain

difference
w
ith

the
previous

fram
ew

ork
is
that

the
decision

m
aker

only
observes

his
ow

n
outcom

e
ω
d
t
t

before
choosing

the
next

decision
d
t+

1 .

5.1
U

p
p
er

B
ou

n
d
s

on
th

e
R

egret
w

ith
S
p
arse

L
osses

W
e
shall

focus
in

this
section

on
s-sparse

losses.
T
he

algorithm
w
e
consider

belongs
to

the
fam

ily
of

G
reedy

O
nline

M
irror

D
escent.

W
e
follow

(B
ubeck

and
C
esa-B

ianchi,
2012,

Section
5)

and
refer

to
it

for
the

detailed
and

rigorous
construction.

Let
F
q (x

)
be

the
Legendre

function
associated

w
ith

the
potential

ψ
(x

)
=

(−
x

) −
q
(q
>

1),i.e.,

F
q (x

)
=
−

q

q−
1

d
∑i=

1 (x
i)

1−
1
/
q.

T
he

algorithm
,w

hich
depends

on
a
param

eter
η
>

0
to

be
fixed

later,is
defined

as
follow

s.
Set

x
1

=
(

1d
,...,

1d
)∈

∆
d .

For
all

t>
1,w

e
define

the
estim

ator
ˆ̀t

of
`
t
as

usual:

ˆ̀ (i)
t

=
1
{
d
t =
i}
`
(i)
t

x
(i)
t

,
i∈

[d
],

w
hich

is
then

used
to

com
pute

z
t+

1
=
∇
F
∗q (∇

F
q (x

t )−
η

ˆ̀t )
and

x
t+

1
=

arg
m

in
x∈

∆
d

D
F
q (x

,z
t+

1 ),
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F
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m
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ta
ll

y
D

if
fe

r
en

t
in

R
eg

r
et

M
in

im
iz

at
io

n

w
he
re
D
F
q

:
D̄
×
D
→

R
is

th
e
B
re
gm

an
di
ve
rg
en
ce

as
so
ci
at
ed

w
it
h
F
q
:

D
F
q
(x
′ ,
x

)
=
F
q
(x
′ )
−
F
q
(x

)
−
〈 ∇

F
q
(x

),
x
′ −

x
〉 .

T
h
eo

re
m

11
Le

t
η
>

0
an

d
q
>

1
.
Fo

r
an

y
se
qu
en

ce
of
s-
sp
ar
se

lo
ss

ve
ct
or
s,

th
e
ab
ov
e

st
ra
te
gy

w
it
h
pa
ra
m
et
er
η
gu
ar
an

te
es
,
fo
r
T

>
1
:

R
T
6
q

(
d

1
/
q

η
(q
−

1)
+
η
T
s1
−

1
/
q

2

)
.

In
pa
rt
ic
ul
ar
,
if
d
/s

>
e2
,
th
e
ch
oi
ce
s

η
=

√
2
d

1
/
q

(q
−

1)
T
s1
−

1
/
q

an
d

q
=

lo
g
(d
/s

)

yi
el
d
th
e
fo
llo

w
in
g
re
gr
et

bo
un

d:

R
T
6

2
√
e√

T
s

lo
g
d s
.

P
ro

of
T
he

ge
ne
ra
l
re
gr
et

bo
un

d
fo
r
G
re
ed
y
O
nl
in
e
M
ir
ro
r
D
es
ce
nt

(B
ub

ec
k
an

d
C
es
a-

B
ia
nc
hi
,2

01
2,

T
he
or
em

5.
10
)
gi
ve
s:

R
T
6

m
ax

x
∈∆

d
F

(x
)
−
F

(x
1
)

η
+
η 2

T ∑ t=
1

d ∑ i=
1

E

[
(ˆ̀

(i
)

t
)2

(ψ
−

1
)′

(x
(i

)
t

)] ,

w
it
h

(ψ
−

1
)′

(x
)

=
(q
x

1
+

1
/
q
)−

1
.
Le

t
us

bo
un

d
th
e
fir
st

te
rm

.

1 η
m

ax
x
∈∆

d

F
q
(x

)
−
F
q
(x

1
)
6

1 η

q

q
−

1

( 0
+
d

(1
/d

)1
−

1
/
q
)

=
qd

1
/
q

η
(q
−

1)
.

W
e
tu
rn

to
th
e
se
co
nd

te
rm

.
Le

t
1
6
t
6
T
.

d ∑ i=
1

E

[
(ˆ̀

(i
)

t
)2

(ψ
−

1
)′

(x
(i

)
t

)]
=
q

d ∑ i=
1

E
[ (ˆ̀

(i
)

t
)2

(x
(i

)
t

)1
+

1
/
q
]

=
q

d ∑ i=
1

E

[ E

[ 1
{d
t
=
i}

(`
(i

)
t

)2

(x
i t)

2
(x
i t)

1
+

1
/
q

∣ ∣ ∣ ∣ ∣x
t]]

=
q

d ∑ i=
1

E
[ (`

(i
)

t
)2

(x
(i

)
k

)1
/
q
]

=
q
E

[
∑

s
te

rm
s(`

(i
)

t
)2

(x
(i

)
t

)1
/
q

]

6
qs

(1
/s

)1
/
q

=
qs

1
−

1
/
q
,
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K
w

o
n

a
n
d

P
er

ch
et

w
he
re

w
e
us
ed

th
e
as
su
m
pt
io
n
th
at
` t

ha
s
at

m
os
t
s
no

nz
er
o
co
m
po

ne
nt
s,
an

d
th
e
fa
ct

th
at

x
t
∈

∆
d
.
T
he

fir
st

re
gr
et

bo
un

d
is

th
us

pr
ov
en
.
B
y
ch
oo

si
ng

η
=
√

2
s1
−
1
/
q

(q
−

1
)T
d
1
/
q
,
w
e
ba

la
nc
e

bo
th

te
rm

s
an

d
ge
t: R
T
6

2
q√

T
d

1
/
q
s1
−

1
/
q

2
(q
−

1
)

=
√

2q

√

T
s

(
d s

) 1
/
q
(

q

q
−

1

)
.

If
d
/s

>
e2

an
d
q

=
lo

g
(d
/
s)
,t
he
n
q/

(q
−

1
)
6

2
an

d
fin

al
ly
:

R
T
6

2
√
e√

T
s

lo
g
d s
.

R
em

ar
k

12
T
he

pr
ev
io
us

an
al
ys
is

ca
nn

ot
be

ca
rr
ie
d
in

th
e
ca
se

of
ga
in
s
be
ca
us
e
th
e
bo
un

d
fr
om

(B
ub
ec
k
an

d
C
es
a-
B
ia
nc

hi
,
20

12
,
T
he
or
em

5.
10

)
th
at

w
e
us
e
ab
ov
e
on

ly
ho

ld
s
fo
r

no
nn

eg
at
iv
e
lo
ss
es

(a
nd

it
s
pr
oo
f
st
ro
ng

ly
re
lie

s
on

th
is

as
su
m
pt
io
n)
.

W
e
ar
e
un

aw
ar
e
of

te
ch
ni
qu
es

w
hi
ch

co
ul
d
pr
ov
id
e
a
si
m
ila

r
bo
un

d
in

th
e
ca
se

of
no

nn
eg
at
iv
e
ga
in
s.

5.
2

M
at

ch
in

g
L
ow

er
B

ou
n
d

T
he

fo
llo

w
in
g
th
eo
re
m

es
ta
bl
is
he
s
th
at

th
e
bo

un
d

fr
om

T
he
or
em

11
is

op
ti
m
al

up
to

a
lo
ga
ri
th
m
ic

fa
ct
or
.
W
e
de
no

te
v̂
`,
s,
d

T
th
e
m
in
im

ax
re
gr
et

in
th
e
ba

nd
it
se
tt
in
g
w
it
h
lo
ss
es
.

T
h
eo

re
m

13
Fo

r
al
ld

>
2,
s
∈

[d
]
an

d
T

>
d

2
/4
s,

th
e
fo
llo

w
in
g
lo
w
er

bo
un

d
ho

ld
s:

v̂
`,
s,
d

T
>

1 32

√
T
s.

T
he

in
tu
it
io
n
be

hi
nd

th
e
pr
oo

f
is

th
e
fo
llo

w
in
g.

Le
t
us

co
ns
id
er

th
e
ca
se

w
he
re
s

=
1

an
d
as
su
m
e
th
at
` t

is
a
un

it
ve
ct
or
e i
t

=
(1
{j

=
i t
})
j
w
he
re

P(
i t

=
i)
'

(1
+
ε)
/
d
fo
r
al
l

i
∈

[d
],
ex
ce
pt

on
e
fix

ed
co
or
di
na

te
i∗

w
he
re

P(
i t

=
i∗

)
'

1/
d
−
ε.

Si
nc
e

1
/d

go
es

to
0
as
d
in
cr
ea
se
s,
th
e
K
ul
lb
ac
k-
Le

ib
le
r
di
ve
rg
en
ce

be
tw

ee
n
tw

o
B
er
no

ul
li

of
pa

ra
m
et
er
s

(1
+
ε)
/
d
an

d
1
/d
−
ε
is

of
or
de
r
d
ε2
.
A
s
a
co
ns
eq
ue
nc
e,

it
w
ou

ld
re
qu

ir
e

ap
pr
ox
im

at
el
y

1/
d
ε2

sa
m
pl
es

to
di
st
in
gu

is
h
be

tw
ee
n
th
e
tw

o.
T
he

st
an

da
rd

ar
gu

m
en
t
th
at

on
e
of

th
e
co
or
di
na

te
s
ha

s
no

t
be

en
ch
os
en

m
or
e
th
an

T
/
d
ti
m
es
,
yi
el
ds

th
at

on
e
sh
ou

ld
ta
ke

1
/d
ε2
'
T
/
d
so

th
at

th
e
re
gr
et

is
of

or
de
r
T
ε.

T
hi
s
pr
ov
id
es

a
lo
w
er

bo
un

d
of

or
de
r

√
T
.
Si
m
ila

r
ar
gu

m
en
ts

w
it
h
s
>

1
gi
ve

a
lo
w
er

bo
un

d
of

or
de
r
√
sT

.
W
e
em

ph
as
iz
e
th
at

on
e
ca
nn

ot
si
m
pl
y

as
su
m
e
th
at

th
e
s
co
m
po

ne
nt
s
w
it
h

po
si
ti
ve

lo
ss
es

ar
e
ch
os
en

at
th
e
be

gi
nn

in
g
on

ce
fo
r
al
l,
an

d
ap

pl
y
st
an

da
rd

lo
w
er

bo
un

d
te
ch
ni
qu

es
.

In
de
ed
,
w
it
h

th
is

ad
di
ti
on

al
in
fo
rm

at
io
n,

th
e
de
ci
si
on

m
ak
er

ju
st

ha
s
to

ch
oo

se
,
at

ea
ch

st
ag
e,

a
de
ci
si
on

as
so
ci
at
ed

w
it
h
a
ze
ro

lo
ss
.
H
is

re
gr
et

w
ou

ld
th
en

be
un

ifo
rm

ly
bo

un
de
d

(o
r
ev
en

po
ss
ib
ly

eq
ua

lt
o
ze
ro
).
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G
a
in

s
a
n
d

L
o
sses

a
r
e

F
u
n
d
a
m
en

ta
lly

D
iffer

en
t

in
R

eg
r
et

M
in

im
izatio

n

5.3
P

roof
of

T
h
eorem

13

Let
d
>

1,
1
6
s
6
d,
T

>
1,

and
ε
∈

(0,s/2
d
).

D
enote

P
s ([d

])
the

set
of

subsets
of

[d
]
of

cardinality
s,
δ
ij
the

K
ronecker

sym
bol,and

B
(1,p

)
the

B
ernoullidistribution

ofparam
eter

p
∈

[0,1
].

If
P
,Q

are
tw

o
probability

distributions
on

the
sam

e
set,

D
(P
||Q

)
w
ill

denote
the

relative
entropy

of
P

and
Q
.

5.3.1
R

a
n
d
o
m
s-S

pa
r
se

L
o
ss

V
ec

t
o
r
s
`
t
a
n
d
` ′t

For
t
>

1,
define

the
random

s-sparse
loss

vectors
(`
t )
t>

1
as

follow
s.

D
raw

Z
uniform

ly
from

[d
].
W
e
w
illdenote

P
i [·]

=
P

[·|Z
=
i]and

E
i [·]

=
E

[·|Z
=
i].

K
now

ing
Z

=
i,the

random
vectors

`
t are

i.i.d
and

defined
as

follow
s.

D
raw

I
t uniform

ly
from

P
s ([d

]).
If
j∈

I
t ,

define
`
(j)
t

such
that:

P
i [`

(j)
t

=
1 ]

=
1−

P
i [`

(j)
t

=
0 ]

=
12
−
εds
δ
ij .

If
j
6∈
I
t ,

set
`
(j)
t

=
0.

T
herefore,

one
can

check
that

for
each

com
ponent

j
∈

[d
]
and

all
t>

1,
E
i [`

(j)
t

]
=

s2d
−
εδ
ij .

For
t>

1,define
the

i.i.d.
random

s-sparse
loss

vectors
(` ′t )

t>
1
as

follow
s.

D
raw

I ′t uniform
ly

from
P
s ([d

]).
T
hen

if
j∈

I ′t ,set
(` ′t )

(j)
such

that:

P
[(` ′t )

(j)
=

1 ]
=

P
[(` ′t )

(j)
=

0 ]
=

1/2
.

A
nd

if
j6∈

I ′t ,set
(` ′t )

(j)
=

0.
T
herefore,one

can
check

that
for

each
com

ponent
j∈

[d
]and

all
t>

1,
E
[(` ′t )

(j) ]
=

s2d
.

B
y
construction,

`
t
and

` ′t
are

indeed
random

s-sparse
loss

vectors.

5.3.2
A

D
et

er
m

in
ist

ic
S
t
r
at

eg
y
σ

fo
r

t
h
e

P
lay

er

W
e
assum

e
given

a
determ

inistic
strategy

σ
=

(σ
t )
t>

1
for

the
player:

σ
t

:
([d

]×
[0,1

])
t−

1−→
[d

].

T
herefore,

d
t

=
σ
t (d

1 ,ω
(d

1
)

1
,...,d

t−
1 ,ω

(d
t−

1
)

t−
1

),

w
here

d
t
denotes

the
decision

chosen
by

the
strategy

at
stage

t
and

ω
t
the

outcom
e
vector

of
stage

t.
B
ut

since
d
t
is

determ
ined

by
previous

decisions
and

outcom
es,w

e
can

consider
that

σ
t
only

depends
on

the
received

outcom
es:

σ
t

:
[0,1

] t−
1−→

[d
],

d
t

=
σ
t (ω

(d
1
)

1
,...,ω

(d
t−

1
)

t−
1

).
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K
w

o
n

a
n
d

P
erch

et

W
e
define

d
t
and

d ′t
to

be
the

(random
)
decisions

played
by

determ
inistic

strategy
σ

against
the

random
loss

vectors
(`
t )
t>

1
and

(` ′t )
t>

1
respectively:

d
t

=
σ
t (`

(d
1
)

1
,...,`

(d
t−

1
)

t−
1

),

d ′t
=
σ
t ((` ′1 )

(d ′1
),...,(` ′t−

1 )
(d ′t−

1
)).

For
t>

1
and

i∈
[d

],define
A

(i)
t

to
be

the
set

of
sequences

of
outcom

es
in
{
0,1}

of
the

first
t−

1
stages

for
w
hich

strategy
σ
plays

decision
i
at

stage
t:

A
(i)
t

=
{

(u
1 ,...,u

t−
1 )∈

{0,1}
t−

1 ∣∣∣ σ
t (u

1 ,...,u
t−

1 )
=
i }
,

and
B

(i)
t

the
com

plem
ent:

B
(i)
t

=
{
0
,1}

t−
1\

A
(i)
t
.

N
ote

that
for

a
given

t>
1,

(A
(i)
t

)
i∈

[d
] is

a
partition

of{0
,1}

t−
1
(w

ith
possibly

som
e
em

pty
sets).For

i∈
[d

],define
τ
i (T

)
(resp.

τ ′i (T
))

to
be

the
num

ber
of

tim
es

decision
i
is

played
by

strategy
σ
against

loss
vectors

(`
t )
t>

1
(resp.

against
(` ′t )

t>
1 )

betw
een

stages
1
and

T
:

τ
i (T

)
=

T
∑t=

1

1
{
d
t =
i}

and
τ ′i (T

)
=

T
∑t=

1

1
{
d ′t =

i} .

5.3.3
T

h
e

P
ro

ba
bilit

y
D

ist
r
ibu

t
io

n
s
Q

a
n
d

Q
i
(i∈

[d
])

o
n

B
in

a
ry

S
eq

u
en

c
es

W
e
consider

binary
sequences

~u
=

(u
1 ,...,u

T
)∈
{0
,1}

T.
W
e
define

Q
and

Q
i
(i∈

[d
])

to
be

probability
distributions

on
{
0,1}

T
as

follow
s:

Q
i [~u

]
=

P
i [`

(d
1
)

1
=
u

1 ,...,`
(d
T

)
T

=
u
T ]
,

Q
[~u

]
=

P
[(` ′1 )

(d ′1
)

=
u

1 ,...,(` ′T
)
(d ′T

)
=
u
T ]
.

F
ix

(u
1 ,...,u

t−
1 )∈

{0
,1}

t.
T
he

applications

u
t 7−→

Q
[u
t |u

1 ,...,u
t−

1 ]
and

u
t 7−→

Q
i [u

t |u
1 ,...,u

t−
1 ],

are
probability

distributions
on
{
0,1},

w
hich

w
e
now

aim
at

identifying.
T
he

first
one

is
B
ernoulliof

param
eter

s/2
d.

Indeed,

Q
[1|u

1 ,...,u
t−

1 ]
=

P
[(` ′t )

(d ′t )
=

1 ∣∣∣
(` ′1 )

(d ′1
)

=
u

1 ,...,(` ′t−
1 )

(d ′t−
1
)

=
u
t−

1 ]

=
P
[(` ′t )

(d ′t )
=

1 ]

=
P
[d ′t ∈

I ′t ]P
[(` ′t )

(d
t )

=
1 ∣∣∣
d ′t ∈

I ′t ]

=
sd
×

12

=
s2
d
,
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G
a
in

s
a
n
d

L
o
ss

es
a
r
e

F
u
n
d
a
m
en

ta
ll

y
D

if
fe

r
en

t
in

R
eg

r
et

M
in

im
iz

at
io

n

w
he
re

w
e
us
ed

th
e
in
de
pe

nd
en
ce

of
th
e
ra
nd

om
ve
ct
or
s

(`
′ t)
t>

1
fo
r
th
e
se
co
nd

in
eq
ua

lit
y.

W
e

no
w

tu
rn

to
th
e
se
co
nd

di
st
ri
bu

ti
on

,
w
hi
ch

de
pe

nd
s
on

(u
1
,.
..
,u

t−
1
).

If
(u

1
,.
..
,u

t−
1
)
∈

A
(i

)
t
,i
t
is

a
B
er
no

ul
li
of

pa
ra
m
et
er
s/

2
d
−
ε:

Q
i
[1
|u

1
,.
..
,u

t−
1
]

=
P i
[ `(d

t
)

t
=

1
∣ ∣ ∣`

(d
1
)

1
=
u

1
,.
..
,`

(d
t−

1
)

t−
1

=
u
t−

1

]

=
P i
[ `(i

)
t

=
1
∣ ∣ ∣`

(d
1
)

1
=
u

1
,.
..
,`

(d
t−

1
)

t−
1

=
u
t−

1

]

=
P i
[ `(i

)
t

=
1]

=
P i

[i
∈
I t

]P
i

[ `(i
)

t
=

1
∣ ∣ ∣i
∈
I t

]

=
s d
×
(

1 2
−
εd s

)

=
s 2
d
−
ε.

w
he
re

fo
r
th
e
th
ir
d
in
eq
ua

lit
y,

w
e
us
ed

th
e
as
su
m
pt
io
n
th
at

th
e
ra
nd

om
ve
ct
or
s

(`
t)
t>

1
ar
e

in
de
pe

nd
en
t
un

de
r
P i
,
i.e
.
kn

ow
in
g
Z

=
i.

O
n
th
e
ot
he
r
ha

nd
,
if

(u
1
,.
..
,u

t−
1
)
∈
B

(i
)

t
,
w
e

ca
n
pr
ov
e
si
m
ila

rl
y
th
at

th
e
di
st
ri
bu

ti
on

is
a
B
er
no

ul
li
of

pa
ra
m
et
er
s/

2
d
.

5.
3.

4
C

o
m

pu
ta

t
io

n
t
h
e

R
el

at
iv

e
E
n
t
ro

py
o
f
Q
i
a
n
d

Q

W
e
ap

pl
y
it
er
at
iv
el
y
th
e
ch
ai
n
ru
le

to
th
e
re
la
ti
ve

en
tr
op

y
of

Q
[~u

]
an

d
Q
i[
~u

].
U
si
ng

th
e

sh
or
t-
ha

nd
D
i[
·]

:=
D

(Q
[·

]||
Q
i[
·])

,

D
(Q

[~u
]||
Q
i
[~u

])
=

D
i[
~u

]

=
D
i
[u

1
]+

D
i
[u

2
,.
..
,u

T
|u

1
]

=
D
i
[u

1
]+

D
i
[u

2
|u

1
]+

D
i
[u

3
,.
..
,u

T
|u

1
,u

2
]

=
T ∑ t=

1

D
i
[u
t
|u

1
,.
..
,u

t−
1
].
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K
w

o
n

a
n
d

P
er

ch
et

W
e
no

w
us
e
th
e
de
fin

it
io
n

of
th
e
co
nd

it
io
na

l
re
la
ti
ve

en
tr
op

y,
an

d
m
ak

e
th
e
pr
ev
io
us
ly

di
sc
us
se
d
B
er
no

ul
li
di
st
ri
bu

ti
on

s
ap
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r
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6
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6
T
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D
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t
|u
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,.
..
,u
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1
]

=
∑
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1
,.
..
,u
t−

1

Q
[u

1
,.
..
,u

t−
1
]

×
∑ u
t

Q
[u
t
|u

1
,.
..
,u

t−
1
]l

o
g
Q

[u
t
|u

1
,.
..
,u

t−
1
]

Q
i
[u
t
|u

1
,.
..
,u

t−
1
]

=
1

2
t−

1

∑

u
1
,.
..
,u
t−

1

∑ u
t

Q
[u
t
|u

1
,.
..
,u

t−
1
]l

o
g
Q

[u
t
|u

1
,.
..
,u

t−
1
]

Q
i
[u
t
|u

1
,.
..
,u

t−
1
]

=
1

2
t−

1

∑

(u
1
,.
..
,u
t−

1
)∈
A

(i
)

t

D
( B
( 1
,
s 2d

)∣ ∣ ∣
∣ ∣ ∣B
( 1
,
s 2d
−
ε)
)

+
1

2
t−

1

∑

(u
1
,.
..
,u
t−

1
)∈
B

(i
)

t

D
( B
( 1
,
s 2d

)∣ ∣ ∣
∣ ∣ ∣B
( 1
,
s 2
d

))

=
1

2
t−

1

∑

(u
1
,.
..
,u
t−

1
)∈
A

(i
)

t

B
(
s 2
d
,ε
) ,

w
he
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w
e
us
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e
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or
t-
ha

nd
B
(
s 2
d
,ε
) :=

D
( B
( 1,

s 2
d

)∣ ∣
∣ ∣ B
( 1
,
s 2
d
−
ε)
) .

E
ve
nt
ua

lly
:

D
(Q

[~u
]||
Q
i[
~u

])
=

B
(
s 2
d
,ε
)

T ∑ t=
1

∣ ∣ ∣A
(i

)
t

∣ ∣ ∣
2
t−

1
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5
U

pp
er
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o
u
n
d
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n

1 d

∑
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1
E i
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T
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n
g
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’s
In

eq
u
a
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y
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,w

e
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m
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e
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e
of

P
in
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’s
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eq
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lit
y
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m
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e
th
e
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ti
ve
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y
ap

pe
ar
.

P
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p
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io

n
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(P
in

sk
er

’s
in

eq
u
al

it
y)

Le
t
X

be
a
fin

it
e
se
t,
an

d
P
,Q

pr
ob
ab
ili
ty

di
st
ri
-

bu
ti
on

s
on

X
.
T
he
n,

1 2

∑ x
∈X
|P

(x
)
−
Q

(x
)|
6
√

1 2
D

(P
||Q

).

Im
m
ed
ia
te

co
ns
eq
ue
nc
e:

∑ x
∈X

P
(x

)>
Q

(x
)

(P
(x

)
−
Q

(x
))

6
√

1 2
D

(P
||Q

).

Le
t
i
∈

[d
].
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(u
1
,.
..
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T
)
∈
{0
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}T
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e
th
e
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ci
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s
d
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d
d
′ t
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e
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e
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ev
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lo
ss
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`(d

t
)
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d
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′ t)
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re
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e
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pa
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:

E i
[ τ i

(T
)
∣ ∣ ∣`

(d
1
)

1
=
u

1
,.
..
,`

(d
T

)
T

=
u
T

] =
E
[ τ
′ i(
T

)
∣ ∣ ∣(
`′ 1

)(d
′ 1)

=
u

1
,.
..
,(
`′ T
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′ T

)
=
u
T
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T
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i (T

)]−
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[τ ′i (T

) ]
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Q
i [~u

]·E
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i (T
) ∣∣∣ ∀

t,
`
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t )

t
=
u
t ]

−
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Q
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]·E
[τ ′i (T

) ∣∣∣ ∀
t,

(` ′t )
d ′t
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t ]
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~u

(Q
i [~u

]−
Q

[~u
])E

i [τ
i (T
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`
(d
t )
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t ]

6
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~u
Q
i [~u
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i (T
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t ]

6
T
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~u
Q
i [~u

]>
Q

[~u
] (Q

i [~u
]−

Q
[~u

])

6
T √

12
D

(Q
[~u

]||Q
i [~u

])

=
T √

B
(s/2d

,ε)

2

√√√√√
T
∑t=

1 ∣∣∣ A
(i)
t

∣∣∣
2
t−

1
,

w
here

w
e
used

P
insker’s

inequality
in

the
fifth

line.
M
oreover,w

e
have:

1d

d
∑i=

1 E
[τ ′i (T

) ]
=

1d E

[
T
∑t=

1

d
∑i=

1

1
{
d ′t =

i} ]
=

1d E

[
T
∑t=

1

1 ]
=
Td
.

C
om

bining
this

w
ith

the
previous

inequality
gives:

1d

d
∑i=

1 E
i [τ

i (T
)]6

1d

d
∑i=

1 E
[τ ′i (T

) ]
+
T √

B
(s/

2d
,ε)

2

1d

d
∑i=

1 √√√√√
T
∑t=

1 ∣∣∣ A
(i)
t

∣∣∣
2
t−

1

6
Td

+
T √

B
(s/2

d
,ε)

2

√√√√√
1d

T
∑t=

1

d
∑i=

1 ∣∣∣ A
(i)
t

∣∣∣
2
t−

1

=
Td

+
T √

B
(s/2

d
,ε)

2

√√√√√
1d

T
∑t=

1 ∣∣∣ {
0,1}

t−
1 ∣∣∣

2
t−

1

=
Td

+
T √

B
(s/2

d
,ε)

2

√
Td

=
Td

+
T

3
/
2 √

B
(s/2d

,ε)

2
d

.
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the
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line,w
e
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that
(A

(i)
t

)
i∈

[d
] is

a
partition

of{
0,1}

t−
1.

5.3.6
A

n
U

pper
B

o
u
n
d

o
n
B

(s/2d
,ε)

fo
r

S
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a
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E
n
o
u
g
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ε

W
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B
(s/2

d
,ε)

explicitely.

B
(
s2
d
,ε )

=
D

(B
(1,s/2d

)||B
(1,s/2

d−
ε))

=
s2
d

log
s/2

d

s/2
d−

ε
+
(

1−
s2
d )

log
1−

s/
2d

1−
s/2

d
+
ε

=
−
s2
d

log (
1−

2
d
ε

s

)
+
(
s2
d
−

1 )
log (

1
+

ε

1−
m
/
2
d )

.

W
e
now

bound
the

tw
o
logarithm

s
from

above
using

respectively
the

tw
o
follow

ing
easy

inequalities:

−
log

(1−
x

)6
x

+
x

2,
for

x
∈

[0,1
/2]

−
log

(1
+
x

)6
−
x

+
x

2,
for

x
>

0
.

T
his

gives:B
(
s2d
,ε )

6
s2
d

(
2
d
ε

s
+

4
d

2ε
2

s
2

)
+
(

1−
s2
d ) (−

ε

1−
s/2

d
+

ε
2

(1−
s/2d

)
2 )

=
4
d

2ε
2

s(2d−
s) ,

w
hich

holds
for

2
d
ε/s

6
1
/2,in

other
w
ords,for

ε
6
s/4d.
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1
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)

t

]

=
1 d
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1
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[
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1

`(d
t
)

t
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1
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]
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m
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T ∑ t=
1

E i
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∣ ∣ ∣d
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−
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(
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1

(
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−
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T
(
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−
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ε
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−
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√
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)
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>
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T d
−
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1 √
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at
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√
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√
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√
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d

le
t
c
∈
R

.
W

e
h

av
e

sh
ri

n
k
c
(x

)
=

si
g
n

(x
)

m
a
x
{|
x
|−

c,
0
},

a
n

d
f

(x
)

=
1 2
‖s

h
ri

n
k
c
(x

)‖
2 2
,

w
h

er
e

th
e

sh
ri

n
ka

ge
fu

n
ct

io
n

is
a
p

p
li

ed
co

m
p

o
n

en
t-

w
is

e
to

ve
ct

or
x

.
N

ot
e

th
a
t
f

is
n

ot
st

ro
n

g
ly

co
n
ve

x
b

ec
au

se
f

(x
)

=
0

fo
r
x
∈

[−
c,
c]

(w
h

ic
h

is
th

e
m

in
im

iz
er

se
t)

.
O

n
th

e
ot

h
er

h
an

d
,
f

(x
)

=
1 2
‖x

+
c‖

2 2
fo

r
x
≤
−
c

a
n

d
f

(x
)

=
1 2
‖x
−
c‖

2 2
fo

r
x
≥
c.

T
h
u

s,
f

(x
)

is
w

ea
k
ly

st
ro

n
g
ly

co
n
ve

x
.

S
ee

a
ls

o
Z

h
a
n

g
a
n

d
Y

in
(2

01
3
).

2.
A

n
ot

h
er

il
u

st
ra

ti
ve

ex
a
m

p
le

o
f
fu

n
ct

io
n

w
h

ic
h

is
w

ea
k
ly

st
ro

n
ly

co
n
v
ex

b
u

t
n

o
t

st
ro

n
g
ly

co
n
ve

x
is
f

(x
)

=
1 2
‖A
x
−
b‖

2
w

it
h
A
∈
R
m
×
n

su
ch

th
a
t
m
<
n

.
If
x
∗

is
so

m
e

o
p

ti
m

a
l

so
lu

ti
o
n

th
en

x
∗

+
t

is
al

so
o
p

ti
m

a
l

iff
t
∈

n
u

ll
(A

).
O

n
e

ca
n

ea
si

ly
sh

ow
th

a
t
κ
f

is
re

la
te

d
to

th
e

sm
a
ll

es
t

n
o
n

-n
eg

a
ti

v
e

si
n

g
u

la
r

va
lu

e
o
f

m
at

ri
x
A
T
A

.

2
JM

L
R

 1
7(

23
0)

:1
-2

4



R
a
n
d
o
m

iz
e
d

F
e
a
sib

l
e

D
e
sc

e
n
t

M
e
t
h
o
d
s

T
h

e
secon

d
assu

m
p

tio
n

w
e

m
a
ke

rega
rd

s
th

e
sm

o
oth

n
ess

o
f
f

,
an

d
is

d
efi

n
ed

p
recisely

as
fo

llow
s.

A
ssu

m
p

tio
n

2
.

W
e

a
ssu

m
e

th
a
t
f

(x
)

h
a
s

a
coo

rd
in

a
te-w

ise
L

ip
sch

itz
co

n
tin

u
o
u

s
gra

d
ien

t
w

ith
co

n
sta

n
ts
L
i ,

i.e.∀
x
∈
X

a
n

d
∀
δ∈

R
:
x

+
δe
i ∈

X
th

e
fo

llo
w

in
g

in
equ

a
lity

h
o
ld

s

|∇
i f

(x
)−
∇
i f

(x
+
δe
i )|≤

L
i |δ|,

(7)

w
h
ere

e
i

d
en

o
tes

th
e
i-th

co
lu

m
n

o
f

th
e

id
en

tity
m

a
trix

I
∈
R
n×

n
.

A
s

w
a
s

sh
ow

n
in

R
ich

tá
rik

a
n

d
T

a
k
á
č

(2
0
14

),
A

ssu
m

p
tio

n
2

im
p
lies

th
a
t

th
e

fu
n

ctio
n

f
(x

)
h

as
a

L
ip

sch
itz

co
n
tin

u
o
u

s
grad

ien
t

w
ith

L
ip

sch
itz

co
n
sta

n
t
L
Wf
>

0
w

ith
resp

ect
to

th
e

n
orm

‖·‖
W

,
i.e.∀

x
,y
∈
X

w
e

h
ave

‖∇
f

(x
)−
∇
f

(y
)‖ ∗W

≤
L
Wf
‖
x
−
y‖

W
,

(8)

w
h

ere‖
x‖ ∗W

=
√
∑

ni=
1

1w
i (x

(i))
2

is
th

e
d

u
a
l

n
orm

to
‖·‖

W
.

M
o
reover,

R
ich

tá
rik

a
n

d
T

a
k
á
č

(2
0
1
4)

a
lso

sh
ow

ed
th

a
t
L
Wf
≤
∑

ni=
1
L
i

w
i .

W
e

d
efi

n
e

th
e

p
ro

jectio
n

op
era

tor
o
n
to

th
e

set
X

,
w

ith
resp

ect
to

th
e

n
o
rm
‖·‖

W
,

a
s

follow
s

P
ro

j WX
(x

)
=

arg
m

in
y∈
X
‖x
−
y‖

2W
=

arg
m

in
y∈
X

n
∑i=

1

w
i (x

(i)−
y

(i))
2.

(9)

1
.2

A
p

p
lic

a
tio

n
s

In
th

is
section

w
e

d
iscu

ss
severa

l
p

ro
b

lem
s

th
a
t

a
rise

in
th

e
o
p

tim
iza

tion
a
n

d
m

a
ch

in
e

lea
rn

in
g

litera
tu

re,
w

h
ich

fi
t

in
to

th
e

F
D

M
fra

m
ew

ork
th

a
t

w
e

a
n

aly
ze

in
th

is
p

a
p

er.
W

e
a
lso

p
rov

id
e

d
eta

ils
sh

ow
in

g
th

a
t,

fo
r

ea
ch

p
ro

b
lem

,
th

e
o
b

jective
fu

n
ctio

n
sa

tisfi
es

th
e

a
ssu

m
p

tion
s

in
S

ectio
n

1.1.
(A

d
iscu

ssio
n

reg
ard

in
g

th
e

va
lu

e
o
f

th
e

w
ea

k
stro

n
g

co
n
vex

ity
p

ara
m

eter
κ
f

w
ill

b
e

g
iv

en
in

S
ectio

n
4
.)

T
h

e
d

u
a
l

o
f

S
V

M
.

C
on

sid
er

th
e

classica
l

lin
ear

S
V

M
p

ro
b

lem
.

T
h

e
g
o
al

is,
g
iven

n
tra

in
in

g
p

o
in

ts
(a
i ,y

i ),
w

h
ere

a
i ∈

R
d

a
re

th
e

fea
tu

res
fo

r
p

o
in

t
i

a
n

d
y
i ∈
{−

1
,+

1}
is

its
la

b
el,

fi
n

d
w
∈
R
d

su
ch

th
a
t

th
e

regu
la

rized
em

p
irica

l
lo

ss
fu

n
ctio

n
is

m
in

im
ized

,
i.e.,

so
lve

th
e

follow
in

g
o
p

tim
iza

tion
p

ro
b

lem

m
in

w
∈
R
d {

P
(w

)
:=

1n ∑
ni=

1 `
i (w

T
a
i )

+
λ2 ‖
w‖

2 }
,

(1
0)

w
h

ere
λ
>

0
is

a
reg

u
la

riza
tion

p
a
ra

m
eter,

an
d

,
in

th
e

case
of

S
V

M
,
th

e
fu

n
ctio

n
`
i (w

T
a
i )

=
m

a
x{

0,1−
y
i w

T
a
i }

is
th

e
h

in
ge

lo
ss.

C
lea

rly,
th

e
o
b

jective
fu

n
ctio

n
(1

0
)

is
n

o
t

sm
o
o
th

.
H

ow
ever,

o
n

e
can

fo
rm

u
la

te
th

e
d

u
a
l
p

ro
b

lem
(H

sieh
et

a
l.

2
0
08

;
S

h
alev

-S
h
w

a
rtz

a
n

d
Z

h
a
n

g
2
0
13

;
T

a
k
áč

et
al.

2
0
13

)

m
in

x∈
R
n
,0≤

x
(i)≤

1 {
f

(x
)

:=
1

2
λ
n
2 x

T
Q
x
−

1n
1
T
x }

,
(1

1)

w
h

ere
Q
i,j

=
y
i y
j 〈a

i ,a
j 〉,

a
n

d
1

d
en

otes
th

e
vecto

r
o
f

a
ll

on
es,

w
h

ich
is

sm
o
o
th

.
T

h
e

lin
ear

S
V

M
p

rob
lem

(10
)

ca
n

n
ow

b
e

so
lv

ed
v
ia

th
e

d
u

a
l

p
ro

b
lem

(1
1
).

N
ote

th
a
t

(1
1
)

is

3
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M
a
,

T
a
p
p
e
n
d
e
n

a
n
d

T
a
k
á
č

o
f

th
e

fo
rm

(1),
so

ou
r

n
ew

F
D

M
fra

m
ew

ork
can

b
e

u
sed

to
solve

th
is

im
p

ortan
t

m
ach

in
e

learn
in

g
p

rob
lem

.

L
a
sso

p
ro

b
le

m
a
n

d
le

a
st

sq
u

a
re

s
p

ro
b

le
m

.
C

o
n

sid
er

th
e

follow
in

g
op

tim
ization

p
rob

lem

m
in

x∈
R
n
g
(x

)
+
λ‖
x‖

1 ,
(12)

w
h

ere
λ
≥

0
an

d
g
(x

)
is

a
sm

o
oth

fu
n

ction
w

ith
th

e
sp

ecia
l

stru
ctu

re:
g
(x

)
=
h

(A
x

)
+
q
T
x

,
w

h
ere

A
∈

R
m
×
n

is
som

e
d
ata

m
atrix

,
q
∈

R
n

is
som

e
vector

an
d
h

is
a

stron
gly

co
n
vex

fu
n

ctio
n

.
It

is
a

sim
p

le
ex

ercise
to

sh
ow

th
at,

if
w

e
d

ou
b

le
th

e
d

im
en

sion
of
x

to
[x

+
;x
−

],
w

e
can

rep
lace

th
e

term
λ‖
x‖

1
in

(12)
w

ith
λ
1
T
x

+
+
λ
1
T
x
−

an
d

im
p

ose
th

e
con

strain
ts

x
+
,x
−
≥

0
.

T
h

en
th

e
L

asso
p

rob
lem

(12
)

ca
n

b
e

reform
u

la
ted

as
a

sm
o
oth

op
tim

ization
p

rob
lem

w
ith

sim
p

le
b

ox
con

strain
ts.

`
2

re
g
u

la
riz

e
d

e
m

p
iric

a
l

lo
ss

m
in

im
iz

a
tio

n
.

M
an

y
m

ach
in

e
learn

in
g

p
rob

lem
s

h
ave

th
e

follow
in

g
stru

ctu
re

(C
h

an
g

et
al.

(2008))

m
in

x∈
R
n
f

(x
)

=
1n

n
∑i=

1

`
i (a

Ti
x

)
+
λ2
x
T
x
,

(13)

w
h

ere
λ
>

0
is

a
regu

larization
p

aram
eter

an
d
`
i
is

a
loss

fu
n

ctio
n

.
B

ecau
se

w
e

assu
m

e
th

at
f

m
u

st
b

e
sm

o
oth

,
th

e
follow

in
g

com
m

on
ly

u
sed

loss
fu

n
ction

s
fi

t
ou

r
assu

m
p

tion
s:

th
e

logistic
lo

ss
fu

n
ctio

n
`
i (a

Ti
x

)
=

log
(1

+
ex

p
(−
y
i a
Ti
x

));
th

e
sq

u
ared

lo
ss

fu
n

ction
`
i (a

Ti
x

)
=

(y
i −
a
Ti
x

)
2

an
d

th
e

sq
u

ared
h

in
ge

loss
fu

n
ction

`
i (a

Ti
x

)
=

(m
ax{

0,1−
y
i a
Ti
x}

)
2.

H
en

ce,
an

y
m

ach
in

e
learn

in
g

p
rob

lem
of

th
e

form
(13)

(u
sed

w
ith

an
y

of
th

e
m

en
tion

ed
loss

fu
n

ction
s)

fi
ts

ou
r

ran
d

om
ized

F
D

M
fram

ew
ork

.

1
.3

R
e
la

te
d

w
o
rk

L
u

o
an

d
T

sen
g

(1993)
are

am
on

g
th

e
fi

rst
to

estab
lish

asy
m

p
totic

lin
ear

con
verg

en
ce

fo
r

a
n

o
n

-stron
gly

con
vex

p
rob

lem
u

n
d

er
th

e
lo

cal
error

b
ou

n
d

p
rop

erty.
T

h
ey

con
sid

er
a

cla
ss

of
feasib

le
d

escen
t

m
eth

o
d

s,
w

h
ich

in
clu

d
es,

for
ex

am
p

le,
th

e
cy

clic
co

o
rd

in
ate

d
escen

t
m

eth
o
d

.
T

h
e

error
b

o
u

n
d

m
easu

res
h

ow
close

th
e

cu
rren

t
solu

tion
is

to
th

e
o
p

tim
al

solu
tion

set,
w

ith
resp

ect
to

th
e

p
ro

jected
grad

ien
t.

R
ecen

tly,
W

an
g

an
d

L
in

(2
014)

p
roved

th
at

th
e

feasib
le

d
escen

t
m

eth
o
d

en
joy

s
a

lin
ear

con
vergen

ce
rate

(from
th

e
b

egin
n

in
g
,

rath
er

th
an

on
ly

lo
ca

lly
)

u
n

d
er

th
e

glob
al

error
b

ou
n

d
p

rop
erty.

C
on

sid
erin

g
th

e
class

of
sm

o
oth

con
strain

ed
o
p

tim
iza

tion
p

rob
lem

s
w

ith
th

e
glob

al
error

b
ou

n
d

p
ro

p
erty,

N
eco

ara
a
n

d
C

lip
ici

(2016
);

N
eco

ara
an

d
N

ed
elcu

(2014a)
sh

ow
ed

a
lin

ear
con

vergen
ce

rate
for

th
e

p
arallel

version
of

th
e

sto
ch

astic
co

ord
in

ate
d

escen
t

m
eth

o
d

.
L

iu
an

d
W

righ
t

(2015)
an

aly
zed

th
e

asy
n

ch
ron

ou
s

sto
ch

astic
co

ord
in

ate
d

escen
t

m
eth

o
d

(S
C

D
M

)
u

n
d

er
th

e
w

eak
stron

g
co

n
vex

ity
a
ssu

m
p

tion
.

V
ery

recen
tly,

N
ecoara

(2015)
sh

ow
ed

th
at,

if
th

e
ob

jective
fu

n
ction

is
sm

o
oth

,
th

en
th

e
class

o
f

p
rob

lem
s

w
ith

th
e

glob
al

error
b

ou
n

d
p

rop
erty

is
a

su
b

set
of

th
e

class
of

p
rob

lem
s

w
ith

th
e

w
ea

k
stron

g
con

vex
ity

p
rop

erty.

1
.4

C
o
n
trib

u
tio

n
s

In
th

is
section

w
e

list
th

e
m

ost
im

p
ortan

t
con

trib
u

tion
s

o
f

th
is

p
ap

er
(n

ot
in

ord
er

of
th

eir
sign

ifi
ca

n
ce):
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R
a
n
d
o
m

iz
e
d

F
e
a
si

b
l
e

D
e
sc

e
n
t

M
e
t
h
o
d
s

•
R

a
n

d
o
m

iz
e
d

a
n

d
R

a
n

d
o
m

iz
e
d

C
o
o
rd

in
a
te

F
e
a
si

b
le

D
e
sc

e
n
t

M
e
th

o
d

s.
W

e
ex

te
n

d
th

e
w

el
l
k
n

ow
n

fr
am

ew
or

k
of

F
ea

si
b

le
D

es
ce

n
t

M
et

h
o
d
s

(F
D

M
)

(L
u

o
a
n

d
T

se
n

g
19

93
)

to
ra

n
d

om
iz

ed
an

d
ra

n
d

om
iz

ed
co

or
d

in
at

e
F

D
M

an
d

sh
ow

th
a
t

th
e

S
C

D
M

al
go

ri
th

m
fi

ts
in

to
ou

r
n

ew
p

ro
p

os
ed

fr
am

ew
or

k
.

•
L

in
e
a
r

C
o
n
v
e
rg

e
n

c
e

R
a
te

.
W

e
sh

ow
th

at
an

y
st

o
ch

as
ti

c
or

d
et

er
m

in
is

ti
c

a
lg

o
ri

th
m

,
w

h
ic

h
fi

ts
ou

r
R

an
d

om
iz

ed
F

D
M

(R
-F

D
M

)
or

R
an

d
om

iz
ed

C
o
or

d
in

a
te

-F
D

M
(R

C
-

F
D

M
)

fr
am

ew
or

k
an

d
sa

ti
sfi

es
ou

r
p

re
v
io

u
sl

y
st

at
ed

as
su

m
p

ti
on

s,
co

n
ve

rg
es

li
n

ea
rl

y
in

ex
p

ec
ta

ti
on

.

•
L

in
e
a
r

C
o
n
v
e
rg

e
n

c
e

o
f
th

e
D

u
a
li

ty
G

a
p

fo
r

S
D

C
A

fo
r

S
V

M
.
A

s
a

co
n

se
q
u

en
ce

of
ou

r
an

al
y
si

s,
w

e
sh

ow
th

at
w

h
en

S
D

C
A

is
ap

p
li

ed
to

th
e

d
u

al
of

th
e

S
V

M
p

ro
b

le
m

,
th

e
d

u
al

it
y

ga
p

co
n
ve

rg
es
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l
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M
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s

R
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m
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4
.

W
e

w
ill
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ter
(in

th
e

p
roo
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o
f
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n
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ce

o
f

R
-F

D
M

)
th

a
t

(1
5
)
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n
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re-
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xed
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th

e
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o
f
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n
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0
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k ‖ ∗W
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+
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)
.
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e
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d
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T
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rem
7
),
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n
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er

a
n
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d

d
itio

n
a
l
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a
ssu
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p
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n
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e

set
X
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R
n
,
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en

S
C

D
M

(ca
p
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red

in
A
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o
rith

m
1
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p

tion
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eq

u
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t
to

R
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D
M

.
W

e
a
lso
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a
t
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ere

is
a

n
eed
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m

o
d
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R

-F
D

M
so

th
a
t
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e
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ch
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o
rd

in
ate

d
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t
m

eth
o
d
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b

e
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n
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ly
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w
h

en
X
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R
n
.

H
ow

ever,
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rst
w

e
d
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e

S
C

D
M
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n

d
m
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ke
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e
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llow
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g

a
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m
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b
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e
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u
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S
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D
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X
=

R
n
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R
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D
M
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A
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o
rith

m
1

S
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ch
a
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C
o
o
rd

in
ate

D
escen

t
M

eth
o
d

(S
C

D
M

)

1
:

In
p

u
t:
f

(x
),{ω

k } ∞k
=

0 ,
d

iag
o
n

a
l

m
a
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W
�

0
,
x

0 .
2
:
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p

u
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X
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X

1 ×
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X
n
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w
h
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X
i
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,b]

w
ith
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∞
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a
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+
∞

3
:

w
h
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k
≥

0
:
d

o
4
:
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o
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u
n
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m

5
:
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x
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+
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x
k

6
:

O
p

tio
n
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x
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k
+

1
=
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m
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X
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)
k
,x
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)

k
,...,x
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1
)

k
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1
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k
,...,x
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)

k
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T

)
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:
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x
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1
=

P
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j WX
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k −
ω
k W

−
1∇

i f
(x
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8
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h
ile

R
e
m
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rk

5
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expo
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A
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m

1
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e
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S
C

D
M
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a
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u

gh
a

m
in
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S
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D
M
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W

e
w
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D
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n
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u
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R

C
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D
M
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m
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rk
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exible
a
n

d
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l,
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u

se
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p
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6
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h
e

fu
n
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∈
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∇
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t
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p
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n

6
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p
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n
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e
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F

o
r
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p
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e
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b
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.
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et
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p
tio
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s

1
,

2
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d
6

h
o
ld
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X
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n
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M
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M
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p
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+
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−
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=
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p
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=
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ra
n

d
o
m

ized
a
n

d
h
en

ce
E

qu
a
tio

n
1
4
-1

6
h
o
ld

d
eterm

in
istica

lly)
w

e
h
a
ve

7
JM

L
R

 17(230):1-24

M
a
,

T
a
p
p
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0
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0
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, c
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 c
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√
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p
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=
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∈
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=
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O
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e
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er
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en
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w
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∼
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e
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t
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n
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f

S
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M

is
n

tim
es

ch
ea

per.

W
e

p
resen

t
tw

o
ex

p
erim

en
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to
su

p
p

ort
th

e
d

iscu
ssio

n
ab

ov
e.

W
e

a
p

p
ly

b
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th
e

cy
clic

co
ord

in
ate

d
escen

t
m

eth
o
d

an
d

S
C

D
M

to
th

e
p

rob
lem

m
in

x∈
R
n
f
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=
x
T
A
x
,

w
h

ere
th

e
m
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A
∈

R
n×

n
h
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on
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th
e

d
iagon

al
an

d
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t
c

elsew
h

ere,
S

u
n
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d

Y
e
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6).

T
h

e
op
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al

solu
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to
th
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p

rob
lem

is
x

=
0
.

F
or

th
e

fi
rst

ex
p

erim
en

t
w

e
set

n
=

10
0
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d
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=
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=
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≈
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d
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th

e
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d
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p
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t

w
e
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u
n
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d
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0.99
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=
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≈
n
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F
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each

m
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o
d

w
e
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o
m
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F
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m

F
igu
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to
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en
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n

)
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D

M
p
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s

m
u
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b

etter
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a
n
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n
th
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d
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s
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c
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h
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e
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p
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b
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e
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o
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o
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u
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b
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p
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e
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T
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lts
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t
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p
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R
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8,
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e
th
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b
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R
n

th
en
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D
M
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n
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R
-F
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M
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o
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∇
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b
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+
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h
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M
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b
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p
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b
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M
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n
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.
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o
m
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C
oo

rd
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F
ea

si
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e
D
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n
t

M
et
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D
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=
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1
×
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·×
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h
er

e
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i

a
re
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te

rv
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.
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se
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en
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er
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er

e
ex

is
ts
β
≥

0,
ζ
>

0
a
n

d
{ω

k
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(∇
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+
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ra
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p
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p
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.
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p
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p
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3
)

d
efi

n
ed

as
follow

s

θ
:=

su
p

u
,v



∥∥∥∥ (
uv ) ∥∥∥∥ ∣∣∣∣∣∣∣∣∣

∥∥∥∥∥
B
T
u

+

(
Aq
T )

T

v ∥∥∥∥∥
=

1,u
≥

0

a
n

d
th

e
co

rresp
o
n

d
in

g
row

s
o
f
B
,A

to
u
,v

’s
n

o
n

-zero
elem

en
ts

a
re

lin
ea

rly
in

d
ep

en
d

en
t.


.

(31)

N
o
te

th
a
t

th
e

con
stan

t
θ

can
b

e
v
ery

la
rg

e;
w

e
w

ill
d

iscu
ss

th
is

in
S

ectio
n

5
.

N
eco

ara
(20

1
5)

d
erived

th
a
t,

for
p

rob
lem

(2
8
),

th
e

w
ea

k
stro

n
g

co
n
vex

ity
p

ro
p

erty
(5

)
h

old
s

w
ith

κ
f

=
σ
h

2
θ

2
.

(3
2)

N
o
te

th
a
t
κ
f

g
iven

in
(3

2
)

is
O

(θ −
2)

w
h

erea
s
κ
f

o
b

ta
in

ed
fro

m
(2

9
)

is
o
f

th
e

o
rd

er
θ −

4.
T

h
erefore

w
e

w
ill

co
m

p
a
re

ou
r

resu
lts

u
sin

g
th

e
la

tter
estim

ates
o
f
κ
f .
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M
a
,

T
a
p
p
e
n
d
e
n

a
n
d

T
a
k
á
č

4
.1

C
o
m

p
a
riso

n
w

ith
th

e
R

e
su

lts
in

R
e
la

te
d

L
ite

ra
tu

re

In
T

h
eorem

8
in

W
an

g
an

d
L

in
(2014),

u
n

d
er

th
e

glob
al

error
b

ou
n

d
p

rop
erty,

it
is

p
roven

th
at

F
D

M
con

verges
at

a
lin

ear
rate:

f
(x
k
+

1 )−
f
∗≤

(1−
1
c̄+

1 )(f
(x
k )−

f
∗),

w
ith

1

c̄
=

1ζ
(L

Wf
+

1ω̄
+
β

)(1
+
η
f (

1ω̄
+
β

))
=

1ζ
(L

Wf
+

1ω̄
+
β

)(1
+
θ

2
1

+
L
Wf

σ
h

(
1ω̄

+
β

))

∼
O
(
θ

2

ζ
σ
h

(1
+
L
Wf

)(
1ω̄

+
β

)(L
Wf

+
1ω̄

+
β

) )
.

F
rom

T
h

eorem
12

in
th

is
w

ork
,

w
e

h
ave

lin
ear

con
vergen

ce
of

R
C

-F
D

M
w

ith
th

e
co

effi
cien

t

c
=

2

κ
f ζ

((L
Wf

+
1ω̄

)
2

+
β

2 )
(3

2
)

=
4θ

2

σ
h ζ

((L
Wf

+
1ω̄

)
2

+
β

2 )
.

T
h

ese
co

effi
cien

ts
are

very
sim

ilar,
b

u
t

F
D

M
W

an
g

an
d

L
in

(2014)
cov

ers
on

ly
cy

clic
co-

ord
in

ate
d

escen
t

an
d

n
ot

a
ran

d
om

ized
co

o
rd

in
ate

d
escen

t
m

eth
o
d

(w
h

ich
is

covered
b
y

T
h

eo
rem

12).

5
.
L
in
e
a
r
C
o
n
v
e
rg

e
n
ce

R
a
te

o
f
S
D
C
A

fo
r
D
u
a
l
o
f
S
V
M

In
th

is
section

w
e

sh
ow

th
at

th
e

S
D

C
A

algorith
m

(w
h

ich
is

S
C

D
M

ap
p

lied
to

E
q
u

ation
11

)
a
ch

iev
es

a
lin

ear
con

vergen
ce

rate
for

th
e

d
u

ality
gap

.
T

h
is

im
p

roves
u

p
on

th
e

resu
lt

ob
ta

in
ed

in
S

h
alev

-S
h
w

artz
an

d
Z

h
an

g
(20

13);
T

ak
áč

et
al.

(2015);
T

ak
áč

et
al.

(2013),
w

h
ere

o
n

ly
a

su
b

lin
ear

rate
w

as
d

erived
.

A
ssu

m
e,

for
sim

p
licity,

th
at

in
p

rob
lem

(1
0)

for
all
i∈
{1,2,...,n}

it
h

old
s

th
at‖

a
i ‖
≤

1.
T

h
en

,
from

T
ak

áč
et

al.
(2015);

T
ak

áč
et

al.
(2013),

w
e

h
ave

th
at

fo
r

an
y
x
∈
R
n
,s∈

[0,1]
an

d
th

e
fu

n
ction

f
d

efi
n

ed
in

(11),

f
(x

)−
f
∗≥

sG
(x

)−
s

2
σ

2

2
λ
,

(33)

w
h

ere
f
∗

d
en

otes
th

e
op

tim
al

valu
e

of
(11),

A
=

[a
1 ,a

2 ,...,a
n
],σ

2
=

1n ‖X
‖
∈

[
1n
,1]

an
d

G
(x

)
is

th
e

d
u

ality
gap

at
th

e
p

oin
t
x

,
w

h
ich

is
d

efi
n

ed
as
G

(x
)

:=
P

(
1λ
n
A
x

)
+
f

(x
).

W
e

rem
ark

th
at

S
D

C
A

for
p
rob

lem
(11)

is
eq

u
ivalen

t
to

R
C

-F
D

M
,

w
h

ere
th

e
con

stan
ts

in
(1

8)-(2
0)

are:
z
k

=
0,
β

2
=

0,
w
i

=
L
i

=
1
λ
n
2 ‖a

i ‖
2,

an
d
ω
k

=
1
.

H
en

ce,
if

w
e

ch
o
ose

x
0

=
0

th
en

from
T

h
eorem

13
w

e
h

ave
th

at
E

[f
(x
k )−

f
∗]≤

(1−
c)
k (f

(0
)−

f
∗

+
‖x
∗‖

2L )

w
ith

c
=

2
κ
f

n
(2
κ
f

+
1
) .

N
ow

,
w

e
see

th
at

rearran
gin

g
(33)

giv
es

G
(x

)
(3

3
)

≤
s
σ

2

2
λ

+
1s

(f
(x

)−
f
∗).

(34)

If
w

e
w

an
t

to
a
ch

ieve
G

(x
)≤

ε
it

is
su

ffi
cien

t
to

ch
o
ose

b
o
th

term
s

on
righ

t
h

an
d

sid
e

of
(3

4)
to

b
e
≤

ε2 .
H

en
ce,

w
e

can
set

s
=

m
in{

1,
ελσ
2 }.

A
ll

w
e

h
ave

to
d

o
n

ow
is

to
ch

o
ose

k
su

ch
th

at
f

(x
k )−

f
∗≤

s
ε2 .

In
th

e
follow

in
g

th
eorem

w
e

estab
lish

lin
ear

con
vergen

ce
of

th
e

d
u

ality
gap

G
(x

)
for

th
e

S
D

C
A

algorith
m

.

1
.
In

W
a
n
g
a
n
d
L
in

(2
0
1
4
)
it

is
sh
ow

n
th
a
t,

in
sp

ecia
l
ca
ses

(e.g
.
X

=
R
n
),

(3
0
)
is
η
f
=
θ
2
1
+
L

Wf

σ
h

.
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R
a
n
d
o
m

iz
e
d

F
e
a
si

b
l
e

D
e
sc

e
n
t

M
e
t
h
o
d
s

T
h

e
o
re

m
1
6
.

L
et
s

=
m

in
{1
,

1 ελ
σ

2
}

a
n

d
le

t
K

be
su

ch
th

a
t

K
≥
n

( 1
+

1

2
κ
f

)
lo

g
2
( f

(0
)
−
f
∗

+
‖x
∗ ‖

2 L

)

sε
.

T
h
en

if
th

e
S

D
C

A
a
lg

o
ri

th
m

is
a
p
p
li

ed
to

p
ro

bl
em

(1
1)

to
p
ro

d
u

ce
{x

k
}∞ k

=
0
,

th
en
∀k
≥
K

w
e

h
a
ve

th
a
t

E
[G

(x
k
)]
≤
ε.

L
et

u
s

n
ow

co
m

m
en

t
on

th
e

si
ze

of
th

e
p

ar
am

et
er
κ
f

(3
2
)

=
σ
h

2
θ
2
.

In
ou

r
ca

se
,
X

is
th

e

p
ol

y
h

ed
ra

l
se

t
(2

7)
d

efi
n

ed
b
y
B

=
( −
I n
,
I n
) T
,

an
d
c

=
(0
T
,1

T
)T

,
w

h
er

e
I n
∈

R
n
×
n

is
th

e
id

en
ti

ty
m

at
ri

x
.

B
ec

au
se

of
th

is
st

ru
ct

u
re

(3
1)

si
m

p
li

fi
es

to

θ
:=

su
p

u
,n

        

∥ ∥ ∥ ∥( u v

)∥ ∥ ∥ ∥

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣

∥ ∥ ∥ ∥ ∥I
n
u

+

(
A qT

) T
v

∥ ∥ ∥ ∥ ∥
=

1

an
d

th
e

co
rr

es
p

on
d

in
g

ro
w

s
of
I n
,A

to
u
,v

’s
n

on
-z

er
o

el
em

en
ts

a
re

li
n

ea
rl

y
in

d
ep

en
d

en
t.

        
.

(3
5)

T
o

sh
ow

th
at
θ

ca
n

b
e

v
er

y
la

rg
e,

le
t

u
s

as
su

m
e

th
at

tw
o

ro
w

s
of

th
e

m
a
tr

ix
A

a
re

h
ig

h
ly

co
rr

el
at

ed
(i

n
th

is
ca

se
ro

w
s

co
rr

es
p

on
d

s
to

fe
at

u
re

s)
.

W
e

d
en

ot
e

th
es

e
tw

o
ro

w
s

b
y
A

1
an

d
A

2
,

an
d

le
t

u
s

as
su

m
e

th
at
A

1
=
A

2
+
δe

1
.

T
h

en
w

e
ca

n
ch

os
e
v

=
(−

1 δ
,

1 δ
,0
,.
..
,0

)T
a
n

d
u

=
0

.
T

h
is

p
ar

ti
cu

la
r

ch
oi

ce
is

fe
as

ib
le

in
op

ti
m

iz
at

io
n

p
ro

b
le

m
(3

5)
an

d
h

en
ce

is
im

p
o
si

n
g

a
lo

w
er

-b
ou

n
d

on
θ:

θ
≥
√

2 |δ
|.

C
le

ar
ly

,
fo

r
sm

a
ll
δ,

th
is

sh
ow

s
th

at
θ

ca
n

b
e

a
rb

it
ra

ri
ly

la
rg

e.

6
.
S
u
m
m
a
ry

In
th

is
p

ap
er

w
e

h
av

e
ex

te
n

d
ed

th
e

fr
am

ew
or

k
of

th
e

fe
as

ib
le

d
es

ce
n
t

m
et

h
o
d

F
D

M
to

a
ra

n
d

om
iz

ed
,

an
d

a
ra

n
d

om
iz

ed
co

or
d

in
at

e,
F

D
M

fr
am

ew
or

k
.

W
e

h
av

e
sh

ow
n

th
a
t

m
an

y
p

ro
b

le
m

s
in

th
e

m
ac

h
in

e
le

ar
n

in
g

li
te

ra
tu

re
fi

t
ou

r
p

ro
b

le
m

st
ru

ct
u

re
,

a
n

d
su

b
se

-
q
u

en
tl

y,
an

y
al

go
ri

th
m

th
at

fi
ts

ou
r

F
D

M
fr

am
ew

or
k

ca
n

b
e

u
se

d
to

su
cc

es
sf

u
ll

y
so

lv
e

th
em

.
W

e
h

av
e

p
ro

ve
n

a
li

n
ea

r
co

n
v
er

ge
n

ce
ra

te
(u

n
d

er
th

e
w

ea
k

st
ro

n
g

co
n
ve

x
it

y
a
ss

u
m

p
-

ti
on

)
fo

r
b

ot
h

m
et

h
o
d
s,

an
d

w
e

h
av

e
sh

ow
n

th
at

th
e

co
n
ve

rg
en

ce
ra

te
s

a
re

si
m

il
a
r

to
th

e
d

et
er

m
in

is
ti

c/
n

on
-r

an
d

om
iz

ed
F

D
M

.
W

e
al

so
sh

ow
ed

th
at

fo
r

th
e

cy
cl

ic
co

o
rd

in
a
te

d
es

ce
n
t

m
et

h
o
d

,
th

e
co

effi
ci

en
ts

in
F

D
M

ar
e

w
or

se
th

an
,

or
si

m
il

ar
to

,
th

e
st

o
ch

a
st

ic
co

o
rd

in
a
te

d
es

ce
n
t

m
et

h
o
d

(a
n

d
h

en
ce

th
e

th
eo

ry
te

ll
s

u
s

th
at

th
ey

co
n
ve

rg
e

at
ro

u
g
h

ly
th

e
sa

m
e

sp
ee

d
),

b
u

t
ea

ch
it

er
at

io
n

of
th

e
st

o
ch

as
ti

c
co

or
d

in
a
te

d
es

ce
n
t

m
et

h
o
d

is
n

-t
im

es
ch

ea
p

er
.

W
e

co
n

cl
u

d
ed

th
e

p
ap

er
w

it
h

a
re

su
lt

sh
ow

in
g

th
at

,
fo

r
th

e
S

D
C

A
al

go
ri

th
m

a
p

p
li

ed
to

th
e

d
u

al
of

th
e

li
n

ea
r

S
V

M
,

th
e

d
u

al
it

y
ga

p
co

n
ve

rg
es

li
n

ea
rl

y.

A
ck

n
o
w
le
d
g
m
e
n
ts

C
h

en
x
im

M
a

an
d

M
ar

ti
n

T
ak

áč
w

er
e

su
p

p
or

te
d

b
y

N
at

io
n

al
S

ci
en

ce
F

o
u

n
d

a
ti

o
n

g
ra

n
t

C
C

F
-1

61
87

17
.
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:1
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4

M
a
,

T
a
p
p
e
n
d
e
n

a
n
d

T
a
k
á
č

A
p
p
e
n
d
ix

A
.
P
ro

o
f
o
f
T
h
e
o
re
m

7

L
et

u
s

d
efi

n
e

a
n

a
u

x
il

ia
ry

v
ec

to
r
x̃

su
ch

th
a
t

x̃
(i

)
=

a
rg

m
in

x
(i
)
∈X

i

f
((
x

(1
)

k
,x

(2
)

k
,.
..
,x

(i
−

1
)

k
,x

(i
) ,
x

(i
+

1
)

k
,.
..
,x

(n
)

k
)T

).
(3

6)

T
h

en
w

e
ca

n
se

e
th

a
t

if
co

o
rd

in
a
te
i

is
ch

o
se

n
d

u
ri

n
g

it
er

at
io

n
k

in
A

lg
o
ri

th
m

1
th

en

x
(j

)
k
+

1
=

{
x

(j
)

k
,

if
j
6=
i,

x̃
(i

) ,
o
th

er
w

is
e.

(3
7)

If
co

or
d

in
at

e
i

is
ch

os
en

d
u

ri
n

g
it

er
a
ti

o
n
k
,

th
en

th
e

o
p

ti
m

a
li

ty
co

n
d

it
io

n
s

fo
r

S
te

p
6

of
A

lg
o
ri

th
m

1,
g
iv

e
u

s
th

at

x
(i

)
k
+

1
=

P
ro

jW X
i

( x
(i

)
k
+

1
−

1 w
i
∇
if

(x
k
+

1
))
.

(3
8
)

M
or

eo
ve

r,
b
y

(3
7)

,
fo

r
j
6=
i

w
e

h
av

e
th

a
t
x

(j
)

k
=
x

(j
)

k
+

1
w

h
ic

h
is

p
o
ss

ib
le

on
ly

if
z

(j
)

k
=

∇
j
f

(x
k
).

N
ot

e
th

at
x
k
+

1
is

a
ra

n
d

o
m

va
ri

ab
le

,
w

h
ic

h
d

ep
en

d
s

on
i

an
d
x
k

on
ly

.
T

h
er

ef
o
re

,
w

e
ca

n
d

efi
n

e
a

ra
n

d
o
m
z k

su
ch

th
a
t

th
e
i-

th
co

o
rd

in
at

e
is

z
(i

)
k

=
∇
if

(x
k
)
−
∇
if

((
x

(1
)

k
,x

(2
)

k
,.
..
,x

(i
−

1
)

k
,x̃

(i
) ,
x

(i
+

1
)

k
,.
..
,x

(n
)

k
)T

)
+
w
i(
x

(i
)

k
−
x̃

(i
) )

(3
9
)

an
d

th
e
j-

th
co

or
d

in
a
te

(f
o
r
j
6=
i)

is
d

efi
n

ed
a
s
z

(j
)

k
=
∇
j
f

(x
k
).

It
is

ea
sy

to
ve

ri
fy

th
at

fo
r

z k
d

efi
n

ed
ab

ov
e,

co
n

d
it

io
n

(1
4)

h
ol

d
s.

N
ow

,
w

e
w

il
l

co
m

p
u

te
E

[(
‖z
k
‖∗ W

)2
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〈∇
f

(x
k
)
−
z k
,h
〉+

1

2ω
k
‖h
‖2 W

︸
︷︷

︸
H

(h
;x
k
,z
k
)

+
〈z
k
,h
〉    

. (5
3)

N
ow

,
o
b

se
rv

e
th

at x̃
=
x
k

+
a
rg

m
in

h
:x

+
x
k
∈X
H

(h
;x

k
,z
k
)

=
x
k

+
ar

g
m

in
h
∈R

n
{H

(h
;x

k
,z
k
)

+
Φ
X

(x
+
x
k
)}

=
:
x
k

+
ĥ
,

(5
4
)

w
h

er
e

Φ
X

(x
)

is
th

e
in

d
ic

a
to

r
fu

n
ct

io
n

fo
r

th
e

se
t
X

,
i.

e.

Φ
X

(x
)

=

{
0
,

if
x
∈
X
,

+
∞
,

o
th

er
w

is
e.

(5
5
)

F
ro

m
th

e
fi

rs
t

or
d

er
o
p

ti
m

a
li

ty
co

n
d

it
io

n
s

of
(5

4
)

w
e

h
av

e

∇
f

(x
k
)
−
z k

+
1 ω
k
W
ĥ

+
s

=
0,

(5
6)

w
h

er
e
s
∈
∂

Φ
(x
k

+
ĥ

).
W

e
ca

n
d

efi
n

e
a

co
m

p
o
si

te
gr

a
d

ie
n
t

m
a
p

p
in

g
L

u
a
n

d
X

ia
o

(2
0
13

);
N

es
te

ro
v

(2
01

3
);

T
a
p

p
en

d
en

et
al

.
(2

0
1
5
)

a
s

g
:=
−

1 ω
k
W
ĥ
.

(5
7)

T
h

er
ef

or
e,

w
e

ca
n

ob
se

rv
e

th
a
t

−
∇
f

(x
k
)

+
z k

+
g

(5
6
) ∈
∂

Φ
(x
k

+
ĥ

).
(5

8)

It
is

al
so

ea
sy

to
sh

ow
th

a
t

‖ĥ
‖2 W

=
‖ω

k
W
−

1
g
‖2 W

=
ω

2 k
(‖
g
‖∗ W

)2
(5

9)

an
d

〈 g
,ĥ
〉

=
−

1 ω
k
‖ĥ
‖2 W

(5
9
)

=
−
ω
k
(‖
g
‖∗ W

)2
.

(6
0)
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R
a
n
d
o
m

iz
e
d

F
e
a
sib

l
e

D
e
sc

e
n
t

M
e
t
h
o
d
s

F
in

ally
n

ote
th

a
t

fo
r

a
n
y
y
∈
X

w
e

h
ave

‖
x
k

+
ĥ
−
y‖

2W
=
‖x

k −
y‖

2W
+

2
ω
k 〈g

,y−
x
k 〉

+
‖ĥ‖

2W

(5
9
)

=
‖x

k −
y‖

2W
+

2
ω
k 〈g

,y−
x
k 〉

+
ω

2k (‖
g‖ ∗W

)
2.

(6
1
)

N
ow

,
w

e
a
re

read
y

to
b

o
u

n
d
H

(h
;x

k ,z
k )

+
Φ

(x
+
h

)
fo

r
h

=
ĥ

.
W

e
h

ave

H
(ĥ

;x
k ,z

k )
+

Φ
(x
k

+
ĥ

)

=
f

(x
k )

+
〈∇

f
(x
k )−

z
k ,ĥ 〉

+
1

2
ω
k ‖
ĥ‖

2W
+

Φ
(x
k

+
ĥ

)

(5
8
)

≤
f

(y
)

+
〈∇
f

(x
k ),x

k −
y〉

+
〈∇

f
(x
k )−

z
k ,ĥ 〉

+
1

2
ω
k ‖ĥ‖

2W

+
Φ

(y
)

+
〈−
∇
f

(x
k )

+
z
k

+
g
,x

k
+
ĥ
−
y 〉

=
f

(y
)

+
Φ

(y
)

+
1

2
ω
k ‖
ĥ‖

2W
+
〈g
,x

k −
y〉

+
〈z
k ,x

k −
y〉

+
〈
g
,ĥ 〉

(6
0
),(5

9
)

=
f

(y
)

+
Φ

(y
)

+
12
ω
k (‖g‖ ∗W

)
2

+
〈g
,x

k −
y〉

+
〈z
k ,x

k −
y〉−

ω
k (‖

g‖ ∗W
)
2

=
f

(y
)

+
Φ

(y
)−

12
ω
k (‖g‖ ∗W

)
2

+
〈g
,x

k −
y〉

+
〈z
k ,x

k −
y〉

(6
1
)

=
f

(y
)

+
Φ

(y
)−

1

2
ω
k (‖

x
k

+
ĥ
−
y‖

2W
−
‖
x
k −

y‖
2W

)
+
〈z
k ,x

k −
y〉

(5
2
),(6

3
)

=
f

(y
)

+
Φ

(y
)−

1

2
ω
k

nτ

(E
[‖
x
k
+

1 −
y‖

2W
]−
‖
x
k −

y‖
2W

)
+
〈z
k ,x

k −
y〉
,

w
h

ere
in

th
e

la
st

step
,

w
e

u
se

n
E

[‖
x
k
+

1 −
y‖

2W
]

=
τ‖x

k
+
ĥ
−
y‖

2W
+

(n
−
τ
)‖x

k −
y‖

2W
.

N
ow

,
fro

m
(5

3
)

w
e

co
n

clu
d

e
th

a
t∀
y

w
e

h
ave

E
[f

(x
k
+

1 )]≤
n
−
τ

n
f

(x
k )+

τn (
f

(y
)

+
Φ

(y
)−

n

2
ω
k τ

E
[‖x

k
+

1 −
y‖

2W
]

+
n

2
ω
k τ ‖

x
k −

y‖
2W

+
〈
z
k ,x

k
+
ĥ
−
y 〉
)
,

w
h

ich
ca

n
b

e
eq

u
ivalen

tly
w

ritten
a
s

E

[
f

(x
k
+

1 )
+

1

2ω
k ‖
x
k
+

1 −
y‖

2W

]
≤
f

(x
k )

+
1

2ω
k ‖x

k −
y‖

2W

−
τn

(f
(x
k )−

f
(y

)−
Φ

(y
))

+
τn

〈
z
k ,x

k
+
ĥ
−
y 〉

.

If
w

e
ch

o
ose

y
=
x̄
k

th
en

th
e

la
tter

in
eq

u
a
lity

read
s

a
s

fo
llow

s

E

[
f

(x
k
+

1 )
+

1

2ω
k ‖
x
k
+

1 −
x̄
k ‖

2W

]
≤
f

(x
k )

+
1

2
ω
k ‖x

k −
x̄
k ‖

2W

−
τn

(f
(x
k )−

f
∗)

+
τn

〈
z
k ,x

k
+
ĥ
−
x̄
k 〉
.
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M
a
,

T
a
p
p
e
n
d
e
n

a
n
d

T
a
k
á
č

F
rom

th
e

d
efi

n
itio

n
of
x̄

w
e

ob
tain

th
at‖

x
k
+

1 −
x̄
k
+

1 ‖
W
≤
‖x

k
+

1 −
x̄
k ‖
W

an
d

th
erefore

E

[
f

(x
k
+

1 )−
f
∗

+
1

2ω
k ‖
x
k
+

1 −
x̄
k
+

1 ‖
2W

]
≤

(1−
τn

)(f
(x
k )−

f
∗)

+
1

2
ω
k ‖x

k −
x̄
k ‖

2W
+
τn

〈
z
k ,x

k
+
ĥ
−
x̄
k 〉
.

L
et

u
s

assu
m

e
th

a
t∀
k

:
z
k

=
0.

T
h

en
let

u
s

d
efi

n
e
c

=
2
τ
ω̄

n
(2
ω̄

+
1
) ∈

(0,1),

E

[
f

(x
k
+

1 )−
f
∗

+
1

2
ω
k ‖
x
k
+

1 −
x̄
k
+

1 ‖
2W

]
≤

(1−
c) (

f
(x
k )−

f
∗

+
12ω̄ ‖

x
k −

x̄
k ‖

2W

)
.

(62)

T
h

erefore,

E
[f

(x
k )−

f
∗]≤

E

[
f

(x
k )−

f
∗

+
1

2
ω
k ‖
x
k −

x̄
k ‖

2W

]

(6
2
)

≤
(1−

c)
k (

f
(x

0 )−
f
∗

+
12ω̄ ‖

x
0 −

x̄
0 ‖

2W

)
.

A
p
p
e
n
d
ix

E
.
P
ro

o
f
o
f
T
h
e
o
re
m

1
3
if

z
k 6=

0

T
h

e
p

ro
o
f

follow
s

sim
ilar

argu
m

en
ts

to
th

e
p

ro
of

of
T

h
eorem

13
w

h
en
z
k

=
0
.

L
et

u
s

d
efi

n
e

a
n

au
x
iliary

vector
x̃

in
th

e
sam

e
w

ay
as

in
(51).

T
h

en
w

e
can

see
th

a
t

if
co

ord
in

ates
I

is
ch

osen
d

u
rin

g
iteration

k
in

A
lgorith

m
1

th
en

(52)
h
old

s.
T

h
erefore,

let
u

s
estim

ate
th

e
ex

p
ected

valu
e

of
f

at
a

ran
d

om
p

oin
t
x
k
+

1 ,
w

h
ere

th
e

ex
p

ectation
is

taken
w

ith
resp

ect
to

th
e

selectio
n

of
co

ord
in

ate
i

at
iteration

k
.

L
et
h
∈
R
n
.

T
h

en
if

1ω
k
≥

m
ax

i
L
i

w
i

w
e

h
ave

th
a
t

(53)
h

o
ld

s.
N

ow
,

ob
serve

th
at

x̃
=
x
k

+
arg

m
in

h
:x

+
x
k ∈
X
H

(h
;x

k ,z
k )

=
x
k

+
arg

m
in

h∈
R
n {H

(h
;x

k ,z
k )

+
Φ
X

(h
+
x
k )}

=
:
x
k

+
ĥ
,

(63)

w
h

ere
Φ
X

(x
)

is
in

d
icator

fu
n

ction
for

set
X

,
(55).

N
ow

,
w

e
h

ave

H
(ĥ

;x
k ,z

k )
=

m
in

h∈
R
n {

f
(x
k )

+
〈∇
f

(x
k )−

z
k ,h〉

+
1

2ω
k ‖
h‖

2W
+

Φ
X

(h
+
x
k ) }

=
m

in
y∈

R
n {

f
(x
k )

+
〈∇
f

(x
k )−

z
k ,y−

x
k 〉

+
1

2
ω
k ‖
y−

x
k ‖

2W
+

Φ
X

(y
) }

≤
m

in
λ∈

[0
,1

] {
f

(λ
x̄
k

+
(1−

λ
)x
k )

+
〈−
z
k ,λ

(x̄
k −

x
k )〉

+
1

2ω
k ‖
λ

(x̄
k −

x
k )‖

2W
+

Φ
X

(λ
(x̄
k −

x
k )

+
x
k ) }

≤
m

in
λ∈

[0
,1

] {
λ
f

(x̄
k )

+
(1−

λ
)f

(x
k )

+
λ‖
z
k ‖ ∗W
‖
x̄
k −

x
k ‖
W

+
λ

2

2
ω
k ‖x̄

k −
x
k ‖

2W

}
.

N
o
te

th
a
t

fro
m

(52)
an

d
(63)

w
e

h
ave

‖
ĥ‖

2W
=

n
∑i=

1 ‖ĥ
[I

] ‖
2W

=
nτ

E
[‖x

k
+

1 −
x
k ‖

2W
]

(2
0
)

≤
nζ
τ

E
[f

(x
k )−

f
(x
k
+

1 )].
(64)
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R
a
n
d
o
m

iz
e
d

F
e
a
si

b
l
e

D
e
sc

e
n
t

M
e
t
h
o
d
s

T
h

er
ef

or
e,

w
e

co
n

cl
u

d
e

th
at

E
[f

(x
k
+

1
)
−
f
∗ ]

(5
3
),

(1
9
)

≤
m

in
λ
∈[

0
,1

]

{ f
(x
k
)
−
f
∗

+
τ n

( λ
(f

(x̄
k
)
−
f

(x
k
))

+
λ
‖z
k
‖∗ W
‖x̄

k
−
x
k
‖ W

+
λ

2

2
ω
k
‖x̄

k
−
x
k
‖2 W

+
‖z
k
‖∗ W
‖ĥ
‖ W
)}

(5
) ≤

m
in

λ
∈[

0
,1

]

{ f
(x
k
)
−
f
∗

+
τ n

(
−
λ

(f
(x
k
)
−
f
∗ )

+
λ
‖z
k
‖∗ W
‖x̄

k
−
x
k
‖ W

+
λ

2

2
ω
k
κ
f

(f
(x
k
)
−
f
∗ )

+
‖z
k
‖∗ W
‖ĥ
‖ W
)}
.

N
ow

,
le

t
u

s
d

en
ot

e
b
y
ξ k

=
f

(x
k
)
−
f
∗ .

N
ot

ic
e

th
at

(‖
z k
‖∗ W

)2
=

n ∑ i=
1

(‖
(z
k
) [
I]
‖∗ W

)2
(1

9
),

(2
0
)

≤
n
β

2 ζ
(ξ
k
−

E
[ξ
k
+

1
])

(6
5)

w
h

er
e

th
e

ex
p

ec
ta

ti
on

is
w

it
h

re
sp

ec
t

to
th

e
ra

n
d

om
ch

oi
ce

i
d

u
ri

n
g

th
e
k
-t

h
it

er
a
ti

o
n

.
T

h
er

ef
or

e
w

e
h

av
e

E
[ξ
k
+

1
]
≤

m
in

λ
∈[

0
,1

]

{ ξ k
+

τ n

(
−
λ
ξ k

+
λ
‖z
k
‖∗ W
‖x̄

k
−
x
k
‖ W

+
λ

2

2ω
k
κ
f
ξ k

+
‖z
k
‖∗ W
‖ĥ
‖ W
)}

(6
5
),

(6
4
)

≤
m

in
λ
∈[

0
,1

]

{ ξ k
+

τ n

(
−
λ
ξ k

+
λ
‖z
k
‖∗ W
‖x̄

k
−
x
k
‖ W

+
λ

2

2
ω
k
κ
f
ξ k

+
n
β

ζ
√
τ

(ξ
k
−

E
[ξ
k
+

1
])
)}

w
h

ic
h

is
eq

u
iv

al
en

t
to

(1
+
√
τ
β
ζ

)E
[ξ
k
+

1
]≤

(1
+
√
τ
β
ζ

)ξ
k

+
m

in
λ
∈[

0
,1

]{−
τ n
λ
ξ k

+
τ n
λ
‖z
k
‖∗ W
‖x̄

k
−
x
k
‖ W

+
τ n

λ
2

2
ω
k
κ
f
ξ k
}

(6
5
),

(5
)

≤
(1

+
√
τ
β
ζ

)ξ
k

+
m

in
λ
∈[

0
,1

]{−
τ n
λ
ξ k

+
τ n
λ
√
n
β
2 ζ
(ξ
k
−

E
[ξ
k
+

1
])
√

1 κ
f
ξ k

+
τ n

λ
2

2
ω
k
κ
f
ξ k
}.

U
si

n
g

th
e

fa
ct

th
at
∀a
,b
∈
R

+
w

e
h

av
e
√
a
b
≤

1 2
a

+
1 2
b

w
e

ob
ta

in
th

at

(1
+
√
τ
β
ζ

)E
[ξ
k
+

1
]

≤
(1

+
√
τ
β
ζ

)ξ
k

+
m

in
λ
∈[

0
,1

]{−
τ n
λ
ξ k

+
√

β
2 ζ
(ξ
k
−

E
[ξ
k
+

1
])
√

λ
2 n
τ
2

κ
f
ξ k

+
τ n

λ
2

2
ω
k
κ
f
ξ k
}

≤
(1

+
√
τ
β
ζ

)ξ
k

+
m

in
λ
∈[

0
,1

]{−
τ n
λ
ξ k

+
β

2

2ζ
(ξ
k
−

E
[ξ
k
+

1
])

+
1 2

λ
2 n

τ
2

κ
f
ξ k

+
τ n

λ
2

2
ω
k
κ
f
ξ k
}.

T
h

er
ef

or
e,

w
e

ob
ta

in

(1
+
√
τ
β
ζ

+
β
2

2
ζ
)E

[ξ
k
+

1
]≤

(1
+
√
τ
β
ζ

+
β
2

2
ζ
)ξ
k

+
τ

n
ω̄
κ
f

m
in

λ
∈[

0
,1

]{−
λ
ω̄
κ
f

+
λ

2 2
(1

+
ω̄
τ
)}
ξ k
.

(6
6)
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M
a
,

T
a
p
p
e
n
d
e
n

a
n
d

T
a
k
á
č

T
h

e
op

ti
m

a
l
λ
∗

th
at

m
in

im
iz

es
th

e
ab

ov
e

ex
p

re
ss

io
n

is

λ
∗

=
m

in

{ 1,
ω̄
κ
f

ω̄
τ

+
1

}
.

C
on

si
d

er
n

ow
tw

o
ca

se
s:

•
λ
∗
<

1
.

In
th

is
ca

se

−
λ
∗ ω̄
κ
f

+
(λ
∗ )

2

2
(1

+
ω̄
τ
)

=
−

1 2

(ω̄
κ
f
)2

ω̄
τ

+
1
.

C
om

b
in

in
g

th
is

w
it

h
(6

6
)

gi
ve

s

(1
+
√
τ
β
ζ

+
β
2

2
ζ
)E

[ξ
k
+

1
]≤

(1
+
√
τ
β
ζ

+
β
2

2
ζ
−

1 2
n

ω̄
κ
f

ω̄
τ

+
1

)ξ
k
,

w
h

ic
h

is
eq

u
iv

a
le

n
t

to

E
[ξ
k
+

1
]≤
( 1
−

1 2n

2
ω̄
κ
f
ζ

(ω̄
τ

+
1)

(2
ζ

+
2
β
√
τ

+
β

))
ξ k
.

•
λ
∗

=
1.

In
th

is
ca

se
ω̄
κ
f

ω̄
τ
+

1
≥

1
a
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č,

A
v
leen

S
in

g
h

B
ijra

l,
P

eter
R

ich
tá
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ël

C
h

ic
h

ig
n

o
u

d
,

J
o
h

a
n

n
es

L
ed

er
er

,
M

a
rt

in
J
.

W
a
in

w
ri

g
h
t.

JM
L

R
 1

7(
23

1)
:1

-2
0

C
h
ic

h
ig

n
o
u
d
,

L
e
d
e
r
e
r
,

a
n
d

W
a
in

w
r
ig

h
t

d
es

ig
n

m
at

ri
x

(v
a
n

d
e

G
ee

r
an

d
L

ed
er

er
,

2
0
1
3;

H
eb

ir
i

a
n

d
L

ed
er

er
,

2
0
13

;
D

al
a
ly

a
n

et
al

.,
20

1
4)

.
C

al
ib

ra
ti

o
n

sc
h

em
es

fo
r

th
is

se
tt

in
g

a
re

ty
p

ic
al

ly
b

a
se

d
o
n

C
ro

ss
-V

al
id

at
io

n
(C

V
)

or
B

IC
-t

y
p

e
cr

it
er

ia
.

H
ow

ev
er

,
C

V
-b

a
se

d
p

ro
ce

d
u

re
s

ca
n

b
e

co
m

p
u

ta
ti

o
n
a
ll

y
in

te
n

si
ve

an
d

ar
e

cu
rr

en
tl

y
la

ck
in

g
in

n
on

-a
sy

m
p

to
ti

c
th

eo
ry

fo
r

h
ig

h
-d

im
en

si
on

al
p
ro

b
le

m
s.

B
IC

-
ty

p
e

cr
it

er
ia

,
o
n

th
e

ot
h

er
h

a
n

d
,

a
re

co
m

p
u
ta

ti
on

al
ly

si
m

p
le

r
b

u
t

a
ls

o
la

ck
in

g
in

n
o
n

-
as

y
m

p
to

ti
c

gu
ar

an
te

es
.

A
n

ot
h

er
ap

p
ro

a
ch

is
to

re
p

la
ce

th
e

L
a
ss

o
w

it
h

S
q
u

a
re

-R
o
ot

L
a
ss

o
or

T
R

E
X

(L
ed

er
er

a
n

d
M

ü
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e

g
en

eric
assu

m
p

tio
n

th
at

th
e

L
a
sso

su
p

-n
orm

error
is

co
n
trolled

u
n

d
er

th
e

even
t
T
λ

d
efi

n
ed

in
eq

u
a
tio

n
(2

).
M

ore
form

a
lly,

w
e

state:

A
ssu

m
p

tio
n

1
(`∞

(C
))

T
h
ere

is
a

n
u

m
erica

l
co

n
sta

n
t
C

su
ch

th
a
t

co
n

d
itio

n
ed

o
n
T
λ ,

th
e

L
a
sso

`∞
-erro

r
is

u
p
per

bo
u

n
d
ed

a
s‖
β̂
λ −

β
∗‖∞

≤
C
λ

.

A
s

m
en

tio
n

ed
a
b

ove,
th

ere
a
re

m
a
n
y

co
n

d
ition

s
o
n

th
e

d
esig

n
m

a
trix

X
u

n
d

er
w

h
ich

A
s-

su
m

p
tion

`∞
(C

)
is

valid
,

an
d

w
e

co
n

sid
er

a
n
u

m
b

er
o
f

th
em

in
th

e
seq

u
el.

W
ith

th
is

set-u
p

in
p

la
ce,

w
e

can
n

ow
fo

cu
s

sp
ecifi

ca
lly

on
h

ow
to

ch
o
o
se

th
e

regu
lar-

izatio
n

p
aram

eter.
S

in
ce

w
e

ca
n

h
an

d
le

o
n

ly
fi

n
itely

m
a
n
y

tu
n

in
g

p
ara

m
eters

in
p

ra
ctice,

w
e

restrict
o
u

rselves
to

th
e

selection
o
f

a
tu

n
in

g
p

ara
m

eter
a
m

o
n

g
a

fi
n

ite
b

u
t

arb
itra

rily
larg

e
n
u

m
b

er
o
f

ch
o
ices.

It
is

ea
sy

to
see

th
at
λ

m
a
x

:=
2‖
X
>
Y
‖∞

/n
is

th
e

sm
a
llest

tu
n

in
g

p
ara

m
eter

fo
r

w
h

ich
β̂
λ

eq
u

a
ls

zero
.

A
cco

rd
in

g
ly,

fo
r

a
g
iven

p
o
sitive

in
teg

er
N
∈
N

,
let

u
s

fo
rm

th
e

g
rid

0
<
λ

1
<
···

<
λ
N

=
λ

m
a
x ,

d
en

o
ted

b
y

Λ
:=
{λ

1 ,...,λ
N }

fo
r

sh
o
rt.

A
ssu

m
p

tio
n
`∞

(C
)

g
u
ara

n
tees

th
a
t

th
e

su
p

-n
o
rm

error
is

p
rop

o
rtio

n
a
l

to
λ

w
h

en
ever

th
e

even
tT

λ
h

o
ld

s;
co

n
seq

u
en

tly,
fo

r
a

given
p

ro
b

a
b

ility
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C
h
ic

h
ig

n
o
u
d
,

L
e
d
e
r
e
r
,

a
n
d

W
a
in

w
r
ig

h
t

of
erro

r
δ
∈

(0,1
),

it
is

n
atu

ral
to

ch
o
ose

th
e

sm
allest

λ
for

w
h

ich
even

t
T
λ

h
old

s
w

ith
p

rob
a
b

ility
at

least
1
−
δ,

assu
m

in
g

th
at

it
is

fi
n
ite.

T
h

is
criterion

can
b

e
form

a
lized

as
follow

s:

D
e
fi

n
itio

n
1

(O
ra

c
le

tu
n

in
g

p
a
ra

m
e
te

r)
F

o
r

a
n

y
co

n
sta

n
t
δ∈

(0,1
),

th
e

o
ra

cle
tu

n
in

g
pa

ra
m

eter
is

given
by

λ
∗δ

:=
arg

m
in

λ∈
Λ
{P

(T
λ )≥

1−
δ}
.

(3)

N
ote

th
at

b
y

con
stru

ction
,

if
w

e
solve

th
e

L
asso

u
sin

g
th

e
oracle

ch
oice

λ
∗δ ,

a
n

d
if

th
e

d
esig

n
m

a
trix

X
fu

lfi
lls

A
ssu

m
p

tion
`∞

(C
),

th
en

th
e

resu
ltin

g
estim

ate
satisfi

es
th

e
b

ou
n

d
‖
β̂
λ
∗δ −

β
∗‖∞

≤
C
λ
∗δ

w
ith

p
rob

ab
ility

at
least

1
−
δ.

U
n

fo
rtu

n
ately,

th
e

oracle
ch

oice
is

in
a
ccessib

le
to

u
s,

sin
ce

w
e

can
n

ot
com

p
u

te
th

e
p

rob
ab

ility
of

th
e

even
t
T
λ

b
ased

on
th

e
ob

served
d

ata.
H

ow
ever,

as
w

e
n

ow
d

escrib
e,

w
e

can
m

im
ic

th
is

p
erform

an
ce,

u
p

to
a

fa
ctor

of
th

ree,
u

sin
g

a
sim

p
le

d
ata-d

ep
en

d
en

t
p

ro
ced

u
re.

2
.2

A
d

a
p

tiv
e

C
a
lib

ra
tio

n
S

ch
e
m

e

L
et

u
s

n
ow

d
escrib

e
a

d
ata-d

ep
en

d
en

t
sch

em
e

for
ch

o
osin

g
th

e
regu

larization
p

aram
eter,

referred
to

as
A

d
ap

tive
C

alib
ration

for
`∞

(A
V
∞

):

D
e
fi

n
itio

n
2

(A
V
∞

)
U

n
d
er

A
ssu

m
p
tio

n
`∞

(C
)

a
n

d
fo

r
a

given
co

n
sta

n
t
C
≥
C

,
A

d
a
p
tive

C
a
libra

tio
n

fo
r
`∞

(A
V
∞

)
selects

th
e

tu
n

in
g

pa
ra

m
eter

λ̂
:=

m
in {

λ
∈

Λ
∣∣∣

m
ax

λ
′,λ
′′∈

Λ
λ
′,λ
′′≥

λ [‖
β̂
λ
′−

β̂
λ
′′‖∞

λ
′+

λ
′′

−
C

]
≤

0 }
.

(4)

T
h

e
d

efi
n

ition
is

b
ased

on
tests

for
su

p
-n

orm
d

iff
eren

ces
of

L
asso

estim
a
tes

w
ith

d
iff

eren
t

tu
n

in
g

p
aram

eters.
W

e
stress

th
at

D
efi

n
ition

2
req

u
ires

n
eith

er
p

rior
k
n

ow
led

g
e

a
b

o
u

t
th

e
regression

v
ecto

r
n

or
ab

ou
t

th
e

n
oise.

T
h

e
tests

in
D

efi
n

ition
2

can
b

e
form

u
lated

in
term

s
o
f

th
e

b
in

ary
ran

d
om

variab
les

t̂λ
j

:=
N∏k
=
j

1l {
‖
β̂
λ
j −

β̂
λ
k ‖∞

λ
j

+
λ
k

−
C
≤

0 }
for

j∈
[N

],

from
th

e
A

V
∞

tu
n

in
g

p
aram

eter
λ̂

can
b

e
com

p
u

ted
as

follow
s:

D
a
ta

:
β̂
λ
1 ,...,β̂

λ
N
,C

R
e
su

lt:
λ̂
∈

Λ

S
et

in
itia

l
in

d
ex

:
j←

N

w
h

ile
t̂λ
j−

1 6=
0

a
n

d
j
>

1
d

o
U

p
d

a
te

in
d

ex
:
j←

j−
1

e
n

d

S
et

ou
tp

u
t:
λ̂
←
λ
j

A
lg

o
rith

m
1
:

A
lgorith

m
for

A
V
∞

in
D

efi
n

ition
2
.
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L
a
ss

o
T

u
n
in

g

T
h

is
al

go
ri

th
m

ca
n

b
e

re
ad

il
y

im
p

le
m

en
te

d
an

d
on

ly
re

q
u

ir
es

th
e

co
m

p
u

ta
ti

o
n

o
f

o
n

e
L

a
ss

o
so

lu
ti

on
p

at
h

.
In

st
ro

n
g

co
n
tr

as
t,
k
-f

ol
d

C
ro

ss
-V

al
id

at
io

n
re

q
u

ir
es

th
e

co
m

p
u

ta
ti

on
o
f
k

so
lu

ti
on

p
at

h
s.

C
on

se
q
u

en
tl

y,
th

e
L

as
so

w
it

h
A

V
∞

ca
n

b
e

co
m

p
u

te
d

ab
o
u

t
k

ti
m

es
fa

st
er

th
an

L
as

so
w

it
h
k
-f

ol
d

C
ro

ss
-V

al
id

at
io

n
.

T
h

e
fo

ll
ow

in
g

re
su

lt
gu

ar
an

te
es

th
at

th
e

L
as

so
w

it
h

A
V
∞

m
et

h
o
d

ac
h

ie
v
es

th
e

su
p

-n
o
rm

er
ro

r
u

p
to

a
co

n
st

an
t

p
re

-f
ac

to
r:

T
h

e
o
re

m
3

(O
p

ti
m

a
li

ty
o
f

A
V
∞

)
S

u
p
po

se
th

a
t

co
n

d
it

io
n
` ∞

(C
)

h
o
ld

s
a
n

d
th

e
A

V
∞

m
et

h
od

is
im

p
le

m
en

te
d

w
it

h
pa

ra
m

et
er
C
≥
C

.
T

h
en

fo
r

a
n

y
δ
∈

(0
,1

),
th

e
A

V
∞

o
u

tp
u

t
pa

ir
(λ̂
,β̂
λ̂
)

gi
ve

n
by

th
e

ru
le

(4
)

sa
ti

sfi
es

th
e

bo
u

n
d
s

λ̂
≤
λ
∗ δ

a
n

d
‖β̂

λ̂
−
β
∗ ‖
∞
≤

3
C
λ
∗ δ

(5
)

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
δ.

R
e
m

a
rk

4
(R

e
le

v
a
n

c
e

fo
r

e
st

im
a
ti

o
n

a
n

d
v
a
ri

a
b

le
se

le
c
ti

o
n

)
T

h
e
` ∞

-b
o
u

n
d

fr
o
m

eq
u

a
-

ti
o
n

(5
)

d
ir

ec
tl

y
im

p
li

es
th

a
t

th
e

A
V
∞

sc
h
em

e
is

a
d
a
p
ti

ve
ly

o
p
ti

m
a
l

fo
r

th
e

es
ti

m
a
ti

o
n

o
f

th
e

re
gr

es
si

o
n

ve
ct

o
r
β
∗

in
` ∞

-l
o
ss

.
A

s
a
n

o
th

er
im

po
rt

a
n

t
fe

a
tu

re
,

T
h
eo

re
m

3
en

ta
il

s
st

ro
n

g
va

ri
a
bl

e
se

le
ct

io
n

gu
a
ra

n
te

es
.

F
ir

st
,

th
e
` ∞

-b
o
u

n
d

im
p
li

es
th

a
t

A
V
∞

re
co

ve
rs

a
ll

n
o
n

-z
er

o
en

tr
ie

s
o
f

th
e

re
gr

es
si

o
n

ve
ct

o
r
β
∗

th
a
t

a
re

la
rg

er
th

a
n

3
C
λ
∗ δ

in
a
bs

o
lu

te
va

lu
e.

A
d
d
it

io
n

a
ll

y,

by
vi

rt
u

e
o
f

th
e

bo
u

n
d
λ̂
≤
λ
∗ δ,

th
re

sh
o
ld

in
g
β̂
λ̂

by
3 C
λ̂

le
a
d
s

to
ex

a
ct

su
p
po

rt
re

co
ve

ry
if

a
ll

n
o
n

-z
er

o
en

tr
ie

s
o
f
β
∗

a
re

la
rg

er
th

a
n

6C
λ
∗ δ

in
a
bs

o
lu

te
va

lu
e.

In
st

ro
n

g
co

n
tr

a
st

,
st

a
n

-
d
a
rd

ca
li

br
a
ti

o
n

sc
h
em

es
a
re

n
o
t

eq
u

ip
pe

d
w

it
h

co
m

pa
ra

bl
e

va
ri

a
bl

e
se

le
ct

io
n

gu
a
ra

n
te

es
,

a
n

d
th

er
e

is
n

o
th

eo
re

ti
ca

ll
y

so
u

n
d

gu
id

a
n

ce
fo

r
h
o
w

to
th

re
sh

o
ld

st
a
n

d
a
rd

sc
h
em

es
.

W
e

p
ro

v
e

T
h

eo
re

m
3

in
A

p
p

en
d

ix
A

;
h

er
e

le
t

u
s

m
ak

e
a

fe
w

re
m

ar
k
s

ab
o
u

t
it

s
co

n
-

se
q
u

en
ce

s.
F

ir
st

,
if

w
e

k
n

ew
th

e
or

ac
le

va
lu

e
λ
∗ δ

d
efi

n
ed

in
eq

u
at

io
n

(3
),

th
en

u
n

d
er

A
s-

su
m

p
ti

on
` ∞

(C
),

th
e

L
as

so
es

ti
m

at
e
β̂

w
ou

ld
sa

ti
sf

y
th

e
` ∞

-b
ou

n
d
‖β̂
−
β
∗ ‖
∞
≤
C
λ
∗ δ.

C
on

se
q
u

en
tl

y,
w

h
en

th
e

A
V
∞

m
et

h
o
d

is
im

p
le

m
en

te
d

w
it

h
p

ar
am

et
er
C

,
th

en
it

s
su

p
-n

o
rm

er
ro

r
is

op
ti

m
al

u
p

to
a

fa
ct

or
of

th
re

e.
F

or
st

an
d

ar
d

ca
li

b
ra

ti
on

sc
h

em
es

,
a
m

o
n

g
th

em
C

ro
ss

-V
al

id
at

io
n

,
n

o
co

m
p

ar
ab

le
gu

ar
an

te
es

ar
e

av
ai

la
b

le
in

th
e

li
te

ra
tu

re
.

In
fa

ct
,

w
e

a
re

n
ot

aw
ar

e
of

a
n

y
fi

n
it

e
sa

m
p

le
gu

ar
an

te
es

fo
r

st
an

d
ar

d
ca

li
b

ra
ti

on
sc

h
em

es
.

W
e

p
oi

n
t

ou
t

th
at

T
h

eo
re

m
3—

in
co

n
tr

as
t

to
as

y
m

p
to

ti
c

re
su

lt
s

or
re

su
lt

s
w

it
h

u
n

sp
ec

-
ifi

ed
co

n
st

an
ts

—
p

ro
v
id

es
ex

p
li

ci
t

gu
ar

an
te

es
fo

r
ar

b
it

ra
ry

sa
m

p
le

si
ze

s.
M

o
re

ov
er

,
T

h
eo

-
re

m
3

d
o
es

n
ot

p
re

su
m

e
p

ri
or

k
n

ow
le

d
ge

ab
ou

t
th

e
re

gr
es

si
on

v
ec

to
r

or
th

e
n

o
is

e
d

is
tr

ib
u

ti
o
n

an
d

al
lo

w
s,

in
p
ar

ti
cu

la
r,

fo
r

co
rr

el
at

ed
,

h
ea

v
y
-t

ai
le

d
n

oi
se

.
F

ro
m

th
e

p
er

sp
ec

ti
ve

o
f

th
eo

-
re

ti
ca

l
sh

ar
p

n
es

s,
th

e
b

es
t

ch
oi

ce
fo

r
C

is
C

=
C

.
H

ow
ev

er
,

T
h

eo
re

m
3

sh
ow

s
th

a
t

it
a
ls

o
su

ffi
ce

s
to

k
n

ow
an

u
p

p
er

b
ou

n
d

fo
r
C

.
W

e
p

ro
v
id

e
m

or
e

d
et

ai
ls

on
ch

o
ic

es
o
f
C

a
n

d
C

b
el

ow
.

W
e

fi
n

al
ly

ob
se

rv
e

th
at

th
e

sp
ec

ifi
c

ch
oi

ce
of

th
e

gr
id

en
te

rs
T

h
eo

re
m

3
on

ly
v
ia

th
e

or
ac

le
.

In
d

ee
d

,
fo

r
an

y
ch

oi
ce

of
th

e
gr

id
,

T
h

eo
re

m
3

en
su

re
s

th
at
λ̂

p
er

fo
rm

s
a
s

w
el

l
a
s

th
e

or
ac

le
tu

n
in

g
p
ar

am
et

er
λ
∗ δ,

w
h

ic
h

is
th

e
“b

es
t”

tu
n

in
g

p
ar

am
et

er
on

th
e

g
ri

d
.

2
.3

C
o
n

d
it

io
n

s
o
n

th
e

D
e
si

g
n

M
a
tr

ix
fo

r
` ∞

-g
u

a
ra

n
te

e
s

L
et

u
s

n
ow

d
es

cr
ib

e
so

m
e

co
n

d
it

io
n

s
on

th
e

d
es

ig
n

m
at

ri
x
X

th
at

ar
e

su
ffi

ci
en

t
fo

r
A

s-
su

m
p

ti
on

` ∞
(C

).
W

e
st

re
ss

th
at

th
es

e
ar

e
co

n
d

it
io

n
s

to
en

su
re

th
at

th
e

L
a
ss

o
sa

ti
sfi

es

5
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23
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:1
-2

0

C
h
ic

h
ig

n
o
u
d
,

L
e
d
e
r
e
r
,

a
n
d

W
a
in

w
r
ig

h
t

` ∞
-b

o
u

n
d

s;
im

p
or

ta
n
tl

y,
o
u

r
m

et
h

o
d

it
se

lf
d

o
es

n
o
t

im
p

os
e

a
n
y

a
d

d
it

io
n

a
l

re
st

ri
ct

io
n

s.
W

e
d

ef
er

al
l

p
ro

o
fs

o
f

th
e

re
su

lt
s

st
at

ed
h

er
e

to
A

p
p

en
d

ix
B

a
n

d
,

fo
r

si
m

p
li

ci
ty

,
w

e
as

su
m

e
in

th
e

fo
ll

ow
in

g
th

at
th

e
sa

m
p

le
co

va
ri

a
n

ce
Σ̂

:=
X
>
X
/
n

h
as

b
ee

n
n

or
m

al
iz

ed
su

ch
th

a
t

Σ̂
jj

=
1

fo
r

al
l
j
∈

[p
].

T
h

e
si

gn
ifi

ca
n

ce
o
f

th
e

ev
en

t
T λ

li
es

in
th

e
fo

ll
ow

in
g

im
p

li
ca

ti
o
n

:
w

h
en
T λ

h
ol

d
s,

th
en

it
ca

n
b

e
sh

ow
n

(e
.g

.,
B

ic
ke

l
et

a
l.

(2
0
0
9)

;
B

ü
h

lm
an

n
a
n

d
va

n
d

e
G

ee
r

(2
01

1
);

N
eg

a
h
b

a
n

et
al

.
(2

01
2)

)
th

a
t

th
e

L
as

so
er

ro
r

∆̂
:=

β̂
λ
−
β
∗

m
u

st
b

el
on

g
to

th
e

co
n

e

C
(S

)
:=
{ ∆
∈
R
p
|‖

∆
S
c
‖ 1
≤

2‖
∆
S
‖ 1
} ,

(6
)

w
h

er
e
S

d
en

o
te

s
th

e
su

p
p

o
rt

o
f
β
∗ ,

a
n
d
S
c

it
s

co
m

p
le

m
en

t.
A

cc
o
rd

in
g
ly

,
a
ll

k
n

ow
n

co
n

d
i-

ti
o
n

s
in

vo
lv

e
co

n
tr

ol
li

n
g

th
e

b
eh

av
io

r
of

th
e

sa
m

p
le

co
va

ri
a
n

ce
m

at
ri

x
Σ̂

fo
r

ve
ct

o
rs

ly
in

g
w

it
h

in
th

is
co

n
e.

T
h

e
m

os
t

d
ir

ec
tl

y
st

a
te

d
su

ffi
ci

en
t

co
n

d
it

io
n

is
b

a
se

d
o
n

lo
w

er
b

o
u

n
d

in
g

th
e
` ∞

-r
es

tr
ic

te
d

ei
ge

n
va

lu
e:

th
er

e
ex

is
ts

so
m

e
γ
>

0
su

ch
th

a
t

‖Σ̂
∆
‖ ∞
≥
γ
‖∆
‖ ∞

fo
r

al
l

∆
∈
C

(S
).

(7
)

S
ee

va
n

d
e

G
ee

r
an

d
B

ü
h

lm
a
n

n
(2

00
9
)

fo
r

an
ov

er
v
ie

w
of

va
ri

o
u

s
co

n
d

it
io

n
s

fo
r

th
e

L
a
ss

o,
a
n

d
th

ei
r

re
la

ti
on

s.
B

a
se

d
on

(7
),

w
e

p
ro

ve
in

A
p
p

en
d

ix
B

.1
th

e
fo

ll
ow

in
g

re
su

lt
:

L
e
m

m
a

5
(`
∞

-r
e
st

ri
c
te

d
e
ig

e
n
v
a
lu

e
)

S
u

p
po

se
th

a
t

Σ̂
sa

ti
sfi

es
th

e
γ

-R
E

co
n

d
it

io
n

(7
)

a
n

d
th

a
t
T λ

h
o
ld

s.
T

h
en

A
ss

u
m

p
ti

o
n
` ∞

(C
)

is
va

li
d

w
it

h
C

=
5 4
γ

.

A
lt

h
o
u

gh
th

is
re

su
lt

is
cl

ea
n

ly
st

a
te

d
,

th
e

R
E

co
n

d
it

io
n

ca
n

n
o
t

b
e

ve
ri

fi
ed

in
p
ra

ct
ic

e,
si

n
ce

it
in

vo
lv

es
th

e
u

n
k
n

ow
n

su
p

p
o
rt

se
t
S

.
A

cc
o
rd

in
g
ly

,
le

t
u

s
n

ow
st

a
te

so
m

e
su

ffi
ci

en
t

a
n

d
ve

ri
fi

ab
le

co
n

d
it

io
n

s
fo

r
ob

ta
in

in
g

b
o
u

n
d

s
o
n

th
e

re
st

ri
ct

ed
ei

g
en

va
lu

es
,

an
d

h
en

ce
fo

r
ve

ri
fy

in
g

A
ss

u
m

p
ti

on
` ∞

(C
).

F
o
r

a
g
iv

en
in

te
g
er
s̃
∈

[2
,p

]
an

d
sc

a
la

r
ν
>

0
,

le
t

u
s

sa
y

th
a
t

th
e

sa
m

p
le

co
va

ri
a
n

ce
Σ̂

is
d

ia
go

n
al

ly
d
om

in
a
n
t

w
it

h
p

ar
am

et
er

s
(s̃
,ν

)
if

m
ax

|T
|=
s̃

T
⊂

[p
]\
{j
}

∑ k
∈T
|Σ̂
jk
|<

ν
fo

r
al

l
j
∈

[p
].

(8
)

In
th

e
co

n
te

x
t

of
th

is
d

efi
n

it
io

n
,

th
e

re
a
d

er
sh

o
u

ld
re

ca
ll

th
a
t

w
e

h
av

e
a
ss

u
m

ed
th

a
t

Σ̂
jj

=
1

fo
r

al
l
j
∈

[p
].

N
ot

e
th

at
th

is
co

n
d

it
io

n
ca

n
b

e
ve

ri
fi

ed
in

p
ol

y
n

om
ia

l-
ti

m
e,

si
n

ce
th

e
su

b
se

t
T

ac
h

ie
v
in

g
th

e
m

a
x
im

u
m

in
ro

w
j

ca
n

b
e

o
b

ta
in

ed
si

m
p

ly
b
y

so
rt

in
g

th
e

en
tr

ie
s

{|
Σ̂
jk
|,k
∈

[p
]\
j}

.
T

h
e

si
g
n

ifi
ca

n
ce

o
f

th
is

co
n

d
it

io
n

li
es

in
th

e
fo

ll
ow

in
g

re
su

lt
:

L
e
m

m
a

6
(D

ia
g
o
n

a
l

d
o
m

in
a
n

c
e

o
f

o
rd

e
r
s̃)

S
u

p
po

se
th

a
t
s̃
≥

9
|S
|a

n
d

Σ̂
is
s̃-

o
rd

er
d
ia

go
n

a
ll

y
d
o
m

in
a
n

t
w

it
h

pa
ra

m
et

er
ν
∈

[0
,1

).
T

h
en

u
n

d
er

th
e

ev
en

t
T λ

,
A

ss
u

m
p
ti

o
n

` ∞
(C

)
is

va
li

d
w

it
h
C

=
5

4
(1
−
ν
)
.

S
ee

A
p

p
en

d
ix

B
.2

fo
r

th
e

p
ro

of
.

It
is

w
or

th
n

o
ti

n
g

th
at

th
e

d
ia

g
on

al
d

om
in

an
ce

co
n

d
it

io
n

is
w

ea
ke

r
th

an
th

e
p

a
ir

w
is

e
in

co
h

er
en

ce
co

n
d

it
io

n
s

th
a
t

h
av

e
b

ee
n

u
se

d
in

p
a
st

w
o
rk

on
su

p
-n

o
rm

er
ro

r
(L

o
u

n
ic

i,
2
00

8
).

T
h

e
p

a
ir

w
is

e
in

co
h

er
en

ce
of

th
e

sa
m

p
le

co
va

ri
a
n

ce
is

gi
ve

n
b
y
ρ
(Σ̂

)
=

m
ax

j6=
k
|Σ̂
jk
|.

If
th

e

p
a
ir

w
is

e
in

co
h

er
en

ce
sa

ti
sfi

es
th

e
b

o
u

n
d
ρ
(Σ̂

)
≤
ν
/s̃

,
th

en
it

fo
ll

ow
s

th
a
t

Σ̂
is

d
ia

g
on

a
ll

y
d

o
m

in
a
n
t

w
it

h
p

ar
am

et
er

s
(s̃
,ν

).
B

y
co

m
b

in
in

g
L

em
m

a
6

w
it

h
T

h
eo

re
m

3
,

w
e

o
b

ta
in

th
e

fo
ll

ow
in

g
co

ro
ll

a
ry

:
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L
a
sso

T
u
n
in

g

C
o
ro

lla
ry

7
S

u
p
po

se
th

a
t
s̃
≥

9|S|
a
n

d
Σ̂

is
s̃-o

rd
er

d
ia

go
n

a
lly

d
o
m

in
a
n

t
w

ith
pa

ra
m

eter
ν
∈

[0,1
).

T
h
en

fo
r

a
n

y
δ
∈

(0,1
),

th
e

A
V
∞

m
eth

od
w

ith
C

=
5

4
(1−

ν
)

retu
rn

s
a
n

estim
a
te

β̂
λ̂

su
ch

th
a
t

‖
β̂
λ̂ −

β
∗‖∞

≤
1
5

4
(1−

ν
) λ
∗δ

(9
)

w
ith

p
ro

ba
bility

a
t

lea
st

1−
δ.

A
n

oth
er

su
ffi

cien
t

co
n

d
ition

for
th

e
su

p
-n

o
rm

o
p

tim
a
lity

o
f
A

V
∞

is
a

d
esign

co
m

p
a
tib

ility
co

n
d

itio
n

d
u

e
to

va
n

d
e

G
eer

(20
07

).
F

o
r

each
in

d
ex

j
∈

[p
],

su
p

p
o
se

th
a
t

w
e

d
efi

n
e

th
e

d
eterm

in
istic

v
ecto

r

η
j∈

a
rg

m
in

β∈
R
p

β
j =
−

1 {
‖X

β‖
22

n
+

√
lo

g
(p

)

n
‖β‖

1 }
.

N
o
te

th
a
t

th
is

op
tim

iza
tio

n
p

rob
lem

d
efi

n
in

g
th

e
vecto

r
reg

ressio
n

of
th

e
jth

colu
m

n
o
f

th
e

d
esig

n
m

a
trix

on
th

e
set

o
f

a
ll

oth
er

co
lu

m
n

s,
w

h
ere

w
e

h
av

e
im

p
o
sed

a
n
`
1 -p

en
alty

w
ith

w
eig

h
t √

lo
g
(p

)
n

.
W

e
can

th
en

d
erive

th
e

fo
llow

in
g

su
p

-n
orm

b
ou

n
d

fo
r

th
e

L
a
sso

.

L
e
m

m
a

8
(L

a
sso

b
o
u

n
d

u
n

d
e
r

c
o
m

p
a
tib

ility
)

A
ssu

m
e

th
a
t
X

fu
lfi

lls
th

e
co

m
pa

tibil-
ity

co
n

d
itio

n

m
in

‖
β
S
c‖

1 ≤
3‖
β
S ‖

1 {
√
|S|‖X

β‖
2

√
n‖β

S ‖
1

}
≥
t

(C
o
m

p
a
tib

ility
)

fo
r

a
co

n
sta

n
t
t
>

0
.

A
d
d
itio

n
a
lly,

a
ssu

m
e

th
a
t

su
p

j∈
[p

]

|S|
t 2‖η

j‖
1
≤

1

lo
g
n √

n

lo
g
p
.

T
h
en

u
n

d
er

th
e

even
tT

λ ,
A

ssu
m

p
tio

n
`∞

(C
)

is
va

lid
w

ith

C
:=

(
34

+
1

log
(n

) )
m

ax
j∈

[p
]

‖
η
j‖

1

‖X
η
j‖

22 /n
+
√

log
(p

)/
n‖
η
j‖−

j /
2
.

T
h

is
b

o
u

n
d

is
a

con
seq

u
en

ce
o
f

resu
lts

in
(va

n
d

e
G

eer,
2
0
1
4
);

th
e

p
ro

of
is

d
eferred

to
S

ection
B

.3
.

W
e

a
re

n
ow

rea
d

y
to

sta
te

th
e

o
p

tim
a
lity

of
A

V
∞

w
ith

resp
ect

to
th

is
b

o
u

n
d

.

C
o
ro

lla
ry

9
(O

p
tim

a
lity

o
f

A
V
∞

)
A

ssu
m

e
th

a
t

th
e

a
ssu

m
p
tio

n
s

in
L

em
m

a
8

a
re

m
et.

T
h
en

fo
r

a
n

y
co

n
sta

n
t
δ
>

0,
th

e
fo

llo
w

in
g

bo
u

n
d

fo
r

L
a
sso

A
V
∞

w
ith

C
=
C

,
a
n

d
C

a
s

a
bo

ve,
h
o
ld

s
w

ith
p
ro

ba
bility

a
t

lea
st

1−
δ:

‖
β̂
λ̂ −

β
∗‖∞

≤
3C
λ
∗δ .

(1
0)

T
h

is
resu

lt
d

em
o
n

strates
th

e
o
p

tim
ality

o
f

A
V
∞

fo
r

su
p

-n
o
rm

lo
ss

u
n

d
er

th
e

co
m

p
a
tib

ility
con

d
itio

n
.
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C
h
ic

h
ig

n
o
u
d
,

L
e
d
e
r
e
r
,

a
n
d

W
a
in

w
r
ig

h
t

R
e
m

a
rk

1
0

(C
o
n

sta
n
t
C

in
p

ra
c
tic

e
)

T
h
e

o
p
tim

a
l

ch
o
ice

is
C

=
C

in
view

o
f

o
u

r
th

eo
retica

l
resu

lts.
T

h
e

co
n

sta
n

t
C

(o
r

a
n

u
p
per

bo
u

n
d

o
f

it)
ca

n
be

rea
d
ily

co
m

p
u

ted
,

beca
u

se
it

d
epen

d
s

o
n

ly
o
n
X

(cf.
L

em
m

a
8
)

o
r

o
n
X

a
n

d
a
n

u
p
per

bo
u

n
d

o
n
s

(cf.
L

em
m

a
6
).

H
o
w

ever,
w

e
p
ro

po
se

th
e

u
n

iversa
l

ch
o
ice

C
=

0
.75

fo
r

a
ll

p
ra

ctica
l

p
u

rpo
ses.

N
o
te

th
a
t

a
ccu

ra
te

su
p
po

rt
reco

very
a
n

d
`∞

-estim
a
tio

n
is

po
ssible

o
n

ly
if

th
e

d
esign

is
n

ea
r

o
rth

ogo
n

a
l.

A
d
irect

co
m

p
u

ta
tio

n
yield

s
th

e
bo

u
n

d
‖
β̂
λ −

β
∗‖∞

≤
C
λ

w
ith

C
=

0.75
fo

r
o
rth

ogo
n

a
l

d
esign

.
L

ettin
g
α
→
∞

in
T

h
eo

rem
1

d
u

e
to

L
o
u

n
ici

(2
0
0
8
)

yield
s

th
e

sa
m

e
bo

u
n

d
w

ith
C
≈

0.75
fo

r
n

ea
r

o
rth

ogo
n

a
l

d
esign

s.
T

h
is

p
ro

vid
es

stro
n

g
th

eo
retica

l
su

p
po

rt
fo

r
th

e
ch

o
ice

C
=

0.75.
T

h
e

em
p
irica

l
evid

en
ce

in
S

ectio
n

3
in

d
ica

tes
th

a
t

a
fu

rth
er

ca
libra

tio
n

is
in

d
eed

n
o
t

n
ecessa

ry.

3
.
S
im

u
la
tio

n
s

In
th

is
section

,
w

e
p

erform
ex

p
erim

en
ts

on
b

oth
sim

u
lated

an
d

real
d

ata
to

d
em

on
strate

th
e

p
ra

ctical
p

erform
an

ce
of

A
V
∞

.

3
.1

S
im

u
la

te
d

D
a
ta

W
e

sim
u

late
d

a
ta

from
lin

ear
regression

m
o
d

els
as

in
eq

u
ation

(M
o
d
el)

w
ith

n
=

200
ob

servatio
n

s
a
n

d
p
∈
{
300,900}

p
aram

eters.
M

ore
sp

ecifi
cally,

w
e

sam
p
le

each
row

of
th

e
d

esign
m

atrix
X
∈

R
n×

p
from

a
p
-d

im
en

sion
al

n
orm

al
d

istrib
u

tion
w

ith
m

ean
0

an
d

cova
ria

n
ce

m
atrix

(1−
κ

)
I
+
κ

1l,
w

h
ere

I
is

th
e

id
en

tity
m

atrix
,

1l
:=

(1,...,1) >
(1,...,1)

is
th

e
m

atrix
of

on
es,

an
d
κ
∈
{0,0.2,0.4}

is
th

e
m

ag
n
itu

d
e

of
th

e
m

u
tu

al
correla

tion
s.

F
or

th
e

en
tries

of
th

e
n

oise
ε∈

R
n
,

w
e

take
th

e
on

e-d
im

en
sion

al
n

orm
al

d
istrib

u
tion

w
ith

m
ea

n
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ü
h

lm
an

n
,
an

d
S

.
van

d
e

G
eer.

`
1 -p

en
alization

for
m

ix
tu

re
regression

m
o
d

els.
T

est,
1
9(2):2

09–
256,

2010.

T
.

S
u

n
a
n

d
C

.-H
.

Z
h

an
g.

S
caled

sp
arse

lin
ear

regression
.

B
io

m
etrika

,
9
9(4):879–8

98,
2012.

R
.

T
ib

sh
ira

n
i.

R
egression

sh
rin

kage
an

d
selection

v
ia

th
e

lasso.
J

.
R

o
y.

S
ta

tist.
S

oc.
S

er.
B

,
5
8(1):267–

288,
1996.

S
.

van
d

e
G

eer.
T

h
e

d
eterm

in
istic

L
asso.

2
0
0
7

P
roc.

A
m

er.
M

a
th

.
S

oc.
[C

D
-

R
O

M
],

see
a
lso

w
w

w
.sta

t.m
a
th

.eth
z.ch

/
˜
geer/

la
sso

.pd
f,

2007.

S
.

van
d

e
G

eer.
W

orst
p

ossib
le

su
b

-d
irection

s
in

h
igh

-d
im

en
sion

a
l

m
o
d

els.
J

.
M

u
ltiva

ria
te

A
n

a
l.,

in
p
ress,

2014.

S
.

van
d

e
G

eer
an

d
P

.
B

ü
h

lm
an

n
.

O
n

th
e

con
d

ition
s

u
sed

to
p

rov
e

oracle
resu

lts
for

th
e

L
a
sso

.
E

lectro
n

.
J

.
S

ta
t.,

3:1360–1392,
2009.

S
.

va
n

d
e

G
eer

an
d

J
.

L
ed

erer.
T

h
e

L
asso,

correlated
d

esign
,

an
d

im
p

roved
ora

cle
in

eq
u

al-
ities.

IM
S

C
o
llectio

n
s,

9:303–316,
2
013.

Y
.

Y
an

g
.

C
an

th
e

stren
gth

s
of

aic
an

d
b

ic
b

e
sh

ared
?

A
con

fl
ict

b
etw

een
m

o
d
el

in
d

en
tifi

-
cation

a
n

d
regression

estim
ation

.
B

io
m

etrika
,

92(4):937–
950,

20
05.

F
.

Y
e

a
n

d
C

.-H
.

Z
h

an
g.

R
ate

m
in

im
ax

ity
of

th
e

lasso
an

d
d

an
tzig

selector
fo

r
th

e
lq

loss
in

lr
b

a
lls.

J
.

M
a
ch

.
L

ea
rn

.
R

es.,
11:3519–3540,

2010.

C
.-H

.
Z

h
an

g.
N

early
u

n
b

iased
variab

le
selection

u
n

d
er

m
in

im
a
x

co
n

cave
p

en
alty.

A
n

n
.

S
ta

tist.,
p

ages
894–942,

2010.

P
.

Z
h

a
o

an
d

B
.

Y
u

.
O

n
m

o
d

el
selection

con
sisten

cy
of

L
asso

.
J

.
M

a
ch

.
L

ea
rn

.
R

es.,
7:

254
1–2

563
,

2
006

.

2
0

JM
L

R
 17(231):1-20



J
o
u

rn
a
l

o
f

M
a
ch

in
e

L
ea

rn
in

g
R

es
ea

rc
h

1
7

(2
0
1
6
)

1
-1

7
S

u
b

m
it

te
d

7
/
1
1
;

R
ev

is
ed

8
/
1
5
;

P
u

b
li

sh
ed

1
2
/
1
6

A
C

h
a
ra

ct
e
ri

za
ti

o
n

o
f

L
in

k
a
g
e
-B

a
se

d
H

ie
ra

rc
h
ic

a
l

C
lu

st
e
ri

n
g

M
a
rg

a
re

ta
A

ck
e
rm

a
n

m
a
r
g

a
r
e
t
a
.a

c
k
e
r
m

a
n
@

sj
su

.e
d
u

D
ep

a
rt

m
en

t
o
f

C
o
m

p
u

te
r

S
ci

en
ce

S
a
n

J
o
se

S
ta

te
U

n
iv

er
si

ty
S

a
n

J
o
se

,
C

A

S
h

a
i

B
e
n

-D
a
v
id

sh
a
i@

c
s.

u
w

a
t
e
r
l
o
o
.c

a

D
.R

.C
.

S
ch

oo
l

o
f

C
o
m

p
u

te
r

S
ci

en
ce

U
n

iv
er

si
ty

o
f

W
a
te

rl
oo

W
a
te

rl
oo

,
O

N

E
d

it
o
r:

M
ar

in
a

M
ei

la

A
b
st

ra
ct

T
h
e

cl
as

s
o
f

li
n
ka

g
e-

b
as

ed
al

go
ri

th
m

s
is

p
er

h
ap

s
th

e
m

o
st

p
op

u
la

r
cl

a
ss

o
f

h
ie

ra
rc

h
ic

a
l

al
go

ri
th

m
s.

W
e

id
en

ti
fy

tw
o

p
ro

p
er

ti
es

o
f

h
ie

ra
rc

h
ic

a
l

al
g
or

it
h
m

s,
a
n
d

p
ro

v
e

th
a
t

li
n
ka

g
e-

b
a
se

d
a
lg

o
ri

th
m

s
a
re

th
e

on
ly

on
es

th
at

sa
ti

sf
y

b
ot

h
of

th
es

e
p
ro

p
er

ti
es

.
O

u
r

ch
a
ra

ct
er

-
iz

at
io

n
cl

ea
rl

y
d
el

in
ea

te
s

th
e

d
iff

er
en

ce
b

et
w

ee
n

li
n
ka

g
e-

b
a
se

d
al

g
or

it
h
m

s
an

d
ot

h
er

h
ie

r-
ar

ch
ic

al
m

et
h
o
d
s.

W
e

fo
rm

u
la

te
an

in
tu

it
iv

e
n
o
ti

on
o
f

lo
ca

li
ty

o
f

a
h
ie

ra
rc

h
ic

a
l

al
g
or

it
h
m

th
a
t

d
is

ti
n
gu

is
h
es

b
et

w
ee

n
li
n
ka

g
e-

b
as

ed
an

d
“g

lo
b
a
l”

h
ie

ra
rc

h
ic

al
al

g
or

it
h
m

s
li
ke

b
is

ec
ti

n
g

k
-m

ea
n
s,

a
n
d

p
ro

ve
th

a
t

p
o
p
u
la

r
d
iv

is
iv

e
h
ie

ra
rc

h
ic

a
l

al
go

ri
th

m
s

p
ro

d
u
ce

cl
u
st

er
in

gs
th

at
ca

n
n
o
t

b
e

p
ro

d
u
ce

d
b
y

a
n
y

li
n
ka

ge
-b

as
ed

a
lg

or
it

h
m

.

1
.

In
tr

o
d
u
ct

io
n

C
lu

st
er

in
g

is
a

fu
n

d
am

en
ta

l
an

d
im

m
en

se
ly

u
se

fu
l

ta
sk

,
w

it
h

m
an

y
im

p
or

ta
n
t

a
p

p
li

ca
ti

on
s.

T
h

er
e

ar
e

m
an

y
cl

u
st

er
in

g
al

go
ri

th
m

s,
an

d
th

es
e

al
go

ri
th

m
s

of
te

n
p

ro
d

u
ce

d
iff

er
en

t
re

su
lt

s
on

th
e

sa
m

e
d

at
a.

F
ac

ed
w

it
h

a
co

n
cr

et
e

cl
u

st
er

in
g

ta
sk

,
a

u
se

r
n
ee

d
s

to
ch

o
o
se

a
n

ap
p

ro
p

ri
-

at
e

al
go

ri
th

m
.

C
u

rr
en

tl
y,

su
ch

d
ec

is
io

n
s

a
re

of
te

n
m

ad
e

in
a

ve
ry

ad
h

o
c,

if
n

o
t

co
m

p
le

te
ly

ra
n

d
om

,
m

an
n

er
.

U
se

rs
ar

e
aw

ar
e

of
th

e
co

st
s

in
vo

lv
ed

in
em

p
lo

y
in

g
d

iff
er

en
t

cl
u

st
er

in
g

al
go

ri
th

m
s,

su
ch

as
ru

n
n

in
g

ti
m

es
,

m
em

or
y

re
q
u

ir
em

en
ts

,
an

d
so

ft
w

ar
e

p
u

rc
h

as
in

g
co

st
s.

H
ow

ev
er

,
th

er
e

is
ve

ry
li

tt
le

u
n

d
er

st
an

d
in

g
of

th
e

d
iff

er
en

ce
s

in
th

e
ou

tc
om

es
th

a
t

th
es

e
al

go
ri

th
m

s
m

ay
p

ro
d

u
ce

.

It
h

as
b

ee
n

p
ro

p
os

ed
to

ad
d

re
ss

th
is

ch
a
ll

en
ge

b
y

id
en

ti
fy

in
g

si
gn

ifi
ca

n
t

p
ro

p
er

ti
es

th
at

d
is

ti
n

gu
is

h
b

et
w

ee
n

d
iff

er
en

t
cl

u
st

er
in

g
p

ar
ad

ig
m

s
(s

ee
,

fo
r

ex
am

p
le

,
A

ck
er

m
an

et
al

.
(2

01
0b

)
an

d
F

is
h

er
an

d
V

an
N

es
s

(1
97

1)
).

B
y

fo
cu

si
n

g
on

th
e

in
p
u

t-
ou

tp
u

t
b

eh
av

io
u

r
o
f

a
l-

go
ri

th
m

s,
th

es
e

p
ro

p
er

ti
es

sh
ed

li
gh

t
on

es
se

n
ti

al
d

iff
er

en
ce

s
b

et
w

ee
n

th
em

(A
ck

er
m

a
n

et
al

.
(2

01
0b

,
20

12
))

.
U

se
rs

co
u

ld
th

en
ch

o
os

e
d

es
ir

ab
le

p
ro

p
er

ti
es

b
as

ed
on

d
o
m

a
in

ex
p

er
ti

se
,

an
d

se
le

ct
an

al
go

ri
th

m
th

at
sa

ti
sfi

es
th

es
e

p
ro

p
er

ti
es

.

In
th

is
p

ap
er

,
w

e
fo

cu
s

h
ie

ra
rc

h
ic

al
al

go
ri

th
m

s,
a

p
ro

m
in

en
t

cl
as

s
o
f

cl
u

st
er

in
g

a
lg

o-
ri

th
m

s.
T

h
es

e
al

go
ri

th
m

s
ou

tp
u

t
d

en
d
ro

gr
am

s,
w

h
ic

h
th

e
u

se
r

ca
n

th
en

tr
av

er
se

to
ob

ta
in

th
e

d
es

ir
ed

cl
u
st

er
in

g.
D

en
d

ro
gr

am
s

p
ro

v
id

e
a

co
n
ve

n
ie

n
t

m
et

h
o
d

fo
r

ex
p

lo
ri

n
g

m
u

lt
ip

le

c ©
2
0
1
6

M
a
rg

a
re

ta
A

ck
er

m
a
n

a
n

d
S

h
a
i

B
en

-D
a
v
id

.
JM

L
R

 1
7(

23
2)

:1
-1

7

A
c
k
e
r
m

a
n

a
n
d

B
e
n
-D

a
v
id

cl
u

st
er

in
gs

of
th

e
d

at
a
.

N
o
ta

b
ly

,
fo

r
so

m
e

a
p

p
li

ca
ti

o
n

s
th

e
d

en
d

ro
gr

a
m

it
se

lf
,

n
o
t

a
n
y

cl
u

s-
te

ri
n

g
fo

u
n

d
in

it
,

is
th

e
d

es
ir

ed
fi

n
a
l

o
u
tc

om
e.

O
n

e
su

ch
a
p

p
li

ca
ti

o
n

is
fo

u
n

d
in

th
e

fi
el

d
of

p
h
y
lo

ge
n
y,

w
h

ic
h

a
im

s
to

re
co

n
st

ru
ct

th
e

tr
ee

of
li

fe
.

O
n

e
p

o
p

u
la

r
cl

a
ss

o
f

h
ie

ra
rc

h
ic

a
l

al
g
o
ri

th
m

s
is

li
n

ka
g
e-

b
a
se

d
a
lg

or
it

h
m

s.
T

h
es

e
a
lg

o-
ri

th
m

s
st

ar
t

w
it

h
si

n
gl

et
o
n

cl
u

st
er

s,
an

d
re

p
ea

te
d

ly
m

er
g
e

p
ai

rs
o
f

cl
u

st
er

s
u
n
ti

l
a

d
en

-
d

ro
g
ra

m
is

fo
rm

ed
.

T
h

is
cl

a
ss

in
cl

u
d

es
co

m
m

on
ly

-u
se

d
al

g
o
ri

th
m

s
su

ch
a
s

si
n

g
le

-l
in

ka
g
e,

av
er

a
ge

-l
in

ka
ge

,
co

m
p

le
te

-l
in

ka
ge

,
a
n

d
W

ar
d

’s
m

et
h

o
d

.

In
th

is
p

ap
er

,
w

e
p

ro
v
id

e
a

p
ro

p
er

ty
-b

a
se

d
ch

a
ra

ct
er

iz
a
ti

o
n

o
f

h
ie

ra
rc

h
ic

a
l
li

n
ka

g
e-

b
a
se

d
al

g
or

it
h

m
s.

W
e

id
en

ti
fy

tw
o

p
ro

p
er

ti
es

o
f

h
ie

ra
rc

h
ic

a
l

a
lg

or
it

h
m

s
th

a
t

a
re

sa
ti

sfi
ed

b
y

a
ll

li
n

ka
ge

-b
a
se

d
al

go
ri

th
m

s,
a
n

d
p

ro
ve

th
a
t

a
t

th
e

sa
m

e
ti

m
e

n
o

a
lg

or
it

h
m

th
at

is
n

o
t

li
n

ka
g
e-

b
a
se

d
ca

n
sa

ti
sf

y
b

o
th

of
th

es
e

p
ro

p
er

ti
es

.

T
h

e
p

op
u

la
ri

ty
o
f

li
n

ka
ge

-b
a
se

d
a
lg

o
ri

th
m

s
le

a
d

s
to

a
co

m
m

o
n

m
is

co
n

ce
p

ti
o
n

th
at

li
n

ka
ge

-b
a
se

d
a
lg

o
ri

th
m

s
a
re

sy
n

o
n
y
m

o
u

s
w

it
h

h
ie

ra
rc

h
ic

al
al

g
o
ri

th
m

s.
W

e
sh

ow
th

a
t

ev
en

w
h

en
th

e
in

te
rn

a
l

w
or

k
in

g
s

of
a
lg

o
ri

th
m

s
ar

e
ig

n
o
re

d
,

a
n

d
th

e
fo

cu
s

is
p

la
ce

d
so

le
ly

on
th

ei
r

in
p

u
t-

o
u

tp
u

t
b

eh
av

io
u

r,
th

er
e

ar
e

n
a
tu

ra
l
h

ie
ra

rc
h

ic
a
l
a
lg

or
it

h
m

s
th

a
t

a
re

n
o
t

li
n

ka
g
e-

b
a
se

d
.

W
e

d
efi

n
e

a
la

rg
e

cl
as

s
o
f

d
iv

is
iv

e
a
lg

or
it

h
m

s
th

a
t

in
cl

u
d

es
th

e
p

op
u

la
r

b
is

ec
ti

n
g
k
-m

ea
n

s
a
l-

go
ri

th
m

,
an

d
sh

ow
th

a
t

n
o

li
n

ka
ge

-b
a
se

d
a
lg

o
ri

th
m

ca
n

si
m

u
la

te
th

e
in

p
u

t-
o
u

tp
u

t
b

eh
av

io
u

r
of

a
n
y

al
go

ri
th

m
in

th
is

cl
as

s.

2
.

P
re

v
io

u
s

W
o
rk

O
u

r
w

or
k

fa
ll

s
w

it
h

in
th

e
la

rg
er

fr
a
m

ew
o
rk

o
f

st
u

d
y
in

g
p

ro
p

er
ti

es
o
f

cl
u

st
er

in
g

al
g
o
ri

th
m

s.
S

ev
er

al
a
u

th
or

s
st

u
d

y
su

ch
p

ro
p

er
ti

es
fr

om
a
n

a
x
io

m
a
ti

c
p

er
sp

ec
ti

ve
.

F
o
r

in
st

a
n

ce
,

W
ri

gh
t

(1
97

3
)

p
ro

p
os

es
ax

io
m

s
of

cl
u

st
er

in
g

fu
n

ct
io

n
s

in
a

w
ei

g
h
te

d
se

tt
in

g
,

w
h

er
e

ev
er

y
d

o
m

a
in

el
em

en
t

is
as

si
g
n

ed
a

p
os

it
iv

e
re

a
l
w

ei
g
h
t,

a
n

d
it

s
w

ei
g
h
t

m
ay

b
e

d
is

tr
ib

u
te

d
am

o
n

g
m

u
lt

ip
le

cl
u

st
er

s.
A

re
ce

n
t,

a
n

d
in

fl
u

en
ti

a
l,

p
a
p

er
in

th
is

li
n

e
o
f

w
o
rk

is
K

le
in

b
er

g
’s

im
p

o
ss

ib
il

it
y

re
su

lt
(K

le
in

b
er

g
(2

0
0
3)

),
w

h
er

e
h

e
p

ro
p

o
se

s
th

re
e

a
x
io

m
s

of
p

a
rt

it
io

n
al

cl
u

st
er

in
g

fu
n

ct
io

n
s

an
d

p
ro

v
es

th
a
t

n
o

cl
u

st
er

in
g

fu
n

ct
io

n
ca

n
si

m
u

lt
a
n

eo
u

sl
y

sa
ti

sf
y

th
es

e
p

ro
p

er
ti

es
.

P
ro

p
er

ti
es

h
av

e
b

ee
n

u
se

d
st

u
d
y

d
iff

er
en

t
a
sp

ec
ts

o
f

cl
u

st
er

in
g.

A
ck

er
m

an
a
n
d

B
en

-
D

av
id

(2
00

8)
co

n
si

d
er

p
ro

p
er

ti
es

sa
ti

sfi
ed

b
y

cl
u

st
er

in
g

q
u

a
li
ty

m
ea

su
re

s,
sh

ow
in

g
th

a
t

p
ro

p
er

ti
es

an
al

o
go

u
s

to
K

le
in

b
er

g’
s

a
x
io

m
s

a
re

co
n

si
st

en
t

in
th

is
se

tt
in

g
.

M
ei

la
(2

0
05

)
st

u
d

ie
s

p
ro

p
er

ti
es

o
f

cr
it

er
ia

fo
r

co
m

p
ar

in
g

cl
u

st
er

in
g
s,

fu
n

ct
io

n
s

th
at

m
ap

p
a
ir

s
o
f

cl
u

st
er

-
in

g
s

to
re

a
l

n
u

m
b

er
s,

a
n

d
id

en
ti

fi
es

p
ro

p
er

ti
es

th
a
t

a
re

su
ffi

ci
en

t
to

u
n

iq
u

el
y

id
en

ti
fy

se
v
er

al
su

ch
cr

it
er

ia
.

P
u

zi
ch

a
et

al
.

(2
0
0
0)

ex
p

lo
re

p
ro

p
er

ti
es

of
cl

u
st

er
in

g
o
b

je
ct

iv
e

fu
n

ct
io

n
s.

T
h

ey
p

ro
p

os
e

a
fe

w
n

a
tu

ra
l

p
ro

p
er

ti
es

o
f

cl
u

st
er

in
g

o
b

je
ct

iv
e

fu
n

ct
io

n
s,

a
n

d
th

en
fo

cu
s

o
n

ob
je

ct
iv

e
fu

n
ct

io
n

s
th

a
t

a
ri

se
b
y

re
q
u

ir
in

g
fu

n
ct

io
n
s

to
d

ec
om

p
o
se

in
to

a
d

d
it

iv
e

fo
rm

.

M
os

t
re

le
va

n
t

to
ou

r
w

o
rk

a
re

p
re

v
io

u
s

re
su

lt
s

d
is

ti
n

g
u

is
h

in
g

li
n

ka
g
e-

b
a
se

d
al

g
o
ri

th
m

s
b

as
ed

on
th

ei
r

p
ro

p
er

ti
es

.
M

o
st

of
th

es
e

re
su

lt
s

a
re

co
n

ce
rn

ed
w

it
h

th
e

si
n

g
le

-l
in

ka
g
e

a
l-

go
ri

th
m

.
In

th
e

h
ie

ra
rc

h
ia

l
cl

u
st

er
in

g
se

tt
in

g
,

J
a
rd

in
e

an
d

S
ib

so
n

(1
9
71

)
a
n

d
C

a
rl

ss
o
n

an
d

M
ém

ol
i

(2
01

0
)

fo
rm

u
la

te
a

co
ll
ec

ti
o
n

o
f

p
ro

p
er

ti
es

th
a
t

d
efi

n
e

si
n

g
le

li
n

ka
ge

.

Z
a
d

eh
an

d
B

en
-D

av
id

(2
0
0
9)

ch
a
ra

ct
er

iz
e

si
n

g
le

li
n

ka
ge

in
th

e
p

ar
ti

ti
o
n

a
l

se
tt

in
g

w
h

er
e

in
st

ea
d

o
f

co
n

st
ru

ct
in

g
a

d
en

d
ro

g
ra

m
,

cl
u

st
er

s
a
re

m
er

g
ed

u
n
ti

l
a

gi
ve

n
n
u

m
b

er
of

cl
u

st
er

s
re

m
a
in

.
F

in
al

ly
,

A
ck

er
m

a
n

et
a
l.

(2
0
1
0
a)

ch
a
ra

ct
er

iz
e

li
n

ka
g
e-

b
a
se

d
a
lg

or
it

h
m

s
in

th
e

sa
m

e
p

ar
ti

ti
on

al
se

tt
in

g
in

te
rm

s
o
f

a
fe

w
n
a
tu

ra
l

p
ro

p
er

ti
es

.
T

h
es

e
re

su
lt

s
en

a
b

le
a

co
m

p
a
ri

so
n

2
JM

L
R
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L
in

k
a
g

e
-B

a
se

d
H

ie
r
a
r
c
h
ic

a
l

C
l
u
st

e
r
in

g

F
ig

u
re

1
:

A
d

en
d

ro
g
ra

m
of

d
o
m

ain
set{

x
1 ,...,x

8 }.
T

h
e

h
o
rizo

n
ta

l
lin

es
rep

resen
t

levels
an

d
every

lea
f

is
a
sso

cia
ted

w
ith

a
n

elem
en

t
o
f

th
e

d
o
m

a
in

.

o
f

th
e

in
p

u
t-o

u
tp

u
t

b
eh

av
io

u
r

of
(a

p
artitio

n
a
l

va
ria

n
t

of)
lin

kag
e-b

a
sed

a
lg

o
rith

m
s

w
ith

o
th

er
p

a
rtitio

n
a
l

a
lgo

rith
m

s.

In
th

is
p

ap
er,

w
e

ch
a
ra

cterize
h

ierarch
ical

lin
ka

ge-b
a
sed

a
lg

orith
m

s,
w

h
ich

m
a
p

d
a
ta

sets
to

d
en

d
ro

g
ra

m
s.

O
u

r
ch

a
ra

cteriza
tio

n
is

in
d

ep
en

d
en

t
o
f

a
n
y

sto
p

p
in

g
criterio

n
.

It
en

a
b

les
th

e
co

m
p

a
riso

n
o
f

lin
kag

e-b
ased

a
lg

orith
m

s
to

o
th

er
h

iera
rch

ica
l

a
lg

o
rith

m
s,

a
n

d
clea

rly
d

elin
ea

tes
th

e
d

iff
eren

ces
b

etw
een

th
e

in
p

u
t/

o
u

tp
u

t
b

eh
av

io
u

r
of

lin
ka

ge-b
a
sed

a
lg

o
rith

m
s

a
n

d
o
th

er
h
iera

rch
ica

l
m

eth
o
d

s.

3
.

D
e
fi
n
itio

n
s

A
d
ista

n
ce

fu
n

ctio
n

is
a

sy
m

m
etric

fu
n

ctio
n
d

:
X
×
X
→

R
+

,
su

ch
th

a
t
d
(x
,x

)
=

0
fo

r
a
ll
x
∈
X

.
T

h
e

d
ata

sets
th

a
t

w
e

co
n

sid
er

a
re

p
a
irs

(X
,d

),
w

h
ere

X
is

so
m

e
fi

n
ite

d
om

ain
set

a
n

d
d

is
a

d
ista

n
ce

fu
n

ctio
n

ov
er
X

.
W

e
say

th
a
t

a
d

istan
ce

fu
n

ctio
n
d

over
X

exten
d
s

d
istan

ce
fu

n
ctio

n
d ′

over
X
′⊆

X
,

d
en

o
ted

d ′⊆
d
,

if
d ′(x

,y
)

=
d
(x
,y

)
fo

r
all

x
,y
∈
X
′.

T
w

o
d

istan
ce

fu
n

ctio
n
d

over
X

a
n

d
d ′

over
X
′

a
gree

on
a

d
a
ta

set
Y

if
Y
⊆
X

,
Y
⊆
X
′,

a
n

d
d
(x
,y

)
=
d ′(x

,y
)

for
a
ll
x
,y
∈
Y

.

A
k

-clu
sterin

g
C

=
{
C

1 ,C
2 ,...,C

k }
o
f

a
d

a
ta

set
X

is
a

p
artitio

n
o
f
X

in
to
k

n
o
n

-em
p

ty
d

isjo
in

t
su

b
sets

o
f
X

(so
,∪

i C
i

=
X

).
A

clu
sterin

g
of
X

is
a
k
-clu

sterin
g

of
X

fo
r

so
m

e
1
6
k
6
|X
|.

F
o
r

a
clu

sterin
g
C

,
let|C

|
d

en
o
te

th
e

n
u

m
b

er
o
f

clu
sters

in
C

.
F

o
r
x
,y
∈
X

a
n

d
clu

sterin
g
C

of
X

,
w

e
w

rite
x
∼
C
y

if
x

an
d
y

b
elo

n
g

to
th

e
sa

m
e

clu
ster

in
C

a
n

d
x
6∼
C
y
,

o
th

erw
ise.

G
iven

a
ro

o
ted

tree
T

w
h

ere
th

e
ed

g
es

a
re

o
rien

ted
aw

ay
fro

m
th

e
ro

o
t,

let
V

(T
)

d
en

ote
th

e
set

o
f

v
ertices

in
T

,
an

d
E

(T
)

d
en

o
te

th
e

set
o
f

ed
g
es

in
T

.
W

e
u

se
th

e
stan

d
a
rd

in
terp

reta
tion

o
f

th
e

term
s

lea
f,

d
escen

d
en

t,
p

a
ren

t,
a
n

d
ch

ild
.

A
d

en
d

ro
g
ra

m
over

a
d

a
ta

set
X

is
a

b
in

a
ry

ro
o
ted

tree
w

h
ere

th
e

leaves
corresp

o
n

d
to

elem
en

ts
o
f
X

.
In

ad
d

itio
n

,
every

n
o
d

e
is

a
ssig

n
ed

a
level,

u
sin

g
a

level
fu

n
ctio

n
(η

);
leaves

a
re

p
la

ced
at

level
0
,

p
a
ren

ts
h

ave
h

ig
h

er
levels

th
a
n

th
eir

ch
ild

ren
,

a
n

d
n

o
level

is
em

p
ty.

S
ee

F
ig

u
re

1
fo

r
an

illu
stra

tio
n

.
F

o
rm

a
lly,

3
JM

L
R
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A
c
k
e
r
m

a
n

a
n
d

B
e
n
-D

a
v
id

D
e
fi

n
itio

n
1

(d
e
n

d
ro

g
ra

m
)

A
d

en
d

rogram
o
ver

(X
,d

)
is

a
trip

le
(T
,M

,η
)

w
h
ere

T
is

a
bin

a
ry

roo
ted

tree,
M

:
leav

es(T
)→

X
is

a
bijectio

n
,

a
n

d
η

:
V

(T
)→

{
0,...,h}

is
o
n

to
(fo

r
so

m
e
h
∈
Z

+
∪
{
0})

su
ch

th
a
t

1
.

F
o
r

every
lea

f
n

od
e
x
∈
V

(T
),
η
(x

)
=

0.

2
.

If
(x
,y

)∈
E

(T
),

th
en

η
(x

)
>
η
(y

).

G
iven

a
d

en
d

rogram
D

=
(T
,M

,η
)

of
X

,
w

e
d

efi
n

e
a

m
ap

p
in

g
from

n
o
d

es
to

clu
sters

C
:
V

(T
)→

2
X

b
y
C

(x
)

=
{M

(y
)|
y

is
a

leaf
an

d
a

d
escen

d
en

t
of
x}.

IfC
(x

)
=
A

,
th

en
w

e
w

rite
v
(A

)
=
x

.
W

e
th

in
k

of
v
(A

)
as

th
e

vertex
(or

n
o
d

e)
in

th
e

tree
th

at
rep

resen
ts

clu
ster

A
.

W
e

say
th

a
t
A
⊆
X

is
a

clu
ster

in
D

if
th

ere
ex

ists
a

n
o
d

e
x
∈
V

(T
)

so
th
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=
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in
F

(X
′ ,
d
|X
′ )

=
(T
′ ,
M
′ ,
η
′ )

,
a
n

d
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d
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∈
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p
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p
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c
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p
le

o
f

a
n
A

-cu
t.
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d
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m

s
va

ry
in

h
ow

th
ey

reso
lve

th
is

co
n
tra

d
ictio

n
.

K
lein

b
erg

(20
03

)
p

rop
o
sed

a
fo

rm
a
liza

tio
n

of
th

ese
req

u
irem

en
ts

in
h

is
“
co

n
sisten

cy
”

a
x
io

m
for

p
a
rtitio

n
a
l

clu
sterin

g
a
lg

orith
m

s.
C

o
n

sisten
cy

req
u

ires
th

at
if

w
ith

in
-clu

ster
d

ista
n

ces
a
re

d
ecrea

sed
,

an
d

b
etw

een
-clu

ster
d

istan
ces

a
re

in
crea

sed
,

th
en

th
e

o
u

tp
u

t
o
f

a
clu

sterin
g

fu
n

ctio
n

d
o
es

n
o
t

ch
an

ge.
S

in
ce

th
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d
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d
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b
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b
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d
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a
ren

t
h

a
s

in
fi

n
ite

level,
η
(pa

ren
t(u

))
=
∞
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d
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∈
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a
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p
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con
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ra
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rem
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d ′

over
X

is
(C
,d

)-o
u

ter-co
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d ′(x

,y
)

=
d
(x
,y

)
w

h
en

ever
x
∼
C
y
,

an
d
d ′(x

,y
)>

d
(x
,y

)
w

h
en

ev
er
x
6∼
C
y
.

D
e
fi

n
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c
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e
for

each
d

irectio
n

o
f

th
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c
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n
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n
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a
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∩
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∅
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∪
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e
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∈
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.
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=
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ever

x
∈
X

1
a
n

d
y
∈
X

2

•
d

3 (x
,y

)
=
d

1 (x
,y

)
w

h
en

ev
er
x
,y
∈
X

1
o
r
x
,y
∈
X

2

S
et

(X
′1 ,X

′2 ,d
2 ) ∼=

F
(X

1 ,X
2 ,d

2 )
an

d
(X
′′1
,X
′′2
,d

3 ) ∼=
F

(X
1 ,X

2 ,d
3 ).

L
et
X

=
X

1 ∪
X

2 ∪
X
′1 ∪

X
′2 ∪

X
′′1
∪
X
′′2
.

B
y

rich
n

ess,
th

ere
ex

ists
a

d
ista

n
ce

fu
n

ction
d ∗

th
at

ex
ten

d
s
d
i

fo
r

all
1
6
i6

3
so

th
a
t{X

1 ∪
X

2 ,X
′1 ∪

X
′2 ,X

′′1 ∪
X
′′2 }

is
a

clu
sterin

g
in

F
(X
,d ∗).

L
et
F

(X
,d ∗)

=
(T
,M

,η
).

S
in

ce
(X
′1 ,X

′2 ,d
2 )
<
F

(X
1 ,X

2 ,d
1 ),

b
y

lo
ca

lity
a
n

d
o
u

ter-
co

n
sisten

cy,
w

e
g
et

th
a
t
η
(v

(X
′1 ∪

X
′2 ))

<
η
(v

(X
1 ∪

X
2 )).

W
e

co
n

sid
er

th
e

lev
el

(η
va

lu
e)

o
f

v
(X
′′1 ∪

X
′′2
)

w
ith

resp
ect

to
th

e
lev

els
o
f
v
(X
′1 ∪

X
′2 )

a
n

d
v
(X

1 ∪
X

2 )
in
F

(X
,d ∗).

W
e

n
ow

co
n

sid
er

a
few

ca
ses.

C
a
se

1:
η
(v

(X
′′1 ∪

X
′′2
))6

η
(v

(X
′1 ∪

X
′2 )).

T
h
en

th
ere

ex
ists

a
n

o
u

ter-con
sisten

t
ch

a
n

g
e

m
ov

in
g
X

1
an

d
X

2
fu

rth
er

aw
ay

fro
m

ea
ch

o
th

er
u

n
til

(X
1 ,X

2 ,d
1 )

=
(X
′′1
,X
′′2
,d

3 ).
L

et
d̂

b
e

th
e

d
ista

n
ce

fu
n

ctio
n

th
a
t

ex
ten

d
s
d

1
a
n

d
d

2
w

h
ich

sh
ow

s
th

a
t

(X
′1 ,X

′2 ,d
2 )
<
F

(X
1 ,X

2 ,d
1 ).
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A
c
k
e
r
m

a
n

a
n
d

B
e
n
-D

a
v
id

cu
tX

′1 ∪
X

′2 F
(X

1 ∪
X

2 ∪
X
′1 ∪

X
′2 ,d̂

)
=
{
X
′1 ∪

X
′2 ,X

1 ,X
2 }

.
W

e
can

ap
p

ly
ou

ter
con

sisten
cy

on
{
X
′1 ∪

X
′2 ,X

1 ,X
2 }

an
d

m
ove

X
1

an
d
X

2
aw

ay
from

each
o
th

er
u

n
til{X

1 ,X
2 }

is
isom

o
rp

h
ic

to
{X
′′1
,X
′′2 }.

B
y

ou
ter

con
sisten

cy,
th

is
m

o
d

ifi
cation

sh
ou

ld
n

ot
eff

ect
th

e
(X

1 ∪
X

2 )-cu
t.

A
p

p
ly

in
g

lo
cality,

w
e

h
ave

tw
o

isom
orp

h
ic

d
ata

sets
th

at
p

ro
d

u
ce

d
iff

eren
t

d
en

d
rog

ram
s,

on
e

in
w

h
ich

th
e

fu
rth

er
p

air
((X

′1 ,X
′2 )

w
ith

d
istan

ce
fu

n
ction

d
2 )

is
n

ot
b

elow
th

e
m

ed
iu

m
p

air
((X

′′1
,X
′′2
)

w
ith

d
istan

ce
fu

n
ctio

n
d

3 ),
an

d
th

e
oth

er
in

w
h

ich
th

e
m

ed
iu

m
p

air
is

ab
ove

th
e

fu
rth

est
p

a
ir.

C
a
se

2:
η
(v

(X
′′1 ∪

X
′′2
))>

η
(v

(X
1 ∪

X
2 )).

S
in

ce
X
′′i

is
isom

o
rp

h
ic

to
X
i

for
all

i∈
{1,2}

,
η
(v

(X
i ))

=
η
(v

(X
′′i ))

for
all

i∈
{1,2}

.
T

h
is

gives
u

s
th

at
in

th
is

case,
cu
tX

1 ∪
X

2 F
(X

1 ∪
X

2 ∪
X
′′1 ∪

X
′′2
,d ∗)

=
{X

1 ∪
X

2 ,X
′′1
,X
′′2 }

.
W

e
can

th
erefore

ap
p

ly
ou

ter
con

sisten
cy

an
d

sep
arate

X
′′1

an
d
X
′′2

u
n
til{

X
′′1
,X
′′2 }

is
isom

orp
h

ic
to
{
X
′1 ∪

X
′2 }

.
S

o
th

is
giv

es
u

s
tw

o
isom

orp
h

ic
d

ata
sets,

on
e

in
w

h
ich

th
e

fu
rth

er
p

air
is

n
ot

b
elow

th
e

closest
p

air,
an

d
th

e
oth

er
in

w
h

ich
th

e
fu

rth
er

p
air

is
b

elow
th

e
closest

p
air.

C
ase

3:
η
(X

1 ∪
X

2 )
<
η
(X
′′1
∪
X
′′2
)
<
η
(X
′1 ∪

X
′2 ).

N
otice

th
at
cu
tX

′′1 ∪
X

′′2
F

(X
1 ∪

X
2 ∪

X
′′1 ∪

X
′′2
,d ∗)

=
{X
′′1 ∪

X
′′2
,X

1 ,X
2 }
.

S
o

ou
ter-con

sisten
cy

ap
p

lies
w

h
en

w
e

in
crease

th
e

d
is-

ta
n

ce
b

etw
een

X
1

an
d
X

2
u

n
til{X

1 ,X
2 }

is
isom

orp
h

ic
to
{
X
′1 ∪

X
′2 }.

T
h

is
giv

es
u

s
tw

o
isom

orp
h

ic
sets,

o
n

e
in

w
h

ich
th

e
m

ed
iu

m
p

a
ir

is
b

elow
th

e
fu

rth
er

p
air,

an
d

a
n

oth
er

in
w

h
ich

th
e

m
ed

iu
m

p
air

is
ab

ove
th

e
fu

rth
est

p
air.

T
h

e
follow

in
g

L
em

m
a

con
clu

d
es

th
e

p
ro

of
th

at
every

lo
ca

l,
ou

ter-con
sisten

t
h

iera
rch

ical
alg

orith
m

is
lin

kage-b
ased

.

L
e
m

m
a

2
0

G
iven

a
n

y
h
iera

rch
ica

l
fu

n
ctio

n
F

th
a
t

sa
tisfi

es
loca

lity
a
n

d
o
u

ter-co
n

sisten
cy,

let
`
F

be
th

e
lin

ka
ge

fu
n

ctio
n

d
efi

n
ed

a
bo

ve.
L

et
L
`
F

d
en

o
te

th
e

lin
ka

ge-ba
sed

a
lgo

rith
m

th
a
t

`
F

d
efi

n
es.

T
h
en

L
`
F

a
grees

w
ith

F
o
n

every
in

p
u

t
d
a
ta

set.

P
ro

o
f

L
et

(X
,d

)
b

e
an

y
d

ata
set.

W
e

p
rove

th
at

at
every

level
s,

th
e

n
o
d

es
at

level
s

in
F

(X
,d

)
rep

resen
t

th
e

sam
e

clu
sters

as
th

e
n

o
d

es
at

level
s

in
L
`
F

(X
,d

).
In

b
o
th
F

(X
,d

)
=

(T
,M

,η
)

an
d
L
`
F

(X
,d

)
=

(T
′,M

′,η ′),
level

0
con

sists
of|X

|
n

o
d

es
ea

ch
rep

resen
tin

g
a

u
n

iq
u

e
elem

en
ts

of
X

.

A
ssu

m
e

th
e

resu
lt

h
old

s
b

elow
level

k
.

W
e

sh
ow

th
at

p
airs

o
f

n
o
d

es
th

at
d
o

n
ot

h
av

e
p

aren
ts

b
elow

level
k

h
ave

m
in

im
al
`
F

valu
e

on
ly

if
th

ey
are

m
erged

a
t

level
k

in
F

(X
,d

).

C
o
n

sid
er
F

(X
,d

)
at

level
k
.

S
in

ce
th

e
d

en
d

rogram
h

as
n

o
em

p
ty

levels,
let

x
∈
V

(T
)

w
h

ere
η
(x

)
=
k
.

L
et
x

1
an

d
x

2
b

e
th

e
ch

ild
ren

of
x

in
F

(X
,d

).
S

in
ce
η
(x

1 ),η
(x

2 )
<
k
,

th
ese

n
o
d

es
a
lso

a
p

p
ear

in
L
`
F

(X
,d

)
b

elow
level

k
,

an
d

n
eith

er
n

o
d

e
h

as
a

p
aren

t
b

elow
level

k
.

If
x

is
th

e
on

ly
n

o
d

e
in
F

(X
,d

)
ab

ove
level

k−
1,

th
en

it
m

u
st

also
o
ccu

r
in
L
`
F

(X
,d

).
O

th
erw

ise,
th

ere
ex

ists
a

n
o
d

e
y

1 ∈
V

(T
),
y

1 6∈
{x

1 ,x
2 }

so
th

at
η
(y

1 )
<
k

an
d
η
(p

aren
t(y

1 ))>
k
.

L
et
X
′

=
C

(x
)∪
C

(y
1 ).

B
y

lo
cality,

cu
tC

(x
) F

(X
′,d|X

′)
=
{C

(x
),C

(y
1 )}

,
y

1
is

b
elow

x
,

a
n

d
x

1
an

d
x

2
are

th
e

ch
ild

ren
of
x

.
T

h
erefore,

(C
(x

1 ),C
(x

2 ),d
)
<
F

(C
(x

1 ),C
(y

1 ),d
)

an
d

`
F

(C
(x

1 ),C
(x

2 ),d
)
<
`
F

(C
(x

1 ),C
(y

1 ),d
).

A
ssu

m
e

th
at

th
ere

ex
ists

y
2 ∈

V
(T

),
y

2 6∈
{x

1 ,x
2 ,y

1 }
so

th
at
η
(y

2 )
<
k

an
d
η
(p

aren
t(y

2 ))>
k
.

If
p

a
ren

t(y
1 )

=
p

aren
t(y

2 )
an

d
η
(p

aren
t(y

1 ))
=
k
,
th

en
(C

(x
1 ),C

(x
2 ),d

) ∼=
F

(C
(y

1 ),C
(y

2 ),d
)

an
d

so
`
F

(C
(x

1 ),C
(x

2 ),d
)

=
`
F

(C
(y

1 ),C
(y

2 ),d
).
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L
in

k
a
g

e
-B

a
se

d
H

ie
r
a
r
c
h
ic

a
l

C
l
u
st

e
r
in

g

O
th

er
w

is
e,

le
t
X
′

=
C(
x

)
∪
C(
y 1

)
∪
C(
y 2

).
B

y
ri

ch
n

es
s,

th
er

e
ex

is
ts

a
d

is
ta

n
ce

fu
n

ct
io

n
d
∗

th
at

ex
te

n
d

s
d
|C

(x
)

an
d
d
|(C

(y
1
)
∪
C(
y 1

))
,

so
th

at
{C

(x
),
C(
y 1

)
∪
C(
y 2

)}
is

in
F

(X
′ ,
d
∗ )

.
N

ot
e

th
at

b
y

lo
ca

li
ty

,
th

e
n

o
d

e
v
(C

(y
1
)
∪
C(
y 2

))
h
as

ch
il

d
re

n
v
(C

(y
1
))

a
n
d
v
(C

(y
2
))

in
F

(X
′ ,
d
∗ )

.
W

e
ca

n
se

p
ar

at
e
C(
x

)
fr

om
C(
y 1

)
∪
C(
y 2

)
in

b
ot

h
F

(X
′ ,
d
∗ )

an
d
F

(X
′ ,
d
|X
′ )

u
n
ti

l
b

ot
h

ar
e

eq
u

al
.

T
h

en
b
y

ou
te

r-
co

n
si

st
en

cy
,
cu
t C

(x
)F

(X
′ ,
d
|X
′ )

=
{C

(x
),
C(
y 1

),
C(
y 2

)}
a
n

d
b
y

lo
ca

li
ty
y 1

an
d
y 2

ar
e

b
el

ow
x

.
T

h
er

ef
or

e,
(C

(x
1
),
C(
x

2
),
d
)
<
F

(C
(y

1
),
C(
y 2

),
d
)

a
n

d
so

` F
(C

(x
1
),
C(
x

2
),
d
)
<
` F

(C
(y

1
),
C(
y 2

),
d
).

5
.2

A
ll

L
in

k
a
g
e
-B

a
se

d
F
u

n
c
ti

o
n

s
a
re

L
o
c
a
l

a
n

d
O

u
te

r-
C

o
n

si
st

e
n
t

L
e
m

m
a

2
1

E
ve

ry
li

n
ka

ge
-b

a
se

d
h
ie

ra
rc

h
ic

a
l

cl
u

st
er

in
g

fu
n

ct
io

n
is

lo
ca

l.

P
ro

o
f

L
et
C

=
{C

1
,C

2
,.
..
,C

k
}

b
e

a
cl

u
st

er
in

g
in
F

(X
,d

)
=

(T
,M

,η
).

L
et
X
′

=
∪ i
C
i.

F
or

al
l
X

1
,X

2
∈
X
′ ,
`(
X

1
,X

2
,d

)
=
`(
X

1
,X

2
,d
|X
′ )

.
T

h
er

ef
or

e,
fo

r
al

l
1
6
i
6
k
,

th
e

su
b

-d
en

d
ro

gr
am

ro
ot

ed
at
v
(C

i)
in
F

(X
,d

)
al

so
ap

p
ea

rs
in
F

(X
,d
′ )

,
w

it
h

th
e

sa
m

e
re

la
ti

v
e

le
ve

ls
.

L
e
m

m
a

2
2

E
ve

ry
li

n
ka

ge
-b

a
se

d
h
ie

ra
rc

h
ic

a
l

cl
u

st
er

in
g

fu
n

ct
io

n
is

o
u

te
r-

co
n

si
st

en
t.

P
ro

o
f

L
et
C

=
{C

1
,C

2
,.
..
,C

k
}b

e
a
C
i-

cu
t

in
F

(X
,d

)
fo

r
so

m
e

1
6
i
6
k
.

L
et
d
′ b

e
(C
,d

)-
ou

te
r-

co
n

si
st

en
t.

T
h

en
fo

r
al

l
1
6
i
6
k
,

an
d

al
l
X

1
,X

2
⊆
C
i,
`(
X

1
,X

2
,d

)
=
`(
X

1
,X

2
,d
′ )

,
w

h
il

e
fo

r
al

l
X

1
⊆
C
i,
X

2
⊆
C
j
,

fo
r

an
y
i
6=
j,
`(
X

1
,X

2
,d

)
6
`(
X

1
,X

2
,d
′ )

b
y

m
o
n

o
to

n
ic

-
it

y.
T

h
er

ef
or

e,
fo

r
al

l
1
6
j
6
k
,

th
e

su
b

-d
en

d
ro

gr
am

ro
ot

ed
at

v
(C

j
)

in
F

(X
,d

)
a
ls

o
ap

p
ea

rs
in
F

(X
,d
′ )

.
A

ll
n

o
d

es
ad

d
ed

af
te

r
th

es
e

su
b

-d
en

d
ro

gr
am

s
ar

e
a
t

a
h

ig
h

er
le

ve
l

th
an

th
e

le
v
el

of
v
(C

i)
.

A
n

d
si

n
ce

th
e
C
i-

cu
t

is
re

p
re

se
n
te

d
b
y

n
o
d

es
th

at
o
cc

u
r

o
n

le
ve

ls
n

o
h

ig
h

er
th

an
th

e
le

v
el

of
v
(C

i)
,

th
e
C
i-

cu
t

in
F

(X
,d
′ )

is
th

e
sa

m
e

as
th

e
C
i-

cu
t

in
F

(X
,d

).

5
.3

N
e
c
e
ss

it
y

o
f

B
o
th

P
ro

p
e
rt

ie
s

W
e

n
ow

sh
ow

th
at

b
ot

h
th

e
lo

ca
li

ty
an

d
ou

te
r-

co
n

si
st

en
cy

p
ro

p
er

ti
es

ar
e

n
ec

es
sa

ry
fo

r
d

efi
n

in
g

li
n

ka
ge

-b
as

ed
al

go
ri

th
m

s.
N

ei
th

er
p

ro
p

er
ty

in
d

iv
id

u
al

ly
is

su
ffi

ci
en

t
fo

r
d

efi
n
in

g
th

is
fa

m
il

y
of

al
go

ri
th

m
s.

O
u

r
re

su
lt

s
ab

ov
e

sh
ow

in
g

th
at

al
l

li
n
ka

ge
-b

as
ed

al
g
o
ri

th
m

s
ar

e
b

ot
h

lo
ca

l
an

d
ou

te
r-

co
n

si
st

en
t

al
re

ad
y

im
p

ly
th

at
a

cl
u

st
er

in
g

fu
n

ct
io

n
th

a
t

sa
ti

sfi
es

o
n

e,
b

u
t

n
ot

b
ot

h
,

of
th

es
e

re
q
u

ir
em

en
ts

is
n

ot
li

n
ka

ge
-b

as
ed

.
It

re
m

ai
n

s
to

sh
ow
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th
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th
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s
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efi
ni

ti
on

15
),

d
e-

ri
ve

d
fr

om
M
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.

T
hi

s
m

at
ri

x
is

P
C

C
M

=
{P

C
C
ij
}n,
n

i=
1,
j>
i,

w
he

re
P

C
C
ij

is
a

B
oo

le
an

ve
ct

or
re

p
re

se
nt

in
g

th
e

re
su

lt
of

P
C

C
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tw
ee

n
m

aj
or
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u

st
er
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c i

an
d
c j

ha
vi

ng
ce

nt
ro

id
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M
C
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an
d

M
C
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in
M

C
,r

es
p

ec
ti

ve
ly

(s
ee

,e
.g

.,
Ta

bl
e
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in
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rt

I)
.T

he
k-

th
el

em
en

t
of

P
C

C
ij

re
p

re
se

nt
s

by
”1

”
a

ch
an

ge
in

va
lu

e,
if

on
e

ex
is
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,i

n
th

e
ob

se
rv

ed
va

ri
ab

le
O
k
∈O

w
he

n
co

m
p

ar
in

g
M

C
i

an
d

M
C
j

(f
or

ex
am

p
le

,T
ab

le
4

in
Pa

rt
I

sh
ow

s
a

ch
an

ge
in

el
em

en
t

7,
co

rr
es

p
on

d
in

g
to

X
7
,o

f
PC

C
2,

9
be

tw
ee

n
C

2
an

d
C

9)
.W

e
u

se
th

e
no

ta
ti

on
P

C
C
ij
→
δO

k
if

th
e

va
lu

e
of
O
k

ha
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en
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d

an
d

P
C
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k

ot
he

rw
is

e.
In

th
e

fo
u

rt
h

st
ep

,L
E

X
C

id
en

ti
fi

es
ex

og
en

ou
s

la
te

nt
s

an
d

th
ei

r
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S
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ld
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SO
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ti
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ha

t
al

w
ay

s
ch
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ge

th
ei

r
co

r-
re

sp
on

d
in

g
va

lu
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to
ge

th
er
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aj

or
–m

aj
or

P
C

C
s
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P

C
C

M
.F

or
ea

ch
id

en
ti

fi
ed

M
SO

i,
L

E
X

C
ad

d
s

a
la

te
nt
L
i

to
G

an
d

to
a

la
te

nt
se

t
L

an
d

al
so

ed
ge

s
fr

om
L
i

to
ea

ch
ob

se
rv

ed
va

ri
ab

le
O
∈M

SO
i.

T
he

ob
se

rv
ed

ch
il

d
re

n
of

la
te

nt
L
i
∈L

in
G

ar
e

C
h
i.

In
th

e
fi

ft
h

st
ep

,L
E

X
C

id
en

ti
fi

es
in

tw
o

p
ha

se
s,

ea
ch

co
rr

es
p

on
d

in
g

to
on

e
co

nd
it

io
n

in
T

he
or

em
2,

th
e

la
te

nt
va

ri
ab

le
s

th
at

ar
e

co
ll

id
er

no
d

es
in

th
e

gr
ap

h
al

on
g

w
it

h
th

ei
r

la
te

nt
an

ce
st

or
s.

In
th

e
fi

rs
t

p
ha

se
,L

E
X

C
co

ns
id

er
s

fo
r

ea
ch

la
te

nt
va

ri
ab

le
L
i
∈L

,a
se

t
of

p
ot

en
ti

al
an

ce
st

or
s

fr
om

th
e

ot
he

r
la

te
nt

s
in

L
.

W
e

ca
ll

th
em

p
ot

en
ti

al
an

ce
st

or
s

be
ca

u
se

an
ot

he
r

co
nd

it
io

n
sh

ou
ld

be
fu

lfi
ll

ed
in

th
e

se
co

nd
p

ha
se

to
tu

rn
th

em
in

to
ac

tu
al

an
ce

s-
to

rs
.

To
si

m
p

li
fy

th
e

no
ta

ti
on

,w
e

re
p

re
se

nt
th

e
la

te
nt

as
an

ob
je

ct
an

d
th

e
se

t
of

p
ot

en
ti

al
an

ce
st

or
s

as
a

fi
el

d
of

th
is

ob
je

ct
,

ca
ll

ed
PA

S
(f

or
p

ot
en

ti
al

an
ce

st
or

se
t)

.
Fo

r
ex

am
p

le
,

L
i.

PA
S

re
p

re
se

nt
s

th
at

L
E

X
C

id
en

ti
fi

es
a

p
ot

en
ti

al
an

ce
st

or
se

t
PA

S
to

la
te

nt
L
i.

In
ad

d
i-

ti
on

,w
e

u
se

th
e

no
ta

ti
on

P
C

C
f
g
→
δL

i
if

al
lo

f
th

e
va

ri
ab

le
s

in
C

h
i

ch
an

ge
th

ei
r

va
lu

es
in

P
C

C
f
g
∈P

C
C

M
an

d
P

C
C
f
g
→
¬δ
L
i

ot
he

rw
is

e.
In

th
e

fi
rs

t
p

ha
se

of
th

e
fi

ft
h

st
ep

,L
E

X
C

ch
ec

ks
fo

r
ea

ch
L
i
∈L

w
he

th
er

th
er

e
ex

is
ts

a
ve

ct
or

P
C

C
f
g
∈P

C
C

M
in

w
hi

ch
L
i

ch
an

ge
s

va
lu

e
to

ge
th

er
w

it
h
L
j
∈L

,b
u

t
no

t
w

it
h
L
k
∈L

,∀k
,
i,
j,

an
d

if
so

,i
t

ad
d

s
L
j

to
L
i.

PA
S.

A
t

th
e

en
d

of
th

is
p

ha
se

,t
he

se
tL

i.
PA

S
co

nt
ai

ns
al

lo
f

th
e

la
te

nt
s

in
L

th
at

ch
an

ge
va

lu
es

w
it

h
L
i

in
P

C
C

M
.S

ti
ll

,t
hi

s
is

no
te

no
u

gh
to

d
ec

id
e

th
at
L
i

is
a

co
ll

id
er

of
th

e
va

ri
ab

le
s
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L
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A
n
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n
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hi
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y
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u

nl
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on
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th
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ab
le
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PA
S

ha
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al
so

ch
an

ge
d

in
th

is
P

C
C
f
g

(S
ec

ti
on
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2
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Pa

rt
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.T
he

se
co

nd
p

ha
se

of
th

e
fi

ft
h

st
ep
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ks
th
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co
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it

io
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d
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p
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u
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te

nt
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r
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re
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p
ty

gr
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=
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=
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p
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p
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L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
A
lgorith

m
&

E
valuation

iffu
lfi

lled
,itad

d
s

an
ed

ge
from

each
variable

in
L
i .PA

S
to
L
i to

com
p

lete
the

id
entifi

cation
of
L
i as

a
collid

er.

In
the

sixth
and

last
step

,
and

to
d

eal
w

ith
p

ossible
false

p
ositive

and
false

negative
errors

(Section
4.3

of
Part

I),
L

E
X

C
searches

for
a

new
set

of
m

ajor
clu

sters
N

M
C

based
on

the
alread

y
learned

grap
h

and
all

the
clu

sters
that

initially
w

ere
id

entifi
ed

by
SO

M
.

First,
L

E
X

C
learns

for
each

latent
L
i ∈

L
its

card
inality,

w
hich

is
the

nu
m

ber
of

d
iff

erent
valu

e
confi

gu
rations

of
L
i

corresp
ond

ing
to

all
valu

e
confi

gu
rations

of
C

h
i

in
D

.
E

ach
su

ch
valu

e
confi

gu
ration

of
observed

child
ren

is
du

e
to

a
valu

e
li

of
L
i ,

and
w

e
d

enote
it

by
li →

ch
i .

T
hen,

L
E

X
C

fi
nd

s
the

set
of

all
p

ossible
exs

(all
p

ossible
confi

gu
rations

of
all

exogenou
s

latents
in

L
,
L
i ∈

L∩
E

X
).

For
each

ex,
L

E
X

C
fi

nd
s

the
m

ost
p

robable
clu

ster,
c ∗

=
arg

m
ax
c∈c P

(c|ex),
w

here
the

p
osterior

p
robability

P
(c|ex)

for
each

c∈
c

is
ap

p
roxim

ated
by

the
ratio

betw
een

c’s
size

and
the

size
of

D
.T

hu
s,the

clu
ster

for
w

hich
the

valu
es

corresp
ond

ing
to

the
child

ren
of
L
i ∈

L∩
E

X
,li →

ch
i ,are

m
ost

p
robable

du
e

to
li

in
ex

is
selected

as
the

m
ost

p
robable

to
rep

resent
this

ex.
E

ach
su

ch
clu

ster
is

ad
d

ed
to

N
M

C
.If

N
M

C
=

M
C

,N
M

C
cannot

im
p

rove
the

grap
h,and

thu
s

L
E

X
C

stop
s

and
retu

rns
the

learned
grap

h
G

.
O

therw
ise,

L
E

X
C

reinitializes
M

C
to

be
N

M
C

and
relearns

a
new

grap
h.

2.2
L

earn
in

g
laten

t
n

on
-collid

ers
(L

N
C

)

U
sing

the
d

ata
set

D
,L

N
C

has
to

sp
lit

the
set

of
latent

variables
L

in
grap

h
G

,w
hich

w
as

learned
by

L
E

X
C

,into
exogenou

s
latents

and
latent

non-collid
ers.

First,L
N

C
(A

lgorithm
2)

ad
d

s| L| elem
ents

to
the

end
of

each
vector

in
D

and
creates

an
incom

p
lete

d
ata

set
IN

D
.

For
a

vector
in

IN
D

for
w

hich
valu

es
of

the
observed

child
ren

for
a

sp
ecifi

c
latent

L
i ∈

L
take

m
ajor

valu
es,

the
valu

e
of

the
latent

can
be

reconstru
cted

exactly,
li →

ch
i ;

how
ever,w

hen
not

allobserved
child

ren
take

m
ajor

valu
es,this

valu
e

of
the

latent
cannot

be
reconstru

cted
,

and
this

is
the

reason
w

hy
IN

D
is

incom
p

lete.
Second

,
u

sing
the

E
M

algorithm
(L

au
ritzen,

1995;
D

em
p

ster
et

al.,
1977)

and
IN

D
,

L
N

C
learns

(Section
4.4

of
Part

I)G
’s

p
aram

eters
and

u
ses

them
to

com
p

u
te

a
threshold

(A
p

p
end

ix
B

in
Part

I)on
the

m
axim

al
size

of
2-M

C
s.

T
his

threshold
is

need
ed

to
fi

nd
1-ord

er
m

inor
clu

sters
(1-M

C
s;

D
efi

nition
14).N

ote
that

after
learning

the
p

aram
eters,the

grap
h

tu
rns

into
a

m
od

el,M
0.

T
hird

,
for

each
exogenou

s
latent

E
X
i ∈

L∩
E

X
in

tu
rn,

L
N

C
tests

if
E
X
i

shou
ld

be
sp

lit
(Section

4.4
of

Part
I).For

this
test,L

N
C

need
s

fi
rst

to
fi

nd
the

set
of

1-M
C

s
for

E
X
i

and
com

p
u

te
all

the
P

C
C

s
betw

een
these

clu
sters

and
the

m
ajor

clu
sters

for
E
X
i .

W
e

d
enote

the
set

of
these

P
C

C
s

by
P

C
C

S.T
hen,

L
N

C
fi

nd
s

all
the

P
C

C
s

in
P

C
C

S
that

are
2S-P

C
C

(D
efi

nition
18);

these
w

ill
be

u
sed

to
id

entify
all

p
ossible

2S-M
SO

s
(D

efi
nition

19)
and

thu
s

all
p

ossible
latent

non-collid
er

d
escend

ants
that

shou
ld

be
sp

lit
from

E
X
i

(T
heorem

3).

A
fter

id
entifying

the
latent

non-collid
ers’d

escend
ants

of
E
X
i and

sp
litting

them
from

E
X
i ,L

N
C

fi
nd

s
the

links
betw

een
these

latents
(Section

4.4
of

Part
I).L

N
C

fi
rst

fi
nd

s
the

setL’ofalllatents
w

hose
child

ren
change

alone
in

som
e

2S-P
C

C
s.T

hese
are

the
cand

id
ates

to
be
E
X
i

or
its

leaves
(P

rop
osition

10).
T

hen,for
each

L’∈
L ′,L

N
C

fi
nd

s
the

2S-P
C

C
s

in
2S-P

C
C

in
w

hich
the

observed
child

ren
of

L’
d

o
not

change
and

are
du

e
to

com
p

arisons
w

ith
the

sam
e

m
ajor

clu
ster.

T
his

set
is

d
enoted

by
2S-P

C
C

’.T
hen,

for
every

tw
o

latent
non-collid

er
d

escend
ants

that
w

ere
sp

lit
from

E
X
i ,L

N
C

checks
if

there
is

a
d

irected
link
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L
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betw
een

them
u

sing
T

heorem
4.
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d
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case.
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p
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d
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;otherw
ise,the

p
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connection.
Finally,L

N
C

retu
rns

a
p
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rep
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X
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u
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G
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D

=
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C
C
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φ

,2S-P
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C
=
φ

,2S-M
SO
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φ

,2S-P
C

C
’=
φ

4:
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IN

D
(see

text)
5:
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earn
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eters
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M
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0

6:
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ants
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ajor
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X
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10:
2S-P
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C
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S
11:

2S-M
SO
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2S-M

SO
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2S-P
C
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12:
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2S-M
SO
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SO
S

13:
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d
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latent

non-collid
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E
X
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14:
For
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observed
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O
∈

2S-M
SO

j
15:
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ren
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E
X
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ed
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G
16:
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entify
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non-collid
ers

that
w

ere
sp

lit
from

E
X
i

17:
L
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alllatents

that
w
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lit
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d
ing

E
X
i )and
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hose
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ren
change
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in

som
e

2S-P
C

C
18:

For
each

L’∈
L ′%
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m

e
by

d
efau

lt
L’is

a
leaf

and
ap
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T
heorem

4
19:

2S-P
C

C
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all2S-P
C

C
s

in
2S-P

C
C
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hich
the

observed
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ren
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20:
For

each
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o
latent

non-collid
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N
C
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C
k ,k
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j
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w
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lit
from

E
X
i :

21:
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22:
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N
C
k
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ays

change
w

ith
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of
N
C
j

in
2S-P

C
C
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23:

2)the
observed

child
ren

of
N
C
j

change
t

tim
es

and
the

observed
child

ren
of
N
C
k
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t+

1
tim

es
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2S-P
C

C
’

24:
T

hen
ad

d
a

d
irected

ed
ge

from
N
C
k

to
N
C
j

to
G

25:
%

Id
entify

if
the

connection
is

serial,and
if

so
m

ake
the

links
in

the
p

ath
u
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irected

26:
If| L ′| =

2
27:

If
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tw

o
p

aths
w
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the
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osite

d
irections,then

m
ake
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ed

ges
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een
the
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irected
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R
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G
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P

C
C

E
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W
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p
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P
C
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algorithm
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for
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algorithm
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im
p

lem
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SO
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Toolbox
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esanto

et
al.,

2000).
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P
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lated
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sets
(Section
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real-w
orld

d
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(Section
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3.3),the

H
IV

test
d

ata
(Section
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ata
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D
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in
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(Section
3.5),and
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icators
a

latent
has

increases.
Figu

re
7

show
s

the
SH

D
valu

es
of

the
L

P
C

C
,B

P
C

,and
E

FA
algorithm

s
for

increasing
nu

m
bers

of
binary

ind
icators

p
er

latent
variable

in
G

2,
a

p
aram

etrization
level

(p
j )

of
0.75,and

fou
r

sam
p

le
sizes.

T
he

fi
gu

re
exhibits

clear
su

p
e-

riority
of

L
P

C
C

over
B

P
C

and
E

FA
for

alm
ost

allnu
m

bers
of

ind
icators

and
sam

p
le

sizes.
W

hile
L

P
C

C
hard

ly
w

orsens
its

p
erform

ance
w

ith
the

increase
of

com
p

lexity
(nu

m
ber

of
ind

icators
a

latent
has),both

B
P

C
and

E
FA

are
aff

ected
by

this
increase.

A
lso

w
orth

m
en-

tioning
is

the
d

iffi
cu

lty
these

tw
o

latter
algorithm

s
have

in
learning

an
LV

M
for

w
hich

latent
variables

have
exactly

tw
o

ind
icators,regard

less
of

the
sam

p
le

size.

Figu
re

7:
SH

D
valu

es
of

the
L

P
C

C
,

B
P

C
,

and
E

FA
algorithm

s
for

increasing
nu

m
bers

of
binary

ind
icators

a
latent

variable
has

in
G

2,p
j =

0.75,and
fou

r
sam

p
le

sizes.
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A
sbeh

an
d
L
ern

er

To
u

nd
erstand

the
d

iff
erences

am
ong

the
three

algorithm
s

in
m

ore
d

etail,w
e

analyze
the

errors
they

m
ake,for

exam
p

le,w
hen

u
sing

1,000
sam

p
les

(the
reference

is
the

bottom
-

left
grap

h
in

Figu
re

7).
W

hen
the

nu
m

ber
of

ind
icators

a
latent

has
is

less
than

4,L
P

C
C

learns
the

LV
M

p
erfectly,and

w
hen

this
nu

m
ber

is
greater,L

P
C

C
errs

tw
ice

in
m

issing
an

ed
ge

from
a

latent
to

one
of

its
ind

icators.
B

P
C

cannot
learn

an
LV

M
u

sing
tw

o
ind

ica-
tors

p
er

latent,
and

thu
s

it
m

isses
all

eight
ed

ges
in

G
2

and
retu

rns
an

em
p

ty
grap

h.
It

su
ccessfu

lly
learns

the
LV

M
w

hen
each

latent
has

exactly
three

ind
icators,bu

t
then

fails
to

d
irect

the
ed

ges
am

ong
the

latent
variables

and
m

isses
at

least
a

single
ed

ge
betw

een
a

latent
and

an
ind

icator
w

hen
the

latent
variables

have
m

ore
than

three
ind

icators
each.

For
tw

o
ind

icators
p

er
latent,

E
FA

d
etects

only
tw

o
factors

and
fails

to
connect

them
.

It
connects

one
factor

to
six

ind
icators

and
the

second
factor

to
fi

ve
ind

icators,and
thereby

errs
in

learning
seven

extra
ed

ges
from

latent
variables

to
observed

variables,m
issing

tw
o

ed
ges

from
the

m
issing

latent
variable

to
tw

o
observed

variables,
and

m
issing

the
tw

o
ed

ges
am

ong
the

latent
variables,w

hich
accou

nts
for

eleven
errors

in
total.

For
three

in-
d

icators
p

er
latent,E

FA
d

etects
three

ind
icators

for
tw

o
of

the
latents

and
fi

ve
ind

icators
for

the
other

and
m

isses
the

ed
ges

am
ong

the
latents,

w
hich

accou
nts

for
fou

r
errors

in
total.For

fou
r

to
six

ind
icators

p
er

latent,E
FA

learns
m

ore
extra

ed
ges

betw
een

the
latent

and
observed

variables,
together

w
ith

m
issing

the
ed

ges
am

ong
the

latents.
T

his
exp

er-
im

ent
vivid

ly
d

em
onstrates

the
ad

vantage
of

L
P

C
C

over
B

P
C

and
E

FA
in

that
not

only
d

oes
L

P
C

C
d

etected
ges

betw
een

latentand
observed

variables
m

ore
accu

rately,bu
titalso

d
etects

latent-latent
connections

in
allscenarios,w

hich
is

im
p

ressive
esp

ecially
w

hen
the

sam
p

le
size

is
sm

alland
/or

the
nu

m
ber

of
ind

icators
a

latent
has

is
large.

3.2
T

h
e

p
oliticalaction

su
rvey

d
ata

W
e

evalu
ated

L
P

C
C

u
sing

a
sim

p
lifi

ed
p

olitical
action

su
rvey

d
ata

set
over

the
follow

ing
six

variables
(Joreskog,2004):

•
N

O
SA

Y:“Peop
le

like
m

e
have

no
say

in
w

hat
the

governm
ent

d
oes.”

•
V

O
T

IN
G

:“V
oting

is
the

only
w

ay
that

p
eop

le
like

m
e

can
have

any
say

abou
t

how
the

governm
ent

ru
ns

things.”

•
C

O
M

P
L

E
X

:“Som
etim

es
p

olitics
and

governm
ent

seem
so

com
p

licated
that

a
p

erson
like

m
e

cannot
really

u
nd

erstand
w

hat
is

going
on.”

•
N

O
C

A
R

E
:“I

d
on’t

think
that

p
u

blic
offi

cials
care

m
u

ch
abou

t
w

hat
p

eop
le

like
m

e
think.”

•
T

O
U

C
H

:“G
enerally

sp
eaking,those

w
e

elect
to

C
ongress

in
W

ashington
lose

tou
ch

w
ith

p
eop

le
p

retty
qu

ickly.”

•
IN

T
E

R
E

ST:“Parties
are

only
interested

in
p

eop
le’s

votes,bu
t

not
in

their
op

inions.”

T
hese

six
variables

rep
resent

the
op

erational
d

efi
nition

of
p

olitical
effi

cacy
and

corre-
sp

ond
to

qu
estions

to
w

hich
the

resp
ond

ents
have

to
give

their
d

egree
of

agreem
ent

on
a

d
iscrete

ord
inal

scale
of

fou
r

valu
es.

T
his

d
ata

set
is

available
as

p
art

of
the

L
ISR

E
L

softw
are

for
latent

variable
analysis

and
contains

the
resp

onses
to

these
qu

estions
from

a
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L
ea

rn
in
g
by

Pa
ir
w
is
e
C
lu

st
er

C
om

pa
ri
so
n
−A

lg
or

it
h
m
&

E
va

lu
at

io
n

sa
m

p
le

of
1,

07
6

U
ni

te
d

St
at

es
re

sp
on

d
en

ts
.

A
m

od
el

co
ns

is
ti

ng
of

tw
o

la
te

nt
s

th
at

co
rr

e-
sp

on
d

to
a

p
re

vi
ou

sl
y

es
ta

bl
is

he
d

th
eo

re
ti

ca
lt

ra
it

of
E
ffi

ca
cy

an
d

R
es

p
on

si
ve

ne
ss

ba
se

d
on

Jo
re

sk
og

(2
00

4)
is

gi
ve

n
in

Fi
gu

re
8a

.V
O

T
IN

G
is

d
is

ca
rd

ed
by

Jo
re

sk
og

fo
r

th
is

p
ar

ti
cu

la
r

d
at

a
ba

se
d

on
th

e
ar

gu
m

en
t

th
at

th
e

qu
es

ti
on

fo
r

V
O

T
IN

G
is

no
t

cl
ea

rl
y

p
hr

as
ed

.
Si

m
il

ar
to

th
e

th
eo

re
ti

ca
lm

od
el

,L
P

C
C

fi
nd

s
tw

o
la

te
nt

s
(F

ig
u

re
8b

):
O

ne
co

rr
es

p
on

d
s

to
N

O
SA

Y
an

d
V

O
T

IN
G

an
d

th
e

ot
he

r
co

rr
es

p
on

d
s

to
N

O
C

A
R

E
,T

O
U

C
H

,a
nd

IN
T

E
R

E
ST

(a
d

et
ai

le
d

d
es

cr
ip

ti
on

of
th

e
P

C
C

an
al

ys
is

th
at

le
d

to
th

es
e

re
su

lt
s

is
in

A
p

p
en

d
ix

C
).

C
om

p
ar

ed
w

it
h

th
e

th
eo

re
ti

ca
l

m
od

el
,

L
P

C
C

m
is

se
s

th
e

ed
ge

be
tw

ee
n

E
ffi

ca
cy

an
d

N
O

-
C

A
R

E
an

d
th

e
bi

d
ir

ec
ti

on
al

ed
ge

be
tw

ee
n

th
e

la
te

nt
s.

B
ot

h
ed

ge
s

ar
e

no
t

su
p

p
os

ed
to

be
d

is
co

ve
re

d
by

L
P

C
C

or
B

SP
C

/B
P

C
;t

he
fo

rm
er

be
ca

u
se

th
e

al
go

ri
th

m
s

le
ar

n
a

p
u

re
m

ea
-

su
re

m
en

t
m

od
el

in
w

hi
ch

ea
ch

ob
se

rv
ed

va
ri

ab
le

ha
s

on
ly

on
e

la
te

nt
p

ar
en

t
an

d
th

e
la

tt
er

be
ca

u
se

no
cy

cl
es

ar
e

as
su

m
ed

.N
ev

er
th

el
es

s,
co

m
p

ar
ed

w
it

h
th

e
th

eo
re

ti
ca

lm
od

el
,L

P
C

C
m

ak
es

no
u

se
of

p
ri

or
kn

ow
le

d
ge

.

Fi
gu

re
8:

T
he

p
ol

it
ic

al
ac

ti
on

su
rv

ey
:

(a
)

A
th

eo
re

ti
ca

l
m

od
el

(J
or

es
ko

g,
20

04
)

an
d

fi
ve

ou
tp

u
ts

of
(b

)L
P

C
C

,(
c)

B
SP

C
,(

d
)B

P
C

fo
r

al
p

ha
=

0.
01

an
d

0.
05

,a
nd

(e
)B

P
C

fo
r

al
p

ha
=

0.
1.

B
SP

C
ou

tp
u

t
(F

ig
u

re
8c

)
is

ve
ry

si
m

il
ar

to
L

P
C

C
ou

tp
u

t,
ex

ce
p

t
fo

r
N

O
C

A
R

E
,w

hi
ch

w
as

no
t

id
en

ti
fi

ed
by

B
SP

C
as

a
m

ea
su

re
of

R
es

p
on

si
ve

ne
ss

,m
ak

in
g

th
e

ou
tp

u
t

ob
ta

in
ed

by
L

P
C

C
cl

os
er

to
th

e
th

eo
re

ti
ca

l
m

od
el

th
an

th
at

of
B

SP
C

.I
n

ad
d

it
io

n,
bo

th
al

go
ri

th
m

s
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A
sb
eh

an
d
L
er

n
er

id
en

ti
fy

V
O

T
IN

G
as

a
ch

il
d

of
E
ffi

ca
cy

(a
t

th
e

ex
p

en
se

of
C

O
M

P
L

E
X

),
an

d
th

er
eb

y
ch

al
-

le
ng

e
th

e
d

ec
is

io
n

m
ad

e
in

Jo
re

sk
og

(2
00

4)
to

d
is

ca
rd

V
O

T
IN

G
fr

om
th

e
m

od
el

.
T

he
ou

t-
p

u
ts

of
th

e
B

P
C

al
go

ri
th

m
(F

ig
u

re
8d

)f
or

bo
th

al
p

ha
=

0.
01

an
d

al
p

ha
=

0.
05

ar
e

p
oo

re
r

th
an

th
os

e
of

L
P

C
C

an
d

B
SP

C
.B

P
C

fi
nd

s
tw

o
la

te
nt

s.
T

he
fi

rs
t

la
te

nt
co

rr
es

p
on

d
s

to
N

O
SA

Y,
V

O
T

IN
G

,a
nd

C
O

M
P

L
E

X
w

it
h

p
ar

ti
al

re
se

m
bl

an
ce

to
th

e
th

eo
re

ti
ca

l
m

od
el

(i
d

en
ti

fy
in

g
N

O
SA

Y
an

d
C

O
M

P
L

E
X

as
in

d
ic

at
or

s
of

th
is

la
te

nt
)a

nd
p

ar
ti

al
re

se
m

bl
an

ce
to

th
e

ou
tp

u
ts

of
L

P
C

C
an

d
B

P
C

(i
d

en
ti

fy
in

g
N

O
SA

Y
an

d
V

O
T

IN
G

as
in

d
ic

at
or

s
of

th
e

la
te

nt
).

H
ow

ev
er

,
th

e
se

co
nd

la
te

nt
fo

u
nd

by
B

P
C

co
rr

es
p

on
d

s
on

ly
to

T
O

U
C

H
an

d
m

is
se

s
IN

T
E

R
E

ST
(i

d
en

-
ti

fi
ed

in
th

e
th

eo
re

ti
ca

lm
od

el
an

d
by

L
P

C
C

an
d

B
SP

C
as

an
in

d
ic

at
or

of
R

es
p

on
si

ve
ne

ss
)

an
d

N
O

C
A

R
E

(t
ha

t
is

id
en

ti
fi

ed
in

th
e

th
eo

re
ti

ca
l

m
od

el
an

d
by

L
P

C
C

as
an

in
d

ic
at

or
of

R
es

p
on

si
ve

ne
ss

).
T

he
ou

tp
u

t
of

th
e

B
P

C
al

go
ri

th
m

u
si

ng
al

p
ha

=
0.

1
(F

ig
u

re
8e

)
gi

ve
s

ve
ry

li
tt

le
in

fo
rm

at
io

n
ab

ou
t

th
e

p
ro

bl
em

as
it

fi
nd

s
on

ly
on

e
la

te
nt

th
at

co
rr

es
p

on
d

s
on

ly
to

N
O

C
A

R
E

.T
he

se
la

st
tw

o
fi

gu
re

s
sh

ow
th

e
se

ns
it

iv
it

y
of

B
P

C
to

th
e

si
gn

ifi
ca

nc
e

le
ve

l,
w

hi
ch

is
a

p
ar

am
et

er
w

ho
se

va
lu

e
sh

ou
ld

be
d

et
er

m
in

ed
be

fo
re

ha
nd

.
N

ot
e

th
at

th
e

su
c-

ce
ss

of
th

e
L

P
C

C
an

d
B

SP
C

al
go

ri
th

m
s

em
p

ha
si

ze
s

th
e

im
p

or
ta

nc
e

of
su

ch
al

go
ri

th
m

s
in

le
ar

ni
ng

d
is

cr
et

e
p

ro
bl

em
s.

Fi
gu

re
9:

FC
I

ou
tp

u
ts

fo
r

th
e

p
ol

it
ic

al
ac

ti
on

su
rv

ey
d

at
a

se
t

an
d

si
gn

ifi
ca

nc
e

le
ve

ls
of

(a
)

0.
01

,(
b)

0.
05

,a
nd

(c
)0

.1
.
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L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
A
lgorith

m
&

E
valuation

T
he

ou
tp

u
ts

of
the

FC
I

algorithm
u

sing
any

of
the

above
signifi

cance
levels

are
not

suffi
cient

(Figu
re

9).
For

exam
p

le,
the

FC
I

ou
tp

u
ts

that
w

ere
learned

u
sing

alp
ha=

0.01
(Figu

re
9a)

and
0.05

(Figu
re

9b)
show

that
N

O
SA

Y
and

IN
T

E
R

E
ST

p
otentially

have
a

la-
tent

com
m

on
cau

se.
H

ow
ever,

these
tw

o
variables

are
ind

icators
of

d
iff

erent
latents

in
the

theoretical
m

od
el.

T
hese

resu
lts

are
u

nd
erstand

able
becau

se
u

nlike
L

P
C

C
,B

P
C

,and
B

SP
C

,FC
I

is
not

su
itable

for
learning

M
IM

m
od

els
su

ch
as

the
p

oliticalaction
su

rvey.

3.3
H

olzin
ger

an
d

Sw
in

eford
’s

d
ata

H
olzinger

and
Sw

ineford
(1939)

collected
d

ata
from

26
p

sychological
tests

ad
m

inistered
to

145
seventh-

and
eighth-grad

e
child

ren
in

the
G

rant-W
hite

School
in

C
hicago,Illinois.

In
this

evalu
ation,

w
e

u
se

a
su

bset
of

this
d

ata
over

only
six

variables
rep

resenting
the

scores
in

six
intelligence

tests.
T

he
variables

are:
scores

on
a

visu
al

p
ercep

tion
test

(V
is-

Perc),scores
on

a
cu

be
test

(C
u

bes),scores
on

a
lozenge

test
(L

ozenges),scores
on

a
p

ara-
grap

h
com

p
rehension

test
(ParC

om
p

),
scores

on
a

sentence
com

p
letion

test
(SenC

om
p

),
and

scores
on

a
w

ord
m

eaning
test

(W
ord

M
ean).

T
here

are
tw

o
hyp

othesized
intelligence

factors,w
hich

are
sp

atial
ability

and
verbal

ability
factors.

T
he

fi
rst

three
variables

m
ea-

su
re

sp
atial

ability
and

the
latter

three
variables

m
easu

re
verbal

ability.
A

confi
rm

atory
factor

m
od

elthat
fi

ts
this

d
ata

w
ellw

as
extracted

from
the

A
m

os
m

anu
al(A

rbu
ckle

1997,
p

.375;Joreskog
and

Sorbom
1989,p

.247)and
is

show
n

in
Figu

re
10a.

W
e

ran
L
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s
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For
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recod
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the

average
score
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recod
ed
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of
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10b).
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the
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(Figu
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the
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the
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e.
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C
C
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B

P
C

for
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for
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in
contrast
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od
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for
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signifi
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levels

(Figu
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10c)and
for

the
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set
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ith

any
signifi

cance
level.
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tp

u
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of
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FC
I
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u

sing
a

signifi
cance

level
of

0.01
or

0.05
(Figu

re
11a)ind
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thatParC

om
p

,SenC
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p
,and

W
ord

M
ean

p
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have
a
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m
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cau
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p

otentially
has

a
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com
m
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cau
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V
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and
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C
u
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there
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link
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V
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and
C
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of
0.1,the
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t

of
the
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I

algorithm
(Figu
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thatParC
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p

,SenC
om

p
,and

W
ord

M
ean

p
otentially
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A
sbeh
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L
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er

Figu
re

10:
(a)A

theoreticalm
od

elfor
H

olzinger
and

Sw
ineford

’s
d

ata
set

based
on

a
con-

fi
rm

atory
factor

m
od

elthat
fi

ts
this

d
ata

w
elland

the
ou

tp
u

ts
of

(b)
L

P
C

C
,(c)

B
P

C
for

alp
ha=

0.01
and

0.05,and
(d

)B
P

C
for

alp
ha=

0.1.

have
a

latent
com

m
on

cau
se,and

L
ozenges,V

isPerc,and
C

u
bes

p
otentially

have
another

latent
com

m
on

cau
se.

T
his

m
od

el
m

atches
the

theoretical
m

od
el

(Figu
re

11a)
excep

t
for

the
bid

irectionaled
ge

betw
een

the
latents.

3.4
T

h
e

H
IV

test
d

ata

W
e

also
evalu

ated
L

P
C

C
u

sing
the

H
IV

test
d

ata
(Z

hang,
2004).

T
his

d
ata

set
consists

of
resu

lts
for

428
su

bjects
of

fou
r

d
iagnostic

tests
for

the
hu

m
an

im
m

u
nod

efi
ciency

viru
s

(H
IV

):
“rad

ioim
m

u
noassay

of
antigen

ag121”
(A

);
“rad

ioim
m

u
noassay

of
H

IV
p

24”
(B

);
“rad

ioim
m

u
noassay

of
H

IV
gp

120”
(C

);and
“enzym

e-linked
im

m
u

nosorbent
assay”

(D
).

A
negative

resu
lt

is
rep

resented
by

0
and

a
p

ositive
resu

lt
by

1.
L

P
C

C
learned

a
m

od
el

id
entical

to
that

in
Z

hang
(2004)

(Figu
re

12),
w

here
X

1
and

X
2

are
both

binary
latent

variables.H
ow

ever,u
nlike

the
algorithm

in
Z

hang
(2004)thataim

s
at

learning
tree-latent

m
od

els
like

the
one

requ
ired

for
the

H
IV

d
ata,L

P
C

C
is

not
lim

ited
to

latent-tree
m

od
els.

B
P

C
retu

rned
an

em
p

ty
m

od
elfor

any
conventionalalp

ha.
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m
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e
hi

gh
es

t
lo

ad
in

g
on

th
e
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nfi
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at

or
y

fa
ct

or
an

al
ys

is
(C

FA
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ad
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gs
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ld
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0.
7
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e
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nfi
rm

th
at
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d
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t
va
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-
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p
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L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
A
lgorith

m
&

E
valuation

0.7
levelcorresp

ond
s

to
abou

t
half

of
the

variance
in

the
ind

icator
being

exp
lained

by
the

factor.H
ow

ever,the
0.7

stand
ard

is
high,and

real-w
orld

d
ata

m
ay

not
m

eet
this

criterion,
w

hich
is

w
hy

som
e

researchers,
inclu

d
ing

u
s

in
this

stu
d

y
(p

articu
larly

for
exp

loratory
p

u
rp

oses
su

ch
as

this
case),u

se
a

low
er

level,w
here

0.4
is

the
com

m
on

p
ractice

(M
anly,

1994).In
ad

d
ition,w

e
ad

ap
ted

O
ccam

’s
razor

p
arsim

ony
p

rincip
le

(to
exp

lain
the

variance
w

ith
the

few
est

p
ossible

factors)and
requ

ired
the

variance
exp

lained
criterion

to
be

above
50%

.

N
u

m
ber

V
ariable

V
ariable

short
nam

e
V

ariable
valu

es

1
A

ge
gil

1
(17–18),

2
(19–20),

3
(21–22),4

(23–24)
2

G
end

er
M

in
1

(m
ale),2

(fem
ale)

3
M

ed
ical

lim
ita-

tions
lim

1
(no),2

(yes)

4
Father

is
al-

low
ed

to
d

rive
M

u
rF

1
(yes),2

(no)

5
M

other
is

al-
low

ed
to

d
rive

M
u

rM
1

(yes),2
(no)

6
H

as
a

m
otorcy-

cle
license

of
1

(no),2
(yes)

7
R

eceived
“O

r
Yarok”

kit,
as

p
art

of
a

grad
-

u
ated

d
river

licensing
p

ro-
gram

6

or
1

(d
id

n’t
receive),

2
(re-

ceived
)

8
Socioeconom

ic
ind

ex
G

F
1–4

(1–low
,4–high)

9
E

thnic
grou

p
K

U
1

(Jew
),2

(non-Jew
)

10
Father’s

m
arital

statu
s

FS
1

(single),
2

(m
arried

),
3

(d
ivorced

),4
(w

id
ow

ed
)

11
M

other’s
m

ari-
talstatu

s
M

S
1

(single),
2

(m
arried

),
3

(d
ivorced

),4
(w

id
ow

ed
)

12
Father’s

nu
m

ber
of

years
of

edu
-

cation

FE
D

1–4
(1–low

,4–high)

13
M

other’s
nu

m
-

ber
of

years
of

edu
cation

M
E

D
1–4

(1–low
,4–high)

14
O
ff

enses
of

Y
D

O
FY

D
1

(no),2
(yes)

15
A

ccid
ents

of
Y

D
A

C
Y

D
1

(no),2
(yes)

16
O
ff

enses
of

p
ar-

ents
O

FPA
1

(no),2
(yes)

17
A

ccid
ents

of
p

arents
A

C
PA

1
(no),2

(yes)

Table
1:Seventeen

observed
variables

in
D

B
1

and
D

B
2
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A
sbeh

an
d
L
ern

er

R
esu

lts
for

D
B

1:

Figu
re

13:
LV

M
s

learned
by

E
FA

,L
P

C
C

,and
B

P
C

for
D

B
1.

N
u

m
bers

for
E

FA
rep

resent
the

factor
load

ings,w
here

p
lu

s
and

m
inu

s
signs

ind
icate

p
ositive

and
negative

correlation,resp
ectively.

B
oth

L
P

C
C

and
E

FA
fou

nd
six

latentvariables
(Figu

re
13).L

1
in

E
FA

is
a

p
arentof

fi
ve

observed
variables,w

here
each

d
escribes

another
asp

ect
of

the
d

em
ograp

hic
or

socioeco-
nom

ic
state

ofthe
Y

D
or

his/her
fam

ily.T
he

variables
(see

Table
1)father

is
allow

ed
to

drive
(M

u
rF),m

other
is

allow
ed

to
drive

(M
u

rM
),age

(gil),
and

ethnic
group

(K
U

)
are

p
ositively

associated
,w

hereas
the

variable
socioeconom

ic
index

(G
F)is

negatively
associated

w
ith

L
1.

B
ased

on
the

valu
es

of
these

variables,
w

e
can

id
entify

grou
p

s
in

the
Y

D
s’

p
op

u
lation,

su
ch

as
a

grou
p

of
Y

D
s

that
are

not
Jew

ish,
their

p
arents

are
not

allow
ed

to
d

rive,
and

their
age

and
their

socioeconom
ic

statu
s

are
low

.
L

1
is

not
connected

by
E

FA
to

other
la-

tent
variables

that
relate

to
Y

D
involvem

ent
in

road
accid

ents
or

off
enses;thu

s,it
d

oes
not

contribu
te

m
u

ch
to

this
stu

d
y.

H
ow

ever,L
1

and
L

2
as

learned
by

L
P

C
C

relate
the

socioe-
conom

ic
state

of
the

Y
D

fam
ily

(G
F

and
K

U
are

child
ren

of
L

1)
w

ith
Y

D
off

enses
(O

FY
D

6T
he

O
r

Yarok
(i.e.,

“green
light”

in
H

ebrew
)

kit
inclu

d
es

d
ocu

m
entation

and
accessories,

su
ch

as
C

D
s,

w
ith

instru
ctions,

m
ovies,

and
ad

vice
regard

ing
safe

d
riving.

G
ranting

the
kit

before
licensu

re
w

as
fou

nd
(L

erner,2012)help
fu

lin
redu

cing
you

ng
d

rivers’involvem
ent

in
road

accid
ents.
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D
w

it
h

off
en

se
s
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A
sb
eh

an
d
L
er

n
er

of
th

ei
r

p
ar

en
ts

(O
FP

A
),

a
re

la
ti

on
th

at
se

em
s

re
as

on
ab

le
an

d
is

no
t

id
en

ti
fi

ed
by

E
FA

an
d

L
P

C
C

.H
ow

ev
er

,t
he

id
en

ti
fi

ca
ti

on
of

O
FY

D
as

L
1’

s
ch

il
d

an
d

O
FP

A
as

L
2’

s
ch

il
d

im
p

li
es

th
at

it
is

th
e

Y
D

off
en

se
s

th
at

aff
ec

t
th

e
off

en
se

s
of

th
ei

r
p

ar
en

ts
an

d
no

t
th

e
op

p
os

it
e,

as
m

ay
be

ex
p

ec
te

d
.

A
no

th
er

re
la

ti
on

th
at

is
id

en
ti

fi
ed

on
ly

by
B

P
C

is
be

tw
ee

n
th

e
m

ot
he

r’
s

ed
u

ca
ti

on
le

ve
l(

M
E

D
)a

nd
bo

th
Y

D
s’

an
d

th
ei

r
p

ar
en

ts
’o

ffe
ns

es
.

R
es

u
lt

s
fo

r
D

B
2:

Fi
gu

re
14

:
LV

M
s

le
ar

ne
d

by
E

FA
,L

P
C

C
,a

nd
B

P
C

fo
r

D
B

2.
N

u
m

be
rs

fo
r

E
FA

re
p

re
se

nt
th

e
fa

ct
or

lo
ad

in
gs

,w
he

re
p

lu
s

an
d

m
in

u
s

si
gn

s
in

d
ic

at
e

p
os

it
iv

e
an

d
ne

ga
ti

ve
co

rr
el

at
io

ns
,r

es
p

ec
ti

ve
ly

.

A
ga

in
,

bo
th

th
e

E
FA

an
d

L
P

C
C

al
go

ri
th

m
s

fo
u

nd
si

x
la

te
nt

va
ri

ab
le

s
(F

ig
u

re
14

).
L

1
in

E
FA

is
in

te
re

st
in

g
an

d
ve

ry
im

p
or

ta
nt

be
ca

u
se

it
li

nk
s

Y
D

in
vo

lv
em

en
t

in
ac

ci
d

en
ts

an
d

off
en

se
s

w
it

h
ge

nd
er

an
d

m
ot

or
cy

cl
e

li
ce

ns
e.

T
he

lo
ad

in
g

co
effi

ci
en

ts
sh

ow
th

at
m

al
e

Y
D

s,
es

p
ec

ia
ll

y
th

os
e

w
ho

ha
ve

a
m

ot
or

cy
cl

e
li

ce
ns

e,
ar

e
in

vo
lv

ed
m

or
e

in
bo

th
ac

ci
d

en
ts

an
d

off
en

se
s

(i
n

bo
th

ca
se

s
w

it
h

lo
ad

in
gs

of
0.

92
9)

.
L

1
in

L
P

C
C

sh
ow

s
a

si
m

il
ar

re
la

ti
on

be
-

tw
ee

n
ge

nd
er

an
d

a
Y

D
’s

in
vo

lv
em

en
t

in
ac

ci
d

en
ts

an
d

off
en

se
s,

bu
t

w
it

ho
u

t
a

re
la

ti
on

to
ha

vi
ng

a
m

ot
or

cy
cl

e
li

ce
ns

e.
A

ls
o

in
th

e
E

FA
re

su
lt

s,
th

is
la

st
re

la
ti

on
is

qu
it

e
w

ea
k,

w
it

h
a

bo
u

nd
ar

y
lo

ad
in

g
va

lu
e

of
0.

42
1,

w
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re
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th
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ol

d
fo

r
co

nn
ec

ti
ng

an
ob

se
rv

ed
va

ri
ab

le
to

a
la

te
nt

fa
ct

or
is

0.
4

(w
hi

ch
is

a
co

m
m

on
p

ra
ct

ic
e

in
E

FA
).

T
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re
la
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u
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L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
A
lgorith

m
&

E
valuation

betw
een

Y
D

s’accidents
and

offenses
variables

is
du

e
to

the
linkage

form
ed

in
the

d
atabase

by
creating

it
from

observations
of

Y
D

s
having

both
accid

ents
and

off
enses

or
neither.Yet,

both
E

FA
and

L
P

C
C

d
id

notm
anage

to
fi

nd
a

relation
betw

een
Y

D
s’accid

ents
and

off
enses

and
their

p
arents’accid

ents
and

off
enses.

L
2

in
E

FA
d

escribes
the

socioeconom
ic

statu
s

ofthe
Y

D
fam

ily,sim
ilar

to
L

1
in

the
E

FA
resu

lts
for

D
B

1
(bu

t
w

ithou
t

the
father

is
allow

ed
to

drive
variable).A

gain,it
show

s
grou

p
s

in
the

Y
D

p
op

u
lation,

su
ch

as
a

grou
p

of
Y

D
s

w
ho

are
not

Jew
s,

w
hose

m
others

are
not

allow
ed

to
drive,and

w
hose

age
and

socioeconom
ic

statu
s

are
low

.

L
2

and
L

3
in

L
P

C
C

also
rep

resent
the

social
statu

s
of

the
Y

D
fam

ily.
L

2
exp

lains
the

fam
ily

edu
cational

level
(as

L
3

in
L

P
C

C
for

D
B

1),
and

L
3

is
a

d
em

ograp
hic

latent
that

is
a

p
arent

of
the

ethnic
group

and
the

m
other

is
allow

ed
to

drive
variables.

U
nlike

L
2

in
E

FA
,w

hich
also

rep
resents

econom
ic

statu
s

via
the

variable
socioeconom

ic
index

(G
F),L

3
in

L
P

C
C

is
only

a
socialvariable.Fu

rtherm
ore,L

3
in

L
P

C
C

d
id

notlink
the

age
variable

to
the

socialrep
resentation

of
Y

D
(as

L
2

d
id

in
E

FA
).It

is
also

interesting
to

see
the

relation
that

L
P

C
C

fou
nd

betw
een

latents
L

2
and

L
3,

w
hich

is
betw

een
the

p
arents’

edu
cation

levels
(L

2)
and

the
fam

ily
d

em
ograp

hic
statu

s
(L

3).
B

u
t,

L
P

C
C

d
id

not
fi

nd
a

relation
betw

een
L

2
and

L
3

and
the

accidents
and

offenses
variables

of
the

Y
D

s
or

their
p

arents.

L
4

in
E

FA
show

s
the

m
arital

statu
s

of
the

Y
D

’s
p

arents,sim
ilar

to
the

E
FA

resu
lts

for
D

B
1.L

5
in

E
FA

show
s

that
p

arents
of

a
Y

D
w

ho
d

id
not

receive
the

“O
r

Yarok
kit”

tend
to

com
m

it
m

ore
road

off
enses,again

sim
ilar

to
the

E
FA

resu
lts

for
D

B
1.

L
6

show
s

a
relation

betw
een

the
Y

D
’s

m
ed

ical
lim

itations
and

his/her
p

arents’involvem
ent

in
accid

ents;this
relation

is
hard

to
intu

itively
exp

lain.
Sim

ilar
to

D
B

1,there
are

no
relations

betw
een

the
latents

L
4–L

6
du

e
to

the
ind

ep
end

ency
assu

m
p

tion
of

E
FA

;
hence,

there
is

no
relation

betw
een

the
latent

that
rep

resents
the

p
arents’

m
arital

statu
s

and
their

involvem
ent

in
accid

ents
or

off
enses.

L
P

C
C

rep
resents

relationship
s

betw
een

variables
belonging

to
d

iff
erent

latents
in

an
interesting

w
ay.L

6
rep

resents
a

relationship
betw

een
father’s

m
aritalstatu

s,w
hether

they
are

allow
ed

to
d

rive,
their

involvem
ent

in
accid

ents,
and

w
hether

their
Y

D
received

the
“O

r
Yarok

kit”.
To

som
e

extent,w
e

shou
ld

be
carefu

labou
t

the
reliability

of
this

relation-
ship

since
the

variable
A

C
PA

(p
arents’

involvem
ent

in
accid

ents)
is

very
sp

arse
in

D
B

2
(there

are
only

three
observations

that
ind

icate
fathers’involvem

ent
in

accid
ents,and

in
all

of
them

the
Y

D
d

id
not

receive
the

“O
r

Yarok
kit”

and
the

father
is

d
ivorced

or
w

id
-

ow
ed

,and
not

allow
ed

to
d

rive).
Sim

ilarly,the
rep

resentation
of

L
6

in
E

FA
is

not
highly

reliable
for

the
sam

e
reason.

L
5

in
L

P
C

C
rep

resents
a

relation
betw

een
a

Y
D

w
ho

has
a

m
otorcycle

license
and

his/her
p

arents’involvem
ent

in
off

enses,w
here

p
arents

of
Y

D
s

w
ho

have
a

m
otorcycle

license
are

m
ore

likely
to

be
involved

in
off

enses.
A

n
ad

d
itional

interesting
relation

L
P

C
C

fou
nd

betw
een

latents
L

4,
L

5,
and

L
6,

linking
betw

een
their

observed
child

ren,is
betw

een
p

arents’involvem
ent

in
off

enses
and

their
child

ren
having

a
m

otorcycle
license,

and
p

arents’
involvem

ent
in

accid
ents

and
their

child
ren

receiving
an

“O
r

Yarok
kit”.Fu

rtherm
ore,L

P
C

C
show

s
that

given
that

p
arents

are
m

ore
involved

in
off

enses
or

their
Y

D
has

a
m

otorcycle
license

(both
are

child
ren

of
L

5),then
the

m
ed

ical
lim

itation
ofY

D
or

the
m

other’s
m

aritalstatu
s

(child
ren

ofL
4)are

irrelevantfor
p

red
icting

the
p

arents’involvem
ent

in
road

accid
ents

(a
child

of
L

6).
T

hat
is,know

ing
L

5’s
child

ren
tu

rns
L

6
and

its
child

ren
(esp

ecially
p

arents’involvem
entin

accid
ents)ind

ep
end

entof
L

4
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A
sbeh

an
d
L
ern

er

and
its

child
ren.

T
he

inform
ation

abou
t

the
relationship

s
betw

een
the

latents
that

L
P

C
C

p
rovid

es
illu

strates
the

ad
d

ed
valu

e
of

u
sing

su
ch

an
algorithm

in
cau

salanalysis.
A

lso
for

D
B

2,itseem
s

thatB
P

C
yield

s
p

oorer
resu

lts
than

L
P

C
C

.L
2

in
B

P
C

is
p

artially
equ

ivalent
to

L
1

in
L

P
C

C
(w

ithou
t

O
FY

D
),

and
som

e
resem

blance
can

be
seen

betw
een

L
3–L

4
in

B
P

C
and

L
4–L

6
in

L
P

C
C

.L
2

and
L

3
in

B
P

C
are

p
arents

of
L

4,
w

hich
together

link
m

ed
icallim

itations
of

the
Y

D
and

w
hether

the
m

other
is

allow
ed

to
d

rive
w

ith
A

C
Y

D
and

O
FPA

(althou
gh

w
e

w
ou

ld
exp

ect
the

form
er

tw
o

to
be

cau
ses

of
the

latter
tw

o
and

notthe
op

p
osite).H

ow
ever,each

ofthe
tw

o
rem

aining
latents

in
the

B
P

C
m

od
elhas

only
a

single
observed

variable
as

a
child

,w
hich

gives
very

little
inform

ation
abou

t
the

p
roblem

.
L

5
in

B
P

C
has

a
single

child
,M

E
D

,w
ithou

tlinking
itto

FE
D

,althou
gh

these
tw

o
variables

are
highly

correlated
,as

in
both

the
E

FA
and

L
P

C
C

m
od

els.
T

he
sam

e
can

be
said

abou
t

L
1

and
its

child
M

S
that

is
not

linked
to

FS,althou
gh

both
are

correlated
.

T
hese

tw
o

are
d

irectly
connected

in
the

E
FA

m
od

eland
ind

irectly
connected

in
the

L
P

C
C

m
od

el.

3.6
Id

en
tifi

cation
of

cellu
lar

su
b

p
op

u
lation

s
of

th
e

im
m

u
n

e
system

from
m

ass
cytom

etry
d

ata
sets

u
sin

g
L

P
C

C

D
efi

nition
of

im
m

u
ne

cellsu
bsets

is
u

su
ally

based
on

fl
ow

cytom
etry

d
ata.

H
ow

ever,this
ap

p
roach

suff
ers

from
severe

lim
itations

in
the

nu
m

ber
of

cellu
lar

m
arkers

that
can

be
m

easu
red

sim
u

ltaneou
sly.C

u
rrently,fl

ow
cytom

etry
p

erm
its

the
concu

rrentm
easu

rem
ent

ofonly
12–17

cellu
lar

m
arkers.A

recenttechnologicald
evelop

m
entin

single
cellm

easu
re-

m
ent

is
m

ass
cytom

etry
or

cytom
etry

by
tim

e
of

fl
ight

(C
yT

O
F).T

his
m

ethod
allow

s
for

qu
antifi

cation
of

hu
nd

red
s

of
thou

sand
s

of
single

cells
at

high
d

im
ension

(cu
rrently

u
p

to
40

cellu
lar

m
arkers

can
be

m
easu

red
)

in
a

sam
p

le.
C

yT
O

F
yield

s
p

henotyp
ically

rich
d

atasets
that

enable
a

m
ore

accu
rate

id
entifi

cation
of

cellu
lar

su
bp

op
u

lations.
C

lu
stering

and
visu

alization
m

ethod
ologies

have
been

d
evelop

ed
to

id
entify

m
eaningfu

l
cellsu

bsets
in

C
yT

O
F

d
ata.H

ow
ever,none

p
rovid

e
a

system
atic

and
au

tom
atic

m
ethod

for
id

entifying
the

cellu
lar

su
bp

op
u

lations
rep

resented
by

these
clu

sters.
W

e
evalu

ated
L

P
C

C
’s

ability
to

au
tom

atically
id

entify
su

ch
cellu

lar
su

bp
op

u
lations

in
an

u
nsu

p
ervised

m
anner

and
in

com
p

arison
to

B
P

C
and

E
FA

(u
sing

the
sam

e
settings

as
in

Section
3.5).

W
e

u
sed

a
C

yT
O

F-generated
d

ataset
of

m
ou

se
sp

lenocyte
sam

p
les,collected

from
20

m
ice

and
stained

w
ith

a
p

anel
containing

37
m

etal-labelled
antibod

ies.
W

e
ran-

d
om

ly
selected

40,000
single

cellm
easu

rem
ents

from
each

sam
p

le
to

have
800,000

obser-
vations.C

ellu
lar

m
arkers

m
easu

red
by

C
yT

O
F

have
continu

ou
s

m
u

ltim
od

ald
istribu

tions.
Since

L
P

C
C

w
orks

on
d

iscrete
observed

variables,
w

e
need

ed
to

p
erform

d
iscretization

fi
rst.

To
this

end
,w

e
rand

om
ly

selected
40,000

observations
for

each
cellu

lar
m

arker
and

u
sed

this
sam

p
le

to
learn

a
m

ixtu
re

of
G

au
ssians,ap

p
roxim

ating
each

m
arker’s

d
istribu

-
tion

[w
ith

the
nu

m
ber

of
com

p
onents

selected
from

K
=

3-10
u

sing
the

B
ayesian

Inform
a-

tion
C

riterion
(B

IC
)].N

ext,the
learned

G
au

ssian
com

p
onents

w
ere

sorted
by

their
m

eans,
and

the
ord

ered
m

eans
d

eterm
ined

the
K

d
iscrete

valu
es

of
the

m
arker.

T
hu

s,K
also

rep
-

resents
the

card
inality

ofthe
m

arker
after

the
d

iscretization.Finally,for
each

m
arker,each

observation
in

the
d

ata
set

w
as

assigned
the

closest
d

iscrete
valu

e.
T

he
task

of
id

entifying
cellu

lar
su

bp
op

u
lations

of
the

im
m

u
ne

system
is

very
chal-

lenging
du

e
to

the
high

levelof
m

u
tu

alfeed
backs

that
exist

betw
een

the
d

iff
erent

p
layers

(cellu
lar

su
bp

op
u

lations)ofthe
im

m
u

ne
system

and
the

high
levelofshared

cellu
lar

m
ark-
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L
ea

rn
in
g
by

Pa
ir
w
is
e
C
lu

st
er

C
om

pa
ri
so
n
−A

lg
or

it
h
m
&

E
va

lu
at

io
n

er
s

be
tw

ee
n

th
es

e
ce

ll
u

la
r

su
bp

op
u

la
ti

on
s.

T
hi

s
ob

se
rv

at
io

n
is

d
em

on
st

ra
te

d
cl

ea
rl

y
in

th
e

re
su

lt
s

ob
ta

in
ed

by
B

P
C

,E
FA

,a
nd

L
P

C
C

in
Fi

gu
re

s
15

a,
15

b,
an

d
16

a,
re

sp
ec

ti
ve

ly
.L

P
C

C
an

d
E

FA
m

an
ag

ed
to

le
ar

n
m

od
el

s
w

it
h

ei
gh

t
la

te
nt

s
ea

ch
an

d
B

P
C

a
m

od
el

w
it

h
on

e
la

-
te

nt
,b

u
t

no
ne

of
th

e
th

re
e

la
te

nt
va

ri
ab

le
m

od
el

s
se

em
s

to
be

bi
ol

og
ic

al
ly

m
ea

ni
ng

fu
l,

as
ju

d
ge

d
by

bi
ol

og
ic

al
ex

p
er

ts
.

H
ow

ev
er
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d
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p
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p
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E
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Figu
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16:LV
M
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learned
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P
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a
p

u
rifi

cation
p
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A
sbeh

an
d
L
ern

er

varying
over

tim
e

and
cond

itions.
W

ith
this

in
m

ind
,clu

stering
and

noise
fi

ltration
–

tw
o

p
re-p

rocessing
step

s
of

L
P

C
C

–
p

rovid
e

great
benefi

t
in

this
context,

yield
ing

im
p

roved
resu

lts.Sp
ecifi

cally,the
p

re-p
rocessing

step
of

clu
stering

the
d

ata
p

rior
to

L
P

C
C

p
rovid

es
an

ad
vantage

as
it

com
p

artm
entalizes

m
arker

relationship
s

to
the

context
in

w
hich

they
m

atter,w
hereas

the
noise

fi
ltering

step
focu

ses
the

analysis
to

those
m

arkers
w

hose
rela-

tionship
w

ith
one

another
m

ay
be

m
eaningfu

l.

4.R
elated

W
ork

s

T
he

trad
itional

fram
ew

ork
for

d
iscovering

latent
variables

is
factor

analysis
and

its
vari-

ants
(e.g.,

see
B

artholom
ew

et
al.,2002).

T
his

is,
by

far,
the

m
ost

com
m

on
m

ethod
u

sed
in

severalap
p

lied
sciences

(G
lym

ou
r,2002).H

ow
ever,a

lim
itation

of
factor

analysis
is

its
levelof

su
bjectivity

stem
m

ing
from

the
m

any
m

ethod
ologicald

ecisions
a

researcher
m

u
st

m
ake

to
com

p
lete

an
analysis,

w
here

the
resu

lts
of

this
analysis

largely
d

ep
end

on
the

qu
ality

of
these

d
ecisions

(H
enson

and
R

oberts,2006).
M

oreover,
factor

analysis
and

its
variants

p
rovid

e
only

a
lim

ited
ability

in
cau

salexp
lanation

(see
Silva,2005,and

ou
r

eval-
u

ation
section).T

herefore,in
this

section,w
e

w
illfocu

s
on

related
w

ork
in

the
fram

ew
ork

of
learning

cau
salgrap

hicalm
od

els
beyond

the
variants

of
factor

analysis.
T

he
m

ain
goalofheu

ristic
m

ethod
s

su
ch

as
those

ofE
lid

an
etal.(2000)is

the
redu

ction
of

the
nu

m
ber

of
p

aram
eters

in
a

B
N

.T
he

id
ea

is
to

redu
ce

the
variance

of
the

resu
lting

d
ensity

estim
ator,achieving

better
p

robabilistic
p

red
ictions.

For
p

robabilistic
m

od
eling,

the
resu

lts
d

escribed
by

E
lid

an
et

al.
are

a
convincing

d
em

onstration
of

the
su

itability
of

their
ap

p
roach,w

hich
is

intu
itively

sou
nd

.
H

ow
ever,su

ch
heu

ristic
m

ethod
s

p
rovid

e
nei-

ther
form

al
interp

retation
of

w
hat

the
resu

lting
stru

ctu
re

is,nor
exp

licit
assu

m
p

tions
on

how
su

ch
latents

shou
ld

interactw
ith

the
observed

variables.Fu
rther,su

ch
heu

ristic
m

eth-
od

s
d

o
not

p
rovid

e
an

analysis
of

p
ossible

equ
ivalence

classes,and
consequ

ently,there
is

no
search

algorithm
that

can
accou

nt
for

equ
ivalence

classes.
T

herefore,
for

a
cau

sality
d

iscovery
u

nd
er

the
assu

m
p

tion
that

m
u

ltip
le

observed
variables

have
hid

d
en

com
m

on
cau

ses,
su

ch
as

in
M

IM
that

is
w

id
ely

u
sed

in
ap

p
lied

sciences,
the

resu
lts

d
escribed

by
E

lid
an

et
al.are

u
nsatisfying.

U
nlike

other
algorithm

s
(Pearl,

2000;
Z

hang,
2004;

H
arm

eling
and

W
illiam

s,
2011;

W
ang

et
al.,

2008),
L

P
C

C
is

su
itable

for
learning

M
IM

m
od

els
and

not
ju

st
latent-tree

m
od

els.
T

his
L

P
C

C
qu

ality
is

shared
by

B
P

C
(Silva

et
al.,2006).

B
oth

L
P

C
C

and
B

IN
-A

(H
arm

eling
and

W
illiam

s,2011)
ap

p
ly

clu
stering

as
a

p
rep

rocessing
step

to
learn

latent
m

od
els.

B
u

t,L
P

C
C

ap
p

lies
clu

stering
to

the
d

ata
p

oints,w
hereas

B
IN

-A
clu

sters
the

vari-
ables

u
sing

agglom
erative

hierarchical
clu

stering,w
hich

is
su

itable
to

learn
H

LC
m

od
els,

as
in

Z
hang

(2004).
L

P
C

C
p

rovid
es

a
consistent

and
su

bstantive
analysis

of
d

ata-p
oint

clu
stering

u
sing

the
P

C
C

concep
t

and
can

learn
all

typ
es

of
links

betw
een

the
latents;

thu
s,u

nlike
B

IN
-A

,it
is

not
lim

ited
to

binary
latent

trees.
FC

I
(Sp

irtes
et

al.,2000)
is

not
com

p
arable

to
L

P
C

C
in

learning
M

IM
m

od
els

as
illu

s-
trated

for
the

p
oliticalaction

su
rvey

and
the

H
olzinger

and
Sw

ineford
d

atabases
(Sections

3.2
and

3.3).
C

om
p

ared
to

B
P

C
and

FC
I,L

P
C

C
d

oes
not

rely
on

statistical
tests

and
p

re-
setting

of
a

signifi
cance

levelfor
learning

LV
M

.
C

ontrary
to

B
P

C
,L

P
C

C
concentrates

on
the

d
iscrete

case
and

d
isp

enses
w

ith
the

lin-
earity

assu
m

p
tion.

H
ow

ever,L
P

C
C

assu
m

es
that

the
m

easu
rem

ent
m

od
el

is
p

u
re;

still
a
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cluster

com
parison

is
a

procedure
by

w
hich

pairs
of

clusters
are

com
-

pared,for
exam

ple
through

a
com

parison
oftheir

centroids.T
he

resultofPC
C

betw
een

a
pair

of
cluster

centroids
of

dim
ension|O|,w

here
O

is
the

set
of

observed
variables,can

be
represented

by
a

binary
vector

ofsize|O|in
w

hich
each

elem
entis

1
or

0
depending,respectively,on

w
hether

or
notthere

is
a

difference
betw

een
the

corresponding
elem

ents
in

the
com

pared
centroids.

D
efi

n
ition

16
A

m
axim

alset
of

observed
(M

S
O

)
variables

is
the

set
of

variables
that

alw
ays

changes
its

values
together

in
each

m
ajor–m

ajor
PC

C
in

w
hich

at
least

one
of

the
variables

changes
value.

D
efi

n
ition

18
2S-PC

C
is

PC
C

betw
een

1-M
C

and
a

m
ajor

cluster
that

show
s

tw
o

sets
oftw

o
or

m
ore

elem
ents

corresponding
to

the
observed

variables.
Elem

ents
in

each
set

have
the

sam
e

value,w
hich

is
differentthan

thatofthe
other

set.A
ccordingly,this

1-M
C

is
defined

as
2S-M

C
.

D
efi

n
ition

19
A

2S-M
SO

is
the

m
axim

al
set

of
observed

variables
that

alw
ays

change
their

values
together

in
all2S-PC

C
s.

P
rop

osition
10

In
2S-PC

C
s

in
w

hich
only

the
observed

children
ofa

single
latent

change,the
latentis

1.
EX

or
its

leaflatentnon-collider
descendant,ifthe

connection
is

serial;or

2.
EX

’s
leaflatentnon-collider

descendant,ifthe
connection

is
diverging.

T
h

eorem
1

Variablesofa
particular

M
SO

are
children

ofa
particular

exogenouslatentvariable
EX

or
its

latentnon-collider
descendantor

children
ofa

particular
latentcollider

C
.

T
h

eorem
2

A
latentvariable

L
is

a
collider

ofa
setoflatentancestors

L
A⊂

E
X

only
if:

1.
T

he
values

ofthe
children

ofL
change

in
different

parts
ofsom

e
m

ajor–m
ajor

PC
C

s
each

tim
e

w
ith

the
values

ofdescendants
ofanother

latentancestor
in

L
A

;and

2.
T

he
values

ofthe
children

ofL
do

notchange
in

any
PC

C
unless

the
values

ofdescendants
ofatleastone

ofthe
variables

in
L
A

change
too.

T
h

eorem
3

Variables
ofa

particular
2S-M

SO
are

children
ofan

exogenous
latent

variable
EX

or
any

ofits
descendantlatentnon-colliders

N
C

.

T
h

eorem
4

A
latentnon-collider

N
C

1
isa

directchild
ofanother

latentnon-collider
N

C
2

(both
on

the
sam

e
path

em
erging

in
EX

)
only

if:

•
In

all2S-PC
C

s
for

w
hich

EX
doesnotchange,the

observed
children

ofN
C

1
alw

ays
change

w
ith

those
ofN

C
2

and
also

in
a

single
2S-PC

C
w

ithoutthe
children

ofN
C

2;and

•
In

all2S-PC
C

s
for

w
hich

a
latent

non-collider
leafdescendant

ofEX
does

not
change,the

observed
children

ofN
C

2
alw

ays
change

w
ith

those
ofN

C
1

and
also

in
a

single
2S-PC

C
w

ithoutthe
children

ofN
C

1.
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A
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an
d
L
ern

er

A
p

p
en

d
ix

B
.A

d
d

ition
alresu

lts
for

th
e

sim
u

lated
d

ata
(Section

3.1)

B
.1

L
P

C
C

com
p

ared
to

B
P

C

Figu
re

17:
SH

D
learning

cu
rves

ofL
P

C
C

com
p

ared
w

ith
those

ofB
P

C
for

G
1–G

4
ofFigu

re
2

w
ith

binary
variables,

three
p

aram
eterization

levels,
and

increasing
sam

p
le

sizes.
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P
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fo
r

G
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G
4
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Fi
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2
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re
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A
sb
eh
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d
L
er

n
er

B
.2

L
P

C
C

co
m

p
ar

ed
to

E
FA

Fi
gu

re
19

:
SH

D
le

ar
ni

ng
cu

rv
es

of
L

P
C

C
co

m
p

ar
ed

w
it

h
th

os
e

of
E

FA
fo

r
G

1–
G

4
of

Fi
gu

re
2

w
it

h
bi

na
ry

va
ri

ab
le

s,
th

re
e

p
ar

am
et

er
iz

at
io

n
le

ve
ls

,
an

d
in

cr
ea

si
ng

sa
m

p
le

si
ze

s.
T

he
li

ne
s

of
L

P
C

C
an

d
E

FA
fo

r
a

p
ar

am
et

ri
za

ti
on

of
0.

8
co

in
ci

d
e

fo
r

G
1.
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L
earn

in
g
by

Pairw
ise

C
lu

ster
C
om

parison−
A
lgorith

m
&

E
valuation

Figu
re

20:
SH

D
learning

cu
rves

ofL
P

C
C

com
p

ared
w

ith
those

ofE
FA

for
G

1–G
4

ofFigu
re

2
w

ith
ternary

variables,three
p

aram
eterization

levels,and
increasing

sam
p

le
sizes.T

he
line

of
L

P
C

C
for

a
p

aram
etrization

of
0.8

coincid
es

w
ith

that
of

E
FA

for
a

p
aram

etrization
of

0.7
for

G
1.
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A
sbeh

an
d
L
ern

er

A
p

p
en

d
ix

C
.P

C
C

an
alysis

for
tw

o
exam

p
le

d
atab

ases

C
.1

R
esu

lts
for

th
e

p
oliticalaction

su
rvey

d
ata

(Section
3.2)

W
e

ap
p

lied
clu

stering
analysis

to
the

p
olitical

action
su

rvey
d

ata
u

sing
SO

M
having

250
u

nitm
ap

size
(sim

ilar
resu

lts
w

ere
obtained

for
SO

M
s

having
125

and
500

u
nitm

ap
sizes).

U
-m

atrix
visu

alization
9

of
the

SO
M

resu
lt

is
given

in
Figu

re
21.

A
s

p
resented

in
Table

2,
nine

clu
sters

w
ere

fou
nd

,
and

since
fou

r
clu

sters
are

larger
than

the
average

clu
ster

size
of

45,
only

fou
r

of
the

nine
clu

sters
are

m
ajor.

Table
3

show
s

P
C

C
s

betw
een

these
fou

r
m

ajor
clu

sters.
N

ote
that

N
O

SA
Y

and
V

O
T

IN
G

alw
ays

change
together

in
all

P
C

C
s

in
w

hich
either

of
them

changes,
and

this
is

also
the

case
for

N
O

C
A

R
E

,
T

O
U

C
H

,
and

IN
-

T
E

R
E

ST.
T

herefore,
L

P
C

C
fou

nd
tw

o
latents

(Figu
re

8
b):

O
ne

(Effi
cacy)

corresp
ond

s
to

N
O

SA
Y

and
V

O
T

IN
G

and
the

other
(R

esp
onsiveness)

corresp
ond

s
to

N
O

C
A

R
E

,T
O

U
C

H
,

and
IN

T
E

R
E

ST.

C
en

troid
N

O
SA

Y
V

O
T

IN
G

C
O

M
P

L
E

X
N

O
C

A
R

E
T

O
U

C
H

IN
T

E
R

E
ST

C
1(86)

3
3

2
3

3
3

C
2(60)

2
2

2
2

2
2

C
3(57)

3
3

2
2

2
2

C
4(49)

3
3

3
3

3
3

C
5(39)

3
2

2
2

2
2

C
6(31)

3
3

2
3

2
2

C
7(31)

3
2

3
3

3
3

C
8(28)

1
1

1
1

1
1

C
9(27)

3
2

2
3

3
3

Table
2:

N
ine

clu
sters

are
rep

resented
by

their
centroid

s
for

the
p

olitical
action

su
rvey

d
ata.C

lu
ster

sizes
are

in
p

arentheses.T
he

fi
rst

fou
r

clu
sters

are
m

ajor.

P
C

C
δ
N
O
S
A
Y

δ
V
O
T
IN

G
δ
C
O
M
P
L
E
X

δ
N
O
C
A
R
E

δ
T
O
U
C
H

δ
IN

T
E
R
E
S
T

PC
C

1,2
1

1
0

1
1

1
PC

C
1,3

0
0

0
1

1
1

PC
C

1,4
0

0
1

0
0

0
PC

C
2,3

1
1

0
0

0
0

PC
C

2,4
1

1
1

1
1

1
PC

C
3,4

0
0

1
1

1
1

Table
3:P

C
C

s
betw

een
the

fou
r

m
ajor

clu
sters

for
the

p
oliticalaction

su
rvey

d
ata.

9T
he

U
-m

atrix
is

a
w

id
ely

u
sed

visu
alization

of
SO

M
.It

com
p

u
tes

(for
each

u
nit

in
the

SO
M

)the
m

ean
of

the
d

istance
m

easu
res

betw
een

neighbors.
B

y
p

lotting
this

d
ata

on
a

2D
m

ap
u

sing
a

color
schem

e,
w

e
can

visu
alize

a
land

scap
e

w
ith

w
alls

(red
areas)and

valleys
(blu

e
areas).T

he
w

alls
sep

arate
d

iff
erentclu

sters;they
rep

resent
extrem

e
d

istances
betw

een
neighboring

u
nits,w

hereas
p

atterns
m

ap
p

ed
to

u
nits

in
the

sam
e

valley
are

sim
ilar

and
belong

to
the

sam
e

clu
ster

(U
ltsch

et
al.,1993).
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ro
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d
u

re
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r
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e
C

ou
p

le
d

L
at

en
t

T
ra

je
ct

or
y

M
o
d

el
(C

-L
T

M
).

d
is

tr
ib

u
ti

on
ov

er
th

e
P

F
V

C
va

lu
es
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lu

e
an

d
gr

ee
n

sh
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ed
re

gi
on

s)
ar

e
co

n
d
it

io
n

ed
u

p
o
n

b
as

el
in

e
m

ar
ke

rs
(e

.g
.

ge
n

d
er

an
d
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),
th

e
ob

se
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P

F
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C
va

lu
es

(b
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ck
p
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n
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a
n

d
au

x
il
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ry

m
ar

ke
r

h
is
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T
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ar
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d
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h
is
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al
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m
p
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se
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th

e
in

d
iv
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u
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b
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el
in

e
in
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rm
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re
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sa
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le
d
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a
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th
e
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d
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x
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S
c
h
u
l
a
m

a
n
d

S
a
r
ia

m
o
d

el
w

il
l

es
ti

m
a
te

th
e

fo
ll

ow
in

g
co

n
d

it
io

n
al

d
is

tr
ib

u
ti

on
(n

o
ta

ti
o
n

is
d

es
cr

ib
ed

in
th

e
su

b
se

q
u

en
t

p
a
ra

gr
a
p

h
):

D
(i
,t

)
,
p
(y
i(
·)
|~y

i,
≤
t,
~y 1

:C
,i
,≤
t,
~x
i)
.

(1
)

N
o
ta

ti
o
n

.
F

or
an

in
d

iv
id

u
al
i,

w
e

d
en

o
te

ea
ch

ta
rg

et
m

a
rk

er
o
b

se
rv

at
io

n
u

si
n

g
y i
j

a
n

d
it

s
m

ea
su

re
m

en
t

ti
m

e
u

si
n

g
t i
j

w
h

er
e
j
∈
{1
,.
..
,N

i}
.

W
e

u
se
~y i
∈
R
N
i

a
n

d
~ t i
∈
R
N
i

to
d

en
o
te

a
ll

of
in

d
iv

id
u

al
i’

s
m

a
rk

er
va

lu
es

an
d

m
ea

su
re

m
en

t
ti

m
es

re
sp

ec
ti

ve
ly

.
W

e
a
ss

u
m

e
th

a
t

th
e

ta
rg

et
m

ar
ke

r
ob

se
rv

a
ti

o
n

s
ar

e
n

oi
sy

o
b

se
rv

a
ti

o
n

s
o
f

a
la

te
n
t

co
n
ti

n
u

o
u

s-
ti

m
e

fu
n

ct
io

n
(t

h
e

tr
a

je
ct

o
ry

),
w

h
ic

h
w

e
d

en
o
te

u
si

n
g

y
i(
·).

E
a
ch

in
d

iv
id

u
al

h
as

b
as

el
in

e
(s

ta
ti

c)
in

fo
rm

a
ti

on
co

ll
ec

te
d

in
to

a
ve

ct
o
r,

w
h

ic
h

w
e

d
en

o
te

u
si

n
g
~x
i.

W
e

u
se
C

to
d

en
o
te

th
e

n
u

m
b

er
o
f
au

x
il

ia
ry

m
ar

ke
r

ty
p

es
,
N
ci

to
d

en
o
te

th
e

n
u

m
b

er
o
f

o
b

se
rv

a
ti

o
n

s
of

th
e
ct

h
ty

p
e,

an
d

u
se
y c
ij

a
n

d
t c
ij

to
d

en
ot

e
in

d
iv

id
u

a
l
i’

s
jt

h
m

ea
su

re
m

en
t

o
f

m
a
rk

er
ty

p
e
c.

W
e

u
se
~y c
i
∈
R
N
c
i

an
d
~ t c
i
∈
R
N
c
i

to
d

en
ot

e
th

e
ve

ct
or

co
n
ta

in
in

g
a
ll

o
f

in
d

iv
id

u
a
l
i’

s
ct

h
m

a
rk

er
va

lu
es

a
n

d
ti

m
es

re
sp

ec
ti

ve
ly

.
W

e
w

il
l

a
ls

o
fr

eq
u

en
tl

y
n

ee
d

to
re

fe
r

to
th

e
v
ec

to
r

o
f

m
ar

ke
r

va
lu

es
ob

se
rv

ed
u

p
u

n
ti

l
a

ti
m

e
t,

w
h

ic
h

w
e

d
en

o
te

u
si

n
g
~y i
,≤
t

(~y
ci
,≤
t

fo
r

a
u

x
il

ia
ry

m
ar

ke
rs

).
S

im
il

a
rl

y,
fo

r
m

a
rk

er
s

o
b

se
rv

ed
a
ft

er
a

ti
m

e
t,

w
e

u
se
~y i
,>
t

(~y
ci
,>
t

fo
r

a
u

x
il

ia
ry

m
a
rk

er
s)

.
T

h
e

te
rm

~y 1
:C
,i
,≤
t

re
fe

rs
to

a
ll

au
x
il

ia
ry

m
ar

ke
rs

m
ea

su
re

d
o
n

in
d

iv
id

u
a
l
i

u
p

u
n
ti

l
ti

m
e
t.

A
t

a
h

ig
h

-l
ev

el
,
w

e
w

il
l
m

o
d
el

E
q
.

1
b
y

fi
rs

t
a
ss

u
m

in
g

th
at

ea
ch

cl
in

ic
a
l
m

a
rk

er
tr

a
je

ct
or

y
(b

ot
h

ta
rg

et
an

d
au

x
il

ia
ry

)
ca

n
b

e
d

-s
ep

a
ra

te
d

(r
en

d
er

ed
co

n
d

it
io

n
a
ll

y
in

d
ep

en
d

en
t)

o
f

a
ll

ot
h

er
m

a
rk

er
ty

p
es

gi
ve

n
a

m
a
rk

er
ty

p
e-

sp
ec

ifi
c

la
te

n
t

va
ri

a
b

le
.

W
e

d
en

o
te

th
es

e
la

te
n
t

va
ri

a
b

le
s

u
si

n
g
z i

fo
r

th
e

ta
rg

et
m

a
rk

er
a
n

d
z c
i

fo
r

a
u

x
il

ia
ry

m
a
rk

er
c,

a
n

d
w

il
l

d
es

cr
ib

e
th

em
fu

rt
h

er
la

te
r

in
th

is
se

ct
io

n
.

U
n

d
er

th
is

a
ss

u
m

p
ti

o
n

,
w

e
ca

n
w

ri
te

E
q
.

1
a
s

D
(i
,t

)
=
∑ z i

p
(y

(·)
|z

i,
~y i
,≤
t,
~x
i)
p
(z
i
|~y

i,
≤
t,
~y 1

:C
,i
,≤
t,
~x
i)

∝
∑ z i

p
(y

(·)
|z

i,
~y i
,≤
t,
~x
i)
p
(~y
i,
≤
t
|z

i,
~x
i)
p
(z
i
|~y

1
:C
,i
,≤
t,
~x
i)

∝
∑ z i

p
(y

(·)
|z

i,
~y i
,≤
t,
~x
i)

︸
︷︷

︸
L
T

M
p

re
d

ic
ti

v
e,

S
ec

ti
o
n

3
.2

.2
,

E
q
.

2
4

p
(~y
i,
≤
t
|z

i,
~x
i)

︸
︷︷

︸
L
T

M
li

k
el

ih
o
o
d

,
S

ec
ti

o
n

3
.2

.1
,

E
q
.

1
6

∑ z 1
:C
,i

p
(z
i,
z 1

:C
,i
|~x

i)
︸

︷︷
︸

C
o
u

p
li

n
g

M
o
d

el
,

S
ec

ti
o
n

3
.3

,
E

q
.

2
5

C ∏ c=
1

p
(~y
ci
,≤
t
|z

ci
,~x

i)
.

︸
︷︷

︸
L
T

M
li

k
el

ih
o
o
d

,
S

ec
ti

o
n

3
.2

.1
,

E
q
.

1
6

(2
)

W
e

w
il

l
le

ar
n

th
is

p
a
ra

m
et

er
iz

at
io

n
o
f
D

(i
,t

)
in
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o

st
a
ge

s.
T

h
e

m
o
d

el
s

fo
r

th
e

ta
rg

et
an

d
ea
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o
f
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e

a
u

x
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m
a
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s

a
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n
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d
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d
en
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y

d
u
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n

g
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e
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t
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e;
u
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n

g
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es
e,
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e

L
T

M
p

re
d

ic
ti

ve
a
n

d
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h
o
o
d
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rm

s
ca

n
b

e
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m
p

u
te

d
in

E
q
.

2
.

W
e

tr
ea

t
th

e
ta

rg
et

an
d

au
x
il

ia
ry

m
a
rk

er
s

as
in

st
a
n
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s

o
f

th
e

L
a
te

n
t

T
ra

je
ct

o
ry

M
o
d

el
(L

T
M

),
w

h
ic

h
w

e
re

v
ie

w
in

S
ec

ti
o
n

3
.2

.
W

e
em

p
h

as
iz

e,
h

ow
ev

er
,

th
a
t

a
n
y

ot
h

er
g
en

er
at

iv
e

m
o
d

el
ca

n
b

e
u

se
d

if
b

et
te

r
su

it
ed

to
th

e
d

o
m

a
in

.
T

h
e

co
u

p
li

n
g

m
o
d

el
is

le
ar

n
ed

in
th

e
se
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n

d
st

a
ge

,
a
n

d
is

d
es

cr
ib

ed
in

S
ec

ti
o
n

3.
3
.

W
e

re
fe

r
to

th
e

m
o
d

el
cr

ea
te

d
b
y

co
m

b
in

in
g

th
es

e
co

m
p

o
n

en
ts

as
th

e
C

o
u

p
le

d
L

at
en

t
T

ra
je

ct
o
ry

M
o
d

el
(C

-L
T

M
),

w
h

ic
h

w
e

d
es

cr
ib

e
in

S
ec

ti
o
n

3
.4

.
A

n
ov

er
v
ie

w
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th
e

p
ro
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d

u
re

u
se

d
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fi
t

th
e

C
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T
M
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n
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F
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u
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C
o
u
p
l
e
d

L
a
t
e
n
t

V
a
r
ia

b
l
e

M
o
d
e
l
s

f
o
r

In
d
iv

id
u
a
l
iz

in
g

P
r
o
g

n
o
se

s

3
.1

P
re

lim
in

a
rie

s

T
h

e
L

a
ten

t
T

ra
jecto

ry
M

o
d

el
(L

T
M

)
u

ses
B

-sp
lin

es
to

m
o
d

el
lo

n
g
itu

d
in

a
l

tra
jecto

ries,
a
n

d
o
u

r
co

u
p
lin

g
m

o
d

el
u

ses
a

con
d

ition
al

ra
n

d
o
m

fi
eld

(C
R

F
).

W
e

b
riefl

y
in

tro
d

u
ce

th
ese

tw
o

co
n

cep
ts,

a
n

d
p

o
in

t
to

reso
u

rces
w

h
ere

th
e

in
terested

rea
d

er
ca

n
fi
n

d
a
d

d
itio

n
a
l

d
eta

ils.

3
.1

.1
B

-S
p
l
in

e
s

A
com

m
on

ap
p

roa
ch

to
fi

ttin
g

n
on

lin
ea

r
fu

n
ctio

n
s

o
f

tim
e

w
h

ile
m

a
in

ta
in

in
g

a
lin

ea
r

d
e-

p
en

d
en

ce
on

m
o
d

el
p

aram
eters

is
to

u
se

a
b

asis
ex

p
a
n

sio
n

.
S

u
ch

a
n

ex
p

a
n

sion
d

efi
n

es
som

e
n

o
n

-lin
ea

r
fu

n
ctio

n
f

(t)
a
s

a
lin

ea
r

co
m

b
in

atio
n

o
f

oth
er

fu
n

ction
s
φ

1 (t),...,φ
d (t):

y
=
f

(t|
β

)
=

d
∑i=

1

β
d φ

d (t)
=

Φ
>

(t) ~β
,

(3
)

w
h

ere
φ

1 ,...,φ
d

a
ct

a
s

b
ases

in
som

e
v
ector

sp
a
ce

o
f
n
o
n

lin
ea

r
fu

n
ctio

n
s

a
n

d
Φ

(t)∈
R
d

is
th

e
vector

con
tain

in
g

th
e

valu
es

of
th

e
p

b
a
sis

fu
n

ctio
n

s
eva

lu
a
ted

a
t

tim
e
t.

T
h

e
b

en
efi

t
o
f

th
is

fo
rm

u
la

tion
is

th
a
t

th
e

fu
n

ction
f

is
lin

ea
r

in
th

e
m

o
d
el

p
a
ram

eters
β

,
m

a
k
in

g
it

relatively
easy

to
fi
t

com
p

lex
m

o
d

els.
B

-sp
lin

es
a
re

a
p

a
rticu

la
r

fa
m

ily
o
f

b
asis

fu
n

ctio
n

s
th

a
t

w
e

can
u

se
to

p
aram

eterize
n

o
n

lin
ea

r
fu

n
ctio

n
s.

O
th

ers
in

clu
d

e
p

oly
n

o
m

ia
l

b
a
ses

an
d

rad
ia

l
b

a
sis

fu
n

ction
s.

H
ow

ever,
th

ere
a
re

tw
o

a
d

va
n
tag

es
to

u
sin

g
B

-sp
lin

es.
F

irst,
ea

ch
b

asis
fu

n
ction

is
n

o
n

-zero
on

ly
over

a
co

m
p

a
ct

in
terval

of
th

e
rea

l
lin

e,
w

h
ich

im
p

roves
sta

tistical
sta

b
ility

an
d

a
lso

allow
s

fo
r

co
m

p
u

tatio
n

a
l

sp
eed

u
p

s
th

a
t

ta
ke

a
d

va
n
ta

g
e

o
f

sp
a
rse

b
a
sis

m
a
trices

(G
elm

an
et

a
l.,

20
1
4).

T
h

is
is

in
con

tra
st

to
p

o
ly

n
o
m

ia
ls,

w
h

ere
ea

ch
b

asis
takes

n
on

-zero
va

lu
es

glo
b

a
lly.

T
h

e
seco

n
d

ad
va

n
tag

e
is

th
a
t

th
e

fam
ily

of
fu

n
ctio

n
s

p
a
ra

m
eterized

b
y

B
-

sp
lin

es
a
re

n
ot

in
fi

n
itely

d
iff

eren
tia

b
le

(in
con

tra
st

to
ra

d
ia

l
b

a
sis

fu
n

ction
s)

a
n

d
th

erefore
n

o
t

sm
o
o
th

(G
elm

a
n

et
a
l.,

2
01

4
).

T
h

is
b

ia
s

is
o
ften

h
elp

fu
l

in
m

o
d

elin
g

fu
n

ctio
n

s
fro

m
th

e
real-w

orld
th

at
a
rise

fro
m

n
o
n

-sm
o
o
th

p
ro

cesses.
B

eca
u

se
B

-sp
lin

es
a
re

lin
ea

r
in

th
eir

p
a
ram

eters,
w

e
can

u
se

th
e

w
ell-d

ev
elop

ed
m

a
ch

in
ery

o
f

lin
ea

r
reg

ressio
n

fo
r

learn
in

g.
S

ee
C

h
.

2
0

in
G

elm
an

et
a
l.

(20
1
4)

o
r

C
h

.
5

in
F

ried
m

a
n

et
a
l.

(2
0
0
1)

for
fu

rth
er

d
eta

ils.

P
en

a
lized

B
-sp

lin
es.

In
p
ra

ctice,
th

e
p

a
ram

eters
of

a
B

-sp
lin

e
m

o
d

el
a
re

fi
t

u
sin

g
a

p
en

a
lized

lea
st

sq
u

ares
criterion

.
T

h
e

p
en

a
lty

is
ty

p
ica

lly
in

tro
d

u
ced

in
o
rd

er
to

co
n
trol

th
e

sm
o
oth

n
ess

o
f

th
e

fi
t.

F
o
r

d
a
ta
~y

m
easu

red
at

tim
es
~t

w
ith

co
rresp

o
n

d
in

g
b

a
sis

m
a
trix

Φ
( ~t

)
=

[Φ
(t1 ),...,Φ

(tn
)] >

,
w

e
m

in
im

ize
th

e
follow

in
g

o
b

jective:

J
( ~β

)
=
‖~y−

Φ
( ~t

) ~β‖
22

+
ρ
~β
>

Ω
~β
,

(4)

w
h

ere
Ω

is
a

fi
rst-ord

er
d

iff
eren

ces
m

a
trix

a
s

d
escrib

ed
b
y

E
ilers

a
n

d
M

a
rx

(19
9
6
).

T
h

e
p

en
a
lized

o
b

jective
is

still
q
u

a
d

ra
tic

in
~β

an
d

so
ca

n
b

e
ea

sily
m

in
im

ized
.

3
.1

.2
C

o
n
d
it

io
n
a
l

R
a
n
d
o
m

F
ie

l
d
s

C
on

d
ition

al
ran

d
om

fi
eld

s
(C

R
F

s)
p

rov
id

e
a

fra
m

ew
o
rk

fo
r

m
o
d

elin
g

an
d

lea
rn

in
g

th
e

jo
in

t
d

istrib
u

tio
n

of
a

co
llectio

n
o
f

ran
d
om

va
ria

b
les

con
d

itio
n

ed
o
n

som
e

set
o
f

o
b

serva
tio

n
s

(see
e.g

.,
M

u
rp

h
y

20
1
2).

T
h

e
p

a
ra

m
eteriza

tio
n

is
id

en
tica

l
to

th
a
t

of
M

arkov
ra

n
d

o
m

fi
eld

s
(M

R
F

),
b

u
t

th
e

fa
cto

rs
th

at
d

efi
n

e
th

e
d

istrib
u

tio
n

ca
n

b
e

fu
n

ctio
n
s

o
f

th
e

ob
servatio

n
s

(th
is

allow
s

th
e

d
istrib

u
tio

n
to

va
ry

d
ep

en
d

in
g

o
n

th
e

valu
es

of
th

e
ob

servatio
n

s).
F

or
so

m
e
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S
c
h
u
l
a
m

a
n
d

S
a
r
ia

ou
tp

u
t
y
,

in
p

u
t
x

an
d

p
aram

eters
θ,

th
e

con
d

ition
al

p
ro

b
a
b

ility
is

d
efi

n
ed

to
b

e:

p
(y
|
x
,θ)

=
1

Z
(x
,θ) ∏

c

ψ
c (y

c |
x
,θ),

Z
(x
,θ),

∑

y ′

∏

c

ψ
c (y ′c |

x
,θ),

(5)

w
h

ere
ψ
c (y

c
|
x
,θ)

is
a

n
on

-n
egative

factor
th

at
can

b
e

in
terp

reted
as

sco
rin

g
th

e
con

-
fi

gu
ra

tion
o
f

th
e

su
b

set
of

variab
les

y
c

given
th

e
ob

servation
s
x

an
d

p
aram

eters
θ.

T
h

e
term

Z
(x
,θ)

is
called

th
e

pa
rtitio

n
fu

n
ctio

n
an

d
en

su
res

th
a
t

th
e

d
istrib

u
tio

n
is

n
orm

a
lized

.
W

h
en

w
e

can
w

rite

lo
g
ψ
c (y

c |
x
,θ)

=
θ >c
f
c (y

c ,x
)
⇐
⇒

ψ
c (y

c |
x
,θ)

=
ex

p {
θ >c
f
c (y

c ,x
) }
,

(6)

w
h

ere
f
c

ex
tracts

som
e

vector
of

featu
res

from
th

e
ob

serva
tion

s
x

an
d

th
e

target
y
c ,

th
en

w
e

say
th

at
th

e
C

R
F

is
a

log-lin
ear

m
o
d

el.
L

og-lin
ear

m
o
d

els
h

ave
a

n
u

m
b

er
of

d
esirab

le
p

rop
erties,

th
e

m
ost

relevan
t

to
th

is
w

ork
b

ein
g

th
e

ease
w

ith
w

h
ich

w
e

can
d

iff
eren

tiate
th

e
lo

g
-likelih

o
o
d

w
ith

resp
ect

to
m

o
d

el
p

aram
eters.

T
o

com
p

u
te

th
e

d
erivative

w
ith

resp
ect

to
θ
c

(th
e

p
aram

eters
corresp

on
d

in
g

to
th

e
c

th
factor)

w
e

h
ave:

∂
log

p
(y
|
x
,θ)

∂
θ
c

=
f
c (y

c ,x
)−

∂
log

Z
(x
,θ)

∂
θ
c

.
(7)

T
o

com
p

u
te

th
e

p
artial

d
erivative

in
th

e
secon

d
term

on
th

e
R

H
S

,
fi

rst
n

ote
th

at

∂
Z

(x
,θ)

∂
θ
c

=
∑

y ′


∏d6=
c

ψ
d (y ′d |

x
,θ
d 

∂
ψ
c (y ′c |

x
,θ
c )

∂
θ
c

(8)

=
∑

y ′


∏d6=
c

ψ
d (y ′d |

x
,θ
d 

ψ
c (y ′c |

x
,θ
d )f

c (y ′c ,x
).

(9)

T
h

is
im

p
lies

th
at

th
e

p
artial

d
erivative

of
log

Z
(x
,θ)

is
sim

p
ly

:

∂
log

Z
(x
,θ)

∂
θ
c

=
1

Z
(x
,θ)

∂
Z

(x
,θ)

∂
θ
c

=
E
y

[f
c (y

c ,x
)|
x

]
(10)

T
h

is
m

ean
s

th
at

th
e

grad
ien

t
of

th
e

log-likelih
o
o
d

w
ith

resp
ect

to
a

set
of

p
ara

m
eters

θ
c

is
th

e
d

iff
eren

ce
b

etw
een

th
e

ob
served

featu
res

f
c (y
,x

)
an

d
th

eir
ex

p
ectation

u
n

d
er

th
e

cu
rren

t
set

of
p

a
ram

eters
θ.

T
o

learn
th

e
w

eigh
ts,

w
e

can
ap

p
ly

grad
ien

t-b
ased

algorith
m

s
to

o
p

tim
ize

th
e

likelih
o
o
d

of
a

set
of

ob
served

train
in

g
in

p
u

t-ou
tp

u
t

p
a
irs.

In
ad

d
ition

,
a

regu
larizer

is
often

ad
d

ed
to

th
e

ob
jective

to
d

iscou
rage

com
p

lex
ity

or
in

d
u

ce
sp

arsity.
W

e
w

ill
u

se
th

ese
id

eas
in

th
e

d
erivation

of
ou

r
learn

in
g

algo
rith

m
.

S
ee

C
h

.
19

in
M

u
rp

h
y

(2
01

2)
for

fu
rth

er
d

etails.

3
.2

L
a
te

n
t

T
ra

je
c
to

ry
M

o
d

e
l

T
h

e
L

a
ten

t
T

ra
jectory

M
o
d

el
(L

T
M

)
is

a
p

rob
ab

ilistic
m

o
d

el
in

tro
d

u
ced

b
y

S
ch

u
lam

an
d

S
aria

(2
015)

for
ob

tain
in

g
in

d
iv

id
u

alized
p

red
iction

s
of

a
clin

ical
m

arker
tra

jectory
in

p
op

u
la

tion
s

w
ith

d
iverse

d
isease

ex
p

ression
.

L
T

M
p

osits
th

at
th

e
m

easu
red

m
arkers

are
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C
o
u
p
l
e
d

L
a
t
e
n
t

V
a
r
ia

b
l
e

M
o
d
e
l
s

f
o
r

In
d
iv

id
u
a
l
iz

in
g

P
r
o
g

n
o
se

s

Su
bt

yp
e 

m
ar

gi
na

l 
pr

ob
ab

ilit
y

z i f i

M

↵

y i
j

t i
j N

i

~ �
g

G

~ b
i

⌃
b

~⇢
i Po

pu
la

tio
n 

m
od

el
 

fe
at

ur
es

Po
pu

la
tio

n 
m

od
el

 c
oe

ffi
ci

en
ts

 

Lo
ng

-te
rm

 le
ve

l f
ea

tu
re

s-
to

-c
oe

ffi
ci

en
t m

ap

Su
bt

yp
e 

B-
sp

lin
e 

co
ef

fic
ie

nt
s

Su
bt

yp
e 

in
di

ca
to

r 2
{1
,.
..
,G

}

Lo
ng

-te
rm

 c
oe

ffi
ci

en
ts

 c
ov

ar
ia

nc
e 

m
at

rix
2
R

d
`
⇥
d
`

Lo
ng

-te
rm

 le
ve

l c
oe

ffi
ci

en
ts

2
R

d
`

Sh
or

t-t
er

m
 le

ve
l G

P 
hy

pe
r-p

ar
am

et
er

s

   
Sh

or
t-t

er
m

 le
ve

l e
ffe

ct
s
2
RR2

R
d
z

2
R

q p
2
R

d
p

2
R

d
p
⇥
q p

⇤

⇡
g

2
R

~
x

i

F
ig

u
re

3:
T

h
e

L
T

M
gr

a
p
h
ic

a
l

m
o
d
el

.
L

ev
el

s
in

th
e

h
ie

ra
rc

h
y

ar
e

co
lo

r-
co

d
ed

.
M

o
d
el

p
ar

am
et

er
s

ar
e

en
cl

os
ed

in
d
as

h
ed

ci
rc

le
s.

O
b
se

rv
ed

va
ri

ab
le

s
a
re

sh
a
d
ed

.

n
oi

sy
ob

se
rv

at
io

n
s

of
th

e
u

n
d

er
ly

in
g

d
is

ea
se

ac
ti

v
it

y
tr

a
je

ct
or

y,
w

h
ic

h
is

a
fu

n
ct

io
n

o
f

b
o
th

in
d

iv
id

u
al

-s
p

ec
ifi

c
p

ar
am

et
er

s
an

d
p

ar
am

et
er

s
th

at
ar

e
sh

ar
ed

ac
ro

ss
ot

h
er

in
d

iv
id

u
a
ls

in
th

e
p

op
u

la
ti

on
.

M
or

eo
ve

r,
th

e
L
T

M
u

se
s

in
d

iv
id

u
al

-s
p

ec
ifi

c
la

te
n
t

fa
ct

o
rs

to
ex

p
la

in
d

if
-

fe
re

n
ce

s
in

tr
a

je
ct

or
ie

s
ac

ro
ss

th
e

p
op

u
la

ti
on

th
at

ar
e

n
ot

ex
p

la
in

ed
b
y

o
b

se
rv

ed
fe

at
u

re
s

al
on

e.
T

h
e

L
T

M
gr

ap
h

ic
al

m
o
d

el
is

sh
ow

n
in

F
ig

u
re

3.
W

e
re

v
ie

w
th

e
L
T

M
b

el
ow

u
si

n
g

th
e

sa
m

e
n

ot
at

io
n

d
efi

n
ed

at
th

e
b

eg
in

n
in

g
of

th
is

se
ct

io
n

.
In

ad
d

it
io

n
,
w

e
u

se
Φ

(t
ij

)
to

d
en

o
te

a
co

lu
m

n
-v

ec
to

r
co

n
ta

in
in

g
a

b
as

is
ex

p
an

si
on

of
th

e
ti

m
e
t i
j

an
d

Φ
( ~ t
i)

=
[Φ

(t
i1

),
..
.,

Φ
(t
iN
i
)]
>

to
d

en
ot

e
th

e
m

at
ri

x
co

n
ta

in
in

g
th

e
b

as
is

ex
p

an
si

on
of

p
oi

n
ts

in
~ t i

in
ea

ch
o
f

it
s

ro
w

s.
T

h
e

L
T

M
m

o
d

el
s

th
e
jt

h
m

ar
ke

r
va

lu
e

fo
r

in
d

iv
id

u
al
i

as
a

n
or

m
al

ly
d

is
tr

ib
u

te
d

ra
n

d
o
m

va
ri

ab
le

w
it

h
a

m
ea

n
as

su
m

ed
to

b
e

th
e

su
m

of
fo

u
r

te
rm

s:
a

p
op

u
la

ti
o
n

co
m

p
o
n

en
t,

a
su

b
p

op
u

la
ti

on
co

m
p

on
en

t,
an

in
d

iv
id

u
al

lo
n

g-
te

rm
co

m
p

on
en

t,
an

d
an

in
d

iv
id

u
al

sh
o
rt

-
te

rm
co

m
p

on
en

t.

y i
j
|z i
,~ b
i,
f i
∼
N

  
Φ
p
(t
ij

)>
Λ
~x
i

︸
︷︷

︸
(A

)
p

o
p

u
la

ti
o
n

+
Φ
z
(t
ij

)>
~ β
z i

︸
︷︷

︸
(B

)
su

b
p

o
p

u
la

ti
o
n

+
Φ
`(
t i
j
)>
~ b
i

︸
︷︷

︸
(C

)
in

d
.

lo
n

g
-t

er
m

+
f i

(t
ij

)
︸
︷︷
︸

(D
)

in
d

.
sh

o
rt

-t
er

m

,σ
2

  
.

(1
1)

T
h

e
fo

u
r

te
rm

s
in

th
e

su
m

se
rv

e
tw

o
p

u
rp

os
es

.
F

ir
st

,
an

d
m

os
t

im
p

or
ta

n
tl

y,
th

ey
a
ll

ow
fo

r
a

n
u

m
b

er
of

d
iff

er
en

t
so

u
rc

es
of

va
ri

at
io

n
—

b
ot

h
ob

se
rv

ed
an

d
la

te
n
t

—
to

in
fl

u
en

ce
th

e
ob

se
rv

ed
m

ar
ke

r
va

lu
e,

w
h

ic
h

al
lo

w
s

fo
r

h
et

er
og

en
ei

ty
b

ot
h

ac
ro

ss
an

d
w

it
h

in
in

d
iv

id
u

al
s.

S
ec

on
d

,
th

ey
sh

ar
e

st
at

is
ti

ca
l

st
re

n
gt

h
ac

ro
ss

d
iff

er
en

t
su

b
se

ts
of

ob
se

rv
a
ti

on
s.

T
h

e
p

op
-

u
la

ti
on

co
m

p
on

en
t

sh
ar

es
st

re
n

gt
h

ac
ro

ss
al

l
ob

se
rv

at
io

n
s.

T
h

e
su

b
p

op
u

la
ti

o
n

co
m

p
on

en
t

sh
ar

es
st

re
n

gt
h

ac
ro

ss
ob

se
rv

at
io

n
s

b
el

on
gi

n
g

to
su

b
gr

ou
p

s
of

in
d

iv
id

u
al

s.
T

h
e

in
d

iv
id

u
al
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5

S
c
h
u
l
a
m

a
n
d

S
a
r
ia

lo
n

g-
te

rm
co

m
p

on
en

t
sh

a
re

s
st

re
n

g
th

a
cr

os
s

a
ll

o
b

se
rv

a
ti

on
s

b
el

on
g
in

g
to

th
e

sa
m

e
in

d
iv

id
-

u
a
l.

F
in

a
ll

y,
th

e
in

d
iv

id
u

a
l

sh
or

t-
te

rm
co

m
p

o
n

en
t

sh
ar

es
in

fo
rm

a
ti

o
n

a
cr

o
ss

ob
se

rv
at

io
n

s
b

el
o
n

g
in

g
to

th
e

sa
m

e
in

d
iv

id
u

al
th

a
t

a
re

m
ea

su
re

d
a
t

si
m

il
ar

ti
m

es
.

P
re

d
ic

ti
n

g
a
n

in
d

iv
id

-
u

a
l’

s
tr

a
je

ct
or

y
in

vo
lv

es
es

ti
m

at
in

g
h

er
su

b
ty

p
e

an
d

in
d

iv
id

u
al

-s
p

ec
ifi

c
p

a
ra

m
et

er
s

a
s

n
ew

cl
in

ic
a
l

d
at

a
b

ec
o
m

es
av

a
il

a
b

le
.

W
e

b
ri

efl
y

re
v
ie

w
ea

ch
o
f

th
e

co
m

p
o
n

en
ts

h
er

e
fo

r
ea

se
o
f

p
re

se
n
ta

ti
on

,
b

u
t

re
fe

r
th

e
in

te
re

st
ed

re
ad

er
to

S
ch

u
la

m
a
n

d
S

ar
ia

(2
0
1
5
)

fo
r

fu
rt

h
er

d
et

a
il

s.
P

o
p
u

la
ti

o
n

le
ve

l.
T

h
e

p
op

u
la

ti
on

m
o
d

el
p

re
d

ic
ts

a
sp

ec
ts

of
a
n

in
d

iv
id

u
al

’s
d

is
ea

se
a
c-

ti
v
it

y
tr

a
je

ct
or

y
u

si
n

g
o
bs

er
ve

d
b

as
el

in
e

ch
a
ra

ct
er

is
ti

cs
(e

.g
.

g
en

d
er

a
n

d
ra

ce
),

w
h

ic
h

ar
e

re
p

re
se

n
te

d
u
si

n
g

th
e

fe
at

u
re

ve
ct

o
r
~x
i.

T
h

is
su

b
-m

o
d

el
is

sh
ow

n
w

it
h

in
th

e
o
ra

n
ge

b
ox

in
F

ig
u

re
3.

T
h

e
p

re
d

ic
te

d
va

lu
e

o
f

th
e
jt

h
m

a
rk

er
o
f

in
d

iv
id

u
a
l
i

m
ea

su
re

d
at

ti
m

e
t i
j

is
sh

ow
n

in
E

q
.

11
(A

),
w

h
er

e
Φ
p

(t
)
∈
R
d
p

is
a

b
a
si

s
ex

p
a
n

si
o
n

of
th

e
o
b

se
rv

at
io

n
ti

m
e

a
n

d
Λ
∈
R
d
p
×
q p

is
a

m
at

ri
x

u
se

d
a
s

a
li

n
ea

r
m

a
p

fr
o
m

an
in

d
iv

id
u

al
’s

co
va

ri
a
te

s
~x
i

to
co

effi
ci

en
ts

ρ
i
∈
R
d
p
.

A
t

th
is

le
ve

l,
in

d
iv

id
u

a
ls

w
it

h
si

m
il

a
r

co
va

ri
a
te

s
w

il
l

h
av

e
si

m
il

a
r

co
effi

ci
en

ts
.

S
u

bp
o
p
u

la
ti

o
n

le
ve

l.
L
T

M
m

o
d

el
s

a
n

in
d

iv
id

u
al

’s
su

b
ty

p
e

u
si

n
g

a
d

is
cr

et
e-

va
lu

ed
la

te
n
t

va
ri

ab
le
z i
∈
{1
,.
..
,G
},

w
h

er
e
G

is
th

e
n
u

m
b

er
o
f

su
b

ty
p

es
.
z i

is
a

m
u

lt
in

o
m

ia
ll

y
d

is
-

tr
ib

u
te

d
ra

n
d

om
va

ri
a
b

le
w

it
h

p
a
ra

m
et

er
s
π

1
:G
,

[π
1
,.
..
,π
G

]
w

h
er

e
π
g
≥

0
a
n

d
∑

g
π
g

=
1.

E
ac

h
su

b
ty

p
e

h
a
s

a
u

n
iq

u
e

d
is

ea
se

a
ct

iv
it

y
tr

a
je

ct
o
ry

re
p

re
se

n
te

d
u

si
n

g
B

-s
p

li
n

es
,

w
h

er
e

th
e

n
u

m
b

er
an

d
lo

ca
ti

o
n

o
f

th
e

k
n

ot
s

a
n

d
th

e
d

eg
re

e
o
f

th
e

p
o
ly

n
om

ia
l
p

ie
ce

s
a
re

fi
x
ed

p
ri

or
to

le
ar

n
in

g
.

T
h

es
e

h
y
p

er
-p

a
ra

m
et

er
s

d
et

er
m

in
e

a
b
as

is
ex

p
a
n

si
o
n

Φ
z
(t

)
∈

R
d
z

m
ap

p
in

g
a

ti
m

e
t

to
th

e
B

-s
p

li
n

e
b

a
si

s
fu

n
ct

io
n

va
lu

es
a
t

th
a
t

ti
m

e.
T

ra
je

ct
o
ri

es
fo

r
ea

ch
su

b
ty

p
e

a
re

p
ar

a
m

et
er

iz
ed

b
y

a
ve

ct
o
r

of
co

effi
ci

en
ts
~ β
g
∈

R
d
z

fo
r
g
∈
{1
,.
..
,G
},

w
h

ic
h

a
re

le
a
rn

ed
o
ffl

in
e.

U
n

d
er

su
b

ty
p

e
z i

,
th

e
p

re
d

ic
te

d
va

lu
e

o
f

m
a
rk

er
y i
j

m
ea

su
re

d
a
t

ti
m

e
t i
j

is
sh

ow
n

in
E

q
.
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(B

).
T

h
is

co
m

p
o
n

en
t

ex
p

la
in

s
d

iff
er

en
ce

s
su

ch
a
s

th
o
se

o
b

se
rv

ed
b

et
w

ee
n

th
e

tr
a

je
ct

or
ie

s
in

F
ig

u
re

s
1
a

an
d

1b
.

In
d
iv

id
u

a
l

lo
n

g-
te

rm
le

ve
l.

T
h

e
in

d
iv

id
u

a
l

lo
n

g-
te

rm
co

m
p

o
n

en
t

is
p

a
ra

m
et

er
iz

ed
u

si
n

g
a

li
n

ea
r

m
o
d

el
w

it
h

b
as

is
ex

p
an

si
o
n

Φ
`(
t)
∈

R
d
`

a
n

d
in

d
iv

id
u

al
-s

p
ec

ifi
c

co
effi

ci
en

ts
~ b
i
∈

R
d
`
.

T
h

is
le

ve
l

m
o
d

el
s

d
ev

ia
ti

o
n

s
fr

o
m

th
e

p
o
p

u
la

ti
o
n

a
n

d
su

b
p

o
p

u
la

ti
o
n

m
o
d

el
s

u
si

n
g

p
a
ra

m
et

er
s

th
a
t

a
re

le
ar

n
ed

d
y
n

am
ic

al
ly

as
th

e
in

d
iv

id
u

a
l’

s
cl

in
ic

a
l

h
is

to
ry

g
ro

w
s.

A
n

in
d

iv
id

u
al

’s
co

effi
ci

en
ts

ar
e

m
o
d

el
ed

as
la

te
n
t

va
ri

a
b

le
s

w
it

h
m

a
rg

in
al

d
is

tr
ib

u
ti

on
~ b
i
∼

N
(~ 0
,Σ

b
).

F
o
r

in
d

iv
id

u
al
i,

th
e

p
re

d
ic

te
d

va
lu

e
o
f

m
a
rk

er
y i
j

m
ea

su
re

d
a
t

ti
m

e
t i
j

is
sh

ow
n

in
E

q
.

1
1

(C
).

T
h

is
co

m
p

o
n

en
t

ca
n

ex
p

la
in

,
fo

r
ex

a
m

p
le

,
d

iff
er

en
ce

s
in

ov
er

al
l

h
ea

lt
h

d
u

e
to

a
n

u
n

ob
se

rv
ed

ch
ar

ac
te

ri
st

ic
su

ch
a
s

ch
ro

n
ic

sm
o
k
in

g,
w

h
ic

h
m

ay
ca

u
se

a
ty

p
ic

al
ly

lo
w

er
lu

n
g

fu
n

ct
io

n
th

a
n

w
h

at
is

p
re

d
ic

te
d

b
y

th
e

p
op

u
la

ti
o
n

an
d

su
b

p
o
p

u
la

ti
o
n

co
m

p
on

en
ts

.
S

u
ch

a
n

ad
ju

st
m

en
t

is
il

lu
st

ra
te

d
a
cr

o
ss

th
e

fi
rs

t
a
n

d
se

co
n

d
ro

w
s

of
F

ig
u

re
1
d

.
In

d
iv

id
u

a
l

sh
o
rt

-t
er

m
le

ve
l.

F
in

a
ll

y,
th

e
in

d
iv

id
u
a
l

sh
o
rt

-t
er

m
co

m
p

on
en

t
f i

ca
p

tu
re

s
tr

a
n

si
en

t
tr

en
d

s
in

a
n

in
d

iv
id

u
a
l’

s
m

a
rk

er
se

q
u

en
ce

th
at

d
o

n
ot

ge
n

er
a
li

ze
ou

ts
id

e
of

a
sm

a
ll

ti
m

e
w

in
d

ow
.

F
o
r

ex
am

p
le

,
a
n

in
fe

ct
io

n
m

ay
ca

u
se

an
in

d
iv

id
u

a
l’

s
lu

n
g

fu
n

ct
io

n
to

te
m

p
or

ar
il

y
ap

p
ea

r
m

o
re

re
st

ri
ct

ed
th

a
n

it
a
ct

u
a
ll

y
is

,
w

h
ic

h
m

ay
ca

u
se

sh
o
rt

-t
er

m
tr

en
d

s
li

ke
th

os
e

sh
ow

n
in

F
ig

u
re

1c
a
n

d
th

e
th

ir
d

ro
w

o
f

F
ig

u
re

1
d

.
W

e
tr

ea
t
f i

a
s

a
fu

n
ct

io
n

-
va

lu
ed

la
te

n
t

va
ri

a
b

le
a
n

d
m

o
d

el
it

u
si

n
g

a
G

a
u

ss
ia

n
p

ro
ce

ss
w

it
h

ze
ro

-v
a
lu

ed
m

ea
n

fu
n

ct
io

n
an

d
O

rn
st

ei
n

-U
h

le
n
b

ec
k

(O
U

)
co

va
ri

a
n

ce
fu

n
ct

io
n

K
O

U
(t

1
,t

2
)

=
a

2
ex

p
{ −

`−
1
|t 1
−
t 2
|}
.

(1
2)

T
h

e
a
m

p
li

tu
d

e
a

co
n
tr

ol
s

th
e

m
a
g
n

it
u

d
e

o
f

th
e

st
ru

ct
u

re
d

n
o
is

e
th

at
w

e
ex

p
ec

t
to

se
e

a
n

d
th

e
le

n
gt

h
-s

ca
le
`

co
n
tr

o
ls

th
e

le
n

gt
h

o
f

ti
m

e
ov

er
w

h
ic

h
w

e
ex

p
ec

t
th

es
e

te
m

p
o
ra

ry
tr

en
d
s
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C
o
u
p
l
e
d

L
a
t
e
n
t

V
a
r
ia

b
l
e

M
o
d
e
l
s

f
o
r

In
d
iv

id
u
a
l
iz

in
g

P
r
o
g

n
o
se

s

to
o
ccu

r.
T

h
e

O
U

kern
el

is
id

eal
fo

r
m

o
d

elin
g

su
ch

d
ev

ia
tio

n
s

a
s

it
is

b
o
th

m
ean

-revertin
g

a
n

d
d

raw
s

from
th

e
corresp

o
n

d
in

g
sto

ch
a
stic

p
ro

cess
a
re

o
n

ly
fi

rst-o
rd

er
co

n
tin

u
o
u

s,
w

h
ich

elim
in

a
tes

lo
n

g
-ran

ge
d

ep
en

d
en

cies
b

etw
een

d
ev

ia
tio

n
s

(R
a
sm

u
ssen

a
n

d
W

illia
m

s,
2
00

6
).

A
p

p
licatio

n
s

in
o
th

er
d

o
m

a
in

s
m

ay
req

u
ire

d
iff

eren
t

kern
el

stru
ctu

res
m

o
tiva

ted
b
y

p
ro

p
er-

ties
o
f

tran
sien

t
d

ev
ia

tio
n

s
in

th
e

tra
jectories.

A
cco

u
n

tin
g

fo
r

trea
tm

en
ts.

S
evera

l
in

terv
en

tio
n

s
a
re

com
m

on
in

sclero
d

erm
a
,

b
u

t
n

on
e

h
ave

b
een

p
roven

to
sign

ifi
can

tly
a
lter

th
e

lo
n

g
-term

co
u

rse
o
f

th
e

d
isea

se.
F

o
r

ex
a
m

p
le,

stero
id

s
are

co
m

m
o
n

ly
ad

m
in

istered
,

b
u

t
th

ere
h

av
e

b
een

n
o

ra
n

d
o
m

ized
co

n
tro

lled
trials

co
n

fi
rm

in
g

its
eff

ects
o
n

p
atien

ts
w

ith
sclero

d
erm

a
-rela

ted
lu

n
g

d
isea

se—
see,

for
ex

a
m

p
le,

C
h

.
3
5

in
V

a
rg

a
et

al.
(20

1
2).

Im
m

u
n

o
su

p
p

ressa
n
ts

a
re

a
lso

co
m

m
o
n

ly
u

sed
to

treat
sclero

d
erm

a-related
lu

n
g

d
isea

se,
b

u
t

th
e

p
roven

eff
ects

a
re

m
o
d

est
a
n

d
h

ave
o
n

ly
b

een
d

em
o
n

strated
over

th
e

co
u
rse

o
f

o
n

e
yea

r
(T

a
sh

k
in

et
al.,

2
0
0
6).

W
e

assu
m

e
th

a
t

th
ese

ty
p

es
o
f

tran
sien

t
in

terven
tio

n
s

a
re

w
ell-m

o
d

eled
b
y

th
e

in
d

iv
id

u
a
l-sp

ecifi
c

sh
o
rt-term

co
m

p
on

en
t,

a
n

d
so

w
e

d
o

n
o
t

ex
p

licitly
m

o
d

el
th

e
trea

tm
en

t
eff

ects
of

stero
id

s
o
r

im
m

u
n

o
su

p
p

ressan
ts

in
o
u

r
d

ata
.

O
th

ers
h

av
e

d
evelop

ed
m

eth
o
d

s
fo

r
estim

a
tin

g
trea

tm
en

t
eff

ects
from

o
b

serva
-

tio
n

a
l

tim
e

series
(e.g.,

C
h

ib
a
n

d
H

a
m

ilto
n

2
0
02

;
K

lein
b

erg
an

d
H

rip
csak

20
1
1
;

B
ro

d
ersen

et
a
l.

2
0
1
5).

M
o
re

recen
tly,

see
X

u
et

a
l.

(2
0
16

)
fo

r
a
n

a
p

p
lica

tio
n

u
sin

g
fu

n
ctio

n
al

d
a
ta

.
T

rea
tm

en
t

eff
ects

ca
n

b
e

in
co

rp
o
rated

w
ith

in
th

e
tra

jectory
lik

elih
o
o
d

in
d

isea
ses

w
h

ere
trea

tm
en

ts
are

su
sp

ected
to

a
lter

lo
n

g
term

tra
jecto

ry.
W

e
leave

th
is

m
o
re

g
en

era
l

ca
se

a
s

a
d

irectio
n

for
fu

tu
re

w
o
rk

.

M
issin

g
d
a
ta

m
ech

a
n

ism
.

T
h

e
L
T

M
a
ssu

m
es

ob
servatio

n
s

o
f

th
e

tra
jecto

ry
are

m
issin

g
a
t

ran
d

o
m

(M
A

R
).

T
h

is
im

p
lies

th
a
t

w
e

ca
n

u
se

m
ax

im
u

m
likelih

o
o
d

estim
a
tio

n
w

ith
o
u

t
n

eed
in

g
to

in
corp

o
ra

te
ad

d
itio

n
a
l

in
form

a
tio

n
a
b

o
u

t
th

e
sam

p
lin

g
m

o
d

el;
see

A
p

p
en

d
ix

B
.

W
h

en
th

e
d

ata
are

m
issin

g
n

o
t

a
t

ran
d

o
m

,
a
ssu

m
p

tio
n

s
ab

o
u

t
th

e
m

issin
g

d
a
ta

m
ech

a
n

ism
sh

ou
ld

b
e

ex
p

licated
a
n

d
in

corp
o
ra

ted
w

ith
in

th
e

in
d

iv
id

u
al

m
a
rk

er
m

o
d

els.

In
su

m
m

a
ry,

th
e

la
ten

t,
in

d
iv

id
u

al-sp
ecifi

c
fa

cto
rs

in
th

e
m

o
d

el
(z
i ,
~b
i ,

a
n

d
f
i

fro
m

E
q
.

11
B

,
1
1
C

,
a
n

d
1
1D

resp
ectively

)
ea

ch
co

n
trib

u
te

to
d

escrib
e

th
e

o
b

served
tra

jecto
ry

a
t

d
iff

eren
t

g
ra

n
u

la
rities.

T
h

ese
a
re

a
ll

trea
ted

a
s

ra
n

d
o
m

variab
les

a
n

d
m

a
rg

in
a
lized

o
u

t
d

u
rin

g
lea

rn
in

g
to

avo
id

overfi
ttin

g
.

W
h

en
m

a
k
in

g
p
red

ictio
n

s,
w

e
ca

n
u

se
an

in
d

iv
id

u
a
l’s

o
b

served
d

a
ta

to
co

m
p

u
te

p
o
sterio

r
d

istrib
u

tio
n

s
ov

er
th

ese
la

ten
t

fa
cto

rs,
w

h
ich

a
llow

s
u

s
to

tailo
r

p
red

iction
s.

3
.2

.1
L
T

M
L

ik
e
l
ih

o
o
d

G
iven

p
a
ra

m
eters

Θ
=
{
Λ
,π

1
:G
,
~β

1
:G
,Σ

b ,a
,`,σ

2},
w

e
ca

n
co

m
p

u
te

th
e

o
b

served
-d

ata
like-

lih
o
o
d

of
a

given
clin

ica
l

m
a
rker

tra
jecto

ry
b
y

m
a
rg

in
a
lizin

g
z
i ,
~b
i

a
n

d
f
i

o
u

t
o
f

th
e

jo
in

t
d

istrib
u

tio
n

d
efi

n
ed

b
y

o
u

r
m

o
d

el:

p
(~y
i |
~x
i ,Θ

)

=
G
∑z
i =

1

p
(z
i |

Θ
)

︸
︷︷

︸
M

u
ltin

o
m

ia
l

p
rio

r ∫

R
d
`

p (~b
i |

Θ
)

︸
︷︷

︸
N

o
rm

a
l

p
rio

r ∫

R
N
i

p
(f
i |

Θ
)

︸
︷︷

︸
G

P
p

rio
r

p (
~y
i |
z
i , ~b

i ,f
i ,~x

i , ~ti ,Θ
)

︸
︷︷

︸
E

q
.

1
1

df
i d ~b

i
(1

3)

=
G
∑z
i =

1

π
z
i N
(
~y
i |

Φ
p (~ti )

Λ
~x
i
+

Φ
z (~ti )

~β
z
i ,K

(~ti , ~ti ) )
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u
(z
i,
z 1

:C
,i
|H

(i
,t

))
,

(2
6)

w
h

er
e

w
e

h
av

e
d

efi
n
ed
H

(i
,t

)
to

b
e

th
e

se
t

o
f

in
fo

rm
a
ti

on
co

n
ta

in
ed

in
th

e
cl

in
ic

a
l

h
is

to
ry

o
f

in
d

iv
id

u
al
i

at
ti

m
e
t:
{~y
i,
≤
t,
~y 1

:C
,i
,≤
t,
~x
i}

,
an

d
u

se
d
u

(z
i,
z 1

:C
,i
|H

(i
,t

))
to

d
en

o
te

th
e

fo
ll

ow
in

g
u

n
n

or
m

al
iz

ed
w

ei
gh

t
a
ss

ig
n

ed
to

a
ll

va
lu

es
of

th
e

la
te

n
t

va
ri

ab
le

s
gi

v
en

th
e

h
is

to
ry

:

u
(z
i,
z 1

:C
,i
|H

(i
,t

))
,

ex
p

{
` i
,≤
t(
z i

)
+
θ>
f

(z
i,
~x
i)

+
C ∑ c=

1

` c
i,
≤
t(
z c
i)

+
θ> c
f c

(z
ci
,~x

i)
+
η
> c
g c

(z
i,
z c
i)

}
,

(2
7)

T
o

m
a
ke
D

(i
,t

)
a

p
ro

p
er

d
is

tr
ib

u
ti

on
,

w
e

n
o
rm

a
li

ze
u

(z
i,
z 1

:C
,i
|H

(i
,t

))
to

o
b

ta
in

p
(z
i
|H

(i
,t

))
=

∑
z 1

:C
u

(z
i,
z 1

:C
|H

(i
,t

))
∑

z

∑
z 1

:C
u

(z
,z

1
:C
|H

(i
,t

))
,
Z
′ i,t

(z
i)

Z
i,
t
.

(2
8)
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C
o
u
p
l
e
d

L
a
t
e
n
t

V
a
r
ia

b
l
e

M
o
d
e
l
s

f
o
r

In
d
iv

id
u
a
l
iz

in
g

P
r
o
g

n
o
se

s

th
en

w
e

can
w

rite
D

(i,t)
(E

q
.

1
)

as

D
(i,t)

=
∑

z
i

p
(y

(·)|
z
i ,~y

i,≤
t ,~x

i )
p
(z
i |H

(i,t)).
(29

)

In
tu

itively,
w

e
see

th
a
t

th
e

p
red

ictive
d

istrib
u

tio
n

u
n

d
er

C
-L

T
M

is
sim

p
ly

a
w

eigh
ted

co
m

-
b

in
a
tion

o
f

th
e

su
b

ty
p

e-sp
ecifi

c
p

red
ictive

d
istrib

u
tio

n
s

u
n

d
er

L
T

M
(E

q
.

24
).

M
o
reover,

th
e

d
istrib

u
tion

p
(z
i |H

(i,t))
is

th
e

m
a
rg

in
a
l

d
istrib

u
tio

n
over

z
i

in
a

co
n

d
itio

n
a
l

ran
d

o
m

fi
eld

w
ith

stru
ctu

re
sim

ilar
to

th
e

cou
p

lin
g

m
o
d

el
(E

q
.

2
5)

b
u

t
a
u

g
m

en
ted

w
ith

a
d

d
itio

n
al

sin
g
leto

n
fa

cto
rs

d
efi

n
ed

b
y

th
e

L
T

M
likelih

o
o
d

fu
n

ctio
n

s
given

th
e

m
a
rker

tra
jecto

ry
h

is-
tories.

T
h

e
L
T

M
likelih

o
o
d

facto
rs

in
E

q
.

2
7

are
ad

d
ed

in
to

th
e

m
o
d

el
u

n
ch

a
n

g
ed

,
b
u

t
a
d

d
ition

al
p

a
ra

m
eters{

γ
,γ

1
:C }

ca
n

b
e

in
clu

d
ed

to
rew

eig
h
t

th
o
se

term
s

(a
sim

ila
r

id
ea

is
u

sed
in

R
ain

a
et

a
l.

(2
0
03

)). 1
T

h
e

fa
cto

r
g
ra

p
h

fo
r

th
is

co
n

d
ition

a
l

ra
n

d
o
m

fi
eld

is
sh

ow
n

in
F

ig
u

re
4.

N
ote

th
a
t

th
e

w
eig

h
t
p
(z
i |H

(i,t))
ca

n
b

e
effi

cien
tly

co
m

p
u

ted
in

tim
e

lin
ear

in
th

e
n
u

m
b

er
of

a
u

x
iliary

m
a
rkers

u
sin

g
th

e
ju

n
ctio

n
tree

a
lg

o
rith

m
.

T
h

e
C

-L
T

M
off

ers
a

n
u

m
b

er
o
f

a
d

va
n
ta

g
es

fo
r

p
red

ictive
m

o
d

elin
g

o
f

d
isea

se
tra

jecto
ries

in
d

o
m

a
in

s
w

h
ere

m
an

y
oth

er
rela

ted
m

a
rker

tra
jecto

ries
a
re

availa
b

le.
F

irst,
it

a
llow

s
irreg

u
la

rly
an

d
sp

arsely
sa

m
p

led
tra

jecto
ries

to
b

e
n

ea
tly

su
m

m
arized

u
sin

g
m

o
d

u
larized

,
sin

g
le-m

a
rker

gen
era

tive
m

o
d

els.
T

h
ese

ca
n

ca
p

tu
re

im
p

o
rta

n
t

la
ten

t
fa

cto
rs

a
n

d
a
cco

u
n
t

fo
r

m
a
rker-sp

ecifi
c

m
ea

su
rem

en
t

m
o
d

els
a
n

d
n

o
ise

p
ro

cesses.
S

eco
n

d
,

w
e

can
d

iscrim
in

a
tively

u
se

a
u

x
iliary

m
arker

tra
jectory

h
isto

ries
w

h
en

m
o
d

elin
g

E
q
.

1
in

stead
of

sp
ecify

in
g

a
jo

in
t

g
en

erative
m

o
d

el,
w

h
ich

sid
estep

s
th

e
ch

a
llen

g
es

a
sso

cia
ted

w
ith

co
rrectly

sp
ecify

in
g

d
ep

en
d

en
cies

b
etw

een
m

an
y

d
iff

eren
t

m
arker

ty
p

es.
F

in
ally,

th
e

m
o
d

el
can

b
e

u
sed

in
co

n
tin

u
o
u

s
tim

e
a
n

d
it

d
y
n
a
m

ica
lly

u
p

d
a
tes

p
red

ictio
n

s
a
s

n
ew

o
b

serva
tion

s
a
rrive.

3
.5

L
e
a
rn

in
g

th
e

C
-L

T
M

W
e

h
ave

d
escrib

ed
tw

o
com

p
on

en
ts

o
f

o
u

r
a
p

p
ro

a
ch

:
th

e
L

a
ten

t
T

ra
jecto

ry
M

o
d

el
(L

T
M

)
a
n

d
th

e
cou

p
lin

g
m

o
d

el.
W

h
en

th
ese

co
m

p
o
n

en
ts

are
co

m
b

in
ed

a
s

sh
ow

n
in

S
ectio

n
3.4,

th
en

w
e

o
b

ta
in

th
e

C
-L

T
M

.
T

h
e

C
-L

T
M

h
a
s

tw
o

co
n
cep

tu
a
lly

d
istin

ct
sets

o
f

p
a
ra

m
eters.

T
h

e
fi

rst
set

a
re

th
ose

b
elo

n
g
in

g
to

th
e

in
d

iv
id

u
a
lly

train
ed

L
T

M
s

fo
r

ea
ch

m
a
rker

ty
p

e.
T

o
lea

rn
th

ese,
w

e
ca

n
u

se
th

e
E

M
a
lgo

rith
m

d
escrib

ed
in

S
ch

u
la

m
a
n

d
S

a
ria

(2
0
1
5).

T
o

lea
rn

th
e

p
ara

m
eters

fo
r

th
e

C
-L

T
M

,
w

e
keep

th
e

sin
g
le-m

a
rker

m
o
d

el
p

a
ram

eters
fi

x
ed

(e.g
.

th
o
se

lea
rn

ed
fo

r
th

e
L
T

M
),

a
n

d
u

se
a

sta
n

d
a
rd

g
rad

ien
t-b

a
sed

C
R

F
lea

rn
in

g
a
lgo

rith
m

(a
s

d
escrib

ed
in

S
ectio

n
3
.1

.2)
to

op
tim

ize
th

e
p

en
a
lized

lo
g
-lik

elih
o
o
d

o
f

ex
a
m

p
le

tra
jectory

p
red

ictio
n

s.
F

o
r

com
p

leten
ess,

w
e

p
rov

id
e

a
d

d
ition

al
d

eta
ils

fo
r

b
o
th

sta
g
es

in
A

p
p

en
d

ix
A

.

3
.5

.1
S
c
a
l
a
b
il

it
y

T
h

e
E

M
alg

orith
m

u
sed

to
lea

rn
th

e
p

ara
m

eters
o
f

th
e

L
T

M
p

o
ses

n
o

serio
u

s
ch

a
llen

g
es

to
sca

lab
ility.

T
h

e
p

rim
a
ry

co
m

p
u

ta
tio

n
a
l

b
u
rd

en
lies

in
th

e
E

-step
w

h
erein

su
ffi

cien
t

sta
tistics

fro
m

a
ll

in
d

iv
id

u
als

are
com

p
u

ted
a
n

d
co

llected
.

T
h

is
is

lin
ea

r
in

th
e

n
u

m
b

er
of

p
atien

t
reco

rd
s

b
ein

g
an

aly
zed

,
b

u
t

sin
ce

th
e

in
feren

ce
req

u
ired

to
co

m
p

u
te

th
e

su
ffi

cien
t

sta
tistics

ca
n

b
e

p
erform

ed
in

d
ep

en
d

en
tly

fo
r

ea
ch

in
d
iv

id
u

a
l

g
iven

th
e

cu
rren

t
p

a
ra

m
eter

estim
a
tes,

th
e

E
-step

ca
n

b
e

easily
p

a
ra

llelized
to

o
ff

set
slow

lea
rn

in
g

d
u

e
to

larg
e

n
u

m
b

ers

1
.

W
h
en

u
sin

g
a

p
en

a
lty,

w
e

ca
n

cen
ter

th
e

w
eig

h
ts

a
t

1
so

th
a
t

th
e

d
efa

u
lt

b
eh

av
io

r
is

to
leav

e
th

e
lik

elih
o
o
d

fa
cto

rs
u
n
ch

a
n
g
ed

a
s

in
E

q
.

2
7
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S
c
h
u
l
a
m

a
n
d

S
a
r
ia

of
p
a
tien

t
record

s.
F

or
an

y
given

in
d

iv
id

u
al,

th
e

E
-step

is
d

om
in

ated
b
y

th
e

in
v
ersion

of
th

e
N
i ×

N
i

cova
rian

ce
m

atrix
.

W
e

d
o

n
ot

ex
p

ect
th

is
to

b
e

p
ro

b
lem

atic,
h

ow
ev

er,
b

ecau
se

clin
ica

l
m

arkers
in

ch
ron

ic
d

iseases
are

ob
served

at
a

m
ax

im
u

m
ra

te
of

12
tim

es
p

er
year.

M
oreover,

su
ch

d
iseases

o
ccu

r
over

p
erio

d
s

on
th

e
ord

er
of

ten
s

o
f

yea
rs.

T
h

erefore,
th

e
n
u

m
b

er
of

m
easu

rem
en

ts
w

ill
b

e
at

m
ost

on
th

e
ord

er
of

100-200.

L
earn

in
g

th
e

p
aram

eters
of

th
e

C
R

F
req

u
ires

a
sw

eep
th

rou
gh

all
M
|T
|

train
in

g
in

-
sta

n
ces

in
ord

er
to

com
p
u

te
an

d
aggregate

th
e

grad
ien

t
at

each
iteration

.
T

h
e

p
rim

ary
com

p
u

tatio
n

a
l

b
u

rd
en

is
com

p
u

tin
g

th
e

ex
p

ected
valu

es
of

th
e

featu
res

(E
q
.

42
),

h
ow

ev
er,

th
e

tree-stru
ctu

red
grap

h
ical

m
o
d

el
sh

ow
n

in
F

igu
re

4
allow

s
th

e
ju

n
ction

tree
alg

orith
m

to
ru

n
in

tim
e

lin
ear

in
th

e
n
u

m
b

er
of

au
x
iliary

m
ark

ers.
O

n
a

sta
n

d
ard

lap
top

,
w

e
a
re

ab
le

to
tra

in
th

e
m

o
d

el
on

772
p

atien
ts

(5,458
P

F
V

C
m

easu
rem

en
ts)

in
10-20

m
in

u
tes.

O
n

lin
e

in
feren

ce
for

p
red

ictin
g

a
giv

en
in

d
iv

id
u

al’s
fu

tu
re

tra
jectory

is
also

com
p

u
tation

-
ally

straigh
tforw

ard
.

T
h
e

key
q
u

an
tities

are
(1)

th
e

w
eigh

ts
p
(z
i |H

(i,t))
in

E
q
.

29
,

w
h

ich
are

easily
com

p
u

ted
u

sin
g

th
e

ju
n

ction
tree

alg
orith

m
in

tim
e

lin
ear

in
th

e
n
u

m
b

er
of

au
x
-

ilia
ry

m
arkers,

an
d

(2)
th

e
su

b
ty

p
e-sp

ecifi
c

p
red

ictive
d

en
sities

p
(y

(·)|
z
i ,~y

i,≤
t ,~x

i ),
w

h
ich

h
ave

th
e

sam
e

com
p

u
tation

al
com

p
lex

ity
as

th
e

E
-step

in
th

e
L
T

M
lea

rn
in

g
a
lgorith

m
.

4
.
E
x
p
e
rim

e
n
ts

W
e

d
em

on
strate

ou
r

ap
p

roach
b
y

b
u

ild
in

g
a

to
ol

for
p

red
ictin

g
lu

n
g

d
isease

tra
jectories

for
in

d
iv

id
u

als
w

ith
sclero

d
erm

a.
L

u
n

g
d

isease
is

cu
rren

tly
th

e
lead

in
g

cau
se

of
d

eath
am

on
g

sclero
d

erm
a

p
atien

ts,
an

d
is

n
oto

riou
sly

d
iffi

cu
lt

to
treat

d
u

e
to

th
e

lack
of

accu
rate

p
red

ictors
of

d
eclin

e
an

d
trem

en
d

ou
s

variab
ility

across
in

d
iv

id
u

al
tra

jectories
(A

llan
ore

et
al.,

2015).
C

lin
ician

s
u

se
p

ercen
t

of
p

red
icted

forced
v
ita

l
cap

acity
(P

F
V

C
)

to
tra

ck
lu

n
g

sev
erity,

w
h

ich
is

ex
p

ected
to

d
ro

p
as

th
e

d
isease

p
rogresses.

In
ad

d
ition

,
th

ey
collect

d
em

o
gra

p
h

ic
in

form
ation

an
d

oth
er

clin
ical

m
arker

valu
es

th
at

m
easu

re
th

e
im

p
act

of
d

isease
on

th
e

d
iff

eren
t

organ
sy

stem
s

in
volved

in
sclero

d
erm

a.

D
a
ta

d
escrip

tio
n

.
W

e
train

an
d

valid
ate

ou
r

m
o
d

el
u

sin
g

d
ata

from
th

e
J
oh

n
s

H
op

k
in

s
S

clero
d

erm
a

C
en

ter
p

atien
t

registry,
on

e
of

largest
collection

s
o
f

clin
ical

sclero
d

erm
a

d
ata

in
th

e
w

o
rld

.
D

em
og

rap
h

ic
in

form
ation

is
collected

d
u

rin
g

th
e

p
atien

t’s
fi

rst
v
isit

to
th

e
clin

ic.
P

F
V

C
an

d
oth

er
clin

ical
m

arkers
are

collected
d

u
rin

g
rou

tin
e

v
isits

th
ereafter.

T
o

select
in

d
iv

id
u

als
fro

m
th

e
registry,

w
e

u
sed

th
e

follow
in

g
criteria.

F
irst,

w
e

in
clu

d
e

in
d

iv
id

u
als

w
h

o
w

ere
seen

a
t

th
e

clin
ic

w
ith

in
tw

o
years

of
th

eir
earliest

sclero
d

erm
a-related

sy
m

p
tom

2

(1,1
86

in
d

iv
id

u
als).

S
econ

d
,

w
e

ex
clu

d
e

all
in

d
iv

id
u
als

w
ith

few
er

th
an

tw
o

P
F

V
C

m
ea

su
re-

m
en

ts
after

fi
rst

b
ein

g
seen

b
y

th
e

clin
ic

(398
in

d
iv

id
u

als).
F

in
a
lly,

w
e

ex
clu

d
e

in
d

iv
id

u
als

w
h

o
received

a
lu

n
g

tran
sp

lan
t

(16
in

d
iv

id
u

als)
b

ecau
se

th
eir

n
atu

ral
tra

jectory
is

altered
b
y

th
e

in
terven

tio
n

.
T

ran
sp

lan
ts

are
rare

so
rem

ov
in

g
p
a
tien

ts
w

ith
tran

sp
lan

ts
sh

ou
ld

n
ot

in
tro

d
u

ce
sign

ifi
can

t
b

ias.
A

s
m

en
tion

ed
earlier,

th
ere

are
n

o
oth
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ŷ
(t

)
|~x

i
=

Φ
(t

)>
( ~ β

0
+
∑

x
ij

in
~x
i
x
ij
~ β
i
+
∑

x
ij
,x
ik

in
p

a
ir

s
o
f
~x
i
x
ij
x
ik
~ β
ij

) .
(3

0)

T
h

e
fo

ll
ow

in
g

b
a
se

li
n

es
re

fl
ec

t
st

a
te

-o
f-

th
e-

a
rt

a
p

p
ro

a
ch

es
fo

r
d

y
n

a
m

ic
al

p
re

d
ic

ti
on

.
T

h
e

fo
cu

s
fo

r
ea

ch
o
f

th
es

e
m

o
d

el
s,

as
d

is
cu

ss
ed

in
th

e
re

la
te

d
w

o
rk

se
ct

io
n

,
is

o
n

d
y
n
a
m

ic
al

p
re

d
ic

ti
on

o
f

si
n

gl
e

m
a
rk

er
tr

a
je

ct
o
ri

es
u

si
n

g
th

e
m

a
rk

er
h

is
to

ry
a
n

d
st

a
ti

c
m

ea
su

re
m

en
ts

co
ll

ec
te

d
d

u
ri

n
g

th
e

fi
rs

t
v
is

it
.

T
h

e
se

co
n

d
b

a
se

li
n

e,
li

k
e

R
iz

op
o
u
lo

s
(2

01
1
)

a
n

d
S

h
i

et
al

.
(2

01
2)

,
d

efi
n

es
a

si
n

gl
e

m
ea

n
fu

n
ct

io
n

p
a
ra

m
et

er
iz

ed
in

th
e

sa
m

e
w

ay
as

th
e

fi
rs

t
b

as
el

in
e

an
d

m
o
d

el
s

in
d
iv

id
u

a
l-

sp
ec

ifi
c

va
ri

a
ti

on
s

u
si

n
g

a
G

P
w

it
h

th
e

sa
m

e
ke

rn
el

a
s

in
E

q
u

at
io

n
15

(u
si

n
g

h
y
p

er
-p

ar
am

et
er

s
a
s

ab
ov

e)
.

T
h

e
th

ir
d

b
a
se

li
n

e
is

a
m

ix
tu

re
o
f

B
-s

p
li

n
es

,
w

h
ic

h
m

o
d

el
s

su
b

p
o
p

u
la

ti
o
n

s
th

at
ca

n
ex

p
re

ss
d

iff
er

en
t

tr
a

je
ct

or
y

sh
a
p

es
(a

s
in

P
ro

u
st

-L
im

a
et

a
l.

(2
01

4)
).

3
F

in
a
ll

y,
w

e
u

se
th

e
L
T

M
(n

o
co

u
p

li
n

g
to

a
u

x
il

ia
ry

m
ar

ke
rs

)
a
s

a
b

as
el

in
e.

A
ll

B
-s

p
li

n
e

b
as

es
u

se
d

in
th

es
e

b
as

el
in

e
m

o
d

el
s

a
re

p
a
ra

m
et

er
iz

ed
in

th
e

sa
m

e
w

ay
a
s

th
e

C
-L

T
M

(d
es

cr
ib

ed
ab

ov
e)

.

E
va

lu
a
ti

o
n

.
P

re
d

ic
ti

on
a
cc

u
ra

cy
fo

r
a
ll

m
o
d

el
s

is
m

ea
su

re
d

u
si

n
g

th
e

a
b

so
lu

te
er

ro
r

b
et

w
ee

n
th

e
p

re
d

ic
te

d
an

d
a

sm
o
ot

h
ed

ve
rs

io
n

o
f

th
e

in
d

iv
id

u
al

’s
o
b

se
rv

ed
tr

a
je

ct
o
ry

.
W

e
m

a
ke

p
re

d
ic

ti
on

s
a
ft

er
on

e,
tw

o
,

a
n

d
fo

u
r

y
ea

rs
o
f

fo
ll

ow
-u

p
,

w
h

ic
h

ar
e

su
m

m
a
ri

ze
d

u
si

n
g

av
er

ag
es

co
m

p
u
te

d
in

th
e

se
co

n
d

y
ea

r
of

fo
ll

ow
-u

p
(t
∈

(1
,2

])
,

in
th

e
th

ir
d

a
n

d
fo

u
rt

h
ye

a
r

of
fo

ll
ow

-u
p

(t
∈

(2
,4

])
,

fi
ft

h
to

ei
g
h
th

ye
a
r

o
f

fo
ll

ow
-u

p
(t
∈

(4
,8

])
,

a
n

d
b

ey
o
n

d
th

e
ei

g
h
th

ye
a
r

of
fo

ll
ow

-u
p

(t
∈

(8
,2

5
])

4
.

M
ea

n
a
b

so
lu

te
er

ro
rs

(M
A

E
)

a
n

d
st

a
n

d
a
rd

er
ro

rs
a
re

es
ti

m
at

ed
u

si
n

g
9
-f

ol
d

C
V

5
a
t

th
e

le
ve

l
o
f

in
d

iv
id

u
a
ls

(i
.e

.
a
ll

of
an

in
d

iv
id

u
a
l’

s
d

at
a

is
h

el
d

-o
u

t)
.

S
ig

n
ifi

ca
n

ce
te

st
s

a
re

co
m

p
u

te
d

a
g
a
in

st
b

a
se

li
n

es
u

si
n

g
a

p
ai

re
d

t-
te

st
w

it
h

p
o
in

t-
w

is
e

p
re

d
ic

ti
o
n

s
ag

g
re

g
at

ed
a
cr

o
ss

fo
ld

s.

4
.1

R
e
su

lt
s

In
th

is
se

ct
io

n
,

w
e

p
re

se
n
t

fo
u

r
se

ts
of

re
su

lt
s.

T
h

e
fi

rs
t

tw
o

ar
e

q
u

a
li

ta
ti

ve
,

an
d

d
em

o
n

-
st

ra
te

th
e

ad
va

n
ta

g
es

o
f

th
e

C
-L

T
M

ov
er

th
e

b
a
se

li
n

e
m

o
d

el
s

u
si

n
g

ex
a
m

p
le

s.
In

th
e

fi
rs

t

3
.

F
o
r

th
e

B
-s

p
li
n
e

m
ix

tu
re

,
w

e
u
se

th
e

su
b
ty

p
es

d
is

co
v
er

ed
b
y

L
T

M
a
s

th
e

m
ix

tu
re

cl
a
ss

es
.

W
it

h
o
u
t

a
cc

o
u
n
ti

n
g

fo
r

in
d
iv

id
u
a
l-

sp
ec

ifi
c

va
ri

a
b

il
it

y
ex

p
li
ci

tl
y,

w
e

h
av

e
fo

u
n
d

th
a
t

fi
tt

in
g

a
B

-s
p
li
n

e
m

ix
tu

re
u
si

n
g

E
M

re
co

v
er

s
p

o
o
r

cl
a
ss

es
th

a
t

d
o

n
o
t

ca
p
tu

re
im

p
o
rt

a
n
t

tr
a
je

ct
o
ry

sh
a
p

es
in

th
e

d
a
ta

.
F

o
r

a
d
d
it

io
n
a
l

d
et

a
il
s,

se
e

S
ec

ti
o
n

3
in

th
e

su
p
p
le

m
en

t
o
f

S
ch

u
la

m
a
n
d

S
a
ri

a
(2

0
1
5
).

4
.

A
ft

er
th

e
ei

g
h
th

y
ea

r,
d
a
ta

b
ec

o
m

es
to

o
sp

a
rs

e
to

fu
rt

h
er

d
iv

id
e

th
is

ti
m

e
sp

a
n

.
5
.

R
ec

a
ll

th
a
t

th
e

fi
rs

t
o
f

1
0

fo
ld

s
is

u
se

d
fo

r
h
y
p

er
p
a
ra

m
et

er
es

ti
m

a
te

s.

18
JM

L
R

 1
7(

23
4)

:1
-3

5



C
o
u
p
l
e
d

L
a
t
e
n
t

V
a
r
ia

b
l
e

M
o
d
e
l
s

f
o
r

In
d
iv

id
u
a
l
iz

in
g

P
r
o
g

n
o
se

s

1
2

4

●●

●

● ●
●

●

●●
●

●

●

●
●

● ●
●● ●

●

●● ●

●

●●

●

● ●
●

●

●●
●

●

●

●
●

● ●
●● ●

●

●● ●

●

●●

●

● ●
●

●

●●
●

●

●

●
●

● ●
●● ●

●

●● ●

●

20 40 60 80

100

0.0
2.5

5.0
7.5

10.0
0.0

2.5
5.0

7.5
10.0

0.0
2.5

5.0
7.5

10.0

(a)

P
r(

)
=

P
r(

)
=

0.66 
0.33

P
r(

)
=

P
r(

)
=

0.39 
0.30

P
r(

)
=

P
r(

)
=

0.58 
0.32

1
2

4

●●

●

● ●
●

●

●●
●

●

●

●
●

● ●
●● ●

●

●● ●

●

●●

●

● ●
●

●

●●
●

●

●

●
●

● ●
●● ●

●

●● ●

●

●●

●

● ●
●

●

●●
●

●

●

●
●

● ●
●● ●

●

●● ●

●

20 40 60 80

100

0.0
2.5

5.0
7.5

10.0
0.0

2.5
5.0

7.5
10.0

0.0
2.5

5.0
7.5

10.0
1

2
4

●●

●

● ●
●

●

●●
●

●

●

●
●

● ●
●● ●

●

●● ●

●

●●

●

● ●
●

●

●●
●

●

●

●
●

● ●
●● ●

●

●● ●

●

●●

●

● ●
●

●

●●
●

●

●

●
●

● ●
●● ●

●

●● ●

●

20 40 60 80

100

0.0
2.5

5.0
7.5

10.0
0.0

2.5
5.0

7.5
10.0

0.0
2.5

5.0
7.5

10.0
Years Since First Seen

(b)

(c)

% Predicted Forced Vital Capacity (PFVC)

F
ig

u
re

5
:

E
x
a
m

p
les

o
f

p
red

iction
s

m
a
d

e
u

sin
g

1
,

2
,

a
n

d
4

yea
rs

o
f

d
a
ta

(m
ov

in
g

across
colu

m
n

s
fro

m
left

to
rig

h
t).

P
lo

t
(a

)
sh

ow
s

d
y
n

a
m

ic
p

red
ictio

n
s

u
sin

g
C

-L
T

M
.

R
ed

m
a
rkers

a
re

u
n

o
b

served
.

B
lu

e
sh

ow
s

th
e

tra
jecto

ry
p

red
icted

u
sin

g
th

e
m

o
st

likely
su

b
ty

p
e,

an
d

green
sh

ow
s

th
e

secon
d

m
o
st

likely.
P

lot
(b

)
sh

ow
s

d
y
n

a
m

ic
p

red
iction

s
fo

r
th

e
B

-sp
lin

e
m

ix
tu

re
b

aselin
e.

P
lo

t
(c)

sh
ow

s
th

e
sa

m
e

for
th

e
B

-sp
lin

e
+

G
P

b
aselin

e.

q
u

alita
tive

an
aly

sis,
w

e
co

m
p

a
re

p
red

iction
s

m
a
d

e
b
y

C
-L

T
M

to
th

o
se

m
a
d

e
b
y

th
e

B
-sp

lin
e

m
ix

tu
re

an
d

th
e

B
-sp

lin
e

+
G

P
.

In
th

e
seco

n
d

q
u

alita
tive

an
a
ly

sis,
w

e
co

m
p

are
th

e
C

-L
T

M
in

feren
ces

w
ith

th
o
se

fro
m

th
e

L
T

M
,

w
h

ich
is

a
sta

te-o
f-th

e-art
sin

g
le-m

a
rker

m
o
d

el.
T

h
e

seco
n

d
tw

o
resu

lts
a
re

q
u
an

tita
tive.

T
h

e
fi

rst
co

m
p

a
res

p
red

ictive
a
ccu

ra
cies

b
etw

een
th

e
b

aselin
e

m
o
d

els
a
n

d
th

e
C

-L
T

M
.
T

h
e

seco
n

d
in

vestig
a
tes

clin
ica

l
u

tility
b
y

u
sin

g
ea

ch
m

o
d

el
to

p
red

ict
a

severity
sco

re
th

at
w

e
u

se
to

d
etect

in
d

iv
id

u
als

w
ith

a
gg

ressive
lu

n
g

d
isea

se.

4
.1

.1
V

isu
a
l

C
o
m

pa
r
iso

n
t
o

B
a
se

l
in

e
s

A
s

a
n

illu
stra

tive
ex

a
m

p
le

to
co

m
p
a
re

C
-L

T
M

w
ith

b
aselin

es,
in

F
igu

res
5
a
,

5b
,

a
n

d
5c

w
e

sh
ow

th
e

d
y
n

a
m

ic
p

red
ictio

n
s

m
ad

e
u

sin
g

th
e

C
-L

T
M

,
th

e
B

-sp
lin

e
m

ix
tu

re,
a
n
d

th
e

B
-sp

lin
e

+
G

P
b

a
selin

es
on

a
sam

p
le

p
a
tien

t. 6
F

o
r

ea
ch

m
o
d

el,
w

e
sh

ow
95

%
p

o
sterio

r

6
.

T
h
is

p
a
tien

t
w

a
s

selected
a
s

a
n

ex
em

p
la

r
fo

r
th

e
ty

p
es

o
f

erro
rs

co
m

m
o
n
ly

m
a
d
e

b
y

th
e

b
a
selin

e
m

o
d
els.

19
JM

L
R

 17(234):1-35

S
c
h
u
l
a
m

a
n
d

S
a
r
ia

in
terva

ls
fo

r
th

e
fu

tu
re

tra
jectory.

F
or

th
e

C
-L

T
M

an
d

B
-sp

lin
e

m
ix

tu
re,

th
e

m
ost

likely
su

b
ty

p
e

is
sh

ow
n

in
b

lu
e

an
d

th
e

secon
d

m
ost

lik
ely

is
in

green
.

T
h

e
B

-sp
lin

e
m

ix
tu

re
(F

igu
re

5b
)

can
n

o
t

ex
p

la
in

in
d

iv
id

u
al-sp

ecifi
c

sou
rces

of
variatio

n
(e.g

.
sh

o
rt-term

d
ev

iation
s

from
th

e
m

ix
tu

re
m

ea
n

)
an

d
so

over-reacts
to

th
e

sligh
t

rise
in

P
F

V
C

seen
in

th
e

last
tw

o
ob

served
(b

lack
)

m
easu

rem
en

ts
in

th
e

secon
d

p
an

el
(yea

r
2).

T
h

e
B

-sp
lin

e
+

G
P

(F
igu

re
5c)

can
n

ot
cap

tu
re

lon
g-term

d
iff

eren
ces

in
tra

jectory
m

ea
n

s
(e.g.

d
u

e
to

su
b

ty
p

es)
an

d
so

p
u

lls
b

ack
to

th
e

p
op

u
lation

m
ean

over
tim

e
even

after
fou

r
years

o
f

d
ata

su
ggest

a
d

eclin
in

g
tra

jectory.
O

n
th

e
oth

er
h

an
d

,
at

year
1

th
e

C
-L

T
M

(F
igu

re
5a)

m
a
in

tain
s

th
e

h
y
p

oth
esis

th
at

th
e

in
d

iv
id

u
al

m
ay

d
eclin

e
or

retu
rn

to
sta

b
ility

(correctly
p

u
ttin

g
m

ost
w

eig
h
t

o
n

th
e

form
er).

A
fter

2
years

of
d

ata,
th

e
tem

p
orary

recovery
seem

s
to

h
ave

cau
sed

con
fi

d
en

ce
in

th
e

d
eclin

in
g

tra
jectory

to
fall

(goin
g

from
66%

to
39

%
),

b
u

t
th

e
top

-w
eigh

ted
h
y
p

oth
esis

is
still

correct.
A

fter
4

years
of

d
ata,

th
e

m
o
d

el
again

b
ecom

es
co

n
fi

d
en

t
in

th
e

d
eclin

in
g

tra
jectory.

C
lin

ically,
th

is
rob

u
stn

ess
to

sh
ort-term

ch
an

g
es

is
im

p
ortan

t.
A

fter
h

av
in

g
seen

th
e

recovery
b

etw
een

years
1

an
d

2,
a

clin
ician

m
ay

b
ecom

e
less

im
m

ed
iately

con
cern

ed
w

ith
th

e
in

d
iv

id
u

al’s
fu

tu
re

lu
n

g
d

isease,
p

ossib
ly

d
elay

in
g

im
m

u
n

oth
erap

y
u
n
til

a
rap

id
d

eclin
e

b
ecom

es
m

ore
ev

id
en

t.
N

ote
th

at
th

e
B

-sp
lin

e
m

ix
tu

re,
on

th
e

oth
er

h
an

d
,

over-rea
cts

to
th

e
recovery

an
d

p
red

icts
th

at
th

e
in

d
iv

id
u

al
w

ill
con

tin
u

e
to

recover.

4
.1

.2
A

n
a
ly

sis
o
f

E
x
a
m

p
l
e

In
f
e
r
e
n
c
e
s

In
F

ig
u

re
6a-d

,
w

e
sh

ow
th

e
C

-L
T

M
’s

target
an

d
au

x
iliary

m
arker

in
feren

ces
for

fou
r

d
if-

feren
t

p
atien

ts.
F

or
th

e
target

m
arker

(P
F

V
C

)
an

d
au

x
ilia

ry
m

arkers
(T

S
S

,
P

D
L

C
O

,
a
n

d
P

F
E

V
1
),

w
e

sh
ow

th
e

m
ost

lik
ely

(b
lu

e)
an

d
secon

d
m

ost
likely

(green
)

su
b

ty
p

e
an

d
th

eir
corresp

o
n

d
in

g
tra

jectories.
F

or
th

e
R

P
an

d
G

I
severity

score
m

ark
ers,

w
e

sh
ow

th
e

m
ost

likely
sev

erity
class

(h
igh

versu
s

low
).

T
h

e
d
ash

ed
lin

es
in

d
icate

th
e

th
resh

o
ld

a
t

w
h

ich
h

igh
a
n

d
low

are
d

eterm
in

ed
b

ased
on

ju
d

gem
en

ts
b
y

ou
r

clin
ical

collab
o
rators.

F
or

P
F

V
C

,
P

F
E

V
1
,

an
d

P
D

L
C

O
low

er
valu

es
in

d
icate

m
ore

sev
ere

p
rogression

.
F

or
T

S
S

,
h

ig
h

er
valu

es
in

d
icate

severe
p

rogression
.

In
F

igu
res

6e-h
,

w
e

sh
ow

th
e

p
red

iction
s

m
ad

e
b
y

L
T

M
to

v
isu

a
lly

co
m

p
are

again
st

p
red

iction
s

m
ad

e
u

sin
g

th
e

b
aselin

e
m

ark
ers

an
d

P
F

V
C

h
istory

on
ly

(i.e.
th

at
d

o
n

ot
leverage

in
form

ation
from

au
x
iliary

m
arkers).

In
F

igu
re

6a
,

w
e

see
a

55
year-old

w
om

an
w

h
o

p
resen

ts
w

ith
m

ild
ly

im
p

aired
lu

n
g

fu
n

ction
(a

p
p

rox
im

ately
65

P
F

V
C

),
b

u
t

seem
s

to
recover

ov
er

th
e

cou
rse

of
th

e
fi

rst
year

to
reach

a
P

F
V

C
ab

ov
e

75
(con

sid
ered

b
y

clin
ician

s
to

b
e

relatively
h

ealth
y
).

U
sin

g
th

is
in

form
a
tion

a
lon

e,
on

e
m

ay
su

sp
ect

th
at

sh
e

w
ill

n
ot

h
av

e
fu

tu
re

lu
n

g
issu

es.
In

d
eed

,
th

is
is

w
h

a
t

L
T

M
p

red
icts

as
sh

ow
n

in
F

igu
re

6e.
B

y
ex

am
in

in
g

h
er

au
x
iliary

m
arkers,

h
ow

ever,
w

e
see

th
a
t

th
e

p
ictu

re
is

less
clear.

In
p

articu
lar,

P
F

E
V

1
(a

clin
ical

m
arker

closely
related

to
P

F
V

C
)

b
oth

d
ecreases

an
d

in
creases

over
th

at
p

erio
d

.
C

-L
T

M
in

fers
a

m
ild

ly
d

eclin
in

g
tra

jectory
for

P
F

E
V

1.
In

ad
d

ition
,

P
D

L
C

O
is

a
lso

n
oisy

a
n

d
overa

ll
low

,
w

h
ich

su
ggests

th
a
t

th
e

b
lo

o
d

is
n

ot
effi

cien
tly

ab
sorb

in
g

ox
y
gen

.
T

h
is

can
h

ap
p

en
for

a
n
u

m
b

er
of

reason
s,

b
u

t
a
ctive

lu
n

g
d

isease
is

on
e

of
th

em
.

F
in

ally,
w

e
see

th
at

h
er

in
itial

sk
in

score
is

q
u

ite
h

igh
a
n

d
C

-L
T

M
p

ro
jects

it
to

stay
h

igh
for

th
e

n
ex

t
few

years,
w

h
ich

is
asso

ciated
w

ith
active

lu
n

g
d

isease.
W

e
see

th
at

C
-L

T
M

h
as

su
ccessfu

lly
in

corp
orated

in
feren

ces
ab

ou
t

th
e

fu
tu

re
tren

d
s

of
th

e
au

x
iliary

m
arkers

a
n

d
correctly

p
red

icts
th

a
t

th
is

w
om

an
’s

P
F

V
C

w
ill

d
eclin

e
after

th
is

in
itial

im
p

rovem
en

t.

20
JM

L
R

 17(234):1-35



C
o
u
p
l
e
d

L
a
t
e
n
t

V
a
r
ia

b
l
e

M
o
d
e
l
s

f
o
r

In
d
iv

id
u
a
l
iz

in
g

P
r
o
g

n
o
se

s

●
●

●

●

●

●
●

●

●

●
●

●

2040608010
0

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

PFVC

●
●

●

●

●
●

●

●

●

●
●

●

2040608010
0

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

PFVC

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●
●

●
●

01020304050

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

TSS

●

●

●
●

●
●

●

●
●

●

●
●

2040608010
0

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

PDLCO

●
●

●
●

●
●

●

●

●
●

●
●

2040608010
0

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

PFEV1

●
●
●

●
●

●
●

●
●

●

●
●
●
●

●
●

●

●

lo
w

0408012
0

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

RP

●
●
●

●

●
●

●

●

●

●

●

●
●

●

●

●

●
●

lo
w

0408012
0

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

GI

● ●●

●

●

●

●
●
●

●
● ●

●
●
●

●●
●

●
●

●
●

●
●

●

●

●

●
●

25507510
0

0
5

10
15

Ye
ar

s 
Se

en

PFVC

● ●●
●
● ●

● ●
●

●
● ●

●
●
●

●●
●

●
●

●
●

●
●

●

●

●

●
●

25507510
0

0
5

10
15

Ye
ar

s 
Se

en

PFVC

●

●

●

●

●

●

●
●
●

01020304050

0
5

10
15

Ye
ar

s 
Se

en

TSS

● ●● ●● ●●
● ●
●

●

●●
●

●
●

●

●●

●

●

●

●

●
●

●

●

●

●

●
●

25507510
0

0
5

10
15

Ye
ar

s 
Se

en

PDLCO

● ●●

●

● ●
●●
●

●
●●

●
●
●
●●
●

●
●

●
●

●
●

●
●

●

●
●

25507510
0

0
5

10
15

Ye
ar

s 
Se

en

PFEV1

●
●

●
●

●
●

●

●
●

●

●

lo
w

0408012
0

0
5

10
15

Ye
ar

s 
Se

en

RP

●
●

●

●
●

●
●

●
●

●
●

lo
w

0408012
0

0
5

10
15

Ye
ar

s 
Se

en
GI

(a
)

(b
)

(e
)

(f
)

●

●
●

●

●
●

●

●

●

●
●

●
●

●●

●
●

●

306090

0
3

6
9

Ye
ar

s 
Se

en

PFVC

●
●
●

●

●
●

●

●

●

●
●

●
●

●●

●
●

●

306090

0
3

6
9

Ye
ar

s 
Se

en

PFVC

●

●
●

●
●

●

●

●
●

●

●
●

●
●

02040

0
3

6
9

Ye
ar

s 
Se

en

TSS

●

●
●

●

●
●

●

●

●
●

●

●
●

● ●

●
●

●

255075

0
3

6
9

Ye
ar

s 
Se

en

PDLCO

●

●
●

●

●
●

●

●

●

●
●

●
●

●●

●

●

●

306090

0
3

6
9

Ye
ar

s 
Se

en

PFEV1

●

●
●

●

●

●

●

●

●

●

●
●

●

●

hi
gh

0408012
0

0
3

6
9

Ye
ar

s 
Se

en

RP

●

●
●

●

●
●

●
●

●
●

●
●

●
●

lo
w

0408012
0

0
3

6
9

Ye
ar

s 
Se

en

GI

●
●

●

●

●●
●

●
●

●

●

●

306090

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

PFVC

●
●

●

●

●●
●

●
●

●

●

●

306090

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

PFVC

●

●

●

●

●

●

●

●

●
●

●

●

●

02040

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

TSS

●
●

●

●●
●

●

●
●

●

●

306090

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

PDLCO

●

●
●

●
● ●

●
●

●
●

●

●

306090

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

PFEV1

●
●

●

●
●
●

●
●

●

●
●

●

●

lo
w

0408012
0

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

RP

●
●

●

●
●
●

●
●

●
●

●
●

●

hi
gh

0408012
0

0.
0

2.
5

5.
0

7.
5

10
.0

Ye
ar

s 
Se

en

GI

(c
)

(d
)

(g
)

(h
)

C
-L
TM

LT
M

F
ig

u
re

6:
T

h
e

p
re

d
ic

te
d

P
F

V
C

tr
a

je
ct

or
y

an
d

th
e

au
x
il

ia
ry

m
ar

ke
rs

ar
e

sh
ow

n
fo

r
tw

o
d

iff
er

en
t

p
at

ie
n
ts

.
R

ed
m

ar
ke

rs
ar

e
u

n
ob

se
rv

ed
.

F
or

th
e

au
x
il

ia
ry

m
a
rk

er
s

T
S

S
,

P
F

E
V

1,
an

d
P

D
L

C
O

w
e

sh
ow

th
e

m
os

t
li

k
el

y
(b

lu
e)

an
d

se
co

n
d

m
o
st

li
k
el

y
(g

re
en

)
su

b
ty

p
e

an
d

th
ei

r
co

rr
es

p
on

d
in

g
tr

a
je

ct
or

ie
s.

F
or

th
e

R
P

a
n

d
G

I
se

v
er

it
y

sc
or

es
,

w
e

sh
ow

th
e

m
os

t
li

ke
ly

se
ve

ri
ty

cl
as

s
(h

ig
h

v
er

su
s

lo
w

).
T

h
e

d
a
sh

ed
li

n
es

in
d

ic
at

e
th

e
th

re
sh

ol
d

at
w

h
ic

h
h

ig
h

an
d

lo
w

ar
e

d
et

er
m

in
ed

cl
in

ic
a
ll

y.
21

JM
L

R
 1

7(
23

4)
:1

-3
5

S
c
h
u
l
a
m

a
n
d

S
a
r
ia

In
F

ig
u

re
6b

,
w

e
se

e
a

7
5

ye
ar

-o
ld

w
h

it
e

w
om

a
n

w
h

o
p

re
se

n
ts

w
it

h
h

ea
lt

h
y

lu
n

g
fu

n
ct

io
n

(a
p

p
ro

x
im

at
el

y
85

P
F

V
C

),
b

u
t

is
co

n
si

st
en

tl
y

d
ec

li
n

in
g

ov
er

th
e

co
u

rs
e

of
th

e
fi

rs
t

ye
a
r

b
y

n
ea

rl
y

1
5

P
F

V
C

.
A

cl
in

ic
al

ru
le

o
f

th
u

m
b

is
th

a
t

a
d

ro
p

in
1
0

P
F

V
C

ov
er

th
e

co
u

rs
e

o
f

a
y
ea

r
w

a
rr

an
ts

cl
o
se

m
o
n

it
o
ri

n
g

fo
r

a
ct

iv
e

lu
n

g
d

is
ea

se
.

W
e

se
e

th
a
t

L
T

M
ex

tr
a
p

ol
a
te

s
th

is
in

it
ia

l
tr

en
d

an
d

p
re

d
ic

ts
th

a
t

th
is

in
d

iv
id

u
al

w
il

l
co

n
ti

n
u

e
to

d
ec

li
n

e
ra

p
id

ly
(F

ig
u

re
6f

).
J
u

st
as

in
th

e
p

re
v
io

u
s

ex
am

p
le

,
h

ow
ev

er
,

th
e

au
x
il

ia
ry

m
a
rk

er
s

p
ai

n
t

a
m

or
e

co
m

p
le

te
p

ic
tu

re
of

th
is

in
d

iv
id

u
a
l.

In
th

e
fi

rs
t

fe
w

P
F

E
V

1
o
b

se
rv

a
ti

on
s,

w
e

se
e

th
a
t

th
is

d
ec

li
n

e
is

n
ot

q
u
it

e
as

p
ro

n
o
u

n
ce

d
a
n

d
th

e
p

ro
g
re

ss
io

n
is

p
re

d
ic

te
d

to
b

e
m

or
e

m
il

d
.

In
P

D
L

C
O

w
e

se
e

th
at

ox
y
ge

n
is

ab
so

rb
ed

in
to

th
e

b
lo

o
d

at
h

ea
lt

h
y

le
v
el

s
a
n

d
al

so
p

re
d

ic
te

d
to

re
m

ai
n

st
ab

le
(a

lt
h

ou
gh

in
co

rr
ec

tl
y

in
th

is
ca

se
).

F
in

a
ll

y,
C

-L
T

M
p

re
d

ic
ts

th
at

th
e

R
P

a
n

d
G

I
se

ve
ri

ty
sc

or
es

w
il
l

re
m

a
in

lo
w

,
w

h
ic

h
a
ls

o
su

p
p

o
rt

s
th

e
p

re
d

ic
ti

on
th

at
th

is
w

o
m

a
n

w
il

l
st

ab
il

iz
e.

N
ot

e
th

at
in

th
is

ex
am

p
le

C
-L

T
M

ov
er

es
ti

m
a
te

s
th

e
co

u
rs

e
o
f

P
D

L
C

O
an

d
T

S
S

.
A

lt
h

ou
gh

th
e

m
o
d

el
st

il
l

m
a
ke

s
th

e
co

rr
ec

t
p

re
d

ic
ti

o
n

fo
r

P
F

V
C

in
sp

it
e

o
f

th
is

m
is

ta
k
e,

it
h

ig
h

li
gh

ts
th

a
t

th
e

p
er

fo
rm

a
n

ce
o
f

o
u

r
a
p

p
ro

a
ch

m
ay

b
e

fu
rt

h
er

im
p

ro
ve

d
w

it
h

b
et

te
r

au
x
il

ia
ry

m
a
rk

er
in

fe
re

n
ce

s.
A

s
re

se
ar

ch
in

sy
st

em
s

b
io

lo
gy

y
ie

ld
s

n
ew

in
si

g
h
ts

in
to

m
o
d
el

in
g

sp
ec

ifi
c

m
ea

su
re

m
en

ts
m

or
e

p
re

ci
se

ly
,

th
e

m
o
d

u
la

r
a
rc

h
it

ec
tu

re
o
f

C
-L

T
M

m
a
ke

s
it

p
o
ss

ib
le

to
im

p
ro

ve
ov

er
al

l
p

er
fo

rm
a
n

ce
b
y

in
co

rp
o
ra

ti
n

g
im

p
ro

ve
d

v
er

si
o
n

s
o
f

th
e

ta
rg

et
o
r

a
u

x
il

ia
ry

m
ar

ke
r

m
o
d

el
s.

In
F

ig
u

re
6c

,
w

e
se

e
a

7
6

ye
a
r-

ol
d

w
h

it
e

w
om

a
n

th
a
t

p
re

se
n
ts

w
it

h
h

ea
lt

h
y

lu
n

g
fu

n
ct

io
n

(j
u

st
u

n
d

er
90

P
F

V
C

),
w

h
ic

h
a
ls

o
a
p

p
ea

rs
to

b
e

st
a
b

le
g
iv

en
th

e
su

b
se

q
u

en
t

te
st

re
su

lt
ta

ke
n

la
te

r
th

a
t

sa
m

e
ye

ar
.

T
h

e
L
T

M
p

re
d

ic
ts

th
at

th
is

in
d

iv
id

u
al

’s
m

os
t

li
ke

ly
co

u
rs

e
is

to
re

m
a
in

st
ab

le
.

F
ro

m
th

e
P

F
E

V
1

tr
a

je
ct

o
ry

,
h

ow
ev

er
,

w
e

se
e

th
at

th
er

e
w

a
s

a
la

rg
e

in
it

ia
l

lo
ss

in
P

F
E

V
1,

w
h

ic
h

,
to

ge
th

er
w

it
h

th
e

u
n
u

su
a
ll

y
h

ig
h

sk
in

sc
o
re

(T
S

S
)

su
gg

es
ts

th
at

th
is

w
om

an
’s

d
is

ea
se

is
ac

ti
ve

.
T

h
e

a
ct

iv
it

y
in

th
e

ot
h

er
or

ga
n

sy
st

em
s

a
ll

ow
s

th
e

C
-L

T
M

to
off

se
t

th
e

st
ab

il
it

y
se

en
in

th
e

fi
rs

t
tw

o
P

F
V

C
m

ea
su

re
m

en
ts

a
n

d
co

rr
ec

tl
y

p
re

d
ic

t
th

e
co

n
si

st
en

tl
y

d
ec

li
n

in
g

lu
n

g
tr

a
je

ct
or

y.

F
in

al
ly

,
in

F
ig

u
re

6d
,

w
e

se
e

a
6
7

ye
a
r-

o
ld

A
fr

ic
a
n

A
m

er
ic

a
n

m
a
n

w
it

h
m

il
d

ly
im

p
a
ir

ed
lu

n
g

fu
n

ct
io

n
ea

rl
y

in
th

e
d

is
ea

se
co

u
rs

e
(a

ro
u

n
d

7
5

P
F

V
C

)
th

at
se

em
s

to
re

co
ve

r
ov

er
th

e
n

ex
t

o
n

e
o
r

tw
o

ye
a
rs

to
a

h
ea

lt
h

ie
r

85
P

F
V

C
.

In
F

ig
u

re
6
h

,
w

e
se

e
th

at
th

e
L
T

M
p
re

d
ic

ts
th

a
t

a
st

ab
le

tr
a
je

ct
or

y
th

er
ea

ft
er

is
li

ke
ly

.
B

y
co

n
si

d
er

in
g

ot
h

er
o
rg

a
n

sy
st

em
s,

h
ow

ev
er

,
w

e
se

e
th

a
t

th
is

m
an

’s
b

lo
o
d

-o
x
y
ge

n
d

iff
u

si
o
n

is
se

ve
re

ly
li

m
it

ed
ea

rl
y

in
th

e
d

is
ea

se
co

u
rs

e
(n

ea
rl

y
25

%
o
f

th
e

p
re

d
ic

te
d

D
L

C
O

).
M

or
eo

ve
r,

w
e

se
e

th
a
t

th
e

th
is

in
d

iv
id

u
a
l’

s
R

ay
n

au
d

’s
p

h
en

o
m

en
on

se
ve

ri
ty

sc
o
re

is
h

ig
h

ea
rl

y
o
n

a
n

d
co

rr
ec

tl
y

p
re

d
ic

te
d

to
re

m
a
in

th
a
t

w
ay

.
T

h
e

lo
w

P
D

L
C

O
an

d
h

ig
h

R
P

se
ve

ri
ty

sc
o
re

p
o
in

t
to

a
ct

iv
e

va
sc

u
la

tu
re

d
is

ea
se

,
w

h
ic

h
is

h
y
p

o
th

es
iz

ed
to

ca
u

se
la

te
d

et
er

io
ra

ti
o
n

in
lu

n
g

fu
n

ct
io

n
.

W
e

se
e

th
at

C
-L

T
M

co
rr

ec
tl

y
u

se
s

th
is

ev
id

en
ce

to
p

re
d

ic
t

a
n

a
cc

u
ra

te
d

is
ea

se
tr

a
je

ct
o
ry

.

4
.1

.3
P

r
e
d
ic

t
iv

e
A

c
c
u
r
a
c
y

In
T

a
b

le
1,

w
e

re
p

o
rt

p
er

fo
rm

an
ce

o
f

th
e

C
-L

T
M

,
L
T

M
,

a
n

d
th

e
th

re
e

o
th

er
b

a
se

li
n

e
m

o
d

-
el

s.
F

ir
st

,
w

e
n

ot
e

th
a
t

th
e

C
-L

T
M

st
at

is
ti

ca
ll

y
si

g
n

ifi
ca

n
tl

y
o
u

tp
er

fo
rm

s
th

e
B

-s
p

li
n

e
w

it
h

b
as

el
in

e
fe

at
u

re
s

fo
r

a
ll

p
re

d
ic

ti
o
n

s.
T

h
is

b
a
se

li
n

e
m

a
k
es

st
at

ic
p

re
d
ic

ti
o
n

s
u

si
n

g
b

as
el

in
e

in
fo

rm
a
ti

on
o
n

ly
,

a
n

d
ca

n
n

ot
ad

ap
t

to
a
n

in
d

iv
id

u
a
l

a
s

n
ew

d
a
ta

b
ec

o
m

es
av

a
il

a
b

le
.

M
o
re

-
ov

er
,
af

te
r

an
in

it
ia

l
am

ou
n
t

o
f

d
at

a
h

a
s

b
ee

n
co

ll
ec

te
d

on
a
n

in
d

iv
id

u
al

,
C

-L
T

M
st

at
is

ti
ca

ll
y

si
g
n

ifi
ca

n
tl

y
ou

tp
er

fo
rm

s
al

l
o
th

er
m

o
d

el
s.

T
h

is
is

n
o
t

su
rp

ri
si

n
g
.

W
h

en
co

m
p

ar
ed

to
th

e

22
JM

L
R

 1
7(

23
4)

:1
-3

5



C
o
u
p
l
e
d

L
a
t
e
n
t

V
a
r
ia

b
l
e

M
o
d
e
l
s

f
o
r

In
d
iv

id
u
a
l
iz

in
g

P
r
o
g

n
o
se

s

P
red

ictio
n

s
u

sin
g

1
y
ea

r
o
f

d
a
ta

M
o
d

el
(1
,2

]
(2
,4

]
(4
,8

]
(8
,2

5
]

B
-sp

lin
e

w
ith

B
a
selin

e
F

ea
ts.

1
3
.1

7
(0
.4

3
)

1
4
.0

7
(0
.6

1
)

1
4
.3

4
(0
.6

5
)

1
4
.1

2
(1
.0

4
)

B
-sp

lin
e

+
G

P
5
.5

7
(0
.2

4
)

8
.4

0
(0
.1

9
)

1
0
.8

8
(0
.4

2
)

1
1
.7
4

(0
.7

6
)

B
-sp

lin
e

M
ix

tu
re

6
.3

1
(0
.2

2
)

7
.5

9
(0
.3

6
)

9
.8
2

(0
.4

6
)

1
3
.7

7
(0
.5

5
)

L
T

M
5
.7

0
(0
.3

0
)

8
.0

2
(0
.4

1
)

1
1
.1

7
(0
.7

2
)

1
3
.9

3
(0
.6

7
)

C
-L

T
M

F
♣
�♠

5
.1
2

(0
.2

0
)

F
♣
�♠

6
.8
8

(0
.2

7
)

F
♣
♠

9
.9

5
(0
.5

1
)

F
1
3
.7

0
(1
.0

8
)

P
red

ictio
n

s
u

sin
g

2
y
ea

rs
o
f

d
a
ta

B
-sp

lin
e

w
ith

B
a
selin

e
F

ea
ts.

1
4
.0

7
(0

.6
1
)

1
4
.3

4
(0

.6
5
)

1
4
.1

2
(1

.0
4
)

B
-sp

lin
e

+
G

P
6
.5

1
(0

.1
9
)

9
.7

9
(0

.3
5
)

1
0
.9

5
(0

.6
8
)

B
-sp

lin
e

M
ix

tu
re

6
.1

7
(0

.2
9
)

8
.3

4
(0

.3
6
)

1
2
.1

9
(0

.4
8
)

L
T

M
5
.7

4
(0

.2
9
)

8
.0

8
(0

.3
7
)

1
0
.8
9

(0
.6

2
)

C
-L

T
M

F
♣
�♠

5
.5
8

(0
.3

4
)

F
♣
7
.9
9

(0
.6

1
)

F
�

1
1
.2

7
(1

.0
2
)

P
red

ictio
n

s
u

sin
g

4
y
ea

rs
o
f

d
a
ta

B
-sp

lin
e

w
ith

B
a
selin

e
F

ea
ts.

1
4
.3

4
(0

.6
5
)

1
4
.1

2
(1

.0
4
)

B
-sp

lin
e

+
G

P
6
.6

0
(0

.2
4
)

9
.5

3
(0

.5
6
)

B
-sp

lin
e

M
ix

tu
re

6
.0

0
(0

.3
7
)

1
0
.1

1
(0

.5
6
)

L
T

M
4
.8
8

(0
.2

8
)

8
.6

5
(0

.5
9
)

C
-L

T
M

F
♣
�

5
.0

4
(0

.4
2
)

F
♣
�♠

8
.0
7

(0
.3

5
)

T
ab

le
1
:

M
ean

ab
so

lu
te

error
of

P
F

V
C

p
red

iction
s

for
th

e
B

-sp
lin

e
w

ith
b
a
selin

e
fea

tu
res,

th
e

B
-

sp
lin

e
+

G
P

,
L
T

M
,

an
d

C
-L

T
M

.
B

old
n
u
m

b
ers

in
d
ica

te
b

est
p

erform
a
n
ce

across
b
a
selin

e
m

o
d
els

a
n
d

p
rop

o
sed

m
o
d
el.
F

in
d
icates

statistica
lly

sign
ifi

ca
n
t

im
p
rov

em
en

t
ag

ain
st

th
e

B
-sp

lin
e

m
o
d
el

w
ith

b
a
selin

e
featu

res
o
n
ly

u
sin

g
a

p
aired

t-test
(α

=
0.05

).
♣

in
d
i-

ca
tes

statistica
l

sig
n
ifi

can
ce

co
m

p
a
red

aga
in

st
th

e
B

-sp
lin

e
+

G
P

.�
in

d
icates

sta
tistica

l
sig

n
ifi

can
ce

co
m

p
ared

a
ga

in
st

th
e

B
-sp

lin
e

m
ix

tu
re.
♠

in
d
ica

tes
statistica

l
sign

ifi
can

ce
co

m
p
a
red

ag
ain

st
L
T

M
.

L
T

M
,

w
e

see
th

a
t

C
-L

T
M

b
en

efi
ts

fro
m

levera
g
in

g
in

fo
rm

a
tio

n
fro

m
a
u

x
ilia

ry
m

a
rkers.

A
s

m
o
re

in
form

a
tio

n
is

co
llected

,
b

o
th

m
o
d

els
a
re

a
b

le
to

th
e

in
d

iv
id

u
a
l

a
n

d
p

rov
id

e
co

m
p

ara
-

b
le

p
red

ictio
n

s.
T

h
e

B
-sp

lin
e

m
ix

tu
re

is
n

o
t

a
b

le
to

p
erso

n
a
lize

b
eyo

n
d

ca
p

tu
rin

g
lo

n
g
-term

tren
d

s
acro

ss
su

b
p

o
p

u
latio

n
s,

so
w

e
see

th
a
t

it
b

ecom
es

less
com

p
etitive

co
m

p
a
red

to
b

oth
C

-L
T

M
a
n

d
L
T

M
a
s

m
o
re

d
a
ta

are
co

llected
.

F
in

ally,
th

e
B

-sp
lin

e
+

G
P

ca
n

n
o
t

ca
p

tu
re

lo
n

g
-term

tren
d

s
sp

ecifi
c

to
su

b
p

o
p

u
la

tio
n

s
(a

s
w

e
saw

in
S

ectio
n

4
.1.1

),
an

d
so

w
e

see
th

at
it

d
o
es

p
o
orly

w
h

en
m

a
k
in

g
p

red
ictio

n
s.

4
.1

.4
C

l
in

ic
a
l

U
t
il

it
y

O
n

e
m

ay
n

atu
rally

w
o
n

d
er

w
h
eth

er
th

e
o
b

served
im

p
rov

em
en

ts
in

M
A

E
rep

o
rted

a
b

ove
tra

n
sla

te
to

p
ractica

l
b

en
efi

ts
in

th
e

clin
ic.

In
th

e
ex

am
p

les
sh

ow
n

in
F

igu
re

6
,

w
e

h
ave

w
a
lked

th
rou

gh
ca

ses
w

h
ere

th
e

m
o
d

el
m

a
kes

p
red

ictio
n

s
th

a
t

w
o
u

ld
seem

u
n
lik

ely
if

w
e

w
ere

to
co

n
sid

er
P

F
V

C
a
lo

n
e.

T
h

is
su

g
g
ests

th
a
t

th
e

m
o
d

el
ca

n
a
u

g
m

en
t

ex
p

ert
clin

ical
ju

d
gem

en
t

an
d

m
ay

serve
to

p
rotect

a
g
a
in

st
in

correct
ex

trap
o
la

tio
n

s.
In

th
is

sectio
n

,
w

e
fu

rth
er

ela
b

ora
te

u
p

on
th

is
in

tu
ition

b
y

stu
d

y
in

g
clin

ical
u

tility
q
u

a
n
tita

tiv
ely.

In
p

a
rticu

lar,
w

e
co

m
p

a
re

h
ow

w
ell

th
e

B
-sp

lin
e

+
G

P
,

B
-sp

lin
e

m
ix

tu
re,

L
T

M
,

a
n

d
C

-L
T

M
a
re

a
b
le

to
d

etect
in

d
iv

id
u

als
w

h
o

w
ill

h
ave

ra
p

id
ly

d
eclin

in
g

lu
n

g
fu

n
ction

.
It

is
n

o
to

rio
u

sly
d

iffi
cu

lt
to

p
red

ict
w

h
ich

sclero
d

erm
a

p
atien

ts
w

ill
rap

id
ly

d
eclin

e
u

sin
g

o
n

ly
in

fo
rm

a
tio

n
fro

m
ea

rly
in

th
e

d
isea

se
cou

rse.
In

ad
d

ition
to

im
p

rov
in

g
p

ro
g
n

oses,
m

o
re

a
ccu

ra
te

d
etectio

n
of

ra
p

id
ly

d
eclin

in
g

lu
n
g

fu
n

ctio
n

ca
n

h
elp

to
im

p
rove

th
e

recru
itm

en
t

fo
r

clin
ica

l
tria

ls
eva

lu
a
tin

g
d

ru
g
s

fo
r

sclero
d

erm
a
-related

lu
n

g
d

isea
se.

If
w

e
in

clu
d

e
m

a
n
y

in
d

iv
id

u
a
ls

in
a

stu
d

y
w

h
o

2
3

JM
L

R
 17(234):1-35

S
c
h
u
l
a
m

a
n
d

S
a
r
ia

M
o
d

e
l

/
Y

e
a
rs

o
f

D
a
ta

1
2

4

B
-sp

lin
e

+
G

P
0.59

0.63
0.7

4

B
-sp

lin
e

m
ix

tu
re

0.58
0.63

0.7
6

L
T

M
0.57

0.71
0.8

4

C
-L

T
M

0
.6

8
0
.7

5
0
.8

7

(a)
A

U
C

s
for

d
etectin

g
d
eclin

in
g

in
d
iv

id
u
a
ls.

Specificity

Sensitivity

0.0 0.2 0.4 0.6 0.8 1.0

1.0
0.8

0.6
0.4

0.2
0.0

Specificity

C
-LTM

 (1 year)
C

-LTM
 (2 years)

C
-LTM

 (4 years)
B

-spline + G
P (1 year)

LTM
 (1 year)

B
-spline m

ixture (1 year)

Specificity

Sensitivity

0.0 0.2 0.4 0.6 0.8 1.0

1.0
0.8

0.6
0.4

0.2
0.0

Specificity

Sensitivity

0.0 0.2 0.4 0.6 0.8 1.0

1.0
0.8

0.6
0.4

0.2
0.0

Sensitivity

(b
)

R
O

C
s

co
m

p
a
rin

g
B

-sp
lin

e
+

G
P

at
1

year,
B

-sp
lin

e
m

ix
tu

re
a
t

1
year,

L
T

M
at

1
year,

a
n
d

C
-L

T
M

at
years

1,
2,

a
n
d

4.

F
igu

re
7:

D
eclin

in
g

in
d

iv
id

u
al

d
etection

resu
lts.

are
p

red
icted

to
h

av
e

activ
e

lu
n

g
d

isease
b

u
t

d
o

n
ot,

th
e

resu
lts

of
th

e
stu

d
y

are
b

lu
rred

b
eca

u
se

b
oth

arm
s

of
th

e
trial

m
ay

in
clu

d
e

m
an

y
in

d
iv

id
u

als
w

ith
ou

t
active

lu
n

g
d

isea
se.

T
o

test
h

ow
w

ell
th

ese
d

iff
eren

t
m

o
d

els
can

d
etect

in
d

iv
id

u
a
ls

th
at

w
ill

ex
p

erien
ce

rap
id

ly
d

eclin
in

g
lu

n
g

fu
n

ction
,

w
e

u
se

th
e

p
red

iction
s

of
fu

tu
re

P
F

V
C

m
easu

rem
en

ts
to

p
ro

d
u

ce
a

sco
re.

T
h

e
sco

re
is

d
efi

n
ed

to
b

e
th

e
d

iff
eren

ce
b

etw
een

th
e

in
d

iv
id

u
al’s

fi
rst

P
F

V
C

m
ea-

su
rem

en
t

an
d

th
e

m
in

im
u

m
p

red
icted

valu
e

in
th

e
fu

tu
re—

th
is

w
ill

b
e

h
igh

er
fo

r
in

d
iv

id
u

als
on

w
h

o
m

a
m

o
d

el
p

red
icts

d
eterioratin

g
lu

n
g

fu
n

ction
a
n
d

low
er

for
th

ose
p

red
icted

to
b

e
stab

le.
T

o
lab

el
an

in
d

iv
id

u
al

as
d

eclin
in

g,
w

e
req

u
ire

th
at

th
ey

(1)
h

av
e

at
least

on
e

o
b

ser-
vation

w
ith

in
th

e
fi

rst
year

of
b

ein
g

seen
b
y

th
e

clin
ic,

(2)
h

av
e

3
yea

rs
b

etw
een

th
eir

fi
rst

an
d

last
m

easu
rem

en
ts,

(3)
h

ave
at

least
4

P
F

V
C

m
easu

rem
en

ts,
an

d
(4)

h
ave

an
in

itial
P

F
V

C
m

ea
su

rem
en

t
th

at
is

20
P

F
V

C
h

igh
er

th
an

th
eir

last
m

easu
rem

en
t.

R
eq

u
irem

en
ts

(2)
an

d
(3

)
a
re

to
en

su
re

th
at

th
e

tra
jectory

can
b

e
relia

b
ly

an
n

otated
as

d
eclin

in
g

or
n

ot.
F

or
ea

ch
m

o
d

el,
w

e
m

ake
p

red
iction

s
at

years
1,

2,
an

d
4

a
n

d
co

m
p

u
te

th
e

score
d

escrib
ed

ab
ove

for
ea

ch
in

d
iv

id
u

al.
W

e
th

en
com

p
u

te
th

e
A

U
C

for
each

m
o
d
el

at
each

y
ear.

T
a
b
le

7a
d

isp
lay

s
th

e
resu

lts
of

th
is

ex
p

erim
en

t.
W

e
see

th
at

C
-L

T
M

ach
ieves

h
igh

er
A

U
C

at
all

y
ears

th
an

th
e

b
aselin

e
m

o
d

els.
F

igu
re

7b
d

isp
lay

s
th

e
R

O
C

s
for

th
e

B
-S

p
lin

e
+

G
P

(green
),

B
-S

p
lin

e
m

ix
tu

re
(cyan

),
L
T

M
(oran

ge),
an

d
th

e
p

ro
p

o
sed

m
o
d

el
(b

la
ck

)
at

year
1

24
JM

L
R

 17(234):1-35



C
o
u
p
l
e
d

L
a
t
e
n
t

V
a
r
ia

b
l
e

M
o
d
e
l
s

f
o
r

In
d
iv

id
u
a
l
iz

in
g

P
r
o
g

n
o
se

s

an
d

al
so

in
cl

u
d

es
th

e
R

O
C

s
fo

r
th

e
p

ro
p

os
ed

m
o
d

el
at

y
ea

rs
2

(b
lu

e)
an

d
4

(r
ed

)
to

v
is

u
a
li

ze
h

ow
p

er
fo

rm
an

ce
im

p
ro

ve
s

as
m

or
e

d
at

a
is

ad
d

ed
.

C
li

n
ic

al
ly

,
an

A
U

C
of

0
.8

7
fo

r
p

re
d

ic
ti

n
g

in
d

iv
id

u
al

s
w

it
h

lu
n

g
d

ec
li

n
e

af
te

r—
on

av
er

ag
e—

fo
u

r
y
ea

rs
of

d
at

a
is

h
ig

h
a
n

d
h

a
s

n
o
t

b
ee

n
sh

ow
n

p
re

v
io

u
sl

y.

5
.
D
is
cu

ss
io
n

T
h

e
go

al
of

p
er

so
n

al
iz

ed
(a

ls
o

ca
ll

ed
p

re
ci

si
on

)
m

ed
ic

in
e

is
to

d
ev

el
op

to
o
ls

th
a
t

h
el

p
to

ta
il

or
p
ro

gn
os

es
to

th
e

ch
ar

ac
te

ri
st

ic
s

an
d

u
n

iq
u

e
m

ed
ic

al
h

is
to

ry
of

th
e

in
d

iv
id

u
a
l.

In
th

is
p

ap
er

,
w

e
d

es
cr

ib
e

an
ap

p
ro

ac
h

to
p

er
so

n
a
li

ze
d

p
ro

gn
os

is
th

at
u

se
s

an
in

te
g
ra

ti
ve

a
n
al

y
si

s
of

m
u

lt
ip

le
cl

in
ic

al
m

ar
ke

r
h

is
to

ri
es

fr
om

th
e

in
d

iv
id

u
al

s
m

ed
ic

al
re

co
rd

s.
O

u
r

a
p

p
ro

a
ch

co
m

b
in

es
si

n
gl

e-
m

ar
ke

r
la

te
n
t

va
ri

ab
le

m
o
d

el
s

(t
h

e
L
T

M
)

w
it

h
a

C
R

F
co

u
p

li
n

g
m

o
d

el
to

m
ak

e
m

or
e

ac
cu

ra
te

p
re

d
ic

ti
on

s
ab

ou
t

th
e

fu
tu

re
tr

a
je

ct
or

y
of

a
ta

rg
et

cl
in

ic
a
l

m
a
rk

er
.

T
h

e
co

u
p

le
d

m
o
d

el
(C

-L
T

M
)

h
as

se
ve

ra
l

ad
va

n
ta

ge
s.

F
ir

st
,

th
e

m
ar

ke
r-

sp
ec

ifi
c

L
T

M
s

ac
co

u
n
t

fo
r

m
ar

ke
r

tr
a

je
ct

or
y

sh
ap

es
u

si
n

g
co

m
p

on
en

ts
at

th
e

p
op

u
la

ti
on

,
su

b
p

o
p

u
la

ti
o
n

,
in

d
iv

id
u

al
lo

n
g-

te
rm

,
an

d
in

d
iv

id
u

al
sh

or
t-

te
rm

le
ve

ls
,

w
h

ic
h

si
m

u
lt

an
eo

u
sl

y
a
ll

ow
s

fo
r

h
et

-
er

og
en

ei
ty

ac
ro

ss
an

d
w

it
h

in
in

d
iv

id
u

al
s,

an
d

en
ab

le
s

st
at

is
ti

ca
l
st

re
n

gt
h

to
b

e
sh

ar
ed

a
cr

o
ss

ob
se

rv
at

io
n

s
at

d
iff

er
en

t
“r

es
ol

u
ti

on
s”

of
th

e
d
at

a.
W

it
h

in
an

in
d

iv
id

u
a
l

m
a
rk

er
m

o
d

el
,

th
e

p
op

u
la

ti
on

an
d

su
b

p
op

u
la

ti
on

co
m

p
on

en
ts

ar
e

le
ar

n
ed

offl
in

e,
w

h
il

e
es

ti
m

a
te

s
of

th
e

in
d

iv
id

u
al

-s
p

ec
ifi

c
p
ar

am
et

er
s

ar
e

re
fi

n
ed

ov
er

th
e

co
u
rs

e
of

th
e

d
is

ea
se

as
d

a
ta

a
cc

ru
es

fo
r

th
at

in
d

iv
id

u
al

.
S

ec
on

d
,

ou
r

co
u

p
li

n
g

m
o
d

el
al

lo
w

s
u

s
to

co
n

d
it

io
n

b
ot

h
th

e
ta

rg
et

a
n

d
au

x
il

ia
ry

m
ar

ke
r

h
is

to
ri

es
to

m
ak

e
p

re
d

ic
ti

on
s

ab
ou

t
th

e
fu

tu
re

ta
rg

et
m

a
rk

er
tr

a
je

ct
o
ry

.
W

e
th

er
ef

or
e

u
se

th
e

m
ar

ke
r-

sp
ec

ifi
c

la
te

n
t

va
ri

ab
le

m
o
d

el
s

to
n

ea
tl

y
su

m
m

a
ri

ze
a
n

d
ex

-
tr

a
in

fo
rm

at
io

n
fr

om
th

e
ir

re
gu

la
rl

y
sa

m
p

le
d

an
d

sp
ar

se
,

w
h

il
e

si
m

u
lt

an
eo

u
sl

y
si

d
es

te
p

p
in

g
th

e
is

su
e

of
jo

in
tl

y
m

o
d

el
in

g
b

ot
h

th
e

ta
rg

et
an

d
au

x
il

ia
ry

m
ar

ke
rs

.
T

h
e

co
n

d
it

io
n

a
l

fo
r-

m
u

la
ti

on
is

le
ss

se
n

si
ti

ve
to

m
is

sp
ec

ifi
ed

d
ep

en
d

en
ci

es
b

et
w

ee
n

d
iff

er
en

t
m

ar
ke

r
ty

p
es

an
d

ca
n

al
so

b
e

ea
si

ly
sc

al
ed

to
d

is
ea

se
s

w
it

h
a

la
rg

e
n
u

m
b

er
of

au
x
il

ia
ry

m
a
rk

er
s.

F
in

a
ll

y,
ou

r
m

o
d

el
al

ig
n

s
w

it
h

cl
in

ic
al

p
ra

ct
ic

e;
p

re
d

ic
ti

on
s

ar
e

d
y
n

am
ic

al
ly

u
p

d
a
te

d
in

co
n
ti

n
u

o
u

s
ti

m
e

as
n

ew
m

ar
ke

r
ob

se
rv

at
io

n
s

ar
e

m
ea

su
re

d
.

W
e

al
so

n
ot

e
th

at
ou

r
d

es
cr

ip
ti

o
n

o
f

th
e

m
et

h
o
d

an
d

th
e

ex
p

er
im

en
ta

l
re

su
lt

s
fo

cu
s

on
p

re
d

ic
ti

n
g

th
e

tr
a

je
ct

or
y

o
f

a
si

n
g
le

cl
in

ic
a
l

m
ar

ke
r,

b
u

t
m

u
lt

ip
le

la
te

n
t

fa
ct

or
re

gr
es

si
on

m
o
d

el
s

ca
n

b
e

ea
si

ly
fi

t
so

th
a
t

m
a
n
y

m
a
rk

er
s

ca
n

b
e

si
m

u
lt

an
eo

u
sl

y
p

re
d

ic
te

d
.

U
si

n
g

th
is

ex
te

n
si

on
,

w
e

on
ly

n
ee

d
to

m
a
in

ta
in

d
iff

er
en

t
C

R
F

p
ar

am
et

er
s;

th
e

la
te

n
t

va
ri

ab
le

m
o
d

el
s

ar
e

sh
ar

ed
si

n
ce

th
ey

ar
e

fi
t

in
d

ep
en

d
en

tl
y

as
a

p
re

cu
rs

or
to

le
ar

n
in

g
th

e
C

R
F

.

T
h

er
e

ar
e

se
ve

ra
l

sh
or

tc
om

in
gs

of
th

e
p

ro
p

os
ed

ap
p

ro
ac

h
th

at
ar

e
p

ro
m

is
in

g
d

ir
ec

ti
on

s
fo

r
fu

tu
re

re
se

ar
ch

.
F

ir
st

,
th

e
m

o
d

el
im

p
li

ci
tl

y
as

su
m

es
th

at
th

e
d

at
a

ge
n

er
a
ti

n
g

p
ro

ce
ss

is
n

on
in

fo
rm

at
iv

e
(i

.e
.

m
is

si
n

g
d

at
a

is
m

is
si

n
g

at
ra

n
d

om
(L

it
tl

e
an

d
R

u
b

in
,

2
0
14

))
.

T
h

is
is

ap
p

ro
p

ri
at

e
fo

r
cl

in
ic

al
m

ar
ke

rs
th

at
ar

e
ro

u
ti

n
el

y
co

ll
ec

te
d

,
b

u
t

ad
d

it
io

n
al

m
ac

h
in

er
y

w
o
u

ld
b

e
re

q
u

ir
ed

to
m

o
d

el
m

ar
ke

rs
w

h
os

e
m

is
si

n
gn

es
s

is
in

fo
rm

at
iv

e.
F

or
ex

am
p

le
,

in
so

m
e

ca
se

s,
ad

d
it

io
n

al
m

ea
su

re
m

en
ts

m
ay

b
e

m
ad

e
d

u
e

to
cl

in
ic

al
su

sp
ic

io
n

ca
u

se
d

b
y

fa
ct

o
rs

th
a
t

a
re

n
ot

cl
ea

rl
y

d
o
cu

m
en

t
in

th
e

h
ea

lt
h

re
co

rd
.

R
es

ea
rc

h
er

s
h

av
e

b
eg

u
n

to
ex

p
lo

re
m

o
re

co
m

p
le

x
m

is
si

n
g-

d
at

a
m

ec
h

an
is

m
s

fo
r

d
is

ea
se

tr
a
je

ct
or

y
m

o
d

el
in

g
(e

.g
.,

L
an

ge
et

al
.
2
01

5
;
C

ol
ey

et
al

.
20

16
),

an
d

it
w

il
l
b

e
im

p
or

ta
n
t

to
in

co
rp

or
at

e
th

es
e

id
ea

s
in

to
th

e
fr

am
ew

o
rk

d
is

cu
ss

ed
h

er
e

to
in

te
gr

at
e

th
e

fu
ll

se
t

of
m

ar
ke

rs
m

ea
su

re
d

d
u

ri
n

g
a

cl
in

ic
al

v
is

it
.

A
n

ot
h

er
sh

o
rt

co
m

in
g

is
ou

r
fo

cu
s

on
d

is
cr

et
e

la
te

n
t

fa
ct

or
s

of
th

e
au

x
il

ia
ry

m
a
rk

er
tr

a
je

ct
or

ie
s.

C
o
n
ti

n
u

o
u

s-
va

lu
ed

25
JM

L
R

 1
7(

23
4)

:1
-3

5

S
c
h
u
l
a
m

a
n
d

S
a
r
ia

la
te

n
t

fa
ct

o
rs

m
ay

a
ls

o
b

e
u

se
fu

l,
b

u
t

w
o
u

ld
m

ak
e

le
ar

n
in

g
a
n

d
in

fe
re

n
ce

in
th

e
la

te
n
t

fa
ct

or
C

R
F

m
or

e
ch

al
le

n
gi

n
g.

T
h

er
e

ar
e

al
so

se
ve

ra
l

ot
h

er
im

m
ed

ia
te

o
p

p
o
rt

u
n

it
ie

s
fo

r
im

p
ro

v
in

g
th

e
m

o
d

el
.

A
u

x
-

il
ia

ry
m

ar
ke

rs
a
re

in
te

g
ra

te
d

v
ia

se
p

a
ra

te
m

a
rk

er
-s

p
ec

ifi
c

g
en

er
a
ti

ve
m

o
d

el
s.

W
h

il
e

w
e

in
co

rp
or

a
te

d
tw

o
d

iff
er

en
t

ty
p

es
o
f

m
o
d

el
s—

tr
a

je
ct

o
ry

a
n

d
m

a
x
im

u
m

-s
ev

er
it

y
b

a
se

d
—

b
o
th

of
w

h
ic

h
w

er
e

d
a
ta

d
ri

ve
n

,
ex

is
ti

n
g

a
n

d
n

ew
cl

in
ic

a
l
k
n

ow
le

d
g
e

sh
ou

ld
b

e
b

ro
u

g
h
t

to
b

ea
r

to
im

p
ro

ve
th

es
e

m
o
d

el
s,

w
h

ic
h

w
e

ex
p

ec
t

w
il

l
im

p
ro

ve
p

re
d

ic
ti

o
n

s
o
f

th
e

ta
rg

et
tr

a
je

ct
or

ie
s.

F
u

rt
h

er
,

in
th

is
w

o
rk

,
w

e
fo

cu
se

d
o
n

m
o
d

el
in

g
th

e
d

ep
en

d
en

cy
o
f

th
e

ta
rg

et
su

b
ty

p
e

on
th

e
au

x
il

ia
ry

m
ar

k
er

s.
In

a
d

d
it

io
n

,
es

ti
m

a
te

s
o
f

th
e

in
d

iv
id

u
al

-s
p

ec
ifi

c
lo

n
g
-t

er
m

a
n

d
sh

o
rt

-
te

rm
co

m
p

on
en

ts
m

ay
a
ls

o
b

en
efi

t
fr

o
m

co
n

d
it

io
n

in
g

o
n

th
e

a
u

x
il

ia
ry

m
a
rk

er
s.

F
in

a
ll

y,
th

e
p

ar
am

et
er

s
fo

r
th

e
p

a
ir

w
is

e
p

o
te

n
ti

al
s

le
ar

n
ed

in
o
u

r
m

o
d

el
m

ay
se

rv
e

as
a

m
ea

n
s

fo
r

ge
n

er
a
ti

n
g

h
y
p

ot
h

es
es

a
b

ou
t

th
e

co
-e

vo
lu

ti
on

o
f

o
rg

an
-s

p
ec

ifi
c

tr
a
je

ct
o
ri

es
.

T
h

e
id

ea
s

p
ro

p
os

ed
h

er
e

a
ls

o
op

en
u

p
o
th

er
lo

n
g
er

-t
er

m
d

ir
ec

ti
o
n

s
fo

r
fu

tu
re

w
o
rk

.
T

h
e

p
ro

p
os

ed
m

o
d

el
d

o
es

n
o
t

ac
co

u
n
t

fo
r

th
e

eff
ec

ts
o
f

tr
ea

tm
en

t
o
n

a
n

in
d

iv
id

u
a
l’

s
lo

n
g-

te
rm

tr
a
je

ct
o
ry

.
In

m
an

y
ch

ro
n

ic
co

n
d

it
io

n
s,

a
s

is
th

e
ca

se
fo

r
sc

le
ro

d
er

m
a
,

d
ru

g
s

on
ly

p
ro

v
id

e
sh

or
t-

te
rm

re
li

ef
(a

cc
ou

n
te

d
fo

r
in

ou
r

m
o
d

el
b
y

th
e

in
d

iv
id

u
al

-s
p

ec
ifi

c
ad

ju
st

m
en

ts
).

H
ow

ev
er

,
if

tr
ea

tm
en

ts
th

at
a
lt

er
lo

n
g
-t

er
m

co
u

rs
e

a
re

av
a
il

a
b

le
a
n

d
co

m
m

o
n

ly
p

re
sc

ri
b

ed
,

th
en

th
es

e
sh

ou
ld

b
e

in
cl

u
d

ed
w

it
h

in
th

e
m

o
d

el
as

a
n

a
d

d
it

io
n

a
l

co
m

p
o
n

en
t

th
a
t

in
fl

u
en

ce
s

th
e

tr
a

je
ct

or
y.

L
ea

rn
in

g
th

es
e

tr
ea

tm
en

t
eff

ec
ts

fr
o
m

n
o
is

y
el

ec
tr

o
n

ic
h

ea
lt

h
re

co
rd

d
a
ta

(e
.g

.,
X

u
et

al
.

20
16

)
p

re
se

n
t

an
ex

ci
ti

n
g

a
n

d
ch

a
ll

en
g
in

g
d

ir
ec

ti
on

fo
r

fu
tu

re
w

o
rk

.

W
e

h
av

e
d

em
o
n

st
ra

te
d

o
u

r
m

o
d

el
b
y

d
ev

el
o
p

in
g

a
p

ro
gn

os
ti

c
to

o
l

fo
r

p
re

d
ic

ti
n

g
lu

n
g

d
is

ea
se

tr
a
je

ct
or

ie
s

in
p

a
ti

en
ts

w
it

h
sc

le
ro

d
er

m
a
,

a
n

a
u

to
im

m
u

n
e

d
is

ea
se

.
W

e
sh

ow
ed

th
a
t

th
e

p
ro

p
os

ed
m

o
d

el
m

ak
es

m
or

e
ac

cu
ra

te
p

re
d

ic
ti

o
n

s
th

a
n

st
at

e-
of

-t
h
e-

a
rt

ap
p

ro
ac

h
es

.
A

c-
cu

ra
te

to
o
ls

fo
r

p
ro

gn
o
si

s
ca

n
a
ll

ow
cl

in
ic

ia
n

s
a
n

d
p

a
ti

en
ts

to
m

o
re

ac
ti

ve
ly

m
an

ag
e

th
ei

r
d

is
ea

se
.

W
h

il
e

w
e

h
av

e
fo

cu
se

d
m

o
d

el
d

ev
el

op
m

en
t

an
d

ev
a
lu

a
ti

o
n

o
n

sc
le

ro
d

er
m

a
,

th
is

w
or

k
is

b
ro

ad
ly

a
p

p
li

ca
b

le
to

o
th

er
co

m
p

le
x

d
is

ea
se

s
(C

ra
ig

,
20

08
),

m
a
n
y

o
f

w
h

ic
h

tr
ac

k
d

is
ea

se
a
ct

iv
it

y
u

si
n

g
cl

in
ic

a
l

sc
a
le

s
o
f

se
ve

ri
ty

.
T

h
e

p
ro

p
o
se

d
m

o
d

el
is

m
os

t
d

ir
ec

tl
y

a
p

p
li

-
ca

b
le

to
C

C
D

s
w

h
er

e
h

et
er

o
g
en

ei
ty

in
d

is
ea

se
p

re
se

n
ta

ti
o
n

is
co

m
m

o
n

.
E

x
am

p
le

s
of

su
ch

d
is

ea
se

s
in

cl
u

d
e

lu
p
u

s,
m

u
lt

ip
le

sc
le

ro
si

s,
in

fl
a
m

m
a
to

ry
b

ow
el

d
is

ea
se

(I
B

D
),

ch
ro

n
ic

o
b

-
st

ru
ct

iv
e

p
u

lm
on

ar
y

d
is

ea
se

(C
O

P
D

),
a
n

d
a
st

h
m

a
.

E
x
te

n
si

o
n

s
o
f

th
e

p
ro

p
o
se

d
id

ea
s,

an
d

th
e

m
o
d

el
,

to
th

es
e

d
is

ea
se

s
o
ff

er
a
n

o
p

p
or

tu
n

it
y

to
a
d

d
re

ss
im

p
o
rt

a
n
t

o
p

en
ch

a
ll

en
g
es

in
p

re
ci

si
on

m
ed

ic
in

e.

A
ck

n
o
w
le
d
g
m
e
n
ts

W
e

w
ou

ld
li

ke
to

th
a
n
k

D
rs

.
L

au
ra

H
u

m
m

er
s,

F
re

d
ri

ck
W

ig
le

y
an

d
R

o
b

er
t

W
is

e
w

h
o

h
av

e
p

ro
v
id

ed
ex

te
n

si
v
e

cl
in

ic
al

g
u

id
a
n

ce
as

w
el

l
a
s

th
e

d
at

a
se

t
w

it
h

w
h

ic
h

th
is

st
u

d
y

w
as

co
n

d
u

ct
ed

.
W

e
w

o
u

ld
a
ls

o
li

ke
to

th
a
n

k
D

r.
C

ol
in

L
ig

o
n

fo
r

h
is

g
en

er
o
u
s

su
p
p

o
rt

in
ch

ar
t

re
v
ie

w
in

g
p

at
ie

n
ts

;
m

an
y

of
th

e
ke

y
id

ea
s

in
o
u

r
w

or
k

w
er

e
m

ot
iv

at
ed

b
y

th
es

e
ch

a
rt

re
v
ie

w
s.

F
in

al
ly

,
w

e
w

o
u

ld
li

ke
to

th
a
n

k
Z

ac
h

a
ry

B
a
rn

es
w

h
o

h
el

p
ed

d
ep

lo
y

a
p

re
v
io

u
s

it
er

a
ti

o
n

o
f

th
is

m
o
d

el
a
s

a
to

o
l

in
th

e
cl

in
ic

a
n

d
sh

a
d

ow
ed

cl
in

ic
ia

n
s

w
h

il
e

it
w

a
s

in
u

se
.

O
u

r
w

o
rk

h
as

b
en

efi
te

d
fr

om
th

e
le

ss
o
n

s
h

e
le

a
rn

ed
w

h
en

o
b

se
rv

in
g

th
e

cl
in

ic
ia

n
s

u
se

th
is

to
ol

.

26
JM

L
R

 1
7(

23
4)

:1
-3

5



C
o
u
p
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b
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p
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d
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p
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b
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b
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p
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a
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Λ
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Φ
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Σ
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p
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ca
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d

el
selection

u
sin

g
o
b

served
-d

a
ta

lo
g
-lik

elih
o
o
d

a
s

a
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n
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a
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m
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-likelih
o
o
d

in
E

q
u

a
tio

n
31

(D
em

p
ster

et
a
l.,

1
97

7
).

E
xpecta

tio
n

step
.

A
ll

p
ara

m
eters

rela
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ab
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e
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∈
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l
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H
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b
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b
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p
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m
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p
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b
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p
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ab
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p
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b
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p
ly

u
sed

to
create

train
in

g
in

stan
ces.

W
e

also
n

ote
th

at
it

is
p

ossib
le

to
tra

in
sp

ecialized
m

o
d

els
for

d
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p
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p
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reco
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1 ∑t∈T

log 
∑

z
i

p
(~y
i,>

t |
z
i )

︸
︷︷

︸
(A

)

p
(z
i |H

(i,t))
︸

︷︷
︸

(B
)


,

(34)

w
h

ere
(A

)
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th
e

su
b
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p

e-sp
ecifi

c
m

u
ltivariate

n
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o
o
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E

q
.
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a
n

d
(B

)
is

th
e

con
d

itio
n

a
l

d
istrib

u
tion
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z
i
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ow

n
in

E
q
.

28.
T

o
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th
e

p
aram
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w

e
m
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im

ize
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o
b

jective
w
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to
γ

,
γ

1
:C

,
θ,
θ

1
:C

,
an

d
η

1
:C

u
sin

g
gra

d
ien

t-b
ased

m
eth

o
d

s
(e.g.

L
-
B
F
G
S
).

In
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p
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en
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w
e
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b
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e
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p
u
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d
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t
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E

q
.
33

on
ly.

C
o
n
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er
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sin

gle
su

m
m

an
d

of
E

q
.

33

lo
g
p
(~y
i,>

t |H
(i,t))

=
log (

∑

z
i

p
(~y
i,>

t |
z
i )p

(z
i |H

(i,t)) )
.

(35)

T
o

reiterate,
th

e
p

aram
eters

of
th

e
d

en
sity

p
(~y
i,>

t |
z
i )
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m
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h

ave
b
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in

a
sep

a
rate

step
(e.g.

u
sin

g
th

e
E

M
algorith

m
p
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ted
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e),
an

d
so

w
e

are
on

ly
co

n
cern

ed
w

ith
estim

atin
g

th
e

p
aram

eters
of

th
e

sin
gleton

an
d

p
airw

ise
factors

in
th

e
C

R
F

:
γ
,γ

1
:C
,θ,θ

1
:C
,η

1
:C

.
G

ra
d
ien

t
o
f

th
e

o
bjective.

W
e

d
erive

th
e

grad
ien

t
for

a
sin

gle
su

m
m

an
d

of
th

e
o
b

jectiv
e

(E
q
.

3
3),

w
h

ich
are

com
b

in
ed

ad
d

itively
to

form
th

e
fu

ll
grad

ien
t

u
sed

at
each

iteration
.

A
lth

o
u

gh
ou

r
m

o
d

el
is

log-lin
ear

over
all

laten
t

variab
les

z
i

an
d
z

1
:C
,i ,

E
q
.

35
is

n
o
t

lin
ear

in
th

e
p

a
ra

m
eters

b
ecau

se
th

e
ran

d
om

fi
eld

d
o
es

n
ot

d
irectly

estim
ate

th
e

co
n

d
ition

al
d

is-
trib

u
tion
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th

e
fu

tu
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target
clin

ical
m

ark
ers,

b
u

t
in

stead
estim

ates
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e
w

eig
h
ts

assign
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ea

ch
con

fi
gu

ration
of

th
e

laten
t

variab
les.

W
e

th
erefo

re
h

av
e

th
at

th
e

p
artial

d
erivative

o
f

E
q
.

35
w

ith
resp

ect
to

an
y

p
aram

eter
θ
k

is:

∂
log

p
(~y
i,>

t |H
(i,t))

∂
θ
k

=

(∑
z
p
(~y
i,>

t |
z
)
∂
p
(z|H

(i,t))
∂
θ
k

)

p
(~y
i,>

t |H
(i,t))

.
(36)
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p
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W

e
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∂
p
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∂
θ k

=
∂ ∂
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Z
′ i,t
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)

Z
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t
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1 Z
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t

∂
Z
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(z
)

∂
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Z
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)∂
Z
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t

∂
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ra
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.
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d
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se
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e
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si

d
er

th
e

p
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1
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1
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,η
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th
e

n
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ra
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et
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tr
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rr
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d
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st
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th
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ef
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re

th
e

fa
ct

or
s
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e
lo
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li

n
ea

r
m

o
d

el
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T
(z
,z

1
:C
,~x
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=

[`
i,
≤
t(
z
),
` 1
,i
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t(
z 1

),
..
.,
` C
,i
,≤
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z C
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f
>

(z
,~x

i)
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> 1

(z
1
,~x

i)
,.
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> C

(z
C
,~x

i)
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g
> 1
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,z

1
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.,
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> C
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.
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p

or
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p
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ex
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ti
al
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th
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p
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at
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va
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n

at
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ra
l
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et
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ot
e

th
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t

b
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th
Z
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an
d
Z
i,
t

ar
e

n
or

m
al

iz
in
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n
st

an
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of
ex

p
on

en
ti

al
fa

m
il

y
d

is
tr
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on

s.
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th
e
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f
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t

th
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l
to
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e

b
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se

it
is
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e

n
or

m
al

iz
in

g
co

n
st

an
t

of
ou

r
lo

g-
li

n
ea

r
m

o
d

el
.

In
th

e
ca

se
of
Z
′ i,t

(z
)

w
e

se
e

th
at

it
is

th
e

n
or

m
al

iz
in

g
co

n
st

an
t

of
a

lo
g-

li
n
ea

r
m

o
d

el
ov

er
th

e
a
u

x
il

ia
ry

m
ar

ke
r

la
te

n
t

va
ri

ab
le

s
z 1

:C
gi

ve
n

bo
th
z

an
d

th
e

cl
in

ic
al

h
is

to
ry
H

(i
,t

).
W

e
th

er
ef

or
e

h
av

e:

∂
lo

g
Z
′ i,t

(z
)

∂
θ k

=
E z

1
:C

[T
(z
,z

1
:C
,~x

i)
k
|z
,H

(i
,t

)]

=
⇒

∂
Z
′ i,t

(z
)

∂
θ k

=
Z
′ i,t

(z
)E

z 1
:C

[T
(z
,z

1
:C
,~x

i)
k
|z
,H

(i
,t

)]
,

(4
0
)

∂
lo

g
Z
i,
t

∂
θ k

=
E z

,z
1
:C

[T
(z
,z

1
:C
,~x

i)
k
|H

(i
,t

)]

=
⇒

∂
Z
−

1
i,
t

∂
θ k

=
−

1 Z
i,
t
E z

,z
1
:C

[T
(z
,z

1
:C
,~x

i)
k
|H

(i
,t

)]
,

(4
1)

w
h

er
e

w
e

h
av

e
u

se
d
T

(z
,z

1
:C
,~x

i)
k

to
d

en
ot

e
th

e
fe

at
u

re
(o

r
su

ffi
ci

en
t

st
at
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ti
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co
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es

p
o
n

d
in
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th
e

p
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et

er
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B

y
p

lu
gg
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th
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e
p

ar
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al
d

er
iv
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es
b
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k
in
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E

q
.
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,

w
e

h
av

e

∂ ∂
θ k

Z
′ i,t

(z
)

Z
i,
t

=
Z
′ i,t

(z
)

Z
i,
t

(E
Θ

[T
(z
,z

1
:C
,~x

i)
k
|z
,H

(i
,t

)]
−
E Θ

[T
(z
,z

1
:C
,~x

i)
k
|H

(i
,t

)]
)

(4
2)

=
p
(z
|H

(i
,t

))
(E

Θ
[T

(z
,z

1
:C
,~x

i)
k
|z
,H

(i
,t

)]
−
E Θ

[T
(z
,z

1
:C
,~x

i)
k
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(i
,t

)]
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p
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p
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a
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h
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b
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p
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∂
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∂
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=
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(~y
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))
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|H
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,~x
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−
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−
E Θ
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p
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p
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d
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p
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e

d
ec

id
ed

to
fo

cu
s

on
h
ig

h
-f

re
q
u

en
cy

/
lo

w
-p

en
et

ra
n

ce
S

N
P

s
th

at
aff

ec
t

b
re

as
t

ca
n

ce
r

ri
sk

as
op

p
os

ed
to

lo
w

fr
eq

u
en

cy
S

N
P

s
w

it
h

h
ig

h
p

en
et

ra
n

ce
or

in
te

rm
ed

ia
te

p
en

et
ra

n
ce

.
W

e
co

n
so

li
d

a
te

d
a

li
st

of
7
7

co
m

m
o
n

ge
n

et
ic

va
ri

a
n
ts

(T
a
b

le
2
)

w
h

ic
h

w
er

e
id

en
ti

fi
ed

b
y

re
ce

n
t

la
rg

e-
sc

a
le

G
W

A
S

st
u

d
ie

s
o
r

u
se

d
to

ge
n
er

a
te

p
u

b
li

sh
ed

p
re

d
ic

ti
ve

m
o
d

el
s

(L
iu

et
al

.,
20

1
4)

.
T

h
e

li
st

in
cl

u
d

ed
4
1

S
N

P
s

id
en

ti
fi

ed
b
y

C
O

G
S

th
ro

u
g
h

a
m

et
a
-a

n
al

y
si

s
of

9
G

W
A

S
st

u
d

ie
s

(M
ic

h
ai

li
d

o
u

et
al

.,
20

1
3)

.
R

ec
en

tl
y,

a
si

m
il

a
r

se
t

o
f

7
7

b
re

a
st

ca
n
ce

r-
a
ss

o
ci

a
te

d
S

N
P

s
is

al
so

st
u

d
ie

d
fo

r
ri

sk
p

re
d

ic
ti

on
(M

av
a
d

d
a
t

et
a
l.

,
2
0
1
5)

.

2
.2

L
o
g
is

ti
c

R
e
g
re

ss
io

n

A
ss

u
m

e
th

at
w

e
h

av
e

in
d

ep
en

d
en

t
an

d
id

en
ti

ca
l
d

is
tr

ib
u

te
d

su
b

je
ct

s
{(
x
i,
y i

)}
n i=

1
,
w

h
er

e
th

e
ex

p
la

n
at

or
y

va
ri

a
b

le
X
∈
R
d

a
n

d
th

e
b

in
a
ry

re
sp

on
se

va
ri

a
b

le
Y
∈
{−

1
,1
}.

N
ot

e
th

a
t

th
e

co
n

d
it

io
n

a
l

p
ro

b
ab

il
it

y
η
(x

)
=

P(
Y

=
1|
X

=
x

)
p

la
y
s

a
n

im
p

o
rt

a
n
t

ro
le

in
th

e
cl

as
si

fi
ca

ti
on

p
ro

b
le

m
.

D
en

ot
e
x
i

=
(x
i1
,.
..
,x

id
)T

,
an

d
li
n

ea
r

lo
g
is

ti
c

re
g
re

ss
io

n
m

o
d

el
is

d
efi

n
ed

b
y

lo
g

η
(x
i)

1
−
η
(x
i)

=
x
T i
β
,

i
=

1,
..
.,
n
,

w
h

er
e
β

=
(β

1
,.
..
,β
d
)T

is
th

e
sl

o
p

e
p

a
ra

m
et

er
.

A
n

d
th

e
lo

g
is

ti
c

re
g
re

ss
io

n
es

ti
m

at
o
r
β̂

is
gi

ve
n

b
y

th
e

m
in

im
iz

er
of

th
e

n
eg

a
ti

ve
lo

g
-l

ik
el

ih
o
o
d

fu
n

ct
io

n

L
(β

)
=

1 n

n ∑ i=
1

lo
g
(1

+
ex

p
(−
y i
·x

T i
β

))
.

(1
)

W
it

h
β̂

,
w

e
th

en
es

ti
m

a
te

th
e

co
n

d
it

io
n

a
l

p
ro

b
a
b

il
it

y
η
(x
i)

b
y

η̂
(x
i)

=
ex

p
(x
T i
β̂

)

1
+

ex
p

(x
T i
β̂

)
=

1

1
+

ex
p

(−
x
T i
β̂

).

T
h

en
w

e
sh

ou
ld

p
re

d
ic

t
y i

=
1

if
η̂
(x
i)
≥

0
.5

a
n

d
y i

=
−

1
if
η̂
(x
i)
<

0
.5

.

2
.3

G
ro

u
p

P
e
n

a
lt

y
a
n

d
`p

F
u

si
o
n

P
e
n

a
lt

y

N
ot

e
th

at
th

er
e

ex
is

t
n

a
tu

ra
l

gr
o
u

p
st

ru
ct

u
re

a
n

d
d

ep
en

d
en

ce
st

ru
ct

u
re

in
m

a
m

m
o
g
ra

p
h
y

fe
at

u
re

s
(F

ig
u

re
1
),

w
h

ic
h

a
ll

ow
s

u
s

to
in

cl
u

d
e

th
e

st
ru

ct
u
re

in
fo

rm
a
ti

o
n

in
to

o
u
r

ri
sk

p
re

d
ic

ti
on

m
o
d

el
s

d
ir

ec
tl

y.
F

o
r

ge
n

et
ic

va
ri

a
n
ts

,
g
ro

u
p

st
ru

ct
u

re
s

a
ls

o
ex

is
t

(L
iu

et
a
l.

,
20

1
2,

2
01

3)
.

In
th

is
p

ap
er

,
w

e
a
p

p
ly

h
ie

ra
rc

h
ic

a
l

cl
u

st
er

in
g

to
cl

u
st

er
th

e
7
7

S
N

P
s

b
a
se

d
on

th
ei

r
d

is
si

m
il

ar
it

y
m

a
tr

ix
ob

ta
in

ed
b
y

co
m

p
u

ti
n

g
S

p
ea

rm
a
n

’s
co

rr
el

at
io

n
o
r

H
a
m

m
in

g
d

is
ta

n
ce

am
on

g
th

em
.

M
o
re

d
et

ai
ls

a
re

p
ro

v
id

ed
in

S
ec

ti
o
n

2.
5
.

S
u

p
p

os
e

th
at
d

fe
a
tu

re
s

a
re

d
iv

id
ed

in
to
G

g
ro

u
p

s
w

it
h
d
g

th
e

n
u

m
b

er
o
f

fe
a
tu

re
s

in
gr

ou
p
g
.

D
efi

n
e
β
g
∈
R
d
g

to
b

e
th

e
co

rr
es

p
o
n

d
in

g
co

effi
ci

en
t

ve
ct

o
r

in
g
ro

u
p
g
.

T
h

e
g
ro

u
p

la
ss

o
lo

gi
st

ic
re

gr
es

si
o
n

(M
ei

er
et

a
l.

,
2
0
08

)
is

d
efi

n
ed

a
s

th
e

fo
ll

ow
in

g
o
p
ti

m
iz

a
ti

on
p

ro
b

le
m

m
in

β
∈R

d

  
L

(β
)

+
λ

1

G ∑ g
=

1

√
d
g
‖β

g
‖ 2

  
,

6
JM

L
R

 1
7(
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5)

:1
-1

5



S
t
r
u
c
t
u
r
e
-l

e
v
e
r
a
g

e
d

m
e
t
h
o
d
s

in
b
r
e
a
st

c
a
n
c
e
r

r
isk

p
r
e
d
ic

t
io

n

w
h

ere
L

(β
)

is
d

efi
n

ed
b
y

(1
)

an
d
λ

1
≥

0
is

th
e

tu
n

in
g

p
a
ram

eter.
It

in
clu

d
es

lasso
a
s

a
sp

ecia
l

case
w

ith
G

=
d
.

T
h

e
fact

th
at

th
ere

ex
ist

d
ep

en
d

en
ce

stru
ctu

re
w

ith
in

ea
ch

m
a
m

m
og

ra
p

h
y

fea
tu

re
g
rou

p
a
n

d
ea

ch
S

N
P

grou
p

en
co

u
ra

ges
u

s
to

p
ro

p
o
se

th
e

fo
llow

in
g

n
ovel

m
eth

o
d

b
y

com
b

in
in

g
g
ro

u
p

la
sso

lo
gistic

reg
ressio

n
a
n

d
`
p

fu
sio

n
p

en
alty.

m
in

β∈
R
d 

L
(β

)
+

G
∑g
=

1 (
λ

1 √
d
g ‖
β
g ‖

2
+
λ

2 ‖
D
g β
g ‖
pp ) 

,
(2)

w
h

ere
D
g

is
a

(d
g −

1
)×

d
g

sp
a
rse

m
a
trix

w
ith

on
ly
D

[i,i]
=

1
an

d
D

[i,i
+

1
]
=
−

1
,
λ

2 ≥
0

is
th

e
tu

n
in

g
p

a
ra

m
eter,

a
n

d
1
≤
p
≤

2
is

th
e

sh
rin

ka
g
e

p
a
ra

m
eter.

M
oreover,

if
th

e
w

ith
in

-g
ro

u
p

d
ep

en
d

en
ce

stru
ctu

res
are

d
iff

eren
t

fo
r

g
ro

u
p

s{1
,...,G

1 }
a
n

d
{
G

1
+

1
,...,G

}
,

w
e

ca
n

sp
lit

th
e
`
p

fu
sio

n
p

en
a
lty

in
to

tw
o

p
a
rts

a
s

m
in

β∈
R
d 

L
(β

)
+
λ

1

G
∑g
=

1 √
d
g ‖β

g ‖
2

+
λ

2 
G

1
∑g
=

1 ‖
D
g β
g ‖
p
1
p
1

+

G
∑g

=
G

1
+

1 ‖
D
g β
g ‖
p
2
p
2 

,

(3
)

w
h

ere
1
≤
p

1 ,p
2 ≤

2
a
re

selected
b

a
sed

on
cross

valid
a
tio

n
.

T
h

e
n

ov
elty

of
ou

r
m

eth
o
d

com
p

ared
to

p
rev

io
u

s
w

o
rk

s
is

th
ree-fo

ld
:

F
irst,

it
in

clu
d

es
w

ith
in

-g
ro

u
p

fu
sio

n
p

en
a
lty

in
th

e
m

o
d

el
a
n
d

m
a
k
es

th
e

co
effi

cien
ts

of
fea

tu
res

in
th

e
sam

e
grou

p
clo

se
to

ea
ch

oth
er,

w
h

ich
refl

ects
th

e
d

ep
en

d
en

ce
stru

ctu
re

o
f

fea
tu

res
a
n

d
im

p
roves

th
e

risk
p

red
ictio

n
;

S
eco

n
d

,
in

b
rea

st
ca

n
cer

risk
p

red
iction

,
w

e
fi

n
d

th
a
t

th
e

d
ep

en
d

en
ce

stru
ctu

res
a
re

d
iff

eren
t

fo
r

m
a
m

m
o
g
ra

p
h
y

fea
tu

res
a
n

d
S

N
P

s,
w

h
ich

a
re

a
ctu

a
lly

tw
o

d
iff

eren
t

v
iew

s
of

th
e

sam
e

d
a
ta.

A
n

d
th

e
u

tiliza
tion

o
f

m
eth

o
d

(3
)

w
ill

im
p

rov
e

th
e

p
red

ictive
p

erfo
rm

a
n

ce
fu

rth
er;

A
t

la
st,

w
e

fi
n

d
th

a
t

g
en

etic
va

ria
n
ts

im
p

rove
risk

p
red

iction
on

m
a
m

m
o
gra

p
h
y

fea
tu

res,
w

h
ich

p
rov

id
es

so
m

e
in

sig
h
t

rega
rd

in
g

p
erso

n
a
lized

b
reast

ca
n

cer
d

ia
g
n

o
sis.

2
.4

C
o
m

p
u

ta
tio

n
a
l

A
lg

o
rith

m
s

M
a
n
y

a
lgo

rith
m

s
h

ave
b

een
p

rop
o
sed

in
th

e
litera

tu
res

to
so

lve
th

e
log

istic
regressio

n
w

ith
fu

sed
la

sso
reg

u
la

rizatio
n

(L
in

,
2
0
15

;
Y

u
et

a
l.,

2
0
1
5).

In
th

is
su

b
section

w
e

a
d

o
p

t
th

e
fa

st
itera

tive
sh

rin
ka

ge
th

resh
old

in
g

alg
o
rith

m
(B

eck
a
n

d
T

eb
ou

lle,
2
0
0
9
)

to
solve

(2
)

a
s

β
k
+

1
=

a
rg

m
in

β∈
R
d
L

(β
k)

+
〈β
−
β
k,∇

L
(β
k)〉

+
τ2 ‖β

−
β
k‖

22
+

G
∑g
=

1 (
λ

1 √
d
g ‖β

g ‖
2

+
λ

2 ‖D
g β
g ‖
pp )

w
ith

β
=

(β
1 ,···,β

d )
T

a
n

d
τ
>

0
th

e
L

ip
sch

itz
co

n
sta

n
t

o
f
L

(·).
A

n
d

th
e

itera
tion

step
is

eq
u
iva

len
t

to
solv

in
g

m
in

β∈
R
d 

12 ‖β
−

(β
k−

1τ ∇
L

(β
k))‖

22
+

G
∑g
=

1 (
λ

1 √
d
g

τ
‖
β
g ‖

2
+
λ

2τ
‖
D
g β
g ‖
pp )

.

(4)

7
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L
R

 17(235):1-15

F
A

N
,

W
U

,
Y

U
A

N
,

P
A

G
E

,
L

IU
,

O
N

G
,

P
E

IS
S
IG

,
A

N
D

B
U

R
N

S
ID

E

T
h

erefore,
it

su
ffi

ces
to

solv
e

th
e

fo
llow

in
g

op
tim

ization
p

ro
b

lem
w

ith
in

each
grou

p

m
in

β
g ∈

R
d
g {

12 ‖β
g −

z‖
22

+
ρ

1 ‖β
g ‖

2
+
ρ

2 ‖
D
g β
g ‖
pp }

,
(5)

w
h

ere
z

=
β
kg −

1τ ∇
L

(β
kg ),

ρ
1

=
λ
1 √

d
g

τ
an

d
ρ

2
=

λ
2τ .

T
h

e
p

rox
im

ity
op

erator
(P

olson
et

al.,
2015)

of
a

fu
n

ction
f

is
d

efi
n

ed
as

P
f (z

)
=

arg
m

int {
12 ‖
t−

z‖
2

+
λ
f

(t) }
.

•
F

o
r
f

(t)
=
|t|

an
d
z
∈

R
,
P
f (z

)
:=

S
1 (z

,λ
)

=
sig

n
(z

)
m

a
x{|z|−

λ
,0},

w
h

ich
is

also
called

soft
th

resh
old

op
erator.

•
F

or
f

(t)
=
|t| p

w
ith

1
<
p
≤

2
an

d
z
∈

R
,
P
f (z

)
:=

S
p (z

,λ
)

=
sig

n
(z

)ξ,
w

h
ere

ξ
is

th
e

u
n

iq
u

e
n

on
n

egative
solu

tion
to

ξ
+
p
λ
ξ
p−

1
=
|ξ|.

In
p

articu
lar,

w
e

h
ave

S
2 (z

,λ
)

=
z

2
λ

+
1 ,
S

3
/
2 (z

,λ
)

=
z

+
9
λ

2sig
n

(z
)(1−

√
1

+
16|z|/

(9λ
2))/

8
an

d
S

4
/
3 (z

,λ
)

=

z
+

4
λ

3
2
13

((χ
−
z
)
1
/
3−

(χ
+
z
)
1
/
3)

w
ith

χ
=
√
z

2
+

256
λ

3/
729

.

•
F

o
r
f

(t)
=
‖
t‖

2
an

d
z
∈
R
d,
P
f (z

)
:=

S
2
,1 (z

,λ
)

=
m

ax{1−
λ
‖
z‖

2 ,0}∗
z
.

W
ith

th
e

h
elp

of
th

ese
p

rox
im

ity
op

erators
an

d
B

regm
an

sp
littin

g
algo

rith
m

(Y
e

an
d

X
ie,

2
011

),
w

e
ca

n
solve

(5)
b
y

iteratively
solv

in
g

th
e

fo
llow

in
g

p
ro

ced
u

res:



β
k
+

1
=

arg
m

in
β
g

12 ‖
β
g −

z‖
22

+
〈u
k,β

g −
a
k〉

+
〈v
k,D

g β
g −

b
k〉

+
µ2 ‖β

g −
a
k‖

22
+

µ2 ‖D
g β
g −

b
k‖

22

a
k
+

1
=

arg
m

ina
ρ

1 ‖a‖
2

+
〈u
k,β

k
+

1−
a〉

+
µ2 ‖
β
k
+

1−
a‖

22

b
k
+

1
=

arg
m

inb
ρ

2 ‖
b‖
pp

+
〈v
k,D

g β
k
+

1−
b〉

+
µ2 ‖D

g β
k
+

1−
b‖

22

u
k
+

1
=
u
k

+
µ

(β
k
+

1−
a
k
+

1)
v
k
+

1
=
v
k

+
µ

(D
g β

k
+

1−
b
k
+

1)

w
h

ere
µ

acts
lik

e
a

step
size

in
th

is
algorith

m
.

R
e
m

a
rk

1
T

h
e

m
in

im
iza

tio
n

o
ver

β
,
a

a
n

d
b

ca
n

a
ll

be
so

lved
in

clo
sed

fo
rm

.

•
β
k
+

1
=

[(µ
+

1)I
+
µ
D
Tg
D
g ] −

1[z
+
µ

(a
k−

u
k/µ

)
+
µ
D
Tg

(b
k−

v
k/µ

)]

•
a
k
+

1
=
S

2
,1 (β

k
+

1
+
u
k/µ

,ρ
1 /µ

)

•
b
k
+
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n

co
n

si
st

en
cy

an
d

o
ra

cl
e

p
ro

p
er

ty
in

h
ig

h
d

im
en

si
on

.
Z

h
an

g
et

al
.

(2
01

6
a)

in
ve

st
ig

a
te

d
a

co
n

si
st

en
t

in
fo

rm
a
ti

o
n

cr
it

er
io

n
fo

r
tu

n
in

g
p

ar
a
m

et
er

se
le

ct
io

n
fo

r
su

p
p

o
rt

ve
ct

o
r

m
a
ch

in
e

in
th

e
d

iv
er

gi
n

g
m

o
d

el
sp

a
ce

.
B

o
th

of
th

es
e

tw
o

p
a
p

er
s

d
ir

ec
tl

y
as

su
m

e
an

a
p

p
ro

p
ri

a
te

in
it

ia
l

va
lu

e
ex

is
ts

in
th

e
h

ig
h

-d
im

en
si

on
al

se
tt

in
g
.

In
th

is
p

a
p

er
,

w
e

st
u

d
y

th
e

as
y
m

p
to

ti
c

b
eh

av
io

r
o
f

th
e

es
ti

m
a
te

d
L

1
-n

o
rm

S
V

M
co

ef
-

fi
ci

en
ts

an
d

d
er

iv
e

th
at

th
e

er
ro

r
b

o
u

n
d

is
o
f

n
ea

r-
o
ra

cl
e

ra
te
O

(√
q

lo
g
p
/n

),
w

h
er

e
q

is
th

e
n
u

m
b

er
of

fe
a
tu

re
s

w
it

h
n

o
n

ze
ro

co
effi

ci
en

ts
,
n

is
th

e
sa

m
p

le
si

ze
,

a
n

d
th

e
n
u

m
b

er
o
f

ca
n

d
id

a
te

fe
at

u
re

s
p

ca
n

b
e

of
ex

p
on

en
ti

a
l

o
rd

er
o
f
n

(i
.e

.,
th

e
u

lt
ra

-h
ig

h
d

im
en

si
o
n

a
l

ca
se

).
F

u
rt

h
er

m
or

e,
in

S
ec

ti
o
n

4
w

e
sh

ow
th

a
t

th
is

sh
ar

p
er

ro
r

b
o
u

n
d

h
el

p
s

g
re

at
ly

ex
te

n
d

th
e
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a
p

p
lica

b
ility

o
f

th
e

recen
t

alg
orith

m
a
n

d
th

eo
ry

o
f

h
ig

h
-d

im
en

sio
n

a
l

n
on

-co
n
vex

-p
en

a
lized

S
V

M
(Z

h
a
n

g
et

al.,
2
01

6
b

)
b
y

p
rov

id
in

g
a

sta
tistica

lly
va

lid
an

d
co

m
p

u
ta

tio
n

a
lly

co
n
ve-

n
ien

t
in

itia
l

va
lu

e.
T

h
e

u
se

of
n

on
-co

n
v
ex

p
en

a
lty

fu
n
ctio

n
a
im

s
to

fu
rth

er
red

u
ce

th
e

b
ias

a
sso

ciated
w

ith
th

e
L

1
p

en
alty

an
d

a
ccu

ra
tely

id
en

tify
th

e
set

o
f

releva
n
t

fea
tu

res
fo

r
cla

ssi-
fi

catio
n

.
H

ow
ev

er,
th

e
p

resen
ce

o
f

n
o
n

-co
n
vex

p
en

a
lty

resu
lts

in
co

m
p

u
ta

tio
n

a
l

co
m

p
lex

ity.
Z

h
a
n

g
et

al.
(2

0
16

b
)

p
ro

p
o
sed

an
a
lgo

rith
m

an
d

sh
ow

ed
th

a
t

g
iven

a
n

a
p

p
ro

p
ria

te
in

itia
l

valu
e,

in
tw

o
iterative

step
s

th
e

a
lg

orith
m

is
gu

a
ra

n
teed

to
p

ro
d

u
ce

a
n

estim
ato

r
th

a
t

p
os-

sesses
th

e
o
ra

cle
p

ro
p

erty
in

th
e

u
ltra

-h
ig

h
d

im
en

sio
n

a
n

d
co

n
seq

u
en

tly
w

ith
p

ro
b

a
b
ility

a
p

p
ro

a
ch

in
g

o
n

e
th

e
zero

co
effi

cien
ts

a
re

estim
a
ted

a
s

ex
actly

zero
.

H
ow

ev
er,

th
e

ava
ila

b
il-

ity
o
f

a
q
u

a
lifi

ed
in

itial
estim

ato
r

is
itself

a
ch

a
llen

g
in

g
issu

e
in

h
ig

h
d

im
en

sion
.

Z
h

a
n

g
et

al.
(2

0
1
6b

)
p

rov
id

ed
a
n

in
itial

estim
ato

r
th

at
w

o
u

ld
sa

tisfy
th

e
req

u
irem

en
t

w
h

en
p

=
o( √

n
).

O
u

r
resu

lt
sh

ow
s

th
at

th
e
L

1 -n
o
rm

S
V

M
ca

n
b

e
a

va
lid

in
itial

estim
a
to

r
u

n
d

er
gen

eral
co

n
d

ition
s

w
h

en
p

g
row

s
a
t

a
n

ex
p

o
n

en
tia

l
rate

of
n

,
w

h
ich

co
m

p
letes

th
e

a
lg

orith
m

a
n

d
th

eo
ry

o
f

Z
h

an
g

et
al.

(2
0
16

b
).

T
h

e
rest

o
f

th
e

p
ap

er
is

o
rga

n
ized

as
fo

llow
s.

In
S

ectio
n

2
,

w
e

in
tro

d
u

ce
th

e
b

asics
a
n

d
co

m
p

u
ta

tio
n

of
th

e
L

1 -n
o
rm

p
en

a
lized

su
p

p
ort

vecto
r

m
a
ch

in
e.

S
ectio

n
3

d
erives

th
e

n
ea

r-
o
ra

cle
erro

r
b

ou
n

d
fo

r
th

e
estim

ated
L

1 -n
orm

S
V

M
co

effi
cien

ts
in

th
e

u
ltra

-h
ig

h
d

im
en

sio
n

.
S

ectio
n

4
in

vestig
a
tes

th
e

ap
p

licatio
n

o
f

th
e

resu
lt

in
S

ection
3

fo
r

n
o
n

-co
n
vex

p
en

a
lized

S
V

M
in

th
e

u
ltra

-h
igh

d
im

en
sio

n
.

S
ectio

n
5

d
em

o
n

stra
tes

th
ro

u
g
h

M
o
n
te

C
a
rlo

ex
p

erim
en

ts
th

e
eff

ectiven
ess

of
L

1 -n
o
rm

S
V

M
co

effi
cien

ts
b

o
th

a
s

a
sp

a
rse

cla
ssifi

er
a
n

d
a
s

a
n

in
itial

va
lu

e
fo

r
th

e
n

o
n

-co
n
vex

p
en

a
lized

S
V

M
a
lg

o
rith

m
.

T
ech

n
ica

l
p

ro
o
fs

an
d

ad
d

itio
n

a
l

n
otes

are
g
iv

en
in

th
e

ap
p

en
d

ices.

2
.
L

1 -n
o
rm

su
p
p

o
rt

v
e
cto

r
m

a
ch

in
e

W
e

con
sid

er
th

e
classical

b
in

a
ry

cla
ssifi

ca
tion

p
rob

lem
.

L
et{

Y
i ,X

i }
ni=

1
b

e
a

ran
d

o
m

sa
m

p
le

from
a
n

u
n

k
n

ow
n

d
istrib

u
tio

n
P

(X
,Y

).
T

h
e

resp
o
n

se
varia

b
le

(cla
ss

la
b

el)
Y
i ∈
{1
,−

1}
h

as
th

e
m

a
rg

in
a
l

d
istrib

u
tion

:
P

(Y
i

=
1)

=
π

+
a
n

d
P

(Y
i

=
−

1
)

=
π
−

,
w

h
ere

π
+
,π
−
>

0
a
n

d
π

+
+
π
−

=
1
.

W
e

w
rite

X
i

=
(X

i0 ,X
i1 ,...,X

ip )
T

=
(X

i0 ,(X
i−

)
T

)
T

,
w

h
ere

X
i0

=
1

co
rresp

on
d

s
to

th
e

in
tercep

t
term

.
L

et
f

a
n

d
g

b
e

th
e

con
d

itio
n

a
l

d
en

sity
fu

n
ctio

n
s

of
X
i−

g
iven

Y
i

=
1

an
d
Y
i

=
−

1
,

resp
ectively.

M
o
reover,

in
th

is
p

a
p

er
w

e
u

se
th

e
fo

llow
in

g
n

o
tatio

n
fo

r
v
ector

n
orm

s:
for

x
=

(x
1 ,...,x

k )
T
∈
R
k

a
n

d
a

p
o
sitive

in
teg

er
m

,
w

e
d

efi
n

e

||x||m
=
(∑

ki=
1 |x

i | m )
1
/
m

,||x||∞
=

m
a
x
(|x

1 |,...,|x
k |)

a
n

d
||x||0

=
∑

ki=
1
I
(x
i 6=

0).

T
h

e
stan

d
ard

lin
ea

r
S

V
M

ca
n

b
e

ex
p

ressed
a
s

th
e

fo
llow

in
g

reg
u

la
riza

tion
p

ro
b

lem

m
in
β

n
−

1
n
∑i=

1 (1−
Y
i X

Ti
β

)
+

+
λ||β

− || 22 ,
(1)

w
h

ere
(1−

u
)
+

=
m

ax{
1−

u
,0}

is
often

ca
lled

th
e

h
in

g
e

lo
ss

fu
n

ctio
n

,
λ

is
a

tu
n

in
g

p
a
ra

m
eter

a
n

d
β

=
(β

0 ,(β
−

)
T

)
T

w
ith
β
−

=
(β

1 ,β
2 ,...,β

p )
T

.
G

en
era

lly
fo

r
a

g
iven

vecto
r
e
,
w

e
u

se
e−

to
d

en
o
te

th
e

su
b
vecto

r
w

ith
th

e
fi

rst
en

try
o
f
e

o
m

itted
.

A
ctu

ally,
o
p

tim
iza

tio
n

p
ro

b
lem

in
(1)

is
k
n

ow
n

a
s

th
e

p
rim

al
p

rob
lem

o
f

th
e

S
V

M
,
w

h
ich

ca
n

b
e

effi
cien

tly
so

lved
b
y

q
u

a
d

ratic
p
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m
m
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g
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o
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m
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T
h

e
L

1 -n
orm

S
V

M
rep

laces
th

e
L

2
p

en
alty

in
(1)

b
y

th
e
L

1
p

en
alty.

T
h

a
t

is,
w

e
con

sid
er

th
e

o
b

jective
fu

n
ction

ln
(β
,λ

)
=
n
−

1
n
∑i=

1 (1−
Y
i X

Ti
β

)
+

+
λ||β

− ||1 ,
(2)

a
n

d
d

efi
n

e

β̂
(λ

)
=

arg
m

in
β

ln
(β
,λ

).
(3)

F
o
r

a
g
iven

d
ata

p
oin

t
X
i ,

it
is

classifi
ed

in
to

class
+

(corresp
o
n

d
in

g
to
Ŷ
i

=
1)

if
X
Ti
β̂

(λ
)
>

0

a
n

d
in

to
class−

(corresp
on

d
in

g
to
Ŷ
i

=
−

1)
if

X
Ti
β̂

(λ
)
<

0.

B
y

in
tro

d
u

cin
g

th
e

slack
variab

les,
w

e
can

tran
sform

ou
r

op
tim

ization
p

rob
lem

(3)
as

a
lin

ea
r

p
rogram

m
in

g
p

rob
lem

(Z
h
u

et
al.,

2004)

m
in

ξ
,ζ
,β


1n

n
∑i=

1

ξ
i
+
λ

p
∑j=

1

ζ
j 

(4)

su
b

ject
to

ξ
i ≥

0,
i

=
1,2,...,n

,

ξ
i ≥

1−
Y
i X

Ti
β
,

i
=

1,2
,...,n

,

ζ
j ≥

β
j ,ζ

j ≥
−
β
j ,

j
=

1,2,...,p
.

S
everal

R
p

ackages
are

availab
le

to
solve

su
ch

a
stan

d
ard

lin
ear

p
rogra

m
m

in
g

p
rob

lem
,

su
ch

a
s
l
p
S
o
l
v
e

an
d
l
i
n
p
r
o
g

.

3
.

A
n

e
rro

r
b

o
u
n
d

o
f
L

1 -n
o
rm

S
V

M
in

u
ltra

-h
ig

h
d
im

e
n
sio

n

In
th

is
section

,
w

e
w

ill
d

escrib
e

th
e

n
ear-oracle

error
b

ou
n

d
for

th
e

estim
ated

L
1-n

orm
S

V
M

co
effi

cien
ts

u
n

d
er

th
e

u
ltra-h

igh
d

im
en

sion
al

settin
g.

T
h

e
ch

oice
of

th
e

tu
n
in

g
p

a
ram

eter
λ

w
ill

b
e

stu
d

ied
to

ach
ieve

th
is

error
b

ou
n

d
.

3
.1

P
re

lim
in

a
rie

s

T
h

e
key

resu
lt

of
th

e
p

ap
er

is
an

error
b

ou
n

d
of||β̂

(λ
)−

β
∗||2 ,

w
h

ere
β
∗

is
th

e
m

in
im

izer
o
f

th
e

p
op

u
la

tion
version

of
th

e
h

in
ge

loss
fu

n
ction

,
th

at
is,

β
∗

=
arg

m
in
β

L
(β

),
(5)

w
h

ere
L

(β
)

=
E

(1−
Y

X
T
β

)
+
.
L

in
(2002)

su
ggested

th
at

th
ere

is
a

close
con

n
ection

b
etw

een
th

e
m

in
im

izer
o
f

th
e

p
op

u
lation

h
in

ge
loss

fu
n

ction
an

d
th

e
B

ayes
ru

le.
T

h
e

d
efi

n
ition

of
β
∗

a
b

ove
is

also
u

sed
in

K
o
o

et
al.

(2008)
an

d
P

ark
et

al.
(2

012),
b

o
th

of
w

h
ich

on
ly

con
sid

ered
th

e
fi

x
ed

p
case.

W
e

are
in

terested
in

th
e

error
b

ou
n

d
of||β̂

(λ
)−

β
∗||2

w
h

en
p
�
n

.
In

th
e

u
ltra-h

igh
d

im
en

sion
al

settin
gs,

it
is

often
reason

ab
le

to
assu

m
e

th
at
β
∗

=
(β
∗0 ,β
∗1 ,...,β

∗p )
T

is
sp

a
rse

in
th

e
sen

se
th

at
m

ost
of

its
com

p
on

en
ts

are
ex

actly
zero.

W
e

d
efi

n
e

th
e

in
d

ex
set

of
active

fea
tu

res
as
T

=
{
1
≤
j≤

p
:
β
∗j 6=

0}
.

W
e

d
en

ote
th

e
card

in
ality

of
T

b
y
|T|

=
q.

T
o

in
co

rp
ora

te
th

e
in

tercep
t

term
,

w
e

also
d

efi
n

e
T

+
=
T
⋃
{
0}

.
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N
ex

t,
w

e
in

tr
o
d

u
ce

th
e

gr
ad

ie
n
t

ve
ct

or
an

d
H

es
si

an
m

at
ri

x
of

th
e

p
op

u
la

ti
o
n

h
in

g
e

lo
ss

fu
n

ct
io

n
L

(β
).

W
e

d
efi

n
e

S
(β

)
=
−
E

(I
(1
−
Y

X
T
β
≥

0)
Y

X
)

(6
)

as
th

e
(p

+
1)

-d
im

en
si

on
al

gr
ad

ie
n
t

ve
ct

or
an

d

H
(β

)
=
E

(δ
(1
−
Y

X
T
β

)X
X
T

)
(7

)

as
th

e
(p

+
1)
×

(p
+

1)
-d

im
en

si
on

al
H

es
si

an
m

at
ri

x
w

h
er

e
I
(·)

is
th

e
in

d
ic

a
to

r
fu

n
ct

io
n

a
n

d
δ(
·)

is
th

e
D

ir
ac

d
el

ta
fu

n
ct

io
n
.

S
ec

ti
on

6.
1

in
K

o
o

et
al

.
(2

00
8)

h
as

ex
p

la
in

ed
m

o
re

d
et

a
il

s
an

d
th

eo
re

ti
ca

l
p

ro
p

er
ti

es
of
S

(β
)

an
d
H

(β
)

u
n

d
er

ce
rt

ai
n

co
n

d
it

io
n

s.
T

h
ro

u
gh

ou
t

th
e

p
ap

er
,

w
e

as
su

m
e

th
e

fo
ll

ow
in

g
re

gu
la

ri
ty

co
n

d
it

io
n

.

(A
1)

T
h

e
d

en
si

ti
es
f

an
d
g

ar
e

co
n
ti

n
u

ou
s

w
it

h
co

m
m

on
su

p
p

or
t
S
⊂

R
p

an
d

h
av

e
fi

n
it

e
se

co
n

d
m

om
en

ts
.

In
ad

d
it

io
n

,
th

er
e

ex
is

ts
a

co
n

st
an

t
M

>
0

su
ch

th
a
t
|X

j
|≤

M
,

j
∈
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Ŝ

(β
∗ )
|| ∞

a
n

d
C̄

=
c−

1
c+

1
,

w
e

h
a
ve

h
∈

∆
C̄
,

w
h
er

e

∆
C̄

=
{ γ
∈

R
p
+

1
:
||γ

T
+
|| 1
≥
C̄
||γ

T
c +
|| 1
,w

h
er

e
T

+
=
T
∪{

0}
,
T
⊂
{1
,2
,.
..
,p
}a

n
d
|T
|≤

q}
,

w
it

h
T
c +

d
en

o
ti

n
g

th
e

co
m

p
le

m
en

t
o
f
T

+
,

a
n

d
γ
T

+
d
en

o
ti

n
g

th
e

(p
+

1
)-

d
im

en
si

o
n

a
l

ve
ct

o
r

th
a
t

h
a
s

th
e

sa
m

e
co

o
rd

in
a
te

s
a
s
γ

o
n
T

+
a
n

d
ze

ro
co

o
rd

in
a
te

s
o
n
T
c +
.

W
e

ca
ll

∆
C̄

th
e

re
st

ri
ct

ed
se

t.
T

h
e

p
ro

o
f

o
f

L
em

m
a

2
is

a
ls

o
gi

ve
n

in
A

p
p

en
d

ix
A

.

3
.3

R
e
g
u

la
ri

ty
c
o
n

d
it

io
n

s

L
et
X

=
(X

1
,X

2
,.
..
,X

n
)T

d
en

ot
e

th
e

fe
at

u
re

d
es

ig
n

m
at

ri
x
.

W
e

d
efi

n
e

re
st

ri
ct

ed
ei

ge
n

-
va

lu
es

as
fo

ll
ow

s

λ
m
a
x

=
m

a
x

d
∈R

p
+

1
:||
d
|| 0
≤

2
(q

+
1
)

d
T
X
T
X

d

n
||d
||2 2

(1
0)

an
d

λ
m
in

(H
(β
∗ )

;q
)

=
m

in
d
∈∆

C̄

d
T
H

(β
∗ )

d

||d
||2 2

.
(1

1)

T
h

es
e

ar
e

si
m

il
a
r

to
th

e
sp

a
rs

e
ei

g
en

va
lu

e
n

o
ti

on
in

B
ic

ke
l,

R
it

ov
,

a
n
d

T
sy

b
ak

ov
(2

0
09

)
a
n

d
M

ei
n
sh

au
se

n
a
n

d
Y

u
(2

00
9
)

fo
r

an
al

y
zi

n
g

sp
ar

se
le

a
st

sq
u

a
re

s
re

g
re

ss
io

n
,

se
e

al
so

C
a
i,

W
an

g
,

an
d

X
u

(2
0
10

).
In

a
d

d
it

io
n

to
co

n
d

it
io

n
(A

1
)

in
tr

o
d

u
ce

d
in

S
ec

ti
o
n

2
,
w

e
re

q
u

ir
e

th
e

fo
ll

ow
in

g
re

g
u

la
ri

ty
co

n
d

it
io

n
s

fo
r

th
e

m
a
in

th
eo

ry
o
f

th
is

p
a
p

er
.

(A
2
)
q

=
O

(n
c 1

)
fo

r
so

m
e

0
≤
c 1
<

1/
2
.

6
JM

L
R

 1
7(

23
6)

:1
-2

6



(A
3
)

T
h

ere
ex

ists
a

con
sta

n
t
M

1
su

ch
th

at
λ
m
a
x ≤

M
1

a
lm

o
st

su
rely.

(A
4
)
λ
m
in

(H
(β
∗);q)≥

M
2 ,

fo
r

som
e

co
n

sta
n
t
M

2
>

0
.

(A
5
)
n

(1−
c
2
)/

2
m

in
j∈
T
|β
∗j |≥

M
3

for
so

m
e

co
n

stan
ts
M

3
>

0
a
n

d
2c

1
<
c

2 ≤
1.

(A
6
)

D
en

o
te

th
e

co
n

d
itio

n
a
l

d
en

sity
o
f

X
T
β
∗

g
iven

Y
=

+
1

a
n

d
Y

=
−

1
a
s
f
∗

a
n

d
g ∗,

resp
ectively.

It
is

a
ssu

m
ed

th
a
t
f
∗

is
u

n
iform

ly
b

o
u

n
d

ed
aw

ay
fro

m
0

a
n

d
∞

in
a

n
eig

h
b

o
rh

o
o
d

of
1

an
d
g ∗

is
u

n
ifo

rm
ly

b
ou

n
d

ed
aw

ay
fro

m
0

a
n

d
∞

in
a

n
eigh

b
o
rh

o
o
d

of−
1.

R
e
m

a
r
k

2
.

C
on

d
itio

n
s

(A
2)

a
n

d
(A

5)
are

very
co

m
m

o
n

in
h

igh
d

im
en

sion
a
l

litera
tu

re.
B

a
sically,

co
n

d
itio

n
(A

2)
sta

tes
th

a
t

th
e

n
u

m
b

er
o
f

n
o
n

zero
va

ria
b

les
ca

n
n

o
t

d
iv

erg
e

a
t

a
ra

te
la

rger
th

an
√
n

.
C

o
n

d
ition

(A
5
)

con
tro

ls
th

e
d

ecay
rate

o
f
tru

e
p

a
ram

eter
β
∗.

C
o
n

d
itio

n
(A

3)
is

n
ot

restrictive,
see

th
e

releva
n
t

d
iscu

ssio
n

s
in

M
ein

sh
a
u

sen
a
n
d

Y
u

(2
0
09

).
C

o
n

d
itio

n
(A

4)
req

u
ires

th
e

sm
allest

restricted
eig

en
valu

e
h

as
a

low
er

b
o
u
n

d
.

T
h
is

w
o
u

ld
b

e
sa

tisfi
ed

if
H

(β
∗)

is
p

o
sitiv

e
d

efi
n

ite.
W

e
p

rov
id

e
a

th
o
ro

u
g
h

d
iscu

ssio
n

o
f

th
is

co
n

d
itio

n
in

A
p

p
en

d
ix

B
,

in
clu

d
in

g
an

ex
a
m

p
le

th
a
t

d
em

o
n

stra
tes

th
e

va
lid

ity
o
f

th
is

co
n

d
itio

n
.

C
o
n

d
itio

n
(A

6
)

w
arra

n
ts

th
a
t

th
ere

is
su

ffi
cien

t
in

form
a
tio

n
a
ro

u
n

d
th

e
n

o
n

-d
iff

eren
tia

b
le

p
o
in

t
of

th
e

h
in

ge
lo

ss,
sim

ila
rly

to
C

on
d

ition
(C

3
)

in
W

a
n

g,
W

u
,

a
n

d
L

i
(2

0
1
2)

fo
r

q
u

a
n
tile

reg
ression

.

3
.4

A
n

e
rro

r
b

o
u

n
d

o
f
β̂

(λ
)

in
u

ltra
-h

ig
h

d
im

e
n

sio
n

B
efo

re
statin

g
th

e
m

a
in

th
eorem

,
w

e
fi

rst
p

resen
t

a
n

im
p

o
rta

n
t

lem
m

a
,

w
h

ich
h

a
s

to
d

o
w

ith
th

e
em

p
irica

l
p

ro
cess

b
eh

av
ior

o
f

th
e

h
in

ge
lo

ss
fu

n
ctio

n
.

L
e
m

m
a

3
A

ssu
m

e
th

a
t

co
n

d
itio

n
s

(A
1
)-(A

3
)

a
re

sa
tisfi

ed
.

F
o
r

h
∈
R
p
+

1,
let

B
(h

)
=

1n ∣∣∣
n
∑i=

1 (1−
Y
i X

Ti
β
∗

+
Y
i X

Ti
h

)
+
−

n
∑i=

1 (1−
Y
i X

Ti
β
∗)

+

−
E
(

n
∑i=

1 (1−
Y
i X

Ti
β
∗

+
Y
i X

Ti
h

)
+
−

n
∑i=

1 (1−
Y
i X

Ti
β
∗)

+ ) ∣∣∣ .

A
ssu

m
e
p
>
n

,
th

en
fo

r
a
ll
n

su
ffi

cien
tly

la
rge

P

(
su

p
||h||0 ≤

q
+

1
,||h||2 6=

0

B
(h

)

||h||2
≥

(1
+

2
C

1 √
M

1 ) √
2q

log
p

n

)
≤

2p −
2
q
(C

21 −
1
),

w
h
ere

C
1
>

1
is

a
co

n
sta

n
t.

L
em

m
a

3
g
u

a
ra

n
tees

th
at

n
−

1 (∑
ni=

1 (1−
Y
i X

Ti
β
∗

+
Y
i X

Ti
h

)
+
−
∑

ni=
1 (1−

Y
i X

Ti
β
∗)

+ )
is

close
to

its
ex

p
ected

va
lu

e
w

ith
h

ig
h

p
ro

b
a
b

ility.
T

h
is

p
rov

id
es

a
n

im
p

o
rta

n
t

to
o
l

to
h

a
n

d
le

th
e

n
on

-sm
o
o
th

n
ess

of
th

e
h

in
ge

lo
ss

fu
n

ctio
n

in
p
rov

in
g

th
e

m
a
in

th
eo

ry,
w

h
ich

is
sta

ted
b

elow
.

7
JM

L
R

 17(236):1-26

20
40

60
80

100

0.55 0.60 0.65 0.70

n

||β(λ) − β*||2

l1 −
norm

 S
V

M
theoretical error bound

F
igu

re
1:
L

2 -n
o
rm

estim
a
tio

n
erro

r
co

m
pa

riso
n

T
h

e
o
re

m
4

S
u

p
po

se
th

a
t

co
n

d
itio

n
s

(A
1
)-(A

6
)

h
o
ld

,
th

en
th

e
estim

a
ted

L
1 -n

o
rm

S
V

M
coeffi

cien
ts

vecto
r
β̂

(λ
)

sa
tisfi

es

||β̂
(λ

)−
β
∗||2 ≤

√
1

+
1C̄

(
2λ √

q
+

1

M
2

+
2
C

M
2 √

2
q

log
p

n

(
54

+
1C̄

) )

w
ith

p
ro

ba
bility

a
t

lea
st

1−
2
p −

2
q
(C

21 −
1
),

w
h
ere

C
is

a
co

n
sta

n
t,
C

1
is

given
in

L
em

m
a

3
a
n

d
C̄

is
d
efi

n
ed

in
L

em
m

a
2
.

F
ro

m
th

is
th

eorem
,

w
e

can
easily

cap
tu

re
th

e
n

ear-ora
cle

p
rop

erty
for

l1
p

en
a
lized

S
V

M
estim

ator,
su

ch
th

at
w

ith
h

igh
p

rob
ab

ility,

||β̂
(λ

)−
β
∗||2

=
O
p (
√
q

lo
g
p

n

)

w
h

en
λ

=
c √

2A
(α

)
log

p
/n

.
A

ctu
ally,

in
th

e
in

eq
u

ality
of

T
h

eorem
4,

th
e

fi
rst

term
satisfi

es

λ √
q

M
2

=
2
M

2 √
2
A

(α
)q

lo
g
p

n
=
O

(√
q

lo
g
p

n

)
an

d
it

is
also

triv
ial

to
h

ave
th

e
seco

n
d

term
o
f

th
e

sam
e

ord
er.

H
en

ce
th

e
n

ear-oracle
p

rop
erty

of
β̂

(λ
)

w
ill

h
old

given
λ

ab
ove.

T
o

n
u

m
erically

evalu
ate

th
e

ab
ove

error
b

ou
n

d
of

th
e
L

1 -n
orm

S
V

M
,

w
e

con
sid

er
th

e
sim

u
lation

settin
g

in
M

o
d

el
4

of
S

ection
5.1.

W
e

ch
o
ose

p
=

0.1
∗
n

2,
q

=
bn

1
/
3c

a
n

d
β
∗−

=
((1.1

,...,1
.1)

q ,0
,...,0)

T
,

w
h

ich
allow

s
p

an
d
q

to
vary

w
ith

sam
p

le
size

n
.

F
igu

re

1
d

ep
icts

th
e

average
of||β̂

(λ
)−

β
∗||2

across
200

sim
u

la
tion

ru
n

s
for

d
iff

eren
t

valu
es

of
n

for
L

1 -n
orm

S
V

M
an

d
com

p
ares

th
e

cu
rve

w
ith

th
e

th
eoretical

error
b

ou
n

d
( √

q
lo

g
p

n
).

W
e

ob
serve

th
at

th
ese

tw
o

cu
rves

d
isp

lay
sim

ilar
d

ecreasin
g

p
a
ttern

an
d

ap
p

roa
ch

each
oth

er
as
n

gets
larg

er.

8
JM

L
R

 17(236):1-26



4
.

A
p
p
li
ca

ti
o
n

to
n
o
n
-c

o
n
v
e
x

p
e
n
a
li
ze

d
S
V

M
in

u
lt

ra
-h

ig
h

d
im

e
n
si

o
n

In
th

is
se

ct
io

n
,

w
e

w
il

l
st

ep
fu

rt
h

er
to

d
is

cu
ss

th
e

ad
va

n
ta

ge
of

n
on

-c
on

v
ex

p
en

al
iz

ed
S

V
M

in
u

lt
ra

-h
ig

h
d

im
en

si
on

.
S

im
il

ar
ly

,
th

e
or

ac
le

p
ro

p
er

ty
of

n
on

-c
on

ve
x

p
en

a
li

ze
d

S
V

M
co

ef
-

fi
ci

en
ts

w
il

l
b

e
in

ve
st

ig
at

ed
.

4
.1

W
h
y

n
o
n

-c
o
n
v
e
x

p
e
n

a
lt

y
?

R
ec

en
tl

y,
se

ve
ra

l
au

th
or

s
st

u
d

ie
d

n
on

-c
on

v
ex

p
en

al
iz

ed
S

V
M

fo
r

si
m

u
lt

an
eo

u
s

va
ri

a
b

le
se

-
le

ct
io

n
an

d
cl

as
si

fi
ca

ti
on

,
se

e
Z

h
an

g
et

al
.

(2
00

6)
,

B
ec

ke
r

et
al

.
(2

01
1)

,
P

a
rk

et
a
l.

(2
0
1
2)

an
d

Z
h

an
g

et
al

.
(2

01
6b

).
T

h
e

id
ea

is
to

re
p

la
ce

th
e
L

2
n

or
m

in
st

an
d

a
rd

S
V

M
(1

)
b
y

a
n

on
-c

on
ve

x
p

en
al

ty
te

rm
in

th
e

fo
rm

∑
p j=

1
p
λ
(|β

j
|),

w
h

er
e
p
λ
(·)

is
a

sy
m

m
et

ri
c

p
en

a
lt

y
fu

n
ct

io
n

w
it

h
tu

n
in

g
p

ar
am

et
er
λ

.
T

w
o

co
m

m
on

ly
u

se
d

n
on

-c
on

ve
x

p
en

al
ty

fu
n

ct
io

n
s

a
re

th
e

S
C

A
D

p
en

al
ty

an
d

th
e

M
C

P
p

en
al

ty
.

T
h

e
S

C
A

D
p

en
al

ty
(F

an
an

d
L

i,
2
0
01

)
is

d
efi

n
ed

b
y p
λ
(|β
|)

=
λ
|β
|I

(0
≤
|β
|<

λ
)

+
a
λ
|β
|−

(β
2

+
λ

2
)/

2

a
−

1
I
(λ
≤
|β
|≤

a
λ

)
+

(a
+

1)
λ

2

2
I
(|β
|>

a
λ

)

fo
r

so
m

e
a
>

2.
T

h
e

M
C

P
(Z

h
an

g,
20

10
)

is
d

efi
n

ed
b
y

p
λ
(|β
|)

=
λ

(|β
|−

β
2

2
a
λ

)I
(0
≤
|β
|<

a
λ

)
+
a
λ

2

2
I
(|β
|≥

a
λ

)

fo
r

so
m

e
a
>

1.

T
h

e
m

ot
iv

at
io

n
of

u
si

n
g

n
on

-c
on

ve
x

p
en

al
ty

fu
n

ct
io

n
is

to
fu

rt
h

er
re

d
u

ce
th

e
b

ia
s

re
-

su
lt

ed
fr

om
L

1
p

en
al

ty
an

d
ac

cu
ra

te
ly

id
en

ti
fy

th
e

se
t

of
re

le
va

n
t

fe
at

u
re

s
T

.
T

h
e

u
se

of
n

on
-c

on
ve

x
p

en
al

ty
fu

n
ct

io
n

w
as

in
tr

o
d

u
ce

d
in

th
e

se
tt

in
g

of
p

en
al

iz
ed

le
a
st

sq
u

a
re

s
re

-
gr

es
si

on
(F

an
an

d
L

i,
20

01
;

Z
h

an
g,

20
10

).
T

h
es

e
au

th
or

s
ob

se
rv

ed
th

at
L

1
p

en
a
li

ze
d

le
as

t
sq

u
ar

es
re

gr
es

si
on

re
q
u

ir
es

st
ri

n
ge

n
t

co
n

d
it

io
n

s,
of

te
n

n
ot

sa
ti

sfi
ed

in
re

al
d

a
ta

an
a
ly

si
s,

to
ac

h
ie

ve
va

ri
ab

le
se

le
ct

io
n

co
n

si
st

en
cy

.
T

h
e

u
se

of
n

on
-c

on
ve

x
p

en
al

ty
fu

n
ct

io
n

al
le

v
ia

te
s

th
e

b
ia

s
ca

u
se

d
b
y
L

1
p

en
al

ty
w

h
ic

h
ov

er
p

en
al

iz
es

la
rg

e
co

effi
ci

en
ts

,
an

d
le

ad
s

to
th

e
so

ca
ll

ed
o
ra

cl
e

p
ro

pe
rt

y.
T

h
at

is
,

u
n

d
er

re
gu

la
ri

ty
co

n
d

it
io

n
s

th
e

re
su

lt
ed

n
on

-c
on

ve
x

p
en

al
iz

ed
es

-
ti

m
at

or
is

ab
le

to
es

ti
m

at
e

ze
ro

co
effi

ci
en

ts
a
s

ex
ac

tl
y

ze
ro

w
it

h
p

ro
b

ab
il

it
y

a
p

p
ro

ac
h

in
g

on
e,

an
d

es
ti

m
at

e
th

e
n

on
ze

ro
co

effi
ci

en
ts

as
effi

ci
en

tl
y

as
if

th
e

se
t

of
re

le
va

n
t

fe
at

u
re

s
is

k
n

ow
n

in
ad

va
n

ce
.

4
.2

O
ra

c
le

p
ro

p
e
rt

y
in

u
lt

ra
-h

ig
h

d
im

e
n

si
o
n

T
h

e
or

ac
le

p
ro

p
er

ty
of

n
on

-c
on

ve
x

p
en

al
iz

ed
S

V
M

co
effi

ci
en

ts
is

in
ve

st
ig

at
ed

b
y

P
ar

k
et

a
l.

(2
01

2)
fo

r
th

e
ca

se
of

fi
x
ed

n
u

m
b

er
o
f

fe
at

u
re

s
an

d
m

or
e

re
ce

n
tl

y
b
y

Z
h

a
n

g
et

al
.

(2
01

6
b

)
fo

r
th

e
la

rg
e
p

ca
se

.
T

h
e

or
ac

le
es

ti
m

at
or

of
β
∗

is
d

efi
n

ed
as

β̃
=

ar
g

m
in

β
:β

T
c +

=
0
l̃ n

(β
),

(1
2)

w
h

er
e
l̃ n

(β
)

=
n
−

1
∑

n i=
1
(1
−
Y
iX

T i
β

) +
is

th
e

sa
m

p
le

h
in

ge
lo

ss
fu

n
ct

io
n

a
n

d
β
T
c +

d
en

ot
es

th
e

v
ec

to
r

co
n
ta

in
in

g
th

e
co

m
p

on
en

ts
of
β

w
it

h
in

d
ic

es
in
T
c +

an
d

ot
h

er
s

to
b

e
ze

ro
.

9
JM

L
R

 1
7(

23
6)

:1
-2

6

T
o

so
lv

e
th

e
n

o
n

-c
on

ve
x

p
en

a
li

ze
d

S
V

M
,
w

e
ch

o
o
se

to
u

se
th

e
lo

ca
l
li

n
ea

r
a
p

p
ro

x
im

a
ti

on
(L

L
A

)
al

g
or

it
h

m
.

T
h

e
L

L
A

a
lg

or
it

h
m

st
a
rt

s
w

it
h

a
n

in
it

ia
l

va
lu

e
β

(0
) .

A
t

ea
ch

st
ep

t,
w

e
u

p
d

a
te

th
e
β

to
b

e
β

(t
)

b
y

so
lv

in
g

m
in β

{ n
−

1
n ∑ i=

1

(1
−
Y
iX

T i
β

) +
+

p ∑ j=
1

p
′ λ(
|β

(t
−

1
)

j
|)|
β
j
|}
,

(1
3)

w
h

er
e
p
′ λ(
·)

d
en

ot
es

th
e

d
er

iv
a
ti

ve
o
f
th

e
p

en
al

ty
fu

n
ct

io
n
p
λ
(·)

.
S

p
ec

ifi
ca

ll
y,

w
e

h
av

e
p
′ λ(

0
)

=
p
′ λ(

0+
)

=
λ

.

Z
h

an
g

et
al

.
(2

0
16

b
)

sh
ow

ed
th

a
t

if
an

a
p

p
ro

p
ri

a
te

in
it

ia
l

es
ti

m
a
to

r
ex

is
ts

,
th

en
u

n
d

er
q
u

it
e

g
en

er
a
l
re

gu
la

ri
ty

co
n

d
it

io
n

s,
th

e
L

L
A

a
lg

or
it

h
m

ca
n

id
en

ti
fy

th
e

o
ra

cl
e

es
ti

m
a
to

r
w

it
h

p
ro

b
ab

il
it

y
a
p

p
ro

ac
h

in
g

o
n

e
in

ju
st

tw
o

it
er

a
ti

v
e

st
ep

s
(s

ee
th

ei
r

T
h

eo
re

m
3
.4

).
T

h
is

re
su

lt
p

ro
v
id

es
a

sy
st

em
a
ti

c
fr

a
m

ew
o
rk

fo
r

n
o
n

-c
o
n
v
ex

p
en

al
iz

ed
S

V
M

in
h

ig
h

d
im

en
si

o
n

.
H

ow
-

ev
er

it
re

li
es

on
th

e
av

a
il

a
b

il
it

y
of

a
q
u

a
li

fi
ed

in
it

ia
l

va
lu

e
β̂

(0
)

=
(β̂

(0
)

0
,β̂

(0
)

1
,.
..
,β̂

(0
)

p
)T

th
a
t

sa
ti

sfi
es

P
(|β̂

(0
)

j
−
β
∗ j|
>
λ
,

fo
r

so
m

e
1
≤
j
≤
p
)
→

0
as
n
→
∞
.

(1
4)

Y
et

th
e

av
ai

la
b

il
it

y
of

su
ch

a
n

a
p

p
ro

p
ri

a
te

in
it

ia
l

va
lu

e
is

it
se

lf
a

ch
a
ll

en
g
in

g
p

ro
b

le
m

in
u

lt
ra

-h
ig

h
d

im
en

si
o
n

.
Z

h
an

g
et

a
l.

(2
0
1
6b

)
sh

ow
ed

th
a
t

su
ch

a
n

in
it

ia
l

es
ti

m
a
to

r
is

gu
ar

-
an

te
ed

w
h

en
p

=
o(
√
n

).
T

h
e

er
ro

r
b

ou
n

d
w

e
d

er
iv

ed
o
n
L

1
-n

o
rm

S
V

M
en

su
re

s
th

at
a

q
u

a
li

fi
ed

in
it

ia
l

va
lu

e
is

in
d

ee
d

av
a
il

a
b

le
u

n
d

er
g
en

er
a
l

co
n

d
it

io
n

s
in

u
lt

ra
-h

ig
h

d
im

en
si

o
n

an
d

h
en

ce
gr

ea
tl

y
ex

te
n

d
s

th
e

ap
p

li
ca

b
il

it
y

o
f

th
e

re
su

lt
o
f

Z
h

a
n

g
et

al
.

(2
0
1
6b

).
In

th
e

fo
ll

ow
in

g
w

e
re

st
at

e
T

h
eo

re
m

3
.4

o
f

Z
h

a
n

g
et

al
.

(2
0
1
6b

)
fo

r
th

e
u

lt
ra

-h
ig

h
d

im
en

si
o
n

a
l

ca
se

.

T
h

e
o
re

m
5

A
ss

u
m

e
β̂

(λ
)

is
th

e
so

lu
ti

o
n

to
th

e
L

1
-n

o
rm

S
V

M
w

it
h

tu
n

in
g

pa
ra

m
et

er
λ

=
c√

2
A

(α
)

lo
g
p
/n

d
efi

n
ed

a
bo

ve
.

S
u

p
po

se
th

a
t

co
n

d
it

io
n

s
(A

1
)-

(A
6
)

h
o
ld

,
th

en
w

e
h
a
ve

P
(|β̂

j
(λ

)
−
β
∗ j|
>
λ
,

fo
r

so
m

e
1
≤
j
≤
p
)
→

0
a
s
n
→
∞

.
F

u
rt

h
er

m
o
re

,
th

e
L

L
A

a
lg

o
ri

th
m

in
it

ia
te

d
by

β̂
(λ

)
fi

n
d
s

th
e

o
ra

cl
e

es
ti

m
a
to

r
in

tw
o

it
er

a
ti

o
n

s
w

it
h

p
ro

ba
bi

li
ty

te
n

d
in

g
to

1
,

i.
e.

,
P

(β̂
n
c
(λ

)
=
β̃

),
w

h
er

e
β̂
n
c
(λ

)
is

th
e

so
lu

ti
o
n

fo
r

n
o
n

-c
o
n

ve
x

pe
n

a
li

ze
d

S
V

M
w

it
h

gi
ve

n
λ

.

5
.

S
im

u
la

ti
o
n

e
x
p

e
ri

m
e
n
ts

In
th

is
se

ct
io

n
,

w
e

w
il

l
in

v
es

ti
g
at

e
th

e
fi

n
it

e
sa

m
p

le
p

er
fo

rm
an

ce
o
f

th
e
L

1
-n

o
rm

S
V

M
.

W
e

w
il

l
al

so
st

u
d

y
it

s
a
p

p
li

ca
ti

o
n

to
n

on
-c

o
n
ve

x
p

en
a
li

ze
d

S
V

M
in

h
ig

h
d

im
en

si
o
n

.

5
.1

M
o
n
te

C
a
rl

o
re

su
lt

s
fo

r
L

1
-n

o
rm

S
V

M

W
e

g
en

er
a
te

ra
n

d
om

d
a
ta

fr
om

ea
ch

o
f

th
e

fo
ll

ow
in

g
fo

u
r

m
o
d

el
s.

•
M

o
d

el
1:

P
r(
Y

=
1)

=
P
r(
Y

=
−

1
)

=
0
.5

,
X
−
|(Y

=
1
)
∼
M
N

(µ
,Σ

),
X
−
|(Y

=
−

1)
∼
M
N

(−
µ
,Σ

),
q

=
5
,
µ

=
(0
.1
,0
.2
,0
.3
,0
.4
,0
.5
,0
,.
..
,0

)T
∈
R
p
,Σ

=
(σ
ij

)
w

it
h

d
ia

go
n

a
l

en
tr

ie
s

eq
u

a
l

to
1
,

n
o
n

ze
ro

en
tr

ie
s
σ
ij

=
−

0.
2

fo
r

1
≤
i
6=
j
≤
q

an
d

o
th

er
en

tr
ie

s
eq

u
a
l
to

0.
T

h
e

B
ay

es
ru

le
is

si
g
n

(1
.3

9X
1
+

1.
4
7X

2
+

1.
5
6X

3
+

1.
65
X

4
+

1.
74
X

5
)

w
it

h
B

ay
es

er
ro

r
6
.3

%
.

1
0

JM
L

R
 1

7(
23

6)
:1

-2
6



•
M

o
d

el
2
:
P
r(Y

=
1
)

=
P
r(Y

=
−

1)
=

0
.5,

X
− |(Y

=
1
)
∼
M
N

(µ
,Σ

),
X
− |(Y

=
−

1
)∼

M
N

(−
µ
,Σ

),
q

=
5
,
µ

=
(0
.1
,0
.2
,0
.3,0.4,0.5,0,...,0

)
T
∈
R
p,Σ

=
(σ
ij )

w
ith

σ
ij

=
−

0
.4 |i−

j|
fo

r
1
≤
i,j
≤
q

a
n

d
o
th

er
en

tries
eq

u
a
l

to
0
.

T
h

e
B

ayes
ru

le
is

sig
n

(3.0
9X

1
+

4
.4

5X
2

+
5
.06X

3
+

4
.77X

4
+

3
.58X

5 )
w

ith
B

ayes
erro

r
0
.6

%
.

•
M

o
d

el
3:

m
o
d

el
stay

s
th

e
sam

e
a
s

M
o
d

el
2
,

b
u

t
Σ

=
(σ
ij )

w
ith

n
o
n

zero
elem

en
ts

σ
ij

=
−

0
.4 |i−

j|
for

1
≤
i,j
≤
q

an
d
σ
ij

=
0.4 |i−

j|
for

q
<
i,j
≤
p
.

T
h

e
B

ayes
ru

le
is

still
sig

n
(3.0

9X
1

+
4
.45X

2
+

5
.0

6X
3

+
4
.7

7X
4

+
3
.5

8
X

5 )
w

ith
B

ayes
erro

r
0.6

%
.

•
M

o
d

el
4
:

X
−
∼
M
N

(0
p ,Σ

),
Σ

=
(σ
ij )

w
ith

n
o
n

zero
elem

en
ts
σ
ij

=
0.4 |i−

j|
fo

r
1
≤
i,j
≤
p
,
P
r(Y

=
1|X

−
)

=
Φ

(X
T−
β
∗−

),
w

h
ere

Φ
(·)

is
th

e
cu

m
u

la
tive

d
en

sity
fu

n
ction

of
th

e
sta

n
d

a
rd

n
orm

al
d

istrib
u

tio
n

,
β
∗−

=
(1
.1
,1
.1
,1
.1
,1
.1
,0
,...,0

)
T

a
n

d
q

=
4
.

T
h

e
B

ayes
ru

le
is

sig
n
(1
.1
X

1
+

1.1
X

2
+

1.1
X

3
+

1.1
X

4 )
w

ith
B

ayes
erro

r
1
0
.4%

.

M
o
d

el
1

a
n
d

M
o
d

el
4

a
re

id
en

tica
l

to
th

e
o
n

es
in

Z
h

a
n

g
et

a
l.

(20
1
6
b

).
In

p
a
rticu

la
r,

M
o
d

el
1

fo
cu

ses
on

a
sta

n
d

a
rd

lin
ea

r
d

iscrim
in

ate
a
n

a
ly

sis
settin

g
.

O
n

th
e

o
th

er
h

a
n

d
,

M
o
d

el
4

is
a

ty
p

ical
p

rob
it

reg
ressio

n
case.

M
o
d

els
2

an
d

3
a
re

d
esig

n
ed

w
ith

a
u

to
regressive

cova
ria

n
ce

a
s

co
rrela

tio
n

d
ecay

in
g

o
ff

-d
ia

g
on

a
l-w

ise.
W

e
co

n
sid

er
sa

m
p

le
size

n
=

1
0
0

w
ith

p
=

1
00

0
a
n

d
15

0
0,

a
n

d
n

=
2
0
0

w
ith

p
=

15
0
0

a
n

d
20

0
0
.

S
im

ila
rly

as
in

C
a
i,

L
iu

,
a
n

d
L

u
o

(20
1
1),

w
e

u
se

an
in

d
ep

en
d

en
t

tu
n

in
g

d
a
ta

set
of

size
2
n

to
tu

n
e

o
u

r
λ

b
y

m
in

im
izin

g
th

e
p

red
ictio

n
error

u
sin

g
fi

v
e-fo

ld
cro

ss
va

lid
a
tion

.
T

h
e

tu
n

in
g

ra
n

g
e

sp
an

s
from

2 −
6

to
2

a
s

eq
u

a
lly

-sp
aced

seq
u

en
ce

w
ith

1
00

elem
en

ts.
F

o
r

ea
ch

sim
u

la
tio

n
scen

a
rio

,
w

e
co

n
d

u
ct

2
0
0

ru
n

s.
T

h
en

w
e

gen
erate

an
in

d
ep

en
d

en
t

test
d

a
ta

set
of

size
n

to
rep

o
rt

th
e

estim
a
ted

test
erro

r.

W
e

evalu
a
te

th
e

p
erform

a
n

ce
of
L

1 -n
o
rm

S
V

M
b
y

its
testin

g
m

iscla
ssifi

ca
tion

erro
r

ra
te,

estim
a
tor

erro
r

a
n

d
varia

b
le

selectio
n

a
b

ility.
In

p
a
rticu

la
r,

w
e

m
ea

su
re

th
e

estim
atio

n
a
ccu

ra
cy

b
y

tw
o

criteria
:

th
e
L

2
estim

a
tio

n
error||β̂

(λ
)−
β
∗||2

w
h

ere
A

p
p

en
d

ix
B

p
rov

id
es

d
eta

ils
o
n

th
e

ca
lcu

latio
n

o
f
β
∗

an
d

th
e

a
b

so
lu

te
va

lu
e

o
f

th
e

sa
m

p
le

co
rrela

tio
n

b
etw

een
X
T
β̂

(λ
)

a
n

d
X
T
β
∗.

T
h
e

a
b

so
lu

te
va

lu
e

of
th

e
sa

m
p

le
correla

tio
n

(A
A

C
)

is
a
lso

u
sed

a
s

a
ccu

ra
cy

m
easu

re
in

C
o
o
k

et
a
l.

(20
0
7
).

T
o

su
m

m
a
rize,

w
e

w
ill

rep
o
rt

•
T

e
st

e
rro

r:
th

e
m

iscla
ssifi

catio
n

erro
r

rate.

•
L

2
e
rro

r:||β̂
(λ

)−
β
∗||2 .

•
A

A
C

:
A

b
so

lu
te

a
b

so
lu

te
correla

tion
co

rr(X
T
β̂

(λ
),X

T
β
∗).

•
S

ig
n

a
l:

th
e

averag
e

o
f

n
u

m
b

er
o
f

n
o
n

zero
reg

ressio
n

co
effi

cien
ts
β̂
i 6=

0
w

ith
i

=
1
,2
,3
,4
,5

fo
r

M
o
d

el
1-3

a
n

d
w

ith
i

=
1,2

,3
,4

fo
r

M
o
d

el
4.

T
h

is
m

ea
su

res
th

e
a
b

ility
o
f
L

1 -n
o
rm

S
V

M
selectin

g
releva

n
t

fea
tu

res.

•
N

o
ise

:
th

e
averag

e
o
f

n
u

m
b

er
o
f

n
on

zero
regressio

n
co

effi
cien

ts
β̂
i (λ

)6=
0

w
ith

i6∈
{
1,2,3,4,5}

for
M

o
d

el
1
-3

an
d

w
ith

i6∈
{1,2,3,4}

fo
r

M
o
d

el
4
.

T
h

is
m

easu
res

th
e

a
b

ility
of
L

1 -n
o
rm

S
V

M
n

ot
selectin

g
n

o
ise

featu
res.

T
a
b

le
1

su
m

m
a
rizes

th
e

sim
u

la
tio

n
resu

lts
fo

r
a
ll

fo
u

r
m

o
d

els.
T

h
e

n
u

m
b

ers
in

th
e

p
a
ren

th
eses

are
th

e
co

rresp
o
n

d
in

g
stan

d
ard

erro
rs

b
a
sed

o
n

2
0
0

rep
lica

tio
n

s.
O

vera
ll,

th
e

L
1 -n

orm
S

V
M

p
erfo

rm
s

sa
tisfa

cto
rily

fo
r

cla
ssifi

ca
tio

n
w

ith
relatively

low
erro

r
ra

tes
in

all

11
JM

L
R

 17(236):1-26

T
ab

le
1:

S
im

u
lation

resu
lts

for
L

1 -n
orm

S
V

M
s

M
o
d

el
n

p
T

est
error

L
2

error
A

A
C

S
ign

al
N

oise

M
o
d

el
1

100
1000

0.17(0.06)
0.53(0.14)

0.89(0.03)
4.84(0.4

1)
3
8.20(5.5

0)
1
00

1500
0.19(0.05)

0.59(0.14)
0.89(0

.03)
4.75

(0.47)
40.27

(5.41)
2
00

1500
0.10(0.03)

0.27(0.07)
0.96(0

.02)
5.00

(0.07)
19.80

(4.12)
2
00

2000
0.10(0.02)

0.27(0.06)
0.96(0

.02)
5.00

(0.00)
23.61

(4.80)

M
o
d

el
2

100
1000

0.06(0.04)
0.34(0.12)

0.95(0.02)
4.88(0.3

5)
2
1.25(4.2

2)
1
00

1500
0.07(0.04)

0.39(0.12)
0.95(0

.02)
4.79

(0.41)
28.80

(4.61)
2
00

1500
0.02(0.01)

0.21(0.07)
0.97(0

.01)
4.99

(0.10)
5.41(2.25)

2
00

2000
0.02(0.02)

0.22(0.07)
0.97(0

.01)
4.99

(0.10)
6.88(2.50)

M
o
d

el
3

100
1000

0.06(0.05)
0.36(0.14)

0.95(0.02)
4.8.(0.40)

19.93(3.8
7)

1
00

1500
0.06(0.04)

0.37(0.13)
0.95(0

.02)
4.83

(0.40)
27.55

(4.85)
2
00

1500
0.02(0.02)

0.22(0.07)
0.97(0

.02)
5.00

(0.07)
5.18(2.19)

2
00

2000
0.02(0.02)

0.20(0.08)
0.97(0

.02)
5.00

(0.07)
6.72(2.67)

M
o
d

el
4

100
1000

0.16(0.04)
0.52(0.13)

0.94(0.03)
3.88(0.3

3)
1
2.87(3.6

5)
1
00

1500
0.17(0.05)

0.55(0.14)
0.93(0

.03)
3.81

(0.42)
12.09

(3.56)
2
00

1500
0.13(0.03)

0.33(0.09)
0.97(0

.01)
4.00

(0.00)
11.12

(3.53)
2
00

2000
0.15(0.03)

0.43(0.07)
0.94(0

.02)
4.00

(0.00)
48.34

(7.71)

th
e

m
o
d

els.
A

ctu
ally,

th
e

error
rates

are
all

q
u

ite
close

to
th

e
B

ay
es

errors.
It

is
also

su
ccessfu

l
in

elim
in

atin
g

m
ost

of
th

e
irrelevan

t
featu

res.
T

h
e

p
erform

an
ce

im
p

roves
w

ith
in

crea
sed

sam
p

le
size.

In
term

s
of

estim
ation

accu
racy,

th
e
L

2
error

d
ecreases

as
p

d
ecrea

ses
an

d
n

in
creases,

w
h

ich
ech

o
es

th
e

resu
lt

in
m

ain
th

eorem
.

W
e

ob
serve

th
a
t

A
A

C
is

greater
th

an
0.9

in
m

ost
cases,

im
p

ly
in

g
th

at
th

e
d

irection
of
β̂

(λ
)

m
a
tch

es
th

at
of

th
e

B
ayes

ru
le.

It
is

w
orth

n
otin

g
th

at
th

e
earlier

literatu
re

h
av

e
alread

y
p

erform
ed

th
orou

gh
n
u

m
erical

a
n

aly
sis

to
co

m
p

are
th

e
p

erform
an

ce
of
L

1 -n
orm

S
V

M
w

ith
L

2 -n
orm

S
V

M
an

d
logistic

regressio
n

.
F

o
r

ex
am

p
le,

Z
h
u

et
al.

(2004)
ob

serves
th

at
th

e
p

erform
an

ce
of
L

1 -n
orm

S
V

M
an

d
L

2 -n
orm

S
V

M
is

sim
ilar

w
h

en
th

ere
is

n
o

red
u

n
d

an
t

fea
tu

res;
h

ow
ever,

th
e

p
erform

an
ce

of
L

2 -n
o
rm

S
V

M
can

b
e

ad
v
ersely

aff
ected

b
y

th
e

p
resen

ce
of

red
u

n
d

an
t

featu
res.

R
o
ch

a
et

al.
(200

9)
n
u

m
erically

com
p

ared
L

1 -n
orm

S
V

M
w

ith
logistic

reg
ression

classifi
er

an
d

d
iscovered

th
a
t

th
ey

are
com

p
arab

le
b

u
t

th
eir

relative
fi

n
ite-sam

p
le

ad
van

ta
ge

d
ep

en
d

s
on

th
e

sam
p

le
size

an
d

d
esign

.
S

ee
sim

ilar
ob

servation
in

Z
ou

(2007
),

Z
h

a
n

g
et

al.
(2016b

),
a
m

o
n

g
oth

ers.
A

lth
ou

gh
L

1 -n
orm

S
V

M
can

ou
tp

erform
regu

lar
L

2 -n
orm

S
V

M
w

h
en

th
ere

are
m

a
n
y

red
u

n
d
an

t
featu

res,
it

sh
ares

th
e

d
raw

b
ack

of
L

1
p

en
alized

least
sq

u
ares

regressio
n

th
at

it
overp

en
a
lizes

large
co

effi
cien

ts
an

d
ten

d
s

to
h

ave
la

rger
false

p
ositives

(in
clu

d
in

g
m

ore
n

oise
featu

res)
co

m
p

arin
g

w
ith

th
e

n
on

-con
v
ex

p
en

alized
S

V
M

,
w

h
ich

w
ill

b
e

in
vestigated

in
S

ection
5.2.

5
.2

M
o
n
te

C
a
rlo

re
su

lts
fo

r
n

o
n

-c
o
n
v
e
x

p
e
n

a
liz

e
d

S
V

M

In
th

is
su

b
sectio

n
,

w
e

con
sid

er
th

e
sam

e
fou

r
m

o
d

els
a
s

in
S

ection
5
.1.

In
stead

of
th

e
L

1 -n
orm

S
V

M
,

w
e

u
se

it
as

th
e

in
itial

valu
e

for
th

e
n

on
-con

vex
p

en
alized

S
V

M
algorith

m
p

rop
osed

in
Z

h
an

g
et

al.
(2016b

).
W

e
con

sid
er

tw
o

p
op

u
lar

ch
oices

of
n

on
-con

vex
p

en
alty

12
JM

L
R

 17(236):1-26



fu
n

ct
io

n
s:

S
C

A
D

p
en

al
ty

(w
it

h
a

=
3.

7)
an

d
M

C
P

p
en

al
ty

(w
it

h
a

=
3
).

A
s

su
g
ge

st
ed

in
Z

h
an

g
et

al
.

(2
01

6b
),

w
e

u
se

d
th

e
re

ce
n
tl

y
d

ev
el

op
ed

h
ig

h
-d

im
en

si
on

a
l

B
IC

cr
it

er
io

n
to

ch
o
os

e
th

e
tu

n
in

g
p

ar
am

et
er

fo
r

n
on

-c
on

ve
x

p
en

al
iz

ed
S

V
M

s.
M

or
e

sp
ec

ifi
ca

ll
y,

th
e

S
V

M
-e

x
te

n
d

ed
B

IC
is

d
efi

n
ed

as

S
V
M
I
C
γ
(T

)
=

n ∑ i=
1

2ξ
i
+

lo
g
(n

)|T
|+

2
γ

(
p |T
|) ,

0
≤
γ
≤

1
,

w
h

er
e

in
p

ra
ct

ic
e

w
e

ca
n

se
t
γ

=
0.

5
as

su
gg

es
te

d
b
y

C
h

en
an

d
C

h
en

(2
00

8
)

a
n

d
ch

o
os

e
th

e
λ

th
at

m
in

im
iz

es
th

e
ab

ov
e
S
V
M
I
C
γ

fo
r

n
on

-c
on

v
ex

p
en

al
iz

ed
S

V
M

.

T
ab

le
2:

S
im

u
la

ti
on

re
su

lt
s

fo
r

S
C

A
D

p
en

al
iz

ed
S

V
M

M
o
d

el
n

p
T

es
t

er
ro

r
L

2
er

ro
r

A
A

C
S

ig
n

al
N

o
is

e

M
o
d

el
1

10
0

10
00

0.
10

(0
.0

5)
0.

25
(0

.1
7)

0
.9

5(
0.

04
)

4.
88

(0
.3

8
)

4
.9

2
(5

.8
2)

10
0

15
00

0.
12

(0
.0

6)
0.

35
(0

.2
0)

0.
93

(0
.0

5)
4.

84
(0

.5
3
)

9
.3

1
(8

.8
9
)

20
0

15
00

0.
08

(0
.0

3)
0.

15
(0

.1
0)

0.
98

(0
.0

3)
4.

99
(0

.1
2
)

0
.4

8
(0

.5
1
)

20
0

20
00

0.
07

(0
.0

2)
0.

10
(0

.0
5)

0.
99

(0
.0

1)
5.

00
(0

.0
0
)

0
.6

6
(0

.8
0
)

M
o
d

el
2

10
0

10
00

0.
04

(0
.0

5)
0.

25
(0

.1
7)

0
.9

5(
0.

05
)

4.
73

(0
.5

1
)

1
.4

7
(1

.3
8)

10
0

15
00

0.
05

(0
.0

5)
0.

28
(0

.1
8)

0.
94

(0
.0

5)
4.

64
(0

.5
5
)

1
.4

2
(1

.3
8
)

20
0

15
00

0.
03

(0
.0

3)
0.

19
(0

.1
0)

0.
96

(0
.0

3)
4.

91
(0

.2
9
)

2
.7

7
(3

.5
3
)

20
0

20
00

0.
02

(0
.0

1)
0.

15
(0

.0
6)

0.
98

(0
.0

2)
5.

00
(0

.0
7
)

1
.4

0
(1

.8
1
)

M
o
d

el
3

10
0

10
00

0.
05

(0
.0

4)
0.

30
(0

.1
6)

0
.9

4(
0.

04
)

4.
53

(0
.5

8
)

0
.5

8
(0

.8
4)

10
0

15
00

0.
04

(0
.0

4)
0.

24
(0

.1
5)

0.
95

(0
.0

4)
4.

75
(0

.4
6
)

1
.0

8
(1

.1
5
)

20
0

15
00

0.
02

(0
.0

1)
0.

14
(0

.0
6)

0.
98

(0
.0

1)
4.

99
(0

.1
0
)

1
.3

0
(1

.5
3
)

20
0

20
00

0.
02

(0
.0

1)
0.

15
(0

.0
6)

0.
98

(0
.0

2)
5.

00
(0

.0
0
)

1
.3

2
(1

.8
3
)

M
o
d

el
4

10
0

10
00

0.
15

(0
.0

5)
0.

51
(0

.2
0)

0
.9

4(
0.

04
)

3.
50

(0
.5

9
)

7
.5

4
(5

.2
0)

10
0

15
00

0.
17

(0
.0

5)
0.

61
(0

.1
8)

0.
93

(0
.0

4)
3.

57
(0

.7
1
)

8
.8

6
(6

.3
7
)

20
0

15
00

0.
12

(0
.0

3)
0.

19
(0

.1
0)

0.
99

(0
.0

1)
3.

98
(0

.1
4
)

3
.1

9
(2

.4
5
)

20
0

20
00

0.
14

(0
.0

3)
0.

39
(0

.1
9)

0.
97

(0
.0

3)
3.

69
(0

.5
1
)

0
.9

5
(1

.0
7
)

T
ab

le
s

2
an

d
3

su
m

m
ar

iz
e

th
e

si
m

u
la

ti
on

re
su

lt
s

fo
r

S
C

A
D

an
d

M
C

P
p

en
al

ty
fu

n
ct

io
n

s,
re

sp
ec

ti
ve

ly
.

W
e

ob
se

rv
e

th
at

th
e

S
C

A
D

-p
en

a
li

ze
d

S
V

M
an

d
M

C
P

-p
en

a
li

ze
d

M
C

P
h

av
e

si
m

il
ar

p
er

fo
rm

an
ce

,
b

ot
h

d
em

on
st

ra
ti

n
g

a
cl

ea
r

ad
va

n
ta

ge
of

se
le

ct
in

g
th

e
re

le
va

n
t

fe
a
tu

re
s

an
d

ex
cl

u
d

in
g

ir
re

le
va

n
t

on
es

ov
er
L

1
-n

or
m

S
V

M
.

T
h

e
N

oi
se

si
ze

d
ec

re
as

es
d
ra

m
a
ti

ca
ll
y

to
le

ss
th

an
3

as
th

e
sa

m
p

le
si

ze
ge

ts
la

rg
er

.
T

h
e

S
ig

n
al

si
ze

is
al

m
os

t
5

w
h

en
n

=
2
0
0

fo
r

M
o
d

el
1-

3
an

d
4

fo
r

M
o
d

el
4,

im
p

ly
in

g
th

e
su

cc
es

s
of

se
le

ct
in

g
th

e
ex

ac
t

tr
u

e
m

o
d

el
.

W
e

al
so

ob
se

rv
e

th
at

n
on

-c
on

ve
x

p
en

al
iz

ed
S

V
M

h
as

u
n

if
or

m
ly

sm
al

le
r
L

2
er

ro
r

an
d

la
rg

er
A

A
C

th
an

L
1
-n

or
m

S
V

M
.

T
h

is
re

so
n

at
es

w
it

h
th

e
ob

se
rv

at
io

n
in

th
e

li
te

ra
tu

re
th

a
t

el
im

in
a
ti

n
g

ir
re

le
va

n
t

fe
at

u
re

s
en

h
an

ce
s

cl
as

si
fi

ca
ti

on
p

er
fo

rm
an

ce
.

T
h
e

M
on

te
C

ar
lo

st
u

d
y

co
n

fi
rm

s
th

e
eff

ec
ti

ve
n

es
s

of
th

e
al

go
ri

th
m

of
Z

h
an

g
et

al
.

(2
01

6b
)

fo
r

fe
at

u
re

se
le

ct
io

n
fo

r
S

V
M

in
h

ig
h

d
im

en
si

on
w

h
en

u
si

n
g
L

1
-n

or
m

S
V

M
as

an
in

it
ia

l
va

lu
e.

13
JM

L
R

 1
7(

23
6)

:1
-2

6

T
ab

le
3
:

S
im

u
la

ti
o
n

re
su

lt
s

fo
r

M
C

P
p

en
a
li

ze
d

S
V

M
M

o
d

el
n

p
T

es
t

er
ro

r
L

2
er

ro
r

A
A

C
S

ig
n

a
l

N
o
is

e

M
o
d

el
1

10
0

1
00

0
0.

1
1
(0

.0
5
)

0
.2

8(
0
.1

7
)

0
.9

5
(0

.0
4)

4
.8

7
(0

.4
2
)

5
.4

6(
5
.4

5)
10

0
1
50

0
0.

1
3(

0.
07

)
0
.3

6
(0

.2
0)

0.
9
3
(0

.0
5
)

4
.8

4(
0
.4

7
)

9.
0
0
(8

.4
9)

20
0

1
50

0
0.

0
7(

0.
02

)
0
.1

1
(0

.0
7)

0.
9
9
(0

.0
2
)

4
.9

9(
0
.1

0
)

0.
4
8
(0

.5
1)

20
0

2
00

0
0.

0
7(

0.
02

)
0
.1

0
(0

.0
4)

0.
9
9
(0

.0
1
)

5
.0

0(
0
.0

0
)

0.
8
3
(0

.8
3)

M
o
d

el
2

10
0

1
00

0
0.

0
3
(0

.0
3
)

0
.2

0(
0
.1

2
)

0
.9

6
(0

.0
3)

4
.8

4
(0

.3
8
)

0
.8

8(
0
.9

7)
10

0
1
50

0
0.

1
1(

0.
10

)
0
.4

7
(0

.2
7)

0.
8
9
(0

.0
8
)

4
.0

8(
0
.8

5
)

3.
5
6
(2

.6
5)

20
0

1
50

0
0.

0
2(

0.
01

)
0
.1

4
(0

.0
5)

0.
9
8
(0

.0
1
)

5
.0

0(
0
.0

0
)

1.
5
0
(2

.2
2)

20
0

2
00

0
0.

0
2(

0.
01

)
0
.1

4
(0

.0
6)

0.
9
8
(0

.0
2
)

5
.0

0(
0
.0

7
)

1.
3
8
(1

.8
0)

M
o
d

el
3

10
0

1
00

0
0.

0
4
(0

.0
4
)

0
.2

6(
0
.1

5
)

0
.9

5
(0

.0
4)

4
.6

7
(0

.5
4
)

0
.6

0(
0
.8

2)
10

0
1
50

0
0.

0
4(

0.
04

)
0
.2

4
(0

.1
5)

0.
9
5
(0

.0
4
)

4
.7

5(
0
.4

6
)

1.
0
1
(1

.0
7)

20
0

1
50

0
0.

0
2(

0.
01

)
0
.1

4
(0

.0
6)

0.
9
8
(0

.0
1
)

5
.0

0(
0
.0

7
)

1.
2
7
(1

.7
2)

20
0

2
00

0
0.

0
2(

0.
01

)
0
.1

5
(0

.0
6)

0.
9
8
(0

.0
2
)

5
.0

0(
0
.0

0
)

1.
4
7
(2

.0
4)

M
o
d

el
4

10
0

1
00

0
0.

1
5
(0

.0
5
)

0
.5

0(
0
.2

0
)

0
.9

4
(0

.0
4)

3
.6

6
(0

.5
2
)

7
.2

0(
4
.4

9)
10

0
1
50

0
0.

1
7(

0.
05

)
0
.6

2
(0

.1
6)

0.
9
2
(0

.0
4
)

3
.3

5(
0
.6

8
)

4.
9
6
(3

.5
8)

20
0

1
50

0
0.

1
2(

0.
03

)
0
.2

0
(0

.1
2)

0.
9
9
(0

.0
1
)

3
.9

8(
0
.1

2
)

1.
9
9
(1

.7
2)

20
0

2
00

0
0.

1
3(

0.
03

)
0
.3

4
(0

.1
7)

0.
9
7
(0

.0
2
)

3
.8

3(
0
.4

3
)

0.
8
6
(0

.8
0)

6
.

C
o
n
cl

u
si

o
n

a
n
d

d
is

cu
ss

io
n

W
e

in
ve

st
ig

at
e

th
e

st
a
ti

st
ic

a
l

p
ro

p
er

ti
es

o
f
L

1
-n

o
rm

S
V

M
co

effi
ci

en
ts

in
u

lt
ra

-h
ig

h
d

im
en

-
si

o
n

.
W

e
p

ro
ve

d
th

a
t
L

1
-n

o
rm

S
V

M
co

effi
ci

en
ts

ac
h

ie
ve

a
n

ea
r-

or
a
cl

e
ra

te
o
f

es
ti

m
at

io
n

er
ro

r.
T

o
d

ea
l

w
it

h
th

e
n

o
n

-s
m

o
o
th

n
es

s
o
f

th
e

h
in

ge
lo

ss
fu

n
ct

io
n

,
w

e
em

p
lo

y
em

p
ir

ic
al

p
ro

ce
ss

es
te

ch
n

iq
u

es
to

d
er

iv
e

th
e

th
eo

ry
.

F
u

rt
h

er
m

o
re

,
w

e
sh

ow
ed

th
at

u
n

d
er

so
m

e
ge

n
er

al
re

g
u

la
ri

ty
co

n
d

it
io

n
s,

th
e
L

1
-n

o
rm

S
V

M
p

ro
v
id

es
a
n

a
p

p
ro

p
ri

a
te

in
it

ia
l

va
lu

e
fo

r
th

e
re

ce
n
t

al
go

ri
th

m
d

ev
el

op
ed

b
y

Z
h

an
g

et
al

.
(2

0
1
6b

)
fo

r
n

o
n

-c
o
n
ve

x
p

en
a
li

ze
d

S
V

M
in

h
ig

h
d

im
en

-
si

o
n

.
C

o
m

b
in

ed
w

it
h

th
e

th
eo

ry
in

th
a
t

p
a
p

er
,

w
e

ex
te

n
d

ed
th

e
ap

p
li

ca
b

il
it

y
a
n

d
va

li
d

it
y

of
th

ei
r

re
su

lt
to

th
e

u
lt

ra
-h

ig
h

d
im

en
si

o
n

.

O
u

r
w

or
k

is
m

o
ti

va
te

d
b
y

th
e

im
p

o
rt

a
n

ce
o
f

id
en

ti
fy

in
g

in
d

iv
id

u
a
l

fe
a
tu

re
s

fo
r

S
V

M
in

an
al

y
zi

n
g

h
ig

h
-d

im
en

si
o
n

a
l

d
at

a
,

w
h

ic
h

fr
eq

u
en

tl
y

a
ri

se
in

g
en

o
m

ic
s

a
n

d
m

a
n
y

o
th

er
fi

el
d

s.
W

e
n

o
t

o
n

ly
cl

os
ed

a
th

eo
re

ti
ca

l
ga

p
on

th
e

es
ti

m
a
ti

o
n

er
ro

r
b

o
u

n
d

o
n
L

1
-S

V
M

w
h
en
p
�
n

,
b

u
t

al
so

v
er

ifi
ed

th
at

(S
ec

ti
o
n

4
)

th
is

le
a
d

s
to

co
n

si
st

en
tl

y
id

en
ti

fy
in

g
im

p
or

ta
n
t

fe
a
tu

re
s

w
h

en
co

m
b

in
ed

w
it

h
a

tw
o
-s

te
p

it
er

at
iv

e
a
lg

o
ri

th
m

in
th

e
u

lt
ra

-h
ig

h
d

im
en

si
o
n

a
l

se
tt

in
g
.

H
en

ce
,

w
e

h
av

e
gu

ar
a
n
te

e
fo

r
b

o
th

a
lg

or
it

h
m

co
n
ve

rg
en

ce
a
n

d
th

eo
re

ti
ca

l
p

er
fo

rm
a
n

ce
.

W
e

b
el

ie
ve

su
ch

re
su

lt
s

a
re

of
d

ir
ec

t
in

te
re

st
to

J
M

L
R

re
a
d

er
s

g
iv

en
th

e
p

op
u

la
ri

ty
o
f

S
V

M
in

p
ra

ct
ic

e.
O

u
r

w
or

k
h

as
su

b
st

an
ti

a
l

d
iff

er
en

ce
fr

o
m

th
e

ex
is

ti
n

g
w

o
rk

in
th

e
li

te
ra

tu
re

.
T

h
e

ex
is

ti
n

g
th

eo
ry

on
S
V

M
h

as
b

ee
n

la
rg

el
y

fo
cu

se
d

on
th

e
a
n

a
ly

si
s

o
f

g
en

er
a
li

za
ti

o
n

er
ro

r
ra

te
an

d
em

p
ir

ic
al

ri
sk

.
T

h
es

e
re

su
lt

s
n

ei
th

er
co

n
ta

in
n

or
d

ir
ec

tl
y

im
p

ly
th

e
tr

a
n

sp
a
re

n
t

er
ro

r
b

o
u

n
d

of
th

e
es

ti
m

a
te

d
co

effi
ci

en
ts

of
L

1
-n

o
rm

S
V

M
st

u
d

ie
d

in
th

is
p

a
p

er
.

F
u

rt
h

er
m

o
re

,
th

e
te

ch
n

iq
u

es
u

se
d

in
th

e
p

ap
er

fo
r

d
er

iv
in

g
th

e
L

2
er

ro
r

b
o
u

n
d

w
h

en
p
�

n
a
re

co
m

p
le

te
ly

d
iff

er
en

t
fr

om
th

os
e

u
se

d
in
p
<
n

se
tt

in
g
.

A
lt

h
o
u

g
h

o
u

r
a
p

p
ro

a
ch

fo
r

d
er

iv
in

g
th

e
L

2
-

er
ro

r
b

ou
n

d
is

in
sp

ir
ed

b
y

th
e

re
ce

n
t

w
o
rk

in
th

e
li

te
ra

tu
re

fo
r

L
as

so
.

T
h
er

e
is

su
b

st
an

ti
al

1
4

JM
L

R
 1

7(
23

6)
:1

-2
6



n
ew

tech
n

ica
l

ch
allen

g
e

to
d

ea
l

w
ith

th
e

n
on

sm
o
o
th

H
in

g
e

lo
ss

fu
n

ctio
n

a
n

d
req

u
ires

m
o
re

d
elica

te
a
p

p
licatio

n
o
f

em
p

irical
p

ro
cess

tech
n

iq
u

es.
A

lso
,

u
n

like
L

a
sso,

w
e

d
o

n
o
t

req
u

ire
G

a
u

ssian
o
r

su
b

-G
a
u

ssia
n

co
n

d
itio

n
s

in
th

e
tech

n
ica

l
d

erivatio
n

.

A
ck

n
o
w

le
d
g
m

e
n
ts

W
e

w
o
u

ld
like

to
a
ck

n
ow

led
ge

su
p

p
o
rt

fo
r

th
is

p
ro

ject
from

th
e

N
atio

n
al

S
cien

ce
F

o
u

n
d

a-
tio

n
(N

S
F

gran
t

D
M

S
-13

0
89

60
)

fo
r

P
en

g
a
n

d
W

a
n

g
’s

resea
rch

a
n

d
th

e
N

atio
n

al
S

cien
ce

F
o
u

n
d

a
tio

n
(N

S
F

g
ra

n
t

D
M

S
-10

5
52

1
0)

a
n
d

N
atio

n
a
l

In
stitu

tes
o
f

H
ea

lth
(N

IH
g
ra

n
ts

R
0
1

C
A

1
49

5
69

an
d

P
0
1

C
A

14
2
53

8
)

for
W

u
’s

resea
rch

resp
ectively.

A
p
p

e
n
d
ix

A
:

T
e
ch

n
ica

l
P

ro
o
fs

P
ro

o
f

o
f

L
e
m

m
a

1
.

B
y

th
e

u
n

ion
b

o
u

n
d

,
w

e
h

ave

P
(c √

2
A

(α
)

log
p
/
n
≤
c||Ŝ
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a
re

d
iff

eren
t

fro
m

th
e

b
eliefs

th
a
t

a
re

u
su

a
lly

d
erived

d
u

rin
g

th
e

ru
n
tim

e
o
f

a
p

p
rox

im
ate

in
feren

ce
a
lg

orith
m

s.
T

h
e

th
eo

retica
l

ch
ara

cteriza
tion

o
f

th
e

o
p

tim
a
l

p
oin

ts
for

th
e

lea
rn

in
g
-in

feren
ce

p
ro

ced
u

res
a
re

d
escrib

ed
b
y

W
a
in

w
rig

h
t

(2
0
0
6
);

W
ain

w
rig

h
t

et
a
l.

(2
0
0
3).

M
esh

i
et

al.
(2

01
0
)

d
escrib

e
b

len
d

in
g

learn
in

g
an

d
in

feren
ce

in
th

e
co

n
tex

t
o
f

stru
ctu

red
S

V
M

s,
w

h
ich

are
co

n
stru

cted
to

m
in

im
ize

th
e

lo
ss

b
etw

een
th

e
p

red
icted

la
b

els
a
n

d
th

e
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H
a
z
a
n
,

S
c
h
w

in
g

a
n
d

U
r
t
a
su

n

ob
served

on
es

(cf.
(T

askar
et

al.,
2004;

T
so

ch
an

tarid
is

et
al.,

2
004;

C
ollin

s,
2
002)).

T
h

e
id

eas
of

b
len

d
in

g
learn

in
g

an
d

in
feren

ce
in

stru
ctu

red
S
V

M
s

also
a
p

p
ear

in
(T

askar
et

al.,
2005;

A
n

g
u

elov
et

al.,
2
005).

In
con

trast,
ou

r
w

ork
fo

cu
ses

on
b

len
d

in
g

lea
rn

in
g

an
d

in
feren

ce
w

h
en

m
a
x
im

izin
g

log-p
rob

ab
ilities.

N
everth

eless,
ou

r
loss-ad

ju
sted

b
eliefs

m
ay

d
escrib

e
a

p
rob

a
b

ilistic
a
ltern

ative
to

b
len

d
ed

learn
in

g
in

stru
ctu

red
-S

V
M

s.
W

h
en

settin
g

th
e

cou
n
tin

g
n
u

m
b

ers
c
r

=
0,

w
e

eff
ectively

w
ork

w
ith

zero-on
e

p
ro

b
ab

ilities
(i.e.,

m
a
x
-b

eliefs)
th

u
s

w
e

recover
th

e
a
lgo

rith
m

of
M

esh
i

et
al.

(20
10).

3
.
B
a
ck

g
ro

u
n
d

L
o
g
-likelih

o
o
d

lea
rn

in
g

in
stru

ctu
red

m
o
d

els
in

volves
d

ata
in

stan
ces

x
∈
X

an
d

th
eir

lab
els

y
∈
Y

.
T

h
e

stru
ctu

re
is

in
corp

orated
in

to
th

e
lab

els
w

h
ich

m
ay

refer
to

seq
u
en

ces,
grid

s,
or

oth
er

h
igh

-d
im

en
sion

al
ob

jects.
F

or
every

d
a
ta

in
stan

ce
x

,
its

p
ossib

le
lab

els
are

d
escrib

ed
b
y

a
set

of
featu

re
fu

n
ction

s
φ
k

:X
×
Y
→

R
,
k
∈
{
1
,...,K

}
.

A
lin

ea
r

com
b
in

ation
of

th
e
K

featu
res

is
u

sed
to

score
th

e
d

iff
eren

t
lab

els
y
∈
Y

u
sin

g
th

e
p

ara
m

eters
w
∈

R
K

.
F

o
rm

a
lly

w
e

ob
tain

th
e

score
θ(y

;x
,w

)
of

a
lab

el
v
ia

θ(y
;x
,w

)
=
∑

k

w
k φ

k (x
,y

).

T
h

e
rea

l
va

lu
ed

score
is

m
ap

p
ed

to
th

e
p

rob
ab

ility
scale

v
ia

th
e

G
ib

b
s

d
istrib

u
tion

:

p
(y|x

;w
)∝

ex
p

(θ(y
;x
,w

)).
(1)

W
ith

in
th

e
C

R
F

fram
ew

ork
,

th
e

goal
is

to
learn

th
e

p
aram

eters
of

th
e

p
oten

tial
fu

n
ction

s
to

m
a
x
im

ize
th

e
con

d
ition

al
likelih

o
o
d

of
th

e
train

in
g

d
a
ta

(x
,y

)∈
S

:

m
ax
w

∑(x
,y

)∈S
log

p
(y|x

;w
)−

C2 ‖w‖
22 .

(2)

T
h

e
reg

u
la

rization
term

is
som

etim
es

con
sid

ered
as

a
G

au
ssian

p
rior

over
th

e
p

aram
eters

w
.

T
h

e
regu

larized
likelih

o
o
d

of
C

R
F

s
is

a
con

cave
an

d
sm

o
oth

fu
n

ction
an

d
its

o
p

tim
al

p
ara

m
eters

m
ay

b
e

attain
ed

b
y

grad
ien

t
ascen

t.
T

h
e

grad
ien

t
m

easu
res

th
e

d
isagreem

en
ts

b
etw

een
th

e
in

ferred
d

istrib
u

tion
ov

er
lab

els
an

d
th

e
gro

u
n

d
tru

th
train

in
g

lab
els,

i.e.,

∂
log

p
(y|x

;w
)

∂
w
k

=
∑ŷ∈Y

p
(ŷ|x

;w
)φ
k (x

,ŷ
)−

φ
k (x

,y
).

(3)

T
h

e
com

p
u

tation
al

com
p

lex
ity

of
C

R
F

s
is

govern
ed

b
y

in
feren

ce,
w

h
ich

a
m

ou
n
ts

to
evalu

-
a
tin

g
th

e
p

ro
b
ab

ility
p
(ŷ|x

;w
)

for
com

p
u

tin
g

th
e

ob
jective

an
d

th
e

grad
ien

t.
W

e
con

sid
er

ca
ses

in
w

h
ich

th
e

lab
els

y
∈
Y

are
n

-tu
p

les,
i.e.,

y
=

(y
1 ,...,y

n
),

an
d

h
en

ce
th

e
co

n
fi

g
u

ration
sp

ace
is

ex
p

on
en

tial
in
n

.
T

h
e

featu
res

d
escrib

e
relation

s
b

etw
een

su
b

sets
of

elem
en

ts
r
⊂
{
1,...,n}

,
also

called
region

s
or

factors.
W

e
d

en
ote

b
y
R
k

th
e

region
s

req
u

ired
to

co
m

p
u

te
th

e
featu

re
φ
k (x

,y
).

Im
p

ortan
tly,

th
e

featu
res

are
fu

n
ction

s
o
f

th
eir

reg
ion

s
lab

els
y
r ⊂
{y

1 ,...,y
n }

,
i.e.,

φ
k (x

,y
1 ,...,y

n
)

=
∑r∈R

k

φ
k
,r (x

,y
r ).

(4)
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F
ie
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s

T
h
u

s
th

e
fe
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u

re
s

d
efi

n
e

h
y
p

er
gr

ap
h

s
w

h
os

e
n

o
d

es
re

p
re

se
n
t

th
e
n

la
b

el
s

in
d

ex
es

,
a
n

d
th

e
re

gi
on

s
R

=
∪ k
R
k

co
rr

es
p

on
d

to
it

s
h
y
p

er
ed

ge
s.

A
co

n
ve

n
ie

n
t

w
ay

to
re

p
re

se
n
t

a
h
y
p

er
gr

ap
h

is
b
y

it
s

re
gi

on
gr

ap
h

.
A

re
gi

on
g
ra

p
h

is
a

d
ir

ec
te

d
gr

ap
h

w
h

os
e

n
o
d

es
re

p
re

se
n
t

th
e

re
gi

on
s

an
d

it
s

d
ir

ec
t

ed
ge

s
co

rr
es

p
on

d
to

th
e

in
cl

u
si

on
re

la
ti

on
,

i.
e.

,
a

d
ir

ec
te

d
ed

g
e

fr
om

n
o
d

e
r

to
s

is
p

os
si

b
le

on
ly

if
s
⊂
r.

W
e

ad
op

t
th

e
te

rm
in

ol
og

y
w

h
er

e
th

e
se

ts
P

(r
)

an
d
C

(r
)

re
p

re
se

n
t

al
l

n
o
d

es
th

at
ar

e
p

ar
en

ts
an

d
ch

il
d

re
n

of
th

e
n

o
d

e
r,

re
sp

ec
ti

ve
ly

.

T
h

e
H

am
m

er
sl

ey
-C

li
ff

or
d

th
eo

re
m

(e
.g

.,
L

au
ri

tz
en

(1
99

6)
)

as
se

rt
s

th
a
t

th
e

G
ib

b
s

d
is

-
tr

ib
u

ti
on

s
p
(ŷ
|x

;w
)

d
efi

n
ed

in
E

q
u

at
io

n
(1

)
co

rr
es

p
on

d
to

a
M

ar
ko

v
ra

n
d

o
m

fi
el

d
(M

R
F

)
w

h
os

e
st

at
is

ti
ca

l
in

d
ep

en
d

en
ci

es
ar

e
d

es
cr

ib
ed

b
y

th
e

jo
in

t
h
y
p

er
gr

ap
h

.
T

h
es

e
in

d
ep

en
-

d
en

ci
es

ar
e

d
et

er
m

in
ed

b
y

th
e

M
ar

ko
v

p
ro

p
er

ty
:

tw
o

n
o
d

es
in

th
e

gr
ap

h
a
re

co
n

d
it

io
n

a
ll

y
in

d
ep

en
d

en
t

w
h

en
th

ey
ar

e
se

p
ar

at
ed

b
y

ob
se

rv
ed

n
o
d

es
.
A

ji
an

d
M

cE
li

ec
e

(2
00

1
)

sh
ow

th
at

w
h

en
ev

er
th

e
re

gi
on

gr
ap

h
is

b
ip

ar
ti

te
an

d
h

as
n

o
cy

cl
es

,
th

e
M

ar
ko

v
p

ro
p

er
ty

p
ro

v
id

es
a

lo
w

d
im

en
si

on
al

re
p

re
se

n
ta

ti
on

of
th

e
G

ib
b

s
d

is
tr

ib
u

ti
on

u
si

n
g

it
s

m
ar

g
in

a
l

p
ro

b
ab

il
it

ie
s

p
(ŷ
r
|x

;w
)

=
∑

ŷ
\ŷ
r
p
(ŷ
|x

;w
),

n
am

el
y

p
(ŷ
|x

;w
)

=
∏ r
∈R

p
(ŷ
r
|x

;w
)1
−
|P

(r
)| .

(5
)

In
su

ch
ca

se
s

th
e

in
fe

re
n

ce
st

ep
,

i.
e.

,
es

ti
m

at
in

g
th

e
p

ro
b

ab
il

it
ie

s
p
(ŷ
|x

;w
)

ca
n

b
e

p
er

-
fo

rm
ed

effi
ci

en
tl

y
u

si
n

g
m

es
sa

ge
-p

as
si

n
g

al
go

ri
th

m
s.

W
h

en
th

e
re

gi
on

gr
a
p

h
h

a
s

n
o

cy
cl

es
it

is
b

ip
ar

ti
te

,
th

er
ef

or
e

it
h

as
tw

o
ty

p
es

of
re

gi
on

s:
ou

te
r

re
gi

on
s,

i.
e.

,
re

g
io

n
s

th
a
t

a
re

n
ot

co
n
ta

in
ed

b
y

ot
h

er
re

gi
on

s,
an

d
in

n
er

re
gi

on
s.

T
o

d
iff

er
en

ti
at

e
b

et
w

ee
n

th
os

e
re

g
io

n
s

w
e

d
en

ot
e

ou
te

r
re

gi
on

s
b
y
α

an
d

in
n

er
re

gi
on

s
b
y
i.

In
th

is
ca

se
,

on
e

ca
n

u
se

th
e

b
e-

li
ef

p
ro

p
ag

at
io

n
al

go
ri

th
m

to
effi

ci
en

tl
y

in
fe

r
th

e
m

ar
gi

n
al

p
ro

b
ab

il
it

ie
s

w
it

h
o
u

t
p

er
fo

rm
in

g
ex

p
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en
ti

al
ly

m
an

y
op

er
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n

s:

A
lg

o
ri

th
m

1
S

u
m

-p
ro

d
u

ct
b

el
ie

f
p

ro
p

ag
at

io
n

S
et
K r

=
{k

:
r
∈
R
k
}.

F
or

ev
er

y
(x
,y

),
w

se
t
θ r

(ŷ
r
)

=
∑

k
∈K

r
w
k
φ
k
,r

(x
,ŷ
r
).

R
ep

ea
t

u
n
ti

l
co

n
ve

rg
en

ce
:

µ
α
→
i(
y i

)
=
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g
( ∑

y
α
\y
i
ex

p
( (θ

α
(y
α
)

+
∑

j∈
C

(α
)\
i
λ
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α
(y
j
))
))

λ
i→

α
(y
i)

=
θ i

(y
i)

+
∑

β
∈P

(i
)\
α
µ
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→
i(
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)

O
u
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u
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(y
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∝

ex
p
( θ
i(
y i

)
+
∑

α
∈P

(i
)
µ
α
→
i(
y i

))

b α
(y
α
)
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( θ
α
(y
α
)

+
∑
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C

(α
)
λ
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)

T
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e
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il
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(ŷ
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(ŷ
r
).

In
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er
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w
h
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re

gi
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h
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b
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io
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ri
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m
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p
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p
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ab

il
it

ie
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n
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y
∑

y
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i
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(y
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=
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(y
i)

.
In
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m

e
ca

se
s

th
e

b
el

ie
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p
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p
-
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io
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go
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(ŷ
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p
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p
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H
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S
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d
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b
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at
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e
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R
ec

en
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in

a
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ex
te

n
si

ve
eff

o
rt

to
d

er
iv

e
co

n
ve

rg
in

g
b

el
ie

f
p

ro
p
a
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ti
o
n

ty
p

e
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g
or

it
h

m
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th
e

n
o
n
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x

B
et

h
e

fr
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en
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g
y
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d
b
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n
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x
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B
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C
o
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se
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q
u

en
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e
b
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f
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a
g
at

io
n

a
lg

o
ri

th
m

w
a
s

re
p

la
ce

d
b
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a
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p
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2
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6
;

M
el

tz
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et
a
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2
0
0
9;

H
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a
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a
n

d
S

h
a
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u
a
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20
08
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T

h
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e
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u
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b
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co

or
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ce
n
t

a
lg

or
it

h
m

s
b

el
o
n

g
to

th
e

fa
m

il
y

of
th

e
n

o
rm

-p
ro

d
u

ct
b

el
ie

f
p

ro
p

a
ga

ti
o
n

al
g
or

it
h

m
s:

A
lg

o
ri

th
m

2
N

or
m

-P
ro

d
u

ct
B

el
ie

f
P

ro
p

ag
a
ti

o
n

S
et
ĉ i

=
c i

+
∑

α
∈P

(i
)
c α

.
R

ep
ea

t
u

n
ti

l
co

n
ve

rg
en

ce
:

µ
α
→
i(
y i

)
=
c α

lo
g
( ∑

y
α
\y
i
ex

p
( (θ

α
(y
α
)

+
∑

j∈
C

(α
)\
i
λ
j→

α
(y
j
))
/ c
α

))

λ
i→

α
(y
i)

=
c α ĉ
i

( θ i
(y
i)

+
∑

β
∈P

(i
)
µ
β
→
i(
y i

))
−
µ
α
→
i(
y i

)

O
u

tp
u

t: b i
(y
i)
∝

ex
p
( θ
i(
y i

)
+
∑

α
∈P

(i
)
µ
α
→
i(
y i

))
1
/
ĉ i

b α
(y
α
)
∝

ex
p
( θ
α
(y
α
)

+
∑

i∈
C

(α
)
λ
i→

α
(y
i)
) 1
/
c α

T
h

e
n

o
rm

-p
ro

d
u

ct
al

g
o
ri

th
m

,
il

lu
st

ra
te

d
in

A
lg

o
ri

th
m

2
,

re
d

u
ce

s
to

b
el

ie
f

p
ro

p
a
g
a
ti

on
w

h
en

se
tt

in
g

it
s

co
effi

ci
en

ts
to
c r

=
1
−
|P

(r
)|,

n
am

el
y,

th
e

B
et

h
e

co
u

n
ti

n
g

n
u

m
b

er
s.

W
e

re
fe

r
th

e
in

te
re

st
ed

re
ad

er
to

(W
a
in

w
ri

g
h
t

a
n

d
J
or

d
an

,
20

08
)

fo
r

m
or

e
d

et
a
il

s.
T

h
e

n
or

m
-p

ro
d

u
ct

a
lg

o
ri

th
m

it
er

a
te

s
ov

er
th

e
fi

x
ed

p
o
in

t
so

lu
ti

o
n

s
fo

r
th

e
va

ri
at

io
n

al
p

ro
b

le
m

ar
g

m
ax

b∈
L

(G
)

∑ r,
y
r

b r
(y
r
)θ
r
(y
r
)

+
∑ r

c r
H

(b
r
).

(6
)

T
h

e
se

t
L

(G
)

is
k
n

ow
n

as
th

e
lo

ca
l

p
o
ly

to
p

e,
a
n

d
co

n
ta

in
s

p
ro

b
ab

il
it

y
d

is
tr

ib
u

ti
o
n

s
b r

(y
r
)

th
at

ag
re

e
on

th
ei

r
ov

er
la

p
p

in
g

va
ri

a
b

le
s,

i.
e.

,

L
(G

)
=
{ b r

(y
r
)

:
b r

(y
r
)
≥

0
,∑

y
r

b r
(y
r
)

=
1,
∀p
∈
P

(r
)
∑ y
p
\y
r

b p
(y
p
)

=
b r

(y
r
)} .

(7
)

T
h

ro
u

g
h

o
u

t
th

is
w

o
rk

w
e

re
fe

r
to

el
em

en
ts

in
th

e
lo

ca
l

p
ol

y
to

p
e

as
b

el
ie

fs
.

T
h

e
va

ri
at

io
n

al
p

ro
g
ra

m
gi

ve
n

in
E

q
u

a
ti

o
n

(6
)

is
co

n
ca

ve
w

h
en

ev
er
c r
≥

0.
T

h
e

n
or

m
-

p
ro

d
u

ct
al

go
ri

th
m

g
iv

en
in

A
lg

or
it

h
m

2
p

er
fo

rm
s

b
lo

ck
co

or
d

in
a
te

d
es

ce
n
t

o
n

it
s

d
u

al
p

ro
g
ra

m
.

T
h

er
ef

o
re

it
is

g
u

a
ra

n
te

ed
to

co
n
ve

rg
e

to
b

el
ie

fs
th

at
a
gr

ee
on

th
ei

r
m

a
rg

in
a
l

p
ro

b
ab

il
it

ie
s.

T
y
p

ic
a
ll

y
it

s
in

fe
rr

ed
b

el
ie

fs
a
p

p
ro

x
im

a
te

th
e

m
a
rg

in
a
l

p
ro

b
a
b

il
it

ie
s

as
w

el
l

a
s

th
e

b
el

ie
f

p
ro

p
a
ga

ti
o
n

a
p
p

ro
x
im

a
ti

o
n

s
(M

es
h

i
et

al
.,

20
0
9)

.
T

h
u

s
in

it
s

va
ri

o
u

s
fo

rm
s

it
is

u
se

d
as

th
e

in
fe

re
n

ce
st

ep
w

h
en

le
ar

n
in

g
th

e
p
a
ra

m
et

er
s

of
C

R
F

s.
S

u
ch

n
es

te
d

lo
o
p

a
lg

or
it

h
m

s
fo

r
p

er
fo

rm
in

g
le

ar
n

in
g

an
d

in
fe

re
n

ce
ar

e
p

re
se

n
te

d
in

F
ig

u
re

1
.

U
n

fo
rt

u
n

a
te

ly
,

it
er

at
iv

el
y

ex
ec

u
ti

n
g

th
e

n
or

m
-p

ro
d

u
ct

a
lg

o
ri

th
m

a
s

a
n

in
fe

re
n

ce
p

ro
ce

d
u

re
to

co
m

p
u

te
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B
l
e
n
d
in

g
L

e
a
r
n
in

g
a
n
d

In
f
e
r
e
n
c
e

in
C

o
n
d
it

io
n
a
l

R
a
n
d
o
m

F
ie

l
d
s

L
e
a
rn

in
g

w
ith

n
e
ste

d
in

fe
re

n
c
e

fo
r

C
R

F
s

1
.

S
et
θ
r (y

r ;x
,w

)
=
∑

k∈K
r
w
k φ

k
,r (x

,y
r ).

R
ep

ea
t

u
n
til

co
n
verg

en
ce:

2
.

In
feren

ce:
F

or
ev

ery
(x
,y

)∈
S

:

b ∗
=

a
rg

m
a
x

b(·|x
)∈
L

(G
)

∑

r∈R
,y
r ∈Y

r

b
r (y

r |x
)θ
r (y

r ;x
,w

)
+
∑r∈R

H
(b
r ).

3.
L

earn
in

g
:

w
k ←

w
k −

η (∑
(x
,y

)∈S ∑
r∈R

(∑
ŷ
r
b ∗r (ŷ

r |x
)φ
k
,r (x

,ŷ
r )−

φ
k
,r (x

,y
r ) )

+
C
w
k )

.

F
ig

u
re

1
:

N
ested

(u
n
b

len
d

ed
)

in
feren

ce
in

lea
rn

in
g
.

T
h
e

in
feren

ce
step

is
p

erform
ed

in
every

itera
tion

.
T

h
e

lea
rn

in
g

step
im

p
roves

th
e

p
a
ram

eters
till

learn
in

g
is

a
tta

in
ed

.
η

is
ty

p
ica

lly
referred

a
s

th
e

learn
in

g
ra

te
a
n

d
m

ay
b

e
set

as
1/ √

t,
w

h
ere

t
is

th
e

itera
tion

in
d

ex
.

T
h

e
a
b

b
rev

ia
tion

b∈
L

(G
)

d
escrib

es
co

n
d

itio
n
a
l

b
eliefs

b(·|x
)

for
every

x
∈
S

.
E

a
ch

of
th

ese
co

n
d

itio
n

a
l

b
eliefs

is
in

th
e

lo
cal

p
o
ly

to
p

e,
as

d
efi

n
ed

in
E

q
u

a
tio

n
(7

).

th
e

g
ra

d
ien

t
is

co
m

p
u

ta
tio

n
a
lly

d
em

an
d

in
g

a
n

d
th

is
m

eth
o
d

h
a
s

n
o
t

b
een

u
sed

w
id

ely
(see

S
ection

2
fo

r
m

o
re

d
eta

ils).
In

th
e

fo
llow

in
g

w
e

ex
p
lore

d
u

ality
to

p
rov

id
e

th
e

m
ea

n
s

to
b

len
d

th
e

learn
in

g
a
n

d
in

feren
ce

ta
sk

s
effi

cien
tly.

4
.
B
le
n
d
in
g
le
a
rn

in
g
a
n
d

in
fe
re
n
ce

L
o
g
-likelih

o
o
d

of
G

ib
b

s
d

istrib
u

tion
s,

a
s

d
efi

n
ed

in
E

q
u

a
tion

(1
)

w
ith

p
o
ten

tia
ls
θ(y

;x
,w

)
th

at
a
re

lin
ea

r
fu

n
ction

s
o
f

th
eir

p
a
ram

eters
w

,
resu

lts
in

a
co

n
cave

p
rog

ra
m

.
W

h
en

u
sin

g
n

ested
(u

n
b

len
d

ed
)

in
feren

ce,
th

e
lea

rn
in

g
a
lg

o
rith

m
ex

ecu
tes

a
co

n
cave

p
rog

ra
m

fo
r

in
fer-

rin
g

b
eliefs

a
b

ou
t

its
m

a
rg

in
al

p
rob

a
b

ilities
th

a
t

are
req

u
ired

fo
r

co
m

p
u

tin
g

its
g
ra

d
ien

t.
O

u
r

m
ain

resu
lt

ex
p

licitly
d

efi
n

es
th

e
con

cave
p

ro
g
ra

m
w

h
ose

o
p

tim
a
l

solu
tion

s
a
re

th
e

lim
it

p
o
in

ts
of

th
e

n
ested

lea
rn

in
g

a
n

d
in

feren
ce

a
lgo

rith
m

th
at

is
sh

ow
n

in
F

ig
u

re
1
.

U
sin

g
th

is
ch

ara
cteriza

tion
w

e
a
re

a
b

le
to

d
erive

an
a
lg

o
rith

m
th

a
t

b
len

d
s

th
e

lea
rn

in
g

a
n

d
in

fer-
en

ce
step

s.
C

o
n

seq
u

en
tly

it
is

o
rd

ers
o
f

m
ag

n
itu

d
e

faster
th

an
th

e
n

ested
a
lg

o
rith

m
th

a
t

u
ses

in
feren

ce
as

a
b

la
ck

-b
ox

a
lg

orith
m

.
S

in
ce

o
u

r
b

len
d

ed
a
lg

orith
m

op
tim

izes
a

co
n

cave
p

rog
ra

m
,

it
is

gu
a
ran

teed
to

rea
ch

th
e

sam
e

o
p

tim
u

m
a
s

th
e

n
ested

a
lgo

rith
m

.

T
h

e
o
re

m
1

T
h
e

lim
it

po
in

ts
o
f

th
e

n
ested

in
feren

ce
a
n

d
lea

rn
in

g
a
lgo

rith
m

in
F

igu
re

1
a
re

d
escribed

by
th

e
o
p
tim

a
l

po
in

ts
o
f

th
e

fo
llo

w
in

g
co

n
ca

ve
p
rogra

m
m

a
xim

izin
g

log-beliefs:

m
a
x

w
,λ

∑(x
,y

)∈
S ∑r∈R

log
b
r (y

r |x
;w
,λ

)−
C2 ‖w‖

2

s.t
b
r (y

r |x
;w
,λ

)∝
ex

p (
θ
r (y

r ;x
,w

)
+
∑c∈
C

(r
) λ

c→
r (y

c ;x
)−

∑p∈
P

(r
) λ

r→
p (y

r ;x
) )

7
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H
a
z
a
n
,

S
c
h
w

in
g

a
n
d

U
r
t
a
su

n

P
ro

o
f

T
h

e
th

eorem
rep

laces
m

ax
im

ization
over

b∈
L

(G
)

w
ith

m
ax

im
ization

over
λ

.
D

e-
co

u
p

lin
g

th
e

m
ax

im
ization

s
takes

th
e

form
m

ax
w
∑

(x
,y

)∈
S (

m
ax

λ { ∑
r∈R

log
b
r (y

r |x
;w
,λ

)} ).
In

th
e

follow
in

g
w

e
sh

ow
h

ow
to

d
erive

th
e

resu
lt

from
L

a
gran

ge
op

tim
a
lity

co
n

d
itio

n
s

(K
K

T
):

λ
∗

=
a
rg

m
ax
λ

∑r∈R
log

b
r (y

r |x
;w
,λ

)

b ∗
=

arg
m

ax
b∈
L

(G
)

∑

r∈R
,y
r ∈Y

r

b
r (y

r |x
)θ
r (y

r ;x
,w

)
+
∑r∈R

H
(b
r )

=⇒
b ∗r (y

r |x
)∝

ex
p (

θ
r (y

r ;x
,w

)
+
∑c∈
C

(r
) λ
∗c→

r (y
c ;x

)−
∑p∈
P

(r
) λ
∗r→

p (y
r ;x

) )
(8)

U
sin

g
th

e
ab

ove
L

agran
ge

op
tim

ality
con

d
ition

s,
th

e
th

eorem
follow

s
sin

ce
th

e
in

feren
ce

n
ested

w
ith

in
th

e
learn

in
g

algorith
m

ap
p

lies
grad

ien
t

ascen
t

to
th

e
follow

in
g

p
rogram

:

m
ax
w

∑(x
,y

)∈
S (

m
ax
λ
{ ∑r∈R

log
b
r (y

r |x
;w
,λ

)} )−
C2 ‖w‖

2
=

m
ax
w

∑(x
,y

)∈
S ∑r∈R

log
b ∗r (y

r |x
)−

C2 ‖
w‖

2.

E
q
u

a
tion

(8
)

states
th

e
L

agran
ge

op
tim

ality
con

d
ition

s
for

m
ax

im
u

m
-likelih

o
o
d

m
ax

im
u

m
-

en
tro

p
y

ty
p

e
d
u

ality.
C

on
sid

er
th

e
con

strain
ed

in
feren

ce
algorith

m
in

F
igu

re
(1)

an
d

th
e

L
a
gra

n
g
e

m
u

ltip
liers

λ
r→

p (y
r ;x

,w
)

for
th

e
m

argin
alizatio

n
con

strain
ts
∑

y
p \
y
r
b
p (y

p |x
)

=

b
r (y

r |x
).

Its
corresp

on
d

in
g

L
agran

gian
is
L

(b,λ
)

=
∑

r,y
r
b
r (y

r |x
)θ
r (y

r ;x
,w
,λ

)
+
∑

r
H

(b
r )

w
h

ere
θ
r (y

r ;x
,w
,λ

)
=
θ
r (y

r ;x
,w

)
+
∑

c∈
C

(r
)
λ
c→

r (y
c ;x

)−
∑

p∈
P

(r
)
λ
r→

p (y
r ;x

).
Its

d
u

al
fu

n
ction

is
q(λ

)
=

m
ax

b
L

(b,λ
)

w
h

ile
b
r (y

r |x
)

are
su

b
ject

to
p

rob
ab

ility
con

strain
ts.

C
on

-
ju

ga
te

d
u

ality
b

etw
een

th
e

en
trop

y
fu

n
ction

an
d

th
e

log
-p

artition
fu

n
ction

(cf.
W

ain
w

righ
t

an
d

J
o
rd

an
(2008))

im
p

lies
th

at
q(λ

)
=
∑

r
log

( ∑
y
r

ex
p

(θ
r (y

r ;x
,w
,λ

))).
S

in
ce

stron
g

d
u

-
a
lity

b
etw

een
th

e
en

trop
y

an
d

th
e

log-p
artition

fu
n

ction
h

old
s,

its
L

agran
ge

op
tim

ality
co

n
d

ition
s

im
p

ly

λ
∗

=
arg

m
in
λ

∑r∈R
log (∑y

r

ex
p (θ

r (y
r ;x

,w
,λ

) ) )
.

T
h

e
th

eorem
th

en
follow

s
sin

ce ∑
r∈R

∑
p∈
P

(r
)
λ
r→

p (y
r ;x

)−
∑

r∈R
∑

c∈
C

(r
)
λ
c→

r (y
c ;x

)≡
0

th
erefo

re ∑
r

lo
g
b ∗r (y

r |x
)

=
−
q(λ
∗)

an
d

th
e

L
agran

ge
op

tim
ality

co
n

d
ition

s
in

E
q
u

ation
(8)

h
old

.
T

h
u

s
b ∗r (y

r |x
)

can
b

e
rep

laced
b
y

its
re-p

aram
etrization

1Z
r

ex
p

(θ
r (y

r ;x
,w
,λ
∗)),

w
ith

Z
r

=
∑

ŷ
r

ex
p

(θ
r (ŷ

r ;x
,w
,λ
∗)).

T
h

e
m

ax
im

u
m

log-b
eliefs

p
rogram

d
escrib

es
th

e
variation

al
lan

d
scap

e
o
f

n
ested

in
feren

ce
in

learn
in

g.
T

h
u
s

it
can

b
e

u
sed

to
m

easu
re

th
e

step
-size

η
in

F
igu

re
1.

F
or

ex
am

p
le,

th
e

A
rm

ijo
ru

le
th

at
d

eterm
in

es
th

e
step

size
accord

in
g

to
th

e
variation

al
n

eigh
b

orh
o
o
d

resu
lts

in
a

faster
co

n
vergen

ce
p

er
iteration

th
an

u
sin

g
a

fi
x
ed

learn
in

g
rate.

T
h

e
n
ested

lea
rn

in
g

an
d

in
feren

ce
algorith

m
p

erform
s

a
com

p
lete

in
feren

ce
step

b
efore

p
erfo

rm
in

g
a

sin
g
le

learn
in

g
step

.
T

h
e

in
feren

ce
step

d
erives

b
eliefs

th
at

agree
on

th
eir

m
arg

in
al

p
rob

ab
ilities.

In
th

is
w

ork
w

e
u

se
th

e
m

ax
im

u
m

lo
g-b

eliefs
con

cave
p

rogram
to

b
len

d
th

e
learn

in
g

an
d

in
feren

ce
step

s.
S

p
ecifi

cally,
w

e
u

se
b

lo
ck

co
ord

in
ate

ascen
t

step
s
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B
l
e
n
d
in

g
L

e
a
r
n
in

g
a
n
d

In
f
e
r
e
n
c
e

in
C

o
n
d
it

io
n
a
l

R
a
n
d
o
m

F
ie

l
d
s

to
b
le

n
d

le
ar

n
in

g
(o

p
ti

m
iz

at
io

n
w

.r
.t

.
w

)
w

it
h

in
co

m
p

le
te

in
fe

re
n
ce

st
ep

s
(o

p
ti

m
iz

a
ti

o
n

w
.r

.t
.
λ

)
th

at
d

er
iv

e
b

el
ie

fs
b r

(y
r
|x

;w
,λ

)
th

at
n

ot
n

ec
es

sa
ri

ly
ag

re
e

on
th

ei
r

m
ar

g
in

a
l

p
ro

b
-

ab
il

it
ie

s,
i.

e.
,
∑

y
p
\y
r
b p

(y
p
|x

;w
,λ

)
=
b r

(y
r
|x

;w
,λ

).
S

u
ch

an
ap

p
ro

ac
h

is
co

m
p

u
ta

ti
o
n

al
ly

fa
vo

ra
b

le
si

n
ce

it
d

o
es

n
ot

re
q
u

ir
e

to
p

er
fo

rm
a

co
m

p
le

te
in

fe
re

n
ce

st
ep

fo
r

in
it

ia
l

le
a
rn

in
g

p
ar

am
et

er
s.

C
on

ca
v
it

y
en

su
re

s
th

at
b

le
n

d
in

g
re

ac
h

es
th

e
m

ax
im

u
m

lo
g
-b

el
ie

fs
o
p

ti
m

u
m

th
u

s
it

gu
ar

an
te

es
to

d
er

iv
e

co
n

si
st

en
t

b
el

ie
fs

u
p

on
co

n
ve

rg
en

ce
.

P
er

fo
rm

in
g

b
lo

ck
co

or
d
in

at
e

d
es

ce
n
t

on
th

e
m

ax
im

u
m

lo
g-

b
el

ie
fs

p
ro

gr
a
m

in
T

h
eo

re
m

1
re

q
u

ir
es

m
in

im
iz

in
g

a
b

lo
ck

of
va

ri
ab

le
s

w
h

il
e

h
ol

d
in

g
th

e
re

st
fi

x
ed

.
W

e
b

eg
in

b
y

d
es

cr
ib

in
g

h
ow

to
in

fe
r

th
e

op
ti

m
al

se
t

of
va

ri
ab

le
s
λ
r
→
p
(y
r
;x

)
th

at
ar

e
re

la
te

d
to

a
re

g
io

n
a
n

d
it

s
p

ar
en

ts
in

th
e

gr
ap

h
ic

al
m

o
d

el
.

L
e
m

m
a

2
B

le
n

d
e
d

in
fe

re
n

c
e
:

C
o
n

si
d
er

th
e

p
ro

gr
a
m

gi
ve

n
in

T
h
eo

re
m

1
.

F
o
r

a
gi

ve
n

re
gi

o
n
r,

th
e

o
p
ti

m
a
l

in
fe

re
n

ce
pa

ra
m

et
er

s
λ
∗ r→

p
(y
r
;x

),
fo

r
ev

er
y
p
∈
P

(r
),
y r
∈
Y r
,x
∈
S,

w
h
en

fi
xi

n
g

a
ll

o
th

er
λ

ta
ke

s
th

e
fo

ll
o
w

in
g

fo
rm

:

µ
p
→
r
(y
r
;x

)
=

lo
g
(
∑ y
p
\y
r

ex
p
( θ
p
(y
p
;x
,w

)
+

∑

c∈
C

(p
)\
r

λ
c→

p
(y
c
;x

)
−

∑

p
′ ∈
P

(p
)

λ
p
→
p
′ (
ŷ p

;x
))
)

λ
∗ r→

p
(y
r
;x

)
=

θ r
(y
r
;x
,w

)
+
∑

c∈
C

(r
)
λ
c→

r
(y
c
;x

)
+
∑

p
′ ∈
P

(r
)
µ
p
′ →

r
(y
r
;x

)

1
+
|P

(r
)|

−
µ
p
→
r
(y
r
;x

)

P
ro

o
f

T
h

e
m

ax
im

u
m

lo
g-

b
el

ie
fs

p
ro

gr
am

in
T

h
eo

re
m

1
is

sm
o
ot

h
,

co
n

ca
v
e

a
n
d

u
n

co
n

-
st

ra
in

ed
as

a
fu

n
ct

io
n

of
λ

,
th

er
ef

or
e

th
e

op
ti

m
u

m
is

ac
h

ie
ve

d
w

h
en

th
e

gr
a
d

ie
n
t

va
n

is
h

es
.

S
et

ti
n

g

θ r
(y
r
;x
,w
,λ

)
=
θ r

(y
r
;x
,w

)
+
∑

c∈
C

(r
)

λ
c→

r
(y
c
;x

)
−
∑

p
∈P

(r
)

λ
r
→
p
(y
r
;x

)
(9

)

an
d
b r

(y
r
|x

;w
,λ

)
∝

ex
p

(θ
r
(y
r
;x
,w
,λ

))
,

th
e

gr
ad

ie
n
t

w
it

h
re

sp
ec

t
to
λ
r
→
p
(y
p
;x

)
ta

ke
s

th
e

fo
rm

∂
∑

(x
,y

),
r

lo
g
b r

(y
r
|x

;w
,λ

)

∂
λ
r
→
p
(y
r
;x

)
=
∑ y
p
\y
r

b p
(y
p
|x

;w
,λ

)
−
b r

(y
r
|x

;w
,λ

).

T
h

e
op

ti
m

al
d

u
al

va
ri

ab
le

s
ar

e
th

os
e

fo
r

w
h

ic
h

th
e

gr
ad

ie
n
t

va
n

is
h

es
,

i.
e.

,
th

e
co

rr
e-

sp
on

d
in

g
b

el
ie

fs
ag

re
e

on
th

ei
r

m
ar

gi
n

al
p

ro
b

ab
il

it
ie

s.
W

h
en

se
tt

in
g
µ
p
→
r
(y
r
;x

)
a
s

a
b

ov
e,

th
e

m
ar

gi
n

al
iz

at
io

n
of
b p

(y
p
|x

;w
,λ

)
sa

ti
sfi

es

∑ y
p
\y
r

b p
(ŷ
p
|x

;w
,λ

)
∝

ex
p
( µ

p
→
r
(y
r
;x

)
+
λ
r
→
p
(y
r
;x

))
.

T
h

er
ef

or
e,

b
y

ta
k
in

g
th

e
lo

ga
ri

th
m

,
th

e
gr

ad
ie

n
t

va
n

is
h

es
w

h
en

ev
er

th
e

b
el

ie
fs

n
u

m
er

a
to

rs
ag

re
e

u
p

to
an

ad
d

it
iv

e
co

n
st

an
t:

∑ y
p
\y
r

b p
(y
p
|x

;w
,λ
∗ )
−
b r

(y
r
|x

;w
,λ
∗ )

=
0
⇐
⇒
µ
p
→
r
(y
r
;x

)
+
λ
∗ r→

p
(y
r
;x

)
=
θ r

(ŷ
r
;x
,w
,λ
∗ )
.

T
h

e
ri

gh
t

h
an

d
si

d
e

of
th

e
co

n
d

it
io

n
al

m
os

t
ch

ar
ac

te
ri

ze
s

co
m

p
le

te
ly

th
e

o
p

ti
m

a
l

va
ri

a
b

le
s

λ
∗ r→

p
(y
r
;x

)
b
y
λ
∗ r→

p
(y
r
;x

)
=
θ r

(ŷ
r
;x
,w
,λ
∗ )
−
µ
p
→
r
(y
r
;x

).
U

n
fo

rt
u

n
at

el
y,
θ r

(ŷ
r
;x
,w
,λ
∗ )

d
ep

en
d

s
on
∑

p
∈P

(r
)
λ
∗ r→

p
(y
r
;x

)
th

u
s

it
ca

n
n

ot
se

rv
e

as
an

u
p

d
at

e
ru

le
in

it
s

cu
rr

en
t

fo
rm

.
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5

H
a
z
a
n
,

S
c
h
w

in
g

a
n
d

U
r
t
a
su

n

T
o

co
m

p
le

te
th

e
p

ro
o
f

w
e

re
q
u

ir
e

to
re

p
la

ce
∑

p
∈P

(r
)
λ
∗ r→

p
(y
r
;x

)
w

it
h

a
n
ot

h
er

q
u

an
ti

ty
th

at
d

o
es

n
ot

d
ep

en
d

o
n
λ
∗ r→

p
(y
r
;x

)
fo

r
ev

er
y
p
∈
P

(r
)

a
n

d
y r
∈
Y r

.
T

o
is

ol
at

e
th

is
q
u

a
n
ti

ty
w

e
su

m
b

o
th

si
d

es
o
f

th
e

eq
u

a
li

ty
µ
p
→
r
(y
r
;x

)
+
λ
∗ r→

p
(y
r
;x

)
=

θ r
(ŷ
r
;x
,w
,λ
∗ )

w
it

h
re

sp
ec

t
to
p
∈
P

(r
),

th
u

s
w

e
a
re

ab
le

to
ob

ta
in

(1
+
|P

(r
)|)

∑

p
∈P

(r
)

λ
∗ r→

p
(y
r
;x

)
=
|P

(r
)|(
θ r

(y
r
;x
,w

)
+
∑

c∈
C

(r
)

λ
c→

r
(y
c
;x

))
−
∑

p
∈P

(r
)

µ
p
→
r
(y
r
;x

)

P
lu

gg
in

g
it

in
to

th
e

a
b

ov
e

eq
u

a
ti

on
re

su
lt

s
in

th
e

d
es

ir
ed

b
lo

ck
d

u
a
l

as
ce

n
t

u
p

d
a
te

ru
le

.

O
n

e
ca

n
v
er

if
y

th
a
t

si
n

ce
th

e
p

ro
gr

am
is

n
o
t

st
ri

ct
ly

co
n

ca
ve

in
λ

,
th

e
op

ti
m

al
so

lu
ti

o
n

s
ca

n
b

e
ac

h
ie

ve
d

fo
r

ev
er

y
a
d

d
it

iv
e

sh
if

t
o
f
λ
r
→
p
(y
r
;x

).
T

h
e

a
b

ov
e

le
m

m
a

d
es

cr
ib

es
a
n

a
n

al
y
ti

c
so

lu
ti

o
n

fo
r

th
e

op
ti

m
a
l
λ
r
→
p
(y
r
;x

),
th

a
t

a
re

co
m

p
u

te
d

in
th

e
b

lo
ck

co
o
rd

in
a
te

st
ep

s
o
f

th
e

a
lg

or
it

h
m

.
In

p
ra

ct
ic

e,
b

lo
ck

co
o
rd

in
a
te

d
es

ce
n
t

w
it

h
a
n

a
ly

ti
c

st
ep

s
p

ro
v
id

es
a

si
gn

ifi
ca

n
t

sp
ee

d
u

p
ov

er
co

n
ve

n
ti

o
n

a
l

g
ra

d
ie

n
t

m
et

h
o
d

s
a
n

d
ca

n
b

e
p

a
ra

ll
el

iz
ed

a
n

d
d

is
tr

ib
u

te
d

ea
si

ly
,

a
s

sh
ow

n
b
y

S
ch

w
in

g
et

a
l.

(2
01

1
).

A
le

a
rn

in
g

st
ep

u
p

d
a
te

s
th

e
w

ei
g
h
ts
w

so
as

to
m

ax
im

iz
e

th
e

lo
g
-b

el
ie

fs
.

W
h

en
u
si

n
g

b
le

n
d

ed
in

fe
re

n
ce

,
th

e
b

el
ie

fs
a
re

n
o
t

re
q
u

ir
ed

to
ag

re
e

o
n

th
ei

r
m

a
rg

in
a
l

p
ro

b
a
b

il
it

ie
s.

H
ow

ev
er

,
th

ey
ar

e
g
ov

er
n

ed
b
y

th
e

co
n

ca
ve

p
ro

gr
a
m

in
T

h
eo

re
m

1
.

It
s

co
n

ca
v
it

y
g
u

a
ra

n
te

es
th

at
th

es
e

b
el

ie
fs

ag
re

e
o
n

th
ei

r
m

a
rg

in
al

s
a
t

th
e

o
p

ti
m

u
m

.

L
e
m

m
a

3
B

le
n

d
e
d

le
a
rn

in
g
:

C
o
n

si
d
er

th
e

p
ro

gr
a
m

gi
ve

n
in

T
h
eo

re
m

1
.

T
h
e

gr
a
d
ie

n
t

o
f

it
s

o
bj

ec
ti

ve
fu

n
ct

io
n

w
it

h
re

sp
ec

t
to
w
k

ta
ke

s
th

e
fo

rm
:

∑

(x
,y

)∈
S

∑ r
∈R

k

(
∑

ŷ
r
∈Y

r

b r
(ŷ
r
|x

;w
,λ

)φ
k
,r

(x
,ŷ
r
)
−
φ
k
,r

(x
,y
r
))

+
C
w
k
.

P
ro

o
f

W
e

le
t lo
g
b r

(y
r
|x

;w
,λ

)
=
θ r

(y
r
;x
,w
,λ

)
−

lo
g
( ∑

ŷ
r

ex
p
( θ
r
(ŷ
r
;x
,w
,λ

))
) .

T
h

e
th

eo
re

m
fo

ll
ow

s
b
y

n
o
ti

n
g

th
a
t
θ r

(y
r
;x
,w

)
=
∑

k
∈K

r
w
k
φ
k
,r

(x
,y
r
),

re
ca

ll
in

g
th

e
d

efi
n

i-
ti

o
n

of
θ r

(y
r
;x
,w
,λ

)
in

E
q
u

a
ti

o
n

(9
)

an
d

th
a
t
b r

(ŷ
r
|x

;w
,λ

)
w

h
ic

h
is

d
efi

n
ed

in
T

h
eo

re
m

1

is
th

e
g
ra

d
ie

n
t

of
it

s
lo

g
-p

ar
ti

ti
on

fu
n

ct
io

n
,

i.
e.

,
lo

g
( ∑

ŷ
r

ex
p
( θ
r
(ŷ
r
;x
,w
,λ

))
) .

T
h

e
co

m
p

u
ta

ti
on

a
l

co
m

p
le

x
it

y
o
f

th
e

g
ra

d
ie

n
t

d
ep

en
d

s
o
n

th
e

st
ru

ct
u

re
o
f

th
e

fe
at

u
re

s,
es

-
p

ec
ia

ll
y

th
e

n
u

m
b

er
of

re
g
io

n
s

an
d

th
ei

r
la

b
el

s.
O

u
r

fr
am

ew
o
rk

p
re

fe
rs

fe
a
tu

re
s

w
it

h
sm

a
ll

re
g
io

n
s

an
d

re
as

on
ab

le
n
u

m
b

er
o
f

la
b

el
s.

A
n
o
th

er
co

m
p

u
ta

ti
on

al
is

su
e

re
la

te
s

to
th

e
st

ep
si

ze
η

fo
r

in
cr

ea
si

n
g

th
e

o
b

je
ct

iv
e

a
lo

n
g

th
e

g
ra

d
ie

n
t

o
f
w
k
.

In
ge

n
er

a
l,

th
e

gr
ad

ie
n
t

u
p

-
d

a
te

s
ve

ri
fy

th
at

th
e

ch
o
se

n
st

ep
si

ze
η

re
d

u
ce

s
th

e
o
b

je
ct

iv
e.

T
h

eo
re

ti
ca

ll
y,

w
e

ca
n

u
se

th
e

fa
ct

th
at

th
e

gr
ad

ie
n
t

is
L

ip
sc

h
it

z
co

n
ti

n
u

o
u

s
to

p
re

d
et

er
m

in
e

a
st

ep
si

ze
th

at
g
u

a
ra

n
te

es
as

ce
n
t.

In
p

ra
ct

ic
e

it
g
iv

es
w

o
rs

e
p

er
fo

rm
an

ce
th

a
n

se
ar

ch
in

g
fo

r
a

st
ep

si
ze

d
ep

en
d

in
g

on
th

e
gr

ad
ie

n
t

an
d

th
e

o
b

je
ct

iv
e

a
t

an
y

g
iv

en
p

o
in

t.
L

em
m

as
2

a
n

d
3

d
es

cr
ib

e
th

e
in

fe
re

n
ce

a
n

d
le

a
rn

in
g

st
ep

s
fo

r
m

ax
im

iz
in

g
th

e
lo

g-
b

el
ie

fs
m

ax
im

iz
a
ti

on
in

T
h

eo
re

m
1
.

S
in

ce
th

e
p

ro
gr

a
m

is
co

n
ca

v
e,

th
e

or
d

er
o
f

th
e

m
a
x
im

iz
a
ti

o
n

st
ep

s
is

n
ot

im
p

or
ta

n
t,

a
n

d
a
s

lo
n

g
a
s

a
ll

in
fe

re
n

ce
a
n

d
le

ar
n

in
g

p
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ra

m
et

er
s

a
re
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p
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m
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ed

th
e

m
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x
im
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.

F
o
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p
le
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B
l
e
n
d
in

g
L

e
a
r
n
in

g
a
n
d

In
f
e
r
e
n
c
e

in
C

o
n
d
it

io
n
a
l

R
a
n
d
o
m

F
ie

l
d
s

B
le

n
d

in
g

le
a
rn

in
g

a
n

d
in

fe
re

n
c
e

1
.

S
et
θ
r (y

r ;x
,w

)
=
∑

k∈K
r
w
k φ

k
,r (x

,y
r ).

R
ep

ea
t

u
n
til

co
n
verg

en
ce:

2
.

F
o
r

every
(x
,y

)∈
S

,
r∈
R

,
ŷ
r ∈
Y
r ,
p
∈
P

(r):

µ
p→

r (y
r ;x

)
=

log (
∑y
p \
y
r

ex
p (θ

p (y
p ;x

,w
)

+
∑

c∈
C

(p
)\
r

λ
c→

p (y
c ;x

)−
∑p ′∈
P

(p
) λ

p→
p ′(ŷ

p ;x
) ) )

λ
r→

p (y
r ;x

)
=

θ
r (y

r ;x
,w

)
+
∑

c∈
C

(r
)
λ
c→

r (y
c ;x

)
+
∑

p ′∈
P

(r
)
µ
p ′→

r (y
r ;x

)

1
+
|P

(r)|
−
µ
p→

r (y
r ;x

)

3
.

S
et
b
r (y

r |x
;w
,λ

)∝
ex

p (θ
r (y

r ;x
,w

)
+
∑

c∈
C

(r
)
λ
c→

r (y
c ;x

)−
∑

p∈
P

(r
)
λ
r→

p (y
r ;x

) ).

w
k ←

w
k −

η (
∑(x
,y

)∈S

∑r∈R
k (

∑ŷ
r ∈Y

r

b
r (ŷ

r |x
;w
,λ

)φ
k
,r (x

,ŷ
r )−

φ
k
,r (x

,y
r ) )

+
C
w
k )
.

F
ig

u
re

2
:

T
h

e
in

feren
ce

step
is

d
escrib

ed
in

L
em

m
a

2
a
n

d
th

e
lea

rn
in

g
step

is
d

escrib
ed

in
L

em
m

a
3
.

T
h
e

step
size

η
is

set
to

g
u

ara
n
tee

co
n
v
ergen

ce
(e.g

.,
corresp

o
n

d
-

in
g

to
th

e
L

ip
sch

itz
co

n
sta

n
t

o
r

th
e

A
rm

ijo
ru

le.)
C

o
n

cav
ity

of
th

e
p

ro
g
ra

m
in

T
h

eorem
1

en
su

res
th

a
t

th
e

b
len

d
in

g
co

n
verg

es
to

co
n
sisten

t
in

ferred
b

eliefs,
see

T
h

eorem
4
.

th
ey

d
o

n
o
t

ch
an

ge
b

efo
re

op
tim

izin
g

th
e

learn
in

g
p

ara
m

eters
w

.
W

e
refer

to
th

is
a
p

p
ro

a
ch

in
F

igu
re

1
a
s

n
ested

in
feren

ce
w

ith
in

lea
rn

in
g

sin
ce

it
p

erfo
rm

s
th

e
a
p

p
rox

im
a
te

in
feren

ce
h

eu
ristic

d
escrib

ed
in

S
ection

3
a
s

a
b

la
ck

-b
ox

so
lver.

N
ested

lea
rn

in
g

a
n

d
in

feren
ce

is
co

m
p

u
ta

tio
n

a
lly

u
n

favo
ra

b
le

in
g
en

era
l

a
s

it
req

u
ires

to
in

fer
λ

till
co

n
v
ergen

ce
fo

r
every

g
rad

ien
t

step
fo

r
lea

rn
in

g
w

.
S

in
ce

co
n

cav
ity

en
su

res
th

a
t

th
e

m
ax

im
izatio

n
d

o
es

n
o
t

d
ep

en
d

o
n

th
e

ord
er

o
f

th
e

m
a
x
im

izin
g

step
s,

it
a
lso

p
rov

id
es

a
p

rin
cip

led
w

ay
to

b
len

d
th

e
learn

in
g

a
n

d
in

feren
ce

step
s.

P
a
rticu

la
rly,

it
m

ay
lea

rn
th

e
w

p
ara

m
eters

u
sin

g
in

ferred
b

eliefs
b
r (y

r |x
;w
,λ

)∝
ex

p
(θ
r (y

r ,x
,w
,λ

))
th

a
t

d
o

n
o
t

a
g
ree

o
n

th
eir

m
a
rgin

al
p

ro
b

a
b

ilities.
F

o
r

th
is

p
u

rp
o
se

o
u

r
algo

rith
m

in
fers

th
e

p
ara

m
etrized

b
eliefs

d
iff

eren
tly

th
a
n

th
e

(o
u

ter)
b

eliefs
th

a
t

a
re

com
p

u
ted

b
y

th
e

n
ested

learn
in

g
a
lg

o
rith

m
in

F
ig

u
re

1
.

T
h

is
b

len
d

in
g

p
ro

p
erty

is
im

p
o
rta

n
t

in
p

ractice,
sin

ce
sh

o
rtly

u
p

o
n

in
itia

liza
tio

n
,

w
h

ere
th

e
giv

en
p

a
ra

m
eters

w
a
re

fa
r

fro
m

th
e

o
p

tim
u

m
,

it
is

n
o
t

a
d

v
isab

le
to

sp
en

d
tim

e
on

co
m

p
u

tin
g

co
n

sisten
t

b
eliefs.

F
ig

u
re

2
su

m
m

a
rizes

th
e

in
feren

ce-lea
rn

in
g

b
len

d
in

g
a
lgo

rith
m

.

T
h

e
b

lo
ck

co
ord

in
a
te

d
escen

t
alg

o
rith

m
is

g
u

a
ran

teed
to

co
n
verg

e,
a
s

it
m

o
n

o
to

n
ica

lly
in

creases
th

e
lo

g-b
eliefs

in
T

h
eo

rem
1,

w
h

ich
are

u
p

p
er

b
o
u

n
d

ed
b
y

its
d

u
a
l.

M
o
reov

er,
th

e
va

lu
es

th
a
t

a
re

g
en

erated
b
y

th
e

a
lg

o
rith

m
co

n
verg

e
to

th
e

p
ro

g
ra

m
’s

o
p

tim
a
l

valu
e

(see
T

h
eo

rem
4

fo
r

ex
act

sta
tem

en
t).

It
is

n
o
t

im
m

ed
ia

tely
clea

r
th

at
th

e
a
lg

o
rith

m
con

verg
es

to
its

o
p

tim
a
l

va
lu

e
sin

ce
th

e
p

ro
gram

is
n

o
t

strictly
co

n
cave.

C
o
n

seq
u

en
tly,

th
e

seq
u

en
ce

o
f

variab
les

λ
r→

p (y
r ;x

)
g
en

era
ted

b
y

th
e

a
lgo

rith
m

is
n

o
t

gu
a
ra

n
teed

to
b

e
b

o
u

n
d

ed
.

A
s

a
triv

ia
l

ex
a
m

p
le,

ad
d

in
g

a
n

a
rb

itra
ry

co
n

sta
n
t

to
th

e
va

ria
b

les,
λ
r→

p (y
r ;x

)
+
c,

d
o
es

n
o
t
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H
a
z
a
n
,

S
c
h
w

in
g

a
n
d

U
r
t
a
su

n

ch
a
n

ge
th

e
ob

jective
valu

e,
h

en
ce

th
e

algorith
m

can
gen

era
te

a
m

on
oto

n
ica

lly
d

ecreasin
g

u
n
b

ou
n

d
ed

seq
u

en
ces.

C
on

vergen
ce

to
th

e
op

tim
u

m
h

old
s

b
y

con
vex

d
u

ality
:

T
h

e
o
re

m
4

T
h
e

lea
rn

in
g-in

feren
ce

blen
d
in

g
a
lgo

rith
m

in
F

igu
re

2
fo

r
log-beliefs

m
a
xim

iza
-

tio
n

is
gu

a
ra

n
teed

to
co

n
verge.

M
o
reo

ver,
th

e
va

lu
e

o
f

its
o
bjective

is
gu

a
ra

n
teed

to
co

n
verge

to
th

e
glo

ba
l

m
a
xim

u
m

,
a
n

d
its

sequ
en

ce
o
f

beliefs
a
re

gu
a
ra

n
teed

to
co

n
verge

to
co

n
sisten

t
beliefs

th
a
t

a
re

th
e

u
n

iqu
e

so
lu

tio
n

o
f

th
e

d
u

a
l

p
rogra

m

m
in

z
,b
r

∑(x
,y

)∈S

12
C
‖z‖

2−
∑r∈R

H
(b
r )

su
bject

to
b
r (ŷ

r |x
)≥

0,
∑ŷ
r

b
r (ŷ

r |x
)

=
1,

b
r (ŷ

r |x
)

=
∑ŷ
p \
ŷ
r

b
p (ŷ

p |x
)

z
k

=
∑(x
,y

)∈S

∑r∈R
k (∑ŷ

r

b
r (ŷ

r |x
)φ
k
,r (x

,ŷ
r )−

φ
k
,r (x

,y
r ) )

P
ro

o
f

T
h

e
u

p
d

ate
ru

les
in

F
igu

re
2

iterativ
ely

ap
p

ly
th

e
b

lo
ck

co
ord

in
ate

ascen
t

ru
les

in
L

em
m

as
2

a
n

d
3

th
u

s
m

on
oton

ically
in

crease
th

e
p

rim
a
l

ob
jective

in
T

h
eorem

1.
T

h
is

p
ro

g
ra

m
is

co
n

cav
e

th
u

s
it

is
b

ou
n

d
ed

b
y

its
d

u
al

p
rogram

,
th

erefore
th

e
valu

e
of

its
ob

jectiv
e

is
gu

a
ran

teed
to

con
v
erge.

T
o

d
erive

th
e

d
u

al
p

rogram
w

e
con

stru
ct

th
e

L
a
gran

gia
n

L
(w
,λ
,b)

=
−
C2 ‖w‖

2
+
∑

k

w
k (

∑

(x
,y

)∈
S
,r∈R

k

φ
k
,r (x

,y
r ))

−
∑(x
,y

),r

log (∑ŷ
r

ex
p

(θ
r (ŷ

r ;x
)

+
∑c∈
C

(r
) λ

c→
r (ŷ

c ;x
)−

∑p∈
P

(r
) λ

r→
p (ŷ

r ;x
)) )

+
∑(x
,y

),r ∑ŷ
r

b
r (ŷ

r |x
) (
θ
r (ŷ

r ;x
)−

∑

k

w
k φ

k
,r (x

,ŷ
r ) )

.

T
h

e
variab

les
b
r (ŷ

r |x
)

are
th

e
L

agran
ge

m
u

ltip
liers

for
th

e
eq

u
ality

co
n

stra
in

ts
θ
r (ŷ

r ;x
)

=
∑

k
w
k φ

k
,r (x

,y
k ).

T
h

e
d

u
al

p
rogram

takes
th

e
form

q(b)
=

m
ax

w
,λ
L

(w
,λ
,b).

S
ettin

g
z
k

a
s

a
b

ove,
sin

ce
th

e
‖
·‖

2
is

th
e

con
ju

gate
d

u
al

of‖
·‖

2,
th

e
m

ax
im

ization
over

w
takes

th
e

form
m

ax
w {−

C2 ‖
w‖

2−
∑

k
w
k z
k }

=
12
C ‖
z‖

2.
T

o
com

p
lete

th
e

d
erivation

of
th

e
d

u
al,

th
e

m
a
x
im

ization
ov

er
λ

,
for

every
(x
,y

)
takes

th
e

form
m

ax
λ { ∑

r,ŷ
r
b
r (ŷ

r |x
)(θ

r (ŷ
r ;x

)−
∑

r
log

( ∑
ŷ
r

ex
p

(θ
r (ŷ

r ;x
)

+
∑

c∈
C

(r
)
λ
c→

r (ŷ
c ;x

)−
∑

p∈
P

(r
)
λ
r→

p (ŷ
r ;x

)))}
.

T
h

is
is

th
e

co
n

-
ju

ga
te

d
u

al
of

th
e

log-p
artition

fu
n

ction
,

w
h

ich
is

k
n

ow
n

to
b

e
th

e
en

trop
y

fu
n

ctio
n
H

(b
r ).

T
h

e
m

ix
in

g
o
f

th
e

m
essages

b
etw

een
th

e
d

iff
eren

t
region

s
resu

lts
in

th
e

m
argin

alization
con

stra
in

ts
in

th
e

d
u

al
p
rogram

.
A

n
altern

ative
p

ro
of

for
th

e
con

ju
g
ate

d
u

a
lity

b
etw

een
th

e
re-p

ara
m

etrized
log-p

artition
s

an
d

en
trop

ies
su

b
ject

to
m

a
rgin

alization
con

strain
ts

a
p

p
ears

in
th

e
m

o
re

gen
eralized

settin
g

of
T

h
eorem

5.
F

in
ally,

sin
ce

th
e

d
u

al
is

strictly
con

vex
su

b
ject

to
lin

ear
m

argin
alizatio

n
con

strain
ts

an
d

th
e

lin
ea

r
m

om
en

t
con

strain
ts

th
e

con
vergen

ce
p

rop
erties

are
a

con
seq

u
en

ce
of

T
sen

g
an

d
B

ertsekas
(1987).

T
h

e
con

vergen
ce

of
th

e
b

lo
ck

co
ord

in
ate

ascen
t

d
ep

en
d

s
on

th
e

step
size

η
,
w

h
ich

req
u

ires
to

in
crea

se
th

e
log-b

eliefs.
T

h
is

can
b

e
d

on
e

b
y

th
e

A
rm

ijo
ru

le,
or

b
y

u
sin

g
th

e
fa

ct
th

at
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B
l
e
n
d
in

g
L

e
a
r
n
in

g
a
n
d

In
f
e
r
e
n
c
e

in
C

o
n
d
it

io
n
a
l

R
a
n
d
o
m

F
ie

l
d
s

th
e

fu
n

ct
io

n
z

2 k
is

st
ro

n
gl

y
co

n
ve

x
(e

.g
.,

T
se

n
g

an
d

B
er

ts
ek

as
(1

98
7)

)
an

d
it

s
g
ra

d
ie

n
t

is
L

ip
sc

h
it

z
co

n
ti

n
u

ou
s

(e
.g

.,
N

es
te

ro
v

(2
00

4)
).

In
p

ra
ct

ic
e,

T
h

eo
re

m
4

d
es

cr
ib

es
h

ow
to

m
ea

su
re

th
e

co
n
ve

rg
en

ce
of

th
e

al
go

ri
th

m
.

S
p

ec
ifi

ca
ll

y,
it

m
ay

b
e

d
er

iv
ed

fr
o
m

th
e

p
ri

m
a
l

ob
je

ct
iv

e
va

lu
e,

th
e

d
u

al
ob

je
ct

iv
e

va
lu

e
or

th
e

b
el

ie
fs

th
em

se
lv

es
,

as
al

l
th

es
e

q
u

a
n
ti

ti
es

co
n
ve

rg
e.

U
n

fo
rt

u
n

at
el

y,
th

e
va

ri
ab

le
s
λ

m
ig

h
t

n
ot

co
n
v
er

ge
,

b
u

t
if

th
ey

d
o

co
n
ve

rg
e,

th
ei

r
co

n
ve

rg
en

ce
p

oi
n
t

is
op

ti
m

al
.

5
.
B
le
n
d
in
g
le
a
rn

in
g
a
n
d

lo
ss

a
d
ju
st
e
d

in
fe
re
n
ce

L
os

s
ad

ju
st

ed
in

fe
re

n
ce

em
er

ge
s

fr
om

S
u

p
p

or
t

V
ec

to
r

M
ac

h
in

es
(S

V
M

s)
w

h
er

e
a

lo
ss

fu
n

c-
ti

on
in

d
ic

at
es

p
re

fe
re

n
ce

s
b

et
w

ee
n

d
iff

er
en

t
la

b
el

s.
In

th
e

fo
ll

ow
in

g
w

e
co

n
si

d
er

n
o
n

n
eg

a
ti

ve
lo

ss
fu

n
ct

io
n

s
` r

(y
r
,ŷ
r
)
≥

0
ov

er
su

b
se

ts
of

va
ri

ab
le

s,
w

h
il

e
` r

(y
r
,y
r
)

=
0.

W
e

su
g
g
es

t
to

au
gm

en
t

ou
r

le
ar

n
ed

b
el

ie
fs

w
it

h
lo

ss
ad

ju
st

ed
p

ro
b
ab

il
it

y
m

o
d

el
s.

G
iv

en
a

tr
a
in

in
g

ex
a
m

p
le

(x
,y

),
w

e
d

efi
n

e
th

e
lo

ss
ad

ju
st

ed
b

el
ie

f
m

o
d

el
to

b
e

b r
(ŷ
r
|x

;w
,λ

)
∝

ex
p
( ` r

(y
r
,ŷ
r
)

+
θ r

(ŷ
r
;x
,w
,λ

)) .

N
ot

e
th

at
th

es
e

b
el

ie
fs

sh
ou

ld
b

e
co

n
d

it
io

n
ed

ov
er
x

as
w

el
l

as
th

e
ve

ct
or
` r

(·,
y r

).
H
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at
io

n
,

w
e

le
av

e
th

is
co

n
d

it
io

n
in

g
im

p
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m
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(ŷ
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b
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at
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(ŷ
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(ŷ
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(ŷ
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(ŷ
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p
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b
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(ŷ
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(ŷ
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d
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p
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p
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d
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b
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p
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d
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n
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d
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m
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,ŷ
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d
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p
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p
ti

m
a
l

va
lu

e
fo

r
a
n

y

13
JM

L
R

 1
7(

23
7)

:1
-2

5

H
a
z
a
n
,

S
c
h
w
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∑
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∑
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∑
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∑
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∑
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(ŷ
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,ŷ
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e
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∑
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(ŷ
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,ŷ
r
))
−

1 2C
‖u
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∑
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ŷ
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(ŷ
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(ŷ
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∑
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(ŷ
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(ŷ
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d
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p
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ra
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∑
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=
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e
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d
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→
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(ŷ
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→
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p
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e
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b
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→
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→
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∑
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b
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∈
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∑

p
′ ∈
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at
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p
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(ŷ
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\ŷ
r
b p

(ŷ
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e
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∑
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ŷ
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(ŷ
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,ŷ
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∆
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(ŷ
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T
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m
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=

m
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)
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h
ic

h
d

ec
o
m

-
p

os
es

to
∑

z
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m
ax
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ŷ
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r
|x

)(
` r

(y
r
,ŷ
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+
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(ŷ
r
;x
,w
,λ

))
/
c r
}

+
w
>
d

+

m
ax

u
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e
d
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a
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o
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en
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d
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∑
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φ
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p
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∑
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∑
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c
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≡
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e

co
n
ve

rg
en

ce
p

ro
p
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n
d
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g
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e
a
r
n
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g
a
n
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f
e
r
e
n
c
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C

o
n
d
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n
a
l

R
a
n
d
o
m

F
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l
d
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F
ig

u
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3:
T

h
e
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sh
ow

s
th

ree
in

d
o
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fro
m
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e
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t
d

a
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0
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m
etric

con
tex
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0
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fea
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e
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ective
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an
d
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o
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m
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N
ote

th
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th
e

log
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b
a
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b
y
c
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com

p
en
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r

th
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ex
p
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en

t
p
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ked

-
n
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T

h
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b
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cin
g

m
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es
th

e
o
b
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e

w
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d
efi

n
ed

a
t
c
r

=
0
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e
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it
o
f
c
r
→

0.
In

th
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case
th

e
p
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n

o
n
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o
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a
n

d
o
n

e
n

eed
s

to
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er

th
e

su
b

g
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ien
t
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th

e
form

o
f

m
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-b
eliefs.

H
ow

ever,
th

is
settin

g
w

a
s

a
lrea

d
y

d
evelo

p
ed

,
a
lth

o
u

g
h

in
th

e
d

iff
eren

t
con

tex
t

o
f

stru
ctu

red
-S

V
M

s
u

sin
g

d
u

a
l
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a
n

d
w

e
refer

th
e

in
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rea
d

er
to

M
esh

i
et

a
l.

(2
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0)
fo

r
m

o
re

d
etails.

6
.
E
x
p
e
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e
n
ts

T
h

e
eff

ectiven
ess

of
th

e
d

iscu
ssed

fra
m

ew
o
rk

w
as

recen
tly

illu
stra

ted
b
y

em
p

loy
in

g
th

is
alg

orith
m

a
s

th
e

lea
rn

in
g

en
g
in

e
fo

r
va

rio
u

s
co

m
p

u
ter

v
isio

n
ta

sk
s:

scen
e

u
n

d
ersta

n
d

in
g

(Y
ao

et
a
l.

(20
1
2);

L
in

et
a
l.

(20
13

)),
sh

ap
e

reco
n
stru

ctio
n

(S
a
lzm

a
n

n
a
n

d
U

rta
su

n
(2

01
2
))

in
d

o
o
r

scen
e

u
n

d
ersta

n
d
in

g
(S

ch
w

in
g

et
al.

(2
0
1
2
a);

S
ch

w
in

g
a
n

d
U

rtasu
n

(2
01

2
)),

d
ep

th
estim

a
tio

n
(Y

am
a
g
u

ch
i

et
a
l.

(2
0
12

)),
fl

ow
estim

atio
n

(Y
a
m

ag
u

ch
i

et
a
l.

(2
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te
d

in
F

ig
u

re
7
(b

).
W

e
o
b

se
rv

e
th

e
lo

ss
to

b
e

im
p

or
ta

n
t

fo
r

th
e

ca
se

w
h

er
e

th
e

co
u

n
ti

n
g

n
u

m
b

er
s

eq
u

al
ze

ro
.

W
e

ar
e

a
b

le
to

o
b

ta
in

a
p

er
fo

rm
a
n

ce
si

m
il

a
r

to
lo

ss
-i

n
cl

u
d

ed
se

tt
in

g
if

th
e

co
u

n
ti

n
g

n
u

m
b

er
s

ar
e

eq
u

al
to

o
n

e.
H

ow
ev

er
al

go
ri

th
m

s
w

h
ic

h
d

o
n

o
t

u
se

a
lo

ss
fu

n
ct

io
n

w
h

il
e

h
av

in
g

co
u

n
ti

n
g

n
u

m
b

er
s

eq
u

a
l

to
ze

ro
go

t
st

u
ck

p
re

m
at

u
re

ly
a
n

d
a
re

h
en

ce
n

ot
ev

en
v
is

ib
le

in
F

ig
u

re
7(

b
),

w
h

er
e

th
e

sc
a
le

w
a
s

a
d

ju
st

ed
to

fi
t

th
e

o
th

er
p
lo

ts
.

N
ex

t
w

e
o
b

se
rv

e
th

e
b

eh
av

io
r

if
w

e
re

d
u

ce
th

e
n
u

m
b

er
o
f

it
er

a
ti

o
n

s
fo

r
st

a
n

d
a
rd

le
a
rn

in
g

fr
o
m

20
d

ow
n

to
2
.

R
ec

a
ll

,
fr

o
m

th
e

su
rr

o
g
at

e
tr

a
in

in
g

lo
ss

re
su

lt
s

th
a
t

th
e

p
ri

m
a
l-

d
u

a
l

ga
p

w
il

l
n

ot
re

ac
h

ze
ro

in
th

is
se

tt
in

g.
T

h
e

te
st

se
t

er
ro

rs
a
re

il
lu

st
ra

te
d

in
F

ig
u

re
7
(c

).
W

e
ob

se
rv

e
th

at
th

e
st

a
n

d
ar

d
m

et
h
o
d

is
a
p

p
ro

a
ch

in
g

th
e

b
le

n
d

in
g

te
ch

n
iq

u
e.

T
h

is
in

d
ic

at
es

th
a
t

a
p

ri
m

al
-d

u
al

g
ap

is
n

o
t

n
ec

es
sa

ri
ly

im
p

o
rt

a
n
t

fo
r

g
o
o
d

ge
n

er
al

iz
at

io
n

p
er

fo
rm

a
n

ce
.

In
F

ig
u

re
7(

d
)

w
e

il
lu

st
ra

te
th

a
t

b
le

n
d

in
g

o
ff

er
s

a
w

id
e

ra
n

ge
of

p
o
ss

ib
il

it
ie

s.
In

d
ee

d
,

w
e

ar
e

n
o
t

re
st

ri
ct

ed
to

p
er

fo
rm

in
g

on
ly

a
si

n
g
le

m
es

sa
g
e

p
as

si
n

g
it

er
a
ti

on
b

ef
or

e
u

p
d

at
in

g
th

e
p

a
ra

m
et

er
v
ec

to
r.

R
a
th

er
an

y
a
rb

it
ra

ry
sc

h
ed

u
li

n
g

is
p

os
si

b
le

.
A

s
il

lu
st

ra
te

d
in

th
e

re
su

lt
s

w
e

ob
se

rv
e

sl
ig

h
tl

y
fa

st
er

co
n
ve

rg
en

ce
w

h
en

u
p

d
a
ti

n
g

th
e

m
es

sa
g
es

tw
ic

e
as

fr
eq

u
en

tl
y

as
th

e
p

a
ra

m
et

er
ve

ct
or

,
i.

e.
,

w
e

p
er

fo
rm

tw
o

ro
u

n
d

s
o
f

m
es

sa
g
e

p
a
ss

in
g

u
p

d
a
te

s
b

ef
o
re

u
p

d
at

in
g

th
e

p
a
ra

m
et

er
s

o
f

th
e

m
o
d

el
.

T
h

is
is

ex
p

ec
te

d
si

n
ce

th
e

d
is

tr
ib

u
ti

o
n

is
m

o
re

a
cc

u
ra

te
w

h
il

e
m

es
sa

g
e

p
as

si
n

g
u

p
d

at
es

a
re

q
u

ic
k

in
th

is
se

tu
p

.
W

e
re

fe
r

th
e

in
te

re
st

ed
re

a
d

er
to

(S
ch

w
in

g
et

a
l.

,
20
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a
)

fo
r

a
d

d
it

io
n

al
re

su
lt

s
ex

p
lo

ri
n

g
co

u
n
ti

n
g

n
u
m

b
er

s
o
th

er
th

a
n

ze
ro

a
n

d
o
n

e.
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F
ig

u
re

7
:

A
com

p
arison

o
f

th
e

test
set

erro
r

over
tra

in
in

g
tim

e
for

d
iff

eren
t

p
a
ram

eter
set-

tin
g
s.

In
(a

)
w

e
co

m
p

a
re

sta
n

d
ard

lea
rn

in
g

w
ith

b
len

d
ed

lea
rn

in
g

w
h

en
in

clu
d

in
g

a
lo

ss
fu

n
ctio

n
.

In
(b

)
w

e
p

rov
id

e
th

e
co

m
p

a
riso

n
w

h
en

n
o
t

u
sin

g
a

lo
ss

fu
n

ctio
n

.
N

ote
th

a
t

u
sin

g
M

A
P

estim
a
tio

n
w

ith
ou

t
lo

ss
g
ot

stu
ck

a
t

a
h

igh
erro

r.
T

h
e

re-
su

lts
in

(c)
d

em
o
n

stra
te

th
e

eff
ects

w
h
en

red
u

cin
g

th
e

itera
tion

s
of

th
e

sta
n

d
ard

lea
rn

in
g

m
eth

o
d

,
w

h
ile

(d
)

illu
stra

tes
th

e
fl
ex

ib
ility

off
ered

b
y

b
len

d
in

g
w

h
ere

w
e

u
se

tw
o

m
essag

e
p

a
ssin

g
itera

tio
n

s
b

efo
re

u
p

d
a
tin

g
th

e
p

a
ram

eters.

7
.
C
o
n
clu

sio
n

a
n
d

D
iscu

ssio
n

In
th

is
p

ap
er

w
e

d
escrib

e
th

e
ob

jective
fu

n
ctio

n
fo

r
n

ested
lea

rn
in

g
a
n

d
in

feren
ce

in
C

R
F

s,
fo

r
w

h
ich

a
p

p
rox

im
ate
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ce
a
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orith
m

s
a
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u
sed

a
s

a
su

b
-p

ro
ced

u
re.

T
h

e
d

ev
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ob
-

jective
m

ax
im

izes
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e
lo

g-b
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—
p

ro
b

a
b

ility
d

istrib
u

tio
n

s
over

su
b

sets
of
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les
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at

a
g
ree

o
n

th
eir

m
argin

al
p

rob
ab

ilities.
T

h
is

o
b

jective
is

con
cave

a
n

d
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o
f
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o

ty
p

es
o
f

va
ria

b
les

th
a
t

a
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to
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e

lea
rn

in
g

a
n

d
in

feren
ce

ta
sk

s
resp

ectiv
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T
h

erefore,
w

e
a
re

a
b

le
to

b
len

d
th

e
learn

in
g

an
d

in
feren

ce
p

ro
ced

u
res

a
n

d
eff

ectively
g
et

to
th

e
o
p
tim

u
m

m
u

ch
fa

ster
th

a
n

n
ested

learn
in

g
a
n

d
in

feren
ce

a
p

p
ro

a
ch

,
w

h
ich

u
ses

in
feren

ce
algo

rith
m

s
a
s

b
lack

-b
ox

so
lvers.

W
e

sh
ow

th
e
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m

p
u

ta
tio

n
a
l

ad
va

n
ta

ge
fo

r
u

sin
g

b
len

d
ed

algo
rith

m
s

over
n

ested
o
n

es.
W

e
a
lso

p
rov

id
e

a
n

effi
cien

t
C

+
+

im
p
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en
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w
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a
M

atla
b

w
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p
p

er.
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H
a
z
a
n
,

S
c
h
w

in
g

a
n
d

U
r
t
a
su

n

T
h

is
w

ork
ex

ten
d

s
H

azan
an

d
U

rtasu
n

(20
10)

w
h

ile
sim

p
lify

in
g

its
th

eo
retica

l
an

d
p

ractical
con

cep
ts.

S
p

ecifi
cally,

w
e

in
tro

d
u

ce
th

e
learn

in
g

p
rogram

as
m

ax
im

izin
g

log-b
eliefs,

ex
p

lain
th

e
relation

s
b

etw
een

n
ested

an
d

b
len

d
ed

learn
in

g-in
feren

ce
an

d
d

erives
a

b
len

d
in

g
algo-

rith
m

for
gen

era
l

grap
h

s.
T

h
is

w
ork

is
ex

ten
d

ed
to

laten
t

variab
les

(S
ch

w
in

g
et

al.
(201

2b
))

an
d

d
eep

learn
in

g
(C

h
en ∗

et
al.

(2015);
S

ch
w

in
g

an
d

U
rtasu

n
(20

15)).
T

h
e

eff
ectiv

en
ess

of
th

e
d

iscu
ssed

fram
ew

ork
w

as
recen

tly
illu

strated
b
y

em
p

loy
in

g
th

is
alg

orith
m

as
th

e
learn

-
in

g
en

g
in

e
fo

r
variou

s
com

p
u
ter

v
ision

task
s:

2D
scen

e
u

n
d

ersta
n

d
in

g
(Y

ao
et

al.
(2012)),

3
D

scen
e

u
n

d
erstan

d
in

g
(L

in
et

al.
(2013)),

sh
ap

e
recon

stru
ction

(S
alzm

an
n

an
d

U
rtasu

n
(201

2
))

in
d

o
or

scen
e

u
n

d
erstan

d
in

g
(S

ch
w

in
g

et
al.

(2012a);
S

ch
w

in
g

an
d

U
rta

su
n

(2012)),
d

ep
th

estim
atio

n
(Y

am
agu

ch
i

et
al.

(2012)),
fl

ow
estim

ation
(Y

am
agu

ch
i

et
al.

(2013))
a
n

d
v
isu

al-lan
gu

ag
e

u
n

d
erstan

d
in

g
(F

id
ler

et
al.

(2013)).
W

e
b

elieve
it

is
in

terestin
g

to
sh

ow
in

th
e

fu
tu

re
if

th
is

algorith
m

p
rov

id
es

state-of-th
e-art

p
erfo

rm
an

ce
in

d
om

ain
s

oth
er

th
an

co
m

p
u

ter
v
ision

,
or

w
h

eth
er

th
e

statistics
in

com
p

u
ter

v
ision

are
u

sed
b
y

th
is

ap
p

roa
ch

in
a

sp
ecial

m
a
n
n

er.

T
h

e
com

p
u

tation
al

com
p

lex
ity

of
ou

r
algorith

m
d

ep
en

d
s

on
n

orm
-p

ro
d

u
cts

over
th

e
la

b
els

o
f

reg
ion

s.
T

h
erefore,

effi
cien

t
tech

n
iq

u
es

over
larg

e
region

s
in

in
feren

ce
can

b
e

ap
p

lied
as

su
b

-p
ro

ced
u

re
in

ou
r

algorith
m

,
e.g.,

K
oh

li
et

al.
(20

09);
B

a
tra

et
al.

(2010);
T

a
rlow

et
a
l.

(2
010,

2011);
T

arlow
an

d
Z

em
el

(2012).

In
o
u

r
fram

ew
ork

,
w

e
can

en
force

th
e

m
om

en
t

m
atch

in
g

con
strain

ts
th

rou
gh

gen
eral

con
cave

fu
n

ction
s.

T
h

ese
fu

n
ction

tran
slate

to
a

regu
larization

in
th

e
p

rim
al.

F
or

com
p

u
-

tation
al

effi
cien

cy
w

e
ch

o
ose

th
e

sq
u

are
fu

n
ction

b
u

t
w

e
d

id
n

ot
in

vestigate
th

e
d

iff
eren

t
m

om
en

t
m

atch
in

g
an

d
regu

larization
fu

n
ction

s.
M

oreover,
w

e
en

force
th

e
m

arg
in

a
liza

tion
con

strain
ts

th
rou

g
h

in
d

icator
fu

n
ction

s,
in

ord
er

to
ob

tain
closed

-form
solu

tion
in

th
e

p
ri-

m
al

b
lo

ck
co

ord
in

ate
d

escen
t.

H
ow

ever,
w

e
h

av
e

sh
ow

n
th

at
u

sin
g

th
e

p
en

alty
m

eth
o
d

w
e

can
en

fo
rce

th
e

m
argin

alization
con

strain
ts

w
ith

d
iff

eren
t

co
n
v
ex

fu
n

ction
s.

F
u

rth
er

ex
-

p
loration

s
of

stru
ctu

red
p

red
iction

w
ith

sq
u

ared
p

en
alties

a
p

p
ears

in
w

ork
b
y

M
esh

i
et

al.
(201

5).
W

e
leave

th
e

aff
ect

of
gen

eral
con

vex
fu

n
ction

s
on

m
om

en
t

m
atch

in
g

an
d

regu
-

la
riza

tion
,

as
w

ell
as

m
argin

alization
con

strain
ts

an
d

effi
cien

t
m

essage-p
assin

g
to

fu
tu

re
resea

rch
.

In
terestin

gly,
ou

r
ap

p
roach

con
fi

rm
s

th
at

th
e

p
aram

eters
of

gra
p

h
b

ased
stru

ctu
red

p
red

ictors
ca

n
b

e
effi

cien
tly

learn
ed

in
m

an
y

real-life
p

rob
lem

s.
T

h
is

valid
ates

th
e

in
tu

ition
b

eh
in

d
th

e
th

eoretical
resu

lts
of

W
ain

w
righ

t
et

al.
(2003);

W
ain

w
righ

t
(200

6)
w

h
ich

asserts
th

a
t

w
h

en
ev

er
learn

in
g

an
d

in
feren

ce
o
ccu

r
togeth

er
on

e
can

u
se

p
seu

d
o

m
om

en
t

m
a
tch

in
g

for
learn

in
g

th
e

p
aram

eters.
T

h
is

con
cep

t
w

as
p

u
t

fo
rw

ard
in

th
e

gen
eral

fram
ew

ork
of

lea
rn

in
g

to
rea

son
b
y

K
h

ard
on

an
d

R
oth

(1997)
an

d
w

e
leave

fo
r

fu
tu

re
research

to
fi

n
d

d
iff

eren
t

fram
ew

ork
s

w
h

ich
h

ave
sim

ilar
learn

in
g-p

red
iction

rob
u

stn
ess.

8
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E
x
te
n
sio

n
s:
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g
u
la
riza

tio
n
s
a
n
d

th
e
p
e
n
a
lty

m
e
th

o
d

D
u

ality
th

eory
tu

rn
ed

ou
t

to
b

e
v
ery

eff
ective

in
m

ach
in

e
lea

rn
in

g
as

it
p

rov
id

es
a

p
rin

cip
led

w
ay

to
d

eco
m

p
ose

th
e

d
iff

eren
t

in
gred

ien
ts

of
th

e
p

rim
a
l

ob
jective

th
ro

u
gh

its
L

ag
ran

ge
m

u
ltip

liers.
T

h
e

d
u

al
d

ecom
p

osition
in

tu
rn

p
rov

id
es

th
e

m
ean

s
to

effi
cien

tly
estim

ate
th

e
d

iff
eren

t
in

g
red

ien
ts

w
h

ile
m

ain
tain

in
g

th
eir

con
sisten

cy
u

sin
g

th
e

d
u

al
ob

jective.

W
h

en
d

ealin
g

w
ith

con
vex

p
rogram

s
on

e
u

su
ally

n
eed

s
to

con
sid

er
th

e
set

of
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,ŷ
r
)
−
φ
k
,r

(x
,y
r
))
)

−
∑

(x
,y

),
r,
ŷ
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,ŷ
r
)
−
φ
k
,r

(x
,y
r
))

δ r
→
p
(ŷ
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\ŷ
r

∂
f

(θ
p
(·;
z
,w
,λ

))

∂
θ p

(ŷ
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D
ist

r
ib

u
t
e
d

S
u
b
m

o
d
u
l
a
r

M
a
x
im

iz
a
t
io

n

•
W

e
im

p
lem

en
t

ou
r

ap
p

ro
ach

fo
r

ex
em

p
la

r
b

a
sed

clu
sterin

g
a
n

d
a
ctive

set
selectio

n
in

H
ad

o
op

,
a
n

d
sh

ow
h

ow
o
u

r
a
p

p
ro

a
ch

a
llow

s
to

sca
le

ex
em

p
la

r
b

a
sed

clu
sterin

g
a
n

d
sp

a
rse

G
a
u

ssia
n

p
ro

cess
in

feren
ce

to
d

a
ta

sets
co

n
ta

in
in

g
ten

s
o
f

m
illio

n
s

o
f

p
o
in

ts.

•
W

e
ex

ten
siv

ely
evalu

ate
o
u

r
a
lgo

rith
m

o
n

sev
era

l
m

a
ch

in
e

lea
rn

in
g

p
ro

b
lem

s,
in

clu
d

in
g

ex
em

p
la

r
b

a
sed

clu
sterin

g,
a
ctive

set
selectio

n
an

d
fi

n
d

in
g

cu
ts

in
g
ra

p
h

s,
a
n

d
sh

ow
th

a
t

o
u

r
ap

p
ro

ach
lead

s
to

p
a
ra

llel
so

lu
tio

n
s

th
a
t

a
re

very
co

m
p

etitive
w

ith
th

o
se

o
b

ta
in

ed
v
ia

cen
tra

lized
m

eth
o
d

s
(9

8%
in

ex
em

p
la

r
b

a
sed

clu
sterin

g,
9
7%

in
a
ctive

set
selectio

n
,

90
%

in
fi

n
d

in
g

cu
ts).

T
h

is
p

a
p

er
is

o
rg

an
ized

a
s

follow
s.

W
e

b
egin

in
S

ectio
n

2
b
y

d
iscu

ssin
g

b
a
ck

g
ro

u
n

d
a
n

d
rela

ted
w

o
rk

.
In

S
ection

3,
w

e
fo

rm
alize

th
e

d
istrib

u
ted

su
b

m
o
d

u
la

r
m

ax
im

izatio
n

p
rob

lem
u

n
d

er
card

in
a
lity

con
stra

in
ts,

a
n

d
in

tro
d

u
ce

ex
a
m

p
le

ap
p

lica
tion

s
a
s

w
ell

as
n

a
ive

a
p

p
roa

ch
es

tow
ard

solv
in

g
th

e
p

rob
lem

.
W

e
su

b
seq

u
en

tly
p

resen
t

o
u

r
G

r
e
e
D

i
a
lg

o
rith

m
in

S
ectio

n
4,

a
n

d
p

rov
e

its
a
p
p

rox
im

a
tion

g
u

ara
n
tees.

W
e

th
en

co
n

sid
er

m
a
x
im

izin
g

a
su

b
m

o
d

u
la

r
fu

n
ction

su
b

ject
to

m
o
re

g
en

era
l

co
n

stra
in

ts
in

S
ectio

n
5.

W
e

a
lso

p
resen

t
com

p
u

tatio
n

a
l

ex
p

erim
en

ts
o
n

very
la

rg
e

d
a
tasets

in
S

ection
6
,

sh
ow

in
g

th
a
t

in
ad

d
itio

n
to

its
p

rova
b

le
a
p

p
rox

im
atio

n
g
u

a
ra

n
tees,

o
u

r
a
lg

orith
m

p
rov

id
es

resu
lts

close
to

th
e

cen
tra

l-
ized

g
reed

y
a
lg

orith
m

.
W

e
con

clu
d

e
in

S
ectio

n
7
.

2
.
B
a
ck

g
ro

u
n
d

a
n
d

R
e
la
te
d

W
o
rk

2
.1

D
istrib

u
te

d
D

a
ta

A
n

a
ly

sis
a
n

d
M

a
p

R
e
d

u
c
e

D
u

e
to

th
e

rap
id

in
crea

se
in

d
a
ta

set
sizes,

a
n

d
th

e
rela

tively
slow

a
d

va
n

ces
in

seq
u

en
-

tial
p

ro
cessin

g
ca

p
ab

ilities
o
f

m
o
d

ern
C

P
U

s,
p

a
ra

llel
com

p
u

tin
g

p
ara

d
ig

m
s

h
ave

receiv
ed

m
u

ch
in

terest.
In

h
ab

itin
g

a
sw

eet
sp

o
t

o
f

resilien
cy,

ex
p

ressiv
ity

an
d

p
ro

g
ra

m
m

in
g

ease,
th

e
M

a
p

R
ed

u
ce

sty
le

co
m

p
u

tin
g

m
o
d
el

(D
ea

n
an

d
G

h
em

aw
a
t,

2
00

8
)

h
a
s

em
erg

ed
a
s

p
ro

m
in

en
t

fou
n

d
a
tio

n
for

la
rg

e
scale

m
a
ch

in
e

learn
in

g
a
n

d
d

a
ta

m
in

in
g

a
lg

o
rith

m
s

(C
h
u

et
a
l.,

2
0
07

;
E

kan
ayake

et
a
l.,

20
0
8).

A
M

a
p

R
ed

u
ce

job
takes

th
e

in
p

u
t

d
a
ta

a
s

a
set

o
f
<
k
ey

;v
a
lu
e
>

p
a
irs.

E
a
ch

jo
b

co
n

sists
o
f

th
ree

sta
g
es:

th
e

m
a
p

sta
g
e,

th
e

sh
u

ffl
e

sta
g
e,

a
n

d
th

e
red

u
ce

sta
ge.

T
h

e
m

ap
sta

ge,
p

artition
s

th
e

d
a
ta

ran
d

o
m

ly
a
cro

ss
a

n
u

m
b

er
o
f

m
a
ch

in
es

b
y

a
sso

-
cia

tin
g

each
elem

en
t

w
ith

a
key

an
d

p
ro

d
u

ce
a

set
o
f
<
k
ey

;v
a
lu
e
>

p
a
irs.

T
h

en
,

in
th

e
sh

u
ffl

e
stag

e,
th

e
va

lu
e

a
sso

cia
ted

w
ith

a
ll

o
f

th
e

elem
en

ts
w

ith
th

e
sa

m
e

key
g
ets

m
erg

ed
an

d
sen

d
to

th
e

sa
m

e
m

a
ch

in
e.

E
a
ch

red
u

cer
th

en
p

ro
cesses

th
e
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lu
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a
sso

cia
ted

w
ith

th
e
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e

key
a
n

d
ou
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u
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a

set
of

n
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<
k
ey

;v
a
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e
>

p
a
irs

w
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th
e
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m

e
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T
h

e
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u
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u

t
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u
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b
e

a
n

in
p
u

t
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a
n

o
th
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M

a
p

R
ed

u
ce
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b

,
a
n

d
a

p
ro

g
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m
in

M
a
p

R
ed

u
ce

p
a
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d
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m
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n
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m
u
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u

n
d

s
o
f

m
a
p

a
n

d
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u
ce
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g
es

(K
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a
l.,

2
01

0
).

2
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C
e
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liz
e
d

a
n

d
S
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a
m
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g

S
u

b
m

o
d

u
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r
M

a
x
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iz
a
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n

T
h

e
p

ro
b
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o
f
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lized
m
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n
o
f

su
b

m
o
d

u
la

r
fu

n
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n
s

h
a
s

received
m

u
ch

in
ter-

est,
sta

rtin
g

w
ith

th
e

sem
in

al
w

o
rk

o
f

N
em

h
a
u

ser
et

a
l.

(19
7
8
).

R
ecen

t
w

o
rk

h
a
s

fo
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sed
o
n

p
rov

id
in

g
ap

p
rox

im
atio

n
g
u

a
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n
tees

fo
r

m
o
re
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m

p
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con
stra

in
ts

(fo
r

a
m

o
re

d
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iled
a
ccou

n
t,

see
th

e
recen

t
su

rvey
b
y

K
ra

u
se

a
n

d
G

o
lov

in
,

20
1
2
).

G
o
lov

in
et

a
l.

(2
0
1
0
)
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n

sid
er

a
n

a
lg

orith
m

for
o
n
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e

d
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u
ted

su
b

m
o
d

u
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m
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w
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a
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.
H
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a
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p
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k
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o
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m
u

n
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n
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w
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M
ir

z
a
so

l
e
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a
n
,

K
a
r
b
a
si,

S
a
r
k
a
r

a
n
d

K
r
a
u
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fo
r

large
k
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a

M
ap

R
ed

u
ce

sty
le

m
o
d

el.
K

rau
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an
d

G
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con
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e
p
rob
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b

m
o
d
u
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m

a
x
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a
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o
d
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h
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p

roach
m
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g
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m
p
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s

a
b

ou
t

th
e

w
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e

d
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gen
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an
d
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n
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p
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e
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d
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u
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settin
g.

R
ecen

tly,
B
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u
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et
al.

(2014)
p
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e
a

sin
gle

p
ass

stream
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g
algorith

m
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in
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ed

su
b

m
o
d

u
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m
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w
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1/
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ε
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p

rox
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a
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n
tee

to
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e
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tim
u

m
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m
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n

o
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m
p
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s
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e
d
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.

T
h

ere
h
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a
lso

b
een

n
ew

im
p

rovem
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in

th
e
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n

n
in

g
tim

e
of

th
e
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d

ard
greed

y
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-
tion

for
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in
g

S
E

T
-C

O
V

E
R
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ecial
case

of
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b
m

o
d

u
lar

m
ax

im
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n
)

w
h

en
th

e
d
ata

is
large

an
d

d
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resid
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t
(C

orm
o
d

e
et

al.,
2010).

M
ore

gen
erally,

B
ad

an
id

iy
u

ru
an

d
V

on
d

rák
(2

014
)

an
d

M
irza

soleim
an

et
al.

(2015a)
im

p
rove

th
e

ru
n

n
in

g
tim

e
of

th
e

greed
y

algorith
m

for
m

ax
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izin
g

a
m

on
oton

e
su

b
m

o
d

u
lar

fu
n

ction
b
y

red
u

cin
g

th
e

n
u

m
b

er
of

oracle
calls

to
th

e
o
b

jective
fu

n
ction

.
V

ery
recen

tly,
M

irzasoleim
an

et
al.
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p
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a

fast
a
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m
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m
a
x
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g

n
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-m
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e

su
b

m
o
d

u
lar
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n
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s

u
n

d
er
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l
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strain
ts.

In
a

sim
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sp
irit,

W
ei

et
a
l.

(2014)
p
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ose

a
m

u
lti-stage

fram
ew

ork
for

su
b

m
o
d

u
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m
ax

im
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.
In
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er
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u
ce

th
e

m
em
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an

d
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p
u

tation
cost,

th
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a
p

p
ly

an
ap

p
rox

im
ate

greed
y

p
ro-

ced
u

re
to

m
ax

im
ize

su
rrogate

(p
rox

y
)

su
b

m
o
d

u
lar

fu
n

ction
s

in
stead
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tim
izin

g
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e
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fu
n

ction
at
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T
h

e
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ove
ap

p
roach

es
are
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u

en
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n

a
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re
an

d
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n

ot
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h
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p
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th
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.

H
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ev
er,
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b

e
n
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in

tegra
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in
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ou
r

d
istrib

u
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ew

ork
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a
ch

ieve
fu

rth
er

acceleration
.

2
.3

S
c
a
lin

g
U

p
:

D
istrib

u
te

d
A

lg
o
rith

m
s

R
ecen

t
w

ork
h

as
fo

cu
sed

on
sp

ecifi
c

in
stan

ces
of

su
b

m
o
d

u
lar

op
tim

ization
in

d
istrib

u
ted

set-
tin

g
s.

S
u

ch
scen

arios
often

o
ccu

r
in

large-scale
grap

h
m

in
in

g
p

ro
b

lem
s

w
h

ere
th

e
d

ata
itself

is
to

o
la

rge
to

b
e

stored
on

on
e

m
ach

in
e.

In
p

articu
lar,

C
h

ierich
etti

et
al.

(2
010)

ad
d

ress
th

e
M

A
X

-C
O

V
E

R
p

rob
lem

an
d

p
rov

id
e

a
(1−

1
/e−

ε)
ap

p
rox

im
ation

to
th

e
cen

tra
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algo
rith

m
at

th
e

cost
of

p
assin

g
over

th
e

d
ataset

m
an

y
tim

es.
T

h
eir

resu
lt

is
fu

rth
er

im
-

p
roved

b
y

B
lello

ch
et

al.
(2011).

L
attan

zi
et

al.
(2

011)
ad

d
ress

m
ore

gen
era

l
grap

h
p
rob

lem
s

b
y

in
tro

d
u

cin
g

th
e
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of
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lterin
g,

n
am

ely,
red

u
cin

g
th

e
size

of
th

e
in

p
u

t
in

a
d

istrib
u

ted
fa

sh
ion

so
th

at
th

e
resu

ltin
g,

m
u

ch
sm

aller,
p

rob
lem

in
stan

ce
can

b
e

solved
on

a
sin

gle
m

a
ch

in
e.

T
h

is
id

ea
is,

in
sp

irit,
sim

ilar
to

ou
r

d
istrib

u
ted

m
eth

o
d

G
r
e
e
D

i.
In

con
trast,

w
e

p
rov

id
e

a
m

ore
gen

eral
fram

ew
ork

,
an

d
ch

aracterize
settin

gs
w

h
ere

p
erform

an
ce

com
-

p
etitive

w
ith

th
e

cen
tralized

settin
g

can
b

e
ob

tain
ed

.
T

h
e

p
resen

t
versio

n
is

a
sign

ifi
can

t
ex

ten
sion

o
f

o
u

r
p

rev
iou

s
con

feren
ce

p
ap

er
(M

irzasoleim
an

et
a
l.,

2
013),

p
rov

id
in

g
th
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ical

g
u

aran
tees

fo
r

b
oth

m
on

oton
e

an
d

n
on

-m
o
n

oton
e

su
b

m
o
d
u

lar
m

ax
im

izatio
n

p
rob

lem
s

su
b

ject
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m
ore

gen
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ty
p

es
of

con
strain

ts,
in

clu
d

in
g

m
atroid

an
d

k
n

ap
sack

co
n

stra
in

ts
(d
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ed

in
S

ection
5),

an
d

ad
d

ition
al

em
p

irical
resu

lts
(S

ection
6).

P
arallel

to
ou

r
ef-

fo
rts

(M
irza

soleim
an

et
al.,

2013),
K

u
m

ar
et

al.
(2013)

h
as

taken
th

e
ap

p
roach

of
a
d

ap
tin

g
th

e
seq

u
en

tial
greed

y
algorith

m
to

d
istrib

u
ted

settin
gs.

H
ow

ever,
th

eir
m

eth
o
d

req
u

ires
k
n
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led
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th
e
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b
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een

th
e
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an

d
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allest
m
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al
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s
o
f

th
e
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en

ts,
an

d
g
en
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req

u
ires

a
n
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t

(logarith
m

ic)
n
u

m
b

er
of
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n

d
s.

W
e

p
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id
e

em
p

irical
co

m
p
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s
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S
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t
e
d

S
u
b
m

o
d
u
l
a
r

M
a
x
im

iz
a
t
io

n

F
ig

u
re

1:
C

lu
st

er
ex

em
p

la
rs

(l
ef

t
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lu
m

n
)

d
is
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ve

re
d

b
y

ou
r

d
is

tr
ib

u
te

d
a
lg

o
ri

th
m

G
re

eD
i

d
es
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ib

ed
in

S
ec

ti
on

4
ap

p
li

ed
to

th
e

T
in

y
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ag
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d
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(T
or

ra
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a
et

a
l.

,
2
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8
),

an
d

a
se

t
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re
p

re
se

n
ta
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v
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fr
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ea
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cl
u

st
er

.

3
.
S
u
b
m
o
d
u
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r
M

a
x
im

iz
a
ti
o
n
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th
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se

ct
io

n
,

w
e
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t
re

v
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w
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b
m

o
d

u
la

r
fu

n
ct

io
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d
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b
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p
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u
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a
ti

o
n

S
u

p
p

os
e

th
at

w
e

h
av

e
a

la
rg

e
d

at
as

et
of

im
ag

es
,

e.
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b
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v
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b
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p
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b
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(c
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it
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d
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il
ar

it
y
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ct
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n

,
w

e
se
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to
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a
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b
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S
⊆
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o
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k
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or
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u
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n
te
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,

an
d

th
en
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e

in
th

e
d

at
as

et
to

it
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t
d

is
si
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il
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r
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em

p
la

r.
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an
el

em
en
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e
∈
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si
gn

ed
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em

p
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r
v
∈
S

,
th

en
th

e
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st
as

so
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at
ed

w
it

h
e

is
th

e
d

is
si

m
il

ar
it

y
b

et
w

ee
n
e

an
d
v
.

T
h

e
go

al
of

th
e
k
-m

ed
oi

d
p

ro
b

le
m

is
to
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o
o
se

ex
em

p
la

rs
th

at
m

in
im

iz
e

th
e

su
m

of
d

is
si

m
il

ar
it

ie
s

b
et

w
ee

n
ev

er
y

d
at

a
p

oi
n
t
e
∈
V

an
d

it
s

a
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n
ed
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u

st
er
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n
te

r.
S
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v
in

g
th

e
k
-m

ed
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d
p

ro
b

le
m

op
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m
al

ly
is

N
P

-h
ar

d
,

h
ow

ev
er

,
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w
e

d
is

cu
ss

in
S

ec
ti
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3.

4,
w

e
ca

n
tr

an
sf

or
m

th
is

p
ro

b
le

m
,

an
d

m
an

y
ot

h
er

su
m

m
ar

iz
at

io
n

ta
sk

s,
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th
e

p
ro

b
le

m
of

m
ax

im
iz

in
g

a
m

on
ot

on
e

su
b

m
o
d

u
la

r
fu

n
ct

io
n

su
b

je
ct
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a

ca
rd

in
al

it
y
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n

st
ra

in
t

m
ax

S
⊆
V
f

(S
)
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|S
|≤

k
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S
u

b
m

o
d

u
la

r
fu

n
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s
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e
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t
fu

n
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h
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h
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y
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e
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ll
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g

n
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u
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l
d
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g
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s

p
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p
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e
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n
it
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1
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.f
.,

N
e
m

h
a
u

se
r

e
t

a
l.

(1
9
7
8
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A
se

t
fu

n
ct

io
n
f

:
2V
→

R
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su
b

m
o
d

u
-

la
r,

if
fo

r
ev

er
y
A
⊆
B
⊆
V

a
n

d
e
∈
V
\B

f
(A
∪
{e
})
−
f

(A
)
≥
f

(B
∪
{e
})
−
f

(B
).

F
u

rt
h
er

m
o
re
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ll
ed
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ot
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r
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A
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B
⊆
V

it
h
o
ld

s
th

a
t
f

(A
)
≤
f

(B
).
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M
ir
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l
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b
a
si

,
S
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r
k
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K
r
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d
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se
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b
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a
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b
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b
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d
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em

en
t

of
m

ax
im

u
m

in
cr

em
en

ta
l

va
lu

e

v
∗

=
a
rg

m
a
x

v
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∪
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u
n
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e
b
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a
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n
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a
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n
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p
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.
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e
m
h
a
u
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r
e
t
a
l.
,
1
9
7
8
)

F
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n
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o
n
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a
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a
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d
m
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o
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e
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u
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r
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n
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f
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d
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a
lw
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p
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d
u
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n
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p
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l
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/
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m
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b
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d
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e
in

te
g
er

s
(s
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u
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a
n

d
G
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.

3
.2

D
is

tr
ib

u
te

d
S

u
b

m
o
d

u
la

r
M

a
x
im

iz
a
ti

o
n

In
m

an
y

to
d

ay
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n
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b
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p
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c
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b
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p
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a
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d
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m
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p
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e
g
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b
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d
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a
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o
f
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m
a
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h
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e
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e
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ve

ra
l
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p
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h
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w
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d

s
p
a
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p
u
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o
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,
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p
a
p

er
w

e
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n
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d
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e
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g
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o
d

el
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n
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e
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u

ra
ll

y
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p
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m
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a
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R
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u
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T

h
e
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p
u
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a
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q
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en
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o
f
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n
d

s.
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ch
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d

,
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e
d

a
ta
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d
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u
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d
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m

m
a
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E

a
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m
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h
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e
i
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t
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m
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o
n

s
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y
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p
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l
on

it
s

lo
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l
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a
ta
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A
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a
ll

m
ac

h
in
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n
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h
,
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n
ch

ro
n

iz
e

b
y

ex
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a
n

g
in

g
a

li
m

it
ed

a
m

ou
n
t

o
f
d

a
ta
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f
si

ze
p
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y
n

o
m
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l
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k

a
n

d
m

,
b

u
t

in
d
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en

d
en

t
o
f
n
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H

en
ce

,
a
n
y

d
is

tr
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u
te

d
a
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o
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th
m
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m

o
d

el
m

u
st
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if
y
:
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h
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d
is

tr
ib

u
te
V

a
m

o
n

g
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e
m

m
ac

h
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es
,

2
)

w
h
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h

a
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o
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m
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o
u

ld
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n
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m
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h
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d
3
)

h
ow
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m
m

u
n
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a
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a
n

d
m

er
g
e
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e
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su
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g
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o
n

s.

In
p
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cu
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r,
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e
d

is
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u

te
d

su
b

m
o
d

u
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r
m

a
x
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a
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o
n

p
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b
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m
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q
u
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e
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-
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o
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e
a
b
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e
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s
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o
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p
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m
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t

a
n

a
p

p
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a
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r

su
b

m
o
d

u
la

r
m

a
x
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a
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.

M
o
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p
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n
a

m
o
n

o
to

n
e
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b

m
o
d

u
la

r
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n
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n
f

,
a
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a
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n
st

ra
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t
k
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d

a
n
u

m
b

er
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m
a
ch
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m

,
w

e
w
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h
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p
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d

u
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a
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o
n
A

d
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]
o
f
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k
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a
t
f
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d
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m

p
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e
w
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h

th
e

o
p
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m

a
l
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n
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a
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ze
d
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o
n

m
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k
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⊆
V
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D
ist

r
ib

u
t
e
d

S
u
b
m

o
d
u
l
a
r

M
a
x
im

iz
a
t
io

n

3
.3

N
a
iv

e
A

p
p

ro
a
ch

e
s

T
o
w

a
rd

s
D

istrib
u

te
d

S
u

b
m

o
d

u
la

r
M

a
x
im

iz
a
tio

n

O
n

e
w

ay
to

so
lv

e
p

rob
lem

(1)
in

a
d

istrib
u

ted
fa

sh
io

n
is

a
s

fo
llow

s.
T

h
e

d
a
ta

set
is

fi
rst

p
a
rtitio

n
ed

(ra
n

d
o
m

ly,
or

u
sin

g
so

m
e

o
th

er
stra

teg
y
)

o
n
to

th
e
m

m
ach

in
es,

w
ith

V
i

rep
-

resen
tin

g
th

e
d

ata
allo

cated
to

m
ach

in
e
i.

W
e

th
en

p
ro

ceed
in
k

rou
n

d
s.

In
ea

ch
ro

u
n

d
,

a
ll

m
ach

in
es–in

p
a
ra

llel–
com

p
u

te
th

e
m

a
rg

in
a
l

g
ain

s
o
f

a
ll

elem
en

ts
in

th
eir

sets
V
i .

N
ex

t,
th

ey
com

m
u

n
ica

te
th

eir
ca

n
d

id
a
te

to
a

cen
tral

p
ro

cesso
r,

w
h

o
id

en
tifi

es
th

e
g
lo

b
a
lly

b
est

elem
en

t,
w

h
ich

is
in

tu
rn

com
m

u
n
icated

to
th

e
m

m
ach

in
es.

T
h

is
elem

en
t

is
th

en
ta

ken
in

to
a
cco

u
n
t

fo
r

co
m

p
u

tin
g

th
e

m
a
rg

in
a
l

g
a
in

s
a
n

d
selectin

g
th

e
n

ex
t

elem
en

ts.
T

h
is

a
lg

o
rith

m
(u

p
to

d
ecisio

n
s

o
n

h
ow

b
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k
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im
p

lem
en

ts
ex

a
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th
e

cen
tra

lized
g
reed

y
a
lg

o
rith

m
,

a
n

d
h

en
ce

p
rov

id
es

th
e

sa
m

e
a
p

p
rox

im
a
tio

n
g
u

a
ra

n
tees

on
th

e
q
u

a
lity

o
f

th
e

solu
tio

n
.

U
n
-

fortu
n

a
tely,

th
is

a
p

p
ro

ach
req

u
ires

sy
n

ch
ro

n
iza

tio
n

a
fter

ea
ch

o
f

th
e
k

rou
n

d
s.

In
m

an
y

ap
p

licatio
n

s,
k

is
q
u

ite
la

rg
e

(e.g.,
ten

s
o
f

th
ou

san
d

s),
ren

d
erin

g
th

is
a
p

p
ro

ach
im

p
ra

ctical
fo

r
M

a
p

R
ed

u
ce

sty
le

co
m

p
u

ta
tion

s.
A

n
a
ltern

ative
ap

p
ro

ach
for

la
rg

e
k

w
o
u

ld
b

e
to

g
reed

ily
select

k
/
m

elem
en

ts
in

d
e-

p
en

d
en

tly
o
n

ea
ch

m
a
ch

in
e

(w
ith

o
u

t
sy

n
ch

ron
iza

tio
n

),
a
n

d
th

en
m

erg
e

th
em

to
o
b

tain
a

so
lu

tion
o
f

size
k
.

T
h

is
a
p

p
roa

ch
th

a
t

req
u

ires
on

ly
tw

o
rou

n
d

s
(a

s
op

p
o
sed

to
k
),

is
m

u
ch

m
o
re

com
m

u
n

icatio
n

effi
cien

t,
an

d
ca

n
b

e
ea

sily
im

p
lem

en
ted

u
sin

g
a

sin
g
le

M
a
p

R
ed

u
ce

sta
g
e.

U
n

fo
rtu

n
a
tely,

m
a
n
y

m
ach

in
es

m
ay

select
red

u
n
d

a
n
t

elem
en

ts,
a
n

d
th

u
s

th
e

m
erged

so
lu

tion
m

ay
su

ff
er

from
d

im
in

ish
in

g
retu

rn
s.

It
is

n
o
t

h
a
rd

to
con

stru
ct

ex
am

p
les

for
w

h
ich

th
is

a
p

p
roa

ch
p

ro
d

u
ces

so
lu

tio
n

s
th

a
t

are
a

fa
cto

r
Ω

(m
)

w
orse

th
a
n

th
e

cen
tra

lized
so

lu
tion

.
In

S
ectio

n
4,

w
e

in
tro

d
u

ce
an

a
ltern

a
tive

p
ro

to
co

l
G

r
e
e
D

i,
w

h
ich

req
u

ires
little

co
m

-
m

u
n

ica
tio

n
,

w
h

ile
a
t

th
e

sa
m

e
tim

e
y
ield

in
g

a
solu

tion
com

p
etitive

w
ith

th
e

cen
tralized

o
n

e,
u

n
d

er
certa

in
n
a
tu

ral
ad

d
itio

n
al

assu
m

p
tio

n
s.

3
.4

A
p

p
lic

a
tio

n
s

o
f

D
istrib

u
te

d
S

u
b

m
o
d

u
la

r
M

a
x
im

iz
a
tio

n

In
th

is
p

a
rt,

w
e

d
iscu

ss
tw

o
co

n
crete

p
ro

b
lem

in
sta

n
ces,

w
ith

th
eir

co
rresp

o
n

d
in

g
su

b
m

o
d

u
-

la
r

o
b

jective
fu

n
ctio

n
s
f

,
w

h
ere

th
e

size
o
f

th
e

d
a
ta

sets
o
ften

req
u

ires
a

d
istrib

u
ted

so
lu

tio
n

fo
r

th
e

u
n
d

erly
in

g
su

b
m

o
d

u
la

r
m

a
x
im

iza
tion

.

3
.4

.1
L

a
r
g

e
-sc

a
l
e

N
o
n
pa

r
a
m

e
t
r
ic

L
e
a
r
n
in

g

N
o
n

p
ara

m
etric

learn
in

g
(i.e.,

learn
in

g
o
f

m
o
d

els
w

h
o
se

co
m

p
lex

ity
m

ay
d

ep
en

d
o
n

th
e

d
ataset

size
n

)
a
re

n
o
to

rio
u

sly
h

ard
to

scale
to

la
rg

e
d

atasets.
A

co
n

crete
in

stan
ce

o
f

th
is

p
ro

b
lem

arises
from

train
in

g
G

a
u
ssia

n
p

ro
cesses

or
p

erfo
rm

in
g

M
A

P
in

feren
ce

in
D

eter-
m

in
a
n
ta

l
P

oin
t

P
ro

cesses,
a
s

co
n

sid
ered

b
elow

.
S

im
ila

r
ch

allen
g
es

a
rise

in
m

a
n
y

rela
ted

lea
rn

in
g

m
eth

o
d

s,
su

ch
as

tra
in

in
g

kern
el

m
a
ch

in
es,

w
h

en
a
ttem

p
tin

g
to

sca
le

th
em

to
la

rg
e

d
ata

sets.
A

ctive
S

et
S

electio
n

in
S

pa
rse

G
a
u

ssia
n

P
rocesses

(G
P

s).
F

orm
a
lly

a
G

P
is

a
jo

in
t

p
ro

b
a
b

ility
d

istrib
u

tio
n

ov
er

a
(p

ossib
ly

in
fi
n

ite)
set

o
f

ra
n

d
o
m

va
ria

b
les

X
V

,
in

d
ex

ed
b
y

th
e

grou
n

d
set

V
,

su
ch

th
a
t

every
(fi

n
ite)

su
b

set
X
S

fo
r
S

=
{
e

1 ,...,e
s }

is
d

istrib
u

ted
a
cco

rd
in

g
to

a
m

u
ltivariate

n
o
rm

al
d

istrib
u

tion
.

M
o
re

p
recisely,

w
e

h
av

e

P
(X

S
=

x
S

)
=
N

(X
S

;µ
S
,Σ

S
,S

),

w
h

ere
µ

=
(µ
e
1 ,...,µ

e
s )

an
d

Σ
S
,S

=
[K

e
i ,e
j ]

a
re

p
rior

m
ea

n
a
n

d
cova

ria
n

ce
m

a
trix

,
resp

ec-
tively.

T
h

e
cova

ria
n

ce
m

atrix
is

p
a
ra

m
etrized

v
ia

a
p

ositive
d

efi
n

ite
kern

elK
(·,·).

A
s

a
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M
ir

z
a
so

l
e
im

a
n
,

K
a
r
b
a
si,

S
a
r
k
a
r

a
n
d

K
r
a
u
se

con
crete

ex
am

p
le,

w
h

en
elem

en
ts

of
th

e
grou

n
d

set
V

are
em

b
ed

d
ed

in
a

E
u

clid
ea

n
sp

ace,
a

com
m

on
ly

u
sed

kern
el

in
p

ractice
is

th
e

sq
u

ared
ex

p
on

en
tial

k
ern

el
d

efi
n

ed
as

follow
s:

K
(e
i ,e

j )
=

ex
p

(−
||e

i −
e
j || 22 /h

2).

G
a
u

ssian
p

ro
cesses

are
com

m
on

ly
u
sed

as
p

riors
for

n
on

p
aram

etric
regression

.
In

G
P

reg
ression

,
each

d
ata

p
oin

t
e
∈
V

is
con

sid
ered

a
ran

d
om

variab
le.

U
p

on
ob

servation
s

y
A

=
x
A

+
n
A

(w
h

ere
n
A

is
a

vector
of

in
d

ep
en

d
en

t
G

au
ssia

n
n

o
ise

w
ith

varian
ce
σ

2),
th

e
p

red
ictive

d
istrib

u
tion

of
a

n
ew

d
ata

p
oin

t
e
∈
V

is
a

n
orm

al
d

istrib
u

tion
P

(X
e
|

y
A

)
=

N
(µ
e|A
,Σ

2e|A
),

w
h

ere
m

ean
µ
e|A

an
d

varian
ce
σ

2e|A
are

giv
en

b
y

µ
e|A

=
µ
e

+
Σ
e,A

(Σ
A
,A

+
σ

2I) −
1(x

A
−
µ
A

),
(3)

σ
2e|A

=
σ

2e −
Σ
e,A

(Σ
A
,A

+
σ

2I) −
1Σ

A
,e .

(4)

E
valu

atin
g

(3)
an

d
(4)

is
com

p
u

tation
ally

ex
p

en
sive

as
it

req
u

ires
solv

in
g

a
lin

ear
sy

stem
of|A|

variab
les.

In
stead

,
m

ost
effi

cien
t

ap
p

roach
es

for
m

ak
in

g
p

red
ictio

n
s

in
G

P
s

rely
on

ch
o
osin

g
a

sm
all–

so
called

a
ctive

–set
of

d
ata

p
oin

ts.
F

o
r

in
sta

n
ce,

in
th

e
In

form
ative

V
ector

M
a
ch

in
e

(IV
M

)
o
n

e
seek

s
a

set
S

su
ch

th
at

th
e

in
fo

rm
a
tio

n
ga

in
,

d
efi

n
ed

as

f
(S

)
=
I
(Y

S
;X

V
)

=
H

(X
V

)−
H

(X
V |Y

S
)

=
12

log
d

et(I
+
σ
−

2Σ
S
,S

)

is
m

ax
im

ized
.

It
can

b
e

sh
ow

n
th

at
th

is
ch

oice
of
f

is
m

on
oto

n
e

su
b

m
o
d

u
la

r
(K

rau
se

a
n

d
G

u
estrin

,
200

5a).
F

or
m

ed
iu

m
-scale

p
rob

lem
s,

th
e

stan
d
ard

greed
y

alg
orith

m
s

p
rov

id
e

g
o
o
d

solu
tion

s.
F

or
m

assive
d

ata
h

ow
ever,

w
e

n
eed

to
resort

to
d

istrib
u

ted
alg

orith
m

s.
In

S
ection

6,
w

e
w

ill
sh

ow
h

ow
G

r
e
e
D

i
can

ch
o
ose

n
ea

r-o
p

tim
al

su
b

sets
ou

t
of

a
d

ataset
of

45
m

illion
vectors.

In
feren

ce
fo

r
D

eterm
in

a
n

ta
l

P
o
in

t
P

rocesses.
A

very
sim

ilar
p

rob
lem

arises
w

h
en

p
er-

form
in

g
in

feren
ce

in
D

eterm
in

an
tal

P
oin

t
P

ro
cesses

(D
P

P
s).

D
P

P
s

(M
a
cch

i,
1
975)

are
d

istrib
u

tion
s

over
su

b
sets

w
ith

a
p

referen
ce

for
d

iversity,
i.e.,

th
ere

is
a

h
igh

er
p

rob
ab

ility
asso

ciated
w

ith
sets

con
tain

in
g

d
issim

ilar
elem

en
ts.

F
orm

ally,
a

p
oin

t
p

ro
cessP

on
a

set
of

item
s
V

=
{
1
,2
,...,N

}
is

a
p

rob
ab

ility
m

easu
re

on
2
V

(th
e

set
of

all
su

b
sets

of
V

).
P

is
ca

lled
d
eterm

in
a
n

ta
l

po
in

t
p
rocess

if
for

every
S
⊆
V

w
e

h
ave:

P
(S

)∝
d

et(K
S

),

w
h

ere
K

is
a

p
ositive

sem
id

efi
n

ite
kern

el
m

atrix
,

an
d
K
S
≡

[K
ij ]i,j∈

S
,

is
th

e
restriction

of
K

to
th

e
en

tries
in

d
ex

ed
b
y

elem
en

ts
of
S

(w
e

ad
op

t
th

at
d

et(K
∅ )

=
1).

T
h

e
n

orm
alization

con
sta

n
t

can
b

e
com

p
u

ted
ex

p
licitly

from
th

e
follow

in
g

eq
u

ation
∑

S

d
et(K

S
)

=
d
et(I

+
K

),

w
h

ere
I

is
th

e
N
×
N

id
en

tity
m

atrix
.

In
tu

itively,
th

e
kern

el
m

atrix
d

eterm
in

es
w

h
ich

item
s

a
re

sim
ila

r
an

d
th

erefore
less

likely
to

ap
p

ear
togeth

er.
In

o
rd

er
to

fi
n

d
th

e
m

ost
d

iverse
an

d
in

form
ativ

e
su

b
set

of
size

k
,

w
e

n
eed

to
fi

n
d

a
rg

m
a
x|S|≤

k
d

et(K
S

)
w

h
ich

is
N

P
-h

ard
,

as
th

e
total

n
u

m
b

er
of

p
ossib

le
su

b
sets

is
ex

p
o-

n
en

tial
(K

o
et

al.,
1995).

H
ow

ever,
th

e
ob

jective
fu

n
ction

is
log

-su
b

m
o
d

u
la

r,
i.e.

f
(S

)
=

lo
g

d
et(K

S
)

is
a

su
b

m
o
d

u
lar

fu
n

ction
(K

u
lesza,

2012).
H

en
ce,

M
A

P
in

feren
ce

in
large

D
P

P
s

is
a
n

oth
er

p
oten

tial
ap

p
lication

of
d

istrib
u

ted
su

b
m

o
d

u
lar

m
ax

im
ization

.
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D
is

t
r
ib

u
t
e
d

S
u
b
m

o
d
u
l
a
r

M
a
x
im

iz
a
t
io

n

3
.4

.2
L

a
r
g

e
-s

c
a
l
e

E
x
e
m

p
l
a
r

B
a
se

d
C

l
u
st

e
r
in

g

S
u

p
p

os
e

w
e

w
is

h
to

se
le

ct
a

se
t

of
ex

em
p

la
rs

,
th

at
b

es
t

re
p

re
se

n
t

a
m

as
si

ve
d

a
ta

se
t.

O
n

e
ap

p
ro

ac
h

fo
r

fi
n

d
in

g
su

ch
ex

em
p

la
rs

is
so

lv
in

g
th

e
k
-m

ed
oi

d
p

ro
b

le
m

(K
au

fm
a
n

an
d

R
ou

ss
ee

u
w

,
20

09
),

w
h

ic
h

ai
m

s
to

m
in

im
iz

e
th

e
su

m
of

p
ai

rw
is

e
d

is
si

m
il

ar
it

ie
s

b
et

w
ee

n
ex

-
em

p
la

rs
an

d
el

em
en

ts
of

th
e

d
at

as
et

.
M

or
e

p
re

ci
se

ly
,

le
t

u
s

as
su

m
e

th
at

fo
r

th
e

d
a
ta

se
t
V

w
e

ar
e

gi
ve

n
a

n
on

n
eg

at
iv

e
fu

n
ct

io
n
l

:
V
×
V
→

R
(n

ot
n

ec
es

sa
ri

ly
as

su
m

ed
sy

m
m

et
ri

c,
n

or
ob

ey
in

g
th

e
tr

ia
n

gl
e

in
eq

u
al

it
y
)

su
ch

th
at
l(
·,·

)
en

co
d

es
d

is
si

m
il

ar
it

y
b

et
w

ee
n

el
em

en
ts

of
th

e
u

n
d
er

ly
in

g
se

t
V

.
T

h
en

,
th

e
co

st
fu

n
ct

io
n

fo
r

th
e
k
-m

ed
oi

d
p

ro
b

le
m

is
:

L
(S

)
=

1 |V
|∑ v
∈V

m
in

e∈
S
l(
e,
υ

).
(5

)

F
in

d
in

g
th

e
su

b
se

t
S
∗

=
ar

g
m

in
|S
|≤
k
L

(S
)

of
ca

rd
in

al
it

y
at

m
os

t
k

th
at

m
in

im
iz

es
th

e
co

st
fu

n
ct

io
n

(5
)

is
N

P
-h

ar
d

.
H

ow
ev

er
,

b
y

in
tr

o
-

d
u

ci
n

g
an

au
x
il

ia
ry

el
em

en
t
e 0

,
a.

k
.a

.
p

h
an

to
m

ex
em

p
la

r,
w

e
ca

n
tu

rn
L

in
to

a
m

o
n

o
to

n
e

su
b

m
o
d

u
la

r
fu

n
ct

io
n

(K
ra

u
se

an
d

G
om

es
,

20
10

)

f
(S

)
=
L

({
e 0
})
−
L

(S
∪
{e

0
})
.

(6
)

In
w

or
d

s,
f

m
ea

su
re

s
th

e
d

ec
re

as
e

in
th

e
lo

ss
as

so
ci

at
ed

w
it

h
th

e
se

t
S

ve
rs

u
s

th
e

lo
ss

as
so

ci
at

ed
w

it
h

ju
st

th
e

au
x
il

ia
ry

el
em

en
t.

W
e

b
eg

in
w

it
h

a
p

h
an

to
m

ex
em

p
la

r
a
n

d
tr

y
to

fi
n

d
th

e
ac

ti
ve

se
t

th
at

to
ge

th
er

w
it

h
th

e
p

h
an

to
m

ex
em

p
la

r
re

d
u

ce
s

th
e

va
lu

e
o
f

ou
r

lo
ss

fu
n

ct
io

n
m

or
e

th
an

an
y

ot
h

er
se

t.
T

ec
h

n
ic

al
ly

,
an

y
p

oi
n
t
e 0

th
at

sa
ti

sfi
es

th
e

fo
ll

ow
in

g
co

n
d

it
io

n
ca

n
b

e
u

se
d

as
a

p
h

an
to

m
ex

em
p

la
r:

m
ax

v
′ ∈
V
l(
v
,v
′ )
≤
l(
v
,e

0
),
∀v
∈
V
\S

.

T
h

is
co

n
d

it
io

n
en

su
re

s
th

at
on

ce
th

e
d

is
ta

n
ce

b
et

w
ee

n
an

y
v
∈
V
\
S

a
n

d
e 0

is
g
re

a
te

r
th

an
th

e
m

ax
im

u
m

d
is

ta
n

ce
b

et
w

ee
n

el
em

en
ts
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∪
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m
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b
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w
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b
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d
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p
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p
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b
le

m
s

in
m

a
ch

in
e

le
ar

n
in

g
ca

n
b

e
m

o
d

el
ed

a
s

m
a
x
im

iz
in

g
a

m
on

ot
on

e
su

b
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c
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b
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d
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p
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b
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at
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b
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v
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d

n
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u
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w
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d
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d
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a
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M
ir
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a
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n
,
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a
r
b
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si

,
S
a
r
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a
r
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n
d

K
r
a
u
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e
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u
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u
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b
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s
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e,
n
u

m
b
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r
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D
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p
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b
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4
.
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D
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r
D
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d
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u
b
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p
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W
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p
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r
d
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D
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b
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d
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ra
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e
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e
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n
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u
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e
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h
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in
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y

p
ra
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rd

er
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e

p
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r
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n
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c
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b
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t
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m
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E
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c
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n
t
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p
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e
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o
d
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e
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er
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u
t

co
m

m
u

n
ic
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en
t
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d

p
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ra
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th
e
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ea

s.
T

h
is
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p

ro
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h
,
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n
in

A
lg

o
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th
m
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t

d
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u
te

s
th
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ou
n
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se

t
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in
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E

ac
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m
ac

h
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th
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n
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s
th

e
o
p
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m
a
l
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lu
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f
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in
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it
y

a
t

m
o
st
k
,

th
a
t

m
a
x
im

iz
es

th
e

va
lu

e
o
f
f
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ea

ch
p

a
rt

it
io

n
.

T
h

es
e

so
lu

ti
on

s
ar

e
th

en
m

er
ge

d
,

a
n

d
th

e
o
p

ti
m

a
l

su
b

se
t
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ca

rd
in
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it

y
k

is
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u
n

d
in

th
e

co
m

b
in

ed
se
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W

e
d

en
o
te
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d
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u
te
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lu
ti
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b
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d
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s

th
e

o
p

ti
m

u
m

ce
n
tr

a
li

ze
d

so
lu

ti
on

A
c
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]
a
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th
e

m
a
x
im

u
m
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lu

e
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th
e
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b

m
o
d
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u

la
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fu
n
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io

n
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r
th

at
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(A
c
[k
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≥
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(A
d
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,k

])
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F
o
r

th
e

sp
ec

ia
l

ca
se

o
f

se
le

ct
in

g
a

si
n

gl
e

el
em

en
t
k

=
1
,

w
e

h
av

e
f

(A
c
[1

])
=
f

(A
d
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.

F
u
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h

er
m
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,
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r
m

od
u

la
r

fu
n

ct
io

n
s

f
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.e
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r
w

h
ic

h
f

an
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e

b
ot
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b
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o
d

u
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to
se

e
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th
e

d
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tr
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u
te
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e
in
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th
e
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p

ti
m
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l

ce
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a
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ze
d
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ti
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n
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el
l.
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ev
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,
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e
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n

b
e

a
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p
b

et
w

ee
n
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e

d
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u
te
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d
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ti
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et
h
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e
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ow
in

g
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ow
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n
n

ot
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e
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m
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F

u
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,
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.

In
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tr

a
st
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n

y
va

lu
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o
f
m
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n
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k

,
th

er
e

is
a
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n
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to
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e

su
bm

od
u

la
r

fu
n

ct
io

n
f
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ch

th
a
t
f

(A
c
[k
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=

m
in
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,k
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·f

(A
d
[m
,k

])
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T
h

e
p

ro
of

of
al

l
th

e
th

eo
re

m
s

ca
n

b
e

fo
u

n
d

in
th

e
a
p

p
en

d
ix

.
T

h
e

a
b

ov
e

th
eo

re
m

fu
ll

y
ch

a
ra

ct
er

iz
es

th
e

p
er

fo
rm

a
n

ce
of

A
lg

or
it

h
m

1
in

te
rm

s
of

th
e

b
es

t
ce

n
tr

a
li

ze
d

so
lu

ti
on

.
In

p
ra

ct
ic

e,
w

e
ca

n
n

ot
ru

n
A

lg
o
ri

th
m

1
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si
n

ce
th

er
e

is
n

o
effi

ci
en

t
w

ay
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id
en

ti
fy

th
e

o
p

ti
m

u
m

su
b

se
t
A
c i
[k

]
in

se
t
V
i,

u
n

le
ss

P
=

N
P

.
In

th
e

fo
ll
ow

in
g
,

w
e

in
tr

o
d

u
ce

a
n

effi
ci

en
t

d
is

tr
ib

u
te

d
ap

p
ro

x
im

at
io

n
–

G
r
e
e
D

i.
W

e
w

il
l

fu
rt

h
er

sh
ow

,
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at
u

n
d

er
so

m
e

a
d

d
it

io
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u
m

p
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n
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r
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b
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O
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G

r
e
e
D

i
A

p
p

ro
x
im

a
ti

o
n

O
u

r
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en

t
d

is
tr
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u
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d
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o
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r
e
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D

i
is
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n
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p
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e
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-
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b
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A
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h

m
1
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b
u
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p
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ce
s
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e
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m
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b
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A
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b
y
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ee

d
y
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s
A

g
c
i
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].

D
u

e
to

th
e

ap
p

ro
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n
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e

gr
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p
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D

i
is
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d

a
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or
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m

th
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,
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ra
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D
ist

r
ib

u
t
e
d

S
u
b
m

o
d
u
l
a
r

M
a
x
im

iz
a
t
io

n

A
lg

o
rith

m
1

In
effi

cien
t

D
istrib

u
ted

S
u

b
m

o
d

u
la

r
M

a
x
im

iza
tio

n

In
p

u
t:

S
et
V

,
#

o
f

p
a
rtitio

n
s
m

,
co

n
stra

in
ts
k
.

O
u

tp
u

t:
S

et
A

d[m
,k

].
1
:

P
a
rtitio

n
V

in
to
m

sets
V

1 ,V
2 ,...,V

m
.

2
:

In
ea

ch
p

artition
V
i

fi
n

d
th

e
o
p

tim
u

m
set

A
ci [k

]
o
f

card
in

ality
k
.

3
:

M
erg

e
th

e
resu

ltin
g

sets:
B

=
∪
mi=

1 A
ci [k

].
4
:

F
in

d
th

e
o
p

tim
u

m
set

of
card

in
ality

k
in
B

.
O

u
tp

u
t

th
is

so
lu

tio
n
A

d[m
,k

].

A
lg

o
rith

m
2

G
reed

y
D

istrib
u

ted
S
u

b
m

o
d

u
la

r
M

ax
im

iza
tio

n
(G

r
e
e
D

i)

In
p

u
t:

S
et
V

,
#

o
f

p
a
rtitio

n
s
m

,
co

n
stra

in
ts
κ

.
O

u
tp

u
t:

S
et
A

g
d[m

,κ
].

1
:

P
a
rtitio

n
V

in
to
m

sets
V

1 ,V
2 ,...,V

m
(arb

itra
rily

or
a
t

ra
n

d
o
m

).
2
:

R
u

n
th

e
sta

n
d

ard
greed

y
a
lg

o
rith

m
o
n

each
set

V
i

to
fi

n
d

a
so

lu
tio

n
A

g
c
i

[κ
].

3
:

F
in

d
A

g
c

m
a
x [κ

]
=

a
rg

m
a
x
A {
F

(A
)

:
A
∈
{A

g
c

1
[κ

],...,A
g
c
m

[κ
]}}

4
:

M
erg

e
th

e
resu

ltin
g

sets:
B

=
∪
mi=

1 A
g
c
i

[κ
].

5
:

R
u

n
th

e
sta

n
d

a
rd

g
reed

y
a
lg

orith
m

on
B

to
fi

n
d

a
so

lu
tio

n
A

g
c

B
[κ

].
6
:

R
etu

rn
A

g
d[m

,κ
]

=
a
rg

m
a
x
A {F

(A
)

:
A
∈
{A

g
c

m
a
x [κ

],A
g
c

B
[κ

]}}.
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n

d
a
rd

greed
y

algo
rith

m
b
y
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u

en
tially

fi
n

d
in

g
a
n

elem
en

t
e
∈
V
i

th
a
t

m
ax

im
izes

th
e

d
iscrete

d
eriva

tive
(2).

E
a
ch

m
a
ch

in
e
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p
a
ra
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con

tin
u
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a
d

d
in

g
elem

en
ts
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set

A
g
c
i
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u

n
til

it
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κ

elem
en
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W

e
d

efi
n

e
A

g
c

m
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b
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set
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m
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im
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e
a
m

on
g
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g
c
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],A
g
c

2
[κ

],...,A
g
c
m

[κ
]}.

T
h

en
th

e
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lu
tio

n
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erged

,
i.e.,

B
=
∪
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1 A
g
c
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],
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n

d
an

o
th

er
ro

u
n

d
of

g
reed

y
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n
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p
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ed

over
B

u
n
til

κ
elem

en
ts

a
re

selected
.
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d
en
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th
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b
y
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].
T
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n
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l
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is
section

w
e

assu
m

e
th

at
th

e
con

strain
t

set
ζ

is
h

ered
itary,

m
ean

in
g

th
at

if
A
∈
ζ

th
en

for
an

y
B
⊆
A

w
e

also
req

u
ire

th
at

B
∈
ζ
.

C
ard

in
ality

con
strain

ts
a
re

ob
v
iou

sly
h

ered
itary,

so
a
re

all
th

e
ex

am
p

les
w

e
m

en
tion

b
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⊆
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⊆
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∈
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∈
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∈
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p
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h
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/
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at
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m
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b

ou
n

d
h

as
b

ee
n

im
p

ro
ve

d
to

(1
−

1/
e)

u
si

n
g

th
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ee
d

y
al

go
ri

th
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n
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e
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=
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=
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at
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p
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b
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ra
in

ts
gi

ve
n

b
y

th
e

in
te

rs
ec

ti
on

o
f
p

m
at

ro
id

s.
G

iv
en

an
in

d
ep

en
d

en
ce

fa
m

il
y
I

an
d

a
se

t
V
′
⊆
V

,
le

t
S

(V
′ )

d
en

o
te

th
e

se
t

of
m

ax
im

al
in

d
ep

en
d

en
t

se
ts

of
I

in
cl

u
d

ed
in
V
′ ,

i.
e.

,
S

(V
′ )

=
{A
∈
I
|∀
e
∈
V
′ \
A

:
A
∪
{e
}
/∈
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e
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at
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b
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d
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d
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p
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rá

k
(2

01
4
)

p
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i}
,V

=
⋃
m i=

1
V
i

a
n

d
f

(S
)

=
H

(S
),

w
h

er
e
H

is
th

e
en

tr
o
p
y

o
f

th
e

su
b

se
t
S

of
ra

n
d

o
m

va
ri

ab
le

s.
N

ot
e

th
a
t
H

is
a

m
o
n

o
to

n
e

su
b

m
o
d

u
la

r
fu

n
ct

io
n

.
It

is
ea

sy
to

se
e

th
at
A

c i
[k

]
=
{X

i,
1
,.
..
,X

i,
k
}

o
r
A

c i
[k

]
=
Y
i

a
s

in
b

ot
h

ca
se

s
H

(A
c i
[k

])
=
k
.

If
w

e
as

su
m

e
A

c i
[k

]
=
{X

i,
1
,.
..
,X

i,
k
},

th
en

B
=
{X

i,
j
|1
≤
i
≤
m
,1
≤
j
≤
k
}.

H
en

ce
,

b
y

se
le

ct
in

g
at

m
os

t
k

el
em

en
ts

fr
o
m
B

,
w

e
h

av
e
H

(A
d
[m
,k

])
=
k
.

O
n

th
e

o
th

er
h

an
d

,
th

e
se

t
of
k

el
em

en
ts

th
at

m
ax

im
iz

es
th

e
en

tr
o
p
y

is
{Y

1
,.
..
,Y

m
}.

N
ot

e
th

a
t
H

(Y
i)

=
k

a
n

d
Y
i
⊥
Y
j

fo
r
i
6=
j.

H
en

ce
,
H

(A
c
)

=
k
·m

if
m
≥
k

o
r

o
th

er
w

is
e
H

(A
c
[k

])
=
k

2
.

A
.2

P
ro

o
f

o
f

T
h

e
o
re

m
4

L
et

u
s

fi
rs

t
m

en
ti

o
n

a
sl

ig
h
t

g
en

er
a
li

za
ti

o
n

ov
er

th
e

p
er

fo
rm

an
ce

o
f

th
e

st
an

d
a
rd

gr
ee

d
y

a
lg

o
ri

th
m

.
It

fo
ll

ow
s

ea
si

ly
fr

o
m

th
e

a
rg

u
m

en
t

in
(N

em
h

au
se

r
et

a
l.

,
1
97

8
).

L
e
m

m
a

1
8

L
et
f

be
a

n
o
n

-n
eg

a
ti

ve
su

bm
od

u
la

r
fu

n
ct

io
n

,
a
n

d
le

t
A

gc
[q

]
o
f

ca
rd

in
a
li

ty
q

be
th

e
gr

ee
d
y

se
le

ct
ed

se
t

by
th

e
st

a
n

d
a
rd

gr
ee

d
y

a
lg

o
ri

th
m

.
T

h
en

,

f
(A

gc
[q

])
≥
( 1
−
e−

q k

) f
(A

c
[k

])
.

B
y

L
em

m
a

18
w

e
k
n

ow
th

a
t f
(A

g
c
i

[κ
])
≥

(1
−

ex
p

(−
κ
/
k
))
f

(A
c i
[k

])
.

N
ow

,
le

t
u

s
d

efi
n

e

B
g
c

=
∪m i

=
1
A

g
c
i

[κ
],

A
g
c

m
a
x
[κ

]
=

m
a
x

i
f

(A
g
c
i

[κ
])
,

Ã
[κ

]
=

ar
g

m
ax

S
⊆
B

g
c
&
|S
|≤
κ
f

(S
).

T
h

en
b
y

u
si

n
g

L
em

m
a

1
8

a
ga

in
,

w
e

o
b

ta
in

f
(A

g
d
[m
,κ

])
≥

m
ax
{ f

(A
g
c

m
a
x
[κ

])
,

(1
−

ex
p

(−
κ
/
κ

))
f

(Ã
[κ

])
}

≥
(1
−

ex
p

(−
κ
/
k
))

m
in

(m
,k

)
f

(A
c
[k

])
.

A
.3

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

6

L
et
K

b
e

a
p

o
si

ti
ve

d
efi

n
it

e
ke

rn
el

m
a
tr

ix
d

efi
n

ed
in

se
ct

io
n

3
.4

.1
.

If
w

e
re

p
la

ce
a

p
o
in

t
e i
∈
S

w
it

h
an

o
th

er
p

o
in

t
e′ i
∈
V
\S

,
th

e
co

rr
es

p
on

d
in

g
ro

w
a
n

d
co

lu
m

n
i

in
th

e
m

o
d

ifi
ed

ke
rn

el
m

at
ri

x
K
′

w
il

l
b

e
ch

a
n

g
ed

.
W

.l
.o

.g
a
ss

u
m

e
th

a
t

w
e

re
p

la
ce

th
e

fi
rs

t
el

em
en

t
e 1
∈
S

w
it

h
a
n

ot
h

er
el

em
en

t
e′ 1
∈
V
\S

,
i.

e.
,

∆
K

=
K
′ −

K
h

as
th

e
fo

ll
ow

in
g

fo
rm

w
it

h
n

on
-z

er
o

en
tr

ie
s

o
n

ly
on

th
e

fi
rs

t
ro

w
an

d
fi
rs

t
co

lu
m

n
,

∆
K
≡
K
′ −

K
≤

    

a
1

a
2
··
·

a
k

a
2

0
··
·

0
. . .

. . .
. .

.
. . .

a
k

0
··
·

0

    
.
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D
ist

r
ib

u
t
e
d

S
u
b
m

o
d
u
l
a
r

M
a
x
im

iz
a
t
io

n

N
ote

th
a
t

kern
el

is
L

ip
sch

itz
con

tin
u

ou
s

w
ith

co
n

sta
n
tL

,
h

en
ce

w
e

h
ave
|a
i |≤

L
d
(e

1 ,e ′1 )
for

1
≤
i≤

k
.

T
h

en
th

e
a
b

so
lu

te
va

lu
e

o
f

th
e

ch
a
n

g
e

in
th

e
o
b

jectiv
e

fu
n

ction
w

ou
ld

b
e

∣∣f
(S

)−
f

(S
′) ∣∣

=

∣∣∣∣ 12
lo

g
d

et(I
+
K
′)−

12
log

d
et(I

+
K

) ∣∣∣∣

=
12

∣∣∣∣ lo
g

d
et(I

+
K
′)

d
et(I

+
K

) ∣∣∣∣

=
12

∣∣∣∣ lo
g

d
et(I

+
K

+
∆
K

)

d
et(I

+
K

)

∣∣∣∣

=
12

∣∣lo
g
[d

et(I
+
K

+
∆
K

).d
et(I

+
K

) −
1] ∣∣

=
12

∣∣lo
g

d
et(I

+
∆
K

(I
+
K

) −
1) ∣∣.

(9
)

N
ote

th
a
t

sin
ce
K

is
p

o
sitive-d

efi
n

ite,
I
+
K

is
a
n

in
vertib

le
m

a
trix

.
F

u
rth

erm
ore,

sin
ce

∆
K

an
d
K

a
re

sy
m

m
etric

m
a
trices

th
ey

b
o
th

h
ave

k
rea

l
eigen

va
lu

es.
T

h
erefore,

(I
+
K

) −
1

h
as

k
eig

en
valu

es
λ
i

=
1

1
+
λ
′i ≤

1
,

fo
r

1
≤
i≤

k
,

w
h

ere
λ
′1 ···λ

′k
a
re

(n
o
n

-n
ega

tive)
eig

en
va

lu
es

o
f

kern
el

m
a
trix

K
.

N
ow

,
w

e
b

ou
n

d
th

e
m

ax
im

u
m

eig
en

va
lu

es
o
f

∆
K

a
n

d
∆
K

(I
+
K

) −
1

resp
ectively.

C
o
n

-
sid

er
v
ectors

x
,x
′∈

R
n
,

su
ch

th
at||x||2

=
||x
′||2

=
1
.

W
e

h
av

e,

∣∣x
T

∆
K
x
′ ∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣ 

x
1

x
2...x
k 

T


a
1

a
2
···

a
k

a
2

0
···

0
...

...
...

...
a
k

0
···

0 



x
′1

x
′2...x
′k 

∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣ 

x
1

x
2...x
k 

T


∑
ki=

1
a
i x
′i

a
2 x
′1

...
a
k x
′1



∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣ x
1

k
∑i=

1

a
i x
′i
+
x
′1

k
∑i=

2

a
i x
i ∣∣∣∣∣

=
|x

1 |. ∣∣∣∣∣
k
∑i=

1

a
i x
′i ∣∣∣∣∣

+
|x
′1 |. ∣∣∣∣∣

k
∑i=

2

a
i x
i ∣∣∣∣∣

=
|x

1 |.
k
∑i=

1 |a
i x
′i |

+
|x
′1 |.

k
∑i=

2 |a
i x
i |

≤
2
kL
d
(e

1 ,e ′1 ),
(1

0)

w
h

ere
w

e
u

sed
th

e
fo

llow
in

g
facts

to
d

erive
th

e
last

in
eq

u
a
lity

:
1)

th
e

L
ip

sch
itz

co
n
tin

u
ity

of
th

e
kern

el
g
iv

es
u

s
an

u
p

p
erb

ou
n

d
o
n

th
e

valu
es

o
f|a

i |,
i.e.,|a

i |≤
L
d
(e

1 ,e ′1 )
fo

r
1
≤
i≤

k
;

an
d

2
)

sin
ce||x||2

=
||x
′||2

=
1
,

th
e

a
b

so
lu

te
va

lu
e

o
f

th
e

elem
en

ts
in

vectors
x

a
n

d
x
′
can

n
ot
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M
ir

z
a
so

l
e
im

a
n
,

K
a
r
b
a
si,

S
a
r
k
a
r

a
n
d

K
r
a
u
se

b
e

grea
ter

th
an

1,
i.e.,|x

i |≤
1,
|x
′i |≤

1,
for

1
≤
i≤

k
.

T
h

erefore,

λ
m

a
x (∆

K
)

=
m

ax
x

:||x||2
=

1 |x
T

∆
K
x|≤

2
kL
d
(e

1 ,e ′1 ).

N
ow

,
let

v
1 ,···v

k ∈
R
n

b
e

th
e
k

eigen
vectors

of
m

atrix
(I

+
K

) −
1.

N
ote

th
at{

v
1 ,···v

k }
is

an
orth

o
n

o
rm

al
sy

stem
an

d
th

u
s

for
an

y
x
∈

R
n

w
e

can
w

rite
it

as
x

=
∑

ki=
1
c
i v
i ,

an
d

w
e

h
av

e||x|| 22
=
∑

ki=
1
c

2i .
In

ord
er

to
b

ou
n

d
th

e
largest

eigen
valu

e
of

∆
K

(I
+
K

),
w

e
w

rite

∣∣x
T

∆
K

(I
+
K

) −
1x ∣∣

=

∣∣∣∣∣ x
T

∆
K

(I
+
K

) −
1

k
∑i=

1

c
i v
i ∣∣∣∣∣

=

∣∣∣∣∣ x
T

∆
K

k
∑i=

1

λ
i c
i v
i ∣∣∣∣∣

=

∣∣∣∣∣∣∣ 
k
∑j=

1

c
j v
j 

T

∆
K

(
k
∑i=

1

λ
i c
i v
i )
∣∣∣∣∣∣∣

=

∣∣∣∣∣∣

k
∑i,j=

1

λ
i c
i c
j v
Tj

∆
K
v
i ∣∣∣∣∣∣

(a
)

≤
2
kL
d
(e

1 ,e ′1 )
k
∑i,j=

1 |c
i ||c

j |

=
2kL

d
(e

1 ,e ′1 ) (
k
∑i=

1 |c
i | )

2

,

w
h

ere
in

(a
)

w
e

u
sed

E
q
.

10
an

d
th

e
fact

th
at
λ
i ≤

1
for

1
≤
i≤

k
.

U
sin

g
C

au
ch

y
-S

ch
w

arz
in

eq
u

ality
(

k
∑i=

1 |c
i | )

2≤
k

k
∑i=

1 |c
i | 2

an
d

th
e

assu
m

p
tio

n
||x||2

=
1,

w
e

con
clu

d
e

∣∣x
T

∆
K

(I
+
K

) −
1x ∣∣≤

2
k

2L
d
(e

1 ,e ′1 )
k
∑i=

1 ∣∣c
2i ∣∣

≤
2
k

2||x|| 22 L
d
(e

1 ,e ′1 )

≤
2
k

2L
d
(e

1 ,e ′1 ).

T
h

erefo
re,λ

m
a
x (∆

K
(I

+
K

) −
1 )

=
m

ax
x

:||x||2
=

1 ∣∣x
T

∆
K

(I
+
K

) −
1x ∣∣≤

2k
2L
d
(e

1 ,e ′1 ).
(11)
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D
is

t
r
ib

u
t
e
d

S
u
b
m

o
d
u
l
a
r

M
a
x
im

iz
a
t
io

n

F
in

al
ly

,
w

e
ca

n
w

ri
te

th
e

d
et

er
m

in
an

t
of

a
m

at
ri

x
as

th
e

p
ro

d
u

ct
of

it
s

ei
g
en

va
lu

es
,

i.
e.

d
et

(I
+

∆
K

(I
+
K

)−
1
)
≤

(1
+

2
k

2
Ld

(e
1
,e
′ 1
))
k
.

(1
2)

B
y

su
b

st
it

u
ti

n
g

E
q
.

11
an

d
E

q
.

12
in

to
E

q
.

9
w

e
ob

ta
in

∣ ∣ f
(S

)
−
f

(S
′ )
∣ ∣ ≤

1 2

∣ ∣ ∣lo
g
(1

+
2
k

2
Ld

(e
1
,e
′ 1
))
k
∣ ∣ ∣

≤
k 2

∣ ∣ lo
g
(1

+
2
k

2
Ld

(e
1
,e
′ 1
))
∣ ∣

≤
k

3
Ld

(e
1
,e
′ 1
),

w
h

er
e

in
th

e
la

st
in

eq
u

al
it

y
w

e
u

se
d

lo
g
(1

+
x

)
≤
x

,
fo

r
x
≥

0.
R

ep
la

ci
n

g
al

l
th

e
k

p
oi

n
ts

in
se

t
S

w
it

h
an

ot
h

er
se

t
S
′

of
th

e
sa

m
e

si
ze

,
w

e
g
et

∣ ∣ f
(S

)
−
f

(S
′ )
∣ ∣ ≤

k
3
L

k ∑ i=
1

d
(e
i,
e′ i

).

H
en

ce
,

th
e

d
iff

er
en

ti
al

en
tr

op
y

of
th

e
G

au
ss

ia
n

p
ro

ce
ss

is
λ

-L
ip

sc
h

it
z

w
it

h
λ

=
Lk

3
.

A
.4

P
ro

o
f

o
f

P
ro

p
o
si

ti
o
n

7

A
ss

u
m

e
w

e
h

av
e

a
se

t
S

of
k

ex
em

p
la

rs
,

i.
e.

,
S

0
=
{e

1
,·
··
,e
k
},

an
d

ea
ch

el
em

en
t

of
th

e
d

at
as

et
v
∈
V

is
as

si
gn

ed
to

it
s

cl
os

es
t

ex
em

p
la

r.
N

ow
,

if
w

e
re

p
la

ce
se

t
S

w
it

h
an

ot
h

er
se

t
S
′

of
th

e
sa

m
e

si
ze

,
th

e
lo

ss
as

so
ci

at
ed

w
it

h
ev

er
y

el
em

en
t
v
∈
V

m
ay

b
e

ch
an

ge
d

.
W

.l
.o

.g
,

as
su

m
e

w
e

sw
ap

on
e

ex
em

p
la

r
at

a
ti

m
e,

i.
e.

,
in

st
ep
i,

1
≤
i
≤
k
,

w
e

h
av

e
S
i

=
{e
′ 1
,·
··
,e
′ i,
e i

+
1
,·
··
,e
k
}.

S
w

ap
p

in
g

th
e
it
h

ex
em

p
la

r
e i
∈
S
i−

1
w

it
h

a
n

o
th

er
el

em
en

t
e′ i
∈
S
′ ,

4
ca

se
s

m
ay

h
ap

p
en

:
1)

el
em

en
t
v

w
as

n
ot

as
si

gn
ed

to
e i

b
ef

or
e

a
n

d
d

o
es

n
’t

g
et

as
si

gn
ed

to
e′ i

,
2)

el
em

en
t
v

w
as

as
si

gn
ed

to
e i

b
ef

or
e

an
d

ge
ts

as
si

gn
ed

to
e′ i

,
3
)

el
em

en
t
v

w
as

n
ot

as
si

gn
ed

to
e i

b
ef

or
e

an
d

ge
ts

as
si

gn
ed

to
e′ i

,
4)

el
em

en
t
v

w
as

as
si

g
n

ed
to
e i

b
ef

or
e

an
d

ge
ts

as
si

gn
ed

to
an

ot
h

er
ex

em
p

la
r
e x
∈
S
i
\{
e′ i
}.

F
or

an
y

el
em

en
t
v
∈
V

,
w

e
lo

o
k

in
to

th
e

fo
u

r
ca

se
s

an
d

sh
ow

th
at

in
ea

ch
ca

se

|l(
e′ i
,v

)
−
l(
e i
,v

)|
≤
d
(e
i,
e′ i

)
α
R
α
−

1
.

•
C

as
e

1:
In

th
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b
ef

or
e

an
d

ge
ts

a
ss

ig
n

ed
to
e′ i

.
le

t
a

=
d
(e
i,
v
)

an
d
b

=
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−
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:
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b
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d
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/
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p
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b
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p
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/
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/
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/
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at
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/
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/
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ab
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con
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/
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p
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con
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at
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c
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p
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h

e
o
re
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h
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p
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≥
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/
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/
m

)
elem

en
ts

in
th

e
α

-n
eigh

bo
rh

ood
o
f

ea
ch

e
i ∈
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i ∈
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/
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p
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ab
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/
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/
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/
m
/k

)
k
m
.

T
h

erefore,
th

e
p

ro
b

a
b

ility
th

a
t

som
e
e
i ∈

A
c[k

]
d

o
es

n
o
t

h
ave

a
su

ita
b

le
sized

n
eig

h
b

or-
h

o
o
d

is
a
t

m
o
st
k
(δ

1
/
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/
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δ),
th

e
α

-n
eigh

b
o
rh

o
o
d

o
f

each
elem

en
t
e
i ∈

A
c[k

]
co

n
ta

in
s

a
t

lea
st

4k
m

lo
g

(1
/
δ)

elem
en

ts.

L
e
m

m
a

2
1

F
o
r
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/
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p
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s

p
o
st

er
io

rs
u

su
a
ll

y
sh

ow
ex

ce
l-

le
n
t

p
er

fo
rm

an
ce

in
d

iv
er

se
ta

sk
s,

su
ch

a
s

cl
a
ss

ifi
ca

ti
o
n

,
re

g
re

ss
io

n
,

ra
n

k
in

g
,

an
d

so
on

,
ye

t
th

ei
r

ac
tu

a
l

im
p

le
m

en
ta

ti
o
n

is
st

il
l

fa
r

fr
o
m

ro
u

ti
n

e.
T

h
e

u
su

al
re

co
m

m
en

d
at

io
n

(D
a
la

ly
a
n

a
n

d
T

sy
b

ak
ov

,
2
01

2
;

A
lq

u
ie

r
an

d
B

ia
u

,
2
0
13

;
G

u
ed

j
an

d
A

lq
u

ie
r,

2
01

3)
is

to
sa

m
p

le
fr

o
m

a
G

ib
b

s
p

os
te

ri
or

u
si

n
g

M
C

M
C

(M
a
rk

ov
ch

a
in

M
o
n
te

C
a
rl

o,
se

e
e.

g
.

G
re

en
et

al
.,

2
01

5
);

b
u

t
co

n
st

ru
ct

in
g

a
n

effi
ci

en
t

M
C

M
C

sa
m

p
le

r
is

of
te

n
d

iffi
cu

lt
,

a
n

d
ev

en
effi

ci
en

t
im

p
le

m
en

-
ta

ti
on

s
a
re

of
te

n
to

o
sl

ow
fo

r
p

ra
ct

ic
a
l

u
se

s
w

h
en

th
e

d
a
ta

se
t

is
ve

ry
la

rg
e.

In
th

is
p

ap
er

,
w

e
co

n
si

d
er

in
st

ea
d

V
B

(V
a
ri

a
ti

o
n

al
B

ay
es

)
ap

p
ro

x
im

a
ti

on
s,

w
h

ic
h

h
av

e
b

ee
n

in
it

ia
ll

y
d

ev
el

op
ed

to
p

ro
v
id

e
fa

st
a
p

p
ro

x
im

at
io

n
s

o
f

‘t
ru

e’
p

o
st

er
io

r
d

is
tr

ib
u

ti
o
n

s
(i

.e
.

B
ay

es
ia

n
p

o
st

er
io

r
d

is
tr

ib
u

ti
o
n

s
fo

r
a

g
iv

en
m

o
d
el

);
se

e
J
o
rd

a
n

et
al

.
(1

9
99

);
M

a
cK

ay
(2

00
2)

an
d

C
h

ap
.

1
0

in
B

is
h

op
(2

0
0
6
).

O
u

r
m

ai
n

re
su

lt
s

a
re

a
s

fo
ll

ow
s:

w
h

en
P

A
C

-B
ay

es
b

o
u

n
d

s
a
re

av
a
il

a
b

le
-

m
a
in

ly
,

w
h

en
a

st
ro

n
g

co
n

ce
n
tr

at
io

n
in

eq
u

a
li

ty
h
o
ld

s
-

re
p

la
ci

n
g

th
e

G
ib

b
s

p
os

te
ri

or
b
y

a
va

ri
a
ti

o
n

a
l

a
p

p
ro

x
im

at
io

n
d

o
es

n
ot

a
ff

ec
t

th
e

ra
te

o
f

co
n
ve

rg
en

ce
to

th
e

b
es

t
p

o
ss

ib
le

p
re

d
ic

ti
o
n

,
on

th
e

co
n

d
it

io
n

th
at

th
e

K
ü

ll
b

a
ck

-L
ei

b
le

r
d

iv
er

g
en

ce
b

et
w

ee
n

th
e

p
o
st

er
io

r
an

d
th

e
a
p

p
ro

x
-

im
at

io
n

is
it

se
lf

p
ro

p
er

ly
co

n
tr

ol
le

d
.

F
u

rt
h

er
m

o
re

,
fo

r
co

n
ve

x
ri

sk
s

w
e

sh
ow

th
a
t

on
e

ca
n

o
b

ta
in

p
ol

y
n

om
ia

l
ti

m
e

al
g
or

it
h
m

s
b

a
se

d
o
n

op
ti

m
al

co
n
ve

x
so

lv
er

s.
W

e
a
ls

o
p

ro
v
id

e
em

p
ir

ic
a
l

b
ou

n
d

s,
w

h
ic

h
m

ay
b

e
co

m
p

u
te

d
fr

o
m

th
e

d
a
ta

to
a
sc

er
ta

in
th

e
ac

tu
al

p
er

fo
rm

a
n

ce
of

es
ti

m
at

o
rs

o
b
ta

in
ed

b
y

va
ri

a
ti

on
a
l

a
p

p
ro

x
im

a
ti

o
n
.

A
ll

th
e

re
-

su
lt

s
gi

ve
s

st
ro

n
g

in
ce

n
ti

ve
s,

w
e

b
el

ie
v
e,

to
re

co
m

m
en

d
V

a
ri

a
ti

o
n

a
l

B
ay

es
a
s

th
e

d
ef

a
u

lt
a
p

p
ro

ac
h

to
ap

p
ro

x
im

a
te

G
ib

b
s

p
o
st

er
io

rs
.

W
e

al
so

p
ro

v
id

e
a

R
p

a
ck

ag
e1

,
w

ri
tt

en
in

C
+

+
to

co
m

p
u

te
a

G
a
u

ss
ia

n
va

ri
a
ti

on
a
l

ap
p

ro
x
im

a
ti

o
n

in
th

e
ca

se
o
f

th
e

h
in

g
e

ri
sk

.
T

h
e

re
st

of
th

e
p

a
p

er
is

o
rg

an
iz

ed
as

fo
ll

ow
s.

In
S

ec
ti

on
2
,

w
e

p
re

se
n
t

th
e

n
ot

a
ti

on
s

a
n

d
as

su
m

p
ti

on
s.

In
S

ec
ti

o
n

3,
w

e
in

tr
o
d

u
ce

va
ri

at
io

n
a
l

ap
p

ro
x
im

at
io

n
s

an
d

th
e

co
rr

es
p

o
n

d
in

g
al

go
ri

th
m

s.
T

h
e

m
ai

n
re

su
lt

s
a
re

p
ro

v
id

ed
in

a
ge

n
er

al
fo

rm
in

S
ec

ti
o
n

4
:

in
S

u
b

se
ct

io
n

4.
1
,

w
e

gi
v
e

re
su

lt
s

u
n

d
er

th
e

a
ss

u
m

p
ti

o
n

th
a
t

a
H

o
eff

d
in

g
ty

p
e

in
eq

u
a
li

ty
h

o
ld

s
(s

lo
w

ra
te

s)
a
n

d

1
.

P
A

C
V

B
p
a
ck

a
g
e:

h
t
t
p
s
:
/
/
c
r
a
n
.
r
-
p
r
o
j
e
c
t
.
o
r
g
/
w
e
b
/
p
a
c
k
a
g
e
s
/
P
A
C
V
B
/
i
n
d
e
x
.
h
t
m
l

2
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O
n

t
h
e

P
r
o
p
e
r
t
ie

s
o
f

V
a
r
ia

t
io

n
a
l

A
p
p
r
o
x
im

a
t
io

n
s

o
f

G
ib

b
s

P
o
st

e
r
io

r
s

in
S

u
b

sectio
n

4
.2,

w
e

g
ive

resu
lts

u
n

d
er

th
e

a
ssu

m
p

tio
n

th
at

a
B

ern
stein

ty
p

e
in

eq
u
a
lity

h
o
ld

s
(fa

st
rates).

N
o
te

th
at

fo
r

th
e

sa
ke

of
b

rev
ity,

w
e

w
ill

refer
to

th
ese

settin
g
s

a
s

“
H

o
eff

d
in

g
a
ssu

m
p

tio
n

”
a
n

d
“
B

ern
stein

assu
m

p
tio

n
”

ev
en

th
o
u

g
h

th
is

term
in

o
lo

gy
is

n
o
n

-
stan

d
a
rd

.
W

e
th

en
a
p

p
ly

th
ese

resu
lts

in
va

rio
u

s
settin

g
s:

classifi
ca

tio
n

(S
ectio

n
5
),

co
n
vex

cla
ssifi

ca
tio

n
(S

ectio
n

6
),

ran
k
in

g
(S

ectio
n

7),
a
n

d
m

a
trix

co
m

p
letio

n
(S

ectio
n

8).
In

ea
ch

ca
se,

w
e

sh
ow

h
ow

to
sp

ecialise
th

e
gen

eral
resu

lts
o
f
S

ectio
n

4
to

th
e

co
n

sid
ered

a
p

p
lica

tion
,

in
o
rd

er
to

ob
ta

in
th

e
p

ro
p

erties
of

th
e

V
B

a
p

p
rox

im
a
tion

,
an

d
w

e
also

d
iscu

ss
its

n
u

m
erica

l
im

p
lem

en
ta

tion
.

A
ll

th
e

p
ro

o
fs

are
co

llected
in

th
e

A
p

p
en

d
ix

.

2
.

P
A

C
-B

a
y
e
sia

n
fra

m
e
w

o
rk

W
e

ob
serve

a
sa

m
p

le
(X

1 ,Y
1 ),...,(X

n
,Y

n
),

ta
k
in

g
va

lu
es

in
X
×
Y

,
w

h
ere

th
e

p
airs

(X
i ,Y

i )
h

ave
th

e
sa

m
e

d
istrib

u
tion

P
.

W
e

w
ill

a
ssu

m
e

ex
p

licitly
th

a
t

th
e

(X
i ,Y

i )’s
a
re

in
d

ep
en

d
en

t
in

several
of

ou
r

sp
ecia

lised
resu

lts,
b

u
t

w
e

d
o

n
ot

m
a
ke

th
is

a
ssu

m
p

tio
n

a
t

th
is

sta
ge,

a
s

so
m

e
o
f

ou
r

gen
era

l
resu

lts,
a
n

d
m

o
re

g
en

era
lly

th
e

P
A

C
-B

ayesia
n

th
eory,

m
ay

b
e

ex
ten

d
ed

to
d

ep
en

d
en

t
o
b
servatio

n
s;

see
e.g

.
A

lq
u

ier
a
n

d
L

i
(2

0
1
2
).

T
h

e
la

b
el

setY
is

alw
ay

s
a

su
b

set
o
fR

.
A

set
o
f

p
red

ictors
is

ch
o
sen

b
y

th
e

statistician
:{
f
θ

:X
→

R
,
θ
∈

Θ
}
.

F
o
r

ex
am

p
le,

in
lin

ea
r

regressio
n

,
w

e
m

ay
h

av
e:
f
θ (x

)
=
〈θ,x〉,

th
e

in
n

er
p

ro
d

u
ct

o
fX

=
R
d,

w
h

ile
in

cla
ssifi

ca
tion

,
o
n

e
m

ay
h

av
e
f
θ (x

)
=

I〈θ
,x〉>

0 ∈
{0
,1}.

W
e

a
ssu

m
e

w
e

h
ave

at
o
u

r
d

isp
osa

l
a

risk
fu

n
ctio

n
R

(θ);
ty

p
ica

lly
R

(θ)
is

a
m

easu
re

of
th

e
p

red
iction

erro
r.

W
e

set
R

=
R

(θ),
w

h
ere

θ
∈

a
rg

m
in

Θ
R

;
i.e.

f
θ

is
a
n

o
p

tim
a
l

p
red

ictor.
W

e
a
lso

a
ssu

m
e

th
a
t

th
e

risk
fu

n
ctio

n
R

(θ)
h

a
s

a
n

em
p

irica
l

co
u

n
terp

a
rt
r
n
(θ),

a
n

d
set

r
n

=
r
n
(θ).

O
ften

,
R

an
d
r
n

a
re

b
a
sed

o
n

a
lo

ss
fu

n
ctio

n
`

:
R

2
→

R
;

i.e.
R

(θ)
=

E
[`(Y

,f
θ (X

))]
an

d
r
n
(θ)

=
1n ∑

ni=
1
`(Y

i ,f
θ (X

i )).
(In

th
is

p
a
p

er,
th

e
sy

m
b

ol
E

w
ill

alw
ay

s
d

en
ote

th
e

ex
p

ecta
tion

w
ith

resp
ect

to
th

e
(u

n
k
n

ow
n

)
law

P
o
f

th
e

(X
i ,Y

i )’s.)
T

h
ere

are
situ

a
tion

s
h

ow
ev

er
(e.g

.
ra

n
k
in

g),
w

h
ere

R
a
n

d
r
n

h
ave

a
d

iff
eren

t
fo

rm
.

W
e

d
efi

n
e

a
p

rior
p

rob
ab

ility
m

easu
re
π

(·)
o
n

th
e

set
Θ

(eq
u

ip
p

ed
w

ith
th

e
sta

n
d

a
rd

σ
-a

lgeb
ra

fo
r

th
e

co
n

sid
ered

co
n
tex

t),
a
n

d
w

e
letM

1+
(Θ

)
d

en
o
te

th
e

set
o
f

a
ll

p
ro

b
a
b

ility
m

ea
su

res
o
n

Θ
.

D
e
fi

n
itio

n
2
.1

W
e

d
efi

n
e,

fo
r

a
n

y
λ
>

0,
th

e
p
seu

d
o
-po

sterio
r
ρ̂
λ

by

ρ̂
λ (d

θ)
=

ex
p

[−
λ
r
n
(θ)]

∫
ex

p
[−
λ
r
n
]d
π
π

(d
θ).

T
h

e
p

seu
d

o-p
osterior

ρ̂
λ

(also
k
n

ow
n

a
s

th
e

G
ib

b
s

p
o
sterio

r,
C

a
to

n
i

(2
0
0
4,

2
0
07

),
o
r

th
e

ex
p

o
n

en
tia

lly
w

eigh
ted

ag
g
rega

te,
D

a
lalya

n
a
n

d
T

sy
b

a
kov

(2
00

8
))

p
lay

s
a

cen
tra

l
ro

le
in

th
e

P
A

C
-B

ayesia
n

ap
p

ro
ach

.
It

is
o
b

tain
ed

a
s

th
e

d
istrib

u
tio

n
th

a
t

m
in

im
izes

th
e

u
p

p
er

b
o
u

n
d

of
a

certa
in

o
ra

cle
in

eq
u

ality
ap

p
lied

to
ra

n
d
o
m

estim
ators.

P
ra

ctical
estim

a
to

rs
(p

red
icto

rs)
m

ay
b

e
d

erived
from

th
e

p
seu

d
o
-p

o
sterio

r,
b
y

e.g
.

ta
k
in

g
th

e
ex

p
ecta

tio
n

,
or

sam
p

lin
g

fro
m

it.
O

f
co

u
rse,

w
h

en
ex

p
[−
λ
r
n
(θ)]

m
ay

b
e

in
terp

reted
a
s

th
e

likelih
o
o
d

o
f

a

3
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A
l
q
u
ie

r
,

R
id

g
w

a
y

a
n
d

C
h
o
p
in

certain
m

o
d

el,
ρ̂
λ

b
ecom

es
a

B
ayesian

p
osterior

d
istrib

u
tio

n
,

b
u

t
w

e
w

ill
n

ot
restrict

ou
r

a
tten

tion
to

th
is

p
articu

lar
case.

T
h

e
follow

in
g

‘th
eoretical’

cou
n
terp

art
of
ρ̂
λ

w
ill

p
rov

e
u

sefu
l

to
state

resu
lts.

D
e
fi

n
itio

n
2
.2

W
e

d
efi

n
e,

fo
r

a
n

y
λ
>

0
,
π
λ

a
s

π
λ (d

θ)
=

ex
p

[−
λ
R

(θ)]
∫

ex
p

[−
λ
R

]d
π
π

(d
θ).

W
e

w
ill

d
erive

P
A

C
-B

ayesian
b

ou
n

d
s

on
p
red

iction
s

ob
ta

in
ed

b
y

varia
tion

al
ap

p
rox

im
a-

tio
n

s
o
f
ρ̂
λ

u
n

d
er

tw
o

ty
p

es
of

assu
m

p
tion

s:
a

H
o
eff

d
in

g-ty
p

e
assu

m
p

tion
,

from
w

h
ich

w
e

m
ay

d
ed

u
ce

slow
rates

of
con

vergen
ce

(S
u

b
section

4.1),
an

d
a

B
ern

stein
-ty

p
e

assu
m

p
tion

,
fro

m
w

h
ich

w
e

m
ay

ob
tain

fast
rates

of
con

v
ergen

ce
(S

u
b

section
4.2).

D
e
fi

n
itio

n
2
.3

W
e

sa
y

th
a
t

a
H

oeff
d
in

g
a
ssu

m
p
tio

n
is

sa
tisfi

ed
fo

r
p
rio

r
π

w
h
en

th
ere

is
a

fu
n

ctio
n
f

a
n

d
a
n

in
terva

l
I
⊂

R
∗+

su
ch

th
a
t,

fo
r

a
n

y
λ
∈
I

,
fo

r
a
n

y
θ
∈

Θ
,

π
(E

ex
p{
λ

[R
(θ)−

r
n
(θ)]})

π
(E

ex
p{
λ

[r
n
(θ)−

R
(θ)]})

}
≤

ex
p

[f
(λ
,n

)].
(1)

In
eq

u
ality

(1)
can

b
e

in
terp

reted
as

an
in

tegrated
version

(w
ith

resp
ect

to
π

)
of

H
o-

eff
d

in
g’s

in
eq

u
ality,

for
w

h
ich

f
(λ
,n

)
�
λ

2/n
.

In
m

an
y

cases
th

e
loss

w
ill

b
e

b
ou

n
d

ed
u

n
iform

ly
over

θ;
th

en
H

o
eff

d
in

g’s
in

eq
u

ality
w

ill
d

irectly
im

p
ly

(1
).

T
h

e
ex

p
ectation

w
ith

resp
ect

to
π

in
(1)

allow
s

u
s

to
treat

som
e

cases
w

h
ere

th
e

loss
is

n
ot

u
p

p
er

b
ou

n
d

ed
b
y

sp
ecify

in
g

a
p

rior
w

ith
su

ffi
cien

tly
ligh

t
tails.

D
e
fi

n
itio

n
2
.4

W
e

sa
y

th
a
t

a
B

ern
stein

a
ssu

m
p
tio

n
is

sa
tisfi

ed
fo

r
p
rio

r
π

w
h
en

th
ere

is
a

fu
n

ctio
n
g

a
n

d
a
n

in
terva

l
I
⊂

R
∗+

su
ch

th
a
t,

fo
r

a
n

y
λ
∈
I

,
fo

r
a
n

y
θ∈

Θ
,

π
(E

ex
p {

λ
[R

(θ)−
R

]−
λ

[r
n
(θ)−

r
n
] })

π
(E

ex
p {

λ
[r
n
(θ)−

r
n
]−

λ
[R

(θ)−
R

] })
}
≤
π
(ex

p [g
(λ
,n

)[R
(θ)−

R
] ])

.
(2)

T
h

is
assu

m
p

tion
is

satisfi
ed

for
ex

am
p

le
b
y

su
m

s
of

i.i.d
.

su
b

-ex
p

on
en

tial
ran

d
om

va
riab

les,
see

S
u

b
section

2.4
p

.
27

in
B

ou
ch

eron
et

al.
(2013),

w
h

en
a

m
argin

assu
m

p
tion

o
n

th
e

fu
n

ctio
n
R

(·)
is

satisfi
ed

(T
sy

b
akov

,
2004).

T
h

is
is

d
iscu

ssed
in

S
ectio

n
4.2.

A
gain

,
ex

ten
sion

s
b

eyon
d

th
e

i.i.d
.

case
are

p
ossib

le,
see

e.g.
W

in
ten

b
erger

(2010)
for

a
su

rvey
an

d
n

ew
resu

lts.
In

all
th

ese
ex

am
p

les,
th

e
im

p
ortan

t
featu

re
of

th
e

fu
n

ction
g

th
at

w
e

w
ill

u
se

to
d

eriv
e

rates
of

con
v
ergen

ce
is

th
e

fact
th

at
th

ere
is

a
con

stan
t
c
>

0
su

ch
th

at
w

h
en

λ
=
cn

,
g
(λ
,n

)
=
g
(cn

,n
)�

n
.

A
s

m
en

tio
n

ed
p

rev
iou

sly,
w

e
w

ill
often

con
sid

er
r
n
(θ)

=
1n ∑

ni=
1
`(Y

i ,f
θ (X

i )),
h

ow
ever,

th
e

p
rev

io
u

s
assu

m
p

tion
s

can
also

b
e

satisfi
ed

w
h

en
r
n
(θ)

is
a

U
-statistic,

u
sin

g
H

o
eff

d
-

in
g’s

d
ecom

p
o
sition

of
U

-statistics
com

b
in

ed
w

ith
th

e
corresp

on
d
in

g
in

eq
u

ality
for

su
m

s
of

in
d

ep
en

d
en

t
variab

les
(H

o
eff

d
in

g,
1948).

T
h

is
id

ea
com

es
from

C
lém

en
çon

et
al.

(2008)
an

d
w

e
w

ill
u

se
it

in
ou

r
ran

k
in

g
ap

p
lication
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e
r
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]
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−
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]}
)

π
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ex
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[r
n
(θ

)
−
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]
−
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p
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v
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P
A

C
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a
ye

s
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u
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s
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is
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n
te

xt
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re

p
ro
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d
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by
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a
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n
i
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0
0
7
).

H
o
w

ev
er

,
th

e
te

ch
n

iq
u

es
in

vo
lv

ed
w

o
u

ld
re

qu
ir

e
m

a
n

y
pa

ge
s

to
be

d
es

cr
ib

ed
so

w
e

d
ec

id
ed

to
fo

cu
s

o
n

th
e
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s
κ
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0

a
n

d
κ

=
1
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e
ex

po
si
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o
n

si
m

p
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3
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N
u
m

e
ri

ca
l

a
p
p
ro

x
im

a
ti

o
n
s

o
f

th
e

p
se

u
d
o
-p

o
st

e
ri

o
r

3
.1

M
o
n
te

C
a
rl

o

A
s

al
re

ad
y

ex
p

la
in

ed
in

th
e

in
tr

o
d

u
ct

io
n

,
th

e
u
su

al
ap

p
ro

ac
h

to
ap

p
ro

x
im

at
e
ρ̂
λ

is
M

C
M

C
(M

ar
ko

v
ch

ai
n

M
on

te
C

ar
lo

)
sa

m
p

li
n

g.
R

id
gw

ay
et

al
.

(2
01

4)
p

ro
p

os
ed

te
m

p
er

in
g

S
M

C
(S

eq
u

en
ti

al
M

on
te

C
ar

lo
,
e.

g.
D

el
M

or
al

et
al

.
(2

00
6)

)
as

a
n

al
te

rn
at

iv
e

to
M

C
M

C
to

sa
m

p
le

fr
om

G
ib

b
s

p
os

te
ri

or
s:

on
e

sa
m

p
le

s
se

q
u

en
ti

al
ly

fr
om

ρ̂
λ
t
,

w
it

h
0

=
λ

0
<
··
·<

λ
T

=
λ

w
h

er
e
λ

is
th

e
d

es
ir

ed
te

m
p

er
at

u
re

.
O

n
e

ad
va

n
ta

ge
of

th
is

ap
p

ro
ac

h
is

th
a
t

it
m

a
k
es

it
p

os
si

b
le

to
co

n
te

m
p

la
te

d
iff

er
en

t
va

lu
es

of
λ

,
an

d
ch

o
os

e
on

e
b
y

e.
g.

cr
o
ss

-v
a
li

d
a
ti

o
n

.
A

n
ot

h
er

ad
va

n
ta

ge
is

th
at

su
ch

an
al

go
ri

th
m

re
q
u

ir
es

li
tt

le
tu

n
in

g;
se

e
A

p
p

en
d

ix
B

fo
r

m
or

e
d

et
ai

ls
on

th
e

im
p
le

m
en

ta
ti

on
of

te
m

p
er

in
g

S
M

C
.

W
e

w
il

l
u

se
te

m
p

er
in

g
S

M
C

a
s

o
u

r
go

ld
st

an
d

ar
d

in
ou

r
n
u

m
er

ic
al

st
u
d

ie
s.

S
M

C
an

d
re

la
te

d
M

on
te

C
ar

lo
al

go
ri

th
m

s
te

n
d

to
b

e
to

o
sl

ow
fo

r
p
ra

ct
ic

a
l

u
se

in
si

tu
at

io
n

s
w

h
er

e
th

e
sa

m
p

le
si

ze
is

la
rg

e,
th

e
d

im
en

si
on

of
Θ

is
la

rg
e,

or
f θ

is
ex

p
en

si
ve

to
co

m
p

u
te

.
T

h
is

m
ot

iv
at

es
th

e
u

se
of

fa
st

,
d

et
er

m
in

is
ti

c
ap

p
ro

x
im

at
io

n
s,

su
ch

a
s

V
a
ri

a
ti

o
n

a
l

B
ay

es
,

w
h

ic
h

w
e

d
es

cr
ib

e
in

th
e

n
ex

t
se

ct
io

n
.

3
.2

V
a
ri

a
ti

o
n

a
l

B
a
y
e
s

V
ar

io
u

s
v
er

si
on

s
of

V
B

(V
ar

ia
ti

on
al

B
ay

es
)

h
av

e
ap

p
ea

re
d

in
th

e
li
te

ra
tu

re
,

b
u

t
th

e
m

a
in

id
ea

is
as

fo
ll

ow
s.

W
e

d
efi

n
e

a
fa

m
il

y
F
⊂
M

1 +
(Θ

)
of

p
ro

b
ab

il
it

y
d

is
tr

ib
u

ti
o
n

s
th

at
a
re

co
n

si
d

er
ed

as
tr

ac
ta

b
le

.
T

h
en

,
w

e
d

efi
n

e
th

e
V

B
-a

p
p

ro
x
im

at
io

n
of
ρ̂
λ
:
ρ̃
λ
.

D
e
fi

n
it

io
n

3
.1

L
et

ρ̃
λ

=
ar

g
m

in
ρ
∈F
K

(ρ
,ρ̂
λ
),

w
h
er

e
K

(ρ
,ρ̂
λ
)

d
en

o
te

s
th

e
K

L
(K

ü
ll

ba
ck

-L
ei

bl
er

)
d
iv

er
ge

n
ce

o
f
ρ̂
λ

re
la

ti
ve

to
ρ

:
K

(m
,µ

)
=

∫
lo

g
[d
m d
µ

]d
m

if
m
�
µ

(i
.e

.
µ

d
o
m

in
a
te

s
m

),
K

(m
,µ

)
=

+
∞

o
th

er
w

is
e.

T
h

e
d
iffi

cu
lt

y
is

to
fi

n
d

a
fa

m
il

y
F

(a
)

w
h

ic
h

is
la

rg
e

en
ou

gh
,

so
th

at
ρ̃
λ

m
ay

b
e

cl
o
se

to
ρ̂
λ
,

an
d

(b
)

su
ch

th
at

co
m

p
u

ti
n

g
ρ̃
λ

is
fe

as
ib

le
.

M
or

eo
ve

r,
ev

en
w

h
en

th
er

e
ar

e
al

g
o
ri

th
m

s
fo

r
ρ̃
λ

th
at

ar
e

effi
ci

en
t

in
p

ra
ct

ic
e,

w
e

m
ay

,
d

ep
en

d
in

g
on

th
e

p
ro

b
le

m
at

h
an

d
,

h
av

e
m

o
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1

A
l
q
u
ie

r
,

R
id

g
w

a
y

a
n
d

C
h
o
p
in

o
r

le
ss

st
ro

n
g

g
u

a
ra

n
te

es
o
n

th
e

q
u

al
it

y
o
f

th
e

o
p

ti
m

iz
a
ti

on
.

F
o
r

ex
a
m

p
le

,
w

h
il

e
in

S
ec

ti
o
n

6
w

e
co

n
si

d
er

a
se

tt
in

g
w

h
er

e
an

ex
a
ct

u
p

p
er

b
o
u

n
d

fo
r

th
e

o
p

ti
m

iz
a
ti

on
er

ro
r

is
av

a
il

ab
le

,
in

S
ec

ti
o
n

8
th

is
is

n
o

lo
n

g
er

th
e

ca
se

.
W

e
n

ow
re

v
ie

w
tw

o
ty

p
es

o
f

fa
m

il
ie

s
p

op
u

la
r

in
th

e
V

B
li

te
ra

tu
re

.

•
M

ea
n

fi
el

d
V

B
:
fo

r
a

ce
rt

a
in

d
ec

o
m

p
o
si

ti
o
n

Θ
=

Θ
1
×
..
.×

Θ
d
,
F

is
th

e
se

t
o
f

p
ro

d
u

ct
p

ro
b

ab
il

it
y

m
ea

su
re

s

F
M

F
=

{
ρ
∈
M

1 +
(Θ

)
:
ρ
(d
θ)

=
d ∏ i=

1

ρ
i(

d
θ i

),
∀i
∈
{1
,.
..
,d
},
ρ
i
∈
M

1 +
(Θ

i)

}
.

(3
)

T
h

e
in

fi
m

u
m

of
th

e
K

L
d

iv
er

ge
n

ce
K

(ρ
,ρ̂
λ
),

re
la

ti
ve

to
ρ

=
∏
i
ρ
i

sa
ti

sfi
es

th
e

fo
ll

ow
-

in
g

fi
x
ed

p
o
in

t
co

n
d

it
io

n
(P

a
ri

si
,

1
9
88

;
B

is
h

o
p

,
2
00

6,
C

h
ap

.
1
0)

:

∀j
∈
{1
,·
··
,d
}

ρ
j
(d
θ j

)
∝

ex
p

 
∫
{−
λ
r n

(θ
)

+
lo

g
π

(θ
)}
∏ i6=
j

ρ
i(

d
θ i

) 
π

(d
θ j

).
(4

)

T
h

is
le

ad
s

to
a

n
a
tu

ra
l

a
lg

o
ri

th
m

w
er

e
w

e
u

p
d

at
e

su
cc

es
si

ve
ly

ev
er

y
ρ
j

u
n
ti

l
st

ab
i-

li
za

ti
on

.

•
P

ar
am

et
ri

c
fa

m
il
y
: F
P

=
{ ρ
∈
M

1 +
(Θ

)
:
ρ
(d
θ)

=
f

(θ
;m

)d
θ,
m
∈
M
} ;

an
d
M

is
fi

n
it

e-
d

im
en

si
o
n

al
;

sa
y
F

P
is

th
e

fa
m

il
y

of
G

a
u

ss
ia

n
d

is
tr

ib
u

ti
on

s
(o

f
d

i-
m

en
si

on
d
).

In
th

is
ca

se
,

se
ve

ra
l

m
et

h
o
d

s
m

ay
b

e
u

se
d

to
co

m
p

u
te

th
e

in
fi

m
u

m
.

A
s

ab
ov

e,
o
n

e
m

ay
u
se

d
fi

x
ed

-p
o
in

t
it

er
a
ti

o
n

,
p

ro
v
id

ed
a
n

eq
u

a
ti

o
n

si
m

il
ar

to
(4

)
is

av
ai

la
b

le
.

A
lt

er
n

at
iv

el
y,

on
e

m
ay

d
ir

ec
tl

y
m

a
x
im

iz
e
∫

lo
g
[e

x
p

[−
λ
r n

(θ
)]

d
π

d
ρ
(θ

)]
ρ
(d
θ)

w
it

h
re

sp
ec

t
to

p
a
ra

m
et

er
m

,
u

si
n

g
n
u

m
er

ic
a
l

o
p

ti
m

iz
a
ti

o
n

ro
u

ti
n

es
.

T
h

is
a
p

p
ro

ac
h

w
as

u
se

d
fo

r
in

st
a
n

ce
in

H
off

m
an

et
a
l.

(2
0
1
3)

w
it

h
co

m
b

in
a
ti

o
n

o
f

so
m

e
st

o
ch

as
ti

c
g
ra

d
ie

n
t

d
es

ce
n
t

to
p

er
fo

rm
in

fe
re

n
ce

o
n

a
la

te
n
t

D
ir

ic
h

le
t

al
lo

ca
ti

o
n

m
o
d

el
.

S
ee

al
so

e.
g.

K
h

a
n

(2
0
1
4)

;
K

h
a
n

et
al

.
(2

0
1
3)

fo
r

effi
ci

en
t

al
g
o
ri

th
m

s
fo

r
G

a
u

ss
ia

n
va

ri
a
ti

on
a
l

a
p

p
ro

x
im

a
ti

o
n

.

In
w

h
at

fo
ll

ow
s

(S
u

b
se

ct
io

n
s

4.
1

a
n

d
4
.2

)
w

e
p

ro
v
id

e
ti

g
h
t

b
o
u

n
d

s
fo

r
th

e
p

re
d

ic
ti

on
ri

sk
of
ρ̃
λ
.

T
h

is
le

a
d

s
to

th
e

id
en

ti
fi

ca
ti

o
n

o
f

a
co

n
d

it
io

n
o
n
F

su
ch

th
a
t

th
e

ri
sk

of
ρ̃
λ

is
n

ot
w

or
se

th
an

th
e

ri
sk

o
f
ρ̂
λ
.

W
e

w
il

l
m

ak
e

th
is

co
n

d
it

io
n

ex
p

li
ci

t
in

va
ri

o
u

s
ex

a
m

p
le

s,
u

si
n

g
ei

th
er

m
ea

n
fi

el
d

V
B

o
r

p
a
ra

m
et

ri
c

a
p

p
ro

x
im

a
ti

o
n

s.

R
e
m

a
rk

3
.1

A
n

u
se

fu
l

id
en

ti
ty

,
o
bt

a
in

ed
by

d
ir

ec
t

ca
lc

u
la

ti
o
n

s,
is

:
fo

r
a
n
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∫
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∫
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p
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d
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p
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p
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∫
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p
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b
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p
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p
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b
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a
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b
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b
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p
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,
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ra
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reaso
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p
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p
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p
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0
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p
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∫
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+
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∫
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p
licit

ex
p

ression
s

for
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→
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∈
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>
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e
rate

s
n
.

W
e

w
ill

see
in

th
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con
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p
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n
d
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e
r

th
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p
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b
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p
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∈
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∫
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∫
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ρ̃
λ −

R
≤
B
λ (F

),

w
h
ere,

fo
r

eith
er
A

=
M

1+
(Θ

)
o
r
A

=
F

,

B
λ (A

)
=

1

λ
−
g
(λ
,n

)
in

f
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+
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=
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w
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∑
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=
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d
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p
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∈
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m
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m
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p
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=
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p
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≤
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p
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p
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{ Φ
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∈
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∈
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∈
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∈
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{ Φ
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at
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Φ
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I d
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Φ
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⊂
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(Θ
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≤
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≤
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w
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p
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p
on

d
in

g
c.

d
.f

.
T

h
e

re
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p
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p
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p
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p
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ra
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h
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h
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4
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5
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r
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n
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>
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w
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p
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∈
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σ
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∈
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∫
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Φ
m
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∫
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∑
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2
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+
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e
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p
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2
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d
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p
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e
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p
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∈
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p
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‖
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‖
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p
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<
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√
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√
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p
e
r
t
ie

s
o
f

V
a
r
ia

t
io

n
a
l

A
p
p
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b
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p
ro

b
ab

ility.
W

h
en

it
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θ ′

very
close

to
ea

ch
oth

er
ca

n
lea

d
to

very
d

iff
eren

t
p
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ra
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a
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p
red

ictio
n

s.

C
o
ro

lla
ry

5
.2

A
ssu

m
e

th
a
t

th
e

V
B

a
p
p
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n
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√
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∫
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√
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√
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√
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√
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1√d

a
llow

to

d
erive

th
is

a
lm

ost
o
p

tim
al

rate
of

con
verg

en
ce,

b
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p
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p
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p
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a
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d
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p
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p
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n
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p
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p
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=
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∫
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√
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ra
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p
le,

a
co

n
seq

u
en

ce
o
f
m

ore
gen

era
l
resu
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p
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p
in

w
h

ile
for

fa
m

ily
F

3
(fu

ll
covarian

ce),
it

eq
u

als

L
λ
,ϑ

(m
,Σ

)
=
−
λn

n
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b
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b
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p
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b
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p
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com

p
arison

is
n

ot
en

tirely
fair,

sin
ce

th
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b

ein
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lti-m

o
d

a
l.

W
e

ad
d
ress

th
is

issu
e

in
n

ex
t

section
.

6
.

A
p
p
lica

tio
n

to
cla

ssifi
ca

tio
n

u
n
d
e
r

co
n
v
e
x
ifi

e
d

lo
ss

C
o
m

p
ared

to
th

e
p

rev
iou

s
sectio

n
,

th
e

ad
van

tage
of

con
vex

classifi
catio

n
is

th
a
t

th
e

cor-
resp

on
d

in
g

variation
al

ap
p

rox
im

ation
w

ill
am

ou
n
t

to
m

in
im

izin
g

a
con

vex
fu

n
ction

.
T

h
is

3
.
h
t
t
p
s
:
/
/
a
r
c
h
i
v
e
.
i
c
s
.
u
c
i
.
e
d
u
/
m
l
/
d
a
t
a
s
e
t
s
.
h
t
m
l

1
2

JM
L

R
 17(239):1-41



O
n

t
h
e

P
r
o
p
e
r
t
ie

s
o
f

V
a
r
ia

t
io

n
a
l

A
p
p
r
o
x
im

a
t
io

n
s

o
f

G
ib

b
s

P
o
st

e
r
io

r
s

D
a
ta

se
t

C
o
v
a
ri

a
te

s
M

e
a
n

F
ie

ld
(F

2
)

F
u

ll
c
o
v
.

(F
3
)

S
M

C
S

V
M

ra
d

ia
l

S
V

M
li

n
e
a
r

P
im

a
7

31
.0

21
.3

22
.3

3
0
.4

2
1
.6

G
er

m
an

C
re

d
it

60
32

.0
33

.6
32

.0
3
2
.0

3
3
.2

D
N

A
18

0
23

.6
23

.6
23

.6
3.

5
5
.1

S
P

E
C

T
F

22
08

.0
06

.9
08

.5
1
0
.1

2
1.

4
G

la
ss

10
34

.6
19

.6
23

.3
4
.7

6
.5

In
d

ia
n

11
48

.0
25

.5
26

.2
2
6.

8
25

.3
B

re
as

t
10

35
.1

1.
1

1.
1

1.
7

1.
7

T
ab

le
1:

C
om

p
ar

is
on

of
m

is
cl

as
si

fi
ca

ti
on

ra
te

s
(%

).
M

is
cl

a
ss

ifi
ca

ti
o
n

ra
te

s
fo

r
d
iff

er
en

t
d
a
ta

se
ts

a
n
d

fo
r

th
e

p
ro

p
o
se

d
a
p
p
ro

x
im

a
ti

o
n
s

o
f

th
e

G
ib

b
s

p
o
st

er
io

r.
T

h
e

la
st

tw
o

co
lu

m
n
s

a
re

th
e

m
is

sc
la

ss
ifi

ca
ti

o
n

ra
te

g
iv

en
b
y

a
S
V

M
w

it
h

ra
d
ia

l
k
er

n
el

a
n
d

a
li
n
ea

r
S
V

M
.

T
h
e

h
y
p

er
-

p
a
ra

m
et

er
s

a
re

ch
o
se

n
b
y

cr
o
ss

-v
a
li
d
a
ti

o
n
.

m
ea

n
s

th
at

(a
)

th
e

m
in

im
iz

at
io

n
p

ro
b

le
m

w
il
l

b
e

ea
si

er
to

d
ea

l
w

it
h

;
an

d
(b

)
w

e
w

il
l

b
e

ab
le

to
co

m
p

u
te

a
b

ou
n

d
fo

r
th

e
in

te
gr

at
ed

ri
sk

af
te

r
a

gi
ve

n
n
u

m
b

er
of

st
ep

s
o
f

th
e

m
in

im
iz

at
io

n
p

ro
ce

d
u

re
.

T
h

e
se

tt
in

g
is

th
e

sa
m

e
as

in
th

e
p

re
v
io

u
s

se
ct

io
n

,
ex

ce
p

t
th

at
fo

r
co

n
ve

n
ie

n
ce

w
e

n
ow

ta
ke
Y

=
{−

1,
1}

,
an

d
th

e
ri

sk
is

b
as

ed
on

th
e

h
in

ge
lo

ss
,

rH n
(θ

)
=

1 n

n ∑ i=
1

m
a
x
(0
,1
−
Y
i〈θ
,X

i〉)
.

W
e

w
il

l
w

ri
te
R
H

fo
r

th
e

th
eo

re
ti

ca
l

co
u

n
te

rp
ar

t
an

d
R̄
H

fo
r

it
s

m
in

im
u

m
in
θ.

W
e

ke
ep

th
e

su
p

er
sc

ri
p

t
H

in
or

d
er

to
al

lo
w

co
m

p
ar

is
on

w
it

h
th

e
ri

sk
R

u
n

d
er

th
e

0-
1

lo
ss

.
W

e
as

su
m

e
in

th
is

se
ct

io
n

th
at

th
e
X
i

ar
e

u
n

if
or

m
ly

b
ou

n
d

ed
,

th
at

is
,

w
e

h
av

e
a
lm

o
st

su
re

ly
‖X

i‖
∞

=
m

ax
j
|X

i,
j
|<

c x
fo

r
so

m
e
c x
>

0.
N

ot
e

th
at

w
e

d
o

n
ot

re
q
u

ir
e

an
a
ss

u
m

p
ti

o
n

of
th

e
fo

rm
(A

1)
to

ob
ta

in
th

e
re

su
lt

s
of

th
is

se
ct

io
n

,
as

w
e

re
ly

d
ir

ec
tl

y
on

th
e

L
ip

sc
h

it
z

co
n
ti

n
u

it
y

of
th

e
h

in
ge

ri
sk

.

6
.1

T
h

e
o
re

ti
c
a
l

R
e
su

lt
s

C
on

tr
ar

y
to

th
e

p
re

v
io

u
s

se
ct

io
n

,
th

e
ri

sk
is

n
ot

b
ou

n
d

ed
in
θ,

an
d

w
e

m
u

st
sp

ec
if

y
a

p
ri

o
r

d
is

tr
ib

u
ti

on
fo

r
th

e
H

o
eff

d
in

g
as

su
m

p
ti

on
to

h
ol

d
.

L
e
m

m
a

3
U

n
d
er

a
n

in
d
ep

en
d
en

t
G

a
u

ss
ia

n
p
ri

o
r
π

su
ch

th
a
t

ea
ch

co
m

po
n

en
t

is
N

(0
,ϑ

2
),

a
n

d
fo

r
λ
<

1 c x

√
n ϑ

2
a
n

d
w

it
h

bo
u

n
d
ed

d
es

ig
n
|X

ij
|<

c x
,

H
oe

ff
d
in

g
a
ss

u
m

p
ti

o
n

(1
)

is

sa
ti

sfi
ed

w
it

h
f

(λ
,n

)
=
λ

2
/
(4
n

)
−

1 2
lo

g
( 1
−

ϑ
2
λ
2
c2 x

2
n

) .

13

JM
L

R
 1

7(
23

9)
:1

-4
1

A
l
q
u
ie

r
,

R
id

g
w

a
y

a
n
d

C
h
o
p
in

T
h

e
m

ai
n

im
p

a
ct

o
f

su
ch

a
b

o
u

n
d

is
th

a
t

th
e

p
ri

o
r

va
ri

an
ce

ca
n

n
o
t

b
e

ta
ke

n
to

o
b

ig
re

la
ti

ve
to
λ

.

C
o
ro

ll
a
ry

6
.1

A
ss

u
m

e
th

a
t

th
e

V
B

a
p
p
ro

xi
m

a
ti

o
n

is
d
o
n

e
o
n

ei
th

er
F 1

,
F 2

o
r
F 3

.
T

a
ke

λ
=

1 c x

√
n ϑ
2

a
n

d
ϑ

=
1 √
d
.

F
o
r

a
n

y
ε
>

0,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
ε

w
e

h
a
ve

si
m

u
lt

a
n

e-

o
u

sl
y

∫
R
H

d
ρ̂
λ

∫
R
H

d
ρ̃
λ

}
≤
R
H

+
c x 2

√
d n

lo
g
n d

+
c x
d n

√
d n

+
1 √
n
d

(
2
c2 x

+
1

2
c x

+
2
c x

lo
g

2 ε

)

T
h

e
or

ac
le

in
eq

u
a
li

ty
in

th
e

ab
ov

e
co

ro
ll

a
ry

en
jo

y
s

th
e

sa
m

e
ra

te
o
f

co
n
v
er

g
en

ce
a
s

th
e

eq
u

iv
al

en
t

re
su

lt
in

th
e

p
re

ce
d

in
g

se
ct

io
n

.
In

th
e

fo
ll

ow
in

g
w

e
li

n
k

th
e

tw
o

re
su

lt
s.

R
e
m

a
rk

6
.1

A
s

st
a
te

d
in

th
e

be
gi

n
n

in
g

o
f

th
e

se
ct

io
n

w
e

ca
n

u
se

th
e

es
ti

m
a
to

r
sp

ec
ifi

ed
u

n
d
er

th
e

h
in

ge
lo

ss
to

bo
u

n
d

th
e

ex
ce

ss
ri

sk
o
f

th
e

0
-1

lo
ss

.
W

e
w

ri
te
R
?

a
n

d
R
H
?

th
e

re
sp

ec
ti

ve
ri

sk
fo

r
th

ei
r

co
rr

es
po

n
d
in

g
B

a
ye

s
cl

a
ss

ifi
er

s.
F

ro
m

Z
h
a
n

g
(2

0
0
4
)

(s
ec

ti
o
n

3
.3

)
w

e
h
a
ve

th
e

fo
ll

o
w

in
g

in
eq

u
a
li

ty
,

li
n

ki
n

g
th

e
ex

ce
ss

ri
sk

u
n

d
er

th
e

h
in

ge
lo

ss
a
n

d
th

e
0
-1

lo
ss

,
R

(θ
)
−
R
?
≤
R
H

(θ
)
−
R
H
?

fo
r

ev
er

y
θ
∈

R
p
.

B
y

in
te

gr
a
ti

n
g

w
it

h
re

sp
ec

t
to

ρ̃
H

(t
h
e

V
B

a
p
p
ro

xi
m

a
ti

o
n

o
n

a
n

y
F 1
,F

2
,F

3
o
f

th
e

G
ib

bs
po

st
er

io
r

fo
r

th
e

h
in

ge
ri

sk
)

a
n

d
m

a
ki

n
g

u
se

o
f

C
o
ro

ll
a
ry

6
.1

w
e

h
a
ve

w
it

h
h
ig

h
p
ro

ba
bi

li
ty

,

ρ̃
H

(R
(θ

))
−
R
?
≤

in
f

θ
∈R

p
R
H

(θ
)
−
R
H
?

+
O
(
√
d n

lo
g
( n d

))
.

6
.2

N
u

m
e
ri

c
a
l

a
p
p

li
c
a
ti

o
n

W
e

h
av

e
m

ot
iv

at
ed

th
e

in
tr

o
d

u
ct

io
n

o
f

th
e

h
in

g
e

lo
ss

a
s

a
co

n
v
ex

u
p

p
er

b
ou

n
d

.
In

th
e

se
q
u

el
w

e
sh

ow
th

a
t

th
e

re
su

lt
in

g
V

B
a
p

p
ro

x
im

a
ti

o
n

a
ls

o
le

a
d

s
to

a
co

n
ve

x
o
p

ti
m

iz
a
ti

o
n

p
ro

b
le

m
.

T
h

is
h

as
th

e
ad

va
n
ta

g
e

o
f

o
p

en
in

g
a

ra
n

g
e

o
f

p
os

si
b

le
op

ti
m

iz
at

io
n

al
g
o
ri

th
m

s
(N

es
te

ro
v
,

20
0
4)

.
In

a
d

d
it

io
n

w
e

a
re

ab
le

to
b

o
u

n
d

th
e

er
ro

r
o
f

th
e

ap
p

ro
x
im

a
te

d
m

ea
su

re
af

te
r

a
fi

x
ed

n
u

m
b

er
o
f

it
er

at
io

n
s

(s
ee

T
h

eo
re

m
6
.2

).
U

n
d

er
th

e
m

o
d

el
F 1

ea
ch

in
d
iv

id
u

a
l

ri
sk

is
g
iv

en
b
y
:

ρ
m
,σ

(r
i(
θ)

)
=

(1
−

Γ
im

)
Φ

(
1
−

Γ
im

σ
‖Γ

i‖
2

)
+
σ
‖Γ

i‖
ϕ

(
1
−

Γ
im

σ
‖Γ

i‖
2

)
:=

Ξ
i

((
m σ

))
,

w
ri

ti
n

g
Γ
i

:=
Y
iX

i.

14

JM
L

R
 1

7(
23

9)
:1

-4
1



O
n

t
h
e

P
r
o
p
e
r
t
ie

s
o
f

V
a
r
ia

t
io

n
a
l

A
p
p
r
o
x
im

a
t
io

n
s

o
f

G
ib

b
s

P
o
st

e
r
io

r
s

H
en

ce
th

e
low

er
b

o
u

n
d

to
b

e
m

a
x
im

ized
is

g
iven

b
y

L
(m

,σ
)

=
−
λn

{
n
∑i=

1

(1−
Γ
i m

)
Φ

(
1−

Γ
i m

σ‖
Γ
i ‖

2

)
+

n
∑i=

1

σ‖Γ
i ‖ϕ

(
1−

Γ
i m

σ‖Γ
i ‖

2

) }

−
‖
m
‖

22

2ϑ
+
d2

(
log

σ
2−

ϑσ
2 )

.

It
is

ea
sy

to
see

th
a
t

th
e

fu
n

ctio
n

is
co

n
vex

in
(m

,σ
),

fi
rst

n
o
te

th
a
t

th
e

m
a
p

Ψ
: (

xy

)
7→
x

Φ

(
xy )

+
y
ϕ

(
xy )

,

is
con

vex
a
n

d
n

o
te

th
a
t

w
e

ca
n

w
rite

Ξ
i ((

mσ

))
=

Ψ

(
A

(
xy

)
+
b )

h
en

ce
b
y

com
p

o
-

sitio
n

o
f

con
vex

fu
n

ctio
n

w
ith

lin
ea

r
m

a
p

p
in

g
s

w
e

h
ave

th
e

resu
lt.

S
im

ila
r

rea
so

n
in

g
co

u
ld

b
e

h
eld

fo
r

th
e

case
F

2
a
n

d
F

3 ,
w

h
ere

in
la

ter
th

e
p

a
ra

m
etriza

tio
n

sh
o
u

ld
b

e
d

o
n

e
in

C
su

ch
th

a
t

Σ
=
C
C
t.

T
h

e
b

o
u

n
d

is
h

ow
ev

er
n

o
t

u
n
iv

ersally
L

ip
sch

itz
in
σ

,
th

is
im

p
a
cts

th
e

o
p

tim
iza

tion
a
lg

orith
m

s.
In

T
h

eorem
6
.2

w
e

d
efi

n
e

a
b

a
ll

a
ro

u
n

d
th

e
o
p

tim
al

va
lu

e
o
f

th
e

o
b

jective,
co

n
ta

in
in

g
th

e
in

itia
l

va
lu

es.
W

e
d

en
o
te

it’s
ra

d
iu

s
b
y
M

.
O

n
th

is
b

a
ll

th
e

o
b

jective
is

L
ip

sch
itz

(w
ith

co
effi

cien
t
L

)
a
n

d
o
p

tim
a
l

con
vex

so
lvers

ca
n

b
e

u
sed

(e.g
.

N
esterov

(20
0
4)

sectio
n

3.2
.3

).

O
n

th
e

cla
ss

o
f

fu
n

ction
F

0
=
{

Φ
m
,
1n
,m
∈
R
d }

,
fo

r
w

h
ich

o
u

r
O

ra
cle

in
eq

u
a
lities

still
h

o
ld

w
e

cou
ld

get
fa

ster
n
u

m
erical

a
lg

orith
m

s.
T

h
e

o
b

jective
fu

n
ctio

n
h

a
s

L
ip

sch
itz

co
n
tin

u
o
u

s
d

eriva
tives

a
n

d
w

e
w

o
u

ld
g
et

a
ra

te
of

L
(1

+
k
)
2 .

O
th

er
con

vex
lo

ss
co

u
ld

b
e

co
n

sid
ered

w
h

ich
co

u
ld

lea
d

to
con

vex
o
p

tim
iza

tio
n

p
rob

-
lem

s.
F

o
r

in
stan

ce
o
n

e
cou

ld
con

sid
er

th
e

ex
p

o
n

en
tia

l
loss.

T
h

e
o
re

m
6
.2

A
ssu

m
e

th
a
t

th
e

V
B

a
p
p
ro

xim
a
tio

n
is

ba
sed

o
n

eith
erF

1 ,F
2

o
r
F

3 .
D

en
o
te

by
ρ̃
k (d

θ)
th

e
V

B
a
p
p
ro

xim
a
ted

m
ea

su
re

a
fter

th
e
k

th
itera

tio
n

o
f

a
n

o
p
tim

a
l

co
n

vex
so

lver
u

sin
g

th
e

h
in

ge
lo

ss.
F

ix
M

>
0

la
rge

en
o
u

gh
so

th
a
t

th
e

o
p
tim

a
l

a
p
p
ro

xim
a
ted

m
ea

n
a
n

d
va

ria
n

ce
m̄

,Σ̄
a
re

a
t

d
ista

n
ce

a
t

m
o
st
M

fro
m

th
e

in
itia

l
va

lu
e

u
sed

by
th

e
so

lver.
T

a
ke

λ
=
√
n
d

a
n

d
ϑ

=
1√d

th
en

u
n

d
er

th
e

h
ypo

th
esis

o
f

C
o
ro

lla
ry

6
.1

w
ith

p
ro

ba
bility

1−
ε

∫
R
H

d
ρ̃
k ≤

R
H

+
L
M

√
1

+
k

+
c
x2

√
dn

lo
g
nd

+
c
x
dn √

dn
+

1
√
n
d

(
2c

2x
+

1

2c
x

+
2
c
x

log
2ε )

w
h
ere

L
is

th
e

L
ip

sch
itz

coeffi
cien

t
o
n

a
ba

ll
o
f

ra
d
iu

s
M

d
efi

n
ed

a
bo

ve.

N
ote

th
a
t

th
is

resu
lt

is
stro

n
g
er

a
n

d
m

o
re

p
ra

ctical
th

a
n

th
e

p
rev

io
u

s
o
n

es:
it

en
su

res
a

certa
in

erro
r

lev
el

(w
ith

fi
x
ed

p
ro

b
a
b

ility
1−

ε)
for

th
e
k
-th

itera
te

o
f

th
e

o
p

tim
iza

tio
n

a
lg

o
rith

m
,

for
a

k
n

ow
n

va
lu

e
o
f
k
.

In
co

n
trast,

p
rev

io
u

s
resu

lts
a
p

p
lied

to
th

e
o
u

tp
u

t
o
f

th
e

o
p

tim
izer

”fo
r
k

la
rg

e
en

o
u

g
h

”
.

W
e

fi
n

d
th

a
t

o
n

avera
ge

th
e

m
iscla

ssifi
ca

tio
n

erro
r

(T
ab

le
2
)

is
low

er
th

a
n

fo
r

th
e

0
-1

loss
w

h
ere

w
e

h
ave

n
o

g
u

a
ra

n
ties

th
a
t

th
e

m
a
x
im

u
m

is
a
tta
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ed

.
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,

R
id

g
w
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y
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n
d

C
h
o
p
in

D
a
ta
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C
o
v
a
ria

te
s

H
in

g
e

lo
ss

S
M

C

P
im

a
7

19.5
22.3

C
red

it
60

26.2
32.0

D
N

A
180

4.2
23.6

S
P

E
C

T
F

22
10.1

08.5
G

lass
10

2.8
2
3.3

In
d

ian
11

25.5
25.5

B
reast

10
0.5

1
.1

T
ab

le
2:

C
om

p
arison

of
m

isclassifi
cation

rates
(%

).
M

iscla
ssifi

ca
tio

n
ra

tes
fo

r
d
iff

eren
t

d
a
ta

sets
a
n
d

fo
r

th
e

p
ro

p
o
sed

a
p
p
rox

im
a
tio

n
s

o
f
th

e
G

ib
b
s

p
o
sterio

r.
T

h
e

h
y
p

erp
a
ra

m
eters

a
re

ch
o
sen

b
y

cro
ss-va

lid
a
tio

n
.

T
h
is

is
to

b
e

co
m

p
a
red

to
T

a
b
le

1
.

T
h
e

va
ria

tio
n
a
l

B
ay

es
a
p
p
rox

im
a
tio

n
w

a
s

co
m

p
u

ted
u

sin
g

th
e

R
p

a
cka

g
e

w
e

d
ev

elo
p

ed
(see

th
e

in
tro

d
u
ctio

n
fo

r
a

referen
ce).

7
.

A
p
p
lica

tio
n

to
ra

n
k
in

g

7
.1

P
re

lim
in

a
rie

s

W
e

n
ow

fo
cu

s
on

th
e

ran
k
in

g
p

rob
lem

.
W

e
follow

C
lém

en
çon

et
al.

(2008)
for

th
e

d
efi

n
ition

s
of

th
e

b
asic

con
cep

ts:
Y

=
{0
,1},

Θ
=
X

=
R
d

an
d
f
θ

:X
2
→
{−

1,+
1}

for
θ
∈

Θ
;

f
θ (x

,x
′)

=
1

(resp
.
−

1)
m

ean
s

th
at
x

is
m

ore
(resp

.
less)

lik
ely

to
co

rresp
on

d
to

lab
el

1
th

an
x
′.

T
h

e
n

atu
ral

risk
fu

n
ction

is
th

en

R
(θ)

=
P

[(Y
1 −

Y
2 )f

θ (X
1 ,X

2 )
<

0]

an
d

th
e

em
p

irical
risk

r
n
(θ)

=
1

n
(n
−

1)

∑

1≤
i6=
j≤
n

1
{
(Y
i −
Y
j )f

θ
(X

i ,X
j )<

0} .

A
ga

in
,

w
e

recall
classical

resu
lts.

L
e
m

m
a

4
T

h
e

H
oeff

d
in

g-type
a
ssu

m
p
tio

n
is

sa
tisfi

ed
w

ith
f

(λ
,n

)
=

λ
2

n−
1 .

T
h

e
varian

t
of

th
e

m
argin

assu
m

p
tion

ad
ap

ted
to

ran
k
in

g
w

a
s

estab
lish

ed
b
y

R
ob

b
ian

o
(20

13)
a
n

d
R

id
gw

ay
et

al.
(2014).

L
e
m

m
a

5
A

ssu
m

e
th

e
fo

llo
w

in
g

m
a
rgin

a
ssu

m
p
tio

n
:

E
[(1

f
θ
(X

1
,X

2
)[Y

1 −
Y
2
]<

0 −
1
f
θ
(X

1
,X

2
)[Y

1 −
Y
2
]<

0 )
2]≤

C
[R

(θ)−
R

].

T
h
en

B
ern

stein
a
ssu

m
p
tio

n
(2)

is
sa

tisfi
ed

w
ith

g
(λ
,n

)
=

C
λ
2

n−
1−

4
λ

.
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t
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e
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o
p
e
r
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o
f
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n
a
l

A
p
p
r
o
x
im

a
t
io

n
s

o
f

G
ib

b
s

P
o
st

e
r
io

r
s

W
e

fo
cu

s
on

li
n

ea
r
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si
fi

er
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f θ

(x
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′ )

=
−

1
+

2
×

1
〈θ
,x
〉>
〈θ
,x
′ 〉

.
L

ik
e

in
th

e
cl

a
ss

ifi
ca

ti
on

se
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in
g,
〈x
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〉i

s
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te
rp

re
te

d
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a
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e

re
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te
d

to
th

e
p

ro
b

ab
il

it
y

th
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=
1
|X

=
x

.
W

e
co

n
si

d
er

a
G

au
ss

ia
n

p
ri

or

π
(d
θ)

=

d ∏ i=
1

ϕ
(θ
i;

0,
ϑ

2
)d
θ i

an
d

th
e

ap
p

ro
x
im

at
io

n
fa

m
il

ie
s

w
il

l
b

e
th

e
sa

m
e

as
in

S
ec

ti
on

5:
F 1

=
{Φ

m
,σ

2
,m
∈
R
d
,σ

2
∈

R
∗ +
},
F 2

=
{Φ

m
,σ

2
,m
∈
R
d
,σ

2
∈

(R
∗ +

)2
}

an
d
F 3

=
{Φ

m
,Σ
,m
∈
R
d
,Σ
∈
Sd

+
}.

7
.2

T
h

e
o
re
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c
a
l

st
u

d
y

H
er

e
ag
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n

,
w

e
st

ar
t

w
it

h
th

e
em

p
ir

ic
al

b
ou

n
d
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C
o
ro

ll
a
ry

7
.1

F
o
r

a
n

y
ε
>

0,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
ε

w
e

h
a
ve

,
fo

r
a
n

y
m
∈

R
d
,

σ
2
∈

(R
+

)d
,

∫
R

d
Φ
m
,σ

2
≤
∫
r n

d
Φ
m
,σ

2
+

λ

n
−

1
+

1 2

∑
d j=

1

[ lo
g
( ϑ

2

σ
2 i

)
+

σ
2 i
ϑ
2

] +
‖m
‖2

2
ϑ
2
−

d 2
+

lo
g
( 1 ε

)

λ
.

In
or

d
er

to
d

er
iv

e
a

th
eo

re
ti

ca
l

b
ou

n
d

,
w

e
in

tr
o
d

u
ce

th
e

fo
ll

ow
in

g
va

ri
an

t
o
f

A
ss

u
m

p
-

ti
on

A
1.

D
e
fi

n
it

io
n

7
.1

W
e

sa
y

th
a
t

A
ss

u
m

p
ti

o
n

A
2

is
sa

ti
sfi

ed
w

h
en

th
er

e
is

a
co

n
st

a
n

t
c
>

0
su

ch
th

a
t,

fo
r

a
n

y
(θ
,θ
′ )
∈

Θ
2

w
it

h
‖θ
‖=
‖θ
′ ‖=

1,
P(
〈X

1
−
X

2
,θ
〉〈
X

1
−
X

2
,θ
′ 〉
<

0
)
≤
c‖
θ
−
θ′
‖.

A
ss

u
m

p
ti

on
A

2
is

ju
st

A
ss

u
m

p
ti

on
A

1
ap

p
li

ed
to

th
e

d
is

tr
ib

u
ti

on
of

(X
1
−
X

2
).

In
tu

it
iv

el
y,

it
m

ea
n

s
th

at
tw

o
p

ar
am

et
er

s
cl

os
e

to
ea

ch
ot

h
er

ra
n

k
X

1
an

d
X

2
in

th
e

sa
m

e
w

ay
(w

it
h

la
rg

e
p

ro
b

ab
il

it
y
).

C
o
ro

ll
a
ry

7
.2

U
se

ei
th

er
F 1

,
F 2

o
r
F 3

.
T

a
ke
λ

=

√
d
(n
−

1
)

2
a
n

d
ϑ

=
1.

U
n

d
er

(A
2
),

fo
r

a
n

y
ε
>

0
,

w
it

h
p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
ε,

∫
R

d
ρ̂
λ

∫
R

d
ρ̃
λ

}
≤
R

+

√
2d

n
−

1

( 1
+

1 2
lo

g
(2
d
(n
−

1)
)) +

c√
2

√
n
−

1
+

1

(n
−

1)
3
/
2
√

2
d

+
2√

2
lo

g
( 2

e ε

)
√

(n
−

1
)d

.

F
in

al
ly

,
u

n
d

er
an

ad
d

it
io

n
al

m
ar

gi
n

as
su

m
p

ti
on

,
w

e
h

av
e:

C
o
ro

ll
a
ry

7
.3

U
n

d
er

A
ss

u
m

p
ti

o
n

A
2

a
n

d
th

e
m

a
rg

in
a
ss

u
m

p
ti

o
n

o
f

L
em

m
a

(5
),

fo
r
λ

=
n
−

1
C

+
5

a
n

d
ϑ
>

0
,

fo
r

a
n

y
ε
>

0,
w

it
h

p
ro

ba
bi

li
ty

a
t

le
a
st

1
−
ε,

∫
R

d
ρ̂
λ

∫
R

d
ρ̃
λ

}
≤
R̄

+
(C

+
5)

(C
+

1)

2

{
d

lo
g
n ϑ

n
−

1
+

d
ϑ

n
(n
−

1)
+

1 ϑ
−

d

ϑ
n
−

1
+

2

n
−

1
lo

g
2 ε

}

+

√
d
4
c(
C

+
1
)

n
.
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A
l
q
u
ie

r
,

R
id

g
w

a
y

a
n
d

C
h
o
p
in

It
is

p
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si
b
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o
p

ti
m
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e

th
e

b
ou

n
d

w
it

h
re
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ec

t
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.
T

h
e

p
ro

o
f

is
si

m
il

ar
to

th
e

o
n

es
of

C
or

ol
la

ri
es

5
.2

,
5
.3

an
d

7.
2
.

A
s

in
th

e
ca

se
of

cl
a
ss

ifi
ca

ti
o
n

,
ra

n
k
in

g
u

n
d

er
an

A
U

C
lo
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n
b

e
d
o
n

e
b
y

re
p
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n
g
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d
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a
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r
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n
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n

b
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rr
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p
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d
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g

u
p

p
er

b
o
u

n
d
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n
b
y

an
h

in
g
e

lo
ss

.
In

th
is

ca
se

w
e

ca
n

d
er

iv
e

si
m

il
ar

re
su

lt
s

a
s

fo
r

th
e

co
n
v
ex
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cl
a
ss

ifi
ca

ti
on

in
p

a
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u

la
r

w
e

ca
n

ge
t

a
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n
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x
m

in
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n

p
ro

b
le

m
a
n

d
o
b

ta
in

re
su

lt
w

it
h

o
u

t
re

q
u

ir
in

g
a
ss

u
m

p
ti

o
n

(A
2)

.

7
.3

A
lg

o
ri

th
m

s
a
n

d
n
u

m
e
ri

c
a
l

re
su

lt
s

A
s

an
il

lu
st

ra
ti

on
w

e
fo

cu
s

h
er

e
o
n

fa
m

il
y
F 2

(m
ea

n
fi

el
d

).
In

th
is

ca
se

th
e

V
B

o
b

je
ct

iv
e

to
m

a
x
im

iz
e

is
g
iv

en
b
y
:

L(
m
,σ

2
)

=
−

λ

n
+
n
−

∑

i:
y
i
=

1
,j

:y
j
=

0

Φ

 
−

Γ
ij

m
√
∑

d k
=

1
(γ
k ij

)2
σ

2 k

 
−
‖m
‖2 2

2
ϑ

+
1 2

d ∑ k
=

1

[ lo
g
σ

2 k
−
σ

2 k ϑ

] ,

(7
)

w
h

er
e

Γ
ij

=
X
i
−
X
j
,
n

+
=

ca
rd
{1
≤
i
≤
n

:
Y
i

=
1}

,
n
−

=
n
−
n

+
=

ca
rd
{1
≤
i
≤
n

:
Y
i

=
0}

a
n

d
w

h
er

e
(γ
k ij

) k
ar

e
th

e
el

em
en

ts
o
f

Γ
.

T
h

is
fu

n
ct

io
n

is
ex

p
en

si
ve

to
co

m
p

u
te

,
as

it
in

vo
lv

es
n

+
n
−

te
rm

s,
th

e
co

m
p

u
ta

ti
on

o
f

w
h

ic
h

is
O

(p
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W
e

p
ro

p
os

e
to

u
se

a
st

o
ch
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ti

c
g
ra

d
ie

n
t

d
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n
t
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e
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ir
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o
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H
o
ff

m
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n

et
a
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T
h

e
m

o
d
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d
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o
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g
w

e
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n
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o
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u
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k
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b
y
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e
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.
W

e
p

ro
p

o
se
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st
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d
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u
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a
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an

d
a
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d
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n
t.

T
h

e
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re

p
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e
g
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n
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b
y

a
u

n
b
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d
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n
b
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o
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B
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A
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4
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A
p

p
en
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b
in
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ro

(1
9
5
1)

sh
ow
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r
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ep
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∑
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λ
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∞
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p
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p
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it
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re

p
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ve
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n
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p
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t.

W
e

u
se

a
si

m
p

le
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ie

n
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ce
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t

w
it
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t
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.

O
n

e
co

u
ld

a
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o
u

se
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ce
n
t
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ar
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st

o
ch

a
st

ic
q
u

a
si

N
ew

to
n

-
R

ap
h

so
n

(B
y
rd

et
a
l.

,
20

1
4)

.
F

o
r

il
lu

st
ra

ti
o
n

,
w

e
co

n
si

d
er

a
sm

a
ll

d
at

a
se

t
(P

im
a)

,
a
n

d
a

la
rg

er
on

e
(A

d
u

lt
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B
ot

h
d

a
ta

se
ts

ar
e

av
a
il

a
b

le
in

th
e

U
C

I
re

p
o
si

to
ry

4
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A
s

fo
r

th
e

p
re

v
io

u
s

ex
p
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.
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d

y
q
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−
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0
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a
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d
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b
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a
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b
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e
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th
m

,
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r
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l
b

at
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T

h
e

b
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u

n
d
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p
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b
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y,
th

e
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n
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b
e
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2
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5
0
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r
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e
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n
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0

fo
r
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e
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d

u
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.
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h
e
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p
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at
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P
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p
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p
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P
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)

a
d
u
lt

F
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re
1:

E
rror

b
ou

n
d

at
each

iteration
,

sto
ch

astic
d
escen

t,
P

im
a

an
d

A
d
u
lt

d
atasets.

S
to

ch
a
stic

V
B

w
ith

fi
x
ed

tem
p

era
tu

re
λ

=
1
0
0

fo
r

P
im

a
a
n
d
λ

=
1
0
0
0
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r

a
d
u
lt.

T
h
e

left
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a
n
el
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ow

s
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l
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a
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n
d

to
d
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b
a
tch
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cu
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a
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h
a
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d
istin

g
u
ish

.
T

h
e

rig
h
t

p
a
n
el
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fo

r
a

b
a
tch
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o
f

5
0
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T
h
e

a
d
u
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d
a
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h
a
s
n

=
3
2
5
5
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o
b
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tio
n
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n
d
n
+
n
−

=
1
9
3
8
2
9
5
2
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p
o
ssib
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p
a
irs.

T
h
e
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n
v
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en
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o
b
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o
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er
o
f

seco
n
d
s.

T
h
e

b
o
u
n
d
s

a
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th
e

em
p
irica

l
b

o
u
n
d
s

o
b
ta

in
ed

in
C

o
ro

lla
ry

7
.1
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r

a
p
ro

b
a
b
ility

o
f

9
5
%

.

G
ib

b
s

p
o
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n

a
m

ely
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e
p

o
ssib

ility
o
f

com
p
u

tin
g

th
e

em
p
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u

p
p

er
b

o
u

n
d

g
iven

b
y

C
o
ro

lla
ry

7
.1.

T
h

at
is

w
e

ca
n

ch
eck

th
e

q
u

ality
o
f

th
e

b
o
u
n

d
a
t

ea
ch

itera
tio

n
o
f

th
e

alg
orith

m
,

or
for

d
iff

eren
t

va
lu

es
o
f

th
e

h
y
p

erp
a
ra

m
eters.

8
.

A
p
p
lica

tio
n

to
m

a
trix

co
m

p
le

tio
n

T
h

e
m

a
trix
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m

p
letion

p
ro

b
lem

h
a
s
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sin

g
a
tten
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n

recen
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p
artly

d
u

e
to
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ectacu

la
r

th
eoretical

resu
lts

(C
an

d
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an
d

T
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,
20

1
0
),

a
n

d
to

ch
allen

g
in

g
a
p

p
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n
s
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e
N

etfl
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allen

g
e

(B
en

n
ett

an
d

L
a
n

n
in

g
,

20
0
7
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In
th

e
p

ersp
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o
f
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p
a
p
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e
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c
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o
f
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p
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o
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F
irst,
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a
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w

h
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e
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m
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o
f
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p
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a
tion

s
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n
ot

p
a
ra

m
etric,

b
u

t
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o
f
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e
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(3
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i.e.
th

e
fa

m
ily

o
f

p
ro

d
u

cts
of

in
d

ep
en

d
en

t
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m
p

o
n

en
ts.

T
h

en
,

th
ere
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n

o
k
n

ow
n

th
eo

retica
l

resu
lt

fo
r

th
e

G
ib

b
s

estim
ator

in
th

e
con

sid
ered

m
o
d

el,
y
et

w
e

ca
n

still
d

irectly
b

o
u

n
d

th
e
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in
d

u
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b
y
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e
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a
l
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p
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n
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A
l
q
u
ie

r
,

R
id

g
w

a
y

a
n
d

C
h
o
p
in

W
e

ob
serve

i.i.d
.

p
airs

((X
i ,Y

i ))
ni=

1
w

h
ere

X
i
∈
{
1,...,m

1 }
×
{
1,...,m

2 }
,

an
d

w
e

assu
m

e
th

a
t

th
ere

is
a
m

1 ×
m

2 -m
atrix

M
su

ch
th

a
t
Y
i

=
M
X
i
+
ε
i

an
d

th
e
ε
i

are
cen

tred
.

A
ssu

m
in

g
th

a
t
X
i

is
u

n
iform

on
{
1,...,m

1 }×
{
1
,...,m

2 },
th

at
f
θ (X

i )
=
θ
X
i ,

an
d

tak
in

g
th

e
q
u

ad
ratic

risk
,
R

(θ)
=

E
[(Y

i −
θ
X
i )

2 ],
w

e
h

ave
th

a
t

R
(θ)−

R
=

1

m
1 m

2 ‖
θ−

M
‖

2F

w
h

ere
‖·‖

F
stan

d
s

for
th

e
F

rob
en

iu
s

n
orm

.
A
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m
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w

ay
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p
aram

etrize
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e
p

rob
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Θ
=
{θ

=
U
V
T
,U
∈
R
m

1 ×
K
,V
∈
R
m

2 ×
K}

w
h

ere
K

is
la

rge;
e.g.

K
=

m
in

(m
1 ,m

2 ).
F

ollow
in

g
S

alak
h
u
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in

ov
an

d
M

n
ih

(2
008),

w
e

d
efi

n
e

th
e

follow
in

g
p
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d

istrib
u
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U
·,j
∼
N

(0,γ
j I
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V
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∼
N
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j I

)
w

h
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γ
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a
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Γ
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con
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L
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an
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a
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sim

p
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ow

ev
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are
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ed
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p
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d
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p
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(e.g.
L
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ce
an

d
U
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Z
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U
n
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,
n

o
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eo
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w
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roved
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th

e
b

est
o
f
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r
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n

ow
led

ge.
T

w
o

p
ap
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p

rove
m

in
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ax
-op
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al

rates
for

sligh
tly

m
o
d

ifi
ed

estim
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(b

y
tru

n
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tion
),

fo
r

w
h

ich
effi

cien
t

algorith
m

s
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u
n

k
n

ow
n

(M
ai

an
d

A
lq

u
ier,

2
015;

S
u

zu
k
i,

2014).
H

ow
ever,

u
sin

g
T

h
eorem

s
4.2

an
d

4.3
w

e
are

ab
le

to
p

rove
th

e
follow

in
g:

if
th

ere
is

a
P

A
C

-B
ayesian

b
o
u

n
d

lead
in

g
to

a
rate

for
ρ̂
λ

in
th

is
con

tex
t,

th
en

th
e

sa
m

e
rate

h
old

s
for

ρ̃
λ .

In
oth

er
w

ord
s:

if
so

m
eon

e
p

roves
th

e
con

jectu
re

th
at

th
e

G
ib

b
s

estim
ator

is
m

in
im

a
x
-op

tim
al

(u
p

to
log

term
s)

in
th

is
con

tex
t,

th
en

th
e

V
B

ap
p

rox
im

ation
w

ill
en

joy
au

tom
atically

th
e

sam
e

p
rop

erty.
W

e
p

rop
o
se

th
e

follow
in

g
ap

p
rox

im
ation

:

F
=


ρ
(d

(U
,V

))
=

m
1

∏i=
1

u
i (d
U
i,· )

m
2

∏j=
1

v
j (d

V
j,· ) 

.

T
h

e
o
re

m
8
.1

A
ssu

m
e

th
a
t
M

=
U
V
T

w
ith
|U
i,k |,|V

j,k |≤
C

.
A

ssu
m

e
th

a
t

ra
n
k
(M

)
=
r

so
th

a
t

w
e

ca
n

a
ssu

m
e

th
a
t
U
·,r

+
1

=
···

=
U
·,K

=
V
·,r

+
1

=
···

=
V
·,K

=
0

(n
o
te

th
a
t

th
e

p
rio

r
π

d
oes

n
o
t

d
epen

d
o
n

th
e

kn
o
w

led
ge

o
f
r

th
o
u

gh
).

C
h
oo

se
th

e
p
rio

r
d
istribu

tio
n

o
n

th
e

h
yper-
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m
eters

γ
j

a
s
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verse

ga
m

m
a

In
v−

Γ
(a
,b)

w
ith

b≤
1/

[2β
(m

1 ∨
m

2 )
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g
(2K

(m
1 ∨

m
2 ))].

T
h
en

th
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a
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n
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n

tC
(a
,C

)
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a
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fo
r

a
n

y
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>
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f

ρ∈F
K

(ρ
,π
β
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C
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,C

) {
r(m
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+
m

2 )
log
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b(m
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+
m

2 )K
]+
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.

S
ee

th
e

A
p

p
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of.

2
0

JM
L

R
 17(239):1-41



O
n

t
h
e

P
r
o
p
e
r
t
ie

s
o
f

V
a
r
ia

t
io

n
a
l

A
p
p
r
o
x
im

a
t
io

n
s

o
f

G
ib

b
s

P
o
st

e
r
io

r
s

F
or

in
st

an
ce

,
in

T
h
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as

si
fi

ca
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e
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se
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+
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lo
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+
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,

an
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ot

e
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in
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co
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ow
th
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e
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in
im
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ra

te
is

at
le
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+
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2
)/
n

(K
ol

tc
h
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.1
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s
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re
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en

ti
on

ed
,

th
e

ap
p

ro
x
im

at
io

n
fa

m
il

y
is

n
ot

p
a
ra

m
et

ri
c

in
th

is
ca

se
,

b
u

t
ra

th
er

of
ty

p
e

m
ea

n
fi

el
d

.
T

h
e

co
rr

es
p

on
d

in
g

V
B

al
go

ri
th

m
am

ou
n
ts

to
it

er
at

in
g

eq
u

a
ti

o
n

(4
),

w
h

ic
h

ta
k
es

th
e

fo
ll

ow
in

g
fo

rm
in

th
is

p
ar

ti
cu

la
r

ca
se

:

u
j
(d
U
j,
.)
∝

ex
p

{
−
λ n

∑ i

E V
,U
−
j

[ (Y
X
i
−

(U
V
T

) X
i
)2
] −

K ∑ k
=

1

E γ
j

[
1 2
γ
k

] U
2 jk

}

v j
(d
V
j,
.)
∝

ex
p

{
−
λ n

∑ i

E V
−
j
,U

[ (Y
X
i
−

(U
V
T

) X
i
)2
] −

K ∑ k
=

1

E γ
j

[
1 2γ
k

] V
2 jk

}

p
(γ
k
)
∝
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−

1 2γ
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∑ j

E U
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2 k
j

+
∑ i

E V
V

2 ik

 
+
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1 γ
k
−
β γ
k

  

w
h
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e
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e
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d
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d
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ra
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ra
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b
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p
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ra
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at
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b
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