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17(231):1–20

A Practical Scheme and Fast Algorithm to Tune the Lasso With
Optimality Guarantees
Michael Chichignoud, Johannes Lederer, Martin J. Wainwright

17(232):1–17

A Characterization of Linkage-Based Hierarchical Clustering
Margareta Ackerman, Shai Ben-David

17(233):1–45

Learning Latent Variable Models by Pairwise Cluster Comparison: Part II - Algorithm and Evaluation
Nuaman Asbeh, Boaz Lerner

17(234):1–35

Integrative Analysis using Coupled Latent Variable Models for
Individualizing Prognoses
Peter Schulam, Suchi Saria

17(235):1–15

Structure-Leveraged Methods in Breast Cancer Risk Prediction
Jun Fan, Yirong Wu, Ming Yuan, David Page, Jie Liu, Irene M. Ong,
Peggy Peissig, Elizabeth Burnside

17(236):1–26

An Error Bound for L1-norm Support Vector Machine Coefficients in Ultra-high Dimension
Bo Peng, Lan Wang, Yichao Wu

17(237):1–25

Blending Learning and Inference in Conditional Random Fields
Tamir Hazan, Alexander G. Schwing, Raquel Urtasun

17(238):1–44

Distributed Submodular Maximization
Baharan Mirzasoleiman, Amin Karbasi, Rik Sarkar, Andreas Krause

17(239):1–41

On the properties of variational approximations of Gibbs posteriors
Pierre Alquier, James Ridgway, Nicolas Chopin

Submitted 10/14; Revised 3/16; Published 8/16

∗

∗

Abstract

shiliangsun@gmail.com

jzhao2011@gmail.com

c 2016 Jing Zhao and Shiliang Sun.

∗. The authors contributed equally to this work.

JMLR 17(121):1-36

Dynamical systems are widespread in the research area of machine learning. Multi-output
time series such as motion capture data, traffic flow data and video sequences are typical
examples generated from these systems. Data generated from these dynamical systems
usually have the following characteristics. 1) Implicit dynamics exist in the data, and the
relationship between the observations and the time indices is nonlinear. For example, the
transformation of the frames of a video over time is complex. 2) Possible dependency exists
among multiple outputs. For example, for motion capture data, the position of the hand
is often closely related to the position of the arm. A simple and straightforward method
to model this kind of dynamical systems is to use Gaussian processes (GPs), since GPs
provide an elegant method for modeling nonlinear mappings in the Bayesian nonparametric
learning framework (Rasmussen and Williams, 2006). Some extensions of GPs have been
developed in recent years to better model the dynamical systems. The dynamical systems

1. Introduction

This paper presents a dependent multi-output Gaussian process (GP) for modeling complex
dynamical systems. The outputs are dependent in this model, which is largely different
from previous GP dynamical systems. We adopt convolved multi-output GPs to model the
outputs, which are provided with a flexible multi-output covariance function. We adapt
the variational inference method with inducing points for learning the model. Conjugate
gradient based optimization is used to solve parameters involved by maximizing the variational lower bound of the marginal likelihood. The proposed model has superiority on
modeling dynamical systems under the more reasonable assumption and the fully Bayesian
learning framework. Further, it can be flexibly extended to handle regression problems.
We evaluate the model on both synthetic and real-world data including motion capture
data, traffic flow data and robot inverse dynamics data. Various evaluation methods are
taken on the experiments to demonstrate the effectiveness of our model, and encouraging
results are observed.
Keywords:
Gaussian process, variational inference, dynamical system, multi-output
modeling
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modeled by GPs are called the Gaussian process dynamical systems (GPDSs). However, the
existing GPDSs have a limitation of ignoring the dependency among the multiple outputs,
that is, they may not make full use of the characteristics of data. Our work aims to model
the complex dynamical systems more reasonably and flexibly.
Gaussian process dynamical models (GPDMs) as extensions of the GP latent variable
model (GP-LVM) (Lawrence, 2004, 2005) were proposed to model human motion (Wang
et al., 2006, 2008). The GP-LVM is a nonlinear extension of the probabilistic principal
component analysis (Tipping and Bishop, 1999) and is a probabilistic model where the outputs are observed while the inputs are hidden. It introduces latent variables and performs
a nonlinear mapping from the latent space to the observation space. The GP-LVM provides an unsupervised non-linear dimensionality reduction method by optimizing the latent
variables with the maximum a posteriori (MAP) solution. The GPDM allows to model
nonlinear dynamical systems by adding a Markov dynamical prior on the latent space in
the GP-LVM. It captures the variability of outputs by constructing the variance of outputs
with different parameters. Some research of adapting GPDMs to specific applications was
developed, such as object tracking (Urtasun et al., 2006), activity recognition (Gamage
et al., 2011) and synthesis, and computer animation (Henter et al., 2012).
Similarly, Damianou et al. (2011, 2014) extended the GP-LVM by imposing a dynamical
prior on the latent space to the variational GP dynamical system (VGPDS). The nonlinear
mapping from the latent space to the observation space in the VGPDS allows the model
to capture the structures and characteristics of data in a relatively low dimensional space.
Instead of seeking a MAP solution for the latent variables as in GPDMs, VGPDSs used a
variational method for model training. This follows the variational Bayesian method for
training the GP-LVM (Titsias and Lawrence, 2010), in which a lower bound of the logarithmic marginal likelihood is computed by variationally integrating out the latent variables
that appear nonlinearly in the inverse kernel matrix of the model. The variational Bayesian
method was built on the method of variational inference with inducing points (Titsias, 2009).
The VGPDS approximately marginalizes out the latent variables and leads to a rigorous
lower bound on the logarithmic marginal likelihood. The model and variational parameters of the VGPDS can be learned through maximizing the variational lower bound. This
variational method with inducing points was also employed to integrate out the warping
functions in the warped GP (Snelson et al., 2003; Lázaro-gredilla, 2012). Park et al. (2012)
developed an almost direct application of VGPDSs to phoneme classification, in which a
variance constraint in the VGPDS was introduced to eliminate the sparse approximation
error in the kernel matrix. Besides variational approaches, expectation propagation based
methods (Deisenroth and Mohamed, 2012) are also capable of conducting approximate inference in GPDSs.
However, all the models mentioned above for GPDSs ignore the dependency among
multiple outputs, which usually assume that the outputs are conditionally independent.
Actually, modeling the dependency among outputs is necessary in many applications such
as sensor networks, geostatistics and time-series forecasting, which helps to make better
predictions (Boyle, 2007). Indeed, there are some recent works that explicitly considered
the dependency of multiple outputs in GPs (Álvarez et al., 2009; Álvarez and Lawrence,
2011; Wilson et al., 2012). Latent force models (LFMs) (Álvarez et al., 2009) are a recent
state-of-the-art modeling framework, which can model multi-output dependencies. Later, a
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series of extensions of LFMs were presented such as linear, nonlinear, cascaded and switching dynamical LFMs (Álvarez et al., 2011, 2013). In addition, sequential inference methods
for LFMs have also been developed (Hartikainen and Särkkä, 2012). Álvarez and Lawrence
(2011) employed convolution processes to account for the correlations among outputs to
construct a convolved multiple outputs GP (CMOGP) which can be regarded as a specific
case of LFMs. To overcome the difficulty of time and storage complexities for large data
sets, some efficient approximations for the CMOGP were constructed through the convolution formalism (Álvarez et al., 2010; Álvarez and Lawrence, 2011). This leads to a form
of covariance similar in spirit to the so called deterministic training conditional (DTC)
approximation (Csató and Opper, 2001), fully independent training conditional (FITC) approximation (Quiñonero-Candela and Rasmussen, 2005; Snelson and Ghahramani, 2006)
and partially independent training conditional (PITC) approximation (Quiñonero-Candela
and Rasmussen, 2005) for a single output (Lawrence, 2007). The CMOGP is then enhanced
and extended to the collaborative multi-output Gaussian process (COGP) for handling large
scale cases (Nguyen and Bonilla, 2014). Besides CMOGPs, Wilson et al. (2012) combined
neural networks with GPs to construct a GP regression network (GPRN). Outputs in the
GPRN are linear combinations of the shared adaptive latent basis functions with input dependent weights. However, these two models are neither introduced nor directly suitable for
complex dynamical system modeling. When a dynamical prior is imposed, marginalizing
over the latent variables is needed, which can be very challenging.
In this paper, we propose a variational dependent multi-output GP dynamical system
(VDM-GPDS). It is a hierarchical Gaussian process model in which the dependency among
all the observations is well captured. Specifically, the convolved process covariance function
(Álvarez and Lawrence, 2011) is employed to capture the dependency among all the data
points across all the outputs. To learn the VDM-GPDS, we first approximate the latent
functions in the convolution processes, and then variationally marginalize out the latent
variables in the model. This leads to a convenient lower bound of the logarithmic marginal
likelihood, which is then maximized by the scaled conjugate gradient method to find out
the optimal parameters.
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The highlights of this paper are summarized as follows. 1) We explicitly take the dependency among multiple outputs into consideration while other methods (Damianou et al.,
2011; Park et al., 2012) for GPDS modeling assume that the outputs are conditionally independent. In particular, the convolved process covariance functions are used to construct
the covariance matrix of the outputs. 2) We use the variational method to compute a lower
bound of the logarithmic marginal likelihood of the GPDS model. Compared to Damianou
et al. (2011), our model is more reasonable in specific practical settings, and more challenging as a result of involving complex formulations and computations. 3) Our model can been
seen as a multi-layer regression model which regards time indices as inputs and observations
as outputs. It can be flexibly extended to handle regression problems. Compared with other
dependent multi-output models such as the CMOGP, the VDM-GPDS can achieve much
better performance attributed to its latent layers. 4) Our model is applicable to general
dependent multi-output dynamical systems and multi-output regression tasks, rather than
being specially tailored to a particular application. In this paper, we adapt the model to
different applications and obtain promising results.
3
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An earlier short version of this work appeared in Zhao and Sun (2014). In this paper,
we add detailed derivations of the variational inference and provide the gradients of the
objective function with respect to the parameters. Moreover, we analyze the performance
and efficiency of the proposed model. In addition, we supplement experiments on real-world
data and all the experimental results are measured under various evaluation criteria.

The rest of the paper is organized as follows. First, we give the model for nonlinear
dynamical systems in Section 2, where we use convolution process covariance functions to
construct the covariance matrix of the dependent multi-output latent variables. Section 3
gives the derivation of the variational lower bound of the marginal likelihood function and
optimization methods. Prediction formulations are introduced in Section 4. Related work
is analyzed and compared in Section 5. Experimental results are reported in Section 6 and
finally conclusions are presented in Section 7.

2. The Proposed Model

N , where y ∈ RD is an observaSuppose we have multi-output time series data {yn , tn }n=1
n
tion at time tn ∈ R+ . We assume that there are low dimensional latent variables that govern
the generation of the observations and a GP prior for the latent variables conditional on
time captures the dynamical driving force of the observations, as in Damianou et al. (2011).
However, a large difference compared with their work is that we explicitly model the dependency among the outputs through convolution processes (Álvarez and Lawrence, 2011).

Our model is a four-layer GP dynamical system. Here t ∈ RN represents the input
variables in the first layer. The matrix X ∈ RN ×Q represents the low dimensional latent
variables in the second layer with element xnq = xq (tn ). Similarly, the matrix F ∈ RN ×D
denotes the latent variables in the third layer, with element fnd = fd (xn ) and the matrix
Y ∈ RN ×D denotes the observations in the fourth layer whose nth row corresponds to
yn . The model is composed of an independent multi-output GP mapping from t to X, a
dependent multi-output GP mapping from X to F , and a linear mapping from F to Y .

q = 1, ..., Q,

(1)

Specifically, for the first mapping, x is assumed to be a multi-output GP indexed by
time t similarly to Damianou et al. (2011), that is

xq (t) ∼ GP(0, κx (t, t0 )),
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where individual components of the latent function x(t) are independent sample paths drawn
from a GP with a certain covariance function κx (t, t0 ) parameterized by θx . There are several
commonly used covariance functions such as the squared exponential covariance function
(RBF), the Matérn 3/2 function and the periodic covariance function (RBFperiodic), which
can be adopted to model the time evolution of sequences. For example, an RBF or a Matérn
3/2 function is usually appropriate for a long time dependent sequence, which will lead to
a full covariance matrix. For modeling the evolution of multiple independent sequences, a
block-diagonal covariance matrix should be chosen, where each block can be constructed by
an RBF or a Matérn 3/2 function. RBFperiodic is useful to capture the periodicity of the
sequences, and multiple kernels can be used to model different time cycles. These kernel

4

(ti −tj )2
2`2

,

.

√
3|ti −tj |
`

3|ti − tj | −
)e
`
,

(2)

q=1

d, d0 = 1, ..., D,
(4)

(5)

d=1 n=1

D Y
N
Y

N (ynd |fnd , β −1 ).

(7)

5

p(Y, F, X|t) = p(Y |F )p(F |X)p(X|t) = p(f |X)
d=1 n=1

D Y
N
Y

p(ynd |fnd )

p(xq |t).

(8)
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q=1

Q
Y

Given the above setting, the graphical model for the proposed VDM-GPDS on the
training data {yn , tn }N
n=1 can be depicted as Figure 1. From (3), (5) and (7), the joint
probability distribution for the VDM-GPDS model is given by

p(Y |F ) =

Since the observations {ynd }N,D
n=1,d=1 are conditionally independent on F , we get

> ]> and K
where f is a shorthand for [f1> , ..., fD
f ,f sized N D × N D is the covariance matrix
in which the elements are calculated by the covariance function κfd ,fd0 (x, x0 ).
The third mapping, which is from the latent variable fnd to the observation ynd , can be
written as
ynd = fnd + nd , nd ∼ N (0, β −1 ).
(6)

p(F |X) = p(f |X) = N (f |0, Kf ,f ),

where κfd ,fd0 (x, x0 ) is a convolved process covariance function. The convolved process covariance function captures the dependency among all the data points across all the outputs
with parameters θf = {{Λk }, {Pd }, {Sd,k }}. The detailed formulation of this covariance
function will be given in Section 2.1. From the conditional dependency among the latent
variables {fnd }N,D
n=1,d=1 , we have

fd (x) ∼ GP(0, κfd ,fd0 (x, x0 )),

where Kt,t is the covariance matrix constructed by κx (t, t0 ).
For the second mapping, we assume that f is another multi-output GP indexed by x,
whose outputs are dependent, that is

q=1

According to the conditional independency assumption among the latent variables {xq }Q
q=1 ,
we have
Q
Q
Y
Y
p(X|t) =
p(xq |t) =
N (xq |0, Kt,t ),
(3)

2
κx(RBF periodic) (ti , tj ) = σper
e

√

sin2 ( 2π (ti −tj ))
T
− 12
`

2
κx(M atérn3/2) (ti , tj ) = σmat
(1 +

2
κx(RBF ) (ti , tj ) = σrbf
e

functions take the following forms.
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(

xq

q 1" Q

ynd

f nd

n 1" N
d 1" D

X

(10)
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where Sd,k is a scalar value that depends on the output index d and the latent function
index k, and Pd is assumed to be diagonal. The latent process uk (x) is assumed to be

Gd,k (x) = Sd,k N (x|0, Pd ) ,

D,K
The most common construction is to use Gaussian forms for {uk (x)}K
k=1 and {Gd,k (x)}d=1,k=1 .
So the smoothing kernel is assumed to be

k=1

Since the outputs in our model are dependent, we need to capture the correlations among all
the data points across all the outputs. Bonilla et al. (2007) and Luttinen and Ilin (2012) used
a Kronecker product covariance matrix with the form of KF F = KDD ⊗ KN N , where KDD
is the covariance matrix among the output dimensions, and KN N is the covariance matrix
calculated solely from the data inputs. This Kronecker form kernel is constructed from
the processes which involve some form of instantaneous mixing of a series of independent
processes. This is very limited and actually a special case of some general covariances when
covariances calculated from outputs and inputs are independent (Álvarez et al., 2012). For
example, if we want to model two output processes in such a way that one process was
a blurred version of the other, we cannot achieve this through the instantaneous mixing
(Álvarez and Lawrence, 2011). In this paper, we use a more general and flexible kernel in
which KDD and KN N are not separated. In particular, the convolution processes (Álvarez
and Lawrence, 2011) are employed to model the latent function F (X).
Now we introduce how to construct the convolved process covariance functions. By using
D,K
independent latent functions {uk (x)}K
k=1 and smoothing kernels {Gd,k (x)}d=1,k=1 in the
convolution processes, each latent function in (4) in the VDM-GPDS is expressed through
a convolution integral,
K Z
X
fd (x) =
Gd,k (x − x̃)uk (x̃)dx̃.
(9)

2.1 Convolved Process Covariance Function

Figure 1: The graphical model for VDM-GPDS.

E

Tf

Tx
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Sd,k Sd0 ,k N (x|x0 , Pd + Pd0 + Λk ).

Gaussian with covariance function


κk x, x0 = N x − x0 |0, Λk .

k=1

K
X

Thus, the covariance between fd (x) and fd0 (x0 ) is
κfd ,fd0 (x, x0 ) =
The covariance between fd (x) and uk (x0 ) is

κfd ,uk (x, x0 ) = Sd,k N x − x0 |0, Pd + Λk .

(11)

(12)

(13)

These covariance functions (11), (12) and (13) will later be used for approximate inference in Section 3. Compared with Kronecker form kernels, our used convolved kernels
have the following advantages. From the perspective of constructing the process fd , convolved kernels are constructed using the convolution process fd in which the smoothing
kernels Gd,k (x) related to x are employed while Kronecker form kernels are constructed using fd (x) = ad uk (x) in which ad has no relation to x (Álvarez and Lawrence, 2011). From
the perspective of kernels, for different dimensions d and d0 , convolved kernels allow that
the covariances {κfd ,fd0 (x, x0 )} are related to different terms N (x|x0 , Pd + Pd0 + Λk ) while
Kronecker form kernels indicate that different covariances {κfd ,fd0 (x, x0 )} share the same
term κq (x, x0 ). Thus, our used convolved kernels are more general.

3. Inference and Optimization

Z

p(Y |F )p(F |X)p(X|t)dXdF.

(14)

As described above, the proposed VDM-GPDS explicitly models the dependency among
multiple outputs, which makes it largely distinct to the previous VGPDS and other GP
dynamical systems. In order to make it easy to implement by extending the existing framework of the VGPDS, in the current and the following sections, we will deduce the variational
lower bound for the logarithmic marginal likelihood and the posterior distribution for prediction in a formulation similar to the VGPDS. However, many details as described in the
paper are specific to our model, and some calculations are more involved.
The fully Bayesian learning for our model requires maximizing the logarithm of the
marginal likelihood (Bishop, 2006)
p(Y |t) =

JMLR 17(121):1-36

Note that the integration w.r.t X is intractable, because X appears nonlinearly in the
inverse of the matrix Kf ,f . We attempt to make some approximations for (14).
To begin with, we approximate p(F |X) which is constructed by convolution process
fd (x) in (9). Similarly to Álvarez and Lawrence (2011), a generative approach is used
to approximate fd (x) as follows. We first draw a sample, uk (Z) = [uk (z1 ), ..., uk (zM )]> ,
M
where Z = {zm }m=1
are introduced as a set of input vectors for uk (x̃) and will be learned
as parameters. We next sample uk (x̃) from the conditional prior p(uk (x̃)|uk ). According
to the above generating process, uk (x̃) in (9) can be approximated by the expectation
7
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K
> ]> . The probability distribution of u
E(uk (x̃)|uk ). Let U = {uk }k=1
and u = [u1> , ..., uK
can be expressed as
p(u|Z) = N (0, Ku,u ),
(15)

(16)

where Ku,u is constructed by κk (x, x0 ) in (11). Combining (9) and (15), we get the probability distribution of f conditional on u, X, Z as

−1
−1
p(f |u, X, Z) = N (f |Kf ,u Ku,u
u, Kf ,f − Kf ,u Ku,u
Ku,f ),

p(y|f )p(f |u, X, Z)p(u|Z)p(X|t)dF dU dX,

(18)

where Kf ,u is the cross-covariance matrix between fd (x) and uk (z) with element κfd ,uk (x, x0 )
in (13), the block-diagonal matrix Ku,u is the covariance matrix between uk (z) and uk (z0 )
with element κk (x, x0 ) in (11), and Kf ,f is the covariance matrix between fd (x) and fd0 (x0 )
with element κfd ,fd0 (x, x0 ) in (12). Therefore, p(F |X) is approximated by
Z
p(f |u, X, Z)p(u|Z)du,
(17)
Z

p(F |X) ≈ p(f |X, Z) =

and p(Y |t) is converted to
p(Y |t) ≈ p(Y |t, Z) =

Z

q(F, U, X|Z) log

p(Y, F, U, X|t, Z)
dXdU dF.
q(F, U, X|Z)

(20)

(19)

> ]> . It is worth noting that the marginal
where p(u|Z) = N (0, Ku,u ) and y = [y1> , ..., yD
likelihood in (18) is still intractable as the integration with respect to X remains difficult.
Then, we introduce a lower bound of the logarithmic marginal likelihood log p(Y |t)
using variational methods. We construct a variational distribution q(F, U, X|Z) to approximate the posterior distribution p(F, U, X|Y, t) and compute the Jensen’s lower bound on
log p(Y |t) as

L=

The variational distribution is assumed to be factorized as

q(F, U, X|Z) = p(f |u, X, Z)q(u)q(X).

JMLR 17(121):1-36

(21)

The distribution p(f |u, X, Z) in (20) is the same as the second term in (18), which will be
eliminated in the term log p(Y,F,U,X|t,Z)
q(F,U,X|Z) in (19). The distribution q(u) is an approximation
to the posterior distribution p(u|X, Y ), which is arguably Gaussian by maximizing the variational lower bound (Titsias and Lawrence, 2010; Damianou et al., 2011). The distribution
q(X) is an approximation to the posterior distribution Q
p(X|Y ), which is assumed to be a
Q
product of independent Gaussian distributions q(X) = q=1
N (xq |µq , Sq ).
After some calculations and simplifications, the lower bound with X, U and F integrated
out becomes

#
"
1
ND
β 2 |Ku,u | 2
1 >
L = log
ND
1 exp{− y W y}
2
(2π) 2 |βψ2 +Ku,u | 2
βψ0 β
−1
+ Tr(Ku,u
ψ2 ) − KL[q(X)||p(X|t)],
2
2
−

8

Q

+

Q

q=1

1X
−1
>
[Tr(K−1
t,t Sq ) + Tr(Kt,t µq µq )] + const.
2

q=1

Q
1X
log |Sq |
log |Kt,t | −
2
2

(22)

d=1 k=1

as1

.
1

(2π) 2 |2Pd + Λk | 2

Q

N Sd,k Sd,k

(23)

(25)

(24)

d=1 n=1

9
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zm + zm0
Sd,k Sd,k0 N (zm |zm0 , 2Pd + Λk + Λk0 )N (
|µn , Σψ2 ),
2

1. We borrow the density formulations to express ψ1 as well as ψ2 .

=

D X
N
X

d=1 n=1

w−1
where V = N × D, W = M × K, d = b v−1
N c + 1, n = v − (d − 1)N , k = b M c + 1 and
m = w − (k − 1)M . Here the symbol “bc” means rounding down. ψ2 is a W × W matrix
whose elements are calculated as
D X
N Z
X
(ψ2 )w,w0 =
κfd ,uk (xn , zm )κfd ,uk0 (xn , zm0 )N (xn |µn , Sn )dxn

= Sd,k N (zm |µn , Pd + Λk + Sn ) ,

ψ1 is a V × W matrix whose elements are calculated
Z
(ψ1 )v,w = κfd ,uk (xn , zm )N (xn |µn , Sn )dxn

=

D X
K
X

n=1 d=1

Recall that the lower bound in (21) requires computing the statistics {ψ0 , ψ1 , ψ2 }. We now
detail how to calculate them. ψ0 is a scalar that can be calculated as
N X
D Z
X
ψ0 =
κfd ,fd (xn , xn )N (xn |µn , Sn ) dxn

3.1 Computation of ψ0 , ψ1 , ψ2

The detailed derivation of this variational lower bound is described in Appendix A where
L is expressed as L = L̂ − KL[q(X)||p(X|t)].
Note that although the lower bound in (21) and the one in VGPDS (Damianou et al.,
2011) look similar, they are essentially distinct and have different meanings. In particular,
the variables U in this paper are the samples of the latent functions {uk (x)}K
k=1 in the
convolution process while in VGPDS they are samples of the latent variables F . Moreover,
the covariance functions of F involved in this paper are multi-output covariance functions
while VGPDS adopts single-output covariance functions. As a result, our model is more
flexible and challenging. For example, the calculation of statistics of ψ0 , ψ1 and ψ2 is more
complex, as well as the derivatives of the parameters.

KL[q(X)||p(X|t)] =

(27)

(26)

∂ L̂
∂µq

is an N -dimensional vector. Now the variational

10
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where F∗ ∈ RN∗ ×D denotes the set of latent variables (the noise-free version of Y∗ ) and
X∗ ∈ RN∗ ×Q represents the latent variables in the low dimensional space.

If the model is learned with training data Y, one can predict new outputs with only given
time. In the Bayesian framework, we need to compute the posterior distribution of the
predicted outputs Y∗ ∈ RN∗ ×D on some given time instants t∗ ∈ RN∗ . The expectation
is used as the estimate and the autocovariance is used to show the prediction uncertainty.
With the parameters as well as time t and t∗ omitted, the posterior density is given by
Z
p(Y∗ |Y ) = p(Y∗ |F∗ )p(F∗ |X∗ , Y )p(X∗ |Y )dF∗ dX∗ ,
(30)

4.1 Prediction with Only Time

The proposed model can perform prediction for complex dynamical systems in two situations. One is prediction with only time and the other is prediction with time and partial
observations. In addition, it can be adapted to regression models.

4. Prediction

All the parameters are jointly optimized by the scaled conjugate gradient method to
maximize the lower bound in (21). The detailed gradients with respect to the parameters
are given in Appendix B.

Then the derivatives of the lower bound
parameters to be optimized are
L with respect to the variational parameters µ̄q and λq become
!
∂L
∂ L̂
= Kt,t
− µ̄q ,
(28)
∂ µ̄q
∂µq
!
∂L
∂ L̂
1
= −(Sq ◦ Sq )
+ λq .
(29)
∂λq
∂Sq
2

{{µ̄q , λq }Q
q=1 , Z}.

diagonal is denoted by λq , and µ̄q =

∂ L̂
where diag(λq ) = −2 ∂S
is an N × N diagonal, positive matrix whose N -dimensional
q

µq = Kt,t µ̄q ,

−1
,
Sq =
K−1
t,t + diag(λq )

The parameters involved in (21) include the model parameters {β, θx , θf } and the variational parameters {{µq , Sq }Q
q=1 , Z}. In order to reduce the variational parameters to be
optimized and speed up convergence, we reparameterize the variational parameters µq and
Sq to µ̄q and λq as done in Opper and Archambeau (2009) and Damianou et al. (2011)

3.2 Conjugate Gradient Based Optimization

w −1
0
0
0
0
where k = b w−1
M c + 1, m = w − (k − 1)M , k = b M c + 1, m = w − (k − 1)M and
>
−1
Σψ2 = (Pd + Λk ) (2Pd + Λk + Λk0 ) (Pd + Λk0 ) + Sn .

where W = βI − β 2 ψ1 (βψ2 + Ku,u )−1 ψ1> , ψ0 = Tr(hKf ,f iq(X) ), ψ1 = hKf ,u iq(X) and ψ2 =
R
q(X)
dX is expressed as
hKu,f Kf ,u iq(X) . KL[q(X)||p(X|t)] defined by q(X) log p(X|t)

0
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The distribution p(F∗ |X∗ , Y ) is approximated by the variational distribution
Z
p(f∗ |u, X∗ )q(u)du,

p (F∗ |X∗ , Y ) ≈ q(f∗ |X∗ ) =
(31)

> , ..., f > ], and p(f |u, X ) is Gaussian. Since the optimal setting for q(u)
where f∗> = [f∗1
∗
∗
∗D
in our variational framework is also found to be Gaussian, q(f∗ |X∗ ) is Gaussian that can
be computed analytically. The distribution p (X∗ |Y ) is approximated by the variational
distribution q (X∗ ) which is Gaussian. Given p(F∗ |X∗ , Y ) approximated by q(f∗ |X∗ ) and
p(X∗ |Y ) approximated by q(X∗ ), the posterior density of f∗ (the noise-free version of y∗ ) is
now approximated by
Z
p(f∗ |Y ) = q(f∗ |X∗ )q(X∗ )dX∗ .
(32)

(34)

(33)

The specific formulations of the distributions p(f∗ |u, X∗ ), q(f∗ |X∗ ) and q (X∗ ) are given in
Appendix C as a more comprehensive treatment.
However, the integration of q(f∗ |X∗ ) w.r.t q(X∗ ) is not analytically feasible. Following
Damianou et al. (2011), we give the expectation of f∗ as E(f∗ ) and its element-wise autocovariance as vector C(f∗ ) whose (ñ × d)th entry is C(fñd ) with ñ = 1, ..., N∗ and d = 1, ..., D.

E(f∗ ) = ψ1∗ b,
h
i
d
d > d
d
−1
d
C(fñd ) = b> (ψ2ñ
− (ψ1ñ
) ψ1ñ )b + ψ0∗
− Tr (Ku,u
− (Ku,u + βψ2 )−1 )ψ2∗
,

d = hK
d
where ψ1∗ = hKf∗ ,u iq(X∗ ) , b = β(Ku,u + βψ2 )−1 ψ1> y, ψ1ñ
fñd ,u iq(xñ ) , ψ2ñ = hKu,fñd
d = Tr(hK
d
Kfñd ,u iq(xñ ) , ψ0∗
f∗d ,f∗d iq(X∗ ) ) and ψ2∗ = hKu,f∗d Kf∗d ,u iq(X∗ ) . Since Y∗ is the noisy
version of F∗ , the expectation and element-wise autocovariance of Y∗ are E(y∗ ) = E(f∗ ) and
> , ..., y> ].
C(y∗ ) = C(f∗ ) + β −1 1N∗ D , where y∗> = [y∗1
∗D

4.2 Prediction with Time and Partial Observations
Prediction with time and partial observations can be divided into two cases. In one case,
we need to predict Y∗m ∈ RN∗ ×Dm which represents the outputs on missing dimensions,
given Y∗pt ∈ RN∗ ×Dp which represents the outputs observed on partial dimensions. We call
∗
this task reconstruction. In the other case, we need to predict Y∗n ∈ RNm ×D which means
∗
the outputs at the next time, given Y∗pv ∈ RNp ×D which means the outputs observed on all
dimensions at the previous time. We call this task forecasting.
For the task of reconstruction, we should compute the posterior density of Y∗m which is
given below (Damianou et al., 2011)
Z
(35)
p(Y∗m |F∗m )p(F∗m |X∗ , Y∗pt , Y )p(X∗ |Y∗pt , Y )dF∗m dX∗ .
p(Y∗m |Y∗pt , Y ) =

N D+N∗ Dp
2

|β ψ˜2 +Ku,u | 2

1

p(X∗ |Y∗pt , Y ) is approximated by a Gaussian distribution q(X∗ ) whose parameters need to be
optimized for the sake of considering the partial observations Y∗pt . This requires maximizing
a new lower bound of log p(Y, Y∗pt ) which can be expressed as
"
#
N D+N∗ Dp
1
2
β
|Ku,u | 2
1
exp{− ỹ> W̃ ỹ}
2
(36)

(2π)
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β ψ˜0 β
−1 ˜
+ Tr(Ku,u
ψ2 ) − KL[q(X, X∗ )||p(X, X∗ )|t, t∗ )],
2
2

L̃ = log

−

11

Zhao and Sun

where W̃ = βI − β 2 ψ˜1 (β ψ˜2 + Ku,u )−1 ψ̃1> , ψ˜0 = Tr(hKf̃ ,f̃ i
), ψ˜1 = hKf̃ ,u iq(X,X∗ )
q(X,X∗ )
and ψ˜2 = hKu,f̃ Kf̃ ,u iq(X,X∗ ) . The vector ỹ splices the vectorization of matrix Y and the

vectorization of matrix Y∗pt , i.e. ỹ = [vec(Y ); vec(Y∗pt )]. The vector f̃ corresponds to the
noise-free version of ỹ. Moreover, parameters of the new variational distribution q(X, X∗ )
are jointly optimized because of the coupling of X and X∗ . Then the marginal distribution
q(X∗ ) is obtained from q(X, X∗ ). Note that when multiple sequences such as X∗ and X are
independent, only the separated variational distribution q(X∗ ) is optimized.
For the task of forecasting, we focus on real-time forecasting for which the outputs
are dependent on the previous ones and the training set Y is not used in the prediction
stage. The variational distribution q(X∗ ) can be directly computed as (70). Then the
posterior density of Y∗n is computed as (66), but with Y∗ and Y replaced with Y∗n and Y∗pv ,
respectively. E(y∗n ) is the estimate of the output Y∗n . An application for forecasting is given
in Section 6.3.

4.3 Adaptation to Regression Models

2
e2
κx (v, v0 ) = σard

1

p=1

PP

ωp (vp −v 0 p )2

.

(37)

Since the VDM-GPDS can been seen as a multi-layer regression model which regards time
indices as inputs and observations as outputs. It can be flexibly extended to solve regression
problems. Specifically, the time indices in the dynamical systems are replaced with the
observed input data V . In addition, the kernel functions for the latent variables X are
replaced by some appropriate functions such as automatic relevance determination (ARD)
kernels:

Model inference and optimization remain the same except for some changes for model
parameters θx . Compared with other dependent multi-output regression models such as the
CMOGP, the VDM-GPDS can achieve much better performance. This could be attributed
to its use of latent layers.

5. Related Work

JMLR 17(121):1-36

Damianou et al. (2011) described a GP dynamical system with variational Bayesian inference called VGPDS in which the latent variables X are imposed a GP prior to model the
dynamical driving force and capture the high dimensional data’s characteristics. After introducing inducing points, the latent variables are variationally integrated out. The outputs
of VGPDS are generated from multiple independent GPs with the same latent variables X
and the same parameters, resulting in the advantage that VGPDS can handle high dimensional situations. However, the explicit dependency among the multiple outputs is ignored
in this model, while this kind of dependency is very important for many applications. In
contrast, the CMOGP (Álvarez and Lawrence, 2011) and GPRN (Wilson et al., 2012) model
the dependency of different outputs through convolved process covariance functions and an
adaptive network, respectively. Nevertheless, these two methods are not directly suitable
for dynamical system modeling. If applied to dynamical systems with time as inputs, they
cannot well capture the complexity of dynamical systems because there is only one nonlinear
mapping between the input and output included.

12

d

13

yd (x) ∼ GP(0, κfd ,fd0 (x, x0 )),

d, d0 = 1, ..., D,

The outputs Y are generated through a multi-output GP

JMLR 17(121):1-36

(41)

In this section, we evaluate our method on synthetic data generated from a complex dynamical system. The latent variables X are independently generated by the Ornstein-Uhlenbeck
(OU) process (Archambeau et al., 2007)
√
dxq = −γxq dt + σ 2 dW, q = 1, ..., Q.
(40)

6.1 Synthetic Data

The lower value of the RMSE and MSLL we get, the better the performance of the model is.
Our code is implemented based on the framework of publicly available code for the VGPDS
and CMOGP.

MSLL is the mean negative log probability of all the test data under the learned model Γ
and training data Y , which can be formulated as
1 X
MSLL(Y ∗ , Γ) =
{− log p(yn∗ |Γ, Y )} .
(39)
N n

In this part, we design five experiments to evaluate our model for four different kinds of
applications including prediction with only time as inputs, reconstruction of the missing
data, real-time forecasting and solving robot inverse dynamics problem. Two experiments
are performed on synthetic data and three on real-world data. A number of models such
as the CMOGP/COGP, GPDM, VGPDS and VDM-GPDS are tested on the data. The
root mean squire error (RMSE) and mean standardized log loss (MSLL) (Rasmussen and
Williams, 2006) are taken as the performance measures. In particular, let Ŷ ∗ be the estimate
of matrix Y ∗ , and then the RMSE can be formulated as
"
#1
2
1 1 X X ∗d
RMSE(Y ∗ , Ŷ ∗ ) =
(yn − ŷn∗d )2 .
(38)
DN
n

6. Experiments

Our model is capable of capturing the dependency among outputs as well as modeling
the dynamical characteristics. It is also very different from the GPDM (Wang et al., 2006,
2008) which models the variance of each output with different scale parameters and employs
Markov dynamical prior on the latent variables. The Gaussian prior for the latent variables
in the VDM-GPDS can model the dynamical characteristics in the systems better than the
Markov dynamical prior, since it can model different kinds of dynamics by using different
kernels such as using periodic kernels to model periodicity. Moreover, in contrast to the
GPDM that estimates the latent variables X through the MAP, the VDM-GPDS integrates
out the latent variables with variational methods. This is in the same spirit of the technique
used in Damianou et al. (2011), which can provide a principled approach to handle uncertainty in the latent space and determine its principal dimensions automatically. In addition,
the multiple outputs in our model are modeled by convolution processes as in Álvarez and
Lawrence (2011), which can flexibly capture the correlations among the outputs.

Variational Dependent Multi-output GPDS

Spline
1.91±0.43
4.23±1.01
6.88±1.91
6.99±1.52

1.75±0.38
3.46±0.67
5.19±0.99
7.50±0.94

CMOGP

GPDM
1.70±0.18
3.32±0.27
4.83±0.28
5.98±0.55

VGPDS
1.51±0.31
2.99±0.53
4.24±0.85
5.16±0.92

1.43 ± 0.23
2.82 ± 0.35
4.09 ± 0.59
5.00 ± 0.60

VDM-GPDS

VGPDS
−2.73±0.08
−2.14±0.15
−1.66±0.24
−1.31±0.41

GPDM
2.21×104 ±4.86×104
1.93×104 ±5.23×104
3.92×104 ±8.17×104
9.90×104 ±1.98×105

CMOGP
−2.63±0.22
−1.99±0.13
−1.49±0.21
−1.08±0.21

−2.79 ± 0.08
−2.18 ± 0.15
−1.66 ± 0.21
−1.32 ± 0.25

VDM-GPDS
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Here we evaluate the performance of our method for predicting the outputs given only
time over the synthetic data. We randomly select 50 points from each output for training
with the remaining 150 points for testing. This is repeated for ten times. The CMOGP,
GPDM and VGPDS are performed as comparisons. The cubic spline interpolation (spline
for short) is also chosen as a baseline. The latent variables X in the GPDM, VGPDS and
VDM-GPDS with two dimensions are initialized by using the principal component analysis
on the observations. Moreover, the Matérn 3/2 covariance function is used in the VGPDS
and VDM-GPDS.
Table 1 and Table 2 present the RMSE and MSLL for predictions, respectively. The
best results are shown in bold. From the tables, we can find that for prediction on the
data of each dimension, our model obtains the lowest RMSE and MSLL. We analyze the
reasons as follows. First, since the data in this experiment are generated from a complex

6.1.1 Prediction

where κfd ,fd0 (x, x0 ) defined in (12) is the multi-output covariance function. In this paper,
the number of the latent functions in (9) is set to one, i.e., K = 1, which is also the common
setting used in Álvarez and Lawrence (2011).
We sample the synthetic data by two steps. First we use the differential equation with
parameters γ = 0.5, σ = 0.01 to sample N = 200, Q = 2 latent variables at time interval
[−1, 1]. Then we sample D = 4 dimensional outputs, each of which has 200 observations
through the multi-output GP with the following parameters S1,1 = 1, S2,1 = 2, S3,1 = 3,
S4,1 = 4, P1 = [5, 1]> , P2 = [5, 1]> , P3 = [3, 1]> , P4 = [2, 1]> and Λ = [4, 5]> . For
approximation, 30 random inducing points are used. In addition, white Gaussian noise is
added to each output.

Table 2: Averaged MSLL with the standard deviation for predictions on the outputdependent synthetic data.

MSLL(y1 )
MSLL(y2 )
MSLL(y3 )
MSLL(y4 )

Table 1: Averaged RMSE (%) with the standard deviation (%) for predictions on the
output-dependent synthetic data.

RMSE(y1 )
RMSE(y2 )
RMSE(y3 )
RMSE(y4 )
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dynamical system that combines two GP mappings, the CMOGP which consists of only one
GP mapping cannot capture the complexity well. Moreover, the VDM-GPDS models the
explicit dependency among the multiple outputs while the VGPDS and GPDM do not. The
assumption of multi-output dependency is appropriate for the generative model. Further,

Figure 2: Predictions for y4 (t) with the five methods. Pred and True indicate predicted
and observed values, respectively. The shaded regions represent two standard
deviations for the predictions.

Value−y

Value−y
Value−y

RMSE(y1 )
RMSE(y2 )
RMSE(y3 )
RMSE(y4 )

Spline

11.49±0.26
3.59±0.72
1.75±0.10
8.34±10.89

CMOGP

3.82±1.55
3.45±1.70
3.57±1.71
7.10±1.28

GPDM

2.18 ± 0.06
2.06±0.19
1.68 ± 0.09
4.48±0.23

VGPDS

2.21±0.06
2.05 ± 0.13
1.72±0.12
4.45 ± 0.20

VDM-GPDS
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3.81±0.82
2.58±0.68
3.26±0.90
9.06±1.17

−0.74±0.02
−1.91±0.24
−2.62±0.05
−1.38±0.66

CMOGP

5.22×102 ±5.23×102
1.10×103 ±2.22×103
2.10×102 ±3.43×102
5.19×102 ±1.16×103

GPDM

−2.34 ± 0.04
−2.36±0.10
−2.50±0.08
−1.46±0.17

VGPDS

−2.33±0.04
−2.36 ± 0.13
−2.52 ± 0.11
−1.48 ± 0.18

VDM-GPDS

Table 3: Averaged RMSE (%) with the standard deviation (%) for predictions on the
output-independent synthetic data.

MSLL(y1 )
MSLL(y2 )
MSLL(y3 )
MSLL(y4 )

Table 4: Averaged MSLL with the standard deviation for predictions on the outputindependent synthetic data.

the GPDM cannot work well in the case in which data on many time intervals are lost.
Prediction with the GPDM results in very high MSLL. To sum up, our model gives the best
performance among the five models as expected.
In order to give intuitive representations, we draw one prediction result from the ten
experiments in Figure 2 where the shaded regions in 2(b), 2(c), 2(d) and 2(e) represent
two standard deviations for the predictions. Through the figures, it is clear that the VDMGPDS has higher accuracies and smaller variances. Note that the GPDM has very small
variances, but low accuracies, which leads to the high MSLL as in Table 2. With all the
evaluation measures considered, the VDM-GPDS gives the best performance of prediction
with only time as inputs.
In addition, to verify the flexibility of the VDM-GPDS, we perform experiments on the
output-independent data which are generated analogously to Section 6.1. In particular, the
output-independent data are generated using Equation (41) but with κfd ,fd0 (x, x0 ) = 0 for
d 6= d0 after generating X. Note that the GPDM and VGPDS do not make the assumption
of output dependency. The results in terms of RMSE and MSLL are shown in Table 3 and
Table 4 where we can see that our model performs as well as the VGPDS and significantly
better than the CMOGP and GPDM.
6.1.2 Reconstruction
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In this section, we compare the VDM-GPDS with the k-nearest neighbor best (k-NNbest)
method which chooses the best k from {1, . . . , 5}, the CMOGP, GPDM and VGPDS for
recovering missing points given time and partially observed outputs. We set S4,1 = −4 to
generate data in this part, which makes the output y4 be negatively correlated with the
others. We remove all outputs y1 or y4 at time interval [0.5, 1] from the 50 training points,

16
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VGPDS and VDM-GPDS. For the CMOGP, periodic time indices with different cycles are
used as inputs where the length of each sequence is a cycle. For the GPDM, parameters
and latent variables are set as in Wang et al. (2006). For the VGPDS and VDM-GPDS,
the RBF kernel is adopted in this set of experiments to construct Kt,t which is a block-

Figure 3: Reconstructions of the missing points for y4 (t) with the five methods. Pred and
True indicate predicted and observed values, respectively. The shaded regions
represent two standard deviations for the predictions.
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In order to demonstrate the validity of the proposed model on real-world data, we employ
ten sequences of runs/jogs from subject 35 (see Figure 4 for a skeleton) and two sequences
of runs/jogs from subject 16 in the CMU motion capture database for the reconstruction
task. In particular, our task is to reconstruct the right leg or the upper body of one test
sequence on the motion capture data given training sequences. We preprocess the data as
in Lawrence (2007) and divide the sequences into training and test data. Nine independent
training sequences are all from subject 35 and the remaining three testing sequences are
from subject 35 and subject 16 (one from subject 35 and two from subject 16). The average
length of each sequence is 40 frames and the output dimension is 59.
We conduct this reconstruction with six different methods, the nearest neighbor in the
angle space (NN) and the scaled space (NN sc.) (Taylor et al., 2006), the CMOGP, GPDM,

6.2 Human Motion Capture Data

resulting in 35 points as training data. Note that the CMOGP considers all the present
outputs as the training set while the GPDM, VGPDS and VDM-GPDS only consider the
outputs at time interval [−1, 0.5) as the training set.
Table 5 and Table 6 show the averaged RMSE and MSLL with the standard deviation
for reconstructions of the missing points for y1 and y4 . The proposed model performs best
with the lowest RMSE and MSLL. Specifically, our model can make full use of the present
data on some dimensions to reconstruct the missing data through the dependency among
outputs. This advantage is shown by comparing with the GPDM and VGPDS. In addition,
the two Gaussian process mappings in the VDM-GPDS help to well model the dynamical
characteristics and complexity of the data. This advantage is shown by comparing to the
CMOGP.
Figure 3 shows one reconstruction result for y4 from the ten experiments by five different
methods. It can be seen that the results of the VDM-GPDS are the closest to the true values
among the compared methods. This indicates the superior performance of our model for
the reconstruction task.

Table 6: Averaged MSLL with the standard deviation for reconstructions of the missing
points for y1 and y4 .

MSLL(y1 )
MSLL(y4 )

Table 5: Averaged RMSE (%) with the standard deviation (%) for reconstructions of the
missing points for y1 and y4 .

RMSE(y1 )
RMSE(y4 )
Value−y
Value−y

Variational Dependent Multi-output GPDS

Value−y

Value−y
Value−y

2

4

2

0
z

−2

Variational Dependent Multi-output GPDS

5

0

−5

−10

−15
−2 0
x

RMSE(LS)
RMSE(LA)
RMSE(BS)
RMSE(BA)
1.03
10.10
2.88
7.45

0.82
6.75
1.00
5.63

NN sc.

1.40
9.73
3.00
7.83

0.85
7.94
1.40
9.57

NN

1.37
15.19
4.70
8.04

1.15
13.53
3.56
5.02

CMOGP

0.91
8.90
2.85
7.13

0.68
5.61
0.68
3.39

GPDM

0.89
8.13
3.80
10.64

0.65
5.54
0.66
2.81

VGPDS

0.85
8.65
2.83
6.69

0.64
5.30
0.60
2.60

VDM-GPDS
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diagonal matrix because the sequences are independent. Moreover, the latent variables X
in the VGPDS and VDM-GPDS with nine dimensions are initialized by using principal
component analysis on the observations. For parameter optimization of the VDM-GPDS
and VGPDS, the maximum numbers of iteration steps are set to be identical.
Table 7 gives the RMSE for reconstructions of the missing points with the six methods. The values listed above the double line are the results for reconstruction of the test
sequence from subject 35. The values listed below the double line are the averaged results
for reconstruction of the two test sequences from subject 16. LS and LA correspond to
the reconstructions of the right leg in the scaled space and angle space. Similarly, BS and

Table 7: The RMSE for reconstructions of the missing points of the motion capture data.
The values listed above the double line are the results for the one test sequence
from subject 35 while the values listed below the double line are the averaged
results for the two test sequences from subject 16.

RMSE(LS)
RMSE(LA)
RMSE(BS)
RMSE(BA)

Figure 4: A skeleton of subject 35 running at a moment.

y

MSLL(Leg)
MSLL(Body)
MSLL(Leg)
MSLL(Body)

NN sc.
·
·
·
·

CMOGP

GPDM

VGPDS

VDM-GPDS
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NN

−6.94
− 45.53

−1.03
−11.54

−3.10
−48.19

4.60
82.95

−3.17
−40.78

11.17
121.58

1.55
-26.00

5.35
−2.58

·
·
·
·

Table 8: The MSLL for reconstructions of the missing points of the motion capture data.
The values listed above the double line are the results for the one test sequence
from subject 35 while the values listed below the double line are the averaged
results for the two test sequences from subject 16.

BA correspond to the reconstructions of the upper body in the same two spaces. Table
8 shows the MSLL in the original space for the same reconstructions as in Table 7. As
expected, the results on subjects whose motions are used to learn the models show significantly smaller RMSE and MSLL than those for the test motions from subjects not used in
the training set. No matter under what circumstances, our model generally outperforms the
other approaches. We conjecture that this is because the VDM-GPDS effectively considers
both the dynamical characteristics and the dependency among the outputs in the complex
dynamical system. Specifically, for the CMU data, the dependency among different parts
of the entire body can be well captured by the VDM-GPDS. When only parts of data on
each frame of the test sequence are observed, the missing data on the corresponding frame
can be recovered by utilizing the observed data. Meanwhile, the GP prior on the latent
variables makes sure the continuity and smoothness of movements.
6.3 Traffic Flow Forecasting
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The problem addressed here is to predict the future traffic flows of a certain road link.
We focus on the short-term predictions, in the time interval of 15 minutes, which is a
difficult but very important application. A real urban transportation network is used for
this experiment. The raw data are of 25 days, which include 2400 recording points for
each road link. Note that the data are not continuous in these 25 days, though data are
complete within each recording day. Specifically, the day numbers with recordings are
{[1 ∼ 19], [21], [25 ∼ 29]}. The first seven days are used for training, and the remaining 18
days are for testing. Figure 5 shows a patch taken from the urban traffic map of highways
as in Sun et al. (2006). Each circle node in the sketch map denotes a road link. An arrow
shows the direction of the traffic flow, which reaches the corresponding road link from its
upstream link. Paths without arrows are of no traffic flow records.
We predict the traffic volumes (vehicles/hour) of the road links (Bb, Ch, Dd, Eb, F e,
Gd, Hi, Ib, Jh, Ka) based on their own historic traffic flows and their direct upstream
flows. A VDM-GPDS is trained for each road link. Take Gd as an example. Its three direct
upstream flows F e, F g and F h and its own flows are used to construct the four outputs in
a VDM-GPDS. We use multiple kernels, including RBF and RBFperiodic to capture the
periodicity inherent in the data. The present periodicity in the data contains two cycles.
The short cycle is one day and the long cycle is one week. In the prediction stage, we use

20

E

a

6.4 Robot Inverse Dynamics Problem

output dependency in the VDM-GPDS; the relationship between the traffic flows of the
objective road link and its own historical series is captured by the dynamical characteristics
modeled in the VDM-GPDS. Therefore, the entire cause information is well collected by
the VDM-GPDS to predict the traffic flows of the objective road link.
To be intuitive, we give the final forecasting results of the performed models for the road
link Gd in the last three days in Figure 6. The VDM-GPDS has shown great superiority
to the compared models. As seen from Figure 6(a) and Figure 6(b), the forecasting results
with the RW and VGPDS often lag.

21

Table 9: The RMSE for forecasting results on the traffic flow data.
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80.88
62.08
57.97
140.69
131.74
147.14
85.19
121.15
128.66
75.23

5.85
5.90
5.57
6.33
6.37
6.44
5.90
6.25
6.30
5.86

VDM-GPDS
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81.90
65.33
61.68
148.42
143.35
162.81
92.89
129.21
141.50
88.23

VDM-GPDS

5.87
6.04
5.64
6.40
6.41
6.53
5.93
6.33
6.38
6.07

·
·
·
·
·
·
·
·
·
·

the historic traffic flows of the four road links to predict the flows of Gd in the next interval.
The historic time for forecasting is fixed as four intervals. We compare our model with
the Random Walk (RW) and VGPDS. The RW is to forecast the current value using the
last value (Williams, 1999), which is chosen as a baseline. According to the descriptions
about real-time forecasting in Section 4.2, the VGPDS can be adapted to apply to this
experiment. Moreover, in the previous experiments, the VGPDS performs best among the
compared models except the VDM-GPDS. Therefore, it is sufficient to compare our model
with the RW and VGPDS. Note that the realization of the VGPDS also takes the periodicity
into consideration.
Table 9 and Table 10 show the RMSE and MSLL for forecasting results with three
methods over the testing sets, respectively. It is obvious that the VDM-GPDS achieves
the best performance, even for the road links with large volumes (and large fluctuations)
such as Gd. This is attributed to the fact that our model well captures both the temporal
and spatial dependency of the traffic flow data. In particular, the relationship between
the traffic flows of the objective road link and its upstream links is captured by the multi-

84.95
72.49
66.45
153.46
151.16
174.18
95.57
142.85
146.52
94.15

VGPDS

VGPDS

RW

Table 10: The MSLL for forecasting results on the traffic flow data.

MSLL(Bb)
MSLL(Ch)
MSLL(Dd)
MSLL(Eb)
MSLL(Fe)
MSLL(Gd)
MSLL(Hi)
MSLL(Ib)
MSLL(Jh)
MSLL(Ka)
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The robot inverse dynamics problem is an important task in the robot areas (Sciavicco and
Vijayakumar, 2000). For a goal of touching or grasping a subject using a robotic manipulator, it usually needs the following procedures. First, the inverse kinematic calculates the
robot joint coordinates given the pose of the end-effector. Then trajectory planing decides
a trajectory describing how a robot should move to achieve the desired task. Finally, given
the trajectory, i.e., the motion specified by the joint angles, velocities and accelerations, the
torques needed at the joints to drive it along the trajectory are computed by the inverse
dynamics. What we concerned here is the robot inverse dynamics problem. Analytical
models for the inverse dynamics are often infeasible, for example due to uncertainty in the
physical parameters of the robot, or the difficulty of modeling frictions. This leads to the
need to learn the inverse dynamics by some machine learning methods (Chai et al., 2009;
Nguyen and Bonilla, 2014).
We approximate the inverse dynamics model of a 7-degree-of-freedom anthropomorphic
robot arm (see Figure 7). The inverse dynamics model of the robot is strongly nonlinear
due to a vast amount of superpositions of sine and cosine functions in robot dynamics. The
data consist of 21 input dimensions: 7 joint positions, velocities, and accelerations. The
goal of learning is to approximate the appropriate torque command of one robot motor in
response to the input vector. We choose 4449 data points from the original data set which
consists of 48933 data points. We use 100, 300 and 500 points for training, respectively
and the rest for testing. All the experiments are repeated for ten times. We consider joint

RMSE(Bb)
RMSE(Ch)
RMSE(Dd)
RMSE(Eb)
RMSE(Fe)
RMSE(Gd)
RMSE(Hi)
RMSE(Ib)
RMSE(Jh)
RMSE(Ka)

RW

Figure 5: A patch taken from the urban traffic map of highways.
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learning for the two couples, the 2nd and 3rd, the 4th and 7th torques. Note that, the
2nd and 3rd torques are negatively correlated while the 4th and 7th torques are positively
correlated.
We adapt our dynamical model to a regression model as described in Section 4.3. In
order to demonstrate the performance of our model on the regression problem. We compare
our model with the single Gaussian process regression (sGPR), multi-task Gaussian process
(MTGP), collaborative multi-output Gaussian process (COGP) and VGPDS. The sGPR is
to learn the torque for each joint separately. The MTGP regards the torques from different
joints as different tasks. The COGP is a scalable method which is extended from the
CMOGP by introducing stochastic variational inference. As the COGP is an enhanced
version of the CMOGP for robot inverse dynamics problems (Nguyen and Bonilla, 2014),
we do not include the CMOGP in this experiment. For fairness, we set the batch size in
the COGP the same as the number of training points. Note that the exact inference is used
for the sGPR and MTGP. For the COGP, VGPDS and VDM-GPDS, variational inference
is employed and the same size of inducing points are included. Particularly, 15, 20 and

Figure 6: Forecasting results of the performed models for the road link Gd on the last three
days.

Traffic flow (veh/h)

Joint 5

Joint 4
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Joint 3

Joint 1

Joint 2

Joint 7

Joint 6

6.33±1.33
5.52±0.79
5.11±0.44
4.89±0.36
4.55 ± 0.34

5.01±2.06
3.27±0.35
3.26±0.25
3.19 ± 0.20
3.19±0.26

3.85±0.86
3.88±0.19
4.17±0.69
6.20±0.87
2.95 ± 0.14

4.33±1.54
3.44±0.49
2.68±0.24
2.36 ± 0.08
2.44±0.12

4th joint
RMSE
MSLL

2nd joint
RMSE
MSLL

1.04±0.22
0.72±0.07
0.68±0.05
0.65 ± 0.03
0.66±0.04

4.06±1.18
3.10±0.27
3.39±0.38
5.73±0.89
2.34 ± 0.15

2.76±1.53
2.11±0.55
1.30±0.21
0.86 ± 0.66
0.95±0.10

7th joint
RMSE
MSLL

4.48±1.04
3.20±0.38
3.18±0.23
2.96±0.26
2.68 ± 0.22

3rd joint
RMSE
MSLL

Figure 7: Sketch of the SARCOS dextrous arm (Vijayakumar and Schaal, 2000).
Method
(N = 100)
sGPR
MTGP
COGP
VGPDS
VDM-GPDS
Method
(N = 100)
sGPR
MTGP
COGP
VGPDS
VDM-GPDS

Table 11: Averaged RMSE and MSLL with the standard deviation for robot inverse dynamics learning with 100 training points.
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30 inducing points are used for 100, 300 and 500 training points, respectively. For the
VDM-GPDS and VGPDS, the dimensionality of the latent space is set to two. Table 11,
12 and 13 show the results for different methods in terms of averaged RMSE and MSLL.
For intuition, we also plot the RMSE results in Figure 8.
From the tables and figures, we find that our model performs best on the whole, which
confirms that the VDM-GPDS also works well for regression tasks. Comparing the VDM-
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2.21±0.37
2.01±0.20
2.25±0.18
2.31±0.38
1.95 ± 0.09

0.55±0.13
0.47±0.04
0.52±0.02
0.48±0.06
0.45 ± 0.01

0.92±0.51
1.27±0.19
1.71±0.21
0.59±0.10
0.53 ± 0.04

2.44±0.37
2.77±0.19
3.49±0.43
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2.00 ± 0.03

7th joint
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2.53±0.56
2.27±0.09
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2.01 ± 0.06

3rd joint
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1.66±0.17
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GPDS with the COGP, we further verify the assumption that the latent space can well
grasp the characteristics of the data generation. Thus, the VDM-GPDS can well model
the inverse dynamics model and make better prediction. Compared with the VGPDS, our
model still shows advantages. This is attributed to the assumption of the dependency among

6.5 Performance and Efficiency Analysis

the multiple outputs. No matter for dynamical system modeling or static data regression,
the proposed model is reasonable and applicable.

Figure 8: Averaged RMSE with the standard deviation for the 2nd, 3rd, 4th and 7th joint
torques prediction. (better in color)
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The proposed VDM-GPDS outperforms several previous methods for predicting outputs and
recovering missing points for dynamical systems. In order to quantify the superior results,
we evaluate the performance increases with the averaged performance increasing ratio to
the VGPDS in terms of RMSE. The increasing ratios of the four experiments (Sections
6.1.1, 6.1.2, 6.2, 6.3 and 6.4) are 4.49%, 26.17%, 10.40%, 7.35% and 7.97%, respectively.
However, high effectiveness often comes together with low efficiency. The VDM-GPDS is
a four-layer GP system that is more complex than the conventional methods. Particularly,

Table 13: Averaged RMSE and MSLL with the standard deviation for robot inverse dynamics learning with 500 training points.

2.28±0.51
2.28±0.19
2.46±0.10
2.04±0.08
1.83 ± 0.02

2.78±0.27
3.42±0.27
5.24±0.49
2.57±0.03
2.52 ± 0.04

4th joint
RMSE
MSLL

sGPR
MTGP
COGP
VGPDS
VDM-GPDS

Method
(N = 500)

4.01±0.71
3.50±0.32
3.33±0.08
3.47±0.17
3.20 ± 0.11

2nd joint
RMSE
MSLL

sGPR
MTGP
COGP
VGPDS
VDM-GPDS

Method
(N = 500)

Table 12: Averaged RMSE and MSLL with the standard deviation for robot inverse dynamics learning with 300 training points.

2.39±0.59
2.40±0.12
2.65±0.25
2.12±0.15
1.92 ± 0.04

2.85±0.32
3.36±0.35
5.08±0.79
2.62±0.04
2.59 ± 0.04

4th joint
RMSE
MSLL

sGPR
MTGP
COGP
VGPDS
VDM-GPDS

Method
(N = 300)

4.19±0.83
4.37±0.89
3.78±0.14
3.67±0.18
3.52 ± 0.09

2nd joint
RMSE
MSLL

sGPR
MTGP
COGP
VGPDS
VDM-GPDS

Method
(N = 300)

RMSE
RMSE
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RMSE
RMSE

O(D3 N 3 )
50.7

CMOGP
O(N 3 )
26.8

GPDM
O(M 2 N Q)
74.2

VGPDS
O(M 2 N DQK)
181.1

VDM-GPDS

Variational Dependent Multi-output GPDS

computational complexity
execution time
Table 14: Computational complexities and execution time (in ms) for different models.

since the proposed method explicitly models the dependency among outputs, the dependent
multi-output covariance matrix in the VDM-GPDS is a full matrix with size N D × N D and
operations involving it cannot be factorized. This is in contrast to the independent multioutput covariance matrix in the GPDM and VGPDS, which is block-diagonal. As in Titsias
(2009), inducing points are employed for the variational inference for the VDM-GPDS. The
number of the inducing points M is much smaller than that of the data points N , which
can improve the computational efficiency. For the VDM-GPDS, the most time-consuming
calculation is to compute ψ2 whose computational complexity is O(M 2 N DQK).
In order to give clear comparisons in terms of efficiency, we list the computational
complexities of four models and the execution time (in ms) of one step for learning the
models on the synthetic data in Table 14. Through the table, we find that the VDM-GPDS
costs a lot. Nevertheless, our model can obtain high performance improvements as discussed
above. We believe that getting performance improvements is worth the time cost.

7. Conclusion
In this paper, we have proposed a dependent multi-output GP for modeling complex dynamical systems. We give the reasonable assumption that the different outputs of the systems
are generally dependent. The convolved process covariance function is employed to model
the dependency among all the data points across all the outputs. We adapt the variational
inference method involving inducing points to our model so that the latent variables are
variationally integrated out. The model and variational parameters are jointly optimized
with the scaled conjugate gradient method. Through small adaptations, our model can
handle regression problems.
Modeling the possible dependency among multiple outputs can help to make better
predictions. The effectiveness of the proposed model for complex dynamical systems is
empirically demonstrated through multiple experiments. However, when the dimensionality
of the output is very high, our model may take a long time to converge. This opens the
possibility for future work to accelerate training for high dimensional dynamical systems.
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Appendix A. Derivation of the Lower Bound

=

q(F, U, X|Z) = p(f |u, X, Z)q(u)q(X).

p(Y, F, U, X|t, Z) = p(y|f )p(f |u, X, Z)p(u|Z)p(X|t),

(44)

(43)

p(f |u, X, Z)q(u)q(X) log

In order to approximately compute the marginal likelihood p(Y |t), we compute the variational lower bound of it by involving the variational distribution q(F, U, X|Z). The variational lower bound L can be expressed as
Z
p(Y, F, U, X|t, Z)
L = q(F, U, X|Z) log
dXdU dF
q(F, U, X|Z)
Z
(42)
p(y|f )p(u|Z)p(X|t)
df dudX,
q(u)q(X)
since
and

p(f |u, X, Z)q(u)q(X) log

p(y|f )p(u|Z)
df dudX.
q(u)

q(X)
p(X|t)

q=1

N (xq |0, Kt,t ),

N (xq |µq , Sq ).

(48)

(47)

(46)

For neatness, the above expression is split into two parts as L = L̂ − KL[q(X)||p(X|t)].
Specifically, L̂ is expressed by
Z
(45)
L̂ =

q(X) log

q=1

q=1

Q
Y

q=1

Q
Y

1X
−1
−1
[Tr(Kt,t
Sq ) + Tr(Kt,t
µq µq> )] + const,
2

Q

Q
Q
1X
log |Kt,t | −
log |Sq |
2
2

+

Z

q(X) =

p(X|t) =

=

KL[q(X)||p(X|t)] =

KL[q(X)||p(X|t)] is the relative entropy of q(X) and p(X|t), expressed as
Z

since

and

Z

p(u|Z)
dudX.
q(u)

p(f |u, X, Z) log p(y|f )df dudX

q(u)q(X) log

q(u)q(X)
Z
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(49)

So far, KL[q(X)||p(X|t)] can be calculated analytically as the above, we need to calculate
R
)p(u|Z)
= log p(y|f ) + log p(u|Z)
p(f |u, X, Z)df = 1,
L̂. By using the facts that log p(y|fq(u)
q(u) and
L̂ is converted into

L̂ =

+

28

p(f |u, X, Z) log p(y|f )df

N (y|a, B)p(u)
q(u)q(X) log
dudX
q(u)
Z
β
−
Tr(Kf ,f − Kf ,u K−1
u,u Ku,f )q(X)dX,
2

Z

β
Tr(Kf ,f − Kf ,u K−1
u,u Ku,f ).
2

q(u)[log

ehlog N (y|a,B)iq(X) p(u)
]d(u)
q(u)

β
− Tr(hKf ,f iq(X) − hKf ,u K−1
u,u Ku,f iq(X) ).
2

Z
(52)

(51)

(50)

ehlog N (y|a,B)iq(X) p(u)du

β
β
Tr(hKf ,f iq(X) ) + Tr(hKf ,u K−1
u,u Ku,f iq(X) ).
2
2

Z
(53)

(54)

ND
2

1

|Ku,u | 2

(55)

29

JMLR 17(121):1-36

where W = βI − β 2 ψ1 (βψ2 + Ku,u )−1 ψ1> . Given the above, we can obtain the final formulation of the lower bound in (21) which has the similar formulation with Damianou et al.
(2011). But actually they are not the same.

β

#
1 >
L = log
ND
1 exp{− y W y}
2
|2π| 2 |βψ2 +Ku,u | 2
βψ0 β
−
+ Tr(K−1
u,u ψ2 ) − KL[q(X)||p(X|t)],
2
2

"

where ψ0 = Tr(hKf ,f iq(X) ), ψ1 = hKf ,u iq(X) and ψ2 = hKu,f Kf ,u iq(X) . The closed-form of
the lower bound of the approximated marginal log-likelihood defined as L is given by

q(u) ∝ N (βy> ψ1 Ku,u (βψ2 + Ku,u )−1 ψ1> y, Ku,u (βψ2 + Ku,u )−1 ),

The optimal distribution q(u) that gives rise to this lower bound is given by q(u) =
−1
−1
ehlog N (y|Kf ,u Ku,u u,β I)iq(X) p(u), which is analytically Gaussian

−

L̂ ≤ log

We compute the optimal bound using the reserved Jensen’s inequality as in Titsias and
Lawrence (2010). This gives

L̂ =

−1
where a = Kf ,u K−1
u,u u and B = β I. By changing the integration order, we get

L̂ =

Thus L̂ in (49) can be simplified as

−1
= log N (y|Kf ,u K−1
u,u u, β I) −

Z

We know that p(y|f ) and p(f |u, X, Z) are both Gaussian, and then
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(56)

d=1

sd 2 N (z|z0 , Σψ21 )N (

z+
2

z0

|µn , Σψ22 )((

z+
2

z0

d=1

(−

30

−1

(58)

(57)
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∂Σψ22 z + z0
|Σψ22 |−1 ∂|Σψ22 | 1 z + z0
− (
− µn )>
(
− µn )).
2
∂Snq
2
2
∂Snq
2

X
∂(ψ2 )mm0
z + z0
=
sd 2 N (z|z0 , Σψ21 )N (
|µn , Σψ22 )
∂Snq
2

D

∂Σψ1
|Σψ1 |−1 ∂|Σψ1 | 1
∂(ψ1 )vm
= sd N (z|µn , Σψ1 )(−
− (z − µn )>
(z − µn )),
∂Snq
2
∂Snq
2
∂Snq

∂ψ0
= 0,
∂Snq
−1

− µn )> Σ−1
ψ22 |q ).
The derivatives of ψ0 , (ψ1 )vm and (ψ2 )mm0 with respect to Snq are

∂(ψ2 )mm0
=
∂µnq

D
X

∂ψ0
= 0,
∂µnq
∂(ψ1 )vm
= sd N (z|µn , Σψ1 )((z − µn )> Σ−1
ψ1 |q ),
∂µnq

where θ represents µnq , Snq , Pdq and sd . The detailed derivatives of ψ0 , ψ1 and ψ2 with
respect to µnq , Snq , Pdq and sd are different. The derivatives of ψ0 , (ψ1 )vm and (ψ2 )mm0
with respect to µnq are

β ∂ψ0
∂ψ >
β
∂ψ2 −1
C
∂ L̂
=−
+ βTr[ 1 yy> ψ1 C] + Tr[
(Ku,u − − Cψ1> yy> ψ1 C)],
∂θ
2 ∂θ
∂θ
2
∂θ
β

First, we give the gradients of L̂ with respect to µq , Sq , Pd , sd through the formulation

The parameters involved in the proposed model include the model parameters {β, θx , θf }
Q
and the variational parameters {{µ̄q , λq }Q
q=1 , Z} after reparameterizing {µq , Sq }q=1 . All the
parameters are jointly optimized by maximizing the lower bound in (21) with the scaled
conjugate gradient method. Here we give the detailed gradients of all the parameters. Note
that in our model the dimensionality of the latent variable U is one (K=1). So the statistics
such as Sd,k , Λk , W are changed to sd , Λ, M here. In order to simplify the expressions,
we define Σψ0 = 2Pd + Λ, Σψ1 = Pd + Λ + Sn , Σψ21 = 2(Pd + Λ), Σψ22 = Pd2+Λ + Sn ,
C −1 = β −1 Ku,u + ψ2 . z is equivalent to zm and z0 is equivalent to zm0 . The symbol |q after
a matrix means the qth column of the matrix.
Because of the reparameterization, we need to calculate the gradients of L̂ with respect
to µq , Sq and then obtain the gradients of L with respect to µ̄q , λq using (28) and (29).
Given that KL[q(X)||p(X|t)] does not involve the parameters θf , β and Z, its gradients
∂L
∂ L̂ ∂L
∂L
∂ L̂
with respect to θf , β and Z are zero. Therefore, ∂θ
= ∂θ
, ∂β = ∂∂βL̂ and ∂Z
= ∂Z
.
f
f
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−1
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The derivatives of ψ0 , (ψ1 )vm and (ψ2 )mm0 with respect to Pdq are

D
X
∂|Σψ0 |
sd sd
∂ψ0
N
=
,
−
∂Pdq
2 |2π| Q2 |Σψ | 32 ∂Pdq
d=1
0

∂Σψ1
|Σψ1 |−1 ∂|Σψ1 | 1
∂(ψ1 )vm
=sd N (z|µn , Σψ1 )(−
− (z − µn )>
(z − µn )),
∂Pdq
2
∂Pdq
2
∂Pdq

n=1

N
∂(ψ2 )mm0 X 2
z + z0
=
sd N (z|z0 , Σψ21 )N (
|µn , Σψ22 )
∂Pdq
2
−1

−1

∂Σψ22 z + z0
|Σψ22 |−1 ∂|Σψ22 | 1 z + z0
− (
− µn )>
(
− µn )).
∂Pdq
2
2
∂Pdq
2
2

2

∂Σψ21
|Σψ21 |−1 ∂|Σψ21 | 1
− (z − z0 )>
(z − z0 )
(−
∂Pdq
2
∂Pdq

−

N
X
n=1

2sd N (z|z0 , Σψ21 )N (

z + z0
|µn , Σψ22 ).
2

The derivatives of ψ0 , (ψ1 )vm and (ψ2 )mm0 with respect to sd are

=

∂ψ0
2N sd
=
,
Q
1
∂sd
|2π| 2 |Σψ0 | 2
∂(ψ1 )vm
= N (z|µn , Σψ1 ),
∂sd
∂(ψ2 )mm0
∂sd

Then, we give the gradients of L with respect to Λ and Z through the formulation

β ∂ψ0
∂ψ >
β
∂ψ2 −1
∂L
=−
+ βTr[ 1 yyT ψ1 C] + Tr[
(Ku,u − Cψ1> yy> ψ1 C − β −1 C)]
∂θ
2 ∂θ
∂θ
2
∂θ
∂Ku,u −1
1
−1
−1
ψ2 Ku,u
],
+ Tr[
(Ku,u − Cψ1> yy> ψ1 C − β −1 C − βKu,u
2
∂θ

(59)

(60)

(61)
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where θ represents Λq , Zmq . The detailed derivatives of the ψ0 , ψ1 , ψ2 and Ku,u with respect
to Λq , Zmq are given separately. The derivatives of ψ0 , (ψ1 )vm , (ψ2 )mm0 and (Ku,u )mm0
31

with respect to Λq are
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D
∂|Σψ0 |
sd sd
∂ψ0 X N
=
,
−
∂Λq
2 |2π| Q2 |Σψ | 23 ∂Λq
d=1
0

−1

∂Σψ1
∂|Σψ1 | 1
∂(ψ1 )vm
1
=sd N (z|µn , Σψ1 )(− |Σψ1 |−1
− (z − µn )>
(z − µn )),
∂Λq
2
∂Λq
2
∂Λq

n=1 d=1

−1

N D
∂(ψ2 )mm0 X X 2
z + z0
=
sd N (z|z0 , Σψ21 )N (
|µn , Σψ22 )
∂Λq
2

−1

∂Σψ21
∂|Σψ21 |
1
− (z − z0 )>
(z − z0 )
(−
2|Σψ21 |∂Λq
2
∂Λq

0
∂Σ
∂|Σψ22 |
1 z + z0
ψ
22 z + z
−
− (
− µn )>
(
− µn )),
2|Σψ22 |∂Λq
2
2
∂Λq
2
−1
∂(K )
1
∂|Λ|
1
∂Λ
0
u,u
mm
= N (z|z0 , Λ)(− |Λ|−1
− (z − z0 )>
(z − z0 )).
∂Λq
2
∂Λq
2
∂Λq

The derivatives of ψ0 , (ψ1 )vm , (ψ2 )mm0 and (Ku,u )mm0 with respect to zmq are

∂ψ0
=0,
∂zmq
∂(ψ1 )vm
−1
= − sd N (z|µn , Σψ1 )((z − µn )> Σψ
|q ),
1
∂zmq

d=1

D
∂(ψ2 )mm0 X 2
z + z0
=
sd N (z|z0 , Σψ21 )N (
|µn , Σψ22 )
∂zmq
2

1 z + z0
−1
−1
− µn )> Σψ
|q + (z − z0 )> Σψ
|q ),
(− (
22
21
2
2
∂(Ku,u )mm0
1
=−
N (z|z0 , Λ)(zmq − zm0 q ).
∂zmq
Λq

Finally, we give the gradients of L with respect to β and θx as follows.

Q

∂L 1
−1
= [Tr(Ku,u
ψ2 ) + (V − M )β −1 − ψ0 − Tr(yy> ) + Tr(Cψ1> yy> ψ1 )
∂β 2
+ β −2 Tr(Ku,u C) + β −1 Tr(Ku,u Cψ1> yy> ψ1 C)],

∂ L̂
∂µq

1

∂Kt,t
µ̄q ,
∂θx

1

1

(62)

(63)

(64)

(65)
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X
∂Kt,t
∂ L̂
∂L
1
=
(I − B̂q Kt,t )> ]
]
Tr[[− (B̂q Kt,t B̂q + µ̄q µ̄qT ) + (I − B̂q Kt,t )
∂θx
2
∂Sq
∂θx
q=1
!>
+

1

where B̂q = Λq2 (I + Λq2 Kt,t Λq2 )−1 Λq2 .
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(68)

(69)

(70)

−1
= Kt∗ ,t∗ − Kt∗ ,t K−1
t,t (Kt,t∗ − Sq Kt,t Kt,t∗ ).

= Kt∗ ,t K−1
t,t µq ,
(72)

(71)
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M. A. Álvarez, D. Luengo, M. K. Titsias, and N. D. Lawrence. Efficient multioutput
Gaussian processes through variational inducing kernels. In Proceedings of the 13th International Conference on Artificial Intelligence and Statistics, pages 25–32, 2010.

M. A. Álvarez, D. Luengo, and N. D. Lawrence. Latent force models. In Proceedings of the
12th International Conference on Artificial Intelligence and Statistics, pages 9–16, 2009.

Zhao and Sun
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J. Quiñonero-Candela and C. E. Rasmussen. A unifying view of sparse approximate Gaussian process regression. Journal of Machine Learning Research, 6:1939–1959, 2005.
C. E. Rasmussen and C. K. I. Williams. Gaussian Process for Machine Learning. MIT
Press, 2006.
L. Sciavicco and B. Vijayakumar. Modelling and Control of Robot Manipulators. Springer,
2000.
E. Snelson and Z. Ghahramani. Sparse Gaussian process using pseudo-inputs. Advances in
Neural Information Processing Systems, 18:444–450, 2006.
E. Snelson, Z. Ghahramani, and C. Rasmussen. Warped Gaussian processes. Advances in
Neural Information Processing Systems, 16:337–344, 2003.

JMLR 17(121):1-36

S. Sun, C. Zhang, and G. Yu. A Bayesian network approach to traffic flow forecasting.
IEEE Transactions on Intelligent Transportation Systems, 7:124–132, 2006.
35

Submitted 10/14; Revised 4/16; Published 6/16

aki.havulinna@thl.fi

mehreen.ali@helsinki.fi

samuel.kaski@aalto.fi

c 2016 Gillberg et al..

JMLR 17(122):1-35

∗. PS and MAK are also at NMR Metabolomics Laboratory, School of Pharmacy, University of Eastern
Finland, Kuopio, Finland; MRJ is also at Center for Life Course Epidemiology, Faculty of Medicine,
University of Oulu, Finland and Biocenter Oulu, University of Oulu, Finland and Unit of Primary Care,
Oulu University Hospital, Oulu, Finland; MAK is also at Computational Medicine, School of Social and
Community Medicine and the Medical Research Council Integrative Epidemiology Unit, University of
Bristol, Bristol, UK

Editor: Karsten Borgwardt

Helsinki Institute for Information Technology HIIT
Department of Computer Science
PO Box 15600, Aalto University, 00076 Aalto, Finland

Samuel Kaski

mika.ala-korpela@computationalmedicine.fi
Computational Medicine
Faculty of Medicine
University of Oulu & Biocenter Oulu, Oulu, Finland

Mika Ala-Korpela∗

m.jarvelin@imperial.ac.uk
Department of Epidemiology and Biostatistics
MRC-PHE Centre for Environment & Health, School of Public Health,
Imperial College London, UK

Marjo-Riitta Järvelin∗

Department of Health
National Institute for Health and Welfare, Helsinki, Finland

Aki S. Havulinna

Institute for Molecular Medicine Finland (FIMM)
University of Helsinki, Finland

Mehreen Ali

matti.pirinen@helsinki.fi

jussi.gillberg@aalto.fi
pekka.marttinen@aalto.fi

antti.kangas@computationalmedicine.fi
pasi.soininen@computationalmedicine.fi

Computational Medicine
Faculty of Medicine
University of Oulu & Biocenter Oulu, Oulu, Finland

Antti J. Kangas
Pasi Soininen ∗

Institute for Molecular Medicine Finland (FIMM)
University of Helsinki, Finland

Matti Pirinen

Helsinki Institute for Information Technology HIIT
Department of Computer Science
PO Box 15600, Aalto University, 00076 Aalto, Finland

Jussi Gillberg
Pekka Marttinen

Multiple Output Regression with Latent Noise

Journal of Machine Learning Research 17 (2016) 1-35

(1)

2

JMLR 17(122):1-35

where YN ×K is the matrix of K target variables (or dependent variables) and XN ×P contains
the covariates (or independent variables), for the N observations. The model parameter
matrix HN ×S2 comprises the unknown latent factors and ΛS2 ×K the factor loadings, which
are used to model away the structured noise. The term EN ×K represents independent unstructured noise and the elements of E are independently distributed, vec(E) ∼ N (0, IN K ).
In this paper we call this model independent-noise BRRR. To reduce the effective number of parameters in the regression coefficient matrix ΘP ×K , a low-rank structure may be

Y = XΘ + HΛ + E,

Explaining away structured noise is one of the cornerstones for successful modeling of highdimensional output data in the regression framework (Fusi et al., 2012; Klami et al., 2013;
Rai et al., 2012; Rakitsch et al., 2013; Stegle et al., 2012; Virtanen et al., 2011). The
structured noise refers to dependencies between response variables, which are unrelated to
the dependencies of interest between the response variables and the covariates. It is noise
caused by observed and unobserved confounders that affect multiple variables simultaneously. Common observed confounders in medical and biological data include age and sex
of an individual, whereas unobserved confounders include, for example, the state of the cell
being measured, measurement artifacts influencing multiple probes, or other unrecorded experimental conditions. When not accounted for, structured noise may both hide interesting
relationships and result in spurious findings (Leek and Storey, 2007; Kang et al., 2008).
The effects of known confounders can be removed straightforwardly by using supervised
methods. For the unobserved confounders, a routinely used approach for explaining away
structured noise has been to assume a priori independent effects for the interesting and
uninteresting factors. For example, in the factor regression setup (West, 2003; Stegle et al.,
2010; Fusi et al., 2012), the target variables Y are assumed to have been generated as

1. Introduction

In high-dimensional data, structured noise caused by observed and unobserved factors affecting multiple target variables simultaneously, imposes a serious challenge for modeling,
by masking the often weak signal. Therefore, (1) explaining away the structured noise
in multiple-output regression is of paramount importance. Additionally, (2) assumptions
about the correlation structure of the regression weights are needed. We note that both
can be formulated in a natural way in a latent variable model, in which both the interesting
signal and the noise are mediated through the same latent factors. Under this assumption,
the signal model then borrows strength from the noise model by encouraging similar effects on correlated targets. We introduce a hyperparameter for the latent signal-to-noise
ratio which turns out to be important for modelling weak signals, and an ordered infinitedimensional shrinkage prior that resolves the rotational unidentifiability in reduced-rank
regression models. Simulations and prediction experiments with metabolite, gene expression, FMRI measurement, and macroeconomic time series data show that our model equals
or exceeds the state-of-the-art performance and, in particular, outperforms the standard
approach of assuming independent noise and signal models.
Keywords: Bayesian reduced-rank regression, latent variable models, latent signal-tonoise ratio, multiple-output regression, nonparametric Bayes, shrinkage priors, structured
noise, weak effects
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Θ = Ψ Γ,

|θjm − sign(rml )θjl |,

(2)

Figure 1: Illustration of (a) a priori independent interesting and uninteresting effects and
(b) the latent noise assumption. Latent noise is mediated to the target variable
measurements through a common subspace with the interesting effects.

assumed:

k

XX
j

|θjk | + γ

X

(m,l)∈E

2
rml

j

X

(3)

where the rank S1 of parameters ΨP ×S1 and ΓS1 ×K is substantially lower than the number
of target variables K and covariates P . The low-rank decomposition of the regression
coefficient matrix (2) may be given an interpretation whereby the covariates X affect S1
latent components with coefficients specified in Ψ, and the components, in turn, affect
the target Y with coefficients Γ. Another line of work in multiple output prediction has
focused on borrowing information from the correlation structure of the target variables when
learning the regression model. The intuition stems from the observation that correlated
targets are often seen to be affected similarly by the covariates, for example in genetic
applications (see, e.g., Davis et al., 2014; Inouye et al., 2012). One popular method, GFlasso
(Kim et al., 2009), learns the regression coefficients using
X
(yk − Xθk )T (yk − Xθk )+
Θ̂ = argmin

λ
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where the θk are the columns of Θ̂. Two regularization parameters are introduced: λ
represents the standard Lasso penalty, and γ encourages the effects θjm and θjl of the jth
covariate on correlated outputs m and l to be similar. Here rml represents the correlation
between the mth and lth phenotypes. The E is an a priori specified correlation graph for
the output variables, with edges representing correlations to be accounted for in the model.
In this paper we propose a model that simultaneously learns the structured noise and
encourages the sharing of information between the noise and the regression models. To
motivate the new model, we note that by assuming independent prior distributions on Γ
and Λ in model (1), one implicitly assumes independence of the interesting and uninteresting effects, caused by covariates X and unknown factors H, respectively (Fig. 1a). The
assumption is appealing for example when explaining away batch effects (Fusi et al., 2012)
3
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in high-dimensional data, but may be inadequate in the presence of other types of noise
in molecular biology, where gene expression and metabolomics measurements record concentrations of compounds generated by ongoing latent biological processes. In this kind
of situations, a limited set of covariates, such as single nucleotide polymorphisms (SNPs),
determines the activity of the latent process only partially and all other activity of the
process is due to unrecorded factors. In such cases, the noise affects the measurement
levels through the very same process as the interesting signal (Fig. 1b), and rather than
assuming independence of the effects, an assumption about parallel effects would be more
appropriate. We refer to this type of noise as latent noise as it can be considered to affect
the same latent subspace as the interesting effects. We note that in practice both types of
structured noise are likely to be present. In this work, our main focus is on the latent noise,
but we also present a comparison with a model that includes both types of structured noise
simultaneously.
A natural way to encode the assumption of latent noise is to use the following model
structure:
Y = (XΨ + Ω) Γ + E,
(4)

Trace(Var(X Ψ))
,
Trace(Var(Ω))

(5)

where the ΩN ×S1 is a matrix consisting of unknown latent factors. In (4), Γ mediates the
effects of both the interesting and uninteresting signals on the target variables. We note
that the change required in the model structure is small, and has in fact been presented
earlier (Bo and Sminchisescu 2009; recently extended with an Indian Buffet Process prior
on the latent space by Bargi et al. 2014). We now proceed to using the structure (4) for
GFlasso-type sharing of information (3) between the regression and noise models while
simultaneously explaining away structured noise. To see that the information sharing between noise and regression models follows immediately from model (4), one can consider
simulations generated from the model. The a priori independence assumption of model (1)
results in uncorrelated regression weights regardless of the correlations between target variables (Figure 2a). The assumption of latent noise (4), however, encourages the regression
weights to be correlated in a similar way as the target variables are (Figure 2c).
In this work, we focus on modelling weak signals in high-dimensional data with structured noise, where we consider effects that explain a tiny portion, say < 1%, of the variance
of the target variables as weak. We have hypothesized above that a model with the structure
(4) might be particularly well-suited for this purpose. Additionally, (i ) particular emphasis
must be put on defining adequate prior distributions to distinguish the weak effects from
noise as effectively as possible, and (ii ) scalability to large sample size is needed in order to
have any chance of learning the weak effects. For (i ), we define latent signal-to-noise ratio
β as a generalization of the standard signal-to-noise ratio in the latent space:
β=
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We use the latent signal-to-noise ratio as a hyperparameter in our model, and show that
it is a key parameter affecting model performance. It can be either learned or set using
prior knowledge. In addition, we introduce an ordered infinite-dimensional shrinkage prior
that resolves the inherent rotational ambiguity in the model (4), by sorting both signal and
noise components by their importance. Finally, we present efficient inference methods for
the model.
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l=1

h
Y

δl ,

6

δ1 ∼ Ga(a1 , 1),

δl ∼ Ga(a2 , 1),

l ≥ 2.

(7)
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5

τh =


−1  Γ
γhj |φΓhj , τh ∼ N 0, φΓhj τh
, φhj ∼ Ga(ν/2, ν/2),

Here τh is a global shrinkage parameter for the hth row of Γ and the φΓhj s are local shrinkage
parameters for the individual elements of Γ, to provide additional flexibility over the global

where YN ×K contains the K-dimensional response variables for N observations, and XN ×P
contains the predictor variables. The product Θ = ΨΓ, of ΨP ×S1 and ΓS1 ×K , results in
a regression coefficient matrix with rank S1 . The ΩN ×S1 contains unknown latent factors
representing the latent noise. Finally, EN ×K = [e1 , . . . , eN ]T , with ei ∼ N (0, Σ), where Σ =
2 ) is a matrix of uncorrelated target variable-specific noise vectors. Figure 3
diag(σ12 , . . . , σK
displays graphically the structure of the model. In the figure, the node corresponding to the
parameter Γ that is shared by the regression and noise models is highlighted with green.
Similarly to a recent BRRR model (Marttinen et al., 2014) and the Bayesian infinite
sparse factor analysis model (Bhattacharya and Dunson, 2011), we assume the number
of components S1 connecting the covariates to the targets to be infinite. Accordingly, the
number of rows in the weight matrix Γ, and the numbers of columns in Ψ and Ω, are infinite.
The low-rank nature of the model is enforced by shrinking the columns of Ψ and rows of Γ
and Ω increasingly with the growing column/row index, such that only a small number of
columns/rows are influential in practice. The increasing shrinkage also solves any rotational
unidentifiability issues by enforcing the model to mediate the strongest effects through the
first columns/rows. In Section 3.4 we explore the basic properties of the infinite-dimensional
prior, to ensure its soundness. The hierarchical priors for the projection weight matrix Γ,
where Γ = [γhj ], are set as follows:

Our model is given by

3.1 Model details: latent-noise BRRR

In this Section, we present the details of our new model, Bayesian reduced rank regression
with latent noise (latent-noise BRRR), show how the hyperparameters can be set using
the latent signal-to-noise ratio, and analyze theoretically some properties of the infinitedimensional shrinkage prior.

3. Model

several thousands of samples, required for predicting the weak effects. Other relevant work
include a recent method based on the BRRR presented by Foygel et al. (2012), but it does
not scale to the dimensionalities of our experiments either. Methods for high-dimensional
phenotypes have been proposed in the field of expression quantitative trait loci mapping
(Bottolo et al., 2011) for the related task of finding associations (and avoiding false positives)
rather than prediction, which is our main focus. Also functional assumptions (Wang et al.,
2012) have been used to constrain related learning problems.
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Simultaneously solving multiple real-valued prediction tasks with the same set of covariates
is called multiple-output regression (Breiman and Friedman, 1997); and more generally
sharing of statistical strength between related tasks is called multitask learning (Baxter,
1996; Caruana, 1997). The data consist of N input-output pairs (xn , yn )n=1,...,N ; the P dimensional input vectors x (covariates) are used for predicting K-dimensional vectors y of
target variables. The common approach to dealing with structured noise due to unobserved
confounders is to apply factor regression modeling (1) (West, 2003) and to explain away
the structured noise using a noise model that is assumed to be a priori independent of the
regression model (Stegle et al., 2010; Fusi et al., 2012; Rai et al., 2012; Virtanen et al.,
2011; Klami et al., 2013; Rakitsch et al., 2013). A recent Bayesian reduced-rank regression
(BRRR) model (Marttinen et al., 2014) implements the routine assumption of the independence of the regression and noise models; we will include it in the comparison studies of
this paper.
Methods for multiple-output regression without the structured noise model have been
proposed in other fields. In the application fields of genomic selection and multi-trait
quantitative trait loci mapping, solutions (Yi and Banerjee, 2009; Xu et al., 2009; Calus
and Veerkamp, 2011; Stephens, 2013) for low-dimensional target variable vectors (K < 10)
have been proposed, but these methods do not scale up to the currently emerging needs
of analyzing higher-dimensional target variable data. Additionally, sparse multiple-output
regression models have been proposed for prediction of phenotypes from genomic data (Kim
et al., 2009; Sohn and Kim, 2012).
Many methods for multi-task learning have been proposed in the field of kernel methods
(Evgeniou and Pontil, 2007). These methods do not, however, scale up to data sets with

2. Related work

Figure 2: Conditional distribution of the correlation between regression coefficients, given
the correlation between the corresponding target variables. In (a) the model (1)
assumes a priori independent regression and noise models, and in (c) the model
(4) makes the latent noise assumption. (b) A mixture of the models in a and c.
The data were generated using equation (18), as described in Section 5.3, and α
denotes the relative proportion of latent noise in data generation. The dashed
lines denote the 95% confidence intervals of the conditional distributions.

.

−1.0

α=0

Correlation between target variables

−1.0

−0.5

0.0

0.5

1.0

Correlation between coefficients

Latent Noise

Correlation between coefficients

ν

ΓS1 ×K

ΩN ×S1

ΦSΓ1 ×K

σj2 , j = 1, . . . , K

Latent Noise

a1 , a2

YN ×K

δl∗ , l = 1, . . . , S1
ΨP ×S1

XN ×P

Figure 3: Graphical representation of latent-noise BRRR. The observed data are denoted by
black circles, variables related to the reduced-rank regression part of the model by
white circles, variables related only to the noise model are denoted by gray circles,
and variables related to both the regression and the structured noise model are
denoted with green circles. The matrix ΦSΓ1 ×K comprises the sparsity parameters
for the K target variables for the components.

shrinkage priors. The same parameters τh are used to shrink the columns of the matrices
Ψ = [ψjh ] and Ω = [ωjh ], because the scales of Γ and Ψ (or Ω) are not identifiable separately:




2
ψjh |τh ∼ N 0, (τh )−1 , and ωjh |τh ∼ N 0, σΩ
(τh )−1 ,

2 is a parameter that specifies the amount of latent noise, which is used to regularize
where σΩ
the model (see the next Section). With the priors specified, the hidden factors Ω can be
integrated out analytically, yielding

2
yi ∼ N (ΨΓ)T xi , σΩ
(Γ∗ )T (Γ∗ ) + Σ , i = 1, . . . , N,
(8)

∼ Ga(aσ , bσ ),

j = 1, . . . , K,

(9)

where Γ∗ is obtained from Γ by multiplying the rows of Γ with the shrinkages (τh )−1/2 of
the columns of Ω.
Finally, conjugate prior distributions

σj−2

are placed on the noise parameters of the target variables.
3.2 Regularization of latent-noise BRRR through the variance of Ω
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The latent signal-to-noise ratio β in Equation (5) has an intuitive interpretation: given our
prior distributions for Ψ and Ω, the prior latent SNR indicates the extent to which we believe
7
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the noise to explain variation in Y , as compared to the variance explained by the covariates
X. Thus, the latent SNR acts as a regularization parameter: when the latent variables Ω
are allowed to have a large variance, the data will be explained by the noise model rather
than the covariates. We note that this approach to regularization is non-standard and it
may have favourable characteristics compared to the commonly used L1/L2 regularization
of regression weights. First of all, the regression weights remain relatively unbiased as they
need not be enforced to zero to control for overfitting. This is important when the effects
are weak: if the effects were shrunk towards zero, they might be lost completely.
Secondly, while regularizing with the a priori selected latent SNR, the regularization
parameter itself remains interpretable: every value of the variance parameter of Ω can
be immediately interpreted as the percentage of variance explained by the noise model
as compared to the covariates. In our experiments, we use cross-validation to select the
variance of Ω and the interpretability of the parameter makes it easy to express beliefs of
the plausible values based on prior knowledge. Making similar educated guesses for L1/L2
regularization parameters is not straightforward.

3.3 Difference between latent-noise BRRR and independent-noise BRRR

We call the standard Bayesian reduced rank regression (Equation 1), which assumes independent noise and signal models, the independent-noise BRRR. The new latent-noise BRRR
differs from it in two ways: in the latent-noise BRRR

1. the structure of the model is different in that the noise model uses the same projection
parameters as the regression model, and

2. the model is regularized by modifying the variance of the noise model. This is achieved
by learning the latent signal-to-noise ratio parameter β.

(10)

In Section 5.5 we show that both of these improvements are needed to reach the performance
differences observed.
We emphasize that although the technical difference between the two models is minor,
the models are very different from the conceptual point of view, as discussed in the Introduction, as well as from the practical point of view. In particular, it has been reported
before that with weak effects the independent-noise BRRR may suffer from severe instability, resulting from a highly multi-modal posterior distribution and, consequently, poor
convergence and mixing properties of the learning algorithms (Koop et al., 2006; Marttinen
et al., 2014). In Section 5.11, we demonstrate how the latent noise assumption provides
just the required additional regularization to make the formal Bayesian inference tractable
even with weak effects.
As both independent structured noise and latent noise could be present, a logical extension to the models presented so far is to consider both noise types simultaneously,

Y = (XΨ + Ω) Γ + HΛ + E,

JMLR 17(122):1-35

where the distributional assumptions for Ψ, Ω and Γ are the same as in latent-noise BRRR,
and for H and Λ they follow independent-noise BRRR. The Gibbs updates for this model
are straightforward modifications of those for the latent-noise BRRR and independent-noise
BRRR. We have implemented also this model and study its performance in Section 5.9.

8

P

j=1

ν X
Γ(a1 − 2)/Γ(a1 )
Var(xj )
.
ν−2
1 − Γ(a2 − 2)/Γ(a2 )
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(12)

9

A detailed proof is provided in the Supplementary material.
Proposition 2: Truncation error of the finite rank approximation Let yei S1 denote
the prediction for the ith target variable when using an approximation for Ψ and Γ consisting
of the first S1 columns or rows only, respectively. Then,


Var(yei ) − Var(yei S1 )
Γ(a2 − 2) S1
=
,
Var(yei )
Γ(a2 )

Var(yei ) =

Furthermore, let Γ(·) denote below the gamma function (not to be confused with the matrix
Γ used in all other Sections of this paper).
Proposition 1: Finite variance of predictions Suppose that a1 > 2 and a2 > 3. Then

h=1

yei = xT Θi
∞
X
= xT
Ψh γhi .

is sufficient for the prediction of any of the response variables to have finite variance under
the prior distribution (Proposition 1). Second, we show that the underestimation of uncertainty (variance) resulting from using a finite rank approximation to the infinite reducedrank regression model decays exponentially with the rank of the approximation (Proposition
2). For notational clarity, let Ψh denote the hth column of the Ψ matrix in the following.
With this notation, the prediction for the ith response variable can be written as

In this Section we verify the sensibility of the infinite non-parametric prior, which we introduce for ordering the components according to decreasing importance, and of a computational approximation resulting from truncation of the infinite model.
It has been proven that in Bayesian factor models a1 > 2 and a2 > 3 (in our case defined
in eqn 7) is sufficient for the elements of ΛΛT to have finite variance in a Bayesian factor
model (1), even if an infinite number of columns with a prior similar to our model is assumed
for Λ (Bhattacharya and Dunson, 2011). In this Section we present similar characteristics
for the infinite reduced-rank regression model. The detailed proofs can be found in the
Supplementary material. First, in analogy to the infinite Bayesian factor analysis model,
we show that
a1 > 2 and a2 > 3
(11)

3.4 Proofs of the soundness of the infinite prior

that is, the reduction in the variance of the prediction resulting from using the approximation, relative to the infinite model, decays exponentially with the rank of the approximation.
A detailed proof is provided in the Supplementary material.

We note that the latent-noise model is, in principle, able to express data generated by
the independent-noise BRRR model, and vice versa. The latent-noise BRRR model may
learn noise components that are independent from the signal in practice, having negligible
contribution from the regression part XΨ. On the other hand, nothing prevents the independent noise model to learn some correlated regression and noise components. Therefore,
the family of models defined by Equation (10) that simultaneously includes both kinds of
structured noise may have redundancy in its parameters. Indeed, the experiments in Section
5.9 demonstrate only minor improvements from this model.

∗T −1 ∗ −1
Σβ|y = (Σ−1
β + X Σy X ) .

β|y, X ∗ ∼ N (Σβ|Y (X ∗T Σ−1
y y), Σβ|y ),

(15)

(14)

X ∗ ← XΨ + Ω,

β ← Γi ,

and

Σy ← σi2 IN

(16)
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The computational bottleneck of the naı̈ve Gibbs sampler is the update of parameter Ψ,
which has P S1 elements with a joint multivariate Gaussian distribution, conditionally on
the other parameters (Geweke, 1996; Marttinen et al., 2014). Thus, the inversion of the

4.3 Improved update of Ψ

The updates of the hyperparameters are the same as in Bayesian Reduced Rank Regression,
and the conditional posterior distributions of the hyperparameters can be found in the
Supplementary material of Marttinen et al. (2014). The Ω has the same conditional posterior
distribution as the model parameter H of Marttinen et al. (2014).

4.2 Updates of ΦΓ , δ, σ and Ω

into (13), together with prior covariance Σβ derived from (7), we immediately obtain the
posterior of Γi from (14) and (15).

Thus, by substituting

Yi ∼ N ((XΨ + Ω)Γi , σi2 IN ).

Because in our model (6) the columns Ei of the noise matrix are assumed independent with
2 , we get
variances σ12 , . . . , σK

where

then

The conditional distribution of the parameter matrix Γ of latent-noise BRRR can be updated using a standard result for Bayesian linear models (Bishop et al., 2006) which states
that if
β ∼ N (0, Σβ ), and y|X ∗ , β ∼ N (X ∗ β, Σy ),
(13)

4.1 Update of Γ

For estimating the parameters of the latent-noise BRRR, we use Gibbs sampling, updating
the parameters one by one by sampling them from their conditional posterior probability
distributions, given the current values of all other parameters. The bottleneck of the computation is in updating the matrix Ψ, and below we present a novel efficient update for this
parameter.

4. Efficient computation by reparameterization

Gillberg et al.

Latent Noise

Latent Noise

(17)

precision matrix of the joint distribution has a computational cost of O(P 3 S13 ). To remove
the bottleneck, we reparameterize our model, after which a linear algebra trick by Stegle
et al. (2011) can be used to reduce the computational cost of the bottleneck to O(P 3 + S13 ).
When sampling Ψ we also integrate over the distribution of Ω following the standard result
from Equation (8). The reparameterization and the new posteriors are presented in the
Supplementary material.
In brief, the trick is that the eigenvalue decomposition of a matrix of the form
C ⊗ R + σI
can be evaluated inexpensively. After reparameterizing the model in the proposed way the
posterior covariance matrix of Ψ becomes of the form (17) and the eigenvalue decomposition
can then be used to efficiently generate samples from the posterior distribution of Ψ. We
note that the trick can also be applied to the original formulation of the Bayesian reducedrank regression model by Geweke (1996) and the R-code published with this article allows
generating samples from the original model as well. In the next Section, we compare the
computational cost of the algorithm using the naı̈ve Gibbs sampler and the improved version
that uses the new parameterization.
4.4 Sampling the maximum rank of the model
The sparse infinite factor analysis model presented by Bhattacharya and Dunson (2011) uses
a certain adaption procedure to update the maximum rank, i.e., the truncation point of their
infinite-rank factor model. The idea is to update the maximum rank occasionally during
the algorithm such that ranks having all elements of the corresponding projection vectors
within some pre-specified distance from zero are removed from the model and, if none of
the ranks has all elements within the threshold, another rank is added into the model. We
have implemented a modification of this approach where we adapt the maximum rank of
our infinite reduced rank regression model using a pre-specified cutoff for the amount of
variance explained by the corresponding rank. With a slight abuse of terminology, we shall
call this updating of the rank as sampling in the sequel.

5. Experiments

JMLR 17(122):1-35

We start with a basic validation of the latent-noise BRRR model, and its relative merits over
alternatives in a prediction task, using simulations with the ground truth available (Section
5.3), and a real-world omics dataset (Section 5.4). Section 5.5 analyses these results in
more detail and identifies the characteristics of the proposed latent-noise BRRR model that
are responsible for the performance differences observed, by considering the impact of each
novel model aspect in isolation. Section (5.7) investigates another application domain, the
detection of multivariate associations. In order to assess the prediction performance in more
general, we analyse several additional real-world data sets from different domains in Section
5.8.
Different aspects of the inference algorithm are considered in three sub-sections: sampling vs. cross-validation of the rank and the latent signal-to-noise ratio (Section 5.6),
speedup resulting from the proposed re-parameterization of the algorithm (Section 5.10),
11
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and convergence diagnostics (Section 5.11). To assess the value of further extensions, Section 5.9 considers a model that includes both latent and independent structured noise
simultaneously. Finally, Section 5.12 summarizes the findings on all real data sets.
5.1 Data sets

Experiments were performed on the following data sets:

NFBC1966 [N = 4702, P = 101, K = 96, metabolomics prediction from SNPs] The
NFBC1966 data set comprises genome-wide SNP data along with metabolomics measurements for a cohort of 4,702 individuals (Rantakallio, 1969; Soininen et al., 2009).
With these data, 96 metabolites belonging to the subclasses VLDL, IDL, LDL and
HDL (Inouye et al., 2012) were used as the target variables and SNPs known to be
associated with lipid metabolism (Teslovich et al., 2010; Kettunen et al., 2012; Global
Lipids Genetics Consortium, 2013) were used as the covariates. Effects of age, sex,
and lipid lowering medication were regressed out from the metabolomics data as a
preprocessing step. For the genotype data, SNPs with low minor allele frequency
(<0.01) were removed as a preprocessing step. For this data set, the comparison
method GFlasso required excessive training time and we used 5-fold cross-validation
to evaluate test set performances. Where cross-validation was needed for selecting
model parameter values, the validation data performance was measured as an average
1
over 3 validation sets, each comprising 10
of the training samples.

DILGOM [N = 509, P = 65, K = 18 . . . 137, metabolomics and gene expression prediction from SNPs] The DILGOM data set (Inouye et al., 2010) consists of genomewide SNP data along with metabolomics and gene expression measurements. For
details concerning metabolomics and gene expression data collection, see Soininen
et al. (2009) and Kettunen et al. (2012). In total 509 individuals had all three measurement types. The DILGOM metabolomics data comprises 137 metabolites, most
of which represent NMR-quantified levels of lipoproteins classified into 4 subclasses
(VLDL, IDL, LDL, HDL), together with quantified levels of amino acids, some serum
extracts, and a set of quantities derived as ratios of the aforementioned metabolites.
All 137 metabolites were used simultaneously as prediction targets. In gene expression prediction, in total 387 probes corresponding to curated gene sets of 8 KEGG
lipid metabolism pathways were used as the prediction targets. A separate model
was learnt for each pathway. The average number of probes in a pathway was 48.
For details about the pathways, see the Supplementary material. On these data sets,
10-fold cross-validation was used to evaluate test set performances. To select values
of the parameters that required evaluation on validation data, the training data was
then further divided into 9 folds, on which cross-validation was performed to select
parameters according to averaged validation set performance.
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fMRI [N = 1307, P = 776, K = 250, fMRI response prediction from text stimuli]
The cognitive neuroscience data set (Wehbe et al., 2014) consists of a time series
of fMRI measurements from 8 subjects reading a chapter from “Harry Potter and
the Sorcerers Stone“ using Rapid Serial Visual Presentation: words of the text are
presented one by one in the center of a screen. Brain voxel activations were measured
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latent-noise BRRR: With the NFBC1966 data, the latent signal-to-noise ratio
1
β was selected using cross-validation from a range of values from 100 to 100
, β =
1 1 1
1
1
, 15
, 30 , 60 , 100
}, in order to thoroughly evaluate the sensitivity of the
{100, 10, 2, 1, 7.5
model to this parameter. For the other data sets and tasks, the sets of values were
1 1 1
1
1
as follows: DILGOM metabolomics prediction: β = {10, 2, 1, 7.5
, 15
, 30 , 60 , 100
}, DIL1 1 1
1
1
GOM gene expression prediction β = {10, 1, 15 , 10
, 30 , 50 , 100
, 300
} and for macroe1
1 1 1
1
conomic time series prediction β = {10, 2, 1, 7.5
, 15
, 30 , 60 , 100
}. For fMRI response
1
prediction, the set of values was limited to β = {10, 1, 10
} to save computation time.
Other parameters, including the number of iterations, were set as for the independentnoise BRRR. The performance of the model was evaluated both by sampling the

independent-noise BRRR, BRRR without noise model: Hyperparameters
a1 and a2 of all the BRRR models were fixed to 10 and 4, respectively. In total
1,000 MCMC samples were generated and 500 were discarded as burn-in. In preliminary tests similar results were obtained with 50,000 samples. The remaining samples, thinned by a factor of 10, were used for prediction. The maximum rank of the
infinite-rank BRRR model was learned using cross-validation from the set of values
{5, 10, 15} for the NFBC1966 data set, {2, 4, 8} for the metabolomics prediction task
on the DILGOM data set and {2, 5, 10, 20} for the gene expression prediction task on
the DILGOM data set. These grids were selected based on initial experiments. For
the fMRI response prediction, the possible values for the maximal rank were limited
to {2, 4} in order to save computational time. For the econometrics data set, maximum ranks of {5, 10, 20} were used. In the association detection task, the rank of
independent noise BRRR was fixed to 1 as this was already sufficient for the task.

GFlasso: The regularization parameters of the gw2 model were selected from the
default grid using cross-validation. The method has been developed for genomic data
indicating the default values should be appropriate. However, for NFBC1966 data, we
were unable to run the method with the smallest values of the regularization parameters {110, 60, 10} due to lengthy runtime with these values. With this computational
compromise of leaving out these three values, the average training time for the largest
training data sets was ∼ 650 h. With NFBC1966 data, the pre-specified correlation
network required by the GFlasso was constructed to match the VLDL, IDL, LDL,
and HDL metabolite clusters from Inouye et al. (2012). Within these clusters, the
correlation network was fixed to the empirical correlations, and to 0 otherwise. With
DILGOM data, we used the empirical correlation network, with correlations below 0.8
fixed to 0 to reduce the number of edges in the network for computational speedup.

rank regression (’correlated BRRR’), which is presented in more detail in the Supplementary material. In brief, in the correlated BRRR, the correlation structure of the target
variables learnt by an a priori independent noise model is used as a prior for the regression
weight parameters. With the NFBC1966 data and the macroeconomic time series data
sets, we also study the performance of the method presented in Equation (10) in Section
3.3 that explicitly models both latent and independent structured noise, abbreviated as
’latent+independent-noise BRRR’.
Parameters for the different methods were specified as follows:
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We compared the latent-noise BRRR with a state-of-the-art sparse multiple-output regression method Graph-guided Fused Lasso (’GFlasso’) (Kim and Xing, 2009), BRRR/factor
regression model (Marttinen et al., 2014) with and without the a priori independent noise
model (’independent-noise BRRR’, ’BRRR without noise model’), standard Bayesian linear
model (’blm’) (Gelman et al., 2004), standard ridge regression (’ridge regression’) (Hoerl
and Kennard, 1970), elastic-net-penalized multi-task learning (’L2/L1 MTL’), kernel regression with linear and Gaussian kernels combined with a process for removing confounding
factors (Stegle et al., 2012) (’KRR with linear kernel + PEER’, ’KRR with Gaussian kernel
+ PEER’) and a baseline method of predicting with target data mean. GFlasso constitutes
a suitable comparison as it encourages sharing of information between correlated responses,
as our model, but does that within the Lasso-type penalized regression framework without
the use of a noise model to explain away the structured noise. L2/L1 MTL is a multitask
regression method implemented in the glmnet package (Friedman et al., 2010) that allows
elastic net regularization. It does not use a noise model to explain away confounders either.
The blm method and ridge regression were selected as a simple single-task baselines.
In one of the experiments, on an association study, latent-noise BRRR is compared with
independent-noise BRRR and canonical correlation analysis (’cca’), considered the stateof-the-art methods for the detection of multivariate associations (Marttinen et al., 2013,
2014). Additionally, the simple univariate linear model (’lm’) is included as it represents
the common baseline in association analysis.
We compare latent-noise BRRR also with two other new models for structured noise
modeling. In the simulations, we study the performance of correlated Bayesian reduced

5.2 Methods included in comparison

econ [N = 120, P = 52, K = 52, macroeconomic time series prediction] The macroeconomic time series data set (Stock and Watson, 2006) consists of monthly values
of 52 macroeconomic indicators. Prediction performance of these values from their
earlier values was measured with different lags (1 month, 2 months, etc.). The data
were processed as described by Carriero et al. (2011). Data for each month were used
as a test set (395 test sets) while using data from the previous 10 years for training.
Where cross-validation was needed for learning the values of model parameters, data
from the last 2 years before the month-to-be-predicted were used for validation and
data from the previous 8 years for training.

every 2 seconds. The 250 most accurately predictable voxels (see Supplementary
material of Wehbe et al., 2014) of the fMRI measurements were used as prediction
targets. The fMRI measurements from all patients were predicted simultaneously
from features of the words being shown, such as semantic and syntactic properties,
visual properties and discourse level features. The data were divided into 10 folds,
only two of which were used to measure test data performance. This computational
compromise was needed as the preprocessing (Wehbe et al., 2014) for each fold required
about 10,000 hours of computation. To select the values of parameters that required
evaluation on validation data, the training data were further divided into 10 folds,
on which cross-validation was performed to select parameters according to averaged
validation set performance.

Latent Noise

Latent Noise

maximum rank and by learning it with cross-validation from the same range of values as with independent-noise BRRR. Shrinkage hyperparameters were set to noninformative values, a1 =10 and a2 = 4, similarly to the corresponding parameters a3
and a4 of independent-noise BRRR.
blm: The variance hyperparameter of BLM was integrated over using MCMC. The
variance hyperparameter was assigned a Gamma prior with both shape and rate parameters set to 1. In total 1,000 posterior samples were generated and 500 were
discarded as burn-in.
ridge regression: Ridge regression was used as implemented in the glmnet package
with default parameters. The default convergence threshold parameters of glmnet
were used and no warnings/numerical problems occurred.
L1/L2 MTL: The effects of different types of regularization penalties are an active
research topic and we ran a continuum of mixtures of L1 and L2 penalties ranging
from group lasso to ridge regression. The mixture parameter α controlling the balance between L1 and L2 regularization was evaluated on the grid [0, 0.1, . . ., 0.9,
1.0] and selected using a 10-fold cross validation. The default convergence threshold parameters of glmnet were used and neither warnings nor numerical problems
occurred.
KRR with linear kernel + PEER: First, the PEER software (Stegle et al., 2012)
was used to remove the effects of confounders using 15 components. Then kernel ridge
regression with a normalized linear kernel (Bishop et al., 2006) was applied using the
residuals from PEER as the target variables. Kernel ridge regression was regularized
according to the standard approach of adding parameter λ to the diagonal elements
of the kernel. The value of λ was selected using cross-validation from a set of 10
values ranging from 0.1 to 100, [10−1 , 10−0.66 , . . . , 101.67 , 102 ]. To share information
between the different target variables, the approach of using the same kernel for all
target variables was adopted.
KRR with Gaussian kernel + PEER: Kernel ridge regression using a Gaussian
kernel was used. Regularization and the use of PEER were otherwise similar to
KRR with linear kernel + PEER. The radius parameter of the Gaussian kernel was
selected using cross-validation from a set of 30 values ranging from 0.001 to 1000,
[10−3 , 10−2.79 , . . . , 102.79 , 103 ]
cca: This is the conventional classical canonical correlation analysis that attempts to
identify linear combinations of the columns of the input and output matrices that are
maximally correlated with each other.
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correlated BRRR: Rank and hyperparameters a1 , a2 , a3 and a4 were set as with the
independent-noise BRRR. This model is presented in detail in Supplementary Section
1.
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latent+independent-noise BRRR: With the NFBC1966 data, the hyperparameters a1 , a2 , a3 and a4 were set as with the independent-noise BRRR. The latent signalto-noise ratio β was selected using cross-validation from a range of values from 100
1
1
1 1
1
to 100
, β = {100, 10, 2, 1, 7.5
, 30
, 60 , 100
} and the maximum rank was fixed to 10. For
the econometrics data set, maximum ranks of {5, 10, 20} were used and the signal-to1 1
noise ratio β was selected using cross-validation from the values β = {10, 2, 1, 15 , 10
, 30 .
For both data sets, the variance parameter of the a priori independent noise H was
selected from values {10−6 , 1}, value 10−6 corresponding to the extreme case of latentnoise BRRR.

5.3 Simulation experiment: impact of the noise model assumptions

(18)

In this Section, we study the implications of different noise model assumptions. Performances of models with different noise model assumptions are measured on simulated data
sets generated from a continuum of models between the two extremes of assuming either
latent noise, or a priori independent regression and noise models. The synthetic data are
generated according to

Y = (XΨ + αΩ) Γ + (1 − α)HΛ + E,

JMLR 17(122):1-35

where vec(E) ∼ N (0, IN K ) and the parameter α ∈ [0, 1] defines the proportion of variance
attributed to the latent noise versus independent noise. We study a continuum of problems
with the values of parameter α = 0, 0.1, . . . , 1. The parameters Γ and Λ are orthogonalized
using Gramm-Schmidt orthogonalization. The parameters are scaled so that covariates X
explain 3 % of the variance of Y through XΨΓ, the diagonal Gaussian noise N (0, IN K )
explains 20 % of the total variance of Y and the structured noise αΩΓ + (1 − α)HΛ explains
the remaining 77 % of the total variance of Y . The simulation was repeated 100 times and
training data sets of 500 and 2000 samples were generated for each replicate. To compare
the methods, performance in mean squared error (MSE) of the models learned with each
method was compared to that of the true model on a test set of 15 000 samples. The
number of covariates was fixed to 30 and the number of dependent variables to 60. Rank
of the regression coefficient matrix and structured noise was set to 3 when simulating the
data sets.
For independent-noise BRRR, the rank of the regression coefficient parameters Ψ and Γ
was fixed to the true value while the rank of the noise model was learnt from the data. For
latent-noise BRRR, the performance of the model was evaluated both by fixing the rank
of the regression coefficient matrix to its true value and by learning it from the data. The
variance of Ω was selected using 10-fold cross-validation. The grid for latent signal-to-noise
1
1
1
1
1
2I
ratios β was β = 51 to 15
, β = { 51 , 7.5
, 10
, 12.5
, 15
}. More specifically, Var(vec(Ω)) = σΩ
NK
2 = 1 × Trace (Var (X)). The grid was chosen according to the interpretation given
where σΩ
β
in Section 3.2; it corresponds to assuming that the latent noise explains 5 to 15 times the
variance explained by the covariates.
Figures 4 (a) and (b) present the results of a simulation study with training sets of
500 and 2000 samples, respectively. When the structured noise is generated according to
the conventional assumption of independent signal and noise, the model making the independence assumption (i.e., the independent-noise BRRR) performs equally well to the true
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The two differences between our new approach, latent-noise BRRR, and independent-noise
BRRR are (1) model structure (latent-noise BRRR shares parameters between the regression and noise models) and (2) using the latent signal-to-noise ratio parameter β to regularize the model. In order to identify how these developments lead to the observed performance
differences on the NFBC1966 data, we performed a sensitivity analysis for the two methods
with respect to the assumed amount of variance attributed to the noise model.
Figure 6 presents the results of this sensitivity analysis. For latent-noise BRRR, the assumed variance of the noise model controlled by the a priori signal-to-noise ratio β affects

5.5 Differences between latent-noise BRRR and independent-noise BRRR on
NFBC1966 metabolomics prediction

Method blm performs worse than the baseline (null model, prediction with training set
mean), even with the largest training data set containing 3761 individuals, and BRRR
without noise model requires the largest training set size in order to outperform the baseline.
A paired t-test for the performance difference between latent-noise BRRR and independentnoise BRRR yields a p-value of 0.03 suggesting a statistically significant difference.

Figure 4: Performance of different methods, compared to the true model, as a function of
the proportion of latent noise with a training set of (a) 500 and (b) 2000 samples.
The x-axis indicates the proportion of noise generated according to the latent
noise assumptions (100% corresponds to α = 1). Bars denote ± 1 standard
deviation, computed independently for each x-coordinate. The performance of
100% means the amount of variance explained by the model is equal to the amount
explained by the true model. The performance of 0% means that the method does
not explain any variance of the target variables, whereas negative values indicate
the variance actually increases after taking the predictions into account.

.

Performance as compared to the oracle

In this Section, the models accounting for latent noise are evaluated in terms of predictive
performance on the NFBC1966 data with different training set sizes. Figure 5 presents the
test data MSE for the different methods. With the larger training set sizes, latent-noise
BRRR outperforms the other methods. With the smallest training data size, ridge regression
and latent-noise BRRR perform equally outperforming all other methods. However, ridge
regression is unable to improve its performance as the number of training data points
increases, and with the larger training sets it is outperformed by the more complex methods.

5.4 NFBC1966: metabolomics prediction

it is obvious that as α → 1, the structured noise (coming from Ω and H) will with certainty
be projected on the particular target variables that are affected by the covariates X. In
other words, latent noise blurs exactly the relationships of interest, being very disruptive.
Figure 4 shows results also for an alternative novel model that shares information between the noise and regression models (correlated BRRR, see Supplementary material for a
detailed description). The model includes a separate noise model for the structured noise,
as in (1), but achieves the information sharing by assuming a joint prior for the noise and
regression models. In detail, conditional on the noise model, the current residual correlation matrix between the response variables is used as a prior for the rows of Γ. This way
the correlations between target variables are propagated into the corresponding regression
weights; however, the strongest noise components are not automatically coupled with the
strongest signal components. Notably, the performance of the correlated BRRR model is
very similar to the regular BRRR model that does not have any dependence between the
noise and signal components.

= XΨΓ + αΩΓ + (1 − α)HΛ + E

Y = (XΨ + αΩ) Γ + (1 − α)HΛ + E,

model with both 500 and 2000 samples. However, when the assumption is violated and the
proportion of latent noise increases, the performance of the independent-noise BRRR breaks
down, whereas the latent-noise BRRR performs consistently well. The method that does
not explain away the structured noise at all (BRRR without noise model) is always inferior
to the null model with the training set of 500 samples. When the number of training samples
is increased to 2000 and the noise is generated according to the latent-noise assumption,
the model, however, outperforms even the independent-noise BRRR.Thus, having no noise
model is in this case better than having the noise model based on the incorrect independence assumption, which emphasizes the importance of the assumptions on which the noise
model is based. Interestingly, with n=2000 the BRRR without noise model is among the
best performing methods whereas with n=500 it is clearly the worst, highlighting the fact
that the smaller n gets, the more important the right assumptions become.
The latent-noise end of the continuum appears to be more difficult for the methods that
do not account for the structured noise (blm, BRRR without noise model). This weak but
consistent trend can be seen in Figure 4(b) where the difference between the oracle and
these methods increases with the percentage of latent noise. This behaviour is, however,
rather intuitive in terms of Equation (18); by rewriting
100 %
75 %
50 %
25 %
0%
−50 %

100 %
75 %
50 %
25 %
0%
−50 %
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Performance as compared to the oracle

1880

2821

Latent Noise

Test data MSE

blm
null model
BRRR without noise model
ridge regression
L1/L2 MTL
KRR with linear kernel + PEER
GFlasso
KRR with Gaussian kernel + PEER
independent−noise BRRR
latent+independent−noise BRRR
latent−noise BRRR, sample rank
latent−noise BRRR
3761
number of samples N

Figure 5: Test data MSE for different amounts of training data on the NFBC1966
metabolomics data. The MSEs have been scaled to give the null model a MSE of
1.

performance in a consistent way, whereas for independent-noise BRRR the impact appears
random. If the performance difference stemmed mainly from controlling the variance of the
noise model, controlling that parameter for both models should lead to similar results. On
the other hand, if the difference in the model structure alone sufficed to explain the performance difference, the difference should not be sensitive to the variance of the noise model.
Hence, we conclude that, on this data set, both the new model structure and regularization
by using the latent signal-to-noise ratio are required for improved performance.
We also studied the variability of the estimated latent SNR on different folds. The
optimal l-SNR was estimated very consistently, the results are presented in Supplementary
Figure 3.
5.6 Evaluation of the chosen inference procedures for rank and noise
parameters

JMLR 17(122):1-35

Inference for the proposed model could naturally be done in several alternative ways. In
this Section we justify the proposed inference procedure.
In the simulations (Section 5.3), sampling the maximum rank of the infinite prior worked
well, measured in terms of predictive performance. Figure 4 shows that sampling the
maximum rank actually improves performance, as compared to fixing it to the value used
in the generative process, when the latent noise assumption is wrong (left end), both when
N = 500 and when N = 2000. When the latent noise assumption holds (right end), the two
19
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inference procedures perform equally well. With the NFBC1966 data set (Figure 5), learning
the maximum rank of the infinite prior by sampling (latent-noise BRRR, sample rank) or by
cross-validation (latent-noise BRRR) results in very similar test set performances, similarly
to in the simulation experiment in Section 5.3. Hence, we conclude that for learning the
maximum rank, both sampling and cross-validation are appropriate techniques. We also
ran the independent-noise BRRR so that the rank was sampled instead of selecting it using
cross-validation on this data. However, the results were poor, with the test data MSE equal
to 1.019 with N =1880 and 1.005 with N =3761. The lines were omitted for clarity. We
hypothesize that the problems with the instability of the model (see Section 5.11) were
accentuated when the rank was sampled.
The key parameter of our model, the latent signal-to-noise ratio, was estimated using
cross-validation. In the simulations, the cross-validation based scheme allowed estimation of
the latent signal-to-noise ratio to a reasonable accuracy. The estimated values are included
in Figure 2 in the Supplementary material. While the latent signal-to-noise ratio of the

Figure 6: Sensitivity of latent-noise BRRR and independent-noise BRRR to the variance of
the structured noise with different maximum ranks. The results are on NFBC1966
test data MSE (N =1880 and N =3761) as a function of the noise model variance.
Lower axis: a priori latent signal-to-noise ratio of latent-noise BRRR and the
upper axis: variance of the model parameter H of independent-noise BRRR. The
bar denotes the standard deviation of the test set performance difference observed
between the two models in cross-validation. The figures also present the unscaled
performance of the null model and the performance of the latent-noise BRRR
when using sampling to infer the latent signal-to-noise ratio (latent-noise BRRR,
sample l-SNR) and when using sampling to infer the maximum rank (latent-noise
BRRR, sample rank). When N = 3761, sampling the rank results in similar
performance as obtained with the fixed values and thus the curves overlap.
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N =2351
0.94
0.32
0.74
0.24

To thoroughly study the empirical value of the new method, we compared it to alternative
methods on macroeconomic time series prediction, metabolomics and gene expression prediction experiments on the DILGOM data set and the fMRI response prediction. In these
domains, explaining away structured noise is of crucial importance.
With the DILGOM data, the prediction of the weak effects was challenging for all
methods. Indeed, we noticed that the null model using the average training data value
for prediction was better than any other method in terms of MSE over all target variables
with the single exception of L1/L2 MTL, which set all regression coefficients to zero thus
reducing to the null model. However, a detailed investigation of the results revealed that
while many of the target variables could not be predicted at all (as indicated by the worse
than null model MSE) some of the target variables could still be predicted better than the
null model, and by focusing the analysis on the MSE computed over the predictable target
variables (i.e., those that could be predicted better than the null by at least one method),
comparisons regarding the model performances could still be made. For consistency, both
metrics were computed also with the fMRI and econometrics data sets. To save computation
time, we chose to evaluate only the cross-validation based variant of our model for the fMRI
data, as this approach had already been identified as the most promising implementation
of our method.
Table 2 and supplementary Table 1 present the results of the macroeconomic time series
prediction experiment, metabolomics and gene expression prediction experiments on the
DILGOM data set and the fMRI response prediction experiments. The results have been
normalized so that the score for the null model (prediction using the mean) is 1. Table 2
presents the results for the predictable target variables and supplementary Table 1 presents
the results obtained by averaging test data MSE over all target variables.
Latent-noise BRRR outperforms independent-noise BRRR consistently on the gene expression (on 8/10 folds), metabolomics (10/10 folds) and fMRI response prediction (2/2
folds) tasks on both scores. In the fMRI response prediction, the latent-noise BRRR and
L1/L2 MTL are the only methods that outperform the null model. With the DILGOM data
none of the methods outperformed the null model when averaged over all target variables
and when concentrating on the predictable target variables, only the latent-noise BRRR and

5.8 Results: other real-world data sets

latent-noise BRRR
independent-noise BRRR
lm
cca

XRCC4
N =4702
0.98
0.41
0.62
0.20

Table 1: Power of different methods to detect the association between metabolomics profiles
and XRCC4 or LIPC genes with N =4702 and N =2351 samples. Power is
measured as the proportion of association test scores in permuted data sets smaller
than the test score in the original data set. Value 1 indicates that the association
score of the unpermuted data was higher than the score in any permutation.
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Detection of associations between multiple SNPs and metabolites is a topic that has received
attention recently (see, e.g., Kim et al., 2009; Inouye et al., 2012; Marttinen et al., 2014).
Here we demonstrate the potential of the new method in this task using two illustrative
example genes for which ground truth is available. Associations between SNPs within two
genes, LIPC and XRCC4, and the metabolites in the NFBC1966 data are investigated
in the experiment. Note that the covariates (SNPs) used in this experiment are different
from the ones used in the prediction experiment: here SNPs in individual genes are used,
whereas in the prediction experiment all known lipid-associated SNPs were used. LIPC was
selected as a reference, because it is one of the most strongly lipid-associated genes. On the
contrary, XRCC4 was discovered only recently using three cohorts of individuals (Marttinen
et al., 2014), and it was selected to serve as an example of a complex association detectable
only by associating multiple SNPs with multiple metabolites, and not visible using simpler
methods.
We use the proportion of total variance explained (PTVE) as the test score (Marttinen
et al., 2014), and sample 100 permutations to measure the power to detect the associations.
Furthermore, we use downsampling to evaluate the impact of the amount of training data.
For comparison, we select the BRRR, the exhaustive pairwise (univariate) linear regression
(’lm’), and canonical correlation analysis (CCA) (Ferreira and Purcell, 2009), these being
the methods that have been proposed for the task and having a sensible runtime in putative
genome-wide applications. For lm, the minimum p-value of the regression coefficient over
all SNP-metabolite pairs, and for the CCA, the minimum p-value over all SNPs (each
SNP associated with all metabolites jointly) are used as the test scores. The association
involving the XRCC4 gene was originally detected using the BRRR model; however, unlike
here, informative priors were used for the regression coefficients.
Table 1 presents the ranking of the original data among the permuted data with different
sample sizes and methods. Ten MCMC chains were computed for both models to account for
sampling variability on this difficult and relatively strongly collinear data. The association
score was obtained by averaging over the scores for different chains. As expected, all
methods were able to detect the association involving LIPC with both training set sizes.
However, latent-noise BRRR had the highest power to detect the XRCC4 gene.

5.7 NFBC1966: multivariate association detection

generative process was ≈ 1/25, the estimated posterior latent signal-to-noise ratios ranged
1
1
from 14
to 19
in the parts of the domain where the percentage of correlated structured
noise was 100-80%. When the percentage of correlated structured noise was 0-10 %, the
model correctly learnt lower variance for the latent noise and a corresponding stronger latent
signal-to-noise ratio β.
We also studied the performance of latent-noise BRRR while sampling the variance of the
2 ) and
noise model. A non-informative prior was assigned for the variance of Ω, Ω ∼ N (0, σΩ
−2
σΩ
∼ Gamma(shape = 0.001, rate = 0.001). The performance of this model is presented
in Figure 6. The performance of latent-noise BRRR when sampling the variance of Ω is
consistently worse than when using cross-validation to select the value of the latent signalto-noise ratio. Hence, we conclude that, as opposed to other parameters, cross-validation is
needed to learn the latent-signal to ratio to reach the improved performance.

Latent Noise

Latent Noise

KRR with Gaussian kernel were able to outperform the null model. With gene expression
prediction, latent noise BRRR (sample rank), GFlasso and the kernel methods outperform
the null model, latent-noise BRRR being the best. The econometrics data is the only case in
which the independent-noise BRRR is more accurate than the latent-noise BRRR on both
metrics, and the latent-noise BRRR is the third best method. In this data set, however,
the effects appear rather strong as different methods explain up to 10-32% of the variance
of the target variables and the best method is, in fact, ridge regression.
On the small DILGOM data sets, L1/L2 MTL sets all regression weights to zero as
hypothesized in Section 3.2. This demonstrates the need to develop new alternatives to
L1/L2 regularization: when modeling weak effects on small data sets, using L1/L2 penalties
can prevent analysis altogether. Ridge regression appears to suffer from the same problem on
the NFBC data set: although shrinking weights towards zero efficiently avoids overfitting,
the model is only able to learn the strongest effects. Thus ridge regression outperforms
most methods on the smallest training set (where the complex methods easily overfit), but
heavily loses as the training set increases and the more complex methods become able to
also benefit from the weak effects. Regularization by making the noise model stronger as
in latent-noise BRRR avoids this problem.
The standard method blm performs surprisingly poorly especially as compared to ridge
regression. The implementation was checked carefully. Predictive performance with the
standard least squares linear model was also evaluated for some of the data sets (results
not shown) and we found that it performed even worse than the blm. We hypothesize that
the collinearity present in all of the data sets analyzed harmed the performance of blm and
lm more than that of ridge regression.
5.9 Results: simultaneous modeling of both latent and independent
structured noise
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As both latent and independent structured noise can be present simultaneously, we evaluated the possible gains from taking both noise types simultaneously into account. A model
that incorporates both latent and independent structured noise, here called latent+independentnoise BRRR, was evaluated for the metabolomics prediction task on the NFBC1966 data
and on the macroeconomic time series prediction task, the strong domains of the methods
of interest.
Results of this experiment are presented in Table 3. In metabolomics prediction, accounting for both noise types improved results slightly on the smallest training data size as
compared to the best performing method latent-noise BRRR. On the larger training data
sets, the more flexible latent+independent-noise BRRR model performed worse than the
latent-noise BRRR that only accounts for latent noise. On the macroeconomic time series
prediction task, accounting for both noise types improved performance as compared to only
accounting for the dominant noise type (independent structured noise) on the smaller training data set. For summary,even though slight performance improvements were seen with
the smallest training set sizes, the results indicate that as the size of the training data set
increases, the advantages disappear. We hypothesize that the potential under-identifiability
issues discussed in Section 3.3 hinder model performance more than the increased flexibility
improves it.
23

KRR with
linear
kernel
+ PEER

latent-noise
BRRR

0.88138±0.11021

0.75035±0.15651

independentnoise
0.71072±0.20549
BRRR

latent-noise
BRRR,
sample rank

0.90497±0.09707

0.73453±0.21219

0.73320±0.22564

econometrics

1.00568±0.00274

0.99985±0.00016

1.00093±0.00057

1.00010±0.00106

1.00000±0.00000

1.00051±0.00038

1.00039±0.00107

0.99990±0.00057

DILGOM:
gene expression

1.30795±0.08802

0.99998±0.00004

0.99995±0.00006

0.99996±0.00221

1.00000±0.00000

1.04163±0.03781

0.99995±0.00100

1.00046±0.00130

DILGOM:
metabolomics

1.06722±0.05586

1.00649±0.00179

1.00236±0.00112

0.99786±0.00090

1.00215±0.00183

0.99798±0.00282

fMRI
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KRR with
Gaussian
kernel
+ PEER

0.81818±0.34747

GFlasso

L1/L2 MTL

BRRR
without
noise model

blm

1.00000±0.00000

1.59040±1.23041

1.00000±0.00000

1.04245±0.00914

1.001798±0.001090

1.00000±0.00000

1.52573±0.08859

1.000445±0.003089

1.00000±0.00000

2.08650±0.25396

1.003388±0.007420

ridge
0.689771 ±0.202603
regression

null model

Table 2: Test data MSE computed on the predictable target variables on the econometrics,
DILGOM and fMRI data sets. Bold font indicates better than baseline accuracy
achieved by predicting with the training data mean.

5.10 Improvement in computational efficiency resulting from the
reparameterization of model
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To confirm the computational speed-up resulting from the reparameterization presented
in Section 4, we performed an experiment where the algorithm implementing the naı̈ve
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0.9840±0.0072

0.9849±0.0078

latent+independentnoise BRRR

independentnoise
BRRR

0.9980±0.0059

0.9947±0.0019

0.9949±0.0037

NFBC
N = 1880

0.7339±0.1977

0.7445±0.1918

0.7536±0.2143

econometrics
N = 120

0.8097±0.2085

0.7889±0.1561

0.8374±0.1816

econometrics
N = 60

200
Input dimension

300

25
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5.12 Results: summary of the results with the real data sets

To further demonstrate the difference between the latent-noise and independent-noise
BRRR methods, we visualized the MCMC trace of the association metric used in Section
5.7. The instability of independent-noise BRRR is strikingly visible in Figure 9. The chains
converge to different modes and mix very slowly. On the other hand, the latent-noise BRRR
appears to mix adequately and always converges to the same mode, except for one of the
ten chains with the XRCC4 gene, which converges to a mode with a lower value of the
explained variance.

JMLR 17(122):1-35

1.06 ± 0.05
1.05 ± 0.05

latent-noise
BRRR,
sample rank
1.01 ± 0.004
1.01 ± 0.003
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Table 4: Averaged PSRF.

1.03 ± 0.03
1.02 ± 0.02

4.46 ± 0.32
3.42 ± 0.18

latent-noise
BRRR

To provide an overview of the performances of the different methods on the various data
sets and tasks, the methods’ performances were ranked for each task/data set. For the
prediction tasks, methods were ranked according to the MSE on the test set. When none
of the methods outperformed the null model, the scores on the predictable target variables

1000 samples
2000 samples

BRRR without
noise model

independent-noise
BRRR

Figure 7: Runtime of the algorithm implementing the naı̈ve Gibbs sampler with computational complexity and the new algorithm that reparameterizes the model. The
naı̈ve algorithm has a computational complexity of O(P 3 S13 ) and the new algorithm O(P 3 + S13 ). Random variation over the repetitions was minimal and the
error bars were omitted for clarity.

100

Naive Gibbs sampler
Reparameterized algorithm

Runtime
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To investigate the efficiency of the proposed algorithm and to compare it with the alternative
methods, we recorded the wall-clock run times with the NFBC1966 data set, shown in Figure
8. In addition, we studied the conventional convergence diagnostics. To assess convergence
and mixing, we re-computed four MCMC chains of 2000 posterior samples each, for each of
the BRRR methods. Averaged effective sample sizes (ESS) and potential scale reduction
factors (PSRF) were computed for 200 randomly selected parameters of the regression
coefficient matrix (Gelman et al., 2004). These results are presented in Table 4.
All BRRR methods, except for independent-noise BRRR, converge (PSRF < 1.1) and
40
effective
mix acceptably efficiently ( N
Nsamples ≈ 1000 ). Independent noise BRRR, however, showed
poor mixing and convergence. In initial experiments we observed that the PSRF for the
independent-noise BRRR did not necessarily ever reach values indicating convergence even
when sampled for 15,000 iterations. Thus, we decided to simply use the same number of
MCMC iterations for each method in our experiments. The reason for the bad behaviour was
the multimodality of the posterior distribution, caused by the too flexible model structure
of the independent noise model, and the resulting convergence of the different chains into
different modes.

5.11 Efficiency of the algorithm

Gibbs sampling updates for the Bayesian reduced-rank regression (Geweke, 1996; Karlsson,
2012) was compared with the new algorithm that uses the reparameterization. Similar
improvements were achieved with all other BRRR models as well.
Ten simulated data replicates were generated from the prior. The number of samples in
the training set was fixed to 5000 and the number of target variables was set to 12. Rank of
the regression coefficient matrix was 2. Runtime was measured as a function of the number
of covariates, which was varied from 100 to 300; 1000 posterior samples were generated.
The new algorithm that reparameterizes the model clearly outperformed the naı̈ve Gibbs
sampler (Figure 7). As a sanity check, the regression coefficient matrices estimated by the
algorithms were compared , and found to be similar.

Table 3: Performance of the most flexible modeling assumptions. Test data MSE on the
NFBC and econometrics data sets. On the larger training data sets, latent-noise
BRRR and independent noise BRRR outperform the model that accounts for both
noise types, latent+independent-noise BRRR. On the smaller training data sets,
however, this model outperforms the models that only account for one noise type.

0.9833±0.0077

latent-noise
BRRR

NFBC
N = 3761

Latent Noise

1200
Mean runtime (s)
400
800
0

650
150
50
19
4
2
0.75

Training time (h)
1880

2821

independent-noise
BRRR
4.32 ± 0.32
5.15 ± 0.66

Latent Noise

Method training times

GFlasso
KRR with Gaussian kernel + PEER
latent+independent−noise BRRR
latent−noise BRRR
independent−noise BRRR
L1/L2 MTL
latent−noise BRRR, sample rank
BRRR without noise model
blm
KRR with linear kernel + PEER
ridge regression
3761
number of samples N

BRRR without
noise model
43.88 ± 0.93
84.39 ± 1.61
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latent-noise
BRRR
44.83 ± 0.25
86.40 ± 0.43

latent-noise BRRR,
sample rank
40.74 ± 1.18
77.77 ± 1.25
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Averaged over all data sets and tasks, latent-noise BRRR outperforms the comparison
methods. In particular, the latent-noise BRRR outperforms the independent-noise BRRR
on all setups except for the macroeconomic time series prediction task, where independentnoise BRRR is the best method and the two variants of latent-noise BRRR follow. The
difference between the latent-noise BRRR and the independent-noise BRRR is consistent,
present on 4/5 test folds on the NFBC1966 metabolite prediction, 8/10 test folds on the
DILGOM gene expression prediction, 10/10 test folds on DILGOM metabolite prediction
and on 2/2 folds on the fMRI response prediction. On macroeconomic time series prediction,
independent-noise BRRR is better on 218/395 test folds. In the association detection task
the latent-noise BRRR has higher power with both training set sizes on the challenging
XRCC4 gene (0.94 vs. 0.32 with n=2,351; 0.98 vs. 0.41 with n=4,702).

were compared instead. In the association detection task, estimated statistical power was
used as the ranking criterion. Table 6 presents the overview results.

Table 5: Effective sample sizes for the Bayesian reduced rank regression methods.
Independent-noise BRRR mixes substantially worse than the other methods.

1000 samples
2000 samples

Figure 8: Computation times of the methods for different training set sizes N on the
NFBC1966 metabolomics data.

0.20
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Simultaneously accounting for both latent and independent structured noise improves
performance on the smallest training data sets considered in the macroeconomic time series
prediction and metabolomics prediction (NFBC1966) as compared to accounting for only
one type of noise. On the other hand, with the larger training set sizes, the models with
just the dominant noise type present perform better than the model including both noise
types simultaneously.
Selecting the rank for latent-noise BRRR by sampling or by cross-validation results
in comparable performance. Average performance ranks for cross-validation based and
sampling-based inferences are 2.5 and 3.5, respectively. For the NFBC1966 data set and
gene expression prediction task on the DILGOM data set, cross-validation yields better
performance. On metabolomics prediction on DILGOM and the macroeconomic time series prediction, on the other hand, the sampling-based approach works better. It is also
intriguing that similarly to the simulations, the sampling based variant of the model works
better with independent structured noise (macroeconomic time series prediction) than the
cross-validation based approach.
Latent-noise BRRR outperforms the null model on all test cases except for the metabolomics
prediction on the DILGOM data. Even on that data set, however, the variant of the model
that samples the maximum rank of the infinite prior outperforms the null model. We hypothesize that the poor performance may have resulted from convergence to some inferior
mode of the posterior distribution; this can happen to latent-noise BRRR (as demonstrated
in Figure 9) although the sharing of information between the signal and noise models makes
it substantially more stable than the independent-noise BRRR.

6. Discussion

JMLR 17(122):1-35

In this work, we evaluated the performance of multiple-output regression with different
assumptions for the structured noise. While most existing methods assume a priori independence of the interesting effects and the uninteresting structured noise, we started from
the opposite assumption of strong dependence between the components of the model. This
assumption may be deemed appropriate for instance with the molecular biological data sets
often analyzed with such methods. Using simulations we demonstrated the harmfulness of
the independence assumption when latent noise was present. In real data experiments the
model assuming latent noise outperformed state-of-the-art methods in prediction of metabolite measurements from genotype (SNP) data and fMRI response prediction, and showed
consistently good performance in the different domains. In an illustrative multivariate association detection task, the latent noise model had increased power to detect associations
invisible to other methods. To better address the computational needs, we presented a new
algorithm reducing the runtime considerably, and improving the scalability of the BRRR
models as the number of variables increases. The prior distributions were parameterized
in terms of the new concept of latent signal-to-noise ratio, which was a key ingredient for
optimal model performance. In addition, the rotational unidentifiability of the model was
solved using ordered infinite-dimensional shrinkage priors. We also demonstrated that the
two modifications (model structure, regularization through the latent signal-to-noise ratio)
made to the existing state-of-the-art noise modeling approach were both needed in order to
reach the optimal performance.
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In real data both latent and independent structured noise can be present. We studied a
model incorporating both types simultaneously, and, based on these results, we concluded
that the possible gains in predictive power as compared to modeling only the dominant
type of noise were not worthwhile. In fact, results were also found to degrade when both
noise types were included, which we hypothesize to be the result of poor identifiability of
the corresponding model
The new model implementing the concept of latent noise was studied using high-dimensional
data containing weak signal (weak effects). The new model exploits a ubiquitous character-

Table 6: Summary: ranking of methods according to performance in each studied data set
and task.
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istic of such data: while the interesting effects are weak, the noise is strong. Latent-noise
BRRR borrows statistical strength from the noise model so as to alleviate learning of the
weak effects, by automatically enforcing the regression coefficients on correlated target
variables to be correlated. This intuitive characteristic can be seen as a counterpart of the
powered correlation priors (Krishna et al., 2009) in the target variable space: Krishna et
al. used the correlation structure of the covariates as a prior for the regression weights to
enforce correlated covariates to have correlated weights.
The latent-noise BRRR is an extension of several common model families. By removing
the covariates, the model reduces to a standard factor analysis model, which explains the
output data with underlying factors. Thus, the latent-noise BRRR can be seen as a reversed
analogy of PCA regression (West, 2003), in which components of the input space are used as
covariates in prediction; in latent-noise BRRR components derived from the output space
are predicted using the covariates (see Bo and Sminchisescu, 2009). Allowing the noise
term to affect the latent space directly results in interesting connections to linear mixed
models (LMMs) and best linear unbiased prediction (BLUP) (Robinson, 1991); using the
latent noise formulation, the model can explain away bias in the residuals as in BLUP. On
the other hand, LMMs have a random term for each sample and target variable. While
LMMs are not computationally feasible to generalize for high-dimensional targets due to
the N K random effect parameters and the associated inversion of an N K × N K covariance
matrix, the latent-noise BRRR can be seen as a low-rank generalization of LMMs for highdimensional target variables: the covariates are used for prediction in the latent space and
in this space there is a noise term for each sample and dimension. Therefore, the number
of random effect parameters stays at N S1 and inference remains tractable.
In summary, our findings extend the existing literature on modeling structured noise in
an important way by showing that structured noise can, and should, be taken advantage
of when learning the interesting effects between the covariates and the target variables,
and how this can be done. Code in R for the new method is available for download at
//http://research.cs.aalto.fi/pml/software/latentNoise/.
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Figure 9: Convergence plots of the association score parameter, that is, the proportion of
the total variance explained (PTVE), for latent-noise BRRR and independentnoise BRRR. 10 MCMC chains were computed using data sets with 4702 samples
from genes LIPC and XRCC4. The green line marks the 0.05 significance level
of the test score, obtained by permutation sampling. The chains, whose association scores exceed the significance threshold, are drawn in black, whereas the
chains that do not exceed it are drawn in red. Latent-noise BRRR converges and
mixes appropriately: chains with different initializations converge and traverse
the posterior. On the contrary, the independent-noise BRRR behaves rather
pathologically: different chains converge to different solutions and explore the
posterior poorly.
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In high-dimensional variable selection, there is a fast growing literature for different kinds
of regularization methods with well established rates of convergence under the estimation
and prediction losses. For instance, Candès and Tao (2007) proposed the L1 -regularization
approach of the Dantzig selector by relaxing the normal equation to allow for correlation
between the residual vector and all the variables, which can recover sparse signals as accurately as the ideal procedure, knowing the true underlying sparse model, up to a logarithmic
factor log p. Later, Bickel et al. (2009) showed that the popularly used Lasso estimator (Tibshirani, 1996) exhibits similar behavior as the Dantzig selector with a log p factor in the
oracle inequalities for the prediction risk and bounds on the estimation losses in general
nonparametric regression models. Furthermore, it has been proved in Raskutti et al. (2011)
that the minimax rates of convergence for estimating the true coefficient vector in the highdimensional linear regression model involve a logarithmic factor log p in the L2 -loss and
prediction loss, under some regularity conditions on the design matrix. Other work for
desired properties such as the oracle property on the L1 and more general regularization
includes Fan and Li (2001), Fan and Peng (2004), Zou and Hastie (2005), Zou (2006), van de
Geer (2008), Lv and Fan (2009), Antoniadis et al. (2010), Städler et al. (2010), Fan and Lv
(2011), Negahban et al. (2012), Chen et al. (2013), and Fan and Tang (2013), among many
others.

Due to the advances of technologies, big data problems appear increasingly common in the
domains of molecular biology, machine learning, and economics. It is appealing to design
procedures that can provide a recovery of important signals, among a pool of potentially
huge number of signals, to a desired level of accuracy. As a powerful tool for producing
interpretable models, sparse modeling via regularization has gained popularity for analyzing
large-scale data sets. A common feature of the theories for many regularization methods
is that the rates of convergence under the prediction or estimation loss usually involve the
logarithmic factor of the dimensionality log p; see, for example, Bickel et al. (2009), van de
Geer et al. (2011), and Fan and Lv (2013), among many others. From the asymptotic
point of view, such a factor may be negligible or insignificant when p is not too large. It
can, however, become no longer negligible or even significant in finite samples with large
dimensionality, particularly when a relatively small sample size is considered or preferred.
In such cases, the recovered signals and sparse models may tend to be noisy. Another
consequence of this effect is that many noise variables tend to appear together with recovered
important ones (Candès et al., 2008). An important and interesting question is whether
such a factor can be reduced, say, to a logarithmic factor of the sample size log n, from
ultra-high dimensions under mild regularity conditions.

1. Introduction
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A typical way for reducing the logarithmic factor log p to log n is through model selection consistency, where the estimator selects exactly the support of the true coefficient
vector, that is, the set of variables with nonzero coefficients. We refer the reader to Zhao
and Yu (2006), Wainwright (2009), Zhang (2010), and Zhang (2011) for analysis of model
selection consistency of regularization methods. Since the true parameters are assumed to
be sparse in the high-dimensional setting, consistent variable selection can greatly lessen the
analytical complexity from large dimensionality p to around oracle model size. Once model
selection consistency is established for the estimator with significant probability, an analysis

The Dantzig selector has received popularity for many applications such as compressed
sensing and sparse modeling, thanks to its computational efficiency as a linear programming problem and its nice sampling properties. Existing results show that it can recover
sparse signals mimicking the accuracy of the ideal procedure, up to a logarithmic factor of
the dimensionality. Such a factor has been shown to hold for many regularization methods. An important question is whether this factor can be reduced to a logarithmic factor
of the sample size in ultra-high dimensions under mild regularity conditions. To provide
an affirmative answer, in this paper we suggest the constrained Dantzig selector, which
has more flexible constraints and parameter space. We prove that the suggested method
can achieve convergence rates within a logarithmic factor of the sample size of the oracle
rates and improved sparsity, under a fairly weak assumption on the signal strength. Such
improvement is significant in ultra-high dimensions. This method can be implemented efficiently through sequential linear programming. Numerical studies confirm that the sample
size needed for a certain level of accuracy in these problems can be much reduced.
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constrained on that event will give a factor log n instead of log p in the rates of convergence
under various estimation and prediction losses. However, to obtain model selection consistency it usually requires a uniform signal strength condition that the minimum magnitude
of nonzero coefficients is at least of order {s(log p)/n}1/2 ((Fan and Lv, 2013) and (Zheng
et al., 2014)), where s stands for the size of the low-dimensional parameter vector. We
doubt the necessity of the model selection consistency and the uniform signal strength of
order {s(log p)/n}1/2 for achieving the logarithmic factor log n in ultra-high dimensionality.
In this paper, we suggest the constrained Dantzig selector to study the rates of convergence with weaker signal strength assumption. The constrained Dantzig selector replaces
the constant Dantzig constraint on correlations between the variables and the residual vector
by a more flexible one, and considers a constrained parameter space distinguishing between
zero parameters and significantly nonzero parameters. The main contributions of this paper
are threefold. First, the convergence rates for the constrained Dantzig selector are shown to
be within a factor of log n of the oracle rates instead of log p, a significant improvement in
the case of ultra-high dimensionality and relatively small sample size. It is appealing that
such an improvement is made with a fairly weak assumption on the signal strength without
requiring model selection consistency. To the best of our knowledge, this assumption seems
to be the weakest one in the literature of similar results; see, for example, Bickel et al. (2009)
and Zheng et al. (2014). Two parallel theorems, under the uniform uncertainty principle
condition and the restricted eigenvalue assumption, are established on the properties of
the constrained Dantzig selector for compressed sensing and sparse modeling, respectively.
Second, compared to the Dantzig selector, theoretical results of this paper show that the
number of falsely discovered signs of our new selector, with an explicit inverse relationship to the signal strength, is controlled as a possibly asymptotically vanishing fraction of
the true model size. Third, an active-set based algorithm is introduced to implement the
constrained Dantzig selector efficiently. An appealing feature of this algorithm is that its
convergence can be checked easily.
The rest of the paper is organized as follows. In Section 2, we introduce the constrained
Dantzig selector. We present its compressed sensing and sampling properties in Section 3.
In Section 4, we discuss the implementation of the method and present several simulation
and real data examples. We provide some discussions of our results and some possible extensions of our method in Section 5. All technical details are relegated to the Appendix.

2. The Constrained Dantzig selector

(1)

To simplify the technical presentation, we adopt the model setting in Candès and Tao (2007)
and present the main ideas focusing on the linear regression model
y = Xβ + ε,
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where y = (y1 , . . . , yn )T is an n-dimensional response vector, X = (x1 , . . . , xp ) is an n × p
design matrix consisting of p covariate vectors xj ’s, β = (β1 , . . . , βp )T is a p-dimensional regression coefficient vector, and ε = (ε1 , . . . , εn )T ∼ N (0, σ 2 In ) for some positive constant σ
is an n-dimensional error vector independent of X. The normality assumption is considered
for simplicity, and all the results in the paper can be extended to the cases of bounded errors
3
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(2)

or light-tailed error distributions without much difficulty. See, for example, the technical
analysis in Fan and Lv (2011) and Fan and Lv (2013).
In both problems of compressed sensing and sparse modeling, we are interested in
recovering the support and nonzero components of the true regression coefficient vector
β 0 = (β0,1 , . . . , β0,p )T , which we assume to be sparse with s nonzero components, for the
case when the dimensionality p may greatly exceed the sample size n. Throughout this
paper, p is implicitly understood as max{n, p} and s ≤ min{n, p} to ensure model identifiability. To align the scale of all covariates, we assume that each column of X, that is,
each covariate vector xj , is rescaled to have L2 -norm n1/2 , matching that of the constant
covariate vector 1. The Dantzig selector (Candès and Tao, 2007) is defined as

−1 T
b = argmin
β
DS
β ∈Rp kβk1 subject to kn X (y − Xβ)k∞ ≤ λ1 ,

=argminβ ∈Bλ kβk1
subject to |n−1 xjT (y − Xβ)| ≤ λ0 1{|βj |≥λ} + λ1 1{|βj |=0}

(3)

where λ1 ≥ 0 is a regularization parameter. The above constant Dantzig selector constraint
on correlations between all covariates and the residual vector may not be flexible enough to
differentiate important covariates and noise covariates. We introduce an extension of the
Dantzig selector, the constrained Dantzig selector, defined as
b

β cds

for j = 1, . . . , p,
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where λ0 ≥ 0 is a regularization parameter and Bλ = {β ∈ Rp : βj = 0 or |βj | ≥
λ for each j} is the constrained parameter space for some λ ≥ 0. When we choose λ = 0
and λ0 = λ1 , the constrained Dantzig selector becomes the Dantzig selector. Throughout this paper, we choose the regularization parameters λ0 and λ1 as c0 {(log n)/n}1/2 and
c1 {(log p)/n}1/2 , respectively, with λ0 ≤ λ1 as well as c0 and c1 two sufficiently large positive
constants, and assume that λ is a parameter greater than λ1 . The two parameters λ0 and
λ1 differentially bound two types of correlations: on the support of the constrained Dantzig
selector, the correlations between covariates and residuals are bounded, up to a common
scale, by λ0 ; on its complement, however, the correlations are bounded through λ1 . In the
ultra-high dimensional case, meaning log p = O(nα ) for some 0 < α < 1, the constraints
involving λ0 are tighter than those involving λ1 , in which λ1 is a universal regularization
parameter for the Dantzig selector; see Candès and Tao (2007) and Bickel et al. (2009).
We now provide more insights into the new constraints in the constrained Dantzig selector. First, it is worthwhile to notice that if β 0 ∈ Bλ , β 0 can satisfy new constraints
with large probability in model setting (1); see the proof of Theorem 1. With the tighter
constraints, the feasible set of the constrained Dantzig selector problem is a subset of that
of the Dantzig selector problem, resulting in a search of the solution in a reduced space.
Second, it is appealing to extract more information in important covariates, leading to lower
correlations between those variables and the residual vector. In this spirit, the constrained
Dantzig selector puts tighter constraints on the correlations between selected variables and
residuals. Third, the constrained Dantzig selector is defined on the constrained parameter
space Bλ , which has been introduced in Fan and Lv (2013). Such a space also shares some
similarity to the union of coordinate subspaces considered in Fan and Lv (2011) for characterizing the restricted global optimality of nonconcave penalized likelihood estimators.

4

(4)

5
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Theorem 1 Assume that the uniform uncertainty principle condition (4) holds and β 0 ∈
Bλ with λ ≥ C 1/2 (1 + λ1 /λ0 )λ1 for some positive constant C. Then with probability at least

For notational simplicity, we drop the subscripts and denote these two constants by δ and
θ, respectively. Without loss of generality, assume that supp(β 0 ) = {1 ≤ j ≤ p : β0,j 6=
0} = {1, . . . , s} hereafter. To evaluate the sparse recovery accuracy, we consider the number
b = |{j = 1, . . . , p : sgn(βbj ) 6= sgn(β0,j )}| for an
of falsely discovered signs defined as FS(β)
T
b
b
b
estimator β = (β1 , . . . , βp ) . Now we are ready to present the nonasymptotic compressed
sensing properties of the constrained Dantzig selector.

δs + θs,2s < 1.

for all pairs of disjoint sets T, T 0 ⊂ {1, . . . , p} with |T | ≤ s and |T 0 | ≤ 2s and any vectors
h, h0 . The uniform uncertainty principle condition is simply stated as

n−1 |hXT h, XT 0 h0 i| ≤ θs,2s khk2 kh0 k2

for any set T with size at most s and any vector h. This condition requires that each submatrix of X with at most s columns behaves similarly as an orthonormal system. Another
constant, the s-restricted orthogonality constant, is defined as the smallest quantity θs,2s
such that

(1 − δs )khk22 ≤ n−1 kXT hk22 ≤ (1 + δs )khk22

Since the Dantzig selector was introduced partly for applications in compressed sensing,
we first study the nonasymptotic compressed sensing properties of the constrained Dantzig
selector by adopting the theoretical framework in Candès and Tao (2007). They introduced
the uniform uncertainty principle condition defined as follows. Denote by XT a submatrix
of X consisting of columns with indices in a set T ⊂ {1, . . . , p}. For the true model size s,
define the s-restricted isometry constant of X as the smallest constant δs such that

3.1 Nonasymptotic compressed sensing properties

In this section, two parallel theoretical results are introduced based on the uniform uncertainty principle (UUP) condition and restricted eigenvalue assumption, respectively. Although the UUP condition may be relatively stringent in some applications, we still present
one theorem for our method under this condition in Section 3.1 for the purpose of comparison with the original Dantzig selector.

3. Main results

The threshold λ in Bλ distinguishes between important covariates with strong effects and
noise covariates with weak effects. As shown in Fan and Lv (2013), this feature can lead to
improved sparsity and effectively prevent overfitting by making it harder for noise covariates
to enter the model.

Constrained Dantzig Selector
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The constant c in the above probability bound can be sufficiently large since both
constants c0 and c1 are assumed to be large, while the constant C comes from Theorem 1.1
in Candès and Tao (2007); see the proof in the Appendix for details. In the above bound
on the L∞ -estimation loss, it holds that k(n−1 XT1 X1 )−1 k∞ ≤ s1/2 k(n−1 XT1 X1 )−1 k2 ≤
(1 − δ)−1 s1/2 . See Section 3.2 for more discussion on this quantity.
From Theorem 1, we see improvements of the constrained Dantzig selector over the
Dantzig selector, which has a convergence rate, in terms of the L2 -estimation loss, up to a
factor log p of that for the ideal procedure. However, the sparsity property of the Dantzig
selector was not investigated in Candès and Tao (2007). In contrast, the constrained Dantzig
selector is shown to have an inverse quadratic relationship between the number of falsely
discovered signs and the threshold λ, revealing that its model selection accuracy increases
with the signal strength. The number of falsely discovered signs can be controlled below or
b ≤ Cs(λ1 /λ)2 ≤
as an asymptotically vanishing fraction of the true model size, since FS(β)
(1 + λ1 /λ)−2 s < s by assuming λ > C 1/2 (1 + λ1 /λ0 )λ1 .
Another advantage of the constrained Dantzig selector lies in its convergence rates. In
the case of ultra-high dimensionality which is typical in compressed sensing applications, its
prediction and estimation losses can be reduced from the logarithmic factor log p to log n
with overwhelming probability. In particular, only a fairly weak assumption on the signal
strength is imposed to attain such improved convergence rates. In fact, it has been shown
in Raskutti et al. (2011) that without any condition on the signal strength, the minimax
convergence rate of L2 risk has an upper bound of order O{s1/2 (log p)/n}. Especially, they
claimed that the Dantzig selector can achieve such minimax rate, but requires a relatively
stronger condition on the design matrix than nonconvex optimization algorithms to determine the minimax upper bounds. We push a step forward that the constrained Dantzig
selector, with additional signal strength conditions, can attain the L2 -estimation loss of a
smaller order than O{s1/2 (log p)/n} in ultra-high dimensions.
There exist other methods which have been shown to enjoy convergence rates of the
same order as well, for example, in Zheng et al. (2014) for high-dimensional thresholded
regression. However, these results usually rely on a stronger condition on signal strength,
such as, the minimum signal strength is at least of order {s(log p)/n}1/2 . In another work,
Fan and Lv (2011) showed that the nonconcave penalized estimator can have a consistency
rate of Op (s1/2 n−γ log n) for some γ ∈ (0, 1/2] under the L2 -estimation loss, which can be
slower than our rate of convergence. More detailed discussion on the relationship between
the faster rates of convergence and the assumptions on the signal strength and sparsity
can be found in Section 3.2. A main implication of our improved convergence rates is that

b ≤ Cc2 s(log p)/(nλ2 ).
FS(β)
1
p
√
−1
If in addition λ > 5(1 − δ − θ) c0 s(log n)/n, then with the same probability, it also
p
b = sgn(β ) and kβ
b − β k∞ ≤ 2c0 k(n−1 XT X1 )−1 k∞ (log n)/n, where X1
holds that sgn(β)
0
0
1
is an n × s submatrix of X corresponding to s nonzero β0,j ’s.

b satisfies that
1 − O(n−c ) for c = (c20 ∧ c21 )/(2σ 2 ) − 1, the constrained Dantzig selector β
p
√
b − β k1 ≤ 2 5(1 − δ − θ)−1 c0 s (log n)/n,
kβ
0
p
√
b − β k2 ≤ 5(1 − δ − θ)−1 c0 s(log n)/n,
kβ
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a smaller number of observations will be needed for the constrained Dantzig selector to
attain the same level of accuracy in compressed sensing, as the Dantzig selector, which is
demonstrated in Section 4.2.
3.2 Sampling properties
The properties of the Dantzig selector have also been extensively investigated in Bickel
et al. (2009). They introduced the restricted eigenvalue assumption with which the oracle
inequalities under various prediction and estimation losses were derived. We adopt their
theoretical framework and study the sampling properties of the constrained Dantzig selector
under the restricted eigenvalue assumption stated below. A positive integer m is said to be
in the same order of s if m/s can be bounded from both above and below by some positive
constants.
Condition 1 For some positive integer m in the same order of s, there exists some positive
constant κ such that kn−1/2 Xδk2 ≥ κ max{kδ 1 k2 , kδ 10 k2 } for all δ ∈ Rp satisfying kδ 2 k1 ≤
kδ 1 k1 , where δ = (δ 1T , δ 2T )T , δ 1 is a subvector of δ consisting of the first s components,
and δ 10 is a subvector of δ 2 consisting of the max{m, Cm s(λ1 /λ)2 } largest components in
magnitude, with Cm some positive constant.

1/2

Condition 1 is a basic assumption on the design matrix X for deriving the oracle inequalities of the Dantzig selector. Since we assume that supp(β 0 ) = {1, . . . , s}, Condition
1 indeed plays the same role as the restricted eigenvalue assumption RE(s, m, 1) in Bickel
et al. (2009), which assumes the inequality in Condition 1 holds for any subset with size no
larger than s to cover all possibilities of supp(β 0 ). See (10) in the Appendix for insights into
the basic inequality kδ 2 k1 ≤ kδ 1 k1 and Bickel et al. (2009) for more detailed discussions on
this assumption.
Theorem 2 Assume that Condition 1 holds and β 0 ∈ Bλ with λ ≥ Cm (1 + λ1 /λ0 )λ1 .
b satisfies with the same probability as in Theorem
Then the constrained Dantzig selector β
1 that
p
p
b − β )k2 = O(κ−1 s(log n)/n), kβ
b − β k1 = O(κ−2 s (log n)/n),
n−1/2 kX(β
0
0
p
b ≤ Cm c2 s(log p)/(nλ2 ).
s(log n)/n), FS(β)
1
b − β k2 = O(κ−2
kβ
0

p
√
If in addition λ > 2 5κ−2 c0 s1/2 (log n)/n, then with the same probability it also holds
p
b = sgn(β ) and kβ
b − β k∞ = O{k(n−1 XT X1 )−1 k∞ (log n)/n}.
that sgn(β)
0
0
1
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Theorem 2 establishes asymptotic results on the sparsity and oracle inequalities for the
constrained Dantzig selector under the restricted eigenvalue assumption. This assumption,
which is an alternative to the uniform uncertainty principle condition, has also been widely
employed in high-dimensional settings. In Bickel et al. (2009), an approximate equivalence
of the Lasso estimator (Tibshirani, 1996) and Dantzig selector was proved under this assumption, and the Lasso estimator was shown to be sparse with size O(φmax s), where φmax
is the largest eigenvalue of the Gram matrix n−1 XT X. In contrast, the constrained Dantzig
selector gives a sparser model under the restricted eigenvalue assumption, since its number
7
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b ≤ Cm s(λ1 /λ)2 = o(s) when λ1 = o(λ). Similar as in Theoof falsely discovered signs FS(β)
rem 1, the constrained Dantzig selector improves over both Lasso and the Dantzig selector
in terms of convergence rates, a reduction of the log p factor to log n.
Let us now take a closer look at the relationship between the faster rates of convergence
and the assumptions on the signal strength and sparsity. Observe that the enhanced
√ consistency results require the minimum signal strength to be at least of order (log p)/ n log n,
1/2
in view of the assumption λ ≥ Cm (1 + λ1 /λ0 )λ1 . Assume for simplicity that kβ 0 k2 is
bounded away from both zero and ∞. Then the order of the minimum signal strength
yields an upper bound on the sparsity level s = O{n(log n)/(log p)2 }, which means that the
sparsity s is required to be smaller when the dimensionality p becomes larger. In the ultrahigh dimensional setting of log p = O(nα ) with 0 < α < 1, we then have s = O(n1−2α log n).
Thus the classical convergence rates involving s(log p)/n = O(n−α log n) still go to zero
asymptotically, while the rates established in our paper are improved with s(log p)/n replaced by s(log n)/n = O{n−2α (log n)2 }. We see a gain on the convergence rate of a factor
nα /(log n) at the cost of the aforementioned signal strength and sparsity assumptions.
One can see that results in Theorems 1 and 2 are approximately equivalent, while
the latter presents an additional oracle inequality on the prediction loss. An interesting
phenomenon is that if adopting a simpler version, that is, the Dantzig selector equipped
with the thresholding constraint only, we can also obtain similar results as in Theorems
1 and 2, but with a stronger condition on signal strength such as λ  s1/2 λ1 . In this
sense, the constrained Dantzig selector is also an extension of the Dantzig selector equipped
with the thresholding constraint only, but enjoys better properties. Some comprehensive
results on the prediction and variable selection properties have also been established in Fan
and Lv (2013) for various regularization methods, revealing their asymptotic equivalence
in the thresholded parameter space. However, as mentioned in Section 3.1, improved rates
as in Theorem 2 commonly require a stronger assumption on the signal strength, which is
β 0 ∈ Bλ with λ  s1/2 λ1 ; see, for example, Theorem 2 of Fan and Lv (2013).
For the quantity k(n−1 X1T X1 )−1 k∞ in the above bound on the L∞ -estimation loss, if
X1 takes the form of a common correlation matrix (1 − ρ)Is + ρ1s 1sT for some ρ ∈ [0, 1), it
is easy to check that k(n−1 X1T X1 )−1 k∞ = (1 − ρ)−1 {1 + (2s − 3)ρ}/{1 + (s − 1)ρ}, which
is bounded regardless of the value of s.

3.3 Asymptotic properties of computable solutions

The nonasymptotic and sampling properties of the constrained Dantzig selector, as the
global minimizer, have been established in Sections 3.1 and 3.2, respectively. However, it is
not guaranteed that the global minimizer can be generated by a computational algorithm.
Moreover, a computable solution, generated by any algorithm, may only be a local minimizer
in many cases. Under certain regularity conditions, we demonstrate that the local minimizer
of our method can still share the same nice asymptotic properties as the global one.

JMLR 17(123):1-22

b be a computable local minimizer of (3). Assume that there exist some
Theorem 3 Let β
b 0 ≤ c2 s and
positive constants c2 , κ0 and sufficiently large positive constant c3 such that kβk
b enjoys the
minkδ k2 =1, kδ k0 ≤c3 s n−1/2 kXδk2 ≥ κ0 . Then under conditions of Theorem 2, β
same properties as the global minimizer in Theorem 2.

8
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b (k) the estimate from the kth iteration. Define the active set A as the
2. Denote by β
λ1
b (k) and Ac its complement. Let b be a vector with constant components
support of β
λ1
λ0 on A and λ1 on Ac . For the (k + 1)th iteration, update A as A ∪ {j ∈ Ac :
b )| > λ1 }, where the subscript A indicates a subvector restricted on
|n−1 xTj (y − Xβ
A

b (0) the initial value. Let β
b (0) be zero when
1. For a fixed λ1 in the grid, denote by β
λ1
λ1
T
−1
λ1 = kn X yk∞ , and the estimate from previous λ1 in the grid otherwise.

The constrained Dantzig selector defined in (3) depends on tuning parameters λ0 , λ1 , and λ.
We suggest some fixed values for λ0 and λ to simplify the computation, since the proposed
method is generally not that sensitive to λ0 and λ as long as they fall in certain ranges.
In simulation studies to be presented, a value around {(log p)/n}1/2 for λ and a smaller
value for λ0 , say 0.05{(log p)/n}1/2 or 0.1{(log p)/n}1/2 , can provide us nice prediction and
estimation results. The value of λ0 is chosen to be smaller than {(log p)/n}1/2 to mitigate
the selection of noise variables and facilitate sparse modeling. The performance of our
method with respect to different values of λ0 and λ is shown in simulation Example 2
in Section 4.2, which is a typical example that illustrates the robustness of the proposed
method with respect to λ0 and λ.
For fixed λ0 and λ, we exploit the idea of sequential linear programming to produce
the solution path of the constrained Dantzig selector as λ1 varies. Choose a grid of values
for the tuning parameter λ1 in decreasing order with the first one being kn−1 XT yk∞ . It
is easy to check that β = 0 satisfies all the constraints in (3) for λ1 = kn−1 XT yk∞ , and
b
thus the solution is β
cds = 0 in this case. For each λ1 in the grid, we use the solution from
the previous one in the grid as an initial value to speed up the convergence. For a given
λ1 , we define an active set, iteratively update this set, and solve the constrained Dantzig
selector problem. We name this algorithm as the CDS algorithm which is detailed in four
steps below.

4.1 Implementation

In this section, we first introduce an algorithm which can efficiently implement the constrained Dantzig selector. Then several simulation studies and two real data examples are
presented to evaluate the performance of our method.

4. Numerical studies

In Section 4.1, we introduce an efficient algorithm that gives us a local minimizer. Theorem 3 indicates that the obtained solution can also enjoy the asymptotic properties in
b is a sparse solution with the number of
Theorem 2 under the extra assumptions that β
nonzero components comparable with s and the design matrix X satisfies a sparse eigenvalue condition. Similar results for the computable solution can be found in Fan and Lv
(2013, 2014), where the local minimizer is additionally assumed to satisfy certain constraint
on the correlation between the residual vector and all the covariates.

Constrained Dantzig Selector

(5)

(6)
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To better illustrate the performance of the constrained Dantzig selector, we consider the
thresholded Dantzig selector which simply sets components of the Dantzig selector estimate to zeros if smaller than a threshold in magnitude. We evaluated the performance

4.2 Simulation studies

With the solution path produced, we use the cross-validation to select the tuning parameter λ1 . One can also tune λ0 and λ similarly as for λ1 , but as suggested before, some
fixed values for them suffice to obtain satisfactory results.
The rationales of the constrained Dantzig selector algorithm are as follows. Step 1
defines the initial value (0th iteration) for each λ1 in the grid. In step 2, starting with a
smaller active set, we add variables that violate the constrained Dantzig selector constraints
to eliminate such conflict. As a consequence, some components of bA are of value λ1
instead of λ0 . Therefore, we need to further solve (6) in step 3 by noting that restricted on
its support, the constrained Dantzig selector should be a solution to the Dantzig selector
problem with parameter λ0 . An early stopping of the solution path is imposed in step 4 to
make this algorithm computationally more efficient.
An appealing feature of this algorithm is that its convergence can be checked easily.
Once there are no more variables violating the constrained Dantzig selector constraints,
b )| > λ1 } = ∅, the iteration stops and the algorithm
that is, {j ∈ Ac : |n−1 xTj (y − Xβ
A
converges. In other words, the convergence of the algorithm is equivalent to that of the
active set which can be checked directly. When the algorithm converges, the solution lies
in the feasible set of the constrained Dantzig selector problem and is a global minimizer
restricted on the active set, and is thus a local minimizer.
In simulation Example 2 of Section 4.2, we tracked the convergence property of the
algorithm on 100 data sets for p = 1000, 5000, and 10000, respectively. In all cases, we observe that the algorithm always converged over all 100 simulations, indicating considerable
stability of this algorithm. Another advantage of the algorithm is that it is built upon the
Dantzig selector in lower dimensions, so it inherits the computational efficiency.

4. Repeat steps 2 and 3 until convergence for a fixed λ1 and record the estimate from
b . Jump to the next λ1 if β
b ∈ Bλ , and stop the algorithm
the last iteration as β
λ1
λ1
otherwise.

b (k+1) = β
b and β
b (k+1)
Let β
= 0, which give the solution for the (k + 1)th iteration.
A
A
Ac

b = argmin kβ k1 subject to kn−1 XT (y − XA β )k∞ ≤ λ0 .
β
A
A
A
A

b . Solve the Dantzig selector problem on
3. Update the active set A as the support of β
A
this active set with λ0 as the regularization parameter:

where  is understood as componentwise no larger than and the subscript A also
indicates a submatrix with columns corresponding to A. For the solution obtained in
(5), set all its components smaller than λ in magnitude to zero.

b = argmin kβ k1 subject to |n−1 XT (y − XA β )|  bA ,
β
A
A
A
A

A. Solve the following linear program on the new set A:
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To compare these methods, we considered several performance measures: the prediction
error, the Lq -estimation loss with q = 1, 2, ∞, number of false positives, and number of false
b 2 with
negatives for strong or weak signals. The prediction error is defined as E(Y − xT β)
b an estimate and (xT , Y ) an independent observation, and the expectation was calculated
β
using an independent test sample of size 10000. A false positive means a falsely selected
noise covariate in the model, while a false negative means a missed true covariate. Table 1
summarizes the comparison results by all methods. We observe that most weak covariates
were missed by all methods. This is reasonable since the weak signals are around the
noise level, making it difficult to distinguish them from the noise covariates. However,
the constrained Dantzig selector outperformed other methods in terms of other prediction
and estimation measures, and followed very closely the ideal procedure in all cases of p =
1000, 5000, and 10000. In particular, the L∞ -estimation loss for the constrained Dantzig
selector was similar to that for the oracle procedure, confirming tight bounds on this loss
in Theorems 1 and 2. As the dimensionality grows higher, the constrained Dantzig selector
performed similarly, while other methods suffered from high dimensionality. In particular,
the thresholded Dantzig selector has been shown to improve over the Dantzig selector,
but was still outperformed by the adaptive Lasso and constrained Dantzig selector in this
example, revealing the necessity to introduce more flexible constraints instead of simple
thresholding.
Recall that we have fixed λ0 = 0.01 and λ = 0.2 in the simulation example 2 across all
settings. We now study the robustness of the constrained Dantzig with respect to λ0 and
λ in this typical example. For simplicity, we only consider Example 2 with dimensionality p = 1000. Instead of fixing λ0 = 0.01 and λ = 0.2, we let λ0 be a value in the grid
{0.001, 0.005, 0.01, 0.015, 0.02, 0.025, 0.03} and λ a value in {0.1, 0.15, 0.2, 0.25, 0.3, 0.35}, respectively. Therefore, we study 7 × 6 = 42 different combinations of λ0 and λ in total to

Figure 1: Probabilities of exact sparse recovery for the Dantzig selector (DS), thresholded
Dantzig selector (TDS), Lasso, elastic net (Enet), adaptive Lasso (ALasso), and
constrained Dantzig selector (CDS) in simulation example 1 of Section 4.2.
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of the constrained Dantzig selector in comparison with the Dantzig selector, thresholded
Dantzig selector, Lasso, elastic net (Zou and Hastie, 2005), and adaptive Lasso (Zou, 2006).
Two simulation studies were considered, with the first one investigating sparse recovery for
compressed sensing and the second one examining sparse modeling.
The setting of the first simulation example is similar to that of the sparse recovery example in Lv and Fan (2009). The noiseless sparse recovery example is considered
here since the Dantzig selector problem originated from compressed sensing. We want to
evaluate the capability of our constrained Dantzig selector in recovering sparse signals as
well. We generated 100 data sets from model (1) without noise, that is, the linear equation y = Xβ 0 with (s, p) = (7, 1000). The nonzero components of β 0 were set to be
(1, −0.5, 0.7, −1.2, −0.9, 0.3, 0.55)T lying in the first seven components, and n was chosen to be even integers between 30 and 80. The rows of the design matrix X were sampled
as independent and identically distributed (i.i.d.) copies from N (0, Γr ), with Γr a p × p
matrix with diagonal elements being 1 and off-diagonal elements being r, and then each
√
column was rescaled to have L2 -norm n. Three levels of population collinearity, r = 0,
0.2, and 0.5, were considered. Let λ0 and λ be in two small grids {0.001, 0.005, 0.01, 0.05,
0.1} and {0.05, 0.1, 0.15, 0.2}, respectively. We chose two grids of values for them since in
the literature of compressed sensing, it is desirable to have the true support included among
a set of estimates. The value 0.2 was chosen because it is close to {(log p)/n}1/2 , which is
about {(log 1000)/80}1/2 in this example. Smaller values for λ and λ0 are also included in
the grid for conservativeness. We set the grid of values for λ1 as described in Section 4.1.
If any of the solutions in the path had exactly the same support as β 0 , it is counted as
successful recovery. This criterion was applied to all other methods in this example for fair
comparison.
Figure 1 presents the probabilities of exact recovery of sparse β 0 based on 100 simulations
by all methods. We see that all methods performed well in relatively large samples and had
lower probability of successful sparse recovery when the sample size becomes smaller. The
constrained Dantzig selector performed better than other methods over different sample
sizes and three levels of population collinearity. In particular, the thresholded Dantzig
selector performed similarly to the Dantzig selector, revealing that simple thresholding
alone, instead of flexible constraints as in the constrained Dantzig selector, does not help
much on signal recovery in this case.
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The second simulation example adopts a similar setting to that in Zheng et al. (2014).
We generated 100 data sets from the linear regression model (1) with Gaussian error
ε ∼ N (0, σ 2 In ). The coefficient vector β 0 = (vT , . . . , vT , 0T )T with the pattern v =
T
T
(β strong
, β weak
)T repeated three times, where β strong = (0.6, 0, 0, −0.6, 0, 0)T and β weak =
(0.05, 0, 0, −0.05, 0, 0)T . The coefficient subvectors β strong and β weak stand for the strong
signals and weak signals in β 0 , respectively. The sample size and noise level were chosen
as (n, σ) = (100, 0.4), while the dimensionality p was set to be 1000, 5000, and 10000. The
rows of the n × p design matrix X were sampled as i.i.d. copies from a multivariate normal
distribution N (0, Σ) with Σ = (0.5|i−j| )1≤i,j≤p . We applied all methods as in simulation
example 1 and set λ0 = 0.01 and λ = 0.2 for our method. Similarly as before, the value of
0.2 was selected since it is close to {(log 1000)/100}1/2 . The ideal procedure, which knows
the true underlying sparse model in advance, was also used as a benchmark.
11

Recovery probability

0.8
0.6
0.4
0.2
0.0

32.4
86.6
29.1
15.8
0.78
0.21
6

(32.3)
(67.6)
(26.3)
(13.2)
(1.25)
(0.95)
(0)

21.3 (0.6)
71.2 (2.1)
22.9 (0.9)
12.7 (0.7)
1.0 (0.1)
0 (0)
5.9 (0.0)

19.1 (0.1)
58.0 (1.1)
18.3 (0.3)
9.1 (0.3)
0.5 (0.1)
0 (0)
6.0 (0.0)

ALasso

Oracle

19.0 (0.5)
51.9 (1.6)
16.6 (0.6)
7.8 (0.6)
0.01 (0.10)
0.01 (0.10)
6 (0)

18.3 (0.1)
41.3 (0.9)
14.7 (0.3)
8.5 (0.2)
0 (0)
0 (0)
0 (0)

18.4 (0.1) 18.3 (0.1)
50.4 (0.7) 41.7 (1.1)
16.0 (0.2) 14.9 (0.4)
7.3 (0.2) 8.8 (0.3)
0 (0)
0 (0)
0 (0)
0 (0)
6.0 (0.0)
0 (0)

18.5 (0.1) 18.2 (0.1)
51.3 (0.6) 41.5 (0.9)
16.3 (0.2) 14.7 (0.3)
7.5 (0.2) 8.4 (0.2)
0 (0)
0 (0)
0 (0)
0 (0)
6.0 (0.0)
0 (0)

CDS
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We applied the same methods as in Section 4.2 to two real data sets: one real PCR data set
and another gene expression data set, both in the high-dimensional setting with relatively
small sample size. In both data sets, we found that the proposed method enjoys smaller
prediction errors and the differences are statistically significant.

4.3 Real data analyses

evaluate the robustness. The same performance measures were calculated. Here we only
present the prediction error results to save space, and the other results are available upon
request. The tuning parameter λ1 was chosen by cross-validation, similar as in Example
2. We can see from Table 2 that for all λ ≥ 0.15 and all λ0 in the grids, the means and
standard errors of the prediction error are very close or even identical to those for λ0 = 0.01
and λ = 0.2. The prediction error in the case of λ = 0.1 is slightly higher since when the
threshold becomes lower, some noise variables can be included. For the results on estimation
losses as well as false positives and false negatives, we observe similar patterns confirming
the robustness of our method with respect to the choices of λ0 and λ.

54.8 (17.4) 56.7 (23.1)
63.3 (21.7)
218 (60.3) 296.3 (72.7) 334.8 (79.9)
63.5 (14.9) 64.2 (17.7)
70.3 (16.8)
32.5 (8.5)
31.8 (9.5)
34.4 (9.3)
6.9 (4.6) 56.89 (20.66) 64.06 (18.64)
0 (0.1)
0.02 (0.14)
0.02 (0.14)
6 (0.1)
5.98 (0.14)
5.97 (0.17)

44.9 (1.1)
273.2 (6.9)
56.2 (1.1)
27.8 (0.7)
53.8 (2.1)
0 (0)
5.3 (0.1)

32.9 (0.7)
211.1 (6.0)
43.0 (0.8)
20.7 (0.5)
44.1 (1.9)
0 (0)
5.3 (0.1)

Enet

54.4 (16.2)
322.3 (67.9)
62.7 (14.1)
30.5 (8.2)
69.9 (14.3)
0 (0.1)
6 (0.2)

44.8 (1.1)
270.8 (6.8)
56.1 (1.1)
27.8 (0.7)
53.5 (2.3)
0 (0)
5.4 (0.1)

30.3 (0.5)
186.1 (5.0)
39.8 (0.7)
19.3 (0.5)
36.3 (1.6)
0 (0)
5.4 (0.1)

Lasso

39.3 (1.1)
184.6 (4.5)
50.6 (1.1)
25.1 (0.6)
7.0 (3.5)
0 (0)
6.0 (0.1)

28.5 (0.5)
137.2 (3.4)
37.2 (0.7)
18.6 (0.4)
5.5 (3.8)
0 (0)
5.9 (0.4)

TDS

45.1 (1.1)
289.3 (6.4)
56.3 (1.1)
27.4 (0.7)
60.6 (1.7)
0 (0)
5.2 (0.1)

30.8 (0.6)
201.9 (5.4)
40.1 (0.7)
19.0 (0.5)
44.4 (1.8)
0 (0)
5.3 (0.1)

p = 1000
PE (×10−2 )
L1 (×10−2 )
L2 (×10−2 )
L∞ (×10−2 )
FP
FN.strong
FN.weak

p = 5000
PE (×10−2 )
L1 (×10−2 )
L2 (×10−2 )
L∞ (×10−2 )
FP
FN.strong
FN.weak
p = 10000
PE (×10−2 )
L1 (×10−2 )
L2 (×10−2 )
L∞ (×10−2 )
FP
FN.strong
FN.weak

DS

Measure
0.192
0.191
0.192
0.196
0.192
0.190
0.191

(0.002)
(0.003)
(0.002)
(0.007)
(0.002)
(0.002)
(0.002)

0.10
0.186
0.188
0.187
0.186
0.188
0.187
0.187

(0.001)
(0.001)
(0.001)
(0.001)
(0.001)
(0.001)
(0.001)

0.15
0.185
0.185
0.185
0.185
0.185
0.185
0.191

(0.001)
(0.001)
(0.001)
(0.001)
(0.001)
(0.001)
(0.007)

0.20

λ
(0.001)
(0.001)
(0.001)
(0.001)
(0.001)
(0.001)
(0.003)

0.25
0.185
0.185
0.185
0.185
0.185
0.185
0.188

(0.001)
(0.001)
(0.003)
(0.001)
(0.001)
(0.001)
(0.001)

0.30
0.185
0.185
0.188
0.185
0.185
0.185
0.185

(0.001)
(0.001)
(0.001)
(0.001)
(0.001)
(0.001)
(0.001)

0.35
0.185
0.185
0.185
0.185
0.185
0.185
0.185
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The second data set has been studied in Scheetz et al. (2006) and Huang et al. (2008).
In this data set, 120 twelve-week-old male rats were selected for tissue harvesting from the
eyes and for microarray analysis. There are 31, 042 different probe sets in the microarrays
from the RNA of those rat eyes. Following Huang et al. (2008), we excluded the probes
that were not expressed sufficiently or that lacked sufficient variation, leaving 18, 976 probes
which satisfy these two criteria. The response variable TRIM32, which was recently found
to cause Bardet-Biedl syndrome, is one of the selected 18, 976 probes. We then selected
3,000 probes with the largest variances from the remaining 18, 975 probes. The goal of our
analysis is to identify the genes that are most relevant to the expression level of TRIM32
from the 3, 000 candidate genes.

Table 3 reports the means and standard errors of the prediction error on the test data
as well as the median model size for each method. We see that the method CDS gave
the lowest mean prediction error. Paired t-tests were conducted for the prediction errors
of CDS versus DS, TDS, Lasso, ALasso, and Enet, respectively, to test the differences
in performance across various methods. The corresponding p-values were 0.0243, 0.0014,
0.0081, 0.0001, and 0.0102, respectively, indicating significantly different prediction error
from that for CDS.

The real PCR data set, originally studied in Lan et al. (2006), examines the genetics
of two inbred mouse populations. This data set is comprised of n = 60 samples with 29
males and 31 females. Expression levels of 22, 575 genes were measured. Following Song and
Liang (2015), we study the linear relationship between the numbers of Phosphoenolpyruvate
carboxykinase (PEPCK), a phenotype measured by quantitative real-time PCR, and the
gene expression levels. Both the phenotype and predictors are continuous. As suggested
in Song and Liang (2015), we only picked p = 2000 genes having the highest marginal
correlations with PEPCK as predictors. The response was standardized to have zero mean
and unit variance before we conducted the analysis. The 2000 predictors were standardized
√
to have zero mean and L2 -norm n in each column. Then the data set was randomly split
into a training set of 55 samples and a test set with the remaining 5 samples for 100 times.
We set λ0 = 0.001 and λ = 0.02 in this real data analysis as well as the other one below for
conservativeness. Methods under comparison are the same as in the simulation studies.

0.001
0.005
0.010
0.015
0.020
0.025
0.030

λ0

Table 2: Means and standard errors (in parentheses) of prediction error of the constrained Dantzig

Table 1: Means and standard errors (in parentheses) of different performance measures by
all methods in simulation example 2 of Section 4.2.

selector for different choices of λ0 and λ in simulation example 2 with p = 1000.

Kong, Zheng and Lv

Constrained Dantzig Selector

Constrained Dantzig Selector

PE
0.773 (0.040)
0.897 (0.063)
0.802 (0.043)
0.922 (0.056)
0.793 (0.041)
0.660 (0.036)

Model Size
54
14
58
5
58
21

Table 3: Means and standard errors of the prediction error and median model size over 100
random splits for the real PCR data set.
Method
DS
TDS
Lasso
ALasso
Enet
CDS
Similarly as in the analysis of the first real data set, we standardized the response and
predictors beforehand. The training set contains 100 samples and was sampled randomly
100 times from the full data set. The remaining 20 samples at each time served as the test
set. Results of prediction errors and median model sizes are presented in Table 4. It is
clear that the proposed method CDS enjoys the lowest prediction error with a small model
size. We conducted the same paired t-tests as in the real PCR data set for comparison.
The corresponding p-values were 0.0351, 0.0058, 0.0164, 0.0004, and 0.0344, respectively,
showing significant improvement.

Method
DS
TDS
Lasso
ALasso
Enet
CDS

PE
0.582 (0.044)
0.627 (0.051)
0.590 (0.043)
0.652 (0.051)
0.576 (0.040)
0.520 (0.025)

Model Size
28.5
9
33
8.5
67.5
9

Table 4: Means and standard errors of the prediction error and median model size over 100
random splits for the gene expression data set of rat eyes.

5. Discussion
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We have shown that the suggested constrained Dantzig selector can achieve convergence
rates within a logarithmic factor of the sample size of the oracle rates in ultra-high dimensions under a fairly weak assumption on the signal strength. Our work provides a partial
answer to an interesting question of whether convergence rates involving a logarithmic factor of the dimensionality are optimal for regularization methods in ultra-high dimensions.
It would be interesting to investigate such a phenomenon for more general regularization
methods.
Our formulation of the constrained Dantzig selector uses the L1 -norm of the parameter vector. A natural extension of the method is to exploit the weighted L1 -norm of the
15
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parameter to allow for different regularization on different covariates, as is in the adaptive
Lasso (Zou, 2006). It would be interesting to investigate the behavior of these methods
in more general model settings including generalized linear models and survival analysis.
These problems are beyond the scope of the current paper and will be interesting topics for
future research.

Appendix: Proofs of main results

Proof of Theorem 1
p
p
High probability event E. Recall that λ0 = c0 (log n)/n and λ1 = c1 (log p)/n.
All the results in Theorems 1 and 2 will be shown to hold on a key event

E = kn−1 X1T εk∞ ≤ λ0 and kn−1 X2T εk∞ ≤ λ1 ,
(7)

where X1 is a submatrix of X consisting of columns corresponding to supp(β 0 ) and X2
consists of the remaining columns. Thus we will have the same probability bound in both
theorems. The probability bound on the event E in (7) can be easily calculated, using
the classical Gaussian tail probability bound (see, for example, (Dudley, 1999)) and the
Bonferroni inequality, as

pr(E) ≥ 1 − pr(kn−1 X1T εk∞ > λ0 ) + pr(kn−1 X2T εk∞ > λ1 )

2
2
2
2
= 1 − s(2/π)1/2 σλ−1 n−1/2 e−λ0 n/(2σ ) + (p − s)(2/π)1/2 σλ−1 n−1/2 e−λ1 n/(2σ )
1
0

2
2
2
2
= 1 − O s n−c0 /(2σ ) (log n)−1/2 + (p − s)p−c1 /(2σ ) (log p)−1/2 ,
(8)

where the last equality follows from the definitions of λ0 and λ1 . Let c = (c02 ∧ c12 )/(2σ 2 ) − 1
be a sufficiently large positive constant, since the two positive constants c0 and c1 are chosen
large enough. Recall that p is understood implicitly as max{n, p} throughout the paper.
Thus it follows from (8), s ≤ n, and n ≤ p that

pr(E) = 1 − O n−c .
(9)

From now on, we derive all the bounds on the event E. In particular, in light of (7) and
β 0 ∈ Bλ it is easy to verify that conditional on E, the true regression coefficient vector β 0
satisfies the constrained Dantzig selector constraints; in other words, β 0 lies in the feasible
set in (3).

T

T

b We first make a simple observation on the conNonasymptotic properties of β.
b = (βb1 , . . . , βbp )T . Recall that without loss of generality, we
strained Dantzig selector β
assume supp(β 0 ) = {1, . . . , s}. Let β 0 = (β 1T , 0T )T with each component of β 1 being
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(10)

b
b b T
b
b
nonzero, and β
=
(
β
1 , β 2 ) with β 1 a subvector of β consisting of its first s components.
b − β the estimation error, where δ 1 = β
b − β and δ 2 = β
b .
Denote by δ = (δ 1T , δ 2T )T = β
0
1
1
2
b that kβ
b k1 + kβ
b k1 = kβk
b 1 ≤ kβ k1 = kβ k1 ,
It follows from the global optimality of β
1
2
0
1
which entails that

b k1 ≤ kβ k1 − kβ
b k1 ≤ kβ
b − β k1 = kδ 1 k1 .
kδ 2 k1 = kβ
2
1
1
1
1
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(12)

(13)
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Hence, to develop a bound for the L2 -estimation loss it suffices to find an upper bound for
kn−1 XT3 Xδk2 .
Denote by A1 , A2 , and A3 the index sets of correctly selected variables, missed true
variables, and falsely selected variables, respectively. Let A23 = A2 ∪ A3 . Then we can

kδk2 = kδ 3 k2 ≤ (1 − δ − θ)−1 kn−1 XT3 Xδk2

On the other hand, from the basic inequality (10) it is easy to see that s−1/2 kδ 2 k1 ≤
s−1/2 kδ 1 k1 ≤ kδ 3 k2 . Substituting it into (12) leads to

kδ 3 k2 ≤ (1 − δ)−1 kn−1 XT3 Xδk2 + θ(1 − δ)−1 s−1/2 kδ 2 k1 .

(2) L2 -estimation loss. We further exploit the technical tool of Lemma 3.1 in Candès
b − β . Let δ 0 be a
and Tao (2007) to analyze the behavior of the estimation error δ = β
0
1
subvector of δ 2 consisting of the s largest components in magnitude, δ 3 = (δ T1 , (δ 01 )T )T ,
and X3 a submatrix of X consisting of columns corresponding to δ 3 . We emphasize that
δ 3 covers all nonzero components of δ since the number of falsely discovered signs is upper
bounded by s, as showed in the previous paragraph. Therefore, kδ 3 kq = kδkq for all q > 0.
In view of the uniform uncertainty principle condition (4), an application of Lemma 3.1 in
Candès and Tao (2007) results in

Furthermore, Lemma 3.1 in Candès and Tao (2007) still applies for δ as long as the uniform
uncertainty principle condition (4) holds. Together with (10) and (11), by applying the
same argument as in the proof of Theorem 1.1 in Candès and Tao (2007), we obtain an
L2 -estimation loss bound of kδk2 ≤ (Cs)1/2 λ1 with C = 42 /(1 − δ − θ)2 some positive
constant.
Since both the true regression coefficient vector β 0 and the constrained Dantzig selector
b lie in the constrained parameter space Bλ , the magnitude of any nonzero component
β
b is no smaller than λ. It follows that on the set of falsely discovered
in both β 0 and β
b − β will be no smaller than λ. Then making use of the
signs, the component of δ = β
0
obtained L2 -estimation loss bound kδk2 ≤ (Cs)1/2 λ1 , it is immediate that the number of
falsely discovered signs is bounded from above by Cs(λ1 /λ)2 . Under the assumption of
λ ≥ C 1/2 (1 + λ1 /λ0 )λ1 , we have Cs(λ1 /λ)2 ≤ s(1 + λ1 /λ0 )−2 ≤ s.

(1) Sparsity. Recall that under the assumption of Theorem 1, β 0 lies in its feasible set
conditional on E. Since λ0 ≤ λ1 , by the definition of the constrained Dantzig selector, we
b  λ1 , where  is understood as componentwise no larger than.
have |n−1 XT (y − Xβ)|
Conditional on the event E, substituting y by Xβ 0 + ε and applying the triangle inequality
yield
kn−1 XT Xδk∞ ≤ 2λ1 .
(11)

1/2

.
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(1) Sparsity. Conditional on the event E, we know that (10) and (11) still hold by
the definition of the constrained Dantzig selector. Moreover, Condition 1 is similar to the
restricted eigenvalue assumption RE(s, m, 1) in Bickel et al. (2009), except that RE(s, m, 1)
assumes the inequality holds for any subset with size no larger than s to cover different
possibilities of supp(β 0 ). Since we assume without loss of generality that supp(β 0 ) =

We continue to use the technical setup and notation introduced in the proof of Theorem
1. Results are parallel to those in Theorem 1 but presented in the asymptotic manner.
The similarity lies in the rationale of the proof as well. The key element is to derive
the sparsity and then construct an inequality for L2 -estimation loss through the bridge
n−1 kXδk22 . Inequalities for other types of losses are built upon this bound.

Proof of Theorem 2

For the L∞ -estimation loss, we additionally assume that λ > (1 − δ − θ)−1 (5sλ20 ) which
b = sgn(β ), in view of the L2 -estimation loss
can lead to the sign consistency, sgn(β)
0
inequality above. Therefore, by the constrained Dantzig selector constraints we have
b )k∞ ≤ λ0 and thus kn−1 XT (ε − X1 δ 1 )k∞ ≤ λ0 . Then conditional
kn−1 XT1 (y − X1 β
1
1
on E, it follows from the triangle inequality that kn−1 XT1 X1 δ 1 k∞ ≤ 2λ0 . Hence, kδk∞ =
kδ 1 k∞ ≤ 2k(n−1 XT1 X1 )−1 k∞ λ0 , which completes the proof.

≤ 2s1/2 kδk2 ≤ 2(1 − δ − θ)−1 s(5λ20 )1/2 .

kδk1 = kδ 1 k1 + kδ 2 k1 ≤ 2kδ 1 k1 ≤ 2s1/2 kδ 1 k2

(3) Other losses. Applying the basic inequality (10), we establish an upper bound for
the L1 -estimation loss

Since we assume λ ≥ C 1/2 (1+λ1 /λ0 )λ1 , it follows that C(λ1 /λ)2 (λ0 +λ1 )2 ≤ λ20 . Therefore,
we conclude that kδk2 ≤ (1 − δ − θ)−1 (5sλ20 )1/2 .


kδk2 ≤ (1 − δ − θ)−1 4sλ20 + Cs(λ1 /λ)2 (λ0 + λ1 )2

Substituting this inequality into (13) yields

≤ 4sλ20 + Cs(λ1 /λ)2 (λ0 + λ1 )2 .

≤ skn−1 XTA1 Xδk2∞ + Cs(λ1 /λ)2 kn−1 XTA23 Xδk2∞

kn−1 XT3 Xδk22 ≤ kn−1 XTA1 Xδk22 + kn−1 XTA23 Xδk22

We now make use of the technical result on sparsity. Since A23 denotes the index set of false
positives and false negatives, its cardinality is also bounded by Cs(λ1 /λ)2 with probability
at least 1 − O(n−c ). Therefore, by (14) we have

(14)

obtain from the definition of the constrained Dantzig selector along with its thresholding
b  λ0 .
b  λ1 , and |n−1 XT (y−Xβ)|
b  λ0 , |n−1 XT (y−Xβ)|
feature that |n−1 XTA1 (y−Xβ)|
A3
A2
Conditional on E, substituting y by Xβ 0 + ε and applying the triangle inequality give

We will see that this basic inequality kδ 2 k1 ≤ kδ 1 k1 plays a key role in the technical
derivations of both Theorem 1 and 2. Equipped with this inequality and conditional on E,
we are now able to start the derivation of all results in Theorem 1 as follows.
The main idea is to first prove its sparsity property which will be presented in the next
paragraph. Then, with the control on the number of false positives and false negatives,
we derive an upper bound for the L2 -estimation loss using the conclusion in Lemma 3.1 of
Candès and Tao (2007). Results on other types of losses follow accordingly.
kn−1 XTA1 Xδk∞ ≤ 2λ0 and kn−1 XTA23 Xδk∞ ≤ λ0 + λ1 .
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Finally, for the L∞ oracle inequality, it follows from similar arguments as in the proof of
Theorem 1 that kδk∞ ≤ 2k(n−1 X1T X1 )−1 k∞ λ0 = O{k(n−1 X1T X1 )−1 k∞ λ0 }, which concludes the proof.
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+

2λ0 s1/2

2

 1/2
2
+ Cm
(λ0 + λ1 )s1/2 λ1 /λ .

= O(κ−2 sλ02 ).

(15)
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T
≤ |A|1/2 kn−1 XA
XA δ A k∞ = O(s1/2 λ1 ).

−1/2
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1 = supp(β) ∩ supp(β global ) and A23 = [supp(β) \
23
b
b
b
supp(β
global )] ∪ [supp(β global ) \ supp(β)], the same arguments as in the proof of Theorem
2 apply to show that kδk2 = O(κ−2 s1/2 λ0 ). It is clear that this bound is of the same order
b
b
as that for the difference between β
global and β 0 in Theorem 2. Thus β enjoys the same
asymptotic bound on the L2 -estimation loss. Similarly, the asymptotic bounds for the other
b since those inequalities are rooted on the bounds for
losses in Theorem 2 also apply to β,
the sparsity and L2 -estimation loss. This completes the proof.

1

By the assumption that minkδ k2 =1, kδ k0 ≤c3 s n
kXδk2 ≥ κ0 , the smallest singular value of
n−1/2 XA is bounded from below by κ0 . Thus we have kδk2 = kδ A k2 = O(s1/2 λ1 ). Together
with the thresholding feature of the constrained Dantzig selector, it follows that the number
2
b and supp(β
b
of different indices between supp(β)
global ) is bounded by O{s(λ1 /λ) }. This
sparsity property is essential for our proof and similar sparsity results can be found in
Theorem 2.
T
Based on the aforementioned sparsity property and by the facts that kXA
e Xδk∞ ≤ 2λ0

T
kn−1 XA
X A δ A k2

b−β
b
We next analyze the difference between the two estimators, that is, δ = β
global .
Let X be a submatrix of X consisting of columns in A and δ a subvector of δ consisting
A
A
b ∞ = O(λ1 ) and kXT (y − Xβ
b
of components in A. Since kXT (y − Xβ)k
global )k∞ = O(λ1 ),
we can show that

for some large enough positive constant c3 .

b 0 + kβ
b
|A| ≤ kβk
global k0 = O(s) ≤ c3 s

b be a computable local minimizer of (3) produced by any algorithm satisfying kβk
b 0≤
Let β
b ∪ supp(β
b
c2 s. Denote by A = supp(β)
global ). Then we have

b
b
b
kβ
global k0 ≤ kβ 0 k0 + F S(β global ) = O(s).

Proof of Theorem 3
b
Denote by β
global the global minimizer of (3). Under the conditions of Theorem 2,
b
β
global enjoys the same oracle inequalities and properties as in Theorem 2 conditional on
b
the event defined in (7). In particular, we have F S(β
global ) = O(s). It follows that

{1, . . . , s}, an application of similar arguments as in the proof of Theorem 7.1 in Bickel
et al. (2009) yields the L2 oracle inequality kδk2 ≤ (Cm s)1/2 λ1 with Cm some positive
constant dependent on m. Therefore, by the same arguments as in the proof of Theorem
1, it can be shown that the number of falsely discovered signs is bounded from above by
1/2
Cm s(λ1 /λ)2 and further by s(1 + λ1 /λ0 )−2 since λ ≥ Cm (1 + λ1 /λ0 )λ1 . Next we will go
through the proof of Theorem 7.1 in Bickel et al. (2009) in a more cautious manner and
make some improvements in some steps with the aid of the obtained bound on the number
of false positives and false negatives.

+

λ1 )kδ A23 k1 .

(2) L2 -estimation loss. By Condition 1, we have a lower bound for n−1 kXδk22 . It is also
natural to derive an upper bound for it and build an inequality related to the L2 -estimation
loss. It follows from (14) that

≤

(λ0

T
T
Xδk∞ kδ A23 k1
Xδk∞ kδ A1 k1 + kn−1 XA
n−1 kXδk22 ≤ kn−1 XA
23
1

2λ0 kδ A1 k1
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Consider (16) in a two-dimensional space with respect to kδ A1 k2 and kδ A23 k2 . Then the
1/2
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distance which is also the upper bound for the L2 -estimation loss
kδk22 = kδ A1 k22 + kδ A23 k22 ≤ 4κ−4

 1/2
2
1/2
With the assumption of λ ≥ Cm (1+λ1 /λ0 )λ1 , we can show that Cm (λ0 +λ1 )s1/2 λ1 /λ ≤
sλ02 and thus kδk2 = O(κ−2 s1/2 λ0 ). This bound has significance improvement with the factor log p reduced to log n in the ultra-high dimensional setting.
(3) Other losses. With the L2 oracle inequality at hand, one can derive the L1 oracle
inequality kδk1 ≤ s1/2 kδk2 = O(κ−2 sλ0 ) in a straightforward manner. For the prediction
loss, it follows from (15) that
1/2
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1/2
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to (16). It is simply a two-dimensional linear optimization problem with a circular area as
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ul dl vl>
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(1)

Singular-value shrinkage Classical approaches to estimating µ from X are centered
around singular-value decomposition (SVD) algorithms. Let

Low-rank matrix estimation plays a key role in many scientific and engineering tasks, including collaborative filtering (Koren et al., 2009), genome-wide studies (Leek and Storey, 2007;
Price et al., 2006), and magnetic resonance imaging (Candès et al., 2013; Lustig et al., 2008).
Low-rank procedures are often motivated by the following statistical model. Suppose that
we observe a noisy matrix X ∈ Rn×p drawn from some distribution L(µ) with Eµ [X] = µ,
and that we have scientific reason to believe that µ admits a parsimonious, low-rank representation. Then, we can frame our statistical goal as trying to recover the underlying µ
from the observed X. D’Aspremont et al. (2012), Candès and Tao (2010), Chatterjee (2015),
Gavish and Donoho (2014b), Shabalin and Nobel (2013), and others have studied regimes
where it is possible to accurately do so.

1. Introduction

Keywords: Correspondence analysis, empirical Bayes, Lévy bootstrap, singular-value
decomposition.

We develop a flexible framework for low-rank matrix estimation that allows us to transform
noise models into regularization schemes via a simple bootstrap algorithm. Effectively, our
procedure seeks an autoencoding basis for the observed matrix that is stable with respect
to the specified noise model; we call the resulting procedure a stable autoencoder. In
the simplest case, with an isotropic noise model, our method is equivalent to a classical
singular value shrinkage estimator. For non-isotropic noise models—e.g., Poisson noise—
the method does not reduce to singular value shrinkage, and instead yields new estimators
that perform well in experiments. Moreover, by iterating our stable autoencoding scheme,
we can automatically generate low-rank estimates without specifying the target rank as a
tuning parameter.
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We of course cannot solve for Bk∗ because we do not know µ. But we can seek to approximate
Bk∗ by solving the optimization problem (5) on a well-chosen bootstrap distribution.
e ∼ L(X)
e
More specifically, our goal is to create bootstrap samples X
such that the
e around X is representative of the distribution of X around µ. Then, we
distribution of X
e
can solve an analogue to (5) on the bootstrap samples X:




2
bk , where B
bk = argminB E e e
e
µ̂stable
= XB
X − XB
: rank (B) ≤ k .
(6)
k
X∼L(X)

Stable autoencoding In this paper, we propose a new framework for regularized lowrank estimation that does not start from the singular-value shrinkage point of view. Rather,
our approach is motivated by a simple plug-in bootstrap idea (Efron and Tibshirani, 1993).
It is well known that the classical SVD estimator µ̂k can be written as (Bourlard and Kamp,
1988; Baldi and Hornik, 1989)
n
o
µ̂k = XBk , where Bk = argminB kX − XBk22 : rank (B) ≤ k ,
(4)

2
>
where kM k2 = tr M M denotes the Frobenius norm. The matrix B, called a linear
autoencoder of X, allows us to encode the features of X using a low-rank representation.
Now, in the context of our noise model X ∼ L(µ), we do not just want to compress X, and
instead want to recover µ from X. From this perspective, we would much prefer to estimate
µ using an oracle encoder matrix that formally provides the best linear approximation of µ
given our noise model
n
h
o
i
µ̂∗k = XBk∗ , where Bk∗ = argminB EX∼L(µ) kµ − XBk22 : rank (B) ≤ k .
(5)

where ψ is a shrinkage function that is usually chosen in a way that makes µ̂shrink the closest
to µ according to a loss function. Several authors have proposed various choices for ψ (e.g.,
Candès et al., 2013; Chatterjee, 2015; Gavish and Donoho, 2014a; Josse and Sardy, 2015;
Shabalin and Nobel, 2013; Verbanck et al., 2013).
Methods based on singular-value shrinkage have achieved considerable empirical success.
They also have provable optimality properties in the Gaussian noise model where X = µ + ε
and the εij are independent and identically distributed Gaussian noise terms (Shabalin and
Nobel, 2013). However, in the non-Gaussian case, mere singular-value shrinkage can prove
to be limiting, and we may also need to rotate the singular vectors ul and vl in order to
achieve good performance.

l=1

In other words, we estimate µ using the closest rank-k approximation to X. Often, however,
the plain rank-k estimator (2) is found to be noisy, and its performance can be improved
by regularization. Existing approaches to regularizing µ̂k focus on singular value shrinkage,
and use
min{n, p}
X
µ̂shrink =
ul ψ (dl ) vl> ,
(3)

l=1

denote the SVD of X.Then, if we believe that µ should have rank k, the standard SVD
estimator µ̂k for µ is
k
X
µ̂k =
ul dl vl> .
(2)
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δ
σ2 ,
1−δ

(7)

bk a stable autoencoder of X, as it provides a parsimonious encoding of
We call this choice of B
e
the features of X that is stable when perturbed with bootstrap noise L(X).
The motivation
behind this approach is that we want to shrink µ̂k aggressively along directions where the
boostrap reveals instability, but do not want to shrink µ̂k too much along directions where
our measurements are already accurate.


0,

Bootstrap models for stable autoencoding A challenge in carrying out the program
e In the classical statistical
(6) is in choosing how to generate the bootstrap samples X.
setting, we have access to m  1 independent training samples and can thus create a
bootstrap dataset by simply re-sampling the training data with replacement. In our setting,
however, we only have a single matrix X, i.e., m = 1. Thus, we must find another avenue
e
for creating bootstrap samples X.
To get around this limitation, we use a Lévy bootstrap (Wager et al., 2016). Before
defining the abstract bootstrap scheme
 below, we first discuss some simple examples. In
the Gaussian case Xij ∼ N µij , σ 2 , Lévy boostrapping is equivalent to a parametric
bootstrap:
eij = Xij + ε̃ij , where ε̃ij iid
X
∼N

1
Binomial (Xij ; 1 − δ) ,
1−δ

(8)

and δ ∈ (0, 1) is a tuning parameter that governs the regularization strength. Meanwhile,
in the Poisson case Xij ∼ Poisson (µij ), Lévy bootstrapping involves randomly deleting a
fraction δ of the counts comprising the matrix X, and up-weighting the rest:
eij ∼
X

where again δ ∈ (0, 1) governs the regularization strength. In the case δ = 0.5, this is
equivalent to the “double-or-nothing” bootstrap on the individual counts of X (e.g., Owen
and Eckles, 2012).
These two examples already reveal a variety of different phenomena. On one hand, stable autoencoding with the Gaussian noise model (7) reduces to a singular-value shrinkage
estimator (Section 2), and thus leads us back to the classical literature on low-rank matrix
estimation. Conversely, with the Poisson-adapted bootstrap (8), the method (6) rotates singular vectors instead of just shrinking singular vales; and in our experiments, it outperforms
several variants of singular-value shrinkage that have been proposed in the literature.

b=1

B
X

(B)

Xb

(B)

, where X1 , ..., XB

(B)

(9)

The Lévy bootstrap Having first surveyed our two main examples above, we now present
the more general Lévy bootstrap that can be used to carry out stable autoencoding in a
wider variety of exponential family models. To motivate this approach, suppose that we can
generate our matrix X as a sum of independent components:
X=

JMLR 17(124):1-29

are independent and identically distributed. For example, if X is Gaussian with Xij ∼
(B)
N (µij , σ), then (9) holds with (Xb )ij ∼ N (µij /B, σ/B). If the above construction were
(B)
to hold and we also knew the individual components Xb , we could easily create bootstrap
3

e as
samples X

e=
X

b=1

Josse and Wager

B
1 X f (B)
fb iid
Wb Xb , where W
∼ Bernoulli (1 − δ) ,
1−δ

i, j

(10)

and δ ∈ (0, 1) governs the noising strength. Now in reality, we do not know the terms in
(9), and so cannot carry out (10).
However, Wager et al. (2016) establish conditions under which this limitation does not
matter. Suppose that X is drawn from an exponential family distribution


X
X ∼ fθ (·), fθ (x) = h(X) exp 
Θij Xij − ζ (Θ) ,
(11)

1
A(1 − δ) A(1) = X, for any δ ∈ (0, 1),
1−δ

(12)

where Θ ∈ Rn×p is an unknown parameter vector, h(·) is a carrier distribution, and ζ(·) is
the log-partition function. Suppose, moreover, that X has an infinitely divisible distribution,
or, equivalently, that X = A(1) for some matrix-valued Lévy process A(t) ∈ Rn×p for t > 0
e distributed as
(e.g., Durrett, 2010). Then, we can always generate bootstrap replicates X

e ∼ Leδ (X) :=
X

without requiring knowledge of the underlying Θ; Wager et al. (2016) provide explicit formulas for carrying out (12) that only depend on the carrier h(·).
The upshot of this bootstrap scheme is that it allows us to preserve the generative
structure encoded by Θ without needing to know the true parameter. In the Gaussian
and Poisson cases, (12) reduces to (7) and (8) respectively; however, this Lévy bootstrap
framework also induces other noising schemes, such as multiplicative noising when X has a
Gamma distribution.

2

Rank selection via iterated stable autoencoding Returning now to our main focus,
namely regularized low-rank matrix estimation, we note that one difficulty with the estimator
µ̂kstable (6) is that we need to select the rank k of the estimator beforehand in addition to
the shrinkage parameter δ. Surprisingly, we can get around this issue by iterating the
optimization problem (6) until we converge to a limit:



2
e
b where B
b = argminB E e e iter
µ̂iter − XB
.
(13)
µ̂iter = X B,
X∼L(µ̂ , X)
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In Section 3, we establish conditions under which the iterative algorithm implied above in
fact converges and, moreover, the resulting fixed point µ̂iter is low rank. In our experiments,
this iterated stable autoencoder does a good job at estimating k of the underlying signal; thus,
all the statistician needs to do is to specify a single regularization parameter δ ∈ (0, 1) that
simultaneously controls both the amount of shrinkage and the rank k of the final estimate
µ̂.
To summarize, our approach as instantiated in (6) and (13) provides us with a flexible
framework for transforming noise models L(·) into regularized matrix estimators via the

4

6
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(14)

5

for all i = 1, ..., n and j = 1, ..., p,

1. Theorem 1 holds for all isotropic noise models with Var [εij ] = σ 2 for all i and j, and not just the
Gaussian one. However, in practice, isotropic noise is almost always modeled as Gaussian.



µ̂stable
=
k

l=1

k
X

ul

dl
v>.
1 + λ/d2l l

(16)

(15)
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with λ = δ/(1 − δ) nσ 2 . Moreover, using notation from (1), we can write µ̂stable
as
k

n
o
bk , where B
bk = argminB kX − XBk2 + λ kBk2 : rank (B) ≤ k
µ̂stable
= XB
k
2
2

Theorem 1 Let µ̂stable
be the rank-k estimator for µ induced by the stable autoencoder (6)
k
with a bootstrap model Leδ (·) as defined in (7) with some 0 < δ < 1. This estimator can also
be written as the solution to a ridge-regularized autoencoder:

µ̂stable
with bootstrap noise as in (7) is equivalent to a classical singular-value shrinkage
k
estimator (3) with ψ(d) = d/(1 + λ/d2 ) and λ = δ/(1 − δ) nσ 2 .

X = µ + ε, with εij ∼ N 0, σ 2

iid

Isotropic stable autoencoders and singular-value shrinkage At first glance, the
estimator µ̂stable
defined in (6) may seem like a surprising idea. It turns out, however, that
k
under the isotropic Gaussian1 noise model

e
In this section, we show how to solve (6) under various bootstrap models L(·).
This provides
us with estimators µ̂stable that are interesting in their own right, and also serves as a stepping
stone to the iterative solutions from Section 3 that do not require pre-specifying the rank k
of the underlying signal.

2. Fitting stable autoencoders

Because ridge regression is equivalent to adding homoskedastic noise to X, we can think of
ridge regression as making the estimator robust against round perturbations to the data.
However, if we perturb the features X using non-Gaussian noise or are working with a
non-quadratic loss function, artificial feature noising can yield new regularizing schemes with
desirable properties (Globerson and Roweis, 2006; Simard et al., 2000; van der Maaten et al.,
2013; Wager et al., 2013; Wang et al., 2013). Our proposed estimator µ̂stable
can be seen
k
as an addition to this literature, as we seek to regularize µ̂k by perturbing the autoencoder
optimization problem. The idea of regularizing via feature noising is also closely connected to
the dropout learning algorithm for training neural networks (Srivastava et al., 2014), which
aims to regularize a neural network by randomly omitting hidden nodes during training
time. Dropout and its generalizations have been found to work well in many large-scale
prediction tasks (e.g., Baldi and Sadowski, 2014; Goodfellow et al., 2013; Krizhevsky et al.,
2012).
Our method can be interpreted as an empirical Bayes estimator (Efron, 2012; Robbins,
1985), in that the stable autoencoder problem (6) seeks to find the best linear shrinker in an
empirically chosen Bayesian model. There is also an interesting connection between stable
autoencoding, and more traditional Bayesian modeling such as latent Dirichlet allocation
(LDA) (Blei et al., 2003), in that the Lévy bootstrap (12) uses a generalization of the
e Thus, our method can be seen as
LDA generative model to draw bootstrap samples X.
benefiting from the LDA generative structure without committing to full Bayesian inference
(Kucukelbir and Blei, 2015; Wager et al., 2014, 2016).
There is a large literature on low-rank exponential family estimation (Collins et al.,
2001; de Leeuw, 2006; Fithian and Mazumder, 2013; Goodman, 1985; Li and Tao, 2013). In

is equivalent to ridge regularization with Lagrange parameter λ =
n
o
(R)
β̂λ = argminβ kY − Xβk + λ kβk22 .

nσ 2 :

There is a well-known duality between regularization and feature noising schemes. As shown
by Bishop (1995), linear regression with features perturbed with Gaussian noise, i.e.,

h
i
2
β̂ = argminβ E iid
kY
−
(X
+
ε)
βk
,
2
2

εij ∼ N (0, σ )

the simplest form of this idea, each matrix entry is modeled using the generic exponential
family distribution (11); the goal is then to maximize the log-likelihood of X subject to a
low-rank constraint on the natural parameter matrix Θ, rather than the mean parameter
matrix µ as in our setting. The main difficulty with this approach is that the resulting rankconstrained problem is no longer efficiently solvable; one way to avoid this issue is to relax the
rank constraint into a nuclear norm penalty. Extending our bootstrap-based regularization
framework to low-rank exponential family estimation would present an interesting avenue
for further work. We also note the work of Buntine (2002), who seeks to maximize the
multinomial log-likelihood of X subject to a low-rank constraint on µ using an approximate
variational method.
Finally, one of the advantages of our stable autoencoding approach is that it lets us move
beyond singular value shrinkage, and learn better singular vectors than those provided by
the SVD. Another approach to way to improve on the quality of the learned singular vectors
is to impose structural constraints on them, such as sparsity (Jolliffe et al., 2003; Udell et al.,
2014; Witten et al., 2009; Zou et al., 2006).

Lévy bootstrap. In the Gaussian case, our framework yields estimators that resemble bestpractice singular-value shrinkage methods. Meanwhile, in the non-Gaussian case, stable
autoencoding allows us to learn new singular vectors for µ̂. In our experiments, this allowed
us to substantially improve over existing techniques.
Finally, we also discuss extensions to stable autoencoding: In Section 4, we show how to
use our method to regularize correspondence analysis (Greenacre, 1984, 2007), which is one
of the most popular ways to analyze multivariate count data and underlies several modern
machine learning algorithms.
A software implementation of the proposed methods is available through the R-package
denoiseR (Josse et al., 2016).

1.1 Related work

Josse and Wager

Regularized Low-Rank Matrix Estimation

Regularized Low-Rank Matrix Estimation

In the isotropic Gaussian noise case, singular-value shrinkage methods were shown by
Shabalin and Nobel (2013) to have strong optimality properties for estimating µ. Thus, it
is reassuring that our framework recovers an estimator of this class in the Gaussian case.
In fact, the induced shrinkage function resembles a first-order approximation to the one
proposed by Verbanck et al. (2013).
Non-isotropic stable autoencoders Stable autoencoders with isotropic noise are attractive in the sense that we can carefully analyze their behavior in closed form. However,
from a practical point of view, our procedure is most useful outside of the isotropic regime,
as it induces new estimators µ̂ that do not reduce to singular-value shrinkage. Even in the
non-isotropic noise model, low-rank stable autoencoders can still be efficiently solved, as
shown below.

(20)

(19)

(18)

e
bk from (6) can be obtained as
Theorem 2 For a generic bootstrap model L(·),
the matrix B
follows:

2
: rank (B) ≤ k ,
(17)
2

h i
eij .
VarX∼
X
e L(X)
e


bk = argminB kX − XBk2 + S 12 B
B
2

n
X

where S is a p × p diagonal matrix with
Sjj =
i=1

bk of (17) as
From a computational point of view, we can write the solution B
 

> 


bk = argminB tr B − B
b
b
B
X >X + S B − B
: rank (B) ≤ k , where

−1
b = X >X + S
B
X >X

is the solution of (17) without the rank constraint.
The optimization problem in (19) can be easily
solved by taking the top k terms from

b > X > X + S B;
b the matrix B
bk can then be recovered by
the eigenvalue decomposition of B
solving a linear system (e.g., Takane, 2013). Thus, despite what we might have expected,
solving the low-rank constrained stable autoencoder problem (6) with a generic noise model
is not substantially more computationally demanding than singular-value shrinkage. Note
that in (20), the matrix S is not equal to a constant times the identity matrix due to the
bk are not in general
non-isotropic noise, and so the resulting singular vectors of µ̂kstable = X B
the same as those of X.
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Selecting the tuning parameter Our stable autoencoder depends on a tuning parameter
δ ∈ (0, 1), corresponding to the fraction of the information in the full data X that we throw
e using the Lévy bootstrap (12). More prosaically,
away when creating pseudo-datasets X
the parameter δ manifests itself as a multiplier δ/(1 − δ) ∈ (0, ∞) on the effective stable
autoencoding penalty, either explicitly in (15) or implicitly in (18) through the dependence
on Leδ (·).

7
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Algorithm 1 Low-rank matrix estimation via iterated stable autoencoding.
µ̂ ← X
h i
P
eij for all j = 1, ..., p
Sjj ← n Var e Leδ (X) X
i=1
X∼
while algorithm has not converged do

b ← µ̂> µ̂ + S −1 µ̂> µ̂
B
b
µ̂ ← X B
end while

One plausible default value is to set δ = 1/2. This corresponds to using half of the
e and is closely related
information in the full data X to generate each bootstrap sample X,
to bagging (Breiman, 1996); see Buja and Stuetzle (2006) for a discussion of the connections
between half-sampling and bagging. Conversely, we could also opt for a data-driven choice
of δ. The software implementation of stable autoencoding in denoiseR (Josse et al., 2016)
provides a cell-wise cross-validation algorithm for picking δ.
Finally, we note that our estimator is not in general invariant to transposition X → X > .
For example, in the isotropic case (15), we see that λ depends on n but not on p. Meanwhile,
in the non-isotropic case (17), transposition may also affect the learned singular vectors. By
default, we transpose X such that n > p, i.e., we pick the transposition of X that makes
the matrix B smaller.

3. Iterated stable autoencoding

2

One shortcoming of the stable autoencoders discussed in the previous section is that we need
to specify the rank k as a tuning parameter. Selecting the rank for multivariate methods is
often a difficult problem, and many heuristics are available in the literature (Jolliffe, 2002;
Josse and Husson, 2011). The stable autoencoding framework, however, induces a simple
solution to the rank-selection problem: As we show here, iterating our estimation scheme
from the previous section automatically yields low-rank solutions, and allows us to specify
a single tuning parameter δ instead of both δ and k.
At a high level, our goal is to find a solution to



2
b where B
b = argminB E e e iter
e
µ̂iter = X B,
µ̂iter − XB
(21)
X∼Lδ (µ̂ , X)

b and µ̂. As seen in the previous section, stable autoencoding only
by iteratively updating B
e here, we simply specify them as
depends on Leδ (µ̂, X) through the first two moments of X;
h i
h i
h i
e
e
e
EX∼
(22)
e L
eδ (µ̂, X) X = µ̂ and VarX∼
e L
eδ (µ̂, X) X = VarX∼
e L
eδ (X) X ,
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where Leδ (X) is obtained using the Lévy bootstrap as before.
Now, using the unconstrained solution (20) from Theorem 2 to iterate on the relation
(21), we get the formal procedure described in Algorithm 1. Note that we do not update
the matrix S, which encodes the variance of the noise distribution, and only update µ̂. As
shown below, our algorithm converges to a well-defined solution; moreover, the solution is

8

1
kXS −1 uk22

.

where ψ (d) =

0

d2 − 4nσ 2


else.

for d2 ≥ 4nσ 2 ,
(23)

cstable = M B
bk , where
M
k
(
bk = argminB E e e
B

(26)

(25)

c for the matrix M of the population; we then
Our goal is to get a better estimator M
c into an estimate of µ using the same formula (25).
transform M
Following (6), we propose regularizing the choice of M as follows:

1
ck C 12 + 1 rc> .
= R2 M
µ̂CA
k
N
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1

M − R− 2



e − 1 rc> C − 12 B
X
N

2

2

#

: rank (B) ≤ k

)

.

(27)
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bk solves
Just as in Theorem 2, we can show that B


1
bk = argminB kM − M Bk2 + S 2 B : rank (B) ≤ k ,
B
2
M

X∼Lδ (X)

"

10

ul ψ (dl )

√

9

l=1

d+

Pn
e
where SM is a diagonal matrix with (SM )jj = c−1
e L
eδ (X) [Xij ]/ri . We can effii=1 VarX∼
j
ciently solve for (27) using the same method as in (19) and (20). Finally, if we do not want
to fix the rank k, we can use an iterative scheme as in Section 3.

=

vl> ,

1
2

( 

N is the the total number of counts, and r and c are vectors containing the row and column
sums of X. This transformation M has several motivations. For example, suppose that
X is a 2–way contingency table, i.e., that we have N samples for which we measure two
discrete features A ∈ {1, ..., n} and B ∈ {1, ..., p}, and Xij counts the number of samples
with A = i and B = j. Then M measures the distance between X and a hypothetical
contingency table where A and B are independently generated with the same marginal
distributions as before; in fact, the standard χ2 –test for independence of X uses kM k22 as
its test statistic. Meanwhile, if X is the adjacency matrix of a graph, then M is a version
of the symmetric normalized graph Laplacian where we have projected out the first trivial
ck obtained as in (2), we get
eigencomponent. Once we have a rank-k estimate of M

When X contains count data, we have a natural noise model Xij ∼ Poisson(µij ) that is compatible with the Lévy bootstrap, and so our stable autoencoding framework is easy to apply.
In this situation, however, X is often analyzed by correspondence analysis (Greenacre, 1984,
2007) rather than using a direct singular-value decomposition. Correspondence analysis, a
classical statistics technique pioneered by Hirschfeld (1935) and Benzécri (1986, 1973), underlies variants of many modern machine learning applications such as spectral clustering
on graphs (e.g., Ng et al., 2002; Shi and Malik, 2000) or topic modeling for text data (see
Section 6.1). In this section, we show how to regularize correspondence analysis by stable autoencoding. This discussion also serves as a blueprint for extending our method to
other low-rank multivariate techniques such as principal component analysis or canonical
correlation analysis.
Correspondence analysis involves taking the singular-value decomposition of a transformed matrix M :


1
1
1
M = R− 2 X − rc> C − 2 , where R = diag (r) , C = diag (c) ,
(24)
N

4. Application: regularizing correspondence analysis

Josse and Wager

Since the isotropic Gaussian matrix estimation problem has been thoroughly studied,
we can compare the shrinkage rule ψ(·) with known asymptotically optimal ones. Gavish
and Donoho (2014b) provide a comprehensive treatment of optimal singular-value shrinkage
for different loss functions in a Marchenko-Pastur asymptotic regime, where n and p both
diverge to infinity such that p/n → β for some 0 < β ≤ 1 while the rank and the scale of the
signal remains fixed. This specific asymptotic setting has also been investigated by, among
others, Johnstone (2001) and Shabalin and Nobel (2013).
In what appears to be a remarkable coincidence, for the square case β = 1, our shrinkage rule (23) corresponds exactly to the Marchenko-Pastur optimal shrinkage rule under
operator-norm loss kµ̂ − µkop ; see the proof of Proposition 5 for a derivation. At the very
least, this connection is reassuring as it suggests that our iterative scheme may yield statistically reasonable estimates µ̂iter for other noise models too. It remains to be seen whether
this connection reflects a deeper theoretical phenomenon.

µ̂

iter

X

min{n, p}

Proposition 5 In the isotropic Gaussian case (14) with δ = 1/2, our iterative algorithms
converges to

The reason our algorithm converges to low-rank solutions is that our iterative scheme
does not have any fixed points “near” low-dimensional subspaces. Specifically, as shown in
Theorem 4, for any eigenvector of µ̂> µ̂, either kµ̂ uk2 must be larger than some cutoff, or
it must be exactly zero. Thus, µ̂ cannot have any small but non-zero singular values. In
our experiments, we have found that our algorithm in fact conservatively estimates the true
rank of the underlying signal.
Finally we note that, in the isotropic case, our iterative algorithm again admits a closedform solution. Looking at this solution can give us more intuition about what our algorithm
does in the general case. In particular, we note that the algorithm never shrinks a singular
value by more than a factor 1/2 without pushing it all the way to 0.

kµ̂ uk2 = 0, or kµ̂ uk2 ≥

Theorem 4 Let µ̂ be the limit of our iterative algorithm, and let u ∈ Rp be any (normalized)
eigenvector of µ̂> µ̂. Then, either

Moreover, iterated stable autoencoding can provide generic low-rank solutions µ̂.

µ̂> µ̂  X > X.

b Moreover,
Theorem 3 Algorithm 1 converges to a fixed point µ̂ = X B.

regularized in that µ̂> µ̂ is smaller than X > X with respect to the positive semi-definite cone
ordering.
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(28)

e ∼ Leδ (X) using
Since X contains count data, we generate the bootstrap samples X
eij ∼ (1 − δ)−1 Binomial (Xij , 1 − δ).
the Poisson-compatible bootstrap algorithm (8), i.e., X
e from an independent contingency table with
Interestingly, if we had chosen to sample X
h i
h i
1 >
δ ri cj
e
e
EX∼
rc , VarX∼
,
e L
eδ X =
e L
eδ Xij =
N
1−δ N

we would have obtained a regularization matrix SM = nδ/(N (1 − δ))Ip×p . Because SM
cλ could then be obtained from M by singular value
is diagonal, the resulting estimator M
shrinkage. Thus, if we want to regularize correspondence analysis applied to a nearly independent table, singular value shrinkage based methods can achieve good performance;
however, if the table has strong dependence, our framework provides a more principled way
of being robust to sampling noise.

5. Simulation experiments
To assess our proposed methods, we first run comparative simulation studies for different
noise models. We begin with a sanity check: in Section 5.1, we reproduce the isotropic
Gaussian noise experiments of Candès et al. (2013), and find that our method is competitive
with existing approaches on this standard benchmark.
We then move to the non-isotropic case, where we can take advantage of our method’s
ability to adapt to different noise structures. In Section 5.2 we show results on experiments
with Poisson noise, and find that our method substantially outperforms its competitors.
Finally, in Section 6, we apply our method to real-world applications motivated by topic
modeling and sensory analysis.
5.1 Gaussian noise
We compare our estimators to existing ones by reproducing the simulations of Candès et al.
(2013). For this experiment, we generated data matrices of size 200 × 500 according to the
Gaussian noise model (14) with four signal-to-noise ratios SNR∈ {0.5, 1, 2, 4} calculated as
√
1/(σ np), and two values for the underlying rank k ∈ {10, 100}; results are in Table 1.

Methods under consideration: Our goal is to evaluate the performance of the stable
autoencoder (SA) as defined in (6) and the iterated stable autoencoder (ISA) described in
Algorithm 1. As discussed in Section 2, we applied our stable autoencoding methods to X >
rather than X, so that n was larger than p; and set the tuning parameter to δ = 1/2. For
ISA, we ran the iterative Algorithm 1 for 100 steps, although the algorithm appeared to
become stable after 10 steps already.
In addition to our two methods, we also consider the following estimators:
• Truncated SVD with fixed rank k (TSVD-k). This is the classical approach (2).
• Adaptively truncated SVD (TSVD-τ ), using the asymptotically optimal threshold of
Gavish and Donoho (2014a).

JMLR 17(124):1-29

• Asymptotically optimal singular-value shrinkage (ASYMP) in the Marchenko-Pastur
asymptotic regime given the Frobenius norm loss (Shabalin and Nobel, 2013; Gavish
11

1
d

0

Josse and Wager

and Donoho, 2014b), with shrinkage function
( q
(d2 − (1 + β) nσ 2 )2 − 4βn2 σ 4
ψ(d) =

for d2 ≥ 1 +

else,

√ 2 2
β nσ ,

(29)

where β = p/n is the aspect ratio, assuming without loss of generality that p ≤ n.

0

( 
dl 1 −

σ2
dl2

else.

for l ≤ k,

(30)

• The shrinkage scheme of Verbanck et al. (2013) motivated by low-noise (LN) asymptotics. It uses for ψ (dl ) in (3),

ψ (dl ) =

• Singular value soft thresholding (SVST) (Cai et al., 2010), where the singular values are
soft-thresholded by τ selected by minimizing a Stein unbiased risk estimate (SURE),
as suggested by Candès et al. (2013).

All the estimators are defined assuming the variance of the noise scale σ 2 to be known. In
addition, TSVD-k, SA, and LN require the rank k as a tuning parameter. In this case, we
set k to the true rank of the underlying signal.
As our simulation study makes clear, the proposed methods have very different strengths
and weaknesses. Both methods that apply a hard thresholding rule to the singular values,
namely TSVD-k and TSVD-τ , provide accurate MSE when the SNR is high but break down
in low SNR settings. Conversely, the SVST behaves well in low SNR settings, but struggles
in other regimes. This is not surprising, as the method over-estimates the rank of µ. This
behavior is reminiscent of what happens in lasso regression (Tibshirani, 1996) when too
many variables are selected (Zou, 2006; Zhang and Huang, 2008).
Meanwhile, the estimators with non-linear singular-value shrinkage functions, namely
SA, ISA, ASYMP, and LN are more flexible and perform well except in the very difficult
scenario where the signal is overwhelmed by the noise. Both ASYMP and ISA estimate the
rank accurately except when the signal is nearly indistinguishable from the noise (SNR=0.5
and k=100).
5.2 Poisson noise

Once we move beyond the isotropic Gaussian case, our method can both learn better singular
vectors and out-perform its competitors in terms of MSE. We illustrate this phenomenon
with a simple simulation example, where we drew X of size n = 50 and p = 20 from a
Poisson distribution with expectation µ of rank 3 represented in Figure 1. Because the three
components of µ have different levels of concentration—the first component is rather diffuse,
while the third one is concentrated in a corner—adapting to the Poisson variance structure
is important.
We variedPthe effective signal-to-noise ratio by adjusting the mean number of counts in
X, i.e., N = ij µij . We then report results for the normalized mean matrix µ/N . We used

JMLR 17(124):1-29

e with the Poissonboth SA and ISA to estimate µ from X; in both cases, we generated X
compatible bootstrap noise model (8), and set δ = 1/2. We also used LN, ASYMP and
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4
4
2
2
1
1
0.5
0.5

4
4
2
2
1
1
0.5
0.5

SNR

0.004
0.037
0.017
0.142
0.067
0.511
0.277
1.600

10
100
10
100
10
29.6
10
0

0.004
0.036
0.017
0.143
0.067
0.775
0.251
1.000

Stable
SA
ISA
τ

10
100
10
100
10
38
10
0

0.004
0.038
0.016
0.158
0.072
0.856
0.321
1.000

TSVD

0.004
0.038
0.017
0.152
0.072
0.733
0.321
3.164

k

10
100
10
100
10
64
10
15

0.004
0.037
0.017
0.146
0.067
0.600
0.250
0.961

ASYMP

65
193
63
181
59
154
51
86

0.008
0.045
0.033
0.156
0.116
0.448
0.353
0.852

SVST

0.004
0.037
0.017
0.141
0.067
0.491
0.257
1.477

LN

13

Finally, we also report the mean estimated ranks in Table 4.
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For ASYMP and TSVD-τ , we used the estimator suggested in Gavish and Donoho (2014b),
√
σ̂ = dmed / nµβ , where dmed is the median of the singular values of X and µβ is the median
of the Marcenko-Pastur distribution with aspect ratio β.
In addition to providing MSE (Table 2), we also report the alignment of the row/column
directions U and V with those of the true mean matrix µ (Table 3). We measured alignment
using the RV coefficient, which is a matrix version of Pearson’s squared correlation coefficient
ρ2 that takes values between 0 and 1 (Escoufier (1973); see Josse and Holmes (2013) for a
review):
,s



 
2 
2
>
>
.
(32)
RV(U, Û ) = tr U Û Û U
tr (U > U ) tr Û > Û

TSVD-τ as baselines, although they are only formally motivated in the Gaussian model.
These methods require a value for σ. For LN, we used the method recommended by Josse
and Husson (2011):
2
P
X − kl=1 ul dl vl
2
2
σ̂ =
.
(31)
np − nk − kp + k 2

Table 1: Mean cell-wise squared error (top) and rank estimates (bottom) obtained by the
methods described in Section 5.1, averaged over 50 simulation replications. The
best results for each row are indicated in bold.

MSE
10
100
10
100
10
100
10
100
Rank
10
100
10
100
10
100
10
100

k
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50
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10
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5
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20
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5

10

15

20
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We see that our methods based on stable autoencoding do well across all noise levels. In
the high-noise setting (i.e., with a small number of count observations N ), the iterated stable
autoencoder does particularly well, as it is able to use a lower rank in response to the weaker
signal. As seen in Table 3, the ability to learn new singular vectors appears to have been
b ” and “ Vb ” matrices obtained by stable autoencoding are much better
useful here, as the “ U
aligned with the population ones than those produced by the SVD are. We also see that,
in the low noise setting where N is large, ISA recovers the true rank k = 3 almost exactly,
whereas ASYMP and TSVD-τ do not. Finally, we note that all shrinkage methods did
better than the baseline, namely the simple rank-3 SVD. Thus, even though LN, ASYMP
and TSVD-τ are only formally motivated in the Gaussian noise case, our results suggest
that they are still better than no regularization on generic problems.

Figure 1: The 3 components of the mean of the underlying Poisson process; the dark areas have the highest intensity. The corresponding singular values have relative
magnitudes 1.1 : 1.4 : 1.

20
10

30

50
40
20
10

30

50
40
30
20
10

Stable
SA
ISA
1.83 1.13
0.76 0.51
0.46 0.36
0.33 0.29
0.25 0.24
0.20 0.19
0.16 0.15
0.14 0.13
0.12 0.11
0.11 0.10

TSVD
k
τ
2.62 1.99
1.08 0.93
0.63 0.58
0.44 0.42
0.32 0.33
0.25 0.27
0.20 0.22
0.17 0.19
0.14 0.16
0.13 0.15
1.71
0.77
0.48
0.35
0.27
0.22
0.19
0.16
0.14
0.13

ASYMP
2.12
0.88
0.52
0.37
0.28
0.22
0.18
0.15
0.13
0.12

LN

Regularized Low-Rank Matrix Estimation

N
200
400
600
800
1000
1200
1400
1600
1800
2000

SVD
0.29
0.48
0.60
0.67
0.74
0.78
0.82
0.85
0.87
0.88

RV for U
SA
ISA
0.34
0.53 0.51
0.64 0.71
0.71 0.79
0.77 0.82
0.81 0.85
0.85 0.86
0.87 0.88
0.88 0.89
0.89 0.90
SVD
0.34
0.53
0.64
0.72
0.79
0.84
0.87
0.90
0.92
0.93

RV for V
SA
0.40
0.57
0.69
0.76
0.83
0.87
0.90
0.91
0.93
0.94
ISA
0.54
0.79
0.87
0.89
0.90
0.92
0.93
0.94
0.94

Table 2: Mean cell-wise squared error, averaged over 1000 simulation replications.

N
200
400
600
800
1000
1200
1400
1600
1800
2000

Table 3: RV coefficients between the estimated and true U and V matrices, averaged over
1000 simulation replications. For ISA, we only averaged performance over examples
where the estimated rank was at least 3. In the N = 200 case, no results is given
for ISA since the estimated rank is always less than 3.

6. Real-world examples
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To highlight the wide applicability of our method, we use it on two real-world problems
from different fields. We begin with a larger natural language application, where we use
the iterated stable autoencoder to improve the quality of topics learned by latent semantic
analysis, and evaluate results by end-to-end classifier performance. Next, in Section 6.2, we
analyze a smaller dataset from a consumer survey, and show how our regularization schemes
can improve the faithfulness of correspondence analysis graphical outputs commonly used
by statisticians.
15

N
200
400
600
800
1000
1200
1400
1600
1800
2000

ASYMP
3.11
3.55
3.77
3.9
3.99
4.02
4.04
4.06
4.08
4.07

Josse and Wager

TSVD−τ
1.78
2.23
2.54
2.76
2.94
3.11
3.17
3.17
3.22
3.23

Document Averaged
62.1 %
2/10, 000

ISA
1.40
1.96
2.01
2.10
2.36
2.71
2.92
2.98
3.00
3.00

Corresp. Analysis
61.8 %
1/10, 000

Corresp. Analysis + ISA
67.0 %
9, 997/10, 000

Table 4: Mean rank estimates for the Poisson simulation, averaged over 1000 simulation
replications. The true rank of the underlying signal is 3.

Accuracy
Times Best

Table 5: Test set accuracy of a logistic regression classifier trained on topics learned by latent
semantic analysis, averaged over 10,000 train/test splits. The topic models were
run only once on all the (unlabeled) data; thus we are in a transductive setting.
Each method used k = 5 topics; this number was automatically picked by ISA.

6.1 Learning topics for sentiment analysis

Many tasks in natural language processing involve computing a low-rank approximation to
a document/term-frequency matrix X, i.e., Xij counts the number of times word j appears
in document i. The singular rows of X can then be interpreted as topics characterized by
the prevalence of different words, and each document is described as a mixture of topics.
The idea of learning topics using an SVD of (a normalized version of) the matrix X is called
latent semantic analysis (Deerwester et al., 1990). Here, we argue that we can make the
topics discovered by latent semantic analysis better by regularizing the SVD of X using an
iterated stable autoencoder.

To do so, we examine the Rotten Tomatoes movie review dataset collected by Pang and
Lee (2004), with n = 2, 000 documents and p = 50, 921 unique words. We learned topics
with three variants of latent semantic analysis, which involve using different transformations/regularization schemes while taking an SVD.

JMLR 17(124):1-29

• Document averaging: inPorder to avoid large documents dominating the fit, we compute
the matrix Πij = Xij / j Xij . We then perform a rank-k SVD of Π.
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Finally, we note that there exist several topic models that do not reduce to an SVD (e.g.,
Blei et al., 2003; Hofmann, 2001; Xu et al., 2003); in fact, one of the motivations for latent
Dirichlet allocation (Blei et al., 2003) was to add regularization to topic modeling using a
hierarchical Bayesian approach. Moreover, methods that only rely on unsupervised topic
learning do not in general achieve state-of-the-art accuracy for sentiment classification on
their own (e.g., Wang and Manning, 2012). Thus, our goal here is not to advocate an endto-end methodology for sentiment classification, but only to show that stable autoencoding
can substantially improve the quality of topics learned by a simple SVD in cases where a
practitioner may want to use them.

We can visualize the effect of regularization using Figure 2, which shows the distribution
of log kUi· k22 for the U -matrices produced by correspondence analysis with and without ISA.
The quantity kUi· k22 measures the importance of the i-th document in learning the topics.
We see that plain correspondence analysis has some documents that dominate the resulting
U matrix, whereas with ISA the magnitudes of the contributions of different documents are
more evenly spread out. Thus, assuming that we do not want topics to be dominated by just
a few documents, Figure 2 corroborates our intuition that ISA improves the topics learned
by correspondence analysis.

The results, shown in Table 5, suggests that ISA substantially improves the performance
of latent semantic analysis for this dataset. In a somewhat surprising twist, we may have
expected the decomposition based on correspondence analysis to out-perform the baseline
that just divides by document length; however, correspondence analysis ended up doing
slightly worse. The problem appears to have been that, because correspondence analysis upweights less common words relative to the common ones, its topics become more vulnerable
to noise. Thus, it is not able to beat document-wise averaging although it has a seemingly
better normalization scheme. But, once we use ISA to regularize it, correspondence analysis
is able to fully take advantage of the down-weighting of common words.

Because n and p are both fairly large, it is difficult to evaluate the quality of the learned
topics directly. To get around this, we used a more indirect approach and examined the quality of the learned decompositions of X by using them for sentiment classification. Specifically, each method produces a low-rank decomposition U DV > , where U is an n × k orthonormal matrix; we then used the columns of U as features in a logistic regression. We
trained the logistic regression on one half of the data and then tested it on the other half,
repeating this process over 10,000 random splits. We are in a transductive setting because
we used all the data (but not the labels) for learning the topics.

Correspondence analysis with ISA picked k = 5 topics; we also used k = 5 for the other
methods. The document averaging method did not appear to benefit much from regularization; presumably, this is because the matrix Π does not up-weight rare words.

• ISA-regularized correspondence analysis (δ = 0.5).

• Correspondence analysis: we run a rank-k SVD on M from (24). This approach
1
1
normalizes by both R− 2 and C − 2 in order to counteract the excess influence of both
long documents and common words, instead of just using Π = R−1 X as above.
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Finally, we use stable autoencoding to regularize a sensory analysis of perfumes. The data
for the analysis was collected by asking consumers to describe 12 luxury perfumes such as
Chanel Number 5 and J’adore with words. The answers were then organized in a 12×39 (39
words unique were used) data matrix where each cell represents the number of times a word
is associated to a perfume; a total of N = 1075 were used overall. The dataset is available at
http://factominer.free.fr/docs/perfume.txt. We used correspondence analysis (CA)
to visualize the associations between words and perfumes. Here, the technique allows to
highlight perfumes that were described using a similar profile of words, and to find words
that describe the differences between groups of perfumes.
In order to get a better idea of which regularization method is the most trustworthy here,
we ran a small bootstrap simulation study built on top of the perfume dataset. We used
the full N = 1075 perfume dataset as the population dataset, and then generated samples
of size N = 200 by subsampling the original dataset without replacement. Then, on each
sample, we performed a classical correspondence analysis by performing a rank-k truncated
SVD of the matrix M (24), as well as several regularized alternatives described in Section
5.1.
For each estimator, we report its singular values, as well as the RV-coefficients between
its row (respectively column) coordinates and the population ones. All the methods except
for ISA require us to specify the rank k as an input parameter. Here, of course, k is unknown
since we are working with a real dataset; however, examining the full-population dataset
suggests that using k = 2 components is appropriate. For LN, SA and ISA, we set tuning
parameters as in Section 5.2, namely LN uses σ̂ from (31), while SA is performed with
δ = 0.5. For ISA we used δ = 0.3; this latter choice was made to get rank-2 estimates. In
practice, one could also consider cross-validation to find a good value for δ.

6.2 A sensory analysis of perfumes

Figure 2: Distribution of log kUi· k22 for correspondence analysis with and without ISA. Using
ISA increases the influence of the median document in learning topics.
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Figure 3: Results for CA on a sample data set (top) and Regularized CA (bottom) using
ISA on a single subsample of size N = 200. Only the 20 words that contribute
the most to the dimensions of variability are represented.
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Table 6: Performance of standard correspondence analysis (CA) as well as regularized alternatives on the perfume dataset. We report singular values, RV-coefficients and
rank estimates; results correspond to the mean over the 1000 simulations.

Results are shown in Table 6. From a practical point of view, it is also interesting to
compare the graphical output of correspondence analysis with and without regularization.
Figure 3 (top) shows two-dimensional CA representation on one sample and Figure 3 (bottom) shows the representation obtained with ISA. Only the 20 words that contribute the
most to the first two dimensions are represented. The analysis is performed using the R
package FactoMineR (Lê et al., 2008).

Our results emphasize that, although correspondence analysis is often used as a visualization technique, appropriate regularization is still important, as regularization may
substantially affect the graphical output. For example, on the basis of the CA plot, the perfume Shalimar looks like an outlier, whereas after regularization it seems to fit in a cluster
with Chanel 5 and Elixir. We know from Table 6 that the regularized CA plots are better
aligned with the population ones than the unregularized ones are; thus, we may be more
inclined to trust insights from the regularized analysis.

7. Discussion

In this paper, we introduced a new framework for low-rank matrix estimation that works by
transforming noise models into regularizers via a bootstrap scheme. Our method can adapt
to non-isotropic noise structures, thus enabling it to substantially outperform its competitors
on problems with, e.g., Poisson noise.
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e from X using the
At a high level, our framework works by creating pseudo-datasets X
e
e
e
bootstrap distribution Le (X). If two pseudo-datasets X
1 and X2 are both likely given L (X),
e1 B
bk and µ̃2 = X
e2 B
bk to be close to each
then we want the induced mean estimates µ̃k1 = X
k
other. The stable autoencoder (6) enables us to turn this intuition into a concrete regularizer by using the Lévy bootstrap. It remains to be seen whether this idea of regularization
via bootstrapping pseudo-datasets can be extended to other classes of low-rank matrix algorithms, e.g., those discussed by Collins et al. (2001), de Leeuw (2006), or Udell et al.
(2014).
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b is the solution to the unconstrained version of (17). Let V be
We start by showing that B
a matrix defined by
h i
eij .
Vij = VarX∼
X
e L(X)
e

8.2 Proof of Theorem 2

µ̂stable
k

Meanwhile, we can check that adding the rank constraint amounts to zeroing out all but
b ii . Thus, plugging this into our expression of µ̂, we get that
the k largest of the Q

n
o
b ii = argminQ (1 − Qii )2 D2 + λ Q2 =
Q
ii
ii
ii

b ij = 0 for all i 6= j,
Now, because D is diagonal, (DQ)ij = Dii Qij . Thus, we conclude that Q
while the problem separates for all the diagonal terms. Without the rank constraint on Q,
b ii are given by
we find that the diagonal terms Q

Let X = U DV > be the SVD of X. For any matrix M of the same dimension as D,
||U M V > ||22 = ||M ||22 . Thus, we can equivalently write the problem
n
o
bk = V Q
b k V > , where Q
b k = argminQ kD − DQk2 + λ kQk2 : rank (Q) ≤ k .
B
2
2

and so the two objectives are equivalent.
bk explicitly, where
can be written as (16), we solve for µ̂stable
= XB
To show that µ̂stable
k
k
n
o
bk = argminB kX − XBk2 + λ kBk2 : rank (B) ≤ k .
B
2
2

= kX −

XBk22

We begin by establishing the equivalence between (6) and (15). By bias-variance decomposition, we can check that
h
i
h
i
E iid
kX − (X + ε) Bk22 = kX − XBk22 + Eε kεBk22
εij ∼ N (0, σ 2 )
X
2
Var [εij ] Bjk
= kX − XBk22 +

8.1 Proof of Theorem 1

8. Appendix: Proofs
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As shown in, e.g., Takane (2013), we can solve this last problem by taking the top k terms

b > X > X + S −1 B.
b
of the eigendecomposition of B



2
bk = argminB kX − XBk2 + S 12 B : rank (B) ≤ k
B
2
2
 

> 


b
b
= argminB tr B − B
X >X + S B − B
: rank (B) ≤ k .

where R is a residual term that does not depend on B. Thus, we conclude that

1

kX − XBk22 + S 2 B

Summing everything together, we find that

1

S2B

Meanwhile,

2

2


 2
2
b + X B
b−B
= X − XB
2
2


−1

b
+ 2 tr
X >X X >X + S
X >X − X >X
B−B

b
kX − XBk22 = X − X B

is in fact the solution to (17) without the rank constraint.
b to B
bk using (19). For any matrix B, we can verify
Next, we show how we can get from B
by quadratic expansion that

Thus, we conclude that

0

(P
n

Xij (X − XB)ik +

X > X = X > XB + SB, where Sjk =

Setting gradients to zero, we find an equilibrium

Thus,
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X

l=1

ψ 2 (d)
d, with λ = nσ 2 .
λ + ψ 2 (d)


p
1
d ± d2 − 4nσ 2 for d2 ≥ 4nσ 2 .
2


p
1 2
2
(d)
d − 2nσ 2 + d d2 − 4nσ 2 = ψop
2
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for d2 ≥ 4nσ 2 , and 0 else.

ψ 2 (d) =

Squaring our iterative shrinker, we see that

r
q
1
ψop (d) = √
d2 − 2nσ 2 + (d2 − 2nσ 2 )2 − 4n2 σ 4
2
q
p
1
=√
d2 − 2nσ 2 + d d2 − 4nσ 2 .
2

Finally, we can verify that our iterative procedure cannot jump over the largest root, thus
resulting in the claimed shrinkage function.
We also check here that, in the case n = p, our shrinker ψ(·) is equivalent to the
∗ (d) (Gavish and Donoho, 2014b) which
asymptotically optimal shrinker for operator loss ψop
is 0 for d2 < 4nσ 2 , and else

ψ(d) = 0, and ψ(d) =

This is a cubic equation, with solutions

ψ(d) =

It remains to derive the form of ψ. Now, using (16), we can verify that the fixed point
condition on µ̂iter can be expressed in terms of ψ as

ul ψ (dl ) vl> .

8.5 Proof of Proposition 5

1

= 0.

min{n, p}

8.3 Proof of Theorem 3

1

where g (M ) = Σ 2 (M + S)−1 M,
1

2

µ̂iter =

First, we note that in the setting (14) with δ = 1/2, we have S = nσ 2 I. Using Theorem
1, we can verify that the singular vectors of µ̂t are the same as those of X for each iterate
t = 1, 2, ... of our algorithm; and so we can write the limit µ̂iter as singular value shrinker

=

g (Mt )> g (Mt ) ,

(33)

For iterates t = 0, 1, ..., define Mt = µ̂t> µ̂t . Here, we will show that Mt converges to a fixed
point M ∗ , and that M ∗  X > X; the desired conclusion then follows immediately. First, by
construction, we have that

−1

−1
X > X,
X >X X >X + S
M0 = X > X and M1 = X > X X > X + S

Mt+1

and so we immediately see that M1  M0 . The general update for Mt is

1

where Σ 2 is a positive semi-definite solution to (Σ 2 )> Σ 2 = X > X. Now, because matrix
inversion is a monotone decreasing function over the positive semi-definite cone and S  0,
we find that


1
g(M ) = Σ 2 I − (M + S)−1 S
is monotone increasing in M over the positive semi-definite cone. In particular

if Mt  Mt−1 , then Mt+1  Mt .
By induction, the sequence Mt is monotone decreasing with respect to the positive semidefinite cone order; by standard arguments, it thus follows that this sequence must converge
to a limit M ∗ . Finally, we note that convergence of Mt also implies convergence of µ̂t , since
bt and B
bt only depends on µ̂t through Mt .
µ̂t+1 = X B
8.4 Proof of Theorem 4

As in the proof of Theorem 3, let M ∗ = µ̂> µ̂. Because M ∗ is a fixed point, we know that
M ∗ = M ∗ (M ∗ + S)−1 X > X (M ∗ + S)−1 M ∗ .

M ⊥u

Now, because M ∗ is symmetric with eigenvector u, we can decompose it as
M ∗ = M ⊥ + λu uu> , where λu = u> M ∗ u and

= λu2 u> (M ∗ + S)−1 X > X (M ∗ + S)−1 u

= u> M ∗ u

By combining these equalities and using the monotonicity of matrix inversion, we find that
λu

≤ λu2 u> S −1 X > XS −1 u.
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This relation can only hold if λu = 0, or 1 ≤ λu u> S −1 X > XS −1 u, and so our desired
conclusion must hold.
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We consider the statistical inference of a finite number of parameters of interest θ ∈ Rd
of a simulator-based statistical model for observed data yo which consist of n possibly
dependent data points. A simulator-based statistical model is a parametrized stochastic
data generating mechanism. Formally, it is a family of probability density functions (pdfs)
{py|θ }θ of unknown analytical form which allow for exact sampling of data yθ ∼ py|θ . In
practical terms, it is a computer program which takes a value of θ and a state of the random
number generator as input and returns data yθ as output. Simulator-based models are also
called implicit models because the pdf of yθ is not specified explicitly (Diggle and Gratton,
1984), or generative models because they specify how data are generated.

1. Introduction

Our paper deals with inferring simulator-based statistical models given some observed data.
A simulator-based model is a parametrized mechanism which specifies how data are generated. It is thus also referred to as generative model. We assume that only a finite number
of parameters are of interest and allow the generative process to be very general; it may be
a noisy nonlinear dynamical system with an unrestricted number of hidden variables. This
weak assumption is useful for devising realistic models but it renders statistical inference
very difficult. The main challenge is the intractability of the likelihood function. Several
likelihood-free inference methods have been proposed which share the basic idea of identifying the parameters by finding values for which the discrepancy between simulated and
observed data is small. A major obstacle to using these methods is their computational
cost. The cost is largely due to the need to repeatedly simulate data sets and the lack
of knowledge about how the parameters affect the discrepancy. We propose a strategy
which combines probabilistic modeling of the discrepancy with optimization to facilitate
likelihood-free inference. The strategy is implemented using Bayesian optimization and is
shown to accelerate the inference through a reduction in the number of required simulations
by several orders of magnitude.
Keywords: intractable likelihood, latent variables, Bayesian inference, approximate Bayesian
computation, computational efficiency
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is not possible. The likelihood function is also not available for a large class of other statistical models which are known as unnormalized models. In these models, py|θ is only known
up to a normalizing scaling factor (the partition function) which guarantees that py|θ is a
valid pdf for all values of θ. Simulator-based models differ from unnormalized models in
that not only is the scaling factor unknown but also the shape of py|θ . Likelihood-free inference methods developed for unnormalized models (for example Hinton, 2002; Hyvärinen,
2005; Pihlaja et al., 2010; Gutmann and Hirayama, 2011; Gutmann and Hyvärinen, 2012)
are thus not applicable to simulator-based models.
For simulator-based models, likelihood-free inference methods have emerged in multiple
disciplines. “Indirect inference” originated in economics (Gouriéroux et al., 1993), “approximate Bayesian computation” (ABC) in genetics (Beaumont et al., 2002; Marjoram et al.,
2003; Sisson et al., 2007), or the “synthetic likelihood” approach in ecology (Wood, 2010),
for an overview, see, for example, the review by Hartig et al. (2011). The different methods share the basic idea to identify the model parameters by finding values which yield
simulated data that resemble the observed data.
The generality of simulator-based models comes with the expense of two major difficulties in the inference. One difficulty is the assessment of the discrepancy between the
observed and simulated data (Joyce and Marjoram, 2008; Wegmann et al., 2009; Nunes
and Balding, 2010; Fearnhead and Prangle, 2012; Aeschbacher et al., 2012; Gutmann et al.,
2014). The other difficulty is that the inference methods tend to be slow due to the need to
simulate a large collection of data sets and due to the lack of knowledge about the relation
between the model parameters and the corresponding discrepancies.
In this paper, we address the computational difficulty of the likelihood-free inference
methods. We propose a strategy which combines probabilistic modeling of the discrepancies with optimization to facilitate likelihood-free inference. The strategy is implemented
using Bayesian optimization (see, for example, Brochu et al., 2010). We show that using Bayesian optimization in likelihood-free inference (BOLFI) can reduce the number of
required simulations by several orders of magnitude, which accelerates the inference substantially.1
The rest of the paper is organized as follows: In Section 2, we present examples of
simulator-based statistical models to help clarify their properties. In Section 3, we provide
a unified review of existing inference methods for simulator-based models, and use the
examples to point out computational issues. The computational difficulties are summarized
in Section 4, and a framework to address them is outlined in Section 5. Section 6 implements

Simulator-based models are useful because they interface easily with models typically
encountered in the natural sciences. In particular, hypotheses of how the observed data
yo were generated can be implemented without making excessive compromises in order to
have an analytically tractable model pdf py|θ .
Since the analytical form of py|θ is unknown, inference using the likelihood function
L(θ),
L(θ) = py|θ (yo |θ),
(1)
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We refer the reader to the original publication by Numminen et al. (2013) for more details and the expression for Es (t). The observation model was random sampling of MDCC
individuals without replacement from all the individuals attending a day care center at
some sufficiently large random time (endemic situation). The model has three parameters

Rs (t) = βEs (t) + ΛPs .

where h is a small time interval and Rs (t) the rate of infection with strain s at time t. The
three equations model the probability to clear a strain s during time t and t + h (Equation
5), the probability to be infected with a strain s if not colonized by other strains (Equation
6), and the probability to be infected if colonized with other strains (Equation 7). The
rate of infection is a weighted combination of the probability Ps for an infection happening
outside the day care center and the probability Es (t) for an infection from within,

t+h
t
t
P(Iis
= 1|Iis
= 0, ∃s0 : Iis
0 = 1) = θRs (t)h + o(h),

t+h
t
0
P(Iis
= 1|Iis
0 = 0 ∀s ) = Rs (t)h + o(h),

t+h
t
P(Iis
= 0|Iis
= 1) = h + o(h),

t which
The variables of the latent Markov chain are the binary indicator variables Iis
specify whether attendee i of a day care center is infected with the bacterial strain s at time
t = 1), or not (I t = 0). Starting with zero infected individuals, I 0 = 0 for all i and s,
t (Iis
is
is
the states evolve in a stochastic manner according to the rate equations

Figure 1: Examples of simulator-based statistical models. (a) Data generated from the Ricker model
in Example 2 with n = 50 and θ o = (log ro , σo , ϕo ) = (3.8, 0.3, 10). (b) Data generated
from the model in Example 3 on bacterial infections in day care centers. There are 33
different strains of the bacterium in circulation and MDCC = 36 of the 53 attendees of
the day care center were sampled (Numminen et al., 2013). Each black square indicates
a sampled attendee who is infected with a particular strain. The data were generated with
θ o = (βo , Λo , θo ) = (3.6, 0.6, 0.1).

Strain
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(n)

the framework using Bayesian optimization. Applications of the developed methodology are
given in Section 7, and Section 8 concludes the paper.

2. Examples of Simulator-Based Statistical Models

(1)

We present here three examples of simulator-based statistical models. The first example is
an artificial one, but useful because it allows us to illustrate the central concepts. The other
two are examples from real data analysis with intractable models (Wood, 2010; Numminen
et al., 2013). The examples will be used throughout the paper and the model details can
be looked up here when needed.

ω ∼ N (0, In ).

Example 1 (Normal distribution). A standard way to sample data yθ = (yθ , . . . , yθ )
from a normal distribution with mean θ and variance one is to sample n standard normal
random variables ω = (ω (1) , . . . , ω (n) ) and to add θ to the obtained samples,
yθ = θ + ω,

The symbol N (0, In ) denotes a n-variate normal distribution with mean zero and identity
covariance matrix. After sampling of the random quantities ω, the observed data yθ are a
deterministic transformation of ω and the parameter θ. For more general simulators, the
same principle applies. In particular, the data yθ are a deterministic transformation of θ if
the random quantities are kept fixed, for example by fixing the seed of the random number
generator.
N

t = 1, . . . , n,

Example 2 (Ricker model). In this example, the simulator consists of a latent stochastic
time series and an observation model. The latent time series is a stochastic version of the
Ricker map which is a classical model in ecology (Ricker, 1954). The stochastic version can
be described as a nonlinear autoregressive model,
log N (t) = log r + log N (t−1) − N (t−1) + σe(t) ,

(4)

where N (t) is the size of some animal population at time t and the e(t) are independent
standard normal random variables. The latent time series has two parameters: log r which
is related to the log growth rate and σ for the standard deviation of the innovations. A
(t)
Poisson observation model is assumed, such that given N (t) , yθ is drawn from a Poisson
distribution with mean ϕN (t) ,
(t)

yθ |N (t) , ϕ ∼ Poisson(ϕN (t) ),

where ϕ is a scaling parameter. The model is thus in total parametrized by θ = (log r, σ, ϕ).
Figure 1(a) shows example data generated from the model. Inference of θ is difficult because
the N (t) are not directly observed and because of the strong nonlinearity in the autoregressive model. Wood (2010) used this example to illustrate his “synthetic likelihood” approach
to inference.
N
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Example 3 (Bacterial infections in day care centers). The data generating process is here
defined via a latent continuous-time Markov chain and an observation model. The model
was developed by Numminen et al. (2013) to infer the transmission dynamics of bacterial
infections in day care centers.
3

count

5
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where pΦ|θ is the pdf of the summary statistics. The function L(θ) is a valid likelihood
function, but for the inference of θ given Φo , and not for the inference of θ given yo , in
contrast to L(θ), unless the chosen summary statistics happened to be sufficient in the
standard statistical sense.
The likelihood function L(θ), however, is also not known, because the pdf pΦ|θ is of
unknown analytical form, which is a property inherited from py|θ . Thus, L(θ) needs to be
approximated by some method. We denote practical approximations obtained with finite
computational resources by L̂(θ). Limiting approximations if infinitely many computational
resources were available will be denoted by L̃(θ).
In the paper, we will encounter several methods to construct L̂(θ). They all base the
approximation on simulated summary statistics Φθ , generated with parameter value θ. The
simulation of summary statistics is generally done by simulating a data set yθ , followed by its
reduction to summary statistics. Table 1 provides an overview of the different “likelihoods”
appearing in the paper.

Inference of simulator-based statistical models is generally based on some measurement of
discrepancy ∆θ between the observed data yo and data yθ simulated with parameter value
θ. The discrepancy is used to define an approximation L̂(θ) of the likelihood L(θ). The
approximation happens on multiple levels.
On a statistical level, the approximation consists of reducing the observed data yo to
some features, or summary statistics Φo before performing inference. The purpose of the
summary statistics is to reduce the dimensionality and to filter out information which is not
deemed relevant for the inference of θ. That is, in this first approximation, the likelihood
L(θ) is replaced with L(θ),
L(θ) = pΦ|θ (Φo |θ),
(9)

3.1 General Properties of the Different Inference Methods

This section organizes the foundations and the previous work. We first point out properties common to all inference methods for simulator-based models, one being the general
manner of constructing approximate likelihood functions. We then explain parametric and
nonparametric approximations of the likelihood and discuss the relation between the two
approaches. This is followed by a summary of currently used posterior inference schemes.

3. Inference Methods for Simulator-Based Statistical Models

θ = (β, Λ, θ): the internal infection parameter β, the external infection parameter Λ, and
the co-infection parameter θ. Figure 1(b) shows an example of data generated from the
model.
Numminen et al. (2013) applied the model to data on colonizations with the bacterium
Streptococcus pneumoniae. The observed data yo were the states of the sampled attendees of
29 day care centers, that is, 29 binary matrices as in Figure 1(b) but with varying numbers
of sampled attendees per day care center. Inference of the parameters is difficult because
the data are a snapshot of the state of some of the attendees at a single time point only.
Since the process evolves in continuous-time, the modeled system involves infinitely many
correlated unobserved variables.
N
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Eq (1)
Eq (9)
Sec 3.1

true likelihood based on observed data
true likelihood based on summary statistics
approximation of L requiring infinite computing power

L

Eq (21)
Eq (24)
Sec 5.2
Sec 5.3
Sec 5.3

nonparametric approx with kernel κ and sample averages
nonparametric approx with uniform kernel and sample averages
parametric approx/synthetic (log) likelihood with regression
nonparametric approx with kernel κ and regression
nonparametric approx with uniform kernel and regression

L̂N
κ
L̂N
u

m=1

g(θ

(m)

)w

(m)

,

w

(m)

(m)

i=1 L(θ

=P
M

(i) pθ (θ (i) )
) q(θ(i) )

)
θ (θ
L(θ (m) ) pq(θ
(m)
)

,

i.i.d.

θ (m) ∼ q(θ),

(10)

E(g(θ)|Φo ) ≈

m=1

M
X

g(θ

(m)

)ŵ

(m)

,

ŵ

(m)

6

i=1 L̂(θ

=P
M

(i) pθ (θ (i) )
) q(θ(i) )

)
θ (θ
L̂(θ (m) ) pq(θ
(m)
)

(m)

,
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i.i.d.

θ (m) ∼ q(θ).

where pθ denotes the prior pdf. This approach also yields an estimate of the posterior
distribution via the “particles” θ (m) and the associated weights w(m) . A computable version
is obtained by replacing L with L̂, giving E(g(θ)|yo ) ≈ E(g(θ)|Φo ),

E(g(θ)|yo ) ≈

M
X

After construction of L̂, inference can be performed in the usual manner by replacing L
with L̂. Approximate posterior inference can be performed via Markov chain Monte Carlo
(MCMC) algorithms or via an importance sampling approach (see, for example, Robert and
Casella, 2004). The posterior expectation of a function g(θ) given yo can be computed via
importance sampling with auxiliary pdf q(θ),

Table 1: The main (approximate) likelihood functions appearing in the paper. The superscript “N ”
indicates that the sample average is computed using N simulated data sets per model
parameter θ. The superscript “(t)” indicates that regression is performed with a training
set containing t simulated data sets. The parametric approximations will be used together
with the Gaussian and the Ricker model, the nonparametric approximations together with
the Gaussian and the day care center model.

(t)
L̂κ
(t)
L̂u

(t)

L̂s (`ˆs )
(t)

Eq (15)

parametric approx/synthetic (log) likelihood with sample averages

ˆN
L̂N
s (`s )

Sec 3.1

nonparametric approx with uniform kernel

L̃u
computable approximation of L

Eq (22)
Eq (25)

nonparametric approx with kernel κ

L̃κ
L̂

Eq (13)

parametric approx/synthetic (log) likelihood

L̃s (`˜s )

L̃

L

Definition

Meaning

Symbol

G UTMANN AND C ORANDER

∼ pΦ|θ ,

(i) i.i.d.

Φθ

h



i

Σ̂θ = EN (Φθ − µ̂θ )(Φθ − µ̂θ )> .

Φθ =

n
1X
(i)
y .
n i=1 θ

(14)

(16)
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Example 5 (Synthetic likelihood for the Ricker model). Wood (2010) used the synthetic
likelihood to perform inference of the Ricker model and other simulator-based models with

Each realization of g yields a different mapping θ 7→ `ˆsN which illustrates that the (log)
synthetic likelihood is a random function. Figure 2(a) shows the 0.1 and 0.9 quantiles of
−`ˆsN for N = 2. The dashed curve visualizes θ 7→ −`ˆsN for a fixed realization of g. The
circles show values of −`ˆsN (θ) when g is not kept fixed as θ changes. The results are for
sample size n = 10.
The optimizer θ̌ of each realization of `ˆsN depends on g, θ̌ = Φo − g. That is, θ̌ is a
random variable with distribution N (Φo , 1/(N n)). In the limit of an infinite amount of
available computational resources, that is N → ∞, g equals zero, and the distribution has
a point-mass at θ̂mle = Φo which is indicated with the black vertical line in Figure 2(b).
As N decreases, variance is added to the point-estimate θ̌. This added variability is due
to the use of finite computational resources; it does not reflect uncertainty about θ due to
the finite sample size n. The variability causes an inflation of the mean squared estimation
error by a factor of (1 + 1/N ), E((θ̌ − θo )2 ) = 1/n(1 + 1/N ).
N

1
2π
`ˆsN (θ) = − log
2
n

In this special case, no information is lost with the reduction to the summary statistic, that
is, L(θ) ∝ L(θ). Furthermore, the distribution of the summary statistic Φθ is here known,
Φθ ∼ N (θ, 1/n) so that the Gaussian model assumption holds and L̃s (θ) = L(θ).
Using for simplicity the true variance of Φθ , we have `ˆsN (θ) = −1/2 log(2π/n)−n/2(Φo −
µ̂θ )2 . Since µ̂θ is an average of N realizations of Φθ , µ̂θ ∼ N (θ, 1/(nN )), and we can write
`ˆsN as a quadratic function subject to a random shift g,

Figure 2: Estimation of the mean of a Gaussian. (a) The figure shows the negative log synthetic
likelihood −`ˆsN . It illustrates that `ˆsN is a random function. (b) The randomness makes the
estimate θ̌ = argmaxθ `ˆsN (θ) a random variable. Its variability increases as N decreases.

(a) Negative log synthetic likelihood for N = 2

pdf
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There is some flexibility in the choice of the auxiliary pdf q(θ) in Equations (10) and (11)
which enables iterative adaptive algorithms where the accepted θ (m) of one iteration are
used to define the auxiliary distribution q(θ) of the next iteration (population or sequential
Monte Carlo algorithms, Cappé et al., 2004; Del Moral et al., 2006).
3.2 Parametric Approximation of the Likelihood



1
1
exp − (φ − µθ )> Σθ−1 (φ − µθ ) ,
2
(2π)p/2 | det Σθ |1/2

(12)

The pdf pΦ|θ of the summary statistics is of unknown analytical form but it may be reasonably assumed that it belongs to a certain parametric family. For instance, if Φθ is obtained
via averaging, the central limit theorem suggests that the pdf may be well approximated
by a Gaussian distribution if the number of samples n is sufficiently large,
pΦ|θ (φ|θ) ≈

(13)

where p is the dimension of Φθ . The corresponding likelihood function is L̃s = exp(`˜s ),
1
1
p
`˜s (θ) = − log(2π) − log | det Σθ | − (Φo − µθ )> Σθ−1 (Φo − µθ ),
2
2
2

N
1 X
(i)
Φθ ,
N

which is an approximation of L(θ) unless the summary statistics are indeed Gaussian. The
mean µθ and the covariance matrix Σθ are generally not known. But the simulator can be
used to estimate them via a sample average EN over N independently generated summary
statistics,
µ̂θ = EN [Φθ ] =
i=1

(15)

A computable estimate L̂sN of the likelihood function L(θ) is then given by L̂sN = exp(`ˆsN ),
p
1
1
`ˆsN (θ) = − log(2π) − log | det Σ̂θ | − (Φo − µ̂θ )> Σ̂θ−1 (Φo − µ̂θ ).
2
2
2

This approximation was named synthetic likelihood (Wood, 2010), hence our subscript “s”.
Due to the approximation of the expectation with a sample average, `ˆsN is a stochastic
process (a random function). We illustrate this in Example 4 below. We there also show
that the number of simulated summary statistics (data sets) N is a trade-off parameter: The
computational cost decreases as N decreases but the variability of the estimate increases
as a consequence. It further turns out that the sample curves of `ˆsN may not be smooth for
finite N and that decreasing N may worsen their roughness. We illustrate this in Example
5 using the Ricker model.

n
1X
y (i) ,
n i=1 o

Example 4 (Synthetic likelihood for the mean of a normal distribution). The sample
average is a sufficient statistic for the task of inferring the mean θ from a sample yo =
(1)
(n)
(yo , . . . , yo ) of a normal distribution with assumed variance one. We thus reduce the
observed and simulated data yo and yθ to the empirical means Φo and Φθ , respectively,
Φo =

7
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3.4

3.6

log r

3.8

4

4.2

0.1, 0.9 quantiles, N = 50
Mean, N = 50
N = 50
N = 500
N = 5000
N = 50000

(a) Negative log synthetic likelihood for different N

3.2

10

15

20

25

30

35

40

45

50

55

60

65

0
3.65

0.5

1

1.5

3.75

3.8
log r

3.85

3.9

(b) Zoom for N = 500; 5,000; 50,000

3.7

3.95

Mean, N = 50
N = 500
N = 5000
N = 50000

(T +n)

s

9

JMLR 17(125):1-47

difficult. A grid-search is feasible for very large N but this approach does not scale to
higher dimensions. Gradient-based optimization is tricky because the functional form of
`ˆN
s is unknown. Finite differences may not yield a reliable approximation of the gradient
because of the lack of smoothness. Instead of optimizing a single realization of the objective,
one could use an approximate stochastic gradient approach. That is, approximate gradients
are computed with different random seeds at different values of the parameter. For small
N , however, the gradients are unreliable so that the stepsize has to be very small, which
makes the optimization rather costly again. To resolve the issue, we suggest a more efficient
approach by combining probabilistic modeling with optimization.
N

complex dynamics. Time series data yθ = (yθ b , . . . , yθ b ) from the Ricker model after
some “burn-in” time Tb were summarized in the form of the coefficients of the autocorrelation
function and the coefficients of fitted nonlinear autoregressive models, thereby reducing the
data to fourteen summary statistics Φθ (see the supplementary material of Wood, 2010, for
their exact definition).
Figure 3 shows the negative log synthetic likelihood −`ˆN
s for the Ricker model as a
function of the log growth rate log r for yo in Figure 1(a). The parameters σ and ϕ were
kept fixed at the values σo = 0.3 and ϕo = 10 which we used to generate yo (log ro was 3.8).
The figures show that the realizations of the synthetic likelihood become less smooth as N
decreases.
The lack of smoothness makes the minimization of the different realizations of −`ˆN

(T +1)

Figure 3: Using less computational resources may reduce the smoothness of the approximate likelihood function. The figures show the negative log synthetic likelihood −`ˆN
s for the Ricker
model. Only the first parameter (log r) was varied, the others were kept fixed at the data
generating values. (a) The use of simulations makes the synthetic likelihood a stochastic
process. Realizations of −`ˆN
s for different N are shown together with the variability for
N = 50. (b) The curves become more and more smooth as the number N of simulated
data sets increases even though the curve for N = 50,000 is still rugged. It is reasonable
to assume though that the limit for N → ∞ is smooth.

neg log synthetic likelihood
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neg log synthetic likelihood, offset adjusted

N
1 X
(i)
K(φ, Φθ ),
N i=1

∼ pΦ|θ .

(i) i.i.d.

Φθ

(20)

(19)

(18)

(22)







ˆN
log L̂N
κ (θ) ≥ log κ J (θ) ,

JˆN (θ) = EN [∆θ ] .

(23)

N
L̂N
u (θ) = c P (∆θ < h) ,

(24)
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where the indicator function χ[0,h) (u) equals one if u ∈ [0, h) and zero otherwise. The
scaling parameter c does not depend on θ, and the positive scalar h is the bandwidth of

κu (u) = cχ[0,h) (u),

Since κ is maximal at zero, the lower bound is maximized by minimizing the conditional
empirical expectation JˆN (θ). The advantage of the lower bound is that it can be maximized
irrespective of κ, which is often difficult to choose in practice.
A popular choice of κ for likelihood-free inference is the uniform kernel κ = κu which
yields the approximate likelihood L̂N
u,

ˆN
L̂N
κ (θ) ≥ κ J (θ) ,



N
which is L̂N
κ where the empirical average E is replaced by the expectation E. The limiting
approximate likelihood L̃κ (θ) does not necessarily equal the likelihood L(θ) = pΦ|θ (Φo |θ).
For example, if κ(∆θ ) is obtained from a translation invariant kernel K, that is, κ(∆θ ) =
K(Φo −Φθ ), L̃κ is the likelihood for a summary statistics whose pdf is obtained by convolving
pΦ|θ with K.
For convex functions κ, Jensen’s inequality yields a lower bound for L̂N
κ and its logarithm,

L̃κ (θ) = E [κ(∆θ )] ,

As the number N grows, L̂N
κ converges to L̃κ ,

We may re-write K(Φo , Φ) in another form as κ(∆θ ) where ∆θ ≥ 0 depends on Φo and
Φθ , and κ is a univariate non-negative function not depending on θ. The kernels K are
generally such that κ has a maximum at zero (the maximum may be not unique though).
Taking the empirical expectation in Equation (20) with respect to ∆θ instead of Φθ , we
N
have L̂N
K (θ) = L̂κ (θ),
N
L̂N
(21)
κ (θ) = E [κ (∆θ )] .

N
L̂N
K (θ) = E [K(Φo , Φθ )] .

An approximation of the likelihood function L(θ) is given by L̂N
K (θ),

EN [K(φ, Φθ )] =

where K is a suitable kernel and EN denotes empirical expectation as before,

pΦ|θ (φ|θ) ≈ EN [K(φ, Φθ )] ,

An alternative to assuming a parametric model for the pdf pΦ|θ of the summary statistics is
to approximate it by a kernel density estimate (Rosenblatt, 1956; Parzen, 1962; Mack and
Rosenblatt, 1979; Wand and Jones, 1995),

3.3 Nonparametric Approximation of the Likelihood
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=

c P (∆θ
< h) .

(25)

the kernel and acts as acceptance/rejection threshold. The approximate likelihood L̂uN is
proportional to the empirical probability that the discrepancy is below the threshold. The
limiting approximate likelihood is denoted by L̃u (θ),
L̃u (θ)

i





1 N
E [∆θ ] .
h
(26)

The lower bound for convex κ is not applicable but we can obtain an equivalent bound by
Markov’s inequality,
h

L̂uN (θ) = c 1 − PN (∆θu ≥ h) ≥ c 1 −

√

n(Φo − θ) +

√



nh − F

√

n(Φo − θ) −

√

nh ,



(27)

The lower bound of the approximate likelihood can be maximized by minimizing JˆN (θ) as
for convex κ.
We illustrate the approximation of the likelihood via L̂uN in Example 6 below. It is
pointed out that good approximations are computationally very expensive because of the
very small probability for ∆θ to be below small thresholds h, or, in other words, because of
the large rejection probability. We then use the model for bacterial infections in day care
centers to show in Example 7 that the minimizer of JˆN (θ) can provide a good approximation
of the maximizer of L̂uN (θ). This is important because JˆN does not require choosing the
bandwidth h or involve any rejections.
Example 6 (Approximate likelihood for the mean of a Gaussian). For the inference of
the mean of a Gaussian, we can use as discrepancy ∆θ the squared difference between the
empirical mean of the observed and simulated data yo and yθ , that is the squared difference
between the two summary statistics Φo and Φθ in Example 4: ∆θ = (Φo − Φθ )2 . Because of
the use of simulated data, like the synthetic likelihood, the discrepancy ∆θ is a stochastic
process. We visualize its distribution in Figure 4(a). The observed data yo were the same
as in Example 4.
For this simple example, we can compute the limiting approximate likelihood L̃u in
Equation (25) in closed form,
L̃u (θ) ∝ F

x

−∞

1
1
√ exp − u2 du.
2
2π

(28)

where F (x) is the cumulative distribution function (cdf) of a standard normal random
variable,


Z

F (x) =

For small nh, L̃u (θ) becomes proportional to the likelihood L(θ). This is visualized in
Figure 4(b).2 However, the probability to actually observe a realization of ∆θ which is
below the threshold h becomes vanishingly small. For realistic models, L̃u is not available
in closed form but needs to be estimated. The vanishingly small probability indicates that
the inference procedure will be computationally expensive when L̃u is estimated via the
sample average approximation L̂uN .
N
Example 7 (Approximate univariate likelihoods for the day care centers). In the model
for bacterial infections in day care centers, the observed data were converted to summary
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2. Using h = 0.1 for illustrative purposes. For threshold choice in real applications, see Example 7 and Section 5.3.
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statistics Φo by representing each day care center (binary matrix) with four statistics. This
gives 4 · 29 = 116 summary statistics in total (see Numminen et al., 2013, for details).
Since the day care centers can be considered to be independent, the 29 observations can
be used to estimate the distribution of the four statistics and their cdfs. Numminen et al.
(2013) assessed the difference between Φθ and Φo by the L1 distance between the estimated
cdfs. Each L1 distance had its own uniform kernel and corresponding bandwidth, which
means that a product kernel was used overall. We here work with a simplified discrepancy
measure: The different scales of the four statistics were normalized by letting the maximal
value of each of the four statistics be one for yo . The discrepancy ∆θ was then the L1 norm
between Φθ and Φo divided by their dimension, ∆θ = 1/116||Φθ − Φo ||1 .
Figure 5 shows the distributions of the discrepancies ∆θ if one of the three parameters
is varied at a time. The results are for the real data used by Numminen et al. (2013).
The parameters were varied on a grid around the (rounded) mean (3.6, 0.6, 0.1) which was
inferred by Numminen et al. (2013). The distributions were estimated using N = 300
realizations of ∆θ per parameter value. The red solid lines show the empirical average
JˆN . The black lines with circles show L̂uN with bandwidths (thresholds) equal to the 0.1
quantile of the sampled discrepancies. While subjective, this is a customary choice (Marin
et al., 2012). The thresholds were hβ = 1.16, hΛ = 1.18, and hθ = 1.20, and are marked
with green lines. It can be seen that the optima of JˆN and L̂uN are attained at about
the same parameter values which is advantageous because JˆN is independent of kernel and
bandwidth.
Since the functional form of JˆN and its gradients are, however, not known, the minimization becomes a difficult problem in higher dimensions. We will show that the idea of

Figure 4: Nonparametric approximation of the likelihood to estimate the mean θ of a Gaussian. The
discrepancy ∆θ is the squared difference between the empirical means of the observed
and simulated data. (a) The discrepancy is a random function. (b) The probability that the
discrepancy is below some threshold h approximates the likelihood. Note the different
range of the axes.
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u
1
exp −
,
2
(2π)p/2

∆gθ = log | det Cθ | + (Φo − Φθ )> C−1
θ (Φo − Φθ ).
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p
1 ˆN
log L̂N
g (θ) ≥ − log(2π) − Jg (θ),
2h
2
i
JˆgN (θ) = EN log | det Cθ | + (Φo − Φθ )> C−1
θ (Φo − Φθ ) .

The function κg is convex so that Equation (23) yields a lower bound for L̂N (θ) = L̂N
g (θ)
and its logarithm,

κg (u) =

where Cθ is a positive definite bandwidth matrix possibly depending on θ. The kernel Kg
corresponds to κ = κg and ∆θ = ∆gθ ,

Kg (Φo − Φθ ) =

Kernel density estimation with Gaussian kernels is interesting for two reasons in the context
of likelihood-free inference. First, the Gaussian kernel is positive definite, so that the
estimated density is a member of a reproducing kernel Hilbert space. This means that more
robust approximations of pΦ|θ than the one in Equation (18) would exist (Kim and Scott,
2012), and that there might be connections to the inference approach of Fukumizu et al.
(2013). Second, it allows us to embed the synthetic likelihood approach of Section 3.2 into
the nonparametric approach of Section 3.3.
For the Gaussian kernel, we have that K(Φo , Φθ ) = Kg (Φo − Φθ ),

3.4 Relation between Nonparametric and Parametric Approximation

combining probabilistic modeling with optimization, which we mentioned in Example 5 for
the log synthetic likelihood, is also helpful here.
N

Figure 5: Approximate likelihoods L̂N
u and distributions of the discrepancy ∆θ for the day care
center example. The green horizontal lines indicate the thresholds used. The optima
of the average discrepancies and the approximate likelihoods occur at about the same
parameter values.
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(34)

(33)

m=1

M
X

g(θ (m) )ŵu(m) ,

P

θ

(m)

q(θ

)

(jm) pθ (θ
N χ
) q(θ(m) ))
j=1 [0,h) (∆θ
ŵu(m) = P P
,
(ji) pθ (θ (i) )
N χ
M
) (i)
j=1 [0,h) (∆
i=1

(35)
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(jm)
where χ[0,h) is the indicator function of the interval [0, h) as before, and the ∆θ , j =
(m)
1, . . . , N, are the observed discrepancies for the sampled parameter θ
∼ q(θ). Instead of
(i)
sampling several discrepancies for the same θ (m) , sampling M 0 pairs (∆θ , θ (i) ) with N = 1
is also possible and corresponds to an asymptotically equivalent solution. With q = pθ , the
approximation is a Nadaraya–Watson kernel estimate of the conditional expectation (see,
for example, Wasserman, 2004, Chapter 21).
Approximate Bayesian computation (ABC) is intrinsically linked to kernel density estimation and kernel regression (Blum, 2010). A basic ABC rejection sampler (Pritchard
et al., 1999; Marin et al., 2012, Algorithm 2) is obtained from Equation (35) with N = 1,
q = pθ , and ∆θ = ||Φo − Φθ || where ||.|| is some norm. Approximate samples from the
(m)
posterior pdf of θ given Φo can thus be obtained by retaining those θ (m) for which the Φθ
are within distance h from Φo . In an iterative approach, the accepted particles can be used
to define the auxiliary pdf q(θ) of the next iteration by letting it be a mixture of Gaussians
(m)
with weights ŵu , center points θ (m) , and a covariance determined by the θ (m) (Beaumont
et al., 2009). This gives the population Monte Carlo (PMC) ABC algorithm (Marin et al.,
2012, Algorithm 4). Related sequential Monte Carlo (SMC) ABC algorithms were proposed

E(g(θ)|Φo ) ≈

Several computable approximations L̂ of the likelihood L were constructed in the previous
two sections. Table 1 provides an overview. Intractable expectations were replaced with
sample averages using N simulated data sets which we denoted by the superscript “N ” in
the symbols for the approximations.
Wood (2010) used the synthetic likelihood L̂N
s together with a Metropolis MCMC algorithm for posterior computations. We here focus on posterior inference via importance
sampling. Using L̂N
u as L̂ in Equation (11), we have

3.5 Posterior Inference using Sample Average Approximations of the Likelihood

The proposition is proved in Appendix A. It shows that maximizing the synthetic loglikelihood corresponds to maximizing a lower bound of a nonparametric approximation
of the log likelihood. The proposition embeds the parametric approach to likelihood approximation conceptually in the nonparametric one and shows furthermore that `ˆN
s can be
computed via an empirical expectation over ∆gθ .

p p
1
`ˆN
− log(2π) − JˆgN (θ),
s (θ) =
2 2
2
p ˆN
log L̂N
g (θ) ≥ − + `s (θ)
2

Proposition 1 (Synthetic likelihood as lower bound). For Cθ = Σ̂θ ,

We used the subscript “g” to highlight that JˆN in Equation (23) is computed for the
particular discrepancy ∆gθ . The form of JˆgN is reminiscent of the log synthetic likelihood `ˆN
s
in Equation (15). The following proposition shows that there is indeed a connection.
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by Sisson et al. (2007) and Toni et al. (2009). Working with q = pθ , Beaumont et al. (2002)
introduced ABC with more general kernels, which corresponds to using L̂κN instead of L̂uN .
Example 6 showed that approximating the likelihood via sample averages is computationally expensive because of the required small thresholds. The auxiliary pdf q(θ) specifies
where in the parameter space the likelihood is predominantly evaluated. The following example shows that avoiding regions in the parameter space where the likelihood is vanishingly
small allows for considerable computational savings.
Example 8 (Univariate approximate posteriors for the day care centers). For the inference
of the model of bacterial infections in day care centers, Numminen et al. (2013) used uniform
priors for the parameters β ∈ (0, 11), Λ ∈ (0, 2), and θ ∈ (0, 1). The likelihoods L̂uN shown
in Figure 5 are thus proportional to the posterior pdfs. The posterior pdfs of the univariate
unknowns are conditional on the remaining fixed parameters. For example, the posterior
pdf for β is conditional on (Λ, θ) = (Λo , θo ) = (0.6, 0.1). In Section 7, we consider inference
of all three parameters at the same time.
In Figure 5, each parameter is evaluated on a sub-interval of the domain of the prior. The
sub-intervals were chosen such that the far tails of the likelihoods were excluded. Parameter
β, for example, was evaluated on the interval (1.5, 5.5) only. Evaluating the discrepancy
∆θ on the complete interval (0, 11) is not very meaningful since the probability that it is
above the chosen threshold is vanishingly small outside the interval (1.5, 5.5). In fact, out
of M = 5,000 discrepancies ∆θ which we simulated for β uniformly on (0, 11), not a single
one was accepted for β ∈
/ (1.5, 5.5). Hence, taking for instance a uniform distribution on
(1.5, 5.5) instead of the prior as auxiliary distribution leads to considerable computational
savings. Motivated by this, we propose a method which automatically avoids regions in the
parameter space where the likelihood is vanishingly small.
N

4. Computational Difficulties in the Standard Inference Approach
We have seen that the approximate likelihood functions L̂(θ) which are used to infer
simulator-based statistical models are stochastic processes indexed by the model parameters θ. Their properties, in particular their functional form and gradients, are generally
not known; they behave like stochastic black-box functions. The stochasticity is due to
the use of simulations to approximate intractable expectations. In the standard approach
presented in the previous section, the expectations are approximated by sample averages so
that a single evaluation of L̂ requires the simulation of N data sets. The standard approach
makes minimal assumptions but suffers from a couple of limiting factors.
1. There is an inherent trade-off between computational and statistical efficiency: Reducing N reduces the computational cost of the inference methods, but it can also
decrease the accuracy of the estimates (Figure 2).
2. For finite N , the approximate likelihoods may not be smooth (Figure 3).

JMLR 17(125):1-47

3. Simulating N data sets uniformly in the parameter space is an inefficient use of computational resources and particularly costly if simulating a single data set already takes
a long time. In some regions in the parameter space, far fewer simulations suffice to
conclude that it is very unlikely for the approximate likelihood to take a significant
value (Figures 2 to 5).
15

G UTMANN AND C ORANDER

5. Framework to Increase the Computationally Efficiency

We present a framework which combines optimization with probabilistic modeling in order
to increase the efficiency of likelihood-free inference of simulator-based statistical models.

5.1 From Sample Average to Regression Based Approximations

The standard approach to obtain a computable approximate likelihood function L̂ relies
on sample averages, yielding the parametric approximation L̂sN = exp(`ˆsN ) in Equation
(15) or the nonparametric approximation L̂κN in Equation (21). The approximations are
computable versions of L̃s = exp(`˜s ) in Equation (13) and L̃κ in Equation (22), which both
involve intractable expectations. But sample averages are not the only way to approximate
the intractable expectations. We here consider approximations based on regression.
Equation (22) shows that L̃κ (θ) has a natural interpretation as a regression function
where the model parameters θ are the covariates (the independent variables) and κ(∆θ ) is
the response variable. The expectation can thus also be approximated by solving a regression
problem. Further, JˆN in Equation (23) can be seen as the sample average approximation
of the regression function J(θ),
J(θ) = E [∆θ ] ,
(36)

o

(i)

where the discrepancy ∆θ is the response variable. The arguments which we used to show
that JˆN provides a lower bound for L̂κN carry directly over to J and L̃κ : J provides a lower
bound for L̃κ if κ is convex or the uniform kernel.
Proposition 1 establishes a relation between the sample average quantities JˆgN in Equation (32) and `ˆsN in Equation (15). In the proof of the proposition
in Appendix A, we show
 
that the relation extends to the limiting quantities Jg (θ) = E ∆θg and `˜s in Equation (13).
Thus, for Cθ = Σθ and up to constants and the sign, `˜s (θ) can be seen as a regression
function with the particular discrepancy ∆θg as the response variable.
We next discuss the general strategy to infer the regression functions while avoiding
unnecessary computations. For nonparametric approximations to the likelihood, inferring
J is simpler than inferring L̃κ since the function κ and its corresponding bandwidth do
not need to be chosen. We thus propose to first infer the regression function J of the
discrepancies and then, in a second step, to leverage the obtained solution to infer L̃κ . For
the parametric approximation to the likelihood, this extra step is not needed since Jg is a
special instance of the regression function J.

5.2 Inferring the Regression Function of the Discrepancies

(1)

(t)
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(37)

Inferring J(θ) via regression requires training data in the form of tuples (θ (i) , ∆θ ). Since
we are mostly interested in the region of the parameter space where ∆θ tends to be small,
we propose to actively construct the training data such that they are more densely clustered
around the minimizer of J(θ). As J(θ) is unknown in the first place, our proposal amounts
to performing regression and optimization at the same time: Given an initial guess that the
minimizer is in some bounded subset of the parameter space, we can sample some evidence
E (t) of the relation between θ and ∆θ ,
n

E (t) = (θ (1) , ∆θ ), . . . , (θ (t) , ∆θ ) ,

16

(38)
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JMLR 17(125):1-47

The evidence set E (t) can be used in two possible ways in the nonparametric setting: The
(i)
(i)
first possibility is to compute for each ∆θ in E (t) the value κ(i) = κ(∆θ ) and to thereby
produce a new evidence set which can be used to approximate L̃κ by fitting a regression
function. The second possibility is to estimate a probabilistic model of ∆θ from the evidence
E (t) . The estimated model can be used to approximate L̃κ by replacing the expectation in
Equation (22) with the expectation under the model. We denote either approximation by
(t)
L̂κ where the superscript “(t)” indicates that the approximation was obtained via regression
with t training points. Since E (t) is such that the approximation of the regression function
is accurate where it takes small values, the approximation of L̃κ will be accurate where it
takes large values, that is, in the modal areas.
For nonparametric likelihood approximation, kernels and bandwidths need to be selected
(see Section 3.3). The choice of the kernel is generally thought to be less critical than
the choice of the bandwidth (Wand and Jones, 1995). Bandwidth selection has received
considerable attention in the literature on kernel density estimation (for an introduction,

5.3 Inferring the Regression Function for Nonparametric Likelihood Approximation

Given our examples so far, it is further reasonable to assume that J is a smooth function. Even for the Ricker model, the mean objective was smooth although the individual
realizations were not (Figure 3). The smoothness assumption about J can be used in the
regression and enables its efficient minimization.
For the special case where `˜s is the target, several observed values of ∆θ = ∆gθ may
be available for any given θ (i) . This is because the covariance matrix Σθ may be still
estimated as a sample average so that multiple simulated summary statistics, and hence
discrepancies, are available per θ (i) . They can be used as discussed above with the only
minor modification that the training data are updated with several tuples at a time. But it
is also possible to only use the average value of the observed discrepancies, which amounts to
ˆ(t) provides
using the observed values of `ˆN
s for training. The estimated regression function J
(t)
˜
ˆ
an estimate for `s in either case. We denote the estimate by `s and the corresponding
(t)
estimate of L̃s by L̂s .
Combining nonlinear regression with the acquisition of new evidence in order to optimize
a black-box function is known as Bayesian optimization (see, for example, Brochu et al.,
2010). We can thus leverage results from Bayesian optimization to implement the proposed
approach, which we will do in Section 6.

(t)
θ̂ J = argminθ Jˆ(t) (θ).

18
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The difference between the proposed approach and the standard approach to likelihoodfree inference of simulator-based statistical models lies in the way the intractable J and
L̃ are approximated. We use regression with actively acquired training data while the
standard approach relies on computing sample averages. Our approach allows to incorporate
a smoothness assumption about J and L̃ in the region of their optima. The smoothness
assumption allows to “share” observed ∆θ among multiple θ which suggests that fewer
(i)
(i)
∆θ , that is, fewer simulated data sets yθ , are needed to reach a certain level of accuracy.
A second benefit of the proposed approach is that it directly targets the region in the
parameter space where the discrepancy ∆θ tends to be small, which is very important if
simulating data sets is time consuming.
Regression and deciding on the training data are not free of computational cost. While
the additional expense is often justified by the net savings made, it goes without saying that
if simulating the model is very cheap, methods for regression and decision making need to be
used which are not disproportionately costly. Furthermore, prioritizing the low-discrepancy
areas of the parameter space is often meaningful, but it also implies that the tails of the
likelihood (posterior) will not be as well approximated as the modal areas. The proposed
approach thus had to be modified if the computation of small probability events was of
primary interest.
Section 4 lists three computational difficulties occurring in the standard approach. Our
approach addresses the smoothness issues via smooth regression. The inefficient use of
resources is addressed by focusing on regions in the parameter space where ∆θ tends to be
small. The trade-off between computational and statistical performance is still present but
in modified form: The trade-off is the size of the training set E (t) used in the regression.
The regression functions can be estimated more accurately as the size of the training set
grows but this also requires more computation. The size of the training set as trade-off
parameter has the advantage that we are free to choose in which areas of the parameter
space we would like to approximate the regression function more accurately and in which
areas an accurate approximation is not needed. This is in contrast to the standard approach
where a computational cost of N simulated data sets needs to be paid per θ irrespective of
its value.

5.4 Benefits and Limitations of the Proposed Approach

see, for example, Wand and Jones, 1995). The results from that literature are, however,
not straightforwardly applicable to our work: We may only be given a certain discrepancy
measure ∆θ without underlying summary statistics Φθ (Gutmann et al., 2014). And even
if the discrepancy ∆θ is constructed via summary statistics, the kernel density estimate is
only evaluated at Φo which is kept fixed while θ is varied. Furthermore, we usually only
have very few observations available for any given θ which is generally not the case in kernel
density estimation. These differences warrant further investigations into which extent the
bandwidth selection methods from the kernel density estimation literature are applicable
to likelihood-free inference. We focus in this paper on the uniform kernel and generally
(i)
choose h via the quantiles of the ∆θ , which is common practice in approximate Bayesian
computation (see, for example, Marin et al., 2012). The approximate likelihood function
(t)
for the uniform kernel will be denoted by L̂u .

and use this evidence to obtain an estimate Jˆ(t) of J via regression. The estimated Jˆ(t) and
some measurement of uncertainty about it can then be used to produce a new guess about
the potential location of the minimizer, from where the process re-starts. In some cases, it
may be advantageous to include the prior pdf of the parameters in the process. We explore
this topic in Appendix B.
The evidence set E (t) grows at every iteration and we may stop at t = T . The value of
T can be chosen based on computational considerations, by checking whether the learned
model predicts the acquired points reasonably well, or by monitoring the change in the
(t)
minimizer θ̂ of Jˆ(t) as the evidence set grows,

J
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6. Implementing the Framework with Bayesian Optimization
We start with introducing Bayesian optimization and then use it to implement our framework. This is followed by a discussion of possible extensions.
6.1 Brief Introduction to Bayesian Optimization






Kt = 



k(θ (1) , θ (1) ) . . . k(θ (1) , θ (t) )


.
.
2

..
..
 + σn It .
k(θ (t) , θ (1) ) . . . k(θ (t) , θ (t) )

(40)

We briefly introduce the elements of Bayesian optimization which are needed in the paper. A
more thorough introduction can be found in the review articles by Jones (2001) and Brochu
et al. (2010). While the presented version of Bayesian optimization is rather straightforward
and textbook-like, our framework can also be implemented with more advanced versions,
see Section 6.4.
Bayesian optimization comprises a set of methods to minimize black-box functions f (θ).
With a black-box function, we mean a function which we can evaluate but whose form and
gradients are unknown. The basic idea in Bayesian optimization is to use a probabilistic
model of f to select points where the objective is evaluated, and to use the obtained values
to update the model by Bayes’ theorem.
The objective f is often modeled as a Gaussian process which is also done in this paper:
We assume that f is a Gaussian process with prior mean function m(θ) and covariance
function k(θ, θ 0 ) subject to additive Gaussian observation noise with variance σn2 . The joint
distribution of f at any t points θ (1) , . . . , θ (t) is thus assumed Gaussian with mean mt and
covariance Kt ,
>
f (1) , . . . , f (t) ∼ N (mt , Kt ),
(39)


m(θ (1) )


.

..
,
m(θ (t) )


mt = 

X
j

aj θj2 + bj θj + c,

k(θ, θ 0 ) = σf2 exp 

j

λj2


X 1

(θj − θj0 )2  .



(41)

We used f (i) to denote f (θ (i) ) and It is the t × t identity matrix. While other choices are
possible, we assume that m(θ) is either a constant or a sum of convex quadratic polynomials in the elements θj of θ, cross-terms were not included, and that k(θ, θ 0 ) is a squared
exponential covariance function,
m(θ) =
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These are standard choices (see, for example, Rasmussen and Williams, 2006, Chapter
2). Since we are interested in minimization, we constrain the aj to be non-negative. In
the last equation, θj and θj0 are the elements of θ and θ 0 , respectively, σf2 is the signal
variance, and the λj are the characteristic length scales. The length scales control the
amount of correlation between f (θ) and f (θ 0 ), in other words, they control the wiggliness
of the realizations of the Gaussian process. The signal variance is the marginal variance of
f at a point θ if the observation noise was zero.
The quantities aj , bj , c, σf2 , λj , and σn2 are hyperparameters. For the results in this
paper, they were learned by maximizing the leave-one-out log predictive probability (a form
19
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>

kt (θ) = k(θ, θ (1) ), . . . , k(θ, θ (t) )

.

(44)

(43)

(42)

of cross-validation, see Rasmussen and Williams, 2006, Section 5.4.2). The hyperparameters
were slowly updated as new data were acquired, as done in previous work, for example by
Wang et al. (2013). This yielded satisfactory results but there are several alternatives,
including Bayesian methods to learn the hyperparameters (for an overview, see Rasmussen
and Williams, 2006, Chapter 5), and we did not perform any systematic comparison.
(t)
Given evidence Ef = {(θ (1) , f (1) ), . . . , (θ (t) , f (t) )}, the posterior pdf of f at a point θ
is Gaussian with posterior mean µt (θ) and posterior variance vt (θ) + σn2 ,
(t)

f (θ)|Ef ∼ N (µt (θ), vt (θ) + σn2 ),

,

vt (θ) = k(θ, θ) − kt (θ)> Kt−1 kt (θ),

where (see, for example, Rasmussen and Williams, 2006, Section 2.7),
>

µt (θ) = m(θ) + kt (θ)> Kt−1 (ft − mt ),
ft = f (1) , . . . , f (t)

At (θ) = µt (θ) −

ηt2 vt (θ),

(45)

The posterior mean µt emulates f and can be minimized with powerful gradient-based
optimization methods.
The evidence set can be augmented by selecting a new point θ (t+1) where f is next
(t)
evaluated. The point is chosen based on the posterior distribution of f given Ef . While
other choices are equally possible, we use the acquisition function At (θ) to select the next
point,
q

where ηt2 = 2 log[td/2+2 π 2 /(3η )] with η being a small constant (we used η = 0.1). This acquisition function is known as the lower confidence bound selection criterion (Cox and John,
1992, 1997; Srinivas et al., 2010, 2012).3 Classically, θ (t+1) is chosen deterministically as the
minimizer of At (θ). The minimization of At (θ) yields a compromise between exploration
and exploitation: Minimization of the posterior mean µt (θ) corresponds
to exploitation of
p
the current belief and ignores its uncertainty. Minimization of − vt (θ), on the other hand,
corresponds to exploration where we seek a point where we are uncertain about f . The
coefficient ηt implements the trade-off between these two desiderata.
There is usually no restriction that θ (t+1) must be different from previously acquired
θ (t) . We found, however, that this may result in a poor exploration of the parameter space
(see Figure 7 and Example 10 below). Employing a stochastic acquisition rule avoids getting
stuck at one point. We used the simple heuristic that θ (t+1) is sampled from a Gaussian with
diagonal covariance matrix and mean equal to the minimizer of the acquisition function.
The standard deviations were determined by finding the end-points of the interval where the
acquisition function was within a certain (relative) tolerance. Other stochastic acquisition
rules, like for example Thompson sampling (Thompson, 1933; Chapelle and Li, 2011; Russo
and Van Roy, 2014), could alternatively be used.
(t )
The algorithm was initialized with an evidence set Ef 0 where the parameters θ (1) , . . . , θ (t0 )
were chosen as a Sobol quasi-random sequence (see, for example, Niederreiter, 1988). Compared to uniformly distributed (pseudo) random numbers, the Sobol sequence covers the
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3. In the literature, maximization instead of minimization
problems are often considered. For maximization problems,
p
the acquisition function becomes µt (θ) + ηt2 vt (θ) and needs to be maximized. The formula for ηt2 is used in the
review by Brochu et al. (2010) and is part of Theorem 2 of Srinivas et al. (2010).
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iff (θ) = log ∆θ .

iff (θ) = ∆θ ,
(46)
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Example 10 (Bayesian optimization to infer the growth rate in the Ricker model). Example 5 introduced the synthetic likelihood for the Ricker model. We have seen that individual
realizations of `ˆN
s are rather noisy, in particular for N = 50, but that their average, which
represents an estimate of `˜s , is smooth with its optimum in the right region (Figure 3). We
(t)
here obtain estimates `ˆs of `˜s with Bayesian optimization. The maximal training data are
N
ˆ
T = 150 tuples (log r, `s ), where the first nine are from the initialization. The log synthetic
likelihood was computed using code of Wood (2010) which only returned `ˆN
s and not the
multiple discrepancies prior to averaging.
(t)
Figures 7(a) and (b) show −`ˆs after initialization without and with log-transformation,
respectively (black solid lines). In both cases, we used a quadratic prior mean function. The
estimated limiting negative log synthetic likelihood −`˜s from Figure 3 is shown in red for

Example 9 (Bayesian optimization to infer the mean of a Gaussian). For inference of
the mean of a univariate Gaussian, the squared difference of the empirical means was used
as the discrepancy measure ∆θ , as in Example 6. We modeled the discrepancy ∆θ as a
Gaussian process with constant prior mean and performed Bayesian optimization with the
deterministic acquisition rule. Figure 6 shows the first iterations: When only a single observation of ∆θ is available, t = 1 and ∆θ is believed to be constant but there is considerable
uncertainty about it (upper-left panel). The posterior distribution of the Gaussian process
yields the acquisition function A1 (θ) according to Equation (45) (curve in magenta). Its
minimization gives the value θ(2) where ∆θ is evaluated next (blue rectangle). After including the observed value of ∆θ into the evidence set, t = 2 and the posterior distribution of
the Gaussian process is re-calculated using Equation (42), that is, the belief about ∆θ is
updated using Bayes’ theorem (upper-right panel). The updated belief becomes the current belief and the process restarts. A movie showing the process over several iterations is
available at http://www.jmlr.org/papers/volume17/15-017/supplementary/Gauss.avi. N

As discussed in Section 5.2, in the parametric approach to likelihood approximation, Jˆ(t)
(t)
equals the computable approximation `ˆs of `˜s .
We illustrate the basic principles of Bayesian optimization in Example 9 below. In
Example 10, we illustrate log-Gaussian modeling and the stochastic acquisition rule.


µt (θ)
(t)


Jˆ (θ) =
exp µt (θ) + 1 (vt (θ) + σn2 )
2

Letting f (θ) = ∆θ , Bayesian optimization yields immediately an estimate of J(θ) in Equation (36). Since ∆θ is non-negative, working with f = log ∆θ seems to be theoretically
more sound. In practice, however, both approaches were found to work well, albeit we do
not aim at any systematic comparison here. If f = ∆θ , the estimate Jˆ(t) of J is given by
the posterior mean µt , and if f = log ∆θ , the estimate is given by the mean of a log-normal
random variable,

6.2 Inferring the Regression Function of the Discrepancies

parameter space in a more even fashion. This kind of initialization is, however, not critical
to our approach, and only few initial points were used in our simulations.
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reference. Figure 7(c) shows that the deterministic decision rule can lead to acquisitions
with very little spatial exploration. The reason for the poor exploration is presumably the
rather large variance of `ˆN
s for N = 50. Working with a log-Gaussian process leads to
a better exploration and also to a better approximation (Figure 7(d)). The acquisitions
happen, however, still in a cluster-like manner, which can also be seen in Figure 14 in
Appendix C where we provide a more detailed analysis. Working with a stochastic decision
rule leads to acquired points which are spread out more evenly in the area of interest. This
results in both more stable and more accurate approximations (Figures 7(e–f) and Figure
15 in Appendix C).
N

Figure 6: The first iterations of Bayesian optimization to estimate the mean of a Gaussian. The
distribution of ∆θ and its regression function J(θ) are reproduced from Figure 4 for reference (labeled “Target”). Bayesian optimization consists in acquiring new data based
on the current belief, followed by an update of the belief by Bayes’ theorem. The acquisition of new data is based on an acquisition function which implements a trade-off
between exploration and exploitation. Exploitation after two data points would consist in
evaluating the objective again at θ = 5. Exploration would consist in evaluating it where
the posterior variance is large, that is, somewhere between minus five and zero. The point
selected (blue rectangle) strikes a compromise between the two extremes.
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Figure 7: Approximation of the limiting negative log synthetic likelihood −`˜s for the Ricker example. The approximations are shown as black solid curves. The black dashed curves
indicate the variability of −`ˆsN , and the red curves show −`˜s from Figure 3 for reference. (a–b) The approximation after initialization with 9 data points. The green vertical
lines indicate the minimizer of the acquisition function. The dashed vertical lines show
the mean plus-or-minus one standard deviation in the stochastic decision rule. (c–f) The
approximations are based on 150 data points (blue circles).
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6.3 Model-Based Nonparametric Likelihood Approximation

∝



F



h−µt (θ)
2
vt (θ)+σn

vt (θ)+σn

log h−µt (θ)
√
2

 


F √





iff (θ) = log ∆θ ,

iff (θ) = ∆θ ,

(47)

Bayesian optimization yields a probabilistic model for the discrepancy ∆θ . As discussed in
(t)
Section 5.3, we can use this model to obtain the computable likelihood approximation L̂u ,

L̂u(t) (θ)

where h is the bandwidth (threshold). The function F (x) was defined in Equation (28) and
denotes the cdf of a standard normal random variable, and µt and vt + σn2 are the posterior
mean and variance of the Gaussian process.

(t)

(t)

(t)

Both L̂u in the nonparametric approach and L̂s = exp(`ˆs ) in the parametric approach
are computable approximations L̂ of the likelihood L. Evaluating them is cheap since no
further runs of the simulator are needed. Derivatives can also be computed since the
derivatives of the posterior mean and variance are tractable for Gaussian processes. A
given approximate likelihood function can thus be used in various ways for inference: We
can maximize it and compute its curvature (Hessian matrix) to obtain error bars, we can
perform inference with a hybrid Monte Carlo algorithm in a MCMC framework, or use it
according to Equation (11) in an importance sampling approach.

For the results in this paper, we used iterative importance sampling where in each
iteration, the auxiliary pdf q was a mixture of Gaussians as in Section 3.5. The initial
auxiliary pdf was defined as a mixture of Gaussians in the same manner by associating
uniform weights with the θ (i) acquired in the Bayesian optimization step. Samples from the
prior pdf pθ are not needed in such an approach, which can be advantageous if obtaining
them is expensive.

We next illustrate model-based likelihood approximation using the example about bacterial infections in day care centers.
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Example 11 (Model-based approximate univariate likelihoods for the day care centers). We
inferred the likelihood function via Bayesian optimization using a Gaussian process model
with quadratic prior mean and T = 50 data points (10 initial points and 40 acquisitions).
The bandwidths and general setup were as in Example 7. The left column of Figure 8 shows
the estimated models of the discrepancies for the different parameters and compares them
with the empirical distributions reported in Figure 5. The right column of Figure 8 shows
(t)
the estimated likelihood functions L̂u , t = 50 (blue solid curves), and compares them with
the sample average based approximations L̂uN from Figure 5 (black, dots). For Bayesian
optimization, the computational cost for an entire likelihood curve was 50 simulations. This
is in stark contrast to the computational cost of N = 300 simulations for a single evaluation
of L̂uN in the sample-based approach. Since L̂uN was evaluated on a grid of 50 points, the
model-based results required 300 times fewer simulations. The computational savings were
achieved through the use of smooth regression and the active construction of the training
data in Bayesian optimization.
N
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In general, more training data are needed with increasing dimensions so that a method
which can handle a large number of acquisitions is likely required (see above). Furthermore,
the optimization of acquisition functions is also more difficult in higher dimensions.

Likelihood-free inference is in general very difficult when the dimensionality d of the parameter space is large. This difficulty manifests itself in our approach in the form of a
nonlinear regression problem which needs to be solved. While we are only interested in
accurate regression results in the areas of the parameter space where the discrepancy is
small, discovering these areas becomes more difficult as the dimension increases.

6.4.2 H IGH -D IMENSIONAL I NFERENCE

An alternative approach to Gaussian process regression is Bayesian linear regression
with a set of m < t suitably chosen basis functions. The two approaches are closely related
(see, for example, Rasmussen and Williams, 2006, Chapter 2), but instead of a t × t matrix,
a m × m matrix needs to be inverted. This reduces the computational complexity again
to O(tm2 ). In order to keep the number of required basis functions small, adaptive basis
regression with deep neural networks has been employed to perform Bayesian optimization
(Snoek et al., 2015).

Research on Gaussian processes has produced numerous methods to deal with the inversion of Kt (for an overview, see Rasmussen and Williams, 2006, Chapter 8). Importantly,
we can directly use any of these methods for the purpose of likelihood-free inference. For example, sparse Gaussian process regression employs m < t “inducing variables” to reduce the
complexity from O(t3 ) to O(tm2 ) (see, for example, Quiñonero-Candela and Rasmussen,
2005). The inducing variables and the hyperparameters of the Gaussian process can be
optimized using variational learning (Titsias, 2009), which is also amenable to stochastic
optimization to further reduce the computational cost (Hensman et al., 2013).

The straightforward approach of Section 6.1 to Bayesian optimization with a Gaussian
process model requires the inversion of the t × t matrix Kt . The inversion has complexity
O(t3 ) which limits the number of acquisitions to a few thousands. For the applications in
this paper, this has not been an issue but we would like to be able to acquire more than a
few thousand points if necessary.

6.4.1 S CALABILITY WITH THE N UMBER OF ACQUISITIONS

We use in this paper a basic version of Bayesian optimization to do likelihood-free inference.
But more advanced versions exist which opens up a range of possible extensions.

6.4 Possible Extensions
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Bayesian optimization in high dimensions typically relies on structural assumptions
about the objective function. In recent work, it was assumed that the objective varies
along a low dimensional subspace only (Chen et al., 2012; Wang et al., 2013; Djolonga
et al., 2013), or that it takes the form of an additive model (Kandasamy et al., 2015). This
work and further developments in high-dimensional Bayesian optimization can be leveraged
for the challenging problem of high-dimensional likelihood-free inference.
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Figure 8: Distributions of the discrepancies and approximate likelihoods for the day care center
example. For reference, the sample average results are reproduced from Figure 5. In
the standard sample average approach, each likelihood curve required 15,000 simulations
(right column, black lines with markers). In the proposed model-based approach, each
likelihood curve required 50 simulations (right column, blue solid lines). This yields a
factor of 300 in computational savings.
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6.4.3 PARALLELIZATION AND ACQUISITION RULES
Bayesian optimization lends itself to parallelization. In particular the acquisition of new
data points can be performed in parallel. While several well-known acquisition rules are
sequential, they can also be parallelized. Our stochastic acquisition rule provides an easy
mechanism by using a sequential rule to define a probability distribution for the location of
the next acquisition. Several points can then be drawn in parallel from that distribution.
We employ the lower confidence bound selection criterion in Equation (45) to drive the
stochastic acquisitions, but alternative rules, for example the maximization of expected
improvement, can be used in an analogous way. Other stochastic acquisition rules, like for
instance Thompson sampling (Thompson, 1933; Chapelle and Li, 2011; Russo and Van Roy,
2014), enable similarly the concurrent acquisition of multiple data points.
A more elaborate way to parallelize a sequential acquisition rule is to design the joint
acquisitions such that the resulting algorithm behaves as if the points are chosen sequentially
(Azimi et al., 2010), or to integrate out the possible outcomes of the pending function
evaluations (Snoek et al., 2012). Moreover, parallel versions of the lower/upper confidence
bound criterion have been proposed by Contal et al. (2013) and Desautels et al. (2014).
In most theoretical studies on acquisition rules, the objective function in Bayesian optimization is modeled as a Gaussian process with uncorrelated Gaussian observation noise.
The distribution of the (log) discrepancy, however, may not follow this assumption. This
implies on the one hand that the probabilistic modeling of the discrepancy could be improved (see below). On the other hand, it also means that further research would be needed
about optimal acquisition rules in the context of likelihood-free inference.
6.4.4 P ROBABILISTIC M ODEL
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We modeled the discrepancy ∆θ as a Gaussian or log Gaussian process using a squared
exponential covariance function and uncorrelated Gaussian observation noise. While simple
and often used, we are not limited to these choices. The literature on Gaussian process
regression and Bayesian optimization provides several alternatives and extensions (for an
overview, see Rasmussen and Williams, 2006). Modeling of ∆θ is important because the
model affects the inferences made.
In the employed model, a stationary prior distribution is assumed. However, depending
on the simulator, the discrepancy may behave differently in different parameter regions.
In particular its variance may be input dependent (heteroscedasticity). Such cases can be
handled by non-stationary covariance functions or by using different stationary processes in
different regions of the parameter space (see, for example, Rasmussen and Williams, 2006,
Chapters 6 and 9).
Equation (42) shows that for the Gaussian process model, the posterior variance does
not depend on the observed function values but only on the acquisition locations. As
more points are acquired in a neighborhood of a point, the posterior variance may shrink
even if the observed function values have a larger than expected spread. A dependency
on the observed values can be obtained indirectly by updating the hyperparameters of the
covariance function. But a more direct dependency may be preferable. An option is to use
Student’s t processes instead where the posterior variance depends on the observed function
values through a global scaling factor (Shah et al., 2014).
27

7. Applications

G UTMANN AND C ORANDER

We here apply the developed methodology to infer the complete Ricker model and the
complete model of bacterial infections in day care centers. As in the previous section, using
Bayesian optimization in likelihood-free inference (BOLFI) reduces the amount of required
simulations by several orders of magnitude.
7.1 Ricker Model

We introduced the Ricker model in Example 2. It has three parameters: log r, σ, and φ.
The difficulty in the inference stems from the dynamics of the latent time series and the
unobserved variables. We inferred the parameters using the synthetic likelihood of Wood
(2010) from the data shown in Figure 1(a) which were generated with θ o = (3.8, 0.3, 10).
Wood (2010) inferred the model with a random walk Markov chain Monte Carlo algorithm using `ˆsN (θ) with N = 500. The random walk was defined on the log-parameters
due to their positivity. In a baseline study with the computer code made publicly available
by Wood (2010), we were not able to infer the parameters with the settings in the original publication (Wood, 2010, Section 1.1 in the supplementary material). Reducing the
proposal standard deviation for σ by a factor of ten enabled inference even though different Markov chains still led to rather different marginal posterior pdfs for σ. These issues
were observed for N ∈ {500, 1000, 5000} and for Markov chains run twice as long as in the
original publication (100,000 versus 50,000 iterations). In addition to the usual random
effects in MCMC, the variability in the outcomes of the different chains may be due to his
approach of working on a single realization of the random log synthetic likelihood function
(see Figure 3 for example realizations when only log r is varied). The results of our baseline
study are reported in Appendix D. Given the nature of the baseline results, we should not
expect that the results from our method match them exactly.
For BOLFI, we modeled the random log synthetic likelihood `ˆsN as a log-Gaussian process with a quadratic prior mean function (using N = 500 as Wood, 2010). Bayesian
optimization was performed with the stochastic acquisition rule and 20 initial data points.
(t)
Figure 9 shows −`ˆs for t ∈ {50, 150, 500}. The results for t = 50 and t = 500 differ more in
the shape of the estimated regression functions than in the location of the optima. As the
evidence set grows, the algorithm learns that the log synthetic likelihood is less confined
along σ and that the curvature along the other dimensions should be larger. The plot also
shows that there is a negative correlation between log r and φ (conditional on σ). This
is reasonable since a larger growth rate r can be compensated with a smaller value of the
observation scalar φ and vice versa.
(t)
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The approximation `ˆs was used to perform posterior inference of the parameters via
the iterative importance sampling scheme of Section 6.3 (using three iterations with 25,000
samples each). This sampling is purely model-based and does not require further runs of the
simulator. The computed marginal posterior pdfs are shown in Figure 10 (curves in gray)
together with a MCMC solution for reference (blue dashed). It can be seen that already
after t = 150 acquired data points, we obtain a solution which matches the MCMC solution
well at a fraction of the computational cost. About 600 times fewer calls to the simulator
were needed.
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The model for bacterial infections in day care centers was described in Example 3. It
has three parameters of interest: β, Λ, and θ. The likelihood function is intractable due
to the infinitely many unobserved correlated variables. We inferred the model using the
discrepancy ∆θ described in Example 7 from the same real data as Numminen et al. (2013).
For BOLFI, we modeled the discrepancy ∆θ as a Gaussian process with a quadratic
prior mean function and used the stochastic acquisition rule. The algorithm was initialized with 20 data points. Figure 11 shows the estimated regression functions Jˆ(t) for

7.2 Bacterial Infections in Day Care Centers

Figure 10: Marginal posterior pdfs for the Ricker model. The model-based solutions are shown in
gray, the blue dashed curves are the MCMC solution. The green circles on the x-axes
mark the location of θ o = (3.8, 0.3, 10). The blue diamonds mark the value of the
posterior mean for the MCMC solution while the black squares indicate the posterior
means of the model-based solution. For the MCMC solution, 100,000 simulated data
sets are needed. Bayesian optimization yields informative solutions using 150 simulated
data sets only, which corresponds to 667 times fewer simulations than with MCMC.

estimated posterior pdf

The largest differences between the model-based and the MCMC solution occur for
parameter σ (Figure 10(b)). But we have seen that this is a difficult parameter to infer and
that the MCMC solution may actually not correspond to ground truth. The two posteriors
inferred by MCMC have, for instance, posterior means (blue diamonds) which are further
from the data generating parameter σo = 0.3 (green circle) than our model-based solution
(black square). For the other parameters, the posterior means of the model-based solution
are also closer to ground truth than the posterior means of the MCMC solution.

Figure 9: Isocontours of the estimated negative log synthetic likelihood function for the Ricker
(t)
(t)
model. Each panel shows slices of −`ˆs with argmax `ˆs as center point when two of
the three variables are varied at a time. The center points are marked with a red cross.
The dots mark the location of the acquired parameters θ (i) (projected onto the plane).
The intensity map is the same in all figures; white corresponds to the smallest value.
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Figure 11: Isocontours of the estimated regression function Jˆ(t) for the day care center model.
Visualization is as in Figure 9.
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t ∈ {50, 100, 150, 500}. For t = 50, the optimal co-infection parameter θ is at a boundary of the parameter space. As more training data are acquired, the shape of the estimated
regression function changes. The algorithm learns that the optimal θ is located away from
the boundary, and the isocontours become oblique which indicates a negative (conditional)
correlation between all three parameters. A negative correlation between β and Λ given the
estimate of θ is reasonable because an increase in transmissions inside the day care centers
(increase of β) can be compensated with a decrease of transmissions from an outside source
(decrease of Λ). The co-infection parameter θ is negatively correlated with β given the
estimate of Λ because a decrease in the tendency to be infected by multiple strains of the
bacterium (decrease of θ) can be offset by an increase of the transmission rate (increase of
β). The same reasoning applies to Λ given a fixed value of β.
We used the Gaussian process model of the discrepancy to compute the model-based
(t)
likelihood L̂u . The threshold h was chosen as the 0.05 quantile of the modeled discrepancy
at the minimizer of the estimated regression function. Model-based posterior inference was
then performed via iterative importance sampling as described in Section 6.3 (using three
iterations with 25,000 samples each). Figure 12 (left column) shows the inferred marginal
posterior pdfs. They stabilize quickly as the amount of acquired data increases.
The right column in Figure 12 compares our model-based results with the solution
by Numminen et al. (2013) (blue horizontal lines with triangles) and with results by the
population Monte Carlo (PMC) ABC algorithm of Section 3.5 (black curves with diamonds).
Numminen et al. (2013) used a PMC-ABC algorithm as well but with a slightly different
discrepancy measure (see Example 7). Both PMC results were obtained using 10,000 initial
simulations to set the initial threshold, followed by four more iterations with shrinking
thresholds where in each iteration, data sets were simulated till 10,000 accepted parameters
were obtained. It can be seen that the posterior mean and the credibility intervals of the
two PMC results match in the fourth generation, which indicates that our modification of
the discrepancy measurement had a negligible influence. For the PCM results shown in
black, iteration one to four required 121,374; 277,997; 572,007; and 1,218,382 simulations
each, giving a total computational cost of 2,199,760 simulations for the results of iteration
four. In terms of computing time, the PMC computations took about 4.5 days on a cluster
with 200 cores. Our model-based results for t = 1,000 were obtained with one tenth of the
initial simulations of the reference methods and took only about 1.5 hours on a desktop
computer.4 Out of the computing time, 93% were spent on simulating the day care centers,
and 7% on regression and optimization of the acquisition function.
The posterior means of our model-based approach match quickly the reference results
(red curves with circles versus blue curves with triangles). The focus on the modal region yields, however, broader credibility intervals. The broader model-based posterior pdfs
suggest that they could be used as auxiliary pdf for PMC-ABC or other iterative ABC
algorithms which are based on importance sampling. Moreover, one could evaluate the
discrepancy at the sampled points to obtain additional training data in order to refine the
model.

JMLR 17(125):1-47

4. The simulation of the 29 day care centers in the model was partly parallelized by means of seven cores.
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Figure 12: Marginal posterior results for the day care center model. The left column shows the
obtained model-based posterior pdfs. The right column compares the posterior mean
and the 95% credibility interval with results from PMC-ABC algorithms. We obtain
conservative estimates of the model parameters at a fraction of the computational cost.
Posterior means are shown as solid lines with markers, credibility intervals as shaded
areas or dashed lines.
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Meeds and Welling (2014) proposed an alternative to the sample average approximation
of the (limiting) synthetic likelihood by modeling each element of the intractable mean
and covariance matrix of the summary statistics with a Gaussian process. The resulting
likelihood approximation was used together with a Markov chain Monte Carlo algorithm for

Related to the approach of Rasmussen (2003), Wilkinson (2014) modeled the log likelihood as a Gaussian process. This is different from our work where we model the discrepancies. We believe that modeling the discrepancies is advantageous because it allows
to delay the selection of the kernel and bandwidth which are needed in the nonparametric
setting. This is important because it enables one to make use of all simulated data. In the
parametric setting, the two modeling strategies lead to identical solutions. We found further that accurate point estimates can be obtained by modeling the discrepancies only. In
particular, minimizing their regression function corresponds to maximizing a lower bound
of the approximate nonparametric likelihood under mild conditions. As a second difference,
Wilkinson (2014) used space-filling points together with a plausibility criterion to obtain
the parameter values for the regression. This is in contrast to Bayesian optimization where
powerful optimization methods are employed to quickly identify the areas of interest.

Our approach is related to the work by Rasmussen (2003) and the two recent papers by
Wilkinson (2014) and Meeds and Welling (2014) (which became only available after we first
proposed our approach at “ABC in Rome” in 2013): Rasmussen (2003) used a Gaussian
process to model the logarithm of the target pdf in a hybrid Monte Carlo algorithm. There
are two main differences to our work. First, a scenario was considered where the target can
be evaluated exactly at a finite computational cost, even though the cost might be high. In
our case, exact evaluation of the likelihood function is not assumed possible at finite cost.
This difference is important because approximate likelihood evaluations might be rather
noisy. The second difference is that we used Bayesian optimization to focus on the modal
areas of the target.

Our paper dealt with inferring the parameters of simulator-based (generative) statistical
models. Inference is difficult for such models because of the intractability of the likelihood
function. While it is an open question whether variational principles are also applicable,
the parameters of simulator-based statistical models are typically inferred by finding values
for which the discrepancy between simulated and observed data tends to be small. We
have seen that such an approach is computationally costly. The high cost is largely due to
a lack of knowledge about the functional relation between the model parameters and the
discrepancies. We proposed to use regression to infer the relation using training data which
are actively acquired. The acquisition is performed such that the focus in the regression is
on regions in the parameter space where the discrepancy tends to be small. We implemented
the proposed strategy using Bayesian optimization where the discrepancy is modeled with a
Gaussian process. The posterior distribution of the Gaussian process was used to construct a
model-based approximation of the intractable likelihood. This combination of probabilistic
modeling and optimization reduced the number of simulated data sets by several orders
of magnitude in our applications. The reduction in the number of required simulations
accelerated the inference substantially.

8. Conclusions
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posterior inference. The differences to our approach lie in the quantities modeled and in the
use Bayesian optimization to actively design the training data for the Gaussian processes.
There are also connections to the body of work on Bayesian analysis of computer codes
(for an introduction to this field of research, see for example the paper by O’Hagan, 2006):
Sacks et al. (1989) and Currin et al. (1991) modeled the outputs of general deterministic
computer codes as Gaussian processes. The computer codes were, for example, solving
complex partial differential equations, and the papers were about finding an emulator for
the heavy computations. Inference of unknown parameters of the computer codes given
observed data was only considered later by Cox et al. (2001) and Kennedy and O’Hagan
(2001). The observed and simulated data were modeled using Gaussian processes, and
space-filling points were used to choose the parameters for which the computer code was
run. The main differences to our approach are again the quantities modeled, and the use
of Bayesian optimization.
We employed a rather basic algorithm to perform Bayesian optimization. This does,
however, not mean that Bayesian optimization for likelihood-free inference is limited to
that particular algorithm. We discussed a number of alternatives, as well as more advanced
algorithms which could be used instead, and outlined a general framework for increasing
the computational efficiency of likelihood-free inference.
Our paper opens up a wide range of extensions and opportunities for future research.
One possibility is to use the tools provided by Bayesian optimization to tackle the challenging problem of likelihood-free inference in high dimensions. More foundational research
topics would revolve around the modeling of the discrepancies and the development of acquisition rules which are tailored to the problem of likelihood-free inference. We focused on
approximating the modal areas of the intractable likelihoods more accurately than the tails.
It is an open question of how to best increase the accuracy in the tail areas. One possibility
is to use the samples from the approximate posterior to update the training data for the
regression, which would naturally lead to a recursion where the current method would only
provide the initial approximation.
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Appendix A. Proof of Proposition 1

T1 (θ) = log | det Cθ |,

JˆgN (θ) = T1 (θ) + T2 (θ),
h

T2 (θ) = EN (Φo − Φθ )> Cθ−1 (Φo − Φθ ) .

i

We split the objective JˆgN , defined in Equation (32), into two terms,

h

h

µ̂θ )

> −1
Cθ (Φo

−

−

µ̂θ )

−

i

+ tr

Φθ )

µ̂θ )

+



(µ̂θ

Φθ )

−

h



Cθ−1 EN

> −1
Cθ (µ̂θ

(µ̂θ

−

i

−

Φθ )(µ̂θ

Φθ )

−

Φθ )>

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

i

Term T2 can be rewritten using the empirical mean µ̂θ and the covariance matrix Σ̂θ in
Equation (14),

= EN

−

−

µ̂θ )> Cθ−1 (µ̂θ
µ̂θ )> Cθ−1 (Φo



T2 (θ) = EN (Φo − µ̂θ + µ̂θ − Φθ )> Cθ−1 (Φo − µ̂θ + µ̂θ − Φθ )
(Φo

−

+2(Φo
=

(Φo

= (Φo − µ̂θ )> Cθ−1 (Φo − µ̂θ ) + tr Cθ−1 Σ̂θ ,

where we have used that EN [Φθ ] = µ̂θ . For Cθ = Σ̂θ , we have

T2 (θ) = (Φo − µ̂θ )> Σ̂θ−1 (Φo − µ̂θ ) + p.
Hence, for Cθ = Σ̂θ , JˆgN equals

JˆgN (θ) = log | det Σ̂θ | + (Φo − µ̂θ )> Σ̂θ−1 (Φo − µ̂θ ) + p.

p
1
1
`ˆsN (θ) = − log(2π) − log | det Σ̂θ | − (Φo − µ̂θ )> Σ̂θ−1 (Φo − µ̂θ ),
2
2
2

(58)

(59)

JˆgN (θ) = p − p log(2π) − 2`ˆsN (θ).

On the other hand, the log synthetic likelihood `ˆsN is

so that

The claimed result follows now from Equation (31),

p
log LgN (θ) ≥ − + `ˆsN (θ).
2

+E

h

(Φo

−
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> −1
Cθ (Φo
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i

Φθ )





(62)

(61)

Replacing the empirical average EN with the expectation shows that the limiting quantities `˜s and Jg (θ),
 
Jg (θ) = E ∆θg ,
(60)
=

log | det Cθ |

are related by an analogous result. In more detail,

Jg (θ)
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= log | det Cθ | + (Φo − µθ )> Cθ−1 (Φo − µθ ) + tr Cθ−1 Σθ ,

36

(63)
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Example 10 illustrated log-Gaussian modeling and the stochastic acquisition rule by means
of the Ricker model with the log growth rate log r as only unknown. We here show the
differences between stochastic and deterministic acquisitions in greater detail. The results
are for a log-Gaussian process model.
Figure 14 shows the estimated regression functions Jˆ(t) as obtained with a deterministic
acquisition rule like in Figure 7(d) for different t. The acquired data points are vertically
clustered because the acquisition rule often proposed nearly identical parameters. Figure
15 shows Jˆ(t) obtained with a stochastic acquisition rule as in Figure 7(f). While both
methods lead to a satisfactory approximation of the negative log synthetic likelihood around
its minimum, the result with the stochastic acquisition rule seems more stable because the
acquired training data are spread out more evenly in the interval of interest.

Appendix C. Bayesian Optimization with a Deterministic versus a Stochastic
Acquisition Rule

In the main text, we focused on acquiring training data in regions in the parameter space
where the discrepancy ∆θ tends to be small, which corresponds to the modal regions of the
approximate likelihoods. For highly informative priors pθ with modal regions far away from
the peaks of the likelihood such an approach is suboptimal for posterior inference. Since
the prior is typically fairly broad and the likelihood peaked, this situation is not usual. But
if it happens, it is better to directly acquire the training data in the modal areas of the
posterior. For inference via the synthetic likelihood, this can be straightforwardly done by
approximating `˜s + log pθ . In Bayesian optimization with ∆gθ as the response variable, the
posterior mean µt in Equation (43) would then be replaced by µ̃t (θ) = µt (θ) − 2 log pθ .
For inference via an nonparametric approximation of the likelihood, the same approach
may also work but this warrants further investigations because the regression function J
provides only a lower bound for the likelihood. We also note that using the prior pθ can be
helpful if it is known that the parameters do not influence the model independently, causing
for instance the discrepancy to be nearly constant along certain directions in the parameter
space.
Figure 13 illustrates the basic idea using Example 1 and a prior pdf pθ (blue curve)
which has practically no overlap with the true likelihood L (green curve). The results are
for Bayesian optimization with 20 deterministic acquisitions and a Gaussian process model
with constant mean function.

Appendix B. Using the Prior Distribution of the Parameters in Bayesian
Optimization

It follows by definition of Jg that `˜s can be seen as a regression function where θ is the
vector of covariates and ∆gθ is, up to constants and the sign, the response variable.

Jg (θ) = p − p log(2π) − 2`˜s (θ).

where we used the same development which led to Equation (54) but with the expectation
instead of EN . Hence, for Cθ = Σθ , we have the analogous result by definition of `˜s in
Equation (13),
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Figure 13: Using the prior density pθ in Bayesian optimization. (a) If pθ is not used (or if uniform),
the focus is on the modal region of the likelihood. If the prior is far from the mode
of the likelihood, the learned model is less accurate in the modal areas of the posterior
(black dashed versus red solid curve). (b) The prior pdf pθ was used to shift the data
acquisitions in Bayesian optimization to the modal area of the posterior (see the circles
in the figures on the right or on the x-axes on the left). This results in a more accurate
approximation of the posterior pdf but a less accurate approximation of the mode of the
likelihood (dashed magenta versus blue solid curve).

0
-12

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0
-12

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

G UTMANN AND C ORANDER

neg log synthetic likelihood (arbitrary scale)
neg log synthetic likelihood (arbitrary scale)

log r

3.8

3.8

(b) 30 data points

3.6

BAYESIAN O PTIMIZATION FOR L IKELIHOOD -F REE I NFERENCE

3.4

3.6
log r

log r

3.8

(d) 70 data points

3.6

(f) 100 data points

4

4

4.2

4.2

40
35
30
25
20
15
10
5
3.2

50
45
40
35
30
25
20
15
10
5
3.2

50
45
40
35
30
25
20
15
10
5
3.2

3.4

3.4

3.6
log r

3.8

3.8

(a) 10 data points

3.6
log r

log r

3.8

(c) 30 data points

3.6

(e) 70 data points

4

4

4

G UTMANN AND C ORANDER

4.2

4.2

4.2

5
3.2

10

15

20

25

30

35

40

45

50

5
3.2

10

15

20

25

30

35

40

45

50

5
3.2

10

15

20

25

30

35

40

50

40
35
30
25
20
15
10
5
3.2

3.4

3.4

45

4.2

50
45
40
35
30
25
20
15
10
5
3.2

50
45
40
35
30
25
20
15
10
5
3.2

4.2

50

4

4.2

4

50

3.8

4

3.4

50

log r

3.8

4.2

45

3.6

3.8

(a) 10 data points

3.6
log r

log r

(c) 40 data points

3.6

(e) 80 data points

4

45

40
35
30
25
20
15
10
5
3.2

50
45
40
35
30
25
20

3.4

3.4

017/supplementary/Ricker1D.avi.

40

3.4

3.4

3.4

3.6

log r

log r

3.8

3.8

(b) 20 data points

3.6

log r

3.8

(d) 40 data points

3.6

(f) 100 data points

4

4

4

4.2

4.2

4.2

JMLR 17(125):1-47

Figure 15: Log-Gaussian process model for the log synthetic likelihood of the Ricker model
with log r as only unknown. The setup and visualization is as in Figure 14 but
the stochastic acquisition rule is used. A movie showing the acquisitions and the
updating of the model is available at http://www.jmlr.org/papers/volume17/15-
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Figure 14: Log-Gaussian process model for the log synthetic likelihood of the Ricker model with
log r as only unknown. The results are for the deterministic acquisition rule consisting
of minimization of the acquisition function in Equation (45). Note the vertical clusters.
The visualization is as in Figure 7. The plot range was restricted to (3.2, 4.2) so that not
all acquisition may be shown.
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Figure 17: Effect of the number of simulated data sets N (left column) and the seed of the random
number generator (right column) for the Ricker example when inferred with the method
by Wood (2010). Visualization is as in Figure 16.
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Figure 16: Choice of the transition kernels for inference of the Ricker model via MCMC. We used
N = 5,000 which is ten times more than in the original work (Wood, 2010). The dashed
curves with markers are (rescaled) histograms, the solid curves kernel density estimates.
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We here report the simulation results for the Ricker model inferred with the log synthetic
likelihood `ˆN
s and a random walk MCMC algorithm with the code made publicly available
by Wood (2010). We ran the algorithm for 100,000 iterations, starting at θ o = (3.8, 0.3, 10).
The first 25,000 samples were discarded. In the work by Wood (2010), the proposal standard
deviation for σ was 0.1. Figure 16 shows that this choice led to a chain which got stuck close
to σ = 0 even when N = 5,000 (blue, squares). Reducing the proposal standard deviation
by a factor of 10 allowed us to obtain reasonable results (red, circles). The proposal standard
deviations for the remaining parameters were the same as in the original publication. We
then investigated the stability of the inferred posteriors when N is reduced from N = 5,000
to N = 500 and when the simulator is run with different realizations of the random log
synthetic likelihood. Figure 17 shows that the posteriors are stable for log r and φ but that
there is some variation for σ.

Appendix D. Ricker Model Inferred with a Markov Chain Monte Carlo Algorithm
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M

 √

# Oracle Calls ≥ Ω̃ min d, κ ln(1/ ,
where κ = L/µ denotes the so-called condition number.

must satisfy

x∈Rd

f (x̃) < min f (x) + ,

Although being a widely accepted computational model in the theoretical computer
sciences, the Turing Machine Model presents many obstacles when analyzing optimization
algorithms. In their seminal work, Nemirovsky and Yudin (1983) evaded some of these
difficulties by proposing the black box computational model, according to which information regarding the objective function is acquired iteratively by querying an oracle. This
model does not impose any computational resource constraints3 . Nemirovsky and Yudin
showed that for any optimization algorithm which employs a first-order oracle, i.e. receives
(f (x), ∇f (x)) upon querying at a point x ∈ Rd , there exists an L-smooth µ-strongly convex
quadratic function f : Rd → R, such that for any  > 0 the number of oracle calls needed
for obtaining an -optimal solution x̃, i.e.,

where the objective function f is some real-valued function defined over the constraints
set X. Many core problems in the field of Computer Science, Economic, and Operations
Research can be readily expressed in this form, rendering this minimization problem farreaching. That being said, in its full generality this problem is just too hard to solve or

(1)

µ
ky − xk2 ,
2

∀x, y ∈ Rd ,

A wide range of applications together with very efficient solvers have made this family of
problems very important. Naturally, an interesting question arises: how fast can these kind
of problems be solved? better said, what is the computational complexity of minimizing
smooth and strongly-convex functions to a given degree of accuracy?2 Prior to answering
these, otherwise ill-defined, questions, one must first address the exact nature of the underlying computational model.

f (y) ≥ f (x) + hy − x, ∇f (x)i +

and µ-strongly convex, that is,

k∇f (x) − ∇f (y)k ≤ L kx − yk ,

One such case is smooth and strongly convex functions over some d-dimensional Euclidean space1 . Formally, we consider continuously differentiable f : Rd → R which are
L-smooth, i.e.,

even to approximate. As a consequence, various structural assumptions on the objective
function and the constraints set, along with better-suited optimization algorithms, have
been proposed so as to make this problem viable.

Arjevani, Shalev-Shwartz and Shamir

1. More generally, one may consider smooth and strongly convex functions over some Hilbert space.
2. Natural as these questions might look today, matters were quite different only few decades ago. In his
book ‘Introduction to Optimization’ which dates back to 87’, Polyak B.T devotes a whole section as to:
‘Why Are Convergence Theorems Necessary?’ (See section 1.6.2 in Polyak (1987)).
3. In a sense, this model is dual to the Turing Machine model where all the information regarding the
parameters of the problem is available prior to the execution of the algorithm, but the computational
resources are limited in time and space.

min f (x),

In the field of mathematical optimization one is interested in efficiently solving a minimization problem of the form

1. Introduction

We develop a novel framework to study smooth and strongly convex optimization algorithms. Focusing on quadratic functions we are able to examine optimization algorithms
as a recursive application of linear operators. This, in turn, reveals a powerful connection
between a class of optimization algorithms and the analytic theory of polynomials whereby
new lower and upper bounds are derived. Whereas existing lower bounds for this setting
are only valid when the dimensionality scales with the number of iterations, our lower
bound holds in the natural regime where the dimensionality is fixed. Lastly, expressing
it as an optimal solution for the corresponding optimization problem over polynomials,
as formulated by our framework, we present a novel systematic derivation of Nesterov’s
well-known Accelerated Gradient Descent method. This rather natural interpretation of
AGD contrasts with earlier ones which lacked a simple, yet solid, motivation.
Keywords: smooth and strongly convex optimization, full gradient descent, accelerated
gradient descent, heavy ball method
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(4)

As eigenvalues are merely roots of characteristic polynomials4 , our approach involves
establishing a lower bound on the maximal modulus (absolute value) of the roots of polynomials. Clearly, in order to find a meaningful lower bound, one must first find a condition
which is satisfied by all characteristic polynomials that correspond to p-SCLIs. We show
that such condition does exist by proving that characteristic polynomials of consistent pSCLIs, which correctly minimize the function at hand, must have a specific evaluation at
λ = 1. This in turn allows us to analyze the convergence rate purely in terms of the analytic
theory of polynomials, i.e.,

min {ρ(q(z)) | q(z) is a real monic polynomial of degree p and q(1) = r} ,

4

JMLR 17(126):1-51

4. In fact, we will use a polynomial matrix analogous of characteristic polynomials which will turns out to
be more useful for our purposes.

in order to obtain an -optimal solution, regardless of the dimension of the problem. This
result partially complements the lower bound presented earlier in Inequality (3). More
specifically, for p = 1, we show that the runtime of algorithms whose update rules do not
depend on previous points (e.g. Gradient Descent) and can be computed efficiently scales
linearly with the condition number. For p = 2, we get the optimal result for smooth and
strongly convex functions. For p > 2, this lower bound is clearly weaker than the lower
bound shown in (3) at the first d iterations. However, we show that it can be indeed attained by p-SCLI schemes, some of which can be executed efficiently for certain classes of
quadratic functions. Finally, we believe that a more refined analysis of problem (4) would
√
show that this technique is powerful enough to meet the classical lower bound κ for any
p, in the worst-case over all quadratic problems.

#Oracle Calls ≥ Ω̃

Based on the technique described above we present a novel lower bound on the convergence rate of p-SCLI optimization algorithms. More formally, we prove that any p-SCLI
optimization algorithm over Rd , whose iterations can be executed efficiently, requires

√
p
κ ln(1/)
(5)

where r ∈ R and ρ(q(z)) denotes the maximum modulus over all roots of q(z). Although
a vast range of techniques have been developed for bounding the moduli of roots of polynomials (e.g., Marden 1966; Rahman and Schmeisser 2002; Milovanovic et al. 1994; Walsh
1922; Milovanović and Rassias 2000; Fell 1980), to the best of our knowledge, few of them
address lower bounds (see Higham and Tisseur 2003). Minimization problem (4) is also
strongly connected with the question of bounding the spectral radius of ‘generalized’ companion matrices from below. Unfortunately, this topic too lacks an adequate coverage in
the literature (see Wolkowicz and Styan 1980; Zhong and Huang 2008; Horne 1997; Huang
and Wang 2007). Consequently, we devote part of this work to establish new tools for tackling (4). It is noteworthy that these tools are developed by using elementary arguments.
This sharply contrasts with previously proof techniques used for deriving lower bounds on
the convergence rate of optimization algorithms which employed heavy machinery from the
field of extremal polynomials, such as Chebyshev polynomials (e.g., Mason and Handscomb
2002).

Find

The result of Nemirovsky and Yudin can be seen as the starting point of the present
paper. The restricted validity of this lower bound to the first O(d) iterations is not a
mere artifact of the analysis. Indeed, from an information point of view, a minimizer of
any convex quadratic function can be found using no more than O(d) first-order queries.
Noticing that this bound is attained by the Conjugate Gradient Descent method (CGD, see
Polyak 1987), it seems that one cannot get a non-trivial lower bound once the number of
queries exceeds the dimension d. Moreover, a similar situation can be shown to occur for
more general classes of convex functions. However, the known algorithms which attain such
behavior (such as CGD and the center-of-gravity method, e.g., Nemirovski 2005) require
computationally intensive iterations, and are quite different than many common algorithms
used for large-scale optimization problems, such as gradient descent and its variants. Thus,
to capture the attainable performance of such algorithms, we must make additional assumptions on their structure. This can be made more solid using the following simple observation.
When applied on quadratic functions, the update rule of many optimization algorithms
reduces to a recursive application of a linear transformation which depends, possibly randomly, on the previous p query points.
Indeed, the update rule of CGD for quadratic functions is non-stationary, i.e. uses a different
transformation at each iteration, as opposed to other optimization algorithms which utilize
less complex update rules such as: stationary updates rule, e.g., Gradient Descent, Accelerated Gradient Descent, Newton’s method (see Nesterov 2004), The Heavy Ball method
Polyak (1987), SDCA (see Shalev-Shwartz and Zhang 2013) and SAG (see Roux et al. 2012);
cyclic update rules, e.g,. SVRG (see Johnson and Zhang 2013); and piecewise-stationary
update rules, e.g., Accelerated SDCA. Inspired by this observation, in the present work we
explore the boundaries of optimization algorithms which admit stationary update rules. We
call such algorithms p-Stationary Canonical Linear Iterative optimization algorithms (abbr.
p-SCLI), where p designates the number of previous points which are necessary to generate
new points. The quantity p may be instructively interpreted as a limit on the amount of
memory at the algorithm’s disposal.

JMLR 17(126):1-51

Similar to the analysis of power iteration methods, the convergence properties of such
algorithms are intimately related to the eigenvalues of the corresponding linear transformation. Specifically, as the convergence rate of a recursive application of a linear transformation is essentially characterized by its largest magnitude eigenvalue, the asymptotic
convergence rate of p-SCLI algorithms can be bounded from above and from below by analyzing the spectrum of the corresponding linear transformation. It should be noted that
the technique of linearizing iterative procedures and analyzing their convergence behavior
accordingly, which dates back to the pioneering work of the Russian mathematician Lyapunov, has been successfully applied in the field of mathematical optimization many times,
e.g., Polyak (1987) and more recently Lessard et al. (2014). However, whereas previous
works were primarily concerned with deriving upper bounds on the magnitude of the corresponding eigenvalues, in this work our reference point is lower bounds.

3

5
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• As a result, we focus on a restricted subclass of p-SCLI optimization algorithms which
can be executed efficiently. This yields a novel systematic derivation of Full Gradient Descent, Accelerated Gradient Descent, The Heavy-Ball method (and potentially
other efficient optimization algorithms), each of which corresponds to an optimal solution of optimization problems on the moduli of polynomials’ roots.

• We show that there exist matching p-SCLI optimization algorithms which attain the
convergence rates stated above for all p. Alas, for p ≥ 3, an expensive pre-calculation
task renders these algorithms inefficient.

iterations in order to obtain an -optimal solution. As mentioned earlier, unlike existing lower bounds, our bound holds for every fixed dimensionality.

• We prove that any p-SCLI optimization algorithm must use at least

√
Ω̃ p κ ln(1/)

• We define a class of algorithms (p-SCLI) in terms of linear operations on the last p
iterations, and show that they subsume some of the most interesting algorithms used
in practice.

To summarize, our main contributions, in order of appearance, are the following:

Unfortunately, AGD lacks the strong geometrical intuition which accompanies many optimization algorithms, such as FGD and the Heavy Ball method. Primarily based on sophisticated algebraic manipulations, its proof strives for a more intuitive derivation (e.g. Beck
and Teboulle 2009; Baes 2009; Tseng 2008; Sutskever et al. 2013; Allen-Zhu and Orecchia
2014). This downside has rendered the generalization of AGD to different optimization
scenarios, such as constrained optimization problems, a highly non-trivial task which up
to the present time does not admit a complete satisfactory solution. Surprisingly enough,
by designing optimization algorithms whose characteristic polynomials are optimal with respect to a constrained version of (4), we have uncovered a novel simple derivation of AGD.
This reformulation as an optimal solution for a constrained optimization problem over polynomials, shows that AGD and the Heavy Ball are essentially two sides of the same coin.

first-order queries. The gap between this upper bound and the lower bound shown in (3)
has intrigued many researchers in the field. Eventually, it was this line of inquiry that led to
the discovery of AGD by Nesterov (see Nesterov 1983), a slight modification of the standard
GD algorithm, whose iteration complexity is

√
O κ ln(1/) .

O(κ ln(1/))

The last part of this work concerns a cornerstone in the field of mathematical optimization, i.e., Nesterov’s well-known Accelerated Gradient Descent method (AGD). Prior to the
work of Nemirovsky and Yudin, it was known that full Gradient Descent (FGD) obtains an
-optimal solution by issuing no more than
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A ∈ S d (Σ) .

6
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In the sequel we establish our framework for analyzing optimization algorithms for minimizing smooth and strongly convex functions. First, to motivate this technique, we show
that the analysis of SDCA presented in Shalev-Shwartz and Zhang (2013) is tight by using a similar method. Next, we lay the foundations of the framework by generalizing and
formalizing various aspects of the SDCA case. We then examine some popular optimization algorithms through this formulation. Apart from setting the boundaries for this work,
this inspection gives rise to, otherwise subtle, distinctions between different optimization
algorithms. Lastly, we discuss the computational complexity of p-SCLIs, as well as their
convergence properties.

2. Framework

M 1
fA,b (x) = x> Ax + b> x,
2

where Σ denotes a non-empty set of positive reals, and where fA,b (x) denotes the following
quadratic function

The following notation for quadratic functions and matrices will be of frequent use,
n
o
M
S d (Σ) = A ∈ Rd×d A is symmetric and σ(A) ⊆ Σ ,
o
M
Qd (Σ) = {fA,b (x) A ∈ S d (Σ) , b ∈ Rd ,

where Id denotes the identity matrix. Since polynomials in this paper have their origins as
characteristic polynomials of some square matrices, by a slight abuse of notation, we will
denote the roots of a polynomial q(z) and its root radius, the maximum modulus over its
roots, by σ(q(z)) and ρ(q(z)), respectively, as well.

χA (λ) = det(A − λId ),

We denote a block-diagonal matrix whose blocks are A1 , . . . , Ak by the conventional
direct sum notation, i.e., ⊕ki=1 Ak . We devote a special operator symbol for scalar matrices
Diag (a1 , . . . , ad ) = ⊕di=1 ai . The spectrum of a square matrix A and its spectral radius,
the maximum magnitude over its eigenvalues, are denoted by σ(A) and ρ(A), respectively.
Recall that the eigenvalues of a square matrix A ∈ Rd×d are exactly the roots of the
characteristic polynomial which is defined as follows

We denote scalars with lower case letters and vectors with bold face letters. We use R++
to denote the set of all positive real numbers. All functions in this paper are defined over
Euclidean spaces equipped with the standard Euclidean norm and all matrix-norms are
assumed to denote the spectral norm.

1.1 Notation

• We present new schemes which offer better utilization of second-order information
by exploiting breaches in existing lower bounds. This leads to a new optimization
√
algorithm which obtains a rate of 3 κ ln(1/) in the presence of large enough spectral
gaps.
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2.1 Case Study - Stochastic Dual Coordinate Ascent

(6)

We consider the optimization algorithm Stochastic Dual Coordinates Ascent (SDCA5 ) for
solving Regularized Loss Minimization (RLM) problems (6), which are of great significance
for the field of Machine Learning. It is shown that applying SDCA on quadratic loss functions allows one to reformulate it as a recursive application of linear transformations. The
relative simplicity of such processes is then exploited to derive a lower bound on the convergence rate.
A smooth-RLM problem is an optimization task of the following form:
n

i=1

X
λ
M 1
min P (w) =
φi (w> xi ) + kwk2 ,
n
2

w∈Rd

where φi are 1/γ-smooth and convex, x1 , . . . , xn are vectors in Rd and λ is a positive constant. For ease of presentation, we further assume that φi are non-negative, φi (0) ≤ 1 and
kxi k ≤ 1 for all i.

i=1

i=1

n
n
X
1
1X ?
φi (αi ) +
α i xi
n
2λn2

2

,

The optimization algorithm SDCA works by minimizing an equivalent optimization
problem
M

min D(α) =

α∈Rn

where φ? denotes the Fenchel conjugate of φ, by repeatedly picking z ∼ U([n]) uniformly
and minimizing D(α) over the z’th coordinate. The latter optimization problem is referred
to as the dual problem, while the problem presented in (6) is called the primal problem. As
shown in Shalev-Shwartz and Zhang (2013), it is possible to convert a high quality solution
of the dual problem into a high quality solution of the primal problem. This allows one
to bound from above the number of iterations required for obtaining a prescribed level of
accuracy  > 0 by



1
Õ n +
ln(1/) .
λγ
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(7)

We now show that this analysis is indeed tight. First, let us define the following 2-smooth
functions:
i = 1, . . . , n

1. This yields


1
1
I+
11> α.
2n
λn2

√1
n

φi (y) = y 2 ,
and let us define x1 = x2 = · · · = xn =

1
D(α) = α>
2

5. For a detailed analysis of SDCA, please refer to Shalev-Shwartz and Zhang 2013.
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M

j6=i

−2 X
αj .
2 + λn

(8)

Clearly, the unique minimizer of D(α) is α∗ = 0. Now, given i ∈ [n] and α ∈ Rn , it is easy
to verify that

α0 ∈R

argmin D(α1 , . . . , αi−1 , α0 , αi+1 , . . . , αn ) =

Thus, the next test point α+ , generated by taking a step along the i’th coordinate, is a
linear transformation of the previous point, i.e.,


(9)
α+ = I − ei ui> α,
where

M

i’s entry



2
2
2 
2
,...,
, 1 ,
,...,
.
2 + λn
2 + λn |{z} 2 + λn
2 + λn

ui> = 

K
is ranLet αk , k = 1, . . . , K denote the k’th test point. The sequence of points (αk )k=1
domly generated by minimizing D(α) over the zi ’th coordinate at the i’th iteration, where
z1 , z2 , . . . , zK ∼ U([n]) is a sequence of K uniform distributed i.i.d random variables. Applying (9) over and over again starting from some initialization point α0 we obtain





αk = I − ezK uz>K I − ezK−1 uz>K−1 · · · I − ez1 uz>1 α0 .

To compute E[αK ] note that by the i.i.d hypothesis and by the linearity of the expectation
operator,
h



 i


E αK = E I − ezK uz>K I − ezK−1 uz>K−1 · · · I − ez1 uz>1 α0
h
i h
i
h
i
= E I − ezK uz>K E I − ezK−1 uz>K−1 · · · E I − ez1 uz>1 α0
h
iK
I − ez uz>
α0 .
(10)
=E

The convergence rate of the latter is governed by the spectral radius of
h
i
M
E = E I − ez uz> .

(11)

A straightforward calculation shows that the eigenvalues of E, ordered by magnitude, are

n−1 times

1
2+λ
1
,...,1 −
,1 −
.
1−
2/λ + n
2/λ + n
2 + λn
|
{z
}



1
1
√ , − √ , 0, . . . , 0 ,
2
2
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By choosing α0 to be the following normalized eigenvector which corresponds to the largest
eigenvalue
α0 =

8


1−

1
2/λ + n

K

α0

(12)

A ∈ S d (Σ) ,

Cj (A)xk−p+j + N (A)b,

k = p, p + 1, . . .

(14)

j=0

p−1
X

ECj (X)λj ,

(15)

10
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Furthermore, we may omit the subscript A, when it is clear from the context.

A = (LA (λ, X), N (X)).

M

For the sake of brevity, we sometimes specify a given p-SCLI optimization algorithm A
using an ordered pair of a characteristic polynomial and an inversion matrix as follows

where Cj (X) denote the coefficient matrices. Moreover, given X ∈ Rd×d we define the root
radius of LA (λ, X) by

ρλ (LA (λ, X)) = ρ(det LA (λ, X)) = max |λ0 | det LA (λ0 , X) = 0 .

M

LA (λ, X) = Id λp −

Definition 2 The characteristic polynomial of a given p-SCLI optimization algorithm A is
defined by

As demonstrated by the following definition, coefficients matrices of p-SCLIs can be
equivalently described in terms of polynomial matrices8 . This correspondence will soon
play a pivotal role in the analysis of p-SCLIs.

Let us introduce a few more definitions and terminology which will be used throughout
this paper. The number of previous points p by which new points are generated is called the
lifting factor. The matrix-valued random variables C0 (X), C1 (X), . . . , Cp−1 (X) and N (X)
are called coefficient matrices and inversion matrix, respectively. The term inversion matrix refers to the mapping N (X), as well as to a concrete evaluation of it. It will be clear
from the context which interpretation is being used. The same holds for coefficient matrices.

6. We shall refer to this assumption as stationarity.
7. Intuitively, having this technical requirement is somewhat similar to assuming that the coefficients matrices commute (see Drazin et al. 1951 for a precise statement), and as such does not seem to restrict the
scope of this work. Indeed, it is common to have ECi (A) as polynomials in A or as diagonal matrices,
in which case the assumption holds true.
8. For a detailed cover of polynomial matrices see Gohberg et al. (2009).

x ∈ Rd ,

j=0

(13)

We further assume that in each iteration Cj (A) and N (A) are drawn independently of
previous realizations6 , and that ECi (A) are finite and simultaneously triangularizable7 .

xk =

p−1
X

x0 , x1 , . . . , xp−1 ∈ Rd

we have that Qd ([µ, L]) comprises L-smooth µ-strongly convex quadratic functions. Thus,
any optimization algorithm designed for minimizing smooth and strongly convex functions
can be used to minimize functions in Qd ([µ, L]). The key observation here is that since the
gradient of fA,b (x) is linear in x, when applied to quadratic functions, the update rules of
many optimization algorithms also become linear in x. This formalizes as follows.


σ ∇2 (f (x)) ⊆ [µ, L] ⊆ R++ ,

by Qd (Σ). Note that since twice continuous differentiable functions f (x) are L-smooth and
µ-strongly convex if and only if

M 1
fA,b (x) = x> Ax + b> x,
2

We denote the set of d × d symmetric matrices whose spectrum lies in Σ ⊆ R++ by
S d (Σ) and denote the following set of quadratic functions

In the sequel we introduce the framework of p-SCLI optimization algorithms which generalizes the analysis shown in the preceding section.

2.2 Definitions

thus showing that, up to logarithmic factors, the analysis of the convergence rate of SDCA
is tight.

(2/λ + n − 1) ln (1/) ,

We see that the minimal number of iterations required for obtaining a solution whose
distance from the α∗ is less than  > 0 must be greater than

where the last inequality is due to the following inequality,


2
−2
1−
≥ exp
, ∀x ≥ 1.
x+1
x−1

2
(4/λ + 2n − 1) + 1


K
−1
≥ exp
,
2/λ + n − 1


= 1−

=
K

Definition 1 (p-SCLI optimization algorithms) An optimization algorithm A is called
a p-stationary canonical linear iterative (abbr. p-SCLI) optimization algorithm over Rd if
there exist p + 1 mappings C0 (X), C1 (X), . . . , Cp−1 (X), N (X) from Rd×d to Rd×d -valued
random variables, such that for any fA,b (x) ∈ Qd (Σ) the corresponding initialization and
update rules take the following form:

and plugging it into Equation (10), we can now bound from below the distance of E[αK ]
to the optimal point α∗ = 0,

h
iK


E αK − α∗ = E I − ez u>
α0
z
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Lastly, note that nowhere in the definition of p-SCLIs did we assume that the optimization process converges to the minimizer of the function under consideration - an assumption
which we refer to as consistency.
Definition 3 (Consistency of p-SCLI optimization algorithms) A p-SCLI optimization algorithm A is said to be consistent with respect to a given A ∈ S d (Σ) if for any b ∈ Rd ,
A converges
to the minimizer of fA,b (x), regardless of the initialization point. That is, for
∞
xk k=1 as defined in (13,14) we have that
xk → −A−1 b,

for any b ∈ Rd . Furthermore, if A is consistent with respect to all A ∈ S d (Σ), then we say
that A is consistent with respect to Qd (Σ).
2.3 Specifications for Some Popular Optimization Algorithms
Having defined the framework of p-SCLI optimization algorithms, a natural question now
arises: how broad is the scope of this framework and what does characterize optimization
algorithms which it applies to? Loosely speaking, any optimization algorithm whose update
rules depend linearly on the first and the second order derivatives of the function under consideration is eligible for this framework. Instead of providing a precise characterization for
such algorithms, we apply various popular optimization algorithms on a general quadratic
function fA,b (x) ∈ Qd ([µ, L]) and then express them as p-SCLI optimization algorithms.

Full Gradient Descent (FGD) is a 1-SCLI optimization algorithm with
x0 ∈ R d ,

xk+1

= xk − β∇f (xk ) = xk − β(Axk + b) = (I − βA)xk − βb,
2
.
µ+L

β=

See Nesterov (2004) for more details.
Newton method is a 0-SCLI optimization algorithm with
x0 ∈ R d ,

xk+1 = xk − (∇2 f (xk ))−1 ∇f (xk ) = xk − A−1 (Axk + b)
= (I − A−1 A)xk − A−1 b = −A−1 b.

JMLR 17(126):1-51

Note that Newton method can be also formulated as a degenerate p-SCLI for some
p ∈ N, whose coefficients matrices vanish. See Nesterov (2004) for more details.
11
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The Heavy Ball Method is a 2-SCLI optimization algorithm with

xk+1 = xk − α∇f (xk ) + β(xk − xk−1 )

= xk − α(Axk + b) + β(xk − xk−1 )

4

L+

,
√ 2
µ

β=

√

L+

L−

√

µ

= ((1 + β)I − αA) xk − βIxk−1 − αb,
√
√ !2
µ
α = √

See Polyak (1987) for more details.

.

Accelerated Gradient Descent (AGD) is a 2-SCLI optimization algorithm with

L+

L−

x 0 = y 0 ∈ Rd ,
1
yk+1 = xk − ∇f (xk ),
L
xk+1 = (1 + α) yk+1 − αyk ,
√
√
µ
√ ,
µ

α= √

which can be rewritten as follows:

x0 ∈ R d ,




1
1
xk+1 = (1 + α) xk − ∇f (xk ) − α xk−1 − ∇f (xk−1 )
L
L




1
1
= (1 + α) xk − (Axk + b) − α xk−1 − (Axk−1 + b)
L
L




1
1
1
= (1 + α) I − A xk − α I − A xk−1 − b.
L
L
L

Note that here we employ a stationary variant of AGD. See Nesterov (2004) for more
details.



I−


1
bi
>
ei ai,?
xk −
ei ,
Ai,i
Ai,i

Stochastic Coordinate Descent (SCD) is a 1-SCLI optimization algorithm. This is a
generalization of the example shown in Section 2.1. SCD acts by repeatedly minimizing a uniformly randomly drawn coordinate in each iteration. That is,
x0 ∈ R d ,

Pick i ∼ U([d]) and set xk+1 =

M

> denotes the i’th row of A and b = (b , b , . . . , b ). Note that the expected
where ai,?
1 2
d
update rule of this method is equivalent to the well-known Jacobi’s iterative method.
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We now describe some popular optimization algorithms which do not fit this framework,
mainly because the stationarity requirement fails to hold. The extension of this framework
to cyclic and piecewise stationary optimization algorithms is left to future work.

12

x ∈ Rd .

E[Aω ] = 0,

E[bω ] = 0.

∀k ≥ K,


1
ln(1/) ,
1−ρ


ρ
ln(1/) ,
1−ρ

JMLR 17(126):1-51
14

JMLR 17(126):1-51

13

The full proof for this theorem is somewhat long and thus provided in Section C.1.
Nevertheless, the intuition behind it is very simple and may be sketched as follows:

where ρ denotes the root radius of the characteristic polynomial evaluated at X = A.






ICA , fA,b (x), X 0 = Õ

and for all X 0 ∈ (Rd )p , it holds that


ICA , fA,b (x), X 0 = Ω̃

Theorem 4 Let A be a p-SCLI optimization algorithm over Rd and let fA,b (x) ∈ Qd (Σ) , (Σ ⊆
R++ ) be a quadratic function. Then, there exists X 0 ∈ (Rd )p such that

In addition to showing that the iteration complexity of p-SCLI algorithms scales logarithmically with 1/, the following theorem provides a characterization for the iteration
complexity in terms of the root radius of the characteristic polynomial.

here we employ a different definition. We will discuss this issue shortly.

E xk − x ∗ ,

where x∗ = −A−1 b is the minimizer of fA,b (x), assuming A is initialized at X 0 . We would
like to point out that although iteration complexity is usually measured through

E[xk − x∗ ] < ,

is defined to be the minimal number of iterations K such that


ICA , fA,b (x), X 0 ,

The computational cost of the execution of update rule (14) scales quadratically with d,
the dimension of the problem, and linearly with p, the lifting factor. Thus, the running
time of p-SCLIs is mainly affected by the iterations number and the computational cost of

The stationarity property of general p-SCLIs optimization algorithms implies that the computational cost of minimizing a given quadratic function fA,b (x), assuming Θ (1) cost for
all arithmetic operations, is


 Generating coefficient and inversion matrices randomly
# Iterations ×
+


Executing update rule (14) based on the previous p points

2.4 Computational Complexity

If, in addition, the step size is fixed then we get a 1-SCLI optimization algorithm. See
Kushner and Yin (2003); Spall (2005); Nemirovski (2005) for more details.

such that

e(x, ω) = Aω x + bω ,

Clearly, some types of noise may not form a p-SCLI optimization algorithm. However,
for some instances, e.g., quadratic learning problems, we have

= (I − γi A) xk − γi b − γi e(x, ω).

Generate ωk randomly and set xk+1 = xk − γi G(xk , ωk )

Equivalently, define e(x, ω) = G(x, ω) − (Ax + b) and assume E[e(x, ω)] = 0, x ∈ Rd .
SGD may be defined using a suitable sequence of step sizes (γi )∞
i=1 as follows:

E[G(x, ω)] = ∇f (x) = Ax + b,

Stochastic Gradient Descent (SGD) A straightforward extension of the deterministic
FGD. Specifically, let (Ω, F, P) be a probability space and let G(x, ω) : Rd × Ω → Rd
be an unbiased estimator of ∇f (x) for any x. That is,

where αk and βk are computed at each iteration based on xk , xk−1 , A and b. Note
the similarity of CGD and the heavy ball method. See Polyak (1987); Nemirovski
(2005) for more details. In the context of this framework, CGD forms the ‘most nonstationary’ kind of method in that its coefficients αk , βk are highly dependent on time
and the function at hand.

The iteration complexity of a p-SCLI optimization algorithm A with respect to an accuracy level , initialization points X 0 and a quadratic function fA,b (x), symbolized by

randomly generating coefficient and inversion matrices each time. Notice that for deterministic p-SCLIs one can save running time by computing the coefficient and inversion matrices
once, prior to the execution of the algorithm. Not surprisingly, but interesting nonetheless, there is a law of conservation which governs the total amount of computational cost
invested in both factors: the more demanding is the task of randomly generating coefficient
and inversion matrices, the less is the total number of iterations required for obtaining a
given level of accuracy, and vice versa. Before we can make this statement more rigorous,
we need to present a few more facts about p-SCLIs. For the time being, let us focus on
the iteration complexity, i.e., the total number iterations, which forms our analogy for black
box complexity.

Conjugate Gradient Descent (CGD) can be expressed as a non-stationary iterative
method

xk+1 = ((1 + βk )I − αk A) xk − βk Ixk−1 − αk b,

Arjevani, Shalev-Shwartz and Shamir

On Lower and Upper Bounds in Smooth and Strongly Convex Optimization

On Lower and Upper Bounds in Smooth and Strongly Convex Optimization

>

∈ Rpd ,

zk = M (X)zk−1 + U N (X)b,
k = 1, 2, . . .

• First, we express update rule (14) as a single step rule by introducing new variables
in some possibly higher-dimensional Euclidean space (Rd )p ,
z0 = x0 , x1 , . . . , xp−1
Recursively applying this rule and taking expectation w.r.t the coefficient matrices
and the inversion matrix yields
h
i
E zk − z∗ = E[M ]k (z0 − z∗ ).
• Then, to derive the lower bound, we use the Jordan form of E[M ] to show that there
exists some non-zero vector r ∈ (Rd )p such that if hz0 − z∗ , ri =
6 0, then kE[M ]k (z0 −
z∗ )k is asymptotically bounded from below by some geometric sequence. The upper
bound follows similarly.
• Finally, we express the bound on the convergence rate of (zk ) in terms of the original
space.
Carefully inspecting the proof idea shown above reveals that the lower bound remains valid
even in cases where the initialization points are drawn randomly. The only condition for this
to hold is that the underlying distribution is reasonable, in the sense that it is absolutely
continuous w.r.t. the Lebesgue measure, which implies that Pr[hz0 − z∗ , ri =
6 0] = 1.
We remark that the constants in the asymptotic behavior above may depend on the
quadratic function under consideration, and that the logarithmic terms depend on the distance of the initialization points from the minimizer, as well as the lifting factor and the
spectrum of the Hessian. For the sake of clarity, we omit the dependency on these quantities.
There are two, rather subtle, issues regarding the definition of iteration complexity which
we would like to address. First, observe that in many cases a given point x̃ ∈ Rd is said to
be -optimal w.r.t some real function f : Rd → R if
x∈Rd

f (x̃) < min f (x) + .
However, here we employ a different measure for optimality. Fortunately, in our case either
can be used without essentially affecting the iteration complexity. That is, although in
general the gap between these two definitions can be made arbitrarily large, for L-smooth
µ-strongly convex functions we have
µ
L
kx − x∗ k2 ≤ f (x) − f (x∗ ) ≤ kx − x∗ k2 .
2
2
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Combining these two inequalities with the fact that the iteration complexity of p-SCLIs
depends logarithmically on 1/ implies that in this very setting these two distances are
interchangeable, up to logarithmic factors.

15
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x k − x∗

2



=E



xk − Exk

2



h
i
+ E xk − x∗

2

,

Secondly, here we measure the sub-optimality of the k’th iteration by E[xk − x∗ ] ,
whereas
 in many other stochastic settings it is common to derive upper and lower bounds
on E xk − x∗ . That being the case, by
E

we see that if the variance of the k’th point is of the same order of magnitude as the
norm of the expected distance from the optimal point, thenhboth measures
i are equivalent.
2
Consequently, our upper bounds imply upper bounds on E xk − x∗
for deterministic
algorithms
(wherei the variance term is zero), and our lower bounds imply lower bounds
h
2
on E xk − x∗
, for both deterministic and stochastic algorithms (since the variance is
non-negative). We defer a more adequate treatment for this matter to future work.

3. Deriving Bounds for p-SCLI Algorithms

The goal of the following section is to show how the framework of p-SCLI optimization
algorithms can be used to derive lower and upper bounds. Our presentation follows from
the simplest setting to the most general one. First, we present a useful characterization
of consistency (see Definition 3) of p-SCLIs using the characteristic polynomial. Next, we
demonstrate the importance of consistency through a simplified one dimensional case. This
line of argument is then generalized to any finite dimensional space and is used to explain
the role of the inversion matrix. Finally, we conclude this section by providing a schematic
description of this technique for the most general case which is used both in Section (4) to
establish lower bounds on the convergence rate of p-SCLIs with diagonal inversion matrices,
and in Section (5) to derive efficient p-SCLIs.

3.1 Consistency

j=0

p−1
X

Cj (A)xk−p+j + N (A)b,

k = p, p + 1, . . .

Closely inspecting various specifications for p-SCLI optimization algorithms (see Section
(2.3)) reveals that the coefficient matrices always sum up to I + EN (X)X, where N (X)
denotes the inversion matrix. It turns out that this is not a mere coincidence, but an
extremely useful characterization for consistency of p-SCLIs. To see why this condition
must hold, suppose A is a deterministic p-SCLI algorithm over Rd whose coefficient matrices
and inversion matrix are C0 (X), . . . , Cp−1 (X) and N (X), respectively, and suppose that A
is consistent w.r.t some A ∈ S d (Σ). Recall that every p + 1 consecutive points generated
by A are related by (14) as follows
xk =

JMLR 17(126):1-51

Taking limit of both sides of the equation above and noting that by consistency

xk → −A−1 b
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j=0

Cj (A)A−1 + N (A).

Cj (A)A−1 b + N (A)b.

p−1
X

j=0

p−1
X

−A−1 = −

−A−1 b = −

Cj (A) = Id + N (A)A.

(16)

(18)

(17)

17

L(1, a) = −νa.
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Now, let fa,b (x) ∈ Q1 ([µ, L]) be a quadratic function. By Theorem 4, we know that A
converges to the minimizer of fa,b (x) with an asymptotic geometric rate of ρλ (L(λ, a)), the
maximal modulus root. Thus, ideally we would like to set cj (x) = 0, j = 0, 1. However,
this might violate the consistency condition (17), according to which, one must maintain

L(λ, x) = λ2 − c1 (x)λ − c0 (x).

To illustrate the significance of consistency in the framework of p-SCLIs, consider the following simplified case. Suppose A is a deterministic 2-SCLI optimization algorithm over
Q1 ([µ, L]), such that its inversion matrix N (x) is some constant scalar ν ∈ R and its coefficient matrices c0 (x), c1 (x) are free to take any form. The corresponding characteristic
polynomial is

3.2 Simplified One-Dimensional Case

The proof for the preceding theorem is provided in Section C.2. This result will be used
extensively throughout the reminder of this work.

2. ρλ (L(λ, A)) < 1

1. L(1, A) = −EN (A)A

Theorem 5 (Consistency via Characteristic Polynomials) Suppose A = (L(λ, X)
, N (X)) is a p-SCLI optimization algorithm. Then, A is consistent with respect to A ∈
S d (Σ) if and only if the following two conditions hold:

M

On the other hand, if instead of assuming consistency we assume that A generates a convergent sequence of points and that Equation (16) holds, then the arguments used above show
that the limit point must be −A−1 b. In terms of the characteristic polynomial of p-SCLIs,
this formalized as follows.

j=0

p−1
X

Multiplying by A and rearranging, we obtain

Thus,

for any b ∈ Rd , yields
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L(1, A) = −N A
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j=0
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j=1

are upper triangular matrices. Thus, by the definition of the characteristic polynomial
(Definition 2) we have


p−1
d
X
Y

−1
p
j
det L(λ, X) = det Q L(λ, X)Q = det Id λ −
Tj λ  =
`j (λ),
(21)

(for brevity we omit the functional dependency on X). Since coefficient matrices are assumed to be simultaneously triangularizable, there exists an invertible matrix Q ∈ Rd×d
such that
M
Tj = Q−1 Cj Q, j = 0, 1, . . . , p − 1

M

Let A = (L(λ, X), N (X)) be a consistent deterministic p-SCLI optimization algorithm
and let fA,b (x) ∈ Qd (Σ) be a quadratic function. By consistency (see Theorem 5) we have

We now generalize the analysis shown in the previous simplified case to any deterministic
p-SCLI optimization algorithm over any finite dimensional space. This generalization relies
on a useful decomposability property of the characteristic polynomial, according to which
deriving a lower bound on the convergence rate of p-SCLIs over Rd is essentially equivalent
for deriving d lower bounds on the maximal modulus of the roots of d polynomials over R.

3.3 The General Case and the Role of the Inversion Matrix

To conclude, by applying this rather natural line of argument we have established a lower
bound on the convergence rate of any 2-SCLI optimization algorithms for smooth and
strongly convex function over R, e.g., AGD and HB.

where κ = L/µ. Plugging in Inequality (20) into Theorem 4 implies that there exists
fa,b (x) ∈ Q1 ([µ, L]) such that the iteration complexity of A for minimizing it is
√

κ−1
Ω̃
ln(1/) .
2

M

The key observation here is that ν cannot be chosen so as to be optimal for all Q1 ([µ, L])
simultaneously. Indeed, the preceding inequality holds in particular for a = µ and a = L,
by which we conclude that
n√
o √κ − 1
√
ρ∗ ≥ max
,
(20)
−νµ − 1 , −νL − 1 ≥ √
κ+1

By consistency we also have that ρ∗ must be strictly less than one. This readily implies
that −νa > 0. In which case, Lemma 6 below gives

2 
√
√
ρ∗ ≥ ρ λ − 1 − −νa
(19)
= −νa − 1 .

ρ∗ = min {ρλ (L(λ, a)) | L(λ, a) is a real monic quadratic polynomial in λ and L(1) = −νa } .

That being the case, how little can ρλ (L(λ, a)) be over all possible choices for cj (a) which
satisfy L(1, a) = −νa? Formally, we seek to solve the following minimization problem

Arjevani, Shalev-Shwartz and Shamir

p−1
X

σjk λk ,
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where
`j (λ) = λp −
k=0

(22)

(24)

(23)

and where σ1j , . . . , σdj , j = 0, . . . , p − 1 denote the elements on the diagonal of Tj , or equivalently the eigenvalues of Cj ordered according to Q. Hence, the root radius of the characteristic polynomial of A is
ρλ (L(λ, X)) = max {| λ | | `i (λ) = 0 for some i ∈ [d]}.
On the other hand, by consistency condition (17) we get that for all i ∈ [d],
`i (1) = σi (L(1)) = σi (−N A) .

It remains to derive a lower bound on the maximum modulus of the roots of `i (λ), subject
to constraint (24). To this end, we employ the following lemma whose proof can be found
in Section C.3.

ρ(q(z)) ≥

p
p
q(1) − 1 .

ρ(q(z)) > 1.

Lemma 6 Suppose q(z) is a real monic polynomial of degree p. If q(1) < 0, then

Otherwise, if q(1) ≥ 0, then
In which case, equality holds if and only if

p
p
q(z) = z − (1 − p q(1)) .

We remark that the second part of Lemma 6 implies that subject to constraint (24), the
lower bound stated above is unimprovable. This property is used in Section 5 where we
aim to obtain optimal p-SCLIs by designing `j (λ) accordingly. Clearly, in the presence of
additional constraints, one might be able to improve on this lower bound (see Section 4.2).

≥ max

i∈[d]

σi (−N (A)A)

Since A is assumed to be consistent, Lemma 6 implies that σ(−N (A)A) ⊆ R++ , as well
as the following lower bound on the root radius of the characteristic polynomial,
p
p
−1 .
(25)
ρλ (L(λ, X))

Noticing that the reasoning above can be readily applied to stochastic p-SCLI optimization
algorithms, we arrive at the following corollary which combines Theorem 4 and Inequality
(25).

Corollary 7 Let A be a consistent p-SCLI optimization algorithm with respect to some
A ∈ S d (Σ), let N (X) denote the corresponding inversion matrix and let
p
p
σi (−EN (A)A) − 1 ,
i∈[d]

ρ∗ = max

(26)
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then the iteration complexity of A for any fA,b (x) ∈ Qd (Σ) is lower bounded by

 ∗
ρ
ln(1/) .
1 − ρ∗

Ω̃
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σ(−N (X)X) = {1},

N (X) = −X −1 .

Using Corollary 7, we are now able to provide a concise ‘plug-and-play’ scheme for
deriving lower bounds on the iteration complexity of p-SCLI optimization algorithms. To
motivate this scheme, note that the effectiveness of the lower bound stated in Corollary 7
is directly related to the magnitude of the eigenvalues of −N (X)X. To exemplify this,
consider the inversion matrix of Newton method (see Section 2.3)

Since

the lower bound stated above is meaningless for this case. Nevertheless, the best computational cost for computing the inverse of d×d regular matrices known today is super-quadratic
in d. As a result, this method might become impractical in large scale scenarios where the
dimension of the problem space is large enough. A possible solution is to employ inversion
matrices whose dependence on X is simpler. On the other hand, if N (X) approximates
−X −1 very badly, then the root radius of the characteristic polynomial might get too large.
For instance, if N (X) = 0 then

σ(−N (X)X) = {0},

contradicting the consistency assumption, regardless of the choice of the coefficient matrices.

Lower bounds

In light of the above, many optimization algorithms can be seen as strategies for balancing the computational cost of obtaining a good approximation for the inverse of X and
executing large number of iterations. Put differently, various structural restrictions on the
inversion matrix yield different σ(−N (X)X), which in turn lead to a lower bound on the
root radius of the corresponding characteristic polynomial. This gives rise to the following
scheme:

Scheme 1



ρ∗
1−ρ∗

ln(1/)



Parameters:

Choose
Verify

Ω̃

A∈S 0 ,i∈[d]

max

• A family of quadratic functions Qd (Σ)
• An inversion matrix N (X)
• A lifting factor p ∈ N,
S 0 ⊆ S d (Σ)
∀A ∈ S 0 , σ(−EN (A)A) ⊆ (0, 2p ) to ensure consistency (Theorem 5)
p
p
σi (−EN (A)A) − 1 from below by some ρ∗ ∈ [0, 1)
Bound
Lower bound:

S 0 = {µ, L}.

This scheme is implicitly used in the previous Section (3.2), where we established a lower
bound on the convergence rate of 2-SCLI optimization algorithms over R with constant
inversion matrix and the following parameters

Σ = [µ, L],

JMLR 17(126):1-51

In Section 4 we will make this scheme concrete for scalar and diagonal inversion matrices.

20

max

ρλ (LA (λ, A)) =

min

max ρλ (L(λ, A))

L(λ,X)∈L A∈S d(Σ)

(27)

(29)

21

22
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where νI = E[N (A)]. Thus, to maintain consistency, it must hold that9
 p 
−2
ν∈
,0 .
L

−ν{µ, L} = σ(−EN (A)A) ,

JMLR 17(126):1-51

ρ∗
1−ρ∗

d−1 times

(28)

9. On a side note, this reasoning also implies that if the spectrum of a given matrix A contains both positive
and negative eigenvalues then A−1 b cannot be computed using p-SCLIs with scalar inversion matrices.

Ω̃

In which case,

M

A = Diag(L, µ, . . . , µ).
| {z }

will meet this criterion. For the sake of concreteness, let us define

{µ, L} ⊆ σ(A) ,

First, we need to pick a ‘hard’ matrix in S d ([µ, L]). It turns out that any positive-definite
matrix A ∈ S d ([µ, L]) for which

We derive a lower bound on the convergence rate of p-SCLI optimization algorithms for
L-smooth µ-strongly convex functions over Rd with a scalar inversion matrix N (X) by employing Scheme 1 (see Section 3.3). Note that since the one-dimensional case was already
proven in Section 3.2, we may assume that d ≥ 2.

4.1 Scalar and Diagonal Inversion Matrices

In the sequel we derive lower bounds on the convergence rate of p-SCLI optimization algorithms whose inversion matrices are scalar or diagonal, and discuss the assumptions under
which these lower bounds meet matching upper bounds. It is likely that this approach can
be also effectively applied for block-diagonal inversion, as well as for a much wider set of
inversion matrices whose entries depend on a relatively small set of entries of the matrix to
be inverted.

4. Lower Bounds

Convergence rate:

∗
The
 corresponding
 p-SCLI algorithm for L (λ, A)
1
O 1−ρ∗ ln(1/)

and denote its minimizer by L∗ (λ, A)

L(λ,X)∈L A∈S d(Σ)

a set of polynomial matrices L(p, N (X), Qd (Σ) , C)
ρ∗ = min
max ρλ (L(λ, A))

Optimal p-SCLI Optimization Algorithms
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Thus, Scheme 1 is in effect an instantiation of the scheme shown above using Lemma 6.
This correspondence of p-SCLI optimization algorithms and polynomial matrices can be
also used contrariwise to derive efficient algorithm optimization. Indeed, in Section 2.3 we
show how FGD, HB and AGD can be formed as optimal instantiations of the following dual
scheme.

Lower bound:


ln(1/)

L(λ,X)∈L A∈S d(Σ)

a set of p-SCLI optimization algorithms A(p, N (X), Qd (Σ) , C)
ρ∗ ∈ [0, 1) such that
min
max ρλ (L(λ, A)) ≥ ρ∗

Given
Find



Lower bounds

Scheme 2

The importance of Equation (27) stems from its ability to incorporate any bound on the
maximal modulus root of polynomial matrices into a general scheme for bounding the
iteration complexity of p-SCLIs. This is summarized by the following scheme.

A∈A fA,b (x)∈Qd(Σ)

min

Since both sets are determined by the same set of parameters, the specifications of which
will be occasionally omitted for brevity. The natural one-to-one correspondence between
these two set, as manifested by Theorem 4 and Corollary 5, yields

j=0



p−1


X
M
L(λ, X) = Id λp −
ECj (X)λj Cj (X) ∈ C, L(1, A) = −N (A)A, ∀A ∈ S d (Σ) .



Given a compatible set of parameters: a lifting factor p, an inversion matrix N (X), set of
quadratic functions Qd (Σ) and a set of coefficients matrices C, we denote by A(p, N (X), Qd (Σ) , C)
the set of consistent p-SCLI optimization algorithms for Qd (Σ) whose inversion matrix
are N (X) and whose coefficient matrices are taken from C. Furthermore, we denote by
L(p, N (X), Qd (Σ) , C) the following set of polynomial matrices

Given
Compute

In spite of the fact that Scheme 1 is expressive enough for producing meaningful lower
bounds under various structures of the inversion matrix, it does not allow one to incorporate other lower bounds on the root radius of characteristic polynomials whose coefficient
matrices admit certain forms, e.g., linear coefficient matrices (see 35 below). Abstracting
away from Scheme 1, we now formalize one of the main pillar of this work, i.e., the relation
between the amount of computational cost one is willing to invest in executing each iteration and the total number of iterations needed for obtaining a given level of accuracy. We
use this relation to form two schemes for establishing lower and upper bounds for p-SCLIs.
Upper bound:

Scheme 3

3.4 Bounds Schemes
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i∈[d]

Next, to bound from below
n√
o
p
√
p
σi (−νA) − 1 = max | p −νµ − 1|, | p −νL − 1| ,

M

ρ∗ = max

−νL − 1 ≤ 0

−νL − 1 > 0

p

µ
L

√
p
−νµ − 1 < 0
Case 1
Range: [−1/L, 0)
Minimizer: ν ∗ = −1/L
q
Lower bounds: 1 −

(

ρ∗ ≥ min 1 −

√
p
−νµ − 1 ≥ 0
N/A

L
µ

−1

Case 3 (requires: p ≥ log2 κ)
Range: (−2p /L, −1/µ]
p

Minimizer: −1/µ
q

Lower Bound:

s
)
p
r
√
p
µ p L/µ − 1 p L
κ−1
,p
,
−1 = √
,
p
L p L/µ + 1
µ
κ+1

p

Table 1: Lower bound for ρ∗ by subranges of ν

L/µ+1

Range: (−1/µ, −1/L) 

p
2
Minimizer: − √
√
p
L+ p µ
√
p
L/µ−1
Lower bound: √
p

Case 2

we split the feasible range of ν (29) into three different sub-ranges as follows:

√
p

√
p

Therefore,

M

p

(30)

where κ = L/µ, upper bounds the condition number of functions in Qd ([µ, L]). Thus, by
Scheme 1, we get the following lower bound on the worse-case iteration complexity,

√
κ−1
ln(1/) .
(31)
2
Ω̃

L−µ
2
L+µ
2

As for the diagonal case, it turns out that for any quadratic fA,b (x) ∈ Qd ([µ, L]) which has


(32)
L+µ
2
L−µ
2

as a principal sub-matrix of A, the best p-SCLI optimization algorithm with a diagonal
inversion matrix does not improve on the optimal asymptotic convergence rate achieved by
scalar inversion matrices (see Section C.4). Overall, we obtain the following theorem.
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Theorem 8 Let A be a consistent p-SCLI optimization algorithm for L-smooth µ-strongly
convex functions over Rd . If the inversion matrix of A is diagonal, then there exists a
quadratic function fA,b (x) ∈ Qd ([µ, L]) such that
√

p
κ
−1
ICA (, fA,b (x)) = Ω̃
ln(1/) ,
(33)
2
where κ = L/µ.
23
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4.2 Is This Lower Bound Tight?

A natural question now arises: is the lower bound stated in Theorem 8 tight? In short,
it turns out that for p = 1 and p = 2 the answer is positive. For p > 2, the answer
heavily depends on whether a suitable spectral decomposition is within reach. Obviously,
computing the spectral decomposition for a given positive definite matrix A is at least
as hard as finding the minimizer of a quadratic function whose Hessian is A. To avoid
this, we will later restrict our attention to linear coefficients matrices which allow efficient
implementation.

A matching upper bound for p = 1 In this case the lower bound stated in Theorem 8
is simply attained by FGD (see Section 2.3).

√

2
√
L+ µ

Id ,

NAGD =

−1
Id .
L

A matching upper bound for p = 2 In this case there are two 2-SCLI optimization algorithm which attain this bound, namely, Accelerated Gradient Descent and The
Heavy Ball method (see Section 2.3), whose inversion matrices are scalar and correspond to Case 1 and Case 2 in Table 1, i.e.,
!2
NHB = −

Although HB obtains the best possible convergence rate in the class of 2-SCLIs with
diagonal inversion matrices, it has a major disadvantage. When applied to general
smooth and strongly-convex functions, one cannot guarantee global convergence. That
is, in order to converge to the corresponding minimizer, HB must be initialized close
enough to the minimizer (see Section 3.2.1 in Polyak 1987). Indeed, if the initialization
point is too far from the minimizer then HB may diverge as shown in Section 4.5 in
Lessard et al. (2014). In contrast to this, AGD attains a global linear convergence with
a slightly worse factor. Put differently, the fact HB is highly adapted to quadratic
functions prevents it from converging globally to the minimizers of general smooth
and strongly convex functions.

j = 0, 1, . . . , p − 1,
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(35)

A matching upper bound for p > 2 In Subsection A we show that when no restriction
on the coefficient matrices is imposed, the lower bound shown in Theorem 8 is tight,
i.e., for any p ∈ N there exists a matching p-SCLI optimization algorithm with scalar
inversion matrix whose iteration complexity is

√
Õ p κ ln(1/) .
(34)
√
In light of the existing lower bound which scales according to κ, this result may seem
surprising at first. However, there is a major flaw in implementing these seemingly
ideal p-SCLIs. In order to compute the corresponding coefficients matrices one has
to obtain a very good approximation for the spectral decomposition of the positive
definite matrix which defines the optimization problem. Clearly, this approach is
rarely practical. To remedy this situation we focus on linear coefficient matrices
which admit a relatively low computational cost per iteration. That is, we assume
that there exist real scalars α1 , . . . , αp−1 and β1 , . . . , βp−1 such that

Cj (X) = αj X + βj Id ,

24

(aj X + bj Id )λj ,

aj , bj ∈ R.

ρλ (L(λ, X)) = max {|λ| | ∃i ∈ [d], `i (λ) = 0} ,

j=0

p−1
X

j=0

p−1
X

(aj σi + bj )λj = λp − σi

j=0

p−1
X

aj λj +

j=0

p−1
X

bj λj .

η∈[µ,L]

(36)

(38)
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(Note that in this case we think of LLinear as a set of polynomials whose variable assumes
scalars).

ρλ (`(λ, η)) < 1

s.t. `(1, η) = −νη,

η ∈ [µ, L] (37)

max ρλ (`(λ, η))
`(λ,η)∈LLinear η∈[µ,L]

minimize

That being the case, finding the optimal characteristic polynomial in LLinear translates to
the following minimization problem,

A∈S d(Σ)

max ρλ (L(λ, A)) = max ρ (`(λ, η)) .

for some real univariate p − 1 degree polynomials a(λ) and b(λ), whereby

`(λ, η) = λp − (ηa(λ) + b(λ)),

Thus, we can express the maximal root radius of the characteristic polynomial over Qd ([µ, L])
in terms of the following polynomial

`i (λ) = λp −

where `i (λ) denote the factors of the characteristic polynomial as in (22). That is, denoting
the eigenvalues of X by σ1 , . . . , σd we have

By (23) we have

L(λ, X) = λp −

First, note that due to consistency constraints, inversion matrices of constant p-SCLIs
with linear coefficient matrices must be either constant scalar matrices or else be computationally equivalent to A−1 . Therefore, since our motivation for resorting to linear
coefficient matrices was efficiency, we can safely assume that N (X) = νId for some ν ∈
(−2p /L, 0). Following Scheme 3, we now seek the optimal characteristic polynomial in
M
LLinear = L(p, νId , Qd ([µ, L]) , CLinear ) with a compatible set of parameters (see Section 3.4).
In the presence of linearity, the characteristic polynomials takes the following simplified
form

In the sequel we instantiate Scheme 3 (see Section 3.4) for CLinear , the family of deterministic
linear coefficient matrices.

5.1 Linear Coefficient Matrices

Arjevani, Shalev-Shwartz and Shamir

This section is organized as follows. First we apply Scheme 3 to derive general p-SCLIs
with linear coefficients matrices. Next, we recover AGD and HB as optimal instantiations
under this setting. Finally, although general p-SCLI algorithms are exclusively specified for
quadratic functions, we show how p-SCLIs with linear coefficient matrices can be extended
to general smooth and strongly convex functions.

Up to this point we have projected various optimization algorithms on the framework of
p-SCLI optimization algorithms, thereby converting questions on convergence properties
into questions on moduli of roots of polynomials. In what follows, we shall head in the
opposite direction. That is, first we define a polynomial (see Definition (2)) which meets
a prescribed set of constraints, and then we form the corresponding p-SCLI optimization
algorithm. As stressed in Section 4.2, we will focus exclusively on linear coefficient matrices
which admit low per-iteration computational cost and allow a straightforward extension to
general smooth and strongly convex functions. Surprisingly enough, this allows a systematic
recovering of FGD, HB, AGD, as well as establishing new optimization algorithms which
allow better utilization of second-order information. This line of inquiry is particularly
important due to the obscure nature of AGD, and further emphasizes its algebraic characteristic. We defer stochastic coefficient matrices, as in SDCA, (Section 2.1) to future work.

5. Upper Bounds

That being so, can we do better if we allow families of quadratic functions Qd (Σ)
where Σ are not necessarily continuous intervals? It turns out that the answer is
positive. Indeed, in Section B we present a 3-SCLI optimization algorithm with linear
coefficient matrices which, by being intimately adjusted to quadratic functions whose
Hessian admits large enough spectral gap, beats the lower bound of Nemirovsky and
Yudin (3). This apparently contradicting result is also discussed in Section B, where
we show that lower bound (3) is established by employing quadratic functions whose
Hessian admits spectrum which densely populates [µ, L].

where κ = L/µ. Proving this may allow to derive tight lower bounds for many
optimization algorithm in the field of machine learning. Using Scheme 2, which allows
to incorporate various lower bounds on the root radius of polynomials, one is able to
equivalently express this conjecture as follows: suppose q(z) is a p-degree monic real
polynomial such that q(1) = 0. Then, for any polynomial r(z) of degree p − 1 and for
any 0 < µ < L, there exists η ∈ [µ, L] such that
p
L/µ − 1
ρ(q(z) − ηr(z)) ≥ p
.
L/µ + 1

M

We believe that for these type of coefficient matrices the lower bound derived in
Theorem 8 is not tight. Precisely, we conjecture that for any 0 < µ < L and for any
consistent p-SCLI optimization algorithm A with diagonal inversion matrix and linear
coefficients matrices, there exists fA,b (x) ∈ Qd ([µ, L]) such that
√
κ−1
ρλ (LA (λ, X)) ≥ √
,
κ+1
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ηa0

−
b0 ,

This optimization task can be readily solved for the setting where the lifting factor is
p = 1, the family of quadratic functions under considerations is Qd ([µ, L]) and the inversion
matrix is N (X) = νId , ν ∈ (−2/L, 0). In which case (36) takes the following form
`(λ, η) = λ −

a0 = ν,

b0 = 1,

where a0 , b0 are some real scalars. In order to satisfy (37) for all η ∈ [µ, L], we have no
other choice but to set

which implies
ρλ (`(λ, η)) = 1 + νη.
Since ν ∈ (−2/L, 0), condition 38 follows, as well. The corresponding 1-SCLI optimization
algorithm is
xk+1 = (I + νA)xk + νb,
and its first-order extension (see Section 5.3 below) is precisely FGD (see Section 2.3).
Finally, note that the corresponding root radius is bounded from above by
κ−1
κ
for ν = −1/L, the minimizer in Case 2 of Table 1, and by
κ−1
κ+1
−2
, the minimizer in Case 3 of Table 1. This proves that FGD is optimal for
for ν = µ+L
the class of 1-SCLIs with linear coefficient matrices. Figure 5.1 shows how the root radius
of the characteristic polynomial of FGD is related to the eigenvalues of the Hessian of the
quadratic function under consideration.

5.2 Recovering AGD and HB

(39)

Let us now calculate the optimal characteristic polynomial for the setting where the lifting
factor is p = 2, the family of quadratic functions under considerations is Qd ([µ, L]) and the
inversion matrix is N (X) = νId , ν ∈ (−4/L, 0) (recall that the restricted range of ν is due
to consistency). In which case (36) takes the following form
`(λ, η) = λ2 − η(a1 λ + a0 ) − (b1 λ + b0 ),

JMLR 17(126):1-51

for some real scalars a0 , a1 , b0 , b1 . Our goal is to choose a0 , a1 , b0 , b1 so as to minimize
max ρλ (`(λ, η))
η∈[µ,L]
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5

Eigenvalues of A

8

9

Lower bound
FGD
(5-1)/(5+1)

√ 2
r)

10


2
p
`(λ, µ) = λ − (1 − −νµ) ,
2

p
`(λ, L) = λ − (1 − −νL) .

√

√

−νµ)λ + (1 −

−νL)λ + (1 −

√
−νµ)2 ,
√
−νL)2 .

Substituting (39) for `(λ, η) and expanding the r.h.s. of the equations above we get

λ2 − (a1 µ + b1 )λ − (a0 µ + b0 ) = λ2 − 2(1 −

λ2 − (a1 L + b1 )λ − (a0 L + b0 ) = λ2 − 2(1 −

Which can be equivalently expressed as the following system of linear equations

√
−(a1 µ + b1 ) = −2(1 − −νµ),
√
−(a0 µ + b0 ) = (1 − −νµ)2 ,
√
+
= −2(1 − −νL),
√
−νL)2 .

(42)

(41)

(43)
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b1 )

28

−(a0 L + b0 ) = (1 −

−(a1 L

(40)

for r = −νµ and r = −νL, respectively, and hope that for others η ∈ (µ, L), the roots of
`(λ, η) would still be of small magnitude. Note that due to the fact that `(λ, η) is linear in
η, condition (37) readily holds for any η ∈ (µ, L). This yields the following two equations

λ − (1 −

while preserving conditions (37) and (38). Note that `(λ, η), when seen as a function of
η, forms a linear path of quadratic functions. Thus, a natural way to achieve this goal is
to choose `(λ, η) so that `(λ, µ) and `(λ, L) take the form of the ‘economic’ polynomials
introduced in Lemma 6, namely

Figure 1: The root radius of FGD vs. various eigenvalues of the corresponding Hessian.
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√
−2 −ν
√ ,
a1 = √
µ+ L

√
2 −ν
√ + ν.
a0 = √
µ+ L

for AGD, and

29

√
κ−1
ρλ (`(λ, η)) ≤ √
, η ∈ [µ, L],
κ+1
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yields the Heavy-Ball method .
Moreover, using standard formulae for roots of quadratic polynomials one can easily verify
that
√
κ−1
ρλ (`(λ, η)) ≤ √
, η ∈ [µ, L],
κ

Plugging in ν = −1/L (see Table 1) into the equations above and solving for b1 and b0
yields a 2-SCLI optimization algorithm whose extension (see Section 5.3 below) is precisely
AGD. Following the same derivation only this time by setting (see again Table 1)
!2
2
ν=− √
√
L+ µ

Thus,

Multiplying Equation (40) by -1 and add to it Equation (42). Next, multiply Equation (41)
by -1 and add to it Equation (43) yields
√
√
√
a1 (µ − L) = 2 −ν( L − µ),
√
√
a0 (µ − L) = (1 − −νL)2 − (1 − −νµ)2 .

Figure 2: The root radius of AGD and HB vs. various eigenvalues of the corresponding
Hessian.
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6

;

6

;

j = 0, . . . , p − 1,

(44)

j=0

p−1
X

bj = 1 and

j=0

p−1
X

aj = ν.

Cj (A) =I + νA.

30

+ b0 xk−p + b1 xk−(p−1) + · · · + bp−1 xk−1 .

(45)
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xk = a0 (Axk−p + b) + a1 (Axk−(p−1) + b) + · · · + ap−1 (Axk−1 + b)

Rearranging and plugging in 45, we get

xk = (a0 A + b0 )xk−p + (a1 A + b1 )xk−(p−1) + · · · + (ap−1 A + bp−1 )xk−1 + νb.

Substituting Cj (A) for (44), gives

xk = C0 (A)xk−p + C1 (A)xk−(p−1) + · · · + Cp−1 (A)xk−1 + νb.

By the definition of p-SCLIs (Definition 1), we have that

Thus,

j=0

p−1
X

where a0 , . . . , ap−1 ∈ R and b0 , . . . , bp−1 ∈ R denote real scalars. Recall that by consistency,
for any fA,b (x) ∈ Qd (Σ), it holds that

Cj (X) = aj X + bj Id ,

Let A = (LA (λ, X), N (X)) be a consistent p-SCLI optimization algorithm with a scalar
M
inversion matrix, i.e., N (X) = νId , ν ∈ (−2p /L, 0), and linear coefficient matrices

M

As mentioned before, since the coefficient matrices of p-SCLIs can take any form, it is not
clear how to use a given p-SCLI algorithm, efficient as it may be, for minimizing general
smooth and strongly convex functions. That being the case, one could argue that recovering the specifications of, say, AGD for quadratic functions does not necessarily imply
how to recover AGD itself. Fortunately, consistent p-SCLIs with linear coefficients can be
reformulated as optimization algorithms for general smooth and strongly convex functions
in a natural way by substituting ∇f (x) for Ax + b, while preserving the original convergence properties to a large extent. In the sequel we briefly discuss this appealing property,
namely, canonical first-order extension, which completes the path from the world of polynomials to the world optimization algorithm for general smooth and strongly convex functions.

5.3 First-Order Extension for p-SCLIs with Linear Coefficient Matrices

Unfortunately, finding the optimal p-SCLIs for p > 2 is open and is closely related to
the conjecture presented in the end of Section 4.2.

for HB. In particular, Condition 38 holds. Figure 5.2 shows how the root radii of the characteristic polynomials of AGD and HB are related to the eigenvalues of the Hessian of the
quadratic function under consideration.

Arjevani, Shalev-Shwartz and Shamir

aj ∇f (xk−(p−j) ).
(46)

p  
X
p−k k
p √
p
−νη − 1
λ
k
k=0

Λ = U > AU

M

This is easily accomplished using the spectral decomposition of A by

=

η))p
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p−1
X

aj ∇f (xk−(p−j) ).

√
p
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bj xk−(p−j) +

p−1
X
j=0

`j (λ) = (λ − (1 −

Finally, by substituting Ax + b for its analog ∇f (x), we arrive at the following canonical
first-order extension of A
p−1
X

j=0

bj xk−(p−j) +





Ck = U 


−

p
k

 √
p

−νΛ11 − 1

p−k

−

p
k

 √
p−k
p
−νΛ22 − 1

2
√
L+ pµ

!p

−νµj − 1 .

p
p
max

j=1,...,d

√
p

32

.

..

p
k

 √
p

−νΛdd − 1

p−k
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As a side note, since the cost of computing each iteration in ∈ Rpd grows linearly with
the lifting factor p, the optimal choice of p with respect to the condition number κ yields
a p-SCLI optimization algorithm whose iteration complexity is Θ(ln(κ) ln(1/)). Clearly,
this result is of theoretical interest only, as this would require a spectral decomposition
of A, which, if no other structural assumptions are imposed, is an even harder task than
computing the minimizer of fA,b (x).

according to Table 1, produces an optimal p-SCLI optimization algorithm for this set of
parameters. It is noteworthy that other suitable decompositions can be used for deriving
optimal p-SCLIs, as well.

Choosing
ν=−

By using Theorem 5, it can be easily verified that these coefficient matrices form a consistent
p-SCLI optimization algorithm whose characteristic polynomial’s root radius is

−

where U is an orthogonal matrix and Λ is a diagonal matrix. Note that since A is a positive
definite matrix such a decomposition must always exist. We define p coefficient matrices
C0 , C1 , . . . , Cp−1 in accordance with Equation (47) as follows

(47)

Concretely, let p ∈ N be some lifting factor, let N (X) = νId , ν ∈ (−2p /L, 0) be a fixed
scalar matrix and let fA,b (x) ∈ Qd (Σ) be some quadratic function. Lemma 6 implies that
for each η ∈ σ(−νA) we need the corresponding factor of the characteristic polynomial to
be

xk =
j=0

p−1
X
j=0

Being applicable to a much wider collection of functions, how well should we expect the
canonical extensions to behave? The answer is that when initialized close enough to the
minimizer, one should expect a linear convergence of essentially the same rate. A formal
statement is given by the theorem below which easily follows from Theorem 1 in Section
2.1, Polyak (1987) for
g(xk−p , xk−(p−1) , . . . , xk−1 ) =

j = 0, . . . , p − 1,
k = p, p + 1, . . . ,


p−1
X
(aj η + bj )λj  .

xk − x0 ≤ C(ρ∗ + )k ,

xj − x∗ ≤ δ,

Theorem 9 Suppose f : Rd → R is an L-smooth µ-strongly convex function and let x∗
denotes its minimizer. Then, for every  > 0, there exist δ > 0 and C > 0 such that if

then

where


ρ∗ = sup ρ λp −

η∈Σ

j=0

Unlike general p-SCLIs with linear coefficient matrices which are guaranteed to converge
only when initialized close enough to the minimizer, AGD converges linearly, regardless of
the initialization points, for any smooth and strongly convex function. This fact merits
further investigation as to the precise principles which underlie p-SCLIs of this kind.

Appendix A. Optimal p-SCLI for Unconstrained Coefficient Matrices

p
√
p
r)

In the sequel we use Scheme 3 (see Section 3.4) to show that, when no constraints are
imposed on the functional dependency of the coefficient matrices, the lower bound shown
in Theorem 8 is tight. To this end, recall that in Lemma 6 we showed that the lower bound
on the maximal modulus of roots of a polynomials which evaluate at z = 1 to some r ≥ 0
is uniquely attained by the following polynomial
M

qr∗ (z) = z − (1 −
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Thus, by choosing coefficients matrices which admit the same form, we obtain the optimal
convergence rate as stated in Theorem 8.

31





 >
U .


M

ν=−

√
3

2
√
L+ 3µ

where

+ C1 (X)x

k−2

+ C0 (X)x

k−3

33

N (X) ≈ −0.0389Id

C2 (X) ≈ 1.7892Id − 0.0351X

C1 (X) ≈ −0.9850Id

k−1

C0 (X) ≈ 0.1958Id − 0.0038X

x = C2 (X)x

k

!3


3
p
q(z, µ) = z − (1 − 3 −νµ)
3

p
q(z, L) = z − (1 − 3 −νµ)

The resulting 3-CLI optimization algorithm A3 is

where

numerically, so that

q(z, η) = z p − (ηa(z) + b(z))

M

+ N (X)b
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Let us demonstrate this idea for p = 3, µ = 2 and L = 100. Following the exact same
derivation used in the last section, let us pick

This implies that we may be able to tune q(z) and r(z) so as to obtain a convergence rate,
which breaks Inequality (48), for quadratic function whose Hessian’s spectrum does not
spread uniformly across [µ, L].

where κ = L/µ. However, it may be possible to overcome this barrier by focusing on a
subclass of Qd ([µ, L]). Indeed, recall that the polynomial analogy of this conjecture states
that for any monic real p degree polynomial q(z) such that q(1) = 0 and for any polynomial
r(z) of degree p − 1, there exists η ∈ [µ, L] such that
√
κ−1
ρ(q(z) − ηr(z)) ≥ √
.
κ+1

M

In Section 4.2 we conjecture that for any p-SCLI optimization algorithm A = (L(λ, X), N (X)),
with diagonal inversion matrix and linear coefficient matrices there exists some A ∈ Qd ([µ, L])
such that
√
κ−1
ρλ (L(λ, X)) ≥ √
,
(48)
κ+1

Appendix B. Lifting Factor ≥ 3
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µ−L
2
µ+L
2

Let us demonstrate the gain in the performance allowed by A3 in a very simple setting.
Define A to be Diag (µ, L) rotated counter-clockwise by 45◦ , that is

Thus, A3 outperforms AGD for this family of quadratic functions.

σ(A) ⊆ Σ̂ = [2, 2 + ] ∪ [100 − , 100],

M

for any X ∈ Qd ([2, 100]) which satisfies

As opposed to the algorithm described in Section A, when employing linear coefficient
matrices no knowledge regarding the eigenvectors of A is required. As each eigenvalue of
the second-order derivative corresponds to a bound on the convergence rate, one can verify
by Figure 3 that
√
3
κ−1
ρλ (LA3 (λ, X)) ≤ √
3
κ

Figure 3: The convergence rate of AGD and A3 vs. the eigenvalues of the second-order
derivatives. It can be seen that the asymptotic convergence rate of A3 for
quadratic functions whose second-order derivative comprises eigenvalues which
are close to the edges of [2, 100], is faster than AGD and√ goes below the theoretical lower bound for first-order optimization algorithm √κ−1
.
κ+1
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√
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(49)

 
Furthermore, define b = −A (100, 100)> . Note that fA,b (x) ∈ Q2 Σ̂ and that its mini-

ICA3 (, fAlb ,blb (x)) ≥ Ω̃

ICA3 (, fA,b (x)) ≤ O

35
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for every fA,b (x) ∈ Q2 Σ̂ , we must have fAlb ,blb (x) ∈ Q2 ([µ, L]) \ Q2 Σ̂ . Indeed, in the
somewhat simpler form of the general lower bound for first-order optimization algorithms,

But, since

mizer is simply (100, 100)> . Figure 4 shows the error of A3 , AGD and HB vs. iteration
number. All algorithms are initialized at x0 = 0. Since A3 is a first-order optimization
algorithm, by the lower bound shown in (3) there must exist some quadratic function
fAlb ,blb (x) ∈ Q2 ([µ, L]) such that

Figure 4: The error rate of A3 , AGD and HB vs. # iterations for solving a simple quadratic
√
3 κ−1
minimization task. The convergence rate of A3 is bounded from above by √
3κ
as implied by theory.
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Figure 5: The spectrum of Alb , as used in the derivation of Nesterov’s lower bound, for
problem space of various dimensions.
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Nesterov (see Nesterov 2004) considers the following 1-smooth 0-strongly convex function10



2 −1 0 . . .
0


0 
 −1 2 −1 0 . . .



 0 −1 2 −1 0 . . . 0 



1


Alb = 
 , blb = − 
.
.

4

.






 0
. . . 0 −1 2 −1 
0
. . . 0 −1 2

As demonstrated by Figure 5, σ(Alb ) densely fills [µ, L].
Consequently, we expect that whenever adjacent eigenvalues of the second-order derivatives are relatively distant, one should able be to minimize the corresponding quadratic
function faster than the lower bound stated in 3. This technique can be further generalized
to p > 3 using the same ideas. Also, a different approach is to use quadratic (or even higher
degree) coefficient matrices to exploit other shapes of spectra. Clearly, the applicability of
both approaches heavily depends the existence of spectra of this type in real applications.

JMLR 17(126):1-51

10. Although fAlb ,blb (x) is not strongly convex, the lower bound for strongly convex function is obtained by
shifting the spectrum using a regularization term µ/2 kxk2 . In which case, the shape of the spectrum is
preserved.

36

m−1

ρ(A) kuk ,

k



λk−j
Jki (0)j
i

(51)

0

i=1

s
X



Qi Jki (λi )/(k m−1 λk1 ) Ri u ,

(52)

|

i=1

0

s
X

Qi 



j=0

kX
i −1

wk

λi
λ1
{z

 
k
j
k m−1

k

λji


Jki (0)j 

}

Ri u .

(53)

37

P −1 AP = J,

Proof Let P be a d × d invertible matrix such that

38

j=0
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i=1

ρ(A)

k
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m−1

where J is a Jordan form of A, namely, J is a block-diagonal matrix such that J =
⊕si=1 Jki (λi ) where λ1 , λ2 , . . . , λs are eigenvalues of A in a non-increasing order, whose indices are k1 , . . . , ks , respectively. w.l.o.g. we may assume that | λ1 | = ρ(A) and that the
corresponding index, which we denote by m, is maximal over all eigenvalues of maximal
magnitude. Let Q1 , Q2 , · · · , Qs and R1 , R2 , · · · , Rs denote partitioning of the columns of P
and the rows of P −1 , respectively, which conform with the Jordan blocks of A.

A u =k

k

where s0 denotes the smallest index such that λi = 0 for i > s0 , in case there are zero
eigenvalues. Plugging in 51 yields,

i=1

0

s
X

Qi Jki (λi )k Ri u
= k m−1 ρ(A)k

=

Ak u = P J k P −1 u

The rest of the proof pivots around the following equality which holds for any u ∈ Rpd ,

k m−1 λk1

 k
k
kX
i −1
λi
Jki (0)j
j
=
.
k m−1 λ1
λji
j=0
j=0

k
j


k k−j
λ Jki (0)j .
j i

kX
i −1

j=0

Jki (λi )k /(k m−1 λk1 ) =

Thus, for non-zero eigenvalues we have

=

kX
i −1 

j=0

Jki (λi )k = (λi Iki + Jki (0))k
k  
X
k k−j
=
λ Jki (0)j
j i

Note that for all i ∈ [d], Jki (0) is a nilpotent matrix of an order ki . Therefore, for any
(λi , ki ) and k ≥ ki − 1 we have
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Let us denote the sequence of vectors in the r.h.s of the preceding inequality by {wk }∞
k=1 .
Showing that the norm of {wk }∞
k=1 is bounded from above and away from zero will conclude
the proof. Deriving an upper bound is straightforward.


  
k
kX
s0
i −1
X
λi k Jki (0)j 
j

kwk k ≤
Qi
Ri u
k m−1 λ1
λji
i=1
j=0
  
k
kX
s0
i −1
X
λi k Jki (0)j
j
≤ kuk
kQi k kRi k
.
(54)
m−1
k
λ1
λji

• If ρ(A) = 0 then A is a nilpotent matrix. In which case, both lower and upper bounds
mentioned above hold trivially for any u ∈ Rd for sufficiently large k.

for sufficiently large k ∈ N.

Ak u ≥ cA k m−1 ρ(A)k kuk ,

where m denotes the maximal index of eigenvalues whose modulus is maximal.
In addition, there exists cA > 0 and r ∈ Rd such that for any u ∈ Rd which satisfies
hu, ri =
6 0 we have

A u ≤ CA k

k

• If ρ(A) > 0 then there exists CA > 0 such that for any u ∈ Rd and for any k ∈ N we
have

Lemma 10 Let A be a d × d square matrix.

We prove two basic lemmas which allow to determine under what conditions does a recurrence application of linear operators over finite dimensional spaces converge, as well as to
compute the limit of matrices powers series. It is worth noting that despite of being a very
elementary result in Matrix theory and in the theory of power methods, the lower bound
part of the first lemma does not seem to appear in this form in standard linear algebra
literature.

C.1.1 Linear Algebra Preliminaries

The simple idea behind proof of Theorem 4 is to express the dynamic of a given p-SCLI
optimization algorithm as a recurrent application of linear operator. To analyze the latter,
we employ the Jordan form which allows us to bind together the maximal magnitude eigenvalue and the convergence rate. Prior to proving this theorem, we first need to introduce
some elementary results in linear algebra.

C.1 Proof of Theorem 4

Appendix C. Proofs
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λi
λ1

k
→0
or

 

k m−1

k
j

λi
λ1

k
→1
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Since for all i ∈ [d] we have
k
j

k m−1
it holds that Inequality (54) can be bounded from above by some positive scalar CA . Plugging it in into 53 yields
Ak u ≤ CA k m−1 ρ(A)k kuk .
Deriving a lower bound on the norm of {wk } is a bit more involved. First, we define the
following set of Jordan blocks which govern the asymptotic behavior of kwk k
M

I = {i ∈ [s] | |λi | = ρ(A) and ki = m} .
Equation (51) implies that for all i ∈
/I

1/(λim−1 ) ∼

λi
λ1

1/(λim−1 )

Jki (λi )k /(k m−1 λ1k ) → 0 as k → ∞.

λi
λ1

As for i ∈ I, the first ki − 1 terms in Equation (51) tend to zero. The last term is a matrix
whose entries are all zeros, except for the last entry in the first row which equals
  k
 k
k
m−1

k m−1

X
i∈I

X

λi
λ1
λi
λ1

k
k

qi ri> u
.
λim−1

1
Qi Jm (0)m−1 Ri u
λim−1

(here, two positive sequences ak , bk are asymptotic equivalence, i.e., ak ∼ bk , if ak /bk → 1).
By denoting the first column of each Qi by qi and the last row in each Ri by ri> , we get
kwk k ∼
=

i∈I

Now, if u satisfies r1> u 6= 0 then since q1 , q2 , · · · , q|I| are linearly independent, we see that
the preceding can be bounded from below by some positive constant cA > 0 which does
not depend on k. That is, there exists cA > 0 such that kwk k > cA for sufficiently large k.
Plugging it in into Equation (53) yields
kAuk ≥ cA k m−1 ρ(A)k kuk
for any u ∈ Rd such that hu, r1 i =
6 0 and for sufficiently large k.
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The following is a well-known fact regarding Neuman series, sum of powers of square
matrices, which follows easily from Lemma 10.
39

= 0.
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k=0 A

P∞

k.

Lemma 11 Suppose A is a square matrix. Then, the following statements are equivalent:

k

converges.

limk→∞ A

1. ρ(A) < 1.
2.
3.

P∞
k
k=0 A

In which case, (I − A)−1 exists and (I − A)−1 =

k=0

m−1
X

Ak = I − Am ,

m ∈ N.

Proof First, note that all norms on a finite-dimensional space are equivalent. Thus, the
claims stated in (2) and (3) are well-defined.
The fact that (1) and (2) are equivalent is a direct implication of Lemma 10. Finally, the
equivalence of (2) and (3) may be established using the following identity
(I − A)

C.1.2 Convergence Properties




.



(56)

Let us now analyze the convergence properties of p-SCLI optimization algorithms. First,
note that update rule (14) can be equivalently expressed as a single step rule by introducing
new variables in some possibly higher-dimensional Euclidean space Rpd ,
>
∈ Rpd , zk = M (X)zk−1 + U N (X)b, k = 1, 2, . . .
(55)
z0 = x0 , x1 , . . . , xp−1

where

M

p−1 times

U = (0d , . . . , 0d , Id )> ∈ Rpd×d ,
| {z }

Id
0d

Id
..
.

...

.
.
.
0d
Id
Cp−2 (X) Cp−1 (X)

(57)

and where M (X) is a mapping from Rd×d to Rpd×pd -valued random variables which admits
the following generalized form of companion matrices


0d







C0 (X)
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(58)

Following the convention in the field of linear iterative methods, we call M (X) the iteration
matrix. Note that in terms of the formulation given in (55), consistency w.r.t A ∈ S d (Σ) is
equivalent to

p times

>
Ezk → −A−1 b, . . . , −A−1 b
|
{z
}

40

z + UN

(1) 1

(1)

b=M

(1)

M

z +M

(0) 0

(1)

UN

(0)

b + UN

(1)

b,

j=0

k−1
Y

j=0

k−1
Y

M

z +

(j) 0

M (j) z0 +

m=1

k
X

k−1
Y

M



(j) 

UN



b.

k−1
X

(m−1)



M (j) U N (m−1) b + U N (k−1) b,

j=m





m=1 j=m

k−1 k−1
X
Y

j=0

E[M ]j  E[U N b].
(59)
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z∗ = (I − EM )−1 E[U N b].

M
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(60)

∞
Theorem 12 With the notation above, Ezk k=0 converges for any z0 ∈ Rd if and only if
ρ(E[M ]) < 1. In which case, for any initialization point z0 ∈ Rd , the limit is

∞
the fixed point of the update rule. On the other hand, suppose that Ezk k=0 converges
0
d
0
for any z ∈ R . Then, this is also true for z = 0. Thus, the second summand in the r.h.s
of Equation (59) must converge. Consequently, the sequence E[M ]k z0 , being a difference of
two convergent sequences, converges for all z0 , which implies ρ(E[M ]) < 1. This proves the
following theorem.

(I − EM )−1 E[U N b],

By Lemma 11, if ρ(EM ) < 1 then the first term in the r.h.s of Equation (59) vanishes for
any initialization point z0 , whereas the second term converges to

Ezk = E[M ]k z0 + 



where M (0) , N (0) , . . . , M (k−1) , N (k−1) are k i.i.d realizations of the corresponding iteration matrix and inversion matrix, respectively. We follow the convention of defining an
empty product as the identity matrix and defining the multiplication order of factors of
abbreviated
product notation as multiplication from the highest index to the lowest, i.e.,
Qk
(j) = M (k) · · · M (1) . Taking the expectation of both sides yields
j=1 M

=

zk =

z3 = M (2) z2 + U N (2) b = M (2) M (1) M (0) z0 + M (2) M (1) U N (0) b + M (2) U N (1) b + U N (2) b,
..
.

z =M

2

z1 = M (0) z0 + U N (0) b,

To improve readability, we shall omit the functional dependency of the iteration, inversion and coefficient matrices on X in the following discussion. Furthermore, Equation (55)
can be used to derive a simple expression of zk , in terms of previous iterations as follows

regardless of the initialization points and for any b ∈ Rd and z0 ∈ Rpd .
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(I − EM )
l=0

k−1
X

!

M

zk

−

z∗



(61)
in terms of

E[U N b]

(63)

(62)

42

≤ U > kU k CA k m−1 ρ(M )k x0 − x∗ .

= U > CA k m−1 ρ(M )k U x0 − U x∗

≤ U > CA k m−1 ρ(M )k z0 − z∗
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(65)

Note that by linearity we have x∗ = U > z∗ . For bounding (xk )∞
k=1 from above we use (63),
h
i
h
i
k
∗
> k
> ∗
E x −x
= E U z −U z
h
i
≤ U > E zk − z∗

Since iteration complexity is defined over the problem space, we need to derive the same
inequalities in terms of
x k = U > zk .

3. There exists r ∈ Rpd such that for any initialization point z0 ∈ Rpd which satisfies
z0 − z∗ , r 6= 0 and sufficiently large k ∈ N,
i
h
(64)
E zk − z∗ ≥ cA k m−1 ρ(M (A))k z0 − z∗ .

2. For any initialization point z0 ∈ Rpd and for any h ∈ N,
h
i
E zk − z∗ ≤ CA k m−1 ρ(M (A))k z0 − z∗ .

z∗ = (I − EM (A))−1 E [U N (A)b] .

M

1. For any initialization point z0 ∈ Rpd , we have that (Ezk )∞
k=1 converges to

We are now in position to prove Theorem 4. Let A = (L(λ, X), N (X)) be a p-SCLI
algorithm over Rd , let M (X) denote its iteration matrix and let fA,b (x) be some quadratic
function. According to the previous discussion, there exist m ∈ N and C(A), c(A) > 0 such
that the following hold:

C.1.3 Proof



E[M ]i − I

Hence, to obtain a full characterization of the convergence rate of E
ρ(EM ), all we need is to simply apply Lemma 10 with EM .

= E[M ]k z0 − (I − EM )−1 (EM )k E[U N b]
= E[M ]k (z0 − z∗ ).

k 0

= E[M ] z + (I − EM )−1

l=0

We now address the more delicate question as to how fast do p-SCLIs converge. To this
end, note that by Equation (59) and Theorem 12 we have
!
k−1
h
i
X
E zk − z∗ = E[M ]k z0 +
E[M ]i E[U N b] − (I − EM )−1 E[U N b]
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Id
−λId

.

Id
..

...
Id
−λId

.

Id
..

.

.

Id

..

!

λk ECk (A) .

!

k=1 λ



Id
k−p C

k−1



− λId



(67)
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..

.




−λId
Id
Cp−2 Cp−1 − λId






..

.




−λId
Id
Cp−2 Cp−1 − λId






..

.




−λId
Id
Cp−2 Cp−1 − λId

.

Id

..

..

−λId

λk−p Ck−1 − λId

0d
p
X
k=1

Pp

C2 + λ−1 C1 + λ−2 C0 . . .

C1 + λ−1 C0 . . .

0d

Id
−λId

0d

Id
−λId

...

−λId

−λId

0d

−λId

C0

−λId

χM (λ) = det(M − λIpd )






= det 











= det 










= det 











= det 





0d

= det(−λId )p−1 det

44



Proof As usual, for the sake of readability we omit the functional dependency on A, as
well as the expectation operator symbol. For λ 6= 0 we get,

p−1
X

Arjevani, Shalev-Shwartz and Shamir

.

k=0
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k m−1
√ ρ(M (X))k x0 − x∗

χEM (A) (λ) = (−1)pd det λp Id −

Lemma 14 Let M (X) be the matrix defined in (57) and let A be a given d × d square
matrix. Then, the characteristic polynomial of EM (A) can be expressed as the following
matrix polynomial

Exk+j − Ex∗
j=0

v
u p−1
1 uX
2
≥√ t
kExk+j − Ex∗ k
p

(66)

Thus, the same rate as in (63), with a different constant, holds in the problem space.
Although the corresponding lower bound takes a slightly different form, it proof is done
similarly. Pick x0 , x1 , . . . , xp−1 such that the corresponding z0 is satisfied the condition in
(64). For sufficiently large k ∈ N, it holds that
max

k=0,...,p−1

h i
1
= √ E zk − z∗
p
cA
≥ √ k m−1 ρ(M )k z0 − z∗
p
v
u p−1
uX
cA
= √ k m−1 ρ(M )k t
kxj − x∗ k2 .
p
j=0

We arrived at the following corollary which states that the asymptotic convergence rate
of any p-SCLI optimization algorithm is governed by the spectral radius of its iteration
matrix.



p



Theorem 13 Suppose A is a p-SCLI optimization algorithm over Qd (Σ) and let M (X)
denotes its iteration matrix. Then, there exists m ∈ N such that for any quadratic function
∈ Qd (Σ) it holds that
fA,b (x)

i
h


E xk − x∗ = O k m−1 ρ(M (X))k x0 − x∗ ,

Exk+j − Ex∗ = Ω

where x∗ denotes the minimizer of fA,b (x). Furthermore, there exists an initialization point
x0 ∈ Rd , such that
max

k=0,...,p−1

Finally, in the next section we prove that the spectral radius of the iteration matrix
equals the root radius of the determinant of the characteristic of polynomial by showing
that
det(λI − M (X)) = det(L(λ, X)).
Combining this with the corollary above and by applying Inequality (12) and the like,
concludes the proof for Theorem 4.
C.1.4 The Characteristic Polynomial of the Iteration Matrix
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The following lemma provides an explicit expression for the characteristic polynomial of iteration matrices. The proof is carried out by applying elementary determinant manipulation
rules.
43

det

k=1

p
X

k=0

p−1
X

λ
!
.

p

Ck−1 − λ Id

λk Ck

k−1

!

−1

p−1 times

U E[N (A)]b,

Now, recall that






M =







C0

0d

Id
0d

.
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...

..

Id
.

0d
Id
Cp−2 Cp−1

..

U > (I − M )−1 U = −(N A)−1 .

Evidently, N is an invertible matrix. Therefore,

U > (I − M )−1 U N = −A−1 .

Since this holds for any b ∈ Rd , we get

U > (I − M )−1 U N b = −A−1 b.






,
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(68)

For the sake of readability we omit the functional dependency on A, as well as the expectation operator symbol. Combining this with Equation (58) yields

U = (0d , . . . , 0d , Id )> ∈ Rpd×d .
| {z }

M

where U is as defined in (56), i.e.,

Ez → (I − EM (A))

k

First, note that (18) is an immediate consequence of Corollary 13, according to which
p-SCLIs converge if and only if the the root radius of the characteristic polynomial is strictly
M
smaller than 1. As for (18), let A = (L(λ, X), N (X)) be a consistent p-SCLI optimization
algorithm over Qd (Σ) and let fA,b (x) ∈ Qd (Σ) be a quadratic function. Furthermore, let
us denote the corresponding iteration matrix by M (X) as in (57). By Theorem 12, for any
initialization point we have

We prove that consistent p-SCLI optimization algorithms must satisfy conditions (17) and
(18). The reverse implication is proven by reversing the steps of the proof.

C.2 Proof of Theorem 5

By continuity we have that the preceding equality holds for λ = 0 as well.

= (−1)pd det λp Id −

= (−1)

(p−1)d
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M11 M12
M21 M22







M 
=




C0

0d

Id
0d
.

...

..

Id
.

0d
Id
Cp−2 Cp−1

..






.







p
√
p
r) ,

(70)

(69)

ρ(q(z)) ≤

46

p
p
| q(1) | − 1

⇐⇒ q(z) = q|∗q(1) | (z).
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Lemma 15 Suppose q(z) is a monic polynomial of degree p with complex coefficients. Then,

where r is some non-negative constant.

qr∗ (z) = z − (1 −

M


Id
Id 


..

.
Id
Id

Ci = I + N A,

Id

L(1, A) = −N A

i=0

p−1
X

Id

First, we prove the following Lemma. Let us denote

C.3 Proof of Lemma 6

Thus concludes the proof.

or equivalently,

Plugging in this into (69) yields

(I − M11 )−1



=


Moreover, it is straightforward to verify that


M22 + M21 (I − M11 )−1 M12 = I + N A.

I − M22 − M21 (I − M11 )−1 M12 = −N A

(I − M22 − M21 (I − M11 )−1 M12 )−1 = −(N A)−1

The l.h.s of Equation (68) is in fact the inverse of the Schur Complement of I − M11 in
I − M , i.e.,





where Cj denote the coefficient matrices. We partition M as follows

Arjevani, Shalev-Shwartz and Shamir

(1 − | ζi |) ≥

∀i ∈ [p].

p
Y
i=1

1−

√
p

r−1



(72)

=

M



q(z) = ∞

L+µ
2
L−µ
2

N = N (B) =

−(α + β)(L + µ)
±
4

−(α + β)(L + µ)
±
4

48



L−µ
2
L+µ
2



α 0
0 β

,



,

(73)

(74)
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(L − µ)2 1
+ (α − β)2 Lµ.
16
4

(α + β)(L + µ)
4

(α + β)2

r

where α, β ∈ R. By a straightforward calculation we get that the eigenvalues of −N B are
s


2
− αβLµ
σ1,2 (α, β) =

and note that σ(B) = {µ, L}. As usual, we wish to derive a lower bound on ρ(M (B)). To
this end, denote

B=

Let A be a p-SCLI optimization algorithm with iteration matrix M (X) (defined in (57))
and diagonal inversion matrix N (X). Define the following positive definite matrix

We prove a lower bound on the convergence rate of p-SCLI optimization algorithm with
diagonal inversion matrices. In particular, we show that for any p-SCLI optimization algorithm whose inversion matrix is diagonal there exists a quadratic function for which it does
not perform better than p-SCLI optimization algorithms with scalar inversion matrix. We
prove the claim for d = 2. The general case follows by embedding the 2-dimensional case
as a principal sub-matrix in some higher dimensional matrix in S d ([µ, L]). Also, although
here we prove for deterministic p-SCLIs, the stochastic case is straightforward.

C.4 Bounding the Spectral Radius of Diagonal Inversion Matrices from below
Using Scalar Inversion Matrices



3
iπ
Although u(1) = 1 − 1 − 1/2e 3
= −1/8 ≤ 0, it holds that ρ(u(z)) < 1. Indeed, not
all the coefficients of u(z) are real. Notice that the claim does hold for degree ≤ 3, regardless
of the additional assumption on the coefficients of u(z).



3
iπ
u(z) = z − 1 − 0.5e 3
.

Remark 16 The requirement that the coefficients of q(z) should be real is inevitable. To
see why, consider the following polynomial,

combined with the Mean-Value theorem implies ρ(q(z)) ≥ 1. This concludes the proof.

lim
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p
Y

i=1


√
p
r) = r.

| 1 − ζi | ≥
1 − (1 −

z∈R,z→∞
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p
Y
(z − ζi ).
i=1

i=1

In case q(1) ≤ 0, we must use the assumption that the coefficients are reals (see Remark
16), in which case the mere fact that

q(z) =

r,

(71)

Proof As the ⇐ statement is clear, we prove here only the ⇒ part.
By the fundamental theorem of algebra q(z) has p roots. Let us denote these roots by
∈ C . Equivalently,
ζ1 , ζ2 , . . . , ζp

M

i=1

i=1

p
p
Y
Y
√
√
(1 + p r − 1 ) =
(1 + p r − 1) = r.

i=1

p
p
p
Y
Y
Y
(1 − ζi ) =
| 1 − ζi | ≤
(1 + | ζi |)

Let us denote r = | q(1) |. If r ≥ 1 we get
r=
≤
i=1

√
p

Consequently, Inequality (71) becomes an equality. Therefore,
| 1 − ζi | = 1 + | ζi | =
Now, for any two complex numbers w, z ∈ C it holds that
| w + z | = | w | + | z | ⇐⇒ Arg(w) = Arg(z).
Using this fact in the first equality of Equation (72), we get that Arg(−ζi ) = Arg(1) = 0,
i.e., ζi are negative real numbers. Writing −ζi in the second equality of Equation (72)
√
instead of | ζi |, yields 1 − ζi = p r, concluding this part of the proof.

p
Y

i=1

p
Y

i=1

The proof for r ∈ [0, 1) follows along the same lines, only this time we use the reverse
triangle inequality,
r=
=

√
p
p
r))

Note that in the first inequality, we used the fact that r ∈ [0, 1) =⇒ | ζi | ≤ 1 for all i.

r .


√
√
p
r)p ) = 1 − p r .
√
p
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The proof for Lemma 6 now follows easily. In case q(1) ≥ 0, if q(z) = (z − (1 −
then, clearly,
ρ(q(z)) = ρ (z − (1 −
Otherwise, according to Lemma 15

ρ(q(z)) > 1 −
47

49
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The rest of the analysis is carried out similarly to the scalar case, resulting in
√
p
κ−1
ρ(M (B)) ≥ √
.
p
κ+1

Equation (74) shows that the minimum of the preceding is obtained for ν = α+β
2 , which
simplifies to
n p
o
n p
o
p
p
p
p
max
σ1 (α, β) − 1 , p σ2 (α, β) − 1 ≥ max
σ1 (ν, ν) − 1 , p σ2 (ν, ν) − 1
n √
o
√
p
= max
−νµ − 1 , p −νL − 1 .

α,β

Using similar arguments to the ones which were applied in the scalar case, we get that both
eigenvalues of −N B must be strictly positive as well as satisfy
n p
o
p
p
ρ(M ) ≥ min max
σ1 (α, β) − 1 , p σ2 (α, β) − 1 .
(75)
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The exploration-exploitation trade-off is a central problem of learning in interactive settings,
where the learner’s actions influence future observations. In episodic settings, where the
control problem is re-instantiated repeatedly with unchanged dynamics, comparably simple
notions of exploration can succeed. E.g., assigning an exploration bonus to uncertain options
(Macready and Wolpert, 1998; Audibert et al., 2009) or acting optimally under one sample
from the current probabilistic model of the environment (Thompson sampling, see Thompson,
1933; Chapelle and Li, 2011), can perform well (Dearden et al., 1999; Kolter and Ng, 2009;
Srinivas et al., 2010). Such approaches, however, do not model the effect of actions on future
beliefs, which limits the potential for the balancing of exploration and exploitation. This
issue is most drastic in the non-episodic case, the control of a single, ongoing trial. Here, the
controller cannot hope to be returned to known states, and exploration must be carefully
controlled to avoid disaster.

1. Introduction

Keywords:
inference

Control of non-episodic, finite-horizon dynamical systems with uncertain dynamics poses a
tough and elementary case of the exploration-exploitation trade-off. Bayesian reinforcement
learning, reasoning about the effect of actions and future observations, offers a principled
solution, but is intractable. We review, then extend an old approximate approach from
control theory—where the problem is known as dual control —in the context of modern
regression methods, specifically generalized linear regression. Experiments on simulated
systems show that this framework offers a useful approximation to the intractable aspects
of Bayesian RL, producing structured exploration strategies that differ from standard RL
approaches. We provide simple examples for the use of this framework in (approximate)
Gaussian process regression and feedforward neural networks for the control of exploration.
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(state dynamics)

yk = Cxk + γk

(observation model).

Ak ∈ Rn×m ; Bk ∈ Rn×1 .

(1)

2
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To simplify notation, we reshape the elements of Ak and Bk into a parameter vector
θk = [vec(Ak ); vec(Bk )] ∈ R(m+1)n , and define the reshaping transformations A(θk ) ∶ θk ↦ Ak

xk+1 = Ak φ(xk ) + Bk uk + ξk ,

At time k ∈ {0, . . . , T }, xk ∈ Rn is the state, ξk ∼ N (0, Q) is a Gaussian disturbance. The
control input (continuous action) is denoted uk ; for simplicity we will assume scalar uk ∈ R
throughout. Measurements yk ∈ Rd are observations of xk , corrupted by Gaussian noise
γk ∼ N (0, R). The generative model thus reads p(xk+1 ∣ xk , uk ) = N (xk+1 ; fk (xk , uk ), Q)
and p(yk ∣ xk ) = N (yk ; Cxk , R), with a linear map C ∈ Rd×n . Trajectories are vectors
x = [x0 , . . . , xT ], and analogously for u, y. We will occasionally use the subset notation
y i∶j = [yi , . . . , yj ]. We further assume that dynamics fk are not known, but can be described
up to Gaussian uncertainty by a general linear model with nonlinear features φ ∶ Rn _ Rm
and uncertain matrices Ak , Bk .

xk+1 = fk (xk , uk ) + ξk

Throughout, we consider discrete-time, finite-horizon dynamic systems (POMDPs) of form

2. Model and Notation

A principled solution to this problem is offered by Bayesian reinforcement learning (Duff,
2002; Poupart et al., 2006; Hennig, 2011): A probabilistic belief over the dynamics and
cost of the environment can be used not just to simulate and plan trajectories, but also to
reason about changes to the belief from future observations, and their influence on future
decisions. An elegant formulation is to combine the physical state with the parameters
of the probabilistic model into an augmented dynamical description, then aim to control
this system. Due to the inference, the augmented system invariably has strongly nonlinear
dynamics, causing prohibitive computational cost—even for finite state spaces and discrete
time (Poupart et al., 2006), all the more for continuous space and time (Hennig, 2011).
The idea of augmenting the physical state with model parameters was noted early, and
termed dual control, by Feldbaum (1960–1961). It seems both conceptual and—by the
standards of the time—computational complexity hindered its application. An exception is a
strand of several works by Meier, Bar-Shalom, and Tse (Tse et al., 1973; Tse and Bar-Shalom,
1973; Bar-Shalom and Tse, 1976; Bar-Shalom, 1981). These authors developed techniques
for limiting the computational cost of dual control that, from a modern perspective, can
be seen as a form of approximate inference for Bayesian reinforcement learning. While the
Bayesian reinforcement learning community is certainly aware of their work (Duff, 2002;
Hennig, 2011), it has not found widespread attention. The first purpose of this paper is to
cast their dual control algorithm as an approximate inference technique for Bayesian RL in
parametric Gaussian (general least-squares) regression. We then extend the framework with
ideas from contemporary machine learning. Specifically, we explain how it can in principle
be formulated non-parametrically in a Gaussian process context, and then investigate simple,
practical finite-dimensional approximations to this result. We also give a simple, small-scale
example for the use of this algorithm for dual control if the environment model is constructed
with a feedforward neural network rather than a Gaussian process.

Klenske and Hennig

Dual Control for Approximate Bayesian Reinforcement Learning

(2)

and B(θk ) ∶ θk ↦ Bk . At initialization, k = 0, the belief over states and parameters is
assumed to be Gaussian
x̂0
x
x
Σxx Σ0xθ
p ([ 0 ]) = N ([ 0 ] ; [ ] , [ 0θx
]) .
θ0
θ0
Σ0 Σ0θθ
θ̂0

T

T −1

The control response Bk uk is linear, a common assumption for physical systems. Nonlinear
mappings can be included in a generic form φ(xk , uk ), but complicate the following derivations
and raise issues of identifiability. For simplicity, we also assume that the dynamics do not
change through time: p(θk+1 ∣ θk ) = δ(θk+1 − θk ). This could be relaxed to an autoregressive
model p(θk+1 ∣ θk ) = N (θk+1 ; Dθk , Ξ), which would give additive terms in the derivations
below. Throughout, we assume a finite horizon with terminal time T and a quadratic cost
function in state and control

k=0

k=0

L(x, u) = [ ∑ (xk − rk )⊺ Wk (xk − rk ) + ∑ uk⊺ Uk uk ] ,

where r = [r0 , . . . , rT ] is a target trajectory. Wk and Uk define state and control cost, they
can be time-varying. The goal, in line with the standard in both optimal control and
reinforcement learning, is to find the control sequence u that, at each k, minimizes the
expected cost to the horizon
Jk (uk∶T −1 , p(xk )) = Exk [(xk − rk )⊺ Wk (xk − rk ) + uk⊺ Uk uk + Jk+1 (uk+1∶T −1 , p(xk+1 )) ∣ p(xk )] ,
(3)
where past measurements y 1∶k , controls u1∶k−1 and prior information p(x0 ) are incorporated
into the belief p(xk ), relative to which the expectation is calculated. Effectively, p(xk ) serves
as a bounded rationality approximation to the true information state. Since the equation
above is recursive, the final element of the cost has to be defined differently, as
JT (p(xT )) = ExT [(xT − rT )⊺ WT (xT − rT ) ∣ p(xT )]

(4)

(that is, without control input and future cost). The optimal control sequence minimizing
this cost will be denoted u∗ , with associated cost
uk

∗
Jk∗ (p(xk )) = min Exk [(xk − rk )⊺ Wk (xk − rk ) + uk⊺ Uk uk + Jk+1
(p(xk+1 )) ∣ p(xk )] .

This recursive formulation, if written out, amounts to alternating minimization and expectation steps. As uk influences xk+1 and yk+1 , it enters the latter expectation nonlinearly.
Classic optimal control is the linear base case (φ(x) = x) with known θ, where u∗ can be
found by dynamic programming (Bellman, 1961; Bertsekas, 2005).

3. Bayesian RL and Dual Control

JMLR 17(127):1-30

Feldbaum (1960–1961) coined the term dual control to describe the idea now also known as
Bayesian reinforcement learning in the machine learning community: While adaptive control
only considers past observations, dual control also takes future observations into account.
This is necessary because all other ways to deal with uncertain parameters have substantial
3
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drawbacks. Robust controllers, for example, sacrifice performance due to their conservative
design; adaptive controllers based on certainty equivalence (where the uncertainty of the
parameters is not taken into account but only their mean estimates) do not show exploration,
so that all learning is purely passive. For most systems it is obvious that more excitation
leads to better estimation, but also to worse control performance. Attempts at finding a
compromise between exploration and exploitation are generally subsumed under the term
“dual control” in the control literature. It can only be achieved by taking the future effect of
current actions into account.
It has been shown that optimal dual control is practically unsolvable for most cases (Aoki,
1967), with a few examples where solutions were found for simple systems (e.g., Sternby,
1976). Instead, a large number of approximate formulations of the dual control problem were
formulated in the decades since then. This includes the introduction of perturbation signals
(e.g., Jacobs and Patchell, 1972), constrained optimization to limit the minimal control
signal or the maximum variance, serial expansion of the loss function (e.g., Tse et al., 1973)
or modifications of the loss function (e.g., Filatov and Unbehauen, 2004). A comprehensive
overview of dual control methods is given by Wittenmark (1995). A historical side-effect of
these numerous treatments is that the meaning of the term “dual control” has evolved over
time, and is now applied both to the fundamental concept of optimal exploration, and to
methods that only approximate this notion to varying degree. Our treatment below studies
one such class of practical methods that aim to approximate the true dual control solution.
The central observation in Bayesian RL / dual control is that both the states x and
the parameters θ are subject to uncertainty. While part of this uncertainty is caused by
randomness, part by lack of knowledge, both can be captured in the same way by probability
distributions. States and parameters can thus be subsumed in an augmented state (Feldbaum,
1960–1961; Duff, 2002; Poupart et al., 2006) zk⊺ = (xk⊺ θk⊺ ) ∈ R(m+2)n . In this notation,
the optimal exploration-exploitation trade-off—relative to the probabilistic priors defined
above—can be written compactly as optimal control of the augmented system with a new
observation model p(yk ∣ zk ) = N (yk ; C̃zk , R) using C̃ = [C 0] and a cost analogous to
Eq. (3).
Unfortunately, the dynamics of this new system are nonlinear, even if the original physical
system is linear. This is because inference is always nonlinear and future states influence
future parameter beliefs, and vice versa. A first problem, not unique to dual control, is
thus that inference is not analytically tractable, even under the Gaussian assumptions
above (Aoki, 1967). The standard remedy is to use approximations, most popularly the
linearization of the extended Kalman filter (e.g., Särkkä, 2013). This gives a sequence of
approximate Gaussian likelihood terms. But even so, incorporating these Gaussian likelihood
terms into future dynamics is still intractable, because it involves expectations over rational
polynomial functions, whose degree increases with the length of the prediction horizon. The
following section provides an intuition for this complexity, but also the descriptive power of
the augmented state space.
As an aside, we note that several authors (Kappen, 2011; Hennig, 2011) have previously
pointed out another possible construction of an augmented state: incorporating not the
actual value of the parameters θk in the state, but the parameters µk , Σk of a Gaussian belief
p(θk ∣ µk , Σk ) = N (θk ; µk , Σk ) over them. The advantage of this is that, if the state xk is
observed without noise, these belief parameters follow stochastic differential equations—more

4

(5)

abxk
.
U + b2

N (b; µk , σk2 )

aµk xk
=−
.
U + µ2k

5
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1. Dreyfus used the term “open loop optimal feedback” for his approach, a term that is misleading to
modern readers, because it is in fact a closed-loop algorithm.

It is used in many adaptive control settings in practice, but has substantial deficiencies: If
the uncertainty is large, the mean is not a good estimate, and the CE controller might apply
completely useless control signals. This often results in large overshoots at the beginning or
after parameter changes.
A slightly more elaborate solution is to compute the expected cost Eb [x2k+1 + U u2k ∣ µk , σk2 ]
and then optimize for uk . This gives optimal feedback (OF) or “cautious” control (Dreyfus,
1964)1 :
aµk xk
u∗k,of = −
.
(6)
U + σk2 + µ2k

u∗k,ce

Let now parameter b be uncertain, with current belief p(b) =
at time k. The
naı̈ve option of simply replacing the parameter with the current mean estimate is known as
certainty equivalence (CE) control in the dual control literature (e.g., Bar-Shalom and Tse,
1974). The resulting control law is

u∗k,oracle = −

with target rk = 0 and noise-free observations (R = 0). If a and b are known, the optimal uk
to drive the current state xk to zero in one step can be trivially verified to be

xk+1 = axk + buk + ξk ,

To provide an intuition for sheer complexity of optimal dual control, consider the perhaps
simplest possible example: the linear, scalar system

3.1 A Toy Problem

(7)

u1

(9)

(8)

6
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Since
from Eq. (8) is already a rational function of fourth order in b0 , and shows up
quadratically in Eq. (9), the relevant expectations cannot be computed in closed form (Aoki,
1967). For this simple case though, it is possible to compute the optimal dual control by
performing the expectation through sampling b, ξ0 , ξ1 from the prior. Fig. 1 shows such
samples of L(u0 ) (in gray; one single sample highlighted in orange), and the empirical
expectation J(u0 ) in dashed green. Each sample is a rational function of even leading order.
In contrast to the CE cost, the dual cost is much narrower, leading to more cautious behavior
of the dual controller. The average dual cost has its minima not at zero, but to either side
of it, reflecting the optimal amount of exploration in this particular belief state.
While it is not out of the question that the Monte Carlo solution can remain feasible
for larger horizons, we are not aware of successful solutions for continuous state spaces

u∗1

u0

= min [W x20 + U u20 + Eξ0 ,b [W x21 + U (u∗1 )2 + Eξ1 ,b [W (x1 + bu∗1 + ξ1 )2 ∣ µ1 , σ1 ] ∣ µ0 , σ0 ]] .

u0

J0∗ (x0 ) = min Ex0 [W x20 + U u20 + min Ex1 [W x21 + U u21 + Ex2 [W x22 ]]]

Inserting into Eq. (4) gives

⎡
2 ⎤−1
⎢
σ2Q
σ 2 u0 (bu0 + ξ0 ) + µ0 Q ⎥⎥
σ 2 u0 (bu0 + ξ0 ) + µ0 Q
u∗1 = − ⎢⎢U + 2 02
+( 0
)
[a 0
x1 ] .
⎥
2
2
u0 σ0 + Q
u0 σ0 + Q
u20 σ02 + Q
⎢
⎥
⎣
⎦

(b shows up in the fully observed xk+1 = axk + buk + ξk ). The dual effect here is that the
2
updated σk+1
depends on uk . For large values of σk2 , according to (6), u∗k,of _ 0, and the
2
new uncertainty σk+1
_ σk2 . The system thus will never learn or act, even for large xk . This
is known as the “turn-off phenomenon” (Aoki, 1967; Bar-Shalom, 1981).
However, the derivation for OF control above amounts to minimizing Eq. (3) for the
myopic controller, where the horizon is only a single step long (T = 1). Therefore, OF control
is indeed optimal for this case. By the optimality principle (e.g., Bertsekas, 2005), this
means that Eq. (6) is the optimal solution for the last step of every controller. But since it
does not show any form of exploration or “probing” (Bar-Shalom and Tse, 1976), a myopic
controller is not enough to show the dual properties.
In order to expose the dual features, the horizon has to be at least of length T = 2. Since
the optimal controller follows Bellman’s equation, the solution proceeds backwards. The
solution for the second control action u1 is identical to the solution of the myopic controller
(6); but after applying the first control action u0 , the belief over the unknown parameter b
needs an update according to Eq. (7), resulting in

σk2 uk (buk + ξk ) + µk Q
σ2Q
, 2 k2
)
2
2
uk σk + Q
uk σk + Q

This control law reduces control actions in cases of high parameter uncertainty. This
mitigates the main drawback of the CE controller, but leads to another problem: Since
the OF controller decreases control with rising uncertainty, it can entirely prevent learning.
Consider the posterior on b after observing xk+1 , which is a closed-form Gaussian (because
uk is chosen by the controller and has no uncertainty):

precisely, Σk follows an ordinary (deterministic) differential equation, while µk follows a
stochastic differential equation—and it can then be attempted to solve the control problem
for these differential equations more directly.
While it can be a numerical advantage, this formulation of the augmented state also has
some drawbacks, which is why we have here decided not to adopt it: First, the simplicity of
the directly formalizable SDE vanishes in the POMDP setting, i.e. if the state is not observed
without noise. If the state observations are corrupted, the exact belief state is not a Gaussian
process, so that the parameters µk and Σk have no natural meaning. Approximate methods
can be used to retain a Gaussian belief (and we will do so below), but the dynamics of µk ,
Σk are then intertwined with the chosen approximation (i.e. changing the approximation
changes their dynamics), which causes additional complication. More generally speaking, it
is not entirely natural to give differing treatment to the state xk and parameters θk : Both
state and parameters should thus be treated within the same framework; this also allows
extending the framework to the case where also the parameters do follow an SDE.
2
2
) = N (b; µk+1 , σk+1
) = N (b;
p(b ∣ µk+1 , σk+1
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 Around the nominal trajectory, construct a local quadratic expansion that approximates
the effects of future observations. Because the expansion is quadratic, an optimal
control law relative to the deterministic system—the perturbation control —can be
constructed by dynamic programming. Plugging this perturbation control into the
residual dynamics of the approximate quadratic system gives an approximation for the
cost-to-go. This step adds the cost of uncertainty to the deterministic control cost.

¬ Find an optimal trajectory for the deterministic part of the system under the mean
model: the nominal trajectory under certainty equivalent control. For linear systems
this is easy (see below), for nonlinear ones it poses a nontrivial, but feasible nonlinear
model predictive control problem (Allgöwer et al., 1999; Diehl et al., 2009). It yields a
nominal trajectory, relative to which the following step constructs a tractable quadratic
expansion.

In 1973, Tse et al. (1973) constructed theory and an algorithm (Tse and Bar-Shalom, 1973)
for approximate dual (AD) control, based on the series expansion of the cost-to-go. This is
related to differential dynamic programming for the control of nonlinear dynamic systems
(Mayne, 1966). It separates into three conceptual steps (described in Sec. 4.1–4.3), which
together yield what, from a contemporary perspective, amounts to a structured Gaussian
approximation to Bayesian RL:

4. Approximate Dual Control for Linear Systems

(however, see Poupart et al., 2006, for a sampling solution to Bayesian reinforcement learning
in discrete spaces, including notes on the considerable computational complexity of this
approach). The next section describes a tractable analytic approximation that does not
involve samples.

Figure 1: Left: Computing the T = 2 dual cost for the simple system of Eq. (5). Costs
L(u0 ) under optimal control on u1 for sampled parameter b (thin gray; one sample
highlighted, orange). Expected dual cost J(u0 ) under u1∗ (dashed green). The
optimal u0∗ lies at the minimum of the dashed green line. Right: Comparison
of sampling (dashed green; thin gray: samples) to three approximations: CE
(red) and CE with Bayesian exploration bonus (blue). The solid green line is the
approximate dual control constructed in Section 4. See also Sec. 6.1 for details.
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Figure 2: Flow-chart of the approximate dual control algorithm to show the overall structure.
Adapted from Tse and Bar-Shalom (1973). The left cycle is the inner loop,
performing the nonlinear optimization.

® In the current time step k, perform the prediction for an arbitrary control input uk
(as opposed to the analytically computed control input for later steps). Optimize uk
numerically by repeated computation of steps ¬ and  at varying uk to minimize the
approximate cost.

xk+1
A(θk ) 0
B(θk )
ξ
)=(
)z + (
) uk + ( k ) =∶ f˜(zk , uk ).
θk+1
0
I k
0
0

(10)

These three steps will be explained in detail in the subsequent sections. The interplay
between the different parts of the algorithm is shown in Figure 2.
The abstract introductory work Tse et al. (1973) is relatively general, but the explicit
formulation in Tse and Bar-Shalom (1973) only applies to linear systems. Since both works
are difficult to parse for contemporary readers, the following sections thus first provide a
short review, before we extend to more modern concepts. In this section, we follow the
more transparent case of a linear system from Tse and Bar-Shalom (1973), i.e. φ(x) = x
in Eq. (1). For the augmented state z, this still gives a nonlinear system, because θ and x
interact multiplicatively
zk+1 = (

The parameters θ are assumed to be deterministic, but not known to the controller. This
uncertainty is captured by the distribution p(θ) representing the lack of knowledge.

4.1 Certainty Equivalent Control Gives a Nominal Reference Trajectory

JMLR 17(127):1-30

The certainty equivalent model is built on the assumption that the uncertain θ coincide with
their most likely value, the mean θ̂ of p(θ), and that the system propagates deterministically
without noise. This means that the nominal parameters θ̄ are the current mean values θ̂,

8

⊺

−1

B̄ K̄j+1 ) p̄j+1 − Wj rj

⊺

B̄ ⊺ K̄j+1 ) Ā + Wj

p̄T = −WT rT ,

K̄T = WT

Jk (uk∶T −1 , p(xk )) =

9

J¯k∗

+ ∆Jk ≈

J¯k∗

+ ∆J˜k ,
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Note that shifting the mean to the nominal trajectory does not change the uncertainty.
Note further that the expected perturbation in the parameters is nil. This is because the
parameters are assumed to be deterministic and are not affected by any state or input.
Calculating the Gaussian filtering updates is in principle not possible for future measurements, since it violates the causality principle (Glad and Ljung, 2000). Nonetheless, it is
possible to use the expected measurements to simulate the effects of the future measurements
on the uncertainty, since these effects are deterministic. This is sometimes referred to as
preposterior analysis (Raiffa and Schlaifer, 1961).
To second order around the nominal trajectory, the cost is approximated by

Σxx Σxθ
∆x
∆x̂
j
p(∆zj ) = N [( j ) ; ( j ) , ( jθx
)] .
∆θj
0
Σj
Σθθ
j

The central idea of AD control is to project the nonlinear objective Jk (uk∶T −1 , p(xk ))
of Eq. (3) into a quadratic, by locally linearizing around the nominal trajectory x and
maintaining a joint Gaussian belief.
To do so, we introduce small perturbations around nominal cost, states, and control:
∆Jj = Jj − J¯j , ∆zj = zj − z̄j , and ∆uj = uj − ūj . These perturbations arise from both the
stochasticity of the state and the parameter uncertainty. Note that a change in the state
results in a change of the control signal, because the optimal control signal in each step
depends on the state. Even though the origin of the uncertainties is different (∆x arises
from stochasticity and ∆θ from the lack of knowledge), both can be modeled in a joint
probability distribution.
Approximate Gaussian filtering ensures that beliefs over ∆z remain Gaussian:

4.2 Quadratic Expansion Around the Nominal Defines Cost of Uncertainty

where r is the reference trajectory to be followed. This CE controller gives the nominal
trajectory of inputs ūk∶T −1 and states x̄k∶T , from the current time k to the horizon T . The true
future trajectory is subject to stochasticity and uncertainty, but the deterministic nominal
trajectory x̄, with its optimal control ū∗ and associated nominal cost J¯k∗ = L(x̄k∶T , ū∗k∶T )
provides a base, relative to which an approximation will be constructed.

p̄j = Ā (p̄j+1 − K̄j+1 B̄ (B̄ K̄j+1 B̄ + Uj )

⊺

K̄j = Ā⊺ (K̄j+1 − K̄j+1 B̄ (B̄ ⊺ K̄j+1 B̄ + Uj )

−1

where we have momentarily simplified notation to Ā = A(θ̄j ), B̄ = B(θ̄j ), ∀j, because the θ̄j
are constant. The K̄j and p̄j for j = k + 1, . . . , T are defined and computed recursively as

which decouples θ entirely from x in Eq. (10), and the optimal control for the finite horizon
problem can be computed by dynamic programming (DP) (Aoki, 1967), yielding an optimal
linear control law
−1
ū∗j = − (B̄ ⊺ K̄j+1 B̄ + Uj ) B̄ ⊺ [K̄j+1 Āx̄j + p̄j+1 ] ,
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xx
K̃j = Ã⊺ (K̃j+1 − K̃j+1 B̃ (B ⊺ Kj+1
B + Uj )

−1

B̃ ⊺ K̃j+1 ) Ã + W̃j

⎧
⎫
T −1
⎪
1 ⎪
⎪
⎪
xx
tr ⎨WT Σxx
+
[W
Σ
+
(Σ
−
Σ
)
K̃
]
⎬
∑
j
j+1
j+1∣j
j+1∣j+1
T ∣T
j∣j
⎪
2 ⎪
⎪
⎪
j=k
⎩
⎭

where the recursive equation

Jkd =
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K̃T = W̃T

(= ∆J˜k∗ − const)

(where we have neglected second-order effects of the dynamics). Recalling that ∆ẑ = 0 and
dropping the constant part, the dual cost can be approximated to be

1
∆J˜k∗ (p(xk )) = g̃k+1 + p̃⊺k+1 ∆ẑk + ∆ẑk⊺ K̃k+1 ∆ẑk
2
⎧
⎫
T −1
⎪
1 ⎪
⎪
⎪
+ tr ⎨WT Σxx
+ ∑ [Wj Σxx
+ (Σj+1∣j − Σj+1∣j+1 )K̃j+1 ]⎬
T
∣T
j∣j
⎪
2 ⎪
⎪
⎪
j=k
⎩
⎭

which is feasible given an explicit description of the Gaussian filtering update. It is important
to note that, assuming extended Kalman filtering, the update to the mean from expected
future observations yj+1 is nil. This is because we expect to see measurements consistent
with the current mean estimate. Nonetheless, the (co-)variance changes depending on the
control input uj , which is the dual effect.
Following the dynamic programming equations for the perturbed problem, including the
additional cost from uncertainty, the resulting cost amounts to (Tse et al., 1973)

1
1
∆J˜j∗ (p(xj )) = min {(xj − rj )⊺ Wj ∆x̂j∣j + ∆x̂⊺j∣j Wj ∆x̂j∣j + u⊺j U ∆uj + ∆u⊺j U ∆uj
∆uj
2
2
1
˜∗
+ tr [Wj Σxx
j∣j ] + E [∆Jj+1 (y 1∶j+1 ) ∣ p(xj )]} , (13)
∆xj+1
2

⎤
⎡T
T −1
⎥
⎢
1
1
∆J˜k ∶= Exk∶T ⎢⎢ ∑ {(x̄j − rj )⊺ Wj ∆xj + ∆x⊺j Wj ∆xj } + ∑ {ū⊺j Uj ∆uj + ∆u⊺j Uj ∆uj }⎥⎥ .
2
2
⎥
⎢j=k
j=k
⎦
⎣
(12)
Although the uncertain parameters θ do not show up explicitly in the above equation, this
step captures dual effects: The uncertainty of the trajectory ∆x depends on θ via the
dynamics. Higher uncertainty over θ at time j − 1 causes higher predictive uncertainty over
∆xj (for each j), and thus increases the expectation of the quadratic term ∆x⊺j Wj ∆xj .
Control that decreases uncertainty in θ can lower this approximate cost, modeling the benefit
of exploration. For the same reason, Eq. (12) is in fact still not a quadratic function and has
no closed form solution. To make it tractable, Tse and Bar-Shalom (1973) make the ansatz
that all terms in the expectation of Eq. (12) can be written as gj + p⊺j ∆zj + 1/2∆zj⊺ Kj ∆zj .
This amounts to applying dynamic programming on the perturbed system. Expectations
over the cost under Gaussian beliefs on ∆z can then be computed analytically. Because all
∆θ have zero mean, linear terms in these quantities vanish in the expectation. This allows
analytic minimization of the approximate optimal cost for each time step

where J¯k∗ is the optimal cost for the nominal system and ∆J˜k is the approximate additional
cost from the perturbation:
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∂ ˜
∂ ˜
is defined for the augmented system (10), with Ã = ∂z
f , B̃ = ∂u
f and W̃j = blkdiag(Wj , 0).
The approximation to the overall cost is then J¯k∗ + Jkd , which is used in the subsequent
optimization procedure.

4.3 Optimization of the Current Control Input Gives Approximate Dual
Control
The last step ® amounts to the outer loop of the overall algorithm. A gradient-free black-box
optimization algorithm is used to find the minimum of the dual cost function. In every step,
this algorithm proposes a control input uk for which the dual cost is evaluated.
Depending on uk , approximate filtering is carried out to the horizon. The perturbation
control is plugged into Eq. (13) to give an analytic, recursive definition for K̃j , and an
approximation for the dual cost Jkd , as a function of the current control input uk .
Nonlinear optimization—through repetitions of steps ¬ and  for proposed locations
uk —then yields an approximation to the optimal dual control uk∗ . Conceptually the simplest
part of the algorithm, this outer loop dominates computational cost, because for every
location uk the whole machinery of ¬ and  has to be evaluated.

5. Extension to Contemporary Machine Learning Models
The preceding section reviewed the treatment of dual control in linear dynamical systems
from Tse and Bar-Shalom (1973). In this section, we extend the approach to inference on,
and dual control of, the dynamics of nonlinear dynamical systems. This extension is guided
by the desire to use a number of popular, standard regression frameworks in machine learning:
Parametric general least-squares regression, nonparametric Gaussian process regression, and
feedforward neural networks (including the base case of logistic regression).
5.1 Parametric Nonlinear Systems

JMLR 17(127):1-30

We begin with the generalized linear model mentioned in Eq. (1). The nonlinear features
φ can in principle be any function (popular choices include sines and cosines, radial basis
functions, sigmoids, polynomials and others), with the caveat that their structure crucially
influences the properties of the model. From a modeling perspective, this approach is quite
standard for machine learning. However, the dynamical learning setting requires a few
adaptations: First, to allow the modeling of higher-order dynamical systems, the original
states must to be included. This gives features of the form φ(x)⊺ = (x⊺ ϕ(x)⊺ ), consisting
of the linear representation, augmented by general features ϕ.
The next challenge is that the optimal control for nonlinear dynamical systems cannot
be optimized in closed form using dynamic programming, not even for the deterministic
nominal system. Instead, we find the nominal reference trajectory using nonlinear model
predictive control (Allgöwer et al., 1999; Diehl et al., 2009). In our case, we begin with
dynamic programming on a locally linearized system, then optimize nonlinearly with a
numerical method across the trajectory. This adds computational cost, and requires some
care to achieve stable optimization performance for specific system setups.
Filtering from observations is also more involved in the case of nonlinear dynamics. In
the experiments reported below, we stayed within the extended Kalman filtering framework
11
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to retain Gaussian beliefs over the states and parameters. Extensions of this approach to
more elaborate filtering methods are an interesting direction for future work. This includes
relatively standard options like unscented Kalman filtering (Uhlmann, 1995), but also more
recent developments in machine learning and probabilistic control, such as analytic moment
propagation where the features ϕ allow this (e.g., Deisenroth and Rasmussen, 2011).
The final problem is the generalization of the derivations from the preceding sections
to the nonlinear dynamics. We take a relatively simplistic approach, which nevertheless
turns out to work well. A linearization gives locally linear dynamics whose structure closely
matches Eq. (10):

x̄
+ ∆xk+1
A(θk ) 0 φ(x̄k + ∆xk )
B(θk )
ξ
zk+1 = ( k+1
)=(
)(
)+(
) uk + ( k )
θ̄k+1 + ∆θk+1
0
I
θ̄k + ∆θk
0
0
A(θ̄k ) ∂x∂ k φ(x̄k )
0

∂
∂θk

(A(θ̄k )φ(x̄k ) + B(θ̄k )uk ) ∆xk
)(
).
∆θk
I

A(θ̄k ) 0 φ(x̄k )
B(θ̄k )
ξ
≈(
)(
)+(
) uk + ( k )
0
I
θ̄k
0
0

+(

This essentially amounts to extended Kalman filtering on the augmented state. Using this
linearization, the approximation described in Sec. 4 can be applied analogously.

5.2 Nonparametric Gaussian Process Dynamics Models

The above treatment of parametric linear models makes it comparably easy to extend the
description from finitely many feature functions to an infinite-dimensional feature space
defining a Gaussian process (GP) dynamics model: Assume that the true dynamics function
f is a draw from a Gaussian process prior p(f ) = GP(f ; m, κ̄) with prior mean function
m ∶ Rn _ Rn , and prior covariance function (kernel) κ̄ ∶ Rn × Rn _ Rn × Rn . This is using
the widely used notion of “multi-output regression” (Rasmussen and Williams, 2006, § 9.1),
i.e. formulating the covariance as

cov(fi (x), fj (x′ )) = κ̄ij (x, x′ ).

(14)

To simplify the treatment, we will assume that the covariance factors between inputs and
outputs, i.e. κ̄ij (x, x′ ) = Vij κ(x, x′ ) with a univariate kernel κ ∶ Rn × Rn _ R and a positive
semi-definite matrix V ∈ Rn×n of output covariances. By Mercer’s theorem (e.g., König,
1986; Rasmussen and Williams, 2006), the kernel can be decomposed into a converging series
over eigenfunctions φ(x), as

∞

`=1

κ(x, x′ ) = ∑ λ` φ` (x)φ`∗ (x′ ),
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where φ` ∶ Rn _ R are functions that are orthonormal relative to some measure µ over Rn
(the precise choice of which is irrelevant for the time being), with the property

′
′
′
∫ κ(x, x )φ` (x ) dµ(x ) = λ` φ` (x).
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Q = (Q ⊗ I)

K = κ(y 1∶m , y 1∶m )

R = (R ⊗ I)

⋯ 0⎤⎥
⋯ 0⎥⎥
⎥
⋯ 0⎥
⎥
⋱ ⎥⎥
I ⎥⎦

with

⎡ I
0
0
⋯
⎢
⎢−A1
I
0
⋯
⎢
⎢
−A2 I
⋯
F −1 = ⎢ 0
⎢
⎢ ⋮
⋱ ⋱
⋱
⎢
⎢ 0
⋯ 0 −Am
⎣

0⎤⎥
0⎥⎥
⎥
0⎥
⎥
⎥
⎥
I ⎥⎦

Σxx
k
Σxθ
k
Σθx
k
Σθθ
k

xx
− Σ̄xx
k−1 [Σ̄k−1

+ R]

−1

Σ̄xx
k−1

⊺ −1

13

= Λ − ΛΦ(y) G Φ(y)Λ.

⊺
= (Σxθ
k )

= Fk,∶ Φ(y)Λ − Fk,∶ [P + K + Q] G −1 Φ(y)Λ

=

Σ̄xx
k−1

xx ⊺
θx ⊺
xθ ⊺
θθ ⊺
Σ̄xx
k = Ak Σk Ak + Q + Φk Σk Ak + Ak Σk Φk + Φk Σ Φk

and the posterior covariance is comprised of
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(17e)

(17d)

(17c)

(17b)

(17a)

x̂k
x̂
Φ(x̂k−1 )ΛΦ(y 1∶k−1 )⊺ −1
[ ] = [ k−1 ] + [
] G [Φ(y 1∶k−1 )ΛΦ(x̂k−1 )⊺ Φ(y 1∶k−1 )Λ] (16)
0
ΛΦ(y 1∶k−1 )⊺
θ̂k

is needed to account for the effect of the measurement noise R over time. The A-matrices
are the Jacobians ∇x f (x)∣xk .
The posterior mean now evaluates to

⎡ I
0
0
⎢
⎢ A1
I
0
⎢
⎢
A2
I
F = ⎢ A2 A1
⎢
⎢
⋮
⎢
⎢A ⋯A A ⋯A ⋯
⎣ m
1
m
2

of appropriate size, depending on the current time k. The multi-step state transition matrix

P 0
P =[ 0 ]
0 0

consists of the parts

G = P + Q + K + F −1 RF −⊺

√

F

2 /2
′
′
∑ sin(ω2i−1 ∣x − x ∣) + cos(ω2i ∣x − x ∣),
F i=1

i

F
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f (x; θ) = ∑ θilin φi (x; θinonlin ).
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Another extension of the parametric linear models of Section 5.1 is to allow for a nonlinear
parametrization of the dynamics function:

5.3 Dual Control of Feedforward Neural Networks

where the frequencies ωi of the feature functions is sampled from the power spectrum of
the process. An example of such kernel approximation is shown in Fig. 3. With increasing
number of features, the approximation can be chosen as closely to the true covariance
function as needed, while keeping the number of features in a range that is still feasible
within the time constraints of the control algorithm.

κ(x, x′ ) ≈ κ̃(x, x′ ) =

(x − x′ )2
),
2λ2

can be approximated by sine and cosine basis functions as

κse (x, x′ ) = exp (−

This means that the eigenfunctions of the kernel are trigonometric functions, and stationary
covariance functions, like the commonly used square exponential kernel

κ(r) = ∫ S(s)e2πisr ds,

In practical control applications, continuously rising inference cost is rarely acceptable. It is
thus necessary to project the GP belief onto a finite representation, replacing the infinite
sum in Eq. (14) with a finite one, to bound the computational cost of the matrix inversion in
Eqs. (16), (17c) and (17e). We do so by projecting into a pre-defined finite basis of functions
drawn from the eigen-spectrum of the kernel with respect to the Lebesgue measure. This
approach has been recently popular elsewhere in regression (Rahimi and Recht, 2008). For
readers unaware of this line of work, here is a short, self-contained introduction:
By Bochner’s theorem (e.g., Stein, 1999; Rasmussen and Williams, 2006), the covariance
function k(r) (with r = ∣x − x′ ∣) of a stationary µ2 continuous random process can be
represented as the Fourier transform of a positive finite measure and, if that measure has a
density S(s), as the Fourier dual of S:

5.2.1 An Approximation of Constant Cost

`=1

(15)

where L is a matrix satisfying LL⊺ = V (e.g., the Cholesky decomposition), and the elements
of Ω are draws from the “white” Gaussian process Ωj`
k ∼ N (0, λ` ). Because of Mercer’s
theorem above, Eq. (15) exists in µ2 expectation, and is well-defined in this sense. This
notation allows writing Eq. (2) as a nonparametric prior with mean θ̂0 and covariance
⊺
Σθθ
0 = V ⊗ (ΦΛΦ ) where Λ is an infinite diagonal matrix with diagonal elements Λ`` = λ`
(the matrix multiplication ΦΛΦ⊺ is here defined as in Eq. (15)).
Using this notation, a tedious but straightforward linear algebra derivation (see Appendix A) shows that the posterior over z ⊺ = (x⊺ θ⊺ ) after a number k of EKF-linearized
Gaussian observations is a tractable Gaussian process, for which the Gram matrix

j=1

fki (xk ) = ∑ Lij ∑ Ωj`
k φi (xk )

∞

This formulation, together with the expositions in the preceding sections, defines a
nonparametric dual control algorithm for Gaussian process priors. It is important to stress
that this posterior is indeed “tractable” in so far as it depends only on a Gram matrix of
size nT × nT , and the posterior over any f (x) can be computed in time O((nT )3 ), despite
the infinite-dimensional state space.

Precisely in this sense, Gaussian process regression can be written as “infinite-dimensional”
Bayesian linear regression. We will use the suggestive, and somewhat abusive notation
fk (xk ) = LΩk Φ(xk ) for this generative model, defined as

T
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Figure 4: A two-layer feedforward neural network. Sketch to illustrate the structure of
Eq. (18).

zk1

Figure 3: Prior (left), posterior (middle) and kernel function (right) of both the full kernel
function (top row) and the approximate kernel (bottom row). The thick lines
represent the mean and the thin lines show two standard deviations. The dashed
lines are samples from the shown distributions.

kernel appximation
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(18)

A particularly interesting example of this structure are multilayer perceptrons. Consider a
two-layer network with logistic link function

i

f (x) = ∑ v i σ(wi x + bi ),

where v are the weights from the latent to the output layer, w are the weights from input
to hidden units, and b are the biases of the hidden units (see Fig. 4).
Neural networks are used in control quite regularly, see e.g., Nguyen and Widrow (1990).
Instead of using backpropagation and stochastic gradient descent as in most applications
of neural networks (Rumelhart et al., 1986; Robbins and Monro, 1951), the EKF inference
procedure can be used to train the weights as well (Singhal and Wu, 1989). This is possible
because the EKF linearization can also be applied for the nonlinear link function, e.g., the
logistic function. Speaking in terms of feature functions, not only the weight of each feature
but also the shape (steepness) can be inferred. A limiting factor for this inference naturally
is the number of data points: the more features and parameters are introduced, the more
data points are necessary to learn.
Using the state augmentation z ⊺ = (x⊺ v ⊺ w⊺ ), and linearizing w.r.t. all parameters in
each step, the EKF inference on the neural network parameters allows us not only to apply
relatively cheap inference on them, but also to use the dual control framework to plan control
signals, accounting for the effect of future observations and the subsequent change in the
belief. This means the adaptive dual controller described in Sec. 4 can identify those parts
of the neural net that are relevant for applying optimal control to the problem at hand. In
Sec. 6.3, we show an experiment with these properties.

6. Experiments

⊺

A series of experiments on single-episode tasks with continuous state space highlights
qualitative differences between the adaptive dual (AD) controller and three other controllers:
An oracle controller with access to the true parameters, which provides an unattainable
lower bound (LB) on the achievable performance, a certainty equivalent (CE) controller
as described in Sec. 4.1, and a controller minimizing the sum of CE cost and the Bayesian
exploration bonus (BEB) (see Kolter and Ng, 2009):

`beb = τ [sqrt (diag (Σθθ ))] [sqrt (diag (Σθθ ))]
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(τ is a scalar exploration weight). The additional cost term `beb is evaluated for the predicted
parameter covariance where the prediction time is chosen according to the order of the
system such that the effect of the current control signal shows up in the belief over the
parameters. This type of controller is sometimes also called dual control, while being referred
to as explicit dual control, where the dual features are obtained by a modified cost function
(Filatov and Unbehauen, 2000).
Every experiment was repeated 50 times with different random seeds, which were shared
across controllers for comparability. All systems presented below are very simple setups.
Their primary point is to show qualitative differences of the controllers’ behavior. The
experiments were done with different approximations from the preceding section to show
experimental feasibility for each of them.
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0
1 0
θ ∼ N ([ ] , [
])
0
0 1

θtrue = [

0.8
],
0.4

1
1 + e(x+5)

ϕ2 (x) =

1
,
1 + e−(x−5)

(19)

r 12∶14 = [

10
]
0

0
r 15 = [ ]
0

r 16∶18 = [

−10
]
0

0
r 19∶20 = [ ] ;
0

W 0∶5 = [

10 0
]
0 0

17

0 0
W 5∶10 = [
]
0 0

W 11∶20 = [
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100 0
],
0 0

it is also shown in each plot of Fig. 5 as dashed orange line. The state weighting is
time-dependent

0
r 0∶11 = [ ]
0

and disturbance/noise is chosen to be R = Q = 10−2 I. We use this setup as a testbed for
a time-structured exploration problem. The actual system and its dynamics are relatively
irrelevant here, as we will focus on a complication caused by the cost function: The reference
to be tracked is

ϕ1 (x) = −

where superscripts denote vector elements. The nonlinear functions ϕ are shifted logistic
functions of the form

1 0.4
0 0 ϕ1 (x1 )
0
xk+1 = [
] xk + [ 1 2 ] [ 2 k1 ] + [ ] uk
0 1
θ θ
ϕ (xk )
1

A cart on a rail is a simple example for a dynamical system. Combined with a nonlinearly
varying slope, a simple but nonlinear system can be constructed. The dynamics, prior beliefs,
and true values for the parameters are chosen to be

6.2 Faced with Time-Varying State Cost, AD Control Holds Off Exploration
Until Suitable

−1

For the noise-free linear system of Sec. 3.1, (a = 1 (known), b = 2, p(b) = N (b; 1, 10), Q = 10 ,
R = 0, W = 1, Λ = 1, T = 2), Fig. 1, right, compares the cost functions of the various
controllers and the approximately exact sampling solution (which is only available for this
very simple setup). All cost functions are shifted by an irrelevant constant. The CE cost is
quadratic and indifferent about zero. The BEB (τ = 0.1) gives additional structure near zero
that encourages learning. While qualitatively similar to the dual cost, its global minimum
is almost at the same location as that of CE. The dual control approximates the sampling
solution much closer.

6.1 On a Simple Scalar System, AD Control Matches Exact Dual Control Well

The feature set used for a specific application is part of the prior assumptions for that
application. Large uncertainty requires flexible models (which take longer to converge, and
require more exploration). Feature selection is important, but since it is independent of the
dual control framework itself and a broad topic on its own, it is beyond the scope of this
paper. In the following experiments, different feature sets are used both as examples for
the flexibility of the framework, but also to model different structural knowledge about the
problems at hand.
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and control cost is relatively low: Λ = 10−3 . The task, thus, is to first keep the cart fixed in
the starting position to high precision, for the first 4 time steps. This is followed by a “loose”
period between time steps 5 and 10. Then, the cart has to be moved to one side, back to
the center, to the other side, and back again, all at high cost. A good exploration strategy
in this setting is to act cautiously for the first 5 time steps, then aggressively explore in the
“loose” phase, to finally be able to control the motion with high precision.
The inference model is a GP with approximated SE kernel, as described in Sec. 5.2.1.
We use 30 alternating sine and cosine features that are distributed according to the power
spectrum of the full SE kernel. Since the true nonlinearity of Eq. (19) is not of this form,
the approximation is out of model and the lower bound controller only represents a perfectly
learned, but still not exact, model.
Fig. 5 shows a density estimated from 50 state trajectories for the four different controllers.
The lower bound controller (top) controls precisely at times of high cost, and does nothing
for times with zero cost, controlling perfectly up to the measurement and state disturbances.
The certainty equivalent controller (second from top) never explores actively, it only learns
“accidentally” from observations arising during the run. Since the initial trajectory requires
little action, it is left with a bad model when the reference starts to move at time step 12.
The exploration bonus controller (second from bottom) continuously explores, because it

Figure 5: Top four: Density estimate for 50 trajectories (first state). From top to bottom:
optimal oracle control (gray), certainty equivalent control (red), CE with Bayesian
exploration bonus (blue), approximate dual control (green). Reference trajectory
in dashed orange. Bottom: The mean cost per time step is shown in the bottom
plot, with colors matching the controllers noted above.

x1
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cost
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has no way of knowing about the “loose” phase ahead. Of course, this strategy incurs a
higher cost initially. The dual controller (bottom) efficiently holds off exploration until it
reaches the “loose” phase, where it explores aggressively.
6.3 AD Control Distinguishes Necessary and Unnecessary Parameter
Exploration

10
]
0

10 0
],
0 0

0
r 18∶20 = [ ] ,
0

W 11∶20 = [

r 12∶18 = [

The system including nonlinearities for this experiment is the same as before, although with
noise parameters R = Q = 10−3 I. The reference trajectory and state weighting are much
simpler, though:
0
r 0∶11 = [ ]
0

with the time-dependent weighting
0 0
W 0∶10 = [
]
0 0

allowing for identification in the beginning, while penalizing deviations of the first state in
later time steps.
Important to note here is that the reference trajectory only passes areas of the state
space where ϕ1 is strong, and ϕ2 is negligible. Good exploration thus will ignore θ2 , but
this can only be found through reasoning about future trajectories.
In this experiment, the learned model is of the neural network form described in Sec. 5.3.
We use 4 logistic features (see Eq. (18)) with two free parameters each (wi and vi ) and
equally spaced bi between −5 and 5, the locations of the true nonlinear features. This means
it is possible to learn the perfect model in this case.
Fig. 6 shows a density estimated from 50 state trajectories for the four different controllers.
Because of symmetry in the cost function and feature functions, BEB (with τ = 1) cannot
“decide” between the relevant θ1 and the irrelevant θ2 , choosing the exploration direction
stochastically. It thus sometimes reduces the uncertainty on θ2 , which does not help the
subsequent control. The AD controller ignores θ2 completely and only identifies θ1 in early
phases, leading to good control performance.
6.4 AD Control Maintains Only Useful Knowledge

(x−2)2
2

ϕ2 (x) = e−

(x+2)2
2

1.0
θtrue = [ ] .
0.8

The last experiment is again similar to Sec. 6.2, but uses a different set of nonlinear functions,
namely shifted Gaussian functions (a.k.a. radial basis functions)
ϕ1 (x) = e−
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For this experiment, the model is learned with parametric linear regression, according to
Sec. 5.1. The fundamental difference to the other experimental setups is that the model now
assumes parameter drift. This results in growing uncertainty for the parameters over time.
(The true parameters are kept constant for simplicity.)
19
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such that there is cost starting with the linear reference trajectory at time instant 6.
Fig. 7 shows the parameter belief and relevant state of a single run of this experiment
over time. It shows clearly that the in the beginning necessary parameter θ1 is learned early
by BEB and the AD controller, while CE learns only “accidentally”. The BEB controller
also learns the second parameter in the beginning, even though the knowledge will be lost
over time. When the trajectory reaches the zone of the second parameter, the BEB controller
tries to lower the growing uncertainty every now and then (visible by the drops in state
x1 ), incurring high cost. AD control completely ignores the growing uncertainty on θ1 after
reaching the area of θ2 , thus preventing unnecessary exploration.

The cost structure is

The reference to be tracked passes through both nonlinear features but then stays at
one of them:

Figure 6: Top four: Density estimate for 50 trajectories (second state). From top to
bottom: optimal oracle control (gray), certainty equivalent control (red), CE with
Bayesian exploration bonus (blue), approximate dual control (green). Reference
trajectory in dashed orange. Bottom: The mean cost per time step is shown in
the bottom plot, with colors matching the controllers noted above.

cost

2

0

−2

2

0

−2

0

5

10

θ2

15

20

0

−5

0

−5

0

−5

0

5

10

x1

15

20

0.67
0.84
0.99
0.77

0.23
0.73
0.92
0.43

1.75
2.49
2.64
1.96

0.33
0.74
0.37
0.34

Exp. 6.2
mean
std
7.15
15.72
20.88
14.33

3.85
5.20
6.74
5.40

Exp. 6.3
mean
std
0.66
1.76
84.91
1.62

0.51
0.90
6.77
0.56

Exp. 6.4
mean
std

21

JMLR 17(127):1-30

Bayesian reinforcement learning, or dual control, offers an elegant answer to the explorationexploitation trade-off, relative to prior probabilistic beliefs. Its intricate, intractable structure
requires approximations to balance another kind of trade-off, between computation and
performance. This work investigated an old approximate framework from control, re-phrased

7. Conclusion

The above experiments aim to emphasize qualitative strengths of AD control over simpler
approximations. It is desirable for a controllers to deal with flexible models of many
parameters, many of which will invariably be superfluous. For reference, Table 6.5 also
shows quantitative results: Averages and standard deviations of the cost, from the 50 runs
for each controller. The AD controller shows good performance overall; interestingly, it also
has low variance. CE and BEB were more prone to instabilities.

6.5 Quantitative Comparison

Table 1: Average and standard deviation of costs in the experiments for 50 runs.

Oracle
CE
CE-BEB
AD

Exp. 6.1
mean
std

Figure 7: Parameter knowledge (left, middle) and state trajectory (right) for different
controllers. From top to bottom: certainty equivalent control (red), CE with
Bayesian exploration bonus (blue), approximate dual control (green). The true
parameters are the black lines.
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it in the language of reinforcement learning, and extended it to apply to contemporary
inference methods from machine learning, including approximate Gaussian process regression
and multi-layer networks. The result is a tractable approximation that captures notions of
structured exploration, like the value of waiting for future exploration opportunities, and
distinguishing relevant from irrelevant model parameters.
The dual control framework, in its now clearer form, offers interesting directions for
research in reinforcement learning, including its combination with recent new developments
in learning and planning. Following this conceptual work, the main challenge for further
development is the still comparably high (but tractable) numerical load of dual control,
particularly in problems of higher dimensionality.
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Appendix A. Nonparametric EKF Form
The standard Kalman filter (KF) can be found in many textbooks (e.g., Särkkä, 2013) and
therefore will not be restated here. Starting from the standard equations, we derive a general
multi-step formulation of the classic KF with
p(zk ) = N (zk , mk , Pk ).

From there, state augmentation with an infinite-dimensional weight vector gives the expected
result.
A.1 Derivation of the Multi-Step KF Formulation

⊺

Assuming that the result of the KF and the Gaussian process framework should be identical
under certain circumstances, we wish to transform the KF to a formulation with full Gram
matrix. Therefore, the prediction and update step have to be combined to
P1 = (A0 P0 A0⊺ + Q) − (A0 P0 A0⊺ + Q) H ⊺ S1−1 H (A0 P0 A0⊺ + Q)
S1 = H (A0 P0 A0⊺ + Q) H ⊺ + R,

=

⊺

∶=g01

which is pretty straightforward. We’re adopting a standard notation, where Pk is the
covariance at time step k, Ak is the Jacobian, Q is the drift and R is the measurement
covariance. The same can be done for the second time step, but it is beneficial introducing
a compact notation for the predictive covariance first
(A1 P1 A1⊺ + Q)

∶=g00

⊺ −1
g00 Hg01 .

= (A1 [(A0 P0 A0⊺ + Q) − (A0 P0 A0⊺ + Q) H ⊺ S1−1 H (A0 P0 A0⊺ + Q) ] A1⊺ + Q)
∶=g10

− g10 H

= A1 (A0 P0 A0⊺ + Q) A1⊺ + Q − A1 (A0 P0 A0⊺ + Q) H ⊺ ( S1 )−1 H (A0 P0 A0⊺ + Q) A1⊺
¯
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶ ´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¶
∶=g11

g11

Using the compact notation and defining S2 analogously to S1 , we can write the two-step
update as
P2 = (g11 − g10 H ⊺ S1−1 Hg01 ) − (g11 − g10 H ⊺ S1−1 Hg01 ) H ⊺ S2−1 H (g11 − g10 H ⊺ S1−1 Hg01 )
+ g11 H ⊺ S2−1 Hg10 H ⊺ S1−1 Hg01 + g10 H ⊺ S1−1 Hg01 H ⊺ S2−1 Hg11

P2 = g11 − g10 H ⊺ S1−1 Hg01 − g11 H ⊺ S2−1 Hg11 − g10 H ⊺ S1−1 Hg01 H ⊺ S2−1 Hg10 H ⊺ S1−1 Hg01
P2 = g11 − [g10 H ⊺

∶=G−1
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S −1 + S1−1 Hg01 H ⊺ S2−1 Hg10 H ⊺ S1−1 −S1−1 Hg01 H ⊺ S2−1 Hg01
g11 H ⊺ ] [ 1
].
][
−S2−1 Hg10 H ⊺ S1−1
S2−1
Hg11
´¹¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹¸ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¶
Hg00 H ⊺ + R
Hg01 H ⊺
].
Hg10 H ⊺
Hg11 H ⊺ + R

Application of Schur’s lemma gives

G=[
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[

g01
]
g11

Assuming full state measurement (H = I) for compactness of notation, the two-step
update is

−1

g +R
g01
⊺
⊺
] [ 00
g11
P2 = g11 − [g10
]
g10
g11 + R

−1

(A0 P0 A0⊺ + Q) A1⊺
[
],
(A1 (A0 P0 A0⊺ + Q) A1⊺ + Q)
(20)

= A1 (A0 P0 A0⊺ + Q) A1⊺ + Q − [A1 (A0 P0 A0⊺ + Q) (A1 (A0 P0 A0⊺ + Q) A1⊺ + Q)]

(A P A⊺ + Q) + R
(A0 P0 A0⊺ + Q) A1⊺
⋅[ 0 0 0 ⊺
]
A1 (A0 P0 A0 + Q) (A1 (A0 P0 A0⊺ + Q) A1⊺ + Q) + R

which already looks similar to GP inference. We can now generalize this two-step result to
the general form by building the Gram matrix according to

Q = (Q ⊗ I)

R = (R ⊗ I)

G = FPF ⊺ + FQF ⊺ + R,
P0 0
]
0 0

where the individual parts are
P =[

with

⎡
0
0
⋯
⎢ I
⎢
I
0
⋯
⎢−A1
⎢
−A2 I
⋯
F −1 = ⎢ 0
⎢
⎢
⋱ ⋱
⋱
⎢ ⋮
⎢
⋯ 0 −Am
⎣ 0

0⎥⎤
0⎥⎥
⎥
0⎥ ,
⎥
⎥
⎥
I ⎦⎥

of appropriate size, depending on the current time k. The multi-step state transition matrix
⎡
0
0 ⋯ 0⎥⎤
⎢ I
⎢
⎥
I
0
⋯
0
⎢ A1
⎥
⎢
⎥
A
I ⋯ 0⎥ ,
F =⎢ A A
2
⎢ 2 1
⎥
⎢
⎥
⋮
⋱
⎢
⎥
⎢
I ⎦⎥
⎣Am ⋯A1 Am ⋯A2 ⋯

(21)

is also needed so shift the initial covariance and drift covariances through time. Put together,
this results in

⊺
Pk = Fk,∶ (P + Q)Fk,∶
− Fk,∶ (P + Q)F(FPF ⊺ + FQF ⊺ + R)−1 F ⊺ (P + Q)F∶,k .

A more compact notation can be achieved by using F −1 to obtain

⊺
Pk = Fk,∶ (P + Q)Fk,∶
− Fk,∶ (P + Q)(P + Q + F −1 RF −⊺ )−1 (P + Q)F∶,k .

Calculating the mean prediction is done analogously:

mk = Fk,0 m0 + Fk,∶ (P + Q)(P + Q + F −1 RF −⊺ )−1 y.
A.2 Augmenting the State

rk ∼ N (0, R),

qk−1 ∼ N (0, Q)
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Instead of tracking only the state covariance, in the GP setting also the dynamics function
has to be inferred. The system equations of the nonlinear system are now
yk = Hxk + rk

xk = f (xk−1 ) + qk−1

24

Σ=(

P
Σxw
)
Σwx Σww

∂ f¯

JA = ( ∂x
0

I

∂ f¯
∂w )

=(

A Φ
),
0 I

κ00
κ00 A⊺1 + κ01
),
A1 κ00 + κ10 A1 κ00 A⊺1 + κ10 A⊺1 + A1 κ01 + κ11

for the mean.

for the covariance and

25

⊺ −1
w̄k = w̄0 + Σww
0 Φ(y) G y

mk = Fk,0 m0 + Fk,∶ (P + Q + K)G −1 y

ww
ww
⊺ −1
ww
Σww
k = Σ0 − Σ0 Φ(y) G Φ(y)Σ0
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xw ⊺
ww
−1
ww
Σwx
k = (Σk ) = Fk,∶ Φ(y)Σ0 − Fk,∶ (P + K + Q) G Φ(y)Σ0

⊺
Pk = Fk,∶ (P + Q + K)Fk,∶
− Fk,∶ (P + Q + K)G −1 (P + Q + K)F∶,k

Inference is done according to

G = P + Q + K + F −1 RF −⊺ .

with K = κ(y 1∶m , y 1∶m ). Since inference is more compact and numerically stable if we absorb
F into the Gram matrix as in Eq. (21), we define

G⋆ = FPF ⊺ + FQF ⊺ + FKF ⊺ + R,

where we have written κ⋅⋅ for κ(⋅, ⋅) to save space. In total, the Gram matrix is then

G⋆ = G + (

This means we can write the Gram matrix as

⊺
ww
′
′
Φ(x)Σww
0 Φ(x) = ∑ φi (x)Σ0,ij φj (x ) = κ(x, x ).

⊺
At this point it is important to note that the infinite inner product Φk Σww
0 Φk corresponds
to an evaluation of the kernel

⊺
⊺ ⊺
⊺
Φ0 Σww
Φ0 Σww
0 Φ0
0 (Φ0 A1 + Φ1 )
G⋆ = G + (
).
⊺ ⊺
ww ⊺
ww
(A1 Φ0 + Φ1 ) Σ0 Φ0 (A1 Φ0 + Φ1 ) Σ0 (Φ0 A1 + Φ⊺1 )

where, in (20), the original x is replaced by the augmented z, P by Σ and A by JA .
Choosing H = [I 0] so that H recovers the original states from the augmented state
vector, we obtain, after calculations similar to those above, a Gram matrix with additional
terms including feature functions and the prior on them:

x
z=( )
w

where f ∼ GP(0, k). The inference in this model can be done through the EKF with
augmented state. We adopt the weight-space view with f = Φ⊺ w (see Rasmussen and
Williams, 2006) to augment the state with the infinite-dimensional weight vector w:
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σ(a) =
1
,
1 + e−a

26
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The gradient of f (x) can easily verified to be
√
⎤
⎡ 2 F/2
⎢ F ∑i=1 v2i−1 ω2i−1 cos(ω2i−1 x) − v2i ω2i sin(ω2i x)⎥
⎢
⎥
√
⎥
⎢
2
⎥
⎢
sin(ω1 x)
F
⎢
⎥
√
⎥
⎢
2
⎥
⎢
cos(ω
x)
2
⎥.
F
∇f (x) = ⎢⎢
⎥
⎢
⎥
⋮
⎢
⎥
√
⎢
⎥
2
⎢
⎥
sin(ω
x)
F
−1
F
⎢
⎥
√
⎢
⎥
2
⎥
⎢
cos(ω
x)
F
⎣
⎦
F

The Fourier approximation to the dynamics function has the form
√ F/2
2
f (x) =
∑ v2i−1 sin(ω2i−1 x) + v2i cos(ω2i x).
F i=1

B.2 Fourier Basis Functions

∇wi ∇wi f (x) = vi (x − bi )2 σ(ai )(1 − σ(ai )(3 − 2σ(ai ))).

∇vi ∇wi f (x) = (x − bi )σ(ai )(1 − σ(ai ))

∇vi ∇vi f (x) = 0

∇x ∇wi f (x) = vi σ(ai )(1 − σ(ai )) + (x − bi )wi vi σ(ai )(1 − σ(ai ))((1 − 2σ(ai ))

∇x ∇vi f (x) = wi σ(ai )(1 − σ(ai ))

i=1

∇2x f (x) = ∑ vi wi2 σ(ai )(1 − σ(ai )(3 − 2σ(ai )))

F

The Hessian, written in parts, using ai = wi x + bi , is:

⎡ ∑Fi=1 vi wi σ(wi (x − bi ))(1 − σ(wi (x − bi ))) ⎤
⎥
⎢
⎥
⎢
σ(w1 (x − b1 ))
⎥
⎢
⎥
⎢
⎥
⎢
⋮
⎥
⎢
⎥.
∇f (x) = ⎢⎢
σ(wF (x − bF ))
⎥
⎢ v (x − b )σ(w (x − b ))(1 − σ(w (x − b ))) ⎥
⎥
⎢ 1
1
1
1
1
1
⎥
⎢
⎥
⎢
⋮
⎥
⎢
⎢vF (x − bF )σ(wF (x − bF ))(1 − σ(wF (x − bF )))⎥
⎦
⎣

∂2
∂
σ(a) = σ(a)(1 − σ(a)),
σ(a) = σ(a) (1 − σ(a) (3 − 2σ(a))) .
∂a
∂a2
The gradient of f (x) can easily found to be

with the well-known derivatives of the logistic

i=1

F

f (x) = ∑ vi σ(wi (x − bi )),

The neural network dynamics function is

B.1 Neural Network Basis Functions

Appendix B. Gradients and Hessians of Dynamics Functions
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√
2/F

for normalization, is:
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The Hessian, written in parts, using c =
F/2

i=1

i
i

odd
even

2
2
∇x2 f (x) = c ∑ −v2i−1 ω2i−1
sin(ω2i−1 x) − v2i ω2i
cos(ω2i x)

⎧
⎪cωi cos(ωi x)
⎪
∇x ∇vi f (x) = ⎨
⎪−cωi sin(ωi x)
⎪
⎩
∇vi ∇vi f (x) = 0.

B.3 Radial Basis Functions

F

i=1

f (x) = ∑ vi exp (−

(x − ci )2
).
2λ2

With radial basis function features, the dynamics function is

The gradient of f (x) is

ci − x 2 1
(x − ci )2
) [(
) − 2]
2λ2
2λ2
λ

⎡
(x−ci )2 (ci −x) ⎤
⎢ F
⎥
⎢∑i=1 vi exp (− 2λ2 ) 2λ2 ⎥
⎢
⎥
(x−c )2
1
⎢
⎥
exp (−
)
⎥
2λ2
∇f (x) = ⎢⎢
⎥.
⎢
⎥
⋮
⎢
⎥
⎢
⎥
(x−c )2
exp (− 2λF2 )
⎢
⎥
⎣
⎦

F

i=1

∇x ∇vi f (x) = exp (−

∇vi ∇vi f (x) = 0

(x − ci )2 ci − x
)
2λ2
2λ2

∇x2 f (x) = ∑ vi exp (−

The Hessian, written in parts, is:
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The standard supervised learning setting, in which labeled training examples are represented
with individual feature vectors, is well-studied with numerous applications. However, there
remain many compelling real-world problems that require learning from more structured
data. For example, in text categorization, a document might contain a set of passages
or paragraphs. A typical approach is to simply ignore the internal structure within the
document by treating it as a “bag of words,” then to represent the document with a single
feature vector based on word frequencies. However, because such an approach destroys the
internal structure of the document, it becomes challenging to determine which passages or
paragraphs correspond to the category of interest. Similarly, for the content-based image
retrieval (CBIR) domain, the goal is to learn to retrieve images that contain some object
of interest to the user. One approach is to use a flat feature vector representation of each

1. Introduction

Keywords: multiple-instance learning, learning theory, ranking, classification

We propose a new theoretical framework for analyzing the multiple-instance learning (MIL)
setting. In MIL, training examples are provided to a learning algorithm in the form of labeled sets, or “bags,” of instances. Applications of MIL include 3-D quantitative structure–
activity relationship prediction for drug discovery and content-based image retrieval for web
search. The goal of an algorithm is to learn a function that correctly labels new bags or
a function that correctly labels new instances. We propose that bags should be treated
as latent distributions from which samples are observed. We show that it is possible to
learn accurate instance- and bag-labeling functions in this setting as well as functions that
correctly rank bags or instances under weak assumptions. Additionally, our theoretical
results suggest that it is possible to learn to rank efficiently using traditional, well-studied
“supervised” learning approaches. We perform an extensive empirical evaluation that supports the theoretical predictions entailed by the new framework. The proposed theoretical
framework leads to a better understanding of the relationship between the MI and standard
supervised learning settings, and it provides new methods for learning from MI data that
are more accurate, more efficient, and have better understood theoretical properties than
existing MI-specific algorithms.
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1. These results were also presented in Doran and Ray (2014).
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5. We empirically evaluate a surprising implication of our theoretical results: that standard supervised approaches can effectively rank both instances and bags in the MI

4. We prove the first results, to our knowledge, that formally describe the ability to rank
both instances and bags in the MI setting.

3. We describe the first positive instance concept learnability results since those of Blum
and Kalai (1998).1

2. We provide novel results for learning accurate bag-level concepts from MI data.

1. We describe a new generative model for MI data and show that it subsumes some
previously proposed generative models for MI learning (MIL).

image given pixel color values. Again, using such an approach, it is not clear how one might
identify which object in or region of the image was of interest to a user.
For such problems, the multiple-instance (MI) setting offers a richer representation for
structure objects as sets, or “bags,” of feature vectors, each of which is called an “instance”
(Dietterich et al., 1997). In the text categorization example above, a document is a bag of
passages or paragraphs, which are the instances. For CBIR, an image is a bag of segments
or objects. The MI setting further assumes that labels exist at both the level of instances
and bags, where a bag’s label is the logical conjunction of Boolean instance labels. That
is, a bag is positive if at least one instance in the bag is positive and negative if all of the
instances in the bag are negative. This logical relationship corresponds to the fact that a
document or an image is of the class of interest if and only if at least one of the passages
or objects it contains is of the class of interest.
In the standard supervised setting, there is typically only one target concept of interest.
For MI learning, one might be interested in learning either a bag or an instance concept from
MI data. For example, in the 3-Dimensional Quantitative Structure–Activity Relationship
(3D-QSAR) domain, the goal is to learn to predict whether a molecule will bind to a given
target receptor (Dietterich et al., 1997). Because a molecule has flexible bonds, it exists in
multiple shapes, or conformations, in solution. Thus, mapping this problem into the MI
setting, conformations are instances and molecules are bags. A bag-labeling function can
be used to predict whether a given molecule will bind to a target receptor. On the other
hand, an instance-labeling function can be used to predict which specific conformations will
bind to a receptor, providing useful, difficult-to-measure information about the receptor’s
physical structure.
Despite the importance of these two learning tasks, only the bag-labeling task has received much attention in recent prior work characterizing the learnability of MI concepts
(Sabato and Tishby, 2012). When learnability of instance concepts has been addressed,
it has been under the strict, unrealistic assumption that instances across all bags are
independent and identically distributed (IID) samples from the same underlying distribution (Blum and Kalai, 1998). However, as far as we know, the result of Blum and Kalai
(1998) has remained the only positive result on instance concept learnability in the MI
setting for over a decade. In this paper, we describe new positive results for both instanceand bag-concept learnability. Our contributions are summarized as follows:
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setting. Our evaluation uses 55 data sets from a wide variety of domains, and supports both our theoretical results as well as the assumptions made by our generative
model.

2. Bags as Distributions
In this section, we describe a generative model for MI data in which bags are viewed as
distributions over instances rather than as sets of instances. We show that the proposed
generative model actually encompasses previous, standard models of MI learning in which
bags are sets or tuples. The choice of framing a problem within a particular theoretical
model has significant practical consequences for designing or selecting an algorithm to solve
the problem. This section provides a theoretical framework in which the MI classification
problem can be analyzed. The model allows us to derive positive instance- and bag-concept
learnability results for the MI setting as described in Section 3. Furthermore, as Section 4
shows, the generative model leads to a surprising yet testable hypothesis that standard
supervised algorithms can learn from MI data. This hypothesis is evaluated experimentally,
supporting the assumptions made by the model.
2.1 The Generative Model
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At the heart of this work is the claim that bags are best viewed as distributions rather than
as finite sets of instances. Below, we formally define what we mean by this statement. But
first, the example domain of drug activity prediction provides an intuitive justification for
this claim. As described in Section 1, in the drug activity prediction domain, the goal is to
predict the ability of molecules to activate, or bind to, a receptor. To cast the problem as
binary classification, we select some threshold so that each molecule’s activity level either
corresponds to an “active” or “inactive” label. In this case, we can think of each molecule
(bag) as being drawn from a distribution DB over molecules. Ignoring for the moment
that each molecule has numerous conformations, this molecule either activates the receptor
or not, so in nature the labeling function is defined at the level of bags. Prior models
represent each molecule as a set or multiset of conformations, so they implicitly assume
that each molecule exists in only a finite number of conformations. In reality, a molecule
can transform continuously from conformation to conformation, producing an infinite set
of conformations. In particular, each molecule exists in a state of dynamic equilibrium
in which the amount of time it spends in each conformation is distributed according to
Gibbs free energy such that low-energy conformations are preferred. Hence, the molecule
(bag) corresponds to a distribution over instances. Constructing a bag from low-energy
conformations, the common procedure for constructing bags in the drug activity domain,
can be thought of as sampling instances from this distribution. Note that each molecule
will have a unique distribution over conformations; thus, prior generative models for MIL
that assume all instances are drawn from the same distribution are not applicable (Blum
and Kalai, 1998). In Section 2.5, we describe how this view of the MI generative process
can be applied to other problem domains.
More abstractly, our generative process needs several components. First, bags are distributions over instances, and we will assume that these bags are sampled from a distribution
over bags and labeled according to a bag-labeling function. In addition to the bag-labeling
3

DB

F

Bi

F (Bi )
1≤i≤n
(a) Generative Process for
Bags

DB

F

xi
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Bi

F (Bi )

1≤i≤n

(b) Generative Process for Baglabeled Instances

DB

F

Bi

F (Bi )

xij

1 ≤ j ≤ mi

1≤i≤n

(c) Generative Process for Bag
Samples

Figure 1: A comparison of the generative processes for bags, individual bag-labeled instances, and bag samples.
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function, in the MI setting there is also an instance-labeling function with the standard MI
assumption relating the bag- and instance-labeling functions. We describe the instance distribution that is consistent with the generative process, which will be useful for discussing
instance concept learnability. In addition to these essential components, we introduce two
additional weak assumptions that make efficient learning in this setting possible.
Bags as Distributions. To formalize the intuition above, suppose we have an instance
space X. Typically, the space of bags is some subset of X ∗ , the set of all finite subsets of X.
However, here, we let the space of bags be B = P(X), the set of probability distributions
on the input space. Hence, each bag B ∈ B is a probability distribution over instances,
denoted P(x | B).
Bag Distribution. We propose that, at the level of bags, the MI generative process
is similar to that for supervised learning. In particular, bags are sampled from some fixed
distribution DB , which is a distribution over instance distributions (DB ∈ P(P(X))). From
n
this distribution DB , we sample some set of bags {Bi }i=1
, as illustrated by the plate model
in Figure 1(a).
Bag-Labeling Function. As in supervised learning, we assume that there exists
some labeling function F : B → {0, 1} that labels bags. Thus, a supervised data set
n
{(Bi , F (Bi ))}i=1
could be produced by sampling bags IID from DB and applying the labeling function F .
Instance-Labeling Function. In the MI setting, we assume that in addition to the
bag-labeling function F , there also exists an instance-labeling function f : X → {0, 1}.
A key component of the MI setting is not only the existence of both bag and instance
labeling functions, but the relationship between the two as well. Traditionally, the MI
assumption is stated with respect to particular sets of instances so that a bag label F (Bi ) is
the logical OR (for boolean labels), or maximum (for numerical labels), of its instances’ labels:
F (Bi ) = maxj f (xij ). However, in the proposed generative model, bags are distributions
with a priori labels regardless of the instances sampled from them. Therefore, our generative
model requires a more nuanced description of the relationship between bag and instance
labels.

4

(2)

5
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That is, the probability of observing a positive label for instance x is the conditional probability that the bag B in the two-level sampling procedure was positive, given that x was
observed within B. This conditional probability can be derived from the joint distribution
over instances and bag labels corresponding to the generative process in Figure 1(b).
It follows from the previously-stated relationship between F and f that for any positive
instance x+ , c(x+ ) = 1, since each positive instance is observed almost surely (with probability 1) within a positive bag. In order to distinguish positive and negative instances, we

c(x) , P [F (B) = 1 | x] .

Given that “x” is used to denote instances and “B” is used to denote bags, we subsequently
drop subscripts from P when the sample space can be inferred from context. As we discuss
in Section 3.4, the ability to marginalize out bag-specific distributions in our model plays
a vital role in proving the learnability of instance- and bag-labeling functions. Given a bag
distribution, the existence of such an instance distribution is guaranteed under relatively
weak assumptions on the instance space X (Diestel and Uhl, 1977). Furthermore, note that
while we can view instances in our generative model as being sampled IID from DX , this
does not require the assumption that instances are IID across all bag distributions, as in
prior generative models for MIL (Blum and Kalai, 1998). We discuss this point in detail in
Section 3.6.
Additional Assumptions. As is the case in the standard MI framework, in our
generative model, only bag labels are observed. Suppose we sample individual instances as
illustrated in Figure 1(b) where we first sample a bag, record its label, and then sample an
instance from the bag-specific distribution P(x | B) and assign the bag label to the instance.
Then the resulting bag-labeled instances {(xi1 , F (Bi ))}ni=1 are distributed according to DX ,
and will appear in positive bags some of the time and negative bags the remaining fraction
of the time. Therefore, each instance will have some probability c(x) ∈ [0, 1] of appearing
with a positive label, which can be formally expressed as a probabilistic concept (p-concept)
like the kind described by Kearns and Schapire (1994):

6
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For simplicity, we will write MI-GEN(γ) for the case when π = 0, which corresponds to
the weakest Condition 4. That is, for any fixed γ, MI-GEN(γ) ⊇ MI-GEN(γ, π) for every
π ≥ 0. Such notation will be used when discussing instance-concept learnability, which does
not require the π > 0 assumption. That is, instance-concept learning under our model is
naturally tolerant to “bag label noise” of the form where positive bags contain only negative
instances.
Finally, note that for any γ ∈ (0, 1], π ∈ [0, 1], MI-GEN(γ, π) ⊇ MI-GEN(1, 1). That is,
γ = π = 1 corresponds to the strongest constraints on the generative process. Even in this
case, for any DX and f , there exist DB and F such that (DX , DB , f, F ) ∈ MI-GEN(1, 1). In
particular, given a point mass δx centered on x, we can define DB so that PB (δx ) = PX (x)
and F such that F (δx ) = f (x). This choice of (DB , F ) corresponds to supervised learning

4. ∀B : F (B) = 1 =⇒ P [f (x) = 1 | B] ≥ π.

3. ∀x : f (x) = 0 =⇒ P [F (B) = 0 | x] ≥ γ

2. ∀x : f (x) = 1 =⇒ P [F (B) = 0 | x] = 0

Definition 1 (MI-GEN) Given any γ ∈ (0, 1] and π ∈ [0, 1], MI-GEN(γ, π) is the set of all
tuples (DX , DB , f, F ), each consisting of an instance distribution DX (with corresponding
P(x)), bag distribution DB (with corresponding P(B)), instance-labeling function f , and
bag-labeling function F , that satisfy the conditions:
R
1. P(x) = B P(x | B) d P(B)

make the following weak assumption: there exists some γ > 0 such that for every negative
instance x− , c(x− ) ≤ 1 − γ. Intuitively, this corresponds to the assumption that every
negative instance is observed with some nonzero probability in a negative bag.
To see why negative instances must appear in negative bags in order to learn a concept,
consider trying to learn the instance concept “spoon” in the CBIR domain, as described
in Section 1. To learn this concept, you are given a set of images containing spoons, and
a set of images not containing spoons. However, suppose that in every image containing a
spoon, there is also a fork nearby. Furthermore, forks never appear alone in images without
spoons. In this unfortunate scenario, you have no means of determining which of the fork or
spoon is the positive instance given only image-level labels. However, if there is a guarantee
that eventually you will see a negative image containing a fork but not a spoon, you will
be able to learn that the fork is not the positive instance. We discuss learnability further
in Section 3 and Section 4.
Finally, for learning bag-level concepts, we show in Section 3.2 that we require one
additional assumption that there is some minimum fraction π of positive instances in each
positive bag. That is, for every positive bag B+ , P [f (x) = 1 | B+ ] ≥ π. Without this
assumption, there might be positive bags that only contain negative instances. However,
this would make them indistinguishable during bag labeling from negative bags, which by
definition only contain negative instances. Interestingly, this assumption is not required if
we are only interested in learning an instance-level concept.
Now, we can formally define MI-GEN, the set of generative processes for MI data consistent with the assumptions described above,

The MI Assumption. We state the relationship between F and f at the level of
the generative model. Accordingly, a bag is negative (F (B) = 0) if and only if probability
of sampling a positive instance within the bag is zero: Px∼B [f (x) = 1] = 0. In measure
theoretic terms, instances sampled within negative bags are almost surely negative, which
implies that positive instances are almost surely sampled only within positive bags. This
condition corresponds to the standard MI assumption that negative bags contain only negative instances.
Instance Distribution. In order to talk about the learnability of f , we must define
some instance distribution with respect to which we will measure risk. An instance distribution naturally arises from our generative model if we first sample a bag B randomly
from DB , then sample an instance x randomly from the distribution corresponding to B.
The instance distribution DX resulting from this two-level sampling procedure is effectively
the distribution that marginalizes out the individual bag distributions. That is, given a
probability distribution PB over bags corresponding to DB , we can define a distribution PX
corresponding to DX as
Z
PX (x) =
P(x | B) dPB (B).
(1)

B
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(d) c(x)

1

Figure 2: An example generative process for MI data. Each bag distribution (a) is parameterized by θ, and the distribution over bags (b) corresponds to a distribution over
values of θ. The resulting distribution over instance (c) is derived in Equation 4
and Equation 5. The probability of instances appearing in positive bags (d) is
derived in Equation 6 and Equation 7.

expressed in our generative model. That is, sampling from our generative process in that
case is indistinguishable from sampling directly from DX with labels assigned according to
f . Below, we discuss the relationship between our generative model and other proposed
models for MI learning.
2.2 An Example of the Generative Process
As a concrete example, suppose the instance space is the closed real-valued interval X =
[−1, 1] and each bag Bθ is a distribution parameterized by a single real-valued parameter
θ ∈ [0, 1]. As illustrated in Figure 2(a), the bag distribution P(x | Bθ ) assigns (1 − θ) of
the probability mass uniformly to the interval [−1, 0), and θ of the mass uniformly to the
interval [0, 1]. Each value of θ corresponds to a different bag, which is a different distribution
over instances.
In this example, a distribution over bags is essentially a distribution over the bag parameter θ. Such a distribution is illustrated in Figure 2(b), and assigns Pneg of the mass to
the set {0} and the remaining 1 − Pneg portion of the mass uniformly to the interval [π, 1].
The probability of sampling a bag, P(Bθ ), corresponds to the probability of sampling the
corresponding value of θ. Similarly, a bag-labeling function F can be defined in terms of θ
as follows:
(
0 if θ = 0
(3)
1 if θ > 0.
F (Bθ ) =

Thus, for this example, Pneg = P [F (Bθ ) = 0].
For the sake of the example, we choose the instance-labeling function to be
(
0 if x < 0
f (x) =
1 if x ≥ 0.
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This choice is consistent with the bag-labeling function defined in Equation 3, since F (Bθ ) =
0 implies θ = 0, which implies that the probability of sampling a positively labeled x ∈ [0, 1]
is zero as required.
7

Z
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1

(1 − θ)

1 − Pneg
dθ
1−π

P(x− | Bθ ) P(Bθ ) dθ
Z 1

(5)

(4)

If we marginalize out the bag distribution, we obtain the single instance distribution in
Figure 2(c). Analytically, for any x− ∈ [−1, 0), we have
0

π

= Pneg + 21 (1 − Pneg )(1 − π) , pneg .

= 1 · Pneg +

P(x− ) =

Similarly, for x+ ∈ [0, 1],

Z 1
P(x+ ) =
P(x+ | Bθ ) P(Bθ ) dθ
0
Z 1
1
− Pneg
θ
dθ
= 0 · Pneg +
1−π
π
= 21 (1 − Pneg )(1 + π) = 1 − pneg .

R

B+

P(x | B) d P(B)

P(x)

= 1,

,

(6)

Since probability density functions exist for this example, we can analytically compute
c(x) given the following expression:

c(x) = P [F (B) = 1 | x] =

R1
π P(x+ | Bθ ) P(Bθ ) dθ
1
2 (1 − Pneg )(1 + π)

where B+ = {B : F (B) = 1}. As described, for positive instances x+ ∈ [0, 1], we have
c(x+ ) =

1
2 (1 − Pneg )(1 − π)
, 1 − γ.
Pneg + 21 (1 − Pneg )(1 − π)

R1
π P(x− | Bθ ) P(Bθ ) dθ
Pneg + 21 (1 − Pneg )(1 − π)

(7)

since positive instances always appear in positive bags. On the other hand, for negative
instances,
c(x− ) =
=

The resulting values of c(x) are shown in Figure 2(d). Note that for this generative process,
except for the trivial case in which Pneg = 0, 1 − γ = c(x− ) < 1, so γ > 0. Thus, the
assumption that negative instances appear in negative bags is automatically satisfied for
the example in Figure 2. By construction, this example also satisfies the π > 0 assumption
since there is zero probability of sampling a bag with θ ∈ (0, π) mass over positive bags.
Hence, this example is an element of MI-GEN.

2.3 The Empirical Bag-Labeling Function
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In MI-GEN, the instance- and bag-labeling functions are defined independently at the
level of the generative model, and must satisfy the relationships indicated in Definition 1.

8

f (xij )

F (Bi )

F

1≤i≤n


Fb {xij }
f

10
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2.4 Relationship to Prior Models

The most general model in which instance learnability results have been previously shown
is the “IID r-tuple” model (Blum and Kalai, 1998). The model, illustrated in Figure 5(a),
assumes that each bag is generated by randomly sampling r instances in every bag from the
same underlying instance distribution, DX . However, this is an unrealistic assumption for
many domains. For example, consider the drug activity prediction setting. In this domain,
that would mean that the conformations of every molecule are sampled independently from
the same distribution, which is not true as it requires that different molecules share the same
conformations. Likewise, for CBIR, the IID assumption asserts that all segments in all images are sampled from the same distribution, when the distributions over objects/segments
clearly change between images.

(8)

F and Fb on positive bags if only negative instances are sampled within a positive bag. We
return to characterizing the discrepancy between F and Fb in Section 3.2.
The discrepancy between F and Fb is essentially bag-label noise that naturally results
from our generative model. Previous generative models do not account for this potential
source of label noise, despite its presence in some domains. For example, in the drug activity
prediction domain, even if it is known that a molecule activates a receptor, a sample of
conformations from this molecule might not contain the particular positive conformation
that causes activation. Likewise, for the CBIR domain, extracting a set of objects from
images is often performed using segmentation achieved through local optimization (Andrews
et al., 2003; Carson et al., 2002). Therefore, it is possible that no single instance in a bag
generated from a positive image will correspond to the positive instance. Figure 4 shows an
example from the SIVAL data set when, due to lighting conditions, the positive “notebook”
instance in the image is grouped with the table during segmentation (Settles et al., 2008).
This kind of “noise” is naturally captured by our generative model as the discrepancy
between Fb and F .

Figure 4: An example from the CBIR domain when a positive image does not contain a
positive instance (the notebook, annotated in blue) after segmentation.
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i
where Xi = {xij }m
j=1 is any finite set of instances.
We can think of Fb as the bag labels that would be assigned by an oracle that had
perfect information about the instance-labeling function f , but only an empirical sample
from each bag. An illustration of the empirical bag-labeling function is shown in Figure 3.
Figure 3 is a version of Figure 1(c) that shows the contributions of the instance-labeling
and empirical bag-labeling functions. For every instance xij in an empirical bag sample, f
assigns the label f (xij ) to xij . On the other hand, Fb is a function of the entire bag sample
i
Xi = {xij }m
j=1 as well as the instance-labeling function f , as specified in Equation 8.
The labeling functions F and Fb will always agree on negative bags, since only negative
instances are observed in negative bags. However, there might be some discrepancy between

j

Fb(Xi ) = max f (xij ),

However, in the standard MI setting, bag labels are typically viewed as being derived from
instance labels. That is, if a bag is a set, then it is positive if it contains at least one positive
instance, and negative otherwise.
Unlike the plate model in Figure 1(a), we do not typically observe bags directly in
i
the MI setting. In the typical case, we only have access to samples Xi = {xij }m
j=1 , each
drawn
independently
according
to
the
distribution
corresponding
to
each
bag
B
so that
i
on
n
i
,
F
(B
)
{xij }m
is
the
observed
MI
data
set,
as
shown
in
Figure
1(c).
Each
bag
i
j=1
i=1
can be a different size, but we will use ml ≤ mi ≤ mu to denote the lower and upper bounds
on bag sizes, respectively.
i
If we think of “bags” (in the sense of the standard generative model) of instances {xij }m
j=1
as empirical samples drawn from the underlying bag distributions Bi in our model, then it
is possible that samples from positive bags do not contain any positive instances. Hence,
such “bags” would be negative in the sense of the standard model. To more harmoniously
account for the standard notion of bag labels within our model, we introduce the empirical
bag-labeling function, Fb : X ∗ → {0, 1}:

Figure 3: An illustration of the instance-, bag-, and empirical bag-labeling functions in
MI-GEN.

1 ≤ j ≤ mi

xij

Bi

DB

Multiple-Instance Learning from Distributions

Multiple-Instance Learning from Distributions

Using the fact that in a negative bag B(x1 ,...,xr ) , all instances must be negative, we can
compute the numerator for a negative instance as

Doran and Ray

P(x | B) d P(B)

j6=i

P(x | B) d P(B)
P(x)

.

r

i=1

i=1

j6=i

1 X r−1 
r−1
pneg P(x) = pneg
P(x).
r

P [f (x) = 1 | B] =

f (x)

r

i=1

1
r

i=1

δxi (x)

1X
1
f (xi ) ≥ = π,
r
r

12

dx

(9)
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since at least one instance in the bag is such that f (x) = 1. Therefore, the IID r-tuple
model is a special case of our model in which γ and π are positive, and determined by the
fraction of negative instances and bag size r.
Another generative model, used to show the learnability of bag-level concepts (Sabato
and Tishby, 2012), allows arbitrary distributions over r-tuples. The model further relaxes
the r-tuple model by allowing bag sizes to vary from 1 to R, some maximum bag size. The
model is illustrated in Figure 5(b), where DX ∗ denotes the distribution over tuples of size at
most R. However, this model is also restrictive for many problem domains like drug activity
prediction, since it enforces that bag sizes are finite and bounded, whereas molecules can
exist in infinitely many conformations.
We can also represent the generative model of Sabato and Tishby (2012) in a similar way
as for the IID r-tuple model. We simplify the space of bags to be atomic distributions over
r ≤ R tuples, and
Qrallow an arbitrary distribution DB over bags rather than requiring that
P(B(x1 ,...,xr ) ) = i=1
P(xi ). Now, DX is not fixed, so we can define it in terms of Condition 1
of MI-GEN so that that condition is automatically satisfied. The bag-labeling function
F is still defined in terms of the arbitrary instance-labeling function f , so Condition 2
is still trivially satisfied. Furthermore, by similar reasoning as in Equation 9, π = R1
in this generative model, so Condition 4 is satisfied. However, the γ > 0 assumption
(Condition 3) is no longer automatically satisfied by this generative process, since arbitrary
distributions over tuples are allowed. Hence, while Sabato and Tishby (2012) analyze bag

=

X

Thus, P [F (B) = 0 | x] = neg
= pr−1
neg . Since this probability is the same across all
P(x)
r−1 . This quantity is positive as long as p
negative instances, this means that γ = pneg
neg > 0.
Otherwise, all instances are positive, so the γ > 0 assumption is vacuously satisfied.
Finally, to show that Condition 4 of Definition 1 is satisfied, we see that for a positive
bag, Bi ,
!
Z
r
X

pr−1 P(x)

=

Z
Z
r
1X
P(x | B) d P(B) =
δxi (x) d P(B(x1 ,...,xr ) )
B−
B− r i=1
Z
r Z
1X
=
···
δx (x) d P(xr ) · · · d P(x1 )
i
r
X−
i=1 X−



Z
Z
r
1 X Y
δxi (x) d P(xi )
d P(xj ) 
=
r
X−
X−

To show that our model is more general than the IID r-tuple model, we now describe
how to simulate this model within our model. First, we define each bag to be a probability
distribution parameterized by an r-tuple of instances B
. This distribution will be a
(x
1 ,...,xr )
P
r
weighted sum of point masses over each of the r instances: P(x | B(x1 ,...,xr ) ) = 1r i=1
δxi (x).
Then, for any distribution DX over instances (with P(x)) and instance-labeling
function f ,
Q
r
P(xi ), which is
we let the distribution over bags DB be defined as P(B(x1 ,...,xr ) ) , i=1
r , and the
the probability that the corresponding r-tuple would have been sampled from DX
bag-labeling function F to be F (B(x1 ,...,xr ) ) = max1≤i≤r f (xi ). Let pneg = P [f (x) = 0],

1
then we claim that the (DX , DB , f, F ) described above is in MI-GEN pr−1
neg , r .

Z

B

First, we need to show that DB as defined satisfies Condition 1 of Definition 1:

?

P(x) =

r

i=1

1 X r−1 
1
P(x) = P(x).
r

i=1

Z
r
1X
δ (x) d P(B(x1 ,...,xr ) )
=
x
i
B r i=1
Z
r Z
1X
=
···
δxi (x) d P(xr ) · · · d P(x1 )
r
X
i=1 X



Z
Z
r
1 X Y
d P(xj ) 
δxi (x) d P(xi )
=
r
X
X
=

So sampling instances under our two-step generative process is equivalent to sampling according to the original instance distribution.

R

B−
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Condition 2 of Definition 1 is trivially satisfied, since by the definition of F , positive
instances never appear in negative bags. To show that Condition 3 holds, we must compute
the probability that negative instances appear in a negative bag. Using the definition of
conditional probability, this is,

P [F (B) = 0 | x] =

11



1≤i≤n

Fb {xij }

f

DX ∗
1≤i≤n

Fb {xij }

(b) The arbitrary R-tuple model

i ≤R
{xij }rj=1

Figure 5: Previous generative models for MI data.

(a) The IID r-tuple model

1≤j≤r


f
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2.5.1 Drug Activity Prediction

For the drug activity prediction or the 3D-QSAR problem, it is natural to think of each
molecule as a distribution over conformations. While it is natural to view learning moleculelevel activity F as the ultimate goal of 3D-QSAR, it is also important to learn the instance-

3. Learning Accurate Concepts from MI Data

Applying our generative framework to the CBIR task requires viewing images as distributions over objects such that the objects in each image are a sample from the corresponding
distribution. As with LDA for the text categorization domain, analogous probabilistic models have been proposed for categorizing natural scenes (Fei-Fei and Perona, 2005). Thus,
while treating images as distributions is not unprecedented, our analysis is novel in that it
discuses learnability under such a model without assuming that image distributions take a
specific parametric form.
Furthermore, as for the other domains discussed, the bag-labeling function F is not the
only latent variable of interest in CBIR. In additional to labeling new images, a CBIR
system might be interested in determining the location of the object of interest within an
image, which requires learning the instance-labeling function f .

2.5.3 Content-Based Image Retrieval

While it is popular to represent documents as a flat “bag of words” using a single feature
vector comprised of word frequencies (Salton and McGill, 1983), prior work has acknowledged the benefits of representing document-specific structure. In particular, latent Dirichlet allocation (LDA) models each document as a mixture of distributions over words (Blei
et al., 2003). Of course, LDA can also applied to a coarser-grained representation in which
documents are distributions over n-grams or paragraphs, which are like individual instances
in the MI setting (Blei et al., 2003). Other work attempts to infer the level of granularity in
a document in addition to modeling the distributions over the discovered “segments” (Du
et al., 2013). Hence, treating documents as distributions is already a natural and popular
representation for text. On the other hand, LDA treats each document distribution as taking a specific parametric form, whereas our results and analysis do not make any parametric
assumptions about bag-level distributions.
As for 3D-QSAR, both document-level and instance-level categorization is important
in the text categorization domain. For example, if certain types of documents like survey
articles discuss various subjects, then it might be important to determine not just that
the document as a whole discusses a particular subject, but also which specific passage or
paragraph discusses the subject.

2.5.2 Text Categorization

labeling function f . Knowing whether an individual conformation binds to a receptor
provides information about the structure of the receptor’s binding site, which is practically
difficult to measure directly. Hence, learning both instance- and bag-labeling functions are
important in the 3D-QSAR domain.
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In this section, we describe new theoretical results that highlight the advantages of the
generative model proposed in Section 2. In particular, the new generative model allows
new results about instance- and bag-concept learnability that previously only held under
a much stronger set of assumptions. As we describe in Section 4, additional theoretical
results imply the surprising but testable ability of standard supervised approaches to learn

At the beginning of this section, we motivated MI-GEN using the 3D-QSAR domain. In
this section, we elaborate on how bags can naturally be viewed as distributions in various
other problem domains and which labeling tasks illustrated in Figure 3 are of interest in
each domain. Of course, as described in Section 2.4, standard generative models are special
cases of MI-GEN, so previous applications of MIL for which it is most natural to think of
bags as finite sets of instances can still be incorporated in this model.

2.5 Applicability to Problem Domains




concept learnability with MI-GEN 0, R1 , we require MI-GEN γ, R1 ⊂ MI-GEN 0, R1 for
instance concept learnability.
Babenko et al. (2011) propose treating bags in the MI setting as manifolds in the
instance space X. While this allows describing a bag with an infinite number of instances,
it assigns an equal “weight” to every instance. However, for a domain like drug activity
prediction, a molecule is more likely to exist in certain conformations than in others. The
varying weight of instances is naturally handled in our setting, but we do not treat bags as
manifolds over instances, so our results may not apply to the generative process in which
bags are manifolds.
Some prior work proposes additional generative models for MIL, some of which model
bags as distributions over instances. For example, some work uses Gaussian distributions
(Maron and Lozano-Pérez, 1998; Xu, 2003) or mixture models (Foulds and Smyth, 2011) to
represent distributions over instances, while other work uses more complex graphical (Yang
et al., 2009; Adel et al., 2013; Kandemir and Hamprecht, 2014) or hierarchical Bayesian
(Kuck and de Freitas, 2005) models. However, our work differs from these prior investigations in two important ways. First, we focus on the theoretical properties of our generative
model, whereas prior work has only empirically explored the performance of algorithms
tailored to specific generative models. Secondly, while prior generative models require that
bags or instances are sampled from specific, parametric probability distributions, our generative model does not require such assumptions. Thus, the theoretical results presented
below apply to more general scenarios than the models previously explored.

DX

xij
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Instance
Bag

Theorem 1
Theorem 2
Theorem 3

Accuracy
Theorem 4
Theorem 5
Theorem 6

AUC

Description/Definition
Space of instances
Space of bags (distributions over instances)
Set of bag samples (sets of instances)
Instance xij ∈ X
Bag Bi ∈ B
mi
∗
Bag sample {xij }j=1
∈
X
,
x
(m
ij ∼ Bi
l ≤ |Xi | ≤ mu )
Bag Sample Size
mi = |Xi |
Instance-Labeling Concept
Bag-Labeling Concept
Empirical Bag-Labeling Concept
Fb(Xi ) , maxj f (xij )
Instance-Labeling Hypothesis
b i ) , maxj g(xij )
Empirical Bag-Labeling Hypothesis
G(X
Instance-Labeling Concept Class
Vapnik–Chervonenkis (VC) Dimension (Vapnik and Chervonenkis, 1971)

Table 2: Legend of the basic notation used in Section 3.

f
Fb
F

Table 1: A summary of the learnability results in Section 3 and Section 4.

Symbol
X
B
X∗
xij
Bi
Xi
mi
f
F
Fb
g
b
G
F
VC(F)

to rank instances and bags from MI data. Table 1 summarizes the theoretical contributions
made in this and the following sections, which demonstrate the learnability of the instance
concept f , empirical bag-labeling function Fb, and bag-labeling function F with respect to
both accuracy and ranking as measured by area under ROC (AUC). The results in this
section and the following section use a model of the instance labeling function f to derive
models for the bag-labeling functions Fb and F .
Defining the ability of an algorithm to learn a good approximation of a target concept
requires some metric by which the quality of the approximation is to be measured. Traditionally, the quality of a classifier is measured in terms of expected 0–1 loss. We begin
by investigating the ability of algorithms to learn accurate concepts from MI data in this
sense. While there is only one learning task in the supervised setting, there are now both
instance- and bag-concept learning tasks in the MI setting, which we explore separately in
the following sections. Table 2 shows the notation used for the concepts in this section.
3.1 Learning Accurate Instance Concepts

JMLR 17(128):1-50

The probably approximately correctly (PAC) framework describes one sense in which it
is possible to learn accurate concepts from supervised data. Since the generative process
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described in Section 2 differs from that for supervised learning, we must restate what it
means to “PAC” learn an accurate instance concept under this model.
In the supervised setting, the learnability of some fixed concept class F is discussed
without making any assumptions about the distribution over instances. The definition of
MI-GEN in Definition 1 similarly allows any instance distribution, with which many bag
distributions are consistent in the sense of Condition 1. To ensure that the target concept
f is a member of the concept class F, we must further restrict the set of models allowed by
the generative process as follows:

Definition 2 (MI-GENF ) For any γ ∈ (0, 1] and π ∈ [0, 1]:

MI-GENF (γ, π) , (DX , DB , f, F ) ∈ MI-GEN(γ, π) : f ∈ F .

Now, we can formally define PAC learnability for the MI setting:

Definition 3 (Instance MI PAC-learning) We say that an algorithm A MI PAC-learns
instance concept class F from MI data when for any (DX , DB , f, F ) ∈ MI-GENF (γ) with
γ > 0, and I , δ > 0, A requires O poly( γ1 , 1I , 1δ ) bag-labeled instances sampled independently from the MI generative process in Figure 1(b) to produce an instance hypothesis g
with risk Rf (g) < I with probability at least 1 − δ over samples.2

Note that because our generative model allows
us to discuss

 the marginalized instance
distribution DX , the risk Rf (g) = Ex∼DX 1[f (x) 6= g(x)] is measured with respect to
this distribution as in the supervised setting. Now we show that instance concepts are MI
PAC-learnable in the sense of Definition 3:

Theorem 1 An instance
  concept class F with
VC dimension VC(F) is Instance MI PAClearnable using O I1γ VC(F) log I1γ + log 1δ
examples.

Proof By Condition 1 in Definition 1, we can treat bag-labeled instances as being drawn
from the underlying instance distribution DX . Instances are observed with some label noise
with respect to true labels given by f . Since positive instances never appear in negative
bags (by Condition 2 of Definition 1), noise on instances is one-sided. If every negative
instance appears in negative bags at least some γ fraction of the time (by Condition 3),
then the maximum one-sided noise rate is η = 1 − γ. Since γ > 0, η < 1, which is required
for learnability. Under our generative assumptions, the noise is “semi-random” in that
noise rate might vary across instances, but is bounded by η < 1. Thus, learning an instance
concept is equivalent to learning from data with one-sided label noise in this sense.
The result of Simon (2012) shows that in the presence of one-sided, semi-random
noise,
 when
 a concept class F has aVC dimension of VC(F), F is PAC-learnable from
1
1
O I (1−η)
VC(F) log I (1−η)
+ log 1δ
examples using a “minimum one-sided disagreement” strategy. This strategy entails choosing a classifier that minimizes the number of disagreements on positively-labeled examples while perfectly classifying all negatively-labeled
examples. This strategy also works in the special case that all instances and bags are positive (η = 0, or γ = 1, since there are no negative instances). Substituting 1 − γ for η in the

JMLR 17(128):1-50

2. Alternate definitions of PAC-learnability require that A also take at most polynomial time to produce
hypothesis g. We defer the discussion of time complexity to Section 3.5.
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Given the bound demonstrated in Lemma 1, we can derive the following result:

Proof See Appendix A.

b be the risk
Lemma 1 Let Rf (g) be the risk of an instance labeling concept g, and RFb (G)
b i ) = maxj g(xij ). Then if bag sample sizes are
of the empirical bag-labeling function G(X
b ≤ mu Rf (g).
bounded by mu (∀i : |Xi | ≤ mu ), RFb (G)

To show empirical bag concept learnability under our generative model, we will show
that by learning an accurate enough instance concept g, the resulting empirical bag-labeling
b i ) = maxj g(xij ) will have low risk with respect to Fb. Thus, we start
concept given by G(X
b in terms of Rf (g).
with a bound on RFb (G)

Definition 4 (Empirical Bag MI PAC-learning) We say that an algorithm A MI PAClearns empirical bag-labeling functions derived from instance concept class F when for any
(DX , DB , f, F ) ∈ MI-GENF (γ) with γ > 0, and B , δ > 0, A requires O poly( γ1 , 1B , 1δ )
bag-labeled instances sampled independently from the MI generative process in Figure 1(b)
b with risk R b (G)
b < B with probability at
to produce an empirical bag-labeling function G
F
least 1 − δ over samples.

where P(X | B) is the probability of sampling the set of instances X from
Q bag B. Since
we assume that instances are sampled IID according to B, P(X | B) = x∈X P(x | B).
Given a formal definition of the risk of an empirical bag-labeling function, we can define
learnability with respect to this function below:

B

As for instance concept learnability, we must formally define what we mean to learn accurate
bag concepts in the MI setting. As described in Section 2, there are two bag-labeling
functions we might be interested in learning. In our generative model, we assume that the
MI relationship between bag and instance labels holds at the level of the generative process.
That is, bags are directly assigned labels by a bag concept F . On the other hand, given a
set of instances sampled from a bag, we might be interested in learning the more traditional
bag-labeling concept in the MI setting, Fb(Xi ) = maxj f (xij ), which we have called the
empirical bag-labeling function (Equation 8). We will first analyze learnability with respect
to the empirical bag-labeling function and then extend this result to the true bag-labeling
function.
b with respect to the underlying
We can define the risk of a bag-labeling concept G
empirical bag-labeling concept Fb as follows:


b = E 1[Fb(X) 6= G(X)]
b
RFb (G)
Z Z
(10)
b
=
1[Fb(X) 6= G(X)]
d P(X | B) d P(B),

3.2 Learning Accurate Bag Concepts

We note that Theorem 1 allows for “noisy” positive bags without positive instances (π = 0),
since the additional bag-level noise is essentially absorbed into η.

bound of Simon (2012) yields the bound in terms of γ.

Multiple-Instance Learning from Distributions

examples.

B
mu

F

mu

into the bound in Theorem 1 gives the bound

X∗
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In order to show learnability of the bag-labeling concept F , we adopt a similar strategy
as for Theorem 2 in which we first learn an instance-labeling concept g, then use g to derive

Definition 5 (Bag MI PAC-learning) We say that an algorithm A MI PAC-learns baglabeling functions derived from instance concept class F when for any (DX , DB , f, F ) ∈
MI-GENF (γ, π) with γ, π > 0, and B , δ > 0, algorithm A requires O poly( γ1 , π1 , 1B , 1δ )
bag-labeled instances sampled independently from the MI generative process in Figure 1(b)
b with risk RF (G)
b < B with probability at
to produce an empirical bag-labeling function G
least 1 − δ over samples.

The definition of bag concept learnability then takes the same form as that in Definition 4
with the risk as given in Equation 11. As we will show in Lemma 2, we now also require
the further assumption that π, minimum fraction of positive instances in positive bags, is
nonzero.

B

Again, Theorem 2 allows for noisy positive bags without positive instances (π = 0). Furthermore, in the special case when every bag sample is a singleton X = {x}, then mu = 1
and Fb({x}) = f (x). Thus, the instance concept learnability result in Theorem 1 is really
just a special case of learning an empirical bag-labeling function with bags of size 1 as in
Theorem 2.
Next, we turn our attention to learning the underlying bag-labeling function F . We will
still use the instance-labeling function g to derive this bag-labeling function. It is possible
to consider learning F without the use of an instance concept g, as we discuss in Section 3.3.
During both training and testing, we are only given access to a sample Xi from each bag
Bi with which we can estimate F (Bi ). Therefore, we will again learn an empirical bag
b i ). However, now we will assess the quality of G
b with respect to the
labeling function G(X
underlying bag-labeling function F as follows:


b = E 1[F (B) 6= G(X)]
b
RF (G)
Z Z
(11)
b
=
1[F (B) 6= G(X)]
d P(X | B) d P(B).

b < B as desired. Substituting I =
RFb (G)
as stated in Theorem 2.

Proof The general strategy is to learn an approximation g for f ∈ F using minimum onesided disagreement as mentioned in the proof of Theorem 1 and then to derive an empirical
b from g.
bag-labeling function G
b by using I = B in Theorem 1, this ensures that
For a desired bound B on RFb (G),
mu
B
the resulting instance classifier is such that Rf (g) < m
with high probability. Combined
u
 
b ≤ mu Rf (g) < mu B = B , so
with the result in Lemma 1, this implies that R b (G)

Theorem 2 Empirical bag-labeling functions derived from instance concept class F with
VC dimension VC(F) are PAC-learnable from MI data using



O mBuγ VC(F) log mBuγ + log 1δ
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b Since Theorem 2 shows that we can a learn a concept
an empirical bag-labeling concept G.
b that accurately models Fb, what remains to be shown is that Fb is an accurate model of F
G
under some additional conditions. First, we prove the following lemma, which decomposes
b into the discrepancy between G
b and Fb, and the discrepancy between Fb and
the risk RF (G)
F.
b ≤ R b (G)
b + RF (Fb).
RF (G)
F

b
Lemma 2 For any empirical bag-labeling concept G,
Proof See Appendix A.
Now, we derive a bound on the discrepancy between the empirical bag-labeling function
Fb and the underlying bag-labeling function F . Since this discrepancy arises when we do
not sample a positive instance within a positive bag, the bound depends on the minimum
bag sample size and the minimum fraction π of positive instances in every positive bag.
Lemma 3 Suppose bag samples are of size at least ml (∀i : ml ≤ |Xi |), then RF (Fb) ≤
(1 − π)ml .
Proof See Appendix A.

Finally, we can now show the following learnability result with respect to the underlying
bag-labeling function. However, note that in Lemma 3, the error RF (Fb) decreases with the
minimum bag size ml . Thus, in order to achieve low error with respect to F , we must ensure
that bags in the test set are sufficiently large. Therefore, the following result is stated under
the additional condition that the test bag sample sizes mi satisfy some constraints. Note
that these constraints arise naturally from the process that samples instances from bag
distributions.

B

Theorem 3 Bag-labeling functions derived from instance concept class F with VC dimension VC(F) are PAC-learnable from MI data using



1
VC(F) log B1γπ + log 1δ
(12)
2 γπ
O

examples when test bag sample sizes are bounded by ml ≤ m ≤ mu and ml is large enough
such that ml ≥ π1 log 2B .

RF (F )

b

JMLR 17(128):1-50

(by Lemma 3)

(by Lemma 1)

(by Lemma 2)

Proof Intuitively, we can learn an instance-labeling function g according to Theorem 1
b By combining the previously
and then use the resulting empirical bag-labeling function G.
b as
stated results, we can bound RF (G)
b +

RFb (G)

≤ mu Rf (g) + RF (Fb)

b ≤

RF (G)

≤ mu Rf (g) + (1 − π)ml .
19
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log 2B ≥

log 2B
= log1−π
log(1 − π)

B
2 ,

In the case that π = 1, then the second term in the sum is zero. Otherwise, suppose the
minimum bag size is such that
ml ≥

B
2

=

B
2 .

where the second inequality follows from the fact that π ≤ − log(1 − π) for π ∈ (0, 1).
Therefore, since (1 − π) < 1, we have that

(1 − π)ml ≤ (1 − π)log1−π

Furthermore, when learning the instance concept g, we can choose I to be such that
B
. Since g will be such that Rf (g) < I with probability (1 − δ), with the same
I = 2m
u
probability we have that

< mu

B
2mu

b ≤ mu Rf (g) + (1 − π)ml
RF (G)


+ 2B = B .



mu
B γ



VC(F) log mBuγ + log 1δ



,

Substituting the expression for I in terms of B into the bound in Theorem 1 gives the
sample complexity bound:
O

which is the same bound as stated in Theorem 2.

It is also possible to sub-sample
bags such that there is also a conservative upper
 large

bound on sample size mu = O B1π , which is consistent with ml ≥ π1 log 2B . Then, we
can derive an expression for learnability in terms of π. Substituting this bound into that of
Theorem 2 gives the second sample complexity bound as stated in Equation 12.

3.3 Discussion

JMLR 17(128):1-50

The results presented in Section 3.1 and Section 3.2 follow the same basic strategy. First,
minimum one-sided disagreement is used to learn an accurate instance concept g in the
presence of one-sided noise on bag-labeled instances. Then, for the bag-labeling task, inb to approximate the
stance labels are aggregated using an empirical bag-labeling function G
empirical bag-labeling function Fb or the underlying bag-labeling function F . The idea of
combining instance labels to produce a bag-labeling function is used by many existing MI
algorithms.
However, under the generative model that treats bags as distributions, the bag-labeling
results derived in Section 3.2 are somewhat counterintuitive. On the one hand, if bags
are distributions from which we observe samples, then the larger the samples, the more
information an algorithm has about the underlying bag distribution. Intuitively, it seems
that the better an algorithm can estimate the underlying bag distribution, which is the
object of interest for classification, the better it can learn a concept to label new bags. On
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Figure 6: Relation to prior learnability results.
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3.4 Relation to Prior Learnability Results

An overview of our results in the context of prior work is shown in Figure 6. Early work on
instance learnability shows that axis-parallel rectangles (APRs) are learnable from MI data,
but under the restrictive assumption that each bag contains r IID instances sampled from a
product distribution (Long and Tan, 1998). Later work by Auer et al. (1998) extends these
results to the case when the instance distribution is no longer a product distribution, but
the instances are still sampled IID from a single distribution across bags. The most recent
results on instance concept learnability in the MI setting are described by Blum and Kalai
(1998). Like the proof of Theorem 1, Blum and Kalai (1998) also reduce the problem of
learning instance concepts to learning from noisy examples. However, the proof in Blum
and Kalai (1998) requires that the label noise on negative examples be uniformly random.
This condition is met under the strong assumption made in that work, that instances in
all bags are drawn IID from the same distribution over instances. On the other hand, the
result in Theorem 1 applies to our more general model in which the noise rate can vary

As indicated in Figure 6, the results in Section 3.2 are not a strict generalization of those
in Sabato and Tishby (2012), nor are those in Sabato and Tishby (2012) a generalization of
those in Section 3.2. In particular, since MI-GEN treats bags as distributions, the results
in Section 3.2 apply to cases not considered in Sabato and Tishby (2012), in which bags are
assumed to have finite size. On the other hand, while our generative model can encapsulate
aspects of the generative model in Sabato and Tishby (2012) (see Section 2.4), arbitrary
distributions over r-tuples are not permitted. However, it may be that we are able to prove
positive instance learnability results precisely because of this constraint on the generative
process.

The bag learnability results in Section 3.2 show that an accurate bag concept can be
learned by learning an accurate instance concept and deriving a bag concept by combining
instance labels within a bag. Other recent work on bag concept learnability takes a different
approach. The strategy of Sabato and Tishby (2012) is to directly learn empirical baglabeling concepts using empirical risk minimization (ERM). That is, they suppose that
b
an algorithm selects an instance-labeling function g ∈ F that minimizes RFb (G).
Since
general sample complexity bounds exist for ERM in terms of capacity measures such as VC
dimension of a hypothesis class (Blumer et al., 1989),
n Sabato and Tishby (2012) proceed
o
b : G(X
b i ) = maxj g(xij ), g ∈ F is
by proving that the capacity of the function class G
bounded in terms of the capacity of F. In fact, the results of Sabato and Tishby (2012)
apply to more general cases in which the combining function used to derive a bag-labeling
function from an instance-labeling function is other than the max function. However, the
results of Sabato and Tishby (2012) do not prove positive results about instance-labeling
concepts.

across instances. Hence, our results rely on the recent work of Simon (2012), which shows
that it is possible to learn from instances corrupted with semi-random one-sided noise.
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Other recent work has discussed the difficulty, both theoretically and in practice, to
relate the performance of the same classifier on the instance- and bag-labeling tasks (Tragante do Ó et al., 2011). In contrast, Lemma 1 illustrates a clear connection between the
accuracy of an instance concept and that of the resulting empirical bag concept. This new
connection is made possible by the relationship between bag and instance distributions in
our generative model, as highlighted in Lemma 1. In particular, Condition 1 of Definition 1
is employed to marginalize out the effect of individual bag distributions so that error on
bags can be expressed directly in terms of the error on instances. There are at least two
reasons why this relationship is not obvious from empirical results. First, contrasting the
sample complexity expressions Theorem 1 and Theorem 3, we see that larger samples are
required to learn accurate bag concepts. Thus, for a fixed sample size, there might be a
significant discrepancy in performance of a single algorithm on the two learning tasks. Secondly, the relationship we demonstrate holds when an accurate instance concept is learned
and then applied to the bag-labeling task. However, in practice, many algorithms attempt
to learn an instance function to label bags using ERM at the bag-level. It is not clear that
the instance-labeling function found via bag-level ERM in this way will successfully label
instances.

the other hand, the result in Theorem 2 suggests that it is harder to learn from larger bag
sizes, since roughly O(mu log mu ) more examples are required to learn an accurate concept.
Essentially, the source of this incoherence in reasoning is the use of an instance-labeling
b In the process of combining instance labels
concept g to derive the bag-labeling concept G.
to label a bag, small errors in the instance labeling function g compound quickly. For
b to label the bag
example, g must label all instances in a negative bag correctly for G
correctly. As bag size increases, it becomes less likely that g will agree with f across all
instances.
Therefore, despite our positive results suggesting that learning an accurate instancelabeling function is sufficient to learn an accurate bag-labeling function, in practice, it is
possible to imagine an alternative approach in which bag-labeling functions are learned
directly by representing bags in a supervised fashion. Several practical approaches, such
as bag-level kernels (Gärtner et al., 2002; Zhou et al., 2009) and embeddings (Chen et al.,
2006; Foulds, 2008) do precisely this, and essentially turn the bag-label learning problem
into a supervised learning problem. Further investigating the trade-offs between techniques
that classify bags using instance classifiers and those that directly learn bag classifiers is an
interesting direction for future work.

Instance
Concepts

Bag
Concepts
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3.5 Relation to Prior Hardness Results
The positive learnability results in Section 3.1 and Section 3.2 do not contradict existing
hardness results about learning in the MI setting. Essentially, most hardness results are
shown under the scenarios that lie on the far right of Figure 6. For example, Sabato
and Tishby (2012) observe that if only positive bags are generated, then learning the baglabeling function is trivial, but no label information about instances is provided. In this
case, learning instance labels is equivalent to learning in the unsupervised learning setting,
for which no PAC-style guarantees can be made. However, the additional assumptions in
MI-GEN preclude the case when only positive bags appear, since the negative instances
would never appear in negative bags as required by Condition 3 in Definition 1.
Similarly, under the weak assumption in which arbitrary distributions over r-tuples are
allowed, Auer et al. (1998) show that that efficiently PAC-learning MI instance concepts is
impossible (unless NP = RP3 ). While the results on instance and bag learnability stemming
from Theorem 1 show that a polynomial number of examples can be used to learn accurate
concepts, they do not bound the computational complexity of learning from the examples.
In particular, minimum one-sided disagreement is known to be NP-hard for certain concept
classes and loss functions (Simon, 2012). Therefore, for some concept classes, instance and
bag concepts are not efficiently PAC-learnable: learnable with a polynomial number of
examples in polynomial time.
The apparent contradiction between our learnability results and the hardness results
of Auer et al. (1998) is resolved by observing that MI-GEN precludes the scenario used
to reduce learning disjunctive normal form (DNF) formulae to learning APRs from MI
data. In the reduction used by Auer et al. (1998), each instance corresponds to a (variable
assignment, clause) pair, and a bag is formed for each variable assignment by including a
pair with that variable assignment for each clause. Bags are sampled uniformly over all
variable assignments. Suppose a particular variable assignment v satisfies the first clause
c1 , but not the second clause c2 . Then the instance (v, c1 ) is positive, but (v, c2 ) is negative.
However, (v, c2 ) only ever appears in bags along with (v, c1 ); that is, in positive bags. This
violates the condition that γ > 0, or that negative instances appear with some probability
in negative bags, so our results do not apply to this hard scenario.
Similarly, our generative model precludes scenarios used to show the hardness of learning
hyperplane concepts for MI data (Kundakcioglu et al., 2010; Diochnos et al., 2012; Doran
and Ray, 2013). It is unknown whether there is an algorithm to efficiently learn hyperplanes
that minimize one-sided disagreement. However, even ERM under 0–1 loss is NP-hard for
the concept class of hyperplanes (Ben-David et al., 2003), which are widely used in practice
for supervised learning. Thus, while previous results have characterized the hardness of MI
learning as resulting from arbitrary distributions across bags, our results suggest that the
hardness arises from cases in which γ = 0, or when negative instances only occur in negative
bags.
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3. RP is the class of decision problems for which a probabilistic Turing machine terminates in polynomial
time, always returns NO when the answer is NO, and returns YES with probability at least 21 when the
answer is YES.
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3.6 Must Instances be Dependent Samples?

As observed in prior work, most real-world examples of MIL have bags that contain non-IID
instances (Zhou et al., 2009). Thus, our assumption that bag samples Xi are drawn IID
according to their corresponding bag distributions Bi might seem unrealistic. However,
note that our generative model does allow for dependencies between instances at the level
of bag distributions, Bi . That is, although the samples Xi are drawn from bag distributions independently, we can use such independent samples to approximate the behavior of
empirical bag-labeling functions on nonindependent samples.
The arbitrary R-tuple model, as illustrated in Figure 5(b), allows for arbitrary distributions over tuples of size at most R, which can be used to represent any generative model
in which there is a relationship between instances in bags (i.e., bags in which instances are
non-IID). As described in Section 2.4, it is possible to represent this model within MI-GEN
where each bag is an atomic distribution over the instances in the tuple and the distribution
over bags corresponds to the original distribution over tuples. Given this representation,
π = R1 in our model. In the traditional MI setting, we would directly observe these R instances. Our generative model, on the other hand, assumes that we perform the equivalent
of repeatedly sampling an instance from these R instances uniformly and independently at
random. In this case, we have the following result:

R
B γ

Corollary 1 (MI PAC-learning from Dependent Instances) When distributions of
instances in bags are defined by a set of R dependent instances sampled from a distribution over R tuples, bag-labeling functions derived from instance concept class F with VC
dimension VC(F) are PAC-learnable from MI data using



log 1B VC(F) log BRγ + log 1δ

O

m
l
examples with test bags of size m = R log 2B drawn independently with replacement from
the R dependent instances.

Proof Following the same line of reasoning as in Theorem 3, we can derive the sample

complexity bound



O m
VC(F) log m
+ log 1δ
,
(13)
Bγ
Bγ
l
m
when there are m instances per bag. Choosing m = R log 2B satisfies the conditions of

that theorem, since π = R1 . Substituting m into Equation 13 implies the sample complexity
as stated in the corollary.

Thus, even though the bag distribution is representable using only
instances,
 R dependent

when sampling independently, we must sample a factor of O log 1B more instances to
ensure that we can learn an accurate bag-labeling concept with high probability.

4. Learning to Rank from MI Data

JMLR 17(128):1-50

Learnability results are often stated as in Section 3 with respect to the accuracy metric.
However, other metrics often provide a more useful characterization of algorithm performance in practice. For example, for the 3D-QSAR problem, it is not necessary to accurately
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mi = |Xi |

P , min{Pneg , 1 − Pneg }

Pseudo-Dimension of C (Haussler, 1992)

Instance-Labeling p-concept Class

Pneg , P [F (B) = 0]
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Definition 7 (Instance MI AUC-PAC-learning) We say that an algorithm A MI AUCPAC-learns instance p-concept class C from MI data when for any (DX , DB , f, F ) ∈ MI-GENC (γ)
with γ > 0, and I , δ > 0, algorithm A requires O poly( γ1 , 1I , 1δ ) bag-labeled instances sampled independently from the MI generative process in Figure 1(b) to produce an instance
p-concept hypothesis h with risk RfAUC (h) < I with probability at least 1 − δ over samples.
Whereas learning accurate instance concepts as in Definition 3 required the use of minimum one-sided disagreement, we show in Theorem 4 that it is possible to learn high-AUC

Learnability of a p-concept with high AUC is then defined with respect to p-concept
class C:

Definition 6 (MI-GENC ) For any γ ∈ (0, 1] and π ∈ [0, 1]:
n
o

MI-GENC (γ, π) , (DX , DB , f, F ) ∈ MI-GEN(γ, π) : x 7→ P [F (B) = 1 | x] ∈ C .

The first step follows from the definition of conditional probability, and we introduce pneg =
P [f (x) = 0] for notational convenience (see Table 3 for a list of notation used in this section).
By definition, this quantity is zero in the cases when either all instance are positive or all
instances are negative.
Given the formal definition of AUC, we can begin to describe how it is possible to
learn high-AUC instance concepts from MI data. Since a classifier’s confidence values
are relevant for the AUC metric, we will consider the hypothesis class corresponding to a
classifier to be a p-concept class C. The p-concept model is a model for binary classification
in which a p-concept c : X → [0, 1] represents the probability that an instance X is observed
with a positive label (Kearns and Schapire, 1994). For high-AUC instance learnability,
we will show that it is sufficient to learn a p-concept h ∈ C that models the p-concept
c(x) = P [F (B) = 1 | x], the probability of observing instance x in a positive bag as defined
in Equation 2.
To ensure that the target concept c is also a member of C, we must formally restrict the
set of bag labeling functions and distributions that are permitted by the generative model
as follows:

Prior work has shown that the AUC is equivalent to the probability that a randomly selected
positive example will be assigned a higher confidence than a randomly selected negative
example (Hanley and McNeil, 1982). We can define a corresponding instance AUC error
of a real-valued hypothesis h as 1 − AUC, or the probability that a negative instance is
assigned a higher confidence than a positive instance:
Z Z
RfAUC (h) =
1[h(x− ) > h(x+ )] d P(x+ | f (x+ ) = 1) d P(x− | f (x− ) = 0)
RX RX
X
X 1[h(x− ) > h(x+ )] d P(x+ ) d P(x− )
(14)
= − +
P [f (x) = 1] P [f (x) = 0]
Z Z
1
1[h(x− ) > h(x+ )] d P(x+ ) d P(x− ).
=
(1 − pneg )pneg X− X+

4.1 Learning High-AUC Instance Concepts

Doran and Ray

In the 3D-QSAR example, a desirable property of a classifier is that it appropriately
ranks bags or instances. That is, it assigns a higher real-valued confidence that a conformation is positive to actual positive conformations than to negative conformations. The
AUC metric is commonly used to measure the ranking performance of a classifier. We show
in this section that classifiers with high AUC are also learnable from MI data under our
generative model. Furthermore, we show that learning high-AUC concepts from MI data is
easier than learning accurate concepts in the sense that it can be achieved using standard
ERM approaches. This suggests that standard supervised algorithms can learn high-AUC
concepts from MI data generated according to MI-GEN, a surprising hypothesis that we
evaluate in the final section.

predict the activity of every molecule. Instead, a classifier can produce a ranked list indicating its confidence that each molecule is active. The set of active molecules with the
highest predicted activity can then be investigated further by chemists. Unlike the prior
work on learning accurate concepts from MI data as shown in Figure 6, there has been
virtually no prior work on learning to rank in the MI setting. That is, although ranking
algorithms have been developed for MIL (Bergeron et al., 2008), there is no formal analysis
of the performance of such approaches. We provide such an analysis in this section.

PD(C)

C

Pneg , P

p , min{pneg , 1 − pneg }
Pb , min{Pbneg , 1 − Pbneg }

Empirical Bag-Labeling p-concept

pneg , Ph[f (x) = 0]i
Pbneg , P Fb(X) = 0

b i ) , maxj h(xij )
H(X

Instance-Labeling p-concept

h
b
H

pneg , p
Pbneg , Pb

c(x) , P [F (B) = 1 | x]

Bag Sample Size

p-concept for bag-labeled instances

(ml ≤ |Xi | ≤ mu )

c

∗
i
Bag sample {xij }m
j=1 ∈ X , xij ∼ Bi

Bag Bi ∈ B

Instance xij ∈ X

Set of bag samples (sets of instances)

Space of bags (distributions over instances)

Space of instances

Description/Definition

mi

Xi

Bi

xij

X∗

B

X

Symbol

Table 3: Legend of the basic notation used in Section 4.
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0

h(x−)

(

1 − γ2

)


1

c(x+)

h(x+)
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c(x−)

1−γ

Figure 7: The intuition behind Theorem 4. A hypothesis h that closely approximates c will
correctly rank instances with high probability.

concepts using ERM. In particular, the strategy used in the following theorem is to learn
a p-concept h that models the concept c defined in Equation 2 using standard ERM. The
intuition is that c already achieves perfect AUC; that is, RfAUC (c) = 0. The reason is that
for any negative instance x− and positive instance x+ , c(x− ) ≤ 1 − γ < 1 = c(x+ ), see
Figure 7 for an illustration. If we learn a p-concept h that closely approximates c to within
some , then with high probability, h will also correctly rank instances.
Stating the learnability of a p-concept with ERM requires use of the pseudo-dimension
of the concept class C, just as VC dimension can be used to characterize the capacity of
a deterministic concept class. The pseudo-dimension is similar to the VC dimension, but
uses a different notion of “shattering.” In particular, for a set of points with real-valued
n , a p-concept class C shatters the points if for any binary labeling of the
labels, {(xi , yi )}i=1
points {bi }, there exists some c ∈ C such that c(xi ) ≥ yi if bi = 1 and c(xi ) < yi if bi = 0
(Haussler, 1992). The pseudo-dimension of C, denoted PD(C), is the size of the largest set
such that C shatters some set of that size.
Theorem 4 An instance p-concept
PD(C) is Instance MI

class C with pseudo-dimension

1
AUC-PAC-learnable using O (I γp)
PD(C) log I1γp + log 1δ
examples with standard ERM
4
approaches, where p = min{pneg , 1 − pneg }.
Proof See Appendix A.
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4.2 Learning High-AUC Bag Concepts

B B

R R R

−

∗
X−

+

∗
X+

. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )

. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
b =
h
i h
i
RFAUC
(H)
b
P Fb(X) = 1 P Fb(X) = 0


R
b − ) > H(X
b +) . . .
1 H(X

=

∗

(1 − Pbneg )Pbneg

.

(15)

As for accuracy, we might be interested in learning either high-AUC instance or bag concepts
from MI data. Following a similar strategy as employed in Section 3.2 for learning accurate
bag concepts, here we will consider two measures of bag-level performance of a bag concept
b derived from an instance concept h. The same combining function as in Section 3,
H
b i ) = maxj h(xij ), is commonly used to derive real-valued bag-labeling functions in
H(X
prior work (Ray and Craven, 2005). Following the analysis in Section 3.2, we will measure
b with respect to both Fb, the empirical bag-labeling function, and later F ,
performance of H
the underlying bag-labeling function.
For the empirical bag-labeling function, Fb, the intuitive definition of AUC is the probb assigns a higher value to a bag sample given that it is
ability that a bag-level hypothesis H
labeled positive by Fb (that is, containing at least one positive instance) than another bag
sample labeled negative by Fb (containing no positive instances). Formally, we can define
the corresponding AUC-based risk as follows:


R R R R
b
b
B B X ∗ X ∗ 1 H(X− ) > H(X+ ) . . .

∗

Above, X − is the set of all
h negativeibag samples, and X + the set of all positive bag samples.
The notation Pbneg = Pr Fb(X) = 0 is used for convenience. Now, we can define learnability
with respect to this metric:

Definition 8 (Empirical Bag MI AUC-PAC-learning) We say that an algorithm A
MI AUC-PAC-learns empirical bag-labeling functions derived from p-concept class C when
for any (DX , DB, f, F ) ∈ MI-GENC (γ) with γ > 0, and B , δ > 0, algorithm A requires
O poly( γ1 , 1 , 1δ ) bag-labeled instances sampled independently from the MI generative proB
b < B
b with risk RAUC (H)
cess in Figure 1(b) to produce an empirical bag-labeling function H
Fb
with probability at least 1 − δ over samples.

and mu is an upper bound on bag sample size.

We will now show learnability of empirical bag-labeling functions by reducing the problem to learning an accurate model of the p-concept c. Hence, the approach of the proof
follows that for learning accurate empirical bag-labeling functions.

Comparing Theorem 4 with Theorem 1 on learning accurate instance concepts, we see
that neither results require that positive instances appear in positive bags (π > 0). In both
cases, the addition label noise affects γ, but is tolerated by the underlying algorithm. The
key difference between these results is that high-AUC concepts can be learned via standard
ERM approaches, whereas accurate concept learning requires minimum one-sided disagreement. Additionally, the sample complexity bound in Theorem 4 contains an additional
factor p that accounts for class imbalance. Intuitively, this factor appears because it is
difficult to learn to effectively rank instances from different classes when one class appears
very infrequently in the training set (p is small).

28

O

4
mu

(B γ Pb)

4

examples with standard ERM approaches, where

Pb , min{Pbneg , 1 − Pbneg } ≥ min{Pneg , 1 − pneg },
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Theorem 5 Empirical bag-labeling functions derived from p-concept class C with pseudodimension PD(C) are AUC-PAC-learnable from MI data using



PD(C) log mub + log 1δ
(B γ P )

JMLR 17(128):1-50
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B− B+ X

X

. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
.
(1 − Pneg )Pneg

JMLR 17(128):1-50
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5.1 Single Instance Learning
In these experiments, we use single-instance learning (SIL) to apply supervised algorithms
to MI data. The SIL procedure takes an MI data set and applies to every instance the

Because the results in this work imply the surprising fact that standard supervised algorithms can be used to learn concepts with high-AUC, but not high accuracy, from MI data,
we explicitly evaluate this hypothesis using real-world MI data sets. As always, there are
some differences between theory and practice that might confound the experimental results.
Below we first explain these two key differences and argue why they do not threaten the
validity of our experimental results. Then, we discuss the remainder of our experimental
methodology and results.

5. Empirical Evaluation

The results on AUC learnability in the MI setting are surprising, because they imply the
testable hypothesis that standard supervised approaches can be used to learn about instance
and bag labels in the MI setting. The work that introduced the MI setting evaluated the
performance, in terms of accuracy, of supervised approaches on MI problems and found them
to perform poorly (Dietterich et al., 1997). Later empirical work found that supervised
algorithms actually performed quite well on MI problems, in terms of AUC (Ray and
Craven, 2005). This apparent discrepancy can be explained with the results in this section.
Supervised approaches can perform well in terms of AUC on MI problems, but not, it seems,
with respect to accuracy.
While the results in Section 3 do not formally show that supervised approaches cannot
learn high-accuracy concepts, we conjecture that this is the case due to the one-sided noise
inherent in learning to discriminate classes. As illustrated in Figure 7, the fact that negative
instances appear some γ > 0 fraction of the time in negative bags means that learning to
approximate c can be used to rank instances. However, accurately labeling instances using
an approximation of c requires choosing a threshold to discriminate between positive and
negative instances. If the value of γ were known in advance, then such a threshold might be
selected at 1− γ2 , for example. However, without knowledge of γ or other further assumptions
about the generative process, proving that such a threshold might be selected accurately is
a direction for future work.

4.3 Discussion

Proof See Appendix A.

examples using standard ERM approaches when bag sample sizes are bounded by ml ≤ m ≤
mu and ml ≥ π1 log 2B , where Pb = min{Pbneg , 1 − Pbneg }.

Theorem 6 Bag-labeling functions derived from p-concept class C with pseudo-dimension
PD(C) are AUC-PAC-learnable from MI data using



1
1
O
PD(C) log
+ log 1δ
.
(17)
4
2
b
b
(B γπP Pneg )
(B γπP Pneg )
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Finally, given the bound in Lemma 4, we can derive a result on learning high-AUC bag
concepts with respect to the underlying bag-labeling function F . As with the results in
Theorem 3, we state the results conditioned on the fact that bag sizes mi respect some
constraints to account for the error that naturally results from insufficiently large samples
of instances in positive bags.

Proof See Appendix A.

F

b ≤
Lemma 4 Suppose bag samples are of size at least ml (∀i : ml ≤ |Xi |), then RFAUC (H)
1
AUC (H)
b + (1 − π)ml .
R
Pneg b

F

Again, we will learn an instance p-concept h that models c, and then show that a sufb that models
ficiently accurate p-concept can produce an empirical bag-labeling function H
b with respect to F ,
F with high AUC. To do this, we will show that the AUC error of H
b is bounded in terms of the AUC error of H
b with respect to Fb, RAUC (H).
b
RFAUC (H),
b

Definition 9 (Bag MI AUC-PAC-learning) We say that an algorithm A MI AUCPAC-learns bag-labeling functions derived from the p-concept class C when for any tuple
(DX , DB , f, F ) ∈ MI-GEN
C (DX , f, γ, π) with γ, π > 0, and B , δ > 0, algorithm A requires

O poly( γ1 , π1 , 1B , 1δ ) bag-labeled instances sampled independently from the MI generative prob with risk RAUC (H)
b < B
cess in Figure 1(b) to produce an empirical bag-labeling function H
F
with probability at least 1 − δ over samples.

The notation Pneg = P [F (B) = 0] is used to denote the probability of sampling a negative
bag from the distribution over bags. We define the risk to be zero in the case that this
probability is equal to either 0 or 1.
As for accuracy, the risk of an empirical bag-labeling function now depends on how
representative a sample is of the underlying bag. Thus, in the definition of AUC-learnability
with respect to F (Definition 9), we now again require an additional assumption that positive
instances appear some π > 0 fraction of the time in positive bags.

=

Note that Theorem 4 is a special case of Theorem 5 when mu = 1. In this case Pbneg = pneg
when samples all have size 1, so Pb = p and the sample complexity is the same.
Now, we can examine AUC-learnability with respect to the true bag-labeling function,
F . To define AUC with respect to F , we measure the probability that a sample X+ is
b than X− is, given that X+ is sampled from a positive bag and X− is
labeled higher by H
b with respect to F is
sampled from a negative bag. Formally, the AUC risk of H


R R R R
b
b
B− B+ X ∗ X ∗ 1 H(X− ) > H(X+ ) . . .
. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
b =
RFAUC (H)
P [F (B) = 1] P [F (B) = 0]
(16)


R R R R
b
b
∗
∗ 1 H(X− ) > H(X+ ) . . .

Proof See Appendix A.
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label of its bag. Hence, like in the generative model described in Section 2 used to show the
theoretical results in this work, the SIL training set consists of bag-labeled instances. However, unlike in the generative model used in this work, SIL samples more than one instance
per bag. As a result, SIL potentially introduces some “correlation” between instances in
the training set. Figure 1 provies a comparison of the generative model of Section 2 (Figure 1(b)) and that of SIL (Figure 1(c)).
We could make SIL more closely resemble our generative model by randomly discarding
all but one instance in every bag. However, this would dramatically reduce the size of most
practical MI data sets and would needlessly “throw away” the information associated with
the discarded instances. Instead, we use all instances in the data set, and ignore the fact
that they are potentially correlated, thereby assuming that every instance is sampled from
an independent bag. The correlation could change the training distribution over instances,
but this should hurt the performance of the supervised algorithm if it has any significant
effect at all. Therefore, comparing SIL to MI-specific algorithms provides a comparison
that is fair to the MI approaches.
5.2 Risk Minimization Approaches
The results on AUC learnability for MI data use results on learning via empirical risk
minimization (ERM). ERM requires that some concept class C is fixed in advance, and
a hypothesis h ∈ C that minimizes empirical risk (in terms of accuracy) is selected. In
practice, however, C might not be known a priori. Thus, structural risk minimization
(SRM) strategies are often used in practice, which simultaneously select a hypothesis h
that minimizes empirical risk while controlling the capacity of the class from which h is
selected. The standard support vector machine (SVM) is an SRM approach, where the
parameter C, selected via cross-validation, controls the trade-off between risk minimization
and regularization. Although our theoretical result holds for ERM, we will use the SRMbased SVM for these experiments. The same SRM strategy is used across all of the baseline
algorithms.
Similarly, the SVM outputs confidence values that range from (−∞, ∞) rather than
from [0, 1]. Thus, the SVM technically does not learn a p-concept. However, prior work has
shown how it is possible to fit a logistic regression model to an SVM’s outputs to derive
associated probabilities (Platt, 1999). However, since rescaling the data does not affect the
relative rankings of the real-valued outputs produced by the SVM, the AUC of the classifier
does not change. Accordingly, we report results using the raw confidence values produced
by the SVM in these experiments.
5.3 Methodology
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To evaluate our hypothesis that a supervised SVM can perform well with respect to AUC for
learning instance- and bag-labeling functions, we use a total of 55 real-world data sets across
a variety of problem domains, including 3D-QSAR (Dietterich et al., 1997), CBIR (Andrews
et al., 2003; Maron and Ratan, 1998; Rahmani et al., 2005), text categorization (Andrews
et al., 2003; Settles et al., 2008), and audio classification (Briggs et al., 2012). Of the 55
data sets, 45 of them have instance labels, which are only used to test the instance-level
performance of classifiers, not for training.
31
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Figure 8: The average ranks (lower is better) of approaches on the instance- and baglabeling tasks, evaluated using AUC. Statistically insignificant differences in performance are indicated with horizontal lines.

The SIL approach combined with a standard supervised SVM is compared with four
popular baseline MI SVM approaches: mi-SVM, MI-SVM (Andrews et al., 2003), MICA
(Mangasarian and Wild, 2008), and the “instance” variant of KI-SVM (Li et al., 2009),
which have been specifically designed to learn bag or instance labels from MI data. Prior
empirical results show that these approaches constitute the state-of-the-art in instance-based
MI SVM approaches (Doran and Ray, 2013).
The experiments used for this work were implemented in Python using NumPy (Ascher et al., 2001) and SciPy (Jones et al., 2001) for general matrix computations and the
CVXOPT library (Dahl and Vandenberghe, 2009) for solving quadratic programs (QPs).
We use the authors’ original MATLAB code, found at http://lamda.nju.edu.cn/code_
KISVM.ashx, for the key instance SVM (KI-SVM) approach (Liu et al., 2012). We evaluate algorithms using 10-fold stratified cross-validation, with 5-fold inner-validation used to
select parameters using random search (Bergstra and Bengio, 2012). Parameter selection
is performed with respect to bag-level labels (since instance-level labels are unavailable at
training time, even during cross-validation). We use the radial basis function (RBF) kernel
with all algorithms, with scale parameter γ ∈ [10−6 , 101 ], and regularization–loss trade-off
parameter C ∈ [10−2 , 105 ]. The L2 norm is used for regularization in all algorithms.
To statistically compare the classifiers, we use the approach described by Demšar (2006).
We use the nonparametric Friedman test to reject the null hypothesis that the algorithms
perform equally at an α = 0.001 significance level. Finally, we plot the average ranks using
a critical difference diagram, which uses the Nemenyi test to identify statistically equivalent
groups of classifiers at an α = 0.05 significance level.
5.4 Results and Discussion
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The results are summarized using critical difference diagrams in Figure 8. Using AUC to
measure performance, the ranks of the approaches are averaged across the 45 instancelabeled data sets for the instance-level metrics and across the 55 data sets for the bag-level
metrics. Lower ranks indicate better performance. Full results can be found in Table 4 and
Table 5.
Prior work has found that with respect to accuracy, the naı̈ve SIL approach applied to
MI data does not perform well (Dietterich et al., 1997; Doran and Ray, 2014). On the other
hand, with respect to AUC, the relative performance of SIL increases significantly, and SIL
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There are also several ways that the theoretical and empirical results in this work can
inform future work on MI learning. As mentioned earlier, the first work on MIL used
accuracy as a performance measure, and found the SIL approach to be inaccurate in the
MI setting for labeling bags (Dietterich et al., 1997). As a result, subsequent studies rarely
used it as a baseline when evaluating new MI techniques. However, our results suggest
that SIL should be used as a baseline when evaluating new MI approaches, especially if the
intended application involves ranking bags or instances.

These surprising results support the theoretical framework described in Section 2. In
particular, the experimental results suggest that the assumptions made by our generative
model hold in practice in many cases. For example, we claim that the assumption that
negative instances appear in negative bags (γ > 0) is weak and reasonable for many MI
domains. In CBIR, negative background segments are likely to appear at least some of the
time in images without the object of interest. The experimental results provide empirical
support for this claim across the four domains on which we evaluate the classifiers. Of
course, there might be domains for which this assumption does not hold. Determining
whether any learnability results can be derived under weaker assumptions is an interesting
question for future work.

performs as well the best MI approaches. For instance-level AUC, SIL is the highest-ranked
approach. For bag-level AUC, SIL is not the best approach on average, but it is statistically
equivalent to the top MI approaches. Since more samples are required to learn a bag-level
concept using SIL, it could be that performance would improve even more with a larger
training sample.

Figure 9: Comparison of supervised and MI-specific approaches in terms of running time
and classification performance (AUC). Lower ranks correspond to better performance and faster training time. The Pareto frontier shows algorithms that are
not dominated by any other algorithm along both dimensions.

Training Time Rank
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Training Time Rank

Dataset
SIVAL01
SIVAL02
SIVAL03
SIVAL04
SIVAL05
SIVAL06
SIVAL07
SIVAL08
SIVAL09
SIVAL10
SIVAL11
SIVAL12
Newsgroups01
Newsgroups02
Newsgroups03
Newsgroups04
Newsgroups05
Newsgroups06
Newsgroups07
Newsgroups08
Newsgroups09
Newsgroups10
Newsgroups11
Newsgroups12

SIL
0.758
0.867
0.676
0.647
0.954
0.619
0.895
0.868
0.829
0.882
0.965
0.566
0.980
0.904
0.866
0.923
0.951
0.946
0.907
0.753
0.711
0.660
0.728
0.958
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MI-SVM
0.872
0.841
0.588
0.651
0.810
0.489
0.784
0.852
0.730
0.788
0.795
0.541
0.953
0.899
0.783
0.883
0.922
0.948
0.853
0.881
0.962
0.947
0.971
0.961

mi-SVM
0.836
0.782
0.795
0.859
0.961
0.603
0.903
0.768
0.824
0.948
0.952
0.515
0.968
0.864
0.782
0.885
0.906
0.895
0.835
0.909
0.979
0.908
0.980
0.942
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KI-SVM MICA
0.758
0.898
0.761
0.815
0.690
0.934
0.595
0.836
0.906
0.754
0.516
0.703
0.780
0.725
0.556
0.759
0.771
0.581
0.686
0.721
0.746
0.600
0.690
0.623
0.834
0.584
0.850
0.572
0.686
0.576
0.846
0.612
0.796
0.537
0.824
0.587
0.827
0.604
0.808
0.551
0.869
0.560
0.746
0.565
0.968
0.702
0.767
0.536
continued. . .

Table 4: Instance-level AUC results for Section 5.4. The best
result is indicated in boldface.

For researchers looking to learn high-AUC instance concepts from MI data, our results
suggest that supervised approaches often suffice for this purpose in practice. Since supervised approaches are typically more computationally efficient than their MI counterparts,
our theoretical and empirical justification for using supervised approaches with MI data
provides a valuable practical benefit. The results in Figure 9 support this claim. The training time required by the algorithms for each data set is ranked with 1 corresponding to
the fastest algorithm, and these ranks are averaged across data sets. Then, the combined
performance of each approach in terms of both AUC and training time is shown in Figure 9.
The Pareto frontier, the set of algorithms for which there does not exist any other algorithm
that has better performance along both dimensions, is indicated in the figure. SIL is at or
near the Pareto frontier for both instance- and bag-labeling.
For learning high-AUC bag-labeling concepts, MI algorithms still had a slight (but
statistically insignificant) advantage over SIL in terms of classifier performance and training
time. However, we have observed that even better performance can be attained by applying
standard supervised approaches directly to the bag-level learning task using kernel methods
(Doran and Ray, 2013).
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KI-SVM
0.920
0.902
0.930
0.940
0.854
0.797
0.803
0.912
0.704
0.574
0.636
0.905
0.422
0.540
0.441
0.552
0.889
0.763
0.982
0.490
0.605

MICA
0.608
0.614
0.553
0.600
0.565
0.605
0.558
0.556
0.708
0.748
0.599
0.858
0.498
0.719
0.814
0.774
0.702
0.757
0.712
0.745
0.589

mi-SVM
0.812
0.822
0.930
0.987
0.516
0.870
0.878
0.805
0.727
0.760
0.837
0.789
0.837
0.918
0.900
0.957
0.858
0.914
0.861
0.913
0.538
0.751
0.797
0.745
0.757
0.954
0.775
0.976
0.895
0.909
0.989
0.542
0.964
0.934
0.921
0.962
0.956
0.991
0.993
0.985

KI-SVM
0.488
0.768
0.643
0.817
0.692
0.746
0.826
0.640
0.631
0.800
0.741
0.844
0.759
0.784
0.696
0.816
0.695
0.930
0.869
0.928
0.838
0.674
0.771
0.640
0.770
0.779
0.520
0.807
0.570
0.747
0.992
0.529
0.728
0.617
0.723
0.897
0.819
0.995
0.609
0.885
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mi-SVM
0.911
0.884
0.955
0.906
0.921
0.922
0.826
0.914
0.907
0.849
0.673
0.932
0.641
0.581
0.857
0.796
0.915
0.879
0.970
0.918
0.806

KI-SVM MICA
0.836
0.849
0.665
0.913
0.676
0.871
0.500
0.615
0.673
0.688
0.687
0.847
0.810
0.759
0.759
0.830
0.643
0.933
0.747
0.863
0.708
0.906
0.697
0.957
0.938
0.914
0.542
0.918
0.969
0.974
continued. . .
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MI-SVM
0.998
0.979
0.772
1.000
0.621
0.931
0.794
0.715
0.767
0.842
0.862
0.798
0.810
0.925
0.904
0.975
0.805
0.911
0.825
0.886
0.860
0.787
0.874
0.812
0.807
0.914
0.638
0.974
0.895
0.916
0.998
0.623
0.915
0.928
0.901
0.941
0.975
0.988
0.961
0.948
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MI-SVM
0.939
0.903
0.949
0.938
0.913
0.914
0.914
0.884
0.925
0.884
0.729
0.927
0.439
0.741
0.570
0.615
0.940
0.859
0.971
0.907
0.640

mi-SVM
0.943
0.661
0.916
0.632
0.853
0.908
0.921
0.935
0.875
0.731
0.716
0.831
1.000
0.753
0.972

SIL
0.874
0.907
0.819
0.981
0.601
0.928
0.873
0.755
0.765
0.776
0.814
0.802
0.674
0.728
0.752
0.709
0.844
0.971
0.648
0.742
0.564
0.630
0.864
0.754
0.575
0.958
0.740
0.894
0.902
0.908
0.999
0.664
0.926
0.931
0.913
0.984
0.947
0.991
0.996
0.980

Table 5: Bag-level AUC results (continued).

SIL
0.970
0.823
0.736
0.454
0.946
0.964
0.931
0.573
0.762
0.895
0.782
0.966
0.686
0.627
0.782
0.836
0.920
0.858
0.989
0.954
0.799

MI-SVM
0.845
0.949
0.912
0.589
0.856
0.871
0.873
0.915
0.954
0.952
0.666
0.683
0.964
0.756
0.993
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Dataset
SIVAL08
SIVAL09
SIVAL10
SIVAL11
SIVAL12
Newsgroups01
Newsgroups02
Newsgroups03
Newsgroups04
Newsgroups05
Newsgroups06
Newsgroups07
Newsgroups08
Newsgroups09
Newsgroups10
Newsgroups11
Newsgroups12
Newsgroups13
Newsgroups14
Newsgroups15
Newsgroups16
Newsgroups17
Newsgroups18
Newsgroups19
Newsgroups20
OHSUMED1
OHSUMED2
Birdsong01
Birdsong02
Birdsong03
Birdsong04
Birdsong05
Birdsong06
Birdsong07
Birdsong08
Birdsong09
Birdsong10
Birdsong11
Birdsong12
Birdsong13

Table 4: Instance-level AUC results (continued).
Dataset
Newsgroups13
Newsgroups14
Newsgroups15
Newsgroups16
Newsgroups17
Newsgroups18
Newsgroups19
Newsgroups20
Birdsong01
Birdsong02
Birdsong03
Birdsong04
Birdsong05
Birdsong06
Birdsong07
Birdsong08
Birdsong09
Birdsong10
Birdsong11
Birdsong12
Birdsong13

SIL
0.922
0.897
0.919
0.662
0.859
0.923
0.907
0.916
0.626
0.826
0.785
0.657
0.985
0.648
0.793

Table 5: Bag-level AUC results for Section 5.4. The best
result is indicated in boldface.
Dataset
musk1
musk2
elephant
fox
tiger
field
flower
mountain
SIVAL01
SIVAL02
SIVAL03
SIVAL04
SIVAL05
SIVAL06
SIVAL07

35

MICA
0.865
0.709
0.785
0.736
0.710
0.535
0.538
0.517
0.511
0.538
0.521
0.576
0.532
0.552
0.550
0.669
0.530
0.602
0.600
0.555
0.543
0.533
0.558
0.548
0.520
0.816
0.715
0.824
0.827
0.755
0.945
0.699
0.975
0.919
0.908
0.787
0.862
0.803
0.737
0.780
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Proof First, observe that when all elements of an empirical bag Xi are labeled correctly
b i ), so when Fb(Xi ) 6= G(X
b i ), at least one instance in Xi is labeled
by g, Fb(Xi ) = G(X

b be the risk
Lemma 1 Let Rf (g) be the risk of an instance labeling concept g, and RFb (G)
b
of the empirical bag-labeling function G(Xi ) = maxj g(xij ). Then if bag sample sizes are
b ≤ mu Rf (g).
bounded by mu (∀i : |Xi | ≤ mu ), RFb (G)

Appendix A. Detailed Proofs
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In this work, we describe a new generative model for the MI setting in which bags are
viewed as distributions over instances. The sets of instances observed in a training sample
are then viewed as samples from each underlying bag distribution. We then introduce
several additional assumptions that we show entail instance and bag concept learnability.
We discuss the relationship between the proposed model and those found in prior work.
Next, we describe new positive learnability results for learning instance or bag concepts from data generated by MI-GEN. We describe how our generative model allows for
learnability while excluding scenarios used to show hardness under other generative models.
Nevertheless, our generative process extends prior results on instance concept learnability
that are over a decade old (Blum and Kalai, 1998). We also show that MI-GEN can incorporate the non-IID instance assumption within bag-specific distributions over instances, so
assuming that samples from individual bags are drawn independently is not a restrictive
assumption in our model.
Finally, we argue that for many real-world applications of MIL, it is sufficient to rank
instances or bags rather than assign accurate binary labels. Accordingly, we derived results
demonstrating the ability to learn high-AUC rankings of instances or bags from data generated by a process in MI-GEN. The surprising aspect of these results is that such rankings
can be found via standard supervised approaches. We evaluate this surprising hypothesis
empirically and find that supervised approaches can in fact learn to rank from MI data in
practice. Thus, the empirical results support the assumptions made by MI-GEN.
Our work provides a starting point for many future investigations of learning in the MI
framework. For example, we plan to extend our learnability results to the multi-class and
multi-label settings. Furthermore, we plan to investigate generalizations of our generative
model that allow for other previously studied instance- and bag-label relationships (Scott
et al., 2005). Finally, some recent work has investigated learnability of real-valued bag-level
concepts under a similar generative process for MI regression (Szabó et al., 2015). We plan
to investigate instance-level learning in the MI regression setting.

6. Conclusion
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X ∗ x ∈X
ij
i
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Using indicator function notation, the statement above implies





b
b
1 G(X)
6= F (B) ≤ 1 G(X)
6= Fb(X) ∨ Fb(X) 6= F (B)




b
≤ 1 G(X)
6= Fb(X) + 1 Fb(X) 6= F (B) .

b
b
Proof First, note that if G(X)
= Fb(X) and Fb(X) = F (B), then G(X)
= F (B). Thus,
b
b
if G(X)
6= F (B), then either G(X)
6= Fb(X) or Fb(X) 6= F (B). In set notation, this is
equivalent to the statement
n
o n

 
o
b
b
(X, B) : G(X)
6= F (B) ⊆ (X, B) : G(X)
6= Fb(X) ∨ Fb(X) 6= F (B) .

b ≤ R b (G)
b + RF (Fb).
RF (G)
F

b
Lemma 2 For any empirical bag-labeling concept G,

Exchanging the order of the integrals and marginalizing out the individual bag distributions
to obtain an integral with respect to the instance distribution follows from Condition 1 in
Definition 1.

= mu Rf (g).

X

By the independence of the instances xij ∈ Xi , and the bound mu on bag sample sizes, we
can rewrite the inner integral to conclude that
Z
Z
b ≤
1 [f (x) 6= g(x)] d P(x | B) d P(B)
RFb (G)
mu
B
Z X
= mu
1 [f (x) 6= g(x)] d P(x)

B

Using this inequality in the definition of risk for empirical bag-labeling functions (Equation 10) yields
Z Z


b i ) d P(Xi | B) d P(B)
b =
RFb (G)
1 Fb(Xi ) 6= G(X
B X∗
Z Z
X
1 [f (xij ) 6= g(xij )] d P(Xi | B) d P(B).
≤

xij ∈Xi

Using indicator function (1[·]) notation, the statement above implies





b i ) ≤ 1 f (xi1 ) 6= g(xi1 ) ∨ . . . ∨ f (xim ) 6= g(xim )
1 Fb(Xi ) 6= G(X
hW
i

= 1 xij ∈Xi f (xij ) 6= g(xij )
X
≤
1 [f (xij ) 6= g(xij )] .

incorrectly by g. In set notation, this implication is equivalent to the statement
n
o n

o
b i ) ⊆ Xi : f (xi1 ) 6= g(xi1 ) ∨ . . . ∨ f (xim ) 6= g(xim ) .
Xi : Fb(Xi ) 6= G(X

Doran and Ray
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Z Z
ZB ZX
∗



b
6= F (B) d P(X | B) d P(B)
1 G(X)


1 Fb(X) 6= F (B) d P(X | B) d P(B)



b
6= Fb(X) d P(X | B) d P(B)
1 G(X)

X∗

Z XZ

B

∗

Finally, substituting the expression above into the definitions of risk yields
b =
RF (G)
≤

+
B

b + RF (Fb).
= RFb (G)

Lemma 3 Suppose bag samples are of size at least ml (∀i : ml ≤ |Xi |), then RF (Fb) ≤
(1 − π)ml .
Z Z

Z

1[F (Bi ) 6= Fb(Xi )] d P(Xi | Bi ) d P(Bi )

1[F (Bi ) 6= Fb(Xi )] d P(Xi | Bi ) d P(Bi ).

1[F (Bi ) 6= Fb(Xi )] d P(Xi | Bi ) d P(Bi )

X∗

X∗

X∗

X
ZB Z

Z

B+

B−

∗

Proof Given the definition of RF (Fb), we can decompose it as such
RF (Fb) =

=

+

B+

On the set of negative bags B− , F and Fb always agree, since only negative instances are
sampled within negative bags. Therefore, the second term of the decomposition can be
eliminated and we are left with
Z Z
1[F (Bi ) 6= Fb(Xi )] d P(Xi | Bi ) d P(Bi ).

RF (Fb) =

B

Z

X∗
X∗

hV

JMLR 17(128):1-50

i
f (xij ) = 0 d P(Xi | Bi ) d P(Bi )
1 [f (xij ) = 0] d P(Xi | Bi ) d P(Bi ).

xij ∈Xi

1[F (Bi ) 6= Fb(Xi )] d P(Xi | Bi ) d P(Bi )

1

Y

X ∗ x ∈X
ij
i

Z

+
Z

B+

B+

Z

Z

Z

Now, we observe that for a positive bag Bi , the only way that F and Fb can disagree is if
every
V instance
Q in Xi is negative. Using basic properties of indicator functions (namely, that
1 [ i Ei ] = i 1[Ei ]), we can use this fact to rewrite the expression above as

RF (Fb) =

=

=

39
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X ∗ x ∈X
ij
i

(1 − π) d P(Bi )

X

Y Z

Y

B+ x ∈X
ij
i

Z

B+ x ∈X
ij
i


1 [f (xij ) = 0] d P(xij | Bi ) d P(Bi )

Since the instances xij ∈ Xi are independent, we can rewrite the integral as
Z Z
Y
1 [f (xij ) = 0] d P(Xi | Bi ) d P(Bi )
RF (Fb) =

=

≤

B+

Z
≤
(1 − π)ml d P(Bi )
B+
Z
d P(Bi )
= (1 − π)ml

≤ (1 − π)ml .

Theorem 4 An instance p-concept class C with pseudo-dimension
PD(C) is Instance MI



1
AUC-PAC-learnable using O (I γp)
PD(C) log I1γp + log 1δ
examples with standard ERM
4
approaches, where p = min{pneg , 1 − pneg }.

Proof For any c ∈ C, we can
 use ERM with
 respect to the quadratic loss function to learn
a hypothesis h such that E (h(x) − c(x))2 <  with probability 1 − δ across samples. By
Jensen’s inequality, this bounds the expected absolute deviation between h and c:


 q 
 √
E |h(x) − c(x)| ≤ E (h(x) − c(x))2 < .

Then, by Markov’s inequality, this expression bounds the probability over examples that
|h(x) − c(x)| exceeds some constant t:


√

 E |h(x) − c(x)|

P |h(x) − c(x)| > t ≤
<
.
(18)
t
t

γ
2

≤ (1 − γ) +

γ
2

= 1 − γ2 .

= 1 − γ2 .
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Therefore, with high probability, |h(x) − c(x)| is small for small .
Now, we can proceed by following the intuition illustrated in Figure 7. In particular,
we will show that the AUC risk is bounded when h and c agree on examples with high
probability. First, suppose |h(x) − c(x)| ≤ γ2 for both of a pair (x+ , x− ) of positive and
negative instances. Then for the negative instance, x− , by Definition 1, Condition 3,

h(x− ) ≤ c(x− ) +

γ
2

Similarly, for the positive instance, x+ , by Definition 1, Condition 2,

h(x+ ) ≥ c(x+ ) −

40

(I γp)2
4
2

when learning h via ERM as so that

41

JMLR 17(128):1-50

(I γp)
Finally, the sample complexity bound
 results from substituting  = 4 into the existing bound O 12 PD(C) log 1 + log 1δ for learning p-concepts using ERM (Kearns and
Schapire, 1994).

Therefore, it is sufficient to choose  =
RfAUC (h) < I .

Finally, using the inequality derived in Equation 18, we have


√
P |h(x) − c(x)| > γ2
2 
RfAUC (h) ≤
<
.
p
γp

Then, using the definition p = min{pneg , 1 − pneg }, this becomes

R
γ 
d P(x− )
X 1 h(x− ) − c(x− ) > 2
RfAUC (h) ≤ −
p

R
γ
X 1 |h(x+ ) − c(x+ )| > 2 d P(x+ )
+ +
p
R 


γ 
1
h(x)
−
c(x)
>
d P(x)
P |h(x) − c(x)| > γ2
2
= X
=
.
p
p

Substituting this expression into the definition of RfAUC (h) (Equation 14) yields
R R
X
X 1[h(x− ) > h(x+ )] d P(x+ ) d P(x− )
RfAUC (h) = − +
(1 − pneg )pneg

R R
γ 
d P(x+ ) d P(x− )
X− X+ 1 h(x− ) − c(x− ) > 2
≤
(1 − pneg )pneg

R R
γ
X− X+ 1 |h(x+ ) − c(x+ )| > 2 d P(x+ ) d P(x− )
+
(1 − pneg )pneg

R
γ 
h(x
)
−
c(x
1
d P(x− )
−
−) > 2
X−
=
pneg

R
γ
X+ 1 |h(x+ ) − c(x+ )| > 2 d P(x+ )
+
.
1 − pneg

x∈X−

x∈X−

b
(H)
RAUC
Fb

X ∗+

X ∗−

Z

−

+

+

. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
(1 − Pbneg )Pbneg

−

. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
(1 − Pbneg )Pbneg

R R R R P
γ
x∈X− 1 |h(x) − c(x)| > 2 . . .
B B X∗ X∗

42

h
i
d P(X+ | B+ ) d P(B+ ) = P Fb(X) = 1 = 1 − Pbneg .
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Since the integrands above only depend on X+ and X− , we can rewrite the expression using
the fact that
Z
h
i
d P(X− | B− ) d P(B− ) = P Fb(X) = 0 = Pbneg

+

b ≤
RFAUC
(H)
b

in Equation 15 gives
Using the inequality above in the definition of

R R R R P
γ
x∈X+ 1 |h(x) − c(x)| > 2 . . .
B B X∗ X∗

x∈X+

Therefore, in indicator function notation,
X 
X 




b − ) > H(X
b +) ≤
1 H(X
1 |h(x) − c(x)| > γ2 +
1 |h(x) − c(x)| > γ2 .

x∈X+

Proof As in Theorem 4, we will learn a p-concept h to model c accurately with high
probability. Then, given bag samples X+ with at least one positive instance and X− with
all negative instances, suppose that |h(x) − c(x)| ≤ γ2 for all instances across both samples.
Then by the same argument as in Theorem 4 as illustrated in Figure 7, at least one instance
in X+ is assigned a label by h that is at least 1 − γ2 , and all instances in X− are assigned
b + ), is
a label by h of at most 1 − γ2 . Therefore, the maximum label assigned in X+ , H(X
b − ).
greater than or equal to the maximum label in X− , H(X
b − ) > H(X
b + ), then the label h(x) of some instance x in either
By contraposition, if H(X
X+ or X− deviates by more than γ2 from c(x). That is,

b − ) > H(X
b +)
(X+ , X− ) : H(X


 



_
_
γ
γ
⊆ (X+ , X− ) : 
|h(x) − c(x)| > 2  ∨ 
|h(x) − c(x)| > 2 



and mu is an upper bound on bag sample size.

Pb , min{Pbneg , 1 − Pbneg } ≥ min{Pneg , 1 − pneg },

examples with standard ERM approaches, where

Theorem 5 Empirical bag-labeling functions derived from p-concept class C with pseudodimension PD(C) are AUC-PAC-learnable from MI data using



m4u
O
PD(C) log mub + log 1δ
4
b
(B γ P )
(B γ P )

Hence, we have that h(x− ) ≤ h(x+ ).
By contraposition of the conclusion above, if h(x− ) > h(x+ ), then it is either the case
that |h(x− ) − c(x− )| > γ2 or that |h(x+ ) − c(x+ )| > γ2 . In set theoretic terms, this means


(x+ , x− ) : h(x− ) > h(x+ ) ⊆ (x+ , x− ) : |h(x− ) − c(x− )| > γ2 ∨ |h(x+ ) − c(x+ )| > γ2

In indicator function notation, this implies




1 h(x− ) > h(x+ ) ≤ 1 |h(x− ) − c(x− )| > γ2 ∨ |h(x+ ) − c(x+ )| > γ2




≤ 1 |h(x− ) − c(x− )| > γ2 + 1 |h(x+ ) − c(x+ )| > γ2 .

Doran and Ray

Multiple-Instance Learning from Distributions

Multiple-Instance Learning from Distributions

The result is


R R P
1 |h(x) − c(x)| > γ2 d P(X+ | B+ ) d P(B+ )
∗
b ≤ B X + x∈X+
RAUC (H)
Fb
(1 − Pbneg )

R R P
γ
∗
x∈X− 1 |h(x) − c(x)| > 2 d P(X− | B− ) d P(B− )
B X−
+
Pbneg

R R P
γ
∗
x∈X+ 1 |h(x) − c(x)| > 2 d P(X+ | B+ ) d P(B+ )
B X+
≤
Pb

R R P
γ
∗
x∈X− 1 |h(x) − c(x)| > 2 d P(X− | B− ) d P(B− )
B X−
+
Pb

R R P
γ
x∈X 1 |h(x) − c(x)| > 2 d P(X | B) d P(B)
B X∗
.
Pb
=

(19)

By the independence of instances x ∈ X, the upper bound mu on bag size, and Condition 1
in Definition 1, we can rewrite the expression above as
Z Z


b ≤ mu
1 |h(x) − c(x)| > γ2 d P(x | B) d P(B)
RAUC (H)
Fb
Pb B X
Z


mu
=
1 |h(x) − c(x)| > γ2 d P(x)
Pb X

mu 
P |h(x) − c(x)| > γ2 .
Pb

=

Then, by Markov’s inequality in Equation 18,
√
 2mu 
mu 
P |h(x) − c(x)| > γ2 <
.
Pb
γ Pb
b ≤
RFAUC
(H)
b

2
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(B γ Pb)
b with RAUC (H)
b < B . Substituting
Therefore, choosing  = 4m2 , is sufficient to learn H
Fb
u
this  into the bound of Kearns and Schapire (1994) gives the sample complexity of learning
b as stated in the theorem.
H
Finally, we show that Pb ≥ min{Pneg , 1 − pneg } as asserted in the theorem, which demonstrates that Pb is independent of the bag size m (so there is no hidden dependence on bag
size). First, observe that Pbneg ≥ Pneg . The reason is that whenever a negative bag is sampled, a sample of only negative instances is guaranteed to be sampled from the bag. Thus,
the probability of a negative sample of instances is at least the probability of sampling a
negative bag.
Additionally, 1 − Pbneg ≥ 1 − pneg . This is true because the probability of a sample
containing a positive instance is at least the probability that the very first instance sampled
is positive, which is 1 − pneg .
Combining the observations above, we get
Pb , min{Pbneg , 1 − Pbneg }

≥ min{Pneg , 1 − pneg }.
43
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b ≤
Lemma 4 Suppose bag samples are of size at least ml (∀i : ml ≤ |Xi |), then RFAUC (H)
1
AUC (H)
b + (1 − π)ml .
Pneg R b

F

R

R

R

(B)

(A)

b
Proof We can derive the inequality in Lemma 4 by transforming the definition of RFAUC (H)
b in Equation 15. Starting from RAUC (H),
b we get
in Equation 16 to that of RAUC
(H)
F
b

R

∗
X+



R R R R
b
b
B− B+ X ∗ X ∗ 1 H(X− ) > H(X+ ) . . .
. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
b
RFAUC (H)
=
(1 − P )P
neg
neg


b − ) > H(X
b +) . . .
1 H(X

R

B− B+ X ∗

R

R

B− B+ X ∗

R

. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
.
(1 − Pneg )Pneg

∗
X−

. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
=
(1 − P )P
neg
neg


b − ) > H(X
b +) . . .
1 H(X

+

R

R

R

R

R



b − ) > H(X
b +) . . .
1 H(X

(D)

(C)



b − ) > H(X
b + ) ≤ 1, we can rewrite this term as
Starting with (B), we see that since 1 H(X
R R R R
∗ d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
B− B+ X ∗ X −
(B) ≤
(1 − Pneg )Pneg
R R
∗ d P(X+ | B+ ) d P(B+ )
B+ X −
=
(1 − Pneg )
R
ml d P(B )
+
B (1 − π)
≤ +
= (1 − π)ml .
(1 − Pneg )
R
The second step follows from the fact that X ∗ d P(X+ | B+ ) is the probability of sampling
−
only negative instances within a positive bag of size at least ml , which is at most (1 − π)ml .
Continuing with term (A), we can rewrite this as
R

∗
∗
B− B+ X −
X+

R

. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
.
(1 − Pneg )Pneg

∗
∗
X+
B− B+ X +

R

. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
(A) =
(1 − Pneg )Pneg


b − ) > H(X
b +) . . .
1 H(X
+
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Now, we see that (D) = 0, since it involves an integral over bags with positive instances in
negative bags, which occurs with probability zero by Condition 2 in Definition 1. For (C),
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+



(1−Pbneg )Pbneg
(1−Pneg )Pneg



b ≤
RFAUC
(H)
b

AUC b
1
(H).
Pneg RFb

Fb

(by Theorem 5, Equation 19)

(by Lemma 4)

ml ≥

1
π

log 2B ≥

45

log 2B
= log1−π
log(1 − π)
B
2 ,
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In the case that π = 1, then the second term in the sum is zero. Otherwise, suppose the
minimum bag size is such that

b ≤
RFAUC (H)

1
b + (1 − π)ml
RAUC (H)
Pneg Fb
√
2mu 
≤
+ (1 − π)ml .
γ PbPneg

Proof As in Theorem 5, we will use ERM to learn a p-concept h to model c accurately
b using
with high probability. Then, we can bound RFAUC (H)

examples using standard ERM approaches when bag sample sizes are bounded by ml ≤ m ≤
mu and ml ≥ π1 log 2B , where Pb = min{Pbneg , 1 − Pbneg }.

Theorem 6 Bag-labeling functions derived from p-concept class C with pseudo-dimension
PD(C) are AUC-PAC-learnable from MI data using



1
1
1
O
PD(C)
log
+
log
.
(17)
4
δ
(2B γπPbPneg )
(B γπPbPneg )

Pneg

The second inequality results by observing that samples of only negative instances can be
sampled within negative or positive bags, so Pneg ≤ Pbneg ≤ 1 and 1 − Pneg ≥ 1 − Pbneg .
Combining the terms above, we have that

b = (A) + (B) = (C) + (D) + (B)
RFAUC (H)
b + (1 − π)ml .
≤ 1 RAUC (H)

(C) ≤

F

b in Equation 15, we get that
Using the definition of RAUC
(H)
b

. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
(C) ≤
(1 − Pneg )Pneg


R R R R
b − ) > H(X
b +) . . .
1 H(X
! B B X ∗− X ∗+
. . . d P(X+ | B+ ) d P(X− | B− ) d P(B+ ) d P(B− )
(1 − Pbneg )Pbneg
≤
.
(1 − Pneg )Pneg
(1 − Pbneg )Pbneg

−



b − ) > H(X
b + ) , we can bound this term by taking the outermost integrals
since 0 ≤ 1 H(X
with respect to the entire bag space:


R R R R
b
b
B B X ∗ X ∗ 1 H(X− ) > H(X+ ) . . .
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B
2

=

B
2 .
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Blackwell’s approachability theory and the regret-based framework of online learning
both address a repeated decision problem in the presence of an arbitrary (namely,
unpredictable) adversary. Approachability, as introduced by Blackwell (1956), considers a fundamental feasibility issue for repeated matrix games with vector-valued
payoffs. Referring to one player as the agent and to the other as Nature, a set S in
the payoff space is approachable by the agent if it can ensure that the average payoff
vector converges (with probability 1) to S, irrespectively of Nature’s strategy. Blackwell’s seminal paper provided geometric conditions for approachability, which are
both necessary and sufficient for convex target sets S, and a corresponding approachability strategy for the agent. Approachability has found important applications in
the theory of learning in games (Aumann and Maschler, 1995; Fudenberg and Levine,

1. Introduction

Keywords: approachability, online convex optimization, repeated games with
vector payoffs

The problem of approachability in repeated games with vector payoffs was introduced by Blackwell in the 1950s, along with geometric conditions and corresponding
approachability strategies that rely on computing a sequence of direction vectors in
the payoff space. For convex target sets, these vectors are obtained as projections
from the current average payoff vector to the set. A recent paper by Abernethy,
Batlett and Hazan (2011) proposed a class of approachability algorithms that rely
on Online Linear Programming for obtaining alternative sequences of direction
vectors. This is first implemented for target sets that are convex cones, and then
generalized to any convex set by embedding it in a higher-dimensional convex cone.
In this paper we present a more direct formulation that relies on general Online
Convex Optimization (OCO) algorithms, along with basic properties of the support
function of convex sets. This leads to a general class of approachability algorithms,
depending on the choice of the OCO algorithm and the used norms. Blackwell’s
original algorithm and its convergence are recovered when Follow The Leader (or
a regularized version thereof) is used for the OCO algorithm.
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1998; Peyton Young, 2004), and in particular in relation with no-regret strategies
in repeated games as further elaborated below. A recent textbook exposition of approachability and some of it applications can be found in Maschler et al. (2013), and
a comprehensive survey is provided by Perchet (2014).
Concurrently to Blackwell’s paper, Hannan (1957) introduced the concept of noregret strategies in the context of repeated matrix games. The regret of the agent
is the shortfall of the cumulative payoff that was actually obtained relative to the
one that would have been obtained with the best (fixed) action in hindsight, given
Nature’s observed action sequence. A no-regret strategy, or algorithm, ensures that
the regret grows sub-linearly in time. The no-regret criterion has been widely adopted
in the machine learning literature as a standard measure for the performance of online
learning algorithms, and its scope has been greatly extended accordingly. Of specific
relevance here is the Online Convex Optimization (OCO) framework, where Nature’s
discrete action is replaced by the choice of a convex function at each stage, and the
agent’s decision is a point in a convex set. The influential text of Cesa-Bianchi and
Lugosi (2006) offers a broad overview of regret in online learning. Extensive surveys
of OCO algorithms are provided by Shalev-Shwartz (2011); Hazan (2012, April 2016).
It is well known that no-regret strategies for repeated games can be obtained as
particular instances of the approachability problem. A specific scheme was already
given by Blackwell (1954), and an alternative formulation that leads to more explicit
strategies was proposed by Hart and Mas-Colell (2001). The present paper considers
the opposite direction, namely how no-regret algorithms for OCO can be used as
a basic for an approachability strategy. Specifically, the OCO algorithm is used to
generate a sequence of vectors that replace the projection-based direction vectors in
Blackwell’s algorithm. This results in a general class of approachability algorithms,
that includes Blackwell’s algorithm (and some generalizations thereof by Hart and
Mas-Colell (2001)) as special cases.
The idea of using an online-algorithm to provide the sequence of direction vectors
originated in the work of Abernethy et al. (2011), who showed how any no-regret
algorithm for the online linear optimization problem can be used as a basis for an
approachability algorithm. The scheme suggested in Abernethy et al. (2011) first
considers target sets S that are convex cones. The generalization to any convex set
is carried out by embedding the original target set as a convex cone in a higher
dimensional payoff space. Here, we propose a more direct scheme that avoids the
above-mentioned embedding. This construction relies on the support function of the
target set, which is related to Blackwell’s approachability conditions on the one hand,
and on the other provides a variational expression for the point-to-set distance. Consequently, the full range of OCO algorithms can be used to provide a suitable sequence
of direction vectors.
As we shall see, Blackwell’s original algorithm is recovered from our scheme when
the standard Follow the Leader (FTL) algorithm is used for the OCO part. Recovering
the (known) convergence of this algorithm directly from the OCO viewpoint is a bit
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more intricate. First, when the target set has a smooth boundary, we show that
FTL converges at a “fast” (logarithmic) rate, hence leading to a correspondingly
fast convergence of the average reward to the target set. To address the general
case, we further show that Blackwell’s algorithm is still exactly recovered when an
appropriately regularized version of FTL is used, from which the standard O(T −1/2 )
convergence rate may be deduced.
The basic results of approachability theory have been extended in numerous directions. These include additional theoretical results, such as the characterization of
non-convex approachable sets; extended models, such as stochastic (Markov) games
and games with partial monitoring; and additional approachability algorithms for the
basic model. For concreteness we will expand only on the latter (below, in Subsection
2.1), and refer the reader to the above-mentioned overviews for further information.
The paper proceeds as follows. In Section 2 we recall the relevant background
on Blackwell’s approachability and Online Convex Optimization. Section 3 presents
the proposed scheme, in the form of a meta-algorithm that relies on a generic OCO
algorithm, discusses the relation to the scheme of Abernethy et al. (2011), and demonstrates a specific algorithm that is obtained by using Generalized Gradient Descent
for the OCO algorithm. In Section 4 we describe the relations with Blackwell’s original algorithm and its convergence. Section 5 outlines the extension of the proposed
framework to general (rather than Euclidean) norms, followed by some concluding
remarks.
Notation: The standard (dot) inner product in Rd is denoted by h·, ·i, k · k2 is
the Euclidean norm, d(z, S) = inf s∈S kz − sk2 denotes the corresponding point-to-set
distance, B2 = {w ∈ Rd : kwk2 ≤ 1} denotes the Euclidean unit ball, ∆(I) is the
set of probability distributions over a finite set I, diam(S) = sups,s0 ∈S ks − s0 k2 is the
diameter of the set S, and kR − Sk2 = sups0 ∈R,s∈S ks − s0 k2 denotes the maximal
distance between points in sets R and S.

2. Model and Background

x(i)y(j)r(i, j) .

We start with brief reviews of Blackwell’s approachability theory and Online Convex
Programming, focusing on those aspects that are most relevant to this paper.
2.1 Approachability

i,j
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Consider a repeated game with vector-valued rewards that is played by two players,
the agent and Nature. Let I and J denote the finite action sets of these players,
respectively, with corresponding mixed actions x = (x(1), . . . , x(|I|)) ∈ ∆(I) and
y = (y(1), . . . , y(|J|)) ∈ ∆(J). Let r : I × J → Rd , d ≥ 1, be the vector-valued
reward function of the single-stage game, which is extended to mixed action as usual
through the bilinear function
X
r(x, y) =

3

Shimkin

T
1X
r(it , jt )
T t=1

P
Similarly, we denote r(x, j) = i x(i)r(i, j). The specific meaning of r(·, ·) should be
clear by its argument.
The game is repeated in stages t = 1, 2, . . . , where at stage t actions it and jt are
chosen by the players, and the reward vector r(it , jt ) is obtained. A pure strategy for
the agent is a mapping from each possible history (i1 , j1 , . . . , it−1 , jt−1 ) to an action it ,
and a mixed strategy is a probability distribution over the pure strategies. Nature’s
strategies are similarly defined. Any pair of strategies for the agent and Nature thus
∞
induce a probability measure on the game sequence (it , jt )t=1
.
Let
r̄T =

denote the T -stage average reward vector. We may now recall Blackwell’s definition
of an approachable set.

t≥T

Definition 1 (Approachability) A set S ⊂ Rd is approachable if there exists a
strategy for the agent such that r̄t converges to S with probability 1, at a uniform rate
over Nature’s strategies. That is, for any  > 0 and δ > 0 there exists T ≥ 1 such
that


Prob sup d(r̄t , S) >  ≤ δ,
(1)

for any strategy of Nature. A strategy of the agent that satisfies this property is an
approachability strategy for S.
Remarks:

1. It is evident that approachability of a set and its closure are equivalent, hence
we shall henceforth consider only closed target sets S.

2. In some treatments of approachability, convergence of the expected distance
E(d(r̄t , S)) and its rates are of central interest; see Perchet (2014). We shall
consider these rates as well in the following.

3. In some models of interest, the decision variable of the agent may actually be
the continuous variable x (in place of i), so that the actual reward is r(x, j).
All definitions and results below easily extend to this case, as long as x remains
in a compact and convex set, and r(x, j) is linear in x over that set.

For convex sets, approachability is fully characterized by the following result,
which also provides an explicit strategy for the agent.

JMLR 17(129):1-23

Theorem 2 (Blackwell, 1956) A closed convex set S ⊂ Rd is approachable if and
only if either one of the following equivalent conditions holds:

4

5
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OCO extends the framework of no-regret learning to function minimization. Let W
be a convex and compact set in Rd , and let F be a set of convex functions f : W → R.
Consider a sequential decision problem, where at each stage t ≥ 1 the agent chooses
a point wt ∈ W , and then observes a function ft ∈ F . An Algorithm for the agent
is a rule for choosing wt , t ≥ 1, based on the history {fk , wk }k≤t−1 . The regret of an

2.2 Online Convex Optimization (OCO)

Blackwell’s approachability strategy relies on the sequence of direction vectors
ut = uS (r̄t−1 ), obtained through Euclidean projections unto the set S. A number of
extensions and alternative algorithms for the basic game model have been proposed
since. Most related to the present paper is the use of more general direction vectors.
In Hart and Mas-Colell (2001), the direction vectors are obtained as the gradient of
a suitable potential function; Blackwell’s algorithm is recovered when the potential
is taken as the Euclidean distance to the target set, while the use of other norms
provides a range of useful variants. We will relate these variants to the present work
in Section 5. As mentioned in the introduction, Abernethy et al. (2011) introduced
the use of no-regret algorithms to generate the sequence of direction vectors.
A different class of approachability algorithms relies on Blackwell’s dual condition
in Theorem 2(ii), thereby avoiding the computation of direction vectors as projections (or related operations) to the target set S. Based on that condition, one can
define a response map that assigns to each mixed action y of Nature a mixed action
x of the agent such that the reward vector r(x, y) belongs to S. An approachability
algorithm that applies the response map to a calibrated forecast of the opponents actions was proposed in Perchet (2009), and further analyzed in Bernstein et al. (2014).
A computationally feasible response-based scheme that avoids the hard computation
of calibrated forecasts is provided by Bernstein and Shimkin (2015). This paper also
demonstrates the utility of the response-based approach for a class of generalized
no-regret problems, where the set S is geometrically complicated, hence computing
a projection is hard, but the response function is readily available. The responsebased viewpoint is pursued further in the work of Mannor et al. (2014), which aims
to approach the best-in-hindsight target set in an unknown game.

If S is approachable, then the following strategy is an approachability strategy for S:
For z 6∈ S, let uS (z) denote the unit vector that points to z from ProjS (z), the closest
point to z in S. For t ≥ 2, if r̄t−1 6∈ S, choose it according to the mixed action
xt = xS (uS (r̄t−1 )); otherwise, choose it arbitrarily.

(ii) For each y ∈ ∆(J) there exists x ∈ ∆(I) such that r(x, y) ∈ S.

s∈S

(i) For each unit vector u ∈ Rd , there exists a mixed action x = xS (u) ∈ ∆(I) such
that
hu, r(x, j)i ≤ suphu, si , for all j ∈ J .
(2)

OCO-Based Approachability

f1 ,...,fT ∈F

sup
t=1

( T
X

w∈W

ft (wt ) − min
t=1

T
X

ft (w)

)
,

(3)

gt ∈ ∂ft (wt ) .

(4)

k=1

6

(7)
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T
X
Lf + (ρt − ρt−1 )LR
+ ρT Rmax .
ρt + ρt−1
t=1

The proof of this bound is outlined in the Appendix.

RegretT (RFTL) ≤ 2Lf

Proposition 4 Suppose that each function ft is Lischitz-continuous over W , with
Lipschitz coefficient Lf . Let Rt (w) = ρt R(w), where 0 < ρt < ρt+1 , and the function
R : W → [0, Rmax ] is is 1-strongly convex and Lipschitz continuous with coefficient
LR . Then

where Rt (w), t ≥ 1 is a sequence of regularization functions. With Rt ≡ 0, the algorithm reduces to the basic Follow the Leader (FTL) algorithm, which does not generally lead to sublinear regret, unless additional requirements such as strong convexity
are imposed on the functions ft (we will revisit the convergence of FTL in Section
4). For RFTL, we will require the following standard convergence result. Recall that
a function R(w) over a convex set W is called ρ-strongly convex if R(w) − ρ2 kwk22 is
convex there.

w∈W

Several classes of OCO algorithms are now known, as surveyed in Cesa-Bianchi
and Lugosi (2006); Shalev-Shwartz (2011); Hazan (2012). Of particular relevance here
is the Regularized Follow the Leader (RFTL) algorithm, specified by
( t
)
X
wt+1 = argmin
fk (w) + Rt (w) ,
(6)

Proposition 3 (Zinkevich, 2003) For the Online Gradient Descent algorithm in
(4) with gain sequence ηt = √ηt , η > 0, the regret is upper bounded as follows:


√
diam(W )2
RegretT (OGD) ≤
+ 2ηG2
T.
(5)
η

Here ∂ft (wt ) is the subdifferential of ft at wt , (ηt ) is a diminishing gain sequence, and
ProjW denotes the Euclidean projection onto the convex set W . To state a regret
bound for this algorithm, let diam(W ) denote the diameter of W , and suppose that
all subgradients of the functions ft are uniformly bounded in norm by a constant G.

wt+1 = ProjW (wt − ηt gt ) ,

where the supremum is taken over all possible functions ft ∈ F. An effective algorithm
should guarantee a small regret, and in particular one that grows sub-linearly in T .
The OCO problem was introduced in this generality in Zinkevich (2003), along
with the following Online Gradient Descent algorithm:

RegretT (A) =

algorithm A is defined as
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3. OCO-Based Approachability
In this section we present the proposed OCO-based approachability algorithm. We
start by introducing the support function and its relevant properties, and express
Blackwell’s separation condition in terms of this function. We then present the proposed algorithm, in the form of a meta-algorithm that incorporates a generic OCO
algorithm. As a concrete example, we consider the specific algorithm obtained when
Online Gradient Descent is used for the OCO part.
3.1 The Support Function
Let set S ⊂ Rd be a closed and convex set. The support function hS : Rd → R ∪ {∞}
of S is defined as
w ∈ Rd .
s∈S

hS (w) , suphw, si,

(8)

It is evident that hS is a convex function (as a pointwise supremum of linear functions), and is positive homogeneous: hS (aw) = ahS (w) for a ≥ 0. Furthermore, the
Euclidean distance from a point z ∈ Rd to S can be expressed as
w∈B2

d(z, S) = max {hw, zi − hS (w)} ,

0
: z∈S
uS (z) : z ∈
6 S

where B2 is the closed Euclidean unit ball (see, e.g., Boyd and Vandenberghe (2004,
Section 8.1.3); see also Lemma 16 below). It follows that

(9)
w∈B2

argmax {hw, zi − hS (w)} =

with uS (z) as defined in Theorem 2, namely the unit vector pointing from ProjS (z)
to z.
Blackwell’s separation condition in (2) can now be written in terms of the support
function as follows:
hw, r(x, j)i ≤ suphw, si ≡ hS (w) .
s∈S

We can now rephrase the primal condition in Theorem 2 in the following form.

∀j ∈ J.

(10)

Corollary 5 A closed and convex set S is approachable if and only if for every vector
w ∈ B2 there exists a mixed action x ∈ ∆(I) so that
hw, r(x, j)i − hS (w) ≤ 0,

x∈∆(I) j∈J
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We note that equation (10) defines a linear inequality for x, so that a mixed action
x ∈ ∆(I) that satisfies (10) for a given direction w can be computed using linear
programming. More concretely, existence of a mixed action x that satisfies (10) can
be equivalently stated as
4

val(w · r) = min maxhw, r(x, j)i ≤ hS (w) ,
7
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where val(w · r) is the minimax value of the matrix game with a scalar payoff that
is obtained by projecting the reward vectors r(i, j) onto w. Consequently, the mixed
action x that satisfies (10) can be taken as a minimax strategy for the agent in this
game.
3.2 The General Algorithm

w∈B2

(hwt , rt i − hS (wt )) ≥ T max {hw, r̄T i − hS (w)} − a(T ),

(11)

The proposed algorithm (see Algorithm 1 below) builds on the following idea. First,
we apply an OCO algorithm to generate a sequence of direction vectors wt ∈ B2 , so
that
T
X

t=1

hwt , rt i − hS (wt ) ≤ hwt , rt i − hwt , r(xt , jt )i = δt .

4

where rt = r(xt , jt ) is considered (within the OCO algorithm) an arbitrary vector that
is revealed after wt is specified, and a(T ) is of order o(T ). The mixed action xt ∈ ∆(I),
in turn, is chosen (after wt is revealed) to satisfy (10), so that hwt , r(xt , jt )i−hS (wt ) ≤
0, hence

Using this inequality in (11), and observing the distance formula (8), yields

T
X

t=1

w∈B2

T
X

t=1

ft (w) + a(T ) ,

T
X
(hw, rt i − hS (w)) = −T (hw, r̄T i − hS (w)) .

t=1

T
X
(hwt , rt i − hS (wt )) ,

t=1

ft (wt ) = −
ft (w) = −

ft (wt ) ≤ min

a(T )
+ ∆(T ) → 0 ,
d(r̄T , S) ≤
T
PT
where ∆(T ) = T1 t=1
δt , a stochastic term that converges to 0, as discussed below.
To secure (11), observe that the function f (w; r) = −hw, ri + hS (w) is convex in
w for each vector r. Therefore, an OCO algorithm can be applied to the sequence
of convex functions ft (w) = −hw, rt i + hS (w), where rt = r(xt , jt ) is considered
an arbitrary vector which is revealed only after wt is specified. Applying an OCO
algorithm A with RegretT (A) ≤ a(T ) to this setup, we obtain a sequence (wt ) such
that

where
T
X

t=1

T
X
t=1

JMLR 17(129):1-23

This can be seen to imply (11).
The discussion above leads to the following generic approachability algorithm.

8

∆T =

T
1X
δt ,
T t=1

δt = hwt , r(it , jt ) − r(xt , jt )i .

i,i

9

Convergence of Algorithm 1 may now be summarised as follows.

JMLR 17(129):1-23

(where wt ∈ B2 was used in the second inequality). Convergence of ∆t now follows by
standard results for martingale difference sequences; the specific rate bound in (12)
follows from Proposition 4.1 and Equation (4.7) in Shimkin and Shwartz (1993), upon
4 P
2
2
noting that Xt = tk=1 δk satisfies E(Xt+1
|Ht ) = Xt2 + 0 + E(δt+1
|Ht ) ≤ Xt2 + ρ20 .

j

|δt | ≤ kwt k2 kr(it , jt ) − r(xt , jt )k2 ≤ max max
kr(i, j) − r(i0 , j)k2 = ρ0 ,
0

4

Proof Let Ht = (ik , jk , wk )1≤k≤t . Observe that wt and jt are chosen based only
on Ht−1 , hence do not depend on it , and similarly it is randomly and independently
chosen according to xt . It follows that E(δt |Ht−1 ) = 0, which implies that E(∆T ) = 0.
Furthermore, (δt ) is a Martingale difference sequence, uniformly bounded by

Then E(∆T ) = 0, and ∆T → 0 w.p. 1, at a uniform rate independent of Nature’s
strategy. Specifically,
6ρ2
P {|∆T | > } ≤ 2 0 ,
(12)
T
where ρ0 = maxj∈J maxi,i0 ∈I kr(i, j) − r(i0 , j)k2 .

Lemma 6 Let

To state our convergence result for this algorithm, we first consider the term ∆t
that arises due to the difference between rt = r(it , jt ) and r(xt , jt ). The analysis
follows by standard convergence results for martingale difference sequences.

3. Observe Nature’s action jt , and set rt = r(xt , jt ).

2. Choose xt according to (10), so that hwt , r(xt , j)i − hS (wt ) ≤ 0 holds for
all j ∈ J.

1. Obtain wt from the OCO algorithm applied to the convex functions fk (w) =
−hw, rk i + hk (w), k ≤ t − 1, so that inequality (11) is satisfied.

• Repeat for t = 1, 2, . . . :

• Given: A closed, convex and approachable set S; a procedure (e.g., a linear
program) to compute x ∈ ∆(I), for a given vector w, so that (10) is satisfied; an OCO algorithm A for the functions ft (w) = −hw, rt i + hS (w), with
RegretT (A) ≤ a(T ).

Algorithm 1 (OCO-based Approachability Meta-Algorithm)

OCO-Based Approachability

a(T )
.
T

T
T
1X
a(T )
1X
hwt , r(xt , jt )i − hS (wt )) +
+
hwt , rt − r(xt , jt )i .
T t=1
T
T t=1

T
1X
a(T )
(hwt , rt i − hS (wt )) +
T t=1
T

10
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Remark 9 (Smooth Rewards) In some problems, the rewards of interest may actually be the smoothed rewards r(xt , jt ) or r(xt , yt ), rather than r(it , jt ). Focusing on
the first case for concreteness, let us redefine rt as r(xt , jt ), and assume that this reward vector can be computed or observed by the agent following each stage t. Applying
Algorithm 1 with these modified rewards now leads to the same bound as in Theorem
7, but with ∆T = 0.

Remark 8 (Pure Actions) Suppose that the inequality maxj hwt , r(x, j)i−hS (wt ) ≤
0 in step 2 of the Algorithm can always be satisfied by pure actions (so that xt assigns
probability 1 to to a single action, it ). Then choosing such xt ’s clearly implies that
r(xt , jt ) = r(it , jt ), hence the term ∆t in Theorem 7 becomes identically zero.

)
To recap, any OCO algorithm that guarantees (11) with a(T
→ 0, induces an
T
approachability strategy with rate of convergence bounded by the sum of two terms:
)
, related to the regret bound of the OCO algorithm, and the second is a
the first is a(T
T
zero-mean stochastic term of order T −1/2 (at most), which arises due to the difference
between the actual rewards rt = r(it , jt ) and their means r(xt , jt ).
We conclude this subsection with a few remarks. The first two concern instances
where the stochastic term ∆T is nullified.

But since hwt , r(xt , jt )i − hS (wt ) ≤ 0 by choice of xt in the algorithm, and using the
)
definition of ∆t , we obtain that d(r̄T , S) ≤ a(T
+ ∆T , as claimed. The rest now
T
follows by the properties of ∆t , stated in Lemma 6.

=

≤

w∈B2

d(r̄T , S) = max {hw, r̄T i − hS (w)}

Proof As observed above, application of the OCO algorithm implies (11). Recalling
(8), we obtain

E(d(r̄T , S)) ≤

Theorem 7 Under Algorithm 1, for any T ≥ 1 and any strategy of the opponent, it
holds w.p. 1 that
a(T )
d(r̄T , S) ≤
+ ∆T ,
T
where ∆T is defined in Lemma 6 and is a zero-mean random variable that converges
to zero at a uniform rate, as specified there. In particular,
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0 : w ∈ So
∞ : w∈
6 So

Remark 10 (Convex Cones) The approachability algorithm of Abernethy et al.
(2011) starts with target sets S that are restricted to be convex cones. For S a closed
convex cone, the support function is given by

hS (w) =

where S o is the polar cone of S. The required inequality in (11) thus reduces to

w∈B2 ∩S o

T
X
hwt , rt i ≥ T max hw, r̄T i − a(T ) .

t=1

The sequence (wt ) can be obtained in this case by applying an online linear optimization algorithm restricted to wt ∈ B2 ∩ S o . This is the algorithm proposed by
Abernethy et al. (2011). The extension to general convex sets is handled there by lifting the problem to a (d+1)-dimensional space, with payoff vector r0 (x, y) = (κ, r(x, y))
and target set S 0 = cone({κ} × S), where κ = maxs∈S ksk2 , for which it holds that
d(u, S) ≤ 2d(u0 , S 0 ).
3.3 An OGD-based Approachability Algorithm

yt ∈ ∂hS (wt ) .

As a concrete example, let us apply the Online Gradient Descent algorithm specified
in (4) to our problem. With W = B2 and ft (w) = −(hw, rt i − hS (w)), we obtain in
step 1 of Algorithm 1,
wt+1 = ProjB2 {wt + ηt (rt − yt )} ,

Observe that ProjB2 (v) = v/ max{1, kvk2 }, and (e.g., by Corollary 8.25 in Rockafellar
and Wets (1997))
= argmaxhs, wi .
∂hS (w)

s∈S

To evaluate the convergence rate in (5), observe that diam(B2 ) = 2, and, since yt ∈ S,
kgt k2 = krt − yt k2 ≤ kR − Sk2 , where R = {r(x, y)}x∈∆(I),y∈∆(J) is the reward set.
Assuming for the moment that the goal set S is bounded, we obtain
4
b(η)
E(d(r̄T , S)) ≤ √ , with b(η) = + 2ηkR − Sk22 .
η
T
√
√
For η = 2/kR − Sk2 , we thus obtain b(η) = 4 2kR − Sk2 .
If S is not bounded, it can always be intersected with R (without affecting its
approachability), yielding kR − Sk2 ≤ diam(R). This amounts to modifying the
choice of yt in the algorithm to
y∈S∩R

yt ∈ ∂hS∩R (wt ) = argmax(y, w) .
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Alternatively, one may restrict attention (by projection) to vectors wt in the set
{w ∈ B2 : hS (w) < ∞}, similarly to the case of convex cones mentioned in Remark
10 above; we will not go here into further details.
11
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4. Blackwell’s Algorithm and (R)FTL

We next examine the relation between Blackwell’s approachability algorithm and the
proposed OCO-based scheme. We first show that Blackwell’s algorithm coincides with
OCO-based approachability when FTL is used as the OCO algorithm. We use this
equivalence to establish fast (logarithmic) convergence rates for Blackwell’s algorithm
when the target set S has a smooth boundary. Interestingly, this equivalence does
not provide a convergence result for general convex sets. To complete the picture,
we show that Blackwell’s algorithm can more generally be obtained via a regularized
version of FTL, which leads to an alternative proof of convergence of the algorithm
in the general case.
4.1 Blackwell’s algorithm as FTL

k=1

t
X

fk (w),

with fk (w) = −hw, rk i + hS (w) .

Recall Blackwell’s algorithm as specified in Theorem 2, namely xt+1 is chosen as a
mixed action that satisfies (2) for u = uS (r̄t ) (with xt+1 chosen arbitrarily if r̄t ∈ S,
which is equivalent to setting u = 0 in that case).
Similarly, in Algorithm 1, xt+1 is chosen as a mixed action that satisfies (2) for
u = wt+1 . Using FTL (i.e., Equation (6) with Rt = 0) for the OCO part gives

w∈B2

wt+1 = argmin

t
X
k=1

fk (w) =



uS (r̄t ) : r̄t 6∈ S
.
0
: r̄t ∈ S

Equivalence of the two algorithms now follows directly from the following observation.

w∈B2

k=1

Pt

t
X
k=1

w∈B2

fk (w) = argmax{hw, r̄t i − hS (w)} .

fk (w) = −t(hw, r̄t i − hS (w)), so that

argmin

Lemma 11 With fk (w) as above,

Proof Observe that

w∈B2

argmin

The required equality now follows from (9).
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To establish convergence of Blackwell’s algorithm via this equivalence, one needs
to show that FTL guarantees the regret bound in (11) for an arbitrary reward sequence (rt ) ⊂ R, with a sublinear rate sequence a(T ). It is well know, however, that
(unregularized) FTL does not guarantee sublinear regret, without some additional assumptions on the function ft . A simple counter-example, reformulated to the present
case, is devised as follows: Let S = {0} ⊂ R, so that hS (w) = 0, and suppose that

12

for all s1 , s2 ∈ ∂S ,
(13)

(14)

T ≥ 1.
(15)

t=1

w∈W

ft (wt ) − min

t=1

T
X

t=1

ft (w) =
t=1

T
X

(ft (wt ) − ft (wT +1 )) .

(16)

13
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holds for any u ∈ W , and in particular for u = wT +1 . It remains to upper-bound the
differences in the last sum.

t=1

A standard induction argument (e.g., Lemma 2.1 in Shalev-Shwartz (2011)) verifies
that
T
T
X
X
(ft (wt ) − ft (u)) ≤
(ft (wt ) − ft (wt+1 ))
(17)

RegretT (f1:T ) =

T
X

Proof Observe first that the regret bound in (14) implies (15). Indeed, for r̄T 6∈ S,
d(r̄T , S) ≤ a(T )/T follows as in Theorem 7, while if r̄T ∈ S then d(r̄T , S) = 0 and
(15) holds trivially.
We proceed to establish the logarithmic regret bound in (14). Let ft (w) =
−hw, rt i + hS (w), W = B2 , and denote

1 + ln T
,
E(d(r̄T , S)) ≤ C0
T

where C0 = diam(R) kR − Sk2 κ0 , and ln(·) is the natural logarithm. Consequently,

a(T ) = C0 (1 + ln T ),

Proposition 12 Let Assumption 1 hold. Consider Blackwell’s algorithm as specified
in Theorem 2, and denote wt = uS (r̄t−1 ) (with w1 arbitrary). Then, for any time
T ≥ 1 such that r̄T 6∈ S, (11) holds with

For example, for a closed Euclidean ball of radius ρ, (13) is satisfied with equality for
κ0 = ρ−1 . The assumed smoothness property may in fact be formulated in terms of
an interior sphere condition: For any point in s ∈ S there exists a ball B(ρ) ⊂ S with
radius ρ = κ−1
0 such that s ∈ B(ρ).

where ~n(s) is the unique unit outer normal to S at s ∈ ∂S.

k~n(s1 ) − ~n(s2 )k2 ≤ κ0 ks1 − s2 k2

(18)

κ0
C0
diam(R) kR − Sk2 =
.
t
t

(20)

(19)

t=k

m
X

14

(ft (wt ) − ft (wt+1 )) = fk (wk ) − fm (wm+1 ) .
JMLR 17(129):1-23

We next extend this bound to case where r̄t ∈ S for some t. In that case wt+1 = 0,
and wt − wt+1 may not be small. However, since ft (0) = 0, such terms will not affect
the sum in (17). Recall that we need to establish (14) for T such that r̄T 6∈ S. In
that case, any time t for which r̄t ∈ S is follows by some time m ≤ T with r̄m 6∈ S.
Let 1 ≤ k < m ≤ T be indices such that r̄k , . . . r̄m−1 ∈ S, but r̄k−1 6∈ S (or k = 1)
and r̄m 6∈ S. Then wk+1 , . . . , wm = 0, and

RegretT (f1:T ) ≤ C0 (1 + ln T ).

Substituting in (17) and summing over t−1 yields the regret bound

|ft (wt ) − ft (wt+1 )| ≤

and together with (18) we obtain

|ft (wt ) − ft (wt+1 )| ≤ kwt − wt+1 k2 kR − Sk2 ,

where s1 ∈ S attains the first maximum. Since the same bound holds for ft (w2 ) −
ft (w1 ), it holds also for the absolute value. In particular,

≤ −hw1 − w2 , rt i + hw1 , s1 i − hw2 , s1 i
= hw1 − w2 , s1 − rt i ≤ kw1 − w2 k2 kR − Sk2 ,

s∈S

ft (w1 ) − ft (w2 ) = −hw1 − w2 , rt i + hS (w1 ) − hS (w2 )
= −hw1 − w2 , rt i + maxhw1 , si − maxhw2 , si
s∈S

κ0
κ0
krt − r̄t−1 k2 ≤ diam(R) .
t
t

Next, observe that for any pair of unit vectors w1 and w2 ,

kwt − wt+1 k2 ≤

where the first inequality follows by Assumption 1, and the second due to the shrinking
property of the projection. Substituting r̄t = r̄t−1 + 1t (rt − r̄t−1 ) obtains

kwt − wt+1 k2 = k~n(ct−1 ) − ~n(ct )k2 ≤ κ0 kct−1 − ct k2 ≤ κ0 kr̄t−1 − r̄t k2 ,

Consider first the case where r̄t 6∈ S for all 1 ≤ t ≤ T . We first show that
kwt − wt+1 k2 is small, which implies the same for |ft (wt ) − ft (wt+1 )|. By its definition,
4
wt+1 = uS (r̄t ), the unit vector pointing to r̄t from ct = ProjS (r̄t ), which clearly
coincides with the outer unit normal ~n(ct ) to S at ct . It follows that

r1 = −1 and rt = 2(−1)t for t > 1. Since wt = sign(r̄t−1 ) and sign(rt ) = −sign(r̄t−1 ),
we obtain that ft (wt ) = −rt wt = 1, leading to a linearly-increasing regret.
The failure of FTL in this example is clearly due to the fast changes in the predictors wt . We now add some smoothness assumptions on the set S that can mitigate
such abrupt changes.

Assumption 1 Let S be a compact and convex set. Suppose that the boundary ∂S
of S is smooth with curvature bounded by κ0 , namely:
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Proceeding as above, we obtain similarly to (18),
kwk − wm+1 k2 ≤ κ0 kr̄k−1 − r̄m k2 ≤ diam(R)
and the regret bound in (20) may be obtained as above.

)

m−1
X 0
κ
,
t
t=k

The last result establishes a fast convergence rate (of order log T /T ) for Blackwell’s
approachability algorithm, under the assumed smoothness of the target set. We note
that conditions for fast approachability (of order T −1 ) were derived in Perchet and
Mannor (2013), but are of different nature than the above.
Logarithmic convergence rates were derived for OCO algorithms in Hazan et al.
(2007), under strong convexity conditions on the function ft . This is apparently
related to the present result, especially given the equivalence between strong convexity
of a function and strong smoothness of its Legendre-Fenchel transform (cf. ShalevShwartz (2011), Lemma 2.19). However, we observe that the support function is hS
is not strongly convex, so that the logarithmic regret bound in (20) does not seem to
follow from existing results. Rather, a basic property which underlies both cases is
insensitivity of the maximum point to small perturbations in ft , which here leads to
the inequality (18).
4.2 Blackwell’s algorithm as RFTL

k=1

( t
X

fk (w) +

ρt
kwk22
2

,

fk (w) = −hw, rk i + hS (w) .

The smoothness requirement in Assumption 1 does not hold for important classes
of target sets, such as polyhedra and cones. As observed above, in absence of such
additional smoothness properties the interpretation of Blackwell’s algorithm through
an FTL scheme does not entail its convergence, as the regret of FTL (and the corresponding bound a(T ) in (11)) might increase linearly in general.
To accommodate general (non-smooth) sets, we show next that Blackwell’s algorithm can be identified more √
generally with a regularized version of FTL. This
algorithm does guarantee an O( T ) regret in (11), and consequently leads to the
standard O(T −1/2 ) rate of convergence of Blackwell’s approachability algorithm.
Let us apply the RFTL algorithm in equation (6) as the OCO part in Algorithm
1, with a quadratic regularization function Rt (w) = ρ2t kwk22 . This gives

w∈B2

wt+1 = argmin
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The following equality is the key to the required equivalence. It relies essentially on
the positive-homogeneity property of the support function hS , and consequently of
the funcctions fk above.

15
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βt uS (r̄t ) : r̄t 6∈ S
,
0
: r̄t ∈ S

Lemma 13 For ρt > 0, and wt+1 as defined above,
wt+1 =

)

n
o
ρt
= argmax hw, r̄t i − hS (w) − kwk22 .
2t
w∈B2

= −t(hw, r̄t i − hS (w)), so that
ρt
kwk22
2

fk (w)
fk (w) +

Pt
k=1

where βt = min{1, ρtt d(r̄t , S)} > 0.

k=1

( t
X

Proof Recall that

w∈B2

argmin

(21)

To compute the right-hand side, we first maximize over {w : kwk2 = β}, and then
optimize over β ∈ [0, 1]. Denote z = r̄t , and η = ρt /t. Similarly to Lemma 11,

n
o
η
η
hw, zi − hS (w) − kwk22 = βd(z, S) − β 2 .
2
2


o
n
η
βuS (z) : z 6∈ S
.
argmax hw, zi − hS (w) − kwk22 = argmax{hw, zi−hS (w)} =
0
: z∈S
2
kwk2 =β
kwk2 =β
Now, for z 6∈ S,
max

kwk2 =β

Maximizing the latter over 0 ≤ β ≤ 1 gives β ∗ = min{1, d(z,S)
}. Substituting back z
η
and η gives (21).

This immediately leads to the required conclusion.

Proposition 14 Algorithm 1 with quadratically regularized FTL is equivalent to Blackwell’s algorithm.

Proof Observe that the vector wt+1 in Equation (21) is equal to uS (r̄t ) from Blackwell’s algorithm in Theorem 2, up to a positive scaling by βt . This scaling does not
affect the choice of xt+1 according to (10), as the support function hS (w) is positive
homogeneous.
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Compared to non-regularzied FTL (or Blackwell’s algorithm), we see the direction
vectors in Equation (21) are scaled by a positive constant. Essentially, the effect of
this scaling is to reduce the magnitude of wt+1 when r̄t is close to S. While such
scaling does not affect the choice of action xt , it does lead to sublinear-regret for
the OLO algorithm, and consequently convergence of the approachability algorithm.
This is summarized as follows.

16

1
a0 (T )
= O(T − 2 ) ,
T

T ≥ 1.
(22)

√
√
T
X
Lf + ρ( t − t − 1) ρ √
√
√
T.
+
2
ρ( t + t − 1)
t=1

√
 X
T √
T
T
X
X
t− t−1
1
1
√
√
√
√
√
=
≤2+
2
(2
t
− 1)2
t
+
t
−
1
(
t
+
t
−
1)
t=1
t=1
t=3
Z T
1
1
1
≤2+
dt = 2 + ln(T ) .
4 t=1 t
4

T
X
√
√
√
1
√
√
( t − t − 1) = T ,
=
( t + t − 1)
t=1

(23)
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We emphasize that the algorithm discussed in this section is equivalent to Blackwell’s algorithm, hence its convergence is known. The proof of convergence here

2kR − Sk2
1
√
E(d(r̄T , S)) ≤
+ o( √ ) .
T
T

With ρ = 2Lf , we obtain in (22) the convergence rate

Substituting in (23) gives the stated regret bound. The second part now follows directly from Theorem 7.

and

t=1

T
X

To upper bound the sum, we note that

RegretT (RFTL) ≤ 2Lf

−rt + argmaxs∈S hw, si, the Lipschitz constant of ft is upper bounded by kR − Sk2 =
Lf . Furthermore, Rmax = 21 and LR = 1. Therefore,

4

Proof The regret bound follows from the one in Proposition
√ 4, evaluated for ft (w) =
−hrt , wi + hS (w), W = B2 , R(w) = 12 kwk22 , and ρt = ρ t. Recalling that ∂ft (w) =

E(d(r̄T , S)) ≤

max

hw, xi .
w∈Rd :kwk≤1

kwk≤1

∂d∗ (z, S) = argmax{hw, zi − hS (w)} ,

kwk≤1

18

where ∂d∗ (z, S) is the subgradient of d∗ (·, S) at z.

and
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(25)

Lemma 16 Let S be a closed convex set with support function hS , and let d∗ (z, S) =
mins∈S kz − sk∗ denote the point-to-set distance with respect to the dual norm. Then,
for any z ∈ Rd ,
d∗ (z, S) = max {hw, zi − hS (w)} ,
(24)

P
1
For example, if the primal norm is the p-norm kxkp = ( di=1 xpi ) p with p ∈ (0, 1), the
dual norm is the q-norm, with q ∈ (0, 1) that satisfies p1 + 1q = 1.
The following relations between the support function hS and the point-to-set distance d∗ will be required. The first is needed to show convergence of the algorithm,
and the second for the interpretation of the FTL-based variant.

kxk∗ =

As was mentioned in Subsection 2.1, a class of approachability algorithms that generalizes Blackwell’s strategy was introduced by Hart and Mas-Colell (2001). The
direction vectors (ut ) in Blackwell’s algorithm, that are defined through Euclidean
projection, are replaced in that paper by the gradient of a smooth potential function; Blackwell’s algorithm is recovered when the potential is taken as the Euclidean
distance to the target set. Other instances of interest are obtained by defining the
potential through the p-norm distance; this, in turn, was used as a basis for a general
class of no-regret algorithms in repeated games.
In this section we provide an extension of the OCO-based approachability algorithm from Section 3, which relies on a general norm rather than the Euclidean one
to obtain the direction vectors (wt ). The proposed algorithms coincide with those of
Hart and Mas-Colell (2001) when the RFTL algorithm is used for the OCO part.
Let k · k denote some norm on Rd . The dual norm, denoted k · k∗ , is defined as

5. Extensions with General Norms

is certainly not the simplest, nor does it lead to the best constants in the convergence rate. Indeed, Blackwell’spproof (which recursively bounds the square distance
√ 2 . Rather, our main purpose
d(r̄T , S)2 ) leads to the bound E(d(r̄T , S)2 ) ≤ kR−Sk
T
was to provide an alternative view and analysis of Blackwell’s algorithm, which rely
on a standard OCO algorithm. That said, the logarithmic convergence rate of the
expected distance that was obtained under the smoothness Assumption 1 appears to
be new.

Proposition 15 Let S be a convex and√compact set. Consider the RFTL algorithm
specified in equation (21), with ρt = ρ t, ρ > 0. The regret of this algorithm is
bounded by
 2

2Lf
ρ √
Lf
4
RegretT (RFTL) ≤
+
ln(T ) + 4Lf = a0 (T ) ,
T+
ρ
2
2

where Lf = kR − Sk2 . Consequently, if this RFTL algorithm is used in step 1 of
Algorithm 1 to compute wt , we obtain

Shimkin

OCO-Based Approachability

Shimkin

T
X

t=1

(ft (wt ) − ft (u)) ≤

T
X

t=1

which holds for any u ∈ W . Therefore,
T
X

(ft (wt ) − ft (wt+1 )) + ρt R(u) ,

(28)

t=1

T
X

(29)

(ft (wt ) − ft (u)) ≤ Lf

Ft (u) ≥ Ft (wt ) +

20
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Pt−1
Denote Ft (w) = k=1
fk (w) + ρt−1 R(w). Then Ft is ρt−1 -strongly convex, and wt
is its minimizer by definition. Hence, it holds generally that
ρt−1
ku − wt k22 ,
2

t=1

kwt − wt+1 k2 + ρt R(u) .

Proof of Proposition 4:
We follow the outline of the proof of Lemma 2.10
in Shalev-Shwartz (2011), modified to accommodate a non-constant regularization
sequence ρt . The starting point is the inequality, proved by induction,
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By analogy to Lemma 13, the added regularization does not modify the direction of wt
but only its magnitude, hence the choice of actions xt is the induced approachability
algorithm remains the same. Convergence rates can be obtained along the lines of
Section 4, and will not be considered in detail here.

k=1

OCO-Based Approachability

=

d∗ (z, S) ,

(26)

(27)

kwk≤1

Proof We first note that the maximum in (24) is attained since hS is a lower semicontinuous function, and {kwk ≤ 1} is a compact set. To establish (24) we invoke
the minimax theorem. By definition of hS ,
kwk≤1 s∈S

max (hw, zi − hS (w)) = max inf hw, z − si .

kwk≤1

sk∗

Observe that {kwk ≤ 1} is a convex and compact set, S is convex by definition, and
hw, z − si is linear both in u and in s. We may thus apply Sion’s minimax theorem
to obtain that the last expression equals
inf sup hw, z − si = inf kz −
s∈S

kwk≤1

fk (w) ≡ argmax{hw, r̄t i − hS (w)} .

wt+1 ∈ argmin

Convergence of the approachability algorithm of Hart and Mas-Colell (2001) requires the potential function P (z) to be continuously differentiable. As observed
there, for P (z) = d∗ (z, S) this holds if either the norm k · k∗ is smooth (e.g., the
q-norm for 1 < q < ∞), or the boundary of S is smooth.
In our framework, convergence analysis of the FTL-based OCO algorithm can be
carried out similarly to that of Section 4. In particular, similarly to the procedure
of Subsection 4.2, if the norm k · k is smooth we can guarantee convergence of the
OCO algorithm without affecting the induced approachability algorithm by adding
an appropriate regularization term in (27), namely setting
)
( t
X
ρt
fk (w) − kwk2 .
2

s∈S kwk≤1

where the definition of the dual norm was used in the last step, and (24) is obtained.
Proceeding to (25), we observe (24) implies that d∗ (·, S) is the Legendre-Fenchel
transform of an appropriately modified function h̄S , namely d∗ (z, S) = maxw∈Rd {hw, zi−
h̄S (w)} where h̄S (w) = hS (w) if kwk ≤ 1 and h̄S (w) = ∞ for kwk > 1. Evidently
h̄S is a convex and lower semi-continuous function, which follows since both S and
{kwk ≤ 1} are closed and convex sets. The equality in (25) now follows directly by
Proposition 11.3 in Rockafellar and Wets (1997).

kwk≤1

(hwt , rt i − hS (wt )) ≥ T max {hw, r̄T i − hS (w)} − a(T ) .

The algorithm: We can now repeat the blueprints of Subsection 3.2 to obtain an
approachability algorithm for a convex target set S, which here relies on any norm
k · k. First, we apply an OCO algorithm to the functions ft (w) = −hw, rt i + hS (w)
over the convex compact set {w ∈ Rd : kwk ≤ 1} to obtain, analogously to equation
(11), a sequence of vectors (wt ) such that
T
X
t=1

t
X
k=1

Next, each wt is used as the direction vector for stage t, and the mixed action xt is
chosen so that hwt , rt i − hS (wt ) ≤ 0 holds for any action of Nature. Observing (24),
we obtain that
a(T )
→ 0.
d∗ (r̄T , S) ≤
T
Follow the Leader: Consider the specific case that where FTL is used for the OCO
algorithm. That is,

kwk≤1

wt+1 ∈ argmin

JMLR 17(129):1-23

By (25), this is equivalent to wt+1 ∈ ∂d∗ (r̄t , S). In particular, if d∗ (z, S) is differentiable at z = r̄t then wt+1 = ∇d∗ (r̄t , S). We therefore recover the approachability
algorithm of Hart and Mas-Colell (2001) for the potential function P (z) = d∗ (z, S).
19
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1. Introduction

With the recent surge in data technology and storage capacity, today’s statisticians often
encounter data sets where sample size n is small and number of variables p is very large:
often hundreds, thousands and even million or more. Examples include gene expression
data and web search problems [Clarke et al. (2008), Pass et al. (2006.)]. For many of
the high dimensional data problems, the choice of classical statistical methods becomes
inappropriate for making valid inference. The recent developments in asymptotic theory
deal with increasing p as long as both p and n tend to infinity at some rate depending upon
the parameters of interest.
The estimation of covariance and inverse covariance matrix is a problem of primary
interest in multivariate statistical analysis. Some of the applications include: (i) Principal
component analysis (PCA) [Johnstone and Lu (2004), Zou et al. (2006)]:, where the goal is
to project the data on “best” k-dimensional subspace, and where best means the projected
data explains as much of the variation in original data without increasing k. (ii) Discriminant analysis [Mardia et al. (1979)]:, where the goal is to classify observations into different

The estimation of large dimensional covariance matrix based on few sample observations
is a difficult problem, especially when n  p (here an  bn means that there exist positive
constants c and C such that c ≤ an /bn ≤ C). In these situations, the sample covariance
matrix becomes unstable which explodes the estimation error. It is well known that the
eigenvalues of sample covariance matrix are over-dispersed which means that the eigenspectrum of sample covariance matrix is not a good estimator of its population counterpart
[Marcenko and Pastur (1967), Karoui (2008a)]. To illustrate this point, consider Σp = Ip , so
all the eigenvalues are 1. A result from [Geman (1980)] shows that if entries of Xi ’s are i.i.d
(let Xi ’s have mean zero and variance 1) with a finite fourth moment and if p/n → θ < 1,
then the largest sample eigenvalue l1 satisfies:
√
l1 → (1 + θ)2 ,
a.s

classes. Here estimates of covariance and inverse covariance matrices play an important
role as the classifier is often a function of these entities. (iii) Regression analysis: If interest focuses on estimation of regression coefficients with correlated (or longitudinal) data, a
sandwich estimator of the covariance matrix may be used to provide standard errors for the
estimated coefficients that are robust in the sense that they remain consistent under misspecification of the covariance structure. (iv) Gaussian graphical modeling [Meinshausen
and Bühlmann (2006), Wainwright et al. (2006), Yuan and Lin (2007),Yuan (2009)]:, the
relationship structure among nodes can be inferred from inverse covariance matrix. A zero
entry in the inverse covariance matrix implies conditional independence between the corresponding nodes.

Ashwini Maurya

This suggests that l1 is not a consistent estimator of the largest eigenvalue σ1 of population
covariance matrix. In particular if n = p then l1 tends to 4 whereas σ1 is 1. This is also
evident in the eigenvalue plot in Figure 2.1. The distribution of l1 also depends on the
underlying structure of the true covariance matrix. From Figure 2.1, it is evident that the
smaller sample eigenvalues tend to underestimate the true eigenvalues for large p and small
n. For more discussion on this topic, see Karoui (2008a).
To correct for this bias, a natural choice would be to shrink the sample eigenvalues
towards some suitable constant to reduce the over-dispersion. For instance, Stein (1975)
proposed an estimator of the form Σ̃ = Ũ Λ(λ̃)Ũ , where Λ(λ̃) is a diagonal matrix with
diagonal entries as transformed function of the sample eigenvalues and Ũ is the matrix of the
eigen-vectors. In another interesting paper Ledoit and Wolf (2004) proposed an estimator
that shrinks the sample covariance matrix towards the identity matrix. In another paper,
Karoui (2008b) proposed a non-parametric estimation of spectrum of eigenvalues and show
that his estimator is consistent in the sense of weak convergence of distributions.
The covariance matrix estimates based on eigen-spectrum shrinkage are well-conditioned
in the sense that their eigenvalues are well bounded away from zero. These estimates are
based on the shrinkage of the eigenvalues and therefore invariant under some orthogonal
group i.e. the shrinkage estimators shrink the eigenvalues but eigenvectors remain unchanged. In other words, the basis (eigenvector) in which the data are given is not taken
advantage of and therefore the methods rely on premise that one will be able to find a good
estimate in any basis. In particular, it is reasonable to believe that the basis generating the
data is somewhat nice. Often this translates into the assumption that the covariance matrix

We develop a method for estimating well-conditioned and sparse covariance and inverse covariance matrices from a sample of vectors drawn from a sub-Gaussian distribution in high
dimensional setting. The proposed estimators are obtained by minimizing the quadratic
loss function and joint penalty of `1 norm and variance of its eigenvalues. In contrast to
some of the existing methods of covariance and inverse covariance matrix estimation, where
often the interest is to estimate a sparse matrix, the proposed method is flexible in estimating both a sparse and well-conditioned covariance matrix simultaneously. The proposed
estimators are optimal in the sense that they achieve the mini-max rate of estimation in
operator norm for the underlying class of covariance and inverse covariance matrices. We
give a very fast algorithm for computation of these covariance and inverse covariance matrices which is easily scalable to large scale data analysis problems. The simulation study for
varying sample sizes and variables shows that the proposed estimators performs better than
several other estimators for various choices of structured covariance and inverse covariance
matrices. We also use our proposed estimator for tumor tissues classification using gene
expression data and compare its performance with some other classification methods.
Keywords: Sparsity, Eigenvalue Penalty, Penalized Estimation
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has particular structure that one should be able to take advantage of. In these situations,
it becomes natural to perform certain form of regularization directly on the entries of the
sample covariance matrix.
Much of the recent literature focuses on two broad classes of regularized covariance
matrix estimation. i) The one class relies on natural ordering among variables, where one
often assumes that the variables far apart are weekly correlated and ii) the other class where
there is no assumption on the natural ordering among variables. The first class includes the
estimators based on banding and tapering [Bickel and Levina (2008b), Cai et al. (2011)].
These estimators are appropriate for a number of applications for ordered data (time series,
spectroscopy, climate data). However for many applications including gene expression data,
prior knowledge of any canonical ordering is not available and searching for all permutation
of possible ordering would not be feasible. In these situations, an `1 penalized estimator
becomes more appropriate which yields a permutation-invariant estimate.
To obtain a suitable estimate which is both well-conditioned and sparse, we introduce
two regularization terms: i) `1 penalty for each of the off-diagonal elements of matrix
and, ii) penalty proportional to the variance of the eigenvalues. The `1 minimization
problems are well studied in the covariance and inverse covariance matrix estimation literature [Friedman et al. (2008), Banerjee et al. (2008), Ravikumar et al. (2011), Bein and
Tibshirani (2011), Maurya (2014) etc.]. Rothman (2012) proposes an `1 penalized loglikelihood
estimator and shows that estimator is consistent in Frobenius norm at the rate of
p
OP
{(p + s) log p}/n , as both p and n approach to infinity. Here s is the number of nonzero off-diagonal elements in the true covariance matrix. In another interesting paper Bein
and Tibshirani (2011) propose an estimator of covariance matrix as penalized maximum
likelihood estimator with a weighted lasso type penalty. In these optimization problems,
the `1 penalty results in sparse and a permutation-invariant estimator as compared to other
lq , q 6= 1 penalties. Another advantage is that the `1 norm is a convex function which makes
it suitable for large scale optimization problems. A number of fast algorithms exist in the
literature for covariance and inverse covariance matrix estimation [(Friedman et al. (2008),
Rothman et al. (2008)]. The eigenvalues variance penalty overcomes the over-dispersion in
the sample covariance matrix so that the estimator remains well-conditioned.
Ledoit and Wolf (2004) proposed an estimator of covariance matrix as a linear combination of sample covariance and identity matrix. Their estimator of covariance matrix is
well-conditioned but it is not sparse. Rothman et al. (2008) proposed estimator of covariance
matrix based on quadratic loss function and `1 penalty with a log-barrier on the determinant
of covariance matrix. The log-determinant barrier is a valid technique to achieve positive
definiteness but it is still unclear whether the iterative procedure proposed in Rothman
et al. (2008) actually finds the right solution to the corresponding optimization problem.
In another interesting paper, Xue et al. (2012) proposed an estimator of covariance matrix
as a minimizer of penalized quadratic loss function over set of positive definite matrices. In
their paper, the authors solve a positive definite constrained optimization problem and establish the consistency of estimator. The resulting estimator is sparse and positive definite
but whether it overcomes the over-dispersion of the eigen-spectrum of sample covariance
matrix, is hard to justify. Maurya (2014) proposed a joint convex penalty as function of `1
and trace norm (defined as sum of singular values of a matrix) for inverse covariance matrix
estimation based on penalized likelihood approach.
347
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In this paper, we propose the JPEN (Joint PENalty) estimators for covariance and
inverse covariance matrices estimation and derive an explicit rate of convergence in both the
operator and Frobenius norm. The JPEN estimators achieves mini-max rate of convergence
under operator norm for the underlying class of sparse covariance and inverse covariance
matrices and hence is optimal. For more details see section §3. One of the major advantage
of the proposed estimators is that the proposed algorithm is very fast, efficient and easily
scalable to a large scale data analysis problem.

The rest of the paper is organized as following. The next section highlights some background and problem set-up for covariance and inverse covariance matrix estimation. In
section 3, we describe the proposed estimators and establish their theoretical consistency.
In section 4, we give an algorithm and compare its computational time with some other
existing algorithms. Section 5 highlights the performance of the proposed estimators on simulated data while an application of proposed estimator to real life data is given in section
6.

Notation: For a matrix M , let kM k1 denote its `1 norm defined as the sum of absolute
values of the entries of M , kM kF denote its Frobenius norm, defined as the sum of square
of elements of M , kM k denote its operator norm (also called spectral norm), defined as the
largest absolute eigenvalue of M , M − denotes matrix M where all diagonal elements are set
to zero, M + denote matrix M where all off-diagonal elements are set to zero, σi (M ) denote
the ith largest eigenvalue of M , tr(M ) denotes its trace, det(M ) denote its determinant,
σmin (M ) and σmax (M ) denote the minimum and maximum eigenvalues of M , |M | be its
cardinality, and let sign(M ) be matrix of signs of elements of M . For any real x, let sign(x)
denotes sign of x, and let |x| denotes its absolute value.

2. Background and Problem Set-up

Let X = (X1 , X2 , · · · , Xp ) be a zero-mean p-dimensional random vector. The focus of this
paper is the estimation of the covariance matrix Σ := E(XX T ) and its inverse Σ−1 from
n . In this section we
a sample of independently and identically distributed data {X (k) }k=1
provide some background and problem setup more precisely.

JMLR 17(130):1-28

The choice of loss function is very crucial in any optimization problem. An optimal estimator for a particular loss function may not be optimal for another choice of loss function.
Recent literature in covariance matrix and inverse covariance matrix estimation mostly focuses on estimation based on likelihood function or quadratic loss function [Friedman et al.
(2008), Banerjee et al. (2008), Bickel and Levina (2008b), Ravikumar et al. (2011), Rothman et al. (2008), Maurya (2014)]. The maximum likelihood estimation requires a tractable
probability distribution of observations whereas quadratic loss function does not have any
such requirement and therefore fully non-parametric. The quadratic loss function is convex
and due to this analytical tractability, it is a widely applicable choice for many data analysis
problems.
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Σ=ΣT ,tr(Σ)=tr(S)

arg min

h

||Σ − S||22 + λkΣ− k1 + γ
i=1

p
X

σi (Σ) − σ̄Σ

2

i
,
(2.1)
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σmin (Σ̂) = σmin (S + γ t I)/(1 + γ)
γt
≥
>0
1+γ
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Σ̂ = (S + γ t I)/(1 + γ),
(2.3)
Pp
where I is the identity matrix, and t = i=1 Sii /p. After some algebra, conclude that for
any γ > 0:

As argued earlier, to overcome the over-dispersion in eigen-spectrum of sample covariance matrix, we include eigenvalues variance penalty. To illustrate its advantage, consider
λ = 0. After some algebra, let Σ̂ be the minimizer of (2.1), then it is given by:


(2.2)
λ 
i 6= j.
Σ̂ij = sign(sij ) max |sij | − , 0 ,
2
It is clear from this expression that a sufficiently large value of λ will result in sparse covariance matrix estimate. But estimator Σ̂ of (2.2) is not necessarily positive definite [for
more details here see Xue et al. (2012)]. Moreover it is hard to say whether it overcomes
the over-dispersion in the sample eigenvalues. The following eigenvalue plot (Figure (2.1))
illustrates this phenomenon for a neighbourhood type (see §5 for details on description of
neighborhood type of covariance matrix) covariance matrix. Here we simulated random
vectors from multivariate normal distribution with sample size n = 50 and number of covariates p = 20. As is evident from Figure 2.1, eigenvalues of sample covariance matrix
are over-dispersed as most of them are either too large or close to zero. Eigenvalues of the
proposed Joint Penalty (JPEN) estimator and PDSCE (Positive Definite Sparse Covariance
matrix Estimator (Rothman (2012)) of the covariance matrix are well aligned with those of
true covariance matrix. See §5 for detailed discussion. Another drawback of the estimator
(2.2) is that the estimate can be negative definite.

Σ̂ii = sii

For γ = 0, the solution to (2.1) is the standard soft-thresholding estimator for quadratic
loss function and its solution is given by (see §4 for derivation of this estimator):

where σ̄Σ is the mean of eigenvalues of Σ, λ and γ are some positive constants. Note that
by penalty function kΣ− k1 , we only penalize off-diagonal elements of Σ. The eigenvalues
variance penalty term for eigen-spectrum shrinkage is chosen from the following points of
interest: i) It is easy to interpret and ii) this choice of penalty function yields a very fast
optimization algorithm. By constraint tr(Σ) = tr(S), the total variation in Σ̂λ,γ is same as
that in sample covariance matrix S, however the eigenvalues of Σ̂λ,γ are well-conditioned
than those of S. From here onwards we suppress the dependence of λ, γ on Σ̂ and denote
Σ̂λ,γ by Σ̂.

Σ̂λ,γ =

Let S be the sample covariance matrix. Consider the following optimization problem.

2.1 Proposed Estimators

JPEN Estimation of Covariance and Inverse Covariance Matrices
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Eigenvalues

*

5

Eigenvalue Index

10

15

* *
* * *
* * * *
* * *
* * *
* *

20

*

True
Sample
JPEN
PDSCE

where

R̂K =

R=RT ,tr(R)=p|(λ,γ)∈ŜK
1

arg min

350

i=1

2

i
,

(2.4)
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p
h
X

||R − K||2F + λkR− k1 + γ
σi (R) − σ̄R

This means that the eigenvalues variance penalty improves S to a positive definite estimator
Σ̂. However the estimator (2.3) is well-conditioned but need not be sparse. Sparsity can
be achieved by imposing `1 penalty on the entries of covariance matrix. Simulations have
shown that, in general the minimizer of (2.1) is not positive definite for all values of λ > 0
and γ > 0. Here onwards we focus on correlation matrix estimation, and later generalize
the method for covariance matrix estimation.
To achieve both well-conditioned and sparse positive definite estimator we optimize the
following objective function in R over specific region of values of (λ, γ) which depends
upon sample correlation matrix K and λ, γ. Here the condition tr(Σ) = tr(S) reduces to
tr(R) = p, and t = 1. Consider the following optimization problem:

*

Plot of Eigenvalues

Figure 2.1: Comparison of Eigenvalues of Covariance Matrices

5
4
3
2
1

λ
2

o
∗ sign(K + γI)} >  ,
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q
n
Ŝ1K = (λ, γ) : λ, γ > 0, λ  γ  logn p , ∀ > 0, σmin {(K + γI) −
and σ̄R is mean of the eigenvalues of R. For instance when K is diagonal matrix, the set
Ŝ1K is given by:
q
o
n
Ŝ1K = (λ, γ) : λ, γ > 0, λ  γ  logn p , ∀ > 0, λ < 2(γ − ) .

The minimization in (2.4) over R is for fixed (λ, γ) ∈ Ŝ1K . The proposed estimator of
covariance matrix (based on regularized correlation matrix estimator R̂K ) is given by
Σ̂K = (S + )1/2 R̂K (S + )1/2 , where S + is the diagonal matrix of the diagonal elements of
S. Furthermore Lemmas 3.1 and 3.2, respectively show that the objective function (2.4) is
convex and estimator given in (2.4) is positive definite.
2.2 Our Contribution
The main contributions are the following:
i) The proposed estimators are both sparse and well-conditioned simultaneously. This approach allows to take advantage of a prior structure if known on the eigenvalues of the true
covariance and the inverse covariance matrices.
ii) We establish theoretical consistency of proposed estimators in both operator and Frobenius norm. The proposed JPEN estimators achieves the mini-max rate of convergence in
operator norm for the underlying class of sparse and well-conditioned covariance and inverse
covariance matrices and therefore is optimal.
iii) The proposed algorithm is very fast, efficient and easily scalable to large scale optimization problems.

3. Analysis of JPEN Method

(3.1)

Def: A random vector X is said to have sub-Gaussian distribution if for each t ≥ 0 and
y ∈ Rp with kyk2 = 1, there exist 0 < τ < ∞ such that
2 /2τ

P{|y T (X − E(X))| > t} ≤ e−t

Although the JPEN estimators exists for any finite 2 ≤ n < p < ∞, for theoretical consistency in operator norm we require s log p = o(n) and for Frobenius norm we require
(p + s) log p = o(n) where s is the upper bound on the number of non-zero off-diagonal
entries in true covariance matrix. For more details, see the remark after Theorem 3.1.

3.1 Covariance Matrix Estimation

JMLR 17(130):1-28

We make the following assumptions about the true covariance matrix Σ0 .
A0. Let √
X := (X1 , X2 , · · · , Xp ) be a mean zero vector with covariance matrix Σ0 such that
each Xi / Σ0ii has sub-Gaussian distribution with parameter τ as defined in (3.1).
A1. With E = {(i, j) : Σ0ij 6= 0, i 6= j}, the |E| ≤ s for some positive integer s.
351
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A2. There exists a finite positive real number k̄ > 0 such that 1/k̄ ≤ σmin (Σ0 ) ≤
σmax (Σ0 ) ≤ k̄.

Assumption A2 guarantees that the true covariance matrix Σ0 is well-conditioned (i.e.
all the eigenvalues are finite and positive). A well-conditioned means that [Ledoit and
Wolf (2004))] inverting the matrix does not explode the estimation error. Assumption
A1 is more of a definition which says that the number of non-zero off diagonal elements
are bounded by some positive integer. Theorem 3.1 gives the rate of convergence of the
proposed correlation based covariance matrix estimator (2.4). The following Lemmas show
that optimization problem in (2.4) is convex and the proposed JPEN estimator (2.4) is
positive definite.

Lemma 1. The optimization problem in (2.4) is convex.

Lemma 2. The estimator given by (2.4) is positive definite for any 2 ≤ n < ∞ and p < ∞.

r
s
log
p
n

and

kΣ̂K − Σ0 k = OP



(s + 1)log p 
,
n

(3.2)

Theorem 3.1. Let (λ, γ) ∈ Ŝ1K and Σ̂K be as defined in (2.4). Under Assumptions A0,
A1, A2,
r
kR̂K − R0 kF = OP

where R0 is true correlation matrix.

q
j=1 |σij |

P

≤ c0 (p)

Remark: 1. The JPEN estimator Σ̂K is mini-max optimal under the operator norm.
In (Cai et al. (2015)), the authors obtain the mini-max rate of convergence in the operator
norm of theirncovariance matrix estimator for the particular
construction of parameter space
o
P
p
H0 (cn,p ) := Σ : max1≤i≤p i=1
I{σij 6= 0} ≤ cn,p . They show that this rate in operator
p
√
log p/n which is same as that of Σ̂K for 1 ≤ cn,p = s.
norm is cn,p

2. Bickel and Levina (2008a) proved that under the assumption of

JMLR 17(130):1-28

for some 0 ≤ q ≤ 1, the
p hard thresholding estimator of the sample covariance matrix for
tuning
λ 
(log p)/n is consistent in operator norm at a rate no worse than
 parameter
√
OP c0 (p) p( logn p )(1−q)/2 where c0 (p) is the upper bound on the number of non-zero elements in each row. Here the truly sparse case corresponds to q = 0. The rate of convergence
of Σ̂K is same as that of Bickel and Levina (2008a) except in the following cases:
Case (i) The covariance matrix has all off diagonal elements
p √zero except last row which
√
√
√
has p non-zero elements. Then c (p) = p and s = 2 p − 1. The operator norm
0
p√

rate of convergence for JPEN estimator is OP
p (log p)/n where as rate of Bickel and
p

Levina’s estimator is O
p (log p)/n .
P
Case (ii) When the true covariance
p matrix is tri-diagonal, we have c0 (p) = 2 and s = 2p−2,
the JPEN
p estimator has rate of p log p/n whereas the Bickel and Levina’s estimator has
rate of log p/n.
√
For the case s  c0 (p) and JPEN has the same rate of convergence as that of Bickel and
Levina’s estimator.
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3.2 Estimation of Inverse Covariance Matrix

4. Our proposed estimator is applicable to estimate any non-negative definite covariance
matrix.

arg min

Σ=ΣT ,tr(Σ)=tr(S)|(λ,γ)∈ŜS
1
i=1

∗ sign(S + γtI)} > },

(3.3)

where

R=RT ,tr(R)=p|(λ,γ)∈ŜK,A
1

arg min

353

(2 σmin (K))(1+γ max(Aii )−1 )
(1+γ min(Aii ))−1 p

i=1

+

o
,

(3.5)
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γ min(Aii )
p

p
h
i
X
||R − K||2F + λkR− k1 + γ
ai {σi (R) − σ̄R }2 ,

q
n
ŜK,A
= (λ, γ) : λ  γ  logn p , λ ≤
1

R̂A =

A modification of estimator R̂K is obtained by adding positive weights to the term (σi (R) −
σ̄R )2 . This leads to weighted eigenvalues variance penalty with larger weights amounting to
greater shrinkage towards the center and vice versa. Note that the choice of the weights allows one to use any prior structure of the eigenvalues (if known) in estimating the covariance
matrix. The weighted JPEN correlation matrix estimator R̂A is given by :

3.1.1 Weighted JPEN Estimator for the Covariance Matrix Estimation

As noted in Rothman (2012) the worst part of convergence here comes from estimating
the diagonal entries.

Theorem 3.2. Let (λ, γ) ∈ ŜS1 , and let Σ̂S be as defined in (3.3). Under Assumptions A0,
A1, A2,
r
 (s + p)log p 
kΣ̂S − Σ0 kF = OP
(3.4)
n

and S is sample covariance matrix. The minimization in (3.3) over Σ is for fixed (λ, γ) ∈ ŜS1 .
The estimator Σ̂S is positive definite and well-conditioned. Theorem 3.2 gives the rate of
convergence of the estimator Σ̂S in Frobenius norm.

λ
2

p
i
X
||Σ − S||2F + λkΣ− k1 + γ
{σi (Σ) − σ̄Σ }2 ,

where
q
n
ŜS1 = (λ, γ) : λ, γ > 0, λ  γ  logn p , ∀ > 0, σmin {(S + γtI) −

Σ̂S =

h

Note that the estimator Σ̂K is obtained by regularization of sample correlation matrix
in (2.4). In some application it is desirable to directly regularize the sample covariance
matrix. The JPEN estimator of the covariance matrix based on regularization of sample
covariance matrix is obtained by solving the following optimization problem:

and A = diag(A11 , A22 , · · · App ) with Aii = ai . The proposed covariance matrix estimator
is Σ̂K,A = (S + )1/2 R̂A (S + )1/2 . The optimization problem in (3.5) is convex and yields
a positive definite estimator for each (λ, γ) ∈ ŜK,A
. A simple excercise shows that the
1
estimator Σ̂K,A has same rate of convergence as that of Σ̂S .

3. The operator norm rate of convergence is much faster than Frobenius norm. This
is due to the fact that Frobenius norm convergence is in terms of all eigenvalues of the
covariance matrix whereas the operator norm gives the convergence of the estimators in
terms of the largest eigenvalue.

h

−1 2
k + λkZ − k1 + γ
kZ − R̂K

i=1

p
i
X
{σi (Z) − σ̄(Z)}2 (3.6)

r
n
log p
ŜK
=
(λ,
γ)
:
λ,
γ
>
0,
λ

γ

, ∀ > 0,
2
n
o
λ
−1
−1
σmin {(R̂K
+ γt1 I) − ∗ sign(R̂K
+ γt1 I)} >  ,
2

−1
Z=Z T ,tr(Z)=tr(R̂K
)|(λ,γ)∈ŜK
2

arg min
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(3.7)
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Theorem 3.3. Under Assumptions B0, B1, B2 and for (λ, γ) ∈ ŜK
2 ,
r
r
 s log p 
 (s + 1) log p 
and kΩ̂K − Ω0 k = OP
kẐK − R0−1 kF = OP
n
n

Next we state the consistency of estimators ẐK and Ω̂K .

−1
and t1 is average of the diagonal elements of R̂K
. The minimization in (3.6) over Z is for
K
fixed (λ, γ) ∈ Ŝ2 . The proposed JPEN estimator of inverse covariance matrix (based on regularized inverse correlation matrix estimator ẐK ) is given by Ω̂K = (S + )−1/2 ẐK (S + )−1/2 ,
where S + is a diagonal matrix of the diagonal elements of S. Moreover (3.6) is a convex
optimization problem and ẐK is positive definite.

where

ẐK =

Let R̂K be a JPEN estimator for the true correlation matrix. By Lemma 3.2, R̂K is
positive definite. Define the JPEN estimator of inverse correlation matrix as the solution
to the following optimization problem,

Notation: We shall use Z and Ω for inverse correlation and inverse covariance matrix
respectively.
Assumptions: We make the following assumptions about the true inverse covariance matrix Ω0 . Let Σ0 = Ω−1
0 .
B0. Same as the assumption A0.
B1. With H = {(i, j) : Ω0ij 6= 0, i 6= j}, the |H| ≤ s, for some positive integer s.
B2. There exist 0 < k̄ < ∞ large enough such that (1/k̄) ≤ σmin (Ω0 ) ≤ σmax (Ω0 ) ≤ k̄.

We extend the JPEN approach to estimate a well-conditioned and sparse inverse covariance
matrix. Similar to the covariance matrix estimation, we first propose an estimator for inverse covariance matrix based on regularized inverse correlation matrix and discuss its rate
of convergence in Frobenious and operator norm.

Ashwini Maurya
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where

is the inverse of true correlation matrix.

JPEN Estimation of Covariance and Inverse Covariance Matrices

R0−1

Remark:1. Note that the JPEN estimator Ω̂K achieves mini-max rate of convergence
for the class of covariance matrices satisfying assumption B0, B1, and B2 and therefore
optimal. The similar rate is obtained in Cai et al. (2015) for their class of sparse inverse
covariance matrices.

arg min
−1
Ω=ΩT ,tr(Ω)=tr(Σ̂S
)|(λ,γ)∈Ŝ2S

h
||Ω − Σ̂S−1 ||F2 + λkΩ− k1 + γ

p
X
i=1

i
{σi (Ω) − σ̄Ω }2 ,
(3.8)

Next we give another estimate of inverse covariance matrix based on Σ̂S . Consider the
following optimization problem:
Ω̂S =
where
r
n
log p
Ŝ2S = (λ, γ) : λ, γ > 0, λ  γ 
, ∀ > 0,
n
o
λ
+ γ t2 I) − ∗ sign(Σ̂S−1 + γt2 I)} >  ,
2
σmin {(Σ̂S−1

and t2 is average of the diagonal elements of Σ̂S . The minimization in (3.8) over Ω is for
fixed (λ, γ) ∈ Ŝ2S . The estimator in (3.8) is positive definite and well-conditioned. The
consistency result of the estimator Ω̂S is given in following theorem.



(s + p)log p 
.
n

(3.9)

Theorem 3.4. Let (λ, γ) ∈ Ŝ2S and let Ω̂S be as defined in (3.8). Under Assumptions B0,
B1, and B2,
r
kΩ̂S − Ω0 kF = OP

3.2.1 Weighted JPEN Estimator for The Inverse Covariance Matrix

−1
Z=Z T ,tr(Z)=tr(R̂K
)|(λ,γ)∈Ŝ2K,A

arg min

i=1

−1
(2 σmin (RK
))(1+γt1 max(Aii )−1 )
(1+γ min(Aii )−1 p

+

γmin(Aii )
p

o
,

p
h
i
X
−1 2
||Z − R̂K
||F + λkZ − k1 + γ
ai {σi (Z) − 1}2 , (3.10)

Similar to weighted JPEN covariance matrix estimator Σ̂K,A , a weighted JPEN estimator
of the inverse covariance matrix is obtained by adding positive weights ai to the term
(σi (Z) − 1)2 in (3.8). The weighted JPEN estimator is Ω̂K,A := (S + )−1/2 ẐA (S + )−1/2 ,
where
ẐA =
with
q
n
Ŝ2K,A = (λ, γ) : λ  γ  logn p , λ ≤
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and A = diag(A11 , A22 , · · · App ) with Aii = ai . The optimization problem in (3.10) is convex
and yields a positive definite estimator for (λ, γ) ∈ Ŝ2K,A . A simple excercise shows that the
estimator ẐA has similar rate of convergence as that of ẐK .
355

4. An Algorithm

arg min

R=RT |(λ,γ)∈Ŝ1K

i=1

p
X

{σi (R) − σ̄(R)}2 .

f (R),

Ashwini Maurya

4.1 Covariance Matrix Estimation:

R̂K =

The optimization problem (2.4) can be written as:

where

f (R) = ||R − K||F2 + λkR− k1 + γ

(4.1)

(4.2)

Pp
Note that i=1
{σi (R) − σ̄(R)}2 = tr(R2 ) − 2 tr(R) + p, where we have used the constraint
tr(R) = p. Therefore,

= tr(R2 (1 + γ)) − 2tr{R(K + γI)} + tr(K T K) + λ kR− k1 + p

f (R) = kR − KkF2 + λkR− k1 + γ tr(R2 ) − 2 γ tr(R) + p

+ λ kR− k1 + p

= (1 + γ){tr(R2 ) − 2/(1 + γ)tr{R(K + γI)} + (1/(1 + γ))tr(K T K)}

+ λ kR− k1 + p.

= (1 + γ){kR − (K + γI)/(1 + γ)kF2 + (1/(1 + γ))tr(K T K)}

λ
1
sign(K) ∗ pmax{abs(K + γ I) − , 0}
1+γ
2

The solution of (4.1) is soft thresholding estimator and it is given by:
R̂K =

(4.3)

with (R̂K )ii = (Kii + γ)/(1 + γ), pmax(A, b)ij := max(Aij , b) is elementwise max function
for each entry of the matrix A. Note that for each (λ, γ) ∈ Ŝ1K , R̂K is positive definite.

Choice of λ and γ: For a given value of γ, we can find the value of λ satisfying:
λ
∗ sign(K + γI)} > 0
2

σmin (K + γI)
.
C12 σmax (sign(K))

σmin {(K + γI) −

which can be simplified to
λ<

For some C12 ≥ 0.5. Such choice of (λ, γ) ∈ Ŝ1K , and the estimator R̂K is positive definite.
Smaller values of C12 yield a solution which is more sparse but may not be positive definite.

JMLR 17(130):1-28

Choice of weight matrix A: For optimization problem in (3.5), the weights are chosen in following way:
Let E be the set of sorted diagonal elements of the sample covariance matrix S.
i) Let k be largest index of E such that k th elements of E is less than 1. For i ≤ k, ai = Ei .
For k < i ≤ p, ai = 1/Ei .
Pp
ii) A = diag(a1 , a2 , · · · , ap ), where aj = aj / i=1
ai . Such choice of weights allows more
shrinkage of extreme sample eigenvalues than the ones in center of eigen-spectrum.

356

−1
R̂K

λ<

−1
C12 σmax (sign(R̂K
))

−1
σmin (R̂K
+ γt1 I)

.

λ
−1
∗ sign(R̂K
+ γt1 I)} > 0
2
(4.4)

i=1

5
X

kΣ̂vi − Σ−v
i k1 ,
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(i) Hub Graph: Here the rows/columns of Σ0 are partitioned into J equally-sized
disjoint groups: {V1 ∪ V2 ∪, ..., ∪ VJ } = {1, 2, ..., p}, each group is associated with a pivotal
row k. Let size |V1 | = s. We set σ0i,j = σ0j,i = ρ for i ∈ Vk and σ0i,j = σ0j,i = 0 otherwise.
In our experiment, J = [p/s], k = 1, s + 1, 2s + 1, ..., and we always take ρ = 1/(s + 1) with
J = 20.

We compare the performance of the proposed method to other existing methods on simulated data for five types of covariance and inverse covariance matrices.

5. Simulation Results

where Σ̂vi is JPEN estimate of the covariance matrix based on v = 4n/5 observations,
Σ−v
is the sample covariance matrix using (n/5) observations. Figure 4.1 illustrates the
i
total computational time taken to estimate the covariance matrix by Glasso, P DSCE and
JP EN algorithms for different values of p for Toeplitz type of covariance matrix on log-log
scale (see section §5 for Toeplitz type of covariance matrix). Although the proposed method
requires optimization over a grid of values of (λ, γ) ∈ ŜK
1 , our algorithm is very fast and
easily scalable to large scale data analysis problems.

(1/5)

The JPEN estimator Σ̂K has computational complexity of O(p2 ) as there are at most 3p2
multiplications for computing the estimator Σ̂K . The other existing algorithm Glasso (Friedman et al. (2008)), PDSCE (Rothman (2012)) have computational complexity of O(p3 ). We
compare the computational timing of our algorithm to some other existing algorithms Glasso
(Friedman et al. (2008)), PDSCE (Rothman (2012)). The exact timing of these algorithm
also depends upon the implementation, platform etc. (we did our computations in R on a
AMD 2.8GHz processor). Following the approach Bickel and Levina (2008a), the optimal
tuning parameter (λ, γ) was obtained by minimizing the 5−fold cross validation error

4.3 Computational Complexity

which can be simplified to

−1
σmin {(R̂K
+ γt1 I) −

To get an expression of inverse covariance matrix estimate, we replace K by
in (4.2),
where R̂K is a JPEN estimator of correlation matrix. We chose (λ, γ) ∈ ŜK
2 . For a given γ,
we chose λ > 0 satisfying:

4.2 Inverse Covariance Matrix Estimation:

JPEN Estimation of Covariance and Inverse Covariance Matrices
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We chose similar structure of Ω0 for simulations. For all these choices of covariance
and inverse covariance matrices, we generate random vectors from multivariate normal distribution with varying n and p. We chose n = 50, 100 and p = 500, 1000. We compare
the performance of proposed covariance matrix estimator Σ̂K to graphical lasso [Friedman
et al. (2008)], PDSC Estimate [Rothman (2012)], Bickel and Levina’s thresholding estimator
(BLThresh) [Bickel and Levina (2008a)] and Ledoit-Wolf [Ledoit and Wolf (2004)] estimate
of covariance matrix. The JPEN estimate Σ̂K was computed using R software(version
3.0.2). The graphical lasso estimate of the covariance matrix was computed using R
package “glasso” (http://statweb.stanford.edu/ tibs/glasso/). The Ledoit-Wolf estimate
was obtained using code from (http://econ.uzh.ch/faculty/wolf/publications.html#9). The
PDSC estimate was obtained using PDSCE package (http://cran. r-project. org/web/
packages/PDSCE/index.html). The Bickel and Levina’s estimator was computed as per
the algorithm given in their paper. For inverse covariance matrix performance comparison

(v) Cov-I type Matrix: In this setting, we first simulate a random sample (y1 , y2 , ..., yp )
2
from standard normal distribution. Let xi = |yi |3/2 ∗(1+1/p1+log(1+1/p ) ). Next we generate
multivariate normal random vectors Z = (z1 , z2 , ..., z5p ) with mean vector zero and identity
covariance matrix. Let U be eigenvector corresponding to sample covariance matrix of Z.
We take Σ0 = U DU 0 , where D = diag(x1 , x2 , ....xp ). This is not a sparse setting but the
covariance matrix has most of eigenvalues close to zero and hence allows us to compare the
performance of various methods in a setting where most of eigenvalues are close to zero and
widely spread as compared to structured covariance matrices in (i)-(iv).

(iv) Block Diagonal Matrix: In this
setting Σ0 is a block diagonal matrix with
varying block size. For p = 500 number of Figure 4.1: Timing comparison of JPEN,
Glasso, and PDSCE.
blocks is 4 and for p = 1000 the number of
blocks is 6. Each block of covariance matrix is taken to be Toeplitz type matrix as
in case (iii).

(iii) Toeplitz
Matrix: We set
σ0i,j = 2 for i = j; σ0i,j = |0.75||i−j|
for |i − j| = 1, 2; and σ0i,j = 0 otherwise.

(ii) Neighborhood Graph: We first
uniformly sample (y1 , y2 , ..., yn ) from a unit
square. We then set σ0i,j = σ0j,i = ρ
√ −1
with probability ( 2π) exp(−4kyi −yj k2 ).
The remaining entries of Σ0 are set to be
zero. The number of nonzero off-diagonal
elements of each row or column is restricted
to be smaller than [1/ρ] where ρ is set to be
0.245.
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3.47(0.0477)
0.419(0.003)
0.448(0.002)
1.82(0.027)
0.38(0.007)

2.32(0.0262)
0.419(0.038)
0.175(0.005)
1.7(0.026)
0.169(0.003)

Glasoo
PDSCE
CLIME
JPEN

Glasoo
PDSCE
CLIME
JPEN

Glasoo
PDSCE
CLIME
JPEN

1.202(0.042)
1.201(0.044)
6.56(0.25)
1.106(0.029)

0.805(0.007)
0.702(0.007)
10.6(0.219)
0.669(0.003)

1.524(0.028)
0.558(0.032)
10.64(0.822)
0.607(0.03)

n=100
p=1000

0.168(0.136)
0.516(0.196)
6.88(0.802)
0.562(0.183)

0.285(0.004)
0.356(0.005)
10.8(0.243)
0.337(0.002)

n=100
p=1000

0.07(0.038)
0.358(0.046)
6.98(0.237)
0.34(0.024)

Hub type covariance matrix
n=50
p=1000
p=500

4.144(0.523)
1.355(0.497)
4.24(0.23)
1.248(0.33)

p=500

1.122(0.082)
0.717(0.108)
10.5(0.329)
0.684(0.051)

1.29(0.847)
0.094(0.058)
10.5(0.563)
0.066(0.042)

0.428(0.007)
0.288(0.01)
11.5(0.245)
0.201(0.007)

Neighborhood type covariance matrix
n=50
n=100
p=1000
p=500
p=1000
p=500

0.879(0.013)
0.736(0.014)
11.5(0.233)
0.691(0.008)

14.7(0.37)
16.9(0.04)
15.4(0.03)
15.7(0.08)

2.073(0.078)
0.473(0.061)
8.154(1.168)
2.569(0.057)

49.9(0.08)
26.9(0.08)
53.7(0.69)
23.5(0.3)

n=100
p=1000

2.028(0.267)
0.49(0.269)
5.27(1.14)
0.607(0.196)

Toeplitz type covariance matrix
n=50
n=100
p=1000
p=500
p=1000

1.597(0.109)
0.587(0.13)
10.5(0.535)
0.551(0.075)

p=500

2.89(0.048)
1.238(0.065)
7.597(0.34)
2.718(0.032)

190.(5.91)
45.8(0.32)
207.5(3.44)
7.0(0.07)

Cov-I type covariance matrix
n=50
p=1000
p=500

2.862(0.475)
1.223(0.5)
4.91(0.22)
1.151(0.333)

p=500

54.0(0.19)
28.8(0.19)
59.8(0.82)
26.3(0.36)
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error and their standard deviations (in percentage) for covariance and inverse covariance
matrix estimates are given in Table 5.1 and Table 5.2, respectively. The numbers in the
bracket are the standard errors of relative error based on the estimates using different
methods. Among all the methods JPEN and PDSCE perform similar for most of choices of
n and p for all five type of covariance matrices. This is due to the fact that both PDSCE and
JPEN use quadratic optimization function with a different penalty function. The behavior
of Bickel and levina’s estimator is quite good in Toepltiz case where it performs better than
the other methods. For this type of covariance matrix, the entries away from the diagonal
decay to zero and therefore soft-thresholding estimators like BLThresh perform better in this
setting. However for neighorhood and hub type covariance matrix which are not necessarily
banded type, Bickel and Levina estimator is not a natural choise as their estimator would
fail to recover the underlying sparsity pattern. The performance of Ledoit-Wolf estimator is
not very encouraging for Cov-I type matrix. The Ledoit-Wolf estimator shrinks the sample
covariance matrix towards identity and hence the eigenvalues estimates are highly shrunk

Glasoo
PDSCE
CLIME
JPEN

Block type covariance matrix
n=50
p=1000
p=500

Ashwini Maurya

1.1(0.0331)
0.428(0.047)
0.11(0.056)
0.870(0.028)
0.086(0.045)

n=100
p=1000
2.344(0.028)
2.626(0.019)
2.019(0.01)
1.293(0.018)
2.919(0.011)

48.0(0.03)
14.9(0.02)
17.5(0.02)
17.5(0.02)
7.8(0.034)

p=500

JPEN Estimation of Covariance and Inverse Covariance Matrices

2.18(0.11)
2.601(0.028)
2.15(0.01)
0.95(0.03)
2.879(0.011)

n=100
p=1000

1.07(0.165)
0.325(0.053)
0.36(0.035)
0.875(0.102)
0.356(0.058)

n=100
p=1000

4.271(0.0394)
0.227(0.098)
1.806(0.21)
0.887(0.04)
1.124(0.088)

Block type covariance matrix
n=50
p=1000
p=500

Table 5.2: Inverse Covariance Matrix Estimation

p=500
2.96(0.0903)
3.618(0.073)
4.968(0.017)
3.131(0.122)
3.203(0.144)

2.43(0.043)
0.551(0.005)
0.686(0.006)
2.389(0.036)
0.688(0.006)

Hub type covariance matrix
n=50
p=1000
p=500

1.54(0.102)
0.322(0.0235)
3.622(0.231)
2.747(0.093)
2.378(0.138)

p=500
2.13(0.103)
0.511(0.047)
0.735(0.106)
1.782(0.047)
0.732(0.111)

2.89(0.028)
0.63(0.005)
0.468(0.007)
2.902(0.033)
0.501(0.018)

Neighborhood type covariance matrix
n=50
n=100
p=1000
p=500
p=1000

p=500
1.36(0.054)
0.608(0.054)
0.373(0.085)
1.526(0.074)
0.454(0.0423)

36.2(0.03)
14.0(0.03)
16.9(0.03)
13.4(0.02)
8.4(0.042)

n=100
p=1000

1.967(0.041)
1.78(0.087)
0.795(0.076)
0.703(0.039)
1.182(0.084)

Toeplitz type covariance matrix
n=50
p=1000
p=500

p=500
2.902(0.033)
3.58(0.079)
5.027(0.016)
1.206(0.059)
3.205(0.16)

36.7(0.03)
16.1(0.4)
16.33(0.04)
17.1(0.03)
11.5(0.07)

Cov-I type covariance matrix
n=50
p=1000
p=500

1.526(0.074)
2.351(0.156)
3.108(0.449)
0.858(0.040)
2.517(0.214)

p=500
33.2(0.04)
15.4(0.25)
16.5(0.05)
15.7(0.04)
7.1(0.042)

Glasoo
PDSCE
CLIME
JPEN

Table 5.1: Covariance Matrix Estimation

Ledoit-Wolf
Glasso
PDSCE
BLThresh
JPEN

Ledoit-Wolf
Glasso
PDSCE
BLThresh
JPEN

Ledoit-Wolf
Glasso
PDSCE
BLThresh
JPEN

Ledoit-Wolf
Glasso
PDSCE
BLThresh
JPEN

Ledoit-Wolf
Glasso
PDSCE
BLThresh
JPEN

we include glasso, CLIME (Cai et al. (2011)) and PDSCE. For each of covariance and inverse covariance matrix estimate, we calculate Average Relative Error (ARE) based on 50
iterations using following formula,
ARE(Σ, Σ̂) = |log(f (S, Σ̂)) − log(f (S, Σ0 ))|/|(log(f (S, Σ0 ))|,

JMLR 17(130):1-28

where f (S, ·) is multivariate normal density given the sample covariance matrix S, Σ0 is the
true covariance, Σ̂ is the estimate of Σ0 based on one of the methods under consideration.
Other choices of performance criteria are Kullback-Leibler used by Yuan and Lin (2007) and
Bickel and Levina (2008a). The optimal values of tuning parameters were obtained over a
grid of values by minimizing 5−fold cross-validation as explained in §4. The average relative
359
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20

True
Glasso
Pdsce
Ledoit−Wolf
Jpen

entries of true covariance matrix based on JPEN estimator Σ̂K based on 50 realizations.
The estimtor recovers the true zeros for about 90% of times for Hub and Neighborhood
type of covariance matrix. It also reflect the recovery of true structure of non-zero entries
and actual pattern among the rows/columns of covariance matrix. To see the implication
of eigenvalues shrinkage penalty as compared to other methods, we plot (Figure 5.2) the
eigenvalues of estimated covariance matrix for n = 100, p = 50 for neighborhood type of
covariance matrix. The JPEN estimates of eigen-spectrum are well aligned with true ones
and closest being PDSC estimates of eigenvalues. Figure 5.3 shows the recovery of eigenvalues based on estimates using different methods for Cov-I type covariance matrix. For
this particular simulation, the eigenvalues are choosen differently than the one described
in (v) of §5. The eigenvalues of true covariance matrix are taken to be very diverse with
maximum about 106 and smallest eigenvalue about 10−6 . For Cov-I type of matrix, JPEN
estimates of eigenvalues are better than other methods.

10

0.2

0.4

Plot of Eigenvalues

Figure 5.2: Eigenvalues plot for n = 100, p = 50 based on 50 realizations for neighborhood
type of covariance matrix
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towards one. This is also visible in eigenvalues plot in Figure 5.2 and Figure 5.3. For
Cov-I type covariance matrix where most of eigenvalues are close to zero and widely spread,
the performance of JPEN estimator is impressive. The eigenplot in Figure 5.3 shows that
among all the methods, estimates of eigenvalues of JPEN estimator are most consistent with
true eigenvalues. This clearly shows the advantage of JPEN estimator of covariance matrix
when the true eigenvalues are dispersed or close to zero. The eigenvalues plot in Figure
5.2 shows that when eigen-spectrum of true covariance matrix are not highly dispersed, the
JPEN and PDSCE estimates of eigenavlues are almost the same. This phenomenon is also
apparent in Figure 2.1. Also Ledoit-Wolf estimator heavily shrinks the eigenvalues towards
the center and thus underestimates the true eigen-spectrum.
For inverse covariance matrix, we compare glasso, CLIME and PDSCE estimates with
proposed JPEN estimator. The JPEN estimator Ω̂K outperforms other methods for the
most of the choices of n and p for all five types of inverse covariance matrices. Additional
simulations (not included here) show that for n ≈ p, all the underlying methods perform similarly and the estimates of their eigenvalues are also well aligned with true values. However
in high dimensional setting, for large p and small n, their performance is different as seen in
simulations of Table 5.1 and Table 5.2. Figure 5.1 shows the recovery of non-zero and zero
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Figure 5.1: Heat-map of zeros identified in covariance matrix out of 50 realizations. White
color is 50/50 zeros identified, black color is 0/50 zeros identified.
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p=50
21.0(0.84)
16.70(0.85)
13.3(0.75)
10.9(1.3)
9.9(0.98)
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p=100
19.31(0.89)
16.76(0.97)
14.33(0.85)
9.4(0.89)
8.9(0.93)

p=200
21.5(0.85)
18.18(0.96)
14.63(0.75)
9.8(0.90)
8.2(0.81)
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We have proposed and analyzed regularized estimation of large covariance and inverse covariance matrix using joint penalty. The proposed JPEN estimators are optimal under
spectral norm for underlying classes of sparse and well-conditioned covariance and inverse
covariance matrices. We also establish its theoretical consistency in Frobenius norm. One
of its biggest advantage is that the optimization carries no computational burden and and
the resulting algorithm is very fast and easily scalable to large scale data analysis problems.
The extensive simulation shows that the proposed estimators performs well for a number

7. Summary

The average classification errors with standard errors over the 100 splits are presented in
Table 6.1. Since the sample size is less than the number of genes, we omit the inverse sample
covariance matrix as it is not well defined and instead include the naive Bayes’ and support
vector machine classifiers. Naive Bayes has been shown to perform better than the sample
covariance matrix in high-dimensional settings (Bickel and Levina (2004). Support Vector
Machine (SVM) is another popular choice for high dimensional classification tool. Among
all the methods covariance matrix based LDA classifiers perform far better than Naive
Bayes, SVM and Logistic Regression. For all other classifiers the classification performance
deteriorates for increasing p. For larger p, i.e., when more genes are added to the data set,
the classification performance of JPEN estimate based LDA classifier initially improves but
it deteriorates for large p. For p = 2000, the classifier based on inverse covariance matrix has
accuracy of 30%. This is due to the fact that as dimension of covariance matrix increases,
the estimator does not remain very informative.

we do not have separate validation set, we do the 5-fold cross validation on training data.
At each split, we divide the training data into 5 subsets (fold) where 4 subsets are used
to estimate the covariance matrix and one subset is used to measure the classifier’s performance. For each split, this procedure is repeated 5 times by taking one of the 5 subsets as
validation data. An optimal combination of λ and γ is obtained by minimizing the 5-fold
cross validation error.

Method
Logistic Regression
SVM
Naive Bayes
Graphical Lasso
Joint Penalty

Table 6.1: Averages and standard errors of classification errors over 100 replications in %.
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20

Log−Log Plot of Eigenvalues
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Eigenvalue Index

5

100
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2

chosen using 5-fold cross validation. To create training and test sets, we randomly split the
data into a training and test set of sizes 42 and 20 respectively; following the approach used
by Wang et al. (2007), the training set has 27 tumor samples and 15 non-tumor samples.
We repeat the split at random 100 times and measure the average classification error. Since

1
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where π̂k is the proportion of class k observations in the training data, µ̂k is the sample
mean for class k on the training data, and Ω̂ := Σ̂−1 is an estimator of the inverse of the
common covariance matrix on the training data computed. Tuning parameters λ and γ were

In this section, we compare performance of JPEN estimator of inverse covariance matrix
for tumors classification using Linear Discriminant Analysis (LDA). The gene expression
data (Alon et al. (1999) consists of 40 tumorous and 22 non-tumorous adenocarcinoma
tissue. After preprocessing, data was reduced to a subset of 2,000 gene expression values
with the largest minimal intensity over the 62 tissue samples (source: http://genomicspubs.princeton.edu/oncology /affydata/index.html ). In our analysis, we reduced the number
of genes by selecting p most significant genes based on logistic regression. We obtain estimates of inverse covariance matrix for p = 50, 100, 200 and then use LDA to classify these
tissues as either tumorous or non-tumorous (normal). We classify each test observation x
to either class k = 0 or k = 1 using the LDA rule
o
n
1
(6.1)
δk (x) = arg max xT Ω̂µˆk − µˆk Ω̂µˆk + log(π̂k ) ,
2
k

6. Colon Tumor Classification Example

Eigenvalues

Figure 5.3: Eigenvalues plot for n = 100, p = 100 based on 50 realizations for Cov-I type
matrix
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Appendix A.
Proof of Lemma 3.1
Let

i=1

p
X
{σi (R) − σ̄R }2 .

Ashwini Maurya

f (R) = kR − Kk2 + λkR− k1 + γ

p
X
i=1

{σi (R) − σ̄R }2 = tr(R2 ) − 2 tr(R) + p

(.1)

(.2)

where σ̄R is the mean of eigenvalues of R. Due to the constraint tr(R) = p, we have σ̄R = 1.
The third term of (.1) can be written as

We obtain,

f (R) = tr(R2 ) − 2 tr(RK) + tr(K 2 ) + λkR− k1 + γ{tr(R2 ) − 2 tr(R) + p}

= tr(R2 (1 + γ)) − 2 tr(K + γ I) + tr(K 2 ) + λkR− k1 + p

= (1 + γ)kR − (K + γ I)/(1 + γ)k2 + tr(K 2 ) + λkR− k1 + p

2(R − (K + γI))(1 + γ)−1 + λ
is given by:

Rij > 0
Rij < 0
Rij = 0

∂kR− k1
=0
∂R

(.3)

This is quadratic in R with a `1 penalty to the off-diagonal entries of R, therefore a convex
function in R.

∂kR− k1
∂R

Proof of Lemma 3.2 The solution to (.2) satisfies:

where


1
: if
∂kR− k1 
: if
= −1

∂R
τ ∈ (−1, 1) : if

Note that kR− k1 has same value irrespective of sign of R, therefore the right hand side of
(.2) is minimum if :

sign(R) = sign(K + γI) = sign(K)

JMLR 17(130):1-28

∀ > 0, using (.3), σmin {(K + γI) − λ2 sign(K)} >  gives a (λ, γ) ∈ Ŝ1K and such a choice of
(λ, γ) guarantees the estimator to be positive definite.
Remark: Intuitively, a larger γ shrinks the eigenvalues towards center which is 1, a larger
γ would result in positive definite estimator, whereas a larger λ results in sparse estimate.
A combination of (λ, γ) results in a sparse and well-conditioned estimator. In particular
case, when K is diagonal matrix, the λ < 2 ∗ γ.

Proof of Theorem 3.1 Define the function Q(.) as following:

Q(R) = f (R) − f (R0 )

368

(.4)

tr(D02

− 2D0 )

λ(k∆ +

−

R0− k1

−

kR0− k1 )

≥

≥

=
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−
−
λ(k∆−
E + R0 k1 + k∆Ē k1 − kR0 k1 )
−
−
λ(kR0 k1 − k∆E k1 + k∆−
k − kR0− k1 )
Ē 1
−
−
λ(k∆Ē k1 − k∆E k1 )

using Cauchy-Schwarz inequality. To bound the term λ(kR− k1 −kR0− k1 ) = λ(k∆− +R0− k1 −
kR0− k1 ), let E be index set as defined in Assumption A.2 of Theorem 3.2. Then using the
triangle inequality, we obtain,

= tr{R2 − R02 } − 2 tr{R − R0 )} = tr(R0 + ∆)2 − tr(R02 )
√
= 2 tr(R0 ∆) + tr(∆T ∆) ≤ 2 sk∆kF + k∆k2F .

tr(D − 2D) −

2

holds with high probability by a result (Lemma 1) from Ravikumar et al. (2011) on the
tail inequality for sample covariance matrix of sub-Gaussian random vectors and where
C1 = C0 (1 + τ ), C0 > 0. Next we obtain upper bound on the terms involving γ in (.4). we
have,

≤ max(|R0ij − Kij |)k∆− k1
i6=j
r
r
log p −
log p −
≤ C0 (1 + τ )
k∆ k1 ≤ C1
k∆ k1
n
n

i6=j

Next, we bound term involving K in above expression, we have
X
|tr(∆T (R0 − K))| ≤
|∆ij (R0ij − Kij )|

= tr(∆T ∆) − 2 tr(∆T (K − R0 ))

= tr((R0 + ∆)T (R0 + ∆) − R0T R0 ) − 2 tr(∆T K)

= tr(RT R − R0T R0 ) − 2 tr((R − R0 )T K)

kR − Kk2F − kR0 − Kk2F = tr(RT R − 2RT K + K T K) − tr(R0T R0 − 2R0 S + K T K)

R0 = U0 D0 U0T is eigenvalue decomposition of R0 . Let Θn (M ) := {∆ : ∆ = ∆T , k∆k2 =
ˆ = R̂ − R0
M rn , 0 < M < ∞ }. The estimate R̂ minimizes the Q(R) or equivalently ∆
ˆ be its solution,
minimizes the G(∆) = Q(R0 + ∆). Note that G(∆) is convex and if ∆
ˆ ≤ G(0) = 0. Therefore if we can show that G(∆) is non-negative
then we have G(∆)
ˆ lies within sphere of radius M rn . We require
for ∆ ∈
Θ
(M
),
this
willimply that the ∆
p n
(p + s) log p/n .
rn = o

− kR0 − Kk2F − λkR0− k1 − γ tr(D02 − 2 D0 + p)

Q(R) = kR − Kk2F + λkR− k1 + γ tr(D2 − 2 D + p)

where R0 is the true correlation matrix and R is any other correlation matrix. Let R =
U DU T be eigenvalue decomposition of R, D is diagonal matrix of eigenvalues and U is
matrix of eigenvectors. We have,
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r

log p 
− C1
n

r

i=1

p
X

log p 
.
n

i=1

p
X

x2i
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holds with high probability by using a result (Lemma 1) from Ravikumar et al. (2011).
Next we shall shows that kŴ − W k  kŴ 2 − W 2 k, (where AB means A=OP (B) and

1≤i≤p

r

1≤i≤p

|(ŵi2 − wi2 )|x2i ≤ max |(ŵi2 − wi2 )|
= max |(ŵi2 − wi2 )| = O

kxk2 =1

kŴ 2 − W 2 k = max

using sub-multiplicative
norm property kABk ≤ kAkkBk. Since kKk = O(1) and kR̂ −
q
p
)
these
together implies that kR̂k = O(1) . Also,
KkF = O( s log
n

+kŴ − W k(kR̂kkW k + kŴ kkKk) + kR̂ − KkkŴ kkW k.

≤ kŴ − W kkR̂ − KkkŴ − W k

kΣ̂K − Σ0 k = kŴ R̂Ŵ − W KW k

for all sufficiently large n and M . Which proves the first part of theorem. To prove the
operator norm consistency, we have,

C1
1

sk∆− kF ,

s log p +
k∆ kF {1 + 1/ + 2/1 }
n
r
h
i
C1 log p C1
≥ k∆k2F 1 +
−
{1 + 1/ + 2/1 }
1
n
M
≥ 0,
G(∆) ≥ k∆k2F 1 +

√

r
C1 
log p −
log p −
k∆Ē k1 ≥
k∆Ē k1 − 2C1 +
n
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for sufficiently small . Therefore,
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−
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n
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n
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Let λ = (C1 /) log p/n, γ = (C1 /1 ) log p/n, where (λ, γ) ∈ ŜK
1 , we obtain,
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i=1

kxk2 =1

i=1

ŵi
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B=OP (A)). We have,

kxk2 =1

i=1

p
X

|(ŵi2 − wi2 )|xi2 = C3 kŴ 2 − W 2 k.

p
p
X
X
ŵ2 − wi2  2
kŴ − W k = max
|xi
|(ŵi − wi )|xi2 = max
| i
+



p
X
{σi (Σ) − σ̄Σ }2 ,

where we have used the fact that the true standard deviations are well above zero, i.e.,
∃ 0 < C3 < ∞ such that 1/C3 ≤ wi−1 ≤ C3 ∀ i = 1, 2, · · · , p, and sample standard deviation
are all positive, i.e, ŵi > 0 ∀ i = 1, 2, · · · , p. Now since kŴ 2 − W2 k  kŴ − W k, this follows
p
that kŴ k = O(1) and we have kΣ̂K − Σ0 k2 = O s log
+ logn p . This completes the proof.
n
Proof of Theorem 3.2 Let

f (Σ) = ||Σ − S||F2 + λkΣ− k1 + γ
i=1

Similar to the proof of theroem (3.1), define the function Q1 (.) as following:
Q1 (Σ) = f (Σ) − f (Σ0 )

(.5)

where Σ0 is the true covariance matrix and Σ is any other covariance matrix. Let Σ = U DU T
be eigenvalue decomposition of Σ, D is diagonal matrix of eigenvalues and U is matrix of
eigenvectors. We have,

− kΣ0 − SkF2 − λkΣ0− k1 − γ tr(D02 ) − (tr(D0 ))2 /p

Q1 (Σ) = kΣ − SkF2 + λkΣ− k1 + γ tr(D2 ) − (tr(D))2 /p

−

kΣ0

−

SkF2

= tr(ΣT Σ − Σ0T Σ0 ) − 2 tr((Σ − Σ0 )S)

= tr(ΣT Σ − 2ΣT S + S T S) − tr(Σ0T Σ0 − 2Σ0 S + S T S)

where A = diag(a1 , a2 , · · · , ap ) and Σ0 = U0 D0 U0T is eigenvalue decomposition of Σ0 . Write
∆ = Σ − Σ0 , and let Θn (M ) := {∆ : ∆ = ∆T , k∆k2 = M rn , 0 < M < ∞ }. The estimate
ˆ = Σ̂ − Σ0 minimizes the G(∆) = Q(Σ0 + ∆). Note
Σ̂ minimizes the Q(Σ) or equivalently ∆
ˆ be its solution, then we have G(∆)
ˆ ≤ G(0) = 0. Therefore
that G(∆) is convex and if ∆
ˆ
if we can show that G(∆) is non-negative for ∆ ∈ Θn (M ), this
√ will
 imply that the ∆ lies
p
within sphere of radius M rn . We require (p + s) log p = o n .
kΣ −

SkF2
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= tr((Σ0 + ∆)T (Σ0 + ∆) − Σ0T Σ0 ) − 2 tr(∆T S)
= tr(∆T ∆) − 2 tr(∆T (S − Σ0 ))
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|∆ij (Σ0ij − Sij )| +

i=1

√

i=1

p max(|Σ0ii − Sii |)

Next, we bound term involving S in above expression, we have
X
X
|∆ii (Σ0ii − Sii )|
|tr(∆(Σ0 − S))| ≤

i6=j

≤ max(|Σ0ij − Sij |)k∆− k1 +

log p −
k∆ k1 +
n

sX

i=1

2
∆ii

r
nr log p
p log p + o
≤ C0 (1 + τ ) max(Σ0ii )
k∆− k1 +
k∆ k2
i
n
n
r
nr
p
log
p + o
k∆ k2
n

≤ C1

= tr(Σ2 ) − tr(Σ02 ) − (tr(Σ))2 /p + (tr(Σ0 ))2 /p

tr(D2 ) − (tr(D))2 /p − tr(D02 ) − (tr(D))2 /p

tr(Σ2 ) − Σ02 ))

≤ tr(Σ0 + ∆)2 − tr(Σ0 )2
√
= tr(∆)2 + 2 tr(∆2 Σ0 ) ≤ tr(∆)2 + C1 sk∆kF
tr((Σ))2 − (tr(Σ0 ))2

(i)

holds with high probability by a result (Lemma 1) from Ravikumar et al. (2011) where
C1 = C0 (1 + τ ) maxi (Σ0ii ), C0 > 0 and ∆+ is matrix ∆ with all off-diagonal elements set to
zero. Next we obtain upper bound on the terms involving γ in (3.7). we have,

(ii)

= (tr(Σ0 + ∆))2 − (tr(Σ0 ))2
√
≤ (tr(∆))2 + 2 tr(Σ ) tr(∆) ≤ p k∆kF2 + 2 k̄p pk∆+ kF .
0
√
√
+ (C1 s + 2 pk̄)k∆kF . We bound the
Therefore the γ term can be bounded by
q
log p
n , the proof

2k∆kF2

term involving λ as in similar to the proof of Theorem 3.1. For λ  γ 
follows very similar to Theorem 3.1.

−

−1
R̂K
)∆)|

−1
≤ σ1 (R0−1 )|tr((R̂K − R0 )R̂K
∆)|

−1
= |tr(R0−1 (R̂K − R0 )R̂K
∆)|

−1
, we
Proof of Theorem 3.3. To bound the cross product term involving ∆ and R̂K
have,

|tr((R0−1

≤ k̄ k̄1 |tr((R̂K − R0 )∆)|.

−1
≤ k̄σ1 (R̂K
)|tr((R̂K − R0 )∆)|

where σmin (R̂K ) ≥ (1/k̄1 ) > 0, is a positive lower bound on the eigenvalues of JPEN estimate R̂K of correlation matrix R0 . Such a constant exist by Lemma 3.2. Rest of the proof
closely follows as that of Theorem 3.1.
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Proof of Theorem 3.4. We bound the term tr((Ω̂S − Ω0 )∆) similar to that in proof
of Theorem 3.3. Rest of the proof closely follows to that Theorem 3.2.
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Many problems in statistics and machine learning involve inferring a latent function from training data (for instance regression, classification, inverse reinforcement learning, inference on point
processes to name but a few). Real-valued stochastic processes, among which Gaussian processes
(GPs), are often used as functional priors for such problems, thereby allowing for a full Bayesian
nonparametric treatment. In the machine learning community, interest in GPs grew out of the observation that some Bayesian neural networks converge to GPs as the number of hidden units approaches infinity (Neal (1996)). Since then, other similarities have been established between GPs
and popular models such as Bayesian linear regression, Bayesian basis function regression, spline
models and support vector machines (Rasmussen and Williams (2006)). However, they often perform poorly on Big Data tasks primarily for two reasons. Firstly, large data sets are likely to exhibit
multiple types of local patterns that should appropriately be accounted for by flexible and possibly

1. Introduction

Keywords: String Gaussian processes, scalable Bayesian nonparametrics, Gaussian processes,
nonstationary kernels, reversible-jump MCMC, point process priors

In this paper we introduce a novel framework for making exact nonparametric Bayesian inference
on latent functions that is particularly suitable for Big Data tasks. Firstly, we introduce a class
of stochastic processes we refer to as string Gaussian processes (string GPs which are not to be
mistaken for Gaussian processes operating on text). We construct string GPs so that their finitedimensional marginals exhibit suitable local conditional independence structures, which allow for
scalable, distributed, and flexible nonparametric Bayesian inference, without resorting to approximations, and while ensuring some mild global regularity constraints. Furthermore, string GP priors
naturally cope with heterogeneous input data, and the gradient of the learned latent function is readily available for explanatory analysis. Secondly, we provide some theoretical results relating our
approach to the standard GP paradigm. In particular, we prove that some string GPs are Gaussian
processes, which provides a complementary global perspective on our framework. Finally, we derive a scalable and distributed MCMC scheme for supervised learning tasks under string GP priors.
The proposed MCMC scheme has computational time complexity O(N ) and memory requirement
O(dN ), where N is the data size and d the dimension of the input space. We illustrate the efficacy
of the proposed approach on several synthetic and real-world data sets, including a data set with 6
millions input points and 8 attributes.

Editor: Neil Lawrence

Department of Engineering Science and Oxford-Man Institute
University of Oxford
Eagle House, Walton Well Road,
OX2 6ED, Oxford, United Kingdom

YLKS @ ROBOTS . OX . AC . UK
SJROB @ ROBOTS . OX . AC . UK

Yves-Laurent Kom Samo

Stephen J. Roberts

String and Membrane Gaussian Processes

Journal of Machine Learning Research 17 (2016) 1-87

2

JMLR 17(131):1-87

The contributions of this paper are as follows. We introduce a novel class of stochastic processes, string Gaussian processes (string GPs), that may be used as priors over latent functions
within a Bayesian nonparametric framework, especially for large scale problems and in the presence
of possibly multiple types of local patterns. We propose a framework for analysing the flexibility
of random functions and surfaces, and prove that our approach yields more flexible stochastic processes than isotropic Gaussian processes. We demonstrate that exact inference under a string GP
prior scales considerably better than in the standard GP paradigm, and is amenable to distributed
computing. We illustrate that popular stationary kernels can be well approximated within our framework, making string GPs a scalable alternative to commonly used GP models. We derive the joint
law of a string GP and its gradient, thereby allowing for explanatory analysis on the learned latent
function. We propose a reversible-jump Markov Chain Monte Carlo sampler for automatic learning
of model complexity and local patterns from data.

Our work is rooted in the observation that, from a Bayesian nonparametric perspective, it is
inefficient to define a stochastic process through fully-dependent marginals, as it is the case for
Gaussian processes. Indeed, if a stochastic process (f (x))x∈Rd has fully dependent marginals and
exhibits no additional conditional independence structure then, when f is used as functional prior
and some observations related to (f (x1 ), . . . , f (xn )) are gathered, namely (y1 , . . . , yn ), the additional memory required to take into account an additional piece of information (yn+1 , xn+1 ) grows
in O(n), as one has to keep track of the extent to which yn+1 informs us about f (xi ) for every
i ≤ n, typically through a covariance matrix whose size will increase by 2n + 1 terms. Clearly,
this is inefficient, as yn+1 is unlikely to be informative about f (xi ), unless xi is sufficiently close
to xn+1 . More generally, the larger n, the less information a single additional pair (yn+1 , xn+1 )
will add to existing data, and yet the increase in memory requirement will be much higher than that
required while processing earlier and more informative data. This inefficiency in resource requirements extends to computational time, as the increase in computational time resulting from adding
(yn+1 , xn+1 ) typically grows in O(n2 ), which is the difference between the numbers of operations
required to invert a n × n matrix and to invert a (n + 1) × (n + 1) matrix. A solution for addressing
this inefficiency is to appropriately limit the extent to which values f (x1 ), . . . , f (xn ) are related
to each other. Existing approaches such as sparse Gaussian processes (see Quinonero-Candela and
Rasmussen (2005) for a review), resort to an ex-post approximation of fully-dependent Gaussian
marginals with multivariate Gaussians exhibiting conditional independence structures. Unfortunately, these approximations trade-off accuracy for scalability through a control variable, namely
the number of inducing points, whose choice is often left to the user. The approach we adopt in
this paper consists of going back to stochastic analysis basics, and constructing stochastic processes
whose finite-dimensional marginals exhibit suitable conditional independence structures so that we
need not resorting to ex-post approximations. Incidentally, unlike sparse GP techniques, the conditional independence structures we introduce also allow for flexible and principled learning of local
patterns, and this increased flexibility does not come at the expense of scalability.

nonstationary covariance functions, the development of which is still an active subject of research.
Secondly, inference under GP priors often consists of looking at the values of the GP at all input
points as a jointly Gaussian vector with fully dependent coordinates, which induces a memory requirement and time complexity respectively squared and cubic in the training data size, and thus
is intractable for large data sets. We refer to this approach as the standard GP paradigm. The
framework we introduce in this paper addresses both of the above limitations.

KOM S AMO AND ROBERTS

The rest of the paper is structured as follows. In Section 2 we review recent advances on Gaussian processes in relation to inference on large data sets. In Section 3 we formally construct string
GPs and derive some important results. In Section 4 we provide detailed illustrative and theoretical
comparisons between string GPs and the standard GP paradigm. In Section 5 we propose methods
for inferring latent functions under string GP priors with time complexity and memory requirement
that are linear in the size of the data set. The efficacy of our approach compared to competing
alternatives is illustrated in Section 6. Finally, we finish with a discussion in Section 7.
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2. Related Work
The two primary drawbacks of the standard GP paradigm on large scale problems are the lack
of scalability resulting from postulating a full multivariate Gaussian prior on function values at
all training inputs, and the difficulty postulating a priori a class of covariance functions capable
of capturing intricate and often local patterns likely to occur in large data sets. A tremendous
amount of work has been published that attempt to address either of the aforementioned limitations.
However, scalability is often achieved either through approximations or for specific applications,
and nonstationarity is usually introduced at the expense of scalability, again for specific applications.

1. That is multivariate kernel that can be written as product of univariate kernels.

4
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A family of methods have been proposed to scale-up inference in GP models that are based on the
observation that it is more computationally efficient to compute the pdf of K independent small
Gaussian vectors with size n than to compute the pdf of a single bigger Gaussian vector of size nK.
For instance, Kim et al. (2005) and Gramacy and Lee (2008) partitioned the input space, and put
independent stationary GP priors on the restrictions of the latent function to the subdomains forming
the partition, which can be regarded as independent local GP experts. Kim et al. (2005) partitioned
the domain using Voronoi tessellations, while Gramacy and Lee (2008) used tree based partitioning.
These two approaches are provably equivalent to postulating a (nonstationary) GP prior on the whole
domain that is discontinuous along the boundaries of the partition, which might not be desirable if
the latent function we would like to infer is continuous, and might affect predictive accuracy. The
more local experts there are, the more scalable the model will be, but the more discontinuities the
latent function will have, and subsequently the less accurate the approach will be.
Mixtures of Gaussian process experts models (MoE) (Tresp (2001); Rasmussen and Ghahramani
(2001); Meeds and Osindero (2006); Ross and Dy (2013)) provide another implementation of this
idea. MoE models assume that there are multiple latent functions to be inferred from the data,
on which it is placed independent GP priors, and each training input is associated to one latent
function. The number of latent functions and the repartition of data between latent functions can
then be performed in a full Bayesian nonparametric fashion (Rasmussen and Ghahramani (2001);
Ross and Dy (2013)). When there is a single continuous latent function to be inferred, as it is the
case for most regression models, the foregoing Bayesian nonparametric approach will learn a single
latent function, thereby leading to a time complexity and a memory requirement that are the same
as in the standard GP paradigm, which defies the scalability argument.

2.2 Scalability Through Data Distribution

view that the underlying function is highly structured, which might be unrealistic in many real-life
non-periodic applications. This approach is generalised by the so-called random Fourier features
methods (Rahimi and Recht (2007); Le et al. (2013); Yang et al. (2015)). Unfortunately all existing
random Fourier features methods give rise to stationary covariance functions, which might not be
appropriate for data sets exhibiting local patterns.
The bottleneck of inference in the standard GP paradigm remains inverting and computing
the determinant of a covariance matrix, normally achieved through the Cholesky decomposition or
Singular Value Decomposition. Methods have been developed that speed-up these decompositions
through low rank approximations (Williams and Seeger (2001)) or by exploiting specific structures
in the covariance function and in the input data (Saatchi (2011); Wilson et al. (2014)), which typically give rise to Kronecker or Toeplitz covariance matrices. While the Kronecker method used by
Saatchi (2011) and Wilson et al. (2014) is restricted to inputs that form a Cartesian grid and to separable kernels,1 low rank approximations such as the Nyström method used by Williams and Seeger
(2001) modify the covariance function and hence the functional prior in a non-trivial way. Methods
have also been proposed to interpolate the covariance matrix on a uniform or Cartesian grid in order
to benefit from some of the computational gains of Toeplitz and Kronecker techniques even when
the input space is not structured (Wilson and Nickisch (2015)). However, none of these solutions is
general as they require that either the covariance function be separable (Kronecker techniques), or
the covariance function be stationary and the input space be one-dimensional (Toeplitz techniques).

2.1 Scalability Through Structured Approximations
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As far as scalability is concerned, sparse GP methods have been developed that approximate the
multivariate Gaussian probability density function (pdf) over training data with the marginal over
a smaller set of inducing points multiplied by an approximate conditional pdf (Smola and Bartlett
(2001); Lawrence et al. (2003); Seeger (2003b,a); Snelson and Ghahramani (2006)). This approximation yields a time complexity linear—rather than cubic—in the data size and squared in the
number of inducing points. We refer to Quinonero-Candela and Rasmussen (2005) for a review
of sparse GP approximations. More recently, Hensman et al. (2013, 2015) combined sparse GP
methods with Stochastic Variational Inference (Hoffman et al. (2013)) for GP regression and GP
classification. However, none of these sparse GP methods addresses the selection of the number
of inducing points (and the size of the minibatch in the case of Hensman et al. (2013, 2015)), although this may greatly affect scalability. More importantly, although these methods do not impose
strong restrictions on the covariance function of the GP model to approximate, they do not address
the need for flexible covariance functions inherent to large scale problems, which are more likely
to exhibit intricate and local patterns, and applications considered by the authors typically use the
vanilla squared exponential kernel.
Lazaro-Gredilla et al. (2010) proposed approximating stationary kernels with truncated Fourier
series in Gaussian process regression. An interpretation of the resulting sparse spectrum Gaussian
process model as Bayesian basis function regression with a finite number K of trigonometric basis
functions allows making inference in time complexity and memory requirement that are both linear in the size of the training sample. However, this model has two major drawbacks. Firstly, it
is prone to over-fitting. In effect, the learning machine will aim at inferring the K major spectral
frequencies evidenced in the training data. This will only lead to appropriate prediction out-ofsample when the underlying latent phenomenon can be appropriately characterised by a finite discrete spectral decomposition that is expected to be the same everywhere on the domain. Secondly,
this model implicitly postulates that the covariance between the values of the GP at two points does
not vanish as the distance between the points becomes arbitrarily large. This imposes a priori the
3

5
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2. Here f is the latent function to be inferred, x∗1 , x∗2 are test points and D denotes training data.

In regards to flexibly handling complex patterns likely to occur in large data sets, Wilson and Adams
(2013) introduced a class of expressive stationary kernels obtained by summing up convolutions of
Gaussian basis functions with Dirac delta functions in the spectral domain. The sparse spectrum
kernel can be thought of as the special case where the convolving Gaussian is degenerate. Although
such kernels perform particularly well in the presence of globally repeated patterns in the data, their
stationarity limits their utility on data sets with local patterns. Moreover the proposed covariance

2.3 Expressive Stationary Kernels

functions generate infinitely differentiable random functions, which might be too restrictive in some
applications.

The last implementation of the idea in this section consists of distributing the training data
over multiple independent but identical GP models. In regression problems, examples include the
Bayesian Committee Machines (BCM) of Tresp (2000), the generalized product of experts (gPoE)
model of Cao and Fleet (2014), and the robust Bayesian Committee Machines (rBCM) of Deisenroth and Ng (2015). These models propose splitting the training data in small subsets, each subset
being assigned to a different GP regression model—referred to as an expert—that has the same
hyper-parameters as the other experts, although experts are assumed to be mutually independent.
Training is performed by maximum marginal likelihood, with time complexity (resp. memory requirement) linear in the number of experts and cubic (resp. squared) in the size of the largest
data set processed by an expert. Predictions are then obtained by aggregating the predictions of
all GP experts in a manner that is specific to the method used (that is the BCM, the gPoE or
the rBCM). However, these methods present major drawbacks in the training and testing procedures. In effect, the assumption that experts have identical hyper-parameters is inappropriate for
data sets exhibiting local patterns. Even if one would allow GP experts to be driven by different
hyper-parameters as in Nguyen and Bonilla (2014) for instance, learned hyper-parameters would
lead to overly simplistic GP experts and poor aggregated predictions when the number of training
inputs assigned to each expert is small—this is a direct consequence of the (desirable) fact that
maximum marginal likelihood GP regression abides by Occam’s razor. Another critical pitfall of
BCM, gPoE and rBCM is that their methods for aggregating expert predictions are Kolmogorov
inconsistent. For instance, denoting p̂ the predictive distribution in the BCM, it can be easily
seen from Equations (2.4) and (2.5) in Tresp (2000) that the predictive distribution p̂(f (x∗1 )|D)
(resp. p̂(f (x∗2 )|D))2 provided by the aggregation procedure of the BCM is not the marginal over
f (x∗2 ) (resp. over f (x∗1 )) of the multivariate predictive distribution p̂(f (x∗1 ), f (x∗2 )|D) obtained
from experts multivariate
predictions pk (f (x∗1 ), f (x∗2 )|D) using the same aggregation procedure:
R
p̂(f (x∗1 )|D) 6= p̂(f (x∗1 ), f (x∗2 )|D)df (x∗2 ). Without Kolmogorov consistency, it is impossible to
make principled Bayesian inference of latent function values. A principled Bayesian nonparametric
model should not provide predictions about f (x∗1 ) that differ depending on whether or not one is
also interested in predicting other values f (x∗i ) simultaneously. This pitfall might be the reason
why Cao and Fleet (2014) and Deisenroth and Ng (2015) restricted their expositions to predictive
distributions about a single function value at a time p̂(f (x∗ )|D), although their procedures (Equation 4 in Cao and Fleet (2014) and Equation 20 in Deisenroth and Ng (2015)) are easily extended to
posterior distributions over multiple function values. These extensions would also be Kolmogorov
inconsistent, and restricting the predictions to be of exactly one function value is unsatisfactory as
it does not allow determining the posterior covariance between function values at two test inputs.

6
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The approach we propose in this paper for inferring latent functions in large scale problems, possibly exhibiting locally homogeneous patterns, consists of constructing a novel class of smooth, nonstationary and flexible stochastic processes we refer to as string Gaussian processes (string GPs),
whose finite dimensional marginals are structured enough so that full Bayesian nonparametric inference scales linearly with the sample size, without resorting to approximations. Our approach is
analogous to MoE models in that, when the input space is one-dimensional, a string GP can be regarded as a collaboration of local GP experts on non-overlapping supports, that implicitly exchange
messages with one another, and that are independent conditional on the aforementioned messages.
Each local GP expert only shares just enough information with adjacent local GP experts for the
whole stochastic process to be sufficiently smooth (for instance continuously differentiable), which
is an important improvement over MoE models as the latter generate discontinuous latent functions.
These messages will take the form of boundary conditions, conditional on which each local GP
expert will be independent from any other local GP expert. Crucially, unlike the BCM, the gPoE
and the rBCM, we do not assume that local GP experts share the same prior structure (that is mean
function, covariance function, or hyper-parameters). This allows each local GP expert to flexibly
learn local patterns from the data if there are any, while preserving global smoothness, which will
result in improved accuracy. Similarly to MoEs, the computational gain in our approach stems from
the fact that the conditional independence of the local GP experts conditional on shared boundary

2.5 Our Approach

As for nonstationary kernels, Paciorek and Schervish (2004) proposed a method for constructing
nonstationary covariance functions from any stationary one that involves introducing n input dependent d × d covariance matrices that will be inferred from the data. Plagemann et al. (2008)
proposed a faster approximation to the model of Paciorek and Schervish (2004). However, both
approaches scale poorly with the input dimension and the data size as they have time complexity
O max(nd3 , n3 ) . MacKay (1998), Schmidt and O’Hagan (2003), and Calandra et al. (2014)
proposed kernels that can be regarded as stationary after a non-linear transformation d on the
input space: k(x, x0 ) = h (kd(x) − d(x0 )k) , where h is positive semi-definite. Although for a
given deterministic function d the kernel k is nonstationary, Schmidt and O’Hagan (2003) put a
GP prior on d with mean function m(x) = x and covariance function invariant under translation,
which unfortunately leads to a kernel that is (unconditionally) stationary, albeit more flexible than
h (kx − x0 k) . To model nonstationarity, Adams and Stegle (2008) introduced a functional prior of
the form y(x) = f (x) exp g(x) where f is a stationary GP and g is some scaling function on the
domain. For a given non-constant function g such a prior indeed yields a nonstationary Gaussian
process. However, when a stationary GP prior is placed on the function g as Adams and Stegle
(2008) did, the resulting functional prior y(x) = f (x) exp g(x) becomes stationary. The piecewise GP (Kim et al. (2005)) and treed GP (Gramacy and Lee (2008)) models previously discussed
also introduce nonstationarity. The authors’ premise is that heterogeneous patterns might be locally homogeneous. However, as previously discussed such models are inappropriate for modelling
continuous latent functions.

2.4 Application-Specific Nonstationary Kernels
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k

conditions will enable us to write the joint distribution over function and derivative values at a large
number of inputs as the product of pdfs of much smaller Gaussian vectors.
P The resulting effect on
time complexity is a decrease from O(N 3 ) to O(max nk3 ), where N = k nk , nk  N . In fact,

in Section 5 we will propose Reversible-Jump Monte Carlo Markov Chain (RJ-MCMC) inference
methods that achieve memory requirement and time complexity O(N ), without any loss of flexibility. All these results are preserved by our extension of string GPs to multivariate input spaces,
which we will occasionally refer to as membrane Gaussian processes (or membrane GPs). Unlike
the BCM, the gPoE and the rBCM, the approach we propose in this paper, which we will refer to as
the string GP paradigm, is Kolmogorov consistent, and enables principled inference of the posterior
distribution over the values of the latent function at multiple test inputs.

3. Construction of String and Membrane Gaussian Processes
In this section we formally construct string Gaussian processes, and we provide some important
theoretical results including smoothness, and the joint law of string GPs and their gradients. We
construct string GPs indexed on R, before generalising to string GPs indexed on Rd , which we will
occasionally refer to as membrane GPs to stress that the input space is multivariate. We start by
considering the joint law of a differentiable GP on an interval and its derivative, and introducing
some related notions that we will use in the construction of string GPs.
Proposition 1 (Derivative Gaussian processes)
Let I be an interval, k : I × I → R a C 2 symmetric positive semi-definite function,3 m : I → R a
C 1 function.

∂2k
∂k
(ti , tj ), and cov(zt0i , zt0j ) =
(ti , tj ),
∂y
∂x∂y

(A) There exists a R2 -valued stochastic process (Dt )t∈I , Dt = (zt , zt0 ), such that for all t1 , . . . , tn ∈ 
dm
I, (zt1 , . . . , ztn , zt01 , . . . , zt0n ) is a Gaussian vector with mean m(t1 ), . . . , m(tn ), dm
dt (t1 ), . . . , dt (tn )
and covariance matrix such that
cov(zti , ztj ) = k(ti , tj ), cov(zti , zt0j ) =

∂
∂
where ∂x
(resp. ∂y
) refers to the partial derivative with respect to the first (resp. second) variable
of k. We herein refer to (Dt )t∈I as a derivative Gaussian process.

dm
dt

and covariance function

∂2k
∂x∂y .

Moreover,

(B) (zt )t∈I is a Gaussian process with mean function m, covariance function k and that is C 1 in the
L2 (mean square) sense.
(C) (zt0 )t∈I is a Gaussian process with mean function
(zt0 )t∈I is the L2 derivative of the process (zt )t∈I .

Proof Although this result is known in the Gaussian process community, we provide a proof for
the curious reader in Appendix B.
We will say of a kernel k that it is degenerate at a when a derivative Gaussian process (zt , zt0 )t∈I
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3. C 1 (resp. C 2 ) functions denote functions that are once (resp. twice) continuously differentiable on their domains.
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with kernel k is such that za and za0 are perfectly correlated,4 that is

|corr(za , za0 )| = 1.



z̃ − m(a)
a
,
z̃a0 − dm
dt (a)

(2)

(1)

As an example, the linear kernel k(u, v) = σ 2 (u − c)(v − c) is degenerate at 0. Moreover, we
will say of a kernel k that it is degenerate at b given a when it is not degenerate at a and when
the derivative Gaussian process (zt , zt0 )t∈I with kernel k is such that the variances of zb and zb0
conditional on (za , za0 ) are both zero.5 For instance, the periodic kernel proposed by MacKay (1998)
with period T is degenerate at u + T given u.
An important subclass of derivative Gaussian processes in our construction are the processes
resulting from conditioning paths of a derivative Gaussian process to take specific values at certain
times (t1 , . . . , tc ). We herein refer to those processes as conditional derivative Gaussian process.
As an illustration, when k is C 3 on I × I with I = [a, b], and neither degenerate at a nor degenerate
at b given a, the conditional derivative Gaussian process on I = [a, b] with unconditional mean
function m and unconditional covariance function k that is conditioned to start at (z̃a , z̃a0 ) is the
derivative Gaussian process with mean function

−1
∀ t ∈ I, mca (t; z̃a , z̃a0 ) = m(t) + K̃t;a Ka;a

and covariance function kca that reads

T

−1
∀ t, s ∈ I, kca (t, s) = k(t, s) − K̃t;a Ka;a
K̃s;a

(4)

(3)

"
#
∂k
i
h
k(u, v)
∂y (u, v)
where Ku;v = ∂k
, and K̃t;a = k(t, a) ∂k
∂y (t, a) . Similarly, when the
∂2k
∂x (u, v) ∂x∂y (u, v)
process is conditioned to start at (z̃a , z̃a0 ) and to end at (z̃b , z̃b0 ), the mean function reads



z̃a − m(a)
dm
 0

−1
z̃a − dt (a) ,
∀ t ∈ I, mca,b (t; z̃a , z̃a0 , z̃b , z̃b0 ) = m(t) + K̃t;(a,b) K(a,b);(a,b)


z̃
b − m(b)
z̃b0 − dm
dt (b)
and the covariance function kca,b reads

T

−1
∀ t, s ∈ I, kca,b (t, s) = k(t, s) − K̃t;(a,b) K(a,b);(a,b)
K̃s;(a,b) ,
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Ka;a Ka;b
where K(a,b);(a,b) =
, and K̃t;(a,b) = K̃t;a K̃t;b . It is important to note that
Kb;a Kb;b
both Ka;a and K(a,b);(a,b) are indeed invertible because the kernel is assumed to be neither degenerate
at a nor degenerate at b given a. Hence, the support of (za , za0 , zb , zb0 ) is R4 , and any function and
derivative values can be used for conditioning. Figure 1 illustrates example independent draws from
a conditional derivative Gaussian process.

4. Or equivalently when the Gaussian vector (za , za0 ) is degenerate.
5. Or equivalently when the Gaussian vector (za , za0 ) is not degenerate but (za , za0 , zb , zb0 ) is.

8
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(B) The string Gaussian process (zt )t∈I defined in (A) is C 1 in the L2 sense and its L2 derivative is
the process (zt0 )t∈I defined in (A).

(zt )t∈I ∼ SGP({ak }, {mk }, {kk }).

2) Conditional on (SDak = xk )k∈[0..K] , the restrictions (SDt )t∈]ak−1 ,ak [ , k ∈ [1..K] are independent conditional derivative Gaussian processes, respectively with unconditional mean function mk
and unconditional covariance function kk and that are conditioned to take values xk−1 and xk at
ak−1 and ak respectively. We refer to (SDt )t∈I as a string derivative Gaussian process, and to its
first coordinate (zt )t∈I as a string Gaussian process namely,

(7)

(5)

µb0 = 1 Ma0 , ∀ k > 0 µbk = k Mak + k Kak ;ak−1 k K−1
ak−1 ;ak−1 (xk−1 − k Mak−1 ),
#
"


∂kk
kk (u, v)
m (u)
∂y (u, v)
with k Ku;v = ∂kk
, and k Mu = dmkk
.
∂ 2 kk
dt (u)
∂x (u, v) ∂x∂y (u, v)



pN xk ; µbk , Σbk
(6)

k=0

K
Y

T
where: Σb0 = 1 Ka0 ;a0 , ∀ k > 0 Σbk = k Kak ;ak − k Kak ;ak−1 k K−1
ak−1 ;ak−1 k Kak ;ak−1 ,

pb (x0 , . . . , xK ) :=

(A) There exists an R2 -valued stochastic process (SDt )t∈I , SDt = (zt , zt0 ) satisfying the following
conditions:
1) The probability density of (SDa0 , . . . , SDaK ) reads:

Theorem 2 (String Gaussian process)
Let a0 < · · · < ak < · · · < aK , I = [a0 , aK ] and let pN (x; µ, Σ) be the multivariate Gaussian density with mean vector µ and covariance matrix Σ. Furthermore, let (mk : [ak−1 , ak ] → R)k∈[1..K]
be C 1 functions, and (kk : [ak−1 , ak ] × [ak−1 , ak ] → R)k∈[1..K] be C 3 symmetric positive semidefinite functions, neither degenerate at ak−1 , nor degenerate at ak given ak−1 .

In our collaborative local GP experts analogy, Theorem 2 stipulates that each local expert takes
as message from the previous expert its left hand side boundary conditions, conditional on which
it generates its right hand side boundary conditions, which it then passes on to the next expert.
Conditional on their boundary conditions local experts are independent of each other, and resemble
vibrating pieces of string on fixed extremities, hence the name string Gaussian process.

The intuition behind string Gaussian processes on an interval comes from the analogy of collaborative local GP experts we refer to as strings that are connected but independent of each other
conditional on some regularity boundary conditions. While each string is tasked with representing
local patterns in the data, a string only shares the states of its extremities (value and derivative)
with adjacent strings. Our aim is to preserve global smoothness and limit the amount of information shared between strings, thus reducing computational complexity. Furthermore, the conditional
independence between strings will allow for distributed inference, greater flexibility and principled
nonstationarity construction.
The following theorem at the core of our framework establishes that it is possible to connect
together GPs on a partition of an interval I, in a manner consistent enough that the newly constructed
stochastic object will be a stochastic process on I and in a manner restrictive enough that any two
connected GPs will share just enough information to ensure that the constructed stochastic process
is continuously differentiable (C 1 ) on I in the L2 sense.

6. The proof is provided in Appendix D.
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where the link function φ : Rd → R is a C 1 function and (ztj ) are d independent (⊥) latent string
Gaussian processes on intervals. We will occasionally refer to string GPs indexed on Rd with d > 1
as membrane GPs to avoid any ambiguity. We note that when d = 1 and when the link function

So far the input space has been assumed to be an interval. We generalise string GPs to hyperrectangles in Rd as stochastic processes of the form:


f (t1 , . . . , td ) = φ zt11 , . . . , ztdd ,
(10)

3.4 String Gaussian Processes on Rd

Algorithm 1 illustrates sampling jointly from a string Gaussian process and its derivative on an interval I = [a0 , aK ]. We start off by sampling the string boundary conditions (zak , za0 k ) sequentially,
conditional on which we sample the values of the stochastic process on each string. This we may
do in parallel as the strings are independent of each other conditional on boundary conditions. The
resulting time complexity is the sum of O(max n3k ) for sampling
Pvalues within strings, and O(n)
for sampling boundary conditions,
where
the
sample
size
is
n
=
k nk . The memory requirement
P
grows as the sum of O( k n2k ), required to store conditional covariance matrices of the values
within strings, and O(K) corresponding to the storage of covariance matrices of boundary conditions. In the special case where strings are all empty, that is inputs and boundary times are the same,
the resulting time complexity and memory requirement are O(n). Figure 2 illustrates a sample from
a string Gaussian process, drawn using this approach.

3.3 Illustration

Thus far we have dealt with regularity only in the L2 sense. However, we note that a sufficient
condition for the process (zt0 )t∈I in Theorem 2 to be almost surely continuous (i.e. sample paths are
continuous with probability 1) and to be the almost sure derivative of the string Gaussian process
(zt )t∈I , is that the Gaussian processes on Ik = [ak−1 , ak ] with mean and covariance functions
a
,a
a
,a
mckk−1 k and kckk−1 k (as per Equations 3 and 4 with m := mk and k := kk ) are themselves almost
surely C 1 for every boundary condition.6 We refer to (Adler and Taylor, 2011, Theorem 2.5.2) for a
sufficient condition under which a C 1 in L2 Gaussian process is also almost surely C 1 . As the above
question is provably equivalent to that of the almost sure continuity of a Gaussian process (see Adler
and Taylor, 2011, p. 30), Kolmogorov’s continuity theorem (see Øksendal, 2003, Theorem 2.2.3)
provides a more intuitive, albeit stronger, sufficient condition than that of (Adler and Taylor, 2011,
Theorem 2.5.2).

3.2 Pathwise Regularity

Proof See Appendix C.
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Figure 2: Draw from a string GP (zt ) with 3 strings and its derivative (zt0 ), under squared exponential kernels (green and yellow strings), and the periodic kernel of MacKay (1998) (red
string).

−100
0.0

0.5

Figure 1: Draws from a conditional derivative GP conditioned to start at 0 with derivative 0 and
to finish at 1.0 with derivative 0.0. The unconditional kernel is the squared exponential
kernel with variance 1.0 and input scale 0.2.
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j

Algorithm 1 Simulation of a string derivative Gaussian process
Inputs: boundary times a0 < · · · < aK , string times {tjk ∈]ak−1 , ak [}j∈[1..nk ],k∈[1..K] , unconditional mean (resp. covariance) functions mk (resp. kk )
Output: {. . . , zak , za0 k , . . . , ztk , zt0k , . . . }.

kΛ

1

k

k ;a
k Ktn
k

be as in Theorem 2,



k Kt1k ;ak−1
k Kt1k ;ak

k Kak−1 ;ak−1
... 
k Kak ;ak−1

k

...

k ;a
k Ktn
k−1


=

k

nk

k Kak ;ak

k Kak−1 ;ak

−1

,

(9)

(8)

Step 1: sample the boundary conditions sequentially.
for k = 0 to K do


Sample (zak , za0 k ) ∼ N µkb , Σkb , with µkb and Σkb as per Equations (7) and (6).
end for
Step 2: sample the values on each string conditional on the boundary conditions in parallel.
parfor k = 1 to K do
Let k Mu and k Ku;v

1
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z
ak−1 − mk (ak−1 )
k Mtk
0
k


z
− dm
 . . .1 
dt (ak−1 ) ,
µs =
+ Λ  ak−1


k
k

zak − mk (ak ) 
k
k Mtn
k
z 0 − dmk (a )
k
a
dt
k



T
. . . k Ktk ;tnk
k Kt1k ;t1k
k Kt1k ;ak−1
k Kt1k ;ak
1
k




.
.
.
.
.
. 
...
. . .  − kΛ 
Σks =  . . .
.
k ;a
k ;a
. . . k Ktnk ;tnk
k ;tk
k Ktn
k Ktn
k Ktn
k k−1
k k
k
k
k 1


Sample ztk , zt0k . . . , ztnk , zt0k
∼ N (µks , Σks ).
end parfor
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Our extension of string GPs to Rd departs from the standard GP paradigm in that we did not
postulate a covariance function on Rd × Rd directly. Doing so usually requires using a metric on
Rd , which is often problematic for heterogeneous input dimensions, as it introduces an arbitrary
comparison between distances in each input dimension. This problem has been partially addressed
by approaches such as Automatic Relevance Determination (ARD) kernels, that allow for a linear rescaling of input dimensions to be learned jointly with kernel hyper-parameters. However,
inference under a string GP prior can be thought of as learning a coordinate system in which the
latent function f resembles the link function φ through non-linear rescaling of input dimensions.
In particular, when φ is symmetric, the learned univariate string GPs (being interchangeable in φ)
implicitly aim at normalizing input data across dimensions, making string GPs naturally cope with
heterogeneous data sets.
An important question arising from our extension is whether or not the link function φ needs to
be learned to achieve a flexible functional prior. The flexibility of a string GP as a functional prior
depends on both the link function and the covariance structures of the underlying string GP building
blocks (ztj ). To address the impact of the choice of φ on flexibility, we constrain the string GP
building blocks by restricting them to be independent identically distributed string GPs with one
string each (i.e. (ztj ) are i.i.d Gaussian processes). Furthermore, we restrict ourselves to isotropic
kernels as they provide a consistent basis for putting the same covariance structure in R and Rd .
One question we might then ask, for a given link function φ0 , is whether or not an isotropic GP
indexed on Rd with covariance function k yields more flexible random surfaces than the stationary
string GP f (t1 , . . . , td ) = φ0 (zt11 , . . . , ztdd ), where (ztjj ) are stationary GPs indexed on R with the
same covariance function k. If we find a link function φ0 generating more flexible random surfaces
than isotropic GP counterparts it would suggest φ need not to be inferred in dimension d > 1 to
be more flexible than any GP using one of the large number of commonly used isotropic kernels,
among which squared exponential kernels, rational quadratic kernels, and Matérn kernels to name
but a few.
Before discussing whether such a φ0 exists, we need to introduce a rigorous meaning to ‘flexibility’. An intuitive qualitative definition of the flexibility of a stochastic process indexed on Rd is
the ease with which it can generate surfaces with varying shapes from one random sample to another
independent one. We recall that the tangent hyperplane to a C 1 surface y − f (x) = 0, x ∈ Rd at
some point x0 = (t01 , . . . , t0d ) has equation ∇f (x0 )T (x − x0 ) − (y − f (x0 )) = 0 and admits as nor∂f 0
∂f 0
mal vector ( ∂t
(t1 ), . . . , ∂t
(td ), −1). As tangent hyperplanes approximate a surface locally, a first
1
d
criterion of flexibility for a random surface y − f (x) = 0, x ∈ Rd is the proclivity of the (random)
direction of its tangent hyperplane at any point x—and hence the proclivity of ∇f (x)—to vary.

3.5 Choice of Link Function

Thus in high dimensions, string GPs easily allow an explanation of the sensitivity of the learned
latent function to inputs.

(11)
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We have already established that sampling string GPs scales better than sampling GPs under the
standard GP paradigm and is amenable to distributed computing. We have also established that

4. Comparison with the Standard GP Paradigm

Although the link function need not be inferred in a full nonparametric fashion to yield comparable if not better results than most isotropic kernels used in the standard GP paradigm, for some
problems certain link functions might outperform others. In Section 4.2 we analyse a broad family
of link functions, and argue that they extend successful anisotropic approaches such as the Automatic Relevance Determination (MacKay (1998)) and the additive kernels of Duvenaud et al.
(2011). Moreover, in Section 5 we propose a scalable inference scheme applicable to any link
function.

Proof See Appendix E.

1) ∀ x ∈ I 1 × · · · × I d , H(∇f (x)) = H(∇g(x)),
2) ∀ x 6= y ∈ I 1 × · · · × I d , I(∇f (x); ∇f (y)) ≤ I(∇g(x); ∇g(y)).

Proposition 4 (Additively separable
string GPs are flexible)

Let k(x, y) := ρ ||x − y||2L2 be a stationary covariance function generating a.s. C 1 GP paths ind
dexed
0, and ρ a function that is C 2 on ]0, +∞[ and continuous at 0. Let φs (x1 , . . . , xd ) =
Pd on R , d >
j
j=1 xj , let (zt )t∈I j , j∈[1..d] be independent stationary Gaussian processes with mean 0 and covariance function k (where the L2 norm is on R), and let f (t1 , . . . , td ) = φs (zt11 , . . . , ztdd ) be the
corresponding stationary string GP. Finally, let g be an isotropic Gaussian process indexed on
I 1 × · · · × I d with mean 0 and covariance function k (where the L2 norm is on Rd ). Then:

Definition 3 (Flexibility of stochastic processes)
Let f and g be two real valued, almost surely C 1 stochastic processes indexed on Rd , and whose
gradients have a finite entropy everywhere (i.e. ∀ x, H(∇f (x)), H(∇g(x)) < ∞). We say that f
is more flexible than g if the following conditions are met:
1) ∀ x, H(∇f (x)) ≥ H(∇g(x)),
2) ∀ x 6= y, I(∇f (x); ∇f (y)) ≤ I(∇g(x); ∇g(y)),
where H is the entropy operator, and I(X; Y ) = H(X) + H(Y ) − H(X, Y ) stands for the mutual
information between X and Y .
P
The following proposition establishes that the link function φs (x1 , . . . , xd ) = di=j xj yields more
flexible stationary string GPs than their isotropic GP counterparts, thereby providing a theoretical
underpinning for not inferring φ.

This criterion alone, however, does not capture the difference between the local shapes of the random surface at two distinct points. A complementary second criterion of flexibility is the proclivity
of the (random) directions of the tangent hyperplanes at any two distinct points x0 , x1 ∈ Rd —and
hence the proclivity of ∇f (x0 ) and ∇f (x1 )—to be independent. The first criterion can be measured
using the entropy of the gradient at a point, while the second criterion can be measured through the
mutual information between the two gradients. The more flexible a stochastic process, the higher
the entropy of its gradient at any point, and the lower the mutual information between its gradients
at any two distinct points. This is formalised in the definition below.

is φ(x) = x, we recover string GPs indexed on an interval as previously defined. When the string
GPs (ztj ) are a.s. C 1 , the membrane GP f in Equation (10) is also a.s. C 1 , and the partial derivative
with respect to the j-th coordinate reads:


∂f
∂φ  1
(t1 , . . . , td ) = ztj0j
zt1 , . . . , ztdd .
∂tj
∂tj

KOM S AMO AND ROBERTS
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stationary additively separable string GPs are more flexible than their isotropic counterparts in the
standard GP paradigm. In this section, we provide further theoretical results relating the string
GP paradigm to thePstandard GP paradigm. Firstly we establish that string GPs with link function
d
φs (x1 , . . . , xd ) = i=j
xj are GPs. Secondly, we derive the global mean and covariance functions
induced by the string GP construction for a variety of link functions. Thirdly, we provide a sense
in which the string GP paradigm can be thought of as extending the standard GP paradigm. And
finally, we show that the string GP paradigm may serve as a scalable approximation of commonly
used stationary kernels.

S TRING AND M EMBRANE G AUSSIAN P ROCESSES
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As an illustration,

=

x1 x2

+

d
X

j=1

X

1≤j1 <j2 <···<jn ≤d

xj = φs (x1 , . . . , xd ),

+ · · · + x1 xd + · · · + xd−1 xd ,

xj = φp (x1 , . . . , xd ).

...

x1 x3

d
Y

j=1

16

n
Y

k=1

xjk .

(12)
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Covariance kernels of string GPs, using as link functions elementary symmetric polynomials en ,
extend most popular approaches that combine unidimensional kernels over features for greater flexibility or cheaper design experiments.
The first-order polynomial e1 gives rise to additively separable Gaussian processes, that can be
regarded as Bayesian nonparametric generalised additive models (GAM), particularly popular for
their interpretability. Moreover, as noted by Durrande et al. (2012), additively separable Gaussian
processes are considerably cheaper than alternate transformations in design experiments with highdimensional input spaces. In addition to the above, additively separable string GPs also allow
postulating the existence of local properties in the experimental design process at no extra cost.
The d-th order polynomial ed corresponds to a product of unidimensional kernels, also known
as separable kernels. For instance, the popular squared exponential kernel is separable. Separable
kernels have been successfully used on large scale inference problems where the inputs form a grid
(Saatchi, 2011; Wilson et al., 2014), as they yield covariance matrices that are Kronecker products,
leading to maximum likelihood inference in linear time complexity and with linear memory requirement. Separable kernels are often used in conjunction with the automatic relevance determination
(ARD) model, to learn the relevance of features through global linear rescaling. However, ARD

ed (x1 , . . . , xd ) =

e2 (x1 , . . . , xd )

e1 (x1 , . . . , xd ) =

e0 (x1 , . . . , xd ) := 1, ∀1 ≤ n ≤ d en (x1 , . . . , xd ) =

We recall that for n ≤ d, the n-th order elementary symmetric polynomial (Macdonald (1995)) is
given by

4.3 Connection Between Multivariate String GP Kernels and Existing Approaches

models under the standard GP paradigm, which would provide a flexible and nonstationary alternative to commonly used kernels that may be used to learn local patterns in data sets—some
successful example applications are provided in Section 5. That being said, adopting such a global
approach should be limited to small scale problems as the conditional independence structure of
string GPs does not easily translate into structures in covariance matrices over string GP values
(without derivative information) that can be exploited to speed-up SVD or Cholesky decomposition. Crucially, marginalising out all derivative information in the distribution of derivative string
GP values at some inputs would destroy any conditional independence structure, thereby limiting
opportunities for scalable inference. In Section 5 we will provide a RJ-MCMC inference scheme
that fully exploits the conditional independence structure in string GPs and scales to very large data
sets.

4.1 Some String GPs are GPs
On one hand we note from Theorem 2 that the restriction of a string GP defined on an interval to
the support of the first string—in other words the first local GP expert—is a Gaussian process. On
the other hand, the messages passed on from one local GP expert to the next are not necessarily
consistent with the unconditional law of the receiving local expert, so that overall a string GP
defined on an interval, that is when looked at globally and unconditionally, might not be a Gaussian
process. However, the following proposition establishes that some string GPs are indeed Gaussian
processes.
Proposition 5 (Additively separable string GPs are GPs)
String Gaussian processes on R are Gaussian
Pd processes. Moreover, string Gaussian processes on
Rd with link function φs (x1 , . . . , xd ) = j=1
xj are also Gaussian processes.

Proof The intuition behind this proof lies in the fact that if X is a multivariate Gaussian, and if
conditional on X, Y is a multivariate Gaussian, providing that the conditional mean of Y depends
linearly on X and the conditional covariance matrix of Y does not depend on X, the vector (X, Y )
is jointly Gaussian. This will indeed be the case for our collaboration of local GP experts as the
boundary conditions picked up by an expert from the previous will not influence the conditional covariance structure of the expert (the conditional covariance strucuture depends only on the partition
of the domain, not the values of the boundary conditions) and will affect the mean linearly. See
Appendix H for the full proof.
The above result guarantees that commonly used closed form predictive equations under GP
priors are still applicable under some string GP priors, providing the global mean and covariance
functions, which we derive in the following section, are available. Proposition 5 also guarantees
stability of the corresponding string GPs in the GP family under addition of independent Gaussian
noise terms as in regression settings. Moreover, it follows from Proposition 5 that inference techniques developed for Gaussian processes can be readily used under string GP priors. In Section 5
we provide an additional MCMC scheme that exploits the conditional independence between strings
to yield greater scalability and distributed inference.
4.2 String GP Kernels and String GP Mean Functions

JMLR 17(131):1-87

The approach we have adopted in the construction of string GPs and membrane GPs did not require explicitly postulating a global mean function or covariance function. In Appendix I we derive
the global mean and covariance functions that result from our construction. The global covariance
function could be used for instance as a stand-alone kernel in any kernel method, for instance GP
15

∀ k ∈ [1..K], (zt )t∈Ik ∼ GP(m, h).

17
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We refer to the case where unconditional string mean and kernel functions are restrictions of
the same functions as in Proposition 6 as uniform string GPs. Although uniform string GPs are
not guaranteed to be as much regular at boundary times as their counterparts in the standard GP
paradigm, we would like to stress that they may well generate paths that are. In other words, the
functional space induced by a uniform string GP on an interval extends the functional space of the
GP with the same mean and covariance functions m and h taken globally and unconditionally on
the whole interval as in the standard GP paradigm. This allows for (but does not enforce) less
regularity at the boundary times. When string GPs are used as functional prior, the posterior mean
can in fact have more regularity at the boundary times than the continuous differentiability enforced
in the string GP paradigm, providing such regularity is evidenced in the data.
We note from Proposition 6 that when m is constant and h is stationary, the restriction of the
uniform string GP (zt )t∈I to any interval whose interior does not contain a boundary time, the
largest of which being the intervals [ak−1 , ak ], is a stationary GP. We refer to such cases as partition
stationary string GPs.

Proof See Appendix F.

then

(zt )t∈I ∼ SGP({ak }, {mk }, {hk }),

Proposition 6 (Extension of the standard GP paradigm)
Let K ∈ N∗ , let I = [a0 , aK ] and Ik = [ak−1 , ak ] be intervals with a0 < · · · < aK . Furthermore,
let m : I → R be a C 1 function, mk the restriction of m to Ik , h : I × I → R a C 3 symmetric
positive semi-definite function, and hk the restriction of h to Ik × Ik . If

The following proposition provides a perspective from which string GPs may be considered as
extending Gaussian processes on an interval.

4.4 String GPs as Extension of the Standard GP Paradigm

kernels might be limited in that we might want the relevance of a feature to depend on its value. As
an illustration, the market value of a watch can be expected to be a stronger indicator of its owner’s
wealth when it is in the top 1 percentile, than when it is in the bottom 1 percentile; the rationale
being that possessing a luxurious watch is an indication that one can afford it, whereas possessing
a cheap watch might be either an indication of lifestyle or an indication that one cannot afford a
more expensive one. Separable string GP kernels extend ARD kernels, in that strings between input
dimensions and within an input dimension may have unconditional kernels with different hyperparameters, and possibly different functional forms, thereby allowing for automatic local relevance
determination (ALRD).
More generally, using as link function the n-th order elementary symmetric polynomial en
corresponds to the n-th order interaction of the additiveP
kernels of Duvenaud et al. (2011). We
also note that the class of link functions φ(x1 , . . . , xd ) = di=1 σi ei (x1 , . . . , xd ) yield full additive
kernels. Duvenaud et al. (2011) noted that such kernels are ‘exceptionally well-suited’ to learn nonlocal structures in data. String GPs complement additive kernels by allowing them to learn local
structures as well.
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Considering the superior scalability of the string GP paradigm, which we may anticipate from the
scalability of sampling string GPs, and which we will confirm empirically in Section 5, a natural
question that comes to mind is whether or not kernels commonly used in the standard GP paradigm
can be well approximated by string GP kernels, so as to take advantage of the improved scalability
of the string GP paradigm. We examine the distortions to commonly used covariance structures
resulting from restricting strings to share only C 1 boundary conditions, and from increasing the
number of strings.
Figure 3 compares some popular stationary kernels on [0, 1] × [0, 1] (first column) to their uniform string GP kernel counterparts with 2, 4, 8 and 16 strings of equal length. The popular kernels considered are the squared exponential kernel (SE), the rational quadratic kernel kRQ (u, v) =


2 −α
1 + 2(u−v)
with α = 1 (RQ 1) and α = 5 (RQ 5), the Matérn 3/2 kernel (MA 3/2), and the
α
Matérn 5/2 kernel (MA 5/2), each with output scale (variance) 1 and input scale 0.5. Firstly, we observe that each of the popular kernels considered coincides with its uniform string GP counterparts
regardless of the number of strings, so long as the arguments of the covariance function are less
than an input scale apart. Except for the Matérn 3/2, the loss of information induced by restricting
strings to share only C 1 boundary conditions becomes noticeable when the arguments of the covariance function are more than 1.5 input scales apart, and the effect is amplified as the number of
strings increases. As for the Matérn 3/2, no loss of information can been noticed, as further attests
Table 1. In fact, this comes as no surprise given that stationary Matérn 3/2 GP are 1-Markov, that is
the corresponding derivative Gaussian process is a Markov process so that the vector (zt , zt0 ) contains as much information as all string GP or derivative values prior to t (see Doob (1944)). Table 1
provides some statistics on the absolute errors between each of the popular kernels considered and
uniform string GP counterparts.

4.5 Commonly Used Covariance Functions and their String GP Counterparts

KOM S AMO AND ROBERTS
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Figure 3: Commonly used covariance functions on [0, 1] × [0, 1] with the same input and output
scales (first column) and their uniform string GP counterparts with K > 1 strings of
equal length.
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K=2

K=8

K = 16

min

avg

max

min

avg

max

min

avg

max

min

avg

max

0
0
0
0
0

0.01
0.01
0.01
0
0.01

0.13
0.09
0.12
0
0.07

0
0
0
0
0

0.02
0.03
0.02
0
0.03

0.25
0.20
0.24
0
0.15

0
0
0
0
0

0.03
0.05
0.04
0
0.05

0.37
0.37
0.37
0
0.29

0
0
0
0
0

0.04
0.07
0.05
0
0.08

0.44
0.52
0.47
0
0.48

Table 1: Minimum, average, and maximum absolute errors between some commonly used stationary covariance functions on [0, 1] × [0, 1]
(with unit variance and input scale 0.5) and their uniform string GP counterparts with K > 1 strings of equal length.
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j=1

d
X



j
zx[j]
, (ztj ) ∼ SGP {ajk }, {0}, {kkj } , ∀j < l, (ztj ) ⊥ (ztl ),

(13)

cov(f∗ |y) = K̄X∗ ;X∗ − K̄X∗ ;X K−1
y K̄X;X∗ ,

(14)
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using the fact that (f∗ , y) is jointly Gaussian, and that the cross-covariance matrix between f∗ and
y is K̄X∗ ;X as the additive measurement noise is assumed to be independent from the latent process f .

E(f∗ |y) = K̄X∗ ;X K−1
y y and

We obtain estimates of the string measurement noise standard deviations {σ̂ki } and estimates of the
string hyper-parameters {θ̂kj } by maximising the marginal likelihood for a given domain partition
{ajk }, using gradient-based methods. We deduce the predictive mean and covariance matrix of the
latent function values f∗ at test points X∗ , from the estimates {θ̂kj }, {σ̂ki } as



1
1
n
log p y X, {σki }, {θkj }, {ajk } = − yT K−1
log det (Ky ) − log 2π.
y y−
2
2
2

which we assume to be independent of the measurement noise process. Moreover, the noise terms
are assumed to be independent, and the noise variance σk2i affecting f (xi ) is assumed to be the
same for any two inputs whose coordinates lie on the same string intervals. Such a heteroskedastic
noise model fits nicely within the string GP paradigm, can be very useful when the dimension of
the input space is small, and may be replaced by the typical constant noise variance assumption in
high-dimensional input spaces.
Let us define y = (ỹ1 , . . . , ỹN ), X = (x̃1 , . . . , x̃N ), f = (f (x̃1 ), . . . , f (x̃N )) and let K̄X;X denote the auto-covariance matrix of f (which we have derived in Section 4.2), and let D = diag({σk2i })
denote the diagonal matrix of noise variances. It follows that y is a Gaussian vector with mean 0
and auto-covariance matrix Ky := K̄X;X + D and that the log marginal likelihood reads:

f (x) =

we are given the training data set D = {x̃i , ỹi }i∈[1..N ] , and we place a mean-zero additively separable string GP prior on f , namely

Firstly, we leverage the fact that additively separable string GPs are Gaussian processes to perform
Bayesian nonparametric regressions in the presence of local patterns in the data, using standard
Gaussian process techniques (see Rasmussen and Williams, 2006, p.112 §5.4.1). We use as generative model

yi = f (xi ) + i , i ∼ N 0, σk2i , σk2i > 0, xi ∈ I 1 × · · · × I d , yi , i ∈ R



1
d
f (x) = φ zx[1]
, . . . , zx[d]
,
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(ztj ) ∼ SGP {ajk }, {0}, {kkj } ,

(15)
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∀j < l, (ztj ) ⊥ (ztl ).

We place a prior p(u) on other likelihood parameters. For instance, in regression problems under
a Gaussian noise model, u can be the noise variance and we may choose p(u) to be the inverseGamma distribution for conjugacy. We place a mean-zero string GP prior on f

5.2.1 P RIOR S PECIFICATION

More generally, we consider learning a smooth real-valued latent function f , defined on a ddimensional hyper-rectangle, under a generative model with likelihood p (D|f , u), where f denotes
values of f at training inputs points and u denotes other likelihood parameters that are not related to f . A large class of machine learning problems aiming at inferring a latent function have a
likelihood model of this form. Examples include celebrated applications such as nonparametric regression and nonparametric binary classification problems, but also more recent applications such as
learning a profitable portfolio generating-function in stochastic portfolio theory (Karatzas and Fernholz (2009)) from the data. In particular, we do not assume that p (D|f , u) factorizes over training
inputs. Extensions to likelihood models that depend on the values of multiple latent functions are
straight-forward and will be discussed in Section 5.3.

5.2 Generic Reversible-Jump MCMC Sampler for Large Scale Inference

The above analysis and equations still hold when a GP prior is placed on f with one of the multivariate string GP kernels derived in Section 4.2 as covariance function.
It is also worth noting from the derivation of string GP kernels in Appendix I that the marginal
likelihood Equation (13) is continuously differentiable in the locations of boundary times. Thus, for
a given number of boundary times, the positions of the boundary times can be determined as part
of the marginal likelihood maximisation. The derivatives of the marginal log-likelihood (Equation
13) with respect to the aforementioned locations {ajk } can be determined from the recursions of
Appendix I, or approximated numerically by finite differences. The number of boundary times
in each input dimension can then be learned by trading off model fit (the maximum marginal log
likelihood) and model simplicity (the number of boundary times or model parameters), for instance
using information criteria such as AIC and BIC. When the input dimension is large, it might be
advantageous to further constrain the hypothesis space of boundary times before using information
criteria, for instance by assuming that the number of boundary times is the same in each dimension.
An alternative Bayesian nonparametric approach to learning the number of boundary times will be
discussed in section 5.4.
This method of inference cannot exploit the structure of string GPs to speed-up inference, and as
a result it scales like the standard GP paradigm. In fact, any attempt to marginalize out univariate
derivative processes, including in the prior, will inevitably destroy the conditional independence
structure. Another perspective to this observation is found by noting from the derivation of global
string GP covariance functions in Appendix I that the conditional independence structure does not
easily translate in a matrix structure that may be exploited to speed-up matrix inversion, and that
marginalizing out terms relating to derivatives processes as in Equation (13) can only make things
worse.

In this section we move on to developing inference techniques for Bayesian nonparametric inference
of latent functions under string GP priors. We begin with marginal likelihood inference in regression
problems. We then propose a novel reversible-jump MCMC sampler that enables automatic learning
of model complexity (that is the number of different unconditional kernel configurations) from the
data, with a time complexity and memory requirement both linear in the number of training inputs.

5.1 Maximum Marginal Likelihood for Small Scale Regression Problems

5.1.1 R EMARKS
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5. Inference under String and Membrane GP Priors
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,

As discussed in Section 3.5, the link function φ need not be inferred as the symmetric sum was
found to yield a sufficiently flexible functional prior. Nonetheless, in this section we do not impose
any restriction on the link function φ other than continuous differentiability. Denoting z the vector
of univariate string GP processes and their derivatives, evaluated at all distinct input coordinate
values, we may re-parametrize the likelihood as p (D|z, u), with the understanding that f can be
recovered from z through the link function φ. To complete our prior specification, we need to
discuss the choice of boundary times {akj } and the choice of the corresponding unconditional kernel
structures {kkj }. Before doing so, we would like to stress that key requirements of our sampler are
that i) it should decouple the need for scalability from the need for flexibility, ii) it should scale
linearly with the number of training and test inputs, and iii) the user should be able to express
prior views on model complexity/flexibility in an intuitive way, but the sampler should be able to
validate or invalidate the prior model complexity from the data. While the motivations for the last
two requirements are obvious, the first requirement is motivated by the fact that a massive data set
may well be more homogeneous than a much smaller data set.
5.2.2 S CALABLE C HOICE OF B OUNDARY T IMES
To motivate our choice of boundary times that achieves great scalability, we first note that the
evaluation of the likelihood, which will naturally be needed by the MCMC sampler, will typically
have at least linear time complexity and linear memory requirement, as it will require performing
computations that use each training sample at least once. Thus, the best we can hope to achieve
overall is linear time complexity and linear memory requirement. Second, in MCMC schemes with
functional priors, the time complexity and memory requirements for sampling from the posterior
p (f |D) ∝ p (D|f ) p(f )

i.i.d
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7. That is, the functional form of the unconditional kernel kkj and its hyper-parameters.
8. We would like to stress that change-points do not introduce new input points or boundary times, but solely define a
partition of the domain of each input dimension.
9. This may easily be relaxed if needed, for instance by putting normal priors on parameters that may be negative and
log-normal priors on positive parameters.

where we choose the Gamma distribution Γ as prior on the intensity λj for conjugacy, we assume all
kernel hyper-parameters are positive as is often the case in practice,9 the coordinates of the hyperparameters of a kernel configuration are assumed i.i.d., and kernel hyper-parameters are assumed

j
j

θp [i] {cp }, λj ∼ log N (0, ρj )


∀(j, p) 6= (l, q) θj ⊥ θl ,
p
q


j
j
j

λ ∼ Γ(α , β ),


{cj } λj ∼ HPP(λj )
p

setup departs from postulating the unconditional string covariance function kkj globally similarly
to the standard GP paradigm. The more distinct unconditional covariance structures there are,
the more complex the model is, as it may account for more types of local patterns. Thus, we may
identify model complexity to the number of different kernel configurations across input dimensions.
In order to learn model complexity, we require that some (but not necessarily all) strings share their
kernel configuration.7 Moreover, we require kernel membership to be dimension-specific in that
two strings in different input dimensions may not explicitly share a kernel configuration in the prior
specification, although the posterior distribution over their hyper-parameters might be similar if the
data support it.
In each input dimension j, kernel membership is defined by a partition of the corresponding
domain operated by a (possibly empty) set of change-points,8 as illustrated in Figure 4. When there
is no change-point as in Figure 4-(a), all strings are driven by the same kernel and hyper-parameters.
Each change-point cpj induces a new kernel configuration θpj that is shared by all strings whose
j
j j
j
boundary times akj and ak+1
both
lie
in
[c
p , cp+1 [. When one or multiple change-points cp occur
j
,
between two adjacent boundary times as illustrated in Figures 4-(b-d), for instance akj ≤ cpj ≤ ak+1
j
the kernel configuration of the string defined on [akj , ak+1
] is that of the largest change-point that lies
j
] (see for instance Figure 4-(d)). For consistency, we denote θ0j the kernel configuration
in [akj , ak+1
driving the first string in the j-th dimension; it also drives strings that come before the first changepoint, and all strings when there is no change-point.
To place a prior on model complexity, it suffices to define a joint probability measure on the
set of change-points and the corresponding kernel configurations. As kernel configurations are
not shared across input dimensions, we choose these priors to be independent across input dimensions. Moreover, {cpj } being a random collection of points on an interval whose number and positions are both random, it is de facto a point process (Daley and Vere-Jones (2008)). To keep the
prior specification of change-points uninformative, it is desirable that conditional on the number of
change-points, the positions of change-points be i.i.d. uniform on the domain. As for the number
of change-points, it is important that the support of its distribution not be bounded, so as to allow
for an arbitrarily large model complexity if warranted. The two requirements above are satisfied by
j
a homogeneous Poisson process or HPP (Daley and
 (2008)) with constant intensity λ .
 Vere-Jones
More precisely, the prior probability measure on {cpj , θpj }, λj is constructed as follows:

are often the same as the resource requirements for sampling from the prior p (f ), as evaluating
the model likelihood is rarely the bottleneck. Finally, we note from Algorithm 1 that, when each
input coordinate in each dimension is a boundary time, the sampling scheme has time complexity
and memory requirement that are linear in the maximum number of unique input coordinates across
dimensions, which is at most the number of training samples. In effect, each univariate derivative
string GP is sampled in parallel at as many times as there are unique input coordinates in that dimension, before being combined through the link function. In a given input dimension, univariate
derivative string GP values are sampled sequentially, one boundary time conditional on the previous. The foregoing sampling operation is very scalable not only asymptotically but also in absolute
terms; it merely requires storing and inverting at most as many 2 × 2 matrices as the number of
input points. We will evaluate the actual overall time complexity and memory requirement when
we discuss our MCMC sampler in greater details. For now, we would like to stress that i) choosing
each distinct input coordinate value as a boundary time in the corresponding input dimension before
training is a perfectly valid choice, ii) we expect this choice to result in resource requirements that
grow linearly with the sample size and iii) in the string GP theory we have developed thus far there
is no requirement that two adjacent strings be driven by different kernel hyper-parameters.
5.2.3 M ODEL C OMPLEXITY L EARNING AS A C HANGE -P OINT P ROBLEM
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The remark iii) above pertains to model complexity. In the simplest case, all strings are driven by the
same kernel and hyper-parameters as it was the case in Section 4.5, where we discussed how this
23
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Figure 4: Effects of domain partition through change-points (coloured circles), on kernel membership. Each vertical bar corresponds to a distinct boundary time ajk . For the same collection
of boundary times, we consider four scenarios: (a) no partition, (b) partition of the domain
in two by a single change-point that does not coincide with any existing boundary time,
(c) partition of the domain in three by two change-points, one of which coincides with
an existing boundary time, and (d) partition of the domain in two by two distinct changepoints. In each scenario, kernel membership is illustrated by colour-coding. The colour
of the interval between two consecutive boundary times ajk and ajk+1 reflects what kernel configuration drives the corresponding string; in particular, the colour of the vertical
bar corresponding to boundary time ajk+1 determines what kernel configuration should
be used to compute the conditional distribution of the value of the derivative string GP
(ztj , ztj0 ) at ajk+1 , given its value at ajk .

(d)

(c)

(b)

(a)
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(17)
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defines a bijection between the set of possible change-points in the j-th dimension
 and the set
of all discrete probability distributions. Thus, we could have placed as prior on . . . , pjp , . . . a
Dirichlet process (Ferguson (1973)), a Pitman-Yor process (Pitman and Yor (1997)), more generally
normalized completely random measures (Kingman (1967)) or any other probability distribution
over partitions. We prefer the point process approach primarily because it provides an easier way
of expressing prior belief about model complexity through the expected number of change-points
#{cjp }, while remaining uninformative about positions thereof.
One might also be tempted to regard change-points in an input dimension j as inducing a partition, not of the domain [aj , bj ], but of the set of boundary times ajk in the same dimension, so
that one may define a prior over kernel memberships through a prior over partitions of the set of
boundary times. However, this approach would be inconsistent with the aim to learn local patterns
in the data if the corresponding random measure is exchangeable. In effect, as boundary times are
all input coordinates, local patterns may only arise in the data as a result of adjacent strings sharing
kernel configurations. An exchangeable random measure would postulate a priori that two kernel
membership assignments that have the same kernel configurations (i.e. the same number of configurations and the same set of hyper-parameters) and the same number of boundary times in each kernel
cluster (although not exactly the same boundary times), are equally likely to occur, thereby possibly
putting more probability mass on kernel membership assignments that do not respect boundary time
adjacency. Unfortunately, exchangeable random measures (among which the Dirichlet process and
the Pitman-Yor process) are by far more widely adopted by the machine learning community than
non-exchangeable random measures. Thus, this approach might be perceived as overly complex.
That being said, as noted by Foti and Williamson (2015), non-exchangeable normalized random
measures may be regarded as Poisson point processes (with varying intensity functions) on some

The two equations above may guide the user when setting the parameters αj and β j . For instance,
these values may be set so that the expected number of change-points in a given input dimension be a
fixed fraction of the number of boundary times in that input dimension, and so that the prior variance
over the number of change-points be large enough that overall the prior isn’t too informative.
We could have taken a different approach to construct our prior on change-points. In effect,
assuming for the sake of the argument that the boundaries of the domain of the j-th input, namely
aj and bj , are the first and last change-point in that input dimension, we note that the mapping
!
cjp+1 − cjp


j
j
. . . , cp , . . . → . . . , pp , . . . := . . . , j
,...
b − aj

and the variance of the number of change-points in the j-dimension under our prior is
!

 j
bj − aj
j
j
j α
Var #{cp } = b − a
1+
.
βj
βj


 αj
E #{cjp } = bj − aj j ,
β

independent between kernel configurations. Denoting the domain of the j-th input [aj , bj ], it follows
from applying the laws of total expectation and total variance on Equation (16) that the expected
number of change-points in the j-th dimension under our prior is
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augmented spaces, which makes this choice of prior specification somewhat similar, but stronger
(that is more informative) than the one we adopt in this paper.
Before deriving the sampling algorithm, it is worth noting that the prior defined in Equation (16)
does not admit a density with respect to the same base measure,10 as the number of change-points
#{cpj }, and subsequently the number of kernel configurations, may vary from one sample to another.
Nevertheless, the joint distribution over the data D and all other model parameters is well defined
and, as we will see later, we may leverage reversible-jump MCMC techniques (Green (1995); Green
and Hastie (2009)) to construct a Markov chain that converges to the posterior distribution.
5.2.4 OVERALL S TRUCTURE OF THE MCMC S AMPLER

(19)

To ease
 notations, wedenote c the set of all change-points in all input dimensions, we denote
n = . . . , #{cpj }, . . . ∈ Nd the vector of the numbers of change-points in each input dimension,

π(n, c, θ, λ, z, u) := p(n, c, θ, λ, z, u|D, α, β, ρ),

we denote θ the set of kernel hyper-parameters,11 and ρ := (. . . , ρj , . . . ) the vector of variances of
the independent log-normal priors on θ. We denote λ := (. . . , λj , . . . ) the vector of change-points
intensities, we denote α := (. . . , αj , . . . ) and β := (. . . , β j , . . . ) the vectors of parameters of the
Gamma priors we placed on the change-points intensities across the d input dimensions, and we
recall that u denotes the vector of likelihood parameters other than the values of the latent function
f.
We would like to sample from the posterior distribution p(f , f ∗ , ∇f , ∇f ∗ |D, α, β, ρ), where f
and f ∗ are the vectors of values of the latent function f at training and test inputs respectively, and
∇f , ∇f ∗ the corresponding gradients. Denoting z the vector of univariate string GP processes and
their derivatives, evaluated at all distinct training and test input coordinate values, we note that to
sample from p(f , f ∗ , ∇f , ∇f ∗ |D, α, β, ρ), it suffices to sample from p(z|D, α, β, ρ), compute f
and f ∗ using the link function, and compute the gradients using Equation (11). To sample from
p(z|D, α, β, ρ), we may sample from the target distribution

and discard variables that are not of interest. As previously discussed, π is not absolutely continuous
with respect to the same base measure, though we may still decompose it as

j=1

a0

a0

k=1

ak

ak

ak−1


 naY
[j]−1 
d
Y
p z j j , z j0j
p z j j , z j0j z j j

ak−1

, z j0j



,

(21)

1
π(n, c, θ, λ, z, u) =
p(n|λ)p(λ|α, β)p(c|n)p(θ|n, ρ)p(u)p(z|c, θ)p(D|z, u),
p(D|α, β, ρ)
(20)
where we use the notation p(.) and p(.|.) to denote probability measures rather than probability
density functions or probability mass functions, and where product and scaling operations are usual
measure operations. Before proceeding any further, we will introduce a slight re-parametrization of
Equation (20) that will improve the inference scheme.
Let na = (. . . , #{akj }k , . . . ) be the vector of the numbers of unique boundary times in all d
input dimensions. We recall from our prior on f that
p(z|c, θ) =

JMLR 17(131):1-87

10. That is the joint prior probability measure is neither discrete, nor continuous.
11. To simplify the exposition, we assume without loss of generality that each kernel configuration has the same kernel
functional form, so that configurations are defined by kernel hyper-parameters.
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where each factor in the decomposition above is a bivariate Gaussian density whose mean vector and
covariance matrix is obtained from the partitions c, the kernel hyper-parameters θ, and the kernel
membership scheme described in Section 5.2.3 and illustrated in Figure
4, and using
Equations



(6-7). Let kj Ku;v be the unconditional covariance matrix between zuj , zuj0 and zvj , zvj0 as per

k

a0

k

a0

k−1

k−1

ak−1

, z j0j


, and

j −1
k Kaj ;aj .
k−1 k−1

ak−1

j −1
j T
k Kaj ;aj k Kaj ;aj
k k−1
k−1 k−1

j
the unconditional kernel structure driving the string defined on the interval [akj , ak+1
[. Let Σ0j :=


be the auto-covariance matrix of z j j , z j0j . Let

j
0 Ka0j ;a0j

k

ak

Σkj := kj Kaj ;aj − kj Kaj ;aj
ak

k

Mkj = kj Kaj ;aj




be the covariance matrix of z j j , z j0j given z j j

1

a0

a0

ak−1

ak

ak

ak−1

ak−1

(23)

(22)

Finally, let Lkj := Ukj (Dkj ) 2 withΣkj = Ukj Dkj (Ukj )T the singular value decomposition (SVD) of
Σkj . We may choose to represent z j j , z j0j as

a0

 
zjj
 aj00  = L0j x0j ,
z j

ak



and for k > 0 we may also choose to represent z j j , z j0j as

ak

 


zjj
zj
j
 aj0k  = M j  aj0k−1  + Lj xj ,
k
k k
z j
z j

a0

a0

ak

where {xkj } are independent bivariate standard normal vectors. Equations (22-23) provide an equivalent representation. In effect, we recall that if Z = M + LX, where X ∼ N (0, I) is a standard
multivariate Gaussian, M is a real vector, and L is a real matrix, then Z ∼ N (M, LLT ).





 Equations
z j j , z j0j and z j j , z j0j
z j j , z j0j
. We note
(22-23) result from applying this result to

that at training time, Mkj and Lkj only depend on kernel hyper-parameters. Denoting x the vector of
all xkj , x is a so-called ‘whitened’ representation of z, which we prefer for reasons we will discuss
shortly. In the whitened representation, the target distribution π is re-parameterized as
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1
π(n, c, θ, λ, x, u) =
p(n|λ)p(λ|α, β)p(c|n)p(θ|n, ρ)p(u)p(x)p(D|x, c, θ, u),
p(D|α, β, ρ)
(24)
where the dependency of the likelihood term on the partitions and the hyper-parameters stems from
the need to recover z and subsequently f from x through Equations (22) and (23). The whitened
representation Equation (24) has two primary advantages. Firstly, it is robust to ill-conditioning of

28

(25)
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This update step has memory requirement and time complexity both constant in the number of
training and test samples.

up to a normalizing constant.
Updating λ: By independence of the priors over (λ[j], n[j]), the distributions λ[j] n[j] are
also independent, so that the updates may be performed in parallel. Moreover, recalling that the
prior numberof change-points in the j-th input dimension is Poisson distributed with intensity
λ[j] bj − aj , and by conjugacy of the Gamma distribution to the Poisson likelihood, it follows
that


n[j]
λ[j] n[j] ∼ Γ j
+
α[j],
1
+
β[j]
.
(26)
b − aj

p(n|λ)p(λ|α, β)p(c|n)p(θ|n, ρ)p(u)p(x)p(D|x, c, θ, u),

We recall from Equation (24) that c, θ, λ, x, u|D, α, β, ρ, n has probability density function

5.2.5 W ITHIN -M ODEL U PDATES

admits a density with respect to Lebesgue’s measure on Cn .
Our setup is therefore analogous to that which motivated the seminal paper Green (1995), so
that to sample from the posterior π(c, θ, λ, x, u, n) we may use any Reversible-Jump MetropolisHastings (RJ-MH) scheme satisfying detailed balance and dimension-matching as described in section 3.3 of Green (1995). To improve mixing of the Markov chain, we will alternate between
a between-models RJ-MH update with target distribution π(n, c, θ, λ, x, u), and a within-model
MCMC-within-Gibbs sampler with target distribution π(c, θ, λ, x, u|n). Constructing reversiblejump samplers by alternating between within-model sampling and between-models sampling is
standard practice, and it is well-known that doing so yields a Markov chain that converges to the
target distribution of interest (see Brooks et al., 2011, p. 50).
In a slight abuse of notation, in the following we might use the notations p(.|.) and p(.), which
we previously used to denote probability measures, to refer to the corresponding probability density
functions or probability mass functions.

π(c, θ, λ, x, u|n)

Updating u: When the likelihood has additional parameters u, they may be updated with a
Metropolis-Hastings step. Denoting q(u → u0 ) the proposal probability density function, the acceptance ratio reads


p(u0 )p (D|x, c, θ, u0 ) q(u0 → u)
.
(27)
ru = min 1,
0
p(u)p (D|x, c, θ, u) q(u → u )

Σjk , which would typically occur when two adjacent boundary times are too close to each other. In
the representation of Equation (20), as one needs to evaluate the density p(z|c, θ), ill-conditioning
of Σjk would result in numerical instabilities. In contrast, in the whitened representation, one needs
to evaluate the density p(x), which is that of i.i.d. standard Gaussians and as such can be evaluated
robustly. Moreover, the SVD required to evaluate Ljk is also robust to ill-conditioning of Σjk , so
that Equations (22) and (23) hold and can be robustly evaluated for degenerate Gaussians too. The
second advantage of the whitened representation is that it improves mixing by establishing a link
between kernel hyper-parameters and the likelihood.
Equation (24) allows us to cast our inference problem as a Bayesian model selection problem
under a countable family of models indexed by n ∈ Nd , each defined on a different parameter
subspace Cn , with cross-model normalizing constant p(D|α, β, ρ), model probability driven by
p(n|λ)p(λ|α, β), model-specific prior p(c|n)p(θ|n, ρ)p(u)p(x), and likelihood p(D|x, c, θ, u).
Critically, it can be seen from Equation (24) that the conditional probability distribution

(29)

30
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Recalling that p(x) is a multivariate standard normal, it follows that the form of Equation (29)
makes it convenient to use elliptical slice sampling (Murray et al. (2010)) to sample from the unormalized conditional p(x)p(D|x, c, θ, u). The two bottlenecks of this update step are sampling a
new proposal from p(x) and evaluating the likelihood p(D|x, c, θ, u). Sampling from the multivariate standard normal p(x) may be massively parallelized, for instance by using GPU Gaussian
random
P numbergenerators. When no parallelism is available, the overall time complexity reads
d
O
j=1 na [j] , where we recall that na [j] denotes the number of distinct training and testing
input coordinates in the j-th dimension. In particular,
if we denote N the total number of training
P
and testing d-dimensional input samples, then dj=1 na [j] ≤ dN , although for many classes of
data sets with sparse input values such as images,
Pwhere each input (single-colour pixel value) may
have at most 256 distinct values, we might have dj=1 na [j]  dN . As for the memory required to
P

d
sample from p(x), it grows proportionally to the size of x, that is in O
j=1 na [j] . In regards to
the evaluation of the likelihood p(D|x, c, θ, u), as previously discussed its resource requirements
are application-specific, but it will typically have time complexity that grows in O (N ) and memory
requirement that grows in O (dN ). For instance, the foregoing resource requirements always hold

p(x)p(D|x, c, θ, u).

where c0 is identical to c except for the change-point to update. This step requires computing
the factors {Ljk , Mkj } corresponding to inputs in j-th dimension whose kernel configuration would
change if the proposal were to be accepted, the corresponding vector of derivative string GP values
z, and the observation likelihood under the proposal p (D|x, c0 , θ, u). The computational bottleneck
of this step is therefore once again the evaluation of the new likelihood p (D|x, c0 , θ, u).
Updating x: The target conditional density of x is proportional to

In some cases however, it might be possible and more convenient to choose p(u) to be conjugate to
the likelihood p (D|x, c, θ, u). For instance, in regression problems under a Gaussian noise model,
we may take u to be the noise variance on which we may place an inverse-gamma prior. Either way,
the computational bottleneck of this step is the evaluation of the likelihood p (D|x, c, θ, u0 ), which
in most cases can be done with a time complexity and memory requirement that are both linear in
the number of training samples.
Updating c: We update the positions of change-points sequentially using the MetropolisHastings algorithm, one input dimension j at a time, and for each input dimension we proceed
in increasing order of change-points. The proposal new position for the change-point cjp is sampled
uniformly at random on the interval ]cjp−1 , cjp+1 [, where cjp−1 (resp. cjp+1 ) is replaced by aj (resp.
bj ) for the first (resp. last) change-point. The acceptance probability of this proposal is easily found
to be


p (D|x, c0 , θ, u)
rcjp = min 1,
,
(28)
p (D|x, c, θ, u)
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j
log θadd-left
:= cos(α) log θpj − sin(α) log θ∗j

(34)

S TRING AND M EMBRANE G AUSSIAN P ROCESSES

and

j
j
propose as hyper-parameters for the tentative new clusters [cpj , c∗j [ and [c∗j , cp+1
[ the vectors θadd-left
j
and θadd-right
defined as

(30)

(31)

π
.
4

j
j
+ cos(α) log θpj ,
log θdel-*
= − sin(α) log θp−1

j
j
+ sin(α) log θpj ,
log θdel-merged
= cos(α) log θp−1

(37)

(36)




j
j
log θpj , log θ∗j → log θadd-left
, log θadd-right

j
of the move to add a change-point in [cpj , cp+1
[ reads



j
j
, log θadd-right
∂ log θadd-left


= 1.
∂ log θpj , log θ∗j
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(38)

constitute the inverse of the transformation defined by Equations (33) and (34).
Whenever a proposal to add or delete a change-point occurs, the factors Lkj and Mkj that would
be affected by the change in kernel membership structure are recomputed, and so are the affected
coordinates of z.
This scheme satisfies the reversibility and dimension-matching requirements of Green (1995).
Moreover, the absolute value of the Jacobian of the mapping

which together with

Whenever we choose to delete a change-point, we choose an existing change-point uniformly at
j
j
[, where we may have
, cpj [ and [cpj , cp+1
random, say cpj . Deleting cpj , would merge the clusters [cp−1
j
j
j
aj = cp−1
and/or
b
=
c
p+1 . We propose as vector of hyper-parameters for the tentative merged
j
j
j
, cp+1
[ the vector θdel-merged
satisfying:
cluster [cp−1

α=

respectively, where α ∈ [0, π2 ] and θpj is the vector of hyper-parameters currently driving the kernel
j
membership defined by the cluster [cpj , cp+1
[. We note that if θpj is distributed as per the prior
j
j
in Equation (16) then θadd-left
and θadd-right
are i.i.d. distributed as per the foregoing prior. More
generally, this elliptical transformation determines the extent to which the new proposal kernel
configurations should deviate from the current configuration θpj . α is restricted to [0, π2 ] so as to
give a positive weight the the current vector of hyper-parameters θpj . When α = 0, the left handside cluster [cpj , c∗j [ will fully exploit the current kernel configuration, while the right hand-side
j
[ will use the prior to explore a new set of hyper-parameters. When α = π2 the
cluster [c∗j , cp+1
reverse occurs. To preserve symmetry between the left and right hand-side kernel configurations,
we choose
(35)

j
log θadd-right
:= sin(α) log θpj + cos(α) log θ∗j

for i.i.d. observation models such as in nonparametric regression and nonparametric classification
problems.
Updating θ: We note from Equation (25) that the conditional distribution of θ given everything
else has unormalized density
p(θ|n, ρ)p(D|x, c, θ, u),
which we may choose to represent as
p(log θ|n, ρ)p(D|x, c, log θ, u).
As we have put independent log-normal priors on the coordinates of θ (see Equation 16), we may
once again use elliptical slice sampling to sample from log θ before taking the exponential. The time
complexity of generating a new sample from p(log θ|n, ρ) will typically be at most linear in the total
number of distinct kernel hyper-parameters. Overall, the bottleneck of this update is the evaluation
of the likelihood p(D|x, c, log θ, u). In this update, the latter operation requires recomputing the
factors Mkj and Lkj of Equations (22) and (23), which requires computing and taking the SVD of
unrelated 2×2 matrices, computations we may perform in parallel. Once the foregoing factors have
been computed, we evaluate z, the derivative string GP values at boundary times, parallelizing over
input dimensions, and running a sequential update within an input dimension using Equations (22)
and (23). Updating z therefore has time complexity that is, in the worst case where no distributed
computing is available, O (dN ), and O (N ) when there are up to d computing cores. The foregoing
time complexity will also be that of this update step, unless the observation likelihood is more
expensive to evaluate. The memory requirement, as in previous updates, is O (dN ).
Overall resource requirement: To summarize previous remarks, the overall computational
bottleneck of a within-model iteration is the evaluation of the likelihood p(D|x, c, θ, u). For i.i.d.
observation models such as classification and regression problems for instance, the corresponding
time complexity grows in O(N ) when d computing cores are available, or O(dN ) otherwise, and
the memory requirement grows in O(dN ).
5.2.6 B ETWEEN -M ODELS U PDATES

(32)

Our reversible-jump Metropolis-Hastings update proceeds as follows. We choose an input dimension, say j, uniformly at random. If j has no change-points, that is n[j] = 0, we randomly choose
between not doing anything, and adding a change-point, each outcome having the same probability. If n[j] > 0, we either do nothing, add a change-point, or delete a change-point, each outcome
having the same probability of occurrence.
Whenever we choose not to do anything, the acceptance ratio is easily found to be one:
rj0 = 1.

JMLR 17(131):1-87

Whenever we choose to add a change-point, we sample the position c∗j of the proposal new
change-point uniformly at random on the domain [aj , bj ] of the j-th input dimension. This proposal
will almost surely break an existing kernel membership cluster, say the p-th, into two; that is cpj <
j
j
c∗j < cp+1
where we may have aj = cpj and/or bj = cp+1
. In the event c∗j coincides with an existing
change-point, which should happen with probability 0, we do nothing. When adding a change-point,
we sample a new vector of hyper-parameters θ∗j from the log-normal prior of Equation (16), and we
31



j
j
∂ log θdel-merged
, log θdel-*


= 1.
j
∂ log θp−1
, log θpj

(39)

log θ

∗

(40)
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Although we have restricted ourselves to cases where the likelihood model depends on a single
real-valued function for brevity and to ease notations, cases where the likelihood depends on vectorvalued functions, or equivalently multiple real-valued functions, present no additional theoretical or

5.3 Multi-Output Problems

where plog θj is the prior over log hyper-parameters in the j-th input dimension (as per the prior
specification Equation 16), which we recall is i.i.d. centred Gaussian with variance ρ[j], and c+
and θ+ denote the proposal new vector of change-points and the corresponding vector of hyperparameters. The three coloured terms in the acceptance probability are very intuitive. The green
+ ,θ+ ,u)
term p(D|x,c
p(D|x,c,θ,u) represents the fit improvement that would occur if the new proposal is accepted.

λ[j](bj −aj )
In the red term 1+n[j] , λ[j] bj − aj represents the average number of change-points in the jth input dimension as per the HPP prior, while 1 + n[j] corresponds to the proposal new number of
change-points in the j-th dimension, so that the whole red term acts as a complexity regulariser. Fij
j
p
j (log θadd-left )plog θ j (log θadd-right )
nally, the blue term log θ
plays the role of hyper-parameters regulariser.
plog θj (log θpj )plog θj (log θ∗j )
Similarly, the acceptance ratio of the move to delete change-point cjp , thereby changing the
number of change-points in the j-th input dimension from n[j] to n[j] − 1, is found to be





j
j
plog θj log θdel-merged
plog θj log θdel-*
p(D|x,
c
,
θ
,
u)
n[j]
− −
,




rj− = min 1,
j
p(D|x, c, θ, u) λ[j] (bj − aj )
plog θj log θp−1
plog θj log θpj
(41)
where c− and θ− denote the proposal new vector of change-points and the corresponding vector of
hyper-parameters. Once more, each coloured term plays the same intuitive role as its counterpart in
Equation (40).
Overall resource requirement: The bottleneck of between-models updates is the evaluation of
the new likelihoods p(D|x, c+ , θ+ , u) or p(D|x, c− , θ− , u), whose resource requirements, which
are the same as those of within-models updates, we already discussed.
Algorithm 2 summarises the proposed MCMC sampler.

log θ

Applying the standard result Equation (8) of Green (1995), the acceptance ratio of the move to add
a change-point is found to be






j
j
p(D|x, c+ , θ+ , u) λ[j] bj − aj plog θj log θadd-left plog θj log θadd-right 





rj+ = min 1,
p(D|x, c, θ, u)
1 + n[j]
p
log θpj p
log θj
j
j

reads:

Algorithm 2 MCMC sampler for nonparametric Bayesian inference of a real-valued latent function
under a string GP prior

Similarly, the absolute value of the Jacobian of the mapping corresponding to a move to delete
change-point cjp , namely




j
j
j
log θp−1
, log θpj → log θdel-merged
, log θdel-*
,
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Equation 28). On accept, update the factors {Ljk , Mkj }.
Step 2: Perform a between-models update.
2.1: Sample a dimension to update, say j, uniformly at random.
2.2: Consider adding or deleting a change-point
if n[j] = 0 then
Randomly choose to add a change-point with probability 1/2.
if we should consider adding a change-point then
Construct proposals to update following Section 5.2.6.
j
Accept proposals with probability r+
(see Equation 40).
end if
else
Randomly choose to add/delete a change-point with probability 1/3.
if we should consider adding a change-point then
Construct proposals to update following Section 5.2.6.
j
Accept proposals with probability r+
(see Equation 40).
else if we should consider deleting a change-point then
Construct proposals to update following Section 5.2.6.
j
Accept proposals with probability r−
(see Equation 41).
else
Continue.
end if
end if
Step 3: Compute f , f ∗ , ∇f and ∇f ∗ , first recovering z from x, and then recalling that f (x) =




∂φ
∂φ
1 , . . . , zd
10
d0
φ zx[1]
x[d] and ∇f (x) = zx[1] ∂x[1] (x), . . . , zx[d] ∂x[d] (x) .
until enough samples are generated after mixing.

Step 0: Set n = 0 and c = ∅, and sample θ, λ, x, u from their priors.
repeat
Step 1: Perform a within-model update.
1.1: Update each λ[j] by sampling from the Gamma distribution in Equation (26).
1.2: Update u, the vector of other likelihood parameters, if any, using Metropolis-Hastings
(MH) with proposal q and acceptance ratio Equation (27) or by sampling directly from the
posterior when p(u) is conjugate to the likelihood model.
1.3: Update θ, using elliptical slice sampling (ESS) with target distribution Equation (31),
and record the newly computed factors {Ljk , Mkj } that relate z to its whitened representation
x.
1.4: Update x using ESS with target distribution Equation (29).
1.5: Update change-point positions c sequentially using MH, drawing a proposal update for
cjp uniformly at random on ]cJp−1 , cjp+1 [, and accepting the update with probability rcjp (defined

Inputs: Likelihood model p(D|f , u), link function φ, training data D, test inputs, type of unconditional kernel, prior parameters α, β, ρ.
Outputs: Posterior samples of the values of the latent function at training and test inputs f and
f ∗ , and the corresponding gradients ∇f and ∇f ∗ .
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practical challenge. We may simply put independent string GP priors on each of the latent functions.
An MCMC sampler almost identical to the one introduced herein may be used to sample from the
posterior. All that is required to adapt the proposed MCMC sampler to multi-outputs problems is to
redefine z to include all univariate derivative string GP values across input dimensions and across
latent functions, perform step 1.1 of Algorithm 2 for each of the latent function, and update step 2.1
so as to sample uniformly at random not only what dimension to update but also what latent function.
Previous analyses and derived acceptance ratios remain unchanged. The resource requirements
of the resulting multi-outputs MCMC sampler on a problem with K latent functions, N training
and test d-dimensional inputs, are the same as those of the MCMC sampler for a single output
(Algorithm 2) with N training and test dK-dimensional inputs. The time complexity is O(N )
when dK computing cores are available, O(dKN ) when no distributed computing is available, and
the memory requirement becomes O(dKN ).
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sin(60πt)
15
4 sin(16πt)

t ∈ [0, 0.5]
, f1 (t) =
t ∈]0.5, 1]
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sin(16πt)
1
2 sin(32πt)

t ∈ [0, 0.5]
.
t ∈]0.5, 1]
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f0 (resp. f1 ) undergoes a sharp (resp. mild) change in frequency and amplitude at t = 0.5. We consider using their restrictions to [0.25, 0.75] for training. We sample those restrictions with frequency
300, and we would like to extrapolate the functions to the rest of their domains using Bayesian nonparametric regression.
We compare marginal likelihood string GP regression models, as described in Section 5.1, to
vanilla GP regression models using popular and expressive kernels. All string GP models have two
strings and the partition is learned in the marginal likelihood maximisation. Figure 5 illustrates

f0 (t) =

In our first experiment, we illustrate a limitation of the standard approach consisting of postulating
a global covariance structure on the domain, namely that this approach might result in unwanted
global extrapolation of local patterns, and we show that this limitation is addressed by the string GP
paradigm. To this aim, we use 2 toy regression problems. We consider the following functions:


(45)

6.1 Extrapolation and Interpolation of Synthetic Local Patterns

We now move on to presenting empirical evidence for the efficacy of string GPs in coping with
local patterns in data sets, and in doing so in a scalable manner. Firstly we consider maximum
marginal likelihood inference on two small scale problems exhibiting local patterns. We begin
with a toy experiment that illustrates the limitations of the standard GP paradigm in extrapolating
and interpolating simple local periodic patterns. Then, we move on to comparing the accuracy
of Bayesian nonparametric regression under a string GP prior to that of the standard Gaussian
process regression model and existing mixture-of-experts alternatives on the motorcycle data set of
Silverman (1985), commonly used for the local patterns and heteroskedasticity it exhibits. Finally,
we illustrate the performance of the previously derived MCMC sampler on two large scale Bayesian
inference problems, namely the prediction of U.S. commercial airline arrival delays of Hensman
et al. (2013) and a new large scale dynamic asset allocation problem.

6. Experiments

reused to sample from the posterior over function values, pending the following two changes. First,
gradients ∇f and ∇f ∗ are no longer necessary. Second, we may work with function values (f , f ∗ ) directly (that is in the original as opposed to whitened space). The resulting (Gaussian) distribution of
function values (f , f ∗ ) conditional on all other variables is then analytically derived using standard
Gaussian identities, like it is done in vanilla Gaussian process regression, so that the within-model
update of (f , f ∗ ) is performed using a single draw from a multivariate Gaussian.
This approach to model complexity learning is advantageous over the information criteria alternative of Section 5.1 in that it scales better with large input-dimensions. Indeed, rather than
performing complete maximum marginal likelihood inference a number of times that grows exponentially with the input dimension, the approach of this section alternates between exploring a new
combination of numbers of kernel configurations in each input dimension, and exploring function
values and kernel hyper-parameters (given their number). That being said, this approach should
only be considered as an alternative to commonly used kernels for small scale regression problems
to enable the learning of local patterns. Crucially, it scales as poorly as the standard GP paradigm,
and Algorithm 2 should be preferred for large scale problems.

5.4 Flashback to Small Scale GP Regressions with String GP Kernels

(43)

In Section 5.1 we discussed maximum marginal likelihood inference in Bayesian nonparametric
regressions under additively separable string GP priors, or GP priors with string GP covariance
functions. We proposed learning the positions of boundary times, conditional on their number,
jointly with kernel hyper-parameters and noise variances by maximizing the marginal likelihood
using gradient-based techniques. We then suggested learning the number of strings in each input
dimension by trading off goodness-of-fit with model simplicity using information criteria such as
AIC and BIC. In this section, we propose a fully Bayesian nonparametric alternative.
Let us consider the Gaussian process regression model

yi = f (xi ) + i , f ∼ GP (0, kSGP (., .)) , i ∼ N 0, σ 2 ,
(42)
xi ∈ [a1 , b1 ] × · · · × [ad , bd ], yi , i ∈ R,

,

where kSGP is the covariance function of some string GP with boundary times {akj } and corresponding unconditional kernels {kkj } in the j-th input dimension. It is worth stressing that we place a GP
(not string GP) prior on the latent function f , but the covariance function of the GP is a string GP
covariance function (as discussed in Section 4.2 and as derived in Appendix I). Of course when the
string GP covariance function kSGP is separately additive, the two functional priors are the same.
However, we impose no restriction on the link function of the string GP that kSGP is the covariance
function of, other than continuous differentiability. To make full Bayesian nonparametric inference,
we may place on the boundary times {akj } independent homogeneous Poisson process priors, each
with intensity λj . Similarly to the previous section (Equation 16) our full prior specification of the
string GP kernel reads

j
j
j

λ ∼ Γ(α , β ),

 j

j
j
{a
k } λ ∼ HPP(λ )
θj [i] {aj }, λj i.i.d
∼ log N (0, ρj )

k

 k

∀(j, k) 6= (l, p) θkj ⊥ θpl ,
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where θkj is the vector of hyper-parameters driving the unconditional kernel kkj . The method developed in the previous section and the resulting MCMC sampling scheme (Algorithm 2) may be
35

σk2 exp(−2π 2 r2 γk2 ) cos(2πrµk )

37
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12. The sparse spectrum kernel of Lazaro-Gredilla et al. (2010) can be thought of as the special case γk  1.

We consider recovering the original functions as the posterior mean of a GP regression model trained
on [0.0, 0.4] ∪ [0.6, 1.0] × [0.0, 0.4] ∪ [0.6, 1.0]. Each bivariate kernel used is a product of two
univariate kernels in the same family, and we used standard Kronecker techniques to speed-up
inference (see Saatchi, 2011, p.134). The univariate kernels we consider are the same as previously.
Each univariate string GP kernel has one change-point (two strings) whose position is learned by
maximum marginal likelihood. Results are illustrated in Figures 6 and 7. Once again it can be
seen that unlike any competing kernel, the product of string periodic kernels recover both functions
almost perfectly. In particular, it is impressive to see that, despite f3 not being a separable function,

Such functions always have the same value and derivative at 0.5, regardless of their frequencies,
and they are plausible GP paths under a spectral mixture kernel with one single mixture component
(µk = ki and γk  1), and under a periodic kernel. As such it is not surprising that extrapolation
under a string spectral mixture kernel or a string periodic kernel should perform well.
To further illustrate that string GPs are able to learn local patterns that GPs with commonly
used and expressive kernels can’t, we consider interpolating two bivariate functions f2 and f3 that
exhibit local patterns. The functions are defined as:
p
∀u, v ∈ [0.0, 1.0] f2 (u, v) = f0 (u)f1 (v), f3 (u, v) = f0 (u)2 + f1 (v)2 .
(46)

(αω1 sin(ω2 t), αω2 sin(ω1 t)), ωi = 2πki , ki ∈ N, α ∈ R.

of Wilson and Adams (2013) with K = 5 mixture components.12
The comparison between the spectral mixture kernel and the string spectral mixture kernel is
of particular interest, since spectral mixture kernels are pointwise dense in the family of stationary
kernels, and thus can be regarded as flexible enough for learning stationary kernels from the data.
In our experiment, the string spectral mixture kernel with a single mixture component per string significantly outperforms the spectral mixture kernel with 5 mixture components. This intuitively can
be attributed to the fact that, regardless of the number of mixture components in the spectral mixture
kernel, the learned kernel must account for both types of patterns present in each training data set.
Hence, each local extrapolation on each side of 0.5 will attempt to make use of both amplitudes and
both frequencies evidenced in the corresponding training data set, and will struggle to recover the
true local sine function. We would expect that the performance of the spectral mixture kernel in this
experiment will not improve drastically as the number of mixture components increases. However,
under a string GP prior, the left and right hand side strings are independent conditional on the (unknown) boundary conditions. Therefore, when the string GP domain partition occurs at time 0.5,
the training data set on [0.25, 0.5] influences the hyper-parameters of the string to the right of 0.5
only to the extent that both strings should agree on the value of the latent function and its derivative
at 0.5. To see why this is a weaker condition, we consider the family of pair of functions:

k=1

K
X
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a product of string periodic kernels recovered it almost perfectly. The interpolations performed
by the spectral mixture kernel (see Figures 6 and 7) provide further evidence for our previously
developed narrative: the spectral mixture kernel tries to blend all local patterns found in the training
data during the interpolation. The periodic kernel learns a single global frequency characteristic
of the whole data set, ignoring local patterns, while the squared exponential, Matérn and rational
quadratic kernels merely attempt to perform interpolation by smoothing.
Although we used synthetic data to ease illustrating our argument, it is reasonable to expect that
in real-life problems the bigger the data set, the more likely there might be local patterns that should
not be interpreted as noise and yet are not indicative of the data set as whole.

plots of the posterior means for each kernel used, and Table 2 compares predictive errors. Overall, it
can be noted that the string GP kernel with the periodic kernel (MacKay (1998)) as building block
outperforms competing kernels, including the expressive spectral mixture kernel

kSM (r) =
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Figure 5: Extrapolation of two functions f0 and f1 through Bayesian nonparametric regression under string GP priors and vanilla GP priors with popular and expressive kernels. Each
model is trained on [0.25, 0.5] and extrapolates to [0, 1.0].

f(t)

f(t)

Absolute Error

Squared Error

f0

f1

f0

f1

Squared exponential
Rational quadratic
Matérn 3/2
Matérn 5/2
Periodic
Spec. Mix. (5 comp.)
String Spec. Mix. (2 strings, 1 comp.)
String Periodic

1.44 ± 2.40
1.39 ± 2.31
1.63 ± 2.53
1.75 ± 2.77
1.51 ± 2.45
0.75 ± 1.15
0.23 ± 0.84
0.02 ± 0.02

0.48 ± 0.58
0.51 ± 0.83
1.26 ± 1.37
0.48 ± 0.58
0.53 ± 0.60
0.39 ± 0.57
0.01 ± 0.03
0.00 ± 0.01

3.50 ± 9.20
3.28 ± 8.79
4.26 ± 11.07
5.00 ± 12.18
3.79 ± 9.62
0.94 ± 2.46
0.21 ± 1.07
0.00 ± 0.00

0.31 ± 0.64
0.43 ± 1.15
2.06 ± 3.55
0.31 ± 0.64
0.37 ± 0.72
0.24 ± 0.58
0.00 ± 0.00
0.00 ± 0.00

Table 2: Predictive accuracies in the extrapolation of the two functions f0 and f1 of Section 6.1 through Bayesian nonparametric regression under string GP priors and vanilla GP priors with popular and expressive kernels. Each model is trained on [0.25, 0.5] and
extrapolates to [0, 1.0]. The predictive errors are reported as average ± 2 standard deviations.
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In our second experiment, we consider illustrating the advantage of the string GP paradigm over
the standard GP paradigm, but also over the alternatives of Kim et al. (2005), Gramacy and Lee
(2008), Tresp (2000) and Deisenroth and Ng (2015) that consist of considering independent GP experts on disjoint parts of the domain or handling disjoint subsets of the data. Using the motorcycle
data set of Silverman (1985), commonly used for the local patterns and heteroskedasticity it exhibits, we show that our approach outperforms the aforementioned competing alternatives, thereby
providing empirical evidence that the collaboration between consecutive GP experts introduced in
the string GP paradigm vastly improves predictive accuracy and certainty in regression problems
with local patterns. We also illustrate learning of the derivative of the latent function, solely from
noisy measurements of the latent function.
The observations consist of accelerometer readings taken through time in an experiment on the
efficacy of crash helmets. It can be seen at a glance in Figure 8 that the data set exhibits roughly
4 regimes. Firstly, between 0ms and 15ms the acceleration was negligible. Secondly, the impact
slowed down the helmet, resulting in a sharp deceleration between 15ms and 28ms. Thirdly, the
helmet seems to have bounced back between 28ms and 32ms, before it finally gradually slowed
down and came to a stop between 32ms and 60ms. It can also be noted that the measurement noise
seems to have been higher in the second half of the experiment.
We ran 50 independent random experiments, leaving out 5 points selected uniformly at random
from the data set for prediction, the rest being used for training. The models we considered include
the vanilla GP regression model, the string GP regression model with marginal maximum likelihood
inference as described in Section 5.1, mixtures of independent GP experts acting on disjoint subsets
of the data both for training and testing, the Bayesian committee machine (Tresp (2000)), and the
robust Bayesian committee machine (Deisenroth and Ng (2015)). We considered string GPs with 4
and 6 strings whose boundary times are learned as part of the maximum likelihood inference. For
consistency, we used the resulting partitions of the domain to define the independent experts in the
competing alternatives we considered. The Matérn 3/2 kernel was used throughout. The results
are reported in Table 3. To gauge the ability of each model to capture the physics of the helmets
crash experiment, we have also trained all models with all data points. The results are illustrated in
Figures 8 and 9.
It can be seen at a glance from Figure 9 that mixtures of independent GP experts are inappropriate for this experiment as i) the resulting posterior means exhibit discontinuities (for instance at
t = 30ms and t = 40ms) that are inconsistent with the physics of the underlying phenomenon, and
ii) they overfit the data towards the end. The foregoing discontinuities do not come as a surprise as
each GP regression expert acts on a specific subset of the domain that is disjoint from the ones used
by the other experts, both for training and prediction. Thus, there is no guarantee of consistency
between expert predictions at the boundaries of the domain partition. Another perspective to this
observation is found in noting that postulating independent GP experts, each acting on an element of
a partition of the domain, is equivalent to putting as prior on the whole function a stochastic process
that is discontinuous at the boundaries of the partition. Thus, the posterior stochastic process should
not be expected to be continuous at the boundaries of the domain either.
This discontinuity issue is addressed by the Bayesian committee machine (BCM) and the robust
Bayesian committee machine (rBCM) because, despite each independent expert being trained on a
disjoint subset of the data, each expert is tasked with making predictions about all test inputs, not

6.2 Small Scale Heteroskedastic Regression
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Figure 6: Extrapolation of a synthetic function f2 (top left corner), cropped in the middle for training (top right corner), using string GP regression and vanilla GP regression with various
popular and expressive kernels.
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Figure 7: Extrapolation of a synthetic function f3 (top left corner), cropped in the middle for training (top right corner), using string GP regression and vanilla GP regression with various
popular and expressive kernels.
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just the ones that fall into its input subspace. Each GP expert prediction is therefore continuous on
the whole input domain,13 and the linear weighting schemes operated by the BCM and the rBCM on
expert predictions to construct the overall predictive mean preserve continuity. However, we found
that the BCM and the rBCM suffer from three pitfalls. First, we found them to be less accurate
than any other alternative out-of-sample on this data set (see Table 3). Second, their predictions
of latent function values are overly uncertain. This might be due to the fact that, each GP expert
being trained only with training samples that lie on its input subspace, its predictions about test
inputs that lie farther away from its input subspace will typically be much more uncertain, so that,
despite the weighting scheme of the Bayesian committee machine putting more mass on ‘confident’
experts, overall the posterior variance over latent function values might still be much higher than in
the standard GP paradigm for instance. This is well illustrated by both the last column of Table 3
and the BCM and rBCM plots in Figure 9. On the contrary, no string GP model suffers from this
excess uncertainty problem. Third, the posterior means of the BCM, the rBCM and the vanilla GP
regression exhibit oscillations towards the end (t > 40ms) that are inconsistent with the experimental setup; the increases in acceleration as the helmet slows down suggested by these posterior means
would require an additional source of energy after the bounce.
In addition to being more accurate and more certain about predictions than vanilla GP regression, the BCM and the rBCM (see Table 3), string GP regressions yield posterior mean acceleration
profiles that are more consistent with the physics of the experiment: steady speed prior to the shock,
followed by a deceleration resulting from the shock, a brief acceleration resulting from the change in
direction after the bounce, and finally a smooth slow down due to the dissipation of kinetic energy.
Moreover, unlike the vanilla GP regression, the rBCM and the BCM, string GP regressions yield
smaller posterior variances towards the beginning and the end of the experiment than in the middle,
which is consistent with the fact that the operator would be less uncertain about the acceleration at
the beginning and at the end of the experiment—one would indeed expect the acceleration to be null
at the beginning and at the end of the experiment. This desirable property can be attributed to the
heteroskedasticity of the noise structure in the string GP regression model.
We also learned the derivative of the latent acceleration with respect to time, purely from noisy
acceleration measurements using the joint law of a string GP and its derivative (Theorem 2). This
is illustrated in Figure 8.

13. So long as the functional prior is continuous, which is the case here.
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−22.16 ± 0.41
−21.99 ± 0.37
−22.77 ± 0.24
−20.90 ± 0.38
−20.11 ± 0.45
−22.94 ± 0.26
−22.91 ± 0.26
−22.99 ± 0.27
−22.96 ± 0.28

−388.36 ± 0.36
−367.21 ± 0.43
−420.69 ± 0.24
−388.37 ± 0.38
−369.05 ± 0.45
−419.08 ± 0.30
−422.15 ± 0.30
−419.08 ± 0.30
−422.15 ± 0.30

Log. lik.

Log. lik.

Prediction
Absolute Error
15.70 ± 1.05
15.89 ± 1.06
16.84 ± 1.09
16.61 ± 1.10
16.05 ± 1.11
17.17 ± 1.13
16.93 ± 1.12
17.29 ± 1.11
16.79 ± 1.12

Squared Error
466.47 ± 50.74
475.59 ± 51.95
524.18 ± 58.33
512.30 ± 56.08
500.43 ± 58.26
538.94 ± 61.91
533.21 ± 61.78
546.95 ± 61.21
542.95 ± 61.95

Pred. Std
0.70/2.25/3.39
0.64/2.21/3.46
2.66/3.09/4.94
1.67/2.85/4.59
0.62/2.83/4.63
7.20/9.92/22.92
7.09/9.93/25.10
5.86/9.08/27.52
5.15/8.61/29.15
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String GP (4 strings)
String GP (6 strings)
Vanilla GP
Mix. of 4 GPs
Mix. of 6 GPs
BCM with 4 GPs
BCM with 6 GPs
rBCM with 4 GPs
rBCM with 6 GPs
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Table 3: Performance comparison between string GPs, vanilla GPs, mixture of independent GPs, the Bayesian committee machine (Tresp
(2000)) and the robust Bayesian committee machine (Deisenroth and Ng (2015)) on the motorcycle data set of Silverman (1985).
The Matérn 3/2 kernel was used throughout. The domain partitions were learned in the string GP experiments by maximum
likelihood. The learned partitions were then reused to allocate data between GP experts in other models. 50 random runs were
performed, each run leaving 5 data points out for testing and using the rest for training. All results (except for predictive standard
deviations) are reported as average over the 50 runs ± standard error. The last column contains the minimum, average and maximum
of the predictive standard deviation of the values of the latent (noise-free) function at all test points across random runs.
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Figure 8: Posterior mean ± 2 predictive standard deviations on the motorcycle data set (see Silverman, 1985), under a Matérn 3/2 derivative string GP prior with 6 learned strings. The top
figure shows the noisy accelerations measurements and the learned latent function. The
bottom function illustrates the derivative of the acceleration with respect to time learned
from noisy acceleration samples. Posterior credible bands are over the latent functions
rather than noisy measurements, and as such they do not include the measurement noise.
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Figure 9: Bayesian nonparametric regressions on the motorcycle data set of Silverman (1985). Models compared are string GP regression,
vanilla GP regression, mixture of independent GP regression experts on a partition of the domain, the Bayesian committee machine (BCM) and the robust Bayesian committee machine (rBCM). Domain partitions were learned during string GP maximum
likelihood inference (red vertical bars), and reused in other experiments. Blue stars are noisy samples, red lines are posterior means
of the latent function and grey bands correspond to ± 2 predictive standard deviations of the (noise-free) latent function about its
posterior mean.
JMLR 17(131):1-87

−150
0

Acceleration (g)

50

40
−50

10
−100

10

−50

Acceleration (g)

50

60

Acceleration (g)

Acceleration (g)

100

50

Acceleration (g)

100

S TRING AND M EMBRANE G AUSSIAN P ROCESSES

rBCM (4 experts)
BCM (6 experts)
BCM (4 experts)

30
Time (ms)
20
10
−150
0
60
50
40
30
Time (ms)
20
10
−150
0

−50
−50
−50

−100
−100
−100

0
0
0

String GP (6 strings)
String GP (4 strings)
Vanilla GP

40

Acceleration (g)

100

6.3 Large Scale Regression
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To illustrate how our approach fares against competing alternatives on a standard large scale problem, we consider predicting arrival delays of commercial flights in the USA in 2008 as studied by
Hensman et al. (2013). We choose the same covariates as in Hensman et al. (2013), namely the
age of the aircraft (number of years since deployment), distance that needs to be covered, airtime,
departure time, arrival time, day of the week, day of the month and month. Unlike Hensman et al.
(2013) who only considered commercial flights between January 2008 and April 2008, we consider
commercial throughout the whole year, for a total of 5.93 million records. In addition to the whole
data set, we also consider subsets so as to empirically illustrate the sensitivity of computational time
to the number of samples. Selected subsets consist of 10, 000, 100, 000 and 1, 000, 000 records
selected uniformly at random. For each data set, we use 2/3 of the records selected uniformly at
random for training and we use the remaining 1/3 for testing. In order to level the playing field
between stationary and nonstationary approaches, we normalize training and testing data sets.14 As
competing alternatives to string GPs we consider the SVIGP of Hensman et al. (2013), the Bayesian
committee machines (BCM) of Tresp (2000), and the robust Bayesian committee machines (rBCM)
of Deisenroth and Ng (2015).
As previously discussed the prediction scheme operated by the BCM is Kolmogorov-inconsistent
in that the resulting predictive distributions are not consistent by marginalization.15 Moreover,
jointly predicting all function values by using the set of all test inputs as query set, as originally
suggested in Tresp (2000), would be impractical in this experiment given that the BCM requires
inverting a covariance matrix of the size of the query set which, considering the numbers of test inputs in this experiment (which we recall can be as high as 1.97 million), would be computationally
intractable. To circumvent this problem we use the BCM algorithm to query one test input at a time.
This approach is in-line with that adopted by Deisenroth and Ng (2015), where the authors did not
address determining joint predictive distributions over multiple latent function values. For the BCM
and rBCM, the number of experts is chosen so that each expert processes 200 training points. For
SVIGP we use the implementation made available by the The GPy authors (2012–2016), and we use
the same configuration as in Hensman et al. (2013). As for string GPs, we use the symmetric sum
as link function, and we run two types of experiments, one allowing for inference of change-points
(String GP), and the other enforcing a single kernel configuration per input dimension (String GP*).
The parameters α and β are chosen so that the prior mean number of change-points in each input
dimension is 5% of the number of distinct training and testing values in that input dimension, and
so that the prior variance of the foregoing number of change-points is 50 times the prior mean—the
aim is to be uninformative about the number of change-points. We run 10, 000 iterations of our
RJ-MCMC sampler and discarded the first 5, 000 as ‘burn-in’. After burn-in we record the states
of the Markov chains for analysis using a 1-in-100 thinning rate. Predictive accuracies are reported
in Table 4 and CPU time requirements16 are illustrated in Figure 10. We stress that all experiments
were run on a multi-core machine, and that we prefer using the cumulative CPU clock resource
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14. More precisely, we substract from every feature sample (both in-sample and out-of-sample) the in-sample mean of
the feature and we divide the result by the in-sample standard deviation of the feature.
15. For instance the predictive distribution of the value of the latent function at a test input x1 , namely f (x1 ), obtained
by using {x1 } as set of test inputs in the BCM, differs from the predictive distribution obtained by using {x1 , x2 } as
set of test inputs in the BCM and then marginalising with respect to the second input x2 .
16. We define CPU time as the cumulative CPU clock resource usage of the whole experiment (training and testing),
across child processes and threads, and across CPU cores.
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as time complexity metric, instead of wall-clock time, so as to be agnostic to the number of CPU
cores used in the experiments. This metric has the merit of illustrating how the number of CPU
cores required grows as a function of the number of training samples for a fixed/desired wall-clock
execution time, but also how the wall-clock execution time grows as a function of the number of
training samples for a given number of available CPU cores.
The BCM and the rBCM perform the worst in this experiment both in terms of predictive accuracy (Table 4) and total CPU time (Figure 10). The poor scalability of the BCM and the rBCM
is primarily due to the testing phase. Indeed, if we denote M the total number of experts, then
N
M = d 300
e, as each expert processes 200 training points, of which there are 23 N . In the prediction
phase, each expert is required to make predictions about all 13 N test inputs, which requires evaluating M products of an 31 N × 200 matrix with a 200 × 200 matrix, which results in a total CPU
time requirement that grows in O(M 31 N 2002 ), which is the same as O(N 2 ). Given that training
CPU time grows linearly in N the cumulative training and testing CPU time grows quadratically
in N . This is well illustrated in Figure 10, where it can be seen that the slopes of total CPU time
profiles of the BCM and the rBCM in log-log scale are approximately 2. The airline delays data
set was also considered by Deisenroth and Ng (2015), but the authors restricted themselves to a
fixed size of the test set of 100, 000 points. However, this limitation might be restrictive as in many
‘smoothing’ applications, the test data set can be as large as the training data set—neither the BCM
nor the rBCM would be sufficiently scalable in such applications.
As for SVIGP, although it was slightly more accurate than string GPs on this data set, it can be
noted from Figure 10 that string GPs required 10 times less CPU resources. In fact we were unable
to run the experiment on the full data set with SVIGP—we gave up after 500 CPU hours, or more
than a couple of weeks wall-clock time given that the GPy implementation of SVIGP makes little
use of multiple cores. As a comparison, the full experiment took 91.0 hours total CPU time (≈ 15
hours wall-clock time on our 8 cores machine) when change-points were inferred and 83.11 hours
total CPU time (≈ 14 hours wall-clock time on our 8 cores machine) when change-points were not
inferred. Another advantage of additively separable string GPs over GPs, and subsequently over
SVIGP, is that they are more interpretable. Indeed, one can determine at a glance from the learned
posterior mean string GPs of Figure 11 the effect of each of the 8 covariates considered on arrival
delays. It turns out that the three most informative factors in predicting arrival delays are departure
time, distance and arrival time, while the age of the aircraft, the day of the week and the day of
the month seem to have little to no effect. Finally, posterior distributions of the number of changepoints are illustrated in Figure 12, and posterior distributions of the locations of change-points are
illustrated in Figure 13.
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Figure 10: Total CPU time (training and testing) taken by various regression approaches on the
airline delays data set as a function of the size of the subset considered, in log-log scale.
The experimental setup is described in Section 6.3. The CPU time reflects actual CPU
clock resource usage in each experiment, and is therefore agnostic to the number of CPU
cores used. It can be regarded as the wall-clock time the experiment would have taken
to complete on a single-core computer (with the same CPU frequency). Dashed lines
are extrapolated values, and correspond to experiments that did not complete after 500
hours of CPU time.
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Table 4: Predictive mean squared errors (MSEs) ± one standard error on the airline arrival delays
experiment. Squared errors are expressed as fraction of the sample variance of airline
arrival delays, and hence are unitless. With this normalisation, a MSE of 1.00 is as good
as using the training mean arrival delays as predictor. The * in String GP* indicates that
inference was performed without allowing for change-points. N/A entries correspond to
experiments that were not over after 500 CPU hours.
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Figure 11: Posterior mean ± one posterior standard deviation of univariate string GPs in the airline
delays experiment of Section 6.3. Change-points were automatically inferred in this
experiment.
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Figure 12: Posterior distributions of the numbers of change-points in each input dimension in the
airline delays experiment of Section 6.3.

0.0

Frequency

Frequency

Frequency

Frequency

Frequency
Frequency

Frequency

Frequency

j
j
j

j
j

zt

j

zt
zt

zt

j
j

zt

zt

Frequency

Frequency

0

0.12

0.14

0.16

0.00
00:00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0

10

40

2000

3000

4000

20:00

Locations of change-point

1000

15:00

Distance (miles)

10:00

30

Locations of change-point

05:00

20

Locations of change-point
Arrival Time (hh:mm)

Age (years)

5000

50

0.00
0

0.05

0.10

0.15

0.20

0.25

0.00
00:00

0.02

0.04

0.06

0.08

0.10

0.12

0.0
82.8

0.2

0.4

0.6

0.8

1.0

1.2

83.4

83.6

83.8

4

6

8

15:00

10

20:00

Locations of change-point

2

Month

10:00

Locations of change-point

05:00

Departure Time (hh:mm)

83.2

Locations of change-point

83.0

Air Time (min)

S TRING AND M EMBRANE G AUSSIAN P ROCESSES

12

84.0

53

JMLR 17(131):1-87

Figure 13: Posterior distributions of the locations of change-points in each input dimension in the
airline delays experiment of Section 6.3. Dimensions that were learned to exhibit no
change-point have been omitted here.
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Galvanized by this result, we here consider the inverse problem consisting of learning from historical market data a portfolio whose wealth process has desirable user-specified properties. This

P (Zπ∗ (T ) ≥ Zµ (T )) = 1 and P (Zπ∗ (T ) > Zµ (T )) > 0.

outperform the market portfolio over the time horizon [0, T ] with probability one (see Vervuurt and
Karatzas, 2015; Karatzas and Fernholz, 2009). More precisely,

∃µmax , 0 < µmax < 1 s.t. ∀i ≤ n, t ≤ T, µi (t) ≤ µmax ,

is the market weight of company i at time t, that is its size relative to the total market size (or that
of the universe of stocks considered). The market portfolio is very important to practitioners as it
is often perceived not be to subject to idiosyncracies, but only to systemic risk. It is often used as
an indicator of how the stock market (or a specific universe of stocks) performs as a whole. We
denote Zπ the value process of a portfolio π with initial capital Zπ (0). That is, Zπ (t) is the wealth
at time t of an investor who had an initial wealth of Zπ (0), and dynamically re-allocated all his
wealth between the n stocks in our universe up to time t following the continuous-time strategy π.
A mathematical theory has recently emerged, namely stochastic portfolio theory (SPT) (see
Karatzas and Fernholz, 2009) that studies the stochastic properties of the wealth processes of certain portfolios called functionally-generated portfolio under realistic assumptions on the market
capitalisation processes (Xi (t))t>0 . Functionally-generated portfolios are rather specific in that
the allocation at time t, namely (π1 (t), . . . , πn (t)), solely depends on the market weights vector
(µ1 (t), . . . , µn (t)). Nonetheless, some functionally-generated portfolios π ∗ have been found that,
under the mild (so-called diversity) condition

µi (t) =

Each process πi represents the proportion of an investor’s wealth invested in (holding) shares in
asset i. An example long-only portfolio is the market portfolio µ = (µ1 , . . . , µn ) where

∀i, t, πi (t) ≥ 0 and

Let (xi (t))t>0 for i = 1, . . . , n be n stock price processes. Let (Xi (t))t>0 for i = 1, . . . , n denote
the market capitalisation processes, that is Xi (t) = ni (t)xi (t) where ni (t) is the number of shares
in company i trading in the market at time t. We call long-only portfolio any vector-valued stochastic
process π = (π1 , . . . , πn ) taking value on the unit simplex on Rn , that is

6.4.1 BACKGROUND

An important feature of our proposed RJ-MCMC sampler (Algorithm 2) is that, unlike the BCM,
the rBCM and SVIGP, which are restricted to Bayesian nonparametric regression and classification,
Algorithm 2 is agnostic with regard to the likelihood model, so long as it takes the form p(D|f , u).
Thus, it may be used as is on a wide variety of problems that go beyond classification and regression.
In this experiment we aim to illustrate the efficacy of our approach on one such large scale problem
in quantitative finance.

6.4 Large Scale Dynamic Asset Allocation

KOM S AMO AND ROBERTS
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(50)

inverse problem is perhaps more akin to the problems faced by investment professionals: i) their
benchmarks depend on the investment vehicles pitched to investors and may vary from one vehicle
to another, ii) they have to take into account liquidity costs, and iii) they often find it more valuable to go beyond market weights and leverage multiple company characteristics in their investment
strategies.

f (ci (t))
,
f (c1 (t)) + · · · + f (cn (t))

6.4.2 M ODEL C ONSTRUCTION


We consider portfolios π f = π1f , . . . , πnf of the form
πif (t) =

(51)

where ci (t) ∈ Rd are some quantifiable characteristics of asset i that may be observed in the market
at time t, and f is a positive-valued function. Portfolios of this form include all functionallygenerated portfolios studied in SPT as a special case.17 A crucial departure of our approach from
the aforementioned type of portfolios is that the market characteristics processes ci need not be
restricted to size-based information, and may contain additional information such as social media sentiments, stock price path-properties, but also characteristics relative to other stocks such
as performance relative to the best/worst performing stock last week/month/year etc. We place a
mean-zero string GP prior on log f . Given some
historical data D corresponding to a training time

horizon [0, T ], the likelihood model p D|π f is defined by the investment professional and reflects
the extent to which applying the investment strategy π f over the training time horizon would have
achieved a specific investment objective. An example investment objective is to achieve a high
excess return relative to a benchmark portfolio α
 
UER π f = log Zπf (T ) − log Zα (T ).

(52)

α can be the market portfolio (as in SPT) or any stock index. Other risk-adjusted investment objectives may also be used. One such objective is to achieve a high Sharpe-ratio, defined as
√
 
r̄
252
USR π f = q P
,
T
1
2
t=1 (r(t) − r̄)
T

where the timeP
t is in days, r(t) := log Zπf (t) − log Zπf (t − 1) are the daily returns
the portfolio

T
r(t) its average daily return. More generally, denoting U π f the performance
π f and r̄ = T1 t=1
of the portfolio π f over the training horizon [0, T ] (as per the user-defined investment objective),
we may choose as likelihood model a distribution over U π f that reflects what the investment
professional considers good and bad performance. For instance, in the caseof the excess return
relative to a benchmark portfolio
or the Sharpe ratio, we may choose U π f to be supported on

]0, +∞[ (for instance U π f can be chosen to be Gamma distributed) so as to express that portfolios
that do not outperform the benchmark or loose money overall in the training data are not of interest.
We may then choose the mean and standard deviation of the Gamma distribution based on our
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17. We refer the reader to Karatzas and Fernholz (2009) for the definition of functionally-generated portfolios.

55

KOM S AMO AND ROBERTS

expectation as to what performance a good candidate portfolio can achieve, and how confident we
feel about this expectation. Overall we have,


  

p D|π f = γ U π f ; αe , βe ,
(53)

where γ(.; α, β) is the probability density function of the Gamma distribution. Noting, from Equaf
tion (50)
 that π (t) only depends on f through its values at (c1 (t), . . . , cn (t)), and assuming that
U π f only depends on π f evaluated at a finite number of times (as it is the case for excess returns
and the Sharpe ratio), it follows that U(π f ) only depends on f , a vector of values of f at a finite
number of points. Hence the likelihood model, which we may rewrite as
  

p(D|f ) = γ U πif ; αe , βe ,
(54)

is of the form required by the RJ-MCMC sampler previously developed. By sampling from the
posterior distribution p(f , f ∗ , ∇f , ∇f ∗ |D), the hope is to learn a portfolio that did well during the
training horizon, to analyse the sensitivity of its investment strategy to the underlying market characteristics through the gradient of f , and to evaluate the learned investment policy on future market
conditions.

6.4.3 E XPERIMENTAL S ETUP

1
,
n

µi (t)p
,
µ1 (t)p + · · · + µn (t)p

πiEWP (t) =
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(56)

(55)

The universe of stocks we considered for this experiment are the constituents of the S&P 500 index, accounting for changes in constituents over time and corporate events. We used the period 1st
January 1990 to 31st December 2004 for training and we tested the learned portfolio during the period 1st January 2005 to 31st December 2014. We rebalanced the portfolio daily, for a total of 2.52
million input points at which the latent function f must be learned. We considered as market characteristics the market weight (CAP), the latest return on asset (ROA) defined as the ratio between
the net yearly income and the total assets as per the latest balance sheet of the company known at
the time of investment, the previous close-to-close return (PR), the close-to-close return before the
previous (PR2), and the S&P long and short term credit rating (LCR and SCR). While the market
weight is a company size characteristic, the ROA reflects how well a company performs relative to
its size, and we hope that S&P credit ratings will help further discriminate successful companies
from others. The close-to-close returns are used to learn possible ‘momentum’ patterns from the
data. The data originate from the CRSP and Compustat databases. In the experiments we considered as performance metric the annualised excess return UER-EWP relative to the equally-weighted
portfolio. We found the equally-weighted portfolio to be a harder benchmark to outperform than the
market portfolio. We chose αe and βe in Equation (54) so that the mean of the Gamma distribution
is 10.0 and its variance 0.5, which expresses a very greedy investment target.
It is worth pointing out that none of the scalable GP alternatives previously considered can cope
with our likelihood model Equation (54). We compared the performance of the learned string GP
portfolio out-of-sample to those of the best three SPT portfolios studied in Vervuurt and Karatzas
(2015), namely the equally weighted portfolio

and the diversity weighted portfolios
πiDWP (t; p) =

56

57

JMLR 17(131):1-87

with parameter p equals to −0.5 and 0.5, and the market portfolio. Results are provided Table 5, and
Figure 14 displays the evolution of the wealth process of each strategy. It can be seen that the learned
string GP strategy considerably outperforms the next best SPT portfolio. This experiment not only
demonstrates (once more) that string GPs scale to large scale problems, it also illustrates that our
inference scheme is able to unlock commercial value in new intricate large scale applications where
no alternative is readily available. In effect, this application was first introduced by Kom Samo and
Vervuurt (2016), where the authors used a Gaussian process prior on a Cartesian grid and under a
separable covariance function so as to speed up inference with Kronecker techniques. Although the
resulting inference scheme has time complexity that is linear in the total number of points on the
grid, for a given grid resolution, the time complexity grows exponentially in the dimension of the
input space (that is the number of trading characteristics), which is impractical for d ≥ 4. On the
other hand, string GPs allow for a time complexity that grows linearly with the number of trading
characteristics, thereby enabling the learning of subtler market inefficiencies from the data.

Figure 14: Evolution of the wealth processes of various long-only trading strategies on the S&P
500 universe of stocks between 1st January 2005 (where we assume a starting wealth
of 1) and 31st December 2014. The String GP strategy was learned using market data
from 1st January 1990 to 31st December 2004 as descried in Section 6.4. EWP refers
to the equally-weighted portfolio, MKT refers to the market portfolio (which weights
stocks proportionally to their market capitalisations) and DWP (p) refers to the diversityweighted portfolio with exponent p (which weights stocks proportionally to the p-th
power of their market weights).
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Strategy
0.73
0.55
0.53
0.34
0.33

Sharpe Ratio
2.87
1.07
1.00
0.62
0.61
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10.56%
9.84%
4.77%
4.51%

Avg. Ann. Ret.
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In this paper, we introduce a novel class of smooth functional priors (or stochastic processes), which
we refer to as string GPs, with the aim of simultaneously addressing the lack of scalability and the
lack of flexibility of Bayesian kernel methods. Unlike existing approaches, such as Gaussian process
priors (Rasmussen and Williams (2006)) or student-t process priors (Shah et al. (2014)), which are
parametrised by global mean and covariance functions, and which postulate fully dependent finitedimensional marginals, the alternative construction we propose adopts a local perspective and the
resulting finite-dimensional marginals exhibit conditional independence structures. Our local approach to constructing string GPs provides a principled way of postulating that the latent function
we wish to learn might exhibit locally homogeneous patterns, while the conditional independence
structures constitute the core ingredient needed for developing scalable inference methods. Moreover, we provide theoretical results relating our approach to Gaussian processes, and we illustrate
that our approach can often be regarded as a more scalable and/or more flexible extension. We argue and empirically illustrate that string GPs present an unparalleled opportunity for learning local
patterns in small scale regression problems using nothing but standard Gaussian process regression techniques. More importantly, we propose a novel scalable RJ-MCMC inference scheme to
learn latent functions in a wide variety of machine learning tasks, while simultaneously determining whether the data set exhibits local patterns, how many types of local patterns the data might
exhibit, and where do changes in these patterns are likely to occur. The proposed scheme has time
complexity and memory requirement that are both linear in the sample size N . When the number
of available computing cores is at least equal to the dimension d of the input space, the time complexity is independent from the dimension of the input space. Else, the time complexity grows in
O(dN ). The memory requirement grows in O(dN ). We empirically illustrate that our approach
scales considerably better than competing alternatives on a standard benchmark data set, and is able
to process data sizes that competing approaches cannot handle in a reasonable time.

7. Discussion

Table 5: Performance of various long-only trading strategies on the S&P 500 universe of stocks
between 1st January 2005 (where we assume a starting wealth of 1) and 31st December
2014. The String GP strategy was learned using market data from 1st January 1990 to 31st
December 2004 as descried in Section 6.4. EWP refers to the equally-weighted portfolio,
MKT refers to the market portfolio (which weights stocks proportionally to their market
capitalisations) and DWP (p) refers to the diversity-weighted portfolio with exponent p
(which weights stocks proportionally to the p-th power of the market weight of the asset).
Zπ (T ) denotes the terminal wealth of strategy π, and Avg. Ann. Ret. is the strategy’s
equivalent constant annual return over the test horizon.

String GP
DWP (p = −0.5)
EWP
MKT
DWP (p = 0.5)
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7.1 Limitations
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The main limitation of our approach is that, unlike the standard GP paradigm in which the time
complexity of marginal likelihood evaluation does not depend on the dimension of the input space
(other than through the evaluation of the Gram matrix), the string GP paradigm requires a number
of computing cores that increases linearly with the dimension of the input space, or alternatively has
a time complexity linear in the input space dimension on single-core machines. This is a by-product
of the fact that in the string GP paradigm, we jointly infer the latent function and its gradient. If the
gradient of the latent function is inferred in the standard GP paradigm, the resulting complexity will
also be linear in the input dimension. That being said, overall our RJ-MCMC inference scheme will
typically scale better per iteration to large input dimensions than gradient-based marginal likelihood
inference in the standard GP paradigm, as the latter typically requires numerically evaluating an
Hessian matrix, which requires computing the marginal likelihood a number of times per iterative
update that grows quadratically with the input dimension. In contrast, a Gibbs cycle in our MCMC
sampler has worst case time complexity that is linear in the input dimension.

7.2 Extensions
Some of the assumptions we have made in the construction of string GPs and membrane GPs can
be relaxed, which we consider in detail below.
7.2.1 S TRONGER G LOBAL R EGULARITY
We could have imposed more (multiple continuous differentiability) or less (continuity) regularity
as boundary conditions in the construction of string GPs. We chose continuous differentiability
as it is a relatively mild condition guaranteed by most popular kernels, and yet the corresponding
treatment can be easily generalised to other regularity requirements. It is also possible to allow for
discontinuity at a boundary time ak by replacing µkb and Σkb in Equation (5) with k Mak and k Kak ;ak
respectively, or equivalently by preventing any communication between the k-th and the (k + 1)-th
strings. This would effectively be equivalent to having two independent string GPs on [a0 , ak ] and
]ak , aK ].
7.2.2 D IFFERENTIAL O PERATORS AS L INK F UNCTIONS
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Our framework can be further extended to allow differential operators as link functions, thereby
considering the latent multivariate function to infer as the response of a differential system to independent univariate string GP excitations. The RJ-MCMC sampler we propose in Section 5 would
still work in this framework, with the only exception that, when the differential operator is of first
order, the latent multivariate function will be continuous but not differentiable, except if global regularity is upgraded as discussed above. Moreover, Proposition 5 can be generalised to first order
linear differential operators.
59
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The RJ-MCMC inference scheme we propose may be easily adapted to handle applications where
the data set is so big that it has to be stored across multiple clusters, and inference techniques have
to be developed as data flow graphs18 (for instance using libraries such as TensorFlow).

To do so, the choice of string boundary times can be adapted so that each string has the same
number of inner input coordinates, and such that in total there are as many strings across dimensions
as a target number of available computing cores. We may then place a prior on kernel memberships
similar to that of previous sections. Here, the change-points may be restricted to coincide with
boundary times, and we may choose priors such that the sets of change-points are independent
between input dimensions. In each input dimension the prior on the number of change-points can
be chosen to be a truncated Poisson distribution (truncated to never exceed the total number of
boundary times), and conditional on their number we may choose change-points to be uniformly
distributed in the set of boundary times. In so doing, any two strings whose shared boundary time
is not a change-point will be driven by the same kernel configuration.

This new setup presents no additional theoretical or practical challenges, and the RJ-MCMC
techniques previously developed are easily adaptable to jointly learn change-points and function
values. Unlike the case we developed in previous sections where an update of the univariate string
GP corresponding to an input dimension, say the j-th, requires looping through all distinct j-th
input coordinates, here no step in the inference scheme requires a full view of the data set in any
input dimension. Full RJ-MCMC inference can be constructed as a data flow graph. An example such graph is constructed as follows. The leaves correspond to computing cores responsible
for generating change-points and kernel configurations, and mapping strings to kernel configurations. The following layer is made of compute cores that use kernel configurations coming out of
the previous layer to sequentially compute boundary conditions corresponding to a specific input
dimension—there are d such compute cores, where d is the input dimension. These compute cores
then pass computed boundary conditions to subsequent compute cores we refer to as string compute cores. Each string compute core is tasked with computing derivative string GP values for a
specific input dimension and for a specific string in that input dimension, conditional on previously
computed boundary conditions. These values are then passed to a fourth layer of compute cores,
each of which being tasked with computing function and gradient values corresponding to a small
subset of training inputs from previously computed derivative string GP values. The final layers
then computes the log-likelihood using a distributed algorithm such as Map-Reduce when possible.
This proposal data flow graph is illustrated Figure 15.

We note that the approaches of Kim et al. (2005), Gramacy and Lee (2008), Tresp (2000),
and Deisenroth and Ng (2015) also allow for fully-distributed inference on regression problems.
Distributed string GP RJ-MCMC inference improves on these in that it places little restriction on
the type of likelihood. Moreover, unlike Kim et al. (2005) and Gramacy and Lee (2008) that yield
discontinuous latent functions, string GPs are continuously differentiable, and unlike Tresp (2000)
and Deisenroth and Ng (2015), local experts in the string GP paradigm (i.e. strings) are driven by
possibly different sets of hyper-parameters, which facilitates the learning of local patterns.
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18. A data flow graph is a computational (directed) graph whose nodes represent calculations (possibly taking place on
different computing units) and directed edges correspond to data flowing between calculations or computing units.
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It would be useful to develop suitable variational methods for inference under string GP priors,
that we hope will scale similarly to our proposed RJ-MCMC sampler but will converge faster. We
anticipate that the main challenge here will perhaps be the learning of model complexity, that is the
number of distinct kernel configurations in each input dimension.

7.2.5 VARIATIONAL I NFERENCE

As discussed in Section 5.2, the bottleneck of our proposed inference scheme is the evaluation
of likelihood. When the likelihood factorises across training samples, the linear time complexity
of our proposed approach can be further reduced using a Monte Carlo approximation of the loglikelihood (see for instance Bardenet et al. (2014) and references therein). Although the resulting
Markov chain will typically not converge to the true posterior distribution, in practice its stationary
distribution can be sufficiently close to the true posterior when reasonable Monte Carlo sample sizes
are used. Convergence results of such approximations have recently been studied by Bardenet et al.
(2014) and Alquier et al. (2016). We expect this extension to speed-up inference when the number
of compute cores is in the order of magnitude of the input dimension, but we would recommend the
previously mentioned fully-distributed string GP inference extension when compute cores are not
scarce.

7.2.4 A PPROXIMATE MCMC FOR I.I.D. O BSERVATIONS L IKELIHOODS
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Figure 15: Example data flow graph for fully-distributed string GP inference under an i.i.d observations likelihood model. Here the input
space is three-dimensional to ease illustration. Filled circles represent compute cores, and edges correspond to flows of data.
Compute cores with the same colour (green, red or yellow) perform operations pertaining to the same input dimension, while
black-filled circles represent compute cores performing cross-dimensional operations. The blue rectangle plays the role of a hub
that relays string GP values to the compute cores that need them to compute the subset of latent function values and gradients
they are responsible for. These values are then used to compute the log-likelihood in a distributed fashion using the Map-Reduce
algorithm. Each calculation in the corresponding RJ-MCMC sampler would be initiated at one of the compute cores, and would
trigger updates of all edges accessible from that compute core.
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Appendix A.
We begin by recalling Kolmogorov’s extension theorem, which we will use to prove the existence
of derivative Gaussian processes and string Gaussian processes.

νt1 ,...,ti (F1 , . . . , Fi )

(58)

Theorem 7 (Kolmogorov’s extension theorem, (Øksendal, 2003, Theorem 2.1.5))
Let I be an interval, let all t1 , . . . , ti ∈ I, i, n ∈ N∗ , let νt1 ,...,ti be probability measures on Rni
such that:
=
(57)
νtπ(1) ,...,tπ(i) (Fπ(1) , . . . , Fπ(i) )

for all permutations π on {1, . . . , i} and
νt1 ,...,ti (F1 , . . . , Fi ) = νt1 ,...,ti ,ti+1 ,...,ti+m (F1 , . . . , Fi , Rn , . . . , Rn )

Xt : Ω → Rn
νt1 ,...,ti (F1 , . . . , Fi ) = P(Xt1 ∈ F1 , . . . , Xti ∈ Fi )

(59)

for all m ∈ N∗ where the set on the right hand side has a total of i + m factors. Then there exists a
probability space (Ω, F, P) and an Rn valued stochastic process (Xt )t∈I on Ω,

such that
for all t1 , . . . , ti ∈ I, i ∈ N∗ and for all Borel sets F1 , . . . , Fi .
It is easy to see that every stochastic process satisfies the permutation and marginalisation conditions (57) and (58). The power of Kolmogorov’s extension theorem is that it states that those two
conditions are sufficient to guarantee the existence of a stochastic process.

Appendix B. Proof of Proposition 1
In this section we prove Proposition 1, which we recall below.
Proposition 1 (Derivative Gaussian processes)
Let I be an interval, k : I × I → R a C 2 symmetric positive semi-definite function,19 m : I → R a
C 1 function.
(A) There exists a R2 -valued stochastic process (Dt )t∈I , Dt = (zt , zt0 ), such that for all t1 , . . . , tn ∈
I,
(zt1 , . . . , ztn , zt01 , . . . , zt0n )
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19. C 1 (resp. C 2 ) functions denote functions that are once (resp. twice) continuously differentiable on their domains.
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∂k
∂2k
(ti , tj ), and cov(zt0i , zt0j ) =
(ti , tj ).
∂y
∂x∂y

is a Gaussian vector with mean


dm
dm
m(t1 ), . . . , m(tn ),
(t1 ), . . . ,
(tn )
dt
dt
and covariance matrix such that

cov(zti , ztj ) = k(ti , tj ), cov(zti , zt0j ) =

We herein refer to (Dt )t∈I as a derivative Gaussian process.
(B) (zt )t∈I is a Gaussian process with mean function m, covariance function k and that is C 1 in the
L2 (mean square) sense.
∂2k
(C) (zt0 )t∈I is a Gaussian process with mean function dm
dt and covariance function ∂x∂y . Moreover,
(zt0 )t∈I is the L2 derivative of the process (zt )t∈I .
Proof
Appendix B.1 Proof of Proposition 1 (A)

z̃t +h − z̃tn
z̃t1 +h − z̃t1
,..., n
h
h

(62)

(61)

(60)

Firstly, we need to show that the matrix suggested in the proposition as the covariance matrix of
(zt1 , . . . , ztn , zt01 , . . . , zt0n ) is indeed positive semi-definite. To do so, we will show that it is the
limit of positive definite matrices (which is sufficient to conclude it is positive semi-definite, as
xT Mn x ≥ 0 for a convergent sequence of positive definite matrices implies xT M∞ x ≥ 0).
Let k be as in the proposition, h such that ∀i ≤ n, ti + h ∈ I and (z̃t )t∈I be a Gaussian process
with covariance function k. The vector


z̃t1 , . . . , z̃tn ,



z̃t +h − z̃tj
k(ti , tj + h) − k(ti , tj )
,
cov z̃ti , j
=
h
h

is a Gaussian vector whose covariance matrix is positive definite and such that

cov z̃ti , z̃tj = k(ti , tj ),

and



z̃ti +h − z̃ti z̃tj +h − z̃tj
cov
,
h
h
1
(k(ti + h, tj + h) − k(ti + h, tj ) − k(ti , tj + h) + k(ti , tj )) .
h2
=

(63)
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∂k
1 ∂2k
(x, y)h +
(x, y)h2 + o(h2 ) = k(y + h, x).
∂y
2 ∂y 2

As k is C 2 , h → k(x, y + h) admits a second order Taylor expansion about h = 0 for every x, and
we have:
k(x, y + h) = k(x, y) +

64

∂k
(ti , tj )h + o(h),
∂y

∂2k
(ti , tj )h2 + o(h2 ).
k(ti + h, tj + h) − k(ti + h, tj ) − k(ti , tj + h) + k(ti , tj ) =
∂x∂y

k(ti , tj + h) − k(ti , tj ) =

h→0

lim cov




=

∂2k
(ti , tj ),
∂x∂y

∂k
=
(ti , tj ),
∂y

z̃ti +h − z̃ti z̃tj +h − z̃tj
,
h
h



(67)

(66)

(65)

× I12 , . . . , In1 × In2 ) :=

νtN1 ,...,tn (I11 , . . . , In1 , I12 , . . . , In2 ).

z

−z

We also have

∂2k
2
∂x∂y (t, t)h

.

h→0

"



=

2 #

= 0,

dm
(t) − E(zt0 ) = 0.
dt
zt+h − zt
− zt0
h

zt+h − zt
− zt0
h

lim E



JMLR 17(131):1-87

JMLR 17(131):1-87

66



pN xk ; µbk , Σbk

65

k=0

K
Y

T
where: Σb0 = 1 Ka0 ;a0 , ∀ k > 0 Σbk = k Kak ;ak − k Kak ;ak−1 k K−1
ak−1 ;ak−1 k Kak ;ak−1 ,

pb (x0 , . . . , xK ) :=

Theorem 2 (String Gaussian process)
Let a0 < · · · < ak < · · · < aK , I = [a0 , aK ] and let pN (x; µ, Σ) be the multivariate Gaussian density with mean vector µ and covariance matrix Σ. Furthermore, let (mk : [ak−1 , ak ] → R)k∈[1..K] be
C 1 functions, and (kk : [ak−1 , ak ] × [ak−1 , ak ] → R)k∈[1..K] be C 3 symmetric positive semi-definite
functions, neither degenerate at ak−1 , nor degenerate at ak given ak−1 .
(A) There exists an R2 -valued stochastic process (SDt )t∈I , SDt = (zt , zt0 ) satisfying the following
conditions:
1) The probability density of (SDa0 , . . . , SDaK ) reads:

In this section we prove Theorem 2 which we recall below.

Appendix C. Proof of Theorem 2

which proves that (zt0 ) is the L2 derivative of (zt ). The fact that (zt0 ) is a Gaussian process with
∂2k
mean function dm
dt and covariance function ∂x∂y is a direct consequence of the distribution of the
0
0
marginals (zt1 , . . . , ztn ). Moreover, the continuity of (zt0 ) in the L2 sense is a direct consequence of
∂2k
the continuity of ∂x∂y
(see Rasmussen and Williams, 2006, p. 81 4.1.1).

Therefore,

h→0

lim E

Taking the second order Taylor expansion of the numerator in the fraction above about h = 0 we
get o(h2 ), hence


zt+h − zt
lim Var
− zt0 = 0.
h→0
h

h2

∂k
k(t + h, t + h) − 2k(t + h, t) + k(t, t) − 2 ∂k
∂y (t + h, t)h + 2 ∂y (t, t)h +

In effect, it follows from Proposition 1(A) that t+hh t − zt0 is a Gaussian random variable with
mean
m(t + h) − m(t) dm
−
(t)
h
dt
and variance

Appendix B.3 Proof of Proposition 1 (C)

KOM S AMO AND ROBERTS

That (zt )t∈I is a Gaussian process results from the fact that the marginals (zt1 , . . . , ztn ) are Gaussian vectors with mean (m(t1 ), . . . , m(tn )) and covariance matrix [k(ti , tj )]i,j∈[1..n] . The fact that
(zt )t∈I is C 1 in the L2 sense is a direct consequence of the twice continuous differentiability of k.

Appendix B.2 Proof of Proposition 1 (B)

The measures νtD1 ,...,tn are the finite dimensional measures corresponding to the stochastic object
(Dt )t∈I sampled at times t1 , . . . , tn . They satisfy the time permutation and marginalisation conditions of Kolmogorov’s extension theorem as the Gaussian measures νtN1 ,...,tn do. Hence, the R2 valued stochastic process (Dt )t∈I defined in Proposition 1 does exist.

νtD1 ,...,tn (I11

n times

which corresponds to the covariance structure of Proposition 1. In other words the proposed covariance structure is indeed positive semi-definite.
Let νtN1 ,...,tn be the Gaussian probability measure corresponding to the joint distribution of
(zt1 , . . . , ztn , zt01 , . . . , zt0n ) as per the Proposition 1, and let νtD1 ,...,tn be the measure on the Borel
σ-algebra B(R2 × · · · × R2 ) such that for any 2n intervals I11 , I12 , . . . , In1 , In2 ,
|
{z
}

and

z̃t +h − z̃tj
lim cov z̃ti , j
h→0
h



Dividing Equation (65) by h, dividing Equation (66) by h2 , and taking the limits, we obtain:

and

Hence,

Similarly, h → k(x + h, y + h) admits a second order Taylor expansion about h = 0 for every x, y
and we have:
"


∂k
∂k
∂2k
1 ∂2k
(x, y)
k(x + h, y + h) = k(x, y) +
(x, y) +
(x, y) h +
(x, y) +
∂x
∂y
∂x∂y
2 ∂x2
#
1 ∂2k
+
(x, y) h2 + o(h2 ).
(64)
2 ∂y 2
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∂kk
∂y (u, v)
∂ 2 kk
∂x∂y (u, v)

,

and

k Mu

=

mk (u)
dmk
dt (u)

.

N1

1

0

K

1+n+K times

xa

pN k−1

,xak

1

(xtk , . . . , xtk )

(68)

ν SD

1 ,...,tK ,...,tK ,a ,...,a
t11 ,...,tN
K
1
NK 0
1

= ν SD

(T21 , . . . , TN1 1 , . . . , T1K , . . . , TNKK , A0 , . . . , AK )

(R2 , T21 , . . . , TN1 1 , . . . , T1K , . . . , TNKK , A0 , . . . , AK )
1 ,...,tK ,...,tK ,a ,...,a
t21 ,...,tN
K
1
NK 0
1

68

(70)

JMLR 17(131):1-87

for every rectangles Ai and Tji in R2 . In effect, cases where some boundary times are missing are
special cases with the corresponding rectangles Aj set to R2 . Moreover, if we prove Equation (71),
the permutation property (57) will allow us to conclude that the marginalisation also holds true for
any other (single) non-boundary time. Furthermore, if Equation (71) holds true, it can be shown
that the marginalisation condition will also hold over multiple non-boundary times by using the
permutation property (57) and marginalising one non-boundary time after another.

(71)

As for the marginalisation condition (58), it is met for every boundary time by virtue of how we
extended ν SD to missing boundary times. All we need to prove now is that the marginalisation condition is also met at any non-boundary time. To do so, it is sufficient to prove that the marginalisation
condition holds for t11 , that is:

= νtSD
(T1 , . . . , Tn ).
1 ,...,tn

= νtSD
(Tπ∗ (1) , . . . , Tπ∗ (n) )
π ∗ (1) ,...,tπ ∗ (n)

(Tπ(1) , . . . , Tπ(n) ) := νtSD
(Tπ0 ◦π(1) , . . . , Tπ0 ◦π(n) )
νtSD
π(1) ,...,tπ(n)
π 0 ◦π(1) ,...,tπ 0 ◦π(n)

will fall in the category of either Equation (68) or Equation (69).
Any such measure νtSD
π ∗ (1) ,...,tπ ∗ (n)
Although π ∗ is not unique, any two permutations satisfying the above conditions will only differ
by a permutation of times belonging to the same string interval ]ak−1 , ak [. Moreover, it follows
from Equations (68) and (69) that the measures νtSD
are invariant by permutation of times
π ∗ (1) ,...,tπ ∗ (n)
belonging to the same string interval ]ak−1 , ak [, and as a result any two π ∗ satisfying the above
conditions will yield the same probability measure.
The finite dimensional probability measures νtSD
are the measures implied by Theorem 2.
1 ,...,tn
The permutation condition (57) of Kolmogorov’s extension theorem is met by virtue of Equation (70). In effect for every permutation π of {1, . . . , n}, if we let π 0 : {π(1), . . . , π(n)} →
{π ∗ (1), . . . , π ∗ (n)}, then

3. if ti ∈ {a0 , . . . , aK } and tj ∈ {a0 , . . . , aK } then Idx(ti ) < Idx(tj ) if and only if ti < tj .

2. if ti ∈
/ {a0 , . . . , aK } and tj ∈ {a0 , . . . , aK } then Idx(ti ) < Idx(tj );

1. ∀ i, j, if ti ∈]ak1 −1 , ak1 [, tj ∈]ak2 −1 , ak2 [, and k1 < k2 , then Idx(ti ) < Idx(tj ). Where
Idx(ti ) stands for the index of ti in {tπ∗ (1) , . . . , tπ∗ (n) };

where π ∗ is a permutation of {1, . . . , n} such that {tπ∗ (1) , . . . , tπ∗ (n) } verify the following conditions:

νtSD
(T1 , . . . , Tn ) := νtSD
(Tπ∗ (1) , . . . , Tπ∗ (n) ),
1 ,...,tn
π ∗ (1) ,...,tπ ∗ (n)

KOM S AMO AND ROBERTS

kk (u, v)
∂kk
∂x (u, v)
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=

where Ai and Tji are rectangle in R2 . Finally, we extend the family of measures ν SD to any arbitrary
set of indices {t1 , . . . , tn } as follows:

k Ku;v

(xk−1 − k Mak−1 ),
µ0b = 1 Ma0 , ∀ k > 0 µkb = k Mak + k Kak ;ak−1 k Ka−1
k−1 ;ak−1
"
#



with

2) Conditional on (SDak = xk )k∈[0..K] , the restrictions (SDt )t∈]ak−1 ,ak [ , k ∈ [1..K] are independent conditional derivative Gaussian processes, respectively with unconditional mean function
mk and unconditional covariance function kk and that are conditioned to take values xk−1 and xk
at ak−1 and ak respectively. We refer to (SDt )t∈I as a string derivative Gaussian process, and to
its first coordinate (zt )t∈I as a string Gaussian process namely,
(zt )t∈I ∼ SGP({ak }, {mk }, {kk }).

NK

(B) The string Gaussian process (zt )t∈I defined in (A) is C 1 in the L2 sense and its L2 derivative
is the process (zt0 )t∈I defined in (A).
Proof
Appendix C.1 Proof of Theorem 2 (A)

1

NK

K
Y

k=1
Nk

(xtk , . . . , xtk ) is the (Gaussian) pdf of the joint
1

Nk

We will once again turn to Kolmogorov’s extension theorem to prove the existence of the stochastic
process (SD ) . The core of the proof is in the finite dimensional measures implied by Theorem
t
t∈I

2 (A-1) and (A-2). Let tik ∈]ak−1 , ak [ i∈[1..N ],k∈[1..K] be n times. We first formally construct the
k
finite dimensional measures implied by Theorem 2 (A-1) and (A-2), and then verify that they satisfy
the conditions of Kolmogorov’s extension theorem.
as the probability measure having density
Let us define the measure νtSD
1 ,...,t1 ,...,tK ,...,tK ,a ,...,a

1

with respect to the Lebesgue measure on B(R2 × · · · × R2 ) that reads:
|
{z
}
N1

,xak

pSD (xt11 , . . . , xt1 , . . . , xtK , . . . , xtK , xa0 , . . . , xaK ) =pb (xa0 , . . . , xaK )×

xa

where pb is as per Theorem 2 (A-1) and pN k−1

(T11 , . . . , TN1 1 , . . . , T1K , . . . , TNKK , R2 , R2 , A2 , . . . , AK )

(T11 , . . . , TN1 1 , . . . , T1K , . . . , TNKK , A2 , . . . , AK )
K
K
N1 ,...,t1 ,...,tNK ,a0 ,...,aK
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(69)

distribution of the values at times {tik ∈]ak−1 , ak [} of the conditional derivative Gaussian process
with unconditional mean functions mk and unconditional covariance functions kk that is conditioned to take values xak−1 = (zak−1 , za0 k−1 ) and xak = (zak , za0 k ) at times ak−1 and ak respectively
(the corresponding—conditional—mean and covariance functions are derived from Equations (3
and 4). Let us extend the family of measures ν SD to cases where some or all boundary times ak are
missing, by integrating out the corresponding variables in Equation (68). For instance when a0 and
a1 are missing,
ν SD

1 ,...,tK ,...,tK ,a ,...,a
t11 ,...,tN
K
1
NK 2
1
1

:= νtSD
1 ,...,t1

67

N1





2

+E

zt+h − zt
− zt0
h

zt+h − zt
− zt0 xa0 , . . . , xaK
h

∆zh := E




−→ 0.

h→0

a.s.

zt+h − zt
− zt0 xa0 , . . . , xaK
h

xa0 , . . . , xaK

!
2
.

(75)

(74)

(73)



Var

is Gaussian. Finally we note that



69

zt+h − zt
− zt0 xa0 , . . . , xaK
h
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zt+h − zt
a.s.
− zt0 xa0 , . . . , xaK −→ 0.
E
h→0
h


z
−z
As E t+hh t − zt0 xa0 , . . . , xaK depends linearly on the boundary conditions, and as the boundary conditions are jointly-Gaussian (see Appendix H step 1), it follows that


zt+h − zt
E
− zt0 xa0 , . . . , xaK
h

From which we deduce

As both terms in the sum of the above equation are non-negative, it follows that



2
zt+h − zt
zt+h − zt
a.s.
a.s.
− zt0 xa0 , . . . , xaK −→ 0 and E
− zt0 xa0 , . . . , xaK
Var
−→ 0.
h→0
h→0
h
h

∆zh = Var

Moreover,

or equivalently that:

∀ x̃a0 , . . . , x̃aK , ∀ t, t + h ∈ [ak−1 , ak ],
!
2

zt+h − zt
− zt0
xa0 = x̃a0 , . . . , xaK = x̃aK = 0,
lim E
h→0
h

h→0



2
a.s.
0
zt+h
− zt0 xa0 , . . . , xaK −→ 0.

0
E zt+h
− zt0 xa0 , . . . , xaK

2

h→0

−→ 0,

a.s.

h→0

 a.s.
0
Var zt+h
− zt0 xa0 , . . . , xaK −→ 0





(78)

(77)

(76)

which proves that

(zt0 )

is continuous in the

L2

70

sense.

h→0
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is Gaussian for the same reason as before. Hence, taking the expectation on both sides of Equation
(78), we get that

2 
0
E zt+h
− zt0
= E(∆zh0 ) −→ 0,

0
E zt+h
− zt0 xa0 , . . . , xaK

does not depend on the values of the boundary conditions, and

0
− zt0 xa0 , . . . , xaK
Var zt+h

as both terms in the sum in Equation (78) are non-negative. Finally,

and

∆zh0 := E

2

0
0
− zt0 xa0 , . . . , xaK ,
∆zh0 = Var zt+h
− zt0 xa0 , . . . , xaK + E zt+h

which implies that

Moreover,

from which we get that:

h→0


0
∀ x̃a0 , . . . , x̃aK , ∀ t, t + h ∈ [ak−1 , ak ], lim E (zt+h
− zt0 )2 xa0 = x̃a0 , . . . , xaK = x̃aK = 0,

and

As conditional on boundary conditions the restriction of a string derivative Gaussian process on a
string interval [ak−1 , ak ] is a derivative Gaussian process, it follows from Proposition 1 (C) that

,ak

covariance function
are continuous, thus is continuous in the L2 sense on [ak−1 , ak ]
∂x∂y
(conditional on the boundary conditions). We therefore have that:

a
,a
∂ 2 kckk−1 k

on the boundary conditions, (zt0 )t∈I is a Gaussian process whose mean function

dmckk−1
dt

a

which proves that the string GP (zt )t∈I is differentiable in the L2 sense on I and has derivative
(zt0 )t∈I .
We prove the continuity in the L2 sense of (zt0 )t∈I in a similar fashion, noting that conditional

Appendix C.2 Proof of Theorem 2 (B)

which holds true as
is a multivariate Gaussian density, and the corresponding marginal is indeed the density of the same conditional derivative Gaussian process at times
t12 , . . . , t1N1 .
This concludes the proof of the existence of the stochastic process (SDt )t∈I .

xa ,xa
pN 0 1 (xt11 , . . . , xt1 )
N1

N1

does not depend on the values of the boundary conditions xak (but rather on the boundary times),
and we recall that convergence almost sure of Gaussian random variables implies convergence in
L2 . Hence, taking the expectation on both side of Equation (75) and then the limit as h goes to 0
we get

2 !
zt+h − zt
0
E
− zt
= E(∆zh ) −→ 0,
h→0
h

By Fubini’s theorem, and considering Equation (68), showing that Equation (71) holds true is
equivalent to showing that:
Z
xa ,xa
xa ,xa
pN 0 1 (xt11 , . . . , xt1 )dxt11 = pN 0 1 (xt12 , . . . , xt1 )
(72)
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Appendix D. Proof of the Condition for Pathwise Regularity Upgrade of String GPs
from L2
In this section we prove that a sufficient condition for the process (zt0 )t∈I in Theorem 2 to be almost
surely continuous and to be the almost sure derivative of the string Gaussian process (zt )t∈I , is
a
,a
that the Gaussian processes on Ik = [ak−1 , ak ] with mean and covariance functions mckk−1 k and
a
,a
kckk−1 k (as per Equations 3 and 4 with m := mk and k := kk ) are themselves almost surely C 1 for
every boundary condition.
Firstly we note that the above condition guarantees that the result holds at non-boundary times.
As for boundary times, the condition implies that the string GP is almost surely right differentiable
(resp. left differentiable) at every left (resp. right) boundary time, including a0 and aK . Moreover,
the string GP being differentiable in L2 , the right hand side and left hand side almost sure derivatives
are the same, and are equal to the L2 derivative, which proves that the L2 derivatives at inner
boundary times are also in the almost sure sense. A similar argument holds to conclude that the
right (resp. left) hand side derivative at a0 (resp. aK ) is also in the almost sure sense. Moreover, the
derivative process (zt0 )t∈I admits an almost sure right hand side limit and an almost sure left hand
side limit at every inner boundary time and both are equal as the derivative is continuous in L2 ,
which proves its almost sure continuity at inner boundary times. Almost sure continuity of (zt0 )t∈I
on the right (resp. left) of a0 (resp. aK ) is a direct consequence of the above condition.

Appendix E. Proof of Proposition 4
In this section, we prove Proposition 4, which we recall below.
Proposition 4 (Additively separable
string GPs are flexible)

2
Let k(x, y) := ρ ||x − y||L
be a stationary covariance function generating a.s. C 1 GP paths in2
dexed on Rd , d > 0, and ρ a function that is C 2 on ]0, +∞[ and continuous at 0. Let φs (x1 , . . . , xd ) =
P
j
d
j=1 xj , let (zt )t∈I j , j∈[1..d] be independent stationary Gaussian processes with mean 0 and covariance function k (where the L2 norm is on R), and let f (t1 , . . . , td ) = φs (zt11 , . . . , ztdd ) be the corresponding stationary string GP. Finally, let g be an isotropic Gaussian process indexed on I 1 ×· · ·×I d
with mean 0 and covariance function k (where the L2 norm is on Rd ). Then:
1) ∀ x ∈ I 1 × · · · × I d , H(∇f (x)) = H(∇g(x)),
2) ∀ x 6= y ∈ I 1 × · · · × I d , I(∇f (x); ∇f (y)) ≤ I(∇g(x); ∇g(y)).
To prove Proposition 4 we need a lemma, which we state and prove below.

n→+∞

) = lim

TX
∞

E(eit

1

eit

Tµ

Tµ

1 T
∞ − 2 t Σ∞ t

.
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= eit

≤ 1. Hence, by Lebesgue’s
1 T
n − 2 t Σn t

TΣ t
n

T µ − 1 tT Σ t
∞ 2
∞

n→+∞

) = lim

| = e− 2 t

) = eit

TX
n

.

Lemma 8 Let Xn be a sequence of Gaussian random vectors with auto-covariance matrix Σn and
mean µn , converging almost surely to X∞ . If Σn → Σ∞ and µn → µ∞ then X∞ is Gaussian with
mean µ∞ and auto-covariance matrix Σ∞ .

TX
n

T µ − 1 tT Σ t
n 2
n

φX∞ (t) := E(eit

Proof We need to show that the characteristic function of X∞ is

eit

As Σn is positive semi-definite, ∀n, |eit
dominated convergence theorem,
n→+∞

φX∞ (t) = E( lim

71

KOM S AMO AND ROBERTS

Appendix E.1 Proof of Proposition 4 1)

j

j0

d

Let x = (t1x , . . . , tdx ) ∈ I 1 × · · · × I d . We want to show that H(∇f (x)) = H(∇g(x)) where f and
g are as per Proposition 4, and H is the entropy operator. Firstly, we note from Equation (11) that


∇f (x) = zt101x , . . . , ztd0x ,
(79)

t∈I

dρ
(0)Id ,
dx

(81)

(80)

where the joint law ofthe GP (zt )t∈I j and its derivative (zt )t∈I j is provided in Proposition 1. As
, j ∈ [1..d] are assumed to be independent of each other, ∇f (x) is a
the processes ztj , ztj0
j

Gaussian vector and its covariance matrix reads:

Σ∇f (x) = −2

d
1
(1 + ln(2π)) + ln |Σ∇f (x) |.
2
2

where Id is the d × d identity matrix. Hence,
H(∇f (x)) =



=2

g(x + hei ) − g(x) g(x + hej ) − g(x)
,
h
h



g(x + hej ) − g(x)
h

=

ρ(2h2 ) − 2ρ(h2 ) + ρ(0)
h2

ρ(0) − ρ(h2 )
.
h2

(83)

Secondly, let ej denote the d-dimensional vector whose j-th coordinate is 1 and every other coordinate is 0, and let h ∈ R. As the proposition assumes the covariance
function k generates almost

surely C 1 surfaces, the vectors g(x+heh1 )−g(x) , . . . , g(x+hehd )−g(x) are Gaussian vectors converging
almost surely as h → 0. Moreover, their mean is 0 and their covariance matrices have as element
on the i-th row and j-th column (i 6= j):


(82)
cov

and as diagonal terms:
Var

dρ
(0)Id = Σ∇f (x) ,
dx
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(84)

Taking the limit of Equations (82) and (83) using the first order Taylor expansion of ρ (which the
Proposition assumes is C 2 ), we get that:

Σ∇g(x) = −2

It then follows from Lemma 8 that the limit ∇g(x) of


g(x + he1 ) − g(x)
g(x + hed ) − g(x)
,...,
h
h

is also a Gaussian vector, which proves that H(∇f (x)) = H(∇g(x)).

72

det

ΣA ΣA,B
ΣA,B ΣB






= det(ΣA )det ΣB − ΣTA,B Σ−1
A ΣA,B .

i=1

d
Y

diag

ΣB|A [i, i] =

being diagonal, its determinant is

i=1


d 
Y
ΣA,B [i, i]2
ΣB [i, i] −
.
ΣA [i, i]

diag(ΣA,B )Σ−1
A diag(ΣA,B )

i=1

j=1

i=1


d 
Y
ΣA,B [i, i]2
diag
≤
ΣB [i, i] −
= det(ΣB|A ),
ΣA [i, i]

i=1

(85)

73

which as previously discussed concludes the proof of the lemma.
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P
where the first inequality results from the fact that ΣB|A [i, i] = ij=1 L[j, i]2 by definition of the
Cholesky decomposition. This proves that


−1
T
det ΣB − diag(ΣA,B )Σ−1
A diag(ΣA,B ) ≥ det ΣB − ΣA,B ΣA ΣA,B ,

i=1

As for the matrix ΣB|A :=
of the (Gaussian) distribution of B given A, and thus is positive semi-definite and admits a Cholesky
decomposition ΣB|A = LLT . It follows that


d
d
d
d
Y
Y
Y
X
ΣA,B [j, i]2 
2

det(ΣB|A ) =
L[i, i] ≤
ΣB|A [i, i] =
ΣB [i, i] −
ΣA [j, j]

ΣB −ΣTA,B Σ−1
A ΣA,B , we note that it happens to be the covariance matrix

det(ΣB|A ) =

diag

Secondly, the matrix
:= ΣB −
the product of its diagonal terms:

diag
ΣB|A

As the matrix ΣA is positive semi-definite, det(ΣA ) ≥ 0. The case det(ΣA ) = 0 is straight-forward.
Thus we assume that det(ΣA ) > 0, so that all we need to prove is that


−1
T
det ΣB − diag(ΣA,B )Σ−1
A diag(ΣA,B ) ≥ det ΣB − ΣA,B ΣA ΣA,B .

and

Proof Firstly we note that



ΣA
diag(ΣA,B )
det
= det(ΣA )det ΣB − diag(ΣA,B )Σ−1
A diag(ΣA,B )
diag(ΣA,B )
ΣB

Lemma 9 Let A and B be two d-dimensional jointly Gaussian vectors with diagonal covariance
matrices ΣA and ΣB respectively. Let ΣA,B be the cross-covariance matrix between A and B, and
let diag(ΣA,B ) be the diagonal matrix whose diagonal is that of ΣA,B . Then:




ΣA ΣA,B
ΣA
diag(ΣA,B )
det
≥ det
.
ΣTA,B ΣB
diag(ΣA,B )
ΣB

We start by stating and proving another lemma we will later use.

Appendix E.2 Proof of Proposition 4 2)
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dρ
d2 ρ
||x − y||2L2 + 2(txi − tyi )2 2 ||x − y||2L2 .
dx
dx

(86)

k6=i

dρ
−
dx

"

k

dρ
dx

k

X

k

!



d ρ
dx2

2

d2 ρ
+ 2(txi − tyi )2 2
dx

k6=i

+ 2(txi − tyi )2

k6=i

k

!#
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k

X

(txk − tyk )2

!#

X
(txk − tyk )2

h2 + o(h2 )

h2 + o(h2 )

k

(txk

−

!

!
(89)

tyk )2

(88)

(txk − tyk )2

X

k

X

(87)
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X
dρ
y 2
y 2
x
x
(tk − tk ) + (ti + h − ti )
= −2(txi − tyi )h
dx

!

− ρ
X
(txk − yk )2

!

(txk − tyk )2

X
ρ
(txk − tyk )2

−

"

k

As ρ is assumed to be C 2 , the below Taylor expansions around h = 0 hold true:


!
X
X
dρ
y 2
y
y
x
2
x
2
x
ρ
(tk − tk ) − ρ  (tk − tk ) + (ti − h − ti )  = 2(txi − tyi )h
dx

k6=i

!


X
g(x + hei ) − g(x) g(y + hei ) − g(y)
1
y 2
x
cov
,
= 2 2ρ
(tk − tk )
h
h
h
k





X
X
y
y
y
y
2
x
2
2
x
2
x
x
− ρ  (tk − tk ) + (ti + h − ti )  − ρ  (tk − tk ) + (ti − h − ti )  ,


Secondly, it follows from a similar argument to the previous proof that (∇g(x), ∇g(y)) is also
a jointly Gaussian vector, and the terms Σ∇g(x),∇g(y) [i, j] are evaluated as limit of the cross

g(y+hej )−g(y)
covariance terms cov g(x+hehi )−g(x) ,
as h → 0. For i = j,
h

Σ∇f (x),∇f (y) [i, i] = −2

Firstly, it follows from Equation (79) and the fact that the derivative Gaussian processes (ztj , ztj0 )t∈I j
are independent that (∇f (x), ∇f (y)) is a jointly Gaussian vector. Moreover, the cross-covariance
matrix Σ∇f (x),∇f (y) is diagonal with diagonal terms:

H(∇f (x), ∇f (y)) ≥ H(∇g(x), ∇g(y)).

is the mutual information between X and Y . As we have proved that ∀ x, H(∇f (x)) = H(∇g(x)),
all we need to prove now is that

Proof of Proposition 4 2): Let x = (tx1 , . . . , txd ), y = (ty1 , . . . , tyd ) ∈ I 1 × · · · × I d , x 6= y.
We want to show that I(∇f (x); ∇f (y)) ≤ I(∇g(x); ∇g(y)) where f and g are as per Proposition
4, and
I(X; Y ) = H(X) + H(Y ) − H(X, Y )

KOM S AMO AND ROBERTS
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Plugging Equations (88) and (89) into Equation (87) and taking the limit we obtain:


2


dρ
y 2d ρ
2
x
2
||x − y||L
||x − y||L
Σ∇g(x),∇g(y) [i, i] = −2
2 + 2(ti − ti )
2
dx
dx2
= Σ∇f (x),∇f (y) [i, i].

(tkx

X

k

k

−

(tkx − tky )2

!

k6=j



h + o(h2 ).

k

!
X
(tkx − tky )2

X
(tkx − tky )2
k

!#



X
(tkx − tky )2 + (tix − h − tjy )2 

+ (tix + h − tiy )2  − ρ 

,

!)

tky )2

!

k

X



2
d2 ρ
+ 2 (tix − tiy ) − (tjx − tjy ) × 2
dx

(tkx − tky )2 + (tix + h − tiy )2 + (tjx − h − tjy )2  − ρ
X

(tkx − tky )2

X
(tkx − tky )2

− ρ

+ρ


X

k6=i

Similarly for i 6= j,


g(x + he ) − g(x) g(y + he ) − g(y)
j
i
cov
,
h
h
(
!
X
1
=
ρ
(tkx − tky )2 + (tix + h − tiy )2 + (tjx − h − tjy )2
h2
k6=i,j



and
ρ
dρ
dx

k6=i,j

"

= 2

 dρ
+ 2 tix − tiy − tjx + tjy
dx


d2 ρ
2
||x − y||L
2 .
dx2

Plugging Equations (88), (89) and (92) in Equation (91) and taking the limit we obtain:
Σ∇g(x),∇g(y) [i, j] = −4(tix − tiy )(tjx − tjy )

h2

(90)

(91)

(92)

(93)
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To summarize, (∇f (x), ∇f (y)) and (∇g(x), ∇g(y)) are both jointly Gaussian vectors; ∇f (x),
∇g(x), ∇f (y), and ∇g(y) are (Gaussian) identically distributed with a diagonal covariance matrix; Σ∇f (x),∇f (y) is diagonal; Σ∇g(x),∇g(y) has the same diagonal as Σ∇f (x),∇f (y) but has possibly non-zero off-diagonal terms. Hence, it follows from Lemma 9 that the determinant of the
auto-covariance matrix of (∇f (x), ∇f (y)) is higher than that of the auto-covariance matrix of
(∇g(x), ∇g(y)); or equivalently the entropy of (∇f (x), ∇f (y)) is higher than that of (∇g(x), ∇g(y))
(as both are Gaussian vectors), which as previously discussed is sufficient to conclude that the mutual information between ∇f (x) and ∇f (y) is smaller than that between ∇g(x) and ∇g(y).

Appendix F. Proof of Proposition 6
In this section, we prove Proposition 6, which we recall below.
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∀ k ∈ [1..K], (zt )t∈Ik ∼ GP(m, h).

(zt )t∈I ∼ SGP({ak }, {mk }, {hk }),

Proposition 6 (Extension of the standard GP paradigm)
Let K ∈ N∗ , let I = [a0 , aK ] and Ik = [ak−1 , ak ] be intervals with a0 < · · · < aK . Furthermore,
let m : I → R be a C 1 function, mk the restriction of m to Ik , h : I × I → R a C 3 symmetric
positive semi-definite function, and hk the restriction of h to Ik × Ik . If

then

Proof
To prove Proposition 6, we consider the string derivative Gaussian process (Theorem 2) (SDt )t∈I ,
SDt = (zt , zt0 ) with unconditional string mean and covariance functions as per Proposition 6 and
prove that its restrictions on the intervals Ik = [ak−1 , ak ] are derivative Gaussian processes with the
same mean function m and covariance function h. Proposition 1(B) will then allow us to conclude
that (zt )t∈Ik are GPs with mean m and covariance function h.
Let t1 , . . . , tn ∈]ak−1 , ak [ and let pD (xak−1 ) (respectively pD (xak |xak−1 ) and
pD (xt1 , . . . , xtn |xak−1 , xak )) denote the pdf of the value of the derivative Gaussian process with
mean function m and covariance function h at ak−1 (respectively its value at ak conditional on its
value at ak−1 , and its values at t1 , . . . , tn conditional on its values at ak−1 and ak ). Saying that the
restriction of the string derivative Gaussian process (SDt ) on [ak−1 , ak ] is the derivative Gaussian
process with mean m and covariance h is equivalent to saying that all finite dimensional marginals
of the string derivative Gaussian process pSD (xak−1 , xt1 , . . . , xtn , xak ), ti ∈ [ak−1 , ak ], factorise
as20 :

pSD (xak−1 , xt1 , . . . , xtn , xak ) = pD (xak−1 )pD (xak |xak−1 )pD (xt1 , . . . , xtn |xak−1 , xak ).

Moreover, we know from Theorem 2 that by design, pSD (xak−1 , xt1 , . . . , xtn , xak ) factorises as

pSD (xak−1 , xt1 , . . . , xtn , xak ) = pSD (xak−1 )pD (xak |xak−1 )pD (xt1 , . . . , xtn |xak−1 , xak ).
In other words, all we need to prove is that

pSD (xak ) = pD (xak )

for every boundary time, which we will do by induction. We note by integrating out every boundary
condition but the first in pb (as per Theorem 2 (a-1)) that

pSD (xa0 ) = pD (xa0 ).

JMLR 17(131):1-87

If we assume that pSD (xak−1 ) = pD (xak−1 ) for some k > 0, then as previously discussed the
restriction of the string derivative Gaussian process on [ak−1 , ak ] will be the derivative Gaussian
process with the same mean and covariance functions, which will imply that pSD (xak ) = pD (xak ).
This concludes the proof.

20. We emphasize that the terms on the right hand-side of this equation involve pD not pSD .
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ΣX;Y =



ΣX
M ΣX

ΣcY


ΣX M T
.
T
+ M ΣX M

T
T
c
ΣcY + M ΣX M T − M ΣX Σ−1
X ΣX M = ΣY ,

77
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Let (ztj , ztj0 )t∈I j be a string derivative GP in dimension 1, with boundary times aj0 , . . . , ajK j , and
unconditional string mean and covariance functions mjk and kkj respectively. We want to prove that
(ztj1 , . . . , ztjn ) is jointly Gaussian for any t1 , . . . , tn ∈ I j .

Proof As the sum of independent Gaussian processes is a Gaussian process, a sufficient condition
for additively separable string GPs to be GPs in dimensions d > 1 is that string GPs be GPs in
dimension 1. Hence, all we need to do is to prove that string GPs are GPs in dimension 1.

In this section we will prove that string GPs with link function φs are GPs, or in other
Pdwords
that if f is a string GP indexed on Rd , d > 0 with link function φs (x1 , . . . , xd ) =
j=1 xj ,
then (f (x1 ), . . . , f (xn )) has a multivariate Gaussian distribution for every set of distinct points
x1 , . . . , x n ∈ Rd .

Appendix H. Proof of Proposition 5

which is the same distribution as that of Y |X = x since the covariance matrix ΣX is symmetric.
This concludes our proof.

and covariance matrix

M µX + c + M ΣX Σ−1
X (x − µX ) = M x + c,

Proof To prove this lemma we introduce two vectors X̃ and Ỹ whose lengths are the same as those
of X and Y respectively, and such that (X̃, Ỹ ) is jointly Gaussian with mean µX;Y and covariance
matrix ΣX;Y . We then prove that the (marginal) distribution of X̃ is the same as the distribution of
X and that the distribution of Ỹ |X̃ = x is the same as Y |X = x for any x, which is sufficient to
conclude that (X, Y ) and (X̃, Ỹ ) have the same distribution.
It is obvious from the joint (X̃, Ỹ ) that X̃ is Gaussian distribution with mean µX and covariance
matrix ΣX . As for the distribution of Ỹ conditional on X̃ = x, it follows from the usual Gaussian
identities that it is Gaussian with mean

and covariance matrix

Lemma 10 Let X be a multivariate Gaussian with mean µX and covariance matrix ΣX . If conditional on X, Y is a multivariate Gaussian with mean M X + A and covariance matrix ΣcY where
M , A and ΣcY do not depend on X, then (X, Y ) is a jointly Gaussian vector with mean


µX
µX;Y =
,
M µX + A

In this section, we will prove Lemma 10 that we recall below.

Appendix G. Proof of Lemma 10

S TRING AND M EMBRANE G AUSSIAN P ROCESSES

i

(zaj 0 , zaj00 , . . . , zaj k , zaj0k )

i

Hence by Lemma 10,

ak−1

i



K

i

i

, zaj0 j , . . . , ztjk , ztj0k , . . .

K
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We begin with derivative string GPs indexed on R. Extensions to membrane GPs are easily achieved
for a broad range of link functions. In our exposition, we focus on the class of elementary symmetric

Appendix I. Derivation of Global String GP Mean and Covariance Functions

(ztj1 , ztj01 , . . . , ztjn , ztj0n ) is jointly Gaussian as it can be regarded as the marginal of some joint distribution of the form (zaj 0 , zaj00 , . . . , zaj K j , zaj0K j , . . . , ztjk , ztj0k , . . . ). Hence, its marginal (ztj1 , . . . , ztjn ) is
i
i
also jointly Gaussian, which concludes our proof.

A PPENDIX H.0.3 S TEP 3 (ztj1 , . . . , ztjn ) IS JOINTLY G AUSSIAN

Kj

zaj 0 , zaj00 , . . . , zaj
is jointly Gaussian (by Lemma 10).

Hence,

K

not depend on (zaj 0 , zaj00 , . . . , zaj K j , zaj0K j ), and whose mean depends linearly on


zaj 0 , zaj00 , . . . , zaj j , zaj0 j .

i

Let tk1 , . . . , tknk ∈]ajk−1 , ajk [, k ≤ K j be distinct string times. We want to prove that the vector
(zaj 0 , zaj00 , . . . , zaj K j , zaj0K j , . . . , ztjk , ztj0k , . . . ) where all boundary times are represented, and for any
i
i
finite number of string times is jointly Gaussian. Firstly, we have already proved that
j
j0
j
j0
(za0 , za0 , . . . , zaK j , zaK j ) is jointly Gaussian. Secondly, we note from Theorem 2 that conditional
on (zaj 0 , zaj00 , . . . , zaj K j , zaj0K j ), (. . . , ztjk , ztj0k , . . . ) is a Gaussian vector whose covariance matrix does

A PPENDIX H.0.2 S TEP 2 (zaj 0 , zaj00 , . . . , zaj K j , zaj0K j , . . . , ztjk , ztj0k , . . . ) IS JOINTLY G AUSSIAN

is jointly Gaussian.

which depends linearly on

(zaj 0 , zaj00 , . . . , zaj k−1 , zaj0k−1 ).

from Theorem 2 that (ztj , ztj0 )t∈[a0 ,a1 ] is the derivative Gaussian process with mean mj1 and covariance function k1j . Hence, (zaj 0 , zaj00 , zaj 1 , zaj01 ) is jointly Gaussian. Moreover, let us assume that
Bk−1 := (zaj 0 , zaj00 , . . . , zaj k−1 , zaj0k−1 ) is jointly Gaussian for some k > 1. Conditional on Bk−1 ,
(zaj k , zaj0k ) is Gaussian with covariance matrix independent of Bk−1 , and with mean


" j j #
z j j − mjk (ajk−1 )
mk (ak )

 a
+ jk Kaj ;aj jk K−1 j  j0k−1 dmj j
,
dmjk j
ak−1 ;ak−1 z
k k−1
− dtk (ak−1 )
j
dt (ak )



A PPENDIX H.0.1 S TEP 1 zaj 0 , zaj00 , . . . , zaj K j , zaj0K j IS JOINTLY G AUSSIAN


We first prove recursively that the vector zaj 0 , zaj00 , . . . , zaj K j , zaj0K j is jointly Gaussian. We note
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X

xj = φs (x1 , . . . , xd ),

1≤j1 <j2 <···<jn ≤d

xj = φp (x1 , . . . , xd ).

k=1

n
Y

xjk .

(94)

polynomials (Macdonald (1995)). In addition to containing the link function φs previously introduced, this family of polynomials yields global covariance structures that have many similarities
with existing kernel approaches, which we discuss in Section 4.3.
For n ≤ d, the n-th order elementary symmetric polynomial is given by

d
X

e0 (x1 , . . . , xd ) := 1, ∀1 ≤ n ≤ d en (x1 , . . . , xd ) =
As an illustration,
e1 (x1 , . . . , xd ) =
j=1

j=1

d
Y

...

e2 (x1 , . . . , xd ) = x1 x2 + x1 x3 + · · · + x1 xd + · · · + xd−1 xd ,

ed (x1 , . . . , xd ) =

E(ztj0 ),

Let f denote a membrane GP indexed on Rd with link function en and by (zt1 ), . . . , (ztd ) its independent building block string GPs. Furthermore, let mkj and kkj denote the unconditional mean and
j
, akj ]. Finally, let us
covariance functions corresponding to the k-th string of (ztj ) defined on [ak−1
define
m̄j (t) :=
m̄j0 (t) :=
E(ztj ),

the global mean functions of the j-th building block string GP and of its derivative, where ∀t ∈ I j .
It follows from the independence of the building block string GPs (ztj ) that:
m̄f (t1 , . . . , td ) := E(f (t1 , . . . , td )) = en (m̄1 (t1 ), . . . , m̄d (td )).
Moreover, noting that

∂en
= en−1 (x1 , . . . , xj−1 , xj+1 , . . . , xd ),
∂xj

it follows that:
 

m̄10 (t1 )en−1 m̄2 (t2 ), . . . , m̄d (td )

...
m̄∇f (t1 , . . . , td ) := E (∇f (t1 , . . . , td )) = 
 .
m̄d0 (td )en−1 m̄1 (t1 ), . . . , m̄d−1 (td−1 )

Furthermore, for any uj , vj ∈ I j we also have that



cov (f (u1 , . . . , ud ), f (v1 , . . . , vd )) = en cov(zu11 , zv11 ), . . . , cov(zudd , zvdd ) ,
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∂f
(u1 , . . . , ud ), f (v1 , . . . , vd ) = en cov(zu11 , zv11 ), . . . , cov(zui0i , zvi i ), . . . , cov(zudd , zvdd ) ,
cov
∂xi
79

and for i ≤ j
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∂f
∂f
cov
(u1 , . . . , ud ),
(v1 , . . . , vd )
∂xi
∂xj

( 
en cov(zu11 , zv11 ), . . . , cov(zui0i , zvi i ), . . . , cov(zuj0j , zvjj ), . . . , cov(zudd , zvdd ) , if i < j
.

en cov(zu11 , zv11 ), . . . , cov(zui0i , zvi0i ), . . . , cov(zudd , zvdd ) ,
if i = j

=

Overall, for any elementary symmetric polynomial link function, multivariate mean and covariance
functions are easily deduced from the previously boxed equations and the univariate quantities
"
#
cov(zuj , zvj ) cov(zuj , zvj0 )
T
= j K̄v;u ,
cov(zuj0 , zvj ) cov(zuj0 , zvj0 )
m̄j (u), m̄j0 (u), and j K̄u;v :=

which we now derive. In this regards, we will need the following lemma.



ΣX
M ΣX

µX;Y =

ΣX;Y =


ΣX M T
.
ΣYc + M ΣX M T

Lemma 10 Let X be a multivariate Gaussian with mean µX and covariance matrix ΣX . If conditional on X, Y is a multivariate Gaussian with mean M X + A and covariance matrix ΣYc where
M , A and ΣYc do not depend on X, then (X, Y ) is a jointly Gaussian vector with mean


µX
,
M µX + A
and covariance matrix

Proof See Appendix G.

A PPENDIX I.0.1 G LOBAL S TRING GP M EAN F UNCTIONS

t∈[a0 ,a1 ]

We now turn to evaluating the univariate global mean functions m̄j and m̄j0 . We start with boundary
times and then generalise to other times.


Boundary times: We note from Theorem 2 that the restriction ztj , ztj0
is the derivative
j j

Gaussian process with mean and covariance functions m1j and k1j . Thus,

"
#
# "
mj (aj )
m̄j (aj )
1
= dm1j 1j .
1
m̄j0 (a1j )
dt (a1 )

ak

and

ak−1
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j
z j j − mkj (ak−1
)

 ak−1
,
 j0
dmj
j
)
z j − dtk (ak−1

ak

#
"
# "
mj (aj )
m̄j (aj )
0
= dm1j 0j ,
1
m̄j0 (a0j )
dt (a0 )

j −1
k Kaj ;aj
k−1 k−1

ak−1

 

, z j j , z j0j is Gaussian with mean

k−1

ak−1

, z j0j
#

k

+ kj Kaj ;aj


For k > 1, we recall that conditional on z j j
"

mkj (akj )
dmkj
j
dt (ak )
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∂x

k

(u, v)

kkj (u, v)

=  ∂kj



#

"

mjk (ajk )
dmjk j
dt (ak )

#

k

dmjk j
dt (ak−1 )

−

mjk (ajk−1 )





zaj k−1 , zaj0k−1

mjk (t)

#

j
k Kt;(ajk−1 ,ajk )

j
k K(ajk−1 ,ajk );(ajk−1 ,ajk )

=

h

=

j
k Kt;ajk−1

i

.



j
k Kajk−1 ;ajk

j
k Kajk ;ajk

j
k Kt;ajk

j
K j
j
kj ak−1 ;ak−1
k Kajk ;ajk−1



ak


j
 j0

j
k
z j − dm

(a
)
k−1
dt
 ak−1

j −1
j
+ k Kt;(aj ,aj ) k K j
,
j
j
j 
j
j
j
dmjk
(ak−1 ,ak );(ak−1 ,ak )  z j − m (a ) 
k−1 k
k k
dt (t)


ak


dmj
z j0j − dtk (ajk )

zjj
 ak−1





m̄j0 (ajk−1 ) −



"

mjk (t)
dmjk
dt (t)

#
m̄j0 (ajk )

−

dmjk j
dt (ak )

zaj k , zaj0k


m̄j (ajk−1 ) − mjk (ajk−1 )
j
 j0 j

m̄ (a ) − dmk (aj )
k−1
k−1  .
dt

+ jk Kt;(aj ,aj ) jk K−1j
j
j
j 
j
j
j

j
(ak−1 ,ak );(ak−1 ,ak )
k−1 k
 m̄ (ak ) − mk (ak ) 
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As for the evaluation of j K̄u,v , we start by noting that the covariance function of a univariate string
GP is the same as that of another string GP whose strings have the same unconditional kernels but
unconditional mean functions mjk = 0, so that to evaluate univariate string GP kernels we may
assume that ∀ j, k, mjk = 0 without loss of generality. We start with the case where u and v are
both boundary times, after which we will generalise to other times.

A PPENDIX I.0.2 G LOBAL S TRING GP C OVARIANCE F UNCTIONS

We note in particular that when ∀ j, k, mjk = 0, it follows that m̄j = 0, m̄f = 0, m̄∇f = 0.

m̄j (t)
=
m̄j0 (t)



.

and

m̄j (ajk−1 ) − mjk (ajk−1 )

#

Hence, using once again the law of total expectation, it follows that for any t ∈]ajk−1 , ajk [,

and

with

"

j −1
k Kaj ;aj
k−1 k−1

"

∈]ajk−1 , ajk [, conditional on

k−1

+ jk Kaj ;aj

String times: As for non-boundary times t


ztj , ztj0 is Gaussian with mean

m̄j (ajk )
=
m̄j0 (ajk )

"



∂kkj
∂y (u, v) 
.
∂ 2 kkj
∂x∂y (u, v)

It then follows from the law of total expectations that for all k > 1

with

j
k Ku;v

S TRING AND M EMBRANE G AUSSIAN P ROCESSES


,

0

0

0

0

K̄aj ;aj = j1 Kaj ;aj ,
j
1

1

1

1

K̄aj ;aj = j1 Kaj ;aj ,
j
1

b
kM
ak−1

 j 
z j
 aj0k−1 
z j
with

b
kM

ak

ak

k

k−1

= jk Kaj ;aj
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p

where jc K̄u;v refers to the covariance matrix between (zuj , zuj0 ) and (zvj , zvj0 ) conditional on the boundary conditions B(p, q), and can be easily evaluated from Theorem 2. In particular,
j

T
pK j
v;a
j
j
j
j
if p 6= q, c K̄u;v = 0, and if p = q, c K̄u;v = p Ku;v − p Λu  j T p−1  ,
(97)
pK j
v;a

matrix under the conditional law, it follows that
" j #
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where B(p,
 q) refers to the boundary condtions
 at the boundaries of the p-th and q-th strings, in other
 j
j j0
j j
j
words zx , zx , x ∈ ap−1 , ap , aq−1 , aq . Furthermore, using the definition of the covariance

String times: Let u ∈ [ajp−1 , ajp ], v ∈ [ajq−1 , ajq ]. By the law of total expectation, we have that
!!
!
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" #
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zuj h j
j0
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j
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,
=
E
E
K̄u;v := E
zv zv
zv zv
zuj0
zuj0

j

and that the covariance matrix between the boundary conditions at ajk and at any earlier boundary
time ajl , l < k reads:

a0

b
kΣ

= jk Kaj ;aj − bk M jk Kaj ;aj .
k k
k−1 k


Hence using Lemma 10 with M = bk M 0 . . . 0 where there are (k − 1) null block 2 × 2


is jointly Gaussian, it follows that the vector
matrices, and noting that z j j , z j0j , . . . , z j j , z j0j
ak−1 ak−1
a0 a0




z j j , z j0j , . . . , z j j , z j0j is jointly Gaussian, that z j j , z j0j has covariance matrix

and covariance matrix

with mean

0

is the derivative Gaus-

K̄aj ;aj = j1 Kaj ;aj .
0

t∈[aj0 ,aj1 ]

We recall that conditional on the boundary conditions at or prior to ajk−1 ,

j

sian process with mean 0 and covariance function k1j . Thus,



Boundary times: As previously discussed, the restriction ztj , ztj0
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j
ap−1
;aqj
j K̄
apj ;aqj

Hence, taking the expectation with respect to the boundary conditions on both sides of Equation
(96), we obtain:

∀u∈
where

j
c K̄u;v
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Probabilités de Saint-Flour. Springer, 2011.

P. Alquier, N. Friel, R. Everitt, and A. Boland. Noisy monte carlo: Convergence of Markov chains
with approximate transition kernels. Statistics and Computing, 26(1-2):29–47, 2016.

R. Bardenet, A. Doucet, and C. Holmes. Towards scaling up Markov chain monte carlo: an adaptive
subsampling approach. In International Conference on Machine Learning (ICML), pages 405–
413, 2014.

S. Brooks, A. Gelman, G. Jones, and X.-L. Meng. Handbook of Markov Chain Monte Carlo. CRC
press, 2011.

R. Calandra, J. Peters, C. E. Rasmussen, and M. P. Deisenroth. Manifold Gaussian processes for
regression. arXiv preprint arXiv:1402.5876, 2014.

Y. Cao and D. J. Fleet. Generalized product of experts for automatic and principled fusion of
Gaussian process predictions. arXiv preprint arXiv:1410.7827, 2014.

D. J. Daley and D. Vere-Jones. An Introduction to the Theory of Point Processes. Springer-Verlag,
2008.

M. Deisenroth and J. W. Ng. Distributed Gaussian processes. In International Conference on
Machine Learning (ICML), pages 1481–1490, 2015.

J. L. Doob. The elementary Gaussian processes. The Annals of Mathematical Statistics, 15(3):
229–282, 1944.

N. Durrande, D. Ginsbourger, and O. Roustant. Additive covariance kernels for high-dimensional
Gaussian process modeling. Annales de la Faculté de Sciences de Toulouse, 21(3), 2012.
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Systematic reviews underpin Evidence Based Medicine (EBM) by addressing precise clinical
questions via comprehensive synthesis of all relevant published evidence. Authors of
systematic reviews typically define a Population/Problem, Intervention, Comparator, and
Outcome (a PICO criteria) of interest, and then retrieve, appraise and synthesize results
from all reports of clinical trials that meet these criteria. Identifying PICO elements in the
full-texts of trial reports is thus a critical yet time-consuming step in the systematic review
process. We seek to expedite evidence synthesis by developing machine learning models
to automatically extract sentences from articles relevant to PICO elements. Collecting a
large corpus of training data for this task would be prohibitively expensive. Therefore, we
derive distant supervision (DS) with which to train models using previously conducted
reviews. DS entails heuristically deriving ‘soft’ labels from an available structured resource.
However, we have access only to unstructured, free-text summaries of PICO elements for
corresponding articles; we must derive from these the desired sentence-level annotations.

Abstract

Editor: Benjamin M. Marlin, C. David Page, and Suchi Saria

Iain J. Marshall
iain.marshall@kcl.ac.uk
Department of Primary Care & Public Health Sciences, Faculty of Life Sciences & Medicine
King’s College London
London, UK

Department of Computer Science
University of Texas at Austin
Austin, TX, USA

Mingxi (Brian) Zhu

Department of Chemistry
University of Texas at Austin
Austin, TX, USA

Aakash Sharma

Doctor Evidence
Santa Monica, CA, USA
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A cornerstone of the systematic review paradigm is the notion of precise clinical
questions. These are typically formed by decomposing queries into PICO frames that define
the Population, Intervention, Comparison, and Outcome of interest. Interventions and
comparison treatments (e.g., placebo) are often discussed together: we therefore group I
and C for the remainder of this paper, and refer to these jointly as simply interventions.
Once specified, these criteria form the basis for retrieval and inclusion of published evidence
in a systematic review. The PICO framework is an invaluable tool in the EBM arsenal
generally (Huang et al., 2006), and is specifically a pillar of the systematic review process.

However, the same deluge of clinical evidence that has made reviews indispensable has
made producing and maintaining them increasingly onerous. An estimate from 1999 suggests
that producing a single review requires thousands of person hours (Allen and Olkin, 1999);
this has surely increased since. Producing and keeping evidence syntheses current is thus
hugely expensive, especially because reviews are performed by highly-trained individuals
(often doctors). Machine learning methods to automate aspects of the systematic review
process are therefore needed if EBM is to keep pace with the torrent of newly published
evidence (Tsafnat et al., 2013; Bastian et al., 2010; Elliott et al., 2014; Wallace et al., 2013).

Systematic reviews are especially critical in light of the data deluge in biomedicine:
over 27,000 clinical trials were published in 2012 alone, or roughly 74 per day on average
(Bastian et al., 2010). There is thus simply no way that a physician could keep current
with the body of primary evidence. Reviews mitigate this problem by providing up-to-date,
comprehensive summaries of all evidence addressing focused clinical questions. These
reviews are considered the highest level of evidence and now inform all aspects of healthcare,
from bedside treatment decisions to national policies and guidelines.

Evidence-based medicine (EBM) looks to inform patient care using the totality of the
available evidence. Typically, this evidence comprises the results of Randomized Control
Trials (RCTs) that investigate the efficacy of a particular treatment (or treatments) in people
with a specific clinical problem. Systematic reviews are transparently undertaken, rigorous
statistical syntheses of such evidence; these underpin EBM by providing quantitative
summaries of the entirety of the current evidence base pertaining to particular conditions,
treatments and populations.

1. Introduction and Motivation

Keywords: Evidence-based medicine, distant supervision, data extraction, text mining,
natural language processing

To this end, we propose a novel method – supervised distant supervision (SDS) – that uses
a small amount of direct supervision to better exploit a large corpus of distantly labeled
instances by learning to pseudo-annotate articles using the available DS. We show that
this approach tends to outperform existing methods with respect to automated PICO
extraction.

Wallace et al.
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Unfortunately, results from RCTs are predominantly disseminated as unstructured free
text in scientific publications. This makes identifying relevant studies and extracting the
target data for evidence syntheses burdensome. For example, free text does not lend itself
to structured search over PICO elements. Structured PICO summaries of articles describing
clinical trials would vastly improve access to the biomedical literature base. Additionally,
methods to extract PICO elements for subsequent inspection could facilitate inclusion
assessments for systematic reviews by allowing reviewers to rapidly judge relevance with
respect to each PICO element. Furthermore, automated PICO identification could expedite
data extraction for systematic reviews, in which reviewers manually extract structured
data to be reported and synthesized. Consider the task of extracting dosage information
for a given clinical trial: currently reviewers must identify passages in the article that
discuss the interventions and then extract from these the sought after information. This is
time-consuming and tedious; a tool that automatically identified PICO related sentences
and guided the reviewer to these would expedite data extraction.
In this work we present a novel machine learning approach that learns to automatically
extract sentences pertaining to PICO elements from full-text articles describing RCTs.
We exploit an existing (semi-)structured resource – the Cochrane Database of Systematic
Reviews (CDSR) – to derive distant supervision (DS) with which to train our PICO
extraction model. DS is generated by using heuristics to map from existing structured
data D to pseudo-annotations that approximate the target labels Y. These derived labels
will be imperfect, because the structured data to which we have access comprises freetext summaries describing each PICO element; this text does not appear verbatim in the
corresponding articles. Thus, using simple string matching methods to induce supervision
will introduce noise. We therefore propose a new method that learns to map from D to
Y using a small amount of direct supervision, thus deriving from the free-text summaries
in the CDSR the desired sentence-level annotations. We refer to this as supervised distant
supervision (SDS).
We empirically evaluate our approach both retrospectively (using previously collected
data) and via a prospective evaluation. We demonstrate that SDS consistently improves
performance with respect to baselines that exploit only distant or (a small amount of)
direct supervision. We also show that our flexible SDS approach performs at least as well –
and usually better – than a previously proposed model for jointly learning from distant and
direct supervision. While our focus here is on the particular task of PICO identification in
biomedical texts, we believe that the proposed SDS method represents a generally useful
new paradigm for distantly supervised machine learning.
The remainder of this paper is structured as follows. We review related work in the
following section. We introduce our source of distant supervision, the CDSR, in Section
3. This motivates the development of our SDS model, which we present in Section 4. We
discuss experimental details (including features and baseline methods to which we compare)
in Section 5, and report experimental results in Section 6. Finally, we conclude with
additional discussion in Section 7.
3
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2. Related Work
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We briefly review two disparate threads of related work: automatic identification of PICO
elements for EBM (Section 2.1) and work on distant supervision (Section 2.2), paying
particular attention to recent efforts to develop models that combine distant and direct
supervision.

2.1 Automatic PICO Identification

The practical need for language technologies posed by EBM-related tasks has motivated
several recent efforts to identify PICO elements in biomedical text (Demner-Fushman and
Lin, 2007; Chung, 2009; Boudin et al., 2010b,a; Kim et al., 2011). However, nearly all
of these works have considered only the abstracts of articles, limiting their utility. Such
approaches could not be used, for example, to support data extraction for systematic
reviews, because clinically salient data is often not available in the abstract. Furthermore,
it is likely that identifying PICO elements in the full-texts of articles could support rich
information retrieval support, beyond what is achievable using abstracts alone.
Nonetheless, identifying PICO sentences in abstracts has proven quite useful for supporting biomedical literature retrieval. For example, Demner-Fushman and Lin (2007)
developed and evaluated a tool that extracts clinically salient snippets (including PICO
elements) from MEDLINE abstracts. They showed that these extractions can assist with
information retrieval and clinical question answering. Similarly, Boudin et al. (2010b,a)
showed that automatically generated PICO annotation of abstracts can improve biomedical
information retrieval, even if these annotations are noisy.
Moving beyond abstracts, one system that does operate over full texts to summarize
clinical trials is ExaCT (Kiritchenko et al., 2010). ExaCT aims to extract variables describing
clinical trials. It requires HTML or XML formatted documents as input. The system splits
full-text articles into sentences and classifies these as relevant or not using a model trained
on a small set (132) of manually annotated articles. ExaCT does not attempt to identify
PICO sentences, but rather aims to map directly to a semi-structured template describing
trial attributes. The work is therefore not directly comparable to the present effort.
Our work here differs from the efforts just reviewed in a few key ways:

1. In contrast to previous work, we aim to identify sentences in full-text articles that are
pertinent to PICO elements. This may be used to facilitate search, but we are more
immediately interested in using this technology to semi-automate data extraction for
systematic reviews.

2. Previous work has leveraged small corpora (on the order of tens to hundreds of
manually annotated abstracts) to train machine learning systems. By contrast, we
exploit a large ‘distantly supervised’ training corpus derived from an existing database.
In Section 6 we demonstrate the advantage of this novel approach, and show that
using a small set of direct supervision alone fares comparatively poorly here.

4
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1. Craven and Kumlien called this ‘weakly supervised’ learning. The term ‘distant supervision’ was later
coined by Mintz et al. (2009).

Distant supervision (DS) refers to learning from indirect or weak supervision derived from
existing structured resources. These derived ‘labels’ are often noisy, i.e., imperfect. But
the advantage is that by exploiting existing resources one can capitalize on a potentially
large labeled training dataset effectively ‘for free’. The general approach in DS is to develop
heuristics to map existing, structured resources onto the target labels of interest and then
use these derived labels to train a model (Figure 1a).
This paradigm was first introduced by Craven and Kumlien (1999) in their work on
building models for information extraction for biological knowledge base construction.1
Specifically they considered the task of extracting relationships between biological entities,
such as subcellular-structures and proteins. To generate (noisy) training data for this task
they exploited the Yeast Protein Database (YPD), which contains propositions expressing
relationships of interest between pairs of biological entities. For each known relationship
expressed in the YPD they searched PubMed, a repository of biomedical literature, to
identify abstracts that mentioned both entities. They made the simplifying assumption
that any such co-occurrence expressed the target relationship (this being the heuristic
means of inducing positive instances). They demonstrated that training their model with
these pseudo-positive instances resulted in performance comparable to models trained using
manually labeled examples.
Much of the more recent work on distant supervision since has been focused on the task
of relation extraction (Mintz et al., 2009; Nguyen and Moschitti, 2011; Riedel et al., 2010;
Bunescu and Mooney, 2007; Angeli et al., 2014) and classification of Twitter/microblog
texts (Purver and Battersby, 2012; Marchetti-Bowick and Chambers, 2012). Our focus
here aligns with previous attempts to reduce the noise present in distantly labeled datasets,
although so far as we are aware these have been exclusively applied for the task of relation
extraction (Roth et al., 2013). These methods have tended to exploit a class of generative
latent-variable models specifically developed for the task of relation extraction (Surdeanu
et al., 2012; Min et al., 2013; Takamatsu et al., 2012; Angeli et al., 2014). Unfortunately,
these models do not naturally generalize to other tasks because they are predicated on
the assumption that the structured resource to be exploited comprises entity-pairs to be
identified in unlabeled instances. Such entity-pairs have no analog in the case of sentence
extraction. For example, Angeli et al. (2014) combine direct and distant supervision for
relation extraction by building on the Multi-Instance Multi-Label Learning (MIML-RE)
originally proposed by Surdeanu et al. (2012). They estimate the parameters in a fully
generative model that includes variables corresponding to entities and their co-occurences in

2.2 Distant Supervision

Additionally, we introduce a novel paradigm for distantly supervised machine learning,
which we review next.

Extracting PICO Sentences from Clinical Trial Reports using SDS

6

JMLR 17(132):1-25

The CDSR is produced and maintained by the Cochrane Collaboration, a global network
of 30,000+ researchers who work together to produce systematic reviews. The group has
collectively generated nearly 6,000 reviews, which describe upwards of 50,000 clinical trials.
These reviews (and the data extracted to produce them) are published as the CDSR.
The CDSR contains structured and semi-structured data for every clinical trial included
in each systematic review. To date we have obtained corresponding full-text articles (PDFs)
for 12,808 of the clinical trials included in the CDSR. In previous work (Marshall et al.,
2014, 2015) we demonstrated that supervision derived from the CDSR on linked full-text

3.1 PICO and the CDSR

We next describe the Cochrane Database of Systematic Reviews (CDSR) (The Cochrane
Collaboration, 2014), which is the database we used to derive DS.

3. Learning from the Cochrane Database of Systematic Reviews

texts. It is not clear how one might modify this model to accomodate our task of sentence
extraction.
Here we will therefore be interested in guiding DS for general learning tasks using a
small set of direct annotations. Most relevant to our work is therefore that of Nguyen
and Moschitti (2011), in which they proposed a general method for combining direct and
distant supervision. Their approach involves training two conditional models: one trained
on directly labeled instances and the other on a mixed set comprising both directly and
distantly labeled examples. They then linearly combine probability estimates from these
classifiers to produce a final estimate. The key point here is that the derivation of the DS –
i.e., the process of moving from extant data to noisy, distant labels – was still a heuristic
procedure in this work. By contrast, we propose learning an explicit mapping from directly
labeled data to distant labels, as we discuss further in Section 4.

Table 1: Example population target text (summary) from the CDSR and three candidate
sentences from the corresponding full-text article generated via distant supervision.

Target description from the CDSR Patients (n = 24, 15 females) with neck pain of > 3 months’
duration, who had pain in one or more cervical (C3-C7) zygapophysial joints after a car accident and whose
pain perception had been confirmed by placebo-controlled diagnostic blocks.
C1 : The study patients were selected from among patients whose cervical zygapophyseal-joint pain had
been confirmed with the use of local anesthetic blocks at either the unit or a private radiology practice in
Newcastle.
C2 : We studied 24 patients (9 men and 15 women; mean age, 43 years) who had pain in one or more
cervical zygapophyseal joints after an automobile accident (median duration of pain, 34 months).
C3 : The significant rate of response to the control treatment, even among patients who had been tested
with placebo-controlled diagnostic blocks to confirm their perceptions of pain, is a sobering reminder of the
complex and inconstant dynamics of placebo phenomena.
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Number of distantly labeled articles
12,474
12,378
12,572
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PICO element
Population
Intervention
Outcomes
Table 2: The number of full-text articles for which a corresponding free-text summary is
available in the CDSR for each PICO element (studies overlap substantially); this provides
our DS.

articles can be exploited to learn models for automated risk of bias (RoB) assessment of
clinical trials and supporting sentence extraction. However, in the case of RoB, supervision
was comparatively easy to derive from the CDSR: this required only literal string matching,
because by convention reviewers often store verbatim sentences extracted from articles
that support their RoB assessments. In the case of PICO, however, reviewers generate
free-text summaries for each element (not verbatim quotes) that are then stored in the
CDSR. Therefore, we must map from these summaries to sentence labels (relevant or not)
for each PICO domain.
Table 1 provides an example of a population summary stored in the Cochrane database for
a specific study, along with potentially ‘positive’ sentence instances from the corresponding
article. Such summaries are typically, but not always, generated for articles and this varies
somewhat by PICO element. In Table 2 we report the number of studies for which we have
access to human-generated summaries for each PICO element.

3.2 Annotation

Wallace et al.

2. The annotation guideline developed during our pilot annotation phase is available at: http://byron.
ischool.utexas.edu/static/sds-guidelines.pdf

We labeled a subset of the candidate sets generated via DS from the CDSR for two reasons:
(1) this constitutes the direct supervision which we aim to combine with DS to train an
accurate model; and, (2) cross-fold validation using these labels may be used as a proxy
evaluation for different models. We say ‘proxy’ because implicitly we assume that all
sentences not among the candidate sets are true negatives, which is almost certainly not
the case (although given the relatively low threshold for inclusion in the candidate set, this
assumption is not entirely unreasonable).
The annotation process involved rating the quality of automatically derived candidate
sentences for each PICO element and article. Annotations were on a 3-point scale designed
to differentiate between irrelevant, relevant and best available candidate sentences (coded as
0, 1 and 2, respectively). This assessment was made in light of the corresponding summaries
for each PICO field published in the CDSR. In Table 1, we show three candidate sentences
(distantly labeled ‘positive’ instances) and the target summary. Here, candidate 1 (C1 ) is
relevant, C2 is the best available and C3 is in fact irrelevant.
Two of the co-authors (BZ and AS) worked with BW to develop and refine the labeling
scheme. This refinement process involved conducting a few pilot rounds to clarify labeling
criteria.2 We conducted these until what we deemed acceptable pairwise agreement was
reached, and subsequently discarded the annotations collected in these early rounds. After
this pilot phase, a subset of 1,071 total candidate sentences were labeled independently
by both annotators. Additional sentences were later labeled individually. On the multiply
labeled subset, observed annotator agreement was high: pairwise κ = 0.74 overall, and
κ = 0.81 when we group relevant sentences with best available – in practice, we found
distinguishing between these was difficult and so we focus on discriminating between
irrelevant and relevant/best available sentences. Ultimately, we acquired a set of 2,821
labels on sentences from 133 unique articles; these comprise 1009, 1006 and 806 sentences
corresponding to ‘participants’, ‘interventions’ and ‘outcomes’, respectively.

Articles used for the population, intervention and outcomes domains were (automatically)
segmented into 333, 335 and 338 sentences on average, respectively. We adopted a straightforward heuristic approach to generating DS (in turn generating candidate sets) of sentences
using the CDSR. Specifically, for a given article ai and matched PICO element summary si
stored in the CDSR, we soft-labeled as positive (designated as candidates) up to k sentences
in ai that were most similar to si . To mitigate noise, we introduced a threshold such
that candidate sentences had to be at least ‘reasonably’ similar to the CDSR text to be
included in the candidate set. Operationally, we ranked all sentences in a given article
with respect to the raw number of word (unigram) tokens shared with the CDSR summary,
excluding stop words. The top 10 sentences that shared at least 4 tokens with the summary
were considered positive (members of the candidate set). These were somewhat arbitrary
decisions reflecting intuitions gleaned through working with the data; other approaches to
generating candidate sets could have of course been used here instead. However, it is likely
that any reasonable heuristic based on token similarity would result in DS with similar
properties.
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We now describe the novel approach of supervised distant supervision (SDS) that we propose
for capitalizing on a small set of directly labeled candidate instances in conjunction with a
large set of distantly supervised examples to induce a more accurate model for the target
task. Figure 1b describes the idea at a high-level. The intuition is to train a model that
maps from the heuristically derived and hence noisy DS to ‘true’ target labels. This may
be viewed as learning a filtering model that winnows a candidate set of positive instances
automatically generated via DS to a higher-precision subset of (hopefully) true positive

4. Supervised Distant Supervision
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rules/heuristics

h(x)

distantly labeled data

learned mapping

f(x)

distantly labeled data
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We will denote instances (documents) by X = {x1 , ..., xn }. Each xi ∈ X comprises
mi sentences: {xi,1 , ..., xi,mi }. We will index sentences by j, so xi,j denotes the (vector

instances, using attributes derived from instances and the available distant supervision on
them.

Figure 1: Standard distant supervision (top) and the proposed supervised distant supervision
approach (bottom).

(b) The proposed supervised distant supervision (SDS) approach. We aim to leverage a small amount
of annotated data – which provides alignments between unlabeled instances with the structured
corpus to be used to derive distant labels – to induce a model that maps that from paired entries in
the available structured data and unlabeled corpus to the target labels on the latter.

lots of unstructured data

small amount of manually
labeled unstructured data

structured data

(a) The standard approach to distant supervision. Generally one has access to (i) a (large) set of
unlabeled instances and, (ii) some sort of structured corpus to be used to derive distant labels on
said instances. This derivation is typically ad hoc and involves heuristics; the derived labels are thus
usually noisy.

unstructured data

structured data

Extracting PICO Sentences from Clinical Trial Reports using SDS
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To better motivate this SDS approach, consider a scenario in which one has access to
a (very) large set of unlabeled instances X and a database D from which noisy, distant
supervision Ỹ may be derived (along with feature vectors jointly describing instances and
their entries in D, X̃ ). In such scenarios, we will be able to efficiently generate a very large
training set for ‘free’ by exploiting D; hence the appeal of DS. However, if our rule h for
deriving Ỹ is only moderately accurate, we may be introducing excessive noise into the
training set, in turn hindering model performance. At the same time, it may be that one

4.1 Intuition

representation of) sentence j in document i. We treat the sentence extraction tasks for
the respective PICO elements as independent, and therefore do not introduce notation to
differentiate between them.
We will denote the database of semi-structured information from which we are to
derive DS by D. We assume that D contains an entry for all n linked articles under consideration. We denote the set of distantly derived labels on sentences by Ỹ =
{ỹ1,1 , ..., ỹ1,m1 , ..., ỹn,1 , ..., ỹn,mn }, and corresponding true target labels by Y = {y1,1 , ...,
y1,m1 , ..., yn,1 , ..., yn,mn }. The former are assumed to have been derived from D via the
heuristic labeling function h, while the latter are assumed to be unobserved. In DS one
generally hopes that Ỹ and Y agree well enough to train a model that can predict target
labels for future examples.
Our innovation here is to exploit a small amount of direct supervision to learn a model
to improve DS by filtering the candidates generated by h using a function f that operates
over features capturing similarities between entries in D and instances to generate a more
precise label set. Specifically we aim to learn a function f : (X̃ , Ỹ) → Y, where we have
introduced new instance representations X̃ which incorporate features derived from pairs
of instances and database entries (we later enumerate these). We emphasize that this
representation differs from X , which cannot exploit features that rely on D because DS
will not generally be available for new instances. The parameters of f are to be estimated
using a small amount of direct (manual) supervision which we will denote by L. These
labels indicate whether or not distantly derived labels are correct. Put another way, this is
supervision for distant supervision.
We will assume that the heuristic function h can generate a candidate set of positive
instances, many of which will in fact be negative. This assumption is consistent with
previous efforts (Bunescu and Mooney, 2007). In our case, we will have a candidate set
of sentence indices Ci associated with each entry (study) i in D (note that we will have
different candidate sets for each PICO element, but the modeling approach will be the same
for each). These are the sentences for which ỹ is positive. The supervision L will comprise
annotations on entries in these candidate sets with respect to target labels y. Thus the
learning task that we will be interested in is a mapping between C1 , ..., Cl and corresponding
target label sets Y1 , ..., Yl .
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can dramatically improve the pseudo-labeling accuracy by learning a mapping from a small
amount of direct supervision, L. Providing supervision for the mapping, rather than the
actual task at hand, may be worthwhile if the former allows us to effectively exploit the
large set of distantly labeled data.
To make this intuition more concrete, we conducted an illustrative simulation experiment
using the classic twenty-newsgroups corpus.3 We used the standard train and test splits of
the data, and consider the binary classification task of discriminating between messages
from the alt.atheism and those from the soc.religion.christian boards. This subset comprises
1079 messages in the training set and 717 in the testing set.
We assume that a DS heuristic h assigns the true label with probability 1-; thus 
encodes the noise present in Ỹ. Intuitively, SDS will work well when we can efficiently learn
a model that operates over X̃ , Ỹ to better approximate the true labels Y, i.e., reduce .
This may be possible when the features comprising X̃ are predictive. We assume  = 0.4 for

Figure 2: Plots from a simulation highlighting the intuition behind SDS. We consider
different learning rates for the SDS task; e.g., in scenario 1 we assume the error  in the
distantly derived labels can be reduced drastically with relatively few direct labels. Put
another way, this assumes that an accurate heuristic is relatively easy to learn. On this
assumption, performance (F1) on the target task can be improved drastically compared
to the alternative approach of, e.g., interpolating models trained on the distant and direct
label sets. SDS still performs well under less optimistic assumptions, as can be seen in
scenarios 2 and 3, which assume step and linear reduction relationships between  and the
number of labels provided, respectively. See the text for additional explanation.

F1

Wallace et al.

DS to begin with and we consider three scenarios which differ in their assumed relationship
between the number of annotations and the induced reduction in . Respectively, these
simulations assume: (1) a smooth and (2) step-wise exponentially decreasing function
(representing rapid learning rates, implying that X̃ is rich with signal), and (3) a linearly
decreasing function. These simulated learning rates are depicted in Figure 2.
We report the performance (F1 score, i.e., the harmonic mean of precision and recall)
on the held-out test data using SDS under these three scenarios. That is, we re-label the
instances in the large training corpus with noise equal to the corresponding  under each
scenario; this simulates re-labeling the (distantly supervised) training corpus using the
trained SDS model. We compare this to using direct supervision (no noise) only and to
interpolating independent predictions from models trained on direct and distant supervision,
respectively (see Section 5.2). We allowed the latter model access to a small validation set
with which to tune the interpolation parameter. We simulated annotating (directly, with
no noise) up to 100 instances and show learning curves under each strategy/scenario.
As one would expect, SDS works best when one can efficiently reduce the noise in
the relatively large set of distantly labeled instances, as in simulations (1) and (2), which
assume noise exponentially decays with labeled instances. In these cases, effort is best spent
on learning a model to reduce . However, note that even when the signal is not quite as
strong – as in scenario 3 where we assume a linear relationship between noise reduction
and collected annotations – we can see that the SDS model ultimately outperforms the
other approaches. The comparative advantage of the SDS strategy will depend on the noise
introduced by DS to begin with and the efficieny with which a model can be learned to
reduce this noise. We emphasize that this scenario is intended to highlight the intuition
behind SDS and scenarios in which it might work well, not necessarily to provide empirical
evidence for its efficacy.
4.2 Model

(
∝ exp(w̃ · x̃i,j ) if j ∈ Ci (i.e., ỹi,j = 1)
0
otherwise

(1)

We now turn to formally defining an SDS model. This entails first specifying the form of
f . Here we use a log-linear model to relate instances comprising candidate sets to their
associated label qualities. Specifically, we assume:
def

sds
p̂i,j
= p(yi,j |Ci , w̃) =

where w̃ is a weight vector to be estimated from the training data L.4 More precisely,
we use regularized logistic regression as our conditional probability model for instances
comprising the candidate set. Note that for brevity we will denote the estimated conditional

4. Note that w̃ differs from the weight vector parameterizing the final model, w, because the former
comprises coefficients for features in X̃ which are at least partially derived from information in the
available structured resource. These would not be available at test-time (i.e., in X ).
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i=1 j=1

loss(w · xi,j , ỹi,j )
(2)

j∈Ci

cfn · loss(w · xi,j , 1) +

j6∈Ci

X

o
cfp · loss(w · xi,j , −1)
(3)

0/1

j∈Ci

cfn · sign0/1 (w̃ · x̃i,j ) · loss(w · xi,j , 1) +
j6∈Ci

X

o
cfp · loss(w · xi,j , −1)
(4)

i=1

j∈Ci

n nX
X

cfn ·

p̂sds
i,j
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· loss(w · xi,j , 1) +

j6∈Ci

X

o
cfp · loss(w · xi,j , −1)
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(5)

Where sign
denotes a sign function that returns 0 when its argument is negative and 1
otherwise. We take a finer-grained approach in which we scale the contribution to the total
loss due to ‘positive’ instances by probability estimates that these indeed represent true
positive examples, conditioned on the available distant supervision:

i=1

n nX
X

Where we are denoting the cost of a false negative by cfn and the cost of a false positive by
cfp . Minimizing this objective over w provides a baseline approach to learning under DS.
We propose an alternative objective that leverages the mapping model discussed above
(Equation 1). The most straight-forward approach would be to use binary (0/1) classifier
output to completely drop out instances in the candidate set that are deemed likely to be
irrelevant by the model, i.e.:

i=1

n nX
X

where a loss function (e.g., hinge or log loss) is used to incur a penalty for disagreement
between model predictions and the derived (distant) labels, R is a regularization penalty
(such as the squared `2 norm) and C is a scalar encoding the emphasis placed on minimizing loss versus achieving model simplicity. We will be concerned primarily with the
parameterization of the loss function here, and therefore omit the regularization term (and
associated hyper-parameter C) for brevity in the following equations.
Again grouping all distantly labeled ‘positive’ sentences for document i in the set Ci
and decomposing the loss into that incurred for false negatives and false positives, we can
re-write this as:

w

mi
n X
X

i∈L̃

cfn ·

j∈L+
i

j∈Ci

i∈L

Xn X

p̂sds
i,j

· loss(w · xi,j , 1) +

j6∈Ci

X

j∈L−
i

o
cfp · loss(w · xi,j , −1)
(6)
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We compare the proposed supervised distant supervision (SDS) approach to the following
baseline methods:

5.2 Baselines

Table 3 enumerates the feature sets we use. All models leverage those in the top part of the
table. The bottom part describes those features that are derived using D, our source of DS.
Therefore, these are only used in the SDS approach, and only present in X̃ .

5.1 Features

5. Experimental Details and Setup

Here we used log loss throughout and `2 regularization for the penalty R. The λ and C are
hyper-parameters to be tuned via grid-search (details in Section 5.3).
The key element of this objective is the use of the p̂sds
i,j (Equation 1) estimates to scale
loss contributions from distantly supervised data. This is particularly important because
in general there will exist far more distantly supervised instances than directly labeled
examples, i.e., |L̃| >> |L|. One practical advantage of this approach is that once training
is complete, the model is defined by a single weight-vector w, even though two models,
parameterized independently by w and w̃ are used during training.
Recall that p̂sds
i,j estimates the probability of a candidate sentence (potentially positive
instance, as per the distant supervision heuristic h) indeed being a ‘true’ positive. As
mentioned above, the feature space that we use for this task can differ from the feature
space used for the target task. That is, the attributes comprising X̃ need not be the same
as those in X . Indeed, features in X̃ should capture signal gleaned from attributes derived
via the available distant supervision D for any given instance, but at test time we would
not be able to capitalize on such features. In the next section we describe the features we
used for PICO sentence classification, both for X and X̃ .

w

 Xn X
o
X
argmin R(w) + C λ
cfn · loss(w · xi,j , 1) +
cfp · loss(w · xi,j , −1) +

We extend this objective to penalize more for mistakes on explicitly labeled instances.
Recall that we denote by L the small set of directly annotated articles; here we assume
−
that this set comprises indices of directly labeled articles. Let us also denote by L+
i and Li
the set of positive and negative sentence indices for labeled article i, respectively. Further,
denote by L̃ the set of article indices for which we only have distant supervision (so that
L ∩ L̃ = ∅ by construction). Putting everything together forms our complete objective:

probability for sentence j in document i by p̂sds
i,j . The idea is that once we have estimated w̃
(and hence p̂sds
i,j for all i and j) we can use this to improve the quality of DS by effectively
filtering the candidate sets.
Consider first a standard objective that aims to directly estimate the parameters w of a
linear model for the target task relying only on the distant supervision:

argmin R(w) + C

Wallace et al.
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Additional features used for SDS task (encoded by X̃ )
TF-IDF weighted features capturing the uni- and bi-grams present both
in a sentence and in the Cochrane summary for the target field.

Description
Term-Frequency Inverse-Document-Frequency (TF-IDF) weighted uniand bi-gram count features extracted for each sentence. We include up
to 50,000 unique tokens that appear in at least three unique sentences.
Indicator variable coding for the decile (with respect to length) of the
article where the corresponding sentence is located.
Variables indicating if a sentence contains 10%, 25% or a greater percentage of ‘short’ lines (operationally defined as comprising 10 or fewer
characters); a heuristic for identifying tabular data
Indicators encoding the fraction of numerical tokens in a sentence (fewer
than 20% or fewer than 40%).
Binned indicators for new-line counts in sentences. Bins were: 0-1, fewer
than 20 and fewer than 40 new-line characters.
An indicator encoding whether the sentence contains any known drug
names (as enumerated in a stored list of drug names from http://www.
drugbank.ca/).

Extracting PICO Sentences from Clinical Trial Reports using SDS

Feature
Bag-of-Words

Positional
Line lengths

Numbers
New-line count
Drugbank

Shared tokens
Relative similarity score

‘Score’ (here, token overlap count) for sentences with respect to target
summary in the CDSR. Specifically, we use the score for the sentence
minus the average score over all candidate sentences.

Table 3: Features we used for the target learning tasks and additional features we used in
learning to map from candidate sets (the distant supervision) to ‘true’ labels. We set discrete
(‘binned’) feature thresholds heuristically, reflecting intuition; we did not experiment at
length with alternative coding schemes. Note that separate models were learned for each
PICO domain.
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• Distant supervision only (DS) (Mintz et al., 2009; Craven and Kumlien, 1999). This
simply relies on the heuristic labeling function h. We define the corresponding
objective formally in Equation 3. We also experimented with a variant that naively
incorporates the direct labels when available, but does not explicitly distinguish these
from the distant labels. These two approaches performed equivalently, likely due to
the relative volume of the distantly labeled instances.

• Direct supervision only. This uses only the instances for which we have direct
supervision and so represents standard supervised learning.

(7)

• Joint distant and direct supervision, via the pooling method due to Nguyen and
Moschitti (2011). In this approach one leverages the direct and indirect supervision
to estimate separate (probabilistic) models, and then generates a final predicted
probability by linearly interpolating the estimates from the two models:

pooled
direct
distant
p̂i,j
= α · p̂i,j
+ (1 − α) · p̂i,j

Where α is to be tuned on a validation set (Section 5.3).

These baselines allow us to evaluate (1) whether and to what degree augmenting a large
set of DS with a small set of direction annotations can improve model performance; (2) the
relative accuracy of the proposed SDS approach, in comparison to the pooling mechanism
proposed by Nguyen and Moschitti (2011).

5.3 Parameter Estimation and Hyper-Parameter Tuning

(8)

We performed parameter estimation for all models concerned with the target task (i.e.,
estimating w) via Stochastic Gradient Descent (SGD).5 For all models, class weights were
set inversely to their prevalences in the training dataset (mistakes on the rare class – positive
instances – were thus more severely penalized). For distant and direct only models, we
conducted a line-search over C values from 10 up to 105 , taking logarithmically spaced
steps. We selected from these the value that maximized the harmonic mean of precision
and recall (F1 score); this was repeated independently for each fold.
SDS. For the SDS model (Equation 6) we performed grid search over λ and C values.
Specifically we searched over λ = {2, 10, 50, 100, 200, 500} and the same set of C values
specified above. For each point on this grid, we assessed performance with respect to
squared error on a validation set comprising 25% of the available training data for a given
fold. We kept the λ and C values that minimized expected squared error

(p̂{yi,j = 1|ŵ, xi,j } − sign0/1 (yi,j ))2

5. Specifically, we used the implementation in the Python machine learning library scikit-learn (Pedregosa
et al., 2011) v0.17, with default estimation parameters save for class weight which we set to ‘balanced’.
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6. Again with default parameters provided in the interface from scikit-learn (Pedregosa et al., 2011) v0.17,
and again specifying a ‘balanced’ class weight.

We performed both retrospective and prospective evaluation. For retrospective evaluation,
we performed cross-fold validation of the directly labeled candidate instances (see Section
3). Note that this evaluation is somewhat noisy, due to the way in which the ‘ground truth’
was derived. Therefore, we also conducted a prospective evaluation, which removed noise
from the test set but required additional annotation effort. For the latter evaluation we
considered only the two most competitive methods. The top-3 sentences retrieved by each
of these methods were directly labeled for relevance, using the same criteria as we used in
collecting our direct supervision over candidate instances (Section 3.2). The annotator was
blinded to which method selected which sentences.
In our retrospective evaluation, we report several standard metrics: Area Under the
Receiver Operating Characteristic Curve (AUC) to assess overall discriminative performance
and normalized Discounted Cumulative Gain (NDCG) (Järvelin and Kekäläinen, 2000,
2002), which incorporates relevance scores and discounts relative rankings that appear lower
in the ranking. More specifically, we report NDCG@20, which evaluates the rankings of the
top 20 sentences induced by each method. We also report precision@3, precision@10 and
precision@20, which correspond to the fraction of relevant sentences retrieved amongst the
top 3, 10 and 20 sentences retrieved by each method, respectively. All metrics are calculated
for each article separately and we then report averages and standard deviations over these.
For our prospective evaluation, we report precision@3, which was practical from an
annotation vantage point. We allowed the two most competitive models to select three

5.4 Evaluation and Metrics

sentences from as-yet unlabeled articles to be manually assessed for relevance (the assessor
was blinded as to which model selected which sentences). We report the average fraction of
these (over articles) deemed at least relevant.

Where p̂{yi,j = 1|ŵ} denotes the predicted probability of sentence j in article i being
relevant – that is, predicted by the linear model for the target task where ŵ has been
selected to maximize the objective parameterized by a specific pair of (λ, C) values. We
emphasize that this estimated probability is with respect to the target label, and thus
differs from the p̂sds
i,j defined in Equation 1, which relies on an estimate of w̃. We scaled this
per-instance error to account for imbalance, so that the total contribution to the overall
error that could be incurred from mistakes made on (the relatively few) positive instances
was equal to the potential contribution due to mistakes made on negative examples.
We also note that the parameters of the SDS model (i.e., w̃ in Equation 1) were
estimated using LIBLINEAR (Fan et al., 2008);6 for this model we searched over a slightly
different range of C values, ranging from 100 to 104 , taking logarithmically spaced steps.
Nguyen. We performed a line-search for α (Equation 7) ranging from 0 to 1 taking 50
equispaced steps using the same strategy and objective as just described for tuning the SDS
hyper-parameters. (Note that the two constituent models that form the Nguyen ensemble
have their own respective regularizer and associated scalar hyper-parameter; we tune these
independently of α, also via line-search as described above).
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We performed five-fold validation on the 133 articles for which candidate sentences were
directly labeled across all three PICO elements (recall that we group Intervention and
Comparator together). We treat all explicitly labeled relevant and best available sentences
(as described in Section 3) instances as positive and all other examples as negative, including
those that did not score sufficiently high to be included in a candidate set (i.e., distantly
labeled negative instances).
We report results averaged over these folds with respect the metrics discussed in Section
5.4. We report all results observed on the retrospective data in Table 4; we reiterate that
these are averages taken across all 133 articles. In general, we note that across all metrics
and domains, SDS most often results in the best performance, although the comparative
gain is often small.

6.1 Retrospective evaluation

We present retrospective results in Section 6.1 and prospective results in Section 6.2. For the
latter, we tasked one of our trained annotators with labeling (for each PICO domain) the
three top-ranked sentences selected from 50 held-out articles by the two most competitive
approaches, SDS and the pooling approach Nguyen and Moschitti Nguyen and Moschitti
(2011).

6. Results

Wallace et al.
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Direct only
DS
Nguyen
SDS

Direct only
DS
Nguyen
SDS

Direct only
DS
Nguyen
SDS

Method

0.837 (0.096)
0.896 (0.078)
0.870 (0.085)
0.900 (0.079)

0.893 (0.099)
0.933 (0.068)
0.921 (0.073)
0.936 (0.063)

0.904 (0.106)
0.941 (0.063)
0.917 (0.091)
0.947 (0.059)

Mean AUC (SD)

Mean NDCG@20 (SD) Precision@3 (SD)
Population
0.530 (0.270)
0.347 (0.298)
0.484 (0.243)
0.256 (0.242)
0.537 (0.275)
0.328 (0.281)
0.548 (0.263)
0.336 (0.276)
Interventions
0.493 (0.265)
0.397 (0.293)
0.507 (0.239)
0.344 (0.295)
0.536 (0.254)
0.419 (0.300)
0.530 (0.249)
0.389 (0.323)
Outcomes
0.180 (0.244)
0.117 (0.203)
0.228 (0.268)
0.138 (0.212)
0.261 (0.241)
0.308 (0.223)
0.339 (0.256)
0.333 (0.233)

0.114 (0.117)
0.148 (0.133)
0.151 (0.137)
0.160 (0.134)

0.216 (0.148)
0.250 (0.164)
0.248 (0.162)
0.252 (0.164)

0.183 (0.126)
0.202 (0.126)
0.189 (0.128)
0.212 (0.133)

Precision@10 (SD)

0.080 (0.072)
0.120 (0.091)
0.106 (0.084)
0.124 (0.092)

0.139 (0.086)
0.172 (0.099)
0.158 (0.097)
0.172 (0.099)

0.116 (0.070)
0.129 (0.075)
0.117 (0.072)
0.132 (0.076)

Precision@20 (SD)

Table 4: Retrospective results, with respect to: per-article AUC, NDCG@20, precision@10 and precision@20. For each
we report the means and standard deviations over the 133 articles for which candidate sets were annotated for the
respective domains. All sentences not in candidate sets are assumed to be irrelevant, these results are therefore noisy
and likely pessimistic. We bold cells corresponding to the best performing methods for each metric, PICO element
pair.

Population

Wallace et al.

Intervention

Precision@10

AUC

Outcome

Figure 3: A subset of the retrospective results presented in Table 4 depicted graphically.
Top: mean precision@10 for each method and domain (thin lines span the 25th to 75th
percentiles, over articles). Bottom: density plots of per-article AUCs. Note that while
Nguyen is the most competetive method with SDS with respect to precision@10, simple DS
outpeforms this method in terms of overall ranking performance (AUC). SDS maintains a
modest but consistent edge over other approaches.

For clarity we also present a subset of the retrospective results graphically in Figure 3.
The top row of this figure depicts the mean precision@10 (and 25th/75th percentiles across
articles) realized by each model in each domain. The bottom row of this figure describes
the distributions of AUCs realized by each strategy for each domain. These are density
plots (smoothed histograms) showing the empirical density of AUCs (calculated per-article)
achieved by each strategy.

We observe that the top two models with respect to precision@10 (and precision@k
in general) are SDS and the interpolation approach proposed by Nguyen and Moschitti
(Nguyen and Moschitti, 2011). But in terms of overall ranking performance (AUC), vanilla
DS outperforms the latter but not the former. Put another way; SDS appears to perform
well both in terms of overall ranking and with respect to discriminative performance amongst
the top k sentences.
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We demonstrated the efficacy of using distant supervision (DS) for this task and we
introduced supervised distant supervision (SDS), a new, flexible approach to distant supervision that capitalizes on a small set of direct annotation to mitigate noise in distantly derived
annotations. We demonstrated that this consistently improves performance compared to
baseline models that exploit either distant or direct supervision only, and generally also
outperforms a previously proposed approach to combining direct and distant supervision.
While this work has been motivated by EBM and specifically the task of PICO extraction,

We have presented and evaluated a new approach to automating the extraction of sentences
describing the PICO elements from the full-texts of biomedical publications that report the
conduct and results of clinical trials. As far as we are aware, this is the first effort to build
models that automatically extract PICO sentences from full-texts.

7. Discussion

We prospectively evaluated the top-3 sentences retrieved by the Nguyen and SDS methods
(as these were the best performing in our retrospective evaluation). We report precision@3
for each approach in Table 5, calculated over 50 prospectively annotated articles. One can
see that here SDS consistently includes more relevant sentences among the top-3 than does
the pooling approach, and this holds across all domains. The difference is in some cases
substantial; e.g., we see a 5% absolute gain in precision@3 for Interventions an gain of
nearly 3% for Population. For Outcomes the difference is less pronounced (nearing 1 point
in precision@3).

6.2 Prospective results

Table 5: Averages (and standard deviations) of the proportion of the top-3 sentences
extracted via the respective models from 50 prospectively annotated articles that were
deemed relevant or best available by an annotator. The annotator was blinded to which
model selected which sentences.

we believe that the proposed SDS approach represents a generally useful strategy for learning
jointly from distant and direct supervision.

Method Precision@3
Population
Nguyen
0.907 (0.222)
SDS
0.927 (0.214)
Interventions
Nguyen
0.854 (0.254)
SDS
0.903 (0.245)
Outcomes
Nguyen
0.880 (0.208)
SDS
0.887 (0.196)

7. http://www.ncbi.nlm.nih.gov/mesh
8. https://robot-reviewer.vortext.systems/
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IE Allen and I Olkin. Estimating time to conduct a meta-analysis from number of citations
retrieved. JAMA: The Journal of the American Medical Association, 282(7):634–635,
1999.
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With respect to next steps toward automating EBM, we hope to develop models that
take as input the PICO sentences extracted from articles to improve ‘downstream’ tasks. For
example, we have already incorporated these models into our RobotReviewer (Marshall et al.,
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from full-text articles for biomedical evidence synthesis. This tool uses machine learning
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could be used to improve article indexing for search, or fed as input to models for extracting
structured bits of information, such as outcome metrics.

For the present application of PICO extraction, we would also like in future work to
introduce dependencies across sentences into the model. The model we have proposed
ignores such structure. We also note that we hope to extend the present approach by
mapping tokens comprising the identified PICO sentences to normalized terms from a
structured biomedical vocabulary (namely, MeSH7 ).

A natural extension to SDS would be to explore active SDS, in which one would aim to
selectively acquire the small set of directly annotated instances with which to estimate the
parameters of the mapping function f . This may further economize efforts by capitalizing
on a small set of examples cleverly selected instances to learn a model that can subsequently
‘clean’ a very large set of distantly generated labels.
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Psychiatric conditions that arise in childhood, generally termed developmental disorders, are
increasingly common. The parent-reported rates of development disorders are now nearly
15%, which includes learning disabilities (affecting 7.66% of children) and attention deficit
hyperactivity disorder (ADHD, 6.69% of children) (Boyle et al., 2011). CDC estimates for
the prevalence of autism spectrum disorder (ASD) is now 1 in 68 children which is over 1%
of the US population (Baio, 2014).
Characterizing these disorders is challenging because, unlike many adult disorders, the
symptoms of developmental disorders are inextricably linked to the developmental processes

1. Introduction

Patients with developmental disorders, such as autism spectrum disorder (ASD), present
with symptoms that change with time even if the named diagnosis remains fixed. For example, language impairments may present as delayed speech in a toddler and difficulty reading
in a school-age child. Characterizing these trajectories is important for early treatment.
However, deriving these trajectories from observational sources is challenging: electronic
health records only reflect observations of patients at irregular intervals and only record
what factors are clinically relevant at the time of observation. Meanwhile, caretakers discuss
daily developments and concerns on social media.
In this work, we present a fully unsupervised approach for learning disease trajectories
from incomplete medical records and social media posts, including cases in which we have
only a single observation of each patient. In particular, we use a dynamic topic model
approach which embeds each disease trajectory as a path in RD . A Pólya-gamma augmentation scheme is used to efficiently perform inference as well as incorporate multiple
data sources. We learn disease trajectories from the electronic health records of 13,435
patients with ASD and the forum posts of 13,743 caretakers of children with ASD, deriving
interesting clinical insights as well as good predictions.
Keywords: Disease progression model, Dynamic topic model
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To address these challenges, we develop an unsupervised approach that models each
source—electronic health records and social media—with a cross-corpora dynamic topic
model. Our model can be scientifically interpreted as positing that there are a few underlying disease processes that characterize the signs and symptoms that we observe in our
patient population. Each disease is a process that evolves over time; we posit that each
disease process k at each time t is associated with a distribution over possible signs and
symptoms it may emit. The same disease process may be described differently in electronic
health records and social media, and multiple diseases may be simultaneously present in a
patient.
Specifically, we assume data in the form of ( patient , time , sign ) tuples. For some
patients, we have may have data at multiple times; for other patients, we may only have
data at one time. Similarly, some patients may have many signs, others just a few. Our
approach derives distinct disease trajectories without linking individual identities between
social media and electronic health records, and it can also derive disease trajectories in the
limit of only a single note per patient. Thus, we do not have to restrict ourselves to patients
with longitudinal data; we are able to incorporate all patient data that we have.
For inference in our model, we explore the use a Pólya-gamma augmentation scheme
(Polson et al., 2013; Zhou et al., 2012b; Chen et al., 2013; Linderman et al., 2015) to
easily adapt the model to have different correlation structures. We detail our approach in
Sections 3 and 4, and review related work in Section 6. In Section 5, we apply our approach
to a large data set of electronic health records from 13,435 individuals with ASD and 13,743

• Partially structured, noisy, high-dimensional information. The space of clinical symptoms is large, and with both clinician and caregiver-generated text, information may
also be entered or described incorrectly. Clinicians and patients use very different
vocabularies when describing the same symptoms.

• Irregular interactions. Patients generally only visit clinics or post to social media when
they have complaints; we do not observe data from patients between these times.

• (Extremely) Partial trajectories. EHRs are often confined to a single medical system;
if a patient switches providers then their history will no longer be available. Similarly,
patients and caregivers may be active on social media at some times and not others.

of childhood. For example, a language-related impairment may present as delayed speech
in a toddler and difficulty reading in a school-age child. A neurological condition may
manifest as convulsions at age three and intellectual disability at age seven. Characterizing
the evolution of distinct disease courses is a critical step toward personalizing treatments;
with developmental disorders the early identification of appropriate therapy can significantly
increase a child’s IQ and ability to communicate (Peters-Scheffer et al., 2011).
However, constructing these trajectories from data is challenging. Clinical studies tend
to have the cleanest sources of data: patients are followed regularly, and measurements are
consistently recorded. Unfortunately, most clinical studies involve small cohorts—under 200
individuals—which can make it difficult or impossible to distinguish heterogeneous disease
courses from variance. In contrast, electronic health records (EHRs) and social media (SM)
provide valuable windows to study populations of thousands of individuals. However, these
less-structured sources are much more challenging to analyze due to several factors:
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(2)

through its natural parameter ψ k ; the mapping from ψ k to β k is a multi-class logistic
function given by

exp(ψ k (v))
.
exp(ψ k (v 0 ))

∼ N (ψ k,t−1 , σ 2 I),

θ d ∼ Dir(αθ ),

ψ k,t |ψ k,t−1

zn,d | θ d ∼ Cat(θ d ),

wn,d | zn,d , {ψ t,k } ∼ Cat(β(ψ zn,d ,t(d) )).

(eψ )a
= 2−b eκψ
(1 + eψ )b

0

4
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Pólya-gamma augmentation is an auxiliary variable scheme that allows multinomial observations to appear as Gaussian likelihoods. This scheme has recently been used to develop
Gibbs samplers and variational inference algorithms for Bernoulli, binomial, negative binomial, and multinomial regression models with logit link functions (Polson et al., 2013).
Chen et al. (2013) use Pólya-gamma augmentation for multinomial models in the context of
LDA, but in a way that only provides limited single-site inference updates. More recently,
Linderman et al. (2015) extend the Pólya-gamma augmentation scheme for multinomial
models in such a way that allows block updates and hence readily extends to dynamic topic
models, in which entire state trajectories must be updated as a block for inference to be
efficient. Here, we use the augmentation strategy of Linderman et al. (2015) to enable such
block updating in our dynamic topic models.
The Pólya-gamma augmentation scheme is based on an integral identity derived from
the Laplace transform of the Pólya-gamma distribution. Specifically, if p(ω | b, 0) is the
density of the Pólya-gamma distribution PG(b, 0), then
Z ∞
2
e−ωψ /2 p(ω | b, 0) dω,
(4)

2.2 Pólya-gamma Augmentation

Here, t(d) is the time associated with document d and β(ψ k,t ) is the transformation of ψ k,t
back to a multinomial using equation 2. We will use β k,t as shorthand for β(ψ k,t ).
This DTM construction captures the temporal evolution of topics while retaining the
interpretable structure of LDA. However, the DTM construction in equation 3 does not
enjoy the conjugacy structure of the original LDA model in equation 1: the DTM replaces
LDA’s factored Dirichlet prior on the topics β k with a Gaussian linear dynamical system
(LDS) mapped through a multi-class logistic function. While inference in Gaussian linear
dynamical systems coupled with linear Gaussian observations can be performed efficiently
using message passing algorithms, the nonlinear mapping in equation 2 does not allow such
algorithms to be applied directly.

(3)

where β k (v) is the probability of word v in topic k. The natural parameters ψ k are
unconstrained—they can be positive or negative, and they do not need to sum to one.
Next, Blei and Lafferty (2006b) model the evolution of each topic β k as a random walk
on its natural parameters ψ k . Let ψ k,t denote the values of the natural parameters ψ for
topic k at time t. The DTM posits the following generative process on ψ, also illustrated
in figure 1b:

v0

β k (v) ≡ β(ψ k (v)) ≡ P

forum posts by 2,391 caretakers of children with ASD. To our knowledge, this is the first
study to jointly model temporal patterns in electronic health record and social media data
at this scale.

2. Background
Our technical approach uses Pólya-gamma augmentation to construct an efficient and easily
extensible sampler for dynamic topic models and related models. In this section we briefly
review topic models and Pólya-gamma augmentation.
2.1 Topic Models and Dynamic Topic Models

(1)

Latent Dirichlet Allocation (LDA) The latent Dirichlet allocation (LDA) topic model
(Blei et al., 2003) is one of the most successful and widely used models in machine learning.
Its basic aim is to decompose a corpus of natural language documents, like a collection of
news articles or scientific papers, into an interpretable collection of topics as well as identify
what topics are present in each document. For example, a corpus of scientific papers
may contain topics like atomic physics, cosmology, and neural chemistry. For modeling
purposes, each such topic is identified with a distribution over words: for example, the
word “experiment” might have high probability in all three topics, while only the cosmology
topic might have frequent occurrences of words like “star” and “galaxy.” In this simplified
view, to identify the topics present in a document, it is not necessary to model the details
of language or even the order of the words in each document; instead, a document can be
summarized by “bag of words:” a histogram counting the words that it contains.
The LDA topic model of Blei et al. (2003) posits that each document can be characterized by a distribution over the topics it contains, and each topic can be characterized
by a distribution over the words associated with it. In symbols, each document d has a
distribution over topics θ d (d = 1, 2, . . . , D), and each topic β k (k = 1, 2, . . . , K) is a distribution over a vocabulary of V possible words. Given Dirichlet priors on the topics β and
topic proportions θ with parameters αβ and αθ , the full generative model (also illustrated
in figure 1a) is

θ d ∼ Dir(αθ ),

β k ∼ Dir(αβ ),
zn,d | θ d ∼ Cat(θ d ),

wn,d | zn,d , {β t } ∼ Cat(β zn,d ).

where wn,d is nth word in document d, zn,d is the topic associated with the word wn,d , Cat(π)
draws one sample from a vector of probabilities π, and Dir is the Dirichlet distribution.
The Dirichlet-multinomial conjugacy in the generative process makes it straight-forward to
perform inference via a blocked Gibbs sampling scheme that, given a set of words {wn,d },
can sample the latent topic-word distributions {bbetak }, the document-topic proportions
{θ d }, and the word-topic assignments {zn,d }.
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Dynamic Topic Model (DTM) Blei and Lafferty (2006b) expand upon LDA to model
temporal evolution in the topics β. Each multinomial topic distribution β k is modeled
3




x0 + x1
(eψ )x1
(eψ )a(x)
= c(x)
x1
(1 + eψ )x0
(1 + eψ )b(x)

(eψ )a(x)
=
(1 + eψ )b(x)

0

Z

∞

p(ψ) c(x) 2−b(x) eκ(x)ψ e−ωψ

2 /2

p(ω | b(x), 0) dω. (5)

2 /2

(6)

e =
β
k

5

1−

that we have not selected any option j < k:

k

j<k

β
Pk
βj
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(7)

Multinomial Case For the multinomial case, Linderman et al. (2015) rewrite the Kdimensional multinomial likelihood recursively in terms of K − 1 binomial densities using
the following stick-breaking representation. Let β be a vector describing the probability of
e to be probability of choosing option k given
each outcome 1 . . . K. Then we can define β

which is Gaussian if p(ψ) is Gaussian. By the exponential tilting property of the Pólyagamma distribution, we have ω | ψ, x ∼ PG(b(x), ψ). Efficient samplers exist for Pólyagamma distributed variables (Windle et al., 2014), and thus we can alternate between
sampling ω | ψ, x from a Pólya-gamma distribution and sampling ψ | ω, x from a Gaussian
distribution.

p(ψ | x, ω) ∝ p(ψ)eκ(x)ψ e−ωψ

The integrand of (5) defines a joint density on (ψ, x, ω). If we condition on the auxiliary
variables ω, then the conditional density p(ψ | x, ω) on the natural Bernoulli parameter ψ
is given by

p(ψ, x) = p(ψ) c(x)

Given a prior p(ψ) on the natural parameter ψ, then the joint density of (ψ, x) can be
written as

p(x | ψ) =

Binomial Case For the binomial case, Polson et al. (2013) let ψ0 = 0 and write ψ1 = ψ.
Let x = (x0 , x1 ) be the number of zeros and ones that have been observed. Then we can
write the likelihood of the natural parameter ψ given the data x as

j<k

X
xj ,


Nk
σ(ψ k )xk (1 − σ(ψ k ))Nk −xk
xk
k=1
K−1
Y Nk  (eψk )xk
=
.
xk (1 + eψk )Nk

K−1
Y

k = 1, 2, . . . , K,

e ),
Bin(xk | Nk , β
k

(9)

(8)

k=1

K−1
Y

Bin(xk | Nk , σ(ψ k )) =

k=1

k=1

K−1
Y

2

e(xk −Nk /2)ψk −ωk ψk /2 ∝ N



ψ Ω−1 κ(x), Ω−1 ,

(10)

6

JMLR 17(133):1-38

The Pólya-gamma augmentation scheme allows us to take a Gaussian graphical model in
which efficient inference is well-developed and apply it to models with multinomial likelihoods. However, we must first convert the dynamic topic model from Section 2.1 into the
appropriate stick-breaking form. In this section we describe this stick-breaking construction and a natural cross-corpora extension; for completeness we also include the parts of
the dynamic topic model that remain unchanged.

3. Model: Stick-breaking Construction for Dynamic Topic Models

We denote this recovery process in equation 10 by the function β ≡ πSB (ψ).

j<k

e = σ(ψ )
β
j
j
Y
e
e )
βk = β
(1 − β
k
j

where Ω ≡ diag(ω) and κ(x) ≡ x − N (x)/2. Thus, if we begin with a Gaussian prior p(ψ)
on the stick-breaking parameters ψ, then the posterior will remain Gaussian.
Finally, given the parameters ψ, we can recover the parameters β through the stickbreaking construction:

p(x, ω | ψ) ∝

Linderman et al. (2015) next let ak (x) = xk and bk (x) = Nk for each k = 1, 2, . . . , K − 1
and introduce Pólya-gamma auxiliary variables ω k corresponding to each coordinate ψ k .
Then the probability of the data x and the auxiliary variables ω given the natural parameters ψ has a diagonal Gaussian likelihood:

Mult(x | N, ψ) =

where we can interpret Nk as the number of observations remaining after the observations
e = σ(ψ ), we can write the
where j = 1, 2, . . . , k have been removed. Substituting β
k
k
multinomial likelihood as

Nk = N −

k=1

K−1
Y

Writing the probabilities β in this way allows us to write the multinomial density as a
product of binomial densities:

where κ = a − b/2. The integral on the right-hand side is the Laplace transform of the
Pólya-gamma density evaluated at ψ 2 /2, and the left-hand side is a functional form that
often appears in logistic likelihoods. Importantly, viewed as a function of ψ for fixed ω,
the right-hand side is an unnormalized Gaussian density. Thus, the identity in equation 4
transforms a logistic likelihood to a Gaussian likelihood conditioned on an auxiliary variable, ω.
While we focus on Gibbs sampling inference here, the Pólya-gamma augmentation
scheme also enables efficient mean-field variational inference (Linderman et al., 2015; Zhou
et al., 2012b), including scalable stochastic variational inference (Hoffman et al., 2013; Linderman et al., 2015). These algorithms could be adapted to provide scalable inference for
the dynamic topic model case that we study here.
Mult(x | N, β) =
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(b) DTM

(c) Stick-Breaking DTM
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(a) LDA

Figure 1: Graphical Models of latent Dirichlet allocation, the dynamic topic model, and
our stick-breaking dynamic topic model. The natural parameters ψ are converted to multinomials β through the stick-breaking process in equation 10
3.1 Document-Specific parameters {θ d } and {zn,d }

zn,d | θ d ∼ Cat(θ d ).

θ d ∼ Dir(αθ ),

As in the standard LDA approach, we continue to model the proportion of each topic in each
document θ d as being drawn independently from Dirichlet distributions with parameters
αθ , and the topic zn,d for each word wn,d drawn from θ d :

3.2 Topic Parameters {β k }

Nd
D Y
Y

d=1 n=1

I[z

=k]

βk,wd,n
d,n

∝ Mult

D
X
d=1

bd,k

D
X
d=1

Nd,k , β k

!

Static Stick-Breaking LDA Model In standard LDA, the likelihood associated with
each topic β k depends on the words assigned to that topic:
D
D
K
| , {z d }d=1
, {β k }k=1
)∝
p({wd }d=1

n=1

Nd
X

Nd
X

n=1

I[zd,n = k].

I[wd,n = v]I[zd,n = k],
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(11)

where {wn,d } are all of the words in document d and {z n,d } are all of their assignments.
Let Nd be the number of words in document d. The count vectors bd,k,v and Nd,k count
the number of occurrences of word v in document d assigned to topic k and the number of
occurrences of the topic k in document d, respectively:
bd,k,v =

Nd,k =

7
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ψ k | Ωk−1 · κ

d=1

D
X

bd,k

!

, Ωk−1

!

N (ψ k | µ, Σ)

(12)

We transform the word probability vectors such that β k ≡ πSB (ψ k ), introduce auxiliary
variables ω k , and set a Gaussian prior ψ k ∼ N (µ, Σ) on the stick-breaking parameters ψ.
Then the posterior over ψ given the counts {bd } is given by the Gaussian
p(ψ k | {bd,k }, {z d }, ω k , µ, Σ) ∝ N

(13)

Dynamic Stick-Breaking Topic Model Let t(d) ∈ N denote the discrete time index
of document d and β t,k ∈ [0, 1]V denote the word probability vector of topic k at time t.
Then we can define the following dynamical system model

ψ t,k ∼ N (Aψ t−1,k , BB T )

β t,k ≡ πSB (ψ t,k )

−1 
.
bd,k  ψ t(d),k , Ωt(d),k

(14)

where ut,k is a latent state of topic k at time t. Then the likelihood associated with
latent state vectors {ut,k } given the word-topic assignments {znd } is given by the diagonal
Gaussian potential





X

d:t(d)=t

−1
p(bd,k | ut(d),k , ω t(d),k ) ∝ N Ωt(d),k
· κ

where Ω ≡ diag(ω t,k ). As in equation 11, bd,k counts how often each word v is assigned
to topic k in document d, and the likelihood for ψ t,k only depends on the documents for
which t(d) = t. Figure 1c shows the graphical model of the stick-breaking DTM with the
associated Pólya-gamma variables.
3.3 Extensions

Shared Topic Proportions Among Documents In the dynamic topic model, temporal coherence arises due to the smoothness prior on β. While this approach allows us to
build temporal models from cross-sectional data, it does not use longitudinal information
about whether documents are associated with the same patient when it is available.
One extension we consider is that the proportion of each disease in a patient does
not change over time, that is, instead of considering a distinct document-topic vector θ d
for each document, we have a single patient-topic vector θ p for each patient. However,
the probability of a word given the topic—β—will still change with time. This extension
is shown in figure 2a, where we introduce the variable yd to indicate which patient p is
associated with each document d; that is, the indicator yd selects which θ p to apply to
document d.

JMLR 17(133):1-38

Relationships between Multiple Corpora Given multiple corpora, one simple extension of the model from Section 3.2 is to posit that each disease has some canonical temporal
process, but the probabilities of the terms associated with that process may vary across
different corpora. For example, posts from social media may talk more about the behaviors
associated with a disease, while diagnoses may focus on comorbidities. To model differences

8

(b) Cross-corpora extension; the observed
variable sd indicates to which corpus the
document belongs.

d:t(d)=t,l(d)=l

(15)

9

l
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where l(d) is the corpus associated with document d, bd,k is again a vector of the number of
times each word v is assigned to topic k in document d from equation 11, and Ω ≡ diag(ω t,k ).
Finally, the likelihood associated with the underlying temporal process ut,k is simply
Y
p(ψ t,k,· | ut,k , σl2 ) =
N (ψ t,k,l | ut,k , σl2 ).

where now topic proportions β t,k,l and their natural parameters ψ t,k,l are associated with
a specific corpus l.
Our stick-breaking construction using Pólya-gamma augmentation again renders the
relevant likelihoods Gaussian: for each corpus l, the probability of the words associated
with the corpus given ψ t,k,l is given by




X


p(bd,k | ψ t(d),k,l(d) , ω t(d),k,l(d) ) ∝ N Ω−1
bd,k  ψ t(d),k,l(d) , Ω−1
t(d),k,l(d)
t(d),k,l(d) · κ

β t,k,l ≡ πSB (ψ t,k,l )

ψ t,k,l ≡ ut,k + t,k,l

t,k,l ∼ N (0, σl2 )

ut,k ∼ N (ut,k | Aut−1,k , BB T )

in term usage between corpora, we consider a dynamical system structured as

Figure 2: Graphical Models for the DTMs in which topic proportions are shared across all
notes from the same patient (2a) and DTMs that combine multiple corpora (2b). To reduce
clutter, we do not include the associated Pólya-gamma variables; these are the same as in
figure 1c

(a) DTM with per-patient θp ; the observed variable yd indicates which patient the document came from.
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(16)
JMLR 17(133):1-38

−1
Qt,k = (I − (Qt−1,k + Σ)(Qt−1,k + Σ + Ω−1
t(d),k ) )(Qt−1,k + Σ)

−1
qt,k = qt−1,k + (Qt−1,k + Σ)(Qt−1,k + Σ + Ω−1
t(d),k ) (yt,k − qt−1,k )

Resampling ψ: Dynamic Topic Model The formulas in equation 13 describe a linear
Gaussian system, and the likelihoods in equation 14 are also Gaussian, and thus inference
on u can be performed using off-the-shelf algorithms for linear dynamical systems. For
completeness, we write the forward-filtering backward-sampling equations here, setting A
from equation 13 to be the identity I and B = diag(σn . . . σn ). Define the covariance of the
random walk Σ ≡ BB T = diag(σn2 . . . σn2 ). For each topic k, we first compute the mean qt,k
and variance Qt,k of the ψ k in the forward pass:

In the static LDA case, we can resample the natural parameters ψ from the Gaussian distribution given equation 12. In the dynamic case, we must incorporate the linear dynamical
system prior.

4.2 Resampling Topic Parameters

P
where N d is the vector of counts with Ndk =
znd ∈d I(znd = k). If we are sampling
topic proportions
per patient rather than per document, then we simply replace Ndk with
P
Npk = znd ∈p I(znd = k), the number of times that a topic has been observed with each
patient.

θ d ∼ Dir(αθ + N d ),

where v(wn,d ) is the word associated with the token wn,d . Likewise, the topic proportions
θ d are also sampled exactly as in LDA:

znd ∼ Mult({β k,v(wnd ) θ d,k })

The word-topic assignments {zn,d } are resampled exactly as in the Gibbs sampler for LDA:

4.1 Resampling Document-Specific Parameters {zn,d } and {θ d }

Given the stick-breaking dynamic topic model construction in Section 3.2, inference is
straight-forward; the simplicity of inference is a key advantage of the Pólya-gamma augmentation approach. Below we summarize the inference process for the latent variables in
our model: the topic proportions θ d , the topic assignments {znd }, the topic parameters
u (which can be deterministically converted into the topic proportions β = πSB (u)), and
the augmentation variables ω. The variables θ, {znd }, and ω are resampled using Gibbs
sampling, and u is resampled using a Gaussian linear dynamical system.

4. Inference

The cross-corpora extension of the dynamic topic model is shown in figure 2b, where we
EHR
for just two corpora. The variable sd
explicitly show the parameters ψ SM
t,k and ψ t,k
EHR
—should
be used to model document d.
or
ψ
indicates which source—ψ SM
t,k
t,k
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−1
where we start with some q1 and Q1 as the prior mean and variance of ψ t=1,k , Ωt(d),k
is

(17)

−1
computed from the auxiliary variables according to equation 14, and we use yt,k ≡ Ωt(d),k
·
P
κ( d:t(d)=t bd,k ). Importantly, if the initial covariance Q1 is diagonal, then because the
transition covariance Σ and the likelihood covariance Ω are also diagonal, the covariance
Qt,k remains diagonal for all times t. Thus the updates in equation 16 can be computed in
time linear in the size of the vocabulary |V |.
Similarly, the backward sampling pass can be efficiently computed by sampling ψ T,k ∼
0 , Q0 ) where the mean q 0 and
N (qT,k , QT,k ) and then recursively sampling ψ t,k ∼ N (qt,k
T,k
t,k
0
variance QT,k
are given by
0
qt,k
= qt,k + Qt,k (Qt,k + Σ)−1 (ψ t+1,k − qt,k )

0
Qt,k
= (I − Qt,k (Qt,k + Σ)−1 )Qt,k

bd  , Ωk−1  N (ψ t,k,l | ut,k , Σl )

Resampling u, ψ: Cross-Corpora Dynamic Topic Model In the cross-corpora dynamic topic model from section 3.3, we have separate variables ut,k describing the underlying
dynamical system and natural parameters ψ t,k,l for each corpus. Conditioned on ut,k , the
distribution over the parameters for ψ t,k,l for each time t are independent. They can be
computed using equation 12 for the static LDA case and substituting the appropriate mean
and variance:




D
X

d∈t,l

−1
· κ
p(ψ t,k,l | {z d }, ω k µ, Σ) ∝ N ψ k | Ωt,k,l

where Σl is the diagonal covariance diag(σl2 . . . σl2 ) from equation 15 and bd sums over the
word counts for topic k at time t in corpus l in document d.
Conditioned on the topic proportions ψ t,k,l , the evolving terms ut,k can be resampled
using a linear dynamical system with ψ t,k,l as the emissions.
Resampling ω In both the cross-corpora and the standard dynamic topic models, we
achieve Gaussian likelihoods by augmenting the model with Pólya-gamma distributed variables ω t,k or ω t,k,l respectively. The posterior distributions of these variables are given
by
ω t,k |ut,k , ∼ PG(N t,k , ut,k )
where N t,k is a vector of how often each word appeared in all documents at time t that
were assigned to topic k. In the cross-corpora case, this becomes
ω t,k,l |ψ t,k,l , ∼ PG(N t,k,l , ψ t,k,l ).

5. Application to Learning Trajectories in Autism Spectrum Disorders
5.1 Data Description

JMLR 17(133):1-38

Electronic Health Records We analyze the ICD-9CM diagnostic codes from 13,435
patients with at least one ICD-9CM code for autism spectrum disorder (299.0, 299.8, 299.9)
from the Boston Children’s Hospital. The Institutional Review Boards of Boston Children’s
11
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Hospital, Harvard Medical School, and the Harvard Paulson School of Engineering and
Applied Sciences reviewed this study and approved it as not-human subjects research.
Each ICD-9CM code was converted into a concept unique identifier (CUIs) using the
UMLS (Bodenreider, 2004) and filtered for the semantic type “Disease or Syndrome.” For
each code, we computed the age of the patient given the patient’s birth date and the date
associated with the visit that produced the code. As current evidence (e.g. Stoner et al.
(2014)) suggests that ASD develops from birth, we used the age of the child as the time
index for the ICD-9CM code.
To form documents, we grouped all codes associated with a patient for each year of age
between the ages 0 and 15 into a “document.” For example, if a patient had three visits
that generated a total of ten ICD9-CM codes between ages one and two, and two more visits
that generated a total of five ICD9-CM codes between ages two and three, then that patient
would be associated with two documents: one at time index “age 1,” with ten codes, and
one at time index “age 2,” with five codes. Grouping all diagnostic codes from a year into
one document smoothed over variations due to visits to specialties that focused on different
aspects of the child’s care. This processing procedure resulted in 63,941 documents with an
average of 5.3 CUIs each and 7,037 unique CUIs.
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Social Media We scraped all subforums of the websites www.asd-forum.org.uk,
www.autismweb.com, and www.asdfriendly.org, resulting in 664,954 posts from 80,927
threads. An example post is given in Appendix A.1. The forum posts contained the date
of posting but not the child’s date of birth; thus additional processing was required to
determine the age of the child—and thus the time-index—for the documents. Regular
expressions (see Appendix A.2) were used to extract ages from the posts, and posts with
multiple ages were excluded. This procedure resulted in 13,743 posts with a single mention
of age. Approximately 1,000 of these posts were hand-checked for accuracy; the regular
expressions were adjusted to avoid any errors that were discovered in the hand-checked
posts.
We filtered for patients between 0 and 15 years of age, and as with the electronic health
records, we combined all the posts written about the same patient with the same age into
one document to smooth over variations due to the caregiver’s particular concerns at the
time. This processing resulted in a data set of 5,461 documents (each containing possibly
multiple posts written in the same year) by 2,391 unique users.
Clinically-relevant terms were extracted from these posts by finding terms that matched
the consumer health vocabulary (Zeng, 2015), which has mappings into the UMLS CUIs.
A trie was used to quickly match terms to the dictionary of words, and only terms with
the semantic type “Disease or Syndrome” were included. The average number of CUIs per
document was 1.8. Of the 7,372 CUIs across the EHR and SM data sets, 284 were unique
to the forum posts and 2,407 were unique to the EHR codes.
5.2 Methods

Models We considered three variants of dynamic topic models:

• SB-DTM-θ d The stick-breaking DTM from Section 3.2.
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z

X

p(wnd | z, β z,t(d) )p(z | θd )

X

z,ds.t.d≥7

Np≤5 ds.t.t(d)≤5

1
θd

(b) EHR

(c) SM and EHR

(b) EHR

(c) SM and EHR
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1. We also ran tests using the C implementation of dynamic topic models available at
https://github.com/blei-lab/dtm but were unable to achieve satisfying likelihoods with several parameter settings.

We completed 10 runs each of LDA, LDA-K15, the standard DTM, the SB-DTM-θd , the
SB-DTM-θp , and the SB-ccDTM. We completed runs on the EHR data alone, the SM data
alone, and the SM and EHR data combined. The results of LDA were used to initialize the
dynamic topic models, and the results of basic DTM were used to initialize the ccDTM.
Preliminary tests of 300 iterations showed that the samplers mixed by around 50 iterations
(see figure 9 in appendix B for an example plot); in the results below each sampler was run
for 100 iterations. The transition noise parameter in the linear dynamical system was set
to σn2 = 0.1, the cross-corpora noise parameter in SB-ccDTM was set to σf2 = 1, and the
number of topics K was set to 10 based on initial parameter exploration of K = 5, 10, 15.

5.3 Results and Analysis

Figure 4: Boxplots of predictions of future patient notes on SM data alone, EHR data alone,
and both data sets combined. Models which are trained with the assumption that topic
proportions θ p for each patient remain constant over time do best in the individual data
sets, and the transfer learning in the combined case has the best predictive performance.

(a) SM

Figure 3: Boxplots of held-out test likelihoods for the different models on SM data alone,
EHR data alone, and both data sets combined. Across all versions, the dynamic models
have higher predictive performance.

(a) SM
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Predictive Performance: Held-out Data Figure 3 shows the held-out test likelihoods
for the SM, EHR, and combined cohorts, respectively, for K = 15. We see that the dynamic
models outperform the static models, including an LDA model with as many topics as the
DTM. Indeed, LDA-K15 has the lowest overall predictive likelihoods, suggesting that it
may be overfitting. Incorporating links between notes from the same patient (DTM-θ p )

If our temporal models were capturing time-varying patterns in disease processes, we would
expect our model to better predict the content of future documents than a static model.

is the number of documents associated with patient p where t(d) ≤ 5. This avwhere
eraging corresponds to the assumption that the patient’s disease proportions do not change
over time; note that in the shared-proportions DTM from Section 3.3, we can simply used
the learned θ p .
Given a patient-topic vector θ p , we can compute the likelihood of the future, unseen
notes
X
p(wn,d | θ p , β) =
p(wn,d | z, β z,t(d) )p(z | θ p )

Np≤5

θp =

Our second evaluation metric simulated the more clinically relevant task of stratifying
patient risk for various future outcomes. For this evaluation, we considered only patients
with at least one document during early childhood—under the age of five—and one document from later childhood—over the age of seven. For 10% of these patients, we held out
all the documents for after the child was six years old. The documents from when the child
was five years old or younger were included in the DTM training. Following training, we
computed the average document-topic proportions θ p for each patient as

p(wnd | θd , β) =

Evaluations Our first evaluation metric was simply predictive log-likelihoods. We randomly held-out 10% percent of the words from 10% percent of the documents. Once the
model was trained, we had a value of the topic proportions θ d for every document d. Thus,
probability of a held-out word wnd was given by

These variants were compared to two versions of LDA: in the first version, LDA-K was
trained with K topics that did not evolve over time. LDA-K15 was trained with 15K topics,
accounting for the fact that the dynamic topic model could have a different topic for each
year in ages 0 to 15.1

• SB-ccDTM The stick-breaking DTM in which the EHR and SM corpora are modeled
as having distinct topics with shared underlying dynamics, as described in Section 3.3.

• SB-DTM-θ p The stick-breaking DTM in which we assume that distribution over diseases in each patient remains constant over time, as described in Section 3.3.
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Figure 5: Boxplots of AUCs for predicting future patient conditions for conditions that
occurred in at least 10% of the patients. Even without explicitly trying to optimize future
predictions, the DTM-based approaches are comparable to—or better than—a discriminative baseline such as logistic regression.
improves prediction quality in both the individual and combined data sets, and the added
flexibility of the cross collection ccDTM model further improves prediction accuracy in the
combined data set.
Predicting Future notes Figure 4 shows the held-out test likelihoods for the content of
all patients notes associated with age seven and above given all the notes from that patient
under the age of five. Predicting the content of an entirely held-out note is much harder
than predicting the missing contents of a partially held-out note. We see that training
the models with the assumption that topic proportions stay constant—as in the DTM-θ p
model—results in the best predictive performance on these entirely held-out notes in both
data sets. In the combined data set, the ccDTM model, which also allows for transfer
learning between the SM and EHR data sets, achieves the highest predictive likelihoods.
Figure 5 shows AUCs for the same task of predicting the contents of future notes given
current ones. We see that the DTM-based models again perform better than their static
counterparts because they are able to imagine what future diseases may occur (the boxplots
are over all CUIs with at least 10% prevalance the future notes). The DTM model which
takes advantage of the links between patients performs the best, better than the logistic
regression discriminitive baseline. Finally, we see that simply assuming that a patient’s past
condition will continue into the future (copy past) does not produce high AUCs; both the
DTM and the logistic regression are learning meaningful predictive relationships.
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Transfer Learning between EHR and Social Media The previous analyses showed
that our dynamic models better predict held-out and future patient data than a static
model. It is also interesting to test whether combining the two data sets increases predictive
performance on data from each of the individual data sets, that is, for the some held-out
15

(a) SM: Partially held-out notes

(d) EHR: Entirely held-out future notes

(b) EHR: Partially held-out notes
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(c) SM: Entirely held-out future notes

Figure 6: Boxplots comparing of predictions of randomly held-out data and future notes for
each cohort vs. the combined cohort. In general, transfer is positive for EHRs and negative
for SM; however, the flexibility of the cross-corpora DTM results in positive transfer in all
scenarios (tiny bar at the top-right in all the plots).

EHR data, is there a benefit to training on EHR and SM data rather than training on EHR
data alone? Likewise, for some held-out SM data, does adding EHR data into the training
set benefit predictive performance? (Note that there is no reason, a priori, to assume that
combining collections will be beneficial.)

JMLR 17(133):1-38

The boxplots in figure 6 show the results of this test for both randomly held-out data
and for predicting entire future notes. The blue boxplots correspond to training only on the
target data set, and the green boxplots correspond to training on the combined data set. In
the EHR cohort, the transfer is positive in almost all cases (the green boxplots are higher
than their corresponding blue boxplots), even among models such as standard LDA. The
opposite is true in the SM cohort: training on the combined set decreases predictive accuracy
among the flat models, likely because the SM data set had many fewer documents than the
EHR data set. However, in all cases, we observe that cross-collection DTM (ccDTM)—
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Qualitative Examination of Topics: Electronic Health Records We show the top4 words for the EHR-only θ-p DTM in table 1. (We choose a small K for brevity, larger
K have similar and additional patterns.) Topic 0 corresponds to the trajectory of patients
with ASD who also have Down’s syndrome. ASD and Down’s syndrome are known to be
comorbid with each other (Kent et al., 1999; Rasmussen et al., 2001). Expressive disorder,
a feature of both ASD and Down’s syndrome, shows up in the top-4 list as children are
learning language at age 2; later the top-4 list is dominated by clinical features such as
infections. The overall prevalence of infection-related terms is consistent with associations
of immunodeficiency with both Down’s syndrome (Ram and Chinen, 2011) and ASD (Gupta
et al., 2010), including increased ear infections specifically (Konstantareas and Homatidis,
1987b). Children with Down’s syndrome are more likely to have a variety of abnormal
ocular features such as myopia (Shapiro and France, 1985) and abnormalities of the ear
such as eustachian tube dysfunction (Pueschel, 1990; Shott et al., 2001). Sleep apnea is also
common in children with Down’s syndrome (Marcus et al., 1991).
Topic 1 corresponds to children with ASD who go on to develop psychiatric disorders,
and is very similar to the psychiatric subgroup reported by Doshi-Velez et al. (2013). As
expected, there is a progression from ADHD at age 4, anxiety and conduct disorders at age
10, to episodic mood disorders at age 15 (other prevalent, but not top-4 terms at age 15
included depressive disorder and childhood psychoses). Psychiatric disorders are commonly
reported among higher functioning children with ASD (Gillott et al., 2001; DeLong and
Dwyer, 1988), and the progression of diagnoses makes sense because clinicians will usually
avoid giving a young child a diagnosis for a severe psychiatric illness.
Topic 2 contains a combination of intellectual disability and epilepsy. It is similar
to neurological subgroup reported by Doshi-Velez et al. (2013). Epilepsy is a common
comorbidity of autism (Sherr, 2003a; Mouridsen SE, 1999), affecting close to 20% of children
with ASD. Sherr (2003b) suggest that these three disorders—epilepsy, intellectual disability,
and ASD—are linked through the ARX gene. Laumonnier et al. (2004) find common
genes between ASD and intellectual disability, and Sharp et al. (2008) report genomic
underpinnings for epilepsy and intellectual disability. Again, a young child is less likely to
be given a diagnosis of intellectual disability—it appears in our top-4 list at age 4—but
other signs, such as symbolic dysfunction and developmental delays are noted from infancy.
Topic 3 tracks the progression of children with ASD and cerebral palsy. There are known
correlations between cerebral palsy and infantile autism (Surén et al., 2012; Talkowski et al.,
2012); early infections (seen at age 0) have also been associated with both cerebral palsy and
autism spectrum disorders (Konstantareas and Homatidis, 1987a; Rosenhall et al., 1999).

Computational Time The static LDA models had the fastest wall-clock times, with a
five-topic LDA model on the full corpus taking 0.279 seconds per iteration and the larger
LDA-15 taking 0.414 seconds per iteration. The standard DTM-θ d took 2.00 seconds per
iteration, and adding the patient links in the DTM-θ p increased the per iteration runtime
to 2.14 seconds per iteration. Interestingly, the ccDTM required only 0.953 seconds per
iteration, because the forward-backward pass over the u variables only had two emissions—
the ψ from each corpus—rather than inputs from all of the documents.

whose hierarchy allows greater flexibility in how information is shared across the two data
sources—has the highest predictive performance.
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Infantile
cerebral
palsy,
Quadriplegic
Infantile
Cerebral
Palsy,
Diplegic Infantile
Cerebral Palsy,
Deglutition
Disorders
Gastroesophageal
reflux
disease,
Deglutition Disorders, Asthma,
Failure to Thrive
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Infantile
cerebral
palsy,
Quadriplegic
Infantile
Cerebral
Palsy,
Diplegic Infantile
Cerebral Palsy,
Deglutition
Disorders
Gastroesophageal
reflux
disease,
Muscle,
ligament and fascia
disorders,
Developmental
Coordination
Disorder, Deglutition Disorders

Infantile autism,
Symbolic
dysfunction, Developmental delay
(disorder), Other
specified delays
in development

Topic Other specified
2
delays in development, Mixed
development
disorder,
Viral
and
chlamydial
infection,
Developmental
delay
(disorder),
Symbolic
dysfunction
Topic Infantile cerebral
3
palsy, Gastroesophageal reflux
disease, Chronic
respiratory disease in perinatal
period, Deglutition Disorders
Topic Gastroesophageal
4
reflux
disease,
Atrial septal defect within oval
fossa, Hypoplastic Left Heart
Syndrome, DiGeorge Syndrome

Year 4
Otitis
Media,
Expressive Language Disorder,
Down Syndrome,
Eustachian tube
disorder
Other
specified
pervasive
developmental
disorders,
Attention
deficit
hyperactivity
disorder, Autistic
Disorder, Developmental delay
(disorder)
Symbolic
dysfunction,
Infantile
autism,
Unspecified
intellectual
disabilities,
Epilepsy

Year 2
Expressive Language Disorder,
Otitis
Media,
Down Syndrome,
Chronic serous
otitis media
Other
specified
pervasive
developmental
disorders,
Asthma,
Urea
Cycle Disorders,
Autistic Disorder

Year 0
Topic Otitis
Media,
0
Down Syndrome,
Acute
upper
respiratory infection, Unspecified
viral infection
Topic Acute bronchi1
olitis,
Asthma
Redundant
prepuce and phimosis, Chronic
maxillary sinusitis

Quadraplegic Infantile Cerebral
Palsy,
Infantile
cerebral
palsy,
Hemiplegic
cerebral
palsy, Gastroesophageal reflux
disease
Hypogamma
globulinemia,
Gastroesophageal
reflux
disease,
Adjustment
Disorder
With
Mixed Anxiety
and Depression,
Hyperopia

Infantile autism,
Unspecified intellectual disabilities,
Epilepsy,
unspecified,
Generalized convulsive epilepsy,

Attention deficit
hyperactivity
disorder, Other
specified
pervasive developmental disorders,
Anxiety
state,
episodic
mood
disorders

Year 15
Down Syndrome,
Eustachian tube
disorder,
Sleep
Apnea, Myopia

JMLR 17(133):1-38

Gastroesophageal
reflux
disease,
Hypogamma
globulinemia,
Asthma, Hematological Disease

Quadraplegic Infantile Cerebral
Palsy, Infantile
cerebral
palsy,
allergic rhinitis,
hay fever

Infantile autism,
Unspecified intellectual disabilities,
Epilepsy,
Symbolic
dysfunction

Year 10
Down Syndrome,
Eustachian
tube
disorder,
Sensorineural
Hearing
Loss,
Otitis Media
Attention deficit
hyperactivity
disorder, Other
specified pervasive developmental
disorders,,
Anxiety
state,
Conduct Disorder

Table 1: Top words from Dynamic Topic Model trained only on Electronic Health Records.
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with society. Topic 4 also has some psychiatric disorders, including aggressive behavior
turning into emotional distress, bullying, and depression as the child ages.
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Year 0
Topic Infection, Aprax0
ias,
Developmental
delay
(disorder), Autistic Disorder
Topic Autistic Disor1
der, Emotional
distress,
Abstract
thought
disorder, Temper
tantrum
Topic Autistic Disor2
der,
Abstract
thought disorder,
Temper tantrum,
Staring

Year 2
Autistic Disorder,
Infection,
Apraxias, Mental
Suffering,

Autistic Disorder, Emotional
distress, Abstract
thought
disorder, Aggressive
behavior
Autistic Disorder,
Abstract
thought disorder,
Temper tantrum,
Staring

Year 4
Autistic Disorder,
Apraxias,
Tic
disorder,
Mental Suffering

Autistic Disorder, Emotional
distress, Bullying,
Asperger
Syndrome
Aggressive
behavior, Emotional
distress,
Violent, Bullying, Forgetting

Autistic Disorder,
Abstract
thought disorder,
Temper tantrum,
Epilepsy

Year 10
Autistic Disorder,
Dyslexia,
Apraxias, Mental
Suffering

Autistic Disorder, Emotional
distress, Temper
tantrum, Aggressive behavior

Autistic Disorder, Emotional
distress, Psychiatric
problem,
Speech Delay
Autistic Disorder, Emotional
distress,
Temper
tantrum,
Confusion
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Year 15
Autistic Disorder,
Apraxias,
Tic
disorder,
Psychiatric
problem
Autistic Disorder, Emotional
distress, Phobic
anxiety disorder,
Nightmares

Autistic Disorder,
Abstract
thought
disorder,
Asperger
Syndrome, Emotional distress
Autistic
Disorder,
Mental
Suffering, Emotional
distress,
Apraxias
Emotional
distress,
Mental
Depression, Violent,
Mental
Suffering
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Qualitative Examination of Topics: Cross-corpora model Finally, we show the
matching topics of the cross-corpora model in tables 3 and 4, as well as the overall proportions of each topic in figure 7. Again, we limit ourselves to a smaller topic model and show
only a few top words, but we emphasize that in a clinical application these choices can be
expanded and each topic examined in significantly more detail. What is most interesting
for our purposes is the cross-corpora DTM allows us to see where top words in the corpora
match, and where they do not.
Overall, the topics are closer to the EHR topics—likely a reflection of the fact that we
had more EHR data. For example, topic 0 appears to be epilepsy topic (with pervasive
developmental disorders replacing intellectual disability as a topic term, but reflecting a
similar set of conditions). Epilepsy-related terms are also present in the social media version
of the topic; however, we also see ADHD—also comorbid with epilepsy (Surén et al., 2012;
Dunn et al., 2003)—present in both topics, likely because ADHD is commonly discussed on
forums. We also dental caries, which are also associated with epilepsy (Anjomshoaa et al.,

Topic Autistic
Dis3
order,
Speech
Delay, Emotional
distress, Temper
tantrum
Topic Autistic Disor4
der, Aggressive
behavior, Nightmares, Apraxias

Autistic Disorder, Emotional
distress, Abstract
thought
disorder, Aggressive
behavior
Autistic
Disorder,
Temper
tantrum,
Abstract
thought
disorder,
Epilepsy
Autistic
Disorder,
Speech
Delay, Emotional
distress, Temper
tantrum
Autistic Disorder, Forgetting,
Aggressive
behavior,
Mental
Suffering

Table 2: Top words from Dynamic Topic Model trained on only Social Media

Children with cerebral palsy are known to have difficulty swallowing (Sochaniwskyj et al.,
1986) and reflux (Reyes et al., 1993). Horvath et al. (1999) also note an association between
ASD and a number of gastrointestinal symptoms, including increased reflux.
Finally, topic 4 initially contains a variety of more severe multi-system disorders. Many
are congenital anomalies (e.g. DiGeorge Syndrome and septal defects), which are more
prevalent in ASD (Wier et al., 2006). It makes sense to see “failure to thrive”—usually
diagnosed in early childhood—as one of the top diagnoses in this topic of severe illnesses.
The later terms contain features common in ASD (GI symptoms, immunodeficiency) seen
in earlier topics but without the associated Down’s syndrome or cerebral palsy. This topic
is somewhat reminiscent of the multi-system subgroup in Doshi-Velez et al. (2013). More
broadly, analyzing the same data set, we recover topics that resemble the subgroups discovered in Doshi-Velez et al. (2013) with the addition of specific trajectories for patients with
ASD and Down’s syndrome and ASD and cerebral palsy.
Qualitative Examination of Topics: Social Media Table 2 shows a similar table for
the θp DTM trained on the social media data alone. Even after filtering for only signs and
symptoms, the extracted terms from the forum posts tend to focus more the symptoms of
the child’s ASD rather than other comorbid conditions. 2 Topic 3 seems to correspond to the
most “traditional” ASD trajectory, with speech delays and tantrums early on. Emotional
distress is a constant, and we see that bullying makes the top-4 list at age 10. Children
with ASD are both more likely to bully (Montes and Halterman, 2007; Van Roekel et al.,
2010) and be bullied (Lee et al., 2008), especially as they reach later grade school and early
middle school years.
In general, terms such as tantrums and mental suffering are common in many of the
topics. For example, topic 0 follows the trajectory of children with stereotypies (tic disorder, apraxias) common in ASD (Goldman et al., 2009). Pagnamenta et al. (2010) suggest
genetic commonalities between ASD and dyslexia, and Gillon and Moriarty (2007) note
that children with speech apraxias are also at higher risk for dyslexia. However, there also
exists a parallel set of terms starting with mental suffering starting at age 2 and ending with
psychiatric problem at age 15. Even if some of the mental suffering terms are a mistaken
reference to the challenges experienced by the caregiver, rather than the child, we can still
say that forums generally contain more language pretaining to mental health.
Topic 1 describes emotional distress, including nightmares (while nightmares are not
reported as common in the clinical literature, sleep disorders are very common and it may
be that parents attribute sleep disorders to nightmares (Gail Williams et al., 2004)), as well
as reactions that children may have to stress—temper tantrums and aggressive behaviors.
These terms turn to phobic anxiety at later ages. We conjecture that this topic is the
care-giver analog of EHR Topic 1 above, which followed the trajectories of patients with
psychiatric disorders.
Like Topic 2 in the EHR, Topic 2 here describes developmental delays and epilepsy.
However, we see abstract thought disorder rather than intellectual disability as well as
symptoms such as staring. At age 15, emotional distress again makes the top-4 list, suggesting that most children with ASD face challenges as they grow older and interact more
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2. We were not able incorporate clinical notes in this study, but it is possible that the clinical note would
also tip the balance toward terms describing the patient’s ASD rather than other comorbidities.
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Disease Progression Models Disease progression modeling is an important area in medical informatics. When biomarkers of interest are known, or disease stages have been labeled,
supervised approaches can be used to predict disease stages given signs and symptoms; such
supervised approaches have been applied to modeling the progression of Alzheimer’s disease
(Zhou et al., 2012a). Other approaches use physiological models (De Winter et al., 2006) or
meta-analyses of existing literature (Ito et al., 2010) to derive disease progression models.
One of the most popular data-driven approaches to learning disease progression models
is to fit a hidden Markov Model (HMM) to the observations. The states of the HMM
correspond to different stages of chronic diseases, and often left-to-right HMMs are used
model the fact that many disease progression processes are not reversible. Such models
have been used to model disease progression in chronic kidney disease (Luo et al., 2013;
Yang et al., 2014), Alzheimer’s disease (Sukkar et al., 2012), aneurysm screening (Jackson
et al., 2003), and flu (Fan et al., 2015). Yang et al. (2014) allow the patient to have multiple
conditions at the same time, treating each patient as having a mixture of disease pathways.
Luo et al. (2013) take into account irregular sampling of data.

6. Related Work

2009), in the social media version of the topic. Such dental terms would not occur as often
in the clinical records because children see their dentists outside the hospital system.
Topic 1 contains several psychiatric disorders with increasing severity (especially prominent in the EHR version of the topic). These show up as more general emotional distress
and mental suffering in the forum topic. While most of the topics are present in similar
relative proportions in both corpora (figure 7), topic 1 is the most common topic in the
social media source and the least common topic in the electronic health records. We posit
this difference may be because caregivers in general may be more focused on the mental
health of their children (as seen in the social media-only topics), while the EHRs contain
a range of specialties seen by the patient and perhaps disproportionately little about their
mental health.
Topic 2 contains many infections, in both the social media and the EHR, which are consistent with the immunodeficiency-related topics discovered from EHR alone. Interestingly,
asthma, an autoimmune disease, also appears in this topic; Becker (2007) posits that some
ASDs, asthma, and inflammation may have a common autoimmune component. DoshiVelez et al. (2013) also found a subgroup enriched for asthma. Obesity, associated with
asthma (Beuther et al., 2006), also appears in this topic; here it seems that combining the
sources resulted in a much clearer infections and autoimmune topic rather than the more
diluted multi-system EHR topic 4.
Finally, topic 3 mirrors the cerebral palsy topic from the EHRs and topic 4 mirrors
the Down’s syndrome topic. In the cerebral palsy topic (topic 3), we see more differences
in the topics early on. Caregivers mention temper tantrums, speech delays, and abstract
thought disorder—all features consistent with ASD and cerebral palsy—early on but the
term cerebral palsy does not make the top-4 list. Later the terms are more similar across
the two sources. Similarly, the caregiver version of the top-4 list for the ASD and Down’s
syndrome topic (topic 4) includes more terms like expressive language disorder and symbolic
dysfunction early on as well as stereotypic movements.
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Autistic Disorder, Emotional
distress, Aggressive
behavior,
Tic disorder
Otitis
Media,
Asthma, Spina
bifida,
Unspecified
viral
infection

Common Cold,
Forgetting,
Asthma, Urinary
tract infection

Autistic Disorder,
pervasive
developmental
disorders,
Asthma,
Urea
Cycle Disorders
Autistic Disorder, Emotional
distress, Mental
Suffering,
Aggressive behavior
Otitis
Media,
Asthma, Acute
upper respiratory
infection, Spina
bifida

Common Cold,
Forgetting,
Exanthema,
Asthma

EHR Acute bronchioliTopic tis, Redundant
1
prepuce and phimosis, Common
Cold, Epilepsy

SM
Autistic DisorTopic der, Emotional
1
distress, Abstract
thought disorder,
Epilepsy
EHR Otitis
Media,
Topic Atrial
septal
2
defect
within
oval fossa, Acute
upper respiratory
infection, Viral
infection
SM
Acute
upper
Topic respiratory
in2
fection,
Atrial
septal
defect
within oval fossa,
Otitis
Media,
Vesicoureteral
reflux,
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Exanthema,
Developmental
delay,
Pervasive
Development Disorder,
Metabolic Diseases
ADHD, Autistic
Disorder, speech
or language disorder, Urea Cycle
Disorders

Ehlers-Danlos
Syndrome, Developmental
delay,
Ritual
compulsion,
Dental caries

SM
Epilepsy, Acute
Topic upper
respira0
tory
infection,
Mixed development
disorder,
Hemophilia B

Year 4
Expressive Language Disorder,
Developmental
delay, Epilepsy,
Localizationrelated epilepsy

Year 2
Expressive Language Disorder,
Developmental
delay,
Hearing
Loss,
Mixed
development
disorder

Year 0
EHR Acute
upper
Topic respiratory infec0
tion,
Hearing
Loss,
gastroenteritis,
Hirschsprung’s
disease

Developmental
delay,
Hypogamma globulinemia, Enlargement of tonsil or
adenoid, Anomalous pulmonary
artery

Year 15
Generalized
tractable
convulsive epilepsy,
Conduct Disorder, Generalized
intractable convulsive epilepsy,
Epilepsy
Generalized
intractable convulsive epilepsy,
Dental
caries,
ADHD, Grand
Mal
Status
Epilepticus
pervasive
developmental
disorder, ADHD,
Psychotic Disorders, Depressive
disorder, Emotional distress
Autistic Disorder, Emotional
distress, Aggressive
behavior,
Mental Suffering
Hypogamma
globulinemia,
Sleep
Apnea,
Asthma, Obesity
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Exanthema,
Common Cold,
Obesity, Asthma

Autistic Disorder, Emotional
distress, Bullying, Aggressive
behavior
Asthma, Otitis
Media,
Developmental delay,
Obesity

Hearing
Loss,
Mixed
ConductiveSensorineural
Disorder, Hearing Loss, Dental
caries
ADHD,
Other
specified pervasive developmental
disorders,,
Tic
disorder,
Autistic Disorder

Year 10
Epilepsy, Hearing
Loss,
Conduct
Disorder, ADHD

Table 3: Top words from Dynamic Topic Model trained on both SM and EHR data.
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Autistic Disorder,
Infantile
autism, Expressive
Language
Disorder, Symbolic dysfunction

Down
Syndrome, Infantile
autism, Symbolic
dysfunction,
Eustachian tube
disorder

Year 2
Infantile
cerebral
palsy,
Deglutition
Disorders, Gastroesophageal
reflux
disease,
Quadriplegic Infantile Cerebral
Palsy
Speech
Delay,
Temper tantrum,
Abstract thought
disorder,
Developmental
delay

Year 4
Infantile
cerebral
palsy,
Quadriplegic Infantile Cerebral
Palsy, Gastroesophageal reflux
disease, Deglutition Disorders
Abstract thought
disorder,
Temper
tantrum,
Developmental
delay, Gastroesophageal reflux
disease, Muscle,
ligament
and
fascia disorders
Symbolic
dysfunction,
Infantile
autism,
Other
specified
pervasive
developmental
disorders,, Down
Syndrome
Autistic Disorder, Eustachian
tube
disorder,
Stereotypic
Movement Disorder, Hay fever,
Down Syndrome

Year 15
Quadriplegic Infantile Cerebral
Palsy, Gastroesophageal reflux
disease,
Hemiplegic
cerebral
palsy,
Intellectual disabilities
Quadriplegic Infantile Cerebral
Palsy, Infantile
cerebral
palsy,
Generalized convulsive epilepsy,
Other
specified delays in
development
Infantile autism,
Anxiety
state,
Down Syndrome,
Intellectual
disabilities

Psychotic
Disorders,
Down
Syndrome, Unspecified childhood psychosis,
Other
specified
pervasive
developmental
disorders
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Pervasive developmental disorders,, Stereotypic
Movement Disorder, Hay fever,
Asthma

Infantile autism,
Down
Syndrome, pervasive
developmental
disorders,
Anxiety state

Year 10
Infantile
cerebral
palsy,
Quadriplegic Infantile Cerebral
Palsy,
Gastroesophageal
reflux
disease,
Diplegic Infantile
Cerebral Palsy
Diplegic Infantile
Cerebral Palsy,
Myopia, Failure
to Thrive, Other
specified delays
in development

Table 4: Top words from Dynamic Topic Model trained on both SM and EHR data.
Year 0
EHR Gastroesophageal
Topic reflux
disease,
3
Deglutition
Disorders, Congenital Hypothyroidism, Chronic
respiratory disease in perinatal
period
SM
Deglutition
Topic Disorders,
In3
fantile cerebral
palsy,
Congenital
Hypothyroidism, Gastroesophageal reflux
disease
EHR Down Syndrome,
Topic Atresia
and
4
stenosis of large
intestine, Contact dermatitis,
Middle ear conductive hearing
loss
SM
Down
SynTopic drome,
Middle
4
ear
conductive
hearing
loss,
Eustachian tube
disorder, Unspecified intellectual
disabilities
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Figure 7: Overall topic popularities in both electronic health record and social media documents. Except for topic 1, most of the topics are present in similar proportions.
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Others model disease progression with continuous time processes. Liu et al. (2013)
model the progression of glaucoma with continuous-time HMMs, while Wang et al. (2014)
use continuous-time Markov jump processes to model the progression of chronic obstructive
pulmonary disease. Saeedi and Bouchard-Côté (2011) introduce gamma-exponential processes to model recurrent disease processes multiple sclerosis. These models can be adapted
to incorporate individual-specific progression rates and treatment effects (Post et al., 2005).
Whether discrete or continuous time, all of these approaches involve discrete disease
stages. However, often diseases evolve slowly over time. While we use a discrete time model
in our work, a fundamental difference in our approach from those above is that we do
not attempt to divide disease progression into stages, which might be artificial distinctions.
Especially in developmental disorders, a more continuous progression model is more natural
as a child’s development is a continuously evolving process. In this sense, perhaps closest
in spirit to our work is the work of Zhou et al. (2014), which models disease progression
with a matrix factorization that is smooth in the time dimension. Che et al. (2015) embed
each time point of a patient into a latent space using a deep network.
In addition to being a natural way to model smoothly evolving diseases, our smoothness
assumption allows us to easily incorporate cross-sectional data as well as longitudinal data.
Requiring multiple visits to derive trajectories is often one of the factors that greatly limits
the amount of data that can be used from a cohort: Doshi-Velez et al. (2013) used EHRs
from the same hospital as us but were limited to only 4,927 patients with many visits
rather than the 13,435 patients we study here (unlike Doshi-Velez et al. (2013) and other
clustering-based studies, we do also not rely on ad-hoc patient similarity functions and
intensive data pre-processing). Other studies that use smoothness assumptions in similar
ways are Ross et al. (2014) and Li et al. (2012). Li et al. (2012) derive trajectories and
then define an HMM from cross-sectional data through temporal bootstrap method that
connects patients with similar features; their approach has no underlying model but rather
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Disease Models from Social Media There exists a large body of work analyzing social
media for information related to diseases. Chee et al. (2011) use personal health messages
to predict adverse drug events, while Wilson and Brownstein (2009); Paul et al. (2015)
use social media for disease surveillance. Elhadad et al. (2014); Jha and Elhadad (2010)
characterize the linguistic properties of online forum text and use it to predict the cancer
stage of the patient. Coppersmith et al. (2015) describe the task of identifying patients
with depression and post-traumatic stress disorder from their Twitter posts. Unlike these
works, our objective is understanding disease phenotypes and disease progression from social
media, not prevalence or diagnosis.

In this context, we emphasize that the models we described in Section 3 are not novel—
dynamic topic models and cross-corpora topic models both have well-established literatures.
However, each topic model variant above relies on its own bespoke, implementation-intensive
inference techniques that are often specific to that model. By using Pólya-gamma augmentation in our inference, we are able easily explore a variety of models. Moreover, to our
knowledge, the application of dynamical system models of text to characterize disease progression is novel.

There also exists a related literature on modeling text as dynamical systems. Mikolov
(2012) model dependencies in text as a recurrent neural network. Belanger and Kakade
(2015) model text as a Gaussian linear dynamical system. Their model is misspecified in
that it attributes zero probability mass to any observation, but they note the computational convenience of modeling occurrences of words with Gaussian variables rather than
multinomials. While we are not modeling sequences of words, the idea modeling trends as
linear dynamical system is close in spirit to our work.

Topic models have also been developed for modeling multiple corpora. Wang et al.
(2009) model correlations between the natural parameters for multiple corpora as a Gaussian
random field. Paul (2009); Paul and Girju (2009); Zhai et al. (2004) model correlations
between multiple corpora through a mixture of base and corpora-specific topics. Zhang
et al. (2010) model the changing popularities of topics across three corpora—blogs, news,
and message boards—using evolutionary hierarchical Dirichlet processes.

Dynamic Topic Models and Dynamical Systems Several techniques exist to model
the temporal evolution of topics. Wang and McCallum (2006) consider the case in which the
popularity of a topic changes over time, but each topic’s word proportions remain stationary.
In contrast, dynamic topic models (Blei and Lafferty, 2006b; Wang et al., 2012) assume a
topic’s word proportions smoothly evolve over time. Dynamic topic models have been
applied to applications including discovering themes in research communities, (Furukawa
et al., 2015), evolving patterns in software programs (Thomas et al., 2014), and the adoption
of applications by smart phone users (Chua et al., 2015).

relies on patient similarities to build trajectories. Ross et al. (2014) derive lung capacity
trajectories in chronic obstructive pulmonary disease from a cross-sectional cohort using
Gaussian processes to encourage smoothness.

Cross-Corpora Unsupervised Learning of Trajectories in Autism Spectrum Disorders
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Such an approach could allow the statistics of the pathological process ut,k to have much
lower dimensionality than the corpus-specific topic-word parameters ψ if C were rectangular. It could also model systematic differences between document collections. For example,
it would be exciting to incorporate general terms from social media that are not diseases
or syndromes. However, the statistics ut,k would be much harder to interpret; we chose
our simpler model because ut,k can readily be interpreted as the key terms of the disease
process k. To create interpretable reduced-rank models, one approach might be to require
that the emission matrix C l respect some clinician-interpretable ontology, as was done for
static topic models in Doshi-Velez et al. (2015).
While Pólya-gamma augmentation allows for the exploration of many exciting models,
there are some aspects of the inference that must be treated with care. Our application had
a much higher dimensionality than the work of Linderman et al. (2015), and numerical errors
accumulated during the recursive stick-breaking construction. Ordering the vocabulary by
the prevalence of terms had a large impact on inference performance; deeply understanding
the limitations of this augmentation approach on high-dimensionality data sets remains
an interesting and open question. Our sampler was also fully uncollapsed; it would be
interesting to see whether parameters in the cross-corpora models can be collapsed for

ut,k ∼ N (ut,k | A, ut−1,k , BB T )

ψ t,k,l ≡ C l ut,k

β t,k,l ≡ πSB (ψ t,k,l )

Modeling Choices Using dynamic topic models for modeling disease progression offers
several advantages over more traditional clustering and HMM-based approaches. We do not
require patients to belong to a single cluster or health state; they may have multiple disease
processes varying in intensity over time, and each disease process is a smoothly varying,
rather than discrete, structure. Because we can combine longitudinal and cross-sectional
data, we can take advantage of much larger cohorts. Unlike clustering approaches, no adhoc patient similarity metrics are required, and unlike HMM-based approaches, we do not
need to perform inference about what may have happened to patients in the gaps between
visits.
Using Pólya-gamma augmentation allowed us to explore a variety of model choices
without significantly changing our inference procedure: the static LDA, the DTM, and the
ccDTM all used the same underlying Gibbs samplers and forward-backward code for Gaussian distributions. It would be interesting to investigate other alternatives, such as correlating intra-document topic proportions with a Pólya-gamma version of the correlated topic
model (Blei and Lafferty, 2006a; Linderman et al., 2015) and correlating inter-document
topic proportions from the same patient with an author topic model (Rosen-Zvi et al.,
2004).
Another interesting direction for exploration is how the same topic appears in different
corpora. In our work, we used the simplest approach in which topics for each corpus were
isotropically perturbed versions of the latent disease process topic. This approach had the
advantage of being able to easily interpret the latent topics probabilities ut,k . However,
another option might be to learn a static emission matrix C l for each corpus l:

7. Discussion and Conclusions
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faster-mixing inference. As an alternative inference strategy, black-box variational inference
(BBVI) (Ranganath et al., 2014) may offer convenient ways to work with such non-conjugate
models.
Clinical Relevance: Autism Spectrum Disorders Clinical manifestations of autism
spectrum disorders (ASD) beyond the core DSM criteria have been gaining increasing attention in recent years (Ming et al., 2008; Bauman, 2010; Coury, 2010; Smith, 1981; Kohane
et al., 2012). Prior work in clustering phenotypes in ASD has largely relied on surveys and
diagnostic tests. Miles et al. (2005) divide ASD into two clusters, “essential” and “complex” based on the manifestation of significant dysmorphology or microcephaly. They find
that patients with “complex” ASDs have poorer outcomes, including lower IQ and more
seizures. Wiggins et al. (2012) find clusters along disease severity, while Lane et al. (2010)
discover sensory processing subtypes. Other studies find clusters along cognitive, language,
and behavioral criteria (Wing and Gould, 1979; Ben-Sasson et al., 2008; Bitsika et al., 2008;
Hu and Steinberg, 2009). Sacco et al. (2012) find patterns among both neurodevelopmental
factors as well as immune and circadian dysfunction.
The phenotypes we find are consistent with these studies as well as the neurological,
multi-system, and psychiatric disorder clusters characterized by Doshi-Velez et al. (2013).
In addition, we find trajectories for patients with ASD and Down’s syndrome and ASD and
cerebral palsy, two common comorbidities. Meanwhile, the topics associated with the social
media—containing terms such as tantrums and bullying—provide a more complete window
in the lives of these children. The fact that mental health terms dominate the social media
topics is an indication of important stressors for these children and caregivers.
While it is reassuring that the topics associated with the clinical data are consistent
with prior work, this study still has important limitations. Diagnostic codes are extremely
noisy measures of disease state, and information extraction from social media is also a
challenging process. In particular, our extraction is agnostic to whether a term applies
to a current or past condition, to the child or to the caregiver. Our coarse processing
was sufficient to discover credible trends, but better extraction methods will be required
to validate the patterns we have discussed. Furthermore, while we have shown that our
dynamic topic modeling approaches do better at predicting a patient’s future diagnoses than
static models, there is still an important gap between improved predictions and clinicallyuseful predictions. Filling this gap will require using additional features in the models and
rigorous data validation (e.g. through chart review).
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Other Phenotyping Applications While we have focused on developmental disorders,
the approaches described here could be relevant to discover the disease trajectories in other
conditions. Indeed, almost all disease processes are likely best modeled as continuously
evolving rather than having discrete stages. However, applying our approach to complex,
chronic diseases such as chronic obstructive pulmonary disease, chronic kidney disease, or
diabetes will have several challenges. First, unlike developmental disorders, which start at
birth, one must now infer the age of onset from observational sources. Second, while disease processes are continuous, patients often visit when their situation has changed, leading
clinicians to observe discrete changes. We hypothesize that a cross-corpora approach, using
patient or caregiver-generated text or even outputs of patient-worn sensors (such as glucose monitors), could help discover these continuously evolving processes between sporadic
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patient visits. Finally, many of these adult chronic diseases may have periods of remission
between periods of high disease activity; these will also need to be modeled.

Conclusions In this work, we presented a dynamic topic modeling approach to modeling
disease evolution. Our application of Pólya-gamma augmentation to these models created
a simple, unified framework for inference in dynamic topic models and cross-collection topic
models. Applied to large collection of EHR and online forum posts describing patients
with ASD, our models discovered disease trajectories that make sense in the context of
the existing autism literature, and our cross-collection dynamic topic model had both high
overall predictive performance and high predictive performance on predicting future patient
trajectories. We are excited by the opportunity created by our approach to discover crosscorpora patterns of disease evolution in ASD as well as other diseases.
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Pål Surén, Inger Johanne Bakken, Heidi Aase, Richard Chin, Nina Gunnes, Kari Kveim Lie,
Per Magnus, Ted Reichborn-Kjennerud, Synnve Schjølberg, Anne-Siri Øyen, et al. Autism
spectrum disorder, adhd, epilepsy, and cerebral palsy in norwegian children. Pediatrics,
130(1):e152–e158, 2012.

Rafid Sukkar, Edward Katz, Yanwei Zhang, David Raunig, and Bradley T Wyman. Disease progression modeling using hidden markov models. In Engineering in Medicine
and Biology Society (EMBC), 2012 Annual International Conference of the IEEE, pages
2845–2848. IEEE, 2012.

Rich Stoner, Maggie L Chow, Maureen P Boyle, Susan M Sunkin, Peter R Mouton, Subhojit
Roy, Anthony Wynshaw-Boris, Sophia A Colamarino, Ed S Lein, and Eric Courchesne.
Patches of disorganization in the neocortex of children with autism. New England Journal
of Medicine, 370(13):1209–1219, 2014.

Alexander E Sochaniwskyj, Ruth M Koheil, Kazek Bablich, Morris Milner, and David J
Kenny. Oral motor functioning, frequency of swallowing and drooling in normal children
and in children with cerebral palsy. Archives of physical medicine and rehabilitation, 67
(12):866–874, 1986.

R.D. Smith. Abnormal head circumference in learning-disabled children. Dev Med Child
Neurol, 23:626632, 1981.

Sally R Shott, Aileen Joseph, and Dorsey Heithaus. Hearing loss in children with down
syndrome. International journal of pediatric otorhinolaryngology, 61(3):199–205, 2001.

Elliott H Sherr. The arx story (epilepsy, mental retardation, autism, and cerebral malformations): one gene leads to many phenotypes. Current opinion in pediatrics, 15(6):
567–571, 2003b.

E H Sherr. The arx story (epilepsy, mental retardation, autism, and cerebral malformations):
one gene leads to many phenotypes. Curr Opin Pediatr, 6(15):567–571, December 2003a.

Andrew J Sharp, Heather C Mefford, Kelly Li, Carl Baker, Cindy Skinner, Roger E Stevenson, Richard J Schroer, Francesca Novara, Manuela De Gregori, Roberto Ciccone, et al.
A recurrent 15q13. 3 microdeletion syndrome associated with mental retardation and
seizures. Nature genetics, 40(3):322–328, 2008.

Michael B Shapiro and Thomas D France. The ocular features of down’s syndrome. American journal of ophthalmology, 99(6):659–663, 1985.
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hi my son is 13 nearly 14 and has this year become increasingly
anxious and withdrawn in july his psychiatrist said to put him on
prozac saying it might take the edge off his anxieties and allow him
some positive experiences thus helping to lift the depression he
seemed to be in i was not all that keen to be honest but my son who
had been reluctant to take his other meds said he wanted to try it so
we did he started on a small liquid dose and is now on tab a day will
check exact dose if you want to know it despite my reservations his
mood has really lifted he is still really challenging aggressive one
track mind struggles to leave the house though maybe not so much but

Below is an example of a post. The age and CUIs that we extracted from the post are listed
below.

A.1 Example Forum Post

Appendix A. Data and Data Processing

Xiang Wang, David Sontag, and Fei Wang. Unsupervised learning of disease progression
models. In Proceedings of the 20th ACM SIGKDD international conference on Knowledge
discovery and data mining, pages 85–94. ACM, 2014.
Xuerui Wang and Andrew McCallum. Topics over time: a non-markov continuous-time
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(2):191–200, Feb 2012.
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Figure 9 show the log-likelihoods for a characteristic run. Based on plots such as these, we
determined that 100 iterations seemed to be more than enough for the sampler to find an
optima.

Appendix B. MCMC Convergence

We used BeautifulSoup to obtain and parse all subforums of the websites www.asd-forum.org.uk,
www.autismweb.com, and www.asdfriendly.org on June 29, 2015. We extracted the text,
the user-id, and the time and date of posting for 21,206 threads from asd-forum, 26,807
threads from asd-friendly, and 32,914 threads from autismweb, for a total of 80,927 threads.
These threads contained a total of 664,954 posts. Figure 8 shows the regular expressions
used to extract ages from the posts. Next, the outputs were filtered through a trie for a list
of error terms such as sec, wks, ft, and m that might indicate another unit of measure; posts
with such terms after the identified age were excluded. Finally, only posts with only one
age were included, to avoid conflating information from multiple ages or multiple people.

A.2 Forum Data Pre-Processing and Age Extraction

CUI: C0870663, C0424092, C0683607, C0023133, C0234856, C1273517,
C1304698, C0001807, C0080151, C0011570, C0233730, C0004352

age: 13

to be honest he is back to where he was before the dip in terms of
talking to me etc i am probably not explaining very well in feb half
term adn easter hols the only interaction at all was to be negative
call us names adn swear at us now he still does that but he also
chats and has a laugh again which had stopped i have not seen any
side effects and he says he likes taking it cos he feels better he
cant explain anymore than that i discussed it with autism outreach
recently and she said it is being used effectively in a lot of kids
with asd and anxieties to take the edge off the anxieties dont get me
wrong it hasn t solved all our issues at all but he just doesnt seem
so saddont know if this is of any help at all so hard to put into
words lol ps if you google most meds for kids ritalin prozac
respiridone etc you get a lot of negatives adn not many positives and
not a lot of balanced comment
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Figure 9: Log-likelihoods for a characteristic run.
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Figure 8: Chart showing the of regular expressions used to extract potential ages from posts.
Outputs passing this filter were filtered through a second stage of processing to identify and
remove cases where the number corresponded to a unit other than age in years.
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2

• We propose generalized adjusted measures to correct for the baseline property and for
selection bias. This captures existing well known measures as special cases;

• We define families of measures for which the expected value and variance can be
computed analytically when the clusterings are random;

• We provide insights into the open problem of identifying the best application scenarios
for clustering comparison measures, in particular the application scenarios for ARI and
AMI.

because they improve the interpretability of the results. Indeed, two important properties
hold true for adjusted measures: they have constant baseline equal to 0 value when the partitions are random and independent, and they are equal to 1 when the compared partitions
are identical. Notable examples are the Adjusted Rand Index (ARI) (Hubert and Arabie,
1985) and the Adjusted Mutual Information (AMI) (Vinh et al., 2009). It is common to
see published research that validates clustering solutions against a reference ground truth
clustering with the ARI or the AMI. Nonetheless there are still open problems: there are
no guidelines for their best application scenarios shown in the literature to date and authors
often resort to employing them both and leaving the reader to interpret.
Moreover, some clustering comparisons measures are susceptible to selection bias: when
selecting the most similar partition to a given ground truth partition, clustering comparison measures are more likely to select partitions with many clusters (Romano et al., 2014).
In Romano et al. (2014) it was shown that it is beneficial to perform statistical standardization to IT measures to correct for this bias. In particular, standardized IT measures
help in decreasing this bias when the number of objects in the data set is small. Statistical
standardization has not been applied to pair-counting measures yet in the literature. We
solve this challenge in the current paper, and provide further results about the utility of
measure adjustment by standardization.
In this work, we aim to bridge the gap between the adjustment of pair-counting measures
and the adjustment of IT measures. In Furuichi (2006) and Simovici (2007) it has been
shown that generalized IT measures based on the Tsallis q-entropy (Tsallis et al., 2009)
are a further generalization of IT measures and some pair-counting measures such as RI.
In this paper, we will exploit this useful idea to connect ARI and AMI. Furthermore using
the same idea, we can perform statistical adjustment by standardization to a broader class
of measures, including pair-counting measures.
A key technical challenge is to analytically compute the expected value and variance
for generalized IT measures when the clusterings are random. To solve this problem, we
propose a technique applicable to a broader class of measures we name Lφ , which includes
generalized IT measures as a special case. This generalizes previous work which provided analytical adjustments for narrower classes: measures based on pair-counting from the family
L (Albatineh et al., 2006), and measures based on the Shannon mutual information (Vinh
et al., 2009, 2010). Moreover, we define a family of measures Nφ which generalizes many
clustering comparison measures. For measures which belong in this family, the expected
value can be analytically approximated when the number of objects is large. Figure 1 depicts the families of measures discussed in this paper. Table 1 summarizes the development
of this line of work over the past 30 years and positions our contribution. In summary, we
make the following contributions:
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Clustering comparison measures are used to compare partitions/clusterings of the same data
set. In the clustering community (Aggarwal and Reddy, 2013), they are extensively used for
external validation when the ground truth clustering is available. A family of popular clustering comparison measures are measures based on pair-counting (Albatineh et al., 2006).
This category comprises the well known similarity measures Rand Index (RI) (Rand, 1971)
and the Jaccard coefficient (J) (Ben-Hur et al., 2001). Recently, information theoretic (IT)
measures have been also extensively used to compare partitions (Strehl and Ghosh, 2003;
Vinh et al., 2010). Given the variety of different possible measures, it is very challenging to
identify the best choice for a particular application scenario (Wu et al., 2009).
The picture becomes even more complex if adjusted for chance measures are also considered. Adjusted for chance measures are widely used external clustering validation techniques

1. Introduction

Keywords: Clustering Comparison, Clustering Validation, Adjustment for Chance, Generalized Information Theoretic Measures, Pair-Counting Measures

Adjusted for chance measures are widely used to compare partitions/clusterings of the
same data set. In particular, the Adjusted Rand Index (ARI) based on pair-counting, and
the Adjusted Mutual Information (AMI) based on Shannon information theory are very
popular in the clustering community. Nonetheless it is an open problem as to what are the
best application scenarios for each measure and guidelines in the literature for their usage
are sparse, with the result that users often resort to using both. Generalized Information
Theoretic (IT) measures based on the Tsallis entropy have been shown to link pair-counting
and Shannon IT measures. In this paper, we aim to bridge the gap between adjustment
of measures based on pair-counting and measures based on information theory. We solve
the key technical challenge of analytically computing the expected value and variance of
generalized IT measures. This allows us to propose adjustments of generalized IT measures,
which reduce to well known adjusted clustering comparison measures as special cases. Using
the theory of generalized IT measures, we are able to propose the following guidelines for
using ARI and AMI as external validation indices: ARI should be used when the reference
clustering has large equal sized clusters; AMI should be used when the reference clustering
is unbalanced and there exist small clusters.
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Year

Contribution

This Work

(Hubert and Arabie, 1985)
(Albatineh et al., 2006)
(Vinh et al., 2009)
(Vinh et al., 2010)
(Romano et al., 2014)

Reference

Figure 1: Families of clustering comparison measures discussed in this paper. We show how
to analytically adjust measures in Lφ and how to obtain approximations for the
family Nφ .

1985
2006
2009
2010
2014

Expectation of Rand Index (RI)
Expectation and variance of S ∈ L
Expectation of Shannon Mutual Information (MI)
Expectation of Normalized Shannon MI (NMI)
Variance of Shannon MI
Expectation and variance of S ∈ Lφ
Asymptotic expectation of S ∈ Nφ

2016

Table 1: Work on adjusting clustering comparison measures carried out over the past 30
years. Information theoretic measures have been only recently adjusted for chance.
In this paper, we bridge the gap between adjustment of pair-counting measures
and information theoretic measures.

2. Comparing Partitions

JMLR 17(134):1-32

Given two partitions (clusterings) U and V of the same data set of N objects, let {u1 , . . . , ur }
and {v1 , . . . , vc } be the disjoint sets (clusters) for U and V respectively. Let |ui | = ai for
i = 1, . . . , r denote the number of objectsPin the setP
ui and |vj | = bj for j = 1, . . . , c denote
r
c
the number of objects in vj . Naturally, i=1
ai = j=1
bj = N . The overlap between the
two partitions U and V can be represented in matrix form by a r × c contingency table M
where nij represents
the number of objects in both ui and
Pr
Pc vj , i.e. nij = |ui ∩ vj |. Also, we
refer to ai = i=1
nij as the row marginals and to bj = j=1
nij as the column marginals.
A contingency table M is shown in Table 2.
Pair-counting measures between partitions, such as the Rand Index (RI) (Rand, 1971),
might be defined using the following quantities: k11 , the pairs of objects in the same set in
both U and V ; k00 the pairs of objects not in the same set in U and not in the same set in
V ; k10 , the pairs of objects in the same set in U and not in the same set in V ; and k01 the
pairs of objects not in the same set in U and in the same set in V . All these quantities can
3

b1
n11
.
..
·
...
nr1

···
···

···

V
bj
·
.
..
nij
.
..
·

···
···

···

bc
n1c
.
..
·
...
nrc
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U

a1
.
..
ai
...
ar

Table 2: r × c contingency table M related
to two clusterings U and V . ai =
P
the row marginals and bj = i nij are the column marginals.

r

c

i=1 j=1

1 XX
nij (nij − 1),
2

k00 =

i=1 j=1

i=1

j=1

j

P

(1)

nij are

r
c
r
c
1  2 X X 2  X 2 X 2 
N +
nij −
ai +
bj
2

be computed using the contingency table M, for example:
k11 =

Using k00 , k11 , k10 , and k01 it is possible to computeP
similarity
P e.g. 2RI, or disPmeasures,
2
2
tance measures, e.g. the Mirkin index MK(U, V ) ,
j bj − 2
i,j nij , between
i ai +
partitions (Meilă, 2007):
 
N
RI(U, V ) , (k11 + k00 )/
, MK(U, V ) = 2(k10 + k01 ) = N (N − 1)(1 − RI(U, V )) (2)
2

(3)

Information theoretic measures are instead defined for random variables but can also be used
to compare partitions when we employ the empirical probability distributions associated to
b
n
U , V , and the joint partition (U, V ). Let ai , j , and ij be the probability that an object
N
N
N
falls in the set ui , vj , and ui ∩ vj respectively. We can therefore define the Shannon entropy
P b
b
with natural logarithms for a partition V as follows: H(V ) , − j Nj ln Nj . Similarly, we
can define the entropy H(U ) for the partition U , the joint entropy H(U, V ) for the joint
partition (U, V ), and the conditional entropies H(U |V ) and H(V |U ). Shannon entropy
can be used to define the well know Mutual Information (MI) and employ it to compute
similarity between partitions U and V :

MI(U, V ) , H(U ) − H(U |V ) = H(V ) − H(V |U ) = H(U ) + H(V ) − H(U, V )

On contingency tables, MI is linearly related to G-statistics used for likelihood-ratio tests:
G = 2N MI. In Meilă (2007), using the Shannon entropy it was shown that the following
distance, namely the Variation of Information (VI) is a metric:

JMLR 17(134):1-32

VI(U, V ) , 2H(U, V ) − H(U ) − H(V ) = H(U |V ) + H(V |U ) = H(U ) + H(V ) − 2MI(U, V )
(4)
Information theoretic measures are extensively used to compare crisp partitions (Strehl and
Ghosh, 2003; Vinh et al., 2010). Very recently they have also been used to compare fuzzy
partitions (Lei et al., 2014a, 2016).

4

i=1

N

Hq (V |ui ) =

i=1

N

r 
X
ai q
j=1

c 
X
nij q 
1 
1−
q−1
ai

(5)

MIq (U, V )
=
max MIq (U, V )
1
2

MIq (U, V )
H (U ) + Hq (V ) − Hq (U, V )
= q 1

(8)
Hq (U ) + Hq (V )
2 Hq (U ) + Hq (V )

2

3

4

6

7

Number of sets r in U

5

8

9

10

q = 0.9
q = 1.2
q=2
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analytical expected value of generalized IT measures under the null hypothesis of random
and independent U and V is important; it can be subtracted from the measure itself to
adjust its baseline for chance such that the result is 0 when U and V are random. Given

Figure 2: The baseline value of NMIq (U, V ) between independent random partitions U and
V . Despite the partitions are random, the baseline of NMIq is not constant and
depends on the number of sets of the partitions.

-0.5

0

0.5

1

Even if NMIq (U, V ) achieves its maximum 1 when the partitions U and V are identical,
NMIq (U, V ) is not a suitable clustering comparison measure. Indeed, it does not show
constant baseline value equal to 0 when partitions are random. We explore this through an
experiment. Given a dataset of N = 100 objects, we randomly generate uniform partitions
U with r = 2, 4, 6, 8, 10 sets and V with c = 6 sets independently of each others. The average
value of NMIq over 1, 000 simulations for different values of q is shown in Figure 2. It is
reasonable to expect that when the partitions are independent, the average value of NMIq
is constant irrespectively of the number of sets r of the partition U . This is not the case.
This behavior is unintuitive and misleading when comparing partitions. Computing the

NMIq (U, V ) ,

To allow a more interpretable range of variation, a clustering similarity measure should be
normalized: it should achieve its maximum at 1 when U = V . An upper bound to the
generalized mutual information MIq is used to obtained a normalized measure. MIq can
take different possible upper bounds (Furuichi, 2006). Here, we choose to derive another
possible upper bound using Eq. (7) when we use the minimum value of VIq = 0: max MIq =
1
+
2 (Hq (U ) + Hq (V )). This upper bound is valid for any q ∈ R − {1} and allows us to
link different existing measures as we will show in the next sections of the paper. The
Normalized Mutual Information with q-entropy (NMIq ) is defined as follows:

2.2 Normalized Generalized IT Measures

1961). This entropy is again parametrized on a real number q and is defined as follows:
P bj q 
1
Rq (V ) , 1−q
ln
. Because of the use of the logarithm for any value of q, the Renyi
j N
entropy does enable the generalization of pair-counting measures when q = 2. Therefore,
in this paper we make use of generalized IT measures based on the Tsallis entropy.
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Generalized IT measures are not only a generalization of IT measures in the Shannon sense
but also a generalization of pair-counting measures for particular values of q. Note that in
literature there exist another well know generalization of entropy: the Renyi entropy (Renyi,

Proposition 1 (Simovici, 2007) When q = 2 the generalized variation of information,
the Mirkin index, and the Rand index are linearly related: VI2 (U, V ) = N12 MK(U, V ) =
N −1
N (1 − RI(U, V )).

VIq (U, V ) , Hq (U |V )+Hq (V |U ) = 2Hq (U, V )−Hq (U )−Hq (V ) = Hq (U )+Hq (V )−2MIq (U, V )
(7)
In Simovici (2007) it was shown that VIq is a proper metric and interesting links were
identified between measures for comparing partitions U and V . We state these links in
Proposition 1 given that they set the fundamental motivation of our paper:

However, q values smaller than 1 are allowed if the assumption that MIq (U, V ) is always
positive can be dropped. In addition, generalized IT measures can be used to define the
generalized Variation of Information distance (VIq ) which tends to VI in Eq. (4) when
q → 1:

MIq (U, V ) , Hq (U ) − Hq (U |V ) = Hq (V ) − Hq (V |U ) = Hq (U ) + Hq (V ) − Hq (U, V ) (6)

The q-entropy reduces to the Shannon entropy computed in nats for q → 1.
In Furuichi (2006), using the fact that q > 1 implies Hq (U ) ≥ Hq (U |V ), it is shown that
non-negative MI can be naturally generalized with q-entropy when q > 1:

Hq (V |U ) ,

r 
X
a i q

Generalized Information Theoretic (IT) measures based on the generalized Tsallis q-entropy
(Tsallis, 1988) can be defined for random variables (Furuichi, 2006) and also be applied to
the task of comparing partitions (Simovici, 2007). Indeed, these measures have also seen
recent application in the machine learning community. More specifically, it has been shown
that they can act as proper kernels (Martins et al., 2009). Furthermore, empirical studies
demonstrated that careful choice of q yields successful results when comparing the similarity
between documents (Vila et al., 2011), decision tree induction (Maszczyk and Duch, 2008;
Wang et al., 2015), and reverse engineering of biological networks (Lopes et al., 2011). It is
important to note that the Tsallis q-entropy is equivalent to the Harvda-Charvat-Daróczy
generalized entropy proposed in Havrda and Charvát (1967); Daróczy (1970). Results
available in literature about these generalized entropies are equivalently valid for all the
proposed versions.
Given q ∈ R+ − {1}, the generalized Tsallis q-entropy for a partition V is defined
P b q 
1
as follows: Hq (V ) , q−1
1 − j Nj
. Similarly to the case of Shannon entropy, we
have the joint q-entropy Hq (U, V ) and the conditional q-entropies Hq (U |V ) and Hq (V |U ).
Conditional q-entropy is computed according to a weighted average parametrized on q.
More specifically the formula for Hq (V |U ) is:

2.1 Generalized Information Theoretic Measures

Adjusting for Chance Clustering Comparison Measures

NMIq

Adjusting for Chance Clustering Comparison Measures

Proposition 1, this strategy also allows us to generalize adjusted for chance pair-counting
and Shannon IT measures.

3. Baseline Adjustment
In order to adjust the baseline of a similarity measure S(U, V ), we have to compute its
expected value under the null hypothesis of independent random partitions U and V . We
adopt the assumption of randomness used to adjust RI (Hubert and Arabie, 1985) and the
Shannon MI (Vinh et al., 2009). This is formalized as follows:
Definition 1 (Random partitions) The partitions U and V are generated independently
and at random fixing the number of objects N and the marginals ai and bj .
This is also denoted as the permutation or the hypergeometric model of randomness. We
are able to compute the exact expected value for a similarity measure in the family Lφ :
P
Definition 2 Let Lφ be the family of similarity measures S(U, V ) = α + β ij φij (nij )
where α and β do not depend on the entries nij of the contingency table M and φij (·) are
bounded real functions.

where

E[φij (nij )]

is

(10)

(9)

Intuitively, Lφ represents the class of measures that can be written as a linear combination
of φij (nij ). A measure between partitions uniquely determines α, β, and φij . However, not
every choice of α, β, and φij yields a meaningful similarity measure. Lφ is a superset
Pof the
2,
set L defined in Albatineh et al. (2006) as the family of measures S(U, V ) = α + β ij nij
i.e. S ∈ L are special cases of measures in Lφ with φij (·) = (·)2 . Figure 1 shows a diagram
of the similarity measures discussed in Section 2.1 and their relationships.

E[φij (nij )]

Lemma 1 If S(U, V ) ∈ Lφ , when partitions U and V are random:
X

ai !bj !(N − ai )!(N − bj )!
N !nij !(ai − nij )!(bj − nij )!(N − ai − bj + nij )!

ij

φij (nij )

E[S(U, V )] = α + β
min{ai ,bj }
X

nij =max{0,ai +bj −N }

Lemma 1 extends the results in Albatineh and Niewiadomska-Bugaj (2011) showing exact
computation of the expected value of measures in the family L. Given that generalized IT
measures belong in Lφ we can employ this result to adjust them.
3.1 Baseline Adjustment for Generalized IT measures
Using Lemma 1 it is possible to compute the exact expected value of Hq (U, V ), VIq (U, V )
and MIq (U, V ):
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Theorem 1 When the partitions
U and V are random:

P
q
q
q
1
i) E[Hq (U, V )] = q−1
] with E[nij
] from Eq. (10) with φij (nij ) = nij
;
1 − N1q ij E[nij
ii) E[MIq (U, V )] = Hq (U ) + Hq (V ) − E[Hq (U, V )];
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iii) E[VIq (U, V )] = 2E[Hq (U, V )] − Hq (U ) − Hq (V ).

MIq − E[MIq ]
max MIq − E[MIq ]

AVIq ,

E[VIq ] − VIq
E[VIq ] − min VIq

(11)

It is worth noting that this approach is valid for any q ∈ R+ − {1}. We can use these
expected values to adjust for baseline generalized IT measures. We use the method proposed
in Hubert and Arabie (1985) to adjust similarity measures, such as MIq , and distance
measures, such as VIq :
AMIq ,

VIq is a distance measure,
thus min VIq = 0. For MIq we use the upper bound max MIq =

1
2 Hq (U ) + Hq (V ) as for NMIq in Eq. (8). An exhaustive list of adjusted versions of
Shannon MI can be found in Vinh et al. (2010), when the upper bound 21 (Hq (U ) + Hq (V ))
is used the authors named the adjusted MI as AMIsum .
It is important to note that this type of adjustment turns distance measures into similarity measures, i.e., AVIq is a similarity measure. It is also possible to maintain both the
distance properties and the baseline adjustment using NVIq , VIq /E[VIq ] which can be
seen as a normalization of VIq with the stochastic upper bound E[VIq ] (Vinh et al., 2009).
It is also easy to see that AVIq = 1 − NVIq . The adjustments in Eq. (11) also enable the
measures to be normalized. AMIq and AVIq achieve their maximum at 1 when U = V and
their minimum is 0 when U and V are random partitions.
According to the chosen upper bound for MIq , we obtain the nice analytical form shown
in Theorem 2. Our adjusted measures quantify the discrepancy between the values of the
actual contingency table and their expected value in relation to the maximum discrepancy
possible, i.e. the denominator in Eq. (12). It is also easy to see that all measures in Lφ
resemble this form when adjusted.

P
P
q
q
ij E[nij ]
ij nij −
P q P
q
q
i ai +
j bj −
ij E[nij ]

(12)

q
q
Theorem 2 Using E[nij
] in Eq. (10) with φij (nij ) = nij
, the adjustments for chance for
MIq (U, V ) and VIq (U, V ) are:

1
2

AMIq (U, V ) = AVIq (U, V ) =  P

From now on we only discuss AMIq , given that it is identical to AVIq . There are notable
special cases for our proposed adjusted generalized IT measures. In particular, the Adjusted
Rand Index (ARI) (Hubert and Arabie, 1985) is equal to AMI2 . ARI is a classic measure,
heavily used for validation in social sciences and the most popular clustering validity index.

Corollary 1 It holds true that:
i) limq→1 AMIq = limq→1 AVIq = AMI = AVI with Shannon entropy;
ii) AMI2 = AVI2 = ARI.
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Therefore, using the permutation model we can perform baseline adjustment to generalized
IT measures. Our generalized adjusted IT measures are a further generalization of particular well known adjusted measures such as AMI and ARI. It is worth noting, that ARI
is equivalent to other known measures for comparing partitions (Albatineh et al., 2006).
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Note that Nφ is a generalization of Lφ . At the limit of large number of objects N , it is
possible to compute the expected value of measures in Nφ under random partitions U and
V using only the marginals of the contingency table M:


b
bc
Lemma 2 If S(U, V ) ∈ Nφ , then limN →+∞ E[S(U, V )] = φ aN1 bN1 , . . . , aNi Nj , . . . , aNr N
.

Definition 3 Let Nφ be the family of similarity measures S(U, V ) = φ( nN11 , . . . ,
where φ is a bounded real function as N reaches infinity.

In this section, we introduce a very general family of measures which includes Lφ . For
measures belonging to this family, it is possible to find an approximation of their expected
value when the number of objects N is large. This allows us to identify approximations for
the expected value of measures in Lφ as well as for measures not in Lφ , such as the Jaccard
coefficient as shown in Figure 1.
Let Nφ be the family of measures which are non-linear combinations of φij (nij ):

3.3 Large Number of Objects

9

Figure 3: Baseline value of adjusted clustering comparison measures between two random
partitions. When varying the number of sets for the random partition U , the
value of AMIq (U, V ) is always very close to 0 with negligible variation for any q.
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We also point out that NMIq does not show constant baseline when the relative size of
the sets in U varies when U and V are random. In Figure 4, we generate random partitions
V with c = 6 sets on N = 100 points, and random binary partitions U independently.
NMIq (U, V ) shows different behavior at the variation of the relative size of the biggest set
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Figure 4: The left panel shows the baseline value of NMIq (U, V ) between the random partions U and V at the variation of the size of the sets in U . The right panel shows
the baseline value of adjusted clustering comparison measures. When varying the
relative size of one cluster for the random partition U , the value of AMIq (U, V )
is always very close to 0 with negligible variation for any q.
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In Morey and Agresti (1984) the expected value of the RI was computed using an approximated value based on the multinomial distribution. It turns out this approximated value
is equal to what we obtain for RI using Lemma 2. The authors of Albatineh et al. (2006)
noticed that the difference between the approximation and the expected value obtained with
the hypergeometric model is small on empirical experiments when N is large. We point
out that this is a natural consequence of Lemma 2 given that RI ∈ Lφ ⊆ Nφ . Moreover,
the multinomial distribution was also used to compute the expected value of the Jaccard
coefficient (J) in Albatineh and Niewiadomska-Bugaj (2011), obtaining good results on empirical experiments with many objects. Again, this is a natural consequence of Lemma 2

-5

0

5

Here we show that our adjusted generalized IT measures have a baseline value of 0 when
comparing random partitions U and V . In Figure 3 we show the behavior of AMIq , ARI, and
AMI on the same experiment proposed in Section 2.2. They are all close to 0 with negligible
variation when the partitions are random and independent. Moreover, it is interesting to
see the equivalence of AMI2 and ARI. On the other hand, the equivalence of AMIq and
AMI with Shannon entropy is obtained only at the limit q → 1.

3.2 Experiments on Measure Baseline

If all the possible contingency tables M obtained by permutations were generated, the
computational complexity of the exact expected value would be O(N !). However, this can
be dramatically reduced using properties of the expected value.

Proposition 2 The computational complexity of AMIq is O(N · max {r, c}).

Computational complexity: The computational complexity of AMIq in Eq. (12) is
dominated by the computation of the sum of the expected value of each cell.
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in U . This is unintuitive given that the partitions U and V are random and independent.
We obtain the desired property of a baseline value of 0 with AMIq .

NMIq

Adjusting for Chance Clustering Comparison Measures

Furthermore, there is also a strong connection between ARI and Cohen’s κ statistics used
to quantify inter-rater agreement (Warrens, 2008). As final remark, we point out that
our baseline adjustments can also be seen as statistical corrections for generalized information theoretic measures. It is indeed well known that information theoretic measures are
severely biased when plug-in estimators are used, and many have worked on correcting this
bias for decades: there exist in literature frequentist approaches (Paninski, 2003) as well as
Bayesian approaches (Archer et al., 2013; Cerquetti, 2014) to reduce bias. In this section,
we discussed an adjustment to obtain exact bias correction in particular when U and V are
independent.

AMIq

AMIq

Adjusting for Chance Clustering Comparison Measures

NMI is easier to compute than AMI and it is less prone to computer precision errors. The
analysis provided in this session aims at broadening the possible clustering comparison
measures that can be adjusted: as long as a measure belongs in Nφ , its expected value at
large N can be computed and thus it can be adjusted. Moreover, we saw that adjusted
measures in Lφ ⊆ Nφ have simpler formulas at large N . The adjustments at large N are
faster to compute and less prone to computer precision errors.
In the next section we put forward a theoretical analysis on the best choice between
AMI and ARI when validating clustering solutions. Moreover being NMI equal to AMI at
large N , the next section helps also to understand when to use either NMI or ARI.
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Figure 6: Tsallis q-entropy Hq (p) for a binary clustering where p is the relative size of one cluster. When q is small, the q-entropy varies
in a bigger range. When q is small, the difference in entropy between an unbalanced
partition and a balanced partition is big.
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Let us focus on an example. Let V be a reference clustering with 3 clusters of size 50 each,
and let U1 and U2 be two clustering solutions with the same number of clusters and same
cluster sizes. The contingency tables for U1 and U2 are shown on Figure 7. Given that
both contingency tables have the same marginals, the only difference between AMIq (U1 , V )
and AMIq (U2 , V ) according to Eq. (11) lies in MIq . Given that both solutions U1 and U2

0

In this section we aim to answer to the question: Given a reference ground truth clustering
V , which is the best choice for q in AMIq (U, V ) to validate the clustering solution U ?
By answering this question, we implicitly identify the application scenarios for ARI and
AMI given the results in Corollary 1. This is particularly important for external clustering
validation. Nonetheless, there are a number of other applications where the task is to find
the most similar partition to a reference ground truth partition: e.g., categorical feature
selection (Vinh et al., 2014), decision tree induction (Criminisi et al., 2012), generation of
alternative or multi-view clusterings (Müller et al., 2013), or the exploration of the clustering
space with the Meta-Clustering algorithm (Caruana et al., 2006; Lei et al., 2014b) to list a
few.
Different values for q in AMIq yield to different biases. The source of these biases can be
identified by analyzing the properties of the q-entropy. In Figure 6 we show the q-entropy
for a binary partition at the variation of the relative size p of one cluster. This can be
1
analytically computed: Hq (p) = q−1
(1 − pq − (1 − p)q ). The range of variation for Hq (p)
is much bigger if q is small. More specifically when q is small, the difference in entropy
between an unbalanced partition and a balanced partition is big.

4. Application Scenarios for AMIq

given that J ∈ Nφ but J ∈
/ Lφ . Indeed, the Jaccard coefficient does not allow analytical
adjustment using the hypergeometric model but it allows an approximation using Lemma
2.
Generalized IT measures belong in Lφ ⊆ Nφ . Therefore we can employ Lemma 2.
When the number of objects is large, the expected value under random partitions U and V
of Hq (U, V ), MIq (U, V ), and VIq (U, V ) in Theorem 1 depends only on the entropy of the
partitions U and V , i.e., just the marginals of the contingency table must be taken into
account:
Theorem 3 It holds true that:
i) limN →+∞ E[Hq (U, V )] = Hq (U ) + Hq (V ) − (q − 1)Hq (U )Hq (V );
ii) limN →+∞ E[MIq (U, V )] = (q − 1)Hq (U )Hq (V );

iii) limN →+∞ E[VIq (U, V )] = Hq (U ) + Hq (V ) − 2(q − 1)Hq (U )Hq (V ).

N = 50 objects

6

8

Result i) recalls the property of non-additivity that holds true for random variables (Furuichi, 2006). Figure 5 shows the behavior of E[Hq (U, V )] when the partitions U and V
are generated uniformly at random. V has c = 6 sets and U has r sets. In this case,
Hq (U ) + Hq (V ) − (q − 1)Hq (U )Hq (V ) appears to be a good approximation already for
N = 1000. In particular, the approximation is good when the number of objects N is big
N
with regards to the number of cells of the contingency table in Table 2: i.e., when r·c
is
large enough.

8

4

(a) Approximation on smaller sample size

6
4

2

2

N
r·c
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From point ii) follows the result proved in Vinh et al. (2010) to connect the adjusted
mutual information to the widely used Normalized Mutual Information (NMI) based on
Shannon entropy (Strehl and Ghosh, 2003):
Theorem 4 (Vinh et al., 2010) It holds true that:
lim AMI(U, V ) = NMI(U, V )
N →+∞

11

Hq (p)

2
0

Number of sets r in U

E[Hq (U; V )]

Figure 5: The left panel shows the average value of E[Hq (U, V )] between random partitions
U and V when they are induced on N = 50 objects. The right panel shows results
for N = 1000 objects. E[Hq (U, V )] are plotted using a solid line and their limit
value Hq (U ) + Hq (V ) − (q − 1)Hq (U )Hq (V ) is plotted using a dashed line. The
solid line coincides approximately with the dashed one in 4(b) when N = 1000.
is large enough.
The limit value is a good approximation for E[Hq (U, V )] when

E[Hq (U; V )]
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The selection of the most similar partition U to a reference partition V is biased according to the chosen similarity measure, the number of sets r in U , and their relative size.

5. Standardization of Clustering Comparison Measures

If V is a reference clustering with big equal size clusters it is less crucial to have precise
clusters in the solution. Indeed, precise clusters in the solution penalize the recall of clusters
from the reference. In this case, AMIq with bigger q might prefer more appropriate solutions.
In Figure 9 we show two clustering solutions U1 and U2 for the reference clustering V with
4 equal size clusters of size 25. The solution U2 looks better than U1 because each of its
clusters identifies more elements from particular clusters in the reference. Moreover, U2 has
to be preferred to U1 because it consists in 4 equal sized clusters as the reference clustering V
consists in equal sized clusters. In this scenario we advise the use of AMI2.5 or AMI2 = ARI
because it gives more importance to the solution U2 .
If the number of objects N is large, AMI is equivalent to NMI according to Theorem 4.
Therefore, when the reference clustering is balanced with big equal sized clusters and N is
large, it is advisable to use ARI rather than NMI.

4.2 Use AMIq with big q such as AMI2.5 or AMI2 = ARI when the reference
clustering has big equal sized clusters

If the number of objects N is large, AMI is equivalent to NMI according to Theorem 4.
Therefore, when the reference clustering is unbalanced, there exist small clusters, and N is
large, it is advisable to use NMI rather than ARI.

Figure 8: Ground truth clustering V compared in turn to the clustering solutions U1 and
U2 . V is unbalanced and presents small clusters. When the reference clustering
has small clusters their identification in the solution has to be precise. Therefore
U1 appears to be a better solution than U2 . AMIq with small q prefers the solution
U1 because its clusters are pure. In this scenario we advise the use of AMI0.5 or
AMI1 = AMI.

U1

8
7
7
78

V

clustering V with 4 clusters of size [10, 10, 10, 70] respectively. When there exist small
clusters in the reference V their identification has to be precise in the clustering solution.
The solution U1 looks arguably better than U2 because it shows many pure clusters. In
this scenario we advise the use of AMI0.5 or AMI1 = AMI with Shannon entropy because
it gives more weight to the clustering solution U1 .
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If the reference cluster V is unbalanced and presents small clusters, AMIq with small q
might prefer more appropriate clustering solutions U . For example, in Figure 8 we show
two contingency tables associated to two clustering solutions U1 and U2 for the reference

4.1 Use AMIq with small q such as AMI0.5 or AMI1 = AMI when the reference
clustering is unbalanced and there exist small clusters

Given a reference clustering V , these biases can guide the choice of q in AMIq to identify
more suitable clustering solutions.

• Prefers balanced clustering solutions.

• Is less biased towards pure clusters in the clustering solution;

By contrary, AMIq with bigger q such as AMI2.5 or AMI2 = ARI:

• Prefers unbalanced clustering solutions.

• Is biased towards pure clusters in the clustering solutions;

are compared against V , the only term that varies in MIq (U, V ) = Hq (V ) − Hq (V |U ) is
Hq (V |U ). In order to identify the clustering solution that maximizes AMIq we have to
analyze the solution that decreases Hq (V |U ) the most. Hq (V |U ) is a weighted average of
the entropies Hq (V |ui ) computed on the rows of the contingency table as shown in Eq. (5),
and this is sensitive to values equal to 0. Given the bigger range of variation of Hq for small
q, small q implies higher sensitivity to row entropies of 0. Therefore, small values of q tends
to decrease Hq (V |U ) much more if the clusters in the solution U are pure: i.e., clusters
contain elements from only one cluster in the reference clustering V . In other words, AMIq
with small q prefers pure clusters in the clustering solution.
When the marginals in the contingency tables for two solutions are different, another
important factor in the computation of AMIq is the normalization coefficient 12 (Hq (U ) +
Hq (V )). Balanced solutions U will be penalized more by AMIq when q is small. Therefore,
AMIq with small q prefers unbalanced clustering solutions. To summarize, AMIq with small
q such as AMI0.5 or AMI1 = AMI with Shannon entropy:

Figure 7: Ground truth clustering V compared in turn to the clustering solutions U1 and
U2 . AMIq with small q prefers the solution U1 because there exists one pure
cluster: i.e., there is one cluster which contains elements from only one cluster in
the reference clustering V .
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Lemma 3 If S(U, V ) ∈ Lφ , when partitions U and V are random:
 h X
2 i  X
2 
Var(S(U, V )) = β 2 E
φij (nij )
−
E[φij (nij )]
,
where

"

XX

φ(nij )P (nij ) · φij (nij ) +

is equal to

nij

XX
ij

+

j 0 6=j ñij 0
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We can use the expected value to standardize measures S ∈ Lφ , such as generalized IT
measures.

with nij ∼ Hyp(ai , bj , N ), ñi0 j ∼ Hyp(bj − nij , ai0 , N − ai ), ñij 0 ∼ Hyp(ai − nij , bj 0 , N − bj ),
˜ i0 j 0 ∼ Hyp(ai0 , bj 0 − ñij 0 , N − ai ) hypergeometric random variables.
ñ

!#

This phenomena is known as selection bias and it has been extensively studied in decision
trees (White and Liu, 1994). Researchers in this area agree that in order to achieve unbiased
selection of partitions, distribution properties of similarity measures have to be taken into
account (Dobra and Gehrke, 2001; Shih, 2004; Hothorn et al., 2006). Using the permutation
model, we proposed in Romano et al. (2014) to analytically standardize the Shannon MI
by subtraction of its expected value and division by its standard deviation. In this section,
we discuss how to achieve analytical standardization of measures S ∈ Lφ .
In order to standardize a measure, we must analytically compute its variance:

Figure 9: Ground truth clustering V compared in turn to the clustering solutions U1 and
U2 . V shows equal size clusters. U2 appears to be a better solution than U1
because its clusters are more balanced in size than the clusters in U1 . When
the reference clustering has big equal sized clusters their precise identification is
less crucial. AMIq with big q prefers the solution U2 because it is less biased
to pure clusters in the solution. In this scenario we advise the use of AMI2.5 or
AMI2 = ARI.

AMIq
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5.1 Standardization of Generalized IT Measures

The variance under the permutation model of generalized IT measures is:

Theorem 5 Using Eqs. (10) and (13) with φij (·) = (·)q , when the partitions U and V are
random:
 P

P
q 2
q 2
i) Var(Hq (U, V )) = (q−1)12 N 2q E[( ij nij
) ] − ( ij E[nij
]) ;
ii) Var(MIq (U, V )) = Var(Hq (U, V ))

iii) Var(VIq (U, V )) = 4Var(Hq (U, V ))

E[VI]q − VIq
SVIq , p
,
Var(VIq )

(14)

We define the standardized version of the similarity measure MIq (SMIq ), and the standardized version of the distance measure VIq (SVIq ) as follows:

MIq − E[MIq ]
,
SMIq , p
Var(MIq )

As for the case of AMIq and AVIq , it turns out that SMIq is equal to SVIq :

Theorem 6 Using Eqs. (10) and (13) with φij (·) = (·)q , the standardized MIq (U, V ) and
the standardized VIq (U, V ) are:
P
P
q
q
ij E[nij ]
ij nij −
SMIq (U, V ) = SVIq (U, V ) = q P
(15)
P
q 2
q 2
E[( ij nij
) ] − ( ij E[nij
])

Var(RI)

This formula shows that we are interested in maximizing the difference between the sum of
the cells of the actual contingency table and the sum of the expected cells under randomness.
Standardized measures differs from their adjusted counterpart because of the denominator,
i.e. the standard deviation of the sums of the cells. Indeed, SMIq and SVIq measure the
number of standard deviations MIq and VIq are from their mean.
There are some notable special cases for particular choices of q. Indeed, our generalized
standardization of IT measures allows us to generalize also the standardization of paircounting measures such as the Rand index. To see this, let us define the Standardized
RI−E[RI]
Rand Index (SRI): SRI , √
and recall that the standardized G-statistic is defined
Var(G)

G−E[G]
(Romano et al., 2014):
as SG , √

Corollary 2 It holds true that:
i) limq→1 SMIq = limq→1 SVIq = SMI = SVI = SG with Shannon entropy;
ii) SMI2 = SVI2 = SRI.

Computational complexity: The computational complexity of SMIq is dominated by
computation of the second moment of the sum of the cells defined in Eq. (13):

Proposition 3 The computational complexity of SMIq is O(N 3 c · max {c, r}).

JMLR 17(134):1-32

Note that the complexity is quadratic in c and linear in r. This happens because of the
way we decided to condition the probabilities in Eq. (13) in the proof of Lemma 3. With
different conditions, it is possible to obtain a formula symmetric to Eq. (13) with complexity
O(N 3 r · max {r, c}) (Romano et al., 2014).
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6. Conclusion
In this paper, we computed the exact expected value and variance of measures of the family
Lφ , which contains generalized IT measures. We also showed how the expected value for
measures S ∈ Nφ can be computed for large N . Using these statistics, we proposed AMIq
and SMIq to adjust generalized IT measures both for baseline and for selection bias. AMIq is
a further generalization of well known measures for clustering comparisons such as ARI and
AMI. This analysis allowed us to provide guidelines for their best application in different
scenarios. In particular ARI might be used as external validation index when the reference

Therefore, SMIq attains very large values when N is large. In practice of course, N is finite,
so the use of SMIq is beneficial. However, it is less important to correct for selection bias if
the number of objects N is big with regards to the number of cells in the contingency table
N
in Table 2: i.e., when r·c
is large. Indeed, when the number of objects is large AMIq might
be sufficient to avoid selection bias and any test for independence between partitions has
high power. In this scenario, SMIq is not needed and AMIq might be preferred as it can be
computed more efficiently.

N →+∞

lim Var(Hq (U, V )) =

Theorem 7 It holds true that:

Given that generalized IT measures belong in the family Nφ , we can prove the following:

Lemma 4 If S(U, V ) ∈ Nφ , then limN →+∞ Var(S(U, V )) = 0.

It is likely to expect that the variance of generalized IT measures decreases when partitions
are generated on a large number of objects N . Here we prove a general result about measures
of the family Nφ .

5.3 Large Number of Objects

Figure 10: Selection bias towards random partitions U with different number of sets r when
compared to a reference V . The probability of selection should be uniform when
partitions are random. Using SMIq we achieve close to uniform probability of
selection for q equal to 1.001, 2 and 3 respectively.
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Given a reference partition V on N = 100 objects with c = 4 sets, we generate a pool
of random partitions U with r ranging from 2 to 10 sets. Then, we use NMIq (U, V ) to
select the closest partition to the reference V . The plot at the bottom of Figure 10 shows
the probability of selection of a partition U with r sets using NMIq computed on 5000
simulations. We do not expect any partition to be the best given that they are all generated
at random: i.e., the plot is expected to be flat if a measure is unbiased. Nonetheless, we see
that there is a clear bias towards partitions with 10 sets if we use NMIq with q respectively
equal to 1.001, 2, or 3. We can see that the use of the adjusted measures such as AMIq helps
in decreasing this bias, in particular when q = 2. On this experiment when q = 2, baseline
adjustment seems to be effective in decreasing the selection bias because the variance of
AMI2 = ARI is almost constant. However for all q, using SMIq we obtain close to uniform
probability of selection of each random partition U .

In this section, we evaluate the performance of standardized measures on selection bias correction when partitions U are generated at random and independently from the reference
partition V . This hypothesis has been employed in previous published research to study
selection bias (White and Liu, 1994; Frank and Witten, 1998; Dobra and Gehrke, 2001;
Shih, 2004; Hothorn et al., 2006; Romano et al., 2014). In particular, we experimentally
demonstrate that NMIq is biased towards the selection of partitions U with more clusters at
any q. Therefore, in this scenario it is beneficial to perform standardization. Mind though
that the choice of whether performing standardization or not is application dependent (Romano et al., 2015). For example, it has been argued that in some cases the selection of
clustering solutions should be biased towards clusterings with the same number of clusters
as in the reference (Amelio and Pizzuti, 2015). In this section we aim to show the effects
of selection bias when clusterings are independent and that standardization helps in reducing it. Moreover, we will see in Section 5.3 that it is particularly important to correct for
selection bias when the number of objects N is small.

5.2 Experiments on Selection Bias

For example, if SMIq is equal to 4.46 the associated p-value is smaller than 0.05. Neural time
series data is often analyzed making use of the Shannon MI (e.g. see Chapter 29 in Cohen
(2014)). It is common practice to test the independence of two time series by computing
SMI via Monte Carlo permutations, sampling from the space of N ! cardinality. Our SMIq
can be effectively and efficiently used in this application because it is exact and obtains
O(N 3 r · max {r, c}) complexity.

q

Proposition 4 The p-value associated to the test for independence between U and V using
MIq (U, V ) is smaller than: 1+(SMI1 (U,V ))2 .

Statistical inference: All IT measures computed on partitions can be seen as estimators
of their true value computed using the random variables associated to the partitions U and
V . Therefore, SMIq can be used as non-parametric independence test for MIq . We formalize
this with the following proposition:

Adjusting for Chance Clustering Comparison Measures

SMIq
AMIq
NMIq

SMIq
AMIq
NMIq

SMIq
AMIq
NMIq

Adjusting for Chance Clustering Comparison Measures

Proposition 1 (Simovici, 2007) When q = 2 the generalized variation of information,
the Mirkin index, and the Rand index are linearly related: VI2 (U, V ) = N12 MK(U, V ) =
N −1
N (1 − RI(U, V )).
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Proof The results easily follow from Lemma 1 and the hypothesis of fixed marginals.

iii) E[VIq (U, V )] = 2E[Hq (U, V )] − Hq (U ) − Hq (V ).

ii) E[MIq (U, V )] = Hq (U ) + Hq (V ) − E[Hq (U, V )];

Theorem 1 When the partitions
U and V are random:

P
q
q
q
1
i) E[Hq (U, V )] = q−1
1 − N1q ij E[nij
] with E[nij
] from Eq. (10) with φij (nij ) = nij
;

Proof The expected value
P of S(U, V ) according to the hypergeometric model of randomness is E[S(U, V )] = M S(M)P (M) where M
table generated via
P is a contingency
P
permutations.
This is reduced to E[S(U, V )] =
M (α + β
ij φij (nij ))P (M) = α +
P P
it is possible to swap
β
M
ij φij (nij )P (M). Because of linearity of the expected value,
P P
the summation over M and the one over cells obtaining α + β ij nij φij (nij )P (nij ) =
P
α + β ij E[φij (nij )] where nij is a hypergeometric distribution with the marginals ai , bj ,
and N as parameters, i.e. nij ∼ Hyp(ai , bj , N ).

nij =max{0,ai +bj −N }

min{ai ,bj }
X

E[S(U, V )] = α + β

Lemma 1 If S(U, V ) ∈ Lφ , when partitions U and V are random:
X
E[φij (nij )] where E[φij (nij )]

2) =
nij

VIq (U, V ) = 2Hq (U, V ) − Hq (U ) − Hq (V )
r
r 
c 
c 
 

 

X
X
X
X
bj q 
n
1
1
2 
a
ij q
i q
1−
−
1−
−
1−
=
q−1
N
q−1
N
q−1
N

Proof

Appendix A. Theorem Proofs

clustering shows big equal sized clusters. AMI can be used when the reference clustering
is unbalanced and there exist small clusters. The standardized SMIq can instead be used
to correct for selection bias among many possible candidate clustering solutions when the
number of objects is small. Furthermore, it can also be used to test the independence
between two partitions. All code has been made available online1 .
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ai bj
a1 b1
ar bc
N N,..., N N,..., N N

= O(max {cN, rN }) = O(N · max {c, r})

Lemma 2 If S(U, V ) ∈ Nφ , then limN →+∞ E[S(U, V )] = φ

i=1 j=1

i
ij
j
ij
exploit the fact that P (nij ) are computed iteratively: P (nij +1) = P (nij ) (nij +1)(N
−ai −bj +nij +1) .
We compute P (nij ) only for max {0, ai + bj − N }. In both cases P (nij ) can be computed
in O(max {ai , bj }). We can compute all other probabilities iteratively as shown above in
constant time. Therefore:


min {ai ,bj }
r X
c
r X
c
r
X
X
X
X
O(max {ai , bj }) +
O(1) =
O(max {ai , bj }) =
O(max {cai , N })

(a −n )(b −n )

Proof The computation of P (nij ) where nij is a hypergeometric distribution
P Hyp(ai , bj , N )
is linear in N . However, the computation of the expected value E[nqij ] = nij nqij P (nij ) can

Proposition 2 The computational complexity of AMIq is O(N · max {r, c}).

AVI2 =

Proof Point i) follows from the limit of the q-entropy when q → 1. Point ii) follows from:

Corollary 1 It holds true that:
i) limq→1 AMIq = limq→1 AVIq = AMI = AVI with Shannon entropy;
ii) AMI2 = AVI2 = ARI.

Proof The using the upper bound 21 (Hq (U ) + Hq (V )) to MIq , AMIq and AVIq are equiva1 P q
2
lent. Therefore we compute AVIq . The denominator is equal to E[VIq ] = (q−1)N
q
2 ( i ai +



P q
P
P q
P
q
q
2
ij nij −
i,j E[nij ] .
j bj ) −
i,j E[nij ] . The numerator is instead (q−1)N q

2

AMIq (U, V ) = AVIq (U, V ) =  P
1

Theorem 2 Using E[nqij ] in Eq. (10) with φij (nij ) = nqij , the adjustments for chance for
MIq (U, V ) and VIq (U, V ) are:
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t=1

t=1 s=1

rc

t=1 s=1

rc

1 XX
∂2φ
Cov(Xt , Xs )
+ ...
2
∂Xt ∂Xs

=

22


h q i
P
n
1
Proof E[Hq (U, V )] = q−1
1 − ij E Nij
and according to Lemma 2 for large N :
 P 
q 
 P  q P  q 
bj
ai bj
1
1
E[Hq (U, V )] ' q−1 1− ij N N
= q−1 1− i aNi
. If we add an subtract
j N

iii) limN →+∞ E[VIq (U, V )] = Hq (U ) + Hq (V ) − 2(q − 1)Hq (U )Hq (V ).

ii) limN →+∞ E[MIq (U, V )] = (q − 1)Hq (U )Hq (V );
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tends to 0: Var

a b
ai bj
ar bc 
1 1
,...,
,...,
NN
NN
NN

nij
N

Theorem 3 It holds true that:
i) limN →+∞ E[Hq (U, V )] = Hq (U ) + Hq (V ) − (q − 1)Hq (U )Hq (V );

E[φ(X)] ' φ(µ) = φ

is constant. However, at the limit of large N , the variance of



b
ai
1 ai bj
1 + N 1−1 − Nj → 0. Therefore, at large N :
N N N 1− N

We just analyse the second order remainder given that it dominates thep
higher order ones.
Using the Cauchy-Schwartz inequality we have that |Cov(Xt , Xs )| ≤ Var(Xt )Var(Xs ).
n
Each Xt and Xs is equal to Nij for some indexes i and j. The variance of each Xt and Xs is
nij
ai bj N −ai N −bj
therefore equal to Var( N ) = N12 N
N
N −1 . When the number of records is large also
the marginals increase: N → +∞ ⇒ ai → +∞, and bj → +∞ ∀i, j. However, because of
b
the permutation model, all the fractions aNi and Nj stay constant ∀i, j. Therefore, also
 µ

E[φ(X)] ' φ(µ) +

nij
N

rc rc
rc
X
1 XX
∂2φ
∂φ
+
(Xt − µt )(Xs − µs )
+ ...
(Xt − µt )
∂Xt 2
∂Xt ∂Xs

Its expected value is (see Section 4.3 of (Ang and Tang, 2006)):

φ(X) ' φ(µ) +

Proof S(U, V ) can be written as φ( nN11 , . . . , Nij , . . . , nNrc ). Let X = (X1 , . . . , Xrc ) =
n
( nN11 , . . . , Nij , . . . , nNrc ) be a vector of rc random variables where nij is a hypergeometric
n
distribution with the marginals as parameters: ai , bj and N . The expected value of Nij is
nij
ai bj
a1 b1
bc
1 ai bj
E[ N ] = N N . Let µ = (µ1 , . . . , µrc ) = (E[X1 ], . . . , E[Xrc ]) = ( N N , . . . , N N , . . . , aNr N
)
be the vector of the expected values. The Taylor approximation of S(U, V ) = φ(X) around
µ is:

n
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1−
i

N

P  ai q
j

N

P  b j q

in the parenthesis above:

j

j

j
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−

i

X  ai q X  bj q
−
N
N

i

X  ai q X  bj q
1 
E[Hq (U, V )] '
1−
q−1
N
N
+1−

j

X  a q X  bj q 
i
−1+
+
N
N
i
j
X  ai q 
X  bj q 
1 
1 
1−
+
1−
q−1
N
q−1
N
=

i

j

i

i

j

X  ai q  X  bj q 
1 
1−
q−1
N
N

ij

!#

X  X 
X 
X  bj q 
b
1 
a
a
j q
i q
i q
+
−1−
+
+
q−1
N
N
N
N

i

= Hq (U ) + Hq (V ) +
= Hq (U ) + Hq (V ) − (q − 1)Hq (U )Hq (V )
Point ii) and iii) follow from Equations (6) and (7).

ij

h X
ij

XX
˜0 0
i0 6=i ñ
i j

φi0 j (ñi0 j )P (ñi0 j )+

2 i
φij (nij )

 h X
2 i  X
2 
Var(S(U, V )) = β 2 E
φij (nij )
−
E[φij (nij )]
,

E

XX
i0 6=i ñi0 j

P (ñij 0 ) φij 0 (ñij 0 ) +

˜ i0 j 0 )P (ñ
˜ i0 j 0 )
φi0 j 0 (ñ

Lemma 3 If S(U, V ) ∈ Lφ , when partitions U and V are random:

where

"

XX
j 0 6=j ñij 0

φ(nij )P (nij ) · φij (nij ) +

is equal to
XX
ij

nij

+

(13)

with nij ∼ Hyp(ai , bj , N ), ñi0 j ∼ Hyp(bj − nij , ai0 , N − ai ), ñij 0 ∼ Hyp(ai − nij , bj 0 , N − bj ),
˜ i0 j 0 ∼ Hyp(ai0 , bj 0 − ñij 0 , N − ai ) hypergeometric random variables.
ñ
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Proof The proof follows Theorem 1 proof in Romano et al. (2014). Using
properties of
 the
P
P
the variance we can show that Var(S(U, V )) = β 2 Var( ij φij (nij )) = β 2 E[( ij φij (nij ))2 ]−
23

ij

ij
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i0 j 0

ij

i0 j 0 nij ni0 j 0


P
P
P
( ij E[φij (nij )])2 . (E[ ij φij (nij )])2 = ( ij E[φij (nij )])2 can be computed using Eq.
(10). The first term in the sum is instead:
X
XX
XXX X
E[(
φij (nij ))2 ] =
E[φij (nij )φi0 j 0 (ni0 j 0 )] =
φij (nij )φi0 j 0 (ni0 j 0 )P (nij , ni0 j 0 )

X

X

i0 =i,j 0 =j ñij

φij (nij )φi0 j 0 (ni0 j 0 )P (nij , ni0 j 0 ) =

nij

XX

ij

+

X

φij (nij )P (nij )

i0 j 0 ñi0 j 0

XX

φij 0 (ñij 0 )P (ñij 0 ) +

φij (ñij )P (ñij )

X

X

X

φi0 j (ñi0 j )P (ñi0 j )

(17)
#

(18)

φi0 j 0 (ñi0 j 0 )P (ñi0 j 0 )

i0 6=i,j 0 =j ñi0 j

X

i0 6=i,j 0 6=j ñi0 j 0

φi0 j 0 (ñi0 j 0 )P (ñi0 j 0 )

We cannot find the exact form of the joint probability P (nij , ni0 j 0 ) thus we rewrite it as
P (nij )P (ni0 j 0 |nij ) = P (nij )P (ñi0 j 0 ). The random variable nij is an hypergeometric distribution that simulates the experiment of sampling without replacement the ai objects in the set
ui from a total of N objects. Sampling one of the bj objects from vj is defined as a success:
nij ∼ Hyp(ai , bj , N ). The random variable ñi0 j 0 has a different
distribution depending on
P
the possible combinations of indexes i, i0 , j, j 0 . Thus E[( ij φij (nij ))2 ] is equal to:
nij i0 j 0 ni0 j 0

XXX X

ij

φij (nij )P (nij ) ·

X

which, by taking care of all possible combinations of i, i0 , j, j 0 , is equal to :
"
nij

XX

ij

+

i0 =i,j 0 6=j ñij 0

Case 1: i0 = i ∧ j 0 = j
P (ñij ) = 1 if and only if ñij = nij and 0 otherwise. This case produces the first term
φij (nij ) enclosed in square brackets.

Case 2: i0 = i ∧ j 0 6= j
In this case, the possible successes are the objects from the set vj 0 . We have already
sampled nij objects and we are sampling from the whole set of objects excluding the set vj .
Thus, ñij 0 ∼ Hyp(ai − nij , bj 0 , N − bj ).

P (ñi0 j 0 |ñij 0 )P (ñij 0 ) =

ñij 0
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Case 3: i0 6= i ∧ j 0 = j
This case is symmetric to the previous one where ai0 is now the possible number of
successes. Therefore ñi0 j ∼ Hyp(bj − nij , ai0 , N − ai ).

ñij 0

Case 4: i0 6= i ∧ j 0 6= j
In order compute P (ñi0 j 0 ), we have to impose a further condition:
X
X
˜ i0 j 0 )P (ñij 0 )
P (ñ
P (ñi0 j 0 ) =

24

j 0 6=j ñij 0

XX

j 0 6=j ñij 0

XX

j 0 6=j ñij 0

XX

j 0 6=j ñij 0

˜0 0
i0 6=i ñ
i j

˜ i0 j 0 )P (ñ
˜ i0 j 0 )
φi0 j 0 (ñ

˜0 0
i0 6=i ñ
i j

˜ i0 j 0 )P (ñij 0 )
P (ñ

P (ñi0 j 0 |ñij 0 )P (ñij 0 )

!

˜ i0 j 0 )P (ñ
˜ i0 j 0 )
φi0 j 0 (ñ

ñij 0

X

ñij 0

X

XX

˜ i0 j 0 )
φi0 j 0 (ñ

φi0 j 0 (ñi0 j 0 )

P (ñij 0 )

XX

j 0 6=j ñij 0

XX

X

˜0 0
i0 6=i,j 0 6=j ñ
i j

X

X

i0 6=i,j 0 6=j ñi0 j 0

P (ñij 0 ) φij 0 (ñij 0 ) +

P (ñij 0 )φij 0 (ñij 0 ) +

φij 0 (ñij 0 )P (ñij 0 ) +

φij 0 (ñij 0 )P (ñij 0 ) +

X

i0 6=i,j 0 6=j ñi0 j 0

nij

+

j 0 6=j ñij 0

XX

P (ñij 0 ) φij 0 (ñij 0 ) +

i0 6=i ñi0 j

˜0 0
i0 6=i ñ
i j

XX
˜ i0 j 0 )P (ñ
˜ i0 j 0 )
φi0 j 0 (ñ

!#

−

q
ij E[nij ]

P
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(15)

the standardized MIq (U, V ) and

SMIq (U, V ) = SVIq (U, V ) = q P
P
E[( ij nqij )2 ] − ( ij E[nqij ])2

q
ij nij

Theorem 6 Using Eqs. (10) and (13) with φij (·) =
the standardized VIq (U, V ) are:
P

(·)q ,

Proof The results follow from Lemma 3, the hypothesis of fixed marginals and properties
of the variance.

iii) Var(VIq (U, V )) = 4Var(Hq (U, V ))

ii) Var(MIq (U, V )) = Var(Hq (U, V ))

Theorem 5 Using Eqs. (10) and (13) with φij (·) = (·)q , when the partitions U and V are
random:
 P

P
i) Var(Hq (U, V )) = (q−1)12 N 2q E[( ij nqij )2 ] − ( ij E[nqij ])2 ;

ij

P
By putting everything together we get that E[( ij φij (nij ))2 ] is equal to:
"
XX
XX
φ(nij )P (nij ) · φij (nij ) +
φi0 j (ñi0 j )P (ñi0 j )+

=

=

=

=

XX

i0 =i,j 0 6=j ñij 0

We are considering sampling the ai0 objects in ui0 from the whole set of objects excluding
the ai objects from ui . Just knowing that nij objects have already been sampled from ui
does not allow us to know how many objects from vj 0 have also been sampled. If we know
that nij 0 is the number of objects sampled from vj 0 , we know there are bj 0 − nij 0 possible
˜ i0 j 0 ∼ Hyp(ai0 , bj 0 − ñij 0 , N − ai ). So the last two terms in
successes and thus ñi0 j 0 |ñij 0 = ñ
Eq. (18) can be put together:
X X
X X
φij 0 (ñij 0 )P (ñij 0 ) +
φi0 j 0 (ñi0 j 0 )P (ñi0 j 0 )
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ij

2
(q − 1)N q

P

ij

nqij −

ij

s X
X q
E[(
nqij )2 ] − (E[
nij ])2 .
ij

2
(q−1)N q

N −1
− E[RI])
N (RI
p
N −1
Var(RI)
N

= SRI

j 0 =1

c
X

ñij 0 =0

X

max {ai ,bj 0 }

i0 =1

r
X

˜ 0 0 =0
ñ
i j

X

max {ai0 ,bj 0 }

j 0 =1

c
X

j 0 =1

c
X

j 0 =1

c
X

O(max {ai0 , bj 0 })

O(max {N, rbj 0 })

i0 =1

r
X
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O(max {ai N, ai rbj 0 , bj 0 N, rb2j 0 })

ñij 0 =0

X

max {ai ,bj 0 }

ñij 0 =0

X

max {ai ,bj 0 }

= O(max {cai N, ai rN, rN 2 })

=

=

O(1) =

Proof Each summation in Eq. (13) can be bounded above by the maximum value of the
cell marginals and each sum can be done in constant time. The last summation in Eq. (13)
is:

Proposition 3 The computational complexity of SMIq is O(N 3 c · max {c, r}).

E[VI2 ] − VI2
SVI2 = p
=
Var(VI2 )

Proof Point i) follows from the limit of the q-entropy when q → 1 and the linear relation
of G-statistic to MI: G = 2N MI. Point ii) follows from:

Corollary 2 It holds true that:
i) limq→1 SMIq = limq→1 SVIq = SMI = SVI = SG with Shannon entropy;
ii) SMI2 = SVI2 = SRI.

Therefore, SMIq and SVIq are equivalent.

q
q
Var(VIq (U, V )) = 4Var(Hq (U, V )) =

For SVIq : the numerator is equal to 2Hq (U, V ) − 2E[Hq (U, V )] =

P
q
i,j E[nij ] . According Theorem 5, the denominator is instead:

ij

Proof
P

P
q
q
1
For SMIq : the numerator is equal to Hq (U, V )−E[Hq (U, V )] = (q−1)N
q
ij nij − i,j E[nij ] .
According Theorem 5, the denominator is instead:
s X
q
q
X q
1
Var(MIq (U, V )) = Var(Hq (U, V )) =
E[(
nqij )2 ] − (E[
nij ])2 .
q
(q − 1)N
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O(max {cai N, ai rN, rN 2 }) = O(max {c2 N 3 , rcN 3 }) = O(N 3 c · max {c, r})

The above term is thus the computational complexity of the inner loop. Using the same
machinery one can prove that:

nij =0

{ai ,bj }
c X
r maxX
X
j=1 i=1

q

Proposition 4 The p-value associated to the test for independence between U and V using
MIq (U, V ) is smaller than: 1+(SMI1 (U,V ))2 .

MIq0 − E[MIq (U, V )]
MIq (U, V ) − E[MIq (U, V )]
p
p
≥
Var(MIq (U, V ))
Var(MIq (U, V ))
!

MIq0 − E[MIq (U, V )]
p
≥ SMIq (U, V )
Var(MIq (U, V ))

Proof Let MIq0 be the random variable under the null hypothesis of independence between
partitions associated to the test statistic MIq (U, V ). The p-value is defined as:




p-value = P MIq0 ≥ MIq (U, V ) = P MIq0 − E[MIq (U, V )] ≥ MIq (U, V ) − E[MIq (U, V )]
!
=P

=P

0

1

2
1 + SMIq (U, V )

shev’s inequality also known as the Cantelli’s inequality (Ross, 2012):

Var(MIq (U,V ))

MI −E[MIq (U,V )]
Let Z be the standardized random variable √q
, then using the one side Cheby-

p-value = P (Z ≥ SMIq (U, V )) <

n

Lemma 4 If S(U, V ) ∈ Nφ , then limN →+∞ Var(S(U, V )) = 0.
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Proof Let X = (X1 , . . . , Xrc ) = ( nN11 , . . . , Nij , . . . , nNrc ) be a vector of rc random variables
where nij is a hypergeometric distribution with the marginals as parameters: ai , bj and N .
Using the Taylor approximation (Ang and Tang, 2006) of S(U, V ) = φ(X), it is possible to
show that:
rc X
rc
X
∂φ ∂φ
Var(φ(X)) '
Cov(X , X )
+ ...
t
s
∂Xt ∂Xs
t=1 s=1
p
Using the Cauchy-Schwartz inequality we have that |Cov(Xt , Xs )| ≤ Var(Xt )Var(Xs ).
n
Each Xt and Xs is equal to Nij for some indexes i and j. The variance of each Xt and Xs is
27

n

N −b
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ab

ai

bj

i j N −ai
j
therefore equal to Var( Nij ) = N12 N
N
N −1 . When the number of records is large also
the marginals increase: N → +∞ ⇒ ai → +∞, and bj → +∞ ∀i, j. However because of the

(16)
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lim Var(VIq (U, V )) = 0

N →+∞

permutation model, all the fractions N and N stay
at thelimit
 constant ∀i, j. Therefore,

n
b
b
n
of large N , the variance of Nij tends to 0: Var Nij = N1 aNi Nj 1 − aNi 1 + N 1−1 − Nj → 0
and thus Var(φ(X)) tends to 0.

lim Var(MIq (U, V )) =
N →+∞

Theorem 7 It holds true that:
lim Var(Hq (U, V )) =
N →+∞

Proof Trivially follows from Lemma 4.
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Supervised machine learning is a classic topic, in which a learning rule is tasked with
producing a classifier that mimics the classifications that would be assigned by an expert
for a given task. To achieve this, the learner is given access to a collection of examples
(assumed to be i.i.d.) labeled with the correct classifications. One of the major theoretical
questions of interest in learning theory is: How many examples are necessary and sufficient
for a given learning rule to achieve low classification error rate? This quantity is known
as the sample complexity, and varies depending on how small the desired classification
error rate is, the type of classifier we are attempting to learn, and various other factors.
Equivalently, the question is: How small of an error rate can we guarantee a given learning
rule will achieve, for a given number of labeled training examples?
A particularly simple setting for supervised learning is the realizable case, in which it is
assumed that, within a given set C of classifiers, there resides some classifier that is always
correct. The optimal sample complexity of learning in the realizable case has recently
been completely resolved, up to constant factors, in a sibling paper to the present article
(Hanneke, 2016). However, there remains the important task of identifying interesting
general families of algorithms achieving this optimal sample complexity. For instance, the
best known general upper bounds for the general family of empirical risk minimization
algorithms differ from the optimal sample complexity by a logarithmic factor, and it is

1. Introduction

This article studies the achievable guarantees on the error rates of certain learning algorithms, with particular focus on refining logarithmic factors. Many of the results are
based on a general technique for obtaining bounds on the error rates of sample-consistent
classifiers with monotonic error regions, in the realizable case. We prove bounds of this
type expressed in terms of either the VC dimension or the sample compression size. This
general technique also enables us to derive several new bounds on the error rates of general
sample-consistent learning algorithms, as well as refined bounds on the label complexity
of the CAL active learning algorithm. Additionally, we establish a simple necessary and
sufficient condition for the existence of a distribution-free bound on the error rates of all
sample-consistent learning rules, converging at a rate inversely proportional to the sample
size. We also study learning in the presence of classification noise, deriving a new excess
error rate guarantee for general VC classes under Tsybakov’s noise condition, and establishing a simple and general necessary and sufficient condition for the minimax excess risk
under bounded noise to converge at a rate inversely proportional to the sample size.
Keywords: sample complexity, PAC learning, statistical learning theory, active learning,
minimax analysis
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We adopt a few convenient notational conventions. For any m ∈ N, denote [m] =
{1, . . . , m}; also denote [0] = {}. We adopt a shorthand notation for sequences, so that for
a sequence x1 , . . . , xm , we denote x[m] = (x1 , . . . , xm ). For any R-valued functions f, g, we
write f (z) . g(z) or g(z) & f (z) if there exists a finite numerical constant c > 0 such that
f (z) ≤ cg(z) for all z. For any x, y ∈ R, denote x ∨ y = max{x, y} and x ∧ y = min{x, y}.
For x ≥ 0, denote Log(x) = ln(x ∨ e) and Log2 (x) = log2 (x ∨ 2). We also adopt the
conventions that for x > 0, x/0 = ∞, and 0Log(x/0) = 0Log(∞) = 0 · ∞ = 0. It will also
be convenient to use the notation Z 0 = {()} for a set Z, where () is the empty sequence.

1
m

For any Lm = {(x1 , y1 ), . . . , (xm , ym )} ∈ (X ×Y)m , and any classifier h, define erLm (h) =
P
(x,y)∈Lm 1[h(x) 6= y]. For completeness, also define er{} (h) = 0. Also, for any set H
of classifiers, denote H[Lm ] = {h ∈ H : ∀(x, y) ∈ Lm , h(x) = y}, referred to as the set
of classifiers in H consistent with Lm ; for completeness, also define H[{}] = H. Fix an
arbitrary probability measure P on X (called the data distribution), and a classifier f ? ∈ C
(called the target function). For any classifier h, denote er(h) = P(x : h(x) 6= f ? (x)),
the error rate of h. Let X1 , X2 , . . . be independent P-distributed random variables. We
generally denote Lm = {(X1 , f ? (X1 )), . . . , (Xm , f ? (Xm ))}, and Vm = C[Lm ] (called the
version space). The general setting in which we are interested in producing a classifier ĥ
with small er(ĥ), given access to the data Lm , is a special case of supervised learning known
as the realizable case (in contrast to settings where the observed labeling might not be
realizable by any classifier in C, due to label noise or model misspecification, as discussed
in Section 6).

Before further discussing the results, we first introduce some essential notation. Let X
be any nonempty set, called the instance space, equipped with a σ-algebra defining the
measurable sets; for simplicity, we will suppose the sets in {{x} : x ∈ X } are all measurable.
Let Y = {−1, +1} be the label space. A classifier is any measurable function h : X → Y.
Following Vapnik and Chervonenkis (1971), define the VC dimension of a set A of subsets
of X , denoted vc(A), as the maximum cardinality |S| over subsets S ⊆ X such that {S ∩ A :
A ∈ A} = 2S (the power set of S); if no such maximum cardinality exists, define vc(A) = ∞.
For any set H of classifiers, denote by vc(H) = vc({{x : h(x) = +1} : h ∈ H}) the VC
dimension of H. Throughout, we fix a set C of classifiers, known as the concept space, and
abbreviate d = vc(C). To focus on nontrivial cases, throughout we suppose |C| ≥ 3, which
implies d ≥ 1. We will also generally suppose d < ∞ (though some of the results would still
hold without this restriction).

1.1 Basic Notation

known that there exist spaces C for which this is unavoidable (Auer and Ortner, 2007).
This same logarithmic factor gap appears in the analysis of several other learning methods
as well. The present article focuses on this logarithmic factor, arguing that for certain
types of learning rules, it can be entirely removed in some cases, and for others it can be
somewhat refined. The technique leading to these results is rooted in an idea introduced in
the author’s doctoral dissertation (Hanneke, 2009). By further exploring this technique, we
also obtain new results for the related problem of active learning. We also derive interesting
new results for learning with classification noise, where again the focus is on a logarithmic
factor gap between upper and lower bounds.
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Throughout, we also make the usual implicit assumption that all quantities required to be
measurable in the proofs and lemmas from the literature are indeed measurable. See, for
instance, van der Vaart and Wellner (1996, 2011), for discussions of conditions on C that
typically suffice for this.
1.2 Background and Summary of the Main Results
This work concerns the study of the error rates achieved by various learning rules: that is,
mappings from the data set Lm to a classifier ĥm ; for simplicity, we sometimes refer to ĥm
itself as a learning rule, leaving dependence on Lm implicit. There has been a substantial
amount of work on bounding the error rates of various learning rules in the realizable case.
Perhaps the most basic and natural type of learning rule in this setting is the family of
consistent learning rules: that is, those that choose ĥm ∈ Vm . There is a general upper
bound for all consistent learning rules ĥm , due to Vapnik and Chervonenkis (1974); Blumer,
Ehrenfeucht, Haussler, and Warmuth (1989), stating that with probability at least 1 − δ,
 

 

1
1
m
dLog
+ Log
.
(1)
er ĥm .
m
d
δ
This is complemented by a general lower bound of Ehrenfeucht, Haussler, Kearns, and
Valiant (1989), which states that for any learning rule (consistent or otherwise), there
exists a choice of P and f ? ∈ C such that, with probability greater than δ,

 
 
1
1
er ĥm &
d + Log
.
(2)
m
δ
Resolving the logarithmic factor gap between (2) and (1) has been a challenging subject
of study for decades now, with many interesting contributions resolving special cases and
proposing sometimes-better upper bounds (e.g., Haussler, Littlestone, and Warmuth, 1994;
Giné and Koltchinskii, 2006; Auer and Ortner, 2007; Long, 2003). It is known that the lower
bound is sometimes not achieved by certain consistent learning rules (Auer and Ortner,
2007). The question of whether the lower bound (2) can always be achieved by some
algorithm remained open for a number of years (Ehrenfeucht, Haussler, Kearns, and Valiant,
1989; Warmuth, 2004), but has recently been resolved in a sibling paper to the present
article (Hanneke, 2016). That work proposes a learning rule ĥm based on a majority vote
of classifiers consistent with carefully-constructed subsamples of the data, and proves that
with probability at least 1 − δ,

 
 
1
1
er ĥm .
d + Log
.
m
δ
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However, several avenues for investigation remain open, including identifying interesting
general families of learning rules able to achieve this optimal bound under general conditions
on C. In particular, it remains an open problem to determine necessary and sufficient
conditions on C for the entire family of consistent learning rules to achieve the above
optimal error bound.
The work of Giné and Koltchinskii (2006) includes a bound that refines the logarithmic
factor in (1) in certain scenarios. Specifically, it states that, for any consistent learning rule
3
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ĥm , with probability at least 1 − δ,

  
 
 
d
1
1
dLog θ
+ Log
,
er ĥm .
m
m
δ

1
m

(3)

where θ(·) is the disagreement coefficient (defined below in Section 4). The doctoral dissertation of Hanneke (2009) contains a simple and direct proof of this bound, based on an
argument which splits the data set in two parts, and considers the second part as containing
a subsequence sampled from the conditional distribution given the region of disagreement
of the version space induced by the first part of the data. Many of the results in the present
work are based on variations of this argument, including a variety of interesting new bounds
on the error rates achieved by certain families of learning rules.
As one of the cornerstones of this work, we find that a variant of this argument for
consistent learning rules with monotonic error regions leads to an upper bound that matches
the lower bound (2) up to constant factors. For such monotonic consistent learning rules
to exist, we would need a very special kind of concept space. However, they do exist
in some important cases. In particular, in the special case of learning intersection-closed
concept spaces, the Closure algorithm (Natarajan, 1987; Auer and Ortner, 2004, 2007) can
be shown to satisfy this monotonicity property. Thus, this result immediately implies that,
with probability at least 1 − δ, the Closure algorithm achieves

 
1
d + Log
,
δ
er(ĥm ) .

1
m

which was an open problem of Auer and Ortner (2004, 2007); this fact was recently also
obtained by Darnstädt (2015), via a related direct argument. We also discuss a variant
of this result for monotone learning rules expressible as compression schemes, where we
remove a logarithmic factor present in a result of Littlestone and Warmuth (1986) and
Floyd and Warmuth (1995), so that for ĥm based on a compression scheme of size n, which
has monotonic error regions (and is permutation-invariant), with probability at least 1 − δ,

 
1
n + Log
.
δ
er(ĥm ) .

1
m


 
1
n̂1:m + Log
,
δ
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(4)

This argument also has implications for active learning. In many active learning algorithms, the region of disagreement of the version space induced by m samples, DIS(Vm ) =
{x ∈ X : ∃h, g ∈ Vm s.t. h(x) 6= g(x)}, plays an important role. In particular, the label complexity of the CAL active learning algorithm (Cohn, Atlas, and Ladner, 1994) is
largely determined by the rate at which P(DIS(Vm )) decreases, so that any bound on this
quantity can be directly converted into a bound on the label complexity of CAL (Hanneke,
2011, 2009, 2014; El-Yaniv and Wiener, 2012). Wiener, Hanneke, and El-Yaniv (2015)
have argued that the region DIS(Vm ) can be described as a compression scheme, where the
size of the compression scheme, denoted n̂m , is known as the version space compression
set size (Definition 6 below). By further observing that DIS(Vm ) is monotonic in m, applying our general argument yields the fact that, with probability at least 1 − δ, letting
n̂1:m = maxt∈[m] n̂t ,
P(DIS(Vm )) .

4

5
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Interestingly, we are able to complement this with a lower bound in Section 5.1. Though
not quite matching the above in terms of its joint dependence on d and s (and necessarily
so), this lower bound does provide the interesting observation that s < ∞ is necessary and
sufficient for there to exist a distribution-free bound on the error rates of all consistent
learning rules, converging at a rate Θ(1/m), and otherwise (when s = ∞) the best such
bound is Θ(Log(m)/m).
Continuing with the investigation of general consistent learning rules, we also find a
variant of the argument of Hanneke (2009) that refines (3) in a different way: namely,
replacing θ(·) with a quantity based on considering a well-chosen subregion of the region
of disagreement, as studied by Balcan, Broder, and Zhang (2007); Zhang and Chaudhuri
(2014). Specifically, in the context of active learning, Zhang and Chaudhuri (2014) have
proposed a general quantity ϕc (·) (Definition 15 below), which is never larger than θ(·), and
is sometimes significantly smaller. By adapting our general argument to replace DIS(Vm )
with this well-chosen subregion, we derive a bound for all consistent learning rules ĥm : with
probability at least 1 − δ,

  
 
1
d
1
dLog ϕc
+ Log
.
er(ĥm ) .
m
m
δ

Since Hanneke and Yang (2015) have shown that the maximum possible value of θ(d/m)
(over m, P, and f ? ) is also exactly the star number s, while n̂1:m /d has as its maximum
possible value s/d, we see that the bound in (5) sometimes reflects an improvement over (3).
It further implies a new data-independent and distribution-free bound for any consistent
learning rule ĥm : with probability at least 1 − δ,



 
1
min{s, m}
1
er(ĥm ) .
dLog
+ Log
.
m
d
δ
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In order to state our results for monotonic learning rules in an abstract form, we introduce
the following notation. Let Z denote any space, equipped with a σ-algebra defining the
measurable subsets. For any collection A of measurable subsets of Z, a consistent monotone
rule is any sequence of functions ψt : Z t → A, t ∈ N, such that ∀z1 , z2 , . . . ∈ Z, ∀t ∈ N,
ψt (z1 , . . . , zt ) ∩ {z1 , . . . , zt } = ∅, and ∀t ∈ N, ψt+1 (z1 , . . . , zt+1 ) ⊆ ψt (z1 , . . . , zt ). We begin
with the following very simple result, the proof of which will also serve to introduce, in its
simplest form, the core technique underlying many of the results presented in later sections
below.

2. Bounds for Consistent Monotone Learning

For many of these results, we also state bounds on the expected error rate: E er(ĥm ) .
In this case, the optimal distribution-free bound is known to be within a constant factor
of d/m (Haussler, Littlestone, and Warmuth, 1994; Li, Long, and Srinivasan, 2001), and
this rate is achieved by the one-inclusion graph prediction algorithm of Haussler, Littlestone, and Warmuth (1994), as well as the majority voting method of Hanneke (2016).
However, there remain interesting questions about whether other algorithms achieve this
optimal performance, or require an extra logarithmic factor. Again we find that monotone
consistent learning rules indeed achieve
h thisioptimal d/m rate (up to constant factors),
while a distribution-free bound on E er(ĥm ) with Θ(1/m) dependence on m is achieved
by all consistent learning rules if and only if s < ∞, and otherwise the best such bound has
Θ(Log(m)/m) dependence on m.
As a final interesting result, in the context of learning with classification noise, under the
bounded noise assumption (Massart and Nédélec, 2006), we find that the condition s < ∞
is actually necessary and sufficient for the minimax optimal excess error rate to decrease
at a rate Θ(1/m), and otherwise (if s = ∞) it decreases at a rate Θ(Log(m)/m). This
result generalizes several special-case analyses from the literature (Massart and Nédélec,
2006; Raginsky and Rakhlin, 2011). Note that the “necessity” part of this statement is
significantly stronger than the above result for consistent learning rules in the realizable
case, since this result applies to the best error guarantee achievable by any learning rule.

In particular, as a special case of this general result, we recover the theorem of Balcan
and Long (2013) that all consistent learning rules have optimal sample complexity (up to
constants) for the problem of learning homogeneous linear separators under isotropic logconcave distributions, as ϕc (d/m) is bounded by a finite numerical constant in this case.
In Section 6, we also extend this result to the problem of learning with classification noise,
where there is also a logarithmic factor gap between the known general-case upper and lower
bounds. In this context, we derive a new general upper bound under the Bernstein class
condition (a generalization of Tsybakov’s noise condition), expressed in terms of a quantity
related to ϕc (·), which applies to a particular learning rule. This sometimes reflects an
improvement over the best previous general upper bounds (Massart and Nédélec, 2006; Giné
and Koltchinskii, 2006; Hanneke and Yang, 2012), and again recovers a result of Balcan and
Long (2013) for homogeneous linear separators under isotropic log-concave distributions, as
a special case.
h
i

which is typically an improvement over the best previously-known general bound by a
logarithmic factor.
In studying the distribution-free minimax label complexity of active learning, Hanneke
and Yang (2015) found that a simple combinatorial quantity s, which they term the star
number, is of fundamental importance. Specifically (see also Definition 9), s is the largest
number s of distinct points x1 , . . . , xs ∈ X such that ∃h0 , h1 , . . . , hs ∈ C with ∀i ∈ [s],
DIS({h0 , hi }) ∩ {x1 , . . . , xs } = {xi }, or else s = ∞ if no such largest s exists. Interestingly,
the work of Hanneke and Yang (2015) also establishes that the largest possible value of
n̂m (over m and the data set) is exactly s. Thus, (4) also implies a data-independent and
distribution-free bound: with probability at least 1 − δ,

 
1
1
P(DIS(Vm )) .
s + Log
.
m
δ

Now one interesting observation at this point is that the direct proof of (3) from Hanneke
(2009) involves a step in which P(DIS(Vm )) is relaxed to a bound in terms of θ(d/m). If
we instead use (4) in this step, we arrive at a new bound on the error rates of all consistent
learning rules ĥm : with probability at least 1 − δ,
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P (Am ) ≤

4
m

68(vc(A) + 1)
.
m
(7)

Theorem 1 Let A be a collection of measurable subsets of Z, and let ψt : Z t → A (for
t ∈ N) be any consistent monotone rule. Fix any m ∈ N, any δ ∈ (0, 1), and any probability
measure P on Z. Letting Z1 , . . . , Zm be independent P -distributed random variables, and
denoting Am = ψm (Z1 , . . . , Zm ), with probability at least 1 − δ,

 
4
17vc(A) + 4 ln
.
(6)
δ
Furthermore,
E[P (Am )] ≤

vc(A)Log2

2em
vc(A)

4
δ

+ Log2

2
δ

The overall structure of this proof is based on an argument of Hanneke (2009). The
most-significant novel element here is the use of monotonicity to further refine a logarithmic
factor. The proof relies on the following classic result. Results of this type are originally
due to Vapnik and Chervonenkis (1974); the version stated here features slightly better
constant factors, due to Blumer, Ehrenfeucht, Haussler, and Warmuth (1989).

2
m

17vc(A) + 4 ln

Lemma 2 For any collection A of measurable subsets of Z, any δ ∈ (0, 1), any m ∈ N, and
any probability measure P on Z, letting Z1 , . . . , Zm be independent P -distributed random
variables, with probability at least 1 − δ, every A ∈ A with A ∩ {Z1 , . . . , Zm } = ∅ satisfies



 
.
P (A) ≤

4
m0

We are now ready for the proof of Theorem 1.
Proof of Theorem 1 Fix any probability measure P , let Z1 , Z2 , . . . be independent P distributed random variables, and for each m ∈ N denote Am = ψm (Z1 , . . . , Zm ). We begin
with the inequality in (6). The
by induction on m. If m ≤ 200, then since
 proof proceeds

log2 (400e) < 34 and log2 2δ < 8 ln 4δ , and since the definition of a consistent monotone
rule implies Am ∩ {Z1 , . . . , Zm } = ∅, the stated bound follows immediately from Lemma 2
for any δ ∈ (0, 1). Now, as an inductive hypothesis, fix any integer m ≥ 201 such that,
∀m0 ∈ [m − 1], ∀δ ∈ (0, 1), with probability at least 1 − δ,

 
.
P (Am0 ) ≤

Now fix any δ ∈ (0, 1) and define

Zbm/2c+1 , . . . , Zm ∩ Abm/2c ,

N=
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and enumerate the elements of {Zbm/2c+1 , . . . , Zm } ∩ Abm/2c as Ẑ1 , . . . , ẐN (retaining their
original order).
P
m
Note that N =
t=bm/2c+1 1Abm/2c (Zt ) is conditionally Binomial(dm/2e, P (Abm/2c ))distributed given Z1 , . . . , Zbm/2c . In particular, with probability one, if P (Abm/2c ) = 0,
then N = 0. Otherwise, if P (Abm/2c ) > 0, then note that Ẑ1 , . . . , ẐN are conditionally independent and P (·|Abm/2c )-distributed given Z1 , . . . , Zbm/2c and N . Thus, since
Am ∩ {Ẑ1 , . . . , ẐN } ⊆ Am ∩ {Z1 , . . . , Zm } = ∅, applying Lemma 2 (under the conditional
7

2
N
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distribution given N and Z1 , . . . , Zbm/2c ), combined with the law of total probability, we
have that on an event E1 of probability at least 1 − δ/2, if N > 0, then



 
2eN
4
vc(A)Log2
+ log2
.
vc(A)
δ
P (Am |Abm/2c ) ≤

Additionally, again since N is conditionally Binomial(dm/2e, P (Abm/2c ))-distributed
given Z1 , . . . , Zbm/2c , applying a Chernoff bound (under the conditional distribution given
Z ,...,Z
), combined with the law of total probability, we obtain that on an event E2
1
bm/2c

4
of probability at least 1 − δ/4, if P (Abm/2c ) ≥ 16
m ln δ , then

8
P (Abm/2c )m ln(2)

N ≥ P (A
)dm/2e/2 ≥ P (Abm/2c )m/4.
bm/2c

4
In particular, if P (Abm/2c ) ≥ 16
m ln δ , then P (Abm/2c )m/4 > 0, so that if this occurs with
E2 , then we have N > 0. Noting that Log2 (x) ≤ Log(x)/ ln(2), then by monotonicity of
4
x 7→ Log(x)/x for x > 0, we have that on E1 ∩ E2 , if P (Abm/2c ) ≥ 16
m ln δ , then



 
eP (Abm/2c )m
4
vc(A)Log
+ ln
.
2vc(A)
δ
P (Am |Abm/2c ) ≤

8
m ln(2)

vc(A)Log

eP (Abm/2c )m
2vc(A)

+ ln

4
δ

The monotonicity property of ψt implies Am ⊆ Abm/2c . Together with monotonicity of
probability measures, this implies P (A ) ≤ P (A
). It also implies that, if P (Abm/2c ) >
m
bm/2c

4
0, then P (Am ) = P (Am |Abm/2c )P (Abm/2c ). Thus, on E1 ∩ E2 , if P (Am ) ≥ 16
m ln δ , then



 
.
P (Am ) ≤

4
bm/2c

17vc(A) + 4 ln

16
δ

The inductive hypothesis implies that, on an event E3 of probability at least 1 − δ/4,

 
.
P (Abm/2c ) ≤

8
m ln(2)

Since m ≥ 201, we have bm/2c ≥ (m − 2)/2 ≥ (199/402)m, so that the above implies

 
16
4 · 402
17vc(A) + 4 ln
.
P (A
)≤
bm/2c
199m
δ

4
Thus, on E1 ∩ E2 ∩ E3 , if P (Am ) ≥ 16
m ln δ , then



 
 
2 · 402e
4
16
4
vc(A)Log
17 +
ln
+ ln
.
199
vc(A)
δ
δ
P (Am ) ≤
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Lemma 20 in Appendix A allows us to simplify the logarithmic term here, revealing that
the right hand side is at most



 
   
8
2 · 402e
4
4
4
vc(A)Log
17 + 4 ln(4) +
+ 1 + ln
ln
m ln(2)
199
ln(4/e)
e
δ

 
4
4
17vc(A) + 4 ln
.
m
δ
≤

8

εm

t

[t]
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where φt,k :
→ A is a permutation-invariant function for each k ∈ [min{n, t}] ∪ {0},
and it,1 , . . . , it,n are functions Z t → [t] such that ∀z1 , . . . , zt ∈ Z, it,1 (z[t] ), . . . , it,nt (z[t] ) (z[t] )
are all distinct. In words, the element of A mapped to by ψt (z1 , . . . , zt ) depends only
on the unordered (multi)set {z1 , . . . , zt }, and can be specified by an unordered subset of
{z1 , . . . , zt } of size at most n. Following the terminology from the literature on sample
compression schemes, we refer to the collection of functions {(nt , it,1 , . . . , it,nt ) : t ∈ N} as
the compression function of ψt , and to the collection of permutation-invariant functions
{φt,k : t ∈ N, k ∈ [min{n, t}] ∪ {0}} as the reconstruction function of ψt .
This kind of ψt is a type of sample compression scheme (see Littlestone and Warmuth,
1986; Floyd and Warmuth, 1995), though certainly not all permutation-invariant compression schemes yield consistent monotone rules. Below, we find that consistent monotone

Zk

We can also state a variant of Theorem 1 applicable to sample compression schemes,
which will in fact be more useful for our purposes below. To state this result, we first
introduce the following additional terminology. For any t ∈ N, we say that a function
ψ : Z t → A is permutation-invariant if every z1 , . . . , zt ∈ Z and every bijection κ : [t] → [t]
satisfy ψ(zκ(1) , . . . , zκ(t) ) = ψ(z1 , . . . , zt ). For any n ∈ N∪{0}, a consistent monotone sample
compression rule of size n is a consistent monotone rule ψt with the additional properties
that, ∀t ∈ N, ψt is permutation-invariant, and ∀z1 , . . . , zt ∈ Z, ∃nt (z[t] ) ∈ [min{n, t}] ∪ {0}
such that
ψt (z1 , . . . , zt ) = φt,nt (z[t] ) (zit,1 (z[t] ) , . . . , zit,n (z ) (z[t] ) ),

= εm +

4 · 16
4
16
exp {(17/4)vc(A) − εm m/16} =
(17vc(A) + 4 ln(4)) +
m
m
m
4
68vc(A) + 39
68(vc(A) + 1)
(17vc(A) + 4 ln(4e)) ≤
≤
.
=
m
m
m

0

Furthermore, for any ε ≤ εm , we of course still have P (P (Am ) > ε) ≤ 1. Therefore, we
have that
Z ∞
Z ∞
4 exp {(17/4)vc(A) − εm/16} dε
P (P (Am ) > ε) dε ≤ εm +
E [P (Am )] =

P (P (Am ) > ε) ≤ 4 exp {(17/4)vc(A) − εm/16} .

Noting that, by the union bound, the event E1 ∩ E2 ∩ E3 has probability at least 1 − δ, this
extends the inductive hypothesis to m0 = m. By the principle of induction, this completes
the proof of the first claim in Theorem 1.
4
For the bound on the expectation in (7), we note that, letting εm = m
(17vc(A) + 4 ln(4)),
by setting the bound in (6) equal to a value ε and solving for δ, the value of which is in
(0, 1) for any ε > εm , the result just established can be restated as: ∀ε > εm ,



4
4
Since 16
≤ m
17vc(A) + 4 ln 4δ , we have that, on E1 ∩ E2 ∩ E3 , regardless of
m ln δ
16
4
whether or not P (Am ) ≥ m ln δ , we have

 
4
4
17vc(A) + 4 ln
.
P (Am ) ≤
m
δ
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E[P (Am )] ≤

21n + 34
.
m

(9)
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With this lemma in hand, we are ready for the proof of Theorem 3.
Proof of Theorem 3 The proof follows analogously to that of Theorem 1, but with several
additional complications due to the form of Lemma 4 being somewhat different from that
of Lemma 2. Let {(nt , it,1 , . . . , it,nt ) : t ∈ N} and {φt,k : t ∈ N, k ∈ [min{n, t}] ∪ {0}} be
the compression function and reconstruction function of ψt , respectively. For convenience,
also denote ψ0 () = Z, and note that this extends the monotonicity property of ψt to
t ∈ N ∪ {0}. Fix any probability measure P , let Z1 , Z2 , . . . be independent P -distributed
random variables, and for each m ∈ N denote Am = ψm (Z1 , . . . , Zm ).
We begin with the inequality in (8). The special case of n = 0 is directly implied by
Lemma 4, so for the remainder of the proof of (8), we suppose n ≥ 1. The proof proceeds
by induction on m. Since P (A) ≤ 1 for all A ∈ A, and since 21 + 16 ln(3) > 38, the stated
bound is trivially satisfied for all δ ∈ (0, 1) if m ≤ max{38, 21n}. Now, as an inductive
hypothesis, fix any integer m > max{38, 21n} such that, ∀m0 ∈ [m − 1], ∀δ ∈ (0, 1), with
probability at least 1 − δ,

 
1
3
.
P (Am0 ) ≤ 0 21n + 16 ln
m
δ

Lemma 4 Fix any collection A of measurable subsets of Z, any m ∈ N and n ∈ N ∪ {0}
with n < m, and any permutation-invariant functions φk : Z k → A, k ∈ [n] ∪ {0}. For
any probability measure P on Z, letting Z1 , . . . , Zm be independent P -distributed random
variables, for any δ ∈ (0, 1), with probability at least 1 − δ, every k ∈ [n] ∪ {0}, and every
distinct i1 , . . . , ik ∈ [m] with φk (Zi1 , . . . , Zik ) ∩ {Z1 , . . . , Zm } = ∅ satisfy

 
 em 
1
1
P (φk (Zi1 , . . . , Zik )) ≤
nLog
+ Log
.
m−n
n
δ

The proof of Theorem 3 relies on the following classic result due to Littlestone and
Warmuth (1986); Floyd and Warmuth (1995) (see also Herbrich, 2002; Wiener, Hanneke,
and El-Yaniv, 2015, for a clear and direct proof).

Furthermore,

Theorem 3 Fix any n ∈ N ∪ {0}, let A be a collection of measurable subsets of Z, and
let ψt : Z t → A (for t ∈ N) be any consistent monotone sample compression rule of size
n. Fix any m ∈ N, δ ∈ (0, 1), and any probability measure P on Z. Letting Z1 , . . . , Zm
be independent P -distributed random variables, and denoting Am = ψm (Z1 , . . . , Zm ), with
probability at least 1 − δ,

 
1
3
P (Am ) ≤
21n + 16 ln
.
(8)
m
δ

sample compression rules of a quantifiable size arise naturally in the analysis of certain
learning algorithms (namely, the Closure algorithm and the CAL active learning algorithm).
With the above terminology in hand, we can now state our second abstract result.

Hanneke

Fix any δ ∈ (0, 1) and define
N=

Zbm/2c+1 , . . . , Zm ∩ Abm/2c ,

Refined Error Bounds



and enumerate the elements of {Zbm/2c+1 , . . . , Zm } ∩ Abm/2c as Ẑ1 , . . . , ẐN . Also enumer0
ate the elements of {Zbm/2c+1 , . . . , Zm } \ Abm/2c as Ẑ10 , . . . , Ẑdm/2e−N
. Now note that, by
the monotonicity property of ψt , we have Am ⊆ Abm/2c . Furthermore, by permutationinvariance of ψt , we have that


0
Am = ψm Ẑ1 , . . . , ẐN , Z1 , . . . , Zbm/2c , Ẑ10 , . . . , Ẑdm/2e−N
.

[N ]

N,nN (Ẑ[N ] )

(10)



Combined with the monotonicity property of ψt , this implies that Am ⊆ ψN Ẑ1 , . . . , ẐN .
Altogether, we have that



Am ⊆ Abm/2c ∩ ψN Ẑ1 , . . . , ẐN .

[N ] )

[N ]

Pm
Note that N =
t=bm/2c+1 1Abm/2c (Zt ) is conditionally Binomial(dm/2e, P (Abm/2c ))distributed given Z1 , . . . , Zbm/2c . In particular, with probability one, if P (Abm/2c ) = 0,
then N = 0 ≤ n. Otherwise, if P (Abm/2c ) > 0, then note that Ẑ1 , . . . , ẐN are conditionally
independent and P (·|Abm/2c )-distributed given N and Z1 , . . . , Zbm/2c . Since ψt is a consistent monotone rule, we have that ψN (Ẑ1 , . . . , ẐN ) ∩{Ẑ1 , . . . , ẐN } = ∅. We also have,

ẐiN,1 (Ẑ ) , . . . , Ẑi
(Ẑ ) .
by definition of ψN , that ψN (Ẑ1 , . . . , ẐN ) = φN,nN (Ẑ

1
N −n




 
eN
3
n ln
+ ln
.
n
δ

3
δ

Thus, applying Lemma 4 (under the conditional distribution given N and Z1 , . . . , Zbm/2c ),
combined with the law of total probability, we have that on an event E1 of probability at
least 1 − δ/3, if N > n, then




P ψN Ẑ1 , . . . , ẐN Abm/2c ≤

1
N −n



n ln

eN
n

+ ln

Combined with (10) and monotonicity of measures, this implies that on E1 , if N > n, then







P (Am ) ≤ P Abm/2c ∩ψN Ẑ1 , . . . , ẐN
= P (Abm/2c )P Abm/2c ∩ψN Ẑ1 , . . . , ẐN Abm/2c


 
.
≤ P (Abm/2c )

Additionally, again since N is conditionally Binomial(dm/2e, P (Abm/2c ))-distributed
given Z , . . . , Z
, applying a Chernoff bound (under the conditional distribution given
1
bm/2c
Z1 , . . . , Zbm/2c ), combined with the law of total probability, we obtain that on an event E2


3
3
8
of probability at least 1 − δ/3, if P (Abm/2c ) ≥ 16
m ln δ ≥ dm/2e ln δ , then


3
δ
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,then (10) and monotonicity of probability
as well. In particular, if this occurs with

N ≥ P (Abm/2c )dm/2e/2 ≥ P (Abm/2c )m/4.

1
21n
+ 16 ln 3δ
Also note that if P (Am ) ≥ m
1
measures imply P (Abm/2c ) ≥ m
21n + 16 ln

11

5
m

Hanneke

E2 , then we have N ≥ P (Abm/2c )m/4 > 5n. Thus, by monotonicity of x 7→ Log(x)/x for

1
x > 0, we have that on E1 ∩ E2 , if P (Am ) ≥ m
21n + 16 ln 3δ , then



 
1
eN
3
P (Am ) < P (Abm/2c )
nLog
+ ln
N − (N/5)
n
δ



 
eP (Abm/2c )m
3
nLog
+ ln
.
4n
δ
≤

1
bm/2c

21n + 16 ln

9
δ

The inductive hypothesis implies that, on an event E3 of probability at least 1 − δ/3,

 
.

P (Abm/2c ) ≤

Since m ≥ 39, we have bm/2c ≥ (m − 2)/2 ≥ (37/78)m, so that the above implies

 
9
78
21n + 16 ln
.
P (Abm/2c ) ≤
37m
δ

1
Thus, on E1 ∩ E2 ∩ E3 , if P (Am ) ≥ m
21n + 16 ln 3δ , then



 
 
78e
16
9
3
5
P (Am ) <
nLog
21 +
ln
+ ln
m
4 · 37
n
δ
δ



 
 
5
78 · 20 21 · 11e 11e
11e
3
3
nLog
+
ln(3) +
ln
+ ln
.
m
37 · 11
16 · 5
5
5n
δ
δ

≤

P (Am ) <

1
m

By Lemma 20 in Appendix A, this last expression is at most




 

 
5
78 · 20 21 · 11e 11e
16
3
1
3
nLog
+
ln(3) + e
+
ln
<
21n + 16 ln
,
m
37 · 11
16 · 5
5
5
δ
m
δ

1
21n + 16 ln 3δ . Therefore, on E1 ∩ E2 ∩ E3 ,
contradicting the condition P (Am ) ≥ m

 
3
21n + 16 ln
.
δ

1
m

P (P (Am ) > ε) ≤ 3 exp {(21/16)n − εm/16} .

Noting that, by the union bound, the event E1 ∩ E2 ∩ E3 has probability at least 1 − δ, this
extends the inductive hypothesis to m0 = m. By the principle of induction, this completes
the proof of the first claim in Theorem 3.
For the bound on the expectation in (9), we note that (as in the proof of Theorem 1),
letting
= (21n + 16 ln(3)), the result just established can be restated as: ∀ε > εm ,
εm

0

P (P (Am ) > ε) dε ≤ εm +

εm

Specifically, this is obtained by setting the bound in (8) equal to ε and solving for δ, the
value of which is in (0, 1) for any ε > εm . Furthermore, for any ε ≤ εm , we of course still
have P (P (Am ) > ε) ≤ 1. Therefore, we have that
Z ∞
Z ∞
3 exp {(21/16)n − εm/16} dε
E [P (Am )] =
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1
16
3 · 16
exp {(21/16)n − εm m/16} =
(21n + 16 ln(3)) +
= εm +
m
m
m
1
21n + 34
(21n + 16 ln(3e)) ≤
.
m
m

=

12

13
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T
1. For simplicity, we suppose C is such that this set h∈C[Lm ] {x : h(x) = +1} is measurable for every Lm ,
which is the case for essentially all intersection-closed concept spaces of practical interest.

Theorem 5 If C is intersection-closed and A is the Closure algorithm, then for any m ∈ N
and δ ∈ (0, 1), letting ĥm = A({(X1 , f ? (X1 )), . . . , (Xm , f ? (Xm ))}), with probability at least
1 − δ,

 
 
1
3
er ĥm ≤
21d + 16 ln
.
m
δ

that is, ĥm (x) = +1 if and only if every h ∈ C consistent with Lm (i.e., erLm (h) = 0)
has h(x) = +1.1 Defining C̄ as the set of all classifiers
T h : X → Y for which there
exists a nonempty G ⊆ C with {x : h(x) = +1} = g∈G {x : g(x) = +1}, Auer and
Ortner (2007) have argued that C̄ is an intersection-closed concept space containing C,
with vc(C̄) = vc(C). Thus, for ĥm = A(Lm ) (where A is the Closure algorithm), since
ĥm ∈ C̄[Lm ], 
Lemma
 2 immediately implies that, for any m ∈ N, with probability at
1
1
least 1 − δ, er ĥm . m
dLog( m
d ) + Log( δ ) . However, by a more-specialized analysis,
Auer and Ortner (2004, 2007) were able to show
that, for intersection-closed classes C,


1
the Closure algorithm in fact achieves er ĥm . m
dLog(d) + Log( 1δ ) with probability
at least 1 − δ, which is an improvement for large m. They also argued that, for a special
subfamily of intersection-closed classes (namely,
those with homogeneous spans), this bound

1
can be further refined to m
d + Log( 1δ ) , which matches (up to constant factors) the lower
bound (2). However, they left open the question of whether this refinement is achievable
for general intersection-closed concept spaces (by Closure, or any other algorithm).
In the following result, we prove that the Closure algorithm indeed always achieves the
optimal bound (up to constant factors) for intersection-closed concept spaces, as a simple
consequence of either Theorem 1 or Theorem 3. This fact was very recently also obtained by
Darnstädt (2015) via a related direct approach; however, we note that the constant factors
obtained here are significantly smaller (by roughly a factor of 15.5, for large d).

One family of concept spaces studied in the learning theory literature, due to their interesting special properties, is the intersection-closed classes (Natarajan, 1987; Helmbold,
Sloan, and Warmuth, 1990; Haussler, Littlestone, and Warmuth, 1994; Kuhlmann, 1999;
Auer and Ortner, 2007). Specifically, the class C is called intersection-closed if the collection of sets {{x : h(x) = +1} : h ∈ C} is closed under intersections: that is, for every
h, g ∈ C, the classifier x 7→ 21[h(x) = g(x) = +1] − 1 is also contained in C. For instance,
the class of conjunctions on {0, 1}p , the class of axis-aligned rectangles on Rp , and the
class {h : |{x : h(x) = +1}| ≤ d} of classifiers labeling at most d points positive, are all
intersection-closed.
In the context of learning in the realizable case, there is a general learning strategy, called
the Closure algorithm, designed for learning with intersection-closed concept spaces, which
has been a subject of frequent study. Specifically, for any m ∈ N ∪ {0}, given any data set
Lm = {(x1 , y1 ), . . . , (xm , ym )} ∈ (X ×Y)m with C[Lm ] 6= ∅, the Closure
algorithm A(Lm ) for
T
C produces the classifier ĥm : X → Y with {x : ĥm (x) = +1} = h∈C[Lm ] {x : h(x) = +1}:

3. Application to the Closure Algorithm for Intersection-Closed Classes

Refined Error Bounds

h  i 21d + 34
E er ĥm ≤
.
m

(11)

h∈C[Lt ]

[

{x ∈ X : h(x) = −1, f ? (x) = +1} = ψt (x1 , . . . , xt ).

t

[t]

14
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(x1 , . . . , xt ) 7→ C[{(x1 , f ? (x1 )), . . . , (xt , f ? (xt ))}] is invariant to permutations of its arguments, it follows from (11) that ψt is permutation-invariant for every t ∈ N; this also means
that, for the choice of φt,k0 above, the function φt,k0 is also permutation-invariant. Altogether, we have that ψt is a consistent monotone sample compression rule of size d. Thus,

ĥx[t] . This further implies ψt (x1 , . . . , xt ) = ψk (xi1 , . . . , xik ), so that defining the compression function (nt (x[t] ), it,1 (x[t] ), . . . , it,nt (x[t] ) (x[t] )) = (k, i1 , . . . , ik ) for k and i1 , . . . , ik as
above, for each x1 , . . . , xt ∈ X , and defining the reconstruction function φt,k0 (x01 , . . . , x0k0 ) =
ψk0 (x01 , . . . , x0k0 ) for each t ∈ N, k 0 ∈ [d]∪{0}, and x01 , . . . , x0k0 ∈ X , we have that ψt (x1 , . . . , xt )
= φt,nt (x[t] ) (xit,1 (x[t] ) , . . . , xit,n (x ) (x[t] ) ) for all t ∈ N and x1 , . . . , xt ∈ X . Furthermore, since

Thus, ψt defines a consistent monotone rule. Also, since A always produces a function in
C̄, we have ψt (x1 , . . . , xt ) ∈ {{x ∈ X : h(x) 6= f ? (x)} : h ∈ C̄} for every t ∈ N, and it is
straightforward to show that the VC dimension of this collection of sets is exactly vc(C̄)
(see Vidyasagar, 2003, Lemma 4.12), which Auer and Ortner
 (2007) have argued equals d.
4
From this, we can already infer a bound m
17d + 4 ln 4δ via Theorem 1. However, we
can refine the constant factors in this bound by noting that ψt can also be represented as a
consistent monotone sample compression rule of size d, and invoking Theorem 3. The rest
of this proof focuses on establishing this fact.
Fix any t ∈ N. It is well known in the literature (see e.g., Auer and Ortner, 2007,
?
Theorem 1) that there exist k ∈ [d] ∪ {0} and distinct i1 , . . . , ik ∈ [t] such
T that f (xij ) = +1
for all j ∈ [k], and letting Li[k] = {(xi1 , +1), . . . , (xik , +1)}, we have h∈C[Li ] {x : h(x) =
[k]
T
+1} = h∈C[Lt ] {x : h(x) = +1}; in particular, letting ĥxi[k] = A(Li[k] ), this implies ĥxi[k] =

⊆

h∈C[Lt+1 ]

for every t ∈ N. Furthermore, for any t ∈ N, C[Lt+1 ] ⊆ C[Lt ]. Together with monotonicity
of the union, these two observations imply
[
ψt+1 (x1 , . . . , xt+1 ) =
{x ∈ X : h(x) = −1, f ? (x) = +1}

h∈C[Lt ]

ψt (x1 , . . . , xt ) = {x ∈ X : ĥx[t] (x) = −1, f ? (x) = +1}
[
{x ∈ X : h(x) = −1, f ? (x) = +1}
=

Proof For each t ∈ N ∪ {0} and x1 , . . . , xt ∈ X , define ψt (x1 , . . . , xt ) = {x ∈ X : ĥx[t] (x) 6=
f ? (x)}, where ĥx[t] = A({(x1 , f ? (x1 )), . . . , (xt , f ? (xt ))}). Fix any x1 , x2 , . . . ∈ X , let Lt =
{(x1 , f ? (x1 )), . . . , (xt , f ? (xt ))} for each t ∈ N, and note that for any t ∈ N, the classifier ĥx[t]
produced by A(Lt ) is consistent with Lt , which implies ψt (x1 , . . . , xt ) ∩ {x1 , . . . , xt } = ∅.
Furthermore, since f ? ∈ C[Lt ], we have that {x : ĥx[t] (x) = +1} ⊆ {x : f ? (x) = +1}, which
together with the definition of ĥx[t] implies

Furthermore,

Hanneke
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since er ĥm = P(ψm (X1 , . . . , Xm )) for m ∈ N, the stated result follows directly from
Theorem 3 (with Z = X , P = P, and ψt defined as above).

4. Application to the CAL Active Learning Algorithm
As another interesting application of Theorem 3, we derive an improved bound on the label
complexity of a well-studied active learning algorithm, usually referred to as CAL after its
authors Cohn, Atlas, and Ladner (1994). Formally, in the active learning protocol, the
learning algorithm A is given access to the unlabeled data sequence X1 , X2 , . . . (or some
sufficiently-large finite initial segment thereof), and then sequentially requests to observe
the labels: that is, it selects an index t1 and requests to observe the label f ? (Xt1 ), at
which time it is permitted access to f ? (Xt1 ); it may then select another index t2 and
request to observe the label f ? (Xt2 ), is then permitted access to f ? (Xt2 ), and so on. This
continues until at most some given number n of labels have been requested (called the label
budget), at which point the algorithm should halt and return a classifier ĥ; we denote this
as ĥ = A(n) (leaving the dependence on the unlabeled data implicit, for simplicity). We are
then interested in characterizing a sufficient size for the budget n so that, with probability
at least 1 − δ, er(ĥ) ≤ ε; this size is known as the label complexity of A.
The CAL active learning algorithm is based on a very elegant and natural principle:
never request a label that can be deduced from information already obtained. CAL is
defined solely by this principle, employing no additional criteria in its choice of queries.
Specifically, the algorithm proceeds by considering randomly-sampled data points one at
a time, and to each it applies the above principle, skipping over the labels that can be
deduced, and requesting the labels that cannot be. In favorable scenarios, as the number of
label requests grows, the frequency of encountering a sample whose label cannot be deduced
should diminish. The key to bounding the label complexity of CAL is to characterize the
rate at which this frequency shrinks. To further pursue this discussion with rigor, let us
define the region of disagreement for any set H of classifiers:
DIS(H) = {x ∈ X : ∃h, g ∈ H s.t. h(x) 6= g(x)}.
Then the CAL active learning algorithm is formally defined as follows.
Algorithm: CAL(n)
0. m ← 0, t ← 0, V0 ← C
1. While t < n and m < 2n
2. m ← m + 1
3. If Xm ∈ DIS(Vm−1 )
4.
Request label Ym = f ? (Xm ); let Vm ← Vm−1 [{(Xm , Ym )}], t ← t + 1
5. Else Vm ← Vm−1
6. Return any ĥ ∈ Vm

JMLR 17(135):1-55

This algorithm has several attractive properties. One is that, since it only removes
classifiers from Vm upon disagreement with f ? , it maintains the invariant that f ? ∈ Vm .
15
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Another property is that, since it maintains f ? ∈ Vm , and it only refrains from requesting a
label if every classifier in Vm agrees on the label (and hence agrees with f ? , so that requesting
the label would not affect Vm anyway), it maintains the invariant that Vm = C[Lm ], where
Lm = {(X1 , f ? (X1 )), . . . , (Xm , f ? (Xm ))}.
This algorithm has been studied a great deal in the literature (Cohn, Atlas, and Ladner, 1994; Hanneke, 2009, 2011, 2012, 2014; El-Yaniv and Wiener, 2012; Wiener, Hanneke,
and El-Yaniv, 2015), and has inspired an entire genre of active learning algorithms referred
to as disagreement-based (or sometimes as mellow ), including several methods possessing
desirable properties such as robustness to classification noise (e.g., Balcan, Beygelzimer,
and Langford, 2006, 2009; Dasgupta, Hsu, and Monteleoni, 2007; Koltchinskii, 2010; Hanneke and Yang, 2012; Hanneke, 2014). There is a substantial literature studying the label
complexity of CAL and other disagreement-based active learning algorithms; the interested
reader is referred to the recent survey article of Hanneke (2014) for a thorough discussion of
this literature. Much of that literature discusses characterizations of the label complexity in
terms of a quantity known as the disagreement coefficient (Hanneke, 2007b, 2009). However,
Wiener, Hanneke, and El-Yaniv (2015) have recently discovered that a quantity known as
the version space compression set size (a.k.a. empirical teaching dimension) can sometimes
provide a smaller bound on the label complexity of CAL. Specifically, the following quantity
was introduced in the works of El-Yaniv and Wiener (2010); Hanneke (2007a).

Definition 6 For any m ∈ N and L ∈ (X × Y)m , the version space compression set ĈL is
a smallest subset of L satisfying C[ĈL ] = C[L]. We then define n̂(L) = |ĈL |, the version
space compression set size. In the special case L = Lm , we abbreviate n̂m = n̂(Lm ). Also
define n̂1:m = maxt∈[m] n̂t , and for any δ ∈ (0, 1), define ñm (δ) = min{b ∈ [m] ∪ {0} :
P(n̂m ≤ b) ≥ 1 − δ} and ñ1:m (δ) = min{b ∈ [m] ∪ {0} : P(n̂1:m ≤ b) ≥ 1 − δ}.

P(DIS(B(f ? , r)))
∨ 1.
r

The recent work of Wiener, Hanneke, and El-Yaniv (2015) studies this quantity for several concept spaces and distributions, and also identifies general relations between n̂m and
the more-commonly studied disagreement coefficient θ of (Hanneke, 2007b, 2009). Specifically, for any r > 0, define B(f ? , r) = {h ∈ C : P(x : h(x) 6= f ? (x)) ≤ r}. Then the
disagreement coefficient is defined, for any r0 ≥ 0, as
r>r0

θ(r0 ) = sup

(13)

(12)

Both ñ1:m (δ) and θ(r0 ) are complexity measures dependent on f ? and P. Wiener, Hanneke,
and El-Yaniv (2015) relate them by showing that

θ(1/m) . ñ1:m (1/20) ∨ 1,

and for general δ ∈ (0, 1),2



Log(m)
ñ1:m (δ) . θ(d/m) dLog(θ(d/m)) + Log
Log(m).
δ
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2. The original claim from Wiener, Hanneke, and El-Yaniv (2015) involved a maximum of minimal (1 − δ)confidence bounds on n̂t over t ∈ [m], but the same proof can be used to establish this slightly stronger
claim.

16

ñm (δm )Log



m
ñm (δm )



+ Log



Log(M (ε, δ/2))
δ



Log(M (ε, δ/2)),

(14)

i=1

m+1
1 X
E [1 [Xi ∈ DIS(C[Lm+1 \ {(Xi , f ? (Xi ))}])]]
m+1

1
m




 
m
1
n̂m Log
+ Log
.
n̂m
δ

(15)

P(DIS(Vm )) ≤

16
m

2n̂1:m + ln

17



 
3
.
δ
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Theorem 7 For any m ∈ N and δ ∈ (0, 1), with probability at least 1 − δ,

 
In the present work, we are able to entirely eliminate the factor Log n̂mm from the
first term, simply by observing that the region DIS(Vm ) is monotonic in m. Specifically,
by combining this monotonicity observation with the description of DIS(Vm ) as a compression scheme from Wiener, Hanneke, and El-Yaniv (2015), the refined bound follows from
arguments similar to the proof of Theorem 3. Formally, we have the following result.

P(DIS(Vm )) .

where the inequality is due to the observation that any Xi ∈ DIS(C[Lm+1 \ {(Xi , f ? (Xi ))}])
is necessarily in the version space compression set ĈLm+1 , and the last equality is by linearity of the expectation. However, obtaining the bound (14) required a more-involved argument from Wiener, Hanneke, and El-Yaniv (2015), to establish a high-confidence bound on
P(DIS(Vm )), rather than a bound on its expectation. Specifically, by combining a perspective introduced by El-Yaniv and Wiener (2010, 2012), with the observation that DIS(Vm )
may be represented as a sample compression scheme of size n̂m , and invoking Lemma 4,
Wiener, Hanneke, and El-Yaniv (2015) prove that, with probability at least 1 − δ,

i=1

m+1
ii E [n̂
1 X h h
m+1 ]
≤
E 1 (Xi , f ? (Xi )) ∈ ĈLm+1 =
,
m+1
m+1

=

E [P(DIS(Vm ))] = E [1 [Xm+1 ∈ DIS(C[Lm ])]]

Pblog2 (M (ε,δ/2))c
where the values δm ∈ (0, 1] aresuch that
δ2i ≤ δ/4, and M (ε, δ/2) is
i=0

the smallest m ∈ N for which P suph∈C[Lm ] er(h) ≤ ε ≥ 1 − δ/2; the quantity M (ε, δ)
is discussed at length below in Section 5. They also argue that this is essentially a tight
characterization of the label complexity of CAL, up to logarithmic factors.
The key to obtaining this result is establishing an upper bound on P(DIS(Vm )) as a
function of m, where (as in CAL) Vm = C[Lm ]. One basic observation indicating that
P(DIS(Vm )) can be related to the version space compression set size is that, by exchangeability of the Xi random variables,

m∈[M (ε,δ/2)]

max

18
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3. The only small twist is that we replace maxm≤M (ε,δ/2) ñm (δm ) from (14) with ñ1:M (ε,δ/2) (δ/4). As
the purpose of these ñm (δm ) values in the original proof is to provide bounds on their respective n̂m
values (which in our context, are n̂1:m values), holding simultaneously for all m = 2i ∈ [M (ε, δ/2)] with
probability at least 1 − δ/4, the value ñ1:M (ε,δ/2) (δ/4) can clearly be used instead. If desired, by a union
boundPwe can of course bound ñ1:M (ε,δ/2) (δ/4) ≤ maxm∈[M (ε,δ/2)] ñm (δm ), for any sequence δm in (0, 1]
with m∈[M (ε,δ/2)] δm ≤ δ/4.

The star number is a natural combinatorial complexity measure, corresponding to the
largest possible degree in the data-induced one-inclusion graph. Hanneke and Yang (2015)
provide several examples of concept spaces exhibiting a variety of values for the star number
(though it should be noted that many commonly-used concept spaces have s = ∞: e.g.,
linear separators). As a basic relation, one can easily show that s ≥ d. Hanneke and
Yang (2015) also relate the star number to many other complexity measures arising in the
learning theory literature, including n̂m . Specifically, they prove that, for every m ∈ N and

Definition 9 The star number s is the largest integer s such that there exist distinct
points x1 , . . . , xs ∈ X and classifiers h0 , h1 , . . . , hs ∈ C with the property that ∀i ∈ [s],
DIS({h0 , hi }) ∩ {x1 , . . . , xs } = {xi }; if no such largest integer exists, define s = ∞.

It is also possible to state a distribution-free variant of Theorem 7. Specifically, consider
the following definition, from Hanneke and Yang (2015).

with probability at least 1 − δ, the classifier ĥn = CAL(n) has er(ĥn ) ≤ ε.

Theorem 8 There is a universal constant c ∈ (0, ∞) such that, for any ε, δ ∈ (0, 1), for
any n ∈ N with



Log(M (ε, δ/2))
n ≥ c ñ1:M (ε,δ/2) (δ/4) + Log
Log(M (ε, δ/2)),
δ

We should note that, while Theorem 7 indeed eliminates a logarithmic factor compared
to (15), this refinement is also accompanied by an increase in the complexity measure,
replacing n̂m with n̂1:m . This arises from our proof, since (as in the proof of Theorem 3) the
argument relies on n̂1:m being a sample compression set size, not just for the full sample,
but also for any prefix of the sample. The effect of this increase is largely benign in this
context, since the bound (14) on the label complexity of CAL, derived from (15), involves
maximization over the sample size anyway.
Although Theorem 7 follows from the same principles as Theorem 3 (i.e., DIS(Vt ) being
a consistent monotone rule expressible as a sample compression scheme), it does not quite
follow as an immediate consequence of Theorem 3, due fact that the size n̂1:m of the sequence
of sample compression schemes can vary based on the specific samples (including their
order ). For this reason, we provide a specialized proof of this result in Appendix B, which
follows an argument nearly-identical to that of Theorem 3, with only a few minor changes
to account for this variability of n̂1:m using special properties of the sets DIS(Vt ).
Based on this result, and following precisely the same arguments as Wiener, Hanneke,
and El-Yaniv (2015),3 we arrive at the following bound on the label complexity of CAL.
For brevity, we omit the proof, referring the interested reader to the original exposition of
Wiener, Hanneke, and El-Yaniv (2015) for the details.

Wiener, Hanneke, and El-Yaniv (2015) prove that, for CAL(n) to produce ĥ with er(ĥ) ≤
ε with probability at least 1 − δ, it suffices to take a budget n of size proportional to



Hanneke

Refined Error Bounds

Refined Error Bounds

El-Yaniv and Wiener (2010) (and a later refinement by Wiener, Hanneke, and El-Yaniv,
2015) by at least a logarithmic factor (though again, it is not a “pure” improvement, as
Theorem 7 uses n̂1:m in place of n̂m ).

Hanneke

[t]

sup er(h) .

sup er(h) ≤

8
m

1
m

1
m


  
 
d
1
dLog θ
+ Log
.
m
δ

20

(16)
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4. See also Hanneke (2009), for a simple direct proof of this result.
5. The bound on the expectation follows by integrating the exponential bound on P(suph∈Vm er(h) > ε)
implied by the first statement in the corollary, as was done, for instance, in the proofs of Theorems 1
and 3. We also note that, by using Theorem 10 in place of Theorem 7 in the proof of Theorem 11, one
can obtain mildly better numerical constants in the logarithmic term in this corollary.

The proof of Theorem 11 follows a similar strategy to the inductive step from the proofs
of Theorems 1, 3, and 7. The details are included in Appendix C.
Additionally, since Hanneke and Yang (2015) prove that maxt∈[m] maxL∈(X ×Y)t n̂(L) =
min{s, m}, where s is the star number, the following new distribution-free bound immediately follows.5

h∈Vm

Theorem 11 For any δ ∈ (0, 1) and m ∈ N, with probability at least 1 − δ,



 
49en̂1:m
6
d ln
+ 37 + 8 ln
.
d
δ

In the present work, by combining an argument of Hanneke
(2009) with Theorem 7 above,

d
we are able to obtain a new result, which replaces θ m
in (16) with n̂1:m
d . Specifically, we
have the following result.

h∈Vm

sup er(h) .

This has been refined by Giné and Koltchinskii (2006),4 who argue that, with probability
at least 1 − δ,

h∈Vm

In general, a consistent learning algorithm A is a learning algorithm such that, for any
m ∈ N and L ∈ (X × Y)m with C[L] 6= ∅, A(L) produces a classifier ĥ consistent with L
(i.e., ĥ ∈ C[L]). In the context of learning in the realizable case, this is equivalent to A being
an instance of the well-studied method of empirical risk minimization. The study of general
consistent learning algorithms focuses on the quantity suph∈Vm er(h), where Vm = C[Lm ],
as above. It is clear that the error rate achieved by any consistent learning algorithm, given
Lm as input, is at most suph∈Vm er(h). Furthermore, it is not hard to see that, for any given
P and f ? ∈ C, there exist consistent learning rules obtaining error rates arbitrarily close
to suph∈Vm er(h), so that obtaining guarantees on the error rate that hold generally for all
consistent learning algorithms requires us to bound this value.
Based on Lemma 2 (taking A = {{x : h(x) 6= f ? (x)} : h ∈ C}), one immediately obtains
a classic result (due to Vapnik and Chervonenkis, 1974; Blumer, Ehrenfeucht, Haussler, and
Warmuth, 1989), that with probability at least 1 − δ,

 

m
1
dLog
+ Log
.
d
δ

5. Application to General Consistent PAC Learners

L ∈ (X × Y)m with C[L] 6= ∅, n̂(L) ≤ s, with equality in the worst case (over m and L).
Based on this fact, Theorem 3 implies the following result.

1
m

Theorem 10 For any m ∈ N and δ ∈ (0, 1), with probability at least 1 − δ,

 
3
21s + 16 ln
.
δ
P(DIS(Vm )) ≤

[t]

Proof For every t ∈ N and x1 , . . . , xt ∈ X , define ψt (x1 , . . . , xt ) = DIS(C[Lx[t] ]), where
Lx[t] = {(x1 , f ? (x1 )), . . . , (xt , f ? (xt ))}; ψt is clearly permutation-invariant, and satisfies
ψt (x1 , . . . , xt ) ∩ {x1 , . . . , xt } = ∅ (since every h ∈ C[Lx[t] ] agrees with f ? on {x1 , . . . , xt }).
Furthermore, monotonicity of L 7→ C[L] and H 7→ DIS(H) imply that any t ∈ N and
x1 , . . . , xt+1 ∈ X satisfy ψt+1 (x1 , . . . , xt+1 ) ⊆ ψt (x1 , . . . , xt ), so that ψt is a consistent monotone rule. Also define φt,k (x1 , . . . , xk ) = ψk (x1 , . . . , xk ) for any k ∈ [t] and x1 , . . . , xk ∈ X ,
and φt,0 () = DIS(C). Since ψk is permutation-invariant for every k ∈ [t], so is φt,k . For any
x1 , . . . , xt ∈ X , from Definition 6, there exist distinct it,1 (x[t] ), . . . , it,n̂(Lx ) (x[t] ) ∈ [t] such
[t]

that ĈLx[t] = {(xit,j (x[t] ) , f ? (xit,j (x[t] ) )) : j ∈ {1, . . . , n̂(Lx[t] )}}, and since C[ĈLx[t] ] = C[Lx[t] ],
it follows that φt,n̂(Lx ) (xit,1 (x[t] ) , . . . , xit,n̂(Lx ) (x[t] ) ) = ψt (x1 , . . . , xt ). Thus, since n̂(Lx[t] ) ≤

s for all t ∈ N (Hanneke and Yang, 2015), ψt is a consistent monotone sample compression
rule of size s. The result immediately follows by applying Theorem 3 with Z = X , P = P,
and ψt as above.
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As a final implication for CAL, we can also plug the inequality n̂(L) ≤ s into the bound
from Theorem 8 to reveal that CAL achieves
a label complexity upper-bounded by a value

proportional to sLog(M (ε, δ/2)) + Log Log(Mδ(ε,δ/2)) Log(M (ε, δ/2)).
Remark: In addition to the above applications to active learning, it is worth noting that,
combined with the work of El-Yaniv and Wiener (2010), the above results also have implications for the setting of selective classification: that is, the setting in which, for each t ∈ N,
given access to (X1 , f ? (X1 )), . . . , (Xt−1 , f ? (Xt−1 )) and Xt , a learning algorithm is required
either to make a prediction Ŷt for f ? (Xt ), or to “abstain” from prediction; after each round
t, the algorithm is permitted access to the value f ? (Xt ). Then the error rate is the probability the prediction Ŷt is incorrect (conditioned on X[t−1] ), given that the algorithm chooses
to predict, and the coverage is the probability the algorithm chooses to make a prediction
at time t (conditioned on X[t−1] ). El-Yaniv and Wiener (2010) explore an extreme variant,
called perfect selective classification, in which the algorithm is required to only make predictions that will be correct with certainty (i.e., for any data sequence x1 , x2 , . . ., the algorithm
will never misclassify a point it chooses to predict for). El-Yaniv and Wiener (2010) find
that a selective classification algorithm based on principles analogous to the CAL active
learning algorithm obtains the optimal coverage among all perfect selective classification
algorithms; the essential strategy is to predict only if Xt ∈
/ DIS(Vt−1 ), taking Ŷt as the label
agreed-upon by every h ∈ Vt−1 . In particular, this implies that the optimal coverage rate
in perfect selective classification, on round t, is 1 − P(DIS(Vt−1 )). Thus, combined with
Theorem 7 or Theorem 10, we can immediately obtain bounds on the optimal coverage rate
for perfect selective classification as well; in particular, this typically refines the bound of
19





d
min{s, m}
E sup er(h) . Log
.
m
d
h∈Vm

Furthermore,
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d + Log(min{s, m})
E sup er(h) &
∧ 1.
m
h∈Vm
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Theorem 13 For any m ∈ N and δ ∈ (0, 1/100), there exists a choice of P and f ? ∈ C
such that, with probability greater than δ,

d + Log(min{s, m}) + Log 1δ
sup er(h) &
∧ 1.
m
h∈Vm

Corollary 12 provides a sufficient condition for every consistent learning algorithm to achieve
error rate with O(1/m) asymptotic dependence on m: namely, s < ∞. Interestingly, we
can show that this condition is in fact also necessary for every consistent learner to have
a distribution-free bound on the error rate with O(1/m) dependence on m. To be clear,
in this context, we only consider m as the asymptotic variable: that is, m → ∞ while δ
and C (including d and s) are held fixed. This result is proven via the following theorem,
establishing a worst-case lower bound on suph∈Vm er(h).

5.1 Necessary and Sufficient Conditions for 1/m Rates for All Consistent
Learners

which is somewhat larger than the bound stated in Corollary 12 (which has s in place of
ds). Also, recalling that Wiener, Hanneke, and El-Yaniv (2015) established that θ(1/m) .
ñ1:m (δ) . dθ(d/m)polylog(m, 1/δ), we should expect that the bound in Theorem 11 is
typically not much larger than (16) (and indeed will be smaller in many interesting cases).

and also (as mentioned) that maxt∈[m] maxL∈(X ×Y)t n̂(L) = min{s, m}, we see that, at least
in some scenarios (i.e., for some choices of P and f ? ), the new bound in Theorem 11 represents an improvement over (16). In particular, the best distribution-free bound obtainable
from (16) is proportional to



 
1
min{ds, m}
1
dLog
+ Log
,
(17)
m
d
δ

Let us compare this result to (16). Since Hanneke and Yang (2015) prove that


1
,
max max
θ(r0 ) = min s,
?
P f ∈C
r0

Furthermore,

Corollary 12 For any m ∈ N and δ ∈ (0, 1), with probability at least 1 − δ,



 
min{s, m}
1
1
dLog
+ Log
.
sup er(h) .
m
d
δ
h∈Vm
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ln(min{s − 1, m})
E sup er(h) >
.
2cm
h∈Vm
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The result follows by noting ln(min{s − 1, m}) ≥ ln(min{s, m}/2) ≥ ln(min{s, m})/2 for
s, m ≥ 4.

and furthermore,

For any m ≤ 47, the Log(min{s,m})
term in both lower bounds (with appropriately small
m
d
constant factors) follows from the lower bound proportional to m
∧ 1, so suppose m ≥ 48.
ln(min{s−1,m})
In particular, for any c ∈ (4, ln(56)),
letting
ε =
, one can easily verify that
cm



1
0 < ε < 1/48, and m < 2ε
ln min s − 1, 1ε
. Therefore, with probability greater than
1/2 > δ,
ln(min{s − 1, m})
sup er(h) ≥
,
cm
h∈Vm

Pmin{s,Mε }−1
Note that M̂ may be represented as a sum
Gk of independent geometric
k=1
random variables Gk ∼ Geometric(ε(min{s, Mε }−k)), where Gk corresponds to the waiting
time between encountering the (k − 1)th and k th distinct elements of {x2 , . . . , xmin{s,Mε } }
in the Xt sequence. A simple calculation reveals that E[M̂ ] = 1ε Hmin{s,Mε }−1 , where Ht is
the tth harmonic number; in particular, Ht ≥ ln(t). Another simple calculation with this
π2
sum of independent geometric random variables reveals Var(M̂ ) < 6ε
2 . Thus, Chebyshev’s
1
inequality implies that, with probability greater than 1/2, M̂ ≥ ε ln(min{s, Mε } − 1) − √π3ε .
Since ln(min{s, Mε } − 1) ≥ ln(48) > 2 √π3 , the right hand side of this inequality is at

  
1
1
least 2ε
ln(min{s,
Mε } −
1)
= 2ε
ln min s − 1, 1ε
. Altogether, we have that for any




1
ln min s − 1, 1ε
, with probability greater than 1/2, suph∈Vm er(h)
m < 2ε
 ≥ ε. By
Markov’s inequality, this further implies that, for any such m, E suph∈Vm er(h) > ε/2.


M̂ = min m ∈ N : {x2 , . . . , xmin{s,Mε } } ⊆ {X1 , . . . , Xm } .

Proof Since any a, b, c ∈ R have a + b + c ≤ 3 max{a, b, c} and a + b ≤ 2 max{a, b}, it
Log( 1 )
d
suffices to establish m
∧ 1, m δ ∧ 1, and Log(min{s,m})
as lower bounds separately for the
m
d
∧ 1 and Log(min{s,m})
as lower bounds separately for the second bound.
first bound, and m
m
Log( 1 )
d
Lower bounds proportional to m
∧ 1 (in both bounds) and m δ ∧ 1 (in the first bound) are
known in the literature (Blumer, Ehrenfeucht, Haussler, and Warmuth, 1989; Ehrenfeucht,
Haussler, Kearns, and Valiant, 1989; Haussler, Littlestone, and Warmuth, 1994), and in fact
hold as lower bounds on the error rate guarantees achievable by any learning algorithm.
For the remaining term, note that this term (with appropriately small constant factors)
follows immediately
from the others if s ≤ 56, so suppose s ≥ 57. Fix any ε ∈ (0, 1/48),


let Mε = 1+ε
ε , and let x1 , . . . , xmin{s,Mε } ∈ X and h0 , h1 , . . . , hmin{s,Mε } ∈ C be as
in Definition 9. Choose the probability measure P such that P({xi }) = ε for every
i ∈ {2, . . . , min{s, Mε }}, and P({x1 }) = 1 − (min{s, Mε } − 1)ε ≥ 0. Choose the target
function f ? = h0 . Then note that, for any m ∈ N, if ∃i ∈ {2, . . . , min{s, Mε }} with
xi ∈
/ {X1 , . . . , Xm }, then hi ∈ Vm , so that suph∈Vm er(h) ≥ er(hi ) = ε.
Characterizing the probability that {x2 , . . . , xmin{s,Mε } } ⊆ {X1 , . . . , Xm } can be approached as an instance of the so-called coupon collector’s problem. Specifically, let
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1
m




if and only if s < ∞, and otherwise R̄m = Θ Log(m)
. Likem

if and only if s < ∞, and otherwise Rm (δ) =

Comparing Theorem 13 with Corollary 12, we see that the asymptotic dependences on
m are identical, though they differ in their joint dependences on d and m. The precise
dependence on both d and m from Corollary 12 can be included in the lower bound of
Theorem 13 for certain types of concept spaces C, but not all; the interested reader is
referred to the recent article of Hanneke and Yang (2015) for discussions relevant to this
type of gap, and constructions of concept spaces which (one can easily verify) span this
gap: that is, for some spaces C the lower bound is tight, while for other spaces C the upper
bound is tight, up to numerical constant factors.
An immediate corollary of Theorem 13 and Corollary 12 is that s < ∞ is necessary
and sufficient for arbitrary consistent learners to achieve O(1/m) rates. Formally, for any
δ ∈ (0, 1), let Rm (δ) denote the smallest value such that, for all P and all f ? ∈ C, with
probability
at least 1 − δ, suph∈Vm er(h) ≤ Rm (δ). Also let R̄m denote the supremum value

of E suph∈Vm er(h) over all P and all f ? ∈ C. We have the following corollary (which
applies to any C with 0 < d < ∞).
Corollary 14 R̄m = Θ
wise, ∀δ ∈

 (0, 1/100), Rm (δ) = Θ
Log(m)
.
m

Θ

5.2 Using Subregions Smaller than the Region of Disagreement
In recent work, Zhang and Chaudhuri (2014) have proposed a general active learning strategy, which revises the CAL strategy so that the algorithm only requests a label if the
corresponding Xm is in a well-chosen subregion of DIS(Vm−1 ). This general idea was first
explored in the more-specific context of learning linear separators under a uniform distribution by Balcan, Broder, and Zhang (2007) (see also Dasgupta, Kalai, and Monteleoni, 2005,
for related arguments). Furthermore, following up on Balcan, Broder, and Zhang (2007),
the work of Balcan and Long (2013) has also used this subregion idea to argue that any
consistent learning algorithm achieves the optimal sample complexity (up to constants) for
the problem of learning linear separators under isotropic log-concave distributions. In this
section, we combine the abstract perspective of Zhang and Chaudhuri (2014) with our general bounding technique, to generalize the result of Balcan and Long (2013) by expressing a
bound holding for arbitrary concept spaces C, distributions P, and target functions f ? ∈ C.
First, we need to introduce the following complexity measure ϕc (r0 ) based on the work of
Zhang and Chaudhuri (2014). As was true of θ(r0 ) above, this complexity measure ϕc (r0 )
generally depends on both P and f ? .
Definition 15 For any nonempty set H of classifiers, and any η ≥ 0, letting X ∼ P, define
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Φ(H, η) = min E[γ(X)] : sup E [1[h(X) = +1]ζ(X) + 1[h(X) = −1]ξ(X)] ≤ η,
h∈H

where ∀x ∈ X , γ(x) + ζ(x) + ξ(x) = 1 and γ(x), ζ(x), ξ(x) ∈ [0, 1] .
23

Φ(B(f ? , r), r/c)
∨ 1.
r

Hanneke

Then, for any r0 ∈ [0, 1) and c > 1, define

r0 <r≤1

ϕc (r0 ) = sup

One can easily observe that, for the optimal choices of γ, ζ, and ξ in the definition
of Φ, we have γ(x) = 0 for (almost every) x ∈
/ DIS(H). In the special case that γ is
binary-valued, the aforementioned well-chosen “subregion” of DIS(H) corresponds to the
set {x : γ(x) = 1}. In general, the definition also allows for γ(x) values in between 0 and
1, in which case γ essentially re-weights the conditional distribution P(·|DIS(H)).6 As an
example where this quantity is informative, Zhang and Chaudhuri (2014) argue that, for C
the class of homogeneous linear separators in Rk (k ∈ N) and P any isotropic log-concave
distribution, ϕc (r0 ) . Log(c) (which follows readily from arguments of Balcan and Long,
2013). Furthermore, they observe that ϕc (r0 ) ≤ θ(r0 ) for any c ∈ (1, ∞].
Zhang and Chaudhuri (2014) propose the above quantities for the purpose of proving a
bound on the label complexity of a certain active learning algorithm, inspired both by the
work of Balcan, Broder, and Zhang (2007) on active learning with linear separators, and by
the connection between selective classification and active learning exposed by El-Yaniv and
Wiener (2012). However, since the idea of using well-chosen subregions of DIS(Vm ) in the
analysis of consistent learning algorithms lead Balcan and Long (2013) to derive improved
sample complexity bounds for these methods in the case of linear separators under isotropic
log-concave distributions, and since the corresponding improvements for active learning are
reflected in the general results of Zhang and Chaudhuri (2014), it is natural to ask whether
the sample complexity improvements of Balcan and Long (2013) for that special scenario
can also be extended to the general case by incorporating the complexity measure ϕc (r0 ).
Here we provide such an extension. Specifically, following the same basic strategy from
Theorem 7, with a few adjustments inspired by Zhang and Chaudhuri (2014) to allow us to
consider only a subregion of DIS(Vm ) in the argument (or more generally, a reweighting of
the conditional distribution P(·|DIS(Vm ))), we arrive at the following result. The proof is
included in Appendix D.

21
m

Theorem 16 For any δ ∈ (0, 1) and m ∈ N, for c = 16, with probability at least 1 − δ,


 
 
4
d
d ln 83ϕc
+ 3 ln
.
m
δ
sup er(h) ≤

h∈Vm

In particular, in the special case of C the space of homogeneous linear separators on Rk ,
and P an isotropic log-concave distribution, Theorem 16 recovers the bound of Balcan and
Long (2013) proportional to 1 (k + Log( 1δ )) as a special case. Furthermore, one can easily
m
construct
spaces C, distributions P, and target functions f ? ∈ C) where
 scenarios (concept
d
m
is bounded while n̂1:m
ϕc m
d = d almost surely (e.g., C = {x 7→ 21{t} (x) − 1 : t ∈ R} the
class of impulse functions on R, and P uniform on (0, 1)), so that Theorem 16 sometimes
reflects a significant improvement over Theorem 11.
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6. Allowing these more-general values of γ(x) typically does not affect the qualitative behavior of the
minimal E[γ(X)] value; for instance, we argue in Lemma 24 of Appendix E that the minimal E[γ(X)]
value achievable under the additional constraint that γ(x) ∈ {0, 1} is at most 2Φ(H, η/2). Thus, we do
not lose much by thinking of Φ(H, η) as describing the measure of a subregion of DIS(H).
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Note that β-bounded noise distributions also satisfy the Bernstein class condition, with
1
α = 1 and a = 1−2β
. These two conditions have been studied extensively in both the passive and active learning literatures (e.g., Mammen and Tsybakov, 1999; Tsybakov, 2004;
Bartlett, Jordan, and McAuliffe, 2006; Massart and Nédélec, 2006; Koltchinskii, 2006;
Bartlett and Mendelson, 2006; Giné and Koltchinskii, 2006; Hanneke, 2009, 2011, 2012,
2014; El-Yaniv and Wiener, 2011; Ailon, Begleiter, and Ezra, 2014; Zhang and Chaudhuri,
2014; Hanneke and Yang, 2015). In particular, for passive learning, much of this literature

• For a ∈ [1, ∞) and α ∈ [0, 1], PXY satisfies the (a, α)-Bernstein class condition if, for
h? = argminh∈C er(h),7 we have ∀h ∈ C, P(x : h(x) 6= h? (x)) ≤ a (er(h) − er(h? ))α .

• For β ∈ (0, 1/2), PXY satisfies the β-bounded noise condition if ∃h? ∈ C such that
P(Y 6= h? (X)|X) ≤ β almost surely, where (X, Y ) ∼ PXY .

The previous sections demonstrate how variations on the basic technique of Hanneke (2009)
lead to refined analyses of certain learning methods, in the realizable case, where ∃f ? ∈ C
with er(f ? ) = 0. We can also apply this general technique in the more-general setting of
learning with classification noise. Specifically, in this setting, there is a joint distribution
PXY on X × Y, and the error rate of a classifier h is then defined as er(h) = P(h(X) 6= Y )
for (X, Y ) ∼ PXY . As above, we denote by P the marginal distribution PXY (· × Y) on
X . We then let (X1 , Y1 ), (X2 , Y2 ), . . . denote a sequence of independent PXY -distributed
random samples, and denoting Lm = {(X1 , Y1 ), . . . , (Xm , Ym )}, we are interested in obtaining bounds on er(ĥm ) − inf f ∈C er(f ) (the excess error rate), where ĥm = A(Lm ) for some
learning rule A. This notation is consistent with the above, which represents the special
case in which P(Y = f ? (X)|X) = 1 almost surely (i.e., the realizable case). While there are
various noise models commonly studied in the literature, for our present discussion, we are
primarily interested in two such models.

6. Learning with Noise

7. For simplicity, we suppose the minimum error rate is achieved in C. One can easily generalize the
condition to the more-general case where the minimum is not necessarily achieved (see e.g., Koltchinskii,
2006), and the results below continue to hold with only minor technical adjustments to the proofs.

max{d, D(ε0 )}

 
 !
1
1
Log
+ Log
,
ε
δ

s

(21)

In particular, this implies that the bound (19) is never larger than the bound in Theorem 16
for consistent learning rules (aside from constant factors), though again Theorem 16 may
often offer improvements over the weaker bound (20). We also note that, combined with
the above mentioned result of Zhang and Chaudhuri (2014) that ϕc (r0 ) . Log(c) for C the
class of homogeneous linear separators in Rk and P any isotropic log-concave distribution,
(21) immediately implies a bound D(r0 ) . k for the doubling dimension in this scenario
(recalling that d = k for this class, from Cover, 1965), which appears to be new to the
literature. The proof of (21) is included in Appendix D.2.

D(r0 ) ≤ 2d log2 (96ϕc (r0 )).

weaker bound (20). Here we note that a related argument can be used to prove the following
bound: for any r0 > 0 and c ≥ 8,

Hanneke

with probability at least 1 − δ, suph∈Vm er(h) ≤ ε.
Hanneke and Yang (2015) have proven that we always have D(r0 ) . dLog(θ(r0 )), which
immediately implies that (19) is never larger than the bound (16) for consistent learning
rules (aside from constant factors), though (16) may often offer improvements over the

1
m&
ε

where c > 0 is a specific constant, with probability at least 1 − δ, the classifier ĥm = A(Lm )
satisfies er(ĥm ) ≤ ε. They also establish n
a weaker bound
o holding for all consistent learning
p
rules: for any ε > 0, denoting ε0 = ε exp − ln(1/ε) , for any

for r0 > 0, where N (r/2, B(f ? , r), P) is the smallest n ∈ N such that there exist classifiers h1 , . . . , hn for which suph∈B(f ? ,r) min1≤i≤n P(x : h(x) 6= hi (x)) ≤ r/2, known as the
(r/2)-covering number for B(f ? , r) under the L1 (P) pseudo-metric. The notion of doubling
dimension has been explored in a variety of contexts in the literature (e.g., LeCam, 1973;
Yang and Barron, 1999; Gupta, Krauthgamer, and Lee, 2003; Bshouty, Li, and Long, 2009).
We always have D(r0 ) . dLog(1/r0 ) (Haussler, 1995), though it can often be smaller than
this, and in many interesting contexts, it can even be bounded by an r0 -invariant value
(Bshouty, Li, and Long, 2009). Bshouty, Li, and Long (2009) construct a particular Pdependent learning rule A such that, for any ε, δ ∈ (0, 1), and any

 
1
1
m&
D(ε/c) + Log
,
(19)
ε
δ

r≥r0

Relation to the Doubling Dimension: To further put Theorem 16 in context, we also
note that it is possible to relate ϕc (r0 ) to the doubling dimension. Specifically, the doubling
dimension (also known as the local metric entropy) of C at f ? under P, denoted D(r0 ), is
defined as
D(r0 ) = max log2 (N (r/2, B(f ? , r), P)) ,

Thus, at least in some cases, the bound in Theorem 11 is smaller than that in Theorem 16
(as the former leads to Corollary 12 in the worst case, while the latter leads to (17) in
the worst case). In fact, if we let ϕ01
c (r0 ) be defined identically to ϕc (r0 ), except that γ is
restricted to be {0, 1}-valued in Definition 15, then the same argument from Appendix D.1
reveals that, for any c ≥ 4,


1
sup sup ϕ01
.
c (r0 ) = min s,
r0
P f ? ∈C


One can easily show that we always have ϕc (r0 ) ≤ 1 − 1c θ(r0 ), so that Theorem 16
is never worse than the bound (16) of Giné and Koltchinskii (2006). However, we argue in
Appendix D.1 that ∀c ≥ 2, ∀r0 ∈ [0, 1),
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a dLog a1

er(h) − inf er(h) . 

h∈C

focuses on the analysis of empirical risk minimization. Specifically, for any m ∈ N and
L ∈ (X × Y)m , define ERM(C, L) = {h ∈ C : erL (h) = ming∈C erL (g)}, the set of empirical
risk minimizers. Massart and Nédélec (2006) established that, for any PXY satisfying the
(a, α)-Bernstein class condition, for any δ ∈ (0, 1), with probability at least 1 − δ,
sup
h∈ERM(C,Lm )

h∈C

er(h) − inf er(h) . 

1
a

m
ad

m



α
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+ Log

1
δ
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(25)

28
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As was the case in Theorem 13, the joint dependence on d and m in this lower bound
does not match that in (24) in the case s = ∞. One can show that the dependence in
this lower bound can be made to nearly match that in (24) for certain specially-constructed
spaces C under bounded noise (Massart and Nédélec, 2006; Raginsky and Rakhlin, 2011;
Hanneke and Yang, 2015) (the only gap being that s is replaced by s/d in (24) to obtain
the lower bound); however, there also exist spaces C where these lower bounds are nearly
tight (for β bounded away from 0), so that they cannot be improved in the general case (see
Hanneke and Yang, 2015, for construction of spaces C with arbitrary d and s, for which one
can show this is the case).
As mentioned above, an immediate corollary of Theorem 17, in combination with (24),
is that s < ∞ is necessary and sufficient for the minimax excess error rate to have O(1/m)
dependence on m for bounded noise. Formally, for m ∈ N, β ∈ [0, 1/2), and δ ∈ (0, 1),
let Rm (δ, β) denote the smallest value such that there exists a learning rule A for which,
for all PXY satisfying the β-bounded noise condition, with probability at least 1 − δ,
er(A(Lm )) − inf h∈C er(h) ≤ Rm (δ, β). Also let R̄m (β) denote the smallest value such that

Furthermore,


h
i
d
+
βLog
min
s, (1 − 2β)2 m
E er(ĥm ) − inf er(h) &
∧ (1 − 2β).
h∈C
(1 − 2β)m

h∈C

er(ĥm ) − inf er(h) &

Theorem 17 For any β ∈ (0, 1/2), m ∈ N, and δ ∈ (0, 1/24], for any (passive) learning
rule A, there exists a choice of PXY satisfying the β-bounded noise condition such that,
denoting ĥm = A(Lm ), with probability greater than δ,



d + βLog min s, (1 − 2β)2 m + Log 1δ
∧ (1 − 2β).
(1 − 2β)m

a lower bound on the minimax excess error rate, so that it cannot generally be removed.
Raginsky and Rakhlin (2011) further discuss a range of lower bounds on the minimax
excess error rate for various
spaces C they construct, where the appropriate factor ranges


2
between Log m(1−2β)
at the highest, to a constant factor at the lowest. The bound in
d
(24) provides a sufficient condition for all empirical risk minimization algorithms to achieve
excess error rate with O(1/m) asymptotic dependence on m under β-bounded noise: namely
s < ∞. Recall that this condition was both sufficient and necessary for O(1/m) error
rates to be achievable by every algorithm of this type for all distributions in the realizable
case (Corollary 14). It is therefore natural to wonder whether this remains the case for
bounded noise as well. In this section, we find this is indeed the case. In fact, following a
generalization of the technique of Raginsky and Rakhlin (2011) explored by Hanneke and
Yang (2015) for active learning, we are here able to provide a general lower bound on the
minimax excess error rate of passive learning, expressed in terms of s. This immediately
implies a corollary that s < ∞ is both necessary and sufficient for the minimax optimal
bound on the excess error rate to have dependence on m of Θ(1/m) under bounded noise,
and otherwise the minimax optimal bound is Θ(Log(m)/m). Note that this is a stronger
type of result than that given by Corollary 14, as the lower bounds here apply to all learning
rules. Formally, we have the following theorem. The proof is included in Appendix E.1.

h∈C

er(h) − inf er(h) . 

In the case of β-bounded noise, Giné and Koltchinskii (2006) showed that the
 logarithmic




2
d
, where the
factor Log m(1−2β)
implied by (22) can be replaced by Log θ m(1−2β)
2
d
disagreement coefficient θ(r0 ) is defined as above, except with h? in place of f ? in the
definition. Furthermore, applying their arguments to the general case of the (a, α)-Bernstein
class condition (see Hanneke and Yang, 2012, for an explicit derivation), one arrives at the
fact that, with probability at least 1 − δ,
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h∈ERM(C,Lm )


n
 
a dLog min s,

er(h) − inf er(h) . 

h∈C

n
o
Since Hanneke and Yang (2015) have argued that θ(r0 ) ≤ min s, r10 (with equality in
the worst case), (23) further implies that, with probability at least 1 − δ,

sup
h∈ERM(C,Lm )

h∈ERM(C,Lm )

sup

Via the same integration argument used in Corollary 12, this further implies
1

n

 α o  2−α
"
#
m
2−α
adLog min s, a1 ad

.
m

E

It is worth noting that the bound (24) does not quite recover the bound of Corollary 12
in the realizable case (corresponding to a = α =1). Specifically, it contains a logarithmic



factor Log min{sd,m}
, rather than Log min{s,m}
. I conjecture that this logarithmic factor
d
d
in (24) can generally be improved so that, for any a and α, it is bounded by a numerical
constant whenever s . d. This problem is intimately connected to a conjecture in active
learning, proposed by Hanneke and Yang (2015), concerning the joint dependence on s and
d in the minimax label complexity of active learning under the Bernstein class condition.

1
1−2β

6.1 Necessary and Sufficient Conditions for 1/m Minimax Rates under
Bounded Noise
In the case of bounded noise (where a =
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and α = 1), Massart and Nédélec (2006)


m(1−2β)2
is present even in
d
have shown that for some concept spaces C, the factor Log
27
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1
  2−α

Theorem 19 For any a ≥ 1 and α ∈ (0, 1], for any probability measure P over X , for
any δ ∈ (0, 1), there exists a learning rule A such that, for any PXY satisfying the (a, α)Bernstein class condition with marginal distribution P over X , for any m ∈ N, letting
ĥm = A(Lm ), with probability at least 1 − δ,

For completeness, also define ϕ̂a,α (r0 ) = 1 for any r0 ≥ 1, a ≥ 1, and α ∈ [0, 1]. We have
the following theorem.

In general, note that plugging into (23) the parameters a = α = 1 admitted by the realizable
case, (23) recovers the bound (16). Recalling that we were able to refine the bound (16)
via techniques from the subregion-based analysis of Zhang and Chaudhuri (2014), yielding
Theorem 16 above, it is natural to consider whether we might be able to refine (23) in a
similar way. We find that this is indeed the case, though we establish this refinement for
a different learning rule (described in Appendix E.2). Letting c = 128, for any r0 ∈ [0, 1),
a ≥ 1 and α ∈ (0, 1], define

Φ B(h, r), (r/a)1/α /c
ϕ̂a,α (r0 ) = sup sup
∨ 1.
r
h∈C r>r0

6.2 Using Subregions to Achieve Improved Excess Error Bounds

2015, for related discussions), it appears a much more challenging problem to construct
general lower bounds describing the range of possible dependences on m. Thus, the
 more
1
general question of establishing necessary and sufficient conditions for O 1/m 2−α excess
error rates under the (a, α)-Bernstein class condition remains open.

Again, note that this is a stronger type of result than Corollary 14 above, which only
found s < ∞ as necessary and sufficient for a particular family of learning rules to obtain
O(1/m) rates. In contrast, this result applies even to the minimax optimal learning rule.
We conclude this section by noting that the technique leading to Theorem 17 appears
not to straightforwardly extend to the general (a, α)-Bernstein class condition. Indeed,
though
certainly exhibit specific spaces C for which the minimax excess risk has
 one can
1 
Log(m) 2−α
Θ
dependence on m (e.g., impulse functions on R; see Hanneke and Yang,
m

30

8. This lemma and proof also appear in a sibling paper (Hanneke, 2016).

in this case as well.
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nonincreasing on (e, ∞), in the case ab > e this is at most 1e b. Together, we have that


b
1
a ln c2 +
≤ a ln(c2 + e) + b
a
e

The first term in the rightmost expression is at most a ln(c2 + 2) ≤ a ln(c2 + e). The
second term in the rightmost expression can be rewritten as b ln(b/a)
b/a . Since x 7→ ln(x)/x is

which is clearly no greater than a ln(c2 + e) + 1e b. On the other hand, if ab > e, then




 
b
b
b
a ln c2 +
≤ a ln max{c2 , 2}
= a ln (max{c2 , 2}) + a ln
.
a
a
a

Proof By subtracting a ln(c1 ) from both sides, we see that it suffices to verify that
a ln c2 + ab ≤ a ln(c2 + e) + 1e b. If ab ≤ e, then monotonicity of ln(·) implies


b
≤ a ln(c2 + e),
a ln c2 +
a

Lemma 20 For any a, b, c1 ∈ [1, ∞) and c2 ∈ [0, ∞),
 

b
1
a ln c1 c2 +
≤ a ln (c1 (c2 + e)) + b.
a
e

The following lemma is useful in the proofs of several of the main results of this paper.8

Appendix A. A Technical Lemma

The proof is included in Appendix E.2. We should emphasize that the bound in Theorem 19 is established for a particular learning method (described in Appendix E.2), not for
empirical risk minimization. Thus, whether or not this bound can be established for the general family of empirical risk minimization rules remains an open question. We should also
note that ϕ̂a,α (r0 ) involves a supremum over h ∈ C only so that we may allow the algorithm
to explicitly depend on ϕ̂a,α (r0 ) (noting that, as stated, Theorem 19 allows P-dependence
in the algorithm). It is conceivable that this dependence on ϕ̂a,α (r0 ) in A can be removed,
for instance via a stratification and model selection technique (see e.g., Koltchinskii, 2006),
in which case this supremum over h would be replaced by fixing h = h? .
We conclude this section with some basic observations about the bound in Theorem 19.
First, in the special case of C the class of homogeneous linear separators on Rk and P any
isotropic log-concave distribution, Theorem 19 recovers a bound of Balcan and Long (2013)
(established for a closely related
 method), since a result of Zhang and Chaudhuri (2014)
implies ϕ̂a,α (aεα ) . Log aεα−1 in that case. Additionally, we note that a result similar to
(24) also generally holds for the method A from Theorem 19, since (18) implies we always
have




Φ(B(h, aεα ), ε/c)
1 1−α
1
≤
1
−
ε
min
s,
.
aεα
ca
aεα

there exists a learning rule A for which, for all PXY satisfying the β-bounded noise condition, E[er(A(Lm ))] − inf h∈C er(h) ≤ R̄m (β). We have the following corollary (which applies
to any C with 0 < d < ∞).


1
Corollary 18
s < ∞, and otherwise
 Fix any
 β ∈ (0, 1/2). R̄m (β) = Θ m if and only if

1
R̄m (β) = Θ Log(m)
.
Likewise,
∀δ
∈
(0,
1/24],
R
(δ,
β)
=
Θ
if
and only if s < ∞,
m
m
m


Log(m)
and otherwise Rm (δ, β) = Θ
.
m
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Appendix B. Proof of Theorem 7

16
≤
bm/2c

3
δ

Xbm/2c+1 , . . . , Xm ∩ DIS(Vbm/2c ) ,

of {Xbm/2c+1 , . . . , Xm } ∩ DIS(Vbm/2c ) as X̂1 , . . . , X̂N .
? (X ))} for every t ∈ [m], and n̂0 = Ĉ
t
Lm \ Lbm/2c , and
m

enu-

Let

Here we present the proof of Theorem 7.
Proof of Theorem 7 The structure of the proof is nearly identical to that of Theorem 3,
with only a few small changes to account for the fact that n̂1:m depends on the specific
samples, and in particular, on the order of the samples.
The proof proceeds by induction on m. Since P(DIS(Vm )) ≤ 1 always, the stated bound
is trivially satisfied for all δ ∈ (0, 1) if m ≤ 16. Now, as an inductive hypothesis, fix any
integer m ≥ 17 such that, ∀δ ∈ (0, 1), with probability at least 1 − δ,

 
+ ln
.

?

the indices i ∈ {bm/2c+1, . . . , m} with (Xi , f ? (Xi )) ∈ ĈLm \Lbm/2c . In

(X1 )), . . . , (Xt , f



P(DIS(Vbm/2c ))
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Fix any δ ∈ (0, 1). Define

=

{(X1 , f

and enumerate the elements
Lt
0
n̂m

merate as i10 , . . . , i0

so that

n̂m

n̂m

n̂m

?
?
0 ≤ n̂ , and Ĉ
particular, note that n̂m
m
Lm ⊆ Lbm/2c ∪{(Xi10 , f (Xi10 )), . . . , (Xi0 0 , f (Xi0 0 ))},

n̂m

i
h
C Lbm/2c ∪ {(Xi10 , f ? (Xi10 )), . . . , (Xi0 0 , f ? (Xi0 0 ))} = Vm .

00 = {j ∈ [n̂0 ] : X 0 ∈ DIS(V
00
00
Next, let n̂m
00 the indices
bm/2c )} , and enumerate as i1 , . . . , in̂m
ij
m
n̂m

n̂m

i ∈ [N ] such that (X̂i , f ? (X̂i )) ∈ {(Xi10 , f ? (Xi10 )), . . . , (Xi0 0 , f ? (Xi0 0 ))}. Note that, since

?
0 ] with X 0 ∈
every j ∈ [n̂m
ij / DIS(Vbm/2c ) has h(Xij0 ) = f (Xij0 ) for every h ∈ C[Lbm/2c ∪

n̂m

n̂m

n̂m

{(X̂i100 , f ? (X̂i100 )), . . . , (X̂i0000 , f ? (X̂i0000 ))] (by definition of DIS and monotonicity of L 7→ C[L]),

we have

n̂m

C[Lbm/2c ∪ {(X̂i100 , f ? (X̂i100 )), . . . , (X̂i0000 , f ? (X̂i0000 ))]
n̂m
n̂m
h
i
= C Lbm/2c ∪ {(Xi10 , f ? (Xi10 )), . . . , (Xi0 0 , f ? (Xi0 0 ))} = Vm ,

n̂m

n̂m

so that DIS(Vm ) may be expressed as a fixed function of X1 , . . . , Xbm/2c and X̂i100 , . . . , X̂i0000 .

n̂m
Furthermore, note that the set DIS C[Lbm/2c ∪ {(X̂i100 , f ? (X̂i100 )), . . . , (X̂i0000 , f ? (X̂i0000 ))] is
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invariant to permutations of the i100 , . . . , in̂00 m
00 indices.
Now note that N is conditionally Binomial(dm/2e, P(DIS(Vbm/2c )))-distributed given
X1 , . . . , Xbm/2c . In particular, with probability one, if P (DIS(Vbm/2c )) = 0, then N =
0. Otherwise, if P(DIS(Vbm/2c )) > 0, then note that X̂1 , . . . , X̂N are conditionally independent and P(·|DIS(Vbm/2c ))-distributed given X1 , . . . , Xbm/2c and N . Thus, since
DIS(Vm )∩{X̂1 , . . . , X̂N } = ∅ (since every h ∈ Vm agrees with f ? on X1 , . . . , Xm ), combining
the above with Lemma 4 (applied under the conditional distribution given X1 , . . . , Xbm/2c
31
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1
N −n

and N ), combined with the law of total probability, implies that for every n ∈ [m] ∪ {0},
00 = n and N > n, then
with probability at least 1 − δ/(n + 3)2 , if n̂m
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(n + 3)2
nLog
+ Log
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δ

P DIS(Vm ) DIS(Vbm/2c ) ≤
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n̂m Log
+ Log
.
n̂m
δ

By a union bound, this
simultaneously for all n ∈ [m] ∪ {0} on an event E1 of
Pholds
m
δ
2
probability at least 1 − i=0
>
1
−
5 δ. In particular, since the right hand side of the
(i+3)2
00 ≤ n̂ , and since DIS(V ) ⊆ DIS(V
above inequality is nondecreasing in n, and n̂m
m
m
bm/2c ),
we have that on E1 , if N > n̂m , then
P(DIS(Vm )) ≤ P(DIS(Vbm/2c ))

Next, again since N is conditionally Binomial(dm/2e, P(DIS(Vbm/2c )))-distributed given
X ,...,X
, by a Chernoff bound (applied under the conditional distribution given
1
bm/2c
X1 , . . . , Xbm/2c ), combined with the law of total probability, we obtain that on an event


3
8
3
E2 of probability at least 1 − δ/3, if P(DIS(Vbm/2c )) ≥ 16
m ln δ ≥ dm/2e ln δ , then

32
7m

N ≥ P(DIS(Vbm/2c ))dm/2e/2 ≥ P(DIS(Vbm/2c ))m/4.

3
Also note that if P(DIS(Vm )) ≥ 16
m 2n̂m + ln δ , then monotonicity of t 7→ DIS(V
 t ) and
3
monotonicity of probability measures imply P(DIS(Vbm/2c )) ≥ 16
as well.
m 2n̂m + ln δ
In particular, if this occurs with E2 , then we have N ≥ P(DIS(Vbm/2c ))m/4 > 8n̂m . Thus,
by monotonicityof x 7→ Log(x)/x for x > 0, we have that on E1 ∩ E2 , if P(DIS(Vm )) ≥
16
3
m 2n̂m + ln δ , then
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The inductive hypothesis implies that, on an event E3 of probability at least 1 − δ/4,
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, then

Since m ≥ 17, we have bm/2c ≥ (m − 2)/2 ≥ (15/34)m, so that the above implies
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er(h) = P(DIS({h, f ? })) = P(DIS({h, f ? })|DIS(Vbm/2c ))P(DIS(Vbm/2c ))
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2eN
6
dLog2
+ log2
.
≤ P(DIS(Vbm/2c ))
N
d
δ

In particular, noting that ∀h ∈ Vm , since
DIS(Vbm/2c ), we have that on H1 , ∀h ∈ Vm ,

We now present the proof of Theorem 11.
Proof of Theorem 11 The result trivially holds for m ≤ b8(ln(37) + 8 ln(6))c = 143,
so suppose m ≥ 144. Let N = |{Xbm/2c+1 , . . . , Xm } ∩ DIS(Vbm/2c )| and enumerate the
elements of {Xbm/2c+1 , . . . , Xm } ∩ DIS(Vbm/2c ) as X̂1 , . . . , X̂N . Note that N is conditionally
Binomial(dm/2e, P(DIS(Vbm/2c ))) -distributed given X1 , . . . , Xbm/2c . In particular, with
probability one, if P(DIS(Vbm/2c )) = 0, then N = 0. Otherwise, if P(DIS(Vbm/2c )) > 0, then
note that X̂1 , . . . , X̂N are conditionally independent P(·|DIS(Vbm/2c ))-distributed random
variables, given X1 , . . . , Xbm/2c and N . Also, note that (one can easily show) vc({{x :
h(x) 6= f ? (x)} : h ∈ C}) = d. Together with Lemma 2 (applied under the conditional
distribution given X1 , . . . , Xbm/2c and N ), combined with the law of total probability, these
observations imply that there is an event H1 of probability at least 1 − δ/3, on which, if
N > 0, then ∀h ∈ Vm ,



 
2
2eN
6
P(DIS({h, f ? })|DIS(Vbm/2c )) ≤
dLog2
+ log2
.
N
d
δ

Appendix C. Proof of Theorem 11

Noting that, by a union bound, the event E1 ∩ E2 ∩ E3 has probability at least 1 − 25 δ −
1
1
3 δ − 4 δ > 1 − δ, this extends the result to m. By the principle of induction, this completes
the proof of Theorem 7.

Since 5x + 2 ln(x + 3) < 7x for any x ≥ 2, the above is at most


 
 
32
7
16
3
3
7n̂1:m + ln
=
2n̂1:m + ln
.
7m
2
δ
m
δ
 16

3
Thus, since 16
≤ m 2n̂1:m + ln 3δ as well, in either case we have that, on
m 2n̂m + ln δ
E1 ∩ E2 ∩ E3 ,

 
16
3
2n̂1:m + ln
.
P(DIS(Vm )) ≤
m
δ

Next, again since N is conditionally Binomial(dm/2e, P(DIS(Vbm/2c )))-distributed given
X1 , . . . , Xbm/2c , by a Chernoff bound (applied under the conditional distribution given
X1 , . . . , Xbm/2c ), combined with the law of total probability, there is an event H2 of proba
32
bility at least 1 − δ/3, on which, if P(DIS(Vbm/2c )) ≥ dm/2e
ln 3δ , then

By straightforward calculus, one can easily
 verify that, when n̂1:m ∈ {0, 1}, the right hand
3
side of (26) is at most 16
(recalling our conventions that 1/0 = ∞ and
m 2n̂1:m + ln δ
0Log(∞) = 0). Otherwise, supposing n̂1:m ≥ 2, Lemma 20 in Appendix A (applied with
b = 5e
2 ln(3/δ)) implies the right hand side of (26) is at most




 
32
136e
2
7
3
n̂1:m Log
2 + ln(4) +
+ 2 ln(n̂1:m + 3) + ln
7m
15
5
2
δ

 
32
7
3
≤
5n̂1:m + 2 ln(n̂1:m + 3) + ln
.
7m
2
δ

sup er(h) ≤

≥

142 m
144 2 ,

we have that, on

8
m

64
ln
m

 



 
49en̂1:bm/2c
3
8
6
<
dLog
+ 37 + 8 ln
.
δ
m
d
δ
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The proof is completed by noting that n̂1:bm/2c ≤ n̂1:m , and that, by the union bound, the
event H1 ∩ H2 ∩ H3 has probability at least 1 − δ.

Thus, in either case, we have that, on H1 ∩ H2 ∩ H3 ,



 
49en̂1:bm/2c
8
6
sup er(h) ≤
dLog
+ 37 + 8 ln
.
m
d
δ
h∈Vm

h∈Vm

sup er(h) <

Furthermore, since DIS({h, f ? }) ⊆ DIS(Vbm/2c ) for every h ∈ Vm , if P(DIS(Vbm/2c )) <
 64

32
3
3
dm/2e ln δ ≤ m ln δ , then

By Lemma 20 in Appendix A, this last expression is at most




 
8
24 · 144 14en̂1:bm/2c + 7e ln(3/2)
6
d ln
+e
+ 8 ln
m
7 · 142
d
δ



 
49en̂1:bm/2c
8
6
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+ 37
+ 8 ln
.
≤
m
d
δ

h∈Vm

m−2 m
m 2




 
e24 · 144(2n̂1:bm/2c + ln(9/δ))
6
d ln
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142d
δ




 
8
24 · 144 14en̂1:bm/2c + 7e ln(3/2) 7e ln(6/δ)
6
=
d ln
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+ ln
.
m
7 · 142
d
d
δ

16
Together with the facts that 3 ln(2)
< 8 and bm/2c ≥

32
H1 ∩ H2 ∩ H3 , if P(DIS(Vbm/2c )) ≥ dm/2e
ln 3δ , then

Also, by Theorem 7, on an event H3 of probability at least 1 − δ/3,

 
16
9
P(DIS(Vbm/2c )) ≤
2n̂1:bm/2c + ln
.
bm/2c
δ

which (by Log2 (x) ≤ Log(x)/ ln(2) and monotonicity of x 7→ Log(x)/x for x > 0) implies



 
2
2eN
6
dLog2
+ log2
N
d
δ



 
3eP(DIS(Vbm/2c ))m
16
6
≤
d ln
+ ln
.
3 ln(2)P(DIS(Vbm/2c ))m
4d
δ

N ≥ (3/4)P(DIS(Vbm/2c ))dm/2e ≥ (3/8)P(DIS(Vbm/2c ))m,
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Appendix D. Proof of Theorem 16

d
m0

4
δ

We now present the proof of Theorem 16.
Proof of Theorem 16 The proof essentially combines the argument of Hanneke (2009)
(which proves (16)) with the subsample-based ideas of Zhang and Chaudhuri (2014). Fix c =
16. The proof proceeds by induction on m. Since suph∈C er(h) ≤ 1, the result trivially holds
for m < 21(d ln(83) + 3 ln(4)). Now, as an inductive hypothesis, fix any m ≥ 21(d ln(83) +
3 ln(4)) such that ∀m0 ∈ [m − 1], ∀δ ∈ (0, 1), with probability at least 1 − δ,
 


 
dLog 83ϕc
+ 3Log
.
21
sup er(h) ≤ 0
m

h∈Vm0

Fix any δ ∈ (0, 1) and η ∈ [0, 1]. Let γ ∗ , ζ ∗ , ξ ∗ be the functions γ, ζ, and ξ from
Definition
15 (each mapping
X → [0, 1]) with γ ∗ (x) + ζ ∗ (x) + ξ ∗ (x) = 1 for all x ∈ X , and


E γ ∗ (X) X1 , . . . , Xbm/2c minimal subject to


E 1[h(X) = +1]ζ ∗ (X) + 1[h(X) = −1]ξ ∗ (X) X1 , . . . , Xbm/2c ≤ η,

sup

h∈Vbm/2c

where X ∼ P is independent of X1 , X2 , . . ..9 Note that these functions are themselves

random, having dependence on X1 , . . . , Xbm/2c . In particular, E γ ∗ (X) X1 , . . . , Xbm/2c =
Φ(Vbm/2c , η).
Let Γbm/2c+1 , . . . , Γm be conditionally independent random variables given X1 , . . . , Xm ,
with Γi having conditional distribution Bernoulli(γ ∗ (Xi )) given X1 , . . . , Xm , for each i ∈
{bm/2c + 1, . . . , m}. Let N = |{i ∈ {bm/2c + 1, . . . , m} : Γi = 1}|, and enumerate the
elements of {Xi : i ∈ {bm/2c + 1, . . . , m}, Γi = 1} as X̂1 , . . . , X̂N (retaining their original
order). For X ∼ P independent of X1 , X2 , . . ., let Γ(X) denote a random variable that
is conditionally Bernoulli(γ ∗ (X)) given X and X1 , . . . , Xbm/2c . Also define a (random)
probability measure Pbm/2c such that, given X1 , . . . , Xbm/2c , Pbm/2c (A) = P(X ∈ A|Γ(X) =
1, X1 , . . . , Xbm/2c ) forP
all measurable A ⊆ X .

m
Note that N =
t=bm/2c+1 Γi is conditionally Binomial dm/2e, Φ(Vbm/2c , η) given
X1 , . . . , Xbm/2c . In particular, with probability one, if Φ(Vbm/2c , η) = 0, then N = 0. Otherwise, if Φ(Vbm/2c , η) > 0, then X̂1 , . . . , X̂N are conditionally i.i.d. given X1 , . . . , Xbm/2c and
N , each with conditional distribution Pbm/2c given X1 , . . . , Xbm/2c and N . Thus, since every
h ∈ Vm has {x : h(x) 6= f ? (x)} ∩ {X̂1 , . . . , X̂N } ⊆ {x : h(x) 6= f ? (x)} ∩ {X1 , . . . , Xm } = ∅,
and (one can easily show) vc({{x : h(x) 6= f ? (x)} : h ∈ C}) = d, applying Lemma 2 (under
the conditional distribution given N and X1 , . . . , Xbm/2c ), combined with the law of total
probability, we have that on an event E1 of probability at least 1 − δ/2, if N > 0, then



 
2
2eN
4
sup Pbm/2c (x : h(x) 6= f ? (x)) ≤
dLog2
+ log2
.
N
d
δ
h∈Vm

Next, since N is conditionally Binomial dm/2e, Φ(Vbm/2c , η) given X1 , . . . , Xbm/2c , applying a Chernoff bound (under the conditional distribution given X1 , . . . , Xbm/2c ), combined with the law of total probability, we obtain that on an event E2 of probability at least
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9. Note that the minimum is actually achieved here, since the objective function is continuous and convex, and the feasible region is nonempty, closed, bounded, and convex (see Bowers and Kalton, 2014,
Proposition 5.50).
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1 − δ/4, if Φ(Vbm/2c , η) ≥

18
dm/2e

ln

4
δ



Hanneke

, then

N ≥ (2/3)Φ(Vbm/2c , η)dm/2e ≥ Φ(Vbm/2c , η)m/3.

6/ ln(2)
Φ(Vbm/2c , η)m




 
2eΦ(Vbm/2c , η)m
4
+ ln
.
dLog
3d
δ


18
In particular, if Φ(Vbm/2c , η) ≥ dm/2e
ln 4δ , then the right hand side is strictly greater
than 0, so that if this occurs with E , then we have N > 0. Thus, by the fact that
2
Log2 (x) ≤ Log(x)/ ln(2), combined with monotonicity
of x 7→ Log(x)/x for x > 0, we have

18
that on E1 ∩ E2 , if Φ(Vbm/2c , η) ≥ dm/2e
ln 4δ , then
sup Pbm/2c (x : h(x) 6= f ? (x)) ≤
h∈Vm

Next (following an argument of Zhang and Chaudhuri, 2014), note that ∀h ∈ Vm ,


er(h) = E 1[h(X) 6= f ? (X)] (γ ∗ (X) + ζ ∗ (X) + ξ ∗ (X)) X1 , . . . , Xbm/2c

= Pbm/2c (x : h(x) 6= f ? (x))P(Γ(X) = 1|X1 , . . . , Xbm/2c )
h
+ E 1[h(X) = +1]1[f ? (X) = −1]
i

+ 1[h(X) = −1]1[f ? (X) = +1] (ζ ∗ (X) + ξ ∗ (X)) X1 , . . . , Xbm/2c

≤ Pbm/2c (x : h(x) 6= f ? (x))Φ(Vbm/2c , η)


+ E 1[h(X) = +1]ζ ∗ (X) + 1[h(X) = −1]ξ ∗ (X) X1 , . . . , Xbm/2c


+ E 1[f ? (X) = +1]ζ ∗ (X) + 1[f ? (X) = −1]ξ ∗ (X) X1 , . . . , Xbm/2c .

Since h, f ? ∈ Vbm/2c , the definition of ζ ∗ and ξ ∗ implies this last expression is at most

ln

4
δ



, then




 
2eΦ(Vbm/2c , η)m
4
dLog
+ ln
.
3d
δ

18
dm/2e

Pbm/2c (x : h(x) 6= f ? (x))Φ(Vbm/2c , η) + 2η.

6/ ln(2)
m

Therefore, on E1 ∩ E2 , if Φ(Vbm/2c , η) ≥
sup er(h) ≤ 2η +
h∈Vm

er(h) ≤

21
bm/2c

The inductive hypothesis implies that, on an event E3 of probability at least 1 − δ/4,




 
d
16
dLog 83ϕc
+ 3Log
.
bm/2c
δ
sup

h∈Vbm/2c

21 · 362
179m



 
 
d
16
d ln 83ϕc
+ 3 ln
.
m
δ

Since m ≥ d21(d ln(83) + 3 ln(4))e ≥ 181, we have bm/2c ≥ (m − 2)/2 ≥ (179/362)m, so
that (together with monotonicity of ϕc (·)) the above implies Vbm/2c ⊆ B(f ? , rbm/2c ), where
rbm/2c =
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Altogether, plugging in η = (rbm/2c /c)∧1, and noting that H 7→ Φ(H, η) is nondecreasing
in H, and that d/m ≤ rbm/2c , we have that on E1 ∩ E2 ∩ E3 , if Φ(Vbm/2c , (rbm/2c /c) ∧ 1) ≥

36

ln

4
δ



, then

37

JMLR 17(135):1-55

Thus, in either case, on E1 ∩ E2 ∩ E3 , (28) holds. Noting that, by the union bound, the
event E1 ∩ E2 ∩ E3 has probability at least 1 − δ, this extends the inductive hypothesis to
m. The result then follows by the principle of induction.

2rbm/2c
+ Φ(Vbm/2c , (rbm/2c /c) ∧ 1)
sup er(h) ≤
c
h∈Vm


 
 
 
8
d
4
18
4
<
d ln 83ϕc
+ 3 ln
+
ln
m
m
δ
dm/2e
δ


 
 
21
d
4
≤
d ln 83ϕc
+ 3 ln
.
m
m
δ

Plugging these two facts back into (27), we have that on E1 ∩E2 ∩E3 , if Φ(Vbm/2c , (rbm/2c /c)∧

18
1) ≥ dm/2e
ln 4δ , then


 
 
21
d
4
sup er(h) ≤
d ln 83ϕc
+ 3 ln
.
(28)
m
m
δ
h∈Vm

18
On the other hand, if Φ(Vbm/2c , (rbm/2c /c) ∧ 1) < dm/2e
ln 4δ , then recalling that (as
established above) suph∈Vm er(h) ≤ 2η + suph∈Vm Pbm/2c (x : h(x) 6= f ? (x))Φ(Vbm/2c , η),
plugging in η = (rbm/2c /c) ∧ 1 and noting that Pbm/2c (x : h(x) 6= f ? (x)) ≤ 1, we have

Additionally, some straightforward reasoning about numerical constants reveals that
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+ 3 ln
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m
δ

and a simple relaxation of the expression in the logarithm reveals this is at most
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Applying Lemma 20 (with b = (7e/2) ln(4/δ)), this is at most
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The second term in this last expression equals
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j6=i

X



mr1
χ1 (xj ) ≤
, χ0 (xi ) + χ1 (xi ) ≤ 1, χ0 (xi ), χ1 (xi ) ≥ 0 .

c

38
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This is a simple linear program with linear inequality constraints. We can explicitly solve
this problem to find an optimal solution withPχ1 (xi ) = 0 and χ0 (xi ) = mrc 1 for all i ∈ [m],
mr1
1
at which the value of the objective function m
i=1 m (1 − χ0 (xi ) − χ1 (xi )) is 1 − c . One
can easily verify that this choice of χ0 and χ1 satisfies the constraints above. To see
that
is an optimal choice, we note that the objective function can be re-expressed as
Pm this
1
i=1 m (1 − χ0 (xi ) − χ1 (xσ(i) )), where σ(i) = i + 1 for i ∈ [m − 1], and σ(m) = 1. In
particular, since m ≥ 2, we have σ(i) 6= i for each i ∈ [m]. Thus, for
P any χ0 and χ1
satisfying the constraints above, we have χ0 (xi ) + χ1 (xσ(i) ) ≤ χ0 (xi ) + j6=i χ1 (xj ) ≤ mrc 1

∀i ∈ [m], χ0 (xi ) +

i=1

(m
X 1
= min
(1 − χ0 (xi ) − χ1 (xi )) :
m

i∈[m]

r1
max E [1[hi (X) 6= h0 (X)]χ0 (X) + 1[hi (X) = h0 (X)]χ1 (X)] ≤ ,
c

where ∀x ∈ X , χ0 (x) + χ1 (x) ≤ 1 and χ0 (x), χ1 (x) ≥ 0

Φ(B(f ? , r1 ), r1 /c)

≥ min E[1 − χ0 (X) − χ1 (X)] :

n l mo
Next, we prove (18). Fix any c ≥ 2. First, suppose r0 ∈ (0, 1), and let m = min s, r10 ;
note that our assumption that |C| ≥ 3 implies s ≥ 2, so that m ≥ 2 here. Let x1 , . . . , xm ∈ X
and h0 , h1 , . . . , hm ∈ C be as in Definition 9. Let P({xi }) = 1/m for each i ∈ [m], and take
f ? = h0 .
Let r1 be any value satisfying max{1/m, r0 } < r1 ≤ 1 chosen sufficiently close to
max{1/m, r0 } so that mrc 1 < 1. Consider now the definition of Φ(B(f ? , r1 ), r1 /c) from
Definition 15. For any functions χ0 , χ1 : X → [0, 1], let ζ(x) = 1[h0 (x) = −1]χ0 (x) +
1[h0 (x) = +1]χ1 (x) and ξ(x) = 1[h0 (x) = −1]χ1 (x) + 1[h0 (x) = +1]χ0 (x). In particular, note that it is possible to specify any functions ζ, ξ : X → [0, 1] by choosing appropriate χ0 , χ1 values (namely, χ0 (x) = 1[h0 (x) = −1]ζ(x) + 1[h0 (x) = +1]ξ(x) and
χ1 (x) = 1[h0 (x) = −1]ξ(x) + 1[h0 (x) = +1]ζ(x)). Noting that, for any classifier h and
any x ∈ X , 1[h(x) = +1]ζ(x) + 1[h(x) = −1]ξ(x) = 1[h(x) 6= h0 (x)]χ0 (x) + 1[h(x) =
h0 (x)]χ1 (x), and ζ(x) + ξ(x) = χ0 (x) + χ1 (x), we may re-express the constraints in the optimization problem defining Φ(B(f ? , r1 ), r1 /c) in Definition 15 as suph∈B(f ? ,r1 ) E[1[h(X) 6=
h0 (X)]χ0 (X) + 1[h(X) = h0 (X)]χ1 (X)] ≤ r1 /c and ∀x ∈ X , γ(x) + χ0 (x) + χ1 (x) = 1
while γ(x), χ0 (x), χ1 (x) ∈ [0, 1]. We may further simplify the problem by noting that
γ(x) = 1 − χ0 (x) − χ1 (x), so that these last two constraints become χ0 (x) + χ1 (x) ≤ 1
while χ0 (x), χ1 (x) ≥ 0, and the value Φ(B(f ? , r1 ), r1 /c) is the minimum achievable value of
E[1 − χ0 (X) − χ1 (X)] subject to these constraints. Furthermore, noting that hi ∈ B(f ? , r1 )
for every i ∈ [m], we have that

D.1 The Worst-Case Value of ϕc

Hanneke
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1 − 1c max{1, mr0 }
1 − mrc 1
Φ(B(f ? , r), r/c)
=
∨1≥
lim
.
r
r1
max{1/m, r0 }
r1 &max{1/m,r0 }

1
c




1
1
min s, −
.
r0 c − 1


1−

1
c



s= 1−

1
c



n
min s, r10 −




1
1
min s, −
.
ε c−1
1
c

1
c−1

o
.

= s, and the rightmost expression above equals (1 − 1/c)s. Otherwise, if
l m
1
r0 , and the rightmost expression above equals

r0 <r≤1

< r10 , then m
1
r0 , then m =

ϕc (r0 ) = sup

Pm 1
mr1
for each i ∈ [m], so that i=1
m (1 − χ0 (xi ) − χ1 (xσ(i) )) ≥ 1 − c , which is precisely the
value obtained with the above choices of χ0 and χ1 .
Thus, since the above argument holds for any choice of r1 > max{1/m, r0 } sufficiently
close to max{1/m, r0 }, we have

If s
s≥


1−


  





1
1 1
1 + r0 1
1
1
1
1−
r0
≥ 1−
= 1−
−
.
c r0
r0
c
r0
c
r0 c − 1
Either way, we have
ϕc (r0 ) ≥

P f ? ∈C

For the case r0 = 0, we note that ∀ε > 0, any c ≥ 2 has
P f ? ∈C

sup sup ϕc (0) ≥ sup sup ϕc (ε) ≥
Taking the limit ε → 0 yields supP supf ? ∈C ϕc (0) ≥ 1 −

For the upper bound, we clearly have ϕc (r0 ) ≤ (1−1/c)θ(r0 ) for every c > 1. To see this,
take ζ(x) = (1/c)1[x ∈ DIS(B(f ? , r))]1[f ? (x) = −1] + 1[x ∈
/ DIS(B(f ? , r))]1[f ? (x) = −1]
and ξ(x) = (1/c)1[x ∈ DIS(B(f ? , r))]1[f ? (x) = +1] + 1[x ∈
/ DIS(B(f ? , r))]1[f ? (x) = +1]
in the optimization problem defining Φ(B(f ? , r), r/c) in Definition 15. With these choices
of ζ and ξ, we have E[γ(X)] = (1 − 1/c)P(DIS(B(f ? , r))); also, for any h ∈ B(f ? , r),
since DIS({h, f ? }) ⊆ DIS(B(f ? , r)), we have E[1[h(X) = +1]ζ(X) + 1[h(X) = −1]ξ(X)] =
E[(1/c)1[h(X) 6= f ? (X)]] = (1/c)P(x : h(x) 6= f ? (x)) ≤ r/c; one can easily verify that
the remaining constraintsnare also
prove
o satisfied. Thus, since Hanneke and Yang (2015)
n
o
supP supf ? ∈C θ(r0 ) = min s, r10 , we have supP supf ? ∈C ϕc (r0 ) ≤ (1 − 1/c) min s, r10 .

We also note that, if we define ϕc01 (r0 ) identically to ϕc (r0 ) except that γ is restricted to
have binary values (i.e., in {0, 1}), then for c ≥ 4, this same construction giving nthe lower
o
bound above must have γ(xi ) = 1 for every i ∈ [m], which implies ϕc01 (r0 ) ≥ min s, r10 in
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this case. To see this, consider any r1 > P
max{1/m, r0 } sufficiently small so that mrc 1 < 21 ;
then to satisfy the constraints χ0 (xi ) + j6=i χ1 (xj ) ≤ mrc 1 < 21 for every i ∈ [m], while
χ0 (xi ), χ1 (xi ) ≥ 0, we must have every χ0 (xi ) and χ1 (xi ) strictly less than 21 , so that
γ(xi ) = 1 − χ0 (xi ) − χ1 (xi ) > 0 (and hence, γ(xi ) = 1, due to the constraint to binary
01
values). As we always have
n ϕco(r0 ) ≤ θ(r0 ), and Hanneke and Yang (2015)
n have
o shown
supP supf ? ∈C θ(r0 ) = min s, r10 , this implies supP supf ? ∈C ϕc01 (r0 ) = min s, r10 as well.
39

Hanneke

D.2 Relation of ϕc (r0 ) to the Doubling Dimension

Here we present the proof of (21), via a modification of an argument of Hanneke and Yang
(2015). We in fact prove the following slightly stronger inequality: for any c ≥ 8 and r > 0,
 

Φ(B(f ? , r), r/c)
log2 (N (r/2, B(f ? , r), P)) ≤ 2d log2 96
∨1
,
(29)
r

(30)

which will immediately imply (21) by taking the supremum of both sides over r > r0 (with
some careful consideration of the special case r = r0 ; see below).
Fix any c > 4 and r ∈ (0, 1]. Let Gr denote any maximal (r/2)-packing of B(f ? , r): that
is, Gr is a subset of B(f ? , r) of maximal cardinality such that minh,g∈Gr :h6=g P(x : h(x) 6=
g(x)) > r/2. It is known that any such set
satisfies

Gr

N (r/2, B(f ? , r), P) ≤ |Gr | ≤ N (r/4, B(f ? , r), P)

(see e.g., Kolmogorov and Tikhomirov, 1959, 1961; Vidyasagar, 2003). In particular, since
we have assumed d < ∞, in our case this further implies |Gr | < ∞ (Haussler, 1995). Also,
this implies that if |Gr | = 1, then (29) trivially holds, so let us suppose |Gr | ≥ 2.
Now fix any measurable functions γ, ζ, ξ mapping X → [0, 1] satisfying the constraint
suph∈B(f ? ,r) E[1[h(X) = +1]ζ(X) + 1[h(X) = −1]ξ(X)] ≤ r/c, where X ∼ P, and ∀x ∈ X ,
γ(x) + ζ(x) + ξ(x) = 1; for simplicity, also suppose E[γ(X)] ≥ r. As above, for m ∈ N,
let X1 , . . . , Xm be independent P-distributed random variables. Then let Γ1 , . . . , Γm be
conditionally independent given X1 , . . . , Xm , with the conditional distribution of each Γi
as Bernoulli(γ(Xi )) given X1 , . . . , Xm . Let Nm = |{i ∈ [m] : Γi = 1}|, and let X̂1 , . . . , X̂Nm
denote the subsequence of X1 , . . . , Xm for which the respective Γi = 1.
By two applications of the Chernoff bound, combined with the union bound, the event
E1 = {mE[γ(X)]/2 ≤ Nm ≤ 2mE[γ(X)]} has probability at least 1 − 2 exp{−mE[γ(X)]/8}.
Additionally, ∀f, g ∈ Gr with f 6= g, ∀i ∈ [m],

= E[1[f (X) 6= g(X)](1 − γ(X))] = E[1[f (X) 6= g(X)](ζ(X) + ξ(X))]

P(f (Xi ) 6= g(Xi ) and Γi = 0)

= E [(1[f (X) = +1]1[g(X) = −1] + 1[f (X) = −1]1[g(X) = +1]) (ζ(X) + ξ(X))]



r
.
E[γ(X)]

r 2r
− .
2
c

≤ E [1[f (X) = +1]ζ(X) + 1[f (X) = −1]ξ(X)] + E [1[g(X) = −1]ξ(X) + 1[g(X) = +1]ζ(X)]
2r
≤ ,
c
so that



1 2
−
2 c

P(f (Xi ) 6= g(Xi ) and Γi = 1) = P(f (Xi ) 6= g(Xi )) − P(f (Xi ) 6= g(Xi ) and Γi = 0) >
In particular, this implies

P (f (Xi ) 6= g(Xi )|Γi = 1) ≥
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Therefore,


P ∃i ∈ [Nm ] : f (X̂i ) 6= g(X̂i ) Nm = 1 − (1 − P(f (X1 ) 6= g(X1 )|Γ1 = 1))Nm
 


N



m
r
1 2
r
1 2
−
≥ 1 − exp −
−
Nm .
≥1− 1−
2 c E[γ(X)]
2 c E[γ(X)]

40

1
4

−

1
c



rm . Altogether, we have that




4c
E[γ(X)] 3
35 · 4e
∨8
K
33 log2 (e) c − 4
r
2




35 · 4e
4c
E[γ(X)]
= log2
∨8
+ log2 (K).
22 log2 (e) c − 4
r

K ≤ 2 log2



35 · 4e
22 log2 (e)
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4c
E[γ(X)]
∨8
.
c−4
r
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Via some simple calculus (see e.g., Vidyasagar, 2003, Lemma 4.6), this implies

K ≤ log2



If log2 (|Gr |) ≤ d, then together with (30), the inequality (29) trivially holds. Otherwise,
if log2 (|Gr |) > d, then letting K = d1 log2 (|Gr |) ≥ 1, the above implies

where the second inequality

 follows from the fact
 that8 ln(2|Gr > 16.5 (since |Gr | ≥ 2),
1
4c
35 1
4c
2
2
so that m ≤ 17.5
16.5 r c−4 ∨ 8 ln(2|Gr | ) = 33 r c−4 ∨ 8 ln(2|Gr | ).

|2 )



2emE[γ(X)]
log2 (|Gr |) ≤ d log2
∨2
d





35 · 4e
4c
E[γ(X)] 1  √
≤ d log2
∨8
ln( 2) + ln(|Gr |) ∨ 2
33
c−4
r
d




35 · 4e
4c
E[γ(X)] 1
= d log2
∨8
((1/2) + log2 (|Gr |)) ∨ 2 ,
33 log2 (e) c − 4
r
d

f, g ∈ Gr with f 6= g, ∃i ∈ [Nm ] for which f (X̂i ) 6= g(X̂i ): that is, every f ∈ Gr classifies
X̂1 , . . . , X̂Nm distinctly. But for this to be the case, |Gr | can be at most the number of
distinct classifications of a sequence of Nm points in X realizable by classifiers in C, where
(since E1 also holds) Nm ≤ 2mE[γ(X)]. Together with the VC-Sauer lemma (Vapnik and
Chervonenkis, 1971; Sauer, 1972), this implies that

 



1
4c
m=
∨ 8 ln 2|Gr |2 ,
r c−4


we have that P E1 and ∃i ∈ [Nm ] : f (X̂i ) 6= g(X̂i ) ≥ 1 − |G2r |2 . By a union bound, this

implies that with probability at least 1 − |G2r |2 |G2r | = |G1r | > 0, E1 holds and, for every

In particular, choosing



h

i
P E1 and ∃i ∈ [Nm ] : f (X̂i ) 6= g(X̂i ) = E 1E1 · P ∃i ∈ [Nm ] : f (X̂i ) 6= g(X̂i ) Nm



 
1 1
rm
P(E1 )
≥ 1 − exp −
−
4 c


 
1 1
rm − 2 exp{−mE[γ(X)]/8}
≥ 1 − exp −
−
4 c
 


c−4
≥ 1 − exp −
rm − 2 exp{−mr/8}.
4c


On the event E1 , this is at least 1 − exp −
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< 12, together with (30), we have that
 


4c
E[γ(X)]
log2 (N (r/2, B(f ? , r), P)) ≤ 2d log2 12
.
∨8
c−4
r

35·4e
22 log2 (e)

(31)
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4c
Φ(B(f ? , r), r/c)
log2 (N (r0 /2, B(f ? , r0 ), P)) ≤ 2d log2 12
∨ 8 lim
∨1
r&r0
c−4
r
 


4c
∨ 8 ϕc (r0 ) .
≤ 2d log2 12
c−4

Then taking the limit as r & r0 implies

so that both (29) and (32) are also valid for r > 1. This completes the proof of (29).
As a final step in the proof of (21), we note that there is a slight complication to be
resolved, since the defintion of D(r0 ) includes r0 in the range of r, while the definition
of ϕc (r0 ) does not. However, we note that, for any c > 4, any r0 > 0, and any r > r0
sufficiently close to r0 , we have c > cr0 /r > 4, so that (32) would imply
 


4(cr0 /r)
Φ(B(f ? , r0 ), r0 /(cr0 /r))
log2 (N (r0 /2, B(f ? , r0 ), P)) ≤ 2d log2 12
∨8
∨1
(cr0 /r) − 4
r0
 


4c
8r
Φ(B(f ? , r), r/c)
≤ 2d log2 12
∨
∨1
.
(cr0 /r) − 4 r0
r

log2 (N (r/2, B(f ? , r), P)) ≤ log2 (N (1/2, C, P)) ≤ d log2 (4e) + log2 (e(d + 1))

 
Φ(B(f ? , r), r/c)
≤ d log2 (4e)+d+log2 (e) ≤ d log2 (8e2 ) ≤ d log2 (96) ≤ 2d log2 96
∨1
,
r

4c
Noting that, for any c ≥ 8, c−4
≤ 8, this establishes (29) for any c ≥ 8 and r ∈ (0, 1].
In the case of r > 1, a result of Haussler (1995) implies that

Otherwise, if Φ(B(f ? , r), r/c) < r, then we note that, for any functions γ ∗ , ζ ∗ , ξ ∗ satisfying
the constraints from the definition of Φ(B(f ? , r), r/c) such that E[γ ∗ (X)] = Φ(B(f ? , r), r/c),
there exists functions γ, ζ, ξ satisfying the constraints from the definition of Φ(B(f ? , r), r/c)
for which E[γ(X)] = r. For instance, we can take γ based on a convex combination of γ ∗
r−E[γ ∗ (X)]
1−r
∗
∗
∗
and 1: γ(x) = 1−E[γ
∗ (X)] γ (x) + 1−E[γ ∗ (X)] , ζ(x) = (ζ (x) − (γ(x) − γ (x))) ∨ 0, ξ(x) =
∗
1 − γ(x) − ζ(x); one can easily verify that, since 0 ≤ ζ(x) ≤ ζ (x) and 0 ≤ ξ(x) ≤ ξ ∗ (x),
this choice of γ, ζ, ξ still satisfy the requirements for γ, ζ, ξ above, and that
 furthermore,


4c
E[γ(X)] = r. Therefore, (31) implies log2 (N (r/2, B(f ? , r), P)) ≤ 2d log2 12 c−4
∨8 .
Thus, either way, we have established that
 


4c
Φ(B(f ? , r), r/c)
∨8
∨1
.
(32)
log2 (N (r/2, B(f ? , r), P)) ≤ 2d log2 12
c−4
r

This inequality holds for any choice of γ, ζ, ξ satisfying the constraints in the definition of
Φ(B(f ? , r), r/c) from Definition 15, with the additional constraint that E[γ(X)] ≥ r. Thus,
if Φ(B(f ? , r), r/c) ≥ r, then by minimizing the right hand side of (31) over the choice of
γ, ζ, ξ, it follows that
 


4c
Φ(B(f ? , r), r/c)
log2 (N (r/2, B(f ? , r), P)) ≤ 2d log2 12
.
∨8
c−4
r

Noting that
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In particular, for any c ≥ 8,

4c
c−4
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≤ 8, so that

log2 (N (r0 /2, B(f ? , r0 ), P)) ≤ 2d log2 (96ϕc (r0 )) .
Together with the above, we therefore have that, for any c ≥ 8 and r0 > 0,


D(r0 ) = max log2 (N (r0 /2, B(f ? , r0 ), P)), sup log2 (N (r/2, B(f ? , r), P))
r>r0


 
Φ(B(f ? , r), r/c)
∨1
≤ max 2d log2 (96ϕc (r0 )) , sup 2d log2 96
r
r>r0
=

2d log2 (96ϕc (r0 )) .

Thus, we have established (21).

Appendix E. Proofs of Results on Learning with Noise
This appendix includes the proofs of results in Section 6: namely, Theorems 17 and 19.
E.1 Proof of Theorem 17
We begin with the proof of Theorem 17. The proof follows a technique of Hanneke and Yang
(2015), which identifies a subset of classifiers in C, corresponding to a certain concept space
for which Raginsky and Rakhlin (2011) have established lower bounds. Specifically, the
following setup is taken directly from Hanneke and Yang (2015). Fix ζ ∈ (0, 1], β ∈ [0, 1/2),
and k ∈ N with k ≤ min {1/ζ, |X | − 1}. Let Xk = {x1 , . . . , xk+1 } be a set of k + 1 distinct
elements of X , and define Ck = {x 7→ 21{xi } (x) − 1 : i ∈ [k]}. Let Pk,ζ be a probability
measure over X with P({xi }) = ζ for each i ∈ [k], and Pk,ζ ({xk+1 }) = 1 − ζk. For each
0
be
a
probability
measure over X × Y with marginal distribution Pk,ζ over
t ∈ [k], let Pk,ζ,t
0
, every i ∈ [k] has P(Y = 21{xt } (X) − 1|X = xi ) = 1 − β,
X , such that for (X, Y ) ∼ Pk,ζ,t
and P(Y = −1|X = xk+1 ) = 1. Raginsky and Rakhlin (2011) prove the following result
(see the proof of their Theorem 1).10
Lemma 21 For k, ζ, β as above, with k ≥ 2, for any δ ∈ (0, 1/4), for any (passive)
learning rule A, and any m ∈ N with
(

 )
1
k
β ln 4δ
3β ln 96
,
,
2ζ(1 − 2β)2 16ζ(1 − 2β)2
m < max

0
if Ck ⊆ C, then there exists a t ∈ [k] such that, if PXY = Pk,ζ,t
, then denoting ĥm = A(Lm ),
with probability greater than δ,

h∈C

er(ĥm ) − inf er(h) ≥ (ζ/2)(1 − 2β).
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10. As noted by Hanneke and Yang (2015), although technically the proof of this result by Raginsky and
Rakhlin (2011) relies on a lemma (their Lemma 4) that imposes additional restrictions on k and a
parameter “d”, one can easily verify that the conclusions of that lemma continue to hold in the special
case considered here (corresponding to d = 1 and arbitrary k ∈ N) by defining Mk,1 = {0, 1}1k in their
construction.
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Continuing to follow Hanneke and Yang (2015), we embed the above scenario into the
general case, so that Lemma 21 provides a lower bound. Fix any ζ ∈ (0, 1], β ∈ [0, 1/2),
and k ∈ N with k ≤ min {s − 1, b1/ζc}, and let x1 , . . . , xk+1 and h0 , h1 , . . . , hk be as in
Definition 9. Let Pk,ζ be as above (for this choice of x1 , . . . , xk+1 ), and for each t ∈ [k],
let Pk,ζ,t denote a probability measure over X × Y with marginal distribution Pk,ζ over
X such that, for (X, Y ) ∼ Pk,ζ,t , P(Y = ht (X)|X = xi ) = 1 − β for every i ∈ [k], while
P(Y = ht (X)|X = xk+1 ) = 1.


k
3β ln 96
,
16ζ(1 − 2β)2

Lemma 22 For k, ζ, β as above, with k ≥ 96e, for any δ ∈ (0, 1/4), for any (passive)
learning rule A, and any m ∈ N with
m<

there exists a t ∈ [k] such that, if PXY = Pk,ζ,t , then denoting ĥm = A(Lm ), with probability
greater than δ,
h∈C

er(ĥm ) − inf er(h) ≥ (ζ/2)(1 − 2β).

The proof of Lemma 22 is essentially identical to the proof of Hanneke and Yang (2015,
Lemma 26), except that the algorithm A here is restricted to be a passive learning rule so
that Lemma 21 can be applied (in place of Lemma 25 there). As such, we omit the details
here for brevity.
We are now ready for the proof of Theorem 17.
Proof of Theorem 17 Fix any β ∈ (0, 1/2), δ ∈ (0, 1/24), m ∈ N, and any (passive)
learning rule A. First consider the case of s ≥ 97e. Fix ε ∈ (0, (1 − 2β)/(384e2 )], and
2ε
let ζ = 1−2β
and k = min {s − 1, b1/ζc}. Then, noting that the distributions Pk,ζ,t above
satisfy the β-bounded noise condition, Lemma 22 implies that if

k
3β ln 96
,
(33)
32ε(1 − 2β)
m<

then there exists a choice of PXY satisfying the β-bounded noise condition such that, with
probability greater than δ, the classifier ĥm = A(Lm ) has

h∈C

er(ĥm ) − inf er(h) ≥ ε.

3β
ln
64ε(1 − 2β)


3β ln



≤

b1/ζc
96



32ε(1 − 2β)

3β ln



(1 − 2β)2 m
18β


1−2β
384ε

32ε(1 − 2β)

.
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Note that for any m ∈ N and ε ∈ (0, (1 − 2β)/(384e2 )], it holds that (see e.g., Vidyasagar,
2003, Corollary 4.1)
m≤

=⇒ m <

Thus, the inequality in (33) is satisfied if both

3β ln s−1
96
32ε(1 − 2β)
m<
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m≤

3β
ln
64ε(1 − 2β)


(1 − 2β)2 m
18β


.

64(1 − 2β)m0

∧

1 − 2β
.
384e2
36eβ
.
(1−2β)2

h∈C

er(ĥm ) − inf er(h) &

1
(1 − 2β)m


d + Log

 
1
∧ (1 − 2β),
δ
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holding with probability greater than δ. This lower bound is already known, and frequently
referred to in the literature; it follows from well-known constructions (see e.g., Anthony
and Bartlett, 1999; Massart and Nédélec, 2006; Hanneke, 2011, 2014). The case β < 3/8 is
covered by the classic minimax lower bound of Ehrenfeucht, Haussler, Kearns, and Valiant
(1989) for the realizable case, while the case β ≥ 3/8 is addressed by Hanneke (2014,
Theorem 3.5). However, it seems an explicit proof of this latter result has not actually

s < 97e has
lower bound

Next, we return to the general case of arbitrary s ∈ N ∪ {∞}. In particular, since any
βLog(min{s,(1−2β)2 m})
d
. (1−2β)m
, to complete the proof it suffices to establish a
(1−2β)m

Thus, in this case, we have that with probability greater than δ,


βLog min s, (1 − 2β)2 m
(1 − 2β)
er(ĥm ) − inf er(h) ≥
&
(1
−
2β)
≥
∧ (1 − 2β).
h∈C
384e2
(1 − 2β)m

18eβ
0
Since m, m0 ∈ N and m0 > m, we know that m0 ≥ 2, so that (1−2β)
2 ≤ m ≤
Therefore,

n
o
(1−2β)2 m0
3β ln min s−1
96 ,
18β
3β
3(1 − 2β)
(1 − 2β)
≥
≥
>
.
64(1 − 2β)m0
64(1 − 2β)m0
64 · 36e
384e2

h∈C

er(ĥm ) − inf er(h) ≥


n
o
(1−2β)2 m0
3β ln min s−1
96 ,
18β

18eβ
0
Furthermore, for m < (1−2β)
2 , we may also think of ĥm as the output of A (Lm0 ) for
l
m
18eβ
m0 = (1−2β)
> m, for a learning rule A0 which simply discards the last m0 − m samples
2
and runs A(Lm ) to produce its return classifier. Thus, the above result implies that for
18eβ
m < (1−2β)
2 , with probability greater than δ,

Solving for a value ε ∈ (0, (1 − 2β)/(384e2 )] that satisfies both of these, we have that for any
18eβ
m ∈ N with m ≥ (1−2β)
2 , there is a choice of PXY satisfying the β-bounded noise condition
such that, with probability greater than δ,
o

n
(1−2β)2 m
3β ln min s−1
96 ,
18β
1 − 2β
∧
er(ĥm ) − inf er(h) ≥
h∈C
64(1 − 2β)m
384e2


2
βLog min s, (1 − 2β) m
&
∧ (1 − 2β).
(1 − 2β)m

and
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Applying the relaxation max{a, b, c} ≥ (1/3)(a + b + c) (for nonnegative values a, b, c) then
completes the proof of the first lower bound stated in the theorem.
For the second inequality, note that by taking δ = 1/24, the inequality proven above
implies that there exists a distribution PXY satisfying the β-bounded noise condition such
that, with probability greater than 1/24,


d + βLog min s, (1 − 2β)2 m
er(ĥm ) − inf er(h) &
∧ (1 − 2β).
h∈C
(1 − 2β)m

orem 2.12) implies that there exists a b̄ ∈ {0, 1}d−1 such that, with PXYh = Pb̄ and
i
ĥm = A(Lm ), denoting b̂ = ((1 + ĥm (x1 ))/2, . . . , (1 + ĥm (xd−1 ))/2), we have E kb̂ − b̄k1 ≥
n
o
8eε 8
d−1
d−1
4 exp −m d−1 3 (1 − 2β) ≥ 4e . Noting that 0 ≤ kb̂ − b̄k1 ≤ d − 1, this further implies


1
8eε
that P kb̂ − b̄k1 ≥ d−1
≥ 8e
. Furthermore, note that er(ĥm ) − inf g∈C er(g) ≥ kb̂ − b̄k1 d−1
.
8e


1
d
Thus, P er(ĥm ) − inf g∈C er(g) ≥ ε ≥ 8e
> δ. Finally, note that ε & (1−2β)m
∧ (1 − 2β).
Altogether, by choosing which ever of these lower bounds is greatest, we have that for
any m ∈ N, there exists a choice of PXY satisfying the β-bounded noise condition such that,
with probability greater than δ,




max d, βLog min s, (1 − 2β)2 m , Log 1δ
er(ĥm ) − inf er(h) &
∧ (1 − 2β).
h∈C
(1 − 2β)m

8eε
ln 1−β
,
Hamming distance kb̄ − b̄0 k1 = 1 have KL(Pb̄m kPb̄m0 ) = mKL(Pb̄ kPb̄0 ) = m d−1
β


1−β
8
and as above, ln β
≤ 3 (1 − 2β). Now Assouad’s lemma (see Tsybakov, 2009, The-

b̄ = (b1 , . . . , bd−1 ) ∈ {0, 1}d−1 , let Pb̄ denote a probability measure on X × Y with marginal
P over X , and with Pb̄ ({(xi , 2bi − 1)}|{xi } × Y) = 1 − β for every i ∈ {1, . . . , d − 1},
and Pb̄ ({(x0 , −1)}|{x0 } × Y) = 1. In particular, note that any b̄, b̄0 ∈ {0, 1}d−1
 with


3(d−1)
let {x0 , . . . , xd−1 } denote a subset of X shatterable by C, fix ε = 64e(1−2β)m
∧ 1−2β
8e , and
8eε
8eε
let P({xi }) = (d−1)(1−2β)
for i ∈ {1, . . . , d − 1}, and P({x0 }) = 1 − 1−2β
. Now for each

d
Next, we present a proof for the term (1−2β)m
, again for β ≥ 3/8. This term is trivially

1
1
implied by the term (1−2β)m Log δ in the case d = 1, so suppose d ≥ 2. This time, we

− 1 = 1−2β
≤ 83 (1 − 2β) (since β ≥ 3/8), classic hypothesis testing lower bounds (see
β
Tsybakov, 2009, Theorem 2.2) imply that there exists a choice
 of b ∈ {0, 1} such that, with
PXY = Pb and ĥm = A(Lm ), P(ĥm (x1 ) 6= hb (x1 )) ≥ 41 exp −mε 83 (1 − 2β) ≥ (5/4)δ > δ.

1
Thus, with probability greater than δ, er(ĥm ) − inf g∈C er(g) ≥ ε & (1−2β)m
Log 1δ .
1−β
β

appeared in the literature. As such, for completeness, we include a brief sketch of the
argument here.

1
Suppose β ≥ 3/8. We begin with the term (1−2β)m
Log 1δ . Since we have assumed |C| ≥
3, there must exist x0 , x1 ∈ X and h0 , h1 ∈ C such that h0 (x0 ) = h1 (x0 ) while h0 (x1 ) 6=
ε
1
3
∧ (1 − 2β), let P({x1 }) = 1−2β
, and let P({x0 }) =
h1 (x1 ). Now fix ε = 8(1−2β)m
ln 5δ
1−P({x1 }). Then, for b ∈ {0, 1}, we let Pb be a distribution on X ×Y with marginal P over
X , and with Pb ({(x0 , h0 (x0 ))}|{x0 } × Y) = 1 and Pb ({(x1 , hb (x1 ))}|{x1 } × Y) = 1 − β. Then
one can easily check that, for PXY = Pb , any classifier h with h(x1 ) 6= hb (x1 ) has er(h)
−
1−β
inf g∈C er(g) ≥ ε. But since KL(P0m kP1m ) = mKL(P0 kP1 ) = mε ln 1−β
,
and
ln
≤
β
β
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c0

g∈H

g∈Gk

Dk ← {(X
 i , Yi ) : 2 + 1 ≤i ≤ 2 , Xi ∈ Rk } 

Gk+1 ← h ∈ Gk : 2−k |Dk | erDk (h)− min erDk (g) ≤ max{4ηk , U (Gk , 2k , δk ; Rk )}
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For simplicity, we suppose the function γk in Step 2 actually minimizes E[γk (X)] subject
to the constraints in the definition of Φ{0,1} (Gk , ηk ). However, the proof below would remain
valid for any γk satisfying these constraints, with E[γk (X)] ≤ 2Φ(Gk , ηk /2): for instance,
the proof of Lemma 24 reveals this would be satisfied by γk (x) = 1[γ ∗ (x) ≥ 1/2] for the
γ ∗ achieving the minimum value of E[γ ∗ (X)] in the definition of Φ(Gk , ηk /2). Indeed, it
would even suffice to choose γk satisfying the constraints of Φ{0,1} (Gk , ηk ) with E[γk (X)] ≤
c0 Φ(Gk , ηk /2), for any finite numerical constant c0 , as this would only affect the numerical
constant factors in Theorem 19.
We are now ready for the proof of Theorem 19.

6. Return any ĥ ∈ Gblog2 (m)c

5.

Algorithm 1:
0. G0 ← C
1. For k = 0, 1, . . . , blog2 (m)c − 1
2. Let γk be the function γ at the solution defining Φ{0,1} (Gk , ηk )
3. Rk ← {x ∈ X : γk (x) = 1}
k
k+1
4.

We will establish the claim in Theorem 19 for the following algorithm (which has the
data set Lm as input). For simplicity, this algorithm is stated in a way that makes it
P-dependent (which is consistent with the statement of Theorem 19). It may be possible
to remove this dependence by replacing the P-dependent quantities with empirical estimates, but we leave this task to future work (e.g., see the work of Koltchinskii, 2006, for
discussion of empirical estimation of U (H, m, δ; R); Zhang and Chaudhuri, 2014, additionally discuss estimating the minimizing function γ from the definition of Φ, though some
refinement to their concentration arguments would be needed for our purposes). For any
δ
k ∈ {0, 1, . . . , blog2 (m)c−1}, define δk = (log (2m)−k)
2 , and fix a value ηk ≥ 0 (to be specified
2
in the proof below).

Thus, γ, ζ, ξ are functions in the feasible region of the optimization problem defining
Φ{0,1} (H, η), so that Φ{0,1} (H, η) ≤ E[γ(X)] ≤ 2Φ(H, η/2).

h∈H

≤ 2 sup E [1[h(X) = +1]ζ ∗ (X) + 1[h(X) = −1]ξ ∗ (X)] ≤ η.

h∈H

sup E [1[h(X) = +1]ζ(X) + 1[h(X) = −1]ξ(X)]

Refined Error Bounds

h∈C

x ∈ X , if γ ∗ (x) ≥ 1/2, define γ(x) = 1 and ζ(x) = ξ(x) = 0, and otherwise define γ(x) = 0,
ζ(x) = ζ ∗ (x)/(ζ ∗ (x) + ξ ∗ (x)), and ξ(x) = ξ ∗ (x)/(ζ ∗ (x) + ξ ∗ (x)). By design, we have that
γ(x) ∈ {0, 1}, ζ(x), ξ(x) ∈ [0, 1], and γ(x) + ζ(x) + ξ(x) = 1 for every x ∈ X . Since every
x ∈ X has γ(x) ≤ 2γ ∗ (x), we have E[γ(X)] ≤ 2E[γ ∗ (X)] = 2Φ(H, η/2). Furthermore, for
every x ∈ X , we either have ζ(x) = 0 ≤ 2ζ ∗ (x) and ξ(x) = 0 ≤ 2ξ ∗ (x), or else γ ∗ (x) < 1/2,
in which case ζ ∗ (x)+ξ ∗ (x) = 1−γ ∗ (x) > 1/2, so that ζ(x) = ζ ∗ (x)/(ζ ∗ (x)+ξ ∗ (x)) ≤ 2ζ ∗ (x)
and ξ(x) = ξ ∗ (x)/(ζ ∗ (x) + ξ ∗ (x)) ≤ 2ξ ∗ (x). Therefore,

h∈C

Furthermore, since bounded noise distributions have inf h∈C er(h) equal the Bayes risk,
er(ĥm ) − inf h∈C er(h) is always nonnegative. We therefore have




1 d + βLog min s, (1 − 2β)2 m
23
E er(ĥm ) − inf er(h) & 0 +
∧ (1 − 2β)
h∈C
24
24
(1 − 2β)m


d + βLog min s, (1 − 2β)2 m
&
∧ (1 − 2β).
(1 − 2β)m


h
i
Finally, since inf er(h) is nonrandom, E er(ĥm ) − inf er(h) = E er(ĥm ) − inf er(h) .
h∈C

E.2 Proof of Theorem 19
Next, we present the proof of Theorem 19. We begin by stating a classic result, due to Giné
and Koltchinskii (2006) (see also van der Vaart and Wellner, 2011; Hanneke and Yang,
2012). For any set H of classifiers, denote diamP (H) = suph,g∈H P(x : h(x) 6= g(x)).

inf

r>diamP (H)

Lemma 23 There is a universal constant c0 ∈ (1, ∞) such that, for any set H of classifiers,
for any δ ∈ (0, 1) and m ∈ N, defining
v




u


P(R)
u
1
vc(H)Log P(R)
+Log 1δ
t vc(H)Log r +Log δ
r
r
+c0
m
m

U (H, m, δ; R) = 1∧

g∈H

for every measurable R ⊆ X , with probability at least 1 − δ, ∀h ∈ H,
 


er(h) − inf er(g) ≤ max 2 erLm (h) − min erLm (g) , U (H, m, δ; DIS(H)) ,
g∈H
g∈H
 


erLm (h) − min erLm (g) ≤ max 2 er(h) − inf er(g) , U (H, m, δ; DIS(H)) .

Next, we note that we lose very little by requiring the γ function in Definition 15 to be
binary. This allows us to simplify certain parts of the proof of Theorem 19 below.
Lemma 24 For any set H of classifiers, and any η ∈ [0, 1], for X ∼ P, letting

Φ(H, η) ≤ Φ{0,1} (H, η) ≤ 2Φ(H, η/2).


Φ{0,1} (H, η) = inf E[γ(X)] : sup E [1[h(X) = +1]ζ(X) + 1[h(X) = −1]ξ(X)] ≤ η,
h∈H

where ∀x ∈ X , γ(x) + ζ(x) + ξ(x) = 1 and ζ(x), ξ(x) ∈ [0, 1], γ(x) ∈ {0, 1} ,

we have that
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Proof The left inequality is clear from the definitions. For the right inequality, let γ ∗ , ζ ∗ , ξ ∗
be the functions at the optimal solution achieving Φ(H, η/2) in Definition 15. For every
47

n
o
Gk0 ⊆ h ∈ C : er(h) − er(h? ) ≤ Ũk0 .

gRk ∈Hk

g∈Gk

49
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Next, let ζk and ξk denote the functions ζ and ξ from the definition of Φ{0,1} (Gk , ηk ) at
the solution with γ equal γk . Note that ζk and ξk are themselves random, but are competely

gRk ∈Hk

erL̃k (hRk ) − min erL̃k (gRk ) = 2−k |Dk | erDk (h) − min erDk (g) .

First we note that, since every hRk and gRk in Hk agree on the labels of all samples in
L̃k \ Dk , and they each agree with their respective classifiers h and g in Gk on Dk , we have
that



gRk ∈Hk

 
 

er(hRk ) − inf er(gRk ) ≤ max 2 erL̃k(hRk ) − min erL̃k(gRk ) , U Hk , 2k , δk ; Rk
,
gRk ∈Hk
gRk ∈Hk
 


erL̃k(hRk ) − min erL̃k(gRk ) ≤ max 2 er(hRk ) − inf er(gRk ) , U (Hk , 2k , δk ; Rk ) .

In particular, these conditions are trivially satisfied for k = 0, so this may serve as a base
case for this inductive argument. Next we must extend these conditions to k + 1.
For each h ∈ Gk , define hRk (x) = h(x)1[x ∈ Rk ] + h? (x)1[x ∈
/ Rk ], and denote Hk =
{hRk : h ∈ Gk }. Noting
that Rk ⊇ DIS(Hk ), and that this implies U Hk , 2k , δk ; Rk ≥

U Hk , 2k , δk ; DIS(Hk ) , Lemma 23 (applied under the conditional distribution given Gk )
0
of probability at
and the law of total probability imply that there exists an event Ek+1
least 1 − δk , on which, ∀hRk ∈ Hk , denoting L̃k = {(Xi , Yi ) : 2k + 1 ≤ i ≤ 2k+1 } (which is
distributionally equivalent to L2k but independent of Gk ),

and

where c1 = (32c0 )
. We proceed by induction on k in the algorithm. SupposeP
that, for
some k ∈ {0, 1, . . . , blog2 (m)c − 1}, there is an event Ek of probability at least 1 − k−1
k0 =0 δk0
(or probability 1 if k = 0), on which h? ∈ Gk , and for some universal constant c1 ∈ (1, ∞),
every k 0 ∈ {0, . . . , k} has
Ũk0 ≤ (c/2)ηk0 ,

2α
2−α

determined by Gk . The definition of Rk guarantees that for every h, g ∈ Gk , for X ∼ P
(independent from Lm )

Proof of Theorem 19 The proof is similar to those given above (e.g., that of Theorem 16), except that the stronger form of Lemma 23 (compared to Lemma 2) affords us
a simplification that avoids the step in which we lower-bound the sample size under the
conditional distribution given Γi = 1.
Fix any a ≥ 1 and α ∈ (0, 1], and fix c = 128. We establish the claim for Algorithm 1,
described above. Define η0 = 2/c and Ũ0 = 1, and for each k ∈ {1, . . . , blog2 (m)c},
inductively define
n
n
oo
Ũk = min 1, 2ηk−1 + max 8ηk−1 , 2U (Gk−1 , 2k−1 , δk−1 ; Rk−1 ) ,
 




 α
 α 
2−α
1
2−α
+ Log
rk = ac1 a21−k dLog ϕ̂a,α a ad21−k
,
δk−1


1/α
2 rk
ηk =
,
c a

inf

gRk ∈Hk

g∈Gk

er(gRk ) ≤ er(h) − inf er(g) + 2ηk .

g∈Gk

g∈Gk
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Combining this with Lemma 24 and monotonicity of Φ(·, ηk /2), we have that


P(Rk ) ≤ 2Φ (B (h? , rk ) , ηk /2) = 2Φ B (h? , rk ) , (rk /a)1/α /c ≤ 2ϕ̂a,α (rk )rk .

It remains only to establish the bound on Ũk+1 . For this, we first note that, combining
the inductive hypothesis with the (a, α)-Bernstein class condition, on Ek+1 we have


Gk ⊆ B h? , aŨkα ⊆ B (h? , rk ) .

so that
∈ Gk+1 as well. Furthermore, combined with the definition of Gk+1 , this further
implies that on Ek+1 ,
n
n

oo
Gk+1 ⊆ h ∈ C : er(h) − er(h? ) ≤ 2ηk + max 8ηk , 2U Gk , 2k , δk ; Rk
n
o
= h ∈ C : er(h) − er(h? ) ≤ Ũk+1 .

h?

0
∩ Ek , we have that on Ek+1 , h? ∈ Gk , and
In particular, defining Ek+1 = Ek+1


n
o
2−k |Dk | erDk (h? ) − min erDk (g) ≤ max 4ηk , U (Gk , 2k , δk ; Rk ) ,

g∈Gk

We also note that vc(Hk ) ≤ vc(Gk ) and diamP (Hk ) ≤ diamP (Gk ), which together imply
0
, ∀h ∈ Gk ,
U (Hk , 2k , δk ; Rk ) ≤ U (Gk , 2k , δk ; Rk ). Altogether, we have that on Ek+1




er(h) − inf er(g) ≤ 2ηk + max 21−k |Dk | erDk (h) − min erDk (g) , U (Gk , 2k , δk ; Rk ) ,
g∈Gk
g∈Gk


 


−k
2 |Dk | erDk(h) − min erDk(g) ≤ max 2 er(h) − inf er(g) + 2ηk , U (Gk , 2k , δk ; Rk ) .

g∈Gk

er(h) − inf er(g) − 2ηk ≤ er(hRk ) −

In particular, noting that er(hRk ) − inf gRk ∈Hk er(gRk ) = supg∈Gk er(hRk ) − er(gRk ) and
supg∈Gk er(h) − er(g) = er(h) − inf g∈Gk er(g), this implies

/ Rk : h(x) 6= g(x)) ≥ er(h) − er(g) − 2ηk .
er(hRk ) − er(gRk ) ≥ er(h) − er(g) − P(x ∈

and similarly

/ Rk : h(x) 6= g(x)) ≤ er(h) − er(g) + 2ηk ,
er(hRk ) − er(gRk ) ≤ er(h) − er(g) + P(x ∈

Therefore,

+ E [1[g(X) = +1]ζk (X) + 1[g(X) = −1]ξk (X)|Gk ] ≤ 2ηk .

≤ E [1[h(X) = +1]ζk (X) + 1[h(X) = −1]ξk (X)|Gk ]

= E [(1[h(X) = +1]1[g(X) = −1] + 1[h(X) = −1]1[g(X) = +1]) (ζk (X) + ξk (X))|Gk ]

P(x ∈
/ Rk : h(x) 6= g(x)) = E [1[h(X) 6= g(X)](ζk (X) + ξk (X))|Gk ]

Hanneke
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The above also implies that diamP (Gk ) ≤ 2rk on Ek+1 . Together with the fact that vc(Gk ) ≤
d, we have that on Ek+1 ,



1/α

=

2−α

4c0 c
c12α

ηk+1

c
= ηk+1 .
8

s

 
1
U (Gk , 2k , δk ; Rk ) ≤ c0 2rk 2−k dLog (ϕ̂a,α (rk )) + Log
δk

 
1
+ c 2−k dLog (ϕ̂ (r )) + Log
. (34)
0
a,α
k
δk


α
Furthermore, monotonicity of ϕ̂a,α (·) implies ϕ̂a,α (rk ) ≤ ϕ̂a,α a(ad2−k ) 2−α . Plugging the
definition of rk into (34) along with this relaxation of ϕ̂a,α (rk ) and simplifying, the minimum
of 1 and the right hand side of (34) is at most

√
= 8c0 c1

rk+1
c1 a




 
  1
 α 
2−α
√
1
2−α
8c0 c1 a2−k dLog ϕ̂a,α a ad2−k
+ Log
δk

We may also observe that
1

ηk ≤ 4 2−α ηk+1 ≤ 4ηk+1 .
Combining the above with the definition of Ũk+1 , we have that on Ek+1 ,

n
o
c
⊆ h ∈ C : er(h) − er(h? ) ≤ ηblog2 (m)c .
2

o
n
c
c
Ũk+1 ≤ 8ηk+1 + max 32ηk+1 , ηk+1 = 40ηk+1 ≤ 64ηk+1 = ηk+1 .
4
2
P
Finally, noting that the union bound implies Ek+1 has probability at least 1 − kk0 =0 δk0
completes the inductive step.
By the principle of induction, we have thus established that, on an event Eblog2 (m)c of
P∞ 1
Pblog2 (m)c−1
δk > 1 − δ i=2
> 1 − δ,
k=0
i2
probability at least 1 −

h? ∈

Gblog2 (m)c

α 
 2−α

m

ad
m

1
δ
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1
  2−α



1
  2−α

+ Log

4
δ

In particular, this implies that ĥ exists in Step 6, and satisfies er(ĥ) − inf g∈C er(g) = er(ĥ) −
er(h? ) ≤ 2c ηblog2 (m)c . Noting that

≤ 6(32c0 )2 



 
a dLog ϕ̂a,α a



 
α 
 2−α
4a dLog ϕ̂a,α a ad
+ Log
m
c
1/α
η
≤ c1 
2 blog2 (m)c
m

completes the proof.
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The standard setting of pattern recognition problem requires, in the given set of functions
f (x, α), α ∈ Λ defined in the space X ∈ Rn , to find the function f (x, α0 ) such that the
indicator function y = θ(f (x, α)) ∈ {0, 1} (in this paper, the indicator function is defined

1. Introduction

Keywords: conditional probability, synergy, ensemble learning, intelligent teacher, privileged information, knowledge transfer, support vector machines, SVM+, classification,
learning theory, kernel functions, regression

In order to construct a monotonic solution, we use the set of functions that belong to
Reproducing Kernel Hilbert Space (RKHS) associated with the INK-spline kernel (splines
with Infinite Numbers of Knots) of degree zero. The paper provides details of the methods
for finding multidimensional conditional probability in a set of monotonic functions to
obtain the corresponding synergy rules. We demonstrate effectiveness of such rules for
1) solving standard pattern recognition problems,
2) constructing multi-class classification rules,
3) constructing a method for knowledge transfer from multiple intelligent teachers in the
LUPI paradigm.

In order to construct the optimal synergy rule, we estimate the conditional probability
function based on the direct problem setting, which requires solving a Fredholm integral
equation. Generally, solving a Fredholm equation is an ill-posed problem. However, in our
model, we look for the solution of the equation in the set of monotonic and bounded
functions, which makes the problem well-posed. This allows us to solve the equation
accurately even with training data sets of limited size.

This article describes a method for constructing a special rule (we call it synergy rule) that
uses as its input information the outputs (scores) of several monotonic rules which solve
the same pattern recognition problem. As an example of scores of such monotonic rules we
consider here scores of SVM classifiers.
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xi ∈ X, yi ∈ {0, 1}

1
,
1 + exp{−As + B}

A, B ∈ R1 .

2
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Platt’s approach was shown to be useful for calibration of SVM scores. Nevertheless, this
method has certain drawbacks: even if the conditional probability function for SVM is
monotonically increasing, it does not necessarily have the form of a two-parametric sigmoid
function.

Using the maximum likelihood technique, Platt (1999) introduced effective methods
to estimate both parameters A, B (see Lin et al., 2007).

P (y = 1|s) =

The special hypothesis: Conditional probability function can be approximated well
with sigmoid functions with two parameters:

The general hypothesis: Conditional probability function p(y = 1|s) is a monotonic
function of variable s.

where w, b are the parameters estimated by SVM: if si ≥ 0, vector xi belongs to class yi = 1,
otherwise it belongs to the opposite class yi = 0.
As Platt (1999) observed, the smaller is the (negative) score si for vector zi , the closer
is the conditional probability P (y = 1|si ) to zero and, the larger is the (positive) score si ,
the closer is the conditional probability P (y = 1|si ) to one. Platt introduced a method
for mapping SVM scores into values of conditional probability based on two hypotheses, a
general one and a special one.

si = (w, zi ) + b,

generated according to p(x, y) = p(y|x)p(x) are given (in the standard pattern recognition
terminology, conditional probability P (y|x) defines an unknown law of classification given
by Teacher and P (x) defines an unknown generator of events that should be classified by
the learning machine).
In this article, we illustrate our approach using Support Vector Machine (SVM) algorithms. The SVM algorithm construct an approximation of the desired classification
function by first mapping vectors x ∈ X into vectors z ∈ Z and then constructing a separating hyperplane in space (Z, y). The obtained rule is used for classification of unknown
iid vectors distributed according to the same unknown probability measure p(x, y).
The conditional probability of class y = 1 given x depends on the position of vector z
relative to the obtained hyperplane

(x1 , y1 ), . . . , (x` , y` ),

if the probability measure p(x, y), x ∈ X, y ∈ {0, 1} is unknown but iid data

as follows: θ(x) = 0 for x < 0 and θ(x) = 1 for x ≥ 0) minimizes the loss functional
Z
R(α) = |y − f (x, α)|dp(x, y)

Vapnik and Izmailov
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Platt
estimate error 4.9%
Monotonic estimate error 1.8%

Platt
estimate error 6.3%
Monotonic estimate error 2.3%

Platt
estimate error 7.3%
Monotonic estimate error 1.7%
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Figure 1: Comparison of conditional probability estimates.
3

Vapnik and Izmailov

It is easy to construct examples where suggested sigmoid function does not approximate
well the desired monotonic conditional probability function. Figure 1 illustrates the conditional probability approximations (for a sample consisting of 96 random numbers that are
evenly split between both classes) for Platt’s approach and for the special one-dimensional
case of the algorithm described further in this paper.
The one-dimensional problem mentioned in the previous paragraph has the following
form: given pairs (values si of SVM scores and corresponding classifications yi )

(s1 , y1 ), . . . , (s` , y` ),

find an accurate approximation of the monotonic conditional probability function p(y = 1|s).
Section 3 describes a technique for construction of a monotonic approximation of the desired
function. This approximation provides a more accurate estimate than the one based on
sigmoid functions.
In this paper, we consider a more general (and more important) problem than this
one-dimensional one. Suppose we have d different SVMs, solving the same classification
problem. Also, suppose that the probability of class y = 1 given scores s = (s1 , . . . , sd ) of d
SVMs is a multidimensional monotonic conditional probability function: for any coordinate
k and any fixed values of the other coordinates (s1 , . . . , sk−1 , sk+1 , ...sd ), the higher is the
value of score sk , the higher is the probability P (y = 1|s).
The goal of this article is to find a method for estimation of the monotonic conditional
probability function P (y = 1|s) for multidimensional vectors s = (s1 , . . . , sd ); that is,
to combine, in a single probability value, the results of multiple (namely, d) SVMs. We
show that estimating conditional probability function in a set of monotonic functions has
a significant advantage over estimating conditional probability function in a general, nonmonotonic set of functions: it forms a well-posed problem rather than an ill-posed problem.
The decision rule for a two-class pattern recognition problem can be obtained using the
estimated conditional probability function P (y = 1|s) as


1
y = θ P (y = 1|s) −
.
2

This article is organized as follows. In Section 2, we consider the problem of estimating
conditional probability function. We show that the problem of conditional probability
estimation in general sets of functions is ill-posed. However, this problem is well-posed
for sets of nonnegative bounded (by 1) monotonic functions. Therefore, the problem of
estimating the monotonic conditional probability function can be solved more accurately
than the general problem of estimating conditional probability function. In Section 3, we
describe methods of estimating monotonic conditional probability functions. In Section 4,
we apply methods of estimating monotonic conditional probability function based on the
scores generated by several different SVMs solving the same pattern recognition problem.
Here we estimate monotonic conditional probability function of class y = 1 given all the
scores and we obtain the so-called synergy rule of classification. In Section 5, we consider a
method for knowledge transfer from multiple intelligent teachers.

JMLR 17(136):1-33

Remark. It is important to note that, in classical machine learning literature, there are
ensemble methods that combine several rules (see Dietterich (2000), Zhang and Ma (2012),

4

1

n

n

i=1 k=1

1 X̀ Y
θ(xk − Xik ),
`
(1)

5

(3)

(2)
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Application of VC theory to n-dimensional case (Vapnik, 1998) gives the bound
 
 
n ln `
P {sup |F` (x) − F (x)| ≥ ε} ≤ exp − ε2 −
` .
`
x

x

P {sup |F` (x) − F (x)| ≥ ε} ≤ 2 exp{−2ε2 `}.

where θ(xk − Xik ) is the step function (indicator function for x ≥ 0).
Classical statistical theory provides bounds on the rate of convergence of F` (x) to the
desired function F (x) for the one-dimensional case (Massart, 1990):

F` (x) =

n

X1 , . . . , X`

by empirical cumulative distribution function

can be estimated from the observations

F (x) = P {X ≤ x , . . . , X ≤ x }

1

In (Vapnik et al., 2015), (Vapnik and Izmailov, 2015c), (Vapnik and Izmailov, 2015a), we
introduced direct constructive methods for solving the main problems of statistical inference.
All these methods are based on Glivenko-Cantelli theory, which forms the foundation of
classical statistics. This theory states that the joint cumulative distribution function of
several variables X = (X 1 , . . . , X n )

2.1 Glivenko-Cantelli Theory

In this section, we present a short overview of the direct constructive setting of estimation
of conditional probability, as presented in (Vapnik and Izmailov, 2015c) and (Vapnik and
Izmailov, 2015a). The method is quite general, and, in this section, we do not even assume
that the probability has to belong to [0, 1].

2. Overview of Methods

3) Synergy rule is constructed only for monotonic rules (such as SVM) in contrast to
ensemble rule which combines any rules. Synergy is the property of monotonicity of
the solution.

2) Synergy rule defines the optimal solution to the problem of combining several
scores of monotonic rules. It is based on effective methods of conditional probability
estimation in the set of monotonic functions.

1) Ensemble rule is a result of structural combination (such as voting or weighted
aggregation) of several classification rules.

Tsybakov (2003), Lecué (2007)). The difference between ensemble rules and synergy rules
is in the following:

Synergy of Monotonic Rules

p(x, y)
, p(x) > 0,
p(x)

p(x, y = 1)
, p(x) > 0,
p(x)

f (x) =

Z

yp(y|x)dy,

6
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are given. This setting is called direct because it is based on the definition of conditional
probability. It is called constructive because there exists an empirical cumulative distribution function, defined as (1), that converges to the real cumulative distribution function
with the rates (2) and (3).

(x1 , y1 ), . . . , (x` , y` )

These papers describe the direct constructive way of estimation of the conditional probability function as solving a multidimensional Fredholm integral equation (4) when cumulative
distribution functions F (x) and F (x, y = 1) are unknown but data

The definition of conditional probability can be rewritten (see Vapnik and Izmailov
(2015c), Vapnik and Izmailov (2015a)) in the form of the solution of integral equation
Z
θ(x − X)p(y = 1|X)dF (X) = F (x, y = 1).
(4)

the regression function f (x); it defines conditional expectation of value y given observation x.

4 We call the integral

the conditional probability function; it defines conditional probability of y = 1 given
observation x.

p(y = 1|x) =

3. Let pair (x, y), x ∈ X, y ∈ {0, 1} be a random event. We call

the conditional density function; it defines the conditional density of the value of y
given observation x.

p(y|x) =

2. Let pair (x, y), x ∈ X, y ∈ Y ∈ R1 be a random event. We call

1. We call function p(x) the density function of the random events X ∼ F (x) if its
integral defines the cumulative distribution function
Z
θ(x − X)p(X)dX = F (x), X ∈ Rn .

Estimation of cumulative distribution function using empirical data is a foundation for
estimation of more sophisticated characteristics of stochastic events such as density function,
conditional density function, regression function, conditional probability function etc.

2.2 Direct Setting of Conditional Probability Estimation

Vapnik and Izmailov
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In order to find the conditional probability (i.e., to solve equation (4)), we use the approximations F` (x) and F` (x, y = 1) = F` (x|y = 1)P` (y = 1) instead of unknown functions
F (x), F (x, y = 1). As shown in (Vapnik and Izmailov, 2015c) and (Vapnik and Izmailov,
2015a), statistical inference problems, such as (1) conditional density estimation, (2) conditional probability estimation, (3) regression estimation, (4) ratio of two densities estimation,
can be formulated as follows: solve the integral equation
Z
θ(z − Z)f (z)dF (z) = (Ey)−1 F ∗ (z)
in the situation when the cumulative distribution functions F (z), F ∗ (z), and the value
E(y) are unknown but their approximations in the form of empirical cumulative functions
F` (z), F`∗ (z) and empirical average P` (y = 1) can be obtained using data

Vapnik and Izmailov

b

K(x, u)f (u)du = Φ(x)

{f (t)}, continuous on [a, b], unto the set of functions {Φ(x)}, also continuous on [c, d]. The
corresponding Fredholm equation of the first kind (Tikhonov and Arsenin, 1977)
Z

a

requires finding the solution f (u) given the right-hand side Φ(x). It is known that these
integral equations are ill-posed.
In our problem, not only the right-hand side of (5) is an approximation but also the
operator of (5) is defined approximately. In (Vapnik, 1995), such equations are called
stochastic ill-posed problems.

2.4 Methods of Solving Ill-Posed Problems

In this subsection, we consider methods for solving ill-posed operator equations.
2.4.1 Inverse Operator Lemma

(z1 , y1 ), . . . , (z` , y` ).
2.3 Fredholm Integral Equations of the First Kind

(5)

We consider the linear operator equations
Af = Φ,

where A maps elements f of the metric space E1 into elements Φ of the metric space E2 .
Let A be a continuous one-to-one operator, which maps a set M ⊂ E1 onto a set N ⊂ E2 ,
i.e., AM = N . The solution of such operator equation exists and is unique, i.e., inverse
operator A−1 is defined:
M = A−1 N .

b

Af = Φδ

8
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1. the solution of (5) belongs to the domain D(W ) of the functional W (f );

when δ → 0.
Consider a lower semi-continuous functional W (f ) (called the regularizer) that has the
following three properties:

Our goal is to solve the equations

Suppose that we have to solve the operator equation (4) defined by a continuous one-to-one
operator A mapping M into N , where we assume that the solution of (5) exists. Also,
suppose that, instead of the right-hand side Φ(x), we are given its approximations Φδ (x),
where
ρE2 (Φ(x), Φδ (x)) ≤ δ.

2.4.2 Regularization Method

The following Inverse Operator Lemma (see Tikhonov and Arsenin, 1977) is the key enabler
for solving ill-posed problems.
Lemma. If A is a continuous one-to-one operator defined on a compact set M∗ ⊂ M,
then the inverse operator A−1 is continuous on the set N ∗ = AM∗ .
It is known that bounded monotonic functions form a compact set. Therefore, if we
restrict the set of solutions of Fredholm integral equations to the class of bounded monotonic
functions, we will make the corresponding equation well-posed. This is exactly the reason
of our targeting the monotonic solutions in this paper.
Thus, as follows from Inverse Operator Lemma, the conditions of existence and uniqueness of the solution of an operator equation imply that the problem is well-posed on the
compact M∗ . The third condition (stability of the solution) is automatically satisfied. This
lemma is the basis for all constructive ideas of solving ill-posed problems. We describe one
of them in the next subsection.

Z

a

K(x, u)f (u)du

The crucial question is whether this inverse operator A−1 is continuous. If it is, then
close functions in N are mapped by A−1 to close functions in M; that is, a “small” change
in the right-hand side of (5) results in a “small” change of its solution. In this case, the
operator A−1 is called stable (Tikhonov and Arsenin, 1977). If, however, the inverse operator
is discontinuous, then “small” changes in the right-hand side of (5) can cause a significant
change of its solution. In this case, the operator A−1 is unstable.
The equation (5) is well-posed if its solution (1) exists, (2) is unique, and (3) is stable.
Otherwise, the equation (5) is ill-posed.
We are interested in the situation when the solution of operator equation exists, and is
unique. In this case, the stability of the operator A−1 determines whether (5) is ill-posed
or well-posed. If the operator is unstable, then, generally speaking, any numerical solution
of (5) is meaningless (a small error in the right-hand side of (5) can cause a large change of
its solution).
Here we consider the linear integral operator
Af (x) =

JMLR 17(136):1-33

defined by the kernel K(t, u), which is a symmetric positive definite function that is continuous almost everywhere on a ≤ t ≤ b, c ≤ x ≤ d. This kernel maps the set of functions
7

fˆ ∈ D(W )
(6)

δ2
≤ r < ∞.
δ−→0 γ(δ)
lim
(7)

(9)

||Af − A` f ||2
−→`→∞ 0.
Ω(f )
f ∈{Ω(f )≤C}

sup

(10)

9

1. The elements Φδ do not have to belong to the set N .
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As was shown in (Vapnik (1998)), if the desired solution belongs to one of the compacts
{f ; Ω(f ) ≤ C}, the sequence of approximations Φ` of the right-hand side of equation and

||A` − A||2 =

Here, with increasing number of observations `, functions Φ` converge to the actual function
Φ and operator A` converges to the actual operators A in the sense that

T` f = ||A` f − Φ` ||2E2 + γ` Ω(f ).

we will also use the regularization method minimizing the functional

Let A` be approximations of A and Φ` be approximations of Φ. In order to solve stochastic
ill-posed problems
A` f = Φ` ,
(8)

2.4.3 Stochastic Ill-Posed Problems

Then the sequence of solutions fδ
minimizing the functionals Rγ(δ) (f, Φδ ) on D(W ) converges to the exact solution f (in the metric of space E1 ) as δ −→ 0.
In a Hilbert space, the functional W (f ) may be chosen as ||f ||2 for a linear operator A.
Although the sets Mc are only weakly compact in this case, regularized solutions converge
to the desired one. Such a choice of regularized functional is convenient since its domain
D(W ) is the whole space E1 . In this case, however, the conditions on the parameters γ are
more restrictive than in the case of Theorem 1: γ should converge to zero slower than δ 2 .
Thus the following theorem holds true (Tikhonov and Arsenin, 1977).
Theorem 2. Let E1 be a Hilbert space and W (f ) = ||f ||2 . Then, if γ(δ) satisfies (7)
γ(δ)
with r = 0, the regularized elements fδ
converge to the exact solution f in E1 as δ → 0.

γ(δ)

γ(δ) −→ 0 for δ −→ 0, and

with regularization parameter γδ > 0.
The following theorem holds true (Tikhonov and Arsenin, 1977).
Theorem 1. Let E1 and E2 be metric spaces, and suppose that, for Φ ∈ N , there
exists a solution of (5) that belongs to compact Mc for some c. Suppose that, instead of the
exact right-hand side Φ in (5), its approximations1 Φδ ∈ E2 are such that ρE2 (Φ, Φδ ) ≤ δ.
Consider the sequence of parameters γ such that

Rγ (fˆ, Φδ ) = ρ2E2 (Afˆ, Φδ ) + γδ W (fˆ),

The idea of regularization is to find a solution for (5) as an element minimizing the
so-called regularized functional

3. the sets Mc = {f : W (f ) ≤ c} are compact for any c ≥ 0.

2. the values W (f ) of W are non-negative in the domain of W ;

Synergy of Monotonic Rules

||A` − A||2
= 0,
γ`

i=1

X̀

θ(x − Xi )f (Xi ) and Φ` (x) =

j=1

X̀

yj θ(x − Xj ),

k=1

d
Y

k=1

σk (xk )

and

j=1

µ(x) =

k=1

d
Y

µk (xk ),

k=1

where x = (x1 , . . . , xd ).

i,j=1

X̀

f (Xi )f (Xj )Vi,j − 2

10

i,j=1

X̀

yj f (Xi )Vi,j +

k=1

i,j=1

X̀

yi yj Vi,j ,
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Then we can rewrite the square of distance ρ2 in the explicit form

2
Z X̀
d
d
d
Y
X̀ Y
Y
k
k
k
k 

f (Xi )
θ(x − Xi ) −
yj
θ(x − Xj )
σk (xk )dµk (xk ) =
i=1

σ(x) =

where σ(x) is a non-negative function and µ(x) is a probability measure; some choices for
σ(x) and µ(x) were considered in (Vapnik and Izmailov (2015c)), (Vapnik and Izmailov
(2015a)). To simplify computations, we chose

Below, we use L2 -distance in space E2 in the general form
Z
ρ2 (A` f, Φ` ) = (A` f (x) − Φ` (x))2 σ(x)dµ(x),

2.5.1 Choice of Distance and Definition of V -Matrix

2. the regularization functional Ω(f ), to be defined below.

where (Xi , yi ), . . . , i = 1, . . . , `, Xi ∈ Rd , yi ∈ {0, 1} are training data;

A` f (x) =

1. the square of the distance ρ2 (A` f, Φ` ) in space E2 between functions (we omit the
common normalizing multiplier 1/` in these definitions since it does not affect the
subsequent derivations):

In order to find the conditional probability from the observations, we solve stochastic illposed problem (8) using regularization method (9), where approximations of the right-hand
side of equation Φ and operator A are defined. We define two terms of (9) as:

2.5 V -Matrix Method of Estimation of Conditional Probability Function

then the sequence of minima converges to the desired function.
In (Vapnik and Izmailov (2015c)), (Vapnik and Izmailov (2015a)), it was shown that
our specific integral equations satisfy the required conditions.

`→∞

lim

the sequence of approximations A` of the operators converge in probability to, respectively,
Φ and A, and γ` → 0 in (9) is such that

Vapnik and Izmailov

d
Y

k=1

where we have denoted
Vi,j =

k
Vi,j
,

Z 

θ xk − min{Xik , Xjk } σk (xk )dµ(xk ).
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k
Vi,j
=

We denote by V the (` × `)-dimensional matrix of elements Vij , by f the `-dimensional
vector f = (f (X1 ), . . . , f (X` ))T , and by Y the `-dimensional vector Y = (y1 , . . . , y` )T . In
matrix notations, we can rewrite the square of distance as follows:
ρ2 = f T V f − 2f T V Y + Y T V Y.
2.5.2 Choice of Regularization Functional
Suppose that the solution of our integral equation (4) belongs to the RKHS (Reproducing
Kernel Hilbert Space) associated with kernel K(x, x∗ ) (symmetric positive definite function
of vector variables x, x∗ ∈ X). This means that RKHS has inner product such that for any
function f (x) from the space, the equality
(K(·, y), f ) = f (y)

k

λk φk (x)φk (x∗ ),

holds true. According to Mercer theorem, any positive definite kernel K(x, x∗ ) can be
represented as
∞
X
K(x, x∗ ) =

∞
X
k=1

ak φk (x),

where {φk (x)} is a system of orthonormal functions in E1 and {λk } is a sequence of nonnegative values converging to zero, where k = 1, 2, . . ..
It is easy to check that the functions

f (x, a) =

∞

X ak bk
,
λk
k=1

(11)

belong to RKHS associated with kernel K(x, x∗ ) if the inner product between two functions
f (x, a) and f (x, b) has the form
(f (x, a), f (x, b)) =
and, therefore, the norm of function f (x, a) is
∞

X a2
k
||f (x, a)||2 =
.
λk
k=1

∞

X a2
k
≤C
λk
k=1
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We will chose the norm of function from RKHS as the regularizer Ω(f ) = ||f ||2 . As follows
from (11), the set of functions with their norm bounded by C
||f (x, a)||2 =

11
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is a compact. Therefore, we use as a regularizer in (9) the norm of function in RKHS

ρ2 + γ` ||f ||2 = f T V f − 2f T V Y + Y T V Y + γ` ||f ||2 .

i=1

X̀

αi K(xi , x),

αi αj K(xi , xj ).

(12)

(14)

(13)

An important property of RKHS for applicatons is defined by the so-called Representer
Theorem (Kimeldorf and Wahba (1970)), according to which the minimum of (12) has an
expansion on elements K(xi , x) defined on the training data x1 , . . . , x`

f (x, a) =

i,j=1

X̀

and the norm of function f in RKHS is defined as
||f ||2 =

f = KΛ,

||f ||2 = ΛT KΛ.

To simplify the notations, we introduce `-dimensional vector Λ = (α1 , . . . , α` ), `-dimensional
vector functions K(x) = (K(x1 , x), . . . , K(x` , x))T and (` × `)-dimensional matrix K =
(K(xi , xj )).
Using these notations, we can rewrite (13) and (14) as
f (x) = KT (x)Λ,
2.5.3 V -Matrix Kernel Regression

(15)

In order to solve our integral equation using the regularization technique, we have to minimize, with respect to vector Λ, the functional

W (Λ) = ΛT KV KΛ − 2ΛT KV Y + γ` ΛT KΛ;

(17)

in this functional, the third term of (12) was omitted since it does not depend on Λ. The
solution has the form
f (x) = ΛT K(x),
(16)

where one has to minimize functional (15) in order to find Λ.
The minimum of (15) has the closed-form representation

Λ = (V K + γ` I)−1 V Y.

Note that for yi ∈ {0, 1} in Y = (y1 , .., y` )T , expression (17) estimates the conditional
probability; for yi ∈ R1 , this expression estimates the regression.

2.6 Estimation in a Set of Functions with Bias Term

Below we consider sets of functions {f (x) + b}, where b is a value of bias (to be estimated
from data) and function f (x) belongs to RKHS (note that f (x) + b does not have to belong
to RKHS). Replacing f (x) with f (x) + b in (16), we can rewrite (15) in the form

(18)

JMLR 17(136):1-33

W = (KΛ + b1` )T V (KΛ + b1` ) − 2(KΛ + b1`T )V Y + γ` ΛT KΛ.

12


T
1
2 KΛ + 1` 1T` (Y − KΛ)
V Y + γ` ΛT KΛ.
`


T 

1
1
KΛ + 1` 1T` (Y − KΛ)
V KΛ + 1` 1T` (Y − KΛ) −
`
`

W = ΛT KVKΛ − 2ΛT KVY + γΛT KΛ + C,
(21)

(20)

(19)

(22)

13

(x1 , y1 ), . . . , (x` , y` )
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(24)

in the set f (x, α), α ∈ Λ defines conditional probability function f (x, α0 ) (provided that
α0 ∈ Λ). In order to estimate the conditional probability, one has to find the function that
minimizes functional (23) if the probability measure P p(x, y) is unknown but iid sample

In addition to direct setting of conditional probability problem, indirect settings also exist.
They are based on the fact that for some loss functions ρ(y − f (x, α)), under a wide range
of conditions, the minimum of the functional
Z
R = ρ(y − f (x, α))dp(x, y)
(23)

2.7 Indirect Methods of Estimation of Conditional Probability

which differs from (17) just by using matrix V instead of matrix V .
Therefore, in order to find the conditional probability in the form f (x) = ΛT K(x) + b,
we have to estimate the vector Λ using (22) and estimate the bias b using (19).
Remark. The described solution for conditional probability is also applicable for estimating regression. In that case, coordinates yi of vector Y = (y1 , . . . , y` )T belong to R1
and the set of functions f (x, α), α ∈ Λ is a set of real-valued functions from RKHS.

Λ = (VK + γI)−1 VY,

Solving this equation with respect to Λ, we obtain the closed-form solution

where C are the terms that do not depend on Λ. Taking the derivative of W over Λ and
equating it to zero, we see that, in order to minimize (21), vector Λ has to satisfy the
equation
2KVKΛ − 2KVY + 2γKΛ = 0.

Then

1
E = I − 1` 1T and V = EV E.
`

In order to simplify this expression, we introduce the notations

W =

and putting it into equation (18), we obtain the functional for minimization:

1
b = 1T` (Y − KΛ)
`

Finding the expression for b by minimizing (18)

Synergy of Monotonic Rules

i=1

ρ(yi − f (xi , α)) + γ||f (x, α)||2 .

i=1

I = EIE.

R=C

i=1

X̀

14

|yi − f (xi , α) − b| + ||f (x, α)||2 .
JMLR 17(136):1-33

In classical statistics, besides L2 -norm loss function for estimating regression, L1 -norm loss
is considered as well. In many situations, L1 -norm regression has an advantage over L2 norm: it provides the so-called robust regression (Andersen (2008)). As in previous sections,
we estimate the regression in the set of functions {f (x, α) + b}, where each f (x, α) belongs
to RKHS associated with kernel K(x, x∗ ). In order to do that, we minimize the functional

2.7.2 Regularized Kernel Least Modulo Method

Λ = (IK + γI)−1 IY.

The vector of coefficients Λ in closed form is

where we have denoted

where we again assume that functions f (x, α), α ∈ Λ belong to RKHS associated with
kernel K(x, x∗ ). Using the same reasoning as in the previous section, we obtain that the
solution has the form (16), with the expansion coefficients Λ = (α1 , . . . , α` )T maximizing
the functional
W = ΛT KIKΛ − 2ΛT KIY + γΛT KΛ,

i=1

X̀
X̀
(f (xi , α) + b) =
yi ,

Minimizing this expression over b, we obtain

i=1

We minimize the functional (23) based on empirical data (24) in the set of functions belonging to RKHS associated with the kernel K(x, x∗ ). For this set, we minimize the empirical
functional
X̀
(yi − f (xi , α) − b)2 + γ||f (x, α)||2 .

2.7.1 Regularized Kernel Least Square Method

2. ρ(y − f (x, α)) = |y − f (x, α)|, which leads to a more robust regularized kernel least
modulo method.

1. ρ(y − f (x, α)) = (y − f (x, α))2 , which leads to regularized kernel least square
method.

There are two classical ideas of choosing the term ρ(y − f (x, α)):

X̀

is given. The standard idea for solving this problem is to minimize the functional

Vapnik and Izmailov

X̀
i=1

αi [(yi − (w, zi ) − b) + ξi ] −

X̀
i=1

αi∗ [(−yi + (w, zi ) + b) + ξi ],

S(x|r, m) =

r
X



cs xs +

k=0

(x − ak )r if x − ak ≥ 0
0
otherwise

s=0

3.1 Kernels for Estimating INK-Splines

where

0

∞

S∞ (x) =

r
X
s=0

cs xs +

r
r
(xi − τ )+
(xj − τ )+
dτ =

Z

0

r

∞

r
g(τ )(x − τ )+
dτ.

(25)

X
Crk
[min{xi , xj }]2d−k+1 |xi − xj |k
2r − k + 1

k=0

1
1
(min{xi , xj })3 + (min{xi , xj })2 |xi − xj |.
3
2

Kr (xi , xj ) =

k=1

d
Y

Kr (xik , xjk ),

x = (x1 , . . . , xd ).

In the multidimensional case, the INK-spline of degree r is defined as

K1 (xi , xj ) =

for r = 1, the INK-spline kernel has the form

K0 (xi , xj ) = min{xi , xj };

(26)

(here we modified the definition of INK-kernel from (Vapnik (1998)), (Izmailov et al. (2013))
by omitting its polynomial portion).
For r = 0, the INK-spline kernel has the form

Kr (xi , xj ) =

Following the approach from (Vapnik (1998)), (Izmailov et al. (2013)), we define the kernel
with infinite number of knots (INK-spline) of degree r for expansion of the function of one
variable x ≥ 0 in the form
Z

We generalize expansion (25) using infinite number of knots:

r
(x − ak )+
=

r
ek (x − ak )+
,

Vapnik and Izmailov

ξi + (w, w) −

δi K(xi , x) + b,

i,j=1

m
X

Synergy of Monotonic Rules

i = 1, . . . , `.

ξi + (w, w)

According to the definition in the one-dimensional case, splines of degree r with m knots
are defined by the expansion (in this section, we assume that 0 ≤ x ≤ 1)

X̀
i=1

We rewrite this problem in an equivalent form: we map vectors x ∈ X into Hilbert space
z ∈ Z defined by the inner product (zi , zj ) = K(xi , xj ) given by a non-negative definite
kernel K(x, x∗ ). We look for a solution in the form f (x, α) = (w, z) + b, where w, z ∈ Z. In
these notations, we rewrite our minimization problem as follows: minimize the functional
R=C

−ξi ≤ yi − (w, zi ) − b ≤ ξi ,

subject to the constraints

X̀
i=1

Using Lagrange multiplier method, we construct the Lagrangian
L=C

X̀
i=1

the saddle point of which (minimum with respect to ξ and w and maximum with respect
to α) defines the solution.
The solution has the form
f (x, α) =

i=1

X̀
i=1

δi K(xi , xk ),

δi = 0.

X̀
1 X̀
δi δj K(xi , x)
R=
yi δi −
2

where, in order to find δi = αi∗ − αi , one has to maximize the functional

subject to the constraints

X̀
i=1

−C ≤ δi ≤ C,
The bias b can be computed as
b = yk −
where k is an index for which |δk | =
6 C.

3.2 Estimating One-Dimensional Monotonic Conditional Probability Function

JMLR 17(136):1-33

3. Estimation of Monotonic Conditional Probability Functions

16

In classical statistics, there are methods for estimation of monotonic (isotonic) regression
(see Best and Chakravarti, Mair et al. (2009), Sysoev et al. (2011), Meyer (2013)), focusing
on maintaining the monotonicity on the observed sample points. Below we describe a
method of estimating conditional probability that is a monotonic function in the whole
space; the method is based on INK-splines with infinite number of knots.
JMLR 17(136):1-33

Our goal is to minimize functional (15) in the set of monotonically increasing functions. We
do this by using expansion of desired function on kernels that generate splines with infinite
number of knots (INK-spline) of degree zero. The reason we use these kernels is that
they enable an efficient and straightforward construction of multidimensional monotonic
functions; it is possible that some other kernels might be used for that purpose as well.
15

i=1

X̀
αi min{xi , x} + b.

(27)

∀x ≥ 0
(28)

j = 1, . . . , `,
(29)

i=1

j = 1, . . . , `.

17

ΛT Θ(0) ≥ 0, ΛT Θ(xj ) ≥ 0,

j = 1, . . . , `.

Using these notations, we rewrite the constraints (29) in the form

Θ(xj ) = (θ(x1 − xj ), . . . , θ(x` − xj ))T ,

We introduce the notations

JMLR 17(136):1-33

(30)

3. Let x ≥ max{x1 , . . . , xL }. Then, since θ(xi − x) = 0 for all i = 1, . . . , L, the value (28)
is zero.

which are non-negative, according to the first inequality in (29). Therefore, the function is also non-negative at any internal point x of the interval (xj , xj+1 ).

i=1

2. Let min{x1 , . . . , xL } < x < max{x1 , . . . , xL }. Without loss of generality, assume the
ordering x1 ≤ x2 ≤ . . . xL and the position of x within that ordering as xj ≤ x ≤ xj+1 .
The function (28) is linear on the interval (xj , xj+1 ) and its values at the ends of the
interval are
L
L
X
X
αi θ(xi − xj ) and
αi θ(xi − xj+1 ),

1. Let x ≤ min{x1 , . . . , xL }. Then, since θ(xi − x) = 1 for all i = 1, . . . , L, the value (28)
is non-negative according to the second inequality in (29).

Indeed, consider three possible cases:

i=1

df (0, α) X̀
=
αi ≥ 0.
dx

i=1

df (xj , α) X̀
=
αi θ(xi − xj ) ≥ 0,
dx

is valid. Since any function (27) is a piecewise linear continuous function, in order for it to
be monotonic, it is sufficient for that function to satisfy the constraints

df (x, α)
≥ 0,
dx

To specify monotonically increasing function, we impose additional constraints for (27):
specifically, we consider the subset of functions (27) for which the inequality

f (x) = Λt K(x) + b =

We estimate the monotonic conditional probability function in the set of INK-splines
of degree zero (piecewise constant spline function with infinite number of knots). We start
with one-dimensional case where x ≥ 0. For this kernel, the solution is defined as

Synergy of Monotonic Rules

where ~x = (x1 , ...x` )T .

ΛT Θ(xj ) ≥ 0,

j = 1, . . . , `.

(31)

i=1

Λ ~x + b ≤ 1,

T

ΛT Θ(xi ) ≥ 0,

18

~x = (x1 , . . . , x` )T ,

ΛT Θ(0) ≥ 0,

JMLR 17(136):1-33

Y = (y1 , . . . , y` )T .

i = 1, . . . , `,

~
−ξ~ ≤ Y − KΛ − b1` ≤ ξ,

ξ~ = (ξ1 , . . . , ξ` )T ,

where we have denoted

and ` + 2 constraints

subject to the constraints

R(ξ, Λ) = C1T` ξ~ + γΛT KΛ

subject to ` + 2 inequality constraints (31) and (32), where f (x, α) belongs to RKHS associated with the kernel INK-spline of degree zero K(xi , xj ) = min(xi , xj ).
In matrix form, this problem can be rewritten as follows: minimize the functional

We look for a solution of the following quadratic optimization problem: minimize the functional
X̀
C
|yi − f (xi , α) − b| + ||f (x, α)||2

3.2.3 Estimating Monotonic Conditional Probability Using L1 -Norm SVM

with coordinates of Y are yi ∈ {0, 1} subject to ` + 2 inequality constraints (31), (32).

Using L2 -norm SVM for estimating monotonic conditional probability function, we minimize
the functional
W (Λ) = ΛT KKΛ − 2ΛT KY + γ` ΛT KΛ,

3.2.2 Estimating Monotonic Conditional Probability Using L2 -Norm SVM

Let x ≥ 0. Then, in order to construct the conditional probability in the set of nonnegative monotonic functions bounded by the value 1, we have to enforce the constraint
P (y = 1|x) ≤ 1. Thus, taking into account nonnegativity and monotonicity (31), we add
the constraint
ΛT K(x = 1) + b = ΛT ~x + b ≤ 1,
(32)

ΛT Θ(0) ≥ 0,

(here coordinates of vector Y are yi ∈ {0, 1} subject to ` + 1 inequality constraints

W = (KΛ + b1` )T V (KΛ + b1` ) − 2(KΛ + b1` )T V Y + γ` ΛT KΛ

In order to find a monotonic solution, we use our method for estimating conditional probability function with INK-spline kernel of degree zero with additional ` monotonicity constraints
(30). That is, we have to minimize the functional

3.2.1 Estimating Monotonic Conditional Probability Using V -Matrix
Method

Vapnik and Izmailov
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3.3 Estimating Multidimensional Monotonic Conditional Probability
Functions
3.3.1 Estimation of Monotonic Functions from RKHS Associated with
Multiplicative Kernels

X̀

d
Y

min(xik , xk ).

min(xik , xk ) + b.

k=1

d
Y

αi K(xi , x) + b,

In multidimensional case, xi = (xi1 , . . . , xid )T ∈ H ⊂ Rd , where we can assume (by proper
normalization) that H = [0, 1]d . We consider the solution of the equation in the form
f (x) =
i=1

αi

K(xi , x) =

X̀
k=1

k = 1, . . . , d

(34)

(33)

where the kernel generating d-dimensional INK-spline of degree zero has the multiplicative
form

We have
f (x) =
i=1

m6=k

Note that the set of functions (33) is monotonic in H if d inequalities

i=1

min(xim , xm ), i = 1, . . . , `, k = 1, . . . , d.

Y
df (x) X̀
=
αi θ(xik − xk )
min(xim , xm ) ≥ 0,
dxk

m6=k

k = 1, . . . , d

(36)

(35)

hold true for an function and any x = (x1 , . . . , xd ) ∈ H. To keep the matrix notations, we
consider diagonal matrix Dk with diagonal elements hii
Y
hii =

Using this notation, we rewrite (34) as
df (x)
= ΛT Dk Θ(xk ) ≥ 0,
dxk

for all x ∈ H.
In order to find the monotonic conditional probability function, we minimize
R(Λ, b) = (KΛ + b1` )T V (KΛ + b1` ) − 2 (KΛ + b1` )T V Y + γ(ΛT KΛ)
subject to d constrains
inf ΛT Dk Θ(xk ) ≥ 0, k = 1, . . . , d.
x∈H

JMLR 17(136):1-33

This is a difficult problem to solve. Instead, one could construct an approximate solution
by using Monte Carlo ideas: consider N ≈ nd random (or pseudo-random) elements xt =
19

Vapnik and Izmailov

k = 1, . . . , d, t = 1, . . . , N.

(37)

(xt1 , . . . , xtd )T , t = 1, . . . , N belonging to H (Sobol points (Jäckel (2004)) could be used, for
instance) and instead of d constraints (35) consider N d constraints
ΛT Dk Θ(xtk ) ≥ 0,

ΛT x~∗ + b ≤ 1,

x1k

!

,...,

d
Y

k

x`k

!#T

.

(38)

As in the one-dimensional case, in order to enforce that the value of conditional probability
does not exceed one, we add one more constraint

"

d
Y
k

where we have denoted by x~∗ the `-dimensional vector of products
x~∗ =

Therefore, in order to construct d-dimensional approximation of monotonic conditional probability function, one has to minimize functional (36), subject to N d constraints (37) and
one constraint (38).

3.3.2 Estimating Monotonic Functions from RKHS Associated with Additive
Kernels

i=1 k=1

d
X̀ X

αik min(xik , xk ) + b.

(39)

Along with functions defined by (multiplicative) INK-spline kernels of degree zero (26) that
can construct approximations to monotonic functions, we consider functions defined by the
additive kernel (which is a sum of one-dimensional kernels)
f (x) =

" d
X

#T

#T

"

d
X

k=1

#

Kk Λk + b1` −

(40)

(41)
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j = 1, . . . , `, k = 1, . . . , d,

k=1

d
X
(ΛkT Kk Λk )

V

VY +γ

Kk Λk + b1`

Kk Λk + b1`

k=1

In order to find d × ` coefficients αik , k = 1, . . . , d, i = 1, . . . , ` of expansion in estimating
conditional probability function in the direct setting, we minimize the functional

" d
X
k=1

R(Λ1 , ...Λd , b) =

2

subject to d × (` + 1) inequality constraints

i=1

k = 1, . . . , d,

∂f (xj , α) X̀ k
=
αi θ(xik − xjk ) = ΛkT Θ(xjk ) ≥ 0,
∂xk
i=1

∂f (~0, α) X̀ k
=
αi = ΛkT Θ(~0k ) ≥ 0,
∂xk

20

j = 1, . . . , `, k = 1, . . . , d

k=1

(xk1 , . . . , xk` )T .

ΛTk Xk + b ≤ 1,
(42)

~
−ξ~ ≤ Y − KΛ − b1` ≤ ξ,

Y = (y1 , . . . , y` )T .

and constraints (41), (42).

subject to the constraints

−ξ~ ≤ Y −

k=1

d
X

`

k

21

~
Kk Λk − b1` ≤ ξ,

k=1
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To estimate multidimensional conditional monotonic function using L1 -norm and additive INK-spline kernel (39), one minimizes the functional
" d
#
X
T~
T
R(ξ, Λ) = C1 ξ + γ
Λ Kk Λk

ξ~ = (ξ1 , . . . , ξ` )T ,

and constraints (37), (38). Here we used the notations

subject to the constraints

R(ξ, Λ) = C1T` ξ~ + γΛT KΛ

In order to estimate multidimensional conditional monotonic function using L1 -norm and
multiplicative INK-spline kernel (33), one minimizes the functional

3.3.4 Estimation of Multidimensional Monotonic Conditional Probability
Using L1 -Norm SVM

In order to estimate the conditional probability in indirect setting, one minimizes functional (36), subject to constraints (37), (38) for multiplicative kernel (or functional (40)
subject to constraints (41), (42) for additive kernel), where V -matrix is replaced with identity matrix (I-matrix).

3.3.3 Estimation of Multidimensional Monotonic Conditional Probability
Using L2 -Norm SVM

where we have denoted
=
A function satisfying the conditions (41) and
(42), is monotonic (it can be proven in the same way it was done in Section 3.2).

Xk

d
X

we have denoted the d × ` vectors of dimensionality `.
Let vector x = (x1 , . . . , xd ) have bounded coordinates 0 ≤ xk ≤ ck , k = 1, . . . , , d. Since
conditional probability does not exceed 1, we need one more constraint P (y = 1|c1 , . . . , cd ) ≤
1. That is, we have to add the constraint

Θ(xkj ) = (θ(xk1 − xkj ), . . . , θ(xk` − xkj ))T ,

where we have denoted by Λk the `-dimensional vector of αk = (α1k , . . . , α`k )T , k = 1, . . . , d,
by Kk the (` × `)-dimensional matrix of elements Kk (xki , xkj ) = min(xki , xkj ), and by

Synergy of Monotonic Rules

t=1

d
X

βt P (y = 1|st ),

B ≥ 0, B T 1` = 1,

st1 , . . . , st` ,

t = 1, . . . , d

22
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be the scores st = ft (x) obtained using vectors x from (43).
Note that these scores are statistically different from the scores obtained using ` elements
of test set (support vectors s∗ are biased: in the separable case, all |s∗ | = 1). Therefore, it is
reasonable to use scores obtained in the procedure of k-fold cross-validation for estimating
parameters of SVM algorithm.

and let

Estimation of both the SVMs and the conditional probability using the same
data set. In the examples considered in this section, we construct synergy rules for SVMs
where we use the same training set both for constructing SVM rules sk = ft (x), t = 1, . . . , d
and for estimating the conditional probability P (y = 1|s1 , . . . , sd ).
Suppose that our rules were constructed using different SVM kernels Kt (x, y) and the
same training set
(x1 , y1 ), . . . , (x` , y` )
(43)

where we have denoted by B vector of coefficients B = (β1 , . . . , βd )T , by P the (d × `)dimensional matrix P = p(xti ), t = 1, . . . , d, i = 1, ...., `.

subject to the constraints

B T P V P B − 2B T P V Y + γB T B

P
where its weights βt ≥ 0,
βi = 1 are computed by solving an d-dimensional
quadratic optimization problem under d + 1 constraints. That optimization problem is formulated as follows: minimize the functional

P (y = 1|s1 , . . . , sd ) =

3. One can consider linear structure of the solution using d one-dimensional estimates of
conditional probability P (y = 1|st ) obtained by solving one-dimensional estimation
problems as described in Section 3.2.1, and then approximate the multidimensional
conditional probability function as

2. For additive kernel, one can estimate multidimensional conditional probability function in the restricted set of functions where αit = αi , for some or for all t.

1. One can replace V -matrix with I-matrix.

Quadratic optimization problem. In order to estimate a multidimensional monotonic
function using multiplicative kernel, one has to solve a quadratic optimization problem of
order ` subject to N = `d inequality constraints.
With additive kernel, one has to estimate d × (` + 1) parameters under d × (` + 1)
constraints. To decrease the computation amount:

3.3.5 Computational Issues

Vapnik and Izmailov
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Also, note that while individual components of the same d-dimensional vector S t =
(s1t , . . . , sdt ) are interdependent, the vectors S t themselves are not (they are i.i.d), so the
general theory developed in the previous sections is applicable here for computing conditional probabilities.

4. Synergy of Several SVMs
In this section, we consider several examples of synergy of d SVM rules obtained under
different circumstances:
1. Synergy of d rules obtained using the same training data but different kernels.
2. Synergy of d rulse obtained using different training data but the same kernel.
3. Synergy of d classes classification problem using d one versus the rest rules.
In all these examples, the synergy of the rules is based on estimating the corresponding
monotonic conditional probability function from RKHS associated with additive kernel, as
described in Section 3.3.2.
4.1 Synergy of SVM Rules with Different Kernels
In this section, we show that the accuracy of classification using synergy of SVM rules that
use different kernels can be much higher than the accuracy of a rule based on any kernel.2
The effect of synergy, which is estimated by the number of additional training examples in
training data required to achieve comparable to synergy level of accuracy, can be significant.
We selected the following 9 calibration data sets from UCI Machine Learning Repository (Lichman (2013)): Covertype, Adult, Tic-tac-toe, Diabetes, Australian, Spambase,
MONK’s-1, MONK’s-2, and Bank marketing. Our selection of these specific data sets was
driven by the desire to ensure statistical reliability of targeted estimates, which translated
into availability of relatively large test data set (containing at least 150 samples). Specific
breakdowns for the corresponding training and test sets are listed in Table 1.
For each of these 9 data sets, we constructed 10 random realizations of training and test
data sets; for each of these 10 realizations, we trained three SVMs with different kernels:
with RBF kernel, with INK-Spline kernel, and with linear kernel. The averaged test errors
of the constructed SVMs are listed in Table 1.
Constructed SVMs provide binary classifications y and scores s. Additional performance
improvements are possible by intelligent leveraging of the results of these classifications.
We compared our approach with the baseline method of voting on classification results
of all three classifications obtained from three different kernels (since we had odd number of
kernels, we did not need any tie-breaking in that vote). The first column of Table 2 shows
the averaged test errors of that voting approach.
The second column of Table 2 shows the averaged test errors of our synergy approach.
Specifically, the data in the second column are based on constructing a 3-dimensional mono-
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2. The idea of using several SVMs as ensemble SVM (such as (Wang et al. (2009)) and Stork et al. (2013))
was used in the past for providing improved classification performance; however, these approaches did
not leverage the main monotonicity property of SVM.

23

Training
300
300
300
576
517
300
124
169
300

Test
3000
26147
658
192
173
4301
432
432
4221

Vapnik and Izmailov

Data set
Covertype
Adult
Tic-tac-toe
Diabetes
Australian
Spambase
MONK’s-1
MONK’s-2
Bank

Voting
27.83%
20.07%
1.95%
24.53%
12.02%
8.96%
22.80%
19.31%
12.79%

Synergy
28.96%
19.08%
1.75%
23.39%
12.54%
8.44%
20.16%
16.23%
11.73%

Features
54
123
27
8
14
57
6
6
16

Gain
-4.05%
4.93%
10.16%
4.67%
-4.33%
5.80%
11.57%
15.95%
8.29%

Table 1: Calibration data sets from UCI Machine Learning repository.
Data set
Covertype
Adult
Tic-tac-toe
Diabetes
Australian
Spambase
MONK’s-1
MONK’s-2
Bank

Table 2: Synergy of SVMs with RBF, INK-spline, and linear kernels.
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tonic conditional probability function from RKHS associated with additive kernel, as described in Section 3.3.2, on triples of SVM scores s. In this column, we assigned the
classification labels y based on the sign of the difference between 3-dimensional conditional
probability and the threshold value 1/2.
The last column of Table 2 contains relative performance gain (i.e., relative decrease of
error rate) delivered by the proposed synergy approach over the benchmark voting algorithm.
The results demonstrate the consistent performance advantage of synergy approach over
its empirical alternative in most of the cases (for 7 data sets out of 9); for some data sets
this advantage is relatively small, but for others it is substantial (in relative terms).
This substantial performance improvement of synergy can be also viewed as a viable
alternative to brute force approaches relying on accumulation of (big) data. Indeed, for
the already considered Adult data set, we compared results of our synergy approach on a
training data set consisting of 300 samples to an alternative approach relying on training
SVM algorithms on larger training data sets. Specifically, we trained SVMs with RBF
kernel and INK-Spline kernel on Adult data sets containing 1,000 and 3,000 samples. The
results, shown in Table 3, suggest that synergy of two rules, even on training data set of
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300
20.95%
19.77%
17.92%

1000
19.21%
18.72%
-

3000
18.49%
18.38%
-

300
20.77%
N/A
N/A

300
19.06%
N/A
N/A

300
21.40%
N/A
N/A

900
20.01%
19.44%
18.52%

1000
19.21%
-

t = 1, . . . , J

(45)

t=1

J
1X
Pt (y = 1|st ).
J
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(46)
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3. A universal kernel (for example, RBF) can approximate well any bounded continuous function.

Psyn (y = 1|s) =

For each of these SVM rules, we construct (as described in Section 3.3.2) its own onedimensional monotonic conditional probability function Pt (y = 1|st ), t = 1, . . . , J.
Then, using these J one-dimensional monotonic condition probability functions, we
construct the J-dimensional (s = (s1 , ..., sJ )) conditional probability function as follows:

On each of these J disjoint training subsets we construct its own SVM rule (independent
of other rules)
y = θ(ft (x, α` )),
t = 1, ..., J.

(x(t−1)`+1 , y(t−1)`+1 ), . . . , (xt` , yt` ),

is large. Consider the SVM method that uses a universal kernel3 . Generally speaking, with
the increase of size ` of training data, the expected error rate of the obtained SVM rule
monotonically converges to the Bayesian rule (here the expectation is taken both over the
rules obtained from different training data of the same size ` and over test data). The
typical learning curve shows the dependence of that expected error rate on the size ` of
training data as a hyperbola-looking curve consisting of two parts: the beginning of the
curve, where the error rate falls steeply with the increase of `, and the tail of the curve,
where the error rate slowly converges to the Bayesian solution. Suppose that the transition
from the “steeply falling” part of the curve to the “slowly decreasing” part of the curve
(sometimes referred to as the “knee” of the curve) occurs for some `∗ . Assuming that large
number L in (44) is greater than `∗ , we partition the training data (44) into J subsets
containing ` elements each (here L = J` and ` > `∗ as well):

Suppose we are dealing with “big data” situation, where the number L of elements in the
training data set
(x1 , y1 ), ..., (xL , yL ),
(44)

t=1

J
1X
Pt (y = 1|st (r)),
J
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pr = Psyn (y = 1|s(r)),

r = 1, . . . , d.
JMLR 17(136):1-33

where we have denoted by Pt (y = 1|st (r)) the conditional probability function estimated
for the rule with kernel Kr (x, x0 ) and for the jth subset of training data (44) with the fixed
t. Let introduce the vector p = (p1 , ..., pr ) where

Psyn (y = 1|s(r)) =

Comparison of Table 3 and Table 4 suggests that synergy of SVMs with different SVM
kernels obtained on the same data set may be more beneficial (equivalent to ten-fold increase
of training sample size) than the synergy of SVMs with the same kernel obtained on different
subsets of of that data set (equivalent to three-fold increase of training sample size).
Thus it is reasonable to assume that, for big data set (44), Synergy of SVM rules obtained
on different training data and Synergy of SVM rules with different kernels (described in
previous Section 4.1) can be unified to create an even more accurate synergy rule. This
unification can be implemented in the following manner.
Consider d kernels Kr (x, x0 ), k = 1, . . . , d. For each of these kernels, using the method
described in Section 3.3.2, we construct the corresponding condition probability function

Note that (46) forms an unbiased estimate of the values of learning curve describing conditional probability for training data of (different) size `. Since the training data (45) for
different t are independent, the averaging of J conditional probability values decreases the
variance of resulting conditional probability by a factor of J. In this approach, by choosing
an appropriate value of `, one can optimally solve the bias-variance dilemma.
To illustrate this approach, we again used Adult data set. Specifically, we trained SVMs
with RBF kernel on Adult data sets containing 900, 1,000 and 3,000 samples. For the
first of these samples (containing 900 elements), we also executed the following procedure:
we split it into three subsets containing 300 elements each, trained RBF SVM on each of
them, and then constructed two combined decision rules: (1) voting on the labels of three
auxiliary SVMs, and (2) synergy of three SVMs as described in this section. The results,
shown in Table 4, suggest that Synergy of rules on disjoint data sets can be better that
straightforward SVMs on training data sets of much larger sizes (in this example, equivalent
to the increase of training sample by a factor of 3).

4.2 Synergy of SVM Rules Obtained on Different Training Data

3000
18.49%
-

The Synergy decision rule in this case has the form


1
y = θ Psyn (y = 1|s) −
.
2

Table 4: Synergy versus training size increase.

Training size
RBF SVM
Voting on 3 subsets
Synergy on 3 subsets

Vapnik and Izmailov

limited size, can be better that straightforward SVMs on training data sets of much larger
sizes (in this example, equivalent to the increase of training sample by more than a factor
of 10).

Table 3: Synergy versus training size increase.

Training size
RBF
INK-Spline
Synergy

Synergy of Monotonic Rules

Synergy of Monotonic Rules

Using these vectors, we estimate the d-dimensional conditional probability function Psyn (y =
1|p) = Psyn (y = 1|p1 , ..., pd ).
The resulting double reinforced Synergy rule has the form


1
y = θ Psyn (y = 1|p) −
.
2
4.3 Multi-Class Classification Rules

k = 1, . . . , d.

Constructing decision rules for multi-class classification is an important problem in pattern
recognition. In contrast to methods for constructing two-class classification rules, which
have solid statistical justifications, existing methods for constructing d > 2 class classification rules are based on heuristics.
One of the most popular heuristics, one versus rest (OVR), suggests first to solve the
following d two-class classification problems: in problem number k (where k = 1, . . . , d),
the examples of class k are considered as examples of the first class and examples of the all
other classes 1, . . . , (k − 1), (k + 1), . . . , d are considered as the second class. Using OVR
approach, one constructs d different two-class classification rules
y = θ(fk (x))

where

s∗t = ft (x∗ ).

The new object x∗ is assigned to the class k, where kth rule provides the maximum score
for x∗ :
k = argmax{s∗1 , . . . , s∗d },

sm

if m = k
if m 6= k

This method of d-class classification is not based on a clear statistical foundation4 .
Here we implement the following multi-class classification procedure. For every k (where
k = 1, . . . , d), we solve the corresponding OVR SVM problem, for which all the elements
with the original label k are marked with y = 1, while all the other elements are marked
with y = 0. Upon solving all these d problems, we can, for any given vector x and any class
k, compute its score sk (x) provided by the kth SVM rule.
After that, for every k (where k = 1, . . . , d) we use the obtained scores for estimating
conditional probability of the class k based on the scores (s1 , . . . , sd ) where

sm =

−sm

X

min{sit , st } , k = 1, . . . , d.

P (k) = P (k|s1 , . . . , sd ),

αi min{sik , sk } + βi

t6=k



This transformation of scores is used to maintain the monotonicity of the overall conditional
probability function. To estimate the function

X̀

as in Section 3.3.2, we use the representation

P (k|s1 , . . . , sd ) =

i=1

JMLR 17(136):1-33

4. Another common heuristics called one versus one (OVO): it suggests to solve Cd2 two-class classification
problems separating all possible pairs of classes. To classify a new object x∗ , one uses a voting scheme
based on the obtained Cd2 rules.

27

Data set
Vehicle
Waveform
Cardiotocography

Classes
4
3
3

Training
709
200
300

Test
236
4800
1826

Vapnik and Izmailov

Features
18
40
21

OVR
17.45%
20.10%
15.83%

Table 5: Synergy for multi-class classification.

Synergy
14.15%
18.31%
12.05%

Gain
18.91%
8.90%
23.87%

Finally, we replace the heuristic procedure of choosing the class k based on maximization
of underlying scores with the following procedure that is based on the framework described
above; this procedure uses estimated d conditional probabilities P (k|s1 , . . . , sd ) (probability
of class k = 1, . . . , d given all d scores) and chooses the class t corresponding to the maximum
value of the conditional probability:

t = argmax{P (1|s∗1 , . . . , s∗d ), . . . , P (d|s∗1 , . . . , s∗d )}.

We compared our synergy approach with the standard OVR approach for the data sets
Vehicle, Waveform, and Cardiotocography from UCI Machine Learning Repository (Lichman (2013)). Training and test sets were selected randomly from these data sets; the
number of elements in each are shown in Table 5; the table also shows the error rates
achieved by OVR and synergy algorithm, along with relative performance gain obtained
with our approach. The results confirm the viability of our framework.

5. Synergy of Learning from Several Intelligent Teachers

(47)

In (Vapnik and Izmailov (2015d)), (Vapnik and Izmailov (2015b)), we introduced the concept of knowledge transfer from Intelligent Teacher to student. Knowledge transfer is possible in the framework of Learning Using Privileged Information (LUPI) paradigm introduced
in (Vapnik (2006)) and (Vapnik and Vashist (2009)). According to this paradigm, iid training examples are generated by some unknown generator P (x), x ∈ X and Intelligent Teacher
who supplies vectors x with information (x∗ , y) according to some (unknown) Intelligence
generator P (x∗ , y|x), x∗ ∈ X ∗ , y ∈ {−1, 1}, forming training triplets

(x1 , x1∗ , y1 ), . . . , (x` , x`∗ , y` ).

JMLR 17(136):1-33

Vector xi∗ corresponding to vector xi is called privileged information, and generator P (x∗ , y|x)
is called generator of intelligent (due to x∗ ) information. Privileged information is available
only for training examples and is not available for test examples. In contrast to LUPI,
classical learning paradigm considers a primitive teacher that just generates classification y
for any x according to P (y|x) (with no additional explanation x∗ ), forming training pairs

(x1 , y1 ), . . . , (x` , y` ).
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i=1

∗

+b

yi αi K(xi , x) + b

yi αi∗ K ∗ (x∗i , x∗ )

X̀

i=1

f` (x) =

help to find a good rule

=

X̀

(49)

(48)

where

zis = K(x∗s , x∗i ),

(50)

JMLR 17(136):1-33
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Constructing, using these triplets, two different rules and corresponding synergy rule, one
obtains the synergy effect of two Intelligent Teachers.

JMLR 17(136):1-33

(x1 , x∗∗ , y1 ), . . . , (x` , x∗∗
` , y` ).

8. Different concepts of fundamental elements, frames, and structure of knowledge can be applied for
different algorithms.
9. In the simplified version, pairs (Fxi , s∗i ), i = 1, . . . , `.

and

(x1 , x∗1 , y1 ), . . . , (x` , x∗` , y` )

It uses triplets (50) instead of triplets (47).
Synergy of several Intelligent Teachers. Suppose now that Student tries to learn
how to solve the same problem from several (say two) Intelligent Teachers. For simplicity,
let both Teachers use the same training data (xi , yi ), i = 1, . . . , ` but different privileged
information (different explanations)

((Fx1 , x∗1 , f`∗ (x∗1 )), . . . , (Fx` , x∗` , f`∗ (x∗` ))).

find k regression functions φs (x), s = 1, . . . , k, forming the space F(x) = (φ1 (x), . . . , φk (x))T .
(2) Replace target value yi in triplets (47) with scores f`∗ (x∗ ) given (48).
Therefore the knowledge transfer algorithm transforms the training triplet9

(x1 , z1s ), . . . , (x` , z`s ),

This requires to solve the following regression estimation problem: given data

(1) In order to transform vector x, one constructs k-dimensional space as follows: for
any frame K ∗ (x∗ , x∗s ), s = 1, . . . , k in space X ∗ , one constructs its image (function) φs (x)
in space X that is defined by the relationship
Z
φs (x) = K(x∗s , x∗ )P (x∗ |x)dx∗ , s = 1, . . . , k.

2. Use the target values f`∗ (x∗i ) obtained for x∗i in rule (48) instead of the values yi given
for xi in triplet (47).

1. To transform n-dimensional vectors of xi = (x1i , . . . , xni )T into k-dimensional vectors
Fxi = (φ1 (xi ), . . . , φk (xi ))T ;

5. The first mechanism is called similarity control described in (Vapnik and Izmailov (2015d)), (Vapnik
and Izmailov (2015b)). The second mechanism of knowledge transfer, described there and further in
this paper, is related to SVM technology. However, the idea of knowledge transfer is general and can be
implemented for other learning algorithms.
6. This is always the case if space X is a subset of X ∗ .
7. In this example, generator P (x∗ , y|x) is intelligent since for any picture of the event x it describes the
essence of the event. Using descriptions of the essence of an event makes classification of the event a
relatively easy problem.

Since pixel space X is universal (it can be used for many problems, for example, in
pixel space, one can distinguish male faces from female ones), and space of descriptions X ∗
reflects just the model of cancer development7 , the VC dimension of the corresponding set
of functions in X space has to be larger than the VC dimension of the corresponding set of
functions in X ∗ .
Therefore the rule constructed from ` examples in space X ∗ will be more accurate than
the rule constructed from ` examples in space X. That is why transferring the rule from
space X ∗ into space X can be helpful.

• Absence of any dynamic in standard picture of sells distribution.

• Aggressive proliferation of A-cells into B-cells.

in space X?
Consider the following example. Suppose that our goal is to classify images xi of biopsy
in pixel space X into two categories: cancer and non-cancer.
Suppose that, along with images xi in pixel space X, we are given description of the
images x∗i ∈ X ∗ (privileged information), reflecting the existing model of developing cancer:

in space

X∗

f`∗ (x∗ )

Suppose that, in space X ∗ , one can find a rule y = sgn{f0∗ (x∗ )} that is better (more
accurate) than the corresponding rule y = sgn{f0 (x)} in space6 X.
The question arises: Can the knowledge about a good rule

Knowledge representation in space X ∗ . To transfer knowledge from space X ∗ into
space X, we use three elements of knowledge representation developed in 1950’s in Artificial
Intelligence (see Brachman and Levesque, 2004):
1. Fundamental elements of the knowledge in X ∗ .
2. Main frames (fragments) of the knowledge in X ∗ .
3. Structure of knowledge: combination of the frames in X ∗ .

Knowledge transfer mechanism. Consider the second5 mechanism in LUPI paradigm
the knowledge transfer mechanism to construct a better decision rule. Given triplets (47),
we can consider two pattern recognition problems:
1. Pattern recognition problem defined in space X: Using data, (x1 , y1 ), . . . , (x` , y` ), find
in the set of functions f (x, α), α ∈ Λ the rule y = sgn{f` (x)} that minimizes the probability
of test errors (in space X).
2. Pattern recognition problem defined in space X ∗ : Using data, (x∗1 , y1 ), . . . , (x∗` , y` ),
find in the set of functions f ∗ (x∗ , α∗ ), α∗ ∈ Λ∗ the rule y = sgn{f`∗ (x∗ )} that minimizes the
probability of test errors (in space X ∗ ).

For LUPI using SVM8 :
1. The fundamental elements are defined by k support vectors of rule (48) in X ∗ .
2. The frames in X ∗ are defined by the functions K ∗ (x∗s , x∗ ), s = 1, . . . , k.
3. The structure of the knowledge (48) is linear in the frames.
Algorithm for knowledge transfer. In order to transfer knowledge from space X ∗
to space X, one has to make two transformations in the training triplets (47):

Vapnik and Izmailov
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6. Conclusion

Synergy of Monotonic Rules

In this paper, we showed that:
1. Scores s = (s1 , . . . , sd ) of several monotonic classifiers (for example, SVMs) that solve
the same pattern recognition problem can be transformed into multi-dimensional monotonic
conditional probability functions P (y|s) (probability of class y given scores s).
2. There exists an effective algorithm for such transformation.
3. Classification rules obtained on the basis of constructed conditional probability functions significantly improve performance, especially in multi-class classification cases.
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1. Manopt is available at manopt.org and was introduced in Boumal et al. (2014).
2. We use the term automated differentiation to refer to the automatic calculation of derivatives, whether using the
method commonly known as automatic differentiation, as implemented by Autograd (Maclaurin et al., 2015) and
TensorFlow (Abadi et al., 2015), or symbolic differentiation as implemented by Theano (Al-Rfou et al., 2016).

where f : M → R is a (cost) function and the search space M is smooth, in the sense that it
admits the structure of a differentiable manifold. Although the definition of differentiable manifold
is technical and abstract, many familiar sets satisfy this definition and are therefore compatible with
the methods of optimization on manifolds. Examples include the sphere (the set of points with unit
Euclidean norm) in Rn , the set of positive definite matrices, the set of orthogonal matrices as well
as the set of p-dimensional subspaces of Rn with p < n, also known as the Grassmann manifold.
To perform optimization, the function f needs to be defined for points on the manifold M.
Elements of M are often represented by elements of Rn or Rm×n , and f is often well defined on some
or all of this “ambient” Euclidean space. If f is also differentiable, it makes sense for an optimization
algorithm to use the derivatives of f and adapt them to the manifold setting in order to iteratively
refine solutions based on curvature information. This is one of the key aspects of Manopt (Boumal
et al., 2014), which allows the user to pass a function’s gradient and Hessian to state of the art

Optimization on manifolds, or Riemannian optimization, is a method for solving problems of the
form
min f (x)

1. Introduction

Optimization on manifolds is a class of methods for optimization of an objective function, subject
to constraints which are smooth, in the sense that the set of points which satisfy the constraints
admits the structure of a differentiable manifold. While many optimization problems are of the
described form, technicalities of differential geometry and the laborious calculation of derivatives
pose a significant barrier for experimenting with these methods.
We introduce Pymanopt (available at pymanopt.github.io), a toolbox for optimization on manifolds, implemented in Python, that—similarly to the Manopt1 Matlab toolbox—implements several manifold geometries and optimization algorithms. Moreover, we lower the barriers to users
further by using automated differentiation2 for calculating derivative information, saving users
time and saving them from potential calculation and implementation errors.
Keywords: Riemannian optimization, non-convex optimization, manifold optimization, projection matrices, symmetric matrices, rotation matrices, positive definite matrices
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3. A quick example implementation for inferring MoG parameters is available at pymanopt.github.io/MoG.html.

Our toolbox is written in Python and uses NumPy and SciPy for computation and linear algebra operations. Currently Pymanopt is compatible with cost functions defined using Autograd (Maclaurin
et al., 2015), Theano (Al-Rfou et al., 2016) or TensorFlow (Abadi et al., 2015). Pymanopt itself
and all the required software is open source, with no dependence on proprietary software.
To calculate derivatives, Theano uses symbolic differentiation, combined with rule-based optimizations, while both Autograd and TensorFlow use reverse-mode automatic differentiation. For a
discussion of the distinctions between the two approaches and an overview of automatic differentiation in the context of machine learning, we refer the reader to Baydin et al. (2015).

3. Implementation

Much of the theory of how to adapt Euclidean optimization algorithms to (matrix) manifolds can
be found in Smith (1994); Edelman et al. (1998); Absil et al. (2008). The approach of optimization
on manifolds is superior to performing free (Euclidean) optimization and projecting the parameters
back onto the search space after each iteration (as in the projected gradient descent method), and
has been shown to outperform standard algorithms for a number of problems.
Hosseini and Sra (2015) demonstrate this advantage for a well-known problem in machine learning, namely inferring the maximum likelihood parameters of a mixture of Gaussian (MoG) model.
Their alternative to the traditional expectation maximization (EM) algorithm uses optimization over
a product manifold of positive definite (covariance) matrices. Rather than optimizing the likelihood
function directly, they optimize a reparameterized version which shares the same local optima. The
proposed method, which is on par with EM and shows less variability in running times, is a striking example why we think a toolbox like Pymanopt, which allows the user to readily experiment
with and solve problems involving optimization on manifolds, can accelerate and pave the way for
improved machine learning algorithms.3
Further successful applications of optimization on manifolds include matrix completion tasks
(Vandereycken, 2013; Boumal and Absil, 2015), robust PCA (Podosinnikova et al., 2014), dimension
reduction for independent component analysis (ICA) (Theis et al., 2009), kernel ICA (Shen et al.,
2007) and similarity learning (Shalit et al., 2012).
Many more applications to machine learning and other fields exist. While a full survey on the
usefulness of these methods is well beyond the scope of this manuscript, we highlight that at the
time of writing, a search for the term “manifold optimization” on the IEEE Xplore Digital Library
lists 1065 results; the Manopt toolbox itself is referenced in 90 papers indexed by Google Scholar.

2. The Potential of Optimization on Manifolds and Pymanopt Use Cases

solvers which exploit this information to optimize over the manifold M. However, working out and
implementing gradients and higher order derivatives is a laborious and error prone task, particularly
when the objective function acts on matrices or higher rank tensors. Manopt’s state of the art
Riemannian Trust Regions solver, described in Absil et al. (2007), requires second order directional
derivatives (or a numerical approximation thereof), which are particularly challenging to work out
for the average user, and more error prone and tedious even for an experienced mathematician.
It is these difficulties which we seek to address with this toolbox. Pymanopt supports a variety
of modern Python libraries for automated differentiation of cost functions acting on vectors, matrices
or higher rank tensors. Combining optimization on manifolds and automated differentiation enables
a convenient workflow for rapid prototyping that was previously unavailable to practitioners. All
that is required of the user is to instantiate a manifold, define a cost function, and choose one of
Pymanopt’s solvers. This means that the Riemannian Trust Regions solver in Pymanopt is just
as easy to use as one of the derivative-free or first order methods.
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Much of the structure of Pymanopt is based on that of the Manopt Matlab toolbox. For this
early release, we have implemented all of the solvers and a number of the manifolds found in Manopt,
and plan to implement more, based on the needs of users. The codebase is structured in a modular
way and thoroughly commented to make extension to further solvers, manifolds, or backends for
automated differentiation as straightforward as possible. Both a user and developer documentation
are available. The GitHub repository at github.com/pymanopt/pymanopt offers a convenient way
to ask for help or request features by raising an issue, and contains guidelines for those wishing to
contribute to the project.

4. Usage: A Simple Instructive Example

(a) Instantiation of a manifold M

All automated differentiation in Pymanopt is performed behind the scenes so that the amount of
setup code required by the user is minimal. Usually only the following steps are required:

(c) Instantiation of a Pymanopt solver

(b) Definition of a cost function f : M → R

n X
n
X

i=1 j=1

Hδ (si,j − ai,j )

We briefly demonstrate the ease of use with a simple example. Consider the problem of finding
an n × n positive semi-definite (PSD) matrix S of rank k < n that best approximates a given
n × n (symmetric) matrix A, where closeness between A and its low-rank PSD approximation S is
measured by the following loss function
Lδ (S, A) ,

Lδ (S, A)

√
for some δ > 0 and Hδ (x) , x2 + δ 2 − δ the pseudo-Huber loss function. This loss function is
robust against outliers as Hδ (x) approximates |x| − δ for large values of x while being approximately
quadratic for small values of x (Huber, 1964).
This can be formulated as an optimization problem on the manifold of PSD matrices:
min

n
S∈PSD k

where PSDkn , {M ∈ Rn×n : M  0, rank(M ) = k}. This task is easily solved using Pymanopt:
from pymanopt . manifolds import PSDFixedRank
import autograd . numpy as np
from pymanopt import Problem
from pymanopt . solvers import TrustRegions
# Let A be a (n x n) matrix to be approximated
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# (a) Instantiation of a manifold
# points on the manifold are parameterized as YY^T
# where Y is a matrix of size n x k
manifold = PSDFixedRank (A. shape [0] , k)
# (b) Definition of a cost function (here using autograd .numpy )
def cost(Y):
S = np.dot(Y, Y.T)
delta = .5
return np.sum(np.sqrt ((S − A )∗∗2 + delta ∗∗2) − delta)
3

Townsend, Koep and Weichwald

# define the Pymanopt problem
problem = Problem ( manifold =manifold , cost=cost)
# (c) Instantiation of a Pymanopt solver
solver = TrustRegions ()
# let Pymanopt do the rest
Y = solver . solve ( problem )
S = np.dot(Y, Y.T)

The examples folder within the Pymanopt toolbox holds further instructive examples, such as
performing inference in mixture of Gaussian models using optimization on manifolds instead of the
expectation maximization algorithm. Also see the examples section on pymanopt.github.io.

5. Conclusion

Pymanopt enables the user to experiment with different state of the art solvers for optimization
problems on manifolds, like the Riemannian Trust Regions solver, without any extra effort. Experimenting with different cost functions, for example by changing the pseudo-Huber loss Lδ (S, A) in the
code above to the Frobenius norm ||S − A||F , a p-norm ||S − A||p , or some more complex function,
requires just a small change in the definition of the cost function. For problems of greater complexity, Pymanopt offers a significant advantage over toolboxes that require manual differentiation by
enabling users to run a series of related experiments without returning to pen and paper each time
to work out derivatives. Gradients and Hessians only need to be derived if they are required for
other analysis of a problem. We believe that these advantages, coupled with the potential for extending Pymanopt to large-scale applications using TensorFlow, could lead to significant progress
in applications of optimization on manifolds.
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Subramanyam, J. Sygnowski, J. Tanguay, G. van Tulder, J. Turian, S. Urban, P. Vincent, F. Visin, H. de Vries,
D. Warde-Farley, D.J. Webb, M. Willson, K. Xu, L. Xue, L. Yao, S. Zhang, and Y. Zhang. Theano: A Python
framework for fast computation of mathematical expressions. arXiv preprint arXiv:1605.02688, 2016. URL http:
//deeplearning.net/software/theano.

P.-A. Absil, R. Mahony, and R. Sepulchre. Optimization Algorithms on Matrix Manifolds. Princeton University Press,
Princeton, NJ, 2008. ISBN 978-0-691-13298-3.

P.-A. Absil, C.G. Baker, and K.A. Gallivan. Trust-Region Methods on Riemannian Manifolds. Foundations of
Computational Mathematics, 7(3):303–330, 2007.

M. Abadi, A. Agarwal, P. Barham, E. Brevdo, Z. Chen, C. Citro, G. S. Corrado, A. Davis, J. Dean, M. Devin,
S. Ghemawat, I. Goodfellow, A. Harp, G. Irving, M Isard, Y. Jia, R. Jozefowicz, L. Kaiser, M. Kudlur, J. Levenberg,
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High-dimensional datasets containing data of multiple types have become commonplace. These
datasets are often represented as tables, where rows correspond to data vectors, columns correspond
to observable variables or features, and the whole table is treated as a random subsample from a
statistical population (Hastie, Tibshirani, Friedman, and Franklin, 2005). This setting brings new
opportunities as well as new statistical challenges (NRC Committee on the Analysis of Massive
Data, 2013; Wasserman, 2011). In principle, the dimensionality and coverage of some of these
datasets is sufficient to rigorously answer to fine-grained questions about small sub-populations.

1. Introduction

Keywords: Bayesian nonparametrics, Dirichlet processes, Markov chain Monte Carlo, multivariate analysis, structure learning, unsupervised learning, semi-supervised learning

There is a widespread need for statistical methods that can analyze high-dimensional datasets without imposing restrictive or opaque modeling assumptions. This paper describes a domain-general
data analysis method called CrossCat. CrossCat infers multiple non-overlapping views of the data,
each consisting of a subset of the variables, and uses a separate nonparametric mixture to model
each view. CrossCat is based on approximately Bayesian inference in a hierarchical, nonparametric model for data tables. This model consists of a Dirichlet process mixture over the columns of
a data table in which each mixture component is itself an independent Dirichlet process mixture
over the rows; the inner mixture components are simple parametric models whose form depends on
the types of data in the table. CrossCat combines strengths of mixture modeling and Bayesian network structure learning. Like mixture modeling, CrossCat can model a broad class of distributions
by positing latent variables, and produces representations that can be efficiently conditioned and
sampled from for prediction. Like Bayesian networks, CrossCat represents the dependencies and
independencies between variables, and thus remains accurate when there are multiple statistical
signals. Inference is done via a scalable Gibbs sampling scheme; this paper shows that it works
well in practice. This paper also includes empirical results on heterogeneous tabular data of up to
10 million cells, such as hospital cost and quality measures, voting records, unemployment rates,
gene expression measurements, and images of handwritten digits. CrossCat infers structure that
is consistent with accepted findings and common-sense knowledge in multiple domains and yields
predictive accuracy competitive with generative, discriminative, and model-free alternatives.
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The main advantage offered by Bayesian networks in this setting is that they can use a separate network to model each group of variables. From a statistical perspective, Bayes nets may
be effective for sufficiently large, purely discrete datasets where all variables are observed
and no hidden variables are needed to accurately model the true data generator. The core
modeling difficulty is that many relevant joint distributions are either impossible to represent
using a Bayesian network or require prohibitively complex parameterizations. For example,
without hidden variables, Bayes nets must emulate the effect of any hidden variables by implicitly marginalizing them out, yielding a dense set of connections. These artificial edges can
reduce statistical efficiency: each new parent for a given node can multiplicatively increase

1. Bayesian networks and structure learning.

This size and richness also enables the detection of subtle predictive relationships, including those
that depend on aggregating individually weak signals from large numbers of variables. Challenges
include integrating data of heterogeneous types (NRC Committee on the Analysis of Massive Data,
2013), suppressing spurious patterns (Benjamini and Hochberg, 1995; Attia, Ioannidis, et al., 2009),
selecting features (Wasserman, 2011; Weston, Mukherjee, et al., 2001), and the prevalence of nonignorable missing data.
This paper describes CrossCat, a general-purpose Bayesian method for analyzing high-dimensional mixed-type datasets that aims to mitigate these challenges. CrossCat is based on approximate
inference in a hierarchical, nonparametric Bayesian model. This model is comprised of an “outer”
Dirichlet process mixture over the columns of a table, with components that are themselves independent “inner” Dirichlet process mixture models over the rows. CrossCat is parameterized on a
per-table basis by data type specific component models — for example, Beta-Bernoulli models for
binary values and Normal-Gamma models for numerical values. Each “inner” mixture is solely responsible for modeling a subset of the variables. Each hypothesis assumes a specific set of marginal
dependencies and independencies. This formulation supports scalable algorithms for learning and
prediction, specifically a collapsed MCMC scheme that marginalizes out all but the latent discrete
state and hyper parameters.
The name “CrossCat” is derived from the combinatorial skeleton of this probabilistic model.
Each approximate posterior sample represents a cross-categorization of the input data table. In a
cross-categorization, the variables are partitioned into a set of views, with a separate partition of the
entities into categories with respect to the variables in each view. Each (category, variable) pair
contains the sufficient statistics or latent state needed by its associated component model. See Figure 1 for an illustration of this structure. From the standpoint of structure learning, CrossCat finds
multiple, cross-cutting categorizations or clusterings of the data table. Each non-overlapping system
of categories is context-sensitive in that it explains a different subset of the variables. Conditional
densities are straightforward to calculate and to sample from. Doing so first requires dividing the
conditioning and target variables into views, then sampling a category for each view. The distribution on categories must reflect the values of the conditioning variables. After choosing a category it
is straightforward to sample predictions or evaluate predictive densities for each target variable by
using the appropriate component model.
Standard approaches for inferring representations for joint distributions from data, such as
Bayesian networks, mixture models, and sparse multivariate Gaussians, each exhibit complementary strengths and limitations. Each method exhibits distinct strengths and weaknesses:
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Figure 1: An illustration of the latent structure posited by cross-categorization on a dataset of commonsense judgments about animals. The figure shows the raw input data and one posterior sample from a dataset
containing animals and their properties. CrossCat finds three independent signals, or views. A taxonomic
clustering (left, A) comprises groups of mammals, amphibians and reptiles, birds, and invertebrates, and
explains primarily anatomical and physiological variables. An ecological clustering (right, C) cross-cuts the
taxonomic groups and specifies groups of carnivorous land predators, sea animals, flying animals, and other
land animals, and explains primarily habitat and behavior variables. Finally all animals (except frogs) are
lumped together into a cluster of miscellaneous features (center, B) that accounts for a set of idiosyncratic or
sparse “noise” variables.
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the number of parameters to estimate (Elidan, Lotner, Friedman, and Koller, 2001; Elidan and
Friedman, 2005). There are also computational difficulties. First, there are no known scalable
techniques for fully Bayesian learning of Bayesian networks, so posterior uncertainty about
the dependence structure is lost. Second, even when the training data is fully observed, i.e.
all variables are observed, search through the space of networks is computationally demanding. Third, if the data is incomplete (or hidden variables are posited), a complex inference
subproblem needs to be solved in the inner loop of structure search.

2. Parametric and semi-parametric mixture modeling.

Mixtures of simple parametric models have several appealing properties in this setting. First,
they can accurately emulate the joint distribution within each group of variables by introducing a sufficiently large number of mixture components. Second, heterogeneous data types
are naturally handled using independent parametric models for each variable chosen based
on the type of data it contains. Third, learning and prediction can both be done via MCMC
techniques that are linear time per iteration, with constant factors and iteration counts that
are often acceptable in practice. Unfortunately, mixture models assume that all variables are
(marginally) coupled through the latent mixture component assignments. As a result, posterior samples will often contain good categorizations for one group of variables, but these
same categories treat all other groups of mutually dependent variables as noise. This can lead
to dramatic under-fitting in high dimensions or when missing values are frequent; this paper
includes experiments illustrating this failure mode. Thus if the total number of variables is
small enough, and the natural cluster structure of all groups of variables is sufficiently similar,
and there is enough data, mixture models may perform well.

3. Multivariate Gaussians with sparse inverse covariances.

High-dimensional continuous distributions are often modeled as multivariate Gaussians with
sparse conditional dependencies (Meinshausen and Bühlmann, 2006). Several parameter estimation techniques are available; see e.g. (Friedman, Hastie, and Tibshirani, 2008). The
pairwise dependencies produced by these methods form an undirected graph. The underlying
assumptions are most appropriate when the number of variables and observations are sufficiently large, the data is naturally continuous and fully observed, and the joint distribution is
approximately unimodal. A key advantage of these methods is the availability of fast algorithms for parameter estimation (though extensions for handling missing values require solving challenging non-convex optimization problems (Städler and Bühlmann, 2012)). These
methods also have two main limitations. First, the assumption of joint Gaussianity is unrealistic in many situations (Wasserman, 2011). Second, discrete values must be transformed into
numerical values; this invalidates estimates of predictive uncertainty, and can generate other
surprising behaviors.
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CrossCat combines key computational and statistical strengths of each of these methods. As
with nonparametric mixture modeling, CrossCat admits a scalable MCMC algorithm for posterior
sampling, handles incomplete data, and does not impose restrictions on data types. CrossCat also
preserves the asymptotic consistency of density estimation via Dirichlet process mixture modeling
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The observation that multiple alternative clusterings can often explain data better than a single clustering is not new to this paper. Methods for finding multiple clusterings have been developed in
several fields, including by the authors of this paper (see e.g. Niu, Dy, and Jordan, 2010; Cui, Fern,
and Dy, 2007; Guan, Dy, Niu, and Ghahramani, 2010; Li and Shafto, 2011; Rodriguez and Ghosh,
2009; Shafto, Kemp, Mansinghka, Gordon, and Tenenbaum, 2006; Shafto, Kemp, Mansinghka,
and Tenenbaum, 2011; Ross and Zemel, 2006). For example, Ross and Zemel (2006) used an EM
approach to fit a parametric mixture of mixtures and applied it to image modeling. As nonparametric mixtures and model selection over finite mixtures can behave similarly, it might seem that
a nonparametric formulation is a small modification. In fact, nonparametric formulation presented
here is based on a super-exponentially larger space of model complexities that includes all possible
numbers and sizes of views, and for each view, all possible numbers and sizes of categories. This
expressiveness is necessary for the broad applicability of CrossCat. Cross-validation over this set is
intractable, motivating the nonparametric formulation and sampling scheme used in this paper.
It is instructive to compare and contrast CrossCat with related hierarchical Bayesian models that
link multiple Dirichlet process mixture models, such as the nested Dirichlet process (Rodriguez,
Dunson, and Gelfand, 2008) and the hierarchical Dirichlet process (Teh, Jordan, Beal, and Blei,
2006). See Jordan (2010) for a thorough review. This section contains a brief discussion of the
most important similarities and differences. The hierarchical Dirichlet process applies independent
Dirichlet processes to each dataset, whose atoms are themselves draws from a single shared Dirichlet process. It thus enables a single pool of clusters to be shared and sparsely expressed in otherwise
independent clusterings of several datasets. The differences are substantial. For example, with the
hierarchical Dirichlet process, the number of Dirichlet processes is fixed in advance. In CrossCat,
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each atom on one Dirichlet process is associated with its own Dirichlet process, and inference is
used to determine the number that will be expressed in a given finite dataset.
The nested Dirichlet process shares this combinatorial structure with CrossCat, but has been
used to build very different statistical models. (Rodriguez et al., 2008) introduces it as a model for
multiple related datasets. The model consists of a Dirichlet process mixture over datasets where
each component is another Dirichlet process mixture models over the items in that dataset. From
a statistical perspective, it can be helpful to think of this construction as follows. First, a top-level
Dirichlet process is used to cluster datasets. Second, all datasets in the same cluster are pooled
and their contents are modeled via a single clustering, provided by the lower-level Dirichlet process
mixture model associated with that dataset cluster.
The differences between CrossCat and the nested Dirichlet process are clearest in terms of
the nested Chinese restaurant process representation of the nested DP (Blei, Griffiths, Jordan, and
Tenenbaum, 2004; Blei, Griffiths, and Jordan, 2010). In a 2-layer nested Chinese restaurant process,
there is one customer per data vector. Each customer starts at the top level, sits a table at their current
level according to a CRP, and descends to the CRP at the level below that the chosen table contains.
In CrossCat, the top level CRP partitions the variables into views, and the lower level CRPs partition
the data vectors into categories for each view. If there are K tables in top CRP, i.e. the dataset is
divided into K views, then adding one datapoint leads to the seating of K new customers at level
2. Each of these customers is deterministically assigned to a distinct table. Also, whenever a new
customer is created at the top restaurant, in addition to creating a new CRP at the level below, R
customers are immediately seated below it (one per row in the dataset).
Close relatives of CrossCat have been introduced by the authors of this paper in the cognitive
science literature, and also by other authors in machine learning and statistics. This paper goes
beyond this previous work in several ways. Guan et al. (2010) uses a variational algorithm for
inference, while Rodriguez and Ghosh (2009) uses a sampler for the stick breaking representation
for a Pitman-Yor (as opposed to Dirichlet Process) variant of the model. CrossCat is instead based
on samplers that (i) operate over the combinatorial (i.e. Chinese restaurant) representation of the
model, not the stick-breaking representation, and (ii) perform fully Bayesian inference over all
hyper-parameters. This formulation leads to CrossCat’s scalability and robustness. This paper
includes results on tables with millions of cells, without any parameter tuning, in contrast to the
148x500 gene expression subsample analyzed in Rodriguez and Ghosh (2009). These other papers
include empirical results comparable in size to the authors’ experiments from Shafto et al. (2006)
and Mansinghka, Jonas, Petschulat, Cronin, Shafto, and Tenenbaum (2009); these are 10-100x
smaller than some of the examples from this paper. Additionally, all the previous work on variants
of the CrossCat model focused on clustering, and did not articulate its use as a general model for
high-dimensional data generators. For example, Guan et al. (2010) does not include predictions,
although Rodriguez and Ghosh (2009) does discuss an example of imputation on a 51x26 table.
To the best of our knowledge, this paper is the first to introduce a fully Bayesian, domaingeneral, semi-parametric method for estimating the joint distributions of high-dimensional data.
This method appears to be the only joint density estimation technique that simultaneously supports
heterogeneous data types, detects independencies, and produces representations that support efficient prediction. This paper is also the first to empirically demonstrate the effectiveness of the
underlying probabilistic model and inference algorithm on multiple real-world datasets with mixed
types, and the first to compare predictions and latent structures from this kind of model against
multiple generative, discriminative and model-free baselines.

(Dunson and Xing, 2009), and can emulate a broad class of generative processes and joint distributions given enough data. However, unlike mixture modeling but like Bayesian network structure
learning, CrossCat can also detect independencies between variables. The “outer” Dirichlet process
mixture partitions variables into groups that are independent of one another. As with estimation of
sparse multivariate Gaussians (but unlike Bayesian network modeling), CrossCat can handle complex continuous distributions and report pairwise measures of association between variables. However, in CrossCat, the couplings between variables can be nonlinear and heteroscedastic, and induce
complex, multi-modal distributions. These statistical properties are illustrated using synthetic tests
designed to strain the CrossCat modeling assumptions and inference algorithm.
This paper illustrates the flexibility of CrossCat by applying it to several exploratory analysis
and predictive modeling tasks. Results on several real-world datasets of up to 10 million cells are
described. Examples include measures of hospital cost and quality, voting records, US state-level
unemployment time series, and handwritten digit images. These experiments show that CrossCat
can extract latent structures that are consistent with accepted findings and common-sense knowledge
in multiple domains. They also show that CrossCat can yield favorable predictive accuracy as
compared to generative, discriminative, and model-free baselines.
The remainder of this paper is organized as follows. This section concludes with a discussion
of related work. Section 2 focuses on generative model and approximate inference scheme behind
CrossCat. Section 3 describes empirical results, and section 4 contains a broad discussion and
summary of contributions.

1.1 Related Work

M ANSINGKHA ET AL .
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2. The CrossCat Model and Inference Algorithm

α if j = max(~z) + 1
m j o.w.

CrossCat is based on inference in a column-wise Dirichlet process mixture of Dirichlet process
mixture models (Escobar and West, 1995; Rasmussen, 2000) over the rows. The “outer” or “columnwise” Dirichlet process mixture determines which dimensions/variables should be modeled together
at all, and which should be modeled independently. The “inner” or “row-wise” mixtures are used
to summarize the joint distribution of each group of dimensions/variables that are stochastically
assigned to the same modeling subproblem.
This paper presents the Dirichlet processes in CrossCat via the convenient Chinese restaurant
process representation (Pitman, 1996). Recall that the Dirichlet process is a stochastic process
that maps an arbitrary underlying base measure into a measure over discrete atoms, where each
atom is associated with a single draw from the base measure. In a set of repeated draws from this
discrete measure, some atoms are likely to occur multiple times. In nonparametric Bayesian mixture
modeling, each atom corresponds to a set of parameters for some mixture component; “popular”
atoms correspond to mixture components with high weight. The Chinese restaurant process is a
stochastic process that corresponds to the discrete residue of the Dirichlet process. It is sequential,
easy to describe, easy to simulate, and exchangeable. It is often used to represent nonparametric
mixture models as follows. Each data item is viewed as a customer at a restaurant with an infinite
number of tables. Each table corresponds to a mixture component; the customers at each table
thus comprise the groups of data that are modeled by the same mixture component. The choice
probabilities follow a simple “rich-gets-richer” scheme. Let m j be the number of customers (data
items) seated at a given table j, and zi be the table assignment of customer i (with the first table
z0 = 0), then the conditional probability distribution governing the Chinese restaurant process with
concentration parameter α is:

Pr(zi = j) ∝

This sequence of conditional probabilities induces a distribution over the partitions of the data
that is equivalent to the marginal distribution on equivalence classes of atom assignments under the
Dirichlet process. The Chinese restaurant process provides a simple but flexible modeling tool: the
number of components in a mixture can be determined by the data, with support over all logically
possible clusterings. In CrossCat, the number of Chinese restaurant processes (over the rows) is
determined by the number of tables in a Chinese restaurant process over the columns. The data
itself is modeled by datatype-specific component models for each dimension (column) of the target
table.
2.1 The Generative Process
The generative process behind CrossCat unfolds in three steps:
1. Generating hyper-parameters and latent structure. First, the hyper-parameters ~λd for
the component models for each dimension are chosen from a vague hyper-prior Vd that is
appropriate1 for the type of data in d. Second, the concentration parameter α for the outer
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1. The hyper-prior must only assign positive density to valid hyper-parameter values and be sufficiently broad for the
marginal distribution for a single data cell has comparable spread to the actual data being analyzed. We have explored multiple hyper-priors that satisfy these constraints on analyses similar to those from this paper; there was little
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Chinese restaurant process is sampled from a vague gamma hyper-prior. Third, a partition of
the variables into views,~z, is sampled from this outer Chinese restaurant process. Fourth, for
each view, v ∈~z, a concentration parameter αv is sampled from a vague hyper-prior. Fifth, for
each view v, a partition of the rows ~yv is drawn using the appropriate inner Chinese restaurant
process with concentration αv .

2. Generating category parameters for uncollapsed variables. This paper uses ud as an indicator of whether a given variable/dimension d is uncollapsed (ud = 1) or collapsed (ud = 0).
For each uncollapsed variable, parameters θ~cd must be generated for each category c from a
datatype-compatible prior model Md .

3. Generating the observed data given hyper-parameters, latent structure, and parameters. The dataset X = {x(r,d) } is generated separately for each variable d and for each category c ∈ ~yv in the view v = zd for that variable. For uncollapsed dimensions, this is done
by repeatedly simulating from a likelihood model Ld . For collapsed dimensions, we use an
exchangeably coupled model MLd to generate all the data in each category at once.

The details of the CrossCat generative process are as follows:

1. Generate αD , the concentration hyper-parameter for the Chinese Restaurant Process over dimensions, from a generic Gamma hyper-prior: αD ∼ Gamma(k = 1, θ = 1).
2. For each dimension d ∈ D:

(a) Generate hyper-parameters ~λd from a data type appropriate hyper-prior with density
p(~λd ) = Vd (~λd ), as described above. Binary data is handled by an asymmetric BetaBernoulli model with pseudocounts ~λd = [αd , βd ]. Discrete data is handled by a symmetric Dirichlet-Discrete model with concentration parameter λd . Continuous data is
handled by a Normal-Gamma model with ~λd = (µd , κd , υd , τd ), where µd is the mean,
κd is the effective number of observations, υd is the degrees of freedom, and τd is the
sum of squares.

(b) Assign dimension d to a view zd from a Chinese Restaurant Process with concentration
hyper-parameter αD , conditional on all previous draws: zd ∼ CRP({z0 , · · · , zd−1 }; αD )

3. For each view v in the dimension partition~z:

(a) Generate αv , the concentration hyper-parameter for the Chinese Restaurant Process over
categories in view v, from a generic hyper-prior: αv ∼ Gamma(k = 1, θ = 1).

(b) For each observed data point (i.e. row of the table) r ∈ R, generate a category assignment
yrv from a Chinese Restaurant Process with concentration parameter αv , conditional on
v }; α )
all previous draws: yrv ∼ CRP({y0v , · · · , yr−1
v

JMLR 17(138):1-49

apparent variation. Examples for strictly positive, real-valued hyper-parameters include vague Gamma(k = 1, θ = 1)
hyper-prior, uniform priors over a broad range, and both linear and logarithmic discretizations. Our reference implementation uses a set of simple data-dependent heuristics to determine sufficiently broad ranges. Chinese restaurant
process concentration parameters are given 100-bin log-scale grid discrete priors; concentration parameters for the
finite-dimensional Dirichlet distributions used to generate component parameters for discrete data have the same
form. For Normal-Gamma models, min(~x(·,d) ) ≤ µd ≤ max(~x(·,d) ).
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c

c

(r,d)

c

(r,d)

c

2.2 The Joint Probability Density

(
∏r Ld (θ~dc ) if ud = 1
c
zd
~x(·,d) = {x(r,d) | yr = c} ∼
MLd (~λd ) if ud = 0

θ~dc ∼ Md (·;~λd )

yvr ∼ CRP({yvi | i 6= r}; αv )

αv ∼ Gamma(k = 1, θ = 1)

zd ∼ CRP({zi | i 6= d}; αD )
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foreach v ∈~z and each c ∈~yv

zd = v and ud = 1

foreach v ∈~z, c ∈~yv , and d such that

r ∈ {1, · · · , R}

foreach v ∈~z and

foreach v ∈~z
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r∈c

9

c

Recall that the following dataset-specific information is needed to fully the specify the CrossCat
model:

foreach d ∈ {1, · · · , D}

foreach d ∈ {1, · · · , D}

2.3 Hypothesis Space and Modeling Capacity

v∈~z c∈~y d∈{i s.t. zi =v}

P(CC, X) = P(X, {θ~dc }, {~yv , αv }, {~λd },~z, αD )


= e−αD ∏d∈D Vd (~λd ) CRP(~z; αD ) ∏v∈~z e−αv CRP(~yv ; αv )
!
(
c );~λ )
MLd (Td (~x(·,d)
if ud = 1
d
×∏ ∏
∏
v
Md (~θd ;~λd ) ∏ Ld (x ; θ~d ) if ud = 0

This paper will use CC to denote the information necessary to capture the dependence of CrossCat on the data X. This includes the view concentration parameter αD , the variable-specific hyperparameters {~λd }, the view partition ~z, the view-specific concentration parameters {αv } and row
partition {~yv }, and the category-specific parameters {θdc } or sufficient statistics Td (~x(··· ,d) ). This paper will also overload MLd , Md ,Vd , Ld , and CRP to each represent both probability density functions
and stochastic simulators; the distinction should be clear based on context. Given this notation, we
have:

5. Td ({x}), the sufficient statistics for the component model for some collapsed dimension d
from a subset of the data {x}. Arbitrary non-conjugate component models can be numerically
collapsed by choosing Td ({x}) = {x}.

4. MLd (·) ∀ d s.t. ud = 0, a datatype-appropriate marginal likelihood model, e.g. the collapsed
version of the conjugate pair formed by some Md and Ld .

3. Md (·) and LD (·) ∀ d s.t. ud = 1, a datatype-appropriate parameter prior (e.g. a Beta prior for
binary data, Normal-Gamma for continuous data, or Dirichlet for discrete data) and likelihood
model (e.g. Bernoulli, Normal or Multinomial).

2. {ud }, the indicators for which variables are uncollapsed.

1. Vd (·), a generic hyper-prior of the appropriate type for variable/dimension d.

M ANSINGKHA ET AL .

The modeling assumptions encoded in CrossCat are designed to enable it to emulate a broad class of
data generators. One way to assess this class is to study the full hypothesis space of CrossCat, that
is, all logically possible cross-categorizations. Figure 2 illustrates the version of this space that is
induced by a 4 row, 3 column dataset. Each cross-categorization corresponds to a model structure —
a set of dependence and independence assumptions — that is appropriate for some set of statistical
situations. For example, conditioned on the hyper-parameters, the dependencies between variables
and data values can be either dense or sparse. A group of dependencies will exhibit a unimodal
joint distribution if they are modeled using only a single cluster. Strongly bimodal or multi-modal
distributions as well as nearly unimodal distributions with some outliers are recovered by varying
the number of clusters and their size. The prior favors stochastic relationships between groups of
variables, but also supports (nearly) deterministic models; these correspond to structures with a
large number of clusters that share low-entropy component models.
The CrossCat generative process favors hypotheses with multiple views and multiple categories
per view. A useful rule of thumb is to expect O(log(D)) views with O(log(R)) categories each a
priori. Asserting that a dataset has several views and several categories per view corresponds to
asserting that the underlying data generator exhibits several important statistical properties. The
first is that the dataset contains variables that arise from several distinct causal processes, not just a

αD ∼ Gamma(k = 1, θ = 1)
~λd ∼ Vd (·)

The key steps in this process can be concisely described:

One approach is to sample from the sequence of predictive distributions
−ri ~
P(x(ri ,d) |~x(·,d)
.λd ), induced by Md and Ld , indexing over rows ri in c.

(·,d)

for categorical data, we have x(r,d) ∼ Multinomial(θ~dc ); for continuous data, we
have x(r,d) ∼ Normal(µdc , σdc ).
c
B. If ud = 0, so d is collapsed, generate the entire contents of~x(·,d)
by directly simulating from the marginalized component model that with density MLd (~x ;~λd ).

d

symmetric Dirichlet distribution with concentration parameter
λd : θ~dc ∼ Dirichlet(λd ).
C. For continuous data, we have θ~dc = (µdc , σdc ), the mean and variance of the
data in the component, drawn from a Normal-Gamma distribution (µdc , σdc ) ∼
NormalGamma(~λd ).
c
ii. Let ~x(·,d)
contain all x(r,d) in this component, i.e. for r such that yzrd = c. Generate
the data in this component, as follows:
A. If ud = 1, i.e. d is uncollapsed, then generate each x(r,d) from the appropriate
likelihood model L (·; θ~d ). For binary data, we have x
∼ Bernoulli(θd );

(c) For each category c in the row partition for this view ~yv :
i. For each dimension d such that ud = 1 (i.e. its component models are uncollapsed),
generate component model parameters θ~dc from the appropriate prior with density
Md (·;~λd ) using hyper-parameters~λd , as follows:
A. For binary data, we have a scalar θdc equal to the probability that dimension d
is equal to 1 for rows from category c, drawn from a Beta distribution: θdc ∼
Beta(αd , βd ), where values from the hyper-parameter vector~λd = [αd , βd ].
B. For categorical data, we have a vector-valued θ~d of probabilities, drawn from a
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Figure 2: Model structures drawn from the space of all logically possible cross-categorizations of a 4
row, 3 column dataset. In each structure, all data values (cells) that are governed by the same parametric
model are shown in the same color. If two cells have different colors, they are modeled as conditionally
independent given the model structure and hyper-parameters. In general, the space of all cross-categorizations
contains a broad class of simple and complex data generators. See the main text for details.

single one. The second is that these processes cannot be summarized by a single parametric model,
and thus induce non-Gaussian or multi-modal dependencies between the variables.
2.4 Posterior Inference Algorithm
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Figure 3: Snapshots of the Markov chain for cross-categorization on a dataset of human object-feature
judgments. Each of the three states shows a particular cross-categorization that arose during a single Markov
chain run, automatically rendered using the latent structure from cross-categorization to inform the layout.
Black horizontal lines separate categories within a view. The red horizontal line follows one row of the
dataset. Taken from left to right, the three states span a typical run of roughly 100 iterations; the first is while
the chain appears to be converging to a high probability region, while the last two illustrate variability within
that region.

1. Concentration hyper-parameter inference: updating αD and each element of {αv }. Sample αD and all the αv s for each view via a discretized Gibbs approximation to the posterior,
αD ∼ P(αD |~z) and αv ∼ P(αv |~yv ). For each α, this involves scoring the CRP marginal likelihood at a fixed number of grid points — typically ∼ 100 — and then re-normalizing and
sampling from the resulting discrete approximation.

3. Category inference: updating the elements of {~yv } via Gibbs with auxiliary variables.
For each entity in each view, this transition operator samples a new category assignment from
its conditional posterior. A variant of Algorithm 8 from (Neal, 1998) (with m=1) is used to
handle uncollapsed dimensions.

12
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2. Component model hyper-parameter inference: updating the elements of {~λd }. For
each dimension, for each hyper-parameter, discretize the support of the hyper-prior and numerically sample from an approximate hyper-posterior distribution. That is, implement an
appropriately-binned discrete approximation to a Gibbs sampler for ~λd ∼ P(~λd | x~d , y~zd ) (i.e.
we condition on the vertical slice of the input table described by the hyper-parameters, and
the associated latent variables). For conjugate component models, the probabilities depend
only on the sufficient statistics needed to evaluate this posterior. Each hyper-parameter adjustment requires an operation linear in the number of categories, since the scores for each
category (i.e. the marginal probabilities) must be recalculated, after each category’s statistics
are updated. Thus each application of this kernel takes time proportional to the number of
dimensions times the maximum number of categories in any view.

Posterior inference is carried out by simulating an ergodic Markov chain that converges to the posterior (Gilks, 1999; Neal, 1998). The state of the Markov chain is a data structure storing the crosscategorization, sufficient statistics, and all uncollapsed parameters and hyper-parameters. Figure
3 shows several sampled states from a typical run of the inference scheme on the dataset from
Figure 1.
The CrossCat inference Markov chain initializes a candidate state by sampling it from the prior2
The transition operator that it iterates consists of an outer cycle of several kernels, each performing
cycle sweeps that apply other transition operators to each segment of the latent state. The first is a
cycle kernel for inference over the outer CRP concentration parameter α and a cycle of kernels over
the inner CRP concentration parameters {αv } for each view. The second is a cycle of kernels for
inference over the hyper-parameters~λd for each dimension. The third is a kernel for inference over
any uncollapsed parameters ~θcd . The fourth is a cycle over dimensions of an inter-view auxiliary
variable Gibbs kernel that shuffles dimensions between views. The fifth is itself a cycle over views
of cycles that sweep a single-site Gibbs sampler over all the rows in the given view. This chain corresponds to the default auxiliary variable Gibbs sampler that the Venture probabilistic programming
platform (Mansinghka, Selsam, and Perov, 2014) produces when given the CrossCat model written
as a probabilistic program.
More formally, the Markov chain used for inference is a cycle over the following kernels:

The category inference transition operator will sample yrv , the categorization for row r in view
v, according to its conditioned distribution given the other category assignments ~yv −r , parameters {θ~cd } and auxiliary parameters. If ud = 0 ∀d s.t. zd = v, i.e. there are no uncollapsed
dimensions in this view, then this reduces to the usual collapsed Gibbs sampler applied to
JMLR 17(138):1-49

2. Anecdotally, this initialization appears to yield the best inference performance overall. One explanation can be found
by considering a representative subproblem of inference in CrossCat: performing inference in one of the inner CRP
mixture models. A maximally dispersed initialization, with each of the N rows in its own category, requires O(N 2 )
time for its first Gibbs sweep. An initialization that places all rows in a single category requires O(1) time for its first
sweep but can spend many iterations stuck in or near the “low resolution” model encoded by this initial configuration.
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zd ∼ P(zd | αD ,~λd ,~z−d , αv+ , {~yv }, {{θdc | c ∈~yz j } | j ∈ D}, X)
(
!
c ),~λ )
MLd (Td (~x(·,d)
if ud = 1
d
~
−d
∝ CRP(zd ; z , αD ) ∏
Md (~θdc ;~λd ) ∏r∈c Ld (x(r,d) ; θ~dc ) if ud = 0
c∈~yzd

Let v+ be the index of the new view. The auxiliary variables are αv+ , ~yv and {θdc | c ∈ ~yv }
(if ud = 1). If zd ∈~z−d , then v+ = max(~z) + 1, and the auxiliary variables are sampled from
their priors. Otherwise, v+ = zd , and the auxiliary variables are deterministically set to the
values associated with zd . Given values for these variables, the conditional distribution for zd
can be derived as follows:

+

4. Inter-view inference: updating the elements of~z via Gibbs with auxiliary variables. For
each dimension d, this transition operator samples a new view assignment zd from its conditional posterior. As with the category inference kernel, this can be viewed as a variant of
Algorithm 8 from (Neal, 1998) (with m = 1), applied to the “outer” Dirichlet process mixture
model in CrossCat. This mixture has uncollapsed, non-conjugate component models that are
themselves Dirichlet process mixtures.

The probabilities this transition operator needs can be obtained by iterating over possible values for yvr , calculating their joint densities, and re-normalizing numerically. These operations
can be implemented efficiently by maintaining and incrementally modifying a representation
of CC, updating sufficient statistics and a joint probability accumulator after each change
(Mansinghka, 2007). The complexity of resampling yvr for all rows r and views v is O(V RCD),
where V is the number of views, R the number of rows, C the maximum number of categories
in any view, and D is the number of dimensions.

∝ CRP(yvr ;~yv−r , αv )


c
~
if ud = 0

MLd (Td (~x(·,d) ), λd )


×

∏ Md (~θdc ;~λd ) ∏r∈c Ld (x(r,d) ; θ~dc ) if ud = 1 and yvr ∈~yv−r
d∈{i s.t. zi =v} 
d
v
+
v
~
~
d
/ y−r
Md (~φc ; λd ) ∏r∈c Ld (x(r,d) ; φc ) if ud = 1 and yr = c ∈~

yvr ∼ P(yvr |~yv−r , {~λd , {x(·,d) } | d s.t. zd = v}, {{θ~dc | c ∈~yv−r } | d s.t. zd = v and ud = 1}, {~φd })

Given the auxiliary variables, we can derive the target density of the transition operator by
expanding the joint probability density:

In this section, c+ will denote the category associated with the auxiliary variable. If yvr ∈~yv−r ,
~d
then c+ = max(~y−r
v ) + 1, i.e. a wholly new category will be created, and by sampling φ this
category will have newly sampled parameters. Otherwise, c+ = yvr , i.e. row r was a singleton,
so its previous category assignment and parameters will be reused.

the subset of data within the view. Otherwise, let {~φd } denote auxiliary parameters for each
uncollapsed dimension d (where ud = 1) of the same form as θ~dc . Before each transition, these
parameters are chosen as follows:

δ ~d
if yvr = yvj ⇐⇒ r = j
θyv
d
~φ ∼
r
M (~λ ) o.w. (yv ∈~yv )
d d
−r
r
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3. A variation on CrossCat was the basis of Veritable, a general-purpose machine learning system built by Navia Systems/Prior Knowledge Inc. This implementation became a part of Salesforce.com’s predictive analytics infrastructure. At Navia, CrossCat was applied to proprietary datasets from domains such as operations management for retail,
clinical virology, and quantitative finance.

Each approximate posterior sample provides an estimate of the full joint distribution of the data. It
also contains a candidate latent structure that characterizes the dependencies between variables and
provides an independent clustering of the rows with respect to each group of dependent variables.
This section gives examples of exploratory and predictive analysis problems that can be solved by
using these samples. Prediction is based on calculating or sampling from the conditional densities
implied by each sample and then either averaging or resampling from the results. Exploratory
queries typically involve Monte Carlo estimation of posterior probabilities that assess structural

2.5 Exploration and Prediction Using Posterior Samples

CrossCat’s scalability can be assessed by multiplying an estimate of how long each transition
takes with an estimate of how many transitions are needed to get good results. The experiments
in this paper use ∼10-100 independent samples. Each sample was based on runs of the inference
Markov chain with ∼100-1,000 transitions. Taking these numbers as rough constants, scalability is
governed by the asymptotic orders of growth. Let R be the number of rows, D the number of dimensions, V the maximum number of views and C the maximum number of categories. The memory
needed to store the latent state is the sum of the memory needed to store the D hyper-parameters
and view assignments, the VC parameters/sufficient statistics, and the V R category assignments,
or O(D + VC + V R). Assuming a fully dense data matrix, the loops in the transition operator described above scale as O(DC +RDVC +RDVC +DC) = O(RDVC), with the RD terms scaling down
following the data density.
This paper shows results from both open-source and commercial implementations on datasets
of up to ∼10 million cells3 . Because this algorithm is asymptotically linear in runtime with low
memory requirements, a number of performance engineering and distributed techniques can be
applied to reach larger scales at low latencies. Performance engineering details are beyond the
scope of this paper.

5. Component model parameter inference: updating {θ~dc | ud = 1}. Each dimension or variable whose component models are uncollapsed must be equipped with a suitable ergodic
c~ ,~λ ). Exact
transition operator T that converges to the local parameter posterior P(θ~dc |x(·,d)
d
Gibbs sampling is often possible when Ld and Md are conjugate.

Inference over the elements of~z can also be done via a mixture of a Metropolis-Hastings birthdeath kernel to create new views with a standard Gibbs kernel to reassign dimensions among
pre-existing views. In our experience, both transition operators yield comparable results on
real-world data; the Gibbs auxiliary variable kernel is presented here for simplicity.

This transition operator shuffles individual columns between views, weighing their compatibility with each view by multiplying likelihoods for each category. A full sweep thus has
time complexity O(DVCR). Note that if a given variable is a poor fit for its current view, its
hyper-parameters and parameters will be driven to reduce the dependence of the likelihood
for that variable on its clustering. This makes it more likely for row categorizations proposed
from the prior to be accepted.

M ANSINGKHA ET AL .

properties of the latent variables posited by CrossCat and the dependencies they imply. Examples
include obtaining a global map of the pairwise dependencies between variables, selecting those
variables that are probably predictive of some target, and identifying rows that are similar in light
of some variables of interest.
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2.5.1 P REDICTION

1
ˆ s]
Pr[zqs 0 = zqs 1 = · · · = zqs k |CC
N∑
s

#({s|zqs 0 = zqs 1 = · · · = zqs k })
N

Xq j ⇐⇒ zqi 6= zqk

These probabilities also characterize the marginal dependencies and independencies that are explicitly represented by CrossCat. For example, pairwise co-assignment in ~z determines4 pairwise
marginal independence under the generative model:

=

Pr[zq0 = zq1 = · · · = zqk |X] ≈

To detect dependencies between groups of variables, it is natural to use a Monte Carlo estimate of
the marginal posterior probability that a set of variables {qi } share the same posterior view. Using
s as a superscript to select values from a specific sample, we have:

2.5.2 D ETECTING D EPENDENCIES B ETWEEN VARIABLES

equivalent to minimizing 0-1 loss, and calculates it by directly evaluating the conditional density
of each possible value. This approach to prediction can also handle nonlinear and/or stochastic
relationships within the set of target variables {Xti } and between the given variables {Xgi } and the
targets. It is easy to implement in terms of the same sampling and probability calculation kernels
that are necessary for inference.
This formulation of prediction scales linearly in the number of variables, categories, and view. It
is also sub-linear in the number of variables when dependencies are sparse, and parallelizable over
the views, the posterior samples, and the generated samples from the conditional density. Future
work will explore the space of tradeoffs between accuracy, latency and throughput that can be
achieved using this basic design.

Recall that CC represents a model for the joint distribution over the variables along with sufficient
statistics, parameters, a partition of variables into views, and categorizations of the rows in the data
ˆ s will
X. Variables representing the latent structure associated with a particular posterior sample CC
all be indexed by s, e.g. zds . Also let Yv+ represent the category assignment of a new row in view v,
and let {ti } and {g j } be the sets of target variables and given variables in a given predictive query.
To generate predictions by sampling from the conditional density on targets given the data, we
must simulate
{x̂ti } ∼ p({Xti }|{Xgi = xgi }, X)
Given a set of models, this can be done in two steps. First, from each model, sample a categorization
from each view conditioned on the values of the given variables. Second, sample values for each
target variable by simulating from the target variable’s component model for the sampled category:
ˆ s ∼ p(CC|X)
CC
Z

L(xti ;~θtcisv )M(~θtcisv ; λ~ti )d~θ

cvs ∼ p(Yv+ |{Xg j = xg j |zgs j = v})

i

Xqi
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4. This paper defines independence in terms of the generative process and latent variables. Two variables in different
views are explicitly independent, but two variables in the same view are coupled through the latent cluster assignment.
This is clear if there are multiple clusters. Even if there is just one cluster, if αv remains nonzero as N goes to infinity,
then eventually there will be more than one cluster. A predictive definition of independence in terms of nonzero
mutual information will differ in some cases; a comparison between these candidate measures is beyond the scope of
this paper..

Exploratory analyses often make use of “similarity” functions defined over pairs of rows. One useful measure of similarity is given by the probability that two pieces of data were generated from the
same statistical model (Tenenbaum and Griffiths, 2001; Ghahramani and Heller, 2006). CrossCat
naturally induces a context-sensitive similarity measure between rows that has this form: the probability that two items come from the same category in some context. Here, contexts are defined by
target variables, and comprise the set of views in which that variable participates (weighted by their
probability). This probability is straightforward to estimate given a collection of samples:

2.5.3 E STIMATING S IMILARITY B ETWEEN ROWS

The results in this paper often include the “z-matrix” of marginal dependence probabilities Z =
[Z(i, j) ], where Z(i, j) = 1 − Pr[Xi X j |X]. This measure is used primarily for simplicity; other measures of the presence or strength of predictive relationships are possible.



x̂tsi ∼ p(Xti |czst ) =

The category kernel from the MCMC inference algorithm can be re-used to sample from cvs .
Also, sampling from x̂tsi can be done directly given the sufficient statistics for data types whose
likelihood models and parameter priors are conjugate. In other cases, either ~θ will be represented as
ˆ s or sampled on demand.
part of CC
The same latent variables are also useful for evaluating the conditional density for a desired set
of predictions:
p({Xti = xti }|{Xg j = xg j }, X)
1
ˆ s)
p({Xti = xti }|{Xg j = xg j }, CC = CC
≈
N∑
s
1
= ∑ ∏ ∑ p({Xti = xti |zgs j = v}|Yv+ = c)p(Yv+ = c|{Xg j = xg j |zgs j = v})
N s v∈~zs c
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Many problems of prediction can be reduced to sampling from and/or calculating conditional
densities. Examples include classification, regression and imputation. Each can be implemented
by forming estimates {Xt∗i } of the target variables. By default, the implementation from this paper
implementation uses the mean of the predictive to impute continuous values. This is equivalent to
choosing the value that minimizes the expected square loss under the empirical distribution induced
by a set of predictive samples. For discrete values, the implementation uses the most probable value,
15



1 − Pr[x(r,c)

x(r0 ,c) |X,~λc ] ≈

zs

N

zs
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uses independent samples from parallel chains, each initialized with an independent sample from
the CrossCat prior. In contrast, typical MCMC schemes from nonparametric Bayesian statistics use
dependent samples obtained by thinning a single long chain that was deterministically initialized.
For example, Gibbs samplers for Dirichlet process mixtures are often initialized to a state with a single cluster; this corresponds to a single-view single-category state for CrossCat. Second, CrossCat
performs inference over hyper-parameters that control the expected predictability of each dimension, as well as the concentration parameters of all Dirichlet processes. Many machine learning
applications of nonparametric Bayes do not include inference over these hyper-parameters; instead,
they are set via cross-validation or other heuristics.
There are mechanisms by which these differences could potentially explain the surprising reliability and speed of CrossCat inference as compared to typical Gibbs samplers. Recall that the
regeneration time of a Markov chain started at its equilibrium distribution is the (random) amount
of time it needs to “forget” its current state and arrive at an independent sample. For CrossCat, this
regeneration time appears to be substantially longer than convergence time from the prior. States
from the prior are unlikely to have high energy or be near high energy regions, unlike states drawn
from the posterior. Second, hyper-parameter inference — especially those controlling the expected
noise in the component models, not just the Dirichlet process concentrations — provides a simple
mechanism that helps the sampler exit local minima. Consider a dimension that is poorly explained

-15000

Ground truth
One posterior
sample
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Figure 4: The joint density of the latent cross-categorization and training data for ∼1,000 samples from
CrossCat’s inference algorithm, compared to ground truth. Each point corresponds to a sample drawn
from an approximation of the CrossCat posterior distribution after 200 iterations on data from a randomly
chosen CrossCat model. Table sizes range from 10x10 to 512x512. Points on the blue line correspond to
samples with the same joint density as the ground truth state. Points lying above the line correspond to
models that most likely underestimate the entropy of the underlying generator, i.e. they have over-fit the
data. CrossCat rarely produces such samples. Some points lie significantly below the line, overestimating the
entropy of the generator. These do not necessarily correspond to “under-fit” models, as the true posterior will
be broad (and may also induce broad predictions) when data is scarce.

140000

120000

100000

80000

60000

40000

20000

0

20000

M ANSINGKHA ET AL .

A central concern is that the single-site Gibbs sampler used for inference might not produce highquality models or stable posterior estimates within practical running times. For example, the CrossCat inference algorithm might rapidly converge to a local minimum in which all proposals to create
new views are rejected. In this case, even though the Gibbs sampler will appear to have converged,
the models it produces could yield poor inference quality.
This section reports four experiments that illustrate key algorithmic and statistical properties
of CrossCat. The first experiment gives a rough sense of inference efficiency by comparing the
energies of ground truth states to the energies of states sampled from CrossCat on data generated by
the model. The second experiment assesses the convergence rate and the reliability of estimates of
posterior expectations on a real-world dataset. The third experiment explores CrossCat’s resistance
to under-fitting and over-fitting by running inference on datasets of Gaussian noise. The fourth
experiment assesses CrossCat’s predictive accuracy in a setting with a large number of distractors
and a small number of signal variables. It shows that CrossCat yields favorable accuracy compared
to several baseline methods.
The next experiment assesses the stability and efficiency of CrossCat inference on real-world
data. Figure 5a shows the evolution of Monte Carlo dependence probability estimates as a function
of the number of Markov chain iterations. Figure 5b shows traces of the number of views for each
chain in the same set of runs. ∼100 iterations appears sufficient for initializations to be forgotten,
regardless of the number of views sampled from the CrossCat prior. At this point, Monte Carlo estimates appear to stabilize, and the majority of states (∼40 of 50 total) appear to have 4, 5 or 6 views.
This stability is not simply due to a local minimum: after 700 iterations, transitions that create or
destroy views are still being accepted. However, the frequency of these transitions does decrease.
It thus seems likely that the standard MCMC approach of averaging over a single long chain run
might require significantly more computation than parallel chains. This behavior is typical for applications to real-world data. We typically use 10-100 chains, each run for 100-1,000 iterations, and
have consistently obtained stable estimates.
The convergence measures from (Geweke, 1992) are also included for comparison, specifically
the numerical standard error (NSE) and relative numerical efficiency (RNE) for the view CRP parameter α to assess autocorrelations (LeSage, 1999). NSE values near 0 and RNE values near 1
indicate approximately independent draws. These values were computed using a 0%, 4%, 8%, and
15% autocorrelation taper. NSE values were near zero and did not differ markedly: .023, .021,
.018, and .018. Similarly, RSE values were near 1 and did not differ markedly: 1, 1.23, 1.66, and
1.54. These results suggest that there is acceptably low autocorrelation in the sampled values of the
hyper-parameters.
The reliability of CrossCat reflects simple but important differences between the way single-site
Gibbs sampling is used here and standard MCMC practice in machine learning. First, CrossCat

2.6 Assessing Inference Quality

This measure relies on CrossCat’s detection of marginal dependencies to determine which variables
are relevant in any given context. The component models largely determine how differences in each
variable in that view will be weighted when calculating similarity.
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by the categorization in its current view. Conditioned on such a categorization, the posterior on the
hyper-parameter will favor increasing the expected noisiness of the clusters, to better accommodate
the data. Once the hyper-parameter enters this regime, the model becomes less sensitive to the
specific clustering used to explain this dimension. This therefore also increases the probability that
the dimension will be reassigned to any other pre-existing view. It also increases the acceptance
probability for proposals that create a new view with a random categorization. Once a satisfactory
categorization is found, however, the Bayesian Occam’s Razor favors reducing the expected entropy
of the clusters. Similar dynamics were described in (Mansinghka, Kulkarni, Perov, and Tenenbaum,
2013); a detailed study is beyond the scope of this paper.
The third simulation, shown in Figure 7, illustrates CrossCat’s behavior on datasets with lowdimensional signals amidst high-dimensional random noise. In each case, CrossCat rapidly and
confidently detects the independence between the “distractor” dimensions, i.e. it does not over-fit.
Also, when the signal is strong or there are few distractors, CrossCat confidently detects the true
predictive relationships. As the signals become weaker, CrossCat’s confidence decreases, and variation increases. These examples qualitatively support the use of CrossCat’s estimates of dependence
probabilities as indicators of the presence or absence of predictive relationships. A quantitative characterization of CrossCat’s sensitivity and specificity, as a function of both sample size and strength
of dependence, is beyond the scope of this paper.
Many data analysis problems require sifting through a large pool of candidate variables in settings where only a small fraction are relevant for any given prediction. The fourth experiment,
shown in Figure 7, illustrates CrossCat’s behavior in this setting. The test datasets contain 10 “signal” dimensions generated from a 5-component mixture model, plus 10-1,000 “distractor” dimensions generated by an independent 3-component mixture that clusters the data differently. As the
number of distractors increases, the likelihood becomes dominated by the distractors. The experiment compares imputation accuracy for several methods — CrossCat; mixture modeling; columnwise averaging; imputation by randomly chosen values; and a popular model-free imputation tech19

20
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Figure 6: Detected dependencies given two correlated signal variables and multiple independent distractors. This experiment illustrates CrossCat’s sensitivity and specificity to pairwise relationships on multivariate Gaussian datasets with 100 rows. In each dataset, two pairs of variables have nonzero correlation
ρ. The remaining D − 4 dimensions are uncorrelated distractors. Each row shows the inferred dependencies
between 20 randomly sampled pairs of distractors (blue) and the two pairs of signal variables (red). See main
text for further discussion.
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Figure 5: A quantitative assessment of the convergence rate of CrossCat inference and the stability of
posterior estimates on a real-world health economics dataset. (a) shows the evolution of simple Monte
Carlo estimates of the probability of dependence of three pairs of variables, made from independent chains
initialized from the prior, as a function of the number of iterations of inference. Thick error bars show the
standard deviation of estimates across 50 repetitions, each with 20 samples; thin lines show the standard
deviation of estimates from 40 samples. Estimates stabilize after ∼100 iterations. (b) shows the number of
views for 50 of the same Markov chain runs. After ∼100 iterations, states with 4, 5 or 6 views dominate the
sample, and chains still can switch into and out of this region after 700 iterations.
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3. Empirical Results on Real-World Datasets

This section describes the results from CrossCat-based analyses of several datasets. Examples are
drawn from multiple fields, including health economics, pattern recognition, political science, and
econometrics. These examples involve both exploratory analysis and predictive modeling. The
primary aim is to illustrate CrossCat and assess its efficacy on real-world problems. A secondary aim
is to verify that CrossCat produces useful results on data generating processes with diverse statistical
characteristics. A third aim is to compare CrossCat with standard generative, discriminative, and
model-free methods.

The dependencies detected by CrossCat reflect accepted findings about health care that may
be surprising. The inferred pairwise dependence probabilities, shown in Figure 8, depict strong
evidence for a dissociation between cost and quality. Specifically, the variables in block A are aggregated quality scores, for congestive heart failure (CHF SCORE), pneumonia (PNEUM SCORE), acute
myocardial infarction (AMI SCORE), and an overall quality metric (QUAL SCORE). The probability
that they depend on any other variable in the dataset is low. This finding has been reported consistently across multiple studies and distinct patient populations (Fisher, Goodman, Skinner, and
Bronner, 2009). Partly due to its coverage in the popular press (Gawande, 2009), it also informed
the design of performance-based funding provisions in the 2009 Affordable Care Act.

Due to its broad coverage of hospitals and their key characteristics, this dataset illustrates some
of the opportunities and challenges described by the NRC Committee on the Analysis of Massive
Data (2013). For example, given the range of cost variables and quality surveys it contains, this data
could be used to study the relationship between cost and quality of care. The credibility of any resulting inferences would rest partly on the comprehensiveness of the dataset in both rows (hospitals)
and columns (variables). However, it can be difficult to establish the absence of meaningful predictive relationships in high-dimensional data on purely empirical grounds. Many possible sets of
predictors and forms of relationships need to be considered and rejected, without sacrificing either
sensitivity or specificity. If the dataset had fewer variables, a negative finding would be easier to establish, both statistically and computationally, as there are fewer possibilities to consider. However,
such a negative finding would be less convincing.

The Dartmouth Atlas of Health Care (Fisher, Goodman, Wennberg, and Bronner, 2011) is one
output from a long-running effort to understand the efficiency and effectiveness of the US health
care system. The overall dataset covers ∼4300 hospitals that can be aggregated into ∼300 hospital reporting regions. The extract analyzed here contains 74 variables that collectively describe a
hospital’s capacity, quality of care, and cost structure. These variables contain information about
multiple functional units of a hospital, such as the intensive care unit (ICU), its surgery department,
and any hospice services it offers. For several of these units, the amount each hospital bills to a
federal program called Medicare is also available. The continuous variables in this dataset range
over multiple orders of magnitude. Specific examples include counts of patients, counts of beds,
dollar amounts, percentages that are ratios of counts in the dataset, and numerical aggregates from
survey instruments that assess quality of care.

3.1 Dartmouth Atlas of Health Care
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CrossCat identifies several other clear, coherent blocks of variables whose dependencies are
broadly consistent with common sense. For example, Section B of Figure 8 shows that CrossCat
has inferred probable dependencies between three variables that all measure hospice usage. The
dependencies within Section C reflect the proposition that the presence of home health aides —
often consisting of expensive equipment — and overall equipment spending are probably dependent.
The dark green bar for MDCR SPND AMBLNC with the variables in section C is also intuitive: home
health care easily leads to ambulance transport during emergencies. Section D shows probable
dependencies between the length of hospital stays, hospital bed usage, and surgery. This section and
section E, which contains measures of ICU usage, are probably predictive of the general spending
metrics in section F, such as total Medicare reimbursement, use of doctors’ time, and total full time
equivalent (FTE) head count. Long hospital stays, surgery, and time in the intensive care unit (ICU)
are key drivers of costs, but not quality of care.

nique (Hastie, Tibshirani, Sherlock, Eisen, Brown, and Botstein, 1999) — on problems with varying
numbers of distractors. CrossCat remains accurate when the number of distractors is 100x larger
than the number of signal variables. As expected, mixtures are effective in low dimensions, but inaccurate in high dimensions. When the number of distractors equals the number of signal variables,
the mixture posterior grows bimodal, including one mode that treats the signal variables as noise.
This mode dominates when the number of distractors increases further.

Figure 7: Predictive accuracy for low-dimensional signals embedded in high-dimensional noise. The
data generator contains 10 “signal” dimensions described by a 5-cluster model to which distractor dimensions
described by an independent 3-cluster model have been appended. The left plot shows imputation accuracies
for up to 50 distractor dimensions; the right shows accuracies for 50-1,000 distractors. CrossCat is compared
to mixture models as well as multiple non-probabilistic baselines (column-wise averaging, imputing via a
random value, and a state-of-the-art extension to k-nearest-neighbors). The accuracy of mixture modeling
drops when the number of distractors D becomes comparable to the number of signal variables S, i.e. when
D ≈ S. When D > S, the distractors get modeled instead of the signal. In contrast, CrossCat remains accurate
when the number of distractors is 100 times larger than the number of signal variables. See main text for
additional discussion.
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Figure 8: Dependencies between variables the Dartmouth Atlas data aggregated by hospital referral
region. This figure shows the z-matrix Z = [Z( i, j)] of pairwise dependence probabilities, where darker green
represents higher probability. Rows and columns are sorted by hierarchical clustering and several portions
of the matrix have been labeled. The isolation of [A] indicates that the quality score variables are almost
certainly mutually dependent but independent of the variables describing capacity and cost structure. [B]
contains three distinct but dependent measures of hospice cost and capacity: the percent of deaths in hospice,
the number of hospice days per decedent, and the total Medicare spending on hospice usage. [C] contains
spending on home health aides, equipment, and ambulance care. [D] shows dependencies between hospital
stays, surgeries and in-hospital deaths. [E] contains variables characterizing intensive care, including some
that probably interact with surgery, and others that interact with general spending metrics [F], such as usage
of doctors’ time and total full time equivalency (FTE) head count.
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Figure 9: The pairwise similarity measure inferred by CrossCat in the context of ICU utilization. Each
cell contains an estimate of the marginal probability that the hospital reporting regions corresponding to
the row and column come from the same category in the view. The block structure in this matrix reflects
regional variation in ICU utilization and in other variables that are probably predictive of it; examples include
measures of hospital and intensive care capacity and usage.
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It has been proposed that regional differences explain variation in cost and capacity, but not
quality of care (Gawande, 2009). This proposal can be explored using CrossCat by examining individual samples as well as the context-sensitive pairwise co-categorization probabilities (similarities)
for hospitals. Figure 9 shows these probabilities in the context of time spent in the ICU. These probabilities yield hospital groups that often contain adjacent regions, consistent with the idea that local
variation in training or technique diffusion may contribute significantly to costs. Figure 10 shows
results for regions from four states, coloring regions from the same state with the same color, with
white space separating categories in a given view. Variables probably dependent on usage lead to
geographically consistent partitions, while variables that are probably dependent on quality do not.
The models inferred by CrossCat can also be used to compare each value in the dataset with the
values that are probable given the rest of the data. Figure 11 shows the predictive distribution on
the number of physician visits for ICU patients for 10 hospital reporting regions. The true values
are relatively probable for most of these regions. However, for McAllen, Texas, the observed value
is highly improbable. McAllen is known for having exceptionally high costs and an unusually large
dependence on expensive, equipment-based treatment rather than physician care. In fact, Gawande
(2009) used McAllen to illustrate how significant the variation can be.
The imputation accuracy of CrossCat on this dataset is also favorable relative to multiple baselines. Figure 12 shows the results on versions of the Dartmouth Atlas of Health care where 5%-20%
of the cells are censored at random. CrossCat performs favorably across this range, outperforming
both simple model-free schemes and nonparametric Bayesian mixture modeling.

Figure 10: Subset of a single posterior sample for the Dartmouth Health Atlas. These entities have been
color-coded according to geography. Variables related to quality are independent of geography (left), but
variables related to usage of services are related to geography (right). This is in accord with a key finding
from Gawande (2009).
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Figure 11: A comparison between the observed utilization of physicians their inferred predictive distributions, for 10 hospital reporting regions. McAllen, TX appears to under-utilize physicians relative to
CrossCat’s predictions based on the overall dataset. This is consistent with analyses of McAllen’s equipment
and procedure-intensive approach to care. Note that some predictive distributions are multi-modal, e.g. Joilet,
IL.
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Figure 12: A comparison of imputation accuracy under random censoring. The error (y axis) as a
function of the fraction of missing values (x axis) is measured on a scale that has been normalized by columnwise variance, so that high-variance variables do not dominate thePercent
comparison.
of values CrossCat
missing is more accurate
than baselines such as column-wise averaging, imputation using a randomly chosen observation, a state-ofthe-art variant of k-nearest-neighbors, and Dirichlet process mixtures of Gaussians. Also note the collapse of
mixture modeling to column-wise averaging when the fraction of missing values grows sufficiently large.

Mean absolute error
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3.2 Classifying Images of Handwritten Digits
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The MNIST collection of handwritten digit images (LeCun and Cortes, 2011) can be used to explore CrossCat’s applicability to high-dimensional prediction problems from pattern recognition.
Figure 13a shows example digits. For all experiments, each image was downsampled to 16x16 pixels and represented as a 256-dimensional binary vector. The digit label was treated as an additional
categorical variable, observed for training examples and treated as missing for testing. Figure 13b
shows the inferred dependence probabilities among pixels and between the digit label and the pixels. The pixels that are identified as independent of the digit class label lie on the boundary of the
image, as shown in Figure 13c.
A set of approximate posterior samples from CrossCat can be used to complete partially observed images by sampling predictions for arbitrary subsets of pixels. Figure 14 illustrates this:
each panel shows the data, marginal predictive images, and predicted image completions, for 10
images from the dataset, one per digit. With no data, all 10 predictive distributions are equivalent,
but as additional pixels are observed, the predictions for most images concentrate on representations
of the correct digit. Some digits remain ambiguous when ∼30% of the pixels have been observed.
The predictive distributions begin as highly multi-modal distributions when there is little to no data,
but concentrate on roughly unimodal distributions given sufficiently many features.
The predictive distribution can also be used to infer the most probable digit, i.e. solve the
standard MNIST multi-class classification problem. Figure 15 shows ROC curves for CrossCat
on this problem. Each panel shows the tradeoff between true and false positives for each digit,
aggregated from the overall performance on the underlying multi-class problem. The figure also
includes ROC curves for Support Vector Machines with linear and Gaussian kernels. For these
methods, the standard one-vs-all approach was used to reduce the multi-class problem into a set of
binary classification problems. The regularization and kernel bandwidth parameters for the SVMs
were set via cross-validation using 10% of the training data. 10 posterior samples from CrossCat
were used, each obtained after 1,000 iterations of inference from a random initialization. CrossCat
was more accurate than the linear discriminative technique; this is expected, as CrossCat induces
a nonlinear decision boundary even if classifying based on a single posterior sample. Overall, the
10-sample model used here made less accurate predictions than the Gaussian SVM baseline. Also,
in anecdotal runs that were scored by overall 0-1 loss rather than per-digit accuracy, performance
was similarly mixed, and less favorable for CrossCat. However, the size of the kernel matrix for the
Gaussian SVM scales quadratically, while CrossCat scales linearly. As a classifier, CrossCat thus
offers different tradeoffs between accuracy, amount of training data, test-time parallelism (via the
number of independent samples), and latency than standard techniques.
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Figure 13: MNIST handwritten digits, feature z-matrix, and color-coded image pixel locations. (a)
Fifteen visually rendered examples of handwritten digits for each number in the MNIST data set. Each image
was converted to a binary feature vector for predictive modeling. CrossCat additionally treated the digit label
as an additional feature; this value was observed for training examples and treated as missing for testing. (b)
The dependence probabilities between pixel values distinguish two blocks of pixels, one containing the digit
label. (c) Coloring the pixels from each block reveals the spatial structure in pixel dependencies. Blue pixels
— pixels from the block with a blue border from figure (b) — pick out the foreground, i.e. pixels whose
values depend on what digit the image contains. Magenta pixels pick out the common background, i.e. pixels
whose values are independent of what digit is drawn.

(a)

X253
X252
X191
X63
X243
X46
X207
X254
X159
X143
X175
X127
X25
X24
X26
X96
X50
X64
X80
X65
X209
X192
X112
X145
X49
X27
X5
X239
X13
X9
X15
X208
X193
X2
X17
X21
X20
X48
X31
X32
X113
X30
X18
X33
X160
X144
X10
X1
X16
X47
X7
X35
X161
X224
X4
X34
X0
X176
X177
X11
X242
X241
X19
X223
X29
X28
X6
X8
X255
X12
X3
X128
X225
X129
X14
X240
X97
X81
X226
X22
X45
X44
X74
X90
X89
X88
X73
X72
X41
X40
X37
X103
X102
X54
X105
X104
X71
X87
X43
X42
X38
X39
X56
X57
X58
X55
X246
X247
X182
X198
X214
X249
X248
X75
X91
X59
X181
X180
X165
X164
X155
X139
X118
X169
X170
X168
X171
X152
X153
X137
X151
X135
X136
X150
X134
X154
X138
X167
X119
X121
X120
X123
X122
digit
X166
X106
X244
X245
X228
X229
X227
X23
X202
X218
X186
X235
X185
X184
X200
X201
X217
X216
X233
X232
X199
X215
X231
X230
X183
X251
X234
X250
X162
X178
X194
X210
X196
X197
X213
X212
X195
X211
X179
X61
X60
X62
X92
X93
X76
X77
X78
X94
X79
X95
X109
X108
X110
X107
X111
X172
X173
X174
X156
X140
X141
X157
X142
X126
X158
X115
X116
X117
X132
X133
X148
X149
X147
X131
X125
X124
X163
X101
X100
X70
X86
X203
X219
X187
X188
X190
X189
X237
X236
X238
X220
X221
X205
X204
X206
X222
X67
X83
X99
X69
X68
X84
X85
X52
X53
X51
X36
X66
X82
X98
X114
X146
X130

X130
X146
X114
X98
X82
X66
X36
X51
X53
X52
X85
X84
X68
X69
X99
X83
X67
X222
X206
X204
X205
X221
X220
X238
X236
X237
X189
X190
X188
X187
X219
X203
X86
X70
X100
X101
X163
X124
X125
X131
X147
X149
X148
X133
X132
X117
X116
X115
X158
X126
X142
X157
X141
X140
X156
X174
X173
X172
X111
X107
X110
X108
X109
X95
X79
X94
X78
X77
X76
X93
X92
X62
X60
X61
X179
X211
X195
X212
X213
X197
X196
X210
X194
X178
X162
X250
X234
X251
X183
X230
X231
X215
X199
X232
X233
X216
X217
X201
X200
X184
X185
X235
X186
X218
X202
X23
X227
X229
X228
X245
X244
X106
X166
digit
X122
X123
X120
X121
X119
X167
X138
X154
X134
X150
X136
X135
X151
X137
X153
X152
X171
X168
X170
X169
X118
X139
X155
X164
X165
X180
X181
X59
X91
X75
X248
X249
X214
X198
X182
X247
X246
X55
X58
X57
X56
X39
X38
X42
X43
X87
X71
X104
X105
X54
X102
X103
X37
X40
X41
X72
X73
X88
X89
X90
X74
X44
X45
X22
X226
X81
X97
X240
X14
X129
X225
X128
X3
X12
X255
X8
X6
X28
X29
X223
X19
X241
X242
X11
X177
X176
X0
X34
X4
X224
X161
X35
X7
X47
X16
X1
X10
X144
X160
X33
X18
X30
X113
X32
X31
X48
X20
X21
X17
X2
X193
X208
X15
X9
X13
X239
X5
X27
X49
X145
X112
X192
X209
X65
X80
X64
X50
X96
X26
X24
X25
X127
X175
X143
X159
X254
X207
X46
X243
X63
X191
X252
X253

All pixels
missing
10% observed

18% observed

30% observed

JMLR 17(138):1-49

Figure 14: Predicted images of handwritten digits given sparse observations. CrossCat can be used to fill
in missing pixels by sampling from their conditional density given the observed pixels. Each panel shows
completion results for one image per digit; across panels, the fraction of observed pixels grows from 0 to
30%. The leftmost column shows the observed pixels in black and white, with missing pixels in turquoise.
The second column from the left shows the marginal probabilities for each pixel. The 10 remaining columns
show independent sampled predictions. In the leftmost panel, with no data, all 10 predictive distributions are
equivalent. The predictive distribution collapses onto single digit classes (except for 8 and 6) after 18% of
the digits have been observed. The marginal images for 1, 7, and 9 become resolvable to a single prototypical
example after 10% of the 256 pixels have been observed. Others, such as 8, remain ambiguous.
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Figure 15: Classification accuracy on handwritten digits from MNIST. Each panel shows the true positive/false positive tradeoff curves for classifying each digit from 0 through 9. Digit images were represented
as binary vectors, with one dimension per pixel. As with the image completion example from Figure 14,
CrossCat was applied directly to this data, with the digit label appended as a categorical variable; no weighting or tuning for the supervised setting was done. Support vector machines (SVMs) with both linear and
Gaussian kernels are provided as baselines. Regularization and kernel bandwidth parameters were chosen
via cross-validation on 10% of the training data, with multiple classes treaded via a one-versus-all reduction.
See the main text for further discussion.
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3.3 Voting Records for the 111th Senate

JMLR 17(138):1-49

Voters are often members of multiple issue-dependent coalitions. For example, US senators sometimes vote according to party lines, and at other times vote according to regional interests. Because
this common-sense structure is typical for the CrossCat prior, voting records are an important test
case.
This set of experiments describes the results of a CrossCat analysis of the 397 votes held by the
111th Senate during the 2009-2010 session. In this dataset, each column is a vote or bill, and each
row is a senator. Figure 16 shows the raw voting data, with several votes and senators highlighted.
There are 106 senators; this is senators is larger than the size of the senate by 6, due to deaths,
replacement appointments, party switches, and special elections. When a senator did not vote on
a given issue, that datum is treated as missing. Figure 16 also includes two posterior samples, one
that reflects partisan alignment and another that posits a higher-resolution model for the votes.
This kind of structure is also apparent in estimates that aggregate across samples. Dependence
probabilities between votes are shown in Figure 17. The visible independencies between blocks
are compatible with a common-sense understanding of US politics. The two votes in orange are
partisan issues. The two votes in green have broad bipartisan support. The vote in yellow aimed at
removing an energy subsidy for rural areas, an issue that cross-cuts party lines. The vote in purple
stipulates that the Department of Homeland Security must spend its funding through competitive
processes, with an exception for small businesses and women or minority-owned businesses. This
issue subdivides the republican party, isolating many of the most fiscally conservative. Similarity
matrices for the senators with respect to S. 160 (orange) and an amendment to H.R. 2997 (yellow)
are shown in Figure 18, with the senators whose similarity values changed the most between these
two bills highlighted in grey.
It is instructive to compare the latent structure and predictions inferred by CrossCat with structures and predictions from other learning techniques. As an individual voting record can be described by 397 binary variables and the missing values are negligible, Bayesian network structure
learning is a suitable benchmark. Figure 19a shows the best Bayesian network structure found by
structure learning using the search-and-score method implemented in the Bayes Net Toolbox for
MATLAB (Murphy, 2001). This search is based on local moves similar to the transition operators
from Giudici and Green (1999). The highest scoring graphs after 500 iterations contained between
143 and 193 links. Figure 19b shows the marginal dependencies between votes induced by this
Bayesian network; these are sparser than those from CrossCat. Figure 19c shows the mean absolute
errors for this Bayes net and for CrossCat on a predictive test where 25% of the votes were held out
and predicted for senators in the test set. Bayes net CPTs were estimated using a symmetric BetaBernoulli model with hyper-parameter α = 1. CrossCat predictions were based on four samples,
each obtained after 250 iterations of inference. Compared to Bayesian network structure learning,
CrossCat makes more accurate predictions and also finds more intuitive latent structures.
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Figure 16: Voting records for the 111th US Senate (2009). (top) This includes 397 votes (yea in light
grey, nay in dark grey) for 106 senators, including separate records for senators who changed parties or
assumed other offices mid-term. Some senators are highlighted in colors based on their generally accepted
identification as democrats (blue), moderates (purple), or republicans (red). See main text for an explanation
of the colored bills. (middle) This row shows a simple or low resolution posterior sample that divides bills
into those that exhibit partisan alignment and those with bipartisan agreement. Clusters of senators, generated
automatically, are separated by thick black horizontal lines. (bottom) This row shows a sample that includes
additional views and clusters, positing a finer-grained predictive model for votes that are treated as random
in the middle row.
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Figure 17: Pairwise dependence probabilities between bills. Blocks of bills with high probability of dependence include predominantly partisan issues (orange), issues with broad bipartisan support (green), and
bills that divide senators along ideological or regional lines.
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Figure 18: Context-sensitive similarity measures for senators with respect to partisan and specialinterest issues. The left matrix shows senator similarity for S. 181, the Lilly Ledbetter Fair Pay Act of
2009, a bill whose senator clusters tend to respect party lines. The right matrix is for H.R. 2997, a bill designed to remove a subsidy for energy generation systems in rural areas. The grey senators are those whose
similarities changed the most between these two bills.

(a)
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Figure 19: Comparison of latent structures and predictive accuracy for CrossCat and Bayesian network
structure learning. (a) The Bayesian network structure found by structure learning; each node is a vote, and
edge indicates a conditional dependence. (b) The sparse marginal dependencies induced by this Bayes net.
(c) A comparison of the predictive accuracy of CrossCat and Bayesian networks. See main text for details
and discussion.
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3.4 High-Dimensional Gene Expression Data
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High-throughput measurement techniques in modern biology generate datasets of unusually high
dimension. The number of variables typically is far greater than the sample size. For example,
microarrays can be used to assess the expression levels of 10,000 to 100,000 probe sequences,
but due to the cost of clinical data acquisition, typical datasets may have just tens or hundreds of
tissue samples. Exploration and analysis of this data can be both statistically and computationally
challenging.
Individual samples from CrossCat can aid exploration of this kind of data. Figure 20 shows one
typical sample obtained from the data in Raponi et al. (2009). The dataset had ∼1 million cells, with
10,000 probes (columns) and 100 tissue samples (rows). This sample has multiple visually coherent
views with ∼50 genes, each reflecting a particular low-dimensional pattern. Some of these views
divide the rows into clusters with “low”, “medium” or “high” expression levels; others reflect more
complex patterns. The co-assignment of many probes to a single view could indicate the existence
of a latent co-regulating mechanism. The structure in a single sample could thus potentially inform
pathway searches and help generate testable hypotheses.
Posterior estimates from CrossCat can also facilitate exploration. CrossCat was applied to
estimate dependence probabilities for a subset of the arthritis dataset from (Bienkowska, Dalgin, Batliwalla, Allaire, Roubenoff, Gregersen, and Carulli, 2009) (NCBI GEO accession number GSE15258). This dataset contains expression levels for ∼55,000 probes, each measured for
87 patients. It also contains standard measures of initial and final disease levels and a categorical
“response” variable with 3 classes. CrossCat was applied to subsets with 1,000 and 5,000 columns.
Figure 20 shows the 100 variables most probably predictive of a 3-class treatment response
variable. The dependence probabilities with response (outlined in red) are all low, i.e. according
to CrossCat, there is little evidence in favor of the existence of any prognostic biomarker. At first
glance this may seem to contradict (Bienkowska et al., 2009), which reports 8-gene and 24-gene
biomarkers with prognostic accuracies of 83%-91%. However, the test set from (Bienkowska et al.,
2009) has 11 out-of-sample patients, 9 of whom are responders. Predicting according to class
marginal probabilities would yield compatible accuracy. The final disease activation level, outlined
in blue, does appear within the selected set of variables. CrossCat infers that it probably depends on
many other gene expression levels; these genes could potentially reflect the progression of arthritis
in physiologically or clinically useful ways.
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Figure 20: CrossCat inference results on gene expression data. (left) Expression levels for the top 1,000
highest-variance genes from Raponi et al. (2009) in original form and in the order induced by a single CrossCat sample. CrossCat was applied to a subset with roughly 1 million cells (∼10,000 probes by ∼100 tissue
samples). (right) Pairwise dependence probabilities between probe values and treatment response inferred
from the GSE15258 dataset. The 100 probes most probably dependent on a 3-class treatment response variable, based on analysis of a subset with 1,000 probes, are shown outlined in red. The low inferred dependence
probability suggests that the data does not support the existence of any prognostic biomarker. A standard disease activity score is shown outlined in blue; this measure is naturally dependent on many of the probes.
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This experiment explores CrossCat’s behavior on data where variables are tracked over time. The
data are monthly state-level unemployment rates from 1976 to 2011, without seasonal adjustment,
obtained from the US Bureau of Labor Statistics. The data also includes annual unemployment rates
for every state. Figure 21 shows time series for 5 states, along with national unemployment rate and
real Gross Domestic Product (GDP). Typical analyses of raw macroeconomic time series are built
on assumptions about temporal dependence and incorporate multiple model-based smoothing techniques; see e.g. (Bureau of Labor Statistics, 2014). Cyclical macroeconomic dynamics, such as
the business cycle, are demarcated using additional formal and informal techniques for assessing
agreement across multiple indicators (National Bureau of Economic Research, 2010). For this analysis, the input data was organized as a table, where each row r represents a state, each column c
represents a month, and each cell xr,c represents the unemployment rate for state r in month c. This
representation removes all temporal cues.
CrossCat posits short-range, common-sense temporal structure in state-level employment rates.
The top panel of Figure 21 shows the largest and smallest month in each of the views in a single
posterior sample as vertical dashes. Figure 22a shows the frequency of years in each view; each
view contains one or two temporally contiguous blocks. Figure 22b shows the raw unemployment
rates sorted according to the cross-categorization from this sample. Different groups of states are
affected by each phase of the business cycle in different ways, inducing different natural clusterings
of unemployment rates.
CrossCat also detects long-range temporal structure that is largely in agreement with the officially designated phases of the business cycle. Figure 23 shows the dependence probabilities for all
months, in temporal order, with business cycle peaks in black and troughs in red. The beginning
of the 1980 recession aligns closely with a sharp drop in dependence probability; this indicates that
during 1980 the states naturally cluster differently than they do in 1979. Three major US recessions
— 1980, 1990, and late 2001 — align with these breakpoints. The beginning of the 2008 recession
and the end of the 1980s recession (in 1984) both fall near sub-block boundaries; these are best seen
at high resolution. Correspondence is not perfect, but this is expected: CrossCat is not analyzing
the same data used to determine business cycle peaks and troughs, nor is it explicitly assuming any
temporal dynamics.
Time series analysis techniques commonly assume temporal smoothness and sometimes also
incorporate the possibility of abrupt changes (Ahn and Thompson, 1988; Wang and Zivot, 2000).
CrossCat provides an alternative approach that makes weaker dynamical assumptions: temporal
smoothness is not assumed at the outset but must be inferred from the data. This cross-sectional approach to the analysis of natively longitudinal data may open up new possibilities in econometrics.
For example, it could be fruitful to apply CrossCat to a longitudinal dataset with multiple macroeconomic variables for each state, or to use CrossCat to combine temporal information at different
timescales.

3.5 Longitudinal Unemployment Data by State
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Figure 22: The temporal structure in a single posterior sample. (a) The complete state-level monthly
employment rate dataset, sorted according to one posterior sample. This sample divides the months into
5 time periods, each inducing a different clustering of the states. (b) The frequency of years and quarters
for each view shows that each view reflects temporal contiguity: each view either corresponds to a single,
temporally contiguous interval or to the union of two such intervals. This temporal structure is not given to
CrossCat, but rather inferred from patterns of unemployment across clusters of states.

(b)

(a)

Figure 21: US state-level unemployment data aligned with official business cycle peaks and troughs.
(top) Unemployment rates for five states from 1976 to 2009, colored according to one posterior sample.
(middle) The national unemployment rate and business cycle peaks and troughs during the same period.
Business cycle peaks and troughs are identified using multiple macroeconomic signals; see main text for
details. Unemployment grows during recessions (intervals bounded on the left by black and on the right by
red) and shrinks during periods of growth (intervals bounded on the left by red and on the right by black).
(bottom) Real US gross domestic product (GDP) similarly decreases or stays constant during recessions and
increases during periods of growth. View boundaries from the CrossCat sample pick out the business cycle
turning points around 1980, 1990 and 2001.
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Figure 23: Dependence probabilities between monthly unemployment rates. Unemployment rates are
sorted by date, beginning with 1976 in the bottom left corner, with business cycle peaks and troughs identified
by the NBER in black and red. The beginnings of three major recessions — in the early 1980s, 1990s, and
late 2001 — are identified by breaks in dependence probability: unemployment rates are dependent with high
probability within these periods, and independent of rates from the previous period. See main text for more
discussion.

JMLR 17(138):1-49

41

JMLR 17(138):1-49

If the constraints on categorizations are relaxed, but the outer CRP is still constrained to generate a single view, then CrossCat recovers a standard nonparametric Bayesian mixture model.
The current formulation of CrossCat additionally enforces independence between features.
This assumption is standard for mixtures over high-dimensional discrete data. Mixtures of
high-dimensional continuous distributions sometimes support dependence between variables
within each component, rather than model all dependence using the latent component assignments. It would be easy and natural to relax CrossCat to support these component models and
to revise the calculations of marginal dependence accordingly.

2. Nonparametric mixture modeling: α = 0 =⇒ #(unique(~z)) = 1

This yields a model that is appropriate for semi-supervised classification, and related to previously proposed techniques based on EM for mixture models (Nigam, McCallum, Thrun, and
Mitchell, 1999). Data from each class will be modeled by a separate set of clusters, with feature hyper-parameters (e.g. overall scales for continuous values, or levels of noise for discrete
values) shared across classes. Data items whose class labels are missing will be stochastically
assigned to classes based on how compatible their features are with the features for other data
items in the same class, marginalizing out parameter uncertainty. Forcing the concentration
parameter α0 for the sole inner CRP to have a sufficiently small value ε ensures that there
will only be a single cluster per class (with arbitrarily high probability depending on N an d
ε). These restrictions thus recover a version of the naive Bayesian classifier (for discrete data)
and linear discriminant analysis (for continuous data), adding hyper-parameter inference.

yi0 = y0 ⇐⇒ x(i,class) = x( j,class)

j

Assume that the dimension in the dataset labeled class contains categorical class labels, with
a multinomial component model and symmetric Dirichlet prior, with concentration parameter
λclass . Because the outer CRP concentration parameter is 0, all features as well as the class
label will be assigned to a single view. Because λclass = 0, each category in this view will
have a component model for the class label dimension that constrains the category to only
contain data items whose class labels all agree:

1. Semi-supervised naive Bayes: α = 0 =⇒ #(unique(~z)) = 1 and α0 = ε with λclass = 0

This paper contains two contributions. First, it describes CrossCat, a model and inference algorithm that together comprise a domain-general method for characterizing the full joint distribution
of the variables in a high-dimensional dataset. CrossCat makes it possible to draw a broad class of
Bayesian inferences and to solve prediction problems without domain-specific modeling. Second, it
describes applications to real-world datasets and analysis problems from multiple fields. CrossCat
finds latent structures that are consistent with accepted findings as well as common-sense knowledge and that can yield favorable predictive accuracy compared to generative and discriminative
baselines.
CrossCat is expressive enough to recover several standard statistical methods by fixing its hyperparameters or adding other deterministic constraints:

4. Discussion
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Second, it is unclear how to best handle time series data or panel/longitudinal settings. In the
analysis of state-level monthly unemployment data, each state was represented as a row, and

First, several common data types are poorly modeled by the set of component models that
CrossCat currently supports. Examples include timestamps, geographical locations, currency
values, and categorical variables drawn from open sets. Additional parametric component
models — or nonparametric models, e.g. for open sets of discrete values — could be integrated.

1. Real-world datasets may contain types and/or shapes of data that CrossCat can only handle
by transformation.

The empirical results suggest that CrossCat’s flexibility in principle manifests in practice. The
experiments show that can effectively emulate many qualitatively different data generating processes, including processes with varying degrees of determinism and diverse dependence structures.
However, it will still be important to quantitatively characterize CrossCat’s accuracy as a density
estimator.
Accuracy assessments will be difficult for two main reasons. First, it is not clear how to define
a space of data generators that spans a sufficiently broad class of applied statistics problems. CrossCat itself could be used as a starting point, but key statistical properties such as the marginal and
conditional entropies of groups of variables are only implicitly controllable. Second, it is not clear
how to measure the quality of an emulator for the full joint distribution. Metrics from collaborative
filtering and imputation, such as the mean squared error on randomly censored cells, do not account
for predictive uncertainty. Also, the accuracy of estimates of joint distributions and conditional
distributions can diverge. Thus the natural metric choice of KL divergence between the emulated
and true joint distributions may be misleading in applications where CrossCat is used to respond
to a stream of queries of different structures. Because there are exponentially many possible query
structures, random sampling will most likely be needed. Modeling the likely query sequences or
weighting queries based on their importance seems ultimately necessary but difficult.
In addition to these questions, CrossCat has several known limitations that could be addressed
by additional research:

A standard mixture must model noisy or independent variables using the same cluster assignments as the variables that support the clustering. It can therefore be useful to integrate mixture modeling with feature selection, by permitting inference to select variables that should
be modeled independently. The “irrelevant” features can be modeled in multiple ways; one
natural approach is to use a single parametric model that can independently adjust the entropy
of its model for each dimension. CrossCat contains this extension to mixtures as a subspace.

4. Clustering with unsupervised feature selection: #(unique(~z)) = 2, with α0 > 0 but α1 = 0

The outer CRP can be forced to assign each variable to a separate view by setting its concentration parameter α to ∞. With this setting, each customer (variable) will choose a new table
(view) with probability 1. In this configuration, CrossCat reduces to a set of independent
Dirichlet process mixture models, one per variable. A complex dataset with absolutely no
dependencies between variables can induce a CrossCat posterior that concentrates near this
subspace.

3. Independent univariate mixtures: α = ∞ =⇒ #(unique(~z)) = D
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each time point was a separate and a priori independent column. The authors were surprised
that CrossCat inferred the temporal structure rather than under-fit by ignoring it. In retrospect,
this is to be expected in circumstances where the temporal signal is sufficiently strong, such
that it can be recovered by inference over the views. However, computational and statistical
limitations seem likely to lead to under-fitting on panel data with sufficiently many time points
and variables per time point.
One pragmatic approach to resolving this issue is to transform panel data into cross-sectional
data by replacing the time series for each member of the population with the parameters of a
time-series model. Separately fitting the time-series model could be done as a pre-processing
step, or alternated with CrossCat inference to yield a joint Gibbs sampler. Another approach
would be to develop a sequential extension to CrossCat. For example, the inner Dirichlet
process mixtures could be replaced with nonparametric state machines (Beal, Ghahramani,
and Rasmussen, 2001). Each view would share a common state machine, with common states,
transition models, and observation models. Each group of dependent variables would thus
induce a division of the data into subpopulations, each with a distinct hidden state sequence.
2. Discriminative learning can be more accurate than CrossCat on standard classification and
regression problems.
Discriminative techniques can deliver higher predictive accuracy than CrossCat when input
features are fully observed during both training and testing and when there is enough labeled training data. One possible remedy is to integrate CrossCat with discriminative techniques, e.g. by allowing “discriminative target” variables to be modeled by generic regressions (e.g. GLMs or Gaussian processes). These regressions would be conditioned on the
non-discriminative variables that would still be modeled by CrossCat.
An alternative approach is to distinguish prediction targets within the CrossCat model. At
present, the CrossCat likelihood penalizes prediction errors in all features equally. This could
be fixed by e.g. deterministically constraining the Dirichlet concentration hyper-parameters
for class-label columns to be equal to 0. This forces CrossCat to assign 0 probability density
to states that put items from different classes into the same category in the view containing
the class label. These purity constraints can be met by using categories that either exactly
correspond to the finest-grained classes in the dataset or subdivide these classes. Conditioned
on the hyper-parameters, this modification reduces joint density estimation to independent
nonparametric Bayesian estimation of class-conditional densities (Mansinghka, Roy, Rifkin,
and Tenenbaum, 2007).
3. Natural variations are challenging to test due to the cost and difficulty of developing fast
implementations.
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The authors found it surprising that a reliable and scalable implementation was possible.
Several authors were involved in the engineering of multiple high-performance commercial
implementations. One of these can be applied to multiple real-world, million-row datasets
with typical runtimes ranging from minutes to hours (Obermeyer, Glidden, and Jonas, 2014).
No fundamental changes to the Gibbs sampling algorithm were necessary to make it possible
do to inference on these scales. Instead, the gains were due to standard software performance
engineering techniques. Examples include custom numerical libraries, careful data structure
design, and adopting a streaming architecture and compact latent state representation that
43
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reduce the time spent waiting for memory retrieval. The simplicity of the Gibbs sampling
algorithm thus turned out to be an asset for achieving high performance. Unfortunately, this
implementation took man-years of software engineering, and is harder to extend and modify
than slower, research-oriented implementations.

Probabilistic programming technology could potentially simplify the process of prototyping
variations on CrossCat and incrementally optimizing them. For example, Venture (Mansinghka et al., 2014) can express the CrossCat model and inference algorithm from this paper
in ∼40 lines of probabilistic code. At the time of writing, the primary open-source implementation of CrossCat is ∼4,000 lines of C++. New datatypes, model variations, and perhaps
even more sophisticated inference strategies could potentially be tested this way. However,
the performance engineering will still be difficult. As an alternative to careful performance
engineering, the authors experimented with more sophisticated algorithms and initializations.
Transition operators such as the split-merge algorithm from (Jain and Neal, 2000) and initialization schemes based on high-quality approximations to Dirichlet process posteriors (Li and
Shafto, 2011) did not appear to help significantly. These complex approaches are also more
difficult to debug and optimize than single-site Gibbs. This may be a general feature: reductions in the total number of iterations can easily be offset by increases in the computation time
required for each transition.
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There is a widespread need for statistical methods that are effective in high dimensions but do
not rely on restrictive or opaque assumptions (NRC Committee on the Analysis of Massive Data,
2013; Wasserman, 2011). CrossCat attempts to address these requirements via a divide-and-conquer
strategy. Each high-dimensional modeling problem is decomposed into multiple independent subproblems, each of lower dimension. Each of these subproblems is itself decomposed by splitting the
data into discrete categories that are separately modeled using parametric Bayesian techniques. The
hypothesis space induced by these stochastic decompositions contains proxies for a broad class of
data generators, including some generators that are simple and others that are complex. The transparency of simple parametric models is largely preserved, without sacrificing modeling flexibility.
It may be possible to design other statistical models around this algorithmic motif.
CrossCat formulates a broad class of supervised, semi-supervised, and unsupervised learning
problems in terms of a single set of models and a single pair of algorithms for learning and prediction. The set of models and queries that can be implemented may be large enough to sustain
a dedicated probabilistic programming language. Probabilistic programs in such a language could
contain modeling constraints, translated into hyper-parameter settings, but leave the remaining modeling details to be filled in via approximate Bayesian inference. Data exploration using CrossCat
samples can be cumbersome, and would be simplified by a query language where each query could
reference previous results.
This flexibility comes with costs, especially in applications where only a single repeated prediction problem is important. In these cases, it can be more effective to use a statistical procedure that
is optimized for this task, such as a discriminative learning algorithm. It seems unlikely that even
a highly optimized CrossCat implementation will be able to match the performance of best-in-class
supervised learning algorithms when data is plentiful and all features are fully observed.
However, just as with software, sophisticated optimizations also come with costs, and can be
premature. For example, some researchers have suggested that there is an “illusion of progress” in
classifier technology (Hand, 2006) in which algorithmic and statistical improvements documented
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in classification research papers frequently do not hold up in practice. Instead, classic methods
seem to give the best and most robust performance. One interpretation is that this is the result of
prematurely optimizing based on particular notions of expected statistical accuracy. The choice to
formalize a problem as supervised classification may similarly be premature. It is not uncommon
for the desired prediction targets to change after deployment, or for the typical patterns of missing
values to shift. In both these cases, a collection of CrossCat samples can be used unmodified, while
supervised methods need to be retrained.
It is unclear how far this direct Bayesian approach to data analysis can be taken, or how broad
is the class of data generating processes that CrossCat can emulate in practice. Some statistical
inference problems may be difficult to pose in terms of approximately Bayesian reasoning over a
space of proxy generators. Under-fitting may be difficult to avoid, especially for problems with
complex couplings between variables that exceed the statistical capacity of fully factored models.
Despite these challenges, our experiences with CrossCat have been encouraging. It is fortunate that,
paraphrasing Box (1979), the statistical models that CrossCat produces can be simplistic yet still
flexible and useful. We thus hope that CrossCat proves to be an effective tool for the analysis of
high-dimensional data. We also hope that the results in this paper will encourage the design of other
fully Bayesian, general-purpose statistical methods.
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We study two regularization-based approximate policy iteration algorithms, namely REGLSPI and REG-BRM, to solve reinforcement learning and planning problems in discounted
Markov Decision Processes with large state and finite action spaces. The core of these
algorithms are the regularized extensions of the Least-Squares Temporal Difference (LSTD)
learning and Bellman Residual Minimization (BRM), which are used in the algorithms’
policy evaluation steps. Regularization provides a convenient way to control the complexity
of the function space to which the estimated value function belongs and as a result enables
us to work with rich nonparametric function spaces. We derive efficient implementations of
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We study the approximate policy iteration (API) approach to find a close to optimal policy
in a Markov Decision Process (MDP), either in a reinforcement learning (RL) or in a
planning scenario. The basis of API, which is explained in Section 3, is the policy iteration
algorithm that iteratively evaluates a policy (i.e., finding the value function of the policy—
the policy evaluation step) and then improves it (i.e., computing the greedy policy with
respect to (w.r.t.) the recently obtained value function—the policy improvement step).
When the state space is large (e.g., a subset of Rd or a finite state space that has too
many states to be exactly represented), the policy evaluation step cannot be performed
exactly, and as a result the use of function approximation is inevitable. The appropriate
choice of the function approximation method, however, is far from trivial. The best choice
is problem-dependent and it also depends on the number of samples in the input data.
In this paper we propose a nonparametric regularization-based approach to API. This
approach provides a flexible and easy way to implement the policy evaluation step of API.
The advantage of nonparametric methods over parametric methods is that they are flexible: Whereas a parametric model, which has a fixed and finite parameterization, limits
the range of functions that can be represented, irrespective of the number of samples, the
nonparametric models avoid such undue restrictions by increasing the power of the function
approximation as necessary. Moreover, the regularization-based approach to nonparametrics is elegant and powerful: It has a simple algorithmic form and the estimator achieves
minimax optimal rates in a number of scenarios. Further discussion of and specific results about nonparametric methods, particularly in the supervised learning scenario, can
be found in the books by Györfi et al. (2002) and Wasserman (2007).
The nonparametric approaches to solve RL/Planning problems have received some attention in the RL community. For instance, Petrik (2007); Mahadevan and Maggioni (2007);
Parr et al. (2007); Mahadevan and Liu (2010); Geramifard et al. (2011); Farahmand and
Precup (2012); Böhmer et al. (2013) and Milani Fard et al. (2013) suggest methods to generate data-dependent basis functions, to be used in general linear models. Ormoneit and
Sen (2002) use smoothing kernel-based estimate of the model and then use value iteration
to find the value function. Barreto et al. (2011, 2012) benefit from “stochastic factorization trick” to provide computationally efficient ways to scale up the approach of Ormoneit
and Sen (2002). In the context of approximate value iteration, Ernst et al. (2005) consider
growing ensembles of trees to approximate the value function. In addition, there have been
some works where regularization methods have been applied to the RL/Planning problems, e.g., Engel et al. (2005); Jung and Polani (2006); Loth et al. (2007); Farahmand et al.
(2009a,b); Taylor and Parr (2009); Kolter and Ng (2009); Johns et al. (2010); Ghavamzadeh
et al. (2011); Farahmand (2011b); Ávila Pires and Szepesvári (2012); Hoffman et al. (2012);
Geist and Scherrer (2012). Nevertheless, most of these papers are algorithmic results and
do not analyze the statistical properties of these methods (the exceptions are Farahmand
et al. 2009a,b; Farahmand 2011b; Ghavamzadeh et al. 2011; Ávila Pires and Szepesvári
2012). We compare these methods with ours in more detail in Sections 5.3.1 and 6.
It is worth mentioning that one might use a regularized estimator alongside a feature
generation approach to control the complexity of function space induced by the features. An
approach alternative to regularization for controlling the complexity of a function space is to
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at (x, a) ∈ X × A gives a distribution over R × X , which we shall denote by P (·, ·|x, a).
We denote the marginals
of P by the overloaded symbol P : X × A → M(X ) defined as
R
P (·|x, a) = Px,a (·) = RR P (dr, ·|x, a) (transition probability kernel) and R : X × A → M(R)
defined as R(·|x, a) = X P (·, dy|x, a) (reward distribution).
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It is easy Rto see that for any policy π, if the magnitude of the immediate expected reward
r(x, a) = r P (dr, dy|x, a) is uniformly bounded by Rmax , then the functions V π and Qπ
are bounded by Vmax = Qmax = Rmax /(1 − γ), independent of the choice of π.
For a discounted MDP, we define the optimal value and optimal action-value functions by
V ∗ (x) = supπ V π (x) for all states x ∈ X and Q∗ (x, a) = supπ Qπ (x, a) for all state-actions
(x, a) ∈ X × A. We say that a policy π ∗ is optimal if it achieves the best values in every

E

Definition 3 (Value Functions) For a policy π, the value function V π and the actionvalue function Qπ are defined as follows: Let (Rt ; t ≥ 1) be the sequence of rewards when
the Markov chain is started from a state X1 (or state-action (X1 , A1 ) for the actionvalue function) drawn from a positive probability distribution over X i (or X × A) and
h
P∞ t−1
Rt X1 = x and Qπ (x, a) ,
the agent follows policy π. Then, V π (x) , E
t=1 γ
hP
i
∞
t−1 R X = x, A = a .
t
1
1
t=1 γ

Policy π induces the transition probability kernels P π : X × A →
R M(X × A) defined as
follows: For a measurable subset C of X × A, let (P π )(C|x, a) , P (dy|x, a)I{(y,π(y))∈C} .
The m-step transition probability kernels (PR π )m : X × A → M(X × A) for m = 2, 3, · · ·
are defined inductively by (P π )m (C|x, a) , X P (dy|x, a)(P π )m−1 (C|y, π(y)). Also given a
probability transition kernel P : X × A → M(X
× A), we define the right-linear operator
R
P · : B(X × A) → B(X × A) by (P Q)(x, a) , X ×A P (dy, da0 |x, a)Q(y, a0 ). For a probability
measure ρ ∈ M(X × A) and a measurable subset C of
R X × A, we define the left-linear
operators ·P : M(X × A) → M(X × A) by (ρP )(C) = ρ(dx, da)P (dy, da0 |x, a)I{(y,a0 )∈C} .
To study MDPs, two auxiliary functions are of central importance: the value and the
action-value functions of a policy π.

Definition 2 (Deterministic Markov Stationary Policy) A measurable mapping π :
X → A is called a deterministic Markov stationary policy, or just policy in short. Following
a policy π in an MDP means that at each time step t it holds that At = π(Xt ).

An MDP together with an initial distribution P1 of states encode the laws governing the
temporal evolution of a discrete-time stochastic process controlled by an agent as follows:
The controlled process starts at time t = 1 with random initial state X1 ∼ P1 (here and
in what follows X ∼ Q denotes that the random variable X is drawn from distribution Q).
At stage t, action At ∈ A is selected by the agent controlling the process. In response, the
pair (Rt , Xt+1 ) is drawn from P (·, ·|Xt , At ), i.e., (Rt , Xt+1 ) ∼ P (·, ·|Xt , At ), where, Rt is the
reward that the agent receives at time t and Xt+1 is the state at time t + 1. The process
then repeats with the agent selecting action At+1 , etc.
In general, the agent can use all past states, actions, and rewards in deciding about
its current action. However, for our purposes it will suffice to consider action-selection
procedures, or policies, that select an action deterministically and time-invariantly solely
based on the current state:

use greedy algorithms, such as Matching Pursuit (Mallat and Zhang, 1993) and Orthogonal
Matching Pursuit (Pati et al., 1993), to select features from a large set of features. Greedy
algorithms have recently been developed for the value function estimation by Johns (2010);
Painter-Wakefield and Parr (2012); Farahmand and Precup (2012); Geramifard et al. (2013).
We do not discuss these methods any further.
1.1 Contributions
The algorithmic contribution of this work is to introduce two regularization-based nonparametric approximate policy iteration algorithms, namely Regularized Least-Squares Policy
Improvement (REG-LSPI) and Regularized Bellman Residual Minimization (REG-BRM).
These are flexible methods that, upon the proper selection of their parameters, are sample
efficient. Each of REG-BRM and REG-LSPI is formulated as two coupled regularized optimization problems (Section 4). As we argue in Section 4.1, having a regularized objective
in both optimization problems is necessary for rich nonparametric function spaces. Despite
the unusual coupled formulation of the underlying optimization problems, we prove that
the solutions can be computed in a closed-form when the estimated action-value function
belongs to the family of reproducing kernel Hilbert spaces (RKHS) (Section 4.2).
The theoretical contribution of this work (Section 5) is to analyze the statistical properties of REG-LSPI and to provide upper bounds on the policy evaluation error and the
performance difference between the optimal policy and the policy returned by this method
(Theorem 14). The result demonstrates the dependence of the bounds on the number of
samples, the capacity of the function space to which the estimated action-value function
belongs, and some intrinsic properties of the MDP. It turns out that the dependence of
the policy evaluation error bound on the number of samples is minimax optimal. This paper, alongside its conference (Farahmand et al., 2009b) and the dissertation (Farahmand,
2011b) versions, is the first work that analyzes a nonparametric regularized API algorithm
and provides such a strong guarantee for it.

2. Background and Notation
In the first part of this section, we provide a brief summary of some of the concepts and
definitions from the theory of MDPs and RL (Section 2.1). For more information, the
reader is referred to Bertsekas and Shreve (1978); Bertsekas and Tsitsiklis (1996); Sutton
and Barto (1998); Szepesvári (2010). In addition to this background on MDPs, we introduce
the notations we use to denote function spaces and their corresponding norms (Section 2.2)
as well as the considered learning problem (Section 2.3).
2.1 Markov Decision Processes
For a space Ω, with a σ-algebra σΩ , we define M(Ω) as the set of all probability measures
over σΩ . We let B(Ω) denote the space of bounded measurable functions w.r.t. σΩ and we
denote B(Ω, L) as the space of bounded measurable functions with bound 0 < L < ∞.

JMLR 17(139):1-66

Definition 1 A finite-action discounted MDP is a 4-tuple (X , A, P, γ), where X is a measurable state space, A is a finite set of actions, P : X × A → M(R × X ) is a mapping with domain X × A, and 0 ≤ γ < 1 is a discount factor. Mapping P evaluated
3

X

Z


V (y)P (dy|x, a) ,



(Q1 , . . . , Q|A| ) : Qi ∈ F, i = 1, . . . , |A| .

n

i=1

1X
|f (zi )|p .
n

(1)

(2)
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3. In what follows, when {·} is used in connection to a data set, we treat the set as an ordered multiset,
where the ordering is given by the time indices of the data points.

with Xi ∼ νX , Ai ∼ πb (·|Xi ), and (Ri , Xi0 ) ∼ P (·, ·|Xi , Ai ) for i = 1, . . . , n. Here νX ∈
M(X ) is a fixed distribution over the states and πb is the data generating behavior policy,
which is a stochastic stationary Markov policy, i.e., given any state x ∈ X , it assigns a
probability distribution over A. We shall also denote the common distribution underlying
(Xi , Ai ) by ν ∈ M(X × A).
Samples Xi and Xi+1 may be sampled independently (we call this the “Planning scenario”), or may be coupled through Xi0 = Xi+1 (“RL scenario”). In the latter case the
data comes from a single trajectory. Under either of these scenarios, we say that the data
Dn meets the standard offline sampling assumption. We analyze the Planning scenario,
where the states are independent, but one may also analyze dependent processes by considering mixing processes and using tools such as the independent blocks technique (Yu,
1994; Doukhan, 1994), as has been done by Antos et al. (2008b); Farahmand and Szepesvári
(2012).
The data set Dn allows us to define the so-called empirical Bellman operators, which
can be thought of as empirical approximations to the true Bellman operators.

Dn = {(X1 , A1 , R1 , X10 ), . . . , (Xn , An , Rn , Xn0 )},

We consider the offline learning scenario when we are only given a batch of data3

2.3 Offline Learning Problem and Empirical Bellman Operators

for any fixed function f , we have E kf kp,Dn = kf kp,ν . When p = 2, we simply use k·kν
and k·kDn .

When there is no chance of confusion about Dn , we may denote the empirical norm by
kf kpp,n . Based on this definition, one may define kQkp,Dn with the choice of Z = X × A.
Note that if Dn = (Zi )ni=1 is randomh with Zii∼ ν, the empirical norm is random too, and

kf kpp,Dn = kf kpp,z1:n ,

We shall use kQkp,ν to denote the Lp (ν)-norm (1 ≤ p < ∞) of a measurable function
R
Q : X × A → R, i.e., kQkpp,ν , X ×A |Q(x, a)|p dν(x, a).
Let z1:n denote the Z-valued sequence (z1 , . . . , zn ). For Dn = z1:n , define the empirical
norm of function f : Z → R as

F |A| =

In what follows we use F : X → R to denote a subset of measurable functions. The exact
specification of this set will be clear from the context. Further, we let F |A| : X × A → R|A|
to be a subset of vector-valued measurable functions with the identification of

2.2 Norms and Function Spaces
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2. Measurability issues are dealt with in Section 9.5 of the same book. In the case of finitely many actions,
no additional condition is needed besides the obvious measurability assumptions on the immediate reward
function and the transition kernel (Bertsekas and Shreve, 1978, Corollary 9.17.1), which we will assume
from now on.

Again, we use the same symbol to denote both operators; the previous comment that no
ambiguity should arise because of this still applies. The Bellman optimality operators enjoy
a fixed-point property similar to that of the Bellman operators. In particular, T ∗ V ∗ = V ∗
and T ∗ Q∗ = Q∗ , see e.g., Proposition 4.2(a) of Bertsekas and Shreve (1978). The Bellman
optimality operator thus provides a vehicle to compute the optimal action-value function
and therefore to compute an optimal policy.

a

(T ∗ V )(x) , max r(x, a) + γ
a
X
Z
Q(y, a0 )P (dy|x, a).
(T ∗ Q)(x, a) , r(x, a) + γ
max
0



Definition 5 (Bellman Optimality Operators) The Bellman optimality operators T ∗ :
B(X ) → B(X ) (for value functions) and T ∗ : B(X × A) → B(X × A) (for action-value
functions) are defined as

To avoid unnecessary clutter, we use the same symbol to denote both operators. However,
this should not introduce any ambiguity: Given some expression involving T π one can
always determine which operator T π means by looking at the type of function T π is applied
to. It is known that the fixed point of the Bellman operator is the (action-)value function
of the policy π, i.e., T π Qπ = Qπ and T π V π = V π , see e.g., Proposition 4.2(b) of Bertsekas
and Shreve (1978). We will also need to define the so-called Bellman optimality operators:

X

Z
V (y)P (dy|x, π(x)),
(T π V )(x) , r(x, π(x)) + γ
Z X
(T π Q)(x, a) , r(x, a) + γ
Q(y, π(y))P (dy|x, a).

Definition 4 (Bellman Operators) For a policy π, the Bellman operators T π : B(X ) →
B(X ) (for value functions) and T π : B(X × A) → B(X × A) (for action-value functions)
are defined as

state, i.e., if V π = V ∗ . We say that a policy π is greedy w.r.t. an action-value function Q if
π(x) = argmaxa∈A Q(x, a) for all x ∈ X . We define function π̂(x; Q) , argmaxa∈A Q(x, a)
(for all x ∈ X ) that returns a greedy policy of an action-value function Q (If there exist
multiple maximizers, a maximizer is chosen in an arbitrary deterministic manner). Greedy
policies are important because a greedy policy w.r.t. the optimal action-value function Q∗
is an optimal policy. Hence, knowing Q∗ is sufficient for behaving optimally (cf. Proposition
4.3 of Bertsekas and Shreve 1978).2

∗
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2
Dn

=

t=1

n


i2
1 Xh
.
Q(Xt , At ) − Rt + γQ Xt0 , π(Xt0 )
n

8

(3)

(4)

(5)
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6. A number of works in the domain adaptation literature consider this scenario under the name of covariate
shift problem, see e.g., Ben-David et al. 2006; Mansour et al. 2009; Ben-David et al. 2010; Cortes et al.
2015.

Q∈F |A| h∈F |A|

QBRM = argmin sup LBRM (Q, h; π),

and approximating the action-value function Qπ by solving

LBRM (Q, h; π) = LBRM (Q; π) − kh − T π Qkν2 ,

Nevertheless, it is well-known that L̂BRM is not an unbiased estimate of LBRM when
the MDP is not deterministic (Lagoudakis and Parr, 2003; Antos et al., 2008b). To address
this issue, Antos et al. (2008b) propose the modified BRM loss that is a new empirical loss
function with an extra de-biasing term. The idea of the modified BRM is to cancel the
unwanted variance by introducing an auxiliary function h and a new loss function

L̂BRM (Q; π, n) , Q − T̂ π Q

where ν is the distribution of state-actions in the input data. Using the empirical L2 -norm
defined in (1) with samples Dn defined in (2), and by replacing (T π Q)(Xt , At ) with the
empirical Bellman operator (Definition 6), the empirical estimate of LBRM (Q; π) can be
written as

LBRM (Q; π) , kQ − T π Qkν2 ,

The idea of BRM goes back at least to the work of Schweitzer and Seidmann (1985). It was
later used in the RL community by Williams and Baird (1994) and Baird (1995). The basic
idea of BRM comes from noticing that the action-value function is the unique fixed point
of the Bellman operator: Qπ = T π Qπ (or similarly V π = T π V π for the value function).
Whenever we replace Qπ by an action-value function Q different from Qπ , the fixed-point
equation would not hold anymore, and we have a non-zero residual function Q − T π Q. This
quantity is called the Bellman residual of Q. The same is true for the Bellman optimality
operator T ∗ .
The BRM algorithm minimizes the norm of the Bellman residual of Q, which is called
the Bellman error. It can be shown that if kQ − T ∗ Qk is small, then the value function
of the greedy policy w.r.t. Q, that is V π̂(·;Q) , is also in some sense close to the optimal
value function V ∗ , see e.g., Williams and Baird (1994); Munos (2003); Antos et al. (2008b);
Farahmand et al. (2010), and Theorem 13 of this work. The BRM algorithm is defined as
the procedure minimizing the following loss function:

3.1 Bellman Residual Minimization

distributions.6 In the rest of this section, we review generic LSTD and BRM methods for
approximate policy evaluation. We introduce our regularized version of LSTD and BRM in
Section 4.

1 ≤ i ≤ n.

Definition 6 (Empirical Bellman Operators) Let Dn be a data set as above. Define
the ordered multiset Sn = {(X1 , A1 ), . . . , (Xn , An )}. For a given fixed policy π, the empirical
Bellman operator T̂ π : RSn → Rn is defined as
(T̂ π Q)(Xi , Ai ) , Ri + γQ(Xi0 , π(Xi0 )) ,

1 ≤ i ≤ n.

Similarly, the empirical Bellman optimality operator T̂ ∗ : RSn → Rn is defined as
a

(T̂ ∗ Q)(Xi , Ai ) , Ri + γ max
Q(Xi0 , a0 ) ,
0
In words, the empirical Bellman operators get an n-element list Sn and return an ndimensional real-valued vector of the single-sample estimate of the Bellman operators applied to the action-value function Q at the selected points. It is easy to see that the
empirical Bellman operators provide an unbiased estimate of the Bellman operators in the
following sense: For any fixed bounded measurable
deterministic function
Q : X ×A →
h
i
R, policy π and 1 ≤ i ≤ n, it holds that E T̂ π Q(Xi , Ai )|Xi , Ai = T π Q(Xi , Ai ) and
h
i
E T̂ ∗ Q(Xi , Ai )|Xi , Ai = T ∗ Q(Xi , Ai ).

3. Approximate Policy Iteration
The policy iteration algorithm computes a sequence of policies such that the new policy
in the iteration is greedy w.r.t. the action-value function of the previous policy. This
procedure requires one to compute the action-value function of the most recent policy (policy
evaluation step) followed by the computation of the greedy policy (policy improvement step).
In API, the exact, but infeasible, policy evaluation step is replaced by an approximate one.
Thus, the skeleton of API methods is as follows: At the k th iteration and given a policy πk ,
the API algorithm approximately evaluates πk to find a Qk . The action-value function Qk
is typically chosen to be such that Qk ≈ T πk Qk , i.e., it is an approximate fixed point of T πk .
The API algorithm then calculates the greedy policy w.r.t. the most recent action-value
function to obtain a new policy πk+1 , i.e., πk+1 = π̂(·; Qk ). The API algorithm continues by
repeating this process again and generating a sequence of policies and their corresponding
approximate action-value functions Q0 → π1 → Q1 → π2 → · · · .4
The success of an API algorithm hinges on the way the approximate policy evaluation
step is implemented. Approximate policy evaluation is non-trivial for at least two reasons.
First, policy evaluation is an inverse problem,5 so the underlying learning problem is unlike
a standard supervised learning problem in which the data take the form of input-output
pairs. The second problem is the off-policy sampling problem: The distribution of (Xi , Ai )
in the data samples (possibly generated by a behavior policy) is typically different from the
distribution that would be induced if we followed the to-be-evaluated policy (i.e., target
policy). This causes a problem since the methods must be able to handle this mismatch of
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4. In an actual API implementation, one does not need to compute πk+1 for all states, which in fact is
infeasible for large state spaces. Instead, one uses Qk to compute πk+1 at some select states, as required
in the approximate policy evaluation step.
5. Given an operator L : F → F, the inverse problem is the problem of solving g = Lf for f when g is
known. In the policy evaluation problem, L = I − γP π , g(·) = r(·, π(·)), and f = Qπ .

7

h

2
ν

,
(6)

h

Q − T̂ π Q

,

Dn

2

Dn

2

− ĥn (·; Q) − T̂ π Q
Dn

2

i
.

(8)

(7)

(9)

2
ν

,

9

Q∈F |A|

QLST D = argmin kQ − h(·; Q)k2ν ,

h0 ∈F |A|

h(·; Q) = argmin h0 − T π Q
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(10)

The minimizer of LLST D (Q; π) is well-defined, and whenever ν is the stationary distribution
of π (i.e., on-policy sampling), the solution to this optimization problem is the same as the
solution to Q = Πν T π Q. The LSTD solution can therefore be written as the solution to
the following set of coupled optimization problems:

LLST D (Q; π) , kQ − Πν T π Qk2ν .

by ΠF |A| Q = argminh∈F |A| kh − Qk2ν for Q ∈ B(X × A). We, however, use a different
ν
optimization-based formulation. The reason is that whenever ν is not the stationary distribution induced by π, the operator (Πν T π ) does not necessarily have a fixed point, but the
optimization problem is always well-defined.
We define the LSTD solution as the minimizer of the L2 -norm between Q and Πν T π Q:

ν

The Least-Squares Temporal Difference learning (LSTD) algorithm for policy evaluation
was first proposed by Bradtke and Barto (1996), and later used in an API procedure
by Lagoudakis and Parr (2003) and was called Least-Squares Policy Iteration (LSPI).
The original formulation of LSTD finds a solution to the fixed-point equation Q =
Πν T π Q, where Πν is the simplified notation for ν-weighted projection operator onto the
space of admissible functions F |A| , i.e., Πν , ΠF |A| : B(X × A) → B(X × A) is defined

3.2 Least-Squares Temporal Difference Learning

From now on, whenever we refer to the BRM algorithm, we are referring to this modified
BRM.

Q∈F |A|

Q̂BRM = argmin

h∈F |A|

ĥn (·; Q) = argmin h − T̂ π Q

In practice, the norm k·kν is replaced by the empirical norm k·kDn and T π Q is replaced
by its sample-based approximation T̂ π Q, i.e.,

Q∈F |A|

i
QBRM = argmin kQ − T π Qk2ν − kh(·; Q) − T π Qk2ν .

h0 ∈F |A|

h(·; Q) = argmin h0 − T π Q

where the supremum comes from the negative sign of kh − T π Qk2ν . They have shown that
optimizing the new loss function still makes sense and the empirical version of this loss is
unbiased.
The min-max optimization problem (5) is equivalent to the following coupled (nested)
optimization problems:

Regularized Policy Iteration with Nonparametric Function Spaces

(k)

,

Dn

2

.

(12)

(11)

10
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In this section we introduce two Regularized Policy Iteration algorithms, which are
instances of the generic API algorithms. These algorithms are built on the regularized
extensions of BRM (Section 3.1) and LSTD (Section 3.2) for the task of approximate policy
evaluation.
The pseudo-code of the Regularized Policy Iteration algorithms is shown in Algorithm 1.
The algorithm receives K (the number of API iterations), an initial action-value function
Q̂(−1) , the function space F |A| , the regularizer J : F |A| → R, and a set of regularization
(k)
(k)
coefficients {(λQ,n , λh,n )}K−1
k=0 . Each iteration starts with a step of policy improvement, i.e.,

4. Regularized Policy Iteration Algorithms

For general spaces F |A| , these optimization problems can be difficult to solve, but when
F |A| is a linear subspace of B(X × A), the minimization problem becomes computationally
feasible.
Comparison of BRM and LSTD is noteworthy. The population version of LSTD loss
minimizes the distance between Q and Πν T π Q, which is kQ − Πν T π Qk2ν . Meanwhile, BRM
minimizes another distance function that is the distance between T π Q and Πν T π Q subtracted from the distance between Q and T π Q, i.e., kQ − T π Qk2ν − kĥn (·; Q) − T π Qk2ν . See
Figure 1a for a pictorial presentation of these distances. When F |A| is linear, because of
the Pythagorean theorem, the solution to the modified BRM (6) coincides with the LSTD
solution (10) (Antos et al., 2008b).

Q∈F |A|

Dn

2

Q̂LST D = argmin Q − ĥn (·; Q)

h∈F |A|

ĥn (·; Q) = argmin h − T̂ π Q

where the first equation finds the projection of T π Q onto F |A| , and the second one minimizes
the distance of Q and the projection. The corresponding empirical version based on data
set Dn is

// K: Number of iterations
// Q̂(−1) : Initial action-value function
// F |A| : The action-value function space
// J: The regularizer
(k)
(k)
// {(λQ,n , λh,n )}K
k=0 : The regularization coefficients
for k = 0 to K − 1 do
πk (·) ← π̂(·; Q̂(k−1) )
(k)
Generate training samples Dn
(k)
(k)
(k)
(k)
Q̂ ← REG-LSTD/BRM(πk , Dn ; F |A| , J, λQ,n , λh,n )
end for
return Q̂(K−1) and πK (·) = π̂(·; Q̂(K−1) )

(k)

Algorithm 1 Regularized Policy Iteration(K,Q̂(−1) ,F |A| ,J,{(λQ,n , λh,n )}K−1
k=0 )

Farahmand, Ghavamzadeh, Szepesvári, and Mannor

Minimized by REG-BRM

7. So we are in the so-called off-policy sampling scenario.

11

(b)

Minimized by REG-LSTD
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πk ← π̂(·; Q̂(k−1 ) = argmaxa0 ∈A Q̂(k−1) (·, a0 ). For the first iteration (k = 0), one may ignore
this step and provide an initial policy π0 instead of Q̂(−1) . Afterwards, we have a data
generating step: At each iteration k = 0, . . . , K − 1, the agent follows the data generating
(k)
(k)
(k)
(k)
policy πbk to obtain Dn = {(Xt , At , Rt , Xt0 (k) )}1≤t≤n . For the k th iteration of the
(k)
algorithm, we use training samples Dn to evaluate policy πk . In practice, one might want
to change πbk at each iteration in such a way that the agent ultimately achieves a better
performance. The relation between the performance and the choice of data samples, however,
is complicated. For simplicity of analysis, in the rest of this work we assume that a fixed
behavior policy is used in all iterations, i.e., πbk = πb .7 This leads to K independent data
(0)
(K−1)
sets Dn , . . . , Dn
. From now on, to avoid clutter, we use symbols Dn , Xt , . . . instead of
(k)
(k)
Dn , Xt , . . . with the understanding that each Dn in various iterations is referring to an
independent set of data samples, which should be clear from the context.
The approximate policy evaluation step is performed by REG-LSTD/BRM, which will
(k)
be discussed shortly. REG-LSTD/BRM receives policy πk , the training samples Dn , the
(k)
(k)
function space F |A| , the regularizer J, and the regularization coefficients (λQ,n , λh,n ), and

Figure 1: (a) This figure shows the loss functions minimized by the original BRM, the
modified BRM, and the LSTD methods. The function space F |A| is represented
by the plane. The Bellman operator T π maps an action-value function Q ∈ F |A|
to a function T π Q. The function T π Q − Πν T π Q is orthogonal to F |A| . The
original BRM loss function is kQ − T π Qkν2 (solid line), the modified BRM loss is
kQ − T π Qkν2 − kT π Q − Πν T π Qkν2 (the difference of two solid line segments; note
the + and − symbols), and the LSTD loss is kQ − Πν T π Qkν2 (dashed line). LSTD
and the modified BRM are equivalent for linear function spaces. (b) REG-LSTD
and REG-BRM minimize regularized objective functions. Regularization makes
the function T π Q − Πν T π Q to be non-orthogonal to F |A| . The dashed ellipsoids
represent the level-sets defined by the regularization functional J.
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h − T̂ πk Q
Q − T̂ πk Q

2

Dn
2

Dn


(k)
+ λh,n J 2 (h) ,

− ĥn (·; Q) − T̂ πk Q

Dn

2


(k)
+ λQ,n J 2 (Q) ,

(14)

(13)

returns an estimate of the action-value function of policy πk . This procedure repeats for K
iterations.
REG-BRM approximately evaluates policy πk by solving the following coupled optimization problems:

h∈F |A|

ĥn (·; Q) = argmin

Q∈F |A|

Q̂(k) = argmin




2

Dn

Q − ĥn (·; Q)

h − T̂ πk Q

Dn

2


(k)
+ λQ,n J 2 (Q) .


(k)
+ λh,n J 2 (h) ,

(16)

(15)

where J : F |A| → R is the regularization functional (or simply regularizer or penalizer),
(k)
(k)
and λh,n , λQ,n > 0 are regularization coefficients. The regularizer can be any pseudo-norm
defined on F |A| ; and Dn is defined as (2).8 The regularizer is often chosen such that
the functions that we believe are more “complex” have larger values of J. The notion
of complexity, however, is subjective and depends on the choice of F |A| and J. Finally
note that we call J(Q) the smoothness of Q, even though it might not coincide with the
conventional derivative-based notions of smoothness.
An example of the case that J has a derivative-based interpretation is when the function
space F |A| is a Sobolev space and the regularizer J is defined as its corresponding norm. In
this case, we are penalizing the weak-derivatives of the estimate (Györfi et al., 2002; van de
Geer, 2000). One can generalize the notion of smoothness beyond the usual derivativebased ones (cf. Chapter 1 of Triebel 2006) and define function spaces such as the family
of Besov spaces (Devore, 1998). The RKHS norm for shift-invariant and radial kernels
can also be interpreted as a penalizer of higher-frequency terms of the function (i.e., a
low-pass filter Evgeniou et al. 1999), so they effectively encourage “smoother” functions.
The choice of kernel determines the frequency response of the filter. One may also use
other data-dependent regularizers such as manifold regularization (Belkin et al., 2006) and
Sample-based Approximate Regularization
P(Bachman et al., 2014). As a final example,
for the functions in the form of Q(x, a) = i≥1 φi (x, a)wi , if we choose a sparsity-inducing
P
regularizer such as J(Q) , i≥1 |wi | as the measure of smoothness, then a function that has
a sparse representation in the dictionary {φi }i≥1 is, by definition, a smooth function—even
though there is not necessarily any connection to the derivative-based smoothness.
REG-LSTD approximately evaluates the policy πk by solving the following coupled
optimization problems:

h∈F |A|

ĥn (·; Q) = argmin

Q∈F |A|

Q̂(k) = argmin

Note that the difference between (7)-(8) ((11)-(12)) and (13)-(14) ((15)-(16)) is the addition
of the regularizers J 2 (h) and J 2 (Q).
Unlike the non-regularized case described in Section 3, the solutions of REG-BRM
and REG-LSTD are not the same. As a result of the regularized projection, (13) and
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8. A pseudo-norm J satisfies all properties of a norm except that J(Q) = 0 does not imply that Q = 0.

12

,

Q − ĥn (·; Q)

Dn
Dn

2


+ λQ,n J 2 (Q) .

(17)



Q − T̂ π Q

Dn

2


+ λQ,n J 2 (Q) .



h − T̂ π Q

Dn

2

.

(18)
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13

i=1

14

9. To be more precise:n First, for oan ε > 0, we construct a continuous function h̄ε (z) =
P
ik
max 1 − kz−Z
, 0 (T̂ π Q)(Zi ). We then use the denseness of the function space F |A|
Zi ∈{(Xi ,Ai )}n
ε

in the supremum norm to argue that there exists hε ∈ F |A| such that hε − h̄ε ∞ is arbitrarily close to
zero. So when ε → 0, the value of function hε is arbitrarily close to T π Q at data points. We then choose
ĥn (·; Q) = hε . This construction is similar to Theorem 2 of Nadler et al. (2009). See also the argument
in Case 2 for more detail.

fore, if the function space F |A| is rich enough and we set the regularization coefficient λh,n
properly, kh − T π Qkν and kh − T π QkDn go to zero as the sample size grows (the rate of convergence depends on the complexity of the target function; cf. Lemma 15 and Theorem 16).
So we can expect ĥn (·; Q) to get closer to T π Q as the sample size grows.
For simplicity of discussion, suppose that we are in the ideal situation where for any Q,
we have ĥn ((x, a); Q) = (T π Q)(x, a) for all (x, a) ∈ {(Xi , Ai )}ni=1 ∪ {(Xi0 , π(Xi0 ))}ni=1 , that

Dn

2


+ λh,n J 2 (h) ,

For a fixed Q, the first optimization
regression esh problem is the standard regularized
i
timator with the regression function E (T̂ π Q)(X, A)|X = x, A = a = (T π Q)(x, a). There-

Q∈F |A|

Q̂ = argmin Q − ĥn (·; Q)

h∈F |A|

ĥn (·; Q) = argmin

This is the regularized version of the original (i.e., unmodified) formulation of the BRM
algorithm. As discussed in Section 3.1, the unmodified BRM algorithm is biased when the
MDP is not deterministic. Adding a regularizer does not solve the biasedness problem of the
unmodified BRM loss. So without regularizing the first optimization problem, the function
ĥn overfits to the noise and as a result the whole algorithm becomes incorrect.
Case 2. In this case, we only regularize the empirical projection kh − T̂ π Qk2Dn , but we do
not regularize kQ − ĥn (·; Q)k2Dn , i.e.,

Q∈F |A|

Q̂ = argmin

We discuss why using regularizers in both optimization problems (15) and (16) of REGLSTD is necessary for large function spaces such as the Sobolev spaces and the RKHS
with universal kernels. Here we show that for large function spaces, depending on which
regularization term we remove, either the coupled optimization problems reduces to the
regularized variant of the unmodified BRM, which has a bias, or the solution can be arbitrary
bad.
Let us focus on REG-LSTD for a given policy π. Assume that the function space
F |A| is rich enough in the sense that it is dense in the space of continuous functions w.r.t.
the supremum norm. This is satisfied by many large function spaces such as RKHS with
universal kernels (Definition 4.52 of Steinwart and Christmann 2008) and the Sobolev spaces
on compact domains. We consider what would happen if instead of the current formulation
of REG-LSTD (15)-(16), we only used a regularizer either in the first or second optimization
problem. We study each case separately. For notational simplicity, we omit the dependence
on the iteration number k.

4.1 Why Two Regularizers?

Remark 7 To the best of our knowledge, Antos et al. (2008b) were the first who explicitly
considered LSTD as the optimizer of the loss function (9). Their discussion was mainly to
prove the equivalence of modified BRM (5) and LSTD when F |A| is a linear function space.
In their work, the loss function is not used to derive any new algorithm. Farahmand et al.
(2009b) used this loss function to develop the regularized variant of LSTD (15)-(16). This
loss function was later called mean-square projected Bellman error by Sutton et al. (2009),
and was used to derive the GTD2 and TDC algorithms.



When the function space F |A| is rich enough, there exists a function ĥn ∈ F |A| that fits
perfectly well to its target values at data points {(Xi , Ai )}ni=1 , that is, ĥn ((Xi , Ai ); Q) =
(T̂ π Q)(Xi , Ai ) for i = 1, . . . , n.9 Such a function is indeed the minimizer of the loss kQ −
ĥn (·; Q)k2Dn . The second optimization problem (17) becomes

Q∈F |A|

Q̂ = argmin

h∈F |A|

2

Case 1. In this case, we only regularize the empirical error kQ − ĥn (·; Q)k2Dn , but we do
not regularize the projection, i.e.,

(15), the function ĥn (·; Q) − T̂ πk Q is not orthogonal to the function space F |A| —even if
F |A| is a linear space. Therefore, the Pythagorean theorem is not applicable anymore:
kQ − ĥn (·; Q)k2 6= kQ − T̂ πk Qk2 − kĥn (·; Q) − T̂ πk Qk2 (See Figure 1b).
One may ask why we have regularization terms in both optimization problems, as opposed to only in the projection term (15) (similar to the Lasso-TD algorithm Kolter and
Ng 2009; Ghavamzadeh et al. 2011) or only in (16) (similar to Geist and Scherrer 2012;
Ávila Pires and Szepesvári 2012). We discuss this question in Section 4.1. Briefly speaking,
for large function spaces such as the Sobolev spaces or the RKHS with universal kernels,
if we remove the regularization term in (15), the coupled optimization problems reduces to
(unmodified) BRM, which is biased as discussed earlier; whereas if the regularization term
in (16) is removed, the solution can be arbitrary bad due to overfitting.
Finally note that the choice of the function space F |A| , the regularizer J, and the
(k)
(k)
regularization coefficients λQ,n and λh,n all affect the sample efficiency of the algorithms.
If one knew J(Qπ ), the regularization coefficients could be chosen optimally. Nonetheless,
the value of J(Qπ ) is often not known, so one has to use a model selection procedure to
set the best function space and the regularization coefficients. The situation is similar to
the problem of model selection in supervised learning (though the solutions are different).
After developing some tools necessary for discussing this issue in Section 5, we return to the
problem of choosing the regularization coefficients after Theorem 11 as well as in Section 6.
ĥn (·; Q) = argmin h − T̂ π Q
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(19)

is, we precisely know T π Q at all data points.10 Substituting this ĥn ((x, a); Q) in the second
optimization problem (17), we get that we are solving the following optimization problem:

Q∈F |A|

2
.
Q̂ = argmin kQ − T π QkD
n

X

n ∪{(X 0 ,π(X 0 ))}n
Zi ∈{(Xi ,Ai )}i=1
i
i
i=1



kz − Zi k
max 1 −
, 0 Qπ (Zi ),
ε

This is the Bellman error minimization problem. We do not have the biasedness problem
here as we have T π Q instead of T̂ π Q in the loss. Nonetheless, we face another problem:
Minimizing this empirical risk minimization without controlling the complexity of the function space might lead to an overfitted solution, very similar to the same phenomenon in
supervised learning.
To see it more precisely, we first construct a continuous function
Q̄ε (z) =

2

which for small enough ε > 0 has the property that Q̄ε − T π Q̄ε Dn is zero, i.e., it is a
minimizer of the empirical loss. Due to the denseness of F |A| , we can find a Qε ∈ F |A|
that is arbitrarily close to the continuous function Q̄ . Therefore, for small enough ε, the
ε
2 is zero. But Q is not
function Qε is a minimizer of (19), i.e., the value of kQε − T π Qε kD
ε
n
a good approximation of Qπ because Qε consists of spikes in the ε-neighbourhood of data
points and zero elsewhere. In other words, Qε does not generalize well beyond the data
points when ε is chosen to be small.
Of course the solution is to control the complexity of F |A| so that spiky functions such
as Qε are not selected as the solution of the optimization problem. When we regularize
both optimization problems, as we do in this work, none of these problems happen.
This argument applies to rich function spaces that can approximate any reasonably
complex functions (e.g., continuous functions) arbitrarily well. If the function space F |A|
is much more limited, for example if it is a parametric function space, we may not need
to regularize both optimization problems. An example of such an approach for parametric
spaces has been analyzed by Ávila Pires and Szepesvári (2012).
4.2 Closed-Form Solutions
In this section we provide a closed-form solution for (13)-(14) and (15)-(16) for two cases:
1) When F |A| is a finite dimensional linear space and J 2 (·) is defined as the weighted squared
sum of parameters describing the function (a setup similar to the ridge regression Hoerl and
Kennard 1970) and 2) F |A| is an RKHS and J(·) is the corresponding inner-product norm,
(k)
2
i.e., J 2 (·) = k·kH
. Here we use a generic π and Dn instead of πk and Dn at the k th
iteration.
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10. This is an ideal situation because 1) kh − T̂ π Qkν is equal to zero only asymptotically and not in finite
samples regime, and 2) even if kh − T̂ π Qkν = 0, it does not imply that ĥn (x, a; Q) = (T π Q)(x, a) almost
surely on X × A. Nonetheless, these simplifications are only in favour of the algorithm considered in this
case, so for simplicity of discussion we assume that they hold.

15
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4.2.1 A Parametric Formulation for REG-BRM and REG-LSTD

(20)

In this section we consider the case when h and Q are both given as linear combinations of
some basis functions:

h(·) = φ(·)> u, Q(·) = φ(·)> w,

where u, w ∈ Rp are parameter vectors and φ(·) ∈ Rp is a vector of p linearly independent basis functions defined over the space of state-action pairs.11 These basis functions
might be predefined (e.g., Fourier (Konidaris et al., 2011) or wavelets) or constructed datadependently by one of already mentioned feature generation methods. We further assume
that the regularization terms take the form

J 2 (h) = u> Ψu ,

J 2 (Q) = w> Ψw .

for some user-defined choice of positive definite matrix Ψ ∈ Rp×p . A simple and common
choice would be Ψ = I. Define Φ, Φ0 ∈ Rn×p and r ∈ Rn as follows:

>

>

>
Φ = φ(Z1 ), . . . , φ(Zn ) , Φ0 = φ(Z10 ), . . . , φ(Zn0 ) , r = R1 , . . . , Rn ,
(21)

with Zi = (Xi , Ai ) and Zi0 = (Xi0 , π(Xi0 )).
The solution to REG-BRM is given by the following proposition.

Proposition 8 (Closed-form solution for REG-BRM) Under the setting of this section, the approximate action-value function returned by REG-BRM is Q̂(·) = φ(·)> w∗ ,
where

h
i−1 

w∗ = B > B − γ 2 C > C + nλQ,n Ψ
B > + γC > (ΦA − I) r,
−1 >
Φ , B = Φ − γΦ0 , C = (ΦA − I)Φ0 .

with A = Φ> Φ + nλh,n Ψ

Proof Using (20) and (21), we can rewrite (13)-(14) as


> 

1
u∗ (w) = argmin
Φu − (r + γΦ0 w) Φu − (r + γΦ0 w) + λh,n u> Ψu ,
(22)
n
u∈Rp

> 

1
w∗ = argmin
Φw − (r + γΦ0 w) Φw − (r + γΦ0 w) −
(23)
n
w∈Rp

> 

1
Φu∗ (w) − (r + γΦ0 w) Φu∗ (w) − (r + γΦ0 w) + λQ,n w> Ψw .
n

Taking the derivative of (22) w.r.t. u and equating it to zero, we obtain u∗ as a function
of w:

−1
Φ> (r + γΦ0 w) = A(r + γΦ0 w).
(24)
u∗ (w) = Φ> Φ + nλh,n Ψ

Plug u∗ (w) from (24) into (23), take the derivative w.r.t. w and equate it to zero to obtain
the parameter vector w∗ as announced above.

The solution returned by REG-LSTD is given in the following proposition.
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11. At the cost of using generalized inverses, everything in this section extends to the case when the basis
functions are not linearly independent.

16

−1

Φ> and E = (Φ − γAΦ0 ).

(26)

(25)



Q − T̂ π Q

Dn

2

Dn

− ĥn (·; Q) − T̂ π Q
Dn

2



Q − ĥn (·; Q)

Dn

Dn

2

+ λQ,n kQk2H .

(30)

(29)

(28)

17
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Theorem 10 Let Z̃ be a vector defined as Z̃ = (Z1 , . .P
. , Zn , Z10 , . . . , Zn0 )> . Then the optimizer Q̂ ∈ H of (27)-(28) can be written as Q̂(·) = 2n
i=1 α̃i k(Z̃i , ·) for some values of

We can solve these coupled optimization problems by the application of the generalized
representer theorem for RKHS (Schölkopf et al., 2001). The result, which is stated in the
next theorem, shows that the infinite dimensional optimization problem defined on F |A| = H
boils down to a finite dimensional problem with the dimension twice the number of data
points.

Q∈F |A| [=H]

Q̂ = argmin

h∈F |A| [=H]




+ λQ,n kQk2H ,

and the coupled optimization problems for REG-LSTD are


2
ĥn (·; Q) = argmin
h − T̂ π Q
+ λh,n khk2H ,

Q∈F |A| [=H]

Q̂ = argmin

h∈F |A| [=H]

The class of reproducing kernel Hilbert spaces provides a flexible and powerful family of
function spaces to choose F |A| from. An RKHS H : X × A → R is defined by a positive
definite kernel k : (X ×A)×(X ×A) → R. With such a choice, we can use the corresponding
squared RKHS norm k·k2H as the regularizer J 2 (·). REG-BRM with an RKHS function space
F |A| = H would be


2
ĥn (·; Q) = argmin
h − T̂ π Q
+ λh,n khk2H ,
(27)

4.2.2 RKHS Formulation for REG-BRM and REG-LSTD

Similar to the parametric REG-BRM, we solve (25) and obtain u∗ (w) which is the same as
(24). If we plug this u∗ (w) into (26), take derivate w.r.t. w, and find the minimizer, the
parameter vector w∗ will be as announced.

w∈Rp

Proof Using (20) and (21), we can rewrite (15)-(16) as


> 

1
u∗ (w) = argmin
Φu − (r + γΦ0 w) Φu − (r + γΦ0 w) + λh,n u> Ψu ,
n
u∈Rp
n
o
> 

∗
w = argmin Φw − Φu∗ (w) Φw − Φu∗ (w) + λQ,n w> Ψw .

with A = Φ> Φ + nλh,n Ψ

α̃LSTD = (F > F K Q + nλQ,n I)−1 F > Er ,

REG-LSTD:
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Even though the algorithms were presented for a general measurable state space X ,
the theoretical results are stated for the problems whose state space is a compact subset
of Rd . Generalizing Assumption A1 to other state spaces should be possible under certain
regularity conditions. One example could be any Polish space, i.e., separable completely

Assumption A1 (MDP Regularity) The set of states X is a compact subset of Rd .
The random immediate rewards Rt ∼ R(·|Xt , At ) (t = 1, 2, . . . ) as well as the expected
immediate rewards r(x, a) are uniformly bounded by Rmax , i.e., |Rt | ≤ Rmax (t = 1, 2, . . . )
and krk∞ ≤ Rmax .

In this section, we analyze the statistical properties of REG-LSPI and provide a finitesample upper bound on the performance loss kQ∗ − QπK k1,ρ . Here, πK is the policy greedy
w.r.t. Q̂(K−1) and ρ is the performance evaluation measure. The distribution ρ is chosen
by the user and is often different from the sampling distribution ν.
Our study has two main parts. First, we analyze the policy evaluation error of REGLSTD in Section 5.1. We suppose that given any policy π, we obtain Q̂ by solving (15)-(16)
with πk in these equations being replaced by π. Theorem 11 provides an upper bound
on the Bellman error kQ̂ − T π Q̂kν . We discuss the optimality of this upper bound for
policy evaluation for some general classes of function spaces. We show that the result is not
only optimal in its convergence rate, but also in its dependence on J(Qπ ). After that in
Section 5.2, we show how the Bellman errors of the policy evaluation procedure propagate
through the API procedure (Theorem 13). The main result of this paper, which is an upper
bound on the performance loss kQ∗ − QπK k1,ρ , is stated as Theorem 14 in Section 5.3,
followed by its discussion. We compare this work’s statistical guarantee with some other
papers’ in Section 5.3.1.
To analyze the statistical performance of the REG-LSPI procedure, we make the following assumptions. We discuss their implications and the possible relaxations after stating
each of them.

5. Theoretical Analysis

Proof See Appendix A.

where r = (R1 , . . . , Rn )> and the matrices K Q , B, C, C 2 , D, E, F are defined as follows:
2n×2n is defined as
K h ∈ Rn×n is defined as [K h ]ij = k(Zi , Zj ), 1 ≤ i, j ≤ n, and

 KQ ∈ R
[K Q ]ij = k(Z̃i , Z̃j ), 1 ≤ i, j ≤ 2n. Let C 1 = In×n 0n×n and C 2 = 0n×n In×n .
−1
Denote D = C 1 − γC 2 , E = K h (K h + nλh,n I) , F = C 1 − γEC 2 , B = K h (K h +
nλh,n I)−1 − I, and C = D > D − γ 2 (BC 2 )> (BC 2 ).

>
α̃BRM = (CK Q + nλQ,n I)−1 (D > + γC >
2 B B)r ,

α̃ ∈ R2n . The same holds for the solution to (29)-(30). Further, the coefficient vectors can
be obtained in the following form:

Proposition 9 (Closed-form solution for REG-LSTD) Under the setting of this section, the approximate action-value function returned by REG-LSTD is Q̂(·) = φ(·)> w∗ ,
where
h
i−1
w∗ = E > E + nλQ,n Ψ
E > Ar,
REG-BRM:
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metrizable topological space. Nevertheless, we do not investigate such generalizations here.
The boundedness of the rewards is a reasonable assumption that can be replaced by a more
relaxed condition such as its sub-Gaussianity (Vershynin, 2012; van de Geer, 2000). This
relaxation, however, increases the technicality of the proofs without adding much to the
intuition. We remark on the compactness assumption after stating Assumption A4.
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This assumption characterizes the capacity of the ball with radius R in F. The value of
α is an essential quantity in our upper bounds. The metric entropy is precisely defined
in Appendix G, but roughly speaking it is the logarithm of the minimum number of balls
with radius u that are required to completely cover a ball with radius R in F. This is
a measure of complexity of a function space as it is more difficult to estimate a function
when the metric entropy grows fast when u decreases. As a simple example, when the
function space is finite, we effectively need to have good estimate of |F| functions in order
not to choose the wrong one. In this case, N∞ (u, FR ) can be replaced by |F|, so α = 0
and C = log |F|. When the state space X is finite and all functions are bounded by
Qmax , we have log N∞ (u, FR ) ≤ log N∞ (u, F) = |X | log( 2Qumax ). This shows that the metric
entropy for problems with finite state spaces grows much slower than what we consider here.
Assumption A4 is suitable for large function spaces and is indeed satisfied for the Sobolev
spaces and various RKHS. Refer to van de Geer (2000); Zhou (2002, 2003); Steinwart and
Christmann (2008) for many examples.
An alternative assumption would be to have a similar metric entropy for the balls in
F |A| (instead of F). This would slightly change a few steps of the proofs, but leave the
results essentially the same. Moreover, it makes the requirement that J(Q(·, a)) ≤ J(Q) in
Assumption A3 unnecessary. Nevertheless, as results on the capacity of F is more common
in the statistical learning theory literature, we stick to the combination of Assumptions A3
and A4.
The metric entropy here is defined w.r.t. the supremum norm. All proofs, except that
of Lemma 23, only require the same bound to hold when the supremum norm is replaced
by the more relaxed empirical L2 -norm, i.e., those results require that there exist constants
C > 0 and 0 < α < 1 such that for any u, R > 0 and all x1 , . . . , xn ∈ X , we have
2α
log N2 (u, FR , x1:n ) ≤ C R
. Of course, the metric entropy w.r.t. the supremum norm
u
implies the one with the empirical norm. It is an interesting question to relax the supremum
norm assumption in Lemma 23.
We can now remark on the requirement that X is compact (Assumption A1). We stated
that requirement mainly because most of the metric entropy results in the literature are for
compact spaces (one exception is Theorem 7.34 of Steinwart and Christmann (2008), which
relaxes the compactness requirement by adding some assumptions on the tail of νX on X ).

log N∞ (u, FR ) ≤ C

Assumption A4 (Capacity of Function Space) For R > 0, let FR = {f ∈ F : J(f ) ≤
R}. There exist constants C > 0 and 0 < α < 1 such that for any u, R > 0 the following
metric entropy condition is satisfied:

the RKHS norms, and the l2 -regularizer defined in Section 4.2.1 with a positive semidefinite choice of matrix Ψ. Moreover, the condition J(Q(·, a)) ≤ J(Q) essentially states
that the complexity of Q should upper bound the complexity of Q(·, a) for all a ∈ A. If
the regularizer J : B(X × A) → R is derived from a regularizer J 0 : B(X ) → R through
J(Q) = k(J 0 (Q(·, a))a∈A kp for some p ∈ [1, ∞], then J will satisfy the second part of the
assumption. From a computational
perspective, a natural choice for RKHS is to choose
P
2
for H being the RKHS defined on X .
p = 2 and to define J 2 (Q) = a∈A kQ(·, a)kH

(k)

t=1

Assumption A2 (Sampling) At iteration k of REG-LSPI (for k = 0, . . . , K − 1), n
fresh independent and identically distributed (i.i.d.) samples are drawn from distribution
n
o
n
(k)
(k)
(k)
(k)
(k) i.i.d.
Zt , Rt , Xt0 (k)
with Zt = (Xt , At ) ∼ ν and
(k)

ν ∈ M(X × A), i.e., Dn
(k)

Xt0 (k) ∼ P (·|Xt , At ).

The i.i.d. requirement of Assumption A2 is primarily used to simplify the proofs. With
much extra effort, these results can be extended to the case when the data samples belong
to a single trajectory generated by a fixed policy. In the single trajectory scenario, samples
are not independent anymore, but under certain conditions on the Markov process, the
process (Xt , At ) gradually “forgets” its past. One way to quantify this forgetting is through
mixing processes. For these processes, tools such as the independent blocks technique (Yu,
1994; Doukhan, 1994) or information theoretical inequalities (Samson, 2000) can be used
to carry on the analysis—as have been done by Antos et al. (2008b) in the API context,
by Farahmand and Szepesvári (2012) for analyzing the regularized regression problem, and
by Farahmand and Szepesvári (2011) in the context of model selection for RL problems.
It is worthwhile to emphasize that we do not require that the distribution ν to be known.
The sampling distribution is also generally different from the distribution induced by the
target policy πk . For example, it might be generated by drawing state samples from a
given νX and choosing actions according to a behavior policy πb , which is different from the
policy being evaluated. So we are in the off-policy sampling setting. Moreover, changing
ν at each iteration based on the previous iterations is a possibility with potential practical
benefits, which has theoretical justifications in the context of imitation learning (Ross et al.,
2011). For simplicity of the analysis, however, we assume that ν is fixed in all iterations.
Finally, we note that the proofs work fine if we reuse the same data sets in all iterations.
We comment on it later after the proof of Theorem 11 in Appendix B.
Assumption A3 (Regularizer) Define two regularization functionals J : B(X ) → R and
J : B(X × A) → R that are pseudo-norms on F and F |A| , respectively.12 For all Q ∈ F |A|
and a ∈ A, we have J(Q(·, a)) ≤ J(Q).
The regularizer J(Q) measures the complexity of an action-value function Q. The
functions that are more complex have larger values of J(Q). We also need to define a related
regularizer for value functions Q(·, a) (a ∈ A). The latter regularizer is not explicitly used
in the algorithm, and is only used in the analysis. This assumption imposes some mild
restrictions on these regularization functionals. The condition that the regularizers be
pseudo-norms is satisfied by many commonly-used regularizers such as the Sobolev norms,
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12. Note that here we are slightly abusing the notations as the same symbol is used for the regularizer over
both B(X ) and B(X × A). However, this should not cause any confusion since in any specific expression
the identity of the regularizer should always be clear from the context.
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We require that the complexity of
to be comparable to the complexity of Q itself. In
other words, we require that if Q is smooth according to the regularizer J of a function space
F |A| , it stays smooth after the application of the Bellman operator. We believe that this is
a reasonable assumption for many classes of MDPs with “sufficient” stochasticity and when
F |A| is rich enough. The intuition is that if the Bellman operator has a “smoothing” effect,
the norm of T π Q does not blow up and the function can still be represented well within F |A| .
Proposition 25 in Appendix F presents the conditions that for the so-called convolutional
MDPs, Assumption A7 is satisfied. Briefly speaking, the conditions are 1) the transition
probability kernel should have a finite gain (in the control-theoretic sense) in its frequency
response, and 2) the reward function should be smooth according to the regularizer J. Of
course, this is only an example of the class of problems for which this assumption holds.

T πQ

J(T Q) ≤ LR + γLP J(Q).

π

Assumption A7 (Expansion of Smoothness) For all Q ∈
there exist constants
0 ≤ LR , LP < ∞, depending only on the MDP and F |A| , such that for policy π,

F |A| ,

This “no function approximation error” assumption is standard in analyzing regularizationbased nonparametric methods. This assumption is realistic and is satisfied for rich function
spaces such as RKHS defined by universal kernels, e.g., Gaussian or exponential kernels
(Section 4.6 of Steinwart and Christmann 2008). On the other hand, if the space is not
large enough, we might have function approximation error. The behavior of the function
approximation error for certain classes of “small” RKHS has been discussed by Smale and
Zhou (2003); Steinwart and Christmann (2008). We stick to this assumption to simplify
many key steps in the proofs.

Assumption A6 (Function Approximation Property) The action-value function of
any policy π belongs to F |A| , i.e., Qπ ∈ F |A| .

Assumption A5 requires all the functions in F |A| to be bounded so that the solutions of
optimization problems (15)-(16) stay bounded. If they are not, they should be truncated,
and thus, the truncation argument should be used in the analysis, see e.g., the proof of
Theorem 21.1 of Györfi et al. (2002). The truncation argument does not change the final
result, but complicates the proof at several places, so we stick to the above assumption to
avoid unnecessary clutter. Moreover, in order to avoid the measurability issues resulting
from taking supremum over an uncountable function space F |A| , we require the space to be
a separable and complete Carathéodory set (cf. Section 7.3 of Steinwart and Christmann
2008).

Assumption A5 (Function Space Boundedness) The subset F |A| ⊂ B(X × A; Qmax )
is a separable and complete Carathéodory set with Rmax ≤ Qmax < ∞.

So we could remove the compactness requirement from Assumption A1 and implicitly let
Assumption A4 satisfy it, but we preferred to be explicit about it at the cost of a bit of
redundancy in our set of assumptions.

Regularized Policy Iteration with Nonparametric Function Spaces



1
n J 2 (Qπ )



.

1
1+α

ν

 2α
c(δ) = c1 1 + (γLP )2 J 1+α (Qπ ) ln(1/δ) + c2

2α

LR1+α +

2

[J(Qπ )] 1+α

L2R

!

,
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13. Without loss of generality and for simplicity we assumed that J(Qπ ) > 0.
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Theorem 11, which is proven in Appendix B, indicates how the number of samples and
the difficulty of the problem as characterized by J(Qπ ), LP , and LR influence the policy
evaluation error.13
This upper bound provides some insights about the behavior of the REG-LSTD algorithm. To begin with, it shows that under the specified conditions, REG-LSTD is a
consistent algorithm: As the number of samples increases, the Bellman error decreases and
asymptotically converges to zero. This is due to the use of a nonparametric function space
and the proper control of its complexity through regularization. A parametric function
space, e.g., a linear function approximator with a fixed number of features, does not generally have a similar guarantee unless the value function happens to belong to the span of
the features. Achieving consistency for parametric function spaces requires careful choice

for some constants c1 , c2 > 0.

1

≤ c(δ) n− 1+α ,

with probability at least 1 − δ. Here c(δ) is equal to

Q̂ − T π Q̂

If Assumptions A1–A7 hold, there exists c(δ) > 0 such that for any n ∈ N and 0 < δ < 1,
we have
2

λh,n = λQ,n =

Theorem 11 (Policy Evaluation) For any fixed policy π, let Q̂ be the solution to the
optimization problem (15)-(16) with the choice of

In this section, we focus on the k th iteration of REG-LSPI. To simplify the notation, we use
(k)
Dn = {(Zt , Rt , Xt0 )}nt=1 to refer to Dn . The policy πk depends on data used in the earlier
(k)
iterations, but since we use independent set of samples Dn for the k th iteration and πk is
(k)
independent of Dn , we can safely ignore the randomness of πk by working on the probability
(0)
(k−1)
space obtained by conditioning on Dn ,n. . . , Dn
, i.e., the
o probability space used in the
(0)
(k−1)
th
k iteration is (Ω, σΩ , Pk ) with Pk = P · Dn , . . . , Dn
. In order to avoid clutter, we
do not use the conditional probability symbol. In the rest of this section, π refers to a
(0)
(k−1)
σ(Dn , . . . , Dn
)-measurable policy and is independent of Dn ; Q̂ and ĥn (Q) = ĥn (·; Q)
(k)
(k)
refer to the solution to (15)-(16) when π, λh,n , and λQ,n replace πk , λh,n , and λQ,n in that
set of equations, respectively.
The following theorem is the main result of this section and provides an upper bound
on the statistical behavior of the policy evaluation procedure REG-LSTD.

5.1 Policy Evaluation Error
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of features, and might be difficult. On the other hand, a rich enough nonparametric function space, for example one defined by a universal kernel (cf. Assumption A6), ensures the
consistency of the policy evaluation algorithm.
This theorem, however, is much more powerful than a consistency result as it provides
a finite-sample upper bound guarantee for the error, too. If the parameters of the REGLSTD algorithm are selected properly, one may achieve the sample complexity upper bound
of O(n−1/(1+α) ). For the case of the Sobolev space Wk (X ) with X being an open Euclidean
ball in Rd and k > d/2, one may choose α = d/2k to obtain the error upper bound of
O(n−d/(2k+d) ).14
To study the upper bound a bit closer, let us focus on the special case of γ = 0. For this
choice of the discount factor, T π Q is equal to rπ and (T̂ π Q)(Xi , Ai ) is equal to Ri . One can
see that the policy evaluation problem becomes a regression problem with the regression
function rπ . The guarantee of this theorem would be then on kQ̂ − T π Q̂kν2 = kQ̂ − rπ kν2 ,
which is the usual squared error in the regression literature. Hence we reduced a regression
problem to a policy evaluation problem. Because of this reduction, any lower bound on the
regression would also be a lower bound on the policy evaluation problem.
It is well-known that the convergence rate of n−d/(2k+d) is asymptotically minimax optimal for the regression estimation for target functions belonging to the Sobolev space Wk (X )
as well as some other smoothness classes with the k order of smoothness, cf. e.g., Nussbaum (1999) for the results for the Sobolev spaces, Stone (1982) for a closely related Hölder
space C p,α , which with the choice of k = p + α (k ∈ N and 0 < α ≤ 1) has the same rate,
and Tsybakov (2009) for several results on minimax optimality of nonparametric estimators.
More generally, the rate of O(n−1/(1+α ) is optimal too: For a regression function belonging
to a function space F with a packing entropy in the same form as in the upper bound
of Assumption A4, the rate Ω(n−1/(1+α) ) is its minimax lower bound (Yang and Barron,
1999), making the upper bound optimal. Comparing these lower bounds with the upper
bound O(n−1/(1+α) ) (or O(n−d/(2k+d) ) for the Sobolev space) of this theorem indicates that
REG-LSTD algorithm has the optimal error rate as a function of the number of samples n,
which is a remarkable result.
Furthermore, to understand the fine behavior of the upper bound, beyond the dependence of the rate on n and α, we focus on the multiplicative term c(δ). Again we consider
the special case of regression estimation as it is the only case we have some known lower
bounds. With the choice of γ = 0, we have Qπ = rπ , so J(Qπ ) = J(rπ ). Moreover, since
T π Q = rπ + 0P π Q = rπ , we can choose LR = J(rπ ) in Assumption A7. As a result
2α
c(δ) = c1 J 1+α (rπ ) ln(1/δ) for a constant c1 > 0. We are interested in studying the dependence of the upper bound on J(rπ ). We study its behavior when the function space is
the Sobolev space Wk ([0, 1]) and J(·) is the corresponding Sobolev space norm. We choose
2
α = 1/2k to get J 2k+1 (rπ ) dependence of c(δ). On the other hand, for the regression es
|A|
timation problem within the subset F1 = Q(·, a) ∈ Wk ([0, 1]) : J(Q) ≤ J(rπ ), ∀a ∈ A
of this Sobolev space, the fine behavior of the asymptotic minimax rate is determined by

JMLR 17(139):1-66

14. For examples of the metric entropy results for the Sobolev spaces, refer to Section A.5.6 alongside
Lemma 6.21 of Steinwart and Christmann (2008), or Theorem 2.4 of van de Geer (2000) for X = [0, 1]
or Lemma 20.6 of Györfi et al. (2002) for X = [0, 1]d . Also in this paper we use the notation Wk (X ) to
refer to Wk,2 (X ), the Sobolev space defined based on the L2 -norm of the weak derivatives.
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2

the so-called Pinsker constant, whose dependence on J is in fact J 2k+1 (rπ ), cf. e.g., Nussbaum (1999, 1985); Golubev and Nussbaum (1990), or Section 3.1 of Tsybakov (2009).15
Therefore, not only the exponent of the rate is optimal for this function space, but also its
multiplicative dependence on the smoothness J(rπ ) is optimal.

For function spaces other than this choice of Sobolev space (i.e., the general case of α), we
2α
are not aware of any refined lower bound that indicates the optimality of J 1+α (rπ ). We note
that some available upper bounds for regression with comparable assumptions on the metric
entropy have the same dependence on J(rπ ), e.g., Steinwart et al. (2009)16 or Farahmand
and Szepesvári (2012), whose result is for the regression setting with exponential β-mixing
input, but can also be shown for i.i.d. data. We conjecture that under our assumptions this
dependence is optimal.

One may note that the proper selection of the regularization coefficients to achieve the
optimal rate requires the knowledge of an unknown quantity J(Qπ ). This, however, is not
a major concern as a proper model selection procedure finds parameters that result in a
performance which is almost the same as the optimal performance. We comment on this
issue in more detail in Section 6.

The proof of this theorem requires several auxiliary results, which are presented in
the appendices, but the main idea behind the proof is as follows. Since kQ̂ − T π Q̂kν2 ≤
2kQ̂ − ĥn (·; Q̂)kν2 + 2kĥn (·; Q̂) − T π Q̂kν2 , we may upper bound the Bellman error by upper
bounding each term in the right-hand side (RHS). One can see that for a fixed Q, the
optimization problem (15) essentially solves a regularized least-squares regression problem,
which leads to small value of kĥn (·; Q̂) − T π Q̂kν , when there are enough samples and under
proper conditions. The relation of the optimization problem (16) with kQ̂ − ĥn (·; Q̂)kν is
evident too. The difficulty, however, is that these two optimization problems are coupled:
ĥn (·; Q̂) is a function of Q̂ which itself is a function of ĥn (·; Q̂). Thus, Q appearing in (15) is
not fixed, but is a random function Q̂. The same is true for the other optimization problem
as well. The coupling of the optimization problems makes the analysis more complicated
than the usual supervised learning type of analysis. The dependencies between all the
results that lead to the proof of Theorem 14 is depicted in Figure 2 in Appendix B.

In order to obtain fast convergence rates, we use concepts and techniques from the
empirical process theory such as the peeling device, the chaining technique, and the modulus
of continuity of the empirical process, cf. e.g., van de Geer (2000). By focusing on the
behavior of the empirical process over local subsets of the function space, these techniques
allow us to study the deviations of the process in a more refined way compared to a global
approach that studies the supremum of the empirical process in the whole function space.
These techniques are crucial to obtain a fast rate for large function spaces. We discuss them
in more detail as we proceed in the proofs.
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15. The Pinsker constant determines the effect of the noise variance too. We do not present such information
in our bounds. Also note that most aforementioned results, except Golubev and Nussbaum (1990),
consider a normal noise model, which is different from our bounded noise.
16. This is obtained by using Corollary 3 of Steinwart et al. (2009) after substituting A2 (λ) by its upper
2
bound λ kf kH
, which is valid whenever f ∗ ∈ H, as is in our case. This result can be used after one
converts the metric entropy condition to the condition on the decay rate of eigenvalues of a certain
integral operator.

24

Q̂(0)

Q̂(1)

= Q̂

(k)

−T

πk

Q̂

(k)

.

(31)

(1 − γ)γ K−k−1
.
1 − γ K+1

(0 ≤ k < K)

(32)
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17. The difference of these two results is in the way the norm of functions from the space F |A| is defined,
which in turn corresponds to whether the distributions ν and ρ are defined over the state space X ,
as Farahmand et al. (2010) defined, or over the state-action space X × A, as we define here. These
differences do not change the general form of the proof. See Theorem 3.2 in Chapter 3 of Farahmand
(2011b) for the proof of the current result.

ak =

In order to compactly present our results, we define the following notation:

with (X, A) ∼ ν. If the future state-action distribution ρ(P π )m1 (P π )m2 is not absolutely
continuous w.r.t. ν, then we take cPI1 ,ρ,ν (m1 , m2 ; π) = ∞.

∗

Definition 12 (Expected Concentrability of Future State-Action Distributions)
Given the distributions ρ, ν ∈ M(X × A), an integer m ≥ 0, and an arbitrary sequence of
stationary policies (πm )m≥1 , let ρP π1 P π2 · · · P πm ∈ M(X ×A) denote the future state-action
distribution obtained when the first state-action is distributed according to ρ and then we
follow the sequence of policies (πk )m
k=1 . Define the following concentrability coefficients:
 
 1

2
2
∗
d ρ(P π )m1 (P π )m2


cPI1 ,ρ,ν (m1 , m2 ; π) , E
(X, A)  ,
dν

The goal of this section is to study the effect of the ν-weighted L2 -norm of the Bellman
K−1
∗
πK k
residual sequence (εBR
1,ρ of the resulting policy
k )k=0 on the performance loss kQ − Q
πK . Because of the dynamical nature of the MDP, the performance loss kQ∗ − QπK kp,ρ
depends on the difference between the sampling distribution ν and the future state-action
distribution in the form of ρP π1 P π2 · · · . The precise form of this dependence is formalized
in Theorem 13, which is a slight modification of a result by Farahmand et al. (2010).17
Before stating the results, we define the following concentrability coefficients that are
used in a change of measure argument, see e.g., Munos (2007); Antos et al. (2008b); Farahmand et al. (2010).

εBR
k

Consider an API algorithm that generates the sequence
→ π1 →
→ π2 → · · · →
Q̂(K−1) → πK , where πk is the greedy policy w.r.t. Q̂(k−1) and Q̂(k) is the approximate
action-value function for policy πk . For the sequence (Q̂(k) )K−1
k=0 , denote the Bellman Residual (BR) of the k th action-value function by

5.2 Error Propagation in API

the same as O(n− 1+α ).

1

We mentioned earlier that one can actually reuse a single data set in all iterations. To
keep the presentation more clear, we keep the current setup. The reason behind this can be
explained better after the proof of Theorem 11. But note that from the convergence-rate
point of view, the difference between reusing data or not is insignificant. If we have a batch
of data with size n and we divide it into K chunks and only use one chunk per iteration of
1
n − 1+α
API, the rate would be O(( K
). For finite K, or slowly growing K, this is essentially
)
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1−γ
2

2

sup

0
π00 ,...,πK

k=0

K−1
X

2(1−r)
ak

"

m≥0

X

cPI1 ,ρ,ν (K − k, m; πk0 )



#2

.


0
γ m cPI1 ,ρ,ν (K − k − 1, m + 1; πk+1
)+
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In this theorem, the function CLSPI (δ, K; ρ, ν) = CLSPI (δ, K; ρ, ν; LR , LP , α, β, γ) is


s
 1 − γ r 1 − (γ 2r )K 1

1
2
2
CLSPI (δ, K; ρ, ν; LR , LP , α, β, γ) = CI (δ) inf
CPI,ρ,ν (K; r) ,

1 − γ 2r
r∈[0,1]  1 − γ K+1

with probability at least 1 − δ.

Let Assumptions A1–A5 hold; Assumptions A6 and A7 hold for any π ∈ Π̂(F |A| ), and
inf r∈[0,1] CPI,ρ,ν (K; r) < ∞. Then there exists CLSPI (δ, K; ρ, ν) such that for any n ∈ N and
0 < δ < 1, we have
h
i
2γ
− 1
CLSPI (δ, K; ρ, ν)n 2(1+α) + γ K−1 Rmax ,
kQ∗ − QπK k1,ρ ≤
(1 − γ)2

Theorem 14 Let (Q̂(k) )K−1
k=0 be the solutions of the optimization problem (15)-(16) with the
choice of

 1
1+α
1
(k)
(k)
λh,n = λQ,n =
.
n J 2 (Qπk )

In this section, we use the error propagation result (Theorem 13 in Section 5.2) together
with the upper bound on the policy evaluation error (Theorem 11 in Section 5.1) to derive
an upper bound on the performance loss kQ∗ − QπK k1,ρ of REG-LSPI. This is the main
theoretical result of this work. Before stating the theorem, let us denote Π̂(F |A| ) as the set
of all policies that are greedy w.r.t. a member of F |A| , i.e., Π̂(F |A| ) = {π̂(·; Q) : Q ∈ F |A| }.

5.3 Performance Loss of REG-LSPI

For better understanding of the intuition behind the error propagation results in general,
refer to Munos (2007); Antos et al. (2008b); Farahmand et al. (2010). The significance of
this particular theorem and the ways it improves previous similar error propagation results
such as that of Antos et al. (2008b) (for API) and Munos (2007) (for AVI) is thoroughly
discussed by Farahmand et al. (2010). We briefly comment on it in Section 5.3.

CPI,ρ,ν (K; r) =



BR K−1
(Q̂(k) )K−1
k=0 ⊂ B(X × A, Qmax ) and the corresponding sequence (εk )k=0 defined in (31), we
have


1
K
1
2γ
−1
2p
BR
p
inf CPI,ρ,ν
Rmax ,
kQ∗ − QπK kp,ρ ≤
(K; r)E 2p (εBR
0 , . . . , εK−1 ; r) + γ
2
(1 − γ) r∈[0,1]
PK−1 2r BR 2p
BR
εk 2p,ν and
where E(εBR
0 , . . . , εK−1 ; r) =
k=0 ak

Theorem 13 (Error Propagation for API—Theorem 3 of Farahmand et al. 2010)
max
Let p ≥ 1 be a real number, K be a positive integer, and Qmax ≤ R1−γ
. Then for any sequence
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LR1+α +

2α
2

[J(Qπ )] 1+α

2
LR
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sup

π∈Π̂(F |A| )

with CI (δ) being defined as
"


 2α
K
+ c2
c1 1 + (γLP )2 J 1+α (Qπ ) ln
δ
CI (δ) =

≤
sup
π∈Π̂(F |A| )

|

,c0



1
δ
c J(Qπ ), LR , LP , α, β, γ,
n− 1+α ,
K
{z
}

!#
,

in which c1 , c2 > 0 are universal constants.
Proof Fix 0 < δ < 1. For each iteration k = 0, . . . , K − 1, invoke Theorem 11 with the
confidence parameter δ/K and take the supremum over all policies to upper bound the
Bellman residual error
as

ν

2

kεkBR kν

Q̂(k) − T πk Q̂(k)

=

K−1
X
k=0

= c0 n− 1+α

1

ak2r


2
ν

2r

1

K−1
X
k=0

ak2r

1 − (γ 2r )K
,
1 − γ 2r

≤ c0 n− 1+α

1−γ
1 − γ K+1

εkBR

which holds with probability at least 1 − Kδ . Here c(·) is defined as in Theorem 11. For any
r ∈ [0, 1], we have
BR
E(ε0BR , . . . , εK−1
; r)

kQ∗ − QπK k1,ρ ≤

where we used the definition of ak (32). We then apply Theorem 13 with the choice of p = 1
to get that with probability at least 1 − δ, we have
h
i
1
2γ
CLSPI (ρ, ν; K)n− 1+α + γ K−1 Rmax .
(1 − γ)2
Here
CLSPI (ρ, ν; K) =


s


r s


2r K
1
1
−
γ
δ
1
−
(γ
)
2
c J(Qπ ), LR , LP , α, γ,
inf
CPI,ρ,ν
(K; r) .

K r∈[0,1]  1 − γ K+1
1 − γ 2r
sup

π∈Π̂(F |A| )
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Theorem 14 upper bounds the performance loss and relates it to the number of samples
n, the capacity of the function space quantified by α, the number of iterations K, the
concentrability coefficients, and some other properties of the MDP such as LR , LP , and γ.
This theorem indicates that the behavior of the upper bound as a function of the number
− 1
of samples is O(n 2(1+α) ). This upper bound is notable because of its minimax optimality,
as discussed in detail after Theorem 11.
The term CLSPI has two main components. The first is CPI,ρ,ν (·; r), which describes
the effect of the sampling distribution ν and the evaluation distribution ρ, as well as the
27
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transition probability kernel of the MDP itself on the performance loss. This term has been
thoroughly discussed by Farahmand et al. (2010), but briefly speaking it indicates that
ν and ρ affect the performance through a weighted summation of cPI1 ,ρ,ν (Definition 12).
The concentrability coefficients cPI1 ,ρ,ν is defined as the square root of the expected squared
Radon-Nikodym of the future state-action distributions starting from ρ w.r.t. the sampling
distribution ν. This may be much tighter compared to the previous results (e.g., Antos
et al. 2008b) that depend on the supremum of the Radon-Nikodym derivative. One may
also notice that Theorem 13 actually provides a stronger result than what is reported in
Theorem 14: The effect of errors at earlier iterations on the performance loss is geometrically
decayed. So one may potentially use a fewer number of samples in the earlier iterations
of REG-LSPI (or any other API algorithm) to get the same guarantee on the performance
loss. We ignore this effect to simplify the result.
The other important term is CI , which mainly describes the effect of LR , LP , and
supπ∈Π̂(F |A| ) J(Qπ ) on the performance loss. These quantities depend on the MDP, as

well as the function space F |A| . If the function space is “matched” with the MDP, these
quantities would be small, otherwise they may even be infinity.
Note that CI provides an upper bound on the constant in front of REG-LSTD procedure
by taking supremum over all policies in Π̂(F |A| ). This might be a conservative estimate as
the actual encountered policies are the rather restricted random sequence π0 , π1 , . . . , πK−1
generated by the REG-LSPI procedure. One might expect that as the sequence Q̂(k−1)
converge to a neighbourhood of Q∗ , the value function Qπk of the greedy policy πk =
π̂(·; Q̂(k−1) ), which is the policy being evaluated, converges to a neighbourhood of Q∗ too.
Thus with certain assumptions, one might be able to show that its smoothness J(Qπk ),
the quantity that appears in the upper bound of Theorem 11, belongs to a neighbourhood
of J(Q∗ ). If J(Q∗ ) is small, the value of J(Qπk ) in that neighbourhood can be smaller
than supπ∈Π̂(F |A| ) J(Qπ ). We postpone the analysis of this finer structure of the problem
to future work.
Finally we note that the optimality of the error bound for the policy evaluation task,
as shown by Theorem 11, does not necessarily imply that the REG-LSPI algorithm has the
optimal sample complexity rate for the corresponding RL/Planning problem as well. The
reason is that it is possible to get close to the optimal policy, which is the ultimate goal
in RL/Plannning, even though the estimate of the action-value function is still inaccurate.
To act optimally, it is sufficient to have an action-value function whose greedy policy is the
same as the optimal policy. This can happen even if there is some error in the estimated
action-value function. This is called the action-gap phenomenon and has been analyzed in
the reinforcement learning context by Farahmand (2011a).

5.3.1 Comparison with Similar Statistical Guarantees

JMLR 17(139):1-66

Theorem 14 might be compared with the results of Antos et al. (2008b), who introduced
a BRM-based API procedure and studied its statistical properties, Lazaric et al. (2012),
who analyzed LSPI with linear function approximators, Ávila Pires and Szepesvári (2012),
who studied a regularized variant of LSTD, and Ghavamzadeh et al. (2011), who analyzed
the statistical properties of Lasso-TD. Although these results address different algorithms,
comparing them with the results of this work is insightful.
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18. For problems with finite state space, we have log N∞ (u, FR ) ≤ |X | log( Qmax
), so with a similar α → 0
u
argument, we get O(n−1/2 ) error upper bound (disregarding the logarithmic terms).

CPI,ρ,ν (K; r). In contrast, our simplified upper bound is CLSPI (δ)n 2(1+α) , in which CLSPI (δ)
1
p
2
(K; r) C1 (J(Qπ ), LR , LP ) ln(K/δ).
can roughly be factored into CPI,ρ,ν
One important difference between these two results is that Antos et al. (2008b) considered parametric function spaces, which have finite effective dimension VF , while this
work considers nonparametric function spaces, which essentially are infinite dimensional.
The way they use the parametric function space assumption is equivalent to assuming that
2α
log N1 (u, F, x1:n ) ≤ VF log( u1 ) as opposed to log N∞ (u, FB , x1:n ) ≤ C R
of Assumpu
tion A4. Our assumption lets us describe the capacity of infinite dimensional function
spaces F. Disregarding this crucial difference, one may also note that our upper bound’s
− 1
dependence on the number of samples (i.e., O(n 2(1+α) )) is much faster than theirs (i.e.,
O(n−1/4 )). This is more noticeable when we apply our result to a finite dimensional function space, which can be done by letting α → 0 at a certain rate, to recover the error upper
bound of n−1/2 .18 This improvement is mainly because of more advanced techniques used
in our analysis, i.e., the relative deviation tail inequality and the peeling device in this work
in contrast with the uniform deviation inequality of Antos et al. (2008b).
The other difference is in the definition of concentrability coefficients (CPI,ρ,ν (K) vs.
Cρ,ν ). In Definition 12, we use the expectation of Radon-Nikodym derivative of two distributions while their definition uses the supremum of a similar quantity. This can be a
significant improvement in the multiplicative constant of the upper bound. For more information regarding this improvement, which can be used to improve the result of Antos et al.
(2008b) too, refer to Farahmand et al. (2010).
Lazaric et al. (2012) analyzed unregularized LSTD/LSPI specialized for linear function
approximators with finite number of basis functions (parametric setting). Their rate of
O(n−1/2 ) for kV ∗ − V πK k2,ρ is faster than the rate in the work of Antos et al. (2008b), and
is comparable to our rate for kQ∗ − QπK k1,ρ when α → 0. The difference of their work with
ours is that they focus on a parametric class of function approximators as opposed to the
nonparametric class in this work. Moreover, because they formulate the LSTD as a fixedpoint problem, in contrast to this work and that of Antos et al. (2008b), their algorithm
and results are only applicable to on-policy sampling scenario.
Ávila Pires and Szepesvári (2012) studied a regularized version of LSTD in the parametric setting that works for both on-policy and off-policy sampling. Beside the difference
between the class of function spaces with this work (parametric vs. nonparametric), another
algorithmic difference is that they only use a regularizer for the projected Bellman error
term, similar to (16), as opposed to using regularizers in both terms of REG-LSTD (15)-(16)
(cf. Section 4.1). Also the weight used in their loss function, the matrix M in their paper, is
not necessarily the one induced by data. Their result indicates O(n−1/2 ) for the projected
Bellman error, which is comparable, though with some subtle differences, to Lazaric et al.

1
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We introduced two regularization-based API algorithms, namely REG-LSPI and REGBRM, to solve RL/Planning problems with large state spaces. Our formulation was general
and could incorporate many types of function spaces and regularizers. We specifically
showed how these algorithms can be implemented efficiently when the function space is the

6. Conclusion and Future Work

(2012). It is remarkable that they separate the error bound analysis to deterministic and
probabilistic parts. In the deterministic part, they use perturbation analysis to relate the
loss to the error in the estimation of certain parameters used by the algorithms. In the
probabilistic part, they provide upper bounds on the error in estimation of the parameters.
We conjecture that their proof technique, even though simple and elegant, cannot easily
be extended to provide the right convergence rate for large function spaces because the
current analysis is based on a uniform bound on the error of a noisy matrix. Providing a
tight uniform bound for a matrix (or operator) for large state spaces might be difficult or
impossible to achieve.
Ghavamzadeh et al. (2011) analyzed Lasso-TD, a policy evaluation algorithm that uses
linear function approximators and enforces sparsity by the l1 -regularization, and provided
error upper bounds w.r.t. the empirical measure (or what they call Markov design). Their
error upper bound is O([kw∗ k21 log(p)]1/4 n−1/4 ), where w∗ is the weight vector describing
the projection of Qπ onto the span of p basis functions. With some p
extra assumptions on
the Grammian of the basis functions, they obtain faster rate of O( kw∗ k0 log(p) n−1/2 ).
These results indicate that by using the sparsity-inducing regularizer, the dependence of
the error bound on the number of features becomes logarithmic.
We conjecture that if one uses REG-LSTD with a linear function space (similar to Section 4.2.1) with J 2 (h) = kuk1 and J 2 (Q) = kwk1 , the current analysis leads to the error
1/2
upper bound O(kw∗ k1 n−1/4 ) with a logarithmic dependence on p. This result might be obtained using Corollary 5 of Zhang (2002) as Assumption A4. To get a faster rate of O(n−1/2 ),
one should make extra assumptions on the Grammian—as was done by Ghavamzadeh et al.
(2011). We should emphasize that even with the choice of linear function approximators
and the l1 -regularization, REG-LSTD would not be the same algorithm as Lasso-TD since
REG-LSTD uses regularization in both optimization problems (15)-(16). Also note that
the error upper bound of Ghavamzadeh et al. (2011) is on the empirical norm k · k2,Dn as
opposed to the norm k·k2,ν , which is w.r.t. the measure ν. This means that their result does
not provide a generalization upper bound on the quality of the estimated value function
over the whole state space, but provides an upper bound only on the training data.
Comparing this work with its conference version (Farahmand et al., 2009b), we observe
that the main difference in the theoretical guarantees is that the current results are for
more general function spaces than the Sobolev spaces considered in the conference paper.
Assumption A4 specifies the requirement on the capacity of the function space, which is
satisfied not only by the Sobolev spaces (with the choice of α = d/2k for Wk (X ) with X
being an open Euclidean ball in Rd and k > d/2; cf. Section A.5.6 alongside Lemma 6.21
of Steinwart and Christmann (2008), or Theorem 2.4 of van de Geer (2000) for X = [0, 1]
or Lemma 20.6 of Györfi et al. (2002) for X = [0, 1]d ), but also many other large function
spaces including several commonly-used RKHS.

We first focus on Antos et al. (2008b). Their simplified upper bound for kQ∗ − QπK k1,ρ
1/2 p
is Cρ,ν VF log(n) + ln(K/δ) n−1/4 , in which VF is the “effective” dimension of F and is
defined based on the pseudo-dimension of sub-graphs of F and the so-called “VC-crossing
dimension” of F; and Cρ,ν is a concentrability coefficient and plays a similar rule to our
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Taylor and Parr (2009) unified several kernelized reinforcement learning algorithms, and
showed the equivalence of kernelized value function approximators such as GPTD (Engel
et al., 2005), the work of Xu et al. (2007), and a few other methods with a model-based
reinforcement learning algorithm that has certain regularization on the transition kernel
estimator, reward estimator, or both. Their result was obtained by considering two separate
regularized regression problems: One that predicts the reward function given the current
state and the other that predicts the next-state kernel values given the current-state ones.
Their formulation is different from our formulation that is stated as a coupled optimization
problem in an RKHS.
Similar to other kernel-based algorithms (e.g., SVMs, Gaussian Process Regressions,
Splines, etc.), devising a computationally efficient implementation of REG-LSPI/BRM is
important to ensure that it is a practical algorithm for large-scale problems. A naive implementation of these algorithms requires the computation time of O(n3 K), which is prohibitive
for large sample sizes. One possible workaround is to reduce the effective number of samples
by the sparsification technique (Engel et al., 2005; Jung and Polani, 2006; Xu et al., 2007).
The other is to use elegant vector-matrix multiplication methods, which are used in iterative
methods for matrix inversion, such as those based on the Fast Multipole Methods (Beatson
and Greengard, 1997) and the Fast Gauss Transform (Yang et al., 2004). These methods
can reduce the computational cost of vector-matrix multiplication from O(n2 ) to O(n log n),
which results in computation time of O(n2 K log n) for REG-LSPI/BRM, at the cost of some
small, but controlled, numerical error. Another possibility is to use stochastic gradient-like
algorithms similar to the works of Liu et al. (2012); Qin et al. (2014). The use of stochastic
gradient-like algorithms is especially appealing in the light of results such as Bottou and
Bousquet (2008); Shalev-Shwartz and Srebro (2008). They analyze the tradeoff between the
statistical error and the optimization error caused by the choice of optimization method.
They show that one might achieve lower generalization error by using a faster stochastic
gradient-like algorithm, which processes more data points less accurately, rather than a
slower but more accurate optimization algorithm, which can only process fewer data points.
Designing scalable optimization algorithms for REG-LSPI/BRM is a topic for future work.
An important issue in the successful application of any RL/Planning algorithm, including REG-LSPI and REG-BRM, is the proper choice of parameters. In REG-BRM
and REG-LSTD we are faced with the choice of F |A| and the corresponding regularization
parameters λQ,n and λh,n . The proper choice of these parameters, however, depends on
quantities that are not known, e.g., J(Qπ ) and the choice of F |A| that “matches” with
the MDP. This problem in the RL/Planning context has been addressed by Farahmand
and Szepesvári (2011). They introduced a complexity-regularization-based model selection
algorithm that allows one to design adaptive algorithms: Algorithms that perform almost
the same as the one with the prior knowledge of the best parameters.
Another important question is how to extend these algorithms to deal with continuous
action MDPs. There are two challenges: Computational and statistical. The computational
challenge is finding the greedy action at each state in the policy improvement step. In
general, this is an intractable optimization problem, which cannot be solved exactly or
even with any suboptimality guarantee. To analyze this inexact policy improvement some
parts of the theory, especially the error propagation result, should be modified. Moreover,
we also have a statistical challenge: One should specifically control the complexity of the
JMLR 17(139):1-66

span of a finite number of basis functions (parametric model) or an RKHS (nonparametric
model).
We then focused on the statistical properties of REG-LSPI and provided its performance
loss upper bound (Theorem 14). The error bound demonstrated the role of the sample size,
the complexity of function space to which the action-value function belongs (quantified
by its metric entropy in Assumption A4), and the intrinsic properties of the MDP such
as the behavior of concentrability coefficients and the smoothness-expansion property of
the Bellman operator (Definition 12 and Assumption A7). The result indicated that the
dependence on the sample size for the task of policy evaluation is optimal.
This work (and its conference (Farahmand et al., 2009b) and the dissertation (Farahmand, 2011b) versions) alongside the work on the Regularized Fitted Q-Iteration algorithm (Farahmand et al., 2008, 2009a) are the first that address the statistical performance
of a regularized RL algorithm. Nevertheless, there have been a few other work that also
used regularization for RL/Planning problems, most often without analyzing their statistical properties.
Jung and Polani (2006) studied adding regularization to BRM, but their solution is restricted to deterministic problems. The main contribution of that work was the development
of fast incremental algorithms using the sparsification technique. The l1 -regularization has
been considered by Loth et al. (2007), who were similarly concerned with incremental implementations and computational efficiency. Xu et al. (2007) provided a kernel-based, but
not regularized, formulation of LSPI. They used sparsification to provide basis functions for
the LSTD procedure. Sparsification leads to a selection of only a subset of data points to
be used as the basis functions, thus indirectly controls the complexity of the resulting function space. This should be contrasted with a regularization-based approach in which the
regularizer interacts with the empirical loss to jointly determine the subset of the function
space to which the estimate belongs.
Kolter and Ng (2009) formulated an l1 -regularization fixed-point formulation LSTD,
which is called Lasso-TD by Ghavamzadeh et al. (2011), and provided LARS-like algorithm (Efron et al., 2004) to compute the solutions. Johns et al. (2010) considered the same
fixed-point formulation and cast it as a linear complementarity problem. The statistical
properties of this l1 -regularized fixed-point formulation is studied by Ghavamzadeh et al.
(2011), as discussed earlier. Lasso-TD has a fixed-point formulation, which looks different
from our coupled optimization formulation (15)-(16), but under on-policy sampling scenario,
it is equivalent to a particular version of REG-LSTD: If we choose a fixed linear function
approximator (parametric), use the l1 -norm in the projection optimization problem (15),
but do not regularize optimization problem (16) (i.e., λQ,n = 0), we get Lasso-TD. Geist
and Scherrer (2012) suggested a different algorithm where the projection is not regularized (i.e., λh,n = 0), but the optimization problem (16) is regularized with the l1 -norm of
the parameter weights. The choice of only regularizing (16) is the same as the one in the
algorithm introduced and analyzed by Ávila Pires and Szepesvári (2012), except that the
latter work uses the l2 -norm. Hoffman et al. (2012) introduced an algorithm similar to
that of Geist and Scherrer (2012) with the difference that the projection optimization (15)
uses the l2 -norm (so it is a mixed l1 /l2 -regularized algorithm). All these algorithms are
parametric. Several TD-based algorithms and their regularized variants are discussed in a
survey by Dann et al. (2014).
31
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We would like to remark that the generic “constants”
> 0 in the proofs, especially
those related to the statistical guarantees, might change from line to line, if their exact
value is not important in the bound. These values are constant as a function of important
quantities of the upper bound (such as n, α, J(Qπ ), etc.), but may depend on Qmax or |A|.

c, c0

More specifically, we prove an extension of Theorem 21.1 of Györfi et al. (2002) in Appendix C (Lemma 15). We present a modified version of Theorem 10.2 of van de Geer (2000)
in Appendix D. We then provide a covering number result in Appendix E (Lemma 20). The
reason we require these results will become clear in Appendix B. Finally, we introduce convolutional MDPs as an instance of problems that satisfy Assumption A7 (Appendix F).

In these appendices, we first prove Theorem 10, which provides the closed-form solutions
for REG-LSTD and REG-BRM when the function space is an RKHS (Appendix A). We
then attend to the proof of Theorem 11 (Policy Evaluation error for REG-LSTD). The main
body of the proof for Theorem 11 is in Appendix B. To increase the readability and flow, the
proofs of some of the auxiliary and more technical results are postponed to Appendices C,
D, and E.
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Finally an open theoretical question is to characterize the properties of the MDP that
determine the function space to which action-value function belong. A similar question is
how the values of LP and LR in Assumption A7 are related to the intrinsic properties of
the MDP. We partially addressed this question for the convolutional MDPs, but analysis of
more general MDPs is remained to be done.

policy space as the complexity of {maxa∈A Q(·, a) : Q ∈ F |A| } might be infinity even though
F |A| has a finite complexity (Antos et al., 2008a). A properly modified algorithm might be
similar to the continuous-action extension of Farahmand et al. (2015), an API algorithm
that explicitly controls the complexity of the policy space.
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t=1

K h β − T̂ π Q

n

2


+ λh,n β > K h β .

34

19. Here f (Q) → min! indicates that Q is a minimizer of f (Q).

Q

Replacing C 1 − γEC 2 with F and solving for α̃ concludes the proof.

k(C 1 − γEC 2 )K Q α̃ − Erk2n + λQ,n α̃> K Q α̃ → min!.

α̃
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Solving this for α̃ concludes the proof for REG-BRM.
REG-LSTD: The first part of the proof that shows cn depends on Q only through the datapoints Z1 , Z10 , . . . , Zn , Zn0 is exactly the same as the proof of REG-BRM. Thus,
Pusing the representer theorem, the minimizer of (30) can be written in the form Q(·) = 2n
i=1 α̃i k(Z̃i , ·),
0
where Z̃i = Zi if i ≤ n and Z̃i = Zi−n
, otherwise. Let α̃ = (α1 , . . . , αn , α10 , . . . , αn0 )> . Using
the reproducing kernel property of k, we get the optimization problem

kC 1 K Q α̃ − (r + γC 2 K Q α̃)k2n − kB(r + γC 2 K Q α̃)k2n + λQ,n α̃> K Q α̃ → min!.

α̃

and thus on data points Z1 , Z10 , · · · , Zn , Zn0 . The representer theoremPthen implies that the
minimizer of cn (Q) + λQ,n kQk2H can be written in the form Q(·) = 2n
i=1 α̃i k(Z̃i , ·), where
0
Z̃i = Zi if i ≤ n and Z̃i = Zi−n
, otherwise.
Let α̃ = (α1 , . . . , αn , α10 , . . . , αn0 )> . Using the reproducing kernel property of k, we get
the optimization problem

Q(Z1 ), Q(Z10 ), · · · , Q(Zn ), Q(Zn0 ),

Thus, β ∗ depends on Q only through Q(Z10 ), . . . , Q(Zn0 ). Plugging this solution into (28),
we get that cn (Q) indeed depends on Q through

In both equations (T̂ π Q) is viewed as the n-dimensional vector

>


>
T̂ π Q (Z1 ), . . . , T̂ π Q (Zn )
= R1 + γQ(Z10 ), . . . , Rn + γQ(Zn0 ) .

β ∗ = (K h + nλh,n I)−1 (T̂ πk Q).

Solving this minimization problem leads to

β∈Rn

β ∗ = argmin

where β ∗ = (β1∗ , . . . , βt∗ )> satisfies

form cn (Q) + λQ,n kQk2H → min! with an appropriately defined functional cn .19 In order to
apply the representer theorem (Schölkopf et al., 2001), we require to show that cn depends
on Q only through the data-points Z1 , Z10 , . . . , Zn , Zn0 . This is immediate for all the terms
that define cn except the term that involves ĥn (·; Q). However, since ĥn is defined as the
solution to the optimization problem (27), calling for the representer theorem once again,
we observe that ĥn can be written in the form
n
X
ĥn (·; Q) =
βt∗ k(Zt , ·),

Q

Proof REG-BRM: First, notice that the optimization problem (28) can be written in the

Appendix A. Proof of Theorem 10 (Closed-Form Solutions for RKHS
Formulation of REG-LSTD/BRM)
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k

Thm. 14 (REG-LSPI)

O

Lem. 18 [J(Q̂) ≈ J(Qπ )]

O

Thm. 16

[kĥn (Q)−T π Qkn &J(ĥn (Q))]

/

Thm. 13

O

Lem. 17

Lem. 20 (covering number)

[J(ĥn (Q)≈J(Qπ )+J(Q)+J(T π Q)]

1 Lem.O T 21

Lem. 19 [kQ̂ − ĥn (Q̂)k → 0]

(Error Propagation)
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Thm. 11 (REG-LSTD) m
O
k

O

Lem. 15 [kĥn (Q) − T π Qk → 0]

Lem. 22 (relative deviation)

O

Lem. 24 (modulus of continuity)

Lem. 23 (supremum of weighted sum)

Figure 2: Dependencies of results used to prove the statistical guarantee for REG-LSPI
(Theorem 14).

Appendix B. Proof of Theorem 11 (Statistical Guarantee for
REG-LSTD)
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The goal of Theorem 11 is to provide a finite-sample upper bound on the Bellman error
kQ̂ − T π Q̂kν for REG-LSTD defined by the optimization problems (15) and (16). Since
kQ̂−T π Q̂kν2 ≤ 2kQ̂−ĥn (·; Q̂)kν2 +2kĥn (·; Q̂)−T π Q̂kν2 , we may upper bound the Bellman error
by upper bounding each term in the RHS. Recall from the discussion after Theorem 11 that
the analysis is more complicated than the conventional supervised learning setting because
the corresponding optimization problems are coupled: ĥn (·; Q̂) is a function of Q̂ which
itself is a function of ĥn (·; Q̂).
Theorem 11 is proven using Lemma 15, which upper bounds kĥn (·; Q̂) − T π Q̂kν , and
Lemma 19, which upper bounds kQ̂ − ĥn (·; Q̂)kν . We also require to relate the smoothness
J(Q̂) to the smoothness J(Qπ ). Lemma 18 specifies this relation. The proof of these lemmas
themselves require further developments, which will be discussed when we encounter them.
Figure 2 shows the dependencies between all results that lead to the proof of Theorem 11
and consequently Theorem 14.
The following lemma controls the error behavior resulting from the optimization problem (15). This lemma, which is a result on the error upper bound of a regularized regression
estimator, is similar to Theorem 21.1 of Györfi et al. (2002) with two main differences. First,
35
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it holds uniformly over T π Q (as opposed to a fixed function T π Q); second, it holds for function spaces that satisfy a general metric entropy condition (as opposed to the special case
of the Sobolev spaces).

ν

2

≤ 4λh,n J 2 (T π Q) + 2λh,n J 2 (Q) + c1

1
ln(1/δ)
,
α + c2
nλh,n
n

Lemma 15 (Convergence of ĥn (·; Q) to T π Q) For any random Q ∈ F |A| , let ĥn (Q) be
defined according to (15). Under Assumptions A1–A5 and A7, there exist finite constants
c1 , c2 > 0 such that for any n ∈ N and 0 < δ < 1, we have
ĥn (·; Q) − T π Q

with probability at least 1 − δ.
Proof See Appendix C.

When we use this lemma to prove Theorem 11, the action-value function Q that appears
in the bound is the result of the optimization problems defined in (16), that is Q̂, and so
is random. Lemma 18, which we will prove later, provides a deterministic upper bound for
the smoothness J(Q̂) of this random quantity.
It turns out that to derive our main result, we require to know more about the behavior
of the regularized regression estimator than what is shown in Lemma 15. In particular, we
need an upper bound on the empirical error of the regularized regression estimator ĥn (·; Q)
(cf. (33) below). Moreover, we should bound the random smoothness J(ĥn (·; Q)) by some
deterministic quantities, which turns out to be a function of J(T π Q) and J(Q). Theorem 16
provides us with the required upper bounds. This theorem is a modification of Theorem
10.2 by van de Geer (2000), with two main differences: 1) It holds uniformly over Q and 2)
ĥn (·; Q) uses the same data Dn that is used to estimate Q itself.
We introduce the following notation: Let w = (x, a, r, x0 ) and define the random variables
wi = (Xi , Ai , Ri , Xi0 ) for 1 ≤ i ≤ n. The data set Dn would
Pn be {w1 , .2. . , wn }. For a
measurable function g : X × A × R × X → R, let kgkn2 = n1 i=1
|g(wi )| . Consider the
regularized least squares estimator:
h
i
2
h − [Ri + γQ(Xi0 , π(Xi0 ))] n + λh,n J 2 (h) ,
(33)
h∈F |A|

ĥn (·; Q) = argmin

which is the same as (15) with π replacing πk .

n

≤ c1 max

1+α
Qmax

α

ln(1/δ)
n

2
λh,n

,





1
2(1+α)

,
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ln(1/δ)
n

Theorem 16 (Empirical error and smoothness of ĥn (·; Q)) For a random function Q ∈
F |A| , let ĥn (·, Q) be defined according to (33). Suppose that Assumptions A1–A5 and A7
hold. Then there exist constants c1 , c2 > 0, such that for any n ∈ N and 0 < δ < 1, we have
q
(
ĥn (·; Q) − T π Q

α

Qmax (J(Q) + J(T π Q)) 1+α
)
p
λh,n J(T π Q) ,

36


.

1
1+α

π

nJ 2 (Qπ )

37
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An intuitive understanding of this result might be gained if we consider ĥn (·; Qπ ), which is
the regression estimate for T π Qπ = Qπ . This lemma then indicates that the smoothness
of ĥn (·; Qπ ) is comparable to the smoothness of its target function Qπ . This is intuitive
whenever the regularization coefficients are chosen properly.
The following lemma relates J(Q̂) and J(T π Q̂), which are random, to the complexity
of the action-value function of the policy π, i.e., J(Qπ ). This result is used in the proof of
Theorem 11.

π


p
J(T Q) + J(Q) + J(Q ) ln(1/δ)

holds with probability at least 1 − δ.

≤ c2



i 1
h
1+α
Proof With the choice of λh,n = nJ 21(Qπ )
, Theorem 16 implies that there exist some
finite constant c1 > 0 as well as c2 > 0, which depends on Qmax , such that for any n ∈ N
and 0 < δ < 1, the inequality


q

ln(1/δ) 
1+α


Q
max
n
J(ĥn (·; Q)) ≤ c1 max J(Q) + J(T π Q), h
i− 1 

2 

1

holds with probability at least 1 − δ.

Let Assumptions A1–A5 and A7 hold. Then, there exits a finite constant c > 0, depending
on Qmax , such that for any n ∈ N and 0 < δ < 1, the upper bound


p
J(ĥn (·; Q)) ≤ c J(T π Q) + J(Q) + J(Qπ ) ln(1/δ)

λh,n

1
=
n J 2 (Qπ )



Lemma 17 (Smoothness of ĥn (·; Q)) For a random Q ∈ F |A| , let ĥn (·; Q) be the solution to the optimization problem (15) with the choice of regularization coefficient

The following lemma, which is an immediate corollary of Theorem 16, indicates that
with the proper choice of the regularization coefficient, the complexity of the regression
function ĥn (·; Q) is in the same order as the complexities of Q, T π Q, and Qπ . This result
will be used in the proof of Lemma 21, which itself is used in the proof of Lemma 19.

Proof See Appendix D.

with probability at least 1 − δ.

q


ln(1/δ) 
1+α

Q
max
n
π
,
J(ĥn (·; Q)) ≤ c2 max J(Q) + J(T Q),
1+α


2
λh,n

Regularized Policy Iteration with Nonparametric Function Spaces

2α

n 1+α

1

J 1+α (Qπ ) ln(1/δ)

,

Dn

2

+ λQ,n J 2 (Q̂) ≤ Qπ − ĥn (·; Qπ )

Dn

2

+ λQ,n J 2 (Qπ ). (34)

Dn

2

2α

 J 1+α
(Qπ ) ln(1/δ)
,
≤ c1 1 ∨ Q2(1+α)
1
max
n 1+α

(35)

Q̂ − ĥn (·; Q̂)
with probability at least 1 − δ.

we have
ν

2

≤c



1



1
1+α

38

1

n 1+α

2α

n J 2 (Qπ )

,

2α

,
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(1 + γ 2 L2P )α J 1+α (Qπ ) ln(1/δ) + LR1+α

λh,n = λQ,n =

Lemma 19 (Convergence of kQ̂ − ĥn (·; Q̂)kν ) Let Q̂ be the solution to the set of coupled
optimization problems (15)–(16). Suppose that Assumptions A1–A7 hold. Then there exists
a finite constant c > 0 such that for any n ∈ N and 0 < δ < 2e−1 and with the choice of

The other main ingredient of the proof of Theorem 11 is an upper bound to kQ̂ −
ĥn (·; Q̂)kν , which is closely related to the optimization problem (16). This task is done by
Lemma 19. In the proof of this lemma, we call Lemma 21, which shall be stated and proven
right after this result.

with probability at least 1 − δ. Chaining inequalities (34) and (35) finishes the proof.

Qπ − ĥn (·; Qπ )

Since Qπ = T π Qπ , we have kQπ − ĥn (·; Qπ )kDn = kT π Qπ − ĥn (·; Qπ )kDn . So Theorem 16
1
shows that with the choice of λh,n = [ nJ 21(Qπ ) ] 1+α , there exists a finite constant c > 0 such
that for any n ∈ N and for 0 < δ < e−1 ≈ 0.3679, we have

λQ,n J 2 (Q̂) ≤ Q̂ − ĥn (·; Q̂)

Proof By Assumption A6 we have Qπ ∈ F |A| , so by the optimizer property of Q̂ (cf. (16)),
we get

with probability at least 1 − δ.

λQ,n J 2 (Q̂) ≤ λQ,n J 2 (Qπ ) + c

Then, there exists a finite constant c > 0 such that for any n ∈ N and 0 < δ < e−1 , we have

Lemma 18 (Smoothness of Q̂) Let Assumptions A1–A7 hold, and let Q̂ be the solution
to (16) with the choice of

 1
1+α
1
λh,n =
.
n J 2 (Qπ )
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Q̂ − ĥn (·; Q̂)

2
ν

+ λQ,n J 2 (Q̂),

= I1,n + I2,n ,

2

− I1,n .

Dn
2
ν

= T π Qπ − ĥn (·; Qπ )

2

2

(36)

, we evoke Theorem 16.

Dn

Dn

+ λQ,n J 2 (Qπ ).
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Proof Decompose

with

I2,n = Q̂ − ĥn (·; Q̂)

1
I1,n = Q̂ − ĥn (·; Q̂)
2

2
Dn

Dn

2

+ λQ,n J 2 (Q̂) ≤ Qπ − ĥn (·; Qπ )

In what follows, we upper bound each of these terms.
I1,n : Use the optimizer property of Q̂ to get
1
I1,n = Q̂ − ĥn (·; Q̂)
2
To upper bound Qπ − ĥn (·; Qπ )

2α
1+α

LR

2α

α

+ [J(Qπ )] 1+α [ln(1/δ2 )] 1+α
1

n 1+α

+ c3

α

(1 + γ 2 LP2 )α
ln(1/δ2 )
,
+ c4
α
n λQ,n
n

(38)

For our choice of λQ,n , there exists a constant c1 > 0 such that for any n ∈ N and 0 < δ1 < 1,
we have
2α
1
J 1+α (Qπ ) ln(1/δ1 )
I1,n ≤ λQ,n J 2 (Qπ ) + c1
,
(37)
1
2
n 1+α
with probability at least 1 − δ1 .
I2,n : With our choice of λQ,n and λh,n , Lemma 21, which shall be proven later, indicates
that there exist some finite constants c2 , c3 , c4 > 0 such that for any n ∈ N and finite J(Qπ ),
LR , and LP , and 0 < δ2 < 1, we have
I2,n ≤ c2

2α

2α

(39)

with probability at least 1 − δ2 . For δ2 < e−1 and α ≥ 0, we have [ln(1/δ2 )] 1+α ≤ ln(1/δ2 ),
and also
1
[J(Qπ )] 1+α
[J(Qπ )] 1+α
=
≤
ln(1/δ2 ).
1
1
α
n λQ,n
n 1+α
n 1+α

ν

2

≤ c5

2α

1

2α

(1 + γ 2 LP2 )α J 1+α (Qπ ) ln(1/δ) + LR1+α
n 1+α

,

2)
can be absorbed into the other terms. Select
With the right choice of constants, ln(1/δ
n
δ1 = δ2 = δ/2. Inequalities (37), (38), and (39) imply that with the specified choice of λQ,n
and λh,n , there exists a finite constant c5 > 0 such that for any 0 < δ < 2e−1 , we have

Q̂ − ĥn (·; Q̂)

with probability at least 1 − δ.
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To upper bound I2,n , defined in (36), we simultaneously apply the peeling device (cf.
Section 5.3 of van de Geer 2000) on two different, but coupled, function spaces (one to which
39
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Fσ

,

Fσ|A| ,

n

o

.

I{a=aj } [Qj (x) − hj (x)]2 .

f : f ∈ F |A| , J 2 (f ) ≤ σ

|A|
X
j=1

(40)

Q̂ belongs and the other to which ĥn (·; Q̂) belongs). In each layer of peeling, we apply an
exponential tail inequality to control the relative deviation of the empirical mean from the
true mean (Lemma 22 in Appendix C). We also require a covering number result, which is
stated as Lemma 20. The final result of this procedure is a tight upper bound on I2,n , as
stated in Lemma 21.
To prepare for the peeling argument, define the following subsets of F and F |A| :

f : f ∈ F, J 2 (f ) ≤ σ ,
Let

gQ,h (x, a) ,

To simplify the notation, we use z = (x, a) and Z = (X, A) in the rest of this section.
Define Gσ1 ,σ2 as the space of gQ,h functions with J(Q) ≤ σ1 and J(h) ≤ σ2 , i.e.,
n
o
gQ,h : Rd × A → R; Q ∈ Fσ|A|
, h ∈ Fσ|A|
.
(41)
1
2
Gσ1 ,σ2 ,

The following lemma provides an upper bound on the covering numbers of Gσ1 ,σ2 .

Lemma 20 (Covering Number) Let Assumptions A3, A4, and A5 hold. Then there
exists a constant c1 > 0, independent of σ1 , σ2 , α, Qmax , and |A|, such that for any
u > 0 and all ((x1 , a1 ), . . . , (xn , an )) ∈ X × A, the empirical covering number of the class of
functions Gσ1 ,σ2 defined in (41) w.r.t. the empirical norm k·k2,z1:n is upper bounded by

2α
log N2 (u, Gσ1 ,σ2 , (x, a)1:n ) ≤ c1 |A|1+α Qmax
(σ1α + σ2α ) u−2α .

Proof See Appendix E.

Next, we state and prove Lemma 21, which provides a high probability upper bound on
I2,n .

λh,n = λQ,n =



1
n J 2 (Qπ )



1
1+α

,

Lemma 21 Let I2,n be defined according to (36). Under Assumptions A1–A5 and A7 and
with the choice of

2α
1+α

LR

2α

α

+ [J(Qπ )] 1+α [ln(1/δ)] 1+α
1

n 1+α

+ c2
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(1 + γ 2 LP2 )α
ln(1/δ)
+ c3
,
α
n λQ,n
n

there exist constants c1 , c2 , c3 > 0, such that for any n ∈ N, finite J(Qπ ), LR , and LP , and
δ > 0 we have
I2,n ≤ c1

with probability at least 1 − δ.

40

2l t
λQ,n ,

|A|

(43)

h
i
E gQ̂,ĥn (·;Q̂) (Z)|Dn −

1
n

Pn

i

1

2

i=1 gQ̂,ĥn (·;Q̂) (Zi )

>

(44)

41
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Let us study the behavior of the lth term of the above summation by verifying the
conditions of Lemma 22 with the choice of ε = 12 and η = 2l t.

l=0

h

)
1
2
t + 2λQ,n J 2 (Q̂) + E gQ̂,ĥn (·;Q̂) (Z)|Dn


P
∞

X
E [gQ,h (Z)|Dn ] − n1 ni=1 gQ,h (Zi )
1
≤ δ1 +
P
sup
>
.
gQ,h ∈G l l
2
2l t + E [gQ,h (Z)|Dn ]
σ ,σ

l=0


P {I2,n > t} = P I2,n > t, AC
0 + P {I2,n > t, A0 }
(
∞
X
≤ δ1 +
P A0 , 2l tI{l6=0} ≤ 2λQ,n J 2 (Q̂) < 2l+1 t,

Apply the peeling device on (42). Use (43) and note that if for an l ∈ N0 we have
2λQ,n J 2 (Q̂) ≥ 2l tI{l6=0} , we also have t + 2λQ,n J 2 (Q̂) ≥ 2l t to get

2

we also have ĥn (Q̂) ∈ Fσl with

 


2l t
σ2l = c 2 L2R + (1 + γ 2 L2P )
+ J 2 (Qπ ) ln(1/δ1 ) .
λQ,n

1

Thus on the event A0 , if Q̂ ∈ Fσl where σ1l =

|A|

Lemma 17 indicates that P {A0 } ≥ 1 − δ1 , where the constant c here can be chosen to be
three
 times of the squared value of the constant in the lemma. We have P {I2,n > t} =
P I2,n > t, AC
0 + P {I2,n > t, A0 } ≤ δ1 + P {I2,n > t, A0 }, so we focus on upper bounding
P {I2,n > t, A0 }.
Since Q̂ ∈ F |A| , there exists l ∈ N0 such that 2l tI{l6=0} ≤ 2λQ,n J 2 (Q̂) < 2l+1 t. Fix
l ∈ N0 . For any Q ∈ F |A| , Assumption A7 relates J(T π Q) to J(Q):


2l t
2l t
J 2 (Q) ≤
⇒ J 2 (T π Q) ≤ 2 L2R + γ 2 L2P
.
λQ,n
λQ,n

To benefit from the peeling device, we relate the complexity of ĥn (·; Q̂) to the complexity
of Q̂. For a fixed δ1 > 0 and some constant c > 0, to be specified shortly, define the following
event:
o
n

.
A0 = ω : J 2 (ĥn (·; Q̂)) ≤ c J 2 (T π Q̂) + J 2 (Q̂) + J 2 (Qπ ) ln(1/δ1 )

Condition (A1): Since all functions involved are bounded by Qmax , it is easy to see
P|A|
2
that |gQ,h (x, a)| ≤
≤ 4Q2max . Therefore, K1 , defined in
j=1 I{a=aj } [Qj (x) − hj (x)]

Proof Let Z = (X, A) be a random variable with distribution ν that is independent from
Dn . Without loss of generality, we assume that Qmax ≥ 1/2. We use the peeling device
in conjunction with Lemmas 20 and 22 to obtain a tight high-probability upper bound on
I2,n . Based on the definition of I2,n in (36) we have
i
 h

P
 E gQ̂,ĥ (·;Q̂) (Z)|Dn − n1 ni=1 gQ̂,ĥ (·;Q̂) (Zi )
1
n
n
h
i
P {I2,n > t} = P
>
.
(42)
 t + 2λ J 2 (Q̂) + E g
2
Q,n
Q̂,ĥn (·;Q̂) (Z)|Dn
t≥

2√
nη
4

√

c
,
n

(C1)

√
≥ 288 max{8Q2max , 8Qmax }. Since η = 2l t ≥

i=1

2l t
λQ,n

(46)

and σ2 = σ2l = c[2(L2R +

≤ c (σ1α + σ2α )u−2α ,

(45)

0

Z

(a)

1

1

1

(b)

1/2
 

α 
ε0  l α
2l t
 2t

+ J 2 (Qπ ) ln(1/δ1 ) 
+ c 2 L2R + (1 + γ 2 L2P )

λQ,n
 λQ,n

| {z } |
{z
}



u−α du,

√
c nε0 ≥



2l t
λQ,n

 α2

ε0

42

1−α
2

⇔c

√

1+α
2

(2l t)

nε0

α
2

2
λQ,n

α

≥1
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implies (45). Because (a + b) 2 ≤ (a 2 + b 2 ) for non-negative a and b, it suffices to verify the
following two conditions:
(a) We shall verify that for ε0 ≥ 81 2l t, we have

√
c0 nε0 ≥

√

(1 + γ 2 L2P ) λQ,n ) + J 2 (Qπ ) ln(1/δ1 )]. Therefore, for some constant c0 = c0 (Qmax ) > 0, the
inequality

2l t

where we used Lemma 20 in the second inequality.
Plug (46) into (45) with the choice of σ1 = σ1l =

i=1

Notice that there exists a constant c > 0 such that for any u, ε0 > 0
(
)
!
n
1X 2
0
log N2 u, g ∈ Gσ1 ,σ2 :
g (zi ) ≤ 16ε , z1:n ≤ log N2 (u, Gσ1 ,σ2 , z1:n )
n

16 max{K1 ,2K2 }

√ 1 1 0
n( 2 )( 2 )ε
√
≥
96 2 max{K1 , 2K2 }
(
)
!!1/2
√
Z ε0
n
1X 2
0
log N2 u, g ∈ Gσ1 ,σ2 :
g (zi ) ≤ 16ε , z1:n
du.
1 0
(1
2 )( 2 )ε
n

in which c is a function of Qmax (we can choose c = 2 × 46082 Q4max ).
Condition (A4): We shall verify that for ε0 ≥ 18 η = 81 2l t, and σ1 = σ1l and σ2 = σ2l , the
following holds:

K2 can be set to K2 = 4Q2max .
Condition (A3): We should satisfy
t, it is sufficient to have

2
Lemma 22, can be set to K1 =

 4Qmax .
h
i
2
≤ 4Q2max E [Q(Z) − h(Z)]2 . Therefore,
Condition (A2): We have E [Q(Z) − h(Z)]2
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1−α
2

,

2
ν

.

!

(D2)
(D3)

(47)

ln(3/δ)
,
n

2
ν

≤

2

ν

2
ν



≤ λh,n 2J 2 (Q̂) + 4J 2 (T π Q̂) + c1

2
ν

≤ c5

(1 +

holds with probability at least 1 − δ/3.

Q̂ − ĥn (·; ·; Q̂)

λQ,n J 2 (Qπ ) + c3

44

1

n 1+α

2α

1
ln(3/δ)
,
α + c2
nλh,n
n

(48)

2α

n 1+α

1

J 1+α (Qπ )

γ 2 LP2 )α J 1+α (Qπ ) ln(1/δ)

2
8LR

2

#

1

1

J 1+α (Qπ ) n 1+α

2α

+ LR1+α

(52)
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,

with probability at least 1 − 32 δ.
Bounding kQ̂ − ĥn (·; Q̂)kν : With our choice of λQ,n and λh,n , Lemma 19 states that there
exists a constant c5 > 0 such that for any n ∈ N,

ĥn (·; Q̂) − T π Q̂

can be absorbed into n 1+α ln(3/δ). Therefore, there exists a constant c4 > 0 such that
"
#
2

 2α
8LR
1
≤ c4 1 + (γLP )2 J 1+α (Qπ ) ln(1/δ) +
(51)
2
1 ,
[J(Qπ )] 1+α n 1+α

−1

with probability at least 1 − 32 δ. By the proper choice of constants, the term c2 n−1 ln(3/δ)

+ c2

 2α
 2α
2 + c1 + 8(γLP )2 J 1+α (Qπ ) + c3 2 + 8(γLP )2 J 1+α (Qπ ) ln(3/δ) +

ĥn (·; Q̂) − T π Q̂
"

with the same probability. Plugging (49) and (50) into (48) and using the selected schedule
for λQ,n and λh,n , we get

2
λh,n J 2 (T π Q̂) ≤ 2λQ,n LR
+ 2(γLP )2

with probability at least 1 − δ/3. Note that T π Q̂ ∈ F |A| is implied by Assumption A7 and
Q̂ ∈ F |A| .
Because Q̂ is random itself, the terms J(Q̂) and J(T π Q̂) in the upper bound of (48) are
also random. In order to upper bound them, we use Lemma 18, which states that upon
1
the choice of λh,n = λQ,n = [ n J 21(Qπ ) ] 1+α , there exists a constant c3 > 0 such that for any
n ∈ N,
2α
J 1+α (Qπ )
ln(3/δ)
(49)
λh,n J 2 (Q̂) = λQ,n J 2 (Q̂) ≤ λQ,n J 2 (Qπ ) + c3
1
n 1+α
holds with probability at least 1 − δ/3. We use Assumption A7 to show that we have
!

ĥn (·; Q̂) − T π Q̂
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α

(1 + γ 2 LP2 )α
ln(1/δ)
+ c3
,
α
n λQ,n
n

+ 2 ĥn (·; Q̂) − T π Q̂

(50)

Let us upper bound each of these two terms in the RHS. Fix 0 < δ < 1.
Bounding kĥn (·; Q̂) − T π Q̂kν : Lemma 15 indicates that there exist constants c1 , c2 > 0
such that for any random Q̂ ∈ F |A| and any fixed n ∈ N, we have

2α

2
ν
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ln(3/δ) ,

for some c > 0. Substituting ε0 with 2l t, we see that it is enough if for some constant c > 0,
c
(D1)
α .
2l n λQ,n
t≥

(b) We should verify that for ε0 ≥ 81 2l t, the following is satisfied:

α/2
(b2 )



l
√ 0
2
t


+ J 2 (Qπ ) ln(1/δ1 )
nε ≥ c  L2 + (1 + γ 2 L2 )
R
P
{z
}
λQ,n |
|{z}
|
{z
}
(b1 )
(b3 )

2α

L 1+α
t ≥ c10 R1 ,
n 1+α
(1 + γ 2 LP2 )α
t ≥ c20
,
α
nλQ,n
2α

α

for some c > 0. After some manipulations, we get that the previous inequality holds if the
following three inequalities are satisfied:
(b1 ) :
(b2 ) :

l=0

∞
n(2l t)( 41 )(1 − 21 )
δ X
+
60 exp −
4
2
2
128 × 2304 × max{16Qmax
, 4Qmax
}

[J(Qπ )] 1+α [ln(1/δ1 )] 1+α
(b3 ) :
t ≥ c30
,
(D4)
1
n 1+α
for some constants c10 , c20 , c30 > 0.
Fix δ > 0 and let δ1 = δ/2. Whenever (C1), (D1), (D2), (D3), and (D4) are satisfied,
for some choice of constants c, c0 > 0 we have
P {I2,n > t} ≤

2α

n 1+α

1

LR1+α + [J(Qπ )] 1+α [ln(1/δ)] 1+α

+ c2

δ
≤ + c exp(−c0 n t).
2
Let the left-hand side be equal δ and solve for t. Considering all aforementioned conditions,
we get that there exist constants c1 , c2 , c3 > 0 such that for any n ∈ N, finite J(Qπ ), LR ,
and LP , and δ > 0, we have
I2,n ≤ c1

with probability at least 1 − δ.

2
ν

≤ 2 Q̂ − ĥn (·; Q̂)

After developing these tools, we are ready to prove Theorem 11.
Proof [Proof of Theorem 11] We want to show that kQ̂ − T π Q̂kν is small. Since (15)-(16)
minimize kĥn (·; Q̂) − T π Q̂kν and kQ̂ − ĥn (·; Q̂)kν , we upper bound kQ̂ − T π Q̂kν in terms of
these quantities as follows:
Q̂ − T π Q̂

43

(A1) kf k∞ ≤ K1 ,


(A2) E f (Z)2 ≤ K2 E [f (Z)],

45
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Lemma 22 (Theorem 19.3 of Györfi et al. 2002) Let Z, Z1 , · · · , Zn be independent and
identically distributed random variables with values in Z. Let 0 < ε < 1 and η > 0. Assume
that K1 , K2 ≥ 1 and let F be a permissible class of functions f : Z → R with the following
properties:

The following lemma, quoted from Györfi et al. (2002), provides an exponential probability
tail inequality for the relative deviation of the empirical mean from the true mean. A
slightly modified version of this result was published as Theorem 2 of Kohler (2000). This
result is used in the proof of Lemmas 15 and 21.

Appendix C. Proof of Lemma 15 (Convergence of ĥn (·; Q) to T π Q)

A careful study of the proof of Theorem 11 and the auxiliary results used in it reveals
that one can indeed reuse a single data set in all iterations. Recall that at the k th iteration of
an API procedure such as REG-LSPI, the policy π = πk is the greedy policy w.r.t. Q̂(k−1) ,
(k−1) )
so it depends on earlier data sets. This implies that a function such as T π Q̂ = T π̂(·;Q̂
Q̂
is random with two sources of randomness: One source is the data set used in the current
iteration, which defines the empirical loss functions. This directly affects Q̂. The other
source is π̂(·; Q̂(k−1) ), which depends on the data sets in earlier iterations. When we assume
that all data sets are independent from each other, the randomness of π does not cause any
problem because we can work on the probability space conditioned on the data sets of the
earlier iterations. Conditioned on that randomness, the policy π becomes a deterministic
function. This is how we presented the statement of Theorem 11 by stating that π is fixed.
Nonetheless, the proofs can handle the dependence with no change. Briefly speaking, the
reason is that when we want to provide a high probability upper bounds on certain random
quantities, we take the supremum over both Q̂ and T π Q̂ and consider them as two separate
functions, even though they are related through a random T π operator.
To see this more clearly, notice that in the proof of Lemma 15, which is used in the
proof of this theorem, we define the function spaces Gl that chooses the functions h, Q, and
T π Q separately. We then take the supremum over all functions in Gl . This means that for
the probabilistic upper bound, the randomness of π in T π Q becomes effectively irrelevant
as we are providing a uniform over Gl guarantee. In the proof of this theorem, we also use
Lemma 19, which itself uses Theorem 16 and Lemma 21 that have a similar construct.

with probability at least 1 − δ.

Thus, inequality (47) alongside upper bounds (51) and (52) indicate that there exist
constants c6 , c7 > 0 such that for any n ∈ N and δ > 0, we have
 2α


 2α
L2R
c6 1 + (γLP )2 J 1+α (Qπ ) ln(1/δ) + c7 LR1+α +
2
2
[J(Qπ )] 1+α
Q̂ − T π Q̂ ≤
,
1
ν
n 1+α
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√

√
√
√
nε 1 − ε η ≥ 288 max{2K1 , 2K2 },

i=1

(

n

46

= 4λh,n J 2 (T π Q) + 2λh,n J 2 (Q).
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(53)

By the optimizer property of ĥn (·; Q), we get the following upper bound by substituting
ĥn (·; Q) with T π Q ∈ F |A| :
" n
2
2
1X π
I1,n ≤ 2
T Q(Zi ) − T̂ π Q(Zi ) − T π Q(Zi ) − T̂ π Q(Zi ) +
n
i=1
#

2
π
2
2
π
λh,n J (T Q) + J (Q) + J (T Q)

2
1
1X
2
I1,n =
ĥn (Zi ; Q) − [Ri + γQ(Xi0 , π(Xi0 ))] − T π Q(Zi ) − [Ri + γQ(Xi0 , π(Xi0 ))] +
2
n
i=1


λh,n J 2 (ĥn (·; Q)) + J 2 (Q) + J 2 (T π Q) ,


2
2
I2,n = E ĥn (Z; Q) − T̂ π Q(Z) − T π Q(Z) − T̂ π Q(Z) Dn − I1,n .

with

= I1,n + I2,n ,

Let us now turn to the proof of Lemma 15. This proof follows similar steps to the proof of
Theorem 21.1 of Györfi et al. (2002).
Proof [Proof of Lemma 15] Without loss of generality, assume that Qmax ≥ 1/2. Denote
z = (x, a) and let Z = (X, A) ∼ ν, R ∼ R(·|X, A), and X 0 ∼ P (·|X, A) be random
variables that are independent of Dn = {(Xi , Ai , Ri , Xi0 )}ni=1 . Define the following error
decomposition


Z
2
2
ĥn (z; Q) − T π Q(z) dν(z) = E ĥn (Z; Q) − [R + γQ(X 0 , π(X 0 ))] Dn −
X ×A
i
h
2
E T π Q(Z) − [R + γQ(X 0 , π(X 0 ))]

)
P


E [f (Z)] − n1 ni=1 f (Zi )
n η ε2 (1 − ε)
P sup
.
> ε ≤ 60 exp −
η + E [f (Z)]
128 × 2304 max{K12 , K2 }
f ∈F

Then

16 max{K1 ,2K2 }

(A4) For all z1 , · · · , zn ∈ Z and all δ ≥ η/8,
√
nε(1 − ε)δ
√
≥
96 2 max{K1 , 2K2 }
v
!
√
u
Z δ
n
n
o
X
u
tlog N2 u, f ∈ F : 1
2
f (zi ) ≤ 16δ , z1:n du.
ε(1−ε)δ
n

(A3)
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Evoke Assumption A4 to get

log N2 (u, Gl , w1:n ) ≤ c(|A|, Qmax )

∞
X
l=0


exp −

2
ν

c2
α ,
nλh,n

n(2l t)(1/4)(1/2)
4
2
128 × 2304 × max{16Qmax
, 4Qmax
}

≤ 4λh,n J 2 (T π Q) + 2λh,n J 2 (Q) + c5

G0 =

48



≤ c3 exp(−c4 nt). (56)

ln(1/δ)
1
.
α + c6
nλh,n
n
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To prove Theorem 16, which is a modification of Theorem 10.2 by van de Geer (2000), we
first need to modify and specialize Lemma 3.2 by van de Geer (2000) to be suitable to our
problem. The modification is required because Q in (33) is a random function in F |A| as
opposed to being a fixed function as in Theorem 10.2 of van de Geer (2000).
Let us denote z = (x, a) ∈ Z = X × A and Z 0 = (x, a, R, X 0 ) ∈ Z 0 = X × A × R × X with
n
of independent random
(R, X 0 ) ∼ P (·, ·|x, a). Let Dn denote the set {(xi , ai , Ri , Xi0 )}i=1
0
variables. We use zi to refer to (xi , ai ) and Zi0 to refer to (xi , ai , R
Pi ,nXi ). Let Pn be the
probability measure that puts mass 1/n on z1 , . . . , zn , i.e., Pn = n1 i=1
δzi , in which δz is
the Dirac’s delta function that puts a mass of 1 at z.
Denote G : Z → R and G 0 : Z 0 → R3|A| , which is defined as the set
n
o
(Q, T π Q, 1) : Q ∈ F |A|

Appendix D. Proof of Theorem 16 (Empirical Error and Smoothness of
ĥn (·; Q))

Here, c5 is only a function of Qmax and |A|, and c6 is a function of Qmax .

ĥn (Q) − T π Q

for some constants c3 , c4 > 0.
Combining (53), (54), (55), and (56), we find that there exist c5 , c6 > 0 such that for
any n ∈ N and 0 < δ < 1, we have

P {I2,n > t} ≤ 60

for a constant c2 > 0, which is only a function of Qmax and |A|. Therefore, Lemma 22
indicates that

t≥

Plugging this covering number result into condition (A4), one can verify that the condition is satisfied if
(55)



With the same covering set argument as in the proof of Lemma 20, we get that for any
u > 0,
p
0
N2 (18 2|A|Qmax u, Gl , w1:n ) ≤ N2 (u, Fl , x1:n )|A| × N2 (u, Fl , x1:n
)|A| × N2 (u, Fl , x1:n )|A| .

2l t
λh,n


P ∃h, Q ∈ F |A| , 2l t I{l6=0} ≤ 2λh,n J 2 (h) + J 2 (Q) + J 2 (T π Q) < 2l+1 t;

sup
g∈Gl

2l t
λh,n

We now turn to upper bounding P {I2,n > t}. Given a policy π and functions h, Q, Q0 ∈
F |A| , for w = (x, a, r, x0 ) define g : X × A × R × X → R as

2

2
gh,Q,Q0 (w) = h(z) − r + γQ(x0 , π(x0 )) − Q0 (z) − r + γQ(x0 , π(x0 )) .

gh,Q,Q0 : X × A × R × X → R : h, Q, Q0 ∈ F |A| ; J 2 (h), J 2 (Q), J 2 (Q0 ) ≤

Note that gĥn (·;Q),Q,T π Q is the function appearing in the definition of I2,n . Define the
following function spaces for l = 0, 1, . . . :


.

Gl ,

∞
X

P

!
Pn
E [gh,Q,T π Q (W )|Dn ] − n1 i=1
g
1
h,Q,T π Q (Wi )
s.t.
>
t + 2λh,n (J 2 (h) + J 2 (Q) + J 2 (T π Q)) + E [gh,Q (W )|Dn ]
2
!
Pn
E [g(W )|Dn ] − n1 i=1
g(W
1
i)
>
.
2
2l t + E [g(W )|Dn ]

Denote W = (X, A, R, X 0 ) and Wi = (Xi , Ai , Ri , Xi0 ). Apply the peeling device to get
P {I2,n > t} ≤
l=0

∞
X

l=0

≤


Here we used the simple fact that if 2λh,n J 2 (h) + J 2 (Q) + J 2 (T π Q) < 2l+1 t, then J 2 (h),
lt
J 2 (Q), and J 2 (T π Q) are also less than λ2h,n
, so gh,Q,T π Q ∈ Gl .

n

We study the behavior of the lth term of the above summation by verifying the conditions
of Lemma 22—similar to what we did in the proof of Lemma 21.
2
It is easy to verify that (A1) and (A2) are satisfied with the choice of K1 = K2 = 4Qmax
.
Condition (A3) is satisfied whenever
c1
t≥ ,
(54)
n
2
for some constant c1 > 0 depending on Qmax (the constant can be set to c1 = 2×46082 Qmax
).
To verify condition (A4), we first require an upper bound on N2 (u, Gl , w1:n ) for any
sequence w1:n . This can be done similar to the proof of Lemma 20: Denote Fl = {f : f ∈
lt
F, J 2 (f ) ≤ λ2h,n
}. For gh1 ,Q1 ,T π Q1 , gh2 ,Q2 ,T π Q2 ∈ Gl and any sequence w1:n we have
n

i=1

1 Xh
2
|h1 (zi ) − h2 (zi )|2 + 4γ 2 Q1 (xi0 , π(xi0 )) − Q2 (xi0 , π(xi0 )) +
n
i=1
i

|T π Q1 (zi ) − T π Q2 (zi )|2

i=1 a∈A
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1 XXh
2
|h1 (xi , a) − h2 (xi , a)|2 + 4γ 2 Q1 (xi0 , a) − Q2 (xi0 , a) +
n
n

1X
|gh1 ,Q1 ,T π Q1 (wi ) − gh2 ,Q2 ,T π Q2 (wi )|2
2
2
≤ 12(2 + γ)2 Qmax

2
≤ 12(2 + γ)2 Qmax

i
|T π Q1 (xi , a) − T π Q2 (xi , a)|2 .

47

(Q, T π Q, 1)

G0,

W̄ (g 0 )(x, a, r, x0 )

P

sup

(g,g 0 )∈G×G 0

(

i=1

n

ε
28L

)
n(δ − ε)2
≤ 4 exp − 7
2 × 35 (RL)2



#

[log N∞ (u, G × G 0 )]1/2 du ∨ R ,

1X
Wi (g 0 )g(zi ) ≥ δ
n

n(δ − ε) ≥ C L

R


.

(57)

49
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The main difference between this lemma and Lemma
P 3.2 of van de Geer (2000) is that
the latter provides a maximal inequality for supg∈G n1 ni=1 Wi g(zi ), with Wi being random
variables that satisfy a certain exponential
probability inequality, while our result is a
P
maximal inequality for sup(g,g0 )∈G×G 0 n1 ni=1 Wi (g 0 )g(zi ), i.e., the random variables Wi (g 0 )
are functions of an arbitrary g 0 ∈ G 0 . The current proof requires us to have a condition on
the metric entropy w.r.t. the supremum norm (cf. (57)) instead of w.r.t. the empirical L2 norm used in Lemma 3.2 of van de Geer (2000). The possibility of relaxing this requirement
is an interesting question. We now prove this result.

we have

√

"Z

Lemma 23 (Modified Lemma 3.2 of van de Geer 2000) Fix the sequence (zi )ni=1 ⊂
Z and let (Zi0 )ni=1 ⊂ Z 0 be the sequence of independent random variables defined as above.
Assume that for some constants 0 < R ≤ L, it holds that supg∈G kgkPn ≤ R, supg0 ∈G 0 kg 0 k∞ ≤
L, and |Ri | ≤ L (1 ≤ i ≤ n) almost surely. There exists a constant C such that for all
0 ≤ ε < δ satisfying

For any =
∈
define the mapping
: X ×A×R×X → R
by W̄ (g 0 )(x, a, r, x0 ) = r 1+γQ(x0 , π(x0 ))−T π Q(x, a). For any fixed g 0 ∈ G 0 and i = 1, . . . , n,
define the random variables Wi (g 0 ) = W̄ (g 0 )(Zi0 ) and let W (g 0 ) denote the random vector
[W1 (g 0 ) . . . Wn (g 0 )]> . Notice that Wi (g 0 ) can be re-written as Wi (g 0 ) = (Ri − r(zi )) +
γ(Q(X 0 , π(X 0 )) − (P π Q)(zi )), thus for any fixed g 0 , E [Wi (g 0 )] = 0 (i = 1, . . . , n). For
notational simplification, we use a ∨ b = max{a, b}.

g0

≤ 7RL 2−s .

P

max

j=1,...,NS

(

i=1

50

)
n
1X
0S S
Wi (gj )gj (zi ) ≥ δ − ε .
n
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ε
Choose S = min{s ≥ 1 : 2−s ≤ 7RL
}, which entails that for any (g, g 0 ) ∈ G × G 0 , the
S
covering set defined by {(gjS , gj0 S )}N
approximates
the inner product of [g(z1 ) · · · g(zn )]>
j=1
and W (g 0 ) with an error less than ε. So it suffices to prove the exponential inequality for

i=1

1X
Wi (g 0s )g s (zi ) − Wi (g 0 )g(zi ) ≤ [(2 + 3γ)L + (1 + γ)R](2−s R) ≤ (3 + 4γ)L(2−s R)
n

n

−s
0
−s
0
s
Let {(gjs , gj0 s )}N
j=1 with Ns = N∞ (2 R, G × G ) be a minimal 2 R-covering of G × G
0
0
s
s
π
s
w.r.t. the supremum norm. For any (g, g ) ∈ G × G , there exists a (g , (Q , T Q , 1)) =
0
s 0s
−s
s
(g s , g 0s ) ∈ {(gjs , gj0 s )}N
j=1 such that k(g, g ) − (g , g )k∞ ≤ 2 R. This implies that both
s
π
s
π
−s
kQ − Qk∞ and kT Q − T Qk∞ are smaller than 2 R as well. Moreover, kg s − gkPn ≤
kg s − gk∞ ≤ 2−s R. By (58) we get

where we used thePboundedness assumptions, the definition of the supremum norm, the
norm inequality n1 ni=1 |g1 (zi ) − g2 (zi )| ≤ kg1 − g2 kPn , and the fact that |γQ(Xi0 , π(Xi0 )) −
γP π Q(zi )| = |r(zi ) + γQ(Xi0 , π(Xi0 )) − T π Q(zi )| ≤ (2 + γ)L ≤ 3L for any L-bounded Q and
T π Q to get the inequality. We used P π Qs − P π Qs−1 ∞ = γ −1 T π Qs − T π Qs−1 ∞ to get
the last equality.

(2 + 3γ)L kg1 − g2 kPn + γR kQ1 − Q2 k∞ + R kT π Q1 − T π Q2 k∞ ,

2L kg1 − g2 kPn + γR [kQ1 − Q2 k∞ + kP π Q1 − P π Q2 k∞ ] + 3γL kg1 − g2 kPn =

i=1

i=1
n

1X
γ(Q2 (Xi0 , π(Xi0 )) − P π Q2 (zi ))(g1 (zi ) − g2 (zi )) ≤
n

n

1X 
γ (Q1 (Xi0 , π(Xi0 )) − P π Q1 (zi )) − (Q2 (Xi0 , π(Xi0 )) − P π Q2 (zi )) g1 (zi ) +
n

i=1

1X
(Ri − r(zi ))(g1 (zi ) − g2 (zi )) +
n

i=1
n

1X
Wi (g10 )g1 (zi ) − Wi (g20 )g2 (zi ) =
n

(58)

Proof First, note that for any g1 , g2 ∈ G, and g10 , g20 ∈ G 0 (with the identification of g 0 with
its corresponding Q and T π Q), we have

with 1 : X × A → R|A| being a bounded constant function (and not necessarily equal
to 1). We use kgk∞ to denote the supremum norm of functions in G. The supremum
norm of vector-valued functions in G 0 is defined by taking the supremum norm over the
l∞ -norm of each vector. Similarly, the supremum norm of (g, g 0 ) ∈ G × G 0 is defined by
k(g, g 0 )k∞ , max{kgk∞ , kg 0 k∞ }.
P
For g ∈ G, we define kgkPn , [ n1 ni=1 g 2 (zi )]1/2 . To simplify the notation, we use
the following definition of the inner product: Fix n ∈ N. Consider z1 , . . . , zn as a set of
points in Z, P
and a real-valued sequence w = (w1 , . . . , wn ). For a function g ∈ G, define
h w , g in , n1 ni=1 wi g(zi ).
n
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n

S

We use the chaining technique (e.g., see van de Geer 2000) as follows (we choose g 0 = 0,
so Wi (g 00 )g 0 (zi ) = 0 for all 1 ≤ i ≤ n):
n

i=1


1X
1 XX
Wi (g 0S )g S (zi ) =
Wi (g 0s )g s (zi ) − Wi (g 0s−1 )g s−1 (zi ) =
n
n
i=1
i=1 s=1
" n
S
X
1X
(Ri − r(zi ))(g s (zi ) − g s−1 (zi )) +
n
s=1

i=1

n

1X 
γ (Qs (Xi0 , π(Xi0 )) − (P π Qs )(zi )) − (Qs−1 (Xi0 , π(Xi0 )) − (P π Qs−1 )(zi )) g s (zi ) +
n
i=1
#
n
1X
γ(Qs−1 (Xi0 , π(Xi0 )) − (P π Qs−1 )(zi ))(g s (zi ) − g s−1 (zi )) .
n

n

+ γ −2 T π Qs − T π Qs−1

i

kg s kP2 n

. And finally,
≤ (3L)2 32 (2−s R)2
= 92 (RL)2 2−2s ,

2

Because each of these summations consists of bounded random variables with expectation zero, we may use Hoeffding’s inequality alongside the union bound to upper bound
them. To apply Hoeffding’s inequality, we require an upper bound on the sum of squared
values of random variables involved. To begin, we have |g s (zi ) − g s−1 (zi )| = |g s (zi ) −
g(zi ) + g(zi ) − g s−1 (zi )| ≤ 2−s R + 2−(s−1) R = 3 × 2−s R. Similarly, both Qs − Qs−1 ∞ and
T π Qs − T π Qs−1
are smaller than 3 × 2−s R. As a result, for the first term we get
∞

i=1

2
∞

2
∞

2
1 X
(Ri − r(zi ))(g s (zi ) − g s−1 (zi )) ≤ 36(RL)2 2−2s .
n

Qs − Qs−1

For the second term we have

i=1

h

= γ −1 T π Qs − T π Qs−1

2

∞

n

1X  s 0
γ (Q (Xi , π(Xi0 )) − (P π Qs )(zi )) − (Qs−1 (Xi0 , π(Xi0 )) − (P π Qs−1 )(zi )) g s (zi )
n

≤ 2γ 2

∞

≤ 2(1 + γ 2 )32 (2−s R)2 R2 ≤ 36R4 2−2s ,

in which we used P π Qs − P π Qs−1
n

1X
γ(Qs−1 (Xi0 , π(Xi0 )) − (P π Qs−1 )(zi ))(g s (zi ) − g s−1 (zi ))
n
i=1
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where we used the fact that |γQ(Xi0 , π(Xi0 )) − γP π Q(zi )| ≤ 3L for any L-bounded Q and
T π Q.
PS
Let ηs be a sequence of positive real-valued numbers satisfying s=1
ηs ≤ 1. We continue
the chaining argument by the use of the union bound and the fact that Ns Ns−1 ≤ Ns2 to
51

get
P1

=P

(

sup

(
(

(

)

)
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n

i=1
n

1X
Wi (g 0 )g(zi ) ≥ δ
n

i=1

1X
S
Wi (gj0 )gjS (zi ) ≥ δ − ε
n

n

ηs (δ − ε)
1X
(Ri − r(zi ))(g s (zi ) − g s−1 (zi )) ≥
n
3
max

i=1

)

+

)

+

)

(59)

ηs (δ − ε)
3

1X
γ(Qs−1 (Xi0 , π(Xi0 )) − (P π Qs−1 )(zi ))(g s (zi ) − g s−1 (zi )) ≥
n

n

i=1

n

i=1

(g s ,g 0 s )
(g s−1 ,g 0 s−1 )

max

max

(g s ,g 0 s )
(g s−1 ,g 0 s−1 )


ηs (δ − ε)
Qs−1 (Xi0 , π(Xi0 )) − (P π Qs−1 )(zi ) g s (zi ) ≥
3


1X  s 0
γ Q (Xi , π(Xi0 )) − (P π Qs )(zi ) −
n

max

(g,g 0 )∈G×G 0

(

P

P

P

(g s ,g 0 s )
(g s−1 ,g 0 s−1 )

j=1,...,NS
S
X
s=1

≤P
≤

S
X

s=1





S
X
2(δ − ε)2 ηs2 n
2(δ − ε)2 ηs2 n
≤
Ns Ns−1 exp −
+ Ns Ns−1 exp −
+
4 × 92 (RL)2 2−2s
4 × 92 R4 2−2s
s=1


2(δ − ε)2 ηs2 n
Ns Ns−1 exp −
3 × 92 (RL)2 2−2s


2(δ − ε)2 ηs2 n
3 exp 2 log Ns −
.
4 × 92 (RL)2 2−2s
≤

(61)

Ns
Here the max(gs ,g0 s ) is over the corresponding covering set {(gjs , gj0 s )}j=1
, which has Ns
elements (and the same for s − 1).
Choose
√
√
32 6RL2−s (log Ns )1/2 2−s s
√
ηs =
∨
.
(60)
8
n(δ − ε)
Take C in (57) sufficiently large such that

s=1

S
X
p
√
√
2−s [log N∞ (2−s R, G × G 0 )]1/2 ∨ 72 6 log 4 RL.
n(δ − ε) ≥ 2 × 32 6 RL

S
X

s=1


3 exp −

n(δ − ε)2 ηs2
2 × 35 (RL)2 2−2s



.
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PS
It can be shown that by this choice of ηs and the condition (61), we have s=1
ηs ≤ 1.
2 η2
s
From (60), we have log Ns ≤ 2×3n(δ−ε)
5 (RL)2 2−2s , so P1 in (59) can be upper bounded as
follows
P1 ≤

52

S
X

Z
√
n(δ − ε) ≥ 36 6 L

ε
28L

R

√

√
n(δ − ε) ≥ 72 6 log 4 RL

p
[log N∞ (u, G × G 0 )]1/2 du ∨ 72 6 log 4 RL,

sup

α
0
kgk1−α
Pn J (g, g )

,

kgk1−α
Pn

| h W , g in |
.

53
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Lemma 24 (ModulusPof Continuity for Weighted Sums) Fix the sequence (zi )ni=1 ⊂
Z and define Pn = n1 ni=1 δzi . Let (Zi0 )ni=1 ⊂ Z 0 be the sequence of independent random variables defined as before. Assume that for some constant L > 0, it holds that
supg∈G kgkPn ≤ L, supg0 ∈G 0 kg 0 k∞ ≤ L, and |Ri | ≤ L (1 ≤ i ≤ n) almost surely. Furthermore, suppose that there exist 0 < α < 1 and a finite constant A such that for all
u > 0,
 2α


B
.
log N∞ u, (g, g 0 ) ∈ G × G 0 : J(g, g 0 ) ≤ B
≤A
u

1−α
α
0
The normalization by kgk1−α
Pn J (g, g ) instead of kgkPn is important to get the right error
bound in Theorem 16. The other crucial difference is that here W are random variables
that are functions of g 0 ∈ G 0 , while the result of van de Geer (2000) is for independent W .
The proof technique is inspired by Lemmas 5.13, 5.14, and 8.4 of van de Geer (2000).

g∈G

sup

whereas in Lemma 8.4 of van de Geer (2000), the upper bound is on

(g,g 0 )∈G×G 0

| h W (g 0 ) , g in |

that is defined on G × G 0 and is a pseudo-norm.
This result is similar in spirit to Lemma 8.4 of van de Geer (2000), with two main
differences: The first is that here we provide an upper bound on

Pn

The following lemma, which is built on Lemma 23, is a result on the behavior of the
modulus of continuity and will be used in the proof of Theorem 16. This lemma provides a
|h W (g 0 ) , g i |
high-probability upper bound on sup(g,g0 )∈G×G 0 kgk1−α J α (g,gn 0 ) . Here J(g, g 0 ) is a regularizer

√
so C can be chosen as C = 72 6 log 4.

√

where in the last inequality we used the assumption that
(cf. (61)).
One can show that (61) is satisfied if

P1 ≤ 3





∞
X
n(δ − ε)2 s
n(δ − ε)2 2−2s s
≤3
exp − 7
exp − 7
5
2
−2s
5
2
2 × 3 (RL) 2
2 × 3 (RL)
s=1
s=1


n(δ−ε)2


3 exp − 27 ×35 (RL)2
n(δ − ε)2


≤
≤
4
exp
−
,
2
27 × 35 (RL)2
1 − exp − 27n(δ−ε)
×35 (RL)2

√
Since ηs ≥ 2−s s/8 too, we have
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n

n

,τs

r≥0

P

sup


(g,g 0 )∈G×G 0

(

| W (g ) , g

0

n

| ≥ τs 2



−(r+1)

L

1−α

, kgkPn ≤ 2

L

)

(63)

−r

t≥

which would be satisfied for

54

√
CL A21+α 21−α CL1+α
L1+α
√
√
∨
= c3 √ .
n
n
n

(64)
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Substituting τs = 2αs t and solving the integral, we get that the condition is
√ 

√
nt 2αs (2−(r+1) L)1−α ≥ CL A (2s+1 )α (2−r L)1−α ∨ 2−r L ,

The last inequality holds only if the covering number condition in Lemma 23 is satisfied,
which is the case whenever
#
"Z −r

2 L √  s+1 α
√ 
2
−(r+1)
1−α
−r
n τs (2
L)
≥CL
A
du ∨ 2 L .
u
0

s+1

, J(g, g ) < 2

0

h
i2 

−(r+1) L 1−α
n
τ
2
X
s


≤
4 exp −

27 × 35 (2−r L)2 L2
r≥0




X
22rα nτs2
c1 nτs2
=
4 exp − 7
= c2 exp − 2(1+α)
.
2(1−α)
2(1+α)
5
2 ×3 ×2
L
L
r≥0

≤

X

2−(r+1) L < kgkPn ≤ 2−r L

Let us denote each term in the RHS by δs . To upper bound δs , notice that by assumption
kgkPn ≤ L. For each term, we peel again, this time on kgkPn , and apply Lemma 23:
(
X
| h W (g 0 ) , g in |
δs ≤
sup
≥ τs , 2s I{s6=0} ≤ J(g, g 0 ) < 2s+1 ,
P
0
0
kgk1−α
(g,g )∈G×G
Pn
r≥0
)

s=0

Proof The proof uses double-peeling, i.e., we peel on both J(g, g 0 ) and kgkPn . Without
loss of generality, we assume that L ≥ 1. We use c1 , c2 , . . . > 0 as constants. First, we start
by peeling on J(g, g 0 ):
(
)
| h W (g 0 ) , g in |
δ,P
sup
≥
t
1−α α
0
(g,g 0 )∈G×G 0 kgkPn J (g, g )


∞


X
| h W (g 0 ) , g in |
αs
≥ t.2
≤
, 2s I{s6=0} ≤ J(g, g 0 ) < 2s+1 .
(62)
P
sup
1−α
|
{z
}

(g,g0 )∈G×G 0
kgkP

with probability at least 1 − δ.

Then there exists a constant c > 0 such that for any 0 < δ < 1, we have
s
ln( 1δ )
| h W (g 0 ) , g in |
≤ cL1+α
sup
,
1−α
α
0
n
J (g, g )
(g,g 0 )∈G×G 0 kgkP
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∞
X

s=0





c1 n t2
c1 n t2 22αs
= c4 exp − 2(1+α) .
c2 exp − 2(1+α)
L
L

Plug (63) into (62) to get that
δ≤
q
Solving for δ, we have t ≤ c5 L1+α ln(1/δ)
with probability at least 1 − δ. This alongside
n
the condition (64) lead to the desired result.

ĥn (Q) − [R + γQ(Xi0 , π(Xi0 ))]
T π Q − [R + γQ(Xi0 , π(Xi0 ))]

2
n

2
n

+ λh,n J 2 (ĥn (Q)) ≤
+ λh,n J 2 (T π Q).

n

E

n

. The function spaces

(65)

Let us turn to the proof of Theorem 16. The proof is similar to the proof of Theorem 10.2
by van de Geer (2000), but with necessary modifications in order to get a high probability
upper bound that holds uniformly over Q. We discuss the differences in more detail after
the proof.
Proof [Proof of Theorem 16] Recall that in the optimization problem, we use wi =
0 n
(Xi , Ai , Ri , Xi0 ) (i = 1, . . . , n) to denote the ith elements of the data set Dn = {(X
Pni , Ai , Ri , X2i )}i=1 .
Also for a measurable function f : X × A × R × X → R, we denote kf kn2 = n1 i=1
|f (wi )| .
We also let (X, A) ∼ ν, R ∼ R(·|X, A), and X 0 ∼ P (·|X, A) be random variables that are
independent of Dn .
For any Q ∈ F |A| and the corresponding T π Q ∈ F |A| , define the mapping W̄ (Q, T π Q, 1) :
X × A × R × X → R by W̄ (Q, T π Q, 1)(X, A, R, X 0 ) = R 1 + γQ(X 0 , π(X 0 )) − T π Q(X, A), in
which 1 ∈ F |A| is the constant function defined on X ×A with the value of one. For any fixed
Q and i = 1, . . . , n, define the random variables Wi (Q) = W̄ (Q, T π Q, 1)(Xi , Ai , Ri , Xi0 ) and
let W (Q) denote the random vector [W1 (Q) . . . Wn (Q)]> . Notice that |Wi (Q)| ≤ 3Qmax ,
and we have E [Wi (Q) | Q] = 0 (i = 1, . . . , n).
From the optimizer property of ĥn = ĥn (·, Q), we have

2
n

D

W (Q) , ĥn (Q) − T π Q

D
E
+ λh,n J 2 (ĥn (Q)) ≤ 2 W (Q) , ĥn (Q) − T π Q
+ λh,n J 2 (T π Q).

After expanding and rearranging, we get
ĥn (Q) − T π Q

We evoke Lemma 24 to upper bound

G and G 0 in that lemma are set as G : X × A → R and G 0 : X × A × R × X → R3 with
n
o
G = h − T π Q : h, Q ∈ F |A| ,
n
o
(Q, T π Q, 1) : Q, T π Q ∈ F |A| .

G0 =

JMLR 17(139):1-66

All functions in F |A| are Qmax -bounded, so the functions in G andP
G 0 are bounded by
n
|g(Xi , Ai )|2 ≤
2Qmax and (Qmax , Qmax , 1), respectively. Moreover for any g ∈ G, n1 i=1
2
4Qmax
. So by setting L equal to 2Qmax in that lemma, all boundedness conditions are
satisfied.
55
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Define J(g, g 0 ) = J(h) + J(Q) + J(T π Q) and denote

(g, g 0 ) ∈ G × G 0 : J(g, g 0 ) ≤ B .

(G × G 0 )B =

Lemma 24 requires an upper bound on log N∞ (u, (G × G 0 )B ). We relate the metric entropy
of this space to that of FB = { f ∈ F : J(f ) ≤ B }, which is specified by Assumption A4.
Notice that if J(g, g 0 ) ≤ B, each of J(h), J(Q), and J(T π Q) is also less than or equal
to B. So we have
n
o
⊂

(h − T π Q, Q, T π Q, 1) : h, Q, T π Q ∈ F |A| , J(h) + J(Q) + J(T π Q) ≤ B
o n
o
× Q : Q ∈ F |A| , J(Q) ≤ B ×

T π Q : T π Q ∈ F |A| , J(T π Q) ≤ B

h − T π Q : h, T π Q ∈ F |A| , J(h) + J(T π Q) ≤ B
o
× {1} .

(G × G 0 )B =
n

n



Q ∈ F |A| : J(Q) ≤ B

3

. Therefore

Because J(·) is a pseudo-norm, we have J(h − T π Q) ≤ J(h) + J(T π Q), so
n
o n
o
h − T π Q : h, T π Q ∈ F |A| , J(h) + J(T π Q) ≤ B ⊂ Q : Q ∈ F |A| , J(Q) ≤ B .

As a result (G × G 0 )B is a subset of the product space
by the usual covering argument, we get that

 n
o

log N∞ u, (G × G 0 )B ≤ 3 log N∞ u, Q ∈ F |A| : J(Q) ≤ B
.

B
u

It is easy to see that for finite |A|, if log N∞ (u, {f ∈ F : J(f ) ≤ B}) ≤ C( Bu )2α , then

log N∞ (u, {(f1 , . . . , f|A| ) ∈ F |A| : J (f1 , . . . , f|A| ) ≤ B}) ≤ C1 ( Bu )2α (we benefit from
the condition J(Q(·, a)) ≤ J(Q) in Assumption A3; the proof is similar to the proof of
Lemma 20 in Appendix E). Here the constant C1 depends on |A|. This along with the
previous inequality show that for some constant A > 0, we have
 2α
.


log N∞ u, (G × G 0 )B ≤ A

We are ready to apply Lemma 24 to upper bound the inner product term in (65). Fix
q
ln(1/δ)
n , and use

δ > 0. To simplify the notation, denote Ln = kĥn (Q) − T π Qkn , set t0 =

ĥn to refer to ĥn (Q). There exists a constant c > 0 such that with probability at least 1 − δ,
we have

α
(66)
Ln2 + λh,n J 2 (ĥn ) ≤ 2cL1+α Ln1−α J(ĥn ) + J(Q) + J(T π Q) t0 + λh,n J 2 (T π Q).

JMLR 17(139):1-66

Either the first term in the RHS is larger than the second one or the second term is larger
than the first. We analyze each case separately.
Case 1. 2cL1+α Ln1−α (J(ĥn ) + J(Q) + J(T π Q))α t0 ≥ λh,n J 2 (T π Q). In this case we have

α
Ln2 + λh,n J 2 (ĥn ) ≤ 4cL1+α Ln1−α J(ĥn ) + J(Q) + J(T π Q) t0 .
(67)
Again, two cases might happen:

56

1
1+α

α
1+α

1
1+α

2
λh,n

1+α

22+α cL1+α t0
.

2
λh,n

α

22+α cL1+α t0
.

(69)

(68)

1

α

1

(70)



1+α

2
λh,n

√

π

, J(Q) + J(T Q), 2J(T Q)

π





.
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Comparing this proof with that of Theorem 10.2 by van de Geer (2000), we see that
here we do not normalize the function space G × G 0 to ensure that J(g, g 0 ) ≤ 1 and then

J(ĥn (Q)) ≤ max

n

q

 22+α cL1+α ln(1/δ)

By (69), (70), and (71) for Ln and (68), (72), and the condition J(ĥn ) ≤ J(Q) + J(T π Q)
in Case 1.b. for J(ĥn ), we have that for any fixed 0 < δ < 1, with probability at least 1 − δ,
the following inequalities hold:
( 2+α 1+α q ln(1/δ)
2
cL
n
π
,
ĥn (Q) − T Q ≤ max
α
n
2
λh,n
 1

2+α
1
α
ln(1/δ) 2(1+α)
2 1+α c 1+α L (J(Q) + J(T π Q)) 1+α
,
n
)
p
2λh,n J(T π Q) ,

π
α
2
π
Case 2. 2cL1+α L1−α
n (J(ĥn ) + J(Q) + J(T Q)) t0 < λh,n J (T Q). In this case we have
L2n + λh,n J 2 (ĥn ) ≤ 2λh,n J 2 (T π Q), which implies that
p
Ln ≤ 2λh,n J(T π Q),
(71)
√
π
J(ĥn ) ≤ 2J(T Q).
(72)

Ln ≤ 2 1+α c 1+α L (J(Q) + J(T π Q)) 1+α t01+α .

2+α

Case 1.b. J(ĥn ) ≤
The upper bound on J(ĥn ) is obvious. From (67) we
(J(Q) + J(T π Q))α t0 . Solving for Ln , we obtain
have L2n ≤ 22+α cL1+α L1−α
n

J(Q) + J(T π Q):

Ln ≤

Substituting this in the upper bound on Ln , we get that

J(ĥn ) ≤

Solving for Ln , we get that Ln ≤ 2
c
L[J(ĥn )]
t0 . From (67) we also have
α
λh,n J 2 (ĥn ) ≤ 22+α cL1+α L1−α
n J (ĥn )t0 . Plugging-in the recently obtained upper bound on
Ln and solving for J(ĥn ), we get that

2+α
1+α

α
Case 1.a. J(ĥn ) > J(Q) + J(T π Q): From (67) we have L2n ≤ 22+α cL1+α L1−α
n J (ĥn )t0 .

Regularized Policy Iteration with Nonparametric Function Spaces

n

i=1

|A|

58
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α
α
−2α
log N2 (u, Gσ1 ,σ2 , (x, a)1:n ) ≤ c1 |A|1+α Q2α
.
max (σ1 + σ2 ) u

Assumption A4 then implies that for a constant c1 , independent of u, |A|, Qmax , and α,
and for all ((x1 , a1 ), . . . , (xn , an )) ∈ X × A we have



p
N2 8Qmax |A|u, Gσ1 ,σ2 , (x, a)1:n ≤ N2 (u, Fσ1 , x1:n )|A| × N2 (u, Fσ2 , x1:n )|A| .

Assumption A3 implies that for Q1 , Q2 ∈ Fσ1 , the functions Q1,j , Q2,j are in Fσ1 and
|A|
for h1 , h2 ∈ Fσ2 , the functions h1,j , h2,j are in Fσ2 —for all j = 1, · · · , |A|. Therefore the
previous inequality shows that u-covers on Qp
j ∈ Fσ1 and hj ∈ Fσ2 (for j = 1, · · · , |A|) w.r.t.
the empirical norms k·kx1:n define an 8Qmax |A| u-cover on Gσ1 ,σ2 w.r.t. k·kz1:n . Thus,

i=1 j=1

n |A|
i
1 XXh
≤ 32Q2max
(Q1,j (xi ) − Q2,j (xi ))2 + (h1,j (xi ) − h2,j (xi ))2 .
n

i=1

n

1X
[(Q1 (zi ) − Q2 (zi )) + (h1 (zi ) − h2 (zi ))]2
n

2
1 X
(Q1 (zi ) − h1 (zi ))2 − (Q2 (zi ) − h2 (zi ))2
n

≤ 16Q2max

=

i=1

1X
|gQ1 ,h1 (zi ) − gQ2 ,h2 (zi )|2
n

n

Here we prove Lemma 20, which relates the covering number of Gσ1 ,σ2 to the covering
number of Fσ1 and Fσ2 .
Proof [Proof of Lemma 20] Let gQ1 ,h1 , gQ2 ,h2 ∈ Gσ1 ,σ2 . By the definition of Gσ1 ,σ2 (41), the
|A|
|A|
functions Q1 and h1 corresponding to gQ1 ,h1 satisfy Q1 ∈ Fσ1 and h1 ∈ Fσ2 (and similarly
for Q2 and h2 ). Set zi = (xi , ai ). We have

Appendix E. Proof of Lemma 20 (Covering Number of Gσ1 ,σ2 )

the (unnormalized) function space G ×G 0 . If we went through the former approach, in which
the normalization is global, the first term in the RHS of (66) would be Ln1−α (J(ĥn )+J(Q)+
π
α
J(T π Q))1+α t0 instead of L1−α
n (J(ĥn ) + J(Q) + J(T Q)) t0 of here, which is obtained by
local normalization. This extra J(ĥn ) + J(Q) + J(T π Q) would prevent us from getting
proper upper bounds on Ln and J(ĥn ) in Case 1.a above. The reason that the original
proof does not work is that here W (g 0 ) is a function of g 0 ∈ G 0 .

Instead we directly apply Lemma 24, which upper bounds

use their Lemma 8.4, which provides a high-probability upper bound on supg∈G

|h W , g in |
.
kgk1−α
Pn
|h W (g 0 ) , g in |
sup(g,g0 )∈G×G 0 kgk1−α J α (g,g0 ) , on
Pn
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X

In this appendix, we show that Assumption A7 holds for a certain class of MDPs. This
class is defined by one dimensional MDPs in which the increment of the next X 0 compared
to the current state X is a function of chosen action only, i.e., X 0 − X ∼ W (π(X)).

P (dy|x, π(x))V (y) =

Proposition 25 Suppose that X = [−π, π] is the unit circle and F is the Sobolev space
W k (X ) = W k,2 (X ) and J(·) is defined as the corresponding norm
. For a function
R π k·kW k,2
1
−jnx dx. Consider
f ∈ F, let f˜(n) be the nth Fourier coefficient, i.e., f˜(n) = 2π
−π f (x)e
the MDPs that have the convolutional transition probability kernel, that is, for any policy
π and V ∈ F, there exists Kπ (x, y) = Kπ (x − y) such that
Z
Z
Kπ (x − y)V (y)dy = Kπ ∗ V.
X

Moreover, assume that Kπ , V ∈ L1 (X ). For a given policy π, let rπ (x) = r(x, π(x)) (x ∈
X ). Assumption A7 is then satisfied with the choice of LR = supπ krπ kW k,2 and LP =
supπ maxn |K̃π (n)|.

n=−∞

∞
∞
h
i X
X
(1 + |n|2 )k |K̃π (n)|2 |Ṽ (n)|2 ≤ max |K̃π (n)|2
(1 + |n|2 )k |Ṽ (n)|2

Proof By the convolution theorem, (K^
π ∗ V )(n) = K̃π (n) Ṽ (n). It is also known that for

P∞
2
2 k |Ṽ (n)|2 . Thus,
V ∈ F, we have kV kW
k,2 =
n=−∞ 1 + |n|
2
kKπ ∗ V kW
k,2 =

n

i
h
2
= max |K̃π (n)|2 kV kW
k,2 .

h
i
Therefore, kT π V kW k,2 ≤ krπ kW k,2 + γ maxn |K̃π (n)| kV kW k,2 . Taking supremum over all
policies finishes the proof.
The interpretation of maxn |K̃π (n)| is the maximum gain of the linear filter Kπ that is
applied to a value function V . The gain here is explicitly written in the frequency domain.

Appendix G. The Metric Entropy and the Covering Number
Definition 26 (Definition 9.3 of Györfi et al. 2002) Let ε > 0, F be a set of realvalued functions defined on X , and νX be a probability measure on X . Every finite collection
of Nε = {f1 , . . . , fNε } defined on X with the property that for every f ∈ F, there is a
function f 0 ∈ Nε such that kf − f 0 kp,νX < ε is called an ε-cover of F w.r.t. k·kp,νX . Let
N (ε, F, k·kp,νX ) be the size of the smallest ε-cover of F w.r.t. k·kp,νX . If no finite ε-cover
exists, take N (ε, F, k·kp,νX ) = ∞. Then N (ε, F, k·kp,νX ) is called an ε-covering number of
F and log N (ε, F, k·kp,νX ) is called the metric entropy of F w.r.t. the same norm.
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The ε-covering of F w.r.t. the supremum norm k·k∞ is denoted by N∞ (ε,
For x1:n =
PF).
n
I{xi ∈A} for
(x1 , . . . , xn ) ∈ X n , one may also define the empirical measure νX ,n (A) = n1 i=1
A ⊂ X . This leads to the empirical covering number of F w.r.t. the empirical norm k·kp,x1:n
and is denoted by Np (ε, F, x1:n ). If X1:n = (X1 , . . . , Xn ) is a sequence of random variables,
the covering number Np (ε, F, X1:n ) is a random variable too.
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It is now well acknowledged that sparse and overcomplete representations of data play
a key role in many signal processing applications. The ability to represent a signal as
a sparse linear combination of a few atoms from a possibly overcomplete dictionary
lies at the heart of many applications including image/audio compression, denoising,
as well as higher level tasks such as object recognition.
One popular technique for representing signals is the use of dictionaries. Since
the seminal work of Olshausen et al. (1996), the field of dictionary learning has seen
many promising advances. The objective is to learn a dictionary such that the input

1. Introduction

Keywords: AdaFrame, Dictionary Learning, Wavelet Frames/Bi-frames

We introduce a framework for designing multi-scale, adaptive, shift-invariant frames
and bi-frames for representing signals. The new framework, called AdaFrame, improves over dictionary learning-based techniques in terms of computational efficiency at inference time. It improves classical multi-scale basis such as wavelet
frames in terms of coding efficiency. It provides an attractive alternative to dictionary learning-based techniques for low level signal processing tasks, such as compression and denoising, as well as high level tasks, such as feature extraction for object recognition. Connections with deep convolutional networks are also discussed.
In particular, the proposed framework reveals a drawback in the commonly used
approach for visualizing the activations of the intermediate layers in convolutional
networks, and suggests a natural alternative.
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• Computational cost. For dictionary learning, the computational cost consists of two parts: the one time cost of learning the dictionary atoms and the
repeated cost of solving the sparse coding problem for the test signal at inference time. Among the two, it is the latter that prevents it from being used in
real time situations. Despite the efforts devoted to seeking more efficient sparse
coding algorithms (Daubechies et al., 2004; Lee et al., 2006; Beck and Teboulle,
2009), none of the available techniques is efficient enough for large scale visual
feature extraction. In fact, assuming that the signal x is of length N and the
trained dictionary D ∈ Rm×N is stored and used explicitly, then computing Dx
alone requires O(mN ) operations. In comparison, analytic transforms are far
more efficient: fast Fourier transform takes O(N log N ) operations and one level
wavelet transform takes only O(N ) operations. This is a huge efficiency gap.
In addition, the computational cost of training cannot be ignored either. The

The solution is usually obtained by solving alternatively the minimization problem for
D and the sparse coding problem for C with the other variable being kept fixed. After
obtaining D, inference can be made by solving a sparse coding problem. Different
dictionary learning models differ in the way the dictionary D is updated. Examples
include: MOD (Engan et al., 1999a), K-SVD (Aharon et al., 2006) and their variants.
Dictionary learning techniques have been successfully applied to some low level
image and video processing tasks, such as image/video denoising (Elad and Aharon,
2006), compression (Bryt and Elad, 2008a; Engan et al., 1999b), inpainting (Mairal
et al., 2008) and other restoration tasks (Mairal et al., 2007) with state-of-the-art
performances. In addition, dictionary learning and sparse coding techniques have
been very popular in high level object recognition tasks where their function is to
extract features from raw data. These techniques have been used successfully to
extract visual features in Ranzato et al. (2007); Lee et al. (2009); Jarrett et al. (2009).
At the other end are the more traditional methodologies of designing analytic
tight frames, such as Fourier basis, wavelet frames and bi-frames (Daubechies et al.,
2003), curvelets (Candes and Donoho, 2000), contourlets (Do and Vetterli, 2002), etc.
These analytic tight frames are robust, easy to use and computationally efficient.
In some sense the analytic tight frames can also be viewed as a dictionary. The
set of signals is a particular space of functions. A dictionary is found that gives
rise to the optimal representation and approximation of the signals in that function
class. The resulted dictionary is highly structured, and in particular, when used
into applications, the dictionary atoms are never explicitly used. However, the two
approaches do differ fundamentally in several aspects (see Table 1).

D,C

min kX − DCk22 + λkCk1 .

data can be written as a sparse linear combination of the dictionary atoms. More
specifically, given the data represented as a matrix X, one finds the dictionary matrix
D and coefficient matrix C simultaneously by solving:

Tai and E

Multiscale Adaptive Representation of Signals

learning procedure requires solving a non-convex optimization problem, limiting
dictionary atoms to low dimensions. Partly because of this, in image processing
applications, dictionary atoms are only obtained for small image patches.
• Multi-scale features. Dictionaries as obtained by MOD and K-SVD operate
at a single small scale. Since the dictionary atoms are limited to small sizes,
there is not much room for multi-scale features. Past experience with wavelets
has taught us that often times it is beneficial to process signals at several scales,
and operate at each scale separately.

Dictionary Learning Wavelet Tight Frames
Yes
No
Slow
Fast
No
Yes
Conditionally
Yes
Better
Worse

• Artifacts. In low level tasks such as image compression, the dictionary learning
approach operates in a patch by patch manner, which produces visually unpleasant block effects along the boarders of the patches (Bryt and Elad, 2008a). Post
processing is often needed to remove these artifacts (Bryt and Elad, 2008b).

Adapted to data
Computational speed
Multi-scale
Robustness to perturbation
Performance on real data

Table 1: Comparison between dictionary learning and wavelet tight frames
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Given the relative features of dictionary learning and wavelet tight frames, it is
natural to ask whether one can design bases that have the benefits of both and avoid
the problems. In other words, can one design bases that are adapted to the data
but at the same time have the multi-scale structure that is essential for the efficient
algorithms for wavelet tight frames?
We propose a framework of constructing adaptive frames and bi-frames (abbreviated as AdaFrame). This framework gives multi-scale, sparse representations of the
signal, with an efficiency comparable to that of the wavelets at inference time.
The proposed framework is formally similar to the first few layers of a convolutional network. As a byproduct, we show that the proposed framework gives a better
way of visualizing the activations of the intermediate layers of a neural net in terms
of reconstruction error.
The framework presented here is best suited for datasets such that each data
point has some structure. Obvious examples include time series, images and videos.
However, as in the case of wavelets, it is also possible to extend this kind of ideas to
less structured data such as graphs, etc (Coifman and Maggioni, 2006).
In Cai et al. (2014), a variational model is proposed to learn a tight frame system
that is adapted to the input image. The model in Cai et al. (2014) and our model share
3
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a similar objective and build upon similar mathematical foundations, but our work
greatly extends the model proposed in Cai et al. (2014) where a sufficient condition
for perfect reconstruction is replaced by a sufficient and necessary condition and the
tight frame is extended to bi-frame, which is much more flexible.
Most examples discussed in this paper are still of the low level image processing
type. In a subsequent paper, we will discuss more thoroughly higher level tasks such
as image classification.
The organization of this paper is as follows. In section 2, we introduce shiftinvariant frames and bi-frames. In section 3, we introduce the adaptive construction
of shift-invariant frames. In section 4, we introduce the adaptive construction of shiftinvariant bi-frames. In section 5, we discuss multi-level constructions. In section 6, we
give some simple illustrative examples of the adaptively constructed frames and biframes. In section 7, we discuss the connection with predefined wavelets and wavelet
frames. In section 8, we discuss applications to image processing and image classification. In section 9, we discuss connection with deconvolutional nets and reconstruction
of input data from features in the intermediate layers of the convolutional nets. Some
conclusions are drawn in section 10.

2. Shift-invariant Frames and Bi-frames

n = M k, k ∈ Z
otherwise

n∈Z

(2)

An important starting point is the concept of multi-resolution analysis (MRA) introduced in Mallat (1989) and Meyer (1995), of which wavelets are particularly popular
examples. One main advantage of MRA is that it comes naturally with fast decomposition and reconstruction algorithms, and this has been essential for making wavelets
a practical tool in signal processing (Daubechies et al., 2003; Shen, 2010). Although
our work builds upon the theory of wavelet frames in the continuous setting, we decide
to introduce our model in a purely discrete setup. This has the advantage that it is
more direct and more easily linked with existing machine learning models, including
dictionary learning and convolutional networks. However, as noted in Han (2010),
there is a canonical link between affine systems in the continuous setting and fast
algorithms in the discrete framework.
The signals and the filters are all assumed to be discrete sequences in l2 (Zd ), where
d is the dimension. For audio, image and video signals, d = 1, 2, 3 respectively. First
let us define the up- and down-sampling operators. Let M be an integer. The (one
dimensional) down-sampling and up-sampling operator are defined by:

v(k),
0,

[v ↓M ](n) := v(M n),

[↑ v](n) :=
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respectively, for v ∈ l2 (Z). M is the decimation factor. Similarly if d > 1, denote the
decimation factor in each dimension by M1 , M2 , · · · , Md . For convenience we define a
matrix M = Diag(M1 , · · · , Md ) ∈ Rd×d . A common choice of M in image processing

4

(4)

l = 1, · · · , m.
d

d

m times

(5)
d

WA v := {v1 , · · · , vl } = {Ta1 v, Ta2 v, · · · , Tam v}.

(6)

RB (v1 , · · · , vm ) :=
l=1

m
X

Sbl vl
(7)

The following result is crucial.

RB WA v = v

5

∀v ∈ l2 (Zd ).
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(8)

In wavelet frames, the filters A used for decomposition and the filters B used for
reconstruction are connected by : bl (·) = al (−·), l = 1, · · · , m, where al (−·) means
flip the entries of al along each dimension. But this does not have to be the case: A
and B can be different and together they constitute a bi-frame.
The main requirement is that of perfect reconstruction, by which we mean:

m times

Given a set of finitely supported filters B = {b1 , · · · , bm }, the one-level reconstruction
operator Rb : l2 (Zd ) ⊕ · · · ⊕ l2 (Zd ) 7→ l2 (Zd ) is defined as
{z
}
|

is defined as:

With this notation, the one-level decomposition operator WA : l2 (Z ) 7→ l2 (Z ) ⊕ · · · ⊕ l2 (Z )
|
{z
}

vl = Tal v,

To make the notations more concise, we omit M in the subscript.
Given a set of finitely supported filters A = {a1 , · · · , am } and the coefficient
sequence v ∈ l2 (Zd ), which could be the input signal itself or the coefficients computed
at some decomposition level, we compute coefficients of the next level by

k∈Zd

the subdivision operator Sa : l2 (Zd ) 7→ l2 (Zd ) is defined by
X
(Sa,M v)(n) := | det(M )|[a ∗ (↑ v)](n) = | det(M )|
v(k)a(n − M k).

k∈Zd

al (M n + j)bl (k + M n + j) = | det(M )|−1 δk

al (M n + j)al (k + M n + j) = | det(M )|−1 δk

(12)

ai (k + n)ai (n) = δk , ∀k ∈ Zd .

(13)

6
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This kind of tight frames are shift-invariant systems since the transforms are in
the form of discrete convolution. They are suited for the case when, below certain
scale, the statistical properties of the signals are translation invariant.

The proof of Theorem 1 and Theorem 2 can be found in Daubechies et al. (2003).
For completeness, we give a direct proof for the discrete case in the appendix. These
conditions are referred to as the unitary extension principle (UEP) in wavelet frame
theory.
As an example, the linear B-spline wavelet tight frame used in many image restoration tasks is constructed via the UEP. Its associated filters are :
√
2
1
1
(1, 0, −1)T ; a3 = (−1, 2, −1)T .
a1 = (1, 2, 1)T ; a2 =
4
4
4

i=1 n∈Zd

m X
X

In particular, if the data are real numbers and no down-sampling is performed, then
the perfect reconstruction condition (12) becomes

l=1 n∈Zd

m X
X

holds if and only if, for all k, j ∈ Zd ,

(10)

(9)

Theorem 2 (Ron and Shen, 1997) Let M ∈ Rd×d be a sampling matrix, let A =
{a1 , · · · , am } be a set of finitely supported sequences in l2 (Zd ). Then the perfect reconstruction property
RA WA v = v, ∀v ∈ l2 (Zd ).
(11)

In the case of wavelet tight frames, bl (·) = al (−·), l = 1, · · · , m, and we have:

where δk = 1 if k = 0 and δk = 0 otherwise.

l=1

n∈Zd

m X
X

holds if and only if, for all k, j ∈ Zd ,

∀v ∈ l2 (Zd )

Theorem 1 (Ron and Shen, 1997) Let M ∈ Rd×d be a sampling matrix, let A =
{a1 , · · · , am } and B = {b1 , · · · , bm } be two sets of finitely supported sequences in
l2 (Zd ). Then the perfect reconstruction property

is M = 2I. We call M the sampling matrix and use the same notation as in (2)
where M n is understood as the matrix-vector multiplication. In general M can be
an invertible matrix whose entries are positive integers or rational numbers that are
greater than 1.
Key to the decomposition and reconstruction algorithms are the transition and
subdivision operators. For a data sequence v ∈ l2 (Zd ), a finitely supported filter a ∈
l2 (Zd ) and a sampling matrix M ∈ Rd×d , the transition operator Ta : l2 (Zd ) 7→ l2 (Zd )
is defined by
X
(3)
(Ta,M v)(n) :=↓M [v ∗ a](n) =
v(k)a(k − M n),
RB WA v = v,
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3. Adaptive Construction of Frames
Given a set of signals X = {x1 , · · · , xN }, the goal is to construct wavelet frames that
are adapted to this set of signals in the sense that signals in the given set have a
sparse representation.
Define Q to be the set of filters that satisfy the UEP condition:

l=1 n∈Zd

m X
o
n
X
m
Q = {ai }i=1
:
al (M n + j)al (M n + k + j) = | det(M )|−1 δk , ∀k, j ∈ Zd .

1 2
x,
|x| ≤ δ
2
.
δ(|x| − 21 δ), otherwise

(14)
Filters in this set generate a wavelet frame that provide a faithful representation for
all signals in l2 (Zd ). However, we are not interested in all signals in l2 (Zd ). We are
only interested in X. Among all filters in Q, we want to select the one that is most
adapted to X.
In image restoration tasks, we are mostly interested in wavelet frames that give
rise to a sparse representation of the input signal. Therefore we will use sparsity as
our guiding principle for selecting the filters. Other guiding principles such as the
discriminative criterion can also be used. But in this paper, we will focus on sparsity.
Let Φ be a sparsity-inducing function. Examples of Φ include the l1 norm, l0
“norm”, or the Huber loss function defined (component-wise) by:

(15)
Lδ (x) =

j=1 i=1

Φ(vi,j )

i = 1, · · · , m

(16)

Given the data X, the adaptive filters are chosen by solving the following optimization
problem:
N X
m
X
min

a1 ,··· ,am

subject to vi,j = Tai xj ,
m
{ai }i=1
∈Q

m
X

i=1

kTai xk1

(17)

In the following, without loss of generality, we will assume that there is only one data
point in the signal set, i.e. N = 1, and we will omit the subscript j.
To be specific, we use l1 norm as the measurement of sparsity and we will note
the changes required if the norm is used. The above problem then becomes
l0

min

a1 ,··· ,am

m
{ai }i=1
∈Q
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This innocent looking optimization problem is difficult to solve because of the constraint. Consider the simplest case when the signals and the filters are all onedimensional. Assume each filter has support length r, and we have r of them. For a
7
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real symmetric matrix G, let us denote by T r(G, k) the sum of entries along the k-th
sub-diagonal. For example, T r(G, 0) is the usual trace of G. Let A := (a1 , · · · , am ).
m
∈ Q is equivalent to
Then the constraint {ai }i=1

T r(AAT , k) = δk , k = 0, · · · , r − 1.

(18)

To see a nontrivial example where this constraint is satisfied, take an orthorgonal
matrix U ∈ Rr×r , and let ai = √1r U·,i , i = 1, · · · , m, where U·,i means the i-th column
of U . However, in general, the algebraic constraint above is difficult to deal with.
Note also that this optimization problem is not convex.
We use the split Bregman algorithm (Goldstein and Osher, 2009) to solve (17).
Introduce the auxiliary variable
Pm D = (d1 , · · · , dm ) where di = Tai x, i = 1, · · · , m.
Define the norm kDk1,1 := i=1
kdi k1 . Then (17) is equivalent to:

min kDk1,1

A,D

subject to D = WA x
A∈Q

Applying the split Bregman method, we obtain the following algorithm:

Algorithm 1 Adaptive construction of frames
Input: x.
Initialize k = 0, B = 0, A = A0 , D = WA0 x.
while “not converge” do
Dk+1 ← arg minD kDk1,1 + η2 kD − WAk x − B k kF2
Ak+1 ← arg minA kWA x − Dk+1 + B k kF2 s.t. A ∈ Q.
B k+1 ← B k + WAk+1 − Dk+1 .
k ←k+1
return Ak
1:
2:
3:
4:
5:
6:
7:

8:

(19)

To implement the algorithm, we must be able to solve each of the subproblems
listed in steps 4, 5 and 6.
To solve the subproblem for D, note that the problem decouples for each di , i =
1, · · · , m. In fact,



η
dik+1 = arg min kdk1 + kTaik x − d + bik k
d
2

(20)
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for i = 1, · · · , m. It is easy to see that (19) has a closed form solution given by

1
dik+1 = shrink(Taik x + bik , )
η

8

(b)

(c)

(21)

9
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To give the readers some intuition about how the filters obtained look like, we
show an example in Figure 1. More examples are given in section 5.

When shrinkage-operator acts on a vector, it acts on each component of the vector
according to (21).
The subproblem for updating A is most problematic due to the constraint. We
use the interior-point method for this part of the algorithm. There is no guarantee
of a global solution to this subproblem.
The update for B is straightforward. This is analogous to the step of “adding the
noise back” in the ROF model for denoising (Osher et al., 2005).
Among the three subproblems, the update of A is the most time consuming. But
as is observed by many authors, it is not necessary to solve A to full convergence, the
intuitive reason being that if the error of the solution to the subproblem is smaller
than kB k − B k−1 k, the extra accuracy will be wasted. In fact, for updating A, we
only run a few steps of the interior-point iterations and we still observe numerical
convergence.
If we use the l0 “norm” as the measurement of sparsity, the only change needed
in the above algorithm is in the D step, where the soft-shrinkage operator is replaced
by hard-thresholding defined as:

x, if |x| > a
Hard(x, a) =
.
(22)
0, otherwise

where the function shrink : R 7→ R is defined as

(|x| − a)sign(x), if |x| > a
shrink(x, a) =
.
0,
otherwise

Figure 1: (a) The input image.(b) The filters learned using Algorithm 1, m = 20, r =
20.(c) The Fourier spectrum of the corresponding filters. Note the first filter is a
low-pass filter, all other filters are high-pass filters as can be seen from the Fourier
spectrum. The second and third filter look like edge detectors along the axis. Other
filters detect oscillations along different directions.

(a)
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i=1

m
X

kWA xk1,1 + η
k

X

(T r(AAT , k) − δk )2

(23)

subject to

A,B

10

(A, B) ∈ Q

min kWA xk1,1
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(25)

(24)
We want to find filter pairs (A, B) with desired properties while respect the constraint
(A, B) ∈ Q. As before we will only consider sparsity. Given the data x and a sampling
matrix M , we aim to solve :

l=1 n∈Zd

m X
o
n
X
Q := (A, B) :
al (M n + j)bl (k + M n + j) = | det(M )|−1 δk , ∀k, j ∈ Zd

In this section, we introduce the adaptive construction of wavelet bi-frames. Compared with the wavelet frames, the bi-frames offer two distinct advantages: The first
is that the constraint for the filters becomes bi-linear making it easier to construct
the filters. The second is that the added redundancy introduces more flexibity. These
prove to be very important in practice.
Let Q denote the set of pairs A and B, A = (a1 , · · · , am ), B = (b1 , · · · , bm ), that
satisfy (10):

4. Adaptive Construction of Bi-frames

where η is a parameter that depends on our tolerance on the reconstruction error.
This unconstrained problem is relatively easy to solve using first-order optimization
methods.
The optimization problem may appear similar to reconstruction ICA (RICA)proposed
in Le et al. (2011), but they are fundamentally different. There proposed model guarantees perfect reconstruction while RICA approximates the input signal. Perfect
reconstruction in RICA can only be achieved in the limit where the weight of the
reconstruction term goes to infinity. In addition, RICA does not have a multi-scale
structure which is essential in wavelet tight frames. The goals of RICA and AdaFrame
are different, in ICA, the goal is to find independent sources where as in AdaFrame,
the goal is to build a wavelet tight frame that sparsely represent the signal.

A

min

In some applications such as object recognition, perfect reconstruction is unnecessary. Instead, writing the input signal as a sparse linear combination of a few
dictionary atoms is only a means to extract features to be used by other learning
algorithms. Sparse coding has been quite popular in serving this purpose for visual
object recognition tasks. In this case, it is possible to relax the constraint in (17). Instead of solving the constrained minimization problem, we can use a penalty method
to solve an unconstrained problem. For example, in 1D, we can solve

Tai and E
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(27)

(26)

The constraint (A, B) ∈ Q in bi-linear in A and B. Let us first count the number
of equations.
We start with the simplest case where the signals and the filters are one dimensional. Let A, B be defined as before and assume that each filter ai , bi , i = 1, · · · , m
has support size r. Given the decimation factor M , define
S(r) := {(k, γ) : ∃n ∈ Z, 1 ≤ M n + k + γ ≤ r, 1 ≤ M n + γ ≤ r},
then each (k, γ) ∈ S(r) constitutes an equation. This gives
|S(r)| = (2r − M )M.

(28)

This is the total number of equations. The total number of unknowns in A and B is
2rm. Therefore for (10) to have a solution, we expect:
2rm ≥ (2r − M )M.

(29)

In the general case where the signals and the filters live in d dimensions, we can
do a similar counting. Assume the support size of the filter ai , bi , i = 1, · · · , m is
r = (r1 , · · · , rd ), and assume that the sampling matrix is M = Diag(M1 , · · · , Md ).
Let
S(r) := {(k, γ) ∈ Zd : ∃n ∈ Zd , 1 ≤ M n + k + γ ≤ r, 1 ≤ M n + γ ≤ r},

i=1

ri ≥

i=1

(30)

(31)

Hence to have a solution to (10),
d
Y
(2ri − Mi )Mi .

i=1 ri .

Qd

d
Y
(2ri − Mi )Mi .

where the inequality is understood component-wise. Each (k, γ) ∈ S(r) gives rise to
an equation. The total number of equations is
|S(r)| =

d
Y

i=1

The number of unknowns in a and b is 2m
we expect:
2m

Two cases are of special interest.
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• Redundant case. In this case, the number of filters m is large. The number
of decomposition coefficients is larger than the size of the input signal. Hence
we call this the redundant case. For the optimization problem, we have more
unknowns
In particular, if m ≥ 2M − M 2 /r in one dimension,
Qd than equations.
Qd
and m i=1
ri ≥ i=1
(2ri − Mi )Mi in d dimensions, for most A, we expect (10)
as a set of linear equations for B, to have a solution. Therefore, we can design
A and B separately: We can design A first in whichever way we want as long
as it is non-degenerate. We then solve (10) to get B.
11
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• Critically down-sampled case. In this case, the number of filters m is small.
The number of decomposition coefficients is the same as that of the input signal
(depending on the boundary conditions). Hence we call this the critically downsampled case. For example, in one dimension, m = M . In this down-sampled
case, for a typical A, it is likely that (10), as a linear system for B, does not
have a solution. This means that we must consider A and B simultaneously.
4.1 Redundant Case

4.1.1 Design of the Decomposition Filters

(32)

As discussed above, we can design A in the first phase, and then choose B that
satisfies the linear constraint (25) in the second phase.
However, the choice of A has a significant impact on the condition number of
(25). Hence some constraints should be added. While there are a lot of flexibilities,
we propose the following formulation:

A

min kWA xk1,1

subject to AT A = I

kDk1,1

(33)

The additional constraint AT A = I is chosen based on the consideration that the
filters are most incoherent among themselves.
To solve (32) numerically, we apply the split Bregman method. But we need
to handle the extra orthogonality constraint as well. To this end, we introduce the
auxiliary variable P = A as a means to split the orthogonality constraint. This trick
has been used in other problems, see for example Lai and Osher (2014). The problem
then becomes:
min

A,D,P

subject to D = WA x, P = A, P T P = I.
The algorithm is then:

JMLR 17(140):1-38

Algorithm 2 Adaptive construction of bi-frames: redundant case
1: Input: x.
2: Initialize k = 0, F = 0, C = 0, A = A0 , D = WA0 x, P = A.
3: while “not converge” do
4:
for n=1:N do
5:
Dk+1 ← arg minD kDk1,1 + η2 kD − WAk x − F k kF2
6:
Ak+1 ← arg minA ηkWA x − Dk+1 + F k kF2 + λkA − P k + C k kF2
P k+1 ← arg minP kAk+1 − P + C k kF2 s.t.
PTP = I
F k+1 ← F k + WAk+1 x − Dk+1 .
C k+1 ← C k + Ak+1 − P k+1
k ←k+1
return Ak
7:
8:
9:
10:

11:

12

(34)

Trace((Ak+1 + C k )T P ) subject to P T P = I.
(35)

P ∈R

k2F
subject to

P P =I

T

(36)

13

JMLR 17(140):1-38

Once A = (a1 , · · · , am ) is obtained, we move on to second phase of designing the
reconstruction filters B.
For fixed A and sampling matrix M , the constraint (10) is a linear system in B.
Hence we will write it as H(A)B = f , where H(A) denotes the coefficient matrix
generated using A. To get some concrete ideas, let us look at a simple example.
Example. Consider a one dimensional situation where m = 2, r = 3. Assume
A = (a1 , a2 ), B = (b1 , b2 ) ∈ R3×2 ,




a11 a21
b11 b21
A = a12 a22  , B = b12 b22  ,
a13 a23
b13 b23

4.1.2 Design of the Reconstruction Filters

Substituting Y with Ak+1 + C k , we get the formula for updating P . Updating the
auxiliary variable F and C is straightforward.
An illustration of such filters is shown in Figure 8(b).

has a closed form solution given by P ∗ = U In×m V T .

P = arg min
kP − Y
n×m

∗

Lemma 1 Let Y ∈ Rn×m , n ≥ m and Y = U DV T be the singular value decomposition of Y , then the constrained optimization problem

This is the classical orthogonal procrustes problem (Gower and Dijksterhuis, 2004)
and has a closed form solution which we summarize in the following lemma. The
proof can be found in linear algebra textbooks, e.g. Horn and Johnson, chapter 3.

P

max

Each of the m smaller problems is an unconstrained quadratic program. Many optimization techniques can be used to to solve this problem. Among the several choices
of iterative algorithms, we use conjugate gradient (CG) method because the objective function value tends to decrease very quickly in the first few CG iterations, thus
giving a good approximate solution quickly. For the same reason as in Algorithm 1,
iteration to convergence is not necessary.
Next, we consider the subproblem for P . This problem is equivalent to:

a

i = 1, · · · , m

(37)

l=1

m
X

k∇bl k1

(38)

14

subject to H(A)B = f.
kai k2 = 1, i = 1, · · · , m

A,B
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(39)

In this case, we have less freedom and must consider the decomposition and reconstruction filters simultaneously. Since the constraint is bi-linear in A and B, in order
to avoid the trivial situation where the objective function is minimized by scaling
down the decomposition filters A and scaling up the reconstruction filters B, we require the filters A to have unit norm. Adopting the same notation as before, (25)
becomes
min kWA xk1,1

4.2 Critically Down-sampled Case

where ∇ is a discrete gradient operator and α is a predefined parameter whose purpose
is to make the size of B compatible with the constraint H(A)B = f .
An illustration of the reconstruction filters is given in Figure 8(b).

subject to kbl k2 = α, l = 1, · · · , m
H(A)B = f

B

min G(B) :=

where G(B) is the objective function that we use to impose the additional property
that we expect B to have. For example, if we want the reconstruction filters to look
like piecewise smooth function, we can use the following formulation:

B

min G(B) subject to H(A)B = f and other constraints

This is a system of 5 equationd with 6 unknowns. Therefore, we have one additional
degree of freedom left to design B.
In general, since m is large, H(A)B = f is an under-determined linear system.
Moreover, since A is obtained by solving (32) with respect to the orthogonality constraint, the coefficient matrix H(A) tend to have a good condition number. This
well-behaved under-determined linear system gives us the freedom to design the reconstruction filters B with additional properties. The general formulation is:

Assume M = 1, that is, no downsampling is performed. Then the linear equation
H(A)B = f is
 

 b
 
a11 a12 a13 a21 a22 a23  11 
1
b
12
 0 a11 a12 0 a21 a23    0

 b13   
0
   
0 a11 0
0 a21 

   = 0 .
a12 a13 0 a22 a23 0  b21  0
b22 
a13 0
0 a23 0
0
0
b23

To implement the algorithm, we must be able to solve each of the subproblems
for D, A and P . Updating D is the same as in Algorithm 1. The subproblem for
A is a quadratic program. It can be decoupled into m smaller problems, each of
which involves one column of A. Writing D = (d1 , · · · , dm ), P = (p1 , · · · , pm ),
C = (c1 , · · · , cm ) and F = (f1 , · · · , fm ), we can perform the optimization in a column
by column fashion:

ak+1
= arg min ηkTa x − dk+1
+ fik k22 + λka − pki + cki k22 ,
i
i
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Again, we apply the split Bregman algorithm to solve this problem. The procedures
are similar to the redundant case. We will formulate the algorithm directly as follows:
Algorithm 3 Adaptive construction of bi-frames: critically down-sampled case
1: Input: x.
2: Initialize k = 0, F = 0, C = 0, A = A0 , B = B 0 , D = WA0 x.
3: while “not converge” do
4:
Dk+1 ← arg minD kDk1,1 + η2 kD − WAk x − F k kF2
5:
Ak+1 ← arg minA ηkWA x − Dk+1 + F k kF2 + λkH(A)B k − f + C k kF2 s.t.
kai k2 = 1, i = 1, · · · , m
B k+1 ← arg minB λkH(Ak+1) B − f + C k kF2
F k+1 ← F k + WAk+1 x − Dk+1 .
C k+1 ← C k + H(Ak+1 )B k+1 − f − P k+1
k ←k+1
return Ak , B k
6:
7:
8:
9:

10:

Updating D is again done by soft thresholding. The update of A is done by
running a few iterations of the interior-point method, and updating B is done by
running a few iterations of conjugate gradient method. The most computationally
intensive step is updating A. But since in our applications, the support size and the
number of filters are small, the total number of variables is normally a few hundred,
hence the computational cost is reasonable.

5. Multi-level Adaptive Frames
Going to multi-level, the basic idea is to recursively use the framework of adaptive
frames on the coefficients obtained by applying the adaptive filters to the signal.
There are two practical issues that we need to consider. The first is whether one
considers all the coefficients or a subset of coefficients when going to coarser level.
In this regard the difference between low-pass and high-pass filters is particularly
relevant. Recall that a low pass filter is defined by the condition that the Fourier
coefficient â(0) 6= 0. The second issue is whether a new set of adaptive filters is
learned and used at each level. We will discuss three different strategies that are
motivated by three different examples.
5.1 The MRA approach
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The basic idea of MRA is to apply the same set of filters at each level to the coefficients
from the low-pass filters. When constructing traditional wavelet frames using MRA,
there is only one low-pass filter at each level, the scaling function. All other filters
are high pass filters associated with the wavelets. Our experience suggests that this
is often the case for the adaptively learned filters. To makes sure that this is indeed
15
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the case, we can also add the additional constraint

aˆ1 (0) 6= 0, âi (0) = 0, i = 2, · · · , m

(40)

to (17). As a linear constraint, this does not cause much trouble in the optimization
algorithm. With this, the adaptive wavelet frames can be used in the same way as
classical wavelet frames. Specifically, given the the input signal x, the multi-level
decomposition proceeds as follows: We first perform a one-level decomposition to
get the coefficients vi = Tai x, i = 1, · · · , m. v1 is associated with the low-pass filter,
which provides the coarse-grained approximation of the signal, and vi , i = 2, · · · , m
are associated with the high-pass filters, which provide the missing details from the
coarse-graining. Next, we treat v1 as the input signal and perform another one-level
decomposition using the same set of filters to get the second-level coefficients. This
procedure can then be continued. Schematically, this algorithm can be represented
as a tree with one branching point at each level, as shown in Figure 2(a).

5.2 The scattering transform approach

By applying each fixed filter to the signal, one obtains a set of coefficients, called a
feature map. If the input signal is an image, the feature map is also an image. One
can then treat this new image as the input signal and find the corresponding adaptive
filters. In some applications, this can be preceded by some component-wise nonlinear
transformation. This is schematically shown in Figure 2(b). This structure is used in
the scattering transforms proposed in Bruna and Mallat (2013).
The obvious drawback of this approach is that the degrees of freedom increase
exponentially as the number of levels increases. Nevertheless, in classification tasks,
it is generally believed that lifting the raw data to a high dimensional space using some
nonlinear transforms can help by making the data more linearly separable. This is the
underlying principle that makes kernel methods effective. Therefore this approach is
potentially useful for classification tasks.
In practice, we can also apply some pruning procedure if there are many layers.
For example, we can stop expanding the node if it has very small energy.

5.3 The convolutional net approach
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The structure shown in Figure 2(c) resembles the first few layers of a convolutional
net. The root node still represents the input signal, the first layer nodes represent
the one-level decomposition coefficients. The coefficients together are then regarded
as a multi-channel signal. For example, if the input signal is a monochrome two
dimensional image, the first layer coefficients can be regards as a three dimensional
image by stacking the m features maps. Once viewed as a three dimensional image,
we can construct adaptive frames and bi-frames using three dimensional filters, except
that the the filters might not be convolutional in the third dimension since the input
signal is not expected to be translation invariant in that direction.
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Figure 2: three structures

(b)
(c)

17

JMLR 17(140):1-38

This example is simple enough to allow for analytic calculations. In fact, one can
show that in the large s regime with the assumption that r = m, the filters learned
should exactly be the ones shown in the figure. This simple example shows that
adaptive filters do capture the special features of the data.

6.

In the case when m = 2, r = 2, we recover the Haar wavelet basis as shown Figure

Figure 4: A binary signal

We consider a simple example where the signals are binary, each consists of long
sequences of +1’s separated by long sequences of −1’s, as shown in Figure 4. Let s
be the minimum length of consecutive +1 and −1 blocks. s is a measure of the lowest
frequency of the signal. We use Algorithm 1 to learn the filters with η = 102 . The
filters learned are shown in Figure 5.

6.1 The staircase signal

6. Examples

Obviously we are not limited by these three examples of multi-level structures.
We call this way of representing the signal multi-scale adaptive frames and bi-frames.
For convenience we abbreviate it as: AdaFrame.

Figure 3: Illustration of the different multi-level structures. (a) The structure used
in the MRA approach. (b) The structure used in the scattering transform approach.
(c) The structure used in the convolutional net approach.
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The next example is a well-known natural image shown in Figure 8. This is an
example of the redundant bi-frame case. We learn the decomposition filters using
Algorithm 2 with η = 102 , λ = 103 . Note that some filters look like edge detectors
along different directions (e.g. the second and third filters in the first row act like edge
detectors along the x and y axis). Most filters look like Gabor wavelets. They detect
oscillations along different directions. Because this is an example of the redundant
case, hence the reconstruction filters are not unique.

6.3 Another test image

Our next example is the fingerprint dataset (Maltoni et al., 2009). We use a fraction
of the database. The input are 80 images of size 364 × 256. Some sample images and
filters learned are shown in Figure 7. The filters are learned using Algorithm 2 with
parameters η = 102 , λ = 103 . The main feature of the fingerprint images is that they
contain oscillations along different directions. As can be seen from the Figure 7, this
feature is indeed captured by the learned filters.

6.2 Fingerprint signal

Figure 6: The filters learned using the parameters m = 2, r = 2, s = 30. In this case,
we recover the Haar wavelets.
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Figure 5: The filters learned using the parameters m = 4, r = 4, s = 30.
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(a)

(e)

Figure 7: (a)(b)(c)(d)Sample images of finger print.(e) Decomposition filters learned
with support size 7 × 7. (f) Decomposition filters learned with support size 13 × 13.

7. Recover Predefined Wavelets

JMLR 17(140):1-38

The proposed framework is an adaptive extension of the well-known wavelets and
wavelet frames. It is natural to ask whether the standard wavelet filters can be
recovered using this framework. Naturally we expect that if the signal has a sparse
representation in a predefined wavelet domain, then the adaptive frames and bi-frames
would recover the predefined wavelets.
To see whether this is the case, we generate the signals using linear combinations
of different wavelets with different levels of sparsity. Specifically, the signals are generated using 4 Daubechies wavelets of different support size, “db2”,“db3”,“db12”,“db24”
in MATLAB syntax. Sparse random vectors with a given sparsity level are generated
(the sparsity level is the ratio of the number of nonzeros coefficients to the length of
the coefficient vector, we also call it the density), and these vectors are used as the
coefficients of the signals under the wavelet transform.
Given a signal, the adaptive filters are learned by solving (17). Since (17) is
nonconvex, to avoid complications coming from local minimum, we used the simulated
annealing algorithm to perform the global optimization. We then compare the filters
obtained with the original wavelets used to construct the signal. We declare success if
the l2 norm of the difference between the adaptive filters and the predefined wavelets
is smaller than 10−4 . Table 2 shows the success rate. 10 trials were performed for
19

(a)

(d)
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(b)

(e)

(c)

Figure 8: (a) Input image of size 512 × 512. (b) 30 decomposition filters with support
size 8 × 8. (c) A specific set of reconstruction filters. (d) Fourier spectrum of the
decomposition filters. (e) Fourier spectrum of the reconstruction filters.

Density db2 db3 db12 db24
0.1
1
1
1
1
0.2
1
1
1
1
0.3
1
1
1
1
0.4
1
1
0
0
0.5
0
0
0
0

Table 2: Ratio of successful recovery of predefined wavelets.

each case. The result is indeed consistent with our expectation. It is interesting to
see that the transition is very sharp.

JMLR 17(140):1-38

Figure 9 shows the adaptive filters for the case when the signals are generated using
a dense combination of the predefined wavelets. In this case, the predefined wavelets
are not optimal, and the signals have a sparser representation under the adaptive
filters, as can be seen from Figure 9(c). The L1 norm of the wavelet coefficients is
used as a robust measure of sparsity.
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As one of the simplest inverse problem, image denoising provides a convenient platform over which image processing ideas and techniques can be tested. Indeed, during
the past few decades, many ideas from a diverse range of viewpoints have been proposed to address this problem, including wavelet domain thresholding, nonlocal means

8.2 Image Denoising

Figure 10: Image compression example. With the same image quality (measured
in PSNR), AdaFrames achieves significantly higher compression ratio than the Haar
wavelets and the Daubechies wavelets.
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The filters are learned using image 8(a). 4 filters of support size 6 × 6 are learned
using Algorithm 1 with η = 102 . The coefficients are critically down-sampled with
sampling matrix M = Diag(2, 2). Initialization is done using the Daubechies filters
db3. In general, we have found that using predefined wavelet frames as initialization
works quite well. 7 levels of decompositions are performed using the architecture
shown in Figure 2 and the same set of filters. The PSNR values are plotted against
the “compression ratio” in Figure 10.

PSNR(x, x̂) = 10 log10

est level to get the coefficients, but we keep only the coefficients with relatively large
absolute values and set all the other coefficients to 0. The ratio of the total number
of coefficients to the number of coefficients kept is called the “compression ratio” (the
entropy coding stage is not considered here). We then perform a reconstruction step
to get the reconstructed image x̂. The quality of the compression is measured by the
peak signal-to-noise ratio (PSNR). For monochrome 8 bit image, PSNR is defined as

Tai and E

AdaFrames are designed with the objective of making the decomposition coefficients
sparse. Therefore they should be naturally suited for image compression tasks.
As an intial step, we will compare the performance of AdaFrames with predefined
Daubechies wavelets and Haar wavelets. We use the following simple compression
scheme: Given an image x and the filters, we perform a decomposition to the coars-

8.1 Image Compression

In this section, we discuss some examples of applications of the multi-scale adaptive
frames, the AdaFrames. A thorough comparison of the proposed model and other
existing models will be postponed to future publications.

8. Sample Applications

Figure 9: (a) The signal is generated using sparse linear combinations of the
Daubechies wavelets. The black line is the objective function value evaluated using the Daubechies wavelets, which is optimal in this case. The value below the black
line is due to infeasible intermediate solutions. (b) The filters learned also converge
to the Daubechies wavelets, the figure shows the difference of the adaptive filters and
the Daubechies wavelets measured in Frobenius norm. (c) The signal is generated
using a dense linear combinations of the Daubechies wavelets. In this case, the objective function converges to a value lower than that of the the wavelets, indicated by
the horizontal line. (d) The filters learned also converge, but to something different
from the Daubechies wavelets. (e)(f) Decomposition filters of the Daubechies wavelet
“db5”. The signal is generated using sparse linear combination of this wavelets, the
filters learned are the same as the wavelets. (g)(h) The filters learned for signals
generated using dense combinations of the “db5” wavelet. They are different from
the wavelet filters.
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(Buades et al., 2005), BM3D (Dabov et al., 2007), and the more recent ones based
on dictionary learning (Elad and Aharon, 2006).
Among the various models, we select the K-SVD model (Elad and Aharon, 2006)
as a benchmark for comparison since it is closely related to AdaFrames and since it
has been shown to achieve the state of the art results.
Assume the image is corrupted by some additive noise:
g =f +n

(42)

where f is the clean image, g is our observation, and n is the noise with unknown
distribution. First let us recall the procedure for wavelet domain denoising. Let WA
and RA be the decomposition and reconstruction operators associated with the filters
A respectively. Given an observed image x, the denoised image is then given by:
x̂ = RA (shrink(WA x))

JMLR 17(140):1-38

The procedure for AdaFrame denoising is exactly the same as that of wavelet domain
denoising. Given the input image, we first learn the filters from the data using
Algorithm 1 (or Algorithm 2 if we want to use bi-frames). We then use (42) to
denoise.
In the first example, the input is a single image normalized to [0, 1] and is corrupted
with an additive Gaussian white noise with σ = 0.1. We train the filters both from
the noisy image and the clean image with m = 36, r = 6, η = 102 , λ = 103 . A
two-level decomposition is performed. The soft thresholding parameter is set to be
0.14. Initialization is done by setting the filters to be random orthogonal vectors.
The result is shown in Figure 11. The performance of the K-SVD algorithm depends
on the number of the atoms in the dictionary. Generally, the performance is better
as we increase the number of atoms. In this example, 256 atoms with size 6 × 6 are
used.
It is not surprising that the filters learned from a clean image produces better
quality images: One can see from Figure 12 that the fine textures of the image are
recovered. At a first sight, one might feel that this is impractical since we normally
do not have access to the clean images. Nevertheless, there do exist realistic settings
where learning from clean images makes sense. One such a situation is that filters
learned from one set of clean images can then be used on another set of noisy images.
We tested this idea on the extended Yale human face dataset B (Lee et al., 2005).
It contains 16128 images of 28 human subjects. We used a subset of the images by
picking the first 20 images of each of the subjects. We then added Gaussian white
noise with σ = 0.1 to get the simulated noisy images. A glimpse of the dataset is in
Figure 13.
To learn the filters, we pick the 100 clean images at random and use Algorithm 2
with m = 36, r = 6, η = 102 , λ = 103 . Two-levels of decompositions are performed.
The soft-thresholding parameter is set to be 0.14. The results for the noisy images
are reported in Table 3.
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(b)
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(b)

(c)

(c)

(d)

Figure 11: (a) Noisy input image, σ = 0.1.
(b) K-SVD denoising result, PSNR=28.65dB. (c) AdaFrame denoising, filters learned from noisy image,
PSNR=28.8dB. (d) AdaFrame denoising, filters learned from the clean image,
PSNR=29.3dB.

(a)

K-SVD, noisy
31.4dB

K-SVD, clean
32.01dB

AdaFrame, noisy
31.35dB

AdaFrame, clean
32.07dB

Figure 12: (a) Zoom in Figure 11(b). (b) Zoom in of Figure 11(c). (d) Zoom in of
Figure 11(d).

PSNR

Table 3: Average PSNR on the simulated noisy images on the extended Yale human
face dataset B.
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In another experiment, we test the performance of AdaFrame and K-SVD with
different support sizes. We use some well-known benchmark images as test images.
The images are normalized to [0, 1] and the noise is Gaussian with σ = 0.02, 0.05 and
0.1 respectively. For K-SVD, 256 filters of support size 8 × 8 and 12 × 12 are used.
For AdaFrame, 64 filters of support size 8 × 8 and 144 filters of support size 12 × 12
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(d)

(c)
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To demonstrate this idea, in the following example, we apply AdaFrames to extract
features in order to classify the handwritten digits. The dataset we used is MNIST
(LeCun et al., 1998). It contains 70000 28 × 28 images of digits from 0 to 9, 60000
for training and 10000 for testing. A nonlinear transformation, the rectified linear
function defined by relu(x) = max(x, 0) is applied to the coefficients obtained using
JMLR 17(140):1-38

Although AdaFrames are aimed to produce sparse representations, they can also be
used to for other tasks such as extracting features for object recognition. In fact, it
can provide a faster alternative to sparse coding.

8.3 Image Classification

and the AdaFrame denoising algorithm. In our laptop with the same setup, the KSVD algorithm takes 25s to train a dictionary with 256 atoms of support size 8 × 8
and 6.5s to denoise the image. The software we use is downloaded from http://
www.cs.technion.ac.il/~ronrubin/software. The AdaFrame takes 3.7s to train
64 filters with support size 8 × 8 and takes 0.6s to denoise. The time for denoising
scales linearly with the number of filters.

Figure 14: (a)(c) Two images from the Internet. (b)(d) Denoised images using
AdaFrame.

(b)

(a)
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are learned. λ is chosen based on the noise level and is set to be λ = 0.005, 0.01, 0.025
respectively. The result is shown in Table 5.
As a last denoising example, we apply AdaFrames to some examples of natural
photos with unknown noise. The setting is the same as the previous example. We
learn filters directly from the noisy images. Since the image has RGB channels, we
learn the filters (of support size 9 × 9) for each channel seperately with the same
value of λ, which is chosen to yield a good visual impression. The results are shown
in Figure 14.
As we emphasized earlier, the AdaFrame is faster than sparse coding technique at
inference time. We record the computation time for the K-SVD denoising algorithm

Table 4: Comparison of AdaFrame and K-SVD, performance measured in PSNR, the
unit is dB.

Test Image
K-SVD 8 × 8 K-SVD 12 × 12 AdaFrame 8 × 8 AdaFrame 12 × 12
Barbara σ = 0.02
38.02
38.00
37.34
38.21
Barbara σ = 0.05
33.28
33.01
31.87
33.22
Barbara σ = 0.1
29.47
29.24
29.18
29.70
Boat σ = 0.02
37.02
36.71
36.75
36.86
Boat σ = 0.05
32.53
32.11
32.50
32.59
Boat σ = 0.1
29.19
28.70
29.18
29.21
House σ = 0.02
39.45
39.25
39.18
39.17
House σ = 0.05
35.12
34.74
34.50
34.66
House σ = 0.1
32.15
32.05
31.19
31.45
Lena σ = 0.02
38.45
38.21
37.98
38.45
Lena σ = 0.05
34.46
34.18
33.21
34.34
Lena σ = 0.1
31.38
30.84
31.12
31.39
Peppers σ = 0.02
37.68
37.47
37.30
37.46
Peppers σ = 0.05
33.94
33.52
33.32
33.79
Peppers σ = 0.1
31.26
30.78
30.33
30.91

Figure 13: Simulated noisy images from extended Yale face dataset B
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neighborhood of each node, is the most popular. It is similar to simple down-sampling
but is nonlinear.
Although convolutional nets are designed for feature extraction and object recognition, it is an interesting question to ask how much of the input data can be reconstructed from the information in the intermediate layers of the network. For one
thing, this can help us to gain some intuition about how convolutional nets work.

Raw pixel
88.0 %

v : x = p, x ∈ N
0 : x 6= p, x ∈ N

28

x∈N
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The second component is to reverse the activation function. For invertible functions such as the sigmoid or the tanh function (LeCun et al., 1998), we simply take

I(x) =

where N is the neighborhood of x. To reverse max-pooling, we set


x∈N

(v, p)(x) = (sign(I(x)) · max |I(x)|, arg max |I(x)|)

In this regard the most popular approach in the literature is the “deconvolutional
net” (Zeiler et al., 2010). A deconvolutional net can be thought of as a convolutional
net that uses the same components (filtering, nonlinear activation, pooling) but in
reverse order. Specifically a deconvolutional net consists of the following steps: First,
the pooling procedure is reversed. If averaging or other linear operator is used for
pooling, then to reverse it, one simply applies its transpose operator. The max-pooling
procedure is a non-linear operation. For an image I, the max-pooling operation
has two outputs, the maximum value and the position where the maximum value is
obtained, defined as

Figure 15: The left figure shows the typical structure of a convolutional layer from
a convolutional net, the right figure shows the structure of a de-convolutional layer
from a de-convolutional net.

AdaFrames. The results are sent to a linear support vector machine (SVM) to perform
the classification task. We discuss three different set of experiments.
In the first setup, we use Algorithm 2 to learn the filters with m = 6, r = 6, η =
102 , λ = 103 . Initialization is done with random orthogonal filters. For each image,
we perform a one-level decomposition to get the coefficients.
The second setup is identical to the first one, except m = 12 instead of m = 6.
It is generally believed that lifting the raw pixels to some higher-dimensional feature
space will be helpful for classification. Since we use more filters in this setup, the
features we get have higher dimensions. Indeed the results are better than the results
of the previous setup.
In the third setup, we use a two-level decomposition. We use Algorithm 2 to learn
the filters with m = 6, r = 6, η = 102 , λ = 103 . Same nonlinear transformation as
in the previous setups are used. In this way, we obtain 6 feature maps, each of size
28 × 28. Then the collection of the feature maps are treated as 6 sets of new input
images. For each set, we use Algorithm 2 with m = 4, r = 6, η = 102 , λ = 103 to
learn the filters. Hence we have 24 filters in total. For each feature map, we perform
a one-level decomposition using the corresponding 4 filters to get 4 feature maps.
Again, we keep the positive coefficients and set the negative coefficients to 0. These
positive coefficients in the first and second layers are the extracted features.
MNIST
Precision

Table 5: Results of the MNIST classification. “Raw pixel” means that the features
are the raw pixels.
These features are sent to a linear SVM. The results are reported in Table 5. Note
that there is a significant reduction in the error rates compared to raw pixel features.
As a point of comparison, the state-of-the-art result with preprocessing, is 0.23%,
which is obtained using deep convolutional neural networks (Ciresan et al., 2012).

9. Connection with De-convolutional net
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Convolutional nets have had remarkable successes in a variety of challenging applications (LeCun et al., 1998; Lee et al., 2009; Krizhevsky et al., 2012). A typical
supervised convolutional net consists of several convolutional layers and fully connected layers. A convolutional layer has the structure shown in Figure 15. It maps
the feature maps produced by the previous layer to another set of feature maps. The
input feature maps are first convolved with some filters, which are also obtained from
training. A point-wise nonlinear function, called the “activation function”, such as
a rectified linear function is then applied, followed by a pooling procedure in order
to down-sample the set of feature maps. Pooling is usually a local operation. Max
pooling, namely picking the feature map with the maximum amplitude in a small
27
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Predefined wavelets and dictionary learning have both been very successful in their
own ways. In this paper, we have proposed a framework, the AdaFrame, that naturally combines the advantages of both. It is multi-scale and computationally efficient
as pre-defined wavelets and wavelet frames, while being adaptive as in dictionary
learning. Unlike dictionary learning, the proposed framework guarantees perfect reconstruction, which is an appealing property in many signal processing tasks.
Between adaptive frames and adaptive bi-frames, our experience suggests that
adaptive bi-frames are much easier to use because of the additional flexibility. The

10. Conclusion
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In addition to near perfect reconstruction, AdaFrame has the potential to be used
as an initialization method for the convolutional parts of a typical convolutional net.
This is a direction for future research.

There is a subtle but important difference. In deconvolutional net, deconvolution is
done by applying the transpose of the convolution operator. In the one level wavelet
bi-frame reconstruction, this is done using the reconstruction filters, obtained by
solving (10), as required by UEP. Since there is no guarantee that the UEP condition
is satisfied by the filters obtained in the convolutional nets, one expects that there
will be errors in the reconstruction process, i.e. the deconvolutional nets. This is
indeed the case, as we show below.
The similarity between the convolutional layer and one level wavelet frame transform suggests a natural fix for this problem. Instead of using the flipped convolutional
filters as the deconvolutional filters, we view the convolutional filters as the decomposition filters and solve (10) to obtain the reconstruction filters. These reconstruction
filters are then used as the deconvolutional filters. Everything else is the same as in
the original deconvolutional net. The existence of a solution to (10) is guaranteed by
the fact that in a typical convolutional net, the number of filters is large, and hence
we are in the the redundant case for the wavelet bi-frames. This small change to the
deconvolutional net yields much better reconstruction as we now demonstrate.

Figure 16: One level decomposition and reconstruction of AdaFrame

(e)

(c)

Figure 17: (a) The input image. (b) Reconstruction from the first layer activations
using “deconvolutional net” approach. (c) Reconstruction from the second layer activations using the “deconvolutional net” approach. (d) Reconstruction from the
first layer activations using the AdaFrame. (e) Reconstruction from the second layer
activations using the AdaFrame.

(d)

(b)

We implemented a two-layer convolutional network. In the first layer, we have
12 filters of support size 6 × 6, the pooling procedure is chosen to be the usual
down-sampling with decimation factor (2, 2). To construct the second layer, we stack
together the feature maps from the first layer and form a three-dimensional signal.
We then learn 12 filters of support size 4 × 4 × 2, the pooling procedure is also downsampling with decimation factor (2, 1, 2). The activation function is the sigmoid
function. The results of reconstructing the input image using the original deconvolutional net and the modified procedure described above are shown in Figure 17. As
one can see, using the deconvolutional net approach, we gradually lose information
as we ascend in the layers, while using the AdaFrame, we do not lose information.

their inverse. The situation where the activation function is non-invertible as is the
case of the absolute value function is more complicated and is discussed in Waldspurger et al. (2012).
The third component is to reverse the convolution operator, hence the name “deconvolution net”. Since convolution is a linear operator, to reverse it, one applies its
transpose (Zeiler and Fergus, 2013).
The above procedure is summarized in a diagram in Figure 15. Notice the similarity with applying wavelet frame transforms. A single level decomposition and
reconstruction step of the wavelet frame transform can be described as in Figure 16.
We see that if we ignore the point-wise nonlinearity, a convolutional or a deconvolutional layer is very similar to a decomposition and reconstruction step in wavelet
bi-frame transform respectively.

(a)
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learning procedure is also easier, especially when the system is very redundant in
which case the learning procedure can be carried out in two phases by learning the
decomposition and reconstruction filters separately.
In addition to the examples given in this paper, we believe that the proposed
framework can be useful in many other applications. It is not restricted to image
processing, it can be used on time series, videos and even graphs. We will explore
these applications in subsequent papers.
Another direction for future investigation is to use the proposed framework as
feature extraction tools for machine learning tasks. Sparse coding has been popular
for this purpose. But the proposed framework should be a promising alternative
since it is more efficient and it has a multi-scale structure. It should be particularly
appealing when the computation cost is the main bottleneck, as is the case in some
real-time object recognition systems.
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For convenience, we need the following lemma.

X

X

j

v(j)e−iM j·ξ

v̂(ξ + 2πω)â(ξ + 2πω)

a(k)e−ik·ξ

ω∈ΩM

X

k∈Zd

XX

(Sb v)(k)e−ik·ξ

b(k − M j)e−i(k−M j)·ξ

k∈Zd j∈Zd

X

k∈Zd

v(j)b(k − M j)e−ik·ξ

ΩM := [(M T )−1 Zd ] ∩ [0, 1)d

â(ξ) :=

Tba (M T ξ) = | det(M )|−1

(45)

(44)

Lemma 2 Let M be d × d sampling matrix and a, b ∈ l2 (Zd ) be finitely supported
sequences. Then
T
S\
(43)
b v(ξ) = | det(M )|v̂(M ξ)b̂(ξ)
and

where

=

k∈Zd

Proof For a sequence v ∈ l2 (Zd ),
X

and

d

Sb v(ξ)

= | det(M )|

= | det(M )|

Tξ

=

X

n∈Zd

X

n∈Zd

(46)

(47)

e−ik·2πω = 0,
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u(M n)e−iM n·ξ . (48)

P

e−ik·2πω .

u(k)e−ik·ξ = | det(M )|

ω∈ΩM

u(M n)e−kM n·ξ

ω∈ΩM

X

e−ik·(ξ+2πω)

u(k)e−ik·ξ

X X

X

k∈Zd

k∈Zd ω∈ΩM

(Ta v)(n)e−in·M

= | det(M )|b̂(ξ)v̂(M T ξ).
P
Let û(ξ) = k∈Zd v(k)a(k − n), then û(ξ) = v̂(ξ)â(ξ). By definition of Ta , we have
(Ta )(n) = u(M n). So
X

n∈Zd

X

k∈M Zd

e−ik·2πω = | det(M )|; if k ∈ Zd /M Zd ,

=

û(ξ + 2πω) =

T
d
T
a v(M ξ) =

On the other hand,

X

ω∈ΩM

ω∈ΩM

P

û(ξ + 2πω) = | det(M )|

If k ∈ M Zd , then
so we have
X
ω∈ΩM
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Sbl Tal v = v,

d

∀v ∈ l2 (Zd )

l=1

bˆl (ξ)âl (ξ + 2πω) = δ(ω).

d

(50)

(49)

X

v̂(ξ + 2πω)bˆl (ξ)âl (ξ + 2πω) =
ω∈ΩM

X
v̂(ξ + 2πω)δ(ω) = v̂(ξ).

v̂(ξ + 2πω)bˆl (ξ)âl (ξ + 2πω)

T
ˆ
| det(M )|Td
al v(ξ)(M ξ)bl (ξ)

\
(S
bl Tal v)(ξ)

S\
bl Tal v(ξ) = v̂(ξ), ∀v

l=1 ω∈ΩM

l=1
m
X

m
X

l=1

m
X

l=1

m
X

(54)

(53)

(52)
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holds for all v ∈ l2 (Zd ).
Conversely, if (51) is true, we can choose v that is close to a δ-function. Let B (ξ0 )
be the open ball centered at ξ0 with radius . Fix ω0 ∈ ΩM and ξ0 ∈ Rd , we can
choose v ∈ l2 (Zd ) such that

l=1 ω∈Ω

m X
X

If (52) holds true, then

=

=

v̂(ξ) =

By the above lemma, we have

which is equivalent to

Proof By definition of the decomposition and reconstruction operators Wa and Rb ,
we have
m
X
Rb Wa v =
Sbl Tal v.
(51)

l=1

m
X

T −1

if and only if, for any ω ∈ ΩM := [(M ) Z ] ∩ [0, 1)

l=1

m
X

Lemma 3 Let M be d × d sampling matrix and al , bl , l = 1, · · · , m be m finitely
supported sequences. Then

Combining this with (46), we get the desired result.
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l=1

m
X

l=1

v̂(ξ + 2πω)bˆl (ξ)âl (ξ + 2πω)

bˆl (ξ)âl (ξ + 2πω0 ) = δ(ω)

bˆl (ξ)âl (ξ + 2πω0 )

l=1 ω∈ΩM

m
X

m X
X

l=1 k,n∈Zd

n∈Zd

X

al (n)e−in·(ξ+2πω)
bl (k)al (n)ei(k−n) e−in·2πω

bl (k)eik·ξ
l=1 k∈Zd
m X
X

m X
X

(56)

(55)

bl (k + M n + γ)al (M n + γ)eik·ξ e−kγ·2πω

bl (k)al (M n + γ)ei(k−M n−γ)·ξ e−i(M n+γ)·2πω

m X
X
(
bl (k + M n + γ)al (M n + γ)eik·ξ )γ∈ΓM

l=1 γ∈ΓM k,n∈Zd

l=1 γ∈ΓM k,n∈Zd
m X X
X

m X X
X

34

= | det(M )|−1 (1, 1, · · · , 1)T .

= | det(M )|−1 (eiγ·2πω )ω∈ΩM ,γ∈ΓM (δ(ω))ω∈Ω

l=1 k,n∈Zd

(58)

(57)
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Note that (e
)ω∈ΩM ,γ∈ΓM is the Fourier matrix, and its inverse matrix is
| det(M )|−1 (eiγ·2πω )ω∈ΩM ,γ∈ΓM . Therefore,

−iγ·2πω

=

δ(ω) =

Denote by ΓM := (M [0, 1)d )∩Zd , then we have Zd = ΓM +M Zd , replace n by M n+γ,
we can rewrite the above equation as

=

δ(ω) =

for all ξ ∈ B (ξ0 ), since ξ0 and ω0 are arbitrary, we obtain the desired result.
Proof of Theorem 1.
Proof We only need to establish that (10) is equivalent to (52).

Hence,

=

v̂(ξ) =

Hence, for ξ ∈ B (ξ0 ),

This is possible because the set Ω is discrete.

3. supp(v̂) ⊂ 2πω0 + B2 (ξ0 )

2. v̂(ξ + 2πω) = 0, for all ξ ∈ B (ξ0 ), ω ∈ Ω/{ω0 }.

1. v̂(ξ + 2πω0 ) = 1, for all ξ ∈ B (ξ0 ).
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m X
X

bl (k + M n + γ)al (M n + γ)eik·ξ = | det(M )|−1 ,
∀γ
(59)
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In sparse principal component analysis we are given noisy observations of a low-rank matrix
of dimension n × p and seek to reconstruct it under additional sparsity assumptions. In
particular, we assume here each of the principal components v1 , . . . , vr has at most s0
non-zero entries. We are particularly interested in the high dimensional regime wherein p
is comparable to, or even much larger than n.
In an influential paper, Johnstone and Lu (2004) introduced a simple algorithm that estimates the support of the principal vectors v1 , . . . , vr by the largest entries in the diagonal
of the empirical covariance.pThis method can be shown to identify the correct support
p with
high probability if s0 ≤ K1 n/ log p, and to fail with high probability if s0 ≥ K2 n/ log p
for two constants 0 < K1 , K2 < ∞. Despite a considerable amount of work over the last
ten years, no practical algorithm exists with provably better support recovery guarantees.
Here we analyze a covariance thresholding algorithm that was recently proposed by
Krauthgamer, Nadler, Vilenchik, et al. (2015). On the basis of numerical simulations (for
the rank-one case), these authors conjectured that
√ covariance thresholding correctly recover
the support with high probability for s0 ≤ K n (assuming n of the same order as p). We
prove this conjecture, and in fact establish a more general guarantee including higher-rank
as well as n much smaller than p. Recent lower bounds (Berthet and Rigollet, 2013; Ma and
Wigderson, 2015) suggest that no polynomial time algorithm can do significantly better.
The key technical component of our analysis develops new bounds on the norm of kernel
random matrices, in regimes that were not considered before. Using these, we also derive
sharp bounds for estimating the population covariance, and the principal component (with
`2 -loss).
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1. Throughout the paper, we follow the convention of denoting scalars by lowercase, vectors by lowercase
boldface, and matrices by uppercase boldface letters.
2. Throughout the introduction, we write f (n) & g(n) as a shorthand of ‘f (n) ≥ K g(n) for a some constant
K = K(r, β)’.

Johnstone and Lu formalized the sparsity assumption by requiring that v belongs to a weak
`q -ball with q ∈ (0, 1). Instead, here we consider a strict sparsity constraint where v has
√
exactly s0 non-zero entries, with magnitudes bounded below by θ/ s0 for some constant
θ > 0. Amini and Wainwright (2009) studied the more restricted case when every entry
√
of v has equal magnitude of 1/ s0 . Within this restricted model, they proved diagonal
thresholding successfully recovers the support of v provided the sample size n satisfies2

2. Set to zero all the entries Gi,j of G unless i, j ∈ J, and estimate v with the principal
eigenvector of the resulting matrix.

1. Order the diagonal entries of the Gram matrix Gi(1),i(1) ≥ Gi(2),i(2) ≥ · · · ≥ Gi(p),i(p) ,
and let J ≡ {i(1), i(2), . . . , i(k)} be the set of indices corresponding to the s0 largest
entries.

Here v1 , . . . , vr ∈ Rp is a set of orthonormal vectors, that we want to estimate, while
uq,i ∼ N(0, 1) and zi ∼ N(0, Ip ) are independent and identically distributed. The quantity
βq ∈ R>0 is a measure of signal-to-noise ratio. In the rest of this introduction, in order
to simplify the exposition, we will refer to the rank one case and drop the subscript q ∈
{1, 2, . . . , r}. Further, we will assume n to be of the same order as p. Our results and proofs
hold for a broad range of scalings of r, p, n, and will be stated in general form.
The standard method of P
principal component analysis involves computing the sample
covariance matrix G = n−1 ni=1 xi xT
i and estimates v = v1 by its principal eigenvector
vPC (G). It is a well-known fact that, in the high dimensional regime, this yields an inconsistent estimate (see Johnstone and Lu (2009)). Namely kvPC − vk 6→ 0 unless p/n → 0.
Even worse, Baik, Ben Arous, and Péché (2005) and Paul (2007) demonstrate the following
√
phase transition phenomenon. Assuming that p/n → α ∈ (0, ∞), if β < α the estimate is
√
asymptotically orthogonal to the signal, i.e. hvPC , vi → 0. On the other hand, for β > α,
|hvPC , vi| remains bounded away from zero as n, p → ∞. This phase transition phenomenon
has attracted considerable attention recently within random matrix theory (see, e.g. Féral
and Péché, 2007; Capitaine et al., 2009; Benaych-Georges and Nadakuditi, 2011; Knowles
and Yin, 2013).
These inconsistency results motivated several efforts to exploit additional structural
information on the signal v. In two influential papers, Johnstone and Lu (2004, 2009)
considered the case of a signal v that is sparse in a suitable basis, e.g. in the wavelet
domain. Without loss of generality, we will assume here that v is sparse in the canonical
basis e1 , . . . ep . In a nutshell, Johnstone and Lu (2009) propose the following:

xi =

In the spiked covariance model proposed by Johnstone and Lu (2004), we are given data
x1 , x2 , . . . , xn with xi ∈ Rp of the form1 :

1. Introduction
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n & s02 log p (see Amini and Wainwright, 2009). This result is a striking improvement over
vanilla PCA. While the latter requires a number of samples scaling with the number of
parameters n & p, sparse PCA via diagonal thresholding achieves the same objective with
a number of samples that scales with the number of non-zero parameters, n & s02 log p.
At the same time, this result is not as strong as might have been expected. By searching
exhaustively over all possible supports of size s0 (a method that has complexity of order
ps0 ) the correct support can be identified with high probability as soon as n & s0 log p. No
method can succeed for much smaller n, because of information theoretic obstructions. We
refer the reader to Amini and Wainwright (2009) for more details.
Over the last ten years, a significant effort has been devoted to developing practical algorithms that outperform diagonal thresholding, see e.g. Moghaddam et al. (2005); Zou et al.
(2006); d’Aspremont et al. (2007, 2008); Witten et al. (2009). In particular, d’Aspremont
et al. (2007) developed a promising M-estimator based on a semidefinite programming (SDP)
relaxation. Amini and Wainwright (2009) also carried out an analysis of this method and
proved that, if3 (i) n ≥ K(β) s0 log(p − s0 )p, and (ii) the SDP solution has rank one, then
the SDP relaxation provides a consistent estimator of the support of v.
At first sight, this appears as a satisfactory solution of the original problem. No procedure can estimate the support of v from less than s0 log p samples, and the SDP relaxation
succeeds in doing it from –at most– a constant factor more samples. This picture was upset
by a recent, remarkable result by Krauthgamer et al. (2015) who showed that the rank√
one condition assumed by Amini and Wainwright does not hold for n . s0 . (n/ log p).
This result is consistent with recent work of Berthet and Rigollet (2013) demonstrating
√
that sparse PCA cannot be performed in polynomial time in the regime s0 & n, under a
certain computational complexity conjecture for the so-called planted clique problem.
In summary, the sparse PCA problem demonstrates a fascinating interplay between
computational and statistical barriers.
From a statistical perspective, and disregarding computational considerations, the support of v can be estimated consistently if and only
 if s0 . n/ log p. This can be done,
for instance, by exhaustive search over all the sp0 possible supports of v. We refer to
Vu and Lei (2012); Cai et al. (2013) for a minimax analysis.
From a computational perspective, the problem appears to be much more difficult.
There is rigorous evidence (Berthet and Rigollet, 2013; ?; Ma and Wigderson, 2015;
Wang et al., 2014) that no polynomial algorithm can reconstruct the support unless
√
s0 . n. On the positive side, apvery simple algorithm (Johnstone and Lu’s diagonal
thresholding) succeeds for s0 . n/ log p.
Of course, several elements are still missing in this emerging picture. In the present paper
we address one of them, providing an answer to the following question:

Is there a polynomial time algorithm
to solve the sparse PCA
p that is guaranteed
√
problem with high probability for n/ log p . s0 . n?

JMLR 17(141):1-41

3. Throughout the paper, we denote by K constants that can depend on problem parameters r and β. We
denote by upper case C (lower case c) generic absolute constants that are bigger (resp. smaller) than 1,
but which might change from line to line.

3
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We answer this question positively by analyzing a covariance thresholding algorithm that
proceeds, briefly, as follows. (A precise, general definition, with some technical changes is
given in the next section.)

1. Form the empirical covariance matrix G and set to zero all its entries that are in
√
modulus smaller than τ / n, for τ a suitably chosen constant.

b1 of this thresholded matrix.
2. Compute the principal eigenvector v

3. Denote by B ⊆ {1, . . . , p} be the set of indices corresponding to the s0 largest entries
b1 .
of v

4. Estimate the support of v by ‘cleaning’ the set B. (Briefly, v is estimated by threshbB obtained by zeroing the entries outside B.)
olding Gb
vB with v

Such a covariance thresholding approach was proposed in Krauthgamer et al. (2015), and
is in turn related to earlier work by Bickel and Levina (2008b); Cai et al. (2010). The
formulation discussed in the next section presents some technical differences that have been
introduced to simplify the analysis. Notice that, to simplify proofs, we assume s0 to be
known: this issue is discussed in the next two sections.
The rest of the paper is organized as follows. In the next section we provide a detailed
description of the algorithm and state our main results. The proof strategy for our results is
explained in Section 3. Our theoretical results assume full knowledge of problem parameters
for ease of proof. In light of this, in Section 4 we discuss a practical implementation of the
same idea that does not require prior knowledge of problem parameters, and is data-driven.
We also illustrate the method through simulations. The complete proofs are in Sections 5,
7 and 6 respectively.
A preliminary version of this paper appeared in (Deshpande and Montanari, 2014). This
paper extends significantly the results in Deshpande and Montanari (2014). In particular,
by following an analogous strategy, we improve greatly the bounds obtained by Deshpande
and Montanari (2014). This signifantly improves the regimes of (s0 , p, n) on which we can
obtain non-trivial results. The proofs follow a similar strategy but are, correspondingly,
more careful.

2. Algorithm and main results

q=1

r
X

βq vq vqT .

(2)

We provide a detailed description of the covariance thresholding algorithm for the general
model (1) in Table 1. For notational convenience, we shall assume that 2n sample vectors
are given (instead of n): {xi }1≤i≤2n .
We start by splitting the data into two halves: (xi )1≤i≤n and (xi )n<i≤2n and compute the
respective sample covariance matrices G and G0 respectively. Define Σ to be the population
covariance minus identity. i.e.
Σ≡
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Throughout, we let Qq and sq denote the support of vq and its size respectively, for q ∈
r Q and s = |Q|. The matrix G is used, in steps 1 to
{1, 2, . . . , r}. We further let Q = ∪q=1
q
0

4

P

(3)

if z ≥ λ
if z ≤ −λ
otherwise.
(5)

op

≤C

s


s20 (β 2 ∨ 1) 
p
log 2 ∨ 1 .
n
s0

(7)
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We next turn to the question of estimating the principal components v1 , . . . vr . Of course,
these are not identifiable if there are degeneracies in the population eigenvalues β1 , β2 , . . . , βr .
We thus introduce the following identifiability condition.

Our first result bounds the estimation error of the soft thresholding procedure in operator
norm.

5

2.2 Estimating the principal components

At this point, it is useful to compare Theorem 1 with available results in the literature.
Classical denoising theory (Donoho and Johnstone, 1994; Johnstone, 2015) provides upper
bounds on the estimation error of soft-thresholding. However, estimation error is measured
by (element-wise) `p norm, while here we are interested in operator norm.
Bickel and Levina (2008a,b); Karoui (2008); Cai, Zhang, Zhou, et al. (2010); Cai and
Liu (2011) considered the operator norm error of thresholding estimators for structured
covariance matrices. Specializing to our case of exact sparsity, the result of Bickel and
Levina (2008a) implies that, with high probability:
r
s20 log p
b −Σ
ηH (Σ)
≤
C
.
(8)
0
op
n
√
Here ηH (·, ·) is the hard-thresholding
function: ηH (z) = zI(|z| ≥ τ / n), and the threshold
√
is chosen to be τ = C1 log p. Also, ηH (M) is the matrix obtained by thresholding the
entries of M. In fact, Cai et al. (2012) showed that the rate in (8) is minimax optimal over
the class of sparse population covariance matrices, with at most s0 non-zero entries per row,
under the assumption s20 /n ≤ C(log p)−3 .
Theorem 1 ensures consistency under a weaker sparsity condition, viz. s20 /n → 0 is
sufficient. Also, the resulting rate depends on log(p/s20 ) instead of log p. In other words,
√
b
in order
p to achieve kη(Σ) − Σkop < ε for a fixed ε, it is sufficient s0 . ε n as opposed to
s0 . n/ log p.
√
Crucially,
in this regime for s0 = Θ(ε
p
√ n), Theorem 1 suggests a threshold of order
τ = Θ( log(1/ε)) as opposed to τ = C1 log p which is used in Bickel and Levina (2008a);
Cai et al. (2012). As we will see in Section 3, this regime mathematically more challenging
√
than the one of Bickel and Levina (2008a); Cai et al. (2012). By setting τ = C1 log p for
b
a large enough constant C1 , all the entries of Σ outside the support of Σ are set to 0. In
contrast, a large part of our proof is devoted to control the operator norm of the noise part
b
of Σ.

b −Σ
η(Σ)

2.1 Estimating the population covariance

bq of the
In step 5 of the algorithm, this estimate is used to construct good estimates v
eigenvectors vq . Finally, in step 6, these estimates are combined with the (independent)
b q for the support of the individual
second half of the data G0 to construct estimators Q
eigenvectors vq . In the first two subsections we will focus on the estimation of Σ and the
individual principal components. Our results on support recovery are provided in the final
subsection.



z − λ
η(z; λ) = −z + λ


0

Here η : R × R+ → R is the soft thresholding function

T
i≤n xi xi is the sample covariance matrix.
b ∈ Rp×p by soft thresholding each entry of Σ
b at a
It then obtains the estimate η(Σ)
√
threshold τ / n. Explicitly:



b
b ij ; √τ
η(Σ)
≡η Σ
.
(4)
ij
n

where G = n−1

b ≡ G − Ip ,
Σ

b for the low rank part of the population covariance Σ. The
4 to obtain a good estimate η(Σ)
b a centered version of the empirical covariance of the samples
algorithm first computes Σ,
as follows:

5:

b
Let (b
vq )q≤r be the first r eigenvectors of η(Σ);
b = {i ∈ [p] : ∃ q s.t. |(Σ
b 0v
bq )i | ≥ ρ}.
6: Output: Q

n

Theorem 1 There exist numerical constants C1 , C2 ,p
C > 0 such that the following happens.
Assume n > C log p, n > s20 and let τ∗ = C1 (β ∨ 1) log(p/s20 ). We keep the thresholding
level τ according to

√

when τ∗ ≤ log p/2, s20 ≤ p/e
τ∗
√
τ = C2 τ∗ when τ∗ ≥ log p/2, s0 ≤ p/e
(6)


0
otherwise.

Algorithm 1 Covariance Thresholding
1: Input: Data (xi )1≤i≤2n , parameter s0 ∈ N, τ, ρ ∈ R≥0 ;
Pn
P2n
T
T
0
2: Compute the empirical covariance matrices G ≡
i=1 xi xi /n , G ≡
i=n+1 xi xi /n;
0
0
b = G − Ip (resp. Σ
b = G − Ip );
3: Compute Σ
b by soft-thresholding the entries of Σ:
b
4: Compute the matrix η(Σ)

b ij ≥ τ /√n,
b ij − √τ

if Σ
Σ
n

√
b ij = 0
b ij < τ /√n,
η(Σ)
if −τ / n < Σ

√

Σ
b ij ≤ −τ / n,
b ij + √τ
if Σ
. Then with probability 1 − o(1):

Deshpande and Montanari

Sparse PCA via Covariance Thresholding

Sparse PCA via Covariance Thresholding

A1 The spike strengths β1 > β2 > . . . βr are all distinct. We denote by β ≡ max(β1 , . . . , βr )
and βmin ≡ minq6=q0 (β1 − β2 , β2 − β3 , . . . , βr ). Namely, β is the largest signal strength
and βmin is the minimum gap.

min

s∈{+1,−1}

x − sy

2

(10)

(9)

We measure estimation error through the following loss, defined for x, y ∈ S p−1 ≡ {v ∈
Rp : kvk = 1}:
1
L(x, y) ≡
2
= 1 − |hx, yi| .

(11)

Notice the minimization over the sign s ∈ {+1, −1}. This is required because the principal
components v1 , . . . , vr are only identifiable up to a sign. Analogous results can obtained
for alternate loss functions such as the projection distance:
p
1
Lp (x, y) ≡ √ kxxT − yyT kF = 1 − hx, yi2 .
2

The theorem below is an immediate consequence of Theorem 1. In particular, it uses
b
the guarantee of Theorem 1 to show that the corresponding principal components of η(Σ)
provide good estimates of the principal components vq , 1 ≤ q ≤ r.

Theorem 2 There exists a numerical constant C such that the following holds. Suppose
that Assumption A1 holds in addition to the conditions n > C log p, s02 < n, and s02 < p/e.
b1 , . . . , v
br denote the r principal eigenvectors of
Set τ as according to Theorem 1, and let v
b τ /√n). Then, with probability 1 − o(1)
η(Σ;

1
2



k∆kop
βmin − k∆kop

2

.

(13)

C s02 (β 2 ∨ 1)
p
max L(b
v q , vq ) ≤ 2
log 2 .
(12)
n
βmin
s0
q∈[r]
b τ /√n) − Σ. By Davis-Kahn sin-theta theorem (Davis and Kahan,
Proof Let ∆ ≡ η(Σ;
1970), we have, for βmin > k∆kop ,
L(b
v q , vq ) ≤

2
2 2
2
2
For βmin
>
2C(s
0 (β ∨ 1)/n) log(p/s0 ), the claim follows by using Theorem 1. If βmin ≤
2C(s02 (β 2 ∨ 1)/n) log(p/s02 ), the claim is obviously true since L(b
vq , vq ) ≤ 1 always.

2.3 Support recovery
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Finally, we consider the question of support recovery of the principal components vq . The
second phase of our algorithm aims at estimating union of the supports Q = Q1 ∪ · · · ∪ Qr
bq . Note that, although v
bq is not even expected to
from the estimated principal components v
bq should have significant overlap with
be sparse, it is easy to see that the largest entries of v
supp(vq ). Step 6 of the algorithm exploit this property to construct a consistent estimator
b q of the support of the spike vq .
Q
We will require the following assumption to ensure support recovery.
7
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A2 There exist constants θ, γ > 0 such that the following holds. The non-zero entries of
√
the spikes satisfy |vq,i | ≥ θ/ s0 for all i ∈ Qq . Further, for any q, q 0 |vq,i /vq0 ,i | ≤ γ for
every i ∈ Qq ∩ Qq0 . Without loss of generality, we will assume γ ≥ 1.

p
s02

(14)

Theorem 3 Assume the spiked covariance model of Eq. (1) satisfying assumptions A1 and
A2, and further n > C log p, s02 < n, and s02 < p/e for C a large enough numerical constant.
Consider the Covariance Thresholding algorithm of Table 1, with τ as in Theorem 1 ρ =
√
βmin θ/(2 s0 ).
Then there exists K0 = K0 (θ, γ, β, βmin ) such that, if

n ≥ K0 s02 r log

then the algorithm recovers the union of supports of vq with probability 1 − o(1) (i.e. we
b = Q).
have Q

The proof in Section 7 also provides an explicit expression for the constant K0 .

Remark 4 In Assumption A2, the requirement on the minimum size of |vq,i | is standard in
support recovery literature (see, e.g. Wainwright, 2009; Meinshausen and Bühlmann, 2006).
Additionally, however, we require that when the supports of vq , vq0 overlap, they are of the
same order, quantified by the parameter γ. Relaxing this condition is a potential direction
for future work.

Remark 5 Recovering the signed supports Qq,+ = {i ∈ [p] : vq,i > 0} and Qq,− = {i ∈ [p] :
vq,i < 0}, up to a sign flip, is possible using the same technique as recovering the supports
supp(vq ) above, and poses no additional difficulty.

3. Algorithm intuition and proof strategy

For the purposes of exposition, throughout this section, we will assume that r = 1 and drop
the corresponding subscript q.
Denoting by X ∈ Rn×p the matrix with rows x1 , . . . xn , by Z ∈ Rn×p the matrix with
rows z1 , . . . zn , and letting u = (u1 , u2 , . . . , un ), the model (1) can be rewritten as
p
β u vT + Z .
(15)
X=
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(16)

p
b = n−1 XT X − Ip = G − Ip . For β > p/n, the principal eigenvector of G,
Recall that Σ
b is positively correlated with v, i.e. |hb
b vi| is bounded away from zero.
and hence of Σ
v1 (Σ),
p
b
However, for β < p/n, the noise component in Σ
dominates
and the two vectors become
b vi| = 0. In order to reduce the
asymptotically orthogonal, i.e. for instance limn→∞ |hb
v1 (Σ),
noise level, we must exploit the sparsity of the spike v.
√
b as
Now, letting β 0 ≡ βkuk2 /n ≈ β, and w ≡ βZT u/n, we can rewrite Σ

b = β 0 vvT + v wT + w vT + 1 ZT Z − Ip , .
Σ
n

8

9
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In other words, fn : R → R is a kernel function and is applied entry-wise to the matrix
ZT Z/n−Ip , with Z a matrix with independent standard normal entries as above and z̃i ∈ Rn
are the columns of Z.

Our analysis formalizes this argument
and shows that such a bound is correct when p < n.

The matrix η ZT Z/n − Ip is a special case of so-called inner-product kernel random
matrices, which have attracted recent interest within probability theory (see El Karoui,
2010a,b; Cheng and Singer, 2013; Fan and Montanari, 2015). The basic object of study in
this line of work is a matrix M ∈ Rp×p of the type:


hz̃i , z̃j i
Mij = fn
− I(i = j) .
(21)
n

for some constant C. Combining the bias bound from Eq. (18) and the heuristic decomposition of Eq. (19) with the decomposition (17) results in the bound
r
p
s0 τ
b − βvvT
.
(20)
η(Σ)
≤ √ + C exp(−cτ 2 )
n
n
op

Rp

i,j

10
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Specializing to the rank one case, Theorems 2 and 3 show that Covariance Thresholding
succeeds with high probability for a number of samples n & s20 , while Diagonal Thresholding
requires n & s20 log p. The reader might wonder whether eliminating the log p factor has any
practical relevance or is a purely conceptual improvement. Figure 1 presents simulations on
synthetic data under the strictly sparse model, and the Covariance Thresholding algorithm
of Table 1, used in the proof of Theorem 3. The objective is to check whether the log p
factor has an impact at moderate p. We compare this with Diagonal Thresholding.
√
We plot the empirical success probability as a function of s0 / n for several values of
p, with p = n. The empirical success probability was computed by using 100 independent
instances of the problem. A few observations are of interest: (i) Covariance Thresholding appears to have a significantly larger success probability in the ‘difficult’ regime where
Diagonal Thresholding starts to fail; (ii) The curves for Diagonal Thresholding appear to

4. Practical aspects and empirical results

by discretizing
= {y ∈
: kyk = 1}, the unit sphere in p dimensions. For a fixed
y, the Rayleigh quotient hy, η(ZT Z/n − Ip )yi is a (complicated) function of the underlying
Gaussian random variables Z. One might hope that it is Lipschitz continuous with some
Lipschitz constant B = B(n, p, τ, y), thereby implying, by Gaussian isoperimetry (Ledoux,
2005), that it concentrates to the scale B around its expectation (i.e. 0). Then, by a
standard union bound argument over
one would obtain that
 a discretization of the sphere,
√
the operator norm of η ZT Z/n − Ip is typically no more than p supy∈Sp−1 B(n, p, τ, y).
Unfortunately, this turns out not to be true over the whole space of Z, i.e. the Rayleigh
quotient is not Lipschitz continuous in the underlying Gaussian variables Z. Our approach,
instead, shows that for typical values of Z, we can control the gradient of hy, η(ZT Z/n−Ip )yi
with respect to Z, and extract the required concentration only from such local information
of the function. This is formalized in our concentration lemma 9, which we apply extensively
while proving Theorem 1. This lemma is a signficantly improved version of the analogous
result in Deshpande and Montanari (2014).

Sp−1

The key technical challenge in our proof is the analysis of the operator norm of such
√
matrices, when fn is the soft-thresholding function, with threshold of order 1/ n. Earlier
results are not general enough to cover this case. El Karoui (2010a,b) provide conditions
under which the spectrum of fn (ZT Z/n − Ip ) is close to a rescaling of the spectrum of
(ZT Z/n − Ip ). We are interested instead in a different regime in which the spectrum of
fn (ZT Z/n − Ip ) is very different from the one of (ZT Z/n − Ip ). Cheng and Singer (2013)
consider n-dependent kernels, but their results are asymptotic and concern the weak limit
of the empirical spectral distribution of fn (ZT Z/n − Ip ). This does not yield an upper
bound on the spectral norm of fn (ZT Z/n − Ip ). Finally, Fan and Montanari (2015) consider
the spectral norm of kernel random matrices for smooth kernels f , only in the proportional
regime n/p → c ∈ (0, ∞).
Our approach to proving Theorem 1 follows instead the ε-net method: we develop high
probability bounds on the maximum Rayleigh quotient:
X  hz̃i , z̃j i τ 
max hy, η(ZT Z/n − Ip )yi = max
η
yi yj ,
(22)
;√
n
n
y∈Sp−1
y∈Sp−1

For a moment, let us neglect the cross terms (vwT + wvT ). The ‘signal’ component β 0 vvT
√
is sparse with s20 entries of magnitude β 0 θ2 /s0 , which (in the regime of interest s0 = n/C)
√
2
T
is equivalent to Cθ β/ n. The ‘noise’ component Z Z/n − Ip is dense with entries of order
√
√
1/ n. Assuming s0 / n < c for some small constant c, it should be possible to remove
√
most of the noise by thresholding the entries at level of order 1/ n. For technical reasons,
we use the soft thresholding function η : R × R≥0 → R, η(z; τ ) = sgn(z)(|z| − τ )+ . We will
omit the second argument from η(·; ·) wherever it is clear from context.
√
Consider again the decomposition (16). Since the soft thresholding function η(z; τ / n)
√
is affine when z  τ / n, we would expect that the following decomposition holds approximately (for instance, in operator norm):




b ≈ η β 0 vvT + η 1 ZT Z − Ip .
η(Σ)
(17)
n

Since β 0 ≈ β and each entry of vvT has magnitude at least θ2 /s0 , the first term is still
approximately rank one, with


s0 τ
η β 0 vvT − βvvT
≤√ .
(18)
n
op
√
This is straightforward to see since soft thresholding introduces a maximum bias of τ / n
T
per entry of the matrix, while the factor s0 comes due to the support size of vv (see
Proposition 14 below for a rigorous argument).
The main technical challenge now is to control the operator norm of the perturbation
η(ZT Z/n − Ip ). We know that η(ZT Z/n − Ip ) has entries of variance δ(τ )/n, for δ(τ ) ≈
exp(−cτ 2 ). If entries were independent with mild tail conditions, this would imply –with
high probability–
r
r


1 T
p
p
η
Z Z − Ip
. Cδ(τ )
= C exp(−cτ 2 )
,
(19)
n
n
n
op
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Choosing τ : Although in the statement of the theorem, our choice of τ depends on the
SNR β/σ 2 , it is reasonable to instead threshold ‘at the noise level’, as follows. The

where µ ∈ Rp is a fixed mean vector, uq,i have mean 0 and variance 1, and zi have mean 0
and covariance Ip . Note that our focus in this section is not on rigorous analysis, but instead
to demonstrate a principled approach to applying covariance thresholding in practice. We
proceed as follows:
Pn
b = i=1
Estimating µ, σ: We let µ
xi /n be the empirical mean estimate for µ. Further
P
µT we see that pn − ( q kq )n ≈ pn entries of X are mean 0 and
letting X = X − 1b
variance σ 2 . We let σ
b = MAD(X)/ν where MAD( · ) denotes the median absolute
deviation of the entries of the matrix in the argument, and ν is a constant scale
factor. Guided by the Gaussian case, we take ν = Φ−1 (3/4) ≈ 0.6745.

xi = µ +

√
decrease monotonically with p indicating that s0 proportional to n is not the right scaling
for this algorithm (as is known from theory); (iii) In contrast, the curves for Covariance
Thresholding become steeper for larger p, and, in particular, the success probability in√
√
creases with p for s0 ≤ 1.1 n. This indicates a sharp threshold for s0 = const · n, as
suggested by our theory.
In terms of practical applicability, our algorithm in Table 1 has the shortcomings of
requiring knowledge of problem parameters s0 , β, θ. Furthermore, the thresholds ρ, τ suggested by theory need not be optimal. We next describe a principled approach to estimating (where possible) the parameters of interest and running the algorithm in a purely
data-dependent manner. Assume the following model, for i ∈ [n]
Xp
βq uq,i vq + σzi ,

Figure 1: The support recovery phase transitions for Diagonal Thresholding (left) and Covariance Thresholding (center) and the data-driven version of Section 4 (right).
For Covariance Thresholding, the fraction of support recovered correctly increases
√
monotonically with p, as long as s0 ≤ c n with c ≈ 1.1. Further, it appears to
converge to one throughout this region. For Diagonal Thresholding, the fraction
of support recovered correctly decreases monotonically with p for all s0 of order
√
n. This confirms that Covariance Thresholding (with or without knowledge of
√
the support size s0 ) succeeds with high probability for s0 ≤ c n, while Diagonal
Thresholding requires a significantly sparser principal component.

Fraction of support recovered

Deshpande and Montanari

T

noise component of entry i, j of the sample covariance (ignoring lower order terms)
√ d
is given by σ 2 hzi , zj i/n. By the central limit theorem, hzi , zj i/ n ⇒ N(0, 1). Consequently, σ 2 hzi ,√zj i/n ≈ N(0, σ 4 /n), and we need to choose the (rescaled) threshold
proportional to σ 4 = σ 2 . Using previous estimates, we let τ = ν 0 · σ
b2 for a constant
ν 0 . In simulations, a choice 3 . ν 0 . 4 appears to work well.

b = X X/n − σ
b using τ as
Estimating r: We define Σ
b2 Ip and soft threshold it to get η(Σ)
b has r eigenvalues that are
above. Our proof of Theorem 2 relies on the fact that η(Σ)
separated from the bulk of the spectrum. Hence, we estimate r using rb: the number
b
of eigenvalues separated from the bulk in η(Σ).
The edge of the spectrum can be
computed numerically using the Stieltjes transform method as in Cheng and Singer
(2013).

b Our theoretical analysis inbq denote the q th eigenvector of η(Σ).
Estimating vq : Let v
bq is expected to be close to vq . In order to denoise v
bq , we assume
dicates that v
b vq ≈ (1−δ)vq +εq , where εq is additive random noise (perhaps with some sparse corΣb
b q ‘at the noise level’ to recover a better estimate of vq .
ruptions). We then threshold Σv
To do this, we estimate the standard deviation of the “noise” ε by σ
cε = MAD(b
vq )/ν.
Here we set –again guided by the Gaussian heuristic– ν ≈ 0.6745. Since vq is sparse,
bq0
this procedure returns a good estimate for the size of the noise deviation. We let v
bq : set v
bi0 = v
bq,i if |b
denote the vector obtained by hard thresholding v
vq,i | ≥ ν 0 σ
bεq and
bq∗ = v
bq0 /kb
bq∗ as our estimate for vq .
0 otherwise. We then let v
vq0 k and return v

Note that –while different in several respects– this empirical approach shares the same
philosophy of the algorithm in Table 1. On the other hand, the data-driven algorithm
presented in this section is less straightforward to analyze, a task that we defer to future
work.
Figure 1 also shows results of a support recovery experiment using the ‘data-driven’
version of this section. Covariance thresholding in this form also appears to work for
√
supports of size s0 ≤ const n. Figure 2 shows the performance of vanilla PCA, Diagonal
Thresholding and Covariance Thresholding on the “Three Peak” example of Johnstone and
Lu (2004). This signal is sparse in the wavelet domain and the simulations employ the datadriven version of covariance thresholding. A similar experiment with the “box” example of
Johnstone and Lu is provided in Figure 3. These experiments demonstrate that, while for
large values of n both Diagonal Thresholding and Covariance Thresholding perform well,
the latter appears superior for smaller values of n.

5. Proof preliminaries

In this section we review some notation and preliminary facts that we will use throughout
the paper.
5.1 Notation
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We let [m] = {1, 2, . . . , m} denote the set of first m integers. We will represent vectors using
boldface lower case letters, e.g. u, v, x. The entries of a vector u ∈ Rn will be represented

12
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by ui , i ∈ [n]. Matrices are represented using boldface upper case letters e.g. A, X. The
entries of a matrix A ∈ Rm×n are represented by Aij for i ∈ [m], j ∈ [n]. Given a matrix
A ∈ Rm×n , we generically let a1 , a2 , . . . , am denote its rows, and ã1 , ã2 , . . . , ãn its columns.

Figure 2: The results of Simple PCA, Diagonal Thresholding and Covariance Thresholding
(respectively) for the “Three Peak” example of Johnstone and Lu (2009) (see
Figure 1 of the paper). The signal is sparse in the ‘Symmlet 8’ basis. We use β =
1.4, p = 4096, and the rows correspond to sample sizes n = 1024, 1625, 2580, 4096
respectively. Parameters for Covariance Thresholding are chosen as in Section 4,
with ν 0 = 4.5. Parameters for Diagonal Thresholding are from Johnstone and Lu
(2009). On each curve, we superpose the clean signal (dotted).
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(
Aij
PE (A)ij =
0

if (i, j) ∈ E,
otherwise.
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(23)

For E ⊆ [m] × [n], we define the projector operator PE : Rm×n → Rm×n by letting
PE (A) be the matrix with entries

Figure 3: The results of Simple PCA, Diagonal Thresholding and Covariance Thresholding
(respectively) for a synthetic block-constant function (which is sparse in the Haar
wavelet basis). We use β = 1.4, p = 4096, and the rows correspond to sample sizes
n = 1024, 1625, 2580, 4096 respectively. Parameters for Covariance Thresholding
are chosen as in Section 4, with ν 0 = 4.5. Parameters for Diagonal Thresholding
are from Johnstone and Lu (2009). On each curve, we superpose the clean signal
(dotted).
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s∈S t∈[0,1]

(25)

(28)

(29)

x∈R,s∈S

x∈R,s∈S

{x : max Fs (x) ≥ ∆} ⊆ {x : max [2xFs (x) − x2 ] ≥ ∆2 }
s

(30)
s

16
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{x, y : max[Fs (x) − Fs (y)] ≥ ∆} ⊆ {x, y : max [2x(Fs (x) − Fs (y)) − x2 ] ≥ ∆2 }.

We first implement the symmetrization. Note that:


∆2 
C
P{max Fs (z) ≥ ∆} ≤ C|S| exp −
+ 2 E{max(Fs (z) − Fs (z0 ))2 ; G c } .
s
s∈S
CL2
∆

Proof We use the Maurey-Pisier method along with symmetrization. By centering, assume
that EFs (z) = 0 for all s ∈ S. Further, by including the functions −Fs in the set S (at
most doubling its size), it suffices to prove the one-sided version of the inequality:

Here z0 is an independent copy of z.

n
o

 o

∆2 
C n
P max|Fs (z) − EFs (z)| ≥ ∆ ≤ C|S| exp −
+ 2 E max (Fs (z) − Fs (z0 ))2 ; G c .
s∈S
s∈S
CL2
∆
(27)

Then, for any ∆ > 0:

Lemma 9 Let z ∼ N(0, IN ) be vector of N i.i.d. standard normal variables. Suppose S is
a finite set and we have functions Fs : RN → R for every s ∈ S. Assume G ∈ RN × RN is
a Borel set such that for Lebesgue-almost every (x, y) ∈ G:
√
√
max max k∇Fs ( tx + 1 − ty)k ≤ L .
(26)

Throughout the paper we will denote by TNε an ε-net on the unit sphere SN −1 that
satisfies Lemma 7. For a subset of indices S ⊂ [N ] we denote by TNε (S) the natural isometric
embedding of TSε in SN −1 .
We now state a general concentration lemma. This will be our basic tool to establish
Theorem 2, and thereby Theorem 3.

The lemma then follows as |hx, A(x − x∗ )i| ≤ kx + x∗ kkAkkx − x∗ k ≤ 2εkAk.

hx, Axi = hx − x∗ , A(x + x∗ )i + hx∗ , Ax∗ i .

Proof Firstly, we have kAk = maxx∈Sn−1 |hx, Axi| = maxx∈Sn−1 kAxk. Let x∗ be the
maximizer (which exists as Sn−1 is compact and |hx, Axi| is continuous in x). Choose
x ∈ Tnε so that kx − x∗ k ≤ ε. Then:

(24)
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kx − yk ≤ ε.

|hx, Axi| ≥ (1 − 2ε)kAk.
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if j ∈ E,
otherwise.

Lemma 8 Let A ∈ Rn×n be a symmetric matrix. Then, there exists x ∈ T ε (S n−1 ) such
that

(
Aij
0

For a matrix A ∈ Rm×n , and a set E ⊆ [n], we define its column restriction AE ∈ Rm×n to
be the matrix obtained by setting to 0 columns outside E:
(AE )ij =
Similarly yE is obtained from y by setting to zero all indices outside E. The operator
norm of a matrix A is denoted by kAk (or kAkop ) and its Frobenius norm by kAkF . We
write kxk for the standard `2 norm of a vector x. Other vector norms such as `1 or `∞ are
denoted with appropriate subscripts.
We let Qq denotes the support of the q th spike vq . Also, we denote the union of the
supports of vq by Q = ∪q Qq . The complement of a set E ∈ [n] is denoted by E c .
We write η(·; ·) for the soft-thresholding function. By ∂η(·; τ ) we denote the derivative
of η(·; τ ) with respect to the first argument, which exists Lebesgue almost everywhere. To
simplify the notation, we omit the second argument when it is understood from context.
For a random variable Z and a measurable set A we write E{Z; A} to denote E{ZI(Z ∈
A)}, the expectation of Z constrained to the event A.
In the statements of our results, consider the limit of large p and large n with certain
conditions on p, n (as in Theorem 2). This limit will be referred to either as “n large
enough” or “p large enough” where the phrase “large enough” indicates dependence of p
(and thereby n) on specific problem parameters.
√
Rx
2
The Gaussian distribution function will be denoted by Φ(x) = −∞ e−t /2 dt/ 2π.
5.2 Preliminary facts

Let SN −1 denote the unit sphere in N dimensions, i.e. SN −1 = {x ∈ RN : kxk = 1}. We use
the following definition (see Vershynin, 2012, Definition 5.2) of the ε-net of a set X ⊆ Rn :

inf

y∈T ε (X)

Definition 6 (Nets, Covering numbers) A subset T ε (X) ⊆ X is called an ε-net of X
if every point in X may be approximated by one in T ε (X) with error at most ε. More
precisely:
∀x ∈ X,

The minimum cardinality of an ε-net of X, if finite, is called its covering number.
The following two facts are useful while using ε-nets to bound the spectral norm of a
matrix. For proofs, we refer the reader to (see Vershynin, 2012, Lemmas 5.2, 5.4).
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Lemma 7 Let S n−1 be the unit sphere in n dimensions. Then there exists an ε-net of
S n−1 , T ε (S n−1 ) satisfying:


2 n
|T ε (S n−1 )| ≤ 1 +
.
ε

15

(33)

(32)

(31)

x,s

2

(b)

s

n
o
≤ φ(∆2 )−1 E φ max[2x(Fs (z) − Fs (z0 )) − x2 ]
x,s
n
o
= φ(∆2 )−1 E φ max[(Fs (z) − Fs (z0 ))2 ]
s
 n
 o
= φ(∆2 )−1 E φ max[(Fs (z) − Fs (z0 ))2 ] ; G
s


+ E φ(max[(Fs (z) − Fs (z0 ))2 ]; G c .

x,s

n
(a)
o
≤ φ(∆2 )−1 E φ max[2xFs (z) − x2 ]

2

(38)

(37)

(36)

(35)

(34)

∞

n

a

P

s

s

(41)

(39)

o

max[(Fs (z) − Fs (z0 ))2 ] − a + I(G) ≥ x dx

=


√
P max[|Fs (z) − Fs (z0 )|] ≥ x + a; G dx
(40)
s
0
Z ∞
h 
i
√
≤ 2|S|
e−λ x max E exp{λ(Fs (z) − Fs (z0 ))}; G dx ,

Z

0

∞

17
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where, in the last inequality we use the union bound followed by Markov’s inequality. To
R π/2
control the exponential moment, note that Fs (z)−Fs (z0 ) = 0 h∇F (z(θ)), ż(θ)idθ whence,

s

Z
n
 o
E φ max[(Fs (z) − Fs (z0 ))2 ] ; G =

Here (a) is Markov’s inequality, and (b) is the symmetrization bound Eq. (33), where we
use the fact that φ(z) = (z − a)+ is non-decreasing and convex in z.
At this point, it is easy to see that the lemma follows if we are able to control the
first term in Eq. (38). We establish this via the Maurey-Pisier method. Define the path
z(θ) ≡ z sin θ + z0 cos θ, the velocity ż ≡ dz/dθ = z cos θ − z0 sin θ.

s

P{max Fs (z) ≥ ∆} ≤ P max[2xFs (z) − x ] ≥ ∆



Here we use Jensen’s inequality with the monotonicity of φ(·) to obtain (a) and with the
convexity of φ(·) to obtain (b).
Now we choose φ(z) = (z − a)+ , for a = ∆2 /2.

x,s

(b) n
o
≤ E φ max[2x(Fs (z) − Fs (z0 )) − x2 ] .

x,s


 
n
o


E φ max[2xFs (z) − x2 ] ≤ E φ max E{2xFs (z) − 2xFs (z0 ) − x2 |z}
x,s
x,s
 

(a)

≤ E φ E max[2x(Fs (z) − Fs (z0 )) − x2 ]|z

Furthermore, by centering, Fs (z) = E{Fs (z) − Fs (z0 )|z}. Hence for any non-decreasing
convex function φ(z):

Sparse PCA via Covariance Thresholding

2
π

Z

π/2

0

0

 
λh∇Fs (z(θ)), ż(θ)idθ ; G

n
 o
E exp λπh∇Fs (z(θ)), ż(θ)i/2 ; G dθ.

π/2

(46)

(45)

(44)

(43)

(42)

(50)
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The following two lemmas are well-known concentration of measure results. The forms below
can be found in (Vershynin, 2012, Corollary 5.35), (Laurent and Massart, 2000, Lemma 1)
respectively.

Corollary 10 Under the same conditions as Lemma 9,
n
o

∆2 
P max|Fs (z) − EFs (z)| ≥ ∆ ≤ C|S| exp −
s∈S
CL2

o1/2
C n
+ 2 E max (Fs (z) − Fs (z0 ))4
P{G c }1/2 .
s∈S
∆

By a simple application of Cauchy-Schwarz, this lemma implies the following.

Combining this with Eq. (38) and the fact that φ(∆2 )−1 ≤ C∆−2 gives Eq. (28) and, consequently, the lemma.

Here (a) follows as Gθ ⊇ G. Equality (b) follows from noting that Gθ is measurable with
respect to z(θ) and, hence, first integrating with respect to ż(θ) = z cos θ − z0 sin θ, a
Gaussian random variable that is independent of z(θ). The final inequality (c) follows by
using the fact that k∇Fs (z(θ))k ≤ L on the set Gθ .
Since this bound is uniform over s ∈ S, we can use it in (41):
Z ∞
n
o

√
λ 2 π 2 L2 
E φ(max(Fs (z) − Fs (z0 ))2 ); G ≤ 2|S|
exp − λ x +
dx
(47)
s
8
a


2
2
2
√
√
4|S|
λ π L
(48)
≤ 2 (1 + λ a) exp − λ a +
λ
8
√
We can now set λ = 4 a/π 2 L2 , to obtain the exponent above as −2a/π 2 L2 = −∆2 /π 2 L2 .
√
The prefactor (1 + λ a)λ−2 is bounded by CL2 max(, L2 /∆2 ) when a = ∆2 /2. Therefore,
as required, we obtain:
n
o

∆2 
E φ(max(Fs (z) − Fs (z0 ))2 ); G ≤ C max(1, L4 /∆4 ) exp −
(49)
s
CL2

Define the set Gθ = {(z, z0 ) : maxs k∇Fs (z(θ))k ≤ L}. Then:
n
o (a) 2 Z π/2 n

 o
E exp λ(Fs (z) − Fs (z0 )) ; G ≤
E exp λπh∇Fs (z(θ)), ż(θ)i/2 ; Gθ dθ
π 0
Z π/2 
 λ2 π 2 k∇F (z(θ))k2

(b) 2
s
E exp
; Gθ dθ
=
π 0
8
 λ2 π 2 L2 
(c)
≤ exp
.
8

≤


n
o
Z

E exp λ(Fs (z) − Fs (z0 )) ; G = E exp

using Jensen’s inequality:
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D

(53)

(52)

Lemma 11 Let A ∈ RM ×N be a matrix with i.i.d. standard normal entries, i.e. Aij ∼
N(0, 1). Then, for every t ≥ 0:


n
o
√
√
t2
.
(51)
P kAkop ≥ M + N + t ≤ exp −
2
Lemma 12 Let z ∼ N(0, IN ). Then
√
P{kzk2 ≥ N + 2 N t + 2t} ≤ exp(−t).

6. Proof of Theorem 1
r
X

)

ZT Z
− Ip .
+
n

C

)
p

βq
vq (ZT uq )T + (ZT uq )vqT
n

βq βq0 huq , uq0 i
vq (vq0 )T
n

βq kuq k2
vq (vq )T +
n
(p

b = XT X/n − Ip , we have:
Since Σ
(
b =
Σ

X

q=1

+
q6=q 0

S

N

We let D = {(i, i) : i ∈ [p] \ Q} be the diagonal entries not included in any support. (Recall
that Q = ∪q Qq denote the union of the supports.) Further let E = Q × Q, F = (Qc × Qc )\D,
and G = [p] × [p]\(D ∪ E ∪ F), or, equivalently G = (Q × Qc ) ∪ (Qc × Q). Since these are
disjoint we have:
n
o
n  o
n
o
n
o
b = PE η(Σ)
b + PF η Σ
b
b + PD η(Σ)
b .
η(Σ)
+ PG η(Σ)
(54)
|
{z
} |
{z
} |
{z
} |
{z
}

e−τ

2 /C

.

(56)

(55)

The first term corresponds to the ‘signal’ component, while the last three terms correspond
to the ‘noise’ component.
Theorem 1 is a direct consequence of the next five
√ propositions. The first demonstrates
that, even for a low level of thresholding, viz. τ < log p/2, the term N has small operator
norm. The second demonstrates that the soft thresholding operation preserves the signal
in the term S. The next two propositions show that the cross and diagonal terms C and D
are negligible as well. Finally, in the last proposition,
√ we demonstrate that, for the regime
of thresholding far above the noise level, i.e. τ > C log p, the noise terms N and C vanish
entirely.

Proposition 13 Let N denote the second term of Eq. (54). Since F = Qc × Qc \D,
 



b = PF η 1 ZT Z
N = PF η(Σ)
.
n

p p
∨
n n
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Then, there
√ exists an absolute constant C such that the following happens. Assuming that
(i) τ < log p/2 and (ii) n > C log p, then with probability 1 − o(1)
r

kNkop ≤ C

19
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Proposition 14 Let S denote the first term in Eq. (54):

n
o
b .
S = PE η(Σ)

op

r
s0
2τ s0
.
≤ √ + C(β ∨ 1)
n
n

Assume that (i) s0 /n < 1 and (ii)n > C log p: Then with probability 1 − o(1):
S−Σ

Proposition 15 Let C denote the matrix corresponding to the third term of Eq. (54):

n
o
b .
C = PG η(Σ)

2 /(β∨1)

r

p p
∨ .
n n

n−1 log p.

(57)

(58)

(59)

Assuming the conditions of Proposition 13 and, additionally, that s02 ≤ p, there exist constants C, c such that with probability 1 − o(1)

kCkop ≤ C τ e−cτ

Proposition 16 Let D denote the matrix corresponding to the third term of Eq. (54):

p

n
o
b .
D = PD η(Σ)

With probability 1 − o(1) we have that kDkop ≤ C

Nij = Cij = 0.

(60)

√
Proposition 17 For some absolute constant C0 , we have for τ ≥ C0 (β ∨ 1) log p that,
with probability 1 − o(1):
∀i, j
Therefore, kNkop = 0 and kCkop = 0.

Remark 18 At this point we remark that the probability 1 − o(1) can be made quantitative,
√
for e.g. of the form 1 − exp(− min( p, n)/C1 ), for every n large enough. For simplicity of
exposition we do not pursue this in the paper.

We defer the proofs of Propositions 13, 14, 15, 16 and 17 to Sections 6.1, 6.2, 6.3, 6.4
and 6.5 respectively. By combining them for β = O(1), we immediately obtain the following
bound.

op


2τ s0
≤ √ +C
n

(61)

JMLR 17(141):1-41

r
r
p p  −τ 2 /C
s0 ∨ log p
∨
e
+C
.
n n
n

Theorem 19 There exist numerical√constants C0 , C1 such that the following happens. Assume β ≤ C0 , n > C1 log p and τ ≤ log p/2. Then with probability 1 − o(1):
b −Σ
η(Σ)

20

op

≤C

r
s0 (β ∨ 1)2
n

s20 (β 2 ∨ 1)
p
log 2 .
n
s0

s20 τ 2
≤C
+C
s n

r

≤ 1.

(69)

(68)

(67)

(66)

21
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Finally, the term of Proposition 16 is also bounded as desired using log p ≤ s20 log(p/s20 )
(dividing both sides by
√ p and using the fact that x 7→ x log(1/x) is increasing).
The case of τ∗ ≥ log p/2√is easier. In that case, we can keep τ = C2 τ∗ with C2 large
enough so that τ ≥ C0 (β ∨ 1) log p for C0 of Proposition 17. Then, by Proposition 17, we

From Proposition 15, we get, using the same argument as in Eq. (65)
r
  2 C
p
p p
s0
kCkop ≤ C β ∨ 1
∨
n n
p
s
2
s0
p
≤ C(β ∨ 1)
log 2 .
n
s0

S−Σ

where in the last step we used
Next consider Proposition 14:

(e s20 /p), (s20 /n)


 
e = Pnd η 1 ZT Z
.
N
n

o
 log CA
n2 ∆2 
(np)C
kPS×S (Ñ)kop ≥ ∆ ≤ C exp p
−
+C
exp(−cn).
A
C(n + p)
∆2
S⊆[p],|S|≤p/A
(70)
max

max

S⊆[p],|S|≤p/A

√ √
√
2( n + p))}.

(72)

(71)

=

∇w̃` hy, Ñyi =

22

y`
Wσ,
n

i6=`,i∈S

y` X
w̃i yi ∂η(hw̃i , w̃` i/n)
n
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(74)

(73)

To use Lemma 9, we need to compute Ehy, Ñyi and the gradient of hy, Ñyi with respect to
the underlying random variables Z. Since η(·) is an√odd function
the expectation vanishes.
√
To compute the gradient, we let t ∈ [0, 1] and W = tZ+ 1 − tZ0 , and consider hy, Ñyi =
hy, η(WT W/n)yi as a function of the W. Taking the gradient with respect to a column
w̃` for ` ∈ S:

G1 = {(Z, Z0 ) : max(kZk, kZ0 k) ≤

y∈T (A)

o
n
o
kPS×S (Ñ)kop ≥ ∆ ≤ P max |hy, Ñyi| ≥ ∆(1 − 2ε) .

Consider the good set G1 given by:

n
P

Proof For any subset S ⊂ [p] recall that Tpε (S) denotes an ε-net of unit vectors in Sp−1
supported on the subset S. For simplicity let T (A) = ∪S:|S|≤p/A Tpε (S). It suffices, by Lemma
8, to control hy, Ñyi on the set T (A). In particular:

n
P

Lemma 20 Fix any A ≥ 1. There exists an absolute constants C, c such that:

e it suffices to prove the same bound for N.
e Our main
Since N is a principal submatrix of N,
tool in the proof will be the concentration lemma 9 which we use on multiple occasions.
With a view to using the lemma, we let let Z0 ∈ Rn×p denote an independent copy of Z,
and z̃0i it’s ith column. The proof relies on two preliminary lemmas. For some A ≥ 1 (to be
chosen later), we first state and prove the following lemma that controls the norm of any
principal submatrix of Ñ of size at most p/A.

e as
Define N

6.1 Proof of Proposition 13

know that N = 0 and C = 0. Therefore we only need consider the terms S − Σ and D. For
these terms
√ we can use Propositions 14 and 16 respectively and, arguing as in the earlier
case τ∗ ≤ log p, we obtain the desired result.

Proof The proof is obtained by adding the error terms from Propositions 13, 14, 15 and
16, and noting that β is bounded.

Using Propositions 13, 14, 15 and 16, together with a suitable choice of τ , we obtain
the proof of Theorem 1.
Proof [Proof of Theorem 1] Note that in the case s20 > p/e
p there is no thresholding and
b − Σkop ≤ C p/n (Vershynin, 2012, Remark
hence the result follows from the fact that kΣ
5.40).
p
√
2
We assume now that s20 ≤ p/e
√ and the case that τ∗ = C1 (β ∨ 1) log(p/s0 ) ≤ log p/2.
In that case we set τ = τ∗ ≤ log p/2. Below we will keep C1 a large enough constant,
and check that each of the error terms in Propositions 13, 14, 15 and 16 is upper bounded
by (a constant times) the right-hand side of Eq. (7). Throughout C will denote a generic
constant that can be made as large as we want, and can change from line to line.
We start from Proposition 13:
r
  2 C
p p
s0
kNkop ≤ C
∨
(62)
n n
p
s  
s
 p 2  p −C−2
p p −C−1
≤C
∨ C
(63)
2
n s0
n
s20
s   
s  
2
s20 p −C
s20
p −C
∨ C
(64)
≤C
2
n s0
n
s20
s
s20
p
log 2 ,
≤C
(65)
n
s0
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where
(
yi ∂η(hw̃i , w̃` i/n) if i 6= `, i ∈ S
0
otherwise.
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σi =

√

t+

√

1−t ≤

(75)

√
2. We can

(78)

Since kσk ≤ kyk = 1, we have that k∇w̃` hy, Ñyik2 ≤ y`2 kWk2 /n2 . Summing over ` ∈ S we
obtain the gradient bound, holding on the good set G1 :
P 2
y
(76)
k∇W hy, Ñyik2 ≤ ` ` kWk2
n2
C(n + p)
,
(77)
n2
≤

which holds because of triangle inequality and the fact that
now apply Lemma 9 to bound the RHS of Eq. (71) and get:
n
o

n2 ∆2 
P
max
PS×S (Ñ) ≥ ∆ ≤ C|T (A)| exp −
C(n + p)
S⊆[p],|S|≤p/A
C 
E maxhy, Ñyi2 ; G1c .
y∈T
∆2

+

We can simplify the terms on the right-hand side to obtain the result of the lemma. With
ε = 1/4, Stirling’s approximation and Lemma 7 we have:

log
CA 
|T (A)| ≤ exp p
.
(79)
A

(81)

We use a crude bound on the complement of the good set G1 . It is easy to see that, for any
unit vector y, hy, Ñyi2 ≤ kÑkF2 ≤ kZT ZkF2 /n2 . Cauchy-Schwarz then implies that
1/2
E{maxhy, Ñyi2 ; G1c } ≤ n−2 E{kZT ZkF4 }
P{G1c }1/2
(80)

≤ (np)C exp(−c(n + p)),

where the bound on P{G1c } follows from Lemma 11. This concludes the lemma.

y∈Tp
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p
Note that Lemma 20, with A = 1, tells us that kÑkop is of order p/n + (p/n)2
(uniformly in τ ) with high probability. Already this non-asymptotic bound is non-trivial,
since the previous results of Cheng and Singer (2013) and Fan and Montanari (2015) do not
extend to this case. However, Proposition 13 is stronger, and establishes a rate of decay
with the thresholding level τ .
The second lemma we require controls the Rayleigh quotient hy, Ñyi when the entries
of y are “spread out”.
√
Lemma
p 21 Assume that τ ≤ log p/2. Given A ≥ 1 and a unit vector y, let S = {i :
|yi | ≤ A/p} and yS , ySc denote the projections of y onto supports S, Sc respectively. We
have:
o

n

2 ∆2

n
√
max |hyS , ÑyS i| ≥ ∆ ≤ C exp −
+ Cp + (np)C exp − c min( p, n) , (82)
1/4
L12
P

23

p

p
A exp(−τ 2 /16)(n + p)/n2 . The same bound holds for
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for
 any ∆ ≥ L1 where L1 = C1
P maxy∈T 1/4 |hySc , ÑyS i| ≥ ∆ .

j∈[p]

√

tW +

√

(83)

(84)

(85)

(86)

(88)

(87)

1 − tW0 (and its columns w̃(t)i

√
1 X
I(|hw̃i , w̃j0 i| ≥ τ n/2) ≤ 2 exp(−τ 2 /16). .
p

j∈[p]\i

√
1 X
|I(hw̃i0 , w̃j0 i| ≥ τ n/2) ≤ 2 exp(−τ 2 /16) ,
p

j∈[p]\i

√ √
√
kWk, kW0 k ≤ 2( n + p) ,
√
1 X
|I(hw̃i , w̃j i| ≥ τ n/2) ≤ 2 exp(−τ 2 /16) ,
p

e S i. Firstly, we have EhyS , ÑyS i = 0. Consider
Proof We first prove the claim for hyS , Ny
the “good set” G2 of pairs (W, W0 ) ∈ Rn×p × Rn×p satisfying the conditions:
∀i ∈ [p],
∀i ∈ [p],
∀i ∈ [p],

Also, for any pair W, W0 ∈ G2 , for W(t) =
defined appropriately) we have:

j∈[p]\i

p
√
√
√
√
√
kW(t)k ≤ max( t + 1 − t)( 2n + 2p) = 2( n + p),
t
√
1 X
I(hw̃(t)i , w̃(t)j i ≥ τ n) ≤ 6 exp(−τ 2 /16).
p
∀i ∈ [p]

p
t(1 − t)hw̃i , w̃j0 i,

(90)

(89)

Equation (87) follows by a simple application of triangle inequality and condition (83)
defining G2 . For inequality (88), expanding the product hw̃(t)i , w̃(t)j i:

hw̃(t)i , w̃(t)j i = thw̃i , w̃j i + (1 − t)hw̃i0 , w̃j0 i +

p
t(1 − t) < 1

√
√
√
≥ τ n) ≤ I(|hw̃i , w̃j i| ≥ τ n/2) + I(|hw̃i0 , w̃j0 i| ≥ τ n/2)
√
+ I(|hw̃i , w̃j0 i| ≥ τ n/2).

whence, by triangle inequality and
I(|hw̃(t)i , w̃(t)j i|

(91)

(92)

(93)
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when i ∈ S\`
otherwise.

hw̃j , w̃` i τ 
y` X
yj ∂η
; √ w̃j
n
n
n

The gradient of hyS , η(WT W/n)yS i with respect to a column w̃` of W is given by:
∇w̃` hyS , η(WT W/n)yS i =

j∈S\`

y`
= Wσ,
n
(
√
∂η(hw̃i , w̃` i/n; τ / n)yi
0
where σi =

24

≤

(b)

≤

(a)

y`2
C(n + p)A exp(−τ 2 /16)
n2

i6=`

√
y`2 kWk2 X A
I(|hw̃i , w̃` i| ≥ τ n)
n2
p

i6=`

2
e S ik2 ≤ y` kWk2 kσk2
k∇w̃` hyS , Ny
n2
y 2 kWk2 X
(yi ∂η(hw̃i , w̃` i/n))2
≤ ` 2
n

(97)

(96)

(95)

(94)

A exp(−τ 2 /16)(n + p)
≡ L21 .
n2

CL21

∆2

y∈Tp


+ Cp + C(np)C P{G2c }1/2 ,
(100)

(99)

(98)

o
n1 X
√
√
√ o
I(|hz̃1 , z̃j i| ≥ τ n/2) ≥ h ≤ P
I(|hz̃1 , z̃j i| ≥ τ n/2) ≥ 2h; kz̃1 k ≤ 2 n
p
p
j6=1
j6=1
√

+ P kz̃1 k ≥ 2n .
(101)

n1 X

25
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Lemma 12 guarantees that the second term is at most exp(−cn). To control the first term,
we note that, conditional on z̃1 , hz̃j , z̃1 i, j 6= 1 are independent Gaussian random variables
√
with variance kz̃1 k2 . Therefore, conditional on z̃1 , I(|hz̃1 , z̃j i| ≥ τ n/2) are
 independent
√
Bernoulli random variables with success probability h0 = 2Φ −τ n/(2kz̃1 k) , where Φ(·) is

P

where the last line follows by Cauchy-Schwarz,√as in the proof of Lemma 20, and the fact
that L1 ≥ (np)−C2 using the upper bound τ ≤ log p/2.
To obtain the thesis, we need to now bound P{G2c }. It suffices to control the failure
probability of conditions (83), (84), (85), (86) of the good √
set G2 individually, and apply
√
√
the union bound. For Z, Z0 independent, max(kZk, kZ0 k) ≥ 2( n + p) with probability
at most 2 exp(−c(n + p)) by Lemma 11. Now consider condition (84) with i = 1, without
loss of generality. First, for any h > 0 we have:

≤ C exp −



2
e
+ CL−2
1 E{maxε hyS , NyS i ; G2 }

n

o

2
e S i ≥ ∆ ≤ C exp − ∆ + Cp
P max hyS , Ny
2
1/4
CL1
y∈Tp

We can use now Lemma 9, to get, for L1 > 0 as defined above and any ∆ ≥ L1 :

e S ik2 ≤ C1
k∇Z(t) hyS , Ny

p
Here (a) follows from fact that the entries of yS are bounded by A/p and the definition
of the √
soft thresholding function. Inequality (b) follows follows when we set W = Z(t) =
√
tZ + 1 − tZ0 and (Z, Z0 ) ∈ G2 . Therefore, summing over ` we obtain the following bound
e Si
for the gradient of hyS , Ny

Therefore
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j6=1

(105)

(107)

≤

=

26

j6=p

(111)

(110)

(109)
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X  hw̃j , w̃` i τ 
2kWk2 A
max
∂η
;√ .
2
n
p `∈[p]
n
n

`∈S j∈S

2kWk2 X X 2 2  hw̃j , w̃` i τ 
yj y` ∂η
;√
n2
n
n
c

`∈[p] j∈S(`)

kWk2 X X 2 2  hw̃j , w̃` i τ 
≤
;√
y` yj ∂η
n2
n
n

`∈[p]

e Sc ik = n−1 kWσ(`)k ≤ n−1 kWkkσ(`)k. Therefore,
As before, we have that k∇w̃` hyS , Ny
summing over ` ∈ [p]:
X
e Sc ik2 ≤ kWk
k∇W hyS , Ny
kσ(`)k2
(108)
2
n

Here S(`) = Sc if ` ∈ S and S otherwise. Define the vector σ(`) ∈ Rp as


(
hw̃j ,w̃` i τ
y` yj ∂η
; √n
if j ∈ S(`)
n
(σ(`))j =
0
otherwise.

j∈S(`)

A similar bound holds for i 6= 1 and the other conditions (85) and (86), whence we have
√
by the union bound that P{G2c } ≤ p2 exp(−c min( p, n)). This completes the proof of the
claim (82).
The proof of the claim for hyS , ÑySc i is analogous, so we only sketch the points at which
it differs from that of Eq. (82). We use the same good set G2 , as defined earlier. Computing
e S i we obtain:
the gradient as for hyS , Ny
 hw̃ , w̃ i τ 
X
j
`
e Sc i = y`
(106)
∇w̃` hyS , Ny
;√ .
yj w̃j ∂η
n
n
n

j6=1

Combining this with Eq. (101) we now get:
o
n1 X
√
√
P
I(|hz̃1 , z̃j i| ≥ τ n/2) ≥ h ≤ 2 exp(−c min(n, p)).
p

the Gaussian cumulative distribution function. It follows, by the Chernoff-Hoeffding bound
for Bernoulli random variables that
o
n1 X

√
(102)
P
I(|hz̃1 , z̃j i| ≥ τ n/2) ≥ h z̃1 ≤ exp − p D(hkh0 ) ,
p
j6=1
√
where D(akb) = a log(a/b)
√ + (1 − a) log[(1 − a)/(1 − b)]. Choosing h = 4Φ(−τ /(2 2)), and
conditional on kz̃1 k ≤ 2n, D(hkh0 ) ≥ ch for a constant c, implying that
n1 X
√ o
√
(103)
P
I(|hz̃1 , z̃j i| ≥ τ n/2) ≥ h; kz̃1 k ≤ 2n ≤ exp(−cph).
p
j6=1
√
√
√
By standard bounds h = 4Φ(−τ /2 2) ≤ 2 exp(−τ 2 /16) and, as τ ≤ log p/2, h ≥ 1/ p,
we have
n1 X
√ o
√
√
P
I(|hz̃1 , z̃j i| ≥ τ n/2) ≥ h; kz̃1 k ≤ 2n ≤ exp(−c p).
(104)
p
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CA exp(−τ 2 /16)(n + p)
.
n2
(112)

Under
the condition of G2 , the gradient also satisfies, when evaluated at W = Z(t) =
√
√
tZ + 1 − tZ0 :
e Sc ik2 ≤
k∇Z(t) hyS , Ny

The rest of the proof is then the same as before.

(113)

Given these lemmas, we can now establish Proposition 13.
Proof [Proof of Proposition 13] We use a variant of the ε-net argument of Lemma 20. To
bound the probability that kÑkop is large, with Lemma 8, we obtain:
y∈Tpε

n
o

P kÑkop ≥ ∆ ≤ P max |hy, Ñyi| ≥ ∆(1 − 2ε) .

y∈Tp

p
Let S = {i : |yi | ≤ A/p} for some A ≥ 1 to be chosen later. Then let y = yS + ySc
denote the projections of y onto supports S, Sc respectively. Since hy, Ñyi = hySc , ÑySc i +
hyS , ÑyS i + 2hyS , ÑySc i by triangle inequality and union bound:
n
o

P kÑkop ≥ ∆ ≤ P maxε |hySc , ÑySc i| + |hyS , ÑyS i| + 2|hyS , ÑysS c i| ≥ ∆(1 − 2ε)

y∈Tp

(114)
n
o
n
o
≤ P maxε |hySc , ÑySc i| ≥ ∆(1 − 2ε)/4 + P maxε |hyS , ÑyS i| ≥ ∆(1 − 2ε)/4
y∈Tp
y∈Tp
n
o
+ P maxε |hyS , ÑySc i| ≥ ∆(1 − 2ε)/4
(115)
y∈Tp
n
o
n
o
≤P
max kPS0 ×S0 (Ñ)k ≥ ∆(1 − 2ε)/4 + P maxε |hyS , ÑyS i| ≥ ∆(1 − 2ε)/4
y∈T
S0 :|S0 |≤p/A
p
n
o
+ P maxε |hyS , ÑySc i| ≥ ∆(1 − 2ε)/4 .
(116)

(117)

With ε = 1/4, the first term is controlled by Lemma 20 while the final two are controlled
by Lemma 21. We choose ε = 1/4 in Eq. (116), and
s



p
p  log A
τ2 
∆ = ∆∗ ≡ C
1+
+ A exp −
,
n
n
A
16
for large enough C so that, using the bounds of Lemmas 20 and 21, we have:
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h
√

log A i
P Ñ ≥ ∆∗ ≤ C(np)C exp − c min
p, n, p
.
(118)
A
p
This probability bound is o(1) provided A is not too large: we choose A = 0.25 τ exp(τ 2 /16) 
√
p which guarantees that the bound above is o(1) when n > C log p for some C large enough.
This concludes the proposition.

27

Deshpande and Montanari

6.2 Proof of Proposition 14

We decompose the empirical covariance matrix (53) as

r
X

q=1

τ
η(x) − x ≤ √ .
n

1

T
T
b
PE (Σ)
=
Σ
+
∆
Z
Z − Ip ,
1 + ∆2 + ∆2 + PE
n
r
1

q
X
βq βq0
∆1 ≡
huq , uq0 i − 1q=q0 vq vq0T ,
n
q,q 0 =1
p
βq
T
vq (ZT uq )Q
.
n
∆2 ≡

Next notice that, for any x ∈ R,

op

(119)

(120)

(121)

(122)

With a view to employing this inequality, we use Eq. (119) and the triangle inequality:
b −Σ
PE (η(Σ))

op

+ k∆1 kop + 2k∆2 kop + PE

op

,

(125)

1



T
T
b
b
= PE η(Σ)
−
P
Z
Z
−
I
(123)
p
E Σ − ∆1 − ∆2 − ∆2 − PE
n
op
1

ZT Z − Ip
n
op
(124)

b −Σ
b
≤ PE η(Σ)

1

s0 τ
≤ √ + k∆1 kop + 2k∆2 kop + PE ZT Z − Ip
n
n

op

(128)

(127)

(126)

where the last line follows by noticing that the first term is supported on E of size s0 × s0
and then using bias bound Eq. (122) entry-wise. We next bound each of the three terns on
the right hand side.
For the first term in Eq (125), note that with a change of basis
p to the orthonormal
set v1 , . . . vr ∆1 is equivalent to an r × r matrix with entries Mqq0 βq βq0 , where Mqq0 =

p
huq , uq0 i/n − 1q=q0 . Denote by B ∈ Rr×r the diagonal matrix with Bqq = βq and by
U ∈ Rr×n , the matrix with columns u1 ,. . . ur . Then, we have, with high probability
k∆1 kop

r
.
n

= kBMBkop
1
2
≤ kBkop
kMkop = βk UT U − Ir×r
n
r
≤ Cβ
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The last inequality follows from the Bai-Yin law on eigenvalues of Wishart matrices (see
Vershynin, 2012, Corollary 5.35).
Consider the second term in Eq (125). By orthonormality of v1 , . . . , vr , the matrix ∆2
T U/n, where we recall that Z denotes the submatrix of
is orthogonally equivalent to BZQ
Q
Z formed by the columns in Q. Denoting by PU the orthogonal projector onto the column

28

(131)

(130)

(129)

(134)

U∈U

P kC̄kop ≥ ∆ ≤ sup P kC̄kop





≥ ∆ U + P U 6∈ U .
(136)
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Notice that, by the Bai-Yin law on eigenvalues of Wishart matrices (see Vershynin, 2012,
Corollary 5.35), limn→∞ P(U ∈ U) = 1 (throughoutr < c n for c a small constant). It is
therefore sufficient to show supU∈U P kC̄kop ≥ ∆ U → 0 for ∆ as in the statement of the
theorem.
e · ) ≡ P( · |U) and bound the above
In order to lighten the notation, we will write P(
e denotes expectation over Z with U
probability uniformly over U ∈ U. (In other words P
fixed). We first control the norms of small submatrices of C̄, following which we control the
full matrix.

We then have


b . It is therefore sufficient to control C̄,
Note that C = C̄ + C̄T where C̄ = PQ×Qc η(Σ)
and then use triangle inequality. The proof is similar to that of Proposition 13. We let
U ∈ Rn×r denote the matrix with columns u1 , u2 ,. . . ur , and introduce the set
r o
n
1 T
r
U ≡ U ∈ Rn×r :
U U − Ir×r
≤5
.
(135)
n
n
op

6.3 Proof of Proposition 15

which implies the proposition.

Finally, substituting the above bounds in Eq. (125), we get
r
s0
τ s0
b −Σ
,
PE (η(Σ))
= √ + C(1 + β)
op
n
n

Here the penultimate inequality follows by Lemma 11 noting that, by invariance under
rotations (and since PU project onto a random subspace of r dimensions independent of
Z), kPU ZQ kop is distributed as the norm of a matrix with i.i.d. standard normal entries,
with dimensions |Q| × r, |Q| ≤ s0 .
Finally, for the third term of Eq. (125) we use the Bai-Yin law of Wishart matrices (see
Vershynin, 2012, Corollary 5.35) to obtain, with high probability:
1

1 T
PE ZT Z − Ip
=
Z ZQ − Is0
(132)
n
n Q
op
op
r
s0
≤C
,
(133)
n

k∆2 kop ≤

1
kBkop kZT
Q PU Ukop
n
β
≤ kPU ZQ kop kUkop
n
r
√  √
√ 
s0
Cβ √
≤
s0 + r
n + r ≤ Cβ
.
n
n

space of U, we then have, with high probability,
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n
e
P

n
max

Qc ⊇S:|S|≤p/A

+ L−2 (np)C exp(−n/C).

o

2 

b kop ≥ ∆ ≤ C exp Cs0 + p log(CA) − ∆
kPQ×S η(Σ)
A
CL2

(137)


b
PQ×S η(Σ)

op

o
n
e
≥∆ ≤P

y∈T,w∈Tsε0

max

o
hw, C̄yi ≥ ∆(1 − 2ε)/2 .

(138)

`

X
kZk2 + kXQ k2
k∇z̃` hw, C̄yik2 ≤
.
n2

(140)

√

√

p
2p ,
√
2n + 2k .
2n +

(144)

(143)

(142)

(141)

30

k∇hw, C̄yik2 ≤

3kZ(t)k2 + 10βn
n2
(n + p) + βn
≤C
n2
(β ∨ 1)n + p
≤C
.
n2
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(147)

(146)

(145)

For (Z, Z ∈ G4 , and t ∈ [0, 1], define Z(t) = tZ + 1 − tZ0 . Now Using Eqs. (140) and
(142, the gradient ∇hw, C̄yi evaluated at Z(t) satisfies:


0

max(kZQ k, kZ0Q k) ≤

√

√

satisfying:

max(kZk, kZ0 k) ≤

Consider the good set G4 of pairs Z, Z


0

kXQ k ≤ kXk ≤ kUBVT k + kZk
p
p
≤ βkUk + kZk ≤ 5 βn + kZk .

p
Let B ∈ Rr×r be the diagonal matrix with entries Bq,q = βq , and V ∈ Rp×r be the matrix
with columns v1 , . . . , vr . We then have X = UBVT + Z, whence, recalling U ∈ U, and
r ≤ c n with c small enough

k∇Z hw, C̄yik2F =

Therefore, arguing as in proof of Proposition 13 (see Lemma 20):

It now suffices to control the right hand side via Lemma 9. We first compute the gradients
with respect to z̃` as before:
( P
w`
when ` ∈ Q, .
c yi ∂η(hx̃` , z̃i i/n)z̃j
(139)
∇z̃` hw, C̄yi = yn` P i∈Q
when ` ∈ Qc ,
i∈Q wi ∂η(hz̃` , x̃i i/n)x̃i
n

S⊆Qc |S|≤p/A

max

Proof Let, as before, Tpε (S) denote the ε-net of unit vectors supported on S ⊂ Qc of size
at most p/A and let T = ∪S Tpε (S). Then, by Lemma 8, with ε = 1/4:

e
P

p
Lemma 22 Fix an A ∈ [1, p1/3 ], and let L = ((β ∨ 1)n + p)/n2 . Then, there exists an
absolute constant C > 0 such that, for any ∆ > 0:

Deshpande and Montanari

n
max

S⊆Qc |S|≤p/A


op

o

∆2 
≥ ∆ ≤ C|T | exp −
CL2

p
((β ∨ 1)n + p)/n2 :
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b
PQ×S η(Σ)

Now applying Corollary 10, for L = C
e
P
w,y

e
+ CL−2 E{max
hw, C̄yi4 }1/4 P{G4 }1/2 .

+ A−1 p log CA),

(148)

(149)

Let ε = 1/4, observing that T ⊆ ∪S:|S|≤p/A Tpε (S), we have the bound (using Lemma 7 and
Stirling’s approximation):
|T | ≤
exp(Cs0

for some absolute C. Now, as in the proof
of Proposition 13, |hw, C̄yi| ≤ kCk ≤ kCkF ≤

e maxw,y hw, C̄yi4 ≤ (np)C for some C. Finally
b F . From this it follows that E
kΣk
P{G4c } ≤ exp(−cn) using Lemmas 11, 12 and the union bound. Combining these bounds in
Eq. (148) yields the lemma.
Now we prove a similar lemma when y has entries that are “spread out”.

max

hw, C̄yS i ≥ ∆

(150)

o



∆2
√
≤ C exp −
+ Cp + (np)C exp − c min( p, n) ,
CL∗2

p
A exp(−τ 2 /C(β ∨ 1))(n(β ∨ 1) + p)/n2 .

w∈TQε ,y∈TQεc

p
c
Lemma 23 Fix an A ∈ [1, p1/3 ], and a unit vector y ∈ RQ let S = {i : |yi | ≤ A/p, and
yS denote the projection of y√on the set of indices S. Then there exists a numerical constant
C such that, assuming τ ≤ log p/2, we have
n
e
P
where L∗ =

(

w` P
0
i∈Qc yi ∂η(hx̃` , z̃i i/n)z̃j
n
y`0 P
i∈Q wi ∂η(hz̃` , x̃i i/n)x̃i
n

when ` ∈ Q

(151)

(152)
(153)
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when ` ∈ Qc .

Proof For simplicity of notation, it is convenient to introduce
the vector y0 = yS . Throughp
out the proof, we will use that ky0 k ≤ 1 and ky0 k∞ ≤ A/p. We compute the gradients as
follows:
∇z̃` hw, C̄y0 i =
Therefore we have

i∈Q

i∈Q

X
AkZk2
∂η(hx̃` , z̃i i/n),
max
pn2 `∈Q
c

`∈Q

X
X 2
X
2
w
`
k∇z̃` hw, C̄y0 ik2 ≤
kZk2
yi0 ∂η(x̃` , z̃` )
n2
c
`∈Q

≤

31
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i∈Q

X

wi ∂η(hz̃` , x̃i i/n)

2

(163)

(162)

(161)

(160)

(159)

(158)

(157)

(156)

(155)

(154)

A/p and that ∂η(·) ∈ {0, 1}. Similarly, for ` ∈ Qc :
X

(yi0 )2 kXQ k2
n2

`∈Q

i∈Q

X
AkX k2
Q
max
∂η(hz̃i , x̃` i/n).
`∈Q
pn2
c

i∈Q

2 X
X 2
w
i kXQ k
(y`0 )2 ∂η(hz̃` , x̃i i/n)2
n2
c

`∈Qc

p
k∇z̃` hw, C̄y0 ik2 ≤

where we used the fact that |yi0 | ≤
X

`∈Qc

=
≤

j∈Q

X
2A
(kXQ k2 + kZk2 ) max
∂η(hx̃i , z̃j i/n).
i∈Q
pn2
c

`∈[p]

Combining the bounds in Eqs.(153), (156), we obtain
X
k∇z̃` hw, C̄y0 ik2
k∇Z hw, C̄y0 ikF2 =

≤

j∈Q

√
1 X
I(hx̃i , z̃j0 i ≥ τ n/4) ≤ 2 exp(−τ 2 /K).
p
c

j∈Q

√
1 X
I(hx̃i0 , z̃j i ≥ τ n/4) ≤ 2 exp(−τ 2 /K)
p
c

j∈Qc

√
1 X
I(hx̃i0 , z̃j0 i ≥ τ n/2) ≤ 2 exp(−τ 2 /K)
p

j∈Q

With K = Cβ ∨ 1, we define the good set G5 of pairs (Z, Z0 ) satisfying
p
√
kZk, kZ0 k ≤ 2n + 2p
√
1 X
I(hx̃i , z̃j i ≥ τ n/2) ≤ 2 exp(−τ 2 /K)
p
c
∀i ∈ Q,

∀i ∈ Q,
∀i ∈ Q,
∀i ∈ Q,

j∈Q

X
CA
((β ∨ 1)n + p) max
∂η(hx̃(t)i ), z̃(t)j i/n) ,
i∈Q
pn2
c

j∈Qc

X
2A
(kXQ (t)k2 + kZ(t)k2 ) max
∂η(hx̃(t)i ), z̃(t)j i/n)
i∈Q
pn2

(165)

(164)

√
√
Define Z(t) = tZ + 1 − tZ0 with (Z, Z0 ) ∈ G5 . By Eq. (158) the gradient evaluated at
Z(t) is bounded by
k∇hw, C̄yik2 ≤
≤
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√
√
where we bounded kXQ (t)k as in Eq. (142), and used kZ(t)kop ≤ 2( n + p), which follows
from Eq. (159)
p and triangle inequality. Furthermore, as hx̃(t)i , z̃(t)j i = thx̃i , z̃j i + (1 −
t)hx̃i0 , z̃j0 i + t(1 − t)(hx̃i , z̃j0 i + hx̃i0 , z̃j i), we have that:
√
∂η(hx̃(t)i ), z̃(t)j i/n) = I(|hx̃(t)i , z̃(t)j i| ≥ τ n)
(166)
√
√
≤ I(|hx̃i , z̃j i| ≥ τ n/2) + I(|hx̃i0 , z̃j0 i| ≥ τ n/2)
√
√
+ I(|hx̃i0 , z̃j i| ≥ τ n/4) + I(|hx̃i0 , z̃j i| ≥ τ n/4).
(167)
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j∈Qc

w∈TQ ,y∈Tpε

max
ε
5

o

∆2 
hw, C̄y0 i ≥ ∆ ≤C|TQε ||Tpε | exp −
CL2∗
−2 e
+ CL E{maxhw, C̄y0 i4 }1/4 P{G c }1/2 .

∗

A
2
((β ∨ 1)n + p) e−τ /K = CL2∗ .
n2

(170)

(169)

(168)

n

w∈TQ ,y∈Tpε

max
ε

o

∆2 
+ (np)C P{G5c }1/2 .
hw, C̄y0 i ≥ ∆ ≤ C exp Cp −
CL2∗

(171)

j∈Qc

+

33

kx̃1 k2 ≤Kn

sup

e
P

j∈Qc

nX
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(173)

o
√
I(|hx̃1 , z̃j i ≥ τ n/2) ≥ |Qc |h x̃1 .

where the last equality holds since U ∈ U and by tail bounds on chi-squared random
variables. Further
nX
o
√
2
e
e
P
I(|hx̃1 , z̃j i ≥ τ n/2) ≥ |Qc |h ≤ P{kx̃
1 k ≥ Kn}

It remains to control the probability of the bad set G5c . For this, we control the probability
of violating any one condition among (159), (160), (161), (162) and (163) defining G5 and
then use the union bound. By Lemmas 11, condition (159) hold with probability 1 −
C exp(−cn). The argument controlling the probability for conditions (160), (161), (162)
and (163) to hold are essentially the same, so we restrict ourselves to condition (160)
keeping i = 1 ∈ Q, without loss of generality. Conditional on x̃1 , hx̃1 , z̃j i for j ∈ Qc are
√
independent N(0, kx̃1 k2 ) variables. Therefore, conditional on x̃1 , I(|hx̃1 , z̃j i| ≥ τ n/2) are
√
independent Bernoulli random variables with success probability Φ{−τ n/2kx̃1 k}. Define
√
h1 to be the success probability, i.e. h1 = Φ(−τ n/(2kx̃1 k)).
Since K = C(β ∨ 1) we can enlarge C to a large absolute constant. Letting Vp∈ Rn×r
be the matrix with columns v1 , . . . , vr , and B the diagonal matrix with Bq,q = βq , we
have, with probability at least 1 − exp(−n/C),
r
Kn
kx̃1 k ≤ kUBVT e1 k + kz̃1 k ≤ kBkkUk + kz̃1 k ≤
,
(172)
4

e
P

By Lemma 7, keeping ε = 1/4 we have that the first term is at most C exp(Cp+exp(−∆2 /CL2∗ )).
C
b
b 4
For the second term, we have |hw, C̄yi| ≤ kC̄k ≤ kC̄kF ≤ kΣk
√ F . Since E{kΣkF } ≤ (np) ,
we have that E{maxw,y hw, C̄yi4 }1/4 ≤ (np)C . Also as τ < log p, L∗ ≥ (np)−C , implying
that the second term is bounded above by (np)C P{G5c }1/2 . Therefore:

n
e
P

Hence, by Lemma 9, we obtain:

k∇Z hw, C̄yik2 ≤ C

Therefore the gradient satisfies, on the good set:

i∈Q

Hence on the good set G5 , we have:
X
2
max
∂η(hx̃(t)i ), z̃(t)j i/n) ≤ 4p e−τ /K .
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j∈Qc

n

max

w∈TQε ,y∈TQεc

o

o
|hw, C̄ySc i| ≥ ∆(1 − 2ε)/2 .

|hw, C̄yS i| ≥ ∆(1 − 2ε)/2

(177)

34
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With this setting of A, we get the form of ∆∗ below, as required for the proposition.
r
τ 2 ∨ 1 pn(β ∨ 1) + p2
2
∆∗ ≤ C e−cτ /K
·
(181)
Kr
n2
p p
2
≤ C (τ ∨ 1)e−cτ /K
∨ .
(182)
n n

so that, via the bounds of Lemmas 22, 23 and that s20 ≤ p:


p log A 
√
C
P{kC1 k ≥ ∆∗ } ≤ C exp − c
+ L−2
(179)
∗ (np) exp − c min( p, n) .
A
1/2
We now set A = (τ 2 /K) exp(τ 2 /K)
with K = C(β ∨ 1) for a suitable constant C and,
√
since τ ≤ log p/2, we get that A ≤ p1/3 . Furthermore, it is straightforward to see that
L ≥ (np)−C , and this implies that
√
P{kC1 k ≥ ∆∗ } ≤ (np)C exp(−c min( p, n)) = o(1).
(180)

As before, we will let ε = 1/4. The first term is controlled via Lemma 22, while the second
is controlled by Lemma 23. We keep ∆ = ∆∗ where
r
 √
p log A 
∆∗ = C L∗ p + L
.
(178)
A

n

max

w∈TQε ,y∈TQεc

w∈TQ ,y∈TQc

+P

e
≤P

We are now ready to prove Proposition
15. Indeed, as in Proposition 13, for any unit
p
c
vector y ∈ RQ , let S = {i : |yi | ≥ A/p} and yS , ySc denote the projections on the indices
in S, Sc respectively.
n
n
o
e kC̄1 k ≥ ∆} ≤ P
e
P
max
|hw, C̄yi| ≥ ∆(1 − 2ε)
(176)
ε
ε

2
with h1 < exp(−τ 2 /K) when kx̃1 k2 ≤ Kn/4. Choosing h = 2 exp(−τ
√ /K) implies that
√
h1 ≤ h/2 when and, thereby, that D(hkh1 ) ≥ h/C. Further since τ < log p/2, h ≥ 1/ p.
This implies that
√
exp(−|Qc |D(h − h1 kh1 )) = exp(−(p − s0 )h/C) ≥ exp(− p/C).
(175)
√
c
2
Combining this with Eq. (173) we have that P{G } ≤ Cp exp(− min(n, p)/C) for some
absolute C. Plugging this in Eq. (171) yields the lemma.

By the above argument, the first term is at most exp(−n/C) and we turn to the second
term. By the Chernoff bound
nX
o

√
e
P
I(|hx̃1 , z̃j i ≥ τ n/2) ≥ |Qc |h x̃1 ≤ exp − |Qc |D(h||h1 ) , ,
(174)
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6.4 Proof of Proposition 16

(184)

(183)

Since D is a diagonal matrix, its spectral norm is bounded by the maximum of its entries.
This is easily done as, for every i ∈ Qc :
 kz̃ k2
τ 
i
|(D)ii | = η
− 1; √
n
n
kz̃i k2 − n
.
n

≤

kz̃i k2
−1 ≤C
n

r

log p
n

(186)

(185)

By the Chernoff bound for χ2 -squared random variables as in Lemma 12 followed by the
union bound, with probability 1 − o(1):
i

max
for some absolute C. Here we used the fact that (log p)/n < 1.
6.5 Proof of Proposition 17
It suffices to show that with probability 1 − o(1)
r
b ij | ≤ √τ = C0 (β ∨ 1) log p .
max |Σ
n
n
i,j∈F∪G

op

≤3

ro
.
n

(187)

This is a standard argument (see Bickel and Levina, 2008b,
√ Lemma A.3) where (following
the dependence on β) it suffices to take τ ≥ C0 (β ∨ 1) log p for C0 a sufficiently large
absolute constant. We note here that the same can also be proved via the conditioning
technique applied in the proofs of Propositions 13 and 15.

7. Proof of Theorems 3

1 T
U U − Ir×r
n

b 0 and X0 while
Throughout this section, to lighten notation, we drop the prime from Σ
b1 , . . . , v
br . We further write X = UBVT +
keeping in mind that these are independent from v
√
Z, where U ∈ Rn×r is the matrix with columns u1 , . . . , ur , B is diagonal with Bii = βi
and V ∈ Rp×r has columns v1 , . . . , vr .
Define the event
r
n
U ≡ U ∈ Rn×r :

By the Bai-Yin law on eigenvalues of Wishart matrices (see Vershynin, 2012), limn→∞ P(U ∈
U) = 1. In the rest of the proof, we will therefore assume U ∈ U fixed, and denote by
e · ) = P( · |U) the expectation conditional on U. In other words, P(
e · ) denotes expectation
P(
with respect to Z.
Note that
(188)
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b = 1 VBUT UBVT + 1 ZT UBVT + 1 VBUT Z + 1 ZT Z − I .
Σ
n
n
n
n
35

(2)
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We then have, for q ∈ {1, . . . , r} and i ∈ {1, . . . , p},

(1)

(a)

(3)

b
bq i vq,i ≤ Ti,q + Ti,q + Ti,q ,
(Σb
v
q )i − βq hvq , v
1
(1)
bq i − βq hvq , v
bq ivq,i ,
Ti,q ≡ hei , VBUT UBVT v
n


1
(2)
bq )eiT i ,
hZ, (UBVT ei )b
vqT + (UBVT v
Ti,q ≡
n
1

(3)
bq i .
Ti,q ≡ hei ,
ZT Z − I v
n

(2)

bq i2 ≤ ε2 /2.
≤ 1 − hvq , v

(189)

(190)

(191)

(192)

(194)

(193)

We next bound, with high probability, maxi,q Ti,q for a ∈ {1, 2, 3}. Throughout we let
ε ≡ maxq∈[r] kb
vq − vq k.
Considering the first term, we have
(1)

Ti,q

bq i2
q 0 ∈[r]\q hvq 0 , v

P

1

bq i + hei , VB2 VT v
bq i − βq hvq , v
bq ivq,i
≤ hei , VB UT U − I BVT v
n
r
√
r
+ βε r max |vq0 ,i | ,
n
q 0 ∈[r]\q
≤ 2β

where in the last inequality we used

2
F

(3)

(199)

(198)

(197)

(196)

(195)

Consider next the second term. Since Zij ∼iid N(0, 1), it follows that Ti,q = |Wi,q |, for
2 ) a Gaussian random variable with variance
Wi,q ∼ N(0, σi,q
2
σi,q

r

log p
.
n

1
bq )eiT
(UBVT ei )b
vqT + (UBVT v
=
n2
o
2n
b q k2
≤
kUBVT ei k2 + kUBVT v
n2
4
2
≤ 2 kUBVT kop
n
4
8β 2
2
2
kUkop
kBkop
≤
.
n2
n
≤

By union bound over i ∈ [p], q ∈ [r] we obtain

(2)

max Ti,q ≤ 8β
i∈[p],q∈[r]
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(202)

(201)

(200)

Finally, consider the last term. By rotational invariance of Z, the distribution of Ti,q
bq . Calling this angle ϑ, we have
only depends on the angle between ei and v
(3)

Ti,q



1

1
d
= he1 ,
ZT Z − I e1 i cos ϑ + he1 ,
ZT Z − I e2 i sin ϑ
n
n
1
1
kz̃1 k2 − 1 + hz̃1 , z̃2 i .
n
n

≤

Both of these terms have Bernstein-type tail bonds, whence



√
e T (3) ≥ √t
P
≤ 2 exp − c min(t n, t2 ) .
i,q
n

36

max

≤ C0

log p
.
n

r

r
√
r
log p
+ C(β ∨ 1)
+ βεγ r |vq,i | I(i ∈ Q) .
n
n
(204)

(203)

r

r
r
log p
+ C(β ∨ 1)
n
n

(206)

(205)


1  βmin
√ ∧1 .
8 βγ r

37
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∨ 1) 2
p
s0 log 2 .
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βmin
s0
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All of these conditions are implied by the assumptions of Theorem 3, namely Eq. (14). In
√
particular, this is shown by using the fact that s0 log p ≤ s20 log(p/s20 ) for s0 ≤ p.

n≥C

(β 2

β2
2 θ 2 rs0 ,
βmin
 4

β ∨ β2 2
p
n≥C
r s20 log 2 ,
γ
2
βmin
s0

n≥C

(212)

bq i ≥ 1 − ε.
where, in the first inequality, we used hvq , v
This concludes the proof. Keeping track of the dependence on θ, γ, β, βmin , we get
that the following conditions are sufficient for the theorem’s conclusion to hold (with C a

b vq )i ≥ βq hvq , v
bq i vq,i − Cβ
(Σb

r
√
r
log p
− C(β ∨ 1)
− βεγ r |vq,i |
n
n
r
r

√ 
β
r
log p
≥ βmin 1 − ε −
εγ r vq,i − Cβ
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βmin
n
n
r
r
3βmin θ
r
log p
≥ √
− C(β ∨ 1)
− Cβ
4 s0
n
n
βmin θ
> √ .
2 s0

Hence for i ∈ Qq , and considering –to be definite– vq,i > 0, we get

ε≤

where the last inequality follows from Eq. (14).
On the other hand, By Theorem 2 and using the assumption (14), we can guarantee

βmin θ
< √ ,
2 s0

b vq )i ≤ Cβ
(Σb

b q = {i ∈ [p] : |(Σ
b 0v
bq )i | ≥ ρ}. We claim that the above implies that, with high
Let Q
b
probability, Qq ⊆ Qq ⊆ Q for all q.
For i 6∈ Q, we have

b vq )i − βq hvq , v
bq i vq,i ≤ Cβ
(Σb

By putting together Eqs. (194), (199), (203), and using assumption A2, we get

i∈[p],q∈[r]

(3)
Ti,q

n≥C

(β 2 ∨ 1)
2 θ 2 s0 log p ,
βmin

r

√
Using t = C0 log p, and recalling that n ≥ C log p for C a large constant, we obtain
p

(3)
e
P Ti,q ≥ C0 (log p)/n ≤ 2 p−10 . Hence by union bound
suitable numerical constant):
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It is well known that contemporary visual models thrive on large amounts of training data,
especially those that directly include labels for the desired tasks. Many real world settings contain labels with varying specificity, e.g., “strong” bounding box detection labels,

1. Introduction

A major barrier towards scaling visual recognition systems is the difficulty of obtaining
labeled images for large numbers of categories. Recently, deep convolutional neural networks (CNNs) trained used 1.2M+ labeled images have emerged as clear winners on object
classification benchmarks. Unfortunately, only a small fraction of those labels are available with bounding box localization for training the detection task and even fewer pixel
level annotations are available for semantic segmentation. It is much cheaper and easier
to collect large quantities of image-level labels from search engines than it is to collect
scene-centric images with precisely localized labels. We develop methods for learning large
scale recognition models which exploit joint training over both weak (image-level) and
strong (bounding box) labels and which transfer learned perceptual representations from
strongly-labeled auxiliary tasks. We provide a novel formulation of a joint multiple instance
learning method that includes examples from object-centric data with image-level labels
when available, and also performs domain transfer learning to improve the underlying detector representation. We then show how to use our large scale detectors to produce pixel
level annotations. Using our method, we produce a >7.6K category detector and release
code and models at lsda.berkeleyvision.org.
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and “weak” labels indicating presence somewhere in the image. We tackle the problem of
joint detector and representation learning, and develop models which cooperatively exploit
heterogeneous sources of training data, where some classes have no “strong” annotations.
Our model optimizes a latent variable multiple instance learning model over image regions
while simultaneously transferring a shared representation from detection-domain models to
classification-domain models. The latter provides a key source of automatic and accurate
initialization for latent variable optimization, which has heretofore been unavailable in such
methods.
Both classification and detection are key visual recognition challenges, though historically very di↵erent architectures have been deployed for each. Recently, the R-CNN
model (Girshick et al., 2014) showed how to adapt an ImageNet classifier into a detector,
but required bounding box data for all categories. We ask, is there something generic in the
transformation from classification to detection that can be learned on a subset of categories
and then transferred to other classifiers?
One of the fundamental challenges in training object detection systems is the need to
collect a large of amount of images with bounding box annotations. The introduction of
detection challenge datasets, such as PASCAL VOC (Everingham et al., 2010), has propelled
progress by providing the research community a dataset with enough fully annotated images
to train competitive models although only for 20 classes. Even though the more recent
ILSVRC13 detection dataset (Russakovsky et al., 2014) has extended the set of annotated
images, it only contains data for 200 categories. The larger ImageNet dataset contains some
localization information for around 3000 object categories, though these are not exhaustively
labeled. As we look forward towards the goal of scaling our systems to human-level category
detection, it becomes impractical to collect a large quantity of bounding box labels for tens
or hundreds of thousands of categories.
In contrast, image-level annotation is comparatively easy to acquire. The prevalence
of image tags allows search engines to quickly produce a set of images that have some
correspondence to any particular category. ImageNet (Berg et al., 2012), for example, has
made use of these search results in combination with manual outlier detection to produce
a large classification dataset comprised of over 20,000 categories. While this data can be
e↵ectively used to train object classifier models, it lacks the supervised annotations needed
to train state-of-the-art detectors.
Previous methods employ varying combinations of weak and strong labels of the same
object category to learn a detector. Such methods seldom exploit available strong-labeled
data of di↵erent, auxiliary categories, despite the fact that such data is very often available
in many practical scenarios. Deselaers et al. (2012) uses auxiliary data to learn generic
objectness information just as an initial step, but doesn’t optimize jointly for weakly labeled
data.
We introduce a new model for large-scale learning of detectors that can jointly exploit
weak and strong labels, perform inference over latent regions in weakly labeled training
examples, and can transfer representations learned from related tasks (see Figure 1). In
practical settings, such as learning visual detector models for all available ImageNet categories, or for learning detector versions of other defined categories such as Sentibank’s
adjective-noun-phrase models (Borth et al., 2013), our model makes greater use of available
data and labels than previous approaches. Our method takes advantage of such data by
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using the auxiliary strong labels to improve the feature representation for detection tasks,
and uses the improved representation to learn a stronger detector from weak labels in a
deep architecture.
We cast the task as a domain adaptation problem, considering the data used to train
classifiers (images with category labels) as our source domain, and the data used to train
detectors (images with bounding boxes and category labels) as our target domain. We then
seek to find a general transformation from the source domain to the target domain, that
can be applied to any image classifier to adapt it into a object detector (see Figure 1).
R-CNN (Girshick et al., 2014) demonstrated that adaptation, in the form of fine-tuning, is
very important for transferring deep features from classification to detection and partially
inspired our approach. However, the R-CNN algorithm uses classification data only to pretrain a deep network and then requires a large number of bounding boxes to train each
detection category.
To learn detectors, we exploit weakly labeled data for a concept, including both objectcentric images (e.g., from ImageNet classification training data), and weakly labeled scenecentric imagery (e.g., from PASCAL or ImageNet detection training data with bounding
box metadata removed). We define a novel multiple instance learning (MIL) framework
that includes bags defined on both types of data, and also jointly optimizes an underlying
perceptual representation using strong detection labels from related categories. We demonstrate that a good perceptual representation for detection tasks can be learned from a set
of paired weak and strong labeled examples and the resulting adaptation can be transferred
to new categories, even those for which no strong labels were available.

Figure 1: We learn detectors (models which classify and localize) for categories with only
weak labels (bottom row ). We use auxiliary categories with available paired strong and
weak annotations (top row ) to learn to adapt a visual representation from whole image
classification to localized region detection. We then use the adapted representation to
transform the classifiers trained for the categories with only weak labels and jointly solve
an MIL problem to mine localized training data from the weakly labeled scene-centric
training data (green – bottom right).

Categories with
only Weak labels
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We additionally show that our large-scale detection models can be directly converted
into models which produce pixel-level localization for each category. Following the recent
result of Long et al. (2015), we run our models fully-convolutionally and directly use the
learned detection weights to predict per-pixel labels.
We evaluate our detection model empirically on the largest set of available ground-truth
visual data labeled with bounding box annotations, the ILSVRC13 detection dataset. Our
method outperforms the previous best MIL-based approaches for weakly labeled detector
learning (Wang et al., 2014) on ILSVRC13 (Russakovsky et al., 2014) by 200%. Our model
is directly applicable to learning improved “detectors in the wild”, including categories in
ImageNet but not in the ILSVRC13 detection dataset, or categories defined ad-hoc for a
particular user or task with just a few training examples to fine-tune a new classification
model. Such models can be promoted to detectors with no (or few) labeled bounding boxes.
The article builds on two conference publications. The generic feature adaptation for
transforming a classifier into a detector was first presented in Ho↵man et al. (2014). Ho↵man
et al. (2015) presented a further category specific detector and representation refinement
with mined localization labels. In this work, we present and compare the two works and additionally present a novel extension for further producing per-pixel predictions for adapting
to the semantic segmentation task.

2. Related Work

JMLR 17(142):1-31

Since its inception, the multiple instance learning (MIL) problem (Dietterich et al., 1997), or
learning from a set of labels that specify at least one instance in a bag of instances, has been
attempted in several frameworks, including Noisy-OR and boosting (Ali and Saenko, 2014;
Zhang et al., 2005). However, most commonly, it has been framed as a max-margin classification problem (Andrews et al., 2002), with latent parameters optimized using alternating
optimization (Felzenszwalb et al., 2010; Yu and Joachims, 2009).
Recently, MIL has also been used in computer vision to train detectors using weak labels,
i.e. images with category labels but without bounding box labels. The MIL paradigm
estimates latent labels of examples in positive training bags, where each positive bag is
known to contain at least one positive example. For example, Galleguillos et al. (2008) and
Ali and Saenko (2014) construct positive bags from all object proposal regions in a weakly
labeled image that is known to contain the object and use a version of MIL to learn an
object detector. Overall, MIL is tackled in two stages: first, finding a good initialization, and
second, using good heuristics for optimization. A number of methods have been proposed
for initialization which include using a large image region excluding boundary (Pandey and
Lazebnik, 2011), using a candidate set which covers the training data space (Song et al.,
2014a,b), using unsupervised patch discovery (Siva et al., 2013; Singh et al., 2012), learning
generic objectness knowledge from auxiliary categories (Alexe et al., 2010; Deselaers et al.,
2012), learning latent categories from background to suppress it (Wang et al., 2014), or using
class-specific similarity (Siva et al., 2012). Approaches to better optimize the non-convex
problem involve using multi-fold learning as a measure of regularizing overfitting (Cinbis
et al., 2014), optimizing Latent SVM for the area under the ROC curve (AUC) (Bilen et al.,
2014), and training with easy examples initially to avoid bad local optima (Bengio et al.,
2009; Kumar et al., 2010; Guillaumin et al., 2014).
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We propose a learning algorithm that uses a heterogeneous data source, containing only
weak labels for some tasks, to produce strong visual recognition models for all. Our approach
6

3. Large Scale Detection through Adaptation

where ↵ is a hyper-parameter and `(y, ŷ) is the hinge loss. Interestingly, for negative bags
i.e. YI = 1, the knowledge that all instances are negative allows us to unfold the max
operation into a sum over each instance. Thus, Equation (1) reduces to a standard QP with
respect to w. For the case of positive bags, this formulation reduces to a standard SVM if
the maximum scoring instance is known.
Based on this idea, Equation (1) is optimized using a classic concave-convex procedure (Yuille and Rangarajan, 2003), which decreases the objective value monotonically
with a guarantee to converge to a local minima or saddle point. Due to this reason, weakly
trained MIL detectors are sensitive to the feature representation and initial detector weights
(i.e. initialization in MIL) (Cinbis et al., 2014; Song et al., 2014a). With our algorithm we
mitigate these sensitivities by learning a representation that works well for detection and
by proposing an initialization technique for the weakly trained detectors which proves to
avoid many of the pitfalls of prior MIL techniques (see Fig 7).

We begin by briefly reviewing a standard solution to the multiple instance learning problem,
Multiple Instance SVMs (MI-SVMs) (Andrews et al., 2002) or Latent SVMs (Felzenszwalb
et al., 2010; Yu and Joachims, 2009). In this setting, each weakly labeled image is considered
a collection of bounding boxes which form a positive ‘bag’. For a binary classification
problem, the task is to maximize the bag margin which is defined by the instance with
highest confidence. For each weakly labeled image I 2 W, we collect a set of bounding boxes
and define the index set of those boxes as RI . We next define a bag as BI = {xi |i 2 RI },
with label YI , and let the ith instance in the bag be (xi , yi ) 2 Rp ⇥ { 1, +1}.
For an image with a negative image-level label, YI = 1, we label all bounding boxes
in the image as negative. For an image with a positive image-level label, YI = 1, we create
a constraint that at least one positive instance occurs in the image bag.
In a typical detection scenario, RI corresponds to the set of possible bounding boxes
inside the image, and maximizing over RI is equivalent to discovering the bounding box that
contains the positive object. We define a representation (xi ) 2 Rd for each instance, which
is the feature descriptor for the corresponding bounding box, and formulate the MI-SVM
objective as follows:
⌘
X ⇣
1
min
kwk22 + ↵
` YI , max wT (xi )
(1)
d
i2RI
2
w2R
I

notations for all object categories, both in the source and target domains, which is absent
in our scenario.
Other methods have been proposed that use the underlying semantic hierarchy of ImageNet to transfer localization information to classes for strong labels are available (Guillaumin and Ferrari, 2012; Vezhnevets and Ferrari, 2014). However, this necessarily limits
their approaches to settings in which additional semantic information is available.

While these approaches are promising, they often underperform on the full detection task
in more challenging settings such as the PASCAL VOC dataset (Everingham et al., 2010),
where objects only cover small portions of images, and many candidate bounding boxes
contain no objects whatseover. The major challenges faced by solutions to the MIL problem
are the limitations of fixed feature representations and poor initializations, particularly in
non-object centric images. Our algorithm provides solutions to both of these issues. We also
provide an evaluation on the large-scale ILSVRC13 detection dataset, which many previous
methods have not been evaluated on.
Deep convolutional neural networks (CNNs) have emerged as state of the art on popular
object classification benchmarks such as ILSVRC (Krizhevsky et al., 2012) and MNIST. In
fact, “deep features” extracted from CNNs trained on the object classification task are also
state of the art on other tasks such as subcategory classification, scene classification, domain
adaptation (Donahue et al., 2014), and even image matching (Fischer et al., 2014). Unlike
the previously dominant features (SIFT (Lowe, 2004), HOG (Dalal and Triggs, 2005)), deep
CNN features can be learned for each specific task, but only if sufficient labeled training
data is available. R-CNN (Girshick et al., 2014) showed that fine-tuning deep features,
pre-trained for classification, on a large amount of bounding box labeled data significantly
improves detection performance.
Domain adaptation methods aim to reduce dataset bias caused by a di↵erence in the
statistical distributions between training and test domains. In this paper, we treat the
transformation of classifiers into detectors as a domain adaptation task. Many approaches
have been proposed for classifier adaptation, such as feature space transformations (Saenko
et al., 2010; Kulis et al., 2011; Gong et al., 2012; Fernando et al., 2013), model adaptation
approaches (Yang et al., 2007a; Aytar and Zisserman, 2011), and joint feature and model
adaptation (Ho↵man et al., 2013a; Duan et al., 2012). However, even the joint learning
models are not able to modify the feature extraction process and so are limited to shallow
adaptation techniques. Additionally, these methods only adapt between visual domains,
keeping the task fixed, while we adapt both from a large visual domain to a smaller visual
domain and from a classification task to a detection task.
However, domain adaptation techniques have seen recent success through the merger
with deep CNNs. Ho↵man et al. (2013b) showed that, when training data in the target
domain is severely limited or unavailable, domain adaptation techniques as applied to CNNs
can be more e↵ective than the standard practice of fine-tuning. More recent works have
seen success in augmenting deep architectures with additional regularization layers that are
robust to the negative e↵ects of domain shift (Ghifary et al., 2014; Tzeng et al., 2014; Long
and Wang, 2015; Ganin and Lempitsky, 2015). However, all of these methods focus on the
standard visual domain adaptation problem, where one adapts between two versions of the
same task with di↵erent statistics, and do not investigate the task adaptation setting.
Several supervised domain adaptation models have been proposed for object detection.
Given a detector trained on a source domain, they adjust its parameters on labeled target
domain data. These include variants for linear support vector machines (Yang et al., 2007b;
Aytar and Zisserman, 2011; Donahue et al., 2013), as well as adaptive latent SVMs (Xu
et al., 2014) and adaptive exemplar SVM (Aytar and Zisserman, 2012). A related recent method (Goehring et al., 2014) proposes a fast adaptation technique based on Linear
Discriminant Analysis. These methods require strongly labeled data with bounding box an2.1 Background: MIL
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I2S i2RI q2CS

is to cast the shift from tasks that require weak labels to tasks that require strong labels as
a domain adaptation problem. We then consider transforming the models for the weakly
labeled task into the models for the strongly labeled task. For concreteness, we will present
our algorithm applied to the specific task shift of classification to detection, called Large
Scale Detection through Adaptation (LSDA). In the following section, we will explain how
to shift to a di↵erent strongly labeled task of semantic segmentation.
Let the set of images with only weak labels be denoted as W and the set of images
with strong labels (bounding box annotations) from auxiliary tasks be denoted as S. We
assume that the set of object categories that appear in the weakly labeled set, CW , do not
overlap with the set of object categories that appear in the strongly labeled set, CS . For
each image in the weakly labeled set, I 2 W, we have an image-level label per category,
k: YIk 2 {1, 1}. For each image in the strongly labeled set, I 2 S, we have a label per
category, k, per region in the image, i 2 RI : yik 2 {1, 1}. We seek to learn a representation,
(·) that can be used to train detectors for all object categories, C = {CW [ CS }. For a
category k 2 C, we denote the category specific detection parameter as wk and compute
our final detection scores per region, x, as scorek (x) = wkT (x).
We propose a joint optimization algorithm which learns a feature representation, (·),
and detection model parameters, wk , using the combination of strongly labeled scene-centric
data, S, with weakly labeled object and scene-centric data, W. For a fixed representation,
one can directly train detectors for all categories represented in the strongly labeled set,
k 2 CS . Additionally, for the same fixed representation, we reviewed in the previous section
techniques to train detectors for the categories in the weakly labeled data set, k 2 CW .
Our insight is that the knowledge from the strong label set can be used to help guide the
optimization for the weak labeled set, and we can explicitly adapt our representation for
the categories of interest and for the generic detection task.
Below, we state our overall objective:
X
X X
XX X
`(yiq , wqT (xi ))
(2)
min

wk ,
k2C
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where `(.) is the cross-entropy loss function, F is the region-based loss function over weak
categories, ↵1 , ↵2 are scalar hyper-parameters and (.) is a regularization over the detector
weights. We use convolutional neural networks (CNNs) to define our representation and
thus the last layer weights serve as detection weights w. We adopt the CNN architecture of
Krizhevsky et al. (2012) (referred to as AlexNet).
This formulation is difficult to optimize directly, so we propose to solve this objective by
sequentially optimizing easier sub-problems which are less likely to diverge (see Figure 2).
Lets describe the sub-problems for our overall approach. We begin by initializing a
feature representation and the detection weights w using auxiliary weakly labeled data
(Figure 2: blue boxes). These weights can be used to compute scores per region proposal
to produce initial detection scores. We next use available strongly labeled data from auxiliary tasks to transfer category invariant information about the detection problem. We
accomplish this through further optimizing our feature representation and learning generic
background detection weights, w, , (Figure 2: red boxes). We then use the well tuned detection feature space to perform MIL on our weakly labeled data to find positive instances
(Figure 2: yellow boxes). Finally, we use our discovered positive instances together with the
7
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Figure 2: Our method (LSDA) jointly optimizes a representation and category specific
detection parameters for categories with only weakly labeled data. We first learn a feature
representation conducive to adaptation by initializing all parameters with weakly labeled
data. We then collectively refine the feature space with strongly labeled data from auxiliary
tasks to adapt the category invariant representation from classification to detection (red
boxes). Finally, we perform category specific adaptation (green boxes) either without retraining or by solving MIL in our detection feature space and using the discovered bounding
boxes to further refine the representation and detection weights.

strongly labeled data from auxiliary tasks to jointly optimize all parameters corresponding
to feature representation and detection weights. We now describe each of these steps in
detail in the follow subsections.

3.1 Initializing representation and detection parameters

JMLR 17(142):1-31

As mentioned earlier, we use the AlexNet architecture to describe representation and
detection weights w. Since this network requires a large amount of data and time to
train its approximately 60 million parameters, we start by pre-training on the ILSVRC2012
classification dataset, which we refer to as auxiliary weakly labeled data. It contains 1.2
million weakly labeled images of 1000 categories. Pre-training on this dataset has been
shown to be a very e↵ective technique (Donahue et al., 2014; Sermanet et al., 2013; Girshick
et al., 2014), both in terms of performance and in terms of limiting the amount of in-domain
labeled data needed to successfully tune the network. This data is usually object centric and
is therefore e↵ective for training a network that is able to discriminate between di↵erent
categories. Next, we replace the last weight layer (1000 linear classifiers) with K = |C|
randomly initialized linear classifiers, one for each category in our task.
We next learn initial values for all of the detection parameters for our particular categories of interest, wk , 8k 2 C. We obtain such initialization by solving the simplified
learning problem of image-level classification. The image, I 2 S, is labeled as positive for
a category k if any of the regions in the image are labeled as positive for k and is labeled
as negative otherwise, we denote the image level label as in the weakly labeled case: YIk .
Now, we can optimize over all images to refine the representation and learn category specific

8

k

X

4 (wk ) + ↵

I2{W[S}

X
`(YIk , wkT (I))5

3
(3)

min

"

(wq ) + ↵

I2S i2RI

XX
`(yiq , wqT
(xi ))

#

(4)
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This is accomplished by fine-tuning our CNN architecture with the strongly labeled data,
while keeping the detection weights for the categories with only weakly labeled data fixed.
We will call this method as ‘LSDA rep only’ in our experiments.

wq ,
q
q2{CS ,b}

X

We next transform our classification network into a detection network and learn a representation which makes it possible to separate objects of interest from background and makes it
easy to distinguish di↵erent object categories. We proceed by modifying the representation
(layers 1-7), (·), through finetuning, using the available strongly labeled data for categories
in set CS . Following the Regions-based CNN (R-CNN) (Girshick et al., 2014) algorithm, we
collect positive bounding boxes for each category in set CS as well as a set of background
boxes using a region proposal algorithm, such as selective search (Uijlings et al., 2013). We
use each labeled region as a fine-tuning input to the CNN after padding and warping it
to the CNN’s input size. Note that the R-CNN fine-tuning algorithm requires bounding
box annotated data for all categories and so can not directly be applied to train all K
detectors. Fine-tuning transforms all network weights (except for the linear classifiers for
categories in CW ) and produces a softmax detector for categories in set CS , which includes
a weight vector for the new background class. We find empirically that fine-tuning induces
a generic, category invariant transformation of the classification network into a detection
network. That is, even though fine-tuning sees no strongly labeled data for categories in set
CW , the network transforms in a way that automatically makes the original set CW image
classifiers much more e↵ective at detection (see Figure 9). Fine-tuning for detection also
learns a background weight vector that encodes a generic “background” category, wb . This
background model is important for modeling the task shift from image classification, which
does not include background distractors, to detection, which is dominated by background
patches. This detector explicitly attempts to recognize all data labeled as negative in our
bags. Since we initialize this detector with the strongly labeled data, we know precisely
which regions correspond to background.
This can be summarized as the following intermediate sub-problem for objective (2):

3.2 Learning category specific representation and detection parameters

We optimize Equation (3) through fine-tuning our CNN architecture with a new K-way last
fully connected layer, where K = |C|. This serves as our initialization for solving sequential
sub-problems to optimize overall objective (2). We find that even using the net trained on
weakly labeled data in this way produces a strong baseline. We will refer this baseline as
‘Classification Network ’ in the experiments; see Table 2.

wk ,
k2C

min

2

parameters that can be used per region proposal to produce detection scores:
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8j 2 CW : Wjd = Wjc +
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k
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(5)

In this section, we describe a technique for adapting the category specific parameters of
the classifier model into the detector model parameters that are better suited for use with
the detection feature representation based on a k-NN heuristic. We will determine a similarity metric between each category in the weakly labeled set, CW , to the strongly labeled
categories, CS .
For simplicity, we separate the category specific output layer (8th layer of the network f c8) of the classification model into two components f cS and f cW , corresponding to model
parameters for the categories in the strongly labeled set CS and the weakly labeled set
CW , respectively. During our generic category adaptation of Section 3.1, we trained a new
background prediction layer, f cb .
For categories in set CS , adaptation to detectors can be learned directly through finetuning the category specific model parameters f cS . This is equivalent to fixing f cS and
learning a new layer, zero initialized, S, with equivalent loss to f cS , and adding together
the outputs of S and f cS .
Let us define the weights of the output layer of the original classification network as W c ,
and the weights of the output layer of the adapted detection network as W d . We know that
for a category i 2 CS , the final detection weights should be computed as Wid = Wic + Si .
However, since there is no strongly labeled data for categories in CW , we cannot directly
learn a corresponding W layer during fine-tuning. Instead, we can approximate the finetuning that would have occurred to f cW had strongly labeled data been available. We do
this by finding the nearest neighbors categories in set CS for each category in set CW and
applying the average change. We assume that there are categories in set CS that are similar
to those in set CW and therefore have similar weights and similar gradient descent updates.
Here we define nearest neighbors as those categories with the nearest (minimal Euclidean
distance) `2 -normalized f c8 parameters in the classification network. This corresponds to
the classification model being most similar and hence, we assume, the detection model
should be most similar. We denote the k th nearest neighbor in set CS of category j 2 CW
as NS (j, k), then we compute the final output detection weights for categories in set CW as:

3.3.1 K-nearest neighbors based adaptation

Finally, we seek to adapt the category dependent representation and model parameters for
the categories in our weakly labeled set, CW . We will present two approaches to this problem
of learning detection weights for weak categories. Specifically, we aim to update the weakly
labeled category specific parameters. Section 3.3.1 presents a heuristic adaptation approach
that requires no further CNN training with gradient descent and updates only the weakly
labeled classification parameters. Section 3.3.2 describes a separate adaptation approach
that directly optimizes a subproblem of our overall objective (2). It uses multiple instance
learning to discover localized labeled regions in the weakly labeled training data and uses
the discovered labels to adapt both the representation and the classification parameters for
categories in the weakly labeled set.

3.3 Adapting category specific representation and detection parameters

Hoffman, Pathak, Tzeng, Long, Guadarrama, Darrell, and Saenko

Thus, we adapt the category specific parameters even without bounding boxes for categories
in set CW . In section 5 we experiment with various values of k, including taking the full
average: k = |CS |. We will now refer to this method as ‘LSDA rep+kNN ’ in our experiments.
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3.3.2 MIL training based adaptation
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In contrast to the R-CNN (Girshick et al., 2014) model which trains SVMs on the
extracted features from layer 7 and bounding box regression on the extracted features from
layer 5, we directly use the final score vector to produce the prediction scores without
either of the retraining steps. This choice results in a small performance loss, but o↵ers the
flexibility of being able to directly combine the classification portion of the network that
has no detection labeled data, and reduces the training time from 3 days to roughly 5.5
hours.

Figure 3: Detection with the LSDA network (test time). Given an image, extract region
proposals, reshape the regions to fit into the network size and pass through our adapted
network. Use the adapted representation and the category specific adaptation either through
the no retraining nearest neighbor method or by retraining with our MIL based method.
Finally produce detection scores per category for the region by considering background and
category scores.

input image

We now describe how our adapted network is used for detection at test time (depicted in
Figure 3). For each test image we extract region proposals and generate K + 1 scores per
region (similar to the R-CNN (Girshick et al., 2014) pipeline), one score for each category
and an additional score for the background category. The score is generated by passing the
properly warped image patch through our adapted representation layers and then through
one of our proposed category specific adapted layers (described in the previous sections).
Finally, for a given region, the score for category i is computed by linearly combining the
per category score with the background score: scorei scorebg .

3.4 Detection with LSDA models

Thus, the overall non-convex objective (2) is first approximated through initialization
in (3). This initialization is then used to solve the sequential optimization problems defined
in (4) and (6). Further, we present two ways to solve (6): k-NN based heuristic approach
in (5) and MIL-based re-training approach in (7).
The sub-problem defined in (4) decreases the loss for strongly labeled categories and
(8) decreases the loss for both weak-strong categories. Thus, this ensures that the overall
objective (2) decreases. The refined detector weights and representation can be used to
discover the bounding box annotations for weakly labeled data again, and this process
can be iterated over (see Figure 2). We discuss re-training strategies and evaluate the
contribution of this final optimization step in Section 5.5.

min

wp
p2{CW ,b}

The previous section provides a technique for adapting the category specific model parameters for the weakly labeled categories without any further CNN training. However, we
may want to modify our representation and model parameters by explicitly retraining with
the weakly labeled data. To do this, we need to discover localization information from
the image-level labels. Therefore, we will begin by solving a multiple instance learning
(MIL) problem to discover the portion of each image most likely corresponding to the weak
image-level label.
With the representation, , that has now been directly tuned for detection, we fix the
parameter weights, (·) and solve for the regions of interest in each weak labeled image.
This corresponds to solving the following objective:

i2RI

"

(wk ) + ↵

…

…

F = max wpT (xi )

X
k

Note, we can decouple this optimization problem and independently solve for each category
in our weakly labeled data set, p 2 CW . Let’s consider a single category p. Our goal is to
minimize the loss for category p over images I 2 W. We will do this by considering two
cases. First, if p is not in the weak label set of an image (YIp = 1), then all regions in that
image should be considered negative for category p. Second, if YIp = 1, then we positively
label a region xi if it has the highest confidence of containing object and negatively label
all other regions. We perform the discovery of this top region in two steps. At first, we
narrow down the set of candidate bounding boxes using the score, wpT (xi ), from our fixed
representation and detectors from the previous optimization step. This set is then refined to
estimate the most likely region to contain a positive instance in a Latent SVM formulation.
The implementation details are discussed section 5.4.
Our final optimization step is to use the discovered bounding boxes from our weak
dataset to refine our detectors and feature representation from the previous optimization
step. This amounts to the subsequent step for minimization of the joint objective described
in Equation (2). We collectively utilize the strong labels of images in S and estimated
bounding boxes for the weakly labeled set, W, to optimize for detector weights and feature
representation, as follows:
min

wk ,
k2{C,b}
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This is achieved by re-finetuning the CNN architecture. This final method is referred to as
‘LSDA rep+joint ft’ in our experiments.
11

…

…
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20121
55502

Num images
Num objects

We use the ILSVRC13 detection dataset (Russakovsky et al., 2014) for our experiments.
This dataset provides bounding box annotations for 200 categories. The dataset is separated
into three pieces: train, val, test (see Table 1). The training images have fewer objects
per image on an average than validation set images, so they constitute classification style
data (Ho↵man et al., 2014). Following prior work (Girshick et al., 2014), we use the further
separation of the validation set into val1 and val2. Overall, we use the train and val1 set
for our training data source and evaluate our performance of the data in val2.

395905
345854

Num images
Num objects
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Table 1: Statistics of the ILSVRC13 detection dataset. Training set has fewer objects per
image than validation set.

Val

Train

We implemented our CNN architectures and execute all fine-tuning using the open
source software package Ca↵e (Jia et al., 2014) and have made our model definitions weights
publicly available.

We start by separating our data into classification and detection sets for training and a
validation set for testing. Since the ILSVRC2013 training set has on average fewer objects
per image than the validation set, we use this data as our classification data. To balance the
categories we use ⇡1000 images per class (200,000 total images). Note: for classification
data we only have access to a single image-level annotation that gives a category label. In
e↵ect, since the training set may contain multiple objects, this single full-image label is
a weak label, even compared to other classification training data sets. Next, we split the
ILSVRC2013 validation set in half as (Girshick et al., 2014) did, producing two sets: val1
and val2. To construct our detection training set, we take the images with bounding box
labels from val1 for only the first 100 categories (⇡ 5000 images). Since the validation set
is relatively small, we augment our detection set with 1000 bounding box labeled images
per category from the ILSVRC2013 training set (following the protocol of (Girshick et al.,
2014)). Finally we use the second half of the ILSVRC2013 validation set (val2) for our
evaluation.

5.1 Experiment Setup & Implementation Details

To demonstrate the e↵ectiveness of our approach we present quantitative results on the
ILSVRC2013 detection dataset. The dataset o↵ers images exhaustively labeled with bounding box annotations for 200 relevant object categories. The training set has ⇠400K labeled
images and on average 1.534 object classes per image. The validation set has 20K labeled
images with ⇠50K labeled objects. We simulate having access to weak labels for all 200
categories and having strong labels for only the first 100 categories (alphabetically sorted).

5. Experiments
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To produce such a network we take our final adapted LSDA model, which for the purpose
of our experiments was trained using an AlexNet basic architecture (Krizhevsky et al., 2012),
and we convert the model into the corresponding fully convolutional 32 stride network (FCN32s) presented by Long et al. (2015). This amounts to relatively few changes to the network
architecture. First, each input image is paded with 100 pixels before features are extracted.
Next each of the three fully connected layers are converted into convolutional layers, where
layer 6 has 4096 convolutions with 6⇥6 sized kernels, layer 7 has 4096 convolutions with 1⇥1
sized kernels, and the final score layer has K +1 convolutions with 1⇥1 sized kernels (where
K is the number of categories, plus one for background). Finally, additional deconvolution
and crop layers are added which upsample the score map produced by the 8th layer (bilinear
interpolation) and crops the pixel level score map to be the size of the input image. This
means the final output of the network is a score per category per pixel, which allows us to
perform semantic segmentation.

Instead, we argue that much of the knowledge gained through training with pixel-level
annotations can be transferred from the much weaker bounding box annotations. Therefore, we demonstrate that a reasonable semantic segmentation is possible by directly using
detection parameters in a fully convolutional framework. Further, we show that even our
weakly supervised detection models presented in the previous section are able to localize
objects more precisely than a bounding box, despite never receiving pixel-level annotations
and for many categories never even receiving bounding box annotations.

As we would like to produce pixel level labels from our LSDA model, we will build o↵
of our recent work for object category semantic segmentation (Long et al., 2015). However,
Long et al. (2015) requires full semantic segmentation (pixel-level) annotations to train the
corresponding fully connected network. This form of supervision is particularly expensive
to collect and in general very few data sources exist with these annotations.

Prior work has shown that convolutional networks can also be applied to arbitrary-sized
inputs to allow for per-pixel spatial output. For example, Matan et al. (1992) augmented
the LeNet digit classification model (LeCun et al., 1989), enabling recognition of strings of
digits, and Wolf and Platt (1994) use networks to output 2-dimensional maps in order to
identify the locations of postal address blocks. This technique has been used to produce
semantic segmentation outputs of C. elegans (Ning et al., 2005) and more recently for
generic object categories (Long et al., 2015). These “fully convolutional” networks can
also be finetuned end-to-end on segmentation ground truth to produce fully supervised
segmentation models (Long et al., 2015).

In the previous section we outline an algorithm for producing weakly supervised detection
models which label and coarsely localize objects in scene-centric images. While a bounding
box around an object o↵ers significantly more information than an image-level label, it is not
sufficiently localized for tasks such as robotic manipulation and full scene parsing. Instead,
we would like to produce semantic segmentation models which are capable of labeling each
pixel in an image with the object category or background label.

4. Recognition Beyond Detection

Large Scale Visual Recognition through Adaptation

10.31
12.22
13.72
14.57
11.74
14.20
14.42
15.85

mAP (%)
Weak Categories
11.90
13.60
19.20
19.00
14.90
20.00
20.40
21.83

mAP (%)
All Categories

Large Scale Visual Recognition through Adaptation

Layers Adapted using Strongly
Labeled Data
No Adapt (Classification Network)
fcbgrnd
fcbgrnd , fc6
fcbgrnd , fc7
fcbgrnd , fcS
fcbgrnd , fc6 , fc7
fcbgrnd , fc6 , fc7 , fcS
fcbgrnd , layers 1-7, fcS
Table 2: Ablation study for di↵erent techniques for category independent adaptation of our
model (LSDA rep only). We consider training with the first 100 (alphabetically) categories
of the ILSVRC2013 detection validation set (on val1) and report mean average precision
(mAP) over the 100 weakly labeled categories (on val2). We find the best improvement is
from fine-tuning all layers.
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Figure 4: We show example detections on weakly labeled categories, for which we have
no detection training data, where LSDA (shown with green box) correctly localizes
and labels the object of interest, while the classification network baseline (shown in red)
incorrectly localizes the object. This demonstrates that our algorithm learns to adapt the
classifier into a detector which is sensitive to localization and background rejection.

50

Held−out Categories
Loc
Oth
BG
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(b) LSDA rep+knn

50

of errors found in each type as you look at the top scoring 25-3200 false positives.1 We consider the baseline of starting with the classification only network and show the false positive
breakdown in Figure 5a. Note that the majority of false positive errors are confusion with
background and localization errors. In contrast, after adapting the network using LSDA
we find that the errors found in the top false positives are far less due to localization and
background confusion (see Figure 5b). Arguably one of the biggest di↵erences between classification and detection is the ability to accurately localize objects and reject background.
Therefore, we show that our method successfully adapts the classification parameters to be
more suitable for detection.
100
80
60
40
20
0
25

100 200 400 800 1600 3200
total false positives

(a) Classifier Network
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1. We modified the analysis software made available by Hoeim et al. (2012) to work on ILSVRC-2013
detection

Figure 5: Comparison of error type breakdown on the categories which have no training
bounding boxes available (weakly labeled data). After adapting all the layers in the network
(LSDA), the percentage of false positive errors due to localization and background confusion
is reduced (b) as compared to directly using the classification network for detection (a).

percentage of each type

5.2 Quantitative Analysis of Adapted Representation
We evaluate the importance of each component of our algorithm through an ablation study.
As a baseline, we consider training the network with only the weakly labeled data (no
adaptation) and applying the network to the region proposals.
In Table 2, we present a detailed analysis of the di↵erent category independent adaptation techniques we could use to train the network. We call this method LSDA rep only.
We find that the best category invariant adaptation approach is to learn the background
category layer and adapt all convolutional and fully connected layers, bringing mAP on the
weakly labeled categories from 10.31% up to 15.85% i.e. this achieves a 54% relative mAP
boost over the classification only network. We later observe that the most important step of
our algorithm proved to be adapting the feature representation, while the least important
was adapting the category specific parameter. This fits with our intuition that the main
benefit of our approach is to transfer category invariant information from categories with
known bounding box annotation to those without the bounding box annotations.
We find that one of the biggest reasons our algorithm improves is from reducing localization error. For example, in Figure 4, we show that while the classification only trained
net tends to focus on the most discriminative part of an object (ex: face of an animal) after
our adaptation, we learn to localize the whole object (ex: entire body of the animal).
5.3 Error Analysis on Weakly Labeled Categories

JMLR 17(142):1-31

We next present an analysis of the types of errors that our system (LSDA) makes on the
weakly labeled object categories. First, in Figure 5, we consider three types of false positive
errors: Loc (localization errors), BG (confusion with background), and Oth (other error
types, which is essentially correctly localizing an object, but misclassifying it). After separating all false positives into one of these three error types we visually show the percentage
15

percentage of each type

miniskirt

1−r=−6.00
mushroom
(sim): ov=0.00 1−r=−8.00
miniskirt (sim): ov=0.00 motorcycle
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mushroom

nail

laptop

lemon

nail (sim): ov=0.00 1−r=−4.00 laptop (sim): ov=0.00 1−r=−3.00 lemon (sim): ov=0.00 1−r=−5.00
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32.69

26.10
28.81

24.28
26.27

23.43
24.78

13.13
22.81

Localization mAP (%)
ov=0.5
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To evaluate the quality of discovered boxes, we do ablation study analyzing their overlap
with ground truth which is measured using the standard intersection over union (IOU)

Table 3: CorLoc over dataset and localization mAP (i.e. given the labels) performance of
discovered bounding boxes in our weakly labeled training set (val1) of ILSVRC13 detection
dataset. Comparison with varying amount of overlap with ground truth box. About 25%
of our discovered boxes have an overlap of at least 0.9. Our method is able to significantly
improve the quality of discovered boxes after incorporating strong labels from auxiliary
tasks.

Classification Network
LSDA rep only

CorLoc over full dataset
ov=0.3 ov=0.5 ov=0.7 ov=0.9

We now analyze the quality of boxes discovered using adaptation of all layers including
the background class. One of the key components of our system is using strong labels
from auxiliary tasks to learn a representation where it’s possible to discover bounding
boxes that correspond to the objects of interest in our weakly labeled data source. We
begin our analysis by studying the bounding box discovery that our feature space enables,
using selective search (Uijlings et al., 2013) to produce candidate regions. We optimize
the bounding box discovery (Equations (6),(7)) using a one vs all Latent SVM formulation
and optimize the formulation for AUC criterion (Bilen et al., 2014). This ensures that
the top candidate regions chosen for joint fine-tuning have high precision. The feature
descriptor used is the output of the fully connected layer, f c7 , of the CNN which is produced
after fine-tuning the feature representation with strongly labeled data from auxiliary tasks.
Following our alternating minimization approach, these discovered top boxes are then used
to re-estimate the weights and feature representations of our CNN architecture.

5.4 Analysis of Discovered Boxes

Figure 6: Examples of the top scoring false positives from our LSDA rep+knn network.
Many of our top scoring false positives come from confusion with other categories.

microphone (sim): ov=0.00 1−r=−3.00

motorcycle
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Now that we have analyzed the intermediate result of our algorithm, we next study the full
performance of our system. Figure 9 shows the mean average precision (mAP) percentage
computed over the categories in val2 of ILSVRC13 for which we only have weakly labeled
training data (categories 101-200). Previous method, LCL (Wang et al., 2014), detects in
the standard weakly supervised setting – having no bounding box annotations for any of the
200 categories. This method also only reports results across all 200 categories on the full

5.5 Detection Performance on ILSVRC13

It is important to understand not only that our new feature space improves the quality
of the resulting bounding boxes, but also what type of errors our method reduces. In
Figure 7, we show the top 5 scoring discovered bounding boxes before and after modifying
the feature space with strong labels from auxiliary tasks. We find that in many cases
the improvement comes from better localization. For example without auxiliary strong
labels we mostly discover the face of a lion rather than the body that we discover after our
algorithm. Interestingly, there is also an issue with co-occurring classes. We are better able
to localize “lion” body rather than the face. Most amazing results are for the “ping-pong”
and “rugby” (second and third row) category where we are actually able to mine boxes for
the racket and ball, while the classification net could only get the person boxes which is
incorrect. Once we incorporate strong labels from auxiliary tasks we begin to be able to
distinguish the person playing from the racket/ball itself. In the bottom row of Figure 7, we
show the top 5 discovered bounding boxes for “tennis racket” where we are partially able
to correct the images. Finally, there are some example discovered bounding boxes where
we reduce quality after incorporating the strong labels from auxiliary tasks. For example,
one of our strongly labeled categories is “computer keyboard”. Due to the strong training
with keyboard images, some of our discovered boxes for “laptop” start to have higher scores
on the keyboard rather than the whole laptop (see Figure 8). Also for the “water-craft”
category, our adapted network ignores the mast but better localizes the boat itself. which
slightly decreases the IOU of obtained box.

metric. Table 3 reports the CorLoc for varying overlapping thresholds. CorLoc across full
dataset is defined as the accuracy of discovered boxes i.e. the accuracy that the box is
correctly localized per image at di↵erent thresholds. Our optimization approach produces
one positive bounding box per image with a weak label, and a discovered box is considered
a true positive if it overlaps sufficiently with the ground truth box that corresponds to
that label. Since each bounding box, once discovered, is considered an equivalent positive
(regardless of score) for the purpose of retraining the ‘LSDA rep only’ model, this simple
CorLoc metric is a good indication of the usefulness of our discovered bounding boxes. We
note here that after re-training with our mined boxes the CorLoc will further improved,
as indicated in the detection mAP reported in the next section. It is interesting that a
significant fraction of discovered boxes have high overlap with the ground truth regions. For
reference, we also computed the standard mean average precision over the discovered boxes
for localization task i.e. when label is known. It is important to note that the improvement
in localization mAP is much more significant than the CorLoc. This is because mAP is
obtained by averaging over recall values, and the ‘LSDA rep only’ model achieves better
overall recall than the ‘Classification Network ’ model.

In Figure 6, we show examples of the top scoring Oth error types for LSDA on the weakly
labeled data. This means the detector localizes an incorrect object type. For example, the
motorcycle detector localized and mislabeled bicycle and the lemon detector localized and
mislabeled an orange. In general, we noticed that many of the top false positives from the
Oth error type were confusion with very similar categories. This is discussed in detail in
next subsection.

microphone
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Figure 7: Example discovered bounding boxes learned using our method. Left side shows
the discovered boxes after fine-tuning with images in classification settings only, and right
side shows the discovered boxes after fine-tuning with auxiliary strongly labeled dataset.
We show top 5 discovered boxes across the dataset for corresponding category. Examples
with a green outline are categories for which our algorithm was able to correctly discover
bounding boxes of the object, while the feature space with only weak label training was
not able to produce correct boxes. After incorporating the strong labels from auxiliary
tasks, our method starts discovering “ping-pong” racket/ball and “rugby” ball, though still
has some confusion with the person playing tennis. None of the discovered boxes from the
original feature space correctly located racket/ball and instead included the person as well.
In yellow we highlight the specific example of “tennis racket”, where some of the boxes get
corrected not all top boxes.
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(b) Adapted representation (LSDA rep only)

Hoffman, Pathak, Tzeng, Long, Guadarrama, Darrell, and Saenko

(a) Non-adapted representation

6.00

Classification
Net

10.31

LSDA
rep only

15.85

LSDA
rep+kNN

16.15

LSDA
rep+joint ft
(all layers)

18.08

Figure 8: Example discovered boxes of the category “laptop” where using auxiliary strongly
labeled data causes bounding box discovery to diverge. Left: The discovered boxes obtained
after fine-tuning with images in classification settings only. Right: The discovered boxes
obtained after fine-tuning with the auxiliary strongly labeled dataset that contains the
category “computer keyboard”. These boxes were low scoring examples, but we show them
here to demonstrate a potential failure case – specifically, when one of the strongly labeled
classes is a part of one of the weakly labeled classes. In the second example, adapted network
better localizes the “water-craft” but misses the mast which decreases the IOU slightly.
20
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validation set. Our experiments indicate that the first 100 categories are easier on average
then the second 100 categories, therefore the 6.0% mAP may actually be an upper bound
of the performance of this approach. We also compare our algorithm against the scenario
when the class-specific layer is adapted using nearest neighbors across all categories (LSDA
rep+knn). The joint representation and multiple instance learning approach achieves the
highest results (LSDA rep+joint ft).
We next consider di↵erent re-training strategies for learning new features and detection
weights after discovering the bounding boxes in the weakly labeled data. Table 4 reports the

Figure 9: Comparison of mAP (%) for categories without any bounding box annotations
(101-200 of val2) of ILSVRC13. The Joint representation and category-specific learning
using MIL outperforms all other approaches. *As a reference we report the performance of
LCL (Wang et al., 2014) which was computed across all 200 categories of the full validation
set (val1+val2).

mAP (%)

rep only
rep+kNN
rep+kNN
rep+kNN
rep+joint
rep+joint
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(k=10)
(k=100=|fcS |)
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Weak Categories

11.90
28.00
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22.05
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21.94
22.43
22.74

mAP (%)
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2. To achieve R-CNN performance requires additionally learning SVMs on the activations of layer 7 and
bounding box regression on the activations of layer 5. Each of these steps adds between 1-2mAP at high
computation cost and using the SVMs removes the adaptation capacity of the system.

We finally analyze examples where our full algorithm which jointly learns representation and class-specific layer using MIL (LSDA rep+joint ft) outperforms the previous approach where only representation is adapted without joint learning over weak labels (LSDA
rep+knn). Figure 10 shows a sample of the types of errors our algorithm improves on.
These include localization errors, confusion with other categories, and interestingly, confusion with co-occurring categories. In particular, our algorithm provides improvement when
searching for a small object (ball or helmet) in a sports scene. Training only with weak
labels causes the previous state-of-the-art to confuse the player and the object, resulting in
a detection that includes both. Our algorithm is able to localize only the small object and
recognize that the player is a separate object of interest.

mean average precision (mAP) percentage for no re-training (directly using the feature space
learned after incorporating the strong labels), LSDA rep only, no retraining but last layer
weights of weak categories adapted using nearest neighbors, LSDA rep+knn, re-training only
the category-specific detection parameters, LSDA rep+joint ft (fcW ), and retraining feature
representations jointly with category-specific weights, LSDA rep+joint ft (all layers). In our
experiments the improved performance is due to the first iteration of the overall algorithm.
We find that the best approach is to jointly learn to refine the feature representation and the
category-specific detection weights. More specifically, we learn a new feature representation
by fine-tuning all fully connected layers in the CNN architecture. The last row shows the
performance achievable by our detection network if it had access to bounding box annotated
data for all 200 categories, and serves as a performance upper bound.2 Our method achieves
18.08% mAP on weakly labeled categories as compared to 10.31% of baseline, but it is
still significantly lower than fully-supervised oracle which gives 26.25%.

Table 4: Comparison of di↵erent ways to re-train after discovery of bounding boxes. We
show mAP on val2 set from ILSVRC13. We find that the most e↵ective way to re-train
with discovered boxes is to modify the detectors and the feature representation.

Baseline: Classification Network
Oracle: RCNN Full Detection Network

LSDA
LSDA
LSDA
LSDA
LSDA
LSDA

Category Specific
Adaptation Strategy

Large Scale Visual Recognition through Adaptation

rabbit

rabbit

lion

watercraft

watercraft

volleyball

volleyball

volleyball

soccerball

monkey

monkey
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To showcase the capabilities of our technique we produced a 7604 category detector. The
first categories correspond to the 200 categories from the ILSVRC2013 challenge dataset
which have bounding box labeled data available. The other 7404 categories correspond to
leaf nodes in the ImageNet database and are trained using the available full image weakly
labeled classification data. We trained a full detection network using the 200 strongly
labeled categories and trained the other 7404 last layer nodes using only the weak labels.
Note, the ImageNet dataset does contain other non-exhausitvely labeled images for around
3000 object categories, 1825 of which overlap with the 7404 leaf node categories in our
model. We do not use these labels during training of our large scale model. Quantitative
evaluation for these categories is difficult to compute since they are not exhaustively labeled,
however a followup work by Mrowca et al. (2015) evaluated F1 score of our model for the few
object instances labeled per image to be 9.59%. Also note that while we have no bounding
box annotations for the 7404 fine-grained categories, some may be related to the 200 basic
level categories for which we use bounding box data to train – for example a particular
breed of dog from 7404 weakly labeled data while ‘dog’ appears in the 200 strongly labeled
categories.
We show qualitative results of our large scale detector by displaying the top detections
per image in Figure 11. The results are filtered using non-max suppression across categories
to only show the highest scoring categories.
The main contribution of our algorithm is the joint representation and multiple instance
learning approach for modifying a convolutional neural network for detection. However, the
choice of network and how the net is used at test time both e↵ect the detection time

5.6 Large Scale Detection

Figure 10: Examples where our algorithm after joint MIL adaptation (LSDA rep+joint ft)
outperforms the representation only adaptation (LSDA rep only). We show the top scoring
detection from LSDA rep only with a Red box and label, and the top scoring detection from
LSDA rep+joint ft, as a Green box and label. Our algorithm improves localization (ex:
rabbit, lion etc), confusion with other categories (ex: miniskirt vs maillot), and confusion
with co-occurring classes (ex: volleyball vs volleyball player)

swine

swine

mallot

miniskirt
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dog: 4.1

sofa: 8.0

American bison: 7.0
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whippet: 2.0

wheel
and axle: 1.0
car: 6.0

taillight: 0.9

Figure 11: Example top detections from our 7604 category detector. Detections from the
200 categories that have bounding box training data available are shown in blue. Detections
from the remaining 7404 categories for which only weakly labeled data is available are shown
in red.
computation. We have therefore also implemented and released a version of our algorithm
running with fast region proposals (Krähenbühl and Koltun, 2014) on a spatial pyramid
pooling network (He et al., 2014), reducing our detection time down to half a second per
image (from 4s per image) with nearly the same performance. We hope that this will allow
the use of our 7.6K model on large data sources such as videos. We have released the
7.6K model and code to run detection (both the way presented in this paper and our faster
version) at lsda.berkeleyvision.org.
5.7 Fully Convolutional LSDA for Semantic Segmentation
Bounding boxes localize objects to an inherently limited degree. While the system presented
so far produces remarkably accurate bounding boxes from weak training labels, it does not
address the ultimate goal of knowing exactly which pixels correspond to which objects.
Segmentation ground truth is unavailable for all but a few of the 7604 categories in our
large scale detector, and segmentations are even more costly to annotate than bounding
boxes. Nevertheless, as described in Section 5.7, we can convert our detection-adapted
network into a fully-convolutional model following Long et al. (2015) and produce dense
outputs for each of the 7604 categories plus 1 for background. We call this model LSDA7k
FCN-32s since we use the 32 stride version of the fully convolutional networks proposed in
Long et al. (2015). We next evaluate our semantic segmentation model using the PASCAL
dataset Everingham et al. (2010) and the following metrics.
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Metrics We compute both the commonly used mean intersection over union (mean IU)
metric for semantic segmentation as well as three other metrics used by Long et al. (2015).
The metrics are defined below, where nij denotes the number of pixels from classP
i predicted
to belong to class j so that the number of pixels belonging to class i are mi = j nij , and
K denotes the number of classes.
P
P
• pixel accuracy:
i nii /
i mi
P
• mean accuracy: 1/K i nii /ti
P
P
nii )
i nii /(mi +
j nji
• mean IU: 1/K
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We would like to understand how well our model can localize weakly trained objects so for
each of the PASCAL 20 object categories we manually find the set of fine-grained categories
from the 7404 weakly labeled leaf nodes in ImageNet that correspond to that category. Since
layer 8 of our LSDA7k FCN-32s network produces 7605 outputs per region of the image, we
insert an additional mapping layer which for each category c is the maximum score across all
weakly labeled categories which correspond to that PASCAL category. Next, this reduced
score map where each image region now has 21 scores is run through the deconvolution layer
to produce the corresponding PASCAL per pixel scores. Finally, for each pixel we choose a
label based on which of the categories or background has the highest pixel score.
We report results on both the PASCAL 2011 and 2012 validation sets. Note, our method
was not trained on any PASCAL images and in general was trained for classification of 7404
fine-grained categories and then adapted using our algorithm for detection. Additionally,
our model is trained using the AlexNet architecture while most state-of-the-art semantic
segmentation models are trained using the larger VGG network (Simonyan and Zisserman,
2014).
For the PASCAL 2011 validation set, shown in Table 5, we first compare against the
classification model trained for the 7404 category full image labels. We run this model
fully convolutionally using the FCN-32s approach (AlexNet) and report the segmentation
performance in the first row as Classification 7K FCN-32s (AlexNet). This method gives
a baseline for our LSDA approach which uses this model as the initialization prior to our
adaptation approach. Next, we compare against the reported performance of the weakly
trained models of Pathak et al. (2014) and for reference, the fully supervised AlexNet and
VGG FCN-32s presented by Long et al. (2015). We report all four metrics for our work
and report all available metrics for competing works. We see that our weakly trained model
outperforms the baseline classification model run fully convolutionally and almost reaches
the performance of the MIL-FCN method which uses the higher capacity VGG model and
trains specifically for the segmentation task.
The per-category results of our method on the PASCAL 2012 validation set as compared
to two state-of-the-art weakly trained semantic segmentation models is shown in Table 6.
Not surprisingly, our LSDA7k FCN-32s underperforms these methods. No doubt adding
the multiple instance loss of Pathak et al. (2014) or the object constraints of Pathak et al.
(2015), while training directly on the PASCAL dataset would further improve our method.
The purpose of these experiments is to give the reader an accurate picture of how well
our large scale model performs at pixel level annotation without any tuning to the new
situation.
We next show qualitative segmentation segmentation results across the fine-grained
7404 categories of our LSDA7k FCN-32s network in Figure 123 and compare against the
baseline Classification 7K FCN-32s network. We find that often the segmentation masks
from our LSDA network are more precise (see “American egret” example) and the top
scoring predicted class is often more accurately labeled. For example, the bottom image is
labeled as “air conditioner” by the classification network and correctly as “venetian blind”
by our network. These category models were trained without ever seeing any associated

3. The full network without the mapping layer to pascal 20 categories.

24

25

JMLR 17(142):1-31

Figure 12: We show here qualitative semantic segmenation results comparing our LSDA7k
FCN-32s network with the baseline Classification 7k FCN-32s network. Each row shows
(from left to right) a test image, predicted heatmap of top scoring class from the classification
network, rough segmentation from the classification network, predicted heatmap of the top
scoring class from our LSDA network, and the corresponding rough segmentation from
the LSDA network. Each segment mask is obtained using a single fixed threshold across
all classes (e5/6 ) and for both methods. These examples are selected to illustrate segment
quality when the predicted label is reasonable. Although segment quality is far from perfect,
it is impressive given that only full-image ground truth labels were available for these
categories.
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We have presented an algorithm that is capable of transforming a classifier into a detector.
Our multi-stage algorithm uses corresponding weakly labeled (image-level annotated) and
strongly labeled (bounding box annotated) data to learn the change from a classification
CNN network to a detection CNN network, and applies that di↵erence to future classifiers for which there is no available strongly labeled data. We then further demonstrate
that our adapted detection models can be run fully convolutionally to produce a semantic
segmentation model.
Our method jointly trains a feature representation and detectors for categories with only
weakly labeled data. We use the insight that strongly labeled data from auxiliary tasks can
be used to train a feature representation that is conducive to discovering bounding boxes
in weakly labeled data. We demonstrate using a standard detection dataset (ILSVRC13
detection) that our method of incorporating the strongly labeled data from auxiliary tasks
is very e↵ective at improving the quality of the discovered bounding boxes. We then use
all strong labels along with our discovered bounding boxes to further refine our feature
representation and produce our final detectors. We show that our full detection algorithm
significantly outperforms both the previous state-of-the-art methods which uses only weakly
labeled data, as well as the algorithm which uses strongly labeled data from auxiliary tasks,
but does not incorporate any MIL for the weak tasks.
We show quantitatively that without seeing any bounding box annotated data, we can
increase performance of a classification network by 50% relative improvement using our

6. Conclusion

pixel-level annotations and only potentially see bounding box annotations for related classes
(ex: a “dog” bounding box may be used in training but not a “dalmation”). We expect
that further adaptation with a multiple instance loss or given a small amount of pixellevel semantic segmentation training data would further refine our models producing tigher
object localization.

Table 6: Semantic Segmentation Results (mean IU%) for PASCAL 2012 validation set.
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65.9
74.6

CCNN (VGG) (Pathak et al., 2015)

bgrnd

EM Adapt (VGG) (Papandreou et al., 2015)

Method
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-
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Table 5: Semantic Segmentation Results for PASCAL 2011 validation set.

FCN-32s (supervised VGG)(Long et al., 2015)

FCN-32s (supervised AlexNet)(Long et al., 2015)

LSDA7k FCN-32s (AlexNet)

MIL-FCN (VGG) (Pathak et al., 2014)

Classification 7k FCN-32s (AlexNet)

Method
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mean

adaptation algorithm. Given the significant improvement on the weakly labeled categories,
our algorithm enables detection of tens of thousands of categories. We produce a 7.6K
category detector and have released both code and models at lsda.berkeleyvision.org.
Our approach significantly reduces the overhead of producing a high quality detector.
We hope that in doing so we will be able to minimize the gap between having strong largescale classifiers and strong large-scale detectors. Further we show that large-scale detectors
can be used to produce large-scale semantic segmenters. We present semantic segmentation
performance for the large scale model on PASCAL VOC with a manual mapping from the
7404 weakly labeled object categories to the 20 categories in the PASCAL dataset. For
future work we would like to experiment with incorporating some pixel-level annotations
for a few object categories. Our intuition is that by doing so we will be able to further
improve our large-scale models with minimal extra supervision.
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The goal of performing clustering of data, in order to point out groups of observations based
on some notion of similarity, has been of primary interest in applied statistics since ages.
Literature is plenty of methods focusing their attention on the aggregation and separation
of a sample into groups depending on similarities in locations of data (e.g., hierarchical
clustering, k-means, PAM; see for instance Hartigan, 1975). Considerably less work can be
found on methods attaining the clustering entirely on the basis of differences in the covariance structures of random models generating data. This target is not trivial, and less easy
to translate into practice, since it calls for a proper quantification of differential correlation
or distances between covariances of data. Nevertheless, it might happen to analyse groups

1. Introduction

In this paper we propose a new algorithm to perform clustering of multivariate and functional data. We study the case of two populations different in their covariances, rather
than in their means. The algorithm relies on a proper quantification of distance between
the estimated covariance operators of the populations, and subdivides data in two groups
maximising the distance between their induced covariances. The naive implementation of
such an algorithm is computationally forbidding, so we propose a heuristic formulation
with a much lighter complexity and we study its convergence properties, along with its
computational cost. We also propose to use an enhanced estimator for the estimation of
discrete covariances of functional data, namely a linear shrinkage estimator, in order to
improve the precision of the clustering. We establish the effectiveness of our algorithm
through applications to both synthetic data and a real data set coming from a biomedical
context, showing also how the use of shrinkage estimation may lead to substantially better
results.
Keywords: Clustering, covariance operator, operator distance, shrinkage estimation,
functional data analysis
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of data that are scarcely distinguishable in terms of locations, while showing differences in
their variability.
Examples can be found in biostatistics where, for instance, the dichotomy between physiological and pathological features often shows an interesting change in pattern of variability.
Also, this is of great interest in genomics, where instead of focusing on gene expression levels, one could be interested in finding different correlation structures among subsets of data.
This is the core task in the analysis of the differential co-expression of genes, namely the
differential correlation structure among expression levels in different subsets of experimental conditions. In (Watson, 2006), for instance, the author proposes a method to identify
groups of genes that are correlated in a first group of microarrays, and are not in a second
one. In (Mitra et al., 2016), the authors provide a more complex modeling strategy that
is able to specify the differential dependence structure by using Bayesian graphical models,
and in (Cai and Zhang, 2016) authors provide, within a supervised framework, a way to estimate the differential correlation matrices of data belonging to two differentially expressed
groups.
In this paper we tackle the problem from a different point of view, and focus on differences
between global covariance structures of data belonging to two unknown groups, which will
also be identified. We focus on the specific case of a set of observations from two populations whose probability distributions have the same mean but differ in terms of covariances.
The method we propose can be applied both to the traditional case of random vectors,
and to the recently developed setting of functional data, arising as outcomes of infinitedimensional stochastic processes (see, for instance, the monographs Ramsay and Silverman,
2005; Horváth and Kokoszka, 2012). We will introduce the method according to the latter
case.
In particular, we first introduce a suitable notion of distance between covariance operators,
i.e. the functional generalisation of covariance matrices, which is the instrument we use
to measure dissimilarities. Then we make use of such distance to search, among two-class
partitions of data, the one maximising the distance between the class-specific covariances,
under the assumption that, if the two populations can be distinguished from their covariances, this would be the most likely subdivision detecting the true groups.
A naive implementation of this algorithm, involving an exhaustive sampling strategy inside
the set of subsets of data, would face a combinatorial complexity with respect to the number
of observations, thus forbidding the analysis of data sets with common sizes. We therefore
transform the method into a heuristic, greedy algorithm, with greatly reduced complexity,
which can be efficiently implemented and effectively applied.
Due to its construction, our algorithm benefits from the accuracy of the estimation of covariances. Owing to the typically large dimensionality (compared to the number of data available) of discrete approximations of functional observations, covariance estimation through
classical sample estimators may be non-optimal. To remedy this shortcoming, we propose
to replace standard, unbiased covariance estimator with a shrinkage estimator with enhanced accuracy properties (see, for instance, Ledoit and Wolf, 2003, 2004 and Schafer and
Strimmer, 2005). We show through experiments that this choice leads to a substantially
improved clustering.
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N
where I (i) denotes the i-th combination out of NC = K
, however enumerated.
The sample estimators of means and covariance operators induced by this subdivision are
(i)
(i)
(i)
(i)
denoted, respectively, with µ
b1 , µ
b2 and Cb1 , Cb2 . We point out that, when i = 0, we recover
the estimators of µ1 , µ2 and C1 and C2 . For this reason we rename the latter quantities as

which is unique, provided we don’t distinguish among permutations of sub-intervals I1 and
(0)
I2 . In the following we shall consider recombinations of these indexes into two subsets:


(i)
(i)
I (i) = I1 ; I2 , i ∈ {1, . . . , NC } ,
(7)

(6)

We face now the problem of classifying observations belonging to two different functional
populations. Let X and Y be stochastic processes on L2 (I) generated by the laws PX
and PY . We imagine to have a set of N data in some data set D (i.e., a collection of
observations) composed in the following way by an equal number of observations from two
K
K
families: D = {X1 , . . . , XK , Y1 , . . . , YK }, with K = N/2 and where {Xi }i=1
, {Yj }j=1
are
i.i.d and follow respectively PX and PY .
We introduce the following quantities:

3. Covariance-based Clustering

∞
where {ηk }k=1
is the sequence of eigenvalues of U − V.

d (U, V) = kU − VkS2 =

The space of Hilbert-Schmidt operators on L2 (I), endowed with the scalar product (4) and
the associated norm, becomes a separable Hilbert space itself.
Within this theoretic framework, a natural definition of dissimilarity between HilbertSchmidt operators (among which are covariance operators) may be the Hilbert-Schmidt
distance:

hU(x), yi = hx, U ∗ (y)i

where Tr(·) denotes the trace operator, and U ∗ is the Hilbertian adjoint of U, i.e.,

hU, ViS =

We equipPthe space of Hilbert-Schmidt operators with the Hilbert-Schmidt norm, defined as
∞
∞ are the eigenvalues of U. This is induced by the following
kUkS2 = k=1
λk2 , where {λk }k=1
scalar product:
q
Tr (U − V) (U − V)∗ ,
(4)

(1)

The paper is organised as follows: in Section 2 we briefly recall some properties of covariance operators for functional data. In Section 3 we introduce the new clustering method
for two groups of data which differ in variance-covariance structures, we derive its heuristic
formulation and describe the shrinkage strategy we used to enhance the estimation performances. In Section 4 we assess the clustering performances through the application to both
synthetic and real data sets. Discussion and conclusions are presented in Section 5.

2. Covariance Operators for Functional Data

∀x, y ∈ L2 (I).

Whenever our data can be interpreted as finite-dimensional samples of quantities that are
intrinsically dependent on some continuous variable, such as time, we may resort to the
model of functional data (see, for instance, Ramsay and Silverman, 2005; Horváth and
Kokoszka, 2012). At its core is the assumption that data are sample measurements of
trajectories of stochastic processes valued in suitable function spaces.
In the following we recall the definition of covariance operator for functional data, along
with its most important properties (for more details see, e.g., Bosq, 2000). Let X be a
stochastic process taking values in L2 (I), with I ⊂ R a compact interval, having mean
function E [X ] = µ and such that EkX k2 < ∞, where we denote by k · k the L2 (I) norm
induced by the scalar product h·, ·i. Without loss of generality
we can assume µ = 0 and

define the following covariance operator C ∈ L L2 (I); L2 (I) :
hy, Cxi = E [hx, X ihy, X i] ,

∞
X

C is a compact, self-adjoint, positive semidefinite linear operator between L2 (I) and L2 (I).
Therefore it can be decomposed into:
C=
k=1

λk =

(3)

∞
where ⊗ indicates an outer product in L2 (I), {ek }k=1
is the sequence of orthonormal eigen∞ is the sequence of eigenvalues. We assume
functions, forming a basis of L2 (I), and {λk }k=1
that eigenvalues are sorted in decreasing order, so that:

λ1 ≥ λ2 ≥ . . . ≥ 0.
By expressing X with respect to the eigenfunctions basis, X =
 
λk = hek , Cek i = E ξk2 ,
∞
X
k=1

thus, the covariance operator is nuclear, meaning that

EkX k2 =

λk2 < ∞.

JMLR 17(143):1-21

C is also a Hilbert-Schmidt operator (see, for instance, Bosq, 2000), since it holds:
∞
X
k=1

3

(0)

(0)

(0)

j=1

K
X

PK

wj,1 +

j=1

vj,1 ,

wj,g ,

K
X

g=1 j=1

2 X
K
X

K=

K=

j=1

K
X

⊗ Xj +

k=1 vk,1 Yk

PK

⊗ Yk

K

j=1

k=1

5
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K
K
1 X
1 X
(i)
(i)
Cb1 − Cb2 =
(wj,1 − wj,2 ) Xj ⊗ Xj +
(vk,1 − vk,2 ) Yk ⊗ Yk ,
K
K

.

,

vj,2 .

K
PK
PK
j=1 wj,2 Xj ⊗ Xj +
k=1 vk,2 Yk ⊗ Yk

j=1 wj,1 Xj

(i)
(i)
If we compute the difference Cb1 − Cb2 , we obtain:

(i)
Cb2 =

(i)
Cb1 =

j=1

K
X

vj,g ,

wj,2 +

g=1 j=1

2 X
K
X

(i)
(i)
Then, we can re-write the sample covariances Cb1 and Cb2 as:

K=

K=

In order to illustrate the clustering method we propose, let us consider a situation where
(i) (i)
the original data set has been split according to a vector of indices I (i) = [I1 ; I2 ]. For
(i)
the sake of simplicity, let us encode this through the binary variables wj,g = 1(Xj ∈ Ig ),
(i)
j = 1, . . . , K, g = 1, 2, and vj,g = 1(Yj ∈ Ig ), j = 1, . . . , K, g = 1, 2. In other words, such
variables express the fact that observation j from the original population X or Y belongs
(i)
(i)
to the first (I1 ) or second (I2 ) group into which data are split. According to the setting
previously introduced, it is:

As a consequence of this assumption we conveniently center data and assume they have
zero means.

Assumption 1 We assume that observations drawn from families PX and PY constituting
the data set D may be distinguished on the basis of their covariances, but not of their means,
(0)
(0)
(0)
(0)
(0)
(0)
(0) (0)
i.e. µ1 = µ2 and C1 6= C2 , and therefore kµ1 − µ2 k = 0 and d(C1 , C2 )  0.

Our clustering method is based on the following, crucial assumption:

µ1 , µ2 , and C1 , C2 .

(0)

Covariance based clustering in multivariate and functional data analysis

j=1

K
X

(vj,1 − vj,2 ) Yj ⊗ Yj

j<k

X

+

(wj,1 − wj,2 ) (wk,1 − wk,2 ) hXj , Xk i2 +

(vj,1 − vj,2 ) (vk,1 − vk,2 ) hYj , Yk i2 +

j<k

X

S

2

(8)

j=1 wj,2

PK

=



N1,2 2
1−2
kC1 − C2 k2S ,
K

(9)

6
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specifying that the maximum distance between (exact) covariances is attained when the
groupings coincide with the original but unknown indexing of the data set.

S

2

and also considering the relations among the variables
h i
h i
(i) (i)
(i)
(i)
d(C1 , C2 ) = E Cb1 − E Cb2

then, by denoting N1,2 =
wj,g and vj,g we get:

If we replace the estimators of covariance operators in (8) with their expected values,
PK
PN
h i
j=1 vj,1
j=1 wj,1
(i)
(i)
C1 +
C2 ,
E Cb1 = C1 =
K
K
PK
PN
h i
j=1 vj,2
j=1 wj,2
(i)
(i)
C1 +
C2 ,
E Cb2 = C2 =
K
K

X = (w
Y
XY
Let us now call δj,k
j,1 − wj,2 ) (wk,1 − wk,2 ), δj,k = (vj,1 − vj,2 ) (vk,1 − vk,2 ) and δj,k =
X
(wj,1 − wj,2 ) (vk,1 − vk,2 ). Now, it is: δj,k = +1 if observations Xj and Xk are assigned to
X = −1. The same applies for δ Y with Y and
the same group, while on the contrary it is δj,k
j
j,k
XY = +1 if X and Y are assigned to different groups, and δ XY = −1 on the
Yk . Finally, δj,k
j
k
j,k
contrary. It is now clear that, the distance between covariance operators is increased when
two observations of populations X or Y are both assigned to the same group, or when two
observations of the opposite populations X and Y are assigned to different groups. These
remarks suggest the idea that, under the previous assumption, by recovering the original
labelling of the two populations X and Y the distance between the induced covariance operators is increased.

j=1 k=1

+

(wj,1 − wj,2 ) (vk,1 − vk,2 ) hXj , Yk i2 .

kYj ⊗ Yj k2S + 2

K X
K
X

j=1

K
X

j=1

kXj ⊗ Xj k2S + 2

j=1 k=1

S

2

(wj,1 − wj,2 ) (vk,1 − vk,2 ) hXj , Yk i2

(wj,1 − wj,2 ) Xj ⊗ Xj

K X
K
X

j=1

K
X

K
X

+2

+

=

+2

(i)
(i)
K 2 kCb1 − Cb2 k2S =

hence, exploiting the distance between covariance operators:
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(0)
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(0)
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(0)

This strategy can be also motivated by (8), since it performs swaps between observations
(i)
(i)
in order to increase kCb1 − Cb2 k, thus trying to assign the correct values to wj,g and vj,g .

i∈RC

(0)

=

i=1

K  2
K  2
X
X
K
K
+ 1.
=
i
i

i=0

8
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We propose to set J = 1, in order to save computations, and to choose the units to be
exchanged by exploring the K 2 swaps of one unit from the first group with another unit of

N
K

When searching the best swap of size up to J, we must explore a number of combinations

PJ
K 2
of the current groups equal to
. Therefore it is evident that J affects both
i=1 i
the computational effort and the robustness of our algorithm: the lower is J, the less
permutations we have to search among to find the optimal swap; the greater is J, the more
likely we are to detect and exchange at once a block of truly extraneous units. We point
out that, for J = K we recover the original complexity of solving problem (P̂) in just one
step, since it holds:
 

d∗∗ = dk−1 ;
I1∗∗ = I1k−1 ;
I2∗∗ = I2k−1 ;

(s∗ , t∗ ) = arg maxs,t Ds,t ;
dk = Ds∗ ,t∗ ;
(∆d)k = dk − dk−1 ;
S
I1k = p6=s∗ I1k−1 (p) ∪ I2k−1 (t∗ );
S
I2k = q6=t∗ I2k−1 (q) ∪ I1k−1 (s∗ );
k = k + 1;

k = 1;
(∆d)k = 1;
while (∆d)k > 0 do
for s ∈ 1, . . . , K do
for t ∈ 1, . . . , K do
S
Swap in first group: I˜1 = p6=s I1k−1 (p) ∪ I2k−1 (t);
S
Swap in second group: I˜2 = q6=t I2k−1 (q) ∪ I1k−1 (s);


Compute Ce1 , Ce2 induced by (I˜1 , I˜2 );


Ds,t = d Ce1 , Ce2 ;

Algorithm 1: Max-Swap algorithm

Input: Initial guess: I10 , I20 

Output: Estimated indexing Ib1∗∗ , Ib2∗∗



Compute Cb10 , Cb20 induced by I10 , I20 ;


d0 = d Cb10 , Cb20 ;

If assumption (1) is true and in view of (9), a natural way to recover the true indexing can
be to find the recombination of data in two groups maximising the distance between the
induced covariance operators, i.e., to solve the optimization problem:
n 
o
(i) (i)
[I1∗ ; I2∗ ] = arg max d C1 , C2
, RC = {1, . . . , NC } .
(P)

i∈RC

Identity (9) ensures that either I1∗ = I1 and I2∗ = I2 , or I1∗ = I2 and I2∗ = I1 . The
double solution is due to the symmetry of (9), yet the groups represent the same partition
of data, for this reason in the following we will not distinguish between them.
(i)
(i)
Practically, only approximate estimates of C1 and C2 are available, thus we must recast
problem (P) into:
h
i
n 
o
(i) (i)
Ib1∗ ; Ib2∗ = arg max d Cb1 , Cb2
, RC = {1, . . . , NC } ,
(P̂)

The method we propose coincides with finding a solution to problem (P̂).
(0)
(0)
In general Ib1∗ and Ib2∗ may differ from I1 and I2 , since they are determined based on
estimates of covariance operators. Indeed, provided that the chosen distance is capable of
emphasizing the actual differences between covariances of the two populations, results could
be improved by enhancing the accuracy of estimators. In Subsection 3.2 we will address
the former issue.

3.1 Greedy formulation
In order to solve problem (P̂), it would be required to test each of the NC recombinations
of indexes in order to find the desired pair Ib1∗ and Ib2∗ . Of course, the number of tests
N
, with K = N/2, undergoes a combinatorially-fast growth,
to be performed, NC = K
as N increases. Thus, unless we have only a small number of observations in our data
set, the naive approach of performing an exhaustive search in the set of recombinations is
not feasible. This calls for a proper complexity-reduction strategy, aimed at restraining the
complexity and enabling the application of our method also to data sets with a common size.

3.1.1 Max-Swap algorithm

JMLR 17(143):1-21

We propose to rephrase problem (P̂) into a greedy algorithm, with a greatly reduced com(i) (i)
plexity. The driving idea is to interpret d(Cb1 , Cb2 ) as an objective function of i, and,
starting from an initial guess (I10 , I20 ), to iteratively increase it by allowing exchanges of
units between the two groups. The exchange of data must preserve the total number of
units inside each group, so each group discards and receives an equal number of units, say
up to J per group.
We propose to choose the swapping units in such a way that the distance between the
estimated covariance operators at the next step be strictly higher than the previous one
and, heuristically, the highest possible. Convergence is reached when no further swap can
increase that distance.
7

∀k ≥ 1,
(10)

j=1

L
X

(∆d)j+k0 > 0,

9
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A consequence of Proposition 1 is that in general (I1∗∗ , I2∗∗ ) 6= (Ib1∗ , Ib2∗ ), since the algorithm
may converge only to a local maximizer of the covariances’ distance. This is a well-known
drawback affecting greedy methods for optimization problems based on local-search patterns

Proof This is a consequence of Proposition 1 and the convexity of the objective function
(i) (i)
d(C1 , C2 ) w.r.t N1,2 showed in (9), making it impossible that local maxima exist.

Proposition 2 When estimates of covariance operators, Cb1 and Cb2 , are exact, i.e., when
Cb1 = C1 and Cb2 = C2 , the greedy algorithm converges to the exact solution (I1∗ , I2∗ ) of problem
(P) in at most K/2 steps.

Now that convergence has been established, we can formulate the following proposition:

which has a finite number of elements. Therefore the algorithm, however initialised, converges.

(0) (0)
(1) (1)
(N ) (N )
(I1 , I2 ), (I1 , I2 ), . . . , (I1 C , I2 C ),

which is a contradiction. Thus each element in the list is unique and contained in the set
of all the possible recombinations of data:

0 = dk0 +L − dk0 =

does not have cycles (a contiguous sub-sequence with equal extrema). In fact, let there be
a cycle of minimal period L starting at iteration k0 , then it should hold:

Proof As a simple consequence of (10), the list of intermediate indexings:




I10 , I20 , I11 , I21 , . . . , I1k , I2k , . . .

(i) (i)
ensures that convergence always happens, at least to a local maximum of d(Cb1 , Cb2 ).

(∆d)k > 0

Proposition 1 The monotonicity constraint:

We turn now to the study of the convergence of our proposed algorithm. With reference to
the notation of Algorithm 1, it is easy to prove that

P (N1,2 = h) =

K
h




K
K−h

N
K

,

E [N1,2 ] =

K
,
2

K
.
2

10

JMLR 17(143):1-21

If we summarise the complexity of solving problem (P̂) with the number of combinations
Ncomb processed to recover the estimated groups (I1∗ , I2∗ ), and we compare our proposed
method (MS) with the naive, exhaustive strategy (N), we have:
 
K3
N
MS
N
,
Ncomb
=
,
Ncomb
= K 2 Nit ≤
K
2

Nit ≤

with typically large values of N and K = N/2. Owing to the fast decay of hypergeometric
mass function away from its mean, we can presume that the random initial draw will cause
N1,2 to be most likely in some neighbourhood of K/2 (we imagine K to be even).
Let us assume that hypotheses of Proposition 2 are true, then if we consider a value for
N1,2 resulting from the initial guess, the number of iterations to convergence is Nit =
min(N1,2 , K − N1,2 ), corresponding to Nit consecutive and correct swaps.
Then, by initialising at random the algorithm:

i.e.,

N1,2 ∼ Hyper(N, K, K),

Max-Swap algorithm increases the objective function starting from an initial guess, (I10 , I20 ).
In general, we have no prior knowledge on the distribution of true groups among the data
set, then we should choose the initial guess at random, and in particular by drawing from
the set of indexes without replacement, assigning equal probability to each outcome. This
strategy causes the quantity N1,2 in (9) to follow a hypergeometric distribution:

3.1.3 Rate of convergence and complexity

and the development of possible remedies is a very active research field in algorithmics and
optimization disciplines. A simple way to correct for the possibility to select only a local
optimum is to implement a restart-like strategy, namely run multiple instances of the algorithm with different initialisations and to select the best results in terms of optimised
objective function. This is a simple and classic solution to the drawbacks of general localoptimisation algorithms.
However, Proposition 2 assures that the algorithm converges to the exact solution, provided
that we have a thorough knowledge of covariance operators. Therefore, the possible non(i) (i)
convexity of the objective function d(C1 , C2 ), being the reason why local maxima exist,
would be a direct consequence of the small precision in estimating covariances.
Under this light, we can rephrase the problem of enhancing our method from finding an
algorithmics-like remedy to the aforementioned drawback, to the study of accuracy properties of covariance estimators. This will be the focus of Subsection 3.2. Another possibility
to reduce the risk of selecting only local maximisers, which we don’t investigate in the following, would be to assess the stability of the maximiser found when running a standard
Max-Swap algorithm by running a general version of Max-Swap with J > 1.

the second group. Then we select the one yielding the maximum increment in the distance.
The complete formulation of our Max-Swap algorithm is summarised in Algorithm 1, where
we specify for the sake of clarity that the symbol I1k (p), for instance, indicates the p-th
element of the set of indexes I1k . In the following we will denote the estimated set of indexes
at step k of algorithm with superscript k without brackets, (I1k , I2k ).

3.1.2 Convergence

Ieva, Paganoni and Tarabelloni
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M S accounts for the number of combinations
where the multiplicative factor K 2 in Ncomb
searched for to find the best swap at each step of Max-Swap algorithm.
This shows how Max-Swap algorithm entails a far lower complexity than the brute force
approach.

Covariance based clustering in multivariate and functional data analysis
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(11)

µ,γ

i=1

N
1 X
Xi XiT .
N

(µ∗ , γ ∗ ) = arg min E

12

kC − µγI − (1 − γ)SkF2
.
P

(12)

(13)
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(14)

where I is the P × P identity matrix and γ ∈ [0, 1], µ ∈ R+ and S is the sample covariance
estimator. Obviously, the class contains the sample covariance estimator itself. Then (Ê)
is solved with respect to the optimal values of µ and γ:

b = µγ I + (1 − γ)S,
C

When the sample size N is low compared to the number of features P , sample covariance
may loose in accuracy, meaning that the actual estimate might be quite distant from the
true covariance C (this can be seen as a consequence of the so-called Stein’s phenomenon,
Stein, 1956).
A typical remedy to the poor performances of sample covariance, often used in the setting
of Large P - Small N problems, is to replace it with a biased, shrinkage estimator. Other
solutions might be jackknife or bootstrap, but their computational cost renders them practically useless in our clustering algorithm, which requires to repeatedly estimate covariance
matrices. Shrinkage estimation has been explicitly applied to the context of large covariance
matrices in (Ledoit and Wolf, 2003, 2004) and (Schafer and Strimmer, 2005), turning out
in a sufficiently lightweight procedure. In those works, authors start from problem (Ê) and
build an estimator that is asymptotically more accurate and better conditioned than sample
covariance. We follow the approach described in (Ledoit and Wolf, 2004) and consider the
class of linear shrinkage estimators of the form:

where the minimum is sought inside the set of symmetric and positively defined matrix-type
estimators of dimension P . We point out that the subscript F in (Ê) indicates the Frobenius
norm, that is the finite-dimensional counterpart of the Hilbert-Schmidt norm for operators.

b
C

b − Ck2 ,
C∗ = arg min EkC
F

If we denote the true, discrete covariance structure related to each Xi by C the discrete
version of problem (E) is:
(Ê)

S=

It is clear that, within this habit, covariance estimators of C are discrete, matrix-type
approximations obtained starting from pointwise observations Xi . For instance, standard
sample covariance estimator for zero-mean data is:

Xi , which requires the use of some proper smoothing technique. Furthermore, the so called
phase variability of reconstructed signals, involving the dispersion of features along the grid
axis, can be separated from amplitude variability, appearing as the dispersion of magnitudes
of values of Xi . This process is known as registration (see, for instance, Ramsay and Silverman, 2005). Once data have been smoothed and registered, they can be re-evalued onto
another one dimensional grid. To save notation we will assume that discrete representations
in (11) have already been preprocessed.

3.1.4 Classification of new observations
Once the algorithm has been run and the two groups constituting the mixed data set
have been found, a simple rule can be applied to use the clusters in order to classify new
observations. We suggest to consider each new unit separately, and compute the covariances
obtained by including the unit either in the first or second group. For the sake of simplicity,
we denote them, respectively, by Ce1 and Ce2 . Then we compute the distances d˜1 = d(Ce1 , Cb1 )
and d˜2 = d(Ce2 , Cb2 ), where here we indicate by Cb1 and Cb2 the covariances of the two groups
determined at the end of the clustering stage. Then we attribute the new unit to the group
for which the distance d˜ is minimum.
3.2 Shrinkage estimation of covariance
In this subsection we consider the problem of improving the estimation of covariance operators, so that clustering is more accurate. In particular, we will describe an alternative
estimator of data covariance than the sample covariance, which is better conditioned and in
some circumstances achieves lower MSE. We will make use of it in our clustering algorithm
as an alternative to sample covariance.
Let us consider a generic family of functional data X ∼ PX , such that E [X ] = 0, EkX k2 <
b Our purpose is
∞. We denote its covariance with C and we imagine to estimate it with C.
to find its best possible approximation, or saying it otherwise, being:
b := E kCb − Ck2 ,
MSES (C)
S

Cb

(E)

b to solve the following estimation problem (E):
our measure of the estimation error of C,
Cb

b = arg min EkCb − Ck2 ,
Cb∗ = arg min MSES (C)
S

I h = [t1 , . . . , tP ] ,

where the minimum is sought among all possible estimators Cb of C. We point out that in
MSES we use our selected distance to measure the discrepancy of estimation.
Of course, from a practical viewpoint, only a finite-dimensional estimation of C can be
attained, given data. In addition, functional data are often available from sources as discrete
measurements of a signal over some one dimensional grid. Let us indicate by Xi the i-th
(out of N ) sample realisation of process X , i.e,:
P
Xi = (Xi (tj ))j=1
,

JMLR 17(143):1-21

where, for the sake of simplicity, we have imagined the grid I h to be regularly spaced (although this is not mandatory), i.e., tj+1 − tj = h > 0 for j = 1, . . . , P − 1. A crucial point
when analysing functional data is to reconstruct functions from scattered measurements
11

kC −
P

,

β2 =

E kS −
P

Ck2F
,

δ2 =

E kS −
P
µIk2F
,

(15)

Tr (C)
hC, IiF
=
,
P
P
γ∗ =

β2
,
δ2
(16)

Tr (S)
,
P
k

P

F

,

(20)

(19)

(18)
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In this section we provide three simulations involving our proposed clustering method. In
Subsection 4.1 we show a first example, regarding standard bivariate data, in order to

4. Case Studies

In (Ledoit and Wolf, 2004) authors show how estimates (18) are consistent, in the sense that
they converge to the exact values in quadratic mean, under the general asymptotic limits
of P and N , i.e., when both P and N are allowed to go to infinity but there exists a c ∈ R
independent on N such that P/N < c (see Ledoit and Wolf, 2004 and references therein for
b ∗ is an asymptotically
theoretical details on general asymptotics). Moreover, estimator S
optimal linear shrinkage estimator for covariance matrix C with respect to quadratic loss.
Besides its asymptotic properties, extensive use in applications shows that the accuracy gain
b ∗ in terms of decrease in MSE is substantial also in many finite sample cases,
resulting from S
b ∗ . For
and that standard covariance is almost always matched and often outperformed by S
a detailed description of how and when shrinkage estimation of covariance is recommended
over the sample estimation, see for instance (Ledoit and Wolf, 2004).

c2
c2
b∗ = µ
c∗ β I + α S.
S
δb2
δb2

k=1

kS − µ
b∗ Ik2F
δb2 =
,
P
!
N
1 X kXk X T − Sk2

N2

c2 = δb2 − β
c2 .
and α
Then, the actual shrinkage estimator is:

c2 = min δb2 ;
β

µ
b∗ =

S∗ = µ ∗

β2
α2
I + 2 S.
(17)
δ2
δ
Of course, estimator (17) depends on the unknown exact covariance matrix C, even though
only through four scalar functions. In (Ledoit and Wolf, 2004) authors solve this problem
by proposing the following estimators for α, β, δ and µ∗ :

where we have used µ = µ∗ in the computation of δ. The desired shrinkage estimator
becomes:

µ∗ =

and note that these are subjected to α2 + β 2 = δ 2 , we can perform the explicit minimization
in equation (14). The expressions of µ∗ and γ ∗ are:

α2 =

µIk2F

If we introduce the quantities:
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Cx =

1
I,
24
14

Cy =

61
I,
24
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where, still, the four random variables ρx , ρy , θx , θy are independent. This leads to covariances:

Note that X and Y differ only in their covariances. Moreover, since only off-diagonal terms
of Cx and Cy are different (and indeed opposed), the two families have the same kind of
variability, only expressed along orthogonal directions in the plane. We generate a data set
D of N = 400 data, according to the previous laws, made up of K = 200 samples from X
and K = 200 samples from Y , which are displayed in Figure 1.
We considered also another data set, referred to as bull’s eye, whose features are somehow
complementary to the ones of hourglass, since variabilities of bull’s eye sub-populations
express along the same directions, though with different magnitudes. In particular, we
considered the following laws:



X = ρx cos θx , sin θx , ρx ∼ U 0, 21 , θx ∼ U [0, 2π] ,

 5
Y = ρy cos θy , sin θy , ρy ∼ U 2, 2 , θy ∼ U [0, 2π] ,

where the four random variables, ρx , ρy , θx , θy are independent. Simple calculations reveal
that E [X] = 0 and E [Y ] = 0, while covariances are:
√
√




1/6
3/4π
1/6
− 3/4π
,
Cy = −√3
.
Cx = √3
1
1
/4π
/6
/4π
/6

This test is meant to provide a first, visual example of the features of the clustering arising from using Max-Swap algorithm. In order to ease the geometrical interpretation, we
chose to focus on two bivariate data sets, composed of simulated data with a-priori designed
covariances. Indeed, by representing bi-dimensional data we are able to support our considerations with a clear graphical counterpart.
We exploit two reference data sets having the same means but different variance-covariance
structures. In particular, a generic clustering based on locations run on these data is meant
to fail. The first set of data, hereafter hourglass data, has covariances whose difference
lies in the directions along which variability expresses. We generated it according to the
following laws:

 π 5π 
X = ρx cos θx , sin θx , ρx ∼ U [−1, 1] , θx ∼ U 12
, 12 ,


 7π 11π
Y = ρy cos θy , sin θy , ρy ∼ U [−1, 1] , θy ∼ U 12 , 12 ,

4.1 Multivariate data

give a clear geometric idea of clustering based on covariance structures. In Subsection 4.2
we show an application to synthetic functional data. In these former two examples the
true subdivision of samples is known, so the goodness of the clustering arising from MaxSwap algorithm is assessed against the true identities of data. In Subsection 4.3, instead,
we apply the clustering algorithm on real functional data expressing the concentration of
deoxygenated hemoglobin measured in human subjects’ brains.

Ieva, Paganoni and Tarabelloni

Original data

X
Y

1.0

−0.5

0.0

0.5

1.0
1.0

0.5

−2

−1

Original data

0

1

2

X
Y

1

2

−1

0

1

2
−2

0

15

−0.5

−1

Clustered data

0.0

Clustered data

0

1

0.5

2

1.0

Cl. 1
Cl. 2

Cl. 1
Cl. 2

JMLR 17(143):1-21

Figure 2: Bull’s eye data set used in the second multivariate experiment, collecting N = 400
points subdivided into family X (K = 200 points, marked by +) and family Y
(K = 200 points, marked by ×). Right: Outcome of clustering via Max-Swap
algorithm.

−2

Figure 1: Left: Hourglass data set used in the first multivariate experiment, collecting
N = 400 points subdivided into family X (K = 200 points, marked by +) and
family Y (K = 200 points, marked by ×). Right: Outcome of clustering via
Max-Swap algorithm.
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that clearly differ only in terms of their variability’s magnitude. Bull’s eye data set is
generated according to these laws for an overall cardinality of N = 400 data subdivided in
two groups of size K = 200 each, and it is shown in Figure 2.
We point out that, in order to improve the robustness of results with respect to the chance
of selecting only a local maximiser of the distance between variance-covariance structures,
Max-Swap algorithm was run for 10 times, keeping the result for which the objective function
was highest. Since the number of data in each sub-population, K, is high with respect to
their dimensionality, P = 2, we used Max-Swap algorithm in combination with the standard
sample estimator of covariance, S. The results of the clustering procedure are also shown
in Figure 1 and Figure 2 (right panels), where it is clear how the clustering method is able
to detect the observations belonging to the two populations, whose difference is is only in
their covariances. Since in this simulated scenario we know the law generating observations,
and therefore the labels of the generated data, we are able to assess the performances of
the clustering procedure by comparing the two identified groups of data with the original
labels. In particular, in the case of hourglass data, only 3 observations out of 200 in each
cluster belong to the other population, and are all located very close to the data centre.
In the bull’s eye example, instead, the two clusters are composed of elements coming from
only one population.
The outcome of standard clustering algorithms, like K-means or hierarchical clustering,
show the complete inefficacy of location-based clustering for such data sets, where data are
mostly different in terms of their variability. In particular, 20 K-means (K = 2) runs on
Bull’s eye and Hourglass data sets yield, if compared with the true labelling of observations,
a mis-classification rate of 0.27 ± 0.01 and 0.47 ± 0.01, respectively, while 20 runs of a
hierarchical clustering with euclidean distance and Ward linkage give a mis-classification
rate of 0.29 ± 0.05 and 0.46 ± 0.04, respectively.
4.2 Synthetic functional data

L
X

i=1

σi ei ⊗ ei ,

Cy =

i=1

L
X

ηi ei ⊗ ei ,

(21)

In this subsection we apply our clustering algorithm to functional data. We use a data
set composed of two populations of functions, X and Y, with null means and covariance
operators:
Cx =

∀ i = 1, . . . , L.

(22)

L
where {ei }i=1
are the first L elements of the orthonormal Fourier basis on the interval
I = [0, 1], save for the constant, i.e.,:
√
√
2 sin (2kπx) , e2k = 2 cos (2kπx) , x ∈ I,

e2k−1 =

σi
ηi = √ ,
5

for k = 1, . . . , L/2, and the eigenvalues are chosen as:
σi = 1,
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In what follows we considered L = 30. A visual representation of the related covariance
functions is in Figure 3. It is clear from (21) and from Figure 3 that covariances Cx and

16

j=1

L
X

√
ξij σj ej ,

Yi =
j=1

L
X

√
ζij ηj ej ,
i.i.d.

(23)

17
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Like in the case of multivariate data, we know the laws generating observations, hence their
original labels, therefore we can analyse the identified clusters in terms of the composition
of units from X and Y . This allows us to understand whether the algorithm is able to
detect groups of observations that we know a priori are different only in their variability.
We report the results of the clustering procedure in Tab. 1. Similarly to the case of multivariate synthetic data of Subsection 4.1, each of them is related to the one trial in a set of
10 for which the distance between covariances was highest. This was done in order to take

for i = 1, . . . , K, where ξij ∼ N (0, 1), and are independent from ζij ∼ N (0, 1). Each
synthetic functional unit has been evaluated on a grid of P = 100 points, evenly spaced on
I. The different sets have been generated choosing K ∈ {20, 25, 30, 35, 40, 45, 50}, corresponding to total cardinalities of N ∈ {40, 50, 60, 70, 80, 90, 100}.
We applied our clustering algorithm to each synthetic data set. The different values of
K (i.e., of N ) allow to study the performances of clustering as the sample size increases.
This is of interest since our method relies on the estimation of covariance matrices, thus we
expect that when the number of data increases the performances tends to improve.
We used Max-Swap algorithm both with the standard sample covariance estimator, S, and
b∗.
with the shrinkage covariance estimator S

i.i.d

Xi =

Cy are different only in terms of variability’s magnitudes, while their eigenfunctions are the
same.
We generated several sets of the following synthetic families of Gaussian functional data
having covariances like in (21):

Figure 3: Contour plot of covariances Cx and Cy for the experiment with synthetic functional
data. The different scales of contour plots show that the difference between the
variance-covariance structures is only in magnitude.
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In this subsection we apply our clustering method to a real data set belonging to a biomedical
context. In particular, we deal with data produced by functional near-infrared spectroscopy
(fNIRS), an optical technique able to noninvasively monitor the cerebral hemodynamic at
cortical level. Exploiting the relatively low absorption of biological tissues, light in the red
and near-infrared wavelength range can penetrate the human head down to some centimeters and reach the cerebral cortex. Therefore, fNIRS can provide a measure of oxy- and
deoxy-hemoglobin, the main chromophores contributing to light absorption at this wavelength range. In particular we study the measurements along time of the concentration
of deoxygenated hemoglobin in the brain of a group of six right-handed healthy subjects
(male, 44 years old) while they are carrying out a motor task (i.e., squeezing a soft ball in
the right hand) at a rate of 2 Hz guided by a metronome. The measures of each subject
were made on eight different points of the brain, four located in the central part of the
left hemisphere and another four located in the central part of the right hemisphere. The

4.3 Deoxygenated hemoglobin data

Results undoubtedly highlight that covariance-based clustering is effective, yielding groups
which can easily be interpreted as the original ones up to an error always lower than 10%,
also for challenging cases of scarce data. In addition, for reasonable sample sizes, the error
tends to get lower. The results are even more satisfactory if related to the dimension of the
covariance matrices of these data, i.e. P = 100, since a successful clustering may be carried
out with only 25-30 units per family.
b∗,
If we compare the performances gained when using S with those attained by using S
we see that a substantial improvement in accuracy has been achieved. Moreover, in this
b ∗ were more stable across the
experiment the performances of Max-Swap combined with S
trials, and almost always close to the best one for all trials. This may be an advantage with
respect to S, which in turn gave results more variable from trial to trial. On the contrary,
from a computational point of view, resorting to S leads to faster simulations, while using
b ∗ requires higher effort, especially when K is large.
S

account of the heuristic nature of the algorithm.

Table 1: Clustering performances results for the application with synthetic functional data.

K

N

Sample covariance (S)
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20

40

Concentration

0.5

1.0
−0.5
Time [s]

−1.0

0.0
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We run the Max-Swap clustering algorithm on these data to perform clustering, both using
b ∗ estimators, finding equal partitions of initial data. The results are shown in
S and S
Figure 4, and highlight how the algorithm is able to answer to our request, i.e., to detect
two clusters of functions that are well distinguishable in terms of their different variability.
We interpret these as activated versus non activated brain regions and our results are in
agreement with those obtained in (Bonomini et al., 2015).

Each statistical unit of the data set consists of a sampling along 40 seconds of deoxygenated
hemoglobin’s concentration at the related location on the brain. Our clustering purpose is
to recognize the signals of patients whose trends in hemoglobin’s concentration show wide
fluctuations across their mean profiles from signals where the concentration varies little.
The aim of the study was in fact to detect different behaviours corresponding to activated
vs. non activated cerebral areas. This activation is reflected in difference in covariance
operators more than in difference in the mean level of deoxygenated hemoglobin concentration, thus we wish to apply our clustering algorithm in order to detect the two clusters.
In a pre-processing stage, signals affected by artifacts due to the measurement procedure
were removed, while the others were de-trended and smoothed thanks to a B-Spline smoothing basis.
At the end of the pre-processing stage, a set of N = 30 signals, subdivided into two groups
of K = 15 are available with a sampling rate of 1s, so that P = 40. These data are depicted
in Figure 4.

measurement and preprocessing techniques as well as the experimental instruments used to
collect data are described in (Torricelli et al., 2014; Zucchelli et al., 2013; Re et al., 2013).

Figure 4: Deoxygenated hemoglobin’s concentration data. In the left panel are represented
the preprocessed data on which the clustering is carried out. In the right panel
is shown the output.
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In this paper we have studied the problem of performing clustering on two groups of data
whose difference lies in their variance-covariance structures rather than in their means. We
have formulated it according to the general statistical framework of functional data, yet it
can be of interest also in other contexts, such as for multivariate data. We have shown how
the naive clustering strategy is computationally intractable and we have proposed a new
heuristic algorithm to override such issue. The algorithm is based on a proper quantification
of the distance between estimates of covariance operators, which we assumed to be the
natural Hilbert-Schmidt norm, and seeks for the partition of data producing the highest
possible distance among estimated covariances. The partition is sought by modifying two
initial guesses of the true groups with subsequent exchanges of units, in order to maximise
the distance between estimated covariances. We have given its pseudo-code formulation
and studied its convergence properties and complexity. A crucial point of the algorithm is
the estimation of covariance operators, which can be done by standard sample covariance,
but we have proposed a variant involving a linear shrinkage estimator, which promises to
be at least as accurate as sample covariance, and often better in terms of mean square
error. By means of some examples we have collected empirical evidence to prove that the
algorithm is able to solve suitably the clustering problem, both when the variabilities are
different in their magnitudes or in their directions. We compared the performances gained
on functional data under the use of the sample estimator and of the linear shrinkage one,
and found that both of them give definitely satisfactory results and that the use of linear
shrinkage may provide a substantial improvement in terms of clustering performances.
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F(Kx) + G(x)

We consider the problem of minimizing a composite objective function of the form

1. Introduction

over x ∈ Rd , where K ∈ Rm×d is a fixed linear operator, and F and G are functions which are
potentially nonconvex and/or nondifferentiable. Optimization problems of this form arise
in many applications, and in particular, the algorithm developed here was motivated by an

A special case is the setting where G is convex while F is nonconvex, but x 7→ F(Kx) is
convex (i.e. if F is twice differentiable, then this is equivalent to assuming that K > (∇2 F)K 
0 but ∇2 F 6 0). In this case, the overall optimization problem, i.e. minimizing F(Kx)+G(x),
is a convex problem, that is, any local minimum is guaranteed to be a global minimum, and
thus we might expect that this problem would be simple to optimize. Surprisingly, this may
not be the case—if F is nondifferentiable, then we cannot use gradient descent on F, while
the nonconvexity of F means that existing primal/dual optimization techniques might not
be applicable.

In this paper, we consider a more challenging setting where F and G may both be
nonconvex and nondifferentiable. For instance, we can consider working with functions that
can be decomposed as F = Fcvx + Fdiff and G = Gcvx + Gdiff , where we assume that Fcvx , Gcvx
are convex but do not need to be differentiable, while Fdiff , Gdiff are potentially nonconvex
but are differentiable. (If Fdiff and Gdiff are concave, then this type of optimization problem
is often referred to as “convex/concave”.) As we will see, this formulation arises naturally
in a range of applications, but in general, cannot be handled by existing methods that are
designed with convexity in mind. In this work, we generalize to a more flexible framework
where F and G can each be locally approximated at any point with a convex function.

for any u ∈ Rm , and same for ProxG defined on Rd . Methods such as ADMM are especially
effective if F has an inexpensive proximal map but the linear transformation of the same
function, i.e. the function x 7→ F(Kx), does not. If F does not offer an inexpensive proximal
map but is instead smoothly differentiable (even if nonconvex), while G does have a fast
proximal map, then methods such as proximal gradient descent (see e.g. Nesterov, 2013;
Beck and Teboulle, 2009) can be applied instead of a primal/dual method.

When F and G are both convex, many existing methods are well-equipped to handle
this optimization problem, even in high dimensions. For example, the Alternating Direction
Method of Multipliers (ADMM) (Boyd et al., 2011) and related primal/dual methods yield
effective algorithms when the functions F and G both have inexpensive proximal maps,
defined as


1
ProxF (u) = arg min
kw − uk2 + F(w)
2
w

image reconstruction problem for computed tomography (CT), an imaging technology used
often in medicine and in other domains.

Barber and Sidky

In the nonconvex, or more specifically, convex/concave setting, one of the most common
techniques used in place of convex methods is the majorization/minimization approach
(Ortega and Rheinboldt, 1970; Hunter and Lange, 2000), where at each iteration, we work
with a convex upper bound on the nonconvex objective function. Specifically, for the setting
considered here, at iteration t we would choose some convex functions F(t) , G(t) satisfying
F(t) ≥ F and G(t) ≥ G, then solve the modified optimization problem minx {F(t) (Kx) +
G(t) (x)}. However, the modified optimization problem may itself be very challenging to
solve in this setting, so we often cannot apply the majorization/minimization technique in
a straightforward way. Our work combines the ideas of majorization/minimization with
primal/dual techniques to handle this composite optimization problem.
(1)

sidky@uchicago.edu

rina@uchicago.edu

Many optimization problems arising in high-dimensional statistics decompose naturally into
a sum of several terms, where the individual terms are relatively simple but the composite
objective function can only be optimized with iterative algorithms. In this paper, we are
interested in optimization problems of the form F(Kx) + G(x), where K is a fixed linear
transformation, while F and G are functions that may be nonconvex and/or nondifferentiable. In particular, if either of the terms are nonconvex, existing alternating minimization
techniques may fail to converge; other types of existing approaches may instead be unable to
handle nondifferentiability. We propose the mocca (mirrored convex/concave) algorithm,
a primal/dual optimization approach that takes a local convex approximation to each term
at every iteration. Inspired by optimization problems arising in computed tomography
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MOCCA: Mirrored Convex/Concave Optimization for Nonconvex Composite Functions

1.1 The MOCCA Algorithm

x

In this work, we propose the mirrored convex/concave (mocca) algorithm, which offers
an approach that combines some of the techniques described above. We work with a primal/dual formulation of the problem, and incorporate a majorization/minimization type
step at each iteration. To motivate our method, we first present an existing method for the
case where F and G are both convex, the Chambolle-Pock (CP) algorithm (Chambolle and
Pock, 2011) (this method is closely related to other existing algorithms, which we discuss
later on).
The CP algorithm is derived by considering the problem in a different form. From this
point on, for clarity, we will use variables x, y, z to denote points in Rd and u, v, w to denote
points in Rm . Since we are considering the setting where F is convex, by duality we can
write
min{F(Kx) + G(x)} = min max{hKx, wi − F∗ (w) + G(x)} .

(2)

where F∗ is the conjugate to F (Rockafellar, 1997), also known as the Legendre-Fenchel
transform of F, and is defined as
F∗ (w) = max{hw, vi − F(v)}.
v

The primal variable x and dual variable w define a saddle-point problem. Given step sizes
Σ, T which are positive diagonal matrices, the (preconditioned) CP algorithm (Chambolle
and Pock, 2011; Pock and Chambolle, 2011) iterates the following steps:

n
o
xt+1 = arg minx hKx, wt i + G(x) + 1 kx − xt k2 −1 ,
T
2
n
o
(3)
wt+1 = arg minw −hK x̄t+1 , wi + F∗ (w) + 1 kw − wt k2 −1 ,
Σ
2

where x̄t+1 = xt+1 + θ(xt+1 − xt ) is an extrapolation term for some parameter
√ θ ∈ [0, 1]
(generally θ = 1). Here the two norms are calculated via the definition kxkA := x> Ax (for
any positive semidefinite matrix A  0). When Σ1/2 KT1/2 < 1, convergence properties
for this algorithm have been proved, e.g. Chambolle and Pock (2011); Pock and Chambolle
(2011); He and Yuan (2012).1 Setting θ = 0 reduces to an earlier approach, the Primal-Dual
Hybrid Gradient algorithm (Esser et al., 2009); with θ = 1, the CP algorithm is equivalent
to a modification of ADMM (discussed later in Section 3.1).
We now ask how we could modify the discussed methods to handle nonconvexity of F
and/or G. One approach would be to approximate the problem with a convex optimization
problem, that is, to take some approximation to F and G that are chosen to be a convex
function. Of course, in general, there may not be a convex function that will provide a
globally accurate approximation to a nonconvex function, but local convex approximations
may be possible.
Consider a family of approximations to the functions F and G, indexed by (z, v) ∈
Rd × Rm , the (primal) points at which the local approximations are taken. We write
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1. The original form of the Chambolle-Pock algorithm (Chambolle and Pock, 2011), without preconditioning, can be obtained from (3) by replacing Σ, T with σI, τ I for scalar step size parameters σ, τ > 0, with
convergence results proved if στ kKk2 < 1; however, in general the preconditioned form gives better
performance and we only consider the preconditioned version here.

3
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(4)

Fv : Rm → R and Gz : Rd → R for these approximations, and from this point on, we
implicitly assume that the approximations satisfy, for any points (z, v) ∈ dom(G) × dom(F),


dom(Fv ) = dom(F) and dom(Gz ) = dom(G);




Fv and Gz are convex and continuous functions;


Fv and Gz are accurate up to first order: F − Fv and G − Gz are differentiable,


with (F − Fv )(v) = 0, ∇(F − Fv )(v) = 0, (G − Gz )(z) = 0, ∇(G − Gz )(z) = 0.

(Here dom(·) denotes the domain of a function, i.e. all points at which the function takes
a finite value.) In particular this assumption implicitly requires that F and G both have
convex domains.
As a special case, in some settings we can consider decomposing each function into the
sum of a convex and a differentiable term, F = Fcvx + Fdiff and G = Gcvx + Gdiff , as mentioned
before; we can then take linear approximations to Fdiff and to Gdiff at the points v and z,
respectively, to obtain
(
Fv (w) := Fcvx (w) + [Fdiff (v) + hw − v, ∇Fdiff (v)i] ,
(5)
Gz (x) := Gcvx (x) + [Gdiff (z) + hx − z, ∇Gdiff (z)i] .

In particular, if Fdiff and Gdiff are both concave (and thus F and G are each convex/concave),
these two approximations are standard convex majorizations to F and G taken at points v
and z (as might be used in a majorization/minimization algorithm in some settings).
Since Fv , Gz are convex, we can substitute them in place of F, G in the iterations of the
CP algorithm (3):

n
o
xt+1 = arg minx hKx, wt i + Gz (x) + 1 kx − xt k2 −1 ,
T
2
o
n
(6)
wt+1 = arg minw −hK x̄t+1 , wi + Fv∗ (w) + 1 kw − wt k2 −1 .
Σ
2

We will see later on (in Section 3.3) that this formulation is closely related to the ADMM
algorithm, and in fact in the special case given in (5), if Fdiff and Gdiff are concave, then
mocca can be viewed as a special case of Bregman ADMM (Wang and Banerjee, 2014;
Wang et al., 2014a).
Of course, a key question remains: which primal points (z, v) should we use for constructing the convex approximations to F and to G, at iteration t of the algorithm? We find
that, before solving for (xt+1 , wt+1 ), we should use expansion points

(z, v) = xt , Σ−1 (wt−1 − wt ) + K x̄t .
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We will return shortly to the question of how these values were chosen; with this choice in
place, the mocca algorithm is defined in Algorithm 1.
For reasons of stability, it may sometimes be desirable to update the expansion points
(z, v) only periodically, and we will incorporate this option into a more general version of
mocca, given in Algorithm 2. Specifically, at the tth stage, we repeat the (x, w) updates Lt
many times; we refer to these repeated updates as the “inner loop”. In fact, the tth “inner

4

5
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loop” is simply running the CP algorithm for the convex problem minx {Fvt (Kx) + Gzt (x)}.
Then, we average over the inner loop and calculate a single update of the expansion points
(z, v). Observe that, if we set Lt = 1 for all t, we do only a single (x, w) update in each
“inner loop” and thus have reduced to the basic form of mocca. In practice, the basic
form (Algorithm 1) performs well, and the more stable version (Algorithm 2) is primarily

until some convergence criterion is reached.

end for
1 PLt+1
Define (xt+1 , wt+1 ) = Lt+1
`=1 (xt+1;` , wt+1;` ).
Update expansion points: define
(
1 PLt+1
zt+1 = Lt+1
`=1 xt+1;` ,

1 PLt+1
−1
vt+1 = Lt+1
`=1 Σ (wt+1;`−1 − wt+1;` ) + K x̄t+1;` .

Algorithm 2 mocca algorithm (stable version with “inner loop”)
Input / Initialize: Same as for Algorithm 1, along with inner loop lengths L1 , L2 , . . .
for t = 0, 1, 2, . . . do
Define (xt+1;0 , wt+1;0 ) = (xt , wt ).
for ` = 1, 2, . . . , Lt+1 do
Update x and w variables: writing x̄t+1;` = xt+1;` + θ(xt+1;` − xt+1;`−1 ), define

n
o
xt+1;` = arg minx hKx, wt+1;`−1 i + Gzt (x) + 1 kx − xt+1;`−1 k2 −1 ,
2
T
n
o
wt+1;` = arg minw −hK x̄t+1;` , wi + F∗v (w) + 1 kw − wt+1;`−1 k2 −1 .
t
2
Σ

until some convergence criterion is reached.

(7)

6
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We will discuss other existing methods in more detail later on in Section 3.

Proximal gradient descent can handle a function which combines a differentiable term
with a convex term as long as the convex term has an easy proximal map; mocca
extends this method to a setting where the convex terms lack an easy proximal map
due to linear transformations, leading to composite optimization problems.

This is exactly the proximal gradient descent algorithm with step size τ .

xt+1 = Proxτ ·g (xt − τ · ∇h(xt )) .

which simplifies to the update scheme

• In the setting where we want to minimize a function G(x) which is a sum of a convex
term and a differentiable term, G(x) = g(x) + h(x), we can show that mocca reduces
to proximal gradient descent (Nesterov, 2013; Beck and Teboulle, 2009) as a special
case. Specifically, we define the approximations Gz (x) = g(x) + h(z) + h∇h(z), x − zi.
In this setting there is no F function, and hence no w variable; taking T = τ · Id , the
steps of Algorithm 1 become
n
o

1

Gzt (x) + 2τ
kx − xt k22

xt+1 = arg min
nx
o
1
= arg minx g(x) + h∇h(zt ), xi + 2τ
kx − xt k22 ,



zt+1 = xt+1 ,

• If F, G are both convex with easy proximal maps, then we can of course choose the
trivial convex families Fv = F and Gz = G; the mocca algorithm then reduces to the
Chambolle-Pock (Chambolle and Pock, 2011) or Primal-Dual Hybrid Gradient (Esser
et al., 2009) algorithm (depending on our choice of the extrapolation parameter θ).
These methods can handle composite objective functions with convex terms; mocca
extends these methods to a setting with nonconvex terms.

Before discussing the implementation and behavior of mocca for general nonconvex and/or
nonsmooth problems, we pause to illustrate that mocca can be viewed as a generalization
of many existing techniques.

1.1.1 Simple Special Cases

proposed here for theoretical purposes, as some of our convergence guarantees do not hold
for the basic version. However, in some settings the added stability does help empirically.
We remark that F, G (and their approximations Fv , Gz ) are allowed to take the value
+∞, for instance, to reflect a constraint. For example we might have G(x) = δ{kxk2 ≤ 1},
the convex indicator function taking the value +∞ if the constraint kxk2 ≤ 1 is violated
and zero otherwise; this has the effect of imposing a constraint on the x update step of our
algorithm. Furthermore, in settings where Fv may not be strongly convex, its conjugate
F∗v may not be finitely valued; we would have F∗v (w) = +∞ (for some, but not all, w).
For instance if Fv (w) = kwk1 then F∗v = δ{kwk∞ ≤ 1}, which has the effect of imposing a
constraint on w in the w update step of our algorithm. Our theoretical results in this paper
hold across all these settings, i.e. we do not assume that any of the functions F, G, Fv , Gz , F∗v
are everywhere finite, but instead work in the domains of these functions.

Algorithm 1 mocca algorithm
Input: Functions F, G with local convex approximations Fv , Gz , linear operator K, positive diagonal step size matrices Σ, T, extrapolation parameter θ ∈ [0, 1].
Initialize: Primal point x0 ∈ Rd , dual point w0 ∈ Rm , expansion points (z0 , v0 ) ∈
Rd × Rm .
for t = 0, 1, 2, . . . do
Update x and w variables: writing x̄t+1 = xt+1 + θ(xt+1 − xt ), define

n
o
xt+1 = arg minx hKx, wt i + Gzt (x) + 1 kx − xt k2 −1 ,
T
2
o
n
wt+1 = arg minw −hK x̄t+1 , wi + F∗v (w) + 1 kw − wt k2 −1 .
Σ
t
2

Update expansion points: define
(
zt+1 = xt+1 ,
vt+1 = Σ−1 (wt − wt+1 ) + K x̄t+1 ∈ ∂F∗vt (wt+1 ).
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1.1.2 Step Size Parameters Σ and T

λ
|Kij |
and

λ−1
Tjj = P
.
i |Kij |
(8)

We now turn to the question of choosing the diagonal step size matrices Σ and T. As we
will see later on, good convergence properties are attained when Σ, T are chosen sufficiently
small, to satisfy Σ1/2 KT1/2 < 1—this condition on Σ and T is derived by Pock and
Chambolle (2011) for the preconditioned CP algorithm, and appears in our theory as well.
Here k·k is the matrix operator norm (i.e. the largest singular value). To choose matrices
that satisfy this requirement, Pock and Chambolle (2011) propose a parametrized family of
choices: after fixing some parameter λ > 0, define2

j

Σii = P

Empirically, we find that higher values of λ are more stable but lead to slower convergence;
it seems that the best choice is the smallest possible λ such that the algorithm does not
diverge. It may also be interesting to consider varying λ adaptively over the iterations of
the algorithm, but we do not study this extension here.
1.1.3 Understanding the Choice of Expansion Points
We now return to our choice of the expansion points (z, v) ∈ Rd × Rm . We will give an
intuition for the choices of these points in the mocca algorithm. To examine this question,
first consider the goal for optimization: we would like to find
x

x? ∈ arg min{F(Kx) + G(x)} ,
or if this problem is nonconvex then we may be satisfied to let x? be a local minimizer or
critical point of this objective function. We then need to find primal points z ∈ Rd and
v ∈ Rm , such that replacing F with Fv and G with Gz still yields the same solution, i.e. so
that
x? ∈ arg min{Fv (Kx) + Gz (x)} .
(9)
x

and ∂F∗ (wt+1 ) = ∂Fv∗t (wt+1 ) .
1

1

(10)

Examining the first-order optimality conditions for each of these problems, it follows that
we should set (z, v) = (x? , Kx? ) to ensure that (9) holds.
Of course, x? is unknown and so we cannot set (z, v) = (x? , Kx? ). Instead, a logical
approach would be to set (zt , vt ) = (xt , Kxt ), before solving for (xt+1 , wt+1 ). Then, hopefully, as xt converges to x? we will also have (zt , vt ) converging to (x? , Kx? ). However, in
practice, we find that this approach does not always perform as well as expected. Specifically, the problem lies with the choice vt = Kxt , relative to the primal/dual structure of
the algorithm.
To understand why, imagine that F and G are actually convex, but we nonetheless are
taking local approximations Fv and Gz (which are also convex), perhaps for computational
reasons. Then we would like our x and w update steps (6) to coincide with the updates (3)
of the original CP algorithm. Examining the optimality conditions, this will occur when
∂G(xt+1 ) = ∂Gzt (xt+1 )

≤ 1
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2. In fact these choices for Σ, T satisfy the matrix norm constraint more weakly, with Σ /2 KT /2
rather than a strict inequality, but this is sufficient in practice.
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(Here we are ignoring issues of multivalued subdifferentials since our aim is only to give
intuition.) Using the definitions of G and Gzt , for the x step our requirement in (10) is
equivalent to
∇(G − Gzt )(xt+1 ) = 0,

which will certainly hold if zt = xt+1 by our assumption (4) on the function Gzt . Since we
have not yet solved for xt+1 , we instead choose the expansion point zt = xt for the function
G, as previously proposed.
For the w step, our outcome will be different. Subgradients satisfy a duality property,
namely, w ∈ ∂F(u) if and only if u ∈ ∂F∗ (w) for any convex function F and its conjugate F∗ .
The requirement ∂F∗ (wt+1 ) = ∂Fv∗t (wt+1 ) in (10) therefore yields wt+1 ∈ ∂F(∂Fv∗t (wt+1 )) by
this duality property, and so we have

wt+1 ∈ ∂F(∂Fv∗t (wt+1 ))

= ∂Fvt (∂Fv∗t (wt+1 )) + ∇(F − Fvt )(∂Fv∗t (wt+1 ))

= wt+1 + ∇(F − Fvt )(∂Fv∗t (wt+1 ))

where the last step again holds from the duality property of subgradients. So, we see that
we would like
∇(F − Fvt )(∂Fv∗t (wt+1 )) = 0

which, according to our assumption (4) on the expansions Fvt , will hold if

vt ∈ ∂Fv∗t (wt+1 ) .

In other words, we would like vt to be the primal point that corresponds to the dual point
wt+1 —that is, the primal point that mirrors the dual point wt+1 . Of course, this is not
possible since we have not yet computed wt+1 , and furthermore vt appears on both sides
of this equation. Instead, we take vt ∈ ∂Fv∗t−1 (wt ). Looking at the first-order optimality
conditions for the update step for wt , we see that we can satisfy this expression by choosing

vt = Σ−1 (wt−1 − wt ) + K x̄t ∈ ∂Fv∗t−1 (wt ) .

In fact, we will see in Section 3.3 that this choice for vt is very logical in light of the
connection between the CP algorithm and the Alternating Direction Method of Multipliers
(ADMM) (Boyd et al., 2011).
For the stable form of mocca, Algorithm 2, our choice for expansion points (z, v)
takes an average over each inner loop, which we will see gives sufficient stability for our
convergence results to hold.
1.1.4 Checking Convergence

JMLR 17(144):1-51

(11)

Here we give a simple way to check whether the basic mocca algorithm, Algorithm 1, is
near a critical point (e.g. a local minimum). (We treat this question more formally, for
the more general Algorithm 2, in our theoretical results later on.) Due to the first-order
accuracy of the convex approximations to F and G as specified in (4), a critical point x ∈ Rd
for the objective function F(Kx) + G(x) is characterized by the first-order condition

0 ∈ K > ∂FKx (Kx) + ∂Gx (x) .

8

and w ∈ ∂FKx (Kx).

2

2

+kKx − ∂F∗v (w)k22 +kz − xk22 +kv − Kxk22 .

2
2
2
2

+ K(xt − xt+1 ) + Σ−1 (wt − wt+1 )

2
2

(12)
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9

10

b = Axtrue +  with  ∼ N (0, σ 2 In ) ,
where A ∈ Rn×d is a design matrix and xtrue ∈ Rd is the unknown vector of coefficients.
In this case, we might seek to recover xtrue with the least squares estimator, perhaps with

Recent work by Loh and Wainwright (2013) considers optimization for nonconvex statistical
problems, proving that under some special conditions, nonconvexity may not pose a challenge to recovering optimal parameters. In particular, they consider the following example
(Loh and Wainwright, 2011, 2013): suppose that we observe a response y ∈ Rn which is
generated with a Gaussian linear model,

2.1 Regression with Errors in Variables

We now highlight several applications of the mocca algorithm, in high-dimensional statistics and in imaging.

2. Applications

The remainder of the paper is organized as follows. In Section 2, we present several important applications where the minimization problem considered here, with a nonconvex
composite objective function as in (1), arises naturally: regression problems with errors in
covariates, isotropic total variation penalties, nonconvex total variation penalties, and image reconstruction problems in computed tomography (CT) imaging. In Section 3 we give
background on several types of existing algorithms for convex and nonconvex composite
objective functions, and compare a range of existing results to the work presented here.
Theoretical results on the convergence properties of our algorithm are given in Section 4.
We study the empirical performance of mocca in Section 5. Proofs are given in Section 6,
with technical details deferred to the Appendix. In Section 7 we discuss our findings and
outline directions for future research.

1.1.6 Outline of Paper

is itself either strongly convex or satisfies restricted strong convexity assumptions (which we
will discuss in detail in Section 4.2.1). It is important to note that even the globally convex
setting is by no means trivial—even if (12) is strongly convex, if F itself is nonconvex it
may be the case that ADMM and other primal/dual or alternating minimization algorithms
diverge or converge to the wrong solution, as we discuss later in Section 3.2. Crucially, our
results allow F and G to be nondifferentiable as well as nonconvex, a setting that is necessary
in practice but is not covered by existing theory.

x 7→ F(Kx) + G(x)

The novelty of our theory lies in our convergence guarantee, given in Theorem 2, where
we prove that the stable form of mocca, given in Algorithm 2, is guaranteed to converge
to a nearly-globally-optimal solution, under some assumptions on convexity and curvature.
Specifically, we consider a scenario where convexity and nonconvexity in F and G counterbalance each other, so that the overall function
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We present two theoretical results in this work. The first is fairly standard in the related
literature: in Theorem 1 we show that if the algorithm does converge to a point, then we
have reached a critical point of the original optimization problem. (Since the simple form,
Algorithm 1, is a special case of the stable form, Algorithm 2, we prove this result for the
stable algorithm only.)

1.1.5 Preview of Theoretical Results

In other words, if the change in the variables (xt , wt ) converges to zero as t → ∞, then the
optimality gap is also converging to zero.

+ kxt − xt+1 k22 + K(xt−1 − 2xt + xt+1 ) + Σ−1 (wt−1 − wt )

 2!

 2
xt−1 − xt
xt − xt+1
.
+
=O
wt − wt+1
wt−1 − wt
2
2

= −K(wt − wt+1 ) + T−1 (xt − xt+1 )

OptimalityGap(xt+1 , wt+1 , zt , vt )

Therefore, plugging these calculations in to the definition of the optimality gap, we see that

Here, if any of the subdifferentials are multivalued, we can interpret these norms as choosing
some element of the corresponding subdifferentials. Now we consider the value of this gap at
an iteration of the mocca algorithm (in its original form, Algorithm 1). By the definitions
of xt+1 , wt+1 , zt , vt , we can show that

>
−1


0 ∈ K wt + ∂Gzt (xt+1 ) + T (xt+1 − xt ),

0 ∈ −K x̄
∗
−1
t+1 + ∂Fvt (wt+1 ) + Σ (wt+1 − wt ),
zt = xt ,



v = Σ−1 (w − w ) + K x̄ .
t
t
t−1
t

OptimalityGap(x, w, z, v) = −K > w − ∂Gz (x)

To check whether these conditions hold approximately, we can take the following “optimality
gap”:

We can expand this condition to include additional variables (z, v) ∈ Rd × Rm :

>


−K w ∈ ∂Gz (x),

w ∈ ∂F (Kx) ⇔ Kx ∈ ∂F∗ (w),
v
v
z = x,



v = Kx.

−K > w ∈ ∂Gx (x)

Equivalently, we can search for a dual variable w ∈ Rm such that
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x − x>


A> b
n


+ Penalty(x)


. (13)
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A> A
n

some penalty added to promote some desired structure in x,

1 >
x
2



1
x
b = arg min
kb − Axk22 + Penalty(x)
2n
x


x

= arg min

In some settings, however, the design matrix A itself may not be known with perfect accuracy. Instead, suppose we observe
Z =A+W
h
i
2 for all i, j. In this
where W ⊥
⊥ A has independent mean-zero entries, with E Wij2 = σA
case, a naive approach might be to substitute Z for A in (13), before finding the minimizer.
2 is negligible, this may not produce a good approximation to x
However, unless σA
b since,
when substituting Z > Z for A> A in the quadratic term in (13), we have
h
i
h
i
h
i
2
E Z > Z A = E (A + W )> (A + W ) A = A> A + E W > W = A> A + nσA
Id 6= A> A .

n





Z >Z
Z >b
2
− σA
Id x − x>
.
n

x

x
bnoisy = arg min {L(x) + Penalty(x)} ,



In contrast, for the linear term in (13), we have E Z > b A = A> b, as desired. To correct
for the bias in Z > Z, we should take

where
1
L(x) := x>
2

(14)

Of course, this optimization problem is no longer convex due to the negative quadratic term,
and in particular, for a Lipschitz penalty and a high-dimensional setting (n < d), the value
tends to −∞ as x grows large in any direction in the null space of Z. Remarkably, Loh
and Wainwright (2013) show that, if xtrue is sparse and Penalty(x) is similar to the `1 norm,
then as long as (Z > Z) satisfies a restricted strong convexity assumption (as is standard
in the sparse regression literature), then xtrue can be accurately recovered from any local
minimum or critical point of the constrainted optimization problem
kxk1 ≤R

x
bnoisy = arg min {L(x) + Penalty(x)} .

(


1
1
x − xt − ∇L(xt )
2
η

2
1
+ Penalty(x)
η
2

)

The approach taken by Loh and Wainwright (2013) is to perform proximal gradient descent,
with steps taking the form

kxk1 ≤R

xt+1 = arg min
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where η1 is a step size parameter. When Penalty(x) is (some multiple of) the `1 norm,
or some other function with a simple proximal operator (that is, it is simple to compute
arg minx { 21 kx − zk22 + Penalty(x)} for any z), this algorithm is very efficient.
11
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2.1.1 Total Variation and Generalized Convex `1 Penalties

Consider a setting where the penalty term in (14) is given by a generalized `1 norm,

Penalty(x) = ν · kKxk1

for some matrix K ∈ Rm×d . In particular, if K is the one-dimensional differences matrix
∇1d ∈ R(d−1)×d , which has entries (∇1d )ii = 1 and (∇1d )i,i+1 = −1 for each i, then this
defines the (one-dimensional) total variation norm on x, kxkTV = k∇1d xk1 ; this method is
also known as the fused Lasso (Tibshirani et al., 2005). We can also consider a two- or
three-dimensional total variation norm, K = ∇2d or K = ∇3d , defined analogously as the
differences matrix for a two- or three-dimensional grid. Total variation type penalties are
commonly used in imaging applications and many other fields to obtain solutions that are
locally constant or locally smooth.
In this setting, proximal gradient descent is not practical except in some special cases,
such as when K is diagonal, because the proximal operator arg minx { 21 kz − xk22 +ν ·kKxk1 }
does not have a closed form solution for general K and would itself require an iterative
algorithm to be run to convergence. For a total variation penalty on a one-dimensional grid
of points, e.g. K = ∇1d , some fast algorithms do exist for the proximal map (Johnson, 2013).
Additional methods for convex problems with two-dimensional total variation and related
penalties such as total variation over a graph can be found in Chambolle and Darbon (2009);
Wang et al. (2014b, 2015b). We are not aware of a non-iterative algorithm for general K.
Here we apply mocca to allow for arbitrary K and for a nonconvex loss term L(x).

2.1.2 Applying the MOCCA Algorithm

We consider applying the mocca algorithm to this nonconvex optimization problem with
Penalty(x) = ν kKxk1 . We define the convex function

F(w) = ν kwk1

with the trivial convex approximations Fv (w) = F(w) at any expansion point v ∈ Rm . We
also let
(
L(x), if kxk1 ≤ R,
+∞,
if kxk1 > R,
G(x) =

with convex approximations given by taking the linear approximation to the loss,
(
L(z) + hx − z, ∇L(z)i, if kxk1 ≤ R,
+∞,
if kxk1 > R,

Gz (x) =

o

,

(15)
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2
T−1

for any expansion point z ∈ Rd . Then the optimization problem (14) can be expressed as
x

x
bnoisy = arg min {F(Kx) + G(x)} .

Applying Algorithm 1, the update steps take the form

n



xt+1 = arg minkxk1 ≤R x − xt − T ∇L(xt ) + K > wt

wt+1 = Truncateν (wt + ΣK x̄t+1 ) ,



zt+1 = xt+1 ,

12

Z>Z
n

−1
∇L(xt ) +

K >w

2
σA
2 .

t








,


>
T−1 + Z n Z 

2

In this case, after

kK` xk2 ,

`=1

L
X

kK` xk2 ,

(17)

`=1

L
X

kwB` k2 ,

2
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for each ` = 1, . . . , L, and is therefore trivial to compute.
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wt+1 = Truncateν·(Bm1 ×···×BmL ) (wt + ΣK x̄t+1 ) ,

z
t+1 = xt+1 ,

We take the trivial convex approximations Fv (w) = F(w) at any expansion point v ∈ Rm ,
and define G(x) and Gz (x) exactly as before (as for the previous application, we allow the
option of restricting to kxk1 ≤ R if desired). Then the objective function (17) is equivalent
to minimizing F(Kx) + G(x).
Applying Algorithm 1, the update steps take the form

n

 2 o
>


xt+1 = arg minkxk1 ≤R x − xt − T ∇L(xt ) + K wt T−1 ,

wB` = (wm1 +···+m`−1 +1 , . . . , wm1 +···+m` ).

where wB` is understood to be the `th block of the vector w, i.e.

F(w) = ν ·

where L(x) is a differentiable likelihood term (such the nonconvex likelihood for regression
with errors in variables as above). We define the matrix K by vertically stacking the K` ’s,
and define the convex function

L(x) + ν ·

We now show the steps of the mocca algorithm to the problem of minimizing

2.2.1 Applying the MOCCA Algorithm

Optimization methods for the denoising
problem with ano isotropic total variation penalty,
n
i.e. problems of the form minx 12 kb − xk22 + ν · kxkisoTV , were studied in Chambolle and
Pock (2015). In practice the isotropic penalty is often preferred as it leads to smoother
contours, avoiding the artificial horizontal or vertical edges that may result from anistropic
total variation regularization.

(i,j)

Xq
(xi,j − xi,j+1 )2 + (xi,j − xi+1,j )2 .

`=1

L
X

where each K` ∈ Rm` ×d is some fixed matrix. To see how this determines an isotropic total
variation penalty in two dimensions, we let ` index all locations (i, j); then the corresponding
matrix K` has two rows, which when multiplying the image x, extracts the differences
xi,j − xi,j+1 and xi,j − xi+1,j . To see how this specializes to the usual generalized `1 penalty,
kKxk1 for some fixed matrix K ∈ Rm×d , simply take K` to be the `th row of the matrix K
for each ` = 1, . . . , m.

Penalty(x) = ν ·

The isotropic total variation penalty can be generalized to penalties of the form
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where Truncateν·(Bm1 ×···×BmL ) (w) projects each block wB` ∈ Rm` of the vector w to the ball
of radius ν, ν · Bm` ⊆ Rm` (here Bm` is the unit ball of dimension m` in the `2 norm).
Specifically, the w update step can be computed for each block as




ν
(wt+1 )B` = (wt + ΣK x̄t+1 )B` · min 1,

(wt + ΣK x̄t+1 )B` 

kxkisoTV =

For locally constant images or signals in two dimensions, the form of the total variation
penalty given above is known as “anisotropic”, meaning that it imposes a sparsity pattern
which is specific to the alignment of the image onto a horizontal and vertical axis. In contrast, the isotropic total variation penalty (Rudin et al., 1992), on an image x parametrized
with values xi,j at grid location (i, j), is given by

2.2 Isotropic Total Variation and Generalized `1 /`2 Penalties

An important point is that mocca can be applied to this problem for arbitrary K,
including a difference operator such as ∇2d or ∇3d ; in contrast, proximal gradient descent
can only be performed approximately except for certain special cases, as mentioned above.
We explore this setting’s theoretical properties in Section 4.2.3, and give empirical results
for this problem in Section 5.

(16)
While the
x
update
step
may
appear
difficult
due
to
the
combination
of
the
non-diagonal


>
matrix T−1 + Z n Z which scales the norm, combined with the `1 constraint, in practice
the constraint R is chosen to be large so that it is inactive in all or most steps; the x update

−1

>
step is then solved by xt+1 = xt − T−1 + Z n Z
∇L(xt ) + K > wt .









−1


xt+1 = arg minkxk1 ≤R  x − xt − T +

wt+1 = Truncateν (wt + ΣK x̄t+1 ) ,



z
t+1 = xt+1 .

which is convex since L(x) has negative curvature bounded by
simplifying, our update steps become

where Truncateν (w) truncates the entries of the vector w to the range [−ν, ν]. Note that the
x update step is a simple shrinkage step and therefore easy to solve (and ∇L(xt ) is simple
to compute), while the w and z updates are computationally trivial.
As a second option, we can incorporate more convexity into our approximations Gz by
taking
(
σ2
L(x) + 2A kx − zk22 , if kxk1 ≤ R,
Gz (x) =
+∞,
if kxk1 > R,
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2.3 Nonconvex Total Variation Penalties
As discussed in Section 2.1, total variation penalties are common in many applications where
the underlying signal exhibits smooth or locally constant spatial structure (in one, two, or
more dimensions). In convex optimization, we are faced with a well-known tradeoff between
sparsity and bias—using ν · kxkTV as our penalty function for some parameter ν > 0, we
want to be sure to choose ν large enough that the resulting solution is total-variation-sparse,
to avoid overfitting when the sample size is small relative to the dimension of the image;
however, larger ν leads to increased shrinkage of the signal, leading to an estimate that is
biased towards zero. One way to avoid this tradeoff is to use a nonconvex penalty, which
should behave like the total variation norm in terms of promoting sparsity, but reduce the
amount of shrinkage for larger signal strength. In this section, we will use ∇TV to denote
the differences matrix in the appropriate space (e.g. ∇TV = ∇2d in two dimensions), so that
kxkTV = k∇TV xk1 .
For sparse regression problems (i.e. where the signal x is itself sparse, rather than sparsity
in ∇TV x), many nonconvex alternatives to the `1 norm penalty kxk1 have been studied,
demonstrating more accurate signal recovery empirically as well as theoretical properties
of reduced bias, such as the Smoothly ClippedPAbsolute Deviation (SCAD) penalty (Fan
and Li, 2001), the `q penalty which penalizing i |xi |q for some q ∈ (0, 1) (Knight and Fu,
2000; Chartrand, 2007), and the Minimax Concave Penalty (MCP) which seeks to minimize
concavity while avoiding bias (Zhang, 2010). Another option is to use a reweighted `1 norm
(Candès et al., 2008), where signals estimated to be large at the first pass are then penalized
less in the next pass to reduce bias in their estimates; in fact, Candès et al. (2008) show
that this procedure is related to a nonconvex log-sum penalty, given by penalizing each
component of xi as log(|xi | + ) for some fixed  > 0. For the problem of total variation
sparsity, a variety of nonconvex approaches have also been studied, including applying
SCAD (Chopra and Lian, 2010), an `q norm penalty for 0 < q < 1 (Sidky et al., 2014; Lu
and Huang, 2014), or a log-sum total variation penalty (Selesnick et al., 2015; Parekh and
Selesnick, 2015) to the total variation sparsity setting.
We now consider the problem applying a log-sum penalty to the problem of total variation sparsity. Here we consider the form of this penalty given by
X
β log (1 + |wi |/β) ,
logTVβ (x) = logL1β (∇TV x) where logL1β (w) =

i

where β > 0 is a nonconvexity parameter. (We can also consider applying this nonconvex penalty to the isotropic version of total variation, as discussed in Section 2.2, but for
simplicity we do not give that version explicitly here.)
To understand this function, observe that for any t, the function
t 7→ β log(1 + |t|/β)

JMLR 17(144):1-51

is approximately equal to |t| when t ≈ 0 (that is, near zero it behaves like the `1 norm),
but is nonconvex and penalizes large values of t much less heavily than an absolute value
penalty of |t|. The parameter β controls the amount of nonconvexity: small β gives a highly
nonconvex penalty, while for large β the penalty is nearly convex, with logTVβ (x) ≈ kxkTV ;
see Figure 1 for an illustration.
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Consider the problem of minimizing an objective function

L(x) + ν · logTVβ (x) ,

X

i

2

β log (1 + |wi |/β) − kwk1 .

Fv (w) = ν · kwk1 + ν [hβ (v) + hw − v, ∇hβ (v)i] .
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Now we define a local convex approximation to F by writing F(w) = ν (kwk1 + hβ (w)) and
taking the linear approximation to hβ , namely,

F(w) = ν · logL1β (w) and G(x) = L(x).

We note an important property of this function: hβ (w) is differentiable with (∇hβ (w))i =
wi
− β+|w
.
i|
For a first approach, we will take

hβ (w) = logL1β (w) − kwk1 =

where L(x) is some likelihood or loss term. In the image denoising setting, where L(x) =
2
1
2 ky − xk2 (i.e. when y is a noisy observation of the signal x), Parekh and Selesnick (2015)
approach this optimization problem with a majorization/minimization algorithm, iterating the steps: (1) find a majorization of logTVβ (x) at the current estimate xt , which
takes the form of a reweighted TV norm, (2) compute xt+1 as the minimizer of L(x) +
ν · (the majorized penalty). In other settings, however, for a general loss L(x), step (2) may
not be possible.
We now show how the mocca algorithm can be used to optimize objective functions of
the form (18). For simplicity we show the steps for the case that L(x) is convex and has a
simple proximal operator, but this can be generalized as needed.
First, we define a new function

(18)

Figure 1: Illustration of the nonconvex sparsity-promoting penalty discussed in Section 2.3.
The figure plots the function t 7→ β · log(1 + |t|/β) across a range of values of t,
for β ∈ {1, 2, 10, ∞}; for β = ∞, we should interpret this as the absolute value
function, t 7→ |t|. We see that all the functions appear similar for t ≈ 0, with
a nondifferentiable point at t = 0 which ensures sparsity when this function is
used as a penalty. For larger values of t, smaller values of β correspond to greater
nonconvexity.

β· log(1+|t|/β)

Gz (w) = L(x) + ν [hβ (∇TV z) + h∇TV (x − z), ∇hβ (∇TV z)i] .

materials m
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3. Background: Optimizing Convex and Nonconvex Composite Functions
In this sections, we give background on several related algorithms for solving the minimization problem in the simpler setting where F and G are convex, and in the more challenging
nonconvex setting.

perhaps with other constraints added as well (e.g. nonnegativity of the material maps). Here
L(x) is the negative log-likelihood of x given the Poisson model for the observed photon
counts as a function of x, given by (19) and (20). L(x) is a nonconvex function due to the
integration across energy levels. Both L(x) and the total variation constraints are better
represented as functions of linear transformations of x; the presence of these multiple terms,
including nonconvexity (from L) and nondifferentiability (from total variation), mean that
existing methods cannot be applied to solve this optimization problems.
The mocca algorithm, applied to this problem, gives strong performance in terms of
fast convergence and accurate image reconstruction on simulated and real imaging data.
We do not give the details of the algorithm implementation or any empirical results in this
paper, but instead refer the reader to our work in Barber et al. (2016) for more details on
the method and for empirical results on simulated CT image data (results on real data are
forthcoming).

x

where µm (E) is a known quantity determining the absorption properties of material m at
energy E, while xm (~r) is unknown, representing the amount of material m that is present
at location ~r. In practice, the object space is discretized into pixels, so that x is finitedimensional.
In this application, the optimization problem is then given by
(
)
X
(total variation constraint on material map xm ) ,
x
b = arg min L(x) +

detector, which measures the raw number of photons that successfully pass through the object rather than the total integrated energy. As a first pass, this transmission model can be
written as follows, where the location ~r` (t) inside the object parametrizes the ray `:


 



 Z
Z
beam
detector





intensity at · sensitivity · exp − µ(E, ~r` (t)) dt dE  ,
Count` ∼ Poisson
energy E
t
energy E
to energy E
(19)
where the only unknowns are the coefficients µ = (µ(E, ~r)), indexed over energy level E
and location ~r inside the object. Here µ(E, ~r) is the attenuation for photons at energy E
at the location ~r—higher values of µ(E, ~r) indicate that a photon
(at energy E) is more
R
likely to be absorbed (at location ~r). The expression exp{− t µ(E, ~r` (t)) dt} determines,
for a photon at energy E that enters the object along the trajectory defined by ray `, the
probability that the photon will not be absorbed by the object (i.e. will pass through the
object). These coefficients µ(E, ~r) can be further decomposed as
X
µ(E, ~r) =
µm (E) · xm (~r)
(20)
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The initial motivation for developing the algorithm presented here, is a problem arising
in computed tomography (CT) imaging. Here we briefly summarize the problem and our
approach via the mocca algorithm; we describe this setting fully, and give detailed results,
in Barber et al. (2016).
In CT imaging, an X-ray beam is sent along many rays through the object of interest.
Typically, the measurement is the total energy that has passed through the object, along
each ray; comparing the energy retrieved against the energy of the entering X-ray beam,
gives information about the materials inside the object, since different materials have different beam attenuation properties. A recent technological development is the photon counting

2.4 Application to CT Image Reconstruction

However, in a sense this decomposition is less natural as it splits the penalty logTVβ (x)
across F and G, and in fact in our experiments in Section 5, we will see that this second
formulation gives poorer convergence results when the mocca algorithm is applied.

wt+1 = Truncateν (wt + Σ∇TV x̄t+1 ) ,

z
t+1 = xt+1 .

In this case the objective function (18) is equal to F(∇TV x) + G(x) as before. In this case,
the update steps are

o
n


> (ν∇h (∇ z ) + w ) 2

,
xt+1 = arg minx L(x) + 21 x − xt − T∇TV
t
TV t
β

T−1

and

Fv (w) = F(w) = ν · kwk1

In this case, we will define the local approximations as

F(w) = ν · kwk1 and G(x) = L(x) + ν · hβ (∇TV x).

Of course, we have the flexibility to arrange the functions differently if we wish—for
example, we could instead define

wt+1 = Truncateν (wt + Σ∇TV x̄t+1 − ν∇hβ (vt )) + ν∇hβ (vt ),


v
−1
t+1 = Σ (wt − wt+1 ) + K x̄t+1 .

Then the objective function (18) is equal to F(∇TV x) + G(x), and can be minimized with
mocca. Applying Algorithm 1, the update steps take the form

n

 2 o
1
>


xt+1 = arg minx L(x) + 2 x − xt − T∇TV wt T−1 ,

And, since by assumption L(x) is convex and has a simple proximal operator, we can simply
define
Gz (x) = G(x) = L(x).
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3.2 The Issue of Nonconvexity
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3.1 Optimization When F is Convex
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When F is convex, a variety of existing methods are available to recover the (possibly
non-unique) minimizer
x? = arg min{F(Kx) + G(x)} .
In many settings, the functions F and G may each have easily computable proximal operators, but the linear transformation inside x 7→ F(Kx) might make the function difficult to
optimize directly—for example, we might have F(w) = kwk1 with K = ∇2d chosen so that
F(Kx) = kxkTV , the two-dimensional total variation norm of x. For this type of setting,
the Alternating Direction Method of Multipliers (ADMM) reframes the problem as
x,u

(x? , u? ) = arg min{F(u) + G(x) : Kx = u}

20
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is not well-defined; the function u 7→ L(xt , u, ∆t−1 ) diverges to −∞ when we set u = s · w
and let s → ∞. Therefore, for some types of nonconvex functions, the ADMM algorithm
will not be implementable due to this divergence.
In the literature, theoretical guarantees for the performance of ADMM on nonconvex
objective functions have been considered under several different settings. Broadly speaking,
we can summarize existing work as falling into one of two categories. First, there are settings
where the original form of the ADMM updates perform well. For instance, Magnússon et al.
(2015) proves convergence results (for a slightly different algorithm) when optimization is
over a bounded set, thus avoiding the issue of divergence arising from directions of strong
concavity in F as mentioned above; this paper also proves results guaranteeing optimality of
any limit point, if one exists, in the unbounded optimization setting, but does not guarantee
that a limit point is reached. In Li and Pong (2015), convergence results are proved assuming
that one of the two terms (i.e. F or G) is smooth; in contrast, for the applications considered
here, including total variation type penalties incorporated into F or hard constraints in G,
it is critical to allow for nondifferentiable F and G. The special case of applying ADMM
to nonconvex consensus problems is considered by Hong et al. (2016), with convergence
guarantees again in a bounded setting, in this case assuming that any nonconvex functions
must obey a lower bound.
Second, when the original ADMM updates cannot be expected to perform well—if for
instance F has directions of strong concavity—then the ADMM can be modified by adding
curvature to each update via a Bregman divergence term, as studied by Wang et al. (2014a)
(with extensions to multi-block ADMM, with more than two terms in the objective function
(Wang et al., 2015a)). This work proves convergence guarantees for the algorithm, but
requires that the function F (after converting to our notation) is differentiable and smooth,
in contrast to our work where allowing for nondifferentiable F is critical.

u

ut = arg min {L(xt , u, ∆t−1 )}

for some C < ∞, c > 0 and all s > 0. Then we see that the update step

Next, we turn to the setting where F and/or G may be nonconvex.
To begin, we consider the following interesting scenario, introduced in Section 1: suppose
that G is itself convex, with trivial approximations Gz = G, and that x 7→ F(Kx) is strictly
convex even though F is nonconvex. Since x 7→ F(Kx) + G(x) is therefore strictly convex,
the optimization problem has a unique global minimizer x? ∈ Rd . However, since F itself is
nonconvex, then the strategies for optimization described in Section 3.1 may not be directly
applicable for the task of finding x? .
Here we outline the difficulties faced by the main existing approaches outlined in Section 3.1 for settings where F and/or G are nonconvex (including the scenario outlined above),
and summarize the most relevant results in the literature.
To see this, first consider the ADMM algorithm. Suppose that F is nonconvex, and
in particular, for some vector w ∈ Rm , the function s 7→ F(s · w) is strongly concave—
specifically,
F(s · w) ≤ C − c · s2
(21)

and solves for (x? , u? ) by working with the augmented Lagrangian
n
o
ρ
min max L(x, u, ∆) where L(x, u, ∆) = F(u) + G(x) + h∆, Kx − ui + kKx − uk22 .
x,u ∆
2

Here ∆ ∈ Rm is the dual variable whose role is to enforce the constraint Kx = u. The steps
of the algorithm are, for each t ≥ 1,


xt = arg minx {L(x, ut−1 , ∆t−1 )} ,
ut = arg minu {L(xt , u, ∆t−1 )} ,


∆t = ∆t−1 + ρ(Kxt − ut ).
Examining the update step for for u, we see that this step entails a single use of the proximal
map for F. However, the x update step is more complicated due to the linear operator K;
this step cannot be solved with one use of the proximal map for G, except in the special
case that K > K is a multiple of the identity matrix. To resolve this, we can add additional
curvature to the x update step:


1
xt = arg min L(x, ut−1 , ∆t−1 ) + (x − xt−1 )> (λI − ρK > K)(x − xt−1 ) ,
2
x
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where λ ≥ ρ kKk2 . In this setting, the x update step now becomes solveable with the
proximal map for G. In fact, this preconditioned form of the ADMM algorithm is equivalent
to the CP algorithm (3); for details of the equivalence, see Chambolle and Pock (2011).
In addition to the ADMM and CP algorithms, and their variants, we mention one
other option here. If F is differentiable, then proximal gradient descent offers a simple
procedure, alternating between taking a gradient descent step on the term F(Kx) and a
proximal operator step on G. As we discussed in Section 1.1.1, the proximal gradient descent
algorithm can be viewed as a simple special case of mocca (in that section, the terms were
arranged slightly differently, with both differentiable and convex terms all included in G,
but the scenarios are equivalent). Of course, this type of method cannot handle scenarios
with a nondifferentiable F, which can arise through total variation penalties and in other
settings.
19
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w

x

(22)

2

t+1

Σ

21
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u

(Here we use a slightly nonstandard indexing, writing the variable updates in the order
x, ∆, u for later convenience.) We do not derive the equivalence here (see Chambolle and
Pock, 2011, for details), but remark that the variables (xt , wt ) at iteration t of the CP
algorithm (3) can be recovered by taking (xt , Σ(Kxt − ut ) + ∆t ) from the ADMM iterations.
Similarly, in the more general nonconvex setting considered here, we can equivalently
formulate the mocca method as a combination of the preconditioned ADMM iterations and
taking convex expansions to F and G. The steps are given in Algorithm 3. This algorithm is
exactly equivalent to the basic version of mocca, Algorithm 1, with extrapolation parameter
θ = 1, but is expressed as an ADMM type algorithm with preconditioning and with convex
approximations to F and G. (The stable “inner loop” version of mocca, Algorithm 2,
can also be interpreted as an extension of ADMM, but we do not give details here). The

t+1

the CP iterations given in (3) are equivalent to the following preconditioned ADMM iterations, where we choose a preconditioning matrix T−1 − K > ΣK  0:
o
n

2
2
1
1
>

xt+1 = arg minx G(x) + hK ∆t , xi + 2 kKx − ut kΣ + 2 kx − xt kT−1 −K > ΣK ,

∆t+1 = ∆t + Σ(Kx
o
n t+1 − ut ),


u
= arg min F(u) − h∆ , ui + 1 kKx
− uk2 ,

In the convex setting, the CP method with parameter θ = 1 is known to be equivalent to a
preconditioned ADMM algorithm (Chambolle and Pock, 2011). Specifically, reformulating
the original optimization problem in the ADMM form


1
min {F(u) + G(x) : u = Kx} = min max F(u) + G(x) + h∆, Kx − ui + kKx − uk2Σ ,
x,u
x,u ∆
2

3.3 Connection Between MOCCA and ADMM

where H is differentiable while F, G each have easy to compute proximal maps (and may
be nonconvex); this formulation is related to the problem we study, but PALM cannot
be used to solve general problems of the form F(Kx) + G(x) where F is nondifferentiable
(since, if we add a variable w = Kx, the constraint w = Kx cannot be enforced with
any differentiable function H(w, x) unless we allow modifications such as a relaxation to a
penalty on kw − Kxk22 ), and therefore again cannot be applied to some of the problems
considered here.

x,w

where the likelihood term L(x) and/or the penalty term Penalty(x) may exhibit nonconvexity. In many settings that arise in high-dimensional statistics, for instance, the likelihood
term L(x) may be strongly concave in some directions, but will be strongly convex in all
“plausible” directions, that is, all directions x that are not prohibited by the penalty term
Penalty(x). For instance, if Penalty(x) is a sparsity-promoting penalty, with low values
only at solutions x with many (near-)zero values, then L(x) might be strongly convex in
all sparse directions. This relates to the notion of restricted strong convexity, introduced
by Negahban et al. (2009), which we discuss in greater detail in Section 4.2.1. Under restricted convexity and smoothness assumptions on the likelihood term, and with bounds on
the amount of nonconvexity allowed in the penalty term, Loh and Wainwright (2013) prove
convergence to a point that is near the global optimum, for a proximal gradient descent
method, with some additional details restricting steps to a bounded set to avoid diverging
towards directions of strong concavity. Ochs et al. (2014)’s iPiano method gives an inertial
(i.e. accelerated) proximal gradient descent method for this same setting where the loss is

x

min{L(x) + Penalty(x)} ,

which is different from the original optimization problem since F∗∗ 6= F. If F∗ (w) and F∗∗ (w)
take finite values on some domain, then the CP algorithm can be expected to converge, but
it will converge to the solution of an optimization problem that is different from the one
intended due to the issue that F∗∗ 6= F. Problems also arise in a setting where F exhibits
negative curvature as in (21), in which case F∗ (w) = ∞ for all w, so we do not have a
well-defined saddle point problem to begin with.
To our knowledge, no general results exist for the CP algorithm with nonconvex and
nondifferentiable F and/or G. Valkonen (2014) considers an interesting related problem,
namely, a variant of the CP algorithm, where the objective function is now F(K(x)) + G(x),
for convex F, G but with a nonlinear map K(x) in place of the previous linear map Kx, as
the argument to F. In this case, convergence to a stationary point is proved, even when
the nonlinearity of K(x) may make the overall problem nonconvex. Relatedly, Ochs et al.
(2015) study the setting where F(K(x)) is a nonconvex elementwise penalty on the convex
transform K(x) while G is convex; their approach uses the CP algorithm as a subroutine
for solving convex approximations of the objective function, at each step.
Next, we consider the option of proximal gradient descent, in the case that G has a simple
proximal operator. Loh and Wainwright (2013) study penalized likelihood problems,

x

min max{hKx, wi − F∗ (w) + G(x)} = min{F∗∗ (Kx) + G(x)} ,

It is known that any conjugate function must be convex, i.e. F∗∗ is convex. This implies
that F∗∗ 6= F. Therefore, the saddle-point problem does not correspond to the original
optimization problem: we have
min{F(w) + G(x) + H(w, x)},

differentiable with the penalty has an easy proximal map. The (accelerated) proximal gradient descent method for nonconvex problems is studied also by Ghadimi and Lan (2016);
Li and Lin (2015). Note that these algorithms are applicable only when the terms in the
objective function are all either differentiable (the likelihood) or have an easy-to-compute
proximal operator (the penalty), and therefore, cannot be applied to many of the problems
that that we have considered.
Finally, Bolte et al. (2014) propose an algorithm, Proximal Alternating Linearized Minimization (PALM), to solve a related problem of the form

Next, consider the CP algorithm. When F is nonconvex, it is no longer the case in general
that F(Kx) = maxw {hKx, wi − F∗ (w)}. In fact, by definition of conjugate functions, this
maximum defines the “conjugate of the conjugate”, i.e.

F∗∗ (Kx) = max{hKx, wi − F∗ (w)} .

Barber and Sidky

MOCCA: Mirrored Convex/Concave Optimization for Nonconvex Composite Functions

MOCCA: Mirrored Convex/Concave Optimization for Nonconvex Composite Functions

Barber and Sidky

where (wt;` ) is interpreted analogously,

where the sequence (xt;` ) is interpreted as (x1;0 , x1;1 , . . . , x1;L1 , x2;0 , . . . ),

(23)

Theorem 1 Assume that the families of approximations Fv and Gz satisfy (4), and furthermore that

wt;` → w
b



T−1 −K >
−K Σ−1

24



0.
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In practice, F and/or G may each consist of multiple terms, combining characteristics of the
problem such as a likelihood calculation or a penalty or constraint on the underlying signal.
To accomodate a range of potential applications, in particular those arising in the regression
and imaging applications described in Section 2, we consider a broad setting where our main
assumptions involve the interplay between convexity and negative curvature in the functions
F, G.
The notion of restricted strong convexity (RSC), introduced by Negahban et al. (2009),
has often been used in high-dimensional statistics to express the idea that likelihood functions and optimization problems, which may not have desirable strong convexity properties

4.2.1 Restricted Convexity and Smoothness

Pock and Chambolle (2011) introduce this assumption for the (convex) preconditioned
Chambolle-Pock algorithm, and give a simple construction for one choice of Σ, T to satisfy
this without calculating any matrix norms or other high-cost operations, specified in (8)
above.
Next, we turn to the convexity and smoothness assumptions required for our convergence
guarantee.

M=

Assumption 1 The extrapolation parameter is set at θ = 1, and the diagonal matrices Σ
and T are chosen such that

We now turn to theoretical results proving that the algorithm converges (and proving rates
of convergence) under specific assumptions on F and G. In this section, we only consider
the “inner loop” form of mocca, given in Algorithm 2. We show that if our inner loop
length (i.e. Lt ) tends to infinity, then we can bound the error of the algorithm.
We begin with an assumption on the step size parameters:

4.2 Guarantees of Convergence

0 ∈ K > ∂FK xb(K x
b) + ∂Gxb(b
x) .

Then x
b is a critical point of the original optimization problem, in the sense that

vt → vb.

zt → zb,

xt;` → x
b

Suppose that Algorithm 2 converges to a point, with

(
(v, w) 7→ ∇(F − Fv )(w) is continuous jointly in (v, w), and
(z, x) 7→ ∇(G − Gz )(x) is continuous jointly in (z, x).

equivalence between Algorithms 1 and 3 is simply an extension of the connection between
the Chambolle-Pock algorithm and a preconditioned ADMM, as shown in Chambolle and
Pock (2011).
Algorithm 3 mocca algorithm: ADMM version
Input: Convex functions Fcvx , Gcvx , differentiable functions Fdiff , Gdiff , linear operator K,
positive diagonal step size matrices Σ, T.
Initialize: Primal variables x0 ∈ Rd , u0 ∈ Rm , dual variable ∆0 ∈ Rm .
for t = 0, 1, 2, . . . do
Update all variables:
o
n

2
2
1
1
>

xt+1 = arg minx Gxt (x) + hx, K ∆t i + 2 kKx − ut kΣ + 2 kx − xt kT−1 −K > ΣK ,

∆
= ∆t + Σ(Kx
n t+1 − ut ),
o
 t+1

2
u
1
t+1 = arg minu Fut (u) − h∆t+1 , ui + 2 kKxt+1 − ukΣ ,
until some convergence criterion is reached.

This ADMM formulation of mocca gives us a clearer understanding of the choice of the
expansion points (z, v) in the mocca algorithm. Recalling the simpler form of the mocca
algorithm given in Algorithm 1 where the expansion points are updated at each iteration
(i.e. there is no “inner loop”), the expansion points were defined as
zt+1 = xt+1 and vt+1 = Σ−1 (wt − wt+1 ) + K x̄t+1 .

since θ = 1 so x̄t+1 = 2xt+1 − xt

Using our conversion between the CP variables (x, w) and the ADMM variables (x, ∆, u),
we see that
vt+1 = Σ−1 (wt − wt+1 ) + K(2xt+1 − xt )

,

Σ(Kxt − ut ) + ∆t − Σ(Kxt+1 − ut+1 )

− (∆t + Σ(Kxt+1 − ut )) + K(2xt+1 − xt )

= Σ−1 (Σ(Kxt − ut ) + ∆t − Σ(Kxt+1 − ut+1 ) − ∆t+1 ) + K(2xt+1 − xt )


= Σ−1

=

ut+1

where the next-to-last step uses the definition of the update step for ∆t+1 . In other words,
after the tth step, our estimated minimizers for {F(u) + G(x) : Kx = u} are given by ut+1
and xt+1 , and our convex approximations to F and to G for the next step are consequently
taken at the values v = ut+1 and z = xt+1 .

4. Theoretical Results
In this section we present our two main theoretical results.
4.1 Convergence to a Critical Point
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First, we show that if the algorithm converges, then its limit point is a solution to our
original problem.
23

2
2

− τ 2 x − x0

2
restrict

,

1
2


kuk2ΘF + kwk2ΘF ,

ΘG

ΘG

2

restrict

restrict
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3. We implicitly restrict all variables to the domain of the appropriate function, throughout.
4. For a function F with a multivalued subdifferential, this notation is taken to mean that the statement
must hold for any elements of the subdifferentials, throughout the paper.

Throughout, we will treat Cmatrix , Ccvx , CLip , and Cgrad as fixed finite positive constants, and
dependence on these values will not be given explicitly except in the proofs. On the other
hand, the role of the restricted convexity/smoothness parameter τ will be shown explicitly.

In general, greater convexity (i.e. ΛF , ΛG as strongly positive definite as possible) and tighter
bounds on smoothness (i.e. ΘF , ΘG as small as possible) allow for a better (i.e. larger)
constant Ccvx and, therefore, faster convergence of the algorithm. The value of τ is typically
of a very small order in many problems arising in high-dimensional statistics, as discussed
above for the sparse regression setting.
It is critical to note that this assumption does not require either Fv or Gz to be strictly
convex—if the matrices ΛF or ΛG are not full rank, then strict convexity has not been
assumed. Instead, Fv is strongly convex in any direction of Rm contained in the column
span of ΛF , and similarly for Gz and ΛG in Rd . Our assumption essentially requires that the
combination of these directions leads to overall (approximate) convexity, after accounting
for concavity that might be introduced by the errors F − Fv and G − Gz .
For simplicity in the statements and proofs of our results, we group the norms of all
matrices from Assumptions 1 and 2 into a single constant:

Cmatrix = max kΛF k , kΘF k , kΛG k , kΘG k , kM k , M −1
.

for some Ccvx > 0 and τ < ∞.

x> (K > ΛF K + ΛG )x ≥ x> (K > ΘF K + ΘG )x + Ccvx kxk22 − τ 2 kxk2restrict ,

for some ΛG , ΘG  0 and τ < ∞.
Finally, the total convexity in the local approximations Fv and Gz must (approximately)
outweigh the total curvature of the differences F−Fv and G−Gz . Specifically, for all x ∈ Rd ,
we require

2

for some CLip , Cgrad < ∞. (For example, this is satisfied if Fv can be written as the sum of
a Lipschitz function and a smooth function.)
For the function G and its family of local approximations Gz , we assume that Gz satisfies
restricted strong convexity, while G − Gz satisfies a restricted smoothness assumption: for
all x, y, z,

2
2
2


Restricted strong convexity of Gz : hy, ∂Gz (x + y) − ∂Gz (x)i ≥ kykΛG − τ kykrestrict ,
Restricted smoothness of G − Gz :





2


+ τ kxk2
+ kyk2
,
|hy, ∇(G − Gz )(z + x)i| ≤ 1 kxk2 + kyk2

for some ΛF , ΘF  0.4 We also assume a gradient condition on Fv ,
n
Fv satisfies a gradient condition: k∂Fv (w) − ∂Fv (w0 )k2 ≤ CLip + Cgrad kw − w0 k2 ,

Smoothness of F − Fv : |hu, ∇(F − Fv )(v + w)i| ≤

assume that Fv is strongly convex, while F − Fv is smooth: for all u, v, w,3
(
Strong convexity of Fv : hu, ∂Fv (w + u) − ∂Fv (w)i ≥kuk2ΛF ,
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Assumption 2 The approximations Fv and Gz satisfy the conditions (4), with additional
assumptions as follows. For the function F and its family of local approximations Fv , we

for some structured norm k·krestrict (for example, the `1 q
norm). Here c > 0 is a constant
while τ is vanishingly small, for instance c ∼ 1 and τ ∼ log(d)
in many high dimensional
n
regression applications with sample size n. The solution x
b is then shown to converge to the
true signal x? √
up to an error of size τ R, where R is some bound on the signal complexity, for
instance R ∼ k where k is the true sparsity level of a sparse regression problem. In these
settings, it is assumed that τ R = o(1), and that errors of this magnitude are negligible. We
will follow this general framework in our convergence guarantee as well. However, since we
consider settings where the signals may not have natural sparsity but would instead have a
different type of structure (such as total variation sparsity), we replace the `1 norm with a
general measure of signal complexity, k·krestrict , chosen with respect to the problem at hand
(for instance, a total variation norm).
We now specify our assumptions on convexity and smoothness for the functions involved
in the optimization, using the restricted strong convexity / restricted smoothness framework
from the literature. Roughly speaking, the following assumption requires that the errors of
the convex approximations F − Fv , G − Gz are counterbalanced by strong convexity in the
composite approximations Fv (Kx) + Gz (x). For the term G, we allow for some flexibility by
considering restricted strong convexity and restricted smoothness, relative to the structured
norm kxkrestrict .

hx − x0 , ∇L(x) − ∇L(x0 )i ≥ c x − x0

globally, nonetheless exhibit strong convexity in “directions of interest”. For example, in
a least-squares regression problem with design matrix A ∈ Rn×d , with n  d, the least
squares loss function L(x) = 21 ky − Axk22 is not strongly convex since A> A is rank deficient, but can yield good statistical properties if A> A is strongly convex in all sparse
directions, that is, x> A> Ax ≥ c · kxk22 for all sparse (or approximately sparse) vectors x. In
this case, the loss function is globally convex, but it is the RSC property that ensures high
accuracy for sparse regression problems. More recently, Loh and Wainwright (2013) proved
that the RSC property, along with an analogous restricted smoothness property, can in fact
be leveraged even in nonconvex optimization problems, such as the regression-with-errorsin-variables scenario described in Section 2.1. Their work relies on optimizing the variable
x within some bounded set, to ensure that the RSC property will push x towards a good
(local) minimum rather than allowing x to diverge. For instance, if the loss function has
some directions of strong concavity—as is the case for regression-with-errors-in-variables
in (14)—then staying within a bounded set is critical. In theory, their work focuses on
problems that take the form of minimizing a penalized loss function over a bounded set
{x : kxk1 ≤ R}, where we think of R as a large bound, requiring only a loose bound on
the `1 norm of the true signal. In practice, if an optimization algorithm is initialized at
zero, then it is often the case that the iterations will never leave a bounded region, without
imposing any explicit constraint.
In general, results using the RSC condition take the following form: first, the loss
function or objective function L(x) is shown to satisfy a RSC property of the form
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4.2.2 Convergence Guarantee

{F(Kx) + G(x)} .

Choose any point x? ∈ Rd with kx? krestrict ≤ R, which is a critical point for the optimization
problem
min

kxkrestrict ≤R

For convenience, we will now absorb the constraint kxkrestrict ≤ R into the functions themselves, by replacing G with the function
(
G(x), if kxkrestrict ≤ R,
+∞,
if kxkrestrict > R,
x 7→

and replacing Gz (for each z) with the function
(
G (x), if kxkrestrict ≤ R,
z
+∞,
if kxkrestrict > R,
x 7→

(24)

In practice, as mentioned before, we typically do not need to explicitly incorporate this
constraint into the optimization algorithm, as we will generally only see updates that all lie
within a bounded region. However, in our statements and proofs of theoretical results from
this point onward, we will assume that G, Gz restrict the domain of the variable x, that is,
G(x) = Gz (x) = +∞ whenever kxkrestrict > R .

We will also assume that τ R is bounded by a constant without further comment; since our
results give convergence guarantees up to the accuracy level τ R, the results are meaningful
only if τ R is small.
We now state our convergence guarantee for the stable form of the mocca algorithm,
given in Algorithm 2:

kxt − x? k2 ≤ Cconverge

1
p

Lt0

+ τR

!


Lt0 = min Lt , (1 + δ)Lt−1 , . . . , (1 + δ)t−1 L1

.

Theorem 2 Assume that Assumptions 1 and 2, and that G, Gz satisfy (24). Then there
exists constants Cconverge , Lmin < ∞ and δ > 0, such that if mint≥1 Lt ≥ Lmin , then for all
t ≥ 1, the iterations of Algorithm 2 satisfy

where

JMLR 17(144):1-51

As an example, we can set Lt ∼ (1 + δ)t . Then after the tth inner loop, kxt − x? k2 ∼
(1 + δ)−t/2 + τ R, and the total number of iterations taken is L1 + · · · + Lt ∼ (1 + δ)t . In
other words, the error kx − x? k2 scales as √1T + τ R where T is the total number of update
steps, i.e. error is inversely proportional to the square root of computational cost, up to the
accuracy level τ R.
We also remark that, if we were to assume additionally that F is differentiable and
smooth, the result would improve dramatically: we would obtain error decaying exponentially in the number of update steps (up to the accuracy level τ R). The resulting convergence
27
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guarantee would then be comparable to the results obtained in Loh and Wainwright (2013,
Theorem 3), which show a result with error at time t scaling as ct + τ R (for a constant
c < 1). However, convergence in this setting is of limited interest for the applications we
have in mind, since total variation penalties, and many other natural penalties or losses
falling into the F term of the composite objective functions, are not differentiable.

4.2.3 Convexity and Smoothness Assumptions: an Example

2
σA
2

zk22 ,

if kxkrestrict ≤ R,
if kxk1 > R,

if kxk1 ≤ R,
if kxkrestrict > R,

kx −

(
L(x),
+∞,

(
L(x) +
+∞,

G(x) =

To illustrate the many different matrices and constants appearing in Assumption 2 with a
concrete example, we return to the problem studied in Section 2.1, where a least squares
regression with errors in variables is combined with a total variation (or generalized `1 )
penalty. Recalling this setting, we seek to minimize L(x) + ν · kKxk1 , and we set Fv (w) =
F(w) = ν · kwk1 , and

and
Gz (x) =

Z >Z
n

x − x>

Z>Z
n .

To check the smoothness

Z >b
2
+ σA
z
n

where




1
Z >Z
Z >b
2
L(x) = x>
− σA
Id x − x>
.
2
n
n
Under the Gaussian noise model, the noisy design matrix given by entries Zij = Aij +
2 ) and the response is given by b = A · x
2
Normal(0, σA
true + Normal(0, σ I). The mocca
update steps for this problem are given in (16).
In this setting, Assumption 2 is satisfied with the following parameters. First, since F
is convex but not strongly convex, we set ΛF = 0; we can also set ΘF = 0 as Fv = F for any
expansion point v. F is ν-Lipschitz so we can take CLip = 2ν, Cgrad = 0. Next, for G, we see
that




1
Gz (x) = x>
2

(on the domain kxkrestrict ≤ R), and so we can set ΛG =
condition, we have

2
2 1
hy, ∇(G − Gz )(z + x)i = hy, σA
xi ≤ σA
· (kxk22 + kyk22 ),
2
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2I .
and so we can take ΘG = σA
d
Finally, for the “total convexity” condition of Assumption 2, we need to check that
>
2 I satisfies restricted strong convexity. In Loh and
K > (ΛF − ΘF )K + (ΛG − ΘG ) = Z n Z − σA
d
Wainwright (2011, Corollary 1), it is shown that if the rows of the (original) design matrix
A are drawn i.i.d. from a subgaussian distribution with covariance ΣA then, assuming that
>
2 I (which is an unbiased estimate
the sample size n satisfies n  log(d), the matrix Z n Z −σA
d
>
of the desired term A n A using the unknown original design matrix A) satisfies


Z >Z
1
log(d)
2
2
− σA
Id x ≥ λmin (ΣA )·kxk22 −(constant)·
·kxkrestrict
for all x ∈ Rd (25)
n
2
n

x>

28



29

JMLR 17(144):1-51

5. Code for fully reproducing these simulations is available at http://www.stat.uchicago.edu/~rina/
mocca.html.

The two-dimensional total variation of the true signal is very low, because ∇2d xtrue is sparse.
We then take a linear regression model with n = 200 observations, with design matrix

15×5 05×15 05×5
 015×5 115×15 015×5  ∈ R25×25 .
05×5 05×15 15×5



In the first simulation, we study the nonconvex total variation penalty considered in Section 2.3, using a two-dimensional spatial structure. We generate data as follows: first,
we define the true signal xtrue ∈ Rd with dimension d = 625, obtained by vectorizing the
two-dimensional locally constant array

5.1 Simulation 1: Nonconvex Total Variation Penalty

We now implement the mocca algorithm to examine its performance in practice. Throughout this section, we work with the simpler formulation of mocca, given in Algorithm 1,
with no “inner loop”. All computations were performed in matlab (MATLAB, 2015).5
For all simulations, we choose not to place a bound on kxkrestrict , although technically
this is required by our convergence guarantees and those of the related results in Loh and
Wainwright (2013) (which we compare to, in Simulation 2). Empirically we observe good
convergence without imposing such a bound, but can easily add such a bound if desired.
We consider two examples: Simulation 1 studies nonconvex total variation regularization
with a least squares loss (as described in Section 2.3), and Simulation 2 considers convex
total variation regularization with a nonconvex loss arising from regression with errors in
variables (as described in Section 2.1). While other algorithms which are developed specifically for these problems are available—for example, denoising with total variation penalties
is studied by e.g. Chambolle and Darbon (2009); Wang et al. (2014b, 2015b), and could be
combined with a proximal gradient method for Simulation 2—here our purpose is simply
to illustrate applications of mocca to several concrete examples in order to demonstrate
its flexibility for a broad range of problems. Specific problems will often have specialized
algorithms which would far outperform our general-purpose method; however, slight modifications to the optimization problem (for example, replacing total variation regularization
with a more general penalty kKxk1 for a generic dense matrix K, or with isotropic total variation) will often mean that specialized algorithms can no longer be applied, while
mocca can adapt easily to accomodate these changes.

5. Experiments

log(d)
fore we can set Ccvx = 12 λmin (ΣA ) and τ ∼
to obtain the desired condition in
n
Assumption 2. Note that the guarantees of Theorem 2 give a meaningful convergence result
even if we choose a fairly large radius R.

with high probability, when we choose kxkrestrict = kxk1 ; similar results will hold for other
structured choices of k·krestrict such as total variation
q norm or a generalized `1 norm. There-
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iid

i

1
kb − Axk22 + ν · logTVβ (x) ,
2

(26)

and

1
T = λ−1 · Id ,
4

30
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which ensures that the positive semidefinite assumption, Assumption 1, will hold (although
perhaps not strictly) as in Pock and Chambolle (2011). We test the algorithm across a
range of λ values, λ ∈ {4, 8, 16, 32, 64}.
The results are shown in Figure 2, which plots the log value of the objective function
Obj(x) at each iteration, and also plots the log of the change in each iteration,


xt−1 − xt
Changet =
.
(29)
wt−1 − wt
2

1
Σ = λ · Im
2

We will refer to these two versions as mocca(natural) and mocca(split), respectively.
Finally, we choose step size parameters

where hβ (w) = logL1β (w) − kwk1 is a differentiable concave function as discussed in Section 2.3. We also consider the less natural form where the penalty term is split across F
and G, given by


F(w) = Fv (w) = ν · kwk1 ,
(28)
G(x) = 12 kb − Axk22 + ν · hβ (∇2d x),


with Gz (x) = 12 kb − Axk22 + ν [hβ (∇2d z) + h∇2d (x − z), ∇hβ (∇2d z)i] ,

Here ∇2d ∈
is the two-dimensional first differences matrix for the vectorized d1 × d2
grid, where d = d1 ·d2 is the total dimension of the signal while m = d1 (d2 −1)+d2 (d1 −1) is
the number of first-order differences measured; in our case, we have d1 = d2 = 25, d = 625,
and m = 1200.
Next, we implement the mocca algorithm with the two variants described in Section 2.3:
setting K = ∇2d , we consider the more natural form where the penalty term is contained
in F, given by
(
F(w) = ν · logL1β (w), with Fv (w) = ν · kwk1 + ν [hβ (v) + hw − v, ∇hβ (v)i] ,
(27)
G(x) = Gz (x) = 21 kb − Axk22 ,

Rm×d

where we choose penalty parameter ν = 20 and nonconvexity parameter β = 3 (recall that
a low value of β corresponds to greater nonconvexity), and where the logTVβ (·) penalty is
defined with respect to two-dimensional total variation—recall
X
logTVβ (x) = logL1β (∇2d x) =
β log (1 + |(∇2d x)i |/β) .

x

x
b = arg min {Obj(x)} for Obj(x) =

We would then like to solve a penalized least-squares problem using the nonconvex total
variation penalty introduced in Section 2.3, namely,

bi = (A · xtrue )i + Normal(0, 1) .

A ∈ Rn×d with Aij ∼ Normal(0, 1) and b ∈ Rn with entries
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(Recall from Section 1.1.4 that, if Changet → 0, then the optimality gap of the solution
tends to zero; that is, the x variable is close to being a critical point for the optimization
problem.) Looking first at the results for mocca(natural), we see that smaller λ values tend
to lead to faster convergence at the very early stages, but poorer performance or instability
at later stages. (In fact, this suggests the possibility of varying λ as we run more iterations,
which we leave to future work.)
Turning to mocca(split), we see that the performance is worse at all λ values as compared with mocca(natural); the difference is minor for the largest λ values, but the lower
λ values give far poorer results and far more instability for mocca(split) as compared to
mocca(natural). This highlights the importance of the “mirroring” step in our algorithm,

Figure 2: Results from Simulation 1. The top row plots the log of the objective function
value defined in (26) against iteration number, while the bottom row plots the log
of the change in the (x, w) variables (29) at each iteration, for several step size
parameters λ. (Section 1.1.4 gives a direct correspondence between convergence of
the (x, w) variables, and the optimality of the x variable.) The plots show results
from the “natural” (left) and “split” (right) versions of the mocca algorithm,
defined in (27) and (28), respectively.

-2

log(Objective function value)
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log(Change per iteration)
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which gives us the flexibility of placing the nonconvex terms into F, i.e. the function which
will be optimized via the dual variable. In other scenarios, of course, a different arrangement
of the terms may be preferable.

5.2 Simulation 2: Total Variation Penalty, with Errors in Variables

(30)

In the second simulation, we treat the errors-in-variables setting discussed in Section 2.1. We
generate the signal xtrue , the design matrix A, and the response vector b as in Simulation 1.
Next, suppose our measurement of A is itself noisy: define Z ∈ Rn×d with Zij = Aij +
2 ), where σ = 0.2. Finally, we would like to minimize the objective function
Normal(0, σA
A


1 > >
2
x Z Z − n · σA
Id x − x> Z > b + ν kxkTV ,
2

with penalty parameter ν = 20, where again we use two-dimensional total variation,
kxkTV = k∇2d xk1 . (Here we use a different scaling of the likelihood term relative to Section 2.1 for simpler implementation and tuning.) Of course, due to the negative quadratic
term, this objective function is strongly concave in some directions and so its global minimum is “at infinity”; within a bounded set, however, the penalty will ensure that the
objective function is approximately convex. In practice, initializing our algorithm at x = 0
does not lead to any problems, and we converge to a bounded solution that can be viewed
as a local minimum within a bounded set, e.g. {x : kxkTV ≤ R} for some appropriate choice
of R, as discussed in the context of restricted strong convexity in Section 4.2.1.
A proximal gradient descent method, as proposed by Loh and Wainwright (2013) for
this type of nonconvex penalized likelihood, would in theory iterate the steps
(


2 I x − (Z > b) ,
x̃t+1 = xt − η1 Z > Z − nσA
t
d
n
o
2
ν
1
2 kx − x̃t+1 k2 + η kxkTV ,

xt+1 = arg minx
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where η1 is a step size parameter. However, the second step is a proximal operator for the
total variation norm kxkTV = k∇2d xk1 , which cannot be calculated in closed form. Instead,
we could apply the CP algorithm to the convex (sub)problem of this proximity operator
with parameters Σ = λ · 21 Im and T = λ−1 · 14 Id , and could terminate this inner “prox loop”
after some convergence criterion is reached, e.g. after some fixed number nstep of steps, or
once the relative change in x is below thresh . We do not show details of the derivation, but
the complete procedure iterates these steps (taking extrapolation parameter θ = 1):



2 I x − (Z > b) ,
Gradient step: x̃t+1 = xt − η1 Z > Z − nσA
t
d



Initialize prox loop: x0

= xt , u0
= ut .
t+1;0
t+1;0



0
0
Run prox loop: for ` = 1, 2, . . . , writing x̄0

t+1;` = 2xt+1;` −


 xt+1;`−1 ,


x0

= (1 + 1 )−1 x0
+ 1 x̃t+1 − 1 ∇> u0
,

t+1;`−1
2d
t+1;`−1
4λ
4λ
4λ
 t+1;`



(31)
 0
0
0
ut+1;`
= Truncate[−ν/η,ν/η] ut+1;`−1
+ λ2 ∇2d x̄t+1;`
,





until
a
convergence
criterion
is
reached









(i.e. ` = nstep or x0
− x0
/ x0
≤ thresh ).

t+1;`
t+1;`−1
t+1;`−1

2
2


0
0
Gather results from prox loop: xt+1 = xt+1;`
, ut+1 = ut+1;`
.
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0

Figure 3: Results from Simulation 2, plotting the value of the objective function (30) against
iteration number, counting either iterations of the “outer loop” (left) or of the “inner loop” (right), for various stopping rules for the inner loop in (31). Parameters
are set as η = λ = 100 (top) or η = λ = 200 (bottom). Counting the number of
passes through the inner loop is an accurate reflection of the true computational
cost of (31), and so the right-hand plots give the correct interpretation of the
results, where the various versions of the algorithms perform nearly identically in
both settings (the lines are indistinguishable) except for the setting thresh = 0.01
which diverges for the setting η = λ = 100. Setting nstep = 1 yields the mocca
algorithm as discussed in the text.
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plot on the right-hand side of Figure 3 shows the same results plotted against the true
number of iterations, i.e. where we count each pass through the inner loop of (31) rather
than counting only passes through the outer loop of (31). In this setting, we see that in fact
the various versions of the algorithms perform nearly identically—in other words, a onestep approximation to the proximal map performs just as well as a more conservative inner
loop that is run for longer—with the exception of setting thresh = 0.01 and η = λ = 100,
in which case the algorithm diverges immediately. It is interesting to note that this small

Σ=

0

Outer loop (does not reflect computational cost); η =λ =100
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it can be shown that this is equivalent to the proximal gradient algorithm (31) with a single
inner loop step, i.e. with nstep = 1 (specifically, the iterates xt stay the same, while the
other variables are related as wt = η · ut ).
Now we compare the performance of the approximate proximal gradient descent (APGD)
algorithm, with various stopping criteria for the inner “prox loop”, against the performance
of the mocca algorithm, which we can view as the APGD algorithm taking exactly one
step in each inner “prox loop”. For simplicity, we consider only a few values for the step
size parameters, setting η = λ = 100 or η = λ = 200. As for Simulation 1, we will see that
higher values for these parameters gives more stability at the cost of slower convergence.
We consider stopping rules for the inner loop as follows: either we run the inner loop
for a fixed number of steps, nstep ∈ {1, 5} (with nstep = 1 yielding mocca), or we use a
convergence criterion thresh ∈ {0.1, 0.05, 0.01}. Figure 3 shows the results; for the figure on
the left, we see that running the inner loop longer does help to make our solutions more
accurate (i.e. the objective function is lower) over the range of iterations. However, each
iteration has greater computational cost when we increase the time spent running the inner
loop. Since we would like to see the performance as a function of computational cost, the

If we choose

which we can simplify to
(


> w + Z > Z − nσ 2 I x − (Z > b) ,
xt+1 = xt − T ∇2d
t
t
A d
wt+1 = Truncate[−ν,ν] (wt + Σ∇2d x̄t+1 ) .

The update steps of the mocca algorithm are then given by
o
n

2
1


xt+1 = arg minx nh∇2d x, wt i + Gzt (x) + 2 kx − xt kT−1 , o
wt+1 = arg miny −h∇2d x̄t+1 , wi + F∗ (w) + 12 kw − wt k2Σ−1 ,



zt+1 = xt+1 ,

2
= hx, (Z > Z − nσA
Id )z − Z > bi + (terms constant with respect to x).

Gz (x) = G(z) + hx − z, ∇G(x)i

with local approximations given by linear expansions,


1 
2
G(x) = x> Z > Z − nσA
Id x − x> (Z > b)
2

We will refer to this method as the Approximate Proximal Gradient Descent (APGD)
algorithm, where “approximate” describes the fact that the proximal operator step is only
ever solved approximately via a finite number of steps in the inner loop.
In fact, if we examine this algorithm carefully, we can find that by taking a single step of
the inner “prox loop” (that is, setting nstep = 1), we arrive back at the steps of the mocca
algorithm. Specifically, as in the implementation (15) in Section 2.1, we choose K = ∇2d ,
F(w) = Fv (w) = ν kwk1 , and
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Objective function value (× 10 4 )
Objective function value (× 10 4 )

Objective function value (× 10 4 )
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MOCCA: Mirrored Convex/Concave Optimization for Nonconvex Composite Functions

choice for thresh is closest in spirit to proximal gradient descent (that is, the proximal step is
the most accurate), although of course there may be some effect of tuning parameters. The
choice thresh does achieve convergence with the more conservative choice η = λ = 200, but
convergence is noticeably slower in this case. Thus, we can conclude that when the proximal
step does not have a closed form solution, it may be better to use a coarse approximation
(which, implicitly, is the strategy taken by mocca for this problem) rather than aiming for
near-convergence in the proximal step for each iteration.

6. Proofs
6.1 Critical Points (Theorem 1)

(32)

,

If at ∈ ∂h(bt ) and at → a, bt → b then a ∈ ∂h(b),

+

K x̄t+1;1

(33)

−
wt+1;1 )

(34)

a ∈ ∂h(b) if and only if b ∈ ∂h∗ (a).

For this proof we will use two facts: for a continuous convex function h,

and

3 Σ−1
(wt+1;0

First, by definition of the wt+1;1 update step,
∂Fv∗t (wt+1;1 )
and therefore by (33),
wt+1;1 ∈ ∂Fvt (Σ−1 (wt+1;0 − wt+1;1 ) + K x̄t+1;1 ).
We can rewrite this as

(Term 2)

wt+1;1 ∈ ∂Fvb(Σ−1 (wt+1;0 − wt+1;1 ) + K x̄t+1;1 ) + ∇(Fvt − Fvb)(Σ−1 (wt+1;0 − wt+1;1 ) + K x̄t+1;1 ) .
|
{z
} |
{z
}
(Term 1)

Next, since the solution converges, we see that

wt+1;1 → w,
b vt → vb, Σ−1 (wt+1;0 − wt+1;1 ) + K x̄t+1;1 → K x
b.

Our assumption (23) implies that

(v, w) 7→ ∇(Fv − Fvb)(w) = −∇(F − Fv )(w) + ∇(F − Fvb)(w)

is jointly continuous in (v, w), and so

(Term 2) = ∇(Fvt − Fvb)(Σ−1 (wt+1;0 − wt+1;1 ) + K x̄t+1;1 ) → ∇(Fvb − Fvb)(K x
b) = 0.
(35)
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Therefore, applying the property (32) to the expression in (34), we see that

w
b ∈ ∂Fvb(K x
b).
35

`=1
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1
Σ−1 (wt+1;0 − wt+1;Lt+1 ) + K(xt+1;Lt+1 − xt+1;0 ) + Kxt+1 .
Lt+1

Lt+1

1 X −1
Σ (wt+1;`−1 − wt+1;` ) + K x̄t+1;`
Lt+1

Next, for each t, by definition,
vt+1 =

=

Taking limits on each side, we see that vb = K x
b. Returning to (35) above this proves that

w
b ∈ ∂FK xb(K x
b) .

Next, by definition of the xt+1;1 update step,

∂Gzt (xt+1;1 ) = T−1 (xt+1;0 − xt+1;1 ) − K > wt+1;0 .

Taking limits on each side as t → ∞, and applying (32) as before,

∂Gzb(b
x) 3 −K > w
b.

And, we know that zt+1 = xt+1 for each t, therefore zb = x
b, and so

∂Gxb(b
x) 3 −K > w
b.

0 = K >w
b − K >w
b ∈ K > ∂FK xb(K x
b) + ∂Gxb(b
x) ,

Combining the work above, then,

as desired.

6.2 Convergence Guarantee (Theorem 2)

We first introduce some notation and supporting lemmas before turning to the main proof.
6.2.1 Notation

(x0 , w0 ) = Stepz,v (x, w) ,

Fixing any expansion points (z, v) ∈ Rd × Rm , we define a primal-dual update step:

given by


n
o
x0 = arg min 00 hKx00 , wi + Gz (x00 ) + 1 kx00 − xk2 −1 ,
x
T
2
n
o
w0 = arg minw00 −hK(2x0 − x), w00 i + Fv∗ (w00 ) + 1 kw00 − wk2 −1 .
Σ
2
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This is one step of the CP algorithm applied to the convex objective function

x

min{Fv (Kx) + Gz (x)}
with extrapolation parameter θ = 1.

36



x?z,v − x?
? − w?
wz,v

x?z,v − x?
Kx?z,v − Kx?





2

≤ CLip + Cexcess

Θ

≤ (1 − Ccontr )



z − x?
v − Kx?

z − x?
v − Kx?

 





Θ

Θ

+ τR


.

+ Cexcess · τ R

37
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(x(L) , w(L) ) = Stepz,v (x(L−1) , w(L−1) ) ,

(x(1) , w(1) ) = Stepz,v (x(0) , w(0) ), (x(2) , w(2) ) = Stepz,v (x(1) , w(1) ), . . . ,

Lemma 4 Suppose that Assumptions 1 and 2 hold. For any L ≥ 1, and any points
(x(0) , w(0) ), (z, v) ∈ dom(G) × dom(F), suppose we iterate Stepz,v (·) for L times,

The second lemma shows that, after running an “inner loop”, the (x, w) variables are
nearly optimal for the current convex approximation, and the next expansion points are
also near this optimum.

and



Then there exist constants Ccontr > 0, Cexcess < ∞, which depend only on Cmatrix , Ccvx , CLip ,
Cgrad , such that for any (z, v) ∈ dom(G) × dom(F),

Lemma 3 Suppose that Assumptions 1 and 2 hold. Define


Ccvx
ΘG 0
+
Θ=
I0.
0 ΘF
(Cmatrix )2

The proof of Theorem 2 can be split into several key results. First we state these lemmas
and explain their role, then we will formally prove the theorem. The lemmas are proved in
Appendix A.
The first lemma shows that, if we use expansion points (z, v) close to the true solution,
i.e. (z, v) ≈ (x? , Kx? ), then the minimizer x?z,v for the convex approximation will be close
to x? .

6.2.2 Lemmas

0 ∈ K > w? + ∂Gz (x?z,v ) .

? ∈ ∂F (Kx? ) be an element of the subdifferential such that
and let wz,v
v
z,v

x

x?z,v = arg min {Fv (Kx) + Gz (x)} ,

Finally, for any expansion points (z, v), define the (not necessarily unique) solution for
the convex optimization problem when the we use approximations Fv , Gz :

0 ∈ K > w? + ∂Gx? (x? ) .
ze =

L

1 X (`)
x
L

and

ve =

and


and averaged expansion points

`=1

x
e − x?z,v
?
w
e − wz,v

2



≤ CLip + Citer

1
√
L



x(0) − x?z,v
?
w(0) − wz,v



2

+ τR

!

 

x1 − x?z1 ,v1
w1 − wz?1 ,v1

2

,

for all t ≥ 0.

and



zt+1 − x?
vt+1 − Kx?



38

Θ

≤ C1
C2
≤q
+ C3 τ R
L0t+1

2

Lmin = max{4(Citer )2 , (C2 )2 }.
To prove the desired result, we will prove that


xt+1 − x?zt+1 ,vt+1
?
wt+1 − wzt+1 ,vt+1

and define
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(37)

(36)

 


Citer + Cexcess
+1
τR ,
6CLip + 4Cexcess + 2 Citer + 2Cexcess
Ccontr
q



Citer C1
z1 − x?
√
,
,
C2 = max
L01 ·
v1 − Kx?
Θ 1 − (1 − Ccontr ) 1 + δ
Citer + Cexcess
C3 =
,
Ccontr

C1 = max

We will assume for simplicity that the expansion point is initialized with some z0 satisfying
kz0 krestrict ≤ R; if this is not the case at step t = 0, then our results can be easily adjusted
since we will have z1 = x1 ∈ dom(Gz0 ) and therefore kz1 krestrict ≤ R, so we can simply shift
our calculations by one time point.
First, choose any δ such that 0 < δ < (1 − Ccontr )−2 − 1. Define constants

6.2.3 Proof of Theorem 2



Then there exists a constant Citer < ∞, depending only on Cmatrix , Ccvx , CLip , Cgrad (and in
particular, not dependent on L), such that
!


 (0)

1
ze − x?z,v
x − x?z,v
√
≤
C
+
τ
R
.
iter
?
ve − Kx?z,v
w(0) − wz,v
L
Θ
2

`=1

(`) , w (`) )

L

1 X  −1 (`−1)
Σ (w
− w(`) ) + K(2x(`) − x(`−1) ) .
L

`=1 (x

PL

1
L

Next, defining x? to be any critical point of the original problem as before, let w? ∈
∂FKx? (Kx? ) be an element of the subdifferential such that
and then define the averages (e
x, w)
e =
(e
z , ve) as

Barber and Sidky
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Assuming that these bounds hold, we then have


C2
kxt+1 − x? k2 = kzt+1 − x? k2 ≤ Θ−1 ·  q
+ C3 τ R  ,
0
Lt+1
where the first step holds by definition of zt+1 ; this proves the desired theorem with
Cconverge := Θ−1 · max{C2 , C3 }.
Now we prove (36) and (37) by induction. For t = 0, both statements are true trivially
by our definitions of C1 and C2 . Now we will assume that the statements are true for all
t = 0, . . . , m − 1 and will prove that they hold for t = m. First, for (37), we have


zm+1 − x?
vm+1 − Kx?
Θ




zm+1 − xz?m ,vm
xz?m ,vm − x?
≤
+
by the triangle inequality
vm+1 − Kxz?m ,vm
Kxz?m ,vm − Kx?
Θ

 Θ
z
− x?
m+1
z
m ,vm
≤
vm+1 − Kxz?m ,vm
Θ


zm − x?
+ Cexcess τ R by Lemma 3
+ (1 − Ccontr ) ·
vm − Kx?


 Θ

1
xm − xz? ,v
m
m
+
τ
R
≤ Citer √
w − w?
Lm+1
m
z
m ,vm
2


zm − x?
+
C
+ (1 − Ccontr ) ·
excess τ R by Lemma 4
vm − Kx?
Θ
!


C2
1
√
C1 + τ R + (1 − Ccontr ) · p
+ C3 τ R
0
Lm+1
Lm
≤ Citer

C2

+ C3 τ R ,

+ Cexcess τ R

0
0
since Lm+1
≤ Lm+1 , (1 + δ)Lm

+ Cexcess τ R by (36) and (37) applied with t = m − 1




√
1
C 1+δ
2
≤ Citer  q
C1 + τ R + (1 − Ccontr ) ·  q
+ C3 τ R 
0
0
Lm+1
Lm+1
≤q

0
Lm+1
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where the last step holds by our definition of the constants C2 , C3 . This concludes the proof
of (37) for t = m.
39
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√

C2
+ (C3 + 1)τ R
Lmin

0
since Lt+1
≥ Lmin ,

Next, we turn to the proof of (36). For both t = m − 1 and t = m,
 ?
 



xzt+1 ,vt+1 − x?
zt+1 − x?
+
τR
by Lemma 3
≤
C
Lip + Cexcess
wz?t+1 ,vt+1 − w?
vt+1 − Kx?
Θ
2


C2
= CLip + Cexcess  q
+ (C3 + 1)τ R by (37) at step t
0
Lt+1


≤ CLip + Cexcess

√

by definition of C3 and of Lmin

2

and also, we have


xm+1 − xz?m ,vm
wm+1 − wz?m ,vm
2




?
1
x
−
x
m
z
m ,vm
≤ CLip + Citer √
+ τR
by Lemma 4
wm − wz?m ,vm
Lm+1
2


1
C1 + τ R
by (36) applied with t = m − 1
≤ CLip + Citer √
Lm+1


1
C1 + τ R
since Lm+1 ≥ Lmin .
Lmin
≤ CLip + Citer

√

C
p 2 +
(C2 )2

1
p
C1 + τ R
4(Citer )2


 !
Citer + Cexcess
+ 1 τR
Ccontr

Therefore, combining these calculations,


xm+1 − xz?m+1 ,vm+1
wm+1 − w?
z
,v
m+1
m+1

 2  ?

 ?

xzm+1 ,vm+1 − x?
xm+1 − xz?m ,vm
xzm ,vm − x?
≤
+
+
wm+1 − wz?m ,vm
wz?m ,vm − w?
wz?m+1 ,vm+1 − w?
2
2




1
C2
C1 + τ R + 2Cexcess √
+ (C3 + 1)τ R
Lmin
Lmin
!
≤ 3CLip + Citer

+ 2Cexcess

≤ 3CLip + Citer

≤ C1 ,

by definition of C1 . This proves the desired bound (36) for t = m, and thus we have proved
the theorem.

7. Discussion

JMLR 17(144):1-51

We have developed a primal/dual algorithm for minimizing composite objective functions
of the form F(Kx) + G(x), which is able to handle nondifferentiability and nonconvexity
(even strong concavity) in each individual term, beyond what is possible with many existing

40

0∈K

>

∂Fv (Kx?z,v )
+

∂Gz (x?z,v )

(39)

(38)

?

>

?

>

?

?

>

?

?

?

We also see that kx? krestrict , x?z,v

restrict

(40)

41
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≤ R, since x? , x?z,v must lie in dom(G) = dom(Gz ).

0 ∈ K ∂Fv (Kx ) + K ∇(F − Fv )(Kx ) + ∂Gz (x ) + ∇(G − Gz )(x ).

>

By the first-order conditions (4), we know that ∇(F−FKx? )(Kx? ) = 0 and ∇(G−Gx? )(x? ) =
0, so this reduces to

+ ∂Gz (x? ) + ∇(G − Gz )(x? ) − ∇(G − Gx? )(x? ).

0 ∈ K ∂Fv (Kx ) + K ∇(F − Fv )(Kx ) − K ∇(F − FKx? )(Kx )

>

Since (Fv − FKx? ) = (F − FKx? ) − (F − Fv ) and (Gz − Gx? ) = (G − Gx? ) − (G − Gz ) are
differentiable, we can rewrite (39) as

0 ∈ K > ∂FKx? (Kx? ) + ∂Gx? (x? ) .

and since x? is a critical point of the original objective function,

By definition of x?z,v ,

A.1 Proof of Lemma 3

Appendix A. Proofs of Lemmas
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approaches based on alternating minimization or proximal gradient methods. The key step
of the mocca algorithm is the careful choice of local convex approximations to F and
G at each step, which respects the mirroring between the primal and dual variables of
the algorithm. Our method allows for accurate and efficient optimization for a range of
problems arising in high-dimensional statistics, such as nonconvex total variation penalties
(which reduce the bias caused by shrinkage, when compared to using a convex total variation
norm), as well as inverse problems in computed tomography (CT) imaging.
Our present theoretical results give a convergence guarantee, in the case that the overall
objective function is approximately convex, for a more stable form of the mocca algorithm.
In future work, we hope to better understand the relative performance of the various forms
of the algorithm, and to find a tighter characterization of the convergence behavior of the
algorithm. It would also be interesting to consider a more general form of objective function,
F(w) + G(x) where F, G are nonconvex and nondifferentiable, and where instead of the linear
constraint w = Kx, the variables w and x are linked via a nonlinear map; such an extension
would greatly increase the range of applications of the method.
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2
ΘG

−

2
ΛG

2
2

− τ 2 · x?z,v − x?

+ Ccvx x?z,v − x?
2
restrict

2
restrict

by Assumption 2

− 2τ 2 · x?z,v − x?

Kx , ∂Fv (Kx?z,v ) − ∂Fv (Kx? )i
+ hx?z,v − x? , ∂Gz (x?z,v ) − ∂Gz (x? )i by Assumption 2
Kx? , ∇(F − Fv )(Kx? )i + hx?z,v − x? , ∇(G − Gz )(x? )i by

?

+ x?z,v − x?

2
ΘF

2
ΘG

+ Kx?z,v − Kx?

2
ΘF

≤ kz −

2
2
2
x? kΘG +

+ 2Ccvx x?z,v − x?



z − x?
v − Kx?



Θ

2

−

+ 2Ccvx x?z,v − x?
2
2

+

2
2

2
2

42

Θ

2
Kx? Θ +C /(C
2
cvx
matrix ) ·I
F

Ccvx
Kx?z,v − Kx?
(Cmatrix )2
+ Kx?z,v −

+ Ccvx x?z,v − x?

+

Kx?z,v

2
x?z,v − x? Θ +C /(C
2
cvx
matrix ) ·I
G
 2

x?z,v − x?
.
Kx?z,v − Kx?
Θ

−

2
ΘF
2
Kx? Θ
F

+ Kx?z,v − Kx?

 >0.

√
√
√
Using the fact that a + b ≤ a + b, we obtain




x?z,v − x?
z − x?
≤
(1
−
C
)
contr
Kx?z,v − Kx?
v − Kx?
Θ

=

≥

≥

x?z,v

2
ΘG
2
x? Θ
G

Ccvx
(Cmatrix )3

Ccvx
(Cmatrix )3

2 1+



+ 24τ 2 R2

Ccontr :=

≥ kz − x? k2ΘG + kv − Kx? k2ΘF + 24τ 2 R2
≥ x?z,v − x?

(1 − Ccontr )2

We then get

where

+

√

(42)
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24τ R .

since Cmatrix ≥ 1

since kKk ≤ Cmatrix

from (41)

kv − Kx? k2ΘF + 24τ 2 R2 . (41)

Now, using the definition of Θ, we see that


ΘG 0
 (1 − Ccontr )2 · Θ
0 ΘF

x?z,v − x?

Next, recall that x?z,v restrict , kx? krestrict ≤ R from before and kzkrestrict ≤ R by assumption.
After rearranging terms and multiplying by 2, this gives

= hKx?z,v −
(38) and (40)
1
1
1 ?
1
?
? 2
? 2
? 2
Kxz,v − Kx Θ + kv − Kx kΘF +
x − x Θ + kz − x? k2ΘG
≤
F
G
2
2
2 z,v
2

τ2  ?
? 2
? 2
+
xz,v − x restrict + kz − x krestrict
by Assumption 2 .
2

≤

hKx?z,v

2
ΛF

+ Kx?z,v − Kx?

≤ Kx?z,v − Kx?

x?z,v − x?

Then we have

Barber and Sidky

MOCCA: Mirrored Convex/Concave Optimization for Nonconvex Composite Functions

Next, by definition, we also have
?
?
wz,v
∈ ∂Fv (Kxz,v
) and w? ∈ ∂FKx? (Kx? ) .

This second expression can be rewritten as
w? ∈ ∂Fv (Kx? ) + ∇(F − Fv )(Kx? ) − ∇(F − FKx? )(Kx? ) = ∂Fv (Kx? ) + ∇(F − Fv )(Kx? ) ,

2

where the last step uses the first-order condition (4) to see that ∇(F − FKx? )(Kx? ) = 0.
Therefore,
?
wz,v
− w?

2

+

?
≤ ∂Fv (Kx? ) − ∂Fv (Kxz,v
) 2 + k∇(F − Fv )(Kx? )k2
p
?
≤ CLip + Cgrad Kxz,v
− Kx? + kΘF k kv − Kx? kΘF by Assumption 2
p
Cmatrix kv − Kx? kΘF ,

2

?
− x?
≤ CLip + Cgrad Cmatrix xz,v

and so


p
x? − x?
?
z,v
≤ CLip + (1 + Cgrad Cmatrix ) xz,v
− x? 2 + Cmatrix kv − Kx? kΘF
?
?
−
w
wz,v
2


? − x?
1 + Cgrad Cmatrix
xz,v
≤ CLip + √
?
?
Kx
Ccvx /Cmatrix
z,v − Kx
Θ
p
C
cvx
+ Cmatrix kv − Kx? kΘF since Θ 
I
(Cmatrix )2




√
1 + Cgrad Cmatrix
z − x?
≤ CLip + √
(1 − Ccontr )
+ 24τ R
v − Kx?
Ccvx /Cmatrix
Θ


?
p
z
−
x
,
Cmatrix
v − Kx?
Θ

+

24,


p
1 + Cgrad Cmatrix √
1 + Cgrad Cmatrix
Cmatrix + (1 − Ccontr ) · √
, 24 · √
,
Ccvx /Cmatrix
Ccvx /Cmatrix

where the last step applies (42) from above. Setting

√
Cexcess = max

this is sufficient to prove the lemma.
A.2 Proof of Lemma 4

2
2

+



x − x0
w − w0

2

 2!

First we state and prove a supporting lemma which considers only a single step of the “inner
loop”.

?
x0 − xz,v



?
x − xz,v
?
w − wz,v



2
M

−





2
M

+ τ 2 R2 .
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?
x0 − xz,v
?
w0 − wz,v

Lemma 5 There exists a constant Cmonotone > 0, which depends only on Cmatrix , Ccvx , CLip ,
such that, for any x, y, z with kxkrestrict ≤ R, if (x0 , w0 ) = Stepz,v (x, w), then
Cgrad ,

Cmonotone

≤

43

Barber and Sidky

T−1 (x − x0 ) − K > w ∈ ∂Gz (x0 )

Proof By definition of the (x, w) update step, we have

and
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Now we turn to the proof of Lemma 4. By Lemma 5, for each ` = 1, . . . , L, we have

On the other hand, by the convexity of Fv and Gz as stated in Assumption 2, we have
 
E
x0 − x?z,v
∂Gz (x0 ) − ∂Gz (x?z,v)
,
−1
0
0
?
0
−1
0
?
Σ (w − w ) + K(2x − x) − Kxz,v
∂Fv K(2x − x) + Σ (w − w ) − ∂Fv (Kxz,v )

D

Barber and Sidky

MOCCA: Mirrored Convex/Concave Optimization for Nonconvex Composite Functions

MOCCA: Mirrored Convex/Concave Optimization for Nonconvex Composite Functions



?
x(0) − xz,v
?
w(0) − wz,v





+ τR

2

M

!

.

+ τ 2 R2

M

!

.

+ τR
!
!

+ τR
+ τR

References

Barber and Sidky

Ernie Esser, Xiaoqun Zhang, and Tony Chan. A general framework for a class of first order
primal-dual algorithms for TV minimization. UCLA CAM Report, pages 09–67, 2009.

Aditya Chopra and Heng Lian. Total variation, adaptive total variation and nonconvex
smoothly clipped absolute deviation penalty for denoising blocky images. Pattern Recognition, 43(8):2609–2619, 2010.

Rick Chartrand. Exact reconstruction of sparse signals via nonconvex minimization. IEEE
Signal Processing Letters, 14(10):707–710, 2007.

Antonin Chambolle and Thomas Pock. A remark on accelerated block coordinate descent
for computing the proximity operators of a sum of convex functions. SMAI Journal of
Computational Mathematics, 1:29–54, 2015.

Antonin Chambolle and Thomas Pock. A first-order primal-dual algorithm for convex
problems with applications to imaging. Journal of Mathematical Imaging and Vision, 40
(1):120–145, 2011.
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Sindri Magnússon, Pradeep Chathuranga Weeraddana, Michael G Rabbat, and Carlo Fischione. On the convergence of alternating direction Lagrangian methods for nonconvex
structured optimization problems. IEEE Transactions on Control of Network Systems,
2015.

Chengwu Lu and Hua Huang. TV + TV2 regularization with nonconvex sparseness-inducing
penalty for image restoration. Mathematical Problems in Engineering, 2014:790547, 2014.

Po-Ling Loh and Martin J Wainwright. Regularized M-estimators with nonconvexity: Statistical and algorithmic theory for local optima. In Advances in Neural Information
Processing Systems, pages 476–484, 2013.

Po-Ling Loh and Martin J Wainwright. High-dimensional regression with noisy and missing data: Provable guarantees with non-convexity. In Advances in Neural Information
Processing Systems, pages 2726–2734, 2011.

Huan Li and Zhouchen Lin. Accelerated proximal gradient methods for nonconvex programming. In Advances in Neural Information Processing Systems, pages 379–387, 2015.

Guoyin Li and Ting Kei Pong. Global convergence of splitting methods for nonconvex
composite optimization. SIAM Journal on Optimization, 25(4):2434–2460, 2015.

Keith Knight and Wenjiang Fu. Asymptotics for lasso-type estimators. Annals of Statistics,
28(5):1356–1378, 2000.

Nicholas A Johnson. A dynamic programming algorithm for the fused lasso and `0 segmentation. Journal of Computational and Graphical Statistics, 22(2):246–260, 2013.

Ankit Parekh and Ivan W Selesnick. Convex fused lasso denoising with non-convex regularization and its use for pulse detection. In 2015 IEEE Signal Processing in Medicine
and Biology Symposium (SPMB), pages 1–6. IEEE, 2015.

Peter Ochs, Alexey Dosovitskiy, Thomas Brox, and Thomas Pock. On iteratively reweighted
algorithms for nonsmooth nonconvex optimization in computer vision. SIAM Journal on
Imaging Sciences, 8:331–372, 2015.

Bingsheng He and Xiaoming Yuan. Convergence analysis of primal-dual algorithms for a
saddle-point problem: from contraction perspective. SIAM Journal on Imaging Sciences,
5(1):119–149, 2012.

David R Hunter and Kenneth Lange. Quantile regression via an MM algorithm. Journal
of Computational and Graphical Statistics, 9(1):60–77, 2000.

Barber and Sidky

MOCCA: Mirrored Convex/Concave Optimization for Nonconvex Composite Functions

MOCCA: Mirrored Convex/Concave Optimization for Nonconvex Composite Functions

JMLR 17(144):1-51

Cun-Hui Zhang. Nearly unbiased variable selection under minimax concave penalty. The
Annals of Statistics, 38(2):894–942, 2010.

51

Harm van Seijen†‡
A. Rupam Mahmood†
Patrick M. Pilarski†
Marlos C. Machado†
Richard S. Sutton†

Abstract

harm.vanseijen@maluuba.com
ashique@ualberta.ca
patrick.pilarski@ualberta.ca
machado@ualberta.ca
sutton@cs.ualberta.ca

JMLR 17(145):1-40
c 2016 Harm van Seijen, A. Rupam Mahmood, Patrick M. Pilarski, Marlos C. Machado and Richard
S. Sutton.

Keywords: temporal-difference learning, eligibility traces, forward-view equivalence

The temporal-difference methods TD(λ) and Sarsa(λ) form a core part of modern reinforcement learning. Their appeal comes from their good performance, low computational
cost, and their simple interpretation, given by their forward view. Recently, new versions
of these methods were introduced, called true online TD(λ) and true online Sarsa(λ), respectively (van Seijen & Sutton, 2014). Algorithmically, these true online methods only
make two small changes to the update rules of the regular methods, and the extra computational cost is negligible in most cases. However, they follow the ideas underlying the
forward view much more closely. In particular, they maintain an exact equivalence with
the forward view at all times, whereas the traditional versions only approximate it for small
step-sizes. We hypothesize that these true online methods not only have better theoretical
properties, but also dominate the regular methods empirically. In this article, we put this
hypothesis to the test by performing an extensive empirical comparison. Specifically, we
compare the performance of true online TD(λ)/Sarsa(λ) with regular TD(λ)/Sarsa(λ) on
random MRPs, a real-world myoelectric prosthetic arm, and a domain from the Arcade
Learning Environment. We use linear function approximation with tabular, binary, and
non-binary features. Our results suggest that the true online methods indeed dominate
the regular methods. Across all domains/representations the learning speed of the true
online methods are often better, but never worse than that of the regular methods. An
additional advantage is that no choice between traces has to be made for the true online
methods. Besides the empirical results, we provide an in-dept analysis of the theory behind true online temporal-difference learning. In addition, we show that new true online
temporal-difference methods can be derived by making changes to the online forward view
and then rewriting the update equations.
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Temporal-difference (TD) learning is a core learning technique in modern reinforcement
learning (Sutton, 1988; Kaelbling et al., 1996; Sutton & Barto, 1998; Szepesvári, 2010).
One of the main challenges in reinforcement learning is to make predictions, in an initially
unknown environment, about the (discounted) sum of future rewards, the return, based on
currently observed feature values and a certain behaviour policy. With TD learning it is
possible to learn good estimates of the expected return quickly by bootstrapping from other
expected-return estimates. TD(λ) (Sutton, 1988) is a popular TD algorithm that combines
basic TD learning with eligibility traces to further speed learning. The popularity of TD(λ)
can be explained by its simple implementation, its low-computational complexity and its
conceptually straightforward interpretation, given by its forward view. The forward view of
TD(λ) states that the estimate at each time step is moved towards an update target known
as the λ-return, with λ determining the fundamental trade-off between bias and variance
of the update target. This trade-off has a large influence on the speed of learning and its
optimal setting varies from domain to domain. The ability to improve this trade-off by
adjusting the value of λ is what underlies the performance advantage of eligibility traces.
Although the forward view provides a clear intuition, TD(λ) closely approximates the
forward view only for appropriately small step-sizes. Until recently, this was considered
an unfortunate, but unavoidable part of the theory behind TD(λ). This changed with the
introduction of true online TD(λ) (van Seijen & Sutton, 2014), which computes exactly the
same weight vectors as the forward view at any step-size. This gives true online TD(λ) full
control over the bias-variance trade-off. In particular, true online TD(1) can achieve fully
unbiased updates. Moreover, true online TD(λ) only requires small modifications to the
TD(λ) update equations, and the extra computational cost is negligible in most cases.
We hypothesize that true online TD(λ), and its control version true online Sarsa(λ), not
only have better theoretical properties than their regular counterparts, but also dominate
them empirically. We test this hypothesis by performing an extensive empirical comparison
between true online TD(λ), regular TD(λ) (which is based on accumulating traces), and the
common variation based on replacing traces. In addition, we perform comparisons between
true online Sarsa(λ) and Sarsa(λ) (with accumulating and replacing traces). The domains
we use include random Markov reward processes, a real-world myoelectric prosthetic arm,
and a domain from the Arcade Learning Environment (Bellemare et al., 2013). The representations we consider range from tabular values to linear function approximation with
binary and non-binary features.
Besides the empirical study, we provide an in-depth discussion on the theory behind
true online TD(λ). This theory is based on a new online forward view. The traditional
forward view, based on the λ-return, is inherently an offline forward view meaning that
updates only occur at the end of an episode, because the λ-return requires data up to
the end of an episode. We extend this forward view to the online case, where updates
occur at every time step, by using a bounded version of the λ-return that grows over time.
Whereas TD(λ) approximates the traditional forward view only at the end of an episode,
we show that TD(λ) approximates this new online forward view at all time steps. True
online TD(λ) is equivalent to this new online forward view at all time steps. We prove
this by deriving the true online TD(λ) update equations directly from the online forward

1. Introduction

van Seijen, Mahmood, Pilarski, Machado and Sutton

True Online Temporal-Difference Learning

Because no further rewards can be obtained from a terminal state, the state-value and
action-values for a terminal state are always 0.
There are two tasks that are typically associated with an MDP. First, there is the task
of determining (an estimate of) the value function vπ for some given policy π. The second,
more challenging task is that of determining (an estimate of) the optimal policy π∗ , which
is defined as the policy whose corresponding value function has the highest value in each
state:
for each s ∈ S .

van Seijen, Mahmood, Pilarski, Machado and Sutton

γ i−1 Rt+i ,

i


2
1X
dπ (si ) vπ (si ) − θ > φ(si ) ,
2

4
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There are many different update targets possible. For an unbiased estimator the full
return can be used, that is, Ut = Gt . However, the full return has the disadvantage that its

Because vπ is in general unknown, an estimate Ut of vπ (St ) is used, which we call the update
target, resulting in the following general update rule:

θt+1 = θt + α Ut − θ > φt φt .
(1)

using φt as a shorthand for φ(St ). The parameter α is called the step-size. Using the chain
rule, we can rewrite this update as:


θt+1 = θt + α vπ (St ) − θ > φt ∇θ (θ > φt ) ,


= θt + α vπ (St ) − θ > φt φt .

2
1 
θt+1 = θt − α ∇θ vπ (St ) − θ > φt ,
2

with dπ the stationary distribution induced by π. The above error function can be minimized by using stochastic gradient descent while sampling from the stationary distribution,
resulting in the following update rule:

E(θ) :=

If s is a terminal state, then by definition φ(s) := 0, and hence V (s, θ) = 0.
We can formulate the problem of estimating vπ as an error-minimization problem, where
the error is a weighted average of the squared difference between the value of a state and
its estimate:

V (s, θ) = θ > φ(s) .

Let’s consider the task of learning an estimate V of the value function vπ from samples,
where vπ is being estimated using linear function approximation. That is, V is the inner
product between a feature vector φ(s) ∈ Rn of s, and a weight vector θ ∈ Rn :

2.2 Temporal-Difference Learning

In RL, these two tasks are considered under the condition that the reward function r and
the transition-probability function p are unknown. Hence, the tasks have to be solved using
samples obtained from interacting with the environment.

π

vπ∗ (s) := max vπ (s) ,

view update equations. This derivation forms a blueprint for the derivation of other true
online methods. By making variations to the online forward view and following the same
derivation as for true online TD(λ), we derive several other true online methods.
This article is organized as follows. We start by presenting the required background
in Section 2. Then, we present the new online forward view in Section 3, followed by the
presentation of true online TD(λ) in Section 4. Section 5 presents the empirical study.
Furthermore, in Section 6, we present several other true online methods. In Section 7, we
discuss in detail related papers. Finally, Section 8 concludes.

2. Background
Here, we present the main learning framework. As a convention, we indicate scalar-valued
random variables by capital letters (e.g., St , Rt ), vectors by bold lowercase letters (e.g., θ,
φ), functions by non-bold lowercase letters (e.g., v), and sets by calligraphic font (e.g., S,
A).1
2.1 Markov Decision Processes

i=1

∞
X

Reinforcement learning (RL) problems are often formalized as Markov decision processes
(MDPs), which can be described as 5-tuples of the form hS, A, p, r, γi, where S indicates
the set of all states; A indicates the set of all actions; p(s0 |s, a) indicates the probability of
a transition to state s0 ∈ S, when action a ∈ A is taken in state s ∈ S; r(s, a, s0 ) indicates
the expected reward for a transition from state s to state s0 under action a; the discount
factor γ specifies how future rewards are weighted with respect to the immediate reward.
Actions are taken at discrete time steps t = 0, 1, 2, ... according to a policy π : S × A →
[0, 1], which defines for each action the selection probability conditioned on the state. The
return at time t is defined as the discounted sum of rewards, observed after t:
Gt := Rt+1 + γ Rt+2 + γ 2 Rt+3 + ... =

where Rt+1 is the reward received after taking action At in state St . Some MDPs contain
special states called terminal states. After reaching a terminal state, no further reward is
obtained and no further state transitions occur. Hence, a terminal state can be interpreted
as a state where each action returns to itself with a reward of 0. An interaction sequence
from the initial state to a terminal state is called an episode.
Each policy π has a corresponding state-value function vπ , which maps any state s ∈ S
to the expected value of the return from that state, when following policy π:
vπ (s) := E{Gt | St = s, π} .
In addition, the action-value function qπ gives the expected return for policy π, given that
action a ∈ A is taken in state s ∈ S:
qπ (s, a) := E{Gt | St = s, At , = a, π} .
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1. An exception to this convention is the TD error, a scalar-valued random variable that we indicate by δt .

3

s0

(2)

(n)

+ λT −t−1 Gt ,

(5)

5
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(n)

λn−1 Gt
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n=1

TX
−t−1

6

where T is the time step the terminal state is reached, and Gt is the n-step return, defined
as:
n
X
(n)
γ k−1 Rt+k + γ n V (St+n |θt+n−1 ).
Gt :=
k=1

Gλt := (1 − λ)

We call a method that updates the value of each visited state at the end of the episode
an offline method; we call a method that updates the value of each visited state immediately
after the visit (i.e., at the time step after the visit) an online method. TD(λ) is an online
method. The update sequence of the traditional forward view, however, corresponds with
an offline method, because the λ-return requires data up to the end of an episode. This
leaves open the question of how to interpret the weights of TD(λ) during an episode. In this
section, we provide an answer to this long-standing open question. We introduce a bounded
version of the λ-return that only uses information up to a certain horizon and we use this
to construct an online forward view. This online forward view approximates the weight
vectors of accumulate TD(λ) at all time steps, instead of only at the end of an episode.

(4)

(3)

The traditional forward view relates the TD(λ) update equations to the general update
rule shown in Equation (1). Specifically, for small step-sizes the weight vector at the end
of an episode computed by accumulate TD(λ) is approximately the same as the weight
vector resulting from a sequence of Equation (1) updates (one for each visited state) using
a particular multi-step update target, called the λ-return (Sutton & Barto, 1998; Bertsekas
& Tsitsiklis, 1996). The λ-return for state St is defined as:

3. The Online Forward View

where x[i] indicates the i-th component of vector x. This update is referred to as the
replacing-trace update. As a shorthand, we will refer to the version of TD(λ) using the
replacing-trace update as ‘replace TD(λ)’.

Algorithm 1 accumulate TD(λ)
INPUT: α, λ, γ, θinit
θ ← θinit
Loop (over episodes):
obtain initial φ
e←0
While terminal state has not been reached, do:
obtain next feature vector φ0 and reward R
δ ← R + γ θ > φ0 − θ > φ
e ← γλe + φ
θ ← θ + αδe
φ ← φ0

van Seijen, Mahmood, Pilarski, Machado and Sutton

for t ≥ 0, and with e−1 = 0. The scalar δt is called the TD error, and the vector et is called
the eligibility-trace vector. The update of et shown above is referred to as the accumulatingtrace update. As a shorthand, we will refer to this version of TD(λ) as ‘accumulate TD(λ)’,
to distinguish it from a slightly different version that is discussed below. While these
updates appear to deviate from the general, gradient-descent-based update rule given in
(1), there is a close connection to this update rule. This connection is formalized through
the forward view of TD(λ), which we discuss in detail in the next section. Algorithm 1
shows the pseudocode for accumulate TD(λ).
Accumulate TD(λ) can be very sensitive with respect to the α and λ parameters. Especially, a large value of λ combined with a large value of α can easily cause divergence, even
on simple tasks with bounded rewards. For this reason, a variant of TD(λ) is sometimes
used that is more robust with respect to these parameters. This variant, which assumes
binary features, uses a different trace-update equation:
(
γλet−1 [i] , if φt [i] = 0;
et [i] =
for all features i .
1,
if φt [i] = 1 ,

θt+1 = θt + αδt et ,

et = γλet−1 + φt ,

δt = Rt+1 + γθt> φt+1 − θt> φt ,

The TD(λ) algorithm implements the following update equations:

2.3 TD(λ)

This update target is called a one-step update target, because it is based on information
from only one time step ahead. Applying the Bellman equation multiple times results in
update targets based on information further ahead. Such update targets are called multistep update targets.

Ut = Rt+1 + γ θ > φt+1 .

Sampling from this expectation, while using linear function approximation to approximate
vπ , results in the update target:

vπ (s) = E{Rt+1 + γvπ (St+1 )|St = s}π,p,r .

Writing this equation in terms of an expectation yields:

a

variance is typically very high. Hence, learning with the full return can be slow. Temporaldifference (TD) learning addresses this issue by using update targets based on other value
estimates. While the update target is no longer unbiased in this case, the variance is
typically much smaller, and learning much faster. TD learning uses the Bellman equations
as its mathematical foundation for constructing update targets. These equations relate the
value of a state to the values of its successor states:
X
X

vπ (s) =
π(s, a)
p(s0 |s, a) r(s, a, s0 ) + γ vπ (s0 ) .

True Online Temporal-Difference Learning

True Online Temporal-Difference Learning

3.1 The Online λ-Return Algorithm

:= (1 − λ)

h−k−1
X
n=1

(n)

(h−k)

λn−1 Gk + λh−k−1 Gk
.
λ|h

(6)

The concept of an online forward view contains a paradox. On the one hand, multi-step
update targets require data from time steps far beyond the time a state is visited; on
the other hand, the online aspect requires that the value of a visited state is updated
immediately. The solution to this paradox is to assign a sequence of update targets to each
visited state. The first update target in this sequence contains data from only the next time
step, the second contains data from the next two time steps, the third from the next three
time steps, and so on. Now, given an initial weight vector and a sequence of visited states, a
new weight vector can be constructed by updating each visited state with an update target
that contains data up to the current time step. Below, we formalize this idea.
We define the interim λ-return for state Sk with horizon h ∈ N+ , h > k as follows:
λ|h

Gk


λ|1
t = 1 : θ11 = θ01 + α G0 − (θ01 )> φ0 φ0 ,


λ|2
t = 2 : θ12 = θ02 + α G0 − (θ02 )> φ0 φ0 ,

λ|2
θ22 = θ12 + α G1 − (θ12 )> φ1 φ1 ,


λ|3
t = 3 : θ13 = θ03 + α G0 − (θ03 )> φ0 φ0 ,

λ|3
θ23 = θ13 + α G1 − (θ13 )> φ1 φ1 ,

λ|3
θ33 = θ23 + α G2 − (θ23 )> φ2 φ2 ,

+α

λ|t
Gk

(θkt )> φk

φk

(7)

Note that this update target does not use data beyond the horizon h. Gk implicitly defines
λ|k+1
λ|k+2
λ|k+3
, . . . }. As time increases, update
a sequence of update targets for Sk : {Gk
, Gk
, Gk
targets based on data further away become available for state Sk . At a particular time step
t, a new weight vector is computed by performing an Equation (1) update for each visited
state using the interim λ-return with horizon t, starting from the initial weight vector
θinit . Hence, at time step t, a sequence of t updates occurs. To describe this sequence
mathematically, we use weight vectors with two indices: θkt . The superscript indicates the
time step at which the updates are performed (this value corresponds with the horizon of
the interim λ-returns that are used in the updates). The subscript is the iteration index
of the sequence (it corresponds with the number of updates that have been performed at
a particular time step). As an example, the update sequences for the first three time steps
are:

with θ0t := θinit

:=

θkt

for all t. More generally, the update sequence at time step t is:


−
,
for 0 ≤ k < t .

t
θk+1
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We define θt (without superscript) as the final weight vector of the update sequence at time
t, that is, θt := θtt . We call the algorithm implementing Equation (7) the online λ-return
7
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λ|t
∆it := Ḡi − θ0> φi φi ,

2. If λ = 1 there is never a difference because there is no bootstrapping.

8
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with Ḡi the interim λ-return for state Si with horizon t that uses θ0 for all value evaluations. Note that ∆it is independent of the step-size.

λ|t

algorithm. By contrast, we call the algorithm that implements the traditional forward view
the offline λ-return algorithm.
The update sequence performed by the online λ-return algorithm at time step T (the
time step that a terminal state is reached) is very similar to the update sequence performed
λ|T
by the offline λ-return algorithm. In particular, note that Gt and Gtλ are the same, under
the assumption that the weights used for the value estimates are the same. Because these
weights are in practise not exactly the same, there will typically be a small difference.2
Figure 1 illustrates the difference between the online and offline λ-return algorithm, as
well as accumulate TD(λ), by showing the RMS error on a random walk task. The task
consists of 10 states laid out in a row plus a terminal state on the left. Each state transitions
with 70% probability to its left neighbour and with 30% probability to its right neighbour
(or to itself in case of the right-most state). All rewards are 1 and γ = 1. Furthermore,
λ = 1 and α = 0.2. The right-most state is the initial state. Whereas the offline λ-return
algorithm only makes updates at the end of an episode, the online λ-return algorithm, as
well as accumulate TD(λ), make updates at every time step.
The comparison on the random walk task shows that accumulate TD(λ) behaves similar
to the online λ-return algorithm. In fact, the smaller the step-size, the smaller the difference between accumulate TD(λ) and the online λ-return algorithm. This is formalized by
Theorem 1. The proof of the theorem can be found in Appendix A. The theorem uses the
term ∆it , which is defined as:

Figure 1: RMS error as function of time for the first 3 episodes of a random walk task, for
λ = 1 and α = 0.2. The error shown is the RMS error over all states, normalized
by the initial RMS error.

normalized RMS error
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as α → 0.

− VkT ) ,

for 0 ≤ k < T .

λ|T

+ α(1 − α)T −2 G1

λ|T

+ · · · + αGT −1 .
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3.3 Comparison to Replace TD(λ)
The sensitivity of accumulate TD(λ) to divergence, demonstrated in the previous subsection,
has been known for long. In fact, replace TD(λ) was designed to deal with this. But while
replace TD(λ) is much more robust with respect to divergence, it also has its limitations.
One obvious limitation is that it only applies to binary features, so it is not generally
applicable. But even in domains where replace TD(λ) can be applied, it can perform
poorly. The reason is that replacing previous trace values, rather than adding to it, reduces
the multi-step characteristics of TD(λ).
To illustrate this, consider the two-state example shown in the left of Figure 3. It is
easy to see that the value of the left-most state is 2 and of the other state is 0. The state
representation consists of only a single, binary feature that is 1 in both states and 0 in the
terminal state. Because there is only a single feature, the state values cannot be represented

The term 1 − (1 − α)T in (9) acts like a pseudo step-size. For larger α or T this pseudo
step-size increases in value, but as long as α ≤ 1 the value will never exceed 1. By contrast,
for accumulate TD(λ) the pseudo step-size is T α, which can grow much larger than 1 even
for α < 1, causing divergence of values. This is the reason that accumulate TD(λ) can
be very sensitive to the step-size and it explains why the optimal step-size for accumulate
TD(λ) is much smaller than the optimal step-size for the online λ-return algorithm in
Figure 2 (α ≈ 0.15 versus α = 1, respectively). Moreover, because the variance on the
pseudo step-size is higher for accumulate TD(λ) the performance at the optimal step-size
for accumulate TD(λ) is worse than the performance at the optimal step-size for the online
λ-return algorithm.

Because Gk = 1 for all k in our example, the weights of all update targets can be added
together and the expression can be rewritten as a single pseudo-update, yielding:

VT = V0 + 1 − (1 − α)T · (1 − V0 ) ,
for the online λ-return algorithm.
(9)

λ|T

VT = (1 − α)T V0 + α(1 − α)T −1 G0

λ|T

By incremental substitution, we can directly express VT in terms of the initial value, V0 ,
and the update targets:

λ|T

T
Vk+1
= VkT + α(Gk

So for accumulate TD(λ), the total value difference is simply a summation of the value
difference corresponding to a single update.
Now, consider the online λ-return algorithm. The value at the end of an episode, VT , is
equal to VTT , resulting from the update sequence:

VT −1 + αeT −1 δT −1 . In our example, δt = 0 for all time steps t, except for t = T − 1, where
δT −1 = 1 − VT −1 . Because δt is 0 for all time steps except the last, VT −1 = V0 . Furthermore,
φt = 1 for all time steps t, resulting in eT −1 = T . Substituting all this in the expression for
VT yields:
VT = V0 + T α(1 − V0 ) ,
for accumulate TD(λ).
(8)
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While accumulate TD(λ) behaves like the online λ-return algorithm for small step-sizes,
small step-sizes often result in slow learning. Hence, higher step-sizes are desirable. For
higher step-sizes, however, the behaviour of accumulate TD(λ) can be very different from
that of the online λ-return algorithm. And as we show in the empirical section of this article
(Section 5), when there is a difference, it is almost exclusively in favour of the online λ-return
algorithm. In this section, we analyze why the online λ-return algorithm can outperform
accumulate TD(λ), using the one-state example shown in the left of Figure 2.
The right of Figure 2 shows the RMS error over the first 10 episodes of the one-state
example for different step-sizes and λ = 1. While for small step-sizes accumulate TD(λ)
behaves indeed like the online λ-return algorithm—as predicted by Theorem 1—, for larger
step-sizes the difference becomes huge. To understand the reason for this, we derive an
analytical expression for the value at the end of an episode.
First, we consider accumulate TD(λ). Because there is only one state involved, we
indicate the value of this state simply by V. The update at the end of an episode is VT =

3.2 Comparison to Accumulate TD(λ)

Theorem 1 generalizes the traditional result to arbitrary time steps. The traditional
result states that the difference between the weight vector at the end of an episode computed
by the offline λ-return algorithm and the weight vector at the end of an episode computed
by accumulate TD(λ) goes to 0, if the step-size goes to 0 (Bertsekas & Tsitsiklis, 1996).

||θttd − θtλ ||
→ 0,
||θttd − θ0 ||

Theorem 1 Let θ0 be the initial weight vector, θttd be the weight vector at time t computed
at time t computed by the online λ-return
by accumulate TD(λ), and θtλ be the weight
P vector
t
algorithm. Furthermore, assume that t−1
i=0 ∆i 6= 0. Then, for all time steps t:

Figure 2: Left: One-state example (the square indicates a terminal state). Right: The
RMS error of the state value at the end of an episode, averaged over the first 10
episodes, for λ = 1.
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The online λ-return algorithm is impractical on many domains: the memory it uses, as
well as the computation required per time step increases linearly with time. Fortunately, it
is possible to rewrite the update equations of the online λ-return algorithm to a different
set of update equations that can be implemented with a computational complexity that is
independent of time. In fact, this alternative set of update equations differs from the update
equations of accumulate TD(λ) only by two extra terms, each of which can be computed

4. True Online TD(λ)

The two-state example very clearly demonstrates that there is a price payed by replace
TD(λ) to achieve robustness with respect to divergence: a reduction in multi-step behaviour.
By contrast, the online λ-return algorithm, which is also robust to divergence, does not have
this disadvantage. Of course, the two-state example, as well as the one-state example from
the previous section, are extreme examples, merely meant to illustrate what can go wrong.
But in practise, a domain will often have some characteristics of the one-state example
and some of the two-state example, which negatively impacts the performance of both
accumulate and replace TD(λ).

exactly. The weight that minimizes the mean squared error assigns a value of 1 to both
states, resulting in an RMS error of 1. Now consider the graph shown in the right of Figure
3, which shows the asymptotic RMS error for different values of λ. The error for accumulate
TD(λ) converges to the least mean squares (LMS) error for λ = 1, as predicted by the theory
(Dayan, 1992). The online λ-return algorithm has the same convergence behaviour (due
to Theorem 1). By contrast, replace TD(λ) converges to the same value as TD(0) for any
value of λ. The reason for this behaviour is that because the single feature is active at all
time steps, the multi-step behaviour of TD(λ) is fully removed, no matter the value of λ.
Hence, replace TD(λ) behaves exactly the same as TD(0) for any value of λ at all time
steps. As a result, it also behaves like TD(0) asymptotically.

Figure 3: Left: Two-state example. Right: The RMS error after convergence for different
λ (at α = 0.01). We consider values to be converged if the error changed less
than 1% over the last 100 time steps.

RMS error
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Algorithm 2 true online TD(λ)
INPUT: α, λ, γ, θinit
θ ← θinit
Loop (over episodes):
obtain initial φ
e ← 0 ; Vold ← 0
While terminal state has not been reached, do:
obtain next feature vector φ0 and reward R
V ← θ> φ
V 0 ← θ > φ0
δ ←R+γV0−V
e ← γλe + φ − αγλ(e> φ) φ
θ ← θ + α(δ + V − Vold )e − α(V − Vold )φ
Vold ← V 0
φ ← φ0

efficiently. The algorithm implementing these equations is called true online TD(λ) and is
discussed below.
4.1 The Algorithm

(12)

(11)

(10)

For the online λ-return algorithm, at each time step a sequence of updates is performed.
The length of this sequence, and hence the computation per time step, increases over time.
However, it is possible to compute the weight vector resulting from the sequence at time
step t + 1 directly from the weight vector resulting from the sequence at time step t. This
results in the following update equations (see Appendix B for the derivation):

δt = Rt+1 + γθt> φt+1 − θt> φt ,

>
et = γλet−1 + φt − αγλ(et−1
φt ) φt ,

>
θt+1 = θt + αδt et + α(θt> φt − θt−1
φt )(et − φt ) ,

for t ≥ 0, and with e−1 = 0. Compared to accumulate TD(λ), both the trace update and
the weight update have an additional term. We call a trace updated in this way a dutch
> φ )(e − φ ) the TD-error time-step correction, or
trace; we call the term α(θt> φt − θt−1
t
t
t
simply the δ-correction. Algorithm 2 shows pseudocode that implements these equations.3
In terms of computation time, true online TD(λ) has a (slightly) higher cost due to the
two extra terms that have to be accounted for. While the computation-time complexity
of true online TD(λ) is the same as that of accumulate/replace TD(λ)—O(n) per time
step with n being the number of features—, the actual computation time can be close to
twice as much in some cases. In other cases (for example if sparse feature vectors are
used), the computation time of true online TD(λ) is only a fraction more than that of
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3. When using a time-dependent step-size (e.g., when annealing the step-size) use the pseudocode from
Section 6.1. For reasons explained in that section this requires a modified trace update. That pseudocode
is the same as the pseudocode from van Seijen & Sutton (2014).

12

k=0

t−1
X
(γλ)t−1−k φk .

(14)

(13)

acc >
γλeacc
t−1 + φt − αγλ((et−1 ) φt ) φt .
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TD(λ) and true online TD(λ) are policy evaluation methods. However, they can be turned
into control methods in a straightforward way. From a learning perspective, the main
difference is that the prediction of the expected return should be conditioned on the state

4.3 True Online Sarsa(λ)

An example of a domain where the condition of Proposition 2 holds is a domain with tabular
features (each state is represented with a unique standard-basis vector), where a state is
never revisited within the same episode.
The condition of Proposition 2 holds approximately when the value eacc
t−1 [i] · φt [i] is
close to 0 for all features at all time steps. In this case, the different TD(λ) versions will
perform very similarly. It follows from Equation (13) that this is the case when there is a
long time delay between the time steps that a feature has a non-zero value. Specifically,
if there is always at least n time steps between two subsequent times that a feature i has
a non-zero value with γλn being very small, then eacc
t−1 [i] · φt [i] will always be close to 0.
Therefore, in order to see a large performance difference, the same features should have a
non-zero value often and within a small time frame (relative to γλ).
Summarizing the analysis so far: in order to see a performance difference α and λ should
be sufficiently large, and the same features should have a non-zero value often and within
a small time frame. Based on this summary, we can address a related question: on what
type of domains will there be a performance difference between true online TD(λ) with
optimized parameters and accumulate/replace TD(λ) with optimized parameters. The first
two conditions suggest that the domain should result in a relatively large optimal α and
optimal λ. This is typically the case for domains with a relatively low variance on the
return. The last condition can be satisfied in multiple ways. It is for example satisfied by
domains that have non-sparse feature vectors (that is, domains for which at any particular
time step most features have a non-zero value).

> φ , which can be written
In addition, note that the δ-correction is proportional to θt> φt −θt−1
t
>
>
>
as θt − θt−1 φt . The value θt − θt−1 φt is proportional to (eacc
t−1 ) φt for accumulate
> φ = 0, accumulate TD(λ) can add a δ-correction at every time
TD(λ). Because (eacc
)
t
t−1
step without any consequence. This shows that accumulate TD(λ) makes the same updates
as true online TD(λ).

=

eacc
:= γλeacc
t
t−1 + φt ,

Hence, accumulate TD(λ) and replace TD(λ) perform exactly the same updates.
>
Furthermore, condition (14) implies that (eacc
t−1 ) φt = 0. Hence, the accumulating-trace
update can also be written as a dutch trace update at every time step:

acc
eacc
t [i] := γλet−1 [i] + φt [i] ,
(
γλeacc
t−1 [i] , if φt [i] = 0;
=
1,
if φt [i] = 1 .

update at every time step:
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Proof Condition (14) implies that if φt [i] 6= 0, then eacc
t−1 [i] = 0. From this it follows
that for binary features the accumulating-trace update can be written as a replacing-trace

then accumulate TD(λ), replace TD(λ) and the online λ-return algorithm / true online
TD(λ) behave the same (for any λ).

eacc
t−1 [i] · φt [i] = 0 ,

Proposition 2 If for all features i and at all time steps t

Furthermore, the proposition uses x[i] to denote the i-th element of vector x.

eacc
t−1 =

Because the behaviour of TD(λ) for small λ is close to the behaviour of TD(0), it follows
that significant performance differences will only be observed when λ is large.
The second factor is related to how often a feature has a non-zero value. We start again
with a proposition that highlights a condition under which the different TD(λ) versions
behave the same. The proposition makes use of an accumulating trace at time step t − 1,
eacc
t−1 , whose non-recursive form is:

Proof For λ = 0, the accumulating-trace update, the replacing-trace update and the
dutch-trace update all reduce to et = φt . In addition, because et = φt , the δ-correction of
true online TD(λ) is 0.

Proposition 1 For λ = 0, accumulate TD(λ), replace TD(λ) and the online λ-return
algorithm / true online TD(λ) behave the same.

In Section 3, a number of examples were shown where the online λ-return algorithm outperforms accumulate/replace TD(λ). Because true online TD(λ) is simply an efficient
implementation of the online λ-return algorithm, true online TD(λ) will outperform accumulate/replace TD(λ) on these examples as well. But not in all cases will there be a
performance difference. For example, it follows from Theorem 1 that when appropriately
small step-sizes are used, the difference between the online λ-return algorithm/true online
TD(λ) and accumulate TD(λ) is negligible. In this section, we identify two other factors
that affect whether or not there will be a performance difference. While the focus of this
section is on performance difference rather than performance advantage, our experiments
will show that true online TD(λ) performs always at least as well as accumulate TD(λ)
and replace TD(λ). In other words, our experiments suggest that whenever there is a
performance difference, it is in favour of true online TD(λ).
The first factor is the λ parameter and follows straightforwardly from the true online
TD(λ) update equations.

4.2 When Can a Performance Difference be Expected?

accumulate/replace TD(λ). In terms of memory, true online TD(λ) has the same cost as
accumulate/replace TD(λ).

True Online Temporal-Difference Learning

True Online Temporal-Difference Learning

Algorithm 3 true online Sarsa(λ)
INPUT: α, λ, γ, θinit
θ ← θinit
Loop (over episodes):
obtain initial state S
select action A based on state S (for example -greedy)
ψ ← features corresponding to S, A
e ← 0 ; Qold ← 0
While terminal state has not been reached, do:
take action A, observe next state S 0 and reward R
select action A0 based on state S 0
ψ 0 ← features corresponding to S 0 , A0 (if S 0 is terminal state, ψ 0 ← 0)
Q ← θ> ψ
Q0 ← θ > ψ 0
δ ← R + γ Q0 − Q
e ← γλe + ψ − αγλ(e> ψ) ψ
θ ← θ + α(δ + Q − Qold ) e − α(Q − Qold )ψ
Qold ← Q0
ψ ← ψ 0 ; A ← A0

=

a

arg max θt> ψ(St , a) ,

and action, rather than only on the state. This means that an estimate of the action-value
function qπ is being learned, rather than of the state-value function vπ .
Another difference is that instead of having a fixed policy that generates the behaviour,
the policy depends on the action-value estimates. Because these estimates typically improve
over time, so does the policy. The (on-policy) control counterpart of TD(λ) is the popular
Sarsa(λ) algorithm. The control counterpart of true online TD(λ) is ‘true online Sarsa(λ)’.
Algorithm 3 shows pseudocode for true online Sarsa(λ).
To ensure accurate estimates for all state-action values are obtained, typically some
exploration strategy has to be used. A simple, but often sufficient strategy is to use an
-greedy behaviour policy. That is, given current state St , with probability  a random
action is selected, and with probability 1 −  the greedy action is selected:
Atgreedy

with ψ(s, a) an action-feature vector, and θt> ψ(s, a) a (linear) estimate of qπ (s, a) at time
step t. A common way to derive an action-feature vector ψ(s, a) from a state-feature vector
φ(s) involves an action-feature vector of size n|A|, where n is the number of state features
and |A| is the number of actions. Each action corresponds with a block of n features in
this action-feature vector. The features in ψ(s, a) that correspond to action a take on the
values of the state features; the features corresponding to other actions have a value of 0.

5. Empirical Study

JMLR 17(145):1-40

This section contains our main empirical study, comparing TD(λ), as well as Sarsa(λ), with
their true online counterparts. For each method and each domain, a scan over the step-size
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α and the trace-decay parameter λ is performed such that the optimal performance can be
compared. In Section 5.4, we discuss the results.
5.1 Random MRPs

For our first series of experiments we used randomly constructed Markov reward processes
(MRPs).4 An MRP can be interpreted as an MDP with only a single action per state.
Consequently, there is only one policy possible. We represent a random MRP as a 3-tuple
(k, b, σ), consisting of k, the number of states; b, the branching factor (that is, the number
of next states with a non-zero transition probability); and σ, the standard deviation of the
reward. An MRP is constructed as follows. The b potential next states for a particular state
are drawn from the total set of states at random, and without replacement. The transition
probabilities to those states are randomized as well (by partitioning the unit interval at
b − 1 random cut points). The expected value of the reward for a transition is drawn from
a normal distribution with zero mean and unit variance. The actual reward is drawn from
a normal distribution with a mean equal to this expected reward and standard deviation σ.
There are no terminal states.

We compared the performance of TD(λ) on three different MRPs: one with a small
number of states, (10, 3, 0.1), one with a larger number of states, (100, 10, 0.1), and one with
a larger number of states but a low branching factor and no stochasticity for the reward,
(100, 3, 0). The discount factor γ is 0.99 for all three MRPs. Each MRP is evaluated using
three different representations. The first representation consists of tabular features, that is,
each state is represented with a unique standard-basis vector of k dimensions. The second
representation is based on binary features. This binary representation is constructed by first
assigning indices, from 1 to k, to all states. Then, the binary encoding of the state index is
used as a feature vector to represent that state. The length of a feature vector is determined
by the total number of states: for k = 10, the length is 4; for k = 100, the length is 7. As an
example, for k = 10 the binary feature vectors of states 1, 2 and 3 are (0, 0, 0, 1),(0, 0, 1, 0)
and (0, 0, 1, 1), respectively. Finally, the third representation uses non-binary features. For
this representation each state is mapped to a 5-dimensional feature vector, with the value
of each feature drawn from a normal distribution with zero mean and unit variance. After
all the feature values for a state are drawn, they are normalized such that the feature vector
has unit length. Once generated, the feature vectors are kept fixed for each state. Note
that replace TD(λ) cannot be used with this representation, because replacing traces are
only defined for binary features (tabular features are a special case of this).

In each experiment, we performed a scan over α and λ. Specifically, between 0 and 0.1,
α is varied according to 10i with i varying from -3 to -1 with steps of 0.2, and from 0.1 to
2.0 (linearly) with steps of 0.1. In addition, λ is varied from 0 to 0.9 with steps of 0.1 and
from 0.9 to 1.0 with steps of 0.01. The initial weight vector is the zero vector in all domains.
As performance metric we used the mean-squared error (MSE) with respect to the LMS
solution during early learning (for k = 10, we averaged over the first 100 time steps; for k

JMLR 17(145):1-40

4. The code for the MRP experiments is published online at: https://github.com/armahmood/
totd-rndmdp-experiments. The process we used to construct the MRPs is based on the process used
by Bhatnagar, Sutton, Ghavamzadeh and Lee (2009).
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5.2 Predicting Signals From a Myoelectric Prosthetic Arm

Figure 4 shows the results for different λ at the best value of α. In Appendix C, the
results for all α values are shown. The optimal performance of true online TD(λ) is at
least as good as the optimal performance of accumulate TD(λ) and replace TD(λ), on all
domains and for all representations. A more in-depth discussion of these results is provided
in Section 5.4.

= 100, we averaged over the first 1000 time steps). We normalized this error by dividing it
by the MSE under the initial weight estimate.

In this experiment, we compared the performance of true online TD(λ) and TD(λ) on a
real-world data-set consisting of sensorimotor signals measured during the human control
of an electromechanical robot arm. The source of the data is a series of manipulation tasks
performed by a participant with an amputation, as presented by Pilarski et al. (2013). In
this study, an amputee participant used signals recorded from the muscles of their residual

limb to control a robot arm with multiple degrees-of-freedom (Figure 5). Interactions of
this kind are known as myoelectric control (see, for example, Parker et al., 2006).

Figure 5: Source of the input data stream and predicted signals used in this experiment:
a participant with an amputation performing a simple grasping task using a
myoelectrically controlled robot arm, as described in Pilarski et al. (2013). More
detail on the subject and experimental setting can be found in Hebert et al.
(2014).

van Seijen, Mahmood, Pilarski, Machado and Sutton

For consistency and comparison of results, we used the same source data and prediction
learning architecture as published in Pilarski et al. (2013). In total, two signals are predicted: grip force and motor angle signals from the robot’s hand. Specifically, the target for
the prediction is a discounted sum of each signal over time, similar to return predictions (see
general value functions and nexting; Sutton et al., 2011; Modayil et al., 2014). Where possible, we used the same implementation and code base as Pilarski et al. (2013). Data for this
experiment consisted of 58,000 time steps of recorded sensorimotor information, sampled at
40 Hz (i.e., approximately 25 minutes of experimental data). The state space consisted of
a tile-coded representation of the robot gripper’s position, velocity, recorded gripping force,
and two muscle contraction signals from the human user. A standard implementation of
tile-coding was used, with ten bins per signal, eight overlapping tilings, and a single active
bias unit. This results in a state space with 800,001 features, 9 of which were active at any
given time. Hashing was used to reduce this space down to a vector of 200,000 features
that are then presented to the learning system. All signals were normalized between 0 and
1 before being provided to the function approximation routine. The discount factor for
predictions of both force and angle was γ = 0.97, as in the results presented by Pilarski
et al. (2013). Parameter sweeps over λ and α are conducted for all three methods. The
performance metric is the mean absolute return error over all 58,000 time steps of learning,
normalized by dividing by the error for λ = 0.

Figure 4: MSE error during early learning for three different MRPs, indicated by (k, b, σ),
and three different representations. The error shown is at optimal α value.
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Figure 6: Performance as function of λ at the optimal α value, for the prediction of the
servo motor angle (left), as well as the grip force (right).

Figure 6 shows the performance for the angle as well as the force predictions at the
best α value for different values of λ. In Appendix D, the results for all α values are
shown.
The relative performance of replace TD(λ) and accumulate TD(λ) depends on the
TOTD
predictive question being asked. For predicting the robot’s grip force signal—a signal with
small magnitude and rapid changes—replace TD(λ) is better than accumulate TD(λ) at all λ
values larger than 0. However, for predicting the robot’s hand actuator position, a smoothly
changing signal that varies between a range of ∼300–500, accumulate TD(λ) dominates
replace TD(λ). On both prediction tasks, true online TD(λ) dominates accumulate TD(λ)
and replace TD(λ).
5.3 Control in the ALE Domain Asterix
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In this final experiment, we compared the performance of true online Sarsa(λ) with that
RTraces
of accumulate
Sarsa(λ) and replace Sarsa(λ), on a domain from the Arcade Learning Environment (ALE) (Bellemare et al., 2013; Defazio & Graepel, 2014; Mnih et al., 2015), called
Asterix. The ALE is a general testbed that provides an interface to hundreds of Atari 2600
games.5
In the Asterix domain, the agent controls a yellow avatar, which has to collect ‘potion’
objects, while avoiding ‘harp’ objects (see Figure 7 for a screenshot). Both potions and
harps move across the screen horizontally. Every time the agent collects a potion it receives
a reward of 50 points, and every time it touches a harp it looses a life (it has three lives
in total). The agent can use the actions up, right, down, and left, combinations of two
directions, and a no-op action, resulting in 9 actions in total. The game ends after the
ATraces
agent
has lost three lives, or after 5 minutes, whichever comes first.
use linear
function
using features
from
theon
screen
pixels.
Figure 5:We
Analysis
of TOTD
withapproximation
respect to accumulating
and derived
replacing
traces
prosthetic
Specifically,
we amputee
use what subject
Bellemare
et al. (2013)
call the
feature
“encodes
data from
the single
described
in Pilarski
etBasic
al. (2013),
forset,
thewhich
prediction
of
servo motor angle (left column) and grip force (right column) as recorded from the amputee’s
5. We used ALE version 0.4.4 for our experiments. The code for the Asterix experiments is published online
myoelectrically
controlled robot arm during a grasping task.
at: https://github.com/mcmachado/TrueOnlineSarsa.
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Figure 7: Screenshot of the game Asterix.

the presence of colours on the Atari 2600 screen.” It is obtained by first subtracting the game
screen background (see Bellemare et al., 2013, sec. 3.1.1) and then dividing the remaining
screen in to 16 × 14 tiles of size 10 × 15 pixels. Finally, for each tile, one binary feature is
generated for each of the 128 available colours, encoding whether a colour is active or not
in that tile. This generates 28,672 features (plus a bias term).
Because episode lengths can vary hugely (from about 10 seconds all the way up to 5
minutes), constructing a fair performance metric is non-trivial. For example, comparing the
average return on the first N episodes of two methods is only fair if they have seen roughly
the same amount of samples in those episodes, which is not guaranteed for this domain.
On the other hand, looking at the total reward collected for the first X samples is also not
a good metric, because there is no negative reward associated to dying. To resolve this,
we look at the return per episode, averaged over the first X samples. More specifically,
our metric consists of the average score per episode while learning for 20 hours (4,320,000
frames). In addition, we averaged the resulting number over 400 independent runs.
As with the evaluation experiments, we performed a scan over the step-size α and the
trace-decay parameter λ. Specifically, we looked at all combinations of α ∈ {0.20, 0.50, 0.80,
1.10, 1.40, 1.70, 2.00} and λ ∈ {0.00, 0.50, 0.80, 0.90, 0.95, 0.99} (these values were determined during a preliminary parameter sweep). We used a discount factor γ = 0.999 and
-greedy exploration with  = 0.01. The weight vector was initialized to the zero vector.
Also, as Bellemare et al. (2013), we take an action at each 5 frames. This decreases the algorithms running time and avoids “super-human” reflexes. The results are shown in Figure
8. On this domain, the optimal performance of all three versions of Sarsa(λ) is similar.
Note that the way we evaluate a domain is computationally very expensive: we perform
scans over λ and α, and use a large number of independent runs to get a low standard error.
In the case of Asterix, this results in a total of 7 · 6 · 400 = 16, 800 runs per method. This
rigorous evaluation prohibits us unfortunately to run experiments on the full suite of ALE
domains.
5.4 Discussion
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Figure 9 summarizes the performance of the different TD(λ) versions on all evaluation
domains. Specifically, it shows the error for each method at its best settings of α and λ.
The error is normalized by dividing it by the error at λ = 0 (remember that all versions of
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The optimal performance is not the only factor that determines how good a method is;
what also matters is how easy it is to find this performance. The detailed plots in appendices
C and D reveal that the parameter sensitivity of accumulate TD(λ) is much higher than

On the Asterix domain, the performance of the three Sarsa(λ) versions is similar. This
is in accordance with the evaluation results, which showed that the size of the performance
difference is domain dependent. In the worst case, the performance of the true online
method is similar to that of the regular method.

The observed performance differences correspond well with the analysis from Section
4.2. In particular, note that MRP (10, 3, 0.1) has less states than the other two MRPs,
and hence the chance that the same feature has a non-zero value within a small time frame
is larger. The analysis correctly predicts that this results in larger performance differences.
Furthermore, MRP (100, 3, 0) is less stochastic than MRP (100, 10, 0.1), and hence it has
a smaller variance on the return. Also here, the experiments correspond with the analysis,
which predicts that this results in a larger performance difference.

Overall, true online TD(λ) is clearly better than accumulate TD(λ) and replace TD(λ)
in terms of optimal performance. Specifically, for each considered domain/representation,
the error for true online TD(λ) is either smaller or equal to the error of accumulate/replace
TD(λ). This is especially impressive, given the wide variety of domains, and the fact that
the computational overhead for true online TD(λ) is small (see Section 4.1 for details).

TD(λ) behave the same for λ = 0). Because λ = 0 lies in the parameter range that is being
optimized over, the normalized error can never be higher than 1. If for a method/domain
the normalized error is equal to 1, this means that setting λ higher than 0 either has no
effect, or that the error gets worse. In either case, eligibility traces are not effective for that
method/domain.

Figure 8: Return per episode, averaged over the first 4,320,000 frames as well as 400 independent runs, as function of λ, at optimal α, on the Asterix domain.
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When using a time-dependent step-size in the base equation of the forward view (Equation
7) and deriving the update equations following the procedure from Appendix B, it turns
out that a slightly different trace definition appears. We indicate this new trace using a ‘+’
superscript: e+ . For fixed step-size, this new trace definition is equal to:

6.1 True Online TD(λ) with Time-Dependent Step-Size

In Appendix B, it is shown that the true online TD(λ) equations can be derived directly
from the online forward view equations. By using different online forward views, new true
online methods can be derived. Sometimes, small changes in the forward view, like using a
time-dependent step-size, can result in surprising changes in the true online equations. In
this section, we look at a number of such variations.

6. Other True Online Methods

that of true online TD(λ) or replace TD(λ). This is clearly visible for MRP (10, 3, 0.1)
(Figure 10), as well as the experiments with the myoelectric prosthetic arm (Figure 13).
There is one more thing to take away from the experiments. In MRP (10, 3, 0.1) with
non-binary features, replace TD(λ) is not applicable and accumulate TD(λ) is ineffective.
However, true online TD(λ) was still able to obtain a considerable performance advantage with respect to TD(0). This demonstrates that true online TD(λ) expands the set of
domains/representations where eligibility traces are effective. This could potentially have
far-reaching consequences. Specifically, using non-binary features becomes a lot more interesting. Replacing traces are not applicable to such representations, while accumulating
traces can easily result in divergence of values. For true online TD(λ), however, non-binary
features are not necessarily more challenging than binary features. Exploring new, nonbinary representations could potentially further improve the performance for true online
TD(λ) on domains such as the myoelectic prosthetic arm or the Asterix domain.

Figure 9: Summary of the evaluation results: error at optimal (α, λ)-settings for all domains/representations, normalized with the TD(0) error.

normalized error
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Algorithm 4 true online TD(λ) with time-dependent step-size
INPUT: λ, θinit , αt for t ≥ 0
θ ← θinit ; t ← 0
Loop (over episodes):
obtain initial φ
e+ ← 0 ; Vold ← 0
While terminal state is not reached, do:
obtain next feature vector φ0 and reward R
V ← θ> φ
V 0 ← θ > φ0
δ 0 ← R + γ V 0 − Vold
e+ ← γλe+ + αt φ − αt γλ((e+ )> φ) φ
θ ← θ + δ 0 e+ − αt (V − Vold )φ
Vold ← V 0
φ ← φ0
t←t+1

δt = Rt+1 + γθt> φt+1 − θt> φt ,

+
+
)> φt φt ,
+ αt φt − αt γλ (et−1
et+ = γλet−1


>
θt+1 = θt + δt et+ + θt> φt − θt−1
φt et+ − αt φt .

:= 0. We can simplify the weight update equation slightly, by using

(17)

(16)

(15)

Of course, using et+ instead of et also changes the weight vector update slightly. Below, the
full set of update equations is shown:

In addition,

+
e−1

>
δt0 = δt + θt> φt − θt−1
φt ,

which changes the update equations to:6
>
δt0 = Rt+1 + γθt> φt+1 − θt−1
φt ,

+
+
>
+
α
et+ = γλet−1
t φt − αt γλ (et−1 ) φt φt ,

>
θt+1 = θt + δt0 et+ − αt θt> φt − θt−1
φt φt .

Algorithm 2 shows the corresponding pseudocode. Of course, this pseudocode can also be
used for constant step-size.
6.2 True Online Version of Watkins’s Q(λ)
So far, we just considered on-policy methods, that is, methods that evaluate a policy that
is the same as the policy that generates the samples. However, the true online principle can
also be applied to off-policy methods, for which the evaluation policy is different from the
behaviour policy. As a simple example, consider Watkins’s Q(λ) (Watkins, 1989). This is
an off-policy method that evaluates the greedy policy given an arbitrary behaviour policy.
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6. These equations are the same as in the original true online paper (van Seijen & Sutton, 2014).
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0

Algorithm 5 true online version of Watkins’s Q(λ)
INPUT: α, λ, γ, θinit , Ψ
θ ← θinit
Loop (over episodes):
obtain initial state S
select action A based on state S (for example -greedy)
ψ ← features corresponding to S, A
e ← 0 ; Qold ← 0
While terminal state has not been reached, do:
take action A, observe next state S 0 and reward R
select action A0 based on state S 0
A∗ ← arg maxa θ > ψ(S 0 , a) (if A0 ties for the max, then A∗ ← A0 )
ψ 0 ← features corresponding to S 0 , A∗ (if S 0 is terminal state, ψ 0 ← 0)
Q ← θ> ψ
Q0 ← θ > ψ 0

δ ←R+γQ −Q

e ← γλe + ψ − αγλ e> ψ ψ
θ ← θ + α(δ + Q − Qold ) e − α(Q − Qold )ψ
if A0 6= A∗ : e ← 0
Qold ← Q0
ψ ← ψ 0 ; A ← A0

It does this by combining accumulating traces with a TD error that uses the maximum
state-action value of the successor state:
a

δt = Rt+1 + max Q(St , a) − Q(St , At ) .

z−t−1
X

k=1

n
X

n=1

=

Uth := (1 − λ)

(z−t)

+ λz−t−1 G̃t

a

,

z = min{h, τ } ,

>
γ k−1 Rt+k + γ n max θt+n−1
ψ(St+n , a) .

λn−1 G̃t

(n)

In addition, traces are reset to 0 whenever a non-greedy action is taken.
From an online forward-view perspective, the strategy of Watkins’s Q(λ) method can
be interpreted as a growing update target that stops growing once a non-greedy action is
taken. Specifically, let τ be the first time step after time step t that a non-greedy action is
taken, then the interim update target for time step t can be defined as:

with
(n)

G̃t
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Algorithm 5 shows the pseudocode for the true online method that corresponds with this
update target definition. A problem with Watkins’s Q(λ) is that if the behaviour policy is
very different from the greedy policy traces are reset very often, reducing the overall effect
of the traces. In Section 7, we discuss more advanced off-policy methods.
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for 0 ≤ k < t .

(19)

if s 6= St ;
if s = St .

7. Related Work
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What is interesting about the tabular case is that the dutch-trace update reduces to a
particularly simple form. In fact, for the tabular case, a dutch-trace update is equal to the
weighted average between an accumulating-trace update and a replacing-trace update, with
the weight of the former (1 − α) and the latter α. Algorithm 6 shows the corresponding
pseudocode.

δt = Rt+1 + γVt (St+1 ) − Vt (St ) ,
(
γλet−1 (s) ,
if s 6= St ;
et (s) =
(1 − α)γλet−1 (s) + 1 , if s = St ,
(

Vt (s) + α δt + Vt (St ) − Vt−1 (St ) et (s) ,


Vt+1 (s) =
Vt (s) + α δt + Vt (St ) − Vt−1 (St ) et (s) − α Vt (St ) − Vt−1 (St ) ,
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δk φk ,
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k=0

t−1
X

(18)

Since the first publication on true online TD(λ) (van Seijen & Sutton, 2014), several related
papers have been published, extending the underlying concepts and improving the presentation. In sections 7.1, 7.2 and 7.3, we review those papers. In Section 7.4, we discuss other
variations of TD(λ).

θt = θ0 + α

By contrast, the forward view by Sutton et al. gives the following interpretation:


θk+1 = θk + α Uk − θk> φk φk ,

As mentioned before, the traditional forward view, which is based on the λ-return, is inherently an offline forward view, because the λ-return is constructed from data up to the end
of an episode. As a consequence, the work regarding equivalence between a forward view
and a backward view traditionally focused on the final weight vector θT . This changed in
2014, when two papers introduced an online forward view with a corresponding backward
view that has an exact equivalence at each moment in time (van Seijen & Sutton, 2014;
Sutton et al., 2014). While both papers introduced an online forward view, the two forward
views presented are very different from each other. One difference is that the forward view
introduced by van Seijen & Sutton is an on-policy forward view, whereas the forward view
by Sutton et al. is an off-policy forward view. However, there is an even more fundamental
difference related to how the forward views are constructed. In particular, the forward view
by van Seijen & Sutton is constructed in such a way that at each moment in time the weight
vector can be interpreted as the result of a sequence of updates of the form:
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with δk some multi-step TD error. Of course, the different forward views also result in
different backward views. Whereas the backward view of Sutton et al. uses a generalized
version of an accumulating trace, the backward view of van Seijen & Sutton introduced a
completely new type of trace.
The advantage of a forward view based on (18) instead of (19) is that it results in much
more stable updates. In particular, the sensitivity to divergence of accumulate TD(λ) is a
general side-effect of (19), whereas (18) is much more robust with respect to divergence. As
a result, true online TD(λ) not only has the property that it has an exact equivalence with
an online forward view at all times, it consistently dominates TD(λ) empirically.
The strong performance of true online TD(λ) motivated van Hasselt et al. (2014) to
construct an off-policy version of the forward view of true online TD(λ). The corresponding
backward view resulted in the algorithm true online GTD(λ), which empirically outperforms
GTD(λ). They also introduced the term ‘dutch traces’ for the new eligiblity trace.
Van Hasselt & Sutton (2015) showed that dutch traces are not only useful for TD
learning. In an offline setting with no bootstrapping using dutch traces can result in certain
computational advantages. To understand why, consider the Monte Carlo algorithm (MC),
which updates state values at the end of an episode using (18), with the full return as
update target. MC requires storing all the feature vectors and rewards during an episode,
so the memory complexity is linear in the length of the episode. Moreover, the required
computation time is distributed very unevenly: during an episode almost no computation
is required, but at the end of an episode there is a huge peak in computation time due to all
the updates that need to be performed. With dutch traces an alternative implementation
can be made that results in the same final weight vector but that does not require storing all

Tabular features are a special case of linear function approximation. Hence, the update
equations for true online TD(λ) that are presented so far also apply to the tabular case.
However, we discuss it here separately, because the simplicity of this special case can provide
extra insight.
Rewriting the true online update equations (equations 10 – 12) for the special case of
tabular features results in:

6.3 Tabular True Online TD(λ)

Algorithm 6 tabular true online TD(λ)
initialize v(s) for all s
Loop (over episodes):
initialize S
e(s) ← 0 for all s
Vold ← 0
While S is not terminal, do:
obtain next state S 0 and reward R
∆V ← V (S) − Vold
Vold ← V (S 0 )
δ ← R + γ V (S 0 ) − V (S)
e(S) ← (1 − α)e(S) + 1
For all s:
V (s) ← V (s) + α(δ + ∆V )e(s)
e(s) ← γλe(s)
V (S) ← V (S) − α∆V
S ← S0

True Online Temporal-Difference Learning

the feature vectors and where the required computation time is spread out evenly over all
the time steps. Van Hasselt & Sutton refer to this appealing property as span-independence:
the memory and computation time required per time step is constant and independent of
the span of the prediction.7
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7.2 Backward View Derivation
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We tested the hypothesis that true online TD(λ) (and true online Sarsa(λ)) dominates
TD(λ) (and Sarsa(λ)) with accumulating as well as with replacing traces by performing experiments over a wide range of domains. Our extensive results support this hypothesis. In
terms of learning speed, true online TD(λ) was often better, but never worse than TD(λ)
with either accumulating or replacing traces, across all domains/representations that we
tried. Our analysis showed that especially on domains with non-sparse features and a relatively low variance on the return a large difference in learning speed can be expected. More
generally, true online TD(λ) has the advantage over TD(λ) with replacing traces that it can
be used with non-binary features, and it has the advantage over TD(λ) with accumulating
traces that it is less sensitive with respect to its parameters. In terms of computation time,
TD(λ) has a slight advantage. In the worst case, true online TD(λ) is twice as expensive.
In the typical case of sparse features, it is only fractionally more expensive than TD(λ).
Memory requirements are the same. Finally, we outlined an approach for deriving new true
online methods, based on rewriting the equations of an online forward view. This may lead
to new, interesting methods in the future.

8. Conclusions

upper and lower bounds on performance can be derived and proven. Konidaris et al. (2011)
introduced TDγ , a parameter-free alternative to TD(λ) based on a multi-step update target
called the γ-return. TDγ is an offline algorithm with a computational cost proportional to
the episode-length. Furthermore, Thomas et al. (2015) proposed a method based on a
multi-step update target, which they call the Ω-return. The Ω-return can account for the
correlation of different length returns, something that both the λ-return and the γ-return
cannot. However, it is expensive to compute and it is open question whether efficient
approximations exist.

The task of finding an efficient backward view that corresponds exactly with a particular
online forward view is not easy. Moreover, there is no guarantee that there exists an efficient
implementation of a particular online forward view. Often, minor changes in the forward
view determine whether or not an efficient backward view can be constructed. This created
the desire to somehow automate the process of constructing an efficient backward view.
Van Seijen & Sutton (2014) did not provide a direct derivation of the backward view update equations; they simply proved that the forward view and the backward view equations
result in the same weight vectors. Sutton et al. (2014) were the first to attempt to come
up with a general strategy for deriving a backward view (although for forward views based
on Equation 19). Van Hasselt et al. (2014) took the approach of providing a theorem that
proves equivalence between a general forward view and a corresponding general backward
view. They showed that the forward/backward view of true online TD(λ) is a special case
of this general forward/backward view. They showed the same for the off-policy method
that they introduced—true online GTD(λ). Recently, Mahmood & Sutton (2015) extended
this theorem further by proving equivalence between an even more general forward view
and backward view.
Furthermore, van Hasselt & Sutton (2015) derived backward views for a series of increasingly complex forward views. The derivation of the true online TD(λ) equations in
Appendix B is similar to those derivations.
7.3 Extension to Non-Linear Function Approximation
The linear update equations of the online forward view presented in Section 3.1 can be
easily extended to the case of non-linear function approximation. Unfortunately, it appears
to be impossible to construct an efficient backward view with exact equivalence in the case
of non-linear function approximation. The reason is that the derivation in Appendix B
makes use of the fact that the gradient with respect to the value function is independent of
the weight vector; this does not hold for non-linear function approximation.
Fortunately, van Seijen (2016) shows that many of the benefits of true online learning
can also be achieved in the case of non-linear function approximation by using an alternative
forward view (but still based on Equation 18). While this alternative forward view is not
fully online (there is a delay in the updates), it can be implemented efficiently.
7.4 Other Variations on TD(λ)
Several variations on TD(λ) other than those treated in this article have been suggested
in the literature. Schapire & Warmuth (1996) introduced a variation of TD(λ) for which
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7. The span of the prediction refers to the time difference between the first prediction and the moment its
target is known (e.g., for episodic tasks it corresponds to the length of an episode).
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t−1
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j=i ai,j

Pn
we can rewrite this as:

(γλ)j−i δj φi .

i=k

Pn
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δj ej ,
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j=0
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(20)

>
δh0 := Rh+1 + γ θh> φh+1 − θh−1
φh .
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λ|t

λ|i+1
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t−1
X

(γλ)j−i δj0 .

j=i+1

29

+

By applying this sequentially for i + 1 ≤ h < t, we can derive:

with
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(21)

As part of the derivation shown in Appendix B, we prove the following (see Equation
26):
λ|h+1
λ|h
Gi
= Gi + (λγ)h−i δh0 ,

Using the summation rule

Pn

= θ0 + α

= θ0 + α

θt = θ0 + α

t−1
X

By incremental substitution, we can write θt directly in terms of θ0 :

θt+1 = θt + αδt et .

et = γλet−1 + φt ,

δt = Rt+1 + γ θt> φt+1 − θt> φt ,

Proof We prove the theorem by showing that ||θttd − θtλ ||/||θttd − θ0 || can be approximated
by O(α)/ C + O(α) as α → 0, with C > 0. For readability, we will not use the ‘td’ and
‘λ’ superscripts; instead, we always use weights with double indices for the online λ-return
algorithm and weights with single indices for accumulate TD(λ).
The update equations for accumulate TD(λ) are:

||θttd
||θttd

Theorem 1 Let θ0 be the initial weight vector, θttd be the weight vector at time t computed
by accumulate TD(λ), and θtλ be the weight
at time t computed by the online λ-return
P vector
t 6= 0. Then, for all time steps t:
∆
algorithm. Furthermore, assume that t−1
i
i=0

Appendix A. Proof of Theorem 1
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Gi

λ|i+1

j=i

t−1
X

−

t−1
X

λ|t

> φ ,
θj−1
j

λ|t

λ|t

λ|t

= Ḡi − θ0> φi + O(α) ,

>
= Gi − θi−1
φi + O(α) ,

i=0

(γλ)j−i δj

(γλ)j−i (θj − θj−1 )> φj .

i=0

t−1 
X


λ|t
Ḡi − θ0> φi + O(α) φi .

i=0

From the condition

with

i=0

Pt−1

i=0

t−1 
X


λ|t
Ḡi − θ0> φi φi

=

30

∆ti 6= 0 it follows that C > 0.

C=

i=0

t−1
X

∆ti

.

||(θt − θtt )/α||
O(α)
||θt − θtt ||
=
=
,
||θt − θ0 ||
||(θt − θ0 )/α||
C + O(α)

Combining (22) and (23), it follows that as α → 0:

θtt = θ0 + α

As α → 0, we can approximate this as:
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(23)

For the online λ-return algorithm, we can derive the following by sequential substitution
of Equation (7):
t−1 

X
λ|t
θtt = θ0 + α
Gi − (θit )> φi φi .

with Ḡi the interim λ-return that uses θ0 for all value evaluations. Substituting this in
(20) yields:
t−1
X

λ|t
θt = θ0 + α
Ḡi − θ0> φi + O(α) φi .
(22)

j=i

j=i

t−1
X

it follows that

j=i

t−1
X
(γλ)j−i δj0 .

>
(γλ)j−i δj = Gi − θi−1
φi −

= δj +

θj> φj

>
= θi−1
φi +

As α → 0, we can approximate this as:

Using that

δj0

Gi

λ|t

>
= δi0 + θi−1
φi .

>
>
= Ri+1 + γθi> φi+1 − θi−1
φi + θi−1
φi ,

= Ri+1 + γθi> φi+1 ,

can be written as:

Substituting this in (21) yields:

λ|i+1

Furthermore, Gi
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Appendix B. Derivation Update Equations
In this subsection, we derive the update equations of true online TD(λ) directly from the
online forward view, defined by equations (6) and (7) (and θ0t := θinit ). The derivation is
t+1
based on expressing θt+1
in terms of θtt .

λ|t

k−1
Ai+1
φi Gi ,

λ|t

λ|t

(24)

We start by writing θtt directly in terms of the initial weight vector and the interim
λ-returns. First, we rewrite (7) as:

λ|t

t
θk+1
= (I − αφk φk> ) θkt + α φk Gk ,

with I the identity matrix. Now, consider θkt for k = 1 and k = 2:
λ|t

λ|t

θ1t = (I − αφ0 φ0> )θinit + αφ0 G0 ,
θ2t = (I − αφ1 φ1> )θ1t + αφ1 G1 ,

k−1
X
i=0

t−1
X

for j ≥ i ,

= (I − αφ1 φ1> )(I − αφ0 φ0> )θinit + α(I − αφ1 φ1> )φ0 G0 + αφ1 G1 .

θkt = A0k−1 θinit + α

For general k ≤ t, we can write:

where Aij is defined as:

+α

i=0

λ|t
t−1
Ai+1
φi Gi ,

>
) . . . (I − αφi φi> ),
Aij := (I − αφj φj> )(I − αφj−1 φj−1

=

A0t−1 θinit

j
and Aj+1
:= I. We are now able to express θtt as:

θtt
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Because for the derivation of true online TD(λ), we only need (24) and the definition of
λ|t
Gi , we can drop the double indices for the weight vectors and use θt := θtt .
31

λ|t

− Gi

t−i
X

(n)

λn−1 Gi

(t+1−i)

+ λt−i Gi

,

(t−i)

t−i
X

k=1

λ|t

,

− Gi :

(t−i)


>
γ k−1 Ri+k − γ t−i θt−1
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− λt−i−1 Gi

− λt−i−1 Gi

(t+1−i)

λ|t+1
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= (1 − λ)

(n)

λn−1 Gi
(t−i)

(t−i)

+ λt−i Gi

,

We now derive a compact expression for the difference Gi

λ|t+1

Gi

n=1
t−i−1
X

− (1 − λ)

n=1

(t+1−i)

= (1 − λ)λt−i−1 Gi

 t+1−i
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k=1

γ k−1 Ri+k + γ t+1−i θt> φt+1 −

= λt−i G
− λt−i Gi
,
i

(t+1−i)
(t−i)
= λt−i Gi
− Gi
,
= λt−i

λ|t



>
= λt−i γ t−i Rt+1 + γ t+1−i θt> φt+1 − γ t−i θt−1
φt ,


>
= (λγ)t−i Rt+1 + γ θt> φt+1 − θt−1
φt .

λ|t+1

−

−

>
θt−1
φt ,
θt> φt + θt> φt

= (λγ)t−i δt0 .

−

>
θt−1
φt ,

can be compactly written as:

λ|t

− Gi
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(26)

(25)

Note that the difference Gi
− Gi is naturally expressed using a term that looks like a
TD error but with a modified time step. We call this the modified TD error, δt0 :

>
δt0 := Rt+1 + γ θt> φt+1 − θt−1
φt .

+γ

θt> φt+1
θt> φt+1

The modified TD error relates to the regular TD error, δt , as follows:

=
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− Gi
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= δt + θt> φt − θt−1
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(27)
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Equations (27) and (28), together with the definition of δt , form the true online TD(λ)
update equations.

= γλet−1 + φt − αγλ(e>
t−1 φt )φt .

= (I − αφt φ>
t )γλet−1 + φt ,

i=0

t−1
X

Ati+1 φi (γλ)t−i + φt ,

Ati+1 φi (γλ)t−i ,

= (I − αφt φ>
t )γλ

=

i=0
t−1
X

t
X

We now have the update rule for θt , in addition to an explicit definition of et . Next,
using this explicit definition, we derive an update rule to compute et from et−1 :

To get the update rule, θt+1 has to be expressed in terms of θt . This is done below,
using (24), (25) and (26):
et =
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Figure 10: Results on a random MRP with k = 10, b = 3 and σ = 0.1. MSE is the mean
squared error averaged over the first 100 time steps, as well as 50 runs, and
normalized using the initial error. The top graphs summarize the results from
the graphs below it; they show the MSE error, for each λ, at the best step-size.
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Figure 11: Results on a random MRP with k = 100, b = 10 and σ = 0.1. MSE is the mean
squared error averaged over the first 1000 time steps, as well as 50 runs, and
normalized using the initial error.
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Figure 12: Results on a random MRP with k = 100, b = 3 and σ = 0. MSE is the mean
squared error averaged over the first 1000 time steps, as well as 50 runs, and
normalized using the initial error.
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The estimation of directed and undirected graphs from high-dimensional data has received
a lot of attention in the machine learning and statistics literature (e.g., see Bühlmann and
Van De Geer, 2011, and references therein), due to their importance in diverse applications
including understanding of biological processes and disease mechanisms, financial systems
stability and social interactions, just to name a few (Sachs et al., 2005; Wang et al., 2007;
Sobel, 2000). In the case of undirected graphs, the edges capture conditional dependence
relationships between the nodes, while for directed graphs they are used to model causal
relationships (Bühlmann and Van De Geer, 2011).
However, in a number of applications the nodes can be naturally partitioned into sets
that exhibit interactions both between them and amongst them. As an example, consider
an experiment where one has collected data for both genes and metabolites for the same set
of patient specimens. In this case, we have three types of interactions between genes and
metabolites: regulatory interactions between the two of them and co-regulation within the
gene and within the metabolic compartments. The latter two types of relationships can be
expressed through undirected graphs within the sets of genes and metabolites, respectively,
while the regulation of metabolites by genes corresponds to directed edges. Note that
in principle there are feedback mechanisms from the metabolic compartment to the gene
one, but these are difficult to detect and adequately estimate in the absence of carefully
collected time course data. Another example comes from the area of financial economics,
where one collects data on returns of financial assets (e.g. stocks, bonds) and also on key
macroeconomic indicators (e.g. interest rate, prices indices, various measures of money
supply and various unemployment indices). Once again, over short time periods there
is influence from the economic variables to the returns (directed edges), while there are
co-dependence relationships between the asset returns and the macroeconomic variables,
respectively, that can be modeled as undirected edges.
Technically, such layered network structures correspond to multi-partite graphs that
possess undirected edges and exhibit a directed acyclic graph structure between the layers,
as depicted in Figure 1, where we use directed solid edges to denote the dependencies across
layers and dashed undirected edges to denote within-layer conditional dependencies.
Selected properties of such so-called chain graphs have been studied in the work of Drton
and Perlman (2008), with an emphasis on two alternative Markov properties including the
LWF Markov property (Lauritzen and Wermuth, 1989; Frydenberg, 1990) and the AMP
Markov property (Andersson et al., 2001).
While layered networks being interesting from a theoretical perspective and having significant scope for applications, their estimation has received little attention in the literature.
Note that for a 2-layered structure, the directed edges can be obtained through a multivariate regression procedure, while the undirected edges in both layers through existing procedures for graphical models (for more technical details see Section 2.2). This is the strategy
leveraged in the work of Rothman et al. (2010), where for a 2-layered network structure
they proposed a multivariate regression with covariance estimation (MRCE) method for
estimating the undirected edges in the second layer and the directed edges between them.
A block coordinate descent algorithm was introduced to estimate the directed edges, while
the popular glasso estimator (Friedman et al., 2008) was used for the undirected edges.

1. Introduction.
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Figure 1: Diagram for a three-layered network
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However, this method does not scale well according to the simulation results presented and
no theoretical properties of the estimates were provided.
In follow-up work, Yin and Li (2011) used a cyclic block coordinate descent algorithm
and claimed convergence to a stationary point leveraging a result in Tseng (2001) (see
Proposition 2 in the Supplemental material). Unfortunately, a key assumption in Tseng
(2001) -namely, that a corresponding coordinate wise optimization problem that is given by
a high-dimensional lasso regression has unique minimum- fails and hence the convergence
result does not go through.
In related work, Lee and Liu (2012) proposed the Plug-in Joint Weighted Lasso (PWL)
and the Plug-in Joint Graphical Weighted Lasso (PWGL) estimator for estimating the
same 2-layered structure, where they use a weighted version of the algorithm in Rothman
et al. (2010) and also provide theoretical results for the low dimensional setting, where the
number of samples exceeds the number of potential directed and undirected edges to be
estimated. Finally, Cai et al. (2012) proposed a method for estimating the same 2-layered
structure and provided corresponding theoretical results in the high dimensional setting.
The Dantzig-type estimator (Candes and Tao, 2007) was used for the regression coefficients
and the corresponding residuals were used as surrogates, for obtaining the precision matrix
through the CLIME estimator (Cai et al., 2011). In another line of work (Sohn and Kim,
2012; Yuan and Zhang, 2014; McCarter and Kim, 2014), structured sparsity of directed
edges was considered and the edges were estimated with a different parametrization of the
objective function. We further elaborate on the connections of our work with these three
papers in Section 5.
The above work assumed a Gaussian distribution for the data, in more recent work
by Yang et al. (2014), the authors constructed the model under a general mixed graphical
model framework, which allows each node-conditional distribution to belong to a potentially different univariate exponential family. In particular, with an underlying mixed MRF
graph structure, instead of maximizing the joint likelihood, the authors proposed to esti3

Lin, Basu, Banerjee and Michailidis

mate the homogeneous and heterogeneous neighborhood for each node, by obtaining the `1
regularized M -estimator of the node-conditional distribution parameters, using traditional
approaches (e.g. Meinshausen and Bühlmann, 2006) for neighborhood estimation. However, rather than estimating directed edges directly, the directed edges are obtained from a
nonlinear transformation of the estimated homogeneous and heterogeneous neighborhood,
whose sparsity pattern gets compromised during the process.

In this work, we obtain the regularized maximum likelihood estimator under a sparsity assumption on both directed and undirected parameters for multi-layered Gaussian
graphical models and establish its consistency properties in a high-dimensional setting. As
discussed in Section 3, the problem is not jointly convex on the parameters, but convex on
selected subsets of them. Further, it turns out that the problem is biconvex if we consider a
recursive multi-stage estimation approach that at each stage involves only regression parameters (directed edges) from preceding layers and precision matrix parameters (undirected
edges) for the last layer considered in that stage. Hence, we decompose the multi-layer
network structure estimation into a sequence of 2-layer problems that allows us to establish the desired results. Leveraging the biconvexity of the 2-layer problem, we establish
the convergence of the iterates to the maximum-likelihood estimator, which under certain
regularity conditions is arbitrarily close to the true parameters. The theoretical guarantees
provided require a uniform control of the precision of the regression and precision matrix
parameters, which poses a number of theoretical challenges resolved in Section 3.

In summary, despite the lack of overall convexity, we are able to provide theoretical
guarantees for the MLE in a high dimensional setting. We believe that the proposed strategy
is generally applicable to other non-convex statistical estimation problems that can be
decomposed to two biconvex problems. Further, to enhance the numerical performance of
the MLE in finite (and small) sample settings, we introduce a screening step that selects
active nodes for the iterative algorithm used and that leverages recent developments in
the high-dimensional regression literature (e.g., Van de Geer et al., 2014; Javanmard and
Montanari, 2014; Zhang and Zhang, 2014). We also post-process the final MLE estimate
through a stability selection procedure. As mentioned above, the screening and stability
selection steps are beneficial to the performance of the MLE in finite samples and hence
recommended for similarly structured problems.

JMLR 17(146):1-51

The remainder of the paper is organized as follows. In Section 2, we introduce the proposed methodology, with an emphasis on how the multi-layered network estimation problem
is decomposed into a sequence of two-layered network estimation problem(s). In Section
3, we provide theoretical guarantees for the estimation procedure posited. In particular,
we show consistency of the estimates and convergence of the algorithm, under a number of
common assumptions in high-dimensional settings. In Section 4, we show the performance
of the proposed algorithm with simulation results under different simulation settings, and
introduce several acceleration techniques which speed up the convergence of the algorithm
and reduce the computing time in practical settings.

4

where BjmM ∈ Rpm for m = 1, · · · , M − 1,

M 0
M
= (M
1 , · · · , pM ) ∼ N (0, Σ ).

m=1

{(BjmM )0 X m } + M
j ,

M
−1
X

:= (Σ )

m −1

,

for m = 1, · · · , M.

5
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Note that the summands share no common parameters, which enables us to maximize
the likelihood with respect to individual parameters in the M terms separately. More
importantly, by conditioning Layer m nodes on nodes in its previous (m − 1) layers, we can
treat Layer m nodes as the“response” layer, and all nodes in the previous (m − 1) layer

m=2

+ · · · + `(X 2 |X 1 ; B 12 , Θ2 ) + `(X 1 ; Θ1 )
XM
= `(X 1 ; Θ1 ) +
`(X m |X 1 , · · · , X m−1 ; B 1m , · · · , B m−1,m , Θm ).

+ `(X M −1 |X M −2 , · · · , X 1 ; B 1M −1 , · · · , B M −2,M −1 , ΘM −1 )

`(X m ; B st , Θm , 1 ≤ s < t ≤ M, 1 ≤ m ≤ M ) = `(X M |X M −1 , · · · , X 1 ; B 1M , · · · , B M −1,M , ΘM )

Through Markov factorization (Lauritzen, 1996), the full log-likelihood function can be
decomposed as

It is assumed that B st and Θm are sparse for all 1, . . . , M and 1 ≤ s < t ≤ M .
Given centered data for all M layers, denoted by X m = [X1m , · · · , Xpmm ] ∈ Rn×pm for all
m = 1, · · · , M , we aim to obtain the MLE for all B st , 1 ≤ s < t ≤ M and all Θm , m =
1, · · · , M parameters. Henceforth, we use X m to denote random vectors, and Xjm to denote
m
the jth column in the data matrix Xn×p
whenever there is no ambiguity.
m

Θ

m

and all undirected edges that encode the conditional dependencies within layers after adjusting for the effects from directed edges, that is:

The parameters of interest are all directed edges that encode the dependencies across layers,
that is,


B st := B1st · · · Bpstt , for 1 ≤ s < t ≤ M,

and

M

XjM =

– Layer M . For j = 1, 2, · · · , pM :

..
.

– Layer 2. For j = 1, · · · , p2 : Xj2 = (Bj12 )0 X 1 + 2j , with Bj12 ∈ Rp1 , and 2 =
(21 , · · · , 2p2 )0 ∼ N (0, Σ2 ).

– Layer 1. X 1 = (X11 , · · · , Xp11 )0 ∼ N (0, Σ1 ).

The structure of the model is given as follows:

Consider an M -layered Gaussian graphical model. Suppose there are pm nodes in Layer m,
denoted by
X m = (X1m , · · · , Xpmm )0 , for m = 1, · · · , M.

2. Problem Formulation.

Estimating Multi-layered Gaussian Graphical Models
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1. In Appendix D we give a detail example on how our proposed method works under a 3-layered network
setting.

−1 and B = [B , · · · , B ]. As with
The parameters of interest are: ΘX := Σ−1
1
p2
X , Θ := Σ
most estimation problems in the high dimensional setting, we assume these parameters to
be sparse.
Now given data X = [X1 , · · · , Xp1 ] ∈ Rn×p1 and Y = [Y1 , · · · , Yp2 ] ∈ Rn×p2 , both centered, we would like to use the penalized maximum likelihood approach to obtain estimates
for ΘX , Θ and B. Throughout this paper, we use X, Y and E to denote the size-n realizations of the random vectors X, Y and , respectively. Also, with a slight abuse of notation,
we use Xi , i = 1, 2, · · · , p1 and Yj , j = 1, 2, · · · , p2 to denote the columns of the data matrix
X and Y , respectively, whenever there is no ambiguity.

– For j = 1, 2, · · · , p2 : Yj = Bj0 X + j , Bj ∈ Rp1 and  = (1 , · · · , p2 )> ∼ N (0, Σ ).

– X = (X1 , · · · , Xp1 )0 ∼ N (0, ΣX ).

Consider a two-layered Gaussian graphical model with p1 nodes in the first layer, denoted
by X = (X1 , · · · , Xp1 )0 , and p2 nodes in the second layers, denoted by Y = (Y1 , · · · , Yp2 )0 .
The model is defined as

2.1 A Two-layered Network Setup.

Remark 1. For the M -layer network structure, we impose certain identifiability-type condition on the largest “parent” layer (encompassing M − 1 layers), so that the directed edges
of the entire network are estimable. The imposed condition translates into a minimum
eigenvalue-type condition on the population precision matrix within layers, and conditions
on the magnitude of dependencies across layers. Intuitively, consider a three-layered network: if X 1 and X 2 are highly correlated, then the proposed (as well as any other) method
will exhibit difficulties in distinguishing the effect of X 1 on X 3 from that of X 2 on X 3 .
The (group) identifiability-type condition is thus imposed to obviate such circumstances.
An in-depth discussion on this issue is provided in Section 3.4.

combined as a super “parent” layer. If we ignore the structure within the bottom layer (X 1 )
for the moment, the M -layered network can be viewed as (M −1) two-layered networks, each
comprising a response layer and a parent layer. Thus, the network structure in Figure 1 can
be viewed as a 2 two-layered network: for the first network, Layer 3 is the response layer,
while Layers 1 and 2 combined form the “parent” layer; for the second network, Layer 2 is
the response
layer, and Layer 1 is the “parent” layer. Therefore, the problem for estimating

coefficient matrices and M precision matrices can be translated into estimating
all M
2
(M − 1) two-layered network structures with directed edges from the parent layer to the
response layer, and undirected edges within the response layer, and finally estimating the
undirected edges within the bottom layer separately.
Since all estimation problems boil down to estimating the structure of a 2-layered network, we focus the technical discussion on introducing our proposed methodology for a
2-layered network setting,1 . The theoretical results obtained extend in a straightforward
manner to an M -layered Gaussian graphical model.
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The full log-likelihood can be written as
`(X, Y ; B, Θ , ΘX ) = `(Y |X; Θ , B) + `(X; ΘX )
(1)

Note that the first term only involves Θ and B, and the second term only involves ΘX .
Hence, (1) can be maximized by maximizing `(Y |X) w.r.t. (Θ , B), and maximizing `(X)
b X can be obtained using traditional methods for estimating
w.r.t. ΘX , respectively. Θ
undirected graphs, e.g., the Graphical Lasso (Friedman et al., 2008) or the Nodewise Regression prcoedure (Meinshausen and Bühlmann, 2006). Therefore, the rest of this paper
will mainly focus on obtaining estimates for Θ and B. In the next subsection, we introduce
our estimation procedure for obtaining the MLE for Θ and B.
Remark 2. Our proposed method is targeted towards maximizing `(Y |X; Θ , B) (with
proper penalization) in (1) only, which gives the estimates for across-layers dependencies
between the response layer and the parent layer, as well as estimates for the conditional
dependencies within the response layer each time we solve a 2-layered network estimation
problem. For an M -layered estimation problem, the maximization regarding `(X; ΘX ) occurs only when we are estimating the within-layer conditional dependencies for the bottom
layer.
2.2 Estimation Algorithm.
The conditional likelihood for response Y given X can be written as

L(Y |X) = ( √12π )np2 |Σ ⊗ In |−1/2 exp − 12 (Y − X β)> (Σ ⊗ In )−1 (Y − X β) ,

j=1 i=1

p2 p2
1 X X ij
n
log det Θ −
σ (Yi − XBi )> (Yj − XBj ).
2
2

where Y = vec(Y1 , · · · , Yp2 ), X = Ip2 ⊗ X and β = vec(B1 , · · · , Bp2 ). After writing out the
Kronecker product, the log-likelihood can be written as
`(Y |X) = constant +

j=1 i=1

j=1

(2)



p
p
p
2
2
2

1 X
X
X
σij (Yi − XBi )> (Yj − XBj ) − log det Θ + λn
kBj k1 + ρn kΘ k1,off ,

n

Here, σij denotes the ij-th entry of Θ . With `1 penalization which induces sparsity, we
formulate the following optimization problem using penalized log-likelihood, which was
initially proposed in Rothman et al. (2010), and has also been examined in Lee and Liu
(2012):
min

B∈Rp1 ×p2
p2 ×p2
Θ ∈S++

n
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and the first term in (2) can be equivalently written as
 


(Y1 − XB1 )>



 

1 
...

 (Y1 − XB1 ) · · · (Yp2 − XBp2 ) Θ := tr(SΘ ).


(Yp2 − XBp2 )>
tr

7
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j=1

where S is defined as the sample covariance matrix of E ≡ Y − XB. This gives rise to the
following optimization problem:


p
2


X
tr(SΘ ) − log det Θ + λn
kBj k1 + ρn kΘ k1,off ≡ f (B, Θ ),
(3)



min

B∈Rp1 ×p2
p2 ×p2
Θ ∈S++

(4)

where kΘk1,off is the absulote sum of the off-diagonal entries in Θ, λn and ρn are both
positive tuning parameters.
Note that the objective function (3) is not jointly convex in (B, Θ ), but only convex
in B for fixed Θ and in Θ for fixed B; hence, it is bi-convex, which in turn implies that
the proposed algorithm may fail to converge to the global optimum, especially in settings
where p1 > n, as pointed out by Lee and Liu (2012). As is the case with most non-convex
problems, good initial parameters are beneficial for fast convergence of the algorithm, a fact
supported by our numerical work on the present problem. Further, a good initialization is
critical in establishing convergence of the algorithm for this problem (see Section 3.1). To
that end, we introduce a screening step for obtaining a good initial estimate for B. The
theoretical justification for employing the screening step is provided in Section 3.3.
An outline of the computational procedure is presented in Algorithm 1, while the details
of each step involved are discussed next.
Screening. For each variable Yj , j = 1, · · · , p2 in the response layer, regress Yj on X
via the de-biased Lasso procedure proposed by Javanmard and Montanari (2014). The
output consists of the p-value(s) for each predictor in each regression, denoted by Pj , with
Pj ∈ [0, 1]p1 . To control the family-wise error rate of the estimates, we do a Bonferroni
correction at level α: define α? = α/p1 p2 and set Bj,k = 0 if the p-value obtained for the
k’th predictor in the j’th regression Pj,k exceeds α? . Further, let

Bj = {Bj ∈ Rp1 : Bj,k = 0 if k ∈ Sbjc } ⊆ Rp1 ,

for j = 1, · · · , p2 .

where Sbj is the collection of indices for those predictors deemed “active” for response Yj :

Sbj = {k : Pj,k < α? },

Therefore, subsequent estimation of the elements of B will be restricted to B1 × · · · × Bp2 .
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(5)

Alternating Search. In this step, we utilize the bi-convexity of the problem and estimate
B and Θ by minimizing in an iterative fashion the objective function with respect to (w.r.t.)
one set of parameters, while holding the other set fixed within each iteration.
b (0) it corresponds to a
As with most iterative algorithms, we need an initializer; for B
b  we use the Graphical
Lasso/Ridge regression estimate with a small penalty, while for Θ
Lasso procedure applied to the residuals obtained from the first stage regression. That is,
for each j = 1, · · · , p2 ,
Bj ∈Bj


b (0) = argmin kYj − XBj k22 + λn0 kBj k1 ,
B
j

8

Refitting B and Θ :
for j = 1, · · · , p2 do
ej using (9);
Obtain the refitted B
end
e  using (10) with W coming from stability selection.
re-estimate Θ
e and Θ
e .
Output: Final Estimates B

9

o
n
log det Θ − tr(Sb(0) Θ ) + ρn kΘ k1,off ,

b (k+1)
B

i=1 j=1

j=1

(6)

9
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p2 X
p2
p2
1 X

X
ij (k)
>
= argmin
(b
σ ) (Yi − XBi ) (Yj − XBj ) + λn
kBj k1 ,

B∈B1 ×···×Bp2  n

– Update B as

Next, we use an alternating block coordinate descent algorithm with `1 penalization to
reach a stationary point of the objective function (3).

b (0) , · · · , E
bp(0)
where Sb(0) is the sample covariance matrix based on (E
2 ).
1

2
Θ ∈S++

p ×p2

b (0)
Θ
 = argmin

b (0) := Yj − X B
b (0) . An
where λ0n is some small tuning parameter for initialization, and set E
j
j
b  is then given by solving for the following optimization problem with
initial estimate for Θ
the graphical lasso (Friedman et al., 2008) procedure:

end

Initialization:
b (0) by solving (5).
Initialize column j = 1, · · · , p2 of B
(0)
b
Initialize Θ by solving (9) using the graphical lasso (Friedman et al., 2008).
b (k) , Θ
b (k)
b (k+1) , Θ
b (k+1)
while |f (B
)| ≥  do
 ) − f (B

b with (6);
update B
b  with (8);
update Θ

Screening:
for j = 1, · · · , p2 do
regress Yj on X using the de-biased Lasso procedure in Javanmard and Montanari
(2014) and obtain the corresponding vector of p-values Pj ;
end
obtain adjusted p-values Pej by applying Bonferroni correction to vec(P1 , · · · , Pj );
determine the support set Bj for each regression using (4).

8

7

6

5

4

3

2

1

Algorithm 1: Computational procedure for estimating B and Θ
Input : Data from the parent layer X and the response layer Y .

Estimating Multi-layered Gaussian Graphical Models

=
(b
σjj )(k)

1

(b
σjj )(k)
kYj
n
(t+1)

+ rj

i=j+1

o
− XBj k22 + λn kBj k1 ,

i=1



j−1
p2
X
X
(t+1)
(t) 
ij (k)
ij (k)
b
b
 (b
σ ) (Yi − X Bi
)+
(b
σ ) (Yi − X Bi ) ,

n

(7)

p2 ×p2
Θ ∈S++

o
n
log det Θ − tr(Sb(k+1) Θ ) + ρn kΘ k1,off ,

(8)

10
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where we use ∗ to denote the element-wise product of two matrices, and Se is the sample
e Again, (10) can be solved by the
covariance matrix based on the refitted residuals E.
graphical lasso procedure (Friedman et al., 2008), with ρen properly chosen.

p ×p2

2
Θ ∈S++

(9)
For Θ , we obtain the final estimate by a combination of stability selection (Meinshausen and
Bühlmann, 2010) and graphical lasso (Friedman et al., 2008). That is, after obtaining the
ej := Yj − X B
ej , j = 1, · · · , p2 , based on the stability selection procedure
refitted residuals E
with the graphical lasso, we obtain the stability path, or probability matrix W for each edge,
which records the proportion of each edge being selected based on bootstrapped samples
ej ’s. Then, using this probability matrix W as a weight matrix, we obtain the final
of E
e  as follow:
estimate of Θ
n
o
e  = argmin log det Θ − tr(SΘ
e  ) + ρen k(1 − W ) ∗ Θ k1,off ,
Θ
(10)

Bj ∈Bej

ej = argmin kYj − XBj k2 .
B

Refitting and Stabilizing. As noted in the introduction, this step is beneficial in applications, especially when one deals with large scale multi-layer networks and relatively smaller
sample sizes. Denote the solution obtained by the above iterative procedure by B ∞ and
∞
p1
e
Θ∞
 . For each j = 1, · · · , p2 , set Bj = {Bj : Bj,i = 0 if Bj,i = 0, Bj ∈ R } and the final
estimate for Bj is given by ordinary least squares:

b (k+1) = Yj − X B
b (k+1) , j =
where Sb(k+1) is the sample covariance matrix based on E
j
j
1, · · · , p2 .

b (k+1) = argmin
Θ


– Update Θ as

and iterate over all columns until convergence. Here, we use k to index the outer
iteration while minimizing w.r.t. B or Θ , and use t to index the inner iteration while
cyclically minimizing w.r.t. each column of B.

(t+1)
rj

where

Bj ∈Bj

b (t+1) = argmin
B
j

which can be obtained by cyclic coordinate descent w.r.t each column Bj of B, that
is, update each column Bj by:

Lin, Basu, Banerjee and Michailidis
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2.3 Tuning Parameter Selection.

BIC(B, Θ ) = − log det Θ + tr(SΘ ) +

log n kΘ k0 − p2
(
+ kBk0 )
n
2

To select the tuning parameters (λn , ρn ), we use the Bayesian Information Criterion(BIC),
which is the summation of a goodness-of-fit term (log-likelihood) and a penalty term. The
explicit form of BIC (as a function of B and Θ ) in our setting is given by

where


(Y1 − XB1 )>

1

.
S := 
 (Y1 − XB1 ) · · · (Yp2 − XBp2 ) ,
..
n
(Yp2 − XBp2 )>

and kΘ k0 is the total number of nonzero entries in Θ . Here we penalize the non-zero
elements in the upper-triangular part of Θ and the non-zero ones in B. We choose the
combination (λn∗ , ρn∗ ) over a grid of (λ, ρ) values, and (λn∗ , ρn∗ ) should minimize the BIC
evaluated at (B ∞ , Θ∞ ).

3. Theoretical Results.
In this section, we establish a number of theoretical results for the proposed iterative algorithm. We focus the presentation on the two-layer structure, since as explained in the
previous section the multi-layer estimation problem decomposes to a series of two-layer
ones. As mentioned in the introduction, one key challenge for establishing the theoretical
results comes from the fact that the objective function (3) is not jointly convex in B and
Θ . Consequently, if we simply used properties of block-coordinate descent algorithms, we
would not be able to provide the necessary theoretical guarantees for the estimates we obtain. On the other hand, the biconvex nature of the objective function allows us to establish
convergence of the alternating algorithm to a stationary point, provided it is initialized from
a point close enough to the true parameters. This can be accomplished using a Lasso-based
initializer for B and Θ as previously discussed. The details of algorithmic convergence are
presented in Section 3.1.
Another technical challenge is that each update in the alternating search step relies
on estimated quantities—namely the regression and precision matrix parameters—rather
than the raw data, whose estimation precision needs to be controlled uniformly across all
iterations. The details of establishing consistency of the estimates for both fixed and random
realizations are given in Section 3.2.
Next, we outline the structure of this section. In Section 3.1 Theorem 1, we show that for
any fixed set of realization of X and E, 2 the iterative algorithm is guaranteed to converge
to a stationary point if estimates for all iterations lie in a compact ball around the true
value of the parameters. In Section 3.2, we show in Theorem 4 that for any random X
and E, with high probability, the estimates for all iterations lie in a compact ball around
the true value of the parameters. Then in Section 3.3, we show that asymptotically with
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2. We actually observe X and Y , which is given by a corresponding set of realization in X and E based on
the model.

11
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log(p1 p2 )/n → 0, while keeping the family-wise type I error under some pre-specified level,
the screening step correctly identifies the true support set for each of the regressions, based
upon which the iterative algorithm is provided with an initializer that is close to the true
value of the parameters. Finally in Section 3.4, we provide sufficient conditions for both
directed and undirected edges to be identifiable (estimable) for multi-layered network.
To aid the readability of the main results, we only present statements of theorems and
propositions, while all proofs are relegated to the Appendix (Section A and B).
Throughout this section, to distinguish the estimates from the true values, we use B ∗
and Θ∗ to denote the true values.

3.1 Convergence of the Iterative Algorithm.

min

B∈Rp1 ×p2
p2 ×p2
Θ ∈S++

p2

j=1 i=1

f (B, Θ ) ≡ f0 (B, Θ ) + f1 (B) + f2 (Θ ),

f2 (Θ ) = ρn kΘ k1,off .

1 X X ij
σ (Yi − XBi )0 (Yj − XBj ) − log det Θ = tr(SΘ ) − log det Θ ,
n

p2

In this subsection, we prove that the proposed block relaxation algorithm converges to a
stationary point for any fixed set of data, provided that the estimates for all iterations lie
in a compact ball around the true value of the parameters. This requirement is shown to
be satisfied with high probability in the next subsection 3.2.
Decompose the optimization problem in (3) as follows:

where
f0 (B, Θ ) =

f1 (B) = λn kBk1 ,

p2 ×p2
and S++
is
the
collection
of
p
2 × p2 symmetric positive definite matrices. Further, denote
b (k) } and {Θ
b (k) } by B ∞ = limk→∞ B
b (k) and Θ∞ =
the limit point (if there is any) of {B
b (k) , respectively.
limk→∞ Θ

Definition 1 (stationary point (Tseng, 2001) pp.479). Define z to be a stationary point of
f if z ∈ dom(f ) and f 0 (z; d) ≥ 0, ∀ direction d = (d1 , · · · , dN ) where dt is the tth coordinate
block.
, dN )

t = 1, 2, · · · , N.

Definition 2 (Regularity (Tseng, 2001) pp.479). f is regular at z ∈ dom(f ) if f 0 (z; d) ≥ 0
for all d =
such that
(d1 , · · ·

f 0 (z; (0, · · · , dt , · · · , 0)) ≥ 0,

∀B ∈ Rp1 ×p2 .

p2 ×p2
∀Θ ∈ S++
,

Definition 3 (Coordinate-wise minimum). Define (B ∞ , Θ∞ ) to be a coordinate-wise minimum if

f (B, Θ∞ ) ≥ f (B ∞ , Θ∞ ),

f (B ∞ , Θ ) ≥ f (B ∞ , Θ∞ ),

JMLR 17(146):1-51

Note for our iterative algorithm, we only have two blocks, hence with the above notation,
N = 2.

12

F

≤ R(p1 , p2 , n),

∀k ≥ 1.

13
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Remark 5. The above convergence result is based upon solving the optimization problem
on the “entire” space, that is, we don’t restrict B to live in any subspace. However, when
actually implementing the proposed computational procedure, the optimization of the B
coordinate is restricted to B1 × · · · × Bp2 (as defined in eqn.4). It should be noted that the

Remark 4. Recall that in classical parametric statistics, MLE-type asymptotics are derived
after establishing that with probability tending to 1 as the sample size n goes to infinity,
the likelihood equation has a sequence of roots (hence stationary points of the likelihood
function) that converges in probability to the true value. Any such sequence of roots is
shown to be asymptotically normal and efficient. Note that such (a sequence of) roots
may not be global maximizers since parametric likelihoods are not globally log-concave
(see Chapter 6 Lehmann and Casella, 1998). Here we show that the (B ∞ , Θ∞
 ) obtained
by the iterative algorithm is a stationary point which satisfies the first-order condition for
being a maximizer of the penalized log-likelihood function (which is just the negative of the
penalized least-squares function). Moreover, if we let n go to infinity, (B ∞ , Θ∞
 ) converges
to the true value in probability (shown in Theorem 4), and therefore behaves the same
as the sequence of roots in the classical parametric problem alluded to above. Thus, while
(B ∞ , Θ∞
 ) may not be the global maximizer, it can, nevertheless, to all intents and purposes,
be deemed as the MLE.

Then any limit point (B ∞ , Θ∞
 ) of the iterative algorithm is a stationary point of f .

b (k) , Θ
b (k) ) − (B ∗ , Θ∗ )
(B


Theorem 1 (Convergence
fixed design). Suppose for any fixed realization of X and E,
n
ofor
∞
b (k) , Θ
b (k)
the estimates (B
obtained by implemeting the alternating search step satisfy
 )
k=1
the following bound for some R > 0 that only depends on p1 , p2 and n:

The following theorem shows that any limit point (B ∞ , Θ∞
 ) of the iterative algorithm
described in Section 2.2 is a stationary point of f , as long as all the iterates are within a
closed ball around the truth.

Fact 1: Every coordinate-wise minimum is a stationary point of f .

Since dom(f0 ) is open and f0 is Gâteaux-differentiable on the dom(f0 ), by Tseng (2001)
Lemma 3.1, f is regular in the dom(f ). From the discussion on Page 479 of (Tseng, 2001),
we then have:

same convergence property still holds, since for all k ≥ 1, the following bound holds, for
some R0 > 0:


b (k)
b (k) − (B ∗ , Θ∗ ) ≤ R0 (p1 , p2 , n).
B
(11)
restricted , Θ

Remark 3. Tseng (2001) proved that if the level set {x : f (x) ≤ f (x0 )} is compact and f
satisfies certain conditions (Tseng, 2001, see Theorem 4.1 (a), (b) and (c) for details), the
limit point given by the general block-coordinate descent algorithm (with N ≥ 2 blocks) is a
stationary point of f . However, the conditions given in Theorem 4.1 (a), (b) and (c) are not
satisfied for the objective function at hand. Hence, for the problem under consideration, a
different strategy is needed to prove convergence of the 2−block alternating algorithm to a
stationary point, and the resulting statements hold true for all problems that use a 2-block
coordinate descent algorithm.

b=
Γ

o
n


b  + ρn kΘ k1,off ,
− log det Θ + tr SΘ






0 

0
b ⊗ X X , γ
b  ⊗ X 0 vec(Y )/n, Sb = 1 Y − X B
b
b .
Θ
b= Θ
Y − XB
n
n

p2 ×p2
Θ ∈S++

argmin

β∈Rp1 p2

(13)



Θ∗ ⊗

X 0X
n



p ×p2

argmin {− log det Θ + tr (SΘ ) + ρn kΘ k1,off } ,

(15)


1
b .
, γ̄ = Θ∗ ⊗ X 0 vec(Y )/n, S = (Y − XB ∗ )0 (Y − XB ∗ ) ≡ Σ
n

2
Θ ∈S++

14
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In (14), we obtain β using a penalized maximum likelihood regression estimate, and (15)
corresponds to the generic setting for using the graphical Lasso. A key difference between

Γ̄ =

where

Θ̄ ≡

β∈Rp1 p2

b are replaced by plugging in the true
Remark 6. As opposed to (12) and (13), if γ
b and Γ
values of the parameters, the two problems in (12) and (13) become

β̄ ≡ argmin −2β 0 γ̄ + β 0 Γ̄β + λn kβk1 ,
(14)

where

b ≡
Θ

In this subsection, wenshow that given
o∞ a random realization of X and E, with high probb (k) , Θ
b (k)
lies in a non-expanding ball around (B ∗ , Θ∗ ), thus
ability, the sequence (B
 )
k=1
satisfying the condition of Theorem 1 for convergence of the alternating algorithm.
It should be noted that for the alternating search procedure, we restrict our estimation
on a subspace identified by the screening step. However, for the remaining of this subsection,
the main propositions and theorems are based on the procedure without such restriction,
i.e., we consider “generic” regressions on the entire space of dimension p1 × p2 . Notwithstanding, it can be easily shown that the theoretical results for the regression parameters
on a restricted domain follow easily from the generic case, as explained in Remark 9.
Before providing the details of the main theorem statements and proofs, we first introduce additional notations. Let β = vec(B) be the vectorized version of the regression
b (k) ) and β ∗ = vec(B ∗ ). Moreover,
coefficient matrix. Correspondingly, we have βb(k) = vec(B
b
b
we drop the superscripts and use β and Θ to denote the generic estimators given by (12)
and (13), as opposed to those obtained in any specific iteration:
n
o
b + λn kβk1 ,
βb ≡ argmin −2β 0 γ
b + β 0 Γβ
(12)

3.2 Estimation Consistency.

Consequently, the rest of the derivation in Theorem 1 follows, leading to the convergence
property. The bound in eqn (11) will be shown at the end of Section 3.2.

F
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= Θ∗−1 ⊗ Θ∗−1 .

p2
X
j=1

∗
|Σ,ij
|.

p2
X
j=1

HS∗∗ S∗ ,ij .

e∈(S∗ )c

Definition 4 (Incoherence condition (Ravikumar et al., 2011)). Θ∗ satisfies the incoherence
condition if:
−1
∗
∗
k1 ≤ 1 − ξ, for some ξ ∈ (0, 1).
max kHeS
∗ (HS ∗ S ∗ )
 


Θ∗

max

i=1,2,··· ,p2

νΘ = ηΘ

j6=i

b ∼ RE(ϕ, φ), with s∗∗ φ ≤ ϕ/32;
A2. Γ

b γ
A3. (Γ,
b) satisfies the deviation bound

∀θ ∈ Rm .

r

b ∗ k∞ ≤ Q(νΘ )
kb
γ − Γβ

log(p1 p2 )
,
n

where Q(νΘ ) is some quantity depending on νΘ .
q
log(p1 p2 )
, the following bound holds:
n
Then, for any λn ≥ 4Q(νΘ )

kβb − β ∗ k1 ≤ 64s∗∗ λn /ϕ.

16
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b  is a deterministic matrix satisfying the bound kΘ
b  − Θ∗ k∞ ≤ νΘ where
A1. Θ


q
log p2
and ηΘ is some constant depending only on Θ∗ ;
n

Theorem 2 (Error bound for βb with fixed realizations of X and E). Consider βb given by
(12). For any fixed pair of realizations of X and E , assume the following:

Remark 7. Before moving on to the main statements of Theorem 2, we would like to
point out that with a slight abuse of notation, for Theorem 2 and its related propositions
and corollaries, the statements and analyses are based on equation (12) only, with any
b  within a small ball around Θ∗ . Similarly in Theorem 3,
deterministic symmetric matrix Θ

Proposition 3 and Corollary 2, the analyses are based on equation (13) only, for any given
b  during the
deterministic βb within a small ball around β ∗ . The randomness of βb and Θ
iterative procedure will be taken into consideration comprehensively in Theorem 4.

Based on the model in Section 2.1, since we are assuming X = (X1 , · · · , Xp1 )0 and
 = (1 , · · · , p2 ) come from zero-mean Gaussian distributions, it follows that X and  are
zero-mean sub-Gaussian random vectors with parameters (ΣX , σx2 ) and (Σ∗ , σ2 ), respectively. Moreover, throughout this section, all results are based on the assumption that Θ∗
is diagonally dominant.

|aii | >

Definition 6 (Diagonal dominance). A matrix A ∈ Rm×m is strictly diagonally dominant
if
X
|aij |, ∀i = 1, · · · , m.

θ0 Aθ ≥ ϕkθk2 − φkθk12 ,

Definition 5 (Restricted eigenvalue (RE) condition (Loh and Wainwright, 2012)). A symmetric matrix A ∈ Rm×m satisfies the RE condition with curvature ϕ > 0 and tolerance
φ > 0, denoted by A ∼ RE(ϕ, φ) if

the estimation problems in (12) and (13) versus those in (14) and (15) is that to obtain
b  we use estimated quantities rather than the raw data. This is exactly how we
βb and Θ
implement our iterative algorithm, namely, we obtain βb(k) using Sb(k−1) as a surrogate for
b (k) using
the sample covariance of the true error (which is unavailable), then estimate Θ
the information in βb(k) . This adds complication for establishing the consistency results.
Original consistency results for the estimation problem in (14) and (15) are available in
Basu and Michailidis (2015) and Ravikumar et al. (2011), respectively. Here we borrow
ideas from corresponding theorems in those two papers, but need to tackle concentration
bounds of relevant quantities with additional care. This part of the result and its proof are
shown in Theorem 4.
As a road map toward our desired result established in Theorem 4, we first show in
Theorem 2 that for any fixed realization of X and E, under a number of conditions on
b  − Θ∗ k∞ is small (up to a certain order), the error
(or related to) X and E, when kΘ

of βb is well-bounded. We then verify in Proposition 1 and 2 that for random X and E,
the above-mentioned conditions hold with high probability. Similarly in Theorem 3, we
show that for fixed realizations in X and E, under certain conditions (verified for random
b  is also well-bounded, given kβb − β ∗ k1 being
X and E in Proposition 3), the error of Θ
small. Finally in Theorem 4, we show that for random X and E, with high probability, the
(k)
iterative algorithm gives {(βb(k) , Θ )} that lies in a small ball centered at (β ∗ , Θ∗ ), whose
radius depends on p1 , p2 , n and the sparsity levels.
Next, for establishing the main propositions and theorems, we introduce some additional
notations.
Pp2
Pp2 ∗
– Sparsity level of β ∗ : s∗∗ := kβ ∗ k0 = j=1
kBj∗ k0 = j=1
sj . As a reminder of the
previous notation, we have s∗ = max sj∗ .
j=1,··· ,p2

– True edge set of Θ∗ : S∗ , and let s∗ := |S∗ | be its cardinality.

d2
log Θ
dΘ2

– Hessian of the log-determinant barrier log det Θ evaluated at Θ∗ :
H ∗ :=

max

i=1,2,··· ,p2

– Matrix infinity norm of the true error covariance matrix Σ∗ :
κΣ∗ := |||Σ∗ |||∞ =

=

∗ k .
kΘ,i·
0

∞

i=1,2,··· ,p2

max

(HS∗∗ S∗ )

– Matrix infinity norm of the Hessian restricted to the true edge set:
κH ∗ :=

– Maximum degree of Θ∗ : d :=
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– We write A & B if there exists some absolute constant c that is independent of the
model parameters such that A ≥ cB.
15

2

ψ i := σii −

j6=i

p2
X

σij ,

, φ∗ = (ϕ∗ log p1 )/n, and ψ i is defined as:

i

i

Q(νΘ ) = c2

∞

1/2 )

log(p1 p2 )
,
n

Λmax (Σ∗X )
Λmin (Σ∗ )

r



≤ Q(νΘ )

dνΘ [Λmax (Σ∗X )Λmax (Σ∗ )]1/2 +

(

1
b
X 0EΘ
n
.

(16)

17

b  − Θ∗ k∞ ≤ νΘ ,
kΘ
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b
Corollary 1 (Error Bound for βb for random X and E). Consider any determinisitic Θ
satisfying the following element-wise `∞ -bound:

Given the results in Theorem 2, Proposition 1 and Proposition 2, next we provide
Corollary 1, which gives the error bound for βb for random realizations of X and E.

Remark 8. In Proposition 1, p
the quantity d2 log p2 that shows up in the sample size requirement is a result of νΘ = O( log p2 /n), which is the common order of error in a generic
graphical Lasso problem. Hence here we explicitly list it for the purpose of showing results
for the generic graphical Lasso estimation problem. In our iterative algorithm, the order of
(k)
νΘ depends on the relative order of p1 and p2 , which may potentially make the sample size
requirement more stringent. This will be discussed in more detail in the proof of Theorem 4.

where

b ∗ k∞ =
kb
γ − Γβ

the following bound holds:

b γ
Proposition 2 (Deviation bound for (Γ,
b) for random X and E). Consider any determinb  satisfying (A1). Let sample size n satisfy n % log(p1 p2 ). With probability
istic matrix Θ
at least
1 − 12c1 exp[−(c22 − 1) log(p1 p2 )] for some c1 > 0, c2 > 1,

where σij ’s denote the entries in Θ∗ hence ψ i is the gap between its diagonal entry and the
sum of off-diagonal entries for row i.

where ϕ∗ =

Λmin (Σ∗X )

Proposition 1 (Verification of RE condition for random X and E). Consider any determinb  satisfying (A1). Let the sample size satisfy n % max{s∗∗ log p1 , d2 log p2 }.
istic matrix Θ
b satisfies the following
With probability at least 1 − 2 exp(−c3 n) for some constant c3 > 0, Γ
RE condition:


b≡Θ
b  ⊗ (X 0 X/n) ∼ RE ϕ∗ (min ψ i − dνΘ ), φ∗ max(ψ i + dνΘ ) ,
Γ

b and deviation bound for
The following two propositions verify the RE condition for Γ
b γ
b
(Γ,
b) hold with high probability for a random pair (X, E), given any symmetric, matrix Θ
satisfying (A1).
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q

log p2
n .

(17)

the following bound holds:

18

kSb − Σ∗ k∞ ≤ g(νβ ),

1 − 1/pτ11 −2 − 1/pτ22 −2 − 6c1 exp[−(c22 − 1) log(p1 p2 )],

JMLR 17(146):1-51

(19)

for some c1 > 0, c2 > 1, τ1 , τ2 > 2,

Proposition 3. Consider any determinisitc βb satisfying (B1). Then for sample size n
satisfying n % log(p1 p2 ), with probability at least

Proposition 3 gives an explicit expression for g(νβ ) under condition (B1). Specifically,
b exhibiting
it shows how well Sb concentrates around Σ∗ for random X and E, given some B
b equivalently),
a small error from its true value (or β,

where ξ is the incoherence parameter as defined in Definition 4.

Then, for ρn = (8/ξ)g(νβ ) and sample size n satisfying n % log(p1 p2 ), the following error
b  holds:
bound for Θ
b  − Θ∗ k∞ ≤ {2(1 + 8ξ −1 )κH ∗ }g(νβ ),
kΘ
(18)


B3. Incoherence condition holds for Θ∗ .

and g(νβ ) is some quantity depending on νβ ;

1
b 0 (Y − X B),
b
Sb = (Y − X B)
n

B2. kSb − Σ∗ k∞ ≤ g(νβ ) where

withηβ being some constant depending only on β ∗ ;

Next, we move onto analyzing the error bound of the other component, for a fixed given

− dνΘ ).

kβb − β ∗ k1 ≤ 64s∗∗ λn /ϕ,

b  for fixed realizations of X and E). Consider Θ
b  given by
Theorem 3 (Error bound for Θ
(13). For any fixed pair of realization (X, E), assume the following:
q

log(p1 p2 )
b ∗ k1 ≤ νβ , where νβ = ηβ
,
B1. βb is a deterministic vector satisfying kβ−β
n

b
β.

where ϕ =

1
∗
ψi
2 Λmin (Σ )(min
i

the following bound holds:

1 − 12c1 exp[−(c22 − 1) log(p1 p2 )] − 2 exp(−c3 n),

Then for sample size n % log(p1 p2 ) and for any regularization
q
parameter λn ≥ 4Q(νΘ ) log(pn1 p2 ) with the expression of Q(·) given in (16), there exists
c1 > 0 and c2 > 1 such that with probability at least:
with νΘ = ηΘ
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where
s
log 4 + τ2 log p2
+ νβ2
c∗ n

s

∗
[Λmax (ΣX
)Λmax (Σ∗ )]1/2

log 4 + τ1 log p1
∗
+ max(ΣX,ii
)
∗ n
i
cX
r
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g(νβ ) =
+

2c2 νβ

log(p1 p2 )
,
n

∗ are population quantities given in (57) and (62), respectively.
c∗ and cX

!
(20)

Given Theorem 3 and Proposition 3, we provide Corollary 2, which gives the error bound
b  for random realizations of X and E:
for Θ

for some c1 > 0, c2 > 1, τ1 , τ2 > 2,

b for random X and E). Consider any deterministic βb
Corollary 2 (Error bound for Θ
satisfying the following bound
kβb − β ∗ k1 ≤ νβ ,
q
with νβ = ηβ log(pn1 p2 ) . Also suppose the incoherence condition (B3) is satisfied. Then, for
sample size n % log(p1 p2 ) and regularization parameter ρn = (8/ξ)g(νβ ) with g(νβ ) given
in (20), with probability at least
1 − 1/p1τ1 −2 − 1/p2τ2 −2 − 6c1 exp[−(c22 − 1) log(p1 p2 )],
the following bound holds:
b  − Θ∗ k∞ ≤ {2(1 + 8ξ −1 )κH ∗ }g(νβ ).
kΘ


After providing the error bound for (12) and (13), in Theorem 4 we establish that with
high probability, the error of the sequence of estimates obtained in the alternating search
step of the algorithm described in Section 2.2 is uniformly bounded; that is, the sequence
of estimates lie in a non-expanding ball around the true value of the parameters uniformly
with a radius that does not depend on the iteration number k.
(k)

b  }). Consider the iterative algorithm given
Theorem 4 (Error bound for {βb(k) } and {Θ
b (k) } alternately. For random
in Section 2.2 that gives rise to sequences of {βb(k) } and {Θ
realization of X and E, we assume the following:
C1. The incoherence condition holds for Θ∗ .

C2. Θ∗ is diagonally dominant.
C3. The maximum sparsity level for all p2 regression s∗ satisfies s∗ = o(n/ log p1 ).
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(21)

(I) For sample size satisfying n % log(p1 p2 ), there exist constants c1 > 0, c2 > 1, c3 > 0
such that for any
r
log(p1 p2 )
∗
λn0 ≥ 4c2 [Λmax (ΣX
)Λmax (Σ∗ )]1/2
,
n
with probability at least 1 − 2 exp(−c3 n) − 6c1 exp[−(c22 − 1) log(p1 p2 )], the initial estimate
b (0) ) satisfies the following bound
βb(0) ≡ vec(B
(0)

kβb(0) − β ∗ k1 ≤ 64s∗∗ λn0 /ϕ∗ ≡ νβ ,

19
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(0)

(22)

for some τ1 , τ2 > 2,

∗ )/2. Moreover, by choosing ρ0 = ( 8 )g(ν
where ϕ∗ = Λmin (ΣX
n
β ) where the expression for
ξ
g(·) is given in (20), with probability at least

(0)

1 − 1/p1τ1 −2 − 1/p2τ2 −2 − 2 exp(−c3 n) − 6c1 exp[−(c22 − 1) log(p1 p2 )],
the following bound holds:

(0)

b (0) − Θ∗ k∞ ≤ {2(1 + 8ξ −1 )κH ∗ }g(ν ) ≡ ν .
kΘ
Θ
β

s∗∗

r

r

!

.

log(p1 p2 )
n

log(p1 p2 )
n

!

,

(II) For sample size satisfying n % d2 log(p1 p2 ), for any iteration k ≥ 1, with probability at
least
1 − 1/p1τ1 −2 − 1/p2τ2 −2 − 12c1 exp[−(c22 − 1) log(p1 p2 )] − 2 exp[−c3 n],

b (k) :
the following bounds hold for all βb(k) and Θ

kβb(k) − β ∗ k1 ≤ Cβ

b (k) − Θ∗ k∞ ≤ CΘ
kΘ

where s∗∗ is the sparsity of β ∗ , Cβ and CΘ are constants depending only on β ∗ and Θ∗ ,
respectively.

As a direct result of Proposition 1 in Basu and Michailidis (2015) and Corollary 3 in
Ravikumar et al. (2011), the following bound also holds:

kβb(k) − β ∗ kF
b (k) − Θ∗ kF
kΘ

0
≤ CΘ

≤ Cβ0

s∗∗ log(p1 p2 )
n

!

,

(s∗ + p2 ) log(p1 p2 )
,
n

r

r

Corollary 3. Under the same set of conditions C1, C2 and C3 in Theorem 4, there exists
0 such that for all iterations k, the
τ1 , τ2 > 2, c1 > 0, c2 > 1, c3 > 0 and constants Cβ0 and CΘ
following bound holds:

with probability at least

1 − 1/p1τ1 −2 − 1/p2τ2 −2 − 12c1 exp[−(c22 − 1) log(p1 p2 )] − 2 exp[−c3 n],

where s∗∗ and s∗ are the sparsity for β ∗ and Θ∗ , respectively.
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Remark 9. As mentioned earlier in this subsection, the actual implementation of the alternating search step is restricted to a subspace of Rp1 ×p2 . Next, we outline the corresponding
theoretical results for this specific scenario in which for each regression j, some fixed superset
of the indices of true covariates is given, and the regressions are restricted to these supersets,
respectively. Note that we need to make sure that the restricted subspace contains all the
true covariates for the results below to be valid.

20

S̄ =

j∈{1,··· ,p2 }

[

Sj ,

Λmin (Σ∗X )/2.
S̄
ρ0n

=

S̄

(0)
( 8ξ )g(νβ )
S̄

where the expression for

(0)

(0)

b (k)
kΘ


− Θ∗ k∞ ≤ CΘ

q

log(s̄p2 )
n



,

21

∗
0
b (k)
kΘ
 − Θ kF ≤ CΘ

(k)
b (k)
the following bound hold for all βbS̄ and Θ
 :
 q

(k)
(k)
2)
kβbS̄ − β ∗ k1 ≤ Cβ s∗∗ log(s̄p
, kβbS̄ − β ∗ kF ≤ Cβ0
n

r

s∗∗ log(s̄p2 )
n

!

,
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(s∗ + p2 ) log(s̄p2 )
,
n

r

(II) For sample size satisfying n % d2 log(s̄p2 ), for any iteration k ≥ 1, with probability at
least
1 − 1/s̄τ1 −2 − 1/pτ22 −2 − 12c1 exp[−(c22 > 1) log(s̄p2 )] − 2 exp[−c3 n],

S̄

∗
−1
b (0)
kΘ
 − Θ k∞ ≤ {2(1 + 8ξ )κH ∗ }g(νβ ) ≡ νΘ .

the following bound holds:

1 − 1/s̄τ1 −2 − 1/pτ22 −2 − 2 exp(−c3 n) − 6c1 exp[−(c22 − 1) log(s̄p2 )],

where
=
Moreover, by choosing
g(·) is given in (20), with probability at least

ϕ∗S̄

(0)

kβbS̄ − βS̄∗ k1 ≤ 64s∗∗ λ0n /ϕ∗S̄ ≡ νβ ,

(0)

(0)
the initial estimate βbS̄ satisfies the following bound:

(k)
and let s̄ be its cardinality. It can be shown that the best achievable error bound for βbR is
(k)
(k)
b
b
identical to βS̄ , where βS̄ is obtained by considering covariates XS̄ for all p2 regressions,
instead of the entire X. For this specific reason, formally, we state the theoretical results
for the case where we consider regressing on XS̄ , which is almost identical to the generic
case.
Suppose conditions C1, C2 and C3 in Theorem 4 hold, then there exists constants
c1 > 0, c2 > 1, c3 > 0, τ1 > 2, τ2 > 2 such that: (I) for sample size satisfying n % log(s̄p2 ),
w.p. at least 1 − 2 exp(−c3 n) − 6c1 exp[−(c22 − 1) log(s̄p2 )], for any
r
h
i1/2 log(s̄p )
2
0
∗
∗
λn ≥ 4c2 Λmax (ΣXS̄ )Λmax (Σ )
,
n

Now let

is obtained by doing the regression in (7), however with the indices of
∗ be the corresponding true value of β
b(k) . Note
covariates restricted to Sj . Also, we let βR
R
that always holds that
(k)
∗
kβbR − βR
k = kβb(k) − β ∗ k.

where

cp1

); p2 = O(ncp2 ).

k≥1

p
b (k) ) − (β ∗ , Θ∗ ) →
max (βbR , Θ
0.

R


22
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The proof of this corollary follows along the same lines as Theorem 4, and we leave the
details to the reader.

and for all iterations k:

P ({The screening step correctly recovers the true support set for all Bj , j = 1, · · · , p}) → 1,

As n → ∞,

s∗ = O(ncs ); s∗∗ = O(ncs∗∗ ); s∗ = O(ncs∗ ); d = O(ncd ); s̄ = O(en

such that

0 < cs∗ + cs̄ < 1/2; 0 < cs∗∗ + cs̄ < 1; 0 < 2cd + cs̄ < 1; 0 < max{cs∗ , cp2 } + cs̄ < 1

Corollary 4. Consider the model set-up given in Section 2.1. Let s∗ denote the maximum
sparsity for all Bj∗ , j = 2, · · · , p2 , and d denote the maximum degree of Θ∗ . Also, let s∗∗
denote the sparsity for β ∗ and s∗ denote the sparsity for Θ∗ . Assume there exist positive
constants cs∗ , cs∗∗ , cd , cs̄ , cp2 satisfying

Remark 10. The specified level for sparsity is necessary for the de-biased Lasso procedure
in Javanmard and Montanari (2014) to produce unbiased estimates for the regression coefficients. In terms of support recovery for the screening step, with log(p1 p2 )/n = o(1), we
only require s∗ = o(p1 ), which is much weaker and easily satisfied.
The following corollary connects the screening step with the alternating search step,
under the discussed asymptotic regime :

Then, the screening step described in Section 2.2 will correctly recover Sj∗ for all j =
1, · · · , p2 with probability approaching to 1, while keeping the family-wise type I error rate
under the prespecified level α.

Theorem 5. Let Sj∗ denote the true support set of the jth regression and s∗j be its cardinality.
Suppose that log(p1 p2 )/n → 0 and the following condition for sparsity holds:
√
max{s∗j , j = 1, · · · , p2 } = o( n/ log p1 ).

As mentioned in the Introduction, for the iterative algorithm to work effectively, it is crucial
to initialize from points that are close to the true parameters. Our screening step provides
such guarantees asymptotically. Based on the screening step described in Section 2.2, initial
estimates for each column of the regression matrix are obtained by Lasso or Ridge regression
with the support set restricted to the one identified by the screening step. It is desirable
for the screening step to correctly identify the true support set. In particular, we would
like to retain as many true positive predictor variables as possible without discovering too
many false positive ones. The following theorem states that as long as log(p1 p2 )/n = o(1)
and the sparsity is not beyond a specified level, the screening step will be able to recover
all true positive predictors, while keeping the family-wise type I error under control.

3.3 Family-wise Error Rate Control of the Screening Step.

where s∗∗ is the sparsity of β ∗ , Cβ , Cβ0 , CΘ and Cθ0 are all constants that do not depend on
n, S̄, p2 .

Let Sj denote the given fixed superset for each regression j, and we consider regressing
(k)
the response on XSj . We use βbR to denote the corresponding vectorized estimator of
iteration k, that is,
0
0
(k)
0
b (k)
b (k)
βbR = (B
1,Restricted , · · · , Bp2 ,Restricted ) ,

0
b (k)
B
j,Restricted
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3.4 Estimation Error and Identifiability.
In this subsection, we discuss in detail the conditions needed for the parameters in our
multi-layered network to be identifiable (estimable). We focus the presentation for ease of
exposition on a three-layer network and then discuss the general M -layer case.
e = [(X 1 )0 , (X 2 )0 ]0 be the (p1 + p2 ) dimensional
Consider a 3-layer graphical model. Let X
random variable, which represents the “super”-layer on which we regress X 3 to estimate
B 13 , B 23 and Σ3 . As shown in Theorem 2, the estimation error for βb takes the following
form:
kβb − β ∗ k1 ≤ 64s∗∗ λn /ϕ,

where ϕ is the curvature parameter for RE condition that scales with Λmin (ΣXe ) (see Proposition 1). Therefore, the error of estimating these regression parameters is higher when
Λmin (ΣX̃ ) is smaller. In this section, we derive a lower bound on this quantity to demonstrate how the estimation error depends on the underlying structure of the graph.
For the undirected subgraph
within a layer k, we denote its maximum node capacity
Ppk
by v(Θk ) := max1≤i≤pk j=1
|Θij |. For the directed bipartite subgraph consisting of Layer
s → t edges (s < t), we similarly
the maximum incoming andPoutgoing node capacities
Pps define
pt
st | and v
st
st
by vin (B st ) := max1≤j≤pt i=1
|Bij
out (B ) := max1≤i≤ps
j=1 |Bij |. The following
proposition establishes the lower bound in terms of these node capacities
Proposition 4.

 −2
Λmin (ΣXe ) ≥ v(Θ1 )−1 v(Θ2 )−1 1 + vin (B 12 ) + vout (B 12 ) /2

X1
X2

I
0
−(B 12 )0 I
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The three components in the lower bound demonstrate how the structure of Layers 1
and 2 impact the accurate estimation of directed edges to Layer 3. Essentially, the bound
suggests that accurate estimation is possible when the total effect (incoming and outgoing
edges) at every node of each of the three subgraphs is not very large.
This is inherently related to the identifiability of the multi-layered graphical models and
our ability to distinguish between the parents from different layers. For instance, if a node
in Layer 2 has high partial correlation with nodes of Layer 1, i.e., a node in Layer 2 has
parents from many nodes in Layer 1 and yields a large vin (B 12 ); or similarly, a node in
Layer 1 is the parent of many nodes in Layer 2, yielding a large vout (B 12 ). In either case,
we end up with some large lower bound for Λmin (ΣXe ) and it can be hard to distinguish
Layer 1 → 3 edges from Layer 2 → 3 edges.
For a general M -layer network, the argument in the proof of Proposition 4 (see Section B
for details) can be generalized in a straightforward manner. In the 2-layer network setting,
with the notation defined in Section 2, by setting 1 = X 1 , we have






=P
, where P =
.
1
2

I
0
... 0
−(B 12 )0
I
... 0
.
.
...
..
.. 0
−(B 1,M −1 )0 −(B 2,M −1 )0 . . . I

For an M -layer network, a modified P is given in the following form:




P =
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and combines node capacities for different layers. The conclusion is qualitatively similar,
i.e., the estimation error of an M -layer graphical model is small as long as the maximum
node capacities of different inter-layer and intra-layer subgraphs are not too large.

4. Performance Evaluation and Implementation Issues.

In this section, we present selected simulation results for our proposed method, in two-layer
and three-layer network settings. Further, we introduce some acceleration techniques that
can speed up the algorithm and reduce computing time.
4.1 Simulation Results.

For the 2-layer network, as mentioned in Section 2.1, since the main target of our proposed
algorithm is to provide estimates for B ∗ and Θ∗ (since ΘX can be estimated separately),
we only present evaluation results for B ∗ and Θ∗ estimates. Similarly, for the three-layer
network, we only present evaluation results involving Layer 3, using the notation in Section
∗ , B∗
∗
3.4, that is, BXZ
Y Z and Θ,Z estimates, which is sufficient to show how our proposed
algorithm works in the presence of a “super” - layer, taking advantage of the separability
of the log-likelihood.
2-layered Network. To compare the proposed method with the most recent methodology that also provides estimates for the regression parameters and the precision matrix
(CAPME, Cai et al. (2012)), we use the exact same model settings that have been used in
that paper. Specifically, we consider the following two models:

• Model A: Each entry in B ∗ is nonzero with probability 5/p1 , and off-diagonal entries
for Θ∗ are nonzero with probability 5/p2 .

• Model B: Each entry in B ∗ is nonzero with probability 30/p1 , and off-diagonal entries
for Θ∗ are nonzero with probability 5/p2 .

Model A

Model B

Table 1: Model Dimensions for Model A and B

(p1 , p2 , n)
p1 = 30, p2 = 60, n = 100
p1 = 60, p2 = 30, n = 100
p1 = 200, p2 = 200, n = 150
p1 = 300, p2 = 300, n = 150
p1 = 200, p2 = 200, n = 100
p1 = 200, p2 = 200, n = 200

As in Cai et al. (2012), for both models, nonzero entries of B ∗ and Θ∗ are generated from
Unif [(−1, −0.5) ∪ (0.5, 1)], and diagonals of Θ∗ are set identical such that the condition
number of Θ∗ is p2 .

TN
,
TN + FP

SPE =

TP
,
TP + FN
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TP × TN − FP × FN
MCC = p
.
(TP + FP)(TP + FN)(TN + FP)(TN + FN)

To evaluate the selection performance of the algorithm, we use sensitivity (SEN), specificity (SPE) and Mathews Correlation Coefficient (MCC) as criteria:
SEN =

24

or

e  − Θ∗ kF
kΘ
.
kΘ∗ kF

(p1 , p2 , n)
(30,60,100)
(60,30,100)
(200,200,150)
(300,300,150)
(200,200,200)
(200,200,100)

SEN
0.96(0.018)
0.99(0.009)
0.99(0.001)
1.00(0.001)
0.970(0.004)
0.32(0.010)

SPE
0.99(0.004)
0.99(0.003)
0.99(0.001)
0.99(0.001)
0.982(0.001)
0.99(0.001)

MCC
0.93(0.014)
0.93(0.017)
0.88(0.009)
0.84(0.010)
0.927(0.002)
0.49(0.009)

rel-Fnorm
0.22(0.029)
0.18(0.021)
0.18(.007)
0.21(0.007)
0.194 (0.009)
0.85(0.006)

(60,30,100)
(200,200,150)
(300,300,150)
(200,200,200)

Model B

CAPME

CAPME

CAPME

SEN
0.77(0.031)
0.58(0.03)
0.76(0.041)
0.78(0.019)
0.71(0.017)
0.73(0.023)
0.36(0.02)
0.57(0.027)
0.19(0.01)

SPE
0.92(0.007)
0.89(0.01)
0.89(0.015)
0.97(0.001)
0.98(0.001)
0.94(0.003)
0.97(0.00)
0.44(0.007)
0.87(0.00)

MCC
0.56(0.030)
0.45(0.03)
0.59(0.039)
0.55(0.012)
0.51(0.011)
0.39(0.017)
0.35(0.01)
0.04(0.008)
0.04(0.01)
0.84(0.002)

0.49(0.014)
0.60(0.007)
0.59(0.005)
0.62(0.011)

rel-Fnorm
0.51(0.017)

Layer 3 Signal.Strength
1
1.5
2

(p1 , p2 , p3 , n)
(50,50,50,200)
(50,50,50,200)
(50,50,50,200)
(20,80,50,200)
(80,20,50,200)
(100,100,100,200)
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Next, we present a comparison between the MLE estimator and the two-step estimator
of Cai et al. (2012). Specifically, we use the CAPME estimate as an initializer for the

4.2 A comparison with the two-step estimator in Cai et al. (2012)

In many applications, the data may not be exactly Gaussian, but approximately Gaussian.
Next, we present selected simulation results when the data comes from some distribution
that deviates from Gaussian. Specifically, we consider two types of deviations based on
the following transformations: (i) a truncated empirical cumulative distribution function
and (ii) a shrunken empirical cumulative distribution functions as discussed in Zhao et al.
(2015). In both simulation settings, we consider Model A with (p1 , p2 , n) = (30, 60, 100)
under the two-layer setting, and the transformation is applied to errors in Layer 2. Table 8
shows the simulation results for these two scenarios over 50 replications.
Based on the results in Table 8, relatively small deviations from the Gaussian distribution do not affect the performance of the MLE estimates under the examined settings that
are comparable to those obtained with Gaussian distributed data.

4.1.1 Simulation Results for non-Gaussian data

Based on the results shown in Tables 5, 6 and 7, the signal strength across layers
affects the accuracy of the estimation, which is in accordance with what has been discussed
regarding identifiability. Overall, the MLE estimator performs satisfactorily across a fairly
wide range of settings and in many cases achieving very high values for the MCC criterion.

As mentioned in the beginning of this subsection, we only evaluate the algorithm’s
performance on BXZ , BY Z and Θ,Z .

Table 4: Model Dimensions and Signal Strength for Model A, B and C

Model A
Model B
Model C

3. In practice, for the debias Lasso procedure, we use the default choice of tuning parameters suggested in
the implementation of the code provided in Javanmard and Montanari (2014); for FWER, we suggest
using α = 0.1 as the p
thresholding level; p
for tuning parameter selection, we suggest doing a grid search
for (λn , ρn ) on [0, 0.5 log p1 /n] × [0, 0.5 log p2 /n] with BIC.

3-layer Network. For a 3-layer network, we consider the following data generation
mechanism: for all three models A, B and C, each entry in BXY is nonzero with probability

As it can be seen from Tables 2 and 3, the sample size is a key factor that affects the
performance. Our proposed algorithm performs extremely well in its selection properties
on B and strikes a good balance between sensitivity and specificity in estimating Θ . 3 For
most settings, it provides substantial improvements over the CAPME estimator.

Table 3: Performance evaluation for estimated precision matrix, over 50 replications

(200,200,100)

(p1 , p2 , n)
(30,60,100)

Model A

Table 2: Performance evalution for the estimated regression matrix, over 50 replications

Model B

Model A

Tables 2 and 3 show the results for both the regression matrix and the precision matrix.
For the precision matrix estimation, we compare our result with those available in Cai et al.
(2012), denoted as CAPME.

e − B ∗ kF
kB
kB ∗ kF

5/p1 , each entry in BXZ and BY Z is nonzero with probability 5/(p1 + p2 ), and off-diagonal
entries in Θ,Z are nonzero with probability 5/p3 . Similar to the 2-layered set-up, the
nonzero entries in Θ,Z are generated from Unif[(−1, −0.5) ∪ (0.5, 1)] with its diagnals set
identical such that its condition number is p3 . For the regression matrices in the three
models, nonzeros in BXY are generated from Unif[(−1, −0.5) ∪ (0.5, 1)], and nonzeros in
BXZ and BY Z are generated from {Unif[(−1, −0.5) ∪ (0.5, 1)] ∗ Signal.Strength}, where the
signal strength in the three models are given by 1, 1.5 and 2, respectively. More specifically,
for Model A, B and C, nonzeros in BXZ or BY Z are generated from Unif[(−1, −0.5)∪(0.5, 1)],
Unif[(−1.5, −0.75) ∪ (0.75, 1.5)] and Unif[(−2, −1) ∪ (1, 2)], respectively.

Further, to evaluate the accuracy of the magnitude of the estimates, we use the relative
error in Frobenius norm:

rel-Fnorm =
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Model A
Model B
Model C

SEN
0.51(0.065)
0.85(0.043)
0.97(0.018)
0.55(0.078)
0.99(0.006)
1.00(0.001)

SPE
0.99(0.001)
0.99(0.001)
0.99(0.002)
0.99(0.001)
0.99(0.002)
0.99(0.001)

MCC
0.69(0.049)
0.898(0.025)
0.96(0.016)
0.72(0.059)
0.94(0.017)
0.87(0.016)

Estimating Multi-layered Gaussian Graphical Models

(p1 , p2 , p3 , n)
(50,50,50,200)
(50,50,50,200)
(50,50,50,200)
(20,80,50,200)
(80,20,50,200)
(100,100,100,200)

SEN
0.53(0.051)
0.90(0.033)
0.98(0.013)
0.95(0.013)
0.96(0.027)
1.00(0.000)

SPE
1.00(0.000)
1.00(0.000)
1.00(0.000)
1.00(0.000)
0.99(0.001)
1.00(0.000)

MCC
0.72(0.036)
0.95(0.019)
0.99(0.007)
0.98(0.007)
0.97(0.022)
0.99(0.002)

rel-Fnorm
0.68(0.050)
0.36(0.056)
0.16(0.040)
0.63(0.066)
0.076(0.032)
0.07(0.007)

rel-Fnorm
0.65(0.041)
0.25(0.049)
0.12(0.042)
0.19(0.030)
0.14(0.063)
0.025(0.002)

Table 5: Performance evaluation for estimated regression matrix BXZ over 50 replications

Model A
Model B
Model C

(p1 , p2 , p3 , n)
(50,50,50,200)
(50,50,50,200)
(50,50,50,200)
(20,80,50,200)
(80,20,50,200)
(100,100,100,200)

SEN
0.69(0.044)
0.77(0.050)
0.88(0.041)
0.72(0.041)
0.90(0.028)
0.96(0.014)

SPE
0.638(0.032)
0.82(0.036)
0.91(0.019)
0.80(0.028)
0.92(0.011)
0.96(0.003)

MCC
0.20(0.036)
0.42(0.071)
0.63(0.059)
0.36(0.050)
0.68(0.039)
0.68(0.016)

rel-Fnorm
0.82(0.017)
0.68(0.040)
0.56(0.034)
0.72(0.021)
0.58(0.018)
0.049(0.010)

Table 6: Performance evaluation for estimated regression matrix BY Z over 50 replications

Model A
Model B
Model C

(p1 , p2 , p3 , n)
(50,50,50,200)
(50,50,50,200)
(50,50,50,200)
(20,80,50,200)
(80,20,50,200)
(100,100,100,200)

Parameter
B
Θ
B
Θ

SEN
0.96(0.017)
0.76(0.031)
0.96(0.021)
0.76(0.033)

SPE
0.99(0.003)
0.91(0.008)
0.98(0.004)
0.92(0.008)

MCC
0.94(0.012)
0.55(0.030)
0.93(0.015)
0.56(0.035)

rel-Fnorm
0.20(0.028)
0.51(0.019)
0.21(0.034)
0.52(0.023)

Table 7: Performance evaluation for estimated precision matrix Θ,Z over 50 replications
Setting
Model A (30, 60, 100)
shrunken
Model A (30, 60, 100)
truncation

Table 8: Simulation results for B and Θ over 50 replications under npn transformation
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MLE procedure and examine its evolution over successive iterations. We evaluate the
value of the objective function at each iteration, and also compare it to the value of the
objective function evaluated at our initializer (screening + Lasso/Ridge) and the estimates
27
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0
275
282
433
979

1
275
255
275
267

2
275
247
275
250

3
275
247
275
249

4
275
248
275
249

5
275
248
275
248

6
275
248
275
248

refit
275
260
275
260

afterward. For illustration purposes, we only show the results for a single realization under
Model A with p1 = 30, p2 = 60, n = 100, although similar results were obtained in other
simulation settings. Figure 2 shows the value of the objective function as a function of the
iteration under both initialization procedures, while Table 9 shows how the cardinality of
the estimates changes over iterations for both initializers. It can be seen that the iterative
MLE algorithm significantly improves the value of the objective function over the CAPME
initialization and also that the set of directed and undirected edges stabilizes after a couple
iterations.

b (k)
B
b (k)
Θ
b (k)
B
b (k)
Θ

Figure 2: Comparison between Cai’s estimate and our estimate

Our initializer
CAPME initializer

Table 9: Change in cardinality over iterations for B and Θ
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Based on Figure 2 and Table 9, we notice that Cai et. al’s two-step estimator yields
larger value of the objective function compared with our initializer that is obtained through
screening followed by Lasso. However, over subsequent iterations, both initializers yield
the same value in the objective function, which keeps decreasing according to the nature of
block-coordinate descent.

28

2
Θ ∈S++

p ×p2

b (1) = argmin
Θ


j=1

o
n
log det Θ − tr(Sb(1) Θ ) + ρn kΘ k1,off ,

=

p ×p2

2
Θ ∈S++

i=j+1

(23)

29
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Intuitively, for the first iteration, we wait for the algorithm to complete the whole cyclic
p2 block-coordinate descent step, as the first iteration usually achieves a big improvement
in the value of the objective function compared to the initialization values, as depicted in

where Sb(k) is defined similarly.

b (k)
Θ


i=1



j−1
p2
X
X
(k)
(k−1)
ij
(k−1)
ij
(k−1)
b )+
b
 (σ )
(Yi − X B
(σ )
(Yi − X B
) .
i
i

n
o
= argmin log det Θ − tr(Sb(k) Θ ) + ρn kΘ k1,off ,

(σjj )(k−1)

1

· Update Θ by

(k)
rj

where

· For j = 1, · · · , p2 , update Bj once by
)
(
jj (k−1)
(k)
2
b (k) = argmin (σ )
kY
+
r
−
XB
k
+
λ
kB
k
,
B
j
j
n
j
1
2
j
j
n
Bj ∈Bj

– For iteration k ≥ 2, while not converged:

b (1) ≡ Y − X B
b (1) .
where Sb(1) is the sample covariance matrix of E

and

i=1 j=1

– Iteration 1: update B and Θ as follows, respectively:


p2 X
p2
p2
1 X

X
(1)
ij
(0)
>
b = argmin
B
(σ ) (Yi − XBi ) (Yj − XBj ) + λn
kBj k1 ,


n
B∈B1 ×···×Bp2

(p2 + 1)-block update. In Section 2, we update B and Θ by (6) and (8), respectively,
and within each iteration, the updated B is obtained by an application of cyclic p2 -block
coordinate descent with respect to each of its columns until convergence. As shown in
Section 3.1, the outer 2-block update guarantees the MLE iterative algorithm to converge
to a stationary point. However in practice, we can speed up the algorithm by updating B
without waiting for it to reach the minimizer for every iteration other than the first one.
More precisely, for the alternating search step, we take the following steps when actually
b (0) and Θ
b (0)
implementing the proposed algorithm with initializer B
 :

Next, we introduce some acceleration techniques for the MLE algorithm aiming to reduce
computing time, yet maintaining estimation accuracy over iterations.

4.3 Implementation issues

Estimating Multi-layered Gaussian Graphical Models

(σjj )(k−1)

1

i6=j

p2
X
b (k−1) ),
(σij )(k−1) (Yi − X B
i

2-block
5074

(p2 + 1)-block
2556

2-block in parallel
848

(p2 + 1)-block in parallel
763

30

4. For parallelization, we distribute the computation on 8 cores.
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Remark 11. The total computing time depends largely on the number of bootstrapped
samples we choose for the stability selection step. For the above displayed results, we used
50 bootstrapped samples to obtain the weight matrix. Nevertheless, one can select the
number of bootstrap samples judiciously and reduce them if performance would not be
seriously impacted.

As shown in the table, using (p2 + 1)-block update and parallelization both can speed
up convergence and reduce computing time, which takes only 1/7 of the computing time
compared with using 2-block update without parallelization.

Table 10: Computing time with different update methods

elapsed time (sec)

Table 10 shows the elapsed time for carrying out our proposed algorithm using 2block/(p2 + 1) -block update with/without parallelization, under the simulation setting
where we have p1 = p2 = 200, n = 150. The screening step and refitting step are both
carried out in parallel for all four different implementations. 4

which is not updated until we have updated Bj ’s once for all j = 1, · · · , p2 in parallel.

(k)

rj,parallel =

Parallelization. A number of steps of the MLE algorithm is parallelizable. In the
screening step, when applying the de-biased Lasso procedure (Javanmard and Montanari,
2014) to obtain the p-values, we need to implement p2 separate regressions, which can be
distributed to different compute nodes and carried out in parallel. So does the refitting
step, in which we refit each column in B in parallel.
Moreover, according to Bradley et al. (2011); Richtárik and Takáč (2012); Scherrer et al.
(2012) and a series of similar studies, though the block update in the alternating search
step is supposed to be carried out sequentially, we can implement the update in parallel to
speed up convergence, yet empirically yield identical estimates. This parallelization can be
applied to either the minimization with respect to B within the 2-block update method, or
the minimization with respect to each column of B for the (p2 + 1)-block update method.
(k)
Either way, rj in (23) is substituted by

Figure 2. However, in subsequent iterations, the changes in the objective function become
relatively small, so we do (p2 + 1) successive block-updates in every iteration, and start to
update Θ once a full p2 block update in B is completed, instead of waiting for the update
in B proceeds cyclically until convergence. In practice, this way of updating B and Θ
leads to faster convergence in terms of total computing time, yet yields the same estimates
compared with the exact 2-block update shown in Section 2.
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5. Discussion.

(24)

In this paper, we examined multi-layered Gaussian networks, proposed a provably converging algorithm for obtaining the estimates of the key model parameters and established their
theoretical properties in high-dimensional settings. Note that we focused on `1 penalties for
both the directed and undirected edges, since it was assumed that the multi-layer network
was sparse both between layers and within layers. In many scientific applications, external
information may require imposing group penalties, primarily on the directed edge parameters (B). For example, in a gene-protein 2-layer network, genes can be grouped according
to their function in pathways and one may be interested in assessing the pathway’s impact
on proteins. In that case, a group lasso penalty can be imposed. In general, the proposed
framework can easily accommodate other types of penalties in accordance to the underlying data generating procedure. The exact form of the error bounds established would
be different, depending on the exact choice of penalty selected. Nevertheless, as long as
the penalty is convex, all arguments regarding bi-convexity and convergence follow, and we
can use similar strategies to bound the statistical error of the estimators, obtained via the
iterative algorithm.
Next, we discuss connections of this work to that in Sohn and Kim (2012); Yuan and
Zhang (2014); McCarter and Kim (2014). In these papapers, an alternative parameterization of the 2-layer network is adopted. Specifically, all nodes in layersd 1 and 2 are
considered jointly and assumed to be drawn from the following Gaussian distribution:

 
−1 !
ΩX ΩXY
X
∼ N 0,
,
Y
ΩY X ΩY
and by conditioning Y on X, one obtains

0
X, ΩY−1 .
Y |X ∼ N −ΩY−1 ΩXY

ΩY = Θ .

(25)

Compare (24) with our model set-up in Section 2.1, the following correspondence holds:

B = −ΩXY ΩY−1 ,

(26)

Note that the correspondence in (25) is only guaranteed to hold in selective settings. Specifically, at the population level, the correspondence between (ΩXY , ΩY ) and (B, Θ ) holds
in the absence of any sparsity penalization. Further, in a low-dimensional data setting
without penalty terms in the objective function, the estimates from the two parameterizations would be similar provided that the problem is well-conditioned and the sample size
reasonably large.
However, the situation is different in high-dimensional settings and in the presence of
sparsity penalties. Specifically, given data X and Y , instead of parametrizing the model in
terms of (B, Θ ), the authors in Sohn and Kim (2012); Yuan and Zhang (2014); McCarter
and Kim (2014) consider the following optimization problem, parametrized in (ΩXY , ΩY ):
min g(ΩXY , ΩY ) ≡ g0 (ΩXY , ΩY ), +R(ΩXY , ΩY )
ΩXY ,ΩY
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where g0 (ΩXY , ΩY ) = − log det ΩY + n1 tr (Y + ΩXY ΩY−1 X)0 ΩY (Y + ΩXY ΩY−1 X) is jointly
convex in (ΩXY , ΩY ), and R(ΩXY , ΩY ) is some regularization term. In particular, the
31
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element-wise `1 norm on ΩY , and the element-wise `1 or column-wise `1 norm (matrix 2, 1
norm) on ΩXY are the main penalties under consideration in those papers.
Despite the convex formulation in (26), we would like to point out that in general, the
sparsity pattern in B and ΩXY are not transferable through the regularization term, which
underlies a major difference between the formulation in (26) and the one presented in this
paper. Given the correspondence in (25), there are two cases where B and ΩXY share the
same sparsity pattern: 1) ΩY (or Θ , equivalently) is diagonal, or 2) both the ith row in
B and ΩXY are identically zero, for an arbitrary i = 1, · · · , p1 . However, both settings are
fairly restrictive and unlike to occur in many applications.
Note that the linear model represents a natural modeling tool for a number of problems and the regression coefficients have a specific scientific interpretation. This is easily
accomplished through the (B, Θ )-parametrization, by adding proper regularization to B
(e.g., penalty which enforces element-wise sparsity or group-Lasso type of sparsity, etc) if
necessary. However, with the (ΩXY , ΩY )-parametrization, the underlying sparsity in the
true data generating procedure, encoded by B, will not be easily incorporated, and to add
a regularization term on ΩXY may lose the scientific interpretability, and may also lead to
an estimated B whose sparsity pattern is completely mis-specified, obtained from (25) with
b XY , Ω
b Y plugged in.
Ω
Another difference we would like to point out is that once we add penalty terms to the
objective function in the low dimensional setting, or switch to the high dimensional setting
(as considered in Sohn and Kim (2012) and Yuan and Zhang (2014)), the correspondence
between the optimizer(s) of (1) and the optimizer(s) of (26) become difficult to connect
analytically.
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b (0) , Θ
b (0)
(B
 )
(28)

(27)

∈ dom(f ). Then for all

e∞, Θ
e∞
for some (B
 ) ∈ dom(f ).

(29)

∀B ∈ Rp1 ×p2 .

∀B ∈ Rp1 ×p2 .

(30)

2 ×p2
∀Θ ∈ Sp++
.

(31)

33

5. switching to some further subsequence of K if necessary.
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Now, (30) and (31) together imply that (B ∞ , Θ∞
 ) is a coordinate-wise minimum of f and
by Fact 1, also a stationary point of f .

∞
f (B ∞ , Θ∞
 ) ≤ f (B , Θ ),

b (k) , Θ
b (k)
b (k) , Θ ), for all Θ ∈ Sp2 ×p2 . As before, let k grow
Finally, note that f (B
 ) ≤ f (B
++
along K and with the continuity of f , we obtain:

∞
f (B ∞ , Θ∞
 ) ≤ f (B, Θ ),

It then follows from (29) that

∞
e ∞ , Θ∞
f (B
 ) ≤ f (B, Θ ),

p1 ×p2 , let k grow along K, and we
b (k+1) , Θ
b (k)
b (k)
Next, since f (B
 ) ≤ f (B, Θ ), for all B ∈ R
obtain the following:

∞
∞
e ∞ , Θ∞
f (B
 ) = f (B , Θ ).

since f is continuous. This implies that

∞
∞
e∞ ∞
f (B ∞ , Θ∞
 ) ≤ f (B , Θ ) ≤ f (B , Θ ),

Thus, by letting k → ∞ over K, we have

b (k+1) , Θ
b (k+1)
b (k+1) , Θ
b (k)
b (k) , Θ
b (k)
f (B
) ≤ f (B

 ) ≤ f (B
 ).

∞
e∞
By (27) it follows immediately that Θ
 = Θ . Also, the following inequality holds:

b (k+1) , Θ
b (k)
e∞ e ∞
{(B
 )}k∈K → (B , Θ ),

b (k) , Θ
b (k)
Now, consider a limit point (B ∞ , Θ∞
 )}k≥1 . Note that such
 ) of the sequence {(B
b (k) , Θ
b (k)
limit point exists by Bolzano-Weierstrass theorem since the sequence {(B
 )}k≥1 is
(k)
(k)
b ,Θ
b  )k∈K converges to
bounded. Consider a subsequence K ⊆ {1, 2, · · · } such that (B
5
b (k+1) , Θ
b (k)
(B ∞ , Θ∞
 )}k∈K , without loss of generality,
 ). Now for the bounded sequence {(B
we can say that

Θ

b (k)
b k , Θ ).
Θ
= argmin f (B


B

b (k) = argmin f (B, Θ
b (k−1)
B
),


Proof of Theorem 1. We initialize the algorithm at
k ≥ 1,

Appendix A. Proofs for Main Theorems
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i

r

2 log(4r)
.
n

(33)

Γ(0) = I ⊗
Consider the following events:
n 0
o
E1. XnX ∼ RE(ϕ∗ , φ∗ ) ,

where

X 0X
,
n

β∈Rp1 ×p2

34

γ (0) = (I ⊗ X 0 )vecY /n.
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Proof of Theorem 4. We first consider part (I) of the theorem. Note that by (5), βb(0)
can be equivalently written as

βb(0) ≡ argmin −2β 0 γ 0 + β 0 Γ0 β + λ0n kβk1 ,
(34)

In our optimization problem (13), we are using Sb instead of S, hence a bound for kSb −Σ∗ k∞
is necessary, and the remaining argument in the proof of Theorem 1 (Ravikumar et al., 2011)
will follow through.
Therefore in our theorem statement, we use g(νβ ) as a bound for kSb − Σ∗ k∞ then yield
b  − Θ∗ k∞ , since we are using the surrogate error E
b = Y − XB
b in the
the bound for kΘ

estimation, instead of the true error E.

kS − Σ∗ k∞ ≤ δ̄(pτ2 , n).

The quantity δ̄(pτ2 , n) that shows up in expression (32) is the bound for kS − Σ∗ k∞ ≡
b  − Σ∗ k∞ . In particular, in Lemma 8 (Ravikumar et al., 2011), they show that with
kΣ
probability at least 1 − 1/pτ2 , τ > 2, the following bound holds:

δ̄(r, n) := 8(1 + 4σ 2 ) max(Σ∗,ii )

where δ̄(r, n) is defined as

Proof of Theorem 3. The statement of this theorem is a variation of Theorem 1 in
Ravikumar et al. (2011), so here, instead of providing a complete proof of the theorem,
we only outline how the estimation problem differs in our setting, as well as the required
changes in its proof.
In Ravikumar et al. (2011), the authors consider the optimization problem in (15), and
show that for a random realization, with certain sample size requirement and choice of the
regularization parameter, the following bound for Θ̄ holds with probability at least 1−1/pτ2
for some τ > 2:
kΘ̄ − Θ∗ k∞ ≤ {2(1 + 8ξ −1 )κH ∗ }δ̄f (pτ2 , n),
(32)

Proof of Theorem 2. The statement of Theorem 2 is a variation of Proposition 4.1 in
Basu and Michailidis (2015), and its proof follows directly from the proof of the proposition
in Basu and Michailidis (2015, Appendix B). We only outline how the statement differs. In
the original statement of Proposition 4.1 in Basu and Michailidis (2015), the authors provide
the error bound for β̄, obtained as per (14) whose dimension is qp2 with q denoting the
true lag of the vector-autoregressive process, under an RE condition for Γ̄ and a deviation
b and deviation
bound for (γ̄, Γ̄). For our problem, we impose a similar RE condition on Γ
b so as to yield a bound on βb that lies in a p1 p2 -dimensional space.
bound on (b
γ , Γ),
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E2.


1
n

log(p1 p2 )
n


.

∗
where ϕ∗ = Λmin (ΣX
)/2.

q
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∗ )Λ
∗ 1/2
kX 0 Ek∞ ≤ c2 [Λmax (ΣX
max (Σ )]

Note that E1 ∩ E2 implies the following events:
Γ(0)

X 0X
≡I⊗
∼ RE(ϕ∗ , φ∗ ),
n

and
r
1
log(p1 p2 )
∗
kγ (0) − Γ(0) β ∗ k∞ =
X 0 E ∞ ≤ c2 [Λmax (ΣX
)Λmax (Σ∗ )]1/2
.
(35)
n
n
Hence, by Proposition 4.1 of Basu and Michailidis (2015), the bound (21) holds on E1 ∩
E2.
By Lemmas 1 and 2, P(E1) is at least 1 − 2 exp(−c3 n), for some c3 > 0. By Lemma 3,
P(E2) is at least 1 − 6c1 exp[−(c22 − 1) log(p1 p2 )] for some c1 > 0, c2 > 1. Hence, with
probability at least
P (E1 ∩ E2) ≥ 1 − P (E1c ) − P (E2c ) ,
log(p1 p2 )/n)

the bound in (21) holds, which proves the first part of (I). In particular, we have kβ̂ 0 −β ∗ k1 ≤
p
∼ O(
on E1 ∩ E2.

(0)
νβ

Sb(0) − Σ∗

∞

(0)

≤ g(νβ ),

1
b (0) )0 (Y − X B
b (0) ),
where Sb(0) = (Y − X B
n

(36)

To prove the second part of (I), note that by Theorem 3 the bound in (22) holds when
B1-B3 are satisfied. Now, from the argument above, B1 holds on the event E1 ∩ E2. Also,
from the proof of Proposition 3, B2 is satisfied, i.e.,

n

X0X
n

∗
− ΣX

∞

∞

≤

q



log 4+τ1 log p1
∗ n
cX

o

(37)

∗ .
for some τ1 > 2 and cX ∗ > 0 that depends on ΣX

on E1 ∩ E2 ∩ E3 ∩ E4, where the events E3 and E4 are given by:
q
o
n 0
EE
∗
2 log p2
≤ log 4+τ
for some τ2 > 2 and c∗ > 0 that depends on Σ∗ ,
n − Σ
c∗ n
E3.

E4.

P (E1 ∩ E2 ∩ E3 ∩ E4) ,

b (0) in (22) to hold is at least
Therefore, the probability of the bound for Θ

−

6c1 exp[−(c22

−

1) log(p1 p2 )]

−

1/p1τ1 −2

−

1/p2τ2 −2 .

By Lemma 2, Lemma 3 and the proof of Proposition 3, the probability in (37) is lower
bounded by:
1−

2 exp(−c3 n)

log(p1 p2 )
≡ MΘ ,
n
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Consider the following two cases where the relative order of p1 and p2 differ. Case 1:
p
(0)
(0)
p1 ≺ p2 , then νΘ ∼ O( log p2 /n); case 2: p1 % p2 , then νΘ ∼ O (log(p1 p2 )/n). In
either
case, since we are assuming log(p1 p2 )/n to be a small quantity and it follows that
p
log(p1 p2 )/n % log(p1 p2 )/n, the following bound always holds:
r
(0)

νΘ ≤ CΘ

35

βb(k) =

b (k) =
Θ
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argmin

β∈Rp1 ×p2

p ×p2

argmin

2
Θ ∈S++

0
b (k) = Θ
b (k) ⊗ X X ,
Γ
n

1
b (k) )0 (Y − X B
b (k) ).
Sb(k) = (Y − X B
n

n
o
log det Θ − tr(Sb(k) Θ ) + ρn kΘ k1,off ,

(39)

p
where C is some large fixed constant that bounds the constant terms in front of log(p1 p2 )/n.
Θ
b (k) are
Now we consider part (II) of the theorem. Note that for each k ≥ 1, βb(k) and Θ
obtained via solving the following two optimizations:
o
n
b (k−1) β + λn kβk1 ,
(38)
−2β 0 γ
b(k−1) + β 0 Γ
where

0
b (k) ⊗ X Y ,
γ
b(k) = Θ
n

1
n

kX 0 EΘ∗ k∞ ≤ c2

(0)

h
i
∗ ) 1/2
Λmax (ΣX
Λmin (Σ∗ )

Consider the bound on β̂ (k) for k = 1. The argument is similar to that of β̂ (0) , with
appropriate modifications to account for the fact that the objective function now involves
log likelihood instead of least squares. Formally, we consider the event E1 ∩ E2 ∩ E3 ∩
E4 ∩ E5, where


q
log(p1 p2 )
.
n
E5.

(0)

b  − Θ∗ k∞ ≤ ν } holds on this event. By Lemma 3, P(E5) ≥ 1 −
Note that {kΘ

Θ
6c1 exp[−(c22 − 1) log(p1 p2 )]. Combining this with the lower bound on (37) and the sample size requirement (note this sample size requirement can be relaxed to n % log(p1 p2 ) if
p1 ≺ p2 ), we obtain that with probability at least

∗ )
log p1 Λmin (ΣX
(max ψ j + dMΘ );
j
n
2

1 − 1/p1τ1 −2 − 1/p2τ2 −2 − 12c1 exp[−(c22 − 1) log(p1 p2 )] − 2 exp[−c3 n],

and φ(0) ≤

the following three events hold simultaneously:
p
log(p1 p2 )/n);
b (0) − Θ∗ k∞ ≤ ν (0) - O(
A1’ kΘ
Θ

∗ )
Λmin (ΣX
(min ψ i − dMΘ )
i
2

b (0) ∼ RE(ϕ(0) , φ(0) ) where
A2’ Γ

ϕ(0) ≥

log(p1 p2 )
,
n

the following bound holds:

(0)

(40)

q
b (0) β ∗ k∞ ≤ Q(ν (0) ) log(p1 p2 ) with the expression for Q(·) given in (16).
A3’ kb
γ (0) − Γ
Θ
n

q

kβb(1) − β ∗ k1 ≤ 64s∗∗ λn /ϕ(0) .

By Theorem 2, by choosing λn ≥ 4Q(MΘ )

(1)
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b  can now be established using the same argument for Θ̂ , with
The error bound for Θ
the only difference that now we consider the event E1 ∩ . . . ∩ E5 instead of E1 ∩ . . . ∩ E4
and use (40) instead of (21).

36

σ2
b X Mj0 ,
Mj Σ
n

37
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6. Details of the procedure is described in p.2871 in Javanmard and Montanari (2014), with M being an
intermediate quantity obtained by solving an optimization problem.

and in particular, the variance of B̌j,i is Σ̌j,ii := σ̌iij . Using these notations, for a prespecified
∗ = 0 vs. H ji : B ∗ 6= 0, for all i =
level α, the test statistics for testing H0ji : Bj,i
j,i
A

Σ̌j =

Proof of Theorem 5. First, we note that with a Bonferroni correction, the family-wise
type I error will be automatically controlled at level α. Hence, we will focus on the power
of the screening step. Also, from Theorem 7 of Javanmard and Montanari (2014), it is easy
to see that all the arguments below hold for a large set of random realizations of X, whose
probability approaches 1 under the specified asymptotic regime when the eigenvalues of ΣX
are bounded away
from 0 and

 infinity.
Let B ∗ = B1∗ · · · Bp∗2 denote the true value of the regression coefficients and B̌j , j =
1, · · · , p2 denote the estimates given by the de-biased Lasso procedure in Javanmard and
Montanari (2014). With the given level for sparsity, by Theorem 8 in Javanmard and
Montanari (2014), each B̌j satisfies the following:
√
n(B̌j − Bj∗ ) = Z + ∆,


b X is the sample covarib X M 0 and ∆ vanishes asymptically. Here Σ
where Z ∼ N 0, σ 2 Mj Σ
j
ance matrix of the predictors X, σ is the population noise level of the error term j , and Mj
is the matrix corresponding to the jth regression, produced by the procedure described in
Javanmard and Montanari (2014)6 . Let B̌j,i denote the ith coordinate of the jth regression
coefficient vector B̌j and Σ̌j be the covariance matrix of the estimator B̌j , then

with high probability since we are assuming CΘ to be some potentially large number.
Note that the events E1, . . . , E5 rely only on the parameters and not on the estimated
quantities, and on their intersection we have uniform upper bounds on the errors of βb(k)
b k for k = 0, 1. Hence the error bounds for k = 1 can be used to invoke Theorems
and Θ

2 and 3 inductively on realizations X and E from the set E1 ∩ . . . ∩ E5 to provide high
probability error bounds for all subsequent iterates as well. This leads to the uniform error
bounds of part (II) with the desired probability.

b (1) − Θ∗ k∞ ≤ MΘ ,
kΘ



with Cβ being some potentially large number that bounds the constant term. Notice that
(0)
b (1)
Mβ is of the same order as νβ ; thus, for Θ
 , we can also achieve the following bound:

Note that anpupper bound for the leading term of the right hand side of (40) is at most
of the order O( log(p1 p2 )/n), and can be written as
!
r
log(p1 p2 )
∗∗
≡ Mβ ,
Cβ s
n
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[

(41)

(42)

∗
0 < γ ≤ min |Bj,k
|, ∀k ∈ Sj , j = 1, · · · , p2 .

G(α, u) ≡ 2 − P(Φ < zα/2 + u) − P(Φ < zα/2 − u),

!
√
nγ
α
,
;
1/2
p1 p2 σ[Σ−1
k,k ]

2

38

2 /2

2e−t ≤ P(|Φ| > t) ≤ e−t

,
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where we use Φ to denote the random variable following a standard Gaussian distribution.
Note that the following inequality holds for standard Normal percentiles:



P Tbj,k = 0 ≤ 1 − G

!
√
nγ
α
,
1/2
p1 p2 σ[Σ−1
k,k ]
!
!
√
√
nγ
nγ
= P Φ < zα/(2p1 p2 ) −
−
P
Φ
>
z
+
(43)
α/(2p1 p2 )
1/2
1/2
σ[Σ−1
σ[Σ−1
k,k ]
k,k ]
!
√
nγ
≤P Φ>
− zα/(2p1 p2 ) ,
1/2
σ[Σ−1
k,k ]

where we use Φ to denote the random variable following a standard Gaussian distribution
and the choice of n in (42) doesn’t depend on k. Hence, (42) can be rewritten as

Here



P Tbj,k = 0 ≤ 1 − G

By Theorem 16 in Javanmard and Montanari (2014), asymptotically, ∀k ∈ Sj , j = 1, · · · , p2 ,

j=1 k∈Sj∗



{Tbj,k = 0} .

Correspondingly, the family-wise type II error can be written as


p2 X


[ [
X
P
{Tbj,k = 0} ≤
P Tbj,k = 0 .
1≤j≤p2 k∈Sj∗


{Tbj,k = 1}
1≤j≤p2 k∈Sj∗

[

\

1≤j≤p2 k∈Sj∗

\

= 1 − P

P (all true alternatives are detected) = P 

where zα denotes the upper α quantiles of N (0, 1).
Define the “family-wise” power as follows:


1, · · · , p1 ; j = 1, · · · , p2 can be equivalently written as
(
1 if |B̌j,i |/σ̌iij > zα/(2p1 p2 ) ,
b
Tj,i =
0 otherwise.
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it follows that
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α
p1 p2 ,

α
2p1 p2

1/2
≤ zα/(2p1 p2 ) ≤



α 1/2
−2 log
,
p1 p2

→ 0,

log(p1 p2 )
→ 0,
n

!
!
√
√
r
nγ
nγ
α
≤P Φ>
−2 log
.
−1 1/2 − zα/(2p1 p2 )
−1 1/2 −
p1 p2
σ[Σk,k
]
σ[Σk,k
]


− log

and by taking the inverse function, the following inequality holds:
r
p
y
− log ≤ zy/2 ≤ −2 log y.
2
Letting y =

hence
P Φ>
Now given

it follows that
p1 p2 
α

−1 1/2
n/σ[Σk,k
]

q
2 log

√

indicating that for sufficiently large n, the following lower bound holds for some constant
c0 > 0:
!
√
r
√
nγ
α
−2 log
≥ c0 n.
−1 1/2 −
p1 p2
σ[Σk,k
]

Note that c0 is univeral for all choices of k, since this lower bound can be achieved by
−1
by (1/Λmin (ΣX )), which is assumed to be bounded away from infinity.
substituting Σk,k
2

Combined with the fact that P(Φ > t) ≤ e−t /2 , the last expression in (43) can thus be
bounded by

!
! 
2
√
√
r
1
nγ
nγ
α
 ≤ e−c1 n ,
≤ exp −
−2 log
−1 1/2 − zα/(2p1 p2 )
−1 1/2 −
2 σ[Σk,k
p1 p2
σ[Σk,k
]
]
P Φ>

[

[

1≤j≤p2 k∈Sj∗

{Tbj,k = 0} ≤ s∗ p2 exp(−c1 n).

(45)

(44)
for some universal constant c1 > 0, and the bound in (44) holds uniformly for all k ∈ Sj , ∀j.
Combine (41), (42) and (44), it follows that


P
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√
Now with log(p1 p2 )/n = o(1) and the given sparsity level, that is, s∗ = o( n/ log p1 ), it
follows that
s∗ p2 exp(−c1 n) = o(1),
39

and by (45), we have:

⇔

P (family-wise power) → 1.

Lin, Basu, Banerjee and Michailidis

P (family-wise type II error) → 0,

This is equivalent to establishing that, given log(p1 p2 )/n → 0, the screening step recovers
the true support sets Sj∗ for all j = 1, 2, · · · , p2 with high probability, while keeping the
family-wise type I error rate under control.

Appendix B. Proofs for Propositions and Auxillary Lemmas

In this subsection, we provide proofs for the propositions presented in Section 3, which
requires several auxillary lemmas, whose proofs are presented along the context.

To prove Proposition 1, we need the following two lemmas. Lemma 1 was originally
provided as Lemma B.1 in Basu and Michailidis (2015), which states that if the sample
covariance matrix of X satisfies the RE condition and Θ is diagonally dominant, then
(X 0 X/n) ⊗ Θ also satisfies the RE condition. Here we omit its proof and only state the
main result. Lemma 2 verifies that with high probability, the sample covariance matrix of
the design matrix X satisfies the RE condition.

i

i

Lemma 1. If X 0 X/n ∼ RE(ϕ∗ , φ∗ ), and Θ is diagonally dominant, that is, ψ i := σ ii −
P
ij
ij
j6=i σ > 0 for all i = 1, 2, · · · , p2 , where σ is the ijth entry in Θ, then


Θ ⊗ X 0 X/n ∼ RE ϕ∗ min ψ i , φ∗ max ψ i .

Lemma 2. With probability at least 1−2 exp(−c3 n), for a zero-mean sub-Gaussian random
b X satisfies the RE condition with
design matrix X ∈ Rn×p1 , its sample covariance matrix Σ
parameter ϕ∗ and φ∗ , i.e.,
b X ∼ RE(ϕ∗ , φ∗ ),
Σ
(46)

b X = X 0 X/n, ϕ∗ = Λmin (Σ∗ )/2, φ∗ = ϕ∗ log p1 /n.
where Σ
X

v∈K(2s)

sup

Proof. To prove this lemma, we first use Lemma 15 in Loh and Wainwright (2012), which
states that if X ∈ Rn×p is zero-mean sub-Gaussian with parameter (Σ, σ 2 ), then there exists
a universal constant c > 0 such that
!




kXvk22
t2 t
kXvk22
≥ t ≤ 2 exp −cn min( 4 , 2 ) + 2s log p ,
−E
(47)
n
n
σ σ
P

(Σ∗ )

K(2s) := {v ∈ Rp : kvk ≤ 1, kvk0 ≤ 2s}.

where K(2s) is a set of 2s sparse vectors, defined as

Λ

∗ )
Λmin (ΣX
,
54

∀v ∈ K(2s).
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(48)

By taking t = min54 X , with probability at least 1−2 exp (−c0 n + 2s log p1 ) for some c0 > 0,
the following bound holds:
∗
b X − ΣX
|v 0 (Σ
)v| ≤

40

X 0 X/n

ηΘ lognp2

∞

∞

≤

max(σii
i

i

j6=i

σij ) + dνΘ = max ψ i + dνΘ .

σij ) − dνΘ = min ψ i − dνΘ ,

X

j6=i

X

−

≥ min(σii −

Hence

(49)

RE(ϕ∗ , φ∗ )

i

i

min ψ i − dνΘ ≥ 0.

i

p
= O( log p2 /n), with n % d2 log p2 , dνΘ = o(1), and it follows

b  − Θ∗
Θ


b  − Θ∗
Θ

ij
j6=i σ .

Pp2

j6=i

41

To prove Proposition 2, we first prove Lemma 3.

where ϕ∗ = Λmin (Σ∗X )/2, φ∗ = ϕ∗ log p1 /n.
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Now by Lemma 2,
∼
with high probability. Combine with Lemma 1
b satisfies
and inequality (49), with probability at least 1 − 2 exp(−c3 n) for some c3 > 0, Γ
the following RE condition:


b=Θ
b  ⊗ (X 0 X/n) ∼ RE ϕ∗ (min ψ i − dνΘ ), φ∗ max(ψ i + dνΘ ) ,
Γ
(50)

Now given νΘ =
that

i

max ψbi ≤ max ψ i +

i

min ψbi ≥ min ψ i −

Recall that we define ψi as ψ i = σii −

j6=i

b  , then ψbi is the gap between the diagonal entry and the
where σ
bij is the ijth entry of Θ
b  . We can decompose ψbi into the following:
off-diagonal entries of row i in matrix Θ

 

X
X
i
ii
ij 
ii
ii
ij
ij 
b


ψ = σ −
σ + (b
σ − σ ) +
(σ − σ
b ) .

j6=i

b  is also
Proof of Proposition 1. We first show that if Θ∗ is diagonally dominant, then Θ
b  is of the given order and n is sufficiently
diagonally dominant provided that the error of Θ
large. Define
X
ψbi = σ
bii −
σ
bij ,

With the above two lemmas, we are ready to prove Proposition 1.

Finally, set s = c00 n/4 log p1 , then with probability at least 1 − 2 exp(−c3 n) (c3 > 0),
b X ∼ RE(ϕ∗ , φ∗ ) with ϕ∗ = Λmin (Σ∗ )/2, φ∗ = ϕ∗ log p1 /n.
Σ
X

Λmin (Σ∗X )
Λmin (Σ∗X )
kvk22 −
kvk21 .
2
2s

1
.
Λmin (Σ )

b ∗ k∞ = 1 X 0 E Θ
b
kb
γ − Γβ
n

∞

≤

42

1
X 0 EΘ∗
n

which directly gives the following inequality:

∞

+

∞

.

(53)
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1
b  − Θ∗ )
X 0 E(Θ
n

b  = X 0 EΘ + X 0 E(Θ
b  − Θ∗ ),
X 0EΘ


Proof of Proposition 2. First we note that

Now we are ready to prove Proposition 2.

As a remark, here we note that the event in (51) and (52) may not be independent. However, the two events hold simultaneously with probability at least 1 − 2c2 exp[−c2 log(p1 p2 )],
with this crude bound for probability hold for sure.

Then we replace Y by EΘ and yield the bound in (52).

i

θ2 ≤ max(Θ,ii ) ≤ Λmax (Θ ) =

2 ≤ max (Σ
Note that the sub-Gaussian parameter satisfies σX
i
X,ii ) ≤ Λmax (ΣX ). This
directly gives the bound in (51).
To obtain the bound in (52), we note that if E is sub-Gaussian with parameters (Σ , σ2 ),
then EΘ is sub-Gaussian with parameter (Θ, θ2 ), where

where Xi and Yi are the ith row of X and Y , respectively.
Here, we
preplace Y by E, and since E and X are independent, cov(Xi , Ei ) = 0. Let
t = c2 σX σ log(p1 p2 )/n, c2 > 1 we get
!
r


X 0E
log(p1 p2 )
2
P
≥ c2 σX σ
≤ 6c1 (p1 p2 )1−c2 = 6c1 exp −(c22 − 2) log(p1 p2 ) .
n ∞
n

Proof. The proof of this lemma uses Lemma 14 in Loh and Wainwright (2012), in which
they show that if X ∈ Rn×p1 is a zero-mean sub-Gaussian matrix with parameters (Σx , σx2 )
and Y ∈ Rn×p2 is a zero-mean sub-Gaussian matrix with parameters (Σy , σy2 ), then if
n % log(p1 p2 ),
 0




Y X
t2
t
P
− cov(yi , xi )
≥ t ≤ 6p1 p2 exp −cn min
,
,
2
n
(σx σy ) σx σy
∞

2 )
Lemma 3. Let X ∈ Rn×p be a zero-mean sub-Gaussian matrix with parameter (ΣX , σX
and E ∈ Rn×p2 be a zero-mean sub-Gaussian matrix with parameters (Σ , σ2 ). Moreover, X
and E are independent. Let Θ := Σ−1
 , then if n % log(p1 p2 ), the following two expressions
hold with probability at least 1 − 6c1 exp[−(c22 − 1) log(p1 p2 )] for some c1 > 0, c2 > 1,
respectively:
r
1
log(p1 p2 )
X 0 E ∞ ≤ c2 [Λmax (ΣX )Λmax (Σ )]1/2
,
(51)
n
n
and

 r
Λmax (ΣX ) 1/2 log(p1 p2 )
1
0
X EΘ ∞ ≤ c2
.
(52)
n
Λmin (Σ )
n

Then applying supplementary Lemma 13 in Loh and Wainwright (2012), for an estimator
b X of Σ∗ satisfying the deviation condition in (48), the following RE condition holds:
Σ
X

v 0 Sx v ≥
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∞

≤ c2


Λmax (ΣX )
Λmin (Σ∗ )

=
1
max ei0 X 0 E
n i

1/2 r

∞
j

1
b  − Θ∗ )ej
max ei0 X 0 E(Θ
n
b  − Θ∗ )ej
max (Θ


log(p1 p2 )
.
n

Now we would like to bound the two terms separately.
The first term can be bounded by (52) in Lemma 3, that is,
1
X 0 EΘ∗
n

∞

≤

1≤i≤p1
1≤j≤p2

w.p. at least 1 − 6c1 exp[−(c22 − 1) log(p1 p2 )].
For the second term, first we note that
1
b  − Θ∗ )
X 0 E(Θ
n

1

i

max ei0 X 0 E
∞

= kX 0 Ek∞ ,

b  − Θ∗
Θ


,

1

,

(54)

where we have ei ∈ Rp1 and ej ∈ Rp2 , and the inequality comes from the fact that |a0 b| ≤
Note that
kak∞ kbk1 .

j

1

=

b  − Θ∗
Θ


1

=

∞

since kei0 X 0 Ek∞ gives the largest element (in absolute value) of the ith row of X 0 E, and
taking the maximum over all i’s gives the largest element of X 0 E over all entries. And for
b  − Θ∗ )ej , it holds that
max (Θ
j

b  − Θ∗ )ej
max (Θ


∞

≤



1
b  − Θ∗
kX 0 Ek∞
Θ

n

∞



≤ c2 [Λmax (ΣX )Λmax (Σ∗ )]1/2

r

log(p1 p2 )
,
n

(55)

(56)
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log(p1 p2 )
.
n

≤ dνΘ . Therefore, with

.

where |||A|||1 := maxkxk1 =1 kAxk1 is the `1 -operator norm, and the last equality follows from
the fact that |||A|||1 = |||A0 |||∞ . As a result, (54) can be re-written as:
1
b  − Θ∗ )
X 0 E(Θ

n

∞

Now, using (51), w.p. at least 1 − 6c1 exp[−(c22 − 1) log(p1 p2 )], we have
1
X 0E
n

b  − Θ∗
Θ


r

∞

≤ c2 dνΘ [Λmax (ΣX )Λmax (Σ∗ )]1/2

b  − Θ∗ k∞ ≤ νΘ , it directly follows that
and since kΘ

∞

probability at least 1 − 6c1 exp[−(c22 − 1) log(p1 p2 )],

1
b  − Θ∗ )
X 0 E(Θ
n

Combine the two terms, we obtain the conclusion in Proposition 2.

43
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Proof of Proposition 3. First we note the following decomposition:

kSb − Σ∗ k∞ ≤ kS − Σ k∞ + kSb − Sk∞ := kW1 k∞ + kW2 k∞ ,

i

∗
n ≥ 512(1 + 4σ2 )4 max(Σ,ii
)4 log(4p2τ2 ),

where S is the sample covariance matrix of the true errors E.
For W1 , by Lemma 8 in Ravikumar et al. (2011), for sample size

s

b
≤ 2 B∗ − B

X 0X
n



i

1 0
XE
n

b
(B ∗ − B).

b 1·
≤ 2kβ ∗ − βk



∞

∞

.

−1

∗
where c∗ = 128(1 + 4σ2 )2 max(Σ,ii
)2
.

1

1 0
XE
n

2 0
b + (B ∗ − B)
b 0
E X(B ∗ − B)
n

log 4 + τ2 log p2
,
c∗ n

the following bound holds w.p. at least 1 − 1/p2τ2 −2 (τ2 > 2),
kW1 k∞ ≤

For W2 , rewrite it as:
W2 =

∞

The first term in (58) can be bounded as:
2 0
b
E X(B ∗ − B)
n

∞

≤ 2c2 νβ [Λmax (ΣX )Λmax (Σ∗ )]1/2

b
B∗ − B

1

log(p1 p2 )
,
n

∞

(57)

(58)

(59)

(61)

(60)

By Lemma 3, with probability at least 1 − 6c1 exp[−(c22 − 1) log(p1 p2 )], the following bound
holds:
r
2 0
b
E X(B ∗ − B)
n

≤

with the sample size requirement being n % log(p1 p2 ).
For the second term in (58), we consider the following bound:




0
X 0X
b ∞ ≤ B∗ − B
b
b
b 0 X X (B ∗ − B)k
(B ∗ − B)
k(B ∗ − B)
n
n
1
 0 
2
X
X
.
n
∞

s

i

n ≥ 512(1 + 4σx2 )4 max(ΣX,ii )4 log(4p1τ1 ),

Here, we apply Lemma 8 in Ravikumar et al. (2011) to the design matrix X, for sample
size



− ΣX

∞

≤

log 4 + τ1 log p1
,
∗ n
cX

(62)
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i


−1
∗
where cX
= 128(1 + 4σx2 )2 max(ΣX,ii )2
.

the following bound holds w.p. at least 1 − 1/p1τ1 −2 (τ1 > 2),


X 0X
n

44

kΘXe k ≤ kΘ1 kkΘ2 kkP k2 .

45
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In this subsection, we provide some numerical evidence to substantiate the point we made
in Section 5, that the two parametrizations are not always equivalent. This is a point
also mentioned in the original work on AMP graphs by Andersson et al. (2001), the
framework adopted in this paper. The other parametrization which we referred to as the
(ΩXY , ΩY )-parametrization corresponds to the LWF framework (see Andersson et al., 2001,
p.34-35). In the presence of sparsity penalization, a specific sparsity pattern for the (B, Θ )parameterization may not be recoverable through the (ΩXY , ΩY )-parametrization and vice
versa.
Consider the following two simulation settings, in which the data are generated from the
AMP framework ((B, Θ )-parameterization) and the LWF framework ((ΩXY , ΩY )-parametrization)
respectively.

Appendix C. Numerical comparisons between different parametrizations.

p
The result then follows by using the matrix norm inequality kAk ≤ kAk1 kAk∞ (Golub
and Van Loan, 2012), where kAk1 and kAk∞ denote the maximum absolute row and column
sums of A, and the fact that Λmin (ΣX̃ ) = kΘX̃ k−1 .

This leads to an upper bound

e is a centered Gaussian random vector with a block
Define P = [I, 0; −(B 12 )0 , I]. Then, P X
e
diagonal variance-covariance matrix diag(Σ1 , Σ2 ). Hence, the concentration matrix of X
takes the form



 1
Θ
0
I
0
I −B 12
.
ΘX̃ = Σ−1
=
2
12
0
X̃
−(B ) 0
0
I
0 Θ

Proof for Proposition 4. From the structural equations of a multi-layered graph introduced in Section 2.1, and setting 1 := X 1 , we can write
 1 
 1  
X
I
0

.
(64)
=
X2
−(B 12 )0 I
2

Now combine (59), (60) and (63), we reach the conclusion of Proposition 3, with the leading
term in the sample size requirement being n % log(p1 p2 ).

Combine with the bound in (61), with probability at least 1 − 1/pτ11 −2 (τ1 > 2), the following
bound holds:
s
!
 0 
log 4 + τ1 log p1
∗
2
∗
0 X X
b
b
(B − B)k∞ ≤ νβ
k(B − B)
+ max(ΣX,ii ) .
(63)
i
n
c∗X n

This indicates that with this choice of n, the following bound holds with probability at least
1 − 1/pτ11 −2 (τ1 > 2),
s
 0 
XX
log 4 + τ1 log p1
≤
+ max(ΣX,ii ).
i
n
c∗X n
∞
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different parameterizations
SPC MCC
0.71 0.45
0.99 0.93
0.76 0.70
0.99 0.93
0.99 0.70
0.99 0.88

46
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Note that to retrieve stable and meaningful results, for the AMP framework, the estimates
using mixed MRF are thresholded at a proper level, and for the LWF framework, the
estimates using PML are also thresholded.

b XY using different methods for different parameterizations
Table 12: Performance for Ω
(p1 , p2 , n)
Method
SEN SPC MCC
(30, 60, 100)
mixed MRF 0.84 0.88 0.63
PML-th
0.99 0.52 0.39
(60, 30, 100)
mixed MRF 0.847 0.95 0.70
PML-th
1
0.80 0.52
(200, 200, 150) mixed MRF 0.89 0.93 0.70
PML-th
1
0.79 0.30

Specifically, ΩX is banded with 1 on the diagonal and 0.2 on the upper and lower
first diagonal, ΩY is also banded with 1 on the diagonal and 0.3 on the upper and
lower first diagonal. Each entry in ΩX Y is nonzero with probability 5/p1 , and the
nonzero entries are generated from Unif [(−1,
i (0.8, 1)]. Further, we bump up
h −0.8) ∪
Ω
Ω
the diagonal of the joint precision matrix Ω0 X ΩXY
such that it is positive definite.
Y
XY
Table 12 depicts the selection property of the estimated ΩXY using different methods
that are designed for different parameterizations.

• LWF framework. The data are generated based on the multivariate Gaussian specification:
 

−1 !
X
ΩX ΩXY
∼ N 0,
,
Y
ΩY X ΩY

b using different methods for
Table 11: Performance for B
(p1 , p2 , n)
Method
SEN
(30, 60, 100)
mixed MRF (th) 0.86
PML
0.96
(60, 30, 100)
mixed MRF (th) 0.96
PML
0.99
(200, 200, 150) mixed MRF (th) 0.80
PML
0.99

• AMP framework. The data are generated according to the model Y = XB ∗ + E,
similar to Model A described in Section 4; that is, each entry in B ∗ is nonzero with
probability 5/p1 , and off-diagonal entries for Θ∗ are nonzero with probability 5/p2 .
Nonzero entries of B ∗ and Θ∗ are generated from Unif [(−1, −0.5) ∪ (0.5, 1)], and diagonals of Θ∗ are set identical, such that the condition number of Θ∗ is p2 . Table 11
shows the performance of estimated B using different methods that are designed for
different parameterizations: the node-conditional method (mixed MRF) and the proposed method in this study (PML).
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It can be seen that the method compatible with the data generation mechanism exhibits
superior performance, vis-a-vis its competitor that was designed for another parameterization. Further, the mixed MRF method suffers in terms of both sensititvity and specificity
under the AMP parameterization, while the PML method suffers in terms of specificity only
under the LWF parameterization.

Appendix D. An example for multi-layered network estimation.
As mentioned at the beginning of Section 2, the proposed methodology is designed for
obtaining MLEs for multi-layer Gaussian networks, but the problem breaks down into a
sequence of 2-layered estimation problems. Here we give an detailed example to illustrate
how our proposed methodology proceeds for a 3-layered network.
Suppose there are p1 , p2 and p3 nodes in Layers 1, 2 and 3, respectively. This threelayered network is modeled as follows:
– X ∼ N (0, ΣX ), X ∈ Rp1 .

– For j = 1, · · · , p2 : Yj = X 0 Bjxy + jY , Bjxy ∈ Rp1 . (1Y · · · pY2 )0 ∼ N (0, Σ,Y ).

– For l = 1, 2, · · · , p3 : Zl = X 0 Blxz + Y 0 Blyz + lZ , Blxz ∈ Rp1 and Blyz ∈ Rp2 .
(1Z · · · pZ3 )0 ∼ N (0, Σ,Z ).
−1
−1
, which denote the withinThe parameters of interest are : ΘX , Θ,Y := Σ,Y
, Θ,Z := Σ,Z
layer conditional dependencies, and






BXY = B1xy · · · Bpxy2 , BXZ = B1xz · · · Bpxz3 and BY Z = B1yz · · · Bpyz3 ,

which encode the across-layer dependencies.

(65)

Now given data X ∈ Rn×p1 , Y ∈ Rn×p2 and Z ∈ Rn×p3 , all centered, the full loglikelihood can be written as:
`(Z, Y, X) = `(Z|Y, X; Θ,Z , BY Z , BXZ ) + `(Y |X; Θ,Y , BXY ) + `(X; ΘX ).

p ×p

− log det Θ,Z



+

1
n

−

XBixz

−Y

Biyz )> (Zj

+λn (kBXZ k1 + kBY Z k1 ) + ρn kΘ,Z k1,off

Pp3 Pp3 ij
i=1 σZ (Zi
j=1

−

−Y



Bjyz )
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XBjxz

The separability of the log-likelihood enables us to ignore the inner structure of the come := (X, Y ) when trying to estimate the dependencies between Layer 1 and
bined layer X
Layer 3, Layer 2 and Layer 3, as well as the conditional dependencies within Layer 3. As
a consequence, the optimization problem minimizing the negative log-likelihood can be decomposed into three separate problems, i.e., solving for {Θ,Z , BXZ , BY Z }, {Θ,Y , BXY }
and {ΘX }, respectively.
The estimation procedure described in Section 2.2 can thus be carried out in a recursive
way in a sense of what follows. To obtain estimates for {BXZ , BY Z , Θ,Z }, based on the
formulation in (2), we solve the following opmization problem:


min

3
3
Θ,Z ∈S++
BXZ ,BY Z

47
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e = (X, Y ) as a single super
which can be solved by treating the combined design matrix X
layer and Z as the response layer, then apply each step described in Section 2.2. To obtain estimates for BXY and Θ,Y , we can ignore the 3rd layer for now and apply the exact
procedure all over again, by treating Y as the response layer and X as the design layer.
The estimate for the precision matrix of the bottom layer ΘX can be obtained by graphical
lasso (Friedman et al., 2008) or the nodewise regression (Meinshausen and Bühlmann, 2006).
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Nicolai Meinshausen and Peter Bühlmann. High-dimensional graphs and variable selection
with the Lasso. The Annals of Statistics, 34(3):1436–1462, 2006.

Calvin McCarter and Seyoung Kim. On sparse Gaussian chain graph models. In Advances
in Neural Information Processing Systems, pages 3212–3220, 2014.

Po-Ling Loh and Martin J Wainwright. High-dimensional regression with noisy and missing
data: provable guarantees with nonconvexity. The Annals of Statistics, 40(3):1637–1664,
2012.

Lin, Basu, Banerjee and Michailidis

Estimating Multi-layered Gaussian Graphical Models

Eunho Yang, Yulia Baker, Pradeep Ravikumar, Genevera Allen, and Zhandong Liu. Mixed
graphical models via exponential families. In Proceedings of the Seventeenth International
Conference on Artificial Intelligence and Statistics, pages 1042–1050, 2014.
Jianxin Yin and Hongzhe Li. A sparse conditional Gaussian graphical model for analysis
of genetical genomics data. The Annals of Applied Statistics, 5(4):2630, 2011.
Xiao-Tong Yuan and Tong Zhang. Partial Gaussian graphical model estimation. IEEE
Transactions on Information Theory, 60(3):1673–1687, 2014.
Cun-Hui Zhang and Stephanie S Zhang. Confidence intervals for low dimensional parameters
in high dimensional linear models. Journal of the Royal Statistical Society: Series B
(Statistical Methodology), 76(1):217–242, 2014.

JMLR 17(146):1-51

Tuo Zhao, Xingguo Li, Han Liu, Kathryn Roeder, John Lafferty, and Larry Wasserman. huge: High-dimensional undirected graph estimation, 2015. URL http://CRAN.
R-project.org/package=huge. R package version 1.2.7.

51

Submitted 1/16; Revised 6/16; Published 8/16

Abstract

elenam@cs.ru.nl

tvanlaarhoven@cs.ru.nl

JMLR 17(147):1-28
2

JMLR 17(147):1-28

c 2016 Twan van Laarhoven and Elena Marchiori.

We unravel the relation between conductance and weighted kernel k-means objectives using
the framework by Dhillon et al. (2007). Since the aim is to find only one community,
we consider a slight variation with one mean, that is, with k = 1. This relation leads

1.0.2 Relation with Weighted Kernel K-Means

Although local optima of a continuous relaxation of conductance might at first glance have
nodes with fractional memberships, somewhat surprisingly all strict local optima are discrete. This means that continuous optimization can directly be used to find communities
without fractional memberships.

1.0.1 On Local Optima

especially beneficial in large networks, and is commonly used in real-life large scale network
analysis (Gargi et al., 2011; Leskovec et al., 2010; Wu et al., 2012).
Several algorithms for local community detection operate by seed expansion. These
methods have di↵erent expansion strategies, but what they have in common is their use
of conductance as the objective to be optimized. Intuitively, conductance measures how
strongly a set of nodes is connected to the rest of the graph; sets of nodes that are isolated
from the graph have low conductance and make good communities.
The problem of finding a set of minimum conductance in a graph is computationally
intractable (Chawla et al., 2005; Šı́ma and Schae↵er, 2006). As a consequence, many heuristic and approximation algorithms for local community detection have been introduced (see
references in the related work section). In particular, e↵ective algorithms for this task are
basedPon the local graph di↵usion method. P
A graph di↵usion vector f is an infinite series
1
i
f = 1
i=0 ↵i P s, with di↵usion coefficients
i=0 ↵i = 1, seed nodes s, and random walk
transition matrix P. Types of graph di↵usion, such as personalized Page Rank (Andersen and Lang, 2006) and Heat Kernel (Chung, 2007), are determined by the choice of the
di↵usion coefficients. In the di↵usion method an approximation of f is computed. After
dividing each vector component by the degree of the corresponding node, the nodes are
sorted in descending order by their values in this vector. Next, the conductance of each
prefix of the sorted list is computed and either the set of smallest conductance is selected,
e.g. in (Andersen and Lang, 2006) or a local optima of conductance along the prefix length
dimension (Yang and Leskovec, 2012) is considered.
These algorithms optimize conductance along a single dimension, representing the order
in which nodes are added by the algorithm. However this ordering is mainly related to the
seed, and not directly to the objective that is being optimized. Algorithms for the direct
optimization of conductance mainly operate in the discrete search space of communities, and
locally optimize conductance by adding and/or removing one node. This amounts to fixing
a specific neighborhood structure over communities where the neighbors of a community are
only those communities which di↵er by the membership of a single node. This is just one
possible choice of community neighbor. A natural way to avoid the problem of choosing a
specific neighborhood structure is to use continuous rather than discrete optimization. To do
this, we need a continuous relaxation of conductance, extending the notion of communities
to allow for fractional membership. This paper investigates such a continuous relaxation,
which leads to the following findings.

van Laarhoven and Marchiori

1. Source code of the algorithms used in the paper is available at http://cs.ru.nl/~tvanlaarhoven/
conductance2016.

Imagine that you are trying to find a community of nodes in a network around a given
set of nodes. A simple way to approach this problem is to consider this set as seed nodes,
and then keep adding nodes in a local neighborhood of the seeds as long as this makes
the community better in some sense. In contrast to global clustering, where the overall
community structure of a network has to be found, local community detection aims to find
only one community around the given seeds by relying on local computations involving
only nodes relatively close to the seed. Local community detection by seed expansion is

1. Introduction

Keywords: community detection, conductance, k-means

Local network community detection is the task of finding a single community of nodes
concentrated around few given seed nodes in a localized way. Conductance is a popular
objective function used in many algorithms for local community detection. This paper
studies a continuous relaxation of conductance. We show that continuous optimization of
this objective still leads to discrete communities. We investigate the relation of conductance with weighted kernel k-means for a single community, which leads to the introduction
of a new objective function, -conductance. Conductance is obtained by setting to 0.
Two algorithms, EMc and PGDc, are proposed to locally optimize -conductance and
automatically tune the parameter . They are based on expectation maximization and
projected gradient descent, respectively. We prove locality and give performance guarantees for EMc and PGDc for a class of dense and well separated communities centered
around the seeds. Experiments are conducted on networks with ground-truth communities,
comparing to state-of-the-art graph di↵usion algorithms for conductance optimization. On
large graphs, results indicate that EMc and PGDc stay localized and produce communities
most similar to the ground, while graph di↵usion algorithms generate large communities
of lower quality.1
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to the introduction of a new objective function for local community detection, called conductance, which is the sum of conductance and a regularization term whose influence
is controlled by a parameter . Interestingly, the choice of has a direct e↵ect on the
number of local optima of the function, where larger values of lead to more local optima.
In particular, we prove that for
> 2 all discrete communities are local optima. As
a consequence, due to the seed expansion approach, local optimization of -conductance
favors smaller communities for larger values of .
1.0.3 Algorithms
Local optimization of -conductance can be easily performed using the projected gradient
descent method. We develop an algorithm based on this method, called PGDc. Motivated
by the relation between conductance and k-means clustering, we introduce an ExpectationMaximization (EM) algorithm for -conductance optimization, called EMc. We show that
for = 0, this algorithm is almost identical to projected gradient descent with an infinite
step size in each iteration. We then propose a heuristic procedure for choosing automatically in these algorithms.
1.0.4 Retrieving Communities
We give a theoretic characterization of a class of communities, called dense and isolated
communities, for which PGDc and EMc perform optimally. For this class of communities
the algorithms exactly recover a community from the seeds. We investigate the relation
between this class of communities and the notion of (↵, )-cluster proposed by (Mishra
et al., 2008) for social networks analysis. And we show that, while all maximal cliques in
a graph are (↵, )-clusters, they are not necessarily dense and isolated communities. We
give a simple condition on the degree of the nodes of a community which guarantees that a
dense and isolated community satisfying such condition is also an (↵, )-cluster.
1.0.5 Experimental Performance
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We use publicly available artificial and real-life network data with labeled ground-truth
communities to assess the performance of PGDc and EMc. Results of the two methods
are very similar, with PGDc performing slightly better, while EMc is slightly faster. These
results are compared with those obtained by three state-of-the-art algorithms for conductance optimization based on the local graph di↵usion: the popular Personalized Page Rank
(PPR) di↵usion algorithm by Andersen and Lang (2006), a more recent variant by Yang
and Leskovec (2012) (here called YL), and the Heat Kernel (HK) di↵usion algorithm by
Kloster and Gleich (2014). On large networks PGDc and EMc stay localized and produce
communities which are more faithful to the ground truth than those generated by the considered graph di↵usion algorithms. PPR and HK produce much larger communities with
a low conductance, while the YL strategy outputs very small communities with a higher
conductance.
3

1.1 Related Work

van Laarhoven and Marchiori

The enormous growth of network data from diverse disciplines such as social and information science and biology has boosted research on network community detection (see for
instance the overviews by Schae↵er (2007) and Fortunato (2010)). Here we confine ourself
to literature we consider to be relevant to the present work, namely local community detection by seed expansion, and review related work on conductance as objective function and
its local optimization. We also briefly review research on other objectives functions, and on
properties of communities and of seeds.

1.1.1 Conductance and Its Local Optimization

Conductance has been largely used for network community detection. For instance Leskovec
et al. (2008) introduced the notion of network community profile plot to measure the quality
of a ‘best’ community as a function of community size in a network. They used conductance
to measure the quality of a community and analyze a large number of communities of
di↵erent size scales in real-world social and information networks.
Direct conductance optimization was shown to favor communities which are quasi-cliques
(Kang and Faloutsos, 2011) or communities of large size which include irrelevant subgraphs
(Andersen and Lang, 2006; Whang et al., 2013).
Popular algorithms for local community detection employ the local graph di↵usion
method to find a community with small conductance.
Starting from the seminal work by Spielman and Teng (2004) various algorithms for
local community detection by seed expansion based on this approach have been proposed
(Andersen et al., 2006; Avron and Horesh, 2015; Chung, 2007; Kloster and Gleich, 2014;
Zhu et al., 2013a). The theoretical analysis in these works is largely based on a mixing
result which shows that a cut with small conductance can be found by simulating a random
walk starting from a single node for sufficiently many steps (Lovász and Simonovits, 1990).
This result is used to prove that if the seed is near to a set with small conductance then
the result of the procedure is a community with a related conductance, which is returned
in time proportional to the volume of the community (up to a logarithmic factor).
Mahoney et al. (2012) performed local community detection by modifying the spectral
program used in standard global spectral clustering. Specifically the authors incorporated a
bias towards a target region of seed nodes in the form of a constraint to force the solution to
be well connected with or to lie near the seeds. The degree of connectedness was specified by
setting a so-called correlation parameter. The authors showed that the optimal solution of
the resulting constrained optimization problem is a generalization of Personalized PageRank
(Andersen and Lang, 2006).
1.1.2 Other Objectives
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Conductance is not the only objective function used in local community detection algorithms. Various other objective functions have been considered in the literature. For instance, Chen et al. (2009) proposed to use the ratio of the average internal and external
degree of nodes in a community as objective function. Clauset (2005) proposed a local variant of modularity. Wu et al. (2015) modified the classical density objective, equal to the
sum of edges in the community divided by its size, by replacing the denominator with the

4

5
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We start by introducing the notation used in the rest of this paper. We denote by V the
set of nodes in a network or graph G. A community, also called a cluster, C ✓ V will be a

1.2 Notation

Properties of seeds in relation to the performance of algorithms were investigated by e.g.
Kloumann and Kleinberg (2014). They considered di↵erent types of algorithms, in particular a greedy seed expansion algorithm which at each step adds the node that yields the
most negative change in conductance (Mislove et al., 2010). Whang et al. (2013) investigated various methods for choosing the seeds for a PageRank based algorithm for community
detection. Chen et al. (2013) introduced the notion of local degree central node, whose degree is greater than or equal to the degree of its neighbor nodes. A new local community
detection method is introduced based on the local degree central node. In this method, the
local community is not discovered from the given starting node, but from the local degree
central node that is associated with the given starting node.

1.1.4 Properties of Seeds

Instead of focusing on objective functions and methods for local community detection, other
researchers investigated properties of communities. Mishra et al. (2008) focused on interesting classes of communities and algorithms for their exact retrieval. They defined the
so called (↵, )-communities and developed algorithms capable of retrieving this type of
communities starting from a seed connected to a large fraction of the members of the community. Zhu et al. (2013b) considered the class of well-connected communities, which have
a better internal connectivity than conductance. Internal connectivity of a community is
defined as the inverse of the mixing time for a random walk on the subgraph induced by
the community. They showed that for well-connected communities, it is possible to provide
an improved performance guarantee, in terms of conductance of the output, for local community detection algorithms based on the di↵usion method. Gleich and Seshadhri (2012)
investigated the utility of neighbors of the seed; in particular they showed empirically that
such neighbors form a ‘good’ local community around the seed. Yang and Leskovec (2012)
investigated properties of ground truth communities in social, information and technological
networks.
Lancichinetti et al. (2011) addressed the problem of finding a significant local community from an initial group of nodes. They proposed a method which locally optimizes
the statistical significance of a community, defined with respect to a global null model, by
iteratively adding external significant nodes and removing internal nodes that are not statistically relevant. The resulting community is not guaranteed to contain the nodes of the
initial community.
=

aCC
,
min(aCV , aCV )

6
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Now we can reinterpret the previous definition of conductance as a function of real vectors,
which we could expand as
P
ci aij cj
Pi,j2V
(c) = 1
.
i,j2V ci aij

i2V j2V

If we want to talk about directly optimizing conductance, then we need to define what
(local) optima are. The notion of local optima depends on the topology of the input space,
that is to say, on what communities we consider to be neighbors of other communities. We
could, for instance, define the neighbors of a community to be all communities that can be
created by adding or removing a single node. But this is an arbitrary choice, and we could
equally well define the neighbors to be all communities reached by adding or removing up
to two nodes. An alternative is to move to the continuous world, where we can use our
knowledge of calculus to give us a notion of local optima.
To turn community finding into a continuous problem, instead of a set C we need to see
the community as a vector c of real numbers between 0 and 1, where ci denotes the degree
to which node i is a member of the community. Given a discrete community C, we have
c = [C], but the inverse is not always possible, so the vectorial setting is more general.
The edge weight between sets of nodes can be easily generalized to the edge weight of
membership vectors,
XX
axy = xT Ay =
xi aij yj .

2. Continuous Relaxation of Conductance

which considers the community to be the smallest of C and C. For instance Kloster and
Gleich (2014) and Andersen and Lang (2006) use this alternative definition, while Yang and
Leskovec (2012) use .
Note that
has a trivial optimum when all nodes belong to the community, while
alt will usually have a global optimum with roughly half of the nodes belonging to the
community. Neither of these optima are desirable for finding a single small community.
With a set X we associate an indicator vector [X] of length |V |, such that [X]i = 1 if
i 2 X and [X]i = 0 otherwise. We will usually call this vector x.

alt (C)

A common alternative definition is

subset of nodes, and its complement C = V \ C consists of all nodes not in C. Note that
we consider any subset of nodes to be a community, and the goal of community detection
is to find a good community.
Let A be the adjacency matrix of G, where aij denotes the weight of an edge between
nodes i and j. In unweighted graphs aij is either 0 or 1, and in undirected graphs aij = aji .
In this paper we work only with unweighted
graphs. We can generalize this
P undirected
P
notation to sets of nodes, and write axy = i2x j2y aij . With this notation in hand we
can write conductance as
a
aCC
(C) = CC = 1
.
aCV
aCV

sum of weights of the community nodes, where the weight of a node quantifies its proximity
to the seeds and is computed using a graph di↵usion method.
A comparative experimental analysis of objective functions with respect to their experimental and theoretical properties was performed e.g. in (Yang and Leskovec, 2012) and
(Wu et al., 2015), respectively.

1.1.3 Properties of Communities
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With this definition we can apply the vast literature on constrained optimization of di↵erentiable functions. In particular, we can look for local optima of the conductance, subject
to the constraint that 0  ci  1. These local optima will satisfy the Karush-Kuhn-Tucker
conditions, which in this case amounts to, for all i 2 V ,

Local Network Community Detection with Continuous Optimization
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0  ci  1
if 0 < ci < 1,

if ci = 0

r (c)i = 0

0

r (c)i
if ci = 1.

µj k22

kxi

µk22 = K(i, i)

(c) =

2

P

X

j

µj K(i, j) +

i)

X

j,k

+

w c wj cj K(i, j)
i
i
P
.
i wi ci

8

µj K(j, k)µk .

i
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The second term is constant, so we can drop it for the purposes of optimization.
We pick i = K(i, i). With this choice, the condition for a node i to be a member of
the community is kxi µk22 < kxi 0k22 . This can be seen as a 2-means cluster assignment

i,j

wi ci (K(i, i)

By filling in the optimal µ given above, the 1-mean objective then becomes
X
X
wi i
W,K,

i

while the minimizer for ci is 1 if and only if kxi µk2 < i , and 0 otherwise.
The k-means and 1-mean objectives can be kernelized by writing distances in terms of
inner products, and using aPkernel K(i, j) = hxi , xj i. The cluster mean is then a linear
combination of points, µ = i µi xi , giving

with respect to a single µ and cluster membership indicators ci (between 0 and 1). Here i
is a cost for node i being a member of the background.
We allow di↵erent i for di↵erent nodes, as there is no reason to demand a single value.
The condition for a node i to be part of the community is kxi µk22 < i . So di↵erent
values for i might be useful for two reasons. The first would be to allow incorporating
prior knowledge, the second reason would be if the scale (of the clusters) is di↵erent, that is,
nodes (in di↵erent clusters) have di↵erent distances from the mean. By adding a diagonal
matrix to the kernel, the squared distance from all points to all other points is increased by
that same amount. It makes sense to compensate for this in the condition for community
membership. And since the diagonal terms we add to the kernel vary per node, the amount
that these nodes move away from other points also varies, which is why we use di↵erent i
per node.
The minimizer for µ is the centroid of the points inside the cluster,
P
w i c i xi
µ = Pi
;
i wi ci

i

with respect to µj and cij , where cij indicates if point i belongs to cluster j, subject to the
constraint that exactly one cij is 1 for every i.
Since our goal is to find a single cluster, a first guess would be to take k = 2, and
to try to separate a foreground cluster from the background. But when using 2-means,
there is no distinction between foreground and background, and so solutions will naturally
have two clusters of roughly equal size. Instead, we can consider a one-cluster variant that
distinguishes between points in a cluster and background points, which we call 1-mean
clustering. This can be formulated as the minimization of
X
wi ci kxi µk22 + (1 ci ) i

r (c)i  0
To use the above optimization problem for finding communities from seeds, we add one
additional constraint. Given a set S of seeds we require that ci si ; in other words, that
the seed nodes are members of the community. This is the only way in which the seeds are
used, and the only way in which we can use the seeds without making extra assumptions.
2.1 A Look at the Local Optima
By allowing community memberships that are real numbers, uncountably many more communities are possible. One might expect that it is overwhelmingly likely that optima of the
continuous relaxation of conductance are communities with fractional memberships. But
this turns out not to be the case. In fact, the strict local optima will all represent discrete
communities.
To see why this is the case, consider the objective in terms of the membership coefficient
ci for some node i. This takes the form of a quadratic rational function,
↵1 + ↵2 ci + ↵3 ci2
(ci ) =
.
↵4 + ↵5 ci
The coefficients in the denominator are positive, which means that the denominator is also
positive for ci > 0. At an interior local minimum we must have 0 (ci ) = 0, which implies
that 00 (ci ) = 2↵3 /(↵4 + ↵5 ci )3 . But ↵3  0, since it comes from the ci aii ci term in the
numerator of the conductance, so 00 (ci )  0, and hence there are only local maxima or
saddle points, not strict local minima.
It is still possible for there to be plateaus in the objective functions, where (c) is
optimal regardless of the value of ci for a certain node i.
2.2 The Relation to Weighted Kernel K-Means Clustering

wi cij kxi
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Another view on conductance is by the connection to weighted kernel k-means clustering.
The connection between weighted kernel k-means and objectives for graph partitioning has
been thoroughly investigated in Dhillon et al. (2007). Here we extend that connection to
the single cluster case.
N
Start with weighted k-means clustering, which, given a dataset {xi }i=1
and weights
{wi }, minimizes the following objective
N X
k
X
i=1 j=1

7

1

AW

1

,

1

+W

1

AW

1

.

(c)i =

2
j cj ajV

acc
a2cV

P 2
⇣
aic
j cj ajV
+ aiV
acV
a2cV

So if ci = 0, we get that r
when > 1.

aiV
(1
acV

aiV
acV

cc

acV

⇣a

2 r

(c)i > 0 when

2ci )

2ci

aiV ⌘
.
acV

+ (1

2ci )

9

aiV
(1
acV
2ci ) + 1 .
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(c)i < 0

(c) constrained

> 2. And if ci = 1, we get that r

(c)i 

aic ⌘
.
2
aiV

= acV , so the gradient simplifies to

2

Because aic  aiV and acc  acV we can bound this by

r

P

(c)i = aiV

When c is discrete, then

r

is

> 2, all discrete communities c are local minima of

Proof The gradient of

Theorem 1 When
to 0  ci  1.

Observe that if c is a discrete community, then c2i = ci , and the last term is constant.
In that case optimization of this objective is exactly equivalent to optimizing conductance.
For the purposes of continuous optimization however, increasing the parameter has
the e↵ect of increasing the objective value of non-discrete communities. So di↵erent communities become more separated, and in the extreme case, every discrete community becomes
a local optimum.

Since we are interested in conductance, we take as weights wi = aiV , the degree of node
i, and we take i = K(i, i). This results (up to an additive constant) in the following
objective which we call -conductance,
P
P 2
c a
i,j ci cj aij
P
Pi i iV .
(c) = 1
c
a
i i iV
i ci aiV

K= W

where W is a diagonal matrix with the weights wi on the diagonal, we can obtain objectives
like conductance and association ratio. However this K is not a legal kernel, because a
kernel has to be positive definite. Without a positive definite kernel the distances kxi µk
from the original optimization problem can become negative. To make the kernel positive
definite, we follow the same route as Dhillon et al., and add a diagonal matrix, obtaining

K=W

where the background cluster has the origin as the fixed mean. With this choice the first
term also drops out.
By converting the graph into a kernel with
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Perhaps the simplest possible method for constrained continuous optimization problems is
projected gradient descent. This is an iterative algorithm, where in each step the solution
is moved in the direction of the negative gradient, and then this solution is projected so as
to satisfy the constraints.

3.1 Projected Gradient Descent

We now introduce two simple algorithms for the local optimization of conductance and
-conductance, analyze their computational complexity and provide an exact performance
guarantee for a class of communities. Then we look at a procedure for the automatic
selection of a value for .

3. Algorithms

As an example application of -conductance, consider the network in Figure 1. In
this network, the clique is not a local optimum of regular conductance. This is because
the gradient for the adjacent nodes with degree 2 is always negative, regardless of the
conductance of the community. However, for -conductance this gradient becomes positive
when > (c), in this case when > 0.131. In other words, with higher , adjacent nodes
with low degree are no longer considered part of otherwise tightly connected communities
such as cliques.

Proof By the argument from Section 2.1. When > 0 it is always the case that ↵3 < 0,
so there are no saddle points or plateaus, and all local minima are discrete.

Theorem 2 When
0, all strict local minima c of (c) constrained to 0  ci  1 are
discrete. Furthermore, if > 0 then all local minima are discrete.

Conversely, the result from Section 2.1 generalizes to -conductance,

This means that when > 2 all discrete communities satisfy the KKT conditions, and
from the sign of the gradient we can see that they are not local maxima. Furthermore,
(c) is a concave function, so it has no saddle points (see the proof of Theorem 2). This
means that all discrete communities are local minima of .

Figure 1: A simple subnetwork consisting of a clique with tails connecting it to the rest of
the network. The clique (shaded nodes) is not a local optimum of conductance,
but it is a local optimum of -conductance when > 0.131.
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In our case, we start from an initial community containing only the seeds,
c(0) = s,

(t)

r (c(t) )).
(t)

aic
.
acV

can be found with line search.

where s = [S] is a sparse vector indicating the seed node(s). Then in each subsequent
iteration we get
c(t+1) = p(c(t)

2

This process is iterated until convergence. The step size
The gradient r is given by
r (c)i =

a acc
iV
2
acV

argmin

c0 , s.t. 0ci0 1,si ci0

kc

c0 k22 ,

p(c) = max(s, min(1, c)).

p(c) =

And the projection p onto the set of valid communities is defined by

which simply amounts to
This function clips values above 1 to 1, and values below si to si . Since si
0 this also
enforces that ci 0.
The complete algorithm is given in Algorithm 1. If a discrete community is desired,
as a final step, we might threshold the vector c. But as shown in Theorem 2 the found
community is usually already discrete.
3.2 Expectation-Maximization

i

K(i, i) +

aCC /aCV +
aCV

2

aiC /aiV + ci
<
aCV
= K(i, i), this condition is equivalent to
(C) < 0.

i.
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The connection to k-means clustering suggests that it might be possible to optimize conductance using an Expectation-Maximization algorithm similar to Lloyd’s algorithm for
k-means clustering. Intuitively, the algorithm would work as follows:
• E step assign each node i to the community if and only if its squared distance to the
mean is less than i .
• M step set the community mean to the weighted centroid of all nodes in the community.
These steps are alternated until convergence. Since both these steps do not increase the
objective value, the algorithm is guaranteed to converge.
If the community after some iterations is C, then, as in the previous section, we can
fill in the optimal mean into the E step, to obtain that a node i should be part of the
community if

When

r

11
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Algorithm 1 Projected Gradient Descent conductance optimization (PGDc)
Input: A set S of seeds of seeds, a graph G, a constant
0.
1: s
[S]
2: c(0)
s
3: t
0
4: repeat
(t)
(t)
5:
LineSearch(c
)
(t) r
6:
c(t+1) = p(c(t)
(c(t) ))
7:
t
t+1
until c(t 1) = c(t)
(t)
C
{i 2 V | ci
1/2}
8:

9:

function LineSearch(c)
⇤
1: ⇤
0,
(c)
2: g
r (c)
3:
1/ max(|g|)
4: repeat
5:
c0
p(c
g)
6:
if
(c0 ) < ⇤ then
⇤
⇤
7:
,
(c0 )
8:
end if
9:
2
until ci0 2 {0, 1} for all i with gi 6= 0
return ⇤
11:

10:

Algorithm 2 EM conductance optimization (EMc)
Input: A set S of seeds, a graph G, a constant
0.
1: C (0)
S
2: t
0
3: repeat
4:
C (t+1) = {i | r (C (t) )i < 0} [ S
t
t+1
while C (t) < C (t 1)
5:

6:

12

for all nodes i 2
/ C ⇤.

• 2aiC /aiV  aCC /aCV

if for all subsets

14

(C (t) )i

0 otherwise. This means that

JMLR 17(147):1-28

13

hence r (C (t) )i < 0 if i 2 Dt+1 , and r
C (t+1) = Dt+1 .

JMLR 17(147):1-28

(C (t) ), which implies that

For the projected gradient descent algorithm from Section 3.1 we have an analogous
theorem,

• i2
/ C ⇤ ; then because C ⇤ is isolated, 2aiC (t) /aiV  1
r (c(t) )i 0.

• i 2 C ⇤ \ Dt+1 ; then there are no edges from Dt to i, since otherwise the shortest
path distance from i to a seed would be t + 1. So aic(t) = 0, which implies that
r (C (t) )i 0.

• i 2 Dt+1 ; then because C ⇤ is dense and Dt is centered around the seeds, 2aiC (t) /aiV >
1
(C (t) ). This implies that r (C (t) )i < 0.

Proof The proof proceeds by induction. For t = 0, the only nodes i with d(i) = 0 are the
seeds, and C (0) = S by definition.
Now suppose that C (t) = Dt . Then for any node i there are three possibilities.

Theorem 4 If C ⇤ is dense and isolated, then the iterates of the EMc algorithm satisfy
C (t) = Dt .

Some examples of communities that satisfy this property are cliques and quasi-cliques that
are only connected to nodes of high degree.
Now denote by Dn the set of nodes i in C ⇤ with d(i)  n. Clearly D0 = S, and because
the community is connected there is some n⇤ such that Dn⇤ = C ⇤ .
We first look at the expectation-maximization algorithm.

for all nodes i 2 C, and

• 2aiC /aiV > aCC /aCV

Definition 3 A community C ⇤ is dense and isolated with threshold
C ✓ C ⇤ centered around the seeds S:

We now take a brief look at which kinds of communities can be exactly recovered with gradient descent and expectation-maximization. Suppose that we wish to recover a community
C ⇤ from a seeds set S, and assume that this community is connected. Denote by d(i) the
shortest path distance from a node i 2 C ⇤ to any seed node, in the subnetwork induced by
C ⇤.
First of all, since both algorithms grow the community from the seeds, we need to look
at subcommunities C ✓ C ⇤ centered around the seeds, by which we mean that d(i)  d(j)
for all nodes i 2 C and j 2 C ⇤ \ C.
Secondly, we need the community to be sufficiently densely connected to be considered
a community in the first place; but at the same time the community needs to be separated
from the rest of the network. Again, because the communities are grown, we require that
this holds also for subcommunities that are grown from the seeds,

3.5 Exactly Recoverable Communities

van Laarhoven and Marchiori

In Section 2.2 we introduced the parameter, and we have shown that larger values of
lead to more local optima. This leaves the question of choosing the value of .
One obvious choice is = 0, which means that
is exactly the classical conductance.
Another choice would be to pick the smallest that leads to a positive definite kernel.
But this is a global property of the network, that is furthermore very expensive to compute.
Instead, we try several di↵erent values of for each seed, and then pick the community
with the highest density, that is, the community C with the largest aCC /|C|2 .

3.4 Choosing

Both methods require the computation of the gradient in each iteration. This computation
can be done efficiently. The only nodes for which the gradient of the conductance is negative
are the neighbors of nodes in the current community, and the only nodes for which a positive
gradient can have an e↵ect are those in the community. So the gradient doesn’t need to
be computed for other nodes. For the other nodes the gradient depends on the number of
edges to the community, and on the node’s degree. Assuming that the node degree can be
queried in constant time, the total time per iteration is proportional to the size of the onestep-neighborhood of the community, which is of the order of the volume of the community.
If the node degrees are not known, then the complexity increases to be proportional to the
volume of the one-step-neighborhood of the community, though this is a one-time cost, not
a per iteration cost.
As seen in Section 3.5, for dense and isolated communities, the number of iterations
is bounded by the diameter of the community. In general we can not guarantee such a
bound, but in practice the number of iterations is always on the order of the diameter of
the recovered community.
For very large datasets, the computation of the gradient can still be expensive, even
though it is a local operation. Therefore, we restrict the search to a set of 1000 nodes
near the seed. This set N is formed by starting with the seed, and repeatedly adding all
neighbors of nodes in N , until the set would contain more than 1000 nodes. In this last
step we only add the nodes with the highest aiN /aiV so that the final set contains exactly
1000 nodes.

3.3 Computational Complexity

This leads us to the EM community finding algorithm, Algorithm 2.
By taking = 0 we get that nodes are assigned to the community exactly if the gradient
r (C)i is negative. So, this EM algorithm is very similar to projected gradient descent with
an infinite step size in each iteration. The only di↵erence is for nodes with r (C)i = 0,
which in the EMc algorithm are always assigned to the background, while in PGD their
membership of the community is left unchanged compared to the previous iteration.
Of course, we have previously established that = 0 does not lead to a valid kernel
(this doesn’t preclude us from still using the EM algorithm). In the case that > 0 there
is an extra barrier for adding nodes not currently in the community, and an extra barrier
for removing nodes that are in the community. This is similar to the e↵ect that increasing
has on the gradient of .
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Theorem 5 If C ⇤ is dense and isolated, then the iterates of PGDc satisfy c(t) = [Dt ].

LFR (om=1)
LFR (om=2)
LFR (om=3)
LFR (om=4)
Karate
Football
Pol.Blogs
Pol.Books
Flickr
Amazon
DBLP
Youtube
LiveJournal
Orkut
CYC/Gavin 2006
CYC/Krogan 2006
CYC/Collins 2007
CYC/Costanzo 2010
CYC/Hoppins 2011
CYC/all

max

i62C,aiC >0

aiV

clus.c.

101
49.5 0.302
146
51.4 0.534
191
52.4 0.647
234
53.4 0.717
2
17.0 0.141
12
9.6 0.402
2 745.0 0.094
3
35.0 0.322
171 4336.1 0.682
151037
19.4 0.554
13477
53.4 0.622
8385
13.5 0.916
287512
22.3 0.937
6288363
14.2 0.977
408
4.7 0.793
408
4.7 0.733
408
4.7 0.997
408
4.7 0.996
408
4.7 0.999
408
4.7 0.905

#comm
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#edge

0.039
0.021
0.016
0.015
0.103
0.186
0.089
0.151
0.030
0.079
0.128
0.002
0.045
0.014
0.121
0.075
0.083
0.022
0.030
0.017

(C)

#node

25125
25123
25126
25117
78
613
16715
441
3017530
925872
1049866
2987624
34681189
117185083
6531
7075
14401
57772
10093
80506

|C|
5000
5000
5000
5000
34
115
1490
105
35313
334863
317080
1134890
3997962
3072441
6230
6230
6230
6230
6230
6230

Specifically, we perform a comparative empirical analysis of the following algorithms.

4.1 Algorithms

To test the proposed algorithms, we assess their performance on various networks. We also
perform experiments on recent state-of-the-art algorithms based on the di↵usion method
which also optimize conductance.

4. Experiments

Table 1: Overview of the datasets used in the experiments. For each dataset we consider
three di↵erent sets of communities.

Proof The proof proceeds by induction, and is analogous to the proof of Theorem 4. For
t = 0, the only nodes i with d(i) = 0 are the seeds, and c(0) = s = [S] by definition.
Now suppose that c(t) = [Dt ]. We have already shown that r (C (t) )i < 0 if and only
if i 2 Dt+1 . This means that after projecting onto the set of valid communities, only the
membership of nodes in Dt+1 can increase. Since nodes in Dt already have membership 1,
and nodes not in D
already have membership 0, they are not a↵ected.
t+1
(t)
(t) r
Let max = maxi2Dt+1 1/r (c(t) )i . Clearly if (t)
(c(t) )i >
max , then ci
(t) r
1 for all nodes i 2 Dt+1 , and hence p(c(t)
(c(t) )) = [Dt+1 ]. So to complete the
proof, we only need to show that the optimal step size found with line search is indeed (at
least) max .
Suppose that (t) < max leads to the optimal conductance. Then there is a node
(t+1)
i 2 Dt+1 with fractional membership, 0 < ci
< 1. By repeated application of Theorem 2
we know that there is a discrete community C 0 with (C 0 ) = (c(t+1) ), and furthermore
(C 0 \ {i}) =
(C 0 [ {i}). The latter can only be the case if r (C 0 )i = 0. Because
the only nodes whose membership has changed compared to c(t) are those in Dt+1 \ Dt ,
it follows that C 0 contains all nodes with distance at most t to the seeds, as well as some
nodes with distance t + 1 to the seeds. This means that C 0 is centered around the seeds,
and so r (C 0 )i > 0. This is a contradiction, which means that (t)
max must be the
optimum.

i2C

1. PGDc. The projected gradient descent algorithm for optimizing -conductance given
in Algorithm 1. We show the results for two variants: PGDc-0 with = 0 and PGDcd where is chosen to maximize the community’s density as described in Section 3.4.

2. EMc. The Expectation Maximization algorithm for optimizing -conductance described in Section 2. We consider the variants EMc-0 with = 0 and EMc-d where
is chosen automatically.

JMLR 17(147):1-28

1
(C)
=
min aiV
2|C| i2C

min aiV >

As a corollary, since Dn⇤ +1 = Dn⇤ , both the EMc and the PGDc algorithm will halt,
and exactly recover C ⇤ .
The notion of dense and isolated community is weakly related to that of (↵, )-cluster
(Mishra et al., 2008) (without the technical assumption that each node has a self-loop): C
is an (↵, )-cluster, with 0  ↵ <  1 if aiC
|C| for i in C, aiC  ↵|C| for i outside C.
The definition of dense and isolated community depends on the degree of the nodes
while that of (↵, )-cluster does not. As a consequence, not all maximal cliques of a graph
are in general dense and isolated communities while they are (↵, )-clusters. For instance, a
maximal clique linked to an external isolated node, that is, a node of degree 1, is not dense
and isolated.
In general one can easily show that if C is dense and isolated and

then C is an (↵, )-cluster with

and

16

3. YL. The algorithm by Yang and Leskovec (2012) (with conductance as scoring function), based on the di↵usion method. It computes an approximation of the personalized Page Rank graph di↵usion vector (Andersen et al., 2006). The values in this
JMLR 17(147):1-28

1
(C)
↵=
max aiV .
2|C| i62C,aiC >0
15

17
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We use five social and information network datasets with ground-truth from the SNAP
collection (Leskovec and Krevl, 2014). These datasets are summarized in Table 1. For each
dataset we list the number of nodes, number of edges and the clustering coefficient. We
consider all available ground truth communities with at least 3 nodes.
Yang and Leskovec (2012) also defined a set of top 5000 communities for each dataset.
These are communities with a high combined score for several community goodness metrics,

4.2.2 Social and Information Network Datasets with Ground Truth

The first set of experiments we performed is on artificially generated networks with a known
community structure. We use the LFR benchmark (Lancichinetti et al., 2008). We used the
parameter settings N=5000 mu=0.3 k=10 maxk=50 t1=2 t2=1 minc=20 maxc=100 on=2500,
which means that the graph has 5000 nodes, and between 20 and 100 communities, each
with between 10 and 50 nodes. Half of the nodes, 2500 are a member of multiple communities. We vary the overlap parameter (om), which determines how many communities these
nodes are in. More overlap makes the problem harder.

4.2.1 Artificial Datasets

4.2 Datasets

5. PPR. The pprpush algorithm by Andersen and Lang (2006) based on the personalized
Page Rank graph di↵usion. Compared to YL instead of finding a local optimum
of the sweep, the method looks for a global optimum, and hence often finds larger
communities. We use the implementation included with the HK method.

4. HK. The algorithm by Kloster and Gleich (2014), also based on the di↵usion method.
Here, instead of using the Personalized PageRank score, nodes are ranked based on a
Heat Kernel di↵usion score (Chung, 2007). We use the implementation made available
by Kloster and Gleich (2014), which tries di↵erent values of the algorithm’s parameters
t and ✏, and picks the community with the highest conductance among them. The
details are in section 6.2 of (Kloster and Gleich, 2014). Code is available at https:
//www.cs.purdue.edu/homes/dgleich/codes/hkgrow.

vector are divided by the degree of the corresponding nodes, and the nodes are sorted
in descending order by their values. The ranking induces a one dimensional search
space of communities Ck , called a sweep, defined by the sequence of prefixes of the
sorted list, that is, the k top ranked nodes, for k = 1, . . . , |V |. The smallest k whose
Ck is a ‘local optimum’ of conductance is computed and Ck is extracted. Local optima of conductance over the one dimensional space C1 , C2 , . . . , C|V | are computed
using a heuristic. For increasing k = 1, 2, . . . (Ck ) is measured. When (Ck ) stops
decreasing at k ⇤ this is a ‘candidate point’ for a local minimum. It becomes a selected
local minimum if (Ck ) keeps increasing after k ⇤ and eventually becomes higher than
↵ (Ck ), otherwise it is discarded. ↵ = 1.2 is shown to give good results and is also
used in our experiments. Yang and Leskovec (2012) show that finding the local optima of the sweep curve instead of the global optimum gives a large improvement
over previous local spectral clustering methods by Andersen and Lang (2006) and by
Spielman and Teng (2004).
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2. The supplementary material is available from http://cs.ru.nl/~tvanlaarhoven/conductance2016

In all our experiments we use a single seed node, drawn uniformly at random from the
community. We have also performed experiments with multiple seeds; the results of those
experiments can be found in the supplementary material.
To keep the computation time manageable we have performed all experiments on a
random sample of 1000 ground-truth communities. For datasets with fewer than 1000
communities, we include the same community multiple times with di↵erent seeds.
Since the datasets here considered have information about ground truth communities,
a natural external validation criterion to assess the performance of algorithms on these
datasets is to compare the community produced by an algorithm with the ground truth
one. In general, that is, when ground truth information is not available, this task is more
subtle, because it is not clear what is a good external validation metric to evaluate a
community (Yang and Leskovec, 2015).
We measure quality performance with the F1 score, which for community finding can
be defined as
|C \ C ⇤ |
F1 (C, C ⇤ ) = 2
,
|C| + |C ⇤ |

4.3 Results

Additionally we used some classical datasets with known communities: Zachary’s karate
club Zachary (1977); Football: A network of American college football games (Girvan and
Newman, 2002); Political books: A network of books about US politics (Krebs, 2004); and
Political blogs: Hyperlinks between weblogs on US politics (Adamic and Glance, 2005).
These datasets might not be very well suited for this problem, since they have very few
communities.

4.2.4 Other Datasets

We have also run experiments on protein interaction networks of yeast from the BioGRID
database (Stark et al., 2006). This database curates networks from several di↵erent studies.
We have constructed networks for Gavin et al. (2006), Krogan et al. (2006), Collins et al.
(2007), Costanzo et al. (2010), Hoppins et al. (2011), as well as a network that is the union
of all interaction networks confirmed by physical experiments.
As ground truth communities we take the CYC2008 catalog of protein complexes for
each of the networks (Pu et al., 2009).

4.2.3 Protein Interaction Network Datasets

among which is conductance. We therefore believe that communities in this set are biased
to be more easy to recover by optimizing conductance, and therefore do not consider them
here. Results with these top 5000 ground truth communities are available in tables 1–3 in
the supplementary material 2 .
In addition to the SNAP datasets we also include the Flickr social network dataset
(Wang et al., 2012).
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PGDc-0
0.185
0.095
0.085
0.074
0.472
0.816
0.141
0.187
0.027
0.522
0.369
0.251
0.262
0.231
0.543
0.513
0.429
0.355
0.405
0.459

PGDc-d
0.868
0.293
0.158
0.100
0.816
0.766
0.661
0.622
0.097
0.425
0.317
0.073
0.059
0.033
0.455
0.364
0.345
0.172
0.368
0.017

EMc-0
0.187
0.092
0.083
0.072
0.467
0.805
0.149
0.197
0.027
0.522
0.371
0.248
0.259
0.231
0.543
0.511
0.429
0.351
0.405
0.459

EMc-d
0.203
0.122
0.110
0.092
0.600
0.816
0.017
0.225
0.013
0.493
0.341
0.228
0.183
0.171
0.526
0.504
0.416
0.314
0.424
0.425

YL
0.040
0.039
0.037
0.032
0.811
0.471
0.661
0.641
0.054
0.245
0.214
0.037
0.035
0.057
0.336
0.229
0.345
0.170
0.368
0.016

HK
0.041
0.041
0.039
0.034
0.914
0.283
0.535
0.663
0.118
0.130
0.210
0.071
0.049
0.033
0.294
0.169
0.345
0.170
0.368
0.002

PPR

LFR (om=1)
LFR (om=2)
LFR (om=3)
LFR (om=4)
Karate
Football
Pol.Blogs
Pol.Books
Flickr
Amazon
DBLP
Youtube
LiveJournal
Orkut
CYC/Gavin 2006
CYC/Krogan 2006
CYC/Collins 2007
CYC/Costanzo 2010
CYC/Hoppins 2011
CYC/all

Dataset

PGDc-0

6.2
5.6
5.6
4.9
8.0
9.5
110.1
5.2
73.0
5.6
5.4
19.4
5.5
17.9
3.4
7.0
19.5
58.1
110.1
16.0

PGDc-d

71.8
292.8
451.5
530.2
24.1
16.2
538.9
43.1
644.6
45.6
83.5
474.2
309.3
344.7
34.3
138.8
207.2
564.2
235.5
841.9

EMc-0

6.3
6.4
6.4
5.7
8.0
9.4
118.1
5.7
73.5
5.7
6.1
21.3
5.9
19.1
3.5
9.4
19.5
66.5
110.4
17.0

EMc-d

5.9
4.9
5.0
4.9
8.8
8.8
7.2
6.7
12.9
6.4
6.0
9.3
10.8
11.1
3.1
3.7
2.6
5.9
4.3
9.6

YL

2410.0
2404.4
2399.4
2389.1
16.7
40.5
492.7
49.3
174.2
88.8
55.0
147.9
153.2
212.0
236.7
723.8
192.0
1058.8
295.2
2795.2

HK

2366.2
2311.6
2283.7
2262.0
17.1
56.5
1051.1
53.4
1158.1
20819.9
24495.0
20955.5
3428.7
1634.0
621.9
1756.3
189.4
942.9
295.2
5786.0

PPR
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52.3
93.2
104.7
108.9
20.0
14.7
515.6
37.8
639.9
25.2
61.9
340.6
243.7
245.1
19.7
48.4
202.9
540.2
229.9
657.5
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On these datasets, HK and PPR tend to find communities that are much too large, with
small conductance but also with low F1 scores. This happens because the LFR networks
are small, and the methods are therefore able to consider a large part of the nodes in the
network.
On the other hand, YL always starts its search at small communities, and it stops early,
so the communities it finds are smaller than the ground truth ones on these networks.

4.3.1 Artificial LFR Datasets

as well. On the other hand, on networks with large communities our methods, PPR and
HK work best. On the artificial LFR data continuous relaxation of conductance seems to
work best. This result indicates that the LFR model of ‘what is a community’ is somehow in
agreement with the notion of local community as local optimum of the continuous relaxation
of conductance. However, as observed in recent works like (Jeub et al., 2015), the LFR model
does not seem to represent the diverse characteristics of real-life communities.
We have included tables of the standard deviation in the supplementary material. Overall, the standard deviation in cluster size is of the same order of magnitude as the mean.
The standard deviation of the conductance is around 0.1 for LFR datasets, 0.2 for the SNAP
datasets and 0.3 for the CYC datasets. It is not surprising that the variance is this high,
because the communities vary a lot in size and density.
Results on these datasets can be summarized as follows.

Table 3: Average size of the recovered communities.

0.967
0.483
0.275
0.178
0.831
0.792
0.646
0.596
0.098
0.470
0.356
0.089
0.067
0.042
0.474
0.410
0.346
0.174
0.368
0.044

Local Network Community Detection with Continuous Optimization

Dataset
LFR (om=1)
LFR (om=2)
LFR (om=3)
LFR (om=4)
Karate
Football
Pol.Blogs
Pol.Books
Flickr
Amazon
DBLP
Youtube
LiveJournal
Orkut
CYC/Gavin 2006
CYC/Krogan 2006
CYC/Collins 2007
CYC/Costanzo 2010
CYC/Hoppins 2011
CYC/all
Table 2: Average F1 score between recovered communities and ground-truth. The best
result for each dataset is indicated in bold, as are the results not significantly
worse according to a paired T-test (at significance level 0.01).

JMLR 17(147):1-28

where C is the recovered community and C ⇤ is the ground truth one. A higher F1 score is
better, with 1 indicating a perfect correspondence between the two communities.
Note that a seed node might be in multiple ground truth communities. In this case we
only compare the recovered community to the true community that we started with. If a
method finds another ground truth community this is not detected, and so it results in a
low F1 score.
We also analyze the output of these algorithms with respect to the conductance of
produced communities and their size. Results on the run time of the algorithms are reported
in the supplementary material (Table 4).
Figure 2 shows the F1 scores as a function of the parameter . Table 2 shows the F1
scores comparing the results of the methods to the true communities. Table 3 shows the
mean size of the found communities, and Table 4 their conductance.
In general, results of these experiments indicate that on real-life networks, our methods
based on continuous relaxation of conductance, PPR and HK produce communities with
good conductance, but all are less faithful to the ground truth when the network contains
many small communities. In PGDc, EMc the automatic choice of helps to achieve results
closer to the ground truth, and the built-in tendency of YL to favor small communities helps
19

0.301
0.532
0.589
0.604
0.129
0.277
0.228
0.140
0.777
0.181
0.246
0.601
0.563
0.718
0.614
0.466
0.716
0.759
0.788
0.674

PGDc-0

0.750
0.786
0.793
0.791
0.460
0.356
0.743
0.622
0.937
0.464
0.571
0.765
0.875
0.916
0.734
0.626
0.953
0.931
0.883
0.872

PGDc-d

0.304
0.541
0.587
0.595
0.081
0.274
0.212
0.107
0.777
0.180
0.257
0.711
0.589
0.731
0.611
0.469
0.712
0.755
0.785
0.742

EMc-0
0.749
0.787
0.793
0.792
0.475
0.362
0.737
0.611
0.937
0.463
0.565
0.759
0.874
0.917
0.732
0.620
0.953
0.929
0.882
0.874

EMc-d
0.755
0.780
0.781
0.775
0.327
0.385
0.867
0.571
0.951
0.402
0.498
0.700
0.774
0.928
0.735
0.617
0.972
0.934
0.970
0.840

YL
0.250
0.315
0.333
0.341
0.222
0.244
0.229
0.127
0.864
0.081
0.133
0.201
0.336
0.750
0.532
0.325
0.720
0.672
0.763
0.363

HK
0.273
0.338
0.354
0.359
0.136
0.155
0.137
0.065
0.762
0.053
0.147
0.341
0.489
0.711
0.500
0.265
0.730
0.646
0.763
0.026

PPR
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Our methods based on continuous relaxation of conductance yield the best F1 results on
the Football and Blog networks, while PPR performs best on the other two networks and
achieves best overall conductance.

4.3.2 Small Real-Life Social Networks with Few Communities (Karate,
Football, Blogs, Books)

The automatic choice of leads to communities which are of relatively small size. We
believe that this happens because the nodes in LFR datasets all have exactly the same
fraction of within community edges. Increasing suddenly makes the gradient for most
of these nodes positive. In real networks there are often hubs that are more central to a
community, with more connections to the community’s nodes and to the seed. These hubs
still can be found at higher values of .

In all cases EMc shows similar or slightly worse performance compared to PGDc, so
the gradient descend algorithm should be preferred.

The best F1 results are achieved by PGDc with = 0, that is, when the continuous
relaxation of conductance is used as the objective function. This method employs a more
powerful optimizer than YL, so it is able to find a large community with a better conductance, but it still stops at the first local optimum. In the LFR datasets these optima are
very clear, and correspond closely to the ground truth communities.

Table 4: Average conductance of the recovered communities.

LFR (om=1)
LFR (om=2)
LFR (om=3)
LFR (om=4)
Karate
Football
Pol.Blogs
Pol.Books
Flickr
Amazon
DBLP
Youtube
LiveJournal
Orkut
CYC/Gavin 2006
CYC/Krogan 2006
CYC/Collins 2007
CYC/Costanzo 2010
CYC/Hoppins 2011
CYC/all

Dataset
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0

0.1

0.2

0.3

0.4

0.5

0.6

0

0.2

0.4

0.8

1
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On these networks the automatic choice of gives best results, consistently outperforming
the other algorithms. In Figure 2, the F1 score of PGDc and EMc as a function of is
plotted. For some datasets a small value of works well, while for others a larger value of
is better. Our procedure to choose produces results that are close to, but slightly below,
the best a posteriori choice of . So on these networks the proposed procedure positively
a↵ects the performance of our algorithms. YL favors communities of small size less faithful
to the ground truth. PGDc-0, EMc-0, PPR and HK ‘explode’, and produce very large
communities. For our methods this ‘explosion’ is limited only because we limit the search
to 1000 nodes near the seed. The ground-truth communities of these datasets have rather
high conductance, and the networks have a very low clustering coefficient. In such a case,

4.3.4 Large Real-Life SNAP Networks with Many Small Communities

On this network, PPR achieves the best results both in terms of F1 score as well as conductance. However the the produced communities are about four time smaller than the
ground truth communities, which have more than 4000 nodes. PGDc and EMc with
= 0 yield communities of conductance similar to that of PPR communities, but their size
is smaller (about 650 nodes). This happens because the algorithms are restricted to 1000
nodes around the seed, without this restriction larger communities would be found. Somewhat surprisingly HK produces communities of relatively small size (about 175 nodes). The
automatic choice of yields to even smaller communities (about 64 nodes). The smallest
size communities are produced by YL (about 13 nodes).

4.3.3 Large Social Network with Big Communities (Flickr)

parameter on the SNAP datasets with

0.6

van Laarhoven and Marchiori

Figure 2: Average F1 score as a function of the
the PGDc method.

F1

communities have many links to nodes outside, hence conductance alone is clearly not suited
to finding these type of local communities.

Local Network Community Detection with Continuous Optimization

van Laarhoven and Marchiori

4.3.5 Real-Life Protein Interaction Networks with Very Small
Communities (CYC)
Also on these networks the automatic choice of gives best results. As expected, due to
the very small size of the ground truth communities, YL also achieves very good results.
The other algorithms tend to produce less realistic, large communities which have better
conductance.
4.3.6 Running Time
The best performing algorithm with respect to running time is HK. PGDc and EMc are
about four times slower with a fixed value of , and ten to twenty times slower when automatically determining . The running times are included in Table 4 of the supplementary
material. All experiments were run on a 2.4GHz Intel XEON E7-4870 machine. Note that
the di↵erent methods are implemented in di↵erent languages (our implementation is written
in Octave, while HK and PPR are implemented in C++), so the running times only give
an indication of the overall trend, and can not be compared directly.
4.3.7 Top 5000 Communities
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(2014), this problem remains to be investigated in the context of local community detection
by -conductance optimization using PGDc and EMc.
Our experimental results indicate the e↵ectiveness of direct optimization of a continuous
relaxation of -conductance using gradient descent and expectation maximization. In our
algorithms we used community density as a criterion to choose . This resulted to be a good
choice for the performance of our algorithms on the SNAP networks. It would be interesting
to investigate also other criteria to choose . Conversely, the fact that maximum density
is a good criterion for selecting implies that it might also be directly optimized as an
objective for finding communities.
On some datasets, when optimizing normal conductance, that is, with = 0, our methods sometimes find very large communities. These communities will have a very good
conductance, but they do not correspond well to the ground truth. In some sense the
optimizer is ‘too good’, and conductance is not the best criterion to describe these communities. A better objective would perhaps take into account the size of the community more
explicitly, but this needs to be investigated further.
In this paper we have used gradient descent, a first order optimization method which
utilizes only the objective function’s gradient. More advanced optimization methods also
use second derivatives or approximations of those. We believe that such methods will
not bring a large advantage compared to gradient descent, because during the optimization
many coordinates are at the boundary value 0 or 1, and second derivatives would not help to
locate these boundary points. Other constrained optimizers such as interior point methods
have the problem that they need to inspect a much larger part of the network, potentially
all of it, because intermediate steps have nonzero membership for all nodes.

Results with only the top 5000 ground truth communities available at the SNAP dataset
collection are similar to the results with all communities. As expected, the F1 score is much
higher and the conductance of the recovered community is better. Because these ground
truth communities have a better conductance, it is better to optimize conductance, that
is to take
= 0. As a consequence the performance of PGDc-0 and EMc-0 is better
than that of PGDc-d and EMc-d for these communities. The full results are available in
Tables 1–3 in the supplementary material.

5. Discussion
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This paper investigated conductance as an objective function for local community detection
from a set of seeds. By making a continuous relaxation of conductance we show how
standard techniques such as projected gradient descent can be used to optimize it. Even
though this is a continuous optimization problem, we show that the local optima are almost
always discrete communities. We further showed how linking conductance with kernel
weighted k-means clustering leads to the new -conductance objective function and to
simple yet e↵ective algorithms for local community detection by seed expansion.
We provided a formalization of a class of good local communities around a set of seeds
and showed that the proposed algorithms can find them. We suspect that these communities can also be exactly retrieved using local community algorithms based on the di↵usion
method, but do not yet have a proof. The condition that such communities should be centered around the seeds raises the question of how to find such seeds. Although various works
have studied seed selection for di↵usion based algorithms, such as Kloumann and Kleinberg
23

Jure Leskovec and Andrej Krevl. SNAP Datasets: Stanford large network dataset collection.
http://snap.stanford.edu/data, June 2014.

Santo Fortunato. Community detection in graphs. Physics Reports, 486:75–174, 2010.

JMLR 17(147):1-28
26

JMLR 17(147):1-28

25

Nina Mishra, Robert Schreiber, Isabelle Stanton, and Robert Endre Tarjan. Finding
strongly knit clusters in social networks. Internet Mathematics, 5(1):155–174, 2008.

Michael W Mahoney, Lorenzo Orecchia, and Nisheeth K Vishnoi. A local spectral method
for graphs: With applications to improving graph partitions and exploring data graphs
locally. The Journal of Machine Learning Research, 13(1):2339–2365, 2012.
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We propose megaman, a new Python package for scalable manifold learning. This package is
designed for performance, while inheriting the functionality of scikit-learn’s well-designed
API (Buitinck et al., 2013).

1. Motivation

Keywords: manifold learning, dimension reduction, Riemannian metric, graph embedding, scalable methods, python

Manifold Learning (ML) is a class of algorithms seeking a low-dimensional non-linear representation of high-dimensional data. Thus, ML algorithms are most applicable to highdimensional data and require large sample sizes to accurately estimate the manifold. Despite this, most existing manifold learning implementations are not particularly scalable.
Here we present a Python package that implements a variety of manifold learning algorithms in a modular and scalable fashion, using fast approximate neighbors searches and
fast sparse eigendecompositions. The package incorporates theoretical advances in manifold learning, such as the unbiased Laplacian estimator introduced by Coifman and Lafon
(2006) and the estimation of the embedding distortion by the Riemannian metric method
introduced by Perrault-Joncas and Meila (2013). In benchmarks, even on a single-core
desktop computer, our code embeds millions of data points in minutes, and takes just 200
minutes to embed the main sample of galaxy spectra from the Sloan Digital Sky Survey—
consisting of 0.6 million samples in 3750-dimensions—a task which has not previously been
possible.
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1. Conda can be downloaded at http://conda.pydata.org/miniconda.html.
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X = make_swiss_roll ( 10000 ) # generate input data
radius = 1.1 # kernel bandwidth and for graph construction
# a Geometry object encapsulates generic geometric operations
geom = Geometry (
adjacency_kwds = { ’ radius ’:3* radius } , # neighborhood radius
adjacency_method = ’ cyflann ’ , # fast approximate neighbors

from megaman . geometry import Geometry
from megaman . embedding import SpectralEmbedd ing
from sklearn . datasets import make_swiss_roll

4. Quick start

embeddings The manifold learning algorithms are implemented in their own classes inheriting from a base class. Included are SpectralEmbedding, which implements Laplacian
Eigenmaps (Belkin and Niyogi, 2002) and Diffusion Maps (Nadler et al., 2006), LTSA (Zhang
and Zha, 2004), LocallyLinearEmbedding (Roweis and Saul, 2000), and Isomap (Bernstein
et al., 2000). Geometric operations common to many or all embedding algorithms (such
as computing distances, Laplacians) are implemented by the Geometry class. A Geometry
object is passed or created inside every embedding class. In particular, RiemannianMetric
produces the estimated Riemannian metric via the method of Perrault-Joncas and Meila
(2013). eigendecomposition (module) provides a unified (function) interface to the different eigendecomposition methods provided in scipy.
For background of manifold learning, as well as megaman’s design philosophy, please see
McQueen et al. (2016).

3. Logical structure and classes overview

$ make test

With nosetests installed, unit tests can be run with:

$ python setup . py install

e-Science Institute
University of Washington
Seattle, WA 98195-4322, USA

Jacob VanderPlas

$ conda install megaman -- channel = conda - forge
Alternatively, megaman can be installed from source by downloading the source repository
and running:

mmp@stat.washington.edu

jmcq@uw.edu

megaman is publicly available at: https://github.com/mmp2/megaman. megaman’s required
dependencies are numpy, scipy, and scikit-learn, but for optimal performance FLANN,
cython, pyamg and the C compiler gcc are also required. For unit tests and integration
megaman depends on nose. The most recent megaman release can be installed along with its
dependencies using the cross-platform conda 1 package manager:

2. Downloading and installation

McQueen, Meilă, VanderPlas, and Zhang

Department of Statistics
University of Washington
Seattle, WA 98195-4322, USA

Marina Meilă
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affinity_method = ’ gaussian ’ ,
# Gaussian kernel
affinity_kwds = { ’ radius ’: radius } ,
# kernel bandwidth
laplacian_method = ’ geometric ’)
# unbiased Laplacian
SE = SpectralE mbeddi ng ( # embedding algorithm & params
n_components = 2 ,
# embed into 2 dimensions
eigen_solver = ’ amg ’ ,
geom = geom )
# pass the geometric information
Y = SE . fit_transform ( X )
# perform embedding
The last two instructions are identical to their analogous instructions in scikit-learn. Full
documentation is available from the megaman website at: http://mmp2.github.io/megaman/

5. Benchmarks

Size N
0.7M
3M

Dimensions D
3750
300

Distances
190.5
107.9

Run time [min]
Embedding R. metric
8.9
0.1
44.8
0.6

Total
199.5
153.3

The one other popular comparable implementation of manifold learning algorithms is the
scikit-learn package. To make the comparison as fair as possible, we choose the
SpectralEmbedding method for the comparison, with radius-based neighborhoods and the
Locally-Optimized Block-Preconditioned Conjugate Gradient (lobpcg) eigensolver. Note, too,
that with the default settings, scikit-learn would perform slower than in our experiments.
We display total embedding time (including time to compute the graph G, the Laplacian matrix and the embedding 2 ) for megaman versus scikit-learn, as the number of
samples N varies or the data dimension D varies (Figure 1). All benchmark computations
were performed on a single desktop computer running Linux with 24.68GB RAM and a
Quad-Core 3.07GHz Intel Xeon CPU. We use a relatively weak machine to demonstrate
that our package can be reasonably used without high performance hardware. The experiments show that megaman scales considerably better than scikit-learn, even in the most
favorable conditions for the latter; the memory footprint of megaman is smaller, even when
scikit-learn uses sparse matrices internally. The advantages grow as the data size grows,
whether it is w.r.t D or to N .
We also report run times on two real world data sets. The first is the word2vec data set
3 which contains feature vectors in 300 dimensions for about 3 million words and phrases,
extracted from Google News. The vector representation was obtained via a multilayer neural network by Mikolov et al. (2013). The second data set contains galaxy spectra from the
Sloan Digital Sky Survey 4 (Abazajian et al., 2009), preprocessed as described in Telford
et al. (2016).
Dataset
Galaxies
Word2Vec
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2. For megaman we also compute the Riemannian metric estimate at each point; this time is negligible
compared to the total time to obtain the embedding.
3. The word2vec data used were from GoogleNews-vectors-negative300.bin.gz which can be downloaded
from https://code.google.com/archive/p/word2vec/.
4. The Sloan Digital Sky Survey data can be downloaded from www.sdss.org.

3

Figure 1:

McQueen, Meilă, VanderPlas, and Zhang

Run time vs. data set size N for fixed D = 100 (left) and Run time vs. data set
dimension D for fixed N = 50, 000 (right). The data is from a Swiss Roll (in 3 dimensions)
with additional noise dimensions, embedded into s = 2 dimensions by the SpectralEmbedding
algorithm. By D = 10, 000 and N = 1, 000, 000 scikit-learn was unable to compute an
embedding due to insufficient memory. All megaman run times (including time between distance
and embedding) are faster than scikit-learn.

6. Conclusion

megaman puts in the hands of scientists and methodologists alike tools that enable them to
apply state of the art manifold learning methods to data sets of realistic size. The package
is extensible, modular, with an API familiar to scikit-learn users. Future development
will be mainly in the direction of further scalability (Nystrom extension, parallelization)
and expanding the data analytical tools (distance calculations, estimation of dimension,
estimation of neighborhood radius, directed graph embedding).
We hope that by providing this package, non-linear dimension reduction will be benefit
those who most need it: the practitioners exploring large scientific data sets.
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Multi-armed bandit problem is an important optimization game that requires an explorationexploitation tradeoff to achieve optimal total reward. Motivated from industrial applications such as online advertising and clinical research, we consider a setting where the rewards of bandit machines are associated with covariates, and the accurate estimation of the
corresponding mean reward functions plays an important role in the performance of allocation rules. Under a flexible problem setup, we establish asymptotic strong consistency and
perform a finite-time regret analysis for a sequential randomized allocation strategy based
on kernel estimation. In addition, since many nonparametric and parametric methods in
supervised learning may be applied to estimating the mean reward functions but guidance
on how to choose among them is generally unavailable, we propose a model combining
allocation strategy for adaptive performance. Simulations and a real data evaluation are
conducted to illustrate the performance of the proposed allocation strategy.
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Following the seminal work by Robbins (1954), multi-armed bandit problems have been
studied in multiple fields. The general bandit problem involves the following optimization
game: A gambler is given l gambling machines, and each machine has an “arm” that the
gambler can pull to receive the reward. The distribution of reward for each arm is unknown
and the goal is to maximize the total reward over a given time horizon. If we define the regret
to be the reward difference between the optimal arm and the pulled arm, the equivalent
goal of the bandit problem is to minimize the total regret. Under a standard setting, it
is assumed that the reward of each arm has fixed mean and variance throughout the time
horizon of the game. Some of the representative work for standard bandit problem includes
Lai and Robbins (1985), Berry and Fristedt (1985), Gittins (1989) and Auer et al. (2002).

Submitted 5/13; Revised 9/15; Published 10/16

See Cesa-Bianchi and Lugosi (2006) and Bubeck and Cesa-Bianchi (2012) for bibliographic
remarks and recent overviews on bandit problems.
Different variants of the bandit problem motivated by real applications have been studied extensively in the past decade. One promising setting is to assume that the reward
distribution of each bandit arm is associated with some common external covariate. More
specifically, for an l-armed bandit problem, the game player is given a d-dimensional external covariate x ∈ Rd at each round of the game, and the expected reward of each bandit
arm given x has a functional form fi (x), i = 1 · · · , l. We call this variant multi-armed
bandit problem with covariates, or MABC for its abbreviation (MABC is also referred to
as CMAB for contextual multi-armed bandit problem in the literature). The consideration
of external covariates is potentially important in applications such as personalized medicine.
For example, before deciding which treatment arm to be assigned to a patient, we can observe the patient prognostic factors such as age, blood pressure or genetic information, and
then use such information for adaptive treatment assignment for best outcome. It is worth
noting that the consideration of external covariate is recently further generalized to partial
monitoring by Bartók and Szepesvári (2012).
The MABC problems have been studied under both parametric and nonparametric
frameworks with various types of algorithms. The first work in a parametric framework appears in Woodroofe (1979) under a somewhat restrictive setting. A linear response bandit
problem in more flexible settings is recently studied under a minimax framework (Goldenshluger and Zeevi, 2009; Goldenshluger and Zeevi, 2013). Empirical studies are also reported
for parametric UCB-type algorithms (e.g., Li et al., 2010). The regret analysis of a special
linear setting is given in e.g., Auer (2002), Chu et al. (2011) and Agrawal and Goyal (2013),
in which the linear parameters are assumed to be the same for all arms while the observed
covariates can be different across different arms.
MABC problems with the nonparametric framework are first studied by Yang and Zhu
(2002). They show that with histogram or K-nearest neighbor estimation, the function
estimation is uniformly strongly consistent, and consequently, the cumulative reward of their
randomized allocation rule is asymptotically equivalent to the optimal cumulative reward.
Their notion of reward strong consistency has been recently established for a Bayesian
sampling method (May et al., 2012). Notably, under the Hölder smoothness condition and
a margin condition, the recent work of Perchet and Rigollet (2013) establishes a regret
upper bound by arm elimination algorithms with the same order as the minimax lower
bound of a two-armed MABC problem (Rigollet and Zeevi, 2010). A different stream of
work represented by, e.g., Langford and Zhang (2007) and Dudik et al. (2011) imposes
neither linear nor any smoothness assumption on the mean reward function; instead, they
consider a class of (finitely many) policies, and the cumulative reward of the proposed
algorithms is compared to the best of the policies. Interested readers are also referred to
Bubeck and Cesa-Bianchi (2012, Section 4) and its bibliography remarks for studies from
numerous different perspectives.
Another important line of development in the bandit problem literature (closely related
to, but different from the setting of MABC) is to consider the arm space as opposed to the
covariate space in MABC. It is assumed that there are infinitely many arms, and at each
round of the game, the player has the freedom to play one arm chosen from the arm space.
Like MABC, the setting with the arm space can be studied from both parametric linear and
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nonparametric frameworks. Examples of the linear parametric framework include Dani et al.
(2008), Rusmevichientong and Tsitsiklis (2010) and Abbasi-Yadkori et al. (2011). Notable
examples of the nonparametric framework (also known as the continuum-armed bandit
problem) under the local or global Hölder and Lipchitz smoothness conditions are Kleinberg
(2004), Auer et al. (2007), Kleinberg et al. (2007) and Bubeck et al. (2011). Abbasi-Yadkori
(2009) studies a forced exploration algorithm over the arm space, which is applied to both
parametric and nonparametric frameworks. Interestingly, Lu et al. (2010) and Slivkins
(2011) consider both the arm space and the covariate space, and study the problem by
imposing Lipschitz conditions on the joint space of arms and covariates.
Our work in this paper follows the nonparametric framework of MABC in Yang and
Zhu (2002) and Rigollet and Zeevi (2010) with finitely many arms. One contribution in this
work is to show that kernel methods enjoy estimation uniform strong consistency as well,
which leads to strongly consistent allocation rules. Note that due to the dependence of the
observations for each arm by the nature of the proposed randomized allocation strategy, it
is difficult to apply the well-established kernel regression analysis results of i.i.d. or weak
dependence settings (e.g., Devroye, 1978; Härdle and Luckhaus, 1984; Hansen, 2008). New
technical tools and arguments such as “chaining” are developed in this paper.
In addition, with the help of the Hölder smoothness condition, we provide a deeper understanding of the proposed randomized allocation strategy via a finite-time regret analysis.
Compared with the result in Rigollet and Zeevi (2010) and Perchet and Rigollet (2013), our
finite-time result remains sub-optimal in the minimax sense. Indeed, given Hölder smoothness parameter κ and total time horizon N , our expected cumulative regret upper bound
1− 1
1− 1
is Õ(N 3+d/κ ) as compared to O(N 2+d/κ ) of Perchet and Rigollet (2013) (without the
extra margin condition). The slightly sub-optimal rate can also be shown to apply to the
histogram based randomized allocation strategy proposed in Yang and Zhu (2002). We tend
to think that this rate is the best possible for these methods, reflecting to some extent the
theoretical limitation of the randomized allocation strategy. In spite of this sub-optimality,
our result explicitly shows both the bias-variance tradeoff and the exploration-exploitation
tradeoff, which reflects the underlying nature of the proposed algorithm for the MABC
problem. With a model combining strategy and dimension reduction technique to be introduced later, the kernel estimation based randomized allocation strategy can be quite
flexible with wide potential practical use. Moreover, in Appendix A, we incorporate the
kernel estimation into a UCB-type algorithm with randomization and show that its regret
rate becomes minimax optimal up to a logarithmic factor.
One natural and interesting issue in the randomized allocation strategy in MABC is how
to choose the modeling methods among numerous nonparametric and parametric estimators.
The motivation of such a question shares the flavor of model aggregation/combining in
statistical learning (see, e.g., Audibert, 2009; Rigollet and Tsybakov, 2012; Wang et al.,
2014 and references therein). In the bandit problem literature, model combining is also
quite relevant to the adversary bandit problem (e.g., Cesa-Bianchi and Lugosi, 2006; Auer
et al., 2003). As a recent example, Maillard and Munos (2011) study the history-dependent
adversarial bandit to target the best among a pool of history class mapping strategies.
As an empirical solution to the difficulty in choosing the best estimation method for
each arm in the randomized allocation strategy for MABC, we introduce a fully data-driven
model combining technique motivated by the AFTER algorithm, which has shown success
3
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both theoretically (Yang, 2004) and empirically (e.g., Zou and Yang, 2004; Wei and Yang,
2012). We integrate a model combining step by AFTER for reward function estimation into
the randomized allocation strategy for MABC. Preliminary simulation results of combining
various dimension reduction methods are reported in Qian and Yang (2012). However, no
theoretical justification is given there. As another contribution of this paper, we present here
new theoretical and numerical results on the proposed combining algorithm. In particular,
the strong consistency of the model combining allocation strategy is established.
The rest of this paper is organized as follows. We present a general and flexible problem
setup for MABC in Section 2. We describe the algorithm in Section 3 and study the strong
consistency and the finite-time regret analysis of kernel estimation methods in Section 4.
We also introduce a dimension reduction sub-procedure to handle the situation that the
covariate dimension is high. The asymptotic results of the model combining allocation
strategy is established in Section 5. We show in Section 6 and Section 7 the numerical performance of the proposed allocation strategy using simulations and a web-based news article
recommendation data set, respectively. A brief conclusion is given in Section 8. The kernel
estimation based UCB-type algorithm with randomization is described in Appendix A, all
technical lemmas and proofs are given in Appendix B, and additional numerical results of
the implemented algorithms are left in Appendix C.

2. Problem Setup

JMLR 17(149):1-37

Suppose a bandit problem has l (l ≥ 2) candidate arms to play. At each time point of the
game, a d-dimensional covariate x is observed before we decide which arm to pull. Assume
that the covariate x takes values in the hypercube [0, 1]d . Also assume the (conditional)
mean reward for arm i given x, denoted by fi (x), is uniformly upper bounded and unknown
to game players. The observed reward is modeled as fi (x) + ε, where ε is a random error
with mean 0.
Let {Xn , n ≥ 1} be a sequence of independent covariates generated from an underlying
probability distribution PX supported in [0, 1]d . At each time n ≥ 1, we need to apply
a sequential allocation rule η to decide which arm to pull based on Xn and the previous
observations. We denote the chosen arm by In and the observed reward of pulling the arm
In = i at time n by Yi,n , 1 ≤ i ≤ l. As a result, YIn ,n = fIn (Xn ) + εn , where εn is the
random error with E(εn |Xn ) = 0. Different from Yang and Zhu (2002), the error εn may
be dependent on the covariate Xn . Consider the simple scenario of online advertising where
the response is binary (click: Y = 1; no click: Y = 0). Given an arm i and covariate
x ∈ [0, 1], suppose the mean reward function satisfies e.g., fi (x) = x. Then it is easy to see
that the distribution of the random error ε depends on x. In case of a continuous response,
it is also well-known that heteroscedastic errors commonly occur.
By the previous definitions, we know that at time n, an allocation strategy chooses the
arm In based on Xn and (Xj , Ij , YIj ,j ), 1 ≤ j ≤ n − 1. To evaluate the performance of the
allocation strategy, let i∗ (x) = argmax1≤i≤l fi (x) and f ∗ (x) = fi∗ (x) (x) (any tie-breaking
rule can be applied if there are ties). Without the knowledge of random error εj , the optimal
performance occurs when Ij = i∗ (Xj ), and
corresponding optimal cumulative reward
Pthe
n
∗
given X1 , · · · , Xn can be represented as
(X
j ). The cumulative mean reward of
j=1 f P
n
the applied allocation rule can be represented as j=1
fIn (Xj ). Thus we can measure the

4

j=1


f ∗ (Xj ) − fIj (Xj ) .

1 ≤ i ≤ l, 1 ≤ r ≤ m.

fˆi,n =

r=1

m
X

5

Wi,n,r fˆi,n,r ,
1 ≤ i ≤ l.
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STEP 4. Combine the regression estimates and obtain the weighted average estimates

STEP 3. Estimate the individual functions fi for 1 ≤ i ≤ l. For n = n0 l + 1, based on the
current data Z i,n , obtain fˆi,n,r using regression procedure δr , 1 ≤ r ≤ m.

v̂i,n,r = 1, v̂i,n = 1,

STEP 2. Initialize the weights and the error variance estimates. For n = n0 l + 1, initialize
the weights by
1
Wi,n,r = , 1 ≤ i ≤ l, 1 ≤ r ≤ m,
m
and initialize the error variance estimates by e.g.,

STEP 1. Initialize with forced arm selections. Give each arm a small number of applications. For example, we may pull each arm n0 times at the beginning by taking I1 = 1,
I2 = 2, · · · Il = l, Il+1 = 1, · · · , I2l = l, · · · , I(n0 −1)l+1 = 1, · · · , In0 l = l.

In this section, we present the model-combining-based randomized allocation strategy.
At each time n ≥ 1, denote the set of past observations {(Xj , Ij , YIj ,j ) : 1 ≤ j ≤ n − 1} by
Z n , and denote the arm i associated subset {(Xj , Ij , YIj ,j ) : Ij = i, 1 ≤ j ≤ n − 1} by Z i,n .
For estimating the fi ’s, suppose we have m candidate regression estimation procedures (e.g.,
histogram, kernel estimation, etc.), and we denote the class of these candidate procedures
by ∆ = {δ1 , · · · , δm }. Let fˆi,n,r denote the regression estimate of procedure δr based
on Z i,n , and let fˆi,n denote the weighted average of fˆi,n,r ’s, 1 ≤ r ≤ m, by the model
combining algorithm to be given. Let {πn , n ≥ 1} be a decreasing sequence of positive
numbers approaching 0, and assume that (l − 1)πn < 1 for all n ≥ 1. The model combining
allocation strategy includes the following steps.

3. Algorithm

To maintain the readability for the rest of this paper, we use i only for bandit arms, j
and n only for time points, r and s only for reward function estimation methods, and t and
T only for the total number of times a specific arm is pulled.

j=1

We say the allocation rule η is strongly consistent if Rn (η) = o(n) with probability one.
Also, Rn (η) is commonly used for finite-time regret analysis. In addition, define the perround regret rn (η) by
n

1X ∗
rn (η) =
f (Xj ) − fIj (Xj ) .
n

Rn (η) =

n
X

performance of an allocation rule η by the cumulative regret

Bandit Problem with Covariates

v̂i,n+1 =

r=1

Wi,n+1,r v̂i,n+1,r ,

I(Ik = i)
n
X

k=n0 l+1

n
X

∨v,

1 ≤ r ≤ m,

6
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In the allocation strategy above, step 1 and step 2 initialize the game and pull each
arm the same number of times. Step 3 and step 4 estimate the reward function for each
arm using several regression methods, and combine the estimates by a weighted average
scheme. Clearly, the importance of these regression methods are differentiated by their
corresponding weights. Step 5 performs an enforced randomization algorithm, which gives
preference to the arm with the highest reward estimate. This type of arm randomization is
also known as the -greedy algorithm. Step 6 is the key to the model combining algorithm,
which updates the weights for the recently played arm. Its weight updating formula implies
that if the estimated reward from a regression method turns out to be far away from the
observed reward, we penalize this method by decreasing its weight, while if the estimated
reward turns out to be accurate, we reward this method by increasing its weight. Note that
our combining approach has few tuning parameters except for what is already included in
the individual regression procedures.

STEP 7. Repeat steps 3 - 6 for n = n0 l + 2, n0 l + 3, · · · , and so on.

where I(·) is the indicator function and v is a small positive constant (to ensure that
v̂i,n+1,r is nonzero). In practice, we set v = 10−16 .

and

v̂i,n+1,r =

(YIk ,k − fˆIk ,k,r (Xk ))2 I(Ik = i)

n
X

k=n0 l+1

i,n,k

k=1

STEP 6. Update the weights and the error variance estimates. For 1 ≤ i ≤ l, if i 6= In , let
Wi,n+1,r = Wi,n,r , 1 ≤ r ≤ m, v̂i,n+1,r = v̂i,n,r , 1 ≤ r ≤ m, and v̂i,n+1 = v̂i,n . If i = In ,
update the weights and the error variance estimates by
!
Wi,n,r
(fˆi,n,r (Xn ) − Yi,n )2
exp −
1/2
2v̂i,n
v̂i,n,r
! , 1 ≤ r ≤ m,
Wi,n+1,r = m
X Wi,n,k
(fˆi,n,k (Xn ) − Yi,n )2
exp
−
1/2
2v̂i,n
v̂

Then pull the arm In to receive the reward YIn ,n .

STEP 5. Estimate the best arm, select and pull. For the covariate Xn , define în =
argmax1≤i≤l fˆi,n (Xn ) (If there is a tie, any tie-breaking rule may apply). Choose an
arm, with probability 1 − (l − 1)πn for arm în (the currently most promising choice)
and with probability πn for each of the remaining arms. That is,
(
în , with probability 1 − (l − 1)πn ,
In =
i,
with probability πn , i 6= în , 1 ≤ i ≤ l.
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4. Kernel Regression Procedures
In this section, we consider the special case that kernel estimation is used as the only
modeling method. The primary goals include: 1) establishing the uniform strong consistency
of kernel estimation under the proposed allocation strategy; 2) performing the finite-time
regret analysis. To extend the applicability of kernel methods, a dimension reduction subprocedure is described in Section 4.3.
4.1 Strong Consistency
We focus on the Nadaraya-Watson regression and study its strong consistency under
the proposed allocation strategy. Given a regression method δr ∈ ∆ and an arm i, we say
it is strongly consistent in L∞ norm for arm i if kfˆi,n,r − fi k∞ → 0 a.s. as n → ∞.

E(|εn |k |Xn ) ≤

k! 2 k−2
v c
2

Assumption 0. The errors satisfy a (conditional) moment condition that there exist positive constants v and c such that for all integers k ≥ 2 and n ≥ 1,

almost surely.
Assumption 0 means that the error distributions, which could depend on the covariates,
satisfy a moment condition known as refined Bernstein condition (e.g., Birgé and Massart,
1998, Lemma 8). Normal distribution, for instance, satisfies the condition. Bounded errors
trivially meet the requirement. Therefore, Assumption 0 is met in a wide range of real
applications, and will also be used in the next section for understanding strong consistency
of model combining procedures. Note that heavy-tailed distributions are also possible for
bandit problems (Bubeck et al., 2013).
Given a bandit arm 1 ≤ i ≤ l, at each time point n, define Ji,n = {j : Ij = i, 1 ≤ j ≤
n − 1}, the set of past time points at which arm i is pulled. Let Mi,n denote the size of
the set Ji,n . For each u = (u1 , u2 , · · · , ud ) ∈ Rd , define kuk∞ = max{|u1 |, |u2 |, · · · , |ud |}.
Consider two natural conditions on the mean reward functions and the covariate density as
follows.
Assumption 1. The functions fi are continuous on [0, 1]d with A =: sup1≤i≤l supx∈[0,1]d
(f ∗ (x) −
< ∞.
fi (x))

Assumption 2. The design distribution PX is dominated by the Lebesgue measure with a
continuous density p(x) uniformly bounded above and away from 0 on [0, 1]d ; that is, p(x)
satisfies c ≤ p(x) ≤ c for some positive constants c ≤ c.
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In addition, consider a multivariate nonnegative kernel function K(u) : Rd → R that
satisfies Lipschitz, boundedness and bounded support conditions.

|K(u) − K(u0 )| ≤ λku − u0 k∞

Assumption 3. For some constants 0 < λ < ∞,
for all u, u0 ∈ Rd .
7
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Assumption 4. There exist constants L1 ≤ L, c3 > 0 and c4 ≥ 1 such that K(u) = 0 for
kuk∞ > L, K(u) ≥ c3 for kuk∞ ≤ L1 , and K(u) ≤ c4 for all u ∈ Rd .

j∈Ji,n+1

P

K

x−Xj
hn



P
x−Xj
j∈Ji,n+1 Yi,j K
hn

 .

(1)

Let hn denote the bandwidth, where hn → 0 as n → ∞. The Nadaraya-Watson estimator of fi (x) is
fˆi,n+1 (x) =

Theorem 1. Suppose Assumptions 0-4 are satisfied. If the bandwidth sequence {hn } and
the decreasing sequence {πn } are chosen to satisfy hn → 0, πn → 0 and

nhn2d πn4
→ ∞,
log n

then the Nadaraya-Watson estimators defined in (1) are strongly consistent in L∞ norm
for the functions fi .

Note that since checking L∞ norm strong consistency of kernel methods is more challenging than that of histogram methods, new technical tools are necessarily developed to
establish the strong consistency (as seen in the proof of Lemma 3 and Theorem 1 in Appendix B).
4.2 Finite-Time Regret Analysis

Next, we provide a finite-time regret analysis for the Nadaraya-Watson regression based
randomized allocation strategy. To understand the regret cumulative rate, define a modulus
of continuity ω(h; fi ) by

ω(h; fi ) = sup{|fi (x1 ) − fi (x2 )| : kx1 − x2 k∞ ≤ h}.

K(

x − Xj
) < c5
hn

j∈Ji,n+1

X

I(kx − Xj k∞ ≤ Lhn )

(2)

For technical convenience of guarding against the situation that the denominator of
(1) is extremely small (which might occur with a non-negligible probability due to arm
selection), in this subsection, we replace K(·) in (1) with the uniform kernel I(kuk∞ ≤ L)
when
X

j∈Ji,n+1

s



d
16v 2 log(8lN 2 /δ)
3cn(2Lh
δ o
c5 v 2
n ) πn
≤
and exp −
≤
. (3)
c
56
4lN
cn(2Lhn )d πn

for some small positive constant 0 < c5 < 1. Given 0 < δ < 1 and the total time horizon
N , we define a special time point ñδ by
n
nδ = min n > n0 l :
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Under the condition that limn→∞ nhnd πn / log n = ∞, we can see from (3) that nδ /N → 0
as N → ∞. As a result, if the total time horizon is long enough, we have N > nδ .

8

1

1

1
1− 3+d/κ

9

ERN (η) < C ∗ N
log1/2 N.
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N 3+d/κ . Then there exists a constant C ∗ > 0 (not dependent on N ) such that the mean of
cumulative regret satisfies

−

Corollary 2. Suppose the same conditions as in Theorem 2 are satisfied. Further assume
1
− 1
1
Assumption 5 holds. Let hn = L1 n− 3κ+d , πn = l−1
n 3+d/κ and N > nδ∗ , where δ ∗ =

than the order of N 3+d/κ log1/2 N . This result can be seen more explicitly in Corollary 2,
which gives an upper bound for the mean of RN (η). Note that by the definition of nδ , the
condition N > nδ∗ in Corollary 2 is satisfied if N is large enough.

1−

In Corollary 1, the first term of the regret upper bound is dominated by the second term.
Therefore, with high probability, the cumulative regret RN (η) increases at rate no faster

Corollary 1. Suppose the same conditions as in Theorem 2 are satisfied. Further assume
1
− 1
1
Assumption 5 holds. Let hn = L1 n− 3κ+d , πn = l−1
n 3+d/κ and N > nδ . Then with
probability larger than 1 − 2δ, the cumulative regret satisfies
r
N
1
1− 1
∗
RN (η) < Anδ + 2(2ρ + CN,δ
+ 1)N 3+d/κ + A
log
,
2
δ
p
∗
where CN,δ
= 16c24 v 2 (l − 1) log(8lN 2 /δ)/2d c25 c.

Clearly, when κ = 1, Assumption 5 becomes Lipschitz continuity. As an immediate
consequence of Theorem 2 and Assumption 5, we obtain the following result if we choose
1
− 1
1
hn = L1 n− 3κ+d and πn = l−1
n 3+d/κ .

ω(h; fi ) ≤ ρhκ .

Assumption 5. There exist positive constants ρ and κ ≤ 1 such that for each reward
function fi , the modulus of continuity satisfies

10
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Step 1. Transform X i,n to the standardized-scale matrix X∗n,i : transform the original co−1/2
variates Xj ’s by Xj∗ = Σ̂i,n (Xj − X̄i,n ) for every j ∈ Ji,n , where X̄i,n and Σ̂i,n are
the sample mean vector and the sample covariance matrix of X i,n , respectively.

When the covariate dimension is high, the Nadaraya-Watson estimation cannot be applied due to the curse of dimensionality. Next, we describe a dimension reduction subprocedure to handle this situation, which is also discussed in Qian and Yang (2012). Different from the method there, a sparse dimension reduction technique will be included to
handle cases with higher-dimensional covariates.
Recall that Z n is the set of observations {(Xj , Ij , YIj ,j ), 1 ≤ j ≤ n − 1}, and Z i,n is
the subset of Z n where Ij = i. Then Mi,n is the number of observations in Z i,n . Let X i,n
be the Mi,n × d design matrix consisting of all covariates in Z i,n , and let Y i,n ∈ RMi,n be
the observed reward vector corresponding to X i,n . It is known that kernel methods do not
perform well when the dimension of covariates is high. We want to apply some dimension
reduction methods (see, e.g., Li, 1991; Chen et al., 2010) to (X i,n , Y i,n ) first to obtain lower
dimensional covariates before using kernel estimation.
Specifically, suppose for each arm i, there exits a reduction function si : Rd → Rri
(ri < d), such that fi (x) = gi (si (x)) for some function gi : Rri → R. Clearly, if the reduction
function si is known, si (x) can be treated like the new lower-dimensional covariate, with
which the kernel methods can be applied to find the estimate of gi , and hence fi . However,
si is generally unknown in practice, and it is necessary to first obtain the estimate of si . In
addition, we assume that si is a linear reduction function in the sense that si (x) = BiT x,
where Bi ∈ Rd×ri is a dimension reduction matrix. It is worth mentioning that si is not
unique, i.e., si (x) = ÃBiT x is a valid reduction function for any full rank matrix Ã ∈ Rri ×ri .
Therefore, it suffices to estimate the dimension reduction subspace span(Bi ) spanned by
T x, where B̂
d×ri is one basis matrix of
the columns of Bi , and obtain ŝi,n (x) = B̂i,n
i,n ∈ R
the estimated subspace at time n, and ŝi,n is the estimate of si .
Dimension reduction methods such as sliced inverse regression (also known as SIR, see
Li, 1991) can be applied to (X i,n , Y i,n ) to obtain B̂i,n . In practice, it is convenient to
have X i,n work on the standardized scale (i.e., the sample mean is zero and the sample
covariance matrix is the identity matrix; Li, 1991; Cook, 2007). Suppose the NadarayaWatson estimation is used with Ki (u) : Rri → R being a multivariate symmetric kernel
function for arm i. Recall Ji,n = {j : Ij = i, 1 ≤ j ≤ n − 1} is the set of past time points
at which arm i is pulled. Then, we can obtain fˆi,n with the following steps.

4.3 Dimension Reduction

It is interesting to see from the right hand side of (4) that the regret upper bound consists of several terms that make intuitive sense. The first term Anδ comes from the initial
rough exploration. The second term has threepessential components: max1≤i≤l ω(Lhn ; fi )
is associated with the estimation bias, CN,δ / nhdn πn conforms with the notion of estimation standard error, and (l − 1)πn is the randomization error. The third term reflects
the fluctuation of the randomization scheme. Such an upper bound explicitly illustrates
both the bias-variance tradeoff and the exploration-exploitation tradeoff, which reflects the
underlying nature of the proposed algorithm for the MABC problem.
Now we consider a smoothness assumption of the mean reward functions as follows.

where CN,δ =

16c24 v 2 log(8lN 2 /δ)/c25 c(2L)d .

δ

As mentioned in Section 1, the derived regret cumulative rate in Corollary 2 is slightly
1− 1
slower than the minimax rate N 2+d/κ obtained by Perchet and Rigollet (2013) (without
assuming any extra margin condition). We tend to think this shows a limitation of the
-greedy type approach. Nevertheless, with the help of the aforementioned model combining strategy along with the dimension reduction technique to be introduced in the next
subsection, the kernel method based allocation can be quite flexible with potential practical
use.

Theorem 2. Suppose Assumptions 0-2 and 4 are satisfied and {πn } is a decreasing sequence. Assume N > nδ and the kernel function is chosen as described in (2). Then with
probability larger than 1 − 2δ, the cumulative regret satisfies
r
N 

X
CN,δ
N
1
RN (η) < Anδ +
, (4)
2 max ω(Lhn ; fi ) + p
+ (l − 1)πn + A
log
dπ
1≤i≤l
2
δ
nh
n n
n=n

p
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Bandit Problem with Covariates

Bandit Problem with Covariates

∗T ∗ − B̂ ∗T X ∗
B̂i,n
x
i,n j
hn−1

Step 2. Apply a dimension reduction method to (X∗i,n , Y i,n ) to obtain the estimated d × ri
∗ , where B̂ ∗T B̂ ∗ = I . For example, we can apply
dimension reduction matrix B̂i,n
ri
i,n i,n
∗ by using the MATLAB package LDR (Cook et al., 2011,
SIR (Li, 1991) to obtain B̂i,n
available at https://sites.google.com/site/lilianaforzani/ldr-package)
−1/2

Yi,j Ki

X

j∈Ji,n

Ki

Step 3. Given x ∈ Rd , let x∗ = Σ̂i,n (x − X̄i,n ) be the transformed x at the standardized
scale. The Nadaraya-Watson estimator of fi (x) is
!
∗T x∗ − B̂ ∗T X ∗
X
B̂i,n
i,n j
hn−1
! .
(5)
fˆi,n (x) =

j∈Ji,n

In addition to estimating the reward function for each arm, it is sometimes of interest
to know which variables contribute to the reward for each arm, and some sparse dimension reduction techniques can be applied. In particular, Chen et al. (2010) propose the
coordinate-independent sparse estimation (CISE) to give sparse dimension reduction matrix such that the estimated coefficients of some predictors are zero for all reduction direc∗ become 0). When the SIR objective function is used,
tions (i.e., some row vectors in B̂i,n
∗ in Step 2 above
the corresponding CISE method is denoted by CIS-SIR. To obtain B̂i,n
using CIS-SIR, we can apply the MATLAB package CISE (Chen et al., 2010, available at
http://www.stat.nus.edu.sg/~stacx/).
The simulation example in Section 6 and the real data example in Section 7 both use the
algorithms described here. The simulation example is implemented in MATLAB and the
real data example is implemented in C++. The major source code illustrating the proposed
algorithms is available upon request.

5. Strong Consistency in Model Combining Based Allocation

T
X
t=1

Qian and Yang

2

−

T
X
2
fˆi,Nt ,r (XNt ) − fi (XNt )

t=1

T (log T )b

fˆi,Nt ,s (XNt ) − fi (XNt )

√

> c1

in ∆i1 are strongly consistent in L∞ norm for arm i, while procedures in ∆i2 are less wellperforming in the sense that for each procedure δs in ∆i2 , there exist a procedure δr in ∆i1
and some constants b > 0.5, c1 > 0 such that

T →∞

lim inf

with probability one.

Assumption B. The mean functions satisfy A = sup1≤i≤l supx∈[0,1]d (f ∗ (x) − fi (x)) < ∞.

Assumption C. kfˆi,n,r −fi k∞ is upper bounded by a constant c2 for all 1 ≤ i ≤ l, n ≥ n0 l+1
and 1 ≤ r ≤ m.

n=1 πn

P∞

diverges.

Assumption D. The variance estimates v̂i,n are upper bounded by a positive constant q
with probability one for all 1 ≤ i ≤ l and n ≥ n0 l + 1.

Assumption E. The sequence {πn , n ≥ 1} satisfies that

Note that Assumption A is automatically satisfied if all the regression methods happen to be strongly consistent (i.e., ∆i2 is empty). When a bad-performing method does
exist, Assumption A requires that the difference of the mean square errors between a
good-performing
method and a bad-performing method decreases slower
√
PTthanˆthe order of
(log T )b / T . If a parametric method δs in ∆ is based on a wrong model, t=1
fi,Nt ,s (XNt )−

2
fi (XNt ) is of order T , and then the requirement in Assumption A is met. For an inefficient
nonparametric
method, the enlargement of the mean square error by the order larger than
√
(log T )b / T is natural to expect. Assumption B is a natural condition in the context of our
bandit problem. Assumptions C and D are immediately satisfied if the response is bounded
and the estimator is, e.g., a weighted average of some previous observations. Assumption
E ensures that Nt is finite as shown in Lemma 5 in the Appendix. As implied in Lemma 5,
if we are allowed to play the game infinitely many times, each arm will be pulled beyond
any given integer. This guarantees that each “inferior” arm can be pulled reasonably often
to ensure enough exploration.

6. Simulations

12
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With Theorem 3, one is safe to explore different models or methods in estimating the
mean reward functions that may or may not work well for some or all arms. The resulting
per-round regret can be much improved if good methods (possibly different for different
arms) are added in.

Theorem 3. Under Assumption 0 and Assumptions A-E, the model combining allocation
strategy is strongly consistent.

Next, we consider the general case that multiple function estimation methods are used
for model combining. In general, it is technically difficult to verify strong consistency in
L∞ norm for a regression method. Also, practically, it is likely that some methods may
give good estimation for only a subset of the arms, but performs poorly for the rest. Not
knowing which methods work well for which arms, we proposed the combining algorithm in
Section 3 to address this issue. We will show that even in the presence of bad-performing
regression methods, the strong consistency of our allocation strategy still holds if for any
given arm, there is at least one good regression method included for combining.

Pn
(i)
Given an arm i, let N = inf n : j=n
I(Ij = i) ≥ t , t ≥ 1, be the earliest time
t
0 l+1
point where arm i is pulled exactly t times after the forced sampling period. For notation
(i)
brevity, we use Nt instead of Nt in the rest of this section. Consider the assumptions as
follows.

In this section, we intend to illustrate the dimension reduction function estimation
procedures described in Section 4.3 for bandit problem with multivariate covariates. Two
JMLR 17(149):1-37

Assumption A. Given any arm 1 ≤ i ≤ l, the candidate regression procedures in ∆ can be
categorized into one of the two subsets denoted by ∆i1 (non-empty) and ∆i2 . All procedures
11
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-0.469
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0
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0
0
0
0
0
0
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0
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0
0
0
0
0
0
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13

2

arm i be h = n−1/(2+ri ) , i = 1, 2, 3. Dimension reduction methods SIR, CIS-SIR as well as
their combining strategy are run separately, and their per-round regret rn is summarized in
Figure 1 (right panel), which shows that the combining strategy performs the best. Since
the second arm (i = 2) is played the most (for SIR, 1022 times; for CIS-SIR, 1026 times),
we show the estimated dimension reduction matrix for the second arm at the last time point
n = N in Table 1. As expected, CIS-SIR results in a sparse dimension reduction matrix
with rows 1, 3 and 4 being non-zero.
It is worth mentioning that in the simulation above, we assume the reduction dimensions
for all arms are already known. In cases where the reduction dimensions are unknown, we
may apply model selection procedures to choose them, which will be investigated in the
future.

In this section, we use the Yahoo! Front Page Today Module User Click Log data
set (Yahoo! Academic Relations, 2011) to evaluate the proposed allocation strategy. The
complete data set contains about 46 million web page visit interaction events collected
during the first ten days in May 2009. Each of these events has four components: (1)
five variables constructed from the Yahoo! front page visitor’s information; (2) a pool of
about 10-14 editor-picked news articles; (3) one article actually displayed to the visitor (it is
selected uniformly at random from the article pool); (4) the visitor’s response to the selected
article (no click: 0, click: 1). Since different visitors may have different preferences for the
same article, it is reasonable to believe that the displayed article should be selected based
on the visitor associated variables. If we treat the articles in the pool as the bandit arms,
and the visitor associated variables as the covariates, this data set provides the necessary
platform to test a MABC algorithm.

7. Web-Based Personalized News Article Recommendation

∗
Table 1: Comparing the estimated dimension reduction matrix B̂2,N
for the second arm
between SIR and CIS-SIR.

1
2
3
4
5
6
7
8
9
10

Qian and Yang

One remaining issue before algorithm evaluation is that the complete data set is longterm in nature and the pool of articles is dynamic, i.e., some outdated articles are dropped
out as people’s interest in these articles fades away, and some breaking-news articles can
appear and be added to the pool. Our current problem setup, however, assumes stationary
mean reward functions with a fixed set of arms. To avoid introducing biased evaluation
results, we focus on short-term performance where people’s interest on a particular article
does not change too much and the pool of articles remains stable. Therefore, we consider
only one day’s data (May 1, 2009). Also, we choose four articles (l = 4) as the candidate
bandit arms (article id 109511 - 109514), and keep only the events where the four articles are
included in the article pool and one of the four articles is actually displayed to the visitor.
A similar screening treatment of the data set is used in May et al. (2012) for MABC
algorithm evaluation purposes. With the above, we obtain a reduced data set containing
452,189 interaction events for subsequent use.

We set the reduction dimensions for the three arms by r1 = 1, r2 = 2 and r3 = 2. Given
the time horizon N = 1200, the first 90 rounds of the game are the forced sampling period.
Let the “inferior” arm sampling probability be πn = (log1 n)2 , and the kernel bandwidth for

f2 (Xn ) =0.4(Xn3 + Xn4 )2 + 1.5 sin(Xn1 + 0.25Xn4 ),
2Xn3
f3 (Xn ) =
.
0.5 + (1.5 + Xn3 + Xn4 )

f1 (Xn ) =0.5(Xn1 + Xn2 + Xn3 ),

readily available MATLAB packages for dimension reduction are used: LDR package (Cook
et al., 2011) for SIR, and CISE package (Chen et al., 2010) for CIS-SIR. The kernel used is
the Gaussian kernel
ktk2
K(t) = exp(− 2 ).
2
We consider a three-arm bandit model with d = 10. Assume that at each time n, the
covariate is Xn = (Xn1 , Xn2 , · · · , Xnd )T , and Xni ’s (i = 1, · · · , d) are i.i.d random variables
from uniform(0,1). Assume the error n ∼ 0.5N (0, 1). Consider the mean reward functions

Figure 1: Averaged per-round regret from combining SIR and CIS-SIR.
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In this work, we study the kernel estimation based randomized allocation strategy in a
flexible setting for MABC that works for both continuous and discrete response, and establish both the strong consistency and a finite-time regret upper bound. Allowing dependence
of the covariate and the error, we rely on new technical tools to add kernel methods to the
family of strongly consistent methods, which can potentially improve estimation efficiency
for smooth reward functions. Although the finite-time regret upper bound is slightly sub-

8. Conclusions

It appears that the SIR-kernel methods with different candidate bandwidth sequences
have very similar performance. The naive -greedy algorithm, however, clearly underperforms due to its failure to take advantage of the response-covariate association. When
the naive simple average estimation (-greedy) is used together with SIR-kernel method
(hn3 ) in the model combining algorithm, the overall performance does not seem to deteriorate with the existence of this naive estimation method, showing once again that the model
combining algorithm allows us to safely explore new modeling methods by automatically
selecting the appropriate modeling candidate. Given that the covariates in the news article
recommendation data set are constructed with logistic regression related methods (Li et al.,
2010), it is satisfactory to observe that SIR-kernel algorithm can have similar performance
with relatively small variation when compared with the LinUCB algorithm.

Figure 2: Boxplots of normalized CTRs of various algorithms on the news article recommendation data set. Algorithms include (from left to right): LinUCB, -greedy,
SIR-kernel (hn1 ), SIR-kernel (hn2 ), SIR-kernel (hn3 ), model combining with SIRkernel (hn3 ) and -greedy. CTRs are normalized with respect to the random
algorithm.

1.20

Bandit Problem with Covariates

Another challenge in evaluating a MABC algorithm comes from the intrinsic nature of
bandit problem: for every visitor interaction event, only one article is displayed, and we only
have this visitor’s response to the displayed article, while his/her response to other articles
is not available, causing a difficulty if the actually displayed article does not match the
article selected by a MABC algorithm. To overcome this issue caused by limited feedback,
we apply the unbiased offline evaluation method proposed by Li et al. (2010). Briefly, for
each encountered event, the MABC algorithm uses the previous “valid” data set (history)
to estimate the mean reward functions and propose an arm to pull. If the proposed arm
matches the actually displayed arm, this event is kept as a “valid” event, and the “valid”
data set (history) is updated by adding this event. On the other hand, if the proposed arm
does not match the displayed arm, this event is ignored, and the “valid” data set (history)
is unchanged. This process is run sequentially over all the interaction events to generate
the final “valid” data set, upon which a MABC algorithm can be evaluated by calculating
the click-through rate (CTR, the proportion of times a click is made). Under the fact that
in each interaction event, the displayed arm was selected uniformly at random from the
pool, it can be argued that the final “valid” data set is like being obtained from running
the MABC algorithm over a random sample of the underlying population.
With the reduced data set and the unbiased offline evaluation method, we evaluate the
performance of the following algorithms.
random: an arm is selected uniformly at random.
-greedy: The randomized allocation strategy is run naively without consideration of covariates. A simple average is used to estimate the mean reward for each arm.
SIR-kernel: The randomized allocation strategy is run using SIR-kernel method to estimate the mean reward functions. Three sequences of bandwidth choices are considered: hn1 = n−1/6 , hn2 = n−1/8 and hn3 = n−1/10 .
model combining: Model combining based randomized allocation strategy described in
Section 3 is run with SIR-kernel method (hn3 = n−1/10 ) and the naive simple average
method (-greedy) as two candidate modeling methods.
The -greedy, SIR-kernel and model combining algorithms described above all take the first
1000 time points to be the forced sampling stage and use πn = n−1/4 /6. Also, for any
given arm, the SIR-kernel method limits the history time window for reward estimation to
have maximum sample size of 10,000 (larger history sample size does not give us noticeable
difference in performance). In addition, we consider the following parametric algorithm:
LinUCB: LinUCB employs Bayesian logistic regression to estimate the mean reward functions. The detailed implementation procedures are described in Algorithm 3 of Chapelle
and Li (2011).

JMLR 17(149):1-37

Each of the algorithms listed above is run 100 times over the reduced data set with the
unbiased offline evaluation method. For each of the 100 runs, the algorithm starts at a
position randomly chosen from the first 10,000 events of the reduced data set. The resulting
CTRs are divided by the mean CTR of the random algorithm to give the normalized CTRs,
and their boxplots are shown in Fig. 2.
15
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c̃

P
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K2

x−Xj
hn−1

j∈Ji,n

j∈Ji,n

P

(log N )



x−Xj
hn−1





and c̃ is some positive constant (if there is a

(6)
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tie, any tie-breaking rule may be applied). Choose an arm, with probability 1 − (l − 1)πn
for arm ĩn (the currently most promising choice) and with probability πn for each of the
remaining arms. That is,
(
ĩn , with probability 1 − (l − 1)πn ,
In =
i,
with probability πn , i 6= ĩn , 1 ≤ i ≤ l.

where Ui,n (x) =

s

ĩn = argmax1≤i≤l fˆi,n (Xn ) + Ui,n (Xn ),

We slightly revise step 5 of the proposed randomized allocation strategy:
STEP 50 . Estimate the best arm, select and pull. For the covariate Xn , define

In this section, we modify the randomized allocation strategy to give a UCB-type algorithm that results in an improved rate of the cumulative regret. Similar to Section 4, we
consider the Nadaraya-Watson estimation as the only modeling method, that is,


P
x−Xj
j∈Ji,n Yi,j K hn−1
ˆ

 .
fi,n (x) = P
x−Xj
j∈Ji,n K hn−1

Appendix A. A Kernel Estimation Based UCB Algorithm
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Clearly, (6) shows a UCB-type algorithm that naturally extends from the UCB1 of
Auer et al. (2002) and the UCBogram of Rigollet and Zeevi
q (2010). Indeed, given the
N
uniform kernel K(u) = I(kuk∞ ≤ 1), we have Ui,n (x) = c̃ Nlog
, where Ni,n (x) is the
i,n (x)
number of times arm i gets pulled inside the cube that centers at x with bin width 2hn−1 .
For presentation clarity, we assume K(·) is the uniform kernel, but the results can be
generalized to kernel functions that satisfy Assumption 4. As shown in Theorem 4 below,
the finite-time regret upper bound of the UCB-type algorithm achieves the minimax rate
up to a logarithmic factor.

optimal for the investigated randomized allocation strategy in the minimax sense (Perchet
and Rigollet, 2013), the flexibility in estimation of the mean reward functions can be very
useful in applications. In that regard, we integrate a model combination technique into
the allocation strategy to share the strengths of different statistical learning methods for
reward function estimation. It is shown that with the proposed data-driven combination of
estimation methods, our allocation strategy can remain strongly consistent.
In Appendix A, we also show that by resorting to an alternative UCB-type criterion
for arm comparison, the regret rate of the modified randomized allocation algorithm is
improved to be minimax optimal up to a logarithmic factor. It remains to be seen if the
UCB modification can be incorporated to construct a model combination algorithm with
adaptive minimax rate. Moreover, as an important open question raised by a reviewer, it
would be interesting to see whether the cumulative regret of the model combination strategy
is comparable to that of the candidate model with the smallest regret in the sense of an
oracle-type inequality similar to that of, e.g., Audibert (2009).
1
l

1

ERN (η) < C̃ ∗ N

1
1− 2+d/κ

1

(log N ) 2+d/κ .

∧ 1c ( lognN ) 2+d/κ , the mean of cumulative regret satisfies

(7)

P

j=1

n
X
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Tj εj ≥ n ≤ exp −


n2
.
+ c/C)
2C 2 (v 2
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Lemma 1. Suppose {Fj , j = 1, 2, · · · } is an increasing filtration of σ-fields. For each j ≥ 1,
let εj be an Fj+1 -measurable random variable that satisfies E(εj |Fj ) = 0, and let Tj be an
Fj -measurable random variable that is upper bounded by a constant C > 0 in absolute value
almost surely. If there exist positive constants v and c such that for all k ≥ 2 and j ≥ 1,
E(|εj |k |Fj ) ≤ k!v 2 ck−2 /2, then for every  > 0 and every integer n ≥ 1,

B.1 Proof of Theorem 1

Appendix B. Lemmas and Proofs

It is worth noting that despite the seemingly minor algorithmic modification, the proof
techniques used by Theorem 2 and Theorem 4 are quite different. The key difference is that:
the UCB-type criterion enables us to provide upper bounds (with high probability) for the
number of times the “inferior” arms are selected, and these bounds are dependent on the
reward difference between the “optimal” and the “inferior” arms; for the algorithm before
modification, we have to rely on studying the estimation errors of the reward functions and
the UCB-type arguments do not apply. It is not settled yet as to whether the suboptimal
rate of the -greedy type algorithm is intrinsic to the method or is the limitation of the
proof techniques. But we tend to think that the rate given for the -greedy type algorithm
is intrinsic to the method. Also, although the UCB-type algorithm leads to an improved
regret rate, it is not yet clear how it could be used to construct a model combination
algorithm.

and πn ≤

Theorem 4. Suppose Assumptions 0-1 hold and the uniform kernel function is used. Then
√
1
for the modified algorithm, if n0 = lN hκ , c̃ > max{2 3v, 12c}, h = hn = 1/d( logNN ) 2κ+d e

Qian and Yang
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j=1

Bandit Problem with Covariates

j=1

n
n
X

h
 X
i
Tj εj ≥ n ≤ e−tn E exp t
Tj εj

Proof of Lemma 1. Note that
P

j=1

n
h 
i
X

= e−tn E E exp t
Tj εj |Fn

h
 n−1

i
X
= e−tn E exp t
Tj εj E(etTn εn |Fn ) .

j=1

By the moment condition on εn and Taylor expansion, we have

∞

k=2

X k n |k
t
|T
E(|εn |k |Fn )
k!

log E(etTn εn |Fn ) ≤ E(etTn εn |Fn ) − 1
≤ tTn E(εn |Fn ) +
v 2 C 2 t2
(1 + cCt + (cCt)2 + · · · )
≤
2
v 2 C 2 t2
2(1 − cCt)
=
for t < 1/cC. Thus, it follows by induction that
n


n2
,
2C 2 (v 2 + c/C)

X


nv 2 C 2 t2 
P
Tj εj ≥ n ≤ exp −tn +
2(1 − cCt)
j=1


≤ exp −

where the last inequality is obtained by minimization over t. This completes the proof of
Lemma 1.

P (Wj = 1|Fj−1 ) ≥ βj

Lemma 2. Suppose {Fj , j = 1, 2, · · · } is an increasing filtration of σ-fields. For each j ≥ 1,
let Wj be an Fj -measurable Bernoulli random variable whose conditional success probability
satisfies

n
X
j=1

Wj ≤

j=1

n
X

 3 Pn βj 
 
j=1
βj /2 ≤ exp −
.
28

for some 0 ≤ βj ≤ 1. Then given n ≥ 1,
P
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Lemma 2 is known as an extended Bernstein inequality (see, e.g., Yang and Zhu (2002),
Section A.4.). For completeness, we give a brief proof here.
19

n
X
j=1

W̃j ≤

Qian and Yang

j=1

Pn
n



X
3

j=1 βj
βj /2 ≤ exp −
.
28

Proof of Lemma 2. Suppose W̃j , 1 ≤ j ≤ n are independent Bernoulli random variables
with success probability βj , and are assumed to be independent of Fn . By Bernstein’s
inequality (e.g., Cesa-Bianchi and Lugosi, 2006, Corollary A.3),
P

Pn
Pn
Pn
W
Also, j=1
j is stochastically no smaller than
j=1 W̃j , that is, for every t, P ( j=1 Wj >
Pn
t) ≥ P ( j=1
W̃j > t). Indeed, noting that P (Wn > t|Fn−1 ) ≥ P (W̃n > t) for every t, we
have

P (W1 + · · · + Wn > t|Fn−1 ) ≥ P (W1 + · · · + Wn−1 + W̃n > t|Fn−1 ).

Similarly, by P (Wn−1 > t|Fn−2 ) ≥ P (W̃n−1 > t) for every t and the independence of W̃j ’s,

P (W1 + · · · + Wn−1 + W̃n > t|Fn−2 , W̃n ) ≥ P (W1 + · · · + Wn−2 + W̃n−1 + W̃n > t|Fn−2 , W̃n ).

Pn
Pn
W̃j > t) holds.
Wj > t) ≥ P ( j=1
Continuing the process above, we can see that P ( j=1

Lemma 3. Under the settings of the kernel estimation in Section 4.1, given arm i and a
cube A ⊂ [0, 1]d with side width h, if Assumptions 0, 3 and 4 are satisfied, then for any
 > 0,

i,n+1


x − X 

X
n
j
√
P sup
εj K
>
hn
1 − 1/ 2
x∈A j∈J

k=1

k=1

∞
∞
 n2 
 n  X


2k n2  X kd
2k/2 n 
≤ exp − 2 2 + exp −
+
2kd exp − 2 2 +
2 exp −
.
4c4 c
λ v
2λc
4c4 v

∞
X


G(τk (x)) − G(τk−1 (x)) .

k=1
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Proof of Lemma 3. At each time point j, let Wj = 1 if arm i is pulled (i.e., Ij = i), and
Pn
x−X
Wj = 0 otherwise. Denote G(x) = j=1
εj Wj K( hn j ). Then, to find an upper bound
√
for P (supx∈A G(x) > n/(1 − 1/ 2)), we use a “chaining” argument. For each k ≥ 0, let
γk = hn /2k , and we can partition the cube A into 2kd bins with bin width γk . Let Fk
denote the set consisting of the center points of these 2kd bins. Clearly, card(Fk ) = 2kd ,
and Fk is a γk /2-net of A in the sense that for every x ∈ A, we can find a x0 ∈ Fk such that
kx − x0 k∞ ≤ γk /2. Let τk (x) = argminx0 ∈Fk kx − x0 k∞ be the closest point to x in the net
Fk . With the sequence F0 , F1 , F2 , · · · of γ0 /2, γ1 /2, γ2 /2, · · · nets in A, it is easy to see that
for every x ∈ A, kτk (x) − τk−1 (x)k∞ ≤ γk /2 and limk→∞ τk (x) = x. Thus, by the continuity
of the kernel function, we have limk→∞ G(τk (x)) = G(x). It follows that
G(x) = G(τ0 (x)) +

20

k=1

+

k=1

∞
X

2d card(Fk−1 )

x∈F0

sup



x2 ∈Fk , x1 ∈Fk−1
kx2 −x1 k∞ ≤γk /2


n 
G(x2 ) − G(x1 ) > k/2
2


n 
P G(x2 ) − G(x1 ) > k/2 ,
2

x2 ∈Fk , x1 ∈Fk−1
kx2 −x1 k∞ ≤γk /2

max


≤ card(F0 ) max P G(x) > n

x∈F0

∞
 X


≤ P sup G(x) > n +
P

∞

 X



n 
≤ P sup G(τ0 (x)) > n +
P sup G(τk (x)) − G(τk−1 (x)) > k/2
2
x∈A
x∈A
k=1


n
√
P sup G(x) >
1 − 1/ 2
x∈A
∞
∞

X
X



n 
= P sup G(τ0 (x)) +
G(τk (x)) − G(τk−1 (x)) >
k/2
2
x∈A
k=1
k=0



(8)


n2
.
+ c/c4 )

2c24 (v 2

2λ2 (v 2 + 2k/2+1 c/λ)

2k+2 n2



.

4c24 v 2

n2



k=1

k=1
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k=1

(10)

(9)
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∞
∞
 2k n2  X
 2k/2 n 
n  X kd
+ exp −
+
2 exp − 2 2 +
2kd exp −
.
4c4 c
λ v
2λc



This completes the proof of Lemma 3.

≤ exp −



Thus, by (8), (9) and (10),


n
√
P sup G(x) >
1 − 1/ 2
x∈A
∞

 X


n2
2k+2 n2
≤ exp − 2 2
+
2kd exp − 2 2
2c4 (v + c/c4 )
2λ (v + 2k/2+1 c/λ)


≤ exp −

n

X
h x − X 
 x − X i
n 
n 
2
j
1
j
P G(x2 ) − G(x1 ) > k/2 = P
j Wj K
−K
> k/2
h
h
2
2
j=1



almost surely, it follows by Lemma 1 that

Similarly, given x2 ∈ Fk , x1 ∈ Fk−1 and kx2 − x1 k∞ ≤ γk , since
x − X 
x − X 
λγk
λ
λkx2 − x1 k∞
2
j
1
j
K
−K
≤
= k+1
≤
hn
hn
hn
2hn
2



P G(x) > n ≤ exp −

where the last inequality holds because for each x1 ∈ Fk−1 , there are only 2d such points
x−X
x2 ∈ Fk that can satisfy kx2 − x1 k∞ ≤ γk /2. Given x ∈ F0 , since |Wj K( h j )| ≤ c4 almost
surely for all j ≥ 1, it follows by Lemma 1 that

Thus,

Bandit Problem with Covariates

j∈Ji,n+1

sup

X

Mi,n+1 hdn
j∈Ji,n+1

1

K

hn

j

x − X 

>

c3 cLd1 πn
,
2

(13)

(12)

22
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almost surely for large enough n. Indeed, for each n ≥ n0 l + 1, we can partition the unit
cube [0, 1]d into B̃ bins with bin width L1 hn such that B̃ ≤ 1/(L1 hn )d . We denote these

x∈[0,1]d

inf

First, we want to show

j∈Ji,n+1

as n → ∞.

|fi (x) − fi (y)| = 0.
To show that kfˆi,n − fi k∞ → 0 as n → ∞, we only need


X
x − Xj
1
εj K
d
hn
Mi,n+1 hn
j∈Ji,n+1

 →0
sup
X
x − Xj
1
x∈[0,1]d
K
hn
Mi,n+1 hdn

lim

n→∞ {x,y:kx−yk ≤Lh }
∞
n

where the last inequality follows from the bounded support assumption of kernel function
K(·). By uniform continuity of the function fi ,

Proof of Theorem 1. Recall that Mi,n = |Ji,n |, c is the covariate density lower bound, and
L, L1 , c3 are constants defined in Assumption 4 for the kernel function K(·), and. Note that
for each x ∈ Rd ,


X
x − Xj
Yi,j K
hn
j∈Ji,n+1

 − fi (x)
|fˆi,n+1 (x) − fi (x)| =
X
x − Xj
K
hn
j∈Ji,n+1


X
x − Xj
(fi (Xj ) + εj )K
hn
j∈Ji,n+1


− fi (x)
=
X
x − Xj
K
hn
j∈Ji,n+1




X
X
x − Xj
x − Xj
(fi (Xj ) − fi (x))K
εj K
hn
hn
j∈Ji,n+1
j∈Ji,n+1




=
+
X
X
x − Xj
x − Xj
K
K
hn
hn
j∈Ji,n+1
j∈Ji,n+1


X
x − Xj
1
ε
K
j
hn
Mi,n+1 hdn
j∈Ji,n+1

 ,
(11)
≤
sup
|fi (x) − fi (y)| +
X
x − Xj
1
{x,y:kx−yk∞ ≤Lhn }
K
d
hn
Mi,n+1 hn
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bins by Ã1 , Ã2 , · · · , ÃB̃ . Given an arm i and 1 ≤ k ≤ B̃, for every x ∈ Ãk , we have

j=1

n
X


x
−
Xj 
hn

I(Ij = i, Xj ∈ Ãk ),

I(Ij = i, Xj ∈ Ãk )K

j=1

n
X

j=1

≥ c3

≥

n



X
X
x
−
X
x
−
Xj 
j
K
=
I(Ij = i)K
hn
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j∈Ji,n+1

=P

≤P

≤P



x∈A˜k
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j=1

n
X

X




d
X
x
−
X
c
j
3 cL1 πn
K
≤
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2

K


x
−
Xj  c3 cL1d πn 
≤
hn
2

j∈Ji,n+1

j∈Ji,n+1

I(Ij = i, Xj ∈ Ãk ) ≤

cn(L1 hn )d πn 
.
2

n
 c X
c3 cL1d πn 
3
I(Ij = i, Xj ∈ Ãk ) ≤
2
nhnd
j=1

1
nhnd


1
P inf
Mi,n+1 hnd

where the last inequality follows by Assumption 4. Consequently,

P

n
X
j=1



K

K




d
x
−
X
c
j
3 cL1 πn
≤
hn
2




d
x
−
X
c
j
3 cL1 πn
≤
hn
2



d
3cn(L
cn(L1 hn )d πn 
1 hn ) πn
≤ exp −
.
2
28
X

X

j∈Ji,n+1

j∈Ji,n+1

1
Mi,n+1 hnd

1
Mi,n+1 hnd

I(Ij = i, Xj ∈ Ãk ) ≤

(14)

(15)

Noting that P (Ij = i, Xj ∈ Ãk |Z j ) ≥ c(L1 hn )d πj for 1 ≤ j ≤ n, we have by Lemma 2 that

Therefore,
inf

inf

x∈A˜k

x∈[0,1]d

P

B̃

X
k=1

P

≤

 3cn(L h )d π 
1 n
n
≤B̃ exp −
,
28

1
Mi,n+1 hnd

X

j∈Ji,n+1

εj K


x
−
Xj 
= o(πn ).
hn
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(16)

where the last inequality follows by (14) and (15). With the condition nh2d πn4 / log n → ∞,
we immediately obtain (13) by Borel-Cantelli lemma.
By (13), it follows that (12) holds if
sup
x∈[0,1]d

23
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x∈[0,1]d

1
Mi,n+1 hnd

X

j∈Ji,n+1
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−
Xj 
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Xj 
nπn2 hnd  
>
hn
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2
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x
−
X
nπ
j
n hn 
,
>
hn
2

(17)

In the rest of the proof, we want to show that (16) holds. For each n ≥ n0 l + 1, we can
partition the unit cube [0, 1]d into B bins with bin length hn such that B ≤ 1/hnd . At each
time point j, let Wj = 1 if arm i is pulled (i.e., Ij = i), and Wj = 0 otherwise. Then given
 > 0,
P

x∈Ak




M
π
i,n+1
n
≤
+ B max P sup
1≤k≤B
n
2
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j∈Ji,n+1

εj K
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1≤k≤B
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 3nπ 
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28
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where the last inequality follows by Lemma 2. Note that by Lemma 3,

P sup

X
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+ P sup
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32c42 v 2
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n hn 
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2kd exp −
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8λ2 v 2
4 2λc
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Thus, by (17), (18) and the condition that nhn2d πn4 / log n → ∞, (16) is an immediate
consequence of Borel-Cantelli lemma. This completes the proof of Theorem 1.

B.2 Proofs of Theorem 2 and Corollary 2
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Given x ∈ [0, 1]d , 1 ≤ i ≤ l and n ≥ n0 l + 1, define Gn+1 (x) = {j : 1 ≤ j ≤ n, kx −
Xj k∞ ≤ Lhn } and Gi,n+1 (x) = {j : 1 ≤ j ≤ n, Ij = i, kx − Xj k∞ ≤ Lhn }. Let Mn+1 (x)
and Mi,n+1 (x) be the size of the sets Gn+1 (x) and Gi,n+1 (x), respectively. Then, the kernel
method estimator fˆi,n+1 (x) satisfies the following lemma.

24

(19)

≤ ω(Lhn ; fi ) +

|fˆi,n+1 (x) − fi (x)| =

j∈Ji,n+1

P

25

c5 Mi,n+1 (x)
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Yi,j K hn j


P
x−Xj
j∈Ji,n+1 K
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j∈Gi,n+1 (x)

X

εj K

j

.
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hn

x − X 

where the last inequality follows by Lemma 2. Under Bi,n , by Assumption 4, the definition
of the modulus continuity and the same argument as (11), we have


PX n |fˆi,n+1 (x) − fi (x)| ≥ 
M
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πn 
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=: exp −
28

Proof of Lemma 4. It is clear that if Mn+1 (x) = 0, (19) trivially holds. Without loss of
P
x−Xj
1
generality, assume Mn+1 (x) > 0. Define the event Bi,n = { Mi,n+1
j∈Ji,n+1 K( hn ) ≥
(x)
c5 }. Note that

where PX n (·) denotes the conditional probability given design points X n = (X1 , X2 , · · · , Xn ).
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(23)

fi∗ (Xn ) (Xn ) − fˆi∗ (Xn ),n (Xn ) + fˆi∗ (Xn ),n (Xn ) − fîn (Xn ) + fîn (Xn ) − fIn (Xn )
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It can be seen from (23) that the error upper bound consists of the estimation error regret
and randomization error regret.

≤

≤

=

n=n0 l+1

N

X

Proof of Theorem 2. Since fˆi∗ (Xn ),n (Xn ) ≤ fˆîn ,n (Xn ), the regret accumulated after the initial forced sampling period satisfies that

Combining (20), (21), (22) and the fact that 0 < c5 ≤ 1 ≤ c4 , we complete the proof of
Lemma 4.
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.
A2 ≤ 2N exp −
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where the last to second inequality follows by Lemma 1 and the upper boundedness of the
kernel function. By an argument similar to the previous two displays (using the uniform
kernel), it is not hard to obtain that

≤

n
X




 Mi,n+1 (x)
πn
≥ c5 n̄  − ω(Lhn ; fi ) ,
>
, Mi,n+1 (x) = n̄
Mn+1 (x)
2

j

x − X 

x − X 

εj K

PX n

εσ̃t K

n̄=dMn+1 (x)πn /2e

n̄=0

n
X

j∈Gi,n+1 (x)

X

2

n̄c25  − ω(Lhn ; fi )

2
2
2c4 v + 2c4 c  − ω(Lhn ; fi )
n̄=dMn+1 (x)πn /2e
2 
 c2 M
n+1 (x)πn  − ω(Lhn ; fi )
 ,
≤ 2N exp − 5 2 2
4c4 v + 4c4 c  − ω(Lhn ; fi )

≤

≤



Pñ
Define σ̃t = inf{ñ :
j=1 I(Ij = i and kx − Xj k∞ ≤ Lhn ) ≥ t}, t ≥ 1. Then, by the
previous display, for every  > ω(Lhn ; fi ),

Lemma 4. Suppose Assumptions 0, 1 and 4 are satisfied, and {πn } is a decreasing sequence.
Given x ∈ [0, 1]d , 1 ≤ i ≤ l and n ≥ n0 l + 1, for every  > ω(Lhn ; fi ),
A1 ≤ PX n
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First, we find the upper bound of the estimation error regret. Given arm i, n ≥ n0 l and
 > ω(Lhn ; fi ),


P |fˆi,n+1 (Xn+1 ) − fi (Xn+1 )| ≥ 

d
cn(2Lh
n)
≤ EPX n+1 Mn+1 (Xn+1 ) ≤
2

cn(2Lhn )d 
+ EPX n+1 |fˆi,n+1 (Xn+1 ) − fi (Xn+1 )| ≥ , Mn+1 (Xn+1 ) >
.
(24)
2

16c42 v 2 log(8lN 2 /δ)
.
c52 c(2L)d nhnd πn

(26)

(25)

Since for every x ∈ [0, 1]d , P (kx − Xj k∞ ≤ Lhn ) ≥ c(2Lhn )d , 1 ≤ j ≤ n, we have by the
extended Bernstein’s inequality that

s



d
d
cn(2Lh
3cn(2Lh
n)
n)
PX n+1 Mn+1 (Xn+1 ) ≤
≤ exp −
.
2
28

˜i,n = ω(Lhn ; fi ) +


d
cn(2Lh
n)
PX n+1 |fˆi,n+1 (Xn+1 ) − fi (Xn+1 )| ≥ , Mn+1 (Xn+1 ) >
2


 2 cn(2Lh )d π  − ω(Lh ; f )2 
d
c
3cn(2Lh
n
n
n i
n ) πn
 .
≤ exp −
+ 4N exp − 5 2 2
56
8c4 v + 8c4 c  − ω(Lhn ; fi )

By Lemma 4,

Let

N
 X
n=nδ +1

1≤i≤l

2 sup |fˆi,n (Xn ) − fi (Xn )| ≥

N
X

n=nδ +1

1≤i≤l


2 max ˜i,n−1 ≤ δ.

(27)

Then, by (24), (25), (26) and the definition of nδ in (3), it follows that for every n ≥ nδ ,


δ
δ
δ
δ
+
+
=
,
P |fˆi,n+1 (Xn+1 ) − fi (Xn+1 )| ≥ ˜i,n ≤
4lN
4lN
2lN
lN
which implies that

P

I(In 6= în ) −

N
X
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(l − 1)πn ≥  ≤ exp −
.
N A2
n=nδ +1

n=nδ +1

(28)

Next, we want to bound the randomization error regret. Given  > 0, since P (In 6=
în ) = (l − 1)πn , we have by Hoeffding’s inequality that
N
X

n=nδ +1

p
N/2 log(1/δ), we immediately get


P A
Taking  = A

n=nδ +1
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r
N
N

X
X

N
1
I(In 6= în ) ≥ A
(l − 1)πn + A
P A
log
≤ δ.
2
δ
Then, (23), (27) and (28) together complete the proof of Theorem 2.
27
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a.s..

a.s. for all t ≥ 1.

Lemma 5. Under Assumption E and the proposed allocation strategy, for each arm i

Nt < ∞

I(Ij = i) = ∞

Proof of Lemma 5. It suffices to check that
∞
X

j=n0 l+1

(29)

Indeed, let Fn , n ≥ 1 be the σ-field generated by (Z n , Xn , In ). By the proposed allocation
strategy, for all j ≥ n0 l + 1,

P (Ij = i|Fj−1 ) ≥ πj .

P∞
P (Ij = i|Fj−1 ) = ∞. Therefore, (29) is an immediate result
By Assumption E, j=n
0 l+1
of the Lévy’s extension of the Borel-Cantelli lemmas (Williams, 1991, pp.124).

Proof of Theorem 3. The key to the proof is to show kfˆi,n − fi k∞ → 0 almost surely for
1 ≤ i ≤ l (Yang and Zhu, 2002, Theorem 1). Without loss of generality, assume ∆ includes
only two candidate procedures (m = 2). Given 1 ≤ i ≤ l, assume that procedure δ1 ∈ ∆i1
and procedure δ2 ∈ ∆i2 (the case of δ1 , δ2 ∈ ∆i1 is trivial). Since

kfˆi,n − fi k∞ = kWi,n,1 (fˆi,n,1 − fi ) + Wi,n,2 (fˆi,n,2 − fi )k∞
≤ Wi,n,1 kfˆi,n,1 − fi k∞ + Wi,n,2 kfˆi,n,2 − fi k∞ ,
W

t

JMLR 17(149):1-37

i,n,1
it suffices to prove that Wi,n,2
→ ∞ almost surely as n → ∞.
Pn
As defined before, Nt = inf{n :
j=n0 l+1 I(Ij = i) ≥ t}, and let Fn be the σ-field
generated by (Z n , Xn , In ). Then for any t ≥ 1, Nt is a stopping time relative to {Fn , n ≥
1}. By Lemma 5, Nt < ∞ a.s. for all t ≥ 1. Therefore, the weights Wi,Nt ,1 , Wi,Nt ,2
and the variance estimates v̂i,Nt ,1 , v̂i,Nt ,2 and v̂i,Nt for t ≥ 1 are well-defined. By the
allocation strategy, the weight associated with arm i is updated only after this arm is
Wi,Nt ,1
→ ∞ almost surely as t → ∞.
pulled. Consequently, we only need to show Wi,N
,2

28

1/2

(fˆi,Nt ,1 (XNt ) − fi (XNt ) − εNt )2 − (fˆi,Nt ,2 (XNt ) − fi (XNt ) − εNt )2
2v̂i,Nt

=

1/2

T1t =

t=1

i,Nt ,1

t=1

t=1

εNt (fˆi,Nt ,1 (XNt ) − fˆi,Nt ,2 (XNt ))
.
v̂i,Nt

(30)

!

!

Replacing τ by

(log T )b 0
√
τ,
T

t=1

T
X

we obtain

t=1

2c22 (v 2 + cτ /c2 )

Tτ2

29

√
ξt = o( T (log T )b )

T

X
P(
ξt > T τ ) < exp −


.
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Then define ξt = εNt (fˆi,Nt ,1 (XNt ) − fi (XNt )) and ξt0 = εNt (fˆi,Nt ,2 (XNt ) − fi (XNt )). Since
E(εNt |FNt ) = 0, it follows by Assumption C, Assumption 0 and Lemma 1 that for every
τ > 0 and every T ≥ 1,



!
1/2
T
T
T
Y
X
X
v̂i,Nt ,2
Wi,NT +1 ,1
 exp
=
T
+
T
.
1t
2t
1/2
Wi,NT +1 ,2
v̂

T2t =

(fˆi,Nt ,2 (XNt ) − fi (XNt ))2 − (fˆi,Nt ,1 (XNt ) − fi (XNt ))2
,
2v̂i,Nt

Wi,Nt ,1 v̂i,Nt ,2
×
exp(T1t + T2t ),
Wi,Nt ,2 v̂ 1/2
i,Nt ,1

× exp

!

(fˆi,Nt ,2 (XNt ) − fi (XNt ))2 − (fˆi,Nt ,1 (XNt ) − fi (XNt ))2
2v̂i,Nt
!
ˆ
ˆ
εNt (fi,Nt ,1 (XNt ) − fi,Nt ,2 (XNt ))
v̂i,Nt

× exp −

Thus, for each T ≥ 1,

and

where

1/2

Wi,Nt ,1 v̂i,Nt ,2
×
Wi,Nt ,2 v̂ 1/2
i,Nt ,1

Wi,Nt ,1 v̂i,Nt ,2
×
=
exp
Wi,Nt ,2 v̂ 1/2
i,Nt ,1

=

1/2
Wi,Nt+1 ,1 Wi,Nt ,1 v̂i,Nt ,2
(fˆi,Nt ,1 (XNt ) − Yi,Nt )2 − (fˆi,Nt ,2 (XNt ) − Yi,Nt )2
=
× 1/2 exp −
Wi,Nt+1 ,2 Wi,Nt ,2 v̂
2v̂i,Nt
i,Nt ,1

Note that for any t ≥ 1,
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ˆ

T

t=1 (fi,Nt ,2 (XNt )

PT

− fi (XNt ))2

+

T

2
t=1 εNt

PT

−

2

0
t=1 ξt

T

PT

.

(31)

√
T2t = o( T (log T )b ),

i=1 n=1

i=1 n=1
l X
N
X

n=1
l X
N
X



n=1

N
X

AI(In 6= ĩn )

(32)

Ri,n + RN,2 .

30

(33)
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n=1

N

 X
f ∗ (Xn ) − fIn (Xn ) I In = i, ĩn 6= i∗ (Xn ), ĩn = i +
AI(In 6= ĩn )

n=1

N 


X
f ∗ (Xn ) − fIn (Xn ) I(In = ĩn ) +
f ∗ (Xn ) − fIn (Xn ) I(In 6= ĩn )

f ∗ (Xn ) − fIn (Xn ) I(In = ĩn , ĩn 6= i∗ (Xn )) +

N 
X
n=1
N
X

=:

=

≤

RN (η) =

Proof of Theorem 4. First, note that

B.4 Proof of Theorem 4

This completes the proof of Theorem 3.

Wi,NT +1 ,1
→ ∞ a.s. as T → ∞.
Wi,NT +1 ,2

almost surely. By (31), (32) and Assumption A, we conclude from (30) that

t=1

T
X

almost surely for large enough t.
The boundedness of {v̂i,Nt , t ≥ 1} as implied in Assumption D enables us to apply
Lemma 1 again to obtain that

v̂i,Nt ,1 < v̂i,Nt ,2

By Assumption A and the previous two equations, we obtain that

v̂i,NT +1 ,2 =

Similarly, for each T ≥ 1

√
P
almost surely by Borel-Cantelli lemma. By the same argument, Tt=1 ξt0 = o( T (log T )b )
almost surely. Note that for each T ≥ 1,
PT ˆ
(fi,Nt ,1 (XNt ) − Yi,Nt )2
v̂i,NT +1 ,1 = t=1
T
PT ˆ
2
t=1 (fi,Nt ,1 (XNt ) − fi (XNt ) − εNt )
=
T
PT 2
PT ˆ
P
ε
(fi,Nt ,1 (XNt ) − fi (XNt ))2
2 Tt=1 ξt
= t=1
+ t=1 Nt −
.
T
T
T
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Then we partition the domain into 1/hd bins with bin width h and denote the set of
these bins by B.
PN
Given bin B ∈ B, define Ri,N,B = n=1
Ri,n I(Xn ∈ B). Let xB be the center point in
B. Define the (nearly) optimal arm ī = īB = argmax1≤i≤l fi (xB ) and ∆i,B = fī (xB ) −
fi (xB ). Let Si,B = {n : ln0 + 1 ≤ n ≤ N, In = i, ĩn 6= i∗ (Xn ), ĩn = i, Xn ∈ B}.
Define Ni,B = max Si,B if Si,B 6= ∅ and Ni,B = 0 if Si,B = ∅. Given Ni,B = ñ, let
Pn
X −X
σt = σi,t,ñ = min{n : j=1
I(Ij = i, K( j h ñ ) 6= 0) ≥ t} be the earliest time point where

X −X

r

+ c̃

log N
≥
τi

t=1 Yī,ηt

Pτ̄

τ̄

r

+ c̃

log N
,
τ̄

(35)

(34)

{Ij = i, K( j h ñ ) 6= 0} happens t times. Define τi = τi,ñ = max{t : σi,t,ñ < ñ}, which is
X −X
the number of times {Ij = i, K( j h ñ ) 6= 0} happens before the time point ñ. Similarly,
Pn
X −X
I(Ij = ī, K( j h ñ ) 6= 0) ≥ t} and
for the (nearly) optimal arm ī, define ηt = min{n : j=1
τ̄ = max{t : ηt < ñ}. Then, if Ni,B = ñ 6= 0 and τi ≥ 1, by the kernel-UCB algorithm, we
have fˆi,ñ (Xñ ) + Ui,ñ (Xñ ) ≥ fˆī,ñ (Xñ ) + Uī,ñ (Xñ ), that is,
t=1 Yi,σt

Pτi

τi

Note that (34) implies at least one of the following three events occurs:
r
P
τ
n Pτi
i
f
log N o
i (Xσt )
t=1 Yi,σt
GB =:
− t=1
> c̃
,
τi
τi
τ
r i
Pτ̄
n Pτ̄
f
(X
log
No
ηt )
t=1 Yī,ηt
− t=1 ī
< −c̃
, or
FB =:
τ̄
τ̄
τ̄
r
P
τ̄
n Pτi
f (Xηt ) o
log
N
t=1 fi (Xσt )
HB =:
+ 2c̃
> t=1 ī
.
τi
τi
τ̄

⇒ 2c̃

⇒ {∆i,B ≤ 4ρhκ } or {∆i,B > 4ρhκ , τi <

(36)

(37)
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16c̃2
2 log N }.
∆i,B

Since kfi (Xσt ) − fi (xB )k∞ ≤ ρhκ and kfī (Xηt ) − fī (xB )k∞ ≤ ρhκ ,
r
log N
> fī (xB ) − ρhκ
HB ⇒ fi (xB ) + ρhκ + 2c̃
τi
r
log N
> ∆i,B − 2ρhκ
τi

By Lemma 1,

1
.
N

 c̃2 log N 
P (GB , Ni,B 6= 0, τi > log N ) ≤ N 2 exp −
2(v 2 + cc̃)

1
≤ ,
N
√
where the last inequality holds since c̃ > max{2 3v, 12c}.
Similarly, we can show that

P (FB , Ni,B 6= 0, τi > log N ) ≤
31
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Ri,N,B I(τi > log N, Ni,B 6= 0, GB ) + Ri,N,B I(τi > log N, Ni,B 6= 0, FB )+

≤ Ri,N,B I(Ni,B = 0) + Ri,N,B I(τi ≤ log N, Ni,B 6= 0)+

Note that
Ri,N,B

Ri,N,B I(τi > log N, Ni,B 6= 0, HB )

≤ Ri,N,B I(Ni,B = 0) + A log N + AN I(τi > log N, Ni,B 6= 0, GB )+

i=1 B∈B

n=1 I(In

PN

r

N
1
log( )
2
δ

6c̃2 l
log N.
ρhκ+d

(39)

(38)

= i, Xn ∈ B). Then by

3
16c̃2
AN I(τi > log N, Ni,B 6= 0, FB ) + 6ρhκ τi,B + ( ∆i,B )( 2 log N )I(∆i,B > 4ρhκ ),
2
∆i,B

i=1 n=1

l X
N
l X
X
 X
Ri,n =
E(Ri,n,B )

where the last inequality follows by (35), and τi,B =
(36), (37) and the definition of Ni,B ,
E

r

N
log N.
2

πn + A

≤ Aln0 + Alh−d log N + 2A + 6ρN hκ +

Also, taking δ = 1/N , we have by (28) that

N
X

πn + A

n=1

n=1

N
X

E(RN,2 ) ≤ AN δ + Al
≤ A + Al

By (33), (38), (39) and our choice of n0 , h and πn , we obtain (7).

Appendix C. Additional Numerical Results

Under the same settings of Section 7 with the Yahoo! data set, we implement additional
algorithms as follows.

X

Ki

Yi,j Ki

X

j∈Ji,n

! ,

∗T x∗ − B̂ ∗T X ∗
B̂i,ln
i,ln0 j
0

hn−1

∗T X ∗
− B̂i,ln
j
0

hn−1

∗T x∗
B̂i,ln
0

(40)

Simple-SIR-kernel : This algorithm is the same as the SIR-kernel algorithm described
in Section 7 except that the dimension reduction matrix is estimated using only the
data collected during the forced sampling stage. That is, for every n > ln0 , the
Nadaraya-Waston estimator of fi (x) shown in (5) is modified to be
!
fˆi,n (x) =

j∈Ji,n
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where the forced sampling size for each arm is n0 = 1000 and the bandwidth is
hn = n−1/10 .
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The algorithms above are evaluated in the same manner as is described in Section 7,
and the resulting normalized CTRs are summarized in the boxplots in Fig. 3. Although the
averaged CTRs of the simple-SIR-kernel appears to be similar to SIR-kernel, the variation of
the CTRs clearly enlarges as we use only the forced sampling stage to estimate the dimension
reduction matrices. The SIR-UCB algorithm does not show significant improvement over
the SIR-kernel algorithm either.

∗ , x∗ and X ∗ defined in Section 4.3. We set c̃ = 0.5, 1 or 3 and h = n−1/10 .
with B̂i,n
0
n
j

SIR-UCB : This algorithm modifies the kernel estimation based UCB algorithm described
in Appendix A to handle covariates with high dimensions. Rather than using the
original covariates, we apply the SIR method to estimate the dimension reduction
matrices and use them to transform covariates to lower dimensions. These transformed
covariates are subsequently applied to compute the kernel estimation based UCB
index. That is, at each time point n after the forced sampling stage, we pull the arm
∗ (X ), where fˆ (X ) is defined in (5) and
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Figure 3: Boxplots of normalized CTRs of various algorithms on the news article recommendation data set. Algorithms include (from left to right): SIR-kernel (hn3 ),
Simple-SIR-kernel, SIR-UCB (c̃0 = 0.5), SIR-UCB (c̃0 = 1.0) and SIR-UCB
(c̃0 = 3.0). CTRs are normalized with respect to the random algorithm.
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(2) the dimension: the dimension d discourages the consistency of the sample eigenvectors,
meaning that higher d tends towards less frequent consistency;

(1) the sample size: the sample size n encourages the consistency of the sample eigenvectors, meaning that more samples tend towards more frequent consistency;

(3) the spike signal: the relative sizes of the several leading eigenvalues similarly encourage
the consistency.

PCA consistency and (strong) inconsistency, defined in terms of angles, are important
properties that have been studied before. A common technical device is the spike covariance
model, initially introduced by Johnstone (2001). This model has been used in this context
by, for example, Nadler (2008); Johnstone and Lu (2009); Jung and Marron (2009). Recently, Ma (2013) formulates sparse PCA (Zou et al., 2006) through iterative thresholding
and studies its asymptotic properties under the spike model. An interesting, more general,
model has been considered by Benaych-Georges and Nadakuditi (2011).
Under the spike model, the first few eigenvalues are much larger than the others. A major
message of the present paper is that there are three critical features whose relationships drive
the consistency properties of PCA, namely

(d) the increasing signal strength domain of asymptotics, where n, d are fixed and the
signal strength tends to infinity. Such a setting is studied in Nadler (2008).

(c) the high dimension low sample size (HDLSS) domain of asymptotics, which
is based on the limit, as the dimension d → ∞, with the sample size n being fixed
(hence the ratio n/d → 0). HDLSS asymptotics was originally studied by Casella and
Hwang (1982), and rediscovered by Hall et al. (2005). PCA has been studied using
the HDLSS asymptotics by Ahn et al. (2007); Jung and Marron (2009).

(b) the random matrix theory domain, where both the sample size n and the dimension
d increase to infinity, with the ratio n/d → c, a constant mostly assumed to be within
(0, ∞). Representative work includes Biehl and Mietzner (1994); Watkin and Nadal
(1994); Reimann et al. (1996); Hoyle and Rattray (2003) from the statistical physics
literature, as well as Johnstone (2001); Baik et al. (2005); Baik and Silverstein (2006);
Onatski (2012); Paul (2007); Nadler (2008); Johnstone and Lu (2009); Lee et al.
(2010); Benaych-Georges and Nadakuditi (2011) from the statistics literature.

(a) the classical domain of asymptotics, under which the sample size n → ∞ and the
dimension d is fixed (hence the ratio n/d → ∞). For example, see Girshick (1939);
Lawley (1956); Anderson (1963, 1984); Jackson (1991).

tional asymptotic setups as special cases, and furthermore it allows a careful study of the
connections among the various setups. More importantly, we investigate a wide range of
interesting scenarios that have not been considered before, and offer new insights into the
consistency (in the sense that the angle between estimated and population eigen directions
tends to 0, or the inner product tends to 1) and strong-inconsistency (where the angle tends
to π/2, i.e., the inner product tends to 0) properties of PCA, along with some technically
challenging convergence rates.
Existing asymptotic studies of PCA roughly fall into four domains:

Shen, Shen and Marron

Principal Component Analysis (PCA) is an important visualization and dimension reduction
tool which finds orthogonal directions reflecting maximal variation in the data. This allows
the low dimensional representation of data, by projecting data onto these directions. PCA
is usually obtained by an eigen decomposition of the sample variance-covariance matrix of
the data. Properties of the sample eigenvalues and eigenvectors have been analyzed under
several domains of asymptotics.
In this paper, we develop a general asymptotic framework to explore interesting transitions among the various asymptotic domains. The general framework includes the tradi-

1. Introduction

A general asymptotic framework is developed for studying consistency properties of principal component analysis (PCA). Our framework includes several previously studied domains
of asymptotics as special cases and allows one to investigate interesting connections and
transitions among the various domains. More importantly, it enables us to investigate
asymptotic scenarios that have not been considered before, and gain new insights into the
consistency, subspace consistency and strong inconsistency regions of PCA and the boundaries among them. We also establish the corresponding convergence rate within each region.
Under general spike covariance models, the dimension (or number of variables) discourages
the consistency of PCA, while the sample size and spike information (the relative size of
the population eigenvalues) encourage PCA consistency. Our framework nicely illustrates
the relationship among these three types of information in terms of dimension, sample size
and spike size, and rigorously characterizes how their relationships affect PCA consistency.
Keywords: High dimension low sample size, PCA, Random matrix, Spike model
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(a) The theorems of Jung and Marron (2009) are represented on the horizontal axis
in Panel (A) when the sample index γ = 0 (as they fix the sample size): the
maximal sample eigenvector is consistent with the first population eigenvector
when the spike index α > 1 and strongly inconsistent when α < 1.

• Previous Results III - the HDLSS domain:

1 −1) −c)+
< û1 , u1 >2 −→ (λ((λ
, where û1 and u1 are the first sample and popula2
1 −1) +c(λ1 −1)
tion eigenvector. This result appears in Panel (A) as the single solid circle γ = 1
on the vertical axis. Our general framework doesn’t cover this boundary case and
this boundary result is a complement of our theoretical results.

a.s

(b) Again, under the normal assumption, Nadler (2008) explored the interesting
boundary case of α = 0, γ = 1 (i.e. nd → c for a constant c) and showed that

(a) Assuming normality, the results of Johnstone and Lu (2009) appear on the vertical axis in Panel (A) where the spike index α = 0 (as they fix the spike information): the first sample eigenvector is consistent when the sample index γ > 1
and strongly inconsistent when γ < 1.

• Previous Results II - the random matrix domain:

Figure 1: General consistency and strong inconsistency regions for PCA, as a function of
the spike index α and the sample index γ. Panel (A) - single spike model in
Example 1: PCA is consistent in the grey region (α + γ > 1), and strongly
inconsistent on the white triangle (0 ≤ α + γ < 1). Panel (B) - multiple spike
model in Example 2: the first m sample PCs are consistent in the grey region
(α + γ > 1, γ > 0), subspace consistent on the dotted line (α > 1, γ = 0) on the
horizontal axis, and strongly inconsistent on the white triangle (0 ≤ α + γ < 1).

(0,0)

Sample Index γ

General Framework for PCA Consistency

Our general framework considers increasing sample size n, increasing dimension d, and
increasing spike signal. We clearly characterize how their relationships determine the regions
of consistency and strong-inconsistency of PCA, along with the boundary in-between.
Note that the classical domain ((a) above) assumes increasing sample size n while fixing
dimension d; the random matrix domain ((b) above) assumes increasing sample size n and
increasing dimension d, while fixing the spike signal; the HDLSS domain ((c) above) fixes the
sample size, and increases the dimension and the spike signal; the increasing signal strength
domain ((d) above) assumes increasing the spike signal, while fixing the sample size and
the dimension; thus each of these three domains is a boundary case of our framework. Our
theorems, when restricted to these existing domains of asymptotics, are consistent with
known results.
In addition, our theorems go beyond these known results to demonstrate the transitions among the existing domains of asymptotics, and for the first time to the best of our
knowledge, enable one to understand interesting connections among them. Finally, we also
establish novel results on rates of convergence.
Sections 3 and 4 formally state very general theorems for multiple component spike
models. For illustration purposes only, in this section we first consider Examples 1 and 2
under some strong assumptions, which provide intuitive insights regarding the much more
general theory presented in Sections 3 and 4. In addition, we use Example 3 to show the
application of our theoretical study to the factor model considered by Fan et al. (2013).
For Examples 1 and 2, to better demonstrate the connection with existing results, the
three types of features (sample size, dimension, and spike signal) and their relationships
are mathematically quantified by two indices, namely the spike index α and the sample
index γ. Within the context of these examples, we point out the significant contributions
of our results in comparison with existing results. The comparisons and connections are
graphically illustrated in Figure 1 and discussed below.
Example 1 Single-component Spike Model Assume that X1 , . . . , Xn are sample vectors from a d-dimensional distribution with zero mean and covariance matrix Σ, where the
1
entries of Σ− 2 Xi are i.i.d. random variables with zero mean, unit variance and finite fourth
moment. (A special case: Xi is from the d-dimensional normal distribution N (0, Σ)). In
addition, assume that the sample size n = dγ (γ ≥ 0 is defined as the sample index), and
the covariance matrix Σ has the following eigenvalues:
λ1 = c1 dα , λ2 = · · · = λd = 1, α ≥ 0,
where the constant α is defined as the spike index.
Corollary B.2 in the supplementary materials, when applied to this example, shows that
the maximal sample eigenvector is consistent when α + γ > 1 (grey region in Figure 1(A)),
and strongly inconsistent when 0 ≤ α + γ < 1 (white triangle in Figure 1(A)). These very
general new results nicely connect with many existing ones:
• Previous Results I - the classical domain:

JMLR 17(150):1-34

Under the normal assumption, Theorem 1 of Anderson (1963) implied that for fixed
dimension d and finite eigenvalues, when the sample size n → ∞ (i.e. γ → ∞, the
limit on the vertical axis), the maximal sample eigenvector is consistent. This case is
the upper left corner of Figure 1(A).
3

Sample Index γ (Johnstone and Lu (2009))
Strong Inconsistency
Consistency

if j ≤ m,
if j > m,
α ≥ 0,

5
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for j = 1, · · · , m. This result appears in Panel (B) as the solid circle γ = 1 on the vertical axis. This boundary case is a complement of our results
for multiple spike models with distinct eigenvalues (Section B.1 of the supplementary
materials). Paul and Johnstone (2012) considered a similar framework but from a
minimax risk analysis perspective. Nadler (2008); Johnstone and Lu (2009) did not
study multiple spike models.

((λj −1)2 −c)+
(λj −1)2 +c(λj −1)

The following results are under the normal assumption. Paul (2007) explored asymptotic properties of the first m eigenvectors and eigenvalues in the interesting boundary
a.s
case of α = 0, γ = 1, i.e., nd → c with c ∈ (0, 1) and showed that < ûj , uj >2 −→

• Previous Results II - the random matrix domain:

Assuming normality, Theorem 1 of Anderson (1963) implied that for fixed dimension
d and finite eigenvalues, when the sample size n → ∞ (i.e. γ → ∞, the limit on the
vertical axis), the first m sample eigenvectors are consistent, while the other sample
eigenvectors are subspace consistent. This case is the upper left corner of Figure 1(B).

• Previous Results I - the classical domain:

where m is a finite positive integer, the constants cj , j = 1, · · · , m, are positive and satisfy
that cj > cj+1 > 1, j = 1, · · · , m − 1.
Corollary B.1 in the supplementary materials, when applied to this example, shows that
the first m sample eigenvectors are individually consistent with corresponding population
eigenvectors when α + γ > 1, γ > 0 (the grey region in Figure 1(B)), instead of being
subspace consistent (Jung and Marron, 2009), and strongly inconsistent when α + γ < 1
(the white triangle in Panel (B)). This very general new result connects with many others
in the existing literature:

(
cj dα
λj =
1

Example 2 Multiple-component Spike Model Assume that the covariance matrix Σ
in Example 1 has the following eigenvalues:

• Our Results hence nicely connect existing domains of asymptotics, and give a much
more complete characterization for the regions of PCA consistency, subspace consistency, and strong inconsistency. We also investigate asymptotic properties of the other
sample eigenvectors and all the sample eigenvalues.

(b) Under the normal assumption, Jung et al. (2012) deeply explored limiting behavior at the boundary α = 1, γ = 0 (i.e. λd1 → c for a constant c) and showed that
A
< û1 , u1 >2 ⇒ A+c
, where “ ⇒ ” means convergence in distribution and A ∼ χ2n ,
the chi-squared distribution with n degrees of freedom. This result appears in
Panel (A) as the single solid circle α = 1 on the horizontal axis. This boundary
case is again a complement of our general framework.

General Framework for PCA Consistency

yt = Bft + Et ,

6
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The rest of the paper is organized as follows. Section 2 first introduces our notations and
relevant consistency concepts. Section 3 studies the PCA asymptotics of spike models with
increasing sample size n. We state the main results of our paper - Theorem 1 for multiplecomponent spike models where the dominating eigenvalues are inseparable. Theorem 2 in
Section 4 then is about the HDLSS asymptotics of PCA, where the sample size n is fixed,
for spike models with inseparable eigenvalues. Section 5 contains some discussions about
the asymptotic properties of PCA when some eigenvalues equal to zero and the challenges
to obtain non-asymptotic results. Section 7 contains the technical proofs of Theorem 1 and

where ΣE is the covariance matrix of Et . Fan et al. (2013) assumes that the first m eigenvalues of Bcov(ft )BT increase with d as d → ∞, whereas all the eigenvalues of ΣE are
bounded. It then follows that λm (Σ)  λm+1 (Σ)  · · ·  λd (Σ)  1, as d → ∞. Then our
theorems are applicable to this factor model when f1 , . . . , fT is i.i.d., and E1 , . . . , ET is i.i.d..
Under the above assumptions of the factor model, we have d/(Tλm (Σ)) → 0. Then
according to our Theorem 1 (together with the third comment after the theorem), the first m
sample eigenvalues and eigenvectors are consistent. On the other hand, Fan et al. (2013)
proposed the consistent principal orthogonal complement thresholding (POET) estimator
for the covariance matrix Σ, which is obtained by keeping the first m sample eigenvalues
and eigenvectors, and thresholding the residual sample matrix. Hence, our theorem offers
another theoretical support on the consistency of their POET estimator.

Σ = Bcov(ft )BT + ΣE ,

where yt = (yt,1 , . . . , yt,d
is the d-dimensional response vector, B = (b1 , . . . , bd )T is
the d × m (m is fixed) loading matrix, ft is the m × 1 vector of common factors, and
Et = (et,1 , . . . , et,d )T is the d-dimensional noise vector, t = 1, . . . , T. The noise vector Et is
independent of ft . Then the population covariance matrix of yt is

)T

Example 3 The Factor Model of Fan et al. (2013) Consider the following model:

• Our Results cover the classical domain, and are stronger than what Jung and Marron (2009) obtained: the increasing sample size enables us to separate out the first
few leading eigenvectors and characterize individual consistency, while only subspace
consistency was obtained by Jung and Marron (2009).

The theorems of Jung and Marron (2009) are valid on the horizontal axis in Panel (B)
where the sample index γ = 0. In particular, for this example, their results showed that
the first m sample eigenvectors are not respectively consistent with the corresponding
population eigenvectors when the spike index α > 1 (the horizontal dotted red line
segment), instead they are subspace consistent with their corresponding population
eigenvectors, and are strongly inconsistent when the spike index α < 1 (the horizontal
solid line segment). They and Jung et al. (2012) did not study the asymptotic behavior
on the boundary - the single open circle (α = 1, γ = 0) on the horizontal axis.

• Previous Results III - the HDLSS domain:

Shen, Shen and Marron
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the relevant lemmas. The supplementary materials contain the corresponding corollaries
of Theorems 1 and 2, for multiple-spike models with distinct eigenvalues and single spike
models, along with the proofs of Theorem 2 and all the corollaries.

2. Notations and Concepts
We now introduce some necessary notations, and define consistency concepts relevant for
our asymptotic study.
2.1 Notation
Let the population covariance matrix be Σ, whose eigen decomposition is
Σ = U ΛU T ,

j=1

d
X

λj2 zi,j uj ,

1

(1)

where Λ is the diagonal matrix of population eigenvalues λ1 ≥ λ2 ≥ . . . ≥ λd , and U is the
matrix of the corresponding eigenvectors U = [u1 , . . . , ud ].
As in Jung and Marron (2009), assume that X1 , . . . , Xn are i.i.d. d-dimensional random
sample vectors and have the following representation
Xi =

(2)

where the zi,j ’s are i.i.d. random variables with zero mean, unit variance, and finite fourth
moment. An important special case is that they follow the standard normal distribution.

i = 1, · · · , n,

Assumption 1 X1 , . . . , Xn are a random sample having the distribution of (1).
Jung and Marron (2009) assumes that
Zi = (zi,1 , · · · , zi,d )T ,

are independent and the elements zi,j within Zi are ρ-mixing. This assumption leads to the
convergence in probability results under the HDLSS domain in Jung and Marron (2009).
Here we assume that the elements zi,j within Zi are also independent. This helps to get the
almost sure convergence results under our general framework, which includes the HDLSS
domain. Assumption 1 is necessary to satisfy the conditions of Lemma 1 - the Bai-Yin’s
law (Bai and Yin, 1993), which is important for our results, for example, Theorem 1.
Denote the sample covariance matrix by Σ̂ = n−1 XX T , where X = [X1 , . . . , Xn ]. Note
that Σ̂ can also be decomposed as
Σ̂ = Û Λ̂Û T ,
(3)

JMLR 17(150):1-34

where Λ̂ is the diagonal matrix of sample eigenvalues λ̂1 ≥ λ̂2 ≥ . . . ≥ λ̂d , and Û is the
matrix of corresponding sample eigenvectors where Û = [û1 , . . . , ûd ].
Below we introduce asymptotic notations that will be used in our theoretical studies.
Let τ stand for either n or d, depending on the context. Assume that {ξτ : τ = 1, . . . , ∞}
is a sequence of random variables, and {aτ : τ = 1, . . . , ∞} is a sequence of constant values.
7

Shen, Shen and Marron

ξτ
aτ

≤ M , where M is a positive constant.

• Denote ξτ = oa.s (aτ ) if limτ →∞ aξττ = 0 almost surely.
• Denote ξτ = Oa.s (aτ ) if limτ →∞

• Denote almost surely ξτ  aτ if c2 ≤ limτ →∞ aξττ ≤ limτ →∞ aξττ ≤ c1 almost surely, for
two constants c1 ≥ c2 > 0.

In addition, we introduce the following notions to help understand the assumptions on
the population eigenvalues in our theorems and corollaries. Assume that {aτ : τ = 1, . . . , ∞}
and {bτ : τ = 1, . . . , ∞} are two sequences of real valued numbers.
• Denote aτ  bτ if limτ →∞ abττ = 0.

• Denote aτ  bτ if c2 ≤ limτ →∞ abττ ≤ limτ →∞ abττ ≤ c1 for two constants c1 ≥ c2 > 0.
2.2 Concepts

We now list several concepts about consistency and strong inconsistency, some of which are
modified from the related concepts in Jung and Marron (2009) and Shen et al. (2013).
Let H be an index set, e.g. H = {m + 1, · · · , d}, and then denote S = span{uk , k ∈ H}
as the linear span generated by {uk , k ∈ H}. Define angle(ûj , S) as the angle between the
estimator ûj and the subspace S, which is the angle between the estimator and its projection
onto the subspace (Jung and Marron, 2009). For further clarification, we provide a graphical
illustration of the angle in Section B of the supplement (Shen et al., 2015). As pointed out
earlier, let τ stand for either n or d, depending on the context.
a.s

• If as τ → ∞, angle(ûj , S) → 0, then ûj is subspace consistent with S. If H only
a.s
includes one index j such that S = span{uj }, then angle(ûj , S) → 0 is equivalent to
a.s
| < ûj , uj > | → 1, and ûj is consistent with uj .
a.s

• If as τ → ∞, | < ûj , uj > | → 0, then ûj is strongly inconsistent with uj .

3. Cases with increasing sample size n

JMLR 17(150):1-34

We study spike models with increasing sample size n → ∞ in this section. As such, the
eigenvalues λj and the dimension d depend on the sample size n, and will be denoted as
(n)
λj and d(n) throughout this section. They can be viewed as sequences of constant values
indexed by n. This section considers multiple-component spike models with inseparable
eigenvalues and presents the main theorem of our paper. Section B of the supplementary materials reports the corollaries for multiple component spike models with distinct
eigenvalues and single spike models.
We consider multiple spike models with m (a finite integer) dominating eigenvalues.
These m eigenvalues can be grouped into r tiers, where the eigenvalues within the same
tier have the same limit. To fixed ideas, the first m eigenvalues
are grouped into r tiers
Pr
where there are ql (> 0) eigenvalues in the lth tier with
l=1 ql = m. Define q0 = 0,

8

l=1 ql ,

Pr

k=0

k=0

(n)

(n)

δl

(n)

λj

= 1, j ∈ Hl , l = 1, · · · , r.

(4)

(n)

>

(n)
δj

means that limn→∞

(n)
δj

δi

(n)

(n)

> · · · > δr

(n)

> 1. This assumption allows

(n)

(n)
δi

> λm+1 → · · · → λd(n) → cλ > 0.
→ ∞ and

>

(n)
λ2

> ... >

λ(n)
r ,

(n)

q1 + q2 + . . . + qr = m < d;

nδh+1

9

JMLR 17(150):1-34

the eigenvectors in the first h tiers are subspace consistent, and the estimates for the
other eigenvectors are strongly-inconsistent;

nδh

• Theorem 1(b): Otherwise, if the amount of signal dominates the amount of noise only
d(n)
up to the hth tier (1 ≤ h < r), i.e. d(n)
(n) → 0 and
(n) → ∞, then the estimates for

are subspace consistent, and the estimates for the higher order eigenvectors are also
subspace consistent (but) at a different rate;

nδr

• Theorem 1(a): If the amount of signal dominates the amount of noise up to the
rth tier, i.e. d(n)
(n) → 0, then the estimates for the eigenvectors in the first r tiers

and the last block of Λ is cλ Id(n)−m with cλ < λr .
Under the above setup, Theorem 1 shows that the eigenvector estimates are either subspace consistent with the linear space spanned by the population eigenvectors, or strongly
inconsistent. As discussed in the Introduction, Theorem 1 considers the delicate balance
(n)
among the sample size n, the spike signal δl , and the dimension d(n), and characterize the various PCA consistency and strong-inconsistency regions. The three scenarios of
Theorem 1 are arranged in the order of a decreasing amount of signal:

(n)
λ1

δi  δj , which is not the case in Paul (2007). Regarding the constant cλ , the second
remark after Theorem 1 discusses what happens when cλ = 0.
The above assumptions cover a general class of multiple spike models with tiered eigenvalues. A simple special case is the one where the eigenvalue matrix Λ is block diagonal:
(n)
for 1 ≤ h ≤ r, the h-th block of Λ is λh Iqh where Iqh is the qh × qh identity matrix, with

(n)

For i < j,

(n)
δi

Assumption 3 as n → ∞, δ1

(n)

According to the above assumption, the eigenvalues that are in the same tier will have
the same limit as n goes to infinity. As a result, we can show that the corresponding
sample eigenvectors can not be consistently estimated individually. This motives us to consider subspace consistency. In addition, we assume that the first m population eigenvalues
from different tiers are asymptotically different, and dominate the additional population
eigenvalues beyond the first r tiers that have the same limit cλ :

Assumption 2 limn→∞

Assume the eigenvalues in the lth tier have the same limit δl (> 0), i.e.

k=0

and the index set of the eigenvalues in the lth tier as
)
( l−1
l−1
l−1
X
X
X
Hl =
qk + 1,
qk + 2, · · · ,
qk + ql , l = 1, · · · , r + 1.

qr+1 = d(n) −

General Framework for PCA Consistency

(n)

d(n)
nλ1

→ ∞, then

(n)

nδr

→ 0, then
(n)

λj

λ̂j

nδr

δl−1

(n)

(n)

δl

∨



(n)

δl

1

(n)

δl

2

(n)

d(n)
nδh

→ 0 and

(n)

d(n)
nδh+1

| < ûj , uj > | = Oa.s

a.s

∨

2

2

(n)

nδ1

2

1 !

,

nδl

(n)

d(n)

2

1 !

,

2

∨Oa.s

(n)

d(n)

nδh

, j ∈ Hl , l = h + 1, · · · , r, and Oa.s

nλ̂j a.s
d(n) → cλ .

2

(n)

(n)

δh

δh−1

(n)

λj

n



(n)

2

,
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δl−1

δl

2

1 !

o1 

nλj
d(n)

n
d(n)

JMLR 17(150):1-34

The following comments can be made for the results of Theorem 1.
 (n)  1
2
δ2
• Note that, for j ∈ H1 , the subspace consistency rate for ûj is
. By defining
(n)
δ1
 (n)
1
(n)
δl+1 2
δl
(n)
δ0 = ∞, the consistency rate expression
remains valid for l = 1.
(n) ∨ (n)

(c) If

(n)

δl

(n)

δl+1

for l = h. Finally,

∨Oa.s



→ ∞, then the non-zero
In addition, | < ûj , uj > | = Oa.s
n
o1 
2
n
j = 1, · · · , m, and Oa.s
, j > m.
d(n)

d(n)

j > m.

nλj
d(n)

(n)

j ∈ Hl for l = 1, · · · , h−1, and oa.s

1 !

nλ̂j
d(n)

λ̂j

δl−1

(n)

(n)

δl

→ 1, j ∈ Hl , l = 1, · · · , h,
 (n)
1 !
(n)
δl+1 2
δl
a.s
→ cλ . In addition, angle(ûj , Sl ) = oa.s
,
(n) ∨ (n)
δl−1
δl

1 !

1 !

→ ∞, where 1 ≤ h < r, then



, j ∈ Hl for l = r, and

1 !

1 !

→ c, 0 < c ≤ ∞, then angle(ûj , Sl ) = oa.s
(n)
δl−1
n
o1 
d(n) 2
j ∈ Hl for l = r, and Oa.s
for l = r + 1.
(n)

• If

d(n)
n

and the other non-zero

(b) If

δr

→ 0, then angle(ûj , Sl ) = oa.s
n
o1 
2
1
oa.s
for l = r + 1.
(n)

• If

d(n)
n



→ 1, j = 1, · · · , m, and angle(ûj , Sl ) = oa.s

a.s

j ∈ Hl , l = 1, · · · , r − 1. In addition,

(a) If

d(n)

Theorem 1 Under Assumptions 1, 2 and 3, as n → ∞, the following results hold.

Before stating Theorem 1, we first introduce several notations. Define the subspace
(n)
Sl = span{uk , k ∈ Hl } for l = 1, · · · , r + 1 and denote δ0 = ∞ for every n.

the sample eigenvalues are asymptotically indistinguishable, and the sample eigenvectors are strongly inconsistent.

• Theorem 1(c): Finally, if the amount of noise always dominates, i.e.
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,

• If
cλ

=
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(n)

(n)

(n)

=
λd(n)

(n)

λj

(n)

(n)

(n)

(n)

(n)

. We comment that the asymptotic properties of

∗
∗
> · · · > δ ∗(n)
r > λ m+1 → · · · → λ d(n) = 1,
(n)

and λ∗ j

δ∗1

λd(n)

δj

= 0 in Assumption 3, then that assumption can be rewritten as

(n)

where δ ∗ j

a.s

nλ̂j

a.s

→ 1”, and the strongly inconsistency rate

2

1

(n)

d(n)λd(n)

, respectively.
and
(n)

(n)
λm+1

such that
(n)

(n)
δr

(n)

(n)



2

(n)
λm+1 ,

nλj
d(n)

with
1

ûj then depend on the rescaled eigenvalues λ∗ j , instead of the raw eigenvalues λj .
nλ̂

(n)

nλ∗ j
d(n)
(n)
δr

In particular, with cλ = 0, Theorem 1 can be slightly modified by replacing δj

(n)



δ ∗ j , “ d(n)j → cλ ” with “
with

(n)

• In Assumption 3, if there is a big gap between
(n)

(n)

(n)

(n)

(n)

then λm+1 → · · · → λd(n) → cλ can be weakened to λm+1  · · ·  λd(n)  1. It follows
that the consistency results of the first r tiers of sample eigenvalues in Scenario (a)
or the first h tiers in Scenario (b) remain the same, while all other results of the form
a.s
“ −→ ” for the sample eigenvalues should be replaced by almost surely “  ”. The
results for the sample eigenvectors remain the same.

• One needs λm+1 → · · · → λd(n) → cλ , or λm+1  · · · λd(n)  1, to obtain general
convergence results for the non-spike sample eigenvalues λ̂j , j > m, under the wide
d(n)
d(n)
range of scenarios: d(n)
n → 0, n → ∞, or limn→∞ n = c (0 < c < ∞). When
one focusses only on the spike eigenvalues, a weaker assumption, such as the slowly
decaying non-spike eigenvalues assumed by Bai and Yao (2012), is sufficient. Then,
(n)
(n)
the spike condition δr  λm+1 is enough to generate the consistency properties of
λ̂ and û , j ≤ m in Scenario (a). In that case, the behaviors of the other sample
j
j
eigenvalues and eigenvectors are scenario specific, depending on whether d(n)
n → 0,
→ ∞, or limn→∞ d(n)
n = c (0 < c < ∞).

d(n)
n

• The cases covered by Theorem 1 are not studied in Paul (2007), where the eigenvalues
are considered to be individually estimable.
(n)

• In Theorem 1, the dimension d can be fixed. In addition, suppose ∞ > δ1 > · · · >
(n)
(n)
(n)
δr > λm+1 → · · · → λd → cλ , and the eigenvalues satisfy Assumption 2. Then,
the results of Theorem 1(a) are consistent with the classical asymptotic subspace
consistency results implied by Theorem 1 of Anderson (1963).

4. Cases with fixed n

JMLR 17(150):1-34

This section studies spike models when the sample size n is fixed. Now the eigenvalues are
(d)
denoted as λj , a sequence indexed by the dimension d. We first report here the theoretical
results for spike models with inseparable eigenvalues. The corresponding results for models
with distinct eigenvalues are presented in Section C of the supplementary materials.
11
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 δl , j ∈ Hl , l = 1, · · · , r.

(d)

Theorem 2 summarizes the results for spike models with tiered eigenvalues. In comparison with Jung and Marron (2009), we make more general assumptions on the population
eigenvalues, and obtain the convergence rate results; furthermore, we obtain almost sure
convergence, instead of convergence in probability.
Assume that as d → ∞, the first m eigenvalues fall into r tiers, where the eigenvalues
in the same tier are asymptotically equivalent, as stated in the following assumption:

(d)

Assumption 4 for fixed n, as d → ∞, λj

(d)

(d)

(d)

 λm+1  · · ·  λd  1.

(d)

Different from Assumption 2 for diverging sample size n, now with a fixed n, the eigenvalues within the same tier are assumed to be of the same order, rather than of the same
limit when n increases to ∞. As we will see below in Theorem 2, one can no longer separately estimate the eigenvalues of the same order when n is fixed, which is feasible with an
increasing n as long as they do not have the same limit as shown in Theorem 1.
In addition, we assume that the population eigenvalues from different tiers are of different
orders and dominate the higher-order eigenvalues which are asymptotically equivalent:

(d)

(d)

Assumption 5 for fixed n, as d → ∞, δ1  · · ·  δr

(d)
j=m+1 λj

Pd

d

and Al∗ =

k∈Hl

1 X e eT
Zk Zk ,
n

l = 1, · · · , r,

(6)

Note that for fixed n and d → ∞, the assumption δl > δl+1 can not guarantee asymptotic
separation of the corresponding sample eigenvalues λ̂j for j ∈ Hl and j ∈ Hl+1 . Thus, we
need to replace Assumption 3 with Assumption 5 in order to asymptotically separate the
first r subgroups of sample eigenvalues.
(d)
Before formally stating Theorem 2, we first introduce several notations. Denote δ0 = ∞
for every d, which is used to describe the subspace consistent rates. Consider the zi,j in (1),
and let
Zej = (z1,j , · · · , zn,j )T , j = 1, · · · , d.
(5)
Define

d→∞

K = lim

which are used to describe the asymptotic properties of the sample eigenvalues.

d
(d)
δh

→ 0 and

d
(d)
δh+1

→ ∞, where 1 ≤ h ≤ r, then for j ∈ Hl , l = 1, · · · , h, almost

Theorem 2 Under Assumptions 1, 4 and 5, for fixed n, as d → ∞, the following results
hold.
(a) If

1
2



(d)

(d)

δh

δh−1

1
2

∨ Oa.s

d
(d)
δh

, j ∈ Hl , l = h + 1, · · · , r, and Oa.s

1
d

1
2



, j > m.
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surely
(d)
(d)
λmin (Al∗ ) × mink∈Hl λk ≤ λ̂j ≤ λmax (Al∗ ) × maxk∈Hl λk ,
(7)

1 !
(d)
(d)
δl+1 2
δl
nλ̂ a.s
and the other non-zero λ̂j satisfy d j → K. In addition, angle(ûj , Sl ) = oa.s
,
(d) ∨ (d)
δl−1
δl

 !
1 !
2
for l = h. Finally,


λj
d

(d)

j ∈ Hl for l = 1, · · · , h − 1, and oa.s
 !

| < ûj , uj > | = Oa.s
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nλ̂j a.s
d →

(d)

δ1



(d)
λm+1



→ ··· →

(n)
(n)
δ1

λ j1

→ 1,

··· ,

(n)

(n)
δr

λjr−1 +1

→ ··· →

(n)
(n)
δr

λ jr

→ 1.

(8)

d(n)

j=1

1 X (n) e eT
λj Zj Zj ,
n

m

B=

j=m+1

d(n)
1 X (n) e eT
λ j Zj Zj .
n

(9)

13

14
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j=1

1 X (n) e eT
λ j Zj Zj ,
n
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with A =

First, we study the asymptotic properties of the eigenvalues of A and B in Lemmas 3
and 4, respectively. Then, the Weyl Inequality and dual Weyl Inequality (Tao, 2010), now
restated as Lemma 2, enable us to establish the asymptotic properties of the eigenvalues of

Σ̂D = A + B,

where Zej is the n-dimensional random vector and its elements are i.i.d random variables
with zero mean, unit variance, and finite fourth moment. Furthermore, the dual matrix can
be rewritten as the sum of two matrices as follows:

Σ̂D = n−1 X T X =

Our proof makes use of the connection between the sample covariance matrix Σ̂ and its dual
(n)
(n)
matrix Σ̂D , which share the same nonzero eigenvalues. Since Σ = Λ = diag{λ1 , . . . , λd(n) },
then it follows from (1) and (5) that the dual matrix can be expressed as

7.1 Overview

(n)
δ1

λ1

(n)

We now provide the detailed proof for Theorem 1. To save space, the proofs for Theorem 2
and the corresponding corollaries of the two theorems (which are often similar, and simpler)
are provided in the supplement (Shen et al., 2015). We first provide some overview in
Section 7.1 and list four lemmas in Section 7.2, and then derive the asymptotic properties
of the sample eigenvalues and the sample eigenvectors in Sections 7.3 and 7.4, respectively.
We study the consistency and strong inconsistency of PCA through the angle or the
inner product between a sample eigenvector and the corresponding population eigenvector. We first note that this angle has a nice invariance property: it doesn’t depend on the
specific choice of the basis for the d-dimensional space, as discussed in details in the supplement (Shen et al., 2015). Given this invariance property, for the rest of the paper, we choose
to use the population eigenvectors uj , j = 1, . . . , d(n), as the basis of the d-dimensional
space, which is equivalent to assuming that Xi , i = 1, . . . , n, is a d-dimensional random
(n)
(n)
vector with mean zero and a diagonal covariance matrix as Σ = Λ = diag{λ1 , . . . , λd(n) }.
This will simplify our mathematical analysis, see for example
Pl (32) and (33).
Define
Pr jl to be the largest index in Hl and then jl = k=0 qk , l = 1, · · · , r. Note that
jr = k=0 qk = m. Since the first m eigenvalues are grouped into r tiers in Assumption 2,
then Assumption 2 can be rewritten as

7. Proofs
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and 0k×l is the k-by-l zero matrix. Then, the asymptotic properties of PCA under the population covariance matrix Σ is the same as those under the covariance matrix Λ1 . Therefore,
we only need to replace the dimension d by the effective dimension d1 , and all the earlier
results remain valid.
It would be interesting to explore non-asymptotic results under our general framework.
There have been interesting relevant progresses made recently. Koltchinskii and Lounici
(2016, 2015) consider a general framework that encompasses the spike model with fixed
spike sizes, and establish theorems about non-asymptotic properties of sample eigenvalues/eigenvectors under either Gaussian or centered subgaussian assumption. These results
pave the way to study non-asymptotic properties under our framework where the spike sizes
are allowed to grow and we only assume finite fourth moment.

Throughout the paper, we assume that the small eigenvalues have the same limit or are of
(n)
(n)
(n)
(n)
the same order as 1, i.e. λm+1 → · · · → λd(n) → cλ or λm+1  · · ·  λd(n)  1. In fact, this
is a convenient choice. Our results remain valid when these small eigenvalues are not of the
same order, and even when some of them are 0. For example, suppose λd1 +1 = · · · = λd = 0
for m + 1 < d1 < d. As shown in Section E of the supplementary material (Shen et al.,
2015), the asymptotic properties of PCA are independent of the basis choice for the ddimensional space. If the population eigenvectors uj , j = 1, . . . , d, are chosen as the basis
of the d-dimensional space, the population covariance matrix becomes


λ1 · · ·
0


Λ1
0d1 ×(d−d1 )

..  ,
Σ=Λ=
, where Λ1 =  ... . . .
. 
0(d−d1 )×d1 0(d−d1 )×(d−d1 )
0 · · · λd1

5. Discussions

• Assumption 1 assumes that the zi,j ’s are i.i.d. rather than ρ-mixing as in Jung
and Marron (2009). Thus, convergence in probability in Jung and Marron (2009)
is strengthened to almost sure convergence here.

··· 

can still guarantee the same properties for λ̂j and ûj , j ∈ Hl ,
l ≤ h, in Scenario (a).

(d)
δr

1 !
2
,

(d)

(d)

λj
d

• Even if the non-spike eigenvalues λj , j > m, decay slowly, the condition δ1

(d)

The following comments can be made about the results of Theorem 2.

(b) If

→ ∞, then the non-zero
K. In addition, | < ûj , uj > | = Oa.s
 1 
1 2
j = 1, · · · , m, and Oa.s
, j > m.
d

d
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the dual matrix Σ̂D in Section 7.3. Finally, we derive the asymptotic properties of the sample
eigenvectors of Σ̂ in Section 7.4. Some intuitive ideas are provided in the supplement (Shen
et al., 2015) to help understanding the proof.
7.2 Lemmas
We list four lemmas that are used in our proof. Lemma 1 studies asymptotic properties of
the largest and smallest non-zero eigenvalues of a random matrix.
Lemma 1 Suppose B = 1q V V T where V is an p × q random matrix composed of i.i.d.
random variables with zero mean, unit variance and finite fourth moment. As q → ∞ and
p
and smallest non-zero eigenvalues of B converge almost surely
q → c ∈√[0, ∞), the largest
√
to (1 + c)2 and (1 − c)2 , respectively.
Remark 1 Lemma 1 is known as the Bai-Yin’s law (Bai and Yin, 1993). As in Remark 1
of Bai and Yin (1993), the smallest non-zero eigenvalue is the p − q + 1 smallest eigenvalue
of B for c > 1.
Lemma 2 is about the Weyl Inequality and the dual Weyl Inequality (Tao, 2010), which
appear below as the right-hand-side inequality and the left-hand-side inequality, respectively.











λ1 (A)




+ λ1 (B) 



 λj (A)







λ
j−1 (A) + λ2 (B)
≤ λj (A + B) ≤
,
.

..



+ λj (B)

Lemma 2 If A, B are p × p real symmetric matrices, then for all j = 1, . . . , p,

λp (A)


+ λp (B)

 λj (A)


λ
j+1 (A) + λp−1 (B)
.
..
+ λj (B)






where λj (·) is the j-th largest eigenvalue of the matrix.

a.s

−→ 1,

for

j = 1, · · · , m.

Lemma 3 As n → ∞, the eigenvalues of the matrix A in (9) satisfy
(n)

λj (A)
λj

···


0
. 
..  .
(n)
λm
JMLR 17(150):1-34



Proof Define the m-dimensional random vectors Xi∗ = Im , 0m×(d−m) Xi , i = 1, · · · , n.
Then,
has mean zero and the following covariance matrix Σ∗ :
Xi∗

0

 (n)
λ
···
1

..
Σ∗ =  ...
.
15

n

i=1

1 X ∗ ∗T
Xi Xi
n

(n)

λm
(n)
λ1
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1
n



1
2

i=1 zi,1 zi,m

Pn
2
i=1 zi,1
1
n

.
..
Pn

···

.

···

..

(n)

λm 1
(n)
λ1 n

2
i=1 zi,m

.
..
Pn


1

2
(n)
λ
1 Pn
m

(n)
i=1 zi,1 zi,m 
n
λ
1


,



Let A∗ be the dual matrix of the matrix A. The sample covariance matrix of Xi∗ is
A∗ =






(n)

= λ1 × 



(n)

n

i=1

1X
a.s
zi,k zi,l −→
n



1 1≤k=l≤m
.
0 1≤k=
6 l≤m

(10)

(11)

where the zi,j ’s are defined in (1).
Since A∗ is the dual matrix of A, then A and A∗ share the same non-zero eigenvalues.
Below we study the eigenvalues of A through the dual matrix A∗ .
The i.i.d. and unit variance properties of the zi,j ’s yield that as n → ∞,

λ

λ1

(n)

λ1 (A∗ )


0
. 
..  ,
bm

a.s

−→ 1.


1 ···
1
a.s 
A∗ −→  ... . . .
0 ···

(n)

λ1

=

1.

(13)

(12)

Denote bk = limn→∞ k(n) ≤ 1, k = 1, · · · , m. Then it follows from (10) and (11) that as
λ1
n → ∞,

which further yields

λ1 (A)
(n)

λ1

P
(n) e eT
m
j=k λj Zj Zj ) a.s
−→
(n)

Similarly, for k = 2, · · · , m, we have that as n → ∞,
λ1 ( n1

λk

m

j=k

m

j=1

k−1

1 X (n) e eT
1 X (n) e eT
1 X (n) e eT
λ j Zj Zj ) ≤ λ 1 (
λ j Zj Zj ) + λ k (
λj Zj Zj ).
n
n
n

j=1

Next we derive the upper and lower bounds for λk (A), k = 2, · · · , m. According to
Lemma 2, we have the following inequality :
λk (A) = λk (

≤

1
(n)

λk

× λ1 (

j=k

1 X (n) e eT
λj Zj Zj ).
n

m
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(14)

Pk−1 (n) e eT
Pk−1 (n) e eT
Since the rank of n1 j=1
λj Zj Zj is at most k − 1, then λk ( n1 j=1
λj Zj Zj ) = 0, which
together with (13), yields that
λk (A)
(n)
λk

16

j=k+1

m
(n)
λk e eT
1 X (n) e eT
Zk Zk ) + λn (
λj Zj Zj ) ≤ λk (A).
n
n

(15)

λk

(n)

1

1

(n)
λk

× λ1 (

(n)

λk e e T
Zk Zk ).
n

λ
a.s
eT ) = 1 ZeT Zek −
× λ1 ( k Zek Z
→ 1.
k
n
n k

(n)

≥

a.s

−→ 1,

as n → ∞.
(18)

(17)

(16)

(n)

a.s

λmax (B) → cλ (1 +

√

c)2

(n)

and

a.s

(n)

λmin (B) → cλ (1 −

√
c)2 ,

(n)

for

a.s

0 < c < ∞.

c = ∞,

(21)

(20)

(19)

Proof Define B ∗ =

1
n
(n)

17
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(22)

The proof uses the following inequalities for k ≥ 1:

λd(n) × λk (B ∗ ) ≤ λk (B) ≤ λm+1 × λk (B ∗ ).

(n)

e eT
j=m+1 Zj Zj .

Pd(n)

Remark 2 If λm+1 → · · · → λd(n) is relaxed to λm+1  · · ·  λd(n) , then “ → ” is replaced
by almost surely “  ”.

and

λmax (B) and λmin (B) → cλ , for c = 0,
n
n
a.s
λmax (B) and
λmin (B) → cλ , for
d(n)
d(n)

a.s

Lemma 4 Assume that limn→∞ d(n)
n = c, where 0 ≤ c ≤ ∞, and let λmax (·) and λmin (·)
be the largest and smallest non-zero eigenvalues of the matrix, respectively. As n → ∞,
λmax (B) and λmin (B), where B in (9), satisfy

The combination of (12) and (18) proves Lemma 6.1.

(n)
λk

λk (A)

It follows from (13), (14), (16) and (17) that, for k = 2, · · · , m,

Note that as n → ∞,

(n)
λk

λk (A)

P
(n) e eT
(n) e eT
1 Pm
Given that the rank of n1 m
j=k+1 λj Zj Zj is at most m with m < n, then λn ( n
j=k+1 λj Zj Zj ) =
0, which together with (15), yields that

λ1 (

j

(n)

(n)

ed(n) ] is an
V T , where V = [Zem+1 , · · · , Z

(n)

and

n
∗ a.s
d(n) λmin (B ) →

1, which, together with (22) and

(n)

λj

λj (A)

≤

(n)

λj

λ̂j

(n)

λj

λj (A)

18

≤

+

(n)

λj

λ1 (B)

.

JMLR 17(150):1-34

(23)

Scenario (a) contains three different cases: limn→∞ d(n)
n = 0, ∞, or c (0 < c < ∞). The
proofs are different for each case and are provided separately below.
Consider the first case: limn→∞ d(n)
n = 0. According to Lemma 2, we have that

7.3.1 Scenario (a) in Theorem 1

We now study the asymptotic properties of the sample eigenvalues λ̂j for j = 1, · · · , [n ∧
d(n)], which are the same as those of the dual matrix Σ̂D , denoted as λj (Σ̂D ) = λj (A + B).

7.3 Asymptotic properties of the sample eigenvalues

√
√
1
1
a.s
a.s
λmax ( V T V ) → (1 + c)2 and λmin ( V T V ) → (1 − c)2 .
n
n
√
√
a.s
a.s
It then follows that λmax (B ∗ ) → (1 + c)2 and λmin (B ∗ ) → (1 − c)2 . In addition, given
√
a.s
a.s
(n)
(n)
that λm+1 → λd(n) → cr and (22), then we have λmax (B) → cr (1 + c)2 and λmin (B) →
√ 2
cr (1 − c) for 0 ≤ c < ∞, which yields (19) (c = 0) and (21) (0 < c < ∞) .

1 T
nV V

d(n)−m
Now consider the case limn→∞ d(n)
= c < ∞. Since B ∗ = n1 V V T and
n = limn→∞
n
share the non-zero eigenvalues, then we study the eigenvalues of B ∗ through n1 V T V .
Applying Lemma 1 to n1 V T V yields that

λm+1 → λd(n) → cr , yields (20).

(n)

It then follows that

n
∗
d(n) λmax (B )

1
nV

(n)

d(n)−m
n × (d(n) − m) matrix. If limn→∞ d(n)
= ∞, then according to Lemma 1,
n = limn→∞
n
we have that
1
1
a.s
λmax (V V T ) and
λmin (V V T ) → 1.
d(n) − m
d(n) − m

which yields the left inequality of (22).
Note that B ∗ can be rewritten as B ∗ =

(n)

λk (B) ≥ λk (λd(n) B ∗ ) + λn (BL∗ ) ≥ λk (λd(n) B ∗ ) = λd(n) × λk (B ∗ ),

which yields the right inequality of (22).
Pd(n)
(n)
(n)
For the left inequality in (22), note that B = λd(n) B ∗ +BL∗ , where BL∗ = n1 j=m+1 (λj −
(n) e eT
λ
)Zj Z and is a non-negative matrix. Lemma 2 implies that for k ≥ 1,
d(n)

(n)

∗
λm+1 × λk (B ∗ ) = λk (λm+1 B ∗ ) ≥ λk (B) + λn (BR
) ≥ λk (B),

(n)

We first prove the right inequality of (22). Note that λm+1 B ∗ can be rewritten as
Pd(n)
(n)
(n) e eT
∗ , where B ∗ = 1
= B + BR
R
j=m+1 (λm − λj )Zj Zj and is a non-negative matrix.
n
It then follows from Lemma 2 that for k ≥ 1,

For the lower bound, it follows from Equation (5.9) in Jung and Marron (2009) that
(n)
λm+1 B ∗

Shen, Shen and Marron
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(n)
λj

(n)

a.s

→ 1,

j = 1, · · · , m.
(24)

→ 0 for j = 1, · · · , m. Then the combination

λ1 (B) a.s
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If λm → ∞, it follows from (19) that

λj

(n)

λ̂j

of Lemma 3 and (23) proves that, as n → ∞,

(n)

≤
λ̂j

≤
λj (A)

+

λ1 (B).

(25)

If λm < ∞, according to Theorem 1 (c = 0) of Baik and Silverstein (2006), we still
have (24). In addition, according to Lemma 2, we have
λj (B)

(26)

→ 0, then λm → ∞,

(n)

Since the rank of A is at most m, then λj (A) = 0 for j ≥ m + 1, which, together with (25),
yields that for j = m + 1, · · · , [n ∧ (d(n) − m)],
λmin (B) ≤ λ̂j ≤ λmax (B).

nλm

(n)

d(n)

j = m + 1, · · · , [n ∧ (d(n) − m)].

Thus it follows from (19) and (26) that as n → ∞,
a.s

λ̂j → cr ,
Now consider the second case: limn→∞ d(n)
n = ∞. Since

(n)

j = m + 1, · · · , [n ∧ d(n)].
= c (0 < c < ∞). Similarly, it follows

→ 0 that λm → ∞, which, jointly with (21), (23) and Lemma 3, yields (24). In

limn→∞ d(n)
n

n
a.s
λ̂j → cr ,
d(n)

which, together with (20), (23) and Lemma 3, yields (24). Since limn→∞ d(n)
n = ∞, then
[n ∧ (d(n) − m)] = [n ∧ d(n)] = n as n → ∞. It follows from (20) and (26) that

(n)

nλm

d(n)

Finally, consider the third case:
from
√

c)2 ≤ limn→∞ λ̂j ≤ limn→∞ λ̂j ≤ cr (1 +

√

c)2 ,

j = m + 1, · · · , [n ∧ (d(n) − m)].

addition, note that (21) and (26), and then almost surely we have
cr (1 −

→ ∞ and (8), then

d(n)
n

λj

(n)

λ1 (B)

nλj

j ∈ Hl , l = 1, · · · , h.
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(27)

d(n)
(n) → 0 for j ∈ Hl , l = 1, · · · , h. Thus,
nλ
j

i
a.s
d(n)
→ 0 for j ∈ Hl , l = 1, · · · , h.
(n)
n
d(n) λ1 (B)

→ ∞ and
h

=

All together, we have proven the consistency of the first m sample eigenvalues under
Scenario (a), as stated in (24).

(n)

nδh+1

d(n)

7.3.2 Scenario (b) in Theorem 1
Given

according to (20), we have that

1,

Furthermore, it follows from Lemma 3 and (23) that as n → ∞,
λ̂j a.s
→
(n)
λj

19
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Note that (25) can be rewritten as

(28)

.

n
n
n
n
λj (B) ≤
λ̂j ≤
λj (A) +
λ1 (B),
d(n)
d(n)
d(n)
d(n)

which yields that for j = jh + 1, · · · , [n ∧ (d(n) − m)],



→ ∞, then

(29)

(n)

0. Since

δh+1


)  (n)
λ

jh+1 (A)



a.s
n
d(n) λj (A) →

d(n)
n

n
n
n
n
λmin (B) ≤
λ̂j ≤
λj (A) +
λmax (B).
d(n)
d(n)
d(n)
d(n)

(

→ ∞ and Lemma 3 that

nδh+1
d(n)

(n)

Note that for j = jh + 1, · · · , [n ∧ (d(n) − m)], we have

nδh+1

(n)

d(n)

n
n (n)
(A) =
λj (A) ≤
λ
d(n)
d(n) jh+1
It then follows from

[n ∧ (d(n) − m)] = [n ∧ d(n)] = n, as n → ∞. Then it follows from (20) and (29) that as
n→∞
j = jh + 1, · · · , [n ∧ d(n)].
(30)
n
a.s
λ̂j → cλ ,
d(n)

The combination of (27) and (30) yields the asymptotic properties of the non-zero sample
eigenvalues in Scenario (b).

nδ1

(n)

d(n)

d(n)
n

(31)

→ ∞. According to (28), we have that for j = 1, · · · , [n ∧

→ ∞, it follows from (8) and Lemma 3 that

n
n
n
n
λ̂j ≤
λmin (B) ≤
λ1 (A) +
λmax (B).
d(n)
d(n)
d(n)
d(n)

→ ∞, then

7.3.3 Scenario (c) in Theorem 1
Since

nδ1

(n)

d(n)

(d(n) − m)],
Since

"
# "
# "
#
(n)
(n)
n
nδ1
λ1
λ1 (A) a.s
λ1 (A) =
× (n)
×
→ 0.
(n)
d(n)
d(n)
δ1
λ1

Again note that [n ∧ (d(n) − m)] = [n ∧ d(n)] = n, as n → ∞. Then it follows from (20)
and (31) that
j = 1, · · · , [n ∧ d(n)].
n
a.s
λ̂j → cλ ,
d(n)

7.4 Asymptotic properties of the sample eigenvectors
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(32)

We first state two results that simplify the proof. As aforementioned, in light of the invariance property of the angle, we choose the population eigenvectors uj , j = 1, . . . , d(n), as
the basis of the d-dimensional space. It then follows that uj = ej where the jth component
of ej equals to 1 and all the other components equal to zero. This suggests that

2
|< ûj , uj >|2 =|< ûj , ej >|2 = ûj,j
,

20

k∈H

X
û2k,j .
(33)

1 ≤ k, l ≤ r + 1.

(n)

d(n)
nδh

→ 0 and
(n)

d(n)
nδh+1

→ ∞.

= |Hh | +

(n)

δl
∨

(n)

δl+1

)

,

l = 1, · · · , h − 1,
(37)

(36)
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P
P
where
|H
j∈Hl
k∈Hl =
P
Pl | is the number of elements in Hl and less than m. Since
k∈Hl
j∈Hl , then in order to obtain (36) and (37), we just need to prove that as n → ∞,
( (n)
)
(n)
X
δl+1
δl
û2k,j = 1 + oa.s
∨
, k ∈ Hl , l = 1, · · · , h − 1,
(38)
(n)
(n)
δl−1 δl
j∈Hl
( (n) )
(
)
X
δh
d(n)
û2k,j = 1 + oa.s
∨
O
, k ∈ Hh .
(39)
a.s
(n)
(n)
δh−1
nδh
j∈Hh

û2k,j

(

(n)
(n)
δl−1 δl
( (n) )
(
)
δh
d(n)
oa.s
∨ Oa.s
,
(n)
(n)
δh−1
nδh

û2k,j = |Hl | + oa.s

j∈Hh k∈Hh

X X

j∈Hl k∈Hl

X X

which are respectively equivalent to

In order to obtain the the subspace consistency properties in Scenario (b), according to
(33), we only need to show that as n → ∞,
( (n)
)
(n)
X
δl+1
δl
2
ûk,j = 1 + oa.s
∨ (n) , j ∈ Hl , l = 1, · · · , h − 1,
(34)
(n)
δl−1 δl
k∈Hl
( (n) )
(
)
X
δh
d(n)
û2k,j = 1 + oa.s
∨ Oa.s
, j ∈ Hh ,
(35)
(n)
(n)
δh−1
nδh
k∈Hh

Under Scenario (b), there exists a constant h ∈ [1, r], such that

7.4.1 Scenario (b) in Theorem 1

To derive the asymptotic properties of the sample eigenvectors ûj , we consider the three
scenarios of Theorem 1 separately.

Then, the sample eigenvector matrix Û can be rewritten as the following:


Û1,1
Û1,2 · · ·
Û1,r+1
 Û2,1
Û2,2 · · ·
Û2,r+1 


Û = [û1 , û2 , · · · , ûd(n) ] =  .
.
.
..
..
 ..

.
Ûr+1,1 Ûr+1,2 · · · Ûr+1,r+1

Ûk,l = (ûi,j )i∈Hk ,j∈Hl ,

As a reminder, the population eigenvalues are grouped into r + 1 tiers and the index set
of the eigenvalues in the lth tier Hl is defined in (4). Define

cos [angle (ûj , span{uk , k ∈ H})] =

and for any index set H,
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û2k,j = 1 −
l=1 j∈Hl

h−1 X
X

û2k,j −

j=jh +1

X

d(n)

û2k,j ,

(42)

(41)

k=1

Pd(n)

j=1

Pd(n)

d(n) − jl =

k=1 j=jl +1

k=jl +1 j=1

û2k,j .

û2k,j +

û2k,j +

jl
X X

d(n)

k=jl +1 j=1

jl
X X

d(n)

k=1 j=jl +1

d(n)
jl
X
X

û2k,j =

û2k,j =

û2k,j =

d(n)
jl
X
X

k=jl +1 j=1

X X

d(n) d(n)

j=jl +1 k=1

X X

d(n) d(n)

û2k,j = 1, then we have
d(n) − jl =

û2k,j =

22

X

d(n)

X

d(n)

û2k,j ,

û2k,j ,

(45)

(44)
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k=jl +1 j=jl +1

X

d(n)

k=jl +1 j=jl +1

X

d(n)

Let l = h in (44) and then (43) can be obtained through showing
(
)
d(n)
jh
X X
d(n)
û2k,j = Oa.s
.
(n)
nδh
k=jh +1 j=1

which yields

Since

P h Pd(n)
Pd(n)
2
We first prove (41). Since j=jh +1 û2k,j ≤ jk=1
j=jh +1 ûk,j for k ∈ Hh , then in order
to generate (41), we need to show that as n → ∞,
(
)
d(n)
jh
X
X
d(n)
2
ûk,j = Oa.s
.
(43)
(n)
nδh
k=1 j=jh +1

then in order to obtain (39), we just need to show that as n → ∞,
)
(
d(n)
X
d(n)
2
, k ∈ Hh ,
ûk,j = Oa.s
(n)
nδh
j=jh +1
( (n) )
h−1 X
X
δh
û2k,j = oa.s
, k ∈ Hh .
(n)
δh−1
l=1 j∈Hl

j∈Hh

X

The First Step: Proof of (39). Since

Therefore the proof of the subspace consistency contains two steps (38) and (39). Here we
first prove (39) and then (38).
The third step is to show the strong inconsistency in Scenario (b). Since λ̂j = 0 for
j > [n ∧ d(n)], then we only need to show the strong inconsistency of ûj , j < [n ∧ d(n)].
Here we will prove that as n → ∞,
(
)
d(n) 2
maxjh +1≤j≤[n∧d(n)]
û
= Oa.s (1).
(40)
(n) j,j
nλj

Shen, Shen and Marron

1
1

General Framework for PCA Consistency

Z = (Z1 , · · · , Zn ),
1
T
n ZZ .

d
X
2
sk,j
=

n

1X 2
zi,k ,
n
i=1

k = 1, · · · , d(n).

on

(47)

1
T
n ZZ

Since sk,j =

(46)

Therefore, in order to show (41), we need to prove (45).
1
1
Before proving (45), we need some preparation. Denote S = Λ− 2 Û Λ̂ 2 where Û is the
sample eigenvector matrix and Λ̂ is the sample eigenvalue matrix defined in (3). Define

(n) −

where Zi is in (2). It follows from (1), (2) and (3) that SS T =

2
λ̂j ûk,j
=
j=1

λk 2 λ̂j2 ûk,j , then considering the k-th diagonal entry of the matrices SS T =
the two sides leads to

j=1

d
1 X

(n)

λk

d(n)
X

k=1

1 2
û
(n) k,j

λk

=

1
(n)

d(n)
X

k=1

jl
X
j=1

λ̂j

1
2
≤ λmax ( Z T Z),
sk,j
n

d(n)
jl
X
X
2
ûk,j
≤

×

(n)

δl

λk

1 2
û
(n) k,j

j = 1, · · · , d(n).

X

d(n)

k=m+1

1
d(n)
× λmax (
Z T Z) ×
.
d(n)

1
≤ jl × λmax ( Z T Z),
n

j=1 k=m+1

≤

(n)
jl λm+1

1 2
û
(n) k,j
λk

×

X

d(n)

λm+1
λ̂j
k=1

2
ûk,j

λ̂

jl

(n)
nδl

a.s

(49)

(48)

In addition, the j-th diagonal entry of S T S is less than or equal to its largest eigenvalue,
i.e. λmax (SS T ) = λmax ( n1 ZZ T ) = λmax ( n1 Z T Z), which yields
λ̂j

λ̂jl ×
jl
X
j=1

d(n)
jl
X
X
d(n)
(n)
(n)

δl
λ̂jl

=

l

λj

(n)

(n)

δl

×

λ̂jl

l

λj

(n)

d(n)

.

≤

(n)

nδl

m
X

k=jh +1

j=1

jl
1 X
(n)

λk

2
λ̂j ûk,j

(50)

→ 1, l = 1, · · · , h. In addition, note that

a.s

1
→ ∞, it follows from Lemma 3 that λmax ( d(n)
Z T Z) → 1.

j=1 k=m+1

≤

=

= δh+1 ×

(n)

2
ûk,j

According to (48), we have that for l = 1, · · · , h,

which yields
jl
X X

d(n)

d(n)
n

k=m+1 j=1

Since
nδh+1

According to (8) and (27),
(n)

2
ûk,j
= Oa.s

jl
m
X
X

2
ûk,j

i=1

n
m
X
1X 2
zi,k ,
n
k=jh +1
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jl (< m) is finite and λm+1 → cλ . Thus it follows from (49) that as n → ∞,
)
(
d(n)
jl
X X

k=m+1 j=1

× λ̂

j=1

2
λ̂j ûk,j
=

k=jh +1 j=1

(n)

λk

d(n)
1 X

jl

From (47), we have that for l = 1, · · · , h,
1
(n)

m
X

k=jh +1

λjh +1
≤

23

which yields

(n)
+1

λj

(n)

jl
m
X
X
k=jh +1 j=1

1 and

δl

(n)
λjh +1
(n)

×

λ̂jl

(n)
δl

×

)

.

(

(n)

d(n)

nδl

)

,

i=1

l = 1, · · · , h.

(51)

(53)

(52)

m − jh , it follows from (51) that as

k=jh +1

n
m
X
1X 2
zi,k .
n

Shen, Shen and Marron

2
ûk,j
≤

(

δl

(n)

(n)

δh+1

2 a.s
i=1 zi,k →

Pn

2
ûk,j
= Oa.s

1
k=jh +1 n

Pm

jl
m
X
X
k=jh +1 j=1

jl
X X

d(n)

k=jh +1 j=1

2
ûk,j
= Oa.s

it follows from (50) and (52) that as n → ∞,

δl
a.s
→
λ̂jl

d(n)
n ,

h
Since (n)
→ 1,
δh+1
n → ∞,

(n)

Since δh+1 <<

l=1 j∈Hl

2
λ̂j ûk,j
+

1

(n)

λk

X

j∈Hh

(n)

(n)

δl

δh

X

j∈Hl

,

1

(n)

λk

d(n)
X

j=jh +1

j=1

d
X

j=1

d(n)
1 X

2
ûk,j
= 1,

2 a.s
j=jh +1 ûk,j →

2
ûk,j
=

a.s

2
→ 1.
ûk,j

a.s

2
λ̂j ûk,j
→ 1.

(54)

(55)

(56)
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(57)

0, which together with

(n)

λk

→ 0,

2
λ̂j ûk,j
=

k ∈ Hh , j ∈ Hl ,

(n)

(n)

δh+1

δh

a.s

2
ûk,j
→ 1.

λ̂jh +1 a.s
→
(n)

λk

X

j∈Hh

j∈Hh

X

j=jh +1

X

d(n)

k=1

Pjh Pd(n)

2
ûk,j
+

2
ûk,j
+

≤

2
ûk,j
+

2
λ̂j ûk,j
≤

λ̂j a.s
→
(n)

j=jh +1

d(n)
X

λk

2
λ̂j ûk,j
+

Letting l = h in (53) results in (45).
Until now P
we have proven (41). In order to finish the first step proof, we need to show
a.s
n
2 →
zi,k
1, it follows from (47) that for k ∈ Hh ,
(42). Since n1 i=1
h−1
1 XX

(n)

λk

Since

and
1
(n)

λk

δh

X

j∈Hh

2
j=jh +1 ûk,j

2
ûk,j
+

Pd(n)

l=1

h−1 (n)
X
δl
(n)

it follows from (54) that for k ∈ Hh ,

According to (43), we have
h−1 X
X

l=1 j∈Hl

yields that for k ∈ Hh ,

h−1 X
X

l=1 j∈Hl
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(n)

δh

(n)

δl

> 1 for l < h, it follows from (56) and (57) that

(n)

δh

a.s

(

(n)
δh−1

(n)

δh

l=1 j∈Hl

û2k,j = oa.s

)
,

j=jh−1 +1

k ∈ Hh ,

(58)

û2k,j → 1 for

for l ≤ h − 1, it follows from (58) that as n → ∞,

l=1 j∈Hl

h−1 X
X

j∈Hh−1

≥ lim

0.

j∈Hh

P

(60)

(59)

X

jh−1

k=jh−1 +1 j=1

X

d(n)

û2k,j

(

(n)

δh−1

(n)

δh

25

)

X

jh−1

k=jh−1 +1 j=1

jh
X

= oa.s

=

it follows from (61) that as n → ∞,

+ Oa.s

û2k,j +
(

(n)

nδh−1

d(n)

)

k=jh +1 j=1

h−1
X jX

d(n)

= oa.s

û2k,j

nδh−1

(

)

.

(62)
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(n)

δh−1

(n)

δh

Pjh−1
P
P
Now we show the proof of (59). Since jh < m is finite and j=1
= h−1
l=1
j∈Hl , it
follows from (42) that as n → ∞,


( (n) )
jh−1
jh
jh
h−1 X
X
X
X
X
δh
2
2

.
(61)
ûk,j =
ûk,j  = oa.s
(n)
δ
k=jh−1 +1 j=1
k=jh−1 +1
l=1 j∈Hl
h−1


Pd(n)
Pjh−1 2
(n)
ûk,j = Oa.s d(n)
Let l = h−1 in (53) to obtain that k=jh +1 j=1
. Since δh >> d(n)
(n)
n ,

then in order to obtain (38) for l = h − 1, we need to prove that as n → ∞,
( (n) )
d(n)
X
δh
2
ûk,j = oa.s
, k ∈ Hh−1 ,
(n)
δh−1
j=jh−1 +1
( (n) )
h−2 X
X
δh−1
û2k,j = oa.s
, k ∈ Hh−1 .
(n)
δh−2
l=1 j∈Hl

The Second Step: Proof of (38). Below we illustrate how one can use (39) to prove
(38) for l = h − 1. Then through a similar procedure, the result for l = h − 1 in (38) can be
used to prove that (38) holds for l = h − 2, which is then iterated until finishing the proof
of (38).
Since
d(n)
h−2 X
X
X
X
û2k,j = 1 −
û2k,j −
û2k,j ,

which is (42).

Since limn→∞

(n)

δl

(n)
δh−1
n→∞ (n)
δh

a.s
l
û2k,j →
(n)
δ
j∈H
l=1 h
l

h−1 (n) X
X
δ

k ∈ Hh , which together with (56), yields that for k ∈ Hh ,

Since limn→∞
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Pd(n)

2
j=jh−1 +1 ûk,j

≤

k=1

2
j=jh−1 +1 ûk,j

Pjh−1 Pd(n)

h−2
1 XX

1
(n)
λk

1

X

≤

λ̂j û2k,j +

X

d(n)

l=1 j∈Hl

h−2 X
X

(n)

X

d(n)

a.s

a.s

λk

(n)

û2k,j = 1,

k ∈ Hh−1 .

j=1

X

d(n)

(n)

δh−1

(n)

δh

a.s

(66)

(65)

<1

λ̂j û2k,j → 1. (64)
→ limn→∞

λ̂jh−1 +1 a.s

d(n)
1 X
(n)
λk j=1

k ∈ Hh−1 .

û2k,j =

û2k,j → 1,

û2k,j → 0,

j∈Hh−1

X

X

d(n)

a.s

û2k,j → 1,

j=jh−1 +1

j∈Hh−1

û2k,j +

h−2 (n) X
X
δl

û2k,j +

j∈Hh−1

X

û2k,j +

a.s

λ̂j û2k,j → 0,

and

λ̂j û2k,j =

Since limn→∞

(n)
(n)
δh−1

δl

(n)

l=1 j∈Hl

(n)

δh−1

δh−2

h−2 X
X

≥ limn→∞

l=1

j∈Hl

k ∈ Hh−1 .

û2k,j = oa.s

26

(

δh−2

(n)

(n)

δh−1

)

,

k ∈ Hh ,

(67)
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for l ≤ h − 2, it follows from (67) that as n → ∞,

(n)

δh−1

l
Note that limn→∞ (n)
> 1 for l < h − 1. Then the combination of (65) and (66) gives
δh−1
P
a.s
2
j∈Hh−1 ûk,j → 1 for k ∈ Hh−1 , which together with (65), yields

δ

l=1 j∈Hl

û2k,j +

j∈Hl

h−2 X
X

it follows from (59) that

In addition, since

l=1

(n)

h−2 (n) X
X
δl

X

(n)
λk j=jh−1 +1

1

which together with (55) and (64), yields

δh−1

1

(n)
λk j=jh−1 +1

Pd(n)
1
2
(n) λ̂jh−1 +1
j=jh−1 +1 ûk,j
λk

(n)
λk j∈Hh−1

2
j=jh−1 +1 λ̂j ûk,j

Pd(n)

λ̂j û2k,j +

for k ∈ Hh−1 , it follows from (59) that

Since

(n)
λk l=1 j∈Hl

(63)

for k ∈ Hh−1 , then (59) follows from (63).
1 Pn
2 a.s
i=1 zi,k → 1, it
n

Now we show the proof of (60) to finish the second step. Since
follows from (47) that for k ∈ Hh−1 ,

Since

Let l = h − 1 in (44), which together with (62), proves that as n → ∞,
( (n) )
jh−1
d(n)
h−1
X
X jX
X d(n)
δh
û2k,j =
û2k,j = oa.s
.
(n)
δ
k=jh−1 +1 j=1
k=1 j=jh−1 +1
h−1
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which is (60).

(
1 2
û
(n) j,j

)
≤
n

)
.

maxjh +1≤j≤[n∧d(n)]
(
i=1

1X 2
zi,j
n

(

≤

1
n

)

(68)

Pn
2
i=1 zi,j

λ̂j 2
û
(n) j,j

λj

1
2
(n) λ̂j ûj,j
λj
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)
≤ max1≤j≤[n∧d(n)]

λj

The Third Step: Proof of (40). According to (47), we have

×
(
λ̂j 2
û
(n) j,j

λj

maxjh +1≤j≤[n∧d(n)]

for j = 1, · · · , d(n), which yields
λ̂j[n∧d(n)]
≤ max1≤j≤[n∧d(n)]

n

(
n

i=1

1X 2
zi,j
n

1 ≤ j ≤ [n ∧ d(n)],

)
1
≤ λmax ( Z ∗ Z ∗T ).
n
)

1
≤ λmax ( Z ∗ Z ∗T ).
n

(

û2
(n) j,j

d(n)
nλj

1
1X 2
zi,j ≤ λmax ( Z ∗ Z ∗T ),
n
n

i=1

max1≤j≤[n∧d(n)]


× maxjh +1≤j≤[n∧d(n)]

a.s

(69)

Select the
[n ∧ d(n)] rows of Z in (46) and denote the resulting random matrix as
Pfirst
n
2 is the j-th diagonal entry of 1 Z ∗ Z ∗T for 1 ≤ j ≤ [n ∧ d(n)], it follows
Z ∗ . Since n1 i=1
zi,j
n
that

which yields

Then from (68),

n
λ̂j
d(n) [n∧d(n)]

nδr

1 ∗ ∗T
) → 4,
Since d(n)
n → ∞ here, [n ∧ d(n)] = n. According to Lemma 1, we have λmax ( n Z Z
which together with (30) and (69), yields (40).

7.4.2 Scenario (a) in Theorem 1

2
ûk,j
=1+

(

δr−1

(n)
δl
oa.s
(n)
δl−1
(
(n)
δr
(n)
2
ûk,j
= 1 + oa.s

)

∨

(n)
δl+1
(n)

δl

)
∨ Oa.s

(

,

)

)

,

j ∈ Hl ,
(n)

d(n)
nδr
(

d(n)
(n)

nδr

,

l = 1, · · · , r − 1,

(71)

(70)
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j ∈ Hr .

→ ∞ for j ∈ Hr+1 . Thus h in (34) and (35) becomes r such that as n → ∞,

Scenario (a) contains three different cases: limn→∞ d(n)
n = 0, ∞, or c (0 < c < ∞). The
proofs are slightly different for each case and are provided separately below.
(n)
Consider the case limn→∞ d(n)
→ cλ for j ∈ Hr+1 , then d(n)
(n) → 0 and
n = ∞. Since λj
(n)

d(n)

nλj

X

k∈Hl

X

k∈Hr

2
ûk,j
= Oa.s

Since jr = m, then (50) becomes that as n → ∞,
d(n)
m
X X
k=m+1 j=1

27

X

k∈Hr+1

,

(

)

.

2
ûk,j
,

j > m,

j = m + 1, · · · , [n ∧ d(n)].

k=1 j=m+1

d(n)
m
X
X

nδr

(n)

d(n)
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2
ûk,j
≥1−

2
ûk,j
= Oa.s

m
X



d(n)
nδr

k=1

d(n)
m
X
X

2
ûk,j
=1−

k=1 j=m+1

which together with (44), yields that

Since
1≥

2
ûk,j
= 1 + Oa.s

it follows from (72) that
X

k∈Hr+1

nδr

(72)

(73)

(74)

Now consider the second case limn→∞ d(n)
n = c (0 < c < ∞). Note that the subspace
consistency of the sample eigenvectors in (70) only depends on the the asymptotic properties
of the sample eigenvalues λ̂j , j = 1, · · · , m. According to Section 7.3.1, the asymptotic
properties of λ̂j , j = 1, · · · , m, only depends d(n)
(n) → 0, and is the same as in the first case

2
ûk,j

2
= 1 + Oa.s
ûk,j

(n)

δr

(
)
(
)
(n)
δr
1
= 1 + oa.s
∨ Oa.s
, j ∈ Hr ,
(n)
(n)
δr−1
δr
(
)
1
, j = m + 1, · · · , [n ∧ d(n)].

(76)

(75)

limn→∞ d(n)
n = ∞. Thus (70) remains valid here.
However, the subspace consistency of the other eigenvectors also depends on λ̂j , j > m,
whose properties are different from the first case. In fact (71) and (74) respectively become
that as n → ∞,
X

k∈Hr

X

k∈Hr+1

2
ûk,j
= Oa.s

(

δr

(n)

1

)

.

(77)

In order to obtain (75), following the first step proof procedure in Section 7.4.1, we only
need to show that as n → ∞,
d(n)
m
X
X

k=1 j=m+1

2
ûk,j
= 1 + oa.s

(

(n)
δr
(n)

δr−1

)

∨ Oa.s

(

(n)

d(n)

nδr

)

,

j ∈ Hr ,
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Since limn→∞ d(n)
n = c (0 < c < ∞), then (72) becomes (77). In addition, it follows from
(73) and (77) that (76) is established.
Note that we can combine the first and the second cases together as follows. If d(n)
n → c,
0 < c ≤ ∞, then the combination of (71) and (75) provides
X

k∈Hr

28

j = m + 1, · · · , [n ∧ d(n)].

j=1 k=m+1

m
X
X

d(n)

û2k,j

û2k,j =

k=1 j=m+1

d(n)
m
X
X

l=1 j∈Hl k=m+1

d(n)

j=1 k=m+1

)

.

û2k,j .

û2k,j .

r X X
X

=

δr

(n)

1

d(n)
m
X
X

û2k,j = oa.s

(

X X

,

δr

(n)

1

)

)
.

(82)

(81)

(80)

k=1

k=1

k

d(n)

29

X 1
X
1
1
λmin ( ZZ T ) ≤ λ̂j
s2k,j ≤ λmax ( ZZ T ),
û2 =
(n) k,j
n
n
λ

d(n)

In addition, since

λ̂j

a.s

a.s

(n)

λj

1 2
û
(n) k,j
λk
=
l=1 k∈Hl

r−1 X
X
(n)

|Hl | =

λk

(n)

(n)

λj

λk

û2 ≤
(n) k,j

1

l=1 k∈Hl

r−1 X
X

+

k∈Hr

X

j∈Hr l=1 k∈Hl

û2k,j → 0,

k=m+1

X

d(n)

= 1−

30

û2k,j +

l=1 k∈Hl

û2k,j

j∈Hr l=1 k∈Hl

r−1 X
XX

r−1 X
X

1,

a.s

û2k,j → 1,

j ∈ Hr .

a.s

1

a.s

a.s

(84)

|Hl |.

(88)

(87)

(86)
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j ∈ Hr .

j ∈ Hr .

l=1

kû2k,j . (85)

r−1
X

(n)

λk

û2k,j →

(n)

λj

û2k,j → 0.

l=1 j∈Hl k∈Hl

r−1 X X
X

j∈Hl∗ l=1 k∈Hl

1 2 a.s
û →
(n) k,j
λk
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k∈Hr

X

(n)

λj

≥ 1−

1≥

k=m+1

X

d(n)

û2k,j

û2k,j +

k=m+1

X

d(n)

r−1 X X
r−1 X
X
l∗ =1

û2k,j ≥

r−1 X
XX

û2k,j −

û2k,j ≤

j=1 l=1 k∈Hl

XX X

l∗ =1 j∈Hl∗ l=1 k∈Hl

r−1 X X
r−1 X
X

d(n) r−1

1 2
û
(n) k,j
λk

l = 1, · · · , r − 1,

(n)

λj

j = 1, · · · , m.

→ 1 for k, j ∈ Hr , it follows from (85) and (87) that

(n)

λj

According to (86), we have that

Since

l=1 k∈Hl

r−1 X
X

According to (86), we have that

j∈Hr l=1 k∈Hl

r−1 X
XX

û2k,j ≥

û2k,j ≤

j=1 l=1 k∈Hl

XX X

d(n) r−1

Then it follows that

l=1

r−1
X

which leads to

j∈Hl k∈Hl

a.s

k∈Hr

X

1,

û2k,j → |Hl |,

+

1 2 a.s
û →
(n) k,j

λk

1 2
û
(n) k,j
λk

(n)

λj

λj

k=1

X

d(n)

→ 1 for j = 1, · · · , m (Section 7.3.1), it follows from (83) that

According to (70), we have that
X X

k=1

X

d(n)

Note that

λj

(n)

1
1
T
T
Since limn→∞ d(n)
n = 0, it follows from Lemma 1 that λmin ( n ZZ ) and λmax ( n ZZ ) → 1.
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(83)

j = 1, · · · , d(n).

We now prove (81). Since the j-th diagonal entry of S T S is between its largest and
smallest eigenvalue, then (48) becomes

l=1 j∈Hl k=m+1

d(n)

(n)

1
δr
(

û2k,j = oa.s

û2k,j = oa.s

r−1
X

j∈Hr k=m+1

X

d(n)

X

(

Then in oder to obtain (80), we only need to prove that as n → ∞,

We also have

It follows from (44) that

k=1 j=m+1

d(n)
m
X
X

In fact, in order to prove (78) and (79), we need to replace (77) by that as n → ∞,

In addition, (70) remains valid for both cases. Thus it follows from (33) that we have
finished the proof of the second bullet point in Scenario (a).
Finally, consider the last case limn→∞ d(n)
n = 0. It is clear that (70) still holds. According
to (33), in order to finish the proof of the first bullet point in Scenario (a), we only need to
show that as n → ∞,
(
)
(n)
X
δr
1
û2k,j = 1 + oa.s
∨
, j ∈ Hr ,
(78)
(n)
(n)
δr−1 δr
k∈Hr
)
(
X
1
, j = m + 1, · · · , [n ∧ d(n)].
(79)
û2k,j = 1 + oa.s
(n)
δr
k∈Hr+1

k∈Hr+1

and the combination of (74) and (77) yields


X
d(n)
û2k,j = 1 + Oa.s
,
nδr
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(n)
λj
(n)

λk

d(n)
X

k=m+1

a.s

2
→ 1,
ûk,j

j ∈ Hr .
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X

X

0,

j ∈ Hr .

j ∈ Hr ,

and k ≥ m + 1, then combining (88) and (89) gives

2
ûk,j
+

Hr

k∈Hr

> 1 for j ∈

Then it follows that

Since

limn→∞
a.s

1 2 a.s
û →
(n) k,j

2
= oa.s
ûk,j

(
δr

(n)

1

)
,

(89)

(90)

→ 1 for j ∈ Hr , it follows from (90) that as n → ∞,

λk

2
→ 1,
ûk,j
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(n)

δr

(n)
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which together with (88), yields
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Since λk → cλ for k ≥ m + 1 and

X
(n)

λj

1 2
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1 2
û
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(
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≤
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X
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2
ûk,j
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(n)

λj

1 2 a.s
û →
(n) k,j
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k, j ∈ Hl ,

j ∈ Hl , l = 1, · · · , r − 1.

(n)

1

)

,

l = 1, · · · , r − 1.

1.

(91)

(92)
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(93)

→ 1 for j ∈ Hl , it follows from (92) that as n → ∞,
2
ûk,j
= oa.s

for l = 1, · · · , r − 1, (82) then follows from (93).

j∈Hl k=m+1

λj

1 2 a.s
û →
(n) k,j

λk

→ 1 for k, j ∈ Hl , it follows from (70) that

k∈Hl

which is (81).
We now show the proof of (82). According to (84), we have that for j ∈ Hl , l =
1, · · · , r − 1,

(n) 1
(n)
λk

Since λj

(n)

≤ δr

→ cλ for k ≥ m + 1 and

λj

which together with (91), yields

Since

(n)
λk

(n)

Since δl

31



d(n) 2
û
nλj j,j



= Oa.s (1),

→ ∞, h in (40) equals to 0. Since j0 = 0, then (40)
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nδ1

(n)

d(n)

7.4.3 Scenario (c) in Theorem 1
Finally, for Scenario (c) where
becomes that as n → ∞,

max1≤j≤[n∧d(n)]

which yields the strong inconsistency of the sample eigenvectors in Scenario (c).
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Algorithmic Independence of Conditionals (IC) has been put forward for causal inference and its
relation with Faithfulness (FF) was analyzed by Lemeire and Janzing (2013). We showed that both
conditions often lead to the same causal conclusions and are motivated by similar grounds: that the
CPDs are independently chosen. But we argued that IC is more fundamental than FF: we can trust
IC more whenever the conclusions are different from those of FF. Moreover, IC goes beyond FF.
IC has led to successful causal inferences in cases that FF cannot decide on the causal orientations,
see for instance Janzing and Schölkopf (2010); Janzing and Steudel (2010); Daniusis et al. (2010);
Janzing et al. (2012); Chen et al. (2014). In this paper we establish the link between FF and IC
regarding the Conditional Independencies (CIs) both conditions admit.
Faithfulness is based on the CIs among the observed variables entailed by a system. Faithfulness
assumes that all CIs come from the system’s causal structure, described by a Directed Acyclic
Graph (DAG), and hold for all parameterizations of the DAG. These CIs are defined by the Markov
condition applied on the DAG and can be identified with the d-separation criterion. Lemeire and
Janzing (2013) have shown that some CIs are rejected by causal faithfulness but have to be accepted

1. Introduction

In this paper we analyze the relationship between faithfulness and the more recent condition of algorithmic Independence of Conditionals (IC) with respect to the Conditional Independencies (CIs)
they allow. Both conditions have been extensively used for causal inference by refuting factorizations for which the condition does not hold. Violation of faithfulness happens when there are
CIs that do not follow from the Markov condition. For those CIs, non-trivial constraints among
some parameters of the Conditional Probability Distributions (CPDs) must hold. When such a constraint is defined over parameters of different CPDs, we prove that IC is also violated unless the
parameters have a simple description. To understand which non-Markovian CIs are permitted we
define a new condition closely related to IC: the Independence from Product Constraints (IPC).
The condition reflects that CIs might be the result of specific parameterizations of individual CPDs
but not from constraints on parameters of different CPDs. In that sense it is more restrictive than
IC: parameters may have a simple description. On the other hand, IC also excludes other forms
of algorithmic dependencies between CPDs. Finally, we prove that on top of the CIs permitted by
the Markov condition (faithfulness), IPC allows non-minimality, deterministic relations and what
we called proportional CPDs. These are the only cases in which a CI follows from a specific
parameterization of a single CPD.
Keywords: faithfulness, causality, independence of conditionals, Kolmogorov complexity
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with P arents(Xi ) the parent nodes of node Xi in the DAG. A Bayesian network is edge-minimal
(MIN) in the sense that no edge can be removed from the DAG without violating the correctness of
the factorization.
In a causal model represented by a Bayesian network, all edges correspond to direct causal
relations and each CPD corresponds to an independent and autonomous mechanism of the system
(Hausman and Woodward, 1999; Lemeire et al., 2011). Throughout the paper we assume that the
CPD of each node Xj is described by a parameter vector λj ∈ Rkj . Although the finite dimension
of the parameter space restricts the conditionals for continuous variables already, we believe that
this is appropriate because inference from finite data requires strong assumptions or approximations
anyway.

P (X1 , . . . , Xn ) =

A Bayesian network consists of a Directed Acyclic Graph (DAG) and a set of Conditional Probability Distributions (CPDs) defined over variables X1 , . . . , Xn such that the joint probability distribution equals the following factorization:

2. Definitions

by the IC condition. This is true for deterministic relations for example, since a deterministically
related variable becomes independent from all other variables when conditioned on its determiner,
also those that are not d-separated.
FF is motivated by the Lebesgue measure zero argument, saying that if the system’s parameters
were randomly chosen, the probability of having a configuration following a specific constraint has
Lebesgue measure zero (Meek, 1995). In the case of deterministic relations, all but one probability is zero for each input state. This is very unlikely to occur by chance, hence receives Lebesgue
measure zero. IC follows a different reasoning. Its justification is based on Solomonoff’s Universal
Prior (Solomonoff, 1964) which assigns non-zero probability to those points in parameter space
that have a finite description (Lemeire and Janzing, 2013). Points reflecting some regularity (allowing compression of the description) will receive a high probability. The Universal Prior favors
simple CPDs, and therefore respects Occam’s razor. The reasoning is that patterns or regularities
are likely to occur; patterns have to be expected. Which is not the case if parameters are randomly chosen according to for instance a uniform distribution. On the other hand, IC follows FF by
excluding ‘non-generic’ parameter configurations. IC assumes that CPDs correspond to independent mechanisms which were ‘chosen’ independently. While FF excludes all non-trivial constraints
among some parameters of CPDs, IC will in general exclude CIs following from specific parameter
matches between different conditionals. The latter will be expressed formally by the novel condition
Independence from Product Constraints (IPC). The condition is introduced to analyze the relation
between IC and FF. In this paper we analyze the relation between the 3 conditions.
We first recall the definitions. Then we discuss CIs that do not follow from the Markov condition
and we introduce the new IPC criterion. Then, we analyze when CIs violate the IC condition.
Section 5 establishes the link between IC/IPC and faithfulness. Next we prove the link between IC
and IPC. Before concluding, we discuss the practical implications of these results.
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C ONDITIONAL I NDEPENDENCIES UNDER IC

Conditional Independence (CI) is defined as
U⊥
⊥W | V ⇔
∀v ∈ V dom , w ∈ Wdom : P (U | v, w) = P (U | v) whenever P (v, w) > 0.
(2)

where Xdom is the domain of variable X. Single random variables are denoted by capital letters and
sets of variables by boldface capital letters. Values of variables are denoted by lowercase letters.
Note that the conditional distribution P (U | v, w) is only defined in points where P (v, w) > 0.
The Markov condition gives all conditional independencies following from the above factorization (Hausman and Woodward, 1999, p. 532): Every variable is conditionally independent of its
non-descendants (except for itself), given its parents. These Markovian independencies hold for all
parameterizations of the CPDs. These independencies can be identified graphically by d-separation.
A path1 is said to be blocked by Z if it contains a collider → · ← whose descendants are not in Z or
a non-collider → · → or ← · → or ← · ← that is in Z. X and Y are d-separated by Z if every path
between X and Y is blocked by Z. d-separation is denoted by the ternary operator . ⊥ . | .:
X ⊥ Y |Z .
A Bayesian network is said to be faithful if the Markovian CIs are the only independencies
present in the joint probability distribution; in other words, there are no CIs not following from
Markov. We call them non-Markovian CIs. Where the Markovian CIs occur for every parameterization of the CPDs, non-Markovian CIs only occur for specific parameterizations of the model. As
we will see, specific parameter constraints should be met.
Next we provide the definition of the IC condition. It is based on Kolmogorov complexity or
algorithmic information of a binary string s, denoted by K(s). For a binary string s ∈ {0, 1}∗ the
algorithmic information K(s) (or ‘Kolmogorov complexity’) is defined as the length of the shortest
program on a universal prefix-free Turing machine that generates s and then stops (Solomonoff,
1960; Kolmogorov, 1965; Chaitin, 1966, 1975). Prefix-free means that the program has to be given
with respect to an encoding where no allowed program code is the prefix of another one. Thus, the
program does not require an extra symbol indicating its end. Based on Kolomogorov complexity
we can define algorithmic independence.

i

n
X

K(si ) .

(3)

Definition 1 (Algorithmic Independence) Binary strings s1 . . . sn are algorithmically independent if
+

K(s1 , . . . , sn ) =

Note that here and throughout the paper we consider the number n of strings as a constant. Accordingly, in the following the number n of nodes will also be considered as a constant.
+

As usual in algorithmic information theory, = denotes equality up to a constant that is independent
+
of the string s, but does depend on the Turing machine. For fixed strings, we have to interpret = in
the sense of ‘equality up to a small number’ without further specifying what ‘small’ means. This
arbitrariness in setting a threshold is similar to the freedom of choosing the significance level in a
statistical dependence test.
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1. A path is a set of consecutive edges (independent of the direction) that do not visit a vertex more than once.

3
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Figure 1: Binary variable X is determined by Gaussian variable Y by a thresholding mechanism, i.e., X = 1
for all y > y0 , and X = 0 otherwise. This is shown on the left. The causal hypothesis Y → X
is plausible: the conditional P (X|Y ) corresponds to setting X = 1 for all Y above a certain
threshold. On the other hand, X → Y is rejected by IC because P (Y |X) and P (X) share
algorithmic information: given P (Y |X), only specific choices of P (X) reproduce the Gaussian
P (Y ), whereas generic choices of P (X) would yield ‘odd’ densities of the type on the right. The
figures are taken from (Janzing et al., 2009).

Assumption 1 (CPDs have finite description length) We assume that each parameter vector λj ∈
Rkj has finite description length. To be precise, there is a program that computes the lth component
of λj up to the precision of d digits if it gets the input (l, j).2 Then, K(λj ) denotes the length of the
shortest program of this type.

Now we are ready to define the IC condition (Lemeire and Janzing, 2013):

j=1

n
X

K(λj ) ,

(4)

Definition 2 (Independence of Conditionals)
The conditional probability densities CP D1 , . . . , CP Dn corresponding to a DAG G with n nodes
are said to satisfy the Algorithmic Independence of Conditionals, or Independence of Conditionals
(IC) for short, if the corresponding parameter vectors λj satisfy

+

K(λ1 , . . . , λn ) =

The uncomputability of Kolmogorov complexity hinders the applicability of these concepts.
Applications rely on some approximative measure of algorithmic complexity or, as in the following
example, on an approximative measure of ‘correlation’ between two distributions.
An example of the usage of the IC condition for causal inference is given by Fig. 1 (Janzing
et al., 2009). Consider that Y causes X: Y → X. Let Y be a Gaussian variable with zero mean
and standard deviation 1 (i.e., described by a zero-dimensional parameter space). Let X be a binary
variable deterministically determined by Y by a thresholding mechanism, i.e., X = 1 for all y > y0
where y0 ∈ R is some threshold, and X = 0 otherwise. Here, P (X|Y ) is described by 1 parameter,
namely y0 . We now describe the joint distribution P (X, Y ) in the wrong causal direction, i.e. with
P (X) and P (Y |X). We observe that the set of possible P (X) is not restricted, i.e., we have the
one-dimensional parameter θ1 = P (X = 0). The set of possible conditionals P (Y |X) obtained by
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2. Since the input consists of two strings and the output of kj strings plus extra information specifying the position of
the comma, we use some canonical bijection between {0, 1}∗ and ({0, 1}∗ )d for appropriate d for input and output.

4

+

+

5

αγ = −βδ ,
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(5)

where UB , UC and UD are unobserved disturbances or ‘noise’ terms that are jointly statistically
independent and independent of A. Then the two influences of A on D cancel for

D = γB + δC + UD ,

C = βA + UC ,

B = αA + UB ,

We start the investigation by analyzing the CIs that do not follow from the Markov condition. Nontrivial polynomial constraints must be satisfied for non-Markovian conditional independencies. This
is shown for discrete Bayesian networks by Meek (1995) and the linear case for distributions over
continuous variables by Spirtes et al. (1993).
For a given DAG G and an independence, we define the Independence Parameter Subspace
as the set of all parameterizations λ of a DAG G for which the independence holds. For Markovian
CIs this is the complete space S := ×nj=1 Sj , where Sj is the set of possible parameter vectors λj .
For non-Markovian CIs this is a subspace of S.
As already pointed out in the introduction and Lemeire and Janzing (2013), deterministic relations between some variables may induce conditional independencies that do not follow from the
Markov condition. For Y ⊥
⊥Z|X in the example X → Y → Z, a sufficient condition is the function
Y = f (X). The independence parameter subspace for Y ⊥
⊥Z|X can be represented by Fig. 2(a) in
the case of deterministic relation Y = f (X). If λY ⊂ RY where RY represents all functions, then
we have the conditional independence in P (X, Y, Z). λY denotes the parameter vector of the CPD
of variable Y , λZ that of Z, and so on.
As another example, consider the DAG in Fig. 3 and consider the case where A and D are
independent because the influence via B compensates for the influence via C. Assume that all
CPDs are given by linear structure equations:

3. Non-Markovian conditional independencies

Note that IC is not violated for y0 = 0: then K(θ1 ) = K(1/2) = 0 and K(θ2 ) = K(0) = 0.

= K(λX + λY )

+

≥ K(θ1 , θ2 )

= K(θ1 |θ2 ) + K(θ2 )

+

> K(erf) + K(θ2 )

+

K(λX ) + K(λY ) ≥ K(θ1 ) + K(θ2 )

Hence, IC is violated whenever K(θ1 ) > K(erf):

+

the above model class is also determined by a one-dimensional parameter θ2 = y0 that determines
the cutoff. We then observe that θ1 and θ2 are related by
Z θ2
1
2
e−y /2 dy = erf(θ2 ) .
θ1 = √
2π −∞

C ONDITIONAL I NDEPENDENCIES UNDER IC
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Figure 3: Causal model with linear influences described by parameters α, β, γ, δ.

Figure 2: Independence parameter subspaces where each axis represents the possible parameter
vectors of a single CPD. In (d) points c and a are permitted by IPC, while b is not.

L EMEIRE

C ONDITIONAL I NDEPENDENCIES UNDER IC

such that A⊥
⊥D. Obviously, FF rejects the causal DAG of Fig. 3 because A and D are not dseparated by the empty set and thus should not be independent. The independence parameter subspace for A⊥
⊥D can be represented by Fig. 2(b). Note that γ and δ are represented together by
dimension λD .
As a third example, consider the causal model W → X → Y → Z with X = g(W ) and
Y = f (X). It follows that Y ⊥
⊥Z|W . Fig. 2(c) represents the parameter subspace for this CI: both
λX and λY are restricted for the CI to hold. But both restrictions do not depend on each other:
the parameter subspace can be described by the product RX × RY . The forthcoming IPC criterion
will reject the independence following from Eq. 5 but accepts the last example because the latter
parameter sub space is a so-called product subspace.
To formalize the analysis of the independence parameter subspaces, we need the following
postulate based on the results of (Meek, 1995) and (Spirtes et al., 1993).
Postulate 1 There exists a complexity measure C(.) on polynomial equations such that for a given
DAG the presence of any conditional independence can be identified by a unique minimal set of undecomposable polynomial constraints on the parameterization of the DAG. With ‘undecomposable’
we mean that a constraint c cannot be written as (c1 or c2 ) (one of both constraints should be true)
with C(c) ≥ C(c1 ) + C(c2 ). By ‘minimal’ we mean that there is no smaller such set.
Note that Kolmogorov complexity is not appropriate as complexity measure since it attributes 0
complexity to polynomial functions with simple coefficients. A measure such as AIC or BIC is
more appropriate to capture the complexities of polynomial equations. However, it would lead us
too far to prove for a complexity measure that it leads to a unique decomposition for non-Markovian
CIs. Hence the postulate.
The postulate implies that the parameter sub space of a CI can be described in a unique, ‘canonical’ way as a union of areas, where each of the areas reflects 1 basic polynomial constraint. Fig. 2(d)
shows a general example of a parameter sub space. The sub space can be decomposed into 4 basic
areas which cannot be further decomposed without increasing its descriptive complexity.
Some areas can be described by a product of parameter constraints and some areas can’t. The
latter means that the CI does not follow from a product constraint on the parameters of different
CPDs, but from a constraint that is defined over different CPDs. Those parameterizations will
be refuted: parameter configuration b in Fig. 2(d) is refuted while a and c are permitted. This is
expressed by the Independence from Product Constraints (IPC) condition: a parameterization will
be rejected if it gives rise to a CI which is part of an area in the parameter subspace which cannot
be described by a product of subspaces.
Definition 3 (Independence from Product Constraints (IPC)) Let a Bayesian network be described by the parameters λ := (λ1 , . . . , λn ). Then it is said to satisfy the Independence from Product
Constraints Condition if for every independence that holds true for λ, the parameterization satisfies
a constraint of the minimal set of undecomposable constraints of the independence which is a product constraint. A product constraint is a constraint c that can be written as (c1 and c2 . . . and cl )
where each cj is a constraint on exactly one λj .
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IC, however, will only reject non-product constraints if it results in a compression of the parameters. This is investigated in the next section.
7
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4. Conditional independencies resulting in violations of IC

Although the IPC condition reflects the principle that ‘non-generic’ relations among CPDs are rejected, not all non-Markovian CIs are rejected by IC. To analyze this in detail, we have to recall the
following theorem on the violation of IC (Lemeire and Janzing, 2013, Theorem 3):

\θ1 ,∗

K(f ) < K(θ1 |CP D1

+

),

(6)

Theorem 4 For a given DAG G, let the set of possible CPDs P (Xj |P arents(Xj )) be parameterk
ized by some parameter set λj := {λj1 , . . . , λj j } of parameters. Assume that the parameter values
for some specific choice CP D1 , . . . , CP Dn of conditional probability densities satisfy a functional
relation in the sense that θ1 = f (θ2 , . . . , θk ), where f is some function and θ1 , . . . , θk are parameters taken from at least two different sets λj . Assume furthermore that θ1 corresponds to CP D1
(without loss of generality). Then the following condition implies violation of IC:

\θ

where CP D1 1 denotes the parameters of CP D1 without θ1 (recall that the asterisk denotes the
shortest compression).

Z=0
a
c

Z=1
b
d

The theorem states that a constraint results in a violation of IC provided that the parameters are
sufficiently complex compared to the complexity of the constraint.
Applied on the example of Fig. 3, the constraint defined by Eq. 5 leads to a violation of IC if
α, β, γ and δ have complex values. Describing the JPD by separate descriptions of P (A), P (B|A),
P (C|A) and P (D|B, C) is redundant because the parameter γ in P (D|B, C) can be computed
from the parameters of the other CPDs via Eq. 5. The constraint is an unlikely coincidence if all
real-valued parameters are chosen independently (according to some continuous distribution on R).
Next, consider causal structure X → Y ← Z over binary variables X, Y and Z. P (Z) is
parameterized with P (Z = 0) = α and P (Z = 1) = 1 − α, and P (Y |X, Z) with 4 parameters:

P (Y = 0|X, Z)
X=0
X=1

Then, non-Markovian independence X⊥
⊥Y holds when

P (Y = 0|X = 0) = P (Y = 0|X = 1)

= P (Z = 0).P (Y = 0|X = 1, Z = 0) + P (Z = 1).P (Y = 0|X = 1, Z = 1)

⇔ P (Z = 0).P (Y = 0|X = 0, Z = 0) + P (Z = 1).P (Y = 0|X = 0, Z = 1)

⇔ α.a + (1 − α).b = α.c + (1 − α).d .
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(7)

Note that this constraint does not depend on the parameterization of P (X). This equation can be
rewritten in the following constraint between the parameters of P (Z) and P (Y |X, Z) with T a
constant:

α
d−b
=
=T
1−α
a−c

This equation holds for the following particular parameterization:

8

Z=0
E
1−E

Z=1
1−E
E

(8)

9
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Now we infer our most important result: the relation between IC and Faithfulness. We first establish
the link between IPC and faithfulness, and then we show that the results also apply for IC when the
parameters are sufficiently complex.
Faithfulness implies that variables that are d-connected are (conditionally) dependent: there are
unblocked paths. We will prove that under IPC they yield dependence apart from 3 cases permitted
by IPC. The theorem is constructing by decomposing the unblocked paths and proving dependency
for each component. The basic components of the paths are adjacent variables and v-structures.
These are considered first in 2 lemmas together with a lemma on conditioning variables that are not

5. The IPC and IC conditions and Faithfulness.

As we will see, the polynomial constraints for non-Markovian CIs have simple coefficients which
make that the functions have constant complexity. Thus, complex parameters lead to violations of
IC and can be detected by an appropriate approximative measure of Kolmogorov complexity.

K(f ) < K(θ1 ) .

+

It can easily be verified that Eq. 7 holds for all values of E and that P (Y = 1|X = x) = P (Y =
1) = 0.5 for all values of X. Although in this example the parameters of both CPDs are tightened
by the constraint, one can hardly say that the parameter of one CPD helps the description of some
parameter of the other CPD. T = 1 and therefore simple. Also α has constant complexity. Even if
E is complex and K(a) therefore too, K(a|b, c, d) has low complexity. Eq. 6 of Theorem 4 does
not hold: IC is not violated. It is only violated for complex values of T . Then α will have high
Kolomogorov complexity but its description length has constant complexity with the help of a, b, c
and d.
Concluding, factorizations having non-Markovian CIs will only be rejected for complex parameter values. The rationale is that we consider simple parameter settings to appear with a much
greater probability than when they would be taken randomly from a uniform distribution over the
parameter space. We prefer the Universal Prior (Solomonoff, 1964): the probability of a parameter
configuration is high for simple parameters, where simple is defined by their Kolmogorov complexity. The probability decreases for increasing parameter complexities. As such we will refute
only constraints leading to a compression. Simple parameters will occur and as such make it highly
probable that a coincidental CI occurs. In our case, the uniform distribution for P (Z) and xor configuration of P (Y |X, Z) are simple and can be expected. As such, the CI can be expected and must
not be excluded.
Finally, note that if a parameter is incompressible with respect to the other CPD parameters,
\θ ,∗
then K(θ1 ) = K(θ1 |CP D1 1 ) and the constraint of Theorem 4 becomes simply:

P (Y |X, Z)
X=0
X=1

• P (Y |X, Z) is a noisy exclusive or (with real-valued E ∈]0, 1[ representing the noise):

• P (Z = 0) = P (Z = 1) = 0.5

C ONDITIONAL I NDEPENDENCIES UNDER IC
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with α a constant only depending on Z and Xdom the domain of X.

P (Z | y1 , x)
= α ∀x ∈ Xdom
P (Z | y2 , x)
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(9)

Definition 8 (proportional conditional probability distribution (pCPD))
Let Z, Y be variables and X be a set of variables. The CPD P (Z|Y, X) is said to have a proportional conditional probability distribution if Y can only attain two values y1 and y2 and we
have

In the third lemma we deal with the case in which X and Y are connected via a v-structure X →
Z ← Y and one conditions on Z or one of its descendants, such that X and Y are d-connected.
It appears that there is a special parameterization in which X and Y are conditionally independent
without violating IPC, which we call a proportional conditional probability distribution.

holds, there are deterministic relationships.

X⊥
⊥Y | Z’, Z”

Lemma 7 Assume that MIN and IPC holds for some Bayesian network defined over discrete variables. Let X Y | Z’ where X, Y are arbitrary nodes and Z’ is a set of nodes. Let U denote the set
of all variables on the non-blocked paths between X and Y , including X and Y . Then, for every
set Z” ⊂ Z’ ∪ U, when

The next lemma states that conditionally dependent variables X and Y cannot get conditionally
independent via extending the conditioning set by variables that are not on any path between X and
Y unless deterministic variables are present.

Lemma 6 Given a Bayesian network defined over discrete variables satisfying MIN and IPC, any
two adjacent variables X and Y , where X is a parent of Y , are dependent conditioned on any
subset of the other parents of Y .

The first lemma shows that 2 adjacent variables are dependent under IPC and edge-minimality
(MIN).

Definition 5 (INDET) A Bayesian network is said to satisfy INDET if there is no variable Xj that
can be written as
Xj = f (X1 , . . . , Xj−1 , Xj+1 , . . . , Xn ) .

Since the constraints apply on parameters of different CPDs it seems reasonable to believe that the
constraints cannot be decomposed into constraints on individual parameters without increasing the
descriptive complexity.
We first define formally what we mean by excluding deterministic relations.

Postulate 2 The non-trivial polynomial constraints among different CPDs responsible for nonMarkovian CIs cannot be decomposed into product constraints without increasing their complexity,
i.e. C(c) < C(c1 ) + . . . + C(cn ) for any decomposition of non-product constraint c into product
constraints c1 , . . . and cn .

on one of the paths. All proofs are given in the appendix. We prove it for discrete variables. We
believe that a similar approach can be used to prove it for continuous variables.
For using IPC we need the following postulate:

2
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Y =0
0.3
0.6
0.4

Y =1
0.45
0.9
0.6

The probability distribution of Table 1 shows an example of a pCPD for distributions over
i)
discrete variables, for which PP (z=1|y=1,x
⊥Y | Z holds, which is a non-Markovian
(z=1|y=0,xi ) = 1.5 and X⊥
CI.
X
0
1
2
Table 1: Conditional Probability Table of P (z = 1 | X, Y ) for which Eq. 9 holds and therefore
X⊥
⊥Y | Z.

j

γj (z)xj

,

An example for continuous variables in which Eq. 9 is satisfied is the following class of models
P

p(z|y, x1 , . . . , xk ) = e−c(z)y−

where c(z) and γj (z) are arbitrary functions.
pCPDs imply non-Markovian CIs in v-structures as shown by the following lemma.
Lemma 9 If MIN, INDET, IPC holds for a factorization of a joint probability distribution defined
over discrete variables, then for any v-structure X → Z ← Y in the DAG and for all W not
containing X, Y or Z:
X⊥
⊥Y | Z, W ⇔ X⊥
⊥Y and P (Z | X, Y ) is a proportional CP D
∀U descendants of Z : X Y | U, W

\θi ,∗

K(θi |CP Dj

11

X⊥Y | Z ⇔ X⊥
⊥Y | Z

+

) > 0,
JMLR 17(151):1-20

Definition 11 (COMPLEX) A parameterization of a Bayesian network is said to satisfy COMPLEX if for all parameters θi of all parameter vectors λj :

In other words, there are only 3 cases in which a non-Markovian CI comes from a specific parameterization of a single CPD: deterministic relationships, non-minimality and proportional CPDs.
To identify the relation between FF and IC we have to define what we mean by sufficiently
complex parameters.

with V the set of all variables under consideration.

∀ disjoint subsets X, Y, Z ⊂ V :

Theorem 10 If for a given factorization of a JPD the conditions IPC, MIN, INDET and NOpCPD
are met, then faithfulness holds:

The absence of pCPDs is denoted as the NOpCPD condition.
It can easily be verified that violation of MIN or INDET or the presence of a pCPD are permitted
by IPC. These 3 cases define constraints on single CPDs. We have to exclude them on top of IPC for
achieving faithfulness. The following theorem expresses the relation between IPC and faithfulness:

2
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In the 3 previous lemmas and Theorem 10, the IPC condition can be replaced with IC and
COMPLEX.

X⊥Y | Z ⇔ X⊥
⊥Y | Z

Theorem 12 If for a given factorization of a JPD defined over discrete variables the conditions IC,
COMPLEX, MIN, INDET and NOpCPD are met, then faithfulness holds:

∀ disjoint subsets X, Y, Z ⊂ V :

with V the set of all variables under consideration.

6. The relation between IC and IPC.

IC and IPC partially overlap. IC rules out all atypical constraints on parameters between different
CPDs. IPC only rules out the constraints leading to conditional independencies, while IC allows
conditional independencies when matches are to be expected because of low complexity of the
parameters.
The theorem on the relation between IC and IPC is based on the fact that non-trivial polynomial
constraint must be satisfied for non-Markovian conditional independencies.

\θij ,∗

) > 0), then IPC holds as well.

+

Theorem 13 Given P a distribution over n variables and a DAG G with CPDs parameterized by
θ1 , . . . , θn describing a factorization of P .
If the parameter vectors satisfy IPC, there exists a parameterization θ10 , . . . , θn0 of the CPDs which
has the same independencies as P and for which IC holds.
For discrete Bayesian networks and the linear case for continuous distributions, if the factorization satisfies IC and COMPLEX (the parameters θij of the parameter vectors θ1 , . . . , θn have nonconstant complexity: K(θij |CP Di

The proof is given in the appendix. We believe that it is provable that under IPC, most parameterizations satisfy IC as well. The proof, however, need some quite technical details to be worked
out.

7. Practical application
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Despite the uncomputability of Kolmogorov complexity, several novel approaches to causal inference are based on the notion of IC, see for instance Janzing and Schölkopf (2010); Janzing and
Steudel (2010); Daniusis et al. (2010); Janzing et al. (2012); Chen et al. (2014). As more algorithms
will pop up, a philosophical and theoretical underpinning is important. This paper tries to contribute
to this endeavour.
Although we advocate that IC is more fundamental than FF (Lemeire and Janzing, 2013),
independence-based learning remains a powerful approach. However, we believe that non-Markovian
CIs should be taken into account and deserve an in-depth study. Accordingly, independence-based
learning algorithms have been adopted in the past to incorporate the presence of deterministic relationships (Lemeire et al., 2012) and pCPDs (violations of orientation faithfulness) (Ramsey et al.,
2006).
The theoretical results of this paper might help to understand the nature of the CIs. We showed
that the appearance of CIs happens at different levels:

12

P (U | w1 , V ) = P (U | w2 , V ) ∀ w1 , w2 ∈ Wdom

(10)
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Lemma 6 Given a Bayesian network defined over discrete variables satisfying MIN and IPC, any
two adjacent variables X and Y , where X is a parent of Y , are dependent conditioned on any
subset of the other parents of Y .

This is the main equation that will be used throughout the proofs. Conditional dependence is therefore defined as P (U | V, W ) 6= P (U | V ). It means thatP
there is at least one value for U , V and
W for which the negation holds. But since P (U | V ) = w P (U | V, w)P (w | V ), there are at
least two values of W for which P (U | V, w) 6= P (U | V ). This can be understood by noting that
P (U | V ) is a weighted average of P (U | V, W ). If the probability for one value of W is higher
than the average P (U | V ), there must be at least one value for which the probability is lower.
For completeness we restate the postulate which is necessary to use IPC.
Postulate 2 The non-trivial polynomial constraints among different CPDs responsible for nonMarkovian CIs cannot be decomposed into product constraints without increasing their complexity,
i.e. C(c) < C(c1 ) + . . . + C(cn ) for any decomposition of non-product constraint c into product
constraints c1 , . . . and cn .
Whenever we encounter a non-trivial constraint among different CPDs, we may assume that
they are represented by a non-product constraint in the minimal decomposition (see definition of
IPC). The parameterization could still satisfy a product constraint as well, but we will show that
there are only 3 cases of such product constraints leading to CIs. They will be ruled out explicitly.

⇔

Both Faithfulness (FF) and Independence of Conditionals (IC) express a condition on a factorization. They have been extensively used for learning a system’s causal structure from observational
data. Non-causal factorizations are refuted when one of both conditions is violated. In this paper
we investigated more deeply the relation between both conditions.
Although IC and FF sound like completely different inference principles, the common idea is
to reject causal structures for which the CPDs satisfy ‘non-generic’ relations. The relation between
the conditions is shown by Fig. 4. The sets represent the factorizations for which the conditions
hold. We defined the Independence from Product Constraints (IPC) which allows non-Markovian
CIs following from specific parameterizations of individual CPDs but not from constraints among
parameterizations of different CPDs. We proved that those CIs come from non-minimality (¬MIN),
deterministic relationships (DET) or so-called proportional CPDs (pCPDs). They are allowed by
IPC.
In contrast to IPC, IC is not violated for constraints on low-complexity parameters, since such
constraints can be expected to appear by chance. As such, IC can only be applied for sufficiently
complex parameters, e.g. when sufficient data is present. As IC goes beyond CIs, IC provides a way
to select the causal structure in the Markov equivalence class (the set of DAGs having the same CIs)
based on other patterns among the parameters of different CPDs. This has been shown by several
recently developed algorithms.

8. Conclusions

U⊥
⊥W | V

Note that the conditional distribution is only defined in points where P (v, w) > 0. Since the right
hand side is independent of w, the left hand side must give the same result for all values of W .
Hence:

4. some CIs arise from specific complex parameterizations of different CPDs.

Only level 1 is permitted by faithfulness. IPC also permits level 2, while the IC condition allows
level 3 as well. Note that some examples of level 4 where given in Lemeire and Janzing (2013)
(so-called metamechanisms).

∀v ∈ Vdom , w ∈ Wdom : P (U | v, w) = P (U | v) whenever P (v, w) > 0.

U⊥
⊥W | V ⇔

Theorem 12, which is proven here, starts with a factorization and states that if 4 conditions are met,
the DAG corresponding to the factorization is faithful to the joint probability distribution. We denote
CP DX as the CPD for X, given its parents, i.e., P (X | P arents(X)). To prove faithfulness we
will write the down the left-hand side of Eq. 2 as function of the factors of the factorization. The
IPC condition rules out independencies following from non-trivial constraints that relate parameters
that correspond to different CPDs.
Recall that conditional independence is defined as

Appendix A. Appendix: Proofs
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3. some CIs arise from specific simple parameterizations of different CPDs,

2. some CIs arise from a specific parameterization of a single CPD,

1. some conditional independencies arise from the causal structure (given by the Markov condition),

Figure 4: Relation between FF, the IC and IPC condition. It shows the factorizations for which FF,
IC and/or IPC holds. The area in which FF holds is shown in gray.
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P (u | X, W)P (Y | X, u, W)

Proof We will prove that X Y | W with W ⊂ P arents(Y ) \ X. We denote all other parents of Y
by U ( = P arents(Y ) \ X \ W). If U is empty, the dependency follows from MIN (otherwise the
edge between X and Y can be removed without jeopardizing the factorization). Otherwise:
X
u

P (Z” | X, Y, Z’)
P (Z” | X, Z’)

(11)

JMLR 17(151):1-20

∀U descendants of Z : X Y | U, W

X⊥
⊥Y | Z, W ⇔ X⊥
⊥Y and P (Z | X, Y ) is a proportional CP D

It follows that (using A/B = 1/(B/A))

P (y | X, Z) =
Then, for X⊥
⊥Y |Z Eq. 10 gives:

P

1

P (Z|y 0 ,X)P (y 0 |X)
P (Z|y,X).P (y|X)

y 0 6=y

∀y

P (Z | y, x1 ).P (y|x1 )
P (Z | y, x2 ).P (y|x2 )
=P
∀x1 , x2
0
0
P (Z | y 0 , x1 )P (y 0 |x1 )
y 0 6=y P (Z | y , x2 )P (y |x2 )

16

(12)
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This equation defines a constraint between P (Z | X, Y ) and P (Y | X) unless Y ⊥
⊥X and the
domain of Y contains only two values, y1 and y2 . Then we have P (Y | X) = P (Y ) and P (y2 ) =

y 0 6=y

P

1+

P (Z | X, Y ).P (Y | X)
P (Y | X, Z) =
P (Z | X)
P (Z | X, Y ).P (Y | X)
=P
0
0
y 0 P (Z | y , X)P (y | X)

Proof Assume that Y is not an ancestor of X (otherwise swap X and Y in the following). (1) First
we prove the first equation for an empty set W and U 6= Z.

(13)

Lemma 9 If MIN, INDET, IPC holds for a factorization of a joint probability distribution defined
over discrete variables, then for any v-structure X → Z ← Y in the DAG and for all W not
containing X, Y or Z:

The condition can only apply for one CPD (IPC), so it must be a condition on CP DL or CP DM
which holds for all parameterizations of the other CPDs. Then Eq. 12 only holds if P (l, m) 6= 0 for
exactly one value of l given m. It follows that L = f (M).

P (l1 , m) = 0 or P (l2 , m) = 0 whenever P (K | l1 , m) 6= P (K | l2 , m).

The conditional distribution of the left hand side is undefined whenever P (l, m) = 0. If we rule out
constraints leading to independence (IPC), independence can only happen when

P (K | l1 , M) = P (K | l2 , M) ∀l1 , l2 ∈ Ldom

Z” is not present in the first factor which depends on X. Therefore, for independence of X, a
constraint between the three factors of Eq. 11 must be met. By construction, this will result in a
constraint between the parameters of several CPDs, which is excluded by IPC or a deterministic
relation must be present. This is proved in the following.
To get independence without a constraint among different CPDs, a factor of the form P (K |
L, M) must become equal to P (K | M). This means that

P (Y | X, W) =

Independence X⊥
⊥Y | W would imply (Eq. 10) that ∀ x1 , x2 :
P (u1 | x1 , W)P (Y | x1 , u1 , W) + P (u2 | x1 , W)P (Y | x1 , u2 , W) + . . .

= P (u1 | x2 , W)P (Y | x2 , u1 , W) + P (u2 | x2 , W)P (Y | x2 , u2 , W) + . . .
In this equation, P (Y | xi , uj , W) 6= P (Y | xk , uj , W) for at least one set of indices i, j, k since, by
MIN, P (Y | P arents(Y )) 6= P (Y | P arents(Y ) \ X). The equation would therefore only hold
when there is a constraint satisfied between CP DY and the CPDs defining P (U | X, W), which
is ruled out by IPC. The latter follows from the postulate and the exclusion of non-minimality, the
only case in which a product constraint can lead to independence X⊥
⊥Y .
Lemma 7 Assume that MIN and IPC holds for some Bayesian network defined over discrete variables. Let X Y | Z’ where X, Y are arbitrary nodes and Z’ is a set of nodes. Let U denote the set
of all variables on the non-blocked paths between X and Y , including X and Y . Then, for every
set Z” ⊂ Z’ ∪ U, when
X⊥
⊥Y | Z’, Z”

P (Y | X, Z’, Z”) = P (Y | X, Z’)
15

2

2

holds, there are deterministic relationships.

2

Proof We have to check when P (Y | X, Z’, Z”) = P (Y | Z’, Z”). Writing P (Y | X, Z’)
in function of the factors of the factorization results in a function containing the CP DU ’s for all
U ∈ U and factors describing P (parU ) with parU ∈ P arents(U ) for each U . Dependency
Y X | Z’ means that the distribution P (Y | X, Z’) depends on X. Conditioning on Z 00 ∈ Z”
results in a new distribution for every value of Z 00 . We want to know when this can result in a
distribution that becomes independent from X. We have to consider 3 different types of variables
of Z” by looking how they participate in the CPDs containing variables of U.
(1) Consider that Z 00 is a member of a P arents(U ) set but no other parent of that U is in U.
Conditioning on Z 00 will only change P (U ), which cannot affect the dependence between X and Y
under IPC unless U is determined by Z 00 which is discussed below.
(2) Consider that Z 00 is a member of a P arents(U ) and there is another parent of U in U. Then
Z 00 participates in a CPD of the form P (U1 |U2 , Z 00 ). Conditioning on Z 00 results in a new CPD
P (U1 |U2 ). This can only affect the dependence between X and Y if it makes U1 independent from
U2 . This is ruled out by Lemma 6 and MIN.
(3) If Z 00 is a descendant of some U , X or Y , then we apply Bayes’ theorem:
2

Since Y is not an ascendant of X, each of the equation’s factors depends on different CPDs of the
factorization. Independence of X cannot be obtained by a constraint on one CPD unless Z = f (U )
which is excluded by DET.
(5) If X Y | U holds unconditionally, conditioning on some other variables W cannot lead to independence by lemma 7.

P (Y | X, U ) =

P (U | X, Y ).P (Y | X)
P (U | X)
P
| z, X, Y ).P (z | X, Y ).P (Y | X)
z P (UP
P (Y | X, U ) =
z P (U | z, X).P (z | X)

(3) Conditioning on some other variables W” ⊂ W cannot lead to independence by lemma 7.
(4) For proving the second equation (Eq. 13), we first prove it for an empty set. We write the
equation for P (Y | X, U ) in function of P (Z | X, Y ) with Bayes’ theorem:

P (Z | y1 , x1 , W’)
P (Z | y1 , x2 , W’)
P (Z | y1 , xn , W’)
=
= ... =
.
P (Z | y2 , x1 , W’)
P (Z | y2 , x2 , W’)
P (Z | y2 , xn , W’)

Since Eq. 14 must hold independent of P (o|x, y) it follows that CP DZ must be a proportional
CPT (Eq. 9).
Next, we consider that the W is not empty. (2) For the other parents of Z, W’ ⊂ W it leads in a
similar way to a pCPD:

o

Which is a relation only depending on the parameterization of P (Z | X, Y ). In function of CP DZ
it gives:
X
P (o|x, y)P (Z|x, y, o) with o ∈ domain of P arents(Z) \ X \ Y
P (Z|x, y) =

(14)

u1

un

P (Y | Z, u1 , . . . , un ).P (u1 | X, Z)

n
Y

i=2

P (ui | X, Z, u1 . . . ui−1 )

(15)

X⊥Y | Z ⇔ X⊥
⊥Y | Z
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Proof In the previous proofs, constraints among parameters from different CPDs where ruled out
by IPC and postulate 2. Conditions COMPLEX and IC will rule out the same constraints by Theorem 4.

with V the set of all variables under consideration.

∀ disjoint subsets X, Y, Z ⊂ V :

Theorem 12 If for a given factorization of a JPD defined over discrete variables the conditions IC,
COMPLEX, MIN, INDET and NOpCPD are met, then faithfulness holds:

We will prove that (1) no ui can be removed from the first factor (Y Ui | Z, U \ Ui ) and that X
cannot be removed from the following factors (X Ui | Z, Ui+1 . . . Un for all values of i). Under
these dependencies we will prove (2) that the right hand side of the equation does not lead to a
distribution which is independent of X.
(1) The dependencies are of the form K L | M. The d-connection of all dependencies, K L |
M, follows from the minimality of the set U. That the dependencies follow from the d-connections
is proven in the same way as X⊥Y | Z. The non-blocked paths between K and L are cut into
subpaths until the nodes K and L are adjacent or connected by a v-structure. In that case lemmas 6
and 9 apply and prove the dependency.
(2) Because of the dependencies, Eq. 15 cannot be reduced. The first factor depends on CP DY ,
the following on CP DUi . Therefore, independence of X and Y can only come from a specific
parameterization of at least three CPDs.

u1

...

un

Theorem 13 Given P a distribution over n variables and a DAG G with CPDs parameterized by
θ1 , . . . , θn describing a factorization of P .

X⊥Y | Z ⇔ X⊥
⊥Y | Z

2

=

X

2

Proof We prove that X Y |Z ⇒ X Y |Z. The proof recursively cuts the non-blocked paths between X and Y into subpaths until we end up with a basic connection that follows under lemma 6
or lemma 9. With these lemmas it will be proven that the variables at the outer ends of each subpath

with V the set of all variables under consideration.

∀ disjoint subsets X, Y, Z ⊂ V :

Theorem 10 If for a given factorization of a JPD defined over discrete variables the conditions
IPC, MIN, INDET and NOpCPD are met, then faithfulness holds:

X

2

P (Z | y1 , x1 ).P (y1 )
P (Z | y1 , x2 ).P (y1 )
=
∀x1 , x2
P (Z | y2 , x1 )(1 − P (y1 ))
P (Z | y2 , x2 )(1 − P (y1 ))
⇒
P (Z | y1 , x1 ) P (Z | y1 , x2 )
P (Z | y1 , xn )
=
= ... =
P (Z | y2 , x1 ) P (Z | y2 , x2 )
P (Z | y2 , xn )
2

are dependent under the 4 conditions. Secondly, we will prove that combining subpaths results in
a dependence. To illustrate this consider X → U → Y . The path between X and Y is cut by U .
First, X U and U Y are proven and, secondly, that the concatenation of subpaths X → U and
U → Y leads to a X Y .
Without loss of generality, we may consider that X is not a descendant of Y . If X and Y are
adjacent, Lemma 6 proves the dependency. If X and Y are part of a v-structure X → Z ← X of
which Z or descendants of Z are in Z, Lemma 9 proves the dependency. If they are part of several
such v-structures, the same approach as in the proof of Lemma 9 can be used to prove dependency.
Otherwise, take a minimal ordered cutset U ⊂ V \ {X, Y } such that X⊥Y | Z, U. Minimal means
that omitting any element of the set would lead to a d-connection. Ordered means that Ui ∈ U is
not a descendant (in the DAG corresponding to the factorization) of Uj ∈ U whenever i < j. From
X⊥Y | Z, U follows X⊥
⊥Y | Z, U, thus:
X
X
P (Y | X, Z) =
...
P (Y | Z, u1 , . . . , un ).P (u1 . . . un | X, Z)
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2
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2

1 − P (y1 ), which results in a constraint on P (Z | X, Y ):

2

0

2

0

C ONDITIONAL I NDEPENDENCIES UNDER IC

\θij ,∗

) > 0), then IPC holds as well.

+

If the parameter vectors satisfy IPC, there exists a parameterization θ10 , . . . , θn0 of the CPDs which
has the same independencies as P and for which IC holds.
For discrete Bayesian networks and the linear case for continuous distributions, if the factorization satisfies IC and COMPLEX (the parameters θij of the parameter vectors θ1 , . . . , θn have nonconstant complexity: K(θij |CP Di
Proof
The first statement, if the parameter vectors satisfy IPC, there exists a parameterization θ10 , . . . , θn0
of the CPDs which has the same independencies as P and for which IC holds (IPC → IC).
By IPC no constraint should hold among the parameters of different CPDs for the independencies
of P . It could be that IC is violated for the given parameterization θ1 , . . . , θn , but it is not necessary for any of the conditional independencies in P to hold. By IPC, the parameter subspace of
every independence in P can cover the complete subspace or be a product subspace of the form
R1 × · · · × Rn where every Ri is an arbitrary subset of Si , the set of possible parameter vectors
θj . By Theorem 12 the subsets Ri have a generic form: some values of parameter vector θi are zero
or similar (violation of MIN or presence of deterministic relationships) or determined by the other
parameters (pCPD), but the remaining values of the CPDs are not constrained. Therefore we can
choose the parameters independently in the subsets Ri such that the same independencies hold but
IC is not violated.
Now the second statement, if the factorization satisfies IC and COMPLEX, then IPC holds as well
(IC and COMPLEX → IPC).
Non-Markovian CIs require non-trivial polynomial constraints (Spirtes et al., 1993; Meek, 1995)
among some parameters, which can be either parameters of a single CPD or among parameters of
different CPDs. The first case is not a problem for IPC, while the latter would imply a violation
of IC if COMPLEX, since Theorem 4 applies: polynomial constraints correspond to holomorphic
functions having zeroes for a finite number of values only. As such, they have a constant description
length, while we assumed that all parameters of the CPDs have non-constant complexity.
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1. Beyond its simple analytical formula, kernel ridge regression also allows efficient distributed (Zhang et al.,
2015; Richtárik and Takác̆, 2016), sketch (Alaoui and Mahoney, 2015; Yang et al., 2016) and Nyström
based approximations (Rudi et al., 2015).

In our work the estimated mapping (fˆ) is the analytical solution of a kernel ridge regression
(KRR) problem.1 The performance of fˆ depends on the assumed function class (H), the

Can the distribution regression problem be solved consistently
under mild conditions? What is the exact computationalstatistical efficiency trade-off implied by the two-stage sampling?

We address the learning problem of distribution regression in the two-stage sampled setting,
where we only have bags of samples from the probability distributions: we regress from
probability measures to real-valued (Póczos et al., 2013) responses, or more generally to
vector-valued outputs (belonging to an arbitrary separable Hilbert space). Many classical
problems in machine learning and statistics can be analysed in this framework. On the
machine learning side, multiple instance learning (Dietterich et al., 1997; Ray and Page,
2001; Dooly et al., 2002) can be thought of in this way, where each instance in a labeled
bag is an i.i.d. (independent identically distributed) sample from a distribution. On the
statistical side, tasks might include point estimation of statistics on a distribution without
closed form analytical expressions (e.g., its entropy or a hyperparameter).
Intuitive description of our goal: Let us start with a somewhat informal definition
of the distribution regression problem and an intuitive phrasing of our goals. Suppose that
our data consist of z = {(xi , yi )}li=1 , where xi is a probability distribution, yi is its label
(in the simplest case yi ∈ R or yi ∈ Rd ) and each (xi , yi ) pair is i.i.d. sampled from a
meta distribution M. However, we do not observe xi directly; rather, we observe a sample
i.i.d.
l
i
xi,1 , . . . , xi,Ni ∼ xi . Thus the observed data are ẑ = {({xi,n }N
n=1 , yi )}i=1 . Since xi,j is
sampled from xi , and xi is sampled from M, we call this process two-stage sampling. Our
goal is to predict a new yl+1 from a new batch of samples xl+1,1 , . . . , xl+1,Nl+1 drawn from a
new distribution xl+1 ∼ M. For example, in a medical application, the ith patient might be
identified with a probability distribution (xi ), which can be periodically assessed by blood
i
tests ({xi,n }N
n=1 ). We are also given some health indicator of the patient (yi ), which might
be inferred from his/her blood measurements. Based on the observations (ẑ), we might
wish to learn the mapping from the set of blood tests to the health indicator, and the hope
is that by observing more patients (larger l) and performing a larger number of tests (larger
Ni ) the estimated mapping (fˆ = fˆ(ẑ)) becomes more “precise”. Briefly, we consider the
following questions:

1. Introduction

timal rate (Caponnetto and De Vito, 2007; Steinwart et al., 2009). This result answers a
17-year-old open question, establishing the consistency of the classical set kernel (Haussler,
1999; Gärtner et al., 2002) in regression. We also cover consistency for more recent kernels
on distributions, including those due to Christmann and Steinwart (2010).
Keywords: Two-Stage Sampled Distribution Regression, Kernel Ridge Regression, Mean
Embedding, Multi-Instance Learning, Minimax Optimality

Szabó et al.
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We focus on the distribution regression problem: regressing to vector-valued outputs from
probability measures. Many important machine learning and statistical tasks fit into this
framework, including multi-instance learning and point estimation problems without analytical solution (such as hyperparameter or entropy estimation). Despite the large number
of available heuristics in the literature, the inherent two-stage sampled nature of the problem makes the theoretical analysis quite challenging, since in practice only samples from
sampled distributions are observable, and the estimates have to rely on similarities computed between sets of points. To the best of our knowledge, the only existing technique
with consistency guarantees for distribution regression requires kernel density estimation
as an intermediate step (which often performs poorly in practice), and the domain of the
distributions to be compact Euclidean. In this paper, we study a simple, analytically computable, ridge regression-based alternative to distribution regression, where we embed the
distributions to a reproducing kernel Hilbert space, and learn the regressor from the embeddings to the outputs. Our main contribution is to prove that this scheme is consistent
in the two-stage sampled setup under mild conditions (on separable topological domains
enriched with kernels): we present an exact computational-statistical efficiency trade-off
analysis showing that our estimator is able to match the one-stage sampled minimax op-
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family of fˆ candidates used in the ridge formulation. We shall focus on the analysis of two
settings:
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1. Well-specified case (f∗ ∈ H): In this case we assume that the regression function
f∗ belongs to H. We focus on bounding the goodness of fˆ compared to f∗ . In other
words, if R[f∗ ] denotes the prediction error (expected risk) of f∗ , then our goal is to
derive a finite-sample bound for the excess risk, E(fˆ, f∗ ) = R[fˆ] − R[f∗ ] that holds
with high probability. We make use of this bound to establish the consistency of the
estimator (i.e., drive the excess risk to zero) and to derive the exact computationalstatistical efficiency trade-off of the estimator as a function of the sample number (l,
N = Ni , ∀ i) and the problem difficulty (see Theorem 5 and its corresponding remarks
for more details).
2. Misspecified case (f∗ ∈ L2 \H): Since in practise it might be hard to check whether
f∗ ∈ H, we also study the misspecified setting of f∗ ∈ L2 ; the relevant case is when
f∗ ∈ L2 \H. In the misspecified setting the ’richness’ of H has crucial importance,
2 = inf
2
in other words the size of DH
f ∈H kf∗ − f k2 , the approximation error from H.
Our main contributions consist of proving a finite-sample excess risk bound, using
which we show that the proposed estimator can attain the ideal performance, i.e.,
2 can be driven to zero. Moreover, on smooth classes of f -s, we give a
E(fˆ, f∗ ) − DH
∗
simple and explicit description for the computational-statistical efficiency trade-off of
our estimator (see Theorem 9 and its corresponding remarks for more details).

4
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Note: the advantage of considering the P(b, c) family is two-fold. It does not assume
parametric distributions, yet certain complexity terms can be explicitly upper bounded
in the family. This property will be exploited in our analysis. Moreover, (for special

(b) establish consistency and computational-statistical efficiency trade-off of the MERR
estimator on a general prior family P(b, c) as defined by Caponnetto and De Vito
(2007), where b captures the effective input dimension, and larger c means smoother
f∗ (1 < b, c ∈ (1, 2]). In particular, when the number of samples per bag is chosen
bc
− bc+1
as N = la log(l) and a ≥ b(c+1)
, which
bc+1 , then the learning rate saturates at l
is known to be one-stage sampled minimax optimal (Caponnetto and De Vito,
2007). In other words, by choosing a = b(c+1)
bc+1 < 2, we suffer no loss in statistical
performance compared with the best possible one-stage sampled estimator.

(a) derive finite-sample bounds on the excess risk: We construct R[fˆ] − R[f∗ ] ≤
r(l, N, λ) bounds holding with high probability, where λ is the regularization parameter in the ridge problem (λ → 0, l → ∞, N = Ni → ∞).

is measured by the average pairwise point similarities between the sets. From a theoretical
perspective, nothing is known about the consistency of set kernel based learning method
since their introduction in 1999 (Haussler, 1999; Gärtner et al., 2002): i.e. in what sense
(and with what rates) is the learning algorithm consistent, when the number of items per
bag, and the number of bags, are allowed to increase?
It is possible, however, to view set kernels in a distribution setting, as they represent
valid kernels between (mean) embeddings of empirical probability measures into a reproducing kernel Hilbert space (RKHS; Berlinet and Thomas-Agnan, 2004). The population
limits are well-defined as being dot products between the embeddings of the generating
distributions (Altun and Smola, 2006), and for characteristic kernels the distance between
embeddings defines a metric on probability measures (Sriperumbudur et al., 2011; Gretton
et al., 2012). When bounded kernels are used, mean embeddings exist for all probability
measures (Fukumizu et al., 2004). When we consider the distribution regression setting,
however, there is no reason to limit ourselves to set kernels. Embeddings of probability measures to RKHS are used by Christmann and Steinwart (2010) in defining a yet larger class
of easily computable kernels on distributions, via operations performed on the embeddings
and their distances. Note that the relation between set kernels and kernels on distributions was also applied by Muandet et al. (2012) for classification on distribution-valued
inputs, however consistency was not studied in that work. We also note that motivated
by the current paper, Lopez-Paz et al. (2015) have recently presented the first theoretical
results about surrogate risk guarantees on a class (relying on uniformly bounded Lipschitz
functionals) of soft distribution-classification problems.
Our contribution in this paper is to establish the learning theory of a simple, mean
embedding based ridge regression (MERR) method for the distribution regression problem.
This result applies both to the basic set kernels of Haussler (1999); Gärtner et al. (2002),
the distribution kernels of Christmann and Steinwart (2010), and additional related kernels.
We provide finite-sample excess risk bounds, prove consistency, and show how the two-stage
sampled nature of the problem (bag size) governs the computational-statistical efficiency of
the MERR estimator. More specifically, in the
1. well-specified case: We

There exist a vast number of heuristics to tackle learning problems on distributions; we
will review them in Section 5. However, to the best of our knowledge, the only prior work
addressing the consistency of regression on distributions requires kernel density estimation
(Póczos et al., 2013; Oliva et al., 2014; Sutherland et al., 2016), which assumes that the
response variable is scalar-valued,2 and the covariates are nonparametric continuous distributions on Rd . As in our setting, the exact forms of these distributions are unknown;
they are available only through finite sample sets. Póczos et al. estimated these distributions through a kernel density estimator (assuming these distributions have a density) and
then constructed a kernel regressor that acts on these kernel density estimates.3 Using the
classical bias-variance decomposition analysis for kernel regressors, they showed the consistency of the constructed kernel regressor, and provided a polynomial upper bound on the
rates, assuming the true regressor to be Hölder continuous, and the meta distribution that
generates the covariates xi to have finite doubling dimension (Kpotufe, 2011).4
One can define kernel learning algorithms on bags based on set kernels (Gärtner et al.,
2002) by computing the similarity of the sets/bags of samples representing the input distributions; set kernels are also called called multi-instance kernels or ensemble kernels, and
are examples of convolution kernels (Haussler, 1999). In this case, the similarity of two sets
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2. Oliva et al. (2013, 2015) consider the case where the responses are also distributions or functions.
3. We would like to clarify that the kernels used in their work are classical smoothing kernels—extensively
studied in non-parametric statistics (Györfi et al., 2002)—and not the reproducing kernels that appear
throughout our paper.
4. Using a random kitchen sinks approach, with orthonormal basis projection estimators Oliva et al. (2014);
Sutherland et al. (2016) propose distribution regression algorithms that can computationally handle large
scale datasets; as with Póczos et al. (2013), these approaches are based on density estimation in Rd .

3

for example by range spaces of (fractional) powers of integral operators associated to H.
Indeed, there exist several results along these lines with KRR for the case of real-valued
outputs: see for example (Sun and Wu, 2009a, Theorem 1.1), (Sun and Wu, 2009b, Corollary 3.2), (Mendelson and Neeman, 2010, Theorem 3.7 with Assumption 3.2). The question
of optimal rates has also been addressed for the semi-supervised KRR setting (Caponnetto,
2006, Theorem 1), and for clipped KRR estimators (Steinwart et al., 2009) with integral
operators of rapidly decaying spectrum. Our results apply more generally to the two-stage
sampled setting and to vector valued outputs belonging to separable Hilbert spaces. Moreover, we obtain a general consistency result without range space assumptions, showing that
the modelling power of H can be fully exploited, and convergence to the best approximation
available from H can be realized.5
There are numerous areas in machine learning and statistics, where estimating vectorvalued functions has crucial importance. Often in statistics, one is not only confronted with
the estimation of a scalar parameter, but with a vector of parameters. On the machine
learning side, multi-task learning (Evgeniou et al., 2005), functional response regression
(Kadri et al., 2016), or structured output prediction (Brouard et al., 2011; Kadri et al.,
2013) fall under the same umbrella: they can be naturally phrased as learning vectorvalued functions (Micchelli and Pontil, 2005). The idea underlying all these tasks is simple
and intuitive: if multiple prediction problems have to be solved simultaneously, it might
be beneficial to exploit their dependencies. Imagine for example that the task is to predict
the motion of a dancer: taking into account the interrelation of the actor’s body parts is
likely to lead to more accurate estimation, as opposed to predicting the individual parts
one by one, independently. Successful real-world applications of a multi-task approach
include for example preference modelling of users with similar demographics (Evgeniou
et al., 2005), prediction of the daily precipitation profiles of weather stations (Kadri et al.,
2010), acoustic-to-articulatory speech inversion (Kadri et al., 2016), identifying biomarkers
capable of tracking the progress of Alzheimer’s disease (Zhou et al., 2013), personalized
human activity recognition based on iPod/iPhone accelerometer data (Sun et al., 2013),
finger trajectory prediction in brain-computer interfaces (Kadri et al., 2012) or ecological
inference (Flaxman et al., 2015); for a recent review on multi-output prediction methods see
(Álvarez et al., 2011; Borchani et al., 2015). A mathematically sound way of encoding prior
information about the relation of the outputs can be realized by operator-valued kernels and
the associated vector-valued RKHS-s (Pedrick, 1957; Micchelli and Pontil, 2005; Carmeli
et al., 2006, 2010); this is the tool we use to allow vector-valued learning tasks.
Finally, we note that the current work extends our earlier conference paper (Szabó et al.,
2015) in several important respects: we now show that the MERR method can attain the
one-stage sampled minimax optimal rate; we generalize the analysis in the well-specified
setting to allow outputs belonging to an arbitrary separable Hilbert spaces (in contrast to
the original scalar-valued output domain); and we tackle the misspecified setting, obtaining
finite sample guarantees, consistency, and computational-statistical efficiency trade-offs.
The paper is structured as follows: The distribution regression problem and the MERR
technique are introduced in Section 2. Our assumptions are detailed in Section 3. We
present our theoretical guarantees (finite-sample bounds on the excess risk, consistency,

input distributions) the parameter b can be related to the spectral decay of Gaussian
Gram matrices, and existing analysis techniques (Steinwart and Christmann, 2008) may
be used in interpreting these decay conditions.
2. misspecified case: We establish consistency and convergence rates even if f∗ ∈
/ H.
Particularly, by deriving finite-sample bounds on the excess risk we
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5

5. Specializing our result, we get explicit rates and an exact computational-statistical efficiency description
for MERR as a function of sample numbers and problem difficulty, for smooth regression functions.

In the misspecified case, RKHS methods alone are not sufficient to obtain excess risk
bounds: one has to take into account the “richness” of the modelling RKHS class (H) in
the embedding L2 space. The fundamental challenge is whether it is possible to achieve the
best possible performance dictated by H; or in the special case when further smoothness
conditions hold on f∗ , what convergence rates can yet be attained, and what computationalstatistical efficiency trade-off realized. The second smoothness property could be modelled

The principal challenge in proving theoretical guarantees arises from the two-stage sampled nature of the inputs. In our analysis of the well-specified case, we make use of Caponnetto and De Vito (2007)’s results, which focus (only) on the one-stage sample setup. These
results will make our analysis somewhat shorter (but still rather challenging) by giving upper bounds for some of the objective terms. Even the verification of these conditions requires
care since the inputs in the ridge regression are themselves distribution embeddings (i.e.,
functions in a reproducing kernel Hilbert space).

Due to the differences in the assumptions made and the loss function used, a direct comparison of our theoretical result and that of Póczos et al. (2013) remains an open question,
however we make three observations. First, our approach is more general, since we may
regress from any probability measure defined on separable, topological domains endowed
with kernels. Póczos et al.’s work is restricted to compact domains of finite dimensional
Euclidean spaces, and requires the distributions to admit probability densities; distributions
on strings, graphs, and other structured objects are disallowed. Second, in our analysis we
will allow separable Hilbert space valued outputs, in contrast to the real-valued output considered by Póczos et al. (2013). Third, density estimates in high dimensional spaces suffer
from slow convergence rates (Wasserman, 2006, Section 6.5). Our approach mitigates this
problem, as it works directly on distribution embeddings, and does not make use of density
estimation as an intermediate step.

to r̃(l) = l− 2s+1 , which is the asymptotically optimal rate in the one-stage sampled
setup, with real-valued output and stricter eigenvalue decay conditions (Steinwart
et al., 2009).

2s

− s+2
, where the difficulty of the regression problem is
rate saturates for a ≥ s+1
s+2 at l
captured by s ∈ (0, 1] (a larger s means an easier problem). This means that easier
2
tasks give rise to faster convergence (for s = 1, the rate is l− 3 ), the bag size N can
2(s+1)
4
again be sub-quadratic in l (2a ≤ s+2 ≤ 3 < 2), and the rate at saturation is close

2s

(b) analyse the computational-statistical efficiency trade-off: We show that by choosing
2sa
the bag size as N = l2a log(l) (a > 0) one can get rate l− s+1 for a ≤ s+1
s+2 , and the

(a) prove that the MERR estimator can achieve the best possible approximation accu2 quantity can be driven to zero (recall that
racy from H, i.e. the R[fˆ] − R[f∗ ] − DH
DH = inf f ∈H kf∗ − f k2 ). Specifically, this result implies that if H is dense in L2
(DH = 0), then the excess risk R[fˆ] − R[f∗ ] converges to zero.
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computational-statistical efficiency trade-offs) in Section 4: the well-specified case is considered in Section 4.1, and the misspecified setting is the focus of Section 4.2. Section 5 is
devoted to an overview of existing heuristics for learning on distributions. Conclusions are
drawn in Section 6. Section 7 contains proof details. In Section 8 we discuss our assumptions
with concrete examples.

2. The Distribution Regression Problem
Below we first introduce our notation (Section 2.1), then formally define the distribution
regression task (Section 2.2).
2.1 Notation
We use the following notations throughout the paper:
 
• Sets, topology, measure theory: Let K be a Hilbert space; cl V is the closure of a set
V ⊆ K. ×i∈I Si is the direct product of sets Si . f ◦g is the composition of function f and g.
Let (X, τ ) be a topological space and let B(X) := B(τ ) be the Borel σ-algebra induced by
the topology τ . If (X, d) is a metric space, then B = B(d) is the Borel σ-algebra generated
by the open sets induced by metric d. M1+ (X) denotes the set of Borel probability measures
on the (X, B(X)) measurable space. Given measurable spaces (U1 , S1 ) and (U2 , S2 ), the
S1 ⊗ S2 product σ-algebra (Steinwart and Christmann, 2008, page 480) on the product
space U × U is the σ-algebra generated by the cylinder sets U1 × S2 , S1 × U2 (S1 ∈ S1 ,
1
2
+
S2 ∈ S2 ). The weak topology (τw = τw (X, τ )) on M
R 1 (X) is defined as the weakest topology
such that the Lh : (M1+ (X), τw ) → R, Lh (x) = X h(u)dx(u) mapping is continuous for
all h ∈ Cb (X) = {(X, τ ) → R bounded, continuous functions}.

1

• Functional analysis: Let (N1 , k·kN1 ) and (N2 , k·kN2 ) denote two normed spaces, then
L(N1 , N2 ) stands for the space of N1 → N2 bounded linear operators; if N1 = N2 , we will
use the L(N1 ) = L(N1 , N2 ) shorthand. For M ∈ L(N1 , N2 ) the operator norm is defined
as kM kL(N1 ,N2 ) = sup06=h∈N1 kM hkN2 / khkN1 , Im(M ) = {M n1 }n1 ∈N1 denotes the range
of M , Ker(M ) = {n1 ∈ N1 : M n1 = 0} is the null space of M . Let K be a Hilbert space.
The adjoint operator M ∗ ∈ L(K) of an operator M ∈ L(K) is the operator such that
hM a, biK = ha, M ∗ biK for all a and b in K. M ∈ L(K) isP
called positive if hM a, aiK ≥ 0
(∀a ∈ K), self-adjoint if M = M ∗ , and trace class if
j∈J h|M |ej , ej iK < ∞ for an

∀A ∈ L2 (K),

∀A, B ∈ L2 (K).
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(2)

(1)

(ej )j∈J ONB (orthonormal basis) of K (|M | := (M ∗ M ) 2 ), in which case T r(M ) :=
P
j∈J hM ej , ej iK < ∞; compact if cl [M a : a ∈ K, kakK ≤ 1] is a compact set. Let K1
2
and K be Hilbert spaces. M ∈ L(K1 , K2 ) is called Hilbert-Schmidt if kM kL
=
2
2 (K1 ,K2 )
P
T r(M ∗ M ) =
j∈J hM ej , M ej iK2 < ∞ for some (ej )j∈J ONB of K1 . The space of
Hilbert-Schmidt operators is denoted by L2 (K1 , K2 ) = {M ∈ L(K1 , K2 ) : kM kL2 (K1 ,K2 ) <
∞}. We use the shorthand notation L2 (K) = L2 (K, K) if K := K1 = K2 ; L2 (K) is
separable if and only if K is separable (Steinwart and Christmann, 2008, page 506).
Trace class and Hilbert-Schmidt operators over a K Hilbert space are compact operators
(Steinwart and Christmann, 2008, page 505-506); moreover,

kAkL(K) ≤ kAkL2 (K) ,

kABkL2 (K) ≤ kAkL2 (K) kBkL(K) ,
7
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I is the identity operator; Il ∈ Rl×l is the identity matrix.

X

• RKHS, mean embedding: Let H = H(k) be an RKHS (Steinwart and Christmann,
2008) with k : X × X → R as the reproducing kernel. Denote by
Z
k(·, u)dx(u) = Eu∼x [k(·, u)] ∈ H


X = µ M1+ (X) = {µx : x ∈ M1+ (X)} ⊆ H, µx =

(∀µx , µt ∈ X), or K(·, µt )(y) = Kµt y.

(3)

the set of mean embeddings (Berlinet and Thomas-Agnan, 2004) of the distributions to
the space H.6 Let Y be a separable Hilbert space, where the inner product is denoted
by h·, ·iY ; the associated norm is k·kY . H = H(K) is the Y -valued RKHS (Pedrick,
1957; Micchelli and Pontil, 2005; Carmeli et al., 2006, 2010) of X → Y functions with
K : X × X → L(Y ) as the reproducing kernel (we will present some concrete examples
of K in Section 3; see Table 1); Kµx ∈ L(Y, H) is defined as
K(µx , µt )(y) = (Kµt y)(µx ),

Further, f (µx ) = Kµ∗x f (∀µx ∈ X, f ∈ H).

X

y dρ(y|µa )

=

X

hR

(4)

i1
2
kf (µa )kY2 dρX (µa ) . Let us

(µa ∈ X)

• Regression function: Let ρ be the µ-induced probability measure on the Z = X × Y
product space, and let ρ(µx , y) = ρ(y|µx )ρX (µx ) be the factorization of ρ into conditional
and marginal distributions.7 The regression function of ρ with respect to the (µx , y) pair
is denoted by
Z

Y

q
hf, f iρ := kf kLρ2

fρ (µa ) =
and for f ∈ Lρ2X let kf kρ =

(SK g)(µu ) =

X

Z

K(µu , µt )g(µt )dρX (µt ).

(6)

(5)

assume that the operator-valued kernel K : X × X → L(Y ) is a Mercer kernel (that is
H = H(K) ⊆ C(X, Y ) = {X → Y continuous functions}), is bounded (∃BK < ∞ such
that kK(x, x)kL(Y ) ≤ BK ), and is a compact operator for all x ∈ X. These requirements
∗ :
will be guaranteed by our assumptions, see Section 7.2.6. In this case, the inclusion SK
H ,→ Lρ2X is bounded, and its adjoint SK : Lρ2X → H is given by

We further define T̃ as

∗
T̃ = SK
SK : Lρ2X → Lρ2X ;

in other words, the result of operation (5) belongs to H, which is embedded in Lρ2X . T̃ is
a compact, positive, self-adjoint operator (Carmeli et al., 2010, Proposition 3), thus by
the spectral theorem T̃ s exists, where s ≥ 0.
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6. The x 7→ µx mapping is defined for all x ∈ M1+ (X) if k is bounded, i.e., supu∈X k(u, u) < ∞.
7. Our assumptions will guarantee the existence of ρ (see Section 3). Since Y is a Polish space (because it
is separable Hilbert) the ρ(y|µa ) conditional distribution (y ∈ Y , µa ∈ X) is also well-defined (Steinwart
and Christmann, 2008, Lemma A.3.16, page 487).

8

M+
1 (X)

f ∈H=H(K)

(7)

l

i=1

1X
kf (µxi ) − yi k2Y + λ kf k2H
l
(8)

(9)

9

where k = [K(µx̂1 , µt ), . . . , K(µx̂l , µt )] ∈ L(Y
[y1 ; . . . ; yl ] ∈ Y l .

)1×l ,

(10)
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K = [K(µx̂i , µx̂j )] ∈ L(Y )l×l ,

(fẑλ ◦ µ)(t) = k(K + lλI)−1 [y1 ; . . . ; yl ],

P
N
where x̂i = N1 N
n=1 δxi,n is the empirical distribution determined by {xi,n }i=1 . The ridge
regression objective function has an analytical solution: given training samples ẑ, the prediction for a new t test distribution is

i=1

1X
fẑλ = arg min
kf (µx̂i ) − yi k2Y + λ kf k2H ,
l
f ∈H

l

instead of R, based on samples z. Since z is not available, we consider the objective function
defined by the observable quantity ẑ,

f ∈H

fzλ = arg min

which is minimized by the fρ regression function. The classical regularization approach is
to optimize

In other words, the distribution x ∈
is first mapped to X ⊆ H by the mean
embedding µ, and the result is composed with f , an element of the RKHS H.
Let the expected risk for a f˜ : X → Y (measurable) function be defined as
 
2
R f˜ = E(x,y)∼M f˜(µx ) − y Y ,

M+
1 (X)

→ X(⊆ H = H(k)) −−−−−−−→ Y.
M+
1 (X) −

µ

We now formally define the distribution regression task. Let us assume that
is
endowed with S1 = B(τw ), the weak-topology generated σ-algebra; thus (M+
1 (X), S1 ) is
a measurable space. In the distribution regression problem, we are given samples ẑ =
i.i.d.
+
l
l
i
{({xi,n }N
n=1 , yi )}i=1 with xi,1 , . . . , xi,Ni ∼ xi where z = {(xi , yi )}i=1 with xi ∈ M1 (X)
and yi ∈ Y drawn i.i.d. from a joint meta distribution M defined on the measurable
space (M+
1 (X) × Y, S1 ⊗ B(Y )), the product space enriched with the product σ-algebra.
Unlike in classical supervised learning problems, the problem at hand involves two levels of
randomness, wherein first z is drawn from M, and then ẑ is generated by sampling points
from xi for all i = 1, . . . , l. The goal is to learn the relation between the random distribution
x and response y based on the observed ẑ. For notational simplicity, we will assume that
N = Ni (∀i).
As in the classical regression problem (Rd → R), distribution regression can be tackled
via kernel ridge regression (using a squared loss as the discrepancy criterion). The kernel
(say KG ) is defined on M+
1 (X), and the regressor is then modelled by an element in the
RKHS G = G(KG ) of functions mapping from M+
1 (X) to Y . In this paper, we choose
KG (x, x0 ) = K(µx , µx0 ) where x, x0 ∈ M+
1 (X) and so that the function (in G) to describe the
(x, y) random relation is constructed as a composition f ◦ µx , i.e.

2.2 Distribution Regression

Learning Theory for Distribution Regression

10

Our assumptions are as follows:
1. (X, τ ) is a separable, topological space.

JMLR 17(152):1-40

In this section, we detail our assumptions on the (X, Y, k, K) quartet. Our analysis for the
well-specified case uses existing ridge regression results (Caponnetto and De Vito, 2007)
focusing on problem (8) where only a single-stage sampling is present, hence we have to
verify the associated conditions. Though we make use of these results, the analysis still
remains challenging; the available bounds can moderately shorten our proof. We must take
particular care in verifying that Caponnetto and De Vito (2007)’s conditions are met, since

they need to hold for the space of mean embeddings of the distributions (X = µ M+
1 (X) ),
whose properties as a function of X and H must themselves be established.

3. Assumptions

both when fρ ∈ H (the well-specified case) and fρ ∈ L2ρX \H (the misspecified case); second,


2 → 0,
to establish consistency (E fẑλ , fρ → 0, or in the misspecified case E fẑλ , fρ − DH
2
2 := inf
∗ qk is the approximation error of f by a function in H); and
where DH
kf
−
S
ρ
ρ
q∈H
K ρ
third, to derive an exact computational-statistical efficiency trade-off as a function of the
(l, N, λ) triplet, and of the difficulty of the problem.

Our main goals in this paper are as follows: first, to analyse the excess risk

E fẑλ , fρ := R[fẑλ ] − R[fρ ],

• One could also formulate the problem (and get guarantees) for more abstract X ⊆
H → Y regression tasks [see Eq. (7)] on a convex set X with H and Y being general,
separable Hilbert spaces. Since distribution regression is probably the most accessible example where two-stage sampling appears, and in order to keep the presentation
simple, we do not consider such extended formulations in this work.

• In case of scalar output (Y = R), L(Y ) = L(R) = R and (10) is a standard linear
equation with K ∈ Rl×l , k ∈ R1×l . More generally, if Y = Rd , then L(Y ) = L(Rd ) =
Rd×d and (10) is still a finite-dimensional linear equation with K ∈ R(dl)×(dl) and
k ∈ Rd×(dl) .

• While ridge regression can be performed using the kernel KG , the two-stage sampling makes it difficult to work with arbitrary KG . By contrast, our choice of
KG (x, x0 ) = K(µx , µx0 ) enables us to handle the two-stage sampling by estimating
µx with an empirical estimator, and using it in the algorithm as shown above.

• There is a two-stage sampling difficulty to tackle: The transition from fρ to fzλ represents the fact that we have only l distribution samples (z); the transition from fzλ
to fẑλ means that the xi distributions can be accessed only via samples (ẑ).

• It is important to note that the algorithm has access to the sample points only via
their mean embeddings {µx̂i }li=1 in Eq. (9).

Remark 1
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(∀µa ∈ X),
(11)

2. Y is a separable Hilbert space.
3. k is bounded, in other words ∃Bk < ∞ such that supu∈X k(u, u) ≤ Bk , and continuous.
4. The {Kµa }µa ∈X operator family is uniformly bounded in Hilbert-Schmidt norm and
Hölder continuous in operator norm. Formally, ∃BK < ∞ such that

2
= T r Kµ∗a Kµa ≤ BK ,
kKµa kL
2 (Y,H)

∀(µa , µb ) ∈ X × X.
(12)

and ∃L > 0, h ∈ (0, 1] such that the mapping K(·) : X → L(Y, H) is Hölder continuous:
h
,
kKµa − Kµb kL(Y,H) ≤ L kµa − µb kH

5. y is bounded: ∃C < ∞ such that kykY ≤ C almost surely.
These requirements hold under mild conditions: in Section 8, we provide insight into the
consequences of our assumptions, with several concrete illustrations (e.g. regression with
set- and RBF-type kernels).

4. Error Bounds, Consistency & Computational-Statistical Efficiency
Trade-off
In this section, we present our analysis of the consistency of the mean embedding based
ridge regression (MERR) method.
high probability upper
Given the estimator (fẑλ ) in Eq. (9), we derive finite-sample

bounds (see Theorems 2 and 7) for the excess risk E fẑλ , fρ , and in the misspecified
setting,

2 . We
for the excess risk compared to the best attainable value from H, i.e., E fẑλ , fρ − DH
illustrate the bounds for particular classes of prior distributions, and work through special
cases to obtain consistency conditions and computational-statistical efficiency trade-offs
(see Theorems 4, 9 and the 3rd bullet of Remark 8). The main challenge is how to turn
the convergence rates of the mean embeddings into those for an error E of the predictor.
Although the main ideas of the proofs can be summarized relatively briefly, the full details
are more demanding. High-level ideas with the sketches of the proofs and the obtained
results are presented in Section 4.1 (well-specified case) and Section 4.2 (misspecified case).
The derivations of some technical details of Theorems 2 and 7 are available in Section 7.
4.1 Results for the Well-specified Case
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We first focus on the well-specified case (fρ ∈ H) and present our
 first main result. We
derive a high probability upper bound for the excess risk E fẑλ , fρ of the MERR method
(Theorem 2). The upper bound is instantiated for a general class of prior distributions
(Theorem 4), which leads to a simple computational-statistical efficiency description (Theorem 5); this shows (among others) conditions when the MERR technique is able to achieve
the one-stage sampled minimax optimal rate. We first give a high-level sketch of our convergence analysis and an intuitive interpretation of the results. An outline of the main proof
ideas is given below, with technical details in Section 7.
l
N }l
Let us define x = {xi }i=1
and x̂ = {{xi,n }n=1
i=1 as the ‘x-part’ of z and ẑ, respectively.
One can express fzλ [Eq. (8)] (Caponnetto and De Vito, 2007), and similarly fẑλ [Eq. (9)],
11

as
fzλ = (Tx + λ)−1 gz ,
fẑλ = (Tx̂ + λ)−1 gẑ ,

l

i=1
l

i=1

1X
Tµx̂i ,
l

1X
Tµxi ,
l
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Tx =

Tx̂ =

gz =

gẑ =

l

1X
Kµxi yi ,
l

i=1
l

i=1

1X
Kµx̂i yi ,
l


 
E fẑλ , fρ = R fẑλ − R [fρ ] ≤ 5 [S−1 + S0 + A(λ) + S1 + S2 ] ,

(13)

(14)

(17)

(16)

(15)

where Tµa = Kµa Kµ∗a ∈ L(H) (µa ∈ X), Tx , Tx̂ : H → H, gz , gẑ ∈ H. By these explicit expressions, one can decompose the excess risk into 5 terms (Szabó et al., 2015, Section A.1.8):

where

X

√
2
S−1 = S−1 (λ, z, ẑ) = k T (Tx̂ + λI)−1 (gẑ − gz )kH
,
√
2
,
S0 = S0 (λ, z, ẑ) = k T (Tx̂ + λI)−1 (Tx − Tx̂ )fzλ kH
√
√
2
2
A(λ) = k T (f λ − fρ )kH
, S1 = S1 (λ, z) = k T (Tx + λI)−1 (gz − Tx fρ )kH
,
√
S = S (λ, z) = k T (T + λI)−1 (T − T )(f λ − f )k2 ,
2
2
x
x
ρ
H
Z
∗
Tµa dρX (µa ) = SK SK
: H → H.
f ∈H

2
f λ = arg min(R[f ] + λ kf kH
), T =

Three of the terms (S1 , S2 , A(λ)) are identical to the terms in Caponnetto and De Vito
(2007), hence the earlier bounds can be applied. The two new terms (S−1 , S0 ) resulting
from two-stage sampling will be upper bounded by making use of the convergence of the
empirical mean embeddings. These bounds will lead to the following results:

Theorem 2 (Finite-sample excess risk bounds; well-specified case) Let
K(·) : X → L(Y, H) be Hölder continuous with constants L, h. Let l ∈ Z+ , N ∈ Z+ ,
0 < λ, 0 < η < 1, 0 < δ, Cη = 32 log2 (6/η),
as
√ kykY ≤ C (a.s.) and A(λ) be the residual
λ
2
defined above. Define M = 2(C + kfρ kH BK ), Σ = M
2 , T as in (17), B(λ) = kf − fρ kH
as the reconstruction error, and N(λ) = T r[(T + λI)−1 T ] as the effective dimension. Then
with probability at least 1 − η − e−δ , the excess risk can be upper bounded as
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p
2 h+6
1
2
2
log(l) + δ 2 h Bk (BK ) h L h /λ h .

2
2
2
BK
B(λ)
B
B
Σ
N(λ)
K A(λ)
KM
+
+ 2
+
l2 λ
4lλ
l λ
l

2h
p
( 2


4L 1 + log(l) + δ
(2Bk )h 
E fẑλ , fρ ≤ 5
C 2 + 4BK ×
λN h


 2


   2
B(λ) BK A(λ)
64 M BK
Σ2 N(λ)
24 4BK
+
+
+ B(λ) + kf k2
× log2
+
ρ
H
λ
l2 λ
l
λ2
l2
l

)
6
η

+A(λ) + Cη

if l ≥ 2Cη BK N(λ)/λ, λ ≤ kT kL(H) and N ≥ 1 +

12

n=1

n X∞

cn en :

c2 λ−2r
n=1 n n

X∞

o
<∞ .
(18)

13
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Theorem 4 (Finite-sample excess risk bound for ρ ∈ P(b, c))
Suppose the conditions in Theorem 2 hold. Let ρ ∈ P(b, c), where 1 < b and c ∈ (1, 2].

In the P(b, c) family, the behaviour of A(λ), B(λ) and N(λ) is known: A(λ) ≤ Rλc , B(λ) ≤
1
b
Rλc−1 , N(λ) ≤ β b−1
λ− b . Specializing Theorem 2 and retaining its assumptions, we get:

• Spectral decay condition: We can provide a simple illustration of when the spectral
decay conditions hold, in the event that the distributions are normal with means mi
and identical variance (xi = N (mi , σ 2 I)). When Gaussian kernels (k) are used with
2
linear K, then K(µxi , µxj ) = e−ckmi −mj k (Muandet et al., 2012, Table 1, line 2)
(Gaussian, with arguments equal to the difference in means). Thus, this Gram matrix
will correspond to the Gram matrix using a Gaussian kernel between points mi . The
spectral decay of the Gram matrix will correspond to that of the Gaussian kernel, with
points drawn from the meta-distribution over the mi . Thus, the source conditions are
analysed in the same manner as for Gaussian Gram matrices: see e.g. Steinwart and
Christmann (2008) for a discussion of these spectral decay properties.

Specifically, in the limit as r → 0, we obtain fρ ∈ Im(T 0 ) = Im(I) = H (no constraint); larger values of r give rise to faster decay of the (cn )∞
n=1 Fourier coefficients.
This is the concrete meaning of fρ ∈ Im(T r ).

Im(T r ) =

• Range space assumption on fρ : The smoothness of fρ is expressed as a range space
assumption, which is slightly different from the standard smoothness conditions appearing in non-parametric function estimation. By theP
spectral decomposition of T
r
given above [λ1 ≥ λ2 ≥ . . . > 0, limn→∞ λn = 0], T r u = ∞
n=1 (λn ) hu, en iH en (r =
c−1
≥
0,
u
∈
H)
and
2

Remark 3 We make few remarks about the P(b, c) class:

Definition of the P(b, c) class: Let us fix the positive constants R, α, β. Then given
1 < b, c ∈ (1, 2], the P(b, c) class is the set of probability distributions ρ on Z = X × Y
such that
c−1
1. a range space assumption is satisfied: P
∃g ∈ H s.t. fρ = T 2 g with kgk2H ≤ R,
∞
λ
h·,
e
i
e
,
2. in the spectral decomposition of T = ∞
n H n where (en )n=1 is a basis of
n=1 n
Ker(T )⊥ , the eigenvalues of T satisfy α ≤ nb λn ≤ β (∀n ≥ 1).

Below we specialize our excess risk bound for a general prior class, which captures the difficulty of the regression problem as defined in Caponnetto and De Vito (2007). This P(b, c)
class is described by two parameters b and c: larger b means faster decay of the eigenvalues
of the covariance operator T [in Eq. (17)], hence smaller effective input dimension; larger c
corresponds to a smoother regression function. Formally:

Learning Theory for Distribution Regression



(

b+1
1
1
1
1
1
+
+
+ λc + 2 + 1 → 0, s.t. lλ b ≥ 1, la λ2 ≥ 1. (20)
l2+a λ3 la λ la+1 λ2+ 1b
l λ lλ b

b(c+1)
bc+1

 bc 

b
then E fẑλ , fρ = Op l− bc+1 with λ = l− bc+1 .
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JMLR 17(152):1-40

8. The derivations are available in the supplement of http://arxiv.org/pdf/1411.2066.

since from that point the rate becomes r(l) = l− bc+1 ; remarkably, this rate is minimax
in the one-stage sampled setup (Caponnetto and De Vito, 2007). The sensible choice
a = b(c+1)
bc+1 < 2 means that the one-stage sampled minimax rate can be achieved in the
two-stage sampled setting with bag size N sub-quadratic in l.

bc

• a-dependence: A smaller bag size (smaller a; N = l h log(l)) means computational
savings, but reduced statistical efficiency. It is not worth increasing a above b(c+1)
bc+1

a

Remark 6 Theorem 5 formulates an exact computational-statistical efficiency trade-off for
the choice of the bag size (N ) as a function of the number of distributions (l) and problem
difficulty (b, c).

• a≥

Theorem 5 (Computational-statistical efficiency trade-off; well-specified case;
a
ρ ∈ P(b, c)) Suppose the conditions in Theorem 2 hold. Let ρ ∈ P(b, c) and N = l h log(l),
where 0 < a, 1 < b, c ∈ (1, 2]. If
 ac 

a
− c+1
λ
• a ≤ b(c+1)
with λ = l− c+1 ,
bc+1 , then E fẑ , fρ = Op l

One can assume that a > 0, otherwise r(l, λ) → 0 fails to hold; in other words, N should
grow faster than log(l). Matching the ‘bias’ (λs ) and ‘variance’ (other) terms in r(l, λ)
to choose λ, and guaranteeing that the matched terms dominate and the constraints in
Eq. (20) hold, one gets the following simple description for the computational-statistical
efficiency trade-off:8

r(l, λ) =

as l → ∞. Let us choose N = l h log(l); in this case Eq. (19) reduces to

a

Discarding the constants in Theorem 4, the study of convergence of the excess risk E(fẑλ , fρ )
to 0 boils down to finding N and λ (as a function of l) where N → ∞, λ → 0 and


b+1
logh (l)
1
1
1
1
log(l)
r(l, N, λ) =
+ λc + 2 + 1 → 0, s.t. lλ b ≥ 1,
≤N
+1+
1
2
2
2
h
1+
λ l
l λ lλ b
N λ
lλ b
λh
(19)



2h

p
"
4L2 1 + log(l) + δ
(2Bk )h
λ
E fẑ , fρ ≤ 5
C 2 + 4BK ×
λN h
!#
( "
#
 2
)
Rλc−1 BK Rλc
2 M 2 BK
Σ2 βb
3 4BK
2
c−1
+
+
Rλ
+
kf
k
× Cη
+
+
ρ H
1
λ
l2 λ
4λ2
l2
l
(b − 1)lλ b
"
#)
2 Rλc−2
BK
BK Rλc−1 BK M 2
Σ2 βb
+ Rλc + Cη
.
+
+ 2
+
1
l2
4l
l λ
(b − 1)lλ b

Then
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• h-dependence: In accord with our ‘smoothness’ assumptions it is rewarding to use
a
smoother K kernels (larger h ∈ (0, 1]) since this reduces the bag size [N = l h log(l)].
• c-dependence: The strictly decreasing property of c 7→ b(c+1)
bc+1 implies that for
‘smoother’ problems (larger c) fewer samples (N ) are sufficient.
Below we elaborate on the sketched high-level idea and prove Theorem 2.
Proof of Theorem 2 (detailed derivations of each step can be found in Section 7.1)

(21)

1. Decomposition of the excess risk: We have the following upper bound for the excess
risk

 
E fẑλ , fρ = R fẑλ − R [fρ ] ≤ 5 [S−1 + S0 + A(λ) + S1 + S2 ] .

L(H)

,

(22)

2. It is sufficient to upper bound S−1 and S0 : Caponnetto and De Vito (2007) have
shown that for ∀η > 0 if l ≥ 2Cη BK N(λ)/λ, λ ≤ kT kL(H) , then P(Θ(λ, z) ≤ 1/2) ≥
1 − η/3, where
Θ(λ, z) = (T − Tx )(T + λI)−1

√

2
− gz kH

2
− Tx̂ kL(H)
fzλ

2
kg
L(H) ẑ
2
kTx
L(H)

T (Tx̂ + λI)−1

T (Tx̂ + λI)−1

S−1 ≤
√

2
.
H

using which upper bounds on S1 and S2 that hold with probability 1 − η are obtained.
It is known that A(λ) ≤ Rλc .
√
2 , kT − T k2
−1 2
λ 2
3. Probabilistic bounds on kgẑ − gz kH
x
x̂ L(H) , k T (Tx̂ + λI) kL(H) , kfz kH :
One can bound S−1 and S0 as

and
S0 ≤

(1 +

√

2h

(1 +

√

2h

α)

α) (2Bk )h
,
Nh
2
kTx − Tx̂ kL(H)
≤

2
kgẑ − gz kH
≤ L2 C 2

2
H

6
η

√

T (Tx̂ + λI)−1
2h+2 (Bk )h BK L2
,
Nh

L(H)

2
≤√ ,
λ

(23)

For the terms on the r.h.s., we derive upper bounds [for the definition of α, see Eq. (24)]

and
fzλ

4
log2
λ2
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16
M 2 BK
Σ2 N(λ)
6
≤6
log2
+
λ
η
l2 λ
l
 


2
4BK
B(λ) BK A(λ)
2
+
+ B(λ) + kfρ kH
.
l2
l
+

The bounds hold under the following conditions:
15
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(1 +

√ √
α) 2Bk
√
,
N

(∀i = 1, . . . , l).

(24)

2 (see Section 7.1.1): if the empirical mean embeddings are close to their
• kgẑ − gz kH
population counterparts, i.e.,

kµxi − µx̂i kH ≤

This event has probability 1 − le−α over all i = 1, . . . , l samples; see (Altun and
Smola, 2006) and (Szabó et al., 2015, Section A.1.10).

√

2

α) 2

λh

2

h+6
h

2

Bk (BK ) h L h

1

≤ N.

(25)

2
• kTx − Tx̂ kL(H)
(see Section 7.1.2): (24) is assumed.
√
2
• k T (Tx̂ + λI)−1 kL(H)
(Szabó et al., 2015, Section A.1.11): (24), Θ(λ, z) ≤ 21 , and

(1 +

2 : The bound is guaranteed to hold under the conditions of the bounds of S
• kfzλ kH
1
and S2 .8

4. Union bound: By applying an α = log(l) + δ reparameterization, and combining the
received upper bounds with Caponnetto and De Vito (2007)’s results for S1 and S2 ,
Theorem 2 follows (Section 7.1.3) with a union bound.

Finally, we note that existing results/ideas were used at two points to simplify our anal2
ysis: bounding S1 , S2 , Θ(λ, z), fzλ H (Caponnetto and De Vito, 2007) and kµxi − µx̂i kH
(Altun and Smola, 2006).9

4.2 Results for the Misspecified Case

In this section, we focus on the misspecified case (fρ ∈ Lρ2X \H) and present our second main
result, which was inspired by the proof technique of Sriperumbudur
et al. (2014, Theorem

12). We derive a high probability upper bound for E fẑλ , fρ , i.e., the excess risk of the
MERR method (Theorem 7) which gives rise to consistency results (3rd bullet of Remark 8)
and precise computational-statistical efficiency trade-off (Theorem 9). Theorem 7 consists
of two finite-sample bounds:

(26)

1. The first, more general bound [Eq. (27)] will be used to show consistency in the
misspecified case (see the 3rd bullet of Remark 8), in other words that E fẑλ , fρ can
be driven to its smallest possible value determined by the “richness” of H:

q∈H

2
∗
DH
:= inf kfρ − SK
qkρ2 .

The value of DH equals the approximation error of fρ by a function from H. Specifi∗ (H) = {S ∗ q : q ∈ H} ⊆ L2 ] is dense in L2 , then D = 0.
cally, if H [precisely SK
H
ρX
ρX
K
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9. We also corrected some constants in the previous works (Altun and Smola, 2006; Caponnetto and De
Vito, 2007).

16

X

)

λ T̃ −s fρ

)λmin(1,s) kT̃ −s fρ kρ .

L(L2ρ

s

ρ

Db (λ, s)

+ Db (λ, s),

(28)

17
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Remark 8 We give a short insight into the assumptions of Theorem 7, followed by consequences of the theorem.
• Range space assumption on fρ : The range space assumption for the compact, positive, self-adjoint operator, T̃ = T̃ (K) : L2ρX → L2ρX in the 2nd part of Theorem 7
can be interpreted similarly to that on T ; see Eq. (18). One can also prove alternative descriptions for Im(T̃ s ) in terms of interpolation spaces (Steinwart and Scovel,
2012, Theorem 4.6,
 page 387), or the decay
 of the 2-approximation error function,
A2 (λ) = inf f ∈H(K) λ kf k2H(K) + R[f ] − R[fρ ] (Smale and Zhou, 2003; Steinwart et al.,
2009).

ρX )

where Db (λ, s) = max(1, kT̃ ks−1
L(L2

max 1, T̃

2. In addition, suppose fρ ∈ Im(T̃ s ) for some s > 0, where T̃ is defined in Eq. (6). Then
with probability at least 1 − η − e−δ , we have

h
p
h
√


q
 2LC 1 + log(l) + δ (2Bk ) 2
2 BK
λ
√
E fẑ , fρ ≤
1
+
+
√
h
λ
λN 2
(
!
√
√


2Cη
2C B K
2BK
C BK
σ 1
√
+ √
+
+√
×
l
l
λ
l
l λ
s
)



∗ qk + max(1, kT k
where Da (λ, q) = kfρ − SK
ρ
L(H) )λ 2 kqkH .

1

1. Then for arbitrary q ∈ H with probability at least 1 − η − e−δ

h
p
h
√

q
2LC 1 + log(l) + δ (2Bk ) 2 

2 BK
λ
E fẑ , fρ ≤
1+ √
+
(27)
√
h
λ
λN 2
(
! 
)
√
√
 q
2Cη
2C B K
C BK
2BK
σ 1
√
+ √
+
+√
λ kfρ kρ Da (λ, q) + Da (λ, q),
l
l
λ
l
l λ

Theorem 7 (Finite-sample excess risk bounds; misspecified case) Let l ∈ Z+ ,
 

2
K
N ∈ Z+ , 0 < λ, 0 < η < 1, 0 < δ and Cη = log η6 . Assume that 12B
≤ l
λ Cη
p
2 h+6
1
2
2
and 1 + log(l) + δ 2 h Bk (BK ) h L h /λ h ≤ N .

After stating our results, the main ideas of the proof follow; further technical details are
available in Section 7.2. Our main theorem for bounding the excess risk is as follows:

2. The second, specialized result [Eq. (28)] under additional smoothness assumptions on
fρ will give rise to a precise computational-statistical efficiency trade-off in terms of
the problem difficulty (s) and sample numbers (l, N ); this result can be seen as the
misspecified analogue of Theorem 5.
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λ4

l

p
r(N, l, λ) → DH .

λ

18

√
r.
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10. We have discarded the log(l)/λ h ≤ N constraint implied by the convergence of the first term in

2

One can assume that a > 0, otherwise r(l, λ) → 0 fails to hold: in other words, N should
grow faster than log(l). Matching the ‘bias’ (λs ) and ‘variance’ (other) terms in r(l, λ) to
choose λ, guaranteeing that the matched terms dominate and the constraint in Eq. (30)
hold, one can arrive at the following computational-statistical efficiency trade-off:8

l2 λ2

Let us choose N = l2a/h log(l); in this case using the previous dominance note, Eq. (29)
reduces to the study of
p
1
1
r(l, λ) = a +
+ λs → 0, s.t. lλ2 ≥ 1.
(30)
l λ λ1− 2s l 12

2 l2

(29)
Our goal is to drive r(l, N, λ) to zero with a suitable choice of the (l, N, λ) triplet under
the stronger range space assumption. Since in Eq. (29) min(1, s) appears,
one can assume

without loss of generality that s ∈ (0, 1]; consequently 1 − 2s ∈ 21 , 1 and 1 1 1 ≤ 1−1s 1 .

Discarding the constants in Eq. (28) we get10
√
h
p
1
log 2 (l)
λmin(1,s)
1
√
+√ +
r(l, N, λ) =
+ λmin(1,s) , subject to 2 ≤ l.
h
λ
lλ
λ
l
2
N λ

case,10

K(α, β, γ) is the pointwise infimum of affine functions, therefore it is upper semicontinuous and concave on R3 (Aliprantis and Border, 2006, Lemmas 2.41 and 5.40
); it is continuous on ×3i=1 R>0 (Rockafellar and Wets, 2008, Theorem 2.35). Moreover, by applying (Rockafellar and Wets, 2008, Corollary 2.37) it extends continuously to
×3i=1 R≥0 ; specifically
 it is continuous
 at (α, β, γ) = 0. In other words, as l → ∞, λ → 0
√
√
1
1
λ
→ DH and we get consistency in the misspecified
and λ l → ∞, K λ√
,
,
√
3
l

q

E fẑλ , fρ : Notice that in the bounds [ (27), (28)], instead of the excess risk, its square
root appears; this has technical reasons, as it is easier to have the Da (λ, q) quantity
(without multiplicative constants) appear on the r.h.s. of Eq. (27) with this form.
• Consistency in the misspecified case: The consequence of Theorem 7(1) is as follows.
Discarding the constants in Eq. (27), we obtain the upper bound (notice that the constant
∗ qk in the last term was one):
multiplier of kfρ − SK
ρ
q
√
∗ q
h
fρ − SK
+ λ kqkH
p
√
log 2 (l)
1
ρ
∗
√
r(l, N, λ, q) =
+√ +
+ kfρ − SK
qkρ + λ kqkH .
h
lλ
λ l
N 2λ
p
By choosing N = l1/h log l, r(l, λ) is bounded by
q


p
∗ q




fρ − SK
kqkH √
ρ
1
∗
√
inf kfρ − SK qkρ +
+ 3 √ + λkqkH + Op √
.

q∈H 
λ l
λl
λ4 l
√
Our goal is to investigate the behavior
of the bound
→ 0 and λ l →
n
o
q as l → ∞, λ p
∗ qk + α
∗ q
∞. Define K(α, β, γ) := inf q∈H kfρ − SK
fρ − SK
+ β kqkH + γkqkH .
ρ
ρ
•

Szabó et al.

Learning Theory for Distribution Regression

Theorem 9 (Computational-statistical efficiency trade-off; misspecified case,
2a
fρ ∈ Im(T̃ s )) Suppose that fρ ∈ Im(T̃ s ) and N = l h log(l), where s ∈ (0, 1], a > 0.
If

s+1
s+2 ,

 2sa 

a
s+1
• a ≤ s+2
, then E fẑλ , fρ = Op l− s+1 with λ = l− s+1 ,
 2s 

1
then E fẑλ , fρ = Op l− s+2 with λ = l− s+2 .

• a≥
Remark 10 Theorem 9 provides a complete computational-statistical efficiency trade-off
description for the choice of the bag size (N ) as a number of the distributions (l).

2s

• a-dependence: A smaller value of ‘a’ (smaller bags N = l2a/h log(l)) leads to a computational advantage, but one looses in statistical efficiency. As ‘a’ reaches s+1
s+2 , the rate
becomes r(l) = l− s+2 and one does not gain from further increasing the value of a. The
s+1
sensible choice of a = s+2
≤ 23 means that N can again be sub-quadratic (2a < 34 < 2)
in l.

=

2
3
2s

and one can achieve the r(l) = l− 3 rate.

2

• h-dependence: By using smoother K kernels (larger h ∈ (0, 1]) one can reduce the size
of the bags: h 7→ 2a/h is decreasing in h. This is compatible with our smoothness
requirement on fρ .

2s
s+2

2s

• s-dependence: “Easier” tasks (larger s) give rise to faster convergence. Indeed, in the
2s
2s
exponent is strictly increasing function of the problem
r(l) = l− s+2 rate the s 7→ s+2
difficulty (s). For example, for extremely non-smooth regression problems (s ≈ 0)
2s
the convergence can be arbitrary slow (lims→0 s+2
= 0). In the smooth case (s = 1)
lims→1

• We may compare our r(l) = l− s+2 result with the ro (l) = l− 2s+1 (one-stage sampled)
rate (Steinwart et al., 2009, β/2 := s, q := 2, p := 1 in Corollary 6), which was
shown to be asymptotically optimal on Y = R for continuous k on compact metric
q
X. Steinwart et al.’s result is more general in terms of q (kf kH
based regularization)
p
and p (kf k∞ ≤ C kf kH
kf kρ1−p , ∀f ∈ H; in our case p = 1), although it imposes
an additional eigenvalue constraint [(Steinwart et al., 2009, Eq. (6))] as well as fρ ∈
Im(T̃ s ). Moreover, one can observe that ro (l) ≤ r(l) with a small gap, and that
for s → 0 and s = 1, ro (l) = r(l); see Fig. 1. We further remind the reader that our
MERR analysis also holds for separable Hilbert output spaces Y , separable topological
domains X enriched with a bounded, continuous kernel k, and that we handle the twostage sampled setting.
The main steps of the proof of Theorem 7 are as follows:

(31)

Proof of Theorem 7 (the details of the derivation are available in Section 7.2) Steps 1-7
will be identical in both proofs,11 and we present them jointly.
1. Decomposition of the excess risk: By the triangle inequality, we have
q


∗ λ
∗
∗ λ
E fẑλ , fρ = SK
fẑ − fρ ρ ≤ SK
fẑλ − fzλ ρ + SK
fz − fρ ρ .
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11. Importantly, with a slight modification of the more general, first part of Theorem 7, one can get the
specialized second setting of the theorem (see Step 8).
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∗ fλ − fλ
2. Bound on SK
z
ẑ

and the definitions of S−1

=



0.8

0.6

0.4

0
0

0.2

ρ

0.4
0.6
Smoothness (s)

0.8

2s

−logl[r(l)]=2s/(s+2)

−logl[ro(l)]=2s/(2s+1)
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0.2

2s

: Using12
∗
kSK
hkρ2 =

20

1

(32)

(33)
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∗
12. See for example de Vito et al. (2006) on page 88 with the (H, G, A, T ) := (H, Lρ2X , SK
, T ) choice.
13. See the remark at the end of Section 7.2.1.

√

4. Decomposition of
T fzλ − f λ H : Making use of the analytical expressions for fzλ
and f λ [see Eq. (13) and Eq. (17)], and the operator Woodbury formula (Ding and Zhou,
2008, Theorem 2.1, page 724) we arrive at the decomposition (see Section 7.2.2)

√
√

T fzλ − f λ H ≤
T (Tx + λI)−1 L(H) kgz − gρ kH +
 

∗
S
kT − Tx kL(H) λ−1 SK fρ − (T̃ + λI)−1 SK
K fρ H ,
√
where gρ = SK fρ√
. As it is known (Caponnetto and De Vito, 2007, page 348) k T (Tx +
λI)−1 kL(H) ≤ 1/ λ provided that Θ(λ, z) ≤ 21 .

fρ ρ

∗ fλ − f
3. Decomposition of SK
ρ ρ : By the triangle inequality and Eq. (32), we have
z


∗ λ
∗ λ
∗
∗ λ
∗
f − fρ ρ
+ SK
SK
fz −
fzλ − f λ + SK
f − fρ ≤ SK
fzλ − f λ
= SK
ρ
ρ
√

∗ λ
f − fρ ρ .
T fzλ − f λ H + SK
(34)

for the r.h.s. of Eq. (33) under the conditions that Θ(λ, z) ≤ 21 (which holds with
probability 1 − η if [12BK log(2/η)/λ]2 ≤ l), and that Eqs. (24)-(25) hold.

through an application of triangle inequality. One can derive without a P(b, c) prior
assumption (Section 7.2.1) the upper bound13
√

√
h 
p
p
2LC(1 + α)h (2Bk ) 2
2 BK
S−1 + S0 ≤
1+ √
√
h
λ
λN 2

∗
SK
fẑλ − fzλ

and S0 [see Eqs. (15)-(16)], we obtain
p
√
p


=
T fẑλ − fzλ H ≤ S−1 + S0 ,
ρ

the fact that
√
2
T h H (∀h ∈ H),

Figure 1: Comparison of the ro (l) = l− 2s+1 and r(l) = l− s+2 rates as function of the problem
difficulty/smoothness (s).

Rate

ρ

:

21
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14. Note that we choose s = 0 and s > 0 in the first and second theorem part, respectively.

Remark 11 To contrast the derivation of the well- and the misspecified cases, we note that
previous results [Section 4.1, or Caponnetto and De Vito (2007)’s bound] were used at two
points:

∗ fλ − fλ
(a) In Step 2 by using Eq. (32) and transforming the L2ρX error SK
to H,
z
ẑ
ρ
we could rely on our previous bounds for S−1 and S0 . However, we were required to
use a different concentration argument to guarantee Θ(λ, z) ≤ 12 since we no longer
assume the P(b, c) prior class.

9. Union bound: Applying an α = log(l) + δ reparameterization, changing η to η3 and
combining the derived results (in case of the first statement with s = 0) with a union
bound, Theorem 7 follows.

ρX

∗ f λ = (T̃ + λI)−1 T̃ f identity
(b) Range space assumption in L2ρX : Using the SK
ρ
[see Eq. (43)], and Lemma 7.3.2 (M = T̃ , K = L2ρX , a = 0), we get


s−1
∗ λ
SK
f − fρ ρ = (T̃ + λI)−1 T̃ fρ − fρ ρ ≤ max 1, T̃ L(L2 ) λmin(1,s) T̃ −s fρ ρ .

which holds for arbitrary q ∈ H.

(a) No range space assumption: One can construct (Section 7.2.6) the bound
 1
∗ λ
∗
SK
f − fρ ρ ≤ kfρ − SK
qkρ + max 1, kT kL(H) λ 2 kqkH ,

∗ fλ − f
8. Bound on SK
ρ

where we used at the last step that min(1, s + 1) = 1; this follows from s ≥ 0.



∗ S f
s
7. Bound on T̃ fρ − (T̃ + λI)−1 SK
K ρ ρ : Using our assumptions that fρ ∈ Im(T̃ )
14
2
2
(s ≥ 0) and exploiting the separability of LρX , by Lemma 7.3.2 (K = LρX , f = fρ ,
∗ S we obtain the upper bound
M = T̃ , a = 1) and T̃ = SK
K




−1 ∗
T̃ fρ − (T̃ + λI) SK SK fρ ρ = T̃ fρ − (T̃ + λI)−1 T̃ fρ ρ




≤ max 1, kT̃ ksL(L2 ) λmin(1,s+1) T̃ −s fρ ρ = max 1, kT̃ ksL L2
λ T̃ −s fρ ρ ,
ρX
( ρX )

hold with probability at least 1 − η, each (see Section 7.2.3, 7.2.4).

 2
∗ S f
6. Decomposition of SK fρ − (T̃ + λI)−1 SK
K ρ H : Exploiting the analytical formula
λ
for f , one can construct (Section 7.2.5) the upper bound



 2
∗ λ
∗
∗
f − fρ ρ .
SK fρ ρ SK
SK fρ − (T̃ + λI)−1 SK
SK fρ H ≤ T̃ fρ − (T̃ + λI)−1 SK

5. Bound on kgz − gρ kH , kT − Tx kL(H) : By concentration arguments the bounds
!
√
√
 


 
4C B K
2
4BK
2
2C BK
4σ
√
kgz − gρ kH ≤
log
, kT − Tx kL(H) ≤
+
+ √ log
l
η
l
η
l
l
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Kernels based techniques: A more theoretically grounded approach to learning on
distributions has been to define positive definite kernels on the basis of statistical divergence measures on distributions, or by metrics on non-negative numbers; these can then be
used in kernel algorithms. This category includes work on semigroup kernels (Cuturi et al.,
2005), non-extensive information theoretical kernel constructions (Martins et al., 2009), and
kernels based on Hilbertian metrics (Hein and Bousquet, 2005). For example, the intuition
of semigroup kernels (Cuturi et al., 2005) is as follows: if two measures or sets of points
overlap, then their sum is expected to be more concentrated. The value of dispersion can
be measured by entropy or inverse generalized variance. In the second type of approach
(Hein and Bousquet, 2005), homogeneous Hilbert metrics on the non-negative real line are
used to define the similarity of probability distributions. While these techniques guarantee to provide valid kernels on certain restricted domains of measures, the performance of
learning algorithms based on finite-sample estimates of these kernels remains a challenging
open question. One might also plug into learning algorithms (based on similarities of distributions) consistent Rényi and Tsallis divergence estimates (Póczos et al., 2011, 2012),
but these similarity indices are not kernels, and their consistency in specific learning tasks
remains an open question.

Methods based on parametric assumption in a RKHS: A heuristic related to
the parametric approach is to assume that the training distributions are Gaussians in a
reproducing kernel Hilbert space (see for example Jebara et al., 2004; Zhou and Chellappa,
2006, and references therein). This assumption is algorithmically appealing, as many divergence measures for Gaussians can be computed in closed form using only inner products,
making them straightforward to kernelize. A fundamental shortfall of kernelized Gaussian
divergences is the lack of their consistency analysis in specific learning algorithms.

Methods based on parametric assumptions: A number of methods have been
proposed to compute the similarity of distributions or bags of samples. As a first approach,
one could fit a parametric model to the bags, and estimate the similarity of the bags
based on the obtained parameters. It is then possible to define learning algorithms on
the basis of these similarities, which often take analytical form. Typical examples with
explicit formulas include Gaussians, finite mixtures of Gaussians, and distributions from
the exponential family (with known log-normalizer function and zero carrier measure, see
Kondor and Jebara, 2003; Jebara et al., 2004; Wang et al., 2009; Nielsen and Nock, 2012).
A major limitation of these methods, however, is that they apply quite simple parametric
assumptions, which may not be sufficient or verifiable in practise.

In this section we discuss existing approaches and heuristic techniques to tackle learning
problems on distributions.

5. Related Work

We note that our misspecified proof method was inspired by Sriperumbudur et al. (2014,
Theorem 12), where the authors focused on the consistency of an infinite-dimensional exponential family estimator.

(b) In Step 4 the first term could be bounded by Caponnetto and De Vito (2007). Its
Θ(λ, z) ≤ 12 condition was guaranteed by Step 2; and see Section 7.2.1.
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Multi-instance learning: An alternative paradigm in learning when the inputs are
“bags of objects” is to simply treat each input as a finite set: this leads to the multi-instance
learning task (MIL, see Dietterich et al., 1997; Ray and Page, 2001; Dooly et al., 2002). In
MIL one is given a set of labelled bags, and the task of the learner is to find the mapping
from the bags to the labels. Many important examples fit into the MIL framework: for
example, different configurations of a given molecule can be handled as a bag of shapes,
images can be considered as a set of patches or regions of interest, a video can be seen as a
collection of images, a document might be described as a bag of words or paragraphs, a web
page can be identified by its links, a group of people on a social network can be captured
by their friendship graphs, in a biological experiment a subject can be identified by his/her
time series trials, or a customer might be characterized by his/her shopping records. The
MIL approach has been applied in several domains; see the reviews from Babenko (2004);
Zhou (2004); Foulds and Frank (2010); Amores (2013).
“Bag-of-objects” methods (MIL, classification): Despite the large number of
MIL applications and the spate of heuristic solution techniques, there exist few theoretical
results in the area (Auer, 1998; Long and Tan, 1998; Blum and Kalai, 1998; Babenko et al.,
2011; Zhang et al., 2013; Sabato and Tishby, 2012) and they focus on the multi-instance
classification (MIC) task. In particular, let us first consider the standard MIC assumption
(Dietterich et al., 1997), where a bag is declared to be positive (labelled with “1”) if at least
one of its instances is positive (“1”); otherwise, the bag is negative (“0”).15 In other words,
if the instances (xi,n ) in the ith bag {xi,1 , . . . , xi,N } have hidden label L(xi,n ) ∈ {0, 1}, then
the observed label of the bag is yi = h(xi,1 , . . . , xi,N ) = max(L(xi,1 ), . . . , L(xi,N )) ∈ {0, 1}.
In case of the original APR (axis-aligned rectangles; Dietterich et al., 1997) hypothesis class,
function L is equal to the indicator of an unknown rectangle R (L = IR ). In other words, a
bag is declared to be positive if there exists at least one instance in the bag, which belongs
to R.16 The goal is to learn R with high probability given the bags ({xi,1 , . . . , xi,N }s) and their labels (yi -s). Long and Tan (1998) proved the PAC learnability (probably
approximately correct; Valiant, 1984) of the APR hypothesis class, if all instances in each
bag are i.i.d. and follow the same product distribution over the instance coordinates. On the
other hand, for arbitrary distributions over bags, when the instances within a bag might
be statistically dependent, APR learning under MIC is NP-hard (Auer, 1998); the same
authors also showed that the product property (Long and Tan, 1998) on the coordinates is
not required to obtain PAC results. Blum and Kalai (1998) extended PAC learnability of
APR-s to hypothesis classes learnable from one-sided classification noise. In contrast to the
previous approaches (Long and Tan, 1998; Auer, 1998; Blum and Kalai, 1998), Babenko
et al. (2011) modelled the bags as low-dimensional manifolds, and proved PAC bounds. By
relaxing the standard MIC assumption, Sabato and Tishby (2012) showed PAC-learnability
for general MIC hypothesis classes with extended “max” functions. Zhang et al. (2013)
derived high-probability generalization bounds in the MIC setting, when local and global
representations are combined. Our work falls outside this setting since the label and bag
generation mechanisms we consider are different: we do not assume an exact form of the
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15. The motivation of this assumption comes from drug discovery: if a molecule has at least one well-binding
configuration, then it is considered to bind well.
16. In terms of drug binding prediction, this means that a molecule binds to a target iff at least one of its
configurations falls within a fixed, but unknown rectangle.
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labelling mechanism (function L and max in h). Rather, the labelling is presumed to be
stochastically determined by the underlying true distribution, not deterministically by the
instance realizations in the bags (these are presumed i.i.d., and may be bag-specific).

“Bag-of-objects” methods (MIL, not classification): Beyond classification, there
exist several heuristics—without consistency guarantees—for many other multi-instance
problems in the literature, including regression (Ray and Page, 2001; Dooly et al., 2002;
Zhou et al., 2009; Kwok and Cheung, 2007), clustering (Zhang and Zhou, 2009; Zhang
et al., 2009, 2011; Chen and Wu, 2012), ranking (Bergeron et al., 2008; Hu et al., 2008;
Bergeron et al., 2012), outlier detection (Wu et al., 2010), transfer learning (Raykar et al.,
2008; Zhang and Si, 2009), and feature selection, -weighting and -extraction (also called
dimensionality reduction, low-dimensional embedding, manifold learning, see Raykar et al.,
2008; Ping et al., 2010; Sun et al., 2010; Carter et al., 2011; Zafra et al., 2013; Chai et al.,
2014a,b, and references therein).

Approaches using set metrics: Adapting the bag viewpoint of MIL, one can come
up with set metric based learning algorithms.17 Probably one of the most well-known set
metrics is the Hausdorff metric (Edgar, 1995), which is defined for non-empty compact
sets of metric spaces, specifically for sets containing finitely many points. There also exist other (semi)metric constructions on points sets (Eiter and Mannila, 1997; Ramon and
Bruynooghe, 2001). Unfortunately, the classical Hausdorff metric is highly sensitive to
outliers, seriously limiting its practical applicability. In order to mitigate this deficiency,
several variants of the Hausdorff metric have been designed in the MIL literature, such
as the maximal-, the minimal- and the ranked Hausdorff metrics, with successful applications in MIC (Wang and Zucker, 2000) and multi-instance outlier detection (Wu et al.,
2010); and the average Hausdorff metric (Zhang and Zhou, 2009) and contextual Hausdorff
dissimilarity (Chen and Wu, 2012), which have been found useful in multi-instance clustering. Unfortunately, these methods lack any theoretical guarantee when applied in specific
learning problems.

Functional data analysis techniques: Finally, the distribution regression task might
also be interpreted as a functional data analysis problem (Ramsay and Silverman, 2002,
2005; Müller, 2005), by considering the probability measures xi as functions. This is a
highly non-standard setup, however, since these functions (xi ) are defined on σ-algebras
and are non-negative, σ-additive.

6. Conclusion

We have established a learning theory of distribution regression, where the inputs are probability measures on separable, topological domains endowed with reproducing kernels, and
the outputs are elements of a separable Hilbert space. We studied a ridge regression scheme
defined on embeddings of the input distributions to a reproducing kernel Hilbert space,
which has a simple analytical solution, as well as theoretically sound, efficient methods
for approximation (Zhang et al., 2015; Richtárik and Takác̆, 2016; Alaoui and Mahoney,
2015; Yang et al., 2016; Rudi et al., 2015). We derived explicit bounds on the excess risk
as a function of the number of samples and problem difficulty. We tackled both the well-
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17. Often these “metrics” are only semi-metrics, as they do not satisfy the triangle inequality.
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l

i=1

1 X
l
l2

le−α ,

l

based on a union bound.

≤

25

18. For code, see https://bitbucket.org/szzoli/ite/.

with probability at least 1 −

i=1

2
H
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1X
2
Kµx̂i − Kµxi L(Y,H) kyi k2Y
l
i=1
2h
√ √
√ 2h
l 
L2 C 2 X (1 + α) 2Bk
(1 + α) (2Bk )h
√
≤
= L2 C 2
l
Nh
N
i=1


Kµx̂i − Kµxi yi

l
L2 X
≤
kyi k2Y kµx̂i − µxi k2h
H
l

kgẑ − gz k2H ≤


P
By (13), (14) we get gẑ − gz = 1l li=1 Kµx̂i − Kµxi yi ; hence by applying the Hölder
property of K(·) , the boundedness of yi (kyi kY ≤ C) and (24), we obtain

7.1.1 Proof of the bound on kgẑ − gz k2H

We give proof details concerning the excess risk in the well-specified case (Theorem 2).

7.1 Proofs of the Well-specified Case

We provide proofs for our results detailed in Section 4: Section 7.1 (resp. Section 7.2)
focuses on the well-specified case (resp. misspecified setting). The used lemmas are enlisted
in Section 7.3.

7. Proofs

Finally, we note that although the primary focus of the current paper was theoretical,
we have applied the MERR method (Szabó et al., 2015, Section A.2) to supervised entropy
learning and aerosol prediction based on multispectral satellite images.18 In future work,
we will address applications with vector-valued outputs.

specified case (when the regression function belongs to the assumed RKHS modelling class),
and the more general misspecified setup. As a special case of our results, we proved the
consistency of regression for set kernels (Haussler, 1999; Gärtner et al., 2002), which was a
17-year-old open problem, and for a recent kernel family (Christmann and Steinwart, 2010),
which we have expanded upon (Table 1). We proved an exact computational-statistical efficiency trade-off for the MERR estimator: in the well-specified setting, we showed how to
choose the bag size in the two-stage sampled setup to match the one-stage sampled minimax optimal rate (Caponnetto and De Vito, 2007); and in the misspecified setting, our
rates approximate closely an asymptotically optimal estimator imposing stricter eigenvalue
decay conditions (Steinwart et al., 2009). Several exciting open questions remain, including whether improved/optimal rates can be derived in the misspecified case, whether we
can obtain consistency guarantees for non-point estimates, and how to handle non-ridge
extensions.
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kTx − Tx̂ k2L(H) ≤

fi

l

≤n
i=1

Xn

kfi k2 ,

i=1

1 X
l
Tµxi − Tµx̂i
l2

2

L(H)

2

.

(36)

(35)

2
H

≤ kKµu k2L(Y,H) Kµ∗u (f ) − Kµ∗v (f )

2
Y

2
H

i

.

26

19. Eq. (35) holds since k·k2 is convex function, thus

1
n

i=1

Pn

Pn

(37)

fi

2

≤

1
n

i=1

kfi k2 .
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Until now, we obtained that if (i) the sample number N satisfies Eq. (25), (ii) (24) holds
(which has probability at least 1 − le−α = 1 − e−[α−log(l)] = 1 − e−δ applying a union bound

7.1.3 Proof: final union bound in Theorem 2

kTx − Tx̂ k2L(H) ≤

√ 2h
l
l
4BK L2 X
4BK L2 X (1 + α) (2Bk )h
kµxi − µx̂i k2h
≤
H
l
l
Nh
i=1
i=1
√ 2h h+2
(1 + α) 2 (Bk )h BK L2
=
.
Nh

2
2h
2
2
Hence k(Tµu − Tµv )(f )k2H ≤ 4BK L2 kµu − µv k2h
H kf kH ⇒ E = 4BK L kµu − µv kH . Exploiting this property in (36) with Eq. (24) we arrive to the bound

≤ kKµu k2L(Y,H) Kµ∗u − Kµ∗v

2
2
kf k2H = kKµu k2L(Y,H) k(Kµu − Kµv )∗ kL(H,Y ) kf k2H
L(H,Y )
2
= kKµu k2L(Y,H) kKµu − Kµv k2L(Y,H) kf k2H ≤ BK L2 kµu − µv k2h
H kf kH ,
2
2
(Kµu − Kµv ) Kµ∗v (f ) H ≤ kKµu − Kµv k2L(Y,H) Kµ∗v (f ) Y
2
2
≤ kKµu − Kµv k2L(Y,H) Kµ∗v L(H,Y ) kf k2H ≤ BK L2 kµu − µv k2h
H kf kH .



Kµu Kµ∗u (f ) − Kµ∗v (f )

By Eq. (45) and the Hölder continuity of K(·) , one arrives at

k(Tµu − Tµv )(f )k2H = Kµu Kµ∗u (f ) − Kµv Kµ∗v (f ) H


2
= Kµu Kµ∗u (f ) − Kµ∗v (f ) + (Kµu − Kµv ) Kµ∗v (f ) H
h
 ∗

2
≤ 2 Kµu Kµu (f ) − Kµ∗v (f ) H + (Kµu − Kµv ) Kµ∗v (f )

2

To upper bound kTµxi − Tµx̂i k2L(H) , let us see how Tµu = Kµa Kµ∗a acts. The existence of an
E ≥ 0 constant satisfying k(Tµu − Tµv )(f )kH ≤ E kf kH implies kTµu − Tµv kL(H) ≤ E. We
continue with the l.h.s. of this equation using Eq. (35):

we get

i=1

Xn

Using the definition of Tx and Tx̂ , and exploiting (with k · kL(H) ) that in a normed space19
(N, k·k), fi ∈ N , (i = 1, . . . , n)

7.1.2 Proof of the bound on kTx − Tx̂ k2L(H)
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2

is fulfilled [see Eq. (22)], then
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argument; α = log(l) + δ), and (iii) Θ(λ, z) ≤
"
√ 2h
√ 2h
(1 + α) (2Bk )h (1 + α) 2h+2 (Bk )h BK L2
4
L2 C 2
+
×
S +S ≤
−1
0
λ
Nh
Nh


 2


  
B(λ)
64 M 2 BK
24 4BK
B
6
Σ2 N(λ)
K A(λ)
2
+ 2
+
+ B(λ) + kfρ kH
× log2
+
η
λ
l2 λ
l
λ
l2
l

√ 2h
4L2 (1 + α) (2Bk )h
=
C 2 + 4BK ×
λN h




  

2
B(λ) BK A(λ)
64 M 2 BK
24 4BK
6
Σ2 N(λ)
2
.
+ 2
+ B(λ) + kfρ kH
+
+
× log2
η
λ
l2 λ
l
λ
l2
l
By taking into account Caponnetto and De Vito (2007)’s bounds


h
i


h
i for S1 and S2 , S1 ≤
2 B(λ)
2
2
4BK
A(λ)
32 log2 η6 BKl2M
+ Σ N(λ)
+ BKlλ
, S2 ≤ 8 log2 η6
, plugging all the expresl
λ
l2 λ
sions to (21), we obtain Theorem 2 with a union bound.
7.2 Proofs of the Misspecified Case

√
S−1 +

√

S0 without P(b, c)

We present the proof details concerning the excess risk in the misspecified case (Theorem 7).
7.2.1 Proof of the bound on

L2 (H)

(T + λ)−1

L(H)



2
≤ BK /λ ⇒ E kξi kL
≤ (BK )2 /λ2 ,
2 (H)

The upper bounds on S−1 and S0 [which are defined in Eqs. (15), (16)] remain valid without modification provided that (i) Θ(λ, z) = k(T − Tx )(T + λ)−1 kL(H) ≤ k(T − Tx )(T +
λ)−1 kL2 (H) ≤ 21 , where we used Eq. (1), (ii) Eq. (24) is satisfied (which has probability
1 − le−α ) and (iii) Eq. (25) holds. Our goal below is to guarantee the Θ(λ, z) ≤ 21 condition
with high probability without assuming that the prior belongs to P(b, c).
Requirement Θ(λ, z) ≤ 12 : Let us define ξi = Tµxi (T + λ)−1 ∈ L2 (H), (i = 1, . . . , l). With
Pl
this choice we get E[ξi ] = T (T + λ)−1 , (T − Tx )(T + λ)−1 = E[ξi ] − 1l i=1
ξi and
kξi kL2 (H) ≤ Tµxi





 
2
η

L2 (H)

≤2



6BK
≤ √ log
lλ

2BK
BK
+√
λl
lλ

 
2
η

≤



log

 

2
η

≥ 1 − η.


 2
12BK
2
1
⇔
log
≤ l.
2
λ
η

with probability 1 − η it is sufficient to have

(T − Tx )(T + λ)−1
1
2

log
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where we made use of (2), the kTµxi kL2 (H) ≤ BK identity following from the boundedness
of K (Caponnetto and De Vito, 2007, page 341, Eq. (13)), and the spectral theorem.
Consequently, by the Bernstein’s inequality (Lemma 7.3.1 with K = L2 (H), B = 2BK /λ,
σ = BK /λ) we obtain that for ∀η ∈ (0, 1)
P



2BK
BK
+√
λl
lλ

Thus, for Θ(λ, z) ≤
2
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Under these conditions, we arrived at the upper bound

s
"
#
r
√ 2h
2 2
h
p
p
√
4L
C
(1
+
α)
(2B
4B
K
k)
S−1 + S0 ≤
1+
λ
λN h
√

√
h 
2LC(1 + α)h (2Bk ) 2
2 BK
=
1+ √
,
√
h
λ

λN 2

1
λ2

2

2

where as opposed to Section 7.1.3 and Eq. (23) we used a slightly cruder fzλ H ≤ Cλ
bound; it holds without the P(b, c) assumption by the definition of fzλ and the boundedness
Pl
2
of y since λ fzλ H ≤ 1l i=1
kyi kY2 ≤ C 2 .

2
H

T fzλ − f λ

bound.

√



H

λ

b

V A−1 operator

(40)

(39)

Remark: Notice that the price we pay for not assuming that the prior belongs to the
1
P(b, c) class (b > 1) is a slightly tighter
≤ l constraint [Eq. (38)] instead of 1+
1 ≤ l in
Eq. (19), and a somewhat looser fzλ

7.2.2 Proof of the decomposition of

Using the analytical formula of fzλ [see Eq. (13)] and that of f λ [see Eq.(17)]

∗
f λ = (SK SK
+ λI)−1 SK fρ = (T + λI)−1 SK fρ

one gets (T + λI)f λ = SK fρ ⇒ λf λ = SK fρ − T f λ and

fzλ − f λ = (Tx + λI)−1 gz − f λ = (Tx + λI)−1 gz − (Tx + λI)−1 (Tx + λI)f λ



= (Tx + λI)−1 gz − (Tx + λI)f λ = (Tx + λI)−1 gz − Tx f λ − λf λ


= (Tx + λI)−1 gz − Tx f λ − SK fρ + T f λ

−1

= (Tx + λI)−1 (gz − SK fρ ) + (Tx + λI)−1 (T − Tx )(T + λI)−1 SK fρ .

= (Tx + λI)−1 (gz − SK fρ ) + (Tx + λI)−1 (T − Tx )f λ

Let us rewrite (T +λI)−1 by the (A+U V )−1 = A−1 −A−1 U I + V A−1 U
Woodbury formula (Ding and Zhou, 2008, Theorem 2.1, page 724)

−1 ∗ −1

∗
∗ −1
SK (λ I)
(λ−1 I)SK
(T + λI)−1 = (λI + SK SK
) = (λ−1 I) − (λ−1 I)SK I + SK

∗
= (λ−1 I) − λ−1 SK (λI + T̃ )−1 SK
.

T (Tx + λI)−1

L(H)

H

−1
−1
−1
−1
By the derived expression
get (T
 + λI) SK fρ = λ SK fρ − λ SK (λI +
 for (T + λI) −1, we
∗
∗ S f = λ−1 S
T̃ )−1 SK
K ρ
K fρ − (T̃ + λI) SK SK fρ . Plugging this result to Eq. (40), introducing the gρ = SK fρ notation, using the triangle inequality we get

√
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√

T fzλ − f λ H =
n
h
io
√
∗
S
T (Tx + λI)−1 (gz − SK fρ ) + (T − Tx )λ−1 SK fρ − (T̃ + λI)−1 SK
=
K fρ
H



∗
kgz − gρ kH + kT − Tx kL(H) λ−1 SK fρ − (T̃ + λI)−1 SK
SK fρ

≤

28



.

= hSK a, SK aiH =

∗ S a, ai
hSK
K
ρ

= T̃ a, a
ρ

(∀a ∈

L2ρX )

2
H

∗
+ λI)SK
λI)−1 SK
λI)−1 SK

= (T̃ + λI)

=

=

T̃

∗
∗
SK
(SK SK
+ λI)
∗
∗
(SK
SK + λI)−1 SK
SK
−1

fλ

+ λI)

−1

=

∗
(SK
SK

[see Eq. (39)] we have

∗
∗
SK
(SK SK

29

∗
∗
∗ λ
= SK
(SK SK
+ λI)−1 SK fρ = SK
f




2
∗ S f
−1 ∗
and SK fρ − (T̃ + λI)−1 SK
K ρ H ≤ T̃ fρ − (T̃ + λI) SK SK fρ

ρ

+

,

ρ

ρ

= (T̃ + λI)−1 T̃ fρ − fρ ρ


∗
∗
∗
q) + (T̃ + λI)−1 T̃ SK
q − SK
q ρ
= (T̃ + λI)−1 T̃ − I (fρ − SK


∗
∗
∗
−1
−1
q
≤ (T̃ + λI) T̃ − I (fρ − SK q) ρ + (T̃ + λI) T̃ SK q − SK

ρ

.


∗
(T̃ + λI)−1 T̃ − I (fρ − SK
q)

2
ρ

i∈I

X

ρ

≤ 1.

ρ

.
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∗ qk +
≤ kfρ − SK
ρ

JMLR 17(152):1-40

ρ

20. L2ρX = L2 (X, B(H)|X , ρX ; Y ) is isomorphic to L2 (X, B(H)|X , ρX ; R)⊗Y , where ⊗ is the tensor product
of Hilbert spaces. The separability follows from that of Y and L2 (X, B(H)|X , ρX ; R); the latter holds
(Cohn, 2013, Proposition 3.4.5) since B(H)|X is countably generated since X ⊆ H is separable.

∗ fλ − f
SK
ρ

By using Eq. (42), Eq. (32), and Lemma 7.3.2
the target quantity can be bounded as

2

∗
∗
∗
= SK
(T + λI)−1 SK SK
q − SK
q ρ
√ 

−1
∗
T (T + λI) SK SK q − q H
=

 1
√ 

=
T (T + λI)−1 T q − q H ≤ max 1, kT kL(H) λ 2 kqkH .

∗ qk :
SK
ρ
a = 21 ),

−1

Making use of the two derived bounds, we get
 1
max 1, kT kL(H) λ 2 kqkH .

∗
∗
(T̃ + λI)−1 T̃ SK
q − SK
q

Bound on k(T̃ +
−
∗ , K = H, f = q,
(M = T = SK SK

∗ q
λI)−1 T̃ SK

λi
λi +λ

j∈J

2
X
ai
∗
∗
− 1 hfρ − SK
q, ui i2ρ +
hfρ − SK
q, vj i2ρ
ai + λ
i∈I
j∈J
X
X
∗
∗
∗
≤
hfρ − SK
q, ui i2ρ +
hfρ − SK
q, vj i2ρ = kfρ − SK
qk2ρ
=

exploiting the Parseval’s identity and that



∗ q)k : Since T̃ is a compact positive self-adjoint opBound on k[(T̃ + λI)−1 T̃ − I](fρ − SK
ρ
erator, by the spectral theorem (Steinwart and
2008, Theorem 4.27, page 127)
 Christmann,

there exist an (ui )i∈I countable ONB in cl Im(T̃ ) , and a1 ≥ a2 ≥ . . . > 0 such that
P
T̃ f = i∈I ai hf, ui iρ ui (∀f ∈ L2ρX ) and let (vj )j∈J (J is also countable by the separabil

ity20 of L2ρX ) an ONB in Ker(T̃ ∗ ) = Ker(T̃ ); L2ρX = cl Im(T̃ ) ⊕ Ker(T̃ ). Thus,

Below we give upper bounds on these two terms.
First, notice that µx ∈ X 7→ kK(µx , µx )kL(Y ) ≤ BK . This boundedness with the strong
continuity of K(·) imply (Carmeli et al., 2006, Proposition 12) that H ⊆ C(X, Y ), i.e., K
is a Mercer kernel. Since Kµx is a Hilbert-Schmidt operator for all µx ∈ X [see Eq. (11)],
it is also a compact operator (∀µx ∈ X). The compactness of Kµx -s with the bounded and
∗ and that T̃ is a compact, positive,
Mercer property of K guarantees the boundedness of SK
self-adjoint operator (Carmeli et al., 2010, Proposition 3).

∗ λ
SK
f − fρ

Let us apply (i) the Af − f = Af − f − q 0 + q 0 = (A − I)(f − q 0 ) + Aq 0 − q 0 relation with
∗ q, where q ∈ H is an arbitrary element from H, (ii)
A = (T̃ + λI)−1 T̃ , f = fρ and q 0 = SK
Eq. (43) and (iii) the triangle inequality to arrive at

∗ fλ − f
7.2.6 Proof of the bound on SK
ρ
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(43)

(42)

(41)

∗
λI)−1 SK

∗ fλ − f
SK
ρ

∗
∗
∗
(T̃ + λI)−1 T̃ fρ = (T̃ + λI)−1 SK
SK fρ = (SK
SK + λI)−1 SK
SK fρ

using Eq. (41) and the analytical expression for

∗
(SK
SK
∗
∗
SK
(SK SK
+
∗
SK (T +

where the CBS (Cauchy-Bunyakovsky-Schwarz) inequality was applied. Since

ρ

ρ

by the definition of



∗ S [see Eq. (6)], we can rewrite the target term as
the adjoint operator and T̃ = SK
K
h
i 2
∗
SK fρ − (T̃ + λI)−1 SK
SK fρ
=
H
D h
i
E
∗
∗
= T̃ fρ − (T̃ + λI)−1 SK
SK fρ , fρ − (T̃ + λI)−1 SK
SK fρ
ρ
h
i
−1 ∗
−1 ∗
≤ T̃ fρ − (T̃ + λI) SK SK fρ
fρ − (T̃ + λI) SK SK fρ

Since

kSK ak2H

∗ S f
7.2.5 Proof of the decomposition of SK fρ − (T̃ + λI)−1 SK
K ρ

P
Let ξi = Tµxi ∈ L2 (H) (i = 1, . . . , l), then E[ξi ] = T , T − Tx = T − 1l li=1 Tµxi , kξi kL2 (H) =
h
i
2 . Applying the kT − T k
kTµxi kL2 (H) ≤ BK , E kξi k2L2 (H) ≤ BK
x L(H) ≤ kT − Tx kL2 (H)
relation [see Eq. (1)] and the Bernstein inequality (see Lemma 7.3.1 with K = L2 (H),
B = 2BK , σ = BK ), we obtain that for any η ∈ (0, 1)



 
2BK
σ
2
P kT − Tx kL(H) ≤ 2
+ √ log
≥ 1 − η.
l
η
l

7.2.4 Proof of the bound on kT − Tx kL(H)

7.2.3 Proof of the bound on kgz − gρ kH
R
P
As is known gz = 1l li=1 Kµxi yi [see Eq. (13)] and gρ = X Kµx fρ (µx )dρX (µx ) (Caponnetto
and De Vito, 2007, Eq. (23), page 344). Let ξi = Kµxi yi ∈ H (i = 1, . . . , l). In this case
P
2
2
E[ξi ] = gρ , gρ − gz = E[ξi ] − 1l li=1 ξi , and kξi k2H = Kµxi yi H ≤ Kµxi L(Y,H) kyi k2Y ≤


√
BK C 2 ⇒ kξi kH ≤ C BK ⇒ E kξi k2H ≤ C 2 BK using the boundedness of kernel K
2
( Kµxi L(Y,H) ≤ BK ) and the boundedness of output y (k|ykY ≤ C). Applying the Bern√
√
stein inequality (see Lemma 7.3.1 with K = H, B = 2C BK , σ = C BK ) one gets that
for any η ∈ (0, 1)
!
√
√
 !
2C B K
2
C BK
P kgz − gρ kH ≤ 2
log
≥ 1 − η.
+ √
l
η
l
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7.3 Supplementary Lemmas
In this section, we list two lemmas used in the proofs.
7.3.1 Bernstein’s inequality (Caponnetto and De Vito, 2007, Prop. 2, p. 345)

l

i=1

1X
ξi − E[ξ1 ]
l

K

≤2



B
σ
+√
l
l



log

2
η

 !

≥ 1 − η.

Let ξi (i = 1, . . . , l) be i.i.d. realizations of a random variable on a (Ω, A, P ) probability
space with values in a separable
h Hilbert
i space K. If there exist B > 0, σ > 0 constants
2
such that kξ(ω)kK ≤ B2 a.s., E kξkK
≤ σ 2 , then for all l ≥ 1 and η ∈ (0, 1) we have
P
7.3.2 Lemma on bounded, self-adjoint compact operators; Sriperumbudur
et al. (2014, Proposition A.2, page 39)

K

Let M be a bounded, self-adjoint compact operator on a separable Hilbert space K. Let
a ≥ 0, λ > 0, and s ≥ 0. Let f ∈ K such that f ∈ Im (M s ). If s + a > 0, then


s+a−1
≤ max 1, kM kL(K)
λmin(1,s+a) M −s f K .



M a (M + λI)−1 M f − f

Note: specifically for s = 0 we have Im (M s ) = Im (I) = K, in other words, there is no
additional range space constraint.

8. Discussion of Our Assumptions
We give a short insight into the consequences of our assumptions (detailed in Section 3)
and present some concrete examples.
• Well-definedness of ρ: The boundedness and continuity of k imply the measurability of µ : (M1+ (X), B(τw )) → (H, B(H)). Let τ denote the open sets on H = H(k),
τ |X = {A ∩ X : A ∈ τ } the subspace topology on X, and B(H)|X = {A ∩ X : A ∈
B(H)} the subspace σ-algebra on X. By noting (Schwartz, 1998, Corollary 5.2.13)
that B ( τ |X ) = B(H)|X = {A ∈ B(H) : A ⊆ X} ⊆ B(H), the H-measurability of µ
guarantees the measurability of µ : (M1+ (X), B(τw )) → (X, B(H)|X ), and hence the
well-definedness of ρ, the measure induced by M on X × Y ; for further details see
(Szabó et al., 2015, Section A.1.1).21
• Separability of X: separability of X and the continuity of k implies the separability
of H = H(k) (Steinwart and Christmann, 2008, Lemma 4.33, page 130). Also, since
X ⊆ H, X is separable.
• Finiteness of Bk : If X is compact, then the continuity of k implies Bk < ∞.
• Finiteness of BK , compact metricness of X: Let X be a compact metric space. In
this case M1+ (X) is also compact metric (Parthasarathy, 1967, Theorem 6.4, page 55).
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21. Note that the referred proof also holds for separable Hilbert Y , and by the simplified reasoning above
the original X ∈ B(H) condition could be avoided.
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(45)

(44)

Hence if µ : (M1+ (X), τw ) → H(k) is continuous22 (not just measurable), then X is
compact metric and thus by the Hölder property of K(·) , it is continuous implying
that BK < ∞.

• K properties: It is known (Caponnetto and De Vito, 2007, page 339-340) that
K(µa , µb ) =

≤

(∀µa , µb ∈ X)
p
BK , (∀µa ∈ X).

L(H,Y )

Kµ∗a Kµb ,

kKµa kL(Y,H) = Kµ∗a

Remark: In terms of Eq. (44), the Eq. (11) assumption means that the
{K(µa , µa )}µa ∈X operators are trace class, specifically they are compact operators.

• Separability of H: The separability of X and the continuity of K imply the separability of H. Indeed, since µa 7→ Kµa is Hölder continuous w.r.t. the Hilbert-Schmidt
norm it is also continuous. As a result it is continuous w.r.t. the operator norm, and
thus also w.r.t. the strong topology. Using this property with the finiteness of BK the
separability of H follows (Carmeli et al., 2006, Proposition 5.1, Corollary 5.2).

• Our assumptions imply Caponnetto and De Vito (2007)’s conditions (not considering
the P(b, c) prior requirement). Indeed

ky − fρ (µx )kYm dρ(y|µx ) ≤

m!Σ2 M m−2
2

1. Y is a separable Hilbert space by assumption; the same property also holds for H
as we have seen.
2. The measurability of (µx , µt ) 7→ hKµx w, Kµt viH for ∀w, v ∈ Y is guaranteed by the
continuity of K(·) w.r.t. the strong topology.
R
R
3. We have X×Y kykY2 dρX (µx , y) ≤ X×Y C 2 dρX (µx , y) = C 2 < ∞ due to the
boundedness of y, and hence ∃Σ > 0, ∃M > 0 such that for ρX -almost µx ∈ X
Z
(∀m ≥ 2).
(46)
Y

Indeed, by (Caponnetto and De
(33)) the Bernstein condition (46)
R Vito, 2007, Eq.
2
2
holds if ky − fρ (µx )kY ≤ M
2 , Y ky − fρ (µx )kY dρ(y|µx ) ≤ Σ . In our case using
the boundedness of y, the regression function is also bounded and the same√holds
for ky − fρ (µx )kY by the
√ triangle inequality: ky − fρ (µx )kY ≤ C + kfρ kH BK ;
thus, M = 2(C + kfρ kH BK ), Σ = M
2 is a suitable choice.
4. The Polishness of X × Y was used by Caponnetto and De Vito (2007) to assure
the existence of ρ(y|µa ); we guaranteed this existence under somewhat milder conditions (see footnote 7).

(∀µa ∈ X).

(47)

Real-valued outputs: We now consider the specific case of Y = R, when the following
simplifications and results hold. By noting that in this case T r(Kµ∗a Kµa ) = K(µa , µa ),
Eq. (11) simplifies to the boundedness of kernel K in the traditional sense

K(µa , µa ) ≤ BK
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22. For example, if k is universal, then µ metrizes the weak topology τw (Sriperumbudur et al., 2010,
Theorem 23, page 1552), hence µ is continuous.
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h=1

e−

h=

1
2

2θ 2

kµa −µb kH

Ke



h=1

1 + kµa − µb k2H /θ2

KC

−1 
h=

θ
2

−1 

(θ ≤ 2)

1 + kµa − µb kθH

Kt

h=1

kµa − µb k2H + θ2

Ki
2

− 1

m=1

H

n,m=1
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Szabó et al.

Learning Theory for Distribution Regression

Learning Theory for Distribution Regression

Bharath Sriperumbudur, Arthur Gretton, Kenji Fukumizu, Gert Lanckriet, and Bernhard
Schölkopf. Hilbert space embeddings and metrics on probability measures. Journal of
Machine Learning Research, 11:1517–1561, 2010.
Bharath K. Sriperumbudur, Kenji Fukumizu, and Gert R. G. Lanckriet. Universality, characteristic kernels and RKHS embedding of measures. Journal of Machine Learning Research, 12:2389–2410, 2011.
Bharath K. Sriperumbudur, Kenji Fukumizu, Revant Kumar, Arthur Gretton, and Aapo
Hyvärinen. Density estimation in infinite dimensional exponential families. Technical
report, 2014. (http://arxiv.org/pdf/1312.3516).
Ingo Steinwart and Andres Christmann. Support Vector Machines. Springer, 2008.
Ingo Steinwart and Clint Scovel. Mercer’s theorem on general domains: On the interaction
between measures, kernels, and RKHSs. Constructive Approximation, 35:363–417, 2012.
Ingo Steinwart, Don R. Hush, and Clint Scovel. Optimal rates for regularized least squares
regression. In Conference on Learning Theory (COLT), 2009.
Hongwei Sun and Qiang Wu. Application of integral operator for regularized least-square
regression. Mathematical and Computer Modelling, 49:276–285, 2009a.
Hongwei Sun and Qiang Wu. A note on application of integral operator in learning theory.
Applied and Computational Harmonic Analysis, 26:416–421, 2009b.
Xu Sun, Hisashi Kashima, and Naonori Ueda. Large-scale personalized human activity
recognition using online multitask learning. IEEE Transactions on Knowledge and Data
Engine, 25:2551–2563, 2013.
Yu-Yin Sun, Michael K. Ng, and Zhi-Hua Zhou. Multi-instance dimensionality reduction.
In AAAI Conference on Artificial Intelligence, pages 587–592, 2010.
Dougal J. Sutherland, Junier B. Oliva, Barnabás Póczos, and Jeff Schneider. Linear-time
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where f is a convex function, smooth or non-smooth, and x ∈ Rn is the variable. Since
Newton, numerous algorithms and methods have been proposed to solve the minimization
problem, notably gradient and subgradient descent, Newton’s methods, trust region methods, conjugate gradient methods, and interior point methods (see e.g. Polyak, 1987; Boyd
and Vandenberghe, 2004; Nocedal and Wright, 2006; Ruszczyński, 2006; Boyd et al., 2011;
Shor, 2012; Beck, 2014, for expositions).
First-order methods have regained popularity as data sets and problems are ever increasing in size and, consequently, there has been much research on the theory and practice

minimize

In many fields of machine learning, minimizing a convex function is at the core of efficient
model estimation. In the simplest and most standard form, we are interested in solving

1. Introduction

We derive a second-order ordinary differential equation (ODE) which is the limit of Nesterov’s accelerated gradient method. This ODE exhibits approximate equivalence to Nesterov’s scheme and thus can serve as a tool for analysis. We show that the continuous time
ODE allows for a better understanding of Nesterov’s scheme. As a byproduct, we obtain
a family of schemes with similar convergence rates. The ODE interpretation also suggests
restarting Nesterov’s scheme leading to an algorithm, which can be rigorously proven to
converge at a linear rate whenever the objective is strongly convex.
Keywords: Nesterov’s accelerated scheme, convex optimization, first-order methods,
differential equation, restarting
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for t > 0, with initial conditions X(0) = x0 , Ẋ(0) = 0; here, x0 is the starting point
in Nesterov’s scheme, Ẋ ≡ dX/dt denotes the time derivative or velocity and similarly

3
Ẍ + Ẋ + ∇f (X) = 0
t

Above, x? is any minimizer of f and f ? = f (x? ). It is well-known that this rate is optimal among all methods having only information about the gradient of f at consecutive
iterates (Nesterov, 2004). This is in contrast to vanilla gradient descent methods, which
have the same computational complexity but can only achieve a rate of O(1/k). This
improvement relies on the introduction of the momentum term xk − xk−1 as well as the
particularly tuned coefficient (k − 1)/(k + 2) ≈ 1 − 3/k. Since the introduction of Nesterov’s
scheme, there has been much work on the development of first-order accelerated methods,
see Nesterov (2004, 2005, 2013) for theoretical developments, and Tseng (2008) for a unified
analysis of these ideas. Notable applications can be found in sparse linear regression (Beck
and Teboulle, 2009; Qin and Goldfarb, 2012), compressed sensing (Becker et al., 2011) and,
deep and recurrent neural networks (Sutskever et al., 2013).
In a different direction, there is a long history relating ordinary differential equation
(ODEs) to optimization, see Helmke and Moore (1996), Schropp and Singer (2000), and
Fiori (2005) for example. The connection between ODEs and numerical optimization is often
established via taking step sizes to be very small so that the trajectory or solution path
converges to a curve modeled by an ODE. The conciseness and well-established theory of
ODEs provide deeper insights into optimization, which has led to many interesting findings.
Notable examples include linear regression via solving differential equations induced by
linearized Bregman iteration algorithm (Osher et al., 2014), a continuous-time Nesterov-like
algorithm in the context of control design (Dürr and Ebenbauer, 2012; Dürr et al., 2012), and
modeling design iterative optimization algorithms as nonlinear dynamical systems (Lessard
et al., 2014).
In this work, we derive a second-order ODE which is the exact limit of Nesterov’s
scheme by taking small step sizes in (1); to the best of our knowledge, this work is the first
to use ODEs to model Nesterov’s scheme or its variants in this limit. One surprising fact
in connection with this subject is that a first-order scheme is modeled by a second-order
ODE. This ODE takes the following form:

of accelerated first-order schemes. Perhaps the earliest first-order method for minimizing
a convex function f is the gradient method, which dates back to Euler and Lagrange.
Thirty years ago, however, in a seminal paper Nesterov proposed an accelerated gradient
method (Nesterov, 1983), which may take the following form: starting with x0 and y0 = x0 ,
inductively define
xk = yk−1 − s∇f (yk−1 )
(1)
k−1
yk = x k +
(xk − xk−1 ).
k+2
For any fixed step size s ≤ 1/L, where L is the Lipschitz constant of ∇f , this scheme
exhibits the convergence rate


kx0 − x? k2
.
(2)
f (xk ) − f ? ≤ O
sk 2
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The rest of the paper is organized as follows. In Section 2, the ODE is rigorously derived
from Nesterov’s scheme, and a generalization to composite optimization, where f may be
non-smooth, is also obtained. Connections between the ODE and the scheme, in terms
of trajectory behaviors and convergence rates, are summarized in Section 3. In Section

1.3 Outline and Notation

Figure 2: Minimizing f = 21 x2 by the generalized ODE and scheme with r = 1, starting
from x0 = 1. In (b), the step size s = 10−4 .

0

can be translated into a generalized Nesterov’s scheme that is the same as the original
(1) except for (k − 1)/(k + 2) being replaced by (k − 1)/(k + r − 1). Surprisingly, for
both generalized ODEs and schemes, the inverse quadratic convergence is guaranteed if and
only if r ≥ 3. This phase transition suggests there might be deep causes for acceleration
among first-order methods. In particular, for r ≥ 3, the worst case constant in this inverse
quadratic convergence rate is minimized at r = 3.
Figure 2 illustrates the growth of t2 (f (X(t)) − f ? ) and sk 2 (f (xk ) − f ? ), respectively,
for the generalized ODE and scheme with r = 1, where the objective function is simply
f (x) = 21 x2 . Inverse quadratic convergence fails to be observed in both Figures 2a and 2b,
where the scaled errors grow with t or iterations, for both the generalized ODE and scheme.

Figure 1: Minimizing f = 2 × 10−2 x12 + 5 × 10−3 x22 , starting from x0 = (1, 1). The black
and solid curves correspond to the solution to the ODE. In (c), for the x-axis we use the
√
identification between time and iterations, t = k s.

f − f*
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.

Ẍ ≡ d2 X/dt2 denotes the acceleration. The time parameter in this ODE is related to the
√
step size in (1) via t ≈ k s. Expectedly, it also enjoys inverse quadratic convergence rate
as its discrete analog,
f (X(t)) − f ? ≤ O

kx0 − x? k2
t2

Approximate equivalence between Nesterov’s scheme and the ODE is established later in
various perspectives, rigorous and intuitive. In the main body of this paper, examples and
case studies are provided to demonstrate that the homogeneous and conceptually simpler
ODE can serve as a tool for understanding, analyzing and generalizing Nesterov’s scheme.
In the following, two insights of Nesterov’s scheme are highlighted, the first one on
oscillations in the trajectories of this scheme, and the second on the peculiar constant 3
appearing in the ODE.
1.1 From Overdamping to Underdamping
In general, Nesterov’s scheme is not monotone in the objective function value due to the
introduction of the momentum term. Oscillations or overshoots along the trajectory of
iterates approaching the minimizer are often observed when running Nesterov’s scheme.
Figure 1 presents typical phenomena of this kind, where a two-dimensional convex function
is minimized by Nesterov’s scheme. Viewing the ODE as a damping system, we obtain
interpretations as follows.
Small t. In the beginning, the damping ratio 3/t is large. This leads the ODE to be an
overdamped system, returning to the equilibrium without oscillating;
Large t. As t increases, the ODE with a small 3/t behaves like an underdamped system,
oscillating with the amplitude gradually decreasing to zero.
As depicted in Figure 1a, in the beginning the ODE curve moves smoothly towards the
origin, the minimizer x? . The second interpretation “Large t’’ provides partial explanation
for the oscillations observed in Nesterov’s scheme at later stage. Although our analysis
extends farther, it is similar in spirit to that carried in O’Donoghue and Candès (2013).
In particular, the zoomed Figure 1b presents some butterfly-like oscillations for both the
scheme and ODE. There, we see that the trajectory constantly moves away from the origin
and returns back later. Each overshoot in Figure 1b causes a bump in the function values,
as shown in Figure 1c. We observe also from Figure 1c that the periodicity captured by the
bumps are very close to that of the ODE solution. In passing, it is worth mentioning that
the solution to the ODE in this case can be expressed via Bessel functions, hence enabling
quantitative characterizations of these overshoots and bumps, which are given in full detail
in Section 3.
1.2 A Phase Transition

JMLR 17(153):1-43

The constant 3, derived from (k + 2) − (k − 1) in (3), is not haphazard. In fact, it is the
smallest constant that guarantees O(1/t2 ) convergence rate. Specifically, parameterized by
a constant r, the generalized ODE
r
Ẍ + Ẋ + ∇f (X) = 0
t
3

x2

5
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Hence, the second initial condition is simply Ẋ(0) = 0 (vanishing initial velocity).
−1
One popular alternative momentum coefficient is θk (θk−1
− 1), where θk are iteratively
q

2
4
2
defined as θk+1 =
θk + 4θk − θk /2, starting from θ0 = 1 (Nesterov, 1983; Beck and

√
√
(x2 − x1 )/ s = − s∇f (y1 ) = o(1).

The first initial condition is X(0) = x0 . Taking k = 1 in (4) yields

3
Ẍ + Ẋ + ∇f (X) = 0.
t

√
√
1
Ẋ(t) + Ẍ(t) s + o( s)
2
√

√
√  √
√
1
3 s 
Ẋ(t) − Ẍ(t) s + o( s) − s∇f (X(t)) + o( s). (5)
= 1−
t
2
√
By comparing the coefficients of s in (5), we obtain

√
√
√
√
√
1
1
(xk+1 − xk )/ s = Ẋ(t) + Ẍ(t) s + o( s), (xk − xk−1 )/ s = Ẋ(t) − Ẍ(t) s + o( s)
2
2
√
√
√
and s∇f (yk ) = s∇f (X(t)) + o( s). Thus (4) can be written as

√

xk+1 − xk
k − 1 xk − xk−1 √
√
√
=
− s∇f (yk ).
(4)
k+2
s
s
√
Introduce the Ansatz xk ≈ X(k s) for some smooth curve X(t) defined for t ≥ 0. Put
√
√
k = t/ s. Then as the step size s goes to zero, X(t) ≈ xt/√s = xk and X(t + s) ≈
√
√
x(t+ s)/ s = xk+1 , and Taylor expansion gives

First, we sketch an informal derivation of the ODE (3). Assume f ∈ FL for L > 0.
Combining the two equations of (1) and applying a rescaling gives

2. Derivation

for any x, y ∈ Rn , where k · k is the standard Euclidean norm and L > 0 is the Lipschitz
constant. Next, Sµ denotes the class of µ–strongly convex functions f on Rn with continuous
gradients, i.e., f is continuously differentiable and f (x) − µkxk2 /2 is convex. We set Sµ,L =
FL ∩ S µ .

k∇f (x) − ∇f (y)k ≤ Lkx − yk

4, we discuss the effect of replacing the constant 3 in (3) by an arbitrary constant on the
convergence rate. A new restarting scheme is suggested in Section 5, with linear convergence
rate established and empirically observed.
Some standard notations used throughout the paper are collected here. We denote by
FL the class of convex functions f with L–Lipschitz continuous gradients defined on Rn ,
i.e., f is convex, continuously differentiable, and satisfies
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Also note that minimizing f /c2 is equivalent to minimizing f . Hence, the ODE is invariant
under the time change. In fact, it is easy to see that time invariance holds if and only if the
coefficient of Ẋ has the form C/t for some constant C.
Rotational Invariance. Nesterov’s scheme and other gradient-based schemes are invariant under rotations. As expected, the ODE is also invariant under orthogonal transformation. To see this, let Y = QX for some orthogonal matrix Q. This leads to
Ẏ = QẊ, Ÿ = QẌ and ∇Y f = Q∇X f . Hence, denoting by QT the transpose of Q,
the ODE in the new coordinate system reads QT Ÿ + 3t QT Ẏ + QT ∇Y f = 0, which is of the
same form as (3) once multiplying Q on both sides.
Initial Asymptotic. Assume sufficient smoothness of X such that limt→0 Ẍ(t) exists.
The mean value theorem guarantees the existence of some ξ ∈ (0, t) that satisfies Ẋ(t)/t =
(Ẋ(t) − Ẋ(0))/t = Ẍ(ξ). Hence, from the ODE we deduce Ẍ(t) + 3Ẍ(ξ) + ∇f (X(t)) = 0.

d2 X
3 dX
+
+ ∇f (X)/c2 = 0.
dt̃2
t̃ dt̃

This yields the ODE parameterized by t̃,

We collect some elementary properties that are helpful in understanding the ODE.
Time Invariance. If we adopt a linear time transformation, t̃ = ct for some c > 0, by the
chain rule it follows that
dX
1 dX d2 X
1 d2 X
=
= 2 2 .
,
2
c dt
c dt
dt̃
dt̃

2.1 Simple Properties

s

s→0 0≤k≤ √T

Theorem 2 For any f ∈ F∞ , as the step size s → 0, Nesterov’s scheme (1) converges to
the ODE (3) in the sense that for all fixed T > 0,
√ 
lim max xk − X k s = 0.

The next theorem, in a rigorous way, guarantees the validity of the derivation of this ODE.
The proofs of both theorems are deferred to the appendices.

Theorem 1 For any f ∈ F∞ := ∪L>0 FL and any x0 ∈ Rn , the ODE (3) with initial conditions X(0) = x0 , Ẋ(0) = 0 has a unique global solution X ∈ C 2 ((0, ∞); Rn )∩C 1 ([0, ∞); Rn ).

−1
Teboulle, 2009). Simple analysis reveals that θk (θk−1
− 1) asymptotically equals 1 − 3/k +
2
O(1/k ), thus leading to the same ODE as (1).
Classical results in ODE theory do not directly imply the existence or uniqueness of the
solution to this ODE because the coefficient 3/t is singular at t = 0. In addition, ∇f is
typically not analytic at x0 , which leads to the inapplicability of the power series method for
studying singular ODEs. Nevertheless, the ODE is well posed: the strategy we employ for
showing this constructs a series of ODEs approximating (3), and then chooses a convergent
subsequence by some compactness arguments such as the Arzelá-Ascoli theorem. Below,
C 2 ((0, ∞); Rn ) denotes the class of twice continuously differentiable maps from (0, ∞) to Rn ;
similarly, C 1 ([0, ∞); Rn ) denotes the class of continuously differentiable maps from [0, ∞)
to Rn .
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where the inequality follows from the convexity of f . Hence by monotonicity of E and
non-negativity of 2kX + tẊ/2 − x? k2 , the gap satisfies

Su, Boyd and Candès

(6)

(7)

with

=

x0,i , Ẋi (0)

E(t)
E(0)
2kx0 − x? k2
≤ 2 =
.
t2
t
t2

3
Ẍ + Ẋ + λ X = 0, i = 1, . . . , n
i
i
i
i
t
√
= 0. Introduce Yi (u) = uXi (u/ λi ), which satisfies

u2 Ÿi + uẎi + (u2 − 1)Yi = 0.

∞
X

m=0

(−1)m
u2m+1 ,
(2m)!!(2m + 2)!!

8
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2. Up to a constant multiplier, J1 is the unique solution to the Bessel’s differential equation u2 J¨1 + uJ˙1 +
(u2 −1)J1 = 0 that is finite at the origin. In the analytic expansion of J1 , m!! denotes the double factorial
defined as m!! = m × (m − 2) × · · · × 2 for even m, or m!! = m × (m − 2) × · · · × 1 for odd m.

J1 (u) =

This is Bessel’s differential equation of order one. Since Yi vanishes at u = 0, we see that
Yi is a constant multiple of J1 , the Bessel function of the first kind of order one.2 It has an
analytic expansion:

Xi (0)

For quadratic f , the ODE (3) admits a solution in closed form. This closed form solution
turns out to be very useful in understanding the issues raised in the introduction.
Let f (x) = 12 hx, Axi + hb, xi, where A ∈ Rn×n is a positive semidefinite matrix and b is
in the column space of A because otherwise this function can attain −∞. Then a simple
translation in x can absorb the linear term hb, xi into the quadratic term. Since both the
ODE and the scheme move within the affine space perpendicular to the kernel of A, without
loss of generality, we assume that A is positive definite, admitting a spectral decomposition
A = QT ΛQ, where Λ is a diagonal matrix formed by the eigenvalues. Replacing x with Qx,
we assume f = 12 hx, Λxi from now on. Now, the ODE for this function admits a simple
decomposition of form

3.2 Quadratic f and Bessel Functions

√
Making use of the approximation t ≈ k s, we observe that the convergence rate in (6) is
essentially a discrete version of that in (7), providing yet another piece of evidence for the
approximate equivalence between the ODE and the scheme.
We finish this subsection by showing that the number 2 appearing in the numerator of
the error bound in (7) is optimal. Consider an arbitrary f ∈ F∞ (R) such that f (x) = x for
x ≥ 0. Starting from some x0 > 0, the solution to (3) is X(t) = x0 − t2 /8 before hitting the
origin. Hence, t2 (f (X(t)) − f ? ) = t2 (x0 − t2 /8) has a maximum 2x02 = 2|x0 − 0|2 achieved
√
at t = 2 x0 . Therefore, we cannot replace 2 by any smaller number, and we can expect
that this tightness also applies to the discrete analog (6).

f (X(t)) − f ? ≤

Ė = 2t(f (X) − f ? ) + 4hX − x? , −t∇f (X)/2i = 2t(f (X) − f ? ) − 2thX − x? , ∇f (X)i ≤ 0,

Substituting 3Ẋ/2 + tẌ/2 with −t∇f (X)/2, the above equation gives

Taking the limit t → 0 gives Ẍ(0) = −∇f (x0 )/4. Hence, for small t we have the asymptotic
form:
∇f (x0 )t2
X(t) = −
+ x0 + o(t2 ).
8
This asymptotic expansion is consistent with the empirical observation that Nesterov’s
scheme moves slowly in the beginning.
2.2 ODE for Composite Optimization
It is interesting and important to generalize the ODE to minimizing f in the composite
form f (x) = g(x) + h(x), where the smooth part g ∈ FL and the non-smooth part h :
Rn → (−∞, ∞] is a structured general convex function. Both Nesterov (2013) and Beck
and Teboulle (2009) obtain O(1/k 2 ) convergence rate by employing the proximal structure
of h. In analogy to the smooth case, an ODE for composite f is derived in the appendix.

3. Connections and Interpretations
In this section, we explore the approximate equivalence between the ODE and Nesterov’s
scheme, and provide evidence that the ODE can serve as an amenable tool for interpreting
and analyzing Nesterov’s scheme. The first subsection exhibits inverse quadratic convergence rate for the ODE solution, the next two address the oscillation phenomenon discussed
in Section 1.1, and the last subsection is devoted to comparing Nesterov’s scheme with gradient descent from a numerical perspective.
3.1 Analogous Convergence Rate

2kx0 − x? k2
.
s(k + 1)2

The original result from Nesterov (1983) states that, for any f ∈ FL , the sequence {xk }
given by (1) with step size s ≤ 1/L satisfies
f (xk ) − f ? ≤

Our next result indicates that the trajectory of (3) closely resembles the sequence {xk } in
terms of the convergence rate to a minimizer x? . Compared with the discrete case, this
proof is shorter and simpler.

2kx0 − x? k2
.
t2

Theorem 3 For any f ∈ F∞ , let X(t) be the unique global solution to (3) with initial
conditions X(0) = x0 , Ẋ(0) = 0. Then, for any t > 0,
f (X(t)) − f ? ≤

Proof Consider the energy functional1 defined as E(t) = t2 (f (X(t)) − f ? ) + 2kX + tẊ/2 −
x? k2 , whose time derivative is


3
t
t
Ė = 2t(f (X) − f ? ) + t2 h∇f, Ẋi + 4 X + Ẋ − x? , Ẋ + Ẍ .
2
2
2
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1. We may also view this functional as the negative entropy. Similarly, for the gradient flow Ẋ +∇f (X) = 0,
an energy function of form Egradient (t) = t(f (X(t)) − f ? ) + kX(t) − x? k2 /2 can be used to derive the
? 2
k
bound f (X(t)) − f ? ≤ kx0 −x
.
2t

7

u
2

(8)

i=1

t2

n
X
2x20,i



 p 2
kx0 − x? k2
√
J1 t λi = O
.
t3 min λi

(12)

(13)

JMLR 17(153):1-43

9

t1 <

10

7.6635
7.6635
π
√ , ti+1 − ti < √ , ti+2 − ti > √ .
µ
µ
L

Theorem 4 Denote by 0 < t1 < t2 < · · · all the roots of X(t) − x? . Then these roots
satisfy, for all i ≥ 1,

JMLR 17(153):1-43

Applying the Sturm-Picone comparison theorem to (12) and (13),√we ensure that between
any two consecutive positive roots of X, there is at least one t̃i / L. Now, we summarize
our findings in the following. Roughly speaking, this result
√ concludes that the oscillation
√
frequency of the ODE solution is between O( µ) and O( L).

(t3 Y 0 )0 + Lt3 Y = 0.

√
√
where t̃0 = 0. Then, it follows that the positive roots of Ye are t̃1 / µ, t̃2 / µ, . . .. Since
3
0
3
t f (X(t))/X(t) ≥ µt , the Sturm-Picone comparison theorem asserts that X(t) has a root
√
√
in each interval [t̃i / µ, t̃i+1 / µ].
To obtain a similar result in the opposite direction, consider

3.8317 = t̃1 − t̃0 > t̃2 − t̃3 > t̃3 − t̃4 > · · · > π,

3.4 Nesterov’s Scheme Compared with Gradient Descent
√
The ansatz t ≈ k s in relating the ODE and Nesterov’s scheme is formally confirmed in
Theorem 2. Consequently, for any constant tc > 0, this implies that xk does not change
√
much for a range of step sizes s if k ≈ tc / s. To empirically support this claim, we present
an example in Figure 3a, where the scheme minimizes f (x) = ky − Axk2 /2 + kxk1 with
y = (4, 2, 0) and A(:, 1) = (0, 2, 4), A(:, 2) = (1, 1, 1) starting from x0 = (2, 0) (here
A(:, j) is the jth column of A). From this figure, we are delighted to observe that xk with
the same tc are very close to each other.

n
X
2x20,i
2kx0 − x? k2
√ ≥
√
,
π λi
π L
i=1

(11)

(10)

t3 f 0 (X(t))
Y = 0,
X(t)

which, apparently, admits a solution Y (t) = X(t). To apply the Sturm-Picone comparison
theorem, consider
(t3 Y 0 )0 + µt3 Y = 0
√
for a comparison. This equation admits a solution Ye (t) = J1 ( µt)/t. Denote by t̃1 < t̃2 <
· · · all the positive roots of J1 (t), which satisfy (see e .g. Watson, 1995)

(t3 Y 0 )0 +

The analysis carried out in the previous subsection only applies to convex quadratic functions. In this subsection, we extend the discussion to one-dimensional strongly convex
functions. The Sturm-Picone theory (see e.g. Hinton, 2005) is extensively used all along the
analysis.
Let f ∈ Sµ,L (R). Without loss of generality, assume f attains minimum at x? = 0.
Then, by definition µ ≤ f 0 (x)/x ≤ L for any x 6= 0. Denoting by X the solution to the
ODE (3), we consider the self-adjoint equation,

3.3 Fluctuations of Strongly Convex f

Su, Boyd and Candès

where L =
R t kAk2 is the spectral norm of A. The first inequality follows by interpreting
limt→∞ 1t 0 u3 (f (X(u)) − f ? )du as the mean of u3 (f (X(u)) − f ? ) on (0, ∞) in certain
sense.
In view of (10), Nesterov’s scheme might possibly exhibit O(1/k 3 ) convergence rate for
strongly convex functions. This convergence rate is consistent with the second inequality
in Theorem 6. In Section 4.3, we prove the O(1/t3 ) rate for a generalized version of (3).
However, (11) rules out the possibility of a higher order convergence rate.
Recall that the function considered in Figure 1 is f (x) = 0.02x21 + 0.005x22 , starting
from x0 = (1, 1). As the step size s becomes smaller, the trajectory of Nesterov’s scheme
converges to the solid curve represented via the Bessel function. While approaching the minimizer x? , each trajectory displays the oscillation pattern, as well-captured by the zoomed
Figure 1b. This prevents Nesterov’s scheme from achieving better convergence rate. The
representation (8) offers excellent explanation as follows. Denote by T1 , T2 , respectively,
the approximate periodicities √
of the first component |X
√ 1 | in absolute value and the second
|X2 |. By (9), we get T1 = π/ λ1 = 5π and T2 = π/ √λ2 = 10π. Hence, as√the amplitude
gradually decreases to zero, the function f = 2x20,1 J1 ( λ1 t)2 /t2 + 2x20,2 J1 ( λ2 t)2 /t2 has a
major cycle of 10π, the least common multiple of T1 and T2 . A careful look at Figure 1c
reveals that within each major bump, roughly, there are 10π/T1 = 2 minor peaks.

=

i=1

On the other hand, (9) and (10) give a lower bound:
Z
1 t 3
u (f (X(u)) − f ? )du
lim sup t3 (f (X(t)) − f ? ) ≥ lim
t→∞ t 0
t→∞
Z n
p
1 tX 2
= lim
2x0,i uJ1 (u λi )2 du
t→∞ t 0

f (X(t)) − f ? = f (X(t)) =

This asymptotic expansion yields (note that f ? = 0)

For large t, the Bessel function has the following asymptotic form (see e.g. Watson, 1995):
r 

2
J1 (t) =
cos(t − 3π/4) + O(1/t) .
(9)
πt

p
2x0,i
Xi (t) = √ J1 (t λi ).
t λi

when u → 0. Requiring Xi (0) = x0,i , hence, we obtain

J1 (u) = (1 + o(1))

which gives the asymptotic expansion
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(b) Race between Nesterov’s and gradient.

−0.02

This interesting square-root scaling has the potential to shed light on the superiority
of Nesterov’s scheme over gradient descent. Roughly speaking, each iteration in Nesterov’s
√
scheme amounts to traveling s in time along the integral curve of (3), whereas it is known
that the simple gradient descent xk+1 = xk − s∇f (xk ) moves s along the integral curve
of Ẋ + ∇f (X) = 0. We expect that for small s Nesterov’s scheme moves more in each
√
iteration since s is much larger than s. Figure 3b illustrates and supports this claim,
where the function minimized is f = |x1 |3 + 5|x2 |3 + 0.001(x1 + x2 )2 with step size s = 0.05
(The coordinates are appropriately rotated to allow x0 and x? lie on the same horizontal
line). The circles are the iterates for k = 1, 10, 20, 30, 45, 60, 90, 120, 150, 190, 250, 300. For
Nesterov’s scheme, the seventh circle has already passed t = 15, while for gradient descent
the last point has merely arrived at t = 15.
3.5

3

2.5

2

1.5

1

0.5

0
−0.5

1

(a) Square-root scaling of s.

x2

11

(14)

(15)
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Assuming f is sufficiently smooth, we have ∇f (x + δx) ≈ ∇f (x) + ∇2 f (x)δx for small
perturbations δx, where ∇2 f (x) is the Hessian of f evaluated at x. Identifying k = t/∆t,





3∆t
3∆t
X(t + ∆t) = 2 −
X(t) − ∆t2 ∇f (X(t)) − 1 −
X(t − ∆t).
t
t

which is equivalent to

X(t + ∆t) − 2X(t) + X(t − ∆t) 3 X(t) − X(t − ∆t)
+
+ ∇f (X(t)) = 0,
∆t2
t
∆t

A second look at Figure 3b suggests that Nesterov’s scheme allows a large deviation
from its limit curve, as compared with gradient descent. This raises the question of the
stable step size allowed for numerically solving the ODE (3) in the presence of accumulated
errors. The finite difference approximation by the forward Euler method is

√
√
Figure 3: In (a), the circles, crosses and triangles are xk evaluated at k = d1/ se , d2/ se
√
and d3/ se, respectively. In (b), the circles are iterations given by Nesterov’s scheme or
gradient descent, depending on the color, and the stars are X(t) on the integral curves for
t = 5, 15.

x2
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the characteristic equation of this finite difference scheme is approximately




3∆t
3∆t
λ+1−
= 0.
det λ2 − 2 − ∆t2 ∇2 f −
t
t

(16)

The numerical stability of (14) with respect to accumulated errors is equivalent to this: all
2
the roots of (16) lie in the unit circle (see e.g. Leader, 2004).
√ When ∇ f  LIn (i.e. LIn −
∇2 f is positive semidefinite), if ∆t/t small and ∆t < 2/
√ L, we see that all the roots of
(16) lie in the unit circle. On the other hand, if ∆t > 2/ L, (16) can possibly have a root
λ outside the unit circle, causing numerical instability. Under our identification s = ∆t2 , a
step size√of s = 1/L in Nesterov’s scheme (1) is approximately equivalent to a step size of
∆t = 1/ L in the forward Euler method, which is stable for numerically integrating (14).
As a comparison, note that the finite difference scheme of the ODE Ẋ(t)+∇f (X(t)) = 0,
which models gradient descent with updates xk+1 = xk − s∇f (xk ), has the characteristic
equation det(λ − (1 − ∆t∇2 f )) = 0. Thus, to guarantee −In  1 − ∆t∇2 f  In in worst
case analysis, one can
√ only choose ∆t ≤ 2/L for a fixed step size, which is much smaller
than the step size 2/ L for (14) when ∇f is very variable, i.e., L is large.

4. The Magic Constant 3

Recall that the constant 3 appearing in the coefficient of Ẋ in (3) originates from (k +
2) − (k − 1) = 3. This number leads to the momentum coefficient in (1) taking the form
(k − 1)/(k + 2) = 1 − 3/k + O(1/k 2 ). In this section, we demonstrate that 3 can be replaced
by any larger number, while maintaining the O(1/k 2 ) convergence rate. To begin with, let
us consider the following ODE parameterized by a constant r:
r
Ẍ + Ẋ + ∇f (X) = 0
(17)
t
with initial conditions X(0) = x0 , Ẋ(0) = 0. The proof of Theorem 1, which seamlessly
applies here, guarantees the existence and uniqueness of the solution X to this ODE.
Interpreting the damping ratio r/t as a measure of friction3 in the damping system,
our results say that more friction does not end the O(1/t2 ) and O(1/k 2 ) convergence rate.
On the other hand, in the lower friction setting, where r is smaller than 3, we can no
longer expect inverse quadratic convergence rate, unless some additional structures of f are
imposed. We believe that this striking phase transition at 3 deserves more attention as an
interesting research challenge.
4.1 High Friction

2t2
t
˙ − x?
(f (X(t)) − f ? ) + (r − 1) X(t) +
X(t)
r−1
r−1

2

.

Here, we study the convergence rate of (17) with r > 3 and f ∈ F∞ . Compared with (3),
this new ODE as a damping suffers from higher friction. Following the strategy adopted in
the proof of Theorem 3, we consider a new energy functional defined as
E(t) =
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3. In physics and engineering, damping may be modeled as a force proportional to velocity but opposite in
direction, i.e. resisting motion; for instance, this force may be used as an approximation to the friction
caused by drag. In our model, this force would be proportional to − rt Ẋ where Ẋ is velocity and rt is
the damping coefficient.

12

f (xk ) − f ? ≤

(r − 1)2 kx0 − x? k2
,
2s(k + r − 2)2

(19)

k=1

13
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∞
X
(r − 1)2 kx0 − x? k2
(k + r − 1)(f (xk ) − f ? ) ≤
.
2s(r − 3)

Theorem 6 The sequence {xk } given by (19) with 0 < s ≤ 1/L satisfies

starting from y0 = x0 . The discrete analog of Theorem 5 is below.

xk = yk−1 − sGs (yk−1 )
k−1
yk = x k +
(xk − xk−1 ),
k+r−1

Parametrizing by a constant r, we propose the generalized Nesterov’s scheme,

The first inequality is the same as (7) for the ODE (3), except for a larger constant (r−1)2 /2.
The second inequality measures the error f (X(t)) − f ? in an average sense, and cannot be
deduced from the first inequality.
Now, it is tempting to obtain such analogs for the discrete Nesterov’s scheme as well.
Following the formulation of Beck and Teboulle (2009), we wish to minimize f in the
composite form f (x) = g(x) + h(x), where g ∈ FL for some L > 0 and h is convex on Rn
possibly assuming extended value ∞. Define the proximal subgradient

x − argminz kz − (x − s∇g(x))k2 /(2s) + h(z)
Gs (x) ,
.
s

as desired for establishing the second inequality.

yielding the first inequality of this theorem. To complete the proof, from (18) it follows
that
Z ∞
Z ∞
2(r − 3)t
dE
(f (X) − f ? )dt ≤ −
dt = E(0) − E(∞) ≤ (r − 1)kx0 − x? k2 ,
r−1
dt
0
0

2t2
(f (X(t)) − f ? ) ≤ E(t) ≤ E(0) = (r − 1)kx0 − x? k2 ,
r−1

where the inequality follows from the convexity of f . Since f (X) ≥ f ? , the last display
implies that E is non-increasing. Hence

4t
2t2
t
(f (X) − f ? ) +
h∇f, Ẋi + 2hX +
Ẋ − x? , rẊ + tẌi
r−1
r−1
r−1
2(r − 3)t
4t
(f (X) − f ? ) − 2thX − x? , ∇f (X)i ≤ −
(f (X) − f ? ), (18)
=
r−1
r−1

Proof Noting rẊ + tẌ = −t∇f (X), we get Ė equal to

Theorem 5 The solution X to (17) satisfies
Z ∞
(r − 1)2 kx0 − x? k2
(r − 1)2 kx0 − x? k2
t(f (X(t)) − f ? )dt ≤
,
.
f (X(t)) − f ? ≤
2t2
2(r − 3)
0

By studying the derivative of this functional, we get the following result.
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2(k + r − 2)2 s
(f (xk ) − f ? ) + (r − 1)kzk − x? k2 ,
r−1

2s[(r − 3)(k + r − 2) + 1]
(f (xk−1 ) − f ? ) ≤ E(k − 1),
r−1

(20)

i=1

i=1

(f (xi ) − f ? ) ≤ (r − 1)kx0 − x? k2 .

(21)

2(r − 2)2 s
(f (x0 ) − f ? ) + (r − 1)kx0 − x? k2 ,
r−1
k−1
X
2s[(r − 3)(i + r − 1) + 1]

r−1

≤ E(0) =

(f (xi−1 ) − f ? )

f (xk ) ≤

14
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k−1
r−1
f (xk−1 ) +
f?
k+r−2
k+r−2
k + r − 2
 s
r−1
k−1
+
Gs (yk−1 )T
yk−1 −
xk−1 − x? − kGs (yk−1 )k2
k+r−2
r−1
r−1
2


k−1
r−1
(r − 1)2
=
f (xk−1 ) +
f? +
kz
−
x? k2 − kzk − x? k2 ,
k−1
2
k+r−2
k+r−2
2s(k + r − 2)

Noting that the left-hand side of (21) is lower bounded by 2s(k + r − 2)2 (f (xk ) − f ? )/(r − 1),
we thus obtain the first inequality of the theorem. Since E(k) ≥ 0, the second inequality
is verified via taking the limit k → ∞ in (21) and replacing (r − 3)(i + r − 1) + 1 by
(r − 3)(i + r − 1).
We now establish (20). For s ≤ 1/L, we have the basic inequality,
s
f (y − sGs (y)) ≤ f (x) + Gs (y)T (y − x) − kGs (y)k2 ,
(22)
2
for any x and y. Note that yk−1 − sGs (yk−1 ) actually coincides with xk . Summing of
(k − 1)/(k + r − 2) × (22) with x = xk−1 , y = yk−1 and (r − 1)/(k + r − 2) × (22) with
x = x? , y = yk−1 gives

E(k) +

r−1

k
X
2s[(r − 3)(i + r − 2) + 1]

which is equivalent to

E(k) +

then it would immediately yield the desired results by summing (20) over k. That is, by
recursively applying (20), we see

E(k) +

where zk = (k + r − 1)yk /(r − 1) − kxk /(r − 1). If we have

E(k) =

The first inequality suggests that the generalized Nesterov’s schemes still achieve O(1/k 2 )
convergence rate. However, if the error bound satisfies f (xk0 ) − f ? ≥ c/k 02 for some arbitrarily small c > 0 and a dense subsequence {k 0 }, i.e., |{k 0 }∩{1, . . . , m}| ≥ αm for all m ≥ 1
and some α > 0, then the second inequality of the theorem would be violated. To see this,
note that if it were the case, we would have (k 0 + r − 1)(f (xk0 ) − f ? ) & k10 ; the sum of the
harmonic series k10 over a dense subset of {1, 2, . . .} is infinite. Hence, the second inequality
is not trivial because it implies the error bound is, in some sense, O(1/k 2 ) suboptimal.
Now we turn to the proof of this theorem. It is worth pointing out that, though based
on the same idea, the proof below is much more complicated than that of Theorem 5.
Proof Consider the discrete energy functional,
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(a) ODE (17) with r = 2.

1

3

2

2.5

1

1.5

0.5

3

3.5

2.5

2

1

1.5

0

0.5

2

t2(f − f*)

1

sk2(f − f*)

0.5

4

t

5

2

iterations

1.5

6

7

2.5

8

3

9

10

4

3.5

x 10

(e) Scheme (19) with r = 2.5.
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(b) ODE (17) with r = 2.5.
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(d) Scheme (19) with r = 2.

r−1
2

f (X(t)) − f ? ≤

r−1
2

is convex, we obtain

≤ hX − x? , ∇(f (X) − f ? )

i=

r−1
2

r−3
r−1
(f (X) − f ? ) 2 hX − x? , ∇f (X)i,
2

Theorem 7 Suppose 1 < r < 3 and let X be a solution to the ODE (17). If (f − f ? )
is also convex, then

r−1
2

Proof Since (f − f ? )
(f (X(t)) − f ? )

(r − 1)2 kx0 − x? k2
.
2t2

However, if f possesses some additional property, inverse quadratic convergence is still
guaranteed, as stated below. In that theorem, f is assumed to be a continuously differentiable convex function.

Figure 4: Scaled errors t2 (f (X(t)) − f ? ) and sk 2 (f (xk ) − f ? ) of generalized ODEs and
schemes for minimizing f = |x|. In (d), the step size s = 10−6 , in (e), s = 10−7 , and in (f),
s = 10−6 .

0

0

where we use zk−1 − s(k + r − 2)Gs (yk−1 )/(r − 1) = zk . Rearranging the above inequality
and multiplying by 2s(k + r − 2)2 /(r − 1) gives the desired (20).

r−1
2

r)x0 .

10000

space of Ẍ + rẊ/t and satisfies t2 × t1−r → ∞ as t → ∞. For illustration, Figure 4 plots
t2 (f (X(t)) − f ? ) and sk 2 (f (xk ) − f ? ) with r = 2, 2.5, and r = 4 for comparison5 . It is
clearly that inverse quadratic convergence does not hold for r = 2, 2.5, that is, (2) does not
hold for r < 3. Interestingly, in Figures 4a and 4d, the scaled errors at peaks grow linearly,
whereas for r = 2.5, the growth rate, though positive as well, seems sublinear.

In closing, we would like to point out this new scheme is equivalent to setting θk =
−1
(r−1)/(k+r−1) and letting θk (θk−1
−1) replace the momentum coefficient (k−1)/(k+r−1).
q
Then, the equal sign “ = ” in the update θk+1 = ( θk4 + 4θk2 − θk2 )/2 has to be replaced by
an inequality sign “ ≥ ”. In examining the proof of Theorem 1(b) in Tseng (2010), we can
get an alternative proof of Theorem 6.
4.2 Low Friction
Now we turn to the case r < 3. Then, unfortunately, the energy functional approach for
proving Theorem 5 is no longer valid, since the left-hand side of (18) is positive in general.
In fact, there are counterexamples that fail the desired O(1/t2 ) or O(1/k 2 ) convergence
rate. We present such examples in continuous time. Equally, these examples would also
violate the O(1/k 2 ) convergence rate in the discrete schemes, and we forego the details.
r−1
Let f (x) = 12 kxk2 and X be the solution to (17). Then, Y = t 2 X satisfies

r−1

t2 Ÿ + tẎ + (t2 − (r − 1)2 /4)Y = 0.

2

With the initial condition Y (t) ≈ t 2 x0 for small t, the solution to the above Bessel
r−1
equation in a vector form of order (r − 1)/2 is Y (t) = 2 2 Γ((r + 1)/2)J(r−1)/2 (t)x0 . Thus,
X(t) =

Γ((r + 1)/2)J(r−1)/2 (t)
x0 .
r−1
t 2
p

2/(πt) cos(t − (r − 1)π/4 − π/4) + O(1/t) .

For large t, the Bessel function J(r−1)/2 (t) =
Hence,


f (X(t)) − f ? = O kx0 − x? k2 /tr ,

t2
x0 − 2(1+r)

where the exponent r is tight. This rules out the possibility of inverse quadratic convergence
of the generalized ODE and scheme for all f ∈ FL if r < 2. An example with r = 1 is
plotted in Figure 2.
Next, we consider the case 2 ≤ r < 3 and let f (x) = |x| (this alsopapplies to multivariate
f = kxk).4 Starting from
> 0, we get X(t) =
for t ≤ 2(1 +
Requiring
x0

continuity of X and Ẋ at the change point 0, we get

r+1

2
(f (X) − f ? ) ≤ hX − x? , ∇f (X)i. This inequality comwhich can be simplified to r−1
bined with (18) leads to the monotonically decreasing of E(t) defined for Theorem 5.
This completes the proof by noting f (X) − f ? ≤ (r − 1)E(t)/(2t2 ) ≤ (r − 1)E(0)/(2t2 ) =
(r − 1)2 kx0 − x? k2 /(2t2 ).
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t2
2(2(1 + r)x0 ) 2
r+3
X(t) =
+
x0
−
2(1 + r)
(r2 − 1)tr−1
r−1
p
p
for 2(1 + r)x0 < t ≤ 2c? (1 + r)x0 , where c? is the positive root other than 1 of (r −
r−1
1)c + 4c− 2 = r + 3. Repeating this process solves for X. Note that t1−r is in the null

16

5. For Figures 4d, 4e and 4f, if running generalized Nesterov’s schemes with too many iterations (e.g. 105 ),
the deviations from the ODE will grow. Taking a sufficiently small s can solve this issue.

JMLR 17(153):1-43

4. This function does not have a Lipschitz continuous gradient. However, a similar pattern as in Figure 2
can be also observed if we smooth |x| at an arbitrarily small vicinity of 0.

15

(2r − α)2 tα−2
2t
X(t) +
Ẋ − x?
8
2r − α
2

.

µ

α−2
2

tα

Ckx0 − x? k2

(2r − α)tα−1
(α − 2)(2r − α)2 tα−3
hX − x? , ∇f (X)i +
kX − x? k2
2
8
(α − 2)(2r − α)tα−2
+
hẊ, X − x? i. (23)
4

Ė ≤ −

Ė(t) ≤

17

(α − 2)(2r − α)tα−2 dkX − x? k2
.
8
dt
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(2µ(2r − α)t2 − (α − 2)(2r − α)2 )tα−3
(α − 2)(2r − α)tα−2 dkX − x? k2
kX−x? k2 +
.
8
8
dt
p
Hence, if t ≥ tα := (α − 2)(2r − α)/(2µ), we obtain

Substituting the last display into (23) with the awareness of r ≥ 3α/2 yields

(2r − α)tα−1
(2r − α)tα−1
µ(2r − α)tα−1
hX − x? , ∇f (X)i ≥
(f (X) − f ? ) +
kX − x? k2 .
2
2
4

By the strong convexity of f , the second term of the right-hand side of (23) is bounded
below as

αtα−1 (f (X) − f ? ) −

Proof Note that Ė(t; α) equals

for any t > 0. Above, the constant C only depends on α and r.

f (X(t)) − f ? ≤

Theorem 8 For any f ∈ Sµ,L (Rn ), if 2 ≤ α ≤ 2r/3 we get

When clear from the context, E(t; α) is simply denoted as E(t). For r > 3, taking α = 2r/3
2r
in the theorem stated below gives f (X(t)) − f ? . kx0 − x? k2 /t 3 .

E(t; α) = tα (f (X(t)) − f ? ) +

Strong convexity is a desirable property for optimization. Making use of this property
carefully suggests a generalized Nesterov’s scheme that achieves optimal linear convergence
(Nesterov, 2004). In that case, even vanilla gradient descent has a linear convergence rate.
Unfortunately, the example given in the previous subsection simply rules out such possibility
for (1) and its generalizations (19). However, from a different perspective, this example
suggests that O(t−r ) convergence rate can be expected for (17). In the next theorem, we
2r
prove a slightly weaker statement of this kind, that is, a provable O(t− 3 ) convergence rate
is established for strongly convex functions. Bridging this gap may require new tools and
more careful analysis.
Let f ∈ Sµ,L (Rn ) and consider a new energy functional for α > 2 defined as

4.3 Strongly Convex f

An ODE for Modeling Nesterov’s Scheme

(α − 2)(2r − α)tα−2
(f (X(t)) − f ? ). (24)
4µ

(2r − α)2 tα−2
2r − 2
2tα
2r − 2 ? 2
α
X(tα ) +
Ẋ(tα ) −
x
4
2r − α
2r − α
2r − α
2
α−2
2
α−2
α−2 ?
(2r − α) tα
X(tα ) −
x
+
4
2r − α
2r − α
(α − 2)2 (r − 1)2 kx0 − x? k2
? 2
≤ (r − 1)2 tα−2
, (26)
α kx0 − x k +
4µtα4−α

 kx − x? k2 
(α − 2)(r − 1)2 (2r + α − 4)kx0 − x? k2
0
=O
.
α−2
4−α
8µtα
µ 2

α−2
2

µ

α−2
2

tα

kx0 − x? k2
(27)

E(t) ≤ E(tα ) +

18
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C̃(α − 2)(2r − α)kx0 − x? k2
(α − 2)(2r − α)tα−2 C̃kx0 − x? k2
≤ E(tα ) +
α−1
α̃−2
α̃
4µ
4µ 2 tα
µ 2 t

Next, suppose that the theorem is valid for some α̃ > 2. We show below that this
theorem is still valid for α := α̃ + 1 if still r ≥ 3α/2. By the assumption, (24) further
induces

(r − 1)2 kx0 − x? k2
(r − 1)2 µ 2 [(α − 2)(2r − α)/(2µ)]
≤
2t2
2
 kx − x? k2 
0
=O
.
α−2
µ 2 tα

α−2

For t ≥ tα , it suffices to apply f (X(t)) − f ? ≤ E(t)/t3 to the last display. For t < tα , by
Theorem 5, f (X(t)) − f ? is upper bounded by

E(t) ≤ (r − 1)2 tαα−2 kx0 − x? k2 +

where in the second inequality we use the decreasing property of the energy functional
defined for Theorem 5. Combining (25) and (26), we have

E(tα ) ≤ tαα (f (X(tα )) − f ? ) +

E(tα ) +

(α − 2)(r − 1)2 (2r − α)kx0 − x? k2
(α − 2)(r − 1)2 (2r − α)kx0 − x? k2
≤ E(tα ) +
.
8µt4−α
8µtα4−α
(25)
Then, we bound E(tα ) as follows.

Making use of (24), we apply induction on α to finish the proof. First, consider 2 <
α ≤ 4. Applying Theorem 5, from (24) we get that E(t) is upper bounded by

≤ E(tα ) +

(α − 2)(2r − α)tα−2
(α − 2)(2r − α)tα−2
α
E(t) ≤ E(tα ) +
kX(t) − x? k2 −
kX(tα ) − x? k2
8
8
Z t
1
(α − 2)(2r − α)tα−2
(α − 2)2 (2r − α)uα−3 kX(u) − x? k2 du ≤ E(tα ) +
−
kX(t) − x? k2
8 tα
8

Integrating the last inequality on the interval (tα , t) gives
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for some constant C̃ only depending on α̃ and r. This inequality with (26) implies
(α − 2)2 (r − 1)2 kx0 − x? k2 C̃(α − 2)(2r − α)kx0 − x? k2
E(t) ≤ (r − 1)2 tαα−2 kx0 − x? k2 +
+
α−1
4µtα4−α
4µ 2 tα


α−2
= O kx0 − x? k2 /µ 2 ,

which verify the induction for t ≥ tα . As for t < tα , the validity of the induction follows
from Theorem 5, similarly to (27). Thus, combining the base and induction steps, the proof
is completed.
It should be pointed out that the constant C in the statement of Theorem 8 grows with
the parameter r. Hence, simply increasing r does not guarantee to give a better error bound.
While it is desirable to expect a discrete analogy of Theorem 8, i.e., O(1/k α ) convergence
rate for (19), a complete proof can be notoriously complicated. That said, we mimic the
proof of Theorem 8 for α = 3 and succeed in obtaining a O(1/k 3 ) convergence rate for the
generalized Nesterov’s schemes, as summarized in the theorem below.

CLkx0 − x? k2
− f? ≤
k2

L/µ
,
k

Theorem 9 Suppose f is written as f = g +h, where g ∈ Sµ,L and h is convex with possible
extended value ∞. Then, the generalized Nesterov’s scheme (19) with r ≥ 9/2 and s = 1/L
satisfies
p
f (xk )

where C only depends on r.

This theorem states that the discrete scheme (19) enjoys the error bound O(1/k 3 ) without any knowledge of the condition number
L/µ. In particular, this bound is much better
p
than that given in Theorem 6 if k  L/µ. The strategy of the proof is fully inspired by
that of Theorem 8, though it is much more complicated and thus deferred to the Appendix.
The relevant energy functional E(k) for this Theorem 9 is equal to

2k + 3r − 5
k2(k + r − 1)yk − (2k + 1)xk − (2r − 3)x? k2 . (28)
16

s(2k + 3r − 5)(2k + 2r − 5)(4k + 4r − 9)
(f (xk ) − f ? )
16
+

4.4 Numerical Examples

JMLR 17(153):1-43

We study six synthetic examples to compare (19) with the step sizes are fixed to be 1/L, as
illustrated in Figure 5. The error rates exhibits similar patterns for all r, namely, decreasing
while suffering from local bumps. A smaller r introduces less friction, thus allowing xk moves
towards x? faster in the beginning. However, when sufficiently close to x? , more friction
is preferred in order to reduce overshoot. This point of view explains what we observe in
these examples. That is, across these six examples, (19) with a smaller r performs slightly
better in the beginning, but a larger r has advantage when k is large. It is an interesting
question how to choose a good r for different problems in practice.
19

4

10

2

0

10

10

−2

10

−4

−6

10

10

−8

10

5

10

0

−5

10

0

0

0

−10

10

10

−15

10

−20

10

10 4

10 2

10 0

10 -2

10 -4

10 -6

-8

-12

-10

10

10

10

40

500

50

60

iterations

80

1000

100

100

r=3
r=4
r=5

160

150

1500

r=3
r=4
r=5

r=3
r=4
r=5

140

4

10

2

0

10

−2

10

−4

10

−6

10

−8

10

10

−10

10

−12

10

5

10

0

−5

10

−10

10

−15

10

−20

10

10

50

100

200

150

300

250

300

iterations

200

500

iterations

400

350

600

400

700

(b) Lasso with square design.

100

200

300

iterations

400

500

600

(d) NLS with square design.

100

r=3
r=4
r=5

450

r=3
r=4
r=5

800

r=3
r=4
r=5

700

(f) `1 -regularized logistic regression.
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Nonnegative least squares (NLS) with fat design. Minimize f (x) = kAx − bk2
subject to x  0, with the same design A and b as in Figure 5a. The plot is Figure 5c.

Lasso with square design. Minimize f (x) = 21 kAx − bk2 + λkxk1 , where A a 500 ×
500 random matrix with i.i.d. standard Gaussian entries, b generated independently has
i.i.d. N (0, 9) entries, and the penalty λ = 4. The plot is Figure 5b.

Lasso with fat design. Minimize f (x) = 21 kAx − bk2 + λkxk1 , in which A a 100 × 500
random matrix with i.i.d. standard Gaussian N (0, 1) entries, b generated independently has
i.i.d. N (0, 25) entries, and the penalty λ = 4. The plot is Figure 5a.

Figure 5: Comparisons of generalized Nesterov’s schemes with different r.

(e) Logistic regression.
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Incorporating the optimal momentum coefficient
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(This is less than (k − 1)/(k + 2)
p
when k is large), Nesterov’s scheme has convergence rate of O((1 − µ/L)k ) (Nesterov,
2004), which, however, requires knowledge of the condition number µ/L. While it is relatively easy to bound the Lipschitz constant L by the use of backtracking, estimating the
strong convexity parameter µ, if not impossible, is very challenging.
Among many approaches to gain acceleration via adaptively estimating µ/L (see Nesterov, 2013), O’Donoghue and Candès (2013) proposes a procedure termed as gradient
restarting for Nesterov’s scheme in which (1) is restarted with x0 = y0 := xk whenever
f (xk+1 ) > f (xk ). In the language of ODEs, this restarting essentially keeps h∇f, Ẋi negative, and resets 3/t each time to prevent this coefficient from steadily decreasing along the
trajectory. Although it has been empirically observed that this method significantly boosts
convergence, there is no general theory characterizing the convergence rate.
In this section, we propose a new restarting scheme we call the speed restarting scheme.
The underlying motivation is to maintain a relatively high velocity Ẋ along the trajectory,
similar in spirit to the gradient restarting. Specifically, our main result, Theorem 10, ensures
linear convergence of the continuous version of the speed restarting. More generally, our
contribution here is merely to provide a framework for analyzing restarting schemes rather
than competing with other schemes; it is beyond the scope of this paper to get optimal
constants in these results. Throughout this section, we assume f ∈ Sµ,L for some 0 < µ ≤ L.
Recall that function f ∈ Sµ,L if f ∈ FL and f (x) − µkxk2 /2 is convex.

The example discussed in Section 4.2 demonstrates that Nesterov’s scheme and its generalizations (19) are not capable of fully exploiting strong convexity. That is, this example
suggests evidence that O(1/poly(k)) is the best rate achievable under strong convexity. In
contrast, the vanilla gradient method achieves linear convergence O((1−µ/L)k ). This drawback results from too much momentum introduced when the objective function is strongly
convex. The derivative of a strongly convex function is generally more reliable than that
of non-strongly convex functions. In the language of ODEs, at later stage a too small 3/t
in (3) leads to a lack of friction, resulting in unnecessary
overshoot along the trajectory.
√

5. Restarting

Nonnegative least squares with sparse design. Minimize f (x) = kAx − bk2 subject
to x  0, in which A is a 1000 × 10000 sparse matrix with nonzero probability 10% for each
entry and b is given as b = Ax0 + N (0, I1000 ). The nonzero entries of A are independently
Gaussian distributed before column normalization, and x0 has 100 nonzero entries that are
all equal to 4. The plot is Figure 5d.
P
T
Logistic regression. Minimize ni=1 −yi aTi x + log(1 + eai x ), in which A = (a1 , . . . , an )T
is a 500 × 100 matrix with i.i.d. N (0, 1) entries. The labels yi ∈ {0, 1} are generated by the
T 0
logistic model: P(Yi = 1) = 1/(1 + e−ai x ), where x0 is a realization of i.i.d. N (0, 1/100).
The plot is Figure 5e.
P
T
`1 -regularized logistic regression. Minimize ni=1 −yi aTi x + log(1 + eai x ) + λkxk1 , in
T
which A = (a1 , . . . , an ) is a 200 × 1000 matrix with i.i.d. N (0, 1) entries and λ = 5. The
labels yi are generated similarly as in the previous example, except for the ground truth x0
here having 10 nonzero components given as i.i.d. N (0, 225). The plot is Figure 5f.
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)
dkẊ(u)k2
>0
du

3
Ẋ(t) + ∇f (X(t)) = 0,
tsr

(29)

c1 Lkx0 − x? k2 −c2 t√L
e
.
2

22
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Before turning to the proof, we make a remark that this linear convergence of X sr
remains to hold for the generalized ODE (17) with r > 3. Only minor modifications in the
proof below are needed, such as replacing u3 by ur in the definition of I(t) in Lemma 25.

f (X sr (t)) − f ? ≤

Theorem 10 There exist positive constants c1 and c2 , which only depend on the condition
number L/µ, such that for any f ∈ Sµ,L , we have

The theorem below guarantees linear convergence of X sr . This is a new result in the
literature (O’Donoghue and Candès, 2013; Monteiro et al., 2012). The proof of Theorem 10
is based on Lemmas 12 and 13, where the first guarantees the rate f (X sr ) − f ? decays by a
constant factor for each restarting, and the second confirms that restartings are adequate.
In these lemmas we all make a convention that the uninteresting case x0 = x? is excluded.

• X sr (t) satisfies (3) for 0 < t < T1 := T (x0 ; f ).
P
 
P


i
i
sr
e
• Recursively define Ti+1 = T X sr
j=1 Tj ; f for i ≥ 1, and X(t) := X
j=1 Tj + t
P

i
e
satisfies the ODE (3), with X(0)
= X sr
j=1 Tj , for 0 < t < Ti+1 .

• X sr (t) is continuous for t ≥ 0, with X sr (0) = x0 ;

where tsr is set to zero whenever hẊ, Ẍi = 0 and between two consecutive restarts, tsr grows
just as t. That is, tsr = t − τ , where τ is the latest restart time. In particular, tsr = 0 at
t = 0. Letting X sr be the solution to (29), we have the following observations.

Ẍ(t) +

The speed restarted ODE is thus

df (X(t))
3
1 dkẊk2
= h∇f (X), Ẋi = − kẊk2 −
≤ 0.
dt
t
2 dt

the speed restarting time. In words, T is the first time the velocity kẊk decreases. Back to
the discrete scheme, it is the first time when we observe kxk+1 − xk k < kxk − xk−1 k. This
definition itself does not directly imply that 0 < T < ∞, which is proven later in Lemmas
13 and 25. Indeed, f (X(t)) is a decreasing function before time T ; for t ≤ T ,

T = T (x0 ; f ) = sup t > 0 : ∀u ∈ (0, t),

(

We first define the speed restarting time. For the ODE (3), we call

5.1 A New Restarting Scheme

Su, Boyd and Candès
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5.2 Proof of Linear Convergence

0

Z

t

u3 (∇f (X(u)) − ∇f (x0 ))du.

First, we collect some useful estimates. Denote by M (t) the supremum of kẊ(u)k/u over
u ∈ (0, t] and let
I(t) :=

0

t

Ẋ(u)du ≤ L

0

t

u

u3 k∇f (X(u)) − ∇f (x0 )kdu ≤

0

LM (u)u5
LM (t)t6
du ≤
.
2
12

kẊ(u)k
LM (t)t2
du ≤
.
u
2

It is guaranteed that M defined above is finite, for example, see the proof of Lemma 18.
The definition of M gives a bound on the gradient of f ,
Z
Z
k∇f (X(t)) − ∇f (x0 )k ≤ L

0

Hence, it is easy to see that I can also be bounded via M ,
Z t
Z t
kI(t)k ≤

To fully facilitate these estimates, we need the following lemma that gives an upper bound
of M , whose proof is deferred to the appendix.
p
12/L, we have
Lemma 11 For t <
k∇f (x0 )k
.
M (t) ≤
4(1 − Lt2 /12)

(30)

Next we give a lemma which claims that the objective function decays by a constant
through each speed restarting.
Lemma 12 There is a universal constant C > 0 such that


Cµ
f (X(T )) − f ? ≤ 1 −
(f (x0 ) − f ? ).
L
p
12/L we have

t
1
LM (t)t3
Lk∇f (x0 )kt3
≤
,
Ẋ(t) + ∇f (x0 ) = 3 kI(t)k ≤
4
t
12
48(1 − Lt2 /12)

Proof By Lemma 11, for t <

which yields
t
Lk∇f (x0 )kt3
t
Lk∇f (x0 )kt3
0 ≤ k∇f (x0 )k −
≤ kẊ(t)k ≤ k∇f (x0 )k +
.
4
48(1 − Lt2 /12)
4
48(1 − Lt2 /12)
√
Hence, for 0 < t < 4/(5 L) we get

3
t
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3
1d
3
df (X)
= − kẊk2 −
kẊk2 ≤ − kẊk2
dt
t
2 dt
t

2
t
Lk∇f (x0 )kt3
k∇f (x0 )k −
≤ −C1 tk∇f (x0 )k2 ,
4
48(1 − Lt2 /12)
≤−
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5

4
√

L

−C1 uk∇f (x0 )k2 du ≤ −

Cµ
(f (x0 ) − f ? ),
L

where C1 > 0 is an absolute constant and the second inequality follows from Lemma 25 in
the appendix. Consequently,

0

Z

√ 
f X(4/(5 L)) − f (x0 ) ≤

where C = 16C1 /25 and in the last inequality we use the µ-strong convexity of f . Thus we
have


 

Cµ
4
√
− f? ≤ 1 −
f X
(f (x0 ) − f ? ).
L
5 L
√
To complete the proof, note that f (X(T )) ≤ f (X(4/(5 L))) by Lemma 25.

With each restarting reducing the error f − f ? by a constant a factor, we still need the
following lemma to ensure sufficiently many restartings.

T

4
√

L

√
√
√
3
5T L
kẊ(4/(5 L))k2 dt = −3kẊ(4/(5 L))k2 log
.
t
4

df (X)
dt

Lemma 13 There is a universal constant C̃ such that


4 exp C̃L/µ
√
T ≤
.
5 L
√
≤ − 3t kẊ(t)k2 ≤ − 3t kẊ(4/(5 L))k2 , which

5

√
Proof For 4/(5 L) ≤ t ≤ T , we have
implies
Z

f (X(T )) − f (x0 ) ≤ −

Hence, we get an upper bound for T ,

L(f (x0 ) − f ? )
3C12 k∇f (x0 )k2

4
L
≤ √ exp
.
6C12 µ
5 L




 f (x ) − f ?
4
f
(x
4
0 ) − f (X(T ))
0
√
√
≤ √ exp
.
T ≤ √ exp
5 L
3kẊ(4/(5 L))k2
5 L
3kẊ(4/(5 L))k2
√
√
C1
Plugging t = 4/(5 L) into (30) gives kẊ(4/(5 L))k ≥ √
k∇f (x0 )k for some universal
L
constant C1 > 0. Hence, from the last display we get


4
T ≤ √ exp
5 L

Now, we are ready to prove Theorem 10 by applying Lemmas√12 and 13.
Proof Note that Lemma 13 asserts, by time t at least m := b5t Le−C̃L/µ /4c restartings
have occurred for X sr . Hence, recursively applying Lemma 12, we have

f (X sr (t)) − f ? ≤ f (X sr (T1 + · · · + Tm )) − f ?

≤ (1 − Cµ/L) (f (X sr (T1 + · · · + Tm−1 )) − f ? )
≤ ··· ≤ ···

√

L

(f (x0 ) − f ? ) ≤
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c1 Lkx0 − x? k2 −c2 t√L
e
,
2

≤ (1 − Cµ/L)m (f (x0 ) − f ? ) ≤ e−Cµm/L (f (x0 ) − f ? )
≤ c1 e−c2 t

24

f (x) = ρ log

i=1

m
hX

exp((aTi x

i
− bi )/ρ) ,

25

JMLR 17(153):1-43

Matrix completion. f (X) = 21 kXobs − Mobs k2F + λkXk∗ , in which the ground truth M is
a rank-5 random matrix of size 300 × 300. The regularization parameter is set to λ = 0.05.
The 5 singular values of M are 1, . . . , 5. The observed set is independently sampled among
the 300 × 300 entries so that 10% of the entries are actually observed.
Lasso in `1 –constrained form with large sparse design. f (x) = 12 kAx−bk2 s.t. kxk1 ≤
δ, where A is a 5000 × 50000 random sparse matrix with nonzero probability 0.5% for each

where n = 50, m = 200, ρ = 20. The matrix A = (aij ) is a random matrix with i.i.d. standard Gaussian entries, and b = (bi ) has i.i.d. Gaussian entries with mean 0 and variance 2.
This function is not strongly convex.

Log-sum-exp.

Quadratic. f (x) =
is a strongly convex function, in which A is a 500 × 500
random positive definite matrix and b a random vector. The eigenvalues of A are between
0.001 and 1. The vector b is generated as i.i.d. Gaussian random variables with mean 0 and
variance 25.

1 T
T
2 x Ax + b x

input: x0 ∈ Rn , y0 = x0 , x−1 = x0 , 0 < s ≤ 1/L, kmax ∈ N+ and kmin ∈ N+
j←1
for k = 1 to kmax do
1
xk ← argminx ( 2s
kx − yk−1 + s∇g(yk−1 )k2 + h(x))
j−1
yk ← xk + j+2 (xk − xk−1 )
if kxk − xk−1 k < kxk−1 − xk−2 k and j ≥ kmin then
j←1
else
j ←j+1
end if
end for

Algorithm 1 Speed Restarting Nesterov’s Scheme

Below we present a discrete analog to the restarted scheme. There, kmin is introduced to
avoid having consecutive restarts that are too close. To compare the performance of the
restarted scheme with the original (1), we conduct four simulation studies, including both
smooth and non-smooth objective functions. Note that the computational costs of the
restarted and non-restarted schemes are the same.

5.3 Numerical Examples

In closing, we remark that we believe that estimate in Lemma 12 is tight, while√
not for
Lemma 13. Thus we conjecture that for a large class of f ∈ Sµ,L , if not all, T = O( L/µ).
If this is true, the exponent constant c2 in Theorem 10 can be significantly improved.

where c1 = exp(Cµ/L) and c2 = 5Cµe−C̃µ/L /(4L).
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Figure 6: Numerical performance of speed restarting (srN), gradient restarting (grN), the
original Nesterov’s scheme (oN) and the proximal gradient (PG).
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mapping between the coefficients of momentum (e.g. (k − 1)/(k + 2)) and velocity (e.g. 3/t).
The derivations of generalized Nesterov’s schemes and the speed restarting scheme are
both motivated by trying a different velocity coefficient, in which the surprising phase
transition at 3 is observed. Clearly, such alternatives are endless, and we expect this will
lead to findings of many discrete accelerated schemes. In a different direction, a better
understanding of the trajectory of the ODEs, such as curvature, has the potential to be
helpful in deriving appropriate stopping criteria for termination, and choosing step size by
backtracking.

Su, Boyd and Candès

Ẍ +

3
Ẋ + ∇f (X) = 0
max(δ, t)

Mδ (δ) ≤

k∇f (x0 )k
.
1 − Lδ 2 /6

28

(31)
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with X(0) = x0 , Z(0) = 0. As functions of (X, Z), both Z and −3Z/ max(δ, t)−∇f (X)) are
max(1, L) + 3/δ-Lipschitz continuous. Hence by standard ODE theory, (31) has a unique
global solution in C 2 [0, ∞), denoted by Xδ . Note that Ẍδ is also well defined at t = 0.
Next, introduce Mδ (t) to be the supremum of kẊδ (u)k/u over u ∈ (0, t]. It is easy to see
that Mδ (t) is finite because kẊδ (u)k/u = (kẊδ (u) − Ẋδ (0)k)/u = kẌδ (0)k + o(1) for small
u. We give an upper bound for Mδ (t) in the following lemma.
p
Lemma 15 For δ < 6/L, we have

with X(0) = x , Ẋ(0) = 0. Denoting by Z = Ẋ, then (31) is equivalent to
0

  
Z
X
=
3
Z − ∇f (X)
− max(δ,t)
Z
d
dt

Below, some preparatory lemmas are given before turning to the proof of this lemma. To
begin with, for any δ > 0 consider the smoothed ODE

Lemma 14 For any f ∈ F∞ and any x0 ∈ Rn , the ODE (3) has at least one solution X
in C 2 (0, ∞) ∩ C 1 [0, ∞).

The proof is divided into two parts, namely, existence and uniqueness.

Appendix A. Proof of Theorem 1
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entry and b is generated as b = Ax0 + z. The nonzero entries of A independently follow the
Gaussian distribution with mean 0 and variance 0.04. The signal x0 is a vector with 250
nonzeros and z is i.i.d. standard Gaussian noise. The parameter δ is set to kx0 k1 .
Pp
Sorted `1 penalized estimation. f (x) = 21 kAx−bk2 + i=1
λi |x|(i) , where |x|(1) ≥ · · · ≥
|x|(p) are the order statistics of |x|. This is a recently introduced testing and estimation
procedure (Bogdan et al., 2015). The design A is a 1000 × 10000 Gaussian random matrix,
and b is generated as b = Ax0 + z for 20-sparse x0 and Gaussian noise z. The penalty
sequence is set to λi = 1.1Φ−1 (1 − 0.05i/(2p)).
Lasso. f (x) = 12 kAx − bk2 + λkxk1 , where A is a 1000 × 500 random matrix and b is given
√
as b = Ax0 + z for 20-sparse x0 and Gaussian noise z. We set λ = 1.5 2 log p.
Pn
T
−yi aiT x + log(1 + eai x ) + λkxk1 , where
`1 -regularized logistic regression. f (x) = i=1
the setting is the same as in Figure 5f. The results are presented in Figure 6g.
Pn
T
Logistic regression with large sparse design. f (x) = i=1
−yi aiT x + log(1 + eai x ),
in which A = (a1 , . . . , an )T is a 107 × 20000 sparse random matrix with nonzero probability
0.1% for each entry, so there are roughly 2 × 108 nonzero entries in total. To generate the
labels y, we set x0 to be i.i.d. N (0, 1/4). The plot is Figure 6h.
In these examples, kmin is set to be 10 and the step sizes are fixed to be 1/L. If the
objective is in composite form, the Lipschitz bound applies to the smooth part. Figure 6
presents the performance of the speed restarting scheme, the gradient restarting scheme,
the original Nesterov’s scheme and the proximal gradient method. The objective functions
include strongly convex, non-strongly convex and non-smooth functions, violating the assumptions in Theorem 10. Among all the examples, it is interesting to note that both speed
restarting scheme empirically exhibit linear convergence by significantly reducing bumps in
the objective values. This leaves us an open problem of whether there exists provable
linear convergence rate for the gradient restarting scheme as in Theorem 10. It is also
worth pointing out that compared with gradient restarting, the speed restarting scheme
empirically exhibits more stable linear convergence rate.

6. Discussion
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This paper introduces a second-order ODE and accompanying tools for characterizing Nesterov’s accelerated gradient method. This ODE is applied to study variants of Nesterov’s
scheme and is capable of interpreting some empirically observed phenomena, such as oscillations along the trajectories. Our approach suggests (1) a large family of generalized Nesterov’s schemes that are all guaranteed to converge at the rate O(1/k 2 ), and (2) a restarting
scheme provably achieving a linear convergence rate whenever f is strongly convex.
In this paper, we often utilize ideas from continuous-time ODEs, and then apply these
ideas to discrete schemes. The translation, however, involves parameter tuning and tedious
calculations. This is the reason why a general theory mapping properties of ODEs into
corresponding properties for discrete updates would be a welcome advance. Indeed, this
would allow researchers to only study the simpler and more user-friendly ODEs.
As evidenced by many examples, the viewpoint of regarding the ODE as a surrogate
for Nesterov’s scheme would allow a new perspective for studying accelerated methods
in optimization. The discrete scheme and the ODE are closely connected by the exact
27

0

Z

u

Ẋδ (v)dv ≤

0

Z

t

0

Z

t
0

0

Z
u

v

kẊδ (v)k
1
dv ≤ LMδ (u)u2 .
v
2

t

1
LMδ (u)u2 e3u/δ du
2

(5 − Lδ 2 /6)k∇f (x0 )k
.
4(1 − Lδ 2 /6)(1 − Lt2 /12)

which is equivalent to

29

dt3 Ẋδ (t)
= −t3 ∇f (Xδ (t)).
dt

3
Ẍδ + Ẋδ + ∇f (Xδ ) = 0,
t

Proof For t > δ, the smoothed ODE takes the form

Mδ (t) ≤

Next, we give an upper bound for Mδ (t) when t > δ.
p
p
Lemma 17 For δ < 6/L and δ < t < 12/L, we have
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Taking the supremum of kẊδ (t)k/t over 0 < t ≤ δ and rearranging the inequality give the
desired result.

0

Z

Z t
e3u/δ du− (∇f (Xδ (u))−∇f (x0 ))e3u/δ du.

t
kẊδ (t)k
1
1
e3u/δ du + e−3t/δ
≤ e−3t/δ k∇f (x0 )k
t
t
t
0
LMδ (δ)δ 2
≤ k∇f (x0 )k +
.
6

Z

∇f (Xδ (u))e3u/δ du = −∇f (x0 )

Hence, by Lemma 16

Ẋδ e3t/δ = −

which yields

3
Ẍδ + Ẋδ + ∇f (Xδ ) = 0,
δ

Next, we prove Lemma 15.
Proof For 0 < t ≤ δ, the smoothed ODE takes the form

k∇f (Xδ (u))−∇f (x0 )k ≤ LkXδ (u)−x0 k =

Proof By Lipschitz continuity,

1
k∇f (Xδ (u)) − ∇f (x0 )k ≤ LMδ (u)u2 .
2

Lemma 16 For any u > 0, the following inequality holds

The proof of Lemma 15 relies on a simple lemma.
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δ

δ

30
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We are now ready for the proof of Lemma 14.
Proof By the Arzelá-Ascoli
theorem and Lemma 18, F contains a subsequence converging
p
uniformly on [0, 6/L]. Denote by {Xδmi }i∈N the convergent subsequence and X̆ the limit.
p
Above, δmi = 3/L/2mi decreases as i increases. We will prove that X̆ satisfies (3) and
˙
the initial conditions X̆(0) = x0 , X̆(0) = 0.

0

Thus it immediately implies that F is equicontinuous. To establish the uniform boundedness, note that
Z t
kXδ (t)k ≤ kXδ (0)k +
kẊδ (u)kdu ≤ kx0 k + 30k∇f (x0 )k/L.

p
p
Proof By Lemmas 15 and 17, for any t ∈ [0, 6/L], δ ∈ (0, 3/L) the gradient is uniformly
bounded as
n k∇f (x )k
p
p
p
p
5k∇f (x0 )k o
0
kẊδ (t)k ≤ 6/LMδ ( 6/L) ≤ 6/L max
,
= 5 6/Lk∇f (x0 )k.
1
1− 2
4(1 − 12 )(1 − 12 )

h p
i
p
Lemma 18 The function class F = {Xδ : 0, 6/L → Rn δ = 3/L/2m , m = 0, 1, . . .}
is uniformly bounded and equicontinuous.

The desired result follows from rearranging the inequality.

1
1
k∇f (X0 )k
.
Mδ (t) ≤ k∇f (x0 )k + LMδ (t)t2 +
4
12
1 − Lδ 2 /6

which also holds for t0 ≤ δ. Taking the supremum over t0 ∈ (0, t) gives

kẊδ (t0 )k
1
1
k∇f (x0 )k
≤ k∇f (x0 )k + LMδ (t)t2 +
,
t0
4
12
1 − Lδ 2 /6

where the last expression is an increasing function of t. So for any δ < t0 < t, it follows that

Z
kẊδ (t)k
1 t1
t4 − δ 4
δ 4 kẊδ (δ)k
k∇f (x0 )k + 4
≤
LMδ (u)u5 du + 4
4
t
4t
t δ 2
t
δ
1
1
k∇f (X0 )k
2
≤ k∇f (x0 )k + LMδ (t)t +
,
4
12
1 − Lδ 2 /6

Therefore by Lemmas 16 and 15, we get

δ

Z t
Z t
Z t
u3 ∇f (x0 )du− u3 (∇f (Xδ (u))−∇f (x0 ))du+δ 3 Ẋδ (δ).
− u3 ∇f (Xδ (u))du+δ 3 Ẋδ (δ) = −

Hence, by integration, t3 Ẋδ (t) is equal to
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kXδmi (t) − X̃(t)k → 0

p
Fix an arbitrary t0 ∈ (0, 6/L). Since kẊδmi (t0 )k is bounded, we can pick a subsequence
of Ẋδmi (t0 ) which converges to a limit, denoted by XtD0 . Without loss of generality, assume
the subsequence is the original sequence. Denote by X̃ the local solution to (3) with X(t0 ) =
X̆(t0 ) and Ẋ(t0 ) = XtD0 . Now recall that Xδmi is the solution to (3) with X(t0 ) = Xδmi (t0 )
and Ẋ(t0 ) = Ẋδmi (t0 ) when δmi < t0 . Since both Xδmi (t0 ) and Ẋδmi (t0 ) approach X̆(t0 )
and XtD0 , respectively, there exists 0 > 0 such that
sup

t0 −0 <t<t0 +0

kXδmi (t) − X̆(t)k → 0.

as i → ∞. However, by definition we have
sup

t0 −0 <t<t0 +0

Therefore X̆ and X̃ have to be identical on (t0 − 0 , t0 + 0 ).p
So X̆ satisfies (3) at t0 . Since t0
is arbitrary, we conclude that X̆ is a solution to (3) on (0, 6/L). By extension, X̆ can be
a global solution to (3) on (0, ∞). It only leaves to verify the initial conditions to complete
the proof.
The first condition X̆(0) = x0 is a direct consequence of Xδmi (0) = x0 . To check the
second, pick a small t > 0 and note that
kXδmi (t) − Xδmi (0)k
kX̆(t) − X̆(0)k
= lim
i→∞
t
t
i→∞

= lim kẊδmi (ξi )k
i→∞
p
≤ lim sup tMδmi (t) ≤ 5t 6/Lk∇f (x0 )k,

where ξi ∈ (0, t) is given by the mean value theorem. The desired result follows from taking
t → 0.
Next, we aim to prove the uniqueness of the solution to (3).
Lemma 19 For any f ∈ F∞ , the ODE (3) has at most one local solution in a neighborhood
of t = 0.
Suppose on the contrary that there are two solutions, namely, X and Y , both defined on
(0, α) for some α > 0. Define M̃ (t) to be the supremum of kẊ(u) − Ẏ (u)k over u ∈ [0, t).
To proceed, we need a simple auxiliary lemma.
Lemma 20 For any t ∈ (0, α), we have

t

0

kẊ(u) − Ẏ (u)kdu ≤ LtM̃ (t).

k∇f (X(t)) − ∇f (Y (t))k ≤ LtM̃ (t).
Z

0

≤L
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Ẋ(u) − Ẏ (u)du + X(0) − Y (0)
Z t

Proof By Lipschitz continuity of the gradient, one has
k∇f (X(t)) − ∇f (Y (t))k ≤ LkX(t) − Y (t)k = L

31

Su, Boyd and Candès

0

Z

0

t
1
Lu4 M̃ (u)du ≤ Lt5 M̃ (t),
5

Now we prove Lemma 19.
Proof Similar to the proof of Lemma 17, we get
Z t
u3 (∇f (X(u)) − ∇f (Y (u)))du.
t3 (Ẋ(t) − Ẏ (t)) = −

Applying Lemma 20 gives
t3 kẊ(t) − Ẏ (t)k ≤

which can be simplified as kẊ(t) − Ẏ (t)k ≤ Lt2 M̃ (t)/5. Thus, for any t0 ≤ t it is true
0
0
0
that kẊ(t0 ) − Ẏ (t0 )k ≤ Lt2 M̃ (t)/5. Taking the supremum of kẊ(t
p ) − Ẏ (t )k over t ∈ (0, t)
gives M̃ (t) ≤ Lt2 M̃ (t)/5. Therefore M̃ (t) = 0 for t < min(α, 5/L), which is equivalent
p
to saying Ẋ = Ẏ on [0, min(α, 5/L)). With the same initial value X(0) = Y
p(0) = x0
and the same gradient, we conclude that X and Y are identical on (0, min(α, 5/L)), a
contradiction.

Given all of the aforementioned lemmas, Theorem 1 follows from a combination of
Lemmas 14 and 19.

Appendix B. Proof of Theorem 2

s, for any T > 0 we have

(32)

√
Identifying s = ∆t, the comparison between (4) and (15) reveals that Nesterov’s scheme
is a discrete scheme for numerically integrating the ODE (3). However, its singularity of the
damping coefficient at t = 0 leads to the nonexistence of off-the-shelf ODE theory for proving
Theorem 2. To address this difficulty, we use the smoothed ODE (31) to approximate the
original one; then bound the difference between Nesterov’s scheme and the forward Euler
scheme of (31), which may take the following form:

√

δ
= Xkδ + ∆tZkδ
Xk+1


3∆t
δ
Zk+1
= 1−
Z δ − ∆t∇f (Xkδ )
max{δ, k∆t} k

with X0δ = x0 and Z0δ = 0.

Lemma 21 With step size ∆t =

max kXkδ − xk k ≤ Cδ 2 + os (1)
1≤k≤ √Ts

(33)
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for some constant C.
√
Proof Let zk = (xk+1 − xk )/ s. Then Nesterov’s scheme is equivalent to
√
xk+1 = xk + szk


√
3 
2k + 3 √ 
zk+1 = 1 −
zk − s∇f xk +
szk .
k+3
k+3

32

(
√
√
bk + LsSk−1 + C2 s, k ≤ δ/ s
√
bk + LsSk−1 + Cδ2 s , k > δ/ s.
(35)

s→0

√
for all k ≤ δ/ s.

ak ≤

√

√

L

+ C2 e−δ
2L

√

L

− 2C2

33

sSk−1 = O(δ 2 ) + os (1)

√
C2 e δ
lim sup sSk? −1 ≤

which allows us to conclude that

Sk ≤

= O(δ 2 ),

JMLR 17(153):1-43

(36)

√
√
√
√
C1 Ls + C2 + (C1 + C2 ) Ls
C1 Ls + C2 − (C1 + C2 ) Ls
C2
√
√
(1+ Ls)k +
(1− Ls)k − √ .
2L s
2L s
L s
√
Letting k ? = bδ/ sc, we get

Hence,

√
By induction on k, for k ≤ δ/ s it holds that
√
√
√
√
C1 Ls + C2 + (C1 + C2 ) Ls
C1 Ls + C2 − (C1 + C2 ) Ls
√
√
bk ≤
(1+ Ls)k−1 −
(1− Ls)k−1 .
2 L
2 L

bk+1 ≤

Making use of (34) gives


 3
√
3
3
√
√
bk + L sak +
+ 2Ls kzk k
bk+1 ≤ 1 −
−
k + 3 max{δ/ s, k}
max{δ/ s, k}
 3

√
3
√
≤ bk + L sak +
−
+ 2Ls kzk k.
k + 3 max{δ/ s, k}
p
To upper bound kzk k, denoting by C1 the supremum of 2L(f (yk ) − f ? ) over all k and s,
we have
√
√
k−1
kzk k ≤
kzk−1 k + sk∇f (yk )k ≤ kzk−1 k + C1 s,
k+2
√
which gives kzk k ≤ C1 (k + 1) s. Hence,
( √
 3

C2 s, k ≤ √δs
3
√
−
+ 2Ls kzk k ≤ C2 √s
k + 3 max{δ/ s, k}
< Cδ2 s , k > √δs .
k
ak ≤

√

2

L+1

√

+ e−(T −δ)

sSk−1 = O(δ 2 ) + os (1)

√

L+1 )

= O(δ 2 ),

f (x) = g(x) + h(x),

(37)

34
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where g ∈ FL and h is a general convex function possibly taking on the value +∞. Provided
it is easy to evaluate the proximal of h, Beck and Teboulle (2009) propose a proximal

minimize

In analogy to (3) for smooth f in Section 2, we develop an ODE for composite optimization,

Appendix C. ODE for Composite Optimization

√
The second term kXkδm − Xδm (k s)k will uniformly vanish as s → 0 and so does the first
term kxk − Xkδm k if first s → 0 and then δm → 0. This completes the proof.

0≤t≤T

sup kXδm (t) − X(t)k → 0.

where Xδ (·) is the solution to the smoothed ODE (31). The proof of Lemma 14 implies
that, we can choose a sequence δm → 0 such that

Now we turn to the proof of Theorem 2.
Proof Note the triangular inequality
√
√
√
√
kxk − X(k s)k ≤ kxk − Xkδ k + kXkδ − Xδ (k s)k + kXδ (k s) − X(k s)k,

for k ? < k ≤ k  . Last, combining (36) and the last display, we get the desired result.

which yields

s→0

√
C3 δ 2 (e(T −δ)
lim sup sSk ≤

By induction, we get
√
√

p
p
C3 δ 2 / s + os (1/ s) 
?
?
Sk ≤
(1 + (L + 1)s)k−k + (1 − (L + 1)s)k−k .
2
√
Letting k  = bT / sc, we further get

bk+1 ≤ bk + (L + 1)sSk−1 .

√
Next, we bound bk for k > k ? = bδ/ sc. To this end, we consider the worst case of
(35), that is,
C2 s
bk+1 = bk + LsSk−1 +
δ
√
√
for k > k ? and Sk? = Sk? +1 = C3 δ 2 / s + os (1/ s) for some sufficiently large C3 . In this
case, C2 s/δ < sSk−1 for sufficiently small s. Hence, the last display gives

Denote by ak = kXkδ − xk k, bk = kZkδ − zk k, whose initial values are a0 = 0 and b0 =
√
k∇f (x0 )k s. The idea of this proof is to bound ak via simultaneously estimating ak and
√
bk . By comparing (32) and (33), we get the iterative relationship for ak : ak+1 ≤ ak + sbk .
Denoting by Sk = b0 + b1 + · · · + bk , this yields
√
ak ≤ sSk−1 .
(34)

Similarly, for sufficiently small s we get
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An ODE for Modeling Nesterov’s Scheme

2kx0 − x? k2
,
s(k + 1)2

gradient version of Nesterov’s scheme for solving (37). It is to repeat the following recursion
for k ≥ 1,
xk = yk−1 − sGt (yk−1 )
k−1
yk = x k +
(xk − xk−1 ),
k+2
where the proximal subgradient Gs has been defined in Section 4.1. If the constant step
size s ≤ 1/L, it is guaranteed that (Beck and Teboulle, 2009)
f (xk ) − f ? ≤

= lim
s→0

x − argminz


kz − (x − s∇g(x))k2 /(2s) + h(z)
,
s

which in fact is a special case of Theorem 6.
Compared to the smooth case, it is not as clear to define the driving force as ∇f in (3).
At first, it might be a good try to define
G(x) =

lim Gs (x)

s→0

if it exists. However, as implied in the proof of Theorem 24 stated below, this definition fails
to capture the directional aspect of the subgradient. To this end, we define the subgradients
through the following lemma.
Lemma 22 (Rockafellar, 1997) For any convex function f and any x, p ∈ Rn , the directional derivative limt→0+ (f (x + sp) − f (x))/s exists, and can be evaluated as
f (x + sp) − f (x)
lim
= sup hξ, pi.
s
ξ∈∂f (x)

s→0+

ξ∈∂f (x)

ξ∈∂f (x)

sup hξ, cpi = c sup hξ, pi

Note that the directional derivative is semilinear in p because

for any c > 0.

ξ∈∂f (x)

hG(x, p), pi = sup hξ, pi

G(x, p) ∈ ∂f (x),

Definition 23 A Borel measurable function G(x, p; f ) defined on Rn × Rn is said to be a
directional subgradient of f if

for all x, p.
Convex functions are naturally locally Lipschitz, so ∂f (x) is compact for any x. Consequently there exists ξ ∈ ∂f (x) which maximizes hξ, pi. So Lemma 22 guarantees the
existence of a directional subgradient. The function G is essentially a function defined on
Rn × Sn−1 in that we can define
G(x, p) = G(x, p/kpk),
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and G(x, 0) to be any element in ∂f (x). Now we give the main theorem. However, note
that we do not guarantee the existence of solution to (38).
35
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(38)

Theorem 24 Given a convex function f (x) with directional subgradient G(x, p; f ), assume
that the second order ODE

3
Ẍ + Ẋ + G(X, Ẋ) = 0, X(0) = x0 , Ẋ(0) = 0
t

2kx0 − x? k22
.
t2

admits a solution X(t) on [0, α) for some α > 0. Then for any 0 < t < α, we have

f (X(t)) − f ? ≤

(39)

Proof It suffices to establish that E, first defined in the proof of Theorem 3, is monotonically
decreasing. The difficulty comes from that E may not be differentiable in this setting.
Instead, we study (E(t + ∆t) − E(t))/∆t for small ∆t > 0. In E, the second term 2kX +
tẊ/2 − x? k2 is differentiable, with derivative 4hX + 2t Ẋ − x? , 23 Ẋ + 2t Ẍi. Hence,

t
t
2kX(t + ∆t) + Ẋ(t + ∆t) − x? k2 − 2kX(t) + Ẋ(t) − x? k2
2
2
t
3
t
= 4hX + Ẋ − x? , Ẋ + Ẍi∆t + o(∆t)
2
2
2
= −t2 hẊ, G(X, Ẋ)i∆t − 2thX − x? , G(X, Ẋ)i∆t + o(∆t).
For the first term, note that

(41)

(40)

t2 (f (X(t + ∆t)) − f (X(t))) + o(∆t).

(t + ∆t)2 (f (X(t + ∆t)) − f ? ) − t2 (f (X(t)) − f ? ) = 2t(f (X(t + ∆t)) − f ? )∆t+

Since f is locally Lipschitz, o(∆t) term does not affect the function in the limit,

f (X(t + ∆t)) = f (X + ∆tẊ + o(∆t)) = f (X + ∆tẊ) + o(∆t).

By Lemma 22, we have the approximation

f (X + ∆tẊ) = f (X) + hẊ, G(X, Ẋ)i∆t + o(∆t).

Combining all of (39), (40) and (41), we obtain

−2thX − x? , G(X, Ẋ)i∆t + o(∆t)

E(t + ∆t) − E(t) = 2t(f (X(t + ∆t)) − f ? )∆t + t2 hẊ, G(X, Ẋ)i∆t − t2 hẊ, G(X, Ẋ)i∆t

= 2t(f (X) − f ? )∆t − 2thX − x? , G(X, Ẋ)i∆t + o(∆t) ≤ o(∆t),

E(t + ∆t) − E(t)
≤ 0,
∆t

where the last inequality follows from the convexity of f . Thus,

∆t→0+

lim sup
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which along with the continuity of E, concludes that E(t) is a non-increasing function of t.

36

1
ky − Axk2 + λkxk1 .
2

xi =
6 0
xi = 0, pi =
6 0
xi = 0, pi = 0.

x? , y
= yk−1

(42)

∆k ,

37
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k+d
k(2k + 2r − 2)(yk − x? ) − (2k + 1)(xk − x? )k2 ,
8

which gives a lower bound on Gs (yk−1 )T [(4k + 4r − 9)yk−1 − (4k − 3)xk−1 − (4r − 6)x? ].
Denote by ∆k the second term of Ẽ(k) in (28), namely,

+ Gs (yk−1 )T [(4k + 4r − 9)(yk−1 − x? ) − (4k − 3)(xk−1 − x? )] , (43)

+ Gs (yk−1 )T [(4k + 4r − 9)yk−1 − (4k − 3)xk−1 − (4r − 6)x? ]
s(4k + 4r − 9)
µ(4k − 3)
−
kGs (yk−1 )k2 −
kyk−1 − xk−1 k2 − µ(2r − 3)kyk−1 − x? k2
2
2
≤ (4k − 3)f (xk−1 ) + (4r − 6)f ? − µ(2r − 3)kyk−1 − x? k2

(4k + 4r − 9)f (xk ) ≤ (4k − 3)f (xk−1 ) + (4r − 6)f ?

Summing (4k − 3) × (42) with x = xk−1 , y = yk−1 and (4r − 6) × (42) with x =
yields

µ
s
f (y − sGs (y)) ≤ f (x) + Gs (y)T (y − x) − kGs (y)k2 − ky − xk2 .
2
2

Proof Let g be µ–strongly convex and h be convex. For f = g + h, we show that (22) can
be strengthened to

Appendix D. Proof of Theorem 9



G(x, p)i = sgn ATi (Ax − y) |ATi (Ax − y)| − λ + .

To encourage sparsity, for any index i with xi = 0, pi = 0, we let



sgn(xi ),
sgn(x, p)i = sgn(pi ),


∈ [−1, 1],

Any directional subgradients admits the form G(x, p) = −AT (y − Ax) + λ sgn(x, p), where

minimize

We give a simple example as follows. Consider the Lasso problem

An ODE for Modeling Nesterov’s Scheme

Π1 +Π2 ≤

38
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(2r − 3)(k − d − 1)(k − 2)
(2r − 3)2
kyk−1 −x? k2 +
(kxk−1 −x? k2 −kxk−2 −x? k2 ),
8
8(k + r − 2)

Although this is a little tedious, it is straightforward to check that (k−2)2 (4k+4r−9)(k+d)+
(2r−3)(k−2)(k+r−2)(k+d) ≥ (k−2)2 (2k−1)(2k+4r−7)+(2r−3)(2k−1)(k−2)(k+r−2)
for any k. Therefore, Π1 + Π2 is bounded as

Π2 =

(2r − 3)2
(2r − 3)(2k − 1)(k − 2)
kyk−1 − x? k2 +
(kxk−1 − x? k2 − kxk−2 − x? k2 )
8
8(k + r − 2)
(k − 2)2 (2k − 1)(2k + 4r − 7) + (2r − 3)(2k − 1)(k − 2)(k + r − 2)
+
kxk−1 − xk−2 k2 .
8(k + r − 2)2

Π1 = −

(2r − 3)(k + d)(k − 2)
(kxk−1 − x? k2 − kxk−2 − x? k2 )
8(k + r − 2)
(k − 2)2 (4k + 4r − 9)(k + d) + (2r − 3)(k − 2)(k + r − 2)(k + d)
−
kxk−1 − xk−2 k2 ,
8(k + r − 2)2

1
Π2 , k2(k + r − 2)(yk−1 − x? ) − (2k − 1)(xk−1 − x? )k2 .
8
By the iterations defined in (19), one can show that

(k + d)(k − 2)
hxk−1 − xk−2 , (4k + 4r − 9)(yk−1 − x? ) − (4k − 3)(xk−1 − x? )i,
8(k + r − 2)

s(k + d)(2k + 2r − 5)(4k + 4r − 9)
(f (xk ) − f ? )
8
s(k + d)(2k + 2r − 5)(4k − 3)
≤ ∆k−1 +
(f (xk−1 ) − f ? )
8
sµ(2r − 3)(k + d)(2k + 2r − 5)
−
kyk−1 − x? k2 + Π1 + Π2 , (44)
8

Π1 , −

where

∆k +

Hence,

where d := 3r/2 − 5/2. Then by (43), we get
k + dD
k−2
∆k −∆k−1 = −
s(2r+2k−5)Gs (yk−1 )+
(xk−1 −xk−2 ), (4k+4r−9)(yk−1 −x? )
8
k+r−2
E 1
− (4k − 3)(xk−1 − x? ) + k(2k + 2r − 4)(yk−1 − x? ) − (2k − 1)(xk−1 − x? )k2
8
s(k + d)(2k + 2r − 5) 
≤−
(4k + 4r − 9)(f (xk ) − f ? )
8

− (4k − 3)(f (xk−1 ) − f ? ) + µ(2r − 3)kyk−1 − x? k2
(k + d)(k − 2)
−
hxk−1 − xk−2 , (4k + 4r − 9)(yk−1 − x? ) − (4k − 3)(xk−1 − x? )i
8(k + r − 2)
1
+ k2(k + r − 2)(yk−1 − x? ) − (2k − 1)(xk−1 − x? )k2 .
8
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which,
together with the fact that sµ(2r − 3)(k + d)(2k + 2r − 5) ≥ (2r − 3)2 when k ≥
p
(2r − 3)/(2sµ), reduces (44) to

(45)

s(k + d)(2k + 2r − 5)(4k + 4r − 9)
∆k +
(f (xk ) − f ? )
8
s(k + d)(2k + 2r − 5)(4k − 3)
≤ ∆k−1 +
(f (xk−1 ) − f ? )
8
(2r − 3)(k − d − 1)(k − 2)
(kxk−1 − x? k2 − kxk−2 − x? k2 ).
8(k + r − 2)
+

This can be further simplified as
Ẽ(k) + Ak (f (xk−1 ) − f ? ) ≤ Ẽ(k − 1) + Bk (kxk−1 − x? k2 − kxk−2 − x? k2 )

k
X

Ai (f (xi−1 ) − f ? ) ≤ E(k ? ) +
i=k? +1

k
X

k−1
X

(Bj − Bj+1 )kxj−1 − x? k2
i=k? +1

Bi (kxi−1 − x? k2 − kxi−2 − x? k2 )

p
for k ≥ (2r − 3)/(2sµ), where Ak = (8r − 36)k 2 + (20r2 − 126r + 200)k + 12r3 − 100r2 +
288r − 281 > 0 p
since r ≥ 9/2 and Bk = (2r − 3)(k − d − 1)(k − 2)/(8(k + r − 2)). Denote
√
by k ? = dmax{ (2r − 3)/(2sµ), 3r/2 − 3/2}e  1/ sµ. Then Bk is a positive increasing
sequence if k > k ? . Summing (45) from k to k ? + 1, we obtain
E(k) +
i=k? +1

= E(k ? ) + Bk kxk−1 − x? k2 − Bk? +1 kxk? −1 − x? k2 +
≤ E(k ? ) + Bk kxk−1 − x? k2 .

Similarly, as in the proof of Theorem 8, we can bound E(k ? ) via another energy functional
defined from Theorem 5,
s(2k ? + 3r − 5)(k ? + r − 2)2
E(k ? ) ≤
(f (xk? ) − f ? )
2
2k ? + 3r − 5
+
k2(k ? + r − 1)yk? − 2k ? xk? − 2(r − 1)x? − (xk? − x? )k2
16
s(2k ? + 3r − 5)(k ? + r − 2)2
≤
(f (xk? ) − f ? )
2
2k ? + 3r − 5
+
k2(k ? + r − 1)yk? − 2k ? xk? − 2(r − 1)x? k2
8
2k ? + 3r − 5
kxk?
8
+
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(r − 1)2 (2k ? + 3r − 5)
− x? k2 ≤
kx0 − x? k2
2
kx0 − x? k2
(r − 1)2 (2k ? + 3r − 5)
kx0 − x? k2 .
. (46)
√
8sµ(k ? + r − 2)2
sµ
+

39
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For the second term, it follows from Theorem 6 that

(2r − 3)(2k − 3r + 3)(k − 2)
Bk kxk−1 − x? k2 ≤
(f (xk−1 ) − x? )
8µ(k + r − 2)
(2r − 3)(2k − 3r + 3)(k − 2) (r − 1)2 kx0 − x? k2
≤
(47)
8µ(k + r − 2)
2s(k + r − 3)2
(2r − 3)(r − 1)2 (2k ? − 3r + 3)(k ? − 2)
kx0 − x? k2
kx0 − x? k2 .
.
√
16sµ(k ? + r − 2)(k ? + r − 3)2
sµ
≤

For k > k ? , (46) together with (47) this gives

16E(k)
f (xk ) − f ? ≤
s(2k + 3r − 5)(2k + 2r − 5)(4k + 4r − 9)
kx0 − x? k2
16(E(k ? ) + Bk kxk−1 − x? k2 )
.
.
1
3
s(2k + 3r − 5)(2k + 2r − 5)(4k + 4r − 9)
s 2 µ 2 k3
≤

To conclusion, note that by Theorem 6 the gap f (xk ) − f ? for k ≤ k ? is bounded by
√
(r − 1)2 sµk 3 kx0 − x? k2 √
(r − 1)2 kx0 − x? k2
kx0 − x? k2
kx0 − x? k2
. sµk ? 3 1
.
.
=
1
3
2s(k + r − 2)2
2(k + r − 2)2 s 32 µ 21 k 3
s 2 µ 2 k3
s 2 µ 2 k3

Appendix E. Proof of Lemmas in Section 5

t4
∇f (x0 ) −
4

0

t

u3 (∇f (X(u)) − ∇f (x0 ))du = −

t4
∇f (x0 ) − I(t).
4

First, we prove Lemma 11.
Proof To begin with, note that the ODE (3) is equivalent to d(t3 Ẋ(t))/dt = −t3 ∇f (X(t)),
which by integration leads to
Z
(48)
t3 Ẋ(t) = −

Dividing (48) by t4 and applying the bound on I(t), we obtain

kẊ(t)k
k∇f (x0 )k kI(t)k
k∇f (x0 )k LM (t)t2
≤
+
≤
+
.
t
4
t4
4
12

k∇f (x0 )k LM (t)t2
+
,
4
12
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Note that the right-hand side of the last display is monotonically increasing in t. Hence, by
taking the supremum of the left-hand side over (0, t], we get
M (t) ≤

which completes the proof by rearrangement.

Next, we prove the lemma used in the proof of Lemma 12.

40
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Ẋ(t) = − ∇f (x0 ) − 3
u (∇f (X(u)) − ∇f (x0 ))du.
(49)
4
t 0

4
T (x0 , f ) ≥ √ .
5 L

Lemma 25 The speed restarting time T satisfies

An ODE for Modeling Nesterov’s Scheme

An ODE for Modeling Nesterov’s Scheme

J. Nocedal and S. Wright. Numerical Optimization. Springer Science & Business Media,
2006.
B. O’Donoghue and E. J. Candès. Adaptive restart for accelerated gradient schemes. Found.
Comput. Math., 2013.
S. Osher, F. Ruan, J. Xiong, Y. Yao, and W. Yin. Sparse recovery via differential inclusions.
arXiv preprint arXiv:1406.7728, 2014.
B. T. Polyak. Introduction to optimization. Optimization Software New York, 1987.
Z. Qin and D. Goldfarb. Structured sparsity via alternating direction methods. Journal of
Machine Learning Research, 13(1):1435–1468, 2012.
R. T. Rockafellar. Convex Analysis. Princeton Landmarks in Mathematics. Princeton
University Press, 1997. Reprint of the 1970 original.
A. P. Ruszczyński. Nonlinear Optimization. Princeton University Press, 2006.
J. Schropp and I. Singer. A dynamical systems approach to constrained minimization.
Numerical functional analysis and optimization, 21(3-4):537–551, 2000.
N. Z. Shor. Minimization Methods for Non-Differentiable Functions. Springer Science &
Business Media, 2012.
I. Sutskever, J. Martens, G. Dahl, and G. Hinton. On the importance of initialization
and momentum in deep learning. In Proceedings of the 30th International Conference on
Machine Learning, pages 1139–1147, 2013.
P. Tseng. On accelerated proximal gradient methods for convex-concave optimization.
http://pages.cs.wisc.edu/~brecht/cs726docs/Tseng.APG.pdf, 2008.
P. Tseng. Approximation accuracy, gradient methods, and error bound for structured
convex optimization. Mathematical Programming, 125(2):263–295, 2010.

JMLR 17(153):1-43

G. N. Watson. A Treatise on the Theory of Bessel Functions. Cambridge Mathematical
Library. Cambridge University Press, 1995. Reprint of the second (1944) edition.

43

Submitted 3/15; Revised 7/16; Published 8/16

Abstract

c 2016 Gergely Neu and Gábor Bartók.
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the Department of Computer Science at ETH Zürich.

Importance weighting is a crucially important tool used in many areas of machine learning, and
specifically online learning with partial feedback. While most work assumes that importance weights
are readily available or can be computed with little effort during runtime, this is often not the case
in many practical settings, even when one has cheap sample access to the distribution generating
the observations. Among other cases, such situations may arise when observations are generated
by complex hierarchical sampling schemes, probabilistic programs, or, more generally, black-box
generative models. In this paper, we propose a simple and efficient sampling scheme called Geometric
Resampling (GR) to compute reliable estimates of importance weights using only sample access.
Our main motivation is studying a specific online learning algorithm whose practical applicability
in partial-feedback settings had long been hindered by the problem outlined above. Specifically,
we consider the well-known Follow-the-Perturbed-Leader (FPL) prediction method that maintains
implicit sampling distributions that usually cannot be expressed in closed form. In this paper, we
endow FPL with our Geometric Resampling scheme to construct the first known computationally
efficient reduction from offline to online combinatorial optimization under an important partial-

1. Introduction

We propose a sample-efficient alternative for importance weighting for situations where one only
has sample access to the probability distribution that generates the observations. Our new method,
called Geometric Resampling (GR), is described and analyzed in the context of online combinatorial
optimization under semi-bandit feedback, where a learner sequentially selects its actions from a
combinatorial decision set so as to minimize its cumulative loss. In particular, we show that
the well-known Follow-the-Perturbed-Leader (FPL) prediction method coupled with Geometric
Resampling yields the first computationally efficient reduction from offline to online optimization
in this setting. We provide a thorough theoretical analysis for the resulting algorithm, showing that
its performance is on par with previous, inefficient solutions. Our main contribution is showing
that, despite the relatively large variance induced by the GR procedure, our performance guarantees
hold with high probability rather than only in expectation. As a side result, we also improve the
best known regret bounds for FPL in online combinatorial optimization with full feedback, closing
the perceived performance gap between FPL and exponential weights in this setting.
Keywords: online learning, combinatorial optimization, bandit problems, semi-bandit feedback,
follow the perturbed leader, importance weighting

Editor: Manfred Warmuth
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The framework described above is general enough to accommodate a number of interesting
problem instances such as path planning, ranking and matching problems, finding minimum-weight
spanning trees and cut sets. Accordingly, different versions of this general learning problem have
drawn considerable attention in the past few years. These versions differ in the amount of information
made available to the learner after each round t. In the simplest setting, called the full-information
setting, it is assumed that the learner gets to observe the loss vector `t regardless of the choice of
Vt . As this assumption does not hold for many practical applications, it is more interesting to study
the problem under partial-information constraints, meaning that the learner only gets some limited
feedback based on its own decision. In the current paper, we focus on a more realistic partialinformation scheme known as semi-bandit feedback (Audibert, Bubeck, and Lugosi, 2014) where the

v∈S

bT = max
R

that is, the gap between the total loss of the learning algorithm and the best fixed decision in hindsight. In the current paper, we focus on the case of non-oblivious (or adaptive) environments, where
we allow the loss vector `t to depend on the previous decisions V1 , . . . , Vt−1 in an arbitrary fashion.
Since it is well-known that no deterministic algorithm can achieve sublinear regret under such weak
assumptions, we will consider learning algorithms that choose their decisions in a randomized way.
For such learners, another performance measure that we will study is the expected regret defined as

v∈S

RT = max

We consider a special case of online linear optimization known as online combinatorial optimization
(see Figure 1). In every round t = 1, 2, . . . , T of this sequential decision problem, the learner chooses
d
an action Vt from the finite action set S ⊆ {0, 1} , where kvk1 ≤ m holds for all v ∈ S. At the
same time, the environment fixes a loss vector `t ∈ [0, 1]d and the learner suffers loss VtT `t . The
PT
goal of the learner is to minimize the cumulative loss t=1 VtT `t . As usual in the literature of online
optimization (Cesa-Bianchi and Lugosi, 2006), we measure the performance of the learner in terms
of the regret defined as

1.1 Online Combinatorial Optimization

information scheme known as semi-bandit feedback. In the rest of this section, we describe our
precise setting, present related work and outline our main results.

Figure 1: The protocol of online combinatorial optimization.

5. The learner observes some feedback based on `t and Vt .

4. The learner suffers loss VtT `t .
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Importance Weighting Without Importance Weights
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learner only observes the components `t,i of the loss vector for which Vt,i = 1, that is, the losses
associated with the components selected by the learner.1
1.2 Related Work

v∈S

4
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In this paper, we propose a loss-estimation scheme called Geometric Resampling to efficiently compute importance weights for the observed components of the loss vector. Building on this technique
and the FPL principle, resulting in an efficient algorithm for regret minimization under semi-bandit
feedback. Besides this contribution, our techniques also enable us to improve the best known regret
bounds of FPL in the full information case. We prove the following results concerning variants of
our algorithm:
p

• a bound of O m dT log(d/m) on the expected regret under semi-bandit feedback (Theorem 1),
p
√

• a bound of O m dT log(d/m) + mdT log(1/δ) on the regret that holds with probability at
least 1 − δ, uniformly for all δ ∈ (0, 1) under semi-bandit feedback (Theorem 2),

1.3 Our Results

The main obstacle for constructing a computationally efficient FPL-variant that works with partial
information is precisely the lack of closed-form expressions for importance weights. In the current
paper, we address the above two issues and show that an efficient FPL-based algorithm using independent exponentially distributed perturbations can achieve as good performance guarantees as EWA
in online combinatorial optimization.
Our work contributes to a new wave of positive results concerning FPL. Besides the reservations
towards FPL mentioned above, the reputation of FPL has been also suffering from the fact that the
nature of regularization arising from perturbations is not as well-understood as the explicit regularization schemes underlying OSMD or EWA. Very recently, Abernethy et al. (2014) have shown that
FPL implements a form of strongly convex regularization over the convex hull of the decision space.
Furthermore, Rakhlin et al. (2012) showed that FPL run with a specific perturbation scheme can be
regarded as a relaxation of the minimax algorithm. Another recently initiated line of work shows
that intuitive parameter-free variants of FPL can achieve excellent performance in full-information
settings (Devroye et al., 2013 and Van Erven et al., 2014).

• Considering bandit information, no efficient FPL-style algorithm is known to achieve a regret of
√


O T . On one hand, it is relatively straightforward to prove O T 2/3 bounds on the expected
regret for an efficient FPL-variant (see, e.g., Awerbuch
2004 and McMahan and

√ and Kleinberg,
Blum, 2004). Poland (2005) proved bounds of O N T log N in the N -armed bandit setting,
however, the proposed algorithm requires O T 2 numerical operations per round.

Despite its conceptual simplicity and computational efficiency, FPL have been relatively overlooked
until very recently, due to two main reasons:
√ 
• The best known bound for FPL in the full information setting is O m dT , which is worse
than the bounds for both EWA and OSMD that scale only logarithmically with d.

Vt = arg min v T

While Koolen et al. (2010) list some further examples where OSMD can be implemented efficiently,
we conclude that there is no general efficient algorithm with near-optimal performance guarantees
for learning in combinatorial semi-bandits.
The Follow-the-Perturbed-Leader (FPL) prediction method (first proposed by Hannan, 1957 and
later rediscovered by Kalai and Vempala, 2005) offers a computationally efficient solution for the
online combinatorial optimization problem given that the static combinatorial optimization problem
minv∈S v T ` admits computationally efficient solutions for any ` ∈ Rd . The idea underlying FPL is
very simple: in every round t, the learner draws some random perturbations Zt ∈ Rd and selects
the action that minimizes the perturbed total losses:

The most well-known instance of our problem is the multi-armed bandit problem considered in the
seminal paper of Auer, Cesa-Bianchi, Freund, and Schapire (2002): in each round of this problem,
the learner has to select one of N arms and minimize regret against the best fixed arm while only
observing the losses of the chosen arms. In our framework, this setting corresponds to setting d = N
and m = 1. Among other contributions concerning this problem, Auer et al. propose an algorithm
called Exp3 (Exploration and Exploitation using Exponential weights) based on constructing loss
estimates b̀t,i for each component of the loss vector and playing arm i with probability proporPt−1
tional to exp(−η s=1 b̀s,i ) at time t, where η > 0 is a parameter of the algorithm, usually called
the learning rate2 . This algorithm is essentially a variant of the Exponentially Weighted Average
(EWA) forecaster (a variant of weighted majority algorithm of Littlestone and Warmuth, 1994, and
aggregating strategies of Vovk, 1990, also known
√ as Hedge by Freund and Schapire, 1997). Besides
proving that the expected regret of Exp3 is O N T log N , Auer et al. also provide a general lower
√

bound of Ω N T on the regret of any learning algorithm on this particular problem. This lower
bound was later matched by a variant of the Implicitly Normalized Forecaster (INF) of Audibert and
Bubeck (2010) by using
in a more refined way. Audibert and Bubeck also
p the same loss estimates

show bounds of O N T / log N log(N/δ) on the regret that hold with probability at least 1 − δ,
uniformly for any δ > 0.
The most popular example of online learning problems with actual combinatorial structure is
the shortest path problem first considered by Takimoto and Warmuth (2003) in the full information scheme. The same problem was considered by György, Linder, Lugosi, and Ottucsák (2007),
who proposed an algorithm that works with semi-bandit information. Since then, we have come
a long way in understanding the “price of information” in online combinatorial optimization—see
Audibert, Bubeck, and Lugosi (2014) for a complete overview of results concerning all of the information schemes considered in the current paper. The first algorithm directly targeting general online
combinatorial optimization problems is due to Koolen, Warmuth,
p and Kivinen
 (2010): their method
named Component Hedge guarantees an optimal regret of O m T log(d/m) in the full information
setting. As later shown by Audibert, Bubeck, and Lugosi (2014), this algorithm is an instance of
a more general algorithm class known as Online Stochastic Mirror Descent (OSMD). Taking the idea
one step further, Audibert, Bubeck, and Lugosi (2014)
√ also
 show that OSMD-based methods can also
be used for proving expected regret bounds of O mdT for the semi-bandit setting, which is also
shown to coincide with the minimax regret in this setting. For
p completeness,
 we note that the EWA
forecaster is known to attain an expected regret of O m3/2 T log(d/m) in the full information
p

case and O m dT log(d/m) in the semi-bandit case.
While the results outlined above might suggest that there is absolutely no work left to be done in
the full information and semi-bandit schemes, we get a different picture if we restrict our attention
to computationally efficient algorithms. First, note that methods based on exponential weighting of
each decision vector can only be efficiently implemented for a handful of decision sets S—see Koolen
et al. (2010) and Cesa-Bianchi and Lugosi (2012) for some examples. Furthermore, as noted by
Audibert et al. (2014), OSMD-type methods can be efficiently implemented by convex programming if
the convex hull of the decision set can be described by a polynomial number of constraints. Details of
such an efficient implementation are worked out by Suehiro, Hatano, Kijima, Takimoto, and Nagano
(2012), whose algorithm runs in O(d6 ) time, which can still be prohibitive in practical applications.

JMLR 17(154):1-21

1 Here, Vt,i and `t,i are the ith components of the vectors Vt and `t , respectively.
2 In fact, Auer et al. mix the resulting distribution with a uniform distribution over the arms with probability ηN .
However, this modification is not needed when one is concerned with the total expected regret, see, e.g., Bubeck
and Cesa-Bianchi (2012, Section 3.1).

3

p

T log(d/m) on the expected regret under full information (Theorem 13).

FPL q
d
m3/2 T log m
q
d
m dT log m
always

EWA q
d
m3/2 T log m
q
d
m dT log m
sometimes

OSMD
q
d
m T log m
√
mdT
sometimes

t,i

(2)

(3)

(4)
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5

Again, the problem with these estimates is that for many algorithms of practical interest, the importance weights qt,i cannot be computed in closed form. We now extend the Geometric Resampling
procedure defined in the previous section to estimate the importance weights in an efficient manner. One adjustment we make to the procedure presented in the previous section is capping off
the number of samples at some finite M > 0. While this capping obviously introduces some bias,
we will show later that for appropriate values of M , this bias does not hurt the performance of

b̀∗ = Vt,i `t,i .
t,i
qt,i

In this section, we present our main result: an efficient reduction from offline to online combinatorial
optimization under semi-bandit feedback. The most critical element in our technique is extending the
Geometric Resampling idea to the case of combinatorial action sets. For defining the procedure, let
us assume that we are running a randomized algorithm mapping histories to probability distributions
over the action set S: letting Ft−1 denote the sigma-algebra induced by the history of interaction
between the learner and the environment, the algorithm picks action v ∈ S with probability pt (v) =
P [Vt = v |Ft−1 ]. Also introducing qt,i = E [Vt,i |Ft−1 ], we can define the counterpart of the standard
importance-weighted loss estimates of Equation 2 as the vector b̀∗t with components

3. An Efficient Algorithm for Combinatorial Semi-Bandits

h
i
Notice that the above procedure produces b̀t,i = 0 almost surely whenever pt,i = 0, giving E b̀t,i Ft−1 =
0 for such t, i.
One practical concern with the above sampling procedure is that its worst-case running time is
unbounded: while the expected number of necessary samples Kt is clearly N , the actual number of
samples might be much larger. In the next section, we offer a remedy to this problem, as well as
generalize the approach to work in the combinatorial semi-bandit case.

= `t,i .

= pt,i `t,i E [Kt |Ft−1 , It = i ]

= pt,i E [`t,i Kt |Ft−1 , It = i ]

j

for all arms i. We can easily show that the above estimate is unbiased whenever pt,i > 0:
h
i X
h
i
E b̀t,i Ft−1 =
pt,j E b̀t,i Ft−1 , It = j

b̀t,i = Kt I{I =i} `t,i
t

Observe that Kt generated this way is a geometrically distributed random variable given It and Ft−1 .
Consequently, we have E [Kt |Ft−1 , It ] = 1/pt,It . We use this property to construct the estimates

3. Let Kt = k.

(b) If It0 (k) = It , break.

(a) Draw It0 (k) ∼ pt .

2. For k = 1, 2, . . .

1. The learner draws It ∼ pt .

Geometric Resampling for multi-armed bandits

Neu and Bartók

To our knowledge, all existing bandit algorithms operating in the non-stochastic setting utilize
some version of the importance-weighted loss estimates described above. This is a very natural choice
for algorithms that operate by first computing the probabilities pt,i and then sampling It from the
resulting distributions. While many algorithms fall into this class (including the Exp3 algorithm
of Auer et al. (2002), the Green algorithm of Allenberg et al. (2006) and the INF algorithm of
Audibert and Bubeck (2010), one can think of many other algorithms where the distribution pt is
specified implicitly and thus importance weights are not readily available. Arguably, FPL is the most
important online prediction algorithm that operates with implicit distributions that are notoriously
difficult to compute in closed form. To overcome this difficulty, we propose a different loss estimate
that can be efficiently computed even when pt is not available for the learner.
Our estimation procedure dubbed Geometric Resampling (GR) is based on the simple observation
that, even though pt,It might not be computable in closed form, one can simply generate a geometric
random variable with expectation 1/pt,It by repeated sampling from pt . Specifically, we propose the
following procedure to be executed in round t:

t,i

for all t, i such that pt,i > 0. It is straightforward to show that b̀∗t,i is an unbiased estimate of the loss
h
i
`t,i for all such t, i. Otherwise, when pt,i = 0, we set b̀∗ = 0, which gives E b̀∗ Ft−1 = 0 ≤ `t,i .

b̀∗ = I{It =i} `t,i
t,i
pt,i

In this section, we introduce the main idea underlying Geometric Resampling in the specific context
d
of N -armed bandits where d = N , m = 1 and the learner has access to the basis vectors {ei }i=1 as
its decision set S. In this setting, components of the decision vector are referred to as arms. For
ease of notation, define It as the unique arm such that Vt,It = 1 and Ft−1 as the sigma-algebra
induced by the learner’s actions and observations up to the end of round t − 1. Using this notation,
we define pt,i = P [ It = i| Ft−1 ].
Most bandit algorithms rely on feeding some loss estimates to a sequential prediction algorithm.
It is commonplace to consider importance-weighted loss estimates of the form

2. Geometric Resampling

Table 1: Upper bounds on the regret of various algorithms for online combinatorial optimization,
up to constant factors. The third row roughly describes the computational efficiency of
each algorithm—see the text for details. New results are presented in boldface.

Semi-bandit regret bound
Computationally efficient?

Full info regret bound

We also show that both of our semi-bandit algorithms access the optimization oracle O(dT ) times
over T rounds with high probability, increasing the running time only by a factor of d compared to
the full-information variant. Notably, our results close the gaps between the performance bounds of
FPL and EWA under both full information and semi-bandit feedback. Table 1 puts our newly proven
regret bounds into context.

• a bound of O m3/2

Importance Weighting Without Importance Weights

Importance Weighting Without Importance Weights

Neu and Bartók

d

Algorithm 1: FPL+GR implemented with a waiting list. The notation a ◦ b stands for elementwise product of vectors a and b: (a ◦ b)i = ai bi for all i.

v∈S

v∈S

K = 0; r = V ;
/* Initialize waiting list and counters
for k=1,. . . ,M do
/* Geometric Resampling
K = K + r;
/* Increment counter
0
Draw Z 0 ∈ Rdnwith
 independent
o components Zi ∼ Exp(1);
b − Z0 ;
/* Sample a copy of V
V 0 = arg min v T η L

*/

/* Update waiting list */
/* All indices recurred */

/* Update cumulative loss estimates */

Theorem 1 The expected regret of FPL+GR satisfies

and

s

2dT

M=



log

&

p

√

dT

2 (log(d/m) + 1)


d
+1 .
m

em

bT ≤ m (log (d/m) + 1) + 2ηmdT + dT
R
η
eM
log(d/m) + 1
2dT

under semi-bandit information. In particular, with
r
η=

the expected regret of FPL+GR is bounded as
bT ≤ 3m
R

8

,
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Now we are ready to state our main results. Proofs will be presented in Section 4. First, we present
a performance guarantee for FPL+GR in terms of the expected regret:

3.1 Performance Guarantees



èt,i = 1 log 1 + β b̀t,i
(7)
β
e t−1 = Pt−1 ès , we propose a variant of FPL+GR
with an appropriately chosen β > 0. Then, defining L
s=1
b t−1 by L
e t−1 in the rule (6) for choosing Vt . We refer to this variant of FPL+GR
that simply replaces L
as FPL+GR.P. In the next section, we provide performance guarantees for both algorithms.

the sampling procedure in reasonable time. Second, reliable estimation requires multiple samples of
Kt,i , where the sample size has to explicitly depend on the desired confidence level.
Thus, we follow a different path: Motivated by the work of Audibert and Bubeck (2010), we
propose to use a loss-estimate vector èt with components of the form

r = r ◦ V 0;
if r = 0 then break;
end
b=L
b + K ◦ V ◦ `;
L
end

*/
*/
*/

Input: S ⊆ {0, 1} , η ∈ R+ , M ∈ Z+ ;
b = 0 ∈ Rd ;
Initialization: L
for t=1,. . . ,T do
Draw Z ∈ Rd with independent
o Zi ∼ Exp(1);
n components
b −Z ;
/* Follow the perturbed leader */
Choose action V = arg min v T η L

the overall learning algorithm too much. Thus, we define the Geometric Resampling procedure for
combinatorial semi-bandits as follows:

∼
pt .

Geometric Resampling for combinatorial semi-bandits
1. The learner draws Vt ∼ pt .
Vt0 (k)



0
k : Vt,i
(k) = 1 ∪ {M } .

2. For k = 1, 2, . . . , M , draw
3. For i = 1, 2, . . . , d,
Kt,i = min

(5)

Based on the random variables output by the GR procedure, we construct our loss-estimate vector
b̀t ∈ Rd with components
b̀t,i = Kt,i Vt,i `t,i

for all i = 1, 2, . . . , d. Since Vt,i are nonzero only for coordinates for which `t,i is observed, these
estimates are well-defined. It also follows that the sampling procedure can be terminated once for
0
(k)
=
1.
every i with Vt,i = 1, there is a copy Vt0 (k) such that Vt,i
Now everything is ready to define our algorithm: P
FPL+GR, standing for Follow-the-Perturbedt
b̀
bt =
Leader with Geometric Resampling. Defining L
s=1 s , at time step t FPL+GR draws the
components of the perturbation vector Zt independently from a standard exponential distribution
and selects action3


b t−1 − Zt ,
Vt = arg min v T η L
(6)
v∈S

where η > 0 is a parameter of the algorithm. As we mentioned earlier, the distribution pt , while
b t−1 , cannot usually be expressed in
implicitly specified by Zt and the estimated cumulative losses L
closed form for FPL.4 However, sampling the actions Vt0 (·) can be carried out by drawing additional
perturbation vectors Zt0 (·) independently from the same distribution as Zt and then solving a linear
optimization task. We emphasize that the above additional actions are never actually played by the
algorithm, but are only necessary for constructing the loss estimates. The power of FPL+GR is that,
unlike other algorithms for combinatorial semi-bandits, its implementation only requires access to a
linear optimization oracle over S. We point the reader to Section 3.2 for a more detailed discussion
of the running time of FPL+GR. Pseudocode for FPL+GR is shown on as Algorithm 1.
As we will show shortly, FPL+GR as defined above comes with strong performance guarantees that
hold in expectation. One can think of several possible ways to robustify FPL+GR so that it provides
bounds that hold with high probability. One possible path is to follow Auer et al. (2002) and define
the loss-estimate vector èt∗ with components
è∗ = b̀t,i − β
t,i
qt,i

for some β > 0. The obvious problem with this definition is that it requires perfect knowledge of
the importance weights qt,i for all i. While it is possible to extend Geometric Resampling developed
in the previous sections to construct a reliable proxy to the above loss estimate, there are several
downsides to this approach. First, observe that one would need to obtain estimates of 1/qt,i for every
single i—even for the ones for which Vt,i = 0. Due to this necessity, there is no hope to terminate
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3 By the definition of the perturbation distribution, the minimum is unique almost surely.
4 One notable exception is when the perturbations are drawn independently from standard Gumbel distributions,
and the decision set is the d-dimensional simplex: in this case, FPL is known to be equivalent with EWA—see, e.g.,
Abernethy et al. (2014) for further discussion.

7

M=

&r

dT
m

'

,

β=

r

m
,
dT

and

η=

r
log(d/m) + 1
,
dT

j:Vt,j =1

St = max Kt,j =

9

j=1,2,...,d

max

Vt,j Kt,j ≤
j=1

d
X

Vt,j Kt,j .

Proof For proving the first statement, let us fix a time step t and notice that

holds with probability at least 1 − δ.
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Proposition 3 Let St denote the number of sample actions taken by GR in round t. Then, E [St ] ≤ d.
Also, for any δ > 0,
T
X
1
St ≤ (e − 1)dT + M log
δ
t=1

Let us now turn our attention to computational issues. First, we note that the efficiency of FPLtype algorithms crucially depends on the availability of an efficient oracle that solves the static
combinatorial optimization problem of finding arg minv∈S v T `. Computing the running time of the
full-information variant of FPL is straightforward: assuming that the oracle computes the solution
to the static problem in O(f (S)) time, FPL returns its prediction in O(f (S) + d) time (with the
d overhead coming from the time necessary to generate the perturbations). Naturally, our loss
estimation scheme multiplies these computations by the number of samples taken in each round.
While terminating the estimation procedure after M samples helps in controlling the running time
with high probability, observe that the naı̈ve bound of M T on the number of samples becomes way
too large when setting M as suggested by Theorems 1 and 2. The next proposition shows that the
amortized running time of Geometric Resampling remains as low as O(d) even for large values of
M.

3.2 Running Time

with probability at least 1 − δ.

the regret of FPL+GR.P is bounded as
s 
!
r


 r
√
d
5d
5
d
+ 1 + mdT log
+ 2 + 2mT log
log
+1+1
RT ≤3m dT log
m
δ
δ
m
!
!
r
r
r
√
√
5 √
5
5
d
+ 1.2m T log + T
8 log + 1.2 + 2 d log
m log
+1+ m
δ
δ
δ
m

In particular, with

Theorem 2 Fix an arbitrary δ > 0. With probability at least 1 − δ, the regret of FPL+GR.P satisfies
!
r
r
5
5
m (log(d/m) + 1)
dT
RT ≤
+ η M m 2T log + 2md T log + 2mdT +
η
δ
δ
eM
!
r
r
m log(5d/δ)
5
5
+ β M 2mT log + 2d T log + 2dT +
δ
δ
β
r
p
p
5
5
+ m 2(e − 2)T log + 8T log + 2(e − 2)T .
δ
δ

Our second main contribution is the following bound on the regret of FPL+GR.P.

Importance Weighting Without Importance Weights

d
X

j

qt,j

,M



j=1

≤ dM,

Then, the second statement follows from applying a version

min

2−qt,i
.
2
qt,i

j=1

2

k=1

k=1
∞
X

∞
X

k=M

∞
X

1 − (1 − q)M
.
q
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(k−M )(1 − q)k−M−1 q
k(1 − q)k−1 q =
10

k=1

∞
X

k=M

∞
X

(k − M )(1 − q)k−1 q
k(1 − q)k−1 q − (1 − q)M

k(1 − q)k−1 q −

= 1 − (1 − q)M

=

E [Kt,j |Ft−1 ] =

Proof Fix any j, t satisfying the condition of the lemma. Setting q = qt,j for simplicity, we write

Lemma 4 For all j and t such that qt,j > 0, the loss estimates (5) satisfy
h
i

E b̀t,j Ft−1 = 1 − (1 − qt,j )M `t,j .

The basic idea underlying Geometric Resampling is replacing the importance weights 1/qt,i by
appropriately defined random variables Kt,i . As we have seen earlier (Section 2), running GR with
M = ∞ amounts to sampling each Kt,i from a geometric distribution with expectation 1/qt,i ,
yielding an unbiased loss estimate. In practice, one would want to set M to a finite value to ensure
that the running time of the sampling procedure is bounded. Note however that early termination
of GR introduces a bias in the loss estimates. This section is mainly concerned with the nature of
this bias. We emphasize that the statements presented in this section remain valid no matter what
randomized algorithm generates the actions Vt . Our first lemma gives an explicit expression on the
expectation of the loss estimates generated by GR.

4.1 Properties of Geometric Resampling

This section presents the proofs of Theorems 1 and 2. In a didactic attempt, we present statements
concerning the loss-estimation procedure and the learning algorithm separately: Section 4.1 presents
various important properties of the loss estimates produced by Geometric Resampling, Section 4.2
presents general tools for analyzing Follow-the-Perturbed-Leader methods. Finally, Sections 4.3
and 4.4 put these results together to prove Theorems 1 and 2, respectively.

4. Analysis

of Freedman’s inequality due to Beygelzimer et al. (2011) (stated as Lemma 16 in the appendix)
with B = M and ΣT ≤ dM T .
√ 
Notice that choosing M = O dT as suggested by Theorems 1 and 2, the above result guarantees
p

that the amortized running time of FPL+GR is O (d + d/T ) · (f (S) + d) with high probability.

 2

Ft−1 =
where we used E Kt,i

≤



Now, observe that E [ Kt,j | Ft−1 , Vt,j ] ≤ 1/E [ Vt,j | Ft−1 ], which gives E [St ] ≤ d, thus proving the
first statement. For the second part, notice that Xt = (St − E [ St | Ft−1 ]) is a martingale-difference
sequence with respect to (Ft ) with Xt ≤ M and with conditional variance
i
h


2
Var [ Xt | Ft−1 ] = E (St − E [ St | Ft−1 ]) Ft−1 ≤ E St2 Ft−1




d
X
2
2

= E max (Vt,j Kt,j ) Ft−1 ≤ E
Vt,j Kt,j Ft−1 

Neu and Bartók

Importance Weighting Without Importance Weights

i
h
The proof is concluded by combining the above with E b̀t,j Ft−1 = qt,j `t,j E [ Kt,j | Ft−1 ].

"

#

i
h
E v T b̀t Ft−1



X
pt (u) uT b̀t Ft−1

u∈S

u∈S

X

d
pt (u) uT `t −
.
eM

≤ v T `t ,
≥

(9)

(8)

The following lemma shows two important properties of the GR loss estimates (5). Roughly speaking,
the first of these properties ensure that any learning algorithm relying on these estimates will be
optimistic in the sense that the loss of any fixed decision will be underestimated in expectation. The
second property ensures that the learner will not be overly optimistic concerning its own performance.

E

Lemma 5 For all v ∈ S and t, the loss estimates (5) satisfy the following two properties:

"

X
pt (u)


uT b̀

t


Ft−1

#

=

d
X
i=1

qt,i E

h
b̀

t,i

Ft−1

i
=

d
X
i=1

qt,i

1 − (1 −

qt,i )M



`t,i

Proof Fix hany v ∈ Si and t. The first property his an immediate
consequence of Lemma 4: we
i
have that E b̀t,k Ft−1 ≤ `t,k for all k, and thus E v T b̀t Ft−1 ≤ v T `t . For the second statement,
observe that
E
u∈S

P
also holds by Lemma 4. To control the bias term i qt,i (1 − qt,i )M , note that qt,i (1 − qt,i )M ≤
qt,i e−M qt,i . By elementary calculations, one can show that f (q) = qe−M q takes its maximum at
Pd
1
d
and thus i=1 qt,i (1 − qt,i )M ≤ eM
.
q=M

Our last lemma concerning the loss estimates (5) bounds the conditional variance of the estimated
loss of the learner. This term plays a key role in the performance analysis of Exp3-style algorithms
(see, e.g., Auer et al. (2002); Uchiya et al. (2010); Audibert et al. (2014)), as well as in the analysis
presented in the current paper.

"

X

u∈S

#

2
pt (u) uT b̀t
Ft−1 ≤ 2md.

Lemma 6 For all t, the loss estimates (5) satisfy

E

Before proving the statement, we remark that the conditional variance can be bounded as md for
the standard (although usually infeasible) loss estimates (4). That is, the above lemma shows that,
somewhat surprisingly, the variance of our estimates is only twice as large as the variance of the
standard estimates.
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(10)

Proof Fix an arbitrary
notation below, let us introduce Ve as an independent
h t. For simplifying
i
copy of Vt such that P Ve = v Ft−1 = pt (v) holds for all v ∈ S. To begin, observe that for any i
 2
 2 − qt,i
2
≤ 2
E Kt,i
Ft−1 ≤
2
qt,i
qt,i

11

Neu and Bartók



i=1 j=1

d 
d X
X

i=1 j=1

2

d X
d
2
2 
X
Kt,i
+ Kt,j




Vej Vt,j `t,j Ft−1 




Vej Kt,j Vt,j `t,j Ft−1 

Vei Vt,i `t,i

(using the definition of b̀t )

i=1 j=1

Vei Kt,i Vt,i `t,i



"
#
d X
d 

2


X
X
Ft−1 = E 
pt (u) uT b̀t
Vei b̀t,i Vej b̀t,j Ft−1 

holds, as Kt,i has a truncated geometric law. The statement is proven as
E

u∈S

= E

≤ E

i=1

(using 2AB ≤ A2 + B 2 )


d
d

X
X
1
Vei Vt,i `t,i
Vt,j `t,j Ft−1 
2
qt,i
j=1
≤ 2E 

j=1

d
X

`t,j Ft−1  ≤ 2md,

(using symmetry, Eq. (10) and Vej ≤ 1)


≤ 2mE 

h
i
where the last line follows from using kVt k1 ≤ m, k`t k∞ ≤ 1, and E [ Vt,i | Ft−1 ] = E Vei Ft−1 = qt,i .
4.2 General Tools for Analyzing FPL

v∈S

In this section, we present the key tools for analyzing the FPL-component of our learning algorithm.
In some respect, our analysis is a synthesis of previous work on FPL-style methods: we borrow
several ideas from Poland (2005) and the proof of Corollary 4.5 in Cesa-Bianchi and Lugosi (2006).
Nevertheless, our analysis is the first to directly target combinatorial settings, and yields the tightest
known bounds for FPL in this domain. Indeed, the tools developed in this section also permit an
improvement for FPL in the full-information setting, closing the presumed performance gap between
FPL and EWA in both the full-information and the semi-bandit settings. The statements we present
in this section are not specific to the loss-estimate vectors used by FPL+GR.
Like most other known work, we study the performance of the learning algorithm through a
virtual algorithm that (i ) uses a time-independent perturbation vector and (ii ) is allowed to peek
e be a perturbation vector drawn independently from
one step into the future. Specifically, letting Z
the same distribution as Z1 , the virtual algorithm picks its tth action as
n 
o
bt − Z
e .
Vet = arg min v T η L
(11)
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In what follows, we will crucially use that Vet and Vt+1 are conditionally independent and identically
distributed given Ft . In particular, introducing the notations
h
i
qt,i = E [ Vt,i | Ft−1 ]
qet,i = E Vet,i Ft
h
i
pet (v) = P Vet = v Ft ,

pt (v) = P [ Vt = v| Ft−1 ]

12


 m (log(d/m) + 1)
T
.
pet (u) (u − v) b̀t ≤
η
(12)

t=1

T
X

e≤η
VetT b̀t − Ve1T Z

t=1

T
X

e
v T b̀t − v T Z.

t=1 u∈S

T X
X


T 


T
e .
pet (u) (u − v) b̀t ≤ E Ve1 − v Z

(13)

u∈S

v∈S

13

n 
o
b t−1 − z .
U (z) = arg min v T η L
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 −

Using the notation p−
t (u) = P Vt (u) = u Ft , we show in Lemma 15 (stated and proved in
−
Appendix A) that pt (u) ≤ pet (u). Also, define

v∈S

Proof Fix an arbitrary t and u ∈ S, and define the “sparse loss vector” b̀−
t (u) with components
b̀− (u) = uk b̀t,k and
t,k
n 
o
b t−1 + η b̀− (u) − Z
e .
Vt− (u) = arg min v T η L
t

u∈S

Lemma 8 For all t = 1, 2, . . . , T , assume that b̀t is such that b̀t,k ≥ 0 for all k ∈ {1, 2, . . . , d}.
Then,


2
X
X

pt (u) − pet (u) uT b̀t ≤ η
pt (u) uT b̀t .

The next lemma relates the performance of the virtual algorithm to the actual performance of FPL.
The lemma relies on a “sparse-loss” trick similar to the trick used in the proof Corollary 4.5 in
Cesa-Bianchi and Lugosi (2006), and is also related to the “unit rule” discussed by Koolen et al.
(2010).

i
h
e ≤ m(log(d/m) + 1), which is proven in Appendix A as
The statement follows from using E Ve1T Z
e is upper-bounded by the sum of the m largest components of Z.
e
Lemma 14, noting that Ve1T Z

η

e gives
Reordering and integrating both sides with respect to the distribution of Z

η

Although the proof of this statement is rather standard, we include it for completeness. We also note
that the lemma slightly improves other known results by replacing the usual log d term by log(d/m).
Proof Fix any v ∈ S. Using Lemma 3.1 of Cesa-Bianchi and Lugosi (2006) (sometimes referred to

e η b̀2 , . . . , η b̀T , we obtain
as the “follow-the-leader/be-the-leader” lemma) for the sequence η b̀1 − Z,

t=1 u∈S

T X
X

Lemma 7 For any v ∈ S,

we will exploit the above property by using qt,i = qet−1,i and pt (v) = pet−1 (v) numerous times in the
proofs below.
First, we show a regret bound on the virtual algorithm that plays the action sequence Ve1 , Ve2 , . . . , VeT .

Importance Weighting Without Importance Weights

z∈[0,∞]d

1

···

Z

1

1

t

1

b̀− (u)k

pet (u).

I{U (z−η b̀− (u))=u} f (z) dz
t

ηk
p−
t (u) ≤ e

z∈[0,∞]d

Z

I{U (z−η b̀− (u))=u} f (z) dz
t



I{U (z)=u} f z + η b̀−
t (u) dz

T b̀
= u b̀−
t (u) = u t , which gives


T b̀
pet (u) ≥ pt (u)e−ηu t ≥ pt (u) 1 − ηuT b̀t .

T

Z

z∈[0,∞]d

Z

zi ∈[ b̀−
t,i (u),∞]

1

1

u∈S

u∈S

t=1 u∈S

T X
X

14

u∈S
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T X

 m(log(d/m) + 1)

2
X
T
pt (u) (u − v) èt ≤
+η
pt (u) uT èt .
η
t=1

We now turn to prove a bound on the regret of FPL+GR.P that holds with high probability. We
begin by noting that the conditions of Lemmas 7 and 8 continue to hold for the new loss estimates,
so we can obtain the central terms in the regret:

4.4 Proof of Theorem 2

Putting the two inequalities together proves the theorem.

u∈S

leaving us with the problem of upper bounding the expected regret in terms of the left-hand side of
the above inequality. This can be done by using the properties of the loss estimates (5) stated in
Lemma 5:
#
" T
#
" T


X
XX
dT
T
T
E
(Vt − v) `t ≤ E
pt (u) (u − v) b̀t +
.
eM
t=1
t=1

u∈S

Now, everything is ready to prove the bound on the expected regret of FPL+GR. Let us fix an arbitrary
v ∈ S. By putting together Lemmas 6, 7 and 8, we immediately obtain
" T
#


XX
m (log(d/m) + 1)
T
E
pt (u) (u − v) b̀t
≤
+ 2ηmdT,
(15)
η
t=1

4.3 Proof of Theorem 1

u∈S

The proof is concluded by repeating the same argument for all u ∈ S, reordering and summing the
terms as

 X



2
X
X
pt (u) uT b̀t ≤
pet (u) uT b̀t + η
pt (u) uT b̀t .
(14)

Now notice that b̀−
t (u)

t

b̀− (u)k

≤ eη k

t

b̀− (u)k

≤ eη k

=e

t

b̀− (u)k

η k b̀−
t (u)k

= eη k

Letting f (z) = e−kzk1 (z ∈ Rd+ ) be the density of the perturbations, we have
Z
pt (u) =
I{U (z)=u} f (z) dz

Neu and Bartók

Importance Weighting Without Importance Weights

The first challenge posed by the above expression is relating the left-hand side to the true regret
with high probability. Once this is done, the remaining challenge is to bound the second term on
the right-hand side, as well as the other terms arising from the first step. We first show that the
loss estimates used by FPL+GR.P consistently underestimate the true losses with high probability.
Lemma 9 Fix any δ 0 > 0. For any v ∈ S,


0
e T − LT ≤ m log (d/δ )
vT L
β

holds with probability at least 1 − δ 0 .
The simple proof is directly inspired by Appendix C.9 of Audibert and Bubeck (2010).
Proof Fix any t and i. Then,
i
i
h
 

h


Ft−1 ≤ 1 + β`t,i ≤ exp(β`t,i ),
E exp β èt,i Ft−1 = E exp log 1 + β b̀t,i
where we used Lemma
4 in the first
inequality and 1+z ≤ ez that holds for all z ∈ R. As a result, the


e t,i − Lt,i is a supermartingale with respect to (Ft ): E [ Wt | Ft−1 ] ≤ Wt−1 .
process Wt = exp β L

Observe that, since W0 = 1, this implies E [Wt ] ≤ E [Wt−1 ] ≤ . . . ≤ 1. Applying Markov’s inequality
gives that

h
e T,i
P L

i
h
i
e T,i − LT,i > ε
> LT,i + ε = P L
h
 
i
e T,i − LT,i
≤ E exp β L
exp(−βε) ≤ exp(−βε)

d
X
i=1

qt,i èt,i +

d
βX
2
qt,i b̀t,i
.
2 i=1

z2
2

that holds for all

holds for any ε > 0. The statement of the lemma follows after using kvk1 ≤ m, applying the union
bound for all i, and solving for ε.

qt,i b̀t,i ≤

The following lemma states another key property of the loss estimates.
Lemma 10 For any t,
d
X
i=1

and summing for all i proves the statement.



β 2 b̀2
log 1 + β b̀t,i ≥ β b̀t,i −
.
2 t,i

Proof The statement follows trivially from the inequality log(1 + z) ≥ z −
z ≥ 0. In particular, for any fixed t and i, we have

Multiplying both sides by

qt,i /β

T X
X

t=1 u∈S
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 r

 dT
p
1
1
pt (u) uT b̀t +
+ 2(e − 2)T m log 0 + 1 + 8T log 0
eM
δ
δ

The next lemma relates the total loss of the learner to its total estimated losses.

VtT `t ≤

Lemma 11 Fix any δ 0 > 0. With probability at least 1 − 2δ 0 ,
T
X
t=1

Proof We start by rewriting

i=1

d

 X
X
pt (u) uT b̀t =
qt,i Kt,i Vt,i `t,i .
u∈S

15

Xt =

Neu and Bartók

i=1

d
X

qt,i Vt,i `t,i (kt,i − Kt,i )

Now let kt,i = E [ Kt,i | Ft−1 ] for all i and notice that

d
X

i=1

qt,i Vt,i Kt,i

!2

Ft−1  ≤ E 

d
X

j=1

Vt,j

i=1

d
X

2
2
qt,i
Kt,i

Ft−1  ≤ 2m,

is a martingale-difference sequence with respect to (Ft ) with elements upper-bounded by m (as
Lemma 4 implies kt,i qt,i ≤ 1 and kVt k1 ≤ m). Furthermore, the conditional variance of the increments is bounded as




!
Var [ Xt | Ft−1 ] ≤E 

qt,i `t,i Vt,i (kt,i − Kt,i ) ≤

r

(e − 2) log

p

qt,i Vt,i `t,i kt,i ≥ VtT `t −

2 (e − 2) T

d
X

i=1

1
δ0



2mT
+S
S





1
m log 0 + 1
δ

Vt,i (1 − qt,i )M .


 X
T X
d
T X

 p
X
1
pt (u) uT b̀t + 2 (e − 2) T m log 0 + 1 +
Vt,i (1 − qt,i )M .
δ
t=1 i=1
t=1 u∈S

(Vt,i − qt,i ) (1 − qt,i )M

(16)

1
δ0 ,

 2

2
Ft−1 ≤ 2/qt,i
where the second inequality is Cauchy–Schwarz and the third one follows from E Kt,i
and kVq
t k1 ≤ m. Thus, applying Lemma 16 with B = m and ΣT ≤ 2mT we get that for any

(e − 2),
S ≥ m log
1
δ0

d
T X
X

t=1 i=1

qt,i `t,i Vt,i (kt,i − Kt,i ) ≤

q
holds with probability at least 1−δ 0 , where we have used kVt k1 ≤ m. After setting S = m 2T log
we obtain that
T X
d
X

t=1 i=1

d
X
i=1

holds with probability at least 1 − δ 0 .
To proceed, observe that qt,i kt,i = 1 − (1 − qt,i )M holds by Lemma 4, implying

VtT `t ≤

Together with Eq. (16), this gives
T
X
t=1

i=1

d
X

Finally, we use that, by Lemma 5, (1 − qt,i )M ≤ 1/(eM ), and

Yt =

Vt,i (1 − qt,i )M ≤

dT
+
eM

r

8T log

1
δ0

is a martingale-difference sequence with respect to (Ft ) with increments bounded in [−1, 1]. Then,
by an application of Hoeffding–Azuma inequality, we have
T X
d
X
t=1 i=1

with probability at least 1 − δ 0 , thus proving the lemma.
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Finally, our last lemma in this section bounds the second-order terms arising from Lemmas 8 and 10.

16

E

"

v∈S

X

v∈S

X

pt (v)



v T b̀t

2

−E


v T b̀t

2
Ft−1

#

2
Ft−1 ≤ 2md
pt (v) v T b̀t



t,i

i=1

t,i

17

under full information. In particular, defining L∗T = minv∈S v T LT and setting
(s
)
log(d/m) + 1 1
η = min
,
,
L∗T
2

T
X
bT ≤ m (log(d/m) + 1) + ηm
E [VtT `t ]
R
η
t=1

Theorem 13 For any v ∈ S, the total expected regret of FPL satisfies
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Pt
where Lt = s=1 `s and the components of Zt are drawn independently from a standard exponential distribution. We state our improved regret bounds concerning this algorithm in the following
theorem.

v∈S

Vt = arg min v T (ηLt−1 − Zt ) ,

Our proof techniques presented in Section 4.2 also enable us to tighten the guarantees for FPL in the
full information setting. In particular, consider the algorithm choosing action

5. Improved Bounds for Learning With Full Information

Theorem 2 follows from combining Lemmas 9 through 12 and applying the union bound.

i=1

holds with probability at least 1−δ 0 . Reordering the terms completes the proof of the first statement.
The second statement is proven analogously, building on the bound
" d
#
" d
#
X
X
E
qt,i b̀2 Ft−1 ≤E
qt,i Vt,i K 2 Ft−1 ≤ 2d.

v∈S

is a martingale-difference sequence with increments in [−2md, mM ]. An application of the Hoeffding–
Azuma inequality gives that
r
r



T X
2
2
X
1
1
pt (v) v T b̀t − E v T b̀t
Ft−1
≤ M m 2T log 0 + 2md T log 0
δ
δ
t=1

Xt =

holds by Lemma 8. Now, observe that

Proof First, recall that

Lemma 12 Fix any δ 0 > 0. With probability at least 1 − 2δ 0 , the following hold simultaneously:
r
r
T X

2
X
1
1
pt (v) v T b̀t ≤ M m 2T log 0 + 2md T log 0 + 2mdT
δ
δ
t=1 v∈S
r
r
T X
d
X
1
1
qt,i b̀2t,i ≤ M 2mT log 0 + 2d T log 0 + 2dT.
δ
δ
t=1 i=1
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(s
L∗T
q


)
  


d
d
.
+ 1 , m2 + 1 log
+1
log
m
m

pt (u) uT `t

2
≤m
u∈S

N
X


pt (u) uT `t ,
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In this paper, we have described the first general and efficient algorithm for online combinatorial optimization
under
semi-bandit feedback. We have proved that the regret of this
p algorithm is
p

O m dT log(d/m) in this setting, and have also shown that FPL can achieve O m3/2 T log(d/m)
in the full information
case when tuned properly. While these bounds are off by a factor of
p
√
m log(d/m) and m from the respective minimax results, they exactly match the best known
regret bounds for the well-studied Exponentially Weighted Forecaster (EWA). Whether the remaining
gaps can be closed for FPL-style algorithms (e.g., by using more intricate perturbation schemes or
a more refined analysis) remains an important open question. Nevertheless, we regard our contribution as a significant step towards understanding the inherent trade-offs between computational
efficiency and performance guarantees in online combinatorial optimization and, more generally, in
online optimization.
The efficiency of our method rests on a novel loss estimation method called Geometric Resampling
(GR). This estimation method is not specific to the proposed learning algorithm. While GR has
no immediate benefits for OSMD-type algorithms where the ideal importance weights are readily
available, it is possible to think about problem instances where EWA can be efficiently implemented
while importance weights are difficult to compute.
The most important open problem left is the case of efficient online linear optimization with
full bandit feedback where the learner only observes the inner product VtT `t in round t. Learning
algorithms for this problem usually require that the (pseudo-)inverse of the covariance matrix Pt =
E [ Vt VtT | Ft−1 ] is readily available for the learner at each time step (see, e.g., McMahan and Blum
(2004); Dani et al. (2008); Cesa-Bianchi and Lugosi (2012); Bubeck et al. (2012)). Computing
this matrix, however, is at least as challenging as computing the individual importance weights
1/qt,i . That said, our Geometric Resampling
technique can be directly generalized to this setting by
P∞
observing that the matrix geometric series n=1 (I −Pt )n converges to Pt−1 under certain conditions.
This sum can then be efficiently estimated by sampling independent copies of Vt , which paves the
path for constructing low-bias estimates of the loss vectors. While it seems straightforward to go
ahead and use these estimates in tandem with FPL, we have to note that the analysis presented in
this paper does not carry through directly in this case. The main limitation is that our techniques
only apply for loss vectors with non-negative elements (cf. Lemma 8). Nevertheless, we believe
that Geometric Resampling should be a crucial component for constructing truly effective learning
algorithms for this important problem.

6. Conclusions and Open Problems

while the second one follows from standard algebraic manipulations.

u∈S

N
X

In the worst case, the above bound becomes 2m3/2


T log(d/m) + 1 , which improves the best
p
known bound for FPL of Kalai and Vempala (2005) by a factor of d/m.
Proof The first statement follows from combining Lemmas 7 and 8, and bounding

RT ≤ 4m max

the regret of FPL satisfies
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#

  
d
+1 .
Zi∗ ≤ m log
m

Appendix A. Further Proofs and Technical Tools

m
X

Lemma 14 Let Z1 , . . . , Zd be i.i.d. exponentially distributed random variables with unit expectation
and let Z1∗ , . . . , Zd∗ be their permutation such that Z1∗ ≥ Z2∗ ≥ · · · ≥ Zd∗ . Then, for any 1 ≤ m ≤ d,
"
E

i=1

0

P

i=1

P [Y > y] dy
"m
#
Z
X
Zi∗ > y dy

∞

A

Pm
Proof Let us define Y = i=1 Zi∗ . Then, as Y is nonnegative, we have for any A ≥ 0 that
Z ∞
E [Y ] =

≤A +

+ m,

Z1

Z ∞ h
yi
≤A +
P Z1∗ >
dy
m
A
Z ∞ h
yi
≤A + d
P
>
dy
m
A

d
m

d
m

minimizes A + de−A/m over the real line.

=A + de−A/m
 

≤m log
where in the last step, we used that A = log

P [v T (L + `0 − Z) ≤ uT (L + `0 − Z) (∀u ∈ S)]

Lemma 15 Fix any v ∈ S and any vectors L ∈ Rd and ` ∈ [0, ∞)d . Define the vector `0 with
components
= vk `k . Then, for any perturbation vector Z with independent components,
`k0

≤ P [v T (L + ` − Z) ≤ uT (L + ` − Z) (∀u ∈ S)] .

Neu and Bartók

where we used v T `00 = 0 and uT `00 ≥ 0. Now, since A0 (u) ⊆ A(u), we have ∩u∈S A0 (u) ⊆ ∩u∈S A(u),
thus proving P [∩u∈S A0 (u)] ≤ P [∩u∈S A(u)] as claimed in the lemma.

P

t=1

T
X

Xt > B log

1
Σ2
+ (e − 2) T
δ
B

≤ δ.

Lemma 16 (cf. Theorem 1 in Beygelzimer et al. (2011)) Assume X1 , X2 , . . . , XT is a martingaledifference sequence with P
respect to the filtration (Ft ) with Xt ≤ B for 1 ≤ t ≤ T . Let σt2 =
t
Var [ Xt | Ft−1 ] and Σt2 = s=1 σs2 . Then, for any δ > 0,
#
"

P

t=1

p
Furthermore, for any S > B log(1/δ))(e − 2),
"
r

#
T
X
1 ΣT2
Xt > (e − 2) log
+S
≤ δ.
δ
S
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1. Introduction

Keywords: Convex optimization, matrix completion, multitask learning, spectral regularization, structured sparsity.

We continue the study of a family of norms which are obtained by taking the infimum of a
class of quadratic functions. These norms can be used as a regularizer in linear regression
learning problems, where the parameter set can be tailored to assumptions on the underlying
regression model. This family of norms is sufficiently rich to encompass regularizers such as
the `p norms, the group Lasso with overlap (Jacob et al., 2009b) and the norm of Micchelli
et al. (2013). In this paper we focus on a particular norm in this framework—the box-norm—

1.1 Related Work

in which the parameter set involves box constraints and a linear constraint. We study the
norm in detail and show that it can be generated as a perturbation of the k-support norm
introduced by Argyriou et al. (2012) for sparse vector estimation, which hence can be seen
as a special case of the box-norm. Furthermore, our variational framework allows us to
study efficient algorithms to compute the norms and the proximity operator of the square
of the norms.
Another main goal of this paper is to extend the k-support and box-norms to a matrix
setting. We observe that both norms are symmetric gauge functions, hence by applying
them to the spectrum of a matrix we obtain two orthogonally invariant matrix norms. In
addition, we observe that the spectral box-norm is essentially equivalent to the cluster norm
introduced by Jacob et al. (2009a) for multitask clustering, which in turn can be interpreted
as a perturbation of the spectral k-support norm.
The characteristic properties of the vector norms translate in a natural manner to matrices. In particular, the unit ball of spectral k-support norm is the convex hull of the set
of matrices of rank no greater than k, and Frobenius norm bounded by one. In numerical experiments we present empirical evidence on the strong performance of the spectral
k-support norm in low rank matrix completion and multitask learning problems.
Moreover, our computation of the vector box-norm and its proximity operator extends
naturally to the spectral case, which allows us to use proximal gradient methods to solve
regularization problems using the cluster norm. Finally, we provide a method to use the
centered versions of the penalties, which are important in applications (see e.g. Evgeniou
et al., 2007; Jacob et al., 2009a).

McDonald, Pontil and Stamos

Our work builds upon a recent line of papers which considered convex regularizers defined
as an infimum problem over a parametric family of quadratics, as well as related infimal
convolution problems (see Jacob et al., 2009b; Bach et al., 2011; Maurer and Pontil, 2012;
Micchelli and Pontil, 2005; Obozinski and Bach, 2012, and references therein). Related
variational formulations for the Lasso have also been discussed in (Grandvalet, 1998) and
further studied in (Szafranski et al., 2007).
To our knowledge, the box-norm was first suggested by Jacob et al. (2009a) and used as a
symmetric gauge function in matrix learning problems. The induced orthogonally invariant
matrix norm is named the cluster norm in (Jacob et al., 2009a) and was motivated as a
convex relaxation of a multitask clustering problem. Here we formally prove that the cluster
norm is indeed an orthogonal invariant norm. More importantly, we explicitly compute the
norm and its proximity operator.
A key observation of this paper is the link between the box-norm and the k-support
norm and in turn the link between the cluster norm and the spectral k-support norm. The
k-support norm was proposed in (Argyriou et al., 2012) for sparse vector prediction and
was shown to empirically outperform the Lasso (Tibshirani, 1996) and Elastic Net (Zou and
Hastie, 2005) penalties. See also Gkirtzou et al. (2013) for further empirical results.
In recent years there has been a great deal of interest in the problem of learning a low
rank matrix from a set of linear measurements. A widely studied and successful instance of
this problem arises in the context of matrix completion or collaborative filtering, in which

We study a regularizer which is defined as a parameterized infimum of quadratics, and
which we call the box-norm. We show that the k-support norm, a regularizer proposed by
Argyriou et al. (2012) for sparse vector prediction problems, belongs to this family, and
the box-norm can be generated as a perturbation of the former. We derive an improved
algorithm to compute the proximity operator of the squared box-norm, and we provide a
method to compute the norm. We extend the norms to matrices, introducing the spectral
k-support norm and spectral box-norm. We note that the spectral box-norm is essentially
equivalent to the cluster norm, a multitask learning regularizer introduced by Jacob et al.
(2009a), and which in turn can be interpreted as a perturbation of the spectral k-support
norm. Centering the norm is important for multitask learning and we also provide a method
to use centered versions of the norms as regularizers. Numerical experiments indicate that
the spectral k-support and box-norms and their centered variants provide state of the art
performance in matrix completion and multitask learning problems respectively.
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we want to recover a low rank (or approximately low rank) matrix from a small sample
of its entries, see e.g. Srebro et al. (2005); Abernethy et al. (2009) and references therein.
One prominent method of solving this problem is trace norm regularization: we look for a
matrix which closely fits the observed entries and has a small trace norm (sum of singular
values) (Jaggi and Sulovsky, 2010; Toh and Yun, 2011; Mazumder et al., 2010). In our
numerical experiments we consider the spectral k-support norm and spectral box-norm as
alternatives to the trace norm and compare their performance.
Another application of matrix learning is multitask learning. In this framework a number
of tasks, such as classifiers or regressors, are learned by taking advantage of commonalities
between them. This can improve upon learning the tasks separately, for instance when
insufficient data is available to solve each task in isolation (see e.g. Evgeniou et al., 2005;
Argyriou et al., 2007, 2008; Jacob et al., 2009a; Cavallanti et al., 2010; Maurer, 2006; Maurer
and Pontil, 2008). An approach which has been successful is the use of spectral regularizers
such as the trace norm to learn a matrix where the columns represent the individual tasks,
and in this paper we compare the performance of the spectral k-support and box-norms as
penalties in multitask learning problems.
Finally, we note that this is a longer version of the conference paper (McDonald et al.,
2014) and includes new theoretical and experimental results.
1.2 Contributions
We summarise the main contributions of this paper.
• We show that the vector k-support norm is a special case of the more general boxnorm, which in turn can be seen as a perturbation of the former. The box-norm can be
written as a parameterized infimum of quadratics, and this framework is instrumental
in deriving a fast algorithm to compute the norm and the proximity operator of
the squared norm in O(d log d) time. Apart from improving on the O(d(k + log d))
algorithm for the proximity operator in Argyriou et al. (2012), this method allows one
to use optimal first order optimization algorithms (Nesterov, 2007) for the box-norm1 .
• We extend the k-support and box-norms to orthogonally invariant matrix norms. We
note that the spectral box-norm is essentially equivalent to the cluster norm, which in
turn can be interpreted as a perturbation of the spectral k-support norm in the sense
of the Moreau envelope. Our computation of the vector box-norm and its proximity
operator also extends naturally to the spectral case. This allows us to use proximal
gradient methods for the cluster norm. Furthermore, we provide a method to apply
the centered versions of the penalties, which are important in applications.
• We present extensive numerical experiments on both synthetic and real matrix learning data sets. Our findings indicate that regularization with the spectral k-support
and box-norms produces state-of-the art results on a number of popular matrix completion benchmarks and centered variants of the norms show a significant improvement
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1. We note that recently Chatterjee et al. (2014) showed that the proximity operator of the vector k-support
norm can be computed in O(d log d). Here we directly follow Argyriou et al. (2012) and consider the
squared k-support norm.
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in performance over the centered trace norm and the matrix elastic net on multitask
learning benchmarks.
1.3 Notation

We use Nn for the set of integers from 1 up to and including n. We let Rd be the d
dimensional real vector space, whose elements are denoted by lower case letters. We let
d
d
R+
and
R
++ be the subsets of vectors with nonnegative and strictly positive components,
Pd+1
respectively. We denote by ∆d the unit d-simplex, ∆d = {λ ∈ Rd+1 : i=1
λi = 1}. For any
vector w ∈ Rd , its support is defined as supp(w) = {i : wi 6= 0} ⊆ Nd . We use 1 to denote
either the scalar or a vector of all ones, whose dimension is determined by its context. Given
a subset g of Nd , the d-dimensional vector 1g has ones on the support g, and zeros elsewhere.
We let Rd×T be the space of d × T real matrices and write W = [w1 , . . . , wT ] to denote the
matrix whose columns are formed by the vectors w1 , . . . , wT ∈ Rd . For a vector σ ∈ Rd , we
denote by diag(σ) the d × d diagonal matrix having elements σi on the diagonal. We say
matrix W ∈ Rd×T is diagonal if Wij = 0 whenever i 6= j. We denote the trace of a matrix
r be the vector formed by the
W by tr(W ), and its rank by rank(W ). We let σ(W ) ∈ R+
singular values of W , where r = min(d, T ), and where we assume that the singular values
are ordered nonincreasing, i.e. σ1 (W ) ≥ . . . ≥ σr (W ) ≥ 0. We use Sd to denote the set of
d to denote the subset of positive semidefinite matrices.
real d×d symmetric matrices, and S+
We use  to denote the positive semidefinite ordering on Sd .PThe notation h·, ·i denotes
d
xi yi for x, y ∈ Rd , and
the standard inner products on Rd and Rd×T , that is hx, yi = i=1
hX, Y i = tr(X > Y ), for X, Y ∈ Rd×T . Given a norm k · k on Rd or Rd×T , k · k∗ denotes
the corresponding dual norm, given by kuk∗ = sup{hu, wi : kwk ≤ 1}. On Rd we denote
by k · k2 the Euclidean norm, and on Rd×T we denote by k · kF the Frobenius norm and by
k · ktr the trace norm, that is the sum of singular values.
1.4 Organization

JMLR 17(155):1-38

The paper is organized as follows. In Section 2, we review a general class of norms and
characterize their unit ball. In Section 3, we specialize these norms to the box-norm, which
we show is a perturbation of the k-support norm. We study the properties of the norms
and we describe the geometry of the unit balls. In Section 4, we compute the box-norm
and we provide an efficient method to compute the proximity operator of the squared norm.
In Section 5, we extend the norms to orthogonally invariant matrix norms—the spectral
k-support and spectral box-norms—and we show that these exhibit a number of properties
which relate to the vector properties in a natural manner. In Section 6, we review the
clustered multitask learning setting, we recall the cluster norm introduced by Jacob et al.
(2009a) and we show that the cluster norm corresponds to the spectral box-norm. We also
provide a method for solving the resulting matrix regularization problem using “centered”
norms. In Section 7, we apply the norms to matrix learning problems on a number of
simulated and real data sets and report on their performance. In Section 8, we discuss
extensions to the framework and suggest directions for future research. Finally, in Section
9, we conclude.

4

wi2
θi

i=1

5
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The Θ-norm (1) encompasses a number of well known norms. For instance, for p ∈ [1, ∞)
1
Pd
p p , if p ∈ [1, ∞) and
the `p norm is defined, for every w ∈ Rd , as kwkp =
i=1 |wi |

This is a minimax problem in the sense of von Neumann (see e.g. Prop. 2.6.3 in Bertsekas
et al., 2003), and we can exchange the order of the inf and the sup, and solve the latter
(which is in fact a maximum) componentwise. The gradient with respect to ui is zero for
ui = wθii , and substituting this into the objective function we obtain h(w) = 12 kwk2Θ . It
follows that the expression in (1) defines a norm, and its dual norm is defined by (2), as
required.

i=1

Proof Consider the expression for the dual norm. The function k · k∗,Θ is a norm since it
is a supremum of norms. Recall that the Fenchel conjugate h∗ of a function h : Rd → R is
defined for every u ∈ Rd as h∗ (u) = sup hu, wi − h(w) : w ∈ Rd . It is a standard result
from convex analysis that for any norm k·k, the Fenchel conjugate of the function h := 12 k·k2
satisfies h∗ = 12 k · k2∗ , where k · k∗ is the corresponding dual norm (see, e.g. Lewis, 1995). By
the same result, for any norm the biconjugate is equal to the norm, that is (k · k∗ )∗ = k · k.
Applying this to the dual norm we have, for every w ∈ Rd , that
( d 
)
X
1
h(w) = sup {hw, ui − h∗ (u)} = sup inf
wi ui − θi u2i
.
2
u∈Rd
u∈Rd θ∈Θ

θ∈Θ i=1

Proposition 2 The Θ-norm is well defined and the dual norm is given, for u ∈ Rd , by
v
u
d
u
X
θi u2i .
(2)
kuk∗,Θ = tsup

Note that the function (w, θ) 7→
is strictly convex on Rd × Rd++ , hence every
i=1
minimizing sequence converges to the same point. The infimum is, however, not attained in
general because a minimizing
Psequence may converge to a point on the boundary of Θ. For
instance, if Θ = {θ ∈ Rd++ : di=1 θi ≤ 1}, then kwkΘ = kwk1 and the minimizing sequence
|w1 |
|wd |
converges to the point ( kwk
, . . . , kwk
), which belongs to Θ only if all the components of w
1
1
are different from zero.

Pd

Definition 1 Let Θ be a convex bounded subset of the open positive orthant. For w ∈ Rd
the Θ-norm is defined as
v
u
d
u
X
wi2
.
(1)
kwkΘ = t inf
θi
θ∈Θ

In this section we review a family of norms parameterized by a set Θ, and which we call
the Θ-norms. They are closely related to the norms considered in Micchelli et al. (2010,
2013). Similar norms are also discussed in Bach et al. (2011, Sect. 1.4.2) where they are
called H-norms. We first recall the definition of the norm.

2. Preliminaries
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Rd+

i:γi >0

`=1

(4)

g∈G

g∈G

6

Moreover, the unit ball of the norm is given by the convex hull of the set
o
[n
w ∈ Rd : supp(w) ⊆ g, kwk2 ≤ 1 .

g∈G
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(6)

The proof of this result is presented in the appendix. It is based on observing that the
Minkowski functional (see e.g. Rudin, 1991) of the convex hull of the set (4) is a norm and
it is given by the right hand side of equation (3); we then prove that this norm coincides
with k·kΘ by noting that both norms share the same dual norm. To illustrate an application
of the proposition, we specialize it to the group Lasso with overlap (Jacob et al., 2009b).
S
Corollary 4 If G is a collection of subsets of Nd such that g∈G g = Nd and Θ is the
interior of the set co{1g : g ∈ G}, then we have, for every w ∈ Rd , that



X
X
d
kvg k2 : vg ∈ R , supp(vg ) ⊆ g,
vg = w .
(5)
kwkΘ = inf



`=1

Moreover, the unit ball of the norm is given by the convex hull of the set
m n
o
[
w ∈ Rd : supp(w) ⊆ supp(γ ` ), kwkγ ` ≤ 1 .

`=1

P
`
d
d
Proposition
3 Let
∈
such that m
`=1 γ ∈ R++ and let Θ = {θ ∈ R++ :
Pm
`
m−1
}.
θ = `=1 λ` γ , λ ∈ ∆
Then we have, for every w ∈ Rd , that
(m
)
m
X
X
kwkΘ = inf
kv` kγ ` : v` ∈ Rd , supp(v` ) ⊆ supp(γ ` ), ` ∈ Nm ,
v` = w .
(3)

γ1, . . . , γm

kwk∞ = maxdi=1 |wi |. For p ∈ [1, 2), one can show (Micchelli and Pontil, 2005, Lemma
p

P
26), that kwkp = kwkΘp , where we have defined Θp = θ ∈ Rd++ : di=1 θi2−p ≤ 1 . For
p = 1 this confirms the set Θ corresponding to the `1 norm as claimed above. Similarly,
for p ∈ (2, ∞] we have that kwkp = kwk∗,Θq , where p1 + 1q = 1. The `2 -norm is obtained as
both a primal and dual Θ-norm in the limit as p tends to 2. See also Aflalo et al. (2011)
who considered the case of p > 2.
Other norms which belong to the family
P (1) are presented in (Micchelli et al., 2013)
and correspond to choosing Θ = {θ ∈ Λ : di=1 θi ≤ 1}, where Λ ⊆ Rd++ is a convex cone.
A specific example described therein is the wedge penalty, which corresponds to choosing
Λ = {θ ∈ Rd++ , θ1 ≥ . . . ≥ θd }.
We now describe the unit ball of the Θ-norm when the set Θ is a polyhedron and we
characterize the unit ball of the norm. This setting applies to a number of norms of practical
interest, including the group lasso with overlap, the wedge norm mentioned above and, as
we shall see, the k-support norm. To describe our observation, for every vector γ ∈ Rd+ , we
define the seminorm
v
uX 2
u
wi
kwkγ = t
.
γi
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(7)

kvg k2 : vg ∈ Rd , supp(vg ) ⊆ g,

vg = w

(8)

c−da
b−a

and k is the largest integer not exceeding ρ.

g∈Gk



i∈g

θ ∈ Rd : 0 < θi ≤ 1,

i∈g
/

d
X

i=1

θi ≤ k

g∈Gk

Corollary 6 If 0 < a < b and c = (b − a)k + da, for k ∈ N , then it holds that
d


v
u
2
2


X
X
X
X
v
v
u
g,i
g,i
t
+
: vg ∈ Rd ,
vg = w , w ∈ Rd .

b
a
kwkbox = inf

i∈g

i∈g
/

(10)
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Furthermore, the unit ball of the norm is given by the convex hull of the set



[ 
X w2 X w2
i
i
+
≤1 .
w ∈ Rd :


b
a

g∈Gk

8

(11)

In this section we illustrate a number of properties of the box-norm and the connection to
the k-support norm. The first result follows as a special case of Proposition 3.

3.1 Properties of the Norms

then the Θ-norm coincides with the k-support norm.

Θ=

We see from equation (10) that the dual norm decomposes into a weighted combination
of the `2 -norm, the k-support norm and a residual term, which vanishes if ρ = k ∈ Nd .
For the rest of this paper we assume this holds, which loses little generality. This choice is
equivalent to requiring that c = (b − a)k + da, which is the case considered by Jacob et al.
(2009a) in the context of multitask clustering, where k + 1 is interpreted as the number of
clusters and d as the number of tasks. We return to this case in Section 6, where we explain
in detail the link between the spectral k-support norm and the cluster norm.
Observe that if a = 0, b = 1, and ρ = k, the dual box-norm (10) coincides with dual
k-support norm in equation (9). We conclude that if
(
)

Proof We need to solve problem (2). We make the change of variable φ = θi −a and
i

Pd b−a
observe that the constraints on θ induce the constraint set φ ∈ (0, 1]d ,
i=1 φi ≤ ρ ,
Pd
Pd
2
2
2
where ρ = c−da
i=1 θi ui = akuk2 + (b − a)
i=1 φi ui . The result then
b−a . Furthermore
follows by taking the supremum over φ.

where ρ =

Proposition 5 The dual box-norm is given by


↓
2
2
+ (ρ − k)(|u|k+1
)2 ,
kuk∗,box
= akuk22 + (b − a) kuk∗,(k)

McDonald, Pontil and Stamos

w ∈ Rd ,
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)

θi ≤ c

,

where |u|↓ is the vector obtained from u by reordering its components so that they are
non-increasing in absolute value. Note from equation (9) that for k = 1 and k = d, the
dual norm is equal to the `∞ -norm and `2 -norm, respectively. It follows that the k-support
norm includes the `1 -norm and `2 -norm as special cases.
We now provide a different argument illustrating that the k-support norm belongs to
the family of box-norms using the dual norm. We first derive the dual box-norm.

d
X



We do not claim any originality in the above corollary and proposition, although we cannot
find a specific reference. The utility of the result is that it links seemingly different norms
such as the group Lasso with overlap and the Θ-norms, which provide a more compact
representation, involving only d additional variables. This formulation is especially useful
whenever the optimization problem (1) can be solved in closed form. One such example
is provided by the wedge norm described above. In the next section we discuss one more
important case, the box-norm, which plays a central role in this paper.

θ ∈ Rd : a ≤ θi ≤ b,
i=1

3. The Box-Norm and the k-Support Norm

Θ=

We now specialize our analysis to the case that
(



g∈Gk

where 0 < a ≤ b and c ∈ [ad, bd]. We call the norm defined by (1) the box-norm and we
denote it by k · kbox .
The structure of set Θ for the box-norm will be fundamental in computing the norm and
deriving the proximity operator in Section 4. Furthermore, we note that the constraints
are invariant with respect to permutations of the components of Θ and, as we shall see in
Section 5, this property is key to extending the norm to matrices. Finally, while a restriction
of the general family, the box-norm nevertheless encompasses a number of norms including
the `1 and `2 norms, as well as the k-support norm, which we now recall.
For every k ∈ Nd , the k-support norm k · k(k) (Argyriou et al., 2012) is defined as the
norm whose unit ball is the convex hull of the set of vectors of cardinality at most k and
`2 -norm no greater than one. The authors show that the k-support norm can be written as
the infimal convolution (see Rockafellar, 1970, p. 34)


X

X
kwk(k) = inf

g∈Gk

i=1
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where Gk is the collection of all subsets of Nd containing at most k elements. The ksupport norm is a special case of the group lasso with overlap (Jacob et al., 2009b), where
the cardinality of the support sets is at most k. When used as a regularizer, the norm
encourages vectors w to be a sum of a limited number of vectors with small support. Note
that while definition (8) involves a combinatorial number of variables, Argyriou et al. (2012)
observed that the norm can be computed in O(d log d), a point we return to in Section 4.
Comparing equation (8) with Corollary
4 it is evident that the k-support norm is a
P
Θ-norm where Θ = {θ ∈ Rd : θ =
λg 1g , λ ∈ ∆|Gk |−1 }, which by symmetry can be
++
Pd g∈Gk
expressed as Θ = {θ : 0 < θi ≤ 1, i=1
θi ≤ k}. Hence, we see that the k-support norm is
a special case of the box-norm.
Despite the complicated form of (8), Argyriou et al. (2012) observe that the dual norm
has a simple formulation, namely the `2 -norm of the k largest components,
v
u k
uX
kuk∗,(k) = t (|u|i↓ )2 , u ∈ Rd ,
(9)

7




1
1
kw − zk22 + kzk2Θ .
α
β

d
X

θ∈Θ i=1

= inf

wi2
,
α + βθi

min

1
1
kw − zk22 + kzk2Θ
α
β



z∈Rd θ∈Θ

= min inf

i=1

α

( d
X (wi − zi )2
+
βθi

zi2

)
θ∈Θ i=1

= inf

d
X

α + βθi

wi2
, (13)

(12)




1
1
kw − zk22 +
kzk2(k) .
a
b−a

i=1 θi

Pd

≤

(14)

9
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Lemma 7 and Proposition 8 can further be interpreted using the Moreau envelope from
convex optimization, which we now recall (Rockafellar and Wets, 2009, Ch. 1 §G).

Proof The result directly follows from Lemma 7 for Θ = {θ ∈ Rd : 0 < θi ≤ 1,
k}, α = a and β = b − a.

z∈Rd

kwk2box = min

Proposition 8 Let k · kbox be the box-norm on Rd with parameters 0 < a < b and c =
k(b − a) + da, for k ∈ Nd , then

In Section 3 we characterized the k-support norm as a special case of the box-norm.
Conversely, Lemma 7 allows us to interpret the box-norm as a perturbation of the k-support
norm with a quadratic regularization term.

where we interchanged the order of the minimum and the infimum and solved for z compoβθi wi
nentwise, setting zi = α+βθ
. The result now follows by combining equations (12) and (13).
i

z∈Rd



where we have made the change of variable φi = α + βθi . Next we observe that

φi

i

d
X
w2

φ∈Φ i=1

kwk2Φ = inf

Proof We consider the definition of the norm k · kΦ in (1). We have

z∈Rd

kwk2Φ = min

Lemma 7 Let Θ be a convex bounded subset of the positive orthant in Rd , and let Φ =
{φ ∈ Rd : φi = α + βθi , θ ∈ Θ}, where α, β > 0. Then

Definition 9 Let f : Rd → (−∞, ∞] be proper, lower semi-continuous and let ρ > 0. The
Moreau envelope of f with parameter ρ is defined as


1
eρ f (w) = inf f (z) + kw − zk22 .
2ρ
z∈Rd

Notice in Equation (11) that if b = 1, then as a tends to zero, we obtain the expression of
the k-support norm (8), recovering in particular the support constraints. If a is small and
positive, the support constraints are not imposed, however most of the weight for each vg
tends to be concentrated on supp(g). Hence, Corollary 6 suggests that if a  b then the
box-norm regularizer will encourage vectors w whose dominant components are a subset of
a union of a small number of groups g ∈ Gk .
Our next result links two Θ-norms whose parameter sets are related by a linear transformation with positive coefficients.

(16)

10
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Proposition 10 establishes that the square of the box-norm is differentiable and its
smoothness is controlled by the parameter a. Furthermore, the gradient can be determined
from the proximity operator, which we compute in Section 4.

a
Proof Letting f (w) = kwk2(k) , ρ = 12 b−a
, by (15) we have eρ f (w) = (b − a)kwk2box . The
result follows directly from Bauschke and Combettes (2010, Prop. 12.29), as f is convex
and continuous on Rd and the gradient is given as ∇(eρ f ) = ρ1 (Id − proxρf ).

Proposition 10 If a > 0 the squared box-norm is differentiable on Rd and its gradient

2
∇(k · k2box ) =
Id − proxρk·k2
(k)
a
is Lipschitz continuous with parameter a2 .

Furthermore, if (û, ẑ) solves problem (17) then ŵ = û + ẑ solves problem (16). The solution
ŵ can therefore be interpreted as the superposition of a vector which has small `2 norm,
and a vector which has small k-support norm, with the parameter a regulating these two
components. Specifically, as a tends to zero, in order to prevent the objective from blowing
up, û must also tend to zero and we recover k-support norm regularization. Similarly, as a
tends to b, ẑ vanishes and we have a simple ridge regression problem.
A further consequence of Proposition 8 is the differentiability of the squared box-norm.

with data X ∈ Rn×d and response y ∈ Rn . Using Proposition 8 and setting w = u + z, we
see that (16) is equivalent to


λ
λ
min kX(u + z) − yk22 + kuk22 +
kzk2(k) .
(17)
a
b−a
u,z∈Rd

w∈Rd

min kXw − yk22 + λkwk2box

a
where f (w) = kwk2(k) and ρ = 12 b−a
.
Proposition 8 further allows us to decompose the solution to a vector learning problem
using the squared box-norm into two components with particular structure. Specifically,
consider the regularization problem

Note that eρ f minorizes f and is convex and smooth (Bauschke and Combettes, 2010,
see e.g.). It acts as a parameterized smooth approximation to f from below, which motivates
its use in variational analysis (see e.g. Rockafellar and Wets, 2009, for further discussion).
α
Lemma 7 therefore says that βk · k2Φ is a Moreau-envelope of k · k2Θ with parameter ρ = 2β
whenever Φ is defined as Φ = α + βΘ, α, β > 0. In particular we see from (14) that
the squared box-norm, scaled by a factor of (b − a), is a Moreau envelope of the squared
k-support norm as we have


1
(b − a)kwk2box = min kzk2(k) + kw − zk22 =: eρ f (w),
(15)
2ρ
z∈Rd
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3.2 Geometry of the Norms

w12 w22 w32
+
+
= 1,
a
b
a

and

w12 w22 w32
+
+
= 1,
a
a
b

and

w12
w2
w2
+ 2 + 3 = 1.
a−1 a−1 b−1

(19)

(18)

In this section, we briefly investigate the geometry of the box-norm. Figure 1 depicts the unit
balls for the k-support norm in R3 for various parameter values, setting b = 1 throughout.
For k = 1 and k = 3 we recognize the `1 and `2 balls respectively. For k = 2 the unit ball
retains characteristics of both norms, and in particular we note the discontinuities along
each of x, y and z planes, as in the case of the `1 norm.
Figure 2 depicts the unit balls for the box-norm for a range of values of a and k, with
c = (b − a)k + da. We see that in general the balls increase in volume with each of a and
k, holding the other parameter fixed. Comparing the k-support norm (k = 1), that is the
`1 norm, and the box-norm (k = 1, a = 0.15), we see that the parameter a smooths out
the sharp edges of the `1 norm. This is also visible when comparing the k-support (k = 2)
and the box (k = 2, a = 0.15). This illustrates the smoothing effect of the parameter a, as
suggested by Proposition 10.
We can gain further insight into the shape of the unit balls of the box-norm from
Corollary 6. Equation (11) shows that the primal unit ball is the convex hull of ellipsoids
in
√
Rd , where for each group g the semi-principle axis along dimension i has length b if i ∈ g,
√
and length a if i ∈
/ g. Similarly, the unit ball of the dual box-norm is the intersection of
ellipsoids
in Rd where for each group g the semi-principle axis in dimension i has length
√
√
1/ b if i ∈ g, and length 1/ a if i ∈
/ g (see also Equation 37 in the appendix). It is
instructive to further consider the effect of the parameter a on the unit balls for fixed k.
To this end, recall that since c = (b − a)k + da, when k = d we have c = bd. In this case,
for all values of a in (0, b], the objective
in (1) is attained by setting θi = b for all i, and we
√
recover the `2 -norm, scaled by 1/ b, for √
the primal box-norm. Similarly in (2), the dual
norm gives rise to the `2 -norm, scaled by b. In the remainder of this section we therefore
only consider the cases k ∈ {1, 2} in R3
For k = 1, Gk = {{1}, {2}, {3}}. The unit ball of the primal box-norm is the convex
hull of the ellipsoids defined by
w12 w22 w32
+
+
= 1,
b
a
a

w12
w2
w2
+ 2 + 3 = 1,
a−1 b−1 a−1

and the unit ball of the dual box-norm is the intersection of the ellipsoids defined by
w12
w2
w2
+ 2 + 3 = 1,
b−1 a−1 a−1

w12 w22 w32
+
+
= 1,
a
b
b

and

w12 w22 w32
+
+
= 1,
b
a
b

(20)

For k = 2, Gk = {{1}, {2}, {3}, {1, 2}, {2, 3}, {1, 3}}. The unit ball of the primal box-norm
is the convex hull of the ellipsoids defined by (18) in addition to the following
w12 w22 w32
+
+
= 1,
b
b
a

w12
w2
w2
+ 2 + 3 = 1,
a−1 b−1 b−1

and

(21)
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w12
w2
w2
+ 2 + 3 = 1.
b−1 a−1 b−1

and the unit ball of the dual box-norm is the intersection of the ellipsoids defined by (19)
in addition to the following
w12
w2
w2
+ 2 + 3 = 1,
b−1 b−1 a−1

11
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For the primal norm, note that since b > a, each of the ellipsoids in (18) is entirely contained
within one of those defined by (20), hence when taking the convex hull we need only consider
the latter set. Similarly for the dual norm, since 1b < a1 , each of the ellipsoids in (19) is
contained within one of those defined by (21), hence when taking the intersection we need
only consider the latter set.
Figures 3 and 4 depict the constituent ellipses for various parameter values for the primal
and dual norms. As a tends to zero the ellipses become degenerate. For k = 1, taking the
convex hull we recover the `1 unit ball in the primal norm, and taking the intersection we
recover the `∞ unit ball in the dual norm. As a tends to 1 we recover the `2 norm in both
the primal and the dual.

4. Computation of the Norm and the Proximity Operator

(22)

In this section, we compute the norm and the proximity operator of the squared box-norm
by explicitly solving the optimization problem (1). We also specialize our results to the
k-support norm and comment on the improvement with respect the method by Argyriou
et al. (2012). Recall that, for every vector w ∈ Rd , |w|↓ denotes the vector obtained from
w by reordering its components so that they are non-increasing in absolute value.

Theorem 11 For every w ∈ Rd it holds that

1
1
1
2
= kwQ k22 + kwI k12 + kwL k22 ,
kwkbox
b
p
a

|wd−` |

a

≥

i=q+1

d−`
1 X
|wd−`+1 |
|wi | >
,
p
a

(23)

↓
↓
↓
, . . . , |w|d↓ ), q and `
), wL = (|w|d−`+1
, . . . , |w|d−`
where wQ = (|w|1↓ , . . . , |w|q↓ ), wI = (|w|q+1
are the unique integers in {0, . . . , d} that satisfy q + ` ≤ d,

i=q+1

d−`
|wq |
|wq+1 |
1 X
≥
|wi | >
,
b
p
b


b,


,
p Pd−`|wi |
|w |

 j=q+1 j

a,

if i ∈ {1, . . . , q},
if i ∈ {q + 1, . . . , d − `},

otherwise.

i=1

(24)

p = c − qb − `a and we have defined |w0 | = ∞ and |wd+1 | = 0. Furthermore, the minimizer
θ has the form

θi =

i=1


X
d
d
2
X
w
i
: a ≤ θi ≤ b,
θi ≤ c .
θi

Proof We solve the constrained optimization problem
inf
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To simplify the notation we assume without loss of generality that wi are positive and
ordered nonincreasing, and note that the optimal θi are ordered non increasing. To see this,
Pd wi2
∗
∗
let θ∗ = argminθ∈Θ i=1
θi . Now suppose that θi < θj for some i < j and define θ̂ to

12

13
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Figure 4: Dual box-norm unit balls and ellipsoids, (k, a) ∈ {(1, 0.15), (2, 0.15), (2, 0.40)}.
For k = 2, only 3 tightest ellipsoids are shown.

Figure 3: Primal box-norm component ellipsoids, (k, a) ∈ {(1, 0.15), (2, 0.15), (2, 0.40)}.

Figure 2: Unit balls of the box-norm, (k, a) ∈ {(1, 0.15), (2, 0.15), (2, 0.40)}.

Figure 1: Unit balls of the k-support norm for k ∈ {1, 2, 3}.
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i=1

i=1

i=1

Pd

i=1

i=1

i=1

≤

i=1

i

θi

d
X
w2

,

if α|wi | > b,
if b ≥ α|wi | ≥ a,
if a > α|wi |.

(26)

14
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Indeed, for fixed wi , the objective function is strictly convex on Rd++ and has a unique
minimum on (0, ∞) (see Figure 1.b in Micchelli et al. (2013) for an illustration). The
derivative of the objective function is zero for θ = θ∗ := α|wi |, strictly positive below θ∗
and strictly increasing above θ∗ . Considering
these three cases the result follows and θ is
P
determined by (26) where α satisfies di=1 θi (α) = c.



b,
θ = α|w|,


a,

whence it follows that θ∗ is the minimizer of (24).
We can therefore solve the original problem by minimizing the Lagrangian (25) over the
box constraint. Due to the coupling effect of the multiplier, the problem is separable, and
we can solve the simplified problem componentwise (see Micchelli et al., 2013, Theorem
3.1). For completeness we repeat the argument here. For every wi ∈ R and α > 0, the
w2
unique solution to the problem min{ θi + αθ2 : a ≤ θ ≤ b} is given by

i
θi∗
i=1

d
X
w2

If in addition we impose the constraint i=1 θi ≤ c, the second term on the right hand side
is at most zero, so we have for all such θ that

where
is a strictly positive multiplier, and α is to be chosen to make the sum constraint
tight, call this value α∗ . Let θ∗ be the minimizer of L(θ, α∗ ) over θ subject to a ≤ θi ≤ b.
We claim that θ∗ solves equation (24). Indeed, for any θ ∈ [a, b]d , L(θ∗ , α∗ ) ≤ L(θ, α∗ ),
which implies that
!
d
d
d
X
X
1
wi2 X wi2
≤
+
.
θ
−
c
i
θi∗
θi
(α∗ )2

1/α2

which is negative so θ∗ cannot be a minimizer.
We further assume without loss of generality that wi 6= 0 for all i, and c ≤ db (see
Remark 12 below). The objective is continuous and we take the infimum over a closed
bounded set, so a solution exists and it is unique by strict convexity. Furthermore, since
c ≤ db, the sum constraint will be tight at the optimum. Consider the Lagrangian function
!
d
d
X
1 X
wi2
+ 2
L(θ, α) =
θi − c ,
(25)
θi
α

i=1

be identical to θ∗ , except with the i and j elements exchanged. The difference in objective
values is
!
d
d
X
wi2 X wi2
1
1
2
2
−
=
(w
−
w
)
−
,
i
j
θi∗
θj∗ θi∗
θ̂i
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The minimizer then has the form

q

θ = (b, . . . , b, θq+1 , . . . , θd−` , a, . . . , a),
| {z }
| {z }

d
X

i=1

θi (α) = qb +
i=q+1

d−`
X

α|wi | + `a = c,

where q, ` ∈ {0, . . . , d} are determined by the value of α which satisfies
S(α) =

i=q+1

q
d−`
2
X
|wi |2 1  X
+
|wi | +
b
p
d
X

i=d−`+1

1
1
1
|wi |2
= kwQ k22 + kwI k12 + kwL k22 ,
a
b
p
a

P

d−`
i.e. α = p/
i=q+1 |wi | , where p = c − qb − `a.
The value of the norm follows by substituting θ into the objective and we get
2
kwkbox
=
i=1

and

i=q+1

d−`
|wd−` |
1 X
|wd−`+1 |
≥
.
|wi | >
a
p
a

as required. We can further characterize q and ` by considering the form of θ. By construction we have θq ≥ b > θq+1 and θd−` > a ≥ θd−`+1 , or equivalently

i=q+1

d−`
|wq |
|wq+1 |
1 X
≥
|wi | >
b
p
b

The proof is completed.

Remark 12 The case where some wi are zero follows from the case that we have considered
in the theorem. If wi = 0 for n < i ≤ d, then clearly we must have θi = a for all such i. We
Pn wi2
then consider the n-dimensional
problem of finding (θ1 , . . . , θn ) that minimizes
i=1 θi ,
Pn
θi ≤ c0 , where c0 = c − (d − n)a. As c ≥ da by assumption,
subject to a ≤ θi ≤ b, and i=1
we also have c0 ≥ na, so a solution exists to the n-dimensional problem. If c0 ≥ bn, then a
solution is trivially given by θi = b for all i = 1, . . . , n. In general, c0 < bn, and we proceed
as per the proof of the theorem. Finally, a vector that solves the original d-dimensional
problem will be given by (θ1 , . . . , θn , a, . . . , a).
Theorem 11 suggests two methods for computing the box-norm. First, we can find α
such that S(α) = c; this value uniquely determines θ in (26), and the norm follows by
substitution into the objective in (25). Alternatively, we identify q and ` that jointly satisfy
(23) and we compute the norm using (22). Taking advantage of the structure of θ in the
former method leads to a computation time that is O(d log d).
Theorem 13 The computation of the box-norm can be completed in O(d log d) time.
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Proof Following Theorem 11, we need to determine α∗ to satisfy the coupling constraint
S(α∗ ) = c. Each component θi is a piecewise linear function in the form of a step function

2d
with a constant positive slope between the values a/|wi | and b/|wi |. Let αi i=1 be the
15
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set of the 2d critical points, where the αi are ordered nondecreasing. The function S(α) is
a nondecreasing piecewise linear function with at most 2d critical points. We can find α∗
by first sorting the points {αi }, finding αi and αi+1 such that

S(αi ) ≤ c ≤ S(αi+1 )

by binary search, and then interpolating α∗ between the two points. Sorting takes O(d log d).
Computing S(αi ) at each step of the binary search is O(d), so O(d log d) overall. Given αi
and αi+1 , interpolating α∗ is O(1), so the overall algorithm is O(d log d) as claimed.

j=q+1

d
2
1  X
|wj↓ |
k−q

!

1
2

,

(27)

The k-support norm is a special case of the box-norm, and as a direct corollary of
Theorem 11 and Theorem 13, we recover (Argyriou et al., 2012, Proposition 2.1).

q
X
(|w|j↓ )2 +
j=1

Corollary 14 For w ∈ Rd , and k ≤ d,
kwk(k) =

j=q+1

d
X
1
|wj | > |wq+1 |,
k−q

where q is the unique integer in {0, k − 1} satisfying
|wq | ≥

and we have defined w0 = ∞. Furthermore, the norm can be computed in O(d log d) time.
4.1 Proximity Operator

w ∈ Rd ,

Proximal gradient methods can be used to solve optimization problems of the form
w

min f (w) + λg(w),

where f is a convex loss function with Lipschitz continuous gradient, λ > 0 is a regularization
parameter, and g is a convex function for which the proximity operator can be computed
efficiently, see Nesterov (2007); Combettes and Pesquet (2011); Beck and Teboulle (2009)
and references therein. The proximity operator of g with parameter ρ > 0 is defined as


1
kx − wk2 + ρg(x) : x ∈ Rd .
2
proxρg (w) = argmin

We now use the infimum formulation of the box-norm to derive the proximity operator of
the squared norm.

2

box



b,
α|wi | − λ,


a,

if α|wi | − λ > b,
if b ≥ α|wi | − λ ≥ a,
if a > α|wi | − λ,
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Theorem 15 The proximity operator of the square of the box-norm at point w ∈ Rd with
wd
w1
parameter λ2 is given by prox λ k·k2 (w) = ( θθ11+λ
, . . . , θθdd+λ
), where
θi =

16

i=1

i=1
i=1

d

X
wi2
: a ≤ θi ≤ b,
θi ≤ c .
θi + λ



Θ

if α|wi | > λ + 1,
if λ + 1 ≥ α|wi | ≥ λ
if λ > α|wi |,

17

JMLR 17(155):1-38

We now turn our focus to the matrix norms. For this purpose, we recall that a norm k · k
on Rd×T is called orthogonally invariant if kW k = kU W V k, for any orthogonal matrices
U ∈ Rd×d and V ∈ RT ×T . A classical result by Von Neumann (1937) establishes that
a norm is orthogonally invariant if and only if it is of the form kW k = g(σ(W )), where
σ(W ) is the vector formed by the singular values of W in nonincreasing order, and g is a
symmetric gauge function, that is a norm which is invariant under permutations and sign
changes of the vector components.

5. Spectral Norms

where α is chosen such that S(α) = k. Furthermore, the proximity operator can be computed
in O(d log d) time.



1,
θi = α|wi | − λ,


0,

2

Corollary 16 The proximity operator of the square of the k-support norm at point w with
wi
parameter λ2 is given by prox λ k·k2 (w) = x, where xi = θθii+λ
, and

Algorithm 1 illustrates the computation of the proximity operator for the squared boxnorm in O(d log d) time. This includes the k-support as a special case, where we let a tend
to zero, and set b = 1 and c = k, which improves upon the complexity of the O(d(k +
log d)) computation provided in Argyriou et al. (2012), and we illustrate the improvement
empirically in Table 1. We summarize this in the following corollary.

Note that this is the same as computing a box-norm in accordance with Proposition 8.
Specifically, this is exactly like problem (24) after the change of variable θi0 = θi + λ. The
remaining part of the proof then follows in a similar manner to the proof of Theorem 11.

θ

min

X
d

We can exchange the order of the optimization and solve for x first. The problem is separable
wi
and a direct computation yields that xi = θθii+λ
. Discarding a multiplicative factor of λ/2,
and noting that the infimum is attained, the problem in θ becomes

i=1

Proof Using the infimum formulation of the norm, we solve
( d
)
d
1X
λ X x2i
2
min inf
.
(xi − wi ) +
2
2
θi
x∈Rd θ∈Θ

P
and α is chosen such that S(α) := di=1 θi (α) = c. Furthermore, the computation of the
proximity operator can be completed in O(d log d) time.
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2

Identify points αi and αi+1 such that S(αi ) ≤ c and S(αi+1 ) ≥ c by binary search;
Find α∗ between αi and αi+1 such that S(α∗ ) = c by linear interpolation;
Compute θi (α∗ ) for i = 1 . . . , d;
wi
Return xi = θθii+λ
for i = 1 . . . , d.

such that αi ≤ αi+1 ;

box

W ∈ Rd×T .

Ak = co(Tk ),

(28)
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We will apply Lemma 23 in the appendix to the set Ak . To do this, we need to show that the
set Ak is bounded, convex, symmetric and absorbing. The first three are clearly satisfied.
To see that it is absorbing, let W ∈ Rd×T have singular value decomposition U ΣV > , and
let r = min(d, T ). If W is zero then clearly W ∈ Ak , so assume it is non zero.

λ(W ) = inf{λ > 0 : W ∈ λAk },

and consider the following functional

Tk = {W ∈ Rd×T : rank(W ) ≤ k, kW kF ≤ 1},

Proof For any W ∈ Rd×T , define the following sets

Proposition 18 The unit ball of the spectral k-support norm is the convex hull of the set
of matrices of rank at most k and Frobenius norm no greater than one.

In particular, this readily applies to both the k-support norm and the box-norm. We can
therefore extend both norms to orthogonally invariant norms, which we term the spectral
k-support norm and the spectral box-norm respectively, and which we write (with some
abuse of notation) as kW k(k) = kσ(W )k(k) and kW kbox = kσ(W )kbox . We note that since
the k-support norm subsumes the `1 and `2 -norms for k = 1 and k = d respectively,
the corresponding spectral k-support norms are equal to the trace and Frobenius norms
respectively.
A number of properties of the vector norms translate in the natural manner to the
matrix norms. We first characterize the unit ball of the spectral k-support norm.

Proof Let g(w) = kwkΘ . We need to show that g is a norm which is invariant under
permutations and sign changes. By Proposition 2, g is a norm, so it remains to show that
g(w) = g(P w) for every permutation matrix P , and g(Jw) = g(w) for every diagonal matrix
J with entries ±1. The former property follows since the set Θ is permutation invariant.
The latter property is true because the objective function in (1) involves the squares of the
components of w.

Lemma 17 If Θ is a convex bounded subset of the strictly positive orthant in Rd which is
invariant under permutations, then k · kΘ is a symmetric gauge function.

2.
3.
4.
5.

j=1

Require: parameters a, b, c, λ.
n
od

2d
b+λ
1. Sort points αi i=1 = a+λ
|wj | , |wj |

Algorithm 1 Computation of x = prox λ k·k2 (w).
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r
X

σi Si

V> =

d
X

i=1

σi

r
X

i=1

σ
Pr i
(U Si V
j=1 σj

r
X

i=1

>

) =: λ

βi Zi .

For i ∈ N let S ∈ Rd×T have entry (i, i) equal to 1, and all remaining entries zero. We
r
i
then have
!
!
W = U ΣV > = U

i=1

λ(W ) = inf{λ > 0 : W ∈

= inf{λ > 0 : σ(W ) ∈

λCk }
=

kσ(W )k(k)

Now for each i, kZi kF = kSi kP
F = 1, and rank(Zi ) = rank(Si ) = 1, so Zi ∈ Tk for any k ≥ 1.
r
βi = 1, that is (β1 , . . . , βr ) ∈ ∆r−1 , so λ1 W is a convex
Furthermore βi ∈ [0, 1] and i=1
combination of Zi , in other words W ∈ λAk , and we have shown that Ak is absorbing. It
follows that Ak satisfies the hypotheses of Lemma 23, where we let C = Ak , hence λ defines
a norm on Rd×T with unit ball equal to Ak .
Since the constraints in Tk involve spectral functions, the sets Tk and Ak are invariant to
left and right multiplication by orthogonal matrices. It follows that λ is a spectral function,
that is λ(W ) is defined in terms of the singular values of W . By von Neumann’s Theorem
(Von Neumann, 1937) the norm it defines is orthogonally invariant and we have
λAk }

where we have used Corollary 24, which states that Ck is the unit ball of the k-support
norm. It follows that the norm defined by (28) is the spectral k-support norm with unit
ball given by Ak .

c−da
b−a .

Referring to the unit ball characterization of the k-support norm, we note that the
restriction on the cardinality of the vectors which define the extreme points of the unit ball
naturally extends to a restriction on the rank operator in the matrix setting. Furthermore,
as noted by Argyriou et al. (2012), regularization using the k-support norm encourages
vectors to be sparse, but less so than the `1 -norm. In matrix regularization problems,
Proposition 18 suggests that the spectral k-support norm for k > 1 encourages matrices to
have low rank, but less so than the trace norm. This is intuitive as the extreme points of
the unit ball have rank at most k.
As in the case of the vector norm (Proposition 8), the spectral box-norm (or cluster
norm—see below) can be written as a perturbation of the spectral k-support norm with a
quadratic term.



1
1
2
kW − ZkF2 +
kZk(k)
.
a
b−a

Proposition 19 Let k · kbox be a matrix box-norm with parameters a, b, c and let k =
Then
Z∈Rd×T

2
kW kbox
= min
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Proof By von Neumann’s trace inequality (Theorem 25 in the appendix) we have

1
1
1
1
kW − Zk2 +
kZk2 =
kZk2
kW k2 + kZk2 − 2hW, Zi +
F
F
F
(k)
(k)
a
b−a
a
b−a

1
1
2
≥
kσ(W )k22 + kσ(Z)k22 − 2hσ(W ), σ(Z)i +
kσ(Z)k(k)
a
b−a
1
1
2
kσ(W ) − σ(Z)k22 +
kσ(Z)k(k)
.
a
b−a
=
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1
1
2
kW − ZkF2 +
kZk(k)
a
b−a

z∈Rd

= min

1
1
2
kσ(W ) − zk22 +
kzk(k)
a
b−a

Furthermore the inequality is tight if W and Z have the same ordered set of singular
vectors. Hence




2
= kσ(W )kbox
,
min

Z∈Rd×T

where the last equality follows by Proposition 8.

In other words, this result shows that the (scaled) squared spectral box-norm can be
seen as the Moreau envelope of a squared spectral k-support norm.

5.1 Proximity Operator for Orthogonally Invariant Norms

W ∈ Rm×T ,

The computational considerations outlined in Section 4 can be naturally extended to the
matrix setting by using von Neumann’s trace inequality stated in the appendix. Here
we comment on the computation of the proximity operator, which is important for our
numerical experiments in Section 7. The proximity operator of an orthogonally invariant
norm k · k = g(σ(·)) is given by

proxk·k (W ) = U diag(proxg (σ(W )))V > ,

where U and V are the matrices formed by the left and right singular vectors of W (see
e.g. Argyriou et al., 2011, Prop. 3.1). Using this result we can employ proximal gradient
methods to solve matrix regularization problems using the square of the spectral k-support
and box-norms.

6. Multitask Learning

In this section, we address multitask learning, a framework in which spectral regularizers
have successfully been used to learn a set of regression or binary classification tasks. Within
this setting each column of the matrix W represents one of the task weight vectors. By
leveraging the commonalities between the tasks, learning can often be improved compared
to solving each task in isolation (see e.g. Evgeniou et al., 2005; Argyriou et al., 2007, 2008;
Jacob et al., 2009a; Cavallanti et al., 2010, and references therein). A natural assumption
that arises in applications is that the tasks are clustered. The cluster norm was introduced
by Jacob et al. (2009a) as a means to favour this structure. We show that this norm is
equivalent to the spectral box-norm and then address the issue of centering the norm.
6.1 Clustering the Tasks

A general approach to multitask learning is based on the regularization problem

min L(W ) + λΩ(W )
W ∈Rd×T

JMLR 17(155):1-38

where W = [w1 , . . . , wT ] is the d × T matrix whose columns represent the task vectors,
Ω is a regularizer which incorporates prior knowledge ofP
sharing
between tasks and L
T Pn
t
t
is the compound empirical error. That is, L(W ) = T1n t=1
i=1 `(yi , hwt , xi i) where

20

>

q=1 t∈Jq

kwt − w̄q k2 = tr (W (I − M )W > ) ,

Tq kw̄q − w̄k2 = tr (W (M − U )W > )

Q X
X

q=1

Q
X

(30)
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The expression in the right hand side of equation (29) is jointly convex in W and Σ (see e.g.
Boyd and Vandenberghe, 2004), however the set of matrices Σ defined by equation (30),
f = M Π vary, is nonconvex, because M takes values on a nonconvex
generated by letting M
f to the set
set. To address this, Jacob et al. (2009a) relax the constraint on matrix M
f  I, trM
f ≤ Q − 1}. This in turn induces the convex constraint set for Σ
{0  M

−1
−1
−1
−1
SQ,T = Σ ∈ RT ×T : Σ = Σ> , −1
w I  Σ  b I, tr Σ ≤ (b − w )(Q − 1) + w T .

−1 f
−1
Σ = (−1
b − w )M + w I.

f + w (I − M
f). Since M
f is an orthogonal projection, the
where we have defined Σ−1 = b M
matrix Σ is well defined and we have

each of which captures a different aspect of the clustering: Ωm penalizes the total mean
of the weight vectors, Ωb measures how close to each other the clusters are (between cluster variance), and Ωw measures the compactness of the clusters (within cluster variance).
Scaling the three penalties by positive parameters m , b and w respectively, we obtain
the composite penalty m Ωm + b Ωb + w Ωw . The first term Ωm does not depend on the
connectivity matrix M , and it can be included in the error term. The remaining two terms
depend on M , which in general may not be known a-priori. Jacob et al. (2009a) propose
to learn the clustering by minimizing with respect to matrix M , under the assumption that
w ≥ b ; this assumption is reasonable as we care more about enforcing a small variance of
parameters within the clusters than between them. Using the elementary properties that
f = M Π, we
M − U = M Π = ΠM Π and I − M = (I − M )Π = Π(I − M )Π and letting M
rewrite




f + w (I − M
f) ΠW > = tr W ΠΣ−1 ΠW >
b Ωb (W ) + w Ωw (W ) = tr W Π b M
(29)

Ωw (W ) =

Ωb (W ) =

Ωm (W ) = T kw̄k = tr (W U W )

2

(xt1 , y1t ), . . . , (xtn , ynt ) ∈ Rd × R are the training points for task t (for simplicity we assume
that each task has the same number n of training points) and ` is a convex loss function.
Jacob et al. (2009a) consider a composite penalty which encourages the tasks to be
clustered into Q < T groups. To introduce their setting we require some more notation.
Let Jq ⊆ NT be the set of tasks in cluster q ∈ NQ and let Tq = |Jq | ≥ 0 be the number
PQ
of tasks in cluster q, so that
q=1 Tq = T . The clustering uniquely defines the T × T
normalized connectivity matrix M where Mst = T1q if s, t ∈ Jq and Mst = 0 otherwise. We
P
P
let w̄ = T1 Tt=1 wt be the mean weight vector, w̄q = T1q t∈Jq wt be the mean weight vector
of tasks in cluster q and define the T × T orthogonal projection matrices U = 11> /T and
Π = I − U . Note that W Π = [w1 − w̄, . . . , wT − w̄]. Finally, let r = min(d, T ).
Using this notation, we introduce the three seminorms
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(31)

i=1

r
X

λd−i+1 (Σ−1 )λi (W > W ) =

i=1

i

θi

r
X
σ 2 (W )

(33)
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kW kΘ := kσ(W )kΘ ,
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in which the regularizer is applied to the matrix W Π = [w1 − w̄, . . . , wT − w̄]. To this end,
let Θ be a bounded and convex subset of Rr++ which is invariant under permutation. We
have already noted that the function defined, for every W ∈ Rd×T , as

W ∈Rd×T

min L̄(W ) + λkW Πk2Θ

Centering a matrix has been shown to improve learning in other multitask learning problems,
for example Evgeniou et al. (2005) reported improved results using the trace norm. It is
therefore valuable to address the problem of how to solve a regularization problem of the
type

6.3 Optimization with Centered Spectral Θ-Norms

where the inequality follows by Lemma 26 (stated in the appendix) for A = Σ−1 and
B = W > W  0. Since this inequality is attained whenever Σ = U diag(θ)U , where U
are the eigenvectors of W > W , we see that the cluster norm
Pcoincides with the spectral
box-norm, that is kW kcl = kσ(W )kΘ for Θ = {θ ∈ [a, b]r : ri=1 θi ≤ c}. In light of our
observations in Section 5, we also see that the spectral k-support norm is a special case of
the cluster norm, where we let a tend to zero, b = 1 and c = k, where k = Q − 1. More
importantly the cluster norm is a perturbation of the spectral k-support norm. Moreover,
the methods to compute the norm and its proximity operator (cf. Theorems 11 and 15) can
directly be applied to the cluster norm using von Neumann’s trace inequality (see Theorem
25 in the appendix).

tr(Σ−1 W > W ) ≥

We now discuss the cluster norm in the context of the spectral box-norm. Jacob et al.
(2009a) state that the cluster norm of W equals what we in this paper have termed the
−1
−1
spectral box-norm, with parameters a = w −1 , b = −1
b and c = (T − Q + 1)w + (Q − 1)b .
Here we prove this fact. Denote by λi (·) the eigenvalues of a matrix which we write in non
increasing order λ1 (·) ≥ λ2 (·) ≥ . . . ≥ λd (·). Note that if θi are the eigenvalues of Σ then
θi = λd−i+1 (Σ−1 ). We have that

6.2 The Cluster Norm and the Spectral Box-Norm

Σ∈SQ,T

where L̄(W ) = L(W )+λm tr(W U W > ) and k·kcl is the cluster norm defined by the equation
r
kW kcl =
inf tr(Σ−1 W > W ).
(32)

W ∈Rd×T

min L̄(W ) + λkW Πk2cl

In summary Jacob et al. (2009a) arrive at the optimization problem
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is an orthogonally invariant norm. In particular, problem (33) includes regularization with
the centered cluster norm outlined above.
Note that right multiplication by the centering operator Π, is invariant to a translation
of the columns of the matrix by a fixed vector, that is, for every z ∈ Rd , we have [w1 +
z, . . . , wT + z]Π = W Π. The quadratic term m tr(W U W > ), which is included in the error,
implements square norm regularization of the mean of the tasks, which can help to prevent
overfitting. However, in the remainder of this section this term plays no role in the analysis,
which equally applies to the case that m = 0.
In order to solve the problem (33) with a centered regularizer the following lemma is
key.
r
Lemma 20 Let r = min(d, T ) and let Θ be a bounded and convex subset of R++
which is
invariant under permutation. For every W = [w1 , . . . , wT ] ∈ Rd×T , it holds that
z∈Rd

kW ΠkΘ = min k[w1 − z, . . . , wT − z]kΘ .

Σ∈Θ(T )

inf


tr Σ−1 W > W =

D∈Θ(d)


inf tr D−1 W W > .

T , λ(Σ) ∈ Θ} and Θ(d) = {D ∈
Proof Given the set Θ we define the set Θ(T ) = {Σ ∈ S++
d
S++
: λ(D) ∈ Θ}. It follows from Lemma 26 that
2
2
kW kΘ
≡ kσ(W )kΘ
=

T
X

(wt − w̄)> D−1 (wt − w̄) =

inf tr((W Π)> D−1 (W Π))

D∈Θ(d)

inf
D∈Θ(d) t=1

d

min

T
X
(wt − z)> D−1 (wt − z)

D∈Θ(d) z∈R t=1

inf

Using the second identity and recalling that W Π = [w1 − w̄, . . . , wT − w̄], we have that
2
kW ΠkΘ
=

=

(34)

PT
(wt − z)> D−1 (wt − z)
where in the last step we used the fact that the quadratic form t=1
is minimized at z = w̄. The result now follows by interchanging the infimum and the minimum in the last expression and using the definition of the Θ-norm.

min L̄(W ) + λk[w1 − z, . . . , wT − z]kΘ .

Using this lemma, we rewrite problem (31) as
min

W ∈Rd×T z∈Rd

2
L̄(V + z1> ) + λkV kΘ
.

Letting vt = wt − z, and V = [v1 , . . . , vT ], we obtain the equivalent problem
min

(V,z)∈Rd×T ×Rd
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This problem is of the form f (V, z) + λg(V, z), where g(V, z) = kV kΘ . Using this formulation, we can directly apply the proximal gradient method using the proximity operator
computation for the vector norm, since proxg (V0 , z0 ) = (proxλk·kΘ (V0 ), z0 ). This observation
establishes that, whenever the proximity operator of the spectral Θ-norm is available, we
can use proximal gradient methods with minimal additional effort to perform optimization
with the corresponding centered spectral Θ-norm. For example, this is the case with the
trace norm, the spectral k-support norm and the spectral box-norm or cluster norm.
23
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7. Numerical Experiments

Argyriou et al. (2012) demonstrated the good estimation properties of the vector k-support
norm compared to the Lasso and the elastic net. In this section, we investigate the matrix norms and report on their statistical performance in matrix completion and multitask
learning experiments on simulated as well as benchmark real data sets. We also offer an
interpretation of the role of the parameters in the box-norm and we empirically verify the
improved performance of the proximity operator computation of Algorithm 1 (see Table 1).
We compare the spectral k-support norm (k-sup) and the spectral box-norm (box ) to
the baseline trace norm (trace) (see e.g. Argyriou et al., 2007; Mazumder et al., 2010; Srebro
et al., 2005; Toh and Yun, 2011), matrix elastic net (el.net) (Li et al., 2012) and, in the case
of multitask learning, the Frobenius norm (fr ), which we recall is equivalent to the spectral
k-support norm when k = d. As we highlighted in Section 6.3, centering a matrix can
lead to improvements in learning. For data sets which we expect to exhibit clustering we
therefore also apply centered versions of the norms, c-fr, c-trace, c-el.net, c-k-sup, c-box.2
We report test error and standard deviation, matrix rank (r) and optimal parameter
values for k and a, which are determined by validation. We used a t-test to determine the
statistical significance of the difference in performance between the regularizers, at a level
of p < 0.001.
To solve the optimization problem we used an accelerated proximal gradient method
(FISTA), (see e.g. Beck and Teboulle, 2009; Nesterov, 2007), using the percentage change
in the objective as convergence criterion, with a tolerance of 10−5 (10−3 for real matrix
completion experiments).
As is typical with spectral regularizers such as the trace norm, we found that the spectrum of the learned matrix exhibited a rapid decay to zero. In order to explicitly impose
a low rank on the final matrix, we included a thresholding step at the end of the optimization. For the matrix completion experiments, the thresholding level was chosen by
validation. Matlab code used in the experiments is available at http://www0.cs.ucl.ac.
uk/staff/M.Pontil/software.html.
7.1 Simulated Data

Matrix Completion. We applied the norms to matrix completion on noisy observations of
low rank matrices. Each d × d matrix was generated as W = AB > + E, where A, B ∈ Rd×r ,
r  d, and the entries of A, B and E were set to be i.i.d. standard Gaussian. We set
d = 100, r ∈ {5, 10} and we sampled uniformly a percentage ρ ∈ {10%, 10%, 20%, 30%} of
the entries for training, and used a fixed 10% for validation. Following Mazumder et al.
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2. As we described in Section 6.2, the cluster norm regularization problem from Jacob et al. (2009a) is
equivalent to regularization using the box-norm with a squared `2 norm of the mean column vector
included in the loss function. The centering operator is invariant to constant shifts of the columns,
which allows the matrix to have unbounded Frobenius norm when using a centered regularizer. The
additional quadratic term regulates this effect and can prevent against overfitting. We tested the effect
of the quadratic term on the centered norms, however the impact on performance was only incremental,
and it introduced a further parameter requiring validation. On the real data sets in particular, the
impact was not significant compared to simple centering, so we do not report on the method below.
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0.0011
0.0443

Algorithm 1
Algorithm 2

0.0016
0.1567

2,000

0.0026
0.5907

4,000
0.0046
2.3065

8,000
0.0101
9.0080

16,000
0.0181
35.6199

32,000

kwtrue − wpredicted k2
,
kwtrue k2

trace
el.net
k-sup
box

trace
el.net
k-sup
box

trace
el.net
k-sup
box

trace
el.net
k-sup
box

trace
el.net
k-sup
box

rank 5
ρ=10%

rank 5
ρ=15%

rank 5
ρ=20%

rank 10
ρ=20%

rank 10
ρ=30%

0.3642
0.3638
0.3579
0.3486

0.6356
0.6359
0.6284
0.6243

0.4085
0.4081
0.4031
0.3898

0.5764
0.5744
0.5659
0.5525

0.8184
0.8164
0.8036
0.7805

k

(0.02)
36
(0.02)
36
(0.02)
33 5.0
(0.02) 100 2.5

27
27
24 4.4
89 1.8

(0.03)
23
(0.03)
23
(0.03)
21 3.1
(0.03) 100 1.3

(0.03)
(0.03)
(0.03)
(0.03)

a

test error

k

a

5
5
5 2.97
5 3.28 1.9e-3

5
5
5 3.25
5 3.36 2.7e-3

5
5
5 4.23
5 3.63 8.1e-3

r

- 0.3086 (0.02) 10
- 0.3082 (0.02) 10
- 0.3025 (0.02) 10 5.13
9e-3 0.3025 (0.02) 10 5.16

3e-4

- 0.6084 (0.03) 10
- 0.6074 (0.03) 10
- 0.6000 (0.03) 10 5.02
9e-3 0.6000 (0.03) 10 5.22 1.9e-3

- 0.3449 (0.02)
- 0.3445 (0.02)
- 0.3381 (0.02)
9e-3 0.3380 (0.02)

- 0.5209 (0.04)
- 0.5203 (0.04)
- 0.5099 (0.04)
9e3 0.5089 (0.04)

20
- 0.7799 (0.04)
20
- 0.7794 (0.04)
16 3.6
- 0.7728 (0.04)
87 2.9 1.7e-2 0.7649 (0.04)

r

(0.04)
22
(0.04)
21
(0.03)
18 3.3
(0.04) 100 1.3

(0.03)
(0.03)
(0.03)
(0.03)

test error
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Table 2: Matrix completion on simulated data sets, without (left) and with (right) thresholding.

norm

data set

and averaged over 100 trials. The results are summarized in Table 2. With thresholding, all
methods recovered the rank of the true noiseless matrix. The spectral box-norm generated
the lowest test errors in all regimes, with the spectral k-support norm a close second, and
both were significantly better than trace and elastic net.

error =

(2010) the error was measured as

Table 1: Comparison of proximity operator algorithms for the k-support norm (time in
seconds), k = 0.05d. Algorithm 1 is our method, Algorithm 2 is the method in
Argyriou et al. (2012).
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Clustered Learning. We tested the centered norms on a synthetic data set which exhibited
a clustered structure. We generated a 100 × 100, rank 5, block diagonal matrix, where the
entries of each 20 × 20 block were set to a random integer chosen uniformly in {1, . . . , 10},
with additive noise. Table 3 illustrates the results averaged over 100 runs. Within each
group of norms, the box-norm and the k-support norm outperformed the trace norm and
elastic net, and centering improved performance for all norms. Figure 7 illustrates a sample
matrix along with the solution found using the box and trace norms.

Role of Parameters. In the same setting we investigated the role of the parameters in the
box-norm. As previously discussed, parameter b can be set to 1 without loss of generality.
Figure 5 shows the optimal value of parameter a chosen by validation for varying signal to
noise ratios (SNR), keeping k fixed. We see that for greater noise levels (smaller SNR), the
optimal value for a increases, which further suggests that the noise is filtered out by higher
values of the parameter. Figure 6 shows the optimal value of k chosen by validation for
matrices with increasing rank, keeping a fixed, and using the relation k = c−da
b−a . We note
that as the rank of the matrix increases, the optimal k value increases, which is expected
since it is an upper bound on the sum of the singular values.

Figure 7: Clustered matrix and recovered solutions. From left to right: true, noisy, trace
norm, box-norm.
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k value

100

test error

r
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a

k

a

norm

k

data set
2.77
2.73 4.3e-3
1.98
1.93 9.7e-3

r

ρ=10%

trace
0.6529 (0.10) 20
- 0.6065 (0.10) 5
el.net
0.6482 (0.10) 20
- 0.6037 (0.10) 5
k-sup
0.6354 (0.10) 19 2.72
- 0.5950 (0.10) 5
box
0.6182 (0.09) 100 2.23 1.9e-2 0.5881 (0.10) 5
c-trace 0.5959 (0.07) 15
- 0.5692 (0.07) 5
c-el.net 0.5910 (0.07) 14
- 0.5670 (0.07) 5
c-k-sup 0.5837 (0.07) 14 2.03
- 0.5610 (0.07) 5
c-box
0.5789 (0.07) 100 1.84 1.9e-3 0.5581 (0.07) 5
2.89
2.57 1.3e-3
2.36
1.92 3.8e-3

test error

ρ=15%

trace
0.3482 (0.08) 21
- 0.3048 (0.07) 5
el.net
0.3473 (0.08) 21
- 0.3046 (0.07) 5
k-sup
0.3438 (0.07) 21 2.24
- 0.3007 (0.07) 5
box
0.3431 (0.07) 100 2.05 8.7e-3 0.3005 (0.07) 5
c-trace 0.3225 (0.07) 19
- 0.2932 (0.06) 5
c-el.net 0.3215 (0.07) 18
- 0.2931 (0.06) 5
c-k-sup 0.3179 (0.07) 18 1.89
- 0.2883 (0.06) 5
c-box
0.3174 (0.07) 100 1.90 2.2e-3 0.2876 (0.06) 5

Table 3: Clustered block diagonal matrix, before (left) and after (right) thresholding.
7.2 Real Data
Matrix Completion (MovieLens and Jester). In this section we report on the performance
of the norms on real data sets. We observe a subset of the (user, rating) entries of a matrix
and the task is to predict the unobserved ratings, with the assumption that the true matrix
is low rank (or approximately low rank). In the first instance we considered the MovieLens
data sets3 . These consist of user ratings of movies, the ratings are integers from 1 to 5, and
all users have rated a minimum number of 20 films. Specifically we considered the following
data sets:
• MovieLens 100k : 943 users and 1,682 movies, with a total of 100,000 ratings;
• MovieLens 1M : 6,040 users and 3,900 movies, with a total of 1,000,209 ratings.
We also considered the Jester 4 data sets, which consist of user ratings of jokes, where the
ratings are real values from −10 to 10:
• Jester 1 : 24,983 users and 100 jokes, all users have rated a minimum of 36 jokes;
• Jester 2 : 23,500 users and 100 jokes, all users have rated a minimum of 36 jokes;
• Jester 3 : 24,938 users and 100 jokes, all users have rated between 15 and 35 jokes.
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Following Toh and Yun (2011), for MovieLens we uniformly sampled ρ = 50% of the available entries for each user for training, and for Jester 1, Jester 2 and Jester 3 we sampled
3. MovieLens data sets are available at http://grouplens.org/datasets/movielens/.
4. Jester data sets are available at http://goldberg.berkeley.edu/jester-data/.
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0.2017 13
0.2017 13
0.1990 9 1.87
0.1989 10 2.00 1e-5

a

17
17
17 1.80
19 2.00 1e-6

k
0.2034
0.2034
0.2031
0.2035

0.1790
0.1789
0.1782
0.1777

11
11
11 6.38
11 6.40 2e-5

r

0.1821 325
0.1821 319
0.1820 317 1.00
0.1817 3576 1.09 3e-5

0.1752
0.1752
0.1739
0.1726

11
11
11 4.00
11 4.50 5e-5

a test error
MovieLens trace
100k
el.net
ρ = 50%
k-sup
box

98
98
84 5.00
100 4.00 1e-6

0.1758
0.1758
0.1746
0.1745

k

MovieLens trace
1M
el.net
ρ = 50%
k-sup
box

0.1787
0.1787
0.1764
0.1766

98
98
94 4.00
100 4.00 2e-6

3
3
3 2.13
3 4.00 8e-4

r

Jester 1
trace
20 per line el.net
k-sup
box

0.1767
0.1767
0.1762
0.1762

0.1959
0.1959
0.1942
0.1940

norm test error

trace
el.net
k-sup
box

49
49
46 3.70
100 5.91 1e-3

data set

Jester2
20 per
line

0.1988
0.1988
0.1970
0.1973

87
87
102 1.00
943 1.00 1e-5

Jester 3
8 per line

trace
el.net
k-sup
box

Table 4: Matrix completion on real data sets, without (left) and with (right) thresholding.

kwtrue − wpredicted k2
,
#observations/(rmax − rmin )

20, 20 and 8 ratings per user respectively, and we again used 10% for validation. The error
was measured as normalized mean absolute error,
NMAE =

where rmax and rmin are upper and lower bounds for the ratings (Toh and Yun, 2011),
averaged over 50 runs. The results are outlined in Table 4. In the thresholding case, the
spectral box-norm and the spectral k-support norm showed the best performance, and in the
absence of thresholding, the spectral k-support norm showed slightly improved performance.
Comparing to the synthetic data sets, this suggests that the parameter a did not provide
any benefit in the absence of noise. We also note that without thresholding our results
for trace norm regularization on MovieLens 100k agreed with those in Jaggi and Sulovsky
(2010).
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Multitask Learning (Lenk and Animals with Attributes). In our final set of experiments
we considered two multitask learning data sets, where we expected the data to exhibit
clustering. The Lenk personal computer data set (Lenk et al., 1996) consists of 180 ratings of
20 profiles of computers characterized by 14 features (including a bias term). The clustering
is suggested by the assumption that users are motivated by similar groups of features. We
used the root mean square error of true vs. predicted ratings, normalised over the tasks,
averaged over 100 runs. We also report on the Frobenius norm, which in the multitask

28

3.7931
1.9056
1.9007
1.8955
1.8923
1.8634
1.7902
1.7897
1.7777
1.7759

(0.07)
(0.04)
(0.04)
(0.04)
(0.04)
(0.08)
(0.03)
(0.03)
(0.03)
(0.03)

test error
1.02
1.01
1.89
1.12

k
5.5e-3
8.6e-3

a

t=1 i=1

log (1 + exp(−yt,i hwt , xi i))
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where W = [w1 , . . . , wT ], x1 , . . . , xT n are the inputs and yt,i = 1 if xi is in class t, and
yt,i = −1 otherwise.
The predicted class for testing example x was argmaxTt=1 hwt , xi and the accuracy was
measured as the percentage of correctly classified examples, also known as multi-class error.
The results without centering are outlined in Table 6. The corresponding results with centering showed the same relative performance, but worse overall accuracy, which is reasonable
as the data is not expected to be clustered, and we omit the results here.
The spectral k-support and box-norms gave the best results, outperforming the Frobenius norm and the matrix elastic net, which in turn outperformed the trace norm. We
highlight that in contrast to the Lenk experiments, the Frobenius norm, corresponding to

L(W ) =

T X
Tn
X

learning framework corresponds to independent task learning. The results are outlined
in Table 5. The centered versions of the spectral k-support norm and spectral box-norm
outperformed the other penalties in all regimes. Furthermore, the results clearly indicate
the importance of centering, as discussed for the trace norm in Evgeniou et al. (2007).
The Animals with Attributes data set (Lampert et al., 2009) consists of 30,475 images of
animals from 50 classes. Along with the images, the data set includes pre-extracted features
for each image. The data set has been analyzed in the context of multitask learning. We
followed the experimental protocol from (Kang et al., 2011), however we used an updated
feature set, and we considered all 50 classes. Specifically, we used the DeCAF feature set
provided by Lampert et al. (2009) rather than the SIFT bag of word descriptors. These
updated features were obtained through a deep convolutional network and represent each
image by a 4,096-dimensional vector (Donahue et al., 2014). As the smallest class size is
92 we selected the first n = 92 examples of each of the T = 50 classes, used PCA (with
centering) on the resulting data matrix to reduce dimensionality (d = 1, 718) retaining a
variance of 95%, and obtained a data set of size 4, 600 × 1, 718. For each class the examples
were split into training, validation and testing data sets, with a split of 50%, 25%, 25%
respectively, and we averaged the performance over 50 runs.
We used the logistic loss, yielding the error term

Table 5: Multitask learning clustering on Lenk data set.

fr
trace
el.net
k-sup
box
c-fr
c-trace
c-el.net
c-k-sup
c-box

norm
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38.3428
37.4285
38.2857
38.8571
38.9100

(0.74)
(0.76)
(0.73)
(0.71)
(0.65)

test error
37.8
32.8

k
2.1e-2

a

g∈Gk

(35)

kuk∗,(k,q) =

i=1

30

k
X
(|u|↓i )q

! 1q

,

u ∈ Rd .
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Corollary 22 The (p, k)-support norm is well defined and its unit ball is the convex hull
of the set {w ∈ Rd : kwkp ≤ 1, card(w) ≤ k}. Furthermore, its dual norm is given by

The following corollary follows along the same lines as the proof of Proposition 3 in the
appendix.

g∈Gk

Definition 21 The k-support p-norm is defined for w ∈ Rd as


X

X
kwk(k,p) = inf
kvg kp : supp(vg ) ⊆ g,
vg = w .



A natural extension of the k-support norm follows by applying a p-norm, rather than the
Euclidean norm, in the infimum convolution definition of the k-support norm. In the dual
norm, we then obtain the corresponding q-norm, where p1 + 1q = 1.

8.1 k-Support p-Norms

In this section we outline a number of extensions to topics in this paper.

8. Extensions

independent task learning, was competitive. Furthermore, the optimal values of k for the
spectral k-support norm and spectral box-norm were high (38 and 33, respectively) relative
to the maximum rank of 50, corresponding to a relatively high rank solution. The spectral
k-support norm and spectral box-norm nonetheless outperformed the other regularizers.
Notice also that the spectral k-support norm requires the same number of parameters to
be tuned as the matrix elastic net, which suggests that it somehow captures the underlying
structure of the data in a more appropriate manner.
We finally note as an aside that using the SIFT bag of words descriptors provided
by Lampert et al. (2009), which represent the images as a 2, 000-dimensional histogram
of local features, we replicated the results for independent task learning (Frobenius norm
regularization) and single-group learning (trace norm regularization) of Kang et al. (2011)
for the subset of 20 classes considered in their paper.

Table 6: Multitask learning clustering on Animals with Attributes data set, no centering.

fr
tr
el.net
k-sup
box

norm
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We studied the family of box-norms, and showed that the k-support norm belongs to this
family. We noted that these can be naturally extended from the vector to the matrix setting.
We also provided a connection between the k-support norm and the cluster norm, which
essentially coincides with the spectral box-norm. We further observed that the cluster norm
is a perturbation of the spectral k-support norm, and we were able to compute the norm
and the proximity operator of the squared norm. We also provided a method to solve
regularization problems using centered versions of the norms and we considered a number
of extensions to the box-norm framework.
Our experiments indicate that the spectral box-norm and k-support norm consistently
outperform the trace norm and the matrix elastic net on various matrix completion problems. Furthermore, we studied the application of centering to clustering problems in multitask learning, and found that this improved performance. With a single parameter, compared to two for the spectral box-norm, and three for the cluster norm, our results suggest
that the spectral k-support norm represents a powerful yet straightforward alternative to
the trace norm for low rank matrix learning. In future work we would like to complete the
analysis of the Rademacher complexity for the norms in this paper, and derive associated
statistical oracle inequalities. We would also like to investigate the family of Θ-norms for
more general parameter sets.

9. Conclusion
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|u|i↓ .

the scope of the present paper, we remark
√ that the Rademacher complexity of the unit ball
of the spectral k-support is a factor of k larger than the Rademacher complexity bound
for the trace norm provided in (Proposition 6 Maurer and Pontil,
√ 2013). This follows from
the fact that the dual spectral k-support norm is bounded by k times the operator norm.
Of course the unit ball of the spectral k-support norm contains the unit ball of the trace
norm, so the associated excess risk bounds need to be compared with care.

i=1

k
X

We discuss the special cases p ∈ {1, 2, ∞}. The case p = 2 is the k-support norm of
Argyriou et al. (2012) discussed above. For p = 1 we have kuk∗,(k,q) = kuk∞ , hence the
(k, 1)-support norm coincides with the `1 norm for every k ∈ Nd . The case p = ∞ is more
interesting; specifically the dual norm is the well-known Ky-Fan norm (see e.g. Bhatia,
1997).
kuk∗,(k,∞) =
Using the fact that the primal norm is the dual of the dual, we obtain by a direct computation that


1
kwk(k,∞) = max kwk∞ , kwk1 .
k
It is clear that the (p, k)-support norm is a symmetric gauge function. Hence we we can
define the spectral (p, k)-support norm as kW k(k,p) = kσ(W )k(k,p) , for W ∈ Rd×T . Since the
dual of any orthogonally invariant norm is given by k·k∗ = kσ(·)k∗ (see e.g. Lewis, 1995), we
conclude that the dual spectral (k, p)-support norm is given by kU k∗,(k,p) = kσ(U )k∗,(k,p) ,
for every U ∈ Rd×T . Furthermore, the unit ball of the spectral (p, k)-support norm is equal
to the convex hull of the set {W ∈ Rd×T : rank(W ) ≤ k, kσ(W )kp ≤ 1}.
8.2 Kernels

i=1

The ideas discussed in this paper can be used in the context of multiple kernel learning in a
natural way (see e.g. Micchelli and Pontil, 2007, and references therein). Let Kj , j ∈ Ns , be
prescribed reproducing kernels on a set X , and Hj the corresponding reproducing kernel
Hilbert spaces with norms k · kj . We consider the problem
)
( n
s


X
X
 2
` yi ,
f` (xi ) + λ kf1 k1 , . . . , kfs ks Θ : f1 ∈ H1 , . . . , fs ∈ Hs .

min

Pd
The choice Θ = {θ ∈ Rd : 0 < θi ≤ 1,
i=1 θi ≤ k}, when k ≤ s, is particularly interesting.
It gives rise to a version of multiple kernel learning in which at least k kernels are employed.

n

Appendix A.

T

8.3 Rademacher Complexity

sup

We briefly comment on the Rademacher complexity of the spectral k-support norm, namely
E

t=1 i=1

1 XX t
i hwt , xit i
Tn

32
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Lemma 23 Let C ⊆ X be a bounded, convex, balanced, and absorbing set. The Minkowski
functional µC of C, defined, for every w ∈ X, as


1
µC (w) = inf λ : λ > 0, w ∈ C
λ

In this appendix, we discuss some auxiliary results which are used in the main body of the
paper.
Let X be a finite dimensional vector space. Recall that a subset C of X is called balanced
if αC ⊆ C whenever |α| ≤ 1. Furthermore, C is called absorbing if for any x ∈ X, x ∈ λC
for some λ > 0.
kW k(k) ≤1
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where the expectations is taken with respect to i.i.d. Rademacher random variables it ,
i ∈ Nn , t ∈ NT and the xit are either prescribed or random datapoints associated with
the different regression tasks. The Rademacher complexity can be used to derive uniform
bounds on the estimation error and excess risk bounds (see Bartlett and Mendelson, 2002;
Koltchinskii and Panchenko, 2002, for a discussion). Although a complete analysis is beyond
31

v+w
λ+µ

∈ C. We conclude that µC (v + w) ≤ µC (v) + µC (w). The

`=1

m
[

A` .

`=1

m
X

v` =
k=1

m
X

kvk kγ k

kv` kγ ` =
`=1

m
X

kλα` z` kγ ` = λ

`=1

m
X

α` kz` kγ ` ≤ λ.

for some z` ∈ A` and

i=1

i=1

m

`=1

m

`=1 w∈A`

i=1

i i

v
u d
uX
= max max hw, ui = max t
γ ` u2 .

`=1

(36)

`∈Nm

\

d

i=1

i=1

i=1

d
X

γi` u2i

≤1 .

)

γi` u2i ≤ 1, ∀` ∈ Nm
u∈R :

(

u ∈ Rd :

d
X

`=1

)

(37)
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if γi` = 0) and the unit ball of the dual Θ-norm is given by the intersection of m such
ellipsoids.
The following result, which is discussed in (Argyriou et al., 2012, Section 2) is key for
the proof of Proposition 18.

o
n
P
Notice that for each ` ∈ Nm , the set u ∈ Rd : di=1 γi` u2i ≤ 1 defines a (possibly degenerq
ate) ellipsoid in X, where the i-th semi-principal axis has length 1/ γi` (which is infinite

=

=

(

The above proof reveals that the unit ball of the dual norm of k · kΘ is given by an
intersection of ellipsoids in Rd . Indeed equation (36) provides that
(
)
d
n
o
m X ` 2
u ∈ Rd : kuk∗,Θ ≤ 1 = u ∈ Rd : max
γi ui ≤ 1

It follows that the norms share the same dual norm, hence µC (·) coincides with k · kΘ .

w∈C

max hw, ui = max {hw, ui : w ∈

∪m
`=1 A` }

We now compute the dual of the norm µC ,

θ∈Θ

Next, we show that both norms have the same dual norm. We noted in Proposition 2
that the dual norm of k · kΘ takes the form (2). When Θ is the interior of co{γ 1 , . . . , γ m },
this can be written as
v
v
u d
u d
uX
uX
m
t
θi u2i = max t
γi` u2i .
kuk∗,Θ = sup

`=1

m
X

`=1 α` z`

α ` z` .

Pm

`=1

m
X

This implies that µC (w) ≤ ν(w). Conversely, if w = λ
α ∈ ∆m−1 , then letting v` = λα` z` we have

w=

Choose any vectors v1 , . . . , vmP∈ Rd which satisfies the constraint set in the right hand
side of (3) and set α` = kv` kγ ` /( m
k=1 kvk kγ k ) and z` = v` /kv` kγ ` . We have
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where the infimum is over λ, the vectors z` ∈ Rd and the vector α = (α1 , . . . , αm ), and
recall ∆m−1 denotes the unit simplex in Rm .
The rest of the proof is structured as follows. We first show that µC (w) coincides
with the right hand side of equation (3), which we denote by ν(w). Then we show that
kwkΘ = µC (w) by observing that both norms have the same dual norm.

`=1

Note thatP
C is bounded and balanced, since each set A` is so. Furthermore, the hypoth`
esis that m
`=1 γ > 0 ensures that C is absorbing. Hence, by Lemma 23 the Minkowski
functional µC defines a norm. We rewrite µC (w) as
)
(
m
X
µC (w) = inf λ : λ > 0, w = λ
α` z` , z` ∈ A` , α ∈ ∆m−1

C = co

Proof of Proposition 3 Let A` = {w ∈ Rd : kwkγ ` ≤ 1, supp(w) ⊆ supp(γ ` )}, and define

Note that for such set C, the unit ball of the induced norm µC is C. Furthermore, if k · k
is a norm then its unit ball satisfies the hypotheses of Lemma 23.
Using this lemma we can prove Proposition 3.

and since C is convex, then
proof is completed.

v+w
v
w
= γ + (1 − γ)
λ+µ
λ
µ

where we have made a change of variable and used the fact that σC = C.
Finally, we prove the triangle inequality. For every v, w ∈ X, if v/λ ∈ C and w/µ ∈ C
then setting γ = λ/(λ + µ), we have

Proof We give a direct proof that µC satisfies the properties of a norm. See also e.g.
(Rudin, 1991, §1.35) for further details. Clearly µC (w) ≥ 0 for all w, and µC (0) = 0.
Moreover, as C is bounded, µC (w) > 0 whenever w 6= 0.
Next we show that µC is one-homogeneous. For every α ∈ R, α 6= 0, let σ = sign(α)
and note that


1
µC (αw) = inf λ > 0 : αw ∈ C
λ


|α|
σw ∈ C
= inf λ > 0 :
λ


1
= |α| inf λ > 0 : w ∈ σC
λ


1
= |α| inf λ > 0 : w ∈ C = |α|µC (w),
λ

is a norm on X.
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Corollary 24 The unit ball of the vector k-support norm is equal to the convex hull of the
set {w ∈ Rd : card(w) ≤ k, kwk2 ≤ 1}.

New Perspectives on k-Support and Cluster Norms

A. Beck and M. Teboulle. A fast iterative shrinkage-thresholding algorithm for linear inverse
problems. SIAM J. Imaging Sciences, 2(1):183–202, 2009.

H. H. Bauschke and P. L. Combettes. Convex Analysis and Monotone Operator Theory in
Hilbert Spaces. Canadian Mathematical Society, 2010.

McDonald, Pontil and Stamos

D. P. Bertsekas, A. Nedic, and A. E. Ozdaglar. Convex Analysis and Optimization. Athena
Scientific, 2003.
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S
d
d
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i=1

The following inequality is given in Marshall and Olkin (1979, Sec. 9 H.1.h).

tr(AB) =

d , then it holds
Lemma 26 If A, B ∈ S+

References
J. Abernethy, F. Bach, T. Evgeniou, and J.-P. Vert. A new approach to collaborative
filtering. Journal of Machine Learning Research, 10:803–826, 2009.

A. Argyriou, T. Evgeniou, and M. Pontil. Convex multi-task feature learning. Machine
Learning, 73(3):243–272, 2008.

A. Argyriou, T. Evgeniou, and M. Pontil. Multi-task feature learning. Advances in Neural
Information Processing Systems 19, pages 41–48, 2007.

L. Jacob, F. Bach, and J.-P. Vert. Clustered multi-task learning: a convex formulation.
Advances in Neural Information Processing Systems 21, 2009a.

Y. Grandvalet. Least absolute shrinkage is equivalent to quadratic penalization. In ICANN
98, pages 201–206. Springer London, 1998.

K. Gkirtzou, J. Honorio, D. Samaras, R. Goldstein, and M. B. Blaschko. fMRI analysis of
cocaine addiction using k-support sparsity. In International Symposium on Biomedical
Imaging, 2013.

T. Evgeniou, M. Pontil, and O. Toubia. A convex optimization approach to modeling
heterogeneity in conjoint estimation. Marketing Science, 26:805–818, 2007.

A. Argyriou, C. A. Micchelli, M. Pontil, L. Shen, and Y. Xu. Efficient first order methods
for linear composite regularizers. CoRR, abs/1104.1436, 2011.

L. Jacob, G. Obozinski, and J.-P. Vert. Group lasso with overlap and graph lasso. Proceedings of the 26th International Conference on Machine Learning, 2009b.

J. Aflalo, A. Ben-Tal, C. Bhattacharyya, J. S. Nath, and S. Raman. Variable sparsity kernel
learninig. JMLR, 12:565–592, 2011.

A. Argyriou, R. Foygel, and N. Srebro. Sparse prediction with the k-support norm. Advances
in Neural Information Processing Systems 25, pages 1466–1474, 2012.

M Jaggi and M. Sulovsky. A simple algorithm for nuclear norm regularized problems.
Proceedings of the 27th International Conference on Machine Learning, 2010.

JMLR 17(155):1-38

F. Bach, R. Jenatton, J. Mairal, and G. Obozinski. Optimization with sparsity-inducing
penalties. Foundations and Trends in Mach. Learn., 4(1):1–106, 2011.

36

Z. Kang, K. Grauman, and F. Sha. Learning with whom to share in multi-task feature
learning. In Proceedings of the 28th International Conference on Machine Learning, 2011.
JMLR 17(155):1-38

P. L. Bartlett and S. Mendelson. Rademacher and gaussian complexities: Risk bounds and
structural results. Journal of Machine Learning Research, 3:463–482, 2002.
35

37

JMLR 17(155):1-38

Y. Nesterov. Gradient methods for minimizing composite objective function. Center for
Operations Research and Econometrics, 76, 2007.

C. A. Micchelli, J. M. Morales, and M. Pontil. Regularizers for structured sparsity. Advances
in Comp. Mathematics, 38:455–489, 2013.

C. A. Micchelli, J. M. Morales, and M. Pontil. A family of penalty functions for structured
sparsity. Advances in Neural Information Processing Systems 23, 2010.

C. A. Micchelli and M. Pontil. Feature space perspectives for learning the kernel. Machine
Learning, 66:297–319, 2007.

C. A. Micchelli and M. Pontil. Learning the kernel function via regularization. Journal of
Machine Learning Research, 6:1099–1125, 2005.

A. M. McDonald, M. Pontil, and D. Stamos. Spectral k-support regularization. In Advances
in Neural Information Processing Systems 28, 2014.

R. Mazumder, T. Hastie, and R. Tibshirani. Spectral regularization algorithms for learning
large incomplete matrices. Journal of Machine Learning Research, 11:2287–2322, 2010.

A. Maurer and M. Pontil. Excess risk bounds for multitask learning with trace norm
regularization. In Proceedings of The 27th Conference on Learning Theory (COLT),
2013.

A. Maurer and M. Pontil. Structured sparsity and generalization. The Journal of Machine
Learning Research, 13:671–690, 2012.

A. Maurer and M. Pontil. A uniform lower error bound for half-space learning. ALT, 2008.

A. Maurer. Bounds for linear multi-task learning. JMLR, 2006.

A. W. Marshall and I. Olkin. Inequalities: Theory of Majorization and its Applications.
Academic Press, 1979.

H. Li, N. Chen, and L. Li. Error analysis for matrix elastic-net regularization algorithms.
IEEE Transactions on Neural Networks and Learning Systems, 23-5:737–748, 2012.

A. S. Lewis. The convex analysis of unitarily invariant matrix functions. Journal of Convex
Analysis, 2:173–183, 1995.

P. J. Lenk, W. S. DeSarbo, P. E. Green, and M. R. Young. Hierarchical bayes conjoint analysis: Recovery of partworth heterogeneity from reduced experimental designs. Marketing
Science, 15(2):173–191, 1996.

38

JMLR 17(155):1-38

H. Zou and T. Hastie. Regularization and variable selection via the elastic net. Journal of
the Royal Statistical Society, Series B, 67(2):301–320, 2005.

J. Von Neumann. Some matrix-inequalities and metrization of matric-space. Tomsk. Univ.
Rev. Vol I, 1937.

K.-C. Toh and S. Yun. An accelerated proximal gradient algorithm for nuclear norm regularized least squares problems. SIAM J. on Img. Sci., 4:573–596, 2011.

R. Tibshirani. Regression shrinkage and selection via the lasso. Journal of the Royal
Statistical Society, 58:267–288, 1996.

M. Szafranski, Y. Grandvalet, and P. Morizet-Mahoudeaux. Hierarchical penalization. In
Advances in Neural Information Processing Systems 21, 2007.

N. Srebro, J. D. M. Rennie, and T. S. Jaakkola. Maximum-margin matrix factorization.
Advances in Neural Information Processing Systems 17, 2005.

W. Rudin. Functional Analysis. McGraw Hill, 1991.

R. T. Rockafellar and R. J.-B. Wets. Variational Analysis. Springer, 2009.

R. T. Rockafellar. Convex Analysis. Princeton University Press, 1970.

G. Obozinski and F. Bach. Convex relaxation for combinatorial penalties. CoRR, 2012.

V. Koltchinskii and D. Panchenko. Empirical margin distributions and bounding the generalization error of combined classifiers. The Annals of Statistics, 30(1):1–50, 2002.

C. H. Lampert, H. Nickisch, and S. Harmeling. Learning to detect unseen object classes
by between-class attribute transfer. In IEEE Computer Vision and Pattern Recognition
(CVPR), 2009.

McDonald, Pontil and Stamos

New Perspectives on k-Support and Cluster Norms

Abstract

s.tasoulis@ljmu.ac.uk

d.hofmeyr@lancaster.ac.uk

n.pavlidis@lancaster.ac.uk

c 2016 Nicos G. Pavlidis, David P. Hofmeyr, and Sotiris K. Tasoulis.

n
o
levc p(x) = x ∈ Rd p(x) > c .
JMLR 17(156):1-33

We study the fundamental learning problem: Given a random sample from an unknown
probability distribution with no, or partial label information, identify a separating hyperplane
that avoids splitting any of the distinct groups (clusters) present in the sample. We adopt
the cluster definition given by Hartigan (1975, chap. 11), in which a high-density cluster
is defined as a maximally connected component of the level set of the probability density
function, p(x), at level c > 0,

1. Introduction

Associating distinct groups of objects (clusters) with contiguous regions of high probability density (high-density clusters), is central to many statistical and machine learning
approaches to the classification of unlabelled data. We propose a novel hyperplane classifier
for clustering and semi-supervised classification which is motivated by this objective. The
proposed minimum density hyperplane minimises the integral of the empirical probability density function along it, thereby avoiding intersection with high density clusters. We
show that the minimum density and the maximum margin hyperplanes are asymptotically
equivalent, thus linking this approach to maximum margin clustering and semi-supervised
support vector classifiers. We propose a projection pursuit formulation of the associated
optimisation problem which allows us to find minimum density hyperplanes efficiently in
practice, and evaluate its performance on a range of benchmark data sets. The proposed
approach is found to be very competitive with state of the art methods for clustering and
semi-supervised classification.
Keywords:
low-density separation, high-density clusters, clustering, semi-supervised
classification, projection pursuit
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In a plethora of applications data can be collected cheaply and automatically, while
labelling observations is a manual task that can be performed for a small proportion of the
data only. Semi-supervised classifiers attempt to exploit the abundant unlabelled data to improve the generalisation error over using only the scarce labelled examples. Unlabelled data
provide additional information about the marginal density, p(x), but this is beneficial only
insofar as it improves the inference of the class conditional density, p(x|y). Semi-supervised
classification relies on the assumption that a relationship between p(x) and p(x|y) exists.
The most frequently assumed relationship is that high-density clusters are associated with
a single class (cluster assumption), or equivalently that class boundaries pass through lowdensity regions (low-density separation assumption). The most widely used semi-supervised
classifier based on the low-density separation assumption is the semi-supervised support vector machine (S3 VM) (Vapnik and Sterin, 1977; Joachims, 1999; Chapelle and Zien, 2005).
S3 VMs implement the low-density separation assumption by partitioning the data according
to the maximum margin hyperplane with respect to both labelled and unlabelled data.

An equivalent formulation of the density clustering problem is to assume that clusters are
separated through contiguous regions of low probability density; known as the low-density
separation assumption. In both clustering and semi-supervised classification, identifying
the hyperplane with the maximum margin is considered a direct implementation of the lowdensity separation approach. Motivated by the success of support vector machines (SVMs)
in classification, maximum margin clustering (MMC) (Xu et al., 2004), seeks the maximum
margin hyperplane to perform a binary partition (bi-partition) of unlabelled data. MMC
can be equivalently viewed as seeking the binary labelling of the data sample that will
maximise the margin of an SVM estimated using the assigned labels.

However, since p(x) is typically unknown, detecting high-density clusters necessarily
involves estimates of this function, and standard approaches to nonparametric density estimation are reliable only in low dimensions. A number of existing density clustering algorithms approximate the level sets of the empirical density through a union of spheres
around points whose estimated density exceeds a user-defined threshold (Walther, 1997;
Cuevas et al., 2000, 2001; Rinaldo and Wasserman, 2010). The choice of this threshold
affects both the shape and number of detected clusters, while an appropriate threshold is
typically not known in advance. The performance of these methods deteriorates sharply as
dimensionality increases, unless the clusters are assumed to be clearly discernible (Rinaldo
and Wasserman, 2010). An alternative is to consider the more specific problem of allocating
observations to clusters, which shifts the focus to local properties of the density, rather than
its global approximation. The central idea underlying such methods is that if a pair of observations belong to the same cluster they must be connected through a path traversing only
high-density regions. Graph theory is a natural choice to address this type of problem. Azzalini and Torelli (2007); Stuetzle and Nugent (2010) and Menardi and Azzalini (2014) have
recently proposed algorithms based on this approach. Even these approaches however are
limited to problems of low dimensionality by the standards of current applications (Menardi
and Azzalini, 2014).

An important advantage of this approach over other methods is that it is well founded
from a statistical perspective, in the sense that a well-defined population quantity is being
estimated.
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Encouraging theoretical results for semi-supervised classification have been obtained under the cluster assumption. If p(x) is a mixture of class conditional distributions, Castelli
and Cover (1995, 1996) have shown that the generalisation error will be reduced exponentially in the number of labelled examples if the mixture is identifiable. More recently, Singh
et al. (2009) showed that the mixture components can be identified if p(x) is a mixture of a
finite number of smooth density functions, and the separation between mixture components
is large. Rigollet (2007) considers the cluster assumption in a nonparametric setting, that
is in terms of density level sets, and shows that the generalisation error of a semi-supervised
classifier decreases exponentially given a sufficiently large number of unlabelled data. However, the cluster assumption is difficult to verify with a limited number of labelled examples.
Furthermore, the algorithms proposed by Rigollet (2007) and Singh et al. (2009) are difficult
to implement efficiently even if the cluster assumption holds. This renders them impractical
for real-world problems (Ji et al., 2012).
Although intuitive, the claim that maximising the margin over (labelled and) unlabelled
data is equivalent to identifying the hyperplane that goes through regions with the lowest
possible probability density has received surprisingly little attention. The work of BenDavid et al. (2009) is the only attempt we are aware of to theoretically investigate this
claim. Ben-David et al. (2009) quantify the notion of a low-density separator by defining
the density on a hyperplane, as the integral of the probability density function along the
hyperplane. They study the existence of universally consistent algorithms to compute the
hyperplane with minimum density. The maximum hard margin classifier is shown to be
consistent only in one dimensional problems. In higher dimensions only a soft-margin
algorithm is a consistent estimator of the minimum density hyperplane. Ben-David et al.
(2009) do not provide an algorithm to compute low density hyperplanes.
This paper introduces a novel approach to clustering and semi-supervised classification
which directly identifies low-density hyperplanes in the finite sample setting. In this approach the density on a hyperplane criterion proposed by Ben-David et al. (2009) is directly
minimised with respect to a kernel density estimator that employs isotropic Gaussian kernels. The density on a hyperplane provides a uniform upper bound on the value of the
empirical density at points that belong to the hyperplane. This bound is tight and proportional to the density on the hyperplane. Therefore, the smallest upper bound on the value
of the empirical density on a hyperplane is achieved by hyperplanes that minimise the density on a hyperplane criterion. An important feature of the proposed approach is that the
density on a hyperplane can be evaluated exactly through a one-dimensional kernel density
estimator, constructed from the projections of the data sample onto the vector normal to
the hyperplane. This renders the computation of minimum density hyperplanes tractable
even in high dimensional applications.
We establish a connection between the minimum density hyperplane and the maximum
margin hyperplane in the finite sample setting. In particular, as the bandwidth of the kernel
density estimator is reduced towards zero, the minimum density hyperplane converges to
the maximum margin hyperplane. An intermediate result establishes that there exists a
positive bandwidth such that the partition of the data sample induced by the minimum
density hyperplane is identical to that of the maximum margin hyperplane.
The remaining paper is organised as follows: The formulation of the minimum density hyperplane problem as well as basic properties are presented in Section 2. Section 3
3
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establishes the connection between minimum density hyperplanes and maximum margin
hyperplanes. Section 4 discusses the estimation of minimum density hyperplanes and the
computational complexity of the resulting algorithm. Experimental results are presented in
Section 5, followed by concluding remarks and future research directions in Section 6.

2. Problem Formulation

H(v,b)

We study the problem of estimating a hyperplane to partition a finite data set, X =
n
{xi }i=1
⊂ Rd , without splitting any of the high-density clusters present. We assume that X
is an i.i.d. sample of a random variable X on Rd , with unknown probability density function
p : Rd → R+ . A hyperplane is defined as H(v, b) := {x ∈ Rd | v · x = b}, where without
loss of generality we restrict attention to hyperplanes with unit normal vector, i.e., those
parameterised by (v, b) ∈ S d−1 × R, where S d−1 = {v ∈ Rd kvk = 1}. Following BenDavid et al. (2009) we define the density on the hyperplane H(v, b) as the integral of the
probability density function along the hyperplane,
Z
p(x)dx.
(1)

I(v, b) :=



n
X
1
kx
−
xi k 2
.
exp −
2h2
n(2πh2 )d/2 i=1

(2)

We approximate p(x) through a kernel density estimator with isotropic Gaussian kernels,
p̂(x|X , h2 I) =

H(v,b)

This class of kernel density estimators has the useful property that the integral in Equation (1) can be evaluated exactly by projecting X onto v; constructing a one-dimensional
density estimator with Gaussian kernels and bandwidth h; and evaluating the density at b,
Z

p̂ x|X , h2 I dx,

ˆ b|X , h2 I) :=
I(v,



n
X

1
(b − v · xi )2
n
= √
= p̂ b | {v · xi }i=1
, h2 .
(3)
exp −
2h2
n 2πh2 i=1

n , h2 approximates the projected density
The univariate kernel estimator p̂ · | {v · xi }i=1
on v, that is, the density function of the random variable, Xv = X · v. Henceforth we
ˆ b) to approximate I(v, b). To simplify terminology we refer to I(v,
ˆ b) as the denuse I(v,
sity on H(v, b), or the density integral on H(v, b), rather than the empirical density, or
ˆ b) for
the empirical density integral, respectively. For notational convenience we write I(v,
ˆ b|X , h2 I), where X and h are apparent from context.
I(v,
ˆ b)
The following Lemma, adapted from (Tasoulis et al., 2010, Lemma 3), shows that I(v,
provides an upper bound for the maximum value of the empirical density at any point that
belongs to the hyperplane.

2

 1−d

ˆ b),
I(v,

(4)
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for all x ∈ H(v, b).

n
Lemma 1 Let X = {xi }i=1
⊂ Rd , and p̂(x|X , h2 I) be a kernel density estimator with
isotropic Gaussian kernels. Then, for any (v, b) ∈ S d−1 × R,

max p̂(x|X , h2 I) 6 2πh2
x∈H(v,b)

4

min

(v,b)|H(v,b)∈F

ˆ b).
I(v,
(6)

5
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where µv and σv denote the mean and standard deviation, respectively, of the projections
{v · xi }ni=1 . The parameter α > 0, controls the width of the interval, and has a probabilistic
interpretation from Chebyshev’s inequality. Smaller values of α favour more balanced partitions of the data at the risk of excluding low density hyperplanes that separate clusters
more effectively. On the other hand, increasing α increases the risk of separating out only a

Since high-density clusters are formed around the modes of p(x), the convex hull of these
modes would be a natural choice to define the set of feasible hyperplanes. Unfortunately,
this convex hull is unknown and difficult to estimate. We instead propose to constrain
the distance of hyperplanes to the origin, b. Such a constraint is inevitable as for any
ˆ b) can become arbitrarily close to zero for sufficiently large |b|. Obviously,
v ∈ S d−1 , I(v,
such hyperplanes are inappropriate for the purposes of bi-partitioning as they assign all
the data to the same partition. Rather than fixing b to a constant, we constrain it in the
interval,
F (v) = [µv − ασv , µv + ασv ] ,
(7)

2.1 Clustering

In the following subsections we discuss the specific formulations for clustering and semisupervised classification in turn.

ˆ ? , b? ) =
I(v

Then denote by F the set of feasible hyperplanes, where F ⊂ C. We define the minimum
density hyperplane (MDH), H(v? , b? ) ∈ F to satisfy,

few outlying observations. We discuss in detail how to set this parameter in the experimental results section. If Int(conv X ) 6= ∅, then there exists α > 0 such that the set of feasible
hyperplanes for clustering, FCL , satisfies,
n
o
FCL = H(v, b) (v, b) ∈ S d−1 × R, b ∈ F (v) ⊂ C,
(8)

This lemma shows that a hyperplane, H(v, b), cannot intersect level sets of the empirical
 1−d
ˆ b). The proof of the lemma relies on the
density with level higher than 2πh2 2 I(v,
fact that projection contracts distances, and follows from simple algebra. In Equation (4)
equality holds if and only if there exists x ∈ H(v, b) and c ∈ Rn such that all xi ∈ X ,
can be written as xi = x + ci v. It is therefore not possible to obtain a uniform upper
bound on the value of the empirical density at points that belong to H(v, b) that is lower
 1−d
ˆ b) using only one-dimensional projections. Since the upper bound of
than 2πh2 2 I(v,
ˆ b), minimising the density on the hyperplane
Lemma 1 is tight and proportional to I(v,
leads to the lowest upper bound on the maximum value of the empirical density along the
hyperplane separator.
To obtain hyperplane separators that are meaningful for clustering and semi-supervised
classification, it is necessary to constrain the set of feasible solutions, because the density
on a hyperplane can be made arbitrarily low by considering a hyperplane that intersects
ˆ b) can be made arbitrarily
only the tail of the density. In other words, for any v, I(v,
low for sufficiently large |b|. In both problems the constraints restrict the feasible set to a
subset of the hyperplanes that intersect the interior of the convex hull of X . In detail, let
conv X denote the convex hull of X , and assume Int(conv X ) 6= ∅. Define C to be the set
of hyperplanes that intersect Int(conv X ),
n
o
C = H(v, b) (v, b) ∈ S d−1 × R, ∃z ∈ Int(conv X ) s.t. v · z = b .
(5)
ˆ b),
I(v,

(9c)

(9b)

(9a)

L
max {0, µv − ασv − b, b − µv − ασv }1+ ,
η

(10)

(12)

(11)

6

BC (v) ∩ R\[µv − ασv − η, µv + ασv + η] = ∅.
JMLR 17(156):1-33

For every b? ∈ B(v) there exists b?C ∈ BC (v) such that |b? − b?C | 6 η. Moreover, there are
no minimisers of fCL (v, b) outside the interval [µv − ασv − η, µv + ασv + η],

b∈R

BC (v) = arg min fCL (v, b)

b∈F (v)

ˆ b),
B(v) = arg min I(v,

Proposition 2 For v ∈ S d−1 , define, the set of minimisers,

√ −1
ˆ
> supb∈R ∂ I(v,b)
where, L = e1/2 h2 2π
,  ∈ (0, 1) is a constant term that ensures
∂b
that the penalty function is everywhere continuously differentiable, and η ∈ (0, 1). Other
penalty functions are possible, but we only consider the above due to its simplicity, and
the fact that its parameters offer a direct interpretation: L in terms of the derivative of the
projected density on v; and η in terms of the desired accuracy of the minimisers of fCL (v, b)
relative to the minimisers of Equation (9), as discussed in the following proposition.

ˆ b) +
fCL (v, b) = I(v,

Since the objective function and the constraints are continuously differentiable, MDHs can
be estimated through constrained optimisation methods like sequential quadratic programming (SQP). Unfortunately the problem of local minima due to the nonconvexity of the
objective function seriously hinders the effectiveness of this approach.
To mitigate this we propose a parameterised optimisation formulation, which gives rise
to a projection pursuit approach. Projection pursuit methods optimise a measure of “interestingness” of a linear projection of a data sample, known as the projection index. For our
problem the natural choice of projection index for v is the minimum value of the projected
ˆ b). This index gives the minimum density
density within the feasible region, minb∈F (v) I(v,
integral of feasible hyperplanes with normal vector v. To ensure the differentiability of the
projection index we incorporate a penalty term into the objective function. We define the
penalised density integral as,

µv + ασv − b > 0.

subject to: b − µv + ασv > 0,

(v,b)∈S d−1 ×R

min

where C is the set of hyperplanes that intersect Int(conv X ), as defined in Equation (5).
The minimum density hyperplane for clustering is the solution to the following constrained optimisation problem,
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b=ξ

ˆ
∂ I(v,b)
∂b

, and

b−b+
η

> 1.

Proof
Any minimiser in the interior of the feasible region, b? ∈ B(v)∩Int(F (v)), also minimises
ˆ b) for all b ∈ Int(F (v)), hence b? ∈ BC (v).
the penalised function, since fCL (v, b) = I(v,
Next we consider the case when either or both of the boundary points of F (v), b− = µv −
ˆ b− )
ασv and b+ = µv +ασv , are contained in B(v). It suffices to show that, fCL (v, b) > I(v,
ˆ b+ ) for all b > b+ + η. We discuss only the case
for all b < b− − η, and fCL (v, b) > I(v,
ˆ b) < I(v,
ˆ b+ ) (since
b > b+ + η as the treatment of b < b− − η is identical. Assume that I(v,
ˆ b) > I(v,
ˆ b+ )). From
in the opposite case the result follows immediately: fCL (v, b) > I(v,
the mean value theorem there exists ξ ∈ (b+ , b) such that,
ˆ
ˆ b+ ) = I(v,
ˆ b) − (b − b+ ) ∂ I(v, b)
I(v,
∂b
ˆ b) + (b − b+ )L
6 I(v,

< 0, L > supb∈R

L(b − b+ )1+
= fCL (v, b).
η

ˆ
∂ I(v,b)
∂b
b=ξ

ˆ b) +
< I(v,
In the above we used the following facts:

We define the projection index for the clustering problem as the minimum of the penalised density integral,
(13)
b∈R

φCL (v) = min fCL (v, b).
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Since the optimisation problem of Equation (13) is one-dimensional it is simple to compute
the set of global minimisers BC (v). As we discuss in Section 4, this is necessary to compute
directional derivatives of the projection index, as well as, to determine whether φCL is differentiable. We call the optimisation of φCL , minimum density projection pursuit (MDP2 ).
For each v, MDP2 considers only the optimal choice of b. This enables it to avoid local
ˆ ·). Most importantly MDP2 is able to accommodate a discontinuous change
minima of I(v,
in the location of the global minimiser(s), arg minb∈R fCL (v, b), as v changes. Neither of
the above can be achieved when the optimisation is jointly over (v, b) as in the original
constrained optimisation problem, Equation (9). The projection index φCL is continuous,
but it is not guaranteed to be everywhere differentiable when BC (v) is not a singleton. The
resulting optimisation problem is therefore nonsmooth and nonconvex.
To illustrate the effectiveness of MDP2 to estimate MDHs, we compare this approach
with a direct optimisation of the constrained problem given in Equation (9) using SQP. To
enable visualisation we consider the two-dimensional S1 data set (Fränti and Virmajoki,
2006), constructed by sampling from a Gaussian mixture distribution with fifteen components, where each component corresponds to a cluster. Figure 1 depicts the MDHs obtained
over 100 random initialisations of SQP and MDP2 . It is evident that SQP frequently yields
hyperplanes that intersect regions with high probability density thus splitting clusters. As
SQP always converged in these experiments the poor performance is solely due to convergence to local minima. In contrast, MDP2 converges to three different solutions over the 100
experiments, all of which induce high quality partitions, and none intersects a high-density
7

(b) MDP2
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cluster. In polar coordinates any v ∈ S 1 can be parameterised through a single projection
angle. Using this parameterisation, the upper plot of Figure 2 depicts the value of the
projection index, φCL (v(θ)), for θ ∈ [0, π]. The lower plot of the figure provides histograms
of the distribution of the solutions (locally optimal projection angles) obtained over the 100
experiments with SQP (grey) and MDP2 (white). The figure shows that φCL (v) is continuous but not everywhere differentiable. The solution most frequently obtained through
MDP2 corresponds to the global optimum, while the only other two solutions identified are
the local minimisers with the next two lowest function values. In contrast SQP converges
to a much wider range of solutions. Note that this method is not guaranteed to identify the

Figure 2: Projection index for S1 data set and solutions obtained through SQP and MDP2

0

●

Figure 1: Binary partitions induced by 100 MDHs estimated through SQP and MDP2
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µv + ασv − b > 0,

b − µv + ασv > 0,

yi (v · xi − b) > 0, ∀i = 1, . . . , `,

ˆ b),
I(v,

(14d)

(14c)

(14b)

(14a)

i=1

l
X

max {0, −yi (v · xi − b)}1+
(16)

(17)

9
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In this section we discuss the connection between MDHs and maximum (hard) margin
hyperplane separators. The margin of a hyperplane H(v, b) with respect to a data set X is

3. Connection to Maximum Margin Hyperplanes

b∈R

φSSC (v) = min fSSC (v, b).

where, γ > 0 is a user-defined constant, which controls the trade-off between reducing the
density on the hyperplane, and misclassifying the labelled examples. The projection index
is then defined as the minimum of the penalised density integral,

fSSC (v, b) = fCL (v, b) + γ

ˆ b), µv , and σv are computed over the entire data set. If the labelled examples
where I(v,
are linearly separable the constraints in Equation (14) define a nonempty feasible set of
hyperplanes,
n
o
FLB = H(v, b) | (v, b) ∈ S d−1 × R, b ∈ F (v), yi (v · xi − b) > 0, ∀i ∈ {1, . . . , l} ⊂ C.
(15)
Equations (14c) and (14d) act as a balancing constraint which discourages MDHs that
classify the vast majority of unlabelled data to a single class. Balancing constraints are
included in the estimation of S3 VMs for the same reason (Joachims, 1999; Chapelle and
Zien, 2005).
As in the case of clustering, the direct minimisation of Equation (14) frequently leads
to locally optimal solutions. To mitigate this we again propose a projection pursuit formulation. We define the penalised density integral for semi-supervised classification as,

subject to:

(v,b)∈S d−1 ×R

min

In semi-supervised classification labels are available for a subset of the data sample. The
resulting classifier needs to predict as accurately as possible the labelled examples, while
avoiding intersection with high-density regions of the empirical density. The MDH formulation can readily accommodate partially labelled data by incorporating the linear constraints
associated with the labelled data into the clustering formulation. Without loss of generality
assume that the first ` examples are labelled by y = (y1 , . . . , y` )> ∈ {−1, 1}` . The MDH
for semi-supervised classification is the solution to the problem,

2.2 Semi-Supervised Classification

(v,b)|H(v,b)∈F

min

(v,b)|H(v,b)∈F

ˆ b).
I(v,

(20)

n
ˆ
inf I(w,
c) | Mw,c

10
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(
)
M2
ˆ b) 6 √1 exp − v,b ,
I(v,
2h2
h 2π


o
(Mv,b − δ)2
1
√ exp −
.
6 Mv,b − δ >
2
2h
nh 2π

Proof
Using Equation (3) it is easy to see that,

Lemma 3 Take H(v, b) ∈ F with non-zero margin and 0 < δ < margin H(v, b) := Mv,b .
Then ∃h0 > 0 such that h ∈ (0, h0 ) and Mw,c := margin H(w, c) 6 Mv,b − δ implies
ˆ b) < I(w,
ˆ
I(v,
c).

Following the approach of Tong and Koller (2000) we first show that as the bandwidth, h,
is reduced towards zero, the density on a hyperplane is dominated by its nearest point.
This is achieved by establishing that for all sufficiently small values of h, a hyperplane with
non-zero margin has lower density integral than any other hyperplane with smaller margin.

ˆ ? , b? ) =
I(v
h h

The main result of this section is Theorem 5, which states that as the bandwidth parameter, h, is reduced to zero the MDH converges to the MMH. An intermediate result,
Lemma 4, shows that there exists a positive bandwidth, h0 > 0 such that, for all h ∈ (0, h0 ),
the partition of the data set induced by the MDH is identical to that of the MMH.
We first discuss some assumptions which allow us to present the theoretical results of
this section. As before we assume a fixed and finite data set X ⊂ Rd , and approximate
its (assumed) underlying probability density function via a kernel density estimator using
Gaussian kernels with isotropic bandwidth matrix h2 I. We assume that the interior of the
convex hull of the data, Int(conv X ), is non-empty, and define C as the set of hyperplanes
that intersect Int(conv X ), as in Equation (5). The set of feasible hyperplanes, F , for
either clustering or the semi-supervised classification satisfies F ⊂ C. By construction
every H(v, b) ∈ F defines a hyperplane which partitions X into two non-empty subsets.
Observe that if for each v ∈ S d−1 the set {b ∈ R | H(v, b) ∈ F } is compact, then by the
compactness of S d−1 a maximum margin hyperplane in F exists. For both the clustering
and semi-supervised classification problems this compactness holds by construction.
For any h > 0, let (vh? , b?h ) ∈ S d−1 × R parameterise a hyperplane which achieves the
minimal density integral over all hyperplanes in F , for bandwidth matrix h2 I. That is,

The points whose distance to the hyperplane H(v, b) is equal to the margin of the hyperplane, that is, arg minx∈X |v·x−b|, are called the support points of H(v, b). Let F denote the
set of feasible hyperplanes; then the maximum margin hyperplane (MMH), H(vm , bm ) ∈ F
satisfies,
margin H(vm , bm ) =
max
margin H(v, b).
(19)

x∈X

(18)

defined as the minimum Euclidean distance between the hyperplane and its nearest datum,

optimal value of b for any v(θ) and this indeed occurs in this example. Therefore the value
of φCL (v) is a lower bound for the function values of the minimisers identified through SQP.
margin H(v, b) = min |v · x − b|.
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Therefore,

h→0+

0 6 lim

Minimum Density Hyperplanes

< 1.



M2
n exp − 2hv,b
2
ˆ b)
I(v,
o 6 lim
o = 0.
n
n
2
h→0+ exp − (Mv,b −δ)
ˆ
c) | Mw,c 6 Mv,b − δ
inf I(w,
2h2

Therefore, ∃h0 > 0 such that h ∈ (0, h0 ) ⇒

ˆ
I(v,b)
o
n
ˆ
Mw,c 6Mv,b −δ
inf I(w,c)

An immediate corollary of Lemma 3 is that as h tends to zero the margin of the MDH
tends to the maximum margin. However, this does not necessarily ensure the stronger
result that the sequence of MDHs converges to the MMH. To establish this we require two
technical results, which describe some algebraic properties of the MMH, and are provided
as part of the proof of Theorem 5 which is given in Appendix A.
The next lemma uses the previous result to show that there exists a positive bandwidth,
h0 > 0, such that an MDH estimated using h ∈ (0, h0 ) induces the same partition of X as
the MMH. The result assumes that the MMH is unique. Notice that if X is a sample of
realisations of a continuous random variable then this uniqueness holds with probability 1.
Lemma 4 Suppose there is a unique hyperplane in F with maximum margin, which can be
parameterised by (vm , bm ) ∈ S d−1 × R. Then ∃h0 > 0 s.t. h ∈ (0, h0 ) ⇒ H(vh? , bh? ) induces
the same partition of X as H(vm , bm ).
Proof
Let M = margin H(vm , bm ), and let P be the collection of hyperplanes that induce the
same partition of X as that induced by H(vm , bm ). Since X is finite and H(vm , bm ) is
unique, ∃δ > 0 s.t. H(w, c) ∈
/ P ⇒ margin H(w, c) 6 M − δ. By Lemma 3, ∃h0 > 0 s.t.,
/ {H(w, c) | margin H(w, c) 6 M − δ} ,
h ∈ (0, h0 ) ⇒ H(vh? , bh? ) ∈
therefore H(vh? , bh? ) ∈ P .

The next theorem is the main result of this section, and states that the MDH converges to
the MMH as the bandwidth parameter is reduced to zero. Notice that by the non-unique
representation of hyperplanes, the maximum margin hyperplane has two parameterisations
in C, namely (vm , bm ) and (−vm , −bm ). Convergence to the maximum margin hyperplane
is therefore equivalent to showing that,
min{k(vh? , bh? ) − (vm , bm )k, k(vh? , bh? ) + (vm , bm )k} → 0 as h → 0+ .
Theorem 5 Suppose there is a unique hyperplane in F with maximum margin, which can
be parameterised by (vm , bm ) ∈ S d−1 × R. Then,
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lim min {k(vh? , bh? ) − (vm , bm )k, k(vh? , bh? ) + (vm , bm )k} = 0.
h→0+

11
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The set F used in Theorem 5 is generic so it can capture the constraints associated with
both clustering and semi-supervised classification, Equations (9) and (14) respectively. In
the case of semi-supervised classification we must also assume that the labelled data are
linearly separable. Theorem 5 is not directly applicable to the MDP2 formulations as
in this case the function being minimised is not the density on a hyperplane. The next
two subsections establish this result for the MDP2 formulation of the clustering and semisupervised classification problem.
3.1 MDP2 for Clustering

min

(v,b)∈S d−1 ×R

fCL (v, b).

We have shown that for the constrained optimisation formulation the MDH converges to
the MMH within the feasible set, FCL ⊂ C. In addition, for a fixed v, Proposition 2 bounds
the distance between minimisers of the penalised function fCL , arg minb∈R fCL (v, b), and
ˆ b). Combining these we can
the optimal b of the constrained problem, arg minb∈F (v) I(v,
show that the optimal solution to the penalised MDP2 formulation converges to the maximum margin hyperplane in FCL , provided the parameters within the penalty term suitably
depend on the bandwidth parameter, h. While the general case can be shown, for ease
of exposition we make the simplifying assumption that the maximum margin hyperplane
is strictly feasible, i.e., if (vm , bm ) parameterises the maximum margin hyperplane then
bm ∈ (µvm − ασvm , µvm + ασvm ).
?
?
) to be any global minimiser of fCL , i.e.,
, bh,η,L
For h, η, L > 0 define (vh,η,L

?
?
, bh,η,L
)=
fCL (vh,η,L

Lemma 6 Suppose there is a unique hyperplane in FCL with maximum margin, which can
m
be parameterised by (vm , bm ) ∈ S d−1 ×
√ R. Suppose further that b ∈ (µvm − ασvm , µvm +
ασvm ). For h > 0, let L(h) = (e1/2 h2 2π)−1 , and 0 < η(h) 6 h. Then,

?
?
?
?
lim min{k(vh,η(h),L(h)
, bh,η(h),L(h)
) − (vm , bm )k, k(vh,η(h),L(h)
, bh,η(h),L(h)
) + (vm , bm )k} = 0.
h→0+

Proof
Let M = marginH(vm , bm ) and as in the proof of Lemma 4, let δ > 0 be such that
any hyperplane inducing a different partition from H(vm , bm ) has margin at most M − δ.
δ := {(v, b) ∈ S d−1 × R|b ∈ B
Consider the set FCL
δ/2 (F (v))}, where we used the notation
B (F (v)) to denote the neighbourhood of F (v) given by {r ∈ R|d(r, F (v)) < δ/2}. The
δ/2
δ increases the feasible set of hyperplanes by allowing b to range in b ∈ B
set FCL
δ/2 (F (v)).
For any fixed v, the maximum margin of all hyperplanes with normal vector v can increase
by at most δ/2. Thus, any hyperplane inducing a different partition compared to H(vm , bm )
has a margin at most M − δ/2. Since H(vm , bm ) is strictly feasible it therefore remains the
δ . Observe now that for 0 < h < δ/2 we have
unique maximum margin hyperplane in FCL
H(v?
, b?
) ∈ F δ , by Proposition 2. In addition, by Theorem 5, we know
CL
h,η(h),L(h)
h,η(h),L(h)
ˆ b) over F δ , say H(vδ , bδ ), satisfy
that the minimisers of I(v,
CL
h h
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n
o
lim min k(vhδ , bhδ ) − (vm , bm )k, k(vhδ , bhδ ) + (vm , bm )k = 0.
h→0+
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for Semi-Supervised Classification

13

JMLR 17(156):1-33

Denote the set of hyperplanes which correctly classify the labelled data by FLB . Under the
assumption that ∃H(v, b) ∈ FLB ∩ FCL with non-zero margin, we can show that, provided
the parameter γ does not shrink too quickly with h, the hyperplane that minimises fSSC
converges to the MMH contained in FLB ∩FCL , where as before we assume that such an MMH
is strictly feasible. To establish this result it is sufficient to show that there exists h0 > 0 such

3.2

MDP2

To illustrate the convergence of the MDH to the MMH we use the two-dimensional
data set shown in Figure 3. The data is sampled from a mixture of two Gaussian distributions with equal covariance matrix. The MDH with respect to the true underlying
density is H ((1, −1), 0). A large margin separator is artificially introduced by removing a
few observations in a narrow margin around a hyperplane different from H ((1, −1), 0). The
margin is intentionally small to ensure that identifying the MMH is non-trivial. Figure 3
illustrates the MDH solutions arising from the MDP2 method for a decreasing sequence of
bandwidths, h. Initially the MDH approximately coincides with the optimal MDH with
respect to the true density of the Gaussian mixture. As h decreases, the MDH approaches
the MMH and for the smallest values of h the two are indistinguishable.

Now, since H(vm , bm ) is strictly feasible ∃0 > 0 s.t. (v, b) ∈ B0 ({(vm , bm ), −(vm , bm )}) ⇒
H(v, b) ∈ FCL . Then for any 0 <  < 0 there exists h0 > 0 s.t. for 0 < h < h0 both
?
(vhδ , bδh ) ∈ B ({(vm , bm ), −(vm , bm )}) ⇒ H(vhδ , bδh ) ∈ FCL and H(vh,η(h),L(h)
, b?h,η(h),L(h) ) ∈
δ . Now for H(v, b) ∈ F δ \ F
ˆ
we
know
that
I(v,
b)
<
f
(v,
b),
whereas
for H(v, b) ∈
FCL
CL
CL
CL
ˆ b) = fCL (v, b) and therefore the minimiser of fCL (v, b) must lie in the neighbourFCL , I(v,
hood B ({(vm , bm ), −(vm , bm )}), and the result follows.

Figure 3: Convergence of the MDH to the maximum margin hyperplane for a decreasing
sequence of bandwidth parameters, h.

MMH
MDH h: 0.05

Minimum Density Hyperplanes

> Kh

2r+3(1+)
1−

= Kγ(h) 1− h

2

,

3(1+)
1−


 1+
√
1−
fSSC (v, b) > γ(h) (1 + )γ(h)n 2πh3

2r+3(1+)
1−

< fSSC (v, b).
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Since K is independent of (v, b), the result follows. The final set of inequalities holds since
the hyperplane H(v0 , b0 ) is assumed to have non-zero margin, say Mv0 ,b0 > 0, and hence
ˆ 0 , b0 ) 6 √1 exp{−Mv0 ,b0 /2h2 }, which tends to zero faster than any polynomial in h.
I(v
h 2π

ˆ 0 , b0 ) < Kh
h ∈ (0, h0 ) ⇒ fSSC (v0 , b0 ) = I(v

where K is a constant which can be chosen independent of (v, b). Finally, for any H(v0 , b0 ) ∈
FSSC with non-zero margin, ∃h0 > 0 s.t.

We therefore have,

where ν? > 0 minimises n√12πh exp(−ν 2 /2h2 )+γ(h)ν 1+ . Therefore, ν? is the unique positive
number satisfying,


1
ν 2  ν? 
√
exp − ?2
− 2 + (1 + )γ(h)ν? = 0
2h
h
n 2πh
 2 
√
ν?
⇒ ν?1− = (1 + )γ(h)n 2πh3 exp
2h2
1/1−

√
.
⇒ ν? > (1 + )γ(h)n 2πh3

1
exp(−ν?2 /2h2 ) + γ(h)ν?1+ > γ(h)ν?1+ ,
fSSC (v, b) > √
n 2πh

Proof
Consider H(v, b) 6∈ FLB . Then,

Lemma 7 Define FLB = {H(v, b) yi (v·xi −b) > 0, ∀i = 1, . . . , `} and FCL = {H(v, b) µv −
ασv 6 b 6 µv + ασv } and assume that FSSC = FLB √
∩ FCL 6= ∅ and that ∃H(v, b) ∈ FSSC
with non-zero margin. For h > 0, let L(h) = (e1/2 h2 2π)−1 , 0 < η(h) 6 h and γ(h) > hr
?
for some r > 0. Then ∃h0 > 0 s.t. h ∈ (0, h0 ) ⇒ H(vh,η(h),L(h),γ(h)
, b?h,η(h),L(h),γ(h) ) ∈ FLB .

?
that for all h ∈ (0, h0 ), the optimal hyperplane H(vh,η,L,γ
, b?h,η,L,γ ) correctly classifies all the
?
?
labelled examples. If this holds, then fSSC (vh,η,L,γ
, b?h,η,L,γ ) = fCL (vh,η,L,γ
, b?h,η,L,γ ) for all
sufficiently small h, and hence Lemma 6 can be applied to establish the result. The proof
relies on the fact that the penalty terms associated with the known labels in Equation (16)
are polynomials in b. Provided that γ is bounded below by a polynomial in h, the value of
the penalty terms for hyperplanes that do not correctly classify the labelled data dominate
the value of the density integral as h approaches zero. Therefore the optimal hyperplane
must correctly classify the labelled data for small values of h.
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Minimum Density Hyperplanes

4. Estimation of Minimum Density Hyperplanes
In this section we discuss the computation of MDHs. We first investigate the continuity and
differentiability properties required to optimise the projection indices φCL (v) and φSSC (v).
Since the domain of both projection indices, φCL (v) and φSSC (v), is the boundary of
the unit-sphere in Rd it is more convenient to express v in terms of spherical coordinates,
(
Q
i−1
sin(θ
cos(θi ) j=1
j ), i = 1, . . . , d − 1
Qd−1
(21)
i = d,
j=1 sin(θj ),
vi (θ) =

(23)

(22)

where θ ∈ Θ = [0, π]d−2 × [0, 2π] is called the projection angle. Using spherical coordinates
renders the domain, Θ, convex and compact, and reduces dimensionality by one.
As the following discussion applies to both φCL (v) and φSSC (v) we denote a generic
projection index φ : Θ → R, and the associated set of minimisers, as,

φ(θ) = min f (v(θ), b),
b∈A

B(θ) = b ∈ A f (v(θ), b) = φ(θ) ,

v∈S d−1

v∈S d−1

where f (v(θ), b) is continuously differentiable, A ⊂ R is compact and convex, and the
correspondence B(θ) gives the set of global minimisers of f (v(θ), b) for each θ. The definition
of A is not critical in our formulation. Setting,


min {µv } − ασpc1 − η, max {µv } + ασpc1 + η ,
(24)
A⊃

(25)

2
where σpc
is the variance of the projections along the first principal component, ensures
1
that the set of hyperplanes that satisfy the constraint of Equation (7) will be a subset of A
for all v.
Berge’s maximum theorem (Berge, 1963; Polak, 1987), establishes the continuity of φ(θ)
and the upper-semicontinuity (u.s.c.) of the correspondence B(θ). Theorem 3.1 in (Polak,
1987) enables us to establish that φ(θ) is locally Lipschitz continuous. Using Theorem 4.13
of Bonnans and Shapiro (2000) we can further show that φ(θ) is directionally differentiable
everywhere. The directional derivative at θ in the direction ν is given by,

b∈B(θ)

dφ(θ; ν) = min Dθ f (v(θ), b) · ν,

where Dθ denotes the derivative with respect to θ. It is clear from Equation (25) that φ(θ)
is differentiable if Dθ f (v(θ), b) is the same for all b ∈ B(θ). If B(θ) is a singleton then this
condition is trivially satisfied and φ(θ) is continuously differentiable at θ.
It is possible to construct examples in which B(θ) is not a singleton. However, with the
exception of contrived examples, our experience with real and simulated data sets indicates
that when h is set through standard bandwidth selection rules B(θ) is almost always a
singleton over the optimisation path.
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Proposition 8 Suppose B(θ) is a singleton for almost all θ ∈ Θ. Then φ(θ) is continuously
differentiable almost everywhere.
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Proof The result follows immediately from the fact that if B(θ) = {b} is a singleton, then
the derivative Dφ(θ) = Dθ f (v(θ), b), which is continuous.

Wolfe (1972) has provided early examples of how standard gradient-based methods can
fail to converge to a local optimum when used to minimise nonsmooth functions. In the
last decade a new class of nonsmooth optimisation algorithms has been developed based on
gradient sampling (Burke et al., 2006). Gradient sampling methods use generalised gradient
descent to find local minima. At each iteration points are randomly sampled in a radius ε of
the current candidate solution, and the gradient at each point is computed. The convex hull
of these gradients serves as an approximation of the ε-Clarke generalised gradient (Burke
et al., 2002). The minimum element in the convex hull of these gradients is a descent
direction. The gradient sampling algorithm progressively reduces the sampling radius so
that the convex hull approximates the Clarke generalised gradient. When the origin is
contained in the Clarke generalised gradient there is no direction of descent, and hence
the current candidate solution is a local minimum. Gradient sampling achieves almost sure
global convergence for functions that are locally Lipschitz continuous and almost everywhere
continuously differentiable. It is also well documented that it is an effective optimisation
method for functions that are only locally Lipschitz continuous.
4.1 Computational Complexity

(26)

In this subsection we analyse the computational complexity of MDP2 . At each iteration the
algorithm projects the data sample onto v(θ) which involves O(nd) operations. To compute
the projection index, φ(θ), we need to minimise the penalised density integral, f (v(θ), b).
This can be achieved by first evaluating f (v(θ), b) on a grid of m points, to bracket the
location of the minimiser, and then applying bisection to compute the minimiser(s) within
the desired accuracy. The main computational cost of this procedure is due to the first
step which involves m evaluations of a kernel density estimator with n kernels. Using the
improved fast Gauss transform (Morariu et al., 2008) this can be performed in O(m +
n) operations, instead of O(mn). Bisection requires O(− log2 ε) iterations to locate the
minimiser with accuracy ε.
If the minimiser of the penalised density integral b? = arg minb∈A f (v(θ), b), is unique the
projection index is continuously differentiable at θ. To obtain the derivative of the projection
index it is convenient to define the projection function, P (v) = (x1 · v, . . . , xn · v)> . An
application of the chain rule yields,

dθ φ = Dθ f (v(θ), b? ) = DP f (v(θ), b? )Dv P Dθ v
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where the derivative of the projections of the data sample with respect to v is equal to
the data matrix, Dv P = (x1 , . . . , xn )> ; and Dθ v is the derivative of v with respect to the
projection angle, which yields a d × (d − 1) matrix. The computation of the derivative
therefore requires O(d(n + d)) operations.
The original GS algorithm requires O(d) gradient evaluations at each iteration which
is costly. Curtis and Que (2013) have developed an adaptive gradient sampling algorithm
that requires O(1) gradient evaluations in each iteration. More recently, Lewis and Overton
(2013) have strongly advocated that for the minimisation of nonsmooth, nonconvex, locally
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n
1372
699
523
351
5618
10992
210
10929
2309
6435
600
435
178
698

d
4
9
27
33
64
16
7
561
18
36
60
16
13
72

c
2
2
4
2
10
10
3
12
7
6
6
2
3
5
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Since an MDH yields a bi-partition of a data set rather than a complete clustering, we
propose two measures to assess the quality of a binary partition of a data set containing an

5.1 Clustering

In this section we assess the empirical performance of MDHs for clustering and semisupervised classification. We compare performance with existing state-of-the-art methods for both problems on the following 14 benchmark data sets: Banknote authentication
(banknote), Breast Cancer Wisconsin original (br. cancer), Forest type mapping (forest),
Ionosphere, Optical recognition of handwritten digits (optidigits), Pen-based recognition of
hand-written digits (pendigits), Seeds, Smartphone-Based Recognition of Human Activities
and Postural Transitions (smartphone), Statlog Image Segmentation (image seg.), Statlog
Landsat Satellite (satellite), Synthetic control chart time series (synth control), Congressional voting records (voting), Wine, and Yeast cell cycle analysis (yeast). Details of these
data sets, in terms of their size, n, dimensionality, d and number of clusters, c, can be seen
in Table 1.

5. Experimental Results

Lipschitz functions, a simple BFGS method using inexact line searches is much more efficient
in practice than gradient sampling, although no convergence guarantees have been established for this method. BFGS requires a single gradient evaluation at each iteration and a
matrix vector operation to update the Hessian matrix approximation. In our experiments
we use the BFGS algorithm.

Table 1: Details of benchmark data sets: size (n), dimensionality (d), number of clusters (c).

b. Stanford Yeast Cell Cycle Analysis Project http://genome-www.stanford.edu/cellcycle/

a. UCI machine learning repository https://archive.ics.uci.edu/ml/datasets.html

banknotea
br. cancera
foresta
ionospherea
optidigitsa
pendigitsa
seedsa
smartphone a
image seg.a
satellitea
syntha
votinga
winea
yeastb
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(29)

(28)

(27)
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The two most important settings for the performance of the proposed approach are the
initial projection direction, and the choice of α, which controls the width of the interval F (v)
within which the optimal hyperplane falls. Despite the ability of the MDP2 formulation to
mitigate the effect of local minima of the projected density, the problem remains non-convex
and local minima in the projection index can still lead to suboptimal performance. We have
found that this effect is amplified in general when either or both the number of dimensions,
and the number of high density clusters in the data set is large. To better handle the effect

5.1.1 Parameter Settings for MDP2

The Success Ratio takes the value zero if an algorithm fails to distinguish the majority of
any cluster from the remainder of the data.

S(Π1 , Π2 ) = min {max {|Π1 ∩ C1 |, |Π1 ∩ C2 |} , max {|Π2 ∩ C1 |, |Π2 ∩ C2 |}} ,
S(Π1 , Π2 )
SR(Π1 , Π2 ) =
.
S(Π1 , Π2 ) + E(Π1 , Π2 )

E(Π1 , Π2 ) = min {|Π1 ∩ C1 | + |Π2 ∩ C2 |, |Π1 ∩ C2 | + |Π2 ∩ C1 |} ,

arbitrary number of clusters. Both take values in [0, 1] with larger values indicating a better
partition. These measures are motivated by the fact that a good binary partition should (a)
avoid dividing clusters between elements of the partition, and (b) be able to discriminate
at least one cluster from the rest of the data. To capture this we modify the cluster labels
of the data by assigning each cluster to the element of the binary partition which contains
the majority of its members. In the case of a tie the cluster is assigned to the smaller of the
two partitions. We thus merge the true clusters into two aggregate clusters, C1 and C2 .
The first measure we use is the binary V-measure which is simply the V-measure (Rosenberg and Hirschberg, 2007) computed on C1 , C2 with respect to the binary partition, which
we denote Π1 , Π2 . The V-measure is the harmonic mean of homogeneity and completeness. For a data set containing clusters C1 , . . . , Cc , partitioned as Π1 , . . . , Πk , homogeneity
is defined as the conditional entropy of the cluster distribution within each partition, Πi .
Completeness is symmetric to homogeneity and measures the conditional entropy of each
partition within each cluster, Cj . An important characteristic of the V-measure for evaluating binary partitions is that if the distribution of clusters within each partition is equal to the
overall cluster distribution in the data set then the V-measure is equal to zero (Rosenberg
and Hirschberg, 2007). This means that if an algorithm fails to distinguish the majority
of any of the clusters from the remainder of the data, the binary V-measure returns zero
performance. Other evaluation metrics for clustering, such as purity and the Rand index,
can assign a high value to such partitions.
To define the second performance measure we first determine the number of correctly
and incorrectly classified samples. The error of a binary partition, E(Π1 , Π2 ), given in
Equation (27), is defined as the number of elements of each aggregate cluster which are
not in the same partition as the majority of their original clusters. In contrast, the success
of a partition, S(Π1 , Π2 ), Equation (28), measures the number of samples which are in the
same partition as the majority of their original clusters. The Success Ratio, SR(Π1 , Π2 ),
Equation (29), captures the extent to which the majority of at least one cluster is welldistinguished from the rest of the data.
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Minimum Density Hyperplanes

ˆ b)
I(v,

of local optima, we use multiple initialisations and select the MDH that maximises the
relative depth criterion, defined in Equation (30). The relative depth of an MDH, H(v, b),
is defined as the smaller of the relative differences in the density on the MDH and its two
adjacent modes in the projected density,
n
o
ˆ ml ), I(v,
ˆ mr ) − I(v,
ˆ b)
min I(v,
(30)
RelativeDepth(v, b) =
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where ml and mr are the two adjacent modes in the projected density on v. If an MDH
does not separate the modes of the projected density, then its relative depth is set to zero,
signalling a failure of MDP2 to identify a meaningful bi-partition. The relative depth is
appealing because it captures the fact that a high quality separating hyperplane should
have a low density integral, and separate well the modes of the projected density. Note
also that the relative depth is equivalent to the inverse of a measure used to define cluster
overlap in the context of Gaussian mixtures (Aitnouri et al., 2000). In all the reported
experiments we initialise MDP2 to the first and second principal component and select the
MDH with the largest relative depth. For the data sets listed above it was never the case
that both initialisations led to MDHs with zero relative depth.
The choice of α determines the trade-off between a balanced bi-partition and the ability
to discover lower density hyperplanes. The difficulties associated with choosing this parameter are illustrated in Figure 4. In each sub-figure the horizontal axis is the candidate
projection vector, v, while the right vertical axis is the direction of maximum variability orthogonal to v. Points correspond to projections of the data sample onto this two-dimensional
space, while colour indicates cluster membership. The solid line depicts the projected density on v, while the dotted line depicts the penalised function, fCL (v, ·). The scale of both
functions is depicted on the left vertical axis. The solid vertical line indicates the MDH
along v. Setting α to a large value can cause MDP2 to focus on hyperplanes that have low
density because they partition only a small subset of the data set as shown in Figure 4(a).
In contrast smaller values of α may cause the algorithm to disregard valid lower density
hyperplane separators (see Figure 4(b)), or for the separating hyperplane to not be a local
minimiser of the projected density (see Figure 4(c)).
Rather than selecting a single value for α we recommend solving MDP2 repeatedly for an
increasing sequence of values in the range {αmin , αmax }, where each implementation beyond
the first is initialised using the solution to the previous. Setting αmin close to zero forces
MDP2 to seek low density hyperplanes that induce a balanced data partition. This tends
to find projections which display strong multimodal structure, yet prevents convergence to
hyperplanes that have low density because they partition a few observations, as in the case
shown in Figure 4(a). Increasing α progressively fine-tunes the location of the MDH. To
avoid sensitivity to the value of αmax (set to 0.9) the output of the algorithm is the last
hyperplane that corresponds to a minimiser of the projected density. Figure 5 illustrates
this approach using the optical recognition of handwritten digits data set from the UCI
machine learning repository (Lichman, 2013). Figure 5(a) depicts the projected density on
the initial projection direction, which in this case is the second principal component. As
shown, the density is unimodal and the clusters are not well separated along this vector.
Although not shown, if a large value of α is used from the outset, MDP2 will identify a vector
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3. The principal direction divisive partitioning (PDDP) (Boley, 1998), and the densityenhanced PDDP (dePDDP) (Tasoulis et al., 2010). Both methods project the data
onto the first principal component. PDDP splits at the mean of the projections, while
dePDDP splits at the lowest local minimum of the one-dimensional density estimator.

2. The adaptive linear discriminant analysis guided k-means (LDA-km) (Ding and Li,
2007). LDA-km attempts to discover the most discriminative linear subspace for
clustering by iteratively using k-means, to assign labels to observations, and LDA to
identify the most discriminative subspace.

1. k-means++ (Arthur and Vassilvitskii, 2007), a version of k-means that is guaranteed
to be O(log k)-competitive to the optimal k-means clustering.

We compare the performance of MDP2 for clustering with the following methods:

5.1.2 Performance Evaluation

along which the projected density is unimodal and skewed. Figure 5(b) shows that after
five iterations with α = 10−2 MDP2 has identified a projection vector with bimodal density.
In subsequent iterations the two modes become more clearly separated, Figure 5(c), while
ˆ b),
increasing α enables MDP2 to locate an MDH that corresponds to a minimiser of I(v,
as illustrated in Figure 5(d).
In all experiments we set the bandwidth parameter to h = 0.9σ̂pc1 n−1/5 , where σ̂pc1 is the
estimated standard deviation of the data projected onto the first principal component. This
bandwidth selection rule is recommended when the density being approximated is assumed
to be multimodal (Silverman, 1986). The parameter η controls the distance between the
ˆ b), while larger values of  increase
minimisers of arg minb∈R fCL (v, b) and arg minb∈F (v) I(v,
the smoothness of the penalised function fCL . Values of η close to zero affect the numerical
stability of the one-dimensional optimisation problem, due to the term ηL in fCL becoming
very large. We used η = 10−2 and  = 1 − 10−6 to avoid numerical instability. Beyond these
numerical problems the values of η and  do not affect the solutions obtained through MDP2 .

Figure 4: Impact of choice of α on minimum density hyperplane.

(a) MDH separating few observa- (b) Lower density hyperplane be- (c) MDH not a minimiser of the
tions
yond feasible region
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We also considered the density-based clustering algorithm PdfCluster (Menardi and
Azzalini, 2014), but this algorithm could not be executed on the larger data sets and so
its performance is not reported in this paper. With the exception of SCn and iSVR-G,
the methods considered bi-partition the data through a hyperplane in the original feature

4. The iterative support vector regression algorithm for MMC (Zhang et al., 2009) using
the inner product and Gaussian kernel, iSVR-L and iSVR-G respectively. Both are
initialised with the output of 2-means++.
5. Normalised cut spectral clustering (SCn) (Ng et al., 2002) using the Gaussian affinity function, and the automatic bandwidth selection method of Zelnik-Manor and
Perona (2004). This choice of kernel and bandwidth produced substantially better
performance than alternative choices considered. For data sets that are too large for
the eigen decomposition of the Gram matrix to be feasible we employed the Nyström
method (Fowlkes et al., 2004).

Figure 5: Evolution of the minimum density hyperplane through consecutive iterations.

(d) Final projection with α = αmax

−6

(b) Projection after 5 iterations with α = 10−2
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(c) Projection after 25 iterations with α = 10−2
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In this section we evaluate MDHs for semi-supervised classification. We compare MDHs
against three state-of-the-art semi-supervised classification methods: Laplacian Regularised
Support Vector Machines (LapSVM) (Belkin et al., 2006), Simple Semi-Supervised Learning
(SSSL) (Ji et al., 2012), and Correlated Nyström Views (XNV) (McWilliams et al., 2013).
For all methods the inner product kernel was used to render the resulting classifiers linear,

5.2 Semi-Supervised Classification

space. For the 2-means and LDA-2m algorithm the hyperplane separator bisects the line
segment joining the two centroids. iSVR-L directly seeks the maximum margin hyperplane
in the original space, while iSVR-G seeks the maximum margin hyperplane in the feature
space defined by the Gaussian kernel. PDDP and dePDDP use a hyperplane whose normal
vector is the first principal component. PDDP uses a fixed split point while dePDDP uses
the hyperplane with minimum density along the fixed projection direction.
Table 2 reports the performance of the considered methods with respect to the success ratio (SR) and the binary V-measure (V-m) on the fourteen data sets. In addition
Figures 6(a) and 6(b) provide summaries of the overall performance on all data sets using
boxplots of the raw performance measures as well as the associated regret. The regret of
an algorithm on a given data set is defined as the difference between the best performance
attained on this data set and the performance of this algorithm. By comparing against
the best performing clustering algorithm regret accommodates for differences in difficulty
between clustering problems, while also making use of the magnitude of performance differences between algorithms. The distribution of performance with respect to both SR and
V-m is negatively skewed for most methods, and as a result the median is higher than the
mean (indicated with a red dot).
It is clear from Table 2 that no single method is consistently superior to all others,
although MDP2 achieves the highest or tied highest performance on seven data sets (more
than any other method). More importantly MDP2 is among the best performing methods in
almost all cases. This fact is better captured by the regret distributions in Figure 6(b). Here
we see that the average, median, and maximum regret of MDP2 is substantially lower than
any of the competing methods. In addition MDP2 achieves the highest mean and median
performance with respect to both SR and V-m, while also having much lower variability in
performance when compared with most other methods.
Pairwise comparisons between MDP2 and other methods reveal some less obvious facts.
SCn achieves higher performance than MDP2 in more examples (six) than any other competing method, however it is much less consistent in its performance, obtaining very poor
performance on five of the data sets. The iSVR maximum margin clustering approach is
arguably the closest competitor to MDP2 . iSVR-L and iSVR-G achieve the second and
third highest average performance with respect to V-m and SR respectively. The PDDP algorithm is the second best performing method on average with respect to SR, but performs
poorly with respect to V-m. The density enhanced variant, dePDDP, performs on average
much worse than MDP2 . This approach is similarly motivated by obtaining hyperplanes
with low density integral, and its low average performance indicates the usefulness of searching for high quality projections as opposed to always using the first principal component.
Finally, neither of the k-means variants appears to be competitive with MDP2 in general.
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Table 2: Performance on the task of binary partitioning. (Ties in best performance were
resolved by considering more decimal places)
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and thereby comparable to our method. As the MDH is asymptotically equivalent to a
linear S3 VM we also considered the continuous formulation for the estimation of a S3 VM
proposed by Chapelle and Zien (2005). These results are omitted as this method was not
competitive on any of the considered data sets.

MD
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5.2.1 Parameter Settings for MDP2

The existence of a few labelled examples enables an informed initialisation of MDP2 . We
consider the first and second principal components as well as the weight vector of a linear
SVM trained on the labelled examples only, and initialise MDP2 with the vector that
minimises the value of the projection index, φSSC . The penalty parameter γ is first set
to 0.1 and with this setting α is progressively increased in the same way as for clustering.
After this, α is kept at αmax and γ is increased to 1 and then 10. Thus the emphasis is
initially on finding a low density hyperplane with respect to the marginal density p̂(x).
As the algorithm progresses the emphasis on correctly classifying the labelled examples
increases, so as to obtain a hyperplane with low training error within the region of low
density already determined.
5.2.2 Performance Evaluation

To assess the effect on performance of the number of labelled examples, `, we consider a
range of values. We compare the methods using the subset of data sets used in the previous
section in which the size of the smallest class exceeds 100. In total eight data sets are used.
For each value of `, 30 random partitions into labelled and unlabelled data are considered.
As classes are balanced in the data sets considered, performance is measured only in terms
of classification error on the unlabelled data. For data sets with more than two classes all
pairwise combinations of classes are considered and aggregate performance is reported.
Figure 7 provides plots of the median and interquartile range of the classification error for
values of ` between 5 and 100 for the four data sets with two classes. Overall MDP2 appears
to be most competitive when the number of labelled examples is small. In addition, MDP2
is comparable with the best performing method in almost every case. The only exception
is the ionosphere data set where LapSVM outperforms MDP2 for all values of `. Figure 8
provides plots of the median and interquartile range of the aggregate classification error on
data sets containing more than two classes. As these data sets are larger we consider up to
300 labelled examples. Note that the interquartile range for XNV is not depicted for the
satellite data set. The variability of performance of XNV on this data set was so high that
including the interquartile range would obscure all other information in the figure. MDP2
exhibits the best performance overall, and obtains the lowest median classification error, or
tied lowest, for all data sets and values of `.

5.3 Summary of Experimental Results

JMLR 17(156):1-33

We evaluated the performance of the MDP2 formulation for finding MDHs for both clustering and semi-supervised classification, on a large collection of benchmark data sets, and
in comparison with state-of-the-art methods for both problems.
For clustering, we found that no single method was consistently superior to all others.
This is a result of the vastly differing nature of the data sets in terms of size, dimensionality,
number and shape of clusters, etc. MDP2 achieved the best performance on more data
sets than any of the competing methods, and importantly was competitive with the best
performing method in almost every data set considered. All other methods performed poorly
in at least as many examples. Boxplots of both the raw performance and performance regret,
which measures the difference between each method and the best performing method on each
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Figure 8: Classification error for different numbers of labelled examples over all pairwise
combinations of classes.
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Figure 7: Classification error for different number of labelled examples for data sets with
two clusters.
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data set, allowed us to summarise the comparative performance of the different methods
across data sets. The mean and median raw performance of MDP2 is substantially higher
than the next best performing method, and the regret is also substantially lower.
In the case of semi-supervised classification it was apparent that MDP2 is extremely
competitive when the number of labelled examples is (very) small, but that in some cases
its performance does not improve as much as that of the other methods considered, when
the labelled examples become more abundant. Our experiments suggest that overall MDP2
is very competitive with the state-of-the-art for semi-supervised classification problems.

6. Conclusions
We proposed a new hyperplane classifier for clustering and semi-supervised classification.
The proposed approach is motivated by determining low density linear separators of the
high-density clusters within a data set. This is achieved by minimising the integral of the
empirical density along the hyperplane, which is computed through kernel density estimation. To the best of our knowledge this is the first direct implementation of the low
density separation assumption that underlies high-density clustering and numerous influential semi-supervised classification methods. We show that the minimum density hyperplane
is asymptotically connected with maximum margin hyperplane, thereby establishing an
important link between the proposed approach, maximum margin clustering, and semisupervised support vector machines.
The proposed formulation allows us to evaluate the integral of the density on a hyperplane by projecting the data onto the vector normal to the hyperplane, and estimating a
univariate kernel density estimator. This enables us to apply our method effectively and
efficiently on data sets of much higher dimensionality than is generally possible for density based clustering methods. To mitigate the problem of convergence to locally optimal
solutions we proposed a projection pursuit formulation.
We evaluated the minimum density hyperplane approach on a large collection of benchmark data sets. The experimental results obtained indicate that the method is competitive
with state-of-the-art methods for clustering and semi-supervised classification. Importantly
the performance of the proposed approach displays low variability across a variety of data
sets, and is robust to differences in data size, dimensionality, and number of clusters. In
the context of semi-supervised classification, the proposed approach shows especially good
performance when the number of labelled data is small.
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Appendix A. Proof of Theorem 5

Before proving Theorem 5 we require the following two technical lemmata which establish
some algebraic properties of the maximum margin hyperplane. The following lemma shows
that any hyperplane orthogonal to the maximum margin hyperplane results in a different
partition of the support points of the maximum margin hyperplane. The proof relies on
the fact that if this statement does not hold then a hyperplane with larger margin exists
which is a contradiction. Figure 9 provides an illustration of why this result holds. (a) Any
hyperplane orthogonal to MMH generates a different partition of the support points of
MMH, e.g., the point highlighted in red in (b) is grouped with the lower three by the
dotted line but with the upper two by the solid line, the MMH. If an orthogonal hyperplane
can generate the same partition (c), then a larger margin hyperplane than the proposed
MMH exists (d).

JMLR 17(156):1-33

Lemma 9 Suppose there is a unique hyperplane in F with maximum margin, which can
be parameterised by (vm , bm ) ∈ S d−1 × R. Let M = margin H(vm , bm ), C + = {x ∈
X | vm · x − bm = M } and C − = {x ∈ X | bm − vm · x = M }. Then, ∀w ∈ Null(vm ),
c ∈ R either min{w · x − c | x ∈ C + } 6 0, or max{w · x − c | x ∈ C − } > 0.
Proof

28
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lim min {k(vh? , b?h ) − (vm , bm )k, k(vh? , b?h ) + (vm , bm )k} = 0,

We are now in a position to provide the main proof of this appendix. The theorem
states that if the maximum margin hyperplane is unique, and can be parameterised by
(vm , bm ) ∈ S d−1 × R, then

Define c := 21 (min{w0 · x+ x+ ∈ C + } + max{w0 · x− x− ∈ C − }). Then min{w0 · x+ − c|x+ ∈
C + } > 0 and max{w0 · x− − c|x− ∈ C − } < 0, a contradiction.

= 0.

> vm · w(2M − vm · x+ + bm − bm + vm · x− )

w0 · x+ − w0 · x− = w · x+ − (vm · w)vm · x+ − w · x− + (vm · w)vm · x−

Proof
Suppose such a vector exists. Define w0 = w − (vm · w)vm . By construction w0 ∈
Null(vm ). For any pair x+ ∈ C + , x− ∈ C − we have

Lemma 10 Suppose there is a unique hyperplane in F with maximum margin, which can
be parameterised by (vm , bm ) ∈ S d−1 × R. Define M = margin H(vm , bm ), C + = {x ∈
X |vm · x − bm = M }, and C − = {x ∈ X |bm − vm · x = M }. There is no vector w ∈ Rd for
which w · x+ − w · x− > 2M vm · w for all pairs x+ ∈ C + , x− ∈ C − .

The next lemma uses the above result to provide an upper bound on the distance between
pairs of support points projected onto any vector, in terms of the angle between that vector
and vm .

Similarly one can show that d − u · x− > M for any x− ∈ C − , meaning that (u, d) achieves
a larger margin on C + and C − than (vm , bm ), a contradiction.

> M.

u · x+ − d =

λ(w · x+ − c) + (1 − λ)(vm · x+ − bm )
p
λ2 + (1 − λ)2
λm + (1 − λ)M
> p
λ2 + (1 − λ)2
m2 + 2M 2 − M m
=p
m2 + (2M − m)2

construction kuk = 1. For any x+ ∈ C + we have,

λ +(1−λ)

30
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We have shown that for any hyperplane H(w, c) that achieves a margin larger than M − δ
on the support points of the maximum margin hyperplane, x ∈ C + ∪ C − , the distance
between (w, c) and (vm , bm ) is less than . Equivalently, any hyperplane H(w, c) such that
k(w, c) − (vm , bm )k >  has a margin less than M − δ, as min |w · x − c| x ∈ C + ∪ C− <
M − δ. By symmetry, the same holds for any (w, c) within distance  of (−vm , −bm ).
By Lemma 4 ∃h1 > 0 such that for all h ∈ (0, h1 ), the minimum density hyperplane
for h, H(vh? , b?h ), induces the same partition of X as the maximum margin hyperplane,
H(vm , bm ). By Lemma 3 ∃h2 > 0 such that for all h ∈ (0, h2 ), margin H(vh? , b?h ) > M − δ.
Therefore for h ∈ (0, min{h1 , h2 }), min {k(vh? , b?h ) − (vm , bm )k, k(vh? , b?h ) + (vm , bm )k} < .
Since  > 0 was arbitrarily chosen, this gives the result.

< kvm − wk2 (1 + B 2 ) + 2Bδkvm − wk + δ 2
r
2δ
2δ
<
(1 + B 2 ) + 2Bδ
+ δ2
M
M
= 2 .

k(vm , bm ) − (w, c)k2 = kvm − wk2 + |bm − c|2

We can now bound the distance between (w, c) and (vm , bm ),

|c − bm | < |δ + Bkw − vm k| .

bm − δ − Bkvm − wk < c < bm + δ + Bkw − vm k,

bm − δ − (vm − w) · x− < c < bm + δ + (w − vm ) · x+ ,

bm − vm · x− − δ + w · x− < c < w · x+ − vm · x+ + bm + δ,

M − δ + w · x− < c < w · x+ − M + δ,

2δ
Thus kvm − wk2 < M
. Now, for each x+ ∈ C + , vm · x+ − b = M and for each x− ∈
C − , b − vm · x− = M . Thus for any such x+ , x− we have,

By Lemma 10 we know that ∃x+ ∈ C + , x− ∈ C − s.t. w · x+ − w · x− 6 2M vm · w. Thus
w · x+ − w · x −
vm · w >
2M
w · x+ − c + c − w · x−
=
2M
2M − 2δ
δ
>
=1−
.
2M
M

w · x+ − c > M − δ, ∀x+ ∈ C + and c − w · x− > M − δ, ∀x− ∈ C − .

Proof of Theorem 5
Define M = margin H(vm , bm ), C + = {x ∈ X | vm · x − bm = M } and C − = {x ∈
X | bm − vm · x = M }. Let B = max{kxk x ∈ X }. Take any  > 0 and set 0 < δ to satisfy
q
2δ
2
2
3/2
2
2
d−1 × R satisfies,
M (1 + B ) + 2Bδ
M + δ =  . Now, suppose (w, c) ∈ S

where {H(vh? , b?h )}h is any collection of minimum density hyperplanes indexed by their
bandwidth h > 0.

Suppose the result does not hold, then ∃(w, c) with kwk = 1, w · vm = 0 and min{w ·
x − c|x ∈ C + } > 0 and max{w · x − c|x ∈ C − } < 0. Let m = min{|w · x − c| x ∈ C + ∪ C − }.
λc+(1−λ)bm
m
(λw + (1 − λ)vm ) and d = √
. By
Define λ = 2M
< 1. Define u = √ 2 1
2
2
2

λ +(1−λ)

Pavlidis, Hofmeyr and Tasoulis

Minimum Density Hyperplanes

References

Minimum Density Hyperplanes

E. Aitnouri, S. Wang, and D. Ziou. On comparison of clustering techniques for histogram
pdf estimation. Pattern Recognition and Image Analysis, 10(2):206–217, 2000.
D. Arthur and S. Vassilvitskii. k-means++: The advantages of careful seeding. In ACMSIAM Symposium on Discrete Algorithms (SODA), pages 1027–1035, 2007.
A. Azzalini and N. Torelli. Clustering via nonparametric density estimation. Statistics and
Computing, 17(1):71–80, 2007.
M. Belkin, P. Niyogi, and V. Sindhwani. Manifold regularization: A geometric framework for
learning from labelled and unlabeled examples. Journal of Machine Learning Research,
7:2399–2434, 2006.
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P. Fränti and O. Virmajoki. Iterative shrinking method for clustering problems. Pattern
Recognition, 39(5):761–775, 2006.

J. A. Hartigan. Clustering Algorithms. Wiley Series in Probability and Mathematical
Statistics. Wiley, New York, 1975.

M. Ji, T. Yang, B. Lin, R. Jin, and J. Han. A simple algorithm for semi-supervised learning with improved generalization error bound. In J. Langford and J. Pineau, editors,
International Conference on Machine Learning (ICML), pages 1223–1230, 2012.

T. Joachims. Transductive inference for text classification using support vector machines.
In International Conference on Machine Learning (ICML), volume 99, pages 200–209,
1999.

A. Lewis and M. Overton. Nonsmooth optimization via quasi-Newton methods. Mathematical Programming, 141:135–163, 2013.

M. Lichman. UCI machine learning repository, 2013. URL http://archive.ics.uci.edu/
ml.

B. McWilliams, D. Balduzzi, and J. M. Buhmann. Correlated random features for fast
semi-supervised learning. In Advances in Neural Information Processing Systems (NIPS),
pages 440–448, 2013.

G. Menardi and A. Azzalini. An advancement in clustering via nonparametric density
estimation. Statistics and Computing, 24(5):753–767, 2014.

V. I. Morariu, B. V. Srinivasan, V. C. Raykar, R. Duraiswami, and L. S. Davis. Automatic
online tuning for fast Gaussian summation. In Advances in Neural Information Processing
Systems (NIPS), pages 1113–1120, 2008.

A. Ng, M. Jordan, and Y. Weiss. On spectral clustering: analysis and an algorithm. In
T. Dietterich, S. Becker, and Z. Ghahramani, editors, Advances in Neural Information
Processing Systems (NIPS), volume 14, pages 849–856, 2002.

V. Castelli and T. M. Cover. The relative value of labeled and unlabeled samples in pattern
recognition with an unknown mixing parameter. IEEE Transactions on Information
Theory, 42(6):2102–2117, 1996.
O. Chapelle and A. Zien. Semi-supervised classification by low density separation. In R. G.
Cowell and Z. Ghahramani, editors, International Conference on Artificial Intelligence
and Statistics (AISTATS), pages 57–64, 2005.

E. Polak. On the mathematical foundations of nondifferentiable optimization in engineering
design. SIAM Review, 29(1):21–89, 1987.

JMLR 17(156):1-33

A. Cuevas, M. Febrero, and R. Fraiman. Estimating the number of clusters. Canadian
Journal of Statistics, 28(2):367–382, 2000.

32

P. Rigollet. Generalization error bounds in semi-supervised classification under the cluster
assumption. Journal of Machine Learning Research, 8:1369–1392, 2007.
JMLR 17(156):1-33

A. Cuevas, M. Febrero, and R. Fraiman. Cluster analysis: a further approach based on
density estimation. Computational Statistics and Data Analysis, 36(4):441–459, 2001.
31

33

JMLR 17(156):1-33

K. Zhang, I. W. Tsang, and J. T. Kwok. Maximum margin clustering made practical. IEEE
Transactions on Neural Networks, 20(4):583–596, 2009.

L. Zelnik-Manor and P. Perona. Self-tuning spectral clustering. In Advances in Neural
Information Processing Systems (NIPS), pages 1601–1608, 2004.

L. Xu, J. Neufeld, B. Larson, and D. Schuurmans. Maximum margin clustering. In L. K.
Saul, Y. Weiss, and L. Bottou, editors, Advances in Neural Information Processing Systems (NIPS), volume 17, pages 1537–1544, 2004.

P. Wolfe. On the convergence of gradient methods under constraint. IBM Journal of
Research and Development, pages 407–411, 1972.

G. Walther. Granulometric smoothing. The Annals of Statistics, 25(6):2273–2299, 1997.

V. Vapnik and A. Sterin. On structural risk minimization or overall risk in a problem of
pattern recognition. Automation and Remote Control, 10(3):1495–1503, 1977.

S. Tong and D. Koller. Restricted Bayes optimal classifiers. In National Conference on
Artificial Intelligence (AAAI), pages 658–664, 2000.

S. K. Tasoulis, D. K. Tasoulis, and V. P. Plagianakos. Enhancing principal direction divisive
clustering. Pattern Recognition, 43(10):3391–3411, 2010.

W. Stuetzle and R. Nugent. A generalized single linkage method for estimating the cluster
tree of a density. Journal of Computational and Graphical Statistics, 19(2):397–418, 2010.

A. Singh, R. D. Nowak, and X. Zhu. Unlabeled data: Now it helps, now it doesn’t. In
D. Koller, D. Schuurmans, Y. Bengio, and L. Bottou, editors, Advances in Neural Information Processing Systems (NIPS), pages 1513–1520, 2009.

B. W. Silverman. Density estimation for statistics and data analysis, volume 26. CRC
press, 1986.

A. Rosenberg and J. Hirschberg. V-measure: A conditional entropy-based external cluster
evaluation measure. In Empirical Methods in Natural Language Processing and Computational Natural Language Learning, volume 7, pages 410–420, 2007.

A. Rinaldo and L. Wasserman. Generalized density clustering. The Annals of Statistics, 38
(5):2678–2722, 2010.

Minimum Density Hyperplanes

Submitted 6/15; Revised 3/16; Published 8/16

Abstract

alberto.escalante@ini.rub.de
laurenz.wiskott@ini.rub.de

c 2016 Alberto N. Escalante-B. and Laurenz Wiskott.

JMLR 17(157):1-36

The slowness principle is one of the learning paradigms that might explain the selforganization of neurons in the brain to extract invariant representations (e.g. Franzius
et al., 2007). This principle operates on an abstract level of information processing and
postulates that perceived information relevant to a subject typically changes much slower
than individual sensory components—e.g., the position of a moth changes slower than the
quickly changing neural activations in the retina of a frog observing it.

1. Introduction

Keywords: slow feature analysis, nonlinear regression, image analysis, pattern recognition, many classes

Slow feature analysis (SFA) is an unsupervised learning algorithm that extracts slowly
varying features from a multi-dimensional time series. Graph-based SFA (GSFA) is an
extension to SFA for supervised learning that can be used to successfully solve regression
problems if combined with a simple supervised post-processing step on a small number of
slow features. The objective function of GSFA minimizes the squared output differences
between pairs of samples specified by the edges of a structure called training graph. The
edges of current training graphs, however, are derived only from the relative order of the
labels. Exploiting the exact numerical value of the labels enables further improvements in
label estimation accuracy.
In this article, we propose the exact label learning (ELL) method to create a more precise training graph that encodes the desired labels explicitly and allows GSFA to extract
a normalized version of them directly (i.e., without supervised post-processing). The ELL
method is used for three tasks: (1) We estimate gender from artificial images of human faces
(regression) and show the advantage of coding additional labels, particularly skin color. (2)
We analyze two existing graphs for regression. (3) We extract compact discriminative features to classify traffic sign images. When the number of output features is limited, such
compact features provide a higher classification rate compared to a graph that generates
features equivalent to those of nonlinear Fisher discriminant analysis. The method is versatile, directly supports multiple labels, and provides higher accuracy compared to current
graphs for the problems considered.
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The slowness principle was probably first formulated by Hinton (1989), and early online
learning rules were developed by Földiák (1991) and Mitchison (1991). The first closedform algorithm is referred to as slow feature analysis (SFA, Wiskott, 1998; Wiskott and
Sejnowski, 2002). Given a multi-dimensional time series (i.e., a sequence of samples), SFA
finds an instantaneous mapping from the input samples to output features that change as
slowly as possible within a given feature space. The objective function of SFA requires the
minimization of the average squared differences of consecutive output values. Thus, SFA is
especially useful for extracting slowly changing hidden parameters of the data.
Although SFA is unsupervised, it has also been used to solve supervised learning tasks,
where it operates as a dimensionality reduction algorithm that is complemented by a supervised algorithm on a small number of slow features. This is motivated by the idea that
samples originating at a similar time (e.g., consecutive samples) are likely to have similar
labels due to physical and biological constraints on the subject and the environment. Thus,
the temporal arrangement of the samples provides a weak form of supervised information.
Recently, an extension of SFA for classification and regression, called graph-based SFA
(GSFA, Escalante-B. and Wiskott, 2013), has been proposed, which explicitly exploits the
available labels. The training data of GSFA are organized in a graph structure called training graph, in which the vertices are the samples and the edge weights represent similarities
between the corresponding labels, where each sample typically has several connections. The
objective function of GSFA is similar to that of SFA, except that the pairs of samples need
not be temporally consecutive, are weighted, and are indicated by the edges of the graph.
Typically, GSFA is more effective than SFA at extracting a set of features that tend
to concentrate the label information, allowing accurate prediction of the labels from a
few features, and implicitly solving the supervised learning problem. The resulting (lowdimensional) output features can then be easily post-processed by standard supervised
algorithms, such as a regression method based on a Gaussian classifier (Escalante-B. and
Wiskott, 2012) or ordinary least squares, to generate the final label estimation.
The main type of application addressed in this article is the solution of regression problems on high-dimensional data with hierarchical GSFA (HGSFA, see Section 2). Regression
problems can be solved with GSFA using pre-defined graphs (e.g., a serial graph explained in
Section 5.1). However, the structure of pre-defined graphs only takes into account the rank
of the labels and not their exact value, a simplification that might decrease the estimation
accuracy.
In this article, we focus on the analysis and design of training graphs. We develop a
new approach, called exact label learning (ELL), for solving regression problems with GSFA
based on the construction of a special training graph, in which the slowest feature extracted
is already a label estimation, up to an affine transformation (Figure 1.c). The resulting
system learns a nonlinear mapping from the input data (e.g., the pixels or features) to label
estimations, where the features extracted by the layers of the GSFA network increase in
complexity, abstraction level, and invariance as the data is propagated from the bottom to
the top layer.
To develop the ELL method, we first study the slowest possible features that can be
extracted by GSFA from a given graph when the feature space is unrestricted. Such features
are called optimal free responses. After we express the optimal free responses of GSFA in a
closed form, we develop a theoretical method for the converse operation: from a set of free

Escalante-B. and Wiskott

Optimal Free Responses of GSFA and the Design of Training Graphs

Figure 1: Three approaches for solving supervised learning problems. (a) A classic approach. (b) Previous approach using GSFA with a pre-defined training graph,
which is defined by the input samples, node weights v, and edge weights Γ. The
samples are assumed to be ordered by increasing label. (c) Our proposal, which
consists of a single GSFA architecture that is trained with a specially constructed
graph Γ(`, v). The first slow feature (with a global sign adjustment) directly provides the label estimation. If the label ` does not have weighted zero mean and
weighted unit variance, a final affine transformation (scaling and offset) should
be included.
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responses we design the corresponding training graph. The method allows the creation of
a graph in which the slowest possible feature is the label to be learned. Moreover, one can
learn multiple labels simultaneously (e.g., object position, average color, shape, and size),
and balance their importance by setting the value of certain parameters.
We show analytically that the serial graph is similar to the ELL graph in terms of
the first optimal free responses, and that when only one label is learned the former may
substitute the later reasonably well with faster training time. In addition, we outline in
the discussion a few extensions to the ELL method towards improving its efficiency and
allowing the combination of training graphs.
The remainder of the article is organized as follows: In the next section, we describe
the context of the ELL method and review previous work. In Section 3, we review GSFA.
In Section 4, we propose the ELL method. In Section 5, we provide 3 applications: (1)
We solve a regression problem on gender estimation from artificial images, validating the
method. (2) We analyze efficient pre-defined training graphs for regression. (3) We use
the ELL method in a non-conventional way to design a training graph for the extraction
of compact features for classification, yielding improved performance when the number of
features preserved is between log2 (C) and C − 2, where C is the number of classes. For
applications (1) and (3) the accuracy is evaluated experimentally; the first one uses HGSFA
and the latter one uses direct (i.e., non-hierarchical) GSFA. Section 6 closes the article with
a discussion.
3

2. Related Work

Escalante-B. and Wiskott

There are several approaches to solve regression problems on high-dimensional data and
reduce the expensive computational requirements typically associated with this type of
problems. A classic approach consists of feature extraction, (unsupervised) dimensionality
reduction (DR), and an explicit supervised step (Figure 1.a). A different approach first
uses GSFA for supervised DR. Supervised DR might result in higher accuracy than unsupervised DR. A small number of slow features extracted by GSFA are post-processed with
a conventional classification or regression algorithm (Escalante-B. and Wiskott, 2013), see
Figure 1.b. In such an approach, the supervised learning problem is mostly solved by GSFA
implicitly, because it identifies and concentrates the label-predictive information in a few
features.
For high-dimensional data, the direct application of SFA and GSFA is computationally too expensive, but one can resort to hierarchical processing (e.g., Franzius et al.,
2011), which is an efficient divide-and-conquer strategy for the extraction of slow features1 (e.g., Figure 2). For example, if the input dimension I is large, one can divide
input data spatially into k lower-dimensional signals x(1) (t), . . . , x(k) (t) of dimensionality
def

def

def

def

I 0 = I/k. Then, one can extract slow features y(1) , . . . , y(k) from each lower-dimensional

signal: y(1) (t) = SFA(1) (x(1) (t)), y(2) (t) = SFA(2) (x(2) (t)), . . . , y(k) (t) = SFA(k) (x(k) (t)).
A concrete instance of SFA trained with a particular subset of the training data is denoted
as SFA(·) . Different SFA instances are also referred to as SFA nodes, especially in the context of hierarchical SFA networks structured as directed graphs. The nodes above are called
local because their input is only a local subset of the original input. Each of them extracts
J 0 slow features. Afterwards, another SFA node SFA(top) in an additional layer extracts
global slow features from the concatenation of the local slow features computed previously:

def
y(top) (t) = SFA(top) y(1) (t)| · · · |y(k) (t) , where ·|· is the concatenation operation in space
(not in time). A proper choice of J 0 and k ensures that the computation of y(top) (t) is
feasible.
If the input dimensionality I 0 of the local nodes SFA(1) , . . . , SFA(k) is still too large,
one can repeat the strategy above to each of these nodes. Following such an approach
recursively results in a multi-layer hierarchical network. Due to information loss before
the top node and the change of the feature space, hierarchical SFA does not guarantee
globally optimal slow features anymore. However, it has been shown to be effective in many
practical experiments, in part because low-level features are spatially localized in most
real-world data. Hierarchical GSFA (HGSFA) offers an excellent computational complexity
compared to direct GSFA that can be as good as linear w.r.t. the number of samples and
the input dimensionality, depending on the network architecture (Escalante-B. and Wiskott,
2016).
The ELL method allows the creation of graphs useful to train direct, cascaded, and
hierarchical GSFA. Cascaded GSFA refers to the application of several consecutive passes
of GSFA (thus, it is equivalent to HGSFA with only one GSFA node per layer) and is a
useful approach when the features obtained through direct GSFA are not slow enough for a
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1. Even linear SFA becomes infeasible if I is sufficiently large. Therefore, the usefulness of hierarchical
processing is not limited to nonlinear SFA.

4

Input Image
135x135 pixels

27x27 SFA nodes
output dim: 16

9x9 SFA nodes
output dim: 30

3x3 SFA nodes
output dim: 30
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3.1 Training Graphs and the GSFA Problem

In this section, we recall the GSFA optimization problem and the GSFA algorithm. For a
more detailed presentation of GSFA we refer to Escalante-B. and Wiskott (2013).

3. Review of Graph-Based SFA (GSFA)

GSFA is trained with a so-called training graph, in which the vertices are the samples and
the edges between two samples may represent or be related to the similarity of their labels.

Various efficient training graphs for classification (clustered graph) and regression (e.g.,
serial, mixed, sliding window graphs) have been proposed (Escalante-B. and Wiskott, 2013).
These graphs have been pre-defined with efficiency in mind; although the number of edges
contained in them is O(N 2 ), where N is the number of samples, their structure makes the
training complexity linear w.r.t. N . This is possible due to algebraic simplifications in the
training method that avoid the explicit representation of the graph as an N × N matrix.
Wiskott (2003) has studied the optimal free responses of SFA, i.e., the slowest possible
features that can be extracted by SFA when there is no restriction regarding the training
data or feature space. For SFA, he has computed the optimal free responses in continuous
time by using variational calculus (also see Franzius et al., 2007). In this article, we use a
different method for GSFA based on linear algebra to cope with the discrete nature of the
index n that takes the place of time.
Due to the close connection between GSFA and LPP, the method proposed in Section 4.1
for computing the free responses of GSFA is closely connected to Laplacian eigenmaps (LE,
Belkin and Niyogi, 2003). LE can be interpreted as a relaxation of LPP where the output
features belong to an unrestricted feature space instead of being linear transformations of
the inputs. Equivalently, LPP is a linearization of LE (Zhang et al., 2009).
Most regression methods have the shortcoming of a prohibitive computational cost if
the data is high dimensional. Unsupervised DR can be useful to reduce the complexity, but
the final accuracy may be suboptimal. Instead of direct regression, one could attempt to do
hierarchical regression by training several regression nodes on low-dimensional data chunks
and then combining their outputs on higher layers, similarly as HGSFA is built to create a
network of GSFA nodes. However, it is likely that the labels are not extractable at the lowest
levels of the network (except with a noticeable error). Therefore, most information would
be lost after the first layer, making the next layers unable to recover the labels accurately.
GSFA extracts several slow features that do not need to be related to the labels in any
simple way, allowing more label information to reach the top layers in HGSFA, even if the
labels cannot be extracted in the first layers.
The features extracted by GSFA nodes in an HGSFA network have smaller receptive
fields in the first layers that increase in size, as well as in complexity and selectivity, as one
approaches the top of the network. This property is also present in other neural networks,
such as the highly successful convolutional neural networks (CNNs). However, HGSFA and
CNNs differ considerably: the training method of HGSFA is bottom-up, uses other types
of nonlinearities, is not convolutional (although one can make some layers convolutional via
weight sharing), and uses neither backpropagation nor max pooling. Moreover, in HGSFA
the features of each node fulfill a local optimality criterion (i.e., slowness).

Escalante-B. and Wiskott

There is a close relation between GSFA, generalized SFA (genSFA, Sprekeler, 2011; also
see Rehn and Sprekeler, 2014) and locality preserving projections (LPP, He and Niyogi,
2003), sharing very similar objective functions and constraints, even though they originate
from different backgrounds and were developed with different goals and applications in mind.
Two differences are that in GSFA the vertex weights are independent of the edge weights
and that GSFA is invariant to the scale of the weights, providing a normalized objective
function 0 ≤ ∆ ≤ 4 (for consistent graphs with non-negative edge weights). There are also
differences in the similarity matrices used in practice for these algorithms. LPP originates
from the field of manifold learning and its similarity matrices have been frequently computed
using nearest neighbors of the input samples, reflecting input similarities. genSFA has
mostly been used for classification and its similarity matrices are typically computed using
input similarity information (nearest neighbors) with transitions restricted to samples of the
same class. One can consider genSFA as LPP applied on the nonlinearly expanded data.
GSFA originates from unsupervised learning and learning of invariances but is motivated
by supervised learning, and training graphs for classification and regression have been used.
Such graphs are computed using only the label information. The goal is to provide sensitivity
to the label information and invariance to any other factor. Therefore, GSFA does not intend
to preserve the manifold structure of the input data. It is possible to use GSFA to compute
LPP features, and vice versa. The results of this article might thus also be relevant for
researchers using LPP and genSFA.

particular application. The main advantage of cascaded over direct GSFA is that the feature
space of the cascade may be more complex without making the individual nodes/layers/steps
more complex. The theoretical part of this article concentrates on GSFA for simplicity, but
we implicitly assume that it will be implemented in practice as HGSFA and applied to
high-dimensional data.

Figure 2: An example hierarchical SFA network for 2D data with 4 layers and no receptive
field overlap that has been used for gender and age estimation from artificial face
images (Escalante-B. and Wiskott, 2010). The SFA nodes can be easily replaced
by GSFA nodes to construct an HGSFA network. The input to one node in layers
1, 2 and 3 is highlighted.

SFA

1 SFA node
output dim: 30
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In mathematical terms, the training data is represented as a training graph G = (V, E)
(illustrated in Figure 3.a) with a set V = {x(n)}n of vertices, each vertex being a sample
(i.e., a vector of length I), and a set E of edges (x(n), x(n0 )), which are pairs of samples,
with 1 ≤ n, n0 ≤ N . The index n (or n0 ) replaces the time variable t used by SFA. The edges
are directed but typically have symmetric weights ΓT = Γ = {γn,n0 }n0 ,n ; weights vn > 0 are
associated with the vertices x(n) and can be used to reflect their importance, frequency, or
reliability. This representation includes the standard time series of SFA as a special case in
which the graph has a linear structure (see Figure 3.b).
In order to solve classification problems with GSFA features, one should use training
graphs that favor connections between samples from the same class by means of larger
edge weights compared to those of different classes. When one is interested in regression
problems, the training graphs should favor connections between samples with similar labels.

Figure 3: (a) Example of a training graph with N = 7 vertices. (b) A regular sample
sequence (time series), which can be used to train SFA. This sequence is represented here as a linear graph that can be used with GSFA. If labels are available
and the samples have been reordered by increasing/decreasing label (e.g., instead
of having been ordered by time), the graph is called sample reordering graph.
(Figure from Escalante-B. and Wiskott, 2013).

def
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(1)

The concept of slowness has been originally defined for sequences of samples, but it
has been generalized for GSFA to training graphs. The general goal of GSFA is to extract
features that fulfill certain normalization restrictions and minimize the sum of the weighted
squared output differences of all connected samples. More formally, the GSFA optimization
problem (Escalante-B. and Wiskott, 2013) can be stated as follows: For 1 ≤ j ≤ J, where J

n,n

1 X
γn,n0 (yj (n0 ) − yj (n))2 is minimal
R 0

is the number of output features, find features yj (n) = gj (x(n)), where 1 ≤ n ≤ N , N is the
number of samples, and gj is a function belonging to a feature space F (frequent choices for
F are all linear or quadratic transformations of the inputs), such that the objective function
(weighted delta value)

def

∆j =

7

under the constraints

Escalante-B. and Wiskott

1 X
vn yj (n) = 0 ,
Q n

1 X
vn (yj (n))2 = 1 , and
Q

n

X

n

vn and R =

def

n,n0

X

γn,n0 .

1 X
vn yj (n)yj 0 (n) = 0 , for j 0 < j ,
Q
n

def

with Q =

(2)

(3)

(4)

(5)

The objective function penalizes the squared output differences between arbitrary pairs
of samples using the edge weights as weighting factors. The feature y1 (n), for 1 ≤ n ≤
N , is the slowest one, y2 (n) is the second slowest, and so on. Constraints (2)–(4) are
called weighted zero mean, weighted unit variance, and weighted decorrelation, respectively.
They are similar to the normalization constraints of SFA, except for the inclusion of vertex
weights. The factors 1/R and 1/Q are not essential for the optimization problem, but they
provide invariance to the scale of the edge weights as well as to the scale of the vertex
weights, and serve a normalization purpose.
We write vectors and matrices in bold type. For instance, yj is the j-th feature vector
of size N , yj (n) is the j-th feature of sample n, and x(n) is the n-th input sample of size I.
3.2 Linear GSFA Algorithm

1 X
vn (x(n) − x̃)(x(n) − x̃)T ,
Q n

The linear GSFA algorithm is similar to standard SFA (Wiskott and Sejnowski, 2002) and
only differs in the computation of the matrices C and Ċ, which in GSFA takes into account
the neighborhood structure specified by the training graph (samples, edges, and weights).
The sample covariance matrix CG is defined as:
def

CG =

def

x̃ =

1 X
vn x(n)
Q n

where x(n) and vn denote an input sample and its weight, respectively, and

n,n


T
1 X
γn,n0 x(n0 ) − x(n) x(n0 ) − x(n) ,
R 0

is the weighted average of all samples. The derivative second-moment matrix ĊG is defined
as:
def
(6)
ĊG =
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where edge weights γn,n0 are defined as 0 if the graph does not have an edge (x(n), x(n0 )).
Given these matrices, a sphering matrix S and a rotation matrix R are computed with

ST CG S = I , and

RT ST ĊG SR = Λ ,

8

(7)

Q
Γ1 ,
R
(9)

n

2
2 − yT Γy .
R

9

2. An asymmetric edge-weight matrix Γ can be converted into a symmetric one
the solution to the optimization problem.

=

(3)

without altering

(10)
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T
def
Γ0 = Γ+Γ
2

where 1 is a vector of ones of length N .
If y is a feasible solution (i.e., satisfying (2) and (3)) and the graph fulfills the consistency
restriction (8), the weighted delta value (1) can be simplified as follows,
1 X
(1)
γn,n0 (y(n0 ) − y(n))2
∆y =
R 0
n,n

X
X
X
X
1 X
=
(y(n0 ))2
γn,n0 +
(y(n))2
γn,n0 − 2
γn,n0 y(n0 )y(n)
R
n
n
n0
n0
n,n0

X
1 X
R
R
(8)
=
(y(n0 ))2 v(n0 ) +
(y(n))2 v(n) − 2yT Γy
R
Q
Q
0
n

v =

(8)

In order to apply linear algebra methods to analyze GSFA, we use matrix notation. In what
follows we assume that the edge weights are symmetric2 (Γ = ΓT ) and that the consistency
restriction (8) is fulfilled. This restriction can also be written as

3.4 GSFA Optimization Problem in Matrix Notation

then GSFA yields the same features as standard SFA trained on a sequence generated by
using the graph as a Markov chain with transition probabilities γn,n0 /R (see Klampfl and
Maass, 2010; Escalante-B. and Wiskott, 2013). Thus, one can use SFA to emulate GSFA.
However, depending on the training graph chosen, emulating GSFA with SFA may be more
expensive computationally.

n0

Interestingly, if the graph is connected and the following consistency restriction is fulfilled
X
∀n : vn /Q =
γn,n0 /R ,
(8)

3.3 Probabilistic interpretation of a graph

It has been shown that the GSFA algorithm presented above indeed solves the optimization problem (1)–(4) in the linear function space. The proof is similar to the corresponding
proof of standard linear SFA (Wiskott and Sejnowski, 2002).
The choice of the training graph Γ is important because it defines the types of features
to be extracted. Figure 5 shows a serial graph useful for regression, whereas Figure 9 shows
a clustered graph useful for classification.

y(n) = WT (x(n) − x̃) .

W = SR , and

where Λ is a diagonal matrix with diagonal elements λ1 ≤ λ2 ≤ · · · ≤ λJ . Finally the
algorithm returns ∆(y1 ), . . . , ∆(yJ ), W and y(n), where
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def

2 T
y Γyj
R j

T

R = 1 Γ1 ,

(5.b)

(5.a)

Q = 1T v ,

yjT Diag(v)yj 0 = 0, for j 0 < j ,

(4)

yjT Diag(v)yj = Q

(3)

(2)

2−

v T yj = 0

=

(1,3,8)

(16)

(15)

(14)

(13)

(12)

(11)
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In this section, we calculate the slowest possible solutions (optimal free responses) to the
GSFA problem (11)–(14) that one could find if the feature space were unlimited. As we
will see, the optimal free responses together with their corresponding ∆ values, provide
an alternative representation of the training graph and are a useful tool to understand its
structure.
We use the Lagrange multiplier method to find critical points y that are candidates for
the optimal free responses. For the moment, we ignore the weighted decorrelation constraint
(14) to solve for the first optimal free response, but we consider the remaining responses
later. The method of Wiskott (2003) and Franzius et al. (2007) for computing optimal free
responses of SFA relies on a continuous time variable t and cannot be applied to GSFA due
the discrete index n. Due to the close relationship between GSFA and LPP, the approach
below is strongly related to Laplacian Eigenmaps (Belkin and Niyogi, 2003). Let


2
def
L = 2 − yT Γy + αvT y + β yT Diag(v)y − Q
(17)
R

4.1 Optimal Free Responses of GSFA

In this section, we propose the ELL method. First, we compute the optimal free responses
of GSFA given any training graph. Then, we show how to construct a graph useful to learn
any particular label or multiple labels. Afterwards, we show how to convert graphs with
negative edge weights into graphs with non-negative weights only (such a method is useful
to allow the probabilistic interpretation of the graph and to guarantee that the ∆ values of
all features lie between 0 and 4). Then, we motivate the use of auxiliary labels to improve
learning. Finally, we analyze the computational complexity of the ELL method.

4. Explicit Label Learning for Regression Problems

and Diag(v) denotes a diagonal matrix with diagonal v.
The use of matrix notation will facilitate the study of GSFA and the development of
the ELL method in the next section.

where

subject to:

∆j

The optimization problem can then be stated as follows: For 1 ≤ j ≤ J, find vectors yj

of length N , with yj (n) = gj (x(n)) and gj ∈ F, minimizing
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!

!

∂L/∂α = vT y = 0 ,

(17)

(20)

(19)

(18)

be a Lagrangian corresponding to the objective function (11), under the constraints (12)
and (13). A signal y is a critical point if the partial derivatives of L with respect to α, β,
and y(n), for 1 ≤ n ≤ N , are simultaneously zero:

(17)

∂L/∂β = yT Diag(v)y − Q = 0 , and
4
(17)
!
∂L/∂y = − Γy + αv + 2βDiag(v)y = 0 ,
R

(9) R T
Qv ,

and Q > 0 results in

(21)

where 0 is a vector of zeros.
Equations (18) and (19) merely require that the output y has weighted zero mean and
weighted unit variance, respectively. Multiplying (20) with 1T from the left and taking into
(15)

4 R T
v y + αQ + 2βvT y = 0 ,
R Q

account that 1T Diag(v) = vT , 1T v = Q,1T Γ =
−

 4

− Γ + 2βDiag(v) y = 0 ,
R
4

Diag(v−1/2 )
Γ − 2βDiag(v) Diag(v−1/2 )Diag(v1/2 )y = 0 ,
R

4

Diag(v−1/2 ) Γ Diag(v−1/2 ) − 2βI Diag(v1/2 )y = 0 ,
R


Rβ 
Diag(v−1/2 ) Γ Diag(v−1/2 ) −
I Diag(v1/2 )y = 0 ,
2

implying α = 0 due to (18). Therefore, (20) can be simplified to:

⇔
⇔
⇔

Rβ
.
2

(23)

(22)

where v1/2 is defined as the element-wise square root of the elements of v, and v−1/2 is
defined similarly (as usual, weights vj are required to be strictly positive).
In a few words, y is a critical point if it fulfills the weighted normalization constraints
and the vector Diag(v1/2 )y is an eigenvector of the matrix M defined as
def

λ=

M = Diag(v−1/2 ) Γ Diag(v−1/2 ) .
The corresponding eigenvalue is denoted

def

We denote the (orthogonal) eigenvectors of matrix M as uj with ujT uj = 1. Each eigenvector
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uj gives rise to a critical point yj = Q1/2 Diag(v−1/2 )uj as long as also the weighted
normalization constraints (12) and (13) are satisfied by yj . The slowest possible solution is
the critical point yj with the smallest ∆-value. As we show below, the ∆-value of a critical
point yj is directly related to the eigenvalue λj of the eigenvector uj = Q−1/2 Diag(v1/2 )yj
of M and can be computed as follows.
11
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2
(11)
∆ = 2 − (y )T Γy
y
j
j
j
R

2
(22)
= 2 − (yj )T Diag(v1/2 ) M Diag(v1/2 )yj
R
2
(23)
= 2 − (yj )T Diag(v1/2 )λj Diag(v1/2 )yj
R
2Q
(13)
= 2−
λj .
(24)
R
Thus, the slowest solution is the critical point yj with the largest eigenvalue λj . The
remaining optimal free responses can now be addressed. They are given by the remaining
critical points, where their corresponding eigenvalue defines their order, from largest to
smallest. The weighted decorrelation condition (14) is fulfilled automatically due to the
orthogonality of the eigenvectors: ujT uj 0 = 0 ⇔ Q1 yjT Diag(v)yj 0 = 0 (follows from the
definition of yj above).
One special case is when an eigenvalue has multiplicities. This means that two or more
optimal free responses have the same ∆ value, which is in fact the same ∆ value of any
rotation of such free responses. Therefore, optimal free responses with the same ∆ value
are not uniquely defined and any rotation of them is equivalent.

4.2 Design of a Training Graph for Learning One or Multiple Labels

(25)

Given a set of samples {x(1), . . . , x(N )} with label ` = (`1 , . . . , `N ), we show how to generate
a training graph, such that the slowest feature that could be extracted by GSFA is equal to
a normalized version of the label. Notice that this problem (determining the structure of
a training graph, or more concretely, its edge-weight matrix Γ, having a particular optimal
solution) differs considerably from the original GSFA problem of finding an optimal solution
given a training graph and a feature space. The approach can be extended to multiple labels
per sample. To distinguish them, we introduce an index 1 ≤ j ≤ L, making `j denote the
j-th label. The L labels can then be expressed as an affine transformation of the first L
free responses, as described below.
Vertex-weights vn indicate a priori likelihood information about the samples, and are
thus assumed to be given and strictly positive. If this information is absent, one may set
the vertex weights constant, e.g. v = N1 1.
Due to the normalization constraints, the outputs generated by GSFA must have weighted
zero mean (12) and weighted unit variance (13). Therefore, to learn a single label `
we normalize it as follows: Let µ` = Q1 vT ` be the weighted label average and σ`2 =
1
T
Q (` − µ` 1) Diag(v)(` − µ` 1) be the weighted label variance. Then, the normalized label is computed as

˜` = 1 (` − µ` 1) .
σ`
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Hence, it is trivial to convert a normalized label into a non-normalized label and vice versa.
In order for the construction to work when samples have multiple labels, we must weight
decorrelate them first. To decorrelate two labels
`j 0 and `j , with j 0 > j, one can project `j

T
1
out of `j 0 ; `jdec
0 (n) = `j 0 (n) − Q `j 0 Diag(v)`j `j (n), which is an invertible linear operation.

12

def

MELL =

j=0

N
−1
X

ELL T
λj uELL
j (uj ) .

(27)

(28)

⇔

(28)
T ELL
(uELL
j ) uj 0 = 0

(29)

13

uELL
= Q−1/2 v1/2 ,
0
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(30)

λj are directly related:
− ∆`j ).
Larger eigenvalues (equivalent to smaller ∆ values) might result in higher accuracy
for the corresponding label. We give some intuition on how to choose the eigenvalues of
the eigenvectors. a) In general, important labels should have larger eigenvalues than less
important ones. b) The global scale of the eigenvalues λj>0P
is irrelevant, only their relative
scales matter. For convenience one can scale them so that
λj>0 = 1. c) If two labels are
similarly important, their eigenvalues should be also similar.
For example, if one only wants to learn a single label `1 with a delta value ∆`1 = 0, one
can set uELL
= Q−1/2 Diag(v1/2 )`1 , λ1 = 1, and the eigenvalues λj>1 to zero. If `1 takes only
1
two possible values (e.g., −1 and 1), the resulting graph will be disconnected and contain
two clusters. Otherwise, the resulting graph will be connected, and the condition ∆`1 = 0
necessarily implies that some of the resulting edge weights will be negative, a condition that
we deal with in Section 4.3.
The analysis of Section 4.1, which is used by the ELL method requires that the graph
fulfills the consistency restriction (9). We set the remaining eigenvector

(24) R
λj = 2Q
(2

Once the eigenvectors are computed we must decide which eigenvalues we want to give
them. Alternatively, we can decide which ∆ values we give to the labels, because ∆`j and

1
(14)
(`j )T Diag(v)`j 0 = 0
Q

Notice that the weighted decorrelation of the labels translates directly into the orthogonality of the corresponding eigenvectors, that is

uELL
= Q−1/2 Diag(v1/2 )`j , for j ≥ 1
j

If L < N − 1 one can set λj>L = 0. The matrix ΓELL is symmetric by construction.
The eigenvectors and eigenvalues of MELL , which are explicit in its eigenvector decomposition (27), directly define the matrix ΓELL and determine the optimal free responses of the
resulting graph. Concretely, for each j ≥ 1 one sets uELL
according to the desired label `j
j
(ignore uELL
and λ0 for the time being).
0

where

ΓELL = Diag(v1/2 ) MELL Diag(v1/2 ) ,
(26)
(R/Q)v .

1/2
Diag(v1/2 )λ0 uELL
0 Q

=

(15,31)

R. The free

(31)

1
=
R

n

n

hvT yiD = vT hyiD = 0 ,
X
X
hyT Diag(v)yiD = h
vn y(n)2 iD =
vn hy(n)2 iD = Q ,

(33)

(32)

=

γn,n0 (1 + 1 − 0)

n,n

14

P
X
 (5) 2(R − n γn,n )
2 X
γn,n0 −
γn,n =
.
R
R
0
n

n,n0 ,n6=n0

X

n,n ,n6=n
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(34)

where h·iD denotes expected value when sampling over D. The expected delta value can be
computed as
(1) 1 X
h∆y iD =
γn,n0 h(y(n0 ) − y(n))2 iD
R 0
n,n

X
1 X
=
γn,n0 h(y(n0 ) − y(n))2 iD +
γn,n h(y(n) − y(n))2 iD
R
n
n,n0 ,n6=n0


1 X
0 2
2
=
γn,n0 hy(n ) iD + hy(n) iD − 2hy(n0 )iD hy(n)iD + 0
R
0
0

(13):

(12):

Let y be a noise feature randomly sampled from a zero-mean unit-variance distribution D,
i.e., y(n) ← D(0, 1). On average, y fulfills the weighted normalization constraints (12) and
(13), as can be seen as follows.

4.2.1 Expected Weighted ∆ Value of a Noise Feature

T ELL
−1/2 v1/2 )T Q−1/2 Diag(v1/2 )`
−1 T
(uELL
j>0 = Q v `j>0 = 0.
0 ) uj>0 = 0 ⇔ (Q
Although only L free responses are explicitly defined, N − L − 1 additional optimal free
responses are defined implicitly with an eigenvalue of 0, corresponding to ∆ = 2.0. This
∆ value has a particular meaning, because as we prove in the next paragraph, it is the ∆
value of unit-variance zero-mean i.i.d. noise for certain graphs.

(29)

pseudo-response `0 = 1 corresponding to uELL
fulfills equations (13) and (14) but not
0
(12). Therefore, `0 is not a feasible solution, but it has similar properties to the optimal
free responses. The introduction of uELL
does not reduce the generality of the labels `j>0
0
that can be learned; orthogonality between uELL
and uELL
0
j>0 is equivalent to (12), i.e., the
weighted zero mean of `j>0 , a condition that is required anyway for any feasible solution:

(28)

The assignment of uELL
and λ0 above also ensures that 1T ΓELL 1
0

=

=

(30)

T ELL = 1 and (9) is fulfilled, as follows.
with eigenvalue λ0 = R/Q. This ensures that (uELL
0 ) u0
X

(26,27)
ELL T
1/2
ΓELL 1 = Diag(v1/2 )
λj uELL
)1
j (uj ) Diag(v
X

(30)
ELL T
ELL
1/2
= Diag(v1/2 )
λj uELL
j (uj ) u0 Q

From now on, we assume that the labels `1 , . . . , `L have been decorrelated and normalized. We show how to compute edge weights γn,n0 such that the j-th optimal free response
is equal to `j (with arbitrary polarity).
Define

def

Escalante-B. and Wiskott

Optimal Free Responses of GSFA and the Design of Training Graphs

Optimal Free Responses of GSFA and the Design of Training Graphs

Therefore, if the graph has no self-loops (i.e., ∀n : γn,n = 0), the expected ∆ value
h∆y iD of a noise feature y is 2.0. The self-loops of a graph (e.g., one constructed using
the ELL method) can be removed (i.e., their weight be set to zero). This does not change
the free responses, only the scale of the ∆ values is modified due to the change in R. The
consistency restriction might be broken, though.
4.3 Elimination of Negative Edge Weights

−γn,n0
.
vn vn0

(36)

(35)

From the objective function (1), it is obvious that a positive edge weight connecting two
samples expresses that those samples should be mapped close to each other in feature space.
In contrast, a negative edge weight expresses that two samples should be mapped as far
apart as possible, thus encoding output dissimilarities. Nevertheless, the weighted unit
variance constraint still applies, so the solutions are not unbounded.
If the edge weights are non-negative, the smallest possible ∆ value is ∆ = 0. However,
if negative edge weights are allowed, some feasible features might have ∆ < 0. A feature
with ∆ < 0 would appear to be “slower” than the infeasible constant feature y = 1 with
∆ = 0, contradicting the intuitive interpretation of slowness. Moreover, negative edge
weights hinder the probabilistic interpretation of the graph (see Section 3.2), because some
of the transition probabilities γn,n0 /R of the resulting Markov chain would be negative.
Training graphs constructed using the ELL method might include negative edge weights,
which would result in the disadvantages described above. Therefore, in this section, we add
an additional step to the ELL method to ensure that the training graph has non-negative
edge weights. More concretely, we show how to transform a training graph with strictly
positive vertex weights vn and arbitrary edge weights Γ (positive and negative) into a graph
with the same vertex weights and only non-negative edge weights Γ0 . The optimization
problem defined by Γ0 is equivalent to the original optimization problem in terms of its
solutions and their order. Only the value of the objective function is linearly changed (or,
more precisely, changed by an affine function).
Assume that ∀n : vn > 0, and that there is at least one element γn,n0 < 0. Let
def

c = maxn,n0

1
(Γ + cvvT ).
1 + cQ2 /R

The new edge weights Γ0 are defined as
def

Γ0 =

Now, we show the properties of Γ0 compared to those of Γ:
1. All elements of Γ0 are greater or equal to zero, as desired. (Follows from (35), which
implies γn,n0 + cvn vn0 ≥ 0.)

(36)

R + cQ2
= R.
1 + cQ2 /R
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(37)

2. Symmetry is preserved by (36). Clearly Γ0 is symmetric if and only if Γ is symmetric.
3. The sum of edge-weights is preserved:
(16)

R0 = 1T Γ0 1 =

15
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⇒

4. Fulfillment of the graph consistency restriction (9) is preserved:
(9)

1T Γ = R/QvT

1
(36)
1 T Γ0 =
(1T Γ + c1T vvT )
1 + cQ2 /R
1
(9)
=
(R/QvT + cQvT )
1 + cQ2 /R
R/Q
(1 + cQ2 /R)vT
1 + cQ2 /R

=

= R/QvT .

5. Γ and Γ0 define equivalent optimization problems. Let y be a feasible solution. The
constraints of the optimization problem are independent of Γ0 , and only the objective
function is modified as follows:
2
(10)
∆y0 = 2 − 0 yT Γ0 y
R

2
(36,37)
yT Γy + cyT vvT y
= 2−
R(1 + cQ2 /R)
2
(12)
= 2−
yT Γy
R(1 + cQ2 /R)
2
R
(10)
= 2−
(2 − ∆y )
(38)
R(1 + cQ2 /R) 2


2cQ2
1
∆y +
.
(39)
(1 + cQ2 /R)
R
=

(38)

Therefore, the objective function is only modified by a positive scaling factor and a
constant positive offset, proving that the optimal free solutions to the training graph
remain stable, as well as their order.

6. In particular, a feature y with ∆y = 2 preserves its delta value, i.e. ∆y = 2 ⇔ ∆y0 = 2.

4.4 Auxiliary Labels for Boosting Estimation Accuracy

 ` (n) − min(` )

1
1
πk , for 2 ≤ k ≤ K ,
max(`1 ) − min(`1 )
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(40)

It is possible to provide additional auxiliary labels derived from the original one `1 to
improve the estimation accuracy when GSFA is applied repeatedly (e.g., cascaded or in a
convergent hierarchical GSFA network). Consider two GSFA nodes, one stacked on top of
the other. If the first GSFA node is not be able to extract `1 accurately, it might still be
capable of approximating labels `k = fk (`1 ), for 2 ≤ k ≤ K, where the functions fk (·) are
nonlinear. Since these features are derived from the original label `1 , they contain a certain
amount of information about it. In this case, the output features are likely to contain linear
combinations of the labels `1 , . . . , `k providing a redundant coding of `1 . These features
are likely to be easier to disentangle by the second node to better approximate the original
label `1 . Therefore, we suggest to explicitly promote the appearance of these features by
learning also auxiliary labels.
The functions fk can be defined arbitrarily, we suggest to use
`k (n) = cos

16
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Figure 4: Example of the normalized images used, showing different values of the gender
parameter.

The images are randomly split into a training and a test set. The training set consists
of 10,800 images, 180 images for each gender value, whereas the test set consists of 1,200
images, 20 images for each gender value.
Besides the gender label, also a second “color” label is considered, which is the average
pixel intensity of the image before normalization. Due to normalization, this label cannot be

We consider the problem of gender estimation from artificial face images, which is treated
here as a regression problem, because the gender parameter is defined as a real value by the
face modeling software (FaceGen SDK, Singular Inversions Inc., 2008).
Input data. The input data are 12,000 64×64 grayscale images. Each image is generated using a new subject identity, where the gender is explicitly specified, and the rest of
the parameters of the faces (e.g., age, racial composition) are random. The average pixel
intensity of each image is normalized by multiplying the pixel values by an appropriate
factor to eliminate skin color as a cue for gender estimation. The resulting images show
subjects with a fixed pose, no hair or accessories, and the illumination is fixed, as well as
the average pixel intensity and the background color (black). See Figure 4 for some sample
images. To specify the gender parameter, 60 different values are used (−3, −2.9, . . . , 2.9).

5.1 Explicit Estimation of Gender with GSFA

This section we present three applications of the proposed method. The first one illustrates
how to solve a regression problem with GSFA explicitly, learning a direct mapping from
images to labels (see Figure 1.c). The second application shows the analysis of two predefined graphs by computing their optimal free responses. In the third application, the ELL
method is used in a new way to learn compact discriminative labels for classification.

The main drawback of ELL is its computational efficiency compared to efficient pre-defined
training graphs, which is more marked for large N . We analyze the efficiency of explicit
label learning by considering its two main parts: The construction of the training graph
and training GSFA with it.
The graph construction requires O(L2 N + LN 2 ) operations. The term L2 N is due to
the transformation of L target labels into eigenvectors, which might require a decorrelation
step on L N -dimensional vectors. The term LN 2 is due to the computation of M, which
involves L vector multiplications uj uTj .
When GSFA is trained, three computations are particularly expensive. (1) The computation of CG , which takes O(N I 2 ) operations. (2) The computation of ĊG
 , which
can be expressed as ĊG = Q2 XDiag(v)XT − R2 XΓXT , where X = x1 , . . . , xN , taking
O(N 2 I + N I 2 ) operations. (3) The solution to the generalized eigenvalue problem, which
requires O(I 3 ) operations. Therefore, in general, training GSFA requires O(N I 2 +N 2 I +I 3 )
operations. Typically N > I to avoid overfitting, so the computation of ĊG is the most
expensive part.
However, when an efficient pre-defined graph (e.g., the serial graph) is used instead of
an ELL graph, it is possible to avoid the explicit graph construction and compute ĊG with
optimized algorithms that take into account the regular structure of the graph. In this way,

4.5 Computational Complexity of Explicit Label Learning

efficient pre-defined graphs allow the computation of ĊG in O(N I 2 ) operations, which is
equivalent to the complexity of standard SFA on N I-dimensional samples. Moreover, if
the number of edges Ne ≤ N (N + 1)/2 is small, one can use (6) to compute ĊG in O(Ne I 2 )
operations. Therefore, for these two special cases, training GSFA takes O(N I 2 + I 3 ) and
O((Ne +N )I 2 +I 3 ) operations, respectively. In Section 6.4 we further discuss the complexity
of the ELL method and in Section 6.5 we propose a few approaches to improve it.

where max(`1 ) is the largest label value, and min(`1 ) is the smallest one. As usual, we
assume the labels `1 to `K are weight decorrelated and normalized before the ELL method
is applied.
The eigenvalues corresponding to the auxiliary labels must be set smaller than those of
the original label. Otherwise, the slowest features might be more similar to the auxiliary
labels than to the original one. From now on, the term target labels will be used to refer
to the original and auxiliary labels, if present.
The use of auxiliary samples can be justified from information theory. Assume that the
samples have been ordered by increasing label `1 . This implies that for `k the argument
of the cosine function ranges from 0 to kπ. Thus `2 describes 1 oscillation, `3 describes
1.5 oscillations, etc. In this sense, the auxiliary labels are “higher-frequency” versions of
`1 . Notice that `2 contains almost all the information about `1 except for 1 bit. That is,
I(`1 , `2 ) = H(`1 ) − 1, where I is mutual information and H is entropy. Similarly, `4 loses
2 bits of information about `1 , `8 loses 3 bits, and so on. Thus, auxiliary labels contain a
large amount of information about `1 .
Moreover, the use of auxiliary labels supports the goal that samples x(n) and x(n0 )
with similar labels `1 (n) and `1 (n0 ) should have similar output features yj (n) and yj (n0 ) on
average, for 1 ≤ j ≤ J, and not only the slowest features y1 (n) and y1 (n0 ). This is a result
of the “smoothness” of the auxiliary labels in terms of `1 (i.e., how fast they change w.r.t.
`1 ). Notice that `1 , `2 , . . . , `J would be ordered by decreasing smoothness.
Interestingly, in regular SFA (or GSFA trained with the reordering graph) the inclusion
of auxiliary labels occurs automatically. The slowest free response is a half period of a
cosine function, and the subsequent free responses are the higher-frequency harmonics of
the first one (see Section 5.2, particularly Figure 7).

5. Applications of Explicit Label Learning
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input dim
per node
100
160
160
160
160
160
160
80

expanded dim
per node
40
40
40
40
40
40
40
6

output dim
per node
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node’s receptive
field (pixels)
64
80
80
80
80
80
80
40
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number
of nodes
8×8
16×8
16×16
32×16
32×32
64×32
64×64
64×64

for regression besides the serial graph. We employ the serial graph in this article, because
it has consistently given good results for various regression problems.
The serial graph allows efficient training in linear time w.r.t. N , whereas the number of
connections considered is O(N 2 ) if the number of groups is constant.

layer
8×8
4×8
4×4
2×4
2×2
1×2
1×1
1×1
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Label estimations. We used three mappings from the slowest features to the label estiˆ The first mapping (only available for the ELL graphs) is an affine transformation
mation `.
`ˆ = ±y1 σ` +µ` , where µ` and σ` had been previously computed for label normalization (25).
Since the sign of y1 is arbitrary, it is globally adjusted to fit the labels best. The second
method is linear regression (LR, ordinary least squares). For these two methods, final label
estimation `ˆ is clipped to the valid label range [−3, 2.9]. The third mapping is the soft GC
method, which provides a soft estimation based on the class probabilities estimated by a
Gaussian classifier, (trained with 60 classes Escalante-B. and Wiskott, 2013).
Results. Table 2 (left) shows the label estimation errors when gender is estimated.
Unless otherwise stated, all results have been averaged over 10 runs. Depending on the
mapping, the ELLg -10 and ELLg -40 graphs outperform the rest. This supports the intuition
that auxiliary labels are useful. 50 target labels perform worse than 40, probably in part
because the output dimensionality of the intermediate nodes in the network is 40. Without

Figure 5: Illustration of a serial training graph for gender estimation. We use K = 60
discrete label values matching the original label values {`1 = −3.0, `2 = −2.9, `3 =
−2.8, . . . , `60 = 2.9}. Therefore, for these data the labels were not discretized.
However, in general the vertices of this graph are ordered by increasing gender
value and then grouped according to their discrete label. Even if the original
labels of two samples differ, they may be grouped together in the serial graph if
they have the same discrete label. Each dot represents a sample, edges represent
connections, and ovals represent groups of samples. The samples of groups with
discrete labels `2 to `59 have a weight of 2, whereas the samples of the first and
last group with labels `1 and `60 have a weight of 1 (sample weights represented
by bigger/smaller dots). The weight of all edges is 1.

computed directly, but it can be estimated from other cues, such as the subject’s apparent
race and face size. In the following experiment only the gender label is considered, but
afterwards both labels (gender and color) are used simultaneously.
Network used. For efficiency reasons, hierarchical GSFA (HGSFA) is used, We tested
an 8-layer HGSFA network with the structure described in Table 1. The nodes of the
network have non-overlapping receptive fields and are composed of an expansion function
(x1 , . . . , xn ) 7→ (x1 , . . . , xn , |x1 |0.8 , . . . , |xn |0.8 ) followed by linear GSFA. This expansion only
doubles the data dimensionality and is called 0.8Expo (Escalante-B. and Wiskott, 2011).
The nodes of the first layer include a PCA pre-processing step that preserves 50 out of 64
components.

1
2
3
4
5
6
7
8

Table 1: Structure of the GSFA hierarchical network. The inputs to the nodes in the first
layer are 8×8-pixel patches. The input to the node in layer 8 is the output of the
node in layer 7. The inputs to all other nodes come from two nodes in the previous
layer that are contiguous either vertically or horizontally.
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Training graphs for gender estimation. We construct several training graphs using
the ELL method described in Sections 4.2–4.4. These graphs are denoted ELLg -L, where
L is the total number of target labels considered, with L ∈ {1, 10, 20, 30, 40, 50}, and the
superscript g stands for gender (later c will be used for color and g, c for gender and color).
The first target label `1 (n) is the gender parameter, where 1 ≤ n ≤ 10,800. The remaining
L − 1 labels are auxiliary and computed using (40). For comparison purposes, the serial
and reordering training graphs are also evaluated.
Serial Training Graph. To evaluate the ELL method, we also consider the serial graph
(Escalante-B. and Wiskott, 2013), which is an efficient pre-defined graph for regression with
one label. The serial training graph, shown in Figure 4, is constructed by discretizing the
original label ` into a relatively small set of K discrete label values, namely {`1 , . . . , `K },
where `1 < `2 < · · · < `K . Afterwards, the samples are divided into K groups of size
N/K sharing the same discrete labels. Edges connect all pairs of samples from consecutive
groups with discrete labels `k and `k+1 , for 1 ≤ k ≤ K − 1. Thus, connections are only
inter-group, and intra-group connections are absent. Notice that since any two vertices of
the same group are adjacent to exactly the same neighbors, they are likely to be mapped
to similar outputs by HGSFA. Following HGSFA a complementary explicit regression step
on a few features solves the original regression problem. There are several efficient graphs
19
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5.2 Analysis of Pre-Defined Training Graphs
In this section, we use the method of Section 4.1 to extract the optimal free responses of
three graphs (reordering, serial and ELL-4). The optimal free responses and their ∆ values
(alternatively, the eigenvectors uj and eigenvalues λj ) fully characterize the properties of a
training graph, and provide another representation of it that might be more useful in some
contexts.
We compute optimal free responses using (21)–(23) and their delta values using (24).
Therefore, these results have been obtained analytically. We plot them in Figure 7, which
shows an arbitrary label to be learned (top), and three different graphs that can be used

experimental results have been reported, e.g. by Guo and Mu (2014), who have shown that
age estimation improves when gender and race labels are also considered.
Learning label transformations. We verify that the method can learn other labels
that are implicitly described by the data. More precisely, we use GSFA to learn labels
(`1 )2 and (`1 )3 , which are distorted versions of the original gender label `1 . The graphs
3
2
constructed for this purpose are denoted ELLg -40(`1 ) and ELLg -40(`1 ) , respectively. Both
of them include 39 auxiliary labels besides the main distorted label. To better approximate the target labels, more complex nonlinearities are used in some of the nodes of the
hierarchical networks. The (`1 )2 network is identical to the `1 network, except that in the
top node the quadratic expansion is used instead of the 0.8Expo expansion. Similarly, the
(`1 )3 network uses the quadratic expansion in the 7th layer, and the 6th-degree polynomial
expansion in the top node. In both networks, the output dimension of the node in the 7th
layer is set to 3 to avoid overfitting due to the expansion in the 8th layer.
The corresponding label estimations are shown in Figure 6. For comparison, also the
ELLg -40 graph is included. The results prove that the ELL method can also be used to learn
distortions of the main label. Admittedly, the accuracy of the estimations (expressed as a
fraction of the respective chance levels) decreases even though we increased the complexity
of the feature space.

Table 3: Color estimation errors (RMSE) using various graphs and either one (1F) or three
(3F) features. Chance level (RMSE) is 7.447. All results computed on test data
and averaged over 10 runs. (Left) Error using training graphs that encode only
color. (Right) Error using training graphs that simultaneously encode gender and
color.

scaling
(1F)
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For comparison, the serial graph results in RMSEs of 0.351 (soft GC, 1F) and 0.349
(soft GC, 3F), whereas the reordering graph results in RMSEs of 0.353 (soft GC, 1F) and
0.347 (soft GC, 3F). The accuracy of these two graphs appears to be similar; however, in
more complex experiments the serial graph has typically been more accurate. The ELLg -40
graph is, therefore, slightly more accurate than the serial and reordering graphs but 25
times slower, taking about 250 min for training instead of about 10 min (single thread).
Simultaneous learning of gender and color. We construct a graph that encodes
gender and color simultaneously, learning labels `1 , . . . , `L , where `1 is the gender label, `2
is the color label, `3 , `5 , . . . , `L−1 are derived from `1 , and `4 , `6 , . . . , `L are derived from
`2 . Each set of labels is computed using (40) similarly to the auxiliary labels for gender
only but starting from either the original gender or color labels. The chosen eigenvalues
decrease linearly and add to one. The resulting graphs are denoted ELLg,c -L, where L is
the total number of target labels, with L = 2 × d, for d ∈ {1, 5, 10, 15, 20, 25}, and 2(d − 1)
is the number of auxiliary labels used for gender and color.
The effect of coding gender and color simultaneously on gender estimation is shown in
Table 2, right (compare to Table 2, left). The ELLg,c -L graphs yield significantly higher
accuracy than the ELLg -L graphs (an MAE as small as 0.277 vs. 0.345). The results on
color estimation using the ELLg,c -L graphs are shown in Table 3, right (compare to Table 3,
left). The slowest extracted feature represents mostly gender. However, it must also contain
color information since it allows color estimation better than chance level. When 3 features
are preserved, the ELLg,c -L graphs yield higher accuracy than the ELLc -L graphs. Similar

Table 2: Gender estimation errors (RMSE) using various graphs and either one (1F) or
three (3F) features. For the linear regression (LR) mapping, the label is estimated
as `ˆ1 = ay1 + b, with a and b fitted to the training data. Chance level (RMSE) is
1.731 if one uses the constant estimation `ˆ1 = −0.05. All errors computed on test
data and averaged over 10 runs. (Left) Estimation errors using training graphs for
gender estimation only. (Right) Estimation errors using training graphs for the
experiment on simultaneous estimation of gender and color.

scaling
(1F)

the final clipping step LR was clearly more accurate than affine mapping (experiment not
shown), but both methods have similar accuracy if clipping is enabled. For all graphs, the
explicitly supervised soft GC method provided better accuracy than the affine mapping,
although the difference is smaller than one might have expected.
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Figure 6: Plots (a) to (c) show the label estimations on test data (a single run) when different distorted versions of `1 are learned. The affine mapping is used. Therefore,
the estimations are only generated from the slowest feature. Ground-truth values
are shown in thicker black. The RMSE is expressed in parenthesis as a percentage
of the chance level. Plot (d) is analogous to (c) but shows training data.
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for this purpose. Only N = 30 samples (ordered by increasing label) are used to ease
visualization, but the plots behave similarly for larger N . The following three graphs are
employed. 1) A reordering graph (Figure 3.b) that has been extended with two edge weights
γ0,0 = 1 and γN −1,N −1 = 1 to fulfill the consistency restriction (8), which is required by
the method. These weights introduce a constant scaling N/(N + 2) of the delta values,
without any further consequence. 2) A serial graph (Section 5.1) with K = 15 groups of 2
samples each. 3) An ELL-4 graph (Sections 4.2–4.4) that is constructed with the original
labels `1 (n) = `(n), and 3 auxiliary labels computed using (40).
Figure 7 shows also that the most remarkable difference between these graphs is the
number of optimal free responses with ∆ < 2.0, which is 14 for the reordering graph, 6
for the serial graph, and 4 for the ELL-4 graph, for the parameters above. For arbitrary
parameters, the reordering, serial and ELL-L graphs have b(N − 1)/2c, b(K − 1)/2c, and,
depending on the eigenvalues, up to L ≤ N − 1 optimal free responses with ∆ < 2.0,
respectively.
Although the graphs differ considerably in their connectivity, their first four to five
optimal free responses have a somewhat similar shape. Since in all graphs the slowest free
response y1 is increasing, a monotonic mapping would be enough to approximate the label
for any of these graphs. However, the slowest response of the serial graph is constant within
each group, which might lower accuracy due to a discretization error. In contrast, the ELL4 graph has been tailored to learn a particular label, and therefore y1 is exactly `1 (the
original label) except for an offset and scaling.
The analysis makes clear that the serial and ELL-4 graphs are more selective than the
reordering graph regarding the features that they consider slow. To illustrate why this
might be √an advantage,
consider a scaled and noisy version ŷ1 of `1 . More concretely,
√
ŷ1 (n) = 22 `1 (n) + 22 e(n), where e(n) is an i.i.d. zero-mean unit-variance noise signal.
When the reordering graph is used, the feature ŷ1 has an average ∆-value of about 1 (i.e.
h∆ŷ1 i ≈ 1), and therefore such a feature would appear to be faster than an auxiliary (40)
feature y6 = `6 , because ∆`6 ≈ 0.38. Hence, a GSFA node trained with the reordering
23
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Figure 7: An arbitrary label `(n) (top) and three graphs that can be used to learn it. The
five slowest optimal free responses y1 to y5 of each graph are plotted, as well as
the delta values of all optimal free responses. The ELL-4 graph is almost fully
connected, but here only the strongest 30% of the connections are displayed.
Samples have an index n from 0 to 29, and free responses have an index j from
1 to 29. The free responses are also plotted against the original label (smaller
square plots). The polarity of the free responses was adjusted once to make them
negative for the first sample.
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where Q = N · 1 = 69,120 (N is the number of training images). These eigenvectors are
also binary and allow for a fast computation of the covariance matrix in O(LN I 2 + I 3 )
operations, where L is the number of target labels.

(5)

For both graphs, we set v = 1. The corresponding eigenvectors are uj = Q−1/2 `j ,

(28)

We choose C = 25 classes, because powers of two make it simple to obtain binary labels
with a weighted zero mean, weighted unit variance, and weighted decorrelation, as follows.
The first five original labels can be computed as `j (c) = 2( 2c−1
mod 2)−1, where 1 ≤ c ≤ C
5−j
is the class number, the division is integer division and “mod” is the modulo operation (i.e.,
an image n of class c is assigned a label `j (c)). The auxiliary labels are computed as the
product of two or more labels `1 to `5 , possibly multiplied by a factor −1 to make the label
assigned to the first class negative. More concretely, `6 is the product of all original labels,
`7 to `11 are all products of four of them, `12 to `21 are all products of three, and `22 to `31
are all products of two (e.g., `6 = `1 `2 `3 `4 `5 , `7 = −`1 `2 `3 `4 , `8 = −`1 `2 `3 `5 , `30 = −`3 `5 ,
`31 = −`4 `5 ).

For the compact+5 graph, identical eigenvalues (λ11 = λ12 = λ13 = λ14 = λ15 = 0.2) are
used to express equal importance of the target labels. The compact+31 graph has been
included to show the effect of auxiliary labels `6 , `7 , . . . , `31 . For this graph, the first five
eigenvalues (λ21 , λ22 , . . . , λ25 ) = (0.056, 0.056, . . . , 0.056) are identical, but the rest decrease
linearly: (λ26 , λ27 , . . . , λ231 ) = (0.053, 0.051, . . . , 0.004, 0.002), where only three decimal places
are shown. Thus, the importance given to the auxiliary labels decreases from `6 to `31 . For
both graphs, we scale the eigenvalues to make their sum equal to 1.

The ELL method is used to construct two training graphs with binary target labels (i.e,
label values are either 1 or −1). The first one has 5 labels (compact+5) and the second
one has 31 (compact+31). The target labels are defined in Table 4. Notice that the first 5
labels (for both graphs) suffice, in principle, to fully encode the class information, because
they can be viewed as a binary representation of the class number.

applied using different training graphs, described below. Finally, since this is a classification
problem, a nearest centroid classifier is used instead of the affine mapping.

Figure 8: The 32 traffic signs learned, one image per class.
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We used a simple (non-hierarchical) GSFA architecture, in which PCA is applied first
to reduce the dimensionality to 120 principal components. Afterwards, quadratic GSFA is

The images are represented as 48×48-pixel color (RGB) images (see Figure 8). We use
only 32 out of 43 traffic signs with the most samples, so that the number of classes is a
power of 2 and the number of samples is maximized. For the training data, we use the
same number of samples for each class (traffic sign), namely 2,160 of them, making a total
of 69,120 images. To reach 2,160 samples per class, images of some classes are used up to
6 times (since the database is unbalanced). The images used for training are distorted by
a random rotation r of −3.15 ≤ r ≤ 3.15 degrees, horizontal and vertical translations ∆x ,
∆y with −1.73 ≤ ∆x , ∆y ≤ 1.73 pixels, and a scaling factor s with 0.91 ≤ s ≤ 1.09. The
purpose of these distortions is to improve generalization and provide invariances to small
misalignments. We use the official test data, which ensures that the test images originate
from signs physically different from the ones used for training. The test data consists of
9,030 undistorted images.

In this section, we use the theory of explicit learning of multiple labels to compute
compact features for classification using GSFA. We classify images of C = 32 traffic signs
from the German traffic sign recognition benchmark database (Houben et al., 2013).

One can take advantage of hierarchical processing to do classification using the clustered
graph (HGSFA+clustered). However, when the number of classes C is large (e.g. C ≥ 100)
it might become expensive to preserve C − 1 features in each node, because the size of the
input to subsequent nodes would be a multiple of C − 1. Such a large dimensionality would
be further increased by the expansion function, resulting in a large training complexity. For
instance, consider a 2-layer nonlinear network for classification with two GSFA nodes in the
first layer and one in the top layer. Suppose the first two nodes have output dimensionality
C − 1 = 99, making the input of the top node 198-dimensional, and suppose that the top
node applies a quadratic expansion to its input data before linear GSFA. The expanded data
would have dimensionality I 0 =19,701. The combination of a large sample dimensionality
I 0 and a large number of samples N (with N  I 0 to avoid overfitting) would result in
considerable computational and memory costs. Therefore, if we could encode the class
information in the first layer more compactly, we could reduce the output dimensionality
of the first-layer nodes and reduce overfitting, aiming at increasing classification accuracy.

A well-known algorithm for supervised dimensionality reduction for classification is Fisher
discriminant analysis (FDA). According to the theory of FDA, if there are C classes, C − 1
features define a C −1 dimensional subspace that best separates the classes. In practice, one
typically uses all these C −1 features, because all of them contain discriminative information
and contribute to classification accuracy. The same holds for GSFA if the clustered training
graph is used (GSFA+clustered), because in this case the features learned are equivalent to
those of FDA (see Klampfl and Maass, 2010; Escalante-B. and Wiskott, 2013).

5.3 Compact Discriminative Features for Classification

graph would favor the extraction of y6 over ŷ1 , even though ŷ1 is more similar to the label.
In contrast, the serial and ELL-4 graphs might favor the extraction of ŷ1 , because for these
graphs ∆`6 is larger and close to 2.0.
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c→
`1 (c)
`2 (c)
`3 (c)
`4 (c)
`5 (c)
` (c)
6
` (c)
7
.
..
`30 (c)
`31 (c)
2
−1
−1
−1
−1
+1
+1
−1
.
..
+1
+1

3
−1
−1
−1
+1
−1
+1
+1
.
..
−1
+1

4
−1
−1
−1
+1
+1
−1
+1
.
..
+1
−1

5
−1
−1
+1
−1
−1
+1
+1
.
..
+1
−1

6
−1
−1
+1
−1
+1
−1
+1
.
..
−1
+1

7
−1
−1
+1
+1
−1
−1
−1
.
..
+1
+1

8
−1
−1
+1
+1
+1
+1
−1
.
..
−1
−1

9
−1
+1
−1
−1
−1
+1
+1
.
..
−1
−1

...
...
...
...
...
...
...
...
.
..
...
...

16
−1
+1
+1
+1
+1
−1
+1
.
..
−1
−1

17
+1
−1
−1
−1
−1
+1
+1
.
..
−1
−1

...
...
...
...
...
...
...
...
.
..
...
...

30
+1
+1
+1
−1
+1
−1
+1
.
..
−1
+1

31
+1
+1
+1
+1
−1
−1
−1
.
..
+1
+1
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1
−1
−1
−1
−1
−1
−1
−1
.
..
−1
−1

32
+1
+1
+1
+1
+1
+1
−1
.
..
−1
−1

Table 4: Target labels used to encode the class information, compactly expressed as a function of the class number c. The compact+5 graph is constructed with labels `1
to `5 , whereas the compact+31 graph with `1 to `31 . The first five labels can be
seen as the original ones and the rest as auxiliary.

Clustered training graph. For comparison purposes, we also consider the clustered
graph (Escalante-B. and Wiskott, 2013), an efficient pre-defined graph that generates features useful for classification, see Figure 9. The optimization problem associated with this
graph explicitly demands that samples from the same class should typically be mapped to
similar outputs.

Figure 9: Illustration of a clustered training graph for classification with C classes (traffic
signs). Each vertex represents a sample, and edges represent transitions. The
Nc samples belonging to a class c ∈ {1, . . . , C} are connected, constituting a
fully connected subgraph. Samples of different classes are not connected. Vertex
weights are identical and equal to one, whereas edge weights depend on the cluster
size as γn,n0 = 1/(Nc − 1), where x(n) and x(n0 ) belong to class c and n 6= n0 .
For traffic sign recognition, we use C = 32 signs and Nc = 2, 160 images per sign.
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The features learned by GSFA on this graph are equivalent to those learned by Fisher
discriminant analysis (FDA, see Klampfl and Maass 2010 and also compare Berkes 2005a and
Berkes 2005b). This type of problem can be analyzed theoretically when the function space
of SFA is unrestricted. Consistent with FDA, the first C −1 slow features extracted (optimal
27
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Figure 10: Classification error when GSFA is trained with the compact+5, compact+31 and
clustered graph (FDA). This error is a function of the graph and the number of
slow features d passed to the classifier. For the clustered graph, dropping even a
single feature might increase the error rate significantly. For instance, the error
rate of using 30 features computed with the clustered graph is worse than the
error rate of 13 features computed with the compact+31 graph. Performance
on 9,030 test samples, averaged over 10 runs. For d ≥ 4 the standard error or
the mean is at most 0.38%.

JMLR 17(157):1-36

free responses) are orthogonal step functions, and are piece-wise constant for samples from
the same class (Berkes, 2005a).
The classification error is plotted in Figure 10, where the number of slow features d
given to a nearest centroid classifier ranges from 4 to 31. For comparison, the clustered
graph is also evaluated. For d = 5 features, the compact+5 graph results in the best accuracy with an error rate of 11.67%, against 12.42% (compact+31) and 29.74% (clustered).
However, the error rate of the compact+5 graph increases if one preserves more than 5
features, indicating that additional features contain little or no discriminative information.
For 6 ≤ d ≤ 30, the compact+31 graph yields clearly better accuracy than the other
graphs. Interestingly, for d = 31 = C − 1 features, the compact+31 and clustered graph
give identical error rates of 2.89%, which is their top performance. In this case, the features
extracted are different but contain the same information since they can be mapped to each
other linearly. In other words, the first 31 free responses of both graphs describe the same
subspace. Any single optimal free response from the compact+31 graph contains 1 bit of
discriminative information (which might be redundant to the others). In contrast, the first
features extracted by the clustered graph might sacrifice discriminative information
to min
imize within-class variance (e.g., a feature y(c) = ( C2 )1/2 , −( C2 )1/2 , 0, 0, . . . , 0 has minimal
(zero) within-class variance but provides little discriminative information (less than 1 bit if
C ≥ 9), because most of the time the feature takes the value 0 and otherwise only the first
two classes can be identified from it). Using d > 31 features does not improve accuracy in
any case. For comparison, the highest performance obtained for this database during the
official competition is a 0.54% error rate for all 43 signs by Ciresan et al. (2012).
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One application of multiple labels is learning auxiliary labels derived from the original
one (e.g. “higher-frequency” transformations of it). The results show that encoding auxiliary
labels improves accuracy (Section 5.1). Such a technique is particularly relevant for cascaded
or convergent hierarchical GSFA networks, where the outputs of some GSFA nodes feed
other nodes. The use of auxiliary labels has been justified based on the fact that these
labels contain substantial information about the original label (Section 4.4). For instance,
as explained before, the first auxiliary label `2 only lacks one bit of information about the
original label `1 . Therefore, even if `1 does not belong to the feature space of a node, the
auxiliary labels might be (approximately) extracted, preserving information about `1 . A
GSFA node (or any supervised learning algorithm) higher in the hierarchy may then be
30

ELL allows learning multiple labels simultaneously, for instance to encode different aspects
of the input at once (e.g. object color, size, shape, orientation). The use of multiple labels
has been inspired by biological systems, where complementary information channels have
been observed and appear to improve feature robustness, for example, under incomplete
information (Krüger et al., 2013). Learning gender and color simultaneously yielded clearly
smaller estimation errors than when these labels were estimated separately (Section 5.1).
This shows that multiple label learning is not only theoretically possible, but that coding
complementary information channels might boost accuracy in practice. For instance, an
automatic system for face image processing might benefit from the simultaneous extraction
of the subject’s identity, age, gender, race, pose, and expression.

6.1 Multiple and Auxiliary Labels

In this article, we propose exact label learning (ELL) for the construction of training graphs.
When GSFA is trained with an ELL graph, the final label estimation is just an affine
transformation of the slowest extracted feature. Thus, the method allows the direct solution
of regression problems with GSFA, without having to resort to a supervised post-processing
step. In other words, given a new input sample (e.g., an input image) the first feature
computed using an ELL graph directly provides an approximation of the label (or an affine
transformation of it). In practice, even better results may be achieved using more than one
feature and supervised post-processing.
Supervised learning problems on high-dimensional data are of great practical importance, but they frequently result in systems with large computational demands. A common
approach is to apply feature extraction, dimensionality reduction, and a supervised learning
algorithm. A promising alternative approach is hierarchical GSFA (HGSFA), because its
complexity scales in some cases even linearly w.r.t. the input dimensionality and the number
of samples. In this context, it is especially useful to train HGSFA with an ELL graph since
the resulting architecture is simple and homogeneous, as shown in Figure 1.c.
We have proposed a method to compute the optimal free responses of a training graph
analytically. This method allows us to understand the type of features that can be extracted
from a training graph independently of the feature space. Moreover, it has allowed us to
propose the ELL method, where the labels are explicitly considered to create the training
graph. In the resulting ELL graph, the optimal free responses are equal to a normalized
version of the labels, and if the feature space is complex enough, HGSFA will learn features
that approximate (or span) the original labels.
Graphs with negative edge weights would result in negative transition probabilities,
violating the probabilistic interpretation of the graph, and might yield features with negative
∆ value, contradicting the notion of slowness. Therefore, we also show how to transform a
graph to make the edge weights non-negative without altering the extracted features.
We have proved the usefulness of the ELL method by showing three types of applications
that are relevant in practice: ELL regression with multiple labels, analysis of training
graphs, and classification with compact discriminative features.
It is crucial to emphasize that GSFA optimizes feature slowness, which depends on the
particular training graph used, and not label estimation accuracy. However, when the ELL
method is used, the training graphs define a slowness objective that requires optimizing
an output similarity function where the similarities are intimately related to the desired
label similarities. As a consequence, the feature slowness objective and estimation accuracy
objective become equivalent when the feature space F is unlimited. That is, the slowest
possible features that can be extracted (i.e. optimal free responses) are equal to a normalized
version of the label(s). In practice, F is finite to allow generalization from training to test
data and, if the features extracted are slow enough (i.e. close to the optimal free responses),

We would like to underline that the ELL method is not equivalent to linear regression
from the data to the (weight-decorrelated and normalized) target labels `1 , . . . , `L . Any feasible feature
vector ỹ can be decomposed in terms of the optimal free responses y1 , . . . , yN −1
PN −1
αj yj , with αT α = 1 to ensure weighted unit variance. The ELL method
as ỹ = j=1
ensures that the first L optimal free responses y1 , . . . , yL are equal to the target labels
`1 , . . . , `L and have ∆ values ∆1 , . . . , ∆L . The remaining free responsesP
are defined implic−1
2
itly and have ∆L<j<N = 2. The ∆ value of ỹ can be expressed as ∆ỹ = N
j=1 (αj ) ∆j . Let
ỹ1 , . . . , ỹJ be concrete output features of GSFA for particular data using an ELL graph.
We remark that the features ỹ1 , . . . , ỹJ are ordered by slowness, and ỹj does not necessarily
approximate yj . In particular, ỹ1 is the slowest possible feature in the feature space, and
it may be a linear combination of the free responses that is uncorrelated with y1 = `1 if y1
cannot be approximated in the feature space (although this extreme case is less likely). In
contrast, if one used linear regression, each one of the target labels would be approximated
separately (i.e., ỹj would approximate yj ) regardless of the quality of the approximation.
This would be mostly disadvantageous when used hierarchically. For instance, if a node in a
network has output dimensionality J < L (this scenario is frequent in the lower layers of the
network), it is preferable to preserve the J slowest extractable features than the (eventually
poor) linear approximations of `1 , . . . , `J .

they are also good solutions to the original regression problem. If the slowest feature
extracted is not sufficiently similar to the label, one can enhance the mapping from features
to labels by mapping more than one output feature, and one can boost feature slowness by
including auxiliary labels in the graph construction, as explained in Section 6.1.

The method of compact discriminative classes provides more accurate label estimations
if the feature space is complex enough to allow the extraction of features that approximate
the binary labels. If the feature space is poor, the compact graphs might not bring any
advantage over the clustered one.

6. Discussion

Escalante-B. and Wiskott
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able to approximate `1 more accurately by making use of the information carried by the
auxiliary labels. Additionally, auxiliary labels have also been justified by a smoothness
heuristic, where samples n and n0 having similar labels `1 (n) and `1 (n0 ) should have similar
output features yj (n) and yj (n0 ), for 1 ≤ j ≤ J. Without auxiliary labels only the first
output feature would have this property, and the remaining features might vary quickly
w.r.t. the original label.
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6.2 Application of the ELL Method
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We have devised the following possible extensions (which may be combined):
(1) Graph trimming. One might compute sparse approximations of the ELL graphs
with significantly less than O(N 2 ) edges. For example, one might delete a fraction of the
edges having the smallest weights or a random selection of all the edges.

6.5 Extensions of ELL

The complexity of training a single GSFA node with an ELL graph is O(IN 2 + I 2 N + I 3 )
operations, where I is the input dimensionality (possibly after a nonlinear expansion), and
N > I is the number of samples. For comparison, the serial graph has a complexity of
O(I 2 N + I 3 ). Thus, the main limitation of using ELL graphs is the training complexity
when N is large. However, this might not be a big disadvantage for the following reasons:
(1) The complexity of the ELL method is comparable to the complexity of LPP. Similarity
matrices in LPP are typically computed using nearest neighbors. In practice, the complexity
of computing these matrices is similar to O(IN 2 ) (He, 2005), and the remaining steps of
LPP have complexity O(I 2 N + I 3 ) if the number of edges is linear w.r.t. N .
(2) The experiment on the estimation of gender shows that it is feasible to apply the ELL
method to 10,800 64× 64 images in 250 min (single thread, Intel Core i7-870 2.93GHz, 16
GByte RAM). This might be fast enough for some real-life applications.
(3) The ELL method is of theoretical interest in any case, allowing the analysis of training
graphs and providing insights for the design of better hand-crafted graphs.
In case better efficiency is still necessary, we outline a few extensions to the ELL method
in Section 6.5, two of them trading accuracy for speed.

6.4 Efficiency of ELL

perfect classification, the experiments show that additional target labels via auxiliary labels
improve classification accuracy in practice.
Interestingly, the clustered graph for C classes (equivalent to FDA) and the compact+(C−
1) graph are equivalent if the latter is constructed with constant positive eigenvalues
λ1 = · · · = λC−1 = 1/(C − 1). The reason for this equivalence is that this compact+(C − 1)
graph would only have within-class transitions, because transitions between different classes
cancel out each other. Therefore, the clustered graph can be seen as a special case of the
compact+(C − 1) graph, with maximum label redundancy (C − 1 target labels) and giving
equal importance (eigenvalues) to all of them.
For simplicity we used binary target labels, but it is also possible to use C-valued labels.
For instance, the first label can be the class number, and additional labels can be random
permutations of this assignment (label decorrelation and normalization still apply). Ideally,
these labels might result in an even more compact representation, because a single optimal
free response encodes the class information.
Contrary to many approaches for classification based on LPP, the goal of the ELL
method is strictly focused on learning the label information while being invariant to any
other aspect of the data. Since we do not intend to learn the input manifold, we do not use
nearest neighbors to compute the training graph. However, as shown by the (regression)
experiments on simultaneous gender and color estimation, learning specific additional labels
can also be useful to better disentangle the discriminative information.

The experiments on gender (and skin-color) estimation from artificial face images demonstrate that the ELL method also works in practice when used hierarchically.
The experiments of Section 5.1 and the analytical results of Section 5.2 show the strength
of the serial graph when only a single label is available. In this case, the ELL graph provided
marginally better estimations than the serial graph (an RMSE of 0.345 with the ELLg -40
graph vs. 0.349 with the serial graph, in both cases using 3 features, the soft GC postprocessing method, and averaging over 10 runs), but the computation time was 25 times
longer. We verified that the difference is statistically significant.
Although the shape of the slowest feature extracted with the serial graph may be less
similar to the label, a monotonic transformation of the slowest feature learned by a nonlinear
supervised step (e.g. soft GC) may suffice to approximate it.
However, the results suggest that if two or more (intrinsically connected) labels are
available, the accuracy of using ELL graphs further increases. Efficient pre-defined graphs
are not available in this case. In the gender estimation experiment, the RMSE was improved
to 0.277 by jointly learning gender and skin (ELLg,c -(2 × 5) graph, 3 features, soft GC).
This is much better than the serial graph. Hence, a particularly promising application for
the ELL method is multiple label learning.
Various methods for mapping the slowest feature to a label were tested. The affine
mapping method is interesting from a theoretical point of view. However, as one would
expect, the soft GC method, which is nonlinear and supervised, provides better accuracy
on test data. Therefore, the latter might be preferred in practical applications. Moreover,
in this scenario, supervised post-processing methods might be computationally inexpensive,
because their input is frequently low-dimensional (e.g., we only used 1 to 3 slow features
for gender estimation).
6.3 Classification with ELL
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Although ELL was originally designed for regression, we have shown that it can also be
useful for classification when particular labels are learned. The experiment on traffic sign
classification shows the benefit of using compact discriminative features, implemented here
by learning multiple binary labels. The resulting system has a much smaller classification
error than the clustered graph (equivalent to nonlinear FDA) when the number of output
dimensions is less than C − 1, where C is the number of classes. The compactness of the
feature set can be useful to do classification with many classes. This is particularly beneficial
for hierarchical GSFA because less features have to be propagated by the network, which
might also reduce overfitting. Although ideally log2 (C) binary target labels suffice for
31
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Hierarchical processing and the slowness principle are two powerful brain-inspired learning
principles. The strength of SFA originates from its theoretical foundations in the field of
learning of invariances and the generality of the slowness principle. For practical supervised
learning applications, HGSFA provides good accuracy and efficiency and still profits from
strong theoretical foundations. An advantage of relying on such general principles is that the
resulting algorithms are application independent and not confined to a particular problem
or input feature representation. Of course, fine tuning the network parameters and the
integration of problem-specific knowledge are always possible for additional performance.
The proposed ELL method explores the limits of HGSFA and is valuable as a theoretical
tool for the analysis and design of training graphs. However, the results show that with
certain adaptations (e.g., the use of supervised post-processing) it is also sufficiently robust
to be applied to practical computer vision and machine learning tasks.

In future work, we would like to explore the extensions above. For example, it seems
reasonable to combine the serial and the reordering graph. The first one has a large number
of edges, which provides good generalization, whereas the second one does not incur in
the quantization error of the serial graph caused by its grouping of samples. Thus, the
combination might improve accuracy.
Although the ELL method supports multiple labels, it might be less effective if the
number of target labels L is large. However, in this case the labels are frequently categorical

6.6 Future Work

The third extension can be used to combine ELL and/or pre-defined graphs without
distinction. In an upcoming work, Escalante-B. and Wiskott (2016) combine three efficient
pre-defined graphs for face image analysis: two clustered graphs for classification of race
and gender, and a serial graph for the estimation of age. The accuracy for age estimation on
the MORPH-II database using the combined graph (and an improved version of HGSFA)
is a mean average error (MAE) of 3.50 years, which is more accurate than the current
state-of-the-art systems for this database (Yi et al., 2015 with an MAE of 3.63 years and
Guo and Mu, 2014 with an MAE of 3.92).

Γ1
Γ2
c
the ∆ value of y for the original graphs. Then, ∆Γ
y = α∆y + (1 − α)∆y . This implies
1
that if a feature y has a ∆-value smaller than an arbitrary constant β (i.e., ∆Γ
y < β) and
2
it is not larger than β in the second one (i.e., ∆Γ
y ≤ β), it can be warranted that it will
c
be also smaller than β in the combined graph (i.e., ∆Γ
y < β) for any 0 < α < 1. This
property may be useful to create graphs with optimal free responses that span various labels.

(10)

and sparse. Therefore, we would like to investigate methods that concentrate the label
information (e.g., by computing a compressed representation of the labels) to reduce the
number of effective labels.
We have proposed a method to set the auxiliary labels, and have explained why it is
meaningful to use them. However, one could choose them according to some optimization
criterion, e.g., to explicitly maximize estimation accuracy. Also the assignment of the
eigenvalues could be optimized. Apparently it is difficult to determine optimal auxiliary
labels and their eigenvalues analytically. For classification with C = 32 classes, linearly
decreasing eigenvalues (for the auxiliary labels) provided great results, but other eigenvalues
might be better if C is very large.
In the ELL method, several eigenvalues were set to zero and the corresponding eigenvectors remained unspecified. As suggested by a reviewer, one could use these eigenvectors
and eigenvalues to construct graphs with special structural constraints, such as a minimum
and maximum number of edges per vertex.

(2) Sample grouping. Another method first groups the input samples according to
their labels, resulting in K groups of N/K samples each. The ELL method is then applied
to the average labels of the groups to compute a reduced graph with K vertices and O(K 2 )
edges. If the largest number of labels L is used, i.e. L = I, the reduced graph can be
constructed in O(IK 2 + I 2 K) operations. Afterwards, one can derive a specialized method
to train GSFA using the reduced graph. Such a method considers the transitions between
all pairs of samples of two connected groups, in the same way as the serial graph. This
avoids the explicit computation of the full edge-weight matrix of size N × N . The training
2
2 2
3
2
complexity would then
√ be O(I N + I K + I ) using O(I K + N
√I) memory. An
√ interesting
value for K is K = N , which divides the training data in N groups of N samples
each, resulting in O(I 2 N + I 3 ) operations. The term I 2 K in the memory complexity might
be large, but one can sacrifice some performance to reduce memory usage, resulting in
O(I 2 N + I 2 KN + I 3 ) operations and O(I 2 + N I) memory.
(3) Combination of graphs. Under some conditions, we show how to combine training graphs meaningfully. Consider two training graphs that fulfill the consistency restriction
(9) and share the same vertices (samples) x(n) and vertex weights v(n). Let Γ1 and Γ2 be
the corresponding edge weight matrices, and 0 < α < 1 be a weighting factor. The combined graph has the same vertices and node weights, but a combined edge weight matrix
def
Γc = αΓ1 + (1 − α)Γ2 . Assume that 1T Γ1 1 = 1T Γ2 1 = R (otherwise the edge weights of
one graph can be scaled). Since the vertices and vertex weights are identical, a feature y
Γ2
1
that is feasible for one of the graphs is also feasible for the other two. Let ∆Γ
y and ∆y be
6.7 Conclusion
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Modeling temporal sequences has been an important problem in machine learning because
of the natural time dependence in many data sets. The Restricted Boltzmann Machine
(RBM), a type of probabilistic neural network, has become popular as a result of the use of
an efficient learning algorithm called contrastive divergence (Hinton, 2002). In particular,
its use in the construction of Deep Belief Networks (Hinton and Osindero, 2006) has led to
widespread use in a number of machine learning tasks. One major drawback of the basic
model, however, is the difficulty in using these models to capture temporal dependence in a
data set. Several refinements of the model have attempted to combine the efficient statistical
modeling of RBMs with the dynamic properties of Recurrent Neural Networks (Hinton and
Osindero, 2006)(Taylor et al., 2006)(Le Roux and Bengio, 2008). These include the Temporal Restricted Boltzmann Machine (TRBM), the Recurrent Temporal Restricted Boltzmann
Machine (RTRBM), and the Conditional Restricted Boltzmann Machine (CRBM). Boltzmann machines, and RBMs have been shown to be universal approximators for probability
distributions on binary vectors (Freund and Haussler, 1991)(Younes, 1996)(Le Roux and

1. Introduction

The Restricted Boltzmann Machine (RBM) has proved to be a powerful tool in machine
learning, both on its own and as the building block for Deep Belief Networks (multi-layer
generative graphical models). The RBM and Deep Belief Network have been shown to be
universal approximators for probability distributions on binary vectors. In this paper we
prove several similar universal approximation results for two variations of the Restricted
Boltzmann Machine with time dependence, the Temporal Restricted Boltzmann Machine
(TRBM) and the Recurrent Temporal Restricted Boltzmann Machine (RTRBM). We show
that the TRBM is a universal approximator for Markov chains and generalize the theorem
to sequences with longer time dependence. We then prove that the RTRBM is a universal
approximator for stochastic processes with finite time dependence. We conclude with a
discussion on efficiency and how the constructions developed could explain some previous
experimental results.
Keywords: TRBM, RTRBM, machine learning, universal approximation
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where v ranges over the sample space of R and P . It can be shown that for any  > 0, given
a probability distribution R on V there is a Boltzmann Distribution given by an RBM P
such that KL(R||P ) <  (Le Roux and Bengio, 2008)(Freund and Haussler, 1991). Our goal
now is to prove the same result where R satisfies certain temporal dependency conditions
and P is a TRBM.

KL(R||P ) =

In order to measure how well one distribution approximates another we use the KullbackLeibler divergence, which for discrete probability distributions is given by

1.2 Approximation

1
where σ(x) = 1+exp(−x)
. A similar equation holds for the hidden units. Variations of the
RBM which use real-valued visible and hidden units (or mixes of the two) exist but will not
be considered here.

j



X
P (vi = 1|h) = σ 
wi,j hj + ci 

distribution is entirely defined by (W, b, c) and is referred to as a Boltzmann Distribution.
We are generally concerned with the marginal distribution of the visible units. When we
refer to the distribution of an RBM we are referring to the marginal distribution of its
visible units. The marginal distribution of a single visible node is given by

where the set of binary vectors X is partitioned into visible
X = V ×H
P and >hidden units
exp(v W h + c> v + b> h). This
and Z is the normalization factor, in other words Z =

P (v, h) = exp(v > W h + c> v + b> h)/Z

An RBM defines a probability distribution over a set of binary vectors x ∈ {0, 1}n = X as
follows

1.1 The Restricted Boltzmann Machine

Bengio, 2008). Furthermore the related Deep Belief Networks have also been shown to
be universal approximators even when each hidden layer is restricted to a relatively small
number of hidden nodes (Sutskever and Hinton, 2010)(Le Roux and Bengio, 2010)(Montufar and Ay, 2011). The universal approximation of CRBMs follows immediately from that
of Boltzmann machines (Montufar et al., 2014). The question we wish to address here is
the universal approximation of stochastic processes by TRBMs and RTRBMs.
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2. Universal Approximation Results for the TRBM
A TRBM defines a probability distribution on a sequence xT = (x(0) , ..., x(T −1) ), x(i) ∈
{0, 1}n , x(i) = (v (i) , h(i) ), given by

k=1

TY
−1

P (v (k) , h(k) |h(k−1) ) P0 (v (0) , h(0) ).

exp(v (t)> W h(t) + c> v (t) + b> h(t) + h(t)> W 0 h(t−1) )
P (v (t) , h(t) |h(t−1) ) =
,
Z(h(t−1) )
!
P (v T , hT ) =

This distribution is defined by the same parameters as the RBM along with the additional
parameters W 0 . The TRBM can be seen as an RBM with a dynamic hidden bias determined
by W 0 h(t−1) . The initial distribution, P0 (v (0) , h(0) ), is the same as P (v (t) , h(t) |h(t−1) ) with
h(0)> binit replacing h(t)> W 0 h(t−1) for some initial hidden bias binit . Note that W 0 is not
symmetric in general. We call the connections between h(t−1) and h(t) with weights in W 0
temporal connections.
2.1 Universal Approximation Results for the Basic TRBM

k=m

TY
−1

R1 (v (k) |v (k−1) , ..., v (k−m) ) R0 (v (0) , ..., v (m−1) )

Our approximation results will deal with distributions which are time-homogeneous and
have finite time dependence. These distributions can be written in the form
!
R(v T ) =

where R1 is the transition probability and R0 is the initial distribution. We first show that
a TRBM can approximate a Markov chain (distributions of the above form with m = 1)
for a finite number of time steps to arbitrary precision. We begin by proving a lemma.
Here Pt is the marginal distribution of P over (v (0) , . . . , v (t) ). Similarly R0,t is the marginal
distribution of R0 over (v (0) , . . . , v (t) ).
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Lemma 1: Let R be a distribution on a finite sequence of length T of n-dimensional binary
vectors that is time homogeneous with finite time dependence. Given a set of distributions
P on the same sequences, if for every  > 0 we can find a distribution P ∈ P such that for
every v T ,
KL(R1 (·|v (t−1) , ..., v (t−m) )||Pt (·|v (t−1) , ..., v (0) )) <  for m ≤ t < T − 1,
KL(R0,t (·|v (t−1) , ..., v (0) )||Pt (·|v (t−1) , ..., v (0) )) <  for 0 < t < m,
and KL(R0,0 (·)||P0 (·)) < ,
then we can find distributions P ∈ P to approximate R to arbitrary precision.
Proof: The proof is given in the appendix.
Now we use this lemma to prove our first universal approximation theorem. In this case P
is the set of distributions given by a TRBM. Note that throughout this paper P will often
be used to refer to a TRBM. When we say P is a TRBM we are referring to the distribution
associated with a set of parameters defining the TRBM.

3

Odense and Edwards

Theorem 1: Let R be a distribution over a sequence of length T of binary vectors of
length n that is time homogeneous and satisfies the Markov property. For any  > 0 there
exists a TRBM defined on sequences of length T of binary vectors of length n with distribution P such that KL(R||P ) < .
Proof: By the previous lemma we will be looking for a TRBM that can approximate the
transition probabilities of R along with its initial distribution. The proof will rely on the
universal approximation properties of RBMs. The idea is that given one of the 2n configurations of the visible units, v, there is an RBM with distribution Pv approximating
R1 (·|v (t−1) = v) to a certain precision. The universal approximation results for RBMs tell
us that this approximation can be made arbitrarily precise for an RBM with enough hidden
units. Furthermore, this approximation can be done with visible biases set to 0 (Le Roux
and Bengio, 2008). We thus set all visible biases of our TRBM to 0 and include each of
the approximating RBMs without difficulty. We label these RBMs H1 , ..., H2n . Given a
specific configuration of the visible nodes v, Hv refers to the RBM chosen to approximate
R1 (·|v (t−1) = v).

The challenge then is to signal the TRBM which of the 2n RBMs should be active at the
next time step. To do this we include 2n additional hidden nodes which we will call control
nodes, each corresponding to a particular configuration of the visible units. Thus we add
2n control nodes, hc,1 , ..., hc,2n corresponding to the hidden nodes H1 , ..., H2n . Again, given
a particular visible configuration v, we denote the corresponding control node by hc,v . The
set of all control nodes will be denoted Hc . Note that (c, v) is the label of hc,v and weights
0
involving hc,v will be denoted w(c,v),i or wj,(c,v)
. The control nodes will signal which of the
Hi ’s should be active at the next time step. To accomplish this we will choose parameters
such that when v is observed at time t − 1, hc,v will be on at time t − 1 with a probability
close to 1 and every other control node will be off at time t − 1 with probability close to
1. Each hc,v will have strong negative temporal connections to every Hv0 with v 0 6= v, in
essence turning off every RBM corresponding to R1 (·|v (t−1) = v 0 ), and leaving the RBM
corresponding to R1 (·|v (t−1) = v) active (see Fig. 1). We will break the proof down into
four parts and we must be able to choose parameters that satisfy all four conditions.

First, we must be able to choose parameters so that given v (t−1) = v, the probability
(t−1)
(t−1)
that hc,v = 1 can be made arbitrarily close to 1 and the probability that hc,v0 = 1 can be
made arbitrarily close to 0. Second, we must have that the control nodes have no impact on
the visible distribution at the same time step so the transition probabilities of the TRBM
will still approximate R1 (·|v (t−1) = v). Third, we must be able to choose parameters so
(t−1)
(t−1)
that given hc,v = 1 and hc,v0 = 0, the probability that any nodes in Hv0 are on at time t
can be made arbitrarily close to 0 for v 0 6= v. Finally, we must be able to approximate the
initial distribution R0 .

JMLR 17(158):1-21

Note in the TRBM temporal data cannot flow directly from the visible nodes to the hidden
nodes at the next time step. In contrast, by using the visible nodes at time t as input and
the visible nodes at time t+1 as output, in the CRBM there is a direct relationship between
the visible nodes at time t and the hidden nodes at time t + 1. The CRBM is known to be
a universal approximator (Montufar et al., 2014). The main challenge for the TRBM is to

4

t

V

hc,1

H0

H1

..
.

H2n

t+1

V
hc,1

..
.

hc,2n

5
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the set of configurations H (t) \Hc,v . See Appendix A for a partial list of relevant notation.

(t)

A note on notation. Throughout the proof H will denote the set of hidden nodes and
(t)
H (t) will denote the set of configurations of hidden nodes at time t. Similarly Hv will
(t)
denote the set of configurations of the hidden nodes in which hi = 0 if hi 6∈ Hv . Similar
conventions are used for Hc . (H\Hc )(t) then denotes the set of configurations of non-control
nodes. This is used in scenarios where we want to sum over a certain subset of hidden nodes
(t)
and ignore the others, which is equivalent to simply setting all other nodes to 0. Hc,v de(t)
(t)
(t)
(t)
0
notes the set of configurations of h with hc,v = 1 and hc,v0 = 0 for v 6= v . H̄c,v denotes

0
To choose temporal connections, define wj,(c,v)
to be −α if hj ∈ Hv0 where v 0 6= v and 0
0 = 0. In particular, remembering that W 0 is not necessarily
otherwise. Let every other wi,j
0
symmetric, we have w(c,v),j
= 0 for all hj . The only parameters left to define are the biases and visible-hidden connections of Hc . Let b(c,v) = −(k − 0.5)β where k is the number
of visible nodes on in v. Finally, define the connections from the visible units to hc,v by
wi,(c,v) = β if vi is on in the configuration v and −β otherwise. Here the parameters of the
control nodes are completely determined by α and β. We will proceed by showing that all
necessary conditions are satisfied when α and β are large enough.

Figure 1: Interactions between sets of nodes within and between time steps:
each hc,v turns off every Hv0 : v 6= v 0 in the subsequent time step. hc,v will only be
on if v is observed at time t and collectively the control nodes Hc have negligible
effect on the visible distribution. H0 is an additional set of hidden units that
will be used to model the initial distribution.

H0

H1

..
.

..
.

hc,2n

∈ {0, 1}n and v ∈ {0, 1}n ,

i

P

(t)

vi wi,(c,v) =

(t)

σ

σ

i

X

i

(t)

(t)
vi wi,(c,v)

!

= σ(0.5β).

≤ σ(−0.5β).

!

+ b(c,v) )

vi wi,(c,v) + b(c,v)

X

(t)

P

c,v (t)

(t)

v (t)

P

P (v (t) , h(t) |h(t−1) )

c,v (t)

P

c,v (t)

(t)

P (v (t) , h(t) |h(t−1) )

.

(1)

h(t) ∈H̄

c,v (t)

(t)
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We also have that
=
for all h(t) , v (t) and
by definition
X
(t)
P (h(t) |v (t) , h(t−1) )P (v (t) |h(t−1) ) = P (H̄c,v(t) |v (t) , h(t−1) )P (v (t) |h(t−1) ).

v (t) h(t) ∈H̄ (t)

P

h(t) ∈H̄

P (h(t) |v (t) , h(t−1) )P (v (t) |h(t−1) )

P (v (t) , h(t) |h(t−1) ) +

P (v (t) , h(t) |h(t−1) ) +

P (v (t) , h(t) |h(t−1) )

c,v (t)

v (t) h(t) ∈H (t)

= P

h(t) ∈H

P

Step 2:
Here we show that by making β large enough we can make the effect of the control nodes
on the visible distribution at the same time step negligible. Take any v (t) , for all h(t−1) , we
have
P (v (t) |h(t−1) )
P (v (t) |h(t−1) ) = P
P (v (t) |h(t−1) )

P (H̄c,v(t) |v (t) , ..., v (0) ) < 0 .

(t)

0 > 0 there exists some β0 such that β > β0 implies |1 − P (Hc,v(t) |v (t) , ..., v (0) )| =

So as β → ∞, P (Hc,v(t) |v (t) , ..., v (0) ) → 1. In other words, for all v (t) , ..., v (0) and all

Otherwise

Thus if v = v (t) ,

i

aβ − bβ where a is the number of nodes on in both v and v (t) and b is the number of
nodes on in v (t) but off in v. Since b(c,v) = −(k − 0.5)β if v 6= v (t) , then either a < k,
P (t)
in which case
vi wi,(c,v) + b(c,v) ≤ −0.5β, or a = k and b ≥ 1, which again implies
i
P (t)
vi wi,(c,v) + b(c,v) ≤ −0.5β. If v = v (t) then aβ − bβ + b(c,v) = kβ − (k − 0.5)β = 0.5β.

where σ is the logistic function. Note that for all

v (t)

i

Step 1:
(t)
For this step we show that as β → ∞ we have P (Hc,v(t) |v (t) , . . . , v (0) ) → 1. Note that
given the visible state at time t, the state of the control nodes at time t is conditionally
independent of all other previous states. With this in mind, we can write the probability
of a control node being on at time t as
!
X (t)
(t)
(t)
(0)
P (hc,v = 1|v , ..., v ) = σ
vi wi,(c,v) + b(c,v) ,

encode the visible state in the control unit so that information can be passed to the hidden
nodes at the next time step without the encoding changing the visible distribution. This is
covered in Steps 1 and 2. Step 3 verifies that the correct distribution can be recovered from
the encoding and Step 4 shows we can simulate the initial distribution without changing
the rest of the machine.

H2n
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(t)

By Step 1, there exists a β0 such that for any β > β0 we have P (H̄c,v(t) |v (t) , ..., v (0) ) < 0

(2)

(t)

(t)

i

i

X

X

(t)

vi wi,j + bj

!

.

!

vi wi,j + bj − α .

(t)

= 1 and wj,(c,v) = −α. This gives us

P̃ (hj = 1|v (t) , h(t−1) ) = σ

X

(t)

1|v (t) ). Now take a hidden unit hj ∈ Hv0 with v 0 6= v. Since v 0 6= v and
(t−1)

P̃ (hj = 1|v (t) , h(t−1) ) = σ

Step 3:
In this step, remembering that Pv is the distribution of the RBM corresponding to R1 (·|v (t−1) =
(t−1)
v), we show that as α and β are increased to infinity, if h(t−1) ∈ Hc,v then P (v (t) |h(t−1) ) →
Pv (v (t) ) for all v (t) . First note that since the states of any two hidden nodes at time t are
(t)
(t)
independent, P (hj = 1|v (t) , h(t−1) ) = P̃ (hj = 1|v (t) , h(t−1) ). Here P̃ is the system without
control nodes, defined in the previous step. Take any v (t) and consider some configuration
(t−1)
(t−1)
h(t−1) ∈ Hc,v . We have hc,v0 = 0 for all v 0 6= v and wj,(c,v) = 0 for hj ∈ Hv , giving us

but this is just the probability of v (t) when we remove the control nodes. Thus for
any v (t) and 1 > 0 there exists a β0 such that β > β0 implies that for all h(t−1) ,
|P (v (t) |h(t−1) ) − P̃ (v (t) |h(t−1) )| < 1 . Furthermore, this is unchanged by increasing α.

P (v (t) , h(t) |h(t−1) ) < 0 .

for all v (t) , ..., v (t−1) . Since the only connections going to a control node are from the
visible units, given v (t) , the state of the control nodes are conditionally independent of
v (t−1) , ..., v (0) and h(t−1) . Since P (v (t) |h(t−1 ) < 1, we have that β > β0 implies that
(t)
P (H̄c,v(t) |v (t) , h(t−1) )P (v (t) |h(t−1 ) < 0 , giving us that for β > β0 and all v (t) ,
X
(t)

c,v (t)

h(t) ∈H̄
(t)

Note that this inequality is independent of α. Increasing α has no effect on P (H̄c,v(t) |v (t) , h(t−1) )

and P (v (t) |h(t−1) ) is bounded above by 1 so even after increasing α arbitrarily the inequality will hold with the same choice of β. Looking back to equation (1), as β →
∞ the
hand terms in both the numerator and denominator go to 0. Consider
P right (t)
P (v , h(t) |h(t−1) ). For all v (t) , this is bounded above by 1 and since we are
(t)

!

, then hc,v

(t)
Pv (hj =
(t−1)

This is

(t)

c,v (t)

P (v (t) , h(t) |h(t−1) )
.

0
wi,j

P (t) (t−1) 0
hi hj
wi,j

!

(t) (t−1)

hi hj

(t) (t−1)

i,j

P

i,j

P (v (t) , h(t) |h(t−1) )

P

!,

1

=

X

P̃ (v (t) |h(t−1) ) =

(t)

(t)

P̃ (v (t) , h(t) |h(t−1) ).

P̃ (v (t) , h(t) |h(t−1) )

(t)

h(t) ∈(H\Hc )(t) \Hv

X

h(t) ∈(H\Hc )(t)

P̃ (v (t) , h(t) |h(t−1) ) +

(t)

α1

P̃ (v (t) |h(t−1) ) −

P

P̃ (v (t) , h(t) |h(t−1) )

P̃ (v (t) , h(t) |h(t−1) )

(t)

(t)

h(t) ∈Hv

P

v (t) ,h(t) ∈Hv

8

< 1 ,

(3)
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of configurations, v (t) , we can take α large enough so that this is true for all v (t) . So for any
we can choose α >
so that

Note that P̃ (v (t) , h(t) |h(t−1) ) = P̃ (h(t) |v (t) , h(t−1) )P̃ (v (t) |h(t−1) ), hj and hi are independent for all i, j, and P̃ (v (t) |h(t−1) ) < 1. Thus we have that α > α0 implies that if
(t)
h(t) ∈ (H\Hc )(t) \Hv , then P̃ (h(t) |v (t) , h(t−1) )P̃ (v (t) |h(t−1) ) < 0 . So as α → ∞, the right
hand term of (3) goes
for any 1 there exists an α1 such that α > α1 implies
P to 0.(t)So (t)
|P̃ (v (t) |h(t−1) ) −
P̃ (v , h |h(t−1) )| < 1 . Note that since there are a finite number
h(t) ∈Hv

(t)

h(t) ∈Hv

Since hj is not a control node, wi,j is fixed for all vi . Thus as α → ∞, P̃ (hj =
1|v (t) , h(t−1) ) → 0. So for any 0 > 0 there exists α0 such that α > α0 implies that if
(t)
hj ∈ Hv0 with v 6= v 0 , |P̃ (hj = 1|v (t) , h(t−1) )| < 0 . Now we have

h(t) ∈H

(t)

P

h(t) ∈H
c,v (t)

P
c,v (t)

+ 0.5β +

(t)

0
wi,j

(t) (t−1)

0
wi,j
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hi hj

hi hj
P
i,j

i,j

bj hj +

(t)

bj hj +

bj hj + 0.5β +

(t)

(t)
bj hj

P (v (t) , h(t) |h(t−1) )

P (v (t) , h(t) |h(t−1) )

v (t) h(t) ∈H (t)

lim P (v (t) |h(t−1) ) = lim P
β→∞

c,v (t)

(t)

P

+

P

P

P

j:hj ∈(H\Hc )

j:hj ∈(H\Hc )

j:hj ∈(H\Hc )

j:hj ∈(H\Hc )

v (t) h(t) ∈H (t)
(t) (t)
vi hj wi,j

(t) (t)

vi hj wi,j +

(t) (t)

vi hj wi,j +

vi hj wi,j +

(t) (t)

P

c,v (t)

P

h(t) ∈H

P̃ (v (t) |h(t−1) ) := P
P

P

P

P

i,j:hj ∈(H\Hc )

i,j:hj ∈(H\Hc )

i,j:hj ∈(H\Hc )

i,j:hj ∈(H\Hc )

β→∞

exp

exp

exp

exp

!

h(t−1) ∈ Hc,v

P

P

c,v (t)

(t)

summing over h(t) ∈ Hc,v(t) , Step 1 tells us this is strictly increasing in β. This tells us that
limit of the numerator and denominator of (1) are both finite and non-zero giving us that

P

h(t) ∈H

Define

=
c,v (t)

P

(t)
c,v (t)

P

h(t) ∈H

v (t) h(t) ∈H (t)

=

P

c,v (t)

v (t) h(t) ∈H (t)

7

(t)

(t)

=
(t)

v (t)

= Pv (v (t) ).

exp

exp

v (t) ,h(t) ∈Hv

P

(t)

h(t) ∈Hv

P
i,j

j

P

i

X (0)
˜ (0)
P̂0 (hj = 1|v (0) ) = σ
vi wi,j + bj

!

i

.

P

(t)
h(t) 6∈H0

P̂ (v (t) h(t) |h(t−1) ) = P (v (t) |h(t−1) ).

(4)

9
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Note that this construction allows the control nodes to be active in the first time step and
to transmit temporal data without disturbing the initial distribution.

But since γ does not appear anywhere else for t > 0,

h(t) 6∈H0

(t)

can be made arbitrarily close to 0 by making
can be made arbitrarily close to 0. Thus for
implies
X
|P̂ (v (t) |h(t−1) ) −
P̂ (v (t) h(t) |h(t−1) )| < 0 .

(t)
γ arbitrarily large, so P (hj = 1, v (t) |h(t−1) )
any 0 > 0 there exists γ1 such that γ > γ1

˜
Note that P̂0 does not depend on α or β. Following the same logic as in Step 3, for any
(t)
˜
0 > 0, there exists γ0 such that γ > γ0 implies P̂0 (v (0) , h(0 ) < 0 if h(0) ∈ (H\Hc )(t) \H0 for
some Hv . So for all v (t) , P̂0 (v (0) ) can be made arbitrarily close to the probability of v (0) in
the Boltzmann distribution of H0 , which by construction approximates R0 . At subsequent
P
(t)
(t)
time steps, for each hj ∈ H0 we have P (hj = 1|h(t−1) , v (t) ) = σ( wi,j vi + bj − γ). This

and for hj ∈ H0 we have

i

Step 4:
Finally, we must also be able to approximate the initial distribution R0 to arbitrary precision. We know there is an RBM H0 with visible biases 0 whose Boltzmann distribution
can approximate R0 to a certain precision. Include this machine in our TRBM. Now we
define the initial biases. Let bi,init = γ for every hi ∈ H0 and bc,v,init = 0 for all (c, v). Set
bi,init = −γ for all other hidden nodes. Add −γ to the biases of H0 . Call the distribution
of this modified machine P̂ . By Step 2, for any v (t) , and any 0 > 0, there exists β0 such
˜
that β > β0 implies |P̂0 (v (0) , h(0) ) − P̂0 (v (0) , h(0) )| < 0 . If hk ∈ Hv for some v, we have
!
X (0)
˜ (0)
P̂0 (hk = 1|v (0) ) = σ
vi wi,k + bk − γ ,

any 1 > 0,

!

!

(t)
bj hj

(t)
bj hj

(t−1)
∈ Hc,v and
(t)
Pv (v )| < 1 .

h(t−1)

j

P

+

+

(t) (t)
vi hj wi,j

(t) (t)
vi hj wi,j

P

i,j

P

To summarize, Step 3 tells us that for any given
and all
there exists α1 such that α > α1 implies that |P̃ (v (t) |h(t−1) ) −

P̃ (v (t) , h(t) |h(t−1) )

P̃ (v (t) , h(t) |h(t−1) )

v (t) ,h(t) ∈Hv

P

h(t) ∈Hv

P

but we have
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X

h(t−1)

h(t−1)

X
(t−1)

β→∞

P (v (t) |h(t−1) )P (h(t−1) |v (t−1) , ..., v (0) ).

P (v (t) |h(t−1) , v (t−1) , ..., v (0) )P (h(t−1) |v (t−1) , ..., v (0) )

=

h(t−1)

β→∞

(t−1)

c,v (t−1)

P̃ (v (t) |h(t−1) )P (h(t−1) |v (t−1) , ..., v (0) )| < 1 .
(t−1)

(5)

(t−1)

h(t−1) ∈Hc,v(t−1)

P

(t−1)
c,v (t−1)

(7)

10
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Now take any 2 > 0 and take 1 < 2 /4 with corresponding β0 , β1 , α0 so that the inequalities
in (5), (6) and (7) hold. Then from Step 4 there exist γ0 , β2 such that γ > γ0 and β > β2 implies that (4) holds. Then taking β > max(β0 , β1 , β2 ), α > α0 , γ > γ0 and applying the tri(t−1) (t)
angle inequality to (4), (5), (6), and (7) we have that |P̂ (v (t) |v (t−1) , ..., v (0) ) − Pv
(v )| <
(t)
(t−1)
(0)
2 . Since there are a finite number of configurations v , v
, ..., v , we can choose α, β, γ
so that this holds for all v (t) , v (t−1) , ..., v (0) and by construction, KL(R(·|v (t−1) )||Pv(t−1) ) < 

h(t−1) ∈H

(6)

P (h(t−1) |v (t−1) , ..., v (0) ) → 1, so for any

P (h(t−1) |v (t−1) , ..., v (0) )| < 1 .

1 there exists β1 such that β > β1 implies that
X
|Pv(t−1) (v (t) )
P (h(t−1) |v (t−1) , ..., v (0) ) − Pv(t−1) (v (t) )| < 1 .

Again by Step 1, as β goes to infinity,

c,v (t−1)

(t−1)

X

h(t−1) ∈H

c,v (t−1)

Pv(t−1) (v (t) )

h(t−1) ∈H

α > α0 we have |P̃ (v (t) |h(t−1) ) − Pv(t−1) (v (t) )| < 0 . So for any 1 , there exists an α0 such
that α > α0 implies
X
|
P̃ (v (t) |h(t−1) )P (h(t−1) |v (t−1) , ..., v (0) )−

Step 3 tells us that for any 0 > 0, there exists an α0 such that for all h(t−1) ∈ Hc,v(t−1) , if

h(t−1) ∈H

X

h(t−1)

there exists β0 such that β > β0 implies
X
|
P (v (t) |h(t−1) )P (h(t−1) |v (t−1) , ..., v (0) )−

us that lim P (v (t) |h(t−1) ) = P̃ (v (t) |h(t−1) ). Since P is continuous in terms of β, for any 1 ,

Step 1 tells us that if h(t−1) 6∈ Hc,v(t−1) , then lim P (h(t−1) |v (t−1) , ..., v (0) ) = 0. Step 2 tells

=

Now we put the four steps together. Given an arbitrary 0 < t < T , we can write each
P (v (t) |v (t−1) , ..., v (0) ) as
X
P (v (t) , h(t−1) |v (t−1) , ..., v (0) )

Odense and Edwards

Universal Approximation Results for the TRBM and RTRBM

for some arbitrarily chosen . Since the KL-divergence as a function of α, β, and γ is
continuous, for any 0 > 0 we can find α1 , β2 , γ1 such that α > α1 , β > β2 , γ > γ1
implies that |KL(R(·|v (t−1) )||P (·|v (t−1) , ..., v (0) )) − KL(R(·|v (t−1) )||Pv(t−1) ))| < 0 . And
KL(R(·|v (t−1) )||Pv(t−1) )) <  for some arbitrarily chosen . So we can choose parameters such that KL(R(·|v (t−1) )||P (·|v (t−1) , ..., v (0) )) < . By the same argument, Step 4 tells
us that we can choose parameters so that KL(R0 ||P0 ) < . Thus by Lemma 1 the result
holds.
Note that following the remark after the proof of Lemma 1, if we have a TRBM which
approximates R over T time steps to a certain precision, it also approximates R over t < T
time steps to at least the same precision since the construction satisfies the conditions of
Lemma 1.
2.2 The Generalized TRBM

exp(v (t)> W h(t) + c> v (t) + b> h(t) + h(t)> W (1) h(t−1) + ... + h(t)> W (m) h(t−m) )
,
Z(h(t−1) , ..., h(t−m) )

P (v (t) , h(t) |h(t−1) , ..., h(0) )

The TRBM used in the previous section is a restricted instance of a more generalized model
described by Sutskever et al. (2006). In the full model we allow explicit long-term hiddenhidden connections as well as long-term visible-visible connections. In this paper we will
not consider models with visible-visible temporal interaction. From a practical standpoint
any learning algorithm operating on a class of models with visible-visible interactions would
be able to make those connections arbitrarily small if it helped, so in practice the class of
models with visible-visible temporal connections is bigger than the one without any. The
generalized TRBM is given by

=

TY
−1

P (v (t) , h(t) |h(t−1) , ..., h(t−m) )

t=1

m−1
Y

P (v (t) , h(t) |h(t−1) , ..., h(0) )

where we have a finite number of weight matrices W (i) used to determine the bias at time
(k)
t. We replace W (k) h(t−k) with an initial bias binit if k > t. The distribution P (v T , hT ) is
then given by
!
!
P (v T , hT ) =

t=m

×P0 (v (0) , h(0) ).
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If we drop the restriction that R be a Markov chain we can generalize the previous theorem
so that R is any distribution homogeneous in time with a finite time dependence.
Theorem 2: Let R be a distribution over a sequence of length T of binary vectors of length
n that is time homogeneous and has finite time dependence. For any  > 0 there exists a
generalized TRBM, P, such that KL(R||P ) < .
Proof: The initial part of the proof is identical to the proof of Theorem 1. Let m be the time
dependence of R. Then for each visible sequence v (t−1) , ..., v (t−m) we construct a TRBM
P by adding sets of hidden units Hv(t−1) ,...,v(t−m) with parameters chosen to approximate
R1 (·|v (t−1) , ..., v (t−m) ). Note that although the indicies here are written as v (t−1) , ..., v (t−m) ,
11

Odense and Edwards

they do not depend on the time step t. Rather, there is one set of hidden nodes added for
each configuration of an m-length sequence of visible nodes. The superscripts are added
to distinguish different vectors in the sequence as well as emphasize how the connections
should be made.

For each visible configuration v we add a control unit hc,v with the same bias and visiblehidden connections (determined by a parameter β) as in the construction for Theorem 1. If
(i)
i ≤ m, define the i-step temporal connections as w(c,v),j = −α if hj ∈ Hv(t−1) ,...,v(t−i) ,...,v(t−m)

with v (t−i) 6= v and 0 otherwise. All other temporal connections are set to 0. Then repeating Step 1, Step 2, and Step 3 in Theorem 1, by making α and β sufficiently large we can
make KL(R1 (·|v (t−1) , ..., v (t−m) )||P (·|v (t−1) , ..., v (0) )) arbitrarily small for all v T .

(i)

(l)

To finish the proof we must modify the machine to approximate the m initial distributions as well. In practice, one could train an RBM with the first m time steps as input in
order to simulate the initial distribution. In this case the remainder of the proof is identical
to step 4 of Theorem 1. The proof for the general TRBM as defined above is more intri(k)
cate. In order to simulate the initial distributions with the general TRBM, First set binit
(k)
to −γ for each node h ∈ Hv(t−1) ,...,v(t−m) and all k, and set binit to 0 for every control node.
Now for each sequence v (i−1) , ..., v (0) with i < m add a set of hidden units Hv(i−1) ,...,v(0) to
approximate R0,i (·|v (i−1) , ..., v (0) ) to a certain precision. For each i, call the set of all of
these hidden units H(i) . Connect each of these sets to the control nodes in the same way

(l)

as done previously. In other words if hj ∈ Hv(i−1) ,...,v(0) then wj,(c,v) = −α if v (i−l) 6= v and
0 otherwise. Add −γ to the bias of each hj if hj ∈ H(i) for some i. For each hj ∈ H(i) let

binit = −γ for l 6= i and binit = (m − i + 2)γ.

(l)

h(l) ∈H(l)

(1) (l−1)

wi,j hi

X

(l) (0)

wi,j hj

(1) (l−1)

X

i

wi,j hi

+ ... +

i

P̃ (hj = 1|v (l) , h(l−1) , ..., h(0) )

(l)

|P̃ (v (l) |v (l−1) , ..., v (0) ) −

(l)

X

i

wi,j vi + bj + (m − i + 2)γ − (m − i + 2)γ +
X

(l)

wi,j vi + bj +

.

X

i

(l) (0)

wi,j hj

!
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!

+ ... +

Start by choosing β so that |P (v (i) |v (i−1) , ..., v (0) ) − P̃ (v (i) |v (i−1) , ..., v (0) )| < 0 . This can
be done for any 0 > 0 by the argument in Theorem 1 Step 2. Now for time l < m, for
(l)
any non-control node hj ∈
/ H(l) , and all h(l−1) , ..., h(0) , P̃ (hj = 1|v (l) , h(l−1) , ..., h(0) ) ≤
P
(l)
σ( wi,j vi + bj − γ). This tends to 0 as γ → ∞. So for any 1 > 0, the argument in
Theorem 1 Step 3 tells us we can choose γ large enough so that
X
P̃ (v (l) , h(l) |v (l−1) , ..., v (0) )| < 1 .
(8)

X
i

Furthermore if hj ∈ H(l) then

=σ

=σ

12

P

(l)
h(l) ∈H(l)

P̃ (v (l) , h(l) |v (l−1) , ..., v (0) ) does not depend on γ. Using the same argument as in

h(l) ∈Hv(l−1) ,...,v(0)

0

exp(v (t)> W h0(t) + c> v (t) + b> h (t) + h0(t)> W 0 h(t−1) )
,
Z(h(t−1) )

(t−1)

(t−1)

(t−2)

(t−k)

= 1 for some hidden unit in Hv(t−1) ,...,v(t−m) . Then every temporal
(t−1)

14

JMLR 17(158):1-21

13

h(0) = σ(W v (0) + binit + b),
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connection is −α, and g(v,k) = σ k (−0.5β) for every g(v,k) , so again by making β arbitrarily
large we make the temporal terms arbitrarily close to 0. Thus as β → ∞, the temporal
(t−i)
terms from hc,v are either −α or 0 as needed.

Now suppose we have hj

(t)0

value of gk−1 is calculated recursively by gk−1 = σ(gk−2 ) = σ k−1 (hc,v(t−k) ) = σ k (0.5β).
Since k is bounded, by making β arbitrarily large we make gk−1 arbitrarily close to 1 and
(t)0 0
(t−1)
thus make hj w(v,k−1),j
gk−1 arbitrarily close to −α.

where σ is the logistic function and binit is an initial bias. Q0 is once again an initial distribution defined as a Boltzmann Distribution with bias b + binit . The difference between

(10)

0

ability that hj = 1 for some hidden unit hj ∈ Hv(t−1)0 ,...,v(t−m)0 where v (t−k) =
6 v (t−k) for
0
some k. Then by construction there is some hidden node gk−1 with w(v,k−1),j
= −α. The

0 (t)

0
w(v,k),j
= 0 otherwise (see Fig. 2). Given a sequence v (t−1) , ..., v (t−m) , consider the prob-

0
0
w(c,v),(v,1)
= 1 and w(v,k),j
= −α if hj ∈ Hv(t−1) ,...,v(t−k−1) ,...,v(t−m) with v (t−k−1) 6= v, and

For each hc,v and each 1 ≤ k < m, add an additional hidden unit with 0 bias and no
visible-hidden connections. For each hc,v , label these m − 1 hidden units g(v,1) , ..., g(v,m−1) .
Since these nodes have no visible-hidden connections they have no effect on the visible
0
distribution at the current time step. For 1 < k < m − 1, let w(v,k),(v,k+1)
= 1. Let

Theorem 3: Let R be a distribution over a sequence of length T of binary vectors of
length n that is time homogeneous and has finite time dependence. For any  there exists
an RTRBM, Q, such that KL(R||Q) < .
Proof: As in Theorem 2, for each configuration v (t−1) , ..., v (t−m) , include hidden units
Hv(t−1) ,...,v(t−m) with parameters so that the KL distance between the visible distribution of
the Boltzmann machine given by Hv(t−1) ,...,v(t−m) with these parameters and the distribution
R1 (·|v (t−1) , ..., v (t−m) ) is less than 0 . Now for each possible visible configuration v add the
control node hc,v with the same biases and visible-hidden weights as in Theorems 1 and 2
(determined entirely by parameter β). In Theorem 2, hc,v had i-step temporal connections
from hc,v to every Hv(t−1) ,...,v(t−m) with v (t−i) 6= v. The proof will proceed by showing that
each of these i-step temporal connections can instead be given by a chain of nodes in the
RTRBM. We wish to show that we can add i hidden units connecting hc,v to every hidden
node in Hv(t−1) ,...,v(t−m) such that if hc,v is on at time t − i, it will have the same effect
on the distribution of a node in Hv(t−1) ,...,v(t−m) as it does in the general TRBM, and the
i additional hidden units do not effect the visible distribution. If we can achieve this then
the same proof will hold for the RTRBM. This will be done as follows.

the RTRBM and the TRBM is the use of the sequence of real valued vectors hT for the
temporal connections. At each time step each hidden node hi takes on two values, a deter0 (t)
(t)
ministic hi and a probabilistic hi . The fact that the temporal parameters are calculated
deterministically makes learning more tractable in these machines (Sutskever et al., 2008).

Odense and Edwards

We know from Theorem 2 that we can construct a TRBM with distribution P such that
for t ≥ m and all v (t) , |P (v (t) |v (t−1) , ..., v (0) ) − R(v (t) |v (t−1) , ..., v (t−m) )| <  for any  >
0. The above argument shows that we can construct an RTRBM by replacing the con(i)
nections w(c,v),j in the TRBM with the chain described above so that for any 0 > 0

h(t) = σ(W v (t) + W 0 h(t−1) + b),

and hT is a sequence of real-valued vectors defined by

Q(v (t) , h0(t) |h(t−1) ) =

Here Q(v (t) , h0(t) |h(t−1) ) is defined as

k=1

The TRBM gives a nice way of using a Boltzmann Machine to define a probability distribution that captures time dependence in data, but it turns out to be difficult to train in
practice (Sutskever et al., 2008). To fix this, a slight variation of the model, the RTRBM,
was introduced. The key difference between the TRBM and the RTRBM is the use of
deterministic real values denoted h(t) . We will denote the probabilistic binary hidden units
at time t by h0(t) . The distribution defined by an RTRBM, Q, is
!
TY
−1
0
T
0T
(k) 0(k) (k−1)
Q(v , h ) =
Q(v , h |h
) Q0 (v (0) , h (0) ).

3. Universal Approximation Results for the Recurrent Temporal
Restricted Boltzmann Machines

Since for t ≥ m, γ does not appear anywhere in the second term, this leaves us with the
machine described in the first part of the proof, thus the first condition for Lemma 1 also
holds.

h(t) ∈(H\Hc \H(l) )(l)

But the second term is just the probability of v (l) under the Boltzmann distribution of
Hv(l−1) ,...,v(0) , so using continuity of the KL-divergence along with the triangle inequality
gives us the second and third condition for Lemma 1. Finally note that for t ≥ m, if hj ∈ H(l)
P
(t)
(l)
for any l and all h(t−1) , ..., h(t−m) , P (hj = 1|v (t) , h(t−1) , ..., h(t−m) ) ≤ σ( wi,j vi + bj − γ).
So for any 1 , we can take γ large enough such that
X
|P̃ (v (t) |v (t−1) , ..., v (0) ) −
P̃ (v (t) , h(t) |v (t−1) , ..., v (0) )| < 1 .
(9)

h(l) ∈H(l)

(l)

Step 3 of Theorem 1, for all 1 > 0 there exists α0 so that α > α0 implies that
X
X
P̃ (v (l) , h(l) |v (l−1) , ..., v (0) )| < 1 .
P̃ (v (l) , h(l) |v (l−1) , ..., v (0) ) −
|

So

Universal Approximation Results for the TRBM and RTRBM

1

···

···
1

Hv(1) ,...,v(m)0

−α

gv,m−1

Universal Approximation Results for the TRBM and RTRBM

gv,1
−α

1

−α
Hv(1) ,v(2)0 ...,v(m)

hc,v

Hv(1)0 ,...,v(m)
Figure 2: The temporal connections of a control node. Each gv,i connects to
0
every Hv(1) ,...,v(i+1) ,...,v(m) with v (i+1) 6= v and hc,v connects to every Hv(1)0 ,v(2) ...,v(m)
0
with v (1) 6= v.
there exist α0 , β0 such that α > α0 and β > β0 imply that for all v (t) with t ≥ m,
|Q(v (t) |v (t−1) , ..., v (0) ) − P (v (t) |v (t−1) , ..., v (0) )| < 0 . Note that since the chains are of length
m, Q only depends on the previous m visible configurations. Then, once again applying the
triangle inequality and continuity of the KL-divergence we can satisfy the first condition of
Lemma 1.

δ→∞

(t)

To finish the proof our machine must also be able to approximate the initial m distributions. Again this could be easily done should we choose to use an RBM to approximate
the distribution of the first m time step. Instead we provide a construction to simulate the
first m distributions in the RTRBM using the definition given above. As before we will
use the construction of Theorem 2 and replace the long-term temporal connections with a
chain. To begin, add each H(i) described in Theorem 2 with the temporal connections again
replaced by the chains described in the above step. Now we just need to replace the m initial
biases. First add −γ to the bias of each node in H(i) . Add hidden units l0 , ..., lm−1 with
connections between them w(l,i),(l,i+1) = δ and biases −δ for l0 , l1 and −0.5δ for l2 , ..., lm−1 .
For every i > 0, define the temporal connections to be 2γ from li to every node in H(i) and
−2γ to every node in Hv(t−1) ,...,v(t−m) for all v (t−1) , ..., v (t−m) . Now set the initial biases for
every li to be 0 except for l0 . Set this initial bias to be 2δ. Define the initial bias for every
other non-control node to be −δ with the exception of H(0) whose initial bias is 0 (see Fig 3.).

(1)

δ→∞

as δ → ∞:


1

δ

lim l1 = lim σ(δ(σ(δ) − 1)) = lim σ

(2)

δ→∞

−δ
1 + exp(δ)



δ→∞

(1)

−(l1 − 0.5)2

= σ(0) = 0.5.

 = lim σ

d (1)
dδ l1

(2)

!

.

First we calculate the values li . Since l0 has bias of −δ and initial bias of 2δ, we have
(0)
(1)
(0)
l0 = σ(δ), and l1 = σ(δσ(δ) − δ). Taking the limit as δ → ∞ we have l0 = 1 and


δ→∞

(1)

(1)
(l1 −0.5)

δ→∞
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= 0.5 for i > 1. Now we look at the case where j 6= i. For j > 0

is finite and non-zero, so evaluating the limit we get lim l2 = σ(0) = 0.5.

δ→∞

Next we calculate the limit of l2
(2)

d (1)
dδ l1

lim l2 = lim σ(δl1 − 0.5δ) = lim σ 
δ→∞

Note that

(i)

Then by induction li
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(j)

we have l0

(j+1)

= σ(−δ), l1

(1)

(0)

(j+k)

(j+k−1)

= σ(lk−1

Odense and Edwards

(j)

(i)

(0)

− 0.5δ) for k > 1. So

= 0. For j < i, we know lj−i ≤ (−0.5δ) so

= σ(l0 − δ) and lk

(j)

for j > i we have in the limit that li

(i)
, |li

(0)

(i)

(j)

lj−i+1 = σ(lj−i − 0.5δ) , etc., so that in the limit we have lj = 0. We conclude that
for any  > 0, there exists δ0 such that δ > δ0 implies that for all i > 0 and all j 6= i,
(j)
− 1| <
− 0.5| < , and |li | < .
(0)
|l0

When l0 = 0, li = 0.5, and li = 0, we have that for t < m, if hj ∈ Hv(t−1) ,...,v(t−m)
or hj ∈ H(i) with i 6= t then the bias is at most bj − γ and if hj ∈ H(t) then the temporal
connections from l1 , ..., lm−1 are γ, which cancels the γ subtracted initially so the added
bias is 0. For t ≥ m the temporal connections from li , ..., lm−1 to all Hv(t−1) ,...,v(t−m) are 0
and the added bias to each node in H(i) is −γ. This is exactly the machine described in the
second part of Theorem 2.

δ

−2γ

H

−2γ

2γ

l2

2γ

H(2)

δ

H(1)

l1

δ

−2γ

···

···

δ

H(m)

2γ

lm

Putting this together, we first note that since each li has no visible connections we can
ignore their binary values much in the same way that we can ignore the chains in the first
part of the proof. Now for t 6= 0 and any  > 0 and any v (t) , first we choose β > β0
so that |Q(v (t) |v (t−1) , ..., v (0) ) − Q̃(v (t) |v (t−1) , ..., v (0) )| < 0 , then we choose δ > δ0 so that
¯ (t) |v (t−1) , ..., v (0) )| < 0 where Q̃
¯ is the distribution obtained by
|Q̃(v (t) |v (t−1) , ..., v (0) ) − Q̃(v
(0)
(i)
(i)
replacing l0 with 1, li with 0.5 for i > 0, and lj with 0. As noted above this distribution
is exactly the construction from the second part of Theorem 2. Finally, by the reasoning of
Theorem 1 Step 4, by making δ large we make the initial distribution arbitrarily close to
H(0) allowing us to approximate the distribution for the first time step. So the first, second
and third conditions of the lemma are satisfied by the same argument used in Theorem 2.

l0

H(0)

JMLR 17(158):1-21

Figure 3: The temporal connections of the initial chain. H is the machine
defined in the first part of the proof. Each connection from an li to H or H(k)
only goes to non-control nodes in the set (control nodes include the chains
g(v,1) , ..., g(v,m) ). The li ’s have no visible connections.
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Without making this additional assumption, the most obvious way to increase efficiency
is to obtain a better upper bound on G. We know that the bounds given by Le Roux et al.
(2008) are not the lowest possible upper bounds for G (Montufar and Ay, 2011). In practice, multiple layers of RBMs are often stacked, leading to a Deep Belief Network. Several
papers have investigated the universal approximation properties of Deep Belief Networks
(Sutskever and Hinton, 2010)(Le Roux and Bengio, 2010)(Montufar and Ay, 2011). Re-

At first glance the constructions used here seem quite inefficient. For Theorem 1 we require
2n (G(n) + 1) hidden nodes where G is the number of hidden nodes required to approximate
an arbitrary distribution on n nodes with a Restricted Boltzmann Machine. It is important
to note that the number of nodes required here, although large, depends only on the number
of visible units and the process we wish to approximate, not the number of time steps for
which we wish to approximate R. If the required number of hidden nodes had depended
on the number of time steps then the TRBM and RTRBM would be essentially pointless
as the RBM can do the same for any finite number of time steps. In contrast, the CRBM
has a comparatively small lower bound on the number of hidden units required to approximate a set of conditional distributions (Montufar et al., 2014). Nonetheless, the above
proofs are constructive and give only an upper bound on the required number of hidden
0
units. Furthermore, we made no assumptions about KL(R1 (·|v (t−1) )||R1 (·|v (t−1) )). Even
0
(t−1)
(t−1)
if v
and v
are similar vectors, the resulting distributions may be quite different, so
to guarantee the result in full generality we could need a whole new set of hidden units to
approximate R1 for each pattern v (t−1) . With this in mind, we might expect 2n (G(n)) to
be a reasonable lower bound. In practice, similar vectors in the previous time step should
produce similar distributions for the current time step. For example, looking at consecutive
frames in video data, we expect that two similar frames at a certain time step will lead
to similar frames in the next time step. To formalize this we could impose the restriction
0
0
KL(R1 (·|v (t−1) )||R1 (·|v (t−1) )) < f (d(v (t−1) , v (t−1) )), where f is a bounded function and d
n
is a metric on {0, 1} . With this condition we could hope to find a more efficient TRBM to
approximate R than the one given in the proof.

The proofs above have shown that generalized TRBMs and RTRBMs both satisfy the same
universal approximation condition. In the proof of universal approximation for the RTRBM
we take the weights large enough so that the real-valued hidden sequence becomes approximately binary. This suggests that the same proof could be adapted to the basic TRBM.
However, the TRBM seems to have difficulty modeling distributions with long term time
dependence. After an RTRBM was trained on videos of bouncing balls the machine was
able to model the movement correctly and the hidden units contained chains of length two
as described in the above proof (Sutskever et al., 2008). On the other hand the TRBM did
not have this structure and modeled the motion of balls as a random walk which is what one
might expect for a machine that is unable to use velocity data by modeling two-step time
dependencies. Given the likely equivalence in representational power of the two models,
this discrepancy of results is best explained by the efficiency of the learning algorithm for
the RTRBM in comparison to the TRBM.

4. Conclusion

Universal Approximation Results for the TRBM and RTRBM
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calling the constructions used in the previous proofs, by replacing the RBMs modeling the
transition probabilities with Deep Belief Networks we end up with a column structure in
which certain control nodes in a column send negative feedback to the other columns. This
structure bears an interesting resemblance to the structure of the visual cortex (Goodhill
and Carreira-Perpinán, 2006) suggesting that perhaps the two are computationally similar.
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Appendix A.

(t)

R(v T ) log

R(v T )
P (v T )

.

the set of configurations of hidden nodes at time t not in Hc,v
the ith node in a chain connecting h(c,v) to the visible nodes
the ith node in the initial chain connecting l0 with the rest of the H

The following table lists notations used for the labels and states for the nodes in the previous proofs
H0
a set of hidden nodes whose distribution approximates R0
H(i)
a set of hidden nodes used to approximate the distribution at time i
Hv
Hidden nodes whose distribution approximates R1 (·|v (t−1) = v)
hc,v
the control node corresponding to the configuration v of the visible units
Hc
the set of all control nodes
(t)
(t)
(t)
Hc,v the set of configurations of the hidden nodes at time t with hc,v = 1 and hc,v0 = 0
H̄c,v
g(v,i)
li

Appendix B.

X

vT

m−1
Y
i=1

−1
X TX

v T t=m

R(v T ) log

!

!

+

X
vT

R(v T ) log

!
R0 (v (0) )
P (v (0) )

R1 (v (t) |v (t−1) , ..., v (t−m) )
P (v (t) |v (t−1) , ..., v (0) )
R0 (v (t) |v (t−1) , ..., v (0) )
P (v (t) |v (t−1) , ..., v (0) )

!

.

R0 (v (i) |(v (i−1) , ..., v (0) )R0 (v (0) ).

P (v (t) |v (t−1) , ..., v (0) ) P (v (0) ),

In this appendix we provide a proof for Lemma 1
Proof : For an arbitrary  > 0, we need to find a P ∈ P such that KL(R||P ) < ,
where the KL-divergence is


KL(R||P ) =

TY
−1
t=1

!

R1 (v (t) |v (t−1) , ..., v (t−m) )

We can write P (v T ) as

TY
−1

t=m

and by assumption
R(v T ) =

R(v T ) log

KL(R||P ) =

t=1

X
X m−1
vT

Then expanding out the log in the KL-divergence gives us

+

R(v T ) log

(t) |v (t−1) , ..., v (t−m) )
P (v (t) |v (t−1) , ..., v (0) )

R1 (v
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We can decompose R(v T ) into R(v (T −1) , ..., v (t) |v (t−1) , ..., v (0) )R(v (t−1) , ..., v (0) ) so for a given
t we can write
!
X
vT
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×

X

X

X

v (t−1) ,...,v (0)

=

!
R1 (v (t) |v (t−1) , ..., v (t−m) ) 
P (v (t) |v (t−1) , ..., v (0) )

R(v (t−1) , ..., v (0) )

Odense and Edwards

X

v (t−1) ,...,v (0)

R(v (T −1) , ..., v (t) |v (t−1) , ..., v (0) ) log

R1 (v (t) |v (t−1) , ..., v (t−m) )
P (v (t) |v (t−1) , ..., v (0) )

!

R(v (t−1) , ..., v (0) )KL(R1 (·|v (t−1) , ..., v (t−m) )||Pt (·|v (t−1) , ..., v (0) )).

v (t) v (T −1) ,...,v (t+1)

=

R(v T ) log

KL(R1 (·|v (t−1) , ..., v (t−m) )||Pt (·|v (t−1) , ..., v (0) )).

X
vt

X

vT

Since R(v (t−1) , ..., v (0) ) < 1 for all v (t−1) , ..., v (0) we have

≤ 2tn

T
−1
X

t=m
m−1
X

t=1

2tn

2tn

vt

X

vt

X

m−1
X
t=0

4tn 0 .

KL(R0 (·|v (t−1) , ..., v (0) )||P (·|v (t−1) , ..., v (0) ))

KL(R1 (·|v (t−1) , ..., v (t−m) )||Pt (·|v (t−1) , ..., v (0) ))

The same logic applies for the cases with t < m.
By hypothesis there exists P ∈ P such that for every v T and every 0 ,
KL(R1 (·|v (t−1) , ..., v (t−m) )||Pt (·|v (t−1) , ..., v (0) )) < 0 for t ≥ m,
KL(R0,t (·|v (t−1) , ..., v (0) )||Pt (·|v (t−1) , ..., v (0) )) < 0 for every 0 < t < m and
KL(R0 ||P0 ) < 0 .
This gives us
KL(R||P ) ≤
+

T
−1
X

t=m

4tn 0 +

+ KL(R0 ||P0 )
<

Then we merely choose an 0 so that this expression is less than  and choose a corresponding P ∈ P.

Notice in the proof that T was chosen arbitrarily and in the last line of the proof we
see that decreasing T provides a tighter bound on the KL-divergence so any distribution
which approximates R with a certain upper bound on the KL-divergence for T time steps
will approximate R with at most the same upper bound on the KL-divergence for t < T
time steps.
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dθ(t) = ∇ log π(θ(t))dt + dWt ,
2
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(1)

A standard approach to estimating expectations under a given target density π(θ) is to
construct and simulate from Markov chains whose equilibrium distributions are designed
to be π Brooks et al. (2011). A well-studied approach, for example in molecular dynamics Leimkuhler and Matthews (2013); Nawaf and Vanden-Eijnden (2010) and throughout
Bayesian statistics Milstein and Tretyakov (2007); Neal (2011), is to use Markov chains
constructed as numerical schemes which approximate the time dynamics of stochastic differential equations (SDEs). In this paper we will focus on the case of first order Langevin
dynamics, which has the form

1. Introduction

Keywords: Markov Chain Monte Carlo, Langevin dynamics, big data, fixed step size.

Applying standard Markov chain Monte Carlo (MCMC) algorithms to large data sets is
computationally infeasible. The recently proposed stochastic gradient Langevin dynamics
(SGLD) method circumvents this problem in three ways: it generates proposed moves using
only a subset of the data, it skips the Metropolis-Hastings accept-reject step, and it uses
sequences of decreasing step sizes. In Teh et al. (2014), we provided the mathematical
foundations for the decreasing step size SGLD, including consistency and a central limit
theorem. However, in practice the SGLD is run for a relatively small number of iterations,
and its step size is not decreased to zero. The present article investigates the behaviour of
the SGLD with fixed step size. In particular we characterise the asymptotic bias explicitly,
along with its dependence on the step size and the variance of the stochastic gradient. On
that basis a modified SGLD which removes the asymptotic bias due to the variance of the
stochastic gradients up to first order in the step size is derived. Moreover, we are able to
obtain bounds on the finite-time bias, variance and mean squared error (MSE). The theory
is illustrated with a Gaussian toy model for which the bias and the MSE for the estimation
of moments can be obtained explicitly. For this toy model we study the gain of the SGLD
over the standard Euler method in the limit of large data sets.

Abstract
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√
h
∇ log π(θk ) + hξk ,
2

(2)

i=1

N
Y

∇ log π(Xi |θ).

(4)

(3)

θk+1 = θk +

2

i=1

p
hk \
∇ log π(θk ) + hk ξk ,
2
n
NX
∇\
log π(θk ) = ∇ log π0 (θk ) +
∇ log π(Xτki |θk )
n
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(6)

(5)

In these situations each update (2) has an impractically high computational cost of O(N )
since it involves computations on all N items in the data set. Likewise, each MH acceptreject step is impractically expensive.
In contrast, the recently proposed stochastic gradient Langevin dynamics (SGLD) algorithm Welling and Teh (2011) circumvents this problem by generating proposals which
are only based on a subset of the data, by skipping the accept-reject step and by using a
decreasing step-size sequence (hk )k≥0 . In particular one has

i=1

N
X

π(Xi |θ),

∇ log π(θ) = ∇ log π0 (θ) +

and we have the following gradient,

π(θ) ∝ π0 (θ)

where ξk is a standard Gaussian random variable on Rd . One can use the numerical trajectories generated by this scheme for the construction of an empirical measure πh (θ) either by
averaging over one single long trajectory or by averaging over many realisations in order to
obtain a finite ensemble average (see for example Milstein and Tretyakov (2007)). However,
as discussed in Roberts and Tweedie (1996), one needs to be careful when doing this as it
could be the case that the discrete Markov chain generated by Equation (2) is not ergodic.
But even if the resulting Markov Chain is ergodic, πh (θ) will not be equal to π(θ) Mattingly
et al. (2010); Abdulle et al. (2014) which thus implies that the resulting sample average is
biased. An alternative strategy that avoids this discretization bias and the ergodicity of the
numerical procedure, is to use Equation (2) as a proposal for a Metropolis-Hastings (MH)
MCMC algorithm Brooks et al. (2011), with an additional accept-reject step which corrects
the discretization error.
In this paper we are interested in situations where π arises as the posterior in a Bayesian
inference problem with prior density π0 (θ) and a large number N  1 of i.i.d. observations
Xi with likelihoods π(Xi |θ). In this case, we can write

θk+1 = θk +

where t ∈ R+ , θ ∈ Rd and Wt is a d-dimensional standard Brownian motion. Under
appropriate assumptions on π(θ), it is possible to show that the dynamics generated by
Equation (1) are ergodic with respect to π(θ).
The simplest possible numerical scheme for approximating Equation (1) is the EulerMaruyama method. Let h > 0 be a step size. Abusing notation, the diffusion θ(k · h) at
time k · h is approximated by θk , which is obtained using the following recursion equation

Vollmer, Zygalakis and Teh

Bias and Variance of Stochastic Gradient Langevin Dynamics

k=1

K
1 X
φ(θk )
K

(7)

where ξk are independent standard Gaussian random variables on Rd , and τk = (τk1 , · · · , τkn )
is a random subset of [N ] := {1, · · · , N } of size n, generated, for example, by sampling with
or without replacement from [N ]. The idea behind this algorithm is that, since the stochastic
gradient appearing in Equation (5) is an unbiased estimator of the true gradient ∇ log π(θ),
the √
additional perturbation due to the gradient stochasticity is of order h, smaller than
the h order of the injected noise, and so the limiting dynamics (k → ∞) of Equation (5)
should behave similarly to the case n = N . In Teh et al. (2014) it was shown that in this
case that the K-step size weighted sample average is consistent and satisfies a CLT with
1
rate depending on the decay of hk . The optimal rate is limited to K − 3 and achieved by an
1
asymptotic step size decay of  K − 3 .
The problem with decaying step sizes is that the efficiency of the algorithm slows the
longer it is run for. A common practice for the SGLD and its extensions, the Stochastic Gradient Hamiltonian Monte Carlo Chen et al. (2014) and the Stochastic Gradient Thermostat
Monte Carlo algorithm Ding et al. (2014), is to use step sizes that are only decreasing up to
a point. The primary aim of this paper is to analyse the behaviour of SGLD with fixed step
sizes of hk = h. We provide two complementary analyses in this setting, one asymptotic in
nature and one finite time. Let φ : Rd → R be a test function whose expectation we are
interested in estimating. Using simulations of the dynamics governed by Equation (5), we
can estimate the expectation using
Eπ [φ(θ)] ≈

k=1

K
1 X
φ(θk ) − Eπ [φ(θ)].
K

(8)

for some large number of steps K. Our analyses shed light on the behaviour of this estimator.
In the first analysis, we are interested in the asymptotic bias of the estimator (7) as
K → ∞,
lim

K→∞
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Assuming for the moment that the dynamics governed by Equation (5) is ergodic, with invariant measure πh (θ; n), the above asymptotic bias simply becomes Eπh (·;n) [φ(θ)]−Eπ [φ(θ)].
In the case of Euler-Maruyama, where n = N and the gradient is computed exactly, the
asymptotic behaviour of the dynamics is well understood, in particular its asymptotic bias
is O(h) Mattingly et al. (2010). When n < N , using the recent generalisations Abdulle et al.
(2014); Sato and Nakagawa (2014) of the approach by Talay and Tubaro (1990) reviewed
in Section 3, we are able to derive an expansion of the asymptotic bias in powers of the
step size h. This allows us to explicitly identify the effect, on the leading order term in the
asymptotic bias, of replacing the true gradient (4) with the unbiased estimator (6). In particular, we show in Section 4 that, relative to Euler-Maruyama, the leading term contains
an additional factor related to the covariance of the subsampled gradient estimators (6).
Based on this result, in Section 4.2, we propose a modification of the SGLD (referred
to simply as mSGLD) which has the same asymptotic bias as the Euler-Maruyama method
up to first order in h. The mSGLD is given by

h
i
√
h \
h
∇ log π(θk ) + h I − Cov ∇\
log π(θk ) ξj
(9)
2
2
θk+1 = θk +

3

Vollmer, Zygalakis and Teh

k=0

i
h
log π(θk ) is the covariance of the gradient estimator. When the covariance is
where Cov ∇\
unknown, it can in turn be estimated by subsampling as well. This modification is different
from the Stochastic Gradient Fisher Scoring S. Ahn and Welling (2012), a modification of the
injected noise in order to better match the Bernstein von Mises posterior. In contrast, the
mSGLD is a local modification based on the estimated variance of the stochastic gradient.
The second contribution provides a complementary finite time analysis. In the finite time
case both the bias and the variance of the estimator are non-negligible, and our analysis
accounts for both by focussing on bounding the mean squared error (MSE) of the estimator
(7). Our results, presented in Section 5, show that,

!2 


K−1
1 X
1
,
(10)
φ(θk ) − π(φ)  ≤ C(n) h2 +
K
Kh

E
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where the RHS only depends on n through the constant C(n), the h2 term is a contribution
of the (square of the) bias while the 1/Kh term is a contribution of the variance. We see that
there is a bias-variance trade-off, with bias increasing and variance decreasing monotonically
with h. Intuitively, with larger h the Markov chain can converge faster (lower variance) with
the same number of steps, but this incurs higher discretization error. Our result is achieved
by extending the work of Mattingly et al. (2010) from Td to Rd . The main difficulty in
achieving this relates to combining the results of Pardoux and Veretennikov (2001) and
Teh et al. (2014), in order to establish the existence of nice, well controlled solutions to
the corresponding Poisson equation Mattingly et al. (2010). We can minimise Equation
1
(10) over h, finding that the minimizing h is on the order of K − 3 , and yields an MSE
1
2
of order K − 3 . This agrees, surprisingly, with the scaling of K − 3 for the central limit
theorem established for the case of decreasing step sizes, for the Euler-Maruyama scheme
in Lamberton and Pages (2002) and for SGLD in Teh et al. (2014). This unexpected result,
that the decreasing step size and fixed step size discretisations have, up to a constant, the
same efficiency seems to be missing from the literature.
Our theoretical findings are confirmed by numerical simulations. More precisely, we
start by studying a one dimensional Gaussian toy model both in terms of the asymptotic
bias and the MSE of time averages in Section 2. The simplicity of this model allows us
to obtain explicit expressions for these quantities and thus illustrate in a clear way the
connection with the theory. More precisely, we confirm that the scaling of the step size and
the number of steps for a prescribed MSE obtained from the upper bound in Equation (10)
matches the scaling derived from the analytic expression for the MSE for this toy model.
More importantly, this simplicity allows us to make significant analytic progress in the study
of the asymptotic bias and MSE of time averages in the limit of large data sets N → ∞.
In particular, we are able to show that the SGLD reduces the computational complexity by
one order of magnitude in N . for the estimation of the second moment in comparison with
the Euler method if the error is quantified through the MSE.
In summary, this paper is organised as follows. We present our first explorations of
the SGLD applied to a one-dimensional Gaussian toy model in Section 2. For this model
we obtain an analytic characterisation of its bias and variance. This serves as intuition
and benchmark for the two analyses developed in Sections 3 to 5. In Section 3 we review

4

N (µp , σp2 )

=N



σx2
σθ2

+N

i=1 Xi

PN
,


1
N
+
σθ2 σx2

−1
.



where ξk ∼ N (0, 1) and

i.i.d.

Bk =

A =

5



1 1
N
+
,
2 σθ2 σx2
Pn
N i=1 Xτki
,
n
2σx2

1 N (N − 1)
Var(X),
4σx4
n

i=1

k=0

M
−1
X

h(1 − Ah)k BM −k−1 .

θ

(17)
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Var[θk+1 | B] = (1 − Ah)2 Var[θk | B] + h

a simple calculation now shows that

Var[θk+1 ] = E(Var[θk+1 | B]) + Var(E[θk+1 | B]),

We thus see that the SGLD is capturing the correct limiting mean of the posterior independently of the choice of the step size h. In other words, for the test function φ(θ) = θ,
the asymptotic bias is nil.
We now investigate the behaviour of the limiting variance under the SGLD. Starting
with the law of total variance,

If we now take the expectation with respect to the random subsets Bk , using the fact that
E(Bk ) = E(B) and take the limit of M → ∞, we have
PN
∞
X
Xi
E(B)
E(θ∞ ) =
(1 − Ah)k hE(B) = h/(1 − (1 − Ah))E(B) =
= σ2i=1 .
x
A
+N
k=0
σ2

E(θM |B) = (1 − Ah)M E(θ0 ) +

which can be solved in order to obtain

E(θk+1 |B) = (1 − Ah)E(θk |B) + Bk h

We start by inspecting the estimate of the posterior mean. In particular, using Equation
(14) and taking expectations with respect to ξk , we have

2.1 Analysis of the Asymptotic Bias

i=1

√
1. Note that the posterior variance is  1/A, so that steps of size  1/A are 1/ A smaller than the width
of the posterior. However the injected noise has variance  1/A which matches the posterior variance.

(14)

(13)

(12)

(11)

=

(15)

and its numerical discretisation by the SGLD with step size h reads as follows,
√
θk+1 = (1 − Ah)θk + Bk h + hξk ,

For this choice of π, the Langevin diffusion (1) becomes,


1 θ(t) − µp
dθ(t) = −
dt + dWt ,
2
2
σp

π=

The posterior is given by

Xi | θ ∼ N (θ, σx2 ) for i = 1, . . . , N .

i.i.d.

θ ∼ N (0, σθ2 ),

In this section, we develop results for a simple toy model, which will serve as a benchmark
for the theory developed in Sections 3 to 5. In particular, we obtain analytic expressions for
the bias and the variance of the sample average of the SGLD, allowing us to characterise
its performance in detail.
We consider a one-dimensional linear Gaussian model,

2. Exploring a one-dimensional Gaussian Toy Model

i=1

!2

where Var(X) is the typical unbiased empirical estimate of the variance of {X1 , . . . , XN }.
For sampling without replacement we have,
!2
N
N
1 N (N − n) X
1 X
1 N (N − n)
Var(B) = 4
Var(X).
(16)
Xi −
Xi
= 4
4σx n(N − 1)
N
4σx
n

j=1

N
N
1 NX
1 X
X
−
Xi
i
4σx4 n
N

where τk = (τk1 , · · · , τkn ) denote a random subset of [N ] = {1, · · · , N } generated, for
example, by sampling with or without replacement from [N ], independently for each k. We
note that the updates (14) will be stable only if 0 ≤ 1 − Ah < 1, that is, 0 < h < 1/A1 In
the following we will also consider parameterising the step size as h = r/A where 0 < r < 1.
We denote B = (Bk )k≥0 . At the risk of obfuscating the notation, we will denote by
Var(B) the common variance of Bk for all k. For sampling with replacement, we have

some known results about the effect of the numerical discretisation of Equation (1) in terms
of the finite time weak error as well as in terms of the invariant measure approximation.
In Section 4 we apply these results to analyse the finite and long time properties of the
SGLD, as well as to construct the modified SGLD algorithm which, asymptotically in h,
behaves exactly as the Euler-Maruyama method (n = N ) while still sub-sampling the data
set at each step. Furthermore, in Section 5 we discuss the properties of the finite time
sample averages, include its MSE. In Section 6 we revisit the Gaussian toy model to obtain
a more precise understanding of the behaviour of SGLD in a large data and high accuracy
regime. This is achieved using analytic expressions of the expectations of the sample average
which are obtained using the Mathematica R notebook that is available upon request from
the first author described in detail in Appendix 10. Finally, in Section 7 we demonstrate
the observed performance of SGLD for a Bayesian logistic regression model which matches
the theory, while, we conclude this paper in Section 8 with a discussion on some possible
extensions of this work.
Var(B) =
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Var(E[θk+1 | B]) = (1 − Ah)2 Var(E[θk | B]) + h2 Var(Bk ).
Combining these two results, we see that
Var(θk+1 ) = (1 − Ah)2 Var(θk ) + h + h2 Var(Bk ).

1
h Var(B)
+
.
2A − A2 h 2A − A2 h

If we now take the limit of k → ∞, we have that
Var(θ∞ ) =

Var(B)
.
2A

(18)

(19)

where Var(B) is the common value of Var(Bk ) for all k ≥ 0. We note here that in the case of
the Euler-Maruyama method (from here on we will simply refer to this as the Euler method)
where n = N and Var(B) = 0, only the first term remains. In other words, the first term
is an (over-)estimate of the posterior variance σp2 = 1/2A obtained by the Euler-Maruyama
discretisation at step size h. Our result here coincides with Zygalakis (2011). On the other
hand, the second term is an additional bias term due to the variability of the stochastic
gradients. Further, using a Taylor expansion in h of the second summand, we see that the
SGLD has an excess bias, relative to the Euler method, with first order term equal to
h

√

(21)

2 ] − E[θ ]2 , and that the asymptotic bias of estimating
Using the fact that Var(θ∞ ) = E[θ∞
∞
E[θ] is nil in this simple model, we see that the above gives the asymptotic biases of the
Euler method and SGLD in the case of the test function φ(θ) = θ2 .
We now consider the modified SGLD given in Equation (9) and to be discussed in Section
4.2. In this case the numerical discretisation of Equation (13) becomes


h
h 1 − Var(B) ξk
(20)
2

θk+1 = θk − Ahθk + Bk h +

1
h2 Var2 (B)
+
.
2A − A2 h 4(2A − A2 h)

PN
i=1 Xi
σx2
+N
σθ2

A similar calculation as for the SGLD shows that
E(θ∞ ) =
Var(θ∞ ) =
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with the last term being the excess asymptotic bias. A Taylor expansion of the excess bias
term shows that the term of order h vanishes and the leading term has order h2 . Hence, for
small h, the excess bias is negligible compared to the asymptotic bias of the Euler method,
and we can say that, up to first order and in this simple example, the mSGLD has the same
asymptotic bias as for the Euler method. In Section 4.2, we will show that these results
hold more generally.
It is useful to visualise the above analytic results for the asymptotic biases of the Euler
method, SGLD and mSGLD. In Figure 1 we show this for a data set of 1000 points drawn
7
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Figure 1: Comparison of the asymptotic biases for the SGLD, the mSGLD and the Euler
method for the test function φ(θ) = θ2 . For all simulations, we have used N = 103 .
We used n = 10 on the LHS and n = 200 on the RHS.
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according to the model. In particular, after choosing the data set, then we calculate analytically Var(B) for each choice of n using (16), and then use (18), (21) to evaluate the
asymptotic bias for each of the methods. The first observation is that the Euler method
has lowest asymptotic bias among all three methods (although of course it is also the most
computationally expensive; see Section 6). We observe that if we choose n = 10 points for
each gradient evaluation, for large values of the step size h, the SGLD is superior to the
mSGLD. However, as h is reduced, this is no longer the case. Furthermore, if we use a more
accurate gradient estimation with n = 200 data points, we see that mSGLD outperforms
SGLD for all the step sizes used, but more importantly its asymptotic bias is now directly
comparable with the Euler method where all the data points are used for evaluating the
gradient.

8

k=0

!2
K−1
1 X 2
θk − (µ2p + σp2 ) .
K
(22)

9

JMLR 17(159):1-45

In this section we review some existing results regarding the ergodicity and accuracy of
numerical approximations of SDEs. We start in Section 3.1 by introducing the framework
and notation, the Fokker-Planck and backward Kolmogorov equations, and with some preliminary results on local weak errors of numerical one-step integrators. Section 3.2 presents
assumptions necessary for ergodicity, and extends the results to a global error expansion of

3. Review of Weak Order Results

We can expand the quadratic, and express MSE2 as a linear combination of terms of the
form E[θjp ] for p = 1, 2, 3, 4. Each of terms can be calculated analytically, depending on the
data set X, the total number of steps K, the subset size n, as well as the scaled step size
parameter r = hA. We provide these calculations in Appendix 10.1 and a Mathematica R
file in the supplementary materials.
In Figure 2 we visualise the behaviour of the resulting MSE2 for a fixed data set with
N = 1000 items, and with scaled step size r = 1/20. For the same number of steps M ,
the left figure shows that SGLD and mSGLD behaves similarly, decreasing initially then
asymptoting at their asymptotic biases studied in the previous subsection. At r = 1/20
mSGLD has lower asymptotic biases than SGLD. Further, both MSE2 ’s decrease with
increasing subset size n, and are higher than that for the Euler method at n = 1000. Since
SGLD and mSGLD computational costs per step are linear in n, the right figure instead
plots the same MSE2 ’s against the (effective) number of passes through the data set, that
is, number of steps times n/N . This quantity is now proportional to the computational
budget. Now we see that smaller subset sizes produce initial gains, but asymptote at higher
biases.
These analytical results for a simple Gaussian model demonstrate the more general
theory which forms the core contributions of this paper. Sections 3 and 4 develop a method
to study the asymptotic bias as a Taylor expansion in h, while Section 5 provides a finite
time analysis in terms of the mean squared error. Both analyses are based on the behaviour
of the algorithms for small step sizes, and in this regime we see that mSGLD has better
performance than SGLD. In Section 6 we will return to the simple Gaussian model to study
the behaviour of the algorithms using different measures of performance and in different
regimes. In particular, we will see that for larger step sizes SGLD has better performance
than mSGLD.

MSE2 := E

In the previous subsection we analysed the behaviours of the three algorithms in terms of
their biases in the asymptotic regime. In practice, we can only run our algorithms for a
finite number of steps, say K, and it would be interesting to understand the behaviours of
the algorithms in this scenario. With a finite number of samples, in addition to bias we also
have to account for variance due to the Monte Carlo estimation.
A sensible analysis accounting for both bias and variance is to study the behaviour of
the mean squared error (MSE), say in the Monte Carlo estimation for the second moment,

2.2 Finite Time Analysis
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(23)

(24)

10

u(θ, t) = E (φ(θ(t))|θ(0) = θ) ,
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(26)

This operator is the L2 -adjoint of the generator of the Markov process (θ(t))t≥0 given by
(1),
1
1
L = ∇θ log π(θ) · ∇θ + ∆θ ,
(25)
2
2
Given a test function φ, define u(θ, t) to be the expectation,

1
1
L∗ ρ = − ∇θ · (∇ log π(θ)ρ) + ∇θ · ∇θ · ρ.
2
2

with initial condition ρ(y, 0) = δ(y − θ), a Dirac mass for the deterministic initial condition,
and the operator L∗ given by

∂ρ
= L∗ ρ,
∂t

Let us denote by ρ(y, t) the probability density of θ(t) defined by the Langevin diffusion (1)
with initial condition θ(0) = θ and target density π(y). Then ρ(y, t) is the solution of the
Fokker-Planck equation,

3.1 One-step Numerical Approximations of Langevin Diffusions

the weak error as well as the error in the approximation of the invariant measure. Finally,
in Section 3.3 we apply our results to explicitly calculate the leading order error term of
the numerical approximation of an Ornstein-Uhlenbeck solved by the Euler method.

Figure 2: MSE2 of the sample average for the SGLD and the mSGLD for the second moment
of the posterior.

Vollmer, Zygalakis and Teh
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(27)

with respect to the diffusion at time t when started with initial condition θ(0) = θ. We
note that u(θ, t) is the solution of the backward Kolmogorov equation
∂u
= Lu,
∂t
u(θ, 0) = φ(θ).

j=1

j!

l
X
hj

Lj φ(θ) + hl+1 rl (θ),

(28)

A formal Taylor series expansion for u in terms of the generator L was derived in
Zygalakis (2011) and made rigorous by Debussche and Faou (2012) for the case where the
state space is θ ∈ Td . The Taylor series is of the following form,
u(θ, h) = φ(θ) +

2

for all positive integers l, with the remainder satisfying a bound of the form |rl (θ)| ≤
cl (1 + |θ|κl ) for some constants cl , κl depending on π and φ.

(29)

Remark 1 Another way to turn u(θ, h) = φ(θ) + hLφ + h2 L2 φ + · · · into a rigorous expansion, see Equation (28), is to follow the approach in (Talay and Tubaro, 1990, Lemma
2) and to assume that log π is C ∞ with bounded derivatives of any order (and this is the
approach we follow here). This fact, together with the assumption that
|φ(θ)| ≤ C(1 + |θ|s )

for some positive integer s is enough to prove that the solution u of Equation (27) has
derivatives of any order that have a polynomial growth of the form of Equation (29), with
other constants C, s that are independent of t ∈ [0, T ]. In turn, these regularity bounds
establish that Equation (28) holds. We mention here that the regularity conditions where
relaxed in recent work in Kopec (2014) for the elliptic case and in Kopec (2015) for the
hypoelliptic case.
Now assume that one solves Equation (1) numerically with a one step integrator, which
we shall denote by,
θn+1 = Ψ(θn , h, ξn ),
(30)

√
h
∇ log π(θ) + hξ
2

(31)

where θ0 = θ(0), h denotes the step size, ξn are iid N (0, 1), and θn denotes the numerical
approximation of θ(nh) for each n ∈ N. For example in the case of the Euler method for
equation (1) one has
Ψ(θ, h, ξ) = θ +
Now, using this formulation we can define
U (θ, h) = E(φ(θ1 )|θ0 = θ),
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for the expectation of the test function after one step of the numerical integrator starting
with the initial condition θ0 = θ. We will make the following (easily satisfied) regularity
and consistency assumptions about the integrator:
11
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Assumption 2 We assume that the following hold:

• ∇ log π is C ∞ with bounded derivatives of all orders.

• For all deterministic initial conditions θ0 , we have
√
|θ1 − θ0 | ≤ M (1 + |θ0 |) h,

|E(θ1 − θ0 )| ≤ C(1 + |θ0 |)h, and

(32)

(33)

where C is a constant independent of h, for h small enough and M is a random
variable that has bounded moments of all orders independent of h and θ0 .

• Equation (31) has a weak Taylor series expansion of the form

U (θ, h) = φ(θ) + hA0 (π)φ(θ) + h2 A1 (π)φ(θ) + · · · ,

where Ai (π), i = 0, 1, 2, . . . are linear differential operators with coefficients depending
smoothly on the drift function ∇ log π(θ) and its derivatives (depending on the choice
of the integrator).

• A0 (π) coincides with the generator L, in other words, the numerical method has weak
order at least one.

hi+1 Ai (π)φ(θ) + hl+2 Rl (θ)

(34)

Remark 3 Equation (33) holds for almost any Taylor based method applied to (1) but also
to general SDEs with multiplicative noise. This is discussed further in Abdulle et al. (2012),
which also contains examples numerical methods, other than the Euler-Maryuama method,
for which (33) holds.

i=0

l
X

Assumptions 2 immediately imply the existence of a rigorous expansion
U (θ, h) = φ(θ) +

for all positive integers l, with a remainder satisfying |Rl (θ)| ≤ Cl (1 + |θ|Kl ) for some
constants Cl , Kl . We say that the numerical solution has local weak order p if the first p
terms in the expansion (33) of the numerical approximation agrees with that (28) for the
exact diffusion. In this case, it is easy to see that the following local error formula holds,
 p+1

L
− Ap φ(θ) + O(hp+2 ).
(35)
(p + 1)!

E(φ(θ(h))|θ(0) = θ) − E(φ(θ1 )|θ0 = θ) = hp+1

3.2 Global Weak Error Expansion

JMLR 17(159):1-45

(36)

In this subsection, we will extend the local weak error expansion to a global one. Specifically,
after M steps of the numerical integrator with step size h, we are interested in the difference
between θM and the exact diffusion θ(T ) where T = M h, as evaluated by the difference
between the corresponding expectations of φ,

E(φ, h, T ) = E(φ(θ(T ))|θ(0) = θ) − E(φ(θM )|θ0 = θ),

12

with bounded derivatives of all orders.

e(θ, t) =




1
Lp+1 − Ap v(θ, t),
(p + 1)!

13

Rd

ˆ
0

ˆ

∞


1
Lp+1 − Ap u(y, t)π(y)dt dy,
(p + 1)!

(41)

(40)
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i,j=1
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where e1 , . . . , ed denotes the canonical basis of Rd and ψ 000 (·, ·, ·) and ψ (4) (·, ·, ·, ·), are the
derivatives of ψ, which are trilinear and quadrilinear forms, respectively. In dimension
d = 1, it reduces to
1
1
1
A1 ψ = f 2 ψ 00 + ψ 000 + ψ (4)
2
2
8

i=1

(43)

A straightforward calculation Zygalakis (2011) yields that the differential operator A1 in
(33) is given by
(39)

d
d
1
1 X 000
1 X (4)
A1 ψ = f T ∇2 ψf +
ψ (ei , ei , f ) +
ψ (ei , ei , ej , ej )
2
2
8

We illustrate the weak order results above in the case of the Euler-Maruyama scheme
applied to the Ornstein-Uhlenbeck process. For ease of notation, let f (x) = 21 ∇ log π(θ).
The Euler-Maruyama update steps are,
√
θn+1 = θn + hf (θn ) + hξn .
(42)

3.3 An Illustrative Example

and then average over all possible initial conditions y with respect to invariant measure
π(y).

The proof is given in Abdulle et al. (2014), and is similar to that in (Talay and Tubaro,
1990, Theorem 4) with the main difference being that Equation (37) is used as the starting
point, instead of the specific formula for the Euler-Maruyama method used in Talay and
Tubaro (1990).
Theorem 6 provides an explicit expression for the leading order term of the asymptotic
bias of the numerical method. It will thus be the key result in our analysis of the asymptotic
behaviour of SGLD later. Intuitively Equation (41) says that if we want to calculate the
error between the numerical and the true ergodic averages, we need to take into account
the long time (t → ∞) discrepancy between the true and the numerical solution given by


1
Lp+1 − Ap u(y, t),
(p + 1)!

and u(y, t) satisfies Equation (27).

λp =

where λp is defined as

n=0

(38)

The expression (37) was proved by Talay and Tubaro (1990) for specific methods (e.g.
the Euler-Maruyama or the Milstein methods), while the general procedure to infer the
global weak order from the local weak order is due to Milstein (1986) (see also (Milstein
and Tretyakov, 2004, Chapter 2.2)). However, the formulation of the error function (38) here
is in terms of the generator L and the operators Ai in Assumption 2, and does not contain
any time derivatives as in Talay and Tubaro (1990); Milstein (1986). This formulation will
be particularly useful for obtaining our main results.
Using Theorem 5, one can obtain a similar expansion to that in Equation (37) for the
difference between the true and the numerical ergodic averages:

∂v
= −Lv,
∂t
v(θ, T ) = φ(θ).

with v(θ, t) = E(φ(θ(T ))|θ(t) = θ) satisfying

where e(θ, t) is given by

0

Theorem 5 Suppose that the state space is Rd , that Assumptions 2 and 4 hold, and that
the Markov chain (θn )n≥0 defined by the one step integrator (30) is ergodic. If the numerical approximation has local weak order p, that is, Equation (35) holds, then we have the
following expansion of the global error (36), for all φ ∈ CP2p+4 (Rd , R),
ˆ T
E(e(θ(s), s))ds + O(hp+1 ),
(37)
E(φ, h, T ) = hp

The question of the ergodicity of the numerical approximation (θn ) is considerably more
intricate in general. There exist cases where the underlying Langevin diffusion is ergodic,
but its numerical approximation is not ergodic, or does not converge exponentially fast
Roberts and Tweedie (1996). This relates mainly to the properties of the drift coefficient
and its behaviour at infinity. For the Euler-Maruyama and the Milstein scheme this has
been investigated in Talay and Tubaro (1990). In what follows we will simply assume that
the Markov chain (θn ) defined by the numerical approximation is indeed ergodic. Under
this assumption the following theorem, which combines results derived by Talay and Tubaro
(1990) and Milstein (1986), can be shown (see Abdulle et al. (2014) for a proof):

hθ, ∇ log π(θ)i ≤ −βkθk22 .

• there exists β > 0 and a compact set K ⊂ Rd such that ∀ θ ∈ Rd \K,

• ∇ log π is

C∞

lim

ˆ
K−1
1 X
φ(θn ) −
φ(y)π(y)dy = −λp hp + O(hp+1 )
K→∞ K
Rd

Theorem 6 Suppose that Assumption 4 holds, that our numerical method with deterministic initial condition is ergodic and of weak order p, and that φ : Rd → R is a smooth
function satisfying Equation (29). Then,

In order for this study to make sense (when considering the limit T → ∞), we will
require that the SDE and its numerical approximation are both ergodic. We make standard
assumptions in order for the Langevin diffusion (θ(t))t≥0 as given by (1) to be ergodic (see
Hasminskii (1980)):

Assumption 4 We assume that the following hold for the Langevin diffusion (θ(t))t≥0 :
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2

dt + dWt
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2

θ(t) − µ
σ2

2



4σ 4

2

µ + e−t/2σ θ



−(θ−µ)2 /2σ 2

dθdt

h2
2

A1 (π)φ =

1
2

∀ n ≤ N.



1
Eτ (fˆ2 (θ))φ00 + f (θ)φ(3) + φ(4) .
4

16
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We thus see that in the case of SGLD the leading order error term contains an extra factor of
− 21 Var(fˆ(θ))∇θ2 when compared to the Euler method (n = N ), in which case Var(fˆ(θ)) = 0.
This can be understood as the penalty associated with not using all the available points for
calculating the likelihood at every time step. It results in an extra term in the corresponding
error expressions given in Theorems 5 and 6 when compared with the Euler method. More
precisely, for n  N the term − 21 Var(fˆ(θ)) is of size O(N 2 ) thus making the leading order
error term O(hN 2 ) in Equation (37).

The asymptotic bias in Equation (41) has an expansion based on the differential operator,



1 2
d2
1
1
d
1 0
L − A1 =
f (θ)f 0 (θ) + f 00 (θ)
+
f (θ) + f 2 (θ) − Eτ (fˆ2 (θ))
2
2
2
dθ 2
dθ2


 d2
1
d
1 0
1
f (θ)f 0 (θ) + f 00 (θ)
+
f (θ) − Var(fˆ(θ))
(50)
2
2
dθ 2
dθ2
=

If we now take expectations with respect to τj ,


h2
1
E(φ(θj+1 )|θj ) = φ(θj )+hLφ(θj )+
Eτ (fˆ2 (θj ))φ00 (θj ) + f (θj )φ(3) (θj ) + φ(4) (θj ) +O(h3 ),
j
j
2
4
(49)
where L is the generator (25) of Equation (1). We thus see that the SGLD method is a first
order weak method and, dropping the indexing by j for notational convenience from now
on,

+

Expanding φ(θj+1 ) in powers of h and then taking expectations with respect to the injected
random noise ξj ,


1
Eξj (φ(θj+1 )|θj ) = φ(θj ) + h fˆj (θj )φ0 (θj ) + φ00 (θj )
2


1
fˆj2 (θj )φ00 (θj ) + fˆj (θj )φ(3) (θj ) + φ(4) (θj ) + O(h3 ).
4

1
Eτj fˆj (θ) = f (θ) := ∇ log π(θ),
2

τj is the subset (possibly with repetition) chosen at step j and,

i=1

!
n
NX
∇ log π(Xτji |θ) ,
n

In the case where θ ∈ R and π(θ) = e−(θ−µ) /2σ , the Langevin diffusion (1) corresponds
to the one dimensional Ornstein-Uhlenbeck process,


1
2


1 − e−t/2σ

2πσ

(46)

∇ log π0 (θ) +

differential operators A0 , A1 , · · · in Equation (33). To simplify the presentation and to
illustrate the main ideas, we present the calculations only in the case where θ(t) is one
dimensional. We start our calculations by rewriting the SGLD method in the following
form
√
θj+1 = θj + hfˆj (θj ) + hξj ,
(47)

dθ(t) = −

2

e−t/2σ (µ − θ)
4σ 4

σ2
1
= σ 2 + h + O(h2 ).
4
1 − h4 σ −2

1
fˆj (θ) =
2

where

−t/σ 2

2σ 2

σh2 =

(48)

For the test function φ(θ) = θ2 , a simple calculation reveals that the solution of Equation
(27) is


µθ
µ2
2
2
2
2
2
u(θ, t) = σ 2 1 − e−t/σ + θ2 e−t/σ + 2 (1 − e−t/2σ )e−t/2σ + 4 (1 − e−t/2σ )2 . (45)
σ
4σ

e

e √

The Euler-Maruyama scheme has weak order p = 1, and (see Zygalakis (2011) for more
details),
1 2
d
1 d2
1
L − A1 = 4 (θ − µ) − 2 2 .
2
8σ
dθ 4σ d θ
Using this together with Equation (45) for u(θ, t), we find



2
2
1 − e−t/2σ µ + e−t/2σ θ

∞ ˆ +∞

−∞

−

2


2
e−t/2σ (µ − θ)
1 2
e−t/σ
L − A1 u(θ, t) =
−
2
2σ 2

ˆ

0

Formula (41) now gives

λ1 = −
1
= .
4

where

This is in agreement with known results on the stationary distribution of the Euler-Maruyama
approximation to the Ornstein-Uhlenback process, see Zygalakis (2011):
πh ∼ N (µ, σh2 )

4. Weak Convergence Analysis
We study the weak convergence properties of the SGLD method in the light of Theorems
5 and 6. The analysis in Section 4.1 implies that at leading order there is a cost associated
with not calculating the likelihood over all points. Thus, we introduce in Section 4.2 a
modification of the original algorithm which has an error that is, asymptotically in h,
identical to the error of the Euler method, when all data points are taken into account in
the calculation of each likelihood gradient.
4.1 Stochastic Gradient Langevin Dynamics
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Theorems 5 and 6 imply that in order to characterise the leading order error term both for
the weak convergence and the invariant measure, we need to calculate the corresponding
15

Var(B)
,
2A

17
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where L is the generator of Equation (1). We thus see that the mSGLD is a first order
weak method and


i
1 h
1
A1 (π)φ =
Eτ (fˆ2 (θ)) − Varfˆ(θ) φ00 + f (θ)φ(3) + φ(4)
2
4

E(φ(θj+1 )) =φ(θj ) + hLφ(θj )
(52)


i
1
h2 h
Eτj (fˆj2 (θj )) − Varfˆ(θj ) φ00 (θj ) + f (θj )φ(3) (θj ) + φ(4) (θj ) + O(h3 ),
+
2
4

Taking expectations with respect to the random sampling and using Equation (48), we
obtain

We can again derive the weak order expansion as in the previous subsection. Our first step
is to expand φ(θj+1 ) in powers of h and then take expectations with respect to the random
variable ξj . In particular, we obtain


1
Eξj (φ(θj+1 )) =φ(θj ) + h fˆj (θj )φ0 (θj ) + φ00 (θj )
2


i
h2 h ˆ2
1
+
fj (θj ) − Varfˆ(θj ) φ00 (θj ) + fˆj (θj )φ(3) (θj ) + φ(4) (θj ) + O(h3 ).
2
4

As we have seen in the previous section, the SGLD method introduces an extra term
− 12 Var(fˆ(θ))∇2θ in the leading order error term related to the weak error (Theorem 5)
and to the ergodic averages (Theorem 6). When n  N , this term is of order O(hN 2 ).
In this section we will explore a modification of SGLD (mSGLD) for which this term is
removed, so that the leading order term is exactly the same as for the Euler-Maruyama
scheme. Specifically, the mSGLD updates are,


√
h
θj+1 = θj + hfˆ(θj ) + h 1 − Varfˆ(θj ) ξj .
(51)
2

4.2 Modified SGLD

and thus agreeing with Equation (19) derived in t Section 2.1.

σp Var(B) =

A simple integration of this term according to the formula (41) gives that the overall contribution of the extra term, which is,

Covfˆ(θ) = E




> 
fˆ(θ) − E(fˆ(θ)) fˆ(θ) − E(fˆ(θ))

i=0

18

JMLR 17(159):1-45

Having focused on the SGLD in the asymptotic regime, we will now provide non-asymptotic
analysis of the mean squared error (MSE) of the finite time sample averages of the SGLD.
In particular, we will decompose the MSE into bias and variance. The main result of this
section will be of the form


ˆ
K−1
1 X
1
Bias:
E
φ(θi ) − φ(x)π(x)dx = O h +
K
Kh
i=0
(55)
!2


ˆ
K−1
1 X
1
2
MSE: E
φ(θi ) − φ(x)π(x)dx
=O h +
K
Kh

5. Finite Time Sample Averages

However, estimating the variance of the stochastic gradient will affect higher order terms in
h. For fixed h these terms may have larger contribution to the overall error depending on
the choice of n and N . In fact, this is true even if we use the exact variance for the toy
model in Section 2.1. More precisely, we compare the bias of the mSGLD and the SGLD in
Equation (70) notice that h2 term might be larger depending on the choice of n and N .

This replacement does not change Equation (53) because the smallest order contribution to
Equation (49) is of the form
h
i
d (θj )ξj2 = −h2 Varf (θj ).
−h2 E Varf

i=1

Remark 7 Except for special cases, Varf (θj ) does not have a closed form. The simplest
possible way to proceed without it is to replace it by an unbiased estimator, for example in
case of sampling without replacement,
!2
n
X
 fbj (θ)
d fbj (θ) := N (N − n)
∇ log π xτji | θ −
.
Var
n(n − 1)
N

and ξj is a d-dimensional standard normal random variable.

where

We see that the leading order term in the weak error and the error for the ergodic averages
is the same as for the Euler method, which uses all data at every step. In higher dimensions,
a similar calculation gives the mSGLD updates,


√
h
θj+1 = θj + hfˆj (θj ) + h I − Covfˆ(θj ) ξj
(54)
2

Using the expression for L2 as in the case of SGLD, we have that,


 d2
1 2
1
1
d
1 0
f (θ)f 0 (θ) + f 00 (θ)
L − A1 =
+
f (θ) + f 2 (θ) − Eτ (fˆ2 (θ)) + Varfˆ(θ)
2
2
2
dθ 2
dθ2


2
1
1
d
1
d
f (θ)f 0 (θ) + f 00 (θ)
(53)
=
+ f 0 (θ) 2
2
2
dθ 2
dθ

Example 1 We illustrate the above findings on the toy model discussed in Section 2. In
particular, using the expression for u(θ, t) from Section 3.3 (replacing µ and σ by µp and σp
respectively), and that Var(fˆ(θ)) = Var(B) for this simple model, the extra term in Equation
(50) when compared with the Euler method is now given by

1
2
− Var(B)∂θ2 u(θ, t) = − Var(B)e−t/σp .
2
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Remark 8 In Teh et al. (2014), a central limit theorem was provided for the decreasing step
1
size SGLD which shows a convergence rate of O(K − 3 ). At first sight, the bound in Equation
1
(55) seems better because of the Kh
term in the upper bound. However, due to the bias, an
additional term of order O(h2 ) appears. In order to compare (55) with the previous result
of Teh et al. (2014), we optimise the sum of both terms over the step size h. This results
2
in a bound on the MSE of the SGLD of order O(K − 3 ) and agrees with the rate achieved by
the decreasing step size SGLD. This agreement between decreasing step size discretisation
and fixed step size discretisation is, to our knowledge, not a widely-known observation in
the literature. In contrast, for standard MCMC algorithms the MSE is bounded by order
O(K −1 ) due to the Metropolis-Hastings correction that removes the bias. Nevertheless,
experimental results in the literature demonstrate that the SGLD might be advantageous in
the initial transient phase of learning, see e.g.Patterson and Teh (2013); Chen et al. (2014)

(56)

In Section 5.2 we will focus on establishing the bound in Equation (55) which is an
extension of the work by Mattingly et al. (2010). The authors obtained similar results for
finite time sample averages of discretisations of diffusions of the form
dθt = f (θt ) + g(θt )dWt
on the torus which we review subsequently in Section 5.1.
5.1 Preliminaries on the Poisson Equation and Time Averages

∇ψ (θ(s)) · g(θ(s))dWs .

Vollmer, Zygalakis and Teh

In this article, we are interested in the time average of the Euler discretisation and the
SGLD. We can build on the ideas of Section 5 in Mattingly et al. (2010) which considers
time discretisations of Equation (56) of the following form
√
hg(θk , h)ηk , ηk ∼ N (0, I) .

θk+1 = θk + hf (θk , h) +

∆ψ(θk+1 ) := ψ(θk+1 ) − ψ(θk ) = h (A0 ψ) (θk ) + Rk

In Mattingly et al. (2010) a Taylor expansion is used to express

k=0

k=0

k=0

K−1
K−1
K−1
1 X
1
1 X
1 X
(ψ (θK ) − ψ (θ0 )) −
φ(θk ) = φ̄ +
h (A0 − L) ψ(θk ) −
Rk .
K
Kh
hK
Kh

where Rk is the remainder term. The term A0 was introduced in Equation (33) in Section
3.1.
Using that Lψ = φ − φ̄, summing over k and dividing by hK yields
φ̂K :=

(58)

Controlling A0 − L and the remainder gives rise to Theorem 5.1 and 5.2 in Mattingly et al.
(2010) stating that



1
Eφ̂K − φ̄ ≤ C h +
h·K




2
1
E φ̂K − φ̄ ≤ C h2 +
.
h·K

verifying this condition will allow us to work on Rd .

5.2 The Bias and the MSE of Finite Time SGLD Averages

dθt = f (θt )dt + g (θt ) dWt .

∆k+1 = θk+1 − θk , φk = φ (θk ) ,

20

(60)
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where fˆk is an unbiased estimate of f . The focus of this section is to establish results similar
to Equation (58) for the SGLD. They will be formulated in Theorem 9.
For the readability of the subsequent calculation we use the following notations

1
∆k+1 = θk+1 − θk = fˆk h + h 2 gk ξk+1

with g = I being the identity matrix but we keep g in order to make the presentation
clearer. Based on this setup the recursion of the corresponding SGLD reads as follows

We consider the SDE

(59)

In particular, these results were derived for discretisations of SDEs on the torus. This
simplifies the presentation because the derivates of ψ are bounded on a compact set. However, the same arguments hold if the following assumption is imposed instead

0

1
1
(ψ (θ(t)) − ψ (θ(0))) −
t
t

k

In the following a connection between time averages of the diffusion and the corresponding
Poisson equation will be presented. For a more elaborate description of this technique we
point the reader to Section 4.2 of Mattingly et al. (2010) and references therein.
The Poisson equation is an elliptic PDE on the basis of the generator associated with
Equation (56). The generator of Equation (56) is

∇ψ (θ(s)) · g(θ(s))dWs ,
ˆ t

sup E ψ (i) (θk ) < ∞ for i = 1, . . . , 4.

0

1
Lψ = ∇ψ · ∇f + g(θ)> ∇2 ψg(θ),
2
while the Poisson equation is given by

φ(θ(s))ds − φ̄ =

0

Lψ = φ − φ̄ on Rd
(57)
´
where φ is a test function and φ̄ := φ(x)π(dx) with π being the invariant distribution of
(56). For applications in Bayesian statistics π represents the posterior and the quantity φ̄
the posterior
´ t expectation of interest. The posterior expectation φ̄ is estimated by the time
average 1t 0 φ(θ(s))ds of the Langevin dynamics. The difference between the two can be
expressed explicitly by using Itô’s formula on the solution ψ of the Poisson equation
ˆ t
ˆ t
φ(θ(s)) − φ̄ds +
0

ψ (θ(t)) − ψ (θ(0)) =
ˆ t

1
t
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If the first term and the variance of the second term (the martingale term) on the right
hand side can be bounded, an error bound for the time average is obtained.
19

0

1
1
ψk + ∇ψk · ∆k+1 + ∆Tk+1 ∇2 ψk ∆k+1 + ψk+1 (3) (∆k+1 , ∆k+1 , ∆k+1 ) + Rk+1
2
6
ˆ 1
s3 ψ (4) (sθk + (1 − s)θk+1 ) (∆k+1 , ∆k+1 , ∆k+1 , ∆k+1 ) ds.

21
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1
1
+ fˆkT h2 ∇2 ψk fˆk + ψk (3) (∆k+1 , ∆k+1 , ∆k+1 ) + rk+1 + Rk+1
2
6


1
T
where rk+1 = h 2 (gk ξk+1 ) ∇2 ψk (gk ξk+1 ) − S(x, h) .

1 PK−1
1 PK−1
Notice that hK
k=0 hA0 ψk = K
k=0 φk − φ̄ is the error of interest. In order to
control this error, we sum the expression for ψk+1 for k = 0, . . . , K − 1 and divide by

Hk

1
3


ψk+1 = ψk + hA0 ψk + h 2 ∇ψk · (gk ξk+1 ) + h∇ψk · fˆk − Eτ fˆ(θk , τ, h) + h 2 (gk ξk+1 )T ∇2 ψk fˆk
|
{z
}

Here ψ (3) and ψ (4) are the third and fourth order derivative in the form of a trilinear and a
quadrilinear form, respectively. In this setting, a third order expansion is required in order
to obtain the h2 term in the h2 + T1 bound in the MSE (see Equation (58) or Theorem 9).
More
precisely, the remainder of this expansion is forth order which together with the term
√
hξm in Equation (5) contributes to the h2 error term. In order to make the connection to
the Poisson equation, we write the expansion above in terms of A0 . This yields



1
6

=

Rk+1 =

ψk+1

where S(θ) =
= I.
We use the P
following third order Taylor expansion on ψ(θk+1 ) − ψ(θk ) in order to obtain
a bound on K1 K−1
k=0 φk − φ̄

g(θ)g(θ)T


1
A0 ψk = ∇ψ · Eτ fˆ(θk , τ, h) + trace S (θk )t ∇2 ψ(θk )
2

fˆk = fˆ(θk , τk , h) for the estimate of the drift, gk = g(θk , h) = I, ψk = ψ(θk ), Vk = V (θk )
and Dk ψk = Dk ψ(θk ). The term A0 , as introduced in in Equation (33) in Section 3.1,
satisfies A0 = L but we keep A0 for clarity. Thus, we have
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+

=

+

+
k=0

M2,K



M4,K

1 1
∇ψk · fˆk − Eτ f (θk , τ, h) +
T 2
{z
}
|



K−1
X

k=0

M3,K

S1,K

{z

S2,K

S3,K

}

h2 fˆkT ∇2 ψk fˆk

K−1
K−1
1 1 X (3)
1 X
Rk+1 +
ψk (∆k+1 , ∆k+1 , ∆k+1 ) .
T
T 6
{z
}
|k=0 {z }
| k=0

1
h
T
|

K−1
X

M1,K

K−1
K−1
K−1
1 X
1 1 X
1 3 X ˆT 2
rk+1 + h 2
∇ψk (gk ξk+1 ) + h 2
fk ∇ ψk (gk ξk+1 )
T
T
T
k=0
k=0
k=0
|
{z
}
|
{z
}
| {z }

0

K−1
X
 K−1
1 X
φk − φ̄ +
(L − A0 ) ψk
K
k=0
k=0
{z
}
|

(61)

=

=

=

=

M0,K
M̃0,K
S0,K
S̃0,K

k=0

k=0

K−1
1 X 3 (3)  ˆ ˆ ˆ 
fk , fk , fk .
h ψk
6

k=0

K−1


1 X 2
3h 3ψk (3) gk ηk+1 , gk ηk+1 , fˆk
6

k=0

K−1

1 X 5 (3)  ˆ ˆ
h 2 ψk
fk , fk , gk ηk+1
2

K−1

1 3 X  (3)
ψk ((gk ηk+1 ) , (gk ηk+1 ) , (gk ηk+1 ))
h2
6

22

ψ (k) . V pψ,k ,

for k = 0, . . . , 4.

JMLR 17(159):1-45

(62)

1. There are pψ,1 , . . . pψ,4 ∈ (0, ∞) such that the derivatives of the solution ψ to the
Poisson equation satisfy the following bound

Theorem 9 Suppose that there exists a function V such that the following three assumptions hold:


P
Rearranging Equation (61) for K1 K−1
k=0 φk − φ̄ and controlling the resulting right
hand side of Equation (61) gives rise to the following theorem.

in terms of

S3,K = M0,K + M̃0,K + S0,K + S̃0,K

where the Mi,k indicate the martingale terms and the Si,k other remainder terms. We split

ψK − ψ0
Kh

T = hK. Grouping the terms for subsequent inspection gives
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∀p ≤ p?

2. The drift f and the error from the estimate H := fˆ(θ, τ ) − f (θ) satisfy
kf k2 . V.

Eτ H (θ, τ )2p . V (θ)p

k

sup EV p (θk ) < ∞,

for all θ1 , θ2 , p ≤ p? .

∀p ≤ p? .

(63)

(65)

(64)

for p? = max {2pψ,2 + 2, 2pψ,4 + 4, 2pψ,3 + 1, 2pψ,3 + 3}. Moreover, we suppose that
the EV p
is bounded from above and that this bound is independent of k, that is
(θk )

3. V satisfies
s

sup V (sθ1 + (1 − s)θ2 )p . V (θ1 )p + V (θ2 )p ,

k=0

K−1
1 X
φ(θk )
K

and

φ̄ = Eπ φ.

Under these assumptions there exists h0 > 0 and constant C such that for all h < h0


 
1
Bias φ̂K
= Eφ̂K − φ̄ ≤ C h +
(66)
Kh




2
1
E φ̂K − φ̄
≤ C h2 +
(67)
Kh
where
φ̂K =

.

k=0

2

K−1
1 X 2
1
p +1
h sup EVi ψ,2 . h2 K . h.
T
T
i

k=0

1 X 2 pψ,2
h Vk Eτk fˆk
E
T

K−1

Proof For each term we bound the term inside the sum by a power of V p and then obtain
an overall bound using supi EVip < ∞. For example, T1 ES1,K can be bounded as follows
1
ES1,K
T
.

The details of this computation are contained in Appendix 9.

Theorem 9 and the results for the decreasing step size SGLD Teh et al. (2014) hold
under assumptions formulated in terms of the solution ψ of the Poisson equation. More
precisely, the crucial step is to establish a bound of the form
k

sup E ψk+1 (i) (θk ) < ∞ for k = 1, . . . , 4.
This bound is established using Equations (62) and (64)
k

k

sup E D(i) ψ (θk ) . sup E kV kpψ,i < ∞ for i = 1, . . . , 4.
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Thus, we are left with finding an appropriate Lyapunov function V such that Equations
(62) and (64) hold. In Appendix 9.1, we formulate strong sufficient conditions on π that
ensure that these assumptions are satisfied and that Theorem 9 is applicable.
23
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6. An Analytic Investigation of the Toy Model

1
K

PK−1 2
i=0 θi

−



σp2

1
K

PK−1
i=0 θi

2

− 1.

(68)

We now extend our analysis of the one-dimensional Gaussian toy model introduced in Section 2 beyond the general results of the previous two sections. More precisely, in Section
6.1, we compare the Euler method, the SGLD and the mSGLD by comparing the computational cost for fixed level accuracy specified in terms of the mean square error in estimating
the second moment (MSE2 ), optimising over the step size h, the subsample size n and the
number of steps M . A numerical solution to the resulting optimisation problem demonstrates that the SGLD is advantageous in the lower accuracy regime while it degenerates to
n = N in the high accuracy regime. On the other hand the mSGLD does not degenerate
and seems to maintain a constant speed up compared to the Euler method. In Section 6.2
we then consider the MSE2 and use an analytic expression to study the behaviour of these
algorithms for growing N . This allows us to extend the analysis of Sections 2 and 4 (in
which we only consider the case limit h → 0) and study the asymptotic bias of the SGLD
and the mSGLD by scaling both n and h in N .
In Section 6.3 we finally adopt a different viewpoint by considering a fixed value of our
parameter θ, denoted by θ† , while we take expectations with respect to the realisation of
the data {Xi }. This enables us to study how EX (MSE2 ) behaves in the limit of N → ∞.
In particular, we find that for the case of the SGLD, the computational cost in order for
EX (MSE2 ) → 0 is reduced by a factor of N when compared to the Euler method. A similar
analysis for the expected relative error in estimating the posterior variance (ERE)

ERE = E{θi }i

reveals that under the constraint EX (ERE) → 0 the Euler method and the SGLD have the
same computational cost on the algebraic scale in N .

6.1 Minimising Computational Effort for Constrained MSE2

r < 1, M, n.

MSE2 (r, M, n) ≤ 2

M ·n

(69)

In Section 2.2 we compared the Euler method, the SGLD and the mSGLD for the same
h
choice of r = A
. In the following we numerically minimise the computational effort with
respect to the condition MSE2 ≤ 2 . We assume that the computational cost is proportional
to M · n which leads to the problem of solving
F

min

w.r.t.

subject to

Even though we have analytic expressions for the MSE2 , the solution to the optimisation
problem does not have a closed form. To conclude our analysis, we illustrate the numerical
solution to this problem for N = 1000 for the Euler method, the SGLD and the mSGLD.
The results, depicted in Figure 3, can be summarised as follows:

JMLR 17(159):1-45

1. as  becomes smaller, the gain of the SGLD over the Euler method in terms of computational effort decreases (due to the fact that n increases);

24

h
A

for minimised computa-

25
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We now consider the behaviour for growing data size N where a new data set X is generated
in each instance. Figure 5 depicts the MSE2 for N = 10i with i = 1, . . . , 4 for the subset
choices n = N 0.1 , N 0.5 and N 0.9 ; each compared to the Euler method corresponding to
n = N . In this plot we notice that the SGLD outperforms the mSGLD for n = N 0.1 and
n = N 0.5 . The behaviour in Figure 5 suggests that the mSGLD has a larger bias than the
SGLD which seems to contradict the findings of Section 2 and 4. Previously, we have just
1
p
considered the asymptotic of h → 0. In contrast, we scale both h = r A(N
) and n = N in

6.2 The MSE2 for fixed and increasing N

The upper bound obtained in Equation (67) suggests a scaling of M ∼ −3 and r ∼  to
obtain an MSE of order 2 with minimal computational effort. The numerical minimisation
of M with respect to r and M subject to the condition MSE(r, M ) ≤ 2 confirms this scaling
empirically, see Figure 4.

2. as  becomes smaller, the mSGLD gains efficiency over the SGLD (the reason being
that n seems to asymptote as  decreases).

Figure 3: Minimisition of computational cost ∝ M · n subject to M SE ≤ 2

(c) Step size r =
tional cost

(a) Minimised computational cost for the Eu-(b) Subset size n for minimised computational
ler, the SGLD and the mSGLD algorithm
cost
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(b) Line fit yields r() ∼ 0.95 as  → 0

x

c≥

26

2rVar X
> 0.
16 + 2rVar X

which in the limit of large data sets N → ∞ yields

θ

h 1 N (N − n)
Var(X).
4 16σx2
N

(70)

JMLR 17(159):1-45

n
Let c = N
be the relative size of the subsampling. Using h = r/A where A is given in
Equation (15), we get
2rN Var X


c≥
16σx2 σ12 + σN2 + 2rN Var X

1≥

Using Equation (16), the above can be rearranged to

h2 Var2 (B)
h Var(B)
≤
.
4(2A − A2 h)
2A − A2 h

Because A ∼ N , we see that the excess bias stays bounded for large N if and only if
1
n & N 2 . In contrast, the same consideration for the SGLD shows that the excess bias due
to subsampling vanishes so long as n → ∞ when N → ∞.
We can also identify the regime in which the mSGLD has a smaller asymptotic bias
than the SGLD. From Equations (18) and (21) we see that this is the case when

terms of N in Figure 5. In the following we investigate this relationship further by using
the explicit formula for the asymptotic bias which has been made available in Section 2 .
For simplicity we consider sampling without replacement, using the expression in Equation (16). Similar conclusions hold for sampling with replacement. First we consider the
mSGLD. From Equation (21) and using the parameterisation h = r/A of the step size, the
excess asymptotic bias becomes
2
(r/A)2 N n−n N 2 Var(X)2
Var(B)2
h2
=
.
4(2A − A2 h)
4(2 − r)A

Figure 4: Scaling of r() and M () for minimal computational cost subject to the
MSE2 (r(), M ()) ≤ 2

(a) Line fit yields M () ∼ −3.03 as  → 0
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1

1

9

(f) The mSGLD for n = N 10

(d) The mSGLD for n = N 2

(b) The mSGLD for n = N 10
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1

(a) The SGLD for n = N 10

1

(c) The SGLD for n = N 2

9

(e) The SGLD for n = N 10
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Figure 5: MSE2 of the time average for the SGLD and the mSGLD for the second moment
of the posterior as N → ∞. Notice that Figures (c) and (d) and (e) and (f) have
the same scaling respectively. Moreover, figures (a) and (b) have separate scaling
because of the instability of the mSGLD.
27
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In conclusion, for a fixed step size given by r/A, the mSGLD has a smaller bias than the
SGLD if the above holds. In other words, the subsampling size has to be linear in the size
of the data set for a fixed choice of r.

6.3 Limit of the MSE and ERE for well-specified Data as N → ∞

N →∞

lim EX ERE = 0

(71)

In order to investigate the limit of N → ∞, we need to specify the behaviour of the data
as well. We study this in the well-specified case, in other words, we assume that the data
is generated by the model for θ† = 1. Previously, we have obtained an analytic expression
for the expectation of the MSE2 with respect to the realisation of the noise driving the
algorithm. In contrast, we take expectations with respect to the realisation of the data X
and the noise driving the algorithm in the following results. These results are formulated
in analytic expressions2 for the MSE2 and the ERE depending only on M, n, r and N . We
then choose M, n and r as functions of N and study the limit N → ∞ and how this affects
the computational cost and the behaviour of the ERE and the MSE2 as N → ∞ for the
different algorithms.
For the Euler method (n = N ) we need to take h < A1  N1 in order to make Equation
(17) stable. Moreover, we need the number of steps M to be of order N to approximate
the diffusion to a time of order O(1). Because we evaluate N data
points per step, this

heuristic argument suggests that the complexity is of order O N 2 . Furthermore, we verify
(using Mathematica R ), that for the Euler method (n = N )

lim EX MSE = 0,
N →∞

for the choices M = N 1+2 and r = N − for any  > 0. The computational cost for fixed
N is M · n = N 2+2 . Thus, this confirms the heuristics we used for the Euler method in
Section 6.2.
A natural next question to ask in terms of the SGLD is if one can have Equation
(71) to hold but for smaller computational complexity than the Euler method. Using
Mathematica R , we obtain the following theorem for the MSE

k=0

!2
M −1
1 X 2
θj − (µp2 + σp2 )
= 0.
M

Theorem 10 For any  > 0 and the choices h = N −1− , M = N 1+2 and n = 1, the SGLD
satisfies
lim Eθii ,X
N →∞

1
K

PK−1 2
i=0 θi

−



σp2

1
K

PK−1
i=0 θi

2

− 1.

(72)

This constitutes a substantial gain compared to the Euler method because it reduces the
computational complexity in the data size N from being almost quadratic to almost linear.
We now draw our attention to the expected relative error in estimating the posterior
variance, abbreviated by
ERE := E{θi }i

JMLR 17(159):1-45

2. see Appendix 10.2 for a sketch of the derivation for the MSE2 (the derivation for ERE is similar)

28

Nβ
|{z}

cost per step

= N 1+α N β = N 1+α+β & N 2 .

29
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Thus, there is no computational gain for the ERE in the limit N → ∞ on the algebraic
scale in N. We note that picking θ? = N1 instead of θ? = 1 does not change the results.
Thus, a closer initialisation does not change the result for the ERE.

steps

Nγ ×
|{z}

Thus for limN →∞ EX ERE = 0 it is necessary that α + β ≥ 1. This condition in turn implies
that the computational complexity satisfies



2 · N −α−β+3
N −2α−β+3
lim EX ERE = lim
−
N →∞
N →∞ (N + 1)2 (N −α − 2)2
(N + 1)2 (N −α − 2)2
(
0
if α + β > 1
=
∞ if α + β < 1.

Because the posterior variance goes to zero as N ⇒ ∞, it is conceivable that it requires
more computational effort to ensure that limN →∞ EX ERE = 0. In order to illustrate the
behaviour of the ERE, we first consider the behaviour for a fixed data set and repeat the
experiment of Figure 5 in Figure 6. The latter demonstrates that the asymptotic bias for
1
the choice n = N 2 (the asymptotes for the grey lines) have an increasing value in N . We
1
1
used h = 20A ∼ N which decreases with N . However, we show below that is requirement
cancels exactly the gain from n  N at least on the algebraic scale in N .
In particular, we now choose r = N −α , n = N β and M = N γ . Hence the computational
cost is N β+γ . The step size h = Ar satisfies h ∼ N −1−α because A ∼ N . Since the
algorithm performs M = N γ steps, we expect it to approximate the diffusion on the time
interval h · M = N −1−α+γ . Therefore it is reasonable to require that γ > 1 + α. Under this
assumption and with the help of Mathematica R , we reduced the limit above to

Figure 6: Expected relative error of the estimate of the variance of the posterior based on
the SGLD.
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(73)
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This article presents the mathematical foundations that are necessary for posterior sampling
for stochastic gradient methods with fixed step sizes. We derived an error expansion of the
asymptotic bias in terms of powers of the step size and identified how the constant in
the leading order term depends on the unbiased estimator of the gradient. We construct a
modified SGLD to match the Euler method in this asymptotic expansion. These asymptotic
results are complemented by upper bounds on the bias and the MSE over a finite time
horizon. Minimising the MSE with respect to the step size yields a decay of the error at the
same rate as the decreasing step size SGLD, see Remark 8. These theoretical findings are
completed with extensive analytic investigations of a one dimensional toy model that allows
the derivation of analytic expressions for the sample average and its moments. Finally, this

8. Conclusion

for a fixed sample of xi,j ∼ N (0, 1) for i = 1, . . . 1000 and j = 1, 2. We use a long run
of the Random-Walk-Metropolis algorithm to estimate the posterior mean.
On that basis we estimate the MSE of the SGLD based mean estimate using 100 runs
of the algorithm with step size h = 0.002 for various subset sizes. Figure 7 depicts the MSE
as function of the iterations and effective iterations through the data set. Notice that for
this example the variance of the stochastic gradient fˆ(θ) depends on both θ and all the
d fˆ(θ), see also Remark
data items. For this reason we replace Var fˆ(θ) by an estimate Var
7. We note that the mSGLD is superior for n = 150, inferior for n = 50 and for n = 10 the
MSE of the mSGLD does not drop below 1.

i.i.d.

We consider d = 3 and N = 1000 data points and choose the covariate to be


x1,1
x1,2
1
 x2,1
x2,2
1 


x=
..
..
.. 

.
.
. 
x1000,1 x1000,2 1

i=1


Y
N
1
π(β) ∝ exp − kβk2C0
σ(yi β T xi ).
2

1
where σ(z) = 1+exp(−z)
∈ [0, 1]. The model posses the assumption that yi depends on
xi through the linear relationship β t xi . Nevertheless, logistic regression is commonly used
after a preprocessing has taken place and is therefore used here for numerical illustration.
We put a Gaussian prior N (0, C0 ) on β, for simplicity we use C0 = I subsequently. By
Bayes’ rule the posterior π satisfies

p(yi |xi , β) = σ(yi β t xi )

In the following we present numerical simulations for a Bayesian logistic regression model.
The data items are given by covariates xi ∈ Rd that are labeled by yi ∈ {−1, 1}.We assume
the data yi ∈ {−1, 1} is modelled by

7. Logistic Regression

Vollmer, Zygalakis and Teh
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Figure 7: Expected MSE of time average for the SGLD and the mSGLD for the mean of
the posterior

yields an exact quantification of expected errors. The results of this investigation can be
summarised as follows:
• In the high accuracy regime the SGLD deteriorates to the Euler method while the
mSGLD prevails.
• For small data batches the bias of the mSGLD is larger than for the SGLD.
• In the limit as the number of data items goes to infinity the SGLD reduces computational complexity of estimating the second moment with vanishing MSE by one power
of the number of data items.
This recommends the construction of new and a study of existing modifications of the
SGLD such as the Stochastic Gradient Hamiltonian Monte Carlo Chen et al. (2014) and
the Stochastic Gradient Thermostat Monte Carlo Ding et al. (2014) algorithms.
Acknowledgement
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This procedure will be used over and over again. It can be summarised as follows:

1. bounding the terms in the sum by a power of V p , using Equation (A.6) and the
assumption on derivates of ψ;

2. then derive the bound using supi EVip < ∞.

For i = 2 we additionally use that Equation (65) implies
ˆ 1
p
pψ,4 
s3 ψ (4) (sθk + (1 − s)θk+1 ) (∆k+1 , ∆k+1 , ∆k+1 , ∆k+1 ) ds . Vk ψ,4 + Vk+1
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which allows us to follow the general procedure
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1 X 3 pψ,3
E
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T

k=0

K−1
3
1 X 3
1
h sup EV pψ,3 + 2 (θl ) . Kh3 . h2 .
T
T
i
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1
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E
h sup EV pψ,3 + 2 (θi )
T
i
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K−1
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E
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T
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We apply the general procedure to ES0,K
1
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Thus, we have established the bound on the bias given by Equation (A.3).

1
ES̃0,K
T

9. Appendix A: Finite time Ergodic Average based Poisson Equation
Proof [Proof of Theorem 9] Rearranging Equation (61) for
the MSE can be controlled as follows:

1
1
1
p
(ψK − ψ0 ) . sup EVi ψ,0 . .
E
Kh
T i
T

JMLR 17(159):1-45

Because A0 = L for the SGLD it is left to bound to bound E T1 Si,K for i = 0 . . . 4. First we
consider i = 1 and use Equation (A.6)
31

k=0

!2

i=0

i=0

2
2
1 X
1 X
2
2
ESi,K
+ 2
EMi,K
2
T
T

(ψK − ψ)2
T2

+

. E

(ψK − ψ)2
1
1
2p
. 2 sup EVi ψ,0 . 2 .
E
T2
T i
T

K−1

1 X
φ − φ̄
K

Similarly, we bound

1
ES 2
T 2 1,K

.

.

.

.

.
2

∇2 ψj Eτ fˆj

i,j=0

33



K−1
1 X 4
K 2 h4
2p +2
. h2
h sup EVi ψ,2
.
2
T
T2
i

i,j=0

K−1
1 X 4  2pψ,2 +2  21  2pψ,2 +2  12
h EVi
EVj
T2

i,j=0

K−1
1 X 4
p +1 p +1
h EVi ψ,2 Vj ψ,2
T2

i,j=0

K−1
1 X 4
E
h ∇2 ψi Eτ fˆi
2
T

i,j=0

K−1
1 X 4 2 h ˆ ˆi 2 h ˆ ˆ i
E
h ∇ ψi fi , fi ∇ ψj fj , fj
2
T

JMLR 17(159):1-45

2

2
The Si,K
terms can be bound in similar way as above with the additional use of CauchySchwartz inequality to break the correlation between Vip and Vjp .

First we note that

E

In order to establish the bound one the MSE in Equation (67) we note that Equation
(61) yields
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.

.

.

.

.
i,j=0

T2
i,j=0

K−1
h4 X

.

.

.

.

3

p
Vj ψ,3 fˆj

h6 K 2
2p +2
sup EVi ψ,3 . h4
T2
i

i,j=0

K−1
h6 X
p
EVi ψ,3 fˆi
T2

h4 K 2
2p +1
sup EVi ψ,3 . h2
T2
i

i,j=0

1
2
ES̃0,K
T2
K−1
h4 X
p
p
EVi ψ,3 fˆi Vj ψ,3 fˆj
2
T

and

3

.

=

i=0

i=0

K−1
1 X
2p
sup EVi ψ,2 .
T2
i

1
2
EM2,K
T2

.

.

K−1
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k=0

k=0
K−1

1 X
1
2p
h
EVk ψ,1 . .
T2
T

1 X
h
E k∇ψk k2 kgk ξk+1 k2
T2

1
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contribution

K−1

2
1 X
2
a
b
EDlm
ψi gil,a ηi+1
gim,b ηi+1
− gik,l gik,m
2
T

The following term is the crucial Martingale term as it yields the O

1
2
EM1,K
T2

For Martingale terms the cross terms vanish which allows us to obtain the following bounds

1
ES̃ 2
T 2 0,K

1
ES 2
T 2 0,K

1
2
ES0,K
T2



K 2 h4
2p +4
sup EVi ψ,4
.
. h2 .
T2
i

i,j=0

K−1


h4 X
p
pψ,4
p
pψ,4 
E
Vj ψ,4 + Vj+1
Vi2 Vj2
Vi ψ,4 + Vi+1
2
T

i,j=0

K−1


h4 X
p
pψ,4 
p
pψ,4
E
Vi ψ,4 + Vi+1
Vj ψ,4 + Vj+1
Vi2 Vj2
2
T

i,j=0

K−1


1 X
p
pψ,4
p
pψ,4 
E
Vj ψ,4 + Vj+1
Eτ k∆i+1 k4 Eτ k∆j+1 k4
Vi ψ,4 + Vi+1
2
T

K−1
1 X
E
Ri+1 Rj+1
T2

Similar bounds can also be obtained for

1
ES 2
T 2 2,K
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k=0

K−1
1 3X
h
E ∇2 ψk
T2

k=0

k=0

2

fˆk

2

kgk ξk+1 k2

K−1
h4
h5 X
h5 K
2p +2
EVk ψ,3 . 2 ≤
T2
T
T

K−1
h3 X
h3 K
h2
2p
EVk ψ,3 . 2 ≤
T2
T
T

can be bounded in the same way

k=0

K−1
1 3X
h2
2p +1
h
EVk ψ,2 .
.
T2
T

.

1
2
EM̃0,K
T2

1
2
EM0,K
T2
.

and

.
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1
2
EM0,K
T2

1
2
EM3,K
T2

Similarly, we estimate

The terms

1
2
EM̃0,K
T2

.

k=0

K−1
h
1 2X
EV 2pψ,1 +1 .
h
T2
T

k=0

K−1
X
1
Eh2
V 2pψ,1 Eτ kHk k2
T2

k=0

K−1
X
1
Eh2
(∇ψk (Hk ))2
T2

The additional part for the SGLD is the term corresponding to the Martingale M4,K
1
M2
T 2 4,K
.
.

?

p? = max {2pψ,2 + 2, 2pψ,4 + 4, 2pψ,3 + 1, 2pψ,3 + 3}

For all these calculations to go through need supi EVip to be bounded. Collecting the
orders present, we see that

is sufficient.

9.1 Sufficient Conditions on π Ensuring Finite Time Bounds on Bias and MSE
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then Theorem 9 is applicable for polynomially bounded and continuous φ, that is


 
1
Bias φ̂K
= Eφ̂K − φ̄ ≤ C h +
Kh




2
1
E φ̂K − φ̄
≤ C h2 +
Kh

Proof This result follows from Theorem 5.2 and results quoted below.

First we appeal to a sufficient condition for Equation(64) before summarising a regularity
results of Pardoux and Veretennikov (2001) which allows us to establish Equation (62). We
believe that the sufficient conditions above can be weakened, but this requires improving
the results of Pardoux and Veretennikov (2001) which is out of the scope of this article.
The condition supk EV p (θk ) < ∞ (that is Equation (64)) is established for all p ≤ p?
by Lemma 5 in Teh et al. (2014) if p? satisfies the following assumption.

Assumption 12 The drift term θ 7→ 21 ∇ log π(θ) is continuous. The function V : Rd →
[1, ∞) tends to infinity as kθk → ∞, is twice differentiable with bounded second derivatives
and satisfies the following conditions:

(A.4)

1. V is a Lyapunov function for the Langevin dynamics, i.e. there are constants α, β > 0
such that for every θ ∈ Rd we have


1
(A.3)
∇V (θ), ∇ log π(θ) ≤ −α V (θ) + β.
2
2. The following bounds hold

• There exists an exponent pH ≥ 2 such that

E[ kH(θ, U)k2pH ] . V pH (θ).

E fˆk

2p

≤ Vkp
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(A.6)

(A.5)

Moreover, this implies that E[ kH(θ, U)k2p ] . V p (θ) for any exponent 0 ≤ p ≤
pH .
• For every θ ∈ Rd we have

k∇V (θ)k2 + k∇ log π(θ)k2 . V (θ).

Notice that for fˆ based on subsampling we obtain that pH = ∞ if

∇ log π(x|θ)2 ≤ C(x)V (θ).
Notice that Assumption 12 also implies

(A.2)

36

E kθk+1 − θk k2p ≤ Vkp
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(A.1)

We formulate a sufficient condition on π that ensure that Theorem 9 is applicable. This
hinges on deriving a sufficient condition for Equations (62), (64) and (65). The aim of
this section is to establish and motivate the sufficient condition formulated in the following
theorem.

≤ −α kθk2 + β

Theorem 11 Suppose the following condition holds
hθ,

∇ log π0 (θ)i

hθ, ∇ log π(Xi | θ)i ≤ −α kθk2 + β for i = 1, . . . , N.
35

for k = 0, . . . , 4

(A.8)

(A.7)

(62)

|φ(θ)| ≤ C (1 + kθk)β

k∇ψk ≤ C

θ





37

k∇ψk ≤ C 1 + |θ|β .

Finally there exists C such that

|ψ (θ)| ≤ C 0 (1 + kθk)β .

then there exist a constant such that

|φ(θ)| ≤ C(1 + kθk)β

2. if there exists a constant C and some β > 0 such that

and

θ

sup |ψ(θ)| ≤ C sup |f | (1 + kθk)−β

for some β < 0, then ψ is bounded. Moreover,

1. If there is a C such that

Lψ = φ − φ̄

JMLR 17(159):1-45

Theorem 13 Pardoux and Veretennikov (2001) Let f¯ = 0 and Equations (A.7) and (A.8)
2 to the Poisson equation
are satisfied. Then there exists a solution ψ ∈ Wloc

This holds if Assumption 12 is satisfied with V (θ) = kθk + 1.

2

The assumptions needed to apply the Theorem 9 results are


θ
f (θ),
≤ −r kθk , kθk ≥ M0
kθk


θ
θ
,
≤ λ+ < ∞.
0 < λ− ≤
g (θ) g ? (θ)
kθk kθk

ψ (k) . V pψ,k ,

Because we have already established in Section 4 that
supi EV p (θi ) < ∞ it is left to verify

k

sup E ψ ((i)) (θk ) < ∞ for k = 1, . . . , 4.

Remark 14 We believe that assumption Theorem 13 can be weakened to be of the form of
Equation (A.3) but it is out of the scope of this article to explore this direction.

if for p ≤ pH . Equation (65) could now simply be formulated as an additional assumption,
however currently we need even stronger assumptions to verify Equation (62). Subsequently,
we show how the results of Pardoux and Veretennikov (2001) can be used to establish
Equation (62) if Equations (A.3) and (A.5) hold for V = kθk2 + 1.
Theorem 1 and 2 of Pardoux and Veretennikov (2001) characterise the smoothness and
growth of the solution to the Poisson equation associated with Equation (60). This is
important for our results because the key ingredient for the proof of Theorem 9 is

(A.13)

38

βψ,3 ≤ 2βf,1 ∨ βf,2 .

Applying Theorem 13 to Equation (A.11) yields that
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Proof Assumption 12 yields that βf,0 = 1 is a valid choice. Applying Theorem 13 to
Equation (A.9) implies that βψ,0 := βψ,1 := 0 satisfies Equation (A.13). Applying Theorem
13 to Equation (A.10) yields that
βψ,2 ≤ βf,1 .

satisfies Equation (62).

pψ,4 =

pψ,3 =

1
(3βf,1 ∨ (βf,1 + βf,2 .) ∨ βf,3 )
2

0
βf,1
2
βf,2
βf,1 ∨
2

pψ,1 =
pψ,2 =

0

pψ,0 =

Lemma 15 Suppose that φ and its derivatives are bounded and Assumption 12 and Equations Equations (A.7) and (A.8) hold. Then the choice

where we used multi-index notation for derivatives. We use a similar notation for the
derivatives of f , that is βf,i and assume that these bounds are a priori given.
Using Theorem 13 we can obtain pψ,i to satisfy Equation (62) in terms of the β’s which
we formulate as the following lemma.

|α|=i



sup k∂ α ψk . 1 + |θ|βψ,i

We will denote by βψ,i numbers that satisfy

(A.9)
1
A∂i ψ = ∂i φ − ∇ψ · ∂i f
(A.10)
2
1
1
1
(A.11)
A∂ij ψ = ∂ij φ − ∇∂j ψ · ∂i f − ∇ψ · ∂ij f − ∇ψ · ∂j f
2
2
2
1
1
1
1
A∂ijk ψ = ∂ijk φ − ∇∂jk ψ · ∂i f − ∇∂j ψ · ∂ik f − ∇∂k ψ · ∂ij f − ∇ψ · ∂ijk (fA.12)
2
2
2
2
1
1
1
− ∇∂k ψ · ∂jk f − ∇ψ · ∂jk f − ∇ψ · ∂k f
2
2
2

Lψ = φ − φ̄

In order to iterate Theorem 13 we note that the derivatives ψ can be expressed as
solution to Poisson equations with different RHSs.

Vollmer, Zygalakis and Teh
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Applying Theorem 13 to Equation (A.12) yields that
βψ,4 ≤ (βf,1 + (2βf,1 ∨ βf,2 .)) ∨ (βf,1 + βf,2 .) ∨ βf,3
≤ 3βf,1 ∨ (βf,1 + βf,2 .) ∨ βf,3 .

Thus we have established Equation (62).

10. Analytic expressions for the Gaussian Toy Model

(C.1)

We sketch the derivation of the analytic expression of the MSE are used for the plots in
Section 6.
10.1 Expected MSE for fixed Data Sets

k=0

M −1
1 X 2
θj − (µp2 + σp2 )
M


2
= ES22 − 2ES2 µp2 + σp2 + µp2 + σp2 .

We outline how an analytic expression for the MSE of the sample average can be derived.
The following method generalises to any polynomial test function but we concentrate
on
1 PM −1 2
the sample average for the second moment of the posterior given by S2 = M
j=0 θj . Its
MSE can be expressed using Equation (12)
!2
M SE = E

(C.5)

(C.4)

(C.3)

In order to express ES22 in Equation (C.1) we derive the recurrence equations for Eθji
for i = 1, . . . , 4 by taking the expectations of
√
θj+1 = (1 − A h)θj + hBj + hηj
√
√
2
θj+1
= (1 − A h)2 θj2 + h2 Bj2 + hηj2 + 2(1 − A h)θj hBj + 2(1 − A h)θj hηj + 2hBj hηj
(C.2)

= (1 −

A h)4 θj4

3
+ 3η 2 h ((1 − A h)θj + hBj ) + η 3 h 2
+ 4(1 − A h)3 θj3 hBj + 6(1 − A h)2 θj2 h2 Bj2

= (1 − A h)3 θj3 + 3(1 − A h)2 θj2 hBj + 3(1 − A h)θj h2 Bj2 + h3 Bj3
√
+ 3 hη (. . . )


√ 3
3
θj+1
= (1 − A h)θj + hBj + hηj

4
θj+1

+ 4(1 − A h)θj h3 Bj3 + h4 Bj4 + 4η (. . . ) + 4η 3 (. . . )

+ 6hη 2 (1 − A h)2 θj2 + 2(1 − A h)θj hBj + h2 Bj2 + η 4 h2 .

i=0

i=0

j=i+1



M −1
M
−1
M
−1
X
X
1 X 4
E
θi + 2
θi2
θj2  .
M2
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(C.6)

The recurrent equation for Eθj is linear and first order and can therefore be solved explicitly.
Plugging the result into the equation for Eθj2 turns it into a first order linear equation as
well. Repeating this processes yields explicit expressions for Eθji i = 1, . . . , 4.The sums can
be carried out explicitly because the terms are of the form of a geometric sum or a geometric
term with a polynomial factor. This allows us to obtain an analytic expression for ES22 by
reducing it to Eθji as follows
ES22 =

39
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(1 − Ah)2k

The cross terms can be removed using Equation (C.2) so that

j−1−i
X

k=0


2
2
h2 Bj−1−k
+ h2 ηj−1−k
+ 2 (1 − Ah) Bj−1−k hθj−1−k +
i
√
3
+2 (1 − Ah) ηj−1−k θj−1−k h + 2h 2 Bj−1−k ηj−1−k .

θj2 = (1 − Ah)2(j−i) θi2 +

ES22

j=i+1

M −1 j−1−i

1 X 2 X X
(1 − Ah)2k
θi
+E 2
M
i=0
j=i+1 k=0

2
2
h2 Bj−1−k
+
hη
j−1−k + 2 (1 − Ah) Bj−1−k hθj−1−k
i
√
3
+2 (1 − Ah) ηj−1−k h + 2h 2 Bj−1−k ηj−1−k .

M −1

i=0



M −1
M
−1
X
1 X 4
= E 2
θi 1 + 2
(1 − Ah)2(j−i) 
M

Plugging this into Equation (C.6) yields

i=0

i=0

j=i+1 k=0

j=i+1 k=0

X

(j−1−k)−i−1

l=0

(C.7)
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√
(1 − Ah)l hBj−1−k−l−1 + hηj−1−k−l−1 

M −1
M −1 j−1−i
1 X 2 X X
θi
(1 − Ah)2k 2 (1 − Ah) Bj−1−k h
M2

i=0

M −1
M
−1 j−1−i
X
X


1 X
Eθi2
(1 − Ah)2k h2 EB 2 + h .
M2

j=i+1

Using the recurrence Equation to express θj−1−k in terms of θi we conclude that ES22 is
equal to


M −1
M
−1
X
1 X
Eθi4 1 + 2
(1 − Ah)j−i 
M2
+

+E


(1 − Ah)(j−1−k)−i θi +

40

j=i+1

j=i+1 k=0

i=0

j=i+1 k=0

l=0

(j−1−k)−i−1
M −1
M
−1 j−1−i
X
X
X
1 X
2k
2
Eθ
(1
−
Ah)
2
(1
−
Ah)
EBh
(1 − Ah)l hEB.
i
M2

j=i+1 k=0

i=1

Xi , e2 =

1≤i<j≤N

P

i=1

Xi Xj ,, . . . , eN =

Xik

i=1

N
Y

Xi .

(C.8)

Mom2,1 =

41

2e2
N (N − 1)
Mom2,2 =

We use Newton’s identities to express Mom2,1 and Mom2,2

Mom2,1

p2
.
N

Mom2,2
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ei can be expressed in terms of pk , k ≤ i each of which can be computed with complexity
of order O (N ).
Pn
i=1 Xτi
where τi are sampled with replacement from a
We consider the term B = N
n
2σx2
fixed data set {1, . . . , N }. The second moment can be calculated as follows

2 X
N
EB 2 =
EXτi Xτj
n2σx2
i,j



2
N


=
n(n − 1) EXτ1 Xτ2 +n EXτ1 Xτ1  .
| {z }
| {z }
n2σx2

1
1
1
e1 = p1 , e2 = (e1 p1 − p2 ) , e3 = (−e1 p2 + e2 p1 + p3 ) , e4 = (e1 p3 − e2 p2 + e3 p1 − p4 )
2
3
4


Computing ei naively has complexity of order O N i for i  N . Using Newton’s identities

e0 = 1, e1 =

N
X

and the elementary symmetric polynomials

pk =

N
X

We have an expressions for EB but in the following we derive the expressions for EB 2
required to express ES22 . The terms EB 3 and EB 4 are needed for the derivation of Eθj4 . In
order to derive expressions for EB p , we introduce the power sums

+

i=0

M −1
M
−1 j−1−i
X
X
1 X
+E 2
Eθi3
(1 − Ah)2k 2 (1 − Ah) EBh(1 − Ah)(j−1−k)−i
M

i=0

M −1
M
−1 j−1−i
X
X


1 X
Eθi2
+ 2
(1 − Ah)2k h2 EB 2 + h .
M

i=0

Taking the expectations into the sum yields


M −1
M
−1
X
1 X
j−i 
2
4
ES2 =
Eθi 1 + 2
(1 − Ah)
M2
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N
n2σx2



3

EXτi Xτj Xτk

Mom3,1

Mom3,2

Mom3,3




2
3 
n(n − 1)(n − 2) EXτ1 Xτ2 Xτ3 +3n(n − 1) EXτ1 Xτ2 +n EXτ1 
|
{z
}
| {z }
| {z }



i,j,k

3 X

6e3
=
N (N − 1)(N − 2)
N (N − 1)(N − 2)
p1 p2 − p3
p3
, Mom3,3 = .
N (N − 1)
N

i6=j6=l Xi Xj Xl

P

N
n2σx2



k=0

!2

3


+ 2 (1 − Ah) Bj−1−k h

l=0

(1 − Ah)

j−1−k−1
X

l



hBj−k−2−l +

√

hηj−k−2−l

#

.

(C.9)

h
√
3
2
(1 − Ah)2k h2 Bj−1−k
+ 2 (1 − Ah) ηj−1−k θj−1−k h + 2h 2 Bj−1−k ηj−1−k
2
hηj−1−k

k=0

j−1
X

i

h
√
2
2
+ 2 (1 − Ah) ηj−1−k θj−1−k h
+ hηj−1−k
(1 − Ah)2k h2 Bj−1−k
+2h 2 Bj−1−k ηj−1−k + 2 (1 − Ah) Bj−1−k hθj−1−k

k=0

j−1
X

42
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The expectation EX,θ θj therefore boils down to calculating EB 2 , EB B 0 and EB where B
and B 0 are independent samples of Equation (15). We start by calculating

=

θj2 =


i.i.d.
2
where we take expectation with respect to Xi ∼ N θ† , σX
for i = 1, . . . , N and the
randomness in the recursion for θj . We obtain an analytic expression for the MSE by
deriving expressions for EX,θ θjp . We illustrate the computation for p = 2, noting that we
assume θ0 = 0 a.s.. We know that

Eθ,X

M −1
1 X 2
θj − (µ2p + σp2 )
M

We sketch the derivation of the MSE

10.2 Expected MSE for Random Data

A similar calculation yields a representation of EB 4 in terms of p1 , . . . , p4 .

Mom3,2 =

Mom3,1 =

=

EB 3 =

Similarly, we obtain
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i=1 j=1

n
n
N2 X X
EXτi Xτ̃j
n2 4σx4

1
†2
N (θ
2 )+
+ σX

N −1 †2
N θ


n
n 
N2 X X 1
N −1
EX 2 +
EX X̃
N
N

n2 4σx4
i=1 j=1
N 2 Pn Pn
i=1
j=1
n2 4σx4

.
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=

=

EBB 0 =

Similarly, we obtain
N 2 n(θ†2 + σθ2 ) + n(n − 1)θ†2
.
EB 2 = 2 4
n 4σx
1

T1

T2

T3

+

N
σx2

T4

−1





Deriving Eθjp for p = 1, 2, 3, 4 requires the calculation of EB1α1P
B2α2 B3α3 B4α4 where Bi are
i.i.d. following the distribution of Equation (15) for αi ≥ 0 and i αi ≤ 4. The arguments
so far allow us to derive T1 and T3 in

M SE = E S22 − 2S2 (µp2 + σp2 ) + (µp2 + σp2 )2

= ES22 −2 ES2 µp2 −2 ES2 σp2 + E µp4 + 2µp2 σp2 + σp4 .
|{z}
| {z }
{z
}
| {z } |
PN

1
i=1 Xi
,
σx2
σθ2
+N
σθ2

Recall that the posterior for this toy model is given by


N (µp , σp2 ) = N 

and hence T4 can be computed explicitly. The summands of T2 can be derived similarly to
Equation (C.9) in terms of the quantities EBµp2 , EB 2 µp2 and EBB 0 µp2 . The explicit expression
can be obtained from the supplemented Mathematica R file.
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We present an information-theoretic framework for solving global black-box optimization
problems that also have black-box constraints. Of particular interest to us is to efficiently
solve problems with decoupled constraints, in which subsets of the objective and constraint
functions may be evaluated independently. For example, when the objective is evaluated on
a CPU and the constraints are evaluated independently on a GPU. These problems require
an acquisition function that can be separated into the contributions of the individual function evaluations. We develop one such acquisition function and call it Predictive Entropy
Search with Constraints (PESC). PESC is an approximation to the expected information
gain criterion and it compares favorably to alternative approaches based on improvement in
several synthetic and real-world problems. In addition to this, we consider problems with a
mix of functions that are fast and slow to evaluate. These problems require balancing the
amount of time spent in the meta-computation of PESC and in the actual evaluation of the
target objective. We take a bounded rationality approach and develop a partial update for
PESC which trades off accuracy against speed. We then propose a method for adaptively
switching between the partial and full updates for PESC. This allows us to interpolate
between versions of PESC that are efficient in terms of function evaluations and those that
are efficient in terms of wall-clock time. Overall, we demonstrate that PESC is an effective
algorithm that provides a promising direction towards a unified solution for constrained
Bayesian optimization.
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s.t.

c1 (x) ≥ 0, . . . , cK (x) ≥ 0 .

(1)

2

JMLR 17(160):1-53

However, f and c1 , . . . , cK are unknown and can only be evaluated pointwise via expensive
queries to “black boxes” that may provide noise-corrupted values. Note that we are assuming that f and each of the constraints ck are defined over the entire space X . We seek to
find a solution to Eq. (1) with as few queries as possible.
For solving unconstrained problems, Bayesian optimization (BO) is a successful approach to the efficient optimization of black-box functions (Mockus et al., 1978). BO methods work by applying a Bayesian model to the previous evaluations of the function, with
the aim of reasoning about the global structure of the objective function. The Bayesian
model is then used to compute an acquisition function (i.e., expected utility function) that
represents how promising each possible x ∈ X is if it were to be evaluated next. Maximizing
the acquisition function produces a suggestion which is then used as the next evaluation
location. When the evaluation of the objective at the suggested point is complete, the
Bayesian model is updated with the newly collected function observation and the process
repeats. The optimization ends after a maximum number of function evaluations is reached,
a time threshold is exceeded, or some other stopping criterion is met. When this occurs,
a recommendation of the solution is given to the user. This is achieved for example by
optimizing the predictive mean of the Bayesian model, or by choosing the best observed
point among the evaluations. The Bayesian model is typically a Gaussian process (GP); an
in-depth treatment of GPs is given by Rasmussen and Williams (2006). A commonly-used
acquisition function is the expected improvement (EI) criterion (Jones et al., 1998), which
measures the expected amount by which we will improve over some incumbent or current
best solution, typically given by the expected value of the objective at the current best recommendation. Other acquisition functions aim to approximate the expected information
gain or expected reduction in the posterior entropy of the global minimizer of the objective

x∈X

min f (x)

Many real-world optimization problems involve finding a global minimizer of a black-box
objective function subject to a set of black-box constraints all being simultaneously satisfied.
For example, consider the problem of optimizing the performance of a speech recognition
system, subject to the requirement that it operates within a specified time limit. The system
may be implemented as a neural network with hyper-parameters such as the number of
hidden units, learning rates, regularization constants, etc. These hyper-parameters have to
be tuned to minimize the recognition error on some validation data under a constraint on
the maximum runtime of the resulting system. Another example is the discovery of new
materials. Here, we aim to find new molecular compounds with optimal properties such as
the power conversion efficiency in photovoltaic devices. Constraints arise from our ability
(or inability) to synthesize various molecules. In this case, the estimation of the properties
of the molecule and its synthesizability can be achieved by running expensive simulations
on a computer.
More formally, we are interested in finding the global minimum x? of a scalar objective
function f (x) over some bounded domain, typically X ⊂ RD , subject to the non-negativity
of a set of constraint functions c1 , . . . , cK . We write this as

1. Introduction
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(Villemonteix et al., 2009; Hennig and Schuler, 2012; Hernández-Lobato et al., 2014). For
more information on BO, we refer to the tutorial by Brochu et al. (2010).
There have been several attempts to extend BO methods to address the constrained
optimization problem in Eq. (1). The proposed techniques use GPs and variants of the
EI heuristic (Schonlau et al., 1998; Parr, 2013; Snoek, 2013; Gelbart et al., 2014; Gardner et al., 2014; Gramacy et al., 2016; Gramacy and Lee, 2011; Picheny, 2014). Some of
these methods lack generality since they were designed to work in specific contexts, such
as when the constraints are noiseless or the objective is known. Furthermore, because they
are based on EI, computing their acquisition function requires the current best feasible solution or incumbent: a location in the search space with low expected objective value and
high probability of satisfying the constraints. However, the best feasible solution does not
exist when no point in the search space satisfies the constraints with high probability (for
example, because of lack of data). Finally and more importantly, these methods run into
problems when the objective and the constraint functions are decoupled, meaning that the
functions f, c1 , . . . , cK in Eq. (1) can be evaluated independently. In particular, the acquisition functions used by these methods usually consider joint evaluations of the objective and
constraints and cannot produce an optimal suggestion when only subsets of these functions
are being evaluated.
In this work, we propose a general approach for constrained BO that does not have
the problems mentioned above. Our approach to constraints is based on an extension of
Predictive Entropy Search (PES) (Hernández-Lobato et al., 2014), an information-theoretic
method for unconstrained BO problems. The resulting technique is called Predictive Entropy Search with Constraints (PESC) and its acquisition function approximates the expected information gain with regard to the solution of Eq. (1), which we call x? . At each
iteration, PESC collects data at the location that is the most informative about x? , in
expectation. One important property of PESC is that its acquisition function naturally
separates the contributions of the individual function evaluations when those functions are
modeled independently. That is, the amount of information that we approximately gain
by jointly evaluating a set of independent functions is equal to the sum of the gains of
information that we approximately obtain by the individual evaluation of each of the functions. This additive property in its acquisition function allows PESC to efficiently solve
the general constrained BO problem, including those with decoupled evaluation, something
that no other existing technique can achieve, to the best of our knowledge.
An initial description of PESC is given by Hernández-Lobato et al. (2015). That work
considers PESC only in the coupled evaluation scenario, where all the functions are jointly
evaluated at the same input value. This is the standard setting considered by most prior
approaches for constrained BO. Here, we further extend that initial work on PESC as
follows:

JMLR 17(160):1-53

1. We present a taxonomy of constrained BO problems. We consider problems in which
the objective and constraints can be split into subsets of functions or tasks that require
coupled evaluation, but where different tasks can be evaluated in a decoupled way.
These different tasks may or may not compete for a limited set of resources. We
propose a general algorithm for solving this type of problems and then show how
PESC can be used for the practical implementation of this algorithm.
3
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2. We analyze PESC in the decoupled scenario. We evaluate the accuracy of PESC when
the different functions (objective or constraint) are evaluated independently. We show
how PESC efficiently solves decoupled problems with an objective and constraints that
compete for the same computational resource.

3. We intelligently balance the computational overhead of the Bayesian optimization
method relative to the cost of evaluating the black-boxes. To achieve this, we develop a
partial update to the PESC approximation that is less accurate but faster to compute.
We then automatically switch between partial and full updates so that we can balance
the amount of time spent in the Bayesian optimization subroutines and in the actual
collection of data. This allows us to efficiently solve problems with a mix of decoupled
functions where some are fast and others slow to evaluate.

The rest of the paper is structured as follows. Section 2 reviews prior work on constrained
BO and considers these methods in the context of decoupled functions. In Section 3 we
present a general framework for describing BO problems with decoupled functions, which
contains as special cases the standard coupled framework considered in most prior work
as well as the notion of decoupling introduced by Gelbart et al. (2014). This section also
describes a general algorithm for BO problems with decoupled functions. In Section 4 we
show how to extend Predictive Entropy Search (PES) (Hernández-Lobato et al., 2014) to
solve Eq. (1) in the context of decoupling, an approach that we call Predictive Entropy
Search with Constraints (PESC). We also show how PESC can be used to implement the
general algorithm from Section 3. In Section 5 we modify the PESC algorithm to be more
efficient in terms of wall-clock time by adaptively using an approximate but faster version
of the method. In Sections 6 and 7 we perform empirical evaluations of PESC on coupled
and decoupled optimization problems, respectively. Finally, we conclude in Section 8.

2. Related Work

Z

max(0, η − f (x))p(f (x)|D) df (x) = σf (x) (zf (x)Φ (zf (x)) + φ (zf (x))) ,

(2)

Below we discuss previous approaches to Bayesian optimization with black-box constraints,
many of which are variants of the expected improvement (EI) heuristic (Jones et al., 1998).
In the unconstrained setting, EI measures the expected amount by which observing the
objective f at x leads to improvement over the current best recommendation or incumbent,
the objective value of which is denoted by η (thus, η has the units of f , not x). The
incumbent η is usually defined as the lowest expected value for the objective over the
optimization domain. The EI acquisition function is then given by
αEI (x) =

JMLR 17(160):1-53

where D represents the collected data (previous function evaluations) and p(f (x)|D) is the
predictive distribution for the objective made by a Gaussian process (GP), µf (x) and σf2 (x)
are the GP predictive mean and variance for f (x), zf (x) ≡ (η − µf (x))/σf (x), and Φ and
φ are the standard Gaussian CDF and PDF, respectively.

4

k=1

K
Y

Pr(ck (x) ≥ 0|D) = αEI (x)
k=1

K
Y

Φ


µk (x)
σk (x)


,

(3)

6
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5

LA (x|λ1 , . . . , λK , p) = f (x) +

(6)
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K 
X
1
min(0, ck (x))2 − λk ck (x) ,
2p

Gramacy et al. (2016) propose to use a combination of EI and the augmented Lagrangian (AL)
method: an algorithm which turns an optimization problem with constraints into a sequence
of unconstrained optimization problems. Gramacy et al. use BO techniques based on EI to
solve the unconstrained inner loop of the AL problem. When f and c1 , . . . , cK are known
the unconstrained AL objective is defined as

k=1

2.4 Modeling an Augmented Lagrangian

where, as in IECI, h(x0 ) is the probability that the constraints are satisfied at x0 . Picheny
considers noiseless evaluations for the objective and constraint functions and defines η as
the best feasible objective value seen so far or +∞ when no feasible location has been found.
A disadvantage of Picheny’s method is that it requires the integral in Eq. (5) to be
computed over the entire search domain X , which is done numerically over a grid on x0 .
The resulting acquisition function must then be globally optimized. This is often performed
by first evaluating the acquisition function on a grid on x. The best point in this second grid
is then used as the starting point of a numerical optimizer for the acquisition function. This
nesting of grid operations limits the application of this method to small input dimension D.
This is also the case for IECI whose acquisition function in Eq. (4) also includes an integral
over X . Our method PESC requires a similar integral in the form of an expectation with
respect to the posterior distribution of the global feasible minimizer x? . Nevertheless, this
expectation can be efficiently approximated by averaging over samples of x? drawn using the
approach proposed by Hernández-Lobato et al. (2014). This approach is further described
in Appendix B.3. Note that the integrals in Eq. (5) could in principle be also approximated
by using Marcov chain Monte Carlo (MCMC) to sample from the unnormalized density
h(x0 ). However, this was not proposed by Picheny and he only described the grid based
method.

An alternative approach is given by Picheny (2014), who proposes to sequentially explore
the location that most decreases the expected volume (EV) of the feasible region below the
best feasible objective value η found so far. This quantity is computed by integrating the
product of the probability of improvement and the probability of feasibility. That is,
Z
Z
αEV (x) = p[f (x0 ) ≤ η]h(x0 )dx0 − p[f (x0 ) ≤ min(η, f (x))]h(x0 )dx0 ,
(5)

2.3 Expected Volume Minimization

values when the constraints are unlikely to be satisfied. This is not the case with IECI
because Eq. (4) considers the EI over the whole optimization domain instead of focusing only
on the EI at the current evaluation location, which may be infeasible with high probability.
Gelbart et al. (2014) compare IECI with EIC for optimizing the hyper-parameters of a topic
model with constraints on the entropy of the per-topic word distribution and show that EIC
outperforms IECI on this problem.
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Here, αEI (x0 ) is the expected improvement at x0 , αEI (x0 |x) is the expected improvement
at x0 given that the objective has been observed at x (but without making any assumptions
about the observed value), and h(x0 ) is an arbitrary density over x0 . The IECI at x is the
expected reduction in EI at x0 , under the density h(x0 ), caused by observing the objective
at x. Gramacy and Lee use IECI for constrained BO by setting h(x0 ) to the probability of
the constraints being satisfied at x0 . They define the incumbent η as the lowest posterior
mean for the objective f over the whole optimization domain, ignoring the fact that the
lowest posterior mean for the objective may be achieved in an infeasible location.
The motivation for IECI is that collecting data at an infeasible location may also provide
useful information. EIC strongly discourages this, because Eq. (3) always takes very low

X

Gramacy and Lee (2011) propose an acquisition function called the integrated expected
conditional improvement (IECI), defined as
Z


αIECI (x) =
αEI (x0 ) − αEI (x0 |x) h(x0 )dx0 .
(4)

2.2 Integrated Expected Conditional Improvement

The constraint satisfaction probability factorizes because f and c1 , . . . , cK are modeled by
independent GPs. In this expression µk and σk2 are the posterior predictive mean and
variance for ck (x). EIC was initially proposed by Schonlau et al. (1998) and has been
revisited by Parr (2013), Snoek (2013), Gardner et al. (2014) and Gelbart et al. (2014).
In the constrained setting, the incumbent η can be defined as the minimum expected
objective value subject to all the constraints being satisfied at the corresponding location.
However, we can never guarantee that all the constraints will be satisfied when they are
only observed through noisy evaluations. To circumvent this problem, Gelbart et al. (2014)
define η as the lowest expected objective value subject to all the constraints being satisfied
with posterior probability larger than the threshold 1 − δ, where δ is a small number such
as 0.05. However, this value for η still cannot be computed when there is no point in the
search space that satisfies the constraints with posterior probability higher than 1 − δ. For
example, because of lack of data for the constraints. In this case, Gelbart et al. change the
original acquisition function given by Eq. (3) and ignore the factor αEI (x) in that expression.
This allows them to search only for a feasible location, ignoring the objective f entirely and
just optimizing the constraint satisfaction probability. However, this can lead to inefficient
optimization in practice because the data collected for the objective f is not used to make
optimal decisions.

αEIC (x) = αEI (x)

An intuitive extension of EI in the presence of constraints is to define improvement as only
occurring when the constraints are satisfied. Because we are uncertain about the values of
the constraints, we must weight the original EI value by the probability of the constraints
being satisfied. This results in what we call Expected Improvement with Constraints (EIC):

2.1 Expected Improvement with Constraints
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where p > 0 is a penalty parameter and λ1 ≥ 0, . . . , λK ≥ 0 serve as Lagrange multipliers.
The AL method iteratively minimizes Eq. (6) with different values for p and λ1 , . . . , λK at
(n)
each iteration. Let x? be the minimizer of Eq. (6) at iteration n using parameter values p(n)
(n)
(n)
(n+1)
(n)
(n)
and λ1 , . . . , λK . The next parameter values are λk
= max(0, λk − ck (x? )/p(n) )
(n)
for k = 1, . . . , K and p(n+1) = p(n) if x? is feasible and p(n+1) = p(n) /2 otherwise. When f
and c1 , . . . , cK are unknown we cannot directly minimize Eq. (6). However, if we have
observations for f and c1 , . . . , cK , we can then map such data into observations for the AL
objective. Gramacy et al. fit a GP model to the AL observations and then select the next
evaluation location using the EI heuristic. After collecting the data, the AL parameters are
updated as above using the new values for the constraints and the whole process repeats.
A disadvantage of this approach is that it assumes that the the constraints c1 , . . . , ck are
noiseless to guarantee that that p and λ1 , . . . , λK can be correctly updated. Furthermore,
Gramacy et al. (2016) focus only on the case in which the objective f is known, although
they provide suggestions for extending their method to unknown f . In section 6.3 we show
that PESC and EIC perform better than the AL approach on the synthetic benchmark
problem considered by Gramacy et al., even when the AL method has access to the true
objective function and PESC and EIC do not.
2.5 Existing Methods for Decoupled Evaluations
The methods described above can be used to solve constrained BO problems with coupled
evaluations. These are problems in which all the functions (objective and constraints) are
always evaluated jointly at the same input. Gelbart et al. (2014) consider extending the
EIC method from Section 2.1 to the decoupled setting, where the different functions can be
independently evaluated at different input locations. However, they identify a problem with
EIC in the decoupled scenario. In particular, the EIC utility function requires two conditions
to produce positive values. First, the evaluation for the objective must achieve a lower value
than the best feasible solution so far and, second, the evaluations for the constraints must
produce non-negative values. When we evaluate only one function (objective or constraint),
the conjunction of these two conditions cannot be satisfied by a single observation under
a myopic search policy. Thus, the new evaluation location can never become the new
incumbent and the EIC is zero everywhere. Therefore, standard EIC fails in the decoupled
setting.
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Gelbart et al. (2014) circumvent the problem mentioned above by treating decoupling as
a special case and using a two-stage acquisition function: first, the next evaluation location x
is chosen with EIC, and then, given x, the task (whether to evaluate the objective or one of
the constraints) is chosen according to the expected reduction in the entropy of the global
feasible minimizer x? , where the entropy computation is approximated using Monte Carlo
sampling as proposed by Villemonteix et al. (2009). We call the resulting method EIC-D.
Note that the two-stage decision process used by EIC-D is sub-optimal and a joint selection
of x and the task should produce better results. As discussed in the sections that follow, our
method, PESC, does not suffer from this disadvantage and furthermore, can be extended
to a wider range of decoupled problems than EIC-D can.
7
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3. Decoupled Function Evaluations and Resource Allocation

We present a framework for describing constrained BO problems. We say that a set of
functions (objective or constraints) are coupled when they always require joint evaluation
at the same input location. We say that they are decoupled when they can be evaluated
independently at different inputs. In practice, a particular problem may exhibit coupled
or decoupled functions or a combination of both. An example of a problem with coupled
functions is given by a financial simulator that generates many samples from the distribution
of possible financial outcomes. If the objective function is the expected profit and the
constraint is a maximum tolerable probability of default, then these two functions are
computed jointly by the same simulation and are thus coupled to each other. An example
of a problem with decoupled functions is the optimization of the predictive accuracy of a
neural network speech recognition system subject to prediction time constraints. In this
case different neural network architectures may produce different predictive accuracies and
different prediction times. Assessing the prediction time may not require training the neural
network and could be done using arbitrary network weights. Thus, we can evaluate the
timing constraint without evaluating the accuracy objective.

When problems exhibit a combination of coupled and decoupled functions, we can then
partition the different functions into subsets of functions that require coupled evaluation.
We call these subsets of coupled functions tasks. In the financial simulator example, the
objective and the constraint form the only task. In the speech recognition system there are
two tasks, one for the objective and one for the constraint. Functions within different tasks
are decoupled and can be evaluated independently. These tasks may or may not compete
for a limited set of resources. For example, two tasks that both require the performance of
expensive computations may have to compete for using a single available CPU. An example
with no competition is given by two tasks, one which performs computations in a CPU and
another one which performs computations in a GPU. Finally, two competitive tasks may
also have different evaluation costs and this should be taken into account when deciding
which one is going to be evaluated next.
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In the previous section we showed that most existing methods for constrained BO can
only address problems with coupled functions. Furthermore, the extension of these methods
to the decoupled setting is difficult because most of them are based on the EI heuristic and,
as illustrated in Section 2.5, improvement can be impossible with decoupled evaluations.
A decoupled problem can, of course, be coupled artificially and then solved as a coupled
problem with existing methods. We examine this approach here with a thought experiment and with empirical evaluations in Section 7. Returning to our time-limited speech
recognition system, let us consider the cost of evaluating each of the tasks. Evaluating the
objective requires training the neural network, which is a very expensive process. On the
other hand, evaluating the constraint (run time) requires only to time the predictions made
by the neural network and this could be done without training, using arbitrary network
weights. Therefore, evaluating the constraint is in this case much faster than evaluating
the objective. In a decoupled framework, one could first measure the run time at several
evaluation locations, gaining a sense of the constraint surface. Only then would we incur
the significant expense of evaluating the objective task, heavily biasing our search towards
locations that are considered to be feasible with high probability. Put another way, artifi-

8
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We now present a framework for describing constrained BO problems of the form given by
Eq. (1). Our framework can be used to represent general problems within any of the categories previously described, including coupled and decoupled functions that may or may not
compete for a limited number of resources, each of which may be replicated multiple times.
Let F be the set of functions {f, c1 , . . . , cK } and let the set of tasks T be a partition of F indicating which functions are coupled and must be jointly evaluated. Let R = {r1 , . . . , r|R| }
be the set of resources available to solve this problem. We encode the relationship between tasks and resources with a bipartite graph G = (V, E) with vertices V = T ∪ R and
edges {t ∼ r} ∈ E such that t ∈ T and r ∈ R. The interpretation of an edge {t ∼ r} is
that task t can be performed on resource r. (We do not address the case in which a task
requires multiple resources to be executed; we leave this as future work.) We also introduce a capacity ωmax for each resource r. The capacity ωmax (r) ∈ N represents how many
tasks may be simultaneously executed on resource r; for example, if r represents a cluster
of CPUs, ωmax (r) would be the number of CPUs in the cluster. Introducing the notion of
capacity is simply a matter of convenience since it is equivalent to setting all capacities to
one and replicating each resource node in G according to its capacity.

3.2 Formalization of Constrained Bayesian Optimization Problems

Note that NCD is very related to parallel Bayesian optimization (see e.g., Ginsbourger
et al., 2011; Snoek et al., 2012). In both parallel BO and NCD we perform multiple task
evaluations concurrently, where each new evaluation location is selected optimally according to the available data and the locations of all the currently pending evaluations. The
difference between parallel BO and NCD is that in NCD the tasks whose evaluations are
currently pending may be different from the task that will be evaluated next, while in parallel BO there is only a single task. Parallel BO conveniently fits into the general framework
described below.

We divide the class of problems with decoupled functions into two sub-classes, which we
call competitive decoupling (CD) and non-competitive decoupling (NCD). CD is the form of
decoupling considered by Gelbart et al. (2014), in which two or more tasks compete for the
same resource. This happens when there is only one CPU available and the optimization
problem includes two tasks with each of them requiring a CPU to perform some expensive
simulations. In contrast, NCD refers to the case in which tasks require the use of different resources and can therefore be evaluated independently, in parallel. This occurs, for
example, when one of the two tasks uses a CPU and the other task uses a GPU.

3.1 Competitive Versus Non-competitive Decoupling and Parallel BO

In the following sections we present a formalization of constrained Bayesian optimization
problems that encompasses all of the cases described above. We then show that our method,
PESC (Section 4), is an effective practical solution to these problems because it naturally
separates the contributions of the different function evaluations in its acquisition function.

cially coupling the tasks becomes increasingly inefficient as the cost differential is increased;
for example, one might spend a week examining one aspect of a design that could have been
ruled out within seconds by examining another aspect.
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In this section we present a general algorithm for solving constrained Bayesian optimization
problems specified according to the formalization from the previous section. Our approach
relies on an acquisition function that can measure the expected utility of evaluating any
arbitrary subset of functions, that is, of any possible task. When an acquisition function
satisfies this requirement we say that it is separable. As discussed in Section 4.1, our

3.3 A General Algorithm for Constrained Bayesian Optimization

We can now formally describe problems with coupled evaluations as well as NCD and
CD. In particular, coupling occurs when two functions g1 and g2 belong to the same task t.
If this task can be evaluated on multiple resources (or one resource with ωmax > 1), then
this is parallel Bayesian optimization. NCD occurs when two functions g1 and g2 belong
to different tasks t1 and t2 , which themselves require different resources r1 and r2 , (that
is, t1 ∼ r1 , t2 ∼ r2 and r1 6= r2 ). CD occurs when two functions g1 and g2 belong to
different tasks t1 and t2 (decoupled) that require the same resource r (competitive). These
definitions are visually illustrated in Fig. 1. The definitions can be trivially extended to
cases with more than two functions. The most general case is an arbitrary task-resource
graph G encoding a combination of coupling, NCD, CD and parallel Bayesian optimization.

Figure 1: Schematic comparing the coupled, parallel, non-competitive decoupled (NCD),
and competitive decoupled (CD) scenarios for a problem with a single constraint
c1 . In each case, the mapping between tasks and resources (the right-hand portion
of the figure) is the bipartite graph G.
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Algorithm 1 A general method for constrained Bayesian optimization.
1: Input: F, G = (T ∪ R, E), αt for t ∈ T , X , M, D, ω, ωmax and δ.
2: repeat
3:
for r ∈ R such that ω(r) < ωmax (r) do
4:
Update M with any new data in D
5:
for t ∈ T such that {t ∼ r} ∈ E do
6:
xt∗ ← arg maxx∈X αt (x|M)
7:
αt∗ ← αt (xt∗ |M)
8:
end for
9:
t∗ ← arg maxt αt∗
10:
Submit task t∗ at input xt∗∗ to resource r
11:
Update M with the new pending evaluation
12:
end for
until termination condition is met
Output: arg minx∈X EM [f (x)] s.t. p(c1 (x) ≥ 0, . . . , cK (x) ≥ 0|M) ≥ 1 − δ
13:

14:

JMLR 17(160):1-53

method PESC has this property, when the functions are modeled as independent. This
property makes PESC an effective solution for the practical implementation of our general
algorithm. By contrast, the EIC-D method of Gelbart et al. (2014) is not separable and
cannot be applied in the general case presented here.
Algorithm 1 provides a general procedure for solving constrained Bayesian optimization
problems. The inputs to the algorithm are the set of functions F, the set of tasks T ,
the set of resources R, the task-resource graph G = (T ∪ R, E), an acquisition function for
each task, that is, αt for t ∈ T , the search space X , a Bayesian model M, the initial
data set D, the resource query functions ω and ωmax and a confidence level δ for making a
final recommendation. Recall that ωmax indicates how many tasks can be simultaneously
executed on a particular resource. The function ω is introduced here to indicate how many
tasks are currently being evaluated in a resource. The acquisition function αt measures
the utility of evaluating task t at the location x. This acquisition function depends on the
predictions of the Bayesian model M. The separability property of the original acquisition
function guarantees that we can compute an αt for each t ∈ T .
Algorithm 1 works as follows. First, in line 3, we iterate over the resources, checking
if they are available. Resource r is available if its number of currently running jobs ω(r)
is less than its capacity ωmax (r). Whenever resource r is available, we check in line 4 if
any new function observations have been collected. If this is the case, we then update
the Bayesian model M with the new data (in most cases we will have new data since the
resource r probably became available due to the completion of a previous task). Next,
we iterate in line 5 over the tasks t that can be evaluated in the new available resource r
as dictated by G. In line 6 we find the evaluation location xt∗ that maximizes the utility
obtained by the evaluation of task t, as indicated by the task-specific acquisition function
αt . In line 7 we obtain the corresponding maximum task utility αt∗ . In line 9, we then
maximize over tasks, selecting the task t∗ with highest maximum task utility αt∗ (this is the
“competition” in CD). Upon doing so, the pair (t∗ , xt∗∗ ) forms the next suggestion. This
pair represents the experiment with the highest acquisition function value over all possible
11
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(t, x) pairs in T × X that can be run on resource r. In line 10, we evaluate the selected
task at resource r and in line 11 we update the Bayesian model M to take into account
that we are expecting to collect data for task t∗ at input xt∗∗ . This can be done for example
by drawing virtual data from M’s predictive distribution and then averaging across the
predictions made when each virtual data point is assumed to be the data actually collected
by the pending evaluation (Schonlau et al., 1998; Snoek et al., 2012). In line 13 the whole
process repeats until a termination condition is met. Finally, in line 14, we give to the user
a final recommendation of the solution to the optimization problem. This is the input that
attains the lowest expected objective value subject to all the constraints being satisfied with
posterior probability larger than 1 − δ, where δ is maximum allowable probability of the
recommendation being infeasible according to M.
Algorithm 1 can solve problems that exhibit any combination of coupling, parallelism,
NCD, and CD.
3.4 Incorporating Cost Information

αt∗ ← αt (xt∗ |M)/ζt (xt∗ )

xt∗ ← arg maxx∈X αt (x|M)/ζt (x)

Algorithm 1 always selects, among a group of competitive tasks, the one whose evaluation
produces the highest utility value. However, other cost factors may render the evaluation
of one task more desirable than another. The most salient of these costs is the run time
or duration of the task’s evaluation, which could depend on the evaluation location x.
For example, in the neural network speech recognition system, one of the variables to be
optimized may be the number of hidden units in the neural network. In this case, the
run time of an evaluation of the predictive accuracy of the system is a function of x since
the training time for the network scales with its size. Snoek et al. (2012) consider this
issue by automatically measuring the duration of function evaluations. They model the
duration as a function of x with an additional Gaussian process (GP). Swersky et al. (2013)
extend this concept over multiple optimization tasks so that an independent GP is used to
model the unknown duration of each task. This approach can be applied in Algorithm 1
by penalizing the acquisition function for task t with the expected cost of evaluating that
task. In particular, we can change lines 6 and 7 in Algorithm 1 to
6:
7:

where ζt (x) is the expected cost associated with the evaluation of task t at x, as estimated by
a model of the collected cost data. When taking into account task costs modeled by Gaussian
processes, the total number of GP models used by Algorithm 1 is equal to the number of
functions in the constrained BO problem plus the number of tasks, that is, |F| + |T |.
Alternatively, one could fix the cost functions ζt (x) a priori instead of learning them from
collected data.

4. Predictive Entropy Search with Constraints (PESC)
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To implement Algorithm 1 in practice we need to compute an acquisition function that is
separable and can measure the utility of evaluating an arbitrary subset of functions. In this
section we describe how to achieve this.

12

(7)

13

α(x) = H [y | D, x] − Ex? | D [H [y | D, x, x? ]] .
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(8)

In this expression, H [x? | D ∪ {(x, y)}] is the amount of information on x? that is available
once we have collected new data y at the input location x. However, this new y is unknown
because it has not been collected yet. To circumvent this problem, we take the expectation
with respect to the predictive distribution for y given x and D. This produces an expression
that does not depend on y and could in principle be readily computed.
A direct computation of Eq. (7) is challenging because it requires evaluating the entropy
of the intractable distribution p(x? | D) when different pairs (x, y) are added to the data.
To simplify computations, we note that Eq. (7) is the mutual information between x? and
y given D and x, which we denote by MI(x? , y). The mutual information operator is
symmetric, that is, MI(x? , y) = MI(y, x? ). Therefore, we can follow Houlsby et al. (2012)
and swap the random variables y and x? in Eq. (7). The result is a reformulation of the
original equation that is now expressed in terms of entropies of predictive distributions,
which are easier to approximate:

α(x) = H [x? | D] − Ey | D,x [H [x? | D ∪ {(x, y)}]] .

This is the same reformulation used by Predictive Entropy Search (PES) (Hernández-Lobato
et al., 2014) for unconstrained Bayesian optimization, but extended to the case where y is
a vector rather than a scalar. Since we focus on constrained optimization problems, we call
our method Predictive Entropy Search with Constraints (PESC). Eq. (8) is used by PESC
to efficiently solve constrained Bayesian optimization problems with decoupled function
evaluations. In the following section we describe how to obtain a computationally efficient
approximation to Eq. (8). We also show that the resulting approximation is separable.

Our acquisition function approximates the expected gain of information about the solution to the constrained optimization problem, which is denoted by x? . Importantly, our
approximation is additive. For example, let A be a set of functions and let I(A) be the
amount of information that weP
approximately gain in expectation by jointly evaluating the
functions in A. Then I(A) = a∈A I({a}). Although our acquisition function is additive,
the exact expected gain of information is not. Additivity is the result of a factorization
assumption in our approximation (see Section 4.2 for further details). The good results
obtained in our experiments seem to support that this is a reasonable assumption. Because
of this additive property, we can compute an acquisition function for any possible subset
of f , c1 , . . . , cK using the individual acquisition functions for these functions as building
blocks.
We follow MacKay (1992) and measure information about x? by the differential entropy
of p(x? |D), where D is the data collected so far. The distribution p(x? |D) is formally defined
in the unconstrained case by Hennig and Schuler (2012). In the constrained case p(x? |D)
can be understood as the probability distribution determined by the following sampling
process. First, we draw f , c1 , . . . , cK from their posterior distributions given D and second,
we minimize the sampled f subject to the sampled c1 , . . . , cK being non-negative, that is, we
solve Eq. (1) for the sampled functions. The solution to Eq. (1) obtained by this procedure
represents then a sample from p(x? |D).
We consider first the case in which all the black-box functions f, c1 , . . . , cK are evaluated at the same time (coupled). Let H [x? | D] denote the differential entropy of p(x? |D)
and let yf , yc1 , . . . , ycK denote the measurements obtained by querying the black-boxes for
f , c1 , . . . , cK at the input location x. We encode these measurements in vector form as
y = (yf , yc1 , . . . , ycK )T . Note that y contains the result of the evaluation of all the functions at x, that is, the objective f and the constraints c1 , . . . , cK . We aim to collect data
at the location that maximizes the expected information gain or the expected reduction in
the entropy of p(x? |D). The corresponding acquisition function is
i=1

K+1
X

1
K +1
log σi2 (x) +
log(2πe) ,
2
2

(9)

i = 1, . . . , K + 1 ,

(10)
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where νi is the variance of the additive Gaussian noise in the i-th black-box, with f being
the first one and cK the last one. The scalar ki (x) is the prior variance of the noise-free
black-box evaluations at x. The vector ki (x) contains the prior covariances between the
black-box values at x and at those locations for which data from the black-box is available.
Finally, Ki is a matrix with the prior covariances for the noise-free black-box evaluations
at those locations for which data is available.
The second term in Eq. (8), that is, Ex? | D [H [y | D, x, x? ]], cannot be computed exactly
and needs to be approximated. We do this operation as follows. 1 : The expectation with
respect to p(x? | D) is approximated with an empirical average over M samples drawn from
p(x? | D). These samples are generated by following the approach proposed by HernándezLobato et al. (2014) for sampling x? in the unconstrained case. We draw approximate posterior samples of f, c1 , . . . , cK , as described by Hernández-Lobato et al. (2014, Appendix A),
and then solve Eq. (1) to obtain x? given the sampled functions. More details can be found
in Appendix B.3 of this document. Note that this approach only applies for stationary
kernels, but this class includes popular choices such as the squared exponential and Matérn
kernels. 2 : We assume that the components of y are independent given D, x and x? ,
that is, we assume that the evaluations of f , c1 , . . . , cK at x are independent given D and
x? . This factorization assumption guarantees that the acquisition function used by PESC
is additive across the different functions that are being evaluated. 3 : Let xj? be the j-th
sample from p(x? | D). We then find a Gaussian approximation to each p(yi | D, x, xj? ) using
expectation propagation (EP) (Minka, 2001a). Let σi2 (x|xj? ) be the variance of the Gaussian

σi2 (x) = ki (x) − ki (x)T K−1
i ki (x) + νi ,

where σi2 (x) is the predictive variance for yi at x and yi is the i-th entry in y. To obtain
this formula we
P have used the fact that f , c1 , . . . , cK are generated independently, so that
H [y | D, x] = K+1
i=1 H [yi | D, x], and that p(yi | D, x) is Gaussian with variance parameter
σi2 (x) given by the GP predictive variance (Rasmussen and Williams, 2006):

H [y | D, x] =

We assume that the functions f , c1 , . . . , cK are independent samples from Gaussian process
(GP) priors and that the noisy measurements y returned by the black-boxes are obtained
by adding Gaussian noise to the noise-free function evaluations at x. Under this Bayesian
model for the data, the first term in Eq. (8) can be computed exactly. In particular,
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i=1

approximation to p(yi | D, x, x?j ) given by EP. Then, we obtain
"
#
M
M
K+1
X 
 2 1 X

1 1 X 
Ex? | D [H [y | D, x, x? ]] ≈
H y | D, x, x?j ≈
H yi | D, x, x?j
M
M
j=1
j=1 i=1


K+1
M

3 X 1 X1
K
+1
≈
log σi2 (x|x?j ) +
log(2πe) ,
(11)
M

2
2

K+1
X

(13)

f (x)
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where the α̃i are given by Eq. (13). PESC’s acquisition function is therefore separable since
Eq. (14) can be used to obtain an acquisition function for each possible task. The process
for constructing these task-specific acquisition functions is also efficient since it requires
only to use the individual acquisition functions from Eq. (13) as building blocks. These two
properties make PESC an effective solution for the practical implementation of the general
algorithm from Section 3.3.
Fig. 2 illustrates with a toy example the process for computing the function-specific
acquisition functions from Eq. (13). In this example there is only one constraint function.
Therefore, the functions in the optimization problem are only f and c1 . The search space
X is the unit interval [0, 1] and we have collected four measurements for each function. The
data for f are shown as black points in panels A, B and C. The data for c1 are shown as
black points in panels F, G and H. We assume that f and c1 are independently sampled
from a GP with zero mean function and squared exponential covariance function with unit
amplitude and length-scale 0.07. The noise variance for the black-boxes that evaluate f
and c1 is zero. Let y1 and y2 be the black-box evaluations for f and c1 at input x. Under
the assumed GP model we can analytically compute the predictive distributions for y1 and

Figure 2: Illustration of the process followed to compute the function-specific acquisition
functions given by Eq. (13). See the main text for details.
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where each of the approximations has been numbered with the corresponding step from the
description above. Note that in step 3 of Eq. (11) we have swapped the sums over i and j.
The acquisition function used by PESC is then given by the difference between Eq. (9)
and the approximation shown in the last line of Eq. (11). In particular, we obtain

where
M

1
1 X1
α̃i (x) =
log σi2 (x) − log σi2 (x|x?j ) ,
M
2
{z2
}
α̃i (x|x?j )

j=1 |

i∈t
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Interestingly, the factorization assumption that we made in step 2 of Eq. (11) has produced
an acquisition function in Eq. (12) that is the sum of K + 1 function-specific acquisition
functions, given by the α̃i (x) in Eq. (13). Each α̃i (x) measures how much information we
gain on average by only evaluating the i-th black box, where the first black-box evaluates
f and the last one evaluates cK+1 . Furthermore, α̃i (x) is the empirical average of α̃i (x|x? )
across M samples from p(x? |D). Therefore, we can interpret each α̃i (x|x? ) in Eq. (13)
as a function-specific acquisition function conditioned on x? . Crucially, by using bits of
information about the minimizer as a common unit of measurement, our acquisition function
can make meaningful comparisons between the usefulness of evaluating the objective and
constraints.
We now show how PESC can be used to obtain the task-specific acquisition functions
required by the general algorithm from Section 3.3. Let us assume that we plan to evaluate
only a subset of the functions f , c1 , . . . , cK and let t ⊆ {1, . . . , K + 1} contain the indices
of the functions to be evaluated, where the first function is f and the last one is cK . We
assume that the functions indexed by t are coupled and require joint evaluation. In this
case t encodes a task according to the definition from Section 3.2. We can then approximate
the expected gain of information that is obtained by evaluating this task at input x. The
process is similar to the one used above when all the black-boxes are evaluated at the same
time. However, instead of working with the full vector y, we now work with the components
of y indexed by t. One can then show that the expected information gain obtained after
evaluating task t at input x can be approximated as
X
αt (x) =

15
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df dc1 · · · cK , (17)

JMLR 17(160):1-53

}

)
Ψ(x0 )

The product of the indicator functions Γ and Ψ in Eq. (17) takes value zero whenever xj?
is not the best feasible solution according to f , c1 , . . . , cK . The indicator Γ in Eq. (17)
guarantees that xj? is a feasible location. The product of all the Ψ in Eq. (17) guarantees
that no other point in X is better than xj? . Therefore, the product of Γ and the Ψ in
Eq. (17) rejects any value of f , c1 , . . . , cK for which xj? is not the optimal solution to the
constrained optimization problem.
The factors p(f , c1 , . . . , cK |D) and p(y|f , c1 , . . . , cK , x) in Eq. (17) are Gaussian. Thus,
their product is also Gaussian and tractable. However, the integral in Eq. (17) does not

{z
f (f , c1 , . . . , cK |xj? )

x0 ∈X

(

p(y|f , c1 , . . . , cK , x) = N (y1 |f (x), ν1 )N (y2 |c1 (x), ν2 ) · · · N (yK+1 |cK (x), νK+1 ) . (18)

|

p(y|f , c1 , . . . , cK , x) p(f , c1 , . . . , cK |D)Γ(xj? )

We start by assuming that the search space has finite size, that is, X = {x̃1 , . . . , x̃|X | }.
In this case the functions f , c1 , . . . , cK are encoded as finite dimensional vectors denoted
by f , c1 , . . . , cK . The i-th entries in these vectors are the result of evaluating f , c1 , . . . , cK
at the i-th element of X , that is, f (x̃), c1 (x̃i ), . . . , cK (x̃i ). Let us assume that xj? and x are
in X . Then p(y|D, x, xj? ) can be defined by the following rejection sampling process. First,
we sample f , c1 , . . . , cK from their posterior distribution given the assumed GP models.
We then solve the optimization problem given by Eq. (1). For this, we find the entry
of f with lowest value subject to the corresponding entries of c1 , . . . , cK being positive.
Let i ∈ {1, . . . , |X |} be the index of the selected entry. Then, if xj? 6= x̃i , we reject the
sampled f , c1 , . . . , cK and start again. Otherwise, we take the entries of f , c1 , . . . , cK

R

where p(f , c1 , . . . , cK |D) is the GP posterior distribution for the noise-free evaluations of f ,
c1 , . . . , cK at X and p(y|f , c1 , . . . , cK , x) is the likelihood function, that is, the distribution
of the noisy evaluations produced by the black-boxes with input x given the true function
values:

p(y|D, x, xj? ) ∝

When x is infeasible, this expression takes value one. In this case, x is not a better solution
than xj? (because x is infeasible) and we do not have to reject. When x is feasible, the
factor Θ[f (x) − f (xj? )] in Eq. (16) is zero when x takes lower objective value than xj? . This
will allow us to reject f , c1 , . . . , cK when x is a better solution than xj? . Using Eq. (15) and
Eq. (16), we can then write p(y|D, x, xj? ) as

Ψ(x) = Γ(x)Θ[f (x) − f (xj? )] + (1 − Γ(x)) .

We briefly describe the process followed to find a Gaussian approximation to p(yi |D, x, xj? )
using expectation propagation (EP) (Minka, 2001b). Recall that the variance of this approximation, that is, σi2 (x|xj? ), is used to compute α̃i (x|xj? ) in Eq. (13). Here we only
provide a sketch of the process; full details can be found in Appendix A.

4.2 How to Compute the Gaussian Approximation to p(yi |D, x, xj? )

Θ[ck (x)] ,

where Θ[·] is the Heaviside step function which is equal to one if its input is non-negative
and zero otherwise. The second indicator function Ψ(x) takes value zero if x is a better
solution than xj? according to the sampled functions. Otherwise Ψ(x) takes value one. In
particular,

k=1

K
Y

indexed by x, that is, f (x), c1 (x), . . . , cK (x) and then obtain y by adding to each of these
values a Gaussian random variable with zero mean and variance ν1 , . . . , νK+1 , respectively.
The probability distribution implied by this rejection sampling process can be obtained
by first multiplying the posterior for f , c1 , . . . , cK with indicator functions that take value
zero when f , c1 , . . . , cK should be rejected and one otherwise. We can then multiply the
resulting quantity by the likelihood for y given f , c1 , . . . , cK . The desired distribution is
finally obtained by marginalizing out f , c1 , . . . , cK .
We introduce several indicator functions to implement the approach described above.
The first one Γ(x) takes value one when x is a feasible solution and value zero otherwise,
that is,

y2 , that is, p(y1 |D, x) and p(y2 |D, x). Panels B and G show the means of these distributions with confidence bands equal to one standard deviation. The first step to compute
the α̃i (x) from Eq. (13) is to draw M samples from p(x? |D). To generate each of these
samples, we first approximately sample f and c1 from their posterior distributions p(f |D)
and p(c1 |D) using the method described by Hernández-Lobato et al. (2014, Appendix A).
Panels A and F show one of the samples obtained for f and c1 , respectively. We then
solve the optimization problem given by Eq. (1) when f and c1 are known and equal to the
samples obtained. The solution to this problem is the input that minimizes f subject to c1
being positive. This produces a sample x1? from p(x? |D) which is shown as a discontinuous
vertical line with a red triangle in all the panels. The next step is to find a Gaussian approximation to the predictive distributions when we condition to x1? , that is, p(y1 |D, x, x1? )
and p(y2 |D, x, x1? ). This step is performed using expectation propagation (EP) as described
in Section 4.2 and Appendix A. Panels C and H show the approximations produced by EP
for p(y1 |D, x, x1? ) and p(y2 |D, x, x1? ), respectively. Panel C shows that conditioning to x1?
decreases the posterior mean of y1 in the neighborhood of x1? . The reason for this is that
x1? must be the global feasible solution and this means that f (x1? ) must be lower than any
other feasible point. Panel H shows that conditioning to x1? increases the posterior mean of
y2 in the neighborhood of x1? . The reason for this is that c1 (x1? ) must be positive because
x1? has to be feasible. In particular, by conditioning to x1? we are giving zero probability
to all c1 such that c1 (x1? ) < 0. Let σ12 (x|x1? ) and σ22 (x|x1? ) be the variances of the Gaussian
approximations to p(y1 |D, x, x1? ) and p(y2 |D, x, x1? ) and let σ12 (x) and σ22 (x) be the variances
of p(y1 |D, x) and p(y2 |D, x). We use these quantities to obtain α̃1 (x|x1? ) and α̃2 (x|x1? ) according to Eq. (13). These two functions are shown in panels D and I. The whole process is
repeated M = 50 times and the resulting α̃1 (x|xj? ) and α̃2 (x|xj? ), j = 1, . . . , M , are averaged
according to Eq. (13) to obtain the function-specific acquisition functions α̃1 (x) and α̃2 (x),
whose plots are shown in panels E and J. These plots indicate that evaluating the objective
f is in this case more informative than evaluating the constraint c1 . But this is certainly
not always the case, as will be demonstrated in the experiments later on.
Γ(x) =
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N (yi |mi (x), vi (x) + νi ) .

i = 1, . . . , K + 1 .

have a closed form solution because of the complexity introduced by the the product of
indicator functions Γ and Ψ. This means that Eq. (17) cannot be exactly computed and
has to be approximated. For this, we use EP to fit a Gaussian approximation to the product
of p(f , c1 , . . . , cK |D) and the indicator functions Γ and Ψ in Eq. (17), which we have denoted
by f (f , c1 , . . . , cK |x?j ), with a tractable Gaussian distribution given by
q(f , c1 , . . . , cK |x?j ) = N (f |m1 , V1 )N (c1 |m2 , V2 ) · · · N (cK |mK+1 , VK+1 ) ,

K+1
Y

where m1 , . . . , mK+1 and V1 , . . . , VK+1 are mean vectors and covariance matrices to be
determined by the execution of EP. Let vi (x) be the diagonal entry of Vi corresponding to
the evaluation location given by x, where i = 1, . . . , K + 1. Similarly, let mi (x) be the entry
of mi corresponding to the evaluation location x for i = 1, . . . , K + 1. Then, by replacing
f (f , c1 , . . . , cK |x?j ) in Eq. (17) with q(f , c1 , . . . , cK |x?j ), we obtain
p(y|D, x, x?j ) ≈

j=1


M 
1 X 1
1
log σi2 (x|Θj ) − log σi2 (x|x?j , Θj ) ,
M
2
2

20
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In the coupled setting, the complexity of PESC is O(M KN 3 ), where M is the number of
posterior samples of the global constrained minimizer x? , K is the number of constraints,
and N is the number of collected data points. This cost is determined by the cost of each EP
iteration, which requires computing the inverse of the covariance matrices V1 , . . . , VK+1 in
Eq. (20). The dimensionality of each of these matrices grows with the size of Z, which is
determined by the number N of objective evaluations (see the last paragraph of Section 4.2).
Therefore each EP iteration has cost O(KN 3 ) and we have to run an instance of EP for
each of the M samples of x? . If M is also the number of posterior samples for the GP
hyperparameters, as explained in Section 4.3, this is the same computational complexity
as in EIC. However, in practice PESC is slower than EIC because of the cost of running
multiple iterations of the EP algorithm.
PK+1
In the decoupled setting the cost of PESC is O(M k=2
(N1 + Nk )3 ) where N1 is the
number of evaluations of the objective and Nk is the number of evaluations for constraint

4.4 Computational Complexity

Note that j is now an index over joint posterior samples of the model hyper-parameters Θ
and the constrained minimizer x? . Therefore, we can marginalize out the hyper-parameter
values without adding any additional computational complexity to our method because a
loop over M samples of x? is just replaced with a loop over M joint samples of (Θ, x? ).
This is a consequence of our reformulation of Eq. (7) into Eq. (8). By contrast, other
techniques that work by approximating the original form of the acquisition function used
in Eq. (7) do not have this property. An example in the unconstrained setting is Entropy
Search (Hennig and Schuler, 2012), which requires re-computing an approximation to the
acquisition function for each hyper-parameter sample Θj .

α̃i (x) =

hyper-parameters under some non-informative prior. Ideally, we should then average the
GP predictive distributions with respect to the generated samples before approximating
the information gain. However, this approach is too computationally expensive in practice.
Instead, we follow Snoek et al. (2012) and average the PESC acquisition function with
respect to the generated hyper-parameter samples. In our case, this involves marginalizing
each of the function-specific acquisition functions from Eq. (13). For this, we follow the
method proposed by Hernández-Lobato et al. (2014) to average the acquisition function
of Predictive Entropy Search in the unconstrained case. Let Θ denote the model hyperparameters. First, we draw M samples Θ1 , . . . , ΘM from the posterior distribution of
Θ given the data D. Typically, for each of the posterior samples Θj of Θ we draw a
single corresponding sample x?j from the posterior distribution of x? given Θj , that is,
p(x? | D, Θj ). Let σi2 (x|Θj ) be the variance of the GP predictive distribution for yi when
the hyper-parameter values are fixed to Θj , that is, p(yi |D, x, Θj ), and let σi2 (x|x?j , Θj ) be
the variance of the Gaussian approximation to the predictive distribution for yi when we
condition to the solution of the optimization problem being x?j and the hyper-parameter
values being Θj . Then, the version of Eq. (13) that marginalizes out the model hyperparameters is given by

i=1

Consequently, σi2 (x|x?j ) = vi (x) + νi can be used to compute α̃i (x|x?j ) in Eq. (13).
The previous approach does not work when the search space X has infinite size, for
example when X = [0, 1]d with d being the dimension of the inputs to f, c1 , . . . , cK . In this
case the product of indicators in Eq. (17) includes an infinite number of factors Ψ(x0 ), one
for each possible x0 ∈ X . To solve this problem we perform an additional approximation.
For the computation of Eq. (17), we consider that X is well approximated by the finite set
Z, which contains only the locations at which the objective Q
f has been evaluated so far,
j
0
the value of
Qx? and x. Therefore, we approximate the factor x0 ∈X Ψ(x ) in Eq. (17) with
the factor x0 ∈Z Ψ(x0 ), which has now finite size. We expect this approximation to become
more and more accurate as we increase the amount of data collected for f . Note that our
approximation to X is finite, but it is also different for each location x at which we want
to evaluate Eq. (17) since Z is defined to contain x. A detailed description of the resulting
EP algorithm, indicating how to compute the variance functions vi (x) shown in Eq. (20),
is given in Appendix A.
The EP approximation to Eq. (20), performed after replacing X with Z, depends on
the values of D, x?j and x. Having to re-run EP for each value of x at which we may want
to evaluate the acquisition function given by Eq. (12) is a very expensive operation. To
avoid this, we split the EP computations between those that depend only on D and x?j ,
which are the most expensive ones, and those that depend only on the value of x. We
perform the former computations only once and then reuse them for each different value of
x. This allows us to evaluate the EP approximation to Eq. (17) at different values of x in
a computationally efficient way. See Appendix A for further details.
4.3 Efficient Marginalization of the Model Hyper-parameters
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So far we have assumed to know the optimal hyper-parameter values, that is, the amplitude
and the length-scales for the GPs and the noise variances for the black-boxes. However,
in practice, the hyper-parameter values are unknown and have to be estimated from data.
This can be done for example by drawing samples from the posterior distribution of the
19
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2. The Monte Carlo samples of x? come from samples of f, c1 , . . . , cK drawn approximately using a finite basis function approximation to the GP covariance function, as
described by Hernández-Lobato et al. (2014, Appendix A).
Q
Q
3. We approximate the factor x0 ∈X Ψ(x0 ) in Eq. (17) with the factor x0 ∈Z Ψ(x0 ).
Unlike the original search space X , Z has now finite size and the corresponding product
of Ψ indicators is easier to approximate. The set Z is formed by the locations of the
current observations for the objective f and the current evaluation location x of the
acquisition function.
Q
Q
4. After replacing x0 ∈X Ψ(x0 ) with x0 ∈Z Ψ(x0 ) in Eq. (17), we further approximate
j
the factor f (f , c1 , . . . , cK |x? ) in this equation with the Gaussian approximation given

1. The expectation over x? in Eq. (8) is approximated with Monte Carlo sampling.

We describe here all the approximations performed in the practical implementation of PESC.
PESC approximates the expected reduction in the posterior entropy of x? (see Eq. 7) with
the acquisition function given by Eq. (12). This involves the following approximations:

4.6 Summary of the Approximations Made in PESC

PESC can be applied to unconstrained optimization problems. For this we only have to set
K = 0 and ignore the constraints. The resulting technique is very similar to the method
PES proposed by Hernández-Lobato et al. (2014) as an information-based approach for
unconstrained Bayesian optimization. However, PESC without constraints and PES are not
identical. PES approximates p(y|D, x, xj? ) by multiplying the GP predictive distribution by
additional factors that enforce xj? to be the location with lowest objective value. These
factors guarantee that 1) the value of the objective at xj? is lower than the minimum of
the values for the objective collected so far, 2) the gradient of the objective is zero at x?
and 3) the Hessian of the objective is positive definite at x? . We do not enforce the last
two conditions since the global optimum may be on the boundary of a feasible region and
thus conditions 2) and 3) do not necessarily hold (this issue also arises in PES because the
optimum may be on the boundary of the search space X ). Condition 1) is implemented
in PES by taking the minimum observed value for the objective, denoted by η, and then
imposing the soft condition f (xj? ) < η + , where  ∼ N (0, ν) accounts for the additive
Gaussian noise with variance ν in the black-box that evaluates the objective. In PESC this
is achieved in a more principled way by using the indicator functions given by Eq. (16).

4.5 Relationship between PESC and PES

k − 1. The origin of this cost is again the size of the matrices V1 , . . . , VK+1 in Eq. (20).
While V1 still scales as a function of |Z|, we have that V2 , . . . , VK+1 scale now as a function
of |Z| plus the number
of observations for the corresponding
constraint function. The reason
Q
Q
forQ
this is that x0 ∈Z Ψ(x0 ) is used to approximate x0 ∈X Ψ(x0 ) in Eq. (17) and each factor
in x0 ∈Z Ψ(x0 ) represents then a virtual data point for each GP. See Appendix A for details.
The cost of sampling the GP hyper-parameters is O(M KN 3 ) and therefore, it does not
affect the overall computational complexity of PESC.
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One disadvantage of PESC is that sampling x? and then computing the corresponding
EP approximation can be slow. If PESC is slow with respect to the evaluation of the
black-box functions f, c1 , . . . , cK , the entire Bayesian optimization (BO) procedure may be
inefficient. For the BO approach to be useful, the time spent doing meta-computations
has to be significantly shorter than the time spent actually evaluating the objective and
constraints. This issue can be avoided in the coupled case by, for example, switching to
a faster acquisition function like EIC or abandoning BO entirely for methods such as the
popular CMA-ES (Hansen and Ostermeier, 1996) evolutionary strategy. However, in the
decoupling setting, one can encounter problems in which some tasks are fast and others are
slow. In this case, a cumbersome BO method might be undesirable because it would be
unreasonable to spend minutes making a decision about a task that only takes seconds to
complete; and, yet, a method that is fast but inefficient in terms of function evaluations
would be ill-suited to making decisions about a task that takes hours complete. This
situation calls for an optimization algorithm that can adaptively adjust its own decisionmaking time. For this reason, we introduce additional approximations in the computations
made by PESC to reduce their cost when necessary. The new method that adaptively
switches between fast and slow decision-making computations is called PESC-F. The two
main challenges are how to speed up the original computations made by PESC and how to

5. PESC-F: Speeding Up the BO Computations

In Section 6.1, we assess the accuracy of these approximations (except the last one) and
show that PESC performs on par with a ground-truth method based on rejection sampling.
Note that in addition to the mathematical approximations described above, additional
sources of error are introduced by the numerical computations involved. In addition to the
usual roundoff error, etc., we draw the reader’s attention to the fact that the x? samples
are the result of numerical global optimization of the approximately drawn samples of
f, c1 , . . . , cK , and then the suggestion is chosen by another numerical global optimization
of the acquisition function. At present, we do not have guarantees that the true global
optimum is found by our numerical methods in each case.

6. To deal with unknown hyper-parameter values, we marginalize the acquisition function
over posterior samples of the hyper-parameters. Ideally, we should instead marginalize
the predictive distributions with respect to the hyper-parameters before computing
the entropy, but this is too computationally expensive in practice.

5. As described in the last paragraph of Section 4.2, in the execution of EP we separate
the computations that depend on D and xj? , which are very expensive, from those that
depend on the location x at which the PESC acquisition function will be evaluated.
This allows us to evaluate the approximation to Eq. (17) at different values of x in a
computationally efficient way.

by the right-hand-side of Eq. (20). We use the method expectation propagation (EP)
for this task, as described in Appendix A. Because the EP approximation in Eq. (19)
factorizes across f , c1 , . . . , cK , the execution of EP implicitly includes the factorization
assumption performed in step 2 of Eq. (11).
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decide when to switch between the slow and the fast versions of those computations. In the
following paragraphs we address these issues.
We propose ways to reduce the cost of the computations performed by PESC after
collecting each new data point. These computations include
1. Drawing posterior samples of the GP hyper-parameters and then for each sample
computing the Cholesky decomposition of the kernel matrix.
2. Drawing approximate posterior samples of x? and then running an EP algorithm for
each of these samples.
3. Globally maximizing the resulting acquisition functions.
We shorten each of these steps. First, we reduce the cost of step 1 by skipping the sampling
of the GP hyper-parameters and instead considering the hyper-parameter samples already
used at an earlier iteration. This also allows for additional speedups by using fast (O(N 2 ))
updates of the Cholesky decomposition of the kernel matrix instead of recomputing it from
scratch. Second, we shorten step 2 by skipping the sampling of x? and instead considering
the samples used at the previous iteration. We also reuse the EP solutions computed at the
previous iteration (see Appendix A for further details on how to reuse the EP solutions).
Finally, we shorten step 3 by using a coarser termination condition tolerance when maximizing the acquisition function. This allows the optimization process to converge faster but
with reduced precision. Furthermore, if the acquisition function is maximized using a local
optimizer with random restarts and/or a grid initialization, we can shorten the computation
further by reducing the number of restarts and/or grid size.
5.1 Choosing When to Run the Fast or the Slow Version

(22)

The motivation for PESC-F is that the time spent in the BO computations should be small
compared to the time spent evaluating the black-box functions. Therefore, our approach is
to switch between two distinct types of BO computations: the full (slow) and the partial
(fast) PESC computations. Our goal is to approximately keep constant the fraction of total
wall-clock time consumed by such computations. To achieve this, at each iteration of the
BO process, we use the slow version of the computations if and only if
τnow − τlast
>γ,
τslow
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where τnow is the current time, τlast is the time at which the last slow BO computations
were complete, τslow is the duration of the last execution of the slow BO computations (this
includes the time passed since the actual collection of the data until the maximization of
the acquisition function) and γ > 0 is a constant called the rationality level. The larger
the value of γ, the larger the amount of time spent in rational decision making, that is,
in performing BO computations. Algorithm 2 shows the steps taken by PESC-F for the
decoupled competitive case. In this case each function f, c1 , . . . , cK represents a different
task, that is, the different functions can be evaluated in a decoupled manner and in addition
to this, all of them compete for using a single computational resource.
One could replace τslow with an average over the durations of past slow computations.
While this approach is less noisy, we opt for using only the duration of the most recent
23
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Algorithm 2 PESC-F for competitive decoupled functions.
1: Inputs: T = {{f }, {c1 }, . . . , {cK }}, D, γ, δ.
2: τlast ← 0
3: τslow ← 0
4: repeat
5:
τnow ← current time
6:
if (τnow − τlast )/τslow > γ then
7:
Sample GP hyper-parameters
8:
Fit GP to D
9:
Generate new samples of x?
10:
Compute the EP solutions from scratch
11:
τslow ← current time − τnow
12:
τlast ← current time
13:
{x∗ , t∗ } ← arg maxx∈X ,t∈T αt (x) (expensive optimization)
14:
else
15:
Update fit of GP to D
16:
Reuse previous EP solutions
17:
{x∗ , t∗ } ← arg maxx∈X ,t∈T αt (x) (cheap optimization)
18:
end if
19:
Add to D the evaluation of the function in task t∗ at input x∗
until termination condition is met
Output: arg minx∈X EGP [f (x)] s.t. p(c1 (x) ≥ 0, . . . , cK (x) ≥ 0|GP) ≥ 1 − δ
20:

21:

slow update since these durations may exhibit deterministic trends. For example, the cost
of computations tends to increase at each iteration due to the increase in data set size. If
indeed the update duration increases monotonically, then the duration of the most recent
update would be a more accurate estimate of the duration of the next slow update than the
average duration of all past updates.
PESC-F can be used as a generalization of PESC, since it reduces to PESC in the
case of sufficiently slow function evaluations. To see this, note that the time spent in a
function evaluation will be upper bounded by τnow − τlast and according to Eq. (22), the
slow computations are performed when τnow − τlast > γτslow . When the function evaluation
takes a very large amount of time, we have that τslow will always be smaller than that amount
of time and the condition τnow − τlast > γτslow will always be satisfied for reasonable choices
of γ. Thus, PESC-F will always perform slow computations as we would expect. On the
other hand, if the evaluation of the black-box function is very fast, PESC-F will mainly
perform fast computations but will still occasionally perform slow ones, with a frequency
roughly proportional to the function evaluation duration.

5.2 Setting the Rationality Level in PESC-F

JMLR 17(160):1-53

PESC-F is designed so that the ratio of time spent in BO computations to time spent in
function evaluations is at most γ. This notion is approximate because the time spent in
function evaluations includes the time spent doing fast computations. The optimal value
of γ may be problem-dependent, but we propose values of γ on the order of 0.1 to 1, which

24
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We first evaluate the performance of PESC in experiments with different types of coupled
optimization problems. First, we consider synthetic problems of functions sampled from the
GP prior distribution. Second, we consider analytic benchmark problems that were previously used in the literature on Bayesian optimization with unknown constraints. Finally, we
address the meta-optimization of machine learning algorithms with unknown constraints.
For the first synthetic case, we follow the experimental setup used by Hennig and Schuler
(2012) and Hernández-Lobato et al. (2014). The search space is the unit hypercube of
dimension D, and the ground truth objective f is a sample from a zero-mean GP with
a squared exponential covariance function of unit amplitude and length scale ` = 0.1 in
each dimension. We represent the function f by first sampling from the GP prior on a

6. Empirical Analyses in the Coupled Case

As discussed above, PESC-F can be applied even when function evaluations are very slow,
as it automatically reverts to standard PESC when τeval > τslow . However, if the function evaluations are extremely fast, that is, faster even that the fast PESC updates, then
even PESC-F violates the condition that the decision-making should take less time than
the function evaluations. We have already defined τslow as the duration of the slow BO
computations. Let us also define τfast as the duration of the fast BO computations and τeval
as the duration of the evaluation of the functions. Then, the intuition described above can
be put into symbols by saying that PESC-F is most useful when τfast < τeval < τslow .
Many aspects of PESC-F are not specific to PESC and could easily be adapted to
other acquisition functions like EIC or even unconstrained acquisition functions like PES
and EI. In particular, lines 9, 10 and 16 of Algorithm 2 are specific to PESC, whereas
others are common to other techniques. For example, when using vanilla unconstrained
EI, the computational bottleneck is likely to be the sampling of the GP hyper-parameters
(Algorithm 2, line 7) and maximizing the acquisition function (Algorithm 2, line 13). The
ideas presented above, namely to skip the hyper-parameter sampling and to optimize the
acquisition function with a smaller grid and/or coarser tolerances, are applicable in this
situation and might be useful in the case of a fairly fast objective function. However, as
mentioned above, in the single-task case one retains the option to abandon BO entirely for
a faster method, whereas in the multi-task case considered here, neither a purely slow nor
a purely fast method suits the nature of the optimization problem. An interesting direction
for future research is to further pursue this notion of optimization algorithms that bridge
the gap between those designed for optimizing cheap (fast) functions and those designed
for optimizing expensive (slow) functions.
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We first analyze the accuracy of the PESC approximation to the acquisition function shown
in Eq. (8). We compare the PESC approximation with a ground truth for the acquisition
function obtained by rejection sampling (RS). The RS method works by discretizing the
search space using a fine uniform grid. The expectation with respect to p(x? | D) in Eq. (8)
is then approximated by Monte Carlo. To achieve this, f, c1 , . . . , cK are sampled on the
grid and the grid cell with non-negative c1 , . . . , cK (feasibility) and the lowest value of f
(optimality) is selected. For each sample of x? , H y f , y 1 , . . . , y K | D, x, x? is approximated
by rejection sampling: we sample f, c1 , . . . , cK on the grid and select those samples whose
corresponding feasible optimal solution is the sampled x? and reject the other samples. We
assume that the selected samples
for f, c1 , . . . , cK have
a multivariate Gaussian distribution.


Under this assumption, H y f , y 1 , . . . , y K | D, x, x? can be approximated using the formula
for the entropy of a multivariate Gaussian distribution, with the covariance parameter
in the formula being equal to the empirical covariance of the selected samples for f and
c1 , . . . , cK at x plus the corresponding noise variances ν1 and ν2 , . . . , νK+1 in its diagonal.
In our experiments, this approach produces entropy estimates that are very similar, faster
to obtain and less noisy than the ones obtained with non-parametric entropy estimators.
We compared this implementation of RS with another version that ignores correlations in
the samples of f and c1 , . . . , cK . In practice, both methods produced equivalent results.
Therefore, to speed up the method, we ignore correlations in our implementation of RS.
Figure 3(a) shows the posterior distribution for f and c1 given 5 observations sampled
from the GP prior with D = 1. The posterior is computed using the optimal GP hyper-

6.1 Assessing the Accuracy of the PESC Approximation

grid of 1000 points generated using a Halton sequence (see Leobacher and Pillichshammer,
2014) and then defining f as the resulting GP posterior mean. We use a single constraint
function c1 whose ground truth is sampled in the same way as f . The evaluations for f
and c1 are contaminated with i.i.d. Gaussian noise with variance ν1 = ν2 = 0.01.

Figure 3: Accuracy of the PESC approximation. (a) Marginal posterior distributions for
the objective and constraint given some collected data denoted by ×’s. (b) PESC
and RS acquisition functions given the data in (a). (c) Median utility gap for
PESC, RS and RSDG in the experiments with synthetic functions sampled from
the GP prior with D = 1.
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5.3 Bridging the Gap Between Fast and Slow Computations

0.0

correspond to spending roughly 50 − 90% of the total time performing function evaluations.
The optimal γ may also change at different stages of the BO process. Selecting the optimal
value of γ is a subject for future research. Note that in PESC-F we are making sub-optimal
decisions because of time constraints. Therefore, PESC-F is a simple example of bounded
rationality, which has its roots in the traditional AI literature. For example, Russell (1991)
proposes to treat computation as a possible action that consumes time but increases the
expected utility of future actions.
PESC
RS
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This optimization problem has two local minimizers and one global minimizer. At the global
solution, which is at x? ≈ [0.1954, 0.4404], only one of the two constraints (c1 ) is active.
Since the objective is linear and c2 is not active at the solution, learning about c1 is the main
challenge of this problem. Fig. 5(a) shows a visualization of the linear objective function
and the feasible and infeasible regions, including the location of the global constrained
minimizer x? .
In this case, the evaluations for f , c1 and c2 are noise-free. To produce recommendations
in PESC and EIC, we use the confidence value δ = 0.05. We also use a squared exponential
GP kernel. PESC uses M = 10 samples of x? when approximating the expectation in
Eq. (8). We use the AL implementation provided by Gramacy et al. (2016) in the R package
laGP, which is based on the squared exponential kernel and assumes the objective f is
known. Thus, in order for this implementation to be used, AL has an advantage over other
methods in that it has access to the true objective function. In all three methods, the GP
hyperparameters are estimated by maximum likelihood.
Figure 5(b) shows the mean utility gap for each method across 500 repetitions. Each
repetition corresponds to a different initialization of the methods with three data points

c2 (x) = −x12 − x22 + 1.5 .

c1 (x) = 0.5 sin (2π(x12 − 2x2 )) + x1 + 2x2 − 1.5 ,

f (x) = x1 + x2 ,

min f (x) s.t. c1 (x) ≥ 0, c2 (x) ≥ 0 ,

Next, we compare PESC with EIC and AL (Gramacy et al. (2016), Section 2.4) on the toy
problem described by Gramacy et al. (2016), namely,

6.3 A Toy Problem

GP prior with (a) D = 2 and (b) D = 8. Overall, PESC is the best method, followed by
RSDG and EIC. RSDG performs similarly to PESC when D = 2, but is significantly worse
when D = 8. This shows that, when D is high, grid based approaches (e.g. RSDG) are at
a disadvantage with respect to methods that do not require a grid (e.g. PESC).

Figure 4: Optimizing samples from the GP prior with (a) D = 2 and (b) D = 8.
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parameters. The corresponding approximations to the acquisition function generated by
PESC and RS are shown in Fig. 3(b). In the figure, both PESC and RS use a total of
M = 50 samples from p(x? | D) when approximating the expectation in Eq. (8). The PESC
approximation is quite accurate, and importantly its maximum value is very close to the
maximum value of the RS approximation. The approximation produced by the version of
RS that does not ignore correlations in the samples of f, c1 , . . . , cK (not shown) cannot be
visually distinguished from the one shown in Fig. 3(b).
One disadvantage of the RS method is its high cost, which scales with the size of the
grid used. This grid has to be large to guarantee good performance, especially when D is
large. An alternative is to use a small dynamic grid that changes as data is collected. Such
a grid can be obtained by sampling from p(x? | D) using the same approach as in PESC to
generate these samples (a similar approach is taken by Hennig and Schuler (2012), in which
the dynamic grid is sampled from the EI acquisition function). The samples obtained then
form the dynamic grid, with the idea that grid points are more concentrated in areas that
we expect p(x? | D) to be high. The resulting method is called Rejection Sampling with a
Dynamic Grid (RSDG).
We compare the performance of PESC, RS and RSDG in experiments with synthetic
data corresponding to 500 pairs of f and c1 sampled from the GP prior with D = 1. RS
and RSDG draw the same number of samples of x? as PESC. We assume that the GP
hyper-parameters are known to each method and fix δ = 0.05, that is, recommendations
are made by finding the location with highest posterior mean for f such that c1 is nonnegative with probability at least 1 − δ. For reporting purposes, we set the utility u(x) of
a recommendation x to be f (x) if x satisfies the constraint, and otherwise a penalty value
of the worst (largest) objective function value achievable in the search space. For each
recommendation x, we compute the utility gap |u(x) − u(x? )|, where x? is the true solution
to the optimization problem. Each method is initialized with the same three random points
drawn with Latin hypercube sampling.
Figure 3(c) shows the median of the utility gap for each method for the 500 realizations
of f and c1 . The x-axis in this plot is the number of joint function evaluations for f and c1 .
We report the median because the empirical distribution of the utility gap is heavy-tailed
and in this case the median is more representative of the location of the bulk of the data than
the mean. The heavy tails arise because we are averaging over 500 different optimization
problems with very different degrees of difficulty. In this and all of the following experiments,
unless otherwise specified, error bars are computed using the bootstrap method. The plot
shows that PESC and RS are better than RSDG. Furthermore, PESC is very similar to
RS, with PESC even performing slightly better, perhaps because PESC is not confined to a
grid as RS is. These results seem to indicate that PESC yields an accurate approximation
of the information gain.
6.2 Synthetic Functions in 2 and 8 Input Dimensions
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We compare the performance of PESC and RSDG with EIC using the same experimental
protocol as in the previous section, but with dimensionalities D = 2 and D = 8. We do not
compare with RS here because its use of grids does not scale to higher dimensions. Fig. 4
shows the utility gap for each method across 500 different samples of f and c1 from the
27
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1. https://github.com/nitishsrivastava/deepnet
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In this experiment, we tune the hyper-parameters of a three-hidden-layer neural network
subject to the constraint that the prediction time must not exceed 2 ms on an NVIDIA
GeForce GTX 580 GPU (also used for training). We use the Matérn 5/2 kernel for the GP
priors. The search space consists of 12 parameters: 2 learning rate parameters (initial value
and decay rate), 2 momentum parameters (initial and final values, with linear interpolation),
2 dropout parameters (for the input layer and for other layers), 2 additional regularization
parameters (weight decay and max weight norm), the number of hidden units in each of
the 3 hidden layers, and the type of activation function (RELU or sigmoid). The network is
trained using the deepnet package1 , and the prediction time is computed as the average time
of 1000 predictions for mini-batches of size 128. The network is trained on the MNIST digit
classification task with momentum-based stochastic gradient descent for 5000 iterations.
The objective is reported as the classification error rate on the standard validation set. For
reporting purposes, we treat constraint violations as the worst possible objective value (a
classification error of 1.0). This experiment is inspired by a real need for neural networks
that can make fast predictions with high accuracy. An example is given by computer
vision problems in which the prediction time of the best performing neural network is not
fast enough to keep up with the fast rate at which new data is available (e.g., YouTube,
connectomics).
Figure 6(a) shows the results of 50 iterations of the Bayesian optimization process. In
this experiment and in the next one, the y-axis represents the best objective value observed

6.4 Finding a Fast Neural Network

selected with Latin hypercube sampling. The results show that PESC is significantly better
than EIC and AL for this problem. EIC is superior to AL, which performs slightly better
at the beginning, possibly because it has access to the ground truth objective f .

Figure 5: Comparing PESC, AL, and EIC in the toy problem described by Gramacy et al.
(2016). (a) Visualization of the linear objective function and the feasible and
infeasible regions. (b) Results obtained by PESC, AL and EIC on the toy problem.
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Hamiltonian Monte Carlo (HMC) (Duane et al., 1987) is a popular MCMC technique that
takes advantage of gradient information for rapid mixing. HMC contains several parameters
that require careful tuning. The two basic parameters are the number of leapfrog steps and
the step size. HMC may also include a mass matrix which introduces O(D2 ) additional
parameters for problems in D dimensions, although the matrix is often fixed to be diagonal
(D parameters) or a multiple of the identity matrix (1 parameter) (Neal, 2011). In this
experiment, we optimize the performance of HMC. We use again the Matérn 5/2 kernel for

6.5 Tuning Markov Chain Monte Carlo

so far, with recommendations produced using δ = 0.05 and observed constraint violations
resulting in objective values equal to 1.0. Curves show averages over five independent
experiments. In this case, PESC performs significantly better than EIC.
When the constraints are noisy, reporting the best observation is an overly optimistic
metric because the best feasible observation might be infeasible in practice. On the other
hand, ground-truth is not available. Therefore, to validate our results further, we used the
recommendations made at the final iteration of the Bayesian optimization process for each
method (EIC and PESC) and evaluated the functions with these recommended parameters.
We repeated the evaluation 10 times for each of the 5 repeated experiments. The result is
a ground-truth score obtained as the average of 50 function evaluations. This procedure
yields a score of 7.0 ± 0.6% for PESC and 49 ± 4% for EIC (as in the figure, constraint
violations are treated as a classification error of 100%), where the numbers after the ±
symbol denote the empirical standard deviation. This result is consistent with Fig. 6(a) in
that PESC performs significantly better than EIC.

Figure 6: Results for PESC and EIC on the tuning of machine learning methods with
coupled constraints. (a) Tuning a neural network subject to the constraint that
it makes predictions in under 2 ms. (b) Tuning Hamiltonian Monte Carlo to
maximize the number of effective samples within 5 minutes of compute time,
subject to the constraints passing the Geweke and Gelman-Rubin convergence
diagnostics and integrator stability.

(a) Finding a fast neural network.
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Figure 7(d) shows the marginal posterior distributions for f and c1 when three more
observations have been collected for the constraint. The corresponding approximations
given by PESC and RS to the function-specific acquisition functions are shown in Figs. 7(e)
and 7(f). As before, the PESC approximation is very similar to the RS one. In this case,
evaluating the constraint is no longer as informative as before and the highest expected
gain of information is obtained by evaluating the objective at x ≈ 0.25. Intuitively, as
we collect more constraint observations the constraint becomes well determined and the
optimizer turns its attention to the objective.

respectively. These functions approximate how much information we would obtain by the
individual evaluation of the objective or the constraint at any given location. We also
include in Figs. 7(b) and 7(c) the value of a ground truth obtained by rejection sampling
(RS). The RS solution is obtained in the same way as in Section 6.1. Both PESC and
RS use a total of M = 50 samples from p(x? | D). The PESC approximation is quite
accurate, and importantly its maximum value is very close to the maximum value of the RS
approximation. Figures 7(b) and 7(c) indicate that the highest expected gain of information
is obtained by evaluating the constraint at x ≈ 0.3. The reason for this is that, as Fig. 7(a)
shows, the objective is low near x ≈ 0.3 but the constraint has not been evaluated at that
location yet.

Figure 7: Assessing the accuracy of the decoupled PESC approximation for the partial
acquisition functions for αf (x) and αc (x). Between the top and bottom rows,
three additional observations of the constraint have been made.

(d) Marginal posteriors
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the GP priors. We tune the following parameters: the number of leapfrog steps, the step
size, a mass parameter and the fraction of the allotted computation time spent burning
in the chain. Our experiment measures the number of effective samples obtained in a
fixed computation time. We impose the constraints that the generated samples must pass
the Geweke (Geweke, 1992) and Gelman-Rubin (Gelman and Rubin, 1992) convergence
diagnostics. In particular, we require the worst (largest absolute value) Geweke test score
across all variables and chains to be at most 2.0, and the worst (largest) Gelman-Rubin
score between chains and across all variables to be at most 1.2. We use the coda R package
(Plummer et al., 2006) to compute the effective sample size and the Geweke convergence
diagnostic, and the PyMC python package (Patil et al., 2010) to compute the Gelman-Rubin
diagnostic over two independent traces.
The HMC integration may also diverge for large values of the step size. We treat this
as a hidden constraint, and set δ = 0.05. We use HMC to sample from the posterior of a
logistic regression binary classification problem using the German credit data set from the
UCI repository (Frank and Asuncion, 2010). The data set contains 1000 data points, and
is normalized to have zero mean unit variance for each feature. We initialize each chain
randomly with D = 25 independent draws from a Gaussian distribution with mean zero
and standard deviation 10−3 . For each set of inputs, we compute two chains, each one with
five minutes of computation time on a single core of a compute node.
Figure 6(b) compares EIC and PESC on this task, averaged over ten realizations of the
experiment. As above, we perform a ground-truth assessment of the final recommendations.
For each method (EIC and PESC), we used the recommendations made at the final iteration
of the Bayesian optimization process and evaluated the functions with these recommended
parameters multiple times. The resulting average effective sample size is 3300 ± 1200 for
PESC and 2300 ± 900 for EIC, where the number after the ± symbol denotes the empirical
standard deviation. Here, the difference between the two methods is within the margin
of error. When we compare these results with the ones in Fig. 6(b) we observe that the
latter results are overly optimistic, indicating that this experiment is very noisy. The
noise presumably comes from the randomness in the initialization and the execution of
HMC, which causes the passing or the failure of the convergence diagnostics to be highly
stochastic.

7. Empirical Analyses with Decoupled Functions
Section 6 focused on the evaluation of the performance of PESC in experiments with coupled
functions. Here, we evaluate the performance of PESC in the decoupled case, where the
different functions can be evaluated independently.
7.1 Accuracy of the PESC Approximation

JMLR 17(160):1-53

We first evaluate the accuracy of PESC when approximating the function-specific acquisition
functions from Eq. (13). We consider a synthetic problem with input dimension D = 1 and
including an objective function and a single constraint function, both drawn from the GP
prior distribution. Figure 7(a) shows the marginal posterior distributions for f and c1 given
7 observations for the objective and 3 for the constraint. Figures 7(b) and 7(c) show the
PESC approximations to the acquisition functions for the objective and the constraint,
31
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All the methods have to update the GP model, the posterior samples of x? and the
EP solutions just after collecting the data from resource r. However, the method CD and
EIC-CD have to do two additional update operations after sending the first and the second
evaluations to resource r, respectively. These updates correspond to step 11 in Algorithm 1
and they allow CD and EIC-CD to condition on pending evaluations that are not complete
yet. In our experiments we use the Kriging believer approach, in which we pretend that the
pending function evaluations have completed and returned the values of the GP predictive
mean at those locations. This allows the methods CD and EIC-CD to update the GP model
in a fast way, at the cost of ignoring uncertainty in the predictions of the GP model. The
samples of x? and the EP solutions are, however, recomputed from scratch once the GP
model has been updated. This can be expensive in practice. To address this problem we
introduce the method CD-F, which works like CD, but replaces the full updates for the
samples of x? and the EP solutions with the corresponding fast updates used by PESC-F in
Section 5. Therefore, by comparing CD and CD-F, we can evaluate the loss in performance
that is obtained by using the fast PESC-F updates. Note that CD-F uses the fast updates

We first consider the toy problem from Section 6.3 given by Eq. (23). We assume that
there are three decoupled tasks: one for the objective and another one for each constraint
function. We further assume that there is a single resource r with capacity ωmax (r) = 3.
Each task requires to use resource r for its evaluation and the evaluation of each task
takes always the same amount of time, which is assumed to be much larger than the BO
computations. At each iteration resource r is used to evaluate 3 functions in parallel. We
compare the performance of four versions of PESC, which differ in how they select the 3
parallel evaluations that will be performed at each iteration. The first method is a coupled
approach (Coupled) which, at each iteration, evaluates jointly the three tasks at the same
input. The second method is a non-competitive decoupling approach (NCD) which, at
each iteration, evaluates all the different tasks once but not necessarily at the same input.
This is equivalent to assuming that there are 3 resources with capacity 1 and each task
can only be evaluated in one resource: the tasks do not have to compete because each one
can only be evaluated in its corresponding resource. The third method is a competitivedecoupling approach (CD) which allows the different tasks to compete such that, at each
iteration, three not necessarily unique functions are evaluated at three not necessarily unique
locations. We also consider an implementation of CD that is not based on PESC and uses
the EIC-D approach, as described in Section 2.5. We call this method EIC-CD. EIC-CD
works like CD, with the difference that, at each step, we first determine the next evaluation
location x by maximizing the EIC acquisition function. After this, the next task to be
evaluated at x is chosen according to the expected reduction in the entropy of the global
feasible minimizer x? . The original description of this method given by Gelbart et al. (2014)
approximates the expected reduction in entropy using Monte Carlo sampling. This is in
general computationally very expensive. To speed up EIC-CD, we replace the Monte Carlo
sampling step by the approximation of the expected reduction in entropy given by PESC.

We now compare the performance of coupled and decoupled versions of PESC in the same
decoupled optimization problem. This allows us to empirically demonstrate the benefits of
treating a decoupled problem as such.

7.2 Comparing Coupled and Decoupled PESC
−0.2

CD
CD-F
NCD
EIC-CD

●
●
●
●

0

Coupled

●
●●●
●●●

●●
●●
●
●

●●●

●●●
●●●

●●●
●●●

●●●
●●●●●●
●●●●●●
●●●

●●●

●●●

●●●●●●

(a) Performance

●●●

●●●●●●
●●●

●●●

●●●●●●●●●

●●●

●●●●●●
●●●

80

●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●

●●●●●●●●●

●●●
●●●
●●●

●●●●●●

●●●
●●●●●●

20
40
60
Number of Function Evaluations

●●●
●●●

●●
●●
●
●

0

20

40

60

80

q

0

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

40
60
Total Number of Evaluations

(b) Cumulative task evaluations

20

80

q
q
q
q
q
q
q
q
q
q
q
q
q
q
q
q q q q q q q q q q q q q q q q q q q q
q
q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q
q q q q q q q q q q q q q q q q q q q q
q q
q
q q
q q
q
q
q
q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q q
q
q
q
q
q q q q q q q q q q q q q q q q q
q
q q
q q
q q

q

q

q

Tasks

34

JMLR 17(160):1-53

Figure 8(a) shows the results obtained by each method across 500 repetitions of the
experiment starting from random initializations. Recommendations are computed with
δ = 0.01. The horizontal axis in the plot denotes the number of function evaluations
performed so far. Since ωmax (r) = 3, these evaluation are performed in parallel in blocks
of three. The vertical axis denotes the average utility gap, computed as in Section 6.1.
Overall, CD and CD-F perform the best; the fact that CD and CD-F obtain similar results
implies that the fast PESC-F updates incur no significant performance loss in this synthetic
optimization problem. EIC-CD is worse than these two methods. This is a result of the
the sub-optimal two-stage decision process used by EIC-CD to select the next evaluation
location and the next task to be evaluated at that location; see Section 2.5 for more details.
NCD performs about the same as Coupled which means that, in this problem, the benefits
of decoupling come from choosing an unequal distribution of tasks to evaluate, rather than
from the additional freedom of evaluating the three tasks at potentially different locations.
This hypothesis is corroborated by Fig. 8(b), which shows the average cumulative number
of evaluations performed by CD for each task (f , c1 or c2 ) at each iteration. CD chooses
to evaluate the constraint c1 far more often than the objective or the other constraint c2 .
This makes sense since the objective is a linear function and c1 , which has a complicated
form, is the only active constraint at the global solution. Thus, the PESC algorithm has
automatically discovered that the constraint c1 is much more important (both in the sense
of being complicated and in the sense of being active at the true solution) than the objective
f or the other constraint c2 . This demonstrates the true power of competitive decoupling,

only after sending the first and the second evaluations to resource r. Once the new data is
collected, CD-F uses the original slow updates.

Figure 8: Results for the decoupled toy problem (Eq. (23)) when using a resource r that
can evaluate 3 tasks (f , c1 or c2 ) in parallel. (a) Performance comparison of
Coupled (orange), NCD (yellow), CD (blue), CD-F (green) and EIC-CD (black)
approaches. (b) Cumulative number of evaluations for each task performed by
CD-F. The algorithm automatically discovers that the constraint c1 is much more
important than the objective f or the other constraint c2 .
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as the algorithm avoids wasting time on uninteresting tasks that might be, in the worst
case scenario, even more expensive than the interesting ones.
We perform another comparison of the methods Coupled, NCD and CD-F in synthetic
problems in which the objective f and a single constraint function c1 are drawn from the
GP prior with D = 2. This is done in the same way as in Section 6.2. We set δ = 0.05
and follow an experimental protocol similar to the one from the previous experiment: we
assume that there are two tasks, given by f and c1 , which can be evaluated at a resource
r with capacity ωmax (r) = 2. Therefore, at any iteration we will be evaluating 2 tasks in
parallel. Figure 9(a) shows the median utility gap obtained by each method across 500
different realizations of the experiment. As in the previous toy problem, CD-F outperforms
Coupled, while Coupled performs similar to NCD. Again, decoupling is useful when we
can choose the tasks to evaluate (CD-F) and evaluating the tasks at potentially different
locations (NCD) does not seem to produce significant improvements with respect to the
coupled approach.
In the previous toy problem, CD-F outperformed NCD and Coupled because it learned
that evaluating the constraint c1 is much more useful than evaluating the objective f or
the constraint c2 . We perform a similar analysis here by plotting the cumulative number
of evaluations for each task performed by CD-F. We divide the 500 realizations into those
cases in which the constraint c1 is active at the true solution (Fig. 9(b)) and those in which
c1 is not active at the true solution (Fig. 9(c)). The plots in Figs. 9(b) and 9(c) show
that when the constraint c1 is active at the solution, CD-F chooses to evaluate c1 much
more frequently. By contrast, when the constraint is not active, c1 is evaluated much less.
Presumably, in the latter case c1 need only be evaluated until it is determined that it is
very unlikely to be active at the solution. After this point, further evaluations of c1 are not

Figure 9: Results on synthetic problems with D = 2 sampled from the GP prior as in
Section 6.2 when using a resource r that can evaluate 2 tasks (f or c1 ) in parallel.
(a) Performance comparison of Coupled (black), NCD (green), and CD-F (orange)
approaches. (b) Cumulative number of task evaluations performed by CD-F when
c1 is active at the solution. (c) Cumulative number of task evaluations performed
by CD-F when c1 is not active at the solution.
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very informative. These results indicate that the task-specific acquisition functions used by
PESC and given by Eq. (14) are able to successfully measure the usefulness of evaluating
each different task.

7.3 Performance of PESC-F with Respect to Wall-clock Time

JMLR 17(160):1-53

We now evaluate the performance of PESC with fast BO computations (PESC-F, Section 5) while considering the wall-clock time of each experiment. Again, we focus on the
toy problem from Section 6.3 given by Eq. (23). To highlight what can go wrong in decoupled optimization problems, we will assume that evaluating the objective is instantaneous,
evaluating c1 takes 2 seconds, and evaluating c2 takes 1 minute. Each of these functions
forms a different task so that all of them can be evaluated independently. We also consider
that there is a single resource r with ωmax (r) = 1, that is, only one task can be evaluated
at any given time with no possible parallelism. This setup corresponds to the competitive
decoupling scenario from Fig. 1. We limit each experiment time to 15 minutes and consider
the following methods: Coupled, and competitive decoupled (CD) with PESC-F and rationality levels γ = {∞, 1, 0.1, 0}. According to Eq. (22), setting γ = ∞ is simply another way
of saying that fast BO computations are not used.
Figure 10(a) shows the average utility gap of each method as a function of elapsed time.
The coupled approach is the worst performing one, being outperformed by all the versions
of PESC-F with different γ. This illustrates the advantages of the decoupled approach. The
performance of PESC-F is improved as γ moves from ∞ to 1 and then to 0.1. The reason
for this is that, as γ is reduced, less time is spent in the BO computations and more time
is spent in the actual collection of data. However, reducing γ too much is detrimental as
γ = 0 performs significantly worse than γ = 0.1 and γ = 1. The reason for this is that
γ = 0 performs too many fast BO computations, which produce suboptimal decisions.
Figures 10(b) to 10(f) and Section 7.3 are useful to understand the results obtained by
the different methods in Fig. 10(a). These figures show, for each method, the cumulative
number of evaluations per task as a function of the elapsed time. The coupled approach
performs very few evaluations of the different tasks. The reason for this is that it always evaluates all the tasks the same number of times and this leads to wasting a lot of
time by evaluating too often the slowest task, that is, constraint c2 , which is not very
informative about the solution to the problem. The different versions of PESC-F with
γ = {∞, 1, 0.1, 0} evaluate more often the most informative task, that is, c1 and less frequently all the other tasks. As the rationality level γ is decreased, less time is spent in
the BO computations, and thus more task evaluations are performed. These correspond
to increases in performance. However, this trend does not continue indefinitely as γ is
decreased. When γ = 0, performance is significantly diminished. By not performing slow
BO computations, the γ = 0 method is not able to learn that c2 is uninformative and
continues to spend time evaluating it, thus performing many fewer evaluations of the most
informative task c1 . The configuration files for running this experiment are available at
https://github.com/HIPS/Spearmint/tree/PESC/examples/toy-fast-slow.
Section 7.3 shows the time spent by each method in fast and slow BO computations and
in the evaluation of tasks c1 and c2 . We do not include the time spent in the evaluation of
task f because it is always zero. Note that the total time spent in the BO computations
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Figure 10: Results for Coupled and CD PESC-F with γ = {∞, 1, 0.1, 0} on the toy problem
given by Eq. (23). Evaluations of f are instantaneous, evaluations of c1 take 2
sec. and evaluations of c2 take 1 min. The maximum experiment time is 15 min.
(a) log utility gap versus wall-clock time. (b-f) Cumulative function evaluations
for (b) Coupled, (c) CD PESC-F with γ = ∞ (no fast computations), (d) CD
PESC-F with γ = 1.0, (e) CD PESC-F with γ = 0.1, and (f) CD PESC-F with
γ = 0 (no slow computations). Curves reflect the mean over 100 trials. Error
bars in (b-f) are given by the empirical standard deviations.
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We have presented a general framework for solving Bayesian optimization (BO) problems
with unknown constraint functions. In these problems the objective and the constraints
can only be evaluated via expensive queries to black boxes that may provide noisy values.
Our framework allows for problems in which the objective and the constraints can be split
into subsets of functions that require coupled evaluation, meaning that these functions have
always to be jointly evaluated at the same input. We call these subsets of coupled functions
tasks. Different tasks may, however, be evaluated independently at different locations, that
is, in a decoupled way. Furthermore, the tasks may or may not compete for a limited set
of resources during their evaluation. Based on this, we have then introduced the notions of
competitive decoupling (CD), where two or more tasks compete for the same resource, and
non-competitive decoupling (NCD), where the tasks require to use different resources and
can therefore be evaluated in parallel. The notion of parallel BO is a special case in which

8. Conclusions and Future Work

and in the evaluation of the different tasks does not add up exactly to 15 minutes because,
in our implementation, the current iteration is allowed to finish after the 15-minute mark is
reached. As expected, the time spent in the BO computations decreases monotonically as γ
is decreased. The coupled approach spends a small amount of time doing BO computations.
The reason for this is that this method does not have to perform step 11 in Algorithm 1 and
step 4 is performed less frequently than in the PESC-F methods because Coupled spends
most of its time in the evaluation of c2 .
The fifth column in Section 7.3 corresponds to the time spent in the evaluation of c1 .
The entries in this column are indicative of the relative performances of each method, since
c1 is the most important function in this optimization problem. From these entries we may
conclude that this problem exhibits an optimal value of γ close to 0.1. This represents an
optimal ratio of time spent in the BO computations to time spent in the evaluation of the
different tasks. We leave to future work the issue of selecting the optimal value for γ. In a
highly sophisticated approach this could be done in an online fashion by using reinforcement
learning.

Table 1: Time spent by each method in BO computations and in task evaluations. For each
method, the table reports the mean time in minutes, over 100 independent runs,
spent in fast and slow BO computations and in the evaluation of tasks c1 and c2 .

Coupled
CD PESC-F,
CD PESC-F,
CD PESC-F,
CD PESC-F,

Method
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one task requires a specific resource, of which many instances are available. We have then
presented a general procedure, given by Algorithm 1, to solve problems with an arbitrary
combination of coupling and decoupling. This algorithm receives as input a bipartite graph
G whose nodes are resources and tasks and whose edges connect each task with the resource
at which it can be evaluated. Algorithm 1 relies on an acquisition function that can measure
the utility of evaluating any arbitrary subset of functions, that is, of any possible task. An
acquisition function that satisfies this requirement is said to be separable.
To implement Algorithm 1, we have proposed a new information-based approach called
Predictive Entropy Search with Constraints (PESC). At each iteration, PESC collects data
at the location that is expected to provide the highest amount of information about the
solution to the optimization problem. By introducing a factorization assumption, we obtain
an acquisition function that is additive over the subset of functions to be evaluated. That
is, the amount of information that we approximately gain by jointly evaluating a set of
functions is equal to the sum of the gains of information that we approximately obtain by
the individual evaluation of each of the functions. This property means that the acquisition
function of PESC is separable. Therefore, PESC can be used to solve general constrained
BO problems with decoupled evaluation, something that has not been previously addressed.
We evaluated the performance of PESC in coupled problems, where all the functions
(objective and constraints) are always jointly evaluated at the same input location. This is
the standard setting considered by most prior approaches to constrained BO. The results
of our experiments show that PESC achieves state-of-the-art results in this scenario. We
also evaluated the performance of PESC in the decoupled setting, where the different tasks
can be evaluated independently at arbitrary input locations. We considered scenarios with
competition (CD) and with non-competition (NCD) and compared the performances of two
versions of PESC: one with decoupling (decoupled PESC) and another one that always
performs coupled evaluations (coupled PESC). Decoupled PESC is significantly better than
coupled PESC when there is competition, that is, in the CD setting. The reason for this
is that some functions can be more informative than others and decoupled PESC exploits
this to make optimal decisions when deciding which function to evaluate next with limited
resources. In particular, decoupled PESC avoids wasting time in function evaluations that
are unlikely to improve the current estimate of the solution to the optimization problem.
However, when there is no competition, that is, in the NCD setting, coupled and decoupled
PESC perform similarly. Therefore, in our experiments, the main advantages of considering
decoupling seem to come from choosing an unequal distribution of tasks to evaluate, rather
than from the additional freedom of evaluating the different tasks at potentially arbitrary
locations. In our experiments we have assumed that the evaluation of all the functions takes
the same amount of time. However, NCD is expected to perform better than the coupled
approach in other settings in which some functions are much faster to evaluate than others.
Evaluating the performance of NCD in these settings is left as future work.
For the BO approach to be useful, the time spent performing BO computations (such as
computing and globally optimizing the acquisition function) has to be significantly shorter
than the time spent collecting data. However, decoupled optimization problems may include
some tasks that are fast to evaluate. When these tasks are informative and their evaluation
time is comparable to that of the BO computations, the BO approach may be inefficient.
To address this issue, we follow a bounded rationality approach and introduce additional
39
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approximations in the computations made by PESC to reduce their cost when necessary.
The new method is called PESC-F and it is able to automatically switch between fast, but
approximate, and slow, but accurate, operations. A parameter called the rationality level is
used in PESC-F to balance the amount of time that is spent in the BO computations and
in the actual collection of data. Experiments with wall-clock time in a CD scenario show
that PESC-F can be significantly better than the original version of PESC.

In summary, PESC is an effective algorithm for BO problems with unknown constraints
and the separability of its acquisition function makes it a promising direction towards a
unified solution for constrained BO problems. As new acquisition functions are proposed
in the future, they will hopefully be developed with separability in mind as an important
and desirable property.

The code for PESC, including decoupling and PESC-F, is available in PESC branch of
the open-source Bayesian optimization package Spearmint at https://github.com/HIPS/
Spearmint/tree/PESC.

One potential line of future work includes extensions to settings where tasks require
more than one resource to run. This could, for example, be formalized using a framework
similar to the one presented in Section 3, but where the resource dependencies for each task
t are represented as a set of edges Eti = {t ∼ r} for the ith potential allocation of resources.
This can be interpreted as the statement that all resource nodes Vti = {r : (t ∼ r) ∈ Eti }
are required in order to initiate task t using allocation
i. Note that the union of these edges
S
now specifies a multigraph with edges E = t,i Eti due to the fact there may be resources
that are required across multiple allocations of a particular task. This also modifies the
pseudocode for Algorithm 1 where the loop over resources r becomes a loop over potential
allocations such that ω(r) < ωmax (r) for r ∈ Vti for some (t, i) pair. In the case where
each task requires only a single resource this reduces to the earlier formulation. Another
possibility is for allocations where the resources are time or iteration dependent. This would
require some form of temporal planning. To make such a procedure feasible, however, it
may be necessary to consider greedy decisions at each point in time.

Another direction for future work is concerned with the use of bounded rationality in
Bayesian optimization. Here we have used a simple heuristic for selecting between two levels
(fast and slow) of computations in PESC-F. However, we could consider a larger number
of levels with increasingly more accurate computations (Hay et al., 2012). The Bayesian
optimization algorithm would then have to optimally select one of these to determine the
next evaluation location. We could also consider different modeling approaches for the
collected data, with different trade-offs between accuracy and computational cost. We also
leave for future work a theoretical analysis of PESC. This would be in the line of the work
of Russo and Van Roy (2014) on information-directed sampling. However, they use simpler
models for the data and do not consider problems with constraints.
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Finally, we would like to point out that the approach described here can be applied
in a straightforward manner to address multi-objective Bayesian optimization problems
(Knowles, 2006). In the multi-objective case the different tasks would be given by groups
of objective functions that have to be evaluated in a coupled manner. An extension of PES
for working with multiple objectives is given by Hernández-Lobato et al. (2016).
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(25)

i=1

Ψ(xif ) Ψ(x) .

)
(26)

41

JMLR 17(160):1-53

In this expression we should have included a factor Ψ(xj? ) since xj? ∈ Z. We ignore such
factor because it is always equal to 1 according to Eq. (16). In Eq. (26) we have separated the
non-Gaussian factor that depends on x, that is, Ψ(x) from those factors that do not depend
1
on x, that is, Γ(xj? ), Ψ(x1f ), . . . , Ψ(xN
f ). All these non-Gaussian factors are approximated
with Gaussians using EP.
Finding the next suggestion involves maximizing the acquisition function. This requires
to evaluate the acquisition function at many different x and recomputing the complete EP
approximation for each value of x can be excessively expensive. To avoid this, we first
compute the EP approximation for the factors that do not depend on x in isolation, store it
and then reuse it as we compute the EP approximation for the remaining factors. Since most
of the factors do not depend on x, this leads to large speedups when we have to evaluate
the acquisition function at many different x. Therefore, we start by finding a Gaussian
1
approximation to the factors that do not depend on x, that is, Γ(xj? ), Ψ(x1f ), . . . , Ψ(xN
f ),
while ignoring the other factor that does depend on x, that is, Ψ(x).

f (f , c1 , . . . , cK |xj? ) = p(f , c1 , . . . , cK |D)Γ(xj? )

(N
1
Y

1
are the locations at which the objective f has been evaluated so far.
where x1f , . . . , xN
f
That is, the first N1 entries in f , c1 , . . . , cK contain the function values at the locations for
which there is data for the objective. These entries are then followed by the function values
at xj? and at x. When we replace X with Z we have that

(24)
k = 1, . . . , K .

j
T
1
ck = [ck (x1f ), . . . , ck (xN
f ), ck (x? ), ck (x)] ,

for

j
T
1
f = [f (x1f ), . . . , f (xN
f ), f (x? ), f (x)] ,

We describe here the expectation propagation (EP) method that is used by PESC to adjust
a Gaussian approximation to the non-Gaussian factor f (f , c1 , . . . , cK |xj? ) in Eq. (17). This
is done after replacing the infinite set X with the finite set Z, which contains only the
locations at which the objective f has been evaluated so far, the value of xj? and x. Recall
that x is the input to the acquisition function, that is, it contains the location at which we
are planning to evaluate f, c1 , . . . , cK . When X is replaced with Z we have that the vectors
f , c1 , . . . , cK contain now the result of the noise-free evaluations of f, c1 , . . . , cK at Z, that
is,

Appendix A. The Expectation Propagation Method Used by PESC
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k=1

K n
o
Y
pred
N (ck | mpred
k+1 , Vk+1 ) ,

(27)

(29)
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where gek and e
hk are the natural parameters of a Gaussian distribution on ck (xj? ), that is,
the value of constraint k at the current posterior sample of x? .
e n , dek , eek , gek and e
e n, b
The parameters A
hk are fixed by running EP. Once the value of
n
n
1
these parameters has been fixed, we replace the exact factors Γ(xj? ), Ψ(x1f ), . . . , Ψ(xN
f ) in
Eq. (26) with their corresponding Gaussian approximations to obtain an approximation to
f (f , c1 , . . . , cK |xj? ). We denote this approximation by q(f , c1 , . . . , cK ), where
(N
) (K+1
)
1
Y
Y
j
i
e
e
e
q(f , c1 , . . . , cK ) ∝ p(f , c1 , . . . , cK |D)Γ(x? )
Ψ(x )
Ψ(xk ) .
(31)

k=1

e n are the natural parameters of a bivariate Gaussian distribution on βn (f )
e n and b
where A
and dekn and eekn are the natural parameters of a Gaussian distribution on ck (xnf ), that is, the
value of constraint k at the n-th location for which there is data for the objective. We also
define


K
Y
1
e j? ) ∝
Γ(x
exp − ck (xj? )2 gek + ck (xj? )e
hk ,
2

k=1



Y

K
1
en
e n βn (f ) + βn (f )T b
e n ) ∝ exp − 1 βn (f )T A
exp − ck (xnf )2 dekn + ck (xnf )e
ekn , (30)
Ψ(x
f
2
2

where
is an Ni -dimensional vector with the data for the i-th function in {f, c1 , . . . , cK },
Ki? is an (N1 + 2) × Ni matrix with the prior cross-covariances between the entries of the
i-th vector in {f , c1 , . . . , cK } and the value of the corresponding function at the locations
for which there is data available for that function and Ki?,? is an (N1 + 2) × (N1 + 2) matrix
with the prior covariances between entries of the i-th vector in {f , c1 , . . . , cK } and νi is the
noise variance at the black-box for the i-th function in {f, c1 , . . . , cK }.
1
The exact factors Γ(xj? ), Ψ(x1f ), . . . , Ψ(xN
f ) from Eq. (26) are then approximated with
j e
e N1 ). Let βn (f ) = [f (xn ), f (xj? )]T ,
e
the corresponding Gaussian factors Γ(x? ), Ψ(x1f ), . . . , Ψ(x
f
f
where xnf is the n-th location for which there is data for the objective f . Then, we define

yi

(28)

Vipred = Ki?,? − Ki? (Ki + νi I)−1 [Ki? ]> ,

for i = 1, . . . , K + 1 ,

mpred
= Ki? (Ki + νi I)−1 yi ,
i

where mpred
and V1pred are the mean and covariance matrix of the posterior distribution of
1
pred
f given the data for the objective and mpred
k+1 and Vk+1 are the mean and covariance matrix
of the posterior distribution of ck given the data for constraint k. In particular, from Eqs.
(2.22) to (2.24) of (Rasmussen and Williams, 2006) we have that

p(f , c1 , . . . , cK |D) = N (f | mpred
, V1pred )
1

1
We use EP to find a Gaussian approximation to Γ(xj? ), Ψ(x1f ), . . . , Ψ(xN
f ) in Eq. (26) when
Ψ(x1 ), . . . , Ψ(xK+1 ) are assumed to be constant and equal to 1. Because the data is assumed
to be generated from independent GPs, we have that p(f , c1 , . . . , cK |D) in Eq. (26) is

A.1 Approximating the Non-Gaussian Factors that do not Depend on x
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Z

(

K
Y

k=1

)

N (ck (xfn ) | ek¬n , dk¬n )

f

n
o
en ,
b¬n = A¬n Vβ−1n (f ) mβn (f ) − b
n
o−1
ek¬n = dk¬n vc−1
ek
,
n mck (xn ) − e
f
k (x )

Ψ(xfn )q ¬n (f , c1 , . . . , cK ) df dc1 · · · dcK = Φ(αn )
−1/2

∂ log Z
(Z − 1)φ(αnk )
p
,
=
∂ek¬n
ZΦ(αnk ) dk¬n

[denk ]new = −

(

∂ 2 log Z
∂[ek¬n ]2

−1

+ dk¬n

k=1

,

K
K
h i
h i
Y
Y
Φ αnk + 1 −
Φ αnk ,

k=1



∂ 2 log Z
∂ log Z 2
∂ log Z
αk
=−
· p n¬n −
,
∂[ek¬n ]2
∂ek¬n
∂ek¬n
dk

,

[e
enk ]new =

(

dk¬n −



∂ 2 log Z
∂[ek¬n ]2

−1

∂ log Z
∂ek¬n

)

[denk ]new ,

(37)

(38)

(39)

(40)

(41)

(42)

where φ is the standard Gaussian pdf. The update equations for the parameters denk and eenk
e n ) are then
of the approximate factor Ψ(x
f
)−1

standard Gaussian cdf. We follow Eqs. (5.12) and (5.13) in (Minka, 2001b) to update denk
and eenk in Eq. (30). However, we use the second partial derivative with respect to ek¬n rather
than first partial derivative with respect to dk¬n for numerical robustness. These derivatives
are given by

f

where αnk = mck (xfn ) vck (xn ) and αn = [1, −1]mβn (f ) ([1, −1]Vβn (f ) [1, −1]> )−1/2 and Φ is the

Z=

e n )q ¬n (f , c1 , . . . , cK )]. The moments of Ψ(xn )q ¬n (f , c1 , . . . , cK ) can be obtained
and Ψ(x
f
f
from the derivatives of the logarithm of its normalization constant Z, which is given by

where Vβn (f ) is the 2 × 2 covariance matrix for βn (f ) given by q(f , c1 , . . . , cK ) in Eq. (32),
mβn (f ) is the corresponding 2-dimensional mean vector, vck (xfn ) is the variance for ck (xfn )
given by q(f , c1 , . . . , cK ) in Eq. (32) and mck (xfn ) is the corresponding mean parameter.
To minimize Eq. (35) we match the 1st and 2nd moments of Ψ(xfn )q ¬n (f , c1 , . . . , cK )

f

n
o−1
en
,
A¬n = Vβ−1n (f ) − A
n
o−1
e
dk¬n = vc−1
,
n − dk
k (x )

where the parameters b¬n , A¬n , ek¬n and dk¬n of these Gaussian distributions are obtained
e n ) by using the formula for dividing Gaussians:
from the ratio of q and Ψ(x
f

q ¬n [βn (f ), c1 (xfn ), . . . , cK (xfn )] ∝ N (βn (f ) | b¬n , A¬n )
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(34)

(33)

(32)
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N (ck |mk+1 , Vk+1 ) ,

e n ) depends on, namely βn (f ) and
If we marginalize out all variables except those which Ψ(x
f
c1 (xfn ), . . . , cK (xfn ), then q ¬n takes the form

K
Y

k=1

Since the approximate factors are Gaussian and p(f , c1 , . . . , cK |D) is also Gaussian, we have
that q(f , c1 , . . . , cK ) is also Gaussian:
q(f , c1 , . . . , cK ) = N (f |m1 , V1 )
where, by applying the formula for products of Gaussians, we obtain
h
i−1
ei
,
Vi = [Vipred ]−1 + S
h
i
+e
ti , for i = 1, . . . , K + 1 ,
mi =

Vi [Vipred ]−1 mipred

e i and e
with the following definitions for S
ti :

for n = 1, . . . , N1 ,

e 1 is an (N1 + 2) × (N1 + 2) matrix whose non-zero entries are
• S

e 1 ]n,n =
– [S

[An ]1,1

e 1 ]N +1,n
– [S
1

e 1 ]n,N +1 = [An ] for n = 1, . . . , N1 ,
= [S
1
1,2
PN1
n=1 [An ]2,2 .

e 1 ]N +1,N +1 =
– [S

e k+1 , for k = 1, . . . , K, is an (N1 + 2) × (N1 + 2) matrix whose non-zero entries are
• S
e k+1 ]n,n = dn for n = 1, . . . , N1 ,
– [S

e k+1 ]N +1,N +1 = gn for n = 1, . . . , N1 .
– [S
1
1

• e
t1 is an (N1 + 2)-dimensional vector whose non-zero entries are
e n ]1 for n = 1, . . . , N1 ,
– [e
t1 ]n = [b
PN1 e
– [e
t1 ]N1 +1 = n=1
[bn ]2 .

• e
tk+1 , for k = 1, . . . , K, is an (N1 + 2)-dimensional vector whose non-zero entries are
– [e
tk+1 ]n = eek for n = 1, . . . , N1 ,
n
– [e
tk+1 ]N1 +1 = e
hk .

by EP

e n , dek , eek , gek and e
e n, b
We now explain how to obtain the values of all the A
hk using EP.
n
n
A.1.1 Adjusting

e n)
Ψ(x
f

∂ log Z
1
= − [1, −1]> [1, −1]
∂A¬n
2

Zs

QK
k
k=1 Φ[αn ]

φ(αn )αn

,
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(44)

e n . We need to compute
e n and b
We now perform the analogous operations to update A
n
o
Q
K
k
k=1 Φ[αn ] φ(αn )
√
[1, −1] ,
(43)
Z s
n
o
(36)

44

∂ log Z
=
∂b¬n
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(35)

e n , dek and eek of the approximate factor
e n, b
We explain how to adjust the parameters A
n
n
e n ) using EP. EP performs this operation by minimizing the following Kullback-Leibler
Ψ(x
f
divergence:
e n )q ¬n (f , c1 , . . . , cK )] ,
KL[Ψ(xfn )q ¬n (f , c1 , . . . , cK )||Ψ(x
f

where q ¬n (f , c1 , . . . , cK ) is the cavity distribution given by

e n )]−1 ,
q ¬n (f , c1 , . . . , cK ) = q(f , c1 , . . . , cK )[Ψ(x
f
43

∂ log Z
∂b¬n

∂ log Z
.
∂b¬n

"


∂ log Z
∂b¬n

>
−2

#
∂ log Z
A¬n ,
∂A¬n
(46)

(45)

(49)

(48)

(47)

is the cavity distribution given by

e j )]−1 ,
q ¬ (f , c1 , . . . , cK ) = q(f , c1 , . . . , cK )[Γ(x
?

1 , . . . , cK )

(50)

k=1

K
Y

¬
N (ck (xnf ) | h¬
k , gk ) ,

(51)

Z=

Z

45

Γ(xj? )q ¬ (f , c1 , . . . , cK ) df dc1 · · · dcK =

k=1

K
Y

(53)
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h i
Φ αnk ,

where vc (xj ) is the variance for ck (xj? ) given by q(f , c1 , . . . , cK ) in Eq. (32) and mc (xj ) is
k
k
?
?
the corresponding mean parameter.
j ¬
To minimize Eq. (49) we match the 1st and 2nd moments of Γ(x? )q (f , c1 , . . . , cK ) and
e j? )q ¬ (f , c1 , . . . , cK )]. The moments of Γ(xj? )q ¬ (f , c1 , . . . , cK ) can be obtained from the
Γ(x
derivatives of the logarithm of its normalization constant Z, which is given by

f

¬
where the parameters h¬
k and gk of these Gaussian distributions are obtained by using the
formula for dividing Gaussians:
n
o−1
n
o−1
−1
¬
,
h¬
,
(52)
gk¬ = vc−1
− gek
− eek
k = gk vck (xn ) mck (xn
f)
k (x? )

q ¬ [c1 (xj? ), . . . , cK (xj? )] ∝

q¬

e j? ) does depend on, namely,
We integrate out in
all the variables except those which Γ(x
c1 (xj? ), . . . , cK (xj? ). Then q ¬ takes the form

where

q ¬ (f , c

e j? )q ¬ (f , c1 , . . . , cK )] ,
KL[Γ(xj? )q ¬ (f , c1 , . . . , cK )||Γ(x

e j? ) using
We explain how to adjust the parameters gek and e
hk of the approximate factor Γ(x
EP. EP performs this operation by minimizing the following Kullback-Leibler divergence:

e j? ) by EP
A.1.2 Adjusting Γ(x

e new = [Vβ (f ) ]−1 − [A¬n ]−1 ,
A
n
new
n
e new = [Vβ (f ) ]−1 [mβ (f ) ]new − [A¬n ]−1 b¬n .
b
n
new
n
n

Next, we divide the Gaussian with mean and covariance parameters given by Eqs. (45)
and (46) by the marginal for β(f ) in the cavity distribution q ¬n (f , c1 , . . . , cK ). Therefore,
e n of the approximate factor Ψ(x
e n and b
e n ) are obtained using the
the new parameters A
f
formula for the ratio of two Gaussians:

[mβn (f ) ]new = b¬n + A¬n

[Vβn (f ) ]new = A¬n − A¬n

where s = [−1, 1]A¬n [−1, 1]> . We then compute the mean vector and covariance matrix
for βn (f ) with respect to Ψ(xnf )q ¬n (f , c1 , . . . , cK ):
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j
k (x? )

v

−1/2
.
ck (xj? )

We follow Eqs. (5.12) and (5.13) in (Minka, 2001b) to update gek

gk¬



∂ 2 log Z
∂ log Z 2
∂ log Z αnk
p
−
.
=
−
·
2
∂[h¬
∂h¬
∂h¬
gk¬
k]
k
k

∂ 2 log Z
2
∂[h¬
k]

−1

+

)−1

,

[e
hk ]new =

gk¬

(

∂ 2 log Z
−
2
∂[h¬
k]



−1

∂ log Z
∂gk¬

)

(55)

k=1

K
Y

N (ck (x)|mck (x) , vck (x) )

)

,

(56)
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where Vγ(f ) is the 2 × 2 covariance matrix for γ(f ) given by q(f , c1 , . . . , cK ) in Eq. (32),
mγ(f ) is the corresponding 2-dimensional mean vector, vck (x) is the variance for ck (x) given
by q(f , c1 , . . . , cK ) in Eq. (32) and mck (x) is the corresponding mean parameter.
Let m01 and V10 be the mean vector and covariance matrices for the first N1 + 1 elements
0
of f in Eq. (24), according to q in Eq. (32). Similarly, m0k+1 and Vk+1
be the mean vector
and covariance matrices for the first N1 + 1 elements of ck in Eq. (25), according to q in
Eq. (32), for k = 1, . . . , K. After the execution of EP, we compute and store m0i and Vi0 ,
for i = 1, . . . , K. These parameters can then be used to efficiently compute Vγ(f ) , mγ(f ) ,
vc1 (x) , . . . , vcK (x) and mc1 (x) , . . . , mcK (x) for any arbitrary value of x. For this, we use Eqs.

q[γ(f ), c1 (x), . . . , cK (x)] = N (γ(f )|mγ(f ) , Vγ(f ) )

(

where q(f , c1 , . . . , cK ), as given by Eq. (32), approximates the product of p(f , c1 , . . . , cK |D)
1
and Γ(xj? ), Ψ(x1f ), . . . , Ψ(xN
f ) in Eq. (26). Next, we find a Gaussian approximation to
the right-hand-side of Eq. (55). For this, we first marginalize out in q all the variables
except those which Ψ(x) does depend on, that is, γ(f ) and c1 (x), . . . , cK (x), where γ(f ) =
[f (x), f (xj? )]T , we obtain

f (f , c1 , . . . , cK |xj? ) ≈ fe(f , c1 , . . . , cK |xj? ) = q(f , c1 , . . . , cK )Ψ(x) ,

Expectation propagation performs the operations described in Appendices A.1.1 and A.1.2
1
until the Gaussian approximations to Γ(xj? ), Ψ(x1f ), . . . , Ψ(xN
f ) converge. Importantly the
EP operations described in Appendices A.1.1 and A.1.2 can be implemented independently
of the value of x, that is, the location at which we will be evaluating PESC’s acquisition
function. After EP has converged, the next step is to approximate with Gaussians the
other factor in Eq. (26) that does depend on x, that is, Ψ(x). For this, we first replace
1
the exact factors Γ(xj? ), Ψ(x1f ), . . . , Ψ(xN
f ) in Eq. (26) with their Gaussian approximations.
This results in the following approximation:

A.2 Approximating the Non-Gaussian Factor that Depends on x

[e
gk ]new = −

(

[e
gk ]new .

(54)

e j? ) are
The update equations for the parameters gek and e
hk of the approximate factor Γ(x

(Z − 1)φ(αnk )
∂ log Z
p
,
=
∂h¬
ZΦ(αnk ) gk¬
k

and e
hk in Eq. (31). However, we use the second partial derivative with respect to gk¬ rather
than first partial derivative with respect to h¬
k for numerical robustness. These derivatives
are given by

where αnk = mc
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(3.22) and (3.24) in (Rasmussen and Williams, 2006) to obtain


 1 −1 0
mγ(f ) 1 = k1 (x)> K?,?
m1 ,


 
m
= m0
,
γ(f
)
1
N1 +1
2
n


 1 −1  1 −1 0  1 −1 o 1
V
= k 1 (x, x) − k1 (x)> K?,?
+ K?,?
V1 K?,?
k (x) ,
γ(f
)
1,1


 
V
= V0
,
γ(f
)
1
N1 +1,N1 +1
2,2


 1 −1
1 −1 0
1 −1
Vγ(f )
= k 1 (x, x?j ) − k1 (x)> [K?,?
] + [K?,?
] V1 [K?,?
]
k1 (x?j ) ,
1,2
h
i−1
k+1
mck (x) = kk+1 (x)> K?,?
0
mk+1
,

h
i−1 
h
i
h
i
−1
−1
0
k+1
k+1
k+1
kk+1 (x) ,
Vk+1
K?,?
+ K?,?
K?,?

vck (x) = k k+1 (x, x) − kk+1 (x)>

for k = 1, . . . , K, where ki (x) is the (N1 + 1)-dimensional vector with the prior crosscovariances between the value of the i-th function in {f, c1 , . . . , cK } at x and the values
i
is an (N1 + 1) × (N1 + 1) matrix with the prior
of that function at xf1 , . . . , xfN1 , x?j , K?,?
covariances between the values of that function at xf1 , . . . , xfN1 , x?j and k i (x, x) contains the

prior variance of the values of that function at x, for i = 1, . . . , K + 1. Finally, k 1 (x, x?j )
contains the prior covariance between f (x) and f (x?j ).

K
Y

k=1

N (ck (x)|mk+1 (x), vk+1 (x)) ,

Once we have computed the parameters of q[γ(f )c1 (x), . . . , cK (x)] in Eq. (56) using the
formulas above, we obtain the marginal means and variances for f (x), c1 (x), . . . , cK (x) with
respect to q[γ(f ), c1 (x), . . . , cK (x)]Ψ(x). Let m1 (x), . . . , mK+1 (x) and v1 (x), . . . , vK+1 (x)
be these marginal means and variances. Then, we have the approximation
Z

q[γ(f ), c1 (x), . . . , cK (x)]Ψ(x)df (x?j ) ≈ N (f (x)|m1 (x), v1 (x))

Z

[1, −1]mγ(f )
√
,
s

K
Y

Φ(αk ) + 1 −

K
Y

k=1

Φ(αk ) ,

(57)
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s = Vγ(f ) 1,1 + Vγ(f ) 2,2 − 2 Vγ(f ) 1,2 .

q[γ(f ), c1 (x), . . . , cK (x)]Ψ(x) dγ(f ) dc1 (x) dcK (x) = Φ(α)

α=

k=1

where m1 (x), . . . , mK+1 (x) and v1 (x), . . . , vK+1 (x) can be obtained from the normalization
constant of q[γ(f ), c1 (x), . . . , cK (x)]Ψ(x) using Eqs. (5.12) and (5.13) in (Minka, 2001b).
This normalization constant is given by

Z=

where
mc (x)
,
αk = √ k
vck (x)
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Φ[αk ] ,

ãk = −

(

∂ 2 log Z
+ vck (x)
∂mc2k (x)

)−1

n




 o2
β
v1 (x) = Vγ(f ) 1,1 − (β + α) Vγ(f ) 1,1 − Vγ(f ) 1,2 ,
s
n
o






β
m1 (x) = mγ(f ) 1 + Vγ(f ) 1,1 − Vγ(f ) 1,2 √ ,
s
n
o−1
vk+1 (x) = v −1 + ãk
, for k = 1, . . . , K ,
c
k (x)
n
o
mk+1 (x) = vk+1 (x) mck (x) vc−1
+ b̃k , for k = 1, . . . , K ,
k (x)
K
Y

k=1

βk {αk + βk }
∂ 2 log Z
=−
,
vck (x)
∂m2

ck (x)

,

(64)

(63)

(62)

(61)

(60)

(59)

(58)

Given Z, we then compute m1 (x), . . . , mK+1 (x) and v1 (x), . . . , vK+1 (x) using Eqs. (5.12)
and (5.13) in (Minka, 2001b):

where

β = Z −1 φ(α)

φ(αn )
(Z − 1) .
ZΦ(αn )



√
vck (x)
,
b̃k = ãk mck (x) +
αk + β k
βk =

Eqs. (58) to (61) are the output of our EP algorithm. These quantities are used in Eq. (20)
to evaluate PESC’s acquisition function.

Appendix B. Implementation Considerations

We give details on the practical implementation of PESC.

B.1 Initialization, Convergence of EP and Parallel EP Updates

e N1 )
e 1 ), . . . , Ψ(x
e ?j ), Ψ(x
We start by fixing the parameters of all the approximate factors Γ(x
f
f
to be zero. We stop EP when the absolute change in the means and covariance matrices
for the first N1 + 1 elements of f and c1 , . . . , cK in Eqs. (24) and (25), according to q in
e N1 ) are updated in
e ?j ), Ψ(x
e 1 ), . . . , Ψ(x
Eq. (32), is below 10−4 . The approximate factors Γ(x
f
f
parallel to speed up convergence (Gerven et al., 2009). With parallel updates q in Eq. (20)
is only updated once per iteration, after all the approximate factors have been refined.
B.2 EP with Damping

(65)

e n )new
To improve the convergence of EP, we use damping (Minka and Lafferty, 2002). If Ψ(x
f
is the value of an approximate factor that minimizes the KL-divergence, damping entails
e n )damped as the new factor value, as defined below:
using instead Ψ(x
f

e n )damped = [Ψ(x
e n )new ] + [Ψ(x
e n )old ]1− ,
Ψ(x
f
f
f
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e n )old is the factor value before performing the update. We do the same for Γ(x
e ?j ).
where Ψ(x
f
The parameter  controls the amount of damping, with  = 1 corresponding to no damping.
We initialize  to 1 and multiply it by a factor of 0.99 at each iteration.

48

JMLR 17(160):1-53
50

JMLR 17(160):1-53

49

Robert B. Gramacy, Genetha A. Gray, Sébastien Le Digabel, Herbert K. H. Lee, Pritam
Ranjan, Garth Wells, and Stefan M. Wild. Modeling an augmented Lagrangian for
blackbox constrained optimization. Technometrics, 58(1):1–11, 2016.

Robert B. Gramacy and Herbert K. H. Lee. Optimization under unknown constraints. In
Bayesian Statistics 9: Proceedings of the Ninth Valencia International Meeting, pages
229–256, 2011.

David Ginsbourger, Janis Janusevskis, and Rodolphe Le Riche. Dealing with asynchronicity
in parallel Gaussian process based global optimization. hal-00507632, pages 1–27, 2011.
URL https://hal.archives-ouvertes.fr/hal-00507632.

Philip E. Gill, Gene H. Golub, Walter Murray, and Michael A. Saunders. Methods for
modifying matrix factorizations. Mathematics of Computation, 28(126):505–535, 1974.

John Geweke. Evaluating the accuracy of sampling-based approaches to the calculation of
posterior moments. In Bayesian Statistics 4: Proceedings of the Fourth Valencia International Meeting, pages 169–193, 1992.

Marcel V. Gerven, Botond Cseke, Robert Oostenveld, and Tom Heskes. Bayesian source
localization with the multivariate Laplace prior. In Advances in Neural Information
Processing Systems 22 (NIPS), pages 1901–1909, 2009.

Andrew Gelman and Donald R. Rubin. A single series from the Gibbs sampler provides
a false sense of security. In Bayesian Statistics 4: Proceedings of the Fourth Valencia
International Meeting, pages 625–32, 1992.

Michael A. Gelbart, Jasper Snoek, and Ryan P. Adams. Bayesian optimization with unknown constraints. In Proceedings of the Thirtieth Conference on Uncertainty in Artificial
Intelligence, (UAI), pages 250–259, 2014.

Jacob R. Gardner, Matt J. Kusner, Zhixiang Eddie Xu, Kilian Q. Weinberger, and John P.
Cunningham. Bayesian optimization with inequality constraints. In Proceedings of the
31th International Conference on Machine Learning (ICML), pages 937–945, 2014.

Andrew Frank and Arthur Asuncion. UCI machine learning repository, 2010.

Simon Duane, Anthony D. Kennedy, Brian J. Pendleton, and Duncan Roweth. Hybrid
Monte Carlo. Physics letters B, 195(2):216–222, 1987.

Eric Brochu, Vlad M. Cora, and Nando de Freitas. A tutorial on Bayesian optimization of
expensive cost functions, 2010. arXiv:1012.2599 [cs.LG].

In PESC-F, during the fast BO computations, the GP hyperparameters (and in particular
the length scales) are not changed from the ones used during last iteration. Because of
this, the GP kernel matrix is unchanged except for the addition of a new row and column.
Given this, we can compute the Cholesky decomposition of the new kernel matrix with a
rank-one update of the Cholesky decomposition of the current kernel matrix. The O(N 3 )
computation of the Cholesky decomposition of the kernel matrix is the main bottleneck
for GP-based Bayesian optimization. As N gets large, this trick can significantly speed

B.4 Cholesky Update in PESC-F

We sample x? from its posterior distribution using an extension of the method described
by Hernández-Lobato et al. (2014) to sample x? in the unconstrained setting. We perform
a finite basis approximation to the GPs used to describe the data for the objective and
the constraints. This allows us to sample analytic approximate samples from the the GP
posterior distribution. We then solve the optimization problem given by Eq. (1), when
the functions f , c1 , . . . , cK are replaced by the generated samples. For this, we use a
numerical method for solving constrained optimization problems: the Method of Moving
Asymptotes (MMA) (Svanberg, 2002) as implemented in the NLopt package (Johnson,
2014). We evaluate the sampled functions in a uniform grid of size 103 and obtain the
best feasible result in that grid. We add to the points in the uniform grid the evaluation
locations for which we have already collected data. This is then used as the initial point for
the MMA method. The number of basis functions in the approximation to the GP is 103 .
The NLopt convergence tolerance is 10−6 in the scaled input space units.
The finite basis approximation to the GP is given by a Bayesian Gaussian linear model
build on top of a collection of basis functions (Hernández-Lobato et al., 2014). Drawing
an approximate sample from the GP posterior distribution involves then sampling from
the posterior distribution of that linear model given the observed data. When the number
of basis functions is larger than the observed data points, this can be done efficiently as
described by Hernández-Lobato et al. (2014). In this case, the covariance matrix of the
Gaussian posterior distribution for the linear model is the sum of a low rank matrix and
a diagonal matrix, we can then use an efficient method to sample from that Gaussian
posterior distribution. This method is outlined in Appendix B.2 of Seeger (2008). The
cost is O(N 2 M ) where N is the number of collected data points and M is the number
of basis functions. Sampling with the naive method takes O(M 3 ) operations because we
must take the Cholesky decomposition of an M × M covariance matrix. Given that in our
implementation M = 103 and typically N < 100, this method can speed up this sampling
procedure by orders of magnitude. A more efficient implementation could also be obtained
by using quasi-random numbers to generate the basis functions, thus reducing the number
of basis functions needed to attain the same approximation quality (Yang et al., 2014).
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Connection to the literature If only a low rank constraint is imposed on the mean
matrix θ, then (1) – (3) becomes what is known in the literature as the matrix completion
problem (Recht et al., 2010). An impressive list of algorithms and theories have been developed for this problem, including but not limited to Candès and Recht (2009); Keshavan
et al. (2009); Candès and Tao (2010); Candes and Plan (2010); Cai et al. (2010); Keshavan et al. (2010); Recht (2011); Koltchinskii et al. (2011). In this paper, we investigate
an alternative biclustering structural assumption for the matrix completion problem, which
was first proposed by John Hartigan (Hartigan, 1972). Note that a biclustering structure

Main contributions In this paper, we propose a unified estimation procedure for partially observed data matrix generated from model (1) – (3). We establish high probability
upper bounds for the mean squared errors of the resulting estimators. In addition, we
show that these upper bounds are minimax rate-optimal in both the continuous case and
the binary case by providing matching minimax lower bounds. Furthermore, SBM can be
viewed as a special case of the symmetric version of (1). Thus, an immediate application of
our results is the network completion problem for SBMs. With partially observed network
edges, our method gives a rate-optimal estimator for the probability matrix of the whole
network in both the dense and the sparse regimes, which further leads to rate-optimal
graphon estimation in both regimes.

To model the biclustering structure, we focus on the case where there are k1 row clusters and
k2 column clusters, and the values of {θij } are taken as constant if the rows and the columns
belong to the same clusters. The goal is then to recover the signal matrix θ ∈ Rn1 ×n2 from
the observations (3). To accomodate most interesting cases, especially the case of undirected
networks, we shall also consider the case where the data matrix X is symmetric with zero
diagonals. In such cases, we also require Xij = Xji and Eij = Eji for all i 6= j.

Our final observations are

Ω = {(i, j) : Eij = 1}.

where for any positive integer m, we let [m] = {1, . . . , m}. Here, for each (i, j), θij = E[Xij ]
and ij is an independent piece of mean zero sub-Gaussian noise. Moreover, we allow entries
to be missing completely at random (Rubin, 1976). Thus, let Eij be i.i.d. Bernoulli random
variables with success probability p ∈ (0, 1] indicating whether the (i, j)th entry is observed,
and define the set of observed entries

Xij = θij + ij ,

the graph adjacency matrix, then the mean adjacency matrix, where each off-diagonal entry
equals the probability of an edge connecting the nodes represented by the corresponding
row and column, also has a biclustering structure.
The goal of the present paper is to develop a theory for the estimation (and completion
when there are missing entries) of matrices with biclustering structures. To this end, we
propose to consider the following general model
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In a range of important data analytic scenarios, we encounter matrices with biclustering
structures. For instance, in gene expression studies, one can organize the rows of a data
matrix to correspond to individual cancer patients and the columns to transcripts. Then the
patients are expected to form groups according to different cancer subtypes and the genes
are also expected to exhibit clustering effect according to the different pathways they belong
to. Therefore, after appropriate reordering of the rows and the columns, the data matrix is
expected to have a biclustering structure contaminated by noises (Lee et al., 2010). Here, the
observed gene expression levels are real numbers. In a different context, such a biclustering
structure can also be present in network data. For example, stochastic block model (SBM
for short) (Holland et al., 1983) is a popular model for exchangeable networks. In SBMs,
the graph nodes are partitioned into k disjoint communities and the probability that any
pair of nodes are connected is determined entirely by the community memberships of the
nodes. Consequently, if one rearranges the nodes from the same communities together in

1. Introduction

Keywords: Biclustering, graphon, matrix completion, missing data, stochastic block
models, sparse network

Biclustering structures in data matrices were first formalized in a seminal paper by John
Hartigan (Hartigan, 1972) where one seeks to cluster cases and variables simultaneously.
Such structures are also prevalent in block modeling of networks. In this paper, we develop
a theory for the estimation and completion of matrices with biclustering structures, where
the data is a partially observed and noise contaminated matrix with a certain underlying
biclustering structure. In particular, we show that a constrained least squares estimator
achieves minimax rate-optimal performance in several of the most important scenarios. To
this end, we derive unified high probability upper bounds for all sub-Gaussian data and
also provide matching minimax lower bounds in both Gaussian and binary cases. Due to
the close connection of graphon to stochastic block models, an immediate consequence of
our general results is a minimax rate-optimal estimator for sparse graphons.
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automatically implies low-rankness. However, if one applies a low rank matrix completion algorithm directly in the current setting, the resulting estimator suffers an inferior
error bound to the minimax rate-optimal one. Thus, a full exploitation of the biclustering
structure is necessary, which is the focus of the current paper.
The results of our paper also imply rate-optimal estimation for sparse graphons. Previous results on graphon estimation include Airoldi et al. (2013); Wolfe and Olhede (2013);
Olhede and Wolfe (2014); Borgs et al. (2015); Choi (2015) and the references therein. The
minimax rates for dense graphon estimation were derived by Gao et al. (2015a). During the
time when this paper was written, we became aware of an independent result on optimal
sparse graphon estimation by Klopp et al. (2015).
There are also an interesting line of works on biclustering (Flynn and Perry, 2012; Rohe
et al., 2012; Choi and Wolfe, 2014). While these papers aim to recover the clustering
structures of rows and columns, the goal of the current paper is to estimate the underlying
mean matrix with optimal rates.
Organization After a brief introduction to notation, the rest of the paper is organized
as follows. In Section 2, we introduce the precise formulation of the problem and propose a
constrained least squares estimator for the mean matrix θ. In Section 3, we show that the
proposed estimator leads to minimax optimal performance for both Gaussian and binary
data. Section 4 presents some extensions of our results to sparse graphon estimation and
adaptation. Implementation and simulation results are given in Section 5. In Section 6, we
discuss the key points of the paper and propose some open problems for future research.
The proofs of the main results are laid out in Section 7, with some auxiliary results deferred
to the appendix.

ij

2 and
Aij

Notation For a vector z ∈ [k]n , define the set z −1 (a) = {i ∈ [n] : z(i) = a} for a ∈ [k].
For a set S, |S| denotes its cardinality and 1S denotes the indicator function.qFor a matrix
P

A = (Aij ) ∈ Rn1 ×n2 , the `2 norm and `∞ norm are defined by kAk =

2
(i,j)∈Ω Aij .

Given two numbers a, b ∈ R, we use a ∨ b = max(a, b) and

kAk∞ = maxij |Aij |, respectively. The inner product for two matrices A andPB is hA, Bi =
P
Aij Bij . Given a subset Ω ∈ [n1 ] × [n2 ], we use the notation hA, BiΩ = (i,j)∈Ω Aij Bij
qP
ij

and kAkΩ =

a ∧ b = min(a, b). The floor function bac is the largest integer no greater than a, and
the ceiling function dae is the smallest integer no less than a. For two positive sequences
{an }, {bn }, an . bn means an ≤ Cbn for some constant C > 0 independent of n, and
an  bn means an . bn and bn . an . The symbols P and E denote generic probability and
expectation operators whose distribution is determined from the context.

2. Constrained least squares estimation

2 σ 2 /2

,

for all i ∈ [n1 ], j ∈ [n2 ] and λ ∈ R.

JMLR 17(161):1-29

(4)

Recall the generative model defined in (1) and also the definition of the set Ω in (2) of the
observed entries. As we have mentioned, throughout the paper, we assume that the ij ’s
are independent sub-Gaussian noises with sub-Gaussianity parameter uniformly bounded
from above by σ > 0. More precisely, we assume
Eeλij ≤ eλ

3
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We consider two types of biclustering structures. One is rectangular and asymmetric,
where we assume that the mean matrix belongs to the following parameter space
n
Θk1 k2 (M ) = θ = (θij ) ∈ Rn1 ×n2
(5)

: θij = Qz1 (i)z2 (j) , z1 ∈ [k1 ]n1 , z2 ∈ [k2 ]n2 ,
o
Q ∈ [−M, M ]k1 ×k2 .

(6)

In other words, the mean values within each bicluster is homogenous, i.e., θij = Qab if the
ith row belongs to the ath row cluster and the jth column belong to the bth column cluster.
The other type of structures we consider is the square and symmetric case. In this case, we
impose symmetry requirement on the data generating process, i.e., n1 = n2 = n and

Xij = Xji , Eij = Eji , for all i 6= j.

Since the case is mainly motivated by undirected network data where there is no edge
linking any node to itself, we also assume Xii = 0 for all i ∈ [n]. Finally, the mean matrix
is assumed to belong to the following parameter space
n
Θks (M ) = θ = (θij ) ∈ Rn×n
(7)

: θii = 0, θij = θji = Qz(i)z(j) for i > j, z ∈ [k]n ,
o
Q = QT ∈ [−M, M ]k×k .



2
min kθk2 − hX, θiΩ .
θ∈Θ
p

(8)

We proceed by assuming that we know the parameter space Θ which can be either
Θk1 k2 (M ) or Θks (M ) and the rate p of an independent entry being observed. The issues of
adaptation to unknown numbers of clusters and unknown observation rate p are addressed
later in Section 4.1 and Section 4.2. Given Θ and p, we propose to estimate θ by the
following program

If we define

(9)

(10)

Yij = Xij Eij /p,

then (8) is equivalent to the following constrained least squares problem

θ∈Θ

min kY − θk2 ,

and hence the name of our estimator. When the data is binary, Θ = Θks (1) and p = 1, the
problem specializes to estimating the mean adjacency matrix in stochastic block models,
and the estimator defined as the solution to (10) reduces to the least squares estimator in
Gao et al. (2015a).

3. Main results
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In this section, we provide theoretical justifications of the constrained least squares estimator
defined as the solution to (10). Our first result is the following universal high probability
upper bounds.

4

M 2 ∨ σ2
(k1 k2 + n1 log k1 + n2 log k2 ) ,
p

iid

Specializing Theorem 1 to Gaussian random variables, we obtain

σ2
(k1 k2 + n1 log k1 + n2 log k2 ) ,
p

5
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probability distribution of the model Xij ∼ N (θij , σ 2 ) with observation rate p.

ind

We now present a rate matching lower bound in the Gaussian model to show that the
result of Corollary 2 is minimax optimal. To this end, we use P(θ,σ2 ,p) to indicate the


σ2 2
kθ̂ − θk2 ≤ C
k + n log k ,
p

with probability at least 1 − exp −C 0 k 2 + n log k uniformly over θ ∈ Θsk (M ).

with probability at least 1−exp (−C 0 (k1 k2 + n1 log k1 + n2 log k2 )) uniformly over θ ∈ Θk1 k2 (M ).
For the symmetric parameter space Θsk (M ), the bound is simplified to

kθ̂ − θk2 ≤ C

Corollary 2. Assume ij ∼ N (0, σ 2 ) and M ≤ C1 σ for some constant C1 > 0. For any
constant C 0 > 0, there exists some constant C only depending on C1 and C 0 such that

The Gaussian case
the following result.

When (M 2 ∨ σ 2 ) is bounded, the rate in Theorem 1 is (k1 k2 + n1 log k1 + n2 log k2 ) /p
which can be decomposed into two parts. The part involving k1 k2 reflects the number
of parameters in the biclustering structure, while the part involving (n1 log k1 + n2 log k2 )
results from the complexity of estimating the clustering structures of rows and columns. It
is the price one needs to pay for not knowing the clustering information. In contrast, the
minimax rate for matrix completion under low rank assumption would be (n1 ∨ n2 )(k1 ∧
k2 )/p (Koltchinskii et al., 2011; Ma and Wu, 2015), since without any other constraint the
biclustering assumption implies that the rank of the mean matrix θ is at most k1 ∧ k2 .
Therefore, we have (k1 k2 + n1 log k1 + n2 log k2 ) /p  (n1 ∨ n2 )(k1 ∧ k2 )/p as long as both
n1 ∨ n2 and k1 ∧ k2 tend to infinity. Thus, by fully exploiting the biclustering structure, we
obtain a better convergence rate than only using the low rank assumption.
In the rest of this section, we discuss two most representative cases, namely the Gaussian
case and the symmetric Bernoulli case. The latter case is also known in the literature as
stochastic block models.

with probability at least 1−exp (−C 0 (k1 k2 + n1 log k1 + n2 log k2 )) uniformly over θ ∈ Θk1 k2 (M )
and all error distributions satisfying (4). For the symmetric parameter space Θsk (M ), the
bound is simplified to

M 2 ∨ σ2 2
kθ̂ − θk2 ≤ C
k + n log k ,
p

with probability at least 1−exp −C 0 k 2 + n log k uniformly over θ ∈ Θsk (M ) and all error
distributions satisfying (4).

kθ̂ − θk2 ≤ C

Theorem 1. For any global optimizer of (10) and any constant C 0 > 0, there exists a
constant C > 0 only depending on C 0 such that
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sup



k1 k2
n1 n2

+

log k1
n2

+

log k2
n1



. M 2 . There exist some constants C, c >



σ2
P(θ,σ2 ,p) kθ̂ − θk2 > C (k1 k2 + n1 log k1 + n2 log k2 ) > c,
p
(M )

σ2
p




σ2 2
P(θ,σ2 ,p) kθ̂ − θk2 > C
> c.
k + n log k
p
θ∈Θsk (M )

sup

sup P(θ,p)
for some constants C, c > 0.

θ̂ θ∈Θ+ (ρ)
k

inf

kθ̂ − θk > C

2

6
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!!

ρ k 2 + n log k
2 2
∧ρ n
> c,
p

Theorem 5. For stochastic block models, we have

When ρ = p = 1, Corollary 4 implies Theorem 2.1 in Gao et al. (2015a). A rate matching
lower bound is given by the following theorem. We denote the probability distribution of a
stochastic block model with mean matrix θ ∈ Θ+
k (ρ) and observation rate p by P(θ,p) .

Corollary 4. Consider the optimization problem (10) with Θ = Θsk (ρ). For any global
optimizer θ̂ and any constant C 0 > 0, there exists a constant C > 0 only depending on C 0
such that

ρ
kθ̂ − θk2 ≤ C k 2 + n log k ,
p

with probability at least 1 − exp −C 0 k 2 + n log k uniformly over θ ∈ Θsk (ρ) ⊃ Θ+
k (ρ).

s
By the definition in (7), Θ+
k (ρ) ⊂ Θk (ρ).
Although the tail probability of Bernoulli random variables does not satisfy the subGaussian assumption (4), a slightly modification of the proof of Theorem 1 leads to the
following result. The proof of Corollary 4 will be given in Section A in the appendix.

The symmetric Bernoulli case When the observed matrix is symmetric with zero
diagonal and Bernoulli random variables as its super-diagonal entries, it can be viewed
as the adjacency matrix of an undirected network and the problem of estimating its mean
matrix with missing data can be viewed as a network completion problem. Given a partially
observed Bernoulli adjacency matrix {Xij }(i,j)∈Ω , one can predict the unobserved edges
by estimating the whole mean matrix θ. Also, we assume that each edge is observed
independently with probability p.
Given a symmetric adjacency matrix X = X T ∈ {0, 1}n×n with zero diagonals, the
stochastic block model (Holland et al., 1983) assumes {Xij }i>j are independent Bernoulli
random variables with mean θij = Qz(i)z(j) ∈ [0, 1] with some matrix Q ∈ [0, 1]k×k and some
label vector z ∈ [k]n . In other words, the probability that there is an edge between the ith
and the jth nodes only depends on their community labels z(i) and z(j). The following
class then includes all possible mean matrices of stochastic block models with n nodes and
k clusters and with edge probabilities uniformly bounded by ρ:
n
o
n×n
Θ+
: θii = 0, θij = θji = Qz(i)z(j) , Q = QT ∈ [0, ρ]k×k , z ∈ [k]n . (11)
k (ρ) = θ ∈ [0, 1]

θ̂

inf

when log k1  log k2 , and

θ̂ θ∈Θk1 k2

inf

Theorem 3. Assume
0, such that

Gao, Lu, Ma and Zhou

ρ(k2 +n log k)
.
p

2

the rate becomes

It is achieved by the constrained least squares estimator

k2 +n log k
,
pn2
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∧ ρ2 n2 

The lower bound is the minimum of two terms. When ρ ≥

ρ(k2 +n log k)
p
log k
according to Corollary 4. When ρ < k +n
, the rate is dominated by ρ2 n2 . In this case,
pn2
a trivial zero estimator achieves the minimax rate.
In the case of p = 1, a comparable result has been found independently by Klopp et al.
(2015). However, our result here is more general as it accommodates missing observations.
Moreover, the general upper bounds in Theorem 1 even hold for networks with weighted
edges.

4. Extensions
In this section, we extends the estimation procedure and the theory in Sections 2 and 3
toward three directions: adaptation to unknown observation rate, adaptation to unknown
model parameters, and sparse graphon estimation.

n1 n2

Pn1 Pn2
i=1
j=1 Eij

4.1 Adaptation to unknown observation rate

p̂ =

1≤i<j≤n Eij
1
2 n(n − 1)

P

(14)

(13)

(12)

The estimator (10) depends on the knowledge of the observation rate p. When p is not too
small, such a knowledge is not necessary for achieving the desired rates. Define

for the asymmetric and
p̂ =
for the symmetric case, and redefine
Yij = Xij Eij /p̂

where the actual definition of p̂ is chosen between (12) and (13) depending on whether one
is dealing with the asymmetric or symmetric parameter space. Then we have the following
result for the solution to (10) with Y redefined by (14).
[log(n1 + n2 )]2
.
k1 k2 + n1 log k1 + n2 log k2

Theorem 6. For Θ = Θk1 k2 (M ), suppose for some absolute constant C1 > 0,
p ≥ C1

Let θ̂ be the solution to (10) with Y defined as in (14). Then for any constant C 0 > 0, there
exists a constant C > 0 only depending on C 0 and C1 such that

0

M 2 ∨ σ2
kθ̂ − θk2 ≤ C
(k1 k2 + n1 log k1 + n2 log k2 ) ,
p
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with probability at least 1 − (n1 n2 )−C uniformly over θ ∈ Θ and all error distributions
satisfying (4).
For Θ = Θks (M ), the same result holds if we replace n1 and n2 with n and k1 and k2
with k in the foregoing statement.
7
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4.2 Adaptation to unknown model parameters

c

c

. Similarly, we can also

2
kθ̂k∆1 k2 M − Y ∆ k∆
c,

c

θ̂k∆1 k2 M = argmin kY ∆ − θk2 .

θ∈Θk1 k2 (M )

We now provide an adaptive procedure for estimating θ without assuming the knowledge
of the model parameters k1 , k2 and M . The procedure can be regarded as a variation of a
2-fold cross validation (Wold, 1978). We give details on the procedure for the asymmetric
parameter spaces Θk1 k2 (M ), and that for the symmetric parameter spaces Θks (M ) can be
obtained similarly.
To adapt to k1 , k2 and M , we split the data into two halves. Namely, sample i.i.d. Tij
from Bernoulli( 21 ). Define ∆ = {(i, j) ∈ [n1 ] × n2 : Tij = 1}. Define Yij∆ = 2Xij Eij Tij /p
c
and Yij∆ = 2Xij Eij (1 − Tij )/p for all (i, j) ∈ [n1 ] × [n2 ]. Then, for some given (k1 , k2 , M ),
c
the least squares estimators using Y ∆ and Y ∆ are given by
θ∈Θk1 k2 (M )

(k1 ,k2 ,M )∈[n1 ]×[n2 ]×M

1 2 M̂

o
: h ∈ [(n1 + n2 )6 ] , and define θ̂∆ = θ̂k̂∆ k̂

(k̂1 , k̂2 , M̂ ) =
h
n1 +n2

argmin

θ̂k∆1 k2 M = argmin kY ∆ − θk2 ,

n

Select the parameters by

c

where M =
define θ̂∆

by validate the parameters using Y ∆ . The final estimator is given by
( c
∆
θ̂ij
,
(i, j) ∈ ∆;
∆,
θ̂ij
(i, j) ∈ ∆c .
θ̂ij =

p

0

Theorem 7. Assume (n1 + n2 )−1 ≤ M ≤ (n1 + n2 )5 − (n1 + n2 )−1 . For any constant
C 0 > 0, there exists a constant C > 0 only depending on C 0 such that


log(n1 + n2 )
k1 k2 + n1 log k1 + n2 log k2 +
,
M 2 ∨ σ2
kθ̂ − θk2 ≤ C
p

with probability at least 1 − exp (−C 0 (k1 k2 + n1 log k1 + n2 log k2 )) − (n1 n2 )−C uniformly
over θ ∈ Θk1 k2 (M ) and all error distributions satisfying (4).

Compared with Theorem 1, the rate given by Theorem 7 has an extra p−1 log(n1 + n2 )
1 +n2 )
term. A sufficient condition for this extra term to be inconsequential is p & log(n
n1 ∧n2 .
Theorem 7 is adaptive for all (k1 , k2 ) ∈ [n1 ] × [n2 ] and for (n1 + n2 )−1 ≤ M ≤ (n1 + n2 )5 −
(n1 + n2 )−1 . In fact, by choosing a larger M, we can extend the adaptive region for M to
(n1 + n2 )−a ≤ M ≤ (n1 + n2 )b for arbitrary constants a, b > 0.
4.3 Sparse graphon estimation

Xij |(ξi , ξj ) ∼ Bernoulli(θij ),

(15)
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where θij = f (ξi , ξj ).

Consider a random graph with adjacency matrix {Xij } ∈ {0, 1}n×n , whose sampling procedure is determined by
(ξ1 , ..., ξn ) ∼ Pξ ,

8

1

i,j∈[n]

Corollary 8. Consider the optimization problem (10) where Yij = Xij and Θ =

+ n log n)) uniformly over f ∈ Fα (ρ, L) and Pξ .

log n
n )

9
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times a sparsity index of the network. When α ≥ 1, the rate becomes ρ(n
+

ρ log n
,
which
does
not
depend
on
the
smoothness
α.
Corollary
8
extends
Theorem
2.3
n
of Gao et al. (2015a) to the case ρ < 1. In Wolfe and Olhede (2013), the graphon f
is defined in a different way. Namely, they considered the setting where (ξ1 , ..., ξn ) are
i.i.d. Unif[0, 1] random variables under Pξ . Then, the adjacency matrix is generated with

2α
− α+1

Corollary 8 implies an interesting phase transition phenomenon. When α ∈ (0, 1),
2α
2α
the rate becomes ρ(n− α+1 + logn n )  ρn− α+1 , which is the typical nonparametric rate

with probability at least 1 − exp(−C 0 (n

1
α+1

with k = dn 1+α∧1 e and M = ρ. Given any global optimizer θ̂ of (10), we estimate f by
fˆ(ξi , ξj ) = θ̂ij . Then, for any constant C 0 > 0, there exists a constant C > 0 only depending
on C 0 and L such that


2
2α
1 X ˆ
log n
− α+1
f
(ξ
,
ξ
)
−
f
(ξ
,
ξ
)
≤
Cρ
n
+
,
i
j
i
j
n2
n

Θsk (M )

where L > 0 is the radius of the class, which is assumed to be a constant. As argued in
Gao et al. (2015a), it is sufficient to approximate a graphon with Hölder smoothness by a
piecewise constant function. In the random graph setting, a piecewise constant function is
the stochastic block model. Therefore, we can use the estimator defined by (10). Using
Corollary 4, a direct bias-variance tradeoff argument leads to the following result. An
independent finding of the same result is also made by Klopp et al. (2015).

where D = {(x, y) ∈ [0, 1]2 : x ≥ y}. Then, the sparse graphon class with Hölder smoothness
α is defined by
√
Fα (ρ, L) = {0 ≤ f ≤ ρ : kf kHα ≤ L ρ, f (x, y) = f (y, x) for all x ∈ D} ,

||f ||Hα

|∇jk f (x, y) − ∇jk f (x0 , y 0 )|
= max sup |∇jk f (x, y)| + max
sup
,
j+k≤bαc x,y∈D
j+k=bαc (x,y)6=(x0 ,y 0 )∈D
||(x − x0 , y − y 0 )||α−bαc

and we adopt the convention ∇00 f (x, y) = f (x, y). The Hölder norm is defined as

n

Bernoulli random variables having means θij = ρf (ξi , ξj ) for a nonparametric graphon f
R1R1
satisfying 0 0 f (x, y)dxdy = 1. For this setting, with appropriate smoothness assumption,
2α
we can estimate f by fˆ(ξi , ξj ) = θ̂ij /ρ. The rate of convergence would be ρ−1 (n− α+1 + log n ).

For i ∈ [n], Xii = θii = 0. Conditioning on (ξ1 , ..., ξn ), Xij = Xji is independent across
i > j. The function f on [0, 1]2 , which is assumed to be symmetric, is called a graphon.
The concept of graphon is originated from graph limit theory (Hoover, 1979; Lovász and
Szegedy, 2006; Diaconis and Janson, 2007; Lovász, 2012) and the studies of exchangeable
arrays (Aldous, 1981; Kallenberg, 1989). It is the underlying nonparametric object that
generates the random graph. Statistical estimation of graphon has been considered by Wolfe
and Olhede (2013); Olhede and Wolfe (2014); Gao et al. (2015a,b); Lu and Zhou (2015) for
dense networks. Using Corollary 4, we present a result for sparse graphon estimation.
Let us start with specifying the function class of graphons. Define the derivative operator
by
∂ j+k
∇jk f (x, y) =
f (x, y),
(∂x)j (∂y)k

0

L(Q, z1 , z2 ),

argmin L(Q, z1 , z2 );
Q∈[l,u]k1 ×k2

10
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Thus, each iteration will reduce the value of the objective function. It is worth noting that
Algorithm 1 can be viewed as a two-way extension for the ordinary k-means algorithm.
Since the objective function is non-convex, one cannot guarantee convergence to global
optimum. We initialize the algorithm via a spectral clustering step using multiple random
starting points, which worked well on simulated datasets we present below.
Now we present some numerical results to demonstrate the accuracy of the error rate
behavior suggested by Theorem 1 on simulated data.

z2 ∈[k2 ]n2

z2 = argmin L(Q, z1 , z2 ).

z1 ∈[k1 ]n1

z1 = argmin L(Q, z1 , z2 );

Q=

For biclustering, we set l = −M and u = M . For SBM, we set l = 0 and u = ρ. We do not
impose symmetry for SBM to gain computational convenience without losing much statistical accuracy. The simple form of L(Q, z1 , z2 ) indicates that we can iteratively optimize
over (Q, z1 , z2 ) with explicit formulas. This motivates the following algorithm.
The iteration steps (16), (17) and (18) of Algorithm 1 can be equivalently expressed as

(i,j)∈[n1 ]×[n2 ]

where l and u are the lower and upper constraints of the parameters and
X
L(Q, z1 , z2 ) =
(Yij − Qz1 (i)z2 (j) )2 .

z1 ∈[k1 ]n1 ,z2 ∈[k2 ]n2 ,Q∈[l,u]k1 ×k2

min

To introduce an algorithm solving (8) or (10), we write (10) in an alternative way,

5. Numerical Studies

with probability at least 1 − n−C uniformly over f ∈ Fα (ρ, L) and Pξ .

i,j∈[n]

Corollary 9. Assume ρ ≥ n−1 . Consider the adaptive estimator θ̂ introduced in Theorem
7, and we set fˆ(ξi , ξj ) = θ̂ij . Then, for any constant C 0 > 0, there exists a constant C > 0
only depending on C 0 and L such that


2
2α
1 X ˆ
log n
,
f (ξi , ξj ) − f (ξi , ξj ) ≤ Cρ n− α+1 +
2
n
n

Using the result of Theorem 7, we present an adaptive version for Corollary 8. The
estimator we consider is a symmetric version of the one introduced in Section 4.2. The only
difference is that we choose the set M as {m/n : m ∈ [n + 1]}. The estimator is fully data
driven in the sense that it does not depend on α or ρ.
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1

n2
X
a∈[k1 ] j=1

X

i∈z1−1 (a)

X

j∈z2−1 (b)

Yij .

(Qz1 (i)b − Aij )2 .

(Qaz2 (j) − Aij )2 .

n1
X
i=1

(16)

(17)

(18)
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Bernoulli case.
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Our theoretical result indicates the rate of recovery is
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n



for the root mean squared error (RMSE) n1 kθ̂ − θk. When k is not too large, the dominating
q
ρ log k
term is
pn . We are going to confirm this rate by simulation. We first generate our
data from SBM with the number of blocks k ∈ {2, 4, 8, 16}. The observation rate p = 0.5.
For every fixed k, we use four different Q = 0.51k 1kT + 0.1tIk with t = 1, 2, 3, 4 and generate
the community labels z uniformly on [k]. Then we calculate the error n1 kθ̂ − θk. Panel (a)
of Figure 1 shows the error versus the sample size n. In Panel (b), we rescale the x-axis to
q
pn
N = log
k . The curves for different k align well with each other and the error decreases

200

at the rate of 1/N . This confirms our theoretical results in Theorem 1.

0

(a)

sample size n

mse

12
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(k1 , k2 ) align fairly well and the error decreases roughly at the rate of 1/N .

Gaussian case. We simulate data with Gaussian noise under four different settings of
k1 and k2 . For each (k1 , k2 ) ∈ {(4, 4), (4, 8), (8, 8), (8, 12)}, the entries of matrix Q are
independently and uniformly generated from {1, 2, 3, 4, 5}. The cluster labels z1 and z2 are
uniform on [k1 ] and [k2 ] respectively. After generating Q, z1 and z2 , we add an N (0, 1)
noise to the data and observe Xij with probability p = 0.1. For each number of rows n1 , we
set the number of columns as n2 = n1 log k1 / log k2 . Panel
(a) of Figure 2 shows the error
q
pn1
versus n1 . In Panel (b), we rescale the x-axis by N = log
k2 . Again, the plots for different

Figure 1: Plots of n1 kθ̂ − θk when using our algorithm on SBM. Each curve corresponds to
a different sample size n with a fixed k. (a) Plots of error against
pthe raw sample
size n. (b) Plots of the same error against rescaled sample size pn/ log k.

mse

Matrix Completion with Biclustering Structures

Qab =
|z1−1 (a)||z2−1 (b)|

[n1 ],

Update z2 : for each j ∈ [n2 ],

z1 (i) = argmin

If Qab > u, let Qab = u. If Qab < l, let Qab = l.
Update
for each i ∈
z1 :

Algorithm 1: A Biclustering Algorithm
Input : {Xij }(i,j)∈Ω , the numbers of column and row clusters (k1 , k2 ), lower and
upper constraints (l, u) and the number of random starting points m.
Output: An n1 × n2 matrix θ̂ with θ̂ij = Qz1 (i)z2 (j) .
Preprocessing: Let Xij = 0 for (i, j) 6∈ Ω, p̂ = |Ω|/(n1 n2 ) and Y = X/p̂.
1 Initialization Step
Apply singular value decomposition and obtain Y = U DV T .
Run k-means algorithm on the first k1 columns of U with m random starting
points to get z1 .
Run k-means algorithm on the first k2 columns of V with m random starting
points to get z2 .
while not converge do
Update Q: for each (a, b) ∈ [k1 ] × [k2 ],

2

3

4

b∈[k2 ]

z2 (j) = argmin

11
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The effect of constraints. The optimization (10) and Algorithm 1 involves the constraint Q ∈ [l, u]k1 ×k2 . It is curious whether this constraint really helps reduce the error or

Table 1: Errors of the adaptive procedure versus the oracle.

rescaled sample size
√
(k=4) adaptive mse
√
oracle mse
√
(k=6) adaptive mse
√
oracle mse

Adaptation to unknown parameters. We use the 2-fold cross validation procedure
proposed in Section 4.2 to adaptively choose the unknown number of clusters k and the
sparsity level ρ. We use the setting of sparse SBM with the number of block k ∈ {4, 6} and
Q = 0.051k 1Tk + 0.1tIk for t = 1, 2, 3, 4. When running our algorithms, we search over all
the (k, ρ) pair for k ∈ {2, 3, · · · , 8} and ρ ∈ {0.2, 0.3, 0.4, 0.5}. In Table 1, we report the
errors for different configurations of Q. The first row is the error obtained by our adaptive
procedure and the second row is the error using the true k and ρ. Consistent with our
Theorem 7, the error from the adaptive procedure is almost the same as the oracle error.

Sparse Bernoulli case. We also study recovery of sparse SBMs. We do the same simulation as the Bernoulli case except that we choose Q = 0.021k 1Tk + 0.05tIk for t = 1, 2, 3, 4.
The results are shown in Figure 3.

mse
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Relation to other structures. A natural question to investigate is whether there is similarity between the biclustering structure and the well-studied sparsity structure. The paper
Gao et al. (2015b) gives a general theory of structured estimation in linear models that
puts both sparse and biclustering structures in a unified theoretical framework. According

Difference from low-rankness. A biclustering structure is implicitly low-rank. Therefore,
we show that by exploring the stronger biclustering assumption, one can achieve better rates
of convergence in estimation and completion. The minimax rates derived in this paper
precisely characterize how much one can gain by taking advantage of this structure.

This paper studies the optimal rates of recovering a matrix with biclustering structure.
While the recent progresses in high-dimensional estimation mainly focus on sparse and low
rank structures, the study of biclustering structure does not gain much attention. This
paper fills in the gap. In what follows, we discuss some key points of the paper and some
possible future directions of research.

6. Discussion

merely an artifact of the proof. We investigate the effect of this constraint on simulated
data by comparing Algorithm 1 with its variation without the constraint for both Gaussian
case and sparse Bernoulli case. Panel (a) of Figure 4 shows the plots of sparse SBM with 8
communities. Panel (b) is the plots of Gaussian case with (k1 , k2 ) = (4, 8). For both panels,
when the rescaled sample size is small, the effect of constraint is significant, while as the
rescaled sample size increases, the performance of two estimators become similar.

Figure 3: Plots of error n1 kθ̂ − θk when using our algorithm on sparse SBM. Each curve
corresponds to a fixed k. (a) Plots of error against p
the raw sample size n. (b)
Plots of the same error against rescaled sample size pn/ρ log k.
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mse

Figure 2: Plots of error √n11 n2 kθ̂ − θk when using our algorithm on biclustering data with
gaussian noise. Each curve corresponds to a fixed
p (k1 , k2 ). (a) Plots of error
against n1 . (b) Plots of the same error against pn1 / log k2 .
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7.1 Proof of Theorem 1
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Lemma 10. For any constant C 0 > 0, there exists a constant C1 > 0 only depending on
C 0 , such that

15

with probability at least 1 − exp(−C 0 (k1 k2 + n1 log k1 + n2 log k2 )).

M 2 ∨ σ2
(k1 k2 + n1 log k1 + n2 log k2 ),
kθ̂ − θ̃k2 ≤ C1
p

for any (i, j) ∈ ẑ1−1 (a) × ẑ2−1 (b) and any (a, b) ∈ [k1 ] × [k2 ]. To facilitate the proof, we need
to following three lemmas, whose proofs are given in the supplementary material.

θ̃ij

Below, we focus on the proof for the asymmetric parameter space Θk1 k2 (M ). The result for
the symmetric parameter space Θks (M ) can be obtained by letting k1 = k2 and by taking
care of the diagonal entries. Since θ̂ ∈ Θk1 k2 (M ), there exists ẑ1 ∈ [k1 ]n1 , ẑ2 ∈ [k2 ]n2 and
Q̂ ∈ [−M, M ]k1 ×k2 such that θ̂ij = Q̂ẑ1 (i)ẑ2 (j) . For this (ẑ1 , ẑ2 ), we define a matrix θ̃ by
X

to this general theory, the k1 k2 part in the minimax rate is the complexity of parameter
estimation and the n1 log k1 + n2 log k2 part is the complexity of structure estimation.
Open problems. The optimization problem (10) is not convex, thus causing difficulty in
devising a provably optimal polynomial-time algorithm. An open question is whether there
is a convex relaxation of (10) that can be solved efficiently without losing much statistical
accuracy. Another interesting problem for future research is whether the objective function
in (10) can be extended beyond the least squares framework.

Figure 4: Constrained versus unconstrained least-squares

(b) Gaussian biclustering with (k1 , k2 ) = (4, 8)

0.05

0.10
0.00

(a) Sparse SBM with k = 8
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≤

C2

M 2 ∨ σ2
(k1 k2 + n1 log k1 + n2 log k2 ),
p

Lemma 11. For any constant C 0 > 0, there exists a constant C2 > 0 only depending on
C 0 , such that the inequality kθ̃ − θk2 ≥ C2 (M 2 ∨ σ 2 )(n1 log k1 + n2 log k2 )/p implies
s
+
*
θ̃ − θ
,Y − θ
kθ̃ − θk

with probability at least 1 − exp(−C 0 (k1 k2 + n1 log k1 + n2 log k2 )).

θ̂ − θ̃, Y − θ

E

≤ C3

M 2 ∨ σ2
(k1 k2 + n1 log k1 + n2 log k2 ),
p

Lemma 12. For any constant C 0 > 0, there exists a constant C3 > 0 only depending on
C 0 , such that
D

with probability at least 1 − exp(−C 0 (k1 k2 + n1 log k1 + n2 log k2 )).

Proof of Theorem 1. Applying union bound, the results of Lemma 10-12 hold with probability at least 1 − 3 exp (−C 0 (k1 k2 + n1 log k1 + n2 log k2 )). We consider the following two
cases.

M 2 ∨ σ2
(k1 k2 + n1 log k1 + n2 log k2 )
p

Case 1: kθ̃ − θk2 ≤ C2 (M 2 ∨ σ 2 )(k1 k2 + n1 log k1 + n2 log k2 )/p.
Then we have

kθ̂ − θk2 ≤ 2kθ̂ − θ̃k2 + 2kθ̃ − θk2 ≤ 2(C1 + C2 )
by Lemma 10.

Case 2: kθ̃ − θk2 > C2 (M 2 ∨ σ 2 )(k1 k2 + n1 log k1 + n2 log k2 )/p.
By the definition of the estimator, we have kθ̂ − Y k2 ≤ kθ − Y k2 . After rearrangement, we
have
kθ̂ − θk2

D
≤ 2 θ̂ − θ, Y
D
= 2 θ̂ − θ̃, Y

D
≤ 2 θ̂ − θ̃, Y

D
≤ 2 θ̂ − θ̃, Y

p
M 2 ∨ σ2
C1 C2 )
(k1 k2 + n1 log k1 + n2 log k2 ).
p

E
−θ
E
D
E
− θ + 2 θ̃ − θ, Y − θ
+
*
E
θ̃ − θ
,Y − θ
− θ + 2kθ̃ − θk
kθ̃ − θk
*
+
E
θ̃ − θ
,Y − θ
− θ + 2(kθ̃ − θ̂k + kθ̂ − θk)
kθ̃ − θk
p
M 2 ∨ σ2
1
C1 C2 )
(k1 k2 + n1 log k1 + n2 log k2 ) + kθ̂ − θk2 ,
p
2

≤ 2(C2 + C3 +
which leads to the bound

kθ̂ − θk2 ≤ 4(C2 + C3 +

M 2 ∨ σ2
(k1 k2 + n1 log k1 + n2 log k2 ),
p

Combining the two cases, we have
kθ̂ − θk2 ≤ C

JMLR 17(161):1-29

with probability at least 1 − 3 exp (−C 0 (k1 k2 + n1 log k1 + n2 log k2 )) for C = 4(C2 + C3 +
√
C1 C2 ) ∨ 2(C1 + C2 ).

16

−

θk2∆c

1 2 M̂

− θ̂k∆1 k2 m k∆c

− θ̂k∆1 k2 m k∆c
max

*

−θ
∆c

+

θ̂l∆1 l2 h − θ̂k∆1 k2 m
c
,Y ∆
∆
kθ̂l1 l2 h − θ̂k∆1 k2 m k∆c

θ̂k̂∆ k̂ M̂ − θ̂k∆1 k2 m
c
1 2
,Y ∆
kθ̂∆
− θ̂k∆1 k2 m k∆c
k̂1 k̂2 M̂

(l1 ,l2 )∈[n1 ]×[n2 ]

*

1

kθ̂k̂∆ k̂

c

2 M̂

c

17

− θk2∆ ≤ 3kθ̂k∆1 k2 m − θk2∆ + 8C 2 (M 2 ∨ σ 2 )

A symmetric argument leads to

1 2 M̂



− θk2∆c ≤ 3kθ̂k∆1 k2 m − θk2∆c + 8C 2 (M 2 ∨ σ 2 )

.

.

2
.
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2

2

log(n1 + n2 )
p

log(n1 + n2 )
p



log(n1 + n2 )
p



1
3
− θk2∆c ≤ kθ̂k∆1 k2 m − θk2∆c + kθ̂k̂∆ k̂ M̂ − θk2∆c + 4C 2 (M 2 ∨ σ 2 )
2
2 1 2

kθ̂k̂∆ k̂

−θ
∆c

+

Using triangle inequality and Cauchy-Schwarz

By rearranging the above inequality, we have

1 2 M̂

kθ̂k̂∆ k̂

with probability at least 1 − (n1 n2
inequality, we have

0
)−C .

By Lemma 13 and the independence structure, we have
*
+
θ̂l∆1 l2 h − θ̂k∆1 k2 m
log(n1 + n2 )
c
max
,Y ∆ − θ
≤ C(M ∨ σ)
,
p
(l1 ,l2 ,h)∈[n1 ]×[n2 ]×M
kθ̂l∆1 l2 h − θ̂k∆1 k2 m k∆c
c
∆

1 2 M̂

≤ kθ̂k∆1 k2 m − θk2∆c + 2kθ̂k̂∆ k̂

≤ kθ̂k∆1 k2 m − θk2∆c + 2kθ̂k̂∆ k̂

kθ̂k̂∆ k̂ M̂
1 2

Proof of Theorem 7. Consider the mean matrix θ that belongs to the space Θk1 k2 (M ). By
c
c
the definition of (k̂1 , k̂2 , M̂ ), we have kθ̂k̂∆ k̂ M̂ − Y ∆ k2∆c ≤ kθ̂k∆1 k2 m − Y ∆ k2∆c , where k1 and
1 2
k2 are true numbers of row and column clusters and m is chosen to be the smallest element
in M that is no smaller than M . After rearrangement, we have

for any t > 0.

i=1

Lemma 13. Let {Xi } be independent sub-Gaussian random variables with mean θi ∈
2 2
[−M, M ] and Eeλ(Xi −θi ) ≤ eλ σ /2 . Let {Ei } be independent Bernoulli random variables
with mean p. Assume {Xi } and {Ei } are all independent. Then for |λ| ≤ p/(M ∨ σ) and
Yi = Xi Ei /p, we have
2
2 2
Eeλ(Yi −θi ) ≤ 2e(M +2σ )λ /p .
Pn 2
Moreover, for i=1 ci = 1,
( n
)



X
pt2
pt
P
ci (Yi − θi ) ≥ t ≤ 4 exp − min
(19)
,
4(M 2 + 2σ 2 ) 2(M ∨ σ)kck∞

We first present a lemma for the tail behavior of sum of independent products of subGaussian and Bernoulli random variables. Its proof is given in the supplementary material.

7.2 Proof of Theorem 7
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.

c



log(n1 + n2 )
p

2

2

.
2

(20)

log(n1 +n2 )
.
n1 n2

0

For any C 0 > 0, there is some constant C > 0 such

C3

M 2 ∨ σ2
(k1 k2 + n1 log k1 + n2 log k2 ) + kθ̂ − θ̃kkY − Yk,
p

ξ,ξ 0 ∈T

dKL (T ) = sup D(Pξ ||Pξ0 ),
18

ξ,ξ 0 ∈T
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dχ2 (T ) = sup χ2 (Pξ ||Pξ0 ).

Proposition 16. Let (Ξ, `) be a metric space and {Pξ : ξ ∈ Ξ} be a collection of probability
measures. For any totally bounded T ⊂ Ξ, define the Kullback-Leibler diameter and the
chi-squared diameter of T by

This section gives proofs of the minimax lower bounds. We first introduce some notation.
For
any probability
measures P, Q, define the Kullback–Leibler divergence
by D(P||Q) =

R  dP 
R
dP
log dQ
dP. The chi-squared divergence is defined by χ2 (P||Q) =
dQ dP − 1. The
main tool we will use is the following proposition.

7.4 Proofs of Theorem 3 and Theorem 5

Proof of Theorem 6. The proof is similar to that of Theorem 1. We only need to replace
Lemma 10-12 by Lemma 14 and Lemma 15 to get the desired result.

respectively.

and

M 2 ∨ σ2
(k1 k2 + n1 log k1 + n2 log k2 ) + kY − Yk,
p

M 2 ∨ σ2
(k1 k2 + n1 log k1 + n2 log k2 ) + 2kY − Yk2 ,
p
C2

s

C1

Lemma 15. The inequalities in Lemma 10-12 continue to hold with bounds

with probability at least 1 − (n1 n2 )−C .


 log(n1 + n2 )
kY − Yk2 ≤ C M 2 + σ 2 log(n1 + n2 )
,
p2

Lemma 14. Assume p &
that

Recall the augmented data Yij = Xij Eij /p. Define Yij = Xij Eij /p̂. Let us give two lemmas
to facilitate the proof.

7.3 Proof of Theorem 6

Using Theorem 1 to bound kθ̂k∆1 k2 m − θk2 and kθ̂k∆1 k2 m − θk2 can be bounded by C m p∨σ (k1 k2 +

n1 log k1 + n2 log k2 ). Given that m = M 1 + m−M
≤ 2M by the choice of m, the proof
M
is complete.

c

kθ̂ − θk2 ≤ 3kθ̂k∆1 k2 m − θk2 + 3kθ̂k∆1 k2 m − θk2 + 16C 2 (M 2 ∨ σ 2 )

Summing up the above two inequalities, we have
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2
d

KL (T ) + log 2
ˆ
≥1−
inf sup Pξ `2 ξ(X),
ξ ≥
,
4
log M(, T, `)
ξ̂ ξ∈Ξ
s
 


2
dχ2 (T )

1
ˆ
ξ ≥
≥1−
inf sup Pξ `2 ξ(X),
−
,
4
M(, T, `)
M(, T, `)
ξ̂ ξ∈Ξ
(21)
(22)

for any  > 0, where the packing number M(, T, `) is the largest number of points in T that
are at least  away from each other.
The inequality (21) is the classical Fano’s inequality. The version we present here is by
Yu (1997). The inequality (22) is a generalization of the classical Fano’s inequality by using
chi-squared divergence instead of KL divergence. It is due to Guntuboyina (2011).
The following proposition bounds the KL divergence and the chi-squared divergence for
both Gaussian and Bernoulli models.

8p
kθ − θ0 k2
ρ



− 1.


p

χ2 P(θ,σ2 ,p) ||P(θ0 ,σ2 ,p) ≤ exp 2 kθ − θ0 k2 − 1.
σ

Proposition 17. For the Gaussian model, we have

p
D P(θ,σ2 ,p) ||P(θ0 ,σ2 ,p) ≤ 2 kθ − θ0 k2 ,
2σ


χ2 P(θ,p) ||P(θ0 ,p) ≤ exp

For the Bernoulli model with any θ, θ0 ∈ [ρ/2, 3ρ/4]n1 ×n2 , we have

 8p
D P(θ,p) ||P(θ0 ,p) ≤
kθ − θ0 k2 ,
ρ

for any i 6= j ∈ [N ],

(24)

(23)

Finally, we need the following Varshamov–Gilbert bound. The version we present here
is due to (Massart, 2007, Lemma 4.7).

d
,
4

Lemma 18. There exists a subset {ω1 , ..., ωN } ⊂ {0, 1}d such that
H(ωi , ωj ) , kωi − ωj k2 ≥
for some N ≥ exp (d/8).

σ 2 k1 k2
ωab .
pn1 n2

Proof of Theorem 3. We focus on the proof for the asymmetric parameter space Θk1 k2 (M ).
The result for the symmetric parameter space Θks (M ) can be obtained by letting k1 = k2 and
by taking care of the diagonal entries. Let us assume n1 /k1 and n2 /k2 are integers without
loss of generality. We first derive the lower bound for the nonparametric rate σ 2 k1 k2 /p. Let
us fix the labels by z1 (i) = dik1 /n1 e and z2 (j) = djk2 /n2 e. For any ω ∈ {0, 1}k1 ×k2 , define
s
ω
Qab
=c
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By Lemma 18, there exists some T ⊂ {0, 1}k1 k2 such that |T | ≥ exp(k1 k2 /8) and H(ω, ω 0 ) ≥
k1 k2 /4 for any ω, ω ∈ T and ω 6= ω 0 . We construct the subspace
n
o
Θ(z1 , z2 , T ) = θ ∈ Rn1 ×n2 : θij = Qzω1 (i)z2 (j) , ω ∈ T .
19

θ,θ0 ∈Θ(z1 ,z2 ,T )

sup

By Proposition 17, we have

q

2
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χ2 P(θ,σ2 ,p) ||P(θ0 ,σ2 ,p) ≤ exp c2 k1 k2 .

≥ exp(k1 k2 /8). Using (22) with an appropriate

c2 σ 2
c2 σ 2
H(ω, ω 0 ) ≥
k1 k2 .
p
4p



c2 σ 2
4p k1 k2 , Θ(z1 , z2 , T ), k·k

kθ − θ0 k2 ≥

For any two different θ and θ0 in Θ(z1 , z2 , T ) associated with ω, ω 0 ∈ T , we have

Therefore, M

σ 2 n2 log k2
ωa .
pn1 n2

(25)

c, we have obtained the rate σp k1 k2 in the lower bound.
Now let us derive the clustering rate σ 2 n2 log k2 /p. Let us pick ω1 , ..., ωk2 ∈ {0, 1}k1
such that H(ωa , ωb ) ≥ k41 for all a 6= b. By Lemma 18, this is possible when exp(k1 /8) ≥ k2 .
Then, define
s
Q∗a = c


D P(θ,σ2 ,p) ||P(θ0 ,σ2 ,p) ≤ c2 n2 log k2 .

Define z1 by z1 (i) = dik1 /n1 e. Fix Q and z1 and we are gong to let z2 vary. Select a set
Z2 ⊂ [k2 ]n2 such that |Z2 | ≥ exp(Cn2 log k2 ) and H(z2 , z20 ) ≥ n62 for any z2 , z20 ∈ Zk and
z 6= z 0 . The existence of such Z2 is proved by Gao et al. (2015a). Then, the subspace we
2
2
consider is

Θ(z1 , Z2 , Q) = θ ∈ Rn1 ×n2 : θij = Qz1 (i)z2 (j) , z2 ∈ Z2 .
By Proposition 17, we have

sup
θ,θ0 ∈Θ(z1 ,Z2 ,Q)
n2
X

j=1

2

c2 σ 2 n2 log k2 n1
c2 σ 2 n2 log k2
≥
.
pn1 n2
4
24p

≥ exp(Cn2 log k2 ). Using (21) with some

σ 2 n2 log k2
.
p

c2 σ 2 n2 log k2
, Θ(z1 , Z2 , Q), k·k
24p



0
kθ∗z2 (j) − θ∗z
k2 ≥ H(z2 , z20 )
2 (j)

For any two different θ and θ0 in Θ(z1 , Z2 , Q) associated with z2 , z20 ∈ Z2 , we have

q

kθ − θ0 k2 =
Therefore, M

appropriate c, we obtain the lower bound

A symmetric argument gives the rate σ n1plog k1 . Combining the three parts using the
same argument in Gao et al. (2015a), the proof is complete.

1
ω
Qab
= ρ+
2

s
!
ρk 2 1
∧ ρ ωab
pn2 2

c

s
!
ρ log k 1
∧ ρ ωa .
pn
2

c

Proof of Theorem 5. The proof is similar to that of Theorem 3. The only differences are
(24) replaced by

and (25) replaced by
1
Q∗a = ρ +
2
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It is easy to check that the constructed subspaces are subsets of Θk+ (ρ). Then, a symmetric
modification of the proof of Theorem 3 leads to the desired conclusion.

20

Then

Ee

λT 2

0

Z

1

eλτ

2n

P |S| >

r

!

21

log u
λ

P |T | >

du = 1 + 4

∞

1

Z

r
eλτ

2n

log u
λ
u

du

du.
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−p/(4λ(M 2 +2σ 2 ))

!


√
pt2
npt
,
.
4(M 2 + 2σ 2 ) 2(M ∨ σ)

1

Z
 2

P eλT > u du ≤ 1 +

Z

∞





P |S| > t ≤ 4 exp − min

= 1+

=

Proof. By (19),

P
Lemma 20. Under the setting of Lemma 13, define S = √1n ni=1 (Yi − θi ) and τ = 2(M 2 +
2σ 2 )/(M ∨ σ). Then we have the following results:
√
2
2
2
a. Let T = S1{|S| ≤ τ n}, then EepT /(8(M +2σ )) ≤ 5;
√
√
2
2
b. Let R = τ n|S|1{|S| > τ n}, then EepR/(8(M +2σ )) ≤ 9.

for all a ∈ [k1 ], b ∈ [k2 ].

Proposition 19. For the estimator θ̂ij = Q̂ẑ1 (i)ẑ2 (j) , we have

Q̂ab = sign(Ȳab (ẑ)) |Ȳab (ẑ)| ∧ M ,

for all a ∈ [k1 ], b ∈ [k2 ]. To facilitate the proof, we need the following two results.

(i,j)∈z1 (a)×z2 (b)

For a matrix G ∈ Rn1 ×n2 and some z = (z1 , z2 ) ∈ Zk1 k2 , define
X
1
Ḡab (z) = −1
Gij ,
|z1 (a)||z2−1 (b)|
−1
−1

In this section, we give proofs of Lemma 10-14. We first introduce some notation. Define
the set
Zk1 k2 = {z = (z1 , z2 ) : z1 ∈ [k1 ]n1 , z2 ∈ [k2 ]n2 }.

Appendix A. Proofs of auxiliary results
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The result of Corollary 8 can be derived through a standard bias-variance trade-off argument
by combining Corollary 4 and Lemma 2.1 in Gao et al. (2015a). The result of Corollary 9
follows Theorem 7. By studying the proof of Theorem 7, (20) holds for all k. Choosing the
best k to trade-off bias and variance gives the result of Corollary 9. We omit the details
here.

7.5 Proofs of Corollary 8 and Corollary 9
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2 +2σ 2 ))

≤ 9.

if Ȳab (ẑ) ≥ M ;
if − M ≤ Ȳab (ẑ) < M ;
if Ȳab (ẑ) < −M

a∈[k1 ],b∈[k2 ]

X





2
|W̄ab (z)| ∧ τ

|W̄ab (ẑ)| ∧ τ
z1−1 (a) z2−1 (b)

ẑ1−1 (a) ẑ2−1 (b)

Then,
z∈Zk1 k2

kθ̂ − θ̃k2 ≤ max

22

a∈[k1 ],b∈[k2 ]

X


2
Vab
(z) + Rab (z) .

Rab (z) = n1 (a)n2 (b)τ |W̄ab (z)|1{|W̄ab (z)| > τ }.

z∈Zk1 k2

max

a∈[k1 ],b∈[k2 ]

X

2

.
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(27)

For any a ∈ [k1 ], b ∈ [k2 ] and z1 ∈ [k1 ]n1 , z2 ∈ [k2 ]n2 , define n1 (a) = z1−1 (a) , n2 (b) =
z2−1 (b) and
p
Vab (z) = n1 (a)n2 (b)|W̄ab (z)|1{|W̄ab (z)| ≤ τ },

≤

kθ̂ − θ̃k2 ≤

where ẑ = (ẑ1 , ẑ2 ) and τ is defined in Lemma 20. Then

|θ̂ij − θ̃ij | ≤ |W̄ab (ẑ)| ∧ 2M ≤ |W̄ab (ẑ)| ∧ τ,

for any (i, j) ∈ ẑ1−1 (a) × ẑ2−1 (b). Define W = Y − θ, and it is easy to check that



M − θ̄ab (ẑ),
θ̂ij − θ̃ij = Ȳab (ẑ) − θ̄ab (ẑ),


−M − θ̄ab (ẑ),

Proof of Lemma 10. By the definitions of θ̂ij and θ̃ij and Proposition 19, we have

Choosing λ = p/(8(M 2 + 2σ 2 )), we get EepR/(8(M

(26)

≤ 5. We proceed to prove the

eλτ 2 n

2 /(8(M 2 +2σ 2 ))

EeλR = P(R = 0) + P(R > 0)E[eλR |R > 0]
Z ∞
= P(R = 0) + P(R > 0)
P(eλR > u|R > 0)du
0
Z ∞
P(eλR > u, R > 0)du
= P(R = 0) +
0
Z ∞
2
≤ P(R = 0) + P(R > 0)eλτ n +
P(eλR > u)du
eλτ 2 n
Z ∞
√
2
2
2
2
P(e nλτ |S| > u)du
≤ 1 + 4e−pτ n/(4(M +2σ ))+λτ n +
2
eλτ n
Z ∞
−pτ 2 n/(4(M 2 +3σ 2 ))+λτ 2 n
+4
u−p/(2λτ (M ∨σ)) du
= 1 + 4e

Choosing λ = p/(8(M 2 + 2σ 2 )), we get EepT
second claim.
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X


≤ exp −


≤ exp −

2 +2σ 2 ))

Y

a∈[k1 ],b∈[k2 ]

Y

2

epVab (z)/(8(M

2 +2σ 2 ))

2 +2σ 2 ))

epRab (z)/(8(M


pt
+ k1 k2 log 5 ,
8(M 2 + 2σ 2 )

2 +2σ 2 ))

a∈[k1 ],b∈[k2 ]


pt
+ k1 k2 log 9 ,
8(M 2 + 2σ 2 )

Rab (z) > t ≤ e−pt/(8(M



2
Vab
(z) > t ≤ e−pt/(8(M
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a∈[k1 ],b∈[k2 ]

P


X

By Markov’s inequality and Lemma 20, we have



and
P
a∈[k1 ],b∈[k2 ]

X

a∈[k1 ],b∈[k2 ]

p

2 ∨σ 2

(28)

(k1 k2 + n1 log k1 + n2 log k2 ) for some

Applying union bound and using the fact that log |[k1 ]n | + log |[k2 ]n2 | = n1 log k1 + n2 log k2 ,




pt
2
+ k1 k2 log 5 + n1 log k1 + n2 log k2 .
Vab
(z) > t ≤ exp −
8(M 2 + 2σ 2 )

P  max
z∈Zk1 k2

X

a∈[k1 ],b∈[k2 ]

M 2 ∨ σ2
2
(k1 k2 + n1 log k1 + n2 log k2 )
Vab
(z) ≤ C1
p

For any given constant C 0 > 0, we choose t = C1 M
sufficiently large C1 > 0 to obtain
max

z∈Zk1 k2

X

a∈[k1 ],b∈[k2 ]

Rab (z) ≤ C2

M 2 ∨ σ2
(k1 k2 + n1 log k1 + n2 log k2 )
p

(29)

with probability at least 1 − exp (−C 0 (k1 k2 + n1 log k1 + n2 log k2 )). Similarly, for some
sufficiently large C2 > 0, we have
max

z∈Zk1 k2

θ̄ab (ẑ)1{(i, j) ∈ ẑ1−1 (a) × ẑ2−1 (b)} − θij

with probability at least 1 − exp (−C 0 (k1 k2 + n1 log k1 + n2 log k2 )). Plugging (28) and (29)
into (27), we complete the proof.
Proof of Lemma 11. Note that
X
θ̃ij − θij =

a∈[k1 ],b∈[k2 ]

is a function of ẑ1 and ẑ2 . Then we have
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X
X
θ̃
ij − θij
qP
(Yij − θij ) ≤ max
γij (z)(Yij − θij ) ,
z∈Zk1 k2
2
ij
ij (θ̃ij − θij )
ij

23

where
γij (z) ∝

X

θ̄ab (z)1{(i, j) ∈ z1 −1 (a) × z2 −1 (b)} − θij
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a∈[k1 ],b∈[k2 ]

2M
≤
kθ̃ − θk

X

P

ij





γij (z)(Yij − θij ) > t

γij (z)(Yij − θij ) > t



X

4M 2 p
.
C2 (M 2 ∨ σ 2 )(k1 k2 + n1 log k1 + n2 log k2 )

P
satisfies ij γij (z)2 = 1. Consider the event kθ̃ − θk2 ≥ C2 (M 2 ∨ σ 2 )(k1 k2 + n1 log k1 +
n2 log k2 )/p for some C2 to be specified later, we have
s
|γij (z)| ≤

P  max

ij

z1 ∈[k1 ]n1 ,z2 ∈[k2 ]n2

X

z∈Zk1 k2

By Lemma 13 and union bound, we have

≤


≤ exp −C 0 (k1 k2 + n1 log k1 + n2 log k2 ) ,
p
by setting t = C2 (M 2 ∨ σ 2 )(k1 k2 + n1 log k1 + n2 log k2 )/p for some sufficiently large C2
depending on C 0 . Thus, the lemma is proved.

max

z∈Zk1 k2







sign(Ȳab (z)) |Ȳab (z)| ∧ M − θ̄ab (z) W̄ab (z)|z1−1 (a)||z2−1 (b)| .



sign(Ȳab (ẑ)) |Ȳab (ẑ)| ∧ M − θ̄ab (ẑ) W̄ab (ẑ)|ẑ1−1 (a)||ẑ2−1 (b)|
X

a∈[k1 ],b∈[k2 ]

a∈[k1 ],b∈[k2 ]

X

Proof of Lemma 12. By definition,
D
E
θ̂ − θ̃, Y − θ
=

≤

By definition, we have



sign(Ȳab (z)) |Ȳab (z)| ∧ M − θ̄ab (z) W̄ab (z) ≤ |W̄ab (z)|2 ∧ τ |W̄ab (z)|.

E

z∈Zk1 k2

≤ max




X

a∈[k1 ],b∈[k2 ]



2
Vab
(z) +

X

a∈[k1 ],b∈[k2 ]



Rab (z) .


n1 , z ∈ [k ]n2 , define n (a) = |z −1 (a)| for a ∈ [k ], n (b) = |z −1 (b)| for
For any fixed z1 ∈ [k1 ]p
2
2
1
1
2
1
1
b ∈ [k2 ] and Vab (z) = n1 (a)n2 (b)|W̄ab (z)|1{|W̄ab (z)| ≤ τ }, Rab (z) = τ n1 (a)n2 (b)|W̄ab (z)|1{|W̄ab (z)| >
τ }. Then

D

θ̂ − θ̃, Y − θ
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Following the same argument in the proof of Lemma 10, a choice of t = C3 (M 2 ∨ σ 2 )(k1 k2 +
n1 log k1 + n2 log k2 )/p for some sufficiently large C3 > 0 will complete the proof.

24

+ (1 − p)Ee

−λθi

≤ 2e(M

2 +2σ 2 )λ2 /p

.

≤ 2 + (2M 2 + 4σ 2 )λ2 /p

≤ 2 + (2M 2 + σ 2 )λ2 /p + λ2 σ 2 /p + 2λ2 σ 2 /p

+ (1 − p)e−λθi
≤ pe



1−p
2(1 − p)2 2 2
λ2 σ 2
+ (1 − p)(1 − λθi + 2λ2 θi2 )
≤ p 1+
λθi +
λ
θ
1
+
i
p
p2
p2
2(1 − p)θi2 + σ 2 2 1 − p 3 2 2(1 − p)2 4 2 2
≤ 1+
λ + 2 λ θi σ +
λ σ θi + 2(1 − p)λ2 θi2
p
p
p3
≤ 2 + (2M 2 + σ 2 )λ2 /p + λ3 θi σ 2 /p2 + 2λ4 σ 2 θi2 /p3

λ2 σ 2
λθi
+ 1−p
p
2p2

= pEe

λ(X/p−θi )

n

pt

2(M 2 +2σ 2 )

o
p
, (M ∨σ)||c||
, we get (19).
∞

√
√
i=1 (Yi − θi ), T = S1{|S| ≤ 3ρ n} and R = 3ρ n1{|S| >

Pn

ij

X
Eij .

25

|p̂−1 − p−1 | ≤ |p̂−1 − p−1 |

|p̂ − p| |p̂ − p|
+
,
p
p2
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Therefore, it is sufficient to bound the three terms. For the first term, we have

i,j

kY − Yk2 ≤ (p̂−1 − p−1 )2 max Xij2

Proof of Lemma 14. By the definitions of Y and Y, we have

for any t > 0. Let S = √1n
√
2
3ρ n}. Following the same arguments as in the proof of Lemma 20, we have EepT /(8ρ) ≤ 5
and EepR/(8ρ) ≤ 9. Consequently, Lemma 10, Lemma 11 and Lemma 12 hold for the
Bernoulli case. Then the rest of the proof follows from the proof of Theorem 1.

i=1

Proof of Corollary 4. For independent Bernoulli random variables Xi ∼ Ber(θi ) with θi ∈
[0, ρ] for i ∈ [n]. Let Yi = Xi Ei /p, where {Ei } are indenpendent Bernoulli random variables
and {Ei } and {Xi } are independent. Note that EYi = pi , EYi2 ≤ ρ/p and |Yi | ≤ 1/p. Then
Bernstein’s inequality (Massart, 2007, Corollary 2.10) implies
(
)


 2 √
n
1 X
pt 3 npt
P √
,
(30)
(Yi − θi ) ≥ t ≤ 2 exp − min
4ρ
4
n

By choosing λ = min

i=1

The second inequality is due to the fact that ex ≤ 1 + 2x for all x ≥ 0 and ex ≤ 1 + x + 2x2
for all |x| ≤ 1. Then for |λ|(M ∨ σ)kck∞ ≤ p, Markov inequality implies
!


n
X
λ2
P
ci (Yi − θi ) ≥ t ≤ 2 exp −λt + (M 2 + 2σ 2 ) .
p

Ee

λ(Yi −θi )

Proof of Lemma 13. When |λ| ≤ p/(M ∨ σ), |λθi /p| ≤ 1 and λ2 σ 2 /p2 ≤ 1. Then
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log(n1 + n2 )
.
p 3 n1 n2

0

log(n1 +n2 )
.
n1 n2

D

θ̂ − θ̃, Y − θ

E

≤

D

θ̂ − θ̃, Y − θ

E

+ kθ̂ − θ̃kkY − Yk,

Combining

ab

X

Thus, the proof is complete.

kθ̂ − θ̌k2 ≤

26
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|ẑ −1 (a)||ẑ −1 (b)|(Ȳab (ẑ) − Ȳab (ẑ))2 ≤ kY − Yk2 .

Since kθ̌ − θ̃k can be bounded by the exact argument in the proof of Lemma 10, it is
sufficient to bound kθ̂ − θ̌k2 . By Jensen inequality,

kθ̂ − θ̃k2 ≤ 2kθ̂ − θ̌k2 + 2kθ̌ − θ̃k2 .

followed by the original proofs of Lemma 11 and Lemma 12. To prove the first
 bound, we
introduce the notation θ̌ij = Q̌ẑ1 (i)ẑ2 (j) with Q̌ab = sign(Ȳab (ẑ)) |Ȳab (ẑ)| ∧ M . Recall the
definition of Q̂ in Proposition 19 with Y replaced by Y. Then, we have

and

Proof of Lemma 15. For the second and the third bounds, we use
+
*
+
*
θ̃ − θ
θ̃ − θ
,Y − θ ≤
, Y − θ + kY − Y k,
kθ̃ − θk
kθ̃ − θk

0

with probability at least 1−(n1 n2 )−C under the assumption that p &
the three bounds, we have obtained the desired conclusion.

ij

with probability at least 1−(n1 n2 )−C . Finally, using Bernstein’s inequality again, the third
term is bounded as


s
X
p log(n1 + n2 ) 

Eij ≤ C3 n1 n2 p +
≤ C30 n1 n2 p,
n1 n2

i,j

The second term can be bounded by a union bound with the sub-Gaussian tail assumption
of each Xij . That is,
max Xij2 ≤ C2 (M 2 + σ 2 log(n1 + n2 )),

(p̂−1 − p−1 )2 ≤ C1

Plugging the bound into (31), we get

0

(31)

1 +n2 )
with probability at least 1 − (n1 n2 )−C
Bernstein’s inequality implies |p̂ − p|2 ≤ C p log(n
n1 n2



|p̂ − p| −1 |p̂ − p|
1−
.
p
p2

log(n1 +n2 )
.
n1 n2

|p̂−1 − p−1 | ≤
under the assumption that p &

which leads to

Gao, Lu, Ma and Zhou

Gao, Lu, Ma and Zhou

R. Keshavan, A. Montanari, and S. Oh. Matrix completion from noisy entries. In Advances
in Neural Information Processing Systems, pages 952–960, 2009.

Matrix Completion with Biclustering Structures

E. M. Airoldi, T. B. Costa, and S. H. Chan. Stochastic blockmodel approximation of a
graphon: Theory and consistent estimation. In Advances in Neural Information Processing Systems, pages 692–700, 2013.

R. Keshavan, A. Montanari, and S. Oh. Matrix completion from a few entries. Information
Theory, IEEE Transactions on, 56(6):2980–2998, 2010.

O. Kallenberg. On the representation theorem for exchangeable arrays. Journal of Multivariate Analysis, 30(1):137–154, 1989.

D. J. Aldous. Representations for partially exchangeable arrays of random variables. Journal
of Multivariate Analysis, 11(4):581–598, 1981.

O. Klopp, A. B. Tsybakov, and N. Verzelen. Oracle inequalities for network models and
sparse graphon estimation. arXiv preprint arXiv:1507.04118, 2015.

References

C. Borgs, J. T. Chayes, H. Cohn, and S. Ganguly. Consistent nonparametric estimation for
heavy-tailed sparse graphs. arXiv preprint arXiv:1508.06675, 2015.

V. Koltchinskii, K. Lounici, and A. B. Tsybakov. Nuclear-norm penalization and optimal
rates for noisy low-rank matrix completion. The Annals of Statistics, 39(5):2302–2329,
2011.

B. Recht, M. Fazel, and P. A. Parrilo. Guaranteed minimum-rank solutions of linear matrix
equations via nuclear norm minimization. SIAM Review, 52(3):471–501, 2010.

B. Recht. A simpler approach to matrix completion. The Journal of Machine Learning
Research, 12:3413–3430, 2011.

S. C. Olhede and P. J. Wolfe. Network histograms and universality of blockmodel approximation. Proceedings of the National Academy of Sciences, 111(41):14722–14727, 2014.

P. Massart. Concentration Inequalities and Model Selection, volume 1896. Springer, 2007.

Z. Ma and Y. Wu. Volume ratio, sparsity, and minimaxity under unitarily invariant norms.
Information Theory, IEEE Transactions on, 61(12):6939–6956, 2015.

Y. Lu and H. H. Zhou. Minimax rates for estimating matrix products. Preprint, Yale
University, 2015.

L. Lovász and B. Szegedy. Limits of dense graph sequences. Journal of Combinatorial
Theory, Series B, 96(6):933–957, 2006.

L. Lovász. Large Networks and Graph Limits, volume 60. American Mathematical Society,
2012.

M. Lee, H. Shen, J. Z. Huang, and J. S. Marron. Biclustering via sparse singular value
decomposition. Biometrics, 66(4):1087–1095, 2010.

J.-F. Cai, E. J. Candès, and Z. Shen. A singular value thresholding algorithm for matrix
completion. SIAM Journal on Optimization, 20(4):1956–1982, 2010.
E. J. Candes and Y. Plan. Matrix completion with noise. Proceedings of the IEEE, 98(6):
925–936, 2010.
E. J. Candès and B. Recht. Exact matrix completion via convex optimization. Foundations
of Computational Mathematics, 9(6):717–772, 2009.
E. J. Candès and T. Tao. The power of convex relaxation: Near-optimal matrix completion.
Information Theory, IEEE Transactions on, 56(5):2053–2080, 2010.
D. Choi. Co-clustering of nonsmooth graphons. arXiv preprint arXiv:1507.06352, 2015.
D. Choi and P. J. Wolfe. Co-clustering separately exchangeable network data. The Annals
of Statistics, 42(1):29–63, 2014.
P. Diaconis and S. Janson. Graph limits and exchangeable random graphs. arXiv preprint
arXiv:0712.2749, 2007.
C. J. Flynn and P. O. Perry. Consistent biclustering. arXiv preprint arXiv:1206.6927, 2012.
C. Gao, Y. Lu, and H. H. Zhou. Rate-optimal graphon estimation. The Annals of Statistics,
43(6):2624–2652, 2015a.
C. Gao, A. W. van der Vaart, and H. H. Zhou. A general framework for bayes structured
linear models. arXiv preprint arXiv:1506.02174, 2015b.

K. Rohe, T. Qin, and B. Yu. Co-clustering for directed graphs: the stochastic co-blockmodel
and spectral algorithm di-sim. arXiv preprint arXiv:1204.2296, 2012.

D. B. Rubin. Inference and missing data. Biometrika, 63(3):581–592, 1976.

A. Guntuboyina. Lower bounds for the minimax risk using f -divergences, and applications.
Information Theory, IEEE Transactions on, 57(4):2386–2399, 2011.
J. A. Hartigan. Direct clustering of a data matrix. Journal of the American Statistical
Association, 67(337):123–129, 1972.

S. Wold. Cross-validatory estimation of the number of components in factor and principal
components models. Technometrics, 20(4):397–405, 1978.

JMLR 17(161):1-29

arXiv preprint

P. W. Holland, K. B. Laskey, and S. Leinhardt. Stochastic blockmodels: First steps. Social
Networks, 5(2):109–137, 1983.

28

Nonparametric graphon estimation.

P. J. Wolfe and S. C. Olhede.
arXiv:1309.5936, 2013.
JMLR 17(161):1-29

D. N. Hoover. Relations on probability spaces and arrays of random variables. Preprint,
Institute for Advanced Study, Princeton, NJ, 2, 1979.
27

29

JMLR 17(161):1-29

B. Yu. Assouad, Fano, and Le Cam. In Festschrift for Lucien Le Cam, pages 423–435.
Springer, 1997.

Matrix Completion with Biclustering Structures

Abstract

jerryzhu@cs.wisc.edu

ji.liu.uwisc@gmail.com

c 2016 Ji Liu and Xiaojin Zhu.

JMLR 17(162):1-25

Consider integers x ∈ {1 . . . 10} and threshold classifiers hθ on them, so that hθ (x)
returns -1 if x < θ and 1 if x ≥ θ. Now let the hypothesis space H consist of eleven classifiers
H = {hθ | θ ∈ {1 . . . 11}}. Let the learner be a version-space learner, namely it maintains a
version space {hθ ∈ H | hθ consistent with the training set}. Equivalently, the learner is a
0-1 loss empirical risk minimizer (ERM) which finds all models with zero training error. If
we want to teach a target model (in this paper we use hypothesis and model exchangeably),
say h9 , to such a learner, we can construct a training set that results in a singleton version
space {h9 }. It is easy to see that the training set D = {(x1 = 8, y1 = −1), (x2 = 9, y2 = 1)}
is the smallest set for this purpose. We say that the teaching dimension of h9 with respect

Consider a teacher who knows both a target model and the learning algorithm used by a
machine learner. The teacher wants to teach the target model to the learner by constructing
a training set. The training set does not need to contain independent and identically
distributed items drawn from some distribution. Furthermore, the teacher can construct
any item in the input space. How many training items are needed? This is the question
addressed by the teaching dimension (Goldman and Kearns, 1995; Shinohara and Miyano,
1991). We give the precise definition in section 2, but first illustrate the intuition with an
example.

1. Introduction

Keywords: Optimization based learner, Karush-Kuhn-Tucker conditions, VC-dimension

Teaching dimension is a learning theoretic quantity that specifies the minimum training set
size to teach a target model to a learner. Previous studies on teaching dimension focused
on version-space learners which maintain all hypotheses consistent with the training data,
and cannot be applied to modern machine learners which select a specific hypothesis via
optimization. This paper presents the first known teaching dimension for ridge regression,
support vector machines, and logistic regression. We also exhibit optimal training sets that
match these teaching dimensions. Our approach generalizes to other linear learners.
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}
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θ
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Table 1: The teaching dimension of ridge regression, SVM, and logistic regression. (†: up
to rounding effect, see section 3.3).

1

exact parameter
decision boundary

ridge

Here, we identify H with Rd , h with θ , the surrogate loss function ` is either smooth or
convex in the first argument, λ > 0 is the regularization coefficient,
and A is a positive
√
semidefinite matrix. k · kA is the Mahalanobis norm: kθθ kA := θ > Aθθ . This covers both
homogeneous (e.g. A = I) and inhomogeneous (e.g. A = [I, 0; 0, I]) learners. We follow
the convention in optimization when we use the capitalized Argmin to emphasize that it
returns a set that achieves the minimum. The teacher can construct a training set with
any items in Rd . The alternative pool-based teaching setting, where the teacher is given a
finite pool of candidate training items and must select items from that pool, is not studied
in this paper. By linear learners we mean the input x and the parameter θ interact only
via their inner product x>θ . Linear learners include SVMs, logistic regression, and linear
regression. Our analysis technique involves a novel application of the Karush-Kuhn-Tucker
(KKT) conditions.

Aopt (D) := Argminθ ∈Rd

to H is T D(h9 ) = |D| = 2. Similarly, T D(h11 ) = 1 because D = {(x1 = 10, y1 = −1)}
suffices. In fact, T D(h∗θ ) = 1 for target model θ∗ = 1 or 11, and 2 for θ∗ = 2, 3, . . . , 10.
The astute reader may notice that this example does not apply to continuous spaces.
To see this, let us extend x ∈ R and H = {hθ | θ ∈ R}. The learner’s version space under
any linearly separable training set would now be represented by the interval between the
two closest oppositely labeled items. It is impossible for the version-space learner to pick
out a unique target model hθ∗ with a finite training set. In other words, T D(hθ∗ ) = ∞ for
all target models θ∗ . This is counterintuitive because ostensibly we can teach any one of
the “modern” machine learning algorithms such as a support vector machine (SVM) with
only two training items: D = {(x1 = θ∗ − , y1 = −1), (x2 = θ∗ + , y2 = 1)} with any  > 0.
The issue here is that a version-space learner is not equipped with the ability to pick
the max-margin (or any other specific) hypothesis from the version space. In contrast, an
SVM is not a version-space learner in our terminology; we have stronger knowledge from
optimization on how it picks a specific hypothesis from the hypothesis space. This paper will
utilize such knowledge to derive teaching dimensions that are distinct from classic teaching
dimension analysis (e.g. Doliwa et al. (2014)). Specifically, we extend teaching dimension
to linear learners that learn by regularized surrogate-loss empirical risk minimization:
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To our knowledge, this paper gives the first known values of teaching dimension for
ridge regression, SVM, and logistic regression. We summarize our main results in Table 1.
The table separately lists homogeneous (without a bias term) and inhomogeneous (with
a bias term) versions of the linear learners. The teaching goal refers to the intention of
the teacher: is teaching considered successful only when the learner learns the exact target
parameter, or when the learner learns the correct decision boundary (which can be achieved
by any positive scaling of the target parameter)? See section 3 for definition of the target
parameters θ ∗ , w∗ and the constant τmax . The target parameters are assumed to be nonzero.
We will also present the corresponding minimum teaching set construction in section 3.

2. Classic Teaching Dimension and its Limitations

(2)

Let X denote the input space and Y ⊆ R the output space. A hypothesis is a function
h : X → Y. In this section we identify a hypothesis hθ with its model parameter θ . The
hypothesis space H is a set of hypotheses. By training item we mean a pair (x, y) ∈ X × Y.
A training set is a multiset D = {(x1 , y1 ) . . . (xn , yn )} where repeated items are allowed.
Importantly, for the purpose of teaching we do not assume that D be drawn i.i.d. from
∞ (X × Y)n denote the set of all training sets of all sizes. A
a distribution. Let D = ∪n=1
learning algorithm A : D → 2H takes in a training set D ∈ D and outputs a subset of the
hypothesis space H. That is, A does not necessarily return a unique hypothesis.
Classic teaching dimension analysis is restricted to the version-space learner Avs :
Avs (D) = {h ∈ H | ∀(x, y) ∈ D, h(x) = y}.



minD∈D |D|, for D a teaching set of hθ ∗
∞,
if no teaching set exists

That is, the learner Avs keeps track of the version space consisting of all hypotheses h that
are consistent with D. Let the target model be hθ ∗ ∈ H. Teaching is successful if the
teacher identifies a training set D ∈ D such that Avs (D) = {hθ ∗ } the singleton set. Such
a D is called a teaching set of hθ ∗ with respect to H. The teaching dimension of the
hypothesis hθ ∗ is the minimum size of the teaching set:
T D(hθ ∗ ) =
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Furthermore, the teaching dimension of the whole hypothesis space H is defined by the
hardest hypothesis: T D(H) = maxh∈H T D(h). In this paper we will focus on the finegrained teaching dimension of individual hypothesis T D(h).
Classic teaching dimension analysis has several limitations: the learner is assumed to be
a version-space learner Avs , and the hypothesis space is typically finite or countably infinite.
As the example in section 1 showed, these fail to capture the teaching dimension of “modern”
machine learners which has Rd as input space and picks a unique hypothesis via regularized
empirical risk minimization (1). Furthermore, the target model can be ambiguous when the
learner is a classifier: should the learner learn the exact target parameter θ ∗ , or the target
decision boundary? In linear models any scaled parameter cθθ ∗ with c > 0 produces the
same target decision boundary. These limitations motivate us to generalize the teaching
dimension in the next section.
3

3. Main Results

Liu and Zhu

T D(h∗ , A)

To make our teaching dimension’s dependency on the learning algorithm explicit, henceforth
we write teaching dimension with two arguments as

where h∗ ∈ H is the target model, and A : D → 2H is the learning algorithm which given a
training set D ∈ D returns a set of hypotheses A(D). We define teaching dimension to be
the size of the smallest training set D such that A(D) = {h∗ }, the singleton set containing
the target model. With this notation, the classic teaching dimension is T D(h∗ , Avs ) where
Avs is the version space learning algorithm (2). In this paper we focus on Aopt in (1) instead,
namely linear learners in Rd . Linear learners include many popular members such as both
homogeneous and inhomogeneous versions of linear regression, SVM, and logistic regression.
In addition, the linear interaction between x and θ makes the loss function subgradient easy
to compute, though in principle our analysis technique is applicable to other optimizationbased learners, too. In this section our goal is to teach the exact parameter θ ∗ , consequently
our teaching dimension of interest is

T D(θθ ∗ , Aopt ).

Later in section 4 for classification we will teach the decision boundary instead.
How to reason about our teaching dimension T D(θθ ∗ , Aopt )? It is the size of the smallest
training set D with which (1) has a unique solution θ ∗ . Our strategy is to first establish a
number of lower bounds LB ≤ T D(θθ ∗ , Aopt ) by showing that any training set with which (1)
has a unique solution θ ∗ must have at least LB items. Section 3.1 is devoted to such lower
bounds. The actual teaching dimension is learner dependent. In sections 3.2 and 3.3
we construct specific teaching sets for three popular learners: ridge regression, SVM, and
logistic regression. These teaching sets uniquely returns θ ∗ via (1). By definition, the size
of these teaching sets is an upper bound on T D(θθ ∗ , Aopt ), respectively. If the lower and
upper bounds match, we would have identified the teaching dimension T D(θθ ∗ , Aopt ).

3.1 Lower Bounds on Teaching Dimension T D(θθ ∗ , Aopt )

In this section we provide three general lower bounds on the teaching dimension. These
lower bounds capture different aspects of a teaching set, and should be used in conjunction
(i.e. taking the maximum) when applicable. We will instantiate these lower bounds for
specific learners in section 3.2. In the following let X and Y be the feasible region of all
xi ’s and yi ’s respectively. We will use the notation ∂1 `(·, ·) in the following way: if `(·, ·)
is smooth, then it denotes a singleton set only containing the gradient w.r.t. the first
argument; if `(·, ·) is convex, then it denotes the subdifferential w.r.t the first argument.
LB1 comes from a degree-of-freedom perspective. It is necessary to have this amount of
training items for a unique solution to exist in (1).
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Theorem 1 Given any target model θ ∗ , there is a degree-of-freedom lower bound on the
number of training items to obtain a unique solution θ ∗ from solving (1):
(
d − Rank(A) + 1, if Aθθ ∗ 6= 0
(3)
d − Rank(A),
otherwise.
LB1 =

4

and

∗

+ δ) =

∗
x>
i θ

∗
∂1 `(x>
i θ , yi )xi .

θ∗
x>
i (θ

i=1

n
X

∀i = 1, · · · , n ,

∗

(5)

(4)

∗

i=1

* n∗
X

∗

{z

}

yi )xi + λAθθ , δ

∗

=0 due to the KKT condition (4)

|i=1

∗
∇1 `(x>
i θ ,

+

Rank(A) + Dim(Span{x1 , · · · , xn∗ }) ≥ d.

(6)

−λAθθ ∗ =

i=1

n
X

∗

gi∗ xi

5

(7)
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∗
∗
and gi∗ ∈ ∂1 `(x>
i θ , yi ) ∀i = 1, 2, · · · , n .

From n∗ ≥ Dim(span{x1 , · · · , xn∗ }), we have n∗ ≥ d − Rank(A). We proved the general
case for LB1.
If we have Aθθ ∗ 6= 0, we can further improve LB1. Let g∗ = (g1∗ , . . . , gn∗ ∗ )> be the vector
satisfying

It indicates that

Null(A) ∩ Null(Span{x1 , · · · , xn∗ }) = {0}.

Therefore, θ ∗ + δ also solves (1). However, the uniqueness of θ ∗ requires δ = 0 to be the
only value satisfying (5). This is equivalent to say

=f (θθ ∗ ).

=f (θθ ) +

∗

f (θθ + δ ) =f (θθ ) + h∇f (θθ + tδδ ), δ i (for some t ∈ [0, 1])
+
* n∗
X
∗
> ∗
∗
=f (θθ ) +
∇1 `(xi (θθ + tδδ ), yi )xi + λA(θθ + tδδ )), δ

∗

• If the loss function `(·, ·) is smooth (not necessary convex) in the first argument, we
have f (θθ ∗ ) = f (θθ ∗ +δδ ) by using the Taylor expansion (recall f is defined in equation 1):

• If the loss function `(·, ·) is convex in the first argument, the KKT condition is a
sufficient optimality condition, which means that θ ∗ + δ solves (1).

For any such δ , simple algebra verifies that θ ∗ + tδδ satisfies the KKT condition (4) for any
t ∈ [0, 1]. Consequently, θ ∗ + δ also solves the problem in (1). To see this, we consider two
situations:

∗

+ δ satisfies

A(θθ + δ ) = Aθθ

∗

We seek all δ such that

θ∗

−λAθθ ∗ ∈

≥ d − Rank(A) + 1. We completed the proof for LB1.

≥1 (from (8))

∗

i=1

n
X

1

1

1

∗
∗
A− 2 xi ∂1 `(x>
i θ , yi ) ∀i = 1, · · · , n .

(10)

1

−λA 2 θ ∗ ∈

i=1

∗

n 
X

6


1
αi A 2 θ ∗ + ui ∂1 `(αi kθθ ∗ k2A , yi )

Putting it back in (10) we obtain
(11)
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∀i = 1, · · · , n∗ .

Let us decompose A− 2 xi for all i = 1, · · · , n∗ into A− 2 xi = αi A 2 θ ∗ +ui , where ui is orthog1
1
1
2 ∗
θ ∗ +A 2 ui . Applying this decomposition,
onal to A 2 θ ∗ : u>
i A θ = 0. Equivalently xi = αi Aθ
we have
1
∗
∗
2
θ ∗ k2A + u>
θ ∗ k2A .
x>
i θ = αi kθ
i A θ = αi kθ

1

−λA 2 θ ∗ ∈

1

Proof When A has full rank we have an equivalent expression for the KKT condition (4):

Theorem 2 Given any target model θ ∗ , there is a strength-of-regularization lower bound
on the required number of training items to obtain a unique solution θ ∗ from solving (1):
 
−1 
 λ sup
, if A has full rank and θ ∗ 6= 0
α∈R,y∈Y,g∈−∂1 `(αkθθ ∗ k2A ,y) αg
LB2 =
(9)

0,
otherwise.

LB2 observes that the regularizer acts as a prior. If λ is large, more items are needed
to sway the prior toward the target θ ∗ .

We conclude that

n∗

Dim (Span{A.1 , A.2 , · · · , A.d } ∩ Span{x1 , · · · , xn∗ })
|
{z
}

≤n∗

Dim (Span{x1 , · · · , xn∗ }) −
|
{z
}

=Rank(A)

Dim (Span{A.1 , A.2 , · · · , A.d , x1 , · · · , xn∗ })

= Dim (Span{A.1 , A.2 , · · · , A.d }) +
{z
}
|

Using the fact in linear algebra

d = Dim (Span{A.1 , A.2 , · · · , A.d , x1 , · · · , xn∗ }) .

To satisfy (6), we must have

(8)

Since θ ∗ satisfies the KKT condition, such vector g∗ must exist. Applying Aθθ ∗ 6= 0 to (7),
we have g∗ 6= 0 and

Proof Let n∗ be the minimal number of training items to ensure a unique solution θ ∗ .
First consider the case n∗ = 0. It happens if and only if θ ∗ = 0 and Rank(A) = d, which is
a special case of Aθθ ∗ = 0. Clearly, this case is consistent with LB1. Next consider the case
n∗ ≥ 1. Since θ ∗ solves (1), the KKT condition holds:
Dim (Span{A.1 , A.2 , · · · , A.d } ∩ Span{x1 , · · · , xn∗ }) ≥ 1.
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1

∈ R,
∃yi

g i ui = 0

∈ Y,

1

∈

∂1 `(αi kθθ

αi gi

∃gi

∗

n
X
i=1

∗ 2
kA , yi )

−αg = n∗

i=1 αi gi .

αg

(12)

It follows that

2 ,y)
α∈R,y∈Y,g∈−∂1 `(αkθθ ∗ kA

sup

Pn∗

∀i = 1, · · · , n∗
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∃αi
∗

1

sup
2 ,y)
α∈R,y∈Y,g∈∂1 `(αkθθ ∗ kA

1

− λA 2 θ ∗ = A 2 θ ∗

i=1

n
X

Since ui is orthogonal to A 2 θ ∗ , (11) can be rewritten as

satisfying

∗

n
X
i=1

αi gi ≤ n∗

Since Aθθ ∗ 6= 0, we have A 2 θ ∗ 6= 0 and (12) is equivalent to −λ =
λ=−

A

It indicates the lower bound for n∗
'
&
λ
.
supα∈R,y∈Y,g∈−∂1 `(αkθθ∗ k2 ,y) αg
n∗ ≥

n
X

`(yi (xi> w + b)) +

λ
2
kwkA
.
2

(13)

LB1 and LB2 apply to all generalized linear learners. Due to the popularity of inhomogeneous margin-based linear learners (which include the standard form of SVM and logistic
regression), we provide a tighter lower bound LB3 for such learners in Theorem 3. For
inhomogeneous margin-based linear learners the learning algorithm Aopt solves a special
form of (1):
Aopt (D) = Argminw,b

i=1

LB3 will prove to be instrumental in computing the teaching dimension for those learners.
Following standard notation, we define θ = [w; b] where w ∈ Rd is the weight vector and
b ∈ R the bias (offset) term. Note θ ∈ Rd+1 now. The d × d regularization matrix A applies
only to w while b is not regularized. Furthermore, margin-based linear learners have loss
functions defined on the margin y(x> w + b). This loss function structure will play a key
role in obtaining LB3.

2)
α∈R,g∈−∂`(αkw∗ kA

sup

αg

!−1 


.
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(14)

Theorem 3 Assume matrix A in (13) has full rank and w∗ 6= 0. Given any target model
[w∗ ; b∗ ], there is an inhomogeneous-margin lower bound on the required number of training
items to obtain a unique solution [w∗ ; b∗ ] from solving (13):


λ
LB3 = 


7

n
X
i=1
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∂`(yi (xi> w∗ + b∗ ))yi



i=1,··· ,n

  

xi
λAw∗
+
.
1
0

b∗
∗
2 Aw , ŷi = yi
kw∗ kA

30 from (15)

0

|i=1

(15)

Proof Let D = {xi , yi }i=1,··· ,n be a teaching set for [w∗ ; b∗ ]. The following KKT condition
needs to be satisfied:
0∈

x̂i = xi +

If we construct a new training set

D̂ =

∂`(yi (xi> w∗ + b∗ ))yi

{z

30 from (15)
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1
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+ b∗ ))yi is from the bias dimension in (15). It follows that
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}

then [w∗ ; 0] satisfies the KKT condition defined on D̂. This can be verified as follows:
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which is equivalent to
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)αi A 2 w∗ .
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−∂`(αi kw∗ kA
)(αi A 2 w∗ + ui ).
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(17)

We decompose A− 2 zi = αi A 2 w∗ + ui where ui satisfies ui> A 2 w∗ = 0. Applying this
decomposition to (16), we have
1

λA 2 w∗ ∈
1

i=1

n
X

Since ui is orthogonal to A 2 w∗ , (17) implies that
1

λA 2 w∗ ∈

8

i=1

n
X

i=1

α∈R,g∈−∂`(αkw∗ k2A )

sup

−∂`(αi kw∗ k2A )αi .

−∂`(αi kw∗ k2A )αi ≤ n

λ∈

n
X

αg,

-

-

-

-

0

λkw∗ k2

0


l

m
2

λkw∗ k
τmax

0

inhomogeneous
ridge
SVM
logistic
2
2
2

(18)

i=1

n
X

max(1 − yi x>
i θ , 0) +

λ
kθθ k2 .
2

(20)

xi =

λθθ ∗
,
dλkθθ ∗ k2 e

yi = 1.

(21)

Proposition 2 Given any targetmodel θ∗ 6= 0, the following is a teaching set for homogeneous SVM (20). There are n = λkθθ ∗ k2 identical training items, each taking the form

To
 teach
 this learner one training item is in general not enough: we will show that we need
λkθθ ∗ k2 training items. In fact, we will construct such a teaching set consisting of identical
training items. It is well-known in the teaching literature that a teaching set does not need
to consist of i.i.d. samples from a distribution, and can look unusual. It is possible to
incorporate additional constraints into a teaching problem if one wants the training items
to be diverse, but we do not consider that in the present paper.

θ ∈Rd

min

Homogeneous SVM solves the problem:

Proof Substituting A by I in LB1 (3), we obtain the lower bound d − Rank(I) + 1 = 1
which matches the teaching set size in (19).

Corollary 1 The teaching dimension T D(θθ ∗ , Ahom
ridge ) = 1 for homogeneous ridge regression
and target θ ∗ 6= 0.

It is worth to note that the teaching set is inconsistent with the target model, that is,
∗
θ ∗ k2 6= y1 = λa + akθθ ∗ k2 , unless the regularization is absent λ = 0. The teacher
x>
1 θ = akθ
intentionally overshoots the target in order to precisely counter the learner’s regularizer.
This has been observed before for Bayesian learners, too (Zhu, 2013).
We encourage the reader to distinguish two senses of uniqueness. The teaching set itself
is not necessarily unique. In the construction (19), any a 6= 0 leads to a valid teaching set.
Nonetheless, any one of the teaching sets will lead to the unique solution θ ∗ in (18).

9

10
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λ
kθθ k2 .
2

(19)
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2

2
(x>
i θ − yi ) +

λ + kx1 k2
a

Proof We only need to verify that the KKT condition holds for θ ∗ . Due to the strong
convexity of (20) uniqueness is guaranteed automatically. We denote the subgradient

i=1

n
X
1

y1 =

Proof We simply verify the KKT condition to see that θ ∗ is a solution to (18) by applying
the construction in (19). The uniqueness of θ ∗ is guaranteed by the strong convexity of
(18).

where a can be any nonzero real number.

x1 = aθθ ∗ ,

Proposition 1 Given any target model θ ∗ 6= 0, the following is a teaching set for homogeneous ridge regression (18):
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We only need one training item to uniquely obtain any nonzero target model θ ∗ , as the
following construction shows.

θ ∈Rd

min

Teaching dimension is learner-dependent. We choose three learners to study their teaching dimension due to these learners’ popularity in machine learning: ridge regression, SVM,
and logistic regression. It turns out that homogeneous and inhomogeneous versions of these
learners require different analysis. We devote this section to the homogeneous version where
the regularizer matrix A = I the identity matrix, and the next section to the inhomogeneous
version. It is possible to extend our analysis to other linear learners of the form (1).
It is easy to see that if the target model θ ∗ = 0, we do not need any training data to
uniquely obtain the target model from (1). In the following, we only consider the nontrivial
case θ ∗ 6= 0.
Homogeneous ridge regression solves the following optimization problem:

Table 2: Lower bounds of teaching dimension T D(θθ ∗ , Aopt ) for homogeneous and inhomogeneous versions of ridge regression, SVM, and logistic regression.

LB3

LB2

lower bound
LB1

homogeneous
ridge
SVM
logistic
1
1
1 m
l


λkθθ ∗ k2
λkθθ ∗ k2
0
τmax

We now turn to upper bounding teaching dimension by constructing teaching sets. To prove
that we indeed have a teaching set for a target θ ∗ , we need to show that θ ∗ is a solution
of (1), and the solution is unique. The size of any such teaching set is an upper bound
on the teaching dimension. The teaching dimension itself is determined if such an upper
bound matches the corresponding lower bound. We show that this is indeed the case for our
constructed teaching sets. For the sake of reference we preview in Table 2 the instantiated
lower bounds that we will use in this section; their derivation will be shown below.

3.2 The Teaching Dimension T D(θθ ∗ , Aopt ) of Three Homogeneous Learners

we obtain LB3.

Together with

Since w∗ 6= 0 we have
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−yi xi I(yi xi>θ ∗ ) + λθθ ∗

−yi xi ∂1 max(1 − yi xi>θ ∗ , 0) + λθθ ∗

if a < 1
if a = 1 .
otherwise

where
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i=1

n
X

i=1

n
X

∂a max(1 − a, 0) = −∂1 max(1 − a, 0) = −I(a),


1,
I(a) = [0, 1],


0,
The KKT condition is

=



giving either the set [0, 1] or the value 1.



λkθθ∗ k2
λθθ∗
I
+ λθθ ∗
=−n
dλkθθ ∗ k2 e
dλkθθ ∗ k2 e


λkθθ ∗ k2
+ λθθ ∗
dλkθθ ∗ k2 e


λkθθ ∗ k2
dλkθθ ∗ k2 e

= − λθθ ∗ I
30

where the last line is due to I

(22)



hom ) = λkθ
θ ∗ k2 for homogeneous SVM
Corollary 2 The teaching dimension T D(θθ ∗ , Asvm
and target θ ∗ 6= 0.

αg =

α,g∈I(αkθθ∗ k2 )

sup

αg

α,y∈{−1,1},g∈yI(yαkθθ ∗ k2 )

sup

αg

Proof We show this number matches LB2. Let A = I, `(a, b) = max(1 − ab, 0), and
consider the denominator of (9):
sup
α∈R,y∈Y,g∈−∂1 `(αkθθ ∗ k2 ,y)

=

(23)

1
=
kθθ ∗ k2


where the first equality is due to ∂1 `(a, b) = −bI(ab). Therefore, LB2 = λkθθ ∗ k2 which
matches the construction in (21).

i=1

X
λ
log(1 + exp{−yi xi>θ }) + kθθ k2
2

n

Homogeneous logistic regression solves the problem:
min

θ ∈Rd
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where log has base e. The situation is similar to homogeneous SVM. However, due to the
negative log likelihood term we have a coefficient defined by the Lambert W function (Corless et al., 1996), which we denote by Wlam . Recall the defining equation for Lambert W
11
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function is Wlam (x)eWlam (x) = x. We further define

∗

⇔

(t∗ − 1)et

∗ −1

= 1/e

t
= Wlam (1/e) ≈ 0.2785,
τmax := max
t 1 + et
where the equality can be derived in following: The optimal t∗ satisfies
∗

1 + et = t∗ et

t
t∗
1
1
= Wlam (1/e).
=
= t∗ =
1 + et
1 + et∗
e
e · eWlam (1/e)

which suggests t∗ = Wlam (1/e) + 1. We apply the optimality condition above and the
optimal value of t∗ to obtain
t

max

t
For any value a ≤ τmax , we define τ −1 (a) as the solution to a = 1+e
t . By using the Lambert
W function τ −1 (a) can be expressed as τ −1 (a) ≡ a − Wlam (−aea ), which can be derived
from
a

t
a − Wlam (−aea )
a + aea /eWlam (−ae )
=
=
= a.
1 + et
1 + ea−Wlam (−aea )
1 + ea−Wlam (−aea )

λkθθ ∗ k2



λkθθ ∗ k2
τmax

−1

!

θ∗
,
kθθ ∗ k2

yi = 1.

(24)

Proposition 3 Given any target model θ ∗ 6= l0, the following
is a teaching set for homogem
θ ∗ k2
identical training items, each taking
neous logistic regression (23). There are n = λkθ
τmax
the form
xi = τ −1

n

Proof We first verify that θ ∗ is a solution to (23) based on the teaching set construction in
(24). We only need to verify the gradient of (23) is zero. Computing the gradient of (23),
we have



λkθθ ∗ k2
τmax

−1

θ∗
+ λθθ ∗
kθθ ∗ k2

m−1
λkθθ ∗ k2
τmax

≤ τmax and the property a =

X
−yi xi
+ λθθ ∗
1 + exp{yi xi>θ ∗ }
i=1
x
∗

 i l
=−n
m  + λθθ
θ ∗ k2 −1
1 + exp τ −1 λkθθ∗ k2 λkθ
τmax

m 
l
θ ∗ 2 −1
τ −1 λkθθ ∗ k2 λkθ k
τ
max
θ∗
∗


l ∗ 2 m−1  kθθ ∗ k2 + λθθ
θ k
1 + exp τ −1 λkθθ ∗ k2 λkθ
τmax
=−n

= − nλkθθ ∗ k2
=0,

l
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The strong convexity of (23) automatically implies uniqueness.

where the third equality uses the fact λkθθ ∗ k2
τ −1 (a)
.
−1
1+eτ (a)

12

l
λkθθ ∗ k2
τmax

m
for homogeneous logistic

l

λkθθ ∗ k2
τmax

m

.

sup

α,g=(1+exp{αkθθ ∗ k2 })−1

sup

αg

α,y∈{−1,1},g=y(1+exp{yαkθθ ∗ k2 })−1

α

= sup

α
1 + exp{αkθθ ∗ k2 }
t
=kθθ ∗ k−2 sup
t 1 + exp{t}
τmax
= ∗ 2,
kθθ k

=

αg =

αg

i=1

2

n
X
1

2
(x>
i w + b − yi ) +

λ
kwk2
2
(25)

x1 − x2 = aw∗ ,

∗
∗
y1 = x>
1w +b +

λ
,
a

λ
y2 = y1 − akw∗ k2 − 2 .
a

6= 0, any n = 2 items satisfying the following are a teaching set for a 6= 0:

y1 = b∗ .

(27)

(26)

13

∗
∗
x>
1 w + b − y1 =0.

∗
∗
∗
(x>
1 w + b − y1 )x1 + λw =0
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Proof We first prove the case for w∗ = 0. We can verify that the KKT condition is
satisfied by designing x1 and y1 as in (26):

If

w∗

x1 = 0,

Proposition 4 Given any target model [w∗ ; b∗ ], if w∗ = 0 (b∗ can be an arbitrary value),
the following is a teaching set for inhomogeneous ridge regression (25) with n = 1:

w∈Rd ,b∈R

min

Inhomogeneous learners are defined by θ = [w; b] where the weight vector w ∈ Rd and the
scalar offset b ∈ R. The offset b is not regularized. Similar to the previous section, we need
to instantiate the teaching dimension lower bounds and design the teaching sets. We show
that the size of our teaching set exactly matches the lower bound for inhomogeneous ridge
regression, and differs from the lower bound of inhomogeneous SVM and logistic regression
by at most one due to rounding. Therefore, up to rounding we also establish the teaching
dimension for these inhomogeneous learners.
Inhomogeneous ridge regression solves the problem:

3.3 The Teaching Dimension T D(θθ ∗ , Aopt ) of Three Inhomogeneous Learners

which implies LB2 =

α∈R,y∈Y,g∈−∂1 `(αkθθ ∗ k2 ,y)

sup

Proof We show that the number matches LB2. In (9) let A = I and `(a, b) = log(1 +
exp{−ab}). The denominator of LB2 is:

Corollary 3 The teaching dimension T D(θθ ∗ , Ahom
log ) =
regression and target θ ∗ 6= 0.

The Teaching Dimension of Linear Learners

i=1

n
X

max(1 − yi (x>
i w + b), 0) +

λ
kwk2 .
2

(28)

∗
∗
x>
+ w + b = 1,

14

∗
∗
x>
− w + b = −1.
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(30)

Proof Unlike in previous learners (including homogeneous SVM), we no longer have strong
convexity w.r.t. b. In order to prove that (29) is a teaching set, we need to verify the KKT
condition and verify solution uniqueness.
We first verify the KKT condition to show that the solution under (29) includes the
target model [w∗ ; b∗ ]. From (29), we have

∗
Proposition 5 Given any target model [w∗ ; b∗ ] with
l w ∗ 6=
m 0, the following is a teaching
2
set for inhomogeneous SVM (28). We need n = 2 λkw2 k training items, half of which

are identical positive items xi = x+ ,  yi = 1, ∀i ∈ 1, · · · , n2 and half identical negative
n
items xi = x− , yi = −1, ∀i ∈ 2 + 1, · · · , n . x+ and x− can be designed as any
vectors satisfying
2w∗
∗
∗
x>
x− = x+ −
.
(29)
+w = 1 − b ,
kw∗ k2

w∈Rd ,b∈R

min

Inhomogeneous SVM solves the problem:

Proof We match the lower bound LB1 in (3). Note θ ∗ = [w∗ ; b∗ ] ∈ Rd+1 , and A in
this case is a (d + 1) × (d + 1) matrix with the d × d identity matrix Id padded with one
additional row and column of zeros for the offset. Therefore Rank(A) = Rank(Id ) = d.
When w∗ = 0, Aθθ ∗ = 0 and LB1 = (d + 1) − Rank(A) = 1. When w∗ 6= 0, Aθθ ∗ 6= 0 and
LB1 = (d + 1) − Rank(A) + 1 = 2. These lower bounds match the teaching set sizes in (26)
and (27), respectively.

Corollary 4 The teaching dimension for inhomogeneous ridge regression with target θ ∗ =
∗
∗
θ ∗ , Ainh
[w∗ ; b∗ ] is T D(θθ ∗ , Ainh
ridge ) = 1 if target w = 0, or T D(θ
ridge ) = 2 if w 6= 0, regardless
of the target offset b∗ .

Similarly, the uniqueness is implied by the strong convexity of (25) when n = 2.

∗
∗
> ∗
∗
(x>
1 w + b − y1 ) + (x2 w + b − y2 ) =0.

∗
∗
> ∗
∗
∗
(x>
1 w + b − y1 )x1 + (x2 w + b − y2 )x2 + λw =0

The uniqueness of [w∗ ; b∗ ] is indicated by the strong convexity of (25) when n = 1.
We then prove the case for w∗ 6= 0. With simple algebra, we can verify the KKT
condition holds via the construction in (27):
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Applying them to the KKT condition and using the notation in (22) we obtain
 
  

n
n
x+
x−
λw∗
> ∗
∗
> ∗
∗
− I(x+
w
+
b
)
+
I(−x
+
−w − b )
1
1
0
2
2
 
  

n
n
x
x
λw∗
= − I(1) + + I(1) − +
1
1
0
2
2

 

n
x − x+
λw∗
+
⊃ I(1) −
setting the last dimension to 0
0
0
2
# 
"

− kwn∗ k2 w∗
λw∗
+
=I(1)
applying (29)
0
0

 

−λw∗
λw∗
⊇I(1)
+
observing n ≥ λkw∗ k2
0
0
30.

It proves that [w∗ ; b∗ ] solves (28) by our teaching set construction.
Next we prove uniqueness by contradiction. We use f (w, b) to denote the objective
function in (28) under the teaching set. It is easy to verify that f (w∗ , b∗ ) = λ2 kw∗ k2 .
Assume that there exists another solution [w̄; b̄] different from [w∗ ; b∗ ]. We can obtain
kw̄k2 ≤ kw∗ k2 due to
λ
λ ∗ 2
kw k = f (w∗ , b∗ ) = f (w̄, b̄) ≥ kw̄k2 .
2
2
The second equality is due to [w̄; b̄] being a solution; the inequality is due to whole-part
relationship. Therefore, there are only two possibilities for the norm of w̄: kw̄k = kw∗ k or
kw̄k = tkw∗ k for some 0 ≤ t < 1. Next we will show that both cases are impossible.
(Case 1) For the case kw̄k = kw∗ k, we have

 n

 λ
n
>
>
f (w̄, b̄) = max 1 − (x+
w̄ + b̄), 0 + max 1 + (x−
w̄ + b̄), 0 + kw̄k2
2
2 
2



=:∆+

=:∆−

n
 n

 > ∗
 > ∗
= max x+
(w − w̄) + (b∗ − b̄), 0 + max −x−
(w − w̄) − (b∗ − b̄), 0
2
2
{z
}
{z
}
|
|

λ
+ kw∗ k2
2
n
n
= max (∆+ , 0) + max (∆− , 0) + f (w∗ , b∗ ).
2
2

From f (w̄, b̄) = f (w∗ , b∗ ), it follows ∆+ ≤ 0 and ∆− ≤ 0. Since
2(w∗ )> (w∗ − w̄)
w̄> w∗
0 ≥ ∆+ + ∆− = (x+ − x− )> (w∗ − w̄) =
= 2−2 ∗ 2,
kw∗ k2
kw k
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we have w̄> w∗ ≥ kw∗ k2 . But because kw̄k = kw∗ k, we must have w̄ = w∗ . Applying this
new observation to ∆+ ≤ 0 and ∆− ≤ 0, we obtain b∗ = b̄. It means that [w∗ ; b∗ ] = [w̄; b̄],
contradicting our assumption [w∗ ; b∗ ] 6= [w̄; b̄].
15
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b̂ = tb∗ .

(32)

(31)

(Case 2) Next we turn to the case kw̄k = tkw∗ k for some t ∈ [0, 1). Recall our assumption that [w̄; b̄] solves (28). Then it follows that the following specific construction [ŵ, b̂]
solves (28) as well:

ŵ = tw∗ ,

To see this, we consider the following optimization problem:

n
n
>
>
w + b), 0) + max(1 + (x−
w + b), 0)
min L(w, b) := max(1 − (x+
2
2
s.t. kwk ≤ tkw∗ k.
w,b

"

#

[ŵ;b̂]

∩

Nkwk≤tkw∗ k (ŵ, b̂)
|
{z
}

Normal cone to the set {[w; b] : kwk ≤ tkw∗ k} at [ŵ; b̂]

6= ∅.

Since [w̄; b̄] solves (28), it is easy to see that [w̄; b̄] solves (32) too, otherwise there exists a
solution for (32) which gives a lower function value on (28). Then we can verify that [ŵ; b̂]
solves (32) as well by showing the following geometric optimality condition holds:
−

∂L(w,b)
∂w
∂L(w,b)
∂b

φ : hφ
φ, ψ − θ i ≤ 0 ∀ψ
ψ ∈ Ω}.
NΩ (θθ ) = {φ

Given a convex closed set Ω and a point θ ∈ Ω, the normal cone at point θ is defined to be
a set

−

"

∂L(w,b)
∂w
∂L(w,b)
∂b

#

[ŵ;b̂]

=

( 

s

w∗
0
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Since both [ŵ; b̂] and [w̄; b̄] solve

s≥0 .

)

#

 "
∗
nw
n x+ − x−
∗ 2
= kw k
0
2
0

The optimality condition basically suggests that at the optimal point, the negative (sub)gradient
direction overlaps with the normal cone. In other words, there does not exist any valid direction to decrease the objective at the optimal point. Readers can refer to Nocedal and
Wright (2006) or Bertsekas and Nedic (2003) for more explanations about the geometric
optimality condition.
> ŵ + b̂ = t < 1. Thus at [ŵ; b̂] the subgradient is
Because of (30) and (31), we have x+

And the normal cone is

Nkwk≤tkw∗ k (ŵ, b̂) =

n
.
kw∗ k2

λ
kŵk2 = f (w̄, b̄) = f (w∗ , b∗ ).
2

(32), we have L(ŵ, b̂) = L(w̄, b̄). Together with kŵk = kw̄k, we have

The intersection is non-empty by choosing s =

f (ŵ, b̂) = L(ŵ, b̂) +

16

n

i=1

X

n
2

i=1

2
X

n
2

max (1 − t, 0) +

i=1

X

max (1 − t, 0) +

i=1

λkw∗ k2 .

αg =

α,g∈I(αkw∗ k2 )

sup

αg =

w∈Rd ,b∈R

min

i=1

n
X

17

log(1 + exp{−yi (x>
i w + b)}) +

Inhomogeneous logistic regression solves the problem

α∈R,g∈−∂`(αkw∗ k2 )

sup

λ
kwk2 .
2
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(33)

1
kw∗ k2


where the first equality is due to ∂`(a) = −I(a). Therefore, LB3 = λkw∗ k2 which proves
the lower bound.

Proof The upper
bound
 directly follows Proposition 5. We only need to show the lower

bound LB3 = λkw∗ k2 in Theorem 3. Let A = I, `(a) = max(1 − a, 0), and consider the
denominator of (14):

Corollary 5 The teaching dimension for inhomogeneous SVM
target
θ ∗ = [w∗ ; b∗ ]
l and
m


λkw∗ k2
∗
∗
2
∗
inh
where w 6= 0 is in the interval λkw k ≤ T D(θθ , Asvm ) ≤ 2
.
2

l
m
∗ 2
Our construction of the teaching set in (29) requires n = 2 λkw2 k training items.
This is an upper bound on the teaching dimension.

 Meanwhile, we show below that the
inhomogeneous SVM lower bound is LB3 = λkw∗ k2 . There can be a difference of at most
one between the lower and upper bounds, which we call the “rounding effect.” We suspect
that this small gap is a technicality and not intrinsic. However, at present we do not have a
teaching set construction that bridges this gap. Therefore, we state the teaching dimension
as an interval in the following corollary and leave the precise value as an open question for
future research.

where the first inequality uses the fact that n ≥
It contradicts our early assertion
f (ŵ, b̂) = f (w∗ , b∗ ). Putting cases 1 and 2 together we prove uniqueness.

=n(1 − t) −

λ ∗ 2 2
kw k t
2

2

 X

 λ
∗
∗
∗
∗
∗ 2 2
max 1 − t(x>
max 1 + t(x>
+ w + b ), 0 +
− w + b ), 0 + kw k t
2

λ ∗ 2
λ
kw k (1 − t2 ) + kw∗ k2
2
2
λ
n
≥n(1 − t) − (1 − t2 ) + kw∗ k2
2
2
n
= (1 − t)2 + f (w∗ , b∗ )
2
>f (w∗ , b∗ ),

=

=

n



λkw∗ k
n


2

.

x− = x+ −

2t
w∗ ,
kw∗ k2

(34)

=0.

∗
∗
x>
− w + b = −t.

:=A

:=B
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x+ 
x 
x+ 1 + − x− 1 is positive semi-definite. We show
Note a > 0 and A =
1
1
that aA + λB is positive definite. Suppose not. Then there exists [u; v] 6= 0 such that
[u; v]> (aA + λB)[u; v] = 0. This implies [u; v]> (aA)[u; v] + λu> u = 0. Since the first term
is non-negative due to A being positive semi-definite, u = 0. But then we have 2av 2 = 0
which implies [u; v] = 0, a contradiction. Therefore uniqueness is guaranteed.

:=a

This verifies the KKT condition.
Finally we show uniqueness. The Hessian matrix of the objective function (33) under
our training set (34) is:




>
n
exp{t}
I 0
x+ x >
+ + x − x− x+ + x−
+λ
.
>
>
>
0
0
x + + x−
2
2 (1 + exp{t})2
|
{z
}|
| {z }
{z
}

We apply them and the teaching set construction to compute the gradient of (33):
 
   ∗
n
1
n
1
x+
x−
λw
−
+
+
>
>
∗
∗
∗
∗
0
2 1 + exp{x+ w + b } 1
2 1 + exp{−x− w − b } 1
 
   ∗
n
1
n
1
x+
x−
λw
=−
+
+
0
2 1 + exp{t} 1
2 1 + exp{t} 1
 ∗  ∗
n
t
λw
w
+
=−
0
kw∗ k2 1 + exp{t} 0
   ∗
n λkw∗ k2 w∗
λw
=−
+
0
0
kw∗ k2
n

∗
∗
x>
+w + b = t

Proof We first point out that for t to be well-defined the argument to τ −1 () has to be
∗ 2
∗ k2
bounded λkwn k ≤ τmax . This implies n ≥ λkw
τmax . The size of our proposed teaching set is
the smallest among all such symmetric construction that satisfy this constraint.
We verify that the KKT condition to show the construction in (34) includes the solution
[w∗ ; b∗ ]. From (34), we have

where the constant t is defined by t := τ −1

∗
∗
x>
+w = t − b ,

∗ ∗
∗
Proposition 6 To create a teaching set for target model [w
l ; b ∗ ] 2with
m nonzero w for ink
homogeneous logistic regression (33), we can use n = 2 λkw
training
items
where
2τmax


xi = x+ , yi = 1, ∀i ∈ 1, · · · , n2 and xi = x− , yi = −1, ∀i ∈ n2 + 1, · · · , n .
x+ and x− can be designed as any vectors satisfying

Therefore, we proved that [ŵ; b̂] solves (28) as well. To see the contradiction, let us check
the function value of f (ŵ, b̂) via a different route:

f (ŵ, b̂) =f (tw∗ , tb∗ )
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inh )
T D(θθ ∗ , Alog
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λkw∗ k2
τmax

λkw∗ k2
2τmax

∗
Corollary 6 The teaching dimension for
logistic regression
and
l inhomogeneous
m
l
m target θ =
[w∗ ; b∗ ] where w∗ 6= 0 is in the interval
≤
≤2
.

l
λkw∗ k2
τmax

m
.

α∈R,g∈∂`(−αkw∗ k2 )

sup

=

sup
α,g=(1+exp{αkw∗ k2 })−1

τmax
,
kw∗ k2

t

αg

α
= sup
∗ 2
α 1 + exp{αkw k }
t
=kw∗ k−2 sup
1 + exp{t}

αg =

Proof The upper
bound directly follows Proposition 6. We only need to show the lower
l
m
∗ k2
bound λkw
by applying LB3 in Theorem 3. Let A = I and `(a) = log(1 + exp{−a})
τmax
and consider the denominator of (14):

which implies LB3 =

4. Teaching a Decision Boundary Instead of a Parameter
In section 3 we considered the teaching goal where the learner is required to learn the
exact target parameter θ ∗ . But when the learner is a classifier often a weaker teaching goal
is sufficient, namely teaching the learner a target decision boundary. In this section we
consider this teaching goal. Equivalently, such a goal is defined by the set of parameters
that produce the target decision boundary. Teaching is successful if the learner arrives at
any one parameter within that set.
In the case of inhomogeneous linear learners, the linear decision boundary {x | x> w∗ +
b∗ = 0} is identified with the parameter set {t[w∗ ; b∗ ] : t > 0}. Here we assume w∗ is
nonzero. The parameter θ ∗ = [w∗ ; b∗ ] is just a representative member of the set. Homogeneous linear learners are similar without b∗ . We denote the corresponding “decision
boundary” teaching dimension by T D({tθθ ∗ }, Aopt ). This notation extends our earlier definition of TD by allowing the first argument to be a set, with the understanding that the
teaching goal is for the learned model to be an element in the set. It immediately follows
that
t>0

T D({tθθ ∗ }, Aopt ) = min T D(tθθ ∗ , Aopt ).

√ 1
λkθθ ∗ k
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hom ) = 1;
so that T D({tθθ ∗ }, Asvm

Since it is sufficient to teach the parameter tθθ ∗ for some t > 0 in order to teach the decision
boundary, we can choose the best t that minimizes T D(tθθ ∗ , Aopt ). For SVM and logistic regression — either homogeneous or inhomogeneous — the teaching dimension T D(tθθ ∗ , Aopt )
depends on ktθθ ∗ k (see Table 1). We can choose t sufficiently small to drive down the teaching
set size toward its possible minimum indicated by the LB1 value in Table 2 (which is nonzero
because of the ceiling function). Specifically, for any fixed parameter θ ∗ representing the
target decision boundary:
• (homogeneous SVM): we choose t ≤
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√

√
2
λkw∗ k

√
τ
√ max
λkθθ∗ k

hom ) = 1;
so that T D({tθθ∗ }, Alog

√
√ 2τmax
λkw∗ k

inh ) = 2
so that T D({tθθ ∗ }, Alog

inh ) = 2 (note LB1=2
so that T D({tθθ ∗ }, Asvm

• (homogeneous logistic regression): we choose t ≤

in Table 2);

• (inhomogeneous SVM): we choose t ≤

(note LB1=2 in Table 2).

• (inhomogeneous logistic regression): we choose t ≤

The resulting teaching dimension T D({tθθ ∗ }, Aopt ) is listed in Table 1 on the row marked by
“decision boundary.” The teaching set construction is the same as in sections 3.2 and 3.3,
respectively, but with tθθ ∗ .

5. Related Work

Teaching dimension as a learning-theoretic quantity has attracted a long history of research. It was proposed independently in Goldman and Kearns (1995); Shinohara and
Miyano (1991). Subsequent theoretical developments can be found in e.g. Zilles et al.
(2011); Balbach and Zeugmann (2009); Angluin (2004); Angluin and Krikis (1997); Goldman and Mathias (1996); Mathias (1997); Balbach and Zeugmann (2006); Balbach (2008);
Kobayashi and Shinohara (2009); Angluin and Krikis (2003); Rivest and Yin (1995); BenDavid and Eiron (1998); Doliwa et al. (2014). Many of them assume little extra knowledge
on the learner other than that it is consistent with the training data; though Zilles et al.
(2011); Balbach (2008) allow the teacher and the learner to cooperate. These theoretically
elegant teaching definitions diverge from the practice of modern machine learning where
the learner solves an optimization problem to find a single model that is not necessarily the
0-1 loss ERM. Teaching such modern learners is our goal. Section 6 discusses a new view
to unify our work and some existing optimal teaching work.
Teaching dimension is distinct from VC dimension. For a finite hypothesis space H,
Goldman and Kearns (1995) proved the relation

V C(H)/ log(|H|) ≤ T D(H) ≤ V C(H) + |H| − 2V C(H) .

JMLR 17(162):1-25

These inequalities are somewhat weak, as Goldman and Kearns had shown both cases where
one quantity is much larger than the other. The distinction between TD and VC dimension
is also present in our setting. For example, by inspecting the inhomogeneous SVM column
in Table 1 we note that TD does not depend on the dimensionality d of the feature space
Rd . To see why this makes intuitive sense, note two d-dimensional points are sufficient to
specify any bisecting hyperplane in Rd . On the other hand, recall that the VC dimension for
inhomogeneous hyperplanes in Rd is d + 1. Furthermore, there is an interesting connection
to sample compression in Floyd and Warmuth (1995). Our teaching set can be viewed
as the compressed sample, but with two generalizations: (i) the original “sample” is the
whole input space, and (ii) the labels is allowed to diverge from the target model. Further
quantification of these connections remains an open research question.
The teaching setting we considered is also distinct from active learning. In teaching the
teacher knows the target model a priori and her goal is to encode the target model as a

20
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• The subset learner As (Zilles et al., 2011). Since the teaching sets for h1 , . . . , hn
each contain a positive item, it stands to reason that h0 is the target concept as soon
as a single negative training item is observed. We can define As ({(xi , 1)}) = {hi } and
As ({(xi , 0)}) = {h0 } for i = 1 . . . n. When we plug As into (35) we obtain the subset
teaching dimension of T D(h, As ) = 1 for all h ∈ H, which is an improvement over the
Balbach teaching dimension by a certain benign cooperation.

• The Balbach learner AB (Balbach, 2008). Balbach noticed that h1 , . . . , hn can
each be taught with one item. The reasoning goes that as soon as the teaching set
contains more than one item, it must be a helpful teacher’s hint that the target concept
is h0 . That is, the size of the training set carries useful information about the target
concept. In the view of (35), we may define AB ({(xi , 1)}) = {hi } for i = 1 . . . n,
and AB ({(xi , 0), (xj , 0)}) = {h0 } for any i 6= j. For the sake of completeness, here
and below for all other D ∈ D not explicitly mentioned we simply define A· (D) =
{h consistent with D}. When we plug AB into (35) we obtain Balbach’s teaching
dimension T D(hi , AB ) of 1 for h1 , . . . , hn , and 2 for h0 .

• The version-space learner Avs as defined by (2). This is the learner behind the
teaching dimension defined by Goldman and Kearns (1995). We have Avs ({(xi , 1)}) =
{hi } for i = 1 . . . n, such that these target concepts have classic teaching dimension
T D(hi , Avs ) = 1. But note that Avs ({(xi , 0)}) = {h0 , . . . , hi−1 , hi+1 , . . .} which does
not reduce the version space to a single element. To specify the all-negative concept
we need Avs ({(x1 , 0), . . . , (xn , 0)}) = {h0 }. That is, h0 ’s classic teaching dimension is
T D(h0 , Avs ) = n. These teaching dimensions are the objective values in our view (35)
when we plug in Avs .

The optimal teaching literature has been cautious about the so-called collusion or coding
tricks between the teacher and the learner. Nonetheless, what constitutes collusion does
not have a fully satisfactory definition. Goldman and Mathias (1996) defined the teacher
and the learner as collusion-free if (i) the teaching set is consistent with the target concept;
(ii) any superset of the teaching set will make the learner learn the target concept, too.
While this definition of collusion-free is useful, it does not capture all interesting learning
behaviors. For example, Zilles et al. (2011, section 4) had to introduce a different notion
of collusion in order to allow benign cooperation between the teacher and the learner. As
another example, standard machine learning algorithms such as ridge regression does not
∗
satisfy either of the two properties: the teaching set (19) is inconsistent in that y1 6= x>
1θ ,
and adding more consistent training items will in general produce a different model due to
regularization.

6. A New View on Teaching

Θ = A(D).

∗

Our teaching dimension for linear learners clearly fits this view, with Aopt being a regularized empirical risk minimizer (1). Let us look at a few other interesting learners A under
this view. We will use the following hypothesis space as it is historically used to contrast
those learners (Goldman and Kearns, 1995; Zilles et al., 2011). Let X = {x1 , . . . , xn }.
Let hi (x) = 1 if x = xi and 0 otherwise, for i = 1 . . . n. In other words, hi is the indicator
concept on xi . Let the all-negative concept be h0 (x) = 0 for all x. Let H = {h0 , h1 , . . . , hn }.

s.t.

D∈D

|D|

We advance an alternative view on the relation between the teacher and the learner.
Under this view, the learner publishes his learning algorithm A : D → 2H . Recall A takes in
a training set D ∈ D and outputs a subset of the hypothesis space H. The teacher then uses
a fixed strategy: she simply solves the training set cardinality minimization problem under
the constraint that A returns the target hypothesis set Θ∗ . For example, to teach a specific
parameter vector θ ∗ the target is the singleton set Θ∗ = {θθ ∗ }; to teach a decision boundary
the target is the set Θ∗ = {tθθ ∗ | t > 0}. More precisely, the teacher’s strategy is to solve the
following optimization problem, whose objective value is the (learner-dependent) teaching
dimension T D(Θ∗ , A):

training set, knowing that the decoder is special (namely a specific machine learning algorithm). This communication perspective highlights the difference to active learning, which
must explore the hypothesis space to find the target model. Consequently, the teaching
dimension can be dramatically smaller than the active learning query complexity for the
same learner and hypothesis space. For example, Zhu (2013) demonstrated that to learn a
1D threshold classifier within  error, the teaching dimension is a constant TD=2 regardless
of , while active learning would require O(log 1 ) queries which can be arbitrarily larger
than TD.
While the present paper focused on the theory of optimal teaching, there are practical
applications, too. One such application is computer-aided personalized education. The
human student is modeled by a computational cognitive model, or equivalently the learning
algorithm. The educational goal is specified by the target model. The optimal teaching set
is then well-defined, and represents the best personalized lesson for the student (Zhu, 2015,
2013; Khan et al., 2011). In one experiment, Patil et al. showed that real human students
learn statistically significantly better under such optimal teaching set compared to an i.i.d.
training set (Patil et al., 2014). Because contemporary cognitive models often employ
optimization-based machine learners, our teaching dimension study helps to characterize
these optimal lessons.
Another application of optimal teaching is in computer security. In particular, optimal
teaching is the mathematical formalism to study the so-called data poisoning attacks (Barreno et al., 2010; Mei and Zhu, 2015a,b; Alfeld et al., 2016). Here the “teacher” is an
attacker who has a nefarious target model in mind. The “student” is a learning agent (such
as a spam filter) which accepts data and adapts itself. The attacker wants to minimally
manipulate the input data in order to manipulate the learning agent toward the attacker’s
target model. Teaching dimension quantifies the difficulty of data-poisoning attacks, and
supports research on defenses.
Teaching dimension also has applications in interactive machine learning to quantify
the minimum human interaction necessary (Suh et al., 2016; Cakmak and Thomaz, 2011),
and in formal synthesis to generate computer programs satisfying a specification (Jha and
Seshia, 2015).
min
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• A coding-trick learner Ac1 . This “learner” uses x to encode hypothesis: Ac1 ({(xi , y)}) =
{hi } for i = 1 . . . n regardless of y, and all non-singleton training set maps to h0 :
Ac1 (D) = {h0 } if |D| 6= 1. Ac1 is mathematically well-defined for teaching in (35),
but one can argue that it does not seem like a reasonable learner: it ignores y completely and thus is inconsistent (although recall modern regularized empirical risk
minimizers (1) can be inconsistent, too).
• Another coding-trick learner Ac2 . This “learner” uses training set size to encode
the hypothesis, while ignoring the content of the training set: Ac2 (D) = {h|D| } if
|D| ≤ n, and ∅ if |D| > n. Again, Ac2 is mathematically well-defined but does not
seem like a reasonable learner.
As the examples above show, our alternative view of teaching in (35) does not resolve
the issue of what constitutes coding-tricks. All the learners A are well-defined functions
mapping a training set to a subset of hypotheses, so that the optimization problem (35) is
also well-defined even for “unreasonable” learners like Ac1 and Ac2 . However, our alternative
view does provide two benefits:
• Because the teacher employs a fixed strategy (35), this view removes the notion of
“collusion” altogether. Instead, the question becomes what learning algorithm A one
would consider as admissible. This view point can be more natural when we extend
teaching to richer, more complex learners.
• There can be a misconception that the classic teaching dimension defined by Goldman
and Kearns (1995) is learner-independent and a property of H only, in part perhaps
fueled by the original notation T D(H). Our view highlights classic teaching dimension’s dependency on the version space learner Avs . It is true that Avs is a particularly
simple and elegant learner with very nice properties. But, as others have observed
(e.g. Balbach (2008); Zilles et al. (2011)), it does not capture all natural teaching and
learning behaviors.

7. Conclusion

Liu and Zhu

The authors thank the editor and referees for their valuable comments. Special thanks to
the production editor Dr. Charles Sutton for his help to prepare the final version of this
paper. This work is supported in part by NSF grants CNS-1548078, IIS-0953219, DGE1545481, and by the University of Wisconsin-Madison Graduate School with funding from
the Wisconsin Alumni Research Foundation.

References

S. Alfeld, X. Zhu, and P. Barford. Data poisoning attacks against autoregressive models.
AAAI, 2016.

D. Angluin. Queries revisited. Theoretical Computer Science, 313(2):175–194, 2004.

D. Angluin and M. Krikis. Teachers, learners and black boxes. COLT, 1997.

D. Angluin and M. Krikis. Learning from different teachers. Machine Learning, 51(2):
137–163, 2003.

F. J. Balbach. Measuring teachability using variants of the teaching dimension. Theor.
Comput. Sci., 397(1-3):94–113, 2008.

F. J. Balbach and T. Zeugmann. Teaching randomized learners. COLT, pages 229–243,
2006.

F. J. Balbach and T. Zeugmann. Recent developments in algorithmic teaching. In Proceedings of the 3rd International Conference on Language and Automata Theory and
Applications, pages 1–18, 2009.

M. Barreno, B. Nelson, A. D. Joseph, and J. D. Tygar. The security of machine learning.
Machine Learning Journal, 81(2):121–148, 2010.

S. Ben-David and N. Eiron. Self-directed learning and its relation to the VC-dimension and
to teacher-directed learning. Machine Learning, 33(1):87–104, 1998.

D. Bertsekas and A. Nedic. Convex analysis and optimization (conservative). Athena
Scientific, 2003.

S. Floyd and M. Warmuth. Sample compression, learnability, and the Vapnik-Chervonenkis
dimension. Machine learning, 21(3):269–304, 1995.

24

JMLR 17(162):1-25

T. Doliwa, G. Fan, H. U. Simon, and S. Zilles. Recursive teaching dimension, VC-dimension
and sample compression. Journal of Machine Learning Research, 15:3107–3131, 2014.

R. M. Corless, G. H. Gonnet, D. E. G. Hare, D. J. Jeffrey, and D. E. Knuth. On the
LambertW function. Advances in Computational Mathematics, 5(1):329–359, 1996.

M. Cakmak and A. Thomaz. Mixed-initiative active learning. ICML Workshop on Combining Learning Strategies to Reduce Label Cost, 2011.

We have presented a generalization on teaching dimension to optimization-based learners.
To the best of our knowledge, our teaching dimension for ridge regression, SVM, and logistic
regression is new; so are the lower bounds and our analysis technique in general.
There are many possible extensions to the present work. For example, one may extend
our analysis to nonlinear learners. This can potentially be achieved by using the kernel
trick on the linear learners. As another example, one may allow “approximate teaching” by
relaxing the teaching goal, such that teaching is considered successful if the learner arrives
at a model close enough to the target model. Taken together, the present paper and its
extensions are expected to enrich our understanding of optimal teaching and enable novel
applications.

S. Goldman and M. Kearns. On the complexity of teaching. Journal of Computer and
Systems Sciences, 50(1):20–31, 1995.
JMLR 17(162):1-25

Acknowledgments
23

25

JMLR 17(162):1-25

S. Zilles, S. Lange, R. Holte, and M. Zinkevich. Models of cooperative teaching and learning.
Journal of Machine Learning Research, 12:349–384, 2011.

X. Zhu. Machine teaching: an inverse problem to machine learning and an approach toward
optimal education. AAAI, 2015.

X. Zhu. Machine teaching for Bayesian learners in the exponential family. NIPS, 2013.

J. Suh, X. Zhu, and S. Amershi. The label complexity of mixed-initiative classifier training.
ICML, 2016.

A. Shinohara and S. Miyano. Teachability in computational learning. New Generation
Computing, 8(4):337–348, 1991.

R. L. Rivest and Y. L. Yin. Being taught can be faster than asking questions. COLT, 1995.

K. Patil, X. Zhu, L. Kopec, and B. C. Love. Optimal teaching for limited-capacity human
learners. NIPS, 2014.

J. Nocedal and S. J. Wright. Numerical Optimization (2nd edition). Springer, 2006.

S. Mei and X. Zhu. The security of latent Dirichlet allocation. AISTATS, 2015b.

S. Mei and X. Zhu. Using machine teaching to identify optimal training-set attacks on
machine learners. AAAI, 2015a.

H. David Mathias. A model of interactive teaching. J. Comput. Syst. Sci., 54(3):487–501,
1997.

H. Kobayashi and A. Shinohara. Complexity of teaching by a restricted number of examples.
COLT, pages 293–302, 2009.

F. Khan, X. Zhu, and B. Mutlu. How do humans teach: On curriculum learning and
teaching dimension. NIPS, 2011.

S. Jha and S. A. Seshia. A theory of formal synthesis via inductive learning. CoRR, 2015.

S. A. Goldman and H. D. Mathias. Teaching a smarter learner. Journal of Computer and
Systems Sciences, 52(2):255–267, 1996.

The Teaching Dimension of Linear Learners

Submitted 12/15; Revised 7/16; Published 9/16

yulai cong@163.com
bchen@mail.xidian.edu.cn

Abstract

c 2016 Mingyuan Zhou, Yulai Cong, and Bo Chen.

∗. Correspondence should be addressed to M. Zhou or B. Chen.

JMLR 17(163):1-44

There has been significant recent interest in deep learning. Despite its tremendous success in
supervised learning, inferring a multilayer data representation in an unsupervised manner
remains a challenging problem (Bengio and LeCun, 2007; Ranzato et al., 2007; Bengio
et al., 2015). To generate data with a deep network, it is often unclear how to set the
structure of the network, including the depth (number of layers) of the network and the
width (number of hidden units) of each layer. In addition, for some commonly used deep

1. Introduction

To infer multilayer deep representations of high-dimensional discrete and nonnegative real
vectors, we propose an augmentable gamma belief network (GBN) that factorizes each of
its hidden layers into the product of a sparse connection weight matrix and the nonnegative
real hidden units of the next layer. The GBN’s hidden layers are jointly trained with an
upward-downward Gibbs sampler that solves each layer with the same subroutine. The
gamma-negative binomial process combined with a layer-wise training strategy allows inferring the width of each layer given a fixed budget on the width of the first layer. Example
results illustrate interesting relationships between the width of the first layer and the inferred network structure, and demonstrate that the GBN can add more layers to improve
its performance in both unsupervisedly extracting features and predicting heldout data.
For exploratory data analysis, we extract trees and subnetworks from the learned deep
network to visualize how the very specific factors discovered at the first hidden layer and
the increasingly more general factors discovered at deeper hidden layers are related to each
other, and we generate synthetic data by propagating random variables through the deep
network from the top hidden layer back to the bottom data layer.
Keywords: Bayesian nonparametrics, deep learning, multilayer representation, Poisson
factor analysis, topic modeling, unsupervised learning
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generative models, including the sigmoid belief network (SBN), deep belief network (DBN),
and deep Boltzmann machine (DBM), the hidden units are often restricted to be binary.
More specifically, the SBN, which connects the binary units of adjacent layers via the
sigmoid functions, infers a deep representation of multivariate binary vectors (Neal, 1992;
Saul et al., 1996); the DBN (Hinton et al., 2006) is a SBN whose top hidden layer is replaced
by the restricted Boltzmann machine (RBM) (Hinton, 2002) that is undirected; and the
DBM is an undirected deep network that connects the binary units of adjacent layers using
the RBMs (Salakhutdinov and Hinton, 2009). All these three deep networks are designed to
model binary observations, without principled ways to set the network structure. Although
one may modify the bottom layer to model Gaussian and multinomial observations, the
hidden units of these networks are still typically restricted to be binary (Salakhutdinov and
Hinton, 2009; Larochelle and Lauly, 2012; Salakhutdinov et al., 2013). To generalize these
models, one may consider the exponential family harmoniums (Welling et al., 2004; Xing
et al., 2005) to construct more general networks with non-binary hidden units, but often at
the expense of noticeably increased complexity in training and data fitting. To model realvalued data without restricting the hidden units to be binary, one may consider the general
framework of nonlinear Gaussian belief networks (Frey and Hinton, 1999) that constructs
continuous hidden units by nonlinearly transforming Gaussian distributed latent variables,
including as special cases both the continuous SBN of Frey (1997a,b) and the rectified
Gaussian nets of Hinton and Ghahramani (1997). More recent scalable generalizations
under that framework include variational auto-encoders (Kingma and Welling, 2014) and
deep latent Gaussian models (Rezende et al., 2014).
Moving beyond conventional deep generative models using binary or nonlinearly transformed Gaussian hidden units and setting the network structure in a heuristic manner,
we construct deep networks using gamma distributed nonnegative real hidden units, and
combine the gamma-negative binomial process (Zhou and Carin, 2015; Zhou et al., 2015b)
with a greedy-layer wise training strategy to automatically infer the network structure. The
proposed model is called the augmentable gamma belief network, referred to hereafter for
brevity as the GBN, which factorizes the observed or latent count vectors under the Poisson
likelihood into the product of a factor loading matrix and the gamma distributed hidden
units (factor scores) of layer one; and further factorizes the shape parameters of the gamma
hidden units of each layer into the product of a connection weight matrix and the gamma
hidden units of the next layer. The GBN together with Poisson factor analysis can unsupervisedly infer a multilayer representation from multivariate count vectors, with a simple
but powerful mechanism to capture the correlations between the visible/hidden features
across all layers and handle highly overdispersed counts. With the Bernoulli-Poisson link
function (Zhou, 2015), the GBN is further applied to high-dimensional sparse binary vectors by truncating latent counts, and with a Poisson randomized gamma distribution, the
GBN is further applied to high-dimensional sparse nonnegative real data by randomizing
the gamma shape parameters with latent counts.
For tractable inference of a deep generative model, one often applies either a sampling
based procedure (Neal, 1992; Frey, 1997a) or variational inference (Saul et al., 1996; Frey,
1997b; Ranganath et al., 2014b; Kingma and Welling, 2014). However, conjugate priors on
the model parameters that connect adjacent layers are often unknown, making it difficult to
develop fully Bayesian inference that infers the posterior distributions of these parameters.
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It was not until recently that a Gibbs sampling algorithm, imposing priors on the network
connection weights and sampling from their conditional posteriors, was developed for the
SBN by Gan et al. (2015b), using the Polya-Gamma data augmentation technique developed
for logistic models (Polson et al., 2012). In this paper, we will develop data augmentation
technique unique for the augmentable GBN, allowing us to develop a fully Bayesian upwarddownward Gibbs sampling algorithm to infer the posterior distributions of not only the
hidden units, but also the connection weights between adjacent layers.
Distinct from previous deep networks that often require tuning both the width (number
of hidden units) of each layer and the network depth (number of layers), the GBN employs
nonnegative real hidden units and automatically infers the widths of subsequent layers given
a fixed budget on the width of its first layer. Note that the budget could be infinite and
hence the whole network can grow without bound as more data are being observed. Similar
to other belief networks that can often be improved by adding more hidden layers (Hinton
et al., 2006; Sutskever and Hinton, 2008; Bengio et al., 2015), for the proposed model, when
the budget on the first layer is finite and hence the ultimate capacity of the network could be
limited, our experimental results also show that a GBN equipped with a narrower first layer
could increase its depth to match or even outperform a shallower one with a substantially
wider first layer.
The gamma distribution density function has the highly desired strong non-linearity for
deep learning, but the existence of neither a conjugate prior nor a closed-form maximum
likelihood estimate (Choi and Wette, 1969) for its shape parameter makes a deep network
with gamma hidden units appear unattractive. Despite seemingly difficult, we discover that,
by generalizing the data augmentation and marginalization techniques for discrete data
modeled with the Poisson, gamma, and negative binomial distributions (Zhou and Carin,
2015), one may propagate latent counts one layer at a time from the bottom data layer
to the top hidden layer, with which one may derive an efficient upward-downward Gibbs
sampler that, one layer at a time in each iteration, upward samples Dirichlet distributed
connection weight vectors and then downward samples gamma distributed hidden units,
with the latent parameters of each layer solved with the same subroutine.
With extensive experiments in text and image analysis, we demonstrate that the deep
GBN with two or more hidden layers clearly outperforms the shallow GBN with a single
hidden layer in both unsupervisedly extracting latent features for classification and predicting heldout data. Moreover, we demonstrate the excellent ability of the GBN in exploratory
data analysis: by extracting trees and subnetworks from the learned deep network, we can
follow the paths of each tree to visualize various aspects of the data, from very general to
very specific, and understand how they are related to each other.
In addition to constructing a new deep network that well fits high-dimensional sparse
binary, count, and nonnegative real data, developing an efficient upward-downward Gibbs
sampler, and applying the learned deep network for exploratory data analysis, other contributions of the paper include: 1) proposing novel link functions, 2) combining the gammanegative binomial process (Zhou and Carin, 2015; Zhou et al., 2015b) with a layer-wise
training strategy to automatically infer the network structure; 3) revealing the relationship
between the upper bound imposed on the width of the first layer and the inferred widths
of subsequent layers; 4) revealing the relationship between the depth of the network and
the model’s ability to model overdispersed counts; and 5) generating multivariate high3
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dimensional discrete or nonnegative real vectors, whose distributions are governed by the
GBN, by propagating the gamma hidden units of the top hidden layer back to the bottom
data layer. We note this paper significantly extends our recent conference publication (Zhou
et al., 2015a) that proposes the Poisson GBN.
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as the Kt hidden units of sample j at layer t, where R+ = {x : x ≥ 0},
Denoting θ j ∈ R+
the generative model of the augmentable gamma belief network (GBN) with T hidden layers,
from top to bottom, is expressed as
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and the hidden units θ j
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where x ∼ Gam(a, 1/c) represents a gamma distribution with mean a/c and variance a/c2 .
For t = 1, 2, . . . , T − 1, the GBN factorizes the shape parameters of the gamma distributed
(t)
Kt
hidden units θ j ∈ R+
of layer t into the product of the connection weight matrix Φ(t+1) ∈
K ×K
R+ t t+1
(T )

(2)

θj

K

p are probability parameters and {1/c(t) }3,T +1 are gamma scale parameters, with cj :=
j
(2)  (2)
1 − pj
pj . We will discuss later how to measure the connection strengths between the
nodes of adjacent layers and the overall popularity of a factor at a particular hidden layer.
For scale identifiability and ease of inference and interpretation, each column of Φ(t) ∈
K
×K
R+ t−1 t is restricted to have a unit L1 norm and hence 0 ≤ Φ(t) (k 0 , k) ≤ 1. To complete
the hierarchical model, for t ∈ {1, . . . , T − 1}, we let


(t)
φk ∼ Dir η (t) , . . . , η (t) , rk ∼ Gam γ0 /KT , 1/c0
(2)
(t)

∼ Beta(a0 , b0 ),

(t)

cj ∼ Gam(e0 , 1/f0 ).

(t)

(t)
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where φk ∈ R+ t−1 is the kth column of Φ(t) ; we impose c0 ∼ Gam(e0 , 1/f0 ) and γ0 ∼
Gam(a0 , 1/b0 ); and for t ∈ {3, . . . , T + 1}, we let

(2)

pj
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We expect the correlations between the Kt rows (latent features) of (θ 1 , . . . , θ J ) to be
captured by the columns of Φ(t+1) . Even if Φ(t) for t ≥ 2 are all identity matrices, indicating
no correlations between the latent features to be captured, our analysis in Section 3.2 will
show that a deep structure with T ≥ 2 could still benefit data fitting by better modeling
(1)
the variability of the latent features θ j . Before further examining the network structure,
below we first introduce a set of distributions that will be used to either model different
types of data or augment the model for simple inference.

4

Γ(r)rl
|s(n, l)|,
Γ(n + r)

i=1

n
X

bi , bi ∼ Bernoulli [r/(r + i − 1)] .
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,
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5
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We will exploit these relationships to derive efficient inference for the proposed models.

P (n, l | r, p) =

which is called the Poisson-logarithmic bivariate distribution, with PMF

where l ∈ {0, . . . , n} and n ∈ Z, is the same as that in
P
n = lt=1 ut , ut ∼ Log(p), l ∼ Pois[−r ln(1 − p)],

l ∼ CRT(n, r), n ∼ NB(r, p),

where p/(1 − p) is the gamma scale parameter.
As shown in (Zhou and Carin, 2015), the joint distribution of n and l given r and p in

n ∼ Pois(λ), λ ∼ Gam [r, p/(1 − p)] ,

where n ∈ Z. The NB distribution n ∼ NB(r, p) can be generated as a gamma mixed
Poisson distribution as

Γ(n + r) n
p (1 − p)r ,
P (n | r, p) =
n!Γ(r)

where u ∈ {1, 2, . . .}, and let n ∼ NB(r, p) denote the negative binomial (NB) distribution
(Greenwood and Yule, 1920; Bliss and Fisher, 1953) with PMF

P (u | p) =

Let u ∼ Log(p) denote the logarithmic distribution (Fisher et al., 1943; Anscombe, 1950;
Johnson et al., 1997) with PMF

l=

where l ∈ Z, Z := {0, 1, . . . , n}, and |s(n, l)| are unsigned Stirling numbers of the first kind.
A CRT distributed sample can be generated by taking the summation of n independent
Bernoulli random variables as

P (l | n, r) =

Let the Chinese restaurant table (CRT) distribution l ∼ CRT(n, r) represent the random
number of tables seated by n customers in a Chinese restaurant process (Blackwell and MacQueen, 1973; Antoniak, 1974; Aldous, 1985; Pitman, 2006) with concentration parameter r.
Its probability mass function (PMF) can be expressed as

(5)

where

n=0

∞
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1(x=0)
 √
 1(x>0)
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= e−λ
e−λ−cx
I−1 2 λcx
,
x

fX (x | λ, c) =

in which we define Gam(0, 1/c) = 0 a.s. and hence x = 0 if and only n = 0. Thus the PMF
of x ∼ PRG(λ, c) can be expressed as

x ∼ Gam(n, 1/c), n ∼ Pois(λ),

whose distribution has a point mass at x = 0 and is continuous for x > 0. The PRG
distribution is generated as a Poisson mixed gamma distribution as

x ∼ PRG(λ, c),

To model nonnegative data that include both zeros and positive observations, we introduce
the Poisson randomized gamma (PRG) distribution as

2.1.3 Poisson Randomized Gamma and Truncated Bessel Distributions

where x ∼ Pois+ (λ) follows a truncated Poisson distribution, with P (x = k) = (1 −
e−λ )−1 λk e−λ /k! for k ∈ {1, 2, . . .}. Thus if b = 0, then m = 0 almost surely (a.s.), and
if b = 1, then m ∼ Pois+ (λ), which can be simulated with a rejection sampler that has a
minimal acceptance rate of 63.2% at λ = 1 (Zhou, 2015). Given the latent count m and a
gamma prior on λ, one can then update λ using the gamma-Poisson conjugacy. The BerPo
link shares some similarities with the probit link that thresholds a normal random variable
at zero, and the logistic link that lets b ∼ Ber[ex /(1 + ex )]. We advocate the BerPo link as
an alternative to the probit and logistic links since if b = 0, then m = 0 a.s., which could
lead to significant computational savings if the binary vectors are sparse. In addition, the
conjugacy between the gamma and Poisson distributions makes it convenient to construct
hierarchical Bayesian models amenable to posterior simulation.

(m | b, λ) ∼ b · Pois+ (λ),

where b = 1 if m ≥ 1 and b = 0 if m = 0. If m is marginalized
 out from (5), then given λ,
one obtains a Bernoulli random variable as b ∼ Ber 1 − e−λ . The conditional posterior of
the latent count m can be expressed as

b = 1(m ≥ 1), m ∼ Pois(λ),

As in Zhou (2015), the Bernoulli-Poisson (BerPo) link thresholds a random count at one to
obtain a binary variable as

Below we first describe some useful count distributions that will be used later.

2.1.1 Useful Count Distributions and Their Relationships

2.1.2 Bernoulli-Poisson Link and Truncated Poisson Distribution

Zhou, Cong, and Chen

2.1 Distributions for Count, Binary, and Nonnegative Real Data

Augmentable Gamma Belief Networks

Augmentable Gamma Belief Networks

(7)

is the modified Bessel function of the first kind Iν (α) with ν fixed at −1. Using the laws of
total expectation and total variance, or using the PMF directly, one may show that
E[x | λ, c] = λ/c, var[x | λ, c] = 2λ/c2 .

1

√
Bessel−1 (n; 2 cxλ)δn ,

(λcx)n− 2
1
 √

δn
2 λcx n!Γ(n)

Thus the variance-to-mean ratio of the PRG distribution is 2/c, as controlled by c.
The conditional posterior of n given x, λ, and c can be expressed as

n=1

∞
X

n=1 I−1

Gam(x; n, 1/c)Pois(n; λ)
fN (n | x, λ, c) =
PRG(x; λ, c)
∞
X
= 1(x = 0)δ0 + 1(x > 0)

= 1(x = 0)δ0 + 1(x > 0)


α 2n−1
2

, n ∈ {1, 2, . . .}.

where we define n ∼ Bessel−1 (α) as the truncated Bessel distribution, with PMF
Bessel−1 (n; α) =
I−1 (α)n!Γ(n)

Thus n = 0 if and only if x = 0, and n is a positive integer drawn from a truncated Bessel
distribution if x > 0. In Appendix A, we plot the probability distribution functions of
the proposed PRG and truncated Bessel distributions and show how they differ from the
randomized gamma and Bessel distributions (Yuan and Kalbfleisch, 2000), respectively.
2.2 Link Functions for Three Different Types of Observations
(1)



(1)
∼ Pois Φ(1) θ j .

(1)

(8)

If the observations are multivariate count vectors xj ∈ ZV , where V := K0 , then we
link the integer-valued visible units to the nonnegative real hidden units at layer one using
Poisson factor analysis (PFA) as
(1)

xj

(1)
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Under this construction, the correlations between the K0 rows (features) of (x1 , . . . , xJ )
are captured by the columns of Φ(1) . Detailed descriptions on how PFA is related to a wide
variety of discrete latent variable models, including nonnegative matrix factorization (Lee
and Seung, 2001), latent Dirichlet allocation (Blei et al., 2003), the gamma-Poisson model
(Canny, 2004), discrete Principal component analysis (Buntine and Jakulin, 2006), and the
focused topic model (Williamson et al., 2010), can be found in Zhou et al. (2012) and Zhou
and Carin (2015).
We call PFA using the GBN in (1) as the prior on its factor scores as the Poisson
gamma belief network (PGBN), as proposed in Zhou et al. (2015a). The PGBN can be
naturally applied to factorize the term-document frequency count matrix of a text corpus,
not only extracting semantically meaningful topics at multiple layers, but also capturing
the relationships between the topics of different layers using the deep network, as discussed
below in both Sections 2.3 and 4.
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 (1)
(1)
≥ 0 , xj ∼ Pois Φ(1) θ j .

(1)

(9)

∈ {0, 1}V , then we

Figure 1: An example directed network of five hidden layers, with K0 = 8 visible units,
[K1 , K2 , K3 , K4 , K5 ] = [6, 4, 3, 3, 2], and sparse connections between the units of adjacent layers.

(1)

= 1 xj

If the observations are high-dimensional sparse binary vectors bj
factorize them using Bernoulli-Poisson factor analysis (Ber-PFA) as
(1)

bj

(1)

(1)

∼ Gam(xj , 1/aj ), xj



(1)
∼ Pois Φ(1) θ j .

(10)

We call Ber-PFA with the augmentable GBN as the prior on its factor scores θ as the
j
Bernoulli-Poisson gamma belief network (BerPo-GBN).
(1)
If the observations are high-dimensional sparse nonnegative real-valued vectors y j ∈
V , then we factorize them using Poisson randomized gamma (PRG) factor analysis as
R+
(1)

yj

(`)
`=t+1 cj

.
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(12)

(11)

We call PRG factor analysis with the augmentable GBN as the prior on its factor scores
(1)
θ j as the PRG gamma belief network (PRG-GBN).
We show in Figure 1 an example directed belief network of five hidden layers, with
K0 = 8 visible units, with 6, 4, 3, 3, and 2 hidden units for layers one, two, three, four, and
five, respectively, and with sparse connections between the units of adjacent layers.
2.3 Exploratory Data Analysis

To interpret the network structure of the GBN, we notice that

`=t+1

" T
#
Y
r
Φ(`) Q
T +1

"
#
(t)
t
Y
θj
 (1) (t)

(`)
E xj θ j , {Φ(`) , cj }1,t =
Φ(`) Q
,
(`)
t
`=1
`=2 cj

 (t)

(`)
E θ j {Φ(`) , cj }t+1,T , r =

8
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which is also expressed as φk (k 0 ) or φk0 k .
Our intuition is that examining the nodes of the hidden layers, via their projections
to the bottom data layer, from the top to bottom layers will gradually reveal less general
and more specific aspects of the data. To verify this intuition and further understand the
relationships between the general and specific aspects of the data, we consider extracting
a tree for each node of layer t, where t ≥ 2, to help visualize the inferred multilayer deep
structure. To be more specific, to construct a tree rooted at a node of layer t, we grow the
tree downward by linking the root node (if at layer t) or each leaf node of the tree (if at a
layer below layer t) to all the nodes at the layer below that are connected to the root/leaf
node with non-negligible weights. Note that a tree in our definition permits a node to have
more than one parent, which means that different branches of the tree can overlap with
each other. In addition, we also consider extracting subnetworks, each of which consists of
multiple related trees from the full deep network. For example, shown in the left of Figure
2 is the tree extracted from the network in Figure 1 using node 5 1 as the root, shown in
the middle is the tree using node 3 3 as the root, and shown in the right is a subnetwork
consisting of two related trees that are rooted at nodes 3 1 and 3 3, respectively.

(t)

To measure the connection strength between node k of layer t and node k 0 of layer t − 1,
we use the value of
Φ(t) (k 0 , k),

r

(t)

and rank their popularities using the Kt dimensional nonnegative weight vector

`=1

Thus for visualization, it is straightforward to project the Kt topics/hidden units/factor
loadings/nodes of layer t ∈ {1, . . . , T } to the bottom data layer as the columns of the
V × Kt matrix
t
Y
Φ(`) ,
(13)

the middle plot is a tree rooted at node 3 3, and the right plot is a subnetwork consisting
of both the tree rooted at node 3 1 and the tree rooted at node 3 3.

Figure 2: Extracted from the network shown in Figure 1, the left plot is a tree rooted at node 5 1,
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4_1

5_1
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While it is interesting to examine the topics of different layers to understand the general
and specific aspects of the corpus used to train the PGBN, it would be more informative
to further illustrate how the topics of different layers are related to each other. Thus we
consider constructing trees to visualize the PGBN. We first pick a node as the root of a tree
and grow the tree downward by drawing a line from node k at layer t, the root or a leaf
node of the tree, to node k 0 at layer t − 1 for all k 0 in the set {k 0 : Φ(t) (k 0 , k) > τt /Kt−1 },

2.3.2 Visualizing Trees Rooted at The Top-Layer Hidden Units

Before presenting the technical details, we first provide some example results obtained with
the PGBN on extracting multilayer representations from the 11,269 training documents
of the 20newsgroups data set (http://qwone.com/∼jason/20Newsgroups/). Given a fixed
budget of K1 max = 800 on the width of the first layer, with η (t) = 0.1 for all t, a five-layer
deep network inferred by the PGBN has a network structure as [K1 , K2 , K3 , K4 , K5 ] =
[386, 63, 58, 54, 51], meaning that there are 386, 63, 58, 54, and 51 nodes at layers one to
five, respectively.
(t)
For visualization, we first relabel the nodes at each layer based on their weights {rk }1,Kt ,
calculated as in (14), with a more popular (larger weight) node assigned with a smaller label.
We visualize node k of layer t by displaying its top 12 words ranked according to their
Qt−1 (`)  (t)
φk , the kth column of the projected representation calculated
probabilities in
`=1 Φ
(t) (t)  1
as in (13). We set the font size of node k of layer t proportional to rk /r1 10 in each
subplot, and color the outside border of a text box as red, green, orange, blue, or black
for a node of layer five, four, three, two, or one, respectively. For better interpretation, we
also exclude from the vocabulary the top 30 words of node 1 of layer one: “don just like
people think know time good make way does writes edu ve want say really article use right
did things point going better thing need sure used little,” and the top 20 words of node
2 of layer one: “edu writes article com apr cs ca just know don like think news cc david
university john org wrote world.” These 50 words are not in the standard list of stopwords
but can be considered as stopwords specific to the 20newsgroups corpus discovered by the
PGBN.
For the [386, 63, 58, 54, 51] PGBN learned on the 20newsgroups corpus, we plot 54 example topics of layer one in Figure 3, the top 30 topics of layer three in Figure 4, and the
top 30 topics of layer five in Figure 5. Figure 3 clearly shows that the topics of layer one,
except for topics 1-3 that mainly consist of common functional words of the corpus, are
all very specific. For example, topics 71 and 81 shown in the first row are about “candida
yeast symptoms” and “sex,” respectively, topics 53, 73, 83, and 84 shown in the second
row are about “printer,” “msg,” “police radar detector,” and “Canadian health care system,” respectively, and topics 46 and 76 shown in third row are about “ice hockey” and
“second amendment,” respectively. By contrast, the topics of layers three and five, shown
in Figures 4 and 5, respectively, are much less specific and can in general be matched
to one or two news groups out of the 20 news groups, including comp.{graphics, os.mswindows.misc, sys.ibm.pc.hardware, sys.mac.hardware, windows.x}, rec.{autos, motorcycles}, rec.sport.{baseball, hockey}, sci.{crypt, electronics, med, space}, misc.forsale, talk.
politics.{misc, guns, mideast}, and {talk.religion.misc, alt.atheism, soc.religion.christian}.

2.3.1 Visualizing Nodes of Different Layers
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Figure 3: Example topics of layer one of the PGBN trained on the 20newsgroups corpus.
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Figure 5: The top 30 topics of layer five of the PGBN trained on the 20newsgroups corpus.
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Figure 6: A [18, 5, 4, 1, 1] tree that includes all the lower-layer nodes (directly or indirectly) linked
with non-negligible weights to the top ranked node of the top layer, taken from the full
[386, 63, 58, 54, 51] network inferred by the PGBN on the 11,269 training documents of
the 20newsgroups corpus, with η (t) = 0.1 for all t. A line from node k at layer t to node k 0

at layer
q t − 1 indicates that Φ (k , k) > 3/Kt−1 , with the width of the line proportional
to Φ(t) (k 0 , k). For each node, the rank (in terms of popularity) at the corresponding
layer and the top 12 words of the corresponding topic are displayed inside the text box,
where the text font size monotonically decreases as the popularity of the node decreases,
and the outside border of the text box is colored as red, green, orange, blue, or black if
the node is at layer five, four, three, two, or one, respectively.
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where we set the width
q of the line connecting node k of layer t to node k of layer t − 1
be proportional to Φ(t) (k 0 , k) and use τt to adjust the complexity of a tree. In general,
increasing τt would discard more weak connections and hence make the tree simpler and
easier to visualize.
We set τt = 3 for all t to visualize both a five-layer tree rooted at the top ranked node
of the top hidden layer, as shown in Figure 6, and a five-layer tree rooted at the second
ranked node of the top hidden layer, as shown in Figure 7. For the tree in Figure 6, while
it is somewhat vague to determine the actual meanings of both node 1 of layer five and
node 1 of layer four based on their top words, examining the more specific topics of layers
three and two within the tree clearly indicate that this tree is primarily about “windows,”
“window system,” “graphics,” “information,” and “software,” which are relatively specific
concepts that are all closely related to each other. The similarities and differences between
the five nodes of layer two can be further understood by examining the nodes of layer one
that are connected to them. For example, while nodes 26 and 16 of layer two share their
connections to multiple nodes of layer one, node 27 of layer one on “image” is strongly
connected to node 26 of layer two but not to node 16 of layer two, and node 17 of layer one
on “video” is strongly connected to node 16 of layer two but not to node 26 of layer two.
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Examining the top-layer topics shown in Figure 5, one may find that some of the nodes
seem to be closely related to each other. For example, topics 3 and 11 share eleven words
out of the top twelve ones; topics 15 and 23 both have “Israel” and “Jews” as their top
two words; topics 16 and 18 are both related to “gun;” and topics 7, 13, and 26 all share
“team(s),” “game(s),” “player(s),” “season,” and “league.”
To understand the relationships and distinctions between these related nodes, we construct subnetworks that include the trees rooted at them, as shown in Figures 17-20 in
Appendix C. It is clear from Figure 17 that the top-layer topic 3 differs from topic 11 in
that it is not only strongly connected to topic 2 of layer four on“car & bike,” but also has
a non-negligible connection to topic 27 of layer four on “sales.” It is clear from Figure 18

2.3.3 Visualizing Subnetworks Consisting of Related Trees

Following the branches of each tree shown in both figures, it is clear that the topics
become more and more specific when moving along the tree from the top to bottom. Taking
the tree on “religion” shown in Figure 7 for example, the root node splits into two nodes
when moving from layers five to four: while the left node is still mainly about “religion,”
the right node is on “objective morality.” When moving from layers four to three, node 5
of layer four splits into a node about “Christian” and another node about “Islamic.” When
moving from layers three to two, node 3 of layer three splits into a node about “God, Jesus,
& Christian,” and another node about “science, atheism, & question of the existence of
God.” When moving from layers two to one, all four nodes of layer two split into multiple
topics, and they are all strongly connected to both topics 1 and 2 of layer one, whose top
words are those that appear frequently in the 20newsgroups corpus.

Figure 7: Analogous plot to Figure 6 for a tree on “religion,” rooted at node 2 of the top-layer.
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Thus in the prior, the co-occurrence patterns of the columns of Φ(1) are modeled by only a
single vector r when T = 1, but are captured in the columns of Φ(2) when T ≥ 2. Similarly,
in the Q
prior, if T ≥ t + 1, the co-occurrence patterns of the Kt columns of the projected
topics t`=1 Φ(`) will be captured in the columns of the Kt × Kt+1 matrix Φ(t+1) .
To be more specific, we show in Figure 21 in Appendix C three example trees rooted
at three different nodes of layer three, where we lower the threshold to τt = 1 to reveal
more weak links between the nodes of adjacent layers. The top subplot reveals that, in
addition to strongly co-occurring with the top two topics of layer one, topic 21 of layer one
on “medicine” tends to co-occur not only with topics 7, 21, and 26, which are all common
topics that frequently appear, but also with some much less common topics that are related
to very specific diseases or symptoms, such as topic 67 on “msg” and “Chinese restaurant
syndrome,” topic 73 on “candida yeast symptoms,” and topic 180 on “acidophilous” and
“astemizole (hismanal).”
The middle subplot reveals that topic 31 of layer two on “encryption & cryptography”
tends to co-occur with topic 13 of layer two on “government & encryption,” and it also
indicates that topic 31 of layer one is more purely about “encryption” and more isolated
from “government” in comparison to the other topics of layer one.

 (1)
(2) 
(2) (2)
E xj Φ(1) , Φ(2) , θ j = Φ(1) Φ(2) θ j /cj .

(2)

and for the GBN with T ≥ 2, given the weight vector θ j , we have

for the GBN with T = 2, given the shared weight vector r, we have
.

 (1)

(2) (3)
E xj Φ(1) , Φ(2) , r = Φ(1) Φ(2) r
cj cj ;

 (1)

(2)
E xj Φ(1) , r = Φ(1) r/cj ;

(1)

Gam(r, 1/cj ) for T = 1 to θ j ∼ Gam(Φ(2) θ j , 1/cj ) for T ≥ 2. For the GBN with
T = 1, given the shared weight vector r, we have

(2)

A distinction between a shallow augmentable GBN with T = 1 hidden layer and a deep
(1)
(1)
augmentable GBN with T ≥ 2 hidden layers is that the prior for θ j changes from θ j ∼

 (1)
(1) 
(1)
E xj Φ(1) , θ j = Φ(1) θ j .

For the augmentable GBN, as in (18), given the weight vector θ j , we have

2.3.4 Capturing Correlations Between Nodes

that topic 15 differs from topic 23 in that it is not only about “Israel & Arabs,” but also
about “Israel, Armenia, & Turkey.” It is clear from Figure 19 in that topic 16 differs from
topic 18 in that it is mainly about Waco siege happened in 1993 involving David Koresh,
the Federal Bureau of Investigation (FBI), and the Bureau of Alcohol, Tobacco, Firearms
and Explosives (BATF). It is clear from Figure 20 that topics 7 and 13 are mainly about
“ice hockey” and “baseball,” respectively, and topic 26 is a mixture of both.

Zhou, Cong, and Chen

The bottom subplot reveals that in layer one, topic 14 on “law & government,” topic
32 on “Israel & Lebanon,” topic 34 on “Turkey, Armenia, Soviet Union, & Russian,” topic
132 on “Greece, Turkey, & Cyprus,” topic 98 on “Bosnia, Serbs, & Muslims,” topic 143
on “Armenia, Azeris, Cyprus, Turkey, & Karabakh,” and several other very specific topics
related to Turkey and/or Armenia all tend to co-occur with each other.
We note that capturing the co-occurrence patterns between the topics not only helps
exploratory data analysis, but also helps extract better features for classification in an
unsupervised manner and improves prediction for held-out data, as will be demonstrated
in detail in Section 4.

Augmentable Gamma Belief Networks

2.4.2 Deep Poisson Factor Analysis

limitation of binary units in capturing the approximately linear data structure over small
ranges is a key motivation for Frey and Hinton (1999) to investigate nonlinear Gaussian
belief networks with real-valued units. As a new alternative to binary units, it would be
interesting to further investigate whether the gamma distributed nonnegative real units can
in theory carry richer information and model more complex nonlinearities given the same
network structure. Note that the rectified linear units have emerged as powerful alternatives
of sigmoid units to introduce nonlinearity (Nair and Hinton, 2010). It would be interesting
to investigate whether the gamma units can be used to introduce nonlinearity into the
positive region of the rectified linear units.

Zhou, Cong, and Chen
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The PGBN with T = 2 can also be related to correlated topic models (Blei and Lafferty,
2006; Paisley et al., 2012; Chen et al., 2013; Ranganath and Blei, 2015; Linderman et al.,
2015), which typically use the logistic normal distributions to replace the topic-proportion
Dirichlet distributions used in latent Dirichlet allocation (Blei et al., 2003), capturing the
co-occurrence patterns between the topics in the latent Gaussian space using a covariance
matrix. By contrast, the PGBN factorizes the topic usage weights (not proportions) under
the gamma likelihood, capturing the co-occurrence patterns between the topics of the first
layer (i.e., the columns of Φ(1) ) in the columns of Φ(2) , the latent weight matrix connecting
the hidden units of layers two and one. For the PGBN, the computation does not involve

2.4.3 Correlated and Tree-Structured Topic Models

(Lee and Seung, 2001), and with the Dirichlet priors imposed on both φk and θ j , PFA
is related to latent Dirichlet allocation (Blei et al., 2003).
Related to the PGBN and the dynamic model in (Acharya et al., 2015), the deep exponential family model of Ranganath et al. (2014b) also considers a gamma chain under
Poisson observations, but it is the gamma scale parameters that are chained and factorized,
which allows learning the network parameters using black box variational inference (Ranganath et al., 2014a). In the proposed PGBN, we chain the gamma random variables via the
gamma shape parameters. Both strategies worth through investigation. We prefer chaining the shape parameters in this paper, which leads to efficient upward-downward Gibbs
sampling via data augmentation and makes it clear how the latent counts are propagated
across layers, as discussed in detail in the following sections. The sigmoid belief network
has also been recently incorporated into PFA for deep factorization of count data (Gan
et al., 2015a), however, that deep structure captures only the correlations between binary
factor usage patterns but not the full connection weights. In addition, neither Ranganath
et al. (2014b) nor Gan et al. (2015a) provide a principled way to learn the network structure, whereas the proposed GBN uses the gamma-negative binomial process together with
a greedy layer-wise training strategy to automatically infer the widths of the hidden layers,
which will be described in Section 3.3.

(1)

With T = 1, the PGBN specified by (1)-(3) and (8) reduces to Poisson factor analysis (PFA)
using the (truncated) gamma-negative binomial process (Zhou and Carin, 2015), with a
truncation level of K1 . As discussed in (Zhou et al., 2012; Zhou and Carin, 2015), with
(1)
(1)
priors imposed on neither φk nor θ j , PFA is related to nonnegative matrix factorization

2.4 Related Models
The structure of the augmentable GBN resembles the sigmoid belief network and recently
proposed deep exponential family model (Ranganath et al., 2014b). Such kind of gamma
distribution based network and its inference procedure were vaguely hinted in Corollary 2
of Zhou and Carin (2015), and had been exploited by Acharya et al. (2015) to develop a
gamma Markov chain to model the temporal evolution of the factor scores of a dynamic
count matrix, but have not yet been investigated for extracting multilayer data representations. The proposed augmentable GBN may also be considered as an exponential family
harmonium (Welling et al., 2004; Xing et al., 2005).
2.4.1 Sigmoid and Deep Belief Networks

(t)

(19)

Under the hierarchical model in (1), given the connection weight matrices, the joint distribution of the observed/latent counts and gamma hidden units of the GBN can be expressed,
similar to those of the sigmoid and deep belief networks (Bengio et al., 2015), as
"
#
−1



 TY




(1)
(t)
(1)
(1)
(t)
(t+1)
(T )
P xj , {θ j }t {Φ(t) }t = P xj Φ(1) , θ j
P θ j Φ(t+1) , θ j
P θj
.
t=1

With φv: representing the vth row Φ, for the gamma hidden units θvj we have

 (t+1) (t+1)
θ
j
(t+1) φv:
(t+1) (t+1)


 φv:
cj+1
θj
−1
(t+1) (t)
(t)
(t)
(t+1) (t+1) (t+1)

 θvj
, cj+1 =
e−cj+1 θvj ,
P θvj φv:
, θj
Γ

(t+1) (t+1)
φv: θ j

which are highly nonlinear functions that are strongly desired in deep learning. By contrast,
(t+1)
with the sigmoid function σ(x) = 1/(1 + e−x ) and bias terms bv
, a sigmoid/deep belief
(t)
network would connect the binary hidden units θvj ∈ {0, 1} of layer t (for deep belief
networks, t < T − 1 ) to the product of the connection weights and binary hidden units of
the next layer with




(t)
(t+1) (t+1) (t+1)
(t+1) (t+1)
P θvj = 1 φv:
, θj
, bv
= σ bv(t+1) + φv:
θj
.
(20)
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Comparing (19) with (20) clearly shows the distinctions between the gamma distributed
nonnegative hidden units and the sigmoid link function based binary hidden units. The
15

(21)

:= 1 −

(t)
Φ(t) θ j

(t)

(t)



(t)

17

xj ∼ Pois −Φ(t) θ j ln 1 − pj

h

at layer t under the Poisson likelihood as

i
.

(t)
k=1

Kt
X

h

i
(t)
(t)
(t) (t)
(t)
xvjk , xvjk ∼ Pois −φvk θkj ln 1 − pj
.

(t)

:= x·jk :=

v=1

X

Kt−1
(t)

xvjk

(23)

=

(t+1)

`=1

X

xkj

(t+1)

(t+1)

), xkj

h

i
(t+1) (t+1)
(t+1)
∼ Pois −φk: θ j
ln 1 − pj
.
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(22)



(t) (t)
(t) (t)
n

o
φ
θ
φ
θ
v1
1j
vK
K
j
(t)
(t)
(t)
(t)
(t)
t
t
, (25)
xvj1 , . . . , xvjKt
xvj , φ(t)
∼ Mult xvj , P
,..., P
v: , θ j
(t) (t)
(t) (t)
Kt
Kt
k=1 φvk θkj
k=1 φvk θkj




(t+1)
(t)(t+1)
(t+1) (t+1)
(t)(t+1)
(t+1) (t+1)
xkj
mkj
, φk: , θ j
∼ CRT mkj
, φk: θ j
.
(26)

Corollary 2 (Propagate the latent counts upward) Using Lemma 4.1 of (Zhou et al.,
2012) on (23) and Theorem 1 of (Zhou and Carin, 2015) on (24), we can propagate the
(t)
latent counts xvj of layer t upward to layer t + 1 as

Thus if (22) is true for layer t, then it is also true for layer t + 1.

(t)(t+1)
mkj

(24)
can be augmented under its compound Poisson representation as



(t+1) (t+1)
∼ NB Φ(t+1) θ j
, pj
.

u` , u` ∼ Log(pj

(t)(t+1)

Element k of mj

mj

(t)(t+1)

Further marginalizing out the gamma distributed θ j from the Poisson likelihood leads to

(t)

represent the number
of times that

0 factor kP∈ {1, . . . , Kt } of layer t appears in observation j
(t)(t+1)
(t)
(t)
Kt−1 (t)
and mj
:= x·j1 , . . . , x·jKt . Since v=1
φvk = 1, we can marginalize out Φ(t) as in
(Zhou et al., 2012), leading to
h

i
(t)(t+1)
(t)
(t)
mj
∼ Pois −θ j ln 1 − pj
.

mkj

(t)(t+1)

Let the · symbol represent summing over the corresponding index and let

xvj =

We provide a set of graphical representations in Figure 8 to describe the GBN model and
illustrate the augment-and-conquer inference scheme. We provide the upward-downward
Gibbs sampler in Appendix B.

for t = 1, . . . , T , one may connect the observed or latent counts xj ∈ ZKt−1 to the product

(t)

Lemma 1 (Augment-and-Conquer The Gamma Belief Network) With pj
e−1 and
.h
i
(t+1)
(t)
(t+1)
(t)
pj
:= − ln(1 − pj ) cj
− ln(1 − pj )

(1)

count vector of layer t ∈ {1, . . . , T }, and xvj as its vth element, where v ∈ {1, . . . , Kt−1 }.

(t)

We break the inference of the GBN of T hidden layers into T related subproblems, each of
which is solved with the same subroutine. Thus for implementation, it is straightforward
(t)
for the GBN to adjust its depth T . Let us denote xj ∈ ZKt−1 as the observed or latent

3.1 The Upward Propagation of Latent Counts

Inference for the GBN shown in (1) appears challenging, because not only the conjugate
prior is unknown for the shape parameter of a gamma distribution, but also the gradients
are difficult to evaluate for the parameters of the (log) gamma probability density function,
which, as in (19), includes the parameters inside the (log) gamma function. To address
these challenges, we consider data augmentation (van Dyk and Meng, 2001) that introduces auxiliary variables to make it simple to compute the conditional posteriors of model
parameters via the joint distribution of the auxiliary and existing random variables. We will
first show that each gamma hidden unit can be linked to a Poisson distributed latent count
variable, leading to a negative binomial likelihood for the parameters of the gamma hidden
unit if it is margined out from the Poisson distribution; we then introduce an auxiliary
count variable, which is sampled from the CRT distribution parametrized by the negative
binomial latent count and shape parameter, to make the joint likelihood of the auxiliary
CRT count and latent negative binomial count given the parameters of the gamma hidden
unit amenable to posterior simulation. More specifically, under the proposed augmentation
scheme, the gamma shape parameters will be linked to auxiliary counts under the Poisson
likelihoods, making it straightforward for posterior simulation, as described below in detail.

3. Model Properties and Inference

(t)

Proof By definition (22) is true for layer t = 1. Suppose that (22) is also true for layer
(t)
t > 1, then we can augment each count xvj , where v ∈ {1, . . . , Kt−1 }, into the summation

matrix inversion, which is often necessary for correlated topic models without specially
structured covariance matrices, and scales linearly with the number of topics, hence it is
suitable to be used to capture the correlations between hundreds of or thousands of topics.
As in Figures 6, 7, and 17-21, trees and subnetworks can be extracted from the inferred
deep network to visualize the data. Tree-structured topic models have also been proposed
before, such as those in Blei et al. (2010), Adams et al. (2010), and Paisley et al. (2015), but
they usually artificially impose the tree structures to be learned, whereas the PGBN learns
a directed network, from which trees and subnetworks can be extracted for visualization,
without the need to specify the number of nodes per layer, restrict the number of branches
per node, and forbid a node to have multiple parents.
of Kt latent counts, which are smaller than or equal to xvj as
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Figure 8: Graphical representations of the model and data augmentation and marginalization based
inference scheme. (a) graphical representation of the GBN hierarchical model. (b) an
augmented representation of Poisson factor model of layer t = 1, corresponding to (23)
with t = 1. (c) an alternative representation using the relationships between the Poisson
and multinomial distributions, obtained by applying Lemma 4.1 of (Zhou et al., 2012) on
(23) for t = 1. (d) a negative binomial distribution based representation that marginalizes out the gamma from the Poisson distributions, corresponding to (24) for t = 1. (e)
an equivalent representation that introduces CRT distributed auxiliary variables, corresponding to (26) with t = 1. (f) an equivalent representation using Theorem 1 of (Zhou
and Carin, 2015) on (24) and (26) for t = 1. (g) An representation obtained by repeating
the same augmentation-marginalization steps described in (b)-(f) one layer at a time
from layers 1 to t. (h) An representation of the top hidden layer.
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Note that x·j = m·j
, and as the number of tables occupied by the customers is in
the same order as the logarithm of the customer number in a Chinese restaurant process,
P (t+1)
(t+1)
(t)(t+1) 
. Thus the total count of layer t + 1 as j x·j
xkj is in the same order as ln mkj
P (t)
would often be much smaller than that of layer t as j x·j (though in general not as small
P (t)
as a count that is in the same order of the logarithm of j x·j ), and hence one may use
P (T )
j x·j as a simple criterion to decide whether it is necessary to add more
the total count
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(t)

layers to the GBN. In addition, if the latent count xk0 ·k :=

j

P

(t)

xk0 jk becomes close or equal

to zero, then the posterior mean of Φ(t) (k 0 , k) could become so small that node k 0 of layer
t − 1 can be considered to be disconnected from node k of layer t.

3.2 Modeling Data Variability With Distributed Representation

(2)

(1)(2)

In comparison to a single-layer model with T = 1, which assumes that the hidden units
of layer one are independent in the prior, the multilayer model with T ≥ 2 captures the
correlations between them. Note that for the extreme case that Φ(t) = IKt for t ≥ 2 are
all identity matrices, which indicates that there are no correlations between the features
(t−1)
of θ j
left to be captured, the deep structure could still provide benefits as it helps

(2)

(t+1)

∼ NB(θkj , pj ), . . . , θkj ∼ Gam(θkj

(t)

, 1/cj
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(T +1)

), . . . , θkj ∼ Gam(rk , 1/cj

(T )

,
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`=3

,

"

t 
Y

`=t+1


(`) −1

cj

#)

.

).

model latent counts mj
that may be highly overdispersed. For example, let us assume
Φ(t) = IK2 for all t ≥ 2, then from (1) and (24) we have
(1)(2)

mkj

(t)

cj

(2)

T
+1
X

t=3

QT +1 (t)
t=3 cj
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(

(2)
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(2)
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Using the laws of total expectation and total variance, we have
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#
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Further applying the same laws, we have

 (1)(2)

E mkj | rk = 
 (1)(2)
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Thus the variance-to-mean ratio (VMR) of the count mkj
given rk can be expressed as
(
"
#)

(`) −1
.
(27)
 (1)(2)

VMR mkj | rk =

(2)

(1)(2)

∼ NB(rk , pj ) given rk , with a VMR of 1/(1 − pj ),

1 − pj

(1)(2)

In comparison to PFA with mkj
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T
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(2)
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(2)

,

the GBN with T hidden layers, which mixes the shape of mkj
∼ NB(θkj , pj ) with a


(1)(2)
chain of gamma random variables, increases VMR mkj | rk by a factor of
"
#
which is equal to
(t)
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if we further assume cj = 1 for all t ≥ 3. Therefore, by increasing the depth of the network
to distribute the variability into more layers, the multilayer structure could increase its
capacity to model data variability.
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(T )

∼ Gam(Φ

(T )

(T )

(T )

θ j , 1/cj ), θ j

(T +1)

∼ Gam(r, 1/cj

(T )
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4.1 Deep Topic Modeling

In this section, we present experimental results for count, binary, and nonnegative real data.

We first analyze multivariate count data with the Poisson gamma belief network (PGBN).
We apply the PGBNs for topic modeling of text corpora, each document of which is represented as a term-frequency count vector. Note that the PGBN with a single hidden layer

We consider the 20newsgroups data set that consists of 18,774 documents from 20 different news groups, with a vocabulary of size K0 = 61,188. It is partitioned into a
training set of 11,269 documents and a testing set of 7,505 ones. We first consider two
binary classification tasks that distinguish between the comp.sys.ibm.pc.hardware and
comp.sys.mac.hardware, and between the sci.electronics and sci.med news groups. For
each binary classification task, we remove a standard list of stop words and only consider
the terms that appear at least five times, and report the classification accuracies based
on 12 independent random trials. With the upper bound of the first layer’s width set as
K1 max ∈ {25, 50, 100, 200, 400, 600, 800}, and Bt = Ct = 1000 and η (t) = 0.01 for all t, we
use Algorithm 1 to train a network with T ∈ {1, 2, . . . , 8} layers. Denote θ̄ j as the estimated
K1 dimensional feature vector for document j, where K1 ≤ K1 max is the inferred number of
active factors of the first layer that is bounded by the pre-specified truncation level K1 max .
We use the L2 regularized logistic regression provided by the LIBLINEAR package (Fan
et al., 2008) to train a linear classifier on θ̄ j in the training set and use it to classify θ̄ j in
the test set, where the regularization parameter is five-folder cross-validated on the training
set from (2−10 , 2−9 , . . . , 215 ).

4.1.1 Feature Learning for Binary Classification

We use Algorithm 1 to learn, in a layer-wise manner, from the training data the connection weight matrices Φ(1) , . . . , Φ(Tmax ) and the top-layer hidden units’ gamma shape
parameters r: to add layer T to a previously trained network with T − 1 layers, we use
BT iterations to jointly train Φ(T ) and r together with {Φ(t) }1,T −1 , prune the inactive
factors of layer T , and continue the joint training with another CT iterations. We set the
hyper-parameters as a0 = b0 = 0.01 and e0 = f0 = 1. Given the trained network, we apply
the upward-downward Gibbs sampler to collect 500 MCMC samples after 500 burnins to
(1) (1)
estimate the posterior mean of the feature usage proportion vector θ j /θ·j at the first
hidden layer, for every document in both the training and testing sets.

is identical to the (truncated) gamma-negative binomial process PFA of Zhou and Carin
(2015), which is a nonparametric Bayesian algorithm that performs similarly to the hierarchical Dirichlet process latent Dirichlet allocation of Teh et al. (2006) for text analysis, and
is considered as a strong baseline. Thus we will focus on making comparison to the PGBN
with a single layer, with its layer width set to be large to approximate the performance of
the gamma-negative binomial process PFA. We evaluate the PGBNs’ performance by examining both how well they unsupervisedly extract low-dimensional features for document
classification, and how well they predict heldout word tokens. Matlab code will be available
in http://mingyuanzhou.github.io/.
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As shown in Figure 9, modifying the PGBN from a single-layer shallow network to a
multilayer deep one clearly improves the qualities of the unsupervisedly extracted feature
vectors. In a random trial, with K1 max = 800, we infer a network structure of [K1 , . . . , K8 ] =
[512, 154, 75, 54, 47, 37, 34, 29] for the first binary classification task, and [K1 , . . . , K8 ] =
[491, 143, 74, 49, 36, 32, 28, 26] for the second one. Figures 9(c)-(d) also show that increasing
the network depth in general improves the performance, but the first-layer width clearly
plays a critical role in controlling the ultimate network capacity. This insight is further
illustrated below.

4. Experimental Results

mkj
∼ NB(rk , pj
), rk ∼ Gam(γ0 /KT max , 1/c0 ), and hence can again rely on the
shrinkage mechanism of a truncated gamma-negative binomial process to prune inactive
factors (connection weight vectors, columns of Φ(T ) ) of layer T , making KT , the inferred
layer width for the newly added layer, smaller than KT max if KT max is set to be sufficiently
large. The newly added layer and all the layers below would be jointly trained, but with the
structure below the newly added layer kept unchanged. Note that when T = 1, the GBN
infers the number of active factors if K1 max is set large enough, otherwise, it still assigns the
factors with different weights rk , but may not be able to prune any of them. The details of
the proposed layer-wise training strategies are summarized in Algorithm 1 for multivariate
count data, and in Algorithm 2 for multivariate binary and nonnegative real data.

(T )(T +1)

upward propagated from the bottom data layer, one may marginalize out

(T )
θkj ,

and r is redefined as r = (r1 , . . . , rKTmax )0 . The key idea is with latent counts mkj

θj

(T −1)

As jointly training all layers together is often difficult, existing deep networks are typically
trained using a greedy layer-wise unsupervised training algorithm, such as the one proposed
in (Hinton et al., 2006) to train the deep belief networks. The effectiveness of this training
strategy is further analyzed in (Bengio et al., 2007). By contrast, the augmentable GBN has
a simple Gibbs sampler to jointly train all its hidden layers, as described in Appendix B,
and hence does not necessarily require greedy layer-wise training, but the same as these
commonly used deep learning algorithms, it still needs to specify the number of layers and
the width of each layer.
In this paper, we adopt the idea of layer-wise training for the GBN, not because of the
lack of an effective joint-training algorithm that trains all layers together in each iteration,
but for the purpose of learning the width of each hidden layer in a greedy layer-wise manner,
given a fixed budget on the width of the first layer. The basic idea is to first train a
GBN with a single hidden layer, i.e., T = 1, for which we know how to use the gammanegative binomial process (Zhou and Carin, 2015; Zhou et al., 2015b) to infer the posterior
distribution of the number of active factors; we fix the width of the first layer K1 with the
number of active factors inferred at iteration B1 , prune all inactive factors of the first layer,
and continue Gibbs sampling for another C1 iterations. Now we describe the proposed
recursive procedure to build a GBN with T ≥ 2 layers. With a GBN of T − 1 hidden layers
that has already been inferred, for which the hidden units of the top layer are distributed
(T −1)
(T )
as θ j
∼ Gam(r, 1/cj ), where r = (r1 , . . . , rKT −1 )0 , we add another layer by letting

3.3 Learning The Network Structure With Layer-Wise Training
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Figure 9: Classification accuracy (%) as a function of the network depth T for two 20newsgroups
binary classification tasks, with η (t) = 0.01 for all layers. (a)-(b): the boxplots of the
accuracies of 12 independent runs with K1 max = 800. (c)-(d): the average accuracies
of these 12 runs for various K1 max and T . Note that K1 max = 800 is large enough to
cover all active first-layer topics (inferred to be around 500 for both binary classification
tasks), whereas all the first-layer topics would be used if K1 max = 25, 50, 100, or 200.

4.1.2 Feature Learning for Multi-Class Classification
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Examining the inferred network structure also reveals interesting details. For example, in a random trial with Algorithm 1, with η (t) = 0.05 for all t, the inferred network widths [K1 , . . . , K5 ] for K1 max = 50, 100, 200, 400, 600, and 800 are [50, 50, 50, 50, 50],
[100, 99, 99, 94, 87], [200, 161, 130, 94, 63], [396, 109, 99, 82, 68], [528, 129, 109, 98, 91], and [608,

and 5 layers, respectively. Since the per iteration cost increases approximately as a linear
function of the inferred K and as a linear function of the size of the data set, given a fixed
1
computational budget, one may choose a moderate K1 max to allow adding a sufficiently
(t)
(t)
(t)
large number of hidden layers. In addition, the samplings of xvkj , φk , and θkj in each
layer can all be made embarrassingly parallel with blocked Gibbs sampling, and hence can
potentially significantly benefit from implementing the algorithm using graphics processing
units (GPUs) or other parallel computing architectures.

Figure 11: Analogous plots to Figure 10 with the vocabulary size restricted to be 2000, including
the most frequent 2000 terms after removing a standard list of stopwords. The widths
of the hidden layers are automatically inferred. In a random trial, the inferred network widths [K1 , . . . , K5 ] for K1 max = 32, 64, 128, 256, and 512 are [32, 32, 32, 32, 32],
[64, 64, 64, 59, 59], [128, 125, 118, 106, 87], [256, 224, 124, 83, 65], and [512, 187, 89, 78, 62],
respectively.

1

Figure 10: Classification accuracy (%) of the PGBNs with Algorithm 1 for 20newsgroups multiclass classification (a) as a function of the depth T with various K1 max and (b) as a
function of K1 max with various depths, with η (t) = 0.05 for all layers. The widths of
the hidden layers are automatically inferred. In a random trial, the inferred network
widths [K1 , . . . , K5 ] for K1 max = 50, 100, 200, 400, 600, and 800 are [50, 50, 50, 50, 50],
[100, 99, 99, 94, 87], [200, 161, 130, 94, 63], [396, 109, 99, 82, 68], [528, 129, 109, 98, 91], and
[608, 100, 99, 96, 89], respectively.
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We test the PGBNs for multi-class classification on 20newsgroups. After removing a standard list of stopwords and the terms that appear less than five times, we obtain a vocabulary with V = 33, 420. We set Ct = 500 and η (t) = 0.05 for all t; we set Bt = 1000
for all t if K1 max ≤ 400, and set B1 = 1000 and Bt = 500 for t ≥ 2 if K1 max > 400.
We use all 11,269 training documents to infer a set of networks with Tmax ∈ {1, . . . , 5} and
K1 max ∈ {50, 100, 200, 400, 600, 800}, and mimic the same testing procedure used for binary
classification to extract low-dimensional feature vectors, with which each testing document
is classified to one of the 20 news groups using the L2 regularized logistic regression.
Figure 10 shows a clear trend of improvement in classification accuracy by increasing
the network depth with a limited first-layer width, or by increasing the upper bound of
the width of the first layer with the depth fixed. For example, a single-layer PGBN with
K1 max = 100 could add one or more layers to slightly outperform a single-layer PGBN
with K1 max = 200, and a single-layer PGBN with K1 max = 200 could add layers to clearly
outperform a single-layer PGBN with K1 max as large as 800.
The proposed Gibbs sampler also exhibits several desirable computational properties.
Each iteration of jointly training multiple layers usually only costs moderately more than
that of training a single layer, e.g., with K1 max = 400, a training iteration on a single core
of an Intel Xeon 2.7 GHz CPU takes about 5.6, 6.7, 7.1 seconds for the PGBN with 1, 3,
23

Classification accuracy

Classification accuracy

Classification accuracy
Classification accuracy

As shown in both Figures 12 and 13, we observe a clear trend of improvement by
increasing both K1 max and T . We have also examined the topics and network structure
learned on the NIPS12 corpus. Similar to the exploratory data analysis performed on the
20newsgroups corpus, as described in detail in Section 2.3, the inferred deep networks also
allow us to extract trees and subnetworks to visualize various aspects of the NIPS12 corpus
from general to specific and reveal how they are related to each other. We omit these details
for brevity and instead provide a brief description: with K1 max = 200 and T = 5, the PGBN
infers a network with [K1 , . . . , K5 ] = [200, 164, 106, 60, 42] in one of the five random trials.
(t)
The ranks, according to the weights rk calculated in (14), and the top five words of three
example topics for layer T = 5 are “6 network units input learning training,” “15 data
model learning set image,” and “34 network learning model input neural;” while these of
five example topics of layer T = 1 are “19 likelihood em mixture parameters data,” “37
bayesian posterior prior log evidence,” “62 variables belief networks conditional inference,”
“126 boltzmann binary machine energy hinton,” and “127 speech speaker acoustic vowel
phonetic.” It is clear that the topics of the bottom hidden layers are very specific whereas
these of the top hidden layer are quite general.
JMLR 17(163):1-44
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Note that 79.4% achieved using the 33, 420 selected features is the best accuracy reported in the paper, which is unsurprising since all the unsupervisedly extracted latent
feature vectors have much lower dimensions and are not optimized for classification (Zhu
et al., 2012; Zhou et al., 2015b). In comparison to using appropriately preprocessed highdimensional features, our experiments show that while text classification performance often
clearly deteriorates if one trains a multi-class classifier on the lower-dimensional features
extracted using “shallow” unsupervised latent feature models, one could obtain much improved results using appropriate “deep” generalizations. For further improvement, one may
consider adding an extra supervised component into the model, which is shown to boost
the classification performance for latent Dirichlet allocation (Blei and Mcauliffe, 2008; Zhu
et al., 2012), a shallow latent feature model related to the PGBN with a single hidden layer.

100, 99, 96, 89], respectively. This indicates that for a network with an insufficient budget
on its first-layer width, as the network depth increases, its inferred layer widths decay more
slowly than a network with a sufficient or surplus budget on its first-layer width; and a network with a surplus budget on its first-layer width may only need relatively small widths
for its higher hidden layers.
In order to make comparison to related algorithms, we also consider restricting the vocabulary to the 2000 most frequent terms of the vocabulary after moving a standard list
of stopwords. We repeat the same experiments with the same settings except that we set
K1 max ∈ {32, 64, 128, 256, 512}, B1 = 1000, C1 = 500, and Bt = Ct = 500 for all t ≥ 2. We
show the results in Figure 11. Again, we observe a clear trend of improvement by increasing
the network depth with a limited first-layer width, or by increasing the upper bound of the
width of the first layer with the depth fixed. In a random trial with Algorithm 1, the inferred
network widths [K1 , . . . , K5 ] for K1 max = 32, 64, 128, 256, and 512 are [32, 32, 32, 32, 32],
[64, 64, 64, 59, 59], [128, 125, 118, 106, 87], [256, 224, 124, 83, 65], and [512, 187, 89, 78, 62], respectively.
For comparison, we first consider the same L2 regularized logistic regression multiclass classifier, trained either on the raw word counts or normalized term-frequencies of
the 20newsgroups training documents using five-folder cross-validation. As summarized
in Table 1 of Appendix C, when using the raw term-frequency word counts as covariates,
the same classifier achieves 69.8% (68.2%) accuracy on the 20newsgroups test documents if
using the top 2000 terms that exclude (include) a standard list of stopwords, achieves 75.8%
if using all the 61, 188 terms in the vocabulary, and achieves 78.0% if using the 33, 420 terms
remained after removing a standard list of stopwords and the terms that appear less than
five times; and when using the normalized term-frequencies as covariates, the corresponding
accuracies are 70.8% (67.9%) if using the top 2000 terms excluding (including) stopwords,
77.6% with all the 61, 188 terms, and 79.4% with the 33, 420 selected terms.
As summarized in Table 2 of Appendix C, for multi-class classification on the same
data set, with a vocabulary size of 2000 that consists of the 2000 most frequent terms after
removing stopwords and stemming, the DocNADE (Larochelle and Lauly, 2012) and the
over-replicated softmax (Srivastava et al., 2013) provide the accuracies of 67.0% and 66.8%,
respectively, for a feature dimension of K = 128, and provide the accuracies of 68.4% and
69.1%, respectively, for a feature dimension of K = 512.
As shown in Figure 11 and summarized in Table 3 of Appendix C, with the same
vocabulary size of 2000 (but different terms due to different preprocessing), the proposed
PGBN provides 65.9% (67.5%) with T = 1 (T = 5) for K1 max = 128, and 65.9% (69.2%)
with T = 1 (T = 5) for K1 max = 512, which may be further improved if we also consider
the stemming step, as done in these two algorithms, for word preprocessing, or if we set the
values of η (t) to be smaller than 0.05 to encourage a more complex network structure. We
also summarize in Table 3 the classification accuracies shown in Figure 10 for the PGBNs
with V = 33, 420. Note that the accuracies in Tables 2 and 3 are provided to show that
the PGBNs are in the same ballpark as both the DocNADE (Larochelle and Lauly, 2012)
and over-replicated softmax (Srivastava et al., 2013). Note these results are not intended
to provide a head-to-head comparison, which is possible if the same data preprocessing and
classifier were used and the error bars were shown in Srivastava et al. (2013), or we could
obtain the code to replicate the experiments using the same preprocessed data and classifier.
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In addition to examining the performance of the PGBN for unsupervised feature learning,
we also consider a more direct approach that we randomly choose 30% of the word tokens
in each document as training, and use the remaining ones to calculate per-heldout-word
perplexity. We consider both all the 18,774 documents of the 20newsgroups corpus, limiting
the vocabulary to the 2000 most frequent terms after removing a standard list of stopwords,
and the NIPS12 (http://www.cs.nyu.edu/∼roweis/data.html) corpus whose stopwords have
already been removed, limiting the vocabulary to the 2000 most frequent terms. We set
η (t) = 0.05 and Ct = 500 for all t, set B1 = 1000 and Bt = 500 for t ≥ 2, and consider five
random trials. Among the Bt +Ct Gibbs sampling iterations used to train layer t, we collect
one sample per five iterations during the last 500 iterations, for each of which we draw the
(1)
(1)
topics {φk }k and topics weights θ j , to compute the per-heldout-word perplexity using
Equation (34) of Zhou and Carin (2015). This evaluation method is similar to those used
in Newman et al. (2009), Wallach et al. (2009), and Paisley et al. (2012).

4.1.3 Perplexities for Heldout Words
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Figure 13: Analogous plots to Figure 12 for the 20newsgroups corpus (using the 2000 most
frequent terms after removing a standard list of stopwords). In a random trial,
the inferred network widths [K1 , . . . , K5 ] for K1 max = 25, 50, 100, 200, 400, 600, and
800 are [25, 25, 25, 25, 25], [50, 50, 50, 50, 50], [100, 99, 99, 97, 97], [200, 194, 177, 152, 123],
[398, 199, 140, 116, 105], [557, 156, 133, 118, 103], and [701, 119, 116, 112, 103], respectively.
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4.1.4 Generating Synthetic Documents
(T )
(T +1) 
We have also tried drawing θ j 0 ∼ Gam r, 1/cj 0
and downward passing it through a
T -layer network trained on a text corpus to generate synthetic bag-of-words documents,
which are found to be quite interpretable and reflect various general aspects of the corpus
used to train the network. We consider the PGBN with [K , . . . , K5 ] = [608, 100, 99, 96, 89],
1
which is trained on the training set of the 20newsgroups corpus with K1 max = 800 and
(t)
(t)
η (t) = 0.05 for all t. We set cj 0 as the median of the inferred {cj }j of the training doc27
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We apply the BerPo-GBN to extract multilayer representations for high-dimensional sparse
binary vectors. The BerPo link is proposed in Zhou (2015) to construct edge partition
models for network analysis, whose computation is mainly spent on pairs of linked nodes
and hence is scalable to big sparse relational networks. That link function and its inference
procedure have also been adopted by Hu et al. (2015) to analyze big sparse binary tensors.
We consider the same problem of feature learning for multi-class classification studied
in detail in Section 4.1.2. We consider the same setting except that the original termdocument word count matrix is now binarized into a term-document indicator matrix, the
(v, j) element of which is set as one if and only if nvj ≥ 1 and set as zero otherwise. We test
the BerPo-GBNs on the 20newsgroups corpus, with η (t) = 0.05 for all layers. As shown in
Figure 14, given the same upper-bound on the width of the first layer, increasing the depth
of the network clearly improves the performance. Whereas given the same number of hidden
layers, the performance initially improves and then fluctuates as the upper-bound of the
first layer increases. Such kind of fluctuations when K1 max reaches over 200 are expected,
since the width of the first layer is inferred to be less than 190 and hence the budget as
small as K1 max = 200 is already large enough to cover all active factors.

4.2 Multilayer Representation for Binary Data


 (T +1) 
(T )
and
uments for all t. Given {Φ(t) }1,T and r, we first generate θ j 0 ∼ Gam r, 1 cj 0
then downward pass it through the network by drawing nonnegative real random variables, one layer after another, from the gamma distributions as in (1). With the simu(1)
(1)
lated θ j 0 , we calculate the Poisson rates for all the V words using Φ(1) θ j 0 and display
the top 100 words ranked by their Poisson rates. As shown in the text file available
at http://mingyuanzhou.github.io/Results/GBN-BOW.txt, the synthetic documents generated in this manner are all easy to interpret and reflect various general aspects of the
20newsgroups corpus on which the PGBN is trained.

Figure 14: Analogous plots to Figure 10 for the BerPo-GBNs on the binarized 20newsgroups term-document count matrix. The widths of the hidden layers are automatically inferred. In a random trial with Algorithm 2, the inferred network
widths [K1 , . . . , K5 ] for K1 max = 50, 100, 200, 400, 600, and 800 are [50, 50, 50, 50, 50],
[100, 97, 95, 90, 82], [178, 145, 122, 97, 72], [184, 139, 119, 101, 75], [172, 165, 158, 138, 110],
and [156, 151, 147, 134, 117], respectively.
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Figure 12: (a) per-heldout-word perplexity (the lower the better) for the NIPS12 corpus (using
the 2000 most frequent terms) as a function of the upper bound of the first layer
width K1 max and network depth T , with 30% of the word tokens in each document used for training and η (t) = 0.05 for all t. (b) for visualization, each curve
in (a) is reproduced by subtracting its values from the average perplexity of the
single-layer network. In a random trial, the inferred network widths [K1 , . . . , K5 ]
for K1 max = 25, 50, 100, 200, 400, 600, and 800 are [25, 25, 25, 25, 25], [50, 50, 50, 49, 42],
[100, 99, 93, 78, 54], [200, 164, 106, 60, 42], [400, 130, 83, 52, 39], [596, 71, 68, 58, 37], and
[755, 57, 53, 46, 42], respectively.
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The augmentable gamma belief network (GBN) is proposed to extract a multilayer representation for high-dimensional count, binary, or nonnegative real vectors, with an efficient
upward-downward Gibbs sampler to jointly train all its layers and a layer-wise training
strategy to automatically infer the network structure. A GBN of T layers can be broken
into T subproblems that are solved by repeating the same subroutine, with the computation
mainly spent on training the first hidden layer. When used for deep topic modeling, the
GBN extracts very specific topics at the first hidden layer and increasingly more general
topics at deeper hidden layers. It provides an excellent way for exploratory data analysis
through the visualization of the inferred deep network, whose hidden units of adjacent layers are sparsely connected. Its good performance is further demonstrated in unsupervisedly
extracting features for document classification and predicting heldout word tokens. The extracted deep network can also be used to simulate very interpretable synthetic documents,
which reflect various general aspects of the corpus that the network is trained on. When applied for image analysis, without using the convolutional and pooling operations, the GBN
is already able to extract interpretable factors in the first hidden layer that are active in
very specific spatial regions and interpretable factors in deeper hidden layers with increasingly more general spatial patterns covering larger spatial regions. For big data problems,
in practice one may rarely have a sufficient budget to allow the first-layer width to grow
without bound, thus it is natural to consider a deep network that can use a multilayer deep
representation to better allocate its resource and increase its representation power with
limited computational power. Our algorithm provides a natural solution to achieve a good
compromise between the width of each layer and the depth of the network.

5. Conclusions

the bottom hidden layer, and learn these increasingly more general factors covering larger
spatial regions of the images as the number of layer increases. However, due to the lack of
the ability to discover spatially localized features that can be shared at multiple different
spatial regions, our algorithm does not at all exploit the redundancies of the spatially
localized features inside a single image and hence may require much more data to train.
Therefore, it would be interesting to investigate whether one can introduce convolutional
and pooling operations into the GBNs, which may substantially improve their performance
on modeling natural images.
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We use the PRG-GBN to unsupervisedly extract features from nonnegative real data. We
consider the MNIST data set (http://yann.lecun.com/exdb/mnist/), which consists of 60000
training handwritten digits and 10000 testing ones. We divide the gray-scale pixel values
of each 28 × 28 image by 255 and represent each image as a 784 dimensional nonnegative
real vector. We set η (1) = 0.05 and use all training digits to infer the PRG-GBNs with
Tmax ∈ {1, · · ·, 5} and K1max ∈ {50, 100, 200, 400}. We consider the same problem of feature
extraction for multi-class classification studied in detail in Section 4.1.2, and we follow the
same experimental settings over there. As shown in Figure 15, both increasing the width of
the first layer and the depth of the network could clearly improve the performance in terms
of unsupervisedly extracting features that are better suited for multi-class classification.
Note that the PRG distribution might not be the best distribution to fit MNIST digits,
but nevertheless, displaying the inferred features at various layers as images provides a
straightforward way to visualize the latent structures inferred from the data and hence
provides an excellent example to understand the properties and working mechanisms of the
GBN. We display the projections to the first layer of the factors Φ(t) at all five hidden
layers as images for K1 max = 100 and K1 max = 400 in Figures 22 and 23, respectively,
which clearly show that the inferred latent factors become increasingly more general as the
layer increases. In both Figures 22 and 23, the latent factors inferred at the first hidden
layer represent filters that are only active at very particular regions of the images, those
inferred at the second hidden layer represent larger parts of the hidden-written digits, and
those inferred at the third and deeper layers resemble the whole digits.
To visualize the relationships between the factors of different layers, we show in Figure 24
in Appendix C a subset of nodes of each layer and the nodes of the layer below that are
connected to them with non-negligible weights.
It is interesting to note that unlike Lee et al. (2009) and many other following works
that rely on the convolutional and pooling operations, which are pioneered by LeCun et al.
(1989), to extract hierarchical representation for images at different spatial scales, we show
that the proposed algorithm, while not breaking the images into spatial patches, is already
able to learn the factors that are active on very specific spatial regions of the image in

4.3 Multilayer Representation for Nonnegative Real Data

trial with Algorithm 2, the inferred network widths [K1 , . . . , K5 ] for K1 max =50, 100,
200, and 400 are [50, 50, 50, 50, 50], [100, 100, 100, 100, 100], [200, 200, 200, 200, 200], and
[400, 400, 399, 385, 321], respectively.

Figure 15: Analogous plots to Figure 10 for the PRG-GBNs on the MNIST data set. In a random
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Figure 16: Left: probability distribution functions for the Poisson randomized gamma (PRG) distribution x ∼ PRG(λ, c), where the sum of the probability mass at x = 0 and the area
under the probability density function curve for x > 0 is equal to one; Right: probability mass functions for the truncated Bessel distribution n ∼ Bessel−1 (α), where
n ∈ {1, 2, . . .}.

Appendix A. Randomized Gamma and Bessel Distributions
Related to our work, Yuan and Kalbfleisch (2000) proposed the randomized gamma distribution to generate a random positive real number as
x | n, ν ∼ Gam(n + ν + 1, 1/c), n ∼ Pois(λ),
where ν > −1 and c > 0. As in Yuan and Kalbfleisch (2000), the conditional posterior of n
can be expressed as
√
(n | x, ν, α) ∼ Besselν (2 cxλ)


α 2n+ν
2

, n ∈ {0, 1, 2, . . .}.

where we denote n ∼ Besselν (α) as the Bessel distribution with parameters ν > −1 and
α > 0, with PMF
Besselν (n; α) =

Iν (α)n!Γ(n + ν + 1)

Algorithms to draw Bessel random variables can be found in Devroye (2002).
The proposed PRG is different from the randomized gamma distribution of Yuan and
Kalbfleisch (2000) in that it models both positive real numbers and exact zeros, and the
proposed truncated Bessel distribution n ∼ Bessel−1 (α) is different from the Bessel distribution n ∼ Besselν (α), where ν > −1, in that it is defined only on positive integers. For
illustration, we show in Figure 16 the probability distribution functions of both the PRG
and truncated Bessel distributions under a variety of parameter settings.

Appendix B. Upward-Downward Gibbs Sampling
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Below we first discuss Gibbs sampling for count data and then generalize it for both binary
and nonnegative real data.
31
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B.1 Inference for the PGBN

(1)

With Lemma 1 and Corollary 2 and the width of the first layer being bounded by K1 max ,
we first consider multivariate count observations and develop an upward-downward Gibbs
sampler for the PGBN, each iteration of which proceeds as follows.
(t)
(t)
Sample xvjk . We can sample xvjk for all layers using (25). But for the first hidden

layer, we may treat each observed count xvj as a sequence of word tokens at the vth term (in

(1)

·j

a vocabulary of size V := K0 ) in the jth document, and assign the x·j words {vji }i=1,x(1)

(1)−ji
(1)−ji

η (1) + xvji ·k

V η (1) + x··k



(1)−ji

x·jk

(2) (2)

+ φk: θ j



,

k ∈ {1, . . . , K1 max },

(28)

one after another to the latent factors (topics), with both the topics Φ(1) and topic weights
(1)
θ j marginalized out, as

P (zji = k | −) ∝

(t)

(t)

(29)

P
(1)
where zji is the topic index for vji and xvjk := i δ(vji = v, zji = k) counts the number
of times that term v appears in document j; we use x−ji to denote the count x calculated
without considering word i in document j. The collapsed Gibbs sampling update equation
shown above is related to the one developed in (Griffiths and Steyvers, 2004) for latent
Dirichlet allocation, and the one developed in (Zhou, 2014) for PFA using the beta-negative
(2) (2)
binomial process. When T = 1, we would replace the terms φk: θ j with rk for PFA built
on the gamma-negative binomial process (Zhou and Carin, 2015) (or with απk for hierarchical Dirichlet process latent Dirichlet allocation, see (Teh et al., 2006) and (Zhou, 2014) for
details), and add an additional term to account for the possibility of creating an additional
factor (Zhou, 2014). For simplicity, in this paper, we truncate the nonparametric Bayesian
model with K1 max factors and let rk ∼ Gam(γ0 /K1 max , 1/c0 ) if T = 1. Note that although
we use collapsed Gibbs sampling inference in this paper, if one desires embarrassingly parallel inference and possibly lower computation, then one may consider explicitly sampling
(1)
(1)
and {θ j }j and sampling xvjk with (25).

using (26), where we replace the term φv:



(t)
(t)
(t)
(t)
(t)
(φk | −) ∼ Dir η1 + x1·k , . . . , ηKt−1 + xKt−1 ·k .
(t+1)

. We sample xj

(T +1) (T +1)
θj

Sample φk . Given these latent counts, we sample the factors/topics φk as

(1)
{φk }k

(t+1)

Sample xvj
with rv .

(30)

Sample r. Both γ0 and c0 are sampled using related equations in (Zhou and Carin,
2015), omitted here for brevity. We sample r as


h
i 
P
(T +1)
(T +1)  −1
(rv | −) ∼ Gam γ0 /KT + xv·
, c0 − j ln 1 − pj
.
(t)
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Sample θ j . Using (22) and the gamma-Poisson conjugacy, we sample θ j as

32

(T )


h

i−1 
(T )(T +1)
(T +1)
(T )
,
| −) ∼ Gam r + mj
, cj
− ln 1 − pj

(t)

as

(t)
k=1 θkj

PKt

(T +1)

for t ≤ T and θ·j

(2)

:= r· , we sample pj

and

(31)

(t)

and {pj }t≥3 with (21).
(1)

(1)

(1)

for all layers using (25).

k=1

(1)

(1)

k=1
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We then sample xvjk for all layers using (25).

(t)

if yvj > 0. We let aj ∼ Gam(e0 , 1/f0 ) in the prior and sample aj as
!
X (1)
1
(aj | −) ∼ Gam e0 +
xvj ,
P (1) .
f0 + v yvj
v

(1)

(35)

(34)
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we let xvj = 0 if yvj = 0 and sample xvj from the truncated Bessel distribution as
 v

u
K1
u (1) X

(1)
(1)
(1)
t
φvk θkj 
xvj | − ∼ Bessel−1 2 aj yvj

(1)

(1)

yvj ∼ Gam(xvj , 1/aj ),

(1)

For nonnegative real observations yvj that are linked to the latent counts at layer one as

and then sample

(t)
xvjk

For binary observations that are linked to the latent counts at layer one as bvj = 1(xvj ≥ 1),
we first sample the latent counts at layer one from the truncated Poisson distribution as
!
K1
X

(1)
(1)
(1) (1)
xvj | − ∼ bvj · Pois+
φvk θkj
(33)

B.2 Handling Binary and Nonnegative Real Observations

and calculate cj

(2)



h
i 

(1)(2)
(2)
(t)
(t)
(t−1) −1
(2)
, (32)
(pj | −) ∼ Beta a0 +m·j , b0 +θ·j , (cj | −) ∼ Gam e0 +θ·j , f0 +θ·j

(t)
{cj }t≥3

Sample cj . With θ·j :=

(t)

..
.

h

i−1 
(1)
(1)(2)
(2)
(1)
(2) (2)
,
(θ j | −) ∼ Gam Φ θ j + mj
, cj − ln 1 − pj

..
.

h

i−1 
(t)
(t)(t+1)
(t+1)
(t)
(t+1) (t+1)
(θ j | −) ∼ Gam Φ
θj
+ mj
, cj
− ln 1 − pj
,

(θ j
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(1)

2:
3:
4:
5:
6:
7:
8:
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using (35) for nonnegative real observations;
for t = 1, 2, . . . , T do
(t)
(t)
(t+1)
Sample {xvjk }v,j,k ; Sample {φk }k ; Sample {xvj }v,j ;
end for
(2)
(2)
(t)
(t)
Sample pj and Calculate cj ; Sample {cj }j,t and Calculate {pj }j,t for t = 3, . . . , T + 1;
for t = T, T − 1, . . . , 1 do
(t)
Sample r if t = T ; Sample {θ j }j ;
end for

1: Sample {xvj }v,j using (33) for binary observations; Sample {xvj }v,j using (34) and sample aj

(1)

structed by using Lines 1-8 shown below to substitute Lines 4-11 of the PGBN Gibbs sampler shown
in Algorithm 1.

Algorithm 2 The upward-downward Gibbs samplers for the Ber-GBN and PRG-GBN are con-

to train a set of networks, each of which adds an additional hidden layer on top of the previously
inferred network, retrains all its layers jointly, and prunes inactive factors from the last layer. Inputs: observed counts {xvj }v,j , upper bound of the width of the first layer K1 max , upper bound of
the number of layers Tmax , number of iterations {BT , ST }1,Tmax , and hyper-parameters.
Outputs: A total of Tmax jointly trained PGBNs with depths T = 1, T = 2, . . ., and T = Tmax .
1: for T = 1, 2, . . . , Tmax do Jointly train all the T layers of the network
2:
Set KT −1 , the inferred width of layer T − 1, as KT max , the upper bound of layer T ’s width.
3:
for iter = 1 : BT + CT do Upward-downward Gibbs sampling
(1)
(2)
4:
Sample {zji }j,i using collapsed inference; Calculate {xvjk }v,k,j ; Sample {xvj }v,j ;
5:
for t = 2, 3, . . . , T do
(t)
(t)
(t+1)
6:
Sample {xvjk }v,j,k ; Sample {φk }k ; Sample {xvj }v,j ;
7:
end for
(2)
(2)
(t)
(t)
8:
Sample pj and Calculate cj ; Sample {cj }j,t and Calculate {pj }j,t for t = 3, . . . , T +1;
9:
for t = T, T − 1, . . . , 2 do
(t)
10:
Sample r if t = T ; Sample {θ j }j ;
11:
end for
12:
if iter = BT then
(T )
13:
Prune layer T ’s inactive factors {φk }k:x(T ) =0 ;
··k
P
(T )
14:
let KT = k δ(x··k > 0) and update r;
15:
end if
16:
end for
17:
Output the posterior means (according to the last MCMC sample) of all remaining factors
(t)
T
{φk }k,t as the inferred network of T layers, and {rk }K
k=1 as the gamma shape parameters of
layer T ’s hidden units.
18: end for

Algorithm 1 The PGBN upward-downward Gibbs sampler that uses a layer-wise training strategy

Zhou, Cong, and Chen

79.4%

V = 33, 420
remove stopwords
remove rare words
term frequencies

Augmentable Gamma Belief Networks

78.0%

V = 33, 420
remove stopwords
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remove stopwords
term frequencies

77.6%
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remove stopwords
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with stopwords
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term frequencies
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with stopwords
term frequencies
69.8%

75.8%
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with stopwords
raw counts
67.9%

V = 61, 188
with stopwords
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raw word counts

68.2%

67.0%
66.8%

V = 2000, K = 128
remove stopwords, stemming

68.4%
69.1%

V = 2000, K = 512
remove stopwords, stemming

Table 1: Multi-class classification accuracies of L2 regularized logistic regression.

DocNADE
Over-replicated softmax

V = 2000, K1 max = 128
remove stopwords

V = 2000, K1 max = 256
remove stopwords

V = 2000, K1 max = 512
remove stopwords

V = 33, 420, K1 max = 800
remove stopwords
remove rare words

65.9% ± 0.4%
68.3% ± 0.3%
69.0% ± 0.4%
69.2% ± 0.4%
V = 33, 420, K1 max = 400
remove stopwords
remove rare words

75.4% ± 0.4%
77.5% ± 0.4%
77.8% ± 0.4%
77.9% ± 0.3%

66.3% ± 0.4%
67.9% ± 0.4%
68.6% ± 0.5%
68.8% ± 0.3%

V = 33, 420, K1 max = 200
remove stopwords
remove rare words

75.3% ± 0.6%
76.9% ± 0.5%
77.1% ± 0.6%
77.4% ± 0.6%

65.9% ± 0.4%
67.1% ± 0.5%
67.3% ± 0.3%
67.5% ± 0.4%

74.6% ± 0.6%
76.0% ± 0.6%
76.3% ± 0.8%
76.4% ± 0.5%

= 1)
= 2)
= 3)
= 5)

= 1)
= 2)
= 3)
= 5)

(T
(T
(T
(T

Table 2: Multi-class classification accuracies of the DocNADE (Larochelle and Lauly, 2012) and
over-replicated softmax (Srivastava et al., 2013).

(T
(T
(T
(T

PGBN
PGBN
PGBN
PGBN

PGBN
PGBN
PGBN
PGBN
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Table 3: Multi-class classification accuracies of the PGBN trained with η t = 0.05 for all t.

35

119 helmet
eskimo
shoei
mavenry
norman
size
head
maven
altcit
paint
passenger
helmets

75 behanna
nec
nj
lock
syl
chris
dod
cb
pack
bike
ll
wide

44 dod
bmw
ride
motorcycle
shaft
rider
motorcycles
rec
denizens
club
level
list

15 bike
dod
ride
bikes
riding
motorcycle
sun
left
road
bnr
ama
honda

2 michael 3 thanks
netcom
mail
andrew
email
new
help
uucp
fax
internet
advance
looking
mark
hi
steve
info
opinions
information
mike
phone
mail
send
net

65 speed
car
drive
manual
drivers
traffic
cars
fuel
automatic
auto
lane
shift

61 callison
uoknor
james
car
ecn
lights
uokmax
fake
bird
continental
alarm
slb

27 new sale thanks shipping
mail offer price condition
email interested asking best

dr

9 car

buy

26 said
information cars
went
national
engine
didn
research
miles
came
program
dealer
told
year
new
saw
home
price
april
left
drive
center
started
washington road
says
speed
general
took
ford
years
apartment

7 new

3 car cars new engine 25 new sale shipping thanks
mail offer price condition
miles dealer price drive
email interested asking sell
year road buy speed

4 car cars new engine 22 new sale shipping thanks
mail offer price condition
miles dealer price drive
email interested asking best
year road buy speed

2 car bike new cars
dod engine got road
miles ride said ll

3 car bike new cars
11 car bike new cars
dod engine got road dod engine got thanks
said ll miles ride
price road ll miles

Zhou, Cong, and Chen

9 bike dod ride bikes
riding motorcycle got sun
left new said ll

1 doesn
new
problem
work
probably
let
said
years
ll
long
question
course

8 bike dod ride bikes
riding motorcycle got sun
left new said ll

100 ryan
cousineau
dog
nmm
stafford
compdyn
questor
bike
winona
springer
vancouver
bc

23 israel jews israeli arab
jewish state new arabs
peace land years true

12 israel jews israeli armenian
turkish government new said
state armenians years law

15 israel jews israeli armenian
turkish new state government
said armenians years law

132 greek
greece
turkish
greeks
cyprus
minority
uv
turks
turkey
cypriot
ethnic
cypriots

14 law
26 said
government
went
rights
didn
state
came
court
told
laws
saw
home
states
left
public
started
case
says
civil
took
legal
apartment
federal

1 doesn
7 new
new
problem information
national
work
research
probably program
let
year
april
said
center
years
washington
ll
general
long
years
dr
question
course

160 sdpa
davidian
book
urartu
yalanci
published
page
pages
forged
argic
serdar
quotes

34 turkish
armenian
armenians
turks
armenia
turkey
genocide
soviet
today
russian
government
war

141 war
south
secret
nuclear
naval
rockefeller
military
island
georgia
new
ships
navy

4 god
jesus
christian
bible
christ
christians
life
faith
believe
man
christianity
church

28 law state government new
said president mr rights
states information public national

26 law new state government
said president mr rights
states information public national

rooted at nodes 3 and 11, respectively, of layer one.

24 israel jews israeli arab
jewish state arabs peace
land new years policy

18 israel jews israeli arab 30 turkish armenian armenians turks
jewish state arabs peace armenia turkey government genocide
soviet said today new
land policy new years

98 bosnia
arromdee
jhu
serbs
somalia
ken
jyusenkyou
muslims
sides
turkey
ethnic
intervention

18 israel jews israeli arab 32 turkish armenian armenians turks
jewish arabs state peace armenia turkey genocide government
soviet said today new
land policy center new

2 michael
netcom
andrew
new
uucp
internet
mark
steve
opinions
mike
mail
net

112 package
hiram
hotel
college
kids
hirama
job
kou
minimum
douglas
city
inner

12 sale
39 uk
new
ac
shipping
ed
offer
picture
condition
dcs
price
sleeve
liverpool
asking
demon
sell
tony
cover
simon
cd
oxford
interested warwick
best

47 president
mr
stephanopoulos
jobs
said
ms
package
myers
secretary
work
working
clinton

81 sex
child
copy
women
children
protection
pregnancy
depression
abstinence
sexual
education
sehari

85 war
iran
jury
farid
energy
bombing
hussein
iraq
military
iraqi
bomb
civilians

51 ground
wire
wiring
neutral
outlets
circuit
cable
electrical
wires
outlet
connected
house

105 adl
bullock
san
francisco
police
arens
information
anti
league
yigal
files
los

Figure 17: Analogous plots to Figure 6 for a subnetwork on “car & bike”, consisting of two trees
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Figure 18: Analogous plot to Figure 6 for a subnetwork on “Middle East,” consisting of two trees
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of three trees rooted at nodes 7, 13, and 26, respectively, of layer one.

Figure 20: Analogous plot to Figure 6 for a subnetwork on “ice hockey” and “baseball,” consisting
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rooted at nodes 16 and 18, respectively, of layer one.

Figure 19: Analogous plot to Figure 6 for a subnetwork related to “gun,” consisting of two trees
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at node 14 of layer three on “medicine.” Middle: the tree rooted at node 12 of layer
three on “encryption.” Bottom: the tree rooted at node 30 of layer three on “Turkey
& Armenia.”

Figure 21: Analogous plots to Figure 6, with τt = 1 to reveal more weak links. Top: the tree rooted
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Figure 22: Visualization of the inferred {Φ(1) , · · ·, Φ(T ) } on the MNIST data set using the PRGGBN with K1max = 100 and η (t) = 0.05 for all t. The latent factors of all layers are projected to the first layer: (a) Φ(1) , (b) Φ(1) Φ(2) , (c) Φ(1) Φ(2) Φ(3) , (d) Φ(1) Φ(2) Φ(3) Φ(4) ,
and (e) Φ(1) Φ(2) Φ(3) Φ(4) Φ(5) .

(c)
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Figure 23: Visualization of the inferred {Φ(1) , · · ·, Φ(T ) } on the MNIST data set using the PRGGBN with K1max = 400 and η (t) = 0.05 for all t. The latent factors of all layers are projected to the first layer: (a) Φ(1) , (b) Φ(1) Φ(2) , (c) Φ(1) Φ(2) Φ(3) , (d) Φ(1) Φ(2) Φ(3) Φ(4) ,
and (e) Φ(1) Φ(2) Φ(3) Φ(4) Φ(5) .
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Figure 24: Visualization of the network structures inferred by the PRG-GBN on the MNIST data
(5)
(5)
(5)
(5)
set with K1max = 400. (a) Visualization of the factors (φ1 , φ11 , φ21 , . . . , φ111 ) of layer
five and those of layer four that are strongly connected to them. (b) Visualization of the
(4)
(4)
(4)
(4)
factors (φ1 , φ6 , φ11 , . . . , φ106 ) of layer four and those of layer three that are strongly
(3)
(3)
(3)
(3)
connected to them. (c)the Visualization of the factors (φ1 , φ6 , φ11 , . . . , φ146 ) of layer
three and those of layer two that are strongly connected to them. (d) Visualization of the
(2)
(2)
(2)
(2)
factors (φ1 , φ6 , φ11 , . . . , φ146 ) of layer two and those of layer one that are strongly
connected to them.
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Chapelle, D. DeCoste, and J. Weston, editors, Large Scale Kernel Machines. MIT Press,
2007.

C. E. Antoniak. Mixtures of Dirichlet processes with applications to Bayesian nonparametric
problems. Ann. Statist., 2(6):1152–1174, 1974.

F. J. Anscombe. Sampling theory of the negative binomial and logarithmic series distributions. Biometrika, 37(3-4):358–382, 1950.

D. Aldous. Exchangeability and related topics. École d’ete de probabilités de Saint-Flour
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where Yi
denotes the estimated Lth-order derivative at xi , Yi = Yi and wj,L are the
associated weights. When L = 1, wj,1 are chosen as the optimal weights that minimize the
estimation variance. For L ≥ 2, wj,L are determined intuitively instead of by optimizing
the estimation variance. As a consequence, their higher-order empirical derivatives may not

1 ≤ i ≤ n,

(L)
Yi

where wi (x) are weights assigned to each observation Yi . These estimators can be separated
into two classes by their ability to directly or indirectly assess the weights,
Pwi (x). In the
indirect methods, the regression function is initially estimated as m̂(x) = ni=1 ci (x)Yi by
the aforementioned nonparametric smoothing techniques, where ci (x) are smooth functions.
Then, wi (x) are estimated as dp ci (x)/dxp (Gasser and Müller, 1984; Müller et al., 1987;
Fan and Gijbels, 1995; Zhou and Wolfe, 2000; Boente and Rodriguez, 2006; Cao, 2014).
We note, however, that the optimal bandwidths may differ for estimating the regression
function and for estimating the derivatives, respectively. That is, a good estimate of the
regression function may not guarantee the generation of good estimates of the derivatives.
Direct methods lead to the second class, which estimate the derivatives directly without fitting the regression function. The two key steps for such methods are constructing
point-wise estimates for the derivatives of each design point and determining the amount
of smoothing or the bandwidth. To select the bandwidth, one may refer to some classical
methods in Müller et al. (1987), Härdle (1990), Fan and Gijbels (1996), Opsomer et al.
(2001), Lahiri (2003), and Kim et al. (2009), among others. In contrast, little attention has
been paid to the improvement of the point-wise estimation of the derivatives. One simple
point-wise estimator for derivatives uses difference quotients. This method is, however, very
noisy. For example, the variance of the first-order difference quotient (Yi − Yi−1 )/(xi − xi−1 )
is of order O(n2 ). Charnigo et al. (2011) proposed a variance-reducing linear combination
of symmetric difference quotients, called empirical derivatives, and applied it to their generalized Cp criterion for tuning parameter selection. De Brabanter et al. (2013) established
the L1 and L2 convergence rates for the empirical derivatives. Specifically, they defined the
empirical derivatives as

i=1

methods include, for example, kernel smoothing (Härdle, 1990), spline smoothing (Wahba,
1990), and local polynomial regression (Fan and Gijbels, 1996). It has been noted that the
estimation of the first- or higher-order derivatives of m(x) is also important for practical
implementations including, but not limited to, the modeling of human growth data (Ramsay
and Silverman, 2002), kidney function for a lupus nephritis patient (Ramsay, 2006), and
Raman spectra of bulk materials (Charnigo et al., 2011). Derivative estimation is also
needed in nonparametric regression to construct confidence intervals for regression functions
(Eubank and Speckman, 1993), to select kernel bandwidths (Ruppert et al., 1995), and to
compare regression curves (Park and Kang, 2008).
Most existing methods for pth-order derivative estimation can be expressed as a weighted
average of the responses,
n
X
m̂(p) (x) =
wi (x)Yi ,

Dai, Tong and Genton

where xi are the design points satisfying 0 ≤ x1 < · · · < xn ≤ 1, m(x) is the regression
function, Yi are the observations, and εi are independent and identically distributed random
errors with E(εi ) = 0 and var(εi ) = σ 2 < ∞. Estimation of m(x) is an important problem
in nonparametric regression and has received sustained attention in the literature. Such

Yi = m(xi ) + εi ,

Consider the following nonparametric regression model:

1. Introduction

(1)
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We propose a simple framework for estimating derivatives without fitting the regression
function in nonparametric regression. Unlike most existing methods that use the symmetric difference quotients, our method is constructed as a linear combination of observations.
It is hence very flexible and applicable to both interior and boundary points, including
most existing methods as special cases of ours. Within this framework, we define the
variance-minimizing estimators for any order derivative of the regression function with a
fixed bias-reduction level. For the equidistant design, we derive the asymptotic variance
and bias of these estimators. We also show that our new method will, for the first time,
achieve the asymptotically optimal convergence rate for difference-based estimators. Finally, we provide an effective criterion for selection of tuning parameters and demonstrate
the usefulness of the proposed method through extensive simulation studies of the firstand second-order derivative estimators.
Keywords: Linear combination, Nonparametric derivative estimation, Nonparametric
regression, Optimal sequence, Taylor expansion
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be optimally defined. Another attempt was made recently by Wang and Lin (2015). They
estimated the derivative as the intercept of a linear regression model through the weighted
least squares method. They further showed that their proposed estimators achieve better
control of the estimation bias, which makes them superior to empirical derivatives when
the signal-to-noise ratio is large. Finally, it is noteworthy that their method only applies to
equidistant designs and hence the practical applications are somewhat limited.
In this paper, we propose a simple framework for estimating derivatives in model (1)
without fitting the regression function. Our method does not rely on symmetric difference
quotients; hence, it is more flexible than existing methods. Within this framework, we
define the variance-minimizing estimators for any order derivative of m(x) with a fixed
bias-reduction level. For the equidistant design, we derive the asymptotic variance and bias
of these estimators. We also show that the proposed estimators perform well on both interior
and boundary points and, more importantly, that they achieve the optimal convergence rate
for the mean squared error (MSE).
The rest of this paper is organized as follows. In Section 2, we propose a new framework
for first-order derivative estimation and show that most existing estimators are special cases
of ours. We also investigate the theoretical properties of the proposed estimator, including
the optimal sequence, the asymptotic variance and bias, the point-wise consistency, and the
boundary behavior. In Section 3, we extend the proposed method to higher-order derivative
estimation and provide an effective criterion for the selection of tuning parameters. We
then report extensive simulation studies in Section 4 that validate the proposed method.
We conclude the paper with a discussion in Section 5. Technical proofs of the theoretical
results are given in the Appendix.

2. First-order derivative estimation
In this section, we propose a new framework for estimating derivatives in nonparametric
regression. Within this framework, we define the optimal estimator for the first-order derivative by minimizing the estimation variance. Theoretical results including the asymptotic
variance and bias, and point-wise consistency are derived for the proposed optimal estimators under the equidistant design. We also investigate the performance of the estimators on
the boundaries.
2.1 New framework

r
X

dk Yi+k ,

1 ≤ i ≤ n − r,

Recall that most existing methods are weighted average of symmetric difference quotients,
which limits their implementation to some extent. All these estimators can be expressed as
a linear combination of the observations for fixed design points. To proceed, we define
DYi =

k=0

JMLR 17(164):1-25

where (d0 , . . . , dr ) is a sequence of real numbers, and r is referred to as the order of the
sequence. Assuming that m(x) is a smooth enough function, we have the following Taylor
3
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j=1

j
X
(x
i+k − xi+l )
m(j) (xi+l ),
j!

∞

expansion at xi+l for each m(xi+k ),
m(xi+k ) = m(xi+l ) +

j=0

∞
X

Cj,l m(j) (xi+l ),

0 ≤ l ≤ r.

1 ≤ i ≤ n − r.

(2)

Note that xi+l can be any design point within [xi , xi+r ], which frees our method from the
symmetric form restriction.
assume that xi are equidistant, then xi = i/n, i =
Pr If we further
1, . . . , n. Define Cj,l = k=0
dk (k−l)j /(nj j!), j = 0, 1, . . . and l = 0, . . . , r. The expectation
of DYi can be expressed as
E(DYi ) =

j=2

∞
X

Cj,l m(j) (xi+l ),

To estimate the first-order derivative at xi+l with DYi , we let C0,l = 0 and C1,l = 1 so that

E(DYi ) = m0 (xi+l ) +

j=q

∞
X

Cj,l m(j) (xi+l ).

C1,l = 1 and Cj,l = 0, 0 ≤ j 6= 1 ≤ q − 1,

(3)

where the second term on the right side is the estimation bias. When the regression function
is oscillating around xi+l , we can alter our model by controlling the estimation bias at a
higher level. Specifically, if we let

then

E(DYi ) = m0 (xi+l ) +

When q = 2, condition (3) reduces to C1,l = 1 and C0,l = 0. When q ≥ 3, condition (3)
eliminates the estimation bias up to order q − 1.
2.2 Theoretical results

(d0 , . . . , dr )1,q =

r
X

(d0 ,...,dr )∈Rr+1 k=0

argmin

dk2 ,

s.t. condition (3) holds.

If we use a sequence with an order r ≥ q, an infinite number of choices satisfying (3)
is available. Among
them, we choose the one(s) minimizing the estimation variance,
Pr
var(DYi ) = σ 2 k=0
dk2 , which leads to the following optimization problem,

(l)

Pr
k=0 (k

− l)i ,

l = 0, . . . , r

(l)

and i = 0, 1, . . . ;

(l)
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We denote this variance-minimizing sequence as (d0 , . . . , dr )1,q . For simplicity of notation,
the dependence of dk on l is suppressed. In addition, we introduce the following notation:
Ii =

U (l) denotes a q × q matrix with uij = Ii+j−2 ;

4

(l)

V(j+1,2) (k − l)j ,
m(q) (x
i+l ),

k = 0, . . . , r,

with an order of accuracy up to

j=0

q−1
X

q ≥ 2. Here,

(l)
V(i,j)

5

where [x] denotes the greatest integer less than or equal to x.
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Corollary 1 Assume that the conditions in Theorem 1 hold. When r is even and l = r/2,


q−1
m̂02v (xi+r/2 ) = m̂02v+1 (xi+r/2 ), v = 1, 2, . . . ,
,
2

m0 (xi+l ), where “−→” means convergence in probability.

P

For a larger q, the order of estimation bias is indeed reduced as expected, and the
estimation variance surprisingly retains the same order at the same time. Assuming r = nλ
P
and 2/3 < λ < 1, we can establish the point-wise consistency of our estimator, m̂0q (xi+l ) −→

Proof: see Appendix B.

j=0

Theorem 1 Assume that model (1) holds with equidistant design, m(x) has a finite qthorder derivative on [0, 1] and r = o(n), r → ∞. For 1 ≤ i ≤ n − r and 0 ≤ l ≤ r, we
have
 2
n
(l)
var[m̂0q (xi+l )] = n2 V(2,2) σ 2 = O
,
r3
 q−1 
q−1
1 X (l)
r
(l)
bias[m̂0q (xi+l )] =
V(j+1,2) Ij+q m(q) (xi+l ) + o
.
q−1
q!n
nq−1

When q is fixed, the optimal sequence depends only on l, which makes it quite convenient
for practical implementation. When r is even and l = r/2, we get the symmetric form used
in De Brabanter et al. (2013) and Wang and Lin (2015). For this case, it is easy to verify
that dk = −dr−k , which eliminates all the even-order derivatives in (2). The sequence is
derived for the equidistant design on [0, 1]. To extend the result to equidistant designs on
an arbitrary interval, [a, b] ⊂ R, we can simply use dk /(b − a) instead. We treat the DYi
built on (d0 , . . . , dr )1,q as the estimator for the first-order derivative with a bias-reduction
level of q, denoted by m̂0q (xi+l ).

denotes the element in the ith row and the jth column of the matrix V (l) .
Proof: see Appendix A.

for estimating

m0 (xi+l )

(dk )1,q = n

Proposition 1 Assume that model (1) holds with equidistant design and m(x) has a finite
qth-order derivative on [0, 1]. For 1 ≤ i ≤ n − r and 0 ≤ l ≤ r, the unique varianceminimizing sequence is

Then, we present the theoretical results for (d0 , . . . , dr )1,q in the following proposition.

V (l) = (U (l) )−1 is the inverse matrix of U (l) .

Optimal Estimation of Derivatives in Nonparametric Regression

6n(2k − r)
,
r(r + 1)(r + 2)

k = 0, . . . , r.

k = 0, . . . , r.

6
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If we use a sequence with order r, then the boundary region will be {xi : 1 ≤ i ≤ [r/2] or n−
[r/2] + 1 ≤ i ≤ n.}. Within our framework, we have two types of estimators for estimating
derivatives for the boundary area. One choice is to use a sequence with smaller order, so
that we can still use the symmetric estimator as suggested for the interior points. This
solution is also suggested by both De Brabanter et al. (2013) and Wang and Lin (2015).
The other is to hold the sequence order while using an asymmetric form of the estimator
instead.

2.3 Behavior on the boundaries

This results in the least squares estimator in Wang and Lin (2015), denoted by m̂0lse . Within
our framework, it is clear that the least squares estimator can be regarded as a bias-reduction
modification of the empirical estimator.
Figure 1 presents an example of m0q (xi ) with different levels of control for the estimation
p
bias (q = 3 , 5 and 7). We follow the regression function m(x) = x(1 − x) · sin{2.1π/(x +
0.05)} for model (1) from De Brabanter et al. (2013) and Wang and Lin (2015). Five
hundred design points are equidistant on [0.25, 1] and the random errors are generated from
a Gaussian distribution, N (0, 0.12 ). Sequence orders are chosen as {50, 100}. We observe
that the estimation curves are smoother for smaller q, and the bias in oscillating areas
decreases significantly for larger q. These results are consistent with our theoretical results.
With various levels of bias control, we may achieve a better compromise in the trade-off
between the estimation variance and bias.

When q = 4 or q = 5, we get the same sequence as
h
i
(r/2)
(r/2)
n I6 (k − 2r ) − I4 (k − 2r )3
(dk )1,4 = (dk )1,5 =
,
(r/2) (r/2)
(r/2) 2
I2 I6
− I4

This results in the empirical estimator in De Brabanter et al. (2013), denoted by m̂0emp .
Assuming the regression function has a finite third-order derivative on [0, 1], the estimation
variance and bias are respectively
 2
12n2 σ 2
r2
r
(3)
var[m̂02 (xi+r/2 )] =
and bias[m̂02 (xi+r/2 )] =
m
(x
)
+
o
.
i+r/2
r(r + 1)(r + 2)
40n2
n2

(dk )1,2 = (dk )1,3 =

This means that, when we employ a symmetric form for our estimator, the optimal
sequence is the same for q = 2v and q = 2v + 1. In other words, the symmetric form further
reduces the order of estimation bias without any increase in the estimation variance. Hence,
it is natural to use the symmetric form (r is even and l = r/2) for the interior points,
{xi : 1 + r/2 ≤ i ≤ n − r/2}, when the design points are equidistant. Also, we can show
that the two existing estimators for the first-order derivative (De Brabanter et al., 2013;
Wang and Lin, 2015) are special cases of our method.
When q = 2 or q = 3, we get the same sequence as
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and bias[m̂q0 (xi )] = O

tq−1
nq−1

rq−1
nq−1

,

.

1.0

For the symmetric estimator, we can choose an even-order t satisfying 1 ≤ t/2 ≤
min (i − 1, n − i, [r/2]). By Theorem 1, we have
 


n2
t3

and bias[m̂q0 (xi )] = O

for 2 ≤ i ≤ [r/2] or n − [r/2] + 1 ≤ i ≤ n − 1. The closer xi locates to the endpoints,
the smaller the largest order of the chosen sequence, which means that the information we
can incorporate into the estimator becomes very limited. As a consequence, the estimation
variance will eventually reach an order of O(n2 ), which is rather noisy.
The asymmetric estimator does not require the estimated point to be located at the
middle of the interval. We can still use a relatively large sequence order to include as much
information as included in the interior points. The theoretical results were provided in
Theorem 1:
 


n2
r3
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With a proper choice of r, we can still get a consistent estimate for the derivatives at the
boundary region. Another advantage of this asymmetric form is that it is applicable to all
the boundary points including x1 and xn , which can never be handled by the symmetricform estimators.
It is noteworthy that Wang and Lin (2015) also proposed left-side and right-side weighted
least squares estimators for the boundary points. Their estimators are, however, two special

var[m̂q0 (xi )] = O

var[m̂q0 (xi )] = O

Figure 1: First-order derivative estimates with different levels of bias reduction. Red lines
(dotted): q = 3; green lines (long dash): q = 5; blue lines (dot dash): q = 7 and
black lines (solid): the true first-order derivative.

−20

Dai, Tong and Genton

cases of our asymmetric estimator with q = 2 and l = 0 (right-side) or l = r (left-side). The
estimation bias for m̂20 (xi+l ) is

DY1
1 ≤ i ≤ [r/2],
DYn−r n − [r/2] + 1 ≤ i ≤ n.

r
r − 2l 00
bias[m̂20 (xi+l )] =
m (xi+l ) + o
.
2n
n
To minimize the estimation bias on these boundary points, we recommend the following
criterion:

m̂20 (xi ) =

Then, the smallest absolute estimation bias can be simply derived as

r
r − 2min(i − 1, n − i) 00
|m (xi )| + o
.
|E[m̂20 (xi )] − m0 (xi )| =
2n
n
In summary, the asymmetric estimator generates a smaller variance, while its estimation
bias is of a higher order. Consequently, the sequence order should be selected to achieve
the best trade-off between the estimation variance and bias. In view of this, we recommend
using the asymmetric estimator when the regression function is flat at the boundary region
or when σ 2 is large; otherwise, the symmetric form should be employed.

3. Higher-order derivative estimation

In this section, we extend our method and propose higher-order derivative estimators for
model (1). We further demonstrate that the new estimators possess the optimal estimation
variance, which is not achieved by the two aforementioned methods (De Brabanter et al.,
2013; Wang and Lin, 2015). Our new estimators also achieve the optimal convergence rate
for MSE.
3.1 Theoretical results

(4)

To define an estimator for m(p) (xi+l ) with a bias-reduction level up to m(q) (xi+l ), we construct the new conditions on the coefficients as

Cp,l = 1 and Cj,l = 0, 0 ≤ j 6= p ≤ q − 1.

r
X

(d0 ,...,dr )∈Rr+1 k=0

argmin

dk2 ,

s.t.

condition (4) holds.

Then, the optimal sequence can be derived as the solution(s) of the following optimization
problem:
(d0 , . . . , dr )p,q =

We present the result for (d0 , . . . , dr )p,q in the following proposition.

q−1
X
j=0

(l)

V(j+1,p+1) (k − l)j ,

k = 0, . . . , r,

JMLR 17(164):1-25

Proposition 2 Assume that model (1) holds with equidistant design and m(x) has a finite
qth-order derivative on [0, 1]. For 1 ≤ i ≤ n − r and 0 ≤ l ≤ r, the unique variance
minimizing sequence is
(dk )p,q = p!np

8

bias[m̂004 (xi+r/2 )] =

var[m̂004 (xi+r/2 )] =

9

(r/2)
4n4 σ 2 I0
,
(r/2) (r/2)
(r/2) 2
I0 I4
− I2
 2
r2
r
m(4) (xi+r/2 ) + o
.
2
14n
n2
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For a fixed p and an increasing q, we can reduce the estimation bias to a lower order
while keeping the order of variance unchanged. Whenever we keep the difference between
q and p constant, the convergence rate of the bias is preserved for different p. When r is
an even number and l = r/2, we can derive that (dk )p,q = (−1)p (dn−k )p,q . Consequently in
this case, the optimal sequence remains the same when we increase q from p + 2ν − 1 to
(p)
(p)
p + 2ν, ν = 1, 2, . . . , which means m̂p+2ν−1 (xi+r/2 ) = m̂p+2ν (xi+r/2 ). Hence, for this kind
of estimator, the symmetric form is also the most favorable choice for the interior points.
The optimal MSE of our estimator is of order O(n−2(q−p)/(2q+1) ), which achieves the
asymptotically optimal rate established by Stone (1980). For comparison, we note that
the optimal MSE of the empirical estimator in De Brabanter et al. (2013) is of order
O(n−4/(2p+5) ), that is, their estimator is of the optimal order only when q = p + 2. While
for the least squares estimator in Wang and Lin (2015), they provided asymptotic results
only for the first- and second-order derivative estimator. Their optimal MSE is of order
O(n−8/11 ) for p = 1 and O(n−8/13 ) for p = 2, which corresponds with two special cases, i.e.,
when (p, q) = (1, 5) or (2, 6). From this point of view, our method has greatly improved
the literature in derivative estimation and it achieves the optimal rate of MSE for any (p, q)
from Theorem 2.
As mentioned at the beginning of this section, the newly defined estimator is optimal
for the estimation variance, which is superior to existing estimators. In what follows,
we illustrate this advantage in detail with the second-order derivative estimator, which
is usually of greatest interest after the first-order derivative in practice. A similar analysis
can be made for other higher-order derivative estimators. For the estimator without biascontrol, e.g. m̂004 , we derive the following results:

Proof: see Appendix D.

j=0

Theorem 2 Assume that model (1) holds with equidistant design, m(x) has a finite qthorder derivative on [0, 1] and r = o(n), r → ∞. For 1 ≤ i ≤ n − r and 0 ≤ l ≤ r, we
have
 2p 
n
2 2p (l)
2
var[m̂(p)
,
q (xi+l )] = (p!) n V(p+1,p+1) σ = O
r2p+1
 q−p 
q−1
p! X (l)
r
(l)
(q)
bias[m̂(p)
(x
)]
=
V
I
m
(x
)
+
o
.
i+l
i+l
q
(j+1,p+1) j+q
q!nq−p
nq−p

To extend the result to equidistant designs on an arbitrary interval, [a, b] ⊂ R, we
can simply use (dk )p,q /(b − a)p instead. We treat the DYi built on (d0 , . . . , dr )p,q as the
estimator for the pth-order derivative with a bias-reduction level up to m(q) (xi+l ), denoted
(p)
as m̂q (xi+l ).

for estimating m(p) (xi+l ) with an order of accuracy up to m(q) (xi+l ), q ≥ p + 1.
Proof: see Appendix C.

Ratio
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A similar comparison is carried out between m̂00lse and m̂006 under the same settings,
and the ratio of var(m̂00lse )/var(m̂006 ) is presented in the right panel of Figure 2. Wang
and Lin (2015) built a linear model with correlated regressors but employed the weighted
least squares regression, rather than the generalized least squares technique, to derive the
estimator. It can be shown that our method is equivalent with the generalized least squares
estimator for their model. As expected, we find that our proposed estimator performs slightly better in terms of the finite sample than the least squares estimator. In addition their
asymptotic variances and biases are equivalent for the first-order term. For the boundary
points, our second-order estimator also maintains the same advantages over the existing
estimators as discussed in Section 2.2 for the first-order estimators.

The corresponding method is m̂00emp in De Brabanter et al. (2013) with regard to the accurate
level. Instead of minimizing the estimation variance, they intuitively choose the weight
sequences for higher-order derivative estimators, which makes it quite difficult to derive
analytical asymptotic results. Hence, we make a finite sample comparison of the variance
of the two estimators. We set n = 500 and calculate the corresponding sequences for m̂004
with an even order r ranging from 20 to 200 and l = r/2. For m̂00emp , we choose (k1 , k2 ),
which achieves the smallest estimation variance from {(k1 , k2 ) : k1 ≤ k2 , k1 + k2 = r/2}.
We do not need a specified form of the regression function, since it is not related with the
estimation variance. We illustrate the ratio, var(m̂00emp )/var(m̂004 ), in the left panel of Figure
2. Obviously, the new estimator improves the estimation variance significantly, which results
in a smaller MSE for smooth regression functions.

Figure 2: The ratio of estimation variance is plotted against the sequence order, r. Setting: n = 500 and r is chosen as an even integer ranging from 20 to 200. (a),
var(m̂00emp )/var(m̂004 ); (b), var(m̂00lse )/var(m̂006 ).

50

(a)

Dai, Tong and Genton

Ratio

Optimal Estimation of Derivatives in Nonparametric Regression

2.0
1.9
1.8
1.7
1.6
1.5

1.15
1.10
1.05
1.00

Optimal Estimation of Derivatives in Nonparametric Regression

3.2 Tuning parameter selection

j=0

As shown in Figure 1, the order, r, and the bias-reduction level, q, are both critical to the
proposed estimators. For practical implementation, (r, q) should be chosen to achieve a
better trade-off between the estimation variance and bias.
(p)
By Theorem 2, the approximated MSE of m̂ (x ) is
q
i+l

2
q−1
p! X (l)
(l)
(l)
V(j+1,p+1) Ij+q m(q) (xi+l ) .
q!nq−p
MSE[m̂q(p) (xi+l )] ' (p!)2 n2p V(p+1,p+1) σ 2 + 

n

i=1

1X
MSE[m̂q(p) (xi )].
n

We define the averaged mean squared error (AMSE) as a measure of the goodness of fit for
all the design points,

AMSE(m̂q(p) ) =

1
n−r

X

n−r/2

i=1+r/2

MSE[m̂q(p) (xi )] ' B1 σ 2 +

B2
n−r

[m(q) (xi )]2 ,
i=1+r/2

X

n−r/2

(5)

A uniform sequence is preferred for the estimate at most points (all the interior points
for example) over different sequences for each design point. Hence, we can choose the
parameters (r, q) minimizing the AMSE. To achieve this, we replace the unknown quantities,
σ 2 and m(q) (xi+l ), with their consistent estimates. The error variance can be estimated by
the method in Tong and Wang (2005) and Tong et al. (2013) and m(q) (xi ) can be estimated
by the local polynomial regression of order q + 2. For the high-order derivatives at the
boundary points, we recommend replacing the AMSE for all the points with the following
adjusted form:
AMSEadj (m̂q(p) ) =

(l)

i
h
Pq−1 (r/2)
(r/2) 2
(r/2)
V(j+1,p+1) Ij+q . Given all the
where B1 = (p!)2 n2p V(p+1,p+1) and B2 = q!np!q−p j=0
parameters for a specific problem, B1 and B2 are available quantities. The adjusted AMSE
includes only derivatives at the interior points that share the identical difference sequence
(r/2)
for an even r and l = r/2. Another advantage is that we only need V (r/2) and Ij+q instead
of V (l) and Ij+q for l = 0, . . . , r, which greatly reduces the computation time.
For the tuning parameter space of the sequence order, we recommend r ∈ O = {2i : 1 ≤
i ≤ k0 }, where k0 < [n/4], to keep a symmetric form (l = r/2) for the interior points and to
make sure that the number of boundary points will be less than that of the interior points.
(p)
For the bias-reduction level of m̂q , we consider q ∈ Q = {p + 2ν : ν = 1, 2, . . . , ν0 }, where
p + 2ν0 is the highest level chosen by users. Only even differences are considered for q − p,
(p)
(p)
since m̂p+2ν0 −1 = m̂p+2ν0 when we use the recommended symmetric form.

Dai, Tong and Genton

DY1
1 ≤ i ≤ [r/2],
DYn−r n − [r/2] + 1 ≤ i ≤ n.

(p)

in De Brabanter et al. (2013) and the least squares estimator, m̂lse , in Wang and Lin
(2015). We apply the three methods to both interior (Int) and boundary (Bd) areas, where
Int = {xi : k0 + 1 ≤ i ≤ n − k0 } and Bd = {xi : 1 ≤ i ≤ k0 or n − k0 + 1 ≤ i ≤ n}.
Throughout the simulation, we set k0 = [n/10], which means that we treat ten percent of
the design points on both sides of the interval as boundary points. We also tried some other
proportions and the results were similar. For the interior part, we keep the symmetric form
(p)
for m̂q by setting r as an even number and l = r/2, as suggested in the theoretical results.
For the boundary part, we apply the following criterion for the proposed estimators:

m̂q(p) (xi ) =

(p)

xi ∈A

1 X (p)
|m̂ (xi ) − m(p) (xi )|,
#A

The modified version of m̂emp in De Brabanter et al. (2013) and the one-side weighted
least squares estimators in Wang and Lin (2015) are investigated for the empirical and
least squares estimators, respectively on the boundary points. We consider estimators for
both first- and second-order derivatives, which are of most interest in practice. Similar to
De Brabanter et al. (2013) and Wang and Lin (2015), the mean absolute error (MAE) is
used as a measure of estimation accuracy. It is defined as follows:
MAE =

where A = Int or Bd and #A denotes the number of elements in set A.
We consider the following regression function,

m(x) = 5 sin(wπx),

(p)

(p)

with ω = 1, 2, 4 corresponding to different levels of oscillations. The n = 100 and 500
sample sizes are investigated. We set the design points as xi = i/n and generate the
random errors, εi , independently from N (0, σ 2 ). For each regression function, we consider
σ = 0.1, 0.5 and 2 to capture the small, moderate and large variances, respectively. In total,
we have 18 combinations of simulation settings. Following the definitions of Int and Bd,
we select the sequence order r from O = {2i : 1 ≤ i ≤ k0 }. We choose the bias-reduction
level, q, from Q = {p + 2, p + 4, p + 6}, with q = p + 2 and q = p + 4 corresponding to
(p)
(p)
(p)
m̂emp and m̂lse , respectively, and q = p + 6 as an even higher level. We denote by m̂opt

the estimator with the selected tuning parameters. For m̂emp and m̂lse , the parameter k
is chosen from {i : 1 ≤ i ≤ k0 }. We investigate two scenarios (for the tuning parameters
selection criterion): oracle and plug-in (see below). For each run of the simulation, we
compute the MAE of the estimators at both Int and Bd and repeat the procedure 1000
times for each setting. The simulation results for w = 2 are reported as box-plot figures.
Other results are provided in the supplementary materials.
Oracle parameters
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4. Simulation study

12

Oracle parameters are selected by assuming that we know the true regression (derivative) function, the purpose of which is to illustrate the possible best performance of each
JMLR 17(164):1-25

In this section, we conduct simulation studies to assess the finite sample performance of
(p)
(p)
the proposed estimators, m̂q , and make comparisons with the empirical estimator, m̂emp ,
11

r∈O,q∈Q

13
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Plug-in parameters are chosen via minimizing the adjusted AMSE in (5) after replacing
all the unknown quantities with their consistent estimates. In this simulation, we estimate
σ 2 using Tong and Wang’s (2005) method with the recommended bandwidth [n1/3 ]. Here,
m̂(q) (xi ) (1 + k0 ≤ i ≤ n − k0 ) are calculated with the function locpol in the R package
(p)
locpol (Ojeda Cabrera, 2012) with the parameter deg = q + 2. The bandwidths of m̂emp
(p)
and m̂lse are selected accordingly.
We report the simulation results together with those for the oracle parameters in Figures
6 and 7. From the comparison, we observe that the plug-in parameters lead to quite similar
results with those for the oracle parameters, especially on the interior points. Since the
tuning parameters are selected based on AMSE of derivative estimates for the interior points,
the performance on the boundary is not consistent. Nevertheless, the mutual relationship
of the three estimators remains the same for most cases on both interior and boundary
points. Overall, the proposed plug-in method is quite effective for choosing the optimal
tuning parameters.
In summary, we have demonstrated the superiority of the proposed estimators over
the existing estimators through extensive simulation studies. We have further provided an
effective criterion for selection of the tuning parameters for the newly defined estimator.

Plug-in parameters

(p)

The bandwidths of m̂emp and m̂lse are selected through a similar procedure.
For the first-order derivative, we investigate m̂0opt , m̂0emp and m̂0lse and report the simulation results in Figure 3. On the interior points, m̂0opt always possesses the same MAE
as the smaller one of m̂0emp and m̂0lse , due to the fact that m̂0emp and m̂0lse are two special
cases of m̂0q in this area. On the boundary points, m̂0opt is uniformly better than the other
two methods. To further explore the reason for the boundary behavior, we use an example
from De Brabanter et al. (2013) and Wang and Lin (2015). The fitted results for the three
estimators are illustrated in Figure 4, where the red points represent the boundary parts.
The empirical estimator suffers a lot from the increasing variance when the estimated points
get close to the endpoints of the interval. The least squares estimator simply estimates the
boundary parts by shifting the estimates of the interior points nearby, which results in very
serious estimation bias. Our estimator fits the boundary points very well, resulting from the
flexibility brought by the parameter l, the relative location of the estimated point within
the interval [xi , xi+r ].
For the second-order derivative, we include another two estimators, m̂004 and m̂006 , which
have the same bias-reduction level as m̂00emp and m̂00lse , respectively. The sequence order,
r, of the two additional estimators is optimally chosen by minimizing MAE as well. The
simulation results are presented in Figure 5. The relationships between m̂00opt , m̂00emp and
m̂00lse remain the same as those observed for the first-order derivative. We also observe that
MAE(m̂004 ) is significantly smaller than MAE(m̂00emp ) and that MAE(m̂006 ) is almost the same
as MAE(m̂00lse ), consistent with our theoretical results in Section 3.

(p)

estimator. Specifically for m̂q , the pair of tuning parameters is chosen as


(r, q)opt = argmin MAE(m̂(p)
q ) .

(p)
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Figure 3: Mean absolute errors of three first-order derivative estimators on both interior
(2 top rows) and boundary (2 bottom rows) points for various settings. m̂0emp ,
yellow box; m̂0lse , green box; m̂0opt , red box. m(x) = 5 sin(2πx) and ε ∼ N (0, σ 2 ).
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Figure 5: Mean absolute errors of three second-order derivative estimators on both interior
0
(2 top rows) and boundary (2 bottom rows) points for various settings. m̂emp
,
0 , green box; m̂0 , red box. opt1: m̂00 ; opt2: m̂00 ; opt: m̂00 .
yellow box; m̂lse
q
opt
4
6
m(x) = 5 sin(2πx) and ε ∼ N (0, σ 2 ).
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600
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5. Conclusion
We proposed a new framework for estimating derivatives without fitting the regression function. Unlike most existing methods using the symmetric difference quotients, our method
is constructed as a linear combination of the observations. It is hence very flexible and
applicable to both interior and boundary points. We obtained the variance-minimizing estimators for the first- and higher-order derivatives with a fixed bias-reduction level. Under
the equidistant design, we derived some theoretical results for the proposed estimators including the optimal sequence, asymptotic variance and bias, point-wise consistency, and
boundary behavior. We illustrated that the order of the estimation bias can be reduced
while the order of variance remains unchanged. We showed that our method achieves the
optimal convergence rate for the MSE. Furthermore, we provided an effective selection procedure for the tuning parameters of the proposed estimators. Simulation studies for the
first- and second-order derivative estimators demonstrated the superiority of our proposed
method.

r
X
k=0

The method can be readily extended to unequally spaced designs. In this case, the
symmetric form is no longer valid and the choice of l also deserves further consideration.
To estimate the point-wise derivatives for unequally spaced designs, we can first find the r
nearest neighbors of the estimated point and construct the variance-minimizing estimator
with the linear combination of the r + 1 points, say xi < · · · < xi+l < · · · < xi+r . Assuming
that m(x) is smooth enough and that xi+l is the estimated point, we have the expectation
of DYi as

E(DYi ) = m(xi+l )
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−2p!np V(j+1,2) for j = 0, . . . , q − 1. Combining this result with (6), we get
(dk )1,q = n

j=0

This completes the proof of Proposition 1.

Appendix B. Proof of Theorem 1
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where V (l) = (U (l) )−1 and V(.,2) denotes the second column of V (l) . This leads to λj =

(l)

(λ0 , . . . , λq−1 )0 = −2nV(.,2) ,

(l)

where U (l) is a q × q matrix with uij = Ii+j−2 and 2 is a q × 1 vector with the second
element equal to 1 and the others equal to zero. Noting that U (l) is an invertible matrix,
we have

(l)

U (l) (λ0 , . . . , λq−1 )0 = −2n2 ,

Pr
(l)
(k − l)i for i = 1, 2, . . . .
where Ii = k=0
These results can be expressed as a matrix equation,

k=0

k=0

We further make the following transformation:

k=0

r
X

k=0

∂f
∂λj
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(d0 , . . . , dr )p,q =
(d0 ,...,dr )∈Rr+1 k=0

r
X
(xi+k − xi+l )j
(xi+k − xi+l )p
= 0, j = 0, . . . , p − 1, p + 1, . . . , q − 1,
= 1.
dk
j!
p!
k=0
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dk

dk2 ,

dk (k − l)j = 0, 0 ≤ j 6= 1 ≤ q − 1.

q−1
X
j=2

=

Taking the partial derivative of f with respect to each parameter and setting it to zero, we
have

r
X

r
X
k=0

dk2 + λ0 C0 +
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∂f
∂λ1

The optimal sequence for estimating m(p) (xi+l ) with a bias-reduction level q can be decided
by solving the following optimization problem:

s.t.
k=0

The optimal difference sequences are adaptively chosen for each estimated point and they
are no longer identical for all the interior design points. As a result, the parameter selection
becomes more challenging and we leave this for future research. Finally, other models
worthy of investigation include, for example, random design models (De Brabanter and
Liu, 2015) and multivariate models (Charnigo et al., 2015; Charnigo and Srinivasan, 2015).
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Appendix A. Proof of Proposition 1
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To find the optimal sequence for estimating the first-order derivative with qth-order accuracy, we solve the following optimization problem:
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To apply the Lagrange multipliers method to find the optimal sequence, we transform
the above problem in the following unconstrained optimization problem:

f (d0 , . . . , dr , λ0 , . . . , λq−1 ) =
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k=0

r
X

To apply the Lagrange multipliers method to find the optimal sequence, we transform
the above problem in the following unconstrained optimization problem:

k=0

r
X

It is easy to check that condition (4) is equivalent to

(d0 , . . . , dr )p,q =

To find the optimal sequence for estimating the pth-order derivative with qth-order accuracy,
we solve the following optimization problem:
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This completes the proof of Theorem 1.
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V(j+1,p+1) (k − l)j ,

k = 0, . . . , r.
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for j = 0, . . . , q − 1. Combining this result with (7), we get
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This completes the proof of Proposition 2.
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r
X

We can easily derive that
var[m̂q(p) (xi+l )] = σ 2
k=0

= σ 2 p!np
j=0

= σ 2 (p!)2 n2p V(p+1,p+1) ,

=

dk
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V(j+1,p+1) Ij+q = O(rq−p /nq−p ).
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k=0

bias[m̂q(p) (xi+l )] = Cq,l m(q) (xi+l ) + o(rq−p /nq−p ),
where
Cq,l

=
This completes the proof of Theorem 2. 

References
Graciela Boente and Daniela Rodriguez. Robust estimators of high order derivatives of
regression functions. Statistics and Probability Letters, 76(13):1335–1344, 2006.
Guanqun Cao. Simultaneous confidence bands for derivatives of dependent functional data.
Electronic Journal of Statistics, 8(2):2639–2663, 2014.
Richard Charnigo and Cidambi Srinivasan. A multivariate generalized Cp and surface
estimation. Biostatistics, 16(2):311–325, 2015.
Richard Charnigo, Benjamin Hall, and Cidambi Srinivasan. A generalized Cp criterion for
derivative estimation. Technometrics, 53(3):238–253, 2011.
Richard Charnigo, Limin Feng, and Cidambi Srinivasan. Nonparametric and semiparametric compound estimation in multiple covariates. Journal of Multivariate Analysis, 141:
179–196, 2015.
Kris De Brabanter and Yu Liu. Smoothed nonparametric derivative estimation based on
weighted difference sequences, Stochastic Models, Statistics and Their Applications, A.
Steland and E. Rafajlowicz and K. Szajowski (Eds.), Chapter 4 (31-38). Springer, 2015.

JMLR 17(164):1-25

Kris De Brabanter, Jos De Brabanter, Bart De Moor, and Irène Gijbels. Derivative estimation with local polynomial fitting. Journal of Machine Learning Research, 14(1):281–301,
2013.
23

Dai, Tong and Genton

Randall L. Eubank and Paul L. Speckman. Confidence bands in nonparametric regression.
Journal of the American Statistical Association, 88(424):1287–1301, 1993.

Jianqing Fan and Irène Gijbels. Data-driven bandwidth selection in local polynomial fitting:
variable bandwidth and spatial adaptation. Journal of the Royal Statistical Society Series
B, 57:371–394, 1995.

Jianqing Fan and Irène Gijbels. Local Polynomial Modelling and Its Applications. CRC
Press, 1996.

Theo Gasser and Hans G. Müller. Estimating regression functions and their derivatives by
the kernel method. Scandinavian Journal of Statistics, 11:171–185, 1984.
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Complex machine learning tools such as deep learning are gaining increasing popularity and are being applied to a wide variety of problems. These tools require large amounts of labeled data (Hinton
et al., 2012; Raykar et al., 2010; Deng et al., 2009; Carlson et al., 2010). These large labeling tasks
are being performed by coordinating crowds of semi-skilled workers through the Internet. This is
known as crowdsourcing. Generating large labeled data sets through crowdsourcing is inexpensive
and fast as compared to employing experts. Furthermore, given the current platforms for crowdsourcing such as Amazon Mechanical Turk and many others, the initial overhead of setting up a
crowdsourcing task is minimal. Crowdsourcing as a means of collecting labeled training data has
now become indispensable to the engineering of intelligent systems. The crowdsourcing of labels
is also often used to supplement automated algorithms, to perform the tasks that are too difficult

1. Introduction

Keywords: high-quality labels, supervised learning, crowdsourcing, mechanism design, proper
scoring rules

Crowdsourcing has gained immense popularity in machine learning applications for obtaining large
amounts of labeled data. Crowdsourcing is cheap and fast, but suffers from the problem of lowquality data. To address this fundamental challenge in crowdsourcing, we propose a simple payment mechanism to incentivize workers to answer only the questions that they are sure of and skip
the rest. We show that surprisingly, under a mild and natural “no-free-lunch” requirement, this
mechanism is the one and only incentive-compatible payment mechanism possible. We also show
that among all possible incentive-compatible mechanisms (that may or may not satisfy no-freelunch), our mechanism makes the smallest possible payment to spammers. We further extend our
results to a more general setting in which workers are required to provide a quantized confidence for
each question. Interestingly, this unique mechanism takes a “multiplicative” form. The simplicity
of the mechanism is an added benefit. In preliminary experiments involving over 900 worker-task
pairs, we observe a significant drop in the error rates under this unique mechanism for the same or
lower monetary expenditure.
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to accomplish by machines alone (Khatib et al., 2011; Lang and Rio-Ross, 2011; Bernstein et al.,
2010; Von Ahn et al., 2008; Franklin et al., 2011).
Most workers in crowdsourcing are not experts. As a consequence, labels obtained from crowdsourcing typically have a significant amount of error (Kazai et al., 2011; Vuurens et al., 2011; Wais
et al., 2010). It is not surprising that there is significant emphasis on having higher quality labeled
data for machine learning algorithms, since a higher amount of noise implies requirement of more
labels for obtaining the same accuracy in practice. Moreover, several algorithms and settings are not
very tolerant of data that is noisy (Long and Servedio, 2010; Hanneke and Yang, 2010; Manwani
and Sastry, 2013; Baldridge and Palmer, 2009); for instance, Long and Servedio (2010) conclude
that “a range of different types of boosting algorithms that optimize a convex potential function
satisfying mild conditions cannot tolerate random classification noise.” Recent efforts have focused
on developing statistical techniques to post-process the noisy labels in order to improve its quality (e.g., Raykar et al., 2010; Zhou et al., 2012; Chen et al., 2013; Dawid and Skene, 1979; Karger
et al., 2011; Liu et al., 2012; Zhang et al., 2014; Ipeirotis et al., 2014; Zhou et al., 2015; Khetan
and Oh, 2016; Shah et al., 2016c). However, when the inputs to these algorithms are highly erroneous, it is difficult to guarantee that the processed labels will be reliable enough for subsequent use
by machine learning or other applications. In order to avoid “garbage in, garbage out”, we take a
complementary approach to this problem: cleaning the data at the time of collection.
We consider crowdsourcing settings where the workers are paid for their services, such as in
the popular crowdsourcing platforms of Amazon Mechanical Turk (mturk.com), Crowdflower
(crowdflower.com) and other commercial platforms, as well as internal crowdsourcing platforms of companies such as Google, Facebook and Microsoft. These commercial platforms have
gained substantial popularity due to their support for a diverse range of tasks for machine learning labeling, varying from image annotation and text recognition to speech captioning and machine
translation. We consider problems that are objective in nature, that is, have a definite answer. Figure 1a depicts an example of such a question where the worker is shown a set of images, and for
each image, the worker is required to identify if the image depicts the Golden Gate Bridge.
Our approach builds on the simple insight that in typical crowdsourcing setups, workers are
simply paid in proportion to the amount of tasks they complete. As a result, workers attempt to
answer questions that they are not sure of, thereby increasing the error rate of the labels. For the
questions that a worker is not sure of, her answers could be very unreliable (Wais et al., 2010; Kazai
et al., 2011; Vuurens et al., 2011; Jagabathula et al., 2014). To ensure acquisition of only highquality labels, we wish to encourage the worker to skip the questions about which she is unsure, for
instance, by providing an explicit “I’m not sure” option for every question (see Figure 1b). Given
this additional option, one must also ensure that the worker is indeed incentivized to skip the questions that she is not confident about. In a more general form, we consider eliciting the confidence
of the worker for each question at multiple levels. For instance, in addition to “I’m not sure”, we
may also provide options like “absolutely sure”, and “moderately sure” (see Figure 1c). The goal
is to design payment mechanisms that incentivize the worker to attempt only those questions for
which they are confident enough, or alternatively, report their confidences truthfully. As we will
see later, this significantly improves the aggregate quality of the labels that are input to the machine
learning algorithms. We will term any payment mechanism that incentivizes the worker to do so as
“incentive compatible”.
In addition to incentive compatibility, preventing spammers is another desirable requirement
from incentive mechanisms in crowdsourcing. Spammers are workers who answer randomly with-
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Is this the Golden Gate Bridge?

No

Yes

a Is this the Golden Gate Bridge?

c
Yes
Moderately sure
Moderately sure
I’m not sure
No

Figure 1: Different interfaces for a task that requires the worker to answer the question “Is this the
Golden Gate Bridge?”: (a) the conventional interface; (b) with an option to skip; (c) with
multiple confidence levels.

out regard to the question being asked, in the hope of earning some free money, and are known to
exist in large numbers on crowdsourcing platforms (Wais et al., 2010; Bohannon, 2011; Kazai et al.,
2011; Vuurens et al., 2011). The presence of spammers can significantly affect the performance of
any machine learning algorithm that is trained on this data. It is thus of interest to deter spammers by
paying them as low as possible. An intuitive objective, to this end, is to ensure a minimum possible
payment to spammers who answer randomly. For instance, in a task with binary-choice questions,
a spammer is expected to have half of the attempted answers incorrect; one may thus wish to set
the payment to its minimum possible value if half or more of the attempted answers are wrong. In
this paper, however, we impose strictly and significantly weaker requirement, and then show that
there is one and only one incentive-compatible mechanism that can satisfy this weak requirement.
Our requirement is referred to as the “no-free-lunch” axiom. In the skip-based setting, it says that
if all the questions attempted by the worker are answered incorrectly, then the payment must be
the minimum possible. The no-free-lunch axiom for the general confidence-based setting is even
weaker: if the worker indicates the highest confidence level for all the questions she attempts in the
gold standard, and furthermore if all these responses are incorrect, then the payment must be the
minimum possible. We term this condition the “no-free-lunch” axiom. In the general confidencebased setting, we want to make the minimum possible payment if the worker indicates the highest
confidence level for all the questions she attempts and if all these responses are incorrect.
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In order to test whether our mechanism is practically viable, and to assess the quality of the
final labels obtained, we conducted experiments on the Amazon Mechanical Turk crowdsourcing
platform. In our preliminary experiments that involved several hundred workers, we found that
the quality of data consistently improved by use of our schemes as compared to the standard settings, often by two-fold or higher, with the total monetary expenditure being the same or lower as
compared to the conventional baseline.
3

1.1 Summary of Contributions

S HAH AND Z HOU

We propose a payment mechanism for the aforementioned setting (“incentive compatibility” plus
“no-free-lunch”), and show that surprisingly, this is the only possible mechanism. We also show that
additionally, our mechanism makes the smallest possible payment to spammers among all possible
incentive compatible mechanisms that may or may not satisfy the no-free-lunch axiom. Interestingly, our payment mechanism takes a multiplicative form: the evaluation of the worker’s response
to each question is a certain score, and the final payment is a product of these scores. This mechanism has additional appealing features in that it is simple to compute, and is also simple to explain
to the workers. Our mechanism is applicable to any type of objective questions, including multiple
choice annotation questions, transcription tasks, etc. In preliminary experiments on Amazon Mechanical Turk involving over 900 worker-task pairs, the quality of data improved significantly under
our unique mechanism, with the total monetary expenditure being the same or lower as compared
to the conventional baseline.
1.2 Related Literature

JMLR 17(165):1-52

The framework of “strictly proper scoring rules” (Brier, 1950; Savage, 1971; Gneiting and Raftery,
2007; Lambert and Shoham, 2009) provides a general theory for eliciting information for settings
where this information can subsequently be verified by the mechanism designer, for example, by
observing the true value some time in the future. In our work, this verification is performed via the
presence of some “gold standard” questions in the task. Consequently, our mechanisms can also be
called “strictly proper scoring rules”. It is important to note that the framework of strictly proper
scoring rules, however, provides a large collection of possible mechanisms and does not guide the
choice of a specific mechanism from this collection (Gneiting and Raftery, 2007). In this work, we
show that for the crowdsourcing setups considered, under a very mild condition we term the “nofree-lunch” axiom, the mechanism proposed in this paper is the one and only strictly proper scoring
rule.
Interestingly, proper scoring rules have another interesting connection with machine learning
techniques: quoting Buja et al. (2005), “proper scoring rules comprise most loss functions currently
in use: log-loss, squared error loss, boosting loss, and as limiting cases cost-weighted misclassification losses.” The present paper does not investigate this aspect of proper scoring rules, and we
refer the reader to Bühlmann and Hothorn (2007); Mease et al. (2007); Buja et al. (2005) for more
details.
In this paper, we assume the existence of some gold standard questions whose answers are
known a priori to the system designer. As a result, the payment to a worker is determined solely
by her own work. There are settings where gold standard questions may not be available, for instance, when obtaining gold standard questions is too expensive, or when the questions pertain to
subjective preferences (Shah and Wainwright, 2015; Shah et al., 2016b; Chen et al., 2016) instead
of labeling data. A parallel line of literature (Miller et al., 2005; Dasgupta and Ghosh, 2013; Prelec,
2004; Wolfers and Zitzewitz, 2004; Conitzer, 2009) addresses such settings without gold standard
questions. The idea in the mechanisms designed therein is to reward the agents based on certain
criteria that compares certain elicited data from the agents with each other, and typically involves
asking agents to predict other agents’ responses. The mechanisms designed often provide weaker
guarantees (such as that of truth-telling being a Nash equilibrium) due to the absence of a gold
standard answer to compare with. This line of literature includes work on peer-prediction (Miller
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1. When the task is presented to the workers, the word ‘skip’ or the numbers {1, . . . , L} are replaced by more comprehensible phrases such as “I don’t know”, “moderately sure”, “absolutely sure”, etc.

One can see from the aforementioned definition that the confidence-based setting is a generalization
of the skip-based setting (the skip-based setting corresponds to L = 1). The goal is to ensure that for
a given set of intervals that partition [0, 1], for every question the worker is incentivized to indicate
‘skip’ or choose the appropriate confidence-level when her confidence for that question falls in the
corresponding interval. The choice of these intervals will be defined subsequently in the skip-based
and confidence-based sections (Section 3 and Section 4) respectively.
Let N denote the total number of questions in the task. Among these questions, we assume the
existence of some “gold standard” questions, that is, a set of questions whose answers are known
to the requester. Let G (1 ≤ G ≤ N ) denote the number of gold standard questions. The G gold
standard questions are assumed to be distributed uniformly at random in the pool of N questions
(of course, the worker does not know which G of the N questions form the gold standard). The
payment to a worker for a task is computed after receiving her responses to all the questions in the
task. The payment is based on the worker’s performance on the gold standard questions. Since the
payment is based on known answers, the payments to different workers do not depend on each other,
thereby allowing us to consider the presence of only one worker without any loss in generality.
We will employ the following standard notation. For any positive integer K, the set {1, . . . , K}
is denoted by [K]. The indicator function is denoted by 1, i.e., 1{z} = 1 if z is true, and 0 otherwise.
Let x1 , . . . , xG denote the evaluations of the answers that the worker gives to the G gold standard questions, and let f denote the scoring rule, i.e., a function that determines the payment to the
worker based on these evaluations x1 , . . . , xG .
In the skip-based setting, xi ∈ {−1, 0, +1} for all i ∈ [G]. Here, “0” denotes that the worker
skipped the question, “−1” denotes that the worker attempted to answer the question and that answer
was incorrect, and “+1” denotes that the worker attempted to answer the question and that answer
was correct. The payment function is f : {−1, 0, +1}G → R.
In the confidence-based setting, xi ∈ {−L, . . . , +L} for all i ∈ [G]. Here, we set xi = 0 if the
worker skipped the question, and for l ∈ {1, . . . , L}, we set xi = l if the question was answered

• Confidence-based. For each question, the worker can either ‘skip’ the question or provide an
answer, and in the latter case, indicate her confidence for this answer as a number in {1, . . . , L}
(Figure 1c). We term this indicated confidence as the ‘confidence-level’. Here, L represents the
highest confidence-level, and ‘skip’ is considered to be a confidence-level of 0. 1

In the crowdsourcing setting that we consider, one or more workers perform a task, where a task
consists of multiple questions. The questions are objective, by which we mean, each question has
precisely one correct answer. Examples of objective questions include multiple-choice classification
questions such as Figure 1, questions on transcribing text from audio or images, etc.
For any possible answer to any question, we define the worker’s confidence about an answer as
the probability, according to her belief, of this answer being correct. In other words, one can assume
that the worker has (in her mind) a probability distribution over all possible answers to a question,

2. Setting and Notation

The organization of this paper is as follows. We present the formal problem setting in Section 2.
In Section 3 we consider the skip-based setting: We present our proposed mechanism and show
that it is the only mechanism which satisfies the requirements discussed above. In Section 4, we
then consider the more general setting of eliciting a quantized value of the worker’s confidence.
We construct a mechanism for this setting, which also takes a multiplicative form, and prove its
uniqueness. In Section 5 we prove that imposing a requirement that is only slightly stronger than
our proposed no-free-lunch axiom leads to impossibility results. In Section 6 we present synthetic
simulations and real-world experiments on Amazon Mechanical Turk to evaluate the potential of our
setting and algorithm to work in practice. We conclude the paper with a discussion on the various
modeling choices, future work, and concluding remarks in Section 7.
The paper contains three appendices. In Appendix A we prove all theoretical results whose
proofs are not presented in the main text. We provide more details of the experiments in Appendix B.
In Appendix C we extend our results to a setting where workers aim to maximize the expected value
of some “utility” of their payments.

1.3 Organization

and the confidence for an answer is the probability of that answer being correct. As a shorthand,
we also define the confidence about a question as the confidence for the answer that the worker
is most confident about for that question. We assume that the worker’s confidences for different
questions are independent. Our goal is that for every question, the worker should be incentivized
to skip if her confidence for that question is below a certain pre-defined threshold, otherwise select
the answer that she is most confident about, and if asked, also indicate a correct (quantized) value
of her confidence for the answer.
Specifically, we consider two settings:

et al., 2005; Dasgupta and Ghosh, 2013), the Bayesian truth serum (Prelec, 2004) and prediction
markets (Wolfers and Zitzewitz, 2004; Conitzer, 2009).
The design of statistical inference algorithms for denoising the data obtained from workers is
an active topic of research (Raykar et al., 2010; Zhou et al., 2012; Wauthier and Jordan, 2011; Chen
et al., 2013; Khetan and Oh, 2016; Dawid and Skene, 1979; Karger et al., 2011; Liu et al., 2012;
Zhang et al., 2014; Vempaty et al., 2014; Ipeirotis et al., 2014; Zhou et al., 2015; Shah et al., 2016c).
In addition, several machine learning algorithms accommodating errors in the data have also been
designed (Angluin and Laird, 1988; Cano et al., 2001; Lee et al., 2004; Chu et al., 2004). These
algorithms are typically oblivious to the elicitation procedure. Our work nicely complements this
line of research in that these inference algorithms may now additionally employ the higher quality
data and the specific structure of the elicited data for an improved denoising efficiency.
Another relevant problem in crowdsourcing is that of choosing which workers to hire or efficiently matching workers to tasks, and such problems are studied in Yuen et al. (2011); Ho et al.
(2013); Zhou et al. (2014); Anari et al. (2014) under different contexts. Our work assumes that a
worker is already matched, and focuses on incentivizing that worker to respond in a certain manner.
A recent line of work has focused on elicitation of data from multiple agents in order to perform
certain specific estimation tasks (Fang et al., 2007; Dekel et al., 2008; Cai et al., 2015). In contrast,
our goal is to ensure that workers censor their own low-quality (raw) data, without restricting our
attention to any specific downstream algorithm or task.

• Skip-based. For each question, the worker can either choose to ‘skip’ the question or provide an
answer (Figure 1b).
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correctly with confidence l and xi = −l if the question was answered incorrectly with confidence l.
The function f : {−L, . . . , +L}G → R specifies the payment to be made to the worker.
The payment is further associated to two parameters, µmax and µmin . The parameter µmax
denotes the budget, i.e., the maximum amount that is paid to any individual worker for this task:
max f (x1 , . . . , xG ) = µmax .

x1 ,...,xG

The amount µmax is thus the amount of compensation paid to a perfect worker for her work. Further,
one may often also have the requirement of paying a certain minimum amount to any worker. The
parameter µmin (≤ µmax ) denotes this minimum payment: the payment function must also satisfy
min f (x1 , . . . , xG ) ≥ µmin .

x1 ,...,xG

For instance, crowdsourcing platforms today allow payments to workers, but do not allow imposing
penalties: this condition gives µmin = 0.
We assume that the worker attempts to maximize her overall expected payment. In what follows, the expression ‘the worker’s expected payment’ will refer to the expected payment from the
worker’s point of view, and the expectation will be taken with respect to the worker’s confidences
about her answers and the uniformly random choice of the G gold standard questions among the N
questions in the task. A payment function f is called incentive compatible if the expected payment
of the worker under this payment function is strictly maximized when the worker answers in the
manner desired.2 The specific requirements of the skip-based and the confidence-based settings
are discussed subsequently in their respective sections to follow. In the remainder of this section,
we formally define the concepts of the worker’s expected payment and incentive compatibility; the
reader interested in understanding the paper at a higher level may skip directly to the next section
without loss in continuity.
Let Ω denote the set of options for each question. We assume that Ω is a finite set, for instance,
the set {Yes, No} for a task with binary-choice questions, or the set of all strings of at most a certain
length for a task with textual responses. Let Q ∈ [0, 1]|Ω|×N denote the beliefs of a worker for the
N questions asked. Specifically, for any question i ∈ [N ] and any option ω ∈ Ω, let Qω,i represent
the probability, according to the worker’s belief, that option ω P
is the correct answer to question i.
Then from the law of total probability, any valid Q must have ω∈Ω Qω,i = 1 for every i ∈ [N ].
The value of Q is unknown to the mechanism.
Let us first define the notion of the expected payment (from the worker’s point of view) for
any given response of the worker to the questions. For any question i ∈ [N ], suppose the worker
indicates the confidence-level ξi ∈ {0, . . . , L}. For every question i ∈ [N ] such that ξi 6= 0, let ωi ∈
Ω denote the option selected by the worker; whenever ξi = 0, indicating a skip, we let ωi take any
arbitrary value in Ω. Furthermore, let pi = Qωi ,i denote the probability, according to the worker’s
belief, that the chosen option ωi is the correct answer to question i. For notational purposes, we also
define a vector E = (1 , . . . , G ) ∈ {−1, 1}G . Then for the given responses, for the worker beliefs
Q, and under payment mechanism f , the worker’ expected payment ΓQ,f : ({0, . . . , L}×Ω)N → R

JMLR 17(165):1-52

2. Such a notion of incentive compatibility is often called “strict incentive compatibility”; we drop the prefix term
“strict” for brevity.
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is given by the expression:

1



X

X

f (1 ξj1 , . . . , G ξjG )
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(j1 ,...,jG ) E∈{−1,1}G
⊆{1,...,N }

ΓQ,f (ξ1 , ω1 , . . . , ξN , ωN )
=

N
G

G
Y

i=1

(pji )

1+i
2

(1 − pji )

1−i
2

!

. (1)

In the expression (1), the outermost summation corresponds to the expectation with respect to the
randomness arising from the unknown positions of the gold standard questions. The inner summation corresponds to the expectation with respect to the worker’s beliefs about the correctness of
her responses. Note that the right hand side of (1) implicitly depends on (ω1 , . . . , ωN ) through the
values (p1 , . . . , pN ). Also note that for every question i such that ξi = 0, the right hand side of (1)
does not depend on the values of ωi and pi ; this is because the choice ξi = 0 of skipping question i
implies that the worker did not select any particular option.
We will now use the the definition of the expected payment of the worker to define the notion of
incentive compatibility. To this end, for any valid probabilities Q, let A(Q) ⊆ ({0, . . . , L} × Ω)N
denote an associated set of “desired” responses. By this we mean that every a ∈ ({0, . . . , L} × Ω)N
represents a possible response to the set of N questions, and the goal is to incentivize the worker to
provide any one response in the set A(Q). Then a mechanism f is termed incentive compatible if

ΓQ,f (a) > ΓQ,f (a0 ) for every a ∈ A(Q), every a0 ∈
/ A(Q), and every valid Q.

The goal is to design mechanisms that are incentive compatible, that is, incentivize the workers to
respond in a certain manner. The specific choice of “desired responses” for the skip-based and the
confidence-based settings are discussed subsequently in their respective sections. We begin with the
skip-based setting.

3. Skip-based Setting

In this section, we consider the setting where for every question, the worker can choose to either
answer the question or to skip it; no additional information is asked from the worker. See Figure 1b
for an illustration.
3.1 Setting

Let T ∈ (0, 1) be a predefined value. The goal is to design payment mechanisms that incentivize the
worker to skip the questions for which her confidence is lower than T , and answer those for which
her confidence is higher than T . 3 Moreover, for the questions that she attempts to answer, she must
be incentivized to select the answer that she believes is most likely to be correct. The value of T is
chosen a priori based on factors such as budget constraints, the targeted quality of labels, and/or the
choice of the algorithm used to subsequently aggregate the responses of multiple workers. In this
paper, we assume that the value of the threshold T is specified to us.
Now the space of all possible mechanisms for this problem may be rather wide. Thus in order
to narrow down our search, we impose the following additional simple and natural requirement:
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3. In the event that the confidence about a question is exactly equal to T , the worker may choose to answer or skip.

8

f (x1 , . . . , xG ) = κ
i=1

αxi + µmin ,
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10

(4)

(3)

(2)

9

pi

pi
κ
pi
= κ 1 ··· β
T
T
Tβ
pi
pi
≤ κ 1 ··· ν
T
T
p(1)
p(m)
≤κ
···
,
T
T

where inequality (3) holds because Tj ≤ 1 ∀ j > ν and holds with equality only when β = ν.
p
Inequality (4) is a result of T(j) ≥ 1 ∀ j ≤ m and holds with equality only when ν = m. It follows
that the expected payment is (strictly) maximized when i1 = (1), . . . , iβ = (m) as required.
The case of G < N is a direct consequence of the result for G = N , as follows. When
G < N , from a worker’s point of view, the set of G questions is distributed uniformly at random in

pi1 · · · piβ

Alternatively, if the worker answers the questions {i1 , . . . , iβ }, with pi1 > · · · > piν > T >
piν+1 > · · · > piβ for some value ν, then the expected payment is

Proof of Theorem 2. The proposed payment mechanism satisfies no-free-lunch since the payment
is µmin when there are one or more wrong answers in the gold standard. It remains to show that the
mechanism is incentive compatible. To this end, observe that the property of incentive-compatibility
does not change upon any shift of the mechanism by a constant value or any scaling by a positive
constant value. As a result, for the purposes of this proof, we can assume without loss of generality
that µmin = 0.
We will first assume that, for every question that the worker does not skip, she selects the answer
which she believes is most likely to be correct. Under this assumption we will show that the worker
is incentivized to skip the questions for which her confidence is smaller than T and attempt if it is
greater than T . Finally, we will show that the mechanism indeed incentivizes the worker to select
the answer which she believes is most likely to be correct for the questions that she doesn’t skip. In
what follows, we will employ the notation κ = µmax T G .
Let us first consider the case when G = N . Let p1 , . . . , pN be the confidences of the worker for
questions 1, . . . , N respectively. Further, let p(1) ≥ · · · ≥ p(m) > T > p(m+1) ≥ · · · ≥ p(N ) be
the ordered permutation of these confidences (for some number m). Let {(1), . . . , (N )} denote the
corresponding permutation of the N questions. If the mechanism is incentive compatible, then the
expected payment received by this worker should be maximized when the worker answers questions
(1), . . . , (m) and skips the rest. Under the mechanism proposed in Algorithm 1, this action fetches
the worker an expected payment of
p(1)
p(m)
κ
···
.
T
T

Observe how this payment rule is similar to the popular ‘double or nothing’ paradigm (Double or
Nothing, 2014).
The algorithm makes a minimum payment if one or more attempted answers in the gold standard
are wrong. Note that this property is significantly stronger than the no-free-lunch axiom which we
originally required, where we wanted a minimum payment only when all attempted answers were
wrong. Surprisingly, as we prove shortly, Algorithm 1 is the only incentive-compatible mechanism
that satisfies no-free-lunch.

“The reward starts at 10 cents. For every correct answer in the 3 gold standard questions,
the reward will double. However, if any of these questions are answered incorrectly, then
the reward will become zero. So please use the ‘I’m not sure’ option wisely.”

The proposed mechanism has a multiplicative form: each answer in the gold standard is given
a score based on whether it was correct (score = T1 ), incorrect (score = 0) or skipped (score = 1),
and the final payment is simply a product of these scores (scaled and shifted by constants). The
mechanism is easy to describe to workers: For instance, if T = 12 , G = 3, µmax = 80 cents and
µmin = 0 cents, then the description reads:

where κ = (µmax − µmin )T G .

• The payment is
G
Y

Evaluations (x1 , . . . , xG ) ∈ {−1, 0, +1}G of the worker’s answers to the G gold
standard questions

I

1
T

Budget parameters µmax and µmin

I

• Set α−1 = 0, α0 = 1, α+1 =

Threshold T

I

Algorithm 1: Incentive mechanism for skip-based setting
• Inputs:

We now present our proposed payment mechanism in Algorithm 1.

3.2 Payment Mechanism

In the remainder of this subsection, we present the proof of Theorem 2. The reader may go
directly to subsection 3.3 without loss in continuity.

Theorem 2 The mechanism of Algorithm 1 is incentive-compatible and satisfies the no-free-lunch
axiom.

The following theorem shows that this mechanism indeed incentivizes a worker to skip the
questions for which her confidence is below T , while answering those for which her confidence is
greater than T . In the latter case, the worker is incentivized to select the answer which she thinks is
most likely to be correct.

Axiom 1 (No-free-lunch Axiom) If all the answers attempted by the worker in the gold standard
are wrong, then the payment is the minimumP
possible. More formally,
PG f (x1 , . . . , xG ) = µmin for
every evaluation (x1 , . . . , xG ) such that 0 < G
i=1 1{xi 6= 0} =
i=1 1{xi = −1}.

One may expect a payment mechanism to impose the restriction of minimum payment to spammers
who answer randomly. For instance, in a task with binary-choice questions, a spammer is expected
to have 50% of the attempted answers incorrect; one may thus wish to set a the minimum possible payment if 50% or more of the attempted answers were incorrect. The no-free-lunch axiom
which we impose is however a significantly weaker condition, mandating minimum payment if all
attempted answers are incorrect.
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= 0,

= f (−1, y2 , . . . , yG−S−2 , 0, 0, . . . , 0)

+ (1 − T )f (−1, y2 , . . . , yG−S−2 , −1, 0, . . . , 0)

the superset of N questions. However, for every set of G questions, the relations (2), (3), (4) and
their associated equality/strict-inequality conditions hold. The expected payment is thus (strictly)
maximized when the worker answers the questions for which her confidence is greater than T and
skips those for which her confidence is smaller than T .
One can see that for every question that the worker chooses to answer, the expected payment
increases with an increase in her confidence. Thus, the worker is incentivized to select the answer
that she thinks is most probably correct.
Finally, since κ = µmax T G > 0 and T ∈ (0, 1), the payment is always non-negative and
satisfies the µmax -budget constraint.

and

and so on to obtain

G−C

f (−1, y2 , . . . , yG−S−2 , 1, 0, . . . , 0) = 0,

f (−1, y2 , . . . , yG−S−2 , −1, 0, . . . , 0) = 0.

C−1

C−1

G−C

G−C

1
f (1, . . . , 1, 0, 0, . . . , 0),
T | {z } | {z }

C−1

G−C

12

=

1
κ.
TC

G

1
f (1, . . . , 1, 1, 0, . . . , 0) = C f (0, . . . , 0)
| {z } | {z }
| {z }
T

=

C−1
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G−C

This completes the proof of our induction hypothesis. Furthermore, each of the arguments above
hold for any permutation of the G questions, thus proving the necessity of zero payment when any
one or more answers are incorrect.
We will now prove that when no answers in the gold standard are incorrect, the payment must
be of the form described in Algorithm 1. Let κ be the payment when all G questions in the gold
standard are skipped. Let C be the number of questions answered correctly in the gold standard.
Since there are no incorrect answers, it follows that the remaining (G − C) questions are skipped.
Let us assume for now that the first C questions are answered correctly and the remaining (G − C)
questions are skipped. We repeatedly apply Lemma 4, and the fact that the payment must be zero
when one or more answers are wrong,
1
1−T
f (1, . . . , 1, 1, 0, . . . , 0) = f (1, . . . , 1, 0, 0, . . . , 0) −
f (1, . . . , 1, −1, 0, . . . , 0)
| {z } | {z }
| {z }
| {z }
T | {z } | {z }
T
C−1

where the final equation is a consequence of our induction hypothesis: The induction hypothesis is
applicable since f (−1, y2 , . . . , yG−S−2 , 0, 0, . . . , 0) corresponds to the case when the last (S + 1)
questions are skipped and the first question is answered incorrectly. Now, since the payment f must
be non-negative and since T ∈ (0, 1), it must be that

T f (−1, y2 , . . . , yG−S−2 , 1, 0, . . . , 0)

We will first prove that any incentive-compatible mechanism satisfying the no-free-lunch axiom
must make a zero payment if one or more answers in the gold standard are incorrect. The proof
proceeds by induction on the number of skipped questions S in the gold standard. Let us assume
for now that in the G questions in the gold standard, the first question is answered incorrectly, the
next (G − 1 − S) questions are answered by the worker and have arbitrary evaluations, and the
remaining S questions are skipped. The proof proceeds by an induction on S. Suppose S = G − 1.
In this case, the only attempted question is the first question and the answer provided by the worker
to this question is incorrect. The no-free-lunch axiom necessitates a zero payment in this case, thus
satisfying the base case of our induction hypothesis. Now we prove the hypothesis for some S under
the assumption of it being true when the number of questions skipped in the gold standard is (S + 1)
or more. From Lemma 4 (with i = G − S − 1) we have

3.3 Uniqueness of this Mechanism
While we started out with a very weak condition of no-free-lunch of that requires a minimum payment when all attempted answers are wrong, the mechanism proposed in Algorithm 1 is significantly more strict and pays the minimum amount when any of the attempted answers is wrong. A
natural question that arises is: can we design an alternative mechanism satisfying incentive compatibility and no-free-lunch that operates somewhere in between? The following theorem answers this
question in the negative.
Theorem 3 The mechanism of Algorithm 1 is the only incentive-compatible mechanism that satisfies the no-free-lunch axiom.
Theorem 3 gives a strong result despite imposing very weak requirements. To see this, recall
our earlier discussion on deterring spammers, that is, making a low payment to workers who answer
randomly. For instance, when the task comprises binary-choice questions, one may wish to design
mechanisms which make the minimum possible payment when the responses to 50% or more of the
questions in the gold standard are incorrect. The no-free-lunch axiom is a much weaker requirement,
and the only mechanism that can satisfy this requirement is the mechanism of Algorithm 1.
The proof of Theorem 3 is based on the following key lemma, establishing a condition that any
incentive-compatible mechanism must necessarily satisfy. Note that this lemma does not require
the no-free-lunch axiom.
Lemma 4 Any incentive-compatible mechanism f must satisfy, for every gold standard question
i ∈ {1, . . . , G} and every (y1 , . . . , yi−1 , yi+1 , . . . , yG ) ∈ {−1, 0, 1}G−1 ,
T f (y1 , . . . , yi−1 , 1, yi+1 , . . . , yG ) + (1 − T )f (y1 , . . . , yi−1 , −1, yi+1 , . . . , yG )

= f (y1 , . . . , yi−1 , 0, yi+1 , . . . , yG ) .

The proof of Lemma 4 is provided in Appendix A.1. Using this lemma, we will now prove Theorem 3. The reader interested in further results and not the proof may feel free to jump to Subsection 3.4 without any loss in continuity.
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Proof of Theorem 3. The property of incentive-compatibility does not change upon any shift of
the mechanism by a constant value or any scaling by a positive constant value. As a result, for the
purposes of this proof, we can assume without loss of generality that µmin = 0.
11

13
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Example 1 Consider the popular class of “additive” mechanisms, where the payments to a worker
are added across the gold standard questions. This additive payment mechanism offers a reward
µmax T
of µmax
for every question skipped, and 0 for
G for every correct answer in the gold standard,
G
every incorrect answer. Importantly, the final payment to the worker is the sum of the rewards across
the G gold standard questions. One can verify that this additive mechanism is incentive compatible.
One can also see that that as guaranteed by our theory, this additive payment mechanism does not
satisfy the no-free-lunch axiom.
Suppose each question involves choosing from two options. Let us compute the payment that
these two mechanisms make under a spamming behavior of choosing the answer randomly to each
question. Given the 50% likelihood of each question being correct, on can compute that the additive

We see from this result that the multiplicative payment mechanism of Algorithm 1 thus possesses
very useful properties geared to deter spammers, while ensuring that a good worker will be paid a
high enough amount. To illustrate this point, let us compare the mechanism of Algorithm 1 with the
popular additive class of payment mechanisms.

Theorem 5.B (Deterministic) Consider any value B ∈ (0, 1]. Among all incentive-compatible
mechanisms (that may or may not satisfy no-free-lunch), Algorithm 1 pays strictly the smallest
amount to a worker who gives incorrect answers to a fraction B or more of the questions attempted
in the gold standard.

Theorem 5.A (Distributional) Consider any value A ∈ {0, . . . , G}. Among all incentive-compatible
mechanisms (that may or may not satisfy no-free-lunch), Algorithm 1 pays strictly the smallest
amount to a worker who skips some A of the questions in the the gold standard, and chooses answers to the remaining (G − A) questions uniformly at random.

As discussed earlier, crowdsourcing tasks, especially those with multiple choice questions, often
encounter spammers who answer randomly without heed to the question being asked. For instance,
under a binary-choice setup, a spammer will choose one of the two options uniformly at random
for every question. A highly desirable objective in crowdsourcing settings is to deter spammers.
To this end, one may wish to impose a condition of making the minimum possible payment when
the responses to 50% or more of the attempted questions in the gold standard are incorrect. A
second desirable metric could be to minimize the expenditure on a worker who simply skips all
questions. While the aforementioned requirements were deterministic functions of the worker’s
responses, one may alternatively wish to impose requirements that depend on the distribution of
the worker’s answering process. For instance, a third desirable feature would be to minimize the
expected payment to a worker who answers all questions uniformly at random. We now show
that interestingly, our unique multiplicative payment mechanism simultaneously satisfies all these
requirements. The result is stated assuming a multiple-choice setup, but extends trivially to nonmultiple-choice settings.

= T A µmax ,

≥ T A f 0 (1, . . . , 1)

..
.

G−A+1

1

A

(6)

(5)
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f 0 (0, 0, . . . , −1) = 0.

(7)
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∀(y1 , . . . , yG−A ) ∈ {−1, 1}G−A \{1}G−A .
A repeated application of Lemma 4 then implies

f 0 (y1 , . . . , yG−A , 0, . . . , 0) = 0

max T
We will now show that if any mechanism f 0 that makes an expected payment of µm
G−A to such
a spammer, then the mechanism must be identical to Algorithm 1. We split the proof of this part
into two cases, depending on the value of the parameter A.
A
max T
Case I (A < G): In order to make an expected payment of µm
G−A , the mechanism must achieve
the bound (6) with equality, and furthermore, the mechanism must have zero payment if any of the
(G − A) attempted questions are answered incorrectly. In other words, the mechanism f 0 under
consideration must satisfy

where (6) is a result of the µmax -budget constraint. Since there is a mG−A chance of the (G − A)
attempted answers being correct, the expected payment under any other mechanism f 0 must be at
A
max T
least µm
G−A .

G−A

f 0 (1, . . . , 1, 0, . . . , 0) ≥ T f 0 (1, . . . , 1, 0, . . . , 0)
| {z }
| {z }

Proof of Theorem 5. The property of incentive-compatibility does not change upon any shift of
the mechanism by a constant value or any scaling by a positive constant value. As a result, for the
purposes of this proof, we can assume without loss of generality that µmin = 0.
Part A (Distributional). Let m denote the number of options in each question. One can verify
that under the mechanism of Algorithm 1, a worker who skips A questions and answers the rest
A
max T
uniformly at random will get a payment of µm
G−A in expectation. This expression arises due to
the fact that Algorithm 1 makes a zero payment if any of the attempted answers are incorrect, and a
payment of µmax T A if the worker skips A questions and answers the rest correctly. Under uniformly
1
random answers, the probability of the latter event is mG−A
.
Now consider any other mechanism, and denote it as f 0 . Let us suppose without loss of generality that the worker attempts the first (G − A) questions. Since the payment must be non-negative,
a repeated application of Lemma 4 gives

We prove Theorem 5 in the rest of this subsection. The reader may feel free to jump directly to
Section 4 without any loss in continuity.

mechanism makes a payment of µmax
in expectation. On the other hand, our mechanism pays an
2
expected amount of only µmax 2−G . The payment to spammers thus reduces exponentially with the
number of gold standard questions under our mechanism, whereas it does not reduce at all in the
additive mechanism.
Now, consider a different means of exploiting the mechanism(s) where the worker simply skips
all questions. To this end, observe that if a worker skips all the questions then the additive payment
mechanism will make a payment of µmax T . On the other hand, the proposed payment mechanism
of Algorithm 1 pays an exponentially smaller amount of µmax T G (recall that T < 1).

In order to abide by the budget, we must have the maximum payment as µmax = κ T1G . It follows
that κ = µmax T G . Finally, the arguments above hold for any permutation of the G questions, thus
proving the uniqueness of the mechanism of Algorithm 1.

3.4 Optimality against Spamming Behavior
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∀(y1 , . . . , yG ) ∈ {0, −1}G \{0}G .

Note that so far we considered the case when the worker attempts the first (G − A) questions. The
arguments above hold for any choice of the (G − A) attempted questions, and consequently the
results shown so far in this proof hold for all permutations of the arguments to f 0 . In particular,
the mechanism f 0 must make a zero payment when any (G − 1) questions in the gold standard
are skipped and the remaining question is answered incorrectly. Another repeated application of
Lemma 4 to this result gives
f 0 (y1 , . . . , yG ) = 0
This condition is precisely the no-free-lunch axiom, and in Theorem 3 we had shown that Algorithm 1 is the only incentive-compatible mechanism that satisfies this axiom. It follows that our
mechanism, Algorithm 1 strictly minimizes the expected payment in the setting under consideration.
Case II (A = G): In order to achieve the bound (6) with equality, the mechanism f 0 must also
achieve the bound (5) with equality. Noting that we have A = G in this case, it follows that the
mechanism f 0 must satisfy
f 0 (−1, 0, . . . , 0) = 0.
This condition is identical to (7) established for Case I earlier, and the rest of the argument now
proceeds in a manner identical to the subsequent arguments in Case I.
Part B (Deterministic). Given our result of Theorem 3, the proof for the deterministic part
is straightforward. Algorithm 1 makes a payment of zero when one or more of the answers to
questions in the gold standard are incorrect. Consequently, for every value of parameter B ∈
(0, 1], Algorithm 1 makes a zero payment when a fraction B or more of the attempted answers are
incorrect. Any other mechanism doing so must satisfy the no-free-lunch axiom. In Theorem 3 we
had shown that Algorithm 1 is the only incentive-compatible mechanism that satisfies this axiom.
It follows that our mechanism, Algorithm 1, strictly minimizes the payment in the event under
consideration.

4. Confidence-based Setting
In this section, we will discuss incentive mechanisms when the worker is asked to select from more
than one confidence-level for every question (Figure 1c). In particular, for some L ≥ 1, the worker
is asked to indicate a confidence-level in the range {0, . . . , L} for every answer. Level 0 is the
‘skip’ level, and level L denotes the highest confidence. Note that we do not solicit an answer if
the worker indicates a confidence-level of 0 (skip), but the worker must provide an answer if she
indicates a confidence-level of 1 or higher. This makes the case of having only a ‘skip’ as considered
in Section 3 a special case of this setting, and corresponds to L = 1.
We generalize the requirement of no-free-lunch to the confidence-based setting as follows.
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Axiom 6 (Generalized-no-free-lunch axiom) If all the answers attempted by the worker in the
gold standard are selected as the highest confidence-level (level L), and all of them turn out
to be wrong, then the payment is µmin . More formally, we require the mechanism
f to satisfy
PG
f (x1 , . . . , xG ) = µmin for every evaluation (x1 , . . . , xG ) that satisfies 0 < i=1
1{xi 6= 0} =
PG
i=1 1{xi = −L}.
15
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L that
In the confidence-based setting, we require specification of a set of thresholds {Sl , Tl }l=1
determine the confidence-levels that the workers should indicate. These thresholds are used to
choose the payment mechanism in a principled manner. In particular, we will require specification
of two reference points for each confidence level, and this specification generalizes the skip-based
setting.

• The first set of thresholds specifies a comparison of any confidence level with the skipping option
as a fixed reference. To this end, recall that in the skip-based setting, the threshold T specified
when the worker should skip a question and when she should attempt to answer. This is generalized to the confidence-based setting where for every level l ∈ [L], a fixed threshold Sl specifies
the ‘strength’ of confidence-level l: If restricted to only the two options of skipping or selecting
confidence-level l for any question, the worker should be incentivized to select confidence-level
l if her confidence is higher than Sl and skip if her confidence is lower than Sl .

• The second set of thresholds specifies a comparison of any confidence level with its neighbors. If
a worker decides to not skip a question, she must choose one of multiple confidence-levels. A set
L of thresholds specify the boundaries between different confidence-levels. In particular,
{Tl }l=1
when the confidence of the worker for a question lies in (Tl−1 , Tl+1 ), then the worker must be
incentivized to indicate confidence-level (l − 1) if her confidence is lower than Tl and to indicate
confidence-level l if her confidence is higher than Tl . This includes selecting level L if her
confidence is higher than TL and selecting level 0 if her confidence is lower than T1 .

We will call a payment mechanism as incentive-compatible if it satisfies the two requirements listed
above, and also incentivizes the worker to select the answer that she believes is most likely to be
correct for every question for which her confidence is higher than T1 .
The problem setting inherently necessitates certain restrictions in the choice of the thresholds.
Since we require the worker to choose a higher level when her confidence is higher, the thresholds
must necessarily be monotonic and satisfy 0 < S1 < S2 < · · · < SL < 1 and 0 < T1 < T2 < · · · <
TL < 1. Also observe that the definitions of S1 and T1 coincide, and hence S1 = T1 . Additionally,
we can show (Proposition 18 in Appendix A.5) that for incentive-compatible mechanisms to exist, it
must be that Tl > Sl ∀ l ∈ {2, . . . , L}. As a result, the thresholds must also satisfy T1 = S1 , T2 >
S2 , . . . , TL > SL . These thresholds may be chosen based on various factors of the problem at hand,
for example, on the post-processing algorithms, any statistics on the distribution of worker abilities,
budget constraints, etc. In this paper, we will assume that these values are given to us.
4.1 Payment Mechanism
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In this section, we present our proposed payment mechanism, and prove that it is guaranteed to
satisfy our requirements. We begin with a description of the mechanism in Algorithm 2.
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α0 = 1



1
αL

G

.

i=1

G
Y

αxi + µmin

1 − Sl αl
1 − Sl
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The proof of this proposition, and that of all other theoretical claims made in this section, are
presented in Appendix A.6.

Theorem 9 The payment mechanism of Algorithm 2 is the only incentive-compatible mechanism
that satisfies the generalized-no-free-lunch axiom.
JMLR 17(165):1-52

Proposition 10 No payment mechanism satisfying the strong-no-free-lunch axiom can incentivize
an unknowledgeable worker to skip all questions. As a result, no mechanism satisfying the strongno-free-lunch axiom can be incentive-compatible.

Recall that the no-free-lunch axiom under the skip-based mechanism of Section 3 requires the payment to be the minimum possible if all attempted answers in the gold standard are incorrect. However, a worker who skips all the questions may still receive a payment. The generalization under
the confidence-based mechanism of Section 4 requires the payment to be the minimum possible if
all attempted answers in the gold standard were selected with the highest confidence-level and were
incorrect. However, a worker who marked all questions with a lower confidence level may be paid
even if her answers to all the questions in the gold standard turn out to be incorrect. One may thus
wish to impose a stronger requirement instead, where the minimum payment is made to workers
who make no useful contribution. This is the primary focus of this section.
Consider the skip-based setting. Define the following axiom which is slightly stronger than the
no-free-lunch axiom defined previously.
Strong-no-free-lunch: If none of the answers in the gold standard are correct, then the payment
is µmin . More formally, strong-no-free-lunch
P imposes the condition f (x1 , . . . , xG ) = µmin for
every evaluation (x1 , . . . , xG ) that satisfies G
i=1 1{xi > 0} = 0.
The strong-no-free-lunch axiom is only slightly stronger than the no-free-lunch axiom proposed
in Section 3 for the skip-based setting. The strong-no-free-lunch axiom can equivalently be written
as
imposing requiringP
the payment to be the minimum possible for every evaluation that satisfies
PG
G
i=1 1{xi = −1}. From this interpretation, one can see that to the set of
i=1 1{xi 6= 0} =
events necessitating the minimum payment under the no-free-lunch axiom, the strong-no-free-lunch
axiom adds only one extra event, the event of the worker skipping all questions. Unfortunately, it
turns out that this minimal strengthening of the requirements is associated to impossibility results.
In this section we show that no mechanism satisfying the strong-no-free-lunch axiom can be
incentive compatible in general. The only exception is the case when (a) all questions are in the
gold standard (G = N ), and (b) it is guaranteed that the worker has a confidence greater than T for
at least one of the N questions. These conditions are, however, impractical for the crowdsourcing
setup under consideration in this paper. We will first prove the impossibility results under the strongno-free-lunch axiom. For the sake of completeness (and also to satisfy mathematical curiosity), we
will then provide a (unique) mechanism that is incentive-compatible and satisfies the strong-nofree-lunch axiom for the skip-based setting under the two conditions listed above. The proofs of
each of the claims made in this section are provided in Appendix A.6.
Let us continue to discuss the skip-based setting. In this section, we will call any worker whose
confidences for all of the N questions is lower than T as an unknowledgeable worker, and call the
worker a knowledgeable worker otherwise.

5. A Stronger No-free-lunch Axiom: Impossibility Results

The proof of Theorem 9 is provided in Appendix A.3. The proof is conceptually similar to that
of Theorem 9 but involves resolving several additional complexities that arise due to elicitation from
multiple confidence levels.
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We prove that the mechanism of Algorithm 2 is unique, that is, no other incentive-compatible mechanism can satisfy the generalized-no-free-lunch axiom.

4.2 Uniqueness of this Mechanism

Remark 8 The mechanism of Algorithm 2 also ensures a condition stronger than the ‘boundarybased’ definition of the thresholds {Tl }l∈[L] given earlier. Under this mechanism, for every l ∈
[L − 1] the worker is incentivized to select confidence-level l (over all else) whenever her confidence
lies in the interval (Tl , Tl+1 ), select confidence-level 0 (over all else) whenever her confidence is
lower than T1 and select confidence-level L (over all else) whenever her confidence is higher than
TL .

The proof of Theorem 7 follows in a manner similar to that of the proof of Theorem 2, and is
provided in Appendix A.2.

Theorem 7 The mechanism of Algorithm 2 is incentive-compatible and satisfies the generalizedno-free-lunch axiom.

The following theorem shows that this mechanism indeed incentivizes a worker to select answers and confidence-levels as desired.

where κ = (µmax − µmin )

f (x1 , . . . , xG ) = κ

(1 − Sl )Tl+1 αl+1 + (1 − Sl )(1 − Tl+1 )α−(l+1) − (1 − Tl+1 )
Tl+1 − Sl

• The payment is

I

αl =

For l ∈ {L − 1, . . . , 1},

α−L = 0

I

1
SL ,

αL =

I

α−l =

Evaluations (x1 , . . . , xG ) ∈ {−L, . . . , +L}G of the worker’s answers to the G gold standard
questions

I

and

Budget parameters µmax and µmin

I

• Set α−L , . . . , αL as

Thresholds S1 , . . . , SL and T1 , . . . , TL

I

Algorithm 2: Incentive mechanism for the confidence-based setting
• Inputs:
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The impossibility result of Proposition 10 relies on trying to incentivize an unknowledgeable
worker to act as desired. Since no mechanism can be incentive compatible for unknowledgeable
workers, we will now consider only workers who are knowledgeable. The following proposition
shows that the strong-no-free-lunch axiom is too strong even for this relaxed setting.
Proposition 11 When G < N , there exists no mechanism that is incentive-compatible for knowledgeable workers and satisfies the strong-no-free-lunch axiom.
Given this impossibility result for G < N , we are left with G = N which means that the true
answers to all the questions are known a priori. This condition is clearly not applicable to a crowdsourcing setup; nevertheless, it is mathematically interesting and may be applicable to other scenarios such as testing and elicitation of beliefs about future events.
Proposition 12 below presents a mechanism for this case and proves its uniqueness. We previously saw that an unknowledgeable worker cannot be incentivized to skip all the questions (even
when G = N ). Thus, in our payment mechanism, we do the next best thing: Incentivize the unknowledgeable worker to answer only one question, that which she is most confident about, while
incentivizing the knowledgeable worker to answer questions for which her confidence is greater
than T and skip those for which her confidence is smaller than T .
Proposition 12 Let C be the number of correct answers and W be the number of wrong answers (in
the gold standard). Let the payment be µmin if W > 0 or C = 0, and be (µmax −µmin )T G−C +µmin
otherwise. Under this mechanism, when G = N , an unknowledgeable worker is incentivized to
answer only one question, that for which her confidence is the maximum, and a knowledgeable
worker is incentivized to answer the questions for which her confidence is greater than T and skip
those for which her confidence is smaller than T . Furthermore, when G = N , this mechanism is
the one and only mechanism that obeys the strong-no-free-lunch axiom and is incentive-compatible
for knowledgeable workers.
The following proposition shows that the strong-no-free-lunch axiom leads to negative results
in the confidence-based setting (L > 1) as well. The strong-no-free-lunch axiom is still defined as
in the beginning of Section 5, i.e., the payment is zero if none of the answers are correct.
Proposition 13 When L > 1, for any values of N and G (≤ N ), it is impossible for any mechanism to satisfy the strong-no-free-lunch axiom and be incentive-compatible even when the worker is
knowledgeable.

6. Simulations and Experiments
In this section, we present synthetic simulations and real-world experiments to evaluate the effects
of our setting and our mechanism on the final label quality.
6.1 Synthetic Simulations

JMLR 17(165):1-52

We employ synthetic simulations to understand the effects of various distributions of the confidences
and labeling errors. We consider binary-choice questions in this set of simulations. Whenever a
worker answers a question, her confidence for the correct answer is drawn from a distribution P
independent of all else. We investigate the effects of the following five choices of the distribution
P:
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We compare (a) the setting where workers attempt every question, with (b) the setting where
workers skip questions for which their confidence is below a certain threshold T . In this set of
simulations, we set T = 0.75. In either setting, we aggregate the labels obtained from the workers
for each question via a majority vote on the two classes. Ties are broken by choosing one of the two
options uniformly at random.
Figure 2 depicts the results from these simulations. Each bar represents the fraction of questions
that are labeled incorrectly, and is an average across 50,000 trials. (The standard error of the mean is
too small to be visible.) We see that the skip-based setting consistently outperforms the conventional
setting, and the gains obtained are moderate to high depending on the underlying distribution of the
workers’ errors. In particular, the gains are quite striking under the hammer-spammer model: this
result is not surprising since the mechanism (ideally) screens the spammers out and leaves only the
hammers who answer perfectly.
The setup of the simulations described above assumes that the workers confidences equal the
true error probabilities. In practice, however, the workers may have incorrect beliefs. The setup
also assumes that ties are broken randomly; however in practice, ties may be broken in a more
systematic manner by eliciting additional labels for only these hard questions. We now present a
second set of simulations that mitigates these biases. In particular, when a worker has a confidence
of p, the actual probability of error is assumed to be drawn from a Gaussian distribution with mean
p and standard deviation 0.1, truncated to [0, 1]. In addition, when evaluating the performance of the

• A truncated Gaussian distribution: a truncation of N (0.75, 0.5) to the interval [0, 1].

• The hammer-spammer distribution (Karger et al., 2011): uniform on the discrete set {0.5, 1}.

• A beta distribution with parameter values α = 5 and β = 1.

• A triangular distribution with lower end-point 0.2, upper end-point 1 and a mode of 0.6.

• The uniform distribution on the support [0.5, 1].

Figure 2: Error under different interfaces for synthetic simulations of five distributions of the workers’ error probabilities.
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The figure shows that the amount of errors among the attempted questions is much lower in the
skip and the confidence-based settings than the baseline setting. Also observe that in the confidencebased setting, as expected, the answers selected with higher confidence-levels are more correct. The
total money spent under each of these settings is similar, with the skip and the confidence-based
settings faring better in most cases. We also elicited feedback from the workers, in which we
received several positive comments (and no negative comments). Examples of comments that we
received: “I was wondering if it would possible to increase the maximum number of HITs I may
complete for you. As I said before, they were fun to complete. I think I did a good job completing
them, and it would be great to complete some more for you.”; “I am eagerly waiting for your bonus.”;
“Enjoyable. Thanks.”

Figure 4 plots, for the baseline, skip-based and confidence-based mechanisms for all nine experiments, the (i) fraction of questions that were answered incorrectly, (ii) fraction of questions that
were answered incorrectly among those that were attempted, (iii) the average payment to a worker
(in cents), and (iv) break up of the answers in terms of the fraction of answers in each confidence
level. The payment for various tasks plotted in Figure 4 is computed as the average of the payments
across 100 (random) selections of the gold standard questions, in order to prevent any distortion of
the results due to the randomness in the choice of the gold standard questions.

6.2.3 R ESULTS : R AW DATA

We designed nine experiments (tasks) ranging from image annotation to text and speech recognition. The individual experiments are described in more detail in Appendix B. All experiments
involved objective questions, and the responses elicited were multiple choice in five of the experiments and free-form text in the rest. For each experiment, we tested three settings: (i) the baseline
conventional setting (Figure 1a) with a mechanism of paying a fixed amount per correct answer, (ii)
our skip-based setting (Figure 1b) with our multiplicative mechanism, and (iii) our confidence-based
setting (Figure 1c) with our confidence-based mechanism. For each mechanism in each experiment,
we specified the requirement of 35 workers independently performing the task. This amounts to a
total of 945 worker-tasks (315 worker-tasks for each mechanism). We also set the following constraints for a worker to attempt our tasks: the worker must have completed at least 100 tasks previously, and must have a history of having at least 95% of her prior work approved by the respective
requesters. In each experiment, we offered a certain small fixed payment (in order to attract the
workers in the first place) and executed the variable part of our mechanisms via a bonus payment.

We conducted our experiments on the “Amazon Mechanical Turk” commercial crowdsourcing platform (mturk.com). On this platform, individuals or businesses (called ‘requesters’) can post
tasks, and any individual (called a ‘worker’) may complete the task over the Internet in exchange
for a pre-specified payment. The payment may comprise of two parts: a fixed component which is
identical for all workers performing that task, and a ‘bonus’ which may be different for different
workers and is paid at the discretion of the requester.

6.2.2 E XPERIMENTAL SETUP

the effect of the proposed algorithms on the net error in the collected labeled data, and (c) to identify
if there is any major issue of dissatisfaction among the workers.
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Before delving into details, we first note certain caveats relating to such a study of mechanism design
on crowdsourcing platforms. When a worker encounters a mechanism for only a small amount of
time (a handful of tasks in typical research experiments) and for a small amount of money (at most a
few dollars in typical crowdsourcing tasks), we cannot expect the worker to completely understand
the mechanism and act precisely as required. For instance, we wouldn’t expect our experimental
results to change significantly even upon moderate modifications in the promised amounts, and
furthermore, we do expect the outcomes to be noisy. Incentive compatibility kicks in when the
worker encounters a mechanism across a longer term, for example, when a proposed mechanism
is adopted as a standard for a platform, or when higher amounts are involved. This is when we
would expect workers or others (e.g., bloggers or researchers) to design strategies that can game the
mechanism. The theoretical guarantee of incentive compatibility then prevents such gaming in the
long run.
We thus regard these experiments as preliminary. Our intentions towards this experimental
exercise were (a) to evaluate the potential of our algorithms to work in practice, (b) to investigate

6.2.1 G OAL

We conducted preliminary experiments on the Amazon Mechanical Turk commercial crowdsourcing platform (mturk.com) to evaluate our proposed scheme in real-world scenarios. The complete
data, including the interface presented to the workers in each of the tasks, the results obtained from
the workers, and the ground truth solutions, are available on the website of the first author.

6.2 Experiments on Amazon Mechanical Turk

majority voting procedure, we consider a tie as having an error of 0.4. Figure 3 depicts the results
of these simulations. We observe that the results from these simulations are very similar to those
obtained in the earlier simulation setup of Figure 2.

Figure 3: Errors under a model that is a perturbation of the first experiment, where the worker’s
confidence is a noisy version of the true error probability and where ties are considered
different from random decisions.
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6.2.4 R ESULTS : AGGREGATED DATA
We saw in the previous section that under the skip-based setting, the amount of error among the attempted questions was significantly lower than the amount of error in the baseline setting. However,
the skip-based setting was also associated, by design, to lesser amount of data by virtue of questions
being skipped by the workers. A natural question that arises is how the baseline and the skip-based
mechanisms will compare in terms of the final data quality, i.e., the amount of error once data from
multiple workers is aggregated.
To this end, we considered the five experiments that consisted of multiple-choice questions. We
let a parameter num workers take values in {3, 5, 7, 9, 11}. For each of the five experiments and
for each of the five values of num workers, we perform the following actions 1,000 times: for
each question, we choose num workers workers and perform a majority vote on their responses.
If the correct answer for that question does not lie in the set of options given by the majority, we
consider it as an accuracy of zero. Otherwise, if there are m options tied in the majority vote, and
the correct answer is one of these m, then we consider it as an accuracy of 100
m % (hence, 100% if
the correct answer is the only answer picked by the majority vote). We average the accuracy across
all questions and across all iterations.
We choose majority voting as the means of aggregation since (a) it is the simplest and still
most popular aggregation method, and (b) to enable an apples-to-apples comparison design since
while more advanced aggregation algorithms have been developed for the baseline setting without
the skip (Raykar et al., 2010; Zhou et al., 2012; Wauthier and Jordan, 2011; Chen et al., 2013;
Khetan and Oh, 2016; Dawid and Skene, 1979; Karger et al., 2011; Liu et al., 2012; Vempaty et al.,
2014; Zhang et al., 2014; Ipeirotis et al., 2014; Zhou et al., 2015; Shah et al., 2016c), but design of
analogous algorithms for the new skip-based setting is still open.
The results are presented in Figure 5. We see that in most cases, our skip-based mechanism
induces a lower labeling error at the aggregate level than the baseline. Furthermore, in many of the
instances, the reduction is two-fold or higher.
All in all, in the experiments, we observe a substantial reduction in the error-rates while expending the same or lower amounts and receiving no negative comments from the workers, suggesting
that these mechanisms can work; the fundamental theory underlying the mechanisms ensures that
the system cannot be gamed in the long run. Our proposed settings and mechanisms thus have the
potential to provide much higher quality labeled data as input to machine learning algorithms.

7. Discussion and Conclusions
In this concluding section, we first discuss the modeling assumptions that we made in this paper,
followed by a discussion on future work and concluding remarks.
7.1 Modeling Assumptions
When forming the model for our problem, as in any other field of theoretical research, we had to
make certain assumptions and choices. In what follows, we discuss the reasons for the modeling
choices we made.

JMLR 17(165):1-52

• Use of gold standard questions. We assume the existence of gold standard questions in the task,
i.e., a subset of questions to which the answers are known to the system designer. The existence
of gold standard is commonplace in crowdsourcing platforms (Le et al., 2010; Chen et al., 2011).
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Figure 4: The error-rates in the raw data and payments in the nine experiments. Each individual bar
in the plots corresponds to one mechanism in one experiment and is generated from 35
distinct workers (this totals to 945 worker-tasks).
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• Choosing the number of confidence levels L: In the paper we assume that the number of confidence levels L is specified to us, and we provide mechanisms for any given choice of L. It is an
interesting and challenging open problem to choose L for any given application in a principled
manner. Up on increasing L, on one hand, we obtain additional nuanced information about the
workers’ beliefs, while on the other hand, workers require a greater time and effort to provide

7.3 Conclusions

We discuss two sets of open problems, one from the practical perspective and another on the theoretical front.
First, in the paper, we assumed that the number of total questions N in a task, the number of gold
standard questions G, and the threshold T for skipping (or the number and thresholds of the different
confidence levels) were provided to the mechanism. While these parameters may be chosen by hand
by a system designer based on her own experience, a more principled design of these parameters
is an important question. The choices for these parameters may have to be made based on certain
tradeoffs. For instance, a higher value of G reduces the variance in the payments but uses more
resources in terms of gold standard questions. Or for instance, more number of threshold levels L
would increase the amount of information obtained about the workers’ beliefs, but also increase the
noise in the workers’ estimates of her own beliefs.
A second open problem is the design of inference algorithms that can exploit the specific structure of the skip-based setting. There are several algorithms and theoretical analyses in the literature
for aggregating data from multiple workers in the baseline setting (Raykar et al., 2010; Zhou et al.,
2012; Wauthier and Jordan, 2011; Chen et al., 2013; Khetan and Oh, 2016; Dawid and Skene, 1979;
Karger et al., 2011; Liu et al., 2012; Vempaty et al., 2014; Zhang et al., 2014; Ipeirotis et al., 2014;
Zhou et al., 2015; Shah et al., 2016c). A useful direction of research in the future is to develop
algorithms and theoretical guarantees that incorporate information about the workers’ confidences.
For instance, for the skip-based setting, the missing labels are not missing “at random” but are correlated with the difficulty of the task; in the confidence-based setting, we elicit information about
the workers’ perceived confidence levels. Designing algorithms that can exploit this information
judiciously (e.g., via confidence-weighed worker/item constraints in the minimax entropy method
of Zhou et al. (2015)) is a useful direction of future research.

7.2 Open problems

select the confidence level and their answers also tend to get noisier. In other words, both the
“signal” and the “noise” in the data increase with an increase in the value of L, and lead to an
interesting trade-off.
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Despite remarkable progress in machine learning and artificial intelligence, many problems are still
not solvable by either humans or machines alone. In recent years, crowdsourcing has emerged as a
powerful tool to combine both human and machine intelligence. Crowdsourcing is also a standard
means of collecting labeled data for machine learning algorithms. However, crowdsourcing is often
plagued with the problem of poor-quality output from workers.
We designed a reward mechanism for crowdsourcing to ensure collection of high-quality data.
Under a very natural “no-free-lunch” axiom, we mathematically prove that surprisingly, our mechanism is the only feasible reward mechanism. We further show that among all possible incentivecompatible mechanisms, our “multiplicative” mechanism makes the strictly smallest expenditure on
spammers. In preliminary experiments, we observe a significant drop in the error rates under this
unique mechanism as compared to basic baseline mechanisms, suggesting that our mechanism has
the potential to work well in practice. Our mechanisms offer some additional benefits. The pattern
of skips or confidence levels of the workers provide a reasonable estimate of the difficulty of each
question. In practice, the questions that are estimated to be more difficult may now be delegated

• Eliciting a quantized version of the beliefs: We do not directly attempt to elicit the values of the
beliefs of the workers, but instead ask them to indicate only a quantization (e.g., “I’m not sure”
or “moderately confident”, etc.). We prefer this quantization to direct assessment to real-valued
probability, motivated by the extensive literature in psychology on the coarseness of human perception and processing (e.g., (Miller, 1956; Shiffrin and Nosofsky, 1994; Jones and Loe, 2013;
Shah et al., 2016a)) establishing that humans are more comfortable at providing quantized responses. This notion is verified by experiments on Amazon Mechanical Turk in Shah et al.
(2016a) where it is observed that people are more consistent when giving ordinal answers (comparing pairs of items) as opposed to when they are asked for numeric evaluations.

• Workers knowing their confidences: We understand that in practice the workers will have noisy
or granular estimates of their own beliefs. The mathematical assumption of workers knowing
their precise confidences is an idealization intended for mathematical tractability. This is one of
the reasons why we only elicit a quantized value of the workers’ beliefs (in terms of skipping or
choosing one of a finite number of confidence levels), and not try to ask for a precise value.

• Workers aiming to maximize their expected payments: We assume that the workers aim to maximize their expected payments. In many other problems in game theory, one often makes the
assumption that people are “risk-averse”, and aim to maximize the expected value of some
“utility function” of their payments. While we extend our results to general utility functions
in Appendix C in order to accommodate such requirements, we also think that the assumption of
workers maximizing their expected payments is a perfectly reasonable assumption for the crowdsourcing settings considered here. The reason is that each such task lasts for a handful of minutes
and is worth a few tens of cents. Workers typically perform tens to hundreds of tasks per day,
and consequently their empirical hourly wages very quickly converge to their expectation.

Figure 5: Error-rates in the aggregated data in the five experiments involving multiple-choice tasks.
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to an expert or to more non-expert workers. Secondly, the theoretical guarantees of the mechanism
may allow for better post-processing of the data, incorporating the confidence information and improving the overall accuracy. The simplicity of the rules of our mechanisms may facilitate an easier
adoption among the workers.
In conclusion, given the uniqueness in theory, simplicity, and good performance observed in
practice, we envisage our ‘multiplicative’ mechanisms to be of interest to machine learning researchers and practitioners who use crowdsourcing to collect labeled data.
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Appendix A. Proofs
In this section, we prove the claimed theoretical results whose proofs are not included in the main
text of the paper.
The property of incentive-compatibility does not change upon any shift of the mechanism by
a constant value or any scaling by a positive constant value. As a result, for the purposes of these
proofs, we can assume without loss of generality that µmin = 0.

A.1 Proof of Lemma 4: The Workhorse Lemma
First we consider the case of G = N . In the set {y1 , . . . , yi−1 , yi+1 , . . . , yG }, for some (η, γ) ∈
{0, . . . , G − 1}2 such that η + γ + 1 ≤ G, suppose there are η elements with a value 1, γ elements
with a value −1, and (G − 1 − η − γ) elements with a value 0. Let us assume for now that
i = η + γ + 1, y1 = 1, . . . , yη = 1, yη+1 = −1, . . . , yη+γ = −1, yη+γ+2 = 0, . . . , yG = 0.
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Suppose the worker has confidences (p1 , . . . , pη+γ ) ∈ (T, 1]η+γ for the first (η + γ) questions,
a confidence of q ∈ (0, 1] for the next question, and confidences smaller than T for the remaining
(G − η − γ − 1) questions. The mechanism must incentivize the worker to answer the first (η + γ)
questions and skip the last (G − η − γ − 1) questions; for question (η + γ + 1), it must incentivize
the worker to answer if q > T and skip if q < T . Supposing the worker indeed attempts the first
(η+γ) questions and skips the last (G−η−γ −1) questions, let x = {x1 , . . . , xη+γ } ∈ {−1, 1}η+γ
denote the the evaluation of the worker’s answers to the first (η + γ) questions. Define quantities
{rj }j∈[η+γ] as rj = 1 − pj for j ∈ {1, . . . , η}, and rj = pj for j ∈ {η + 1, η + γ}. The requirement
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The left hand side of this expression is the expected payment if the worker chooses to answer
question (η + γ + 1), while the right hand side is the expected payment if she chooses to skip it.
For any real-valued variable q, and for any real-valued constants a, b and c,

X

As a result,
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The left hand side of (8) represents a polynomial in (η + γ) variables {rj }j=1
which evaluates to
zero for all values of the variables within a (η + γ)-dimensional solid Euclidean ball. Thus, the
coefficients of the monomials in this polynomial must be zero. In particular, the constant term must
be zero. The constant term appears when xj = 1 ∀ j in the summations in (8). Setting the constant
term to zero gives

T f (x1 = 1, . . . , xη = 1, −xη+1 = −1, . . . , −xη+γ = −1, 1, 0, . . . , 0)

− f (x1 = 1, . . . , xη = 1, −xη+1 = −1, . . . , −xη+γ = −1, 0, 0, . . . , 0) = 0,

+ (1 − T )f (x1 = 1, . . . , xη = 1, −xη+1 = −1, . . . , −xη+γ = −1, −1, 0, . . . , 0)
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as desired. Since the arguments above hold for any permutation of the G questions, this completes
the proof for the case of G = N .
Now consider the case G < N . Let g : {−1, 0, 1}N → R+ represent the expected payment
given an evaluation of all the N answers, when the identities of the gold standard questions are
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T g(1, 0, . . . , 0) + (1 − T )g(−1, 0, . . . , 0) = g(0, 0, . . . , 0) .
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The proof now proceeds via induction on the quantity (G − η − γ − 1), i.e., on the number of
skipped questions in {y1 , . . . , yi−1 , yi+1 , . . . , yG }. We begin with the case of (G−η−γ−1) = G−1
which implies η = γ = 0. In this case (11) simplifies to

− g(x1 = 1, . . . , xη = 1, −xη+1 = −1, . . . , −xη+γ = −1, 0, 0, . . . , 0) = 0.

+ (1 − T )g(x1 = 1, . . . , xη = 1, −xη+1 = −1, . . . , −xη+γ = −1, −1, 0, . . . , 0)

T g(x1 = 1, . . . , xη = 1, −xη+1 = −1, . . . , −xη+γ = −1, 1, 0, . . . , 0)

q>c

and c, aq ≶ b

q<c

Again, applying the fact that for any real-valued variable q and for any real-valued constants a, b

q>T

≶

q<T

X

x∈{−1,1}η+γ

+ (1 − q)

x∈{−1,1}η+γ

Notice that when G = N , the functions f and g are identical.
In the set {y1 , . . . , yi−1 , yi+1 , . . . , yG }, for some (η, γ) ∈ {0, . . . , G − 1}2 with η + γ < G,
suppose there are η elements with a value 1, γ elements with a value −1, and (G − 1 − η − γ)
elements with a value 0. Let us assume for now that i = η + γ + 1, y1 = 1, . . . , yη = 1, yη+1 =
−1, . . . , yη+γ = −1, yη+γ+2 = 0, . . . , yG = 0.
Suppose the worker has confidences {p1 , . . . , pη+γ } ∈ (T, 1]η+γ for the first (η + γ) of the N
questions, a confidence of q ∈ (0, 1] for the next question, and confidences smaller than T for the
remaining (N − η − γ − 1) questions. The mechanism must incentivize the worker to answer the
first (η + γ) questions and skip the last (N − η − γ − 1) questions; for the (η + γ + 1)th question,
the mechanism must incentivize the worker to answer if q > T and skip if q < T . Supposing the
worker indeed attempts the first (η + γ) questions and skips the last (N − η − γ − 1) questions, let
x = {x1 , . . . , xη+γ } ∈ {−1, 1}η+γ denote the the evaluation of the worker’s answers to the first
(η + γ) questions. Define quantities {rj }j∈[η+γ] as rj = 1 − pj for j ∈ {1, . . . , η}, and rj = pj for
j ∈ {η + 1, η + γ}. The requirement of incentive compatibility necessitates


X
Y 1−xj
1+xj
2
g(x1 , . . . , xη , −xη+1 , . . . , −xη+γ , 1, 0, . . . , 0)
q
r
(1 − rj ) 2 

g(x1 , . . . , xN ) =

unknown. Here, the expectation is with respect to the (uniformly random) choice of the G gold
standard questions. If (x1 , . . . , xN ) ∈ {−1, 0, 1}N are the evaluations of the worker’s answers to
the N questions then the expected payment is

D OUBLE OR N OTHING

Sl+1 αl+1 + (1 − Sl+1 )α−(l+1) = α0 = 1.

30

pαm + (1 − p)α−m > pαz + (1 − p)α−z .

and for any m ∈ {0, . . . , L − 1}, any p < Tm+1 and any z > m,

pαm + (1 − p)α−m > pαz + (1 − p)α−z ,

Lemma 16 For any m ∈ {1, . . . , L}, any p > Tm and any z < m,

Lemma 15 αL > αL−1 > · · · > α−L = 0.

and

Tl+1 αl+1 + (1 − Tl+1 )α−(l+1) = Tl+1 αl + (1 − Tl+1 )α−l ,

Lemma 14 For every l ∈ {0, . . . , L − 1}
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(13b)

(13a)

(12b)

(12a)

We first state three properties that the constants {αl }L
l=−L defined in Algorithm 2 must satisfy. We
will use these properties subsequently in the proof of Theorem 7.

A.2 Proof of Theorem 7: Working of Algorithm 2

for some constant c3 > 0. Dividing throughout by c3 gives the desired result.
Finally, the arguments above hold for any permutation of the first G questions, thus completing
the proof.

= c3 f (y1 , . . . , yη+γ , 0, 0, . . . , 0)

T c3 f (y1 , . . . , yη+γ , 1, 0, . . . , 0) + (1 − T )c3 f (y1 , . . . , yη+γ , −1, 0, . . . , 0)

Next, we consider the case when (G − η − γ − 1) questions are skipped in the gold standard, and
assume that the result is true when more than (G − η − γ − 1) questions are skipped in the gold
standard. In (11), the functions g decompose into a sum of the constituent f functions. These
constituent functions f are of two types: the first where all of the first (η + γ + 1) questions are
included in the gold standard, and the second where one or more of the first (η + γ + 1) questions
are not included in the gold standard. The second case corresponds to situations where there are
more than (G − η − γ − 1) questions skipped in the gold standard and hence satisfies our induction
hypothesis. The terms corresponding to these functions thus cancel out in the expansion of (11).
The remainder comprises only evaluations of function f for arguments in which the first (η + γ + 1)
questions are included in the gold standard: since the last (N − η − γ − 1) questions are skipped
by the worker, the remainder evaluates to

T f (1, 0, . . . , 0) + (1 − T )f (−1, 0, . . . , 0) = f (0, 0, . . . , 0) .

for constants c1 > 0 and c2 > 0 that respectively denote the probabilities that the first question is
picked and not picked in the set of G gold standard questions. Canceling out the common terms on
both sides of the equation, we get the desired result

= (c1 f (0, 0, . . . , 0) + c2 f (0, 0, . . . , 0))

T (c1 f (1, 0, . . . , 0) + c2 f (0, 0, . . . , 0)) + (1 − T ) (c1 f (−1, 0, . . . , 0) + c2 f (0, 0, . . . , 0))

Applying the expansion of function g in terms of function f from (9) gives

S HAH AND Z HOU

X

G
Y
1+i
2

(1 − pji )



G
Y

1−i
2

+ (1 − pj1 )α−s(j1 )

αi s(ji ) (pji )

1−i
2

(14d)

(14c)

(14b)

(1 − pji )

(14a)

1 − α−l
.
αl − α−l

Sl+1 αl + (1 − Sl+1 )α−l > 1 .

32

Sl+1 (αl+1 − αl ) + (1 − Sl+1 )(α−(l+1) − α−l ) < 0 .

Subtracting (17) from (18) we get

Sl+1 αl+1 + (1 − Sl+1 )α−(l+1) = 1 .

From Lemma 14, we also have

JMLR 17(165):1-52

(19)

(18)

(17)

We have already shown (15) in the proof of Lemma 14 above that αl > 1 > α−l ∀ l ∈ [L].
Next we will show that αl+1 > αl and α−(l+1) < α−l ∀ l ≥ 0. First consider l = 0, for which
Algorithm 2 sets α0 = 1, and we have already proved that α1 > 1 > α−1 .
Now consider some l > 0. Observe that since Sl αl + (1 − Sl )α−l = 1 (Lemma 14), Sl+1 > Sl
and αl > α−l , it must be that

A.2.2 P ROOF OF L EMMA 15

Substituting this expression for Sl in the definition of αl in Algorithm 2 and making some simple
rearrangements gives the desired result (12a).

Sl =

This proves the induction hypothesis. Let us now consider l = 1. If L = 1 then we have αL =
1
SL > 1 > 0 = α−L and we are done. If L > 1 then we have already proved that α2 > 1 > α−2
and T2 α2 + (1 − T2 )α−2 > 1. An argument identical to (16) onwards proves that α1 > 1 > α−1 .
Now that we have proved αl > α−l ∀ l ∈ [L], we can rewrite the expression defining α−l in
Algorithm 2 as

=1.

Tl αl + (1 − Tl )α−l > Sl αl + (1 − Sl )α−l

From (12b) we see that the value 1 is a convex combination of αl and α−l . Since αl > 1 and
Sl ∈ (0, 1), it must be that α−l < 1. Furthermore, since Tl > Sl we get

S HAH AND Z HOU

X

+ (1 −



1+i
2

D OUBLE OR N OTHING


X

(j1 ,...,jG ) E∈{−1,1}G i=1
⊆{1,...,N }

X

G
Y

pji )α−s(ji )

pji αs0 (ji ) + (1 − pji )α−s0 (ji )

αi s(ji ) (pji )

The proof proceeds via an induction on l ∈ {L, . . . , 2}. The case of l = 1 will be proved separately.
The induction hypothesis involves two claims: αl > 1 > α−l and Tl αl + (1 − Tl )α−l > 1. The base
case is l = L for which we know that αL = S1L > 1 > 0 = α−L and Tl αl + (1 − Tl )α−l = STll > 1.
Now suppose that the induction hypothesis is true for (l+1). Rearranging the terms in the expression
defining αl in Algorithm 2 and noting that 1 > Tl+1 > Sl , we get

(1 − Sl ) Tl+1 αl+1 + (1 − Tl+1 )α−(l+1) − (1 − Tl+1 )
αl =
(16)
(1 − Sl ) − (1 − Tl+1 )
(1 − Sl ) − (1 − Tl+1 )
>
(1 − Sl ) − (1 − Tl+1 )
= 1.

1
N
G

1

X


G
Y

(j1 ,...,jG ) i=1
⊆{1,...,N }

X



pji αs(ji )

pj1 αs(j1 )

N
G (j1 ,...,jG ) E\1 ∈{−1,1}G−1
⊆{1,...,N }

1
N
G

1
(j1 ,...,jG ) i=1
⊆{1,...,N }

i=2

The proof of these results are available at the end of this subsection. Assuming these lemmas
hold, we will now complete the proof of Theorem 7.
The choice of α−L = 0 made in Algorithm 2 ensures that the payment is zero whenever any
answer in the gold standard evaluates to −L. This choice ensures that the no-free-lunch axiom is
satisfied. One can easily verify that the payment lies in the interval [0, µmax ]. It remains to prove
that the proposed mechanism is incentive-compatible.
Define E = (1 , . . . , G ) ∈ {−1, 1}G and E\1 = (2 , . . . , G ). Suppose the worker has
confidences p1 , . . . , pN for her N answers. For some (s(1), . . . , s(N )) ∈ {0, . . . , L}N suppose
pi ∈ (Ts(i) , Ts(i)+1 ) ∀ i ∈ {1, . . . , N }, i.e., s(1), . . . , s(N ) are the correct confidence-levels for
her answers. Consider any other set of confidence-levels s0 (1), . . . , s0 (N ). When the mechanism of
Algorithm 2 is employed, the expected payment (from the point of view of the worker) on selecting
confidence-levels s(1), . . . , s(N ) is
E[Pay] =

=

...
=

>
N
G

which is the expected payment under any other set of confidence-levels s0 (1), . . . , s0 (N ). The last
inequality is a consequence of Lemma 16.
An argument similar to the above also proves that for any m ∈ {1, . . . , L}, if allowed to choose
between only skipping and confidence-level m, the worker is incentivized to choose confidencelevel m over skip if her confidence is greater Sm , and choose skip over level m if if her confidence
is smaller than Sm . Finally, from Lemma 15 we have αL > · · · > α−L = 0. It follows that the
expected payment (14c) is strictly increasing in each of the values p1 , . . . , pN . Thus the worker is
incentivized to report the answer that she thinks is most likely to be correct.
A.2.1 P ROOF OF L EMMA 14
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(15)

l Sl
Algorithm 2 states that α−l = 1−α
1−Sl for all l ∈ [L]. A simple rearrangement of the terms in this
expression gives (12b).
Towards the goal of proving (12a), we will first prove an intermediate result:

αl > 1 > α−l ∀ l ∈ {L, . . . , 1} .
31

(24)

(23)

< p(αm − αm−1 ) + p(α−(m−1) − α−m ) − (α−(m−1) − α−m ) ,

0 = Tm (αm − αm−1 ) + Tm (α−(m−1) − α−m ) − (α−(m−1) − α−m )
(25)

> pαz + (1 − p)α−z .

and hence

33

> p(αm+1 − αm ) + p(α−m − α−(m+1) ) − (α−m − α−(m+1) ),

(26)
JMLR 17(165):1-52

0 = Tm+1 (αm+1 − αm ) + Tm+1 (α−m − α−(m+1) ) − (α−m − α−(m+1) )

Tm+1 αm + (1 − Tm+1 )α−m = Tm+1 αm+1 + (1 − Tm+1 )α−(m+1) ,

Let us now prove (13b). We first consider the case z = m + 1. From Lemma 14 we know that

..
.

> pαm−2 + (1 − p)α−(m−2)

pαm + (1 − p)α−m > pαm−1 + (1 − p)α−(m−1)

where (25) is a consequence of p > Tm and Lemma 15. A simple rearrangement of the terms in (25)
gives (13a). Now, for any z < m, recursively apply this result to get

and hence

Tm αm−1 + (1 − Tm )α−(m−1) = Tm αm + (1 − Tm )α−m ,

Let us first prove (13a). First consider the case z = m − 1. From Lemma 14 we know that

A.2.3 P ROOF OF L EMMA 16

Since Tl+1 ∈ (0, 1), it follows that the terms (αl+1 − αl ) and (α−(l+1) − α−l ) have opposite signs.
Using (23) we conclude that αl+1 − αl > 0 and α−(l+1) − α−l < 0.

(αl+1 − αl )Tl+1 = −(α−(l+1) − α−l )(1 − Tl+1 ) .

Now, rearranging the terms in (20) gives

αl+1 − αl > α−(l+1) − α−l .

Since Tl+1 > Sl+1 by definition, it must be that

(Tl+1 − Sl+1 )[(αl+1 − αl ) + (α−l − α−(l+1) )] > 0 .

Subtracting (19) from (21) gives
(22)

(21)

⇒

Tl+1 (αl+1 − αl ) + (1 − Tl+1 )(α−(l+1) − α−l ) = 0 .

(20)

Tl+1 αl+1 + (1 − Tl+1 )α−(l+1) = Tl+1 αl + (1 − Tl+1 )α−l

From Lemma 14 we also have

D OUBLE OR N OTHING

> pαz + (1 − p)α−z .

> pαm+2 + (1 − p)α−(m+2)

1
N
G



(i1 ,...,iG )⊆{1,...,N }

X

f (xi1 , . . . , xiG ) .

(27)

= f (y1 , . . . , yi−1 , 0, yi+1 , . . . , yG ).

Sm f (y1 , . . . , yi−1 , m, yi+1 , . . . , yG ) + (1 − Sm )f (y1 , . . . , yi−1 , −m, yi+1 , . . . , yG )

(28b)

34
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Note that (28a) and (28b) coincide when m = 1, since T1 = S1 by definition.
We first prove that any incentive compatible mechanism that satisfies the no-free-lunch axiom
must give a zero payment when one or more questions are selected with a confidence L and turn out
to be incorrect. Let us assume for now that in the G questions in the gold standard, the first question
is answered incorrectly with a confidence of L, the next (G − 1 − S) questions are answered by
the worker and have arbitrary evaluations, and the remaining S questions are skipped. The proof
proceeds by an induction on S. If S = G − 1, the only attempted question is the first question and
this is incorrect with confidence L. The no-free-lunch axiom necessitates a zero payment in this

and

= Tm f (y1 , . . . , yi−1 , m − 1, yi+1 , . . . , yG ) + (1 − Tm )f (y1 , . . . , yi−1 , −(m − 1), yi+1 , . . . , yG )
(28a)

Tm f (y1 , . . . , yi−1 , m, yi+1 , . . . , yG ) + (1 − Tm )f (y1 , . . . , yi−1 , −m, yi+1 , . . . , yG )

Lemma 17 Any incentive-compatible mechanism must satisfy, for every question i ∈ {1, . . . , G},
every
(y1 , . . . , yi−1 , yi+1 , . . . , yG ) ∈ {−L, . . . , L}G−1 , and every m ∈ {1, . . . , L},

Notice that when G = N , the functions f and g are identical.
The proof of uniqueness is based on a certain condition necessitated by incentive-compatibility
stated in the form of Lemma 17 below. Note that this lemma does not require the generalized-nofree-lunch axiom, and may be of independent interest.

g(x1 , . . . , xN ) =

We will first define one additional piece of notation. Let g : {−L, . . . , L}N → R+ denote the
expected payment given an evaluation of the N answers, where the expectation is with respect to
the (uniformly random) choice of the G gold standard questions. If (x1 , . . . , xN ) ∈ {−L, . . . , L}N
are the evaluations of the worker’s answers to the N questions then the expected payment is

A.3 Proof of Theorem 9: Uniqueness of Algorithm 2

..
.

pαm + (1 − p)α−m > pαm+1 + (1 − p)α−(m+1)

where (26) is a consequence of p < Tm+1 and Lemma 15. A simple rearrangement of the terms
in (26) gives (13b). For any z > m, applying this result recursively gives

S HAH AND Z HOU
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case, thus satisfying the base case of our induction hypothesis. Now we prove the hypothesis for
some S under the assumption that the hypothesis is true for every S 0 > S. From Lemma 4 with
m = 1, we have

(29)

= T1 f (−L, y2 , . . . , yG−S−1 , 0, 0, . . . , 0) + (1 − T1 )f (−L, y2 , . . . , yG−S−1 , 0, 0, . . . , 0)

T1 f (−L, y2 , . . . , yG−S−1 , 1, 0, . . . , 0) + (1 − T1 )f (−L, y2 , . . . , yG−S−1 , −1, 0, . . . , 0)
= f (−L, y2 , . . . , yG−S−1 , 0, 0, . . . , 0)

=0,

f (−L, y2 , . . . , yG−S−1 , 1, 0, . . . , 0) = 0

(30b)

(30a)

where the final equation (29) is a consequence of our induction hypothesis given the fact that
f (−L, y2 , . . . , yG−S−1 , 0, 0, . . . , 0) corresponds to the case when the last (S + 1) questions are
skipped and the first question is answered incorrectly with confidence L. Now, since the payment f
must be non-negative and since T ∈ (0, 1), it must be that
and
f (−L, y2 , . . . , yG−S−1 , −1, 0, . . . , 0) = 0.

Repeatedly applying the same argument to m = 2, . . . , L gives that for every value of m, it must be
that f (−L, y2 , . . . , yG−S−1 , m, 0, . . . , 0) = f (−L, y2 , . . . , yG−S−1 , −m, 0, . . . , 0) = 0. This completes the proof of our induction hypothesis. Observe that each of the aforementioned arguments
hold for any permutation of the G questions, thus proving the necessity of zero payment when any
one or more answers are incorrect.
We will now prove that when no answers in the gold standard are incorrect with confidence L,
the payment must be of the form described in Algorithm 1. Let κ denote the payment when all G
questions in the gold standard are skipped, i.e.,
κ = f (0, . . . , 0) .
Now consider any S ∈ {0, . . . , G − 1} and any (y1 , . . . , yG−S−1 , m) ∈ {−L, . . . , L}G−S . The
L
payments {f (y1 , . . . , yG−S−1 , m, 0, . . . , 0)}m=−L
must satisfy the (2L − 1) linear constraints arising out of Lemma 17 and must also satisfy f (y1 , . . . , yG−S−1 , −L, 0, . . . , 0) = 0. This set of
conditions comprises a total of 2L linearly independent constraints on the set of (2L + 1) values
L
{f (y1 , . . . , yG−S−1 , m, 0, . . . , 0)}m=−L
. The only set of solutions that meet these constraints are
f (y1 , . . . , yG−S−1 , m, 0, . . . , 0) = αm f (y1 , . . . , yG−S−1 , 0, 0, . . . , 0),

j=1

G
Y

α yj .

L
where the constants {αm }m=−L
are as specified in Algorithm 2. Applying this argument G times,
starting from S = 0 to S = G − 1, gives

f (y1 , . . . , yG ) = κ

JMLR 17(165):1-52

Finally, the budget requirement necessitates µmax = κ (αL )G , which mandates the value of κ to be
 G
1
. This is precisely the mechanism described in Algorithm 2.
αL
µmax

35
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A.4 Proof of Lemma 17: Necessary condition for any incentive-compatible mechanism

rj =

First consider the case of G = N . For every j ∈ {1, . . . , i − 1, i + 1, . . . , G}, define
(
1 − pj if yj ≥ 0
pj
if yj < 0 .

X

Y

j∈[G]\{i}

f (y1 1 , . . . , yi−1 i−1 , l, yi+1 i+1 , . . . , yG G )

rj

(1 − rj )

1−j
2

1+j
2

(31)

.

Define E\i = {1 , . . . , i−1 , i+1 , . . . , G }. For any l ∈ {−L, . . . , L} let Λl ∈ R+ denote the
expected payment (from the worker’s point of view) when her answer to the ith question evaluates
to l:


Λl=

E\i ∈{−1,1}G−1

(32)

Consider a worker who has confidences {p1 , . . . , pi−1 , pi+1 , . . . , pG } ∈ (0, 1)G−1 for questions
{1, . . . , i − 1, i + 1, . . . , G} respectively, and for question i suppose she has a confidence of q ∈
(Tm−1 , Tm+1 ). For question i, we must incentivize the worker to select confidence-level m if
q > Tm , and to select (m − 1) if q < Tm . This necessitates

q<Tm

q>Tm

qΛm + (1 − q)Λ−m ≶ qΛm−1 + (1 − q)Λ−(m−1) .

(33)

Also, for question i, the requirement of level m having a higher incentive as compared to skipping
when q > Sm and vice versa when q < Sm necessitates

q<Sm

q>Sm

qΛm + (1 − q)Λ−m ≶ Λ0 .

ac = b .

(34a)

⇒

Now, note that for any real-valued variable q, and for any real-valued constants a, b and c,
q<c

q>c

aq ≶ b

(Tm Λm + (1 − Tm )Λ−m ) − (Tm Λm−1 + (1 − Tm )Λ−(m−1) ) = 0,

(34b)

Applying this fact to (32) and (33) gives

(Sm Λm + (1 − Sm )Λ−m ) − Λ0 = 0.

JMLR 17(165):1-52

From the definition of Λl in (31), we see that the left hand sides of (34a) and (34b) are both polynomials in (G − 1) variables {rj }j∈[G]\{i} and take a value of zero for all values of the variables in
a (G − 1)-dimensional solid ball. Thus, each of the coefficients (of the monomials) in both polynomials must be zero, and in particular, the constant terms must also be zero. Observe that in both
these polynomials, the constant term arises only when j = 1 ∀ j ∈ [G]\{i} (which makes the

36

= f (y1 , . . . , yi−1 , 0, yi+1 , . . . , yG )

Sm f (y1 , . . . , yi−1 , m, yi+1 , . . . , yG ) + (1 − Sm )f (y1 , . . . , yi−1 , −m, yi+1 , . . . , yG )
(35b)

Sm g(m, 0, . . . , 0) + (1 − Sm )g(−m, 0, . . . , 0) = g(0, 0, . . . , 0) .

(37b)

(37a)

= (c1 f (0, 0, . . . , 0) + c2 f (0, 0, . . . , 0)) (38b)

(38a)

37
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Sm (c1 f (m, 0, . . . , 0) + c2 f (0, 0, . . . , 0)) + (1 − Sm ) (c1 f (−m, 0, . . . , 0) + c2 f (0, 0, . . . , 0))

and

+ (1 − Tm ) (c1 f (−(m − 1), 0, . . . , 0) + c2 f (0, 0, . . . , 0)) ,

= Tm (c1 f (m − 1, 0, . . . , 0) + c2 f (0, 0, . . . , 0))

Tm (c1 f (m, 0, . . . , 0) + c2 f (0, 0, . . . , 0)) + (1 − Tm ) (c1 f (−m, 0, . . . , 0) + c2 f (0, 0, . . . , 0))

Applying the definition of function g from (27) leads to

and

= Tm g(m − 1, 0, . . . , 0) + (1 − Tm )g(−(m − 1), 0, . . . , 0)

Tm g(m, 0, . . . , 0) + (1 − Tm )g(−m, 0, 0, . . . , 0)

We now use this result in terms of function g to get an equivalent result in terms of function f . For
some S ∈ {0, . . . , G − 1}, suppose yG−S+1 = 0, . . . , yG = 0. The remaining proof proceeds via
an induction on S. We begin with S = G − 1. In this case, (36a) and (36b) simplify to

Sm g(m, y2 , . . . , yG , 0, . . . , 0)+(1 − Sm )g(−m, y2 , . . . , yG , 0, . . . , 0) = g(0, y2 , . . . , yG , 0, . . . , 0).
(36b)

and

= Tm g(m − 1, y2 , . . . , yG , 0, . . . , 0) + (1 − Tm )g(−(m − 1), y2 , . . . , yG , 0, . . . , 0) (36a)

Tm g(m, y2 , . . . , yG , 0, . . . , 0) + (1 − Tm )g(−m, y2 , . . . , yG , 0, . . . , 0)

thus proving the claim for the case of G = N .
Now consider the case when G < N . In order to simplify notation, let us assume i = 1
without loss of generality (since the arguments presented hold for any permutation of the questions).
Suppose a worker’s answers to questions {2, . . . , G} evaluate to (y2 , . . . , yG ) ∈ {−L, . . . , L}G−1 ,
and further suppose that the worker skips the remaining (N − G) questions. By going through
arguments identical to those for G = N , but with f replaced by g, we get the necessity of

and

= Tm f (y1 , . . . , yi−1 , m − 1, yi+1 , . . . , yG ) + (1 − Tm )f (y1 , . . . , yi−1 , −(m − 1), yi+1 , . . . , yG )
(35a)

Sm f (m, 0, . . . , 0) + (1 − Sm )f (−m, 0, . . . , 0) = f (0, 0, . . . , 0).

= c3 f (y1 , . . . , yi−1 , 0, yi+1 , . . . , yG ),

Sm c3 f (y1 , . . . , yi−1 , m, yi+1 , . . . , yG ) + (1 − Sm )c3 f (y1 , . . . , yi−1 , −m, yi+1 , . . . , yG )
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First observe that the proof of Lemma 17 did not employ the generalized-no-free-lunch axiom,
neither did it assume Tl > Sl . We will thus use the result of Lemma 17 to prove our claim.

Proposition 18 Incentive-compatibility necessitates Tl > Sl ∀ l ∈ {2, . . . , L}, even in the absence
of the generalized-no-free-lunch axiom.

We now show that the restriction Tl > Sl was necessary when defining the thresholds in Section 4.

A.5 Necessity of Tl > Sl for the Problem to be Well Defined

for some constant c3 > 0. Dividing throughout by c3 gives the desired result.
Finally, the arguments above hold for any permutation of the first G questions, thus completing
the proof.

and

+ (1 − Tm )c3 f (y1 , . . . , yi−1 , −(m − 1), yi+1 , . . . , yG ),

=Tm c3 f (y1 , . . . , yi−1 , m − 1, yi+1 , . . . , yG )

Tm c3 f (y1 , . . . , yi−1 , m, yi+1 , . . . , yG ) + (1 − Tm )c3 f (y1 , . . . , yi−1 , −m, yi+1 , . . . , yG )

Next, we consider the case of a general S ∈ {0, . . . , G − 2} and assume that the result is
true when yG−S = 0, . . . , yG = 0. In (36a) and (36b), the functions g decompose into a sum
of the constituent f functions. These constituent functions f are of two types: the first where
all of the first (G − S) questions are included in the gold standard, and the second where one or
more of the first (G − S) questions are not included in the gold standard. The second case corresponds to situations where there are more than S questions skipped in the gold standard, i.e., when
yG−S = 0, . . . , yG = 0, and hence satisfies our induction hypothesis. The terms corresponding to
these functions thus cancel out in the expansion of (36a) and (36b). The remainder comprises only
evaluations of function f for arguments in which the first (G − S) questions are included in the gold
standard: since the last (N − G + S) questions are skipped by the worker, the remainder evaluates
to

and

= Tm f (m − 1, 0, . . . , 0) + (1 − Tm )f (−(m − 1), 0, . . . , 0)

Tm f (m, 0, . . . , 0) + (1 − Tm )f (−m, 0, . . . , 0)

for constants c1 > 0 and c2 > 0 that respectively denote the probabilities that the first question is
picked and not picked in the set of G gold standard questions. Can celling out the common terms
on both sides of the equation, we get the desired results

exponent of rj to be 0 and that of (1 − rj ) to be 1). Thus, setting the constant term to zero in the
two polynomials results in

Tm f (y1 , . . . , yi−1 , m, yi+1 , . . . , yG ) + (1 − Tm )f (y1 , . . . , yi−1 , −m, yi+1 , . . . , yG )
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Suppose the confidence of the worker for all but the first question is lower than T1 and that the
worker decides to skip all these questions. Suppose the worker attempts the first question. In order
to ensure that the worker selects the answer that she believes is most likely to be true, it must be that
f (l, 0, . . . , 0) > f (−l, 0, . . . , 0) ∀l ∈ [L].
We now call upon Lemma 17 where we set i = 1, m = l, y2 = . . . , yG = 0. Using the fact that
Tl > Tl−1 ∀l ∈ {2, . . . , L}, we get
= Tl f (l − 1, 0, . . . , 0) + (1 − Tl )f (−(l − 1), 0, . . . , 0)

> Tl−2 f (l − 2, 0, . . . , 0) + (1 − Tl−2 )f (−(l − 2), 0, . . . , 0)

= Tl−1 f (l − 2, 0, . . . , 0) + (1 − Tl−1 )f (−(l − 2), 0, . . . , 0)

> Tl−1 f (l − 1, 0, . . . , 0) + (1 − Tl−1 )f (−(l − 1), 0, . . . , 0)

Tl f (l, 0, . . . , 0) + (1 − Tl )f (−l, 0, . . . , 0)

.
..
> T1 f (1, 0, . . . , 0) + (1 − T1 )f (−1, 0, . . . , 0)

= f (0, . . . , 0)
= Sl f (l, 0, . . . , 0) + (1 − Sl )f (−l, 0, . . . , 0).
Since f (l, 0, . . . , 0) > f (−l, 0, . . . , 0), we have the claimed result.
A.6 A Stronger No-free-lunch Axiom: Impossibility Results

In this section, we prove the various claims regarding the strong no-free-lunch axiom studied in
Section 5.
A.6.1 P ROOF OF P ROPOSITION 10
If the worker skips all questions, then the expected payment is zero under the strong-no-free-lunch
axiom. On the other hand, in order to incentivize knowledgeable workers to select answers whenever their confidences are greater than T , there must exist some situation in which the payment is
strictly larger than zero. Suppose the payment is strictly positive when questions {1, . . . , z} are
answered correctly, questions {z + 1, . . . , z 0 } are answered incorrectly, and the remaining questions
are skipped. If the confidence of the unknowledgeable worker is in the interval (0, T ) for every
question, then attempting to answer questions {1, . . . , z 0 } and skipping the rest fetches her a payment that is strictly positive in expectation. Thus, this unknowledgeable worker is incentivized to
answer at least one question.
A.6.2 P ROOF OF P ROPOSITION 11
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Consider a (knowledgeable) worker who has a confidence of p ∈ (T, 1] for the first question, q ∈
(0, 1) for the second question, and confidences in the interval (0, T ) for the remaining questions.
Suppose the worker attempts to answer the first question (and selects the answer the believes is most
likely to be correct) and skips the last (N − 2) questions as desired. Now, in order to incentivize
her to answer the second question if q > T and skip the second question if q < T , the payment
39

mechanism must satisfy
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q<T

pqg(1, 1, 0, . . . , 0) + (1 − p)qg(−1, 1, 0, . . . , 0) + p(1 − q)g(1, −1, 0, . . . , 0)

q>T

+ (1 − p)(1 − q)g(−1, −1, 0, . . . , 0) ≶ pg(1, 0, 0, . . . , 0) + (1 − p)g(−1, 0, 0, . . . , 0).

q>c

aq ≶ b

q<c

⇒

ac = b .

For any real-valued variable q, and for any real-valued constants a, b and c,

As a result,

+ (1 − p)(1 − T )g(−1, −1, 0, . . . , 0) − pg(1, 0, 0, . . . , 0) − (1 − p)g(−1, 0, 0, . . . , 0) = 0.

pT g(1, 1, 0, . . . , 0) + (1 − p)T g(−1, 1, 0, . . . , 0) + p(1 − T )g(1, −1, 0, . . . , 0)

The left hand side of this equation is a polynomial in variable p and takes a value of zero for all
values of p in a one-dimensional box (T, 1]. It follows that the monomials of this polynomial must
be zero, and in particular the constant term must be zero:

T g(−1, 1, 0, . . . , 0) + (1 − T )g(−1, −1, 0, . . . , 0) − g(−1, 0, 0, . . . , 0) = 0.

(39)

The strong-no-free-lunch axiom implies f (−1, −1, 0, . . . , 0) = f (−1, 0, . . . , 0) = f (0, . . . , 0) =
0, and hence g(−1, −1, 0, . . . , 0) = g(−1, 0, 0, . . . , 0) = 0. Since T ∈ (0, 1), we have

= c1 f (−1, 1, 0, . . . , 0) + c2 f (−1, 0, . . . , 0) + c2 f (1, 0, . . . , 0),

0 = g(−1, 1, 0, . . . , 0)

for some constants c1 > 0 and c2 > 0 that represent the probability that the first two questions are
included in the gold standard, and the probability that the first (or, second) but not the second (or,
first) questions are included in the gold standard. Since f is a non-negative function, it must be that

f (1, 0, . . . , 0) = 0.

Now suppose a (knowledgeable) worker has a confidence of p ∈ (T, 1] for the first question and
confidences lower than T for the remaining (N − 1) questions. Suppose the worker chooses to skip
the last (N − 1) questions as desired. In order to incentivize the worker to answer the first question,
the mechanism must satisfy for all p ∈ (T, 1],

+ pc4 f (0, 0, . . . , 0) + (1 − p)c3 f (−1, 0, . . . , 0)

0 < pg(1, 0, . . . , 0) + (1 − p)g(−1, 0, . . . , 0) − g(0, 0, . . . , 0)
=

+ (1 − p)c4 f (0, 0, . . . , 0) − f (0, 0, . . . , 0)

pc3 f (1, 0, . . . , 0)

= 0,

JMLR 17(165):1-52

where c3 > 0 and c4 > 0 are some constants. The final equation is a result of the strong-nofree-lunch axiom and the fact that f (1, 0, . . . , 0) = 0 as proved above. This yields a contradiction,
and hence no incentive-compatible mechanism f can satisfy the strong-no-free-lunch axiom when
G < N even when allowed to address only knowledgeable workers.
Finally, as a sanity check, note that if G = N then c2 = 0 in (39). The proof above thus doesn’t
hold when G = N .
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where inequality (43) is a result of Tj ≤ 1 ∀ j > y and holds with equality only when y = z.
p
Inequality (44) is a result of T(j) ≥ 1 ∀ j ≤ m and holds with equality only when y = m. Thus
the expected payment is maximized when i1 = (1), . . . , iz = (m) as desired. Finally, the payment
strictly increases with an increase in the confidences, and hence the worker is incentivized to always
consider the answer that she believes is most likely to be correct.
We now show that this mechanism is unique.

κ

Now let us see what happens if the worker does not follow this answer pattern. The strong-no-freelunch axiom implies that if the worker doesn’t answer any question then her expected payment is
zero. Now, if she answers some other set of questions, say questions {i1 , . . . , iz } with p(1) ≤ pi1 <
· · · < piy ≤ p(m) < piy+1 < · · · piz ≤ p(G) . The expected payment in that case is

κ

where (42) uses the fact that p(1) < T . The inequality in (42) becomes an equality only when
z = 1. Now when z = 1, the inequality in (41) becomes an equality only when i1 = (1). Thus
the unknowledgeable worker is incentivized to answer only one question – the one that she has the
highest confidence in.
Now consider a knowledgeable worker and suppose her confidences are of the form p(1) ≥
· · · ≥ p(m) > T > p(m+1) ≥ · · · ≥ p(G) for some m ≥ 1. If the worker answers questions
(1), . . . , (m) as desired, her expected payment is

κ

We will first show that the mechanism works as desired.
First consider the case when the worker is unknowledgeable and her confidences are of the form
T > p(1) ≥ p(2) ≥ p(3) ≥ · · · ≥ p(G) . If she answers only the first question, then her expected
payment is
p(1)
κ
.
T
Let us now see her expected payment if she doesn’t follow this answer pattern. The strong-nofree-lunch axiom implies that if the worker doesn’t answer any question then her expected payment
is zero. Suppose the worker chooses to answer questions {i1 , . . . , iz }. In that case, her expected
payment is

A.6.3 P ROOF OF P ROPOSITION 12

D OUBLE OR N OTHING

(45)

1
f (y1 , . . . , yi−1 , 0, yi+1 , . . . , yG ) .
T

(46)

(47)

κ
.
TC
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= κ.

= f (1, 0, 0, . . . , 0)

f (0, 1, 0, . . . , 0) = T f (1, 1, 0, . . . , 0)
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Unlike other results in this paper, at this point we cannot claim the result to hold for all permutations of the questions. This is because we have defined the quantity κ in an asymmetric manner (47),
in terms of the payment function when the first question is correct and the rest are skipped. In what
follows, we will prove that the result claimed in the statement of Proposition 12 indeed holds for all
permutations of the questions.
From (46) we have

f (1, y2 , . . . , yG ) =

Now consider the payment f (1, y2 , . . . , yG ) for some (y2 , . . . , yG ) ∈ {0, 1}G−1 \{0}G−1 with
C correct answers. Applying (46) repeatedly (once for every i such that yi = 1), we get

κ = T f (1, 0, . . . , 0) .

We now show that when C > 0 and W = 0, the payment must necessarily be of the form
described in the statement of Proposition 12. The proof again proceeds via an induction on the
number of correct answers C (≥ 1). Define a quantity κ > 0 as

f (y1 , . . . , yi−1 , 1, yi+1 , . . . , yG ) =

We claim that the payment must be zero whenever the number of incorrect answers W > 0.
The proof proceeds by induction on the number of correct answers C. First suppose C = 0 (and
W > 0). Then all questions are either wrong or skipped, and hence by the strong-no-free-lunch
axiom, the payment must be zero. Now suppose the payment is necessarily zero whenever W > 0
and the total number of correct answers is (C − 1) or lower, for some C ∈ [G − 1]. Consider any
evaluation (y1 , . . . , yG ) ∈ {−1, 0, 1}G in which the number of incorrect answers is more than zero
and the number of correct answers is C. Suppose yi = 1 for some i ∈ [G], and yj = −1 for some
j ∈ [G]\{i}. Then from the induction hypothesis, we have f (y1 , . . . , yi−1 , −1, yi+1 , . . . , yG ) =
f (y1 , . . . , yi−1 , 0, yi+1 , . . . , yG ) = 0. Applying (45) and noting that T ∈ (0, 1), we get that
f (y1 , . . . , yi−1 , 1, yi+1 , . . . , yG ) = 0 as claimed. This result also allows us to simplify (45) to: For
every question i ∈ {1, . . . , G} and every (y1 , . . . , yi−1 , yi+1 , . . . , yG ) ∈ {−1, 0, 1}G−1 \{0}G−1 ,

= f (y1 , . . . , yi−1 , 0, yi+1 , . . . , yG ) .

T f (y1 , . . . , yi−1 , 1, yi+1 , . . . , yG ) + (1 − T )f (y1 , . . . , yi−1 , −1, yi+1 , . . . , yG )

The necessary conditions derived in Lemma 4, when restricted to the case of G = N and
(y1 , . . . , yi−1 , yi+1 , . . . , yG ) 6= {0}N −1 , is also applicable to the present setting. This is because
the strong-no-free-lunch axiom assumed here is a stronger condition than the no-free-lunch axiom
considered in Lemma 4, and moreover, (y1 , . . . , yi−1 , yi+1 , . . . , yG ) 6= {0}N −1 avoids the use of
unknowledgeable workers in the proof of Lemma 4. It follows that for every question i ∈ {1, . . . , G}
and every (y1 , . . . , yi−1 , yi+1 , . . . , yG ) ∈ {−1, 0, 1}G−1 \{0}G−1 , it must be that
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Thus the payment must be κ even if the second answer in the gold standard is correct and the rest
are skipped. In fact, the argument holds when any one answer in the gold standard is correct and
the rest are skipped. Thus the definition of κ is not restricted to the first question alone as originally
defined in (47), but holds for all permutations of the questions. This allows the other arguments
above to be applicable to any permutation of the questions. Finally, the budget constraint of µmax
fixes the value of κ to that claimed, thereby completing the proof.
A.6.4 P ROOF OF P ROPOSITION 13
Proposition 12 proved that under the skip-based setting with the strong-no-free-lunch axiom, the
payment must be zero when one or more answers are incorrect. This part of the proof of Proposition 12 holds even when L > 1. It follows that for any question, the penalty for an incorrect answer
is the same for any confidence-level in {1, . . . , L}. Thus the worker is incentivized to always select
that confidence-level for which the payment is the maximum when the answer is correct, irrespective
of her own confidence about the question. This contradicts our requirements.

Appendix B. Details of Experiments
In this section, we provide further details about the experiments described earlier in Section 6.2. The
experiments were carried out on the Amazon Mechanical Turk (mturk.com) online crowdsourcing platform in the time period June to October 2013. Figure 6 illustrates the interface shown to the
workers for each of the experiments described in Section 6.2, while Figure 7 depicts the instructions
given to the workers. The following are more details of each individual experiment. In the description, the notation κ is as defined in Algorithm 1 and Algorithm 2, namely, κ = (µmax − µmin )T G
 G
1
for the confidence-based setting.
αL
for the skip-based setting and κ = (µmax − µmin )
B.1 Recognizing the Golden Gate Bridge
A set of 21 photographs of bridges were shown to the workers, and for each photograph, they had
to identify if it depicted the Golden Gate Bridge or not. An example of this task is depicted in
Figure 6a, and the instructions provided to the worker under the three mechanisms are depicted in
Figure 7. The fixed amount offered to workers was µmin = 3 cents for the task, and the bonus
was based on 3 gold standard questions. We compared (a) the baseline mechanism with 5 cents for
each correct answer in the gold standard, (b) the skip-based mechanism with κ = 5.9 and T1 = 1.5,
and (c) the confidence-based mechanism with κ = 5.9 cents, L = 2, α2 = 1.5, α1 = 1.4, α0 =
1, α−1 = 0.5, α−2 = 0. The results of this experiment are presented in Figure 4a.
B.2 Transcribing Vehicles’ License Plate Numbers from Photographs
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This task presented the workers with 18 photographs of cars and asked them to transcribe the license
plate numbers from each of them (source of photographs: http://www.coolpl8z.com). An example
of this task is depicted in Figure 6b. The fixed amount offered to workers was µmin = 4 cents
for the task, and the bonus was based on 4 gold standard questions. We compared (a) the baseline
mechanism with 10 cents for each correct answer in the gold standard, (b) the skip-based mechanism
with κ = 0.62 and T1 = 3, and (c) the confidence-based mechanism with κ = 3.1 cents, L = 2,
α2 = 2, α1 = 1.95, α0 = 1, α−1 = 0.5 α−2 = 0. The results of this experiment are presented in
43
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Figure 4b. When evaluating, in the worker’s answers as well as in the true solutions, we converted
all text to upper case, and removed all spaces and punctuations. We then declared a worker’s answer
to be in error if it did not have an exact match with the true solution.
B.3 Classifying Breeds of Dogs

This task required workers to identify the breeds of dogs shown in 85 images (source of images: Khosla et al. (2011); Deng et al. (2009)). For each image, the worker was given ten breeds
to choose from. An example of this task is depicted in Figure 6c. The fixed amount offered to
workers was µmin = 5 cents for the task, and the bonus was based on 7 gold standard questions.
We compared (a) the baseline mechanism with 8 cents for each correct answer in the gold standard,
(b) the skip-based mechanism with κ = 0.78 and T1 = 2, and (c) the confidence-based mechanism
with κ = 0.78 cents, L = 2, α2 = 2, α1 = 1.66, α0 = 1, α−1 = 0.67, α−2 = 0. The results of
this experiment are presented in Figure 4c.
B.4 Identifying Heads of Countries

Names of 20 personalities were provided and had to be classified as to whether they were ever the
(a) President of the USA, (b) President of India, (c) Prime Minister of Canada, or (d) neither of
these. An example of this task is depicted in Figure 6d. The fixed amount offered to workers was
µmin = 2 cents for the task, and the bonus was based on 4 gold standard questions. While the
ground truth in most other multiple-choice experiments had approximately an equal representation
from all classes, this experiment was heavily biased with one of the classes never being correct
and another being correct for just 3 of the 20 questions. We compared (a) the baseline mechanism
with 2.5 cents for each correct answer in the gold standard, (b) the skip-based mechanism with
κ = 0.25 and T1 = 3, and (c) the confidence-based mechanism with κ = 1.3 cents, L = 2,
α2 = 2, α1 = 1.95, α0 = 1, α−1 = 0.5, α−2 = 0. The results of this experiment are presented in
Figure 4d.
B.5 Identifying Flags

This was a relatively long task, with 126 questions. Each question required the workers to identify
if a displayed flag belonged to a place in (a) Africa, (b) Asia/Oceania, (c) Europe, or (d) neither of
these. An example of this task is depicted in Figure 6e. The fixed amount offered to workers was
µmin = 4 cents for the task, and the bonus was based on 8 gold standard questions. We compared
(a) the baseline mechanism with 4 cents for each correct answer in the gold standard, (b) the skipbased mechanism with κ = 0.2 and T1 = 2, and (c) the confidence-based mechanism with κ = 0.2
cents, L = 2, α2 = 2, α1 = 1.66, α0 = 1, α−1 = 0.67, α−2 = 0. The results of this experiment
are presented in Figure 4e.
B.6 Distinguishing Textures
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This task required the workers to identify the textures shown in 24 grayscale images (source of
images: Lazebnik et al. (2005, Data set 1: Textured surfaces)). For each image, the worker had to
choose from 8 different options. Such a task has applications in computer vision, where it aids in
recognition of objects or their surroundings. An example of this task is depicted in Figure 6f. The
fixed amount offered to workers was µmin = 3 cents for the task, and the bonus was based on 4 gold
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The workers were given 10 audio clips which they had to transcribe to text. Each audio clip was
3 to 6 seconds long, and comprised of a short sentence, e.g., “my favorite topics of conversation
are sports, politics, and movies.” Each of the clips were recorded in different accents using a textto-speech converter. An example of this task is depicted in Figure 6i. The fixed amount offered to
workers was µmin = 5 cents for the task, and the bonus was based on 2 gold standard questions. We
compared (a) the baseline mechanism with 20 cents for each correct answer in the gold standard,
(b) the skip-based mechanism with κ = 5.5 and T1 = 3, and (c) the confidence-based mechanism
with κ = 12.5 cents, L = 2, α2 = 2, α1 = 1.95, α0 = 1, α−1 = 0.5, α−2 = 0. The results of
this experiment are presented in Figure 4i.

B.9 Transcribing Text from Audio Clips

The task showed an image containing 12 (short) lines of blurry text which the workers had to
decipher. We borrowed a paragraph from Shakespeare’s play ‘As You Like It.’ We slightly modified
the text of the play in order to prevent workers from searching a part of it online and obtaining
the entire text by searching the first few transcribed lines on the internet. An example of this task
is depicted in Figure 6h. The fixed amount offered to workers was 5 cents for the task, and the
bonus was based on 2 gold standard questions. We compared (a) the baseline mechanism with
µmin = 20 cents for each correct answer in the gold standard, (b) the skip-based mechanism with
κ = 5.5 and T1 = 3, and (c) the confidence-based mechanism with κ = 12.5 cents, L = 2,
α2 = 2, α1 = 1.95, α0 = 1, α−1 = 0.5, α−2 = 0. The results of this experiment are presented in
Figure 4h. When evaluating, in the worker’s answers as well as in the true solutions, we converted
all text to upper case, and removed all spaces and punctuations. We then declared a worker’s answer
to be in error if it did not have an exact match with the true solution.

B.8 Transcribing Text from an Image: Script of a Play

The task showed an image containing 11 (short) lines of blurry text which the workers had to
decipher. We used text from a certain certificate which movies releasing in India are provided. We
slightly modified its text in order to prevent workers from searching a part of it online and obtaining
the entire text by searching the first few transcribed lines on the Internet. An example of this task
is depicted in Figure 6g. The fixed amount offered to workers was µmin = 5 cents for the task,
and the bonus was based on 2 gold standard questions. We compared (a) the baseline mechanism
with 20 cents for each correct answer in the gold standard, (b) the skip-based mechanism with
κ = 5.5 and T1 = 3, and (c) the confidence-based mechanism with κ = 12.5 cents, L = 2,
α2 = 2, α1 = 1.95, α0 = 1, α−1 = 0.5, α−2 = 0. The results of this experiment are presented in
Figure 4g. When evaluating, in the worker’s answers as well as in the true solutions, we converted
all text to upper case, and removed all spaces and punctuations. We then declared a worker’s answer
to be in error if it did not have an exact match with the true solution.

B.7 Transcribing Text from an Image: Film Certificate

standard questions. We compared (a) the baseline mechanism with 10 cents for each correct answer
in the gold standard, (b) the skip-based mechanism with κ = 3.1 and T1 = 2, and (c) the confidencebased mechanism with κ = 3.1 cents, L = 2, α2 = 2, α1 = 1.66, α0 = 1, α−1 = 0.67, α−2 = 0.
The results of this experiment are presented in Figure 4f.
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Figure 7: An example of the instructions displayed to the worker under the three mechanisms.

• If$any$answer$marked$"absolutely$sure"$is$wrong,$your$bonus$will$become$ZERO$for$this$en?re$HIT$(you$do$not$get$any$bonus$for$this$HIT)$
• For$every$answer$marked$"absolutely$sure"$that$is$correct,$your$bonus$will$INCREASE$BY$50%$(every$1$cent$will$become$1.5$cents)$
• For$every$answer$marked$"moderately$sure"$that$is$wrong,$your$bonus$will$be$HALVED$(every$1$cent$will$become$half$a$cent)$
• For$every$answer$marked$"moderately$sure"$that$is$correct,$your$bonus$will$be$INCREASE$BY$40%$(every$1$cent$will$become$1.4$cents)$
• Marking$"I$don't$know"$for$any$answer$does$not$change$your$bonus$

$
***$Instruc?ons$for$BONUS$(Read$Carefully)$***$

For$each$answer,$you$also$need$to$indicate$how$sure$you$are$about$that$answer$
$If$you$are$not$sure$about$any$answer,$then$mark$"I$don't$know”$
$You$need$to$mark$at$least$something$for$every$ques?on,$otherwise$your$work$will$be$rejected$

c ConﬁdenceEbased*mul2plica2ve*mechanism*

• You$start$with$5.9$cents$of$bonus$for$this$HIT$
• There$are$three$ques?ons$whose$answers$are$known$to$us,$based$on$which$the$bonus$is$calculated$
• For$each$of$these$ques?ons$you$answer$CORRECTLY,$your$bonus$will$INCREASE$BY$50%$(every$1$cent$will$become$1.5$cents)$
• If$you$answer$any$of$these$ques?ons$WRONG,$your$bonus$will$become$ZERO$
• So$for$ques?ons$you$are$not$sure$of,$mark$the$"I'm$not$sure"$op?on:$this$does$not$aﬀect$the$bonus$

$
***$Instruc?ons$for$BONUS$(Read$Carefully)$***$

If$you$are$not$sure$about$any$answer,$then$mark$"I'm$not$sure”$
You$need$to$mark$at$least$something$for$every$ques?on,$otherwise$your$work$will$be$rejected$

b SkipEbased*mul2plica2ve*mechanism*

• There$are$three$ques?ons$whose$answers$are$known$to$us,$based$on$which$the$bonus$is$calculated$
• BONUS$(cents)=$5$*$number$of$ques?ons$out$of$these$that$you$correctly$answer$$

***$Instruc?ons$for$BONUS$(Read$Carefully)$***$

a Baseline*Mechanism*

Figure 6: Various tasks on which the payment mechanisms were tested. The interfaces shown are
that of the baseline mechanism, i.e., without the skipping or confidence choices.

Line 1:
Line 2:

g Transcribe*text*(playscript)* h Transcribe*text*(cer2ﬁcate)*

President of the USA
President of India
Prime Minister of Canada
None of the above

f

Afghan Hound
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Tibetan Terrier

c Mark*the*breed*of*the*dog*

Africa
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Europe
None of these

Transcribe*the**
license*plate*number*

d Iden2fy*heads*of*countries* e Mark*the*con2nent*
to*which*the*ﬂag*belongs*
Mohandas Gandhi

a
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Appendix C. General Utility Functions
In this section, we consider a setting where the worker, instead of maximizing her expected payment,
aims to maximize the expected value of some utility function of her payment. Consider any function
U : R+ → I, where I is any interval on the real number line. We will require the function U to be
strictly increasing and to have an inverse. Examples of such functions include U (x) = log(1 + x)
√
with I = R+ , U (x) = x with I = R+ , and U (x) = 1 − e−x with I = [0, 1]. For any payment
f made to the worker (based on the evaluation of her answers to the gold standard questions), her
utility for this payment is U (f ). The worker aims to maximize the expected value of U (f ), where
the expectation is with respect to her beliefs regarding correctness of her answers and the uniformly
random distribution of the G gold standard questions among the set of N questions. The function
U is assumed to be known to the worker as well as the system designer.
Consider the confidence-based setting of Section 4 (of which, the skip-based setting of Section 3
G , {α }L
is a special case). Recall the notation {xi }i=1
j j=−L and κ from Algorithm 2. Also recall the
(generalized-)no-free-lunch axiom which mandates a zero payment if, in the gold standard, (all
attempted questions are marked as the highest confidence L and) the answers to all the attempted
questions are incorrect. The following proposition extends the results of the main text in the paper
to this setting with utility functions.

κ

G
Y
i=1

αxi + U (µmin )

,

Proposition 19 For a worker who aims to maximize function U of the payment, the one and only
mechanism that is incentive-compatible and satisfies the (generalized-)no-free-lunch axiom is
!
Payment(x1 , . . . , xG ) = U −1

−G
L
are as defined in Algorithm 2 and κ = (U (µmax ) − U (µmin ))αL
.
where the constants {αj }j=−L

Note that for the problem to be well defined, the interval [µmin , µmax ] should be contained in the
interval I. The proof of Proposition 19 follows easily from the results proved earlier in the paper,
and is provided below for completeness.

κ

G
Y

i=1

αxi + U (µmin )

αxi + U (µmin ) .

U −1

G
Y
i=1
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Proof of Proposition 19. We will first verify that the proposed payment is always non-negative
and satisfies the (generalized-)no-free-lunch axiom. Recall from Theorem 7 that for every evaluation
{x , . . . , x } for which the (generalized-)no-free-lunch axiom mandates a zero payment,
the value
1
G


QG
QG
of κ i=1
αxi is zero. It follows that the payment U −1 κ i=1
αxi + U (µmin ) = U −1 (0 +
U (µmin )) = µmin , where
the final equation is a consequence of the invertibility of U . Further,
QG
recall that the value of κ i=1
αxi in Algorithm 2 is never smaller than zero. Since the function U
is increasing, so is U −1 , and hence the payment is always non-negative.
We will now prove that the proposed payment is incentive-compatible. To this end, observe that
the utility of the proposed payment is
!!
U (Payment) = U

=κ
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i=1

G
Y

αxi + c2 ,

Noting that U (0) is a constant independent of the worker’s answers, the result of Theorem 7 implies
that the expectation of U (Payment) behaves exactly as required for incentive-compatibility.
We will now prove uniqueness of this mechanism. Replacing f (·) by U (Payment(·)) in the
proof of Theorem 9, we get that the function U (Payment) must be of the form

U (Payment(x1 , . . . , xG )) = c1

c1

G
Y

i=1

αxi + c2

!

.

L
for some constants c1 and c2 , where {αxj }j=−L
are as defined in Algorithm 2. In other words, the
payment must be of the form

Payment(x1 , . . . , xG ) = U −1

One can evaluate that the maximum value of this payment is c1 + c2 . From our µmax -budget
constraint, we then have c1 + c2 = µmax . Furthermore, When the evaluations x1 , . . . , xG are
such that the (generalized-)no-free-lunch applies, we need Payment = µmin . It follows that c2 =
U (µmin ), and consequently c1 = U (µmax ) − U (µmin ), thereby completing the proof.
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X = (X1 , . . . , Xp ) ∼ N (µ, Σ).
JMLR 17(166):1-48

There has been a large amount of work over the last few years on estimating Gaussian graphical
models from high-dimensional data. In this family of models, jointly normally distributed random
variables are represented by the nodes of a graph, while its edges reflect conditional dependence
relationships amongst nodes that are captured through the nonzero entries of the inverse covariance
matrix (or precision matrix) (Lauritzen, 1996; Edwards, 2000). Formally, let X be a p-dimensional
multivariate normal random vector where

1. Introduction

Gaussian graphical models capture dependence relationships between random variables through
the pattern of nonzero elements in the corresponding inverse covariance matrices. To date, there
has been a large body of literature on both computational methods and analytical results on the
estimation of a single graphical model. However, in many application domains, one has to estimate
several related graphical models, a problem that has also received attention in the literature. The
available approaches usually assume that all graphical models are globally related. On the other
hand, in many settings different relationships between subsets of the node sets exist between different graphical models. We develop methodology that jointly estimates multiple Gaussian graphical
models, assuming that there exists prior information on how they are structurally related. For many
applications, such information is available from external data sources. The proposed method consists of first applying neighborhood selection with a group lasso penalty to obtain edge sets of the
graphs, and a maximum likelihood refit for estimating the nonzero entries in the inverse covariance
matrices. We establish consistency of the proposed method for sparse high-dimensional Gaussian
graphical models and examine its performance using simulation experiments. Applications to a
climate data set and a breast cancer data set are also discussed.
Keywords: Gaussian graphical model, structured sparsity, group lasso penalty, consistency, edge
set recovery
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For 1 ≤ i 6= j ≤ p, Xi and Xj are said to be conditionally independent given all the remaining
variables, if the corresponding entry in the precision matrix Ω = Σ−1 is zero. An edge between
the nodes Xi and Xj in the graph implies that they are conditionally dependent and corresponds
to a nonzero entry in the precision matrix. To identify the graph, one only needs to select the
corresponding precision matrix.
Bühlmann and van de Geer (2011, chap. 13) gave an overview of statistical methods developed
for estimating a Gaussian graphical model subject to sparsity constraints, an attractive feature that
reduces the number of parameters to be estimated and also enhances interpretability of the results.
These models have found applications in diverse fields including analysis of omics data (Perroud
et al., 2006; Pujana et al., 2007; Putluri et al., 2011), reconstruction of gene regulatory networks
(Dehmer and Emmert-Streib, 2008, chap. 6), as well as study of climate networks (Zerenner et al.,
2014).
More recently, the focus has shifted from estimating a single graphical model to joint estimation
of multiple graphs due to the availability of heterogeneous data (see discussion in Guo et al., 2011).
For example, climate models capturing relationships between climate defining variables over a large
area share common patterns; i.e. there are shared common links and also sharing of absence of links
between the models (networks at different spatial locations). While separate estimation of individual models without taking the known pattern into consideration ignores the common structure,
estimating one single model could mask the differences that could prove critical in understanding
local climate features.
Several authors have studied the problem of jointly estimating multiple graphical models under
different assumptions on how the models are related. Guo et al. (2011) introduced a procedure using a hierarchical penalty on the log-likelihood, whose objective is to estimate the common zeros
(absence of edges) in the precision matrix across all graphical models under consideration. Thus,
the procedure borrows strength across models through the the non-connected nodes, but does not
impose any structure on the connected ones. Danaher et al. (2014) proposed a joint graphical lasso
by maximizing the log-likelihood subject to a generalized fused lasso or group lasso penalty, which
can be solved efficiently by a standard alternating directions method of multipliers algorithm (Boyd
et al., 2011). When employing a group lasso penalty, the underlying assumption is that the various observed graphical models are perturbations of a single common connectivity pattern across
all graphical models, while when using a fused lasso across all models a similar outcome occurs,
although more heterogeneity between estimated graphical models can be obtained depending on the
tuning of the penalties. The work by Zhu et al. (2014) investigates the joint estimation problem
by introducing a truncated `1 penalty on the pairwise differences between the precision matrices to
achieve entry-wise clustering of the network structure over multiple graphs. Peterson et al. (2015)
introduced a Bayesian approach that links the estimation of the graphs via a Markov random field
prior for common structures. Further, a spike-and-slab prior is placed on the parameters that measure the similarity between graphs, thus relaxing the assumption on sharing a common structure
across all graphical models.
Despite recent advances in joint estimation algorithms, theoretical properties of the resulting
estimators have not been fully investigated. Guo et al. (2011) represents an exception, wherein
asymptotic properties of the resulting estimator are established for consistent recovery of the common zeros across multiple precision matrices, which is the focus of that procedure. Zhu et al. (2014)
focused mainly on efficient computational algorithms when the graphs have disjoint subgraphs, with
a brief mention of consistency of precision matrices in a special temporal setting; however, no the-

M A AND M ICHAILIDIS

J OINT S TRUCTURAL E STIMATION OF M ULTIPLE G RAPHICAL M ODELS

oretical guarantees are provided for more general settings. Finally, many papers only present algorithms for joint estimation of the Gaussian graphical models under consideration, but no theoretical
properties of the estimates (Honorio and Samaras, 2010; Chiquet et al., 2011; Danaher et al., 2014;
Mohan et al., 2014).
In this paper, we investigate estimation of multiple graphical models under complex structural
relationships, assuming that there exists prior information on their specification. In many applications, such information is available and may come from prior knowledge in the literature of relationships among different node subsets of the graphical models under consideration, or from clustering
of all graphs. The approach allows sharing common sub-graph components between different models and does not require sharing of values for the same element across multiple precision matrices.
The proposed method, called the Joint Structural Estimation Method (JSEM), leverages structured
sparsity patterns as illustrated in Section 2 and is a two-step procedure. In the first step, we infer
the sparse graphical models by incorporating the available structure through a group lasso penalty.
In the second step, we maximize the Gaussian log-likelihood subject to the edge set constraints
obtained from the previous step. Numerically, JSEM demonstrates superior performance in controlling both the number of false positive and false negative edges compared to available methods.
When applied to joint modeling of climate networks, our results highlight the different roles climate
defining factors play at different regions of the United States. In another application to breast cancer gene expression data, the JSEM methodology reveals interesting differences in the molecular
network rewiring between the ER+ and ER- classes (see extensive discussion in Section 5.2). Understanding the rewiring of biological networks under different conditions provides deeper insights
into biological mechanisms of disease, especially when combined with topology-based pathway
enrichment methods as discussed and illustrated in Ma et al. (2016) and Kaushik et al. (2016).
The contributions of this work are three-fold. First, we develop a general framework for the
problem of joint estimation of multiple Gaussian graphical models. The method can incorporate detailed structural information regarding relationships between subsets of the graphical models, while
in the absence of such information reduces to the group graphical lasso procedure of Danaher et al.
(2014). Further, we establish that the JSEM estimator is consistent with a fast rate of convergence
in terms of the Frobenius norm for the estimated precision matrices. We also establish rigorously the
consistent recovery of the edge sets for JSEM under suitable regularity conditions. Finally, when
the externally provided structured sparsity pattern is moderately misspecified, we provide a modified estimator that reduces the number of false positive edges identified due to prior information
misspecification, thus further enhancing the applicability of JSEM.
The paper is organized as follows. Section 2 discusses the structural relationships model used
in this work and presents the estimation procedure. Section 3 presents the theoretical properties of
the proposed method, followed by simulation studies in Section 4 and two real data applications—
climate modeling and genomics of breast cancer—are presented in Section 5. We conclude with a
discussion in Section 6. Most details of the theoretical analysis and proofs, additional simulation
results as well as additional analyses on the applications are relegated to the Appendix.

2. The Joint Structural Estimation Method
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Suppose we are interested in estimating K Gaussian graphical models from their corresponding K
independent data sets, assuming that the models exhibit complex relationships between their edge
sets. The data in the k-th model are organized in an nk × p matrix Xk = (X1k , · · · , Xpk ), where each
3

1

2
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Figure 1: Image plots of the adjacency matrices for four graphical models with vertex set
{1, . . . , p}. The black color represents presence of an edge. The structured sparsity
pattern is encoded in G = ∪1≤i<j≤p G ij , where G ij = {[1, 3], [2, 4]} for (i, j) ∈
{bp/2c + 1, . . . , p} and G ij = {[1, 2], [3, 4]} for all other pairs of (i, j).

row represents one observation from N (0, Σ0k ), k = 1, . . . , K. Throughout the remaining sections,
we reserve the notations Σ0 , Ω0 , . . . to denote the population parameters in the true model and use
Σ, Ω, . . . to denote generic parameters. Without loss of generality, we assume the columns of Xk
are centered and standardized to have mean zero and unit variance. For ease of presentation, it is
assumed that the sample size nk = n for all k = 1, . . . , K, but the modeling framework can easily
accommodate unequal sample sizes. Our goal is to estimate jointly Ω0k = (Σ0k )−1 for all k, under
the assumption that the K corresponding graphs are related via a structured sparsity pattern G . For
example, consider climate models capturing relationships between climate forcing variables defined
over a pre-specified spatial domain. Models that belong to the same climate zone may exhibit greater
similarity in their graph structures than those from different zones. Thus, one can define G based on
their spatial locations. Figure 1 gives an illustration of the structured sparsity among four graphical
models in terms of their adjacency matrices. This pattern indicates that sharing of structures may
occur at different subsets of the edge set, which motivates us to develop a joint estimation method
that can incorporate such rich and complex structural information.
2.1 Neighborhood Selection

j6=i

X

θij Xj + εi ,

Neighborhood selection was introduced by Meinshausen and Bühlmann (2006) as an efficient method
to construct Gaussian graphical models from high-dimensional data. For each node i = 1, . . . , p in
the graphical model, consider the optimal prediction of the random variable Xi as a linear combination of the remaining variables:
Xi =

JMLR 17(166):1-48

where θij (j 6= i) are the regression coefficients and εi ⊥ {Xj : j 6= i}. The matrix (θij )1≤i,j≤p
is determined by the inverse covariance matrix Ω = (ωij )1≤i,j≤p . Specifically, it holds that θij =
−ωij /ωii , for all j 6= i. The set of nonzero coefficients of θij (j 6= i) is thus the same as the set
of nonzero entries in the row vector of ωij (j 6= i), which defines the set of neighbors of node i.
Using an l1 -penalized regression, Meinshausen and Bühlmann (2006) estimated the neighborhood
for each node and combined the estimates to obtain the underlying graph.

4

Xk

k=1

1
θ1p

1
θ12

..
.

2
θ1p

2
θ12

3
θ1p

3
θ12

..
.
4
θ1p

4
θ12


.




[g]

G ij ,
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Denote the structured sparsity pattern by G = ∪1≤i<j≤p
where the union is over all p(p − 1)/2
pairs of potential edges. Each G ij is a partition of the set {1, 2, · · · , K} and consists of prior

2.3 The General Case

The group lasso penalty forces the two coefficients in each group to be zero or nonzero at the same
time, leading to the same structure for graphical models belonging to the same group.
The solution Θ̂i to (1) for i = 1, . . . , p can then be used for graph selection.

λg1j kθ 1j k.

[3,4]

θ 1j

j=2,...,p g=[1,2],[3,4]

and set Pλ (Θ1 ) to be the group lasso penalty
X
X

θ 1j

[1,2]

1
2
3
4
(θ1j
, θ1j
, θ1j
, θ1j
)
| {z } | {z }

As indicated by the colors, we can then group the coefficients in the j-th row of Θ1 (j = 2, . . . , p)
as


Θ1 = 




where K = 4, Θi = (θ 1i , . . . , θ K
i ) and Pλ (Θi ) is a regularization term to be determined next. Note
that each column of Θi represents the regression coefficients from one graphical model and each
row of Θi corresponds to the four coefficients at the same (i, j) pair.
The penalty Pλ (Θi ) is chosen based on information from the structured sparsity pattern G in
Figure 1. For example, for i = 1 with grouping {[1, 2], [3, 4]},

Xk−i

where
is
with the i-th column removed, k · k represents the standard Euclidean norm and
λ is the regularization parameter. To achieve joint estimation, consider the following regularized
regression problem
K
1X
min
kXki − Xk−i θ ki k2 + 2Pλ (Θi ),
(1)
Θi n

j6=i

X
1
k
|θij
|,
min kXki − Xk−i θ ki k2 + 2λ
k n
θi

We first illustrate how to extend the idea of neighborhood selection to multiple graphical models usk)
ing the example in Figure 1. For k = 1, . . . , K, let (θij
p×p be the matrix of regression coefficients
k
k
in graph k and θ i the vector of all θij (j 6= i) for node i = 1, . . . , p. Unless otherwise stated, all
vectors are assumed to be column vectors. For node i in a single graph k, neighborhood selection
suggests estimating the coefficients θ ki by

2.2 An Illustrative Example

J OINT S TRUCTURAL E STIMATION OF M ULTIPLE G RAPHICAL M ODELS

n
o
tr(Σ̂k Ωk ) − log det(Ωk ) ,

k = 1, . . . , K.

(4)

(3)

6
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Like any other penalty-based method, JSEM requires selection of the tuning parameters λgij for all
p regressions in (2). One can customize λgij for each 3-tuple (i, j, g) based on prior knowledge on
graph similarity or simply use the same λ for all 3-tuples (i, j, g). In the sequel, we present results

2.4 Choice of Tuning Parameters

Note the grouped variables in (2) are non-overlapping because G ij partitions the set {1, . . . , K}
into disjoint subsets. The ‘OR’ rule defined in (3) can be replaced by the ‘AND’ rule. The problems
in (2) and (4) are both convex and can thus be solved by available convex optimization algorithms.
In this work, we use the R-package grpreg (Breheny and Huang, 2009) for implementation of
the group lasso penalized optimization (2) and the glasso (Friedman et al., 2008) one for solving (4). The computational complexity for step (II) is O(Kp3 ) using the standard graphical lasso
algorithm. Since grpreg uses a coordinate descent algorithm, the computational complexity for
step (I) can be as fast as O(nKp2 ) if the number of graphs K does not exceed the sample size n,
or O(K 2 p2 ) otherwise. Thus, the overall computational complexity of JSEM is O(Kp3 ) if p > K,
and O(K 2 p2 ) otherwise.

Ωk ∈S +k
Ê

min

(II) We refit the model by

j:j6=i g∈G

k
k
{(i, j) : 1 ≤ i < j ≤ p, θ̂ij
6= 0 OR θ̂ji
6= 0}.

Ê k is estimated to be the set

k=1

(I) For k = 1, . . . , K, we infer the sparse graphs Ê k through the following group lasso estimator.
For i = 1, . . . , p,


K
1 X
X X g [g] 
k
k
k 2
min
kXi − X−i θ i k + 2
λij kθ ij k .
(2)

Θi  n
ij

knowledge on the structural similarity for the (i, j)-th pair across models. For example in Figure
1, G ij = {[1, 2], [3, 4]} means that the graphs 1 and 2 exhibit the same structure at (i, j), whereas
3 and 4 behave the same at (i, j). It is possible for all four graphs to have the edge (i, j) or not
have the edge (i, j) at the same time, but we do not impose this restriction. Taking the union
over all pairs, G = {[1, 2], [3, 4], [1, 3], [2, 4]} in Figure 1. Therefore the pattern G allows a more
flexible structural relationships among multiple graphical models. Further, the sparsity pattern in G
is symmetric as we require G ji = G ij for i < j.
[g]
k)
For 1 ≤ i < j ≤ p and a group g ∈ G ij , denote by θ ij the vector (θij
k∈g , a concatenation of all
1 , . . . , θK )
regression coefficients from graphs in g. The grouping for the regression coefficients (θij
ij
is determined by G ij . Under correctly specified G , all coefficients in the same group should be zero
k 6= 0} be the set of undirected
or nonzero simultaneously. For k = 1, . . . , K, let E k = {(i, j) : θij
edges in graph k and SE+k = {Ω : Ω  0 and ωij = 0 for all (i, j) ∈
/ E k where i 6= j}.
The Joint Structural Estimation Method (JSEM) proceeds with the following two steps.

M A AND M ICHAILIDIS

J OINT S TRUCTURAL E STIMATION OF M ULTIPLE G RAPHICAL M ODELS

=

K 
X
k=1

tr(Σ̂k Ω̂λk ) − log det(Ω̂λk ) +


log(nk ) k
|Ê | ,
nk

based on the latter approach. We recommend choosing the tuning parameters via the Bayesian
information criterion (BIC). Specifically, for a given λ, we define BIC for the proposed method as
BIC (λ)

cj = 0.02 ∗ j,
j = 1, . . . , 20.

where Ω̂λk (k = 1, . . . , K) are the estimated precision matrices from the data. The optimal tuning
parameter is thus λ∗ = argminλ∈Dn BIC(λ), where the set of values Dn is chosen such that for
every λj ∈ Dn (nk = n):

 √
p
λj = cj |gmax | + log G0
n,

Here |gmax | and G0 refer, respectively, to the maximum size of groups in G and maximum total
number of groups in all regressions. They can be conveniently defined by the input sparsity pattern.
In practice, it is also recommended to apply the stability selection procedure (Meinshausen and
Bühlmann, 2010; Shah and Samworth, 2013) to select graphical models that are both stable and
interpretable.

3. Theoretical Results
The JSEM estimator enjoys nice theoretical properties under certain regularity conditions. Specifically, we establish the norm consistency of the estimated precision matrices, as well as the consistent
recovery of the edge sets of the various graphical models under consideration based on the structured
sparsity pattern G .
3.1 Estimation Consistency

[g]

i
Let N(p−1)K
= {(j, k) : j 6= i, k = 1, . . . , K} be the variable index set for equation (2) with a fixed
node i. Given the structural information G , the grouped variable index set {(j, g) : j 6= i, g ∈ G ij }
i
defines a partition of N(p−1)K
. Denote by Gi the cardinality of the set {(j, g) : j 6= i, g ∈ G ij }.

i=1,...,p

s0 = max si ,

S0 =

p
X
i=1

si ,

Then 1 ≤ Gi ≤ (p − 1)K. Let J(Θ0,i ) = {(j, g) : j 6= i, g ∈ G ij , θ 0,ij 6= 0} be the set of nonzero
groups in the i-th regression. We assume an overall sparsity at the group level, that is, the size of
J(Θ0,i ) is si << Gi . Let

i=1,...,p

G0 = max Gi ,
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and also let |g| be the size of the group g with |gmax | = maxg∈G |g|.
Let M(p, K) represent the set of all p × K matrices. For ∆ = (δ 1 , . . . , δ K ) ∈ M(p, K) and
[g]
a group g ⊂ {1, . . . , K}, denote by δ j the vector composed of all δjk for which k ∈ g. Write
J = {J(Θ0,1 ), . . . , J(Θ0,p )}, the collection of sets of nonzero groups in all p regressions. For any
J ∈ J , denote ∆J the nonzero matrix in M(p, K), which has the same coordinates as ∆ on J and
zero elsewhere. Let J c denote the complement of the index set J. Write 0 as the zero matrix in
M(p, K). We make the following assumptions.
7
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[g]

PK
k k 2
k=1 kX δ k /n
k∆J kF2

(A1) For 0 < s < G0 , there exists κ = κ(s) > 0, such that
min

J∈J ,|J|≤s ∆∈FJ

X

(j,g)∈J c

(j,g)∈J

X

≥ κ2 (s),

g
λij
kδ j k ≤ 3

where for i satisfying J(Θ0,i ) = J, FJ is defined as

FJ = {∆ : ∆ ∈ M(p, K)\{0},

[g]

g
λij
kδ j k}.

(A2) For every k = 1, . . . , K and i = 1, . . . , p, Var(Xik ) = 1. Further, there exist constants c0 and
d0 such that for every k,

0 < 1/c0 ≤ φmin (Σ0k ) ≤ φmax (Σ0k ) ≤ 1/d0 < ∞,

where φmin (Σ0k ) and φmax (Σ0k ) are the minimum and maximum eigenvalues of the matrix
Σ0k , respectively.

Assumption (A1) is a generalization of the Restricted Eigenvalue assumption for the Lasso in
Bickel et al. (2009) to the group lasso setting in our problem and requires the super design matrix
diag(X1 , . . . , XK ) to be well conditioned over the restricted set of vectors under consideration.
One sufficient condition is that the eigenvalues of the Gram matrix of diag(X1 , . . . , XK ) is positive
when restricted to the subset of sparse vectors with cardinality no greater than 2s.
The equal variance requirement in assumption (A2) can be easily achieved by appropriate scaling of the data. The second part of the assumption explicitly excludes singular or nearly singular
covariance matrices and guarantees that Ω0k exists for every model k = 1, . . . , K.
We are now ready to state our first result.

2
nd0



p
π p
|gmax | + √
q log G0
2

!

,

(5)

Theorem 1 Consider Ω̂k (k = 1, . . . , K) defined in (4). Let Assumption (A1) with s = 2s0 and
Assumption (A2) be satisfied. For every regression defined in (2), choose


p
π p
|gmax | + √
q log G0 ,
2
g
λij
=√

r

S0
nK

with q > 1. Then, with probability at least 1 − 2pG01−q , we have

k=1

K
1 X k
kΩ̂ − Ω0k kF ≤ O
K

where G0 is the maximum number of groups in all regressions, S0 is the total number of relevant
groups and |gmax | is the maximum group size.
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Proof of Theorem 1 is available in Appendix A. Note the rate in (5) improves over estimating
each precision matrix separately, as long as the sparsity pattern G is appropriately specified and
nontrivial, i.e. there exists structural similarity among the considered graphical models. Further,
the proposed procedure obtains a faster convergence rate than that of Guo et al. (2011) in some
scenarios.

8

[g]

[g]

ξ

1/2
i
−1 k 2 

≤ 1 − η.

|Ik |

(7)

with

[g]

[g]

[g]

[g]

P(Ê k = E0k , ∀ k = 1, . . . , K) ≥ 1 − 4pG1−q
0 .
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Note the choice of λ in (8) is of the same order as the tuning parameter required for estimation
consistency
in Theorem
the above choice of λ, αn can be chosen to be of the order of
√ 1. With
√
√ p
O( s0 ( |gmax | + log G0 )/ n). A proof of Theorem 2 can be found in Appendix B.
Bach (2008) using a strong irrepresentability assumption also establishes group support recovery. In this work, we take a different route, where a similar strong irrepresentability assumption
leads to direction consistency. Then, we leverage the notion of direction consistency to propose
within group thresholding which allows us to handle successfully moderate misspecification of the
group structures, as discussed next. Further, from a technical perspective, we build on the KarushKuhn-Tucker (KKT) conditions inversion scheme introduced in Zhao and Yu (2006), and noting

where Ê k is defined in (3).

Further, if αn < 1, then

2. kθ̂ ij − θ 0,ij k < αn kθ 0,ij k, and hence kD(θ̂ ij ) − D(θ 0,ij )k < 2αn for all (j, g) ∈ J(Θ0,i ).

[g]

1. θ̂ ij = 0, for all (j, g) ∈
/ J(Θ0,i ),

[g]

with q > 1. Then with probability at least 1 − 4pG1−q
0 , we have simultaneously for all i

Theorem 2 Let Assumption (A1) with s = s0 , (A2) and (A3) be satisfied. Assume further that the
sparsity pattern G is correctly specified. For every regression defined in (2), choose

1 1 p
π p
√
λ≥
max
|g| + √
q log G0 ,
(8)
i,(j,g)∈J(Θ
/
nd0
2
0,i ) η
 √


s0
π p
1
1
1 p
|g| + √
q log G0
,
(9)
αn ≥
max
λ
+√
κ(s0 )
i,(j,g)∈J(Θ0,i ) κ(s0 ) kθ [g] k
nd0
2
0,ij

Note the group level constraint (7) is required to hold for all p regressions and is less stringent than
the IC for the selection consistency of lasso. In general, it is not easy to verify Assumption (A3).
One sufficient condition, as suggested in Zhao and Yu (2006), is that the regression coefficients of
Xkj on XkIk (k = 1, . . . , K) have Euclidean norm less than 1 for all (j, g) ∈
/ J(Θ0,i ).

k∈g


Xh


(Xkj )T XkIk (XkIk )T XkIk

k

as n, p → ∞. In general, direction consistency does not guarantee sign consistency, especially when
there are multiple members within one group. However, if the group is selected, all the members
within the group are selected, which is sufficient for joint neighborhood selection for each node
and subsequent selection of graphs. Motivated by the above idea, we establish the graph selection
consistency property of JSEM in Theorem 2, which can be conveniently modified to adjust for
the misspecification in the prior information G . Before we present the main result, we need more
notations.
Consider the group lasso estimation problem (2) for node i. For simplicity, we discuss the estimation consistency properties with a common tuning parameter λ for all (j, g). For k = 1, . . . , K,

P(kD(θ̂ ij ) − D(θ 0,ij )k < αn , ∀ (j, g) ∈ J(Θ0,i ); θ̂ ij = 0, ∀ (j, g) ∈
/ J(Θ0,i )) → 1,

[g]

To understand how JSEM performs in selecting the edge sets of the graphical models, it suffices to
focus on each of the group lasso estimation problems (2), as consistent graph selection relies on consistent variable selection in all p regressions. Unlike the sign consistency in the lasso setting (Zhao
and Yu, 2006), variable selection properties with a group lasso penalty are much more complicated
because the latter selects whole groups rather than individual variables (see Basu et al., 2015, and
the discussion therein). The Basu et al. (2015) paper offers a generalization and introduces the notion of direction consistency for the group lasso. Specifically, for a nonzero vector ξ, its direction
vector is defined as D(ξ) = ξ/kξk and D(0) = 0. An estimator Θ̂i of (2) is direction consistent at
rate αn if for a sequence of positive real numbers αn → 0,

3.2 Graph Selection Consistency

k
where m = | ∪ {k = 1, . . . , K : ω0,ij
6= 0}|. Under correctly specified G , we have S0 = m.
Thus, JSEM has a lower estimation error rate than the joint estimation method of Guo et al. (2011).
JSEM also outperforms separate estimation if S0  kΩk,−
0 k0 , where  means that the expressions
on both sides are of the same order. On the other hand, the rate in (6) could be worse
Pif the sparsity
pattern G is highly misspecified such that the number of nonzero parameters S0 > k kΩk,−
0 k0 ≥
m. The issue of sparsity pattern misspecification is addressed in the next section.

P
where kΩk,−
k0 denotes the number of nonzero off-diagonal entries in Ωk0 and k is short-hand
0 P
K
notation for k=1 . The joint estimation method by Guo et al. (2011) has the following convergence
rate
!
r
log p
O
(p + m)
,
nK

k

(j,g)

(A3) There exists a positive constant η such that for all ξ = ((ξ 1 )T , . . . , (ξ K )T )T ∈ R
[g]
maxkξ j k ≤ 1 and all (j, g) ∈
/ J(Θ0,i ),

P

denote XkIk the n × |Ik | sub-matrix consisting of all relevant variables from the k-th model. In other
words, for all j ∈ Ik , there exists a group g 3 k such that (j, g) ∈ J(Θ0,i ). Note the dependency of
each index set Ik on i is made implicit here for notational convenience. Further, let ξ k ∈ R|Ik | be
a vector indexed by Ik . The following assumption adapts the Uniform Irrepresentability Condition
(IC) in Basu et al. (2015) to our setting:

For example, if all K graphs share the same structure, then |gmax | = K and G0 = p − 1. Thus,
JSEM achieves a convergence rate of the order of
)!
r
r (
π
S0
q log(p − 1)
1+ √
.
(6)
O
n
K
2

In contrast, separate estimation of Ωk is known to be of the order of
!
s
X k,− log p
O
,
kΩ0 k0
nK
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The third simulation compares JSEM with its thresholded version under misspecified G using
the experimental settings of the first two studies. In this setting, one also needs to select the within
group thresholding αn besides λ. As in previous simulations, we first select λ via BIC without any
thresholding. At the optimal λ, we select αn from the grid of values

 √
p
αn (c) = c |gmax | + log G0
n, c ∈ {0.1, 0.2, . . . , 1},
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By construction, each Σk corresponds to the correlation matrix for the k-th graphical model. The
sparsity pattern supplied for JSEM is G = {1, . . . , K}, that is assuming all graphical models share
the same structure. Note by setting the parameter ρ = 0.1, we have created a situation where about
10% of the information in G is misspecified for JSEM. This is of interest for us to see whether
JSEM is robust to pattern misspecification.
To compare the overall performance of all methods, we generated nk = 50 samples from each
k = 1, . . . , K and computed the average false positive and true positive rates of the estimated
precision matrices over a fine grid of tuning parameters from 20 replications. The resulting ROC
curves are shown in the right panel of Figure 2. Since both GGL and MGGM require two tuning
parameters, one for controlling the sparsity of individual graph and the other for controlling the
similarity across all graphs, we computed the ROC curves over a fine grid of the sparsity parameter
while fixing the similarity regularization at four different levels (from low to high similarity), and
plotted the one that has the largest value of area under the curve (AUC). The graph U supplied for
MGGM is a complete graph such that each pair of graphical models is included in the fused lasso

In our first simulation, we set K = 5, with each graphical model being of size p = 100. The
structured pattern is constructed as follows: we first generate a scale-free network with edge set E0
as the common structure shared across all graphs, shown in the left panel of Figure 2. To generate
the edge set E k , we randomly select a pair of (i, j), i < j such that (i, j) ∈
/ E0 and add it to E k .
This procedure was repeated ρ|E0 | times for each k, where ρ is a positive number corresponding
to the ratio of individual edges to common ones. In this example, we set ρ = 0.1 to allow high
structural similarity across graphs. Thus, all graphical models have the same degree of sparsity,
with 108 or 2.2% of all possible edges present. Note that due to the sparse structure of each graph,
the proportion of shared non-edges (common zeros in the adjacency matrices) among all models is
98%.
Given the edge set E k , we then constructed the inverse covariance matrix with the nonzero
off-diagonal entries in Ωk being uniformly generated from the [−1, −0.5] ∪ [0.5, 1] interval. The
positive definiteness of Ωk is guaranteed by setting the diagonal elements to be |φmin (Ωk )| + 0.1.
The covariance matrix Σk is then determined by
q
−1
−1
−1
k
Σij
= (Ωk )ij
/ (Ωk )ii
(Ωk )jj
.

4.1 Simulation Study 1

where |gmax | and G0 are defined by the input sparsity pattern. The optimal αn∗ is selected as the one
that minimizes the corresponding BIC.
We refer readers to Appendix C for additional simulation results, including comparison of all
joint estimation methods with and without maximum likelihood refitting step (4), and large p settings.

that the sign(·) function in standard lasso KKT conditions is replaced by the D(·) function in the
group lasso KKT conditions. Therefore, sign consistency has a natural generalized counterpart
when considering optimization over groups.
When G is misspecified, it is possible that not all the members within a group have nonzero
effects. However, the group lasso penalty may fail to exclude members with actual zero effect
within the misspecified group, leading to the recovery of spurious edges. The following result
implies that the property of direction consistency helps identify influential members within a group,
that is, those with noticeable nonzero effects.

k,thr
k
k
θ̂ij
= θ̂ij
1{θ̂ij
/kθ̂ ij k > 2αn }, ∀ k ∈ g, ∀ (j, g) ∈ J(Θ0,i ),

[g]

Corollary 3 Let Assumption (A1) with s = s0 , (A2) and (A3) be satisfied. For every regression
defined in (2), choose λ and αn as in Theorem 2. Define

and
[g]

k,thr
k,thr
Ê k,thr = {(i, j) : 1 ≤ i < j ≤ p, θ̂ij
6= 0 OR θ̂ji
6= 0}.
k∈g

k /kθ
If for all g ∈ G , min θ0,ij
0,ij k > 2αn , then

P(Ê k,thr = E0k , ∀ k = 1, . . . , K) ≥ 1 − 4pG01−q .
[g]

The result in Corollary 3 implies immediately that JSEM with an additional thresholding step
on the estimated direction vectors D(kθ̂ ij k) can be applied to reduce false discoveries and thus
improve selection of the edge sets when the structured pattern G is moderately misspecified (that
is, most of the structural relationships specified in G are reliable). This is illustrated in the third
simulation study of Section 4.

4. Performance Evaluation

JMLR 17(166):1-48

We present three simulation studies to evaluate the performance of JSEM. Other methods compared
include the separate estimation method Glasso, where the Graphical lasso by Friedman et al. (2008)
is applied to each graphical model separately, joint estimation by Guo et al. (2011), denoted by
JEM-G, the Group Graphical Lasso denoted by GGL by Danaher et al. (2014), and the structural
pursuit method MGGM by Zhu et al. (2014). Note we choose MGGM over the Fused Graphical
Lasso method (Danaher et al., 2014), as the former has been consistently shown to exhibit better
performance.
The first study considers a single common structure across all graphical models, while the second one features a more complex structured sparsity pattern. Our comparisons are based on the
overall performance of different methods in terms of their ROC curves, as well as their finite sample performance in identifying the corresponding graphical models. For the latter, we use BIC to
select the tuning parameters for all methods; in addition, the maximum likelihood refitting step (4)
is added to all joint estimation methods to ensure fair comparison. We point out that the first study is
favorable to existing joint estimation methods due to high degree of structural similarity, while the
second one with varying degrees of structural similarity is more favorable to the JSEM procedure.
Nevertheless, the results show that JSEM outperforms these competing methods in both settings,
even when the structured pattern is moderately misspecified.
11

1.0

0.2

0.4

0.6

False positive rate

0.8

1.0

13

JMLR 17(166):1-48

Next, we computed the estimators from different methods with nk = 50 samples for each
k = 1, . . . , K, using the tuning parameters selected by BIC. Results are summarized in Table 1,
which compares the estimated precision matrices with the population version in the true model
based on 50 replications under falsely discovered edges (FP), falsely deleted edges (FN), structural
hamming distance (SHD), F1 score (F1) and Frobenius norm loss (FL). The F1 score (based on the
effectiveness measure in Rijsbergen, 1979) measures the accuracy of a test by summarizing information from both FP and FN, where it reaches its best value at 1 and worst at 0. The results indicate
that although GGL is good at controlling false positives, it tends to produce a high number of false
negatives. The performance of MGGM is quite the opposite, with relatively small false negatives,
but a huge number of false positive edges. In comparison, the proposed method JSEM achieves

penalty. In this example, it turns out that GGL performs the best when there is only regularization
on the similarity, i.e. a group lasso penalty on the same entry across all K precision matrices, which
we expect to exhibit a similar performance to the proposed JSEM. In the right panel of Figure 2, the
ROC curve of GGL falls slightly below that of JSEM. In comparison, MGGM does not perform as
well despite the flexible penalty. The best curve we got from MGGM shows some advantage over
the separate estimation Glasso, but mostly falls below curves from other joint estimation methods.
JEM-G performs well and is very competitive compared to GGL and JSEM for very low false
positive and high true positive rates, but starts falling behind when the false positive rate is greater
than 5%. In this example, JSEM performs the best with the highest ROC curve throughout the
domain.

Figure 2: Simulation study 1: left panel shows the image plot of the adjacency matrix corresponding
to the shared structure across all graphs. Each black cell indicates presence of an edge.
The right panel shows the ROC curves for sample size nk = 50: Glasso (dotted in black),
JEM-G (dotdash in blue), GGL (solid in red), MGGM (dashed in purple), JSEM (longdash in green).
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True positive rate

0.8
0.6
0.4
0.2
0.0

FP
35(6)
22(4)
17(6)
286(13)
19(4)

FN
81(2)
40(4)
73(2)
49(3)
35(3)

SHD
116(5)
62(6)
90(6)
335(13)
54(6)

F1
0.32(0.02)
0.69(0.03)
0.44(0.03)
0.26(0.01)
0.73(0.03)

FL
0.73(< 0.01)
0.28(0.02)
0.29(0.02)
0.64(0.02)
0.25(0.02)
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In our second study, we consider a more structured pattern with K = 10 graphs. Each graphical
model consists of p = 50 variables. Figure 3 shows the heat maps of the 10 adjacency matrices. This
structured pattern is constructed as follows: we first generate the adjacency matrices corresponding
to five distinct p-dimensional scale-free networks, so that the adjacency matrices in each column
of the plot are the same. Next, we replace the connectivity structure of the bottom right diagonal
block of size p/2 by p/2 in each adjacency matrix with that of another two distinct p/2-dimensional
scale-free networks, so that graphical models in each column exhibit the same connectivity pattern
except in the bottom right diagonal block of their adjacency matrices. Note that by replacing the
connectivity structure among the second half of the nodes, the relationships between the first half
and the second half of the nodes are also altered. In summary, this structured pattern illustrates how
different subsets of the edge sets across multiple graphical models can be similar, as well as exhibit
differences in their topologies. To the best of our knowledge, such complex relationships have not
been studied in the literature. In this setting, the proportion of shared non-edges (common zeros in
the precision matrices) among all graphical models is about 60%.
Given the adjacency matrix or equivalently the edge set E k , we generate the covariance and
inverse covariance matrices in the same way as in the first simulation study. The input sparsity
pattern G supplied for JSEM and the graph U required in MGGM are defined according to the
pattern in Figure 3. We also study the effect of misspecification in G by varying ρ = 0, 0.2, 0.4, 0.6,
each corresponding to having only (1 − ρ) ∗ 100% of the information in G being correct for JSEM.
At each level of pattern misspecification, we generated nk = 100 independent samples for each
k = 1, . . . , K and compared the ROC curves from different methods based on 20 replications in
Figure 4. Again, the ROC curves for GGL and MGGM were optimized first with respect to the
similarity regularization in terms of AUC. When ρ = 0, the results show a superior performance
of JSEM, since it effectively incorporates available prior information across the various graphical
models. JEM-G also yields a reasonably high ROC curve by taking advantage of the shared nonedges among all models. The performance of MGGM is comparable to that of JEM-G and much
better than that of GGL. This is not surprising since MGGM benefits from knowing which pairs of

4.2 Simulation Study 2

a balance and obtains the highest F1 score, as well as the lowest Frobenius norm loss. JEM-G
performs slightly worse, but still well above the other three methods.

Table 1: Performance of different regularization methods for estimating graphical models in Simulation Study 1: average FP, FN, SHD, F1 and FL (SE) for sample size nk = 50. The best
cases are highlighted in bold.

Method
Glasso
JEM-G
GGL
MGGM
JSEM
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positive edges with only a small loss in the presence of false negative edges. One may notice the
slight increase in Frobenius norm loss for thresholded JSEM, which is likely due to the increased
presence of false negative edges. Nevertheless, the thresholded version of JSEM obtains higher F1
scores, indicating an overall improvement in the structural estimation of all graphs.
We point out that the JSEM with thresholding procedure is most effective when ρ is moderate to
small, such as ρ < 0.5 in this example. In other words, one believes most of the structural relationships are fairly reliable. If this is not the case, the numerical work presented strongly suggests that
no joint estimation method works well, since the fundamental assumption of structural similarity

Figure 4: Simulation study 2: ROC curves for sample size nk = 100: Glasso (dotted in black),
JEM-G (dotdash in blue), GGL (solid in red), MGGM (dashed in purple), JSEM (longdash in green). The misspecification ratio ρ varies from (left to right): 0, 0.2 (top row)
and 0.4, 0.6 (bottom row).
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Figure 3: Simulation study 2: image plots of the adjacency matrices from all graphical models.
Graphs in the same row share the same connectivity pattern at the bottom right block,
whereas graphs in the same column share the same pattern at remaining locations.

graphical models to group. As ρ increases (0 < ρ ≤ 0.4), JSEM still performs the best despite the
incorrectly specified G , while other methods perform not much better than the separate estimation
method Glasso. When ρ = 0.6, JSEM starts suffering from the large amount of pattern misspecification as well and performing not much better than separate estimation. Note at such high ρ values,
the assumption of the presence of any related structures across graphical models becomes tenuous
and therefore one is better off employing a separate estimation method for each graph.
Next, we examined the finite sample performance of different methods in identifying the true
graphs and estimating the precision matrices at the optimal choice of tuning parameters. Table 2
shows the deviance measures between the estimated and the true precision matrices based on 50
replications for varying levels of pattern misspecification. For ρ ≤ 0.4, JSEM achieves a good
balance between FP and FN, and yields the highest F1 score and lowest Frobenius norm loss. JEMG is also very competitive in controlling false positive edges and comes next in overall performance.
MGGM benefits from knowing the grouping structures and has comparable performance to JEM-G.
In all cases, GGL achieves low FN, but very high FP, thus resulting in low F1 scores. When ρ = 0.6,
the advantage of using a joint estimation method begins to diminish due to the high heterogeneity
and separate estimation is recommended.
4.3 Simulation Study 3
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Finally, we illustrate how direction consistency helps improve the estimation of graphical models
using the previous two experimental settings. Table 3 presents the performance of thresholded
JSEM when G is moderately misspecified with individual to common ratio ρ = 0.3, based on 50
replications. Note that we used a larger sample size nk = 200 in both settings to ensure that the
Uniform IC required for direction consistency holds. The advantage of thresholding within groups
is obvious in both settings, where the thresholded JSEM significantly reduces the number of false
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Method
Glasso
JEM-G
GGL
MGGM
JSEM
Glasso
JEM-G
GGL
MGGM
JSEM
Glasso
JEM-G
GGL
MGGM
JSEM
Glasso
JEM-G
GGL
MGGM
JSEM

FP
154(4)
86(3)
144(3)
30(2)
21(2)
164(3)
92(3)
155(3)
94(3)
32(3)
159(3)
100(3)
149(3)
119(3)
49(3)
176(4)
94(3)
165(4)
109(3)
50(3)

FN
38(1)
36(2)
39(1)
67(1)
42(2)
47(1)
57(2)
48(1)
64(1)
64(2)
59(1)
77(2)
61(2)
65(1)
84(2)
73(2)
109(2)
76(2)
95(2)
123(2)

SHD
192(4)
122(3)
184(4)
97(2)
63(3)
211(4)
149(3)
203(3)
158(4)
96(3)
218(4)
177(3)
210(4)
184(3)
132(3)
249(4)
203(3)
241(4)
204(4)
173(4)

F1
0.51(0.01)
0.62(0.01)
0.52(0.01)
0.59(0.01)
0.75(0.01)
0.53(0.01)
0.59(0.01)
0.53(0.01)
0.56(0.01)
0.67(0.01)
0.55(0.01)
0.56(0.01)
0.55(0.01)
0.58(0.01)
0.62(0.01)
0.54(0.01)
0.52(0.01)
0.54(0.01)
0.55(0.01)
0.52(0.01)

FL
0.60(0.005)
0.31(0.01)
0.37(0.01)
0.36(0.01)
0.28(0.01)
0.59(0.005)
0.35(0.01)
0.37(0.01)
0.37(0.01)
0.32(0.01)
0.57(0.005)
0.37(0.01)
0.37(0.01)
0.37(0.01)
0.36(0.01)
0.55(0.01)
0.39(0.01)
0.39(0.01)
0.39(0.01)
0.38(0.01)

Method
JSEM
ThJSEM
JSEM
ThJSEM

FP
84(6)
29(4)
32(2)
20(2)

FN
12(1)
17(1)
5(0.7)
8(0.7)

SHD
96(6)
46(4)
37(2)
28(2)

F1
0.71(0.01)
0.83(0.01)
0.78(0.01)
0.82(0.01)

FL
0.16(0.01)
0.16(0.01)
0.17(0.01)
0.19(0.01)
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among multiple models is violated. Instead, separate estimation is recommended for handling high
heterogeneity among multiple graphical models.

Table 3: Performance of JSEM and thresholded JSEM with misspecified groups (ρ = 0.3): average FP, FN, SHD, F1 and FL (SE) for sample size nk = 200. The better cases are
highlighted in bold.

Design
K = 5, p = 100,
G = {1, 2, 3, 4, 5}
K = 10, p = 40,
G as in Figure 3

Table 2: Performance of different regularization methods for estimating graphical models in Simulation Study 2: average FP, FN, SHD, F1 and FL (SE) for sample size nk = 100. The best
cases are highlighted in bold.
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Recent assessments from the Intergovernmental Panel on Climate Change (IPCC, Stocker et al.,
2013) indicate multiple lines of evidence for climate change in the past century and these changes
have caused significant impacts on natural and human systems. One common approach towards
understanding the climate system has been attribution studies of detected changes to internal and
external forcing mechanisms (such as solar radiation, greenhouse gases, etc.) using simulated climate models. Lozano et al. (2009) used spatial-temporal modeling to study the attribution of climate
defining mechanisms from observed data. In this work, we provide an alternative to learning the
complex interactions among climate defining factors exhibited across different climate zones based
on observed data.
The data used in this study are monthly measurements from January 2001 to June 2005 on 16
variables including mean temperature (TMP), diurnal temperature range (DTR), maximum and minimum temperature (TMX, TMN), precipitation (PRE), vapor pressure (VAP), cloud cover (CLD),
rain days (WET), potential evapotranspiration (PET), frost days (FRS), greenhouse gases (carbon
dioxide (CO2), carbon monoxide (CO), methane (CH4), hydrogen (H2)), aerosols (AER) and solar
radiation (SOL) from CRU (http://www.cru.uea.ac.uk/cru/data), NOAA (http://
www.esrl.noaa.gov/gmd/dv/ftpdata.html), NASA (http://disc.sci.gsfc.nasa.
gov/aerosols) and NCDC (ftp://ftp.ncdc.noaa.gov/pub/data/nsrdb-solar/).
The data are organized as a 2.5 degree latitude by 2.5 degree longitude grid across North America. To avoid complications from any seasonality or autocorrelation of the data, we aggregated the
monthly time series into bins of 3-month intervals and took first differences of the quarterly data.
The data after differencing were further normalized. Details on the pre-processing steps are included in Appendix D. Next, we randomly selected K = 27 locations spanning all types of climate
from the 2.5 by 2.5 degree grid of North America (see Figure 5). This gives us an n × p matrix
at each of the 27 locations, corresponding to n = 17 observations for the p = 16 climate defining
variables. At each location, the conditional dependency network is of dimension p × p, which has
16 × 15/2 = 120 edges to be inferred.
Our goal is to infer the conditional dependency networks for all locations simultaneously based
on available spatial information, obtained from the classification of climate zones in Peel et al.
(2007). Specifically, we assume that AER and SOL have one common connectivity pattern with
other variables in the geographical south of North America and another common pattern in the north.
The definition of the south and north is given in Figure 5. Variables on greenhouse gases (CO2, CO,
CH4 and H2) are assumed to interact with other variables (except AER and SOL) in the same
fashion within each of the four climate groups, that is Mid-latitude Desert, Semiarid Steppe, Humid
Subtropical and Humid Continental. The connectivity patterns among all remaining variables are
assumed to be the same within each of the six distinct climate zones in Figure 5.
We used BIC on the normalized data to select the tuning parameter λ for the proposed JSEM. At
the optimal λ, we applied our method coupled with complementary pairs stability selection (Shah

5.1 Application to Climate Modeling

To illustrate the proposed joint estimation method in inferring real-world networks, we applied
JSEM to a climate data set to study relationships between climate defining variables at multiple
locations in North America, as well as a breast cancer gene expression data extracted from The
Cancer Genome Atlas project (TCGA, 2012).

5. Applications
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Midlatitude Desert
Semiarid Steppe (hot arid)
Semiarid Steppe (cold arid)
Humid Subtropical
Humid Continental (hot summer)
Humid Continental (warm summer)

Figure 5: The selected 27 locations based on climate classification. The solid line separates the
south and north of North America and corresponds to latitude 39 N.
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and Samworth, 2013) to identify the interaction networks at the 27 locations. To perform stability
selection, we ran our method 50 times on two randomly drawn complementary pairs of sizes 8 and
9, and kept only edges that are selected over 70% of the time.
Due to space limitation, we present in Figure 6 the estimated networks at the six distinct climate
zones. Readers are referred to Appendix D for the complete picture of the 27 networks from all the
27 locations under study, as well as more detailed comparisons. Although we do not impose the
assumption on sharing of a single common structure across all locations, there are common edges
(solid) identified for all climate zones, reflecting key features of climate defining regardless of geographical location. Such relationships are consistent with how the corresponding climate defining
variables are defined, as well as how the data are collected (Harris et al., 2014). The Mid-latitude
Desert and Semiarid Steppe climate zones share the edge between DTR and CLD, indicating that
they are correlated conditional on all other variables. Similar relationships have also been found
over drier regions in Zhou et al. (2009). In addition, one can see that the variable FRS interacts
mainly with PET at Mid-latitude Desert and Semiarid Steppe climates, whereas it is partially correlated with both PRE and TMN (or TMX) at Continental climates. This can be explained from the
distinction between these climate zones. At Humid Continental climate, precipitation is relatively
well distributed year-round in most areas and snowfall occurs in all areas. It is thus not difficult to
see why precipitation (PRE) and temperature related variables correlate with the number of frost
days (FRS). Further, a primary criterion of an area characterized as Mid-latitude Desert or Semiarid
Steppe is that it receives precipitation below potential evapotranspiration (PET), which possibly explains why FRS is partially correlated only with PET for Mid-latitude Desert and Semiarid Steppe
climate. Finally, we point out that the inferred networks at neighboring climate zones are more
similar, such as Semiarid Steppe (hot arid and cold arid), or Humid Continental (hot summer and
19
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Figure 6: Estimated climate networks at the six distinct climate zones using JSEM, with edges
shared across all locations blue solid and differential edges red dashed.

warm summer), whereas those with dramatically different climate show significantly different connectivity patterns. These common and individual interactions can prove critical in understanding
the mechanisms of climate defining, and facilitate decision making in maintaining the best environmental results.
5.2 Application to Breast Cancer
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Breast cancer is the most common cancer in women worldwide, with nearly 1.7 million new cases
diagnosed in 2012 (second most common cancer overall). This represents about 12% of all new cancer cases and 25% of all cancers in women (Ferlay et al., 2013). Breast cancer is hormone related
and this leads to a basic classification of cancer cells. Specifically, a cancer is called estrogenreceptor-positive (or ER+) if it has receptors for estrogen, and hence the cells receive signals from
estrogen that could promote their growth. It is estimated that about 80% of all breast cancer cases
are ER+ and they are more likely to respond to hormone therapy. Further, ER+ status is associated
with better survival rates, especially if the cancer is diagnosed early. On the other hand, the ERstatus lacks the estrogen receptor and in general exhibits poorer survival rates. Note that the presence/absence of other hormone receptors (progesterone and HER2) also play an important role in
breast cancer tumor classification, therapeutic strategies and survival rates.
The breast cancer data set (TCGA, 2012) contains RNA-seq measurements for 17296 genes
from 1033 breast cancer specimens, including ER+, ER- and other unevaluated cases. Due to the
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This work introduces a flexible joint structural estimation method (JSEM) that incorporates a priori known structural relationships between multiple graphical models. The proposed method works
well in situations where there is a large number of graphical models, but external similarity information is available only for sub-components of the models. In practice, if not all entry-wise structural
relationships across multiple graphical models are available, it is recommended to add constraints
at mainly edge pairs that are likely to share the same structures instead of providing a highly mis-

6. Discussion

overall small sample size, we first reduced the number of variables by focusing on a subset of the
genes that are present in the 44 KEGG pathways in Table 4. These pathways correspond to the major
signaling and biochemical ones that have been reported in the literature of playing a significant role
in all cancer types. This leaves for further consideration 800 genes with 403 samples from the ER+
and 117 from the ER- classes.
The structural similarity between the networks for ER+ and ER- status was defined based on the
third column in Table 4, which indicates whether the pathway is significantly enriched when testing
ER+ vs ER- status via NetGSA (Ma et al., 2016), and complemented through literature searches. If
one pathway is not significantly enriched, then the genes belonging to the pathway are considered
to share a common structure under both ER+ and ER- status. However, due to overlaps amongst
pathways (since some of their members are assigned to multiple ones in the KEGG database), only
genes that did not belong to any of the differential pathways were used to define the common
structure. The remaining genes are assumed to have distinct structures under the two conditions.
We then used BIC on the normalized data to select the tuning parameter λ for the proposed
JSEM. At the optimal λ, we applied our method coupled with complementary pairs stability selection (Shah and Samworth, 2013) to identify the interaction networks for the ER+ and ER- classes,
respectively. Due to the large number of variables, visualization of the estimated networks at the individual gene level is challenging. Instead, we examine the interactions among pathways in Figure 7
to gain insight into their co-regulation behavior. The weighted pathway level network is defined as
follows. Let each node in the network represent one pathway, with size proportional to the size of
the corresponding pathway. A weighted edge between two pathways P1 and P2 is defined as the
number of nonzero partial correlations between genes in P1 and those in P2 (normalized by the sizes
of the two pathways). Links visualized in Figure 7 are the top 5% of the weighted edges, where
ranking is based on edge weights. Note pathways that are isolated from all others were removed.
The first thing to note is that structural information provided enables us to estimate a much more
dense graph than either separate estimation or an agnostic method like JEM-G (see Figure 12 in Appendix D), which in turn aids biological interpretation. We focus next on the interactions between
pathways, as shown in Figure 7. The central role of known cancer related pathways—TGF-β, p53,
MAPK and hedgehog—is apparent. Further, we see high degree of interconnections between signaling and biochemical pathways including glycolysis gluconeogenesis, pyrimidine, cysteine and
methionine, and tryptophan, which is expected due to the impact of energy metabolism in tumor
growth and progression. One surprising finding is that the p53 pathway is connected only in the
ER+ class, but we suspect that this may be the case due to the big discrepancy in terms of available
samples for the ER+ and ER- classes and the large number of genes present. In summary, the proposed method captures established cross-talk patterns between various signaling and biochemical
pathways, which is not the case with competing methods or with separate estimation.
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Vertex names
glycolysis gluconeogenesis
citrate cycle tca cycle
pentose phosphate
fructose and mannose
galactose
fatty acid
oxidative phosphorylation
purine
pyrimidine
glycine serine and threonine
cysteine and methionine
valine leucine and isoleucine
lysine
arginine and proline
tryptophan
beta alanine
glutathione
starch and sucrose
amino sugar and nucleotide sugar
ppar
mapk
erbb
calcium
chemokine
phosphatidylinositol
cell cycle
p53
mtor
wnt
notch
hedgehog
tgf beta
vegf
toll like
nod like
rig i like
jak stat
t cell
b cell
fc epsilon ri
neurotrophin
insulin
gnrh
adipocytokine

KEGG names
glycolysis gluconeogenesis
citrate cycle tca cycle
pentose phosphate pathway
fructose and mannose metabolism
galactose metabolism
fatty acid metabolism
oxidative phosphorylation
purine metabolism
pyrimidine metabolism
glycine serine and threonine metabolism
cysteine and methionine metabolism
valine leucine and isoleucine degradation
lysine degradation
arginine and proline metabolism
tryptophan metabolism
beta alanine metabolism
glutathione metabolism
starch and sucrose metabolism
amino sugar and nucleotide sugar metabolism
ppar signaling pathway
mapk signaling pathway
erbb signaling pathway
calcium signaling pathway
chemokine signaling pathway
phosphatidylinositol signaling system
cell cycle
p53 signaling pathway
mtor signaling pathway
wnt signaling pathway
notch signaling pathway
hedgehog signaling pathway
tgf beta signaling pathway
vegf signaling pathway
toll like receptor signaling pathway
nod like receptor signaling pathway
rig i like receptor signaling pathway
jak stat signaling pathway
t cell receptor signaling pathway
b cell receptor signaling pathway
fc epsilon ri signaling pathway
neurotrophin signaling pathway
insulin signaling pathway
gnrh signaling pathway
adipocytokine signaling pathway

Status
TRUE
FALSE
TRUE
TRUE
TRUE
FALSE
FALSE
TRUE
TRUE
FALSE
TRUE
TRUE
FALSE
FALSE
FALSE
TRUE
TRUE
TRUE
FALSE
TRUE
FALSE
TRUE
FALSE
TRUE
FALSE
TRUE
TRUE
FALSE
FALSE
FALSE
TRUE
TRUE
FALSE
TRUE
TRUE
FALSE
TRUE
FALSE
FALSE
TRUE
FALSE
FALSE
TRUE
TRUE
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Table 4: List of simplified vertex (pathway) names, their matching names in KEGG and whether
the corresponing pathway is used to define structural similarity

Vertex id
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
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●

mapk

mtor
●

●

●
hedgehog

●

●

wnt

calcium
●

●

cell_cycle

glutathione

gnrh
●

●
glycolysis_gluconeogenesis
tgf_beta
●

cysteine_and_methionine
tryptophan

chemokine

●

toll_like
nod_like
●

●

jak_stat
ppar
●

p53
●

pyrimidine
●

purine
●

●

erbb

●

galactose
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●

t_cell

vegf
●

b_cell
●

fc_epsilon_ri
●

phosphatidylinositol
●

●
notch

rig_i_like
●

neurotrophin

adipocytokine
●

●

insulin

Figure 7: Estimated pathway networks for the ER+ and ER- classes using JSEM, with edges shared
across all locations blue solid and differential edges red dashed (ER+) / green dashed
(ER-).

specified structured sparsity pattern. On the other hand, if more structural information is available,
one may generalize the group lasso penalty to incorporate additional structural constraints.

JMLR 17(166):1-48

The theoretical guarantees of JSEM rely on two important, but standard in the literature, assumptions: the restricted eigenvalue assumption (A1) and the uniform IC assumption in (A3). In
practice, it might be difficult to verify whether these assumptions are fulfilled, especially the more
stringent assumption (A3). For the latter condition, Meinshausen and Yu (2009) observe that the
irrepresentability condition (a variant of A3) may be violated in practical settings in the presence of
highly correlated variables; nevertheless, the lasso estimates are still `2 consistent, under (A1).
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Appendix A. Proof of Theorem 1

P

k
k
j6=i θ0,ij Xj .

[g]

Let ha, bi represent the inner product

To prove the rate of convergence in Theorem 1, we look at three key steps: nodewise regression
in subsection A.1, selecting the edge set in A.2 and maximum likelihood
P refitting in A.3. More
information can be found in Appendix E. When it is clear, we shall use k as a short notation for
PK
k=1 .
A.1 Regression

For j 6= i, g ∈ G ij , k ∈ g, let εik = Xik −

i,j6=i,g



p
p
π
|g| + √
q log G0
2



(10)

k
|g|
between two vectors a and b. Denote ζ k = hεk , Xk i/n and ζ ij = (ζij
)
k∈g ∈ R . Consider the
ij
i
j
T
[g]
g
g
g
g
Aij
, where Aij
= {2kζ ij k ≤ λij
}. By Lemma E.2, if we choose λij
as

random event A =

2
g
q
λij
≥
max
k∈g
k
nω0,ii

with q > 1, then P(A) ≥ 1 − 2pG01−q . We first present the following proposition that establishes
g
oracle bounds for Θ̂i − Θ0,i under the chosen λij
.

[g]

kθ̂ ij − θ 0,ij k ≤

M(Θ̂i ) ≤

16
κ2 λmin

64φmax
2
κ2 λmin

(j,g)∈J(Θ0,i )

X

(j,g)∈J(Θ0,i )

g 2
(λij
) ,

(12)

g
λij
, M(Θ̂i ) = |J(Θ̂i )| and φmax is the maximal eigenvalue of (Xk )T Xk /n

j6=i,g∈G ij

i,j6=i,g∈G ij

min

g
Proposition A.1 For i = 1, . . . , p, consider the problem (2) and choose λij
as in (10). Let Θ̂i be
the solution to problem (2). If Assumption (A1) holds with κ2 = κ2 (s0 ), then for any solution Θ̂i of
problem (2), we have on the event A
X
X
[g]
g 2
(λij
) ,
(11)

where λmin =

P
√
g 2
4 10
(j,g)∈J(Θ0,i ) (λij )
.
√
κ2 (2s0 )
λmin si

(13)

for all k = 1, · · · , K. If, in addition, Assumption (A1) holds with κ2 (2s0 ), then for any solution Θ̂i
of problem (2) we have that
kΘ̂i − Θ0,i kF ≤

2
nd0


p


π p
|gmax | + √
q log G0 ,
2
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(14)

k ≥ φ
k
−1
k
By Assumption (A2), ω0,ii
min (Ω0 ) = φmax (Σ0 ) ≥ d0 for all i, k. Thus, (10) implies that
g
we can choose λij
= λmax as

λmax = √

24

(16)

(15)

Cbias

0

√
8 10c0
√ .
= 2
κ (2s0 ) d0

r

S0
nK


p

k = 1, . . . , K,

(17)

v:v T v=1

v:v T v=1
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e k ) = min v T Ω
e k v = min {v T Ωk v + v T (Ω
e k − Ωk )v} ≥ φmin (Ωk ) − kΩ
e k − Ωk k.
φmin (Ω
0
0
0
0

e k (k = 1, . . . , K) as
It follows immediately that on the event A, we can bound the spectrum of Ω
follows. For a symmetric matrix A, let kAk represent the spectral norm of A, which is equal to
φmax (A). By definition,

provided the sample size n satisfies for 0 < τ1 < 1,

2 

p
π p
Cbias 2
n ≥ S0
|gmax | + √
q log G0
.
τ1 d0
2

k

The bound in (17) says that the cardinality of the estimated set of edges is at most of the order
of S0 and proves essential in controlling the error rate of the maximum likelihood estimate Ω̂k in
the refitting step. Further, the second inequality in (18) implies
nX
o1/2
e k − Ωk0 k2F
kΩ
≤ τ1 d0 ,

o1/2
1 nX e k
1 X ek
kΩ − Ωk0 kF ≤ √
kΩ − Ωk0 k2F
≤ Cbias
K
K k
k


π p
|gmax | + √
q log G0 ,
2
(18)
where G0 is the maximum number of groups in all p regressions, S0 is the total number of relevant
groups, and |gmax | is the maximum group size.

and

64φmax
|Ê k | ≤ 2
S0 ,
κ (s0 )

Corollary A.1 Consider Ê k (k = 1, . . . , K) selected in (3). Suppose all conditions in Theorem 1
are satisfied. Choose λgij = λmax as defined in (14) with q > 1. Then we have on the event A

The following corollary is an immediate result of (15) and (16).

Given the estimates Θ̂i (i = 1, . . . , p), define Ê k as in (3) the estimated set of edges in graph
e k = diag(Ωk ) + Ωk k
e k = (Ω
e k )−1 . Let
k = 1, . . . , K. For every k, let Ω
and Σ
0
0,E ∩Ê k

A.2 Selecting Edge Set

Detailed proof of Proposition A.1 follows similarly to that of Theorem 3.1 in Lounici et al. (2011)
and can be found in Appendix E.

M(Θ̂i ) ≤

64φmax
si ,
κ2√
r

p
π p
8 10
si
√
|gmax | + √
q log G0
kΘ̂i − Θ0,i kF ≤ 2
.
n
κ (2s0 ) d0
2

with q > 1 for all 3-tuples (i, j, g). Then we can rewrite the oracle inequalities in (12) and (13) as
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k

k

Ê

e k ) = {Γ − Ω
e k |Γ ∈ S + }.
Un (Ω
k

26

k

(21)

(20)

(19)

∆). Recall the definition
For k = 1, . . . , K, define
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The main idea of the proof is as follows. For a sufficiently large M > 0, consider the set
X
e k ),
Tn = {(∆1 , . . . , ∆K ) : ∆k ∈ Un (Ω
k∆k k2F = M rn2 }.

a sequence of convex sets

ˆk K
e
Since (Ω̂k )K
k=1 minimizes Q(Ω), (∆ )k=1 minimizes G(∆) = Q(Ω +
SE+ = {Γ ∈ Rp×p : Γ  0 and Γij = 0, for all (i, j) ∈
/ E where i 6= j}.

k

e k ∈ M(p, p) and ∆
ˆ k = Ω̂k − Ω
e k . Let
For k = 1, . . . , K, let ∆k = Ωk − Ω
o
Xn
e k ) + log det(Ω
ek) .
Q(Ω) =
tr(Σ̂k Ωk ) − log det(Ωk ) − tr(Σ̂k Ω

k

1X k
1 X k ek
1 X ek
kΩ̂ − Ωk0 kF ≤
kΩ̂ − Ω kF +
kΩ − Ωk0 kF .
K
K
K

and by triangle inequality,

1 X k ek
1 nX k e k 2 o1/2
kΩ̂ − Ω kF ≤ √
kΩ̂ − Ω kF
,
K
K k
k

since by Cauchy-Schwarz inequality,

k

Proof [of Theorem 1.] In view of Corollary A.1, it suffices to show that
X

e k k2 ≤ O r 2 ,
kΩ̂k − Ω
F
n

Let Ω̂k (k = 1, . . . , K) be defined in (4) and
r 

S0 p
π p
rn = Cbias
|gmax | + √
q log G0 .
n
2

A.3 Refitting

k

e k ) ≤ φmax (Ωk ) + kΩ
e k − Ωk k ≤ φmax (Ωk ) + kΩ
e k − Ωk kF
φmax (Ω
0
0
0
0
nX
o1/2
k
k
k 2
e
≤ c0 + τ1 d0 < ∞.
≤ φmax (Ω0 ) +
kΩ − Ω0 kF

ek,
In addition, we have an upper bound for the maximum eigenvalue of Ω

k

e k ) ≥ φmin (Ωk ) − kΩ
e k − Ωk k ≥ φmin (Ωk ) − kΩ
e k − Ωk kF
φmin (Ω
0
0
0
0
nX
o1/2
k
k
k
2
e −Ω k
≥ (1 − τ1 )d0 > 0,
≥ φmin (Ω0 ) −
kΩ
0 F

Since φmin (Ωk0 ) ≥ d0 by Assumption (A2), we have
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k

ˆ ≤
Write 0p×p the zero matrix in M(p, p). It is clear that G(∆) is a convex function and G(∆)
ˆ must be inside the
G(0 ) = 0. Thus if we can show inf ∆∈Tn G(∆) > 0, the minimizer ∆
p×p
P
ˆ k k2 ≤ M rn2 . To see this, note that the convexity of Q(Ω)
ball defined by Tn . That is k k∆
F
e
e
implies that inf
∆∈Tn Q(Ω + ∆) > Q(Ω) = 0. There exists therefore a local minimizer in the ball
e k + ∆k : P k∆k k2 ≤ M r2 }, or equivalently, P k∆
ˆ k k2 ≤ M r2 .
{Ω
n
n
k
k
F
F
In the remainder of the proof, we focus on
o
Xn
e k + ∆k ) + log det(Ω
ek) .
tr(Σ̂k ∆k ) − log det(Ω
G(∆) =

Applying Taylor expansion to the logarithm terms in the above equation, we have

0

e k + ∆k ) − log det(Ω
ek)
log det(Ω
Z 1

e k + t∆k )−1 ⊗ (Ω
e k + t∆k )−1 dt vec(∆k ),
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e k + t∆k )−1 ⊗ (Ω
e k + t∆k )−1 dt vec(∆k ).
(1 − t)(Ω

X 
e k − Σk )∆k ,
tr (Σ
0

k

where ⊗ is the Kronecker product, and vec(∆k ) is ∆k vectorized to match the dimensions of the
Kronecker product. Therefore, we can rewrite G(∆) = L1 − L2 + L3 , with
X 
tr (Σ̂k −
,
L1 =

L2 =

L3 =

Next we bound each term separately.
Recall for every k, Σ0k and Σ̂k represent the correlation and the sample correlation matrix,
respectively. By Lemma 14 of Zhou et al. (2011) [see details on page 3003],

 3nt2 
n
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3nt2
k
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,
(22)
P |σ̂ij
− σ0,ij
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for 0 ≤ t ≤ {1 + (σ k )2 }/2. Then the union sum inequality and (22) imply that, with probability
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q log G0
2
k

where c1 > 0 is a constant. Write ∆k = ∆k,+ + ∆k,− such that ∆k,+ = diag(∆k ) and ∆k,−
consists of the off-diagonal entries of ∆k . Then
r
|L1 | ≤

27

k∆k,− k1 ≤

k
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where the first equality in (23) follows from the definition of rn in (21).
Using results from (19) and (18) together with Cauchy-Schwarz inequality, the second term L2
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where the last inequality in (24) comes from the rotation invariant property of the Frobenius norm.
Finally we bound L3 . Suppose for a small constant 0 < τ2 < 1 such that τ1 + τ2 < 1, the
sample size n satisfies
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e k and ∆k defined above, Zhou et al. (2011) showed that Ω
e k + t∆k  0, t ∈ [0, 1], for all
For Ω
k = 1, . . . , K on the event A. Thus, following similar arguments as in Rothman et al. (2008, page
502), we have
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where the columns of X̃i,(1) and X̃i,(2) are ordered in groups of variables. Here Rl is the product of elementary column switching matrices and satisfies Rl−1 = RlT (l = 1, 2). Note R1 ∈
P
P
M( k |Ik |, k |Ik |). Based on X̃i , we can define C̃11 , C̃21 and C̃22 similarly as above. The advantage of using X̃i as the design matrix is that it orders the variables based on the grouping structures,
and is in the form of the generic group lasso design in Basu et al. (2015). It is thus more straightforward to adapt their results using X̃i . Moreover, since each group of variables (j, g) corresponds
to regression coefficients at the same (i, j) position across different models in g, the matrix C̃11
is in fact a block matrix, whose diagonal blocks are all identity matrices. To see this, consider

X̃i = Xi diag(R1 , R2 ) = (Xi,(1) R1 , Xi,(2) R2 ) = (X̃i,(1) , X̃i,(2) ),

T X
T
with C11 = Xi,(1)
i,(1) /n and C22 = Xi,(2) Xi,(2) /n. C12 and C21 are also defined accordingly.
Note due to the block diagonal structure of Xi,(1) , C11 is also block diagonal.
Now consider interchanging the columns of Xi such that

1
C = XiT Xi =
n

is the sub-matrix consisting of all relevant variables. Denote the Gram matrix

After rearranging the columns of Xi , we assume without loss of generality Xi = (Xi,(1) , Xi,(2) )
such that
Xi,(1) = diag(X1I1 , . . . , XK
IK )

Consider the group lasso estimator Θ̂i defined in (2). Since the problem (2) is a special case of the
generic group lasso in Basu et al. (2015), we adapt their results in Theorem 4.1 to our design.
Proof Let Xi be the block diagonal matrix composed of all variables but Xki (k = 1, . . . , K), that
is

 1
X−i


..
Xi = 
.
.
K
X−i

Appendix B. Proof of Theorem 2

for M sufficiently large.

√
√ √
M rn2
8 2c1 φmax √
M rn2
2
≥
−
M
r
−
n
2(c0 + τ1 d0 + τ2 d0 )2
Cbias κ(s0 )
(1 − τ1 )d0 2
√


8c1 2φmax 1
1
1
√ −
√
> 0,
−
≥ M rn2
2
2
2(c0 + τ1 d0 + τ2 d0 )
Cbias κ(s0 ) M
(1 − τ1 )d0 M

G(∆) ≥ |L3 | − |L1 | − |L2 |

Combining the above three bounds, we thus have
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by Assumption (A2).
−1
It remains to find an upper bound for kC̃11
k. Under Assumption (A1) with s = s0 , if we set
[g]
∆ ∈ F such that δ j = 0 for any (j, g) ∈
/ J(Θ0,i ), then

k
k
Var(Xik |X−i
) = 1/ω0,ii
≤ 1/d0 , ∀ k,

Moreover, the variance for the random design in our problem

k(C̃22 )[j,g] k = 1.

(C̃11 )−1 . Similarly, for any (j, g) ∈
/ J(Θ0,i ), (C̃22 )[j,g] is the identity matrix and

where the last step is obtained by applying Courant minimax principle since 0 ≺ (C̃11 )−1
[j,g] 

−1
−1
−1
1 = φ−1
min ((C̃11 )[j,g] ) ≤ φmax ((C̃11 )[j,g] ) = k(C̃11 )[j,g] k ≤ k(C̃11 ) k,

k ) = 1/ω k (k = 1, . . . , K).
the appropriate bound for Var(Xik |X−i
0,ii
By definition and the fact that the columns of Xk are centered and standardized to have mean
zero and unit variance, (C̃11 )[j,g] is the identity matrix of size |g| × |g|. It follows that

−1
corresponding to the group (j, g). By Theorem 4.1 of Basu et al. (2015), it suffices to find
in C̃11
−1
the upper bounds for kC̃11
k, k(C̃11 )−1
[j,g] k, k(C̃22 )[j,g] k and substitute the constant variance σ with

where ξ̃ = R1T ξ.
It remains to select λ and αn to ensure that the direction consistency results hold simultaneously
for all i with probability tending to 1. For any (j, g) ∈ J(Θ0,i ), denote (C̃11 )−1
[j,g] the diagonal block



k C̃21 (C̃11 )−1 ξ̃ [j,g] k ≤ 1 − η,

(j,g)∈J(Θ0,i )

Hence the (j, g)-th diagonal block (C̃11 )[j,g] = (Xgj )T Xgj /n = I2 .
With the above notations, the
Uniform IC in Assumption (A3) is equivalent to saying for all
P
[g]
ξ = ((ξ 1 )T , . . . , (ξ K )T )T ∈ R k |Ik | with
max kξ j k ≤ 1 and all (j, g) ∈
/ J(Θ0,i )

0
 ..
 .
 k1
Xj
g
Xj = 
 0

 .
 ..



g = {k1 , k2 }, the columns of X̃i,(1) that correspond to the group (j, g) is
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P

P
T
k k 2
ξ
C11 ξ
k kX δ k /n
= φmin (C11 ).
=
k∆J(Θ0,i ) kF2
ξT ξ

where ξ = ((ξ 1 )T , . . . , (ξ K )T )T ∈ R k |Ik | such that each ξ k corresponds to the nonzero part of
δ k . If we choose ∆ such that ξ is the eigenvector corresponding to the smallest eigenvalue of C11 ,
then
κ2 (s0 ) ≤

(28)

Since R1−1 = R1T , C11 and C̃11 are similar (there exists a non-singular matrix P such that P −1 C11 P =
C̃11 ) and thus share the same set of eigenvalues. Therefore φmin (C̃11 ) ≥ κ2 (s0 ) and
−1
kC̃11
k ≤ κ−2 (s0 ).

Combining the upper bounds in (25), (26), (27) and (28), Theorem 4.1 of Basu et al. (2015)
implies that if we select λ and αn as in (8) and (9), respectively, the direction consistency results
follow by considering the union bound on all probabilities made across i = 1, . . . , p.
Further, if αn < 1, the direction consistency property of Θ̂i implies exact recovery of all nonzero
entries in the inverse covariance matrices, provided that the sparsity pattern G is correctly specified.
In other words, the set in (3) estimates correctly the true edge set E0k for all k.
The probability statement 1 − 4pG01−q follows from considering the union bound of the above
result over all p regressions.
This completes the proof.

Appendix C. Additional Simulation Results
C.1 Performance with and without maximum likelihood refitting
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In the main paper, we have compared the performance of different methods in estimating multiple
Gaussian graphical models under optimally chosen tuning parameters with the results shown in
Tables 1 and 2. All joint estimation methods were evaluated by adding the maximum likelihood
refitting Step (II) for fair comparisons. To confirm that this is indeed the case, we present in the
following additional simulation results for cases evaluated without the maximum likelihood refitting
step.
Table 5 presents the complete table of deviance measures for various methods considered in simulation study 1. These methods include the separate estimation method Glasso, where the Graphical
lasso by Friedman et al. (2008) is applied to each graphical model separately, joint estimation by
Guo et al. (2011), denoted by JEM-G, the Group Graphical Lasso denoted by GGL by Danaher
et al. (2014), and the structural pursuit method MGGM by Zhu et al. (2014). For the latter three
methods, we also present deviance measures for which the maximum likelihood refitting Step (II)
is not included, denoted respectively by JEM-G1, GGL1 and MGGM1. For the proposed two-step
method JSEM, deviance measures based on Step I only is presented under the name JSEM1. It
is clear from Table 5 that the refitting step generally does not introduce more errors in terms of
structural estimation, but can significantly reduce the estimation errors in Frobenius norm.
Table 6 presents the performance of different regularization methods in estimating multiple
inverse covariance matrices in simulation study 2. Here we observe similar pattern as that in Table
5, which confirms again that contribution from the maximum likelihood refitting step is mainly in
reducing the Frobenius norm loss.
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Method
Glasso
JEM-G1
JEM-G
GGL1
GGL
MGGM1
MGGM
JSEM1
JSEM

FP
35(6)
22(4)
22(4)
18(7)
17(6)
291(14)
286(13)
20(4)
19(4)

SHD
116(5)
62(6)
62(6)
91(7)
90(6)
339(14)
335(13)
54(6)
54(6)

F1
0.32(0.02)
0.69(0.03)
0.69(0.03)
0.44(0.03)
0.44(0.03)
0.26(0.01)
0.26(0.01)
0.73(0.03)
0.73(0.03)
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FN
81(2)
40(4)
40(4)
73(2)
73(2)
47(3)
49(3)
34(3)
35(3)

FL
0.73(< 0.01)
0.28(0.03)
0.28(0.02)
0.70(0.01)
0.29(0.02)
0.69(0.02)
0.64(0.02)
0.71(0.04)
0.25(0.02)

Table 5: Performance of different regularization methods for estimating graphical models in Simulation Study 1: average FP, FN, SHD, F1 and FL (SE) for sample size nk = 50. JEM-G1,
GGL1, MGGM1 and JSEM1 correspond to respective method without the maximum likelihood refitting step. The best cases are highlighted in bold.

C.2 Performance as a function of p and n

Table 7 presents the performance of JSEM for p = 500 and p = 1000 with sample sizes n varying
from 100, 200 to 500. The simulation setup is similar to that in Simulation Study 1: at each p, there
are K = 5 graphical models sharing a single common structure. Individual structures with ρ = 0.1
are added to each graph separately such that about 10% of the edges in each graph are unique to
themselves. It is clear that as the sample size n increases, the performance of JSEM also improves
with smaller structural hamming distances (SHD), higher F1 score (F1) and smaller Frobenius norm
loss (FL). In particular, the number of falsely rejected edges (FN) has decreased significantly.

Appendix D. Real Data Analysis

D.1 Climate data sources and pre-processing

The data we use in this study come from multiple sources and are collected under different resolutions for varying lengths of time periods. Specifically, the sources we consider include:

(1) CRU: Climate Research Unit provides monthly climatology data (http://www.cru.uea.
ac.uk/cru/data) for 10 surface variables including mean temperature (TMP), diurnal
temperature range (DTR), maximum and minimum temperature (TMX, TMN), precipitation
(PRE), vapor pressure (VAP), cloud cover (CLD), rainday counts (WET), potential evapotranspiration (PET) and frost days (FRS) from 1901 to 2013 at the 0.5 degree latitude and
longitude resolution. Note these high-resolution gridded data sets are constructed using not
only directly observed data, but also derived and estimated values with well-known formulae
wherever the observed data are not available (see details in Harris et al., 2014).
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(2) NASA: The Goddard Earth Sciences Data and Information Services Center (GES DISC) from
the National Aeronautics and Space Administration (NASA) has collected aerosol measurements using Moderate Resolution Imaging Spectroradiometer (MODIS) on satellites. The
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Method
Glasso
JEM-G1
JEM-G
GGL1
GGL
MGGM1
MGGM
JSEM1
JSEM
Glasso
JEM-G1
JEM-G
GGL1
GGL
MGGM1
MGGM
JSEM1
JSEM
Glasso
JEM-G1
JEM-G
GGL1
GGL
MGGM1
MGGM
JSEM1
JSEM
Glasso
JEM-G1
JEM-G
GGL1
GGL
MGGM1
MGGM
JSEM1
JSEM

FP
154(4)
87(2)
86(3)
152(3)
144(3)
30(2)
30(2)
22(2)
21(2)
164(3)
94(3)
92(3)
163(3)
155(3)
98(4)
94(3)
33(3)
32(3)
159(3)
101(3)
100(3)
158(3)
149(3)
122(3)
119(3)
50(3)
49(3)
176(4)
95(3)
94(3)
174(4)
165(4)
113(3)
109(3)
52(3)
50(3)

FN
38(1)
36(2)
36(2)
38(1)
39(1)
67(1)
67(1)
42(2)
42(2)
47(1)
57(2)
57(2)
47(1)
48(1)
63(1)
64(1)
64(2)
64(2)
59(1)
77(2)
77(2)
60(1)
61(2)
65(1)
65(1)
83(2)
84(2)
73(2)
109(2)
109(2)
74(2)
76(2)
94(2)
95(2)
122(2)
123(2)

SHD
192(4)
123(3)
122(3)
191(4)
184(4)
97(2)
97(2)
64(3)
63(3)
211(4)
151(3)
149(3)
210(4)
203(3)
161(4)
158(4)
97(3)
96(3)
218(4)
178(3)
177(3)
218(4)
210(4)
187(3)
184(3)
133(3)
132(3)
249(4)
204(4)
203(3)
248(4)
241(4)
207(4)
204(4)
174(4)
173(4)

F1
0.51(0.01)
0.62(0.01)
0.62(0.01)
0.51(0.01)
0.52(0.01)
0.59(0.01)
0.59(0.01)
0.75(0.01)
0.75(0.01)
0.53(0.01)
0.59(0.01)
0.59(0.01)
0.53(0.01)
0.53(0.01)
0.56(0.01)
0.56(0.01)
0.67(0.01)
0.67(0.01)
0.55(0.01)
0.56(0.01)
0.56(0.01)
0.55(0.01)
0.55(0.01)
0.57(0.01)
0.58(0.01)
0.62(0.01)
0.62(0.01)
0.54(0.01)
0.52(0.01)
0.52(0.01)
0.54(0.01)
0.54(0.01)
0.55(0.01)
0.55(0.01)
0.53(0.01)
0.52(0.01)

FL
0.60(0.005)
0.41(0.01)
0.31(0.01)
0.60(0.01)
0.37(0.01)
0.37(0.01)
0.36(0.01)
0.68(0.01)
0.28(0.01)
0.59(0.005)
0.44(0.01)
0.35(0.01)
0.59(0.005)
0.37(0.01)
0.38(0.01)
0.37(0.01)
0.77(0.01)
0.32(0.01)
0.57(0.005)
0.45(0.01)
0.37(0.01)
0.57(0.005)
0.37(0.01)
0.38(0.01)
0.37(0.01)
0.84(0.01)
0.36(0.01)
0.55(0.01)
0.45(0.01)
0.39(0.01)
0.55(0.01)
0.39(0.01)
0.39(0.01)
0.39(0.01)
0.89(0.01)
0.38(0.01)
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Table 6: Performance of different regularization methods for estimating graphical models in Simulation Study 2: average FP, FN, SHD, F1 and FL (SE) for sample size nk = 100. JEM-G1,
GGL1, MGGM1 and JSEM1 correspond to respective method without the maximum likelihood refitting step. The best cases are highlighted in bold.
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n
100
200
500
100
200
500

FP
20(4)
40(5)
49(3)
17(4)
34(5)
77(6)

FN
179(8)
50(3)
36(1)
643(14)
187(9)
80(2)

SHD
200(9)
90(6)
85(3)
661(15)
221(10)
157(5)

F1
0.79(0.01)
0.92(0.005)
0.92(0.002)
0.58(0.01)
0.89(0.005)
0.93(0.002)

FL
0.21(0.01)
0.14(0.01)
0.09(0.003)
0.23(0.005)
0.14(0.005)
0.10(0.003)
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(3) Seasonality and autocorrelation: We reduced the short-term autocorrelation by aggregating
the time series for each variable at each location into bins of 3-month intervals and taking

(2) Interpolation and smoothing: We interpolated the monthly data from NCDC and NOAA onto
a common 2.5 by 2.5 degree grid for North America using thin plate splines. Since the data
from CRU and NASA were provided for a finer resolution grid, thin plate splines were used
to first interpolate the data onto a grid of the same resolution as the source data. Then we
performed spatial averaging to get data on the common 2.5 by 2.5 degree grid.

(1) Normalization: We first transformed each data set into monthly observations in a standard
format including longitude, latitude, altitude (when available), date, variable, value, unit, and
source. We focus on a 54-month time period from January 2001 to June 2005 where data for
all variables are available.

To ensure compatibility and consistency among multiple data sources, we performed the following pre-processing:

(4) NOAA: The climate data center of National Oceanic and Atmospheric Administration (NOAA)
has archived the trace gases data, including carbon dioxide (CO2), carbon monoxide (CO),
methane (CH4) and hydrogen (H2), from 170 worldwide stations (http://www.esrl.
noaa.gov/gmd/dv/ftpdata.html). These data sets consist of measurements spanning different time periods, with CO2 ranging from 1968 to 2013 (the longest) and H2 from
1992 to 2005 (the shortest). In addition, they come with relatively low resolution compared
to other variables due to the limited number of stations.

(3) NCDC: The National Solar Radiation Database (NSRDB) 1991-2010 (a collaborative project
between The National Renewable Energy Laboratory (NREL) and the National Climatic Data
Center (NCDC)) provides statistical summaries for solar data (ftp://ftp.ncdc.noaa.
gov/pub/data/nsrdb-solar/) from 860 different locations across the United States.
The locations are recorded using their latitude, longitude and altitude. We used measurements
for global horizontal radiation (SOL) at 242 class I stations that have high-quality data.

data set obtained from Terra satellite consists of monthly average aerosol optical depth (AER)
at the 1 degree latitude by 1 degree longitude resolution from March 2000 to August 2014.

Table 7: Performance of JSEM as a function of p and n: average FP, FN, SHD, F1 and FL (SE).
The setup is similar to that in Simulation Study 1.

1000

500

p
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first differences on the quarterly data. The resulting data, consisting of 17 measurements, are
assumed to be independent samples for the corresponding variable at the specified location.
The final data are organized as an n × p matrix at each of the 27 locations considered, where
n = 17 and p = 16.
D.2 Additional results in climate modeling

JMLR 17(166):1-48

The inferred networks at the six distinct climate zones using JSEM are presented in Section 5. The
estimated networks at the 27 distinct locations are also presented in Figure 8 for reference. For
notational convenience, we have renamed the climate zones such that BW for Midlatitude Desert,
Cfa for Humid Subtropical, Bsh for Semiarid Steppe (hot arid), Bsk for Semiarid Steppe (cold arid),
Dfa for Humid Continental (hot summer), and Dfb for Humid Continental (warm summer).
The networks in Figure 8 are ordered such that those in the same row belong to the same climate zone; further, networks in the third and forth rows represent those from the Semiarid Steppe
group, whereas networks in the last two rows are all from the Humid Continental group. Such an
ordering respects how the structural information is defined and helps visualize similarities across
networks. Indeed, by comparing networks at locations from geographical south, that is networks
entitled ‘South’, we notice that the interactions between AER, SOL and the remaining variables are
very similar. For example, almost all of them share the edges AER—SOL and SOL—H2, except
at two locations ‘BW South desert 3’ and ‘BW South desert 7’. In contrast, networks from the
geographical north all share the edges AER—H2 and SOL—H2. Further, the interactions between
variables on greenhouse gases (CO2, CO, CH4 and H2) and others have four distinct patterns at the
four distinct climate groups. For example, greenhouse gases interact with VAP for the desert group,
whereas they interact with CLD in the subtropical group. The partial correlation between CLD and
greenhouse gases at subtropical climate makes sense because such humid areas are more likely to
be cloudy, thereby influencing the concentration of CO2 (Graham et al., 2003). Finally, variables
excluding AER, SOL and those on greenhouse gases show distinct interaction patterns with others
at the six distinct climate zones. In particular, one can see that the variable FRS interacts mainly
with PET at Desert and Steppe climate, whereas it is partially correlated with both PRE and TMN
(or TMX) at Continental climate. This can be explained from the distinction between these climate
zones. At Humid Continental climate, precipitation is relatively well distributed year-round in most
areas and snowfall occurs in all areas. It is thus not difficult to see why precipitation (PRE) and
temperature related variables correlate with the number of frost days (FRS). Further, a primary criterion of an area being Midlatitude Desert or Semiarid Steppe is that it receives precipitation below
potential evapotranspiration (PET), which possibly explains why FRS is partially correlated only
with PET for Desert and Steppe climate. We also point out that networks at adjacent climate zones
are very similar. For example, networks at ‘Bsh Steppe’ and ‘Bsk Steppe’ share similar topologies.
As a comparison, we also applied other joint estimation methods JEM-G, GGL and MGGM on
the same data set. For each of the three methods considered here, we used BIC on the normalized
data to select the optimal tuning parameters and coupled each method with complementary pairs
stability selection (Shah and Samworth, 2013) to infer the related climate networks. As in the case
of JSEM, we run each method 50 times on two randomly drawn complementary pairs of size 8 and
9 and kept only edges that are selected above a certain threshold. The selection probability used for
JSEM is 70%. However, as the second simulation study indicates JEM-G and GGL tend to produce
higher false positives, especially GGL, we increased the probability threshold for JEM-G and GGL
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Figure 8: Estimated climate networks at the 27 locations using JSEM, with edges shared across all
locations solid and differential edges dashed.
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We include here some additional lemmas and proofs necessary for establishing the theoretical results
in Section 3.
The first lemma is borrowed from Basu et al. (2015, Lemma A.2). We state the result here for
completeness. Please refer to their paper for proof of the lemma.

Appendix E. Additional Technical Details

We have presented the inferred pathway level networks under both ER+ and ER- status using
JSEM in the main paper. As a comparison, we applied JEM-G with tuning parameters selected
via BIC to the same normalized and processed data set. To ensure a stable estimation, we further

D.3 Additional results in analysis of breast cancer

coupled JEM-G with complementary pairs stability selection (Shah and Samworth, 2013). Figure 12 shows the pathway level interactions estimated from JEM-G at selection frequency 70%,
after removing isolated pathways. One striking difference between Figure 12 and Figure 7 is that
Figure 12 sees more edges shared across the two classes (in blue). This is partly due to how JEM-G
is implemented directly via the sample covariance matrices and partly to JEM-G being an agnostic
method.
We also present estimated gene-level networks (with isolated genes removed) using both JEM-G
and JSEM in Figure 13. Similar to what we observe in the pathway level network comparison, the
JEM-G recovered gene networks show more edges shared between the two classes. In comparison,
JSEM recovers more differential edges for the ER+ class. Apart from the differences, we also
observe some similarities between the estimated gene networks. For example, both methods identify
a small hub around the gene SFRP1, indicating their potential in regulating the underlying biological
process.
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to 90% and 100%, respectively. On the other hand, we reduced the threshold for MGGM to 50%
due to the relatively few edges recovered. The results are shown in Figure 9, 10 and 11.
One can see clearly that the estimated networks using the three methods exhibit quite different
connectivity patterns from those inferred from JSEM. In particular, the results from GGL seem to
suggest strong conditional dependence among a subset of variables, which distinguishes itself from
JEM-G and JSEM. The estimated networks using MGGM, though sparse, bear certain similarity to
those recovered using GGL. On the other hand, the results from JEM-G and JSEM are more similar.
For example, common edges identified using JEM-G, such as TMN—TMP, TMP—TMX, PRE—
WET, also show up under JSEM. The common edge between CLD and CO2 is found at all locations
except Midlatitude Desert under JSEM, whereas the edge between PET and SOL identified using
JSEM exists everywhere except at Semiarid Steppe (cold arid) under JEM-G. Note although JEMG does not require external information on the structural relationships across graphs, the inferred
networks respect roughly the spatial pattern of all climate zones. For instance, Humid Continental
(hot summer and cool summer) are more similar.
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Figure 10: Estimated climate networks at the six distinct climate zones using GGL, with edges
shared across all locations solid and differential edges dashed.
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Figure 9: Estimated climate networks at the six distinct climate zones using JEM-G, with edges
shared across all locations solid and differential edges dashed.
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Figure 11: Estimated climate networks at the six distinct climate zones using MGGM, with edges
shared across all locations solid and differential edges dashed.

[g]

(29)

g
g
g
Aij
, where Aij
= {2kζ ij k ≤ λij
} and ζ ij is

[g]

Lemma E.1 Let Zk×1 ∼ N (0, Σ). Then for any t > 0, the following inequalities hold:


√ p

2t2
, EkZk ≤ k kΣk.
P kZk − EkZk > t ≤ 2 exp − 2
π kΣk

i,j6=i,g

T

The next lemma provides a concentration bound for the random event A used in the proof of
Theorem 1.

Lemma E.2 Consider the random event A =

defined in Section A.1 of the Appendix. For each combination of (i, j 6= i, g), choose


p
π p
|g| + √
q log G0 .
2
2
g
λij
≥ max q
k∈g
k
nω0,ii

For any 3-tuple of (i, j 6= i, g), it

where q > 1 and G0 is the maximum number of groups in all regressions. Then

g c
P({Aij
} ).

P(A) ≥ 1 − 2pG01−q .
P

Proof By Bonferroni inequality, P(Ac ) ≤

i,j6=i,g
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g c
} ). Denote Ψjk = (Xjk )T Xjk /n and Φjk = Xjk (Xjk )T /n,
suffices to find an upper bound for P({Aij

39

●

mapk

●

tgf_beta
●

●

pyrimidine
●

●

glutathione

●

mtor
●

p53
●

cell_cycle

●

tryptophan

●

●

●
lysine

●

valine_leucine_and_isoleucine

●

beta_alanine

●

arginine_and_proline
ppar
●

adipocytokine
●

●
glycolysis_gluconeogenesis

nod_like
●

●

cysteine_and_methionine

●

phosphatidylinositol
●

wnt

●

fructose_and_mannose

●

galactose

chemokine

starch_and_sucrose
jak_stat

●

fatty_acid

M A AND M ICHAILIDIS

toll_like

rig_i_like
●

●

t_cell

calcium
● hedgehog
●

erbb
glycine_serine_and_threonine

gnrh
●

●
notch

fc_epsilon_ri
●

●

amino_sugar_and_nucleotide_sugar

Figure 12: Estimated pathway networks for the ER+ and ER- classes using JEM-G, with edges
shared blue solid and differential edges red dashed (ER+) / green dashed (ER-).

k∈g

k
ζij

=

k∈g

k∈g

1X k T k k k T k
1
(εi ) Q1 γj (Q1 ) εi = kZ [g] k2 ,
n
n

k∈g

both of rank 1. The eigendecomposition of Φjk is Φjk = Qk Vk (Qk )T , where Qk is the orthogonal
matrix whose columns are the eigenvectors of Φjk and Vk is the diagonal matrix whose diagonal
elements are the corresponding eigenvalues. It is clear that the only non-zero eigenvalue of Φjk is
given by γjk = kXjk k2 /n = 1. Let Q1k be the eigenvector corresponding to γjk . Therefore
X  2 X 1
1X k T k k k T k
[g]
(εk )T Xjk (Xjk )T εik =
(εi ) Q V (Q ) εi ,
n2 i
n
kζ ij k2 =

=
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k and Var(Z [g] )
where Z [g] = (Z k )
with Z k = (Qk )T εk . By definition of εik , Var(Z k ) = 1/ω0,ii
k∈g
1
i
k )
k
k0
is a diagonal matrix with the diagonal (1/ω0,ii
k∈g . Note that the independence of Z and Z (k 6=
0
k 0 ) comes from the fact that εk and εk are independent. Therefore
i
i
√
√ g
g c
g
P({Aij
} ) = P(kZ [g] k/ n > λij
/2) = P(kZ [g] k − EkZ [g] k > nλij
/2 − EkZ [g] k).
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λgij ≥ max q
k∈g
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nω0,ii
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P({Agij }c ) ≤ 2pG1−q
0 ,



p
π p
|g| + √
q log G0 ,
2

i=1 j6=i g∈G ij

or equivalently, P(A) ≥ 1 − 2pG1−q
0 .

P(Ac ) ≤



p X X
X

by Lemma E.1. With the above choice of λgij ,

and is satisfied if

JMLR 17(166):1-48

Choose λgij such that the right-hand side of above inequality is less than 2G−q
0 for some positive
parameter q. Then


q
π p
2
λgij ≥ √
EkZ [g] k + √
q log G0 kVar(Z [g] )k ,
n
2

√
P({Agij }c ) ≤ P(|kZ [g] k − EkZ [g] k| > nλgij /2 − EkZ [g] k)

!2 
√ g


nλij
2
[g]
≤ 2 exp − 2
−
EkZ
k
.
 π kVar(Z [g] )k

2

Applying Lemma E.1,

Figure 13: Estimated gene networks combined using JEM-G (left) and JSEM (right), with edges
shared between ER+ and ER- blue solid and differential edges red dashed (ER+) / green
dashed (ER-).
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k=1

j6=i g∈G ij

X X

M(Θ̂i ) ≤

k∈g

k=1

o1/2
≤

[g]

2

,



[g]
[g]
[g]
λgij min kθ ij k, kθ̂ ij − θ ij k ,

3λgij

(j,g)∈J(Θi )

X

[g]

λgij kθ̂ ij − θ ij k

K
4φmax X 1
k
kXk (θ̂ − θ k0,i )k2 ,
2
n −i i
λmin

k

hn−1 Xkj , Xk−i (θ̂ i − θ k0,i )i2

K
X
1
kXk (θ k − θ k0,i )k2 + 4
n −i i

nX

≤

k

kXk−i (θ̂ i − θ k0,i )k2 +

(32)

(31)

(30)

j6=i g∈G ij

k

n

X1

j6=i g∈G ij

k

kXk−i (θ̂ i − θ k0,i )k2 =

k

)c

[g]

λgij kδ j k ≤ 3

(j,g)∈J(Θ0,i )

X

[g]

λgij kδ j k,

(33)

(j,g)∈J(Θ0,i )

X

B2 ≤ 4

(j,g)∈J(Θ0,i )

X

[g]

≤4

λgij kδ j k ≤4

n

n

(λgij )2
(λgij )2

42

(j,g)∈J(Θ0,i )

X

(j,g)∈J(Θ0,i )

X

κ

o1/2 B

,

X

(j,g)∈J(Θ0,i )

[g]

kδ j k2 .

o1/2 

Combing (33) and the Cauchy-Schwarz inequality, we obtain

B 2 ≥ κ2 k∆J k2F = κ2

1/2

(36)

(35)
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[g]

kδ j k2

(34)

which implies that ∆ ∈ F, the restricted set defined in Assumption (A1). Under Assumption (A1)
with κ = κ(s0 ), one has

(j,g)∈J(Θ0,i

X

[g]

λgij kδ j k,

where the second inequality follows from setting Θi = Θ0,i in (30). Therefore

X

kXk δ k k2 .

(j,g)∈J(Θ0,i )

n

X1

On the event A, we have
X X g [g]
X X g [g]
λij kδ j k ≤ B 2 +
λij kδ j k ≤ 4

B 2 :=

where λmin and φmax are defined in Proposition A.1.
k − θk
k
Let ∆ = (δ 1 , . . . , δ K ) be a matrix in M(p, K) such that δjk = θ̂ij
0,ij for j 6= i and δi = 0
2
for all k. We would like to first find an upper bound for B , where

k=1

n

K
X
1

Proof For all Θi ∈ M(p − 1, K), using a similar argument to that in Lemma 3.1 of Lounici et al.
(2011), it is straightforward to verify the following:

Proof of Proposition A.1
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g 2
(λij
) .

(j,g)∈J(Θ0,i )

where the last inequality in (36) comes from (34). Canceling out the extra B in (36), we get
X
X
1
16
k
k
B2 =
kXk (θ̂ − θ 0,i
)k2 ≤ 2
n −i i
κ

k

kδ j k ≤

λmin

g 2
(λij
) .

λmin

o1/2

g
λij
kδ j k

g 2
(λij
)
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X

g 2
(λij
) .
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X
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X
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X
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(37)

To show the inequality in (11), we note by (33), the Cauchy-Schwarz inequality, (34) and (37),
X X
X
1 X X
4
[g]
[g]
[g]
j6=i g∈G ij

4 n
≤
λmin

16
κ2 λmin

4 Bn
≤
λmin κ

≤
(j,g)∈J(Θ0,i )

4φ
64φmax
max
B2 ≤ 2 2
2
λmin
κ λmin

(12) follows readily from (32) and (37)
M(Θ̂i ) ≤

`

[g]
g
X λij
kδ j k
(j,g)∈J0c

.

P

2
[g]
g
λij
kδ j k
`2

(j,g)∈J0c

(j,g)∈J0
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si
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si

9
si

X

(j,g)∈J0
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g 2
(λij
) k∆J01 kF2 ,

g 2
(λij
) k∆J0 kF2
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9  X g [g] 2
≤
λij kδ j k
si

≤
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(38)

Finally, we prove (13). Let J0 = J(Θ0,i ) and J1 denote the set of indices in J0c corresponding
[g]
g
to the si largest values of λij
kδ j k. The dependence of J0 and J1 on i is made implicit here for
clarity. Let J01 = J0 ∪ J1 . So |J01 | ≤ 2si . Let (j` , g` ) be the index of the `th largest element of the
[g]
g
set {λij
kδ j k : (j, g) ∈ J0c }. Then
[g ]

g`
λij
k∆ij`` k ≤
`


2
[g]
g
λij
kδ j k ≤

Combining with the fact that ∆ ∈ F, we have on the event A,
X

c
(j,g)∈J01

43

2
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X
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where (38) comes from the Cauchy-Schwarz inequality. It follows immediately that

Hence

≤

≤k∆J01 kF2 +

kΘ̂i − Θ0,i kF2 =

n X

(j,g)∈J0

Now we bound k∆J01 kF . Note (35) implies that
B2 ≤ 4

k∆J01 kF2 ≤

(j,g)∈J0
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4 n X
g 2
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o1/2
4 n X
B2
g 2
≤ 2
(λij
)
k∆J01 kF ,
κ2 (2s0 )
κ (2s0 )

Further we have B 2 ≥ κ2 (2s0 )k∆J01 kF2 under Assumption (A1) with s = 2s0 . So

which implies
k∆J01 kF ≤

kΘ̂i − Θ0,i kF2 ≤

Plugging the bound in (40) into (39), we obtain

or equivalently
kΘ̂i − Θ0,i kF ≤
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To bound the size of the estimated edge set Ê k , we notice if there exists (i, j, k) such that
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6 0, then θ̂ ij 6= 0, where g 3 k. Hence M(θ̂ i ) ≤ M(Θ̂i ) for all k. By (12), the upper bound
=
for Ê k is thus
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Under Assumption (A1) with s = 2s0 , applying Proposition A.1 with
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Learning risk scores to predict dichotomous or continuous outcomes using machine learning
approaches has been studied extensively. However, how to learn risk scores for time-to-event
outcomes subject to right censoring has received little attention until recently. Existing
approaches rely on inverse probability weighting or rank-based regression, which may be
inefficient. In this paper, we develop a new support vector hazards machine (SVHM)
approach to predict censored outcomes. Our method is based on predicting the counting
process associated with the time-to-event outcomes among subjects at risk via a series of
support vector machines. Introducing counting processes to represent time-to-event data
leads to a connection between support vector machines in supervised learning and hazards
regression in standard survival analysis. To account for different at risk populations at
observed event times, a time-varying offset is used in estimating risk scores. The resulting
optimization is a convex quadratic programming problem that can easily incorporate nonlinearity using kernel trick. We demonstrate an interesting link from the profiled empirical
risk function of SVHM to the Cox partial likelihood. We then formally show that SVHM
is optimal in discriminating covariate-specific hazard function from population average
hazard function, and establish the consistency and learning rate of the predicted risk using
the estimated risk scores. Simulation studies show improved prediction accuracy of the
event times using SVHM compared to existing machine learning methods and standard
conventional approaches. Finally, we analyze two real world biomedical study data where
we use clinical markers and neuroimaging biomarkers to predict age-at-onset of a disease,
and demonstrate superiority of SVHM in distinguishing high risk versus low risk subjects.
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For non-censored outcomes, supervised learning plays an important role for risk prediction. In many applications, a large number of input variables with known output values are
used to learn an unknown functional relationship between the inputs and outputs through
a suitable algorithm, and the learned functional is used to predict the output value for future subjects from their input variables (Steinwart and Christmann, 2008). Many learning
approaches have been developed for standard classification and regression problems, such
as kernel smoothing, support vector machines (SVM), projection pursuit regression, neural
network, and decision trees (Hastie et al., 2009). In particular, support vector machine is
among one of the most popular and successful learning methods in practice (Mogueraza and
Munoz, 2006; Orru et al., 2012). From the training data, support vector machine finds a hyperplane that separates the data into two classes as accurately as possible and has a simple

Learning risk scores for binary or continuous outcomes are examined extensively in statistical learning literature (Hastie et al., 2009). However, learning risk scores for occurrence
of an event subject to censoring is much less explored. Existing work on survival analysis
focuses on estimating population-level quantities such as survival function or association
parameters through hazard function. For example, the most popular model for the timeto-event analysis is the Cox proportional hazards model (Cox, 1972), which assumes the
hazard ratio between two subjects with different covariate values stays as a constant as time
progresses. A Cox partial likelihood function is maximized for estimation. When the proportional hazards assumption is violated, several alternative models have been proposed in
statistics literature, including the proportional odds model (Bennett, 1983), the accelerated
failure time model (Buckley and James, 1979), the linear transformation models (Dabrowska
and Doksum, 1988; Cheng et al., 1995; Chen et al., 2002), and more recently general transformation models (Zeng and Lin, 2006, 2007). The above models are all likelihood-based which
impose certain parametric or semiparametric relationship between the underlying hazard
function and the covariates. In addition, they are designed to estimate the population-level
parameters for the association between covariates and the time-to-event outcomes (and thus
uses likelihood as the optimization function), but do not directly focus on individual risk
scores for predicting an event time.

Time-to-event outcome is of interest in many scientific studies in which right censoring occurs when subjects’ event times are longer than the duration of studies or subjects drop out
of the study prematurely. One important goal in these studies is to use baseline covariates
collected on a newly recruited subject to construct an effective risk score to predict likelihood an event of interest. For example, in one of our motivating studies analyzed in Section
4.2 (PREDICT-HD, Paulsen et al. 2008a), the research aim is to combine neuroimaging
biomarkers with clinical markers measured at the baseline to provide risk stratification for
time-to-onset of Huntington’s disease (HD) to facilitate early diagnosis, where subjects who
did not experience HD during the study had censored HD onset time. This critical goal
of identifying prognostic markers predictive of disease onset is shared by research communities on other neurological disorders such as Alzheimer’s disease and Parkinson’s disease,
and recognized as one of the primary aims in research initiatives such as Alzheimer’s Disease Neuroimaging Initiative (Mueller et al., 2005) and Parkinson’s Progression Markers
Initiative (Marek et al., 2011).

1. Introduction
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geometric interpretation. In addition, the algorithm can be written as a strictly convex optimization problem, which leads to a unique global optimum and incorporates non-linearity
in an automatic manner using various kernel machines. By reformulating the algorithm
into a minimization of regularized empirical risk, Steinwart (2002) established the universal consistency and learning rate on some functional space. Support vector machines have
also been applied to continuous outcomes through regression (Smola and Schölkopf, 2004),
multicategory discrete outcomes (Lee et al., 2004), and structured classification problems
(Wang et al., 2011).
For time-to-event outcomes, right censoring makes developing supervised learning techniques challenging due to missing event times for censored subjects and a lack of standard
prediction loss function. Ripley and Ripley (2001) and Ripley et al. (2004) discussed models
for survival analysis based on neural network. Bou-Hamad et al. (2011) reviewed survival
tree approaches in the recent work as non-parametric alternatives to semiparametric models. Compared to survival trees, effectively extending the support vector–based methods
to censored data is still an on-going research. Shivaswamy et al. (2007) and Khan and
Zubek (2008) proposed asymmetric modifications to the -insensitive loss function of support vector regression (SVR) to handle censoring. Specifically, they penalized the censored
and non-censored subjects using different loss functions to extract incomplete information
due to censoring. Van Belle et al. (2010) proposed a least-squares support vector machine,
where they adopted the concept of concordance index and added rank constraints to handle
censored data. In their method, the empirical risk of miss-ranking two data points with
respect to their event times was minimized. Furthermore, Van Belle et al. (2011) conducted
numerical experiments to compare some recent machine learning methods for censored data
and proposed a modified procedure to adjust for censoring based on both rank and regression constraints. Their results indicate that including two types of constraints performs
the best regarding the prediction accuracy. None of the above methods has theoretical
justification and the relationship between their objective loss functions to be minimized
and the goal of predicting survival time remains unclear. The rank-based methods only use
feasible pairs of observations whose ranks are comparable so that it may result in potential
selection bias when constructing prediction rules, especially when the censoring mechanism is not completely at random (e.g., censoring time depends/correlates with a subject’s
covariates). Recently, Goldberg and Kosorok (2013) used inverse-probability-of-censoring
weighting to adapt standard support vector methods for complete data to censored data.
However, inverse weighting is known to be inefficient (Robins et al., 1995) due to the fact
that it discards useful information for some subjects known to survive longer than observed
times, and in addition, this method may exhibit severe bias when the censoring distribution
is misspecified. Additionally, the weights used in the inverse weighting can be large in some
situations, and computation of Goldberg and Kosorok (2013) becomes numerically unstable
and even infeasible.
In this work, we propose a new support vector hazards machine (SVHM) framework
to learn risk scores for survival outcomes using the concept of counting process. We aim
to maximally separate event and no-event subjects among all subjects at risk, and allow
censoring times to depend on covariates without modeling the censoring distribution. One
major challenge in predicting censored event times is the difficulty of defining a sensible loss
function for prediction. Because of the equivalence of an event time to its counting process,
3
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if a prediction rule can adequately predict the event time, the same rule should also predict
the counting process at any given time that a subject is still at risk. We propose a flexible
nonparametric decision function with an additive structure for the counting process, which
gives the desirable risk scores but also includes a time-varying offset to account for different
at-risk population as time progresses. Empirically, we transform the prediction of an event
time to predicting a sequence of binary outcomes for which algorithm such as support vector
machine (SVM) is standard and commonly used. This transformation allows for the successful statistical learning tools designed for classification and prediction of binary outcomes to
be used for censored outcomes without modeling the censoring distribution. The developed
algorithm formulation is similar to the standard support vector machines and can be solved
conveniently using any convex quadratic programming packages. In addition, theoretical
analysis shows that the optimal rule obtained from SVHM is equivalent to maximizing
the difference between the instantaneous subject-specific hazards and population-average
hazard, which intuitively links SVHM to the commonly used hazards regression models in
traditional survival analysis. The profile loss shares similarity with Cox partial likelihood.
Under some regularity conditions, we show the universal consistency of SVHM and derive
corresponding finite sample bounds on the deviation from the optimal risk. Numeric simulations and applications to real world studies show superior performance in distinguishing
high risk versus low risk subjects.

2. Learning Risk Scores with SVHM

In this section, we first introduce the population loss function that SVHM aims to optimize
with infinite sample and its corresponding Bayes risk. Next, we lay out the algorithm to
empirically learn the risk scores and assess the empirical risk.

2.1 Review of Survival Analysis and Introduction of Counting Process
Framework for SVHM

JMLR 17(167):1-37

We begin by briefly introducing basic concepts and notation of classical survival analysis
(c.f. Fleming and Harrington, 1991). Survival analysis focuses on using covariates to predict
time to event outcomes. The events of interest can be death, diagnosis of a disease, onset
of cancer metastasis, or failure of a machine component. An event time of interest (i.e.,
age at onset of a disease) is usually denoted by T , and a vector of baseline covariates (e.g.,
genomic risk factors) is denoted by X. The main goals of survival analysis are to understand
association between X and T or predicting T from X. A fundamental problem of survival
analysis is to deal with incomplete observation of T due to that the event may not occur in
some of the subjects due to study termination or subjects dropping out of the study. For
example, in a study on predicting time to cancer metastasis, some subjects may not develop
metastasis by the end of study period, and thus their T is not observed. These subjects are
termed as being censored and their time to study termination is termed as censoring time,
usually denoted by C. For each subject in the study, we observe either their event time T
or censoring time C, whichever is smaller. This observation is usually denoted by Ti ∧ Ci ,
where the operator (a ∧ b) denotes taking minimum of a and b. A usual assumption in
survival analysis is that the censoring time C is independent of T given covariates X. From
a random sample of n subjects, the observed data consist of {Ti ∧ Ci , ∆i = I(Ti ≤ Ci ), Xi }

4

(1)

5

JMLR 17(167):1-37

where Y (t) and X are the at risk process and covariates for a subject drawn from the
population, respectively, and dN (t) denotes the number of jumps of the counting process
N (t) in a small time interval [t, t + dt). Equivalently, dN (t) = 1 if T ∈ [t, t + dt) and
dN (t) = 0 otherwise, so it is a binary variable taking value one if an event occurs in the
interval [t, t+dt) for subjects who are still at risk for experiencing an event. Thus, summing
above loss function over subjects counts the number of at-risk subjects miss-classified by
the prediction rule f (t, X). The above prediction loss can be viewed as a natural extension
of the 0-1 loss for binary case to capture the same information for an at-risk subject in a
survival analysis: if the prediction function and the observed counting process at time t
are inconsistent, a loss is incurred. However, at any time t, the probability of dN (t) = 1
is almost zero as compared to the probability of dN (t) = 0, which implies that the above
prediction loss is completely dominated by non-event subjects in the risk set. In order to
balance the contribution from subjects with and without events at any given time, borrowing
from the weighted SVM for unbalanced classes, a sensible prediction loss is the following

where both α(·) and g(·) are unknown nonparametric functions, g(x) is the risk score, and
α(t) is the time-varying offset. To understand (1), consider a risk score function at time t
for a subject with X = x: if this subject is still at risk at time t, we predict the subject
to experience the event at the next immediate time point if f (t, x) > 0, and predict as
event-free if f (t, x) ≤ 0. Thus, within a small time interval [t, t + dt), where dt denotes a
positive infinitesimal unit, a natural prediction loss counting rate of risk-misclassification is
given by
Y (t)dN (t)I(f (t, X) < 0) + Y (t)(1 − dN (t))I(f (t, X) ≥ 0),

f (t, x) = α(t) + g(x),

(2)

6

Rn (f ) + λn kf k2 ,
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where the term Yi (tj ) reflects that only subjects still at risk will contribute towards prediction.
Directly minimizing (3) is difficult due to non-smoothness of the 0-1 loss in the indicator
function. Furthermore, no restriction on the complexity of f leads to potential overfitting.
To handle these issues, we adopt the same idea as SVM for supervised learning to replace
the 0-1 loss in (1) by the hinge loss, and impose regularization to estimate f . Specifically,
we propose to minimize the following regularized SVHM loss:

i=1 j=1

Note that the weights wi (tj ) are the empirical version of the weights used in (2) with similar
interpretation as the reciprocal of the empirical probability of remaining event free or experiencing an event at the observed event time. Such weights balance the differential size of
event class and non-event class at time tj . Then an optimal decision function that minimizes
the empirical version of R0 (f ) is to minimize the following weighted total misclassification
error:
m
n X
X
R0n (f ) = n−1
wi (tj )Yi (tj )I(δNi (tj )f (tj , Xi ) < 0),
(3)

so δNi (tj ) takes values 1 or −1 depending on whether the ith subject experiences an event
at tj or not. Learning f (t, x) becomes a sequence of binary classification problems over
tj ’s. Furthermore, at each tj and for subject i at risk at tj , we use the following weight
associated with the risk set size at tj :




1
1
wi (tj ) = I {δNi (tj ) = 1} 1 − Pn
+ I {δNi (tj ) = −1} Pn
.
i=1 Yi (tj )
i=1 Yi (tj )

where the expectation is with respect to random variables Y (t) and dN (t). Our goal of
learning a prediction rule for T , or equivalently, N (t), based on the censored data is to
minimize the population loss R0 (f ).
To define the empirical loss, suppose there are m distinct ordered event times, t1 < t2 <
. . . < tm . We let
δNi (tj ) ≡ 2(Ni (tj ) − Ni (tj −)) − 1

This weighting scheme can also be understood in the context of nested case-control design.
That is, select one subject from the event class, {i : dNi (t) = 1}, at this interval and another
subject from the non-event class, {i : dNi (t) = 0}, using E[dN (t)]/E[Y (t)] as the sampling
weights for the latter. Consequently, an overall weighted prediction loss for the proposed
SVHM, which is the expectation of (2) and ignores infinitesimal terms, is
Z
 Z
E (Y (t)I [f (t, X) ≥ 0])
R0 (f ) = E
Y (t)I [f (t, X) ≤ 0] dN (t) +
E(dN (t)),
E(Y (t))

E[dN (t)]
Y (t)(1 − dN (t))I(f (t, X) ≥ 0).
E[Y (t)]

weighted loss, where the ratio of weights for two unbalanced classes is proportional to
E[dN (t)]/E[Y (t)]:

for i = 1, . . . , n, where I(·) is an indicator function and I(Ti ≤ Ci ) is thus the event
indicator. The central quantity of interest in a survival analysis is occurrence of an event
over time. Such occurrences are equivalent to point processes described by counting the
number of events as they occur by certain time point, termed as counting processes. That is,
a counting process of the event on subject i counts the number of events that have occurred
up to, and including t, and is denoted as Ni (t) = I[(Ti ∧ Ci ) ≤ t]. Corresponding to the
counting process for the events, the at-risk process counts subjects who have not yet had
an event by time t and thus who are still “at risk” of experiencing an event. Such process
is denoted by Yi (t) = I[(Ti ∧ Ci ) ≥ t].
The fundamental idea to learn risk scores for T to distinguish high risk versus low risk
subjects is to equivalently learn risk scores for the counting process associated with T at
each time point. Since the latter can be treated as a sequence of binary outcomes (event
vs. no event) over time, it motivates one to reformulate the problem as deriving the risk
score for predicting the jumps of the counting process over a sequence of time points among
subjects still at risk at those times. This amounts to developing a classification rule to
predict whether a subject will experience an event in the next immediate time point given
that the subject has not yet experienced an event. To account for different risk sets as time
progresses (i.e., risk set at time t is the subset of subjects with Yi (t) = 1) , it is necessary to
include a time-varying offset for the nonparametric risk score. Thus, consider the following
general form at time t for a subject with X = x,
Y (t)dN (t)I(f (t, X) ≤ 0) +
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n X
m
X

wi (tj )Yi (tj )[1 − f (tj , Xi )δNi (tj )]+ ,

Support Vector Hazards Machine

with Rn (f ) ≡ n−1
i=1 j=1

(4)

where [1 − x]+ = max(1 − x, 0) is the hinge loss, k · k is a suitable norm or semi-norm for
f to be discussed in the following sections, and λn is the regularization parameter. This
minimization is equivalent to maximizing the margin between subjects in the event and nonevent classes subject to an upper bound on the misclassification rate. Since this learning
method is a weighted version of the standard support vector machines and learning f (t, x)
is essentially learning the hazard rate function, we refer our proposed method as “support
vector hazards machine”.
2.2 Learning Algorithm

m

i=1 j=1

m

1 XX
2
wi (tj )Yi (tj )[1 − (α(tj ) + g(Xi ))δNi (tj )]+ + λn kgkH
,
n
n

n

(6)

(5)

Next, we describe the computational algorithm to solve the optimization in (4). We do not
impose any restriction on α(t), and assume g(x) lies in a reproducing kernel Hilbert space
Hn with a kernel function K(x, x0 ). Commonly used kernels include linear kernel, where
K(x, x0 ) = hx, x0 i; radial basis kernel, where K(x, x0 ) = exp(−kx − x0 k2 /σ); and lth-degree
polynomial kernel, where K(x, x0 ) = (1 + hx, x0 i)l . Furthermore, let kf k = kgkHn which is
the norm in the reproducing kernel Hilbert space Hn . The minimization in (3),
α,g

min
is equivalent to
n

≥ 0, i = 1, · · · , n, j = 1, · · · , m,

i=1 j=1

XX
1
2
+ Cn
wi (tj )Yi (tj )ζi (tj ),
min kgkH
n
2
α,g

subject to

Yi (tj )ζi (tj )

Yi (tj )δNi (tj ){α(tj ) + g(Xi )} ≥ Yi (tj ){1 − ζi (tj )}, i = 1, · · · , n, j = 1, · · · , m,

n

m

n

m

i=1 j=1

γij [Yi (tj )δNi (tj ){α(tj ) + g(Xi )} − Yi (tj ){1 − ζi (tj )}],

i=1 j=1

XX
XX
1
2
kgkH
+ Cn
wi (tj )Yi (tj )ζi (tj ) −
µij Yi (tj )ζi (tj )
n
2
m
n X
X

where the value ζi (tj ) is the proportional amount by which the prediction is on the wrong
side of its margin at time tj , and Cn is the cost parameter.
The constrained optimization in (6) is usually solved by turning it into its dual form
(through including Lagrange multipliers of the constraints into the objective function). We
convert the above problem to its dual form by using the corresponding Lagrangian function
Lp =
−

i=1 j=1

JMLR 17(167):1-37

where µij ≥ 0 and γij ≥ 0 are the correspondingP
Lagrange multipliers. Let {φ1 , φ2 , ...} be
∞
the orthornomal basis system in Hn and g(X) = k=1
βk φk (X). Then after differentiating
7

i=1 j=1

n X
m
X
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γij Yi (tj )δNi (tj ) = 0,

γij Yi (tj )δNi (tj )φk (Xi ), k = 1, 2, · · · ,

the Lagrangian function with respect to β’s, α(tj )’s and ζi (tj )’s, we obtain
βk =

n
X

i=1

Cn wi (tj )Yi (tj ) − µij Yi (tj ) = γij Yi (tj ), i = 1, · · · , n, j = 1, · · · , m,

n X
m
X

i=1 j=1

γij Yi (tj ) −

n

m

m

i=1 i =1 j=1 j =1

1 XXXX
γij γi0 j 0 Yi (tj )Yi0 (tj 0 )δNi (tj )δNi0 (tj 0 )K(Xi , Xi0 ),
2
0
0

n

as well as the positivity constraints
P∞γij , µij , ζi (tj ) ≥ 0 for all i and j. By substituting
φk (Xi )φk (X) = K(Xi , X) (Theorem 4.2, Steinwart
these back to Lp and noting that k=1
(2002)), we obtain the dual objective function to be
LD =

i=1 j=1

n X
m
X

γ
bij Yi (tj )δNi (tj )φk (Xi ), k = 1, 2, · · · .

(7)
and the optimization is carried
Pn out by maximizing LD with respective to γij subject to
0 ≤ γij ≤ wi (tj )Cn and
i=1 γij Yi (tj )δNi (tj ) = 0 for i = 1, . . . , n and j = 1, . . . , m.
This optimization can be solved using quadratic programming packages available in many
softwares (for example, MOSEK toolbox in Matlab). The tuning parameter Cn is chosen
by cross-validation searching over a grid of values. Denote γ
bij as the solutions for γij
obtained from the optimization procedure in (7). Comparing (7) with existing standard
support vector machine algorithms, we see that the objective function sums across all atrisk subjects and across all time points for which they are at risk. Constraints are placed
on those subjects and time points.
Next, from the equalities between βk ’s and γij ’s in the above duality derivation, the
solutions for βk (denoted as βbk ) are given by
βbk =

∞
X
k=1

n X
m
X

γ
bij Yi (tj )δNi (tj )

∞
X

k=1

γ
bij δNi (tj )K(x, Xi ).

i=1 j=1

i=1 j=1

n X
m
X

βbk φk (x) =

φk (Xi )φk (x)

Thus, the solution for g that minimzies (5), which is the risk score for a future subject with
baseline covariates x, is
gb(x) =

=

It follows that those data points with γ
bij > 0 form support vectors and determine g(X).
Furthermore, to determine the solution to α(tj ) at each tj , denoted by α
b(tj ), we solve
the Karush-Kuhn-Tucker (KKT) conditions
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γij [Yi (tj )δNi (tj ){α(tj ) + g(Xi )} − Yi (tj ){1 − ζi (tj )}] = 0,

8

{1 − gb(Xi )} ≥ α̂(tj ) ≥

max

Yi (tj )=1,γ̂ij =Cn wi (tj ),
δNi (tj )=−1

{−1 − gb(Xi )}.

i

i

X
X
1 T
w w + λ1
i + λ2
(ξi + ξi∗ ),
2
(8)

9
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where Yi = Ti ∧ Ci , ϕ(·) is the feature map that does not need to be specified explicitly in a
kernel-based method, and j(i) indicates the subject with the largest event time smaller than
Zi . The first set of constraints above aims at ensuring rank consistency to maximize Cindex for predicting survival outcomes, and the second and third sets of constraints are the

i ≥ 0, ξi ≥ 0, ξi∗ ≥ 0, i = 1, · · · , n,

∆i (wT ϕ(Xi ) + b) ≥ −∆i Yi − ξi∗ , i = 1, · · · , n,

wT ϕ(Xi ) + b ≥ Yi − ξi , i = 1, · · · , n,

subject to wT (ϕ(Xi ) − ϕ(Xj(i) ) ≥ Yi − Yj(i) − i , i = 1, · · · , n,

w,,ξ,ξ∗

min

Support vector-based approaches in machine learning literature are motivated by the fact
that they are easy to compute and enable estimation under weak or no assumptions on
the distribution. Most of these approaches (Shivaswamy et al., 2007; Van Belle et al., 2010,
2011) adapt the -insensitive loss for SVR to account for incomplete observations in time-toevent data. To improve performance, modified SVR (Van Belle et al., 2011) further places
ranking constraints under the -insensitive loss. The formulation of the problem is

2.3 Connection with Existing Support Vector-Based Approaches

In this case, we take α
b(tj ) = 1 − gb(Xi ) where δNi (tj ) = 1 for some i with Yi (tj ) = 1.
Since a higher value of the prediction function α
b(t) + gb(x) leads to a greater likelihood
of having an event at an earlier time, the magnitude of gb(x) induces a natural ordering
of the risks. Lastly, the learned risk scores can be used to predict the event time for any
future subjects using their baseline covariates x. To this end, consider the nearest-neighbor
prediction: for a future subject with X = x, find k (k=1 or 3 in our applications) noncensored subjects in the training data whose predictive scores are closest to gb(x), denoted
as gb(Xj ). To maintain the monotone relationship between the event times and predictive
scores, sort these scores of non-censored subjects in the training data in descending order
and identify the rank of gb(Xj ). Next, sort the event times of the derived scores in the
training data in ascending order and find the event times with the same rank as the rank
of gb(Xj ), denoted as Tj 0 . The event time for this subject is predicted as Tj 0 (or the average
of Tj 0 for k = 3). We provide a detailed description of SVHM algorithm in Appendix A.

Yi (tj )=1,γ̂ij =Cn wi (tj ),
δNi (tj )=1

min

Specifically, if there are some support vectors lying on the edge of the margin which are
characterized by 0 < γ
bij < wi (tj )Cn , α
b(tj ) = 1/δNi (tj ) − gb(Xi ) for these points, and we
take the average of all the solutions for numerical stability. If all the support vectors at tj
are γ
bij = Cn wi (tj ), α̂(tj ) is not unique and falls into a range

min

γ
bij =Cn wi (tj ),
δNi (tj )=1

10

{1 − g(Xi )} ≥ α(tj ) ≥

γ
bij =Cn wi (tj ),
δNi (tj )=−1

max
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{−1 − g(Xi )}.

Note that Xi is the covariate value for the subject who has an event at tj . However, if γij
is not within (0, wi (tj )Cn , α
b(tj ) can be any value satisfying

α
b(tj ) = 1 − g(Xi ), δNi (tj ) = 1.

In classical survival analysis using Cox regression model (Cox, 1972), partial likelihood plays
a central role since it only involves association parameter of interest (i.e., hazard ratios as
regression coefficients) but not the nuisance parameter (i.e., baseline hazard function), and
maximizing the partial likelihood directly estimates the hazard ratios. The partial likelihood
is constructed by multiplying together the conditional probabilities of observing an event for
individual i at time t, given the past and given that an event is observed at that time, over
all observed event times. This conditional probability formulation shares some similarity
with our hazard formulation for SVHM. Since maximizing Cox partial likelihood leads to
regression estimators that enjoy optimal statistical property (i.e., being semiparametric
efficient, Bickel et al. (1998)), it is worth to draw connection between SVHM and partial
likelihood to shed lights on the theoretical properties of SVHM.
To this end, we further explore the optimization in (5) to compare the SVHM objective
function and the Cox partial likelihood. First note that the function α(t) in (5) is analogous
to the baseline hazard function in the Cox model (Cox, 1972), which is treated as a nuisance
parameter and profiled out for inference. Thus, we also profile out α(t) to investigate the
profile risk function for SVHM (e.g., substitute fitted α(t) in the original risk function).
For a fixed g(x), from the derivation similar to Hastie et al. (2009) (p421) and Abe (2010)
(p77), we can show that at each tj , if there are some support vectors lying on the edge of
the margin which are characterized by 0 < γij < wi (tj )Cn , these margin points can be used
to solve for α(tj ). This yields

2.4 Connection with the Cox Partial Likelihood

same as the regression constraints in Shivaswamy et al. (2007) for the modified -insensitive
loss for survival outcomes. One potential problem with the above optimization is that the
observations contributing to these three sets of constraints may consist of a selected (noncensored) sample from the full data; thus, the derived prediction rule will likely favor those
observations which contribute most.
Furthermore, comparing the modified SVR in (8) with SVHM in (6), we see that the
loss function for the former is the -insensitivity loss plus the loss resulting from violating
rank consistency, while for the latter it is sum of a sequence of hinge losses. The objective
function and the slack variables (i.e., i , ξi , ξi∗ ) for the modified SVR, however, are timeinvariant, while the slack variables for SVHM (i.e., ζi (tj ) in (8)) are time-sensitive. Thus,
we expect better control of the prediction error by SVHM. Note that this advantage stems
from the counting process formulation of SVHM transforming prediction of time-to-event
outcomes (or survival outcomes) as a sequence of binary prediction problems over time.

Yi (tj )ζi (tj ) ≥ 0,

Yi (tj )δNi (tj ){α(tj ) + g(Xi )} − Yi (tj ){1 − ζi (tj )} ≥ 0.
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[1 − f (tj , Xi )]+

XX
I{δN
(t ) = 1}
Pni j
[1 + f (tj , Xi )]+ .
l=1 Yl (tj )
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i=1 j=1

1

1
n

Z

P
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(t)[1
+ f (t, Xi )]+
i=1 YiP
d
n
i=1 Yi (t)

([1 − f (t, Xi )]+ + [1 + f (t, Xi )]+ ) dNi (t).

Yi (t)[1 − f (t, Xi )]+ dNi (t) +
Z

i=1 Yi (t)

Pn

12

( n
X

i=1

)

Ni (t)
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Note that the last term in Rn (f ) is on the order of O(1/n), so it vanishes as n goes to
infinity. By the central limit theorem, we obtain the asymptotic limit of Rn (f ), denoted as

Rn (f ) =

After re-arranging the terms and adopting counting process notation, we can rewrite Rn (f )
as

+n−1

Rn (f ) = n−1

To derive the population risk function for SVHM, we first examine the population version
(the expectation) of Rn (f ). Recall the definition of Rn (f ) is given in (4) as

3.1 Risk Function and Optimal Risk Classification Rule

In this section, we study the asymptotic properties of SVHM and the predicted risk. We first
derive the population risk function for the proposed SVHM. Next, we derive the optimal
fully nonparametric decision rule for this risk function and show that it also optimizes the
0-1 loss corresponding to (3). We highlight important differences in the theoretical proof
that distinguish this work from the standard proofs in the statistical learning theories.

3. Theoretical Properties

Therefore, it is worthy to point out one interesting observation: both PRn (g) and the Cox
partial likelihood take a similar form which essentially evaluates a loss comparing the risk
scores from the subjects at risk versus the one from the subject who has an event at the
same time. SVHM uses a hinge loss while Cox partial likelihood uses an exponential loss
and a logarithm transformation, which is similar to the contrast between SVM and logistic
regression. The robustness of hinge loss compared to exponential loss suggests SVHM will
be less sensitive to extreme observations. In addition, this connection sheds lights on the
theoretical optimality of SVHM which we prove in the next section.

Pn
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g(Xi ))]+
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d

Z

Pn
+
(α(t) +
i=1 Yi (t)[1
Pn
i=1 Yi (t)

− g(Xi ))I(δNi (t) = 1) into the above

([1 − (α(t) + g(Xi ))]+ + [1 + (α(t) + g(Xi ))]+ ) dNi (t) + λn kgkHn .
i=1 (1

Pn
n

i=1

d

n

i=1
n

∆
e n [I(Ye ≥ Y )]
P

2X
∆i
P
n
n
k=1 I(Yk ≥ Yi )
i=1
(
)
2
Pn
n

−

g(Xk )]+
2X
dNi (t) −
n
!

dN (t)
Pn i
.
i=1 Yi (t)

1X
∆i [1 − (1 − g(Xi ) + g(Xi ))])+ = 0,
n

g(Xi ))]+

i=1

+ g(Xj ))]+

Pn
≥
Yk )[2 − g(Xk ) + g(Xi )]+
i=1 I(Yi P
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n
i=1 I(Yi ≥ Yk )

Pn
Y
α(Xk )
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α(t) +
i=1 Yi (t)[1
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k=1

k=1

1X
n

n

i=1

In this case, taking α
b(tj ) = 1 − g(Xi ) where δNi (tj ) = 1 satisfies these constraints. Further
note that optimizing (5) is equivalent to minimizing
n

i=1 j=1

Z

1

[1 − (α(t) + g(Xi ))]+ dNi (t) +
Z
i=1 Yi (t)

Pn

1
n

1 XX
Yi (tj )wi (tj )[1 − (α(t) + g(Xi ))δNi (tj )]+ + λn kgkHn
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1X
n
i=1
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i=1

1X
n

Z

d

If we let fb(x, t) = α
b(t) + gb(x) be the function minimizing (5) over g ∈ Hn , then Rn (fb) =
PRn (b
g ).
In a Cox partial likelihood function, g(X) is estimated by minimizing
!
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Z
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After we plug the expression of α
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2 , where
The objective function (5) can be written as PRn (g) + λn kgkH
n

PRn (g) =
=

= Pn

JMLR 17(167):1-37

e n is the empirical measure
Here, Pn denotes the empirical measure from n observations and P
e ∆),
e an i.i.d copy of (Y, X, ∆). Thus, gb(x) minimizes PRn (g) + λn kgk2 .
applied to (Ye , X,
Hn
11

Z

 Z
E (Y (t)[1 + f (t, X)]+ )
Y (t)[1 − f (t, X)]+ dN (t) +
E(dN (t)).
E(Y (t))

E[dN (t)]/dt
= E[h(t, X)|Y (t) = 1].
E[Y (t)]

13
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Here, we study the asymptotic properties of SVHM when the decision function takes the
form in (1). Specifically, we examine a stochastic bound for the excess risk when using gb,
the estimator from n observations. This bound will be given in terms of the sample size
n, the tuning parameter λn and the bandwidth of the kernel function σn . Denote Hn as

3.2 Asymptotic Properties

The proof of Theorem 3.1 is provided in the Appendix B. Theorem 3.1 resembles the
excess risk in most learning theories (Bartlett et al., 2006); however, the loss function in
our case is some composite expectation, R0 (f ), which is not covered by Bartlett et al.
(2006). From Theorem 3.1, we see that the optimal rule is essentially to predict whether
an at-risk subject will experience an event by comparing the subject-specific hazard rate
depending on the covariate to the population-average hazard rate obtained from all at-risk
subjects at a given time point. Since the minimizer of R(f ) also minimizes R0 (f ), this
theory justifies the use of hinge-loss in SVHM to minimize the weighted prediction error
in R0 (f ). The last inequality in Theorem 3.1 proves that a decision function with a small
excess hinge-loss–based risk will lead to a small excess 0-1 loss–based risk.

h̄(t) =

where h(t, x) denotes the conditional hazard rate of T = t given X = x and h̄(t) is the
population average hazard at time t,

R0 (f ) − R0 (f ∗ ) ≤ R(f ) − R(f ∗ ),

In addition, for any f (t, x) ∈ [−1, 1],

Theorem 3.1 Let h(t, x) denote the conditional hazard rate function of T = t given X = x
and let h̄(t) = E[dN (t)/dt]/E[Y (t)] = E[h(t, X)|Y (t) = 1] be the average hazard rate at
time t. Then f ∗ (t, x) = sign(h(t, x) − h̄(t)) minimizes R(f ). Furthermore, f ∗ (t, x) also
minimizes R0 (f ) and
Z

1
R0 (f ∗ ) = P (T ≤ C) − E
E(Y (t)|X = x)|h(t, x) − h̄(t)|dt .
2

Likewise, similar arguements show that the empirical risk based on the prediction error in
(1), i.e., R0n (f ), converges to R0 (f ).
Let f ∗ (t, x) denote the limit of the risk function estimated by SVHM (i.e., the optimal
function minimizing R(f )). Since the difference between R(f ) and R0 (f ) is the hinge
loss versus the zero-one loss, one question is whether f ∗ (t, x) also minimizes R0 (f ). The
following theorem gives such a result for f ∗ (t, x).

R(f ) = E

R(f ), to be

Support Vector Hazards Machine

14
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The proof of Theorem 3.2 mostly follows the machinery for support vector machines.
It mainly uses empirical process theories to control the stochastic error of the empirical
risk functions and the approximation properties of the reproducing kernel Hilbert space
based on the Gaussian kernel function. However, one major difference from the classical
proof is that the empirical loss function we study here is some composite statistics instead
of the summation of n i.i.d terms. This poses additional challenges to control stochastic
variability. The constants in Theorem 3.2 imply that the bandwidth for the Gaussian

Theorem 3.2 Assume that X’s support is compact and E[Y (τ )|X] is bounded from zero
where τ is the study duration. Furthermore, assume λn and σn satisfies λn , σn → 0, and
(2/p−1/2)d
nλn σn
→ ∞ for some p ∈ (0, 2). Then it holds
)
(
−1/2 −(1/p−1/4)d
λn σn
√
.
λn kb
g k2Hn + PR(b
g ) ≤ inf PR(g) + Op λn + σnd/2 +
g
n

Clearly, PR(g) is the asymptotic limit of PRn (g). The following theorem holds for the risk
PR(b
g ).

E[Y (t)] + E[Y (t)g(X)]
E[Y (t)]

minimizes R(f ). Therefore, after replacing α(t) by this minimizer in R(α(t) + g(x)), we
obtain
"
#
e Ỹ ≥ Y )[2 − g(X)
e + g(X)]+
PI(
PR(g) = E ∆
.
e Ỹ ≥ Y )
PI(

α(t) = −

Since α(t) is arbitrary and the integrand in the above expression is a piecewise linear function
of α(t), simple algebra gives that

and refer it as “profile risk”, since α(t) is profiled out from the original risk function. In
other words, PR(g) is the best expected risk for a given score g(x) after accounting for
α(t).
To obtain an explicit expression of PR(g), we first note that
Z
 Z
E (Y (t)[1 + f (t, X)]+ )
R(α(t) + g(x)) = E
Y (t)[1 − f (t, X)]+ dN (t) +
E(dN (t))
E(Y (t))


Z
E[Y (t)h(t, X)] − E[Y (t)g(X)h(t, X)]
− α(t) dt
=
E[Y (t)h(t, X)]
E[Y (t)h(t, X)]
+


Z
E[Y (t)] + E[Y (t)g(X)]
+ α(t) dt.
+ h̄(t)E[Y (t)]
E[Y (t)]
+

α(t)

PR(g) = min R(α(t) + g(x))

a reproducing kernel Hilbert space from a Gaussian kernel k(x, x0 ) = exp{−kx − x0 k2 /σn }.
Instead of considering the risk for R(f ), we consider
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kernel and regularization parameter should converge to zero in certain rates depending on
X’s dimension, but not too fast to ensure stochastic variability is under control. Finally,
we state two useful observations as remarks below.
Remark 1. From Theorem 3.2, if we choose σn = (nλn )−1/[2d(1/p+1/4)] , it gives

PR(b
g ) − PR(g ∗ ) = Op λn + (nλn )−q ,

where q = 1/(4/p + 1) and g ∗ is the function minimizing PR(g).
Remark 2. Furthermore, if we choose λn = n−q/(q+1) , then the optimal rate obtained from
Theorem 3.2 becomes
PR(b
g ) − PR(g ∗ ) = O(n−q/(q+1) ).

4. Numeric Examples
In this section, we first present simulation results comparing SVHM to existing machine
learning approaches and semiparametric approaches based on the Cox proportional hazards
regression. Next, we provide applications to two real world empirical studies.
4.1 Simulation Studies

n

X ∆i
(log Yi − xT φ(Xi ))2
b i)
S(Y
i=1
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In all scenarios, we generated both event times and censoring times to be dependent on the
covariates. First we simulated five covariates Z = (Z1 , . . . , Z5 ) which are marginally normal
N (0, 0.52 ) with pairwise correlation corr(Zj , Zk ) = ρ|j−k| , and ρ = 0.5. The event times were
generated from the Cox proportional hazards model with true β = (2, −1.6, 1.2, −0.8, 0.4)T
and the exponential distribution with
R t λ = 0.25 was assumed to compute the baseline cumulative hazard function Λ(t) = 0 λ0 (s)ds, where λ0 (s) is the baseline hazard function.
We simulated two types of censoring distributions. In the first type, the censoring times
were generated from an accelerated failure time model following the log-normal distribution,
that is, log C ∼ N (ZT β c + a, 0.52 ), with true β c = (1, 1, 1, 1, 1)T . In the second type, the
distribution of the censoring times follows the Cox proportional hazards model with true
β c = (1, 1, 1, −2, −2)T and the baseline cumulative hazard function Λc (t) = bt (b > 0). The
parameters a and b were chosen to obtain the desired censoring ratio. We considered the
censoring ratios 40% and 60%. Any event times or censoring times greater than u0 were
truncated at u0 , where u0 is the 90th percentile of the event times. Moreover, we explored
some generalizations of the above scenarios to include more covariates in the regression
models and include additional noise variables. Besides these training data sets (with a sample size of 100 or 200), we use a randomly generated testing data set with 10, 000 subjects
in each scenario with no censoring to evaluate prediction performance of various methods.
For all scenarios, we compared SVHM with the modified support vector regression for
right censored data based on the ranking constraints (modified SVR) (Van Belle et al., 2011)
and the inverse-probability-of-censoring weighting with censoring distribution estimated
using Kaplan-Meier (IPCW-KM) or estimated under a Cox model (IPCW-Cox) (Goldberg
and Kosorok, 2013), whose objective function is defined as
n−1

15
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b is the estimated survival probability for the censoring time. We used linear kernel
with S(t)
K(x, x0 ) = xT x0 in all four methods, and used 5-fold cross-validation to choose the tuning
parameters from the grid of {2−16 , 2−15 , . . . , 215 , 216 }. As the model comparison criterion, we
adapted mean squared error to censored data, which sums up the mean squared differences
between the fitted event times and observed event times for uncensored subjects. For
censored subjects, we sum up the squared differences between fitted times and censoring
times if the former is smaller than the latter. Essentially, for these censored subjects, if their
predicted event times were less than the observed censoring times, we imposed a penalty to
measure how much under-estimation there is. The mean squared differences were assumed
to be zero for censored subjects if their predicted values were greater than the observed
censoring times. We divided the total sum of squares by the total number of observations.
We repeated the simulation 500 times, since our results show that 500 repetitions are
sufficient to obtain stable simulation results to draw conclusions on comparing performance
of different methods while still achieving computational efficiency.
PTable 1 and 2 give the average Pearson correlations and root mean square errors (RMSE)
{ (Tb − T )2 }1/2 based on the fitted event times and observed event times T on the testing
data set. Larger correlation and smaller root mean squared error indicate better performance. The results show that SVHM outperforms the other methods for all the simulation
cases and sample sizes. The advantages are not affected by including 5 or 15 noise variables,
and the improvements become more evident when the censoring rate is 60% or the censoring
distribution follows the accelerated failure time model. The columns of the average correlations show that the modified SVR has similar capability to capture the rank information as
SVHM. However, it gives less accurate prediction of the exact event times as measured by
the higher RMSEs. The IPCW methods have the worst performance, no matter using the
Kaplan-Meier estimator or Cox model to estimate the censoring distribution, even when
the censoring distribution follows the Cox model. The performances of all the methods are
improved as the sample size increases from 100 to 200, and the proposed SVHM has the
largest improvement with respect to the ratios of the average RMSEs. The RMSE of SVHM
is significantly lower than the best competing method in all simulation settings in Table 1
and 2. Correlation between the risk scores and event times for SVHR is not significantly
different from modified SVR, but in the first simulation setting it is significantly higher
than two IPW-based methods except when there are 95 noise variables (Table 1). In the
second simulation setting, difference between SVHR and IPW is smaller, with the former
significantly greater for most cases with n = 200 (Table 2).
In conclusion, Table 1 shows that SVHM performs much better than Cox regression
when the model assumption does not hold, and Table 2 shows that SVHM still maintains
its advantage when the Cox proportional hazards assumption holds. This advantage may
be due to that Cox model aims at maximizing the likelihood while SVHM directly aims at
discriminating individual’s risk and prediction.
We also explored SVHM with a Gaussian kernel for the sample size 100 and the computation is more intensive. The resulting average correlations and RMSEs are similar to those
for linear kernel. For example, under the setting in Table 1 with 60% censoring rate, no
noise variable and n = 100, using Gaussian kernel yields almost similar correlation of 0.48,
0.10, 0.15, and 0.53 for four competing methods (modified SVR, IPCW-KM, IPCW-Cox,
SVHM), respectively. The corresponding RMSEs are 6.03 6.62, 6.75, and 5.26, respectively
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Modified SVR
IPCW-KM
IPCW-Cox
SVHM
Modified SVR
IPCW-KM
IPCW-Cox
SVHM
Modified SVR
IPCW-KM
IPCW-Cox
SVHM
Modified SVR
IPCW-KM
IPCW-Cox
SVHM

0.55
0.15
0.21
0.57
0.50
0.11
0.15
0.51
0.39
0.07
0.10
0.40
0.17
0.01
0.02
0.17

6.00 (0.54)
6.45 (0.41)
6.56 (0.47)
5.18 (0.43)
6.06 (0.53)
6.61 (0.34)
6.77 (0.39)
5.40 (0.48)
6.14 (0.45)
6.56 (0.30)
6.82 (0.30)
5.60 (0.44)
6.90 (1.08)
6.53 (0.26)
6.87 (0.20)
6.22 (0.24)

1.16
1.25
1.27
1.00
1.12
1.22
1.25
1.00
1.10
1.17
1.22
1.00
1.11
1.05
1.10
1.00

0.60
0.18
0.26
0.61
0.57
0.15
0.21
0.58
0.49
0.10
0.13
0.51
0.25
0.03
0.04
0.26

6.07 (0.42)
6.42 (0.37)
6.47 (0.48)
4.88 (0.33)
6.07 (0.50)
6.56 (0.32)
6.66 (0.39)
5.02 (0.33)
5.97 (0.45)
6.54 (0.24)
6.70 (0.27)
5.20 (0.36)
7.20 (1.52)
6.54 (0.20)
6.86 (0.21)
5.94 (0.25)

n = 200
Ratiod CORR RMSE (SD)
1.19
0.62
5.58 (0.58)
1.20
0.45
5.45 (0.41)
1.24
0.50
5.62 (0.57)
1.00
0.64 4.49 (0.17)
1.15
0.61
5.63 (0.57)
1.21
0.42
5.63 (0.44)
1.26
0.44
5.87 (0.57)
1.00
0.63 4.62 (0.20)
1.10
0.54
5.55 (0.50)
1.18
0.31
5.86 (0.34)
1.24
0.32
6.09 (0.47)
1.00
0.57 4.82 (0.23)
1.10
0.30
6.29 (0.47)
1.05
0.10
6.28 (0.14)
1.09
0.11
6.61 (0.39)
1.00
0.32 5.76 (0.25)
1.24
1.32
1.33
1.00
1.21
1.31
1.33
1.00
1.15
1.26
1.29
1.00
1.21
1.10
1.15
1.00

Ratio
1.24
1.21
1.25
1.00
1.22
1.22
1.27
1.00
1.15
1.22
1.26
1.00
1.09
1.09
1.15
1.00
Modified SVR
IPCW-KM
IPCW-Cox
SVHM
Modified SVR
IPCW-KM
IPCW-Cox
SVHM
Modified SVR
IPCW-KM
IPCW-Cox
SVHM
Modified SVR
IPCW-KM
IPCW-Cox
SVHM

0.56
0.44
0.42
0.57
0.50
0.36
0.34
0.53
0.40
0.27
0.25
0.42
0.18
0.12
0.12
0.20

5.43 (0.56)
5.68 (0.43)
5.83 (0.56)
5.01 (0.37)
5.61 (0.48)
6.02 (0.38)
6.25 (0.44)
5.23 (0.37)
5.77 (0.42)
6.07 (0.31)
6.39 (0.40)
5.51 (0.40)
6.47 (0.87)
6.22 (0.29)
6.54 (0.26)
6.14 (0.38)

1.08
1.13
1.16
1.00
1.07
1.15
1.20
1.00
1.05
1.10
1.16
1.00
1.05
1.01
1.07
1.00

0.59
0.46
0.47
0.60
0.57
0.43
0.41
0.59
0.50
0.35
0.32
0.52
0.27
0.18
0.16
0.28

5.43 (0.47)
5.62 (0.33)
5.67 (0.48)
4.85 (0.25)
5.40 (0.46)
5.79 (0.35)
5.96 (0.47)
4.96 (0.27)
5.44 (0.38)
5.94 (0.26)
6.16 (0.33)
5.13 (0.29)
6.31 (0.80)
6.19 (0.21)
6.50 (0.23)
6.00 (0.35)

n = 200
Ratiod CORR RMSE (SD)
1.11
0.62
5.09 (0.54)
1.11
0.55
5.08 (0.31)
1.14
0.56
5.09 (0.46)
1.00
0.63 4.53 (0.16)
1.08
0.61
5.09 (0.50)
1.14
0.52
5.27 (0.34)
1.17
0.51
5.41 (0.51)
1.00
0.62 4.65 (0.18)
1.04
0.55
5.14 (0.38)
1.11
0.44
5.49 (0.30)
1.15
0.42
5.70 (0.43)
1.00
0.57 4.84 (0.20)
1.04
0.33
6.03 (0.54)
1.00
0.24
6.06 (0.18)
1.02
0.22
6.21 (0.22)
1.00
0.34 5.78 (0.24)
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1.12
1.16
1.17
1.00
1.09
1.17
1.20
1.00
1.06
1.16
1.20
1.00
1.05
1.03
1.08
1.00

Ratio
1.12
1.12
1.12
1.00
1.12
1.13
1.16
1.00
1.06
1.13
1.18
1.00
1.04
1.05
1.07
1.00

CORR, average value of correlations.
RMSE, average value of root mean square errors.
Empirical standard deviation of the RMSE across 500 repetitions
Ratio, ratio of average root mean square errors between the method used and our method.
IPCW-KM, IPCW using the Kaplan-Meier estimator for the censoring distribution.
IPCW-Cox, IPCW using the Cox model for the censoring distribution.
Entries in boldface highlight the best performance method.
For the cases of 95 noises, the calculation of inverse weights in the IPCW-Cox method uses only five signal variables
to fit the Cox model for the censoring times.

95

15

5

0

n = 100
CORRa RMSEb(SDc)
0.59
5.15 (0.59)
0.53
5.16 (0.42)
0.52
5.31 (0.57)
0.61g 4.66 (0.25)
0.56
5.28 (0.51)
0.46
5.58 (0.42)
0.44
5.73 (0.52)
0.58 4.89 (0.29)
0.47
5.43 (0.40)
0.36
5.79 (0.34)
0.34
6.00 (0.40)
0.49 5.21 (0.33)
0.21
6.43 (0.92)
0.17
6.16 (0.21)
0.16
6.32 (0.23)
0.23 6.18 (0.40)

JMLR 17(167):1-37

h

g

f

e

d

c

b

a

60%

# of
Censoring Noises
Method
40%
0
Modified SVR
IPCW-KMe
IPCW-Coxf
SVHM
5
Modified SVR
IPCW-KM
IPCW-Cox
SVHM
15
Modified SVR
IPCW-KM
IPCW-Cox
SVHM
95h Modified SVR
IPCW-KM
IPCW-Cox
SVHM

Table 2: Comparison of four support vector learning methods for right censored data using
a linear kernel, with censoring times following the Cox proportional hazards model

CORR, average value of correlations.
RMSE, average value of root mean square errors.
Empirical standard deviation of the RMSE across 500 repetitions
Ratio, ratio of average root mean square errors between the method used and our method.
IPCW-KM, IPCW using the Kaplan-Meier estimator for the censoring distribution.
IPCW-Cox, IPCW using the Cox model for the censoring distribution.
Entries in boldface highlight the best performance method.
For the cases of 95 noises, the calculation of inverse weights in the IPCW-Cox method uses only five signal variables
to fit the Cox model for the censoring times.

95

15

5

0

n = 100
CORRa RMSEb(SDc)
0.59
5.59 (0.60)
0.40
5.60 (0.52)
0.43
5.80 (0.64)
0.61g 4.68 (0.27)
0.55
5.64 (0.60)
0.32
5.93 (0.47)
0.33
6.17 (0.54)
0.58 4.90 (0.35)
0.46
5.73 (0.47)
0.21
6.12 (0.32)
0.20
6.47 (0.46)
0.48 5.20 (0.36)
0.21
6.65 (0.89)
0.06
6.33 (0.21)
0.08
6.59 (0.23)
0.22 6.04 (0.32)
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Table 1: Comparison of four support vector learning methods for right censored data using
a linear kernel, with censoring times following the accelerated failure time (AFT)
model

h

g

f

e

d

c

b

a

60%

# of
Censoring Noises
Method
40%
0
Modified SVR
IPCW-KMe
IPCW-Coxf
SVHM
5
Modified SVR
IPCW-KM
IPCW-Cox
SVHM
15
Modified SVR
IPCW-KM
IPCW-Cox
SVHM
95h Modified SVR
IPCW-KM
IPCW-Cox
SVHM

Support Vector Hazards Machine

Support Vector Hazards Machine

for each method. Under the setting in Table 2 with 60% censoring rate, no noise variable and
n = 100, the correlations for the four methods are 0.52, 0.42, 0.40, and 0.55, respectively,
and the RMSEs are 5.52, 5.76, 5.94, and 5.06.
In our next simulation experiment, we compare SVHM with Cox model based analysis
and explore 1-nearest-neighbor (1-NN) prediction and the average of 3-nearest-neighbors (3NN) prediction. In the first setting we generate five discrete covariates Z = (Z1 , . . . , Z5 ) with
equal probability of taking each value: Z1 takes values -5, -4, -2, -1 or 0; Z2 takes values -1, 0
or 1; Z3 takes integer values 1 to 10; Z4 has a correlation of 0.5 with Z1 and is also correlated
with a random normal noise variable N (0, 0.5), and Z5 has a correlation of 0.3 with Z1 and
is also correlated with a random uniform noise variable U (0, 0.5). Similar to the previous
simulations, the event times were generated from Cox proportional hazards model with true
β = (2, −1.6, 1.2, −0.8, 0.4)T and the exponential distribution with λ = 0.25 was assumed
for the baseline cumulative hazard function Λ(t). The distribution of the censoring times
followed Cox proportional hazards model with true β c = (1, 1, 1, −2, −2)T and the baseline
hazard rate was a constant. In the second setting, we generated Z1 , ..., Z3 independently
from U (0, 1) and Z4 from a binary distribution with P (Z4 = 1) = P (Z4 = −1) = 0.5.
Furthermore, both the event times and censoring times were generated from accelerated
failure time models with both main effects and interactions:
log T = −0.2 − 0.5Z1 + 0.5Z2 + 0.3Z3 + 0.5Z4 − 0.1Z1 Z4 − 0.6Z2 Z4 + 0.1Z3 Z4 + N (0, 1),

log C = 0.5 − 0.8Z1 + 0.4Z2 + 0.4Z3 + 0.54 − 0.1Z1 Z4 − 0.6Z2 Z4 + 0.3Z3 Z4 + N (0, 1).

The censoring ratio was around 30% in both settings. We experimented two sample sizes,
100 or 200, and two numbers of noise variables, 10 or 30.
The simulation results are summarized in Table 3. The same 1-NN or 3-NN method was
applied to predict event times using the fitted scores derived from SVHM or Cox model.
We can see that 1-NN performs slightly better than 3-NN in terms of a higher correlation
and lower RMSE for both methods. In addition, when the event times were simulated from
the Cox model, SVHM with 1-NN or 3-NN performs similarly to Cox model-based analysis.
This is expected since proportional hazards assumption was satisfied for the Cox model
based method. We also compared using 1-NN and 3-NN for prediction with using median
survival times under a Cox model. We see 1-NN with SVHM or 1-NN with Cox model
leads to superior performance than using median survival time. When the true model for
the event times was accelerated failure time model (AFT), SVHM outperforms Cox model
based analysis in terms of a higher correlation and lower RMSE. In the AFT model case,
using the median survival time from the Cox model for prediction tends to be less accurate
since the model assumption does not hold. Lastly, when the number of noise variables was
95, Cox model analysis did not converge in most simulations and thus the results were not
included. In summary, results in Table 3 show that nearest neighbor based prediction rule
performs better than using median survival time, and SVHM performs better than Cox
model based methods when the model assumption does not hold.
4.2 PREDICT-HD Study
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In the first real data analysis, we apply various methods to a study on Huntington’s disease
(HD). HD is a severe dominant genetic disorder for which at risk subjects can be identified
19

Model
Cox1c

n
100
200

Cox2d 100
200

AFT1e 100
200

Wang, Chen and Zeng

CORR
RMSE
CORR
RMSE

Index
CORR
RMSE
CORR
RMSE

0.210
0.766
0.275
0.720

0.841
6.146
0.887
5.760

1-NN
0.871
6.068
0.896
5.755

0.129
0.841
0.197
0.774

0.211
0.756
0.275
0.717

0.831
6.548
0.884
6.209

0.110
1.050
0.175
0.999

0.192
0.950
0.262
0.879

0.839
6.546
0.855
6.273

0.174
0.753
0.221
0.732

0.224
0.739
0.277
0.709

0.854
6.139
0.883
5.761

0.175
0.745
0.222
0.729

0.224
0.731
0.277
0.706

0.844
6.546
0.879
6.214

SVHM
1-NN 3-NN
0.863 0.851
6.099 6.503
0.885 0.879
5.781 6.186

CORR
RMSE
CORR
RMSE

0.129
0.859
0.197
0.778

Cox Model
3-NNa Medianb
0.859
0.866
6.485
6.487
0.890
0.871
6.168
6.226

CORR
RMSE
CORR
RMSE

Using mean of 3 nearest neighbors as predicted event time
Using median survival time fitted from a Cox model as predicted event time.
T and C simulated from Cox model with 10 noise variables.
T and C simulated from Cox model with 30 noise variables.
T and C simulated from AFT model with 10 noise variables.
T and C simulated from AFT model with 10 noise variables.

200

AFT2f 100

a
b

d

c

e
f
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Table 3: Comparison of SVHM with Cox model based methods
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25
35
45
55
Percentile as the cut point separating binary groups

65

75
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Figure 1: Hazard ratios comparing two groups separated using percentiles of predicted
scores as cut points for PREDICT-HD data with linear kernel. Blue curves
obtained from analyses with MRI imaging biomarkers and red curves without
imaging biomarkers. Solid curve: SVHM; Dotted curve: Modified SVR; Dashed
curve: IPCW-KM; Dashed-dotted curve: IPCW-Cox.
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Linear Kernel

The analysis results are given in Table 4. SVHM improves over the other methods with
respect to all the quantities for both linear kernel and Gaussian kernel, and the performances
are similar using different kernels. For example, the logrank Chi-square statistics and hazard
ratios of SVHM are much larger than the competing methods at most quantiles except
at the right tail (e.g., over 65th percentile). A higher value of logrank Chi-square and
a larger hazard ratio indicate greater difference between high risk and low risk subjects
using a given percentile as a cut off value, and thus better discriminant ability of a risk
score distinguishing high/low risk subjects. In addition, the predictions from IPCW cannot
capture the trend of the original disease onset ages. Figure 1 complements the results
in the table by plotting the hazard ratios comparing two groups separated using a series
of percentiles of the predicted scores as cut points, and SVHM consistently has the largest
hazard ratio across all percentiles among all methods. The improvement of SVHM increases
at the higher percentiles, indicating that it is particularly effective in discriminating high
risk subjects. This observation is consistent with our theoretical results which reveal that
SVHM is optimal in separating the individual covariate-specific hazard function, h(t, x)
given x, from the population average hazard function, h̄(t).
Additionally, we show the fitted coefficients from SVHM and other competing methods
in Table 5 and compare with coefficients obtained from a Cox proportional hazards model.

10
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through a genetic testing of C-A-G expansion status at the IT15 gene (MacDonald et al.,
1993). The availability of genetic testing and virtually complete penetrance of gene provides
opportunity for early intervention. Currently a major research interest in HD is to combine
salient clinical markers and biological markers sensitive enough to detect early indicators
of patient disease diagnosis before evident clinical signs of HD emerge, and thus inform
early interventions long before the clinical diagnosis. The hope of such early detection and
intervention is to alter the disease course before substantial damage has occurred. The most
promising markers thus far are brain imaging biomarkers and some cognitive markers which
correlate with future clinical diagnosis (Paulsen, 2011; Paulsen et al., 2014).
We perform analysis using data collected in the PREDICT-HD study (Paulsen et al.
2008b; data available through dbGap: http://www.ncbi.nlm.nih.gov/projects/gap/
cgi-bin/study.cgi?study_id=phs000222.v3.p2). PREDICT-HD is by far the largest
and most comprehensive study of prodromal HD subjects that collects clinical, cognitive
and structural MRI imaging biomarkers predictive of HD onset. Pre-manifest HD subjects in
the absence of experimental treatment were recruited and followed to monitor HD symptom
progression and assess HD onset. In our analyses, there were 647 subjects and 118 of them
developed HD during the course of study. For each subject, a wide range of measures on
motor, psychiatric, cognitive signs as well as MRI imaging markers were collected at the
baseline visit. The covariates cover important clinical, cognitive, functional, psychiatric
and imaging domains of HD including CAP score (a combination of age and C-A-G repeats
length, Zhang et al. (2011)), symbol digital modality test (SDMT), STROOP color, word
and interference tests, total functional capacity scores, UHDRS total motor scores, various
SCL-90 psychiatric scores, demographic variables such as gender and education in years,
and imaging measures based on regional brain volumes. The structural MRI T1-weighted
imaging analysis of subcortical and cortical segmentations and cortical parcellations were
based on a customized Freesurfer 5.2 pipeline developed at The University of Iowa. The
details of imaging preprocessing and analysis are available in the online Supplementary
Material of Paulsen et al. (2014). The subcortical volumetric measures of interest include
nucleus accumbens, caudate, putamen, hippocampus, and thalamus (Paulsen et al., 2014).
We study the combined prediction capability of 31 baseline markers predicting the ageat-onset of HD diagnosis during the study period, and evaluate the usefulness of the fitted
prediction score on performing risk stratification. The covariates are normalized to the same
scale to achieve numeric stability and allow for comparing their relative importance. The
predicted values of HD onset ages are obtained via three-fold cross validation, and the cost
tuning parameter is chosen from the grid 2−16 , 2−15 , . . . , 216 . We consider both linear kernel
and Gaussian kernel. For the Gaussian kernel K(x, x0 ) = exp(−γkx − x0 k2 ), the parameter
γ is fixed to be 0.005. To compare the prediction capability, we compute several quantities
using the predicted values of onset ages and the observed onset ages or censoring ages.
Specifically, we report the concordance index defined as the percentage of correctly ordered
pairs among all feasible pairs (C-index) when including imaging markers. To evaluate the
ability of the fitted scores on performing risk stratification, we separated subjects into two
groups (high risk versus low risk group) based on whether their predicted scores are higher
or lower than given percentiles computed from all subjects’ fitted scores. We then calculate
the Chi-square statistics from the logrank test and the hazard ratios comparing the hazard
rate of developing HD between two groups.

Support Vector Hazards Machine

Hazard ratio

Support Vector Hazards Machine

Modified SVR
IPCW-KM
IPCW-Cox
SVHM (Linear)
SVHM (Gaussian)e
23

b

c

d

e

Whether structural MRI imaging biomarkers were included in the analysis.
Logrank χ2 : Chi-square statistics from Logrank tests for two groups separated using the 25th percentile, 50th
percentile, and 75th percentile of predicted values.
HR: Hazard Ratios comparing two groups separated using the 25th percentile, 50th percentile, and 75th percentile
of predicted values.
SVHM with linear kernel.
SVHM with Gaussian kernel.
a

5.65
1.04
1.49
4.06
7.18
27.44
0.04
0.90
14.75
25.31
3.40
1.08
1.05
5.02
7.44
38.36
0.14
0.07
46.73
67.66
3.41
1.31
1.57
4.42
5.86
47.85
0.76
1.47
71.26
105.99
Yes

0.70
0.47
0.47
0.74
0.79

75th percentile
Logrank χ2 HR
15.53
5.07
0.31
1.12
0.08
1.06
9.02
4.21
50th percentile
Logrank χ2 HR
25.85
3.23
0.04
1.04
0.05
1.05
32.72
4.22
Method
Modified SVR
IPCW-KM
IPCW-Cox
SVHM (Linear)d

25th percentile
C-index Logrank χ2 b HRc
0.70
43.55
3.24
0.47
0.04
1.05
0.48
1.05
1.23
0.73
53.41
3.61
Imaginga
No
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Table 4: Comparison of prediction capability for different methods using PREDICT-HD data with and without structural MRI
imaging measures (n = 647)

Wang, Chen and Zeng

Modified SVR yields coefficients in the same direction as SVHM, while two IPW methods
give several coefficients in the opposite direction of other methods.
SVHM suggests
the top ranking markers with largest standardized effects to be the baseline total motor
score and CAP score, which is consistent with the clinical literature on the importance
of these markers on the diagnosis of HD (Zhang et al., 2011; Paulsen et al., 2014; Chen
et al., 2014). The baseline total motor score as a measure of motor impairment appears
to be more informative than CAP score in terms of predicting future HD diagnosis during
the study. Several neuropsychological markers (Stroop color, Stroop word, SDMT) are
predictive except for Stroop interference score. The coefficients from Cox model however,
suggest that SDMT is not important, which is not consistent with the clinical literature
(Paulsen, 2011; Paulsen et al., 2014). Note that SVHM gives psychiatric markers (SCL 90
depression, GSI, PST and PSDI) low weights which is consistent with clinical observations
that the psychiatric markers are considered as noisy for predicting HD diagnosis due to
reasons such as subjects may seek treatment for their psychiatric symptoms. In contrast,
Cox model yields high weights for these markers which are deemed to be less informative.

In terms of neuroimaging markers, we see that pallidum, putamen, caudate, and thalamus show relatively strong predictive ability of HD onset, while accumbens and hippocampus show low predictive ability. Comparing SVHM and Cox model analysis, note that
SVHM provides coefficients with similar magnitude for imaging measures on the life and
right side of the same brain region, but Cox model sometimes produces substantially different results for left and right side. For example, left pallidum area is significant but not
right pallidum area in Cox model. This observation suggests that SVHM may lead to more
interpretable results especially for correlated variables. Another biomarker, cerebral spinal
fluid, appears to be promising for predicting HD onset with a coefficient with moderate
magnitude. To assess the added value of MRI imaging measures in terms of risk stratification, in Figure 1 we show the hazard ratio comparing high risk versus low risk group based
on percentile split of the fitted scores obtained with and without imaging biomarkers. For
SVHM with linear kernel, adding imaging measures leads to a larger hazard ratio and a
greater difference between high and low risk groups at all percentiles, which demonstrates
the ability of SVHM to extract information from imaging biomarkers and corroborates
other findings suggesting their added values in predicting HD onset (Paulsen et al., 2014).
When using Gaussian kernel for SVHM, we see further improvement of C-index and logrank
chi-square statistics. Other methods such as modified SVR or IPCW do not show an advantage from including imaging measures, which may suggest their limitations in handling
correlated biomarkers.
4.3 ARIC Study
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As a second real world numeric example, we analyze data from the Atherosclerosis Risk in
Communities Study, a prospective investigation of the aetiology of atherosclerosis and its
clinical sequelae, as well as the variation in cardiovascular risk factors, medical care and
disease by race, gender, location and date (The ARIC investigators, 1989; Lubin et al., 2016).
We assess the prediction capability of some common cardiovascular risk factors for incident
heart failure until 2005. Specifically, these risk factors include age, diabetes status, body
mass index, systolic blood pressure, fasting glucose, serum albumin, serum creatinine, heart
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IPCW-KM
(×10−2 )
0.936
-1.083
-0.411
0.412
0.488
-0.432
0.175
0.137
-0.255
-0.184
-0.265
-0.379
0.108
-1.057
-0.394
-0.395
-0.165
-0.490
0.100
0.655
0.738
-0.214
-0.568
-0.295
-0.404
-1.152
-1.087
1.071
2.794
-0.868
0.116

IPCW-Cox
(×10−3 )
0.202
0.529
0.076
-0.038
0.188
-0.239
0.142
-0.280
-0.132
-0.182
-0.246
-0.249
-0.136
0.349
-0.202
-0.376
-0.210
-0.151
-0.189
-0.160
-0.265
-0.470
-0.487
-0.710
-0.636
-0.821
-0.847
0.841
1.409
-0.691
0.954

The estimates from Cox model with significant p-values (p < 0.05) are marked with *.

Modified SVR
(×10−1 )
0.051
0.280
-0.096
-0.042
-0.227
0.254
-0.062
0.168
-0.285
0.316
-0.108
0.099
-0.088
0.019
0.178
-0.009
-0.590
-0.015
-0.329
-0.830
0.397
0.282
-0.256
0.099
0.258
0.103
-0.130
-0.101
0.140
0.932
-0.268
0.255
0.519
-0.119
-0.153
-0.191
-0.000
-0.072
0.155
-0.064
0.007
-0.057
0.103
0.112
-0.016
0.376
-0.134
-0.116
-0.225
-0.261
-0.147
-0.079
0.051
-0.057
0.172
0.219
0.010
-0.082
-0.042
-0.119
0.307
-0.113

SVHM
0.058
0.398*
-0.190
-0.160
-0.217
0.328
0.007
0.228
-0.618*
0.618
-0.268
0.035
0.115
-0.053
0.344*
-0.038
-0.369
-0.049
-0.626*
-0.943*
0.306
0.220
-0.467*
0.260
0.138
0.095
-0.128
-0.046
-0.016
1.473*
-0.104

Cox modela
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Table 5: Normalized coefficients estimated from PREDICT-HD data (including imaging
biomarkers) using Modified SVR, IPCW-KM, IPCW-Cox, SVHM with linear kernel and Cox model

a

CAP
TOTAL MOTOR SCORE
SDMT
STROOP COLOR
STROOP WORD
STROOP INTERFERENCE
TOTAL FUNCTIONAL CAPACITY
UHDRS PSYCH
SCL90 DEPRESS
SCL90 GSI
SCL90 PST
SCL90 PSDI
FRSBE TOTAL
Education Years
Gender (Male)
Right Putamen
Left Putamen
Right Pallidum
Left Pallidum
Right Caudate
Left Caudate
Right Accumbens
Left Accumbens
Right Thalamus
Left Thalamus
Right Hippocampus
Left Hippocampus
Third Ventricle
Right Lateral Ventricle
Subcortical Gray Area
Cerebral Spinal Fluid

Variable

Support Vector Hazards Machine
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In this paper, we propose a new statistical framework to learn risk scores for event times
using right-censored data by support vector hazards machine. We propose to view the
prediction of time-to-event outcomes from a counting process point of view to avoid complications from specifying a censoring distribution. Asymptotically, we justify the associated
universal consistency and learning rate through the structural risk minimization and show a
natural link between the fitted decision function and the true hazard function: the fitted decision rule asymptotically minimizes the integrated difference between the covariate-specific
hazard function and population average hazard function. Our theory shows that SVHM
essentially compares events and non-events among the subjects at risk at each follow-up
time; therefore, SVHM is sensitive to temporal difference between events and non-events
which may not be reflected in either SVR or inverse weighted approaches. We also reveal
a theoretical connection between SVHM and Cox partial likelihood function; the proposed
method uses a hinge loss which should be robust to extreme observations in contrast to
the exponential loss used in Cox partial likelihood. The simulation studies and real data
applications demonstrate satisfactory results in finite samples with improved overall risk
prediction accuracy in the presence of noise variables compared to other methods, especially when the censoring rate is high and the distribution of censoring times is unknown.
The improved performance of our method is due to introducing counting processes to represent the time-to-event data, which leads to an intuitive connection of the method with both
support vector machines in standard supervised learning and hazard regression models in
standard survival analysis.
Since SVHM essentially learns hazard functions across subjects conditional on each risk
set, the intercept term, α(t), is a non-informative nuisance parameter and allowed to be
discontinuous over time. This feature is analogous to the estimation in Cox regression

5. Concluding Remarks

rate, left ventricular hypertrophy, bundle branch block, prevalent coronary heart disease,
valvular heart disease, high-density lipoprotein, pack-years of smoking, and current and
former smoking status. The analysis sample consists of 624 participants who are AfricanAmerican males living in Jackson, Mississippi. Incident heart failure occurred in 133 men
through 2005, with a median follow-up time 16.2 years. Among those participants who did
not develop heart failure, 324 were administratively censored on December 31st, 2005. The
analysis follows the same procedure as in Section 4.2. The results for prediction capability
of different methods are given in Table 6. SVHM provides more accurate prediction than
other methods using the linear kernel or Gaussian kernel. It also has higher logrank test
statistic and hazard ratio comparing high risk versus low risk group using various percentiles
of the predictive scores as cut off points (Figure 2).
In Table 7, we can see that all the risk factors have positive effects on the incident
heart failure except high-density lipoprotein, serum albumin and former smoking status.
Risk factors for incident heart failure with largest standardized effects include HDL, age,
prevalent CHD, and serum albumin level. We also present estimated coefficients from a Cox
proportional hazards model as comparison in Table 7. Most coefficients are comparable in
terms of size. However, note that higher fasting glucose level appears to be protective of
heart rate failure using Cox model, which is the opposite of the expected direction.

Wang, Chen and Zeng

Method
Modified SVR
IPCW-KM
IPCW-Cox
SVHM

C-index
0.74
0.69
0.71
0.76

Gaussian

Modified SVR
IPCW-KM
IPCW-Cox
SVHM

0.76
0.70
0.72
0.77

a

b

25th percentile
Logrank χ2 a HR b
90.52
4.63
54.90
3.48
48.34
3.24
95.09
4.78
105.10
58.15
52.77
111.10

50th percentile
Logrank χ2 HR
59.11
4.16
29.53
2.64
39.70
3.12
67.06
4.63

5.12
3.61
3.39
5.31

70.41
33.49
47.10
64.79

75th percentile
Logrank χ2 HR
31.85
5.01
22.92
3.45
27.63
4.32
34.93
5.36

4.87
2.81
3.50
4.53

37.66
19.61
27.99
35.60

Support Vector Hazards Machine
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Kernel
Linear

6.39
3.00
4.37
5.76

Logrank χ2 , Chi-square statistics from Logrank tests for two groups separated using the 25th percentile, 50th percentile, and
75th percentile of predicted values.
HR, Hazard Ratios comparing two groups separated using the 25th percentile, 50th percentile, and 75th percentile of predicted
values.

Table 6: Comparison of prediction capability for different methods using Atherosclerosis Risk in Communities data
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Hazard ratio

10

8

6

4

2

0

10

8

6
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Linear Kernel

15
25
35
45
55
65
Percentile as the cut point separating binary groups

Gaussian Kernel

15
25
35
45
55
65
Percentile as the cut point separating binary groups
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Figure 2: Hazard Ratios comparing two groups separated using percentiles of predicted
values as cut points for Atherosclerosis Risk in Communities data. Solid curve:
SVHM; Dotted curve: Modified SVR; Dashed curve: IPCW-KM; Dashed-dotted
curve: IPCW-Cox.

Hazard ratio

Cox model
0.328 *
0.221 *
0.136
0.178
-0.093
-0.273 *
0.029
0.125
0.158 *
0.242 *
0.216 *
0.169 *
-0.436 *
0.051
0.230 *
0.022
-0.232 *

a

The estimates from Cox model with significant p-value (p-value < 0.05) are
marked with *.

Normalized β
0.363
0.288
0.150
0.172
0.173
-0.363
0.007
0.124
0.250
0.341
0.330
0.200
-0.287
0.016
0.289
0.210
-0.133
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Table 7: Normalized coefficient estimates using linear kernel for Atherosclerosis Risk in
Communities data

a

Covariate
Age (in years)
Diabetes
BMI (kg/m2 )
SBP (mm of Hg)
Fasting glucose (mg/dL)
Serum albumin (g/dL)
Serum creatinine (mg/dl)
Heart rate (beats/minute)
Left ventricular hypertrophy
Bundle branch block
Prevalent CHD
Valvular heart disease
HDL (mg/dl)
LDL (mg/dl)
Pack years of smoking
Current smoking status
Former smoking status

Support Vector Hazards Machine
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through maximizing the Cox partial likelihood function, where the baseline hazard function
is estimated to be non-continuous. Furthermore, due to the martingale property of the
counting process, data from each time point can be viewed as independent in the learning
method, despite that they may be from the same individual. Thus, we expect little efficiency
loss even though some weighing scheme can be adopted to weight distinct risk sets differently
over time.
In the current framework, the time-specific risk score f (t, X) being considered includes a
class of additive rules. They can be generalized to be fully nonparametric to learn dynamic
risk profiles using a subject’s time-varying covariates under the current set up. However,
this generalization may lose the similarity of formulation to the standard support vector
machines and cause numerical instability in the optimization algorithm. These challenging
issues will be further investigated in future work. One limitation of the current nonparametric framework not specifying the event distribution is that no straightforward prediction
formulae using distribution exist. We used nearest neighbors to perform prediction and
simulation studies show that using less closer neighbors (3-NN instead of 1-NN) has little
influence on the results. In our simulation studies, we found that a training sample size of
n = 100 or n = 200 both yield stable estimation of correlation and RMSE (not sensitive
to the choice of 1-NN or 3-NN). However, further work is needed to examine alternative
prediction methods. Lastly, this work opens possibilities to use other powerful learning
algorithms for binary and continuous outcomes to handle censored outcomes. For example,
instead of using series of SVM to predict counting process as demonstrated here, other
effective tools such as AdaBoosting and random forest can also be used. Gaussian process
approaches (Barrett and Coolen, 2013) have been recently applied for survival data with
competing risks so it will be interesting to compare SVHM with their approaches in terms
of prediction performance and robustness.
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Appendix A. SVHM Algorithm
In this section, we provide a detailed description of the SVHM algorithm:

m

n

n

m

m

Algorithm: SVHM for Censored Outcomes
Input: Training data (Xi , Ti ∧ Ci , Yi (tj ), δNi (tj )) for i = 1, · · · , n, j = 1, · · · , m.
Step 1. Solve the quadratic programming problem:
n

i=1 j=1

i=1

n
X

γij Yi (tj )δNi (tj ) = 0, i = 1, . . . , n, j = 1, . . . , m.

i=1 i =1 j=1 j =1

XX
XXXX
1
max
γij Yi (tj ) −
γij γi0 j 0 Yi (tj )Yi0 (tj 0 )δNi (tj )δNi0 (tj 0 )K(Xi , Xi0 )
2
0
0
γij

subject to: 0 ≤ γij ≤ wi (tj )Cn ,

i=1 j=1

n X
m
X

γ
bij δNi (tj )K(Xs , Xi ).

Denote the solutions as γ
bij .
Step 2. Compute the risk scores for non-censored subjects in the training data
as
gb(Xs ) =

Step 3. Predicting event time of a future subject with covariates x by k -nearestneighbor:
(a) P
Compute the risk score for this subject as gb(x)
=
P
n
m
bij δNi (tj )K(x, Xi ).
i=1
j=1 γ
(b) Find k non-censored subjects in the training data whose risk scores are
closest to gb(x) and denote them as gb(Xl ) for l = 1, · · · , k.
(c) Sort all gb(Xs ) in descending order and denote the rank of gb(Xl ) as rl
(d) Sort event times Ts of all non-censored subjects in ascending order. Find
the rl -th event time and denote as Tl for l = 1, · · · , k. P
(e) The event time for this subject is predicted as Tb = k1 l Tl .
Output: For a subject with covariates x, predict risk score as gb(x), and predict
event time as Tb.

Appendix B. Proof of Theorems

In this section, we prove Theorem 3.1 and Theorem 3.2.
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Proof (Theorem 3.1)
Since f ∗ (t, x) minimizes R(f ), conditional X = x, f ∗ (t, x) also minimizes
Z
 Z
E (Y (t)[1 + f (t, X)]+ |X = x)
E
Y (t)[1 − f (t, X)]+ dN (t)|X = x +
E(dN (t)).
E(Y (t))
(A.1)
Clearly, the value f ∗ (t, x) should belong to the interval [−1, 1], because otherwise truncation
of f at −1 or 1 gives a lower value. Assuming −1 ≤ f (t, x) ≤ 1, (A.1) becomes
Z
Z
E(Y (t)|X = x){h(t, x) + h̄(t)}dt − f (t, x)E(Y (t)|X = x){h(t, x) − h̄(t)}dt,
31
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E[dN (t)]/dt
= E[h(t, X)|Y (t) = 1].
E[Y (t)]

where recall that h(t, x) is the conditional hazard rate of T = t given X = x and h̄(t) is the
population average hazard at time t,
h̄(t) =

f ∗ (t, x) = sign{h(t, x) − h̄(t)}.

Therefore, one optimal decision function minimizing RL (f ) is

On other hand, we note
Z
Z
I[f (t, x) ≤ 0]E (Y (t)|X = x) h(t, x)dt + I[f (t, x) ≥ 0]E (Y (t)|X = x) h̄(t)dt.

R0 (f ) =

Thus, any decision function has the same sign as (h(t, x) − h̄(t)) minimizes R0 (f ) so f ∗ (t, x)
minimizes R0 (f ). Finally, under the optimal rule f ∗ (t, x), the minimal value of the weighted
0-1 risk is given as
Z

R0 (f ∗ ) = E
E(Y (t)|X = x) min{h(t, x), h̄(t)}dt
Z

1
=
E
E(Y (t)|X = x){h(t, x) + h̄(t) − |h(t, x) − h̄(t)|}dt
2
Z

1
= P (T ≤ C) − E
E(Y (t)|X = x)|h(t, x) − h̄(t)|dt .
2

= 2P (T ≤ C) − E

Z

sign{h(t, x) − λn¯(t)}E(Y (t)|X = x){h(t, x) − h̄(t)}dt .


E(Y (t)|X = x) sign{h(t, x) − h̄(t)} − f (t, x) × {h(t, x) − h̄(t)}dt


E(Y (t)|X = x) f (t, x) − sign{h(t, x) − h̄(t)} × |h(t, x) − h̄(t)|dt



To show the last inequality in Theorem 3.1, we note hat for −1 ≤ f (t, x) ≤ 1,
Z

Z
R(f ) = E
E(Y (t)|X = x){h(t, x) + h̄(t)}dt − f (t, x)E(Y (t)|X = x){h(t, x) − h̄(t)}dt
Z

f (t, x)E(Y (t)|X = x){h(t, x) − h̄(t)}dt ,
and

Z
Z

R(f ∗ ) = 2P (T ≤ C) − E
Thus,
R(f ) − R(f ∗ ) = E
= E

On the other hand, for the risk function based on the 0-1 loss, we have

Z
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R0 (f ) − R0 (f ∗ )
Z


E(Y (t)|X = x) I[f (t, x) ≤ 0]h(t, x) + I[f (t, x) ≥ 0]h̄(t) − min{h(t, x), h̄(t)} dt
= E


E(Y (t)|X = x) h(t, x) − h̄(t) × I {h(t, x) − h̄(t)}sign{f (t, x)} < 0 dt .
= E

32


I {h(t, x) − h̄(t)}sign{f (t, x)} < 0 ≤ f (t, x) − sign{h(t, x) − h̄(t)} .

λn kgλn k2Hn

+ PR(b
g ) − (λn kgλn k + PR(gλn ))


− λn kb
g k2H + PRn (b
g ) − (λn kgλn k + PRn (gλn ))

λn kb
g k2H

λn kb
g k2H + PR(b
g ) − (λn kgλn k + PR(gλn ))

+ PR(b
g ) − (λn kgλn k + PR(gλn )) ≤ 2
sup
√

kgkHn ≤

n

33

2
Pn
n

(

c/λn

∆
e n [I(Ye ≥ Y )]
P

)
,

|PRn (g) − PR(g)|.
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!

(A.2)

e n {I(Ye ≥ Y )[2 + g(X)
e − g(X)]+ }
e
e
P
e ∆
e I(Y ≥ Y )[2 + g(X) − g(X)]+
fg (Y, X, ∆) = ∆
+P
e
e
e
e
Pn [I(Y ≥ Y )]
Pn [I(Y ≥ Y )]
!
e +}
I(Y ≥ Ye )P∗ {I(Y ∗ ≥ Ye )[2 + g(X∗ ) − g(X)]
e
e
−P ∆
.
P∗ [I(Y ∗ ≥ Ye )]P∗ [I(Y ∗ ≥ Ye )]

where

PRn (g) − PR(g) = (Pn − P)fg (Y, X, ∆) −

We derive a bound for the right-hand side of (A.2). First,

λn kb
g k2H

From Step 1, we conclude

= PR(b
g ) − PRn (b
g ) − {PR(gλn ) − PRn (gλn )} .

≤

p

+ PRn (b
g) ≤
+ PRn (gλn ),
p
we conclude kb
g kHn ≤ c/λn so kb
g k∞ ≤ c/λn , where c may be another different constant
(without confusion, we always use cp
to denote some constant). Therefore, we can restrict g
in the minimization of (2) to be in c/λn BHn , where BHn be the unit ball in Hn .
Second, we obtain a key inequality for comparing the risks of gb and gλn . By the definition
of gb, the following fact holds:

λn kb
g k2Hn

λn kgλn k2Hn + PR(gλn ) ≤ PR(0).
p
This gives kgλn kHn ≤ c/λ for some constant
p λn so by Lemma 4.23 (Steinwart and Christmann, 2008, p124), we obtain kgλn k∞ ≤ c/λn . Furthermore, using the fact

Proof (Theorem 3.2)
The proof of Theorem 3.2 follows a similar procedure to the standard support vector
machine theory. However, the main difference is that the proof handles PRn (f ) instead of
the simple empirical mean of the hinge-loss in the standard theory. Let gλn be the function
in Hn which minimizes λn kgk2Hn + PR(g). The proof consists of the following steps.
First, we derive a preliminary bound for some norms of gb. Clearly,

We then obtain R0 (f ) − R0 (f ∗ ) ≤ R(f ) − R(f ∗ ).

Note that

Support Vector Hazards Machine

sup
√

kgkHn ≤
c/λn

|PRn (g) − PR(g)| ≤
sup
√

kgkHn ≤
c/λn

|(Pn − P)fg | + c/n.

log N (, {fg /an : g ∈

p
c/λn BHn }, l∞ ) ≤ cp,d σn(p/4−1)d −p ,

c/λn

2

g∈Hn

+ PR(b
g ) ≤ inf {λn kgkHn + PR(g)} + Op

√

−d/2

2σn
π d/4

Z

2 /(2σ 2 )
n

e−kx−yk

g ∗ (y)dy,
kg − g ∗ kHn ≤ kg − g ∗ kL2 (P ) ≤ cσnd/2 .

ge(x) =

!

.

and the result in Theorem 3.2 holds.
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(A.3)

(A.3)
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inf {λn kgkHn + PR(g)} ≤ {λn ke
g kHn + PR(e
g )} ≤ PR(g ∗ ) + cσnd/2 + cλn ,
g∈Hn

Therefore,

then ge ∈ Hn and

Thus, if we define

|PR(g) − PR(g ∗ )| ≤ ckg − g ∗ kL1 (P ) .

n

−1/2 −(1/p−1/4)d
σn

λn

Let g ∗ = argminPR(g). From the expression of PR(g), we note

λn kb
g k2Hn

Hence, we have proved

P (λn kb
g k2H + PR(b
g ) − (λn kgλn k + PR(gλn )) > cn−1 + an n−1/2 x) ≤ e−cx .

for some constant c only depending on (p, d). Consequently, (A.2) gives

kgkHn ≤

p
−(1−p/4)d/p
where an = c/λn σn
. Therefore, according to Theorem 2.14.10 in van der Vaart
and Wellner (1996), we obtain


√
2

P
|(Pn − P)(fg /an )| > x ≤ e−cx
n
sup
√

This implies

|fg1 − fg2 | ≤ c|g1 − g2 |.

where N (, F, l∞ ) is the -covering number of F under l∞ -norm, d is the dimension of X, p
is any number in (0, 2) and cp,d is a constant only depending on (p, d). Moreover, we note
that by the property of the hinge-loss, fg is the Lipschitz continuous in g and satisfies

On the other hand, from Theorem 3.1 in Steinwart and Scovel (2007), we have
!−p
p

(p/4−1)d
p
log N (, c/λn BHn , l∞ ) ≤ cp,d σn
≤ cp,d σn(p/4−1)d λ−p/2
−p ,
n
c/λn

Therefore,
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1. Introduction

Keywords: Bayesian networks, stable distributions, linear regression, structure learning,
gene expression, differential expression

Stable distributions have found applications in modeling several real-life phenomena (Berger
and Mandelbrot, 1963; Mandelbrot, 1963; Nikias and Shao, 1995; Gallardo et al., 2000;
Achim et al., 2001) and have robust theoretical justification in the form of the generalized
central limit theorem (Feller, 1968; Nikias and Shao, 1995; Nolan, 2013). Several special
instances of multivariate generalization of stable distributions have also been described in
literature (Samorodnitsky and Taqqu, 1994; Nolan and Rajput, 1995). Multivariate stable
densities have previously been applied to modeling wavelet coefficients with bivariate α-

One motivation for the present work comes from potential applications to computational biology, especially in genomics, where Bayesian network models of gene expression
profiles are a popular tool (Friedman et al., 2000; Ben-Dor et al., 2000; Friedman, 2004). A
common approach to network models of gene expression involves learning linear regressionbased Gaussian graphical models. However, the distribution of experimental microarray
intensities shows a clear skew and may not necessarily be best described by a Gaussian
density (Section 3.2). Another aspect of microarray intensities is that they represent the
average mRNA concentration in a population of cells. Assuming the number of mRNA
transcripts within each cell to be independent and identically distributed, the generalized
central limit theorem suggests that the observed shape should asymptotically (for large
population size) approach a stable density (Feller, 1968; Nikias and Shao, 1995; Nolan,
2013). Univariate stable distributions have previously been used to model gene expression
data (Salas-Gonzalez et al., 2009a,b) and it is therefore natural to consider multivariate
α-stable densities as models for mRNA expression for larger sets of genes. In Section 3.2 we
provide empirical evidence to support this reasoning. We further develop α-stable graphical
(α-SG) models for quantifying differential expression of genes from microarray data belonging to phase III of the HapMap project (International HapMap 3 Consortium and others,
2010; Montgomery et al., 2010; Stranger et al., 2012).

In this paper, we describe α-stable graphical (α-SG) models, a new class of multivariate
stable densities that can be represented as directed acyclic graphs (DAG) with arbitrary
network topologies. We prove that these multivariate densities also correspond to linear regression-based Bayesian networks and establish a model selection criterion that is
asymptotically equivalent to the Bayesian information criterion (BIC). Using simulated
data for five benchmark network topologies, we empirically show how α-SG models improve
structure and parameter learning performance for linear regression networks with additive
heavy-tailed noise.

stable distributions (Achim and Kuruoglu, 2005), inferring parameters for linear models of
network flows (Bickson and Guestrin, 2011) and stock market fluctuations (Bonato, 2012).
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The rest of the paper is structured as follows : Section 2.1 describes the basic notation
and background concepts for Bayesian networks and stable densities. Section 2.2 introduces
α-SG models and establishes that these models are Bayesian networks that also represent
multivariate stable distributions with discrete spectral measures. Section 2.3 establishes
the equivalence of the popular but (in this case) computationally challenging Bayesian information criterion (BIC) for structure learning and the computationally more tractable
minimum dispersion criterion (MDC), for all α-SG models that represent symmetric densities. Furthermore, we establish how data samples from any α-SG model can be combined
to generate samples from a partner symmetric α-SG model with identical network topology
and regression coefficients. Using these theoretical results we design StabLe, an efficient
algorithm that combines ordering-based search (OBS) (Teyssier and Koller, 2005) for structure learning with the iteratively re-weighted least squares (IRLS) algorithm (Byrd and
Payne, 1979) for learning the regression parameters via least lp norm estimation. Finally, in
Section 3 we implement the structure and parameter learning algorithm on simulated and
expression microarray data sets.

Stable random variables are motivated by the central limit theorem for densities with
(potentially) unbounded variance and can be thought of as natural generalizations of the
Gaussian distribution to skewed and heavy-tailed phenomenon. In this paper, we introduce α-stable graphical (α-SG) models, a class of multivariate stable densities that can
also be represented as Bayesian networks whose edges encode linear dependencies between
random variables. One major hurdle to the extensive use of stable distributions is the lack
of a closed-form analytical expression for their densities. This makes penalized maximumlikelihood based learning computationally demanding. We establish theoretically that the
Bayesian information criterion (BIC) can asymptotically be reduced to the computationally more tractable minimum dispersion criterion (MDC) and develop StabLe, a structure
learning algorithm based on MDC. We use simulated datasets for five benchmark network
topologies to empirically demonstrate how StabLe improves upon ordinary least squares
(OLS) regression. We also apply StabLe to microarray gene expression data for lymphoblastoid cells from 727 individuals belonging to eight global population groups. We establish
that StabLe improves test set performance relative to OLS via ten-fold cross-validation.
Finally, we develop SGEX, a method for quantifying differential expression of genes between
different population groups.
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2. Methods
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In this section we develop the theory and algorithms for learning α-SG models from data.
First, we discuss some well-established results for Bayesian networks and α-stable densities.
2.1 Background

=

|X |
Y

i=1

p(Xi |P a(Xi ), θi )

(1)

We begin with an introduction to Bayesian network models (Pearl, 1988) for the joint
probability distribution of a finite set of random variables X = {X1 , . . . XN }. A Bayesian
network B(G, Θ) is specified by a directed acyclic graph (DAG) G, whose vertices represent
random variables in X and a set of parameters Θ = {θi |Xi ∈ X }, that determine the
conditional probability distribution p(Xi |P a(Xi ), θi ) for each variable Xi ∈ X given the
state of its parents P a(Xi ) ⊆ X \ {Xi } in G (Koller and Friedman, 2009). We will overload
the symbols Xj and P a(Xj ) to represent both sets of random variables and their realizations.
The directed acyclic graph G implies a factorization of the joint probability density into
terms representing each variable Xi and its parents P a(Xi ) (called a family) such that :
PB (X )

The dependence of p(Xi |P a(Xi ), θi ) on θi is usually specified by an appropriately chosen
family of parametrized probability densities for the random variables, such as Gaussian or
log-Normal. In this paper, we will use multivariate stable densities to model the random
variables in X . The primary motivation for modeling continuous random variables using
stable distributions comes from the generalization of the central limit theorem to distributions with unbounded variance (Feller, 1968; Nikias and Shao, 1995). Stable distributions
are parametrized to allow varying degrees of impulsiveness and skewness. The generalized
central limit theorem requires that the sums of stable random variables are stable and more
generally in the limit of large N , all sums of N independent, identically distributed random
variables approach a stable density. A formal definition for stable random variables can be
provided in terms of the characteristic function (Fourier transform of the density function)
Definition 1 A stable random variable X ∼ Sα (β, γ, µ), is defined for each α ∈ (0, 2],
β ∈ [−1, 1], γ ∈ (0, ∞) and µ ∈ (−∞, ∞). The probability density f (X|α, β, γ, µ) is
implicitly specified by a characteristic function φ(q|α, β, γ, µ) :

α 6= 1
α=1

φ(q|α, β, γ, µ) ≡ E[exp(ıqX)]
Z ∞
=
f (X|α, β, γ, µ) exp(ıqX)dX
−∞

= exp ıµq − γ|q|α [1 − ıβ sign(q)r(q, α)]

where, r(q, α) =

tan απ
2
− π2 log |q|
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The parameters α, β, γ and µ will be called the characteristic exponent, skew, dispersion
and location respectively. Unfortunately, the density f (X|α, β, γ, µ) does not have a closedform analytical expression except for the three well-known stable distributions (Figure 1
and Table 1).
3

Distribution
Lévy(γ, µ)
Cauchy(γ, µ)
Normal(µ, σ)

f (X|α, β, γ, µ)

γ2 
1
√γ
exp − 2(x−µ)
2π (x−µ)3/2
γ
1
π γ 2 +(x−µ)2
(x−µ)2 
√1
2 πγ exp − 4γ

Misra and Kuruoglu

σ2
2 , µ)

Sα (β, γ, µ)
S0.5 (1, γ, µ)
S1.0 (0, γ, µ)
S2.0 (0, γ =

Support
µ<x<∞
−∞ < x < ∞

−∞ < x < ∞

Table 1: Closed-form analytical expressions for Lévy, Cauchy and Normal densities and the
corresponding α-stable parameters.

Except for the Gaussian case, the asymptotic (large x) behavior of univariate α-stable
densities shows Pareto or power law tails (Lévy, 1925). The following lemma formalizes
this observation (Samorodnitsky and Taqqu, 1994; Nolan, 2013)

−10

Z

0

∞

5

10

P r(X > x) ∼ (1 + β)γCα x−α
1
απ
Γ(α) sin( )
π
2

0

x−α sin xdx)−1 =

−5

Standard densities
Sα=0.5(β=1, γ=1, µ=0)
Sα=1.0(β=0, γ=1, µ=0)
Sα=2.0(β=0, γ=1, µ=0)

Cα = (2

Lemma 1 If X ∼ Sα (β, γ, 0) with 0 < α < 2, then as x → ∞

0.4

0.3

0.2

0.1

0.0

Figure 1: The three instances of analytically known univariate α-stable densities Sα (β, γ, µ).
Lévy(γ, µ) ∼ S0.5 (1, γ, µ) (solid blue curves), Cauchy(γ, µ) ∼ S1.0 (0, γ, µ) (dashed
2
green curves) and Normal(µ, σ) ∼ S2.0 (0, σ2 , µ) (dot-dashed red curves).
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It is straight forward to use the characterization of stable random variables in Definition 1 to verify the following well-known properties (Samorodnitsky and Taqqu, 1994),

4

Θ = {θi |Xi ∈ X }.

Wj = {wjk |Xk ∈ P a(Xj )},

5
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A symmetric α-stable graphical (Sα-SG) model is a α-SG model with β = 0.

θj = {α, βj , γj , µj } ∪ Wj ,

wjk ∈ R,

where P a(Xj ) ⊆ X \ {Xj } are the parent nodes of Xj in the directed acyclic graph G and
Θ describes the distribution parameters

2. Zj is independent of Zk , if j 6= k, ∀Xj ∈ X

Xk ∈P a(Xj )

Definition 3 An α-stable graphical (α-SG) model B(G, Θ) is a probability distribution over
X such that
X
1. Zj ≡ Xj −
wjk Xk ∼ Sα (βj , γj , µj )

where, ψ(u|α) = |u|α (1 − ı sign(u)r(u, α))

Sd

Φ(q|α, µ, Λ) ≡ E[exp(ıq T X )]
 Z

= exp −
ψ(sT q|α)Λ(ds) + ıµT q

Definition 2 A d-dimensional multivariate stable distribution over X = {X1 , . . . Xd } is
defined by an α ∈ (0, 2], µ ∈ Rd an a spectral measure Λ over the d-dimensional unit sphere
Sd , such that the characteristic function

We can now introduce Bayesian network models reconstructed from stable densities that
have compact representations for the characteristic function. Univariate α-stable densities can be generalized to represent multivariate stable distributions that are defined as
follows (Samorodnitsky and Taqqu, 1994),

2.2 α-Stable Graphical Models

P A word on the notation used throughout this paper. We will use the symbol kY kp =
( λ |Yλ |p )1/p to represent the lp norm of a vector. The lp norm of a vector representing
N realizations of a random variable Z is related to the pth moment E(|Z|p ) = kZkpp /N .
For heavy-tailed α-stable densities, one convenient method for parameter estimation is via
fractional lower order moments (FLOM) for p < α (Hardin Jr, 1984; Nikias and Shao, 1995).
Later, we will discuss FLOM-based parameter learning in greater detail (Section 2.4.1).

Property 2 If X ∼ Sα (β, γ, µ) and c, d ∈ R, then




Sα sign(c)β, |c|α γ, cµ + d ,
α 6= 1


cX + d ∼
 Sα sign(c)β, |c|γ, c(µ − 2γβ ln |c| ) + d , α = 1
π

β1 γ1 + β2 γ2
, γ = (γ1 + γ2 ) , µ = µ1 + µ2
γ1 + γ2

j=1

d
Y

f (Zj |α, βj , γj , µj )

j=1

d
Y

j=1

d
Y

p(Xj |P a(Xj ), θj )

p(Xj |P a(Xj ), θj )|

∂(Z1 , . . . Zd )
|
∂(X1 , . . . Xd )

k=1

d
Y

φ(cTk q|α, βk , γk , µk ) where, ck , q ∈ Rd

6
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Lemma 4 Every α-SG model represents a multivariate stable distribution with a discrete
spectral measure of the form in Lemma 3.

We are now in a position to establish that α-SG models imply a multivariate stable
density with a spectral measure concentrated on a finite number of points over the unit
sphere.

represents a multivariate stable distribution with a discrete spectral measure Λ.

Φ(q|α, µ̃, Λ) =

Lemma 3 Every d-dimensional distribution with a characteristic function of the form

Before establishing the fact that an α-SG model is a multivariate stable density in the sense
of Definition 2, we prove the following result (proof is provided in Appendix A) :

Hence, B(G, Θ) is a Bayesian network.

=⇒ PB (X ) =

=⇒ PB (X ) =

also, p(Xj |P a(Xj ), θj ) = f (Zj |α, βj , γj , µj )
∂(Z1 , . . . Zd )
|
=⇒ PB (X ) = PB (Z1 , . . . Zd )|
∂(X1 , . . . Xd )

PB (Z1 , . . . Zd ) =

Proof Let d = |X |. First note that every directed acyclic graph can be used to infer an
ordering (not necessarily unique) on the variables in X such that all parents of each variable
have a lower order than the variable itself. Suppose we index each variable with its order
in an ordering compatible with the DAG, such that Xi has order i. The proof rests on the
fact that the transformation matrix from {Zi } to {Xi } for such a graph is lower triangular,
with each diagonal entry equal to 1. Since the determinant of a triangular matrix equals
the product of its diagonal entries, the Jacobian for the transformation (or the determinant
∂(Z1 ,...Zd )
of the transformation matrix), | ∂(X
| = 1. Furthermore, since the noise variables Zj ’s
1 ,...Xd )
are independent of each other

Lemma 2 B(G, Θ) in Definition 3 represents a Bayesian network

It is straightforward to see that B(G, Θ) is indeed a Bayesian network. Note also that the
fact that Zj are stable follows directly from Property 1.

Property 1 If X1 ∼ Sα (β1 , γ1 , µ1 ) and X2 ∼ Sα (β2 , γ2 , µ2 ) are independent stable random
variables, then Y = X1 + X2 ∼ Sα (β, γ, µ), with

β=

Misra and Kuruoglu
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dXj f (Zj |α, βj , γj , µj ) exp(ıqj Xj )
dXj f (Zj |α, βj , γj , µj ) exp(ıq˜j Xj )

iZ

iZ

dZm f (Zm |α, βm , γm , µm ) exp(ıqm Zm )

dXm f (Zm |α, βm , γm , µm ) exp(ıqm Xm )

Proof We will prove the lemma by induction. First, observe that every Bayesian network
can be used to assign an ordering (not unique) such that P a(Xj ) ⊆ {X1 . . . Xj − 1}. As
before, we will use such an ordering to index each random variable in X , such that X|X |
has no descendants. The base case of the lemma, where |X | = 1 is clearly true. Assume
that the lemma is true for all Bayesian networks with |X | = m − 1. Then for any Bayesian
network B with |X | = m random variables

j=1

j=1

Z h m−1
Y

j=1

Z h m−1
Y

ΦB (q) ≡ E[exp(ıq T X )]
Z Y
|X |
dXj f (Zj |α, βj , γj , µj ) exp(ıqj Xj )
=

=

=
=

ΦB̃ (q̃)φ(qm |α, βm , γm , µm )

m−1
Y

k=1

φ(skT q̃|α, βk , γk , µk )

and q̃j = qj + wmj qm |P a(Xm ) ∩ {Xj }| ∀ Xj ∈ X̃

where B̃ is the Bayes net on X̃ = X \ {Xm },

Since by assumption,

ΦB̃ (q̃) =

k=1

=⇒ ΦB (q) = φB̃ (q̃)φ(qm |α, βm , γm , µm )
m
Y
φ(s̃kT q|α, βk , γk , µk ), where :
=

 Pm−1
j=1 sk,j (qj + wmj qm |P a(Xm ) ∩ {Xj }|) k < m
s̃kT q =
qm
k=m

Therefore, ΦB (q) represents a m-dimensional multivariate stable distribution with a discrete spectral measure (Lemma 3). Therefore, by induction, every α-SG model represents
a multivariate stable distribution with a discrete spectral measure of the form in Lemma 3.

2.3 Learning α-SG Models

JMLR 17(168):1-36

A popular method for structure learning in Bayesian network models is based on the
Bayesian information criterion (BIC) which is also equivalent to the minimum description length (MDL) principle (Schwarz, 1978; Heckerman et al., 2000).
7
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Dj ∈D

Xi ∈X

X
X |P a(Xi )|


log N
log PB (Dj ) −
2

Definition 4 Given a data set D = {D1 , . . . , DN }, the Bayesian Information Score SBIC (B|D)
for a Bayesian network B(G, Θ) is defined as,
SBIC (B|D) =

The Bayesian information criterion (BIC) selects the Bayesian network that maximizes this
score over the space of all directed acyclic graphs G and parameters Θ.

The major stumbling block in using stable densities is due to the fact that there is no
known closed-form analytical expression for them (apart from special cases representing
Gaussian, Cauchy and Levy distributions). This makes BIC based inference computationally demanding due to the marginal likelihood term PB [Dλ ]. One main contribution of this
paper is an efficient method of learning the network structure and parameters for α-SG
models. The next lemma establishes a new result that is useful in efficiently solving the
learning problem.





log f (Yj |α, β, γ, µ) = −N log γ + h(Y |α, β)

Lemma 5 Given a data set DY = {Y1 , . . . , YN } generated from a stable random variable
Y ∼ Sα (β, γ, µ)
N
X

j=1

Z
where, lim h(Y |α, β) = − dY f (Y |α, β, 1, 0) log f (Y |α, β, 1, 0)
h
i
= H Sα (β, 1, 0)
N →∞

where, H[.] is the entropy of the corresponding random variable.

µ
γ 1/α
2β ln γ
π

+

α 6= 1

α=1

(2)

Proof Since Y includes samples from a stable distribution, Y ∼ Sα (β, γ, µ) by definition,
performing a change of variable to
Y → Ỹ

µ
γ

Y
=
− µ̃
γ 1/α
(
where, µ̃ =

1
dỸ
= f (Ỹ |α, β, 1, 0) 1/α
dY
γ
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we get, the standard form density Ỹ ∼ Sα (β, 1, 0) using Property 2. Furthermore, samples
from the transformed data set Ỹ = {Ỹ1 , . . . , ỸN } are also distributed according to the
following standard density :

f (Y |α, β, γ, µ) = f (Ỹ |α, β, 1, 0)

8

(3)

Z

∞

1
N

j=1

log f (Y˜j |α, β, 1, 0)

Xj ∈X

9

if, βi = 0, ∀Xi ∈ X
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Lemma 6 Given a symmetric α-stable graphical model for variables in X ,


X
Z ≡ wT X =
wj Xj ∼ S α, β(w) = 0, γ(w), µ(w) , ∀w ∈ R|X |

As things stand, the entropy H[.] of stable random variables in the standard form is just
as difficult to compute as the original log-likelihood and the previous lemma has just transformed one intractable quantity into another. However, there is an important class of models
where we can ignore the entropy term during structure learning; this class of multivariate
distributions have a special property that every linear combination of random variables is
distributed as a stable distribution Sα (β, ., .) with the same α and β. One scenario when
this is true is when the noise term is symmetric i.e. βi = 0 ∀ Xi ∈ X . This special case is
important since we later show (Lemma 8) that every α-SG model can be easily transformed
into a partner symmetric α-SG model with identical network topology and regression coefficients. For all practical purposes, learning the structure of symmetric α-SG models is
effectively the same as learning structure of arbitrary α-SG models.

where, H[.] is the entropy of the corresponding random variable.

f (Ỹ |α, β, 1, 0) log f (Ỹ |α, β, 1, 0)dY
h −∞
i
= H Sα (β, 1, 0)

= −

N →∞

lim h(Y, α, β) = − lim

N →∞

N
X

Here Ỹj and Yj are related via Equation 2 for all 1 ≤ j ≤ N . Note that since the transformed
variables Ỹj are samples from f (Ỹ |α, β, 1, 0), we have the following asymptotic result for
large N

j=1

N
1 X
h(Y |α, β) ≡ −
log f (Y˜j |α, β, 1, 0)
N

where, h(Y |α, β) is defined by

−

o
log γ
+ log f (Y˜j |α, β, 1, 0)
α
j=1

 log γ
+ h(Y |α, β)
= −N
α

=

N n
X

j=1
Sd

Sd

k=1

n
ck
ck o T α
δ(s −
) + δ(s +
) |w s| sign(wT s)ds
|c
|
|c
k 2
k |2
Sd

Xi ∈X

o
X n log γi |P a(Xi )|
N
+
log N
α
2
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Proof First consider the contribution to BIC score P
from each family (ie., each random
variable and its parents) separately. Let Zj = Xj − Xk ∈P a(Xj ) wjk Xk be any arbitrary
set of regression coefficients for a candidate network B(G, Θ). Note that the coefficients
Wj = {wjk |Xk ∈ P a(Xj )} need not be the true regression coefficients Wj∗ and B need not
be the true network B ∗ . We will use the notation Zi,λ for the realization of Zi in sample
Dλ ∈ D. Since D includes samples from a symmetric α-stable graphical model, Lemma 6

Lemma 7 Given a data set D = {D1 , . . . , DN } generated by a symmetric α-stable graphical
model, B ∗ (G∗ , Θ∗ ), the minimum dispersion criterion is asymptotically equivalent to the
Bayesian information criterion over the search space of all symmetric α-stable graphical
models

The minimum dispersion criterion (MDC) selects the Bayesian network that maximizes this
score over the space of all directed acyclic graphs G and parameters Θ.

SM DC (B|D) = −

Definition 5 Given a data set D = {D1 , . . . , DN }, the penalized dispersion score SM DC (B|D)
for a Bayesian network B(G, Θ) is defined as,

For a recent reference on multiple regression with stable errors, see also Nolan (2013b).
We are now in a position to present the main contribution of this paper : an alternative criterion for model selection that is both computationally efficient and comes with
robust theoretical guarantees (Lemma 7). The criterion is called minimum dispersion criterion (MDC) and is a penalized version of a technique previously used in signal processing
literature for designing filters for heavy-tailed noise (Stuck, 1978).

2γ(w)

2

Z
d
X
|wT ck |α γk

= 0

β(w) =

Since, X represents a symmetric α-stable graphical model, Lemma 4 and Lemma 3 imply
(substituting the characteristic function in the expression for β(w) with the expansion in
Lemma 3 :

γ(w) =

|wT s|α Λ(ds)
Z
sign(wT s)|wT s|α Λ(ds)
β(w) = γ(w)−1

Z

Proof The dispersion γ(w) and skewness β(w) for the projection wT X of any d-dimensional
stable random density are given by (Samorodnitsky and Taqqu, 1994)

This implies that if we know the parameters α, β, γ and µ for the density generating DY

N
X


log f (Y |α, β, γ, µ) =
log f (Yj |α, β, γ, µ)
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implies Zj ∼ Sα (β = 0, γj , µj ). Therefore, using Lemma 5

 log γ
 |P a(X )|
j
j
+ h(Z̃j |α, β = 0) −
log N
α
2

N
h
i
X
|P a(Xj )|
log N
log f (Zj,λ |α, β = 0, γj , µj ) −
2

λ=1

= −N

F am(Xj , P a(Xj )|D) ≡

SBIC (B|D)
N
=
Xj ∈X

Xj ∈X


X  log γj
|P a(Xj )|
+ h(Zj |α, β = 0) +
log N
α
2N

X F am(Xj , P a(Xj )|D)
N

where, as in Equation 3, Zj and Z̃j are related by the transformation in Equation 2 and
F am(Xj , P a(Xj )|D) represents the contribution to BIC score from each family (ie., each
random variable and its parents).
=⇒
= −


SM DC (B|D)
SBIC (B|D)
= lim
− |X |H[Sα (β = 0, 1, 0)
=⇒ lim
N →∞
N →∞
N
N
Since, |X |H[Sα (β = 0, 1, 0)] is independent of the candidate network structure and regression parameters {Wj |Xj ∈ X }, we get the result that for any pair of networks B and
B0


1
1
=⇒ lim
SBIC (B|D) − SBIC (B 0 |D)
= lim
SM DC (B|D) − SM DC (B 0 |D)
N →∞ N
N →∞ N
Therefore, asymptotically, BIC is equivalent to M DC when data is generated by a symmetric α-SG graphical model.
We now show how samples from any stable graphical model can be combined to yield
samples from a partner symmetric stable graphical model with identical parameters and
network topology. This transformation was earlier used by Kuruoglu (2001) in order to
estimate parameters from skewed univariate stable densities. We should point out that the
procedure described above has the drawback that symmetrized data set has half the sample
size.
Lemma 8 Every α-SG model can be associated with a symmetric α-SG model with identical
skeleton (graph structure) and regression parameters.
Proof Given a data set D = {D1 , . . . DN } representing any α-SG model B(G, Θ), consider
b = {D
c1 , . . . D
d
a resampled data set D
NS } with variable realizations
d
X
i,λ = Xi,2λ − Xi,2λ−1 , ∀λ ∈ {1, . . . NS = bN/2c}

c

X

Xk ∈P a(Xj )

ck
wjk X
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cλ = {X
d
These ’bootstrapped’ data samples D
i,λ |Xi ∈ X } represent independent realizations
ci |Xi ∈ X }. Similarly, we may use the regression parameters W
of random variables Xb ≡ {X
to define resampled noise variables :
cj ≡ X
cj −
Z

We now make two observations :

11

1. If Zj = Xj −
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ck ∼ Sα (β = 0, 2γj , 0)
wjk X

∼ Sα (βj , γj , µj ), then using Property 1

X

ck ∈P a(Xj )
X

Xk ∈P a(Xj ) wjk Xk

P

cj ≡ X
cj −
Z

cj are independent of each other.
2. The transformed noise variables Z

But these conditions define an α-SG model (Definition 3). Therefore, by Lemma 2, the
b
b such that
resampled data is distributed according to a Bayesian network B(G,
Θ)
X
ck
wjk X

ck ∈P a(Xj )
X

cj |α, 0, 2γj , 0)
f (Z

cj ≡ X
cj −
Z

|X |
Y

j=1

b = {θbj |Xj ∈ X }
= {α, β = 0, 2γj , 0} ∪ Wj , Θ

PBb (Xb) =
θbj

The expression for MDC in Definition 5 does not involve the stable pdf and hence one
may wonder how the variables of the distribution could be estimated. The answer is given
by the following property of stable distributions Kuruoglu (2001).

C(p, α) =

Γ(1 − αp )
.
Γ(1 − p) cos(p π2 )

E(|Z|p ) = C(p, α)γ p/α ∀ − 1 < p < α

Lemma 9 If Z ∼ Sα (0, γ, 0), then

where,

2.4 The StabLe Algorithm

In this section we describe StabLe, an algorithm for learning the structure and parameters
of α-SG models (Algorithm 1). The first step of StabLe is to center and symmetrize the
entire data matrix DI in terms of the variables Xb, as described in Lemma 8. This is followed
by estimating the global parameter α using the method of log statistics (Kuruoglu, 2001).
Finally, structure learning is performed by a modified version of the ordering-based search
(OBS) algorithm (Section 2.4.2). The details of parameter estimation and structure learning
algorithms are discussed next.
2.4.1 Parameter Learning

JMLR 17(168):1-36

First, we describe the algorithms StabLe uses to estimate the characteristic exponent α
from the data matrix D, as well as the parameters Γ = {γj |Xj ∈ X } and Wj = {wjk |Xk ∈
P a(Xj )} for any given directed acyclic graph G.

12

α =

ψ1 ≡

L2

b

i=1

|X |
X

=

π2
6

ci , then
X

d2
Γ(y)
dy 2

y=1

1 −1/2
2
−
ψ1
2
h
 i
b − E[log |X|]
b 2
≡ E log |X|

L

b=
X

(4)

Since every linear combination of variables in Xb has the same α, if we define

1
log γj (Wj )
α

13
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N


X

Wj∗ = arg min log kZj kp ≡ arg min log (
|Zj,λ |p )1/p

Minimum dispersion regression coefficients are estimated using a connection between the
lp -norm of a stable random variable and the dispersion parameter γ (Zolotarev, 1957; Kuruoglu, 2001) given above in Lemma 9.
This lemma tells us that within a constant term log C(p, α), minimizing α1 log γj is
P
p 1/p for −1 < p < α.
identical to minimizing the lp -norm kZj kp ≡ ( N
λ=1 |Zj,λ | )

Wj∗ = arg min

Estimating the dispersion γj , and regression parameters Wj = {w
Pjk |Xk ∈ P a(Xj )}
If γj (Wj ) is the dispersion parameter for the distribution of Zj = Xj − Xk ∈P a(Xj ) wjk Xk ,
then the minimum dispersion criterion selects regression parameters

Algorithm:

Estimating the global parameter α : Log statistics can be used to estimate the characteristic exponent α from the centered and symmetrized variables in Xb (Kuruoglu, 2001).

Algorithm 2 IRLS // Find the least lp norm regression coefficients
Input: N dimensional vector for realizations of the child node Y , N × M matrix X of
realizations of the parent set P a(Y ), tolerance  and p ∈ (0, 2]
Output: M dimensional vector of regression co-efficients W ∗ = arg minW kY − XW kp
Initialize W with OLS co-efficients W = (X T X)−1 (X T Y )
repeat
Initialize buffer for current regression coefficients β = W
Initialize a diagonal N × N matrix Ω from β for weighted least squares regression

Algorithm 1 StabLe
Input: Input data matrix DI , number of random restarts Nreps
Output: α-SG model B(G, Θ) over X
D ← Symmetrized(DI )
// Symmetrize the data as per Lemma 8
Estimate α from D
// Use log-statistics, Equation 4
Initialize B(G, Θ) = ∅
for i =1 to Nreps do
Initialize a random ordering σ
Bσ (G, Θ) = OBS(D, α, σ)
// Ordering-based search, Algorithm 4
if SM DC (Bσ |D) > SM DC (B|D) then
B = Bσ
end if
end for

14

JMLR 17(168):1-36

Searching the space of all network structures can be performed through any of the popular hill-climbing algorithms. In this paper we used the ordering-based search (OBS) algorithm (Teyssier and Koller, 2005) to search for a local optimum in the space of all directed
acyclic graphs. The algorithm starts with an initial ordering σ and then learns a DAG
consistent with σ ( i.e., all parents of each node must have a lower order). This part of
structure learning is performed via a subroutine K2Search (Algorithm 3), which is a modified version of the hill-climbing based K2Search algorithm Cooper and Herskovits (1992).
K2Search starts with an empty parent set for each node Xi ∈ X and greedily adds edges
|P a(Xi )|
until the MDC based score F S(Xi , P a(Xi )|D, α) = − N
log N reaches a local
α log γi −
2
maximum. The main difference from Gaussian graphical models (Heckerman et al., 2000;
Schmidt et al., 2007) is that K2Search scores each family based on least lp norm instead

2.4.2 Structure Learning

Algorithm: Minimization of the lp norm is performed by the iteratively least squares
(IRLS) algorithm (Byrd and Payne, 1979). Briefly, the IRLS algorithm repeatedly solves
an instance of the weighted least squares problem to achieve successive estimates for the
least lp norm coefficients (Algorithm 2). IRLS is attractive since rigorous convergence
guarantees can be given (Daubechies et al., 2010) and the method is easy to implement
since several software packages are available for the weighted least squares problem. Even
though the IRLS objective is no longer convex for p < 1.0, Daubechies et al. (2010) show that
under certain sparsity conditions, the algorithm can recover the true solution. Simulations
described in Section 3.1 tend to support this observation.
For experiments described in this manuscript, StabLe used two values of p for lp -norm
estimation. For learning regression coefficients during structure learning, IRLS was implemented with p = α/1.01, since lower values tended to give noisier estimates (possibly due to
numerical errors). However, we also found that estimating the term log C(p, α) is prone to
numerical errors for small values of |α − p|. Therefore, we ignore this constant term during
structure learning since it is common to all candidate structures. StabLe estimates the dispersion parameters γj after structure learning, by computing the lp -norm for p sufficiently
smaller than α (e.g. α/10 ≤ p ≤ α/2 and applying Lemma 9.

Update regression coefficients vector W = (X T ΩX)−1 (X T ΩY )
until kβ − W k2 <  // Change in regression coefficients is within tolerance

Ωij = δij (Yi − (XW )i )p−2 ∀i, j ∈ {1, . . . N }

Misra and Kuruoglu
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Algorithm 3 K2Search
Input: Symmetrized data matrix D, fixed ordering σ and shape parameter α
Output: α- SG model B(G, Θ) given the ordering σ
Initialize B(G, Θ) = ∅
for i = 2 to |X | do
// Find the optimal parent set P a(σi ) by greedily
// adding edges starting from P a(σi ) = ∅
repeat
Initialize noChange = true
Initialize best = F S(σi , P a(σi )|D, α)
AddP a = ∅
// Search for a potential parent
for Xj ∈ {σ1 . . . σi−1 } \ P a(σi ) do
Estimate regression weights Wσi for parent set P a(σi ) ∪ Xj using IRLS
if F S(σi , P a(σi ) ∪ Xj |D, α) > best then
best = F S(σi , P a(σi )∪Xj |D, α)
// Update best score and
AddP a = Xj
// possible new parent
noChange = f alse
end if
end for
P a(σi ) = P a(σi ) ∪ AddP a
// Add the new parent
until noChange is true
// Repeat until local optimum
end for

JMLR 17(168):1-36

Algorithm 4 OBS // Find the optimal α-SG model using OBS
Input: Symmetrized data matrix D, shape parameter α, initial ordering σ
Output: α-SG model B(G, Θ) over X
Initialize SG model B=K2Search(D, σ, α)
for i = 1 to |X | − 1 do
Initialize Ti σ = T widdle(i, σ)
// New ordering Ti σ by swapping σi & σi+1
B̃= K2Search(D, Ti σ, α)
// Compute the optimum B̃ given Ti σ
DS(i) = SM DC (B̃|D) − SM DC (B|D)
// Set Delta score for the twiddle
end for
repeat
Initialize noChange = true
Find a = arg max DS(i)
// Find the best twiddle Ta σ
B̃= K2Search(D, Ta σ, α)
// Compute the optimum given Ta σ
if SM DC (B̃|D) > SM DC (B|D) then
σ = Ta σ, B = B̃
// Accept the swap and update σ, B
DS(a − 1) (if a > 1)
// Update delta scores for neighbors a − 1
DS(a + 1) (if a < |X | − 1)
// and a + 1, if valid
noChange = f alse
end if
until noChange is true
// Repeat until local optimum
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of ordinary least squares (OLS). Once K2Search has learned the locally optimum DAG for
a given ordering σ, OBS explores other ordering by performing elementary operations (or
‘twiddles’) that swap the order of successive variables and recomputes the K2Search scores.
This process is continued until a local optimum. StabLe also performs a fixed number of
random restarts to explore more of the search space. In all experiments reported here we
used 10 random restarts. Pseudo code for the methods is described in Algorithms 4 and 3.

3. Empirical Validation

Xi ∈X

o
Xn
|P a(Xi )|
log kZi − Z̄i k2 +
log N
2

(5)

In this section we describe two sets of numerical experiments to assess the performance
of StabLe. The first set is based on synthetic data representing five benchmark network
topologies (Section 3.1). These experiments test the accuracy and robustness of MDC
based learning on simulated data sets where the ground truth (structure and parameters)
is known.
For the second set of experiments, we apply StabLe to a gene expression data set
(Section 3.2) from Phase III of the HapMap project (International HapMap 3 Consortium
and others, 2010). These samples represent microarray measurements of mRNA expression within lymphoblastoid cells from 727 individuals belonging to eight global population
groups (Montgomery et al., 2010; Stranger et al., 2012).
For structure learning, we chose ordinary least squares (OLS) based BIC penalized loglikelihood SOLS (B|D) for comparison.
SOLS (B|D) = −

OLS is commonly used for learning Gaussian graphical models and should be identical to
StabLe for α = 2.0 (for that case SOLS and SM DC are the same up to a network and
parameter independent term). This comparison allowed us to assess the effect of heavytailed noise (α < 2.0) on learning performance.
3.1 Synthetic Data

We performed numerical experiments based on simulated data sets for five network topologies from the Bayesian network repository 1 . These were (number of nodes, edges within
brackets) : ALARM (37, 46), BARLEY (48, 84), CHILD (20, 25), INSURANCE (27, 52) and MILDEW
(35, 46). Adjacency matrix for each network was downloaded from the supplement to
Tsamardinos et al. (2006)2 . Each node Xi ∈ X was assigned an additive α-stable noise
variable Zi with same parameters Sα (β, γ, 0) and each edge was assigned a regression coefficient that was sampled from [− ρ2 , + ρ2 ] uniformly at random. The Sα (β, γ, 0) noise variable
was simulated using the method of Chambers et al. (1976). For each set of experiments,
we simulated 100 datasets, each with 2000 samples from an α-SG model with randomly
chosen regression weights, but fixed network topology and α-stable noise parameters. The

JMLR 17(168):1-36

1. A description for each network is available at http://www.cs.huji.ac.il/site/labs/compbio/Repository/
.
2. Supplement can be accessed at http://www.dsl-lab.org/supplements/mmhc paper/mmhc index.html.
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(6)

goal was to assess StabLe in terms of its performance at structure learning and estimation
of stable noise parameters for a variety of regression coefficients.
We performed five sets of experiments for each network, corresponding to different values
of α = 0.8, 1.1, 1.4, 1.7, 2.0. For each set of experiments, we chose ρ = 1.0, β = 0.9 and
γ = 1.0. We chose such a high skew (β = 0.9) in the input data to test our algorithm on its
ability to symmetrize and correctly learn (possibly) difficult problem instances. Instead of
β however, we report a related parameter θ = arctan(β tan α π2 ) which can be inferred more
robustly in practice since it avoids the singularity near α = 2 (Kuruoglu, 2001). We used
the zeroth order signed moments based method for estimating θ (Kuruoglu, 2001).

Figure 2: The ALARM network - Inferred structure. Comparative performance of MDC based
StabLe algorithm (solid blue curves) versus an identical algorithm based on OLS
score (dashed red curves). Vertical axes show true positives in A and false positives in B, for directed edges present in the input network. Horizontal axes show
respective confidence (percentage of simulated data sets with the feature)
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Figure 3 shows the comparative performance of MDC and OLS scores in estimating regression coefficients. Figure 3A shows the bias in mean estimates (in absolute magnitude) and
Figure 3B, the standard deviation around the mean in estimated coefficients and are averaged over all true positives and all simulated data sets. Note that each of the 100 simulated
data set had regression coefficients sampled independently from [−1/2, 1/2]. OLS had a
much higher standard deviation and bias at low α. As with structure learning, this pattern
was consistently observed for other network topologies as well (Appendix B).

3.1.2 Estimated Parameters

Figure 2 shows the comparative performance of MDC and OLS based approaches. Each
curve shows the number of inferred directed edges. Figure 2A, B show the number of true
positives and true negatives at a given confidence level (percentage of simulated data sets
where the directed edge was learnt). Solid (blue) curves show the performance of MDC and
dashed (red) curves show OLS based method. The results are along expected lines with
the difference between the two getting larger as α is varied away from 2.0. One clear trend
is that while the sensitivity to true positive detection degrades for OLS (Type II errors)
as α decreases, the MDC based method remain robust to changes in α. Both methods
are however quite reliable at not inferring incorrect edges (false positives or Type I errors).
Similar behavior is observed for other data sets as well (Appendix B).

3.1.1 Inferred Structure

We report two set of results for each network : structure learning and parameter estimation. For convenience, we describe the results for the ALARM network first (results for
other data sets are provided in Appendix B).

Figure 3: The ALARM network - Estimated regression parameters.
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Figure 4: The ALARM network - Estimated noise parameters.
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We also assessed the ability of StabLe to infer α-stable noise parameters accurately and
robustly. However, we could not show a comparative performance since OLS scores assume
Gaussian noise. Figure 4 shows the box plot and basic statistics for the estimates for α, θ
and log γ from the symmetrized data set (node specific parameters θ and log γ are reported
as averages).

α, θ≡
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Both α and θ estimates have low bias and standard deviation for each of the five data
sets. But, log γ estimates show a clear tendency to overestimate the dispersion in noise
at very low α. This is however a difficult parameter domain for most existing methods
for parameter estimation, even for univariate α stable densities (Kuruoglu, 2001). As with
other inferences, the performance of StabLe is again robust to changes in network topology (Appendix B).
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ID
CEU
CHB
GIH
JPT
LWK
MEX
MKK
YRI

Ethnicity
Caucasians
Han Chinese
Gujarati Indians
Japanese
Luhya
Mexican
Maasai
Yoruba

# Samples
109
80
82
82
83
45
138
108
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Location
Utah, USA
Beijing, China
Houston, USA
Tokyo, Japan
Webuye, Kenya
Los Angeles, USA
Kinyawa, Kenya
Ibadan, Nigeria

# Genes/Probes
21800
21800
21800
21800
21800
21800
21800
21800

Table 2: The HapMap III population groups and selected microarray probes as reported
by Stranger et al. (2012).

3.2 Gene Expression Microarray Data

In this section, we describe two sets of analyses for gene expression microarray data from
phase III of the HapMap project3 . Our approach models the set of gene expression profiles
as a multivariate stable distribution that can be represented by an α-SG model. The
first set of experiments aimed at comparing the prediction accuracy of MDC with OLSbased structure learning via ten-fold cross-validation (Section 3.2.2). The results of these
experiments establish the utility of heavy-tailed models for gene expression profiles.
Next, we apply α-SG models to the problem of quantifying differential expression (DE)
of a gene between samples belonging to different conditions. This is a common task in
gene expression-based analyses in contemporary genomics. However, popular methods for
detecting differentially expressed genes usually assume the expression profile for each gene
to be independent of others. Based on this assumption, DE quantification is performed by
testing the null hypothesis that the log-expression of each gene is identical across the observed conditions and using the corresponding p-value as a measure of DE. In Section 3.2.3,
we develop SGEX, a new technique for quantifying differential expression of each gene that
is based on α-SG models. We apply SGEX to quantify the DE for a gene in each population group within the HapMap data. Contrary to most existing methods, SGEX takes
into account both the heavy-tailed behavior of gene expression densities, as well as linear
dependencies between mRNA expression of different genes.
3.2.1 Data Normalization

We downloaded pre-processed data for 727 individuals from eight global population groups
as reported in Stranger et al. (2012). Details about the eight population groups are provided
in Table 2. For each individual, the input data represented log-intensities for 21800 microarray probes4 that were quantile and median normalized, as described in the original paper
(Stranger et al., 2012). These microarray intensities provide a measure for mRNA concen-

JMLR 17(168):1-36

3. Data sets can be downloaded from the Array Express database http://www.ebi.ac.uk/arrayexpress/
using Series Accession Numbers E-MTAB-198 and E-MTAB-264.
4. Each selected probe mapped to a unique, autosomal Ensembl gene. Ensembl gene IDs are available at
http://www.ensembl.org.
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5. Note that the noise term Zi has zero mean, since the data is centro-symmetrized before cross-validation.

Finally, we discuss SGEX, a new technique for quantifying differential expression using αSG models. SGEX is based on cross-validation for assessing DE of a gene across different
conditions. For the HapMap data, we chose each of the eight population groups in turn
as the test set and learnt the optimal α-SG model for the rest of the samples. We then
estimated ∆LD(i, η), the change in negative log-likelihood per sample between the test set
set η and the training set as a measure of DE for each probe i
i
1h
∆LD(i, η) = log Eη (|Zi |p ) − log Eη̄ (|Zi |p ) , p ∈ (−1, α)
p

3.2.3 Quantifying Differential Expression With SGEX

random variable (a common assumption in DE quantification). Although the data set
contains only 727 samples, we see a clear improvement in test set performance of α-SG
models (MDC curve) relative to Gaussian graphical models (OLS curve).

Figure 5: Test set performance and differential expression quantification with SGEX. A
shows a box plot of estimated α over 1000 bootstrap replicates. B shows comparative Test set performance for MDC and OLS based networks relative to an
empty network (no edges). C shows a heat map of ∆LD that quantifies differential expression of a gene. The color for each column is normalized by scaling and
centering.

Misra and Kuruoglu

Here, Eη (.) is the expectation value for population η (test set) and Eη̄ (.) for the rest (training
set). Note that Lemma 9 guarantees that RHS of the previous equation is indeed independent of p. For the calculation reported here p = α/1.01, just as it was during structure
learning. Thus, ∆LD(i, η) measures the average increase (or decrease) in log-dispersion for
the noise variable Zi corresponding to probe i within population η. This density is represented as a heat map in Figure 5C. We should point out that a higher (or lower) dispersion

where, wij represents the regression co-efficient for the edge (Xj , Xi ). Clearly, if most of
the variation in Xi can be explained by the parent set P a(Xi ), the corresponding LF LOM
will be small. For p = 2, LF LOM is identical to the negative log-likelihood for Gaussian
graphical models5 . However, the second order moment diverges for α < 2 (Lemma 9).
Therefore, LF LOM provide a more robust estimate for evaluating the model on test set
for heavy-tailed noise (α < 2).
Figure 5B shows the average (over the ten-folds) of LF LOM for MDC (blue) and OLSbased (red) models. In each case, the curves show the difference in LF LOM between
optimal (MDC or OLS) network and an empty network (NULL). This allows us to also
assess the deterioration in test set performance by treating each gene as an independent

Xi ∈X

We performed a ten-fold cross-validation for the top 100 ranked probes from the HapMap
data. Since we wanted to compare MDC with OLS-based learning, we report goodness of
fit of the graphical model B on the test set T = {T1 , . . . TN } in terms of log fractional lower
order moments :
i
i
X h1
X h1
X
LF LOM (T |B, p) =
log E(|Zi |p ) =
log E(|Xi −
wij Xj |p )
p
p

3.2.2 Cross-validation Analysis

We estimated α over 1000 resampled bootstrap replicates of the data. This was meant
as a diagnostic to assess the heavy-tailed nature of the intensities. As shown in Figure 5A,
the data suggests a clear departure from a Gaussian profile.

4. The exponentiated-median-centered log-intensities Ik = {2ml(i) |R(i) ≤ k ≤ 21800}
for the top k ranked probes were provided as input to StabLe (for cross-validation)
and SGEX (for DE quantification, as described in Section 3.2.3). In the experiments
reported here k = 100.

3. The median-centered log-intensities {ml(i)|R(i) ≤ 21800} were exponentiated to I =
{2ml(i) |R(i) ≤ 21800}.

2. The median-centered log-intensities were used to assign a rank R(i) to each probe
i, in decreasing order of variance. Even for α-stable distributions, variance of log
transformed data is finite (Kuruoglu, 2001). This is also a standard technique for
restricting computing time by selecting a subset of genes with most variation.

1. The log-intensity l(i) for each probe i was median-centered to obtain transformed logintensities ml(i), ie., the number of samples with positive log-intensity was half (or
0.5 less than) the total (= 363 = b727/2c). This is a standard technique for learning
Gaussian graphical models from gene expression data and does not affect the network
structure.

tration within a sample of lymphoblastoid cells from each individual. Before performing
structure learning, we further processed each probe intensity as follows :

Stable Graphical Models

Stable Graphical Models

for the noise variable associated with a gene in the test set does not necessarily imply
over (or under) expression of a gene in the test set population. The change in dispersion
could also be due to a change in network topology or regression coefficients for the test set
population.

4. Discussion
In this paper we have introduced and developed the theory for efficiently learning α-SG
models from data. In particular, one of the main contributions of this paper is to show
how the BIC can be asymptotically reduced to the MDC for α-SG models. This result
makes it feasible to efficiently learn the structure of these models, since the log-likelihood
term does not have a closed form expression in general. We have also empirically validated
the resultant algorithm StabLe on both simulated and microarray data. In both cases,
the presence of heavy-tailed noise has a clear effect on learning performance of OLS based
methods. Based on these results, we recommend a bootstrapped estimation of α as an
effective and computationally efficient diagnostic to assess the applicability of OLS based
Gaussian graphical models.
We have also described SGEX, a new technique for quantifying differential expression
from microarray data. α-SG models may also have wider applicability to other aspects of
computational biology, especially to data from next-generation sequencing technologies. In
addition to mRNA expression measurements (RNA-seq experiments), α-SG models may
prove helpful for other experiments, such as protein-DNA binding (ChIP-seq experiments)
and DNA accessibility measurements (DNase-seq and FAIRE-seq experiments).
Finally, we should mention that there are several potential applications of α-SG models
beyond computational biology. In particular, image processing provides several problem instances where there is a need to relate different regions of the image. For example, functional
magnetic resonance imaging (fMRI) experiments generate a series of images highlighting
activity sites in the brain in response to stimuli. Bayesian networks are an effective way of
modeling statistical relations between different areas of the brain and the stimuli (Li et al.,
2011). Stable distributions may provide a better model for such applications. Another
image processing application with potentials for α-SG models is remote sensing images of
the earth (Mustafa et al., 2012) where image histograms demonstrate clearly skewed and
heavy tailed characteristics (Kuruoglu and Zerubia, 2004). Traffic modeling (Castillo et al.,
2012) and financial data analysis (Bonato, 2012) are also promising application areas.

5. Software Availability
Source code for StabLe and data sets used here are available at
https://sourceforge.net/projects/sgmodels/. SGEX is available upon request from
the first author.
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k=1

d
Y

φ(ckT q|α, βk , γk , µk ) where, ck , q ∈ Rd

In this section we provide the proof for Lemma 3
Lemma 3 Every d-dimensional distribution with a characteristic function of the form
Φ(q|α, µ̃, Λ) =

X

k

Λk ds



d
X

k=1

µk
2βk γk
log kck k2
π

α 6= 1
α=1

ηk (ck |α, βk , γk , µk )ck ∈ Rd

µk −

ck 
ck
kck k2α γk 
) + (1 − βk )δ(s +
)
(1 + βk )δ(s −
2
kck k2
kck k2

represents a multivariate stable distribution with a discrete spectral measure Λ.
Proof Assume the following ansatz for the spectral measure Λ,
Λk =
Λ(ds) =
and location vector µ̃,

µ̃ =

ηk (ck |α, βk , γk , µk ) =

ψ(sT q|α)Λk ds =

kck k2α γk

2

cT q
|ckT q|α 
(1 + βk )(1 − ısign(ckT q)r( k , α))
kck k2α
kck k2


cT q
cT q
kck k2α γk 
(1 + βk )ψ( k |α) + (1 − βk )ψ(− k |α)
2
kck k2
kck k2

Upon substitution into the parametrization in Definition 2 we get
Z
Sd

=


cT q
+ (1 − β )(1 + ısign(cT q)r( k , α))
k
k
kc
k k2
Z


cT q
=⇒
ψ(sT q|α)Λk .ds = γk |ckT q|α 1 − ıβk sign(ckT q)r( k , α)
kck k2
Sd


= γ |cT q|α 1 − ıβ sign(ckT q)r(ckT q, α)
k
k
k
 cT q

− ıβk γk |ckT q|α sign(ckT q) r( k , α) − r(ckT q, α)
kck k2
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cT q
0
α 6= 1
Since, r( k , α) − r(ckT q, α) =
2
log kck k2 α = 1
kck k2
( π
 cT q

0

 α 6= 1
ıβk γk |ckT q|α sign(ckT q) r( k , α) − r(ckT q, α)
=
ıcT q 2βk γk log kck k2
α=1
kc k
2
k
k
π
(
ıckT q(µk − µk )
6 1

 α=
=
ıckT q µk − µk + 2βπk γk log kck k2
α=1


= ıckT q µk − ηk (ck |α, βk , γk , µk )
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Sd

Sd

d Z
X

=⇒ Φ(q|α, µ̃, Λ) =

k=1

k=1
d
Y

Sd

ψ(s q|α)Λk .ds + ı

T

25

φ(cTk q|α, βk , γk , µk )

log φ(cTk q|α, βk , γk , µk )

k=1

d
X

= −



=⇒ log Φ(q|α, µ̃, Λ)
=

=⇒

d
X

k=1
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ηk (ck |α, βk , γk , µk )cTk q

ψ(sT q|α)Λk .ds = − log φ(cTk q|α, βk , γk , µk ) + ıηk (ck |α, βk , γk , µk )cTk q
Z


ψ(sT q|α)Λ(ds) + ıµ̃q
=⇒ log Φ(q|α, µ̃, Λ)
= −

Z
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Figure 7: The BARLEY network - Estimated regression parameters.
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Figure 8: The BARLEY network - Estimated noise parameters
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Figure 9: The CHILD network - Inferred structure
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Figure 10: The CHILD network - Estimated regression parameters.
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Figure 11: The CHILD network - Estimated noise parameters
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Figure 13: The INSURANCE network - Estimated regression parameters.
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Figure 14: The INSURANCE network - Estimated noise parameters
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Figure 15: The MILDEW network - Inferred structure
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Figure 16: The MILDEW network - Estimated regression parameters.
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Training a multilayer perceptron (MLP) with algorithms employing global search strategies
has been an important research direction in the field of neural networks. Despite a number
of significant results, an important matter concerning the bounds of the search region—
typically defined as a box—where a global optimization method has to search for a potential
global minimizer seems to be unresolved. The approach presented in this paper builds
on interval analysis and attempts to define guaranteed bounds in the search space prior
to applying a global search algorithm for training an MLP. These bounds depend on the
machine precision and the term “guaranteed” denotes that the region defined surely encloses
weight sets that are global minimizers of the neural network’s error function. Although
the solution set to the bounding problem for an MLP is in general non-convex, the paper
presents the theoretical results that help deriving a box which is a convex set. This box is
an outer approximation of the algebraic solutions to the interval equations resulting from
the function implemented by the network nodes. An experimental study using well known
benchmarks is presented in accordance with the theoretical results.
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Multi-layer perceptrons are feed forward neural networks featuring universal approximation
properties used both in regression problems and in complex pattern classification tasks.
Actually, an MLP is a means used to encode empirical knowledge about a physical phenomenon, i.e., a real world process. This encoding is done in terms of realizing a function
F that is close enough to a target function d = f (x) representing the underlying process.
The target function is rarely formulated in analytical terms but it is defined as a set of
input-output values {xl , dl }, 1 6 l 6 p, which is the training set resulting from observations
of the underlying process.
More formally, an MLP is used to implement a model F (x, w) about a physical process
which is a mapping F : Rn × Rm → Rk whose values F (xl , w) have minimum distance
from their corresponding dl , where xl = (x1,l , x2,l , . . . , xn,l )> and w = (w1 , w2 , . . . , wm )> .
Given that xl are known, this minimum distance depends on the values of the weights w.
This formulates a problem of parametric model identification on the basis of the training
set composed of the inputs and their corresponding outputs. Determining the values of the
weights is done by an iterative process commonly known as network training, which consists
in minimizing some cost function E : Rk → R of the network output.
The dominant approach when training feedforward neural networks has been to adopt
local search in the weight space using some gradient descent technique in order to minimize
the output error function. Adaptation of the weights is done with the well known error
back-propagation (BP) algorithm. A detailed review of BP and other training algorithms
based on gradient descent can be found in Haykin (1999). However, local search techniques
are, in the general case, unable to detect with certainty a global or a “good” local minimum,
and consequently the corresponding minimizer, as they may stuck in “bad” local minima.
Researchers in the area of neural networks have tried to overcome this defect by proposing
efficient weight initialization techniques (Adam et al., 2014; Nguyen and Widrow, 1990).
Moreover, a number of effective search strategies have been proposed (Magoulas et al., 1997,
1999) which concern definition or adaptation of relevant parameters of the search procedure
such as the step-size, the momentum term etc.
The counter approach to local search is to use global search of the free parameter space.
The techniques based on global optimization can be either exact or heuristic (Horst and
Pardalos, 1995). Exact global optimization methods can be roughly defined as deterministic
or stochastic (Pàl, 2010). Deterministic global search techniques perform exhaustive search
of the weight space and they guarantee to locate a global minimizer (Tang and Koehler,
1994). However, often the time needed for this task is unacceptable, especially for real life
applications, and usually it is achieved with excessive use of computational resources. This
is mainly due to the size of the parameter space which grows with the number of free parameters (weights) of the neural networks. An alternative approach to deterministic search
has been the use of stochastic global search methods which are based on random sampling
of the search space adopting random or adaptive random search strategies. Such methods include Monte Carlo techniques (Brooks, 1958; Caflisch, 1998) and multistart methods
(Boender et al., 1982). On the other hand, heuristic methods include simulated annealing
(Engel, 1988; Kirkpatrick et al., 1983) and techniques based on evolutionary computation
such as the genetic algorithm (GA) (Castillo et al., 2000; Montana and Davis, 1989), Par-
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ticle Swarm Optimization (PSO) (Gudise and Venayagamoorthy, 2003; van den Bergh and
Engelbrecht, 2000) and differential evolution algorithms (Ilonen et al., 2003).
Although these methods possess several desirable characteristics and have proven to be
effective in several applications, they cannot guarantee—in the general case—that they are
able to detect a global minimizer in the first run. Moreover, their performance, in terms
of the overall search time, depends on the scale of the problem. To a large extent, this is
due to inappropriate initial conditions because the search space is only heuristically known
(Parsopoulos and Vrahatis, 2010). A common technique to reduce the uncertainty about
the search space and enhance the efficiency of these methods is to define the region of the
search space to be “as large as possible”. A survey of global optimization techniques used
for neural network training can be found in Duch and Korczak (1998) as well as in Plagianakos et al. (2001, 2006). Finally, it is worth noting that a number of research work has
focused on combining local and global search in order to aleviate the disadvantages of local
seach methods or in order to decrease the overall search time in the case of global search
of the weight space (Bagirov et al., 2009; Caprani et al., 1993; Ng et al., 2010; Shang and
Wah, 1996; Voglis and Lagaris, 2009; Xu, 2002).
A common characteristic to all global search procedures used for training MLPs is that
the bounds of the search region are intuitively defined. This approach, often, proves to be
inadequate to support training MLPs with global optimization methods. Hence, defining
effective bounds of the search space is a cornerstone for using global search strategies in
real life applications of feedforward neural networks. The approach presented in this paper
is based on concepts of interval analysis and attempts to define guaranteed bounds of the
search space prior to applying a global search procedure for neural network training. The
term “guaranteed” denotes that the bounds of the region defined surely enclose weights that
are global minimizers of the error function. Once the box is defined, it is up to the global
optimization method to explore the region identified by the proposed approach in order to
find the set of weights that minimize the error function of the multilayer perceptron.
The rest of the paper is organized as follows. Section 2 is devoted to a detailed description of the problem background and the motivation for the proposed approach. Section 3
presents the solution proposed to tackle this problem. In Section 4 we derive the theoretical
results for bounding the feasible solution set of the problem and discuss these results. In
Section 5 we validate the proposed method on real world problems and discuss the experimental results. Finally, Section 6 summarizes the paper with some concluding remarks.

2. Problem Formulation in a Global Optimization Context

JMLR 17(169):1-40

Hereafter, we consider feed forward neural networks having 3 layers with n, h, and o nodes
in the input, the hidden and the output layers, respectively. It has been proved that standard feedforward networks with only a single hidden layer can approximate any continuous
function uniformly on any compact set and any measurable function to any desired degree of
accuracy (Cybenko, 1989; Hornik et al., 1989; Kreinovich and Sirisaengtaksin, 1993; White,
1990). Hence, it has general importance to study 3-layer neural networks. On the other
hand, as it will be shown, the assumption regarding the number of layers is not restrictive,
given that the weights of each layer are treated with respect to the output range of the
previous layer and the input domain of the next one. Hence, it is straightforward to extend
3
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(1b)

(1a)

this analysis to networks with multiple hidden layers. Moreover, despite the variety of activation functions found in the literature (Duch and Jankowski, 1999), in this paper we have
retained the most common assumptions adopted for MLPs. This means that the nodes in
the hidden layer are supposed to have a sigmoid activation function which may be one of
the following:

1
logistic sigmoid : σ1 (net) =
,
1 + e−α net
eβ net − e−β net
hyperbolic tangent : σ2 (net) = tanh(β net) = β net
, or
e
+ e−β net
2
− 1,
1 + e−2 β net

σ2 (net) =

(2)

where net denotes the input to a node and α, β are the slope parameters of the sigmoids.
Hereafter, let us assume that α = β = 1 and note that this assumption has no effect on the
theoretical analysis presented in this paper. Nevertheless, for application purposes using
different values for the slope parameters has an affect on the results obtained, as it will be
explained later in Subsection 3.2. In addition to the previous assumptions, let us suppose
that the nodes in the output layer may have either one of the above sigmoid activation
functions or the linear one. Finally, we assume that all nodes in the hidden layer use the
same activation function and the same stands for the output layer nodes.
With respect to the above assumptions the function computed by a feed forward neural
network can be defined as F : Rn × R(n+1)h × R(h+1)o → Ro , where F (X, W1 , W2 ) denotes
the actual network output, X ∈ Rn refers to the input patterns, W1 ∈ R(n+1)h is the matrix
of the input-to-hidden layer connection weights and biases, and W2 ∈ R(h+1)o denotes the
matrix of the hidden-to-output layer connection weights and biases. Moreover, let us denote
T ∈ Ro the target output of the function approximated by the network. Obviously, if any of
the parameters, X, W1 , W2 , and T is interval valued then the network is an interval neural
network (Hu et al., 1998).
The process of neural networks training aims to solve the following optimization problem:

arg minW1 ∈R(n+1)h ,W2 ∈R(h+1)o kF (X, W1 , W2 ) − Tkq
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for some appropriate norm k · kq , considering that the ideal minimum of k F (X, W1 , W2 ) −
T kq is 0, which means that F (X, W1 , W2 ) = T.
As said above, training the network is defining the values of the elements of the matrices
W1 and W2 that solve the previous unconstrained minimization problem. The domain of
these weights is not known in advance and so, in practice, the global optimization procedures
used to solve this problem search for the global minimum in a box Dw ⊂ R(n+1)h × R(h+1)o .
This means that the initial unconstrained global optimization problem is arbitrarily converted to an ad-hoc bound constrained optimization one. The bounds of this box and
therefore its size are defined intuitively. Such a choice may lead to unsuccessful training or
give a computationally expensive solution that is impractical to use in real life problems.
The argument that the box Dw is intuitively defined is supported by a number of examples
found in the literature.
For instance, Saraev (2012) gives an example of interval global optimization for training
a network that approximates the function z = 0.5 sin πx2 sin (2πy) and defines the initial

4
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derive the bounds of the search region for this type of global optimization task. It will be
shown that the box defined by these bounds is guaranteed to enclose some global minimizers
of the network output error function. This permits to obtain a value for the global minimum
which is at least equal to the “machine ideal global minimum”, that is the best value for
the global minimum that can be computed within the limits set by the machine precision.
The results obtained in this paper apply to any type of global optimization procedure used
to train an MLP.

box to be [w]0 = [−10, 10]s , where s is the number of unknown weights. The results reported in the paper indicate that the global optimization technique succeeded in training
the network using this initial box. However, the author does not provide any justification
on how the initial search box was defined.
Another example is given by the approach formulated by Jamett and Acuña (2006)
to solve the problem of weight initialization for an MLP based on interval analysis. These
researchers argue that their approach “solves the network weight initialization problem performing an exhaustive global search for minimums in the weight space by means of interval
arithmetic. The global minimum is obtained once the search has been limited to the estimated region of convergence.” For the experimental evaluation proposed in Jamett and
Acuña (2006) the interval weights are initially defined as wide as necessary, with widths up
to 106 .
In Hu et al. (1998) the authors consider a 3-layer interval neural network and they propose to adjust the interval weights with the use of the Newton interval method solving a
system of nonlinear equations of the h(n + o) unknown weights. This is possible under the
hypothesis that the network is, what they call, a Type 1 interval neural network, i.e., a
network for which the number lo of nonlinear equations, formed using all available patterns
xk , 1 6 k 6 l, satisfy the inequality lo 6 h(n + o). When this inequality is not true they
propose to use an interval branch-and-bound algorithm to solve the minimization problem
related to the network training. However, the authors do not provide any kind of concrete
experiment where interval global optimization is actually used for training the network.
In addition to the above, one should mention the problems related to the initialization and the bounds of the search region reported with heuristic and population based
approaches when solving global optimization problems and more specifically when training
MLPs. For instance, Helwig and Wanka (2008) showed that when PSO is used to solve problems with boundary constraints in high-dimensional search spaces, many particles leave the
search space at the beginning of the optimization process. This commonly known problem
of “particle explosion” (Clerc and Kennedy, 2002) for PSO in high-dimensional bounded
spaces highlights the importance of defining bound handling procedures.
Moreover, when dealing with neural network training, one should take into account the
remarks reported by Gudise and Venayagamoorthy (2003) regarding the selection of parameters for PSO. The authors report that during their experiments in order to determine
the optimal PSO parameters they found that “A small search space range of [−1, 1] did not
provide enough freedom for the particles to explore the space and hence they failed to find
the best position”. So, they gradually increased the size of the search space from [−1, 1] to
[−200, 200] and they observed that a search space range of [−100, 100] was the best range
for having optimal performance of the PSO algorithm. Finally, when no limits were set on
the search space range, the convergence rate of PSO decreased and there appeared to be
even cases of no convergence.
According to the above examples, it is obvious that the outcome of training an MLP
with global optimization is unpredictable as there is no information concerning the region
where a global minimum of the error function is located. To the best of our knowledge
this statement is true no matter the type of the global optimization procedure used. So,
researchers and practitioners in the field proceed using random (intuitively defined) bounds
which result in trial and error training strategies. This paper argues that it is possible to
j=1,2,...,m

6
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Interval arithmetic has been defined as a means of setting lower and upper bounds on
the effect produced on a computed quantity by different types of mathematical errors.
The efficiency of methods built on interval arithmetic is related to these bounds, which
need to be as narrow as possible. Thus, the major focus of interval analysis is to develop
interval algorithms producing sharp solutions when computing numerical problems. A real
interval, or interval number, is a closed interval [a, b] ⊂ R of all real numbers between (and
including) the endpoints a and b, with a 6 b. The terms interval and interval number are
used interchangeably. Whenever a = b the interval is said to be degenerate, thin or even
point interval. An interval [a, b] where a = −b is called a symmetric interval. Regarding
notation, an interval x may be also denoted [x], or [x, x], or even [xL , xU ] where subscripts
L and U stand for lower and upper bounds respectively. Notation for interval variables
may be uppercase or lowercase (Alefeld and Mayer, 2000). Throughout this paper we will
use the notation [x] whenever we refer to an interval number, while notation [x, x] will be
used when explicit reference to the interval bounds is required. Moreover, an n-dimensional
interval vector, that is a vector having n real interval components ([v1 ] , [v2 ] , . . . , [vn ])> ,
will be denoted [v] or even [v, v]. Finally, uppercase letters will be used for matrices with
interval elements as for an n × m interval matrix [A] = ([aij ]) i=1,2,...,n .

3.1 The Interval Analysis Formalism

The idea underlying our analysis is to consider the bounds of the range of each node in the
output, the hidden and the input layer respectively. These bounds are implicit constraints
imposed by the type of the activation function for the nodes in the output and the hidden
layers. Moreover, explicit constraints are imposed by the values of the input patterns for the
input layer. Performing local inversion of the activation function at the level of each node
and using the constraints on its inputs imposed by the output of the previous layer results
in formulating suitable linear interval equations. The subsequent analysis of the solution
sets of these equations permits to derive the bounds of a box enclosing the region where
some global minimizers of the network output error function are located. The approach
proposed leads to defining a suitable approximation Dw of the feasible set S for the error
function of the network.

3. Bounding the Weight Space Using Interval Analysis
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Generally, if [x] = [x, x] is a real interval then the following notation is used:
rad([x]) = (x − x) /2, is the radius of the interval [x],

mid([x]) = (x + x)/2, is the midpoint (mean value) of the interval [x],
|[x]| = max{|x|, |x|}, is the absolute value (magnitude) of the interval [x],

IR, denotes the set of closed real intervals,

d([x]) = x − x, is the diameter (width) of the interval [x],
IRn , denotes the set of n−dimensional vectors of closed real intervals.
Let  denote one of the elementary arithmetic operators {+, −, ×, ÷} for the simple
arithmetic of real numbers x, y. If [x] = [x, x] and [y] = [y, y] denote real intervals then the
four elementary arithmetic operations are defined by the rule
[x]  [y] = { x  y | x ∈ [x], y ∈ [y]}.
This definition guarantees that x  y ∈ [x]  [y] for any arithmetic operator and any values x
and y. In practical calculations each interval arithmetic operation is reduced to operations
between real machine numbers. For the intervals [x] and [y] it can be shown that the above
definition produces the following intervals for each arithmetic operation:
[x] + [y] = [x + y, x + y],
[x] − [y] = [x − y, x − y],



[x] × [y] = min xy, xy, xy, xy , max xy, xy, xy, xy ,
1
[x] ÷ [y] = [x] ×
, with
[y]


 
1
1 1
, provided that 0 ∈
/ y, y .
=
,
[y]
y y
The usual algebraic laws of arithmetic operations applied to real numbers need to be reconsidered regarding finite arithmetic on intervals. For instance, a non-degenerate (thick)
interval has no inverse with respect to addition and multiplication. So, if [x], [y], and [z]
are non-degenerate intervals then,
[x] + [y] = [z] ; [x] = [z] − [y],
1
.
[y]
[x] × [y] = [z] ; [x] = [z] ×

The following sub-distributive law holds for non-degenerate intervals [x], [y], and [z],
[x] × ([y] + [z]) ⊆ [x] × [y] + [x] × [z].

JMLR 17(169):1-40

Note that the usual distributive law holds in some particular cases; if [x] is a point interval,
if both [y] and [z] are point intervals, or if [y] and [z] lie on the same side of 0. Hereafter,
the multiplication operator sign × will be omitted as in usual algebraic expressions with
7
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[a]  [c] ⊆ [b]  [d],

[a] ⊆ [b], [c] ⊆ [d]

for  ∈ {+, −, ×, ÷}.

[a], [b], [c], [d] ∈ IR and

real numbers. Interval arithmetic operations are said to be inclusion isotonic or inclusion
monotonic or even inclusion monotone given that the following relations hold,
if

then

The property of inclusion isotony for interval arithmetic operations is considered to be
the fundamental principle of interval analysis. More details on interval arithmetic and its
extensions can be found in Alefeld and Mayer (2000); Hansen and Walster (2004), and
Neumaier (1990).
Standard interval functions ϕ are extensions of the corresponding real functions F =
{sin(),cos(),tan(),arctan(),exp(),ln(),abs(),sqr(),sqrt()} and they are defined via their range,
i.e., ϕ([x]) = {ϕ(x)|x ∈ [x]}, for ϕ ∈ F , (Alefeld and Mayer, 2000). Given that, these real
functions are continuous and piecewise monotone on any compact interval in their domain
of definition, the values ϕ([x]) can be computed directly from the values at the bounds of
[x]. For non-monotonic functions such as the trigonometric ones the computation is more
complicated. For instance, sin([0, π]) = [0, 1] which differs from the interval [sin(0), sin(π)].
In these cases, the computation is carried out using an algorithm (Jaulin et al., 2001).
Finally, it must be noted that the standard interval functions are inclusion monotonic.
Let f : D ⊂ R → R be a real function and [x] ⊆ D an interval in its domain of definition.
The range of values of f over [x] may be denoted by R(f ; [x]) (Alefeld and Mayer, 2000)
or simply f ([x]). Computing the range f ([x]) of a real function by interval analysis tools
practically comes to enclosing the range f ([x]) by an interval which is as narrow as possible.
This is an important task in interval analysis which can be used for various reasons, such
as localizing and enclosing global minimizers and global minima of f on [x], verifying that
f ([x]) ⊆ [y] for some given interval [y], verifying the nonexistence of a zero of f in [x] etc.
Enclosing the range of f over an interval [x] is achieved by defining a suitable interval
function [f ] : IR → IR such that ∀[x] ∈ IR, f ([x]) ⊂ [f ]([x]). This interval function is called
an inclusion function of f . What is important when considering an inclusion function [f ] is
that it permits to compute a box [f ]([x]) which is guaranteed to contain f ([x]), whatever
the shape of f ([x]) (Jaulin et al., 2001). Note that the so-called natural inclusion function
is defined if f (x), x ∈ D is computed as a finite composition of elementary arithmetic
operators {+, −, ×, ÷} and standard functions ϕ ∈ F as above. The natural inclusion
function of f is obtained by replacing the real variable x by an interval variable [x] ⊆ D,
each operator or function by its interval counterpart and evaluating the resulting interval
expression using the rules in the previous paragraphs. The natural inclusion function has
important properties such as being inclusion monotonic and if f involves only continuous
operators and continuous standard functions it is convergent (see Jaulin et al., 2001).

3.2 Weights of Hidden-to-output Layer Connections
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Let us compute the bounds of the intervals of the weights for any output node. As we will
see the procedure described herein does not depend on the number of inputs to the node
but merely on the type of its activation function.

8

(3)

j=1

h
X

(4)

(5a)
(5b)

wkj yj + wkb ∈ [−b, b],

(6)

JMLR 17(169):1-40
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[wkj ][−1, 1] + [wkb ] 6 [−b, b].

[wkj ][0, 1] + [wkb ] 6 [−b, b],
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9

j=1

h
X

j=1

h
X

Hence, the interval [−b, b] determines an enclosure of the intervals [wkj ], 1 6 j 6 h. However, as the aim of this paper is to bound the box containing the values of wkj which solve

where b = b1 or b = b2 depending on the type of the activation function used. Recall that
in Section 2 we assumed that the slope parameters α and β of the sigmoids are considered
to be equal to 1. If this assumption does not hold then it is easy to see that the bounds b1
and b2 , defined here, need to be divided by α and β, respectively.
Taking into account the type of the activation function of the hidden layer nodes we
have that yj ∈ [0, 1] for the logistic sigmoid and yj ∈ [−1, 1] for the hyperbolic tangent.
However, we note that the above assumptions, regarding the approximations of the interval
[−∞, +∞], also hold for the sigmoid activation functions of the hidden layer nodes. So,
in practical situations, we consider that yj ∈ [0, 1]ε and yj ∈ [−1, 1]ε , where [0, 1]ε ⊂ [0, 1]
and [−1, 1]ε ⊂ [−1, 1]. Then, because of the inclusion monotonicity property of the interval
arithmetic operators and the activation functions, in the analysis presented in this paper,
for the interval equations we use the intervals [0, 1] and [−1, 1] instead of [0, 1]ε and [−1, 1]ε ,
respectively. This means that any solution set or enclosure of a solution set determined,
herein, for an interval equation using the wider intervals [0, 1] and [−1, 1] also constitute
enclosures of the solution set of the same equation using the narrower ones, [0, 1]ε and
[−1, 1]ε .
Using all these results we may formulate the following two linear interval inequalities
for the unknown weights of the hidden-to-output layer connections:

j=1

h
X

With these results (4) implies that

So, b1 and b2 are such that σ1 ([−b1 , b1 ]) = [0 + ε, 1 − ε] , [0, 1]ε and σ2 ([−b2 , b2 ]) =
[−1 + ε, 1 − ε] , [−1, 1]ε .

for the hyperbolic tangent : σ2−1 ([−1 + ε, 1 − ε]) = [−b2 , b2 ].

for the logistic sigmoid : σ1−1 ([0 + ε, 1 − ε]) = [−b1 , b1 ],

[0, 1] or [−1, 1] but merely some approximation such as [0 + ε, 1 − ε] or [−1 + ε, 1 − ε] where
ε depends on the value of b and, obviously, it should satisfy the precision required for the
problem.
Henceforth, the interval [−b, b], for some b > 0, will be used instead of the [−∞, +∞]
for the input values of the sigmoid activation function of any node in the output, or in the
hidden, layer. With this assumption the intervals resulting for the inverse of the activation
functions of the output layer nodes are:

Adam, Magoulas, Karras and Vrahatis

For nodes with sigmoid activation functions when the output value is one of the exact bounds
of the intervals [0, 1] or [−1, 1], then the corresponding node is saturated. This implies that
connection weights take very large values. However, in practice this is rarely achieved and
as Rumelhart et al. (1986) note: “The system cannot actually reach its extreme values of
1 or 0 without infinitely large weights. Therefore, in a practical learning situation in which
the desired outputs are binary {0, 1}, the system can never actually achieve these values.
Therefore, we typically use the values of 0.1 and 0.9 as the targets, even though we will
talk as if values of {0, 1} are sought.” This consideration is adopted for the values of the
output layer nodes in various practical pattern recognition applications of MLPs as well as
in research papers such as Sprinkhuizen-Kuyper and Boers (1999); Yam and Chow (2001).
This means that a node with a sigmoid activation function becomes saturated with
input values much greater than −∞ and drastically smaller than +∞, and its output is still
considered to be 0 (or −1), and 1, respectively. Hence, as far as saturation of the node is
concerned, for practical use instead of the interval [−∞, +∞] one may consider a substitute
[−b, b], where b > 0. In consequence, the node output is not any of the “ideal” intervals

for the hyperbolic tangent : σ2−1 ([−1, 1]) = [−∞, +∞].

for the logistic sigmoid : σ1−1 ([0, 1]) = [−∞, +∞],

The output of each activation function is an interval. So, the values of the inverse of the
activation functions are,

for the hyperbolic tangent : σ2−1

for the logistic sigmoid : σ1−1

1−x
, and
= −ln
x


1
1+x
= atanh(x) = ln
.
2
1−x

wkj yj + wkb = σ −1 (zk ).

The inverse of the activation functions are

and finally the equation,

j=1

where yj is the output of the j-th node in the hidden layer. During training the output zk
may be any value in the range of the sigmoid activation function σ used by the output layer
nodes. So, zk ∈ [0, 1] for the logistic sigmoid and zk ∈ [−1, 1] for the hyperbolic tangent.
The activation functions defined in (1) are bijective and so they are invertible. Using
the inverse σ −1 of the activation function σ on both sides of (3) gives:
 

h
X
−1
−1  
σ (zk ) = σ
σ
wkj yj + wkb 

j=1

The output zk of the k-th node in the output layer is given by


h
X

zk = σ
wkj yj + wkb  ,
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(7b)

(7a)

Bounding Global Optimization Training via Interval Analysis

[wkj ][0, 1] + [wkb ] = [−b, b],

Equation (4), instead of solving the above inequalities we may, equivalently, consider the
following equations and define approximations of the corresponding solution sets:
h
X

[wkj ][−1, 1] + [wkb ] = [−b, b].

j=1

h
X
j=1

Before, examining solvability issues and the relation of the solutions to these equations with
the problem at hand, let us discuss, hereafter, some issues concerning the parameter b and
its relation to ε.

3.2.1 On the definition of the parameters b and ε

12
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for the hyperbolic tangent : σ2−1 ([−0.9, 0.9]) = [−1.4722, 1.4722].

for the logistic sigmoid : σ1−1 ([0.1, 0.9]) = [−2.1972, 2.1972],

Note that, under the specific assumptions of Rumelhart et al. (1986) the intervals resulting
for the inverse of the activation functions of the output layer nodes are,

for the hyperbolic tangent : b2 = 18.3684.

for the logistic sigmoid : b1 = 36.0437,

ε = 0.1 is sufficient for the classification task. On the other hand, for function approximation
problems where accuracy of the network output is really a prerequisite, the output nodes
use linear activation functions as for these kind of problems networks perform regression
tasks (Hornik et al., 1989; White, 1990). As we will see, hereafter, such approximation
assumptions do not apply to linear activation functions. Moreover, for hidden nodes using
sigmoid activation functions, as we will see, approximating the intervals [0, 1] and [−1, 1] by
[0, 1]ε and [−1, 1]ε , respectively, where ε is of the order of the machine precision, is sufficient
for carrying out the neural computation. Actually, such an approximation is within the
numerical precision adopted for neural computations in various contexts.
The problem of numerical precision pertaining neural computations has been addressed
by several researchers. For instance, some of the earlier research include the work of Hoehfeld
and Fahlman (1992) who studied the possibility of training a network using the cascadecorrelation algorithm in a limited numerical precision learning context. Moreover, Holi and
Hwang (1993) addressed the question of the precision required in order to implement neural
network algorithms on low precision hardware. The authors performed a theoretical analysis of the error produced by finite precision computation and investigated the precision that
is necessary in order to perform successful neural computations both for training a multilayer perceptron with back-propagation as well as for forward activation and retrieving.
A more recent work (Draghici, 2002) deals with the capabilities of neural networks using
weights with limited precision and the work of Vassiliadis et al. (2000) states that a representation error of 2−10 provides a limit for a safe approximation error in neural functions
computations. Such an error is within the limits of machine precision and double precision
arithmetic. The most recent research focuses on the numerical precision required for deep
neural networks and their hardware implementation (Courbariaux et al., 2014; Gupta et al.,
2015; Judd et al., 2016).
The precision level used for a neural network and the problem at hand is a matter that
needs to be addressed prior to any implementation, either software or hardware. Following the above literature, in this paper, we may state that double precision floating point
arithmetic proposed by the IEEE (754–2008) standard (Higham, 2002; IEEE, 2008) provides a very good precision level as required by modern neural computation applications
and hardware implementations. Hence, for the experimental evaluation of the proposed
approach the value of the machine epsilon, commonly known as double precision epsilon
(ε = 2.2204 × 10−16 ) is retained in this paper. This value of ε is the precision (eps) used
for the computing environment MATLAB (MATLAB-Documentation, 2014) as well as for
the majority of the programming languages according to IEEE (754–2008) standard. As a
consequence we have the following values for b:

JMLR 17(169):1-40

The previous analysis introduced the interval [−b, b] for the input values of a sigmoid
activation function. This interval may also be defined for other types of activation functions
and so its bounds depend on the type of the activation function. In the following sections we
will show that these bounds, actually, define the volume of the area in the network weight
space where global minimizers of the network’s error function are located. The analysis
presented in this paper does not rely on some specific values of the bounds of the interval
[−b, b]. Instead, the results obtained depend on the activation functions of the network
nodes and the calculation precision set for the problem. So, they have b’s as parameters.
As noted above, for sigmoid activation functions, the interval [−b, b] implicitly defines
the intervals [0, 1]ε or [−1, 1]ε which approximate the intervals [0, 1] or [−1, 1], respectively.
Conversely, by setting some specific value to ε and using the inverse of the activation
functions, one is able to define a value for b, and in consequence the width of the interval
[−b, b]. As this interval determines enclosures for the intervals [wkj ], 1 6 j 6 h, it is
obvious that its width determines the magnitudes of the corresponding dimensions of the
minimizers’ search area. Here, this search area is considered to be a hyper-box in the
weight space, determined by the intervals [−b, b], for all network nodes. On the other
hand, selecting some specific value for ε determines the numerical precision used by the
network output for solving the problem at hand. Therefore, an interval [−b, b] defines
some ε inducing some numerical precision for the problem, and vice-versa. The smaller the
area defined by small values of b the bigger the values of ε and so the lower the precision.
Conversely, the highest the precision for computing the network outputs the smaller the
values of ε and so the larger the search area defined by larger b’s.
This problem can be formulated in the following terms: ‘How large can ε be in order to
minimize b and in consequence the search area of global minimizers without compromising
the numerical precision for solving the problem’. Hence, some tradeoff between b (volume
of the search area) and ε (numerical precision) seems to be required here. The impact
of selecting a value for b, or equivalently for ε, on the numerical precision of the problem
mainly concerns the accuracy required for the network output in order to match the problem
requirements. In a classification context and for practical applications, this issue is probably
insignificant given that, typically, for such problems an approximate response of the order of
11
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corresponding to (7a) and (7b), respectively, is a valid interval equality.
A suitable approximation of the feasible solution set to the training problem (2) can be

a ][0, 1] + [w a ][0, 1] + · · · + [w a ][0, 1] + [w a ][1, 1] = [−b, b],
[wk1
k2
kh
kb
a ][−1, 1] + [w a ][−1, 1] + · · · + [w a ][−1, 1] + [w a ][1, 1] = [−b, b],
[wk1
k2
kh
kb

In interval analysis, the formal notation [A] [x] = [b] (or [A] x = [b]) of an interval linear
system, where [A] ∈ IRm×n is an m-by-n matrix of real intervals and [b] ∈ IRm is an
m-dimensional vector of real intervals, denotes different interval problems (Shary, 1995).
Respectively, the solution or solution set to this interval linear system has been defined in
a number of possible ways (Shary, 1997). The paper uses the so-called algebraic solution,
which is an interval vector [xa ] such that, when substituting into [A] [x] = [b] and executing
all interval arithmetic operations, results in the valid equality [A] [xa ] = [b]. Later, in Section
4, we will show the implication of an algebraic solution in deriving an outer approximation
of the solutions of Equations (7a) and (7b). For a theoretical justification of this choice see
Shary (1996, 2002) and references therein. An algebraic solution for the bounding of the
a ], [w a ], . . . , [w a ], [w a ])> , such
weight space is an interval vector of the form [wka ] = ([wk1
k2
kh
kb
that each of the relations,
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where xi is the i-th input, i.e., the output of the i-th node in the input layer. Here, let us
assume that scaling is applied (Bishop, 1995) to the neural network inputs xi in order to
facilitate training (LeCun, 1993), and so xi ∈ [0, 1] or xi ∈ [−1, 1]. Moreover, the output yj
may be any value in the range of the sigmoid activation function σ used by the hidden layer
nodes. So, yj ∈ [0, 1] for the logistic sigmoid and yj ∈ [−1, 1] for the hyperbolic tangent.
All these hypotheses suggest that defining the intervals of the weights of the input-tohidden layer connections is a problem formulated exactly as the problem of defining the

i=1

The output of the j-th node in the hidden layer used in the previous subsection is defined
by
!
n
X
yj = σ
wji xi + wjb ,
(8)

3.3 Weights of Input-to-hidden Layer Connections

derived considering the bounds of the interval components of the algebraic solution to each
of the Equations (7a) and (7b). In the following section we are defining the bounds of an
algebraic solution to each of the aforementioned equations. This is accomplished by taking
into account the specific type of these equations and considering the algebraic solutions
(Shary, 1997) to these equations. Before proceeding to defining these algebraic solutions let
us consider two issues; one concerning solvability of Equations (7a) and (7b) and the other
dealing with effectively solving these equations.
Solvability of the above Equations (7a) and (7b) can be studied either considering each
equation as an 1 × (h + 1) system and using the results in Rohn (2003), or applying the
conclusions of Ratschek and Sauer (1982). Using the latter in our case is more appropriate
given that Ratschek and Sauer (1982) have considered the concept of the algebraic solution
to an interval linear equation (see also Shary, 1996). Hence, the conclusions concerning the
solvabilty of a single interval equation of the general form A1 x1 +A2 x2 +· · ·+An xn = B, as
denoted and studied in Ratschek and Sauer (1982), apply also in our case. The hypotheses
of Ratschek and Sauer (1982, Theorem 1) are satisfied and so the above Equations (7a) and
(7b) are solvable having eventually multiple solutions.
Solving a linear interval equation or defining an optimal enclosure of the solution set
is a matter addressed by several researchers; see for example Beaumont (1998); Hansen
(1969); Hansen and Sengupta (1981); Jansson (1997); Kreinovich et al. (1993); Neumaier
(1986); Rohn (1989, 1995); Shary (1995) and extensive references therein. However, there
is quite a little work done on solving an underdetermined linear interval equation. To the
best of our knowledge, for this matter Neumaier (1986) refers to the work of Rump (1983)
while the work of Popova (2006) proposes an algorithm which improves the approach used
in Hölbig and Krämer (2003) and Krämer et al. (2006). In addition, INTLAB (Rump,
1999) provides an algorithm for solving underdetermined linear systems of interval equations
which, however, does not seem to converge in all cases.
Finally, note that Ratschek and Sauer (1982) examined in detail the convexity of the
solution set of the equation A1 x1 + A2 x2 + · · · + An xn = B if this equation is solvable.
According to Ratschek and Sauer (1982, Theorem 6) the solution set to each of the Equations
(7a) and (7b) is not convex. However, the approach proposed in the next section results in
defining an outer approximation which is a convex set.

The analysis presented in this subsection relies on the assumption that the activation function of the output nodes is the logistic sigmoid or the hyperbolic tangent. However, when
an MLP is used for function approximation or regression then usually linear activations are
used in the output nodes. In order to establish a unique formalism for our analysis we need
to define an interval of the type [−b, b] for a pure linear activation function of the network’s
output nodes.
The sample of the input data, by default, defines an interval [z k , z k ] for the range of
values of the k-th output node. A pure linear activation function flin is invertible in its
−1
domain. So, using inversion we obtain an interval of the type [ak , bk ] = flin
([z k , z k ]) for the
input values of the linear activation function. Seemingly, such an interval is not symmetric
and so, in order to keep pace with the previous assumptions, we extend it to obtain a
symmetric interval of the type [−b, b]. This is achieved by setting b3,k = max{|ak |, |bk |}
and considering the interval [−b3,k , b3,k ] instead of [ak , bk ] which actually permits to adopt
the above assumptions and the ensuing conclusions. It is obvious that, during training
it depends on the optimization procedure to narrow the search space back to the initial
interval [ak , bk ].
Note that, if sampling of the input space is performed with a distribution which is close
to the underlying distribution of the input space then the sample data are representative
of the real data and hence the output of any node is reliably set by the values derived from
the patterns. If sampling of the input space is not correct then the input data will provide
erroneous dimensions of the search area. However, this unfortunate outcome will happen
whatever the network or the training algorithm used.
The above considerations are necessary in order to tackle the hidden-to-output connection weights using Equations (7a) and (7b) as the unique formalism for the problem.
Hereafter, whatever the activation function of the output nodes its range of values will be
considered a symmetric interval of the form [−b, b].

3.2.2 On the Solution of the Interval Equations
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(11a)
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[x, y] [0, 1] = [0, y] , if 0 6 x 6 y,

(11c)

(11b)

Bounding Global Optimization Training via Interval Analysis

(9a)

[x, y] [0, 1] = [x, 0] , if x 6 y 6 0,

Proof First, let us note that for the product [x, y] [0, 1] the following equalities are valid
depending on the values of x and y:

[wji ] [0, 1] + [wjb ] = [−b, b] ,
(9b)

[t1 ] + [t2 ] + · · · + [tk ] = [0, sk ] ,

[t1 ] + [t2 ] + · · · + [tl ] = [−sl , 0] ,
 L H
[t1 ] + [t2 ] + · · · + [tm ] = −sm
, sm ,

L , sH > 0.
with k + l + m = n, sk > 0, sl > 0 and sm
m

0 6 l 6 n,

0 6 k 6 n,

(12c)

(12b)

(12a)



L
H
−sl − sm
− |ti | + wb , sk + sm
+ wi + wb = [−b, b] .

H
sk + sm
+ wi + wb = b,

(13b)

(13a)
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H > 0 then (13a) holds true if
Furthermore, let us suppose that wi > b. Given that sk + sm
H
wb < 0 and wb 6 b − (sk + sm
+
w
i ). Setting w i = b + x, where x > 0, then the previous
H + b + x), or else, w 6 −(s + sH ) − x < 0.
inequality gives that wb 6 b − (sk + sm
b
k
m
On the other hand [wb , wb ] is a valid interval if wb 6 wb . It follows that wb < 0. Using
(13b) we have that w = −b + sl + sL + |t |. From this equation we deduce that the minib
i
m
L + |t | = 0. In consequence we have
mum possible value for wb is −b attained when sl + sm
i
H
H
−b 6 wb 6 wb 6 −(sk + sm
)
−
x.
So,
−b
6
−(s
k + sm ) − x. The last inequality gives that
H ) 6 −x, and finally, x 6 b − (s + sH ). This suggests that x 6 b and the
−b + (sk + sm
k
m

L
−sl − sm
− |ti | + wb = −b.

This interval equation translates to:

or even,

Then Equation (10) becomes,
 L H
[0, sk ] + [−sl , 0] + −sm
, sm + [ti , wi ] + [wb , wb ] = [−b, b] ,

ti =

Statement (i)
Let i be an index such that for the interval [wi , wi ] we have wi > 0. We will show that
wi ≯ 2b. Excluding the term [ti ] let us consider that the above integers k, l, and m are
defined for the sum [t1 ]+[t2 ]+· · ·+[ti−1 ]+[ti+1 ]+· · ·+[tn ]. This means that,
0 6 k 6 n−1,

0 6 l 6 n − 1, 0 6 m 6 n − 1, and k + l + m = n − 1. In addition, [ti ] = ti , ti with ti = wi
and
(
0
if 0 6 wi
wi if wi < 0.

0 6 m 6 n,

In addition let [tj ] denote the product [wj ] [0, 1], for 1 6 j 6 n. Then, with respect to
the above Equalities (11) the sum of all terms [tj ] of the left hand side of Equation (10),
that is, [t1 ] + [t2 ] + · · · + [tn ] may be written as the sum of three intervals of the form
L , sH defined as follows:
[0, sk ] + [−sl , 0] + −sm
m

[x, y] [0, 1] = [x, y] , if x 6 0 6 y.

weights of the hidden-to-output layer connections of the previous subsection. In consequence, we formulate the following equations:
n
X

[wji ] [−1, 1] + [wjb ] = [−b, b] .

i=1

h
X
i=1

The same arguments as those in the previous subsection apply concerning the solvability of Equations (9a) and (9b). In addition, solving these equations and defining outer
approximations of the corresponding solution sets is covered by the same analysis as in the
previous subsection.

4. An Algebraic Solution to Bounding the Weight Space
For the neural network training problem defined in (2), the solution set of each of the resulting Equations (7a), (7b) and (9a), (9b) is extremely difficult to be described analytically.
Hence, in this section, we derive an outer approximation (an enclosure) of an algebraic
solution, that is more practical to define and use. This enclosure is a convex polytope,
depending on the MLP architecture, and more specifically on the type of the activation
function of the network nodes, and is derived under the assumption that the neural network inputs xi are scaled in the interval [0, 1] or [−1, 1]. First, the theoretical results are
derived and then the conditions for their applicability are discussed.
4.1 Theoretical Results

(10)

As seen in Subsection 3.2, above, an algebraic solution exists for each of the Equations (7a),
(7b) and (9a), (9b). Here, given an algebraic solution [wa ] we proceed with computing limit
values for the bounds of the interval components of [wa ]. In the sequel, given these limit
values we derive outer approximations of the solutions of Equations (7a), (7b) and (9a),
(9b).
In order to simplify their representation, we define the outer approximations of the
solutions as convex sets or convex polytopes. However, what really matters with these outer
approximations for each of the equations is that, they enclose the solutions containing the
connection weights which are the global minimizers of the problem defined by (2).
Theorem 1 Consider the equation,
[w1 ] [0, 1] + [w2 ] [0, 1] + · · · + [wn ] [0, 1] + [wb ] [1, 1] = [−b, b] .

Then, whenever an algebraic solution is regarded for this equation, the following statements
are valid:
(i) For any variable [wi ] = [wi , wi ] , 1 6 i 6 n the maximum possible value of wi is 2b or
the minimum possible value of wi is −2b.
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(ii) For the variable [wb ] = [wb , wb ] the maximum possible value of wb is b and the minimum possible value of wb is −b.
15

−sl − sL
m + w b = −b.

sk + sH
m + w b = b,

b<

(ii)

j=1

q
X

j=1

w∗ij < −b, or

w∗ij 6 2b.

q
X
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Corollary 3 Suppose that the interval vector ([w1∗ ] , [w2∗ ] , · · · , [wn∗ ] , [wb∗ ])> is an algebraic
solution of the equation [w1 ] [0, 1] + [w2 ] [0, 1] + · · · + [wn ] [0, 1] + [wb ] [1, 1] = [−b, b]. Then
for any interval [wi∗ ] both the upper and the lower bounds of this interval cannot exceed the
bounds of the interval [−b, b].

Proof The proof is obtained using the same reasoning as for Theorem 1.

− 2b 6

(i)

Theorem 2 Suppose that the interval vector ([w1∗ ] , [w2∗ ] , · · · , [wn∗ ] , [wb∗ ])> is an algebraic
solution of Equation (10) of Theorem 1. If S ⊆ In = {1, 2, · · · , n} denotes a set of indices
{i1 , i2 , · · · , iq } such that all [wi∗j ] 6= 0, 1 6 j 6 q, then only one of the following two relations
can be true:

The above theorem defines maximum and minimum values for the bounds of any interval
parameter in Equations (7a) and (9a). Moreover, it suggests that in Equation (10) the
interval [wb ] acts as a term that cuts off the excess in the upper or the lower bound of the
sum of the weight intervals. However, this is true only for either the upper or the lower
bound but not for both bounds at the same time. The following Theorem 2 constitutes a
generalization of statement (i) in the proof of Theorem 1.

The hypothesis wb = b + x with x > 0 implies that sk + sH
m = b − w b = −x. This is
impossible given that, by definition, sk + sH
m > 0. Hence, the only possibility for x is to have
x = 0 which means that wb 6 b. Using the same reasoning we may infer that −b 6 wb .

which gives,

Statement (ii)
In order to prove this statement let us suppose that [wb , wb ] is such that wb > b. In this
case wb = b + x with x > 0. Considering Equalities (12) we rewrite Equation (10) as,


H
[0, sk ] + [−sl , 0] + −sL
m , sm + [w b , w b ] = [−b, b] ,

Proof
Suppose that there exists an index i such that for the interval [w∗i , w∗i ] both
inequalities w∗i < −b and b < w∗i hold true. That is [−b, b] < [w∗i , w∗i ]. Using the reasoning
of Theorem 1 in order to reduce the excessive effect produced by [w∗i , w∗i ] on the left hand
side of the interval of the equation we need to define [wb , wb ] with wb > 0 and wb < 0 which
obviously is not a valid interval. Hence, it is impossible for some variable [wi , wi ] to have a
solution such that [−b, b] < [w∗i , w∗i ].

maximum value is attained when sk + sH
m = 0. Hence, w i 6 2b. Note that w i = 2b when
[w1 ] = [w2 ] = · · · = [wi−1 ] = [wi+1 ] = · · · = [wn ] = [0], wi = 0, and [wb ] = [−b, −b].
Now, suppose that wi < −b and [wi ] = [wi , wi ]. Then following the same reasoning as
above we may infere that −2b 6 wi . In this case wb is a positive number that diminishes
the excess on the lower bound of the left hand side interval of the Equation (10) produced
by wi . Note that wi = −2b when [w1 ] = [w2 ] = · · · = [wi−1 ] = [wi+1 ] = · · · = [wn ] = [0],
wi = 0, and [wb ] = [b, b].

(14)

(15a)
(15b)
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The following corollary is a direct conclusion of Theorem 5.
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with tj 6 0 and 0 6 tj for j = 1, 2, . . . , n.
Let i be
 anindex such that for the interval [wi , wi ] we have wi < −b and b < wi . Thus,
the term ti , ti > [−b, b].
Then (15a) is true if t1 + t2 + · · · + ti−1 + ti+1 + · · · + tn = 0 and wb > 0. In addition
(15b) is true if t1 + t2 + · · · + ti−1 + ti+1 + · · · + tn = 0 and wb < 0. The above
 suggest that
[wb , wb ] defined so it is not a valid interval. In consequence the interval ti , ti 6 [−b, b] and
so neither b < wi nor wi < −b. Hence, [wi , wi ] 6 [−b, b].
For the interval [wb , wb ] suppose that wb < −b. This means that wb = −b − x for some
x > 0. Under these assumptions (15a) holds true if t1 + t2 + · · · + tn = x, which is impossible
given that t1 + t2 + · · · + tn < 0. The reasoning is the same if we suppose that wb > b.
Hence the minimum possible value of wb is −b and the maximum possible value of wb is b.

t1 + t2 + · · · + tn + wb = b,

t1 + t2 + · · · + tn + wb = −b,

Proof First note that any interval multiplied by [−1, 1] gives a symmetric interval. Actually, [x, y] [−1, 1] = [−m, m], where m = max{|x|, |y|}, for any interval [x, y]. If [tj ] denotes
[wj ] [−1, 1], for 1 6 j 6 n, then Equation (14) becomes [t1 ] + [t2 ] + · · · + [tn ] + [wb , wb ] =
[−b, b], with all [tj ] being symmetric intervals. So, the following two equalities must hold:

Then, whenever an algebraic solution is regarded for this equation, for any variable [wi ] =
[wi , wi ] , 1 6 i 6 n the maximum possible value of wi is b and the minimum possible value of
wi is −b. The same holds for the maximum possible value of wb and the minimum possible
value of wb .

[w1 ] [−1, 1] + [w2 ] [−1, 1] + · · · + [wn ] [−1, 1] + [wb ] [1, 1] = [−b, b] .

Theorem 5 Consider the equation,

Proof Let the interval vector ([w1∗ ] , [w2∗ ] , · · · , [wn∗ ] , [wb∗ ])> be a solution of Equation (10).
Then for each [wj∗ ], 1 6 j 6 n we have that [wj∗ ] < [−2b, 2b]. Moreover [wb∗ ] < [−b, b]. This
proves the Corollary.

Corollary 4 The algebraic solutions of Equation (10) of Theorem 1 are enclosed in the
polytope defined by [−2b, 2b]n × [−b, b].

Theorem 2 and Corollary 3, derived above, show the complexity of the set containing the
algebraic solutions of Equations (7a) and (9a). However, the following Corollary defines an
outer approximation of this solution set which is a convex set (polytope).
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= [−1, 1],

(17b)

(17a)
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[wji ][xi ] + [wjb ]

= [0, 1],
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n
X

i=1

n
X
i=1

h
X

j=1

1 
wj1 [yj ] + wh+1
⊆ [0, 1].
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It is obvious that the outcome of this Proposition is due to the asymptotic convergence of
each of the sigmoids to its extreme values, i.e., to 0, 1 or to −1, 1. Hence, if one aims in
finding a suitable inner approximation of each tolerance solution set, then one should define
an upper and a lower limit for the output of the corresponding sigmoid. Actually, this is

Hence, for any real vector [w1 ] in the tolerance solution set there will always exist a “larger”
vector [w2 ] for which the output interval produced will enclose the output interval computed
for [w1 ]. So, the tolerance solution set of Equation (16a) is unbounded. The proof is similar
for the other equations.

j=1

Then, there exists a real vector w2 ∈ Rh+1 for which w1 6̇w2 , where the operator “6̇”
denotes the component-wise operator “6”. If instead of the real vectors we consider their
interval counterparts, that is, the degenerate interval vectors [w1 ] and [w2 ], it is obvious
that [w1 ] ⊆ [w2 ]. Then, given that the sigmoid σ1 is inclusion monotonic we have that




h
h
X
X
1 
2 
σ1 
wj1 [yj ] + wh+1
⊆ σ1 
wj2 [yj ] + wh+1
⊆ [0, 1].

σ1 

Proof Let us consider Equation (16a) and a real vector w1 ∈ Rh+1 such that



Proposition 7 The tolerance solution set corresponding to each of the Equations (16a),
(16b) and (17a), (17b) is unbounded.

defined for any node j in the hidden layer using a sigmoid activation function. Note that,
[yj ] denotes the interval of the output values of the j-th node in the hidden layer and [xi ]
denotes the interval of the values of the i-th component of the input patterns. The above
equations are the interval counterparts of Equations (3) and (8).
We will show that the convex polytopes, derived in the previous subsection, constitute
inner approximations of the tolerance solution sets for the interval Equations (16) and
(17), namely the convex polytope for the Equations (16) and (17) having [yj ] = [0, 1] and
[xi ] = [0, 1] while the hypercube does it, for the same equations, when [yj ] = [−1, 1] and
[xi ] = [−1, 1].
First, let us formulate the following Proposition regarding Equations (16a), (16b) and
(17a), (17b).

σ2

[wji ][xi ] + [wjb ]

for any node k in the output layer using a sigmoid activation function, as well as the
equations:
!



(16a)

 = [−1, 1],



[wkj ][yj ] + [wkb ] = [0, 1],

(16b)

+

[wkb ]

[wkj ][yj ]
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σ1

Corollary 6 The algebraic solutions of Equation (14) of Theorem 5 are enclosed in the
hypercube [−b, b]n+1 .
Proof Let the interval vector ([w1∗ ] , [w2∗ ] , · · · , [wn∗ ] , [wb∗ ])> be a solution of Equation (14).
Then for each [wj∗ ], 1 6 j 6 n we have that [wj∗ ] 6 [−b, b]. The same stands for [wb∗ ]. This
proves the Corollary.
Theorem 5 and Corollary 6 help defining a convex outer approximation of the set of algebraic
solutions to Equations (7b) and (9b).
4.2 Evaluation of the Theoretical Results
In the context of our minimization problem, solving the linear interval Equations (7a), (7b),
(9a) and (9b) is equivalent to defining a solution in the tolerance solution set of each of these
equations. This is achieved considering algebraic solutions for the following reasons. First,
such an interval solution is proven to exist (Ratschek and Sauer, 1982) for each of these
equations. Moreover, the algebraic solution of a linear interval system is a solution to the
corresponding linear interval tolerance problem (Shary, 1996, Proposition 1). Finally, our
aim is not to define exact bounds of the algebraic solution interval vector, but to identify
the bounds of an enclosure of the algebraic solution.

(F, [a], [b]) = {x ∈ Rn | F ([a], x) ⊆ [b]}.

(F, [a], [b]) = {x ∈ Rn | (∀ã ∈ [a])(∃b̃ ∈ [b]) (F (ã, x) = b̃)},

Recall that Shary (2002) defined the tolerance (or tolerable) solution set of an interval
equation F ([a], x) = [b] as the set formed by all point vectors x ∈ Rn such that for any
ã ∈ [a] the image F (ã, x) ∈ [b]. This can be written in one of the following two forms:
X
⊆

Xtol

h
X

j=1

h
X

j=1

The theoretical results of the previous subsection permit to define suitable convex polytopes containing the algebraic solutions of Equations (7a), (9a) and hypercubes for the
algebraic solutions of Equations (7b), (9b). The algebraic solutions of the linear interval
Equations (7a), (7b) and (9a), (9b), enclosed in their respective convex sets, are also solutions in the corresponding tolerance solution sets of these linear equations which may
well be the activation functions of any output node. We are now interested in examining
the relation of these convex sets with Equations (3) and (8). Let us consider the following
non-linear interval equations:



σ1 
σ2 
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σ2 ((2h + 1)[−b2 , b2 ]) = [−1 + λ, 1 − λ] = [−1, 1]λ ⊆ [−1, 1].

σ1 ((2h + 1)[−b1 , b1 ]) = [0 + λ, 1 − λ] = [0, 1]λ ⊆ [0, 1], and

If we set λ = λ(h), a small number, 0 < λ  1, depending on the number of inputs h of
the node then we may write that

σ2 ((2h + 1) [−b2 , b2 ]) ⊆ [−1, 1].

σ1 ((2h + 1) [−b1 , b1 ]) ⊆ [0, 1],

[−2b2 , 2b2 ] [−1, 1] + [−b2 , b2 ] = (2h + 1) [−b2 , b2 ] .

[−2b1 , 2b1 ] [0, 1] + [−b1 , b1 ] = (2h + 1) [−b1 , b1 ] ,

So, we have the relations:

j=1

h
X

j=1

h
X

A direct conclusion of these relations is that the convex polytope [−2b1 , 2b1 ]h × [−b1 , b1 ]
constitutes an inner approximation of the tolerance solution set of the non-linear interval
equation (16a). The same stands for the box [−2b2 , 2b2 ]h × [−b2 , b2 ] and the non-linear
interval equation (16b). Obviously, the hypercubes [−b1 , b1 ](h+1) and [−b2 , b2 ](h+1) are
used instead of the corresponding convex polytopes when the input signals to a node are in
the interval [−1, 1]. The same reasoning applies to Equations (17a) and (17b).
Besides these conclusions other interesting results are derived, hereafter, for the above
convex polytopes. First, it is easy to verify that the following two equations hold true:

j=1



h
X
σ2 
[−2b2 , 2b2 ] [0, 1] + [−b2 , b2 ] ⊆ [−1, 1].

(18b)

22

JMLR 17(169):1-40

The proposed approach operates under the assumption that the input data to a destination
node are either in the interval [0, 1] or in [−1, 1]. Typically, this happens in pattern recognition or classification applications; for example, this is the case for the interval used for
coding the corresponding components of the input patterns if the weights concern input-to-

4.3 Discussion on the Theoretical Results

In consequence we may state that, for any node in the output layer using a sigmoid
activation function, having input signals in the interval [0, 1] and connection weights in the
convex polytope [−2b, 2b]h ×[−b, b] then the range of output values are in the interval [0, 1]λ
or [−1, 1]λ for some λ smaller than the precision ε used for the problem.
When the inputs to a node are in the interval [−1, 1] then using the box [−b, b](h+1) we
arrive to similar results and formulate a similar statement. Finally, note that, using the
same reasoning we get exactly the same results for any node in the hidden layer bringing
out the validity of the theoretical results when used in (17a) and (17b) corresponding to
Equations (9a) and (9b).
To further advance this reasoning suppose that the real matrices W1s ∈ R(n+1)h and
W2s ∈ R(h+1)o constitute a global minimizer of the minimization problem (2), i.e., the
distance kF (X, W1s , W2s ) − Tkq 6 ε, where ε is the machine precision or the best precision
set for the problem. Also, suppose that p patterns are available for the problem, which means
that X = {x1 , x2 , . . . , xp } and the corresponding target outputs are T = {t1 , t2 , . . . , tp }. The
input patterns are n-dimensional vectors while the target outputs are o-dimensional. For
any input pattern xl , where 1 6 l 6 p, let zl be the o-dimensional network output for this
pattern, that is, zl = F (xl , W1s , W2s ).
Now, if the norm q is such that 1 6 q and considering that the total network output
error is averaged
then we can set the network output error for the l-th
Pover all patterns
q 1/q
6 ε. From this, for the k-th output node we may
pattern to be ( ok=1 |zk,l − tP
k,l | )
consider that |zk,l − tk,l |q 6 ok=1 |zk,l − tk,l |q 6 εq . Hence, |zk,l − tk,l |q 6 εq , which gives
that |zk,l − tk,l | 6 ε. In consequence, tk,l − ε 6 zk,l 6 tk,l + ε. So, if tk,l = 0 or tk,l = −1
then zk,l ∈ [0, 0 + ε] or zk,l ∈ [−1, −1 + ε]. Similarly, if tk,l = 1 then zk,l ∈ [1 − ε, 1].
Hence, we may suppose that there exists some small positive constant, say λ, such that
0 + λ 6 zk,l 6 0 + ε, or, −1 + λ 6 zk,l 6 −1 + ε, and 1 − ε 6 zk,l 6 1 − λ. Then, we
may deduce that [0 + ε, 1 − ε] ⊂ [0 + λ, 1 − λ] and [−1 + ε, 1 − ε] ⊂ [−1 + λ, 1 − λ]. This
is exactly what has been derived above with relations (18). So, we deduce that the real
matrices W1s ∈ R(n+1)h and W2s ∈ R(h+1)o supposed to constitute a global minimizer of
the minimization problem (2) are, indeed, located in the corresponding convex polytope, as
defined above. The reasoning is similar if q is the infinity norm.
Following the above discussion we consider that it is legitimate to argue that the convex
polytopes identified by the proposed method are guaranteed, within the machine precision
accuracy, to enclose some global minimizers of the network output error function.

[−1, 1]ε = [−1 + ε, 1 − ε] ⊂ [−1 + λ, 1 − λ] = [−1, 1]λ .

(18a)

In consequenece, recalling the definition of the intervals [−b1 , b1 ] and [−b2 , b2 ], in Subsection
3.2, it is obvious that the following two relations hold true:

how we proceeded in Subsection 3.2. Subsequently, the direct consequence of this approach
is to consider the solution set of some linear interval equation suitably defined to take into
account the input values of a node. So, for each of the non-linear Equations (16a) and (16b)
of some node in the output layer two linear interval equations, namely (7a) and (7b), are
defined depending on the type of the sigmoid used. In addition, for each of the non-linear
interval Equations (17a) and (17b) of any node in the hidden layer the two linear interval
equations derived are (9a) and (9b).
For any node with a sigmoid activation function there are two possible types of boxes, as
defined by Corollaries 4 and 6, depending on the intervals of the input values. Here, let us
examine the range of application of these boxes in terms of their usage in (16a), (16b) and
(17a), (17b). The convex polytope [−2b, 2b]h × [−b, b] is used whenever the input signals
are in the interval [0, 1]. Then, from (16a) and (16b) we derive the following relations:


h
X
σ1 
[−2b1 , 2b1 ] [0, 1] + [−b1 , b1 ] ⊆ [0, 1],
[0, 1]ε = [0 + ε, 1 − ε] ⊂ [0 + λ, 1 − λ] = [0, 1]λ ,
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hidden layer connections. For a weight of a hidden-to-output layer connection this interval
is the range of values of the sigmoid activation function of the corresponding hidden node.
So, for an input data point in [0, 1], the initial interval for the value of the corresponding
weight is [−2b, 2b]; otherwise, if the value of the input data point is in [−1, 1] then the initial
interval for the corresponding weight is considered to be [−b, b]. In all cases, the interval
for the value of any bias weight is [−b, b].
Depending on the type of the activation function parameter b is denoted by b1 for the
logistic sigmoid, b2 for the hyperbolic tangent, and b3 for the pure linear activation function.
Moreover, recall that the specific value in each case is implementation dependent being a
function of the precision ε set for the problem. In this paper, we consider that ε is the
machine epsilon corresponding to double precision and so the specific values for b should
be b = b1 > 36.05 and b = b2 > 18.4, while the specific value for b = b3 is defined by the
problem data. Table 1 summarizes these results for a 3-layer perceptron having n, h and o
nodes in the input, the hidden and the output layers respectively, and two possible ranges,
[0, 1] and [−1, 1], for the input data coding.
The convex sets in Table 1 are defined according to the above theoretical results and
more specifically the conclusions of Corollaries 4 and 6. However, if one adopts a “broad
interpretation” of Corollary 3 it would be possible to consider narrower intervals for nodes
with inputs in the interval [0, 1]. So, instead of the interval [−2b, 2b] one would rather consider the interval [−b, b]. Obviously with this argument the convex set defined, in this case,
is no longer a polytope, in general terms, but rather a hypercube. However, we should note
that this result is based on heuristic considerations, as the complexity of the structure of the
solution sets of Equations (7a) and (9a) leaves no space for such a theoretical conclusion.
The validity of this heuristic conjecture is tested in the following Section 5.
The values defined, previously, for b and the subsequent volumes of the convex polytopes, though formally proven, are relatively large. So, they may be not convincing regarding the advantage offered to the global optimization based training by the proposed
approach. Here, let us recall the assumption that, often, in practical applications, the output values of a node are expected to be in the interval [0.1, 0.9] for the sigmoid activation
function or in the interval [−0.9, 0.9] for the hyperbolic tangent. Then according to Paragraph 3.2.1 the corresponding values for b, denoted here by b∗ , should be b1∗ > 2.2 ≈ 2.1972
and b2∗ > 1.5 ≈ 1.4722. Despite the apparent disagreement of the intervals [0.1, 0.9] and
[−0.9, 0.9] with the linear interval equations (10) and (14), respectively, the previous theoretical results are still valid. As an example, let us compute the bounds of the weights
for the k-th output node having a sigmoid activation function with output in the interval
[0.1, 0.9] and inputs yj in the interval [0.1, 0.9] supposing that any node in the hidden layer
has the logistic sigmoid activation function, as well. With these hypotheses Equation (7a)
becomes
h
X
[wkj ][0.1, 0.9] + [wkb ] = [−b∗ , b∗ ],
j=1
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where b∗ is the specific b as noted
P
Ph previously. In addition, due to inclusion monotonicity
h
j=1 [wkj ][0.1, 0.9] + [wkb ] ⊆
j=1 [wkj ][0, 1] + [wkb ]. On the other hand, at the expense
Ph
of lower precision, we may have the equation j=1
[wkj ][0, 1] + [wkb ] = [−b∗ , b∗ ]. Then,
the solution set defined for this specific form of Equation (7a) is a tolerance solution set of
23
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the linear interval equation (19). In consequence, the convex polytope [−2b, 2b]h × [−b, b],
for any b = b1∗ > 2.2, is a tolerance solution set of the linear interval equation (19), and
constitutes an inner approximation of the tolerance solution set of the non-linear interval
equation

j=1



h
X
[wkj ][yj ] + [wkb ] = [0.1, 0.9],
σ1 

where [yj ] = [0.1, 0.9] for 1 6 j 6 h. It is obvious that this reasoning applies to any linear
interval equation, such as (7a), (7b), (9a) and (9b).
If the scaling assumption of the neural network inputs xi does not hold (this may happen
with function approximation or regression problems), it is still possible to solve the problem;
however, the solution does not comply with the algebraic

 formalism adopted in the previous
section. In this case, let ussuppose that xi ∈ xi , xi , for i = 1, 2, . . . , n where the value
of the functional χ xi , xi  ∈ [−1,
 1] (see Ratschek and Sauer, 1982), which means that
the bounds of the interval xi , xi may have any value provided that xi 6 xi . For the bias
we have that the input is χ ([1, 1]) = 1, so the hypotheses of Ratschek and Sauer (1982,
Theorem 1) are satisfied and in consequence even in this case the Equations (9a) and (9b)
have a solution. However, it is clear that the resulting equation does not comply with the
formalism adopted in the previous subsection for the Equations (7a), (7b) and (9a), (9b).
Although a detailed coverage of this issue is considered out-of-the-scope of this paper, it can
briefly be stated that this situation can be dealt with by considering the work of Popova
(2006) and the algorithm proposed therein.

5. Testing
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In this section we give some concrete examples of the approach presented above. Our objective is to perform some tests, using well known benchmarks, in order to show that the
convex sets, derived following the analysis of this paper, indeed enclose global minimizers
of the cost function associated with the output of the MLP used for each problem. To this
end, the interval global optimization software (GOP), provided by Pàl and Csendes (2009),
is used.
The reason for adopting an interval global optimization procedure instead of some version of PSO or a GA-based approach is easily understood if one takes into account the
fact that interval global optimization is a deterministic approach which is guaranteed to locate the best available minimizers and the interval for the corresponding global minimum.
On the other hand, convergence capabilities of population based and heuristic approaches
depend on a number of heuristically defined random parameters. Hence, a proof of convergence for these methods is either probabilistic (Bertsimas and Tsitsiklis, 1993; Eiben et al.,
1991), or it relies on empirical results (Pedersen, 2010). This means that, by using a global
search method of this class, it is practically impossible to verify that the boxes derived by
the proposed approach indeed contain the best available minimizers.

24

[−2b2 , 2b2 ]n∗h × [−b2 , b2 ]h

HL: hyperbolic tangent

× [−b2 , b2 ]

[−2b3 , 2b3 ]h∗o × [−b3 , b3 ]o

[−b3 , b3 ](h+1)∗o

[−b2 , b2 ]
[−b3 , b3 ](h+1)∗o

[−b2 , b2 ](n+1)∗h

(h+1)∗o

[−b2 , b2 ](n+1)∗h

[−b1 , b1 ](h+1)∗o

[−b2 , b2 ](n+1)∗h

HL : Hidden Layer
OL : Output Layer
n, h and o are the number of nodes in the input, hidden and output layer respectively
b1 denotes the value of b in the case of the logistic sigmoid activation function
b2 denotes the value of b in the case of the hyperbolic tangent activation function
b3 denotes the value of b in the case of the linear activation function

OL: linear

[−2b2 , 2b2 ]

[−2b2 , 2b2 ]n∗h × [−b2 , b2 ]h

o

OL: hyperbolic tangent

h∗o

[−2b1 , 2b1 ]h∗o × [−b1 , b1 ]o

HL: hyperbolic tangent

OL: logistic sigmoid

[−2b3 , 2b3 ]h∗o × [−b3 , b3 ]o

[−2b2 , 2b2 ]n∗h × [−b2 , b2 ]h

OL: linear

HL: hyperbolic tangent
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Typically, GOP is used for solving a global optimization problem with bound constraints
and performs an exhaustive search of the initially defined set of boxes. The criterion used
to stop the search process is a tolerance level of the width of the interval computed as the
value of the inclusion function. So, given that in this paper we are interested only in verifying the existence of global minimizers and not in effectively locating a global minimum,
as this happens when training the MLP, we specify a large value for the tolerance level of
the width of the inclusion function interval. Hence, we use GOP to obtain rough estimates
of the interval enclosing the global minimum of the network’s output error function.
Moreover, GOP uses gradient information of the objective function to perform branchand-bound computations. In order to comply with this requirement we use the Mean-

3. Use the GOP procedure to solve the minimization problem defined for this natural
inclusion function, where the bounds for the weights are set by the convex polytope
computed by the proposed approach.

2. Write the MATLAB code implementing the natural inclusion function of the MLP
mapping, (an example is given in Appendix A).

1. Consider an MLP which is typically used for solving the corresponding problem.

In order to perform this experimental verification, we follow the next three steps:

5.1 Experimental Setup

-

[−b2 , b2 ](h+1)∗o

[−2b1 , 2b1 ]n∗h × [−b1 , b1 ]h

HL: logistic sigmoid

[−b1 , b1 ](n+1)∗h

[−b1 , b1 ](n+1)∗h

[−2b2 , 2b2 ]h∗o × [−b2 , b2 ]o

× [−b1 , b1 ]

[−2b1 , 2b1 ]

OL: hyperbolic tangent

[−b1 , b1 ](h+1)∗o

HL: logistic sigmoid

n∗h

h

[−b1 , b1 ](n+1)∗h

[−2b1 , 2b1 ]n∗h × [−b1 , b1 ]h

[−2b1 , 2b1 ]h∗o × [−b1 , b1 ]o

[-1,1]

Input Data Interval

[0,1]

OL: logistic sigmoid

HL: logistic sigmoid

Activation function

Table 1: Approximation of the initial weight set
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Figure 1: A simple neuron and the error functions for two artificial mappings
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The set of global minimizers is located in the union of the following boxes:
c1: [21.75680336914063, 37.45827910156252][20.27820312500000, 36.05010000000001]
c2: [21.54557275390626, 21.68639316406251][19.99656210937500, 20.27820312500000]
c3: [21.12311152343751, 21.40475234375001][19.71492109375000, 19.99656210937500]

Function name:

Initial box for the weights: [−72.1, 72.1][−36.05, 36.05], tolerance = 0.001. Intervals computed by GOP:

boxes of the weights. The results obtained for various trials are given hereafter.

0.2001
−5

0.3001

0.4001

0.5001

0.6001

0.7001

0.8001

The Single Neuron problem: Here, we consider the simplest possible case consisting
of a single neuron having one input, a bias and using the logistic sigmoid activation. The
advantage of proposing such a rudimentary example is the facility it offers in visualizing
its error function. In the following figures one may observe the form of the error functions
for two simple artificial mappings with weights in the intervals [−5.0, 5.0] and [−5.0, 5.0].
Using GOP it is easy to locate the global minima for each of these functions for various

5.2.1 A simple problem

5.2 Experiments and Results

Squared-Error (MSE) for computing the distance between the actual network output and
the target output. However, using a differentiable distance function such as MSE is not
restrictive. Actually, the analysis provided throughout Section 4 makes no assumption regarding the type of the cost function of the network output. What really matters is that
the set of boxes defined by the proposed method surely encloses weight vectors that are
global minimizers, which means that the range of the error function computed on this set
of boxes is an interval enclosing its global minimum.
Note that for all examples the boxes are computed using for b1 and b2 the values proposed in Paragraph 3.2.1. Obviously, one may set these values according to the precision
required for the problem at hand. However, in order to comply with the theoretical considerations of the paper the values chosen for b1 and b2 should be such that the corresponding
sigmoid is driven to the saturation region.
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SINGLE NEURON MAPPING 2

The global minimum is enclosed in:
[0.176989707623682269, 0.177214552453163560]
Function name:
The set of global minimizers is located in the union of the following boxes:
c1: [−1.44335920410156, −1.05610307617187][1.09140893554687, 1.40825507812500]
The global minimum is enclosed in:
[0.093025775813289955, 0.093289721540457949]
In these two cases, it is obvious that the location of the minimizers greatly differs from
one error function to the other. Moreover, in the case of the first error function the global
minimum is defined exclusively for positive values of the weights. This shows that the input
data greatly affect the location of the global minimum.

SINGLE NEURON MAPPING 1

Let us now consider a narrower interval. Initial box for the weights: [−5.0, 5.0][−5.0, 5.0],
tolerance = 0.01. Intervals computed by GOP:
Function name:

SINGLE NEURON MAPPING 2

The set of global minimizers is located in the union of the following boxes:
c1: [4.68750000000000, 5.00000000000000][4.21875000000000, 4.68750000000000]
The global minimum is enclosed in:
[0.215127653743816594, 0.219438417879982417]
Function name:

The set of global minimizers is located in the union of the following boxes:
c1: [−2.03125000000000, −0.62500000000000][0.85937500000000, 1.87500000000000]
c2: [−2.34375000000000, −2.18750000000000][2.03125000000000, 2.18750000000000]
The global minimum is enclosed in:
[0.089012518962891946, 0.093326904683555062]

JMLR 17(169):1-40

In this trial, narrower intervals were used for the bounds of the weights. As far as the
first mapping is concerned, it’s easy to notice that, despite the larger value for the tolerance,
the intervals used do not enclose the previously detected global minimum. For the intervals
specified the so-called global minimum is a local one, despite being the best that GOP was
able to locate. For the second mapping, the intervals estimated for both the location of the
global minimizers as well as for the global minimum are larger, due to the higher tolerance
value, and enclose the intervals computed by GOP in the previous trial.
The main outcome of these examples is that they are consistent with the analysis provided in the paper. These trials provide “good” examples of boxes with global minimizers,
as well as “counter-examples” of boxes without global minimizers. The results confirm
that heuristic arguments, concerning the weight intervals, are inefficient, whenever global
optimization based training is considered for a neural network. Moreover, the convex set
defined by the proposed approach provides reliable estimation of these weight intervals.
For bound constrained problems the global optimizer GOP detects the best available
minimizers within the box defined for the error function and hence the interval estimate
of the corresponding global minimum. Given the size of the search space, in the following
experiments it has not been possible to perform exhaustive search of the global minimum
and so we tried to obtain rough estimations of the interval enclosing it.
27
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5.2.2 Problems – Networks with Logistic Sigmoid Activation Functions

The XOR problem: Let us consider a 2-2-1 network used for the XOR problem. The
purpose of this experiment is to allow us to verify the results of the proposed approach
against previous literature (see Hamey, 1995, 1998; Sprinkhuizen-Kuyper and Boers, 1999),
which has investigated analytically the local and global minima in the XOR problem. All
network nodes use the logistic sigmoid activation function, inputs to all nodes are in the
interval [0, 1] and the desired outputs are the bounds of the interval [0, 1]. The network is
fully connected and so there are 2 ∗ 2 + 2 ∗ 1 = 6 unknown weights as well as 2 + 1 = 3 bias
weights. The interval equation of the weights to any node in the network is one of (7a) or
(9a). Thus, if we set b = b1 = 36.05 we obtain,

[w1 ][0, 1] + [w2 ][0, 1] + · · · + [wn ][0, 1] + [wb ][1, 1] = [−36.05, 36.05]

and so, the initial box where global minimizers are expected to be located is

Hidden layer

Output layer

[−72.1, 72.1]2∗2 × [−36.05, 36.05]2 × [−72.1, 72.1]2∗1 × [−36.05, 36.05]1 .
|
{z
} |
{z
}
XOR

The output provided by GOP for the above network is:

Function name:

The set of global minimizers is located in the union of the following boxes:
c1: [−72.09999999999999, 72.09999999999999] · · ·
[−36.05000000000000, 36.05000000000000]
The global minimum is enclosed in:
[0.000000000000000000, 0.250000000000000000].

Hidden layer

The results of this experiment confirm the theoretical conclusions regarding the location
of the global minimizers.
In addition to the previous experiment, it is tentative to examine, here, if the narrower box, defined using a loose interpretation of Corollary 3, is likely to enclose the global
minimizers of the network output error. So, if the box [−36.05, 36.05]2∗2 × [−36.05, 36.05]2
{z
}
|

Output layer

× [−36.05, 36.05]2∗1 × [−36.05, 36.05]1 = [−36.05, 36.05]9 is used as the initial box then the
|
{z
}
XOR

output provided by GOP is:

Function name:

The set of global minimizers is located in the union of the following boxes:
c1: [−36.05000000000000, 36.05000000000000] · · ·
[−36.05000000000000, 36.05000000000000]
The global minimum is enclosed in:
[0.000000000000000000, 0.250000000000000000].

JMLR 17(169):1-40

The result of this last experiment shows that a narrower box can be effectively used for
searching the global minimizers. Nevertheless, we should re-iterate that, as mentioned in

28

XOR

Hidden layer

Output layer

XOR
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The IRIS classification problem: Let us consider a 4-5-3 network used for the IRIS
classification problem. This benchmark is known as Fisher’s IRIS problem. Based on the
values of sepal length and width, petal length and width, the class of IRIS plant needs
to be predicted. Inputs are scaled in the interval [0, 1], all network nodes use the logistic
sigmoid activation function and the desired outputs are binary {0, 1}. The network is fully
connected and so there are 4 ∗ 5 + 5 ∗ 3 = 35 unknown weights along with 5 + 3 = 8 bias

The set of global minimizers is located in the union of the following boxes:
c1:
[−72.09999999999999, 102.09999999999999][−72.09999999999999, 102.09999999999999]
[−72.09999999999999, 102.09999999999999][−72.09999999999999, 102.09999999999999]
[ 36.05000000000000, 136.05000000000001][ 36.05000000000000, 136.05000000000001]
[ 72.09999999999999, 102.09999999999999][ 72.09999999999999, 102.09999999999999]
[ 36.05000000000000, 136.05000000000001]
The global minimum is enclosed in:
[0.498825225561647045, 0.500000000000000111].

Function name:

Overall, the outcomes of the three experiments are in line with previous research (Hamey,
1995, 1998; Sprinkhuizen-Kuyper and Boers, 1999). Actually, Hamey (1998) applied to the
XOR problem a new methodology for the analysis of the error surface and showed that
starting from any point with finite weight values, there exists a finite non-ascending trajectory to a point with error equal to zero. Moreover, Sprinkhuizen-Kuyper and Boers (1999)
proved that “the error surface of the two-layer XOR network with two hidden units has a
number of regions with local minima” and concluded that “from each finite point in weight
space, a strictly decreasing path exists to a point with error zero”. The conclusions of
these papers resulted following an exhaustive analysis of the error surface of the network
output. Finally, both papers conclude that for a 2-2-1 network using finite weights a global
minimum is reachable in the error surface of the XOR problem. This conclusion constitutes
a qualitative validation of the results obtained in this paper.
Finally, let us consider the case where a set of boxes does not contain a global minimizer.
An example of such a set of boxes is reported by GOP hereafter.

The set of global minimizers is located in the union of the following boxes:
c1: [−4.40000000000000, 4.40000000000000] · · ·
[−2.20000000000000, 2.20000000000000]
The global minimum is enclosed in:
[0.000000000000000000, 0.160000000000000031].

Function name:

vided by GOP is:

weights. The interval equation of the weights to any node in the network is one of (7a) or
(9a) and so if we set b = b1 = 36.05 we have again,

Subsection 4.3, using such a narrower box lacks the necessary theoretical justification.
Finally, if we make the assumption that the outputs of the sigmoids are in the interval
[0.1, 0.9] the initial box is considered to be [−4.4, 4.4]6 × [−2.2, 2.2]3 which, according to
Table 1, is [−4.4, 4.4]2∗2 × [−2.2, 2.2]2 × [−4.4, 4.4]2∗1 × [−2.2, 2.2]1 . Then the output pro|
{z
} |
{z
}

IRIS

Output layer

IRIS

Hidden layer

Output layer
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The British vowels recognition problem: Consider the 3-layer 10-20-11 network used
for the British vowels data recognition benchmark. This benchmark, known as Deterding
Data (Deterding, 1989), is a speaker independent recognition problem of the eleven steady
state vowels of British English using a specified training set of 10 lpc (linear prediction
coefficients) derived log area ratios. Inputs for this problem are scaled in the interval [−1, 1]
and all network nodes use the hyperbolic tangent sigmoid activation function. The network
is fully connected and so there are 10 ∗ 20 + 20 ∗ 11 = 420 unknown weights as well as
20 + 11 = 31 bias weights. In this case the interval equation of the weights to any node

5.2.3 A Problem – Network with Hyperbolic Tangent Activation Functions

The results of these IRIS experiments are encouraging. Again, the results of the first
experiment roughly confirm the theoretical conclusions regarding the location of the global
minimizers, while the other experiment indicates that narrower boxes can be effectively
used for searching the global minimizers, eventually providing a narrower interval estimate
for the global minimum.

The set of global minimizers is located in the union of the following boxes:
c1: [−4.40000000000000, 4.40000000000000] · · ·
[−2.20000000000000, 2.20000000000000]
The global minimum is enclosed in:
[0.000000000000000000, 0.480000000000002480].

Function name:

vided by GOP is:

Moreover, under the assumption that the output of the sigmoids are in the interval
[0.1, 0.9] the initial box is considered to be [−4.4, 4.4]35 × [−2.2, 2.2]8 which, according to
Table 1, is [−4.4, 4.4]4∗5 × [−2.2, 2.2]5 × [−4.4, 4.4]5∗3 × [−2.2, 2.2]3 . Then the output pro|
{z
} |
{z
}

The set of global minimizers is located in the union of the following boxes:
c1: [−72.09999999999999, 72.09999999999999] · · ·
[−36.05000000000000, 36.05000000000000]
The global minimum is enclosed in:
[0.000000000000000000, 0.750000000000000000].

Function name:

The output provided by GOP for the above network is:

Hidden layer

[−72.1, 72.1]4∗5 × [−36.05, 36.05]5 × [−72.1, 72.1]5∗3 × [−36.05, 36.05]3 .
|
{z
} |
{z
}

So, one may consider the following initial box for searching the global minimizers,

[w1 ][0, 1] + [w2 ][0, 1] + · · · + [wn ][0, 1] + [wb ][1, 1] = [−36.05, 36.05].

Adam, Magoulas, Karras and Vrahatis
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in the network is one of (7b) or (9b). Setting b = b2 = 18.04 one obtains the following
equation,

Bounding Global Optimization Training via Interval Analysis

[w1 ][−1, 1] + [w2 ][−1, 1] + · · · + [wn ][−1, 1] + [wb ][1, 1] = [−18.4, 18.4].

to any node in the hidden layer is (7b). Retaining for b = b2 = 18.04, as in the previous
benchmark, we have

Adam, Magoulas, Karras and Vrahatis
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Output layer
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The above experiments provide substantial evidence regarding the validity of the theoretical
results, showing that the convex set computed by the proposed approach for each problem
contains some global minimizers of the network’s error function. In addition, it is easy to
see that there exist areas in the weight space which do not contain global minimizers.
In all cases the approach for evaluating the theoretical results was based on an interval
global optimization procedure. However, the theoretical analysis presented in Section 4
made no assumption regarding the global optimization procedure used to minimize the
error function of the MLP. Therefore, the set of boxes enclosing the global minimizers is
determined independently of the global optimization method used for training, and so it is
also valid for population-based or stochastic global search methods. It is worth noting here
that the results reported by Gudise and Venayagamoorthy (2003) constitute an experimental
verification of this statement when PSO is used to train an MLP. Moreover, the experimental
analysis provided in that paper, concerning the computational cost induced by the training
procedure in relation with the width of the search space, may be seen as an evidence of the
advantage offered by our approach.
An interesting point of the above experiments concerns the results obtained when the
boxes are defined under the assumption that the outputs of the sigmoid and the hyperbolic
tangent activation functions are [0.1, 0.9] and [−0.9, 0.9] instead of [0, 1] and [−1, 1]. These
results indicate that the weight boxes defined so, besides being thinner, also result in a
narrower interval enclosing the global minimum. We note here, without further details,
that the derivation of these boxes and the entailing results, may be justified using the
following theorem by Moore (1966) as formulated in Alefeld and Mayer (2000, Theorem 1).

5.3 Discussion and Open Problems

The set of global minimizers is located in the union of the following boxes:
c1: [−18.40000000000000, 18.40000000000000] · · ·
[−0.50000000000000, 0.50000000000000]
The global minimum is enclosed in:
[0.000000000000000000, 0.048430679703413922].

Function name:

The output provided by GOP for the above network is:

Hidden layer

[−18.4, 18.4](2+1)∗21 × [−0.5, 0.5](21+1)∗1 .
|
{z
} |
{z
}

So, the initial box used for searching the global minimizers is

[w1 ][−1, 1] + [w2 ][−1, 1] + · · · + [wn ][−1, 1] + [wb ][1, 1] = [−0.5, 0.5].

Moreover, the interval equation of the weights to any node in the output layer is,

[w1 ][−1, 1] + [w2 ][−1, 1] + · · · + [wn ][−1, 1] + [wb ][1, 1] = [−18.4, 18.4].

Output layer

So, the initial box where global minimizers are potentially located is the hypercube

Hidden layer

[−18.4, 18.4](10+1)∗20 × [−18.4, 18.4](20+1)∗11 = [−18.4, 18.4]451 .
|
{z
} |
{z
}

BRITISH VOWELS

The output provided by GOP for the above network is:
Function name:

The set of global minimizers is located in the union of the following boxes:
c1: [−18.40000000000000, 18.40000000000000] · · ·
[−18.40000000000000, 18.40000000000000]
The global minimum is enclosed in:
[0.000000000000000000, 11.000000000000000000].

Output layer

Under the assumption that the output of the sigmoids are in the interval [−0.9, 0.9] the
initial box is expected to be [−1.5, 1.5](10+1)∗20 × [−1.5, 1.5](20+1)∗11 = [−1.5, 1.5]451 . The
{z
} |
{z
}
|
Hidden layer

BRITISH VOWELS

output provided by GOP for the above network is:

Function name:

The set of global minimizers is located in the union of the following boxes:
c1: [−1.50000000000000, 1.50000000000000] · · ·
[−1.50000000000000, 1.50000000000000]
The global minimum is enclosed in:
[0.000000000000000000, 8.910000000000142251].
The results of the first experiment confirm the theoretical conclusions regarding the location of the global minimizers. In addition, the second experiment confirms the hypothesis
that the narrower box, derived using the interval [−0.9, 0.9] for the range of the hyperbolic activation functions, can be effectively used for searching the global minimizers of the
network learning error.
5.2.4 A Problem – Network with Hyperbolic Tangent and A Pure Linear
Activation Function

JMLR 17(169):1-40

A sinusoidal function approximation problem: Consider
the 3-layer 2-21-1 network

used for approximating the function y = 0.5 sin πx12 sin (2πx2 ) defined in the original
paper of Nguyen and Widrow (Nguyen and Widrow, 1990) where they introduce their
weight initialization method. Inputs for this problem are in the interval [−1, 1], all nodes
in the hidden layer use the hyperbolic tangent sigmoid activation function and nodes in the
output layer are linear. The network is fully connected and so there are 2 ∗ 21 + 21 ∗ 1 = 63
unknown weights as well as 21 + 1 = 22 bias weights. The interval equation of the weights
31
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The approach presented in this paper deals with computing guaranteed bounds for the region
where global optimization procedures should search for global minimizers when training an
MLP. In contrast to current practice, which defines these bounds heuristically, the proposed
approach relies on interval analysis and exploits both the network architecture and information of the input patterns for shaping the search region. The resulting feasible domain
of the network’s output error function is rather complicated and so a suitable approximation is derived in the form of a convex polytope or a hypercube depending on the network
architecture and the problem at hand.
The analysis presented deals with 3-layer feed forward neural networks but the results

6. Conclusion

W1 = reshape(W0(1:h*n,1),h,n);
34

% the code for the inclusion function
function y = evxor(W0)
% W0 is the vector of the weight intervals
% global network parameters and training data
global p t np n h o avfHL avfOL

% the following define the activation functions
avfHL = @(x)[1./(1+exp(-x))]; % for the hidden layer
avfOL = @(x)[1./(1+exp(-x))]; % for the output layer

JMLR 17(169):1-40

Here, we give an example of the MATLAB code used for the natural inclusion function of
the function implemented by a 3-layer MLP for the XOR benchmark. It is straightforward
to obtain the natural inclusion function by simply replacing real variables by their interval
counterparts. So, all variables corresponding to the weights of the MLP, as well as the quantities computed with these variables, are intervals. Interval computations are automatically
carried out using INTLAB (Rump, 1999).

Appendix A. Sample Code for an MLP Natural Inclusion Function

The authors would like to thank the anonymous reviewers for their valuable suggestions
and comments on earlier version of the manuscript, that helped to significantly improve the
paper at hand.
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can easily be extended to networks with more than one hidden layer. Moreover, this analysis covers the widely used type of feed forward neural networks using some kind of sigmoid
activation function for the nodes in the hidden layer. Nodes in the output layer may use
either a sigmoid or a linear activation function. The conclusions derived are applicable to
both standard MLPs and interval feed forward neural networks.
The examples and the experiments given on well known benchmarks highlight the application of the theoretical results formally derived in the paper. The results of the experiments provide significant evidence that the global minimizers of the considered network
error functions fall within the bounds of the polytope defined by our method. Moreover,
the proposed approach is not restrictive in terms of the hidden layers considered for the
MLP or the bounds of the interval for node’s output values.
A thorough performance analysis of global optimization procedures with and without
using the proposed approach was not part of the objectives of this paper — this will be
considered in future work. Also, we are planning to investigate the possibility of dealing
with MLPs that use other types of activation functions as well as explore the applicability
of the results to other types of networks such as the radial basis function and the recurrent
networks.

Theorem 8 Let f : D ⊂ Rn → R be continuous and let [x] ⊆ [x]0 ⊆ D. Then (under
mild additional assumptions) q(R(f ; [x]), [f ]([x])) 6 γkd([x])k∞ , γ > 0, and d([f ]([x])) 6
δkd([x])k∞ , δ > 0.

Here, q(·, ·) is the Hausdorff distance between intervals which measures the quality of the
interval inclusion function [f ] as an enclosure of the range of f over an interval [x]. This
Theorem states that if the inclusion function exists then the Hausdorff distance between
R(f ; [x]) and [f ]([x]) goes linearly to zero with the diameter d([x]) (Alefeld and Mayer,
2000). In addition the diameter of the inclusion function goes linearly to zero if d([x]) is
approaching zero. The values of parameters γ and δ are very important for defining thinner
boxes.
Regarding the previous comment it is important to note that considering narrower intervals for the outputs of the nonlinear activation functions of the nodes cannot be done
arbitrarily. Actually, narrowing the intervals of the activation functions’ output values
causes a decrease in their level of saturation which translates to less sharp values for the
network outputs. Obviously, this introduces a degree of uncertainty to the network outputs and thereby to the network function itself. The importance of this outcome seems
to be problem dependent. If the underlying problem deals with pattern classification this
outcome may have no effect on the classification task and in the best case even increase
the generalization ability of the network. On the other hand when dealing with a function
approximation or regression problem defining less sharp values for the network outputs is
very likely to cause large deviations from the target outputs. To the best of our knowledge
there is no research report attempting to define any proper saturation level for the activation functions in order to fit any unknown function with infinite accuracy.
Finally, an issue that needs to be commented concerns the impact of the proposed
method on the global optimization procedure, in terms of computational complexity and
cost. As the results of the experiments underline, this issue has not been addressed in this
paper mainly for two reasons; first the objective of our paper is not to detect the global
minimizers of the network error function but merely to delimit the area where a global optimization procedure should search for them. Secondly, evaluating the computational cost
of our approach requires either a suitable mathematical formulation or significant computational effort in order to effectively measure the impact of our approach on specific global
optimization procedures. Definitely, this issue constitutes our main concern for continuing
this research.

Adam, Magoulas, Karras and Vrahatis

Bounding Global Optimization Training via Interval Analysis

Bounding Global Optimization Training via Interval Analysis

b1 = repmat(reshape(W0((h*n)+1:(h*n)+h*1,1),h,1),1,np);
W2 = reshape(W0((h*(n+1))+1:(h*(n+1))+o*h,1),o,h);
b2 = repmat(reshape(W0(h*(n+1)+o*h+1:end,1),o,1),1,np);
y = sum((t-avfOL(W2*avfHL(W1*p+b1)+b2)).^2)./np;
% end function
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Feature Selection. Feature selection can improve the interpretability and performance
of a learned predictive model. mlr supports filter and wrapper approaches, while embedded
techniques like L1 -penalization are included directly in the learners. Supported selection
techniques include information gain, MRMR, and RELIEF, with forward and backward
search. Filter scores and sequential wrapper search results can be visualized.
Wrapper Extensions. mlr’s wrapper mechanism allows to extend learners through pretrain, post-train, pre-predict, and post-predict hooks. We provide wrappers for missing
value imputation, user-defined preprocessing, class imbalance correction, feature selection,
tuning, bagging, and stacking. Wrappers can be nested to combine functionalities. Wrapped
learners behave like base learners, with added functionality and expanded hyperparameter
set. During resampling, all added steps are carried out in each iteration. During tuning,

Tuning. In practice, successful modelling often depends on a number of choices like
the applied learner, its hyperparameter settings, or the data preprocessing. mlr implements joint optimization of hyperparameters of any learning algorithm and any pre- and
postprocessing methods for any task, any resampling strategy, and any performance measure, including categorical and conditional hyperparameters. Random search, grid search,
evolutionary algorithms, iterated F-racing, and sequential model-based optimization are
available.

Evaluation and Resampling. mlr provides 46 different performance measures and implements the resampling methods subsampling (including simple holdout), bootstrapping
(OOB, B632, B632+), and cross-validation (normal, leave-one-out, repeated). All resampling strategies may be stratified on both target classes and categorical input features. Observations may be partitioned into inseparable blocks (e.g., when observations come from
the same image, sound file, or clinic). Moreover, nested resampling is supported and the
resampling strategies used in the outer and inner loops can be combined arbitrarily.

Tasks and Learners. Tasks encapsulate the data and further relevant information like
the name of the target variable for supervised learning problems. They are organized hierarchically, with an abstract Task at the top and specific subclasses. mlr supports regular,
multilabel and cost-sensitive classification, regression, survival analysis, and clustering. The
integrated learners specialize to these task types. Currently 82 classification learners, 61 regression learners, 13 survival learners, and 9 cluster learners are integrated. Cost-sensitive
classification with observation-dependent costs is supported through a cost-sensitive oneversus-one approach, which delegates to ordinary weighted binary classification.

mlr uses R’s S3 object system and follows a clear structure. Everything is an object and the
classes are as reusable and extensible as possible. This permits to extend the package; e.g.,
connect a new model from a third-party package or write a custom performance measure.

2. Implemented Functionality

the functionality of learners through a wrapper mechanism. Queryable properties provide a
reflection mechanism for machine learning objects. Finally, mlr provides sophisticated visualization methods that allow to show effects of partial dependence of models. mlr’s long
term goal is to provide a high-level domain-specific language to express as many aspects of
machine learning experiments as possible.

Bischl, Lang, Kotthoff, Schiffner, Richter, Studerus, Casalicchio and Jones

R is one of the most popular and widely-used software systems for statistics, data mining,
and machine learning. However, it does not define a standardized interface to, e.g., supervised predictive modelling. For any non-trivial experiment one needs to write lengthy,
tedious, and error-prone code to unify calling methods and handling output. The mlr
package offers a clean, easy-to-use, and flexible domain-specific language for machine learning experiments in R. It supports classification, regression, clustering, and survival analysis
with more than 160 modelling techniques. Defining learning tasks, training models, making predictions, and evaluating their performance abstracts from the implementation of the
underlying learner through an object-oriented interface. Replacing one learning algorithm
with another becomes as easy as changing a string. mlr goes far beyond simply providing a unified interface. It implements a generic architecture that allows the assessment of
generalization performance, comparison of different algorithms in a scientifically rigorous
way, feature selection, and hyperparameter tuning for any method, as well as extending

1. Introduction

Keywords: machine learning, hyperparameter tuning, model selection, feature selection,
benchmarking, R, visualization, data mining

The mlr package provides a generic, object-oriented, and extensible framework for classification, regression, survival analysis and clustering for the R language. It provides a unified
interface to more than 160 basic learners and includes meta-algorithms and model selection
techniques to improve and extend the functionality of basic learners with, e.g., hyperparameter tuning, feature selection, and ensemble construction. Parallel high-performance
computing is natively supported. The package targets practitioners who want to quickly
apply machine learning algorithms, as well as researchers who want to implement, benchmark, and compare their new methods in a structured environment.
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the joint parameter space can be optimized. For example thresholds for feature filtering
can be tuned jointly with other hyperparameters (Lang et al., 2015).
Benchmarking and Parallelization. The benchmark function evaluates the performance
of multiple learners on multiple tasks. As benchmark studies can quickly become very
resource-demanding, mlr natively supports parallelization through the parallelMap package (Bischl and Lang, 2015) that can use local multicore, socket, and MPI computation
modes. BatchJobs (Bischl et al., 2015) provides distribution on compute clusters. Operations to be parallelized can be selected explicitly.
Properties and Parameters. Many of the mlr objects have properties that allow them to
be used programmatically, e.g., check whether a task has missing values, whether a learner
can handle categorical variables, or list all learners suitable for a given task. Every learner
includes a description object that defines all hyperparameters, including type, default value,
and feasible range. This information is usually not readily available from the implementation
of an integrated learning method and may only be listed in its documentation.

3. Example
The following example demonstrates the use of mlr. After loading required packages and
the “Sonar” data set (Line 1), we create a classification task and a support vector machine
learner (Lines 2–3). The resample description tells mlr to use a 5-fold cross-validation
(Line 4). Hyperparameters and box-constraints for tuning are specified in Lines 5–11. We
optimize over the choice of a polynomial versus a Gaussian kernel by making their individual
parameters dependent on the kernel via the requires setting (Lines 9 and 11). We use
random search with at most 50 evaluations (Line 12). The values for C and sigma are
sampled on a log-scale through the transformation functions given as the trafo argument
(Lines 7–8). Line 13 binds everything together and optimizes for mean misclassification error
(mmce). res holds the best configuration and information on the evaluated parameters.
library ( mlr ) ; library ( mlbench ) ; data ( Sonar )
task = makeClassifTask ( data = Sonar , target = " Class " )
lrn = makeLearner ( " classif . ksvm " )
rdesc = makeResampleDesc ( method = " CV " , iters =5)
ps = makeParamSet (
makeDiscreteParam ( " kernel " , values = c ( " polydot " , " rbfdot " ) ) ,
makeNumericParam ( " C " , lower = -15 , upper =15 , trafo = function ( x ) 2^ x ) ,
makeNumericParam ( " sigma " , lower = -15 , upper =15 , trafo = function ( x ) 2^ x ,
requires = quote ( kernel == " rbfdot " ) ) ,
makeIntegerParam ( " degree " , lower = 1 , upper = 5 ,
requires = quote ( kernel == " polydot " ) ) )
ctrl = ma keTu neCon trol Rando m ( maxit =50)
res = tuneParams ( lrn , task , rdesc , par . set = ps , control = ctrl , measures = mmce )

4. Availability, Documentation, Maintenance, and Code Quality Control

JMLR 17(170):1-5

The mlr source code is available under the BSD 2-clause license and hosted on GitHub
(https://github.com/mlr-org/mlr). Stable releases are frequently published on the Contributed R Archive Network (CRAN), which lists mlr in Task View ‘Machine Learning &
Statistical Learning’. We provide extensive API documentation through R’s internal help
3
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system and a very detailed tutorial (Schiffner et al., 2016) that guides the user from very
basic tasks to complex applications with worked examples and is continuously extended. An
issue tracker, the test framework testthat (with more than 10,000 lines of tests and more
than 1,200 assertions), and the CI systems Travis and Jenkins support the correctness of
the code base. In addition, we provide documentation and coding guidelines for developers
and contributors.

5. Comparison to Similar Toolkits/Frameworks

Several other R packages provide frameworks for handling prediction models, including
caret (Kuhn, 2008), DMwR (Torgo, 2010), CORElearn (Robnik-Sikonja and with contributions from John Adeyanju Alao, 2016), rattle (Williams, 2011), rminer (Cortez,
2010), CMA (Slawski et al., 2008), and ipred (Peters and Hothorn, 2015). The first 5
only support classification and regression, CMA only classification. mlr’s generic wrapper mechanism is not provided by any other package in this form. Although caret and
CMA can fuse a learner with a preprocessing or variable selection method, only mlr can
seamlessly tune these methods simultaneously (Koch et al., 2012). Only mlr, rminer,
and CMA support nested cross-validation. A similar degree of flexibility can be achieved
in caret, but requires custom implementations. Only mlr supports ensemble learning
through stacking natively, mlr and caret support bagging natively. Bagging is also available in ipred and caretEnsemble provides stacking for caret. Only mlr and caret
have native support for parallel computations. Similar toolkits exist for other languages,
e.g., Weka for Java (Hall et al., 2009) and scikit-learn for Python (Pedregosa et al.,
2011).

6. Conclusions and Outlook

We presented the mlr package, which provides a unified interface to machine learning in R.
It implements a generic architecture for a range of common machine learning tasks. mlr
is alive and under active development. It has a growing user community and is used for
teaching and research.

Major directions for future extensions include better support for large-scale data, a closer
connection to the OpenML project (Vanschoren et al., 2013) for open machine learning
experiments,1 and better integration of sequential model-based optimization.2
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2. mlr supports an experimental integration via mlrMBO (https://github.com/mlr-org/mlrMBO).

4

URL http://CRAN.

5

JMLR 17(170):1-5

G. J. Williams. Data Mining with Rattle and R: The Art of Excavating Data for Knowledge
Discovery. Use R! Springer, New York, NY, 2011.

J. Vanschoren, J. N. van Rijn, B. Bischl, and L. Torgo. OpenML: Networked science in
machine learning. SIGKDD Explorations, 15(2):49–60, 2013.

L. Torgo. Data Mining with R: Learning with Case Studies. Data Mining and Knowledge
Discovery Series. Chapman and Hall/CRC, Boca Raton, FL, 2010.

M. Slawski, M. Daumer, and A.-L. Boulesteix. CMA – a comprehensive Bioconductor
package for supervised classification with high dimensional data. BMC Bioinformatics, 9
(1):439, 2008.

J. Schiffner, B. Bischl, M. Lang, J. Richter, Z. M. Jones, P. Probst, F. Pfisterer, M. Gallo,
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Domain adaptation is the supervised learning setting in which the training and test data are
sampled from different distributions: training data is sampled from a source domain, whilst
test data is sampled from a target domain. This paper proposes and studies an approach,
called feature-level domain adaptation (flda), that models the dependence between the
two domains by means of a feature-level transfer model that is trained to describe the
transfer from source to target domain. Subsequently, we train a domain-adapted classifier
by minimizing the expected loss under the resulting transfer model. For linear classifiers
and a large family of loss functions and transfer models, this expected loss can be computed
or approximated analytically, and minimized efficiently. Our empirical evaluation of flda
focuses on problems comprising binary and count data in which the transfer can be naturally
modeled via a dropout distribution, which allows the classifier to adapt to differences in the
marginal probability of features in the source and the target domain. Our experiments on
several real-world problems show that flda performs on par with state-of-the-art domainadaptation techniques.
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Our feature-level transfer model takes the form of a conditional distribution that, conditioned on the training data, produces a probability density of the target data. In other
words, our model of the target domain thus comprises a convolution of the empirical source
distribution and the transfer model. The parameters of the transfer model are estimated by
maximizing the likelihood of the target data under the model of the target domain. Subsequently, our classifier is trained as to minimize the expected value of the classification loss
under the target-domain model. We show empirically that when the true domain shift can
be modeled by the transfer model, under certain assumptions, our domain-adapted classifier
converges to a classifier trained on the true target distribution. Our feature-level approach
to domain adaptation is general in that it allows the user to choose a transfer model from a
relatively large family of probability distributions. This allows practitioners to incorporate
domain knowledge on the type of domain shift in their models. In the experimental section
of this paper, we focus on a particular type of transfer distribution that is well-suited for

The goal of domain-adaptation approaches is to exploit information on the dissimilarity
between the source and target domains that can be extracted from the available data in order
to make more accurate predictions on samples from the target domain. To this end, many
domain adaptation approaches construct a sample-level transfer model that assigns weights
to observations from the source domain in order the make the source distribution more
similar to the target distribution (Shimodaira, 2000; Huang et al., 2006; Cortes et al., 2008;
Gretton et al., 2009; Cortes and Mohri, 2011). In contrast to such sample-level reweighing
approaches, in this work, we develop a feature-level transfer model that describes the shift
between the target and the source domain for each feature individually. Such a feature-level
approach may have advantages in certain problems: for instance, when one trains a natural
language processing model on news articles (the source domain) and applies it to Twitter
data (the target domain), the marginal distribution of some of the words or n-grams (the
features) is likely to vary between target and source domain. This shift in the marginal
distribution of the features cannot be modeled well by sample-level transfer models, but it
can be modeled very naturally by a feature-level transfer model.

Domain adaptation is an important research topic in machine learning and pattern recognition that has applications in, among others, speech recognition (Leggetter and Woodland,
1995), medical image processing (Van Opbroek et al., 2013), computer vision (Saenko et al.,
2010), social signal processing (Zen et al., 2014), natural language processing (Peddinti and
Chintalapoodi, 2011), and bioinformatics (Borgwardt et al., 2006). Domain adaptation
deals with supervised-learning settings in which the common assumption that the training
and the test observations stem from the same distribution is dropped. This learning setting
may arise, for instance, when the training data is collected with a different measurement
device than the test data, or when a model that is trained on one data source is deployed
on data that comes from another data source. This creates a learning setting in which the
training set contains samples from one distribution (the so-called source domain), whilst
the test set constitutes samples from another distribution (the target domain). In domain
adaptation, one generally assumes a transductive learning setting: that is, it is assumed
that the unlabeled test data are available to us at training time and that the main goal is
to predict their labels as well as possible.

1. Introduction
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problems in which the features are binary or count data (as often encountered in natural
language processing), but the approach we describe is more generally applicable. In addition to experiments on artificial data, we present experiments on several real-world domain
adaptation problems, which show that our feature-level approach performs on par with the
current state-of-the-art in domain adaptation.
The outline of the remainder of this paper is as follows. In Section 2, we give an
overview of related prior work on domain adaptation. Section 3 presents our feature-level
domain adaptation (flda) approach. In Section 4, we present our empirical evaluation of
feature-level domain adaptation and Section 5 concludes the paper with a discussion of our
results.

Feature-Level Domain Adaptation
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2. Related Work
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Suppose we wish to train a sentiment classifier for reviews, and we have a data set with
book reviews and associated sentiment labels (positive or negative review) available. After
having trained a linear classifier on word-count representations of the book reviews, we
wish to deploy it to predict the sentiment of kitchen appliance reviews. This leaves us

3. Feature-Level Domain Adaptation

Several domain-adaptation approaches extend the source data and the target data with
additional features that are similar in both domains (Blitzer et al., 2006; Li et al., 2014).
Specifically, the approach by Blitzer et al. (2006) tries to induce correspondences between
the features in both domains by identifying so-called pivot features that appear frequently
in both domains but that behave differently in each domain; SVD is applied on the resulting
pivot features to obtain a low-dimensional, real-valued feature representation that is used
to augment the original features. This approach works well for natural language processing
problems due to the natural presence of correspondences between features, e.g. words
that signal each other. The approach of Blitzer et al. (2006) is related to many of the
instantiations of flda that we consider in this paper, but it is different in the sense that
we only use information on differences in feature presence between the source and the
target domain to reweigh those features (that is, we do not explicitly augment the feature
representation). Moreover, the formulation of flda is more general, and can be extended
through a relatively large family of transfer models.

2.3 Feature Augmentation

2011; Gong et al., 2012; Baktashmotlagh et al., 2013; Dinh et al., 2013; Fernando et al.,
2013; Shao et al., 2014). Most sample-transformation approaches learn global (non)linear
transformations that map source and target data points into the same, shared feature space
in such a way as to maximize the overlap between the transformed source data and the
transformed target data (Gopalan et al., 2011; Pan et al., 2011; Gong et al., 2012; Fernando
et al., 2013; Baktashmotlagh et al., 2013). Approaches that learn a shared subspace in
which both the source and the target data are embedded often minimize the maximum
mean discrepancy (MMD) between the transformed source data and the transformed target
data (Pan et al., 2011; Baktashmotlagh et al., 2013). If used in combination with a universal
kernel, the MMD criterion is zero when all the moments of the (transformed) source and
target distribution are identical. Most methods minimize the MMD subject to constraints
that help to avoid trivial solutions (such as collapsing all data onto the same point) via
some kind of spectral analysis. An alternative to the MMD is the subspace disagreement
measure (SDM) of Gong et al. (2012), which measures the discrepancy of the angles between
the principal components of the transformed source data and the transformed target data.
Most current sample-transformation approaches work well for ”global” domain shifts such
as translations or rotations in the feature space, but they are less effective when the domain
shift is ”local” in the sense that it strongly nonlinear. Similar limitations apply to the
flda approach we explore, but it differs in that (1) our transfer model does not learn a
subspace but operates in the original feature space and (2) the measure it minimizes to
model the transfer is different, namely, the negative log-likelihood of the target data under
the transferred source distribution.

Current approaches to domain adaptation can be divided into one of three main types. The
first type constitutes importance weighting approaches that aim to reweigh samples from
the source distribution in an attempt to match the target distribution as well as possible.
The second type are sample transformation approaches that aim to transform samples from
the source distribution in order to make them more similar to samples from the target distribution. The third type are feature augmentation approaches that aim to extract features
that are shared across domains. Our feature-level domain adaptation (flda) approach is
an example of a sample-transformation approach.
2.1 Importance Weighting
Importance-weighting approaches assign a weight to each source sample in such a way as to
make the reweighed version of the source distribution as similar to the target distribution
as possible (Shimodaira, 2000; Huang et al., 2006; Cortes et al., 2008; Gretton et al., 2009;
Cortes and Mohri, 2011; Gong et al., 2013; Baktashmotlagh et al., 2014). If the class posteriors are identical in both domains (that is, the covariate-shift assumption holds) and the
importance weights are unbiased estimates of the ratio of the target density to the source
density, then the importance-weighted classifier converges to the classifier that would have
been learned on the target data if labels for that data were available (Shimodaira, 2000). Despite their theoretic appeal, importance-weighting approaches generally do not to perform
very well when the data set is small, or when there is little ”overlap” between the source and
target domain. In such scenarios, only a very small set of samples from the source domain
is assigned a large weight. As a result, the effective size of the training set on which the
classifier is trained is very small, which leads to a poor classification model. In contrast to
importance-weighting approaches, our approach performs a feature-level reweighing. Specifically, flda assigns a data-dependent weight to each of the features that represents how
informative this feature is in the target domain. This approach effectively uses all the data
in the source domain and therefore suffers less from the small sample size problem.
2.2 Sample Transformation
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Sample-transformation approaches learn functions that make the source distribution more
similar to the target distribution (Blitzer et al., 2006, 2011; Pan et al., 2011; Gopalan et al.,
3
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We assume a domain adaptation setting in which we receive pairs of samples and labels from
|S|
the source domain, S = {(xi , yi ) | xi ∼ pX , yi ∼ pY | X , xi ∈ Rm , yi ∈ Y }i=1 , at training time.
Herein, the set Y is assumed to be a set of discrete classes, | · | denotes the cardinality of the
sets and p refers to the probability distribution of its subscripted variable (X for the source
domain variable, Z for the target domain variable and Y for the class variable). At test

3.1 Notation

6
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To illustrate our assumption, imagine a sentiment classification problem. If people
frequently use the word ”nice” in positive reviews about electronics products (the source
domain) and we know that electronics and kitchen products (the target domain) are very
similar, then we assume that the word ”nice” is not predictive of negative reviews of kitchen
appliances. In other words, knowing that ”nice” is predictive of a positive review and knowing that the domains are similar, it cannot be the case that ”nice” is suddenly predictive
of a negative review. Under this assumption, learning a good model for the target domain amounts to transferring the source domain to the target domain (that is, altering the
marginal probability of observing the word ”nice”) and learning a good predictive model
on the resulting transferred source domain. Admittedly, there are scenarios in which our
assumption is invalid: if people like ”small” electronics but dislike ”small” cars, the assumption is violated and our domain-adaptation approach will likely work less well. We do note,
however, that our assumption is less stringent than the covariate-shift assumption, which
assumes that the posterior distribution over classes is identical in the source and the target
domain (i.e. that pY | X = pY | Z ): the covariate-shift assumption does not facilitate the use
of a transfer distribution pZ | X .

We first note that the joint source data, target data and label distribution can be decomposed into two conditional distributions and one marginal source distribution; pY,Z,X =
pY | Z,X pZ | X pX . The first conditional pY | Z,X describes the full class-posterior distribution given both source and target distribution. Next, we introduce our main assumption:
the labels are conditionally independent of the target domain given the source domain
(Y ⊥
⊥ Z | X ), which implies: pY | Z,X = pY | X . In other words, we assume that we can
construct an optimal target classifier if (1) we have access to infinitely many labeled source
samples—we know pY | X pX —and (2) we know the true domain transfer distribution pZ | X .
In this scenario, observing target labels yj ∼ pY | Z does not provide us with any new
information.

We adopt an empirical risk minimization (ERM) framework for constructing our domainadapted classifier. The ERM framework proposes a classification function h : Rm → R and
assesses the quality of the hypothesis by comparing its predictions with the true labels on
the empirical data using a loss function L : Y × R → R+
0 . The empirical loss is an estimate
of the risk, which is defined as the expected value of the loss function under the data
distribution. Below, we show that if the target domain carries no additional information
about the label distribution, the risk of a model on the target domain is equivalent to the
risk on the source domain under a particular transfer distribution.

3.2 Target Risk

time, we receive samples from the target domain, T = {zj | zj ∼ pZ , zj ∈ Rm }j=1 that need
to be classified. Note that we assume samples xi and zj to lie in the same m-dimensional
feature space Rm , hence, we assume that pX and pZ are
over
 distributions

 the same space.
For brevity,
we
occasionally
adopt
the
notation
X
=
x
,
.
.
.
,
x
,
Z
=
z1 , . . . , z|T | , and
1
|S|


y = y1 , . . . , y|S| .

with a domain-adaptation problem on which the classifier trained on book reviews will
likely not work very well: the classifier will assign large positive weights to, for instance,
words such as ”interesting” and ”insightful” as these suggest positive book reviews and
will be assigned large positive weights by a linear classifier. But these words hardly ever
appear in reviews of kitchen appliances. As a result, a classifier trained naively on the book
reviews may perform poorly on kitchen appliance reviews. Since the target domain data (the
kitchen appliance reviews) are available at training time, a natural approach to resolving this
problem may be to down-weigh features corresponding to words that do not appear in the
target reviews, for instance, by applying a high level of dropout (Hinton et al., 2012) to the
corresponding features in the source data when training the classifier. The use of dropout
mimics the target domain scenario in which the ”interesting” and ”insightful” features are
hardly ever observed during the training of the classifier, and prevents that these features
are assigned large positive weights during training. Feature-level domain adaptation flda
aims to formalize this idea in a two-stage approach that (1) fits a probabilistic sample
transformation model that aims to model the transfer between source and target domain
and (2) trains a classifier by minimizing the risk of the source data under the transfer model.
In the first stage, flda models the transfer between the source and the target domain:
the transfer model is a data-dependent distribution that models the likelihood of target data
conditioned on observed source data. Examples of such transfer models may be a dropout
distribution that assigns a likelihood of 1−θ to the observed feature value in the source data
and a likelihood of θ to a feature value of 0, or a Parzen density estimator in which the mean
of each kernel is shifted by a particular value. The parameters of the transfer distribution
are learned by maximizing the likelihood of target data under the transfer distribution
(conditioned on the source data). In the second stage, we train a linear classifier to minimize
the expected value of a classification loss under the transfer distribution. For quadratic and
exponential loss functions, this expected value and its gradient can be analytically derived
whenever the transfer distribution factorizes over features and is in the natural exponential
family; for logistic and hinge losses, practical upper bounds and approximations can be
derived (Van der Maaten et al., 2013; Wager et al., 2013; Chen et al., 2014).
In the experimental evaluation of flda, we focus on applying dropout transfer models to
domain-adaptation problems involving binary and count features. These features frequently
appear in, for instance, bag-of-words features in natural language processing (Blei et al.,
2003) or bag-of-visual-words features in computer vision (Jégou et al., 2012). However,
we note that flda can be used in combination with a larger family of transfer models; in
particular, the expected loss that is minimized in the second stage of flda can be computed
or approximated efficiently for any transfer model that factorizes over variables and that is
in the natural exponential family.

|T |
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X

X

Z XZ

Z y∈Y

Z y∈Y

Z XZ
L(y, h(z)) pY | Z,X (y | z, x) pZ | X (z | x) pX (x) dx dz .

L(y, h(z)) pY,Z,X (y, z, x) dx dz

Formally, we start by rewriting the risk RZ on the target domain as follows:
Z X
L(y, h(z)) pY,Z (y, z) dz
RZ (h) =

=
=

X



EY,X L(y, h(z)) pZ|X (z | x) dz .

Z y∈Y

Z

Z

Using the assumption pY | Z,X = pY | X (or equivalently, Y ⊥
⊥ Z | X ) introduced above, we
can rewrite this expression as:
Z XZ
L(y, h(z)) pY | X (y | x) pZ | X (z | x) pX (x) dx dz
RZ (h) =

=

1
|S|

1
|S|

X

L(yi , h(z)) pZ | X (z | x = xi ) dz



EZ | X =xi L(yi , h(z)) .

Z (x ,y )∈S
i i

(xi ,yi )∈S

X

(1)

Next, we replace the target risk RZ (h) with its empirical estimate R̂Z (h | S) by plugging in
source data S for the source joint distribution pY,X :
Z
R̂Z (h | S) =

=

Feature-level domain adaptation (flda) trains classifiers by constructing a parametric
model of the transfer distribution pZ | X and, subsequently, minimizing the expected loss in
Equation 1 on the source data with respect to the parameters of the classifier. For linear
classifiers, the expected loss in Equation 1 can be computed analytically for quadratic
and exponential losses if the transfer distribution factorizes over dimensions and is in the
natural exponential family; for the logistic and hinge losses, it can be upper-bounded or
approximated efficiently under the same assumptions (Van der Maaten et al., 2013; Wager
et al., 2013; Chen et al., 2014). Note that no observed target samples zj are involved
Equation 1; the expectation is over the transfer model pZ | X , conditioned on a particular
sample xi . The target data is only used to estimate the parameters of the transfer model.
3.3 Transfer Model
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The transfer distribution pZ | X describes the relation between the source and the target
domain: given a particular source sample, it produces a distribution of which target samples
are likely to be observed (with the same label). The transfer distribution is modeled by
selecting a parametric distribution and learning the parameters of this distribution from
the source and target data (without looking at the source labels). Prior knowledge on the
relation between source and target domain may be incorporated in the model via the choice
7

Kouw, Krijthe, Loog and Van der Maaten

X

Z

pZ | X (z | x, θ) pX (x | η) dx ,

(2)

for a particular family of distributions. For instance, if we know that the main variation
between two domains consists of particular words that are frequently used in one domain
(say, news articles) but infrequently in another domain (say, tweets), then we choose a
distribution that alters the relative frequency of words.
Given a model of the transfer distribution pZ | X and a model of the source distribution
pX , we can work out the marginal distribution over the target domain as
qZ (z | θ, η) =

X

xi ∈T

log pX (xi | η) .

log qZ (zj | θ, η̂) .

(3)

where θ represents the parameters of the transfer model, and η the parameters of the source
model. We learn these parameters separately: first, we learn η by maximizing the likelihood
of the source data under the model pX (x | η) and, subsequently, we learn θ by maximizing
the likelihood of the target data under the compound model qZ (z | θ, η). Hence, we first
estimate the value of η by solving:

η

η̂ = arg max

zj ∈T

X

Subsequently, we estimate the value of θ by solving:

θ

θ̂ = arg max

In this paper, we focus primarily on domain-adaptation problems involving binary and
count features. In such problems, we wish to encode changes in the marginal likelihood
of observing non-zero values in the transfer model. To this end, we employ a dropout
distribution as transfer model that can model domain-shifts in which a feature occurs less
often in the target domain than in the source domain. Learning a flda model with a
dropout transfer model has the effect of strongly regularizing weights on features that occur
infrequently in the target domain.
3.3.1 Dropout Transfer

d=1

m
Y

ηd

1xid 6=0

(1 − ηd )1−1xid 6=0 ,

(4)

To define our transfer model for binary or count features, we first set up a model that
describes the likelihood of observing non-zero features in the source data. This model
comprises a product of independent Bernoulli distributions:
pX (xi | η) =

JMLR 17(171):1-32

where 1 is the indicator function and ηd is the success probability (probability of non-zero
values) of feature d. For this
Pmodel, the maximum likelihood estimate of ηd is simply the
sample average: η̂d = |S|−1 xi ∈S 1xid 6=0 .
Next, we define a transfer model that describes how often a feature has a value of zero
in the target domain when it has a non-zero value in the source domain. We assume an

8

d=1

d=1
m
Y



−d 6=0

 1z


1 − (1 − θd ) ηd

−d 6=0

1−1z

pZ | X (z−d | x−d , θd ) pX (x−d | ηd ) dx−d

(1 − θd ) ηd

X

m Z
Y

.

ζ̂d
},
η̂d

(6)

(xi ,yi )∈S

X



EZ | xi (yi − w> z)2

(7)
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9

where ◦ denotes the element-wise product of two matrices and we use the shorthand notation
EZ | X =xi = EZ | xi . The variance is a diagonal matrix due to our assumption of independent
transfer distributions per feature. We will use these expressions below in our description of
how to learn the parameters of the domain-adapted classifiers.

In the case of a multi-class problem, i.e. Y = {1, . . . , K}, K predictors can be built in an
one-vs-all fashion or K(K − 1)/2 predictors in an one-vs-one fashion.


−1
w = EZ | X [Z]EZ | X [Z]> + VZ | X [Z]
EZ | X [Z]y> .

in which the data is augmented with 1 to capture the intercept,
and in which we denotei
h
the (m + 1) × |S| matrix of expectations as EZ | X =X [Z] = EZ | X =x1 [z], . . . , EZ | X =x|S| [z]
P
and the (m + 1)×(m + 1) diagonal matrix of variances as VZ | X =X [Z] = xi ∈S VZ | X =xi [z].
Deriving the gradient for this loss function and setting it to zero yields the following closedform solution for the classifier weights:


= y> y − 2 w> EZ | X [Z]y> + w> EZ | X [Z]EZ | X [Z]> + VZ | X [Z] w ,

R̂Z (w | S) =

Assuming binary labels Y = {−1, +1}, a linear classifier h(z) = w> z parametrized by
w, and a quadratic loss function L = (y − w> z)2 , the expectation in Equation 1 can be
expressed as:

3.4.1 Quadratic Loss

In order to perform classification with the risk formulation in Equation 1, we need to
select a loss function L. Popular choices for the loss function include the quadratic loss
(used in least-squares classification), the exponential loss (used in boosting), the hinge
loss (used in support vector machines) and the logistic loss (used in logistic regression).
The formulation in (1) has been studied before in the context of dropout training for the
quadratic, exponential, and logistic loss by Wager et al. (2013); Van der Maaten et al. (2013),
and for hinge loss by Chen et al. (2014). In this paper, we focus on the quadratic and logistic
loss functions, but we note that the flda approach can also be used in combination with
exponential and hinge losses.

3.4 Classification
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The solution in Equation
−1 7 is very similar to the solution of a standard ridge regression
model; w = XX> + λI Xy> . The main difference is that, in a standard ridge regressor,
the regularization is independent of the data. By contrast, the regularization on the weights
of the flda solution is determined by the variance of the transfer model: hence, it is different
for each dimension and it depends on the transfer from source to target domain. Algorithm
1 summarizes the training of a binary quadratic-loss flda classifier with dropout transfer.

P
where ζ̂d is the sample average of the dichotomized target samples, |T |−1 zj ∈T 1zjd 6=0 , and
P
where η̂d is the sample average of the dichotomized source samples, |S|−1 xi ∈S 1xid 6=0 .
We note that our particular choice for the transfer model cannot represent rate changes in
the values of non-zero count features, such as whether a word is used on average 10 times
in a document versus used on average only 3 times. The only variation that our dropout
distribution captures is the variation in whether or not a feature occurs (z−d 6= 0).
Because our dropout transfer model factorizes over features and is in the natural exponential family, the expectation in Equation 1 can be analytically computed. In particular,
for a transfer distribution conditioned on source sample xi , its mean and variance are:
 
EZ | xi z = xi
 
θ 
VZ | xi z = diag
◦ xi x >
i ,
1−θ

θ̂d = max{0, 1 −

Plugging this expression into Equation 3 and maximizing with respect to θ, we obtain:

=

qZ (z | θ, η) =

where ∀d : 0 ≤ θd ≤ 1, the subscript of z−d denotes the d-th feature for any target sample,
and where the outcome of not dropping out is scaled by a factor 1/(1 − θd ) in order to
center the dropout distribution on the particular source sample. WeQassume the transfer
distribution factorizes over features to obtain: pZ | X (z | x = xi , θ) = m
d pZ | X (z−d | x−d =
xid , θd ). The equation above defines a transfer distribution for every source sample. We
obtain our final transfer model by sharing the parameters θ between all transfer distributions
and averaging over all source samples.
To compute the maximum likelihood estimate of θ, the dropout transfer model from
Equation 5 and the source model from Equation 4 are plugged into Equation 2 to obtain
(see Appendix A for details):

unbiased dropout distribution (Wager et al., 2013; Rostamizadeh et al., 2011) that sets an
observed feature in the source domain to zero in the target domain with probability θd :
(
θd
if z−d = 0
pZ | X (z−d | x = xid , θd ) =
,
(5)
1 − θd
if z−d = xid /(1 − θd )

Feature-Level Domain Adaptation

Feature-Level Domain Adaptation

. ◦ Element-wise product

Algorithm 1 Binary flda with dropout transfer model and quadratic loss function.
procedure flda-q(S, T )

y 0 ∈Y

X


EZ | xi − yi w> z + log
exp(y 0 w> z)

X


−yi w> EZ | xi [z] + EZ | xi log
exp(y 0 w> z) .

for d=1,. . . , mPdo
η̂d = |S|−1
1x 6=0
Pxi ∈S id
ζ̂d = |T |−1 zj ∈T 1zjd 6=0
n
o
θd = max 0, 1 − ζ̂d / η̂d
end for

−1
θ
◦ XX>
Xy>
w = XX> + diag 1−θ
return sign(w> Z)
end procedure
3.4.2 Logistic Loss

1
R̂Z (w | S) =
|S|

(xi ,yi )∈S

(xi ,yi )∈S

y 0 ∈Y

(8)

Following the same choice of labels and hypothesis class as for the quadratic loss, the logistic
version can be expressed as:
X
X

1
|S|

=

This is a convex function in w because the log-sum-exp of an affine function is convex, and
because the expected value of a convex function is convex. However, the expectation cannot
be computed analytically. Following Wager et
Pal. (2013), we approximate the expectation
of the log-partition function, A(w> z) = log y0 ∈Y exp(y 0 w> z), using a Taylor expansion
around the value ai = w> xi :


1
EZ | xi A(w> z) ≈ A(ai ) + A0 (ai )(EZ | xi [w> z] − ai ) + A00 (ai )(EZ | xi [w> z] − ai )2
2
= const + σ(−2w> xi )σ(2w> xi )w> VZ | xi [z]w ,
(9)
where σ(x) = 1/(1 + exp(−x)) is the sigmoid function. In the Taylor approximation, the
first-order term disappears because we chose an unbiased transfer model: EZ | xi [w> z] =
w> xi . The approximation cannot be minimized in closed-form: we repeatedly take steps in
the direction of its gradient in order to minimize the approximation of the risk in Equation
8, as described in Algorithm 2 (see Appendix B for the gradient derivation). The algorithm
can be readily extended to multi-class problems by replacing w by a (m + 1)×K matrix
and using an one-hot encoding for the labels (see Appendix C).

4. Experiments

JMLR 17(171):1-32

In our experiments, we first study the empirical behavior of flda on artificial data for which
we know the true transfer distribution. Following that, we measure the performance of our
method in a ”missing data at test time” scenario, as well as on two image data sets and
three text data sets with varying amounts of domain transfer.
11
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(xi ,yi )∈S

P

θ
1−θ




xi xi> w0

Algorithm 2 Binary flda with dropout transfer model and logistic loss function.
procedure flda-l(S, T )
for d=1,. . . , mPdo
η̂d = |S|−1
1x 6=0
Pxi ∈S id
ζ̂d = |T |−1 zj ∈T 1zjd 6=0
n
o
θd = max 0, 1 − ζ̂d / η̂d

+ w0 >

end for


P
w = arg min − (xi ,yi )∈S yi w> xi ]



σ − 2w> xi σ 2w> xi diag
w0

return sign(w> Z)
end procedure

4.1 Artificial Data

We first investigate the behavior of flda on a problem in which the model assumptions are
satisfied. We create such a problem setting by first sampling a source domain data set from
known class-conditional distributions. Subsequently, we construct a target domain data
set by sampling additional source data and transforming it using a pre-defined (dropout)
transfer model.

4.1.1 Adaptation under Correct Model Assumptions

JMLR 17(171):1-32

We perform experiments in which the domain-adapted classifier estimates the transfer model
and trains on the source data; we evaluate the quality of the resulting classifier by comparing
it to an oracle classifier that was trained on the target data (that is, the classifier one would
train if labels for the target data were available at training time).
In the first experiment, we generate binary features by drawing 100, 000 samples from
two bivariate Bernoulli distributions. The marginal distributions are 0.7 0.7 for class one


and 0.3 0.3 for class two. The source data is transformed
to the target data using a

dropout transfer model with parameters θ = 0.5 0 . This means that 50% of the values
for feature 1 are set to 0 and the other values are scaled by 1/(1 − 0.5). For reference, two
naive least-squares classifiers are trained, one on the labeled source data (s-ls) and one on
the labeled target data (t-ls), and compared to flda-q. s-ls achieves a misclassification
error of 0.40 while t-ls and flda-q achieve an error of 0.30. This experiment is repeated
for the same classifiers but with logistic losses: a source logistic classifier (s-lr), a target
logistic classifier (t-lr) and flda-l. In this experiment, s-lr again achieves an error of
0.40 and t-lr and flda-l an error of 0.30. Figure 1 shows the decision boundaries for the
quadratic loss classifiers on the left and the logistic loss classifiers on the right. The figure
shows that for both loss functions, flda has completely adapted to be equivalent to the
target classifier in this artificial problem.
In the second experiment, we generate count features
 by
 sampling from bivariate Poisson


distributions. Herein, we used rate parameters λ = 2 2 for the first class and λ = 6 6
for the second class. Again, we construct the target domain data by generating new samples
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and dropping out the values of feature 1 with a probability of 0.5. In this experiment s-ls
achieves an error of 0.181 and t-ls / flda-q achieve an error of 0.099, while s-lr achieves
an error of 0.170 and t-lr / flda-l achieve an error of 0.084. Figure 2 shows the decision
boundaries of each of these classifiers and that flda has fully adapted to the domain shift.

Figure 2: Scatter plots of the target domain with decision boundaries of classifiers. The data
was generated by sampling from bivariate Poisson class-conditional distributions
and the decision boundaries were constructed using the source classifier (s-ls/slr), the target classifier (t-ls/t-lr), and the adapted classifiers (left flda-q,
right flda-l). Note that the decision boundary of flda lies on top of the decision
boundary of t-ls / t-lr.

Feature 2

Figure 1: Scatter plots of the target domain. The data was generated by sampling from bivariate Bernoulli class-conditional distributions and transformed using a dropout
transfer. Red and blue dots show different classes. The lines are the decision
boundaries found by the source classifier (s-ls/s-lr), the target classifier (tls/t-lr) and the adapted classifier (left flda-q, right flda-l). Note that the
decision boundary of flda lies on top of the decision boundary of t-ls/t-lr.
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Another question that arises is how sensitive the approach is to estimation errors in the
transfer parameters. To answer this question, we performed an experiment in which we
artificially introduce an error in the transfer parameters by perturbing them. As before,
we generate 100, 000
for both domains
 samples

 by
 sampling from bivariate Poisson distributions with λ = 2 2 for class 1 and λ = 6 6 for class 2. Again, the target domain is
constructed by dropping out feature 1 with a probability of 0.5. We trained a naive classifier on the source data (s-ls), a naive classifier on the target data (t-ls), and an adapted
classifier flda-q with four different sets of parameters: the maximum likelihood estimate
of the first transfer parameter θ̂1 with an addition of 0, 0.1, 0.2, and 0.3. Table 1 shows
the resulting classification errors, which reveal a relatively small effect of perturbing the
estimated transfer parameters: the errors only increase by a few percent in this experiment.
To further illustrate the effect of the transfer parameters, Figure 4 shows the decision
boundaries for the perturbed adapted classifiers. The figures show that the linear boundaries
start to angle upwards when the error in the transfer parameter estimate increases. Overall,
one could describe the effect of a dropout transfer model as steering the direction of the
linear classifier. This experiment shows the importance of an accurate estimation of the

4.1.3 Robustness to Parameter Estimation Errors

One question that arises from the previous experiments is how many samples flda needs to
estimate the transfer parameters and adapt to be (nearly) identical to the target classifier.
To answer it, we performed an experiment in which we computed the classification error
rate as a function of the number of training samples. The source training and validation
data was generated from the same bivariate Poisson distributions as in Figure 2. The target
data was constructed by generating additional source data and dropping out the first feature
with a probability of 0.5. Each of the four data sets contained 10, 000 samples. First, we
trained a naive least-squares classifier on the source data (s-ls) and tested its performance
on both the source validation and the target sets as a function of the number of source
training samples. Second, we trained a naive least-squares classifier on the labeled target
data (t-ls) and tested it on the source validation and another target validation set as a
function of the number target training samples. Third, we trained an adapted classifier
(flda-q) on equal amounts of labeled source training data and unlabeled target training
data and tested it on both the source validation and target validation sets. The experiment
was repeated 50 times for every sample size to calculate the standard error of the mean.
The learning curves are plotted in Figure 3, which shows the classification error on the
source validation set (top) and the classification error on the target validation (bottom). As
expected, the source classifier (s-ls) outperforms the target (t-ls) and adapted (flda-q)
classifiers on the source domain (dotted lines), while flda-q and t-ls outperform s-ls on
the target domain (solid lines). In this problem, it appears that roughly 20 labeled source
samples and 20 unlabeled target samples are sufficient for flda to adapt to the domain
shift. Interestingly, flda-q is outperforming s-ls and t-ls for small sample sizes. This is
most likely due to the fact that the application of the transfer model is acting as a kind
of regularization. In particular, when the learning curves are computed with `2 -regularized
classifiers, then the difference in performance disappears.

4.1.2 Learning Curves

Kouw, Krijthe, Loog and Van der Maaten

Feature-Level Domain Adaptation
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0.264

sl
0.137
0.139

tl
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0.145
0.140

θ̂1 + 0.1

0.149
0.142

θ̂1 + 0.2

0.150
0.146

θ̂1 + 0.3

Figure 3: Learning curves of the source classifier (s-ls), the target classifier (t-ls), and
adapted classifier (flda-q). The top figure shows the error on a validation set
generated from two bivariate Poisson distributions. The bottom figure shows the
error on a validation set generated from two bivariate Poisson distributions with
the first feature dropped out with a probability of 0.5.

Quadratic loss
Logistic loss

Table 1: Classification errors for a naive source classifier, a naive target classifier, and the
adapted classifier with a value of 0, 0.1, 0.2, and 0.3 added to the estimate of the
first transfer parameter
θ̂1 .

transfer parameters to obtain high-quality adaptation. Nonetheless, our results do suggest
that flda is robust to relatively small perturbations.
4.2 Natural Data

JMLR 17(171):1-32

In a second set of experiments, we evaluate flda on a series of real-world data sets and
compare it with several state-of-the-art methods. The evaluations are performed in the
transductive learning setting: we measure the performance of the classifier on the already
given, but unlabeled target samples.
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Our second baseline method is an `2 -regularized logistic regressor trained on only the source
samples. Its main difference with the support vector machine is that it uses a linear model,
a logistic loss instead of a hinge loss, and that it has a natural extension to multi-class as opposed to one-vs-one. The value of the regularization parameter was set via cross-validation.
This method can be readily compared to kernel mean matching (kmm), structural correspondence learning (scl), as well as to the logistic loss version of feature-level domain
adaptation (flda-l).

4.2.2 Naive Logistic Regression (s-lr)

Our first baseline method is a support vector machine trained on only the source samples
and applied on the target samples. We made use of the libsvm package by Chang and Lin
(2011) with a radial basis function kernel and we performed cross-validation to estimate the
kernel bandwidth and the `2 -regularization parameter. All multi-class classification is done
through an one-vs-one scheme. This method can be readily compared to subspace alignment (sa) and transfer component analysis (tca) to evaluate the effects of the respective
adaptation approaches.

4.2.1 Naive Support Vector Machine (s-svm)

As baselines, we consider eight alternative methods for domain adaptation. All of these
employ a two-stage procedure. In the first step, sample weights, domain-invariant features,
or a transformation of the feature space is estimated. In the second step, a classifier is
trained using the results of the first stage. In all experiments, we estimate the hyperparameters, such as `2 -regularization parameters, via cross-validation on held-out source data. It
should be noted that these values are optimal for generalizing to new source data but not
necessarily for generalizing to the target domain (Sugiyama et al., 2007). Each of the eight
baseline methods is described briefly below.

Figure 4: Scatter plots of the target data and decision boundaries of two naive and four
adapted classifiers with transfer parameter estimate errors of 0, 0.1, 0.2, and 0.3.
Results are show for both the quadratic loss classifier (flda-q; left) and the
logistic loss classifier (flda-l; right).
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4.2.7 Subspace Alignment (sa)

For subspace alignment (Fernando et al., 2013), all samples are normalized by their sum
and all features are z-scored before extracting principal components. Subsequently, the
Frobenius norm between the transformed source components and target components is
minimized with respect to an affine transformation matrix. After projecting the source
samples onto the transformed source components, a support vector machine with a radial
basis function kernel is trained with cross-validated hyperparameters and tested on the
target samples mapped onto the target components.

In this set of experiments, we study ”missing data at test time” problems in which we
argue that dropout transfer occurs naturally. Suppose that for the purposes of building a
classifier, a data set is neatly collected with all features measured for all samples. At test
time, however, some features could not be measured, due to for instance sensor failure, and
the missing values are replaced by 0. This setting can be interpreted as two distributions
over the same space with their transfer characterized by a relative increase in the number
of 0 values, which our flda with dropout transfer is perfectly suited for. We have collected
six data sets from the UCI machine learning repository (Lichman, 2013) with missing data:
Hepatitis (hepat.), Ozone (ozone; Zhang and Fan, 2008), Heart Disease (heart; Detrano
et al., 1989), Mammographic masses (mam.; Elter et al., 2007), Automobile (auto), and
Arrhythmia (arrhy.; Guvenir et al., 1997). Table 2 shows summary statistics for these sets.
In the experiments, we construct the training set (source domain) by selecting all samples
with no missing data, with the remainder as the test set (target domain). We note that
instead of doing 0-imputation, we also could have used methods such as mean-imputation
(Rubin, 1976; Little and Rubin, 2014). It is worth noting that the flda framework can
adapt to such a setting by simply defining a different transfer model (one that replaces a
feature value by its mean instead of a 0).

4.2.9 Missing Data at Test Time

Finally, we trained a `2 -regularized logistic regressor using the normally unknown target
labels as the oracle solution. This classifier is included to obtain an upper bound on the
performance of our classifiers.

4.2.8 Target Logistic Regression (t-lr)

Table 2: Summary statistics of the UCI repository data sets with missing data.

Features
Samples
Classes
Missing

hepat.
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Table 3 reports the classification error rate of all domain-adaptation methods on the
before-mentioned data sets. The lowest error rates for a particular data set are bold-faced.
From the results presented in the table, we observe that whilst there appears to be little
difference between the domains in the Hepatitis and Ozone data sets, there is substantial
domain shift in the other data sets: the naive classifiers even perform at chance level on the
Arrhythmia and Automobile data sets. On almost all data sets, both flda-q and flda-l
improve substantially over the s-lr, which suggests that they are successfully adapting to
the missing data at test time. By contrast, most of the other domain-adaptation techniques
do not consistently improve although, admittedly, sample transformation methods appear
to work reasonable well on the Ozone, Mammography, and Arrhythmia data sets.

The geodesic flow kernel is extracted based on the difference in angles between the principal
components of the source and target samples (Gong et al., 2012). The basis functions of
this kernel implicitly map the data onto all possible subspaces on the geodesic path between
domains. Classification is performed using a kernel 1-nearest neighbor classifier. We used
the subspace disagreement measure (SDM) to select an optimal value for the subspace
dimensionality.

4.2.6 Geodesic Flow Kernel (gfk)

For transfer component analysis, the closed-form solution to the parametric kernel map
described in Pan et al. (2011) is computed using a radial basis function kernel. Its hyperparameters (kernel bandwidth, number of retained components and trade-off parameter µ) are
estimated through cross-validation. After mapping the data onto the transfer components,
we trained a support vector machine with an RBF kernel, cross-validating over its kernel
bandwidth and the regularization parameter.

4.2.5 Transfer Component Analysis (tca)

In order to build the domain-invariant subspace (Blitzer et al., 2006), the 20 features with
the largest proportion of non-zero values in both domains are selected as the pivot features.
Their values were dichotomized (1 if x 6= 0, 0 if x = 0) and predicted using a modified
Huber loss (Ando and Zhang, 2005). The resulting classifier weight matrix was subjected
to an eigenvalue decomposition and the eigenvectors with the 15 largest eigenvalues are
retained. The source and target samples are both projected onto this basis and the resulting
subspaces are added as features to the original source and target feature spaces, respectively.
Consequently, classification is done by training an `2 -regularized logistic regressor on the
augmented source samples and testing on the augmented target samples.

4.2.4 Structural Correspondence Learning (scl)

Kernel mean matching (Huang et al., 2006; Gretton et al., 2009) finds importance weights by
minimizing the maximum mean discrepancy (MMD) between the reweighed source samples
and the target samples. To evaluate the empirical MMD, we used the radial basis function
kernel. The weights are then incorporated in an importance weighted `2 -regularized logistic
regressor.

4.2.3 Kernel Mean Matching (kmm)

Feature-Level Domain Adaptation

s-svm
.493
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.338
.462
.935
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s-lr
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.462
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.596
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sa
.227
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Table 4 shows the classification error rates where the rows correspond to the combinations of treating one data set as the source domain and the other as the target. The
results show that there is a large difference between the domain-specific classifiers (s-lr
and t-lr), which indicates that the domains are highly dissimilar. We note that the error
rates of the target classifier on the MNIST data set are higher than usual for this data set
(t-lr has an error rate of 0.234), which is because of the down-sampling of the images to
16 × 16 pixels and the smaller sample size. The results presented in the table highlight an
interesting property of flda with dropout transfer: while flda performs well in settings in
which the domain transfer can be appropriately modeled by the transfer distribution (U→M
setting where pixels that appear in the USPS do not appear in MNIST), it does not perform
well the other way around. The dropout transfer model does not capture pixels appearing
more often instead of less often in the target domain. To work well in that setting, it is
presumably necessary to use a richer transfer model.

smoothed in the periphery, which indicates that the classifier is placing more value on the
center pixels and is essentially ignoring the peripheral ones.

Figure 6: Weights assigned by the naive source classifier to the 0-digit predictor (left),
the transfer parameters of the dropout transfer model (middle), and the weights
assigned by the adapted classifier to the 0-digit predictor for training on USPS
images and testing on MNIST (right; U → M ).

-17

Figure 5: Visualization of the probability of non-zero values for each pixel on the MNIST
data set (left) and the USPS data set (right).
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Table 3: Classification error rates on 6 UCI data sets with missing data. The data sets
were partitioned into a training set (source domain), containing all samples with
no missing features, and a test set (target domain), containing all samples with
missing features.

4.2.10 Handwritten Digits
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Handwritten digit data sets have been popular in machine learning due to the large sample
size and the interpretability of the images. Generally, the data is acquired by assigning
an integer value between 0 and 255 proportional to the amount of pressure that is applied
at a particular spatial location on an electronic writing pad. Therefore, the probability of
a non-zero value of a pixel informs us how often a pixel is part of a particular digit. For
instance, the middle pixel in the digit 8 is a very important part of the digit because it
nearly always corresponds to a high-pressure location, but the upper-left corner pixel is not
used that often and is less important. Domain shift may be present between digit data
sets due to differences in recording conditions. As a result, we may observe pixels that are
discriminative in one data set (the source domain) that are hardly ever observed in another
data set (the target domain). As a result, these pixels cannot be used to classify digits in
the target domain, and we would like to inform the classifier that it should not assign a
large weight to such pixels. We created a domain adaptation setting by considering two
handwritten digit sets, namely MNIST (LeCun et al., 1998) and USPS (Hull, 1994). In
order to create a common feature space, images from both data sets are resized to 16 by
16 pixels. To reduce the discrepancy between the size of MNIST data set (which contains
70, 000 examples) and the USPS data set (which contains 9, 298 examples), we only use
14, 000 samples from the MNIST data set. The classes are balanced in both data sets.
Figure 5 shows a visualization of the probability that each pixel is non-zero for both
data sets. The visualization shows that while the digits in the MNIST data set occupy
mostly the center region, the USPS digits tend to occupy a substantially larger part of the
image, specifically a center column. Figure 6 (left) visualizes the weights of the naive linear
classifier (s-lr), (middle) the dropout probabilities θ, and (right) the adapted classifiers
weights (flda-l). The middle image shows that dropout probabilities are large in regions
where USPS pixels are frequent (the white pixels in Figure 5 right) but MNIST pixels are
infrequent (the black pixels in Figure 5, left) The weights of the naive classifier appear to
be shaped in a somewhat noisy circular pattern in the periphery, with the center containing
negative weights (if these center pixels have a low intensity in a new sample, then the image
is more likely to be a 0 digit). By contrast, the adapted weights of the flda classifier are
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4.2.12 IMDb
The Internet Movie Database (IMDb) (Pang and Lee, 2004) contains written reviews of
movies labeled with a 1-10 star rating, which we dichotomize by setting values > 5 as +1
and values ≤ 5 as −1. Using this dichotomy, both classes are roughly balanced. From the
original bag-of-words representation, we selected only the features with more than 100 nonzero values in the entire data set, resulting in 4180 features. To obtain the domains, we split
the data set by genre and obtained 3402 reviews of action movies, 1249 reviews of family
movies, and 3697 reviews of war movies. We assume that people tend to use different words
to review different genres of movies, and we are interested in predicting viewer sentiment
after adapting to changes in the word frequencies. To visualize whether this assumption is

captured by subspace transformations. This result is further supported by the fact that
the transformations found by gfk and tca are also outperforming s-svm. flda-q and
flda-l are among the best performers on certain domain pairs. In general, flda does
appear to perform at least as good or better than a naive s-lr classifier. The results
on the Office-Caltech data set depend on the type of information the SURF descriptors
are extracting from the images. We also studied the performance of domain-adaptation
methods on a richer visual representation, produced by a pre-trained convolutional neural
network. Specifically, we used a data set provided by Donahue et al., 2014, who extracted
1000-dimensional feature-layer activations (so-called DeCAF8 features) in the upper layers
of the a convolutional network that was pre-trained on the Imagenet data set. Donahue
et al. (2014) used a larger superset of the Office-Caltech data set that contains 31 classes
with 2817 images from Amazon, 498 from the DSLR camera, and 795 from the webcam.
The results of our experiments with the DeCAF8 features are presented in Table 6. The
results show substantially lower error rates overall, but they also show that domain transfer
in the the DeCAF8 feature representation is not amenable to effective modeling by subspace
transformations. kmm and scl obtain performances that are similar to the of the naive s-lr
classifier but in one experiment, the naive classifier is actually the best-performing model.
Whilst achieving the best performance on 2 out of 6 domain pairs, the flda-q and flda-l
models are not as effective as on other data sets, presumably, because dropout is not a good
model for the transfer in a continuous feature space such as the DeCAF8 feature space.

Table 6: Classification error rates obtained by ten (domain-adapted) classifiers for all
pairwise combinations of domains on the Office data set with DeCAF8 features
(A=’Amazon’, D=’DSLR’, and W=’Webcam’).

A→D
A→W
D→W
D→A
W→A
W→D
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The Office-Caltech data set (Hoffman et al., 2013) consists of images of objects gathered
using four different methods: one from images found through a web image search (referred
to as ’C’), one from images of products on Amazon (A), one taken with a digital SLR
camera (D) and one taken with a webcam (W). Overall, the set contains 10 classes, with
1123 samples from Caltech, 958 samples from Amazon, 157 samples from the DSLR camera,
and 295 samples from the webcam. Our first experiment with the Office-Caltech data set
is based on features extracted through SURF features (Bay et al., 2006). These descriptors
determine a set of interest points by finding local maxima in the determinant of the image
Hessian. Weighted sums of Haar features are computed in multiple sub-windows at various
scales around each of the interest points. The resulting descriptors are vector-quantized
to produce a bag-of-visual-words histogram of the image that is both scale and rotationinvariant. We perform domain-adaptation experiments by training on one domain and
testing on another.
Table 5 shows the results of the classification experiments, where compared to competing
methods, sa is performing well for a number of domain pairs, which may indicate that
the SURF descriptor representation leads to domain dissimilarities that can be accurately

4.2.11 Office-Caltech

Table 5: Classification error rates obtained by ten (domain-adapted) classifiers for all pairwise combinations of domains on the Office-Caltech data set with SURF features
(A=’Amazon’, D=’DSLR’, W=’Webcam’, and C=’Caltech’).

A→D
A→W
A→C
D→W
D→C
W→C
D→A
W→A
C→A
W→D
C→D
C→W

Table 4: Classification error rates obtained on both combinations of treating one domain
as the source and the other as the target. M=’MNIST’ and U=’USPS’.
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s-svm
.136
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.206
.195
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.167

s-lr
.133
.155
.208
.193
.159
.163

kmm
.133
.165
.206
.198
.159
.163

scl
.184
.163
.182
.193
.167
.232

sa
.276
.249
.289
.296
.238
.292

gfk
.230
.266
.355
.363
.222
.203

tca
.135
.158
.205
.194
.155
.172

flda-q
.136
.154
.202
.194
.157
.159

flda-l

.196
.163
.163
.169
.169
.196

t-lr
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Domain adaptation settings also arise in spam detection systems. For this experiment, we
concatenated two data sets from the UCI machine learning repository: one containing 4205
emails from the Enron spam database (Klimt and Yang, 2004) and one containing 5338 text
messages from the SMS-spam data set (Almeida et al., 2011). Both were represented using

4.2.13 Spam

valid, we plot the proportion of non-zero values of 10 randomly chosen words per domain
in Figure 7. The figure suggests that action movie and war movie reviews are quite similar,
but the word use in family movie reviews does appear to be different.
Table 7 reports the results of the classification experiments on the IMDb database.
The first thing to note is that the performances of s-lr and t-lr are quite similar, which
suggests that the frequencies of discriminative words do not vary too much between genres.
The results also show that gfk and tca are not as effective on this data set as they were
on the handwritten digits and Office-Caltech data sets, which suggests that finding a joint
subspace that is still discriminative is hard, presumably, because only a small number of
the 4180 words actually carry discriminative information. flda-q and flda-l are better
suited for such a scenario, which is reflected by their competitive performance on all domain
pairs.

Table 7: Classification error rates obtained by ten (domain-adapted) classifiers for all pairwise combinations of domains on the IMDb data set. (A=’Action’, F=’Family’,
and W=’War’).

A→F
A→W
F→W
F→A
W→A
W→F

Figure 7: Proportion of non-zero values for a subset of words per domain on the IMDb data
set.
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We performed a similar experiment on the Amazon sentiment analysis data set of product
reviews (Blitzer et al., 2007). The data consists of a 30, 000 dimensional bag-of-words
representations of 27, 677 reviews with the labels derived from the dichotomized 5-star rating
(ratings > 3 are +1 and ratings ≤ 3 as -1). Each review describes a product from one of
four categories: books (6465 reviews), DVDs (5586 reviews), electronics (7681 reviews) and

4.2.14 Amazon

bag-of-words vectors over 4272 words that occurred in both data sets. Figure 8 shows the
proportions of non-zero values for some example words, and shows that there exist large
differences in word frequencies between the two domains. In particular, much of the domain
differences are due to text messages using shortened words, whereas email messages tend
to be more formal.
Table 8 shows results from our classification experiments on the spam data set. As can be
seen from the results of t-lr, fairly good accuracies can be obtained on the spam detection
task. However, the domains are so different that the naive classifiers s-svm and s-lr are
performing according to chance or worse. Most of the domain-adaptation models do not
appear to improve much over the naive models. For kmm this makes sense, as the importance
weight estimator will assign equal values to each sample when the empirical supports of the
two domains are disjoint. There might be some features that are shared between domains,
i.e., words that are spam in both emails and text messages, but considering the performance
of scl these might not be corresponding well with the other features. flda-q and flda-l
are showing slight improvements over the naive classifiers, but the transfer model we used
is too poor as the domains contain a large amount of increased word frequencies.

Table 8: Classification error rates obtained by ten (domain-adapted) classifiers for both
domain pairs on the spam data set. (S=’SMS’ and M=’E-Mail’).

S→M
M→S

Figure 8: Proportion of non-zero values for a subset of words per domain on the spam data
set.
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We have presented an approach to domain adaptation, called flda, that fits a probabilistic
model to capture the transfer between the source and the target data and, subsequently,
trains a classifier by minimizing the expected loss on the source data under this transfer
model. Whilst the flda approach is very general, in this paper, we have focused on one
particular transfer model, namely, a dropout model. Our extensive experimental evaluation
with this transfer model shows that flda performs on par with the current state-of-the-art
methods for domain adaptation.
An interesting interpretation of our formulation is that the expected loss under the
transfer model performs a kind of data-dependent regularization (Wager et al., 2013). For
instance, if a quadratic loss function is employed in combination with a Gaussian transfer
model, flda reduces to a transfer-dependent variant of ridge regression (Bishop, 1995). This
transfer-dependent regularizer increases the amount of regularization on features when it

5. Discussion and Conclusions

kitchen appliances (7945 reviews). Figure 9 shows the probability of a non-zero value for
some example words in each category. Some words, such as ’portrayed’ or ’barbaric’, are
very specific to one or two domains, but the frequencies of many other words do not vary
much between domains. We performed experiments on the Amazon data set using the same
experimental setup as before.
In Table 9, we report the classification error rates on all pairwise combinations of domains. The difference in classification errors between s-lr and t-lr is up to 10%, which
suggests there is potential for success with domain adaptation. However, the domain transfer is not captured well by sa, gfk, tca: on average, these methods are performing worse
than the naive classifiers. We presume this happens because only a small number of words
are actually discriminative, and these words carry little weight in the sample transformation measures used. Furthermore, there are significantly less samples than features in each
domain which means models with large amounts of parameters are likely to experience
estimation errors. By contrast, flda-l performs strongly on the Amazon data set, achieving the best performance on many of the domain pairs. flda-q performs substantially
worse than flda-l, presumably, because of the singular covariance matrix and the fact
that least-squares classifiers are very sensitive to outliers.

Figure 9: Proportion of non-zero values for a subset of words per domain on the Amazon
data set.
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is undesired for the classifier to assign a large weight to that feature. In other words, the
regularizer forces the classifier to ignore features that are frequently present in the source
domain but very infrequently present in the target domain.
In some of our experiments, the adaptation strategies are producing classifiers that
perform worse than a naive classifier trained on the source data. A potential reason for
this is that many domain-adaptation models make strong assumptions on the data that
are invalid in many real-world scenarios. In particular, it is unclear to what extent the
relation between source data and classes (X → Y) truly is informative about the target
labels (Z → Y). This issue arises in every domain-adaptation problem: without target
labels, there is no way of knowing whether matching the source distribution pX to the
target distribution pZ will improve the match between pY | X and pY | Z .

Table 9: Classification error rates obtained by ten (domain-adapted) classifiers for all pairwise combinations of domains on the Amazon data set. (B=’Books’, D=’DVD’,
E=’Electronics’, and K=’Kitchen’).

B→D
B→E
B→K
D→E
D→K
E→K
D→B
E→B
K→B
E→D
K→D
K→E
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The results contains a number of recurring terms which means it can be efficiently
implemented. Incorporating the multi-class approximation into the loss, we can derive the
following gradient:

EZ |

Appendix C
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Appendix A
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The second-order Taylor approximation to the expectation over the log-partition function
for a multi-class classifier weight matrix W of size (m + 1) × K around the point ai = W> xi
is:
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For some combinations of source and target models, the source domain can be integrated
out. For others, we would have to resort to Markov Chain Monte Carlo sampling and
subsequently averaging the samples drawn from the transferred source distribution qZ . For
the Bernoulli and dropout distributions defined in Equations 4 and 5, the integration as in
Equation 6 can be performed by plugging in the specified probabilities and performing the
summation:
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where the subscript of x−d refers to the d-th feature of any sample xid . Note that we chose
our transfer model such that the probability is 0 for a non-zero target sample value given a
zero source sample value; pZ | X (z−d 6= 0 | 1x−d 6=0 = 0, θd ) = 0. In other words, if a word is
not used in the source domain, then we expect that it is also not used in the target domain.
By setting different values for these probabilities, one models different types of transfer.

Appendix B
The gradient to the second-order Taylor approximation of binary flda-l for a general
transfer model is:
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• Recent articles on non-conjugate variational message passing, such as Knowles and
Minka (2011), Tan and Nott (2013) and Menictas and Wand (2015) used fixed-point
iteration to minimize the Kullback-Leibler divergence or, equivalently, maximize the
lower bound on the marginal log-likelihood. Theorem 1 of Knowles and Minka (2011)
constitutes such an approach. However, any optimization approach could be used for
obtaining the Kullback-Leibler optimal parameters such as Newton-Raphson iteration,
quasi-Newton iteration, stochastic gradient descent, the Nelder-Mead simplex method
and various hybrids and modifications of such methods.
• Some articles, such as the recent Challis and Barber (2013), are concerned solely with
approximate inference via minimum divergence according to the pre-specification that

• Contributions such as Knowles and Minka (2011) and Tan and Nott (2013) restrict
attention to pre-specification of parametric families that are of exponential family form
(e.g. Wainwright and Jordan, 2008). Whilst exponential family density functions have
tractability advantages when used in semiparametric mean field variational Bayes,
there is no intrinsic reason for only such densities to be used. In Section 5 we illustrate
this point using pre-specified Skew-Normal density functions, which are not within the
exponential family.

• The notion of conjugacy is not intrinsic to semiparametric mean field variational
Bayes. The principle may be applied regardless of conjugacy relationships amongst
the messages and/or q-densities. Therefore, the ‘non-conjugacy’ label used in recent
articles for semiparametric relaxations of mean field variational Bayes is somewhat
misleading.

• Semiparametric mean field variational Bayes is a modification of mean field variational
Bayes that could be carried out via a message passing approach, as done by Knowles
and Minka (2011), or by using the more common q-density approach used in, for
example, Bishop (2006) and Ormerod and Wand (2010).

algorithm for Bayesian Poisson mixed models by pre-specifying the fixed and random effects
parameters to have Multivariate Normal distributions. Knowles and Minka (2011) took a
message passing approach to mean field variational Bayes and explain how their approach
to inclusion of pre-specified parametric families allows modular inference algorithms for arbitrary factors. Some recent articles on this topic have used the terms fixed-form variational
Bayes (Honkela et al., 2010) and non-conjugate variational message passing (Knowles &
Minka, 2011), to describe this modification of mean field variational Bayes. However, in
this article we argue for adoption of the term semiparametric mean field variational Bayes.
Although we give a precise mathematical description of semiparametric mean field variational Bayes in Section 2, it simply refers to the relaxation of ordinary mean field variational Bayes in which some of the density functions in the postulated product density form
are pre-specified to be particular parametric density functions, often chosen for reasons of
tractability. This is a ‘halfway house’ between fully parametric approximation of the joint
posterior density function of the model parameters with minimum Kullback-Leibler divergence used for parameter choice and pure mean field variational Bayes in which there is
no parametric specification at all – only the product restriction. The following comments
apply to our general framework:
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We expound semiparametric mean field variational Bayes, a powerful combination of the
notions of minimum Kullback-Leibler divergence and mean field restriction, that allows fast
and often accurate approximate Bayesian inference for a wide range of scenarios. Most of its
foundational literature and applications are in Machine Learning. However, semiparametric
mean field variational Bayes is also an important paradigm for Statistics in the age of very
big sample sizes and models.
Several articles concerned with deterministic approximate Bayesian inference, such as
Barber and Bishop (1997), Honkela et al. (2010), Knowles and Minka (2011), Tan and Nott
(2013), Wand (2014) and Menictas and Wand (2015), have demonstrated that modification
of mean field variational Bayes (e.g. Wainwright and Jordan, 2008) to include pre-specified
parametric families in the product density posterior approximation can have great practical
benefits. For example, Barber and Bishop (1997) used a pre-specified Multivariate Normal
distribution for the posterior density of the vector of adaptive parameters in multilayer
neural networks while Tan and Nott (2013) derived a closed form variational approximate

1. Introduction

We introduce the term semiparametric mean field variational Bayes to describe the relaxation of mean field variational Bayes in which some density functions in the product density
restriction are pre-specified to be members of convenient parametric families. This notion
has appeared in various guises in the mean field variational Bayes literature during its history and we endeavor to unify this important topic. We lay down a general framework and
explain how previous relevant methodologies fall within this framework. A major contribution is elucidation of numerical issues that impact semiparametric mean field variational
Bayes in practice.
Keywords: Bayesian Computing, Factor Graph, Fixed-form Variational Bayes, Fixedpoint Iteration, Non-conjugate Variational Message Passing, Nonlinear Conjugate Gradient
Method
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the posterior is within a parametric family such as Multivariate Normal with banded
Cholesky covariance matrix factors. These contributions represent special cases of
semiparametric mean field variational Bayes and their findings have relevance to the
more general situation.
The main purposes of this article are:
(1) Bring together the literature on semiparametric mean field variational Bayes and
identify its core tenets.
(2) Lay out and discuss numerical issues that arise in semiparametric mean field variational Bayes, which have a significant practical implications for this body of methodology.
The resulting exposition constitutes the first compendium on semiparametric mean field
variational Bayes at its fullest level of generality. It can also be used as a basis for enhancements of semiparametric mean field variational Bayes methodology.
We use two examples to elucidate the general principles and numerical issues. The
first, Example 1, involves a Bayesian model with a single parameter and, hence, is such
that mean field approximation is not required. The simplicity of Example 1 allows a deep
appreciation of the various issues with minimal notational overhead. Example 2 is the
Bayesian Poisson mixed model treated in Wand (2014) and benefits from semiparametric
mean field variational Bayes methodology. It demonstrates issues with high-dimensional
optimization problems that are intrinsic to practical implementation.
One of the main outcomes of our numerical investigations is that fitting exponential
family density functions via natural fixed-point iteration has some attractive properties.
By ‘natural’, we mean a simple version of fixed-point iteration that arises when natural
parametrizations are used. As we explain in Section 4, natural fixed-point iterations use
Riemannian gradients to step through the parameter space, which is generally more efficient
than ordinary gradients. The benefits of Riemannian gradient-based algorithms for Machine
Learning problems goes back at least to Amari (1998). Such algorithms are the basis of the
semiparametric mean field variational Bayes approach of Honkela et al. (2010).
In Section 2 we describe semiparametric mean field variational Bayes in full generality.
A general overview of optimization strategies, pertinent to semiparametric mean field variational Bayes, is given in Section 3. The important special case of pre-specified exponential
family density functions is treated in Section 4. Section 5 deals with the more difficult
non-exponential family case via an illustrative example. Some closing remarks are given in
Section 6.

2. General Principles

Z

Rd


p1 (x) log p1 (x)/p2 (x) dx
JMLR 17(172):1-47

Semiparametric mean field variational Bayes is an approximate Bayesian inference method
based on the principle of minimum Kullback-Leibler divergence. For arbitrary density
functions p1 and p2 on Rd ,
KL(p1 k p2 ) ≡

3

from

Note that

for any p1 and p2 .

p1 .

Rohde and Wand

denotes the Kullback-Leibler divergence of

p2

KL(p1 k p2 ) ≥ 0

D , θ, φ)
p(D
.
D)
p(D

(1)

Consider a generic Bayesian model with observed data D and parameter vector (θ, φ).
The reason for this notational decomposition of the parameter vector will soon become
apparent. Throughout this section we assume that (θ, φ) and D are continuous random
D ). The situation where some components are
vectors with density functions p(θ, φ) and p(D
discrete has similar treatment with summations replacing integrals. Bayesian inference for
θ and φ is based on the posterior density function

p(θ, φ|D
D) =

q∈Q

D ), is usually referred to as the marginal likelihood or the model eviThe denominator, p(D
dence.
Let q(θ, φ) be an arbitrary density function over the parameter space of (θ, φ). The
essence of variational approximate inference is to restrict q(θ, φ) to some class of density
functions Q and then use the optimal q-density function, given by
n
o
D) ,
q ∗ (θ, φ) = argmin KL q(θ, φ) p(θ, φ|D
(2)

Z Z

q(θ, φ) log



p(y, θ, φ)
q(θ, φ)

D ; q) ≤ p(D
D ) for any q(θ, φ)
p(D

D ; q) ≡ exp
p(D




dθdφ .

(4)

D ).
as an approximation to the posterior density function p(θ, φ|D
Simple algebraic arguments (e.g. Section 2.1 of Ormerod and Wand, 2010) lead to
n
o
D ) = KL q(θ, φ) p(θ, φ|D
D ) + log p(D
D ; q)
log p(D
(3)
where

From (1) we have

(5)

D ; q) is a lower bound on the marginal likelihood. The non-negativity
showing that p(D
condition (1) means that an equivalent form for the optimal q-density function is

q∈Q

D ; q).
q ∗ (θ, φ) = argmax p(D

This alternative optimization problem has the attractive interpretation of q ∗ (θ, φ) being
chosen to maximize a lower bound on the marginal likelihood. For the remainder of this
article we work with (5) rather than (2).
Parametric variational approximate inference involves setting

Q = {q(θ, φ; ξ) : ξ ∈ Ξ},
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(6)

corresponding to a parametric family of density functions with parameter vector ξ ranging
over Ξ. In this case (5) reduces to

ξ∈Ξ

D ; q, ξ),
q ∗ (θ, φ) = argmax p(D

4

(8)

(A) Ξ is a finite set.

5
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where {q(φ; ξ) : ξ ∈ Ξ} is a pre-specified parametric family of density functions in φ. Under (8) there is no insistence on the q(θ i ) having a particular parametric form. For models
possessing particular conjugacy properties the optimal q-densities, q ∗ (θ i ), will belong to
relevant conjugate families. However, in general, the optimal q-densities of the θi can assume arbitrary forms; see, for example, Figure 6 of Pham et al. (2013). The quality of a
variational approximation is limited by the restrictions imposed by the particular choice of
Q. Semiparametric mean field variational Bayes imposes a product density restriction and
then a parametric constraint on one of the factors. The overall quality of the approximation
is determined by the combination of these two restrictions. While the estimated nonparametric factors are optimal given the product restriction, a parametric restriction with fewer
product assumptions may be more accurate.
We now turn to the practical problem of solving the optimization problem (5) when the
q-density restriction is of the form (8). Appropriate strategies for solving (5) depend on the
nature of q(φ; ξ) as a function of ξ and the set Ξ. Some possibilities are:

Q = {q(θ, φ) : q(θ, φ) = q(θ 1 ) · · · q(θ M ) q(φ; ξ), ξ ∈ Ξ}

The word ‘nonparametric’ is justified by the fact that there is no pre-specification that the
q-density, or any of its factors, belong to a particular parametric family. Restriction of
q(θ, φ) to a product density form is the only pre-specification being made. An iterative
scheme for solving (5) under (7) follows from the last displayed equation given in Section
10.1.1 of Bishop (2006). The scheme is listed explictly as Algorithm 1 of Ormerod and Wand
(2010). Note that a simple adjustment that caters for (θ, φ), rather than θ, is required for
notation being used here. Gershman et al. (2012) also use the word ‘nonparametric’ to
describe a variational approximation approach. However, their methodology is parametric
in the sense of the terminology that we are using here.
We propose that the term semiparametric mean field variational Bayes be used for
restrictions of the form:

Q = {q(θ, φ) : q(θ, φ) = q(θ 1 ) · · · q(θ M ) q(φ)} for some partition {θ 1 , . . . , θ M } of θ. (7)

(B) Ξ is an open subset of Rd for some d ∈ N and q(φ; ξ) is smooth function of ξ over
ξ ∈ Ξ.

D ; q, ξ) is the marginal likelihood lower bound defined by (4), but with the depenwhere p(D
dence on ξ reflected in the notation.
An early contribution of this type is Hinton and van Camp (1993) who used minimum
Kullback-Leibler divergence for Gaussian approximation of posterior density functions in
neural networks models. Gaussian Q families have also been used by Lappalainen and
Honkela (2000), Archambeau et al. (2007), Raiko et al. (2007), Nickisch and Rasmussen
(2008), Honkela and Valpola (2005), Honkela et al. (2007), Honkela et al. (2008) and Opper
and Archambeau (2009). The recent contribution by Challis and Barber (2013) is an indepth coverage of Gaussian minimum Kullback-Leibler approximate inference. Salimans
and Knowles (2013) devised a stochastic approximation algorithm for solving (6) when Q is
a parametric family of exponential family form. Gershman et al. (2012) and Zobay (2014)
investigated Gaussian-mixture extensions.
In what one may label a nonparametric variational approximation approach, ordinary
mean field variational Bayes uses restricted q-density spaces such as

..
.

;

D ; q ∗ , ξ) ← p(D
D ; q, ξ).
p(D
q ∗ (θ i ) ← q ∗ (θ i ; ξ ∗ ), 1 ≤ i ≤ M .

;

6
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For each value of ξ in Ξ, Algorithm 1 is essentially the ordinary mean field variational
Bayes iterative algorithm — but with the density function of φ set to the parametric density
function q(φ; ξ). The optimal ξ is then found by maximizing over the approximate marginal
likelihood values that are recorded for each element of Ξ.

Algorithm 1: Coordinate ascent algorithm for semiparametric mean field variational Bayes
when Ξ is a finite parameter space.

ξ∈Ξ

D ; q ∗ , ξ)
ξ ∗ ← argmax p(D

q ∗ (θ i ; ξ) ← q(θ i ), 1 ≤ i ≤ M

D ; q, ξ) is negligible.
until the increase in p(D



exp Eq(θ\θM ) q(φ; ξ) {log p(y, θ, φ)}


exp Eq(θ\θM ) q(φ; ξ) {log p(y, θ, φ)} dθ M



exp Eq(θ\θ1 ) q(φ; ξ) {log p(y, θ, φ)}


exp Eq(θ\θ1 ) q(φ; ξ) {log p(y, θ, φ)} dθ 1
q(θ M ) ← R

q(θ 1 ) ← R

Cycle:

Initialize: q(θ 2 ), . . . , q(θ M ).

For each ξ ∈ Ξ:

Suppose that Ξ is a finite set. Then Algorithm 1 is the natural extension of the mean field
variational Bayes coordinate ascent algorithm given, for example, in Section 10.1.1 of Bishop
(2006) and Algorithm 1 of Ormerod and Wand (2010). In Algorithm 1, and elsewhere, the
notation θ\θ i denotes the vector θ with the entries of θ i excluded.

2.1 Finite Parameter Space Case

For the vast majority of models in common use and q(φ; ξ) families (B) applies and most of
the remainder of this article is devoted to that case. However, we will first briefly deal with
(A) in Section 2.1, since it aids understanding of the semiparametric extension of mean field
variational Bayes. To date, we are unaware of any semiparametric mean field variational
Bayes contributions where (C) or (D) apply, so these cases are left aside.

(D) Ξ is a complicated set that does not satisfy any of the descriptions given in (A)–(C).

(C) Ξ is an open subset of Rd for some d ∈ N and q(φ; ξ) is a non-smooth function of ξ
over ξ ∈ Ξ.
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2.2 Infinite Parameter Space Case
Algorithm 1 shows how to obtain the Kullback-Leibler-optimal q(θi ) and q(φ; ξ) densities
in the case where Ξ is finite. However, for common parametric families such as the Normal
and Gamma, Ξ is infinite and the solution of (5) under (8) is more delicate. The coordinate
ascent idea used to obtain the q ∗ (θi ) in Algorithm 1 can still be entertained. However, it
needs to be combined with an optimization scheme that searches for the optimal ξ over the
infinite space Ξ.
For the remainder of this article we focus on the problem of solving (5) under restriction (B) on the q-density parameter space Ξ. We start by studying the criterion function
D ; q, ξ) and special forms that it takes under the mean field restriction. The notions of
p(D
entropy and factor graphs are shown to be very relevant and useful. We then introduce
two running examples, Example 1 and Example 2, to illustrate the issues involved. Since
Example 1 has only one parameter requiring inference, this is not a fully-fledged semiparametric mean field variational Bayes problem and the optimization problem is of the form
(6). Additionally, (6) for Example 1 is a bivariate optimization problem which allows deeper
probing of the numerical analytic issues. Example 2 uses the Poisson mixed model, treated
in Section 5.1 of Wand (2014), as our main semiparametric mean field variational Bayes
example. It is substantial enough to convey various practical issues but also has a closed
form log p(q; ξ) expression that allows purely algebraic exposition.
2.2.1 Entropy, Factor Graphs and the Marginal Log-Likelihood Lower
Bound
If x is a random vector having density function p then the corresponding entropy is given
by
Entropy(p) ≡ Ep {− log p(x)}.
For many common distributional families, the entropy admits an algebraic expression in
terms of the distribution’s parameters. For example, if
p(x; µ, Σ) = (2π)−d/2 |Σ|−1/2 exp{− 12 (x − µ)T Σ−1 (x − µ)}

d{1 + log(2π)} + log |Σ|.

1
2

(9)

is the Multivariate Normal density function of dimension d with mean vector µ and covariance matrix Σ then
Entropy(p; µ, Σ) =

1
2

x > 0,
JMLR 17(172):1-47

Note that the entropy is independent of the mean vector µ.
Another entropy expression, which arises in many Bayesian models and the example of
Section 2.2.3, is that for the Inverse Gamma family of density functions. Let
x ∼ Inverse-Gamma(κ, λ)

κλ −κ−1
x
exp(−λ/x),
Γ(κ)

denote the random variable x having density function
p(x; κ, λ) =

7
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with parameters κ, λ > 0. In this case

Entropy(p; κ, λ) = log(λ) + κ + log{Γ(κ)} − (κ + 1)digamma(κ)

(10)

(11)

where digamma(x) ≡ (d/dx) log Γ(x) is the digamma function.
The next relevant concept is that of a factor graph, which we first explain via an example. Consider the approximate Bayesian inference problem according to the semiparametric
mean field variational Bayes restriction (8). Figure 1 is the factor graph for an M = 9
example of (8) with the joint density function of all random vectors in the model factorizing
as follows:

p(x, θ, φ) = f1 (θ 1 ) f2 (θ 1 , θ 2 , φ) f3 (θ 3 ) f4 (θ 4 ) f5 (θ 5 , φ) f6 (θ 5 ) f7 (θ 6 , φ) f8 (θ 6 )

×f9 (θ 7 , θ 8 , θ 9 ) f10 (θ 2 , θ 3 , θ 4 )

q(φ)

i=1

9
Y

q(θ i )

(12)

for factors f1 , . . . , f10 . Note that some of these factors depend on the data vector x, but the
dependence is suppressed in the fj notation. Specific examples are given in Sections 2.2.2
and 2.2.3. In Figure 1 the circles correspond to the components of the mean field product
restriction

θ1

θ6

f2

θ7

f7

θ2

θ8

φ

θ3

f10

f5

θ5

f3

θ4

θ9

f6

f4

and are called stochastic nodes. The solid squares correspond to the factors fj , 1 ≤ j ≤ 10,
and are called factor nodes. Edges join each factor node fj to those stochastic nodes that
are included in the fj function.

f1

f8

f9
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Figure 1: Factor graph corresponding to the model (11) and q-density product restriction
(12).

8

i=1

Entropy{q(θ i )} +
j=1

N
X

Eq {log(fj )}.

Eq {log(fj )}

= {1 ≤ j ≤ N : fj involves φ}.

neighbors(φ) ≡ {1 ≤ j ≤ N : fj is a neighbor of φ on the factor graph}

j∈ neighbors(φ)

X
(13)

i=1

n
Y

exp{−(xi − φ) − e−(xi −φ) },
φ ∼ N (µφ , σφ2 ).

9

p(x|φ)

(18)

(17)

i=1

n
X

e−xi −

1
2 {(µq(φ)
2σφ

2 } − n x.
− µφ )2 + σq(φ)

q(φ)

q(φ)

10

i=1
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2
− exp(µq(φ) + 21 σq(φ)
)

2
2
log p(x; µq(φ) , σq(φ)
) = 12 {1 + log(2π)} + 21 log(σq(φ)
) + n µq(φ)

2 ) and
corresponding to the Normal family with q-density parameter vector ξ = (µq(φ) , σq(φ)
parameter space Ξ = R × R+ where R+ ≡ (0, ∞) is the positive half-line. Then, from the
entropy result (9) and the well-known expression for the moment generating function of the
Normal distribution we obtain

where Mq(φ; ξ) is the moment generating function corresponding to q(φ; ξ).
Now suppose that


)
(


2
−(φ
−
µ
)
1
q(φ)
2
2
Q = q(φ; µq(φ) , σq(φ)
)= q
exp
: µq(φ) ∈ R, σq(φ)
>0
2


2
2σq(φ)
2πσq(φ)

and the contributions to log p(x; ξ) from the factors are
h
i
Eq {log p(φ)} = − 2σ12 {Eq(φ; ξ) (φ) − µφ }2 + Varq(φ; ξ) (φ)
φ
P
and Eq {log p(x|φ)} = n Eq(φ; ξ) (φ) − Mq(φ; ξ) (1) ni=1 e−xi − nx

log p(x; ξ) = Entropy{q(φ; ξ)} + Eq {log p(φ)} + Eq {log p(x|φ)}

The marginal log-likelihood lower bound is
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The denominator on the right-hand side of (15) is not available in closed form. This implies
that numerical methods such as quadrature are required to obtain the Bayes estimate of φ

φ

φ

Figure 2: Factor graph for the Example 1 model.

p(φ)

2 )∗ )
It follows that the Kullback-Leibler optimal Normal q-density function is q(φ; µ∗q(φ) , (σq(φ)
where
"
#
(
!)
n
X
µ∗q(φ)
N
2
−xi
2
=
argmax
f
µ
,
σ
;
n,
e
,
µ
,
σ
(19)
φ φ
q(φ) q(φ)
Ex1
2 )∗
(σq(φ)
µ
∈R,σ 2 >0

(14)

(16)

Figure 2 shows the factor graph of the model, with factors p(φ) and p(x|φ) neighboring the
stochastic node φ.

ξ∈Ξ

ξ ∗ = argmax p(q; ξ).

be such a parametric family. Then the optimal q-density is q(φ; ξ ∗ ) where

(15)

The posterior density function of φ is
n
o
P
exp n φ − eφ ni=1 e−xi − 2σ12 (φ − µφ )2
φ
n
o
p(φ|x) = R
.
Pn −x
∞
0
φ0
i − 1 (φ0 − µ )2
dφ0
φ
i=1 e
−∞ exp n φ − e
2σ 2

p(x1 , . . . , xn | φ) =

A Bayesian model for a random sample x1 , . . . , xn from a Gumbel distribution with location
parameter φ and unit scale is

2.2.2 Example 1: Gumbel Random Sample

D ; q, ξ).
as the φ-localized component of log p(D
For large Bayesian models it is prudent to maximize this localized approximate loglikelihood as part of a coordinate ascent scheme involving all q-density parameters. Such an
approach, combined with the locality property of mean field variational Bayes (e.g. Wand
et al., 2011, Section 3), allows for streamlined handling of arbitrarily large models. We
formalize this approach to semiparametric mean field variational Bayes in the shape of
Algorithm 2 in the upcoming Section 2.2.4. However, we first give some concrete examples
of mean field variational Bayes with pre-specified parametric family q-density functions.

D ; q, ξ)[φ] = Entropy{q(φ; ξ)} + Eq {log(f2 )} + Eq {log(f5 )} + Eq {log(f7 )}.
log p(D

For the factor graph shown in Figure 1 neighbors(φ) = {2, 5, 7} and so have

where

D ; q, ξ)[φ] ≡ Entropy{q(φ; ξ)} +
log p(D

D ; q, ξ), which we denote by log p(D
D ; q, ξ)[φ] , is
The φ-localized component of log p(D

D ; q, ξ) = Entropy{q(φ; ξ)} +
log p(D

M
X

and corresponding credible sets. Instead we consider minimum Kullback-Leibler divergence
approximation of p(φ|x) over a parametric pre-specified family. Let

Now consider the general case with semiparametric mean field restriction (8) and suppose
that p(x, θ, φ) has N factors fj , 1 ≤ j ≤ N . Then the marginal log-likelihood lower bound
admits the following expression in terms of the components of the corresponding factor
graph:
Q = {q(φ; ξ) : ξ ∈ Ξ}
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and
log(y) + a x − b exp(x + y) −

1
2

1
2d {(x
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N
fEx1
(x, y; a, b, c, d) =
1
2

− c)2 + y}.

1 ≤ i ≤ n,

(20)

(21)

The main arguments satisfy x ∈ R, y > 0 and the auxiliary arguments are such that
a, b, d > 0 and c ∈ R. From (19) we see that the minimum Kullback-Leibler divergence
problem (16), where Q is the Normal family, reduces to a non-linear bivariate optimization
problem. Theory given in Challis and Barber (2013) applies to this example. For example,
N (x, y; a, b, c, d) is jointly
results given in their Section 3.2 can be used to establish that fEx1
√
concave in x and y.
In Section 3 we study strategies for solving such problems and apply them to this
example in Section 4.2.
2.2.3 Example 2: Poisson Mixed Model

∼ Poisson[exp{(Xβ +

ind.

a ∼ Inverse-Gamma( 21 , 1/A2 )

σ 2 | a ∼ Inverse-Gamma( 12 , 1/a),

Zu)i }],

A single variance component Poisson mixed model is
yi | β, u
u | σ 2 ∼ N (0, σ 2 I K ),
β ∼ N (0, σβ2 I p ),

(2/π)
,
A{1 + (σ/A)2 }

σ > 0.

where X is an n × p fixed effects design matrix, Z is an n × K random effects design matrix.
Note that the prior on σ in (21) is the Half Cauchy distribution with scale parameter A:
p(σ) =

(23)

In (21) σβ > 0 and A > 0 are hyperparameters to be chosen by the analyst.
A mean field approximation to the joint posterior density function of the model parameters is
p(β, u, σ 2 , a | y) ≈ q(β, u) q(σ 2 ) q(a).
(22)
As detailed in Appendix A.3, the optimal q-density functions satisfy
q ∗ (σ 2 ) and q ∗ (a) are both Inverse-Gamma density functions, and

q ∗ (β, u) ∝ exp y T (Xβ + Zu) − 1T exp(Xβ + Zu)
− 21 σβ−2 kβk2 − 21 Eq(σ2 ) (1/σ 2 )kuk2 .

(24)

Since q ∗ (β, u) is not a standard form, numerical methods are required to obtain the variational approximate Bayes estimates and credible sets. Semiparametric mean field variational
Bayes alternatives take the form
p(β, u, σ 2 , a | y) ≈ q(β, u; ξ) q(σ 2 ) q(a)
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where {q(β, u; ξ) : ξ ∈ Ξ} is a pre-specified parametric family of density functions. The
optimal density functions q(β, u; ξ ∗ ), q ∗ (σ 2 ) and q ∗ (a) are found by minimizing
n
o
KL q(β, u; ξ) q(σ 2 ) q(a) p(β, u, σ 2 , a |y) .
(25)
11
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a

p(a)

Bq(σ2 ) = 21 [k Eq(β,u;ξ) (u)k2 + tr{Covq(β,u;ξ) (u)}] + µq(1/a)

q ∗ (a) is an Inverse-Gamma(1, Bq(a) ) density function

q ∗ (σ 2 ) is an Inverse-Gamma( 21 (K + 1), Bq(σ2 ) ) density function, and

We now focus on solving (25).
In Appendix C of Wand (2014) it is shown that

where

p(σ2|a)

µq(1/v) ≡ Eq(v) (1/v)

and Bq(a) = µq(1/σ2 ) + A−2 with the definition

for a generic random variable v.

p(y|β,u) (β,u) p(β,u|σ2) σ2

(26)

Figure 3: Factor graph for the Example 2 model with stochastic nodes corresponding the
mean field restriction (24). The dashed line box contains the stochastic node
(β, u) and its neighboring factors.

log p(y; q, ξ) = Entropy{q(β, u; ξ)} + Entropy{q(σ 2 )} + Entropy{q(a)}

(27)

It remains to obtain the optimal value of ξ in q(β, u; ξ). Figure 3 shows the factor graph
of the current model under mean field restriction (24). The lower bound on the marginal
log-likelihood, in terms of the stochastic nodes and factors of Figure 3, is

+Eq {log p(y|β, u)} + Eq {log p(β, u| σ 2 )}

+Eq {log p(σ 2 | a)} + Eq {log p(a)}.

(28)

One could substitute (26) into the log p(y; q, ξ) expression. This resulting marginal loglikelihood lower bound would depend on the q-densities only through ξ and could then be
maximized over ξ ∈ Ξ.
An alternative strategy, that scales better to larger models, is to use a coordinate ascent
scheme that maximizes log p(y; q, ξ)[(β,u)] , the (β, u)-localized component of log p(y; q, ξ),
over ξ ∈ Ξ. The relevant factors are those neighboring (β, u) in Figure 3, corresponding to
the dashed line box. The quantity requiring maximization is then

log p(y; q, ξ)[(β,u)] = Entropy{q(β, u; ξ)} + Eq {log p(y|β, u)} + Eq {log p(β, u|σ 2 )}

= Entropy{q(β, u; ξ)} + y T {X Eq(β,u;ξ) (β) + Z Eq(β,u;ξ) (u)}
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−1T Eq(β,u;ξ) {exp(Xβ + Zu)}


− 2σ12 k Eq(β,u;ξ) (β)k2 + tr{Covq(β,u;ξ) (β)}
β


− 12 µq(1/σ2 ) k Eq(β,u;ξ) (u)k2 + tr{Covq(β,u;ξ) (u)} + const

12

1
2

−1T exp Cµq(β) + 21 diagonal(CΣq(β,u) C T )
n
o
− 2σ12 k µq(β) k2 + tr(Σq(β) )
β
n
o
− 12 µq(1/σ2 ) k µq(u) k2 + tr(Σq(u) ) + const

T
log |Σq(β,u)
n | + y Cµq(β,u)

o
(29)

+ tr{Σq(u) }] + µq(1/a)

; µq(1/a) ← 1/Bq(a)

ξ0 ∈Ξ



exp Eq(θ\θM ) q(φ; ξ) {log p(y, θ, φ)}


exp Eq(θ\θM ) q(φ; ξ) {log p(y, θ, φ)} dθ M
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2.2.4 General Semiparametric Mean Field Variational Bayes Algorithm

We now treat semiparametric mean field variational Bayes in general, with the set-up laid
D ; q, ξ)[φ] be defined with respect to the
out in Section 2 and restriction (8). Let log p(D

2.3 Relationship to Existing Literature

For each of these approaches, there remains the practical problem of devising an optiD ; q, ξ)[φ] and ensuring that it leads to the optimal parameters
mization scheme for log p(D
being chosen. Section 3 deals with this problem.

Algorithm 2: The general semiparametric mean field variational Bayes algorithm for restricD ; q, ξ)[φ] defined with respect to factor graph of p(x, θ, φ) with stochastic
tion (8) with log p(D
nodes θ 1 , . . . , θ M and φ.

D ; q, ξ) is negligible.
until the absolute change in log p(D

q(θ M ) ← R

..
.



exp Eq(θ\θ1 ) q(φ; ξ) {log p(y, θ, φ)}


q(θ 1 ) ← R
exp Eq(θ\θ1 ) q(φ; ξ) {log p(y, θ, φ)} dθ 1

perform one or more updates of ξ within an iterative scheme for
the optimization problem:
n
o
D ; q, ξ 0 )[φ]
argmax log p(D

The general principle of semiparametric mean field variational Bayes that we have laid
out in this section is not brand new and, in fact, instances of this principle have made
appearances in the literature since the late 1990s — although they are few in number. We
now briefly survey articles known to us that have a semiparametric mean field variational
Bayes component. As we will see, the terminology varies quite considerably.
Barber and Bishop (1997) uses the terms ensemble learning and hyperparameter adaptation for what essentially is a semiparametric mean field variational Bayes approach to
fitting multi-layer neural networks. They pre-specify Multivariate Normal distributions for
the coefficient vector but, in their Section 2.1, allow covariance matrix parameters to be unspecified except for mean field assumptions. However, they do not include numerical details
for minimizing Kullback-Leibler divergence over the Multivariate Normal parameters.

For now, we deliberately leave the form of the (µq(β,u) , Σq(β,u) ) maximization strategy unspecified. We also allow for one or more updates of an iterative scheme aimed at maximizing
log p(y; q, µ0q(β,u) , Σ0q(β,u) )[β,u] , rather than iterating to convergence at every iteration of the
full coordinate ascent scheme. Section 3 describes various optimization strategies that could
be used for updating (µq(β,u) , Σq(β,u) ).
Negligible absolute change in log p(y; q, µq(β,u) , Σq(β,u) ) can be used as a stopping criterion for the iterations and an algebraic expression for this quantity is given in Appendix
A.3.
We return to Example 2 in Section 4.3.

µq(1/σ2 ) ← 12 (K + 1)/Bq(σ2 ) .

Bq(σ2 ) ←

1
2
2 [k µq(u) k

Bq(a) ← µq(1/σ2 ) + A−2

µ0q(β,u) ,Σ0q(β,u)

perform one or more updates of (µq(β,u) , Σq(β,u) ) within an
iterative scheme for the optimization problem:
n
o
argmax
log p(y; q, µ0q(β,u) , Σ0q(β,u) )[β,u]

where C ≡ [X Z], diagonal(M ) is the vector containing the diagonal entries of the square
matrix M , and µq(β) is the sub-vector of µq(β,u) corresponding to β. Analogous definitions
apply to µq(u) , Σq(β) and Σq(u) . Appendix A.3 provides derivational details for (29).
For this example, the full coordinate ascent scheme has updates as follows:

log p(y; q, µq(β,u) , Σq(β,u) )[(β,u)] =

Then the (β, u)-localized approximate marginal log-likelihood reduces to

Cycle:

Initialize: q(θ 2 ), . . . , q(θ M ).

factor graph of p(x, φ, θ) with stochastic nodes θ 1 , . . . , θ M and φ. Algorithm 2 is a general
coordinate ascent algorithm for approximate inference that builds on the standard mean
field variational Bayes algorithm.

where ‘const’ denotes terms not depending on ξ.
Next, suppose that Q corresponds to the family of Multivariate Normal density functions
in (β, u):

q(β, u; µq(β,u) , Σq(β,u) ) = (2π)−(p+K)/2 |Σq(β,u) |−1/2
(
 
T
 
)
β
β
× exp − 12
− µq(β,u)
Σ−1
−
µ
.
q(β,u)
q(β,u)
u
u
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Honkela et al. (2010) adopt the phrase fixed-form variational Bayes in what is a quite
general approach to semiparametric mean field variational Bayes as summarized in their Algorithm 1. Optimization of the pre-specified parametric component parameters is achieved
using the nonlinear conjugate gradient method, which we describe in Section 3.2. However,
Honkela et al. (2010) work with with Riemannian gradients which, they argue, are more
efficient than Euclidean gradients.
In Knowles and Minka (2011) the focus is incorporation of pre-specified exponential
family distributions whilst preserving the message passing aspect of a modular approach
to mean field variational Bayes, known as variational message passing. They arrive at an
extension which they label non-conjugate variational message passing. The exponential
family distribution parameters are chosen via fixed-point iteration, which we describe in
detail in Section 3.1.
Tan and Nott (2013) take a semiparametric mean field variational Bayes approach to
approximate inference in Bayesian generalized linear mixed models for grouped data. They
use pre-specified Multivariate Normal density functions for the random effects of each group
with mean field product restrictions and achieve good approximation accuracy via so-called
partially noncentered parameterizations.
In the case of pre-specified Multivariate Normal density functions, Wand (2014) obtains an explicit form for the fixed-point iteration scheme of Knowles and Minka (2011)
and illustrated its use for the Poisson mixed model described in Section 2.2.3. In Luts
and Wand (2015) and Menictas and Wand (2015), semiparametric mean field variational
Bayes with Multivariate Normal pre-specification is applied, respectively, to count response
semiparametric regression and heteroscedastic semiparametric regression.
2.4 Advantages and Limitations of Algorithm 2

JMLR 17(172):1-47

As just described in Section 2.3, Algorithm 2 is a very useful generalization of the ordinary
mean field variational Bayes algorithm and allows for tractable handling of a wider class of
models. For example, the heteroscedastic nonparametric regression model of Menictas and
Wand (2015) is such that ordinary mean field variational Bayes is numerically challenging if
one uses the same product restrictions as used in homoscedastic nonparametric regression.
The semiparametric mean field variational Bayes extension, based on Multivariate Normal
pre-specification of basis function coefficients, leads to an iterative scheme with closed form
updates. Simulation studies show very good accuracy compared with Markov chain Monte
Carlo-based inference. However Algorithm 2 is not guaranteed to converge and, when it
does converge, may result in mediocre approximate Bayesian inference. We close this section
by briefly discussing such limitations of Algorithm 2.
In cases where a generic iterative procedure is used to solve argmaxξ0 ∈Ξ {log p(D; q, ξ 0 )}
there is no guarantee that the lower bound is increased in a particular iteration or of
convergence in general. As a consequence, the convergence guarantees enjoyed by ordinary
mean field variational Bayes algorithms are not shared by their semiparametric extension.
As we demonstrate in Section 4.2, convergence does not occur for particular numerical
optimization strategies.
Lastly, there is the limitation imposed by the mean field restriction. Even though
mean field variational Bayes can lead to very accurate approximate inference, there are
15
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circumstances where its accuracy is quite poor. Some examples, with explanations for the
inaccuracy, are given in Wang and Titterington (2005) and Neville et al. (2014). Semiparametric mean field variational Bayes shares this limitation since parametric pre-specification
imposes a degradation in accuracy compared with ordinary mean field variational Bayes.

3. Numerical Optimization Strategies

1 ≤ j ≤ d.

(30)

In ordinary mean field variational Bayes, parameter optimization is achieved using a convex
optimization algorithm that converges under reasonable assumptions (e.g. Luenberger and
Ye, 2008). In the semiparametric extension there is no such convex optimization theory
and general numerical optimization has to be called upon to optimize the parameters in the
pre-specified parametric density function.
Numerical optimization is a major area of mathematical study with an enormous literature. Recent summaries are given in, for example, Givens and Hoeting (2005) and
Ackleh et al. (2010), with the former being geared towards optimization problems arising
in Statistics. The choice of optimization method typically is driven by factors such as
the smoothness of the function requiring optimization and availability of expressions for
low-order derivatives. Optimization methods with derivative information invariably take
the form of iterative schemes. Semiparametric mean field variational Bayes often has the
luxuries of smoothness and derivative expressions. It is also beneficial to have relatively simple iterative updates given the overarching goal of fast approximate inference. Therefore,
we gear our summary of numerical optimization strategies towards simple derivative-based
schemes. This is in keeping with the existing literature on parametric and semiparametric
variational inference.
Let f : D ⊆ Rd → R be a function and consider the problem of finding its maximum
or minimum value over a set D0 ⊆ D. If all partial derivatives of f exist then a necessary
condition for a maximum or minimum in the interior of D0 is the stationary point condition

∂
f (x) = 0,
∂xj

This converts the optimization problem to a multivariate root-finding problem. However
(30) is not a sufficient condition for global optima since local optima and saddle points of
f inside D0 also satisfy (30). Properties of f , such as regions where it is concave or convex,
can aid the determination of global optima.
Throughout this section we make use of the derivative matrix and Hessian matrix notation defined in Appendix A.2.
3.1 Fixed-Point Iteration

(31)

Assuming that the derivative vector Dx f (x) (defined formally in Appendix A.1) exists, the
stationary point condition (30) can be written

Dx f (x)T = 0

JMLR 17(172):1-47

where 0 is the vector of zeroes. Fixed-point iteration aims to find points that satisfy (31),
which we denote generically by x∗ . Such points are then candidates as maxima or minima

16

Rd .

x = g(x)

(32)

(33)

(34)
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• If xinit is such that Algorithm 4 is convergent to x∗ then, under certain regularity
conditions, convergence is quadratic, in that the number of significant figures doubles
on each iteration.

for stationary points
A proof is given in Appendix A.4. Therefore, via Theorem
8.4 of Ackleh et al. (2010), convergence to x∗ is guaranteed from a sufficiently close
xinit .

x∗ ,


ρ Dx g NR (x∗ ) = 0

• The function g NR in (33) has the property

Some pertinent features of Algorithm 4 are:

Algorithm 4: The Newton-Raphson algorithm in generic form.

until convergence.

x ← x − {Hx f (x)}−1 Dx f (x)T

Cycle:

Initialize: x ← xinit for some xinit ∈ D.

where Hx f (x) denotes the Hessian matrix of f (x) as formally defined in Appendix A.1.
Assuming existence of {Hx f (x)}−1 , it is easily shown that x = g NR (x) if and only if
Dx f (x)T = 0. This leads to Algorithm 4, which conveys the generic form of NewtonRaphson iteration.

g NR (x) = x − {Hx f (x)}−1 Dx f (x)T

Newton-Raphson iteration is a special case of fixed-point iteration for optimizing f with
the g function taking the form

3.1.1 Newton-Raphson Iteration

Despite this elegant theory, it is difficult to apply in practice with regards to choosing g
and xinit so that Algorithm 3 converges. This is exemplified in Section 4.2 when we return
to the Example 1 optimization problem. We also note that kDx g(x)kspec < 1 near x∗ is a
sufficient but not necessary condition for convergence of fixed point iteration. Nevertheless,
the function

ρ Dx g(x)

is a useful convergence diagnostic for fixed-point iteration. For instance, if ρ Dx g(x)  1
during the iterations then this would indicate convergence problems and the possibility of
non-existence of a fixed point x∗ .
Various adjustments to fixed-point iteration have been proposed to enhance convergence.
For example, in the context of semiparametric mean field variational Bayes, Section 7 of
Minka & Knowles (2011) describes a damping adjustment.

Rohde and Wand

then Algorithm 3 will converge from any initial point xinit ∈ D0 (Theorems 8.2 and
8.3 of Ackleh et al., 2010).

x∈D0

sup kDx g(x)kspec ≤ α < 1

• There are also theorems that guarantee convergence of Algorithm 3 for particular
choices of xinit . If D0 is a closed convex subset of D such that g : D0 → D0 , the
entries of Dx g(x) are each bounded and continuous on D0 and

Theorem 8.4 of Ackleh et al. (2010) provides a similar condition in terms of the spectral
norm kDx g(x∗ )kspec where
q
kAkspec ≡ largest eigenvalue of AT A.

ρ(A) ≡ maximum of the absolute values of the eigenvalues of A.

Here ρ(A) denotes the spectral radius of the square matrix A, defined to be

• Once g and xinit are chosen then the above algorithm is not necessarily guaranteed
to converge to a stationary point x∗ . There is a large literature on convergence of
fixed-point iterative algorithms and good references on the topic include Section 8.1
of Ortega (1990) and Section 8.2 of Ackleh et al. (2010). For example Theorem 8.1.7
of Ortega (1990) asserts that convergence of Algorithm 3 is guaranteed when xinit is
sufficiently close to x∗ , the components of g are differentiable at x∗ and

ρ Dx g(x∗ ) < 1.

• For a given stationary point condition (31) there are numerous functions g for which
(32) holds. In other words, there are many possible fixed point algorithms available
to solve (31).

Note, however, the following issues regarding fixed point iteration:

Algorithm 3: The fixed-point iteration algorithm in generic form.

until convergence.

x ← g(x)

Cycle:

Initialize: x ← xinit for some xinit ∈ D.

for some function g : D ⊆
→
Given this g, fixed-point iteration simply involves
repeated evaluation of g, as given in Algorithm 3

Rd

of f . Firstly, (31) is rewritten in the form
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• Locating xinit values sufficiently close to x∗ for convergence to occur can be difficult
in practice and it is common to combine Newton-Raphson iteration with more robust
optimization strategies, such as the Nelder-Mead simplex method.
• A disadvantage of Newton-Raphson iteration compared with other fixed-point iterative schemes is the requirement for second order partial derivatives, corresponding to
the entries of the Hessian matrix Hx f (x). A feeling for the type of additional calculus
needed is given in Appendix A.7.
• A variant of Newton-Raphson optimization known as damped Newton-Raphson employs line searches (or backtracking) in order to achieve much improved convergence
behavior. See, e.g., Section 9.5.2 of Boyd and Vandenberghe (2004).
3.2 Nonlinear Conjugate Gradient Method
The nonlinear conjugate gradient method is based on the conjugate gradient method, an
established iterative approach to solving large systems of linear equations (Hestenes and
Stiefel, 1952). The former arises from applying the latter to the linear system that arises
from optimization of a multivariate quadratic function. Details of the nonlinear conjugate
gradient method are given in Section 10.8 of Press et al. (2007). Algorithm 5 lists the
Polak-Ribiére version of the nonlinear conjugate gradient method for maximization of f
over D. Since minimization of f is equivalent to maximization of −f it is straightforward
to adapt Algorithm 5 to the minimization problem. We choose the Polak-Ribiére form here,
T v
T
but another one is the Fletcher-Reeves form given by β ← (v curr
curr )/(v prev v prev ).
Initialize: x ← xinit for some xinit ∈ D.

α ← argmax f (x + α s)

T
T (v
; β ← v curr
curr − v prev )/(v prev v prev )

; s ← v prev

α>0

v prev ← Dx f (x)T ; α ← argmax f (x + α v prev )

←

x ← x + α v prev
Cycle:
v

;

α>0

Dx f (x)T

s ← β s + v curr

v prev ← v curr

curr

x ← x + αs ;
until convergence.

Algorithm 5: The nonlinear conjugate gradient method for maximization of the function f
with the Polak-Ribiére form of the β parameter.
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A key aspect of the nonlinear conjugate gradient method is that, on each iteration, it
takes a step in the direction D f (x)T from the current position at x. This is the steepest
instantaneous direction on the f surface. The parameter denoted by β has several alter19
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native forms. Nonlinear conjugate gradient methods have been shown to have good global
convergence properties (Dai and Yuan, 1999).
3.3 Other Optimization Strategies

(35)

Other popular optimization strategies include ascent (or descent) algorithms (e.g. Boyd
and Vandenberghe, 2004, Section 9.3), quasi-Newton methods (e.g. Givens and Hoeting,
2005, Section 2.2.2.3), the Gauss-Newton method (e.g. Givens and Hoeting, 2005, Section
2.2.3), stochastic gradient descent (e.g. Bottou, 2004) and the Nelder-Mead simplex method
(Nelder and Mead, 1965). The last of these has the attraction of not requiring derivatives
of f and is generally more robust than derivative-based methods.

3.4 Application to Semiparametric Mean Field Variational Bayes

ξ0 ∈Ξ

We now focus on the optimization component of Algorithm 2
n
o
D ; q, ξ 0 )[φ]
argmax log p(D

T

and discuss ways in which numerical optimization strategies described in Sections 3.1–3.3
are applicable.
The stationary condition for the maximizer in (35) is

D ; q, ξ)[φ] = 0
Dξ log p(D

T

and this may be manipulated in any of a number of ways to produce an equation of the form
ξ = g(ξ) for some function g. Fixed-point iteration Algorithm 3 can then be entertained
but, as discussed in Section 3.1, converge is not guaranteed for arbitrary g. We study this
issue in the context of Examples 1 and 2 in Sections 4.2 and 4.3.
Newton-Raphson iteration involves iterative updates:

D ; q, ξ)[φ] }−1 Dξ log p(D
D ; q, ξ)[φ]
ξ ← ξ − {Hξ log p(D

and so is a candidate for insertion into Algorithm 2 for updating the pre-specified parametric
q-density parameters.
Another alternative is, of course, updating ξ according to one or more iterations of the
nonlinear conjugate gradient method given by Algorithm 5, or any other iterative optimization scheme. However, convergence needs to be monitored. For high-dimensional ξ, speed
of convergence may be also be an important factor. Next we discuss an adjustment aimed
at improving the convergence speed of gradient-based algorithms.

3.4.1 Riemannian Geometry Adjustment
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As explained in, for example, Section 6.2 of Murray and Rice (1993) the density function
family {q(φ; ξ) : ξ ∈ Ξ} can be viewed as a submanifold of a Riemannian manifold. Riemannian manifolds do not necessarily have a flat Euclidean geometry. For example, the
Riemannian manifold corresponding to the Univariate Normal family:


(
)


(φ
−
µq(φ) )2
1
2
q
exp −
: µq(φ) ∈ R, σq(φ)
>0
(36)
2

2
2σq(φ)
2πσq(φ)


20

T

D ; q, ξ)
Dξ log p(D

[φ] T

(37)




 .



T
(38)

21

JMLR 17(172):1-47

In this section we have discussed several iterative numerical optimization strategies. Any
of these are candidates for the updating ξ in the Algorithm 2 cycle. Special mention has
been given to the well-known Newton-Raphson iteration since it can achieve very rapid
convergence and the nonlinear conjugate gradient method which has been shown to be
effective in semiparametric mean field variational Bayes contexts when the Riemmannian
geometry adjustment of Section 3.4.1 is employed (Honkela et al., 2010).
General fixed-point iteration has been discussed in detail. It has the advantage of
yielding particularly simple iterative updates for ξ in Algorithm 2. Established theory
shows that the spectral radius of the derivative matrix of the fixed-point function can be

3.5 Summary of Semiparametric Mean Field Variational Bayes Ramifications

Honkela et al. (2010) is a major contribution to semiparametric mean field variational
Bayes methodology and their Algorithm 1 uses the nonlinear conjugate gradient method
(Algorithm 5) with natural gradients rather than ordinary gradients. Via both simple
examples and numerical studies, they make a compelling case for the use of natural gradients
for optimization of the parameters of the pre-specified parametric q-density function.

2 )[φ]
∂p(q; µq(φ) , σq(φ)
2
 σq(φ)

∂µq(φ)


2
[φ]

∂p(q;
µ
q(φ) , σq(φ) )
 2σ 4
q(φ)
2
∂σq(φ)



2 )[φ] with respect to (µ
2
of log p(q; µq(φ) , σq(φ)
q(φ) , σq(φ) ) is given by

where the premultiplying matrix is the inverse Fisher information of q(φ; ξ). In the Machine
Learning literature (e.g. Amari, 1998) (37) is often labeled the natural or Riemannian
D ; q, ξ)[φ] with respect to ξ and the corresponding geometry is called
gradient of log p(D
information geometry. If q(φ; ξ) corresponds to the Univariate Normal family (36) then the
−2 1 −4
Fisher information matrix is diag(σq(φ)
, 2 σq(φ) ). Therefore, from (37), the natural gradient

[−E{Hξ log q(φ; ξ)}]

−1

D ; q, ξ)[φ] . The
to find the direction of steepest descent of the objective function log p(D
Riemannian geometry adjustment is to instead use

D ; q, ξ)[φ]
Dξ log p(D

used to assess the quality of the scheme. In Section 4 we will explain how a particular fixedpoint iteration scheme, which we call natural fixed-point iteration, has attractive properties
when q(·; ξ) is an exponential family density function. We will also revisit Examples 1 and 2
in Section 4 and make some comparisons among various numerical optimization strategies.
Natural fixed-point iteration is seen to perform particularly well.

has hyperbolic geometry (Murray and Rice, 1993, Example 6.6.2) which is curved. Therefore
notions such as closeness of two members of (36) and steepness of gradients when searching
over the parameter space Ξ = R × R+ are not properly captured by the Euclidean geometry
notions of distance and slope. Adjustments for the Riemannian geometry of the family often
improve convergence of optimization algorithms for solving problems such as (35). More
detailed discussion on this issue is given in Section 2.2 of Honkela et al. (2010) and Section
2.3 of Hoffman et al. (2013).
Consider an optimization method that uses gradients of the form

η ∈ H,

(39)

A(η) = − 14 η12 /η2 − 12 log(−2η2 )

D ; q, η)[φ] = Entropy{q(φ; η)} + NonEntropy{q(φ; η)}.
log p(D

j∈ neighbors(φ)

22

Dη Entropy{q(φ; η)} = −η T Hη A(η).
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(40)

where the notation of Appendix A.2 is being used. Moreover, as shown in Lemma 1 of
Appendix A.5, the derivative vector of Entropy{q(φ; η)} is simply

Entropy{q(φ; η)} = A(η) − Dη A(η) η + E[exp{h(φ)}]

An advantage of working with exponential family density functions is that the entropy takes
the simple form:

so that

and h(φ) = (2π)−1/2 . The natural parameter space is H = {(η1 , η2 ) : η1 ∈ R, η2 < 0}. Even
though semiparametric mean field variational Bayes can involve pre-specification of an arbitrary parametric family, virtually all methodology and examples in the existing literature
involves pre-specification within an exponential family. Exponential family distributions
also play an important role in the theory of mean field variational Bayes (e.g. Sato, 2001;
Beal and Ghahramani, 2006; Wainwright and Jordan, 2008).
Now consider the general factor graph set-up described in Section 2.2.1 with the approxD ; q, η)[φ] given by (13) but as a function of the natural
imate marginal log-likelihood log p(D
parameter vector η. Define
X
NonEntropy{q(φ; η)} ≡
Eq(φ;η) {log(fj )}

can be expressed as (39) with
#
 "



2
µq(φ) /σq(φ)
η1
φ
, η≡
=
,
T (φ) =
2 )
η2
−1/(2σq(φ)
φ2

q(φ)

where η is a one-to-one transformation of ξ and H is the image of Ξ under this transformation. In (39) A(η) is called the log-partition function and h(φ) is called the base measure.
For example, the Univariate Normal density function family used in Example 1:
)
(
−(φ − µq(φ) )2
1
2
2
q(φ; µq(φ) , σq(φ) ) = q
exp
, µq(φ) ∈ R, σq(φ)
> 0,
2
2σq(φ)
2πσ 2

q(φ; η) = exp{T (φ)T η − A(η)} h(φ),

We now focus on the important special case where the parametric density function family
{q(φ; ξ) : ξ ∈ Ξ} can be expressed in exponential family form:

4. Exponential Family Special Case
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Semiparametric Mean Field Variational Bayes

{Dη log p(q; η)[φ] }T = 0
(42)

(41)

This implies that the stationary point condition

is equivalent to
η = {Hη A(η)}−1 Dη NonEntropy{q(φ; η)}T .
Algorithm 1 of Knowles and Minka (2011) is a fixed-point iteration scheme based on (42).
One further interesting and useful connection concerns the mean parameter vector
τ ≡ E{T (φ)}
which is related to the natural parameter vector via
τ = Dη A(η)T .

(43)

Under suitable technical conditions τ is a one-to-one transformation of η. Also the chain
rule for differentiation of a smooth function s, listed as Lemma 2 in Appendix A.5, is

Dτ s = {Hη A(η)}−1 Dη s.

Dη s = (Dτ s)(Dη τ ) = (Dτ s) Dη {Dη A(η)T } = (Dτ s) Hη A(η).
which leads to
Putting all of these relationships together we have:
Result 1 Let ξ be an arbitrary differentiable one-to-one transformation of η. Then the
stationary point condition (41) is equivalent to each the following conditions:
(a) η = {Hη A(η)}−1 Dη NonEntropy{q(φ; η)}T ,
(b) η = {Hη A(η)}−1 (Dη ξ)T Dξ NonEntropy{q(φ; ξ)}T ,
(c) η = Dτ NonEntropy{q(φ; τ )}T and
(d) η = (Dτ ξ)T Dξ NonEntropy{q(φ; ξ)}T .
We make the following remarks concerning Result 1:

(44)

• Result 1(a) immediately gives rise to the following fixed-point iteration scheme in the
natural parameter space η ∈ H:
η←

{Hη A(η)}−1 Dη NonEntropy{q(φ; η)}T .

(η) ≡ {Hη A(η)}−1 Dη NonEntropy{q(φ; η)}T .

We refer to (44) as the natural fixed-point iteration scheme and denote the corresponding fixed-point function by
g

nat

nat
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According to the theory of fixed-point iteration discussed in Section 3.1, convergence
of (44) is implied by

ρ Dη g (η) < 1
in a neighborhood of the maximizer η ∗ .

23
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• Result 1(b)–(d) offer the possibility of more convenient forms for the fixed-point updates in terms of derivatives of the common parameters or mean parameters. Particularly noteworthy is the fact that Result 1(c)–(d) do not require computation of
{Hη A(η)}−1 . We make use of this situation for the Multivariate Normal family in
Section 4.1.

• The Fisher information of q(φ : η) is

−E{Hη log q(φ; η)} = Hη A(η)

which implies that the natural fixed-point iteration scheme (44) involves updating η
according to natural Riemannian gradients of NonEntropy(q; τ ). From Result 1(c),
an equivalent updating scheme is

η ← Dτ NonEntropy{q(φ; τ )}T

which simply involves updating η according to the direction of maximum slope on the
NonEntropy(q; τ ) surface in the τ space.

• The forms for the stationary point in Result 1 can also be used to derive iterative
Newton-Raphson schemes for maximizing log p(q; η)[φ] . An example, corresponding
to Result 1(a) and optimization within the η space, is

−1
η ← η − Hη NonEntropy{q(φ; η)} − Hη A(η) − (η T ⊗ I)Dη vec{Hη A(η)}

×[Dη NonEntropy{q(φ; η)}T − Hη A(η)η].

The vec operator flattens a square matrix into a column vector and is defined formally in
Appendix A.1.
Any of the other optimization methods mentioned in Section 3 can also be applied to
the problem of obtaining
η∈H

η∈H

D ; q, ξ)[φ] } = argmax [A(η) − Dη A(η)η + NonEntropy{q(φ; η)}]
η ∗ ≡ argmax{log p(D

and those involving gradients benefit from the entropy derivative result (40). Additionally,
relationship (43) implies that natural (Riemannian) gradients of the objective function in
the natural parameter space are equivalent to ordinary Euclidean gradients in the mean
parameter space.

4.1 Multivariate Normal Special Case

"

µq(φ)

vec(Σq(φ) )

#
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−1
q(φ; µq(φ) , Σq(φ) ) = (2π)−d/2 |Σq(φ) |−1/2 exp{− 21 (φ − µq(φ) )T Σq(φ)
(φ − µq(φ) )}.

We now focus on the important special case of q(φ; ξ) being a d-variate Multivariate Normal
density function:

Let
ξ≡

24
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Consider again the Gumbel random sample example introduced in Section 2.2.2 and the
problem of minimum Kullback-Leibler approximation of p(φ|x) within the Univariate Normal family. As shown there, the optimization problem is encapsulated in (19) and (20).
The Newton-Raphson scheme that arises directly from (19) is
"
#
"
#
µq(φ)
µq(φ)
Pn −xi
N (µ
2
←
− {HfEx1
, µφ , σφ2 )}−1
q(φ) , σq(φ) ; n,
2
2
i=1 e
σq(φ)
σq(φ)
(46)
Pn −xi
N (µ
2 ; n,
2 )T .
×D fEx1
,
σ
e
,
µ
,
σ
φ φ
q(φ) q(φ)
i=1

4.2 Application to Example 1

Despite its use of natural gradients, there is no automatic guarantee that iteration of (45)
D ; q, ξ)[φ] on any given cycle of Algorithm 2.
leads to convergence to the maximum of log p(D
However, the fixed-point iteration theory summarized in Section 3.1 provides some guidance.
We now use Example 1 to illustrate this point using the natural fixed-point iteration scheme
(45), an alternative simpler fixed-point scheme and a Newton-Raphson scheme.

Appendix A.6 provides details on how Result 2 follows from Result 1.
Result 2 facilitates a semiparametric mean field variational Bayes algorithm that requires
only the first and second order derivatives of NonEntropy(q; µq(φ) , Σq(φ) ) with respect to
µq(φ) . Concrete illustrations are given in Section 4.3 and Appendix A of Menictas and
Wand (2015).
In the case where q(φ; ξ) is the Univariate Normal density function with mean µq(φ) and
2
variance σq(φ)
Result 2 leads to the following common parameter updates for the natural
fixed point iterative scheme:

2 )
∂ NonEntropy(q; µq(φ) , σq(φ)



vq(φ) ←



∂µq(φ)


,( 2
)
2 )
∂ NonEntropy(q; µq(φ) , σq(φ)
(45)
2

σ
←
−1

q(φ)
2

∂µ


q(φ)


µ
2
q(φ) ← µq(φ) + σq(φ) vq(φ) .

Result 2 Natural fixed-point iteration for q(φ; ξ) corresponding to the N (µq(φ) , Σq(φ) ) density function is equivalent to the following updating scheme:

v q(φ) ← Dµq(φ) NonEntropy(q; µq(φ) , Σq(φ) )T




Σq(φ) ← −{Hµq(φ) NonEntropy(q; µq(φ) , Σq(φ) )}−1




µq(φ) ← µq(φ) + Σq(φ) v q(φ) .
y

x

#
; a, b, c, d

!
≡


x
y



−1
1
1
x+ 2 y
x+ 2 y
1
−b
e
−
1/d
−
b
e
2

−
1
1
− 21 b ex+ 2 y
− 2y12 − 14 b ex+ 2 y


1
x+ 2 y
a
−
b
e
−
(x
−
c)/d
.
×
1
x+ 2 y
1
1
− 1/(2d)
2y − 2 be
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The top half of Figure
4 shows, via dark grey shading, that both ρ D g NR (µq(φ) , σq2 )

and ρ D g nat (µq(φ) , σq2 ) are below 1 in regions around the root. The dark grey region for

2 ).
indicator of fixed-point iteration converging when starting from (µq(φ) , σq(φ)

The lower panels show the

In Figure 4 we compare
g NR , g nat and g simp in terms of the behavior of the spectral norm

function ρ D g(x, y) and convergence of the fixed-point iterative scheme. We simulated
data from the n = 20 version of P
the Gumbel random sample model (14) with the value of φ
N
set to 0. The sufficient statistic 20
i=1 exp(−xi ) fully determines fEx1 and has a mean of 20.
In an effort to exhibit typical behavior, we selectedPa sample that produced a sufficient statistic value close to this mean. The actual value is 20
i=1 exp(−xi ) ≈ 19.94. The hyperparameters were set to µφ = 0 and σφ2 = 1010 . The optimal parameters in the minimum Kullback2 )∗ ) ≈ (0.2260, 0.0500).
Leibler Univariate Normal approximation to p(φ|x) are (µ∗q(φ) , (σq(φ)
2
We set up a 101 × 101 pixel mesh of (µq(φ) , log(σq(φ) )) values around this optimum with

∗ /5)2 }, log{(5σ ∗ )2 } . The upper panels of Figure
limits (µ∗q(φ) −5, µ∗q(φ) +5) and log{(σq(φ)
q(φ)
4 show the

2
indicator of ρ Dg(µq(φ) , σq(φ)
) < 1 for g ∈ {g NR , g nat , g simp }.

Lastly, there is the very simple P
fixed-point iteration scheme that arises from full simplin
−xi , µ , σ 2 )T = 0, and corresponds to fixed points
N (µ
2
fication of D fEx1
φ φ
q(φ) , σq(φ) ; n,
i=1 e
of


1

 
x
c + d(a − b ex+ 2 y ) 

g simp
; a, b, c, d ≡
.
1
y
1/(b ex+ 2 y + d−1 )

According to (45), the natural fixed-point iteration scheme (44) takes the form (47), but
with g NR replaced by g nat where

" #
! 
1
1
x+ 2 y
x+ 2 y
−1 )
x
−
(x
−
c)/d}/(b
e
+
d
x
+
{a
−
b
e
.
g nat
; a, b, c, d ≡ 
1
y
1/(b ex+ 2 y + d−1 )

g NR

"

i=1

Differentiation with respect to (µφ , σφ2 ) is suppressed in the D and H on the right-hand side
of (46). Simple calculus leads to (46) being equivalent to the fixed-point iterative scheme
"
#
"
#
!
n
X
µq(φ)
µq(φ)
−xi
2
←
g
;
n,
(47)
e
,
µ
,
σ
φ φ
NR
2
2
σq(φ)
σq(φ)

be the vector of common parameters. An explicit form for the natural fixed point iteration
updates in terms of µq(φ) and Σq(φ) was derived by Wand (2014) and appears as equation
(7) there. However Result 1 affords a more direct derivation of the same result, that
benefits from (43) and the cancellation of the Hη A(η) matrix. We can also obtain a neater
alternative explicit form by using a differentiation identity, given as Lemma 4 in Appendix
A.5. The essence of Lemma 4 is given in the appendix of Opper and Archambeau (2009).
where

Rohde and Wand

Semiparametric Mean Field Variational Bayes

0
−1
−2
−3
−4
−5
−6

2

4

Semiparametric Mean Field Variational Bayes

0

gsimp

indicator of ρ(Dg)<1

−2

gnat

indicator of ρ(Dg)<1

−4

gNR

gNR

0

2

4

gnat

−4

−2

gsimp

0

2

4

0
−1
−2
−3
−4
−5
−6

JMLR 17(172):1-47

●
●
●
●
●
●
●

●

●

●

Rohde and Wand

0.2

Newton−Raphson
natural fixed−point

●

●
●
●
●
●
●
●

0.0

0.4

0.0

●
●

●
●

0.2

●

●

●

0.4

non−lin. conjugate grad.
Riem. non−lin. conj. grad.

−0.4 −0.2

●●
●

●

●

●
●
●
●
●

●

−4.0

−3.5

−3.0

−2.5

−2.0
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∗ , (σ 2 )∗ ) and the first three iterates
most cases the iterations led to convergence to (µq(φ)
q(φ)
are plotted. However, Newton-Raphson failed to converge from the starting values in each
of the upper panels and the subsequent iterates are outside of the image plot boundaries.
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Figure 5: Iteration trajectories of four iterative algorithms aimed at solving the minimum
Kullback-Leibler problem for a Gumbel random sample of size n = 20 with hy2
perparameters µq(φ) = 0 and σq(φ)
= 1010 . The initial value differs for each
panel and is shown by the yellow dot. The iterative algorithms are: (1) NewtonRaphson fixed-point iteration based on g NR , (2) natural fixed-point iteration based
on g nat , (3) ordinary non-linear conjugate gradient method and (4) Riemannian
non-linear conjugate gradient method.

log(σq(φ)2)

indicator of ρ(Dg)<1

−2

indicator of convergence indicator of convergence indicator of convergence

−4

µq(φ)

27

g nat is much larger than that of g NR , suggesting that the former has better convergence
properties according to the theory described in Section 3.1. The lower panels confirm this,
with g -based fixed-point iteration converging from every initial value on the pixel mesh,
nat
but Newton-Raphson iteration not converging from the
 sub-region on the top and left-hand
side of the mesh. Also note that ρ D g simp (µq(φ) , σq2 ) ≥ 1 over the whole pixel mesh and
g simp -based fixed-point iteration does not converge, regardless of initial point.
Figure 5 shows the iteration trajectories from four different starting values and four
iterative schemes based on the same data and hyperparameter values as used in Figure
4. Also shown in each panel is an image plot of the surface being maximized, with a
2 . In addition to the fixed-point iteration schemes based on
logarithmic scale used for σq(φ)
g NR and g nat we include the nonlinear conjugate gradient method given in Algorithm 5 and


Figure 4: Upper panels: Dark grey shading shows points where ρ D g(µq(φ) , σq2 ) < 1 for
g ∈ {g NR , g nat , g simp }. Lower panels: Dark grey shading shows points from which
fixed-point iteration, based on g ∈ {g NR , g nat , g simp }, converges if initialized from
that point. The optimum is shown by a cross in each panel and corresponds to
minimum Kullback-Leibler divergence for a single n = 20 sample of the Gumbel
random sample model with hyperparameters set to µφ = 0 and σφ2 = 1010 .

log(σq(φ)2)

T

σβ−2 I p
0
0
µq(1/σ2 ) I K

!
.

29
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It follows that the updates take the explicit form


wq(β,u) ← exp{Cµq(β,u) + 12 diagonal(CΣq(β,u) C T )}





 −2
 !−1



σβ I p
0
T
Σq(β,u) ← C diag{wq(β,u) }C +
0
µq(1/σ2 ) I K




 −2





σβ I p
0

T

µ
←
µ
+
Σ
C
(y
−
w
)
−
µ
 q(β,u)
q(β,u)
q(β,u)
q(β,u)
q(β,u) .
0
µq(1/σ2 ) I K

− C T diag[ exp{Cµq(β,u) + 12 diagonal(CΣq(β,u) C T )}] C +



h
i
= C T y − exp{Cµq(β,u) + 21 diagonal(CΣq(β,u) C T )}
 −2

σβ I p
0
−
µq(β,u)
0
µq(1/σ2 ) I K

Hµq(β,u) NonEntropy(q; µq(β,u) ) =

Dµq(β,u) NonEntropy(q; µq(β,u) )T

and

2

− 12 K Eq {log(σ )} − 1 log(y!)

µq(1/σ2 ) = Eq(1/σ2 ) (1/σ 2 ).

− 12 (p + K) log(2π) −

The derivatives appearing in Result 2 are

where

2
1
2 p log(σβ )

n
o
= y T Cµq(β,u) − 1T exp Cµq(β,u) + 21 diagonal(CΣq(β,u) C T )


 −2
0
σβ I p
− 12 tr
{µq(β,u) µTq(β,u) + Σq(β,u) }
0
µq(1/σ2 ) I K

NonEntropy(q; µq(β,u) , Σq(β,u) )

From (29) and some simple matrix algebra

4.3 Application to Example 2

The most striking feature of Figure 5 is the directness with which natural fixed-point
iteration and the Riemannian non-linear conjugate gradient method converge from all four
starting points and the similarity of their trajectories. This behavior is in keeping with the
fact that both work with the more appropriate Riemannian gradients. The ordinary nonlinear conjugate gradient trajectories are not as direct. Similar observations are made in
Honkela et al. (2010). As demonstrated there, the payoffs from using Riemannian gradients
in non-linear conjugate gradient updating are greater in higher-dimensional versions of
semiparametric mean field variational Bayes. Based on Figure 5, we anticipate that natural
fixed-point iteration is also very good in higher dimensions, and this is corroborated by
experiments for Example 2 described in Section 4.3. Newton-Raphson fixed-point iteration
is seen to be unreliable for this optimization problem and nowhere near as robust as natural
fixed-point iteration. Lastly, we note that the behavior represented in Figures 4 and 5
persists across each of several other samples that we generated.

Semiparametric Mean Field Variational Bayes

g Ex2

"
vech(Σ)

µ
; y, C, M

!


≡





−1
µ + C T diag{ω(µ, Σ)}C + M


× C T {y − ω(µ, Σ)} − M µ

−1 
vech C T diag{ω(µ, Σ)}C + M

ω(µ, Σ) ≡ exp{Cµ + 21 diagonal(CΣC T )}.

#








∼

105

Inverse-Gamma( 12 , 1/a),

a∼

Inverse-Gamma( 21 , A−2 ).

β ∼ N (0, σβ2 I),

(48)

30
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In the previous section it was seen that semiparametric mean field variational Bayes with
q(φ; ξ) having an exponential family form (39) leads to simplifications of the KullbackLeibler minimization problem. However, q(φ; ξ) does not have to be restricted in this way.
In this section we illustrate semiparametric mean field variational Bayes with the q-density of
φ specified to be in a non-exponential family: the family of Skew-Normal density functions
(Azzalini and Dalla Valle, 1996). Even though this family has a multivariate extension,

5. A Non-Exponential Family Example

The hyperparameters were set at σβ = A =
and the sample sizes were m = 30, n = 5.
Note that (48) is a special case of (21) with Z = I m ⊗ 1n , where 1n is the n × 1 vector
with all entries equal to one. We then ran Algorithm 2 with q(β, u) pre-specified to be the
N (µq(β,u) , Σq(β,u) ) density function and a single natural fixed-point iteration in each cycle
based on g Ex2 . The fixed-point iteration search over values of [µTq(β,u) vech(Σq(β,u) )]T is
within an open subset of R560 .

Figure 6 shows trace plots of log p(y; q, µq(β,u) , Σq(β,u) ) and ρ Dg Ex2 , based on the
explicit expressions for Dg Ex2 given in Appendix A.7. The upper panel indicates that the
algorithm becomes close to convergence
after 6 − 10 iterations. After the same number of

iterations the values of ρ Dg Ex2 fall below 1 and settle at about 0.15.
Before leaving this example we note that numerical checks indicate that the optimal
Σq(β,u) matrix is approximately sparse, with dominant diagonal entries. This implies the
possibility of low-rank approximations to the above semiparametric mean field variational
Bayes algorithm given, as described in Section 4.1.3 of Challis and Barber (2013).

σ2| a

1 ≤ i ≤ m, 1 ≤ j ≤ n,

yij |Ui ∼ Poisson {exp(β0 + β1 xij + Ui )} , Ui | σ 2 ∼ N (0, σ 2 ),

Note that the vech operator stores the unique entries of a symmetric matrix in a column
vector. A formal definition of vech is given in Appendix A.1.
We simulated data according to the following special case of the Poisson mixed model:

and

where

This is equivalent to the fixed-point iteration scheme
"
#
"
#
!
 −2
µq(β,u)
µq(β,u)
σβ I p
0
← g Ex2
; y, C,
0
µq(1/σ2 ) I K
vech(Σq(β,u) )
vech(Σq(β,u) )
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Rx
2
where Φ(x) ≡ (2π)−1/2 −∞ e−t /2 dt is the N (0, 1) cumulative distribution function. The q2 ,λ
density parameter vector is ξ = (µq(φ) , σq(φ)
q(φ) ) and the corresponding parameter space
is Ξ = R × R+ × R. Now consider the Example 1 setting with q(φ; ξ) restricted to the
Skew-Normal family (49). The marginal log-likelihood lower bound, given by (17) and (18),

q(φ; ξ) =

Specification of q(φ; ξ) being within the family of univariate Skew-Normal density functions entails having

we restrict attention to the univariate case and, in particular, its use within the context of
Example 1.


Figure 6: Trace plots of log p(y; q, ξ)[(β,u)] and ρ Dg Ex2 for the version of the Poisson
mixed model given by (48) with sample sizes m = 30 and n = 5.

0.0

log{p(y;q,µq(φ),Σq(φ))}
ρ(DgEx2)

depends on the explicit expressions

2
Varq(φ;ξ) (φ) = σq(φ)

Rohde and Wand

σ λ
q(φ)
q(φ)
,
Eq(φ;ξ) (φ) = µq(φ) + q
2 )
(π/2)(1 + λq(φ)





λ σq(φ) t
q(φ)
2

t2 Φ  q
and Mq(φ;ξ) (t) = 2 exp µq(φ) + 21 σq(φ)
2
1 + λq(φ)

2
π

∞

−∞

r Z

(

1−

2
2λq(φ)

2 )
π(1 + λq(φ)

log Φ(λq(φ) t)Φ(λq(φ) t)e−t

2 /2

)

dt

where, as defined in Section 2.2.2, Mq(φ;ξ) is the moment generating function corresponding
to q(φ; ξ). It also depends on

2
Entropy{q(φ; ξ)} = 21 {1 + log(π/2) + log(σq(φ)
)} −

1
2

(

log(y) −

− 2b exp(x + 21 y)Φ

r Z ∞
2
2
log{Φ(zt)}Φ(zt)e−t /2 dt
π −∞
s
)

2y
π(1 + z 2 )

 √ 
z y
√
z2 + 1

which does not simplify any further. Plugging these expressions into (17) and (18) we get
∗ , (σ 2 )∗ , λ∗ )
the Kullback-Leibler optimal Skew-Normal q-density function is q(φ; µq(φ)
q(φ)
q(φ)
where


∗
!)
(
µq(φ)
n
X


2
∗
SN
2
(50)
fEx1
µq(φ) , σq(φ)
, λq(φ) ; n,
e−xi , µφ , σφ2
argmax
 (σq(φ) )  =
2
∗
µq(φ) ∈R,σq(φ)
>0,λq(φ) ∈R
i=1
λq(φ)
and

SN
fEx1
(x, y, z; a, b, c, d) =

x+z

(

s
)
2


1 
2y
2z 2
.
−c +y 1−
x+z
2d
π(1 + z 2 )
π(1 + z 2 )

+a

−
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Optimization problem (50) is considerably more challenging than its Normal counterpart.
In particular, evaluations of the objective function and its derivatives require numerical
integration.
P We solved (50) for three Gumbel random samples of size n = 5, 10 and 20 and with
n
−xi ≈ n, corresponding to the mean of this sufficient statistic. The intractable
i=1 e
SN was approximated using a trapezoidal quadrature scheme similar to that
integral in fEx1
described in Appendix B.2 of Wand et al. (2011). The limits of the trapezoidal grid were
increased until the ratio of the global maximum and minimum absolute values of the integrand fell below 10−20 . The number of grid points was then doubled until the relative
difference between two successive iterations was less than 10−20 . Multiple start locations
and simulated annealing were used to locate global optima. Natural fixed-point iteration no
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We have taken a broad view of mean field variational Bayes with parametric pre-specification of one of the q-density components and coined the term ‘semiparametric mean field
variational Bayes’ for this general approach. As well as laying out the general principles of

6. Closing Remarks

Figure 7: Skew-Normal minimum Kullback-Leibler approximate posterior density functions
for samples of size n = 5, 10 and 20 for the Example 1 Gumbel random sample
setting. The exact posterior density functions and those based on restriction to
the Normal family are also shown.

0.0
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1.5

n=5
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Normal

Q(A) ≡ (A ⊗ 1T )

(1T ⊗ A)

D+
d vec(B) = vech(B).
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for a general m × n matrix A and 1 a n × 1 vector of ones. The symbol
wise product.

Another useful notation is

Note that

T
−1 T
D+
d ≡ (D d D d ) D d .

The Moore-Penrose inverse of D d is

D d vech(B) = vec(B).
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denotes element-

(51)

If B is a symmetric but otherwise arbitrary d × d matrix then the duplication matrix of
order d is the d2 × 21 d(d + 1) matrix of zeroes and ones for which

K d vec(A) = vec(AT ).

If A is a d × d matrix then vec(A) is the d2 × 1 vector obtained by stacking the columns
of A underneath each other in order from left to right. The inverse vec operator is denoted
by vec−1 . In addition we let vech(A) denote the 21 d(d + 1) × 1 vector obtained from vec(A)
by eliminating the above-diagonal entries of A. If A is symmetric then vech(A) contains
all of the unique entries of A.
The derivations also require the commutation and duplication matrix notation of Magnus and Neudecker (1999). If A is an arbitrary d × d matrix then the commutation matrix
of order d, denoted by K d , is the the d2 × d2 matrix of zeroes and ones for which

A.1 Matrix definitions and identity

Appendix A. Definitions and Derivations
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semiparametric mean field variational Bayes, we have provided an overview of the numerical
issues attached to this methodology. Natural fixed-point iteration has been identified as a
promising general approach to dealing with the Kullback-Leibler optimization problem and
its attractive Riemannian gradient properties have been elucidated. Proof of convergence of
a particular semiparametric mean field variational Bayes strategy appears to be too difficult
a goal. However, for fixed-point iteration strategies, the spectral radius of the derivative
matrix of the fixed-point update function is a reasonable diagnostic measure for checking
convergence.

SN was accomlonger applies in this non-exponential family example and optimization of fEx1
plished using the Broyden-Fletcher-Goldfarb-Shanno quasi-Newton method via the optim()
function in the R computing environment (R Development Core Team, 2016).
Figure 7 shows the optimal Skew-Normal q-density functions, together with the exact
posterior density functions and those based on the Normal q-density restriction. We see that
the Normal approximation is inferior for very low sample sizes, but that the approximations
are about the same for moderate to large sample sizes.

exact

Rohde and Wand
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density

Semiparametric Mean Field Variational Bayes

Rohde and Wand

Entropy{q(β, u; ξ)} = −

Entropy{q(σ 2 )} = log(Bq(σ2 ) ) + 21 (K + 1) + log{Γ( 21 (K + 1))}

The following well-known matrix identity is used several times in the derivations:

(52)

− 21 (K + 3)digamma{ 21 (K + 1)},

Entropy{q(a)} = log(Bq(a) ) + 1 − 2 digamma(1),

Eq {log p(y|β, u)} = y T {X Eq(β,u;ξ) (β) + Z Eq(β,u;ξ) (u)}

+ K) log(2π) − p log(σβ2 )

1
2

−1T Eq(β,u;ξ) {exp(Xβ + Zu)} − 1T log(y!),
Eq {log p(β, u| σ 2 )} = − 21 (p

− 21 K {log{Bq(σ2 ) } − digamma{ 21 (K + 1)}}


− 2σ12 k Eq(β,u;ξ) (β)k2 + tr{Covq(β,u;ξ) (β)}
β


− 21 µq(1/σ2 ) k Eq(β,u;ξ) (u)k2 + tr{Covq(β,u;ξ) (u)} ,

−µq(1/a) /A2 .

log(π) − log(A) − 23 {log{Bq(a) } − digamma(1)}

−µq(1/a) µq(1/σ2 )

− 23 {log{Bq(σ2 ) } − digamma{ 21 (K + 1)}

Eq {log p(σ 2 | a)} = − 12 log(π) − 21 {log{Bq(a) } − digamma(1)}

and

Eq {log p(a)} = − 21

Entropy{q(β, u; µq(β,u) , Σq(β,u) )} = 21 (p + K){1 + log(2π)} + 12 log |Σq(β,u) |,

T Cµ
T
q(β,u) − 1 log(y!)
−1T exp{Cµq(β) + 21 diagonal(CΣq(β,u) C T )}

Eq {log p(y|β, u)} = y

and Eq {log p(β, u| σ 2 )} = − 12 (p + K) log(2π) − 21 p log(σβ2 )

− 21 K {log{Bq(σ2 ) } − digamma{ 21 (K + 1)}
n
o
− 2σ12 k µq(β) k2 + tr(Σq(β) )
β
n
o
− 12 µq(1/σ2 ) k µq(µ) k2 + tr(Σq(u) )

36
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where C ≡ [X Z]. The (β, u)-localized approximate marginal log-likelihood expression
given by (29) follows immediately. An explicit expression for log p(q; µq(β,u) , Σq(β,u) ), for
use a a stopping criterion, can be formed by combining the relevant terms from (53) with
those in (54).

(54)

The (β, u)-localized approximate marginal log-likelihood expression given by (28) follows
immediately from the relevant terms in (53).
If q(β, u; ξ) is specified to be the N (µq(β,u) , Σq(β,u) ) density function then the terms in
(27) that depend on ξ = (µq(β,u) , Σq(β,u) ) are

(53)

First we consider general pre-specified q-density families of the form q(β, u; ξ), ξ ∈ Ξ.
With the help of (10) each of the terms in (27), can be expressed as follows:
R
RK+2 log{q(β, u; ξ)}q(β, u; ξ) dβ du,

vec(ABC) = (C T ⊗ A) vec(B).
A.2 Derivative Matrix and Hessian Matrix Notation
Our summary of derivative-based optimization, and subsequent discussion, benefits from
derivative vector and Hessian matrix notation. Such notation is not universal, and throughout this article we follow the conventions of Magnus and Neudecker (1999).
If h is a Rp -valued with argument x ∈ Rd then the derivative matrix of h with respect
to x, denoted by Dx h(x), is the p × d matrix with (i, j) entry

∂ h(x)i
∂ xj

A concrete derivative vector example is given in Section 2.3 of Wand (2014).
In the case p = 1, the Hessian matrix of h with respect to x is the d × d matrix

Hx h(x) ≡ Dx [{Dx h(x)}T ].
A.3 Example 2 Derivational Details
Here provide derivational details pertaining to Example 2 discussed in Section 2.2.3.
According to product restriction (22), the optimal q-density functions satisfy

q ∗ (β, u) ∝ exp[Eq(σ2 ,a) log{p(y, β, u, σ 2 , a)}],
q ∗ (σ 2 ) ∝ exp[Eq(β,u,a) log{p(y, β, u, σ 2 , a)}]
and q ∗ (a) ∝ exp[Eq(β,u,σ2 ) log{p(y, β, u, σ 2 , a)}]
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(e.g. Bishop, 2006, Section 10.1.1). Simple algebraic steps lead to the forms given in (23).
35

q(x; η) = exp{T (x)T η − A(η)}h(x)

T

T

Next,

37

= {Dη A(η) + η T Hη A(η)} dη

= Dη A(η)dη + η T Dη {Dη A(η)T }dη

JMLR 17(172):1-47

d{η T Dη A(η)T } = (dη)T Dη A(η)T + η T d{Dη A(η)T }

Dη Entropy{q(x; η)} = Dη A(η) − Dη {Dη A(η) η} = Dη A(η) − Dη {η Dη A(η) }.

we then have

Proof of Lemma 1
Since
Entropy{q(x; η)} = A(η) − Dη A(η) η − E[log{h(x)}]

Dη Entropy{q(x; η)} = −η T Hη A(η).

is an exponential family density function then

Lemma 1 If

A.5 Lemmas and Proofs Required for Results 1 and 2

where O is the d × d matrix with all entries equal to zero, and (34) follows immediately.

D g NR (x ) = O,

∗



D g NR (x) = {H f (x)}−1 [D f (x){H f (x)}−1 ] ⊗ I D vec{H f (x)}.

Since D f (x∗ ) = 0, we get

Therefore

−{H f (x)}−1 H f (x) dx


= {H f (x)}−1 vec I vec−1 [D vec{H f (x)} dx]{H f (x)}−1 D f (x)T


= {H f (x)}−1 [D f (x){H f (x)}−1 ] ⊗ I D vec{H f (x)} dx.

= dx + {H f (x)}−1 vec−1 [Dvec{H f (x)} dx]{H f (x)}−1 D f (x)T

−{H f (x)}−1 d D f (x)T

d g NR (x) = dx + {H f (x)}−1 {dH f (x)}{H f (x)}−1 D f (x)T

Then, using (52),

g NR (x) ≡ x − {H f (x)}−1 D f (x)T .

In this proof, all appearances of D and H are assumed to be with respect to x. Let

A.4 Proof of (34)

Semiparametric Mean Field Variational Bayes

Dη Entropy{q(x; η)} = Dη A(η) − {Dη A(η) + η T Hη A(η)} = −η T Hη A(η).

Dη {η T Dη A(η)T } = Dη A(η) + η T Hη A(η).

Dτ



µ
vec(Σ)



=



Dτ 1 µ
Dτ 2 µ
Dτ 1 vec(Σ) Dτ 2 vec(Σ)



=



I
0
−Dτ 1 vec(τ 1 τ T1 ) D d

Then, with the help of (52),

vec (dτ 1 )τ T1

38


= vec I(dτ 1 )τ T1

= (τ 1 ⊗ I) dτ 1 .



.
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To obtain an explicit expression for the bottom left-hand block we note that

dvec(τ 1 τ T1 ) = (I + K d ) vec (dτ 1 )τ T1 .

Hence

and the inverse transformation is easily shown to be

 

µ
τ1
=
.
T
vec(Σ)
D d τ 2 − vec(τ 1 τ 1 )

Proof of Lemma 3
The transformation from the common parameters to the mean parameters is

 

τ1
µ
τ ≡
=
T
τ2
vech(Σ + µµ )

and corresponding mean parameter is τ ≡ E{T (x)}. Then


 
µ
I
0
.
=
Dτ
vec(Σ)
−(I + K d )(µ ⊗ I) D d

Lemma 3 Let x ∼ N (µ, Σ) have a d-dimensional Multivariate Normal distribution. The
natural statistic is


x
T (x) =
vech(xxT )

Proof of Lemma 2
Lemma 2 is a restatement of Theorem 8, Chapter 5, of Magnus and Neudecker (1999).

Lemma 2 Let s be a differentiable scalar-valued function of x ∈ Rd and let u ∈ Rk be
one-to-one transformation of x. Then


Dx s = Du s Dx u .

Hence,

and so

Rohde and Wand

Hence,

Semiparametric Mean Field Variational Bayes

Dτ 1 vec(Σ) = (I + K d )(τ 1 ⊗ I) = (I + K d )(µ ⊗ I)
and the lemma follows immediately.
Lemma 4 Let
φ(x; µ, Σ) ≡ (2π)−d/2 |Σ|−1/2 exp{− 21 (x − µ)T Σ−1 (x − µ)}
denote the d-variate N (µ, Σ) density function. Then

vec−1 Dvec(Σ) φ(x; µ, Σ)T = 21 Hµ φ(x; µ, Σ).
Proof of Lemma 4
First note that
(2π)d/2 φ(x; µ, Σ) = |Σ|−1/2 exp[− 21 tr{(x − µ)(x − µ)T Σ−1 }].
Then, using the identity tr(AT B) = vec(A)T vec(B),
(2π)d/2 dΣ φ(x; µ, Σ) = (dΣ |Σ|−1/2 ) exp[− 21 tr{(x − µ)(x − µ)T Σ−1 }]


− µ)(x − µ)T Σ−1 }]
+|Σ|−1/2 dΣ exp[− 12 tr{(x

= − 12 |Σ|−3/2 |Σ|tr(Σ−1 dΣ Σ) exp[− 21 tr{(x − µ)(x − µ)T Σ−1 }]

+|Σ|−1/2 exp[− 12 tr{(x − µ)(x − µ)T Σ−1 }]

×[− 12 tr{(x − µ)(x − µ)T dΣ Σ−1 }]

dvec(Σ)

= − 12 (2π)d/2 φ(x; µ, Σ)vec(Σ−1 )T dvec(Σ)
− 21 (2π)d/2 φ(x; µ, Σ)tr{(x − µ)(x − µ)T Σ−1 (dΣ)Σ−1 }
= − 21 (2π)d/2 φ(x; µ, Σ)vec(Σ−1 )T

+ 21 (2π)d/2 φ(x; µ, Σ) vec{Σ−1 (x − µ)(x − µ)T Σ−1 }T dvec(Σ).

= exp[− 12 tr{(x − µ)(x − µ)T Σ−1 }]

×[− 12 tr{dµ {(x − µ)(x − µ)T }Σ−1 }]

Dvec(Σ) φ(x; µ, Σ) = 21 φ(x; µ, Σ)vec[Σ−1 {(x − µ)(x − µ)T Σ−1 − I}]T .

Therefore, by Theorem 6, Chapter 5, of Magnus and Neudecker (1999),

Also,
|Σ|1/2 (2π)d/2

dµ φ(x; µ, Σ)

= |Σ|1/2 (2π)d/2 φ(x; µ, Σ)tr{(x − µ)(dµ)T Σ−1 }
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= |Σ|1/2 (2π)d/2 φ(x; µ, Σ)Σ−1 (x − µ)T dµ
39

which simplifies to

Rohde and Wand

dµ φ(x; µ, Σ) = φ(x; µ, Σ)Σ−1 (x − µ)T dµ.

The second differential with respect to µ is then

2
dµ
φ(x; µ, Σ) = {dµ φ(x; µ, Σ)}Σ−1 (x − µ)T dµ + φ(x; µ, Σ)Σ−1 (−dµ)T dµ

= {φ(x; µ, Σ)Σ−1 (x − µ)T dµ}Σ−1 (x − µ)T dµ + φ(x; µ, Σ)Σ−1 (−dµ)T dµ



= (dµ)T φ(x; µ, Σ)[Σ−1 {(x − µ)(x − µ)T Σ−1 − I}] dµ.

Hence, using Theorem 6, Chapter 6, of Magnus and Neudecker (1999)

o
n
Hµ φ(x; µ, Σ) = φ(x; µ, Σ)[Σ−1 {(x − µ)(x − µ)T Σ−1 − I}] = 2vec−1 Dvec(Σ) φ(x; µ, Σ)T .
A.6 Derivation of Result 2





φ
vech(φφT )

µ
vec(Σ)

#

D dT





=



K d)

and η =







.

Σ−1 µ
− 21 D d vec(Σ−1 )

µ
vech(Σ + µµT )





.

Dµ NonEntropy{q(φ; µ, Σ)}T

I
0
−(I + K d )(µ ⊗ I) D d

#"

Dvec(Σ) NonEntropy{q(φ; µ, Σ)}T

#

(55)

To make the derivation less cumbersome we will suppress the subscripts on the mean µ and
covariance matrix Σ. As in Wand (2014) we work with the natural statistic and natural
parameter pair
T (φ) =

τ = E{T (φ)} =

The mean parameter vector is

Dτ

In Lemma 3 in Appendix A.5 we show that

Σ−1 µ

and so Result 1(d) becomes
"

0

− 1 D T vec(Σ−1 )
d
2
"
I −(µT ⊗ I)(I +
=

JMLR 17(172):1-47

where we have used the fact that K dT = K d . Using (52), and the fact that



vec−1 Dvec(Σ) NonEntropy{q(φ; µ, Σ)}T

40

= −2 vec

−1



Dvec(Σ) NonEntropy{q(φ; µ, Σ)}T .

(57)

(56)

41

(58)
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which is equivalent to the following updating scheme:

T

 v ← Dµ NonEntropy{q(φ; µ, Σ)}





−1
Σ ← − 2 vec−1 Dvec(Σ) NonEntropy{q(φ; µ, Σ)}T




 µ ← µ + Σv

where (µold , Σold ) and (µnew , Σnew ), respectively, denote the old and new values of (µ, Σ).
The following simplification ensues:

T

 µnew = µold + Σnew [Dµ NonEntropy{q(φ; µ, Σ)}]µ=µold ,Σ=Σold
n

o−1

 Σnew = −2 vec−1 [Dvec(Σ) NonEntropy{q(φ; µ, Σ)}]Tµ=µ ,Σ=Σ
old
old

 −1
µ, Σ)}]Tµ=µold ,Σ=Σold

 Σnew µnew = [Dµ NonEntropy{q(φ;




−1
[Dvec(Σ) NonEntropy{q(φ; µ, Σ)}]Tµ=µold ,Σ=Σold µold
−2 vec

n

o−1



Σnew = − 2 vec−1 [Dvec(Σ) NonEntropy{q(φ; µ, Σ)}]Tµ=µold ,Σ=Σold

In view of relationships (56) and (57), the natural fixed-point iteration scheme becomes

Σ

−1

which, under the constraint that Σ is symmetric, is equivalent to

− 12 D Td vec(Σ) = D Td [Dvec(Σ) NonEntropy{q(φ; µ, Σ)}]T

The second component (55) is equivalent to

=Dµ NonEntropy{q(φ; µ, Σ)}T


−2 vec−1 Dvec(Σ) NonEntropy{q(φ; µ, Σ)}T µ.

=Dµ NonEntropy{q(φ; µ, Σ)}T


 
−2 vec vec−1 Dvec(Σ) NonEntropy{q(φ; µ, Σ)}T µ

=Dµ NonEntropy{q(φ; µ, Σ)}T



−2(µT ⊗ I)vec vec−1 Dvec(Σ) NonEntropy{q(φ; µ, Σ)}T

=Dµ NonEntropy{q(φ; µ, Σ)}T



−(µT ⊗ I)(I + K d )vec vec−1 Dvec(Σ) NonEntropy{q(φ; µ, Σ)}T

−(µT ⊗ I)(I + K d )Dvec(Σ) NonEntropy{q(φ; µ, Σ)}T

Σ−1 µ=Dµ NonEntropy{q(φ; µ, Σ)}T

is symmetric, the first component of (55) is equivalent to

Semiparametric Mean Field Variational Bayes



−1

and ω(µ, Σ) ≡ exp{Cµ + 12 diagonal(CΣC T )}.

GEx2,Σ ≡ C T diag{ω(µ, Σ)}C + M
,
g Ex2,µ ≡ µ + GEx2,Σ [C T {y − ω(µ, Σ)} − M µ]

42

vec[C T diag{dµ ω(µ, Σ)}C] = Q(C)T dµ ω(µ, Σ).

From Theorem 2(b) of Wand (2014),

(59)
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Using the second rule in Section 3.3.5 of Wand (2002), (52) and (51),


T
−1
dµ vech(GEx2,Σ ) = D +
p+K dµ vec [C diag{ω(µ, Σ)C} + M ]
n


o
T
= −D +
p+K vec GEx2,Σ dµ [C diag{ω(µ, Σ)}C + M ] GEx2,Σ


T
= −D +
p+K GEx2,Σ ⊗ GEx2,Σ vec[C diag{dµ ω(µ, Σ)}C].

Derivation:

T
Dµ vech(GEx2,Σ ) = −D +
p+K (GEx2,Σ ⊗ GEx2,Σ )Q(C) diag{ω(µ, Σ)}C

A.7.1 Expression for Dµ vech(GEx2,Σ )

We now give explicit expressions for each of these four components of the derivative matrix. It is more efficient, notationally, to first obtain expressions for the derivatives of
vech(GEx2,Σ ).

Note that the dependence of GEx2,Σ and g Ex2 on y, C and M is suppressed here.
The derivative matrix of g Ex2 with respect to [µ vech(Σ)]T is


Dµ g Ex2,µ
Dvech(Σ) g Ex2,µ
D  µ  g Ex2 =
.
Dµ vech(GEx2,Σ ) Dvech(Σ) vech(GEx2,Σ )
vech(Σ)

where

From Section 4.3, the fixed-point iteration updating function is of the form

"
#! 
g Ex2,µ
µ

g Ex2
≡
vech(Σ)
vech(GEx2,Σ )

A.7 Derivation of the Derivative Matrix of g Ex2

which leads to a somewhat more elegant alternative to (58) given in Result 2.

as given in Wand (2014). However, from Lemma 4 in Appendix A.5 (see also Appendix A of
Opper and Archambeau, 2009) and the fact that NonEntropy{q(φ; µ, Σ)} is an expectation
with respect to the N (µ, Σ) density function we have


vec−1 Dvec(Σ) NonEntropy{q(φ; µ, Σ)}T = 21 Hµ NonEntropy{q(φ; µ, Σ)}

Rohde and Wand

Semiparametric Mean Field Variational Bayes

=

dµ exp{Cµ

+

T
1
2 diagonal(CΣC )}

= diag{ω(µ, Σ)}C dµ.

Lastly, we use the chain rule in Section 3.3.2 of Wand (2002) to get
dµ ω(µ, Σ)
Combining, we then obtain


+
dµ vec(GEx2,Σ ) = −D p+K
GEx2,Σ ⊗ GEx2,Σ Q(C)T diag{ω(µ, Σ)}C dµ

(60)

and the stated expression then follow from Theorem 6, Chapter 5, of Magnus and Neudecker
(1999).
A.7.2 Expression for Dvech(Σ) vech(GEx2,Σ )

×Q(C)T diag{ω(µ, Σ)}Q(C)D p+K .

+
(GEx2,Σ ⊗ GEx2,Σ )
Dvech(Σ) vech(GEx2,Σ ) = − 12 D p+K

Derivation:
The derivation is similar to that for Dµ GEx2,Σ . It differs in that it requires dΣ ω(µ, Σ)
rather than dµ ω(µ, Σ). This entails
dΣ ω(µ, Σ) = dΣ exp{Cµ + 21 diagonal(CΣC T )} = 12 diag{ω(µ, Σ)}dΣ diagonal(CΣC T ).
But Theorem 2(a) of Wand (2014) gives
dΣ diagonal(CΣC T ) = Q(C)dΣ vec(Σ) = Q(C)D p+K dΣ vech(Σ)

is given by (59).

which leads to the stated result.

Dµ g Ex2,µ

A.7.3 Expression for Dµ g Ex2,µ

= [ C T {y − ω(µ, Σ)} − M µ]T ⊗ I D p+K Dµ vech(GEx2,Σ )
where

Dµ vech(GEx2,Σ )

Derivation:
Using the second rule in Section 3.3.4 of Wand (2002) for differentiation of matrix products,


dµ g Ex2,µ = dµ + dµ GEx2,Σ [C T {y − ω(µ, Σ)} − M µ]

= dµ + dµ GEx2,Σ [C T {y − ω(µ, Σ)} − M µ]
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−G
[C T d ω(µ, Σ) + M dµ]
µ
Ex2,Σ

 T
= dµ + vec I
[C {y − ω(µ, Σ)} − M µ]
dµ GEx2,Σ

−GEx2,Σ [C T diag{ω(µ, Σ)}C + M ] dµ,

43
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where we have used the fact that dµ GEx2,Σ [C T {y − ω(µ, Σ)} − M µ] is a column vector.
Application of (52) leads to


dµ g Ex2,µ = dµ + [C T {y − ω(µ, Σ)} − M µ]T ⊗ I dµ vec(GEx2,Σ )


[ C T {y − ω(µ, Σ)} − M µ]T ⊗ I D p+K Dµ vech(GEx2,Σ ) dµ.

−GEx2,Σ [C T diag{ω(µ, Σ)}C + M ] dµ
n

=
I + [ C T {y − ω(µ, Σ)} − M µ]T ⊗ I Dµ vec(GEx2,Σ )
o
−1
−GEx2,Σ GEx2,Σ
dµ
=

The given expression follows from Theorem 6, Chapter 5, of Magnus and Neudecker (1999).

=



− 12 GEx2,Σ C T diag{ω(µ, Σ)}Q(C)D p+K


[C T {y − ω(µ, Σ)} − M µ]T ⊗ I D p+K Dvech(Σ) vech(GEx2,Σ )

A.7.4 Expression for Dvech(Σ) g Ex2,µ
Dvech(Σ) g Ex2,µ

where Dvech(Σ) vech(GEx2,Σ ) is given by (60).
Derivation:

Dealing with matrix products via the second rule in Section 3.3.4 of Wand (2002) we obtain



dΣ g Ex2,µ = dΣ GEx2,Σ [C T {y − ω(µ, Σ)} − M µ]

= (dΣ GEx2,Σ )[C T {y − ω(µ, Σ)} − M µ]

− 21 GEx2,Σ C T diag{ω(µ, Σ)}Q(C) dvec(Σ)

[C T {y − ω(µ, Σ)} − M µ]T ⊗ I D p+K dvech(GEx2,Σ )

−GEx2,Σ C T dΣ ω(µ, Σ)


= vec I(dΣ GEx2,Σ )[C T {y − ω(µ, Σ)} − M µ]
=

[C T {y − ω(µ, Σ)} − M µ]T ⊗ I

− 21 GEx2,Σ C T diag{ω(µ, Σ)}Q(C) D p+K dvech(Σ)

=

×D p+K Dvech(Σ) vech(GEx2,Σ )dvech(Σ)

− 21 GEx2,Σ C T diag{ω(µ, Σ)}Q(C) D p+K dvech(Σ).
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Once again we call upon Theorem 6, Chapter 5, of Magnus and Neudecker (1999) to complete the derivation.
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In Principal Component Analysis (PCA), the data points xt ∈ Rn are projected / compressed onto a k-dimensional subspace. Such a subspace can be represented by its projection matrix P which is a symmetric matrix in Rn×n with k eigenvalues equal 1 and n − k

1. Introduction

∗. A preliminary version of this paper appeared in the 24th International Conference on Algorithmic Learning Theory (2013) (Nie et al., 2013).

where in the 3rd equality we used the fact that I − P is a projection matrix and therefore
(I − P )2 = I − P . The final expression of the compression
loss is linear in the projection
P
matrix P − I as well as the covariance matrix C = t xt x>
t . The projection matrix P − I
Pn−k
is a sum of n − k outer products: P − I = i=1 ui u>
i , where the ui are unit length and
orthogonal. The crucial point to note here is that the compression loss is linear in the
projection matrix P − I but not in the direction vectors ui .
The batch version of uncentered PCA is equivalent to finding the eigenvectors
P u1 , . . . , uk
belonging to the k largest eigenvalues of the covariance matrix C: if P = ki=1 ui u>
i is
the k dimensional projection matrix formed from these k eigenvectors, then I − P is the
complimentary n−k dimensional projection matrix minimizing the linear loss tr((I −P )C).
In this paper we consider the online version of uncentered PCA (Warmuth and Kuzmin,
2008), where in each trial t = 1, . . . , T , the algorithm chooses (based on the previously
observed points x1 , . . . , xt−1 ) a subspace of dimension k described by its projection matrix
Pt of rank k. Then a next point xt (or instance matrix xt x>
t ) is revealed and the algorithm
suffers the compression loss:

kxt − Pt xt k2 = tr (I − Pt ) xt x>
(1.1)
t .

t

X

eigenvalues equal 0. The goal of uncentered
PCA is to find the rank k projection matrix that
P
minimizes the total compression loss t kP xt − xt k2 , i.e. the sum of the squared Euclidean
distances P
between the original and the projected data points.In centered PCA the goal is to
minimize t kP (xt − µ) − (xt − µ)k2 where P is a projection matrix of rank k and m ∈ Rn
is a second mean parameter. For the sake of simplicity we focus on the optimal algorithms
for uncentered PCA. However we believe that our results will essentially carry over to the
centered case as was already partially done in Warmuth and Kuzmin (2008). Surprisingly,
this loss can be written as a linear loss (Warmuth and Kuzmin, 2008):

Nie, Kotlowski and Warmuth

The goal here is to obtain an online algorithm whose cumulative loss over trials t = 1, . . . , T
is close to the cumulative loss of the best rank k projection matrix chosen in hindsight
after seeing all T instances. The maximum difference between the cumulative loss of the
algorithm and the best off-line comparator is called the (worst-case) regret. This regret
naturally scales with the maximum square L2 -norm of the data points xt . For the sake of
simplicity we assume that all points have L2 -norm bounded by one, i.e. kxt k ≤ 1 for all
t. In the paper we find the optimal algorithm for online PCA (and some generalizations),
where optimal here means that the upper bounds we prove for the regret of the algorithm
is at most a constant factor larger than the lower bound we can prove for the learning
problem.
There are two main families of algorithms in online learning, which differ in how the
parameter vector/matrix is updated: the Gradient Descent (GD) family (Cesa-Bianchi
et al., 1996; Kivinen and Warmuth, 1997; Zinkevich, 2003) and the Exponentiated Gradient
(EG) family (Kivinen and Warmuth, 1997). The updated parameters of both families of
algorithms are solutions to certain minimization problems which trade off a divergence to

We investigate the online version of Principle Component Analysis (PCA), where in each
trial t the learning algorithm chooses a k-dimensional subspace, and upon receiving the
next instance vector xt , suffers the “compression loss”, which is the squared Euclidean
distance between this instance and its projection into the chosen subspace. When viewed
in the right parameterization, this compression loss is linear, i.e. it can be rewritten as
>
tr(Wt xt x>
t ), where Wt is the parameter of the algorithm and the outer product xt xt
(with kxt k ≤ 1) is the instance matrix. In this paper generalize PCA to arbitrary positive
definite instance matrices Xt with the linear loss tr(Wt Xt ).
We evaluate online algorithms in terms of their worst-case regret, which is a bound on
the additional total loss of the online algorithm on all instances matrices over the compression loss of the best k-dimensional subspace (chosen in hindsight). We focus on two
popular online algorithms for generalized PCA: the Gradient Descent (GD) and Matrix
Exponentiated Gradient (MEG) algorithms. We show that if the regret is expressed as a
function of the number of trials, then both algorithms are optimal to within a constant
factor on worst-case sequences of positive definite instances matrices with trace norm at
most one (which subsumes the original PCA problem with outer products). This is surprising because MEG is believed be suboptimal in this case. We also show that when
considering regret bounds as a function of a loss budget, then MEG remains optimal and
strictly outperforms GD when the instance matrices are trace norm bounded.
Next, we consider online PCA when the adversary is allowed to present the algorithm
with positive semidefinite instance matrices whose largest eigenvalue is bounded (rather
than their trace which is the sum of their eigenvalues). Again we can show that MEG is
optimal and strictly better than GD in this setting.
Keywords: online learning, regret bounds, expert setting, k-sets, PCA, Gradient Descent,
Matrix Exponentiated Gradient algorithm
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λq tr((I − Pt )zq zq> ) =
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q

the last parameter against the loss on the current instance. The GD family uses the squared
Euclidean distance divergence in the trade-off, whereas the Exponentiated Gradient (EG)
family is motivated by the relative entropy divergence (Kivinen and Warmuth, 1997). The
first family leads to additive updates of the parameter vector/matrix. When there are no
constraints on the parameter space, then the parameter vector/matrix of the GD family
is a linear combination of the instances. However when there are constraints, then after
the update the parameter is projected onto the constraints (by a Bregman projection with
respect to the squared Euclidean distance). The second family leads to multiplicative update
algorithms. For that family, the components of the parameter are non-negative and if the
parameter space consists of probability vectors, then the non-negativity is already enforced
by the relative entropy divergence and less projections are needed.
What is the best parameter space for uncentered PCA? The compression loss (1.1) is
linear in the projection matrix matrix I − Pt which is of rank n − k. An online algorithm
has uncertainty over the best projection matrix. Therefore the parameter matrix Wt of
the algorithm is a mixture of such matrices (Warmuth and Kuzmin, 2008) which must be a
positive semi-definite matrix of trace n−k whose eigenvalues are capped at 1. The algorithm
chooses its projection matrix I − Pt by sampling from this mixture Wt , i.e. E[I − Pt ] = Wt .
The loss of the algorithm is tr((I − Pt ) xt xt> ) and its expected loss tr(Wt xt xt> ).
In Warmuth and Kuzmin (2008), a matrix version of the multiplicative update was
applied to PCA, whose regret bound is logarithmic in the dimension n. This algorithm
uses the quantum relative entropy in its motivation and is called the Matrix Exponentiated
Gradient (MEG) algorithm (Tsuda et al., 2005). It does a matrix version of a multiplicative
update and then projects onto the “trace equal n − k” and the “capping” constraints (Here
the projections are with respect to the quantum relative entropy).
For the PCA problem, the (expected) loss of the algorithm at trial t is tr(Wt xt xt> ).
Consider the generalization to the loss tr(Wt Xt ) where now Xt is any positive semi-definite
symmetric instance matrix and the parameter Wt is still a convex combination of rank n−k
dimensional projection matrices, i.e. Wt = E[I − Pt ] where Pt is the rank k projection
matrix chosen by the algorithm at trial t. The linear loss tr(E[I −Pt ]Xt ) still has a meaning
in terms of a compression loss:
P For any decomposition of Xt into a linear combination of
outer products, i.e. Xt = q λq zq zq> (where the λi may be positive or negative and the
zq ∈ Rn don’t have to be orthogonal) we have
X
X
λq kzq − Pt zq k2 .
(1.2)
tr((I − Pt )Xt ) =

1. Note that for x ∈ Rn , kxk∞ ≤ kxk2 ≤ kxk1 .

4

JMLR 17(173):1-49

The comparison of the GD and MEG algorithms has an extensive history (see, e.g. Kivinen
and Warmuth (1997); Warmuth and Vishwanathan (2005); Sridharan and Tewari (2010);
Srebro et al. (2011)). It is simplest to compare algorithms in the case when the loss is

1.1 Related Work and Our Contribution:

instance vectors are allowed to be “dense”, i.e. their maximum component is bounded by
say one but it could contain many components of size up to one. In the matrix context
this means that the symmetric positive semi-definite instance matrices Xt have maximum
eigenvalue (or spectral norm) at most one and are thus “spectrally dense”. We call this
second class L∞ -bounded instance matrices.
We will show that MEG is optimal for L∞ -bounded instance matrices and GD is suboptimal in this case. However for L1 -bounded instances one might suspect that MEG is
not able to fully exploit the spectral sparsity. For example, in the case of linear regression
GD is known to have the advantage when the instance vectors1 have bounded L2 norm
(Kivinen and Warmuth, 1997) and consistently with that, when GD is used for PCA with
L1 -bounded instance matrices, then its regret is bounded by a term that is independent
of the dimension of the instances. The advantage of GD in the spectrally sparse case is
also supported by a general survey of Mirror Descent algorithms (to which GD and MEG
belong) for the case when the gradient vectors of the convex loss functions (which may have
negative components) lie in certain symmetric norm balls (Srebro et al., 2011). Again when
the gradient vectors of the losses are sparse, then GD has the advantage.
Surprisingly, the situation is quite different for PCA: We show that MEG achieves the
same regret bound as GD for online PCA with L1 -bounded instances matrices (despite the
spectral sparseness) and the regret bounds for both algorithms are within a constant factor
of a new lower bound proved in this paper that holds for any algorithm for PCA with L1 bounded instance matrices. This surprising performance of MEG seems to come from the
fact that gradients Xt of the linear loss tr(Wt Xt ) of our generalized online PCA problem
are restricted to be non-negative. Therefore our results are qualitatively different from the
cases studied in Srebro et al. (2011) where the gradients of the loss functions are within a
p−norm ball, i.e. symmetric around zero.
Actually, there are two kinds of regret bounds in the literature: bounds expressed as a
function of the time horizon T and bounds that depend on an upper bound on the loss of the
best comparator (which we call a loss budget following Abernethy et al. (2008)). In typical
applications for PCA, there exists a low dimensional subspace which captures most of the
variance in the data and the compression loss is small. Therefore, guarding against the
worst-case loss that grows with the number of trials T is overly pessimistic. We can show
that when considering regret bounds as√a function of a loss budget, MEG is optimal and
strictly better than GD by a factor of k. This suggests that the multiplicative updates
algorithm is the best choice for prediction problems in which the parameters are mixtures
of projection matrices and the gradients of the losses are non-negative. Note that in this
paper we call an algorithm optimal for a particular problem if we can prove an upper bound
on its worst-case regret that is within a constant factor of the lower bound for the problem
(which must holds for any algorithm).
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In this paper we analyze our algorithm for two classes of positive definite instance matrices.
Recall that in the vanilla PCA problem the instance matrices are the outer products, i.e.
Xt = xt xt> , where kxt k ≤ 1. Such instance matrices have a “sparse spectrum” in the sense
that they have at most one non-zero eigenvalue. Our first class consists of the convex hull
of outer products of length at most one or equivalently all positive semidefinite matrices
of trace norm at most one. We call this class L1 -bounded instance matrices. The most
important fact to remember is that the case of L1 -bounded instances contains vanilla PCA
with outer product instances as a special case.
Beginning with some of the early work on linear regression (Kivinen and Warmuth,
1997), it is known that multiplicative updates are especially useful when the non-negative
3

5
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additional material: A proof of the budget bound (3.5) for the gain version of MEG; an
extension of the lower bound on the regret of GD (Theorem 4.1) to the case of small
budgets; the analysis of the Follow the Regularized Leader variant of GD (Section 4.2) and
a discussion of its final parameter matrix (Appendix E); lower bounds on the regret when
the number of trials is small (Appendix G).

linear. Linear losses are the least convex losses and in the regret bounds, convex losses are
often approximated by first-order Taylor approximations which are linear, and the gradient
of the loss function serves as the linear “loss/gain vector” (Kivinen and Warmuth, 1997;
Zinkevich, 2003). In this case it is often assumed that the gradient of the loss lies in an Lp
ball (which is a symmetric constraint) and the results are as expected: EG is optimal when
the parameter space is L1 -bounded and the gradient vectors are L∞ -bounded, and GD is
optimal when the both spaces are L2 -bounded (Sridharan and Tewari, 2010; Srebro et al.,
2011).
In contrast for PCA, the gradient of the loss tr(Wt Xt ) is the instance matrix Xt which
is assumed to be positive semi-definite. None of the previous work exploits this special
property of the PCA setup, where the gradient of the loss satisfies some non-negativity
property. In this paper we carefully study this case and show that MEG is optimal.
We also made significant technical progress on the lower bounds for online PCA. The
previous lower bounds (Warmuth and Kuzmin (2008) and Koolen et al. (2010)) were incomplete in the following three ways: First, the lower bounds only apply to the case of
L∞ -bounded instances and not to the more restricted case of L1 -bounded instances. Second, the previous lower bounds assume that the dimension k of target subspace is at least
n
n
2 and in common PCA problems, k is much smaller than 2 . Third, the proofs rely on the
Central Limit Theorem and therefore the resulting lower bounds only hold in the limit as
T and n go to infinity (See Cesa-Bianchi et al. (1997); Cesa-Bianchi and Lugosi (2006);
Abernethy et al. (2009) for details). In this paper, we circumvent all three weak aspects of
the previous proofs: We give lower bounds for all four combinations of L1 or L∞ -bounded
instance matrices versus k ≤ n2 or k ≥ n2 , respectively. All our lower bounds are nonasymptotic, i.e. they hold for all values of the variables T and n. The new lower bounds use
a novel probabilistic bounding argument for the minimum of n random variables. Alternate
methods for obtaining non-asymptotic lower bound for label efficient learning problems in
the expert setting were given in (Audibert and Bubeck, 2010). However those techniques
are more complicated and it is not clear how to adapt them to the online PCA problem.
In summary, our contribution consists of proving tight upper bounds on the regret of
the two main online PCA algorithms, as well as proving lower bounds on the regret of any
algorithm for solving online PCA. For the case when the regret is expressed as a function
of the number of trials T , we show that MEG’s and GD’s regret bounds are independent
of the dimension n of the problem and are within a constant factor of the lower bound on
the regret of any online PCA algorithm. This means the both algorithms are optimal in
this case. For the case when the regret is a function of the loss budget, we prove
that MEG
√
remains optimal, while we show that the regret of GD is suboptimal by a k factor.
Furthermore, for the generalization of the PCA with L∞ -bounded instance matrices,
we improve the known regret bound significantly by switching from a loss version to a gain
version of MEG depending on the dimension k of the subspace. If k ≥ n2 , then the gain
version of MEG is optimal for L∞ -bounded instances, and when k ≤ n2 , then the loss version
is optimal. On the other hand, GD is non-optimal for both ranges of k.
A much shorter preliminary version of this manuscript appeared in the 24th International
Conference on Algorithmic Learning Theory (2013) (Nie et al., 2013). In this more detailed
journal version we give more background and complete proofs of all of our results (mostly
omitted or only sketched in the conference version). This paper also has the following
constant

gain

R=

t=1

T
X

E[tr((I − Pt )Xt )] −
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P projection
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T
X
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tr((I − P )Xt ).

and the n−k dimensional projection matrix I −Pt is “complementary” to the k dimensional
projection matrix Pt . These two complementations are inherent to our problem and will be
present throughout the paper.
In the above protocol, the algorithm is allowed to choose its k dimensional subspace
Pt probabilistically. Therefore we use the expected compression loss E[tr((I − Pt )Xt )] as
the loss of the algorithm. The regret of the algorithm is then the difference between its
cumulative loss and the loss of the best k subspace:

loss

tr((I − Pt )Xt ) = tr(Xt ) − tr(Pt Xt ),
|
{z
}
| {z }
| {z }

Online uncentered PCA uses the following protocol in each trial t = 1, . . . , T : the algorithm
probabilistically chooses a projection matrix Pt ∈ Rn×n of rank k. Then a point xt ∈ Rn is
received and the algorithm suffers the loss tr((I − Pt )xt x>
t ).
We also consider the generalization where the instance matrix is any positive definite
matrix Xt instead of an outer product xt x>
t . In that case the loss of the algorithm is
tr((I − Pt )Xt ). As discussed in the introduction (e.g. Equation (1.2)), this linear loss has
a compression loss interpretation. It is “complementary” to the gain tr(Pt Xt ), i.e.

2. The Online Algorithms

In Section 2, we start with describing the MEG and GD algorithms for online PCA. In
particular, we present two versions of the MEG algorithm: the Loss MEG algorithm introduced in (Warmuth and Kuzmin, 2008), and the Gain MEG algorithm, which is the same
as Loss MEG except for a sign change in the exponential. Following the description of each
algorithm, we then derive in Section 3 their regret bounds expressed as functions of the
number of trials T . These bounds are compared in Section 3.2 for all four combinations of
L1 or L∞ -bounded instance matrices versus k ≤ n2 or k ≥ n2 , respectively (see Table 3.2).
Next we consider regret bounds expressed as functions of the loss budget. In Section√4,
we prove a lower bound on GD’s regret which shows that the regret of GD is at least k
times larger than the regret of Loss EG. A similar lower bound is proved for the Follow the
Regularized Leader variant of GD in Section 4.2. In Section 5 we prove lower bounds for
online PCA with L1 and L∞ -bounded instances that hold for any online algorithm, and in
Section 6 we conclude with a summary of which algorithms are optimal.

1.2 Outline of the Paper:

Nie, Kotlowski and Warmuth
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min
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T
X
t=1

tr(W Xt ) =

tr((I − W )Xt ) =

W ∈W m
T
X
t=1

min

P projection
matrix of rank k

min

P projection
matrix of rank k

T
X
t=1

T
X

t=1

tr((I − P )Xt ) and
tr((I − P )Xt ).

(2.1)

The regret can also be rewritten in terms of gain, but this gives the same value of the
regret. Therefore, throughout the paper we use (expected) losses and “loss” regrets (as
defined above) to evaluate the algorithms.
Now we rewrite the loss of the algorithm as tr(E[I − Pt ]Xt ) which shows that for
any random prediction Pt of rank k, this loss is fully determined by E[I − Pt ], a convex
combination of rank m = n − k projection matrices. Hence it is natural to choose the set
W m of convex combinations of rank m projection matrices as the parameter set of the
algorithm. By the definition of projection matrices, W m is the set of positive semi-definite
matrices of trace m and eigenvalues not larger than 1. The current parameter Wt ∈ W m
of the online algorithm expresses its “uncertainty” about which subspace of rank m is best
for the online data stream seen so far and the (expected) loss in trial t becomes tr(Wt Xt ).
Alternatively, the complementary set W k of rank k projection matrices can be used as the
parameter set (In that case the loss is tr((I − Wt )Xt )). As discussed, there is a one-toone correspondence between the two parameter sets: Given W ∈ W k , then I − W is the
corresponding convex combination in W m .
The second reason why convex combinations are natural parameter spaces is that since
the loss is linear, the convex combination with the minimum loss occurs at a “pure” projection matrix, i.e.

min

W ∈W k
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Our protocol requires the algorithm to predict with a rank k projection matrix. Therefore, given a parameter matrix Wt in say W m , the online algorithm still needs to produce a
random projection matrix Pt of rank k at the beginning of trial t such that E[I − Pt ] = Wt .
A simple greedy algorithm for achieving this is given in (Warmuth and Kuzmin, 2008)
(Algorithm 2) which efficiently decomposes Wt into a convex combination of up to n projection matrices of rank m (the algorithm requires the eigenvalue decomposition of Wt ,
which has O(n3 ) time complexity in general, followed by a mixture decomposition of the
eigenvalues which runs in O(n2 ) time). Using the mixture coefficients it is now easy to
sample a projection matrix I − Pt from parameter matrix Wt .
We now motivate the two main online algorithms used in this paper: the GD and MEG
algorithms. The GD algorithm is straightforward and the MEG algorithm was introduced
in Tsuda et al. (2005). Both are examples of the Mirror Descent family of algorithms
developed much earlier in the area of convex optimization (Nemirovski and Yudin, 1978).
The Mirror Descent algorithms update their parameter by minimizing a trade-off function
of a divergence between the new and old parameter and the loss of the new parameter on
the current instance, while constraining the new parameter to lie in the parameter set.
For the problem of online PCA, the update specializes into the following two versions
depending on the choice of the parameter set:
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Loss update on parameter set W m (i.e., Wt+1 , W , Wt ∈ W m ):
W ∈W m

Wt+1 = argmin (∆(W , Wt ) + η tr(W Xt )) .

Gain update on parameter set W k (i.e., Wt+1 , W , Wt ∈ W k ):

Wt+1 = argmin (∆(W , Wt ) + η tr((I − W )Xt ))
W ∈W k

W ∈W k

= argmin (∆(W , Wt ) − η tr(W Xt )) .

W ∈W m

(2.2)

(2.3)

Here ∆(W , Wt ) is the motivating Bregman divergence that will be different for the MEG
and GD algorithms. The Loss update minimizes a trade-off with the expected loss tr(W Xt )
which is a matrix version of the dot loss used for motivating the Hedge algorithm (Freund
and Schapire, 1995). Note that in the gain version, minimizing the loss − tr(W Xt ) is the
same as maximizing the gain tr(W Xt ). Recall that there is a one-to-one correspondence
between W m and W k , i.e. I minus a parameter in W m gives the corresponding parameter
in W k and vice versa. Therefore, one can for example rewrite the Gain update (2.3) with
the parameter set W m as well:


ft+1 = argmin ∆(I − W , I − W
ft ) + η tr(W Xt ) ,
W
(2.4)

Descent step:
Projection step:

W ∈W m

c
W
t+1 = Wt − ηXt ,
ct+1 k2 .
Wt+1 = argmin kW − W
F

(2.5)

ft+1 ∈ W m of the Gain update is related to the solution Wt+1 ∈
where the above solution W
ft+1 = I−Wt+1 , for t = 1, . . . , T .
W k of (2.3) by the same complimentary relationship, i.e. W
Notice that the Loss update is motivated by the divergence ∆(W , Wt ) on parameter space
W m (2.2). On the other hand, when the Gain update is formulated with parameter W m ,
ft ) (2.4).
then it is motivated by the divergence ∆(I − W , I − W
Now we define the GD and MEG algorithms for online PCA. For the GD algorithm, the
motivating Bregman divergence is the squared Frobenius norm between the old and new
parameters: ∆(W , Wt ) = 12 kW − Wt kF2 (Kivinen and Warmuth, 1997; Zinkevich, 2003).
With this divergence, the Loss update is solved in the following two steps:
GD update:
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Note, that the split into two steps happens whenever a Bregman divergence is traded off
with a linear loss and domain is convex (See Helmbold and Warmuth (2009), Section 5.2, for
a discussion). For the squared Frobenius norm, the Gain update is equivalent to the Loss
update, since when formulating both updates on parameter set W m , then the divergence
kW − Wt kF2 of the Loss update (2.2) and the divergence k(I − W ) − (I − Wt )kF2 of the
ct+1 into W m with respect to
Gain update (2.4) are the same. A procedure for projecting W
the squared Frobenius norm is given in Algorithm 2 of Arora et al. (2013). The expensive
ct+1 .
part of this procedure is obtaining the eigendecomposition of W
The MEG algorithm uses the (un-normalized) quantum relative entropy ∆(W , Wt ) =
tr(W (log W − log Wt ) + Wt − W ) as its motivating Bregman divergence (Tsuda et al.,

8

positive semi-definite matrices Xt s.t. tr(Xt ) ≤ 1
(subsumes the special case when the Xt are of the form xt x>
t , w. kxt k ≤ 1)

L1 -bounded
instances

Descent step:
Projection step:

Loss MEG update:

Gain MEG update:
W ∈W k

ct+1 = exp(log Wt + ηXt ),
W
ct+1 ).
Wt+1 = argmin ∆(W , W

W ∈W m

ct+1 = exp(log Wt − ηXt ),
W
ct+1 ).
Wt+1 = argmin ∆(W , W
(2.7)

(2.6)

9
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Recall that the instance matrices Xt are always assumed to be positive semi-definite matrices. We call such instance matrices L1 -bounded, if the trace norm of the instance matrices
is at most one, i.e. tr(Xt ) ≤ 1 always holds. In particular, this happens for the vanilla
PCA setting where the data received at trial is a point xt ∈ Rn s.t. kxt k2 ≤ 1. In this case
>
>
2
the instance matrices have the form Xt = xt x>
t and tr(xt xt ) = xt xt = kxt k ≤ 1. Note
that in the L1 -bounded case, the sums of the eigenvalues of the Xt are at most one. We
also study the case when the maximum eigenvalue of the instance matrices Xt is at most
one and call the latter the L∞ -bounded case.

3. Upper Bounds on the Regret

Note that the only difference between the gain and loss versions of MEG is a sign flip in
the exponential. The projection steps in the algorithms are with respect to the quantum
relative entropy. An efficient procedure for solving such projections is given in Algorithm 4
of Warmuth and Kuzmin (2008): it does a projection with respect to the standard relative
entropy on the vector of eigenvalues of the parameter matrix. Finally note that the computational complexity of all described updates (GD, Loss MEG, Gain MEG) is dominated
by the time required for obtaining the eigendecomposition of the parameter matrix Wt+1
ct+1 ), which is O(n3 ) in general.
(or W

Descent step:
Projection step:

2005) which is based on the matrix logarithm log. With this divergence the solutions to
the Loss update (2.2) and Gain update (2.3) are the following expressions which make use
of the matrix exponential exp (the inverse of log):

Table 3.1: Summary of various symbols and terms used in Section 3.

L∞ -bounded positive semi-definite matrices Xt with spectral norm at most one,
instances
that is λmax (Xt ) ≤ 1
BL
Upper bound on loss of best subspace of rank n − k, c.f. (3.1)
BG
Upper bound on gain of best subspace of rank k, c.f. (3.2).

Number of trials
Dimension of data points xt ∈ Rn and instance matrices Xt ∈ Rn×n
Rank of the subspace of PCA into which the data is projected
Complement of k, m = n − k
(used for the rank of subspace of Loss MEG)

T
n
k
m

Online PCA with Optimal Regret

t=1

T
X

tr((I − P )Xt ) ≤ BL .

(3.1)

t=1

T
X

tr(P Xt ) ≤ BG .

(3.2)

RLoss MEG ≤

10

r
n
n
2BL m log + m log .
m
m

Loss budget dependent bound of Loss MEG:
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(3.3)

The Loss MEG algorithm (2.6) is the original MEG algorithm developed in the precursor
paper of Warmuth and Kuzmin (2008) for online PCA. This paper proves a loss budget
dependent upper bound on the regret of Loss MEG. The is done by exploiting the fact that
PCA learning has the so called expert setting as a special case (See extensive discussion at
the beginning of Section 4). More precisely the following bound is proven by lifting a regret
bound developed for learning well compared to the best subset of m = n − k experts to the
matrix case, where subsets of size m generalize to projection matrices of rank m.

3.1 Upper Bounds on the Regret of Loss MEG, Gain MEG, and GD

Now the adversary can only produce sequences for which all subspaces have gain at most
BG . We call this type of bound a gain budget dependent bound.
Finally we prove regret bounds of a third type for the GD algorithm. For this type
the regret is a function of the number of trials T , and we call such a regret bound a time
dependent regret bound.
We present the three regret bounds in the next subsection and compare them in the
following subsection. As we shall see, upper bounds of the regret in terms of a budget
imply time dependent bounds, and for lower bounds the implication is reversed. The main
symbols and terms used throughout this section are summarized in Table 3.1.

max

P projection
matrix of rank k

We call a regret bound that depends on this parameter a loss budget dependent bound. A
bound of this type was first proved for Loss MEG in Warmuth and Kuzmin (2008). The
latter paper is the precursor of this paper in which the analysis of online algorithms for
PCA was started.
For the algorithm of Gain MEG, we give the adversary a gain budget BG , i.e. an upper
bound on the gain of the best subspace:

P projection
matrix of rank k

min

In this section, we present regret upper bounds for the three online algorithms introduced
in the previous section, which are Loss MEG, Gain MEG and GD. All three algorithms are
examples from the Mirror Descent family of algorithms. Our proof techniques require us
to use different restrictions on the worst-case sequences that the adversary can produce.
For the Loss MEG algorithm, we give the adversary a loss budget, i.e. the adversary must
produce a sequence of instances X1 . . . XT for which the loss of the best subspace is upper
bounded by the loss budget BL :

Nie, Kotlowski and Warmuth

Online PCA with Optimal Regret

p

2BL k + k.

(3.4)

This bound follows from Theorem 6 of Warmuth and Kuzmin (2008), and holds for any
sequence of instance matrices (L∞ as well as L1 -bounded) for which the total compression
loss of the best rank m subspace does not exceed the loss budget BL (Condition (3.1)).
We begin by showing that the right-hand side of (3.3) is bounded above by an expression
that does not depend on the dimension n of the data points:
RLoss MEG ≤


k+m
m




k
k
= m log 1 +
≤ m = k.
m
m

This follows immediately from the following inequality and the relationship m = n − k
(n = m + k):
n
m log
= m log
m

(3.5)

As mentioned at the beginning of this subsection (and discussed in more detail later in
Section 4), online PCA specializes to the problem of learning well compared to the best set
of m = n − k experts. Regret bounds for the expert setting typically depend logarithmically
on the number of experts n. Therefore the above dimension free regret bound might seem
puzzling at first. However there is no contradiction. In the current setup we have m = 1
and k = n − m = n −
p1 for the vanilla single expert case, and the above dimension free
bound (3.4) becomes 2BL (n − 1). This bound is not close√to the optimum loss budget
dependent regret bound for the single expert case which is O( BL log n+log n). This latter
bound is obtained by plugging m = 1 into the original regret bound (3.3). Thus for m = 1,
the above dimension free approximation (3.4) of the original bound is loose. However, when
k ≤ n2 , then as we shall see in Section 5, the dimension free approximation actually is tight.
In the precursor paper (Warmuth and Kuzmin, 2008), a different but weaker approximation
of the original
p bound was proved that still has an additional logarithmic dependence when
k ≤ n2 : O( BL k log nk + k log nk ).
We next develop a regret bound for Gain MEG (2.7). The proof technique is a variation
of the original regret bound for Loss MEG (and is given for the sake of completeness in
Appendix A).

r
n
2BG k log .
k

Gain budget dependent bound of Gain MEG:
RGain MEG ≤
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This bound holds for any sequence of instance matrices (L1 as well as L∞ -bounded) for
which the total gain of the best rank k subspace does not exceed the gain budget BG
(Condition (3.2)).
Finally, we give a simple regret bound for the GD algorithm. This bound (also observed
in Arora et al. (2013) and proved for the sake of completeness in Appendix B) is based on
two standard techniques: the use of the squared Frobenius norm (Kivinen and Warmuth,
1997) as a measure of progress and the use of the Pythagorean Theorem for handling the
projection step (Herbster and Warmuth, 2001).
11

≤

Nie, Kotlowski and Warmuth


 √

km
n

for L1 -bounded instances

T km for L∞ -bounded instances

 q

 T

Time dependent regret bound of GD:

RGD

.

(3.6)

Note that each regret bound is expressed as a function of a loss budget, a gain budget
or a time bound. They are obtained by setting the fixed learning rate of the algorithm as
a function of one of these three parameters. The resulting basic algorithms can be used
as sub-modules: For example the algorithm can be stopped as soon as the loss budget is
reached and restarted with twice the budget and the corresponding re-tuned learning rate.
This heuristic is known as the “doubling trick” (Cesa-Bianchi et al., 1997). Much fancier
tuning schemes are explored in (van Erven et al., 2011; de Rooij et al., 2014) and are not
the focus of this paper.

3.2 Comparison of the Regret Upper Bounds

Our goal is to find algorithms that achieve the optimal loss budget dependent and time
dependent regret bounds where optimal means that the bound is within a constant factor
of optimum. We are not interested in gain dependent regret bounds per se, i.e. bounds in
terms of a gain budget BG , because the maximal gain is typically much larger than the
minimal loss. However when the gain budget restricted regret bounds are converted to time
bounds, then for some setting (discussed below) the resulting algorithm becomes the only
optimal algorithm we are aware of.
The only known loss budget dependent regret bound is bound (3.3) for Loss MEG obtained in the original paper for online learning of PCA (Warmuth and Kuzmin, 2008). We
will show later in Section 5 that this upper bound on the regret is optimal. There are no
known loss budget dependent upper bounds on the regret of GD. However in Section 4, we
prove a lower bound on GD’s regret in terms
√ of the loss budget which shows that GD’s
regret is suboptimal by at least a factor of k when the regret is expressed as a function
of the loss budget. The discussion of the time dependent regret upper bounds is more involved. We first convert the budget dependent regret bounds of the MEG algorithms into
time dependent bounds. We shall see later, for lower bounds on the regret, time dependent
bounds lead to budget dependent bounds (see Corollary 5.7). Before we do this, recall that
the instance matrices Xt are L1 -bounded if their trace is at most one, and for L∞ -bounded
instance matrices, their maximum eigenvalue is at most one. Note that for any vector xt
of length at most one, tr(xt xt> ) ≤ 1, and therefore vanilla PCA belongs to the case of
L1 -bounded instance matrices.

2T
n
n
log + m log ,
n
m
m

RGain MEG ≤

(3.7)
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r
n
2T k log .
k

Theorem 3.1 When the instances are L1 -bounded, then for the online PCA with T trials,
the following regret bounds hold for the Loss MEG and Gain MEG algorithms, respectively:
r
RLoss MEG ≤ m

12

RGain MEG

r
n
≤ k 2T log .
k
(3.8)

ωi = tr(C) =

t=1

T
X

tr (Xt ) ≤

(
for L1 -bounded instances
for L∞ -bounded instances

T

Tn

.

n
2

and

Tm

√

m

n
T km
q
T k2 ln
√
T km

√

n
2

k ≥ n2
q
n
T m2 log m

n
k

T km

T km

√

√

L∞ -bounded instances

k≤

It suffices to prove lower bounds on GD’s regret on a restricted class of instance matrices:
We assume that all instance matrices are in the same eigensystem, i.e. they are diagonal
matrices X = diag(`) with ` ∈ Rn≥0 . We call the diagonals ` the loss vectors. All loss
vectors in our lower bounds are restricted to be bit vectors in {0, 1}n . In the L1 -bounded
instance case, the loss vectors are further restricted to be one of the n unit bit vectors ei ,
i.e. X = diag(ei ) = ei e>
i . In the L∞ -bounded instance case, the loss vectors ` are arbitrary
n-dimensional bit vectors.

Recall that vanilla online PCA uses L1 -bounded instance matrices and
√ the subspace dimension k is typically at most n2 . In this case Loss MEG has regret O( T k) and the regret of
√
GD√is O( T k) as well. As for loss budget dependent regret bounds, Loss MEG has regret
O( BL k + k) and we initially conjectured that GD has the same
√ bound. However, this is
not true: we will now show in this section an Ω(max{min{BL , k BL }, k}}) lower bound on
the regret of GD for√L1 -bounded instance sequences when k ≤ n2 . In contrast, Loss MEG’s
regret bound of O( BL k + k) will be shown to be optimal
in Section 5 for this case. It
√
follows that GD is suboptimal by at least a factor of k when BL = Ω(k 2 ). A detailed
comparison of the lower bound for GD and the optimum upper bound is given in Table 4.1.

4. Lower Bounds on the Regret of GD

•

q

n
m/

13


n
log m
, when the instances are L∞ -bounded and k ≥ n2 .
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log nk , when the instances are L∞ -bounded and k ≤

Tm

√

n
m

n
2
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n
k/

p
T k log nk
√
Tk

q
T m log

k≥

Since none of these three ratios can be upper bounded by a constant, GD is clearly suboptimal in each of the remaining three cases.

q

√
Tk

n
2

Table 3.2: Comparison of the time dependent upper bounds on the regret of the Loss MEG,
Gain MEG, and GD algorithms. Each column corresponds to one of the four
combinations of L1 -bounded or L∞ -bounded instance matrices versus k ≤ n2
or k ≥ n2 , respectively. All bounds were given in Section 3.1 and Section 3.2:
constants are omitted, we only show the leading term of each bound, and when
n
we compare Loss and Gain MEG bounds, we use m ln m
= Θ(k) when k ≤ n2
and k ln nk = Θ(m) when k ≥ n2 . Recall that m is shorthand for n − k. The best
(smallest) bound for each case (column) is shown in bold. In Section 5, all bold
bounds will be shown to be optimal (within constant factors).

GD

Gain MEG

Loss MEG

k≤

L1 -bounded instances

Nie, Kotlowski and Warmuth

When all instance matrices are diagonal then the off-diagonal elements in a parameter
matrix W are irrelevant and therefore the algorithm’s loss and regret is determined by
the diagonals of the parameter matrices W which is of trace m. Therefore without loss
of generality we can assume that the parameter matrices are diagonal as well, i.e. W =
diag(w) where w is a weight vector in [0, 1]n with total weight m. Note that the loss becomes

•

Table 3.2 compares time dependent upper bounds for each of the three algorithms (Loss
MEG, Gain MEG, GD) where we consider each of the 4 variants of the problem: L1 -bounded
or L∞ -bounded instance matrices versus k ≤ n2 or k ≥ n2 .
As far as time dependent bounds are concerned, no single algorithm is optimal in all
cases. In Table 3.2, the optimum bounds are shown in bold. The lower bounds matching
these bold bounds within a constant factor will be proved in Section 5. Note that one version
of MEG (either the loss or gain version) is optimal in each case, while GD is optimal only
in first case (This is the most important case in practice: vanilla online PCA with k  n).
For the remaining three cases, consider the ratio between the GD’s bound and the better
of the two MEG bounds, which is
q

n
n
n
•
m / log m , when the instances are L1 -bounded and k ≥ 2 ,

where the inequality follows from our definition of L1 -bounded and L∞ -bounded instance
matrices. This implies that the sum of the m smallest eigenvalues is upper bounded by
Tm
n and T m, respectively. By using these two bounds as the loss budget BL in (3.3), we
get the time dependent bound for Loss MEG for L1 -bounded and L∞ -bounded instances,
respectively.
For the regret bounds of Gain MEG, we use the fact that BG is upper bounded by
T when instances are L1 -bounded and upper bounded by kT when the instances are L∞ bounded, and plug these values for BG into (3.5).

i=1

n
X

Proof The theorem will be proved by developing simple upper bounds on the loss/gain of
the best rank k subspace that depend on the sequence length T . These upper bounds are
then used as budgets in the previously obtained budget dependent bounds.
P
The best rank k subspace picks k eigenvectors of the covariance matrix C = Tt=1 Xt
with the largest eigenvalues. Hence the total compression loss equals the sum of the smallest
m eigenvalues of C. If ω1 , . . . , ωn denote all the eigenvalues of C, then:

RLoss MEG

r
n
n
≤ m 2T log + m log ,
m
m

Similarly, when the instances are L∞ -bounded, then the following regret bounds hold:

Online PCA with Optimal Regret

Online PCA with Optimal Regret

Regret bounds for L1 -bounded instances, k ≤
O(k)
Ω(k)

BL ≤ k

n
2

Upper bound on regret of Loss MEG (see (3.3))
Lower bound on regret of GD (see Theorem 4.1)

k ≤ BL ≤ k 2
√
O( BL k)
Ω(BL )

k 2 ≤ BL
√
O( √
BL k)
Ω(k BL )

Table 4.1: Comparison of the loss budget dependent regret bounds for online PCA with
k ≤ n2 . Given dimension k of the subspace, each column shows the values of
the two bounds for a specific range of the loss budget BL . The first row gives
the upper bound on the regret of Loss MEG in bold, which will be shown to be
optimal in Section 5. The second row gives the lower bound on the regret of GD,
which is suboptimal whenever BL ≥ k.
a dot product between the weight vector and the loss vector:
tr(W X) = tr(diag(w) diag(`)) = w · `.
What is the prediction of the algorithm with a diagonal parameter matrix W = diag(w)?
It probabilistically predicts with an m dimensional projection matrix P s.t. E[P ] =
diag(w). This means P is a subset of size m from {e1 e1> , e2 e2> , . . . , en en> }. The diagonals of such projection matrices consists of exactly m ones and n − m = k zeros. In other
words the diagonals are indicator vectors of the chosen subsets of size m and the expected
indicator vector equals the weight vector w.
We just outlined one of the main insights of (Warmuth and Kuzmin, 2008): The restriction of the PCA problem to diagonal matrices corresponds to learning a subset of size m.
The n components of the vectors are usually called experts. At trial t the algorithm chooses
n for the experts and incurs the
a subset of m experts. It then receives a loss vector ` ∈ R≥0
total loss of the chosen m experts. The algorithm maintains its uncertainty over the m-sets
by means of a parameter vector w ∈ [0, 1]n with total weight m, and it chooses the subset
of size m probabilistically so that the expected indicator vector equals w. We denote the
set of such parameter vectors as S m . In the L1 -bounded instance case, the loss vector is a
unit bit vector (only one expert incurs a unit of loss). In the L∞ -bounded instance case,
the loss vectors are restricted to be n-dimensional bit vectors.
4.1 Lower Bound on the Regret of the GD Algorithm

ŵt+1 = wt − η`t ,
wt+1 = argminw∈S m kw − ŵt+1 k2 .

(4.1)

The GD algorithm for online PCA (2.5) specializes to the following update of the parameter
vector for learning sets:
Descent step:
Projection step:

We now give a lower bound on the regret of the GD algorithm for the m-set problem.
This lower bound is expressed as a function of the loss budget.
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Theorem 4.1 Consider the m = n − k set problem with k ≤ n/2 and unit bit vectors as
loss vectors. Then for any fixed √
learning rate η ≥ 0, the GD algorithm (4.1) can be forced
to have regret Ω(max{min{BL , k BL }, k}).
15
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We prove this theorem in Appendix C. From the fact that m-set problem is a special
case of PCA problem, we get the following corollary, which shows that the GD algorithm
is suboptimal (see Table 4.1 for an overview):

Corollary 4.2 Consider the PCA problem with k ≤ n/2 and L1 -bounded instance matrices.
Then for any fixed√learning rate η ≥ 0, the GD algorithm (2.5) can be forced to have regret
Ω(max{min{BL , k BL }, k}).

4.2 Lower Bound on the Regret of the Follow the Regularized Leader GD
Algorithm (FRL-GD)

In the previous section, we showed that for online PCA with L1 -bounded instance matrices
and k ≤ n2 , the GD algorithm is suboptimal for loss budget dependent regret bounds.
However, our lower bounds are only for the Mirror Descent version of GD given in (2.5).
This algorithm is prone to “forgetting” lots of information about the past losses when
projections with respect to inequality constraints are involved. Recall that at the end of
each trial t, the mirror descent algorithm uses the last parameter Wt as a summary of the
knowledge attained so far, and minimizes a trade-off between a divergence to the Wt and the
loss on the last data point xt to determine the next parameter Wt+1 . When the parameter
resulting from the trade-off lies outside the parameter set, then it is projected back into
the parameter set (see update (2.5)). In the case when the projection enforces inequality
constraints on the parameters, information about the past losses may be lost. This issue
was first discussed in Section 5.5 of Helmbold and Warmuth (2009). Curiously enough,
Bregman projections with respect to only equality constraints do not lose information.
We now demonstrate in more detail the “forgetting” issue for the Mirror Descent GD
algorithm when applied to online PCA. First recall that the batch PCA solution consists
of the subspace spanned
PTby the>k eigenvectors belonging to the k largest values of the
xt xt . The complementary space is the m = n−k dimensional
covariance matrix C = t=1
subspace formed by the m eigenvectors of m largest eigenvalues of −C. Hence, the final
parameter WT +1 of the on-line algorithm should have the same eigenvectors as −C, as well
as the order of their corresponding eigenvalues. The descent step of (2.5) accumulates the
ct+1 = Wt − ηXt . In the projection
scaled negated instance matrices Xt = xt xt> , i.e. W
ct+1 is projected back to the parameter set W m by
step of (2.5), the parameter matrix W
enforcing an equality constraint tr(Wt+1 ) = m and inequality constraints that keep all the
ct+1 results in
eigenvalues of Wt+1 are in the range [0, 1]. The equality constraint on W
ct+1 a scaled version of the identity matrix I (See Appendix C). These iterated
adding to W
shifts do not affect either the eigenvectors or the order of their corresponding eigenvalues.
However, when the inequality constraints are enforced, then at trial t the eigenvalues of
ct+1 that are larger than 1 or less than 0 are capped at 1 and 0, respectively. Performing
W
ct+1 ’s eigenvalues in each trial will result in a final parameter
such a non-uniform capping of W
WT +1 with an eigensystem that is typically different from −C. Therefore the PCA solution
extracted from WT +1 and the covariance matrix C will not be the same.
There is another version of the GD algorithm that does not “forget”: The Follow the
Regularized Leader GD (FRL-GD) algorithm (see, e.g., Shalev-Shwartz and Singer (2007)2 )
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2. This algorithm is also called as the Incremental Off-line Algorithm in (Azoury and Warmuth, 2001).
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+η

q=1

t
X

argmin

[0, 1] and tr(W ) = m

Eigenvalues of W in

Xq ,

ct+1 k2 .
kW − W
F

q=1

t
X

(4.2)
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This shows that the worst case regret of the FRL-GD algorithm is the same as that of
(Mirror Descent) GD, and hence suboptimal.

Corollary 4.4 Consider the PCA problem with k ≤ n/2 and L1 -bounded instance matrices.
Then for any fixed learning
√ rate η ≥ 0, the FRL-GD algorithm (4.2) can be forced to have
regret Ω(max{min{BL , k BL }, k}).

The proof is given in Appendix D. Theorem 4.3 immediately gives the lower bound on the
regret of FRL-GD algorithm for the online PCA:

Theorem 4.3 Consider the m = n − k set problem with k ≤ n/2 and unit bit vectors as
loss vectors. Then for any fixed learning rate η ≥ 0, the vector
√ version of the FRL-GD
algorithm (4.2) can be forced to have regret Ω(max{min{BL , k BL }, k}).

ct+1 that accumulates all
Note that in each trial, the update (4.2) projects a parameter W
the past scaled negated instance matrices (−ηXt ) back to trial one. In contrast, the Mirror
Descent update in (2.5) performs projection iteratively, i.e. it projects parameter matrices
of previous trials that are projections themselves. Therefore, the FRL-GD algorithm circumvents the forgetting issue introduced by iterative projections with respect to inequality
constraints. In fact the final parameter WT P
+1 of the FRL-GD is the projection of the
cT +1 = −η T xt x> = −ηC. We will show essentially
scaled negated covariance matrix W
t
t=1
in Appendix E that a single projection operation does not change the set of eigenvectors
belonging to the m largest eigenvalues. This means that the eigenvectors belonging to the
k smallest eigenvalues of WT +1 agree with the eigenvectors of C belonging to the k largest
eigenvalues of C.
Encouraged by this observation, we initially conjectured that the FRL-GD is strictly
better than the commonly studied Mirror Descent version. More concretely, we conjectured
that the FRL-GD has the optimal loss budget dependent regret bound for vanilla online
PCA (as Mirror Descent MEG does which enforces the non-negativity constraints with
√ its divergence). Unfortunately, we are able to show the opposite: The Ω(max{min{BL , k BL }, k})
lower bound we showed for (Mirror Descent) GD in Theorem 4.1 also holds for FRL-GD.
To be precise, we have the following theorem and corollary:

W ∈W m



tr(W Xq ) = −η

Projection step:
ct+1 k2 =
Wt+1 = argmin kW − W
F

ct+1 =
W

argmin kW k2F

Follow the regularized leader:


trades off the total loss on all data points against the Frobenius norm of the parameter
matrix:

Online PCA with Optimal Regret

over loss vectors
`1 , . . . , `T ∈ L

over any
alg. A ∈ A
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Recall that m = n − k. First, we give a lower bound on the regret of any algorithm for the
m-set problem, when k ≤ n2 :

5.1 Time Dependent Lower Bounds for Online PCA

Each lower bound is proved as follows: Choose a distribution P on L, and then show a
lower bound on the expected regret of any algorithm A ∈ A. Note that this expectation
becomes the expected loss of A minus the expected loss of the best comparator (i.e. the
best m-set). We first prove time dependent regret lower bounds with L1 and L∞ -bounded
instance vectors in sections 5.1 and 5.2, respectively. Finally we convert these lower bounds
into loss budget dependent lower bounds (in Section 5.3).

over any
alg. A ∈ A

In the previous section, we presented lower bounds on the regret of the GD algorithms. In
this section we present lower bounds on the regret of any algorithm that solves the online
PCA problem with L1 and L∞ -bounded instance matrices. More importantly, these lower
bounds match all our upper bounds on the regret of the MEG algorithms within a constant
factor (See bold entries in Table 3.2 and Table 4.1). To be precise, we will prove in this
section a series of regret lower bounds that match our loss budget dependent upper bound
(3.3) on the regret of Loss MEG, and our time dependent upper bounds (Theorem 3.1) on
the regret of Loss MEG and Gain MEG, respectively. For the time dependent bounds, our
lower bounds will match the lower of the two MEG bounds in each of the four sub-cases
of the problem, i.e. L1 and L∞ -bounded instance matrices versus k ≤ n2 or k ≥ n2 (See
Table 3.2 for a summary). Note that in one case the GD algorithm is also optimal: time
dependent regret bounds for PCA with L1 -bound instances when k ≤ n2 .
We begin with an overview of our proof techniques for proving lower bounds that hold
for any algorithm. When proving upper bounds on the regret (in Section 3), we first proved
upper bounds as a function of the loss budget BL and then converted them into time
dependent upper bounds. For lower bounds on the regret, the order is reversed: we first
will show time dependent lower bounds and then convert them into loss budget dependent
lower bounds. As discussed in Section 4, it suffices to prove lower bounds for the m-set
problem, which is the hard special case when all instances are diagonal.
Let A be the set of all online algorithms for the m-set problem. Such algorithms
maintain a weight vector in S m (consisting of all vectors in [0, 1]n of total weight m). For
an algorithm A ∈ A, we denote its regret by R(A, `1 , . . . , `T ) where `1 , . . . , `T is a sequence
of T loss vectors. The loss vectors `t lie in a constraint set L. The constraint set L either
consists of all n dimensional unit bit vectors (the restriction of the L1 -bounded case we
use in the lower bounds), or L = {0, 1}n (the restriction used for the L∞ -bounded case).
We use the standard method of lower bounding the regret for worst case loss sequences
from L by the expected regret when the loss vectors are generated i.i.d. with respect to a
distribution P on L:
)
(


min
max
R(A, `1 , . . . , `T ) ≥
min
E`1 ,...,`T ∼P T [ R(A, `1 , . . . , `T ) ] .

5. General Lower Bounds and Optimal Algorithms

Nie, Kotlowski and Warmuth

Theorem 5.1 Consider the m-set problem with unit bit vectors as loss vectors.
Then for
√
k ≤ n2 and T ≥ k, any online algorithm suffers worst case regret at least Ω( T k).

Online PCA with Optimal Regret

Nie, Kotlowski and Warmuth

n
ln m
).

k =

20

p
T log nk ) of Gain MEG is within a

p
n
T log m
) of Loss MEG is within
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In this paper, we carefully studied two popular online algorithms for PCA: the Gradient
Descent (GD) and Matrix Exponentiated Gradient (MEG) algorithms. For the case when
the instance matrices are L1 -bounded, we showed that both algorithms are optimal to within

6. Conclusion

Corollary 5.7 Consider the
p problemn of onlinen PCA with L1 or L∞ -bounded instance ma+ m ln m ) of Loss MEG is within a constant factor
trices. Then the regret Θ( BL m ln m
of the minimax regret.

The proof of the theorem is given in Appendix H. We convert the time dependent lower
bounds given in Theorem 5.1 and Theorem 5.2 into loss budget dependent ones. Note that
unlike our time dependent lower bounds, Theorem 5.6 is stated for the full range of the loss
budget parameter BL . The proof also distinguishes between a small and a large budget
n
n
case depending on whether BL ≤ m ln m
. The lower bound of Θ(m ln m
) follows from a
n
conversion. However the upper bound of O(m ln m
) for the small budget case is non-trivial.
Incidentally, this upper bound is achieved by Loss MEG.
Finally, combining this lower bound with the upper bounds (3.3) on the regret of Loss
MEG, gives the following corollary, which establishes the optimality of Loss MEG no matter
if the instance matrices are L1 or L∞ -bounded.

Theorem 5.6 For the m-set problem with either unit or arbitrary
bit vectors as loss vectors,
p
n
n
any online algorithm suffers worst case regret at least Ω( BL m ln m
) + m ln m
).

In this subsection, we give regret lower bounds that are functions of the loss budget BL
(defined in (3.1)). Similar to our loss budget dependent upper bound (3.3) on the regret of
Loss MEG, the loss dependent lower bounds are the same for both unit and arbitrary bit
vectors:

5.3 Loss Budget Dependent Lower Bounds

n
• When k ≥ n2 and T ≥ log2 m
, then the regret Θ(m
a constant factor of the minimax regret.

• When k ≤ n2 and T ≥ log2 nk , then the regret Θ(k
constant factor of the minimax regret.

Corollary 5.5 Consider the generalization of online PCA where the instance matrices are
L∞ -bounded.

regret of any algorithm can be reasoned as follows: At each trial, the algorithm plays with
Wt ∈ W m and suffers loss tr(Wt Xt ). Since tr(Wt ) = m, the algorithm suffers loss at most
m per trial and for T trials, and the cumulative loss (and thus regret) is at most T m. The T k
upper bound can
similarly by considering the “gain” of the best rank k projector
PT be showed
P ∗ , which is t=1
tr(P ∗ Xt ) ≤ T k. Combining the lower bounds of Theorem 5.4 with
the upper bounds on the regret of Loss MEG and Gain MEG when the instance matrices
are L∞ -bounded (Inequality (3.8)), results in the following corollary, which states that the
Gain MEG is optimal for k ≤ n2 while the Loss MEG is optimal for k ≥ n2 .

The proof is given in Appendix F. We lower bound the expected loss w.r.t. the distribution
P which is uniform on the first 2k unit bit vectors. Note that Theorem 5.1 requires the
condition T ≥ k. For the case T < k, there is a lower bounds of Ω(T ) (See Theorem G.1
in Appendix G). When the loss vectors are bit vectors, then any algorithm has loss (and
regret) O(T ). Therefore when T < k, any algorithm achieves the minimax regret up to a
constant factor.
We now consider the uncommon case when k ≥ n2 :

T
n

Theorem 5.2 Consider the m-set problem with unit bit vectors as loss vectors. Then for
k ≥ n2 and T ≥ n log2 (n/m), any online algorithm suffers worst case regret of at least
q

Ω(m

We now set P to the uniform distribution on all n unit bit vectors (See Appendix F). The
small T case (here T < n log2 (n/m)) is slightly more involved. There is a lower bound of
Ω( m
n T ) regret for any algorithm (see Theorem G.3 in Appendix G). Also the algorithm
which predicts with the uniform weight m
n on all experts achieves the matching regret of
O( m
n T ).
Recall that the m-set problem with unit bit vectors as loss vectors is a special case of
the online PCA problem with L1 -bounded instance matrices. Combining the above two
lower bounds for different ranges of k with our upper bound (Theorem 3.1) on the regret
of Loss MEG for online PCA with L1 -bounded instances gives the following corollary:

n
2,

Corollary 5.3 Consider the problem q
of online PCA with L1 -bounded instance matrices.
n
) regret of Loss MEG is within a constant
Then for T ≥ n log2 (n/m), the Θ(m Tn ln m
factor of the minimax regret.
Note that we do not use the condition T ≥ k of Theorem 5.1, since when k ≤
Θ(n log2 (n/m)).

5.2 Time Dependent Lower Bound for the Generalization with L∞ -Bounded
Instance Matrices
We first give the time dependent lower bound for the m-set problem with bit vectors.

or

r
n
n
Ω(m T ln ) when k ≥ .
m
2

Theorem 5.4 Consider the m-set problem with bit vectors as loss vectors. Then for T ≥
n
, any online algorithm suffers worst case regret of at least
log2 min{k,m}
r
n
n
Ω(k T ln ) when k ≤
k
2
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The proof is given in Appendix F. The distribution P is such that each expert incurs a
unit of loss with probability 1/2 independently from the other experts. For the small T
n
case (T < log2 min{k,m}
), there is a lower bound of Ω(min{T m, T k}) (See Theorem G.4
and Theorem G.5 in Appendix G). A matching upper bound of O(min{T m, T k}) on the
19

k
T.
b
k+1

k+1
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Besides restricting the rank of the parameter matrix, a second approach is to add perturbations to the current covariance matrix and then find the eigenvectors of the k-largest
eigenvalues (Hazan et al., 2010). So far this approach has not led to algorithms with optimal
regret bounds and O(n2 ) update time. Some partial results recently appeared in Garber
et al. (2015) and Kotlowski and Warmuth (2015).

the algorithm suffers regret at least

In this paper we focused on obtaining online algorithms with optimal regret and we
ignored efficiency concerns. Straightforward implementations of both the GD and MEG
online PCA updates required O(n3 ) computation per trial (because they require an eigendecomposition of the parameter matrices). This leads to a major open problem for online
PCA (Hazan et al., 2010): Is there any algorithm that can achieve optimal regret with
O(n2 ) computation per trial. To this end, Arora et al. (2013) considers the Gain version
of GD (Equation (2.3), with the squared Euclidean distance as the divergence) where the
projection enforces the additional constraint that the parameter matrix Wt has rank b
k.
Encouraging experimental results are provided for the choice b
k = k + 1. However, as we
shall see immediately, in the most basic case when the instance matrices are outer products
of unit length vectors xt that are chosen by an adversary, then any algorithm that uses
parameter matrices of rank b
k less than n can be forced to suffer worst case regret linear
in T . Recall that the parameter matrix Wt at trial t is simply the expected projection
matrix of rank k chosen by the algorithm and this matrix is defined for any (deterministic
or randomized) algorithm. We give an adversary argument for any algorithm for which the
rank of the parameter matrix Wt at any trial t is at most b
k. The parameter matrices are
known to the adversary. Also the initial parameter matrix W1 must have rank b
k and be
known to the adversary. For any algorithm following this setup the adversary argument
proceeds as follows: At the beginning of the game the adversary fixes any subspace Q of
dimension b
k + 1. In each trial, the adversary picks a unit length vector xt ∈ Q, which is
in the null space of the parameter matrix Wt of the algorithm (This is always possible,
because the dimension of Q is larger than the rank of Wt ). After T trials, the algorithm
has zero gain, while the total gain T is accumulated within subspace Q. This means that
there are k orthogonal directions within Q with the total gain at least b k T and therefore,

a constant factor when the worst-case regret is expressed as a function of the number of
trials. Furthermore, when considering regret bounds as a function of a loss budget, then
MEG remains optimal and strictly outperforms GD for L1 -bounded instances. We also
studied the case when the instance matrices are L∞ -bounded. Again we show MEG to be
optimal and strictly better than GD in this case. It follows that MEG is the algorithm of
choice for both cases. Note that that vanilla PCA (where the instances are outer products
of vectors of length at most one) is subsumed by the case of L1 -bounded instance matrices.

Online PCA with Optimal Regret

(A.1)

{z

}

tr(W Xt ) + (1 − eη )

|

{z

}

tr(Wt Xt )
total gain GA
of Gain MEG

t=1

T
X

≤

gain of the
algorithm

≤ k log n
k
with initialization
kI
W1 = n

∆(W , W1 )
|
{z
}

−

≥0

1−

22

η
ηe−η
ηe−η
=1−
≤1−
= 1 − e−η ≤ η.
eη − 1
1 − e−η
η
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Since eη ≥ 1 + η, the coefficient eη1−1 of the first term on the RHS is upper bounded by η1 .
Next we upper bound the coefficient of the second term by η:

(A.2)

∆(W , WT +1 ) .
|
{z
}

(1 − eη ) tr(Wt Xt ) .
| {z }

We now rearrange the terms to bound the regret of Gain MEG:


1
n
η
GW − GA ≤
k log + 1 − η
GW .
η
e −1
k
e −1

total gain GW of
the comparator W

|

t=1

T
X

Summing over trials gives:
η

gain of the
comparator

∆(W , Wt ) − ∆(W , Wt+1 ) ≥ η tr(W Xt ) +
| {z }

and therefore

tr(Wt (I − exp(ηXt ))) ≥ (1 − eη ) tr(Wt Xt ),

where the first inequality follows from the Pythagorean Theorem and the second from the
Golden-Thompson inequality: tr(exp(log Wt + ηXt ) ≤ tr(Wt exp(ηXt )). By Lemma 2.1
of Tsuda et al. (2005),

= tr(ηW Xt ) + tr(Wt (I − exp(ηXt )),

≥ tr(ηW Xt ) + tr(Wt − Wt exp(ηXt ))

= tr(ηW Xt ) + tr(Wt − exp(log Wt + ηXt ))

ct+1 )
∆(W , Wt ) − ∆(W , Wt+1 ) ≥ ∆(W , Wt ) − ∆(W , W
ct+1 − log Wt ) + Wt − W
ct+1 )
= tr(W (log W

Take any projection matrix W ∈ W k as a comparator and use ∆(W , Wt )−∆(W , Wt+1 )
as a measure of progress towards W :

Proof The proof is based on the by now standard proof techniques of Tsuda et al. (2005).
Let Wt ∈ W k be the parameter of the Gain MEG algorithm at trial t and Xt be the instance
matrix at this trial. Now plugging the (un-normalized) relative entropy ∆(W , Wt ) =
tr(W (log W − log Wt ) + Wt − W ) into the descent step of the Gain MEG algorithm (2.7)
gives:
ct+1 = exp(log Wt + ηXt ) where η ≥ 0 is the learning rate.
W

Appendix A. Proof of Upper Bound (3.5) on the Regret of Gain MEG

Nie, Kotlowski and Warmuth

=

r

η=

log n
k
BG

r
n
2BG k log .
k

Nie, Kotlowski and Warmuth

k log nk
+ ηBG
η
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≤

≤

k(n − k) η
+
2nη

2

PT
2
t=1 kXt kF

,

(B.1)

(C.2)

The inequality (3.5) on the regret of Gain MEG now follows from these two upper bounds,
the budget inequality GW ≤ BG and from tuning the learning rate as a function of BG :
RGain EG

Appendix B. Proof of Upper Bound (3.6) on the Regret of GD
Proof This proof is also standard (Herbster and Warmuth, 2001). Minor alterations are
needed because we have matrix parameters. Let Wt ∈ W m be the parameter of the GD
algorithm at trial t and Xt be the instance matrix at this trial. Then for the best comparator
W ∈ W m and any learning rate η ≥ 0, the following holds
ct+1 − W k2 = kWt − W k2 − 2η tr((Wt − W )X > ) + η 2 kXt k2 ,
kWt+1 − W kF2 ≤ kW
F
F
t
F

kWt − W kF2 − kWt+1 − W kF2
ηkXt kF2
+
.
2η
2

where the inequality follows from the Pythagorean Theorem (Herbster and Warmuth, 2001)
and the equality follows from the descent step of the GD algorithm (see (2.5)). By rearranging terms, we have
tr(Wt Xt> ) − tr(W Xt> ) ≤

2

PT
2
t=1 kXt kF

Note that the LHS is the P
regret in trial t w.r.t. W . By summing all trials, we have that
T
tr(Wt Xt> ) is upper bounded by
the (total) regret RGD = t=1
((

( k2
(W
(−
kW
kW1 − W kF2 − (
η
+1
(T(
F
+
2η

where we used kW1 − W kF2 ≤ k(n−k)
since W ∈ W m and W1 = n−k
n
n I. In the L1 -bounded
instance matrix case (when kXkF2 ≤ 1), (B.1) can be further simplified as

wt+1,i = −wt,i − η`t,i + γ + αi − βi ,
w
(wt+1,i − 1)βi = 0,
Pt+1,i αi = 0,
n
0 ≤ wt+1,i ≤ 1,
i=1 wt+1,i = m,
αi ≥ 0,
βi ≥ 0.

24

JMLR 17(173):1-49

Note that since the projection step of (C.1) is a convex optimization problem, these conditions are necessary and sufficient for the optimality of a solution. Hence, for any intermediate weight vector ŵt+1 = wt − η`t , if a set of primal and dual variables wt+1 , α =
(α1 , . . . , αn ), β = (β1 , . . . , βn ), γ satisfy all the conditions (C.2), then they are the unique
primal and dual solutions of the projection step.

Stationarity:
Complementary slackness:
Primal feasibility:
Dual feasibility:

first predicts with a weight vector wt ∈ [0, 1]n , the coordinates of which sum to m. Then
the algorithm receives a unit bit vector `t and suffers loss wt · `t . The GD algorithm for
online PCA (2.5) specializes to the following updates of the parameter vector for learning
m-sets:
Descent step:
ŵt+1 = wt − η`t ,
(C.1)
Projection step: wt+1 = argminw∈S m kw − ŵt+1 k2 ,
Pn
wi = m}.
where η > 0 is the learning rate and S m = {w ∈ [0, 1]n : i=1
Since our lower bound for GD must hold no matter what the fixed learning rate η is, we
construct two adversarial loss sequences: The first causes the GD algorithm to suffer large
regret when η is small and the second causes large regret when η is large. Specifically, we
will show that the GD algorithm suffers regret at least Ω(k/η) on the first sequence, and at
least Ω(min{BL , kBL η}) on the second sequence. We will then show that the lower bound
of the theorem follows by taking the maximum of these two bounds and by solving for
the learning rate that minimizes this maximum. The first sequence consists of unit losses
assigned to the first k experts. At each trial, the adversary gives a unit of loss to the expert
(out of the first k) with the largest current weight. If the learning rate η is small, then the
weights assigned to the first k experts decrease too slowly (Lemma C.2). This causes the
algorithm to suffer a substantial amount of loss on the first sequence, while the loss of the
remaining m experts remains zero. The second sequence consists of unit losses assigned to
the first k + 1 experts. As before, the adversary always gives the expert with the largest
weight (now out of the first k + 1) a unit of loss. Intuitively, the GD algorithm will give
high weight to the m − 1 = n − (k + 1) loss free experts and the best out of the first k + 1
experts. As the η gets larger, the algorithm puts more and more weight on the current best
out of the k + 1 experts instead of hedging its bets over all k + 1 experts. So the algorithm
becomes more and more deterministic and the adversary strategy of hitting the expert with
the largest weight (out of the first k + 1) causes the algorithm to suffer a substantial loss
(Lemma C.3). Formalizing these findings is not simple as the projection step of the GD
algorithm does not have a closed form. Hence, we need to resort to the Karush-Kuhn-Tucker
optimality conditions and prove a sequence of lemmas before assembling all the pieces for
proving Theorem 4.1.
Let αi be a dual variable for the constraint wt+1,i ≥ 0 (i = 1, . . . , n), βi be a dual
variable forPthe constraint wt+1,i ≤ 1 (i = 1, . . . , n), and γ be a dual variable for the
n
constraint i=1
wt+1,i = m. Then the KKT conditions on the projection step of (C.1) have
the following form: For i = 1, . . . , n,

k(n − k) ηT
RGD ≤
+
.
2nη
2
q
k(n−k)
T regret bound for the L1 -bounded inBy setting η = k(n−k)
nT , we obtain the
n
stance case. When the instance matrices are L∞ -bounded, then kXt kF2 ≤ n and hence,
p
RGD ≤ k(n − k)T with η = k(n−k)
.
T

Appendix C. Proof of Theorem 4.1
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Theorem 4.1 gives a lower bound on the regret of the GD algorithm for the m-set problem
with unit bit vectors as loss vectors. At each trial of the m-set problem, the online algorithm
23

wt,1 − n−1
n η for i = 1 .
wt,i + nη
for i ≥ 2

η
η
η
≤ 1 − + = 1.
n
n n

η−
0

n
n−1 wt,1

for i = 1
,
for i ≥ 2

wt+1,i =


0
wt,i +
wt,1
n−1

for i = 1
.
for i ≥ 2

wt,1
wt,1
wt,1
≤1−
+
= 1.
n−1
n−1 n−1
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Our next lemma considers the general case when the weight vector before the update
does not necessarily satisfy the assumption in Lemma C.1, i.e. the weights of the experts
w
not incurring loss may be larger than 1 − min{ nη , n−1
} (where w is the weight of the only
expert incurring loss).

We conclude that in this case, the first weight decreases by wt,1 and all the other weights
wt,1
increase by n−1
. Combining the above two cases proves the lemma.

wt+1,i = wt,i +

Again, all KKT conditions are easy to check, except for the primal feasibility condition
wt,1
wt+1,i ≤ 1 for i ≥ 2. By the assumption of the lemma wt,i ≤ 1 − min{ nη , n−1
}. Since we are
wt,1
n−1
in the case wt,1 < n η, we have wt,i ≤ 1 − n−1 and therefore

αi =



We conclude that in this case, the first weight decreases by n−1
n η and all the other weights
increase by nη .
wt,1
Case wt,1 = w < n−1
n η: The proposed solution is γ = n−1 and for 1 ≤ i ≤ n, βi = 0,

wt+1,i = wt,i +

All KKT conditions are easy to check, except for the primal feasibility condition: wt+1,i ≤ 1,
wt,1
for i ≥ 2. By the assumption of the lemma, wt,i ≤ 1 − min{ nη , n−1
}. Since we are in the
η
case wt,1 ≥ n−1
η,
we
have
w
≤
1
−
and
therefore
t,i
n
n

wt+1,i =



Proof W.l.o.g., the first expert incurs a unit of loss in trial t, i.e. wt,1 = w and `t = e1 ,
where e1 is the unit bit vector with first coordinate equal to 1 (and all other coordinates
equal to 0). To solve the projection step of the GD update (C.1), we distinguish two cases
based on the value of wt,1 . In each case we propose a solution to the projection step and
show that it is a valid solution by verifying the KKT conditions (C.2).
η
Case wt,1 = w ≥ n−1
n η: The proposed solution is γ = n and for 1 ≤ i ≤ n, αi = βi = 0,

w
, w} and increase all the other weights by min{ nη , n−1
}.
min{ (n−1)η
n

wt+1,i ≥ wt,i ,




η wt,1
.
,
n n−1

for 2 ≤ i ≤ n,

for any 2 ≤ i ≤ n such that wt,i ≥ 1 − min

and

(C.4)

(C.3)

(wt,i − η`t,i + γ)

≥

≥

=

αi = 0 since
wt+1,i > 0

(wt,i )
i:1≤i≤n,wt+1,i >0

X

=

m.

(C.5)

(wt,i − η`t,i + γ + αi − βi )
i:1≤i≤n,wt+1,i >0

X

(wt,i − η`t,i + γ + αi )
i:1≤i≤n,wt+1,i >0

X

26

(C.6)
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wt+1,i = wt,i − η`t,i + αi − βi + γ = wt,i + αi − βi + γ.

Combining the above inequality with (C.5) implies that γ ≥ 0, which completes our proof
of (C.3).
Next we prove (C.4). By the stationarity condition of (C.2) and the assumption `t = e1 ,
we have that for 2 ≤ i ≤ n,

i:1≤i≤n,wt+1,i >0

Furthermore, since both the learning rate η and the loss vector `t are non-negative, we have
that for all 1 ≤ i ≤ n,
X
X
(wt,i − η`t,i ) ≤
(wt,i ) ≤ m.
i:1≤i≤n,wt+1,i >0

i:1≤i≤n,wt+1,i >0

X

 + αi − β i + γ − 
 = αi − βi + γ.
and for 2 ≤ i ≤ n: wt+1,i − wt,i = 
wt,1
wt,1
Therefore, to prove (C.3), it suffices to show αi − βi + γ ≥ 0 for 1 ≤ i ≤ n. By the
dual feasibility condition of (C.2), αi ≥ 0 but −βi ≤ 0. However, when −βi < 0, we have
wt+1,i = 1 by the complementary slackness condition, and therefore (C.3) holds trivially in
this case (noting that wt,i ≤ 1). Now we only need to show γ ≥ 0. We do this by summing
wt,i − η`t,i + γ over indices i such that wt+1,i > 0:

 = −η + α1 − β1 + γ,
 − η + α1 − β1 + γ − wt,1
wt+1,1 − wt,1 = 
wt,1


We first prove (C.3). By the stationarity condition of (C.2) and the assumption `t = e1 ,
we have that

wt+1,i = 1,

and furthermore

wt+1,1 ≥ wt,1 − η

Proof Let wt be the weight vector at the beginning of the trial and assume w.l.o.g. that
the first expert incurs one unit of loss, i.e. `t = e1 . Let wt+1 , α, β and γ denote the
variables satisfying the KKT conditions (C.2). The lemma now states that:

Lemma C.2 Consider a trial of the m-set problem with n experts, when only one expert
incurs a unit of loss. If this expert has weight w, then the GD algorithm with learning rate
η > 0 will decrease w by at most η and will not decrease the weights of any other experts.
w
Furthermore, if any expert not incurring loss has weight at least 1 − min{ nη , n−1
}, then its
weight will be set to 1 by the capping constraint.

We start with a special case where the GD update (C.1) actually has a closed form
solution:

Lemma C.1 Consider a trial of the m-set problem with n experts, when only one expert
incurs a unit of loss. If this expert has weight w and all remaining experts have weight at
w
most 1 − min{ nη , n−1
}, then the GD algorithm with learning rate η > 0 will decrease w by
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Now if we further assume that wt,i

w

η wt,1
,
n n−1

t,1
≥ 1 − min{ nη , n−1
}, then (C.6) is lower bounded by


+ αi − βi + γ.

wt+1,i = wt,i + αi − βi + γ ≥ 1 − min

X

(wt,i − η`t,i + γ)

≤

γ≥0

(wt,i − η`t,i ) + nγ.

i:1≤i≤n,wt+1,i >0

X

(C.7)

t,1
Thus to prove (C.4), it suffices to show that − min{ nη , n−1
} + αi − βi + γ ≥ 0. By the dual
feasibility condition of (C.2), αi ≥ 0 but −βi ≤ 0. However, when −βi < 0, then wt+1,i = 1
follows directly from the complementary slackness condition. Therefore w.l.o.g., we assume
wt,1
βi = 0. Now all that remains is to show γ ≥ min{ nη , n−1
}, for which we distinguish the
following 2 cases.
Case wt+1,1 > 0: We will show γ ≥ nη for this case. First note that

(C.5)

m ≤
i:1≤i≤n,wt+1,i >0

=

(wt,i ) − η

i:1≤i≤n,wt+1,i >0

X
≤

m − η.

Now since we assume wt+1,1 > 0 and `t = e1 , the first term on RHS of (C.7) is upper
bounded by:
X

(wt,i − η`t,i )

i:1≤i≤n,wt+1,i >0

X

(ŵt,i − η`t,i + γ) .

≤

and completes the proof.

m − wt,1 .

(wt,i − η`t,i ) + (n − 1)γ.

wt,1
n−1

(wt,i )

i:1≤i≤n,wt+1,i >0

X

i:2≤i≤n,wt+1,i >0

γ≥0

≤

=

Together, we get m ≤ nγ − η + m, and this gives γ ≥ nη .
wt,1
for this case. Since wt+1,1 = 0, the summation
Case w
= 0: We will show γ ≥ n−1
X t+1,1
(wt,i − η`t,i + γ) does not include the case i = 1, i.e.
i:1≤i≤n,wt+1,i >0

X

(ŵt,i − η`t,i + γ)

i:1≤i≤n,wt+1,i >0

X

(wt,i − η`t,i + γ)

i:2≤i≤n,wt+1,i >0

X

i:2≤i≤n,wt+1,i >0

Therefore, (C.7) can be tightened as follows:
(C.5)

m ≤

Again, by the assumption `t = e1 , we have
X
(wt,i − η`t,i ) =
i:2≤i≤n,wt+1,i >0

Together, we get m ≤ (n − 1)γ + m − wt,1 , which gives γ ≥
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Our third lemma lower bounds the loss of the GD algorithm with respect to a particular
adversarial loss sequence of n trials (instead of the above lower bounds for single trials).
We argue this lower bound for the special case of the m-set problem when m = 1, i.e. the
vanilla expert setting. As we shall see shortly in the main proof of Theorem 4.1, the lower
bound of the general m-set problem degenerates into this special case for a certain loss
sequence. Note that the assumptions of Lemma C.1 are always met when m = 1, because
in this case any expert not incurring loss has weight at most 1 − w, where w is the weight
of the expert incurring loss.
27
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Lemma C.3 Consider the m-set problem with n experts, and m = 1. If at each trial, only
the expert with the largest weight incurs a unit of loss, then after n consecutive such trials,
1
the GD algorithm with learning rate η > 0 suffers loss at least 1 + 32
min{nη, 1}.

sum of non-candidates’ weights

≤

≤

s



1 1 0
− η ,
(n − s)
n 8


1 1 0
+ η .
n 8

Proof First notice that when m = 1, the largest of the n expert weights at each trial is at
least 1 . Therefore, any algorithm suffers total loss at least 1 in n trials. To show the extra
n
1
min{nη, 1}, we claim that in at least n4 of these n trials, the largest expert weight
loss of 32
assigned by the GD algorithm is at least n1 + 81 min{η, n1 }. This claim is proved as follows.
Let η 0 = min{η, n1 } and t0 be the first trial that the largest expert weight of the trial
is less than n1 + 81 η 0 . If t0 > n4 , the claim holds trivially. Hence, we assume t0 ≤ n4 . Now
call any expert with weight at least n1 − 81 η 0 at trial t0 a candidate. We will show that the
number of candidates s is at least n2 . To show this we first upper bound the expert weights
at trial t0 as follows:

sum of candidates’ weights

1 1 0
+ η
n 8

+ (n − s)

1 1 0
− η
n 8

s
n
= 1 + η0 − η0,
4
8

The first inequality follows from the fact that non-candidates have weight at most n1 − 81 η 0
and the second inequality follows from the definition of t0 , i.e. the maximum weight at that
trial is less than n1 + 81 η 0 . Now, since all the expert weights at a trial sum to 1, we have





1≤s

+

n
η wt
min{ ,
}
n
|4
{z n − 1 }

lower bound on the increase
from trial t0 to trial t0 + n
−1
4

≥

wt
≥ 12
n−1
n

1 1 0 n
η 1
1 η0
− η + min{ , 2 } = + .
n 8
4
n n
n
8

which gives s ≥ n2 since η 0 ≥ η > 0.
Next, we show that at trial t0 + n4 , there will be a subset of at least n4 candidates whose
weight will be at least n1 + 81 η 0 . First recall that at each trial, only one expert incurs a unit
of loss. Therefore, in the n4 trials from t0 to t0 + n4 − 1, there will be at least n2 − n4 = n4
candidates that do not incur any loss. By Lemma C.1, the weight of an expert not incurring
w
loss is increased at each trial by min{ nη , n−1
}, where w is the weight of the expert incurring
loss at that trial. Note that w ≥ n1 always hold since the expert incurring loss has the
largest weight among the n experts. Therefore, at trial t0 + n4 , each of the n4 candidates
that do not incur any loss from trial t0 to trial t0 + n4 − 1 has weight at least:
1 1 0
− η
|n {z8 }

lower bound on the
weight at trial t0

Finally, consider the next n4 trials from t0 + n4 to t0 + n2 − 1. (The game must have
more than t0 + n2 trials, since we assume t0 ≤ n4 .) The maximum weights at these trials are
always at least n1 + 81 η 0 , because only one expert incurs loss at a time, and the weights of
the remaining experts are never decreased. This completes the proof of the claim and the
lemma.
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Now we are ready to give the lower bound on the regret of the GD algorithm for the
m-set problem. For the sake of readability, we repeat the statement of Theorem 4.1 below:

28

η
k

after each of the following

km
nη

+ 1 trials. Therefore, at the beginning of trial t,

≥

≥

1
2

1
4





 
k
k
+1 =Ω
.
2η
η

(m−1)η
at each trial for 1 ≤ t ≤ (k + 1)BL /2. Therefore the total average weight in trials 1
n
through (k + 1)BL /2 is at least




1 1
(k + 1)m
(k + 1)BL
(k + 1)m
BL
+1
=
+1
.
(C.9)
2k+1
n
2
n
4
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m
n
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km
m m
km
η
+1
+
−
+1−1
nη
n
n
nη
k

Now with m ≥ 2, k ≥ 1 and n = m + k, it is easy to verify that (k+1)m
is at least
n
1 + Ω(1), which along with (C.9) results in a B2L + Ω(BL ) lower bound on the loss of GD
for 1 ≤ t ≤ (k + 1)BL /2. In trials (k + 1)BL /2 < t ≤ (k + 1)BL , GD suffers loss at least
(k+1)BL 1
BL
1
2
k+1 = 2 since the weight of the expert incurring loss is at least k+1 . Thus in trial



(C.8)

1
L
, the upper bound (C.8) becomes (k+1)m
− (m−1)B
, which can be further
Now if η ≥ k+1
n
2n
upper bounded by m
using
the
fact
m
≥
2
and
the
assumption
B
L ≥ 4k. However, the
n
upper bound of W(k+1)BL /2 ≤ m
n is less than 1 and all Wt are at least 1 since m − Wt is the
1
total weight of the last m − 1 experts which is at most m − 1. Therefore we have η < k+1
in this case.
Now we lower bound the loss of GD by lower bounding the average weight Wt /(k + 1).
1
and tcap > (k + 1)BL /2. Also by Lemma C.1, Wt decreases by exactly
We have η < k+1



(k + 1)m (k + 1)BL m − 1
1
−
min η,
.
n
2
n
k+1

Now we describe the second loss sequence which forces the GD algorithm to suffer regret
Ω(min{BL , kBL η}). For the sake of clarity, we assume that BL is integer (otherwise replace
BL by bBL c in the proof). The sequence consists of (k + 1)BL trials, where the expert with
the largest weight among first k + 1 experts incurs a unit of loss. The best comparator of
this sequence consists of the last m − 1 experts that have 0 total loss and the best of the
first k + 1 experts which has total loss at most BL .
Next we lower bound the loss of GD with respect to this loss sequence. First observe,
that the last m − 1 experts do not incur any loss in the (k + 1)BL trials. Therefore their
weight may increase (from their initial value of m
n ), but at any trial the weights of these

1
2

η
the
is at least m
n − (t − 1) k . Summing up the arithmetic series from trial 1 to trial
j average
k
km
nη + 1 gives the following lower bound on the total loss of GD:

at most

W(k+1)BL /2 ≤

The second inequality follows from the fact that since wt is the largest of the first k + 1
1
expert weights, it must be at least k+1
. Together with the fact that W1 = (k+1)m
, we have
n

experts always have the same value. The value of this block of equal weights is always
the maximum weight of any expert, since the weight value of the block is never decreased
by the algorithm. More precisely, at each trial the block’s value is increased as given in
Lemma C.1, until it becomes 1 at trial tcap and stay at 1 till the end of the game. If no
such trial tcap exists (i.e. the value of the block remains less than 1 at the end of the game),
then let tcap = ∞. In the degenerate case when m = 1 (i.e. the block has size m − 1 = 0),
we simply set tcap = 1 from the beginning.
Depending on the value of tcap , we distinguish two cases in which GD suffers loss at
least BL + Ω(BL ) and BL + Ω(min{BL , kBL η}), respectively.
Case tcap > (k + 1)BL /2: We will show that GD suffers loss at least BL + Ω(BL ) in
this case. First recall that at the beginning of the proof we assumed BL ≥ 4k. Therefore in
the case tcap > (k + 1)BL /2 we have tcap > 4. From our definition of tcap this means that
1
m ≥ 2. Next we argue that since tcap > (k + 1)BL /2, we have η ≤ k+1
. Let Wt denote the
sum of the first k + 1 weights at trial t and let wt be their maximum. By Lemma C.1, we
know that in each trial prior to tcap , the weight wt of the expert incurring loss is decreased
wt
, wt } and all other weights are increased by min{ nη , n−1
}. Since the expert
by min{ (n−1)η
n
incurring loss is always one of the first k + 1 experts, we have that in each trial prior to tcap ,
the total weight Wt is decreased by at least






(n − 1)η
η wt
m−1
m−1
1
min
, wt − k min
,
≥
min{η, wt } ≥
min η,
.
n
n n−1
n
n
k+1

Theorem 4.1 Consider the m-set problem with k ≤ n/2 and unit bit vectors as loss vectors.
Then for any fixed learning
√ rate η, the GD algorithm (C.1) can be forced to have regret at
least Ω(max{min{BL , k BL }, k}).

Proof The lower bound Ω(k) directly follows from Lemma G.2 proven later: If we set
the variable i in the statement of the lemma to k, then this results in a lower bound of
n
n
k
Ω(m log m
) for any algorithm. Now, m log m
= m log( m
+ 1)√≥ k. Hence to prove this
theorem, we only need to show a lower bound of Ω({min{BL , k BL }), where BL is the loss
budget (defined in (3.1)). Also, w.l.o.g., assume BL ≥ 4k since when BL ≤ 4k, the claimed
bound is in fact Ω(k), which always holds as we just argued.
√
The hard part (deferred to later) in proving the Ω({min{BL , k BL }) lower bound for
GD is to show that the algorithm suffers regret at least Ω(k/η) and Ω(min{BL , kBL η})
on two different loss sequences, respectively. Clearly, it follows that the regret of GD is
then at least the maximum of these two bounds. By a case analysis, one can show that
max{a, min{b, c}} ≥ min{b, max{a, c}} for any a, b, c ∈ R. (We prove this as Lemma I.1
in Appendix I.) Therefore we get the lower bound of Ω(min{BL , max{k/η, kBL η}}). The
lower bound for GD with any
√ fixed learning rate now follows from fact that max{k/η, kBL η}
is minimized at η = Θ(1/ √BL ). The value of the lower bound with this choice of η is the
target lower bound of Ω(k BL ).
We still need to describe the two loss sequences and prove the claimed lower bounds
j k on
the regret. The first loss sequence forces GD to suffer regret Ω(k/η). It consists of km
nη + 1
trials in which only the first k experts incur losses. More precisely, at each trial, the expert
with the largest weight (within the first k experts) incurs one unit of loss (In the case of
tied weights, only the expert with the smallest index incurs loss). The last m experts have
loss 0. Therefore the regret is simply the total loss of the GD algorithm. The loss of the
algorithm at each trial is equal to the largest weight of the first k experts. Therefore the loss
is lower bounded by the average of the first k weights. With a uniform initial weight vector,
this average is m
n at the beginning ofjthe kfirst trial, and by Lemma C.2, it is decreased by
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Now the FRL-GD algorithm predicts at trial t + 1 with the weight vector wt+1 given by:


 m−η`(m−1) for i ≤ k + 1


n

 if η` < k then

k+1

 m+η`(k+1)


for i > k + 1
n
.
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(D.1)

wt+1,i =

1 >

k
k+1

`≤t,i =






 if η` ≥



0

then

m − η`(m − 1)
> 0,
n

1
k+1

for i > k + 1

for i ≤ k + 1

for i > k + 1

(

1

and

0 <

m + η`(k + 1)
< 1.
n

Proof We prove this lemma by verifying the KKT conditions (D.2). If η` <

<

wt+1,j −wt,j
>

=

we have:

(D.3)

(−η`≤t,j +αt+1,j −βt+1,j +γt+1 ) − (−η`≤t−1,j +αt,j −βt,j +γt ),

η(`≤t,j − `≤t−1,j ) + (αt,j − αt+1,j ) + (βt+1,j − βt,j ).
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Since wt+1,j > wt,j , and the weights must be non-negative, we have wt+1,j > 0, and thus
αt+1,j = 0 due to the complementary slackness condition of (D.2). Since αt,j must be

γt+1 − γt

or, equivalently,

0

Proof Let `≤t−1 be the cumulative loss vector at the beginning of the trial, and let
wt , αt , βt and γt be the corresponding primal and dual variables satisfying KKT conditions
(D.2) with respect to `≤t−1 . W.l.o.g., we assume the first expert incurs a unit of loss,
i.e. `≤t = `≤t−1 + e1 . Let wt+1 , αt+1 , βt+1 and γt+1 denote the variables satisfying the
KKT conditions with respect to the updated loss vector `≤t . The lemma now states that
wt+1,1 − wt,1 ≥ −η.
The lemma holds trivially when wt+1 = wt . When wt+1 6= wt , we first show that
γt+1 ≥ γt . Since both wt and wt+1 sum to m, there must be an expert j, such that
wt,j < wt+1,j . By the stationarity condition of (D.2), we have:

Lemma D.2 Consider a trial of the m-set problem with n experts, when only one expert
incurs a unit of loss. Then the FRL-GD algorithm with learning rate η > 0 decreases the
weight of this expert by at most η and none of the other weights are decreased in this trial.

, the
Therefore 0 < wt+1,i < 1, for all i. By taking α = β = 0, and γ = m+η`(k+1)
n
k
KKT conditions can easily be verified to hold. If η` ≥ k+1
, the KKT conditions are satisk
1
fied by taking αi = 0 for i ≤ k +1 and αi = k+1
−η` for i > k +1, β = 0 and γ = k+1
+η`.

k
k+1 ,

Lemma D.1 Consider the m-set problem with n experts, where at the beginning of trial
t + 1, each of the first k + 1 experts (where k = n − m) have incurred the same cumulative
loss `, and all the remaining experts are loss free, i.e.
(
` for i ≤ k + 1
.

1 through (k + 1)BL the loss of GD is at least BL + Ω(BL ) which concludes the proof of
the case tcap ≥ (k + 1)BL /2.
Case tcap ≤ (k + 1)BL /2: We will show that GD suffers total loss at least BL +
Ω(min{BL , kBL η}) in this case. First note that GD suffers loss at least BL /2 in the first
(k + 1)BL /2 trials. This follows from the fact that in each trial, the expert with the largest
weight among first k + 1 experts incurs a unit of loss. Since the sum of all weights is equal
to m, and none of the remaining m − 1 weights can exceed 1, the sum of weights of the
first k + 1 experts must be at least 1, and hence the largest weight among the first k + 1
1
experts is at least k+1
. This means that in a sequence of (k + 1)BL /2 trials, the loss of the
GD algorithm is at least BL /2.
Thus, it suffices to show that GD suffers loss at least BL /2+Ω(min{BL , kBL η}) in trials
(k + 1)BL /2 + 1 through (k + 1)BL . First note that since tcap ≤ (k + 1)BL /2, in each of
these trials the weights of the m − 1 loss free experts have reached the cap 1. This means
that GD updates the weights of the first k + 1 experts as in the vanilla expert setting (i.e.
m = 1). Therefore by Lemma C.3, the loss of GD in the second (k + 1)BL /2 trials is at
1
least B2L (1 + 32
min{(k + 1)η, 1}) = B2L + Ω(min{BL , kBL η}).
We conclude that for the second loss sequence, the loss of the best comparator is at
most BL and the loss of GD is at least BL + Ω(min{BL , kBL η}). Therefore, the regret of
GD is at least Ω(min{BL , kBL η}) for the second loss sequence and this completes our proof
of the theorem.

Appendix D. Proof of Theorem 4.3

t
X

q=1

`q ,

Theorem 4.3 gives a lower bound on the regret of the FRL-GD algorithm for the m-set
problem with unit bit vectors as loss vectors. In this case, the FRL-GD algorithm (4.2)
specializes to the following:
Follow the regularized leader: ŵt+1 = −η

w∈S m

Projection step: wt+1 = argmin kw − ŵt+1 k2 .
The proof has the same structure as the lower bound for the GD algorithm (Appendix C).
Again we use two adversarial loss sequences (one for low and high learning rates) and give
three technical lemmas that reason with the KKT conditions. The details are different
because the intermediate weight vector ŵt+1 has a different form than for vanilla GD. The
KKT conditions are the same as the KKT condition for GD (C.1) except for a slight change
in the stationarity condition. For i = 1, . . . , n,

JMLR 17(173):1-49

Stationarity:
wt+1,i = −η`≤t,i + γ + αi − βi ,
Complementary slackness: P
wt+1,i αi = 0, (wt+1,i − 1)βi = 0,
(D.2)
n
Primal feasibility:
0 ≤ wt+1,i ≤ 1,
i=1 wt+1,i = m,
Dual feasibility:
αi ≥ 0,
βi ≥ 0,
Pt
where `≤t,i = q=1
`q,i is the cumulative loss of expert i up to trial t. Again we prove three
technical lemmas before assembling them into the main proof.
31

(D.4)

(−η`≤t,1 + αt+1,1 − βt+1,1 + γt+1 ) − (−η`≤t−1,1 + αt,1 − βt,1 + γt )

−η + (γt+1 − γt ) + (αt+1,1 − αt,1 ) + (βt,1 − βt+1,1 ),

=

−η + (γt+1 − γt ) + αt+1,1 + βt,1

≥

−η.

=0

≥0
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Proof The proof goes by providing primal and dual variables satisfying the KKT conditions
(D.2). Since the solution wt+1 to (D.2) does not change if we shift all cumulative losses
`≤t,i by a constant we can assume w.l.o.g. that the cumulative loss of all experts at the end
of trial t is 0.
Take trial t + j + 1 (j ≥ 0), at the beginning of which each of the first j experts have
1
already incurred a unit of loss and the remaining n − j experts are loss free. If η ≤ n−j
,
then the KKT conditions (D.2) are satisfied by taking αi = βi = 0 for all i = 1, . . . , n,
γ = nj η + n1 , and
( 1 n−j
n − n η for i ≤ j
wt+j+1,i =
.
j
1
for i > j
n + nη

Lemma D.3 Consider the m-set problem with n experts, and m = 1. Assume at the end
of trial t, the cumulative losses of all experts are the same. Assume further that the loss
sequence in trials t + 1, . . . , n is `t+1 = e1 , `t+2 = e2 , . . . , `t+n = en , i.e. each expert subsequently incurs a unit of loss. Then the cumulative loss incurred by the FRL-GD algorithm
in iterations t + 1, . . . , n is at least 1 + 14 min{nη, 1}.

where the last inequality is by the dual feasibility condition of (D.2). This finishes the
proof.

≥ αt+1,i + βt,i ≥ 0,

=0

= (αt+1,i − αt,i ) + (βt,i − βt+1,i ) + (γt+1 − γt )
| {z }
|{z}
| {z }

 + αt+1,i − βt+1,i + γt+1 ) − (−η`

≤t,i
wt+1,i − wt,i = (
−η`
≤t−1,i + αt,i − βt,i + γt )

We now show the second statement of the lemma, that wt+1,i ≥ wt,i for all i > 1. First
note that if αt,i > 0, then by the complementary slackness condition of (D.2), wt,i = 0, and
the statement trivially holds. Similarly, if βt+1,i > 0, then by the complementary slackness
condition, wt+1,i = 1, and, again the statement trivially holds. Therefore we prove the
statement assuming that αt,i = 0 and βt+1,i = 0. Since `≤t,i = `≤t−1,i , the complementary
slackness condition of (D.2) implies:

wt+1,1 − wt,1

where we used `≤t,1 = `≤t−1,1 +1. If αt,1 6= 0, then wt,1 = 0 due to complementary slackness,
and the lemma trivially holds. Similarly if βt+1,1 6= 0, then wt+1,1 = 1, and again the lemma
holds trivially. Thus, we may assume that αt,1 = βt+1,1 = 0. However then (D.4) becomes

=

=



j
1
1
+ min η,
n n
n−j

n
2



j
1
1
+ min η,
n n
n
j=0


n−1
1
1+
min η,
2
n
1
1 + min {ηn, 1} ,
4
n−1
X

for n ≥ 2.

≥

=

≥
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p
n
n
Proof Theorem 5.6 gives a lower bound of Ω( BL m log m
+ m log m
) that holds for any
n
k
= m log( m
+√
1) ≥ k. Hence to
algorithm. This lower bound is at least Ω(k) since m log m
prove this theorem, we only need to show a lower bound of Ω({min{BL , k BL }). Similarly
as in the proof of Theorem 4.1, we show this in two steps: First, we give two loss sequences
that force FRL-GD to have regret at least Ω(k/η) and Ω(min{BL , kBL η}), respectively.
Then, the lower bound follows by taking the maximum between the two lower bounds.
The first loss sequence
j k is exactly the same as in the proof of Theorem 4.1, i.e. the
sequence consists of km
nη + 1 trials and in each trial, the expert with the largest weight
(within the first k experts) incurs one unit of loss. With Lemma D.2 in place of Lemma C.2,
one can easily show an Ω(k/η) regret lower bound for FRL-GD by repeating the argument
from the proof of Theorem 4.1.
Now we describe the second loss sequence which forces the FRL-GD algorithm to suffer
regret Ω(min{(BL ), kBL η}). For the sake of clarity, we assume that BL is integer (otherwise

Theorem 4.3 Consider the m-set problem with k ≤ n/2 and unit bit vectors as loss vectors.
Then for any fixed learning√rate η, the FRL-GD algorithm (D.1) can be forced to have regret
at least Ω(max{min{BL , k BL }, k}).

We are now ready to give the proof of Theorem 4.3:

where the last inequality is due to n − 1 >

j=0

n−1
X

n
o
1
which can be concisely written as: n1 + nj min η, n−j
. Summing the above over j = 0, . . . , n
gives the cumulative loss of the algorithm incurred at trials t + 1, . . . , t + n:

1
.
The loss of the algorithm in such a case is n−j
Thus depending on η, the algorithm’s loss at trial t + j + 1 is equal to
( 1
j
1
if η ≤ n−j
n + nη
,
j 1
1
1
1
n−j = n + n n−k if η > n−j

In this trial, expert j + 1 incurs a unit of loss, and hence the algorithm’s loss is n1 + nj η.
1
1
If η > n−j
, then the KKT conditions (D.2) are satisfied by taking γ = n−j
and for
1 ≤ i ≤ n, βi = 0,
(
(
1
0
for i ≤ j
η − n−j
for i ≤ j
wt+j+1,i =
,
α
=
.
i
1
for
i
>
j
0
for i > j
n−j

non-negative due to the dual feasibility condition of (D.2), we have αt,j ≥ αt+1,j . A similar
argument gives βt+1,j ≥ βt,j . Moreover, since `≤t,j − `≤t−1,j ≥ 0 (due to `≤t = `≤t−1 + e1 ),
the RHS of (D.3) is non-negative, and thus γt+1 ≥ γt .
By the stationary condition of (D.2), we have:

wt+1,1 − wt,1
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=

Use the same
argument as in (C.9)

BL /2 + Ω(BL ).

replace BL by bBL c in the proof). The sequence consists of BL “rounds”, and each round
consist of k + 1 trials (so that there are (k + 1)BL trials in total). In each round, one unit
of loss is given alternately to each of the first k + 1 experts, one at a time. In other words,
in trial t, the loss vector `t equals to er where r = t mod (k + 1). The best comparator of
this sequence consists of the last m − 1 loss free experts and any of the first k + 1 experts,
which incurs cumulative loss BL .
To lower bound the loss of the algorithm, first notice that in each round, each of the
first k + 1 experts incurs exactly one unit of loss. The sum of weights of these experts at the
beginning of a round lower bounds the algorithm’s loss in this round. This is because the
weight of a given expert cannot decrease if the expert does not incur any loss (Lemma D.2);
hence, the weight of a given expert at a trial, in which that expert receives a unit of loss,
will be at least as large as the weight of that expert at the beginning of a round. Since the
weights are initialized uniformly, this sum is m(k +1)/n before round 1, and by Lemma D.1,
each of the following rounds decreases it by (m − 1)(k + 1)η/n until it is lower capped at
1 (Since the total sum of the weights is m, and none of the remaining m − 1 weights can
exceed 1, the sum of weights of the first k + 1 experts must be at least 1).
We first assume that after BL /2 rounds, this sum is strictly larger than 1 which means
the sum decreases as an arithmetic series for all the first BL /2 rounds and the algorithm’s
loss can be lower bounded by
1
BL
(m(k + 1)/n + 1)
2
2

Since the sum of the first k+1 weights at the beginning of any trial is at least 1, the algorithm
incurs loss at least BL /2 in the remaining BL /2 rounds. Summing up the algorithm’s loss
on both halves of the sequence, we get a regret lower bound of Ω(BL ).
Now consider the case, when after the first BL /2 rounds, the sum of the first k+1 weights
is 1. This implies that the weights of m − 1 remaining experts are all equal to 1, and will
stay at this value, since only the first k + 1 experts incur any loss (and, by Lemma D.2, the
weight of an expert cannot decrease if that expert does not incur any loss). Thus, we can
disregard the loss free m − 1 experts, and in the remaining BL /2 rounds, the first k + 1
expert weights are updated as in the m-set problem with m = 1. Notice that the algorithm
suffers loss at least BL /2 in the first BL /2 rounds and by Lemma D.3, suffers loss at least
BL /2 + BL min{(k + 1)η, 1}/8 in the second BL /2 rounds. Summing up the algorithm’s loss
on both halves of the sequence, we get a regret lower bound of Ω(min{BL , kBl η}).

Appendix E. A Discussion on the Final Parameter of FRL-GD

JMLR 17(173):1-49

In this appendix, we show that the final parameter matrix of the FRL-GD algorithm essentially contains the solution to the batch PCA problem. First recall that given n dimensional
data points x1 , . . . , xT , the batch version of the k-PCA problem isP
solved by the eigenvecT
>
tors of the k largest eigenvalues of the covariance matrix C =
t=1 xt xt . Let WT +1
be the final parameter matrix of the FRL-GD algorithm when the instance matrices are
X1 = x1 x1> , . . . , XT = xT xT> . We will show that the eigenvectors of the m = n − k largest
eigenvalues of WT +1 are the same as the eigenvectors of the m largest eigenvalues of the
35
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negated covariance matrix −C. Thus, by computing the complementary subspace of rank
k, one finds the solution of the batch PCA problem with respect to data points x1 , . . . , xT .
Recall that the final parameter WT +1 of FRL-GD is the projection of the −C into the
parameter set W m :

W ∈W m

WT +1 = argmin k − C − W kF2 .

and

v∈S m

λ0 = argmin kλ − vk22 .

Let −C have eigendecomposition −C = U diag(λ)U > , where λ is the vector of the eigenvalues of −C. Arora et al. (2013, Lemma 3.2) shows that the projection of −C is solved
by projecting the eigenvalues λ into S m while keeping its eigensystem unchanged:
WT +1 = U diag(λ0 )U >

W.l.o.g., assume the elements of λ are in descending order, i.e. λ1 ≥ λ2 ≥ . . . λn . To prove
that the eigenvectors of the m largest eigenvalues are the same in WT +1 and −C, we only
need to show the following: for any integers pair i and j such that 1 ≤ i ≤ m < j ≤ n, if
λi > λj , then λi0 > λj0 . First note that by the KKT analysis of the problem of projecting
into S m (see (D.2)), it is easy to see that if λi > λj , then exactly one of the following three
cases holds.
λi0 > λj0
or
λi0 = λj0 = 0
or
λi0 = λj0 = 1.

Now we show that when i and j further satisfy i ≤ m < j, the latter two cases can never
happen. Suppose λi0 = λj0 = 1 for some i ≤ m < j. In this case for any i0 ≤ m, λi0 0 = λj0 = 1
also holds. Therefore, the sum of all the coordinates of λ0 will be at least m + 1 which
contradicts λ0 ∈ S m . Now assume λi0 = λj0 = 0 for some i ≤ m < j. In this case for any
m < j 0 , λi0 = λj0 0 = 0 also holds. This implies that the sum of all the coordinates of λ0 s will
be at most m − 1 which again contradicts λ0 ∈ S m .

Appendix F. Regret Lower Bounds When the Number of Trials Is Large

This appendix proves lower bounds on the regret of any online algorithm for the m-set
problem: Theorem 5.1 and Theorem 5.2 prove lower bounds for unit bit vectors as loss
vectors and Theorem 5.4 proves lower bounds for arbitrary bit vectors as loss vectors. In
all of these lower bounds, we assume that the number of the trials T is larger than either
the number of experts n or some function of n, m and k (see details of the assumptions in
individual theorems). The regret lower bounds for small number of trials are given in the
next Appendix G.
All the lower bounds given in this appendix are proved with the probabilistic bounding
technique described in Section 5, i.e. in each case, we first choose a probability distribution
P and then show a lower bound on the expected regret of any algorithm when the loss
vectors are generated i.i.d. from P. Our lower bounds on the expected regret make use of
the following lemma which gives an upper bound on the expected loss of the best comparator
in a two expert game.
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(F.1)

Lemma F.1 Consider a two expert game in which the random loss pairs of both experts
are i.i.d. between trials, and at each trial the random pair follows the distribution:

value of the loss pair (0, 1) (1, 0) (1, 1)
(0, 0)
probability
p
p
q
1 − 2p − q

36

t=1

≤

T
−
2

r
T +1
.
2π

t
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We now use Lemma F.1 to prove the following theorem which addresses the m-set
problem with unit bit vectors for the case k ≤ n2 .

where R is a binomial random variable with T draws and success probability 2p. Clearly
E[R] = 2T p and therefore E[ R2 ] = T p. Moreover under the assumption that T p ≥ 1/2, we
will
show in
q
 Lemma I.2 of Appendix I (using an application of the Chernoff bound) that
√
R−1
E
≥ c T p for some constant c that does not depend on T , p and q.
2π

At each trial, the random variable pair (ãt , b̃t ) has four possible values: (1, 0), (0, 1),
(1, 1) or (0, 0). IfPãt 6= b̃t , then
P this trial is “covered by” Lemma F.2. If ãt = b̃t , then
this trial affects t ãt and t b̃t the same way and therefore can be excluded from the
minimization. We formalize this observation as follows:





"
(
)#
 X
X X
X 
X
E min
ãt ,
b̃t
=
E min
ãt ,
b̃t  + E 
ãt 


t
t
t:ãt 6=b̃t
t:ãt 6=b̃t
t:ã=b̃
"
#
r
Lemma F.2
R−1
R
≤
E
−
+ T q,
2
2π

t

Proof of Lemma F.1 Denote the experts’ losses at trials 1 ≤ t ≤ T by ãt and b̃t . In this
notation, the statement of Lemma F.1 is equivalent to:
"
(
)#
X X
p
E min
ãt ,
b̃t
≤ T (p + q) − c T p.

t=1

For T independent such pairs, we have
"
( T
)#
r
T
X X
T
T −1
−
≤ E min
at ,
bt
2
2π

value of (at , bt ) (0, 1) (1, 0)
.
probability
0.5
0.5

Lemma F.2 Let at and bt be two binary random variables following the distribution

Later we will use the case q = 0 of the two expert distribution (F.1) as a submodule for
building distributions over the n unit bit vectors and p = q = 1/4 for building distributions
over {0, 1}n . To prove Lemma F.1, we need the following lemma from (Koolen, 2011,
Theorem 2.5.3):

≤ S E [ minimum loss among experts 1 and 2 in T /S trials ] .

E [ minimum loss among n experts in T trials ]
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Proof The key idea is to upper bound the minimum loss of any expert by the loss of
the expert that wins an S round tournament. In the first round, we start with n experts
and pair each expert with a random partner. The round lasts for T /S trials. For each
pair, the expert with the smaller loss wins in this round (tie always broken randomly). The

then,

• and the distribution of losses is i.i.d. between trials,

Lemma F.3 Choose any n, S and T , such that n = 2S and S divides T . If the loss sequence
of length T is generated from a distribution P, such that:
• at each trial t, the distribution of losses on n experts is exchangeable, i.e. for any
permutation π on a set {1, . . . , n}, and for any t, `t = (`t,1 , `t,2 , . . . , `t,n ) and `πt =
(`t,π(1) , `t,π(2) , . . . , `t,π(n) ) have the same distribution,

The case k ≥ n2 is more complicated. Recall that k = n − 1 reproduces the vanilla single
expert case. Therefore additional log n factor must appear in the square root of the lower
bound. We need the following lemma, which is a generalization of Lemma F.1 to n experts.
In the proof, we upper bound the minimum loss of the experts by the loss of the winner of
a tournament among the n experts. The tournament winner does not necessarily have the
lowest loss. However as we shall see, its expected loss is close enough to the expected loss
of the best expert so that this bounding technique is still useful for obtaining lower bounds
on the regret.

Proof In this proof, each loss vector is uniformly sampled from the first 2k unit bit vectors,
i.e. at each trial, one of the first 2k experts is uniformly chosen to incur a unit of loss. To
show an upper bound on the loss of the comparator, we group these 2k experts into k pairs
and note that the loss of each expert pair follows the joint distribution described Lemma F.1
1
with p = 2k
and q = 0. Furthermore, the condition T p ≥ 1/2 of Lemma F.1 is also satisfied
because of the assumption T ≥ k. Hence, by applyingp
Lemma F.1 we know that the ex/2k, and the total expected loss
pected loss of the winner in each pair is at most T /2k −c Tp
for k winners from all k pairs is upper bounded by T /2 − c kT /2. Now recalling that the
comparator consists of the m = n − k best experts, its total expected
p loss is upper bounded
by the expected loss of the k winners, which is at most T /2 − c kT /2, plus the expected
loss of the
p remaining n − 2k experts, which is zero. Therefore, we have an upper bound of
T /2 − c kT /2 on the expected loss of the comparator. On the other hand, since losses are
generated independently between trials, any online algorithm suffers loss at least T /2. The
difference between the lower bound on the expected loss of the algorithm and the upper
bound on the expected loss of the best m-set gives the regret lower bound of the theorem.

Theorem 5.1 Consider the m-set problem with unit bit vectors as loss vectors, where
m = n − k. Then for k ≤ n2 and T ≥ k, any online algorithm suffers worst case regret at
√
least Ω( T k).

where non-negative parameters p and q satisfy 2p + q ≤ 1. Let M be the minimum total loss
of the two experts in T such trials. If T and p satisfy T p ≥ 1/2, then
p
E [ M ] ≤ T (p + q) − c T p

for some constant c > 0 independent of T , p and q.
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 expert
expert
 expert
expert
1
4
2
3

1
0
1
0

0
1
1
1

0
1
1
0

0
1 
0
1

second round
t=4 t=5 t=6

Online PCA with Optimal Regret

0
1
0
1

first round
t=1 t=2 t=3
1
0
0
1

Table F.1: A tournament with T = 6 trials, S = 2 rounds, and n = 4 experts. The bits in
the table are the binary losses of the experts in each trial. The brackets show
the pairing in each round. The losses of the winners are in bold

n/2 winners continue to the second round. At round s, the remaining n/2s−1 experts are
randomly paired and the winners are determined based on the losses in another set of T /S
trials. After S rounds and T = ST /S trials we are left with 1 overall winner.
For example for S = 2 rounds, n = 22 = 4 experts and T = 6 trials, consider the
sequence of losses shown in Table F. Each of the two tournament consists of 6/2 = 3
trials. In the first round, expert 1 is paired with expert 4 and expert 2 with expert 3. The
cumulative losses of experts 1, 2, 3, 4 in this round are 2, 1, 2, 1, respective. So expert 4 is
the winner of the first pair and expert 2 is the winner of the second pair. In the second
round, the two winners (experts 2 and 4) are paired, and they incur cumulative loss 2 and 3,
respectively. Hence, expert 2 wins the tournament. The total loss of the tournament winner
in all 6 trials is 3. Note that this is larger than the minimum total loss of the 4 experts
since expert 1 incurred total loss 2. Nevertheless we shall see that for our probabilistic lower
bound proof, the total loss of the tournament winner is close enough to the total loss of the
best expert.
To complete the proof it suffices to show that

= S E [ minimum loss among experts 1 and 2 in T /S trials ] .

E [ total loss of tournament winner in T trials ]

Due to linearity of expectation:

S
X
i=1

E [ total loss of tournament winner in i-th round ] .

E [ total loss of tournament winner in T trials ]
=

JMLR 17(173):1-49

The exchangeability of the losses and the symmetry of the tournament guarantees that each
expert is equally likely to be the overall winner. Therefore w.l.o.g., expert 1 is the overall
winner. Consider i-th round of the tournament (1 ≤ i ≤ S), and let (w.l.o.g.) expert 2 be
39


exp. 1 is the tournament winner,
exp. 2 won all past competitions 
at rounds 1, . . . , i − 1.
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the partner of expert 1 in this round. We have:

E [ total loss of tournament winner in i-th round ]


= E  total loss of exp. 1 in i-th round

= E [ total loss of exp. 1 in i-th round | exp. 1 wins over exp. 2 in i-th round ] .

The second equality is due to the fact that the distribution of losses is i.i.d. between trials,
and therefore the future and past rounds are independent of the current round. Since the
last expression is the same for each of the S rounds we have:

= S E [ expected loss of expert 1 in T /S trials | expert 1 wins over expert 2 ] .

E [ total loss of tournament winner in T trials ]


Pr(L2 > L1 ) + Pr(L1 > L2 ) E [ L1 |L2 > L1 ] ,

Remains to be shown that the latter expectation is simple the expectation of the minimum
of the two experts losses in a single round. Let L1 and L2 be the total losses of both
experts in the T /S trials and let “L1 > L2 ” denote the event that 1 wins over 2 (ties broken
uniformly, so that, e.g., Pr(L1 > L2 ) + Pr(L2 > L1 ) = 1). Then


= Pr(L2 > L1 ) E [ L1 |L2 > L1 ] + Pr(L1 > L2 ) E [ L2 |L1 > L2 ]

= Pr(L2 > L1 ) E [ L1 |L2 > L1 ] + Pr(L1 > L2 ) E [ L1 |L2 > L1 ]

E [ L1 |L2 > L1 ] =
(exchangeability)

+ Pr(L1 > L2 ) E [ min{L1 , L2 }|L1 > L2 ]

= Pr(L2 > L1 ) E [ min{L1 , L2 }|L2 > L1 ]

= E [ min{L1 , L2 } ] .

Now, we use this lemma to prove a lower bound for the m-set problem with k ≥ n2 :

Loss of the winner of two experts in

(F.2)
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T
trials .
log2 (n/m)

Theorem 5.2 Consider the m-set problem with unit bit vectors as loss vectors, where
m = n − k. Then for k ≥ n2 and T ≥ n log2 (n/m), any online algorithm suffers worst case
p
regret at least Ω(m T ln(n/m)/n).
Proof Let us first assume that n = 2j m for some integer j > 0, i.e. log2 (n/m) is a positive
T
integer, and that log (n/m)
is an integer value as well.
2
At each trial, a randomly chosen expert out of n experts incurs a unit of loss. To show
an upper bound on the loss of the comparator, we partition the n experts into m groups (n
divides m from the assumption), and notice that the losses of the n/m experts in each group
are exchangeable. Applying Lemma F.3 to each group of n/m experts with S = log2 (n/m)
rounds and T /S trials per round, we obtain:
n
E
m

E [ Loss of the winner in a given group in T trials ]

≤ log2

40

or

r
n
n
Ω(m T ln ) when k ≥ .
m
2
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T
some integer j ≥ 1 and that log (n/m)
is an integer. As in the proof of Theorem 5.2, it is
2
n
easy to generalize the theorem to arbitrary n, k and T satisfying T ≥ log2 min{k,m}
.

2

Proof The proof is similar to the proof of Theorem 5.2, except that at each trial, the losses
of all n experts are i.i.d. Bernoulli random variable with probability p = 1/2. For such a
distribution over losses, any algorithm suffers expected cumulative loss at least m T /2 for
the m-set problem.
For the sake of simplicity, we make some assumptions about n, k and T that avoid
rounding issues. When k ≤ n/2, we assume that n = 2j k for some integer j ≥ 1 and that
T
j
log (n/k) is an integer. When k ≥ n/2, i.e. m = n − k ≤ n/2, we assume that n = 2 m for

r
n
n
Ω(k T ln ) when k ≤
k
2

Theorem 5.4 Consider the m-set problem with loss vectors in {0, 1}n , where m = n − k.
n
Then for T ≥ log2 min{k,m}
, any online algorithm suffers worst case regret of at least

Finally, we consider the m-set problems with L∞ -bounded loss vectors. The following
theorem proves lower bounds for such problems when k ≤ n2 and when k ≥ n2 .

0
the largest T0 < T , such log T(n/m)
is integer, and use the proof with T0 rounds, while in the
2
remaining T − T0 rounds all losses are zero. Since T0 ≥ T /2, this, again, does not change
the rate under Ω(·).

2

p
Plugging this into (F.2) gives T /n − c T log2 (n/m)/n upper bound on the expected loss
of the winner in a given group. We upper bound the expected loss of the comparator by
thep
total loss of m winners from the m groups, which in expectation is at most T m/n −
cm T log2 (n/m)/n.
Finally the loss of the algorithm is lower bounded as follows: Every expert incurs loss
1/n in expectation at each trial and losses are i.i.d. between trials. Therefore any onlinepalgorithm suffers loss at least mT /n. and the expected regret is lower bounded by
cm T log2 (n/m)/n. This concludes the proof when n = 2j m and log2 (n/m) divides T .
If n is not of this form, we take the largest n0 < n, such that n0 = 2j m for some integer
j, i.e. n0 = maxj∈N {2j m : 2j m ≤ n}. We then apply the reasoning above to n0 experts,
while the remaining n − n0 will incurs loss 1 all the time, which can only increase the loss
of the algorithm, but this will not affect the loss of the comparator (comparator will never
pick these experts). Since n0 ≥ n/2 (otherwise n0 would not be the largest integer of the
form 2j n, smaller than n), this does not change the rate under Ω(·) for the lower bound in
T
the statement of the theorem. Finally, if log (n/m)
is not an integer value, we can choose

Now, we prove our regret lower bounds for each of the two cases: When m ≤ n/2, we
group the experts into m groups of size n/m and upper bound the loss of the comparator
using the m group winners. As before, the loss of each winner can be upper bounded by
the lemmas F.1 (with p = q = 1/4) and F.3:

The expectation on the RHS is the two expert game considered in Lemma F.1 with parameters p = 1/n and q = 0. Note that q = 0 because only one expert suffers loss in each trial.
Applying this lemma bounds the expectation on the RHS as
s
T
T
−c
.
log2 (n/m)n
log2 (n/m)n
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Proof Consider an adversary that at each trial gives a unit of loss to the expert with the
largest weight assigned by the algorithm. Recall that m = n − k and k ≤ n2 . Therefore

Theorem G.1 Consider the m-set problem with unit bit vectors as loss vectors, where
m = n − k. Then for k ≤ n2 and T ≤ k, any online algorithm suffers worst case regret at
least Ω(T ).

This appendix gives general regret lower bounds for the m-set problem when the number of
trials T is small: Theorem G.1 and Theorem G.3 show lower bounds when the loss vectors
are unit bit vectors; Theorem G.4 and Theorem G.5 show lower bounds when the loss vectors
are bit vectors. Unlike the lower bounds for large T that are proved with probabilistic
arguments (see previous Appendix F) all of the lower bounds in this appendix are proved
by showing explicit adversary strategies that force large regret to any online algorithm. The
matching upper bounds for small T are trivial and can be found in Section 5.

Appendix G. Regret Lower Bounds When the Number of Trials Is Small

Finally, the claimed regret bounds follows from taking the difference between this upper
bound and the T m/2 lower bound on the loss of any online algorithm.

Note that since the experts here incur i.i.d. Bernoulli( 12 ) losses, the above application of
Lemma F.1 requires p = q = 1/4. Next, summing up
p m winners, we have the expected loss
of the comparator upper bounded by T m/2 − cm T log2 (n/m)/4. Taking the difference
between this upper
p bound and the T m/2 lower bound on loss of any algorithm results in
the claimed Ω(m T ln(n/m)) lower bound on the regret.
When k ≤ n/2, we group the experts into k groups and consider a loser out of each
group which is the expert which incurs the largest loss in each group. One can flip around
the content of Lemma F.1 and F.3 to
p show that the loser in a group of n/k experts incurs
loss in expectation at least T /2 + c p
T log2 (n/k)/4. Therefore, the expected loss of all k
losers is lower bounded by T k/2 + ck T log2 (n/k)/4. Now note that the expected loss of
the comparator is upper bounded by the expected total loss of all the experts, which is
T n/2, minus the expected loss of the k losers, and hence upper bounded by
!
r
r
Tn
Tk
n
n
T
T
Tm
−
+ ck
log2
=
− ck
log2 .
2
2
4
k
2
4
k

E [ Loss of the winner in a given group in T trials ]


Lemma F.3
n
T
≤
log2
E Loss of the winner of two experts in
trials
m
log2 (n/m)
r
Lemma F.1 T
T
n
−c
log2 .
≤
2
4
m
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all the weights assigned by the algorithm sum to m ≥ n2 and the largest weight out of n
experts is at least 21 . Hence, after T trials, any algorithm suffers total loss at least T2 . On
the other hand, since there are at least n − T ≥ m (because T ≤ k) experts that are loss
free, the loss of the best m-set of experts is zero. Therefore, the regret of any algorithm is
at least T2 .
Now we consider the case when k ≥ n2 . We start with a lemma which is parameterized by
an integer 1 ≤ i ≤ k instead of the number of the trials T .
Lemma G.2 Consider the m-set problem with unit bit vectors as loss vectors, where m =
n − k. For any integer 1 ≤ i ≤ k, an adversary can force any algorithm to suffer loss
n
n
Ω(m log2 n−i
) in O(n log2 n−i
) trials, and at the same time, keep a set of m experts with
loss zero.

j−1

m
2(n−j+1) (n

− j + 1)

≥

m
m
≥
.
2(j − 1)
2n

Proof mThe adversary’s strategy has i rounds, where the j-th round (1 ≤ j ≤ i) has at most
l
n
n−j+1 trials and after it finishes, there will be at least n − j experts that still have loss
zero. The first round has only one trial, in which a unit of loss is given to the expert with
the largest weight. Since all the weights assigned by the algorithm sum to m, the algorithm
suffers loss at least m
n in the first round.
Each of the following rounds may contain multiple trials and at the end of round j − 1
(2 ≤ j ≤ i), there are still at least n − j + 1 loss free experts. In round j, the adversary
uses a strategy with two subcases as follows: The adversary first considers the experts that
m
are still loss free. If any of the first n − j + 1 of them has weight at least 2(n−j+1)
, then
we are in case 1, where a unit of loss is given to this expert. Otherwise, we are in case 2,
in which the adversary considers the remaining j − 1 experts (which may or may not be
loss free) and gives a unit of loss to the one with the largest weight among them. The j-th
m
round ends when the algorithm has suffered total loss at least 2(n−j+1)
in that round. Note
that whenever case 1 is reached, a round ends immediately. Our strategy guarantees that
after round j, there are at least n − j experts that are loss free. Next we upper bound the
number of case 2 trials in a round by showing a lower bound on the loss of the algorithm
m
in case 2 trials. Recall that in case 2, n − j + 1 experts have weight no more than 2(n−j+1)
each, and the expert that has the largest weight in the remaining j − 1 experts incurs a unit
of loss. Using these facts as well as the fact that all the weights sum to m, we can lower
bound the weight of the expert that incurs loss (which is also the loss of the algorithm) as
follows:


m−
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m
Recalling that the j-th round ends when the algorithm suffers total loss 2(n−j+1)
in that
l
m
n
round, we conclude that the j-th round can have at most
trials.
n−j+1
Pi
m
Summing up over i rounds, the algorithm suffers total loss at least j=1
2(n−j+1) =
m
Pi l
n
n
n
) in at most j=1
Ω(m log n+i
2(n−j−1) = O(n log n−i ) trials. On the other hand, the loss
of the best m-set of experts is zero due to assumption i ≤ k and the fact that after j = i
rounds, there are at least n − i loss free experts. Hence the lemma follows.
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Theorem G.3 Consider the m-set problem with unit bit vectors as loss vectors, where
n
m = n − k. Then for k ≥ n2 and T ≤ n log2 m
, any algorithm suffers worst case regret at
least Ω( m
n T ).

T is upper bounded by a constant as follows:



n≥2 2c2
c2 n
n
c2 n
1
≤
=
log 1 +
≤
.
n−1
log 2
n−1
(n − 1) log 2
log 2

n
n−1 ,

Proof Lemma G.2 states that there exist two positive constants c1 and c2 , such that
for any integer 1 ≤ i ≤ k, the adversary can force any algorithm to suffer regret at least
n
n
c1 m log2 n−i
in at most c2 n log2 n−i
trials. The proof splits into two cases, depending on
the number of the trials T :
• When T < c2 n log2

T < c2 n log2

Since the adversary can always force any algorithm to suffer constant regret, the
theorem holds trivially.



n
n−i

3

= c2 n log2

≥

n
m

n
n−i0 ,

since:

n
n−i

≥ 31 T .

≥ c2 T , since T ≤ n log2

= T , we have c2 n log2
n
n−i

n
m

0.

is assumed in

≥

1≤i<n

• When T ≥ c n log n , we set i = min{bi0 c , k}, where i0 = n(1 − 2−T /c2 n ) is the
2
2
n−1
n
n
solution of c2 n log2 n−i
0 = T . We note that the function c2 n log2 n−i is monotonically increasing in i, which results in two facts: first, i ≥ 1, since we assumed
n
n
T ≥ c2 n log2 n−1
; second, c2 n log2 n−i
≤ T , since i ≤ bi0 c. We further show that
n
c2 n log2 n−i
≥ min{c2 , 31 }T as follows:
– When i = bi0 c, first note that

n
n−i0

(n − i0 )n2 − (n − i)3 ≥ (n − i − 1)n2 − (n − i)3 = 2n2 i + 3ni2 − i3 − n2
Plugging c2 n log2

– When i = k, c2 n log2
the theorem.

Now, using Lemma G.2 with i set as i = min{bi0 c , k}, results in an adversary that
m
n
1
1
≥ mc
forces the algorithm to suffer regret at least c1 m log n−i
nc2 min{c2 , 3 }T = Ω n T
in at most T trials. When the adversary uses less than T trials, then the game can be
extended to last exactly T trials by playing zero loss vectors for the remaining trials.

Theorem G.4 Consider the m-set problem with loss vectors in {0, 1}n , where m = n − k.
n
Then for k ≥ n2 and T ≤ log2 m
, the worst case regret of any algorithm is at least Ω(T m).
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Proof The proof uses an adversary which forces any algorithm to suffer loss Ω(T m), and
still keeps the best m-set of experts to be loss free. Note that at each trial, the adversary
n
decides
P on the loss vector after the algorithm makes its prediction wt , where wt ∈ [0, 1]
with i wt,i = m.
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w̄∈S k

t=1

t=1

2
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δ
− 2T
p

Setting δ = 12 T p, we have Pr(X ≤ 21 T p) ≤ e−T p/8 ≤ e−c . Since for c > 0, log(c) ≤ c − 1,
1
1
c
this implies e−c ≤ 1+c
, so that we further have Pr(X ≤ 21 T p) ≤ 1+c
= 1 − 1+c
. Now we

Pr(X ≤ T p − δ) ≤ e

Proof We use the following form of the Chernoff bound (DeGroot and Schervish, 2002):

√
Lemma
√ I.2 Let X ∼ Binomial(T, p). If T p ≥ 8c for any positive constant c, then E[ X] ≥
c
√
T p.
2(1+c)

Proof If c ≥ max{a, b}, LHS is c and RHS is b. Hence, the inequality holds. If a ≥ c ≥ b
or b ≥ c ≥ a, LHS is c while RHS is at most c. If c ≤ a and c ≤ b, both sides are min{a, b}.

Lemma I.1 Inequality max{min{a, b}, c} ≥ min{max{a, c}, b} holds for any real number
a, b and c.

Appendix I. Auxiliary Lemmas

n
n
). We apply these theorems with T = b m
BL c ≥ n log2 m
.
regret at least Ω(m T ln(n/m)
n
n
Since the produced sequence consists of unit bit vectors and has length b m BL c, the total
n
loss of the m best experts is at most BL . Finally plugging T = b m
BL c into the regret
p
bounds guaranteed by the theorems results in the regret Ω( BL m ln(n/m)).

Proof It suffices to prove the lemma for unit bit vectors. The lower bound Ω(m ln(n/m))
follows directly from Lemma G.2 by setting the variable i of the lemma to k.
p
What is left to show is the lower bound Ω( BL m ln(n/m)) when it dominates the bound
n
n
Ω(m ln(n/m)), i.e. when BL = Ω(m ln m ). Thus, we assume BL ≥ m log2 m
+1 and we conp
struct an instance sequence of loss budget BL incurring regret at least Ω( BL m ln(n/m))
to any algorithm. This instance sequence is constructed via Theorem 5.1 and Theorem
5.2: For any algorithm,
q these theorems provide a sequence of T unit bit vectors that incurs

The following theorem gives a regret lower bound that is expressed as a function of the loss
budget BL . This lower bound holds for any online algorithm that solves the m-set problem

Appendix H. Proof of Theorem 5.6

where S k = {w ∈
i wi = k}. At trial one, the adversary first sorts the n experts
by their complementary weights and then gives a unit of gain to each of the experts in the
second half, i.e. the experts with smaller complementary weights. Since the complementary
weights sum to k, the gain of the algorithm is at most k2 in the first trial.
At each of the following trials, the adversary only sorts the experts that received gains
in all of the previous trials by their complementary weights. It then gives unit gains to the
second half (the half with smaller complementary weights) of these experts. It is easy to
see that in this way the gain of the algorithm is at most k2 at each trial.
Note that half of the experts that always receive gain prior to a trial t will receive gain
again in trial t. Hence, after T ≤ log2 nk trials, there will be at least k experts that received
gains in all of the T trials, which means that the total gain of the best k experts is T k.
Now, since the algorithm receives total gain at most kT
2 in T trials, the theorem follows.

[0, 1]n :

Proof The proof becomes conceptually simpler if we use the notion of gain defined as the
follows: if wt is the parameter of the algorithm, we define its complement w̄t as w̄t,i =
1 − wt,i . The gain of the algorithm at trial t is the inner product between the “gain” vector
`t and the complement
w̄t , i.e. w̄t · `t . Similarly, for any comparator w ∈ S m , we define its
P
gain as w̄ · `t = ni=1 (1 − wi )lt,i . It is easy to verify that the regret of the algorithm can be
written as the difference between the largest gain of any subset of k experts and the gain
of the algorithm:
T
T
X
X
R = max
w̄ · `t −
w̄t · `t ,

Theorem G.5 Consider the m-set problem with loss vectors in {0, 1}n , where m = n − k.
Then for k ≤ n2 and T ≤ log2 nk , any algorithm suffers worst case regret at least Ω(T k).

with either unit bit vectors or arbitrary bit vectors as loss vectors. The proof is based on
the time dependent regret lower bounds proven in the previous appendices.

At trial one, the adversary first sorts the n experts by their weights assigned by the
algorithm, and then gives a unit of loss to each of the experts in the first half, i.e. the
experts with larger weights. Since the weights sum to m, the total weight assigned to the
experts in the first half is at least m
2 . Hence in the first trial, the algorithm suffers loss at
least m
2.
At each of the following trials, the adversary only sorts those experts that have not incur
any loss so far and gives unit losses to the first half (the half with larger weights) of these
experts, as well as all the experts that have already incurred losses before this trial. It is
easy to see that in this way the algorithm suffers loss at least m
2 at each trial.
n
Since the number of the experts that are loss free halves at each trial, after T ≤ log2 m
trials, there will still be at least m loss free experts. Now since the algorithm suffers loss at
least mT
2 in T trials, the theorem follows.

Theorem 5.6 For the m set problem with either unit bit vectors
p or arbitrary bit vectors, any
online algorithm suffers worst case regret of at least Ω(max{ BL m ln(n/m), m ln(n/m)}).
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s


Tp
+1
2

Pr(X = x)

s 
Tp
+1
2

√
Pr(X = x) x

Online PCA with Optimal Regret

T
X

x=b T2p c+1
T
X

x=b T2p c+1

≥√

√
c
TP.
2(1 + c)

= Pr(X > 21 T p)

≥

T
X
√
√
E[ X] =
Pr(X = x) x ≥
x=0

√
calculate E[ X] from its definition,
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1. Introduction

Keywords: constrained Gaussian process regression, kriging, local regression, boundary
value problem, spatial prediction, variational problem
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Abstract
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This paper develops an efficient computational method for solving a Gaussian process
(GP) regression for large spatial data sets using a collection of suitably defined local GP
regressions. The conventional local GP approach first partitions a domain into multiple
non-overlapping local regions, and then fits an independent GP regression for each local
region using the training data belonging to the region. Two key issues with the local
GP are (1) the prediction around the boundary of a local region is not as accurate as
the prediction at interior of the local region, and (2) two local GP regressions for two
neighboring local regions produce different predictions at the boundary of the two regions,
creating undesirable discontinuity in the prediction. We address these issues by constraining
the predictions of local GP regressions sharing a common boundary to satisfy the same
boundary constraints, which in turn are estimated by the data. The boundary constrained
local GP regressions are solved by a finite element method. Our approach shows competitive
performance when compared with several state-of-the-art methods using two synthetic data
sets and three real data sets.
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Within its origin in geostatistics and known as kriging, the Gaussian process regression
(hereafter abbreviated as GP regression) has been developed to be a useful tool in machine
learning (Rasmussen and Williams, 2005). It provides the best linear unbiased prediction
computable by a simple closed-form expression, which also has a nice probabilistic interpretation (MacKay, 1998). However, computing the exact solution of a GP regression requires
O(N 3 ) operations when the number of data points is N , which is more than 10,000 or
100,000 in a typical geospatial data set. Such a computational complexity is prohibitively
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high for data sets of large size. The purpose of this paper is to develop a new computational
method to expedite the computation of GP regression for large data sets.
The computation issue for GP regression has received much attention in machine learning and spatial statistics. Since a major computation bottleneck for a GP regression is the
inversion of a big sample covariance matrix of size N × N , many approaches proposed to
approximate the sample covariance matrix with a more easily invertible one. Covariance
tapering (Furrer et al., 2006; Kaufman et al., 2008) tapers the original covariance function
to make a sample covariance matrix sparser and applies the sparse matrix computation
algorithms for faster inversion of the matrix. Low-rank approximation (Seeger et al., 2003;
Snelson and Ghahramani, 2006; Cressie and Johannesson, 2008; Banerjee et al., 2008; Sang
and Huang, 2012) introduces M latent variables and assumes a certain conditional independence given the latent variables, which reduces the rank of the resulting sample covariance
matrix to M . The approximation of a Gaussian random field by a Gaussian Markov random field has also been proposed (Lindgren et al., 2011). When a covariance matrix of
the approximated Gaussian random field is a Matérn covariance function, the sparse precision matrix for the Gaussian Markov random field can be explicitly constructed, and the
approximation can be efficiently computed.
On the other hand, local GP regression partitions a regression domain into local regions,
and an independent GP regression model is learned for each local region. Since the number
of observations belonging to a local region is much smaller than the total number of observations, the resulting sample covariance matrix for a local GP regression becomes much
smaller. However, because of the independence of the local GP regressions, two local GP
regressions for two neighboring local regions produce different predictions at the boundary
of the two regions. This discontinuity in prediction is not acceptable in applications. Many
proposed methods have combined local GP regressions into a global model. A popular approach is to take a mixture of local GP regressions through a Dirichlet mixture (Rasmussen
and Ghahramani, 2002), a treed mixture (Gramacy and Lee, 2008), Bayesian model averaging (Tresp, 2000; Chen and Ren, 2009; Deisenroth and Ng, 2015), or a locally weighted
projection (Nguyen-Tuong et al., 2009). Another approach is to use multiple additive covariance functions of a global covariance and a local covariance (Snelson and Ghahramani,
2007; Vanhatalo and Vehtari, 2008), to simply construct a new local model for each testing
location (Gramacy and Apley, 2015).
Domain decomposition method (DDM, Park et al., 2011) is a specific local GP regression method that attempts to constrain the prediction of local GP regressions to be equal
at their shared domain boundaries. DDM was shown in the original paper to numerically
outperform several existing local GP methods in terms of computational cost and prediction accuracy. Our proposed approach in this paper follows and advances DDM in several
aspects. In particular, we improve the way of constraining the prediction at boundaries
of local regions. In the original DDM paper, the predictions of two local GP regressions
for two neighboring local regions were constrained to be equal only at a finite number of
locations on the boundary of the two regions, so there is no guarantee that the predictions are the same at other boundary locations. Our new approach considers a variational
formulation for a collection of boundary constrained local GP regressions to ensure that
the predictions of the two local GP regressions for neighboring regions are the same for all
points on the shared boundary. The variational formulation allows us to solve the boundary
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constrained local GP regressions using the finite element method. This is mathematically
more elegant and conceptually simpler than the previously somewhat ad hoc treatment. In
addition, we significantly improve the DDM by proposing two approaches for estimating
the boundary constraints (i.e., boundary values of local regions). The improved accuracy
of estimating these constraints leads to better prediction accuracy of our constrained local
GP regressions. Last, our new approach has better numerical stability than the DDM. It
was previously reported that the predictive variance estimate of the DDM can be negative
for some numerical examples (Pourhabib et al., 2014). Since the expression of the DDM’s
predictive variance estimate cannot be theoretically negative, the negative estimate is due
to numerical issues. Our new approach provides positive predictive variances for all the examples. The computation speed of the new approach is comparable to the DDM. When the
domain in Rd is partitioned into S local regions and each local region has NS training data
points, the computational cost of the proposed method is O(N NS2 + dS), where NS  N .
Since our method can be viewed as “patching” a collection of local GP regressions, we refer
to our method as patched Gaussian Process regression or patched GP for short.

The proposed patched GP method is theoretically applicable for an arbitrary input
dimension d, but the implementation of the approach may be practically difficult for d > 2
mainly due to hardness in generating finite element meshes for high dimensions. Therefore,
the practical application of the proposed approach would be a GP regression with a spatial
data set of large volume (i.e., the data fall in a domain in R2 ), which finds broad applications
in spatial statistics and remote sensing (Stein, 2012; Curran and Atkinson, 1998). We will
still describe and derive our approach for a general dimension to ease a possible future
extension of the approach to high dimensional problems. As a byproduct of this work, we
develop a finite element method for the boundary constrained GP regression problem, which
may have potential applications in GP solutions for partial differential equations (Graepel,
2003) or for linear stochastic differential equations having boundary conditions (Steinke and
Schölkopf, 2008).
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The rest of the paper is organized as follows. Section 2 reformulates the GP regression as an optimization problem and also provides an equivalent variational formulation.
Section 3 considers the boundary constrained GP regression problem through optimization and develops a finite element method for solving the equivalent variational problem.
Section 4 presents the core methodology of the proposed patched GP method for efficient
computation of GP regressions, including a finite element method for solving a boundary
constrained local GP regression, estimation of the boundary constraints, and estimation of
the parameters of the Gaussian process. Section 5 shows the numerical performance of the
patched GP method for different tuning parameters, and compares it to the full GP regression (i.e., full implementation of GP regression without approximation) and its precursor,
the DDM, using both synthetic and real data sets. Section 6 provides additional numerical
comparisons of the patched GP with several state-of-the-art approaches using real data sets.
Finally Section 7 concludes the paper.
3
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2. Reformulation of Gaussian Process Regression as An Optimization
Problem

i = 1, . . . , N,

A GP regression is formulated as follows: given a training set D = {(xn , yn ), n = 1, . . . , N }
of N pairs of inputs xn and noisy outputs yn of a latent function f , obtain the predictive
distribution of f at a test location x∗ , denoted by f∗ = f (x∗ ). We assume that the latent
function comes from a zero-mean Gaussian process with a covariance function k(·, ·) and
the noisy observations yi are given by

yi = f (xi ) + i ,

where i ∼ N (0, σ 2 ) are white noises independent of f (xi ). Denote x = [x1 , x2 , . . . , xN ]0
and y = [y1 , y2 , . . . , yN ]0 . The joint distribution of (f∗ , y) is
 

0
k∗∗
kx∗
0,
,
kx∗ σ 2 I + K xx
P (f∗ , y) = N

(1)

where k∗∗ = k(x∗ , x∗ ), kx∗ = (k(x1 , x∗ ), . . . , k(xN , x∗ ))0 and K xx is an N × N matrix with
(i, j)th entity k(xi , xj ). The subscripts of k∗∗ , kx∗ , and K xx represent two sets of locations
between which the covariance is computed, and x∗ is abbreviated as ∗. The predictive
distribution of f∗ given y is

0
0
P (f∗ |y) = N (kx∗
(σ 2 I + K xx )−1 y, k∗∗ − kx∗
(σ 2 I + K xx )−1 kx∗ ).

(2)

0
2
−1
The predictive mean kx∗
(σ
I
+
K
xx ) y gives the point prediction of f (x) at location
0
x∗ , whose uncertainty is measured by the predictive variance k∗∗ − kx∗
(σ 2 I + K xx )−1 kx∗ .
Efficient calculation of the predictive mean and variance has been the focus of much research.
The predictive mean and variance can be derived using the viewpoint of the best linear
unbiased predictor (BLUP) as follows. Consider all linear predictors

µ(x∗ ) = u(x∗ )0 y,

= u(x∗ )0 (σ 2 I + K xx )u(x∗ ) − 2u(x∗ )0 kx∗ + k∗∗ ,

= u(x∗ )0 E(yy 0 )u(x∗ ) − 2u(x∗ )0 E(yf∗ ) + E(f∗2 )

(3)

which automatically satisfy the unbiasedness requirement E[µ(x∗ )] = 0 since all random
variables yi have zero mean. We seek an N -dimensional vector u(x∗ ) such that the mean
squared prediction error E[µ(x∗ )−f (x∗ )]2 is minimized. Since E[µ(x∗ )] = 0 and E[f (x∗ )] =
0, the mean squared prediction error equals the error variance var[µ(x∗ ) − f (x∗ )] and can
be expressed as
σ(x∗ )

1
z[u(x∗ )] = u(x∗ )0 Au(x∗ ) − f (x∗ )0 u(x∗ ),
2
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(4)

which is a quadratic form in u(x∗ ). It is easy to see σ(x∗ ) is minimized if and only if u(x∗ ) is
chosen to be (σ 2 I + K xx )−1 kx∗ ; moreover, the minimal value of σ(x∗ ) equals the predictive
variance given in (1).
The BLUP view of GP regression suggests a reformulation of GP regression as the
following optimization problem:
u(x∗ )∈RN

Minimize

4

L2 (Ω).

u(x)0 Av(x) dx =

Ω

f (x)0 v(x) dx

for each v ∈ [L2 (Ω)]N .

(6)

5
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We require that the domain Ω is a Lipschitz bounded open set. Let ∂Ω denote the boundary
of the domain Ω. We need to restrict our attention to smooth functions and specifically
consider only solution vectors in the Sobolev space [H 1 (Ω)]N instead of [L2 (Ω)]N , where
H 1 (Ω) := {u ∈ L2 (Ω); ∂i u ∈ L2 (Ω), 1 ≤ i ≤ d} with ∂i u denoting the partial derivative of u
with respect to the ith dimension of input. We cannot use the bigger L2 (Ω) space because

3.1 Constrained Optimization Problem and Its Variational Formulation

The optimization problem (5) was introduced in previous section as a reformulation of the
GP regression. Now we introduce boundary constraints to the GP regression through this
optimization problem and develop a finite element solution for the corresponding variational
formulation. This finite element solution will serve as a building block in the next section
for the patched GP regression, which consists of a collection of boundary constrained GP
regressions.

3. Gaussian Process Regression with Boundary Constraints

The proof is given in Appendix A.
Throughout the rest of the paper, whenever no confusion may arise and to alleviate the
notation,
under the integral
R we omit the
R Lebesgue measure
R
R sign. For example, we shall
write Ω u0 Av and Ω f 0 v instead of Ω u(x)0 Av(x) dx and Ω f (x)0 v(x) dx.

Ω

Proposition 1 The vector u ∈ [L2 (Ω)]N minimizes J(u) if and only if it solves the integral
equation
Z
Z

where
is the Cartesian product of N Hilbert spaces
The objective function
here is simply the integration of the objective function in the single location problem (4).
Since the optimal solution u† (x∗ ) obtains the minimum objective value of (4) at every
location x∗ ∈ Ω, u† (x∗ ) as a function of x∗ also solves the global problem (5).
According to a standard result from functional analysis (Ern and Guermond, 2004), the
problem (5) has an equivalent variational formulation, as follows.

[L2 (Ω)]N

the value of a function in this space can be unbounded on ∂Ω and so not well-defined. For
example, take Ω = (0, 1) and u(x) = x−1/3 . It is clear that u(x) ∈ L2 (Ω) but u(0) = ∞.
On the other hand, the values of a function in H 1 (Ω) are bounded at its domain boundary.
In fact, if u ∈ H 1 (Ω), then u restricted on ∂Ω, which we denote by u|∂Ω , is a member of

where A = (σ 2 I + K xx ) is an N × N positive definite matrix, and f (x∗ ) = kx∗ is a
N × 1 vectorial function. Note that the objective function in (4) equals half of the error
variance of a linear predictor given in (3) subtracting the constant term k∗∗ /2. The one
half factor is introduced here to make subsequent formulas neat. The solution of (4) is
u† (x∗ ) = A−1 kx∗ = (σ 2 I + K xx )−1 kx∗ . Back to the GP regression problem, the predictive
mean is given by u† (x∗ )t y and the predictive variance is 2 z[u† (x∗ )] + k∗∗ , twice the optimal
objective value plus the variance of f∗ at the location x∗ .
Usually we are interested in obtaining the predictive mean and variance at multiple
locations in a domain Ω ⊂ RN , where all training locations xi ’s also belong to. To consider
the prediction at all locations in Ω, we consider the following optimization problem:

Z 
1
Minimize
J(u) =
u(x)0 Au(x) − f (x)0 u(x) dx,
(5)
u(·)∈[L2 (Ω)]N
Ω 2
∂Ω

(7)

Ω

6
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A finite element method approximates the space Hb of vector-valued functions on a domain
Ω by a finite dimensional vector space. With the approximation, the integral equation (8)
is converted to a finite-dimensional linear system of equations.
The finite dimensional approximation scheme requires a mesh and a set of finite elements.
A mesh Kh = {K1 , . . . , KM } is a set of a finite number of compact, connected and Lipschitz
subsets of Ω with non-empty interior which partitions Ω, where each Km is called a mesh
cell, and h parameterizes the size of Km ; e.g. if Km is a polygon, h is the length of the
polygon’s side. For each Km ∈ Kh , a finite element is defined as a triplet {Km , Pm , Am },
where Pm is a vector space of functions q : Km → R with dim(Pm ) = p, and Am is a set
of p linear forms αmj : Pm → RN spanning the dual vector space of Pm , which is called
the local degrees of freedom. There exists a basis {φm1 , . . . , φmp } of the vector space Pm
satisfying αmj (φmk ) = 1N δjk , where 1N is a N -vector of 1’s. In our implementation, we
use the Lagrange finite element for {Km , Pm , Am }, where Km is a simplex in Rd , Pm is the
polynomial of order k and αmj = u(xmj ) with xmj ∈ Km ; more details can be found in Ern
and Guermond (2004, Section 1.2.3).

3.2 Finite Element Approximation

The proof is given in Appendix B.

Ω

Proposition 2 The vector u ∈ Hb minimizes J(u) if and only if it solves the integral
equation
Z
Z
u(x)0 Av(x) dx =
f (x)0 v(x) dx
for each v ∈ Hb .
(8)

Here, for mathematical convenience, we have replaced the strict boundary constraints
y0 u(x) = b(x) by a weaker form for u ∈ Hb .
Similar to Proposition 1, we can show that the optimization problem (7) is equivalent
to a variational formulation:

A constrained version of the optimization problem (5) can be written as

Z 
1
Minimize J(u) =
u(x)0 Au(x) − f (x)0 u(x) dx.
u∈Hb
Ω 2

∂Ω

u(x)−u(y)
2
H 1/2 (∂Ω) := {u ∈ L2 (Ω) : ||x−y||
(d+1)/2 ∈ L (Ω × Ω)} (Ern and Guermond, 2004, Theorem
B.52).
Consider the boundary constraints of the form y0 u(x) = b(x) for some known function
b ∈ H 1/2 (∂Ω). Since y0 u(x) can be interpreted as a linear predictor at location x, the
constrains simply require the predictions at the domain boundary to have certain specified
functional form. Denote


Z
Z
b v for each v ∈ H 1/2 (∂Ω) .
y 0 u|∂Ω v =
Hb = u ∈ [H 1 (Ω)]N :
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β mj φmj ,
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p
X
j=1

p
M X
X

m=1 j=1

β mj φmj ,

(9)

(10)

R

which implies

Letting B =

∂Ω

Therefore, (14) becomes
Since
equation (15) gives us
therefore,

y 0 uh|∂Ω v =

Z

∂Ω

R

∂Ω

∂Ω

0
y 0 U b0 φb|∂Ω φb|∂Ω

Z

∂Ω

0
b φb|∂Ω
.

(14)

(15)

we have

y 0 U b0 B = b0 ,

(16)

and b =

U b = ZO y0 + zy 0 .

(17)

0
∂Ω b φb|∂Ω ,

Φ0 U 0 + Φb ZO y0 + Φb zy 0 = F A−1

y 0 U b0 = y 0 (O y Z 0 + yz 0 ) = y 0 yz 0 ,

y 0 yz 0 B = b0 ,

(y 0 y)z = B −1 b.

8
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In summary, we first solve (18) for z, then solve (17) for U 0 and Z, and then calculate
U b using (16). The finite element solution of the variational problem (8) is given by uh =
U 0 φ0 + U b φb . By the theory of finite element method (Ern and Guermond, 2004), the
approximate solution uh converges to the solution of the original problem as the mesh size
h tends to zero.

(18)

We decompose U b into two components: one orthogonal to y and the residual. Let O y
be N × (N − 1) matrix of N − 1 column vectors orthogonal to y, which can be obtained by
the Gram-Schmidt process. There exist Z ∈ RR×(N −1) and z ∈ RR×1 satisfying

0
∂Ω φb|∂Ω φb|∂Ω

=

Using (14) and dropping the basis functions whose values are zero at the boundary, we
obtain
Z
Z
y 0 U b0 φb|∂Ω φmj|∂Ω =
b φmj|∂Ω for each φmj|∂Ω 6= 0,

∂Ω

Φ0 U 0 + Φb U b = F A−1 ,
R
R
where Φ0 = Ω φφ00 and Φb = Ω φφb0 .
The boundary constraints restricted to Gh can be written as
Z
Z
b v for each v ∈ Gh .

where U 0 and U b are submatrices consisting of U ’s rows corresponding to φ0 and φb
respectively. Substituting (13) into equation (12), we have that

(13)

For any vector-valued function u ∈ [H 1 (Ω)]N , let u|Km denote its restriction to Km ,
i.e., u(x)|Km = 1Km (x)u(x). The finite element approximation of u on Km is given by
u|Km ≈ umh :=

umh =

uh0 Av h = trace(φ0 U AV 0 φ) = trace(φφ0 U AV 0 ),

Ω

Z
Z
uh0 Av h = trace( φφ0 U AV 0 ) = trace(ΦU AV 0 ),
Ω

. Second, since

a(uh , v h ) =
0

Ω

Z
Z
f 0 v h = trace( φf 0 V 0 ) = trace(F V 0 ),
Ω

f 0 v h = trace(f 0 V 0 φ) = trace(φf 0 V 0 ),

c(v h ) =

for each V ∈ RN ×(M p) ,
(12)

. Therefore, the integral equation (11) is equivalent to the following linear
trace((ΦU A − F )V 0 ) = 0

ΦU = F A−1 .

JMLR 17(174):1-29

uh = U 00 φ0 + U b0 φb ,

We now introduce the boundary constraints. We partition (after reordering the elements) the basis function vector φ used in uh = U 0 φ into two vectors φ0 and φb in
column-wise such that, φ0 is a column vector of the φmj (x)’s satisfying φmj|∂Ω = 0 and φb
is a column vector of the φmj (x)’s satisfying φmj|∂Ω 6= 0. Suppose that φ0 has Q elements
and φb has R elements. Since the number of columns of φ is M p, Q + R = M p. With the
partition, we have that

M
X

m=1

where β mj is an N -vector of coefficients in the basis expansion. The combination of umh ’s
over Km , m ∈ M , provides a global approximation of u over the whole domain Ω, i.e.,
uh =

uh = U 0 φ,

which has a matrix-vector representation

R

0
where U is the (M p) × N matrix formed by concatenating row vectors β mj
in row-wise and
φ is the (M p)-dimensional column vector of φmj ’s. In (9) and (10) we explicitly extended
φmj to be zero outside Km . The collection of vector-valued functions with expression (10)
is a finite-dimensional linear space. We call this space the finite element space and denote
it as Gh , where the subscript denotes the mesh size h.
The finite element method for solving the unconstrained integral equation (6) seeks
uh ∈ Gh such that
a(uh , v h ) = c(v h )
for each v h ∈ Gh ,
(11)
R
R
where a(u, v) = u0 Av and c(v) = f 0 v. Following (10), we can write uh = U 0 φ and
similarly v h = V 0 φ. Both of the lhs and rhs of (11) can be simply represented as algebraic
forms as follows. First, since

we have

where Φ =

0

Ω φφ

Ω φf

R

we have that

where F =
system

which is equivalent to

7
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where As , f s (x) and y s are the localized versions of A, f (x) and y, which are all computed
using the data in Ωs . The constraints used in (19) restrict two local GP prediction functions
fs and ft to have the same prediction bst on the shared boundary Γst .
As in Section 3, we replace the boundary constraints by the weak form, approximate
us by its finite element approximation us,h = U 0s,0 φs,0 + U 0s,b φs,b , where φs,0 is a vector of
local basis functions φmj ’s satisfying φmj (x)|Γst = 0 for all t’s, and φs,b is a vector of local
basis functions φmj ’s satisfying φmj (x)|Γst 6= 0 for all t’s, and φs = (φ0s,0 , φ0s,b )0 . Let Ns be
the length of y s and O ys be Ns × (Ns − 1) matrix of Ns − 1 column vectors orthogonal to
y s . We can decompose U s,b into U s,b = Z s O 0ys + z s y 0s . As we derived in Section 3, the
finite element solution of the local problem (19) is obtained by solving the following linear

For two neighboring local regions Ωs and Ωt , let Γst = Ωs ∩ Ωt denote the shared boundary,
where Ωs is the closure of Ωs . The prediction function f specialized on Γst is denoted by a
boundary function bst (x) for x ∈ Γst . For the time being, we assume that bst (x) is known
and shall discuss in next section how to estimate bst (x). Fix a domain Ωs , suppose all its
boundary functions {bst : ∀t, Γst 6= ∅} are known. Consider the following local GP problem
on Ωs

Z 
1
Minimize J(us ) =
us (x)0 As us (x) − f s (x)0 us (x) dx
us
(19)
Ωs 2
subject to y 0s us (x) = bst (x) on x ∈ Γst , ∀t, Γst 6= ∅

4.1 Boundary-constrained Local GP

This section presents our patched GP regression method. We start from some notations.
We partition the domain Ω of the data into small local regions {Ωs , s = 1, . . . , S} and
partition the training data set D = {(xn , yn ) : n = 1, . . . , N } accordingly into S data sets
Ds := {(xn , yn ) ∈ D : xn ∈ Ωs }. We then calculate the local prediction function fs for the
local region Ωs using the data set Ds . There are some issues with this localized solution.
First, the prediction at around ∂Ωs is not as accurate as the prediction at the interior of
Ωs mainly because of the less number of observations available around ∂Ωs . In particular,
when S becomes large, the boundary regions also increase. Therefore, the inaccuracy at
the boundaries ∂Ωs can have significant negative effects on the overall prediction accuracy.
Second, two local GP regressions from two neighboring local regions Ωs and Ωt produce
different predictions fs and ft at the shared boundary, making the prediction discontinuous
on the boundary. This discontinuity is unacceptable since continuity of the prediction is
often desired. We propose to impose boundary constraints such that the two neighboring
local GP regressions give the same predictions on the shared boundary.
Section 4.1 applies the finite element method of Section 3 to solve a boundary constrained local GP problem for each local region when the boundary constraints are given.
Section 4.2 gives two methods for estimating the boundary constraints. Section 4.3 discusses some implementation details, including calculation of the integrations involving the
finite elements, and learning parameters of the covariance function of the GP regression.

4. Patching Constrained Local GPs for Efficient Computation of Global
GP regression

Patching Local Guassian Processes

bs =
t:Γst 6=∅ Γst

X Z

t:Γst 6=∅ Γst

bst|Γst φs,b|Γst .

(20)

0
B −1
s bs y s
.
0
ysys

(21)

for i = 1, . . . , 6000,

10
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where xi ∼ Uniform(0, 10) and i ∼ N (0, 1) are independently sampled, and f (xi ) is simulated by the R package RandomField. Three hundreds of the observations were randomly sampled to learn a Gaussian process regression (full GP) and the covariance hyperparameters, while the remaining 5,700 were kept for test data. The domain [0, 10] was partitioned into ten local regions of size 1 delineated by boundary points {0.0, 0.1, 0.2, 0.3, . . . 1.0},

yi = f (xi ) + i

Our constrained local GP regression provides a good approximate to a full GP regression
when the value of boundary function bst is close to the mean prediction of the full GP
regression at Γ. To show this, we performed a simple simulation study. In the study, we
generated a data set of 6,000 noisy observations from a zero-mean Gaussian process with
an exponential covariance function,

4.1.1 Illustrative Output of the Constrained GP Formulation

We then solve this equation for U s,0 and Z s , and compute U s,b = Z s O 0ys +z s y 0s . Finally the
finite element solution of the constrained local GP problem (19) is us,h = U 0s,0 φs,0 +U 0s,b φs,b .
When the number of mesh cells in each local region is M on average and the number of
training data in each domain is NS , the computation complexity of solving the constrained
local GP regression (21) for one local region is O(NS3 + M 2 ). The first part NS3 is for
inverting Aj , and the second part is for inverting Φs,0 and Φs,b , which is proportional to
M 2 because Φs,0 and Φs,b are sparse banded matrices; note that the complexity of solving
a linear system with a banded coefficient matrix is proportional to the square of the size of
the linear system (Mahmood et al., 1991). The cost per local region is mostly bounded by
the cubic term O(NS3 ). The total computational cost for S local regions is thus O(SNS3 ),
which also equals to O(N NS2 ).

= F s A−1
s − Φs,b

0
Φs,0 U s,0 + Φs,b Z s O 0ys = F s A−1
s − Φs,b z s y s ,

Since bst (x) is unknown, we need to estimate bs using the procedure to be described in
0
Section 4.2. Using the second equation of (20), we obtain z s = B −1
s bs /y s y s . Substituting
this expression of z s in the first equation of (20), we obtain

where Φs,0

(y 0s y s )z s = B −1
s bs ,
R
R
R
0
0
0
= Ωs φs φs,0 , Φs,b = Ωs φs φs,b , F s = Ωs φs f s , and
X Z
φs,b|Γst φs,b|Γst ,
Bs =

Φs,0 U s,0 + Φs,b Z s O 0ys + Φs,b z s y 0s = F s A−1
s ,

system of equations for U s,0 , Z s and z s ,
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Figure 1: Effect of the boundary constraint on Gaussian process regression.
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Figure 1 shows the comparison of the mean predictions from a full GP, the constrained
local GP and the unconstrained local GP regressions. Compared to the unconstrained local
GP regression, the constrained model is much closer to a full GP regression especially at the
boundary points. The maximum difference in the mean predictions of the constrained model
and a full GP over the test data was 0.2803, while that of the unconstrained version was
0.6411. The advantage of placing the boundary constraints on the local GP in improving the
prediction accuracy is clear. However, placing the boundary constraints requires knowing
the value of the ground truth f at boundary points, i.e., boundary function bst . Estimating
the values of f at boundary points is the subject of the next section.

and the 300 observations were distributed into the local regions accordingly. For each domain, an unconstrained GP regression (unconstrained local GP) and a constrained GP regression (constrained local GP) were learned. When the constrained local GP was learned,
the values of the regression outcome at the boundary points were constrained to be equal to
the mean prediction of a full GP regression at the points. Note this is not a fair comparison
since the full GP prediction was used. This example was just used to show the room for
improvement if constraints are used.

y

Park and Huang

4.2 Estimation of Boundary Values

The prediction function f at Γst , i.e., the boundary function bst , is unknown and needs to be
estimated before the constrained local GP regression is solved. We propose two approaches
for the estimation boundary values for the local GP regressions. The first approach is to
train a separate local GP regression using a subset of training data located around the
boundary Γst —this together with the constrained local GP regressions, leads to a two-step
procedure. The second approach is to iteratively solve the boundary value estimation and
the constrained local GP problems.
4.2.1 Localized Estimation

This approach is motivated by our observation that a GP regression for a local domain gives
accurate prediction at the center of the domain. We propose to estimate the prediction
function f at Γst by learning a local GP regression with a subset of the training data
that belong to a neighborhood of Γst . When x ∈ R, Γst is a point coordinate in R, and its
neighborhood is defined by an interval [Γst −r, Γst +r] around it with half width r > 0. When
x ∈ Rd in general, Γst is a d − 1 dimensional hyperplane within Rd , and its neighborhood
is defined by N hr (Γst ),

x∈Γst

N hr (Γst ) = {x0 ∈ Rd ; min ||x0 − x||2 ≤ r}.

(22)

The value of the prediction function f at x ∈ Γst , i.e. bst (x), is estimated by the mean
prediction of the local GP regression built from a subset of training data, xst = {xn ∈
D; xn ∈ N hr (Γst )} and the corresponding observed outputs yst ,

b̂st (x) = kx0 st ∗ (σ 2 I + K xst xst )−1 yst .

When the average number of observations in the local neighborhood N hr (Γst ) is NB ,
the complexity of this boundary estimation per boundary is O(NB3 ). When the dimension
of the domain Ω is d and the domain is decomposed into S local regions of d-simplices, the
total number of the boundaries in between the local regions is proportional to dS. So, the
complexity of this boundary estimation procedure is O(dSNB3 ).
4.2.2 Block Gauss-Seidel Iteration

(23)

The system of equations for the constrained local GP regression given by (20) is converted
into the following equation for three unknown variables U s,0 , Z s and bs ,

Φs,0 U s,0 + Φs,b Z s O y0 s + Φs,b B s−1 bs y s0 /(y s0 y s ) = F s As−1 ,

JMLR 17(174):1-29

where we used (y s0 y s )z s = B s−1 bs to replace the z s in the first line of (20) with B s−1 bs /(y s0 y s ).
Note that the above equation depends on an unknown boundary function bst only through
bs . We will estimate the vector quantity bs instead of estimating the boundary function bst
directly. The equation for U s,0 , Z s and bs can be solved iteratively by the block GaussSeidel method (Saad, 2003). The block Gauss-Seidel method is an iterative solver for a
linear system that partitions a number of unknowns into multiple blocks and solves the
linear system for one block at a time while keeping the other blocks fixed. In our problem,

12

(k)

(k)

F s A−1
s

−

(k)
Φs,0 U s,0

−

0
Φs,b Z (k)
s Oys ,

s = 1, . . . , S.

(25)
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It is well known that each φm,j is a polynomial function of barycentric coordinates λj ’s
with respect to the d-simplex Km (Ern and Guermond, 2004, pages 22-23). One can use the
integral formula for barycentric coordinates (Voitovich and Vandewalle, 2008) to compute

{φm,j ; m = 1, . . . , M, j = 0, 1, . . . , J}, and J =

The integrals for defining several quantities in equation (20) can be computed effectively
using well-established finite element computations. Suppose that Ω ⊂ Rd and we use the
Lagrange finite elements of polynomial degree k, where the sth local region Ωs is partitioned
into M mesh cells {Km ; m = 1, . . . , M } for the finite element approximation. The φs is a
column vector of the Lagrange basis functions for the mesh cells,

4.3.1 Evaluation of Integrals for quantities in Equation (20)

The total computation complexity of our proposed approach is the summation of two complexities, one for the constrained GP regressions and the other for the boundary value estimation. It is O(SNS3 + dSNB3 ) when the localized estimation approach is used for boundary
value estimation, and it is O(SNS3 + d2 S 2 ) when the block Gauss-Seidel iteration is used.
Since SNS = N and NB is a constant, the complexity is O(N NS2 + dS) or O(N NS2 + d2 S 2 )
respectively.

4.3 Computation Complexity and Implementation Details

boundary estimation by the localized approach or the iterative approach and the full GP
regression prediction. The mean squared differences versus mesh size h are plotted in Figure
2-(b). Again, the localized approach works better.

Figure 2: Comparison of the two proposed methods of boundary value estimation with a
full GP regression.

boundary values

where xi ∼ Uniform([0, 6] × [0, 6]) and i ∼ N (0, 1) were independently sampled, and the
Gaussian process realization f (xi ) was simulated by the R package RandomField. We split
the input domain [0, 6]×[0, 6] into sixteen local regions of equal size, and 1,881 test locations
were chosen uniformly surrounding the local region boundaries. For each test location, we
obtained the prediction based on a full GP regression and computed the differences of the

This section numerically compares the two aforementioned solutions for boundary value estimation. We used the same data set used in Section 4.1.1 and applied the same partitioning
scheme for splitting the entire domain into 10 local regions, in between which there are nine
boundary locations. We applied the localized estimation method and the iterative block
Gauss-Seidel approach for estimating f (x) at the nine locations, and compared them with
the estimated values from a full GP regression. Figure 2-(a) shows the comparison results.
The root mean squared difference of the localized estimation to a full GP regression was
0.0775, while that of the iterative approach was 0.1369. Both of the errors are far below the
noise parameter σ = 1. The computation time for the estimation was comparable, 0.041328
seconds for the localized method and 0.038071 seconds for the iterative approach.
For another comparison, we generated a synthetic data set in 2-d of 8,000 noisy observations from a zero-mean Gaussian process with an exponential covariance function of scale
one and variance 10,
yi = f (xi ) + i for i = 1, . . . , 8000,

4.2.3 Numerical Comparison

Note that the equations in the system (24) appeared in Step 1 can be solved in parallel
for s = 1, . . . , S. But the equations in the system (25) appeared in Step 2 should be
solved collectively for all s = 1, . . . , S, since bs is shared by multiple local regions and thus
appears in multiple equations. The block Gauss-Seidel method converges very fast. When
the dimension of the domain Ω is d and the domain is decomposed into S local regions of
d-simplices, the total number of boundaries in between the local regions is proportional to
dS. On the other hand, the size of the linear system to be solved in Step 2 is proportional
to the number of boundaries. Since the coefficient matrix of the linear system is a banded
matrix, the complexity of solving such a linear system is proportional to the square of the
size of the linear system (Mahmood et al., 1991), that is, O(d2 S 2 ).

=

by solving

(k) 0
0
Φs,b B −1
s bs y s /(y s y s )

Step 2. Obtain bs

by solving

s = 1, . . . , S. (24)

(k)

fixed from the previous iteration, obtain U s,0 and Z s

0
−1
−1 (k−1) 0
Φs,0 U s,0 + Φs,b Z (k)
y s /(y 0s y s ),
s O y s = F s As − Φs,b B s bs

(k)

Step 1. With bs

(k−1)

we have two block of unknowns, one block for U s,0 and Z s and the other block for bs . The
(0)
corresponding block Gauss-Seidel iteration is as follows. Start with an initial guess bs .
We used a zero vector for the initial guess. At iteration k, we perform the following two
steps sequentially:

Patching Local Guassian Processes

mean squared difference

a!b!c!
,
(2 + a + b + c)!

a!b!c!d!
,
(3 + a + b + c + d)!

λja1 λjb2 λjc3 = 2|Km |
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Km

λja1 λjb2 λjc3 λjd4 = 6|Km |

Φs,0 and Φs,b . For example, when d = 2,
Z
and when d = 3,
Z

Km

m,j1

m,j2

m

Km

m,j1

m,j2

where |Km | is the volume of Km . Since φm,j1 φm,j2 is alsoR a polynomial functions of λj ’s,
one can use the previous integration formulas to evaluate Km φm,j1 φm,j2 and
Z
XZ
.
(26)
φ
φ
=
φ
φ
Ωs

j

=
(i)

j

Z

(i)

φs φm,j .

αm,j φm,j

Km

X

αm,j

Km

XZ
m

XX
j

φs

For the values of F s , one can take the finite element approximation of f s , where each
function fi in f s is approximated by
X (i)
αm,j φm,j on Km .

φs fi

With this approximation, F s becomes
Z
Ωs

=
m

φm,j1 |Γst φm,j2 |Γjk

The last integral can be computed using (26).
Since φm,j|Γst is a polynomial function of barycentric coordinates with respect to Γst ,
Z
Γst

can be computed using the integral formulas in barycentric coordinates, facilitating the
evaluation of B s and bs .
4.3.2 Learning Covariance Parameters

(27)
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ns
1
1
log(2π) + log |As | + y s0 As−1 y s ,
2
2
2

By far, our discussions have been made when using fixed parameters (often referred to as
hyperparameters in the literature) for the covariance function k(·, ·). In this subsection,
we discuss how to choose the hyperparameters. Basically, we follow the approach in Park
et al. (2011), which has two options, namely choosing different hyperparameters for each
local region or choosing the same hyperparameters for all local regions. When different
hyperparameters are chosen for each local region, the hyperparameters are estimated by
maximizing the local marginal likelihood functions. Specifically, the local hyperparameters,
denoted by θs associated with each Ωs , are selected such that they minimize the negative
log marginal likelihood:
M Ls (θs ) := − log p(y s ; θs ) =

15
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s=1

S
X

M Ls (θ),

(28)

where As depends on θs . Note that (27) is the marginal likelihood of the standard local
kriging model typically seen in geostatistics.
When we want to choose the same hyperparameters applied for all local regions, we
choose the hyperparameter θ such that it minimizes

M L(θ) =

where the summation of the negative log local marginal likelihoods is over all local regions.
The above treatment implicitly assumes that the data from each local region are mutually
independent. We used the criterion (28) for all numerical comparisons presented below.

5. Numerical Study of Patched GP and Comparison with DDM

In this section, we present the numerical performance of our patched GP method for different
tuning parameters, compared to the full GP regression. We also compare our patched GP
method with its precursor, the DDM (Park et al., 2011).

5.1 Data Sets and Evaluation Criteria

for i = 1, . . . , 6000,

We considered four data sets: one synthetic data set in 1-d, one synthetic data set in 2-d,
and three real spatial data sets both in 2-d. The two synthetic data sets were generated by
the R package RandomField. The first data set in 1-d (hereafter denoted by synthetic-1d)
consists of 6,000 noisy observations from a zero-mean Gaussian process with an exponential
covariance function of scale one and variance 10,
yi = f (xi ) + i

for i = 1, . . . , 8000,

where xi ∼ Uniform(0, 10) and i ∼ N (0, 1) were independently sampled, and the Gaussian
process realization f (xi ) was simulated by the R package. The synthetic data set in 2-d
(hereafter denoted by synthetic-2d) consists of 8,000 noisy observations from a zero-mean
Gaussian process with an exponential covariance function of scale one and variance 10,
yi = f (xi ) + i

JMLR 17(174):1-29

where xi ∼ Uniform([0, 6] × [0, 6]) and i ∼ N (0, 1) were independently sampled, and the
Gaussian process realization f (xi ) was simulated by the R package RandomField. The two
synthetic data sets were used to show how our proposed method performs, compared to the
full GP regression.
The first real data set, TCO, contains data collected by NIMBUS-7/TOMS satellite to
measure the total column of ozone over the globe on Oct 1 1988. This set consists of
48,331 measurements. The second real data set, TCO.L2, also contains the total column of
ozone measured by the same satellite on the same date at much more locations (182,591
locations). The third real data set, ICETHICK, is the ice thickness profile for a portion of
the western Antartic ice sheet, which is available at http://nsidc.org/. The data set has
32,481 measurements. As shown in Figure 3, the ICETHICK data set has some sparse regions
with very few training points, while the TCO data set has a very dense distribution of the
training points; TCO.L2 data set has even denser distribution.
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5.3 Comparison with DDM
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(30)

Our proposed patched GP method is the direct enhancement of DDM. In this section, we
compare the numerical performance of DDM and patched GP.


T 
1 X (yt − µt )2 1
2
+
log(2πσ
)
,
t
T
2
2σt2
t=1

The patched GP has two tuning parameters, number of local regions S and mesh size h
in finite element approximation. If the number of local regions (S) is one (i.e. there is no
split to local regions), the patched GP should converge to a full GP as the mesh size of the
patched GP’s finite element approximation goes to zero. In this section we illustrate how
the patched GP works for S > 1 and different mesh sizes using the data sets described in
the previous section.
For synthetic-1d, we uniformly partitioned the domain [0, 10] into S local regions of
equal size where S varies over {2, 4, 6, 8, 10}. The number of meshes per local region is
denoted by M , and it is related to mesh size h, which is the length of an interval mesh.
We randomly split 6,000 observations in synthetic-1d into a training data set of 4,500
observations and a test data set of 1,500 observations. For each S and h, we used the
training data set to learn the patched GP and a full GP, and compared the mean squared
difference of the patched GP and a full GP over the test data set. Figure 4-(a) shows the
mean squared difference versus S and h. Regardless of S, the difference converges to almost
zero (about e−6 ) as h goes to zero, which implies that the mean prediction of the patched
GP becomes very close to that of a full GP even with a large S; this can be qualitatively
seen in Figure 4-(b), -(c) and -(d). In other words, the performance of the patched GP does
not vary much with the choice of S although the method with a larger S typically converges
faster.
For synthetic-2d, we uniformly partitioned the domain into S local regions of equal
size where S varies over {68, 47, 32, 17, 10, 4}. The number of meshes per local region is
denoted by M , and it is related to mesh size h, which is the side length of a triangular mesh
for synthetic-2d. We randomly split 8,000 observations in synthetic-2d into a training
data of size 6,500 and a test data set of size 1,500. For each S and h, we used the training
data set to learn the patched GP and a full GP, and compared the mean squared difference
between the patched GP and the full GP over the test data set. Figure 5 shows the mean
squared difference versus S and h. Similar to the 1-d case, the performance of patched GP
does not vary much with different S values for the two synthetic data sets.
We also evaluated the performance of the patched GP on the real data sets TCO and
ICETHICK for different values of S and M . As described in Section 5.1, 90% of each data
set was randomly chosen and used as a training data set, and the remaining 10% was used
for computing the MSE. Figure 6 summarizes the results. The performance of the patched
GP did not vary much for different S. If S is large, the overall computation complexity
decreases significantly as M decreases. Therefore, in general, a larger S is preferred.

5.2 Performance of Patched GP with Different Tuning Parameters

software (Persson and Strang, 2004). We used the localized estimation presented in Section
4.2.1 for boundary value estimation, and the hyperparameters of a covariance function was
obtained by minimizing (28) and was applied for all local regions. All numerical studies
were performed on a computer with Intel Xeon Processor W3520 and 6GB memory.
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which considers the accuracy of the predictive variance σt as well as the mean prediction
µt . These two criteria were used broadly in the GP regression literature. A smaller value
of MSE or NLPD indicates a better performance.
When applying the patched GP, one issue is how to partition the whole domain into
local regions, also known as meshing in the finite element analysis literature (Ern and
Guermond, 2004). The patched GP works with any shapes of meshing. For this paper, we
used a uniform triangular mesh, where each local region is a triangular shaped region of the
same size. The implementation of the meshing was performed using the DistMesh MATLAB

NLPD =

which measures the accuracy of the mean prediction µt at location xt . The second one is
the negative log predictive density (NLPD)

MSE =

Using the three real spatial data sets, we can compare the computation time and prediction accuracy of the patched GP with other methods. We randomly split each data set
into a training set containing 90% of the total observations and a test set containing the
remaining 10% of the observations. To compare the computational efficiency of methods,
we measure two computation times, the training time (including the time for hyperparameter learning) and the prediction (or test) time. For comparison of accuracy, we use two
measures on the set of the test data, denoted as {(xt , yt ); t = 1, . . . , T }, where T is the size
of the test set. The first measure is the mean squared error (MSE)

Figure 3: Spatial distribution of the measurements for two real data sets. A dot represent
one measurement.
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For both methods, we fixed S, S = 145 for TCO, S = 623 for TCO.L2, and S = 47 for
ICETHICK, because the performance did not vary much with the choice of S. We applied the
squared exponential covariance function and the same covariance hyperparameter learning
method for both DDM and patched GP, which is described in Park et al. (2011, Section
5). In the hyperparameter learning, we used a subset of the training data. The fractions
of the training data set used for the hyperparameter learning varied over {0.3, 0.5, 0.8, 1.0}.
As the fraction increases, we expect the training time increases, and the accuracy of the
hyperparameter estimation and the final prediction improves. For patched GP, the number
of meshes per local region for the finite element approximation (h) varied from 5 to 30
with step size 5. As seen in Section 5.2, the increase of h implies the increase of the

0

Figure 5: Mean squared difference of the patched GP and a full GP versus S and h for
synthetic-2d

mean squared difference

mean squared error

20
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2

5.3.1 Overall Performance
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We used three real data sets in 2-d to compare the MSEs and NLPDs of patched GP and
DDM versus the total computation time (training and test time), which includes the time
for hyperparameter learning, model learning, and prediction.
19
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Figure 4: Mean squared difference of the patched GP and a full GP over the test data set
for synthetic-1d; (a) shows the mean squared differences for different S and h
parameter values, and (b)-(d) illustrate the mean predictions of the patched GP
and a full GP for different S’s with fixed 1/h = 3.
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Figure 7: Prediction accuracy versus total computation time. For ICETHICK (ICE) data
set, the NLPDs of DDM are imaginary numbers since the predictive variance
estimates were all negative.

MSE

NLPD

NLPD

NLPD
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We compared DDM and patched GP for boundary value estimation. For this comparison,
we used the localized estimation approach described in Section 4.2.1 with NB = 50. The
comparison was primarily focused on (1) how the boundary estimation of each method
on a boundary location is close to the mean prediction of a full GP regression on the
same location, and (2) how the boundary estimations of two neighboring local regions on
a boundary point are closed to each other. We fixed S = 16 and tried different mesh sizes
h for patched GP and different numbers of the control points placed on each boundary (p)
for DDM, which are directly relevant to the performance of boundary estimation. The h
varied over one fifth of a local region size through one thirtieth of a local region size, while
p comparably varied over five through thirty.
We used the whole synthetic-2d data set as a training data set to train both of the
methods, and 1,881 test locations were chosen uniformly from local region boundaries. For
each test location, we obtained the mean prediction of a full GP regression. The squared
differences of the mean prediction of DDM or patched GP to that of a full GP at the test
locations are averaged to obtain the mean squared difference. This difference versus h or p
is plotted in Figure 8-(a). As h decreases, the boundary estimation of patched GP at the
test locations converges to the mean prediction of a full GP regression at the same locations,
while the boundary estimation of DDM keeps deviating from a full GP result.
We also compared how consistent the mean predictions from two neighboring local
regions at their shared boundary are. We simply took the two mean predictions from two
neighboring local regions at some of the 1,881 test locations on their shared boundary. The
squared differences were taken and averaged over all shared boundaries. The mean squared
differences versus h or p are plotted in Figure 8-(b). The mean squared differences for

5.3.2 Comparison in Boundary Value Estimation

overall prediction accuracy and the total computation time. For DDM, we varied the
number of degree of freedoms on a local region boundary from 5 to 30 with step size 5.
For each experimental setting, we performed 20 replicated experiments with new random
splits of training and test data sets. We randomly split each data set into a training set
containing 90% of the total observations and a test set containing the remaining 10% of the
observations. The MSEs, NLPDs and the total computation times were averaged to reduce
the variation caused by random splits.
Figure 7 shows the MSE and NLPD versus the total computation time for both DDM
and patched GP. For shorter computation time, DDM performed better in terms of MSE
but patched GP obtained lower MSEs with longer computation time. In terms of NLPD,
the DDM was better for TCO and TCO.L2. The NLPD is roughly the squared bias of the
predictive mean divided by the predictive variance. Since the patched GP is better than the
DDM in MSE, the better NLPD performance of the DDM can be attributed to difference
in variance estimation. For TCO and TCO.L2, the DDM’s variance estimation is sufficiently
large to cover most observations. However, the DDM’s variance estimation is sometimes too
small, being negative. For example, the DDM produced the negative predictive variances for
ICETHICK, so the resulting NLPDs are imaginary numbers. The issue with DDM regarding
possible negative predictive variances has been reported in Pourhabib et al. (2014). The
same problem occurred in this numerical example.
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In this section, we compare patched GP with other localized approaches for GP regression,
including BCM (Tresp, 2000), PIC (Snelson and Ghahramani, 2007), and RBCM (Deisenroth and Ng, 2015); we used the author’s implementation of BCM and implemented RBCM
and PIC with matlab by ourselves. We used three real data sets TCO, TCO.L2 and ICETHICK
to compare the MSEs and NLPDs of the approaches versus the total computation time,
which includes the time for hyperparameter learning, model learning and prediction. We
used the squared exponential covariance function and used the whole training data set to
choose hyperparameters for all of the compared methods. For patched GP, we fixed S = 145
for TCO, S = 623 for TCO.L2, and S = 47 for ICETHICK, and the number of meshes per local
region was varied from 5 to 40 with step size 5. For BCM and RBCM, we varied the number
of local experts M ∈ {100, 150, 200, 250, 300, 600} for TCO, M ∈ {50, 100, 150, 200, 250, 300}
for TCO.L2, and M ∈ {50, 100, 150, 200, 250, 300} for ICETHICK. For PIC, we varied the total
number of local regions m ∈ {100, 150, 200, 250, 350} for TCO, m ∈ {100, 200, 300, 400, 600}
for TCO.L2, and m ∈ {50, 100, 150, 200} for ICETHICK, and also varied the number of in-

6.1 Comparison with Other Local GP Methods

This section compares patched GP with other state-of-the-art methods. Section 6.1 contains the comparison to several localized approaches for GP regression, while Section 6.2
contains the comparison to the Gaussian Markov random field approach to the GP regression (Lindgren et al., 2011).

6. Numerical Comparison with Other State-of-The-Art methods

patched GP are almost zero, while those for DDM are significantly non-zero relative to
those of patched GP.

mean squared difference

Park and Huang

ducing inputs (M ∈ {100, 150, 200, 250, 300, 400, 500, 600, 700}) for all of the data sets. We
used the k-means clustering for splitting training data for both of BCM, RBCM, and PIC.

Figure 9 shows the logarithms of MSEs and NLPDs versus total computation times for
the three data sets. For TCO data set, the BCM, RBCM, and patched GP obtained more
accurate prediction than the PIC, and the patched GP was computationally more efficient
than the BCM and RBCM. For TCO.L2 data set, the patched GP uniformly outperformed
other competing methods, scaling better than BCM and RBCM and achieving better MSE
than the PIC. It is interesting to see that BCM is almost identically performing as the
RBCM when N is so large like in TCO.L2 data set. For ICETHICK data set, the PIC and
patched GP obtained more accurate prediction than the BCM and the RBCM. Please note
that the training data are quite densely spread over the whole domain for TCO while the
training data are sparse for some local regions in ICETHICK. The patched GP worked well
for both of the cases, while the PIC worked better for the sparse case and the BCM worked
better for the dense case. The RBCM has shown much better results than the BCM for the
sparse case but it is not better than the patched GP and PIC. The PIC combines a global
model with local models, which may help to improve the performance for the sparse case.
6.2 Comparison with GMRF

In this section, we compare patched GP with the Gaussian Markov random field approach
to the GP regression (Lindgren et al., 2011, GMRF), which was reported to scale great
with massive data set; we implemented the GMRF with matlab. The major checkpoints
of this comparison are the scalability and prediction accuracy. We used three real data
sets of different sizes, ICETHICK (N = 32, 813), TCO (N = 48, 311) and TCO.L2 (N =
182, 591) to compare the MSEs, NLPDS, and computation time of the approaches. In
this comparison, we used the exponential covariance function, since the GMRF does not
work with the squared exponential covariance function used for the other comparisons;
at least, the construction of the precision matrix for Gaussian Markov random field is not
straightforward. The GMRF does not have any tuning parameters, and the hyperparameter
learning of the GMRF was performed using 5% of the training data; the MSE performance
did not change much as the percentage increases, so we chose the smallest percentage to
obtain the smallest computation time. For patched GP, we presented the results with the
combinations of tuning parameters that obtain the best RMSE and the worst RMSE. To
be specific, we fixed S = 145 for TCO, S = 47 for ICETHICK, and S = 623 for TCO.L2, while
the number of meshes per local region was varied from 5 to 40 with step size 5.

JMLR 17(174):1-29

Table 1 summarizes the comparison results. The computation time of patched GP
increases linearly in data size N , while the GMRF’s computation time increases in O(N 2 ).
This is not surprising because the GMRF’s computation depends on nz , the number of
3/2
nonzero elements in the precision matrix, proportionally in nz2 or nz , and the nz increases
at least linearly in N . For prediction performance, the best RMSE of the patched GP was
at least comparable or better than that of GMRF. The patched GP uniformly outperformed
the GMRF in terms of NLPD, which means that the posterior distribution of the patched
GP was better fitted to test data sets.
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Figure 9: Prediction accuracy versus total computation time. The legend in the upper left
panel applies to all other panels.
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Ω

We define a bi-linear form on

[L2 (Ω)]N

Ω
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by a : [L2 (Ω)]N × [L2 (Ω)]N → R,
Z
a(u, v) = (Au, v) =
u0 Av
for u, v ∈ [L2 (Ω)]N ,

Note that [L2 (Ω)]N is a Hilbert space with the following inner product
Z
(u, v) =
u0 v.

Appendix A. Proof of Proposition 1
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We developed a method for solving a Gaussian process regression with constraints on a domain boundary and also developed a solution approach based on a finite element method.
The method is then applied to local GP regressions as a building block to develop the
patched GP method as a computationally efficient solver of a large-scale Gaussian process
regression or spatial kriging problem. The patched GP solves two issues of the simple local
GP approaches, namely the inaccuracy and inconsistency of prediction on the boundaries of
neighboring local regions. Comparing with its precursor DDM, the patched GP has an improved way of considering the constraints related to the boundary regions. Both methods
reformulate the GP regression as an optimization problem, the patched GP method improves DDM by rewriting the optimization problem in a function space and using the finite
element methods to solve the required integrals arising from the solution of the minimization
problem. The patched GP method is mathematically more elegant and its competitiveness
to existing methods is demonstrated through numerical studies.

7. Conclusion

Table 1: Performance comparison of the patched GP with GMRF: the time unit used is
second.
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a linear functional c : [L2 (Ω)]N → R as
c(u) =

∀u ∈ [L2 (Ω)]N .

and define J(u) = 12 a(u, u) − c(u). Since A is a N × N (real) positive definite matrix, the
bi-linear form a(u, v) is symmetric and positive. Let α be the smallest eigenvalue of A. We
have that
a(u, u) ≥ α||u||2 ,
Therefore, the bi-linear form a is coercive. It follows from Ern and Guermond (2004,
Proposition 2.4) that, u satisfies a(u, v) − c(v) = 0 for every v ∈ [L2 (Ω)]N if and only if it
minimizes J(u) over u ∈ [L2 (Ω)]N . Note that the coercivity of the bi-linear form a can be
interpreted as a strong convexity property of the functional J(u), which makes the problem
have a unique optimal solution (Ern and Guermond, 2004, Lemma 2.2).

Appendix B. Proof of Proposition 2
R
We have already proven that a(u, v) = Ω u0 Av is coercive, symmetric and positive for
u, v ∈ [L2 (Ω)]N in the proof of Proposition 1. The same result holds for u, v ∈ Hb because
Hb ⊂ [L2 (Ω)]N . Since Hb is a Hilbert space, solving the minimization problem is equivalent
to solving the integral equation (8) by Ern and Guermond (2004, Proposition 2.4).
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3. Project focus
Code quality Correctness and consistency is absolutely crucial for us. The metrics
implemented need to be correct and the values returned stable over time. To ensure this,
we implemented functions to generate synthetic mobile phone data, regression tests, and
more than 50 function-level unit tests covering 88% of the source code.
Community-driven development The choice of the Python language, as well as a specific
focus on readability, helps contributors understand and modify bandicoot. We are actively
building a community of users around bandicoot to foster changes and improvements in
the source code, develop new features, and to report and help correct faulty behaviors.
bandicoot is hosted on GitHub and has already been developed by 9 contributors over

bandicoot computes these indicators or, when they are a distribution their mean and
standard deviation, on a weekly basis. It then returns the weekly mean and standard deviation to the user (see Fig. 1(a)). The user can also compute indicators only on call/texts,
weekdays/weekends, or days/nights and an extended set of weekly summary statistics (median, min, max, kurtosis, and skewness).
bandicoot also standardizes from the mobile phone research literature (Blondel et al.,
2015) the definition of conversations between individuals, the conversion of directed to
undirected matrices, the assortativity of attributes within ego-networks, as well as a the
binning scheme to avoid sampling biases in location data.

Social network (e.g. clustering coefficient, assortativity) describe an individual’s social
network and compare his or her behavior with the one of their contacts.

Spatial features (e.g. entropy of visited antennas, radius of gyration) describe an individual’s mobility patterns. Note that to avoid sampling biases, bandicoot groups location
data per 30 min slots.

Individual features (e.g. percent of nocturnal interactions, time it takes someone to answer text message, inter-event time between two phones calls) describe an individual’s
phone usage and interactions with his or her contacts.

bandicoot provides users with more than 1442 individual, spatial, and social network features:

2. Usage and features

choices (e.g. reconciling data, choices of thresholds and time periods, edge cases) were lost
from one paper to another. This made it hard to replicate results, quantify the impact of
new methods, and transfer learnings.
bandicoot solves this problem by providing researchers and practitioners with an efficient
open-source Python feature extractor for mobile phone metadata. bandicoot is a complete,
easy-to-use and extensible environment: with a few lines of code, a user can load mobile
phone data, extract features, and export them. bandicoot’s modular structure makes it
easy for users to add new features and leverage existing pre- and post-processing functions.

de Montjoye, Rocher, and Pentland

The metadata generated at large-scale by mobile phones and collected by every carrier
around the world have the potential to fundamentally transform the way we fight diseases
and design transportation systems. Scientists have compared the recent availability of these
large-scale behavioral data sets to the invention of the microscope (Giles, 2012) and their
business value is considerable (Kaye, 2015). In machine learning, mobile phone metadata
have been used to predict people’s gender (Sarraute et al., 2014), age (Sarraute et al.,
2014), personality (de Montjoye et al., 2013), literacy rates (Sundsøy, 2016); as well as their
likelihood to repay loans (Bjorkegren and Grissen, 2015), subscribe to services (Sundsøy
et al., 2014), and commit crimes (Bogomolov et al., 2014). In disaster relief operations
for instance, knowing the demographics of a person along with his or her mobility data
is extremely valuable (Wilson et al., 2016). As most phones in low and middle income
countries are prepaid (ITU, 2013), we often lack these information about the users. Being
able to predict million of people’s demographic information with a small training set is
therefore tremendously valuable and cost-efficient.
Despite a great potential for impact and close to 10 years of academic and industry
research in using mobile phone metadata (Blondel et al., 2015), there were so far no opensource software to process and extract robust features from them. All prediction works were
consequently based on a limited number of custom indicators. This has prevented research
from progressing: features had to be redeveloped every time and numerous implementation

1. Introduction

bandicoot is an open-source Python toolbox to extract more than 1442 features from standard mobile phone metadata. bandicoot makes it easy for machine learning researchers
and practitioners to load mobile phone data, to analyze and visualize them, and to extract
robust features which can be used for various classification and clustering tasks. Emphasis
is put on ease of use, consistency, and documentation. bandicoot has no dependencies and
is distributed under MIT license.
Keywords: Python, feature engineering, mobile phone metadata, CDR, visualization
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The application of machine learning algorithms to mobile phone metadata has a great
potential for good and businesses. Until now, there were no toolbox to efficiently process
and extract robust features from them. This was a major issue for both researchers and
practitioners. bandicoot implements a full data pipeline for mobile phone data including
more than 1442 features. It has been used in research papers as well as by carriers (e.g.
Orange, Telenor) and international organizations (e.g. WFP).

6. Conclusion

While our priority developing bandicoot is to produce correct and verifiable code that
can be easily extended, a certain number of implementation choices and optimizations
were made to ensure that a standard large-scale dataset can be processed overnight. For
instance, bandicoot caches groups of records by week, weekend, call or text to limit both
the computing time and the memory footprint. All together these optimizations have sped
up computation by a factor 3 compared to a naive implementation.
We tested bandicoot on a computer with an Intel i7 CPU (2.6GHz) and 8GB of memory
for users with an average of 20 records per days over 3 months. It takes on average 250ms to
compute all 1442 behavioral and mobility indicators using the standard Python interpreter,
CPython, and 160ms using pypy, a fast just-in-time compiler. For all indicators, including
network features, the total time is 1.11s using CPython (740ms with pypy). Network
indicators take significantly more time as data for all the neighbors of one node have to
be loaded and their behavioral indicators computed. All indicators run in linear time with
the number of records (Fig. 1(b)) and a standard large-scale data set of one million mobile
phone users is processed in less than 9 hours (resp. 39h for the network indicators) using
the multiprocessing code we provide.

5. Performances

Figure 2: bandicoot visualization tool for an individual’s data

the last three years with many others helping with bug reports, features requests, and
discussions.

How to measure weekly patterns ?

21

Example with call durations (seconds)
Week 1

28

37

71

12

45.5

62

MEAN of MEAN =

MEAN =

STD of MEAN =

"call_duration_mean_mean": 71.0,
"call_duration_std_mean": 45.526549030940906,
"call_duration_mean_max": 90.0,
"call_duration_std_max": 35.440090293338699,
…

bandicoot exports all the indicators:
{

}

Figure 1: (a) Weekly aggregation of bandicoot’s behavioral indicators. (b) bandicoot’s runtime as a function of the number of records (single core) with and without network
indicators
Documentation An extensive documentation has been written and is maintained. This
includes an exhaustive description of the input and output of functions, a quick start guide,
and a demonstration notebook. A specific part of the documentation is written to help
users test and contribute new features.
Easy-to-install and without dependencies bandicoot runs on Python 2 and 3; we support
(and test bandicoot with) GNU/Linux, Mac OS, and Windows. bandicoot is meant to (and
already is) used in highly secured and heterogeneous telco environments where packages
have to be approved and verified. To make its use (incl. in Hadoop environments) and
installation easier, we developed bandicoot to be free of any dependencies such as pandas
or compilers.
Detecting data issues Numerous data issues can happen in mobile phone data sets:
incorrect locations, missing incoming records, duplicates, etc. We have built 38 reporting
variables that are automatically added when exporting features. These include details about
the underlying data (start and end date, number of records, percentage of antenna missing
location information, etc.) and about the data processing (bandicoot version number, type
of aggregation used, records that have been removed and why, whether a home location has
been detected, etc.).

4. Visualization

JMLR 17(175):1-5

bandicoot includes an interactive tool to visualize the data of a specific user. The visualization allows researchers to inspect the data, detect issues, and spot potentially important
patterns. Fig. 2 shows the visualization tool, with options to display only specific weeks
3

5
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Keywords: structured output prediction, output kernel regression, vector-valued RKHS,
operator-valued kernel, semi-supervised learning

In this paper, we introduce a novel approach, called Input Output Kernel Regression
(IOKR), for learning mappings between structured inputs and structured outputs. The
approach belongs to the family of Output Kernel Regression methods devoted to regression in feature space endowed with some output kernel. In order to take into account
structure in input data and benefit from kernels in the input space as well, we use the Reproducing Kernel Hilbert Space theory for vector-valued functions. We first recall the ridge
solution for supervised learning and then study the regularized hinge loss-based solution
used in Maximum Margin Regression. Both models are also developed in the context of
semi-supervised setting. In addition we derive an extension of Generalized Cross Validation
for model selection in the case of the least-square model. Finally we show the versatility of
the IOKR framework on two different problems: link prediction seen as a structured output
problem and multi-task regression seen as a multiple and interdependent output problem.
Eventually, we present a set of detailed numerical results that shows the relevance of the
method on these two tasks.
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Many real world applications involve objects with an explicit or implicit discrete structure.
Texts, images and videos in document processing and retrieval as well as genes and proteins
in computational biology are all examples of implicit structured data that we may want to
use as inputs or outputs in a prediction system. Besides these structured objects, structured
output prediction can also concern multiple outputs linked by some relationship that is relevant to take into account. Surprisingly, although a lot of attention has been paid to learning
from structured inputs for now two decades, this problem, often referred as structured output
learning, has emerged relatively recently as a field of interest in statistical learning. In the
literature, structured output prediction has been addressed from two main angles. A first
angle consists in discriminative learning algorithms that provide predictions by maximizing
a scoring function over the output space. Conditional Random Fields (Lafferty et al., 2001)
and their extension to kernels (Lafferty et al., 2004) were first proposed for discriminative
modeling of graph-structured data and sequence labeling. Other discriminative learning algorithms based on maximum margin such as structured SVM (Tsochantaridis et al., 2004,
2005), Maximum Margin Markov Networks (M 3 N ) (Taskar et al., 2004) or Maximum Margin Regression (Szedmak et al., 2005) have then be developed and thoroughly studied. A
common approach to those methods consists in defining a linear scoring function based on
the image of an input-output pair by a joint feature map. Both methods, either based on
Conditional Random Fields or maximum-margin techniques, are costly to train and generally assume that the output set Y is discrete. Keeping the idea of a joint feature map over
inputs and outputs, a generative method called Joint Kernel Support Estimation has been
recently proposed (Lampert and Blaschko, 2009). In this approach, a one-class SVM is used
to learn the support of the joint-probability density p(x, y). More recently, another angle to
structured output prediction, that we called Output Kernel Regression (OKR), has emerged
around the idea of using the kernel trick in the output space and making predictions in a
feature space associated to the output kernel. As a first example, the seminal work of Kernel
Dependency Estimation (KDE) was based on the definition of an input kernel as well as an
output kernel. After a first version using kernel PCA to define a finite-dimensional output
feature space (Weston et al., 2003), a more general KDE framework consisting in learning
a linear function from the input feature space to the output feature space was proposed by
Cortes et al. (2005). In this setting, predictions in the original output space are retrieved
by solving a pre-image problem. Interestingly, the idea of Output Kernel Regression can be
implemented without defining an input kernel as it is shown with Output Kernel Tree-based
methods (Geurts et al., 2006, 2007a,b). In these approaches, a regression tree whose outputs
are linear combinations of the training outputs in the output feature space is built using
the kernel trick in the output space: the loss function which is locally minimized during
the construction only involves inner products between training outputs. These methods are
not limited to discrete output sets and they do not require expensive computations to make
a prediction nor to train the model. Combined in ensembles such as random forests and
boosting, they exhibit excellent performances. However these tree-based approaches suffer
from two drawbacks: trees do not take into account structured input data except by using
a flat description of them and the associated (greedy) building algorithm cannot be easily
extended to semi-supervised learning.

1. Introduction

Brouard, Szafranski and d’Alché–Buc

Input Output Kernel Regression

In this work, we therefore propose to extend the methodology of Output Kernel Regression to another large family of nonparametric regression tools that allows to tackle
structured data in the input space as well as in the output space. Moreover we will show
that this new family of tools is useful in a semi-supervised context. Called Input Output
Kernel Regression, this novel family for structured output prediction from structured inputs
relies on Reproducing Kernel Hilbert Spaces (RKHS) for vector-valued functions with the
following specification: the output vector belongs to some output feature space associated
to a chosen output kernel, as introduced in the works of Brouard et al. (2011) and Brouard
(2013). Let us recall that in the case of scalar-valued functions, the RKHS theory offers
a flexible framework for penalized regression as witnessed by the abundant literature on
the subject (Wahba, 1990; Pearce and Wand, 2006). A penalized regression problem is
seen as a minimization problem in a functional space built on an input scalar-valued kernel. Depending the nature of the prediction problem, appropriate penalties can be defined
and representer theorem can be proven, facilitating the minimization problem to be further
solved. In the RKHS theory, regularization constraint on the geometry of the probability
distribution of labeled and unlabeled data can also be added to perform semi-supervised
regression (Belkin et al., 2006). When functions are vector-valued, the adequate RKHS theory makes use of operator-valued kernels (Pedrick, 1957; Senkene and Tempel’man, 1973;
Micchelli and Pontil, 2005). Operator-valued kernels have already been proposed to solve
problems of multi-task regression (Evgeniou et al., 2005; Baldassarre et al., 2012), structured classification (Dinuzzo et al., 2011), vector autoregression (Lim et al., 2013) as well
as functional regression (Kadri et al., 2010). The originality of this work is to consider that
the output space is a feature space associated to a chosen output kernel. This new approach
not only enhances setting of pattern recognition tasks by requiring to pay attention on both
input and output sets but also opens new perspectives in machine learning. It encompasses
in a unique framework kernel-based regression tools devoted to structured inputs as well as
structured outputs.

1.1 Related Works
In Brouard et al. (2011), the vector-valued RKHS theory was used to address the output
kernel regression problem in the semi-supervised setting. This approach was applied to the
link prediction problem. By working in the framework of RKHS theory for vector-valued
functions, we extended the manifold regularization framework introduced by Belkin et al.
(2006) to functions with values in a Hilbert space. We have also shown that the first step
of KDE (Cortes et al., 2005) is a special case of IOKR using a particular operator-valued
kernel.

JMLR 17(176):1-48

Kadri et al. (2013) studied a formulation of KDE using operator-valued kernels. The first
step of this approach is identical to the IOKR framework developed in Brouard et al. (2011)
and Brouard (2013). The second step consists in extending the pre-image step of KDE using
the vector-valued RKHS theory. They also proposed two covariance-based operator-valued
kernels and showed that using these operator-valued kernels allow to express the pre-image
problem using only input and output Gram matrices.
3
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In parallel of Brouard et al. (2011), Minh and Sindhwani (2011) generalized the manifold
regularization framework proposed by Belkin et al. (2006) for semi-supervised learning to
vector-valued functions.
1.2 Contributions

We introduce Input Output Kernel Regression (IOKR), a novel class of penalized regression
problems based on the definition of an output scalar-valued kernel and an input operatorvalued kernel. This article is an extended version of Brouard et al. (2011), that addresses
more generally the problem of structured output prediction. In this work, we present several
novel contributions regarding the RKHS theory for functions with values in a Hilbert space.
We present the representer theorem for vector-valued functions in the semi-supervised setting. Based on this representer theorem, we study two particular models obtained using
two different loss functions: the IOKR-ridge model introduced in Brouard et al. (2011) and
a new model called IOKR-margin. This model extends the Maximum Margin Regression
(MMR) framework introduced by Szedmak et al. (2005) to operator-valued kernels and to
the semi-supervised setting. In this paper, we also put the reformulation of Kernel Dependency Estimation proposed by Cortes et al. (2005) into perspective in the Output Kernel
Regression framework. We present the solutions corresponding to decomposable kernels. In
the case of the least-squared loss function, we describe a new tool for model selection, which
was first introduced in Brouard (2013). The selection of the hyperparameters is done by
estimating the averaged error obtained with leave-one-out cross-validation as a closed-form
solution. We show the versatility of the IOKR framework on two different problems: link
prediction and multi-task regression. Finally, we present numerical results obtained with
IOKR on these two tasks.
1.3 Organization of the Paper

This paper is organized as follows. In Section 2, we introduce the Input Output Kernel
Regression approach and show how it can be used to solve structured output prediction
problems. In Section 3 we describe the RKHS theory devoted to vector-valued function
and present our contributions to this theory in the supervised and semi-supervised settings.
We also present in this section models based on decomposable operator-valued kernels. We
then show in Section 4 that, in the case of the least-squares loss function, the leave-oneout criterion can be estimated by a closed-form solution. In Section 5, we describe how
Input Output Kernel Regression (IOKR) can be used to solve two structured prediction
problems, which are link prediction and multi-task learning. In Section 6, we present the
results obtained with IOKR on these two problems.
The notations used in this paper are summarized in Table 1.

2. From Output Kernel Regression to Input Output Kernel Regression
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We consider the general regression task consisting in learning a mapping between an input
set X and an output set Y. We assume that both X and Y are sample spaces and that
Sn = {(xi , yi ), i = 1...n} is an i.i.d. sample drawn from the joint probability law P defined
on X × Y. Outputs are supposed to be structured, for example objects such as sequences,

4

Symbol
`
n
X
X`
X`+n
Y
κx : X × X → R
κy : Y × Y → R
Fx
Fy
ϕx : X → Fx
ϕy : Y → Fy
B(F)
B(F, G)
Kx : X × X → B(Fy )
H, HKx
φx : X → B(Fy , H)
KX` , KX`+n
KX` , KX`+n
KY`
L
vec
⊗
◦

Y

ϕy f

(1)

5

6
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Kx (x, xi )ci , ci ∈ Fy , xi ∈ X ,
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i=1

n
X

We call the first task, Output Kernel Regression (OKR), referring to previous works
based on Output Kernel Trees (OK3) (Geurts et al., 2006, 2007a) and the second task, a

∀x ∈ X , h(x) =

pre-image problem. In this paper, we develop a general theoretical and practical framework
for the OKR task, allowing to deal with structured inputs as well as structured outputs. To
illustrate our approach, we have chosen two structured output learning tasks which do not
require to solve a pre-image problem. One is multi-task regression for which the dimension
of the output feature space is finite, and the other one is link prediction for which prediction
in the original set Y is not required. However, the approach we propose can be combined
with pre-image solvers now available on the shelves. The interested reader may want to
refer to Honeine and Richard (2011) or Kadri et al. (2013) to benefit from existing pre-image
algorithms to solve structured output learning tasks.
In this work, we propose to build a family of models and learning algorithms devoted to
Output Kernel Regression that present two additional properties compared to OK3-based
methods: namely, models are able to take into account structure in input data and can be
learned within the framework of penalized regression, enjoying various penalties including
smoothness penalties for semi-supervised learning. To achieve this goal, we choose to use
kernels both in the input and output spaces. As the models have values in a feature
space and not in R, we turn to the vector-valued reproducing kernel Hilbert spaces theory
(Pedrick, 1957; Senkene and Tempel’man, 1973; Burbea and Masani, 1984) to provide a
general framework for penalized regression of nonparametric vector-valued functions. In
that theory, the values of kernels are operators on the output vectors which belong to some
Hilbert space. Introduced in machine learning by the seminal work of Micchelli and Pontil
(2005) to solve multi-task regression problems, operator-valued kernels (OVK) have then
been studied under the angle of their universality (Caponnetto et al. (2008); Carmeli et al.
(2010)) and developed in different contexts such as structured classification (Dinuzzo et al.,
2011), functional regression (Kadri et al., 2010), link prediction (Brouard et al., 2011) or
semi-supervised learning (Minh and Sindhwani, 2011; Brouard et al., 2011). With operatorvalued kernels, models of the following form can be constructed:

Figure 1: Schema of the Output Kernel Regression approach.

X

h

Fy
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extending nicely the usual kernel-based models devoted to real-valued functions.
In the case of IOKR, the output Hilbert space Fy is defined as a feature space related
to a given output kernel. Note that there exists different pairs (feature space, feature
map) associated with a given kernel κy . Let us take for instance the polynomial kernel

• the second one is to define or learn a function f from Fy to Y to provide an output
in the set Y.

• the first task is to learn a function h from the set X to the Hilbert space Fy

The regression problem between X and Y can be decomposed into two tasks (see Figure 1):

∀(y, y 0 ) ∈ Y × Y, κy (y, y 0 ) = hϕy (y), ϕy (y 0 )iFy .

graphs, nodes in a graph, or simply vectors of interdependent variables. It is realistic
to assume that one can build a similarity κy : Y × Y → R between the elements of the
output set Y, such that κy takes into account the inherent structure of the elements of Y
and has the properties of a positive definite kernel. Then, due to the Moore-Aronszajn
theorem (Aronszajn, 1950), there exists a Hilbert space Fy , called a feature space, and a
corresponding function ϕy : Y → Fy , called a feature map such that:

Table 1: Notations used in this paper

Meaning
number of labeled examples
number of unlabeled examples
input set
set of labeled examples
union of the labeled and unlabeled sets
output set
input scalar kernel
output scalar kernel
input feature space
output feature space
input feature map
output feature map
set of bounded operators from an Hilbert space F to itself
set of bounded operators from F to an Hilbert space G
operator-valued kernel
reproducing kernel Hilbert space of Kx
canonical feature map of Kx
gram matrix of Kx on X` and X`+n
gram matrix of κx on X` and X`+n
gram matrix of κy on Y`
graph Laplacian
matrix vectorization
Kronecker product
Hadamard product (element-wise product)

Input Output Kernel Regression

Fx

ϕx
X

g
h

X

φx

B(Fy , H)

Input Output Kernel Regression

Fy

ϕy f
Y

g
h

Fy
ϕy f
Y

Figure 2: Diagrams describing Kernel Dependency Estimation (KDE) on the left and Input
Output Kernel Regression (IOKR) on the right.

κy (y, y 0 ) = (y T y 0 + c)p : we can choose the finite feature space defined by the different
monomes of the coordinates of a vector y or we can choose the RKHS associated with
the polynomial kernel. This choice will open doors to different output feature spaces Fy ,
leading to different definitions of the input operator-valued kernel Kx and thus to different
learning problems. Omitting the choice of the feature map associated to Fy , we therefore
need to define a triplet (κy , Fy , Kx ) as a pre-requisite to solve the structured output learning
task. By explicitly requiring to define an output kernel we emphasize the fact that an input
operator-valued kernel cannot be defined without calling into question the output space,
Fy , and therefore, the output kernel κy . We will show in Section 6 that the same structured
output prediction problem can be solved in different ways using different values for the
triplet (κy , Fy , Kx ).
Interestingly, IOKR generalizes Kernel Dependency Estimation (KDE), a problem that
was introduced in Weston et al. (2003) and was reformulated in a more general way by
Cortes et al. (2005). If we call Fx a feature space associated to a scalar input kernel
κx : X × X → R and ϕx : X → Fx a corresponding feature map, KDE uses Kernel Ridge
regression to learn a function h from X to Fy by building a function g from Fx to Fy and
composing it with the feature map ϕx (see Figure 2). The function h is modeled as a linear
function: h(x) = W ϕx (x), where W is a linear operator from Fx to Fy . The second phase
consists in computing the pre-image of the obtained prediction.

In the case of IOKR, we build models of the general form introduced in Equation (1).
Denoting φx the canonical feature map associated to the OVK Kx , which is defined as:
φx (x) = Kx (·, x), we can draw the chart depicted in Figure 2 on the right. The function
φx maps inputs from X to B(Fy , H). Indeed the value φx (x)y = Kx (·, x)y is a function of
the RKHS H for all y in Fy . The model h is seen as the composition of a function g from
B(Fy , H) to the output feature space Fy with the input feature map φx .

JMLR 17(176):1-48

(2)

We can therefore see on Figure 2 how IOKR extends KDE. In Brouard et al. (2011),
we have shown that we retrieve the model used in KDE when considering the following
operator-valued kernel:
Kx (x, x0 ) = κx (x, x0 )I,
7
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where I is the identity operator from Fy to Fy . Unlike KDE, that learns independently each
component of the vectors ϕy (y), IOKR takes into account the structure existing between
these components.
The next section is devoted to the RKHS theory for vector-valued functions and to our
contributions to this theory in the supervised and semi-supervised settings.

3. Operator-Valued Kernel Regression

In the following, we briefly recall the main elements of the RKHS theory devoted to vectorvalued functions (Senkene and Tempel’man, 1973; Micchelli and Pontil, 2005) and then
present our contributions to this theory.
Let X be a set and Fy a Hilbert space. In this section, no assumption is needed about
the existence of an output kernel κy . We note ỹ the vectors in Fy . Given two Hilbert spaces
F and G, we note B(F, G) the set of bounded operators from F to G and B(F) the set of
bounded operators from F to itself. Given an operator A, A∗ denotes the adjoint of A.

i,j=1 hỹi , Kx (xi , xj )ỹj iFy

Pm

≥0.

Definition 1 An operator-valued kernel on X × X is a function Kx : X × X → B(Fy ) that
verifies the two following conditions:

• ∀(x, x0 ) ∈ X × X , Kx (x, x0 ) = Kx (x0 , x)∗ ,

m ⊆X ×F ,
• ∀m ∈ N, ∀Sm = {(xi , ỹi )}i=1
y

The following theorem shows that given any operator-valued kernel, it is possible to
build a reproducing kernel Hilbert space associated to this kernel.

Theorem 2 (Senkene and Tempel’man (1973); Micchelli and Pontil (2005))
Given an operator-valued kernel Kx : X × X → B(Fy ), there is a unique Hilbert space HKx
of functions h : X → Fy which satisfies the following reproducing property:

∀h ∈ HKx , ∀x ∈ X , h(x) = Kx (x, ·)h,

where Kx (x, ·) is an operator in B(HKx , Fy ).
As a consequence, ∀x ∈ X , ∀ỹ ∈ Fy , ∀h ∈ HKx , hKx (·, x)ỹ, hiHKx = hỹ, h(x)iFy .

i=1 j=1

n X
m
X

hαi , Kx (xi , tj )βj iFy .

The Hilbert space HKx is called the reproducing kernel Hilbert space associated to the
kernel Kx . This RKHS can be built by taking the closure of span{K
Pn x (·, x)α | x ∈ X , α ∈
Fy }. The scalar product on HKx between two functions f =
i=1 Kx (·, xi )αi and g =
P
m
j=1 Kx (·, tj )βj , xi , tj ∈ X , αi , βj ∈ Fy , is defined as:
hf, giHKx =

JMLR 17(176):1-48

2
The corresponding norm k · kHKx is defined by k f kH
= hf, f iHKx . For sake of simplicity
Kx
we replace the notation HKx by H in the rest of the paper.
As for scalar-valued functions, one of the most appealing feature of RKHS is to provide
a theoretical framework for regularization with the representer theorems.

8

ĥ(·) =

j=1

Kx (·, xj )cj ,

L(h(xi ), ỹi ) + λ1 khk2H ,

X̀

i=1

X̀

i=1

X̀

kh(xi ) − ỹi k2Fy + λ1 khk2H .
(3)

(Kx (xj , xi ) + λ1 δij )ci = ỹj ,

ξi ≥ 0, i = 1, . . . , `.

i=1

X̀

ξi −

i=1

X̀

αi (hKx (·, xi )ỹi , hiH − 1 + ξi ) −

i=1

X̀

η i ξi ,

s.t.

min

α∈R`

0 ≤ αi ≤ 1, i = 1, . . . , `

i,j=1

i=1

X̀
1 X̀
αi αj hỹi , Kx (xi , xj )ỹj iFy −
αi
4λ1

(5)

with αi and ηi being Lagrange multipliers. By differentiating the Lagrangian with respect
to ξi and h and setting the derivatives to zero, the dual form of the optimization problem
can be expressed as:

La (h, ξ, α, η) = λ1 khk2H +

ξi

9

∗
∗
hridge (x) = Kx (x, ·)SX
(SX` SX
+ λ1 I)−1 ỹ.
`
`

10
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Fy`

i=1

X̀

hỹi , h(xi )iFy ≥ 1 − ξi , i = 1, . . . , `

λ1 khk2H +

The Lagrangian of the above problem is given by:

s.t.

h∈H,{ξi ∈R}`i=1

min

JMLR 17(176):1-48

Fy`

(4)

P
and the solution ĥ can be written as: ĥ(·) = 2λ1 1 `j=1 αj Kx (·, xj )ỹj . Note that, similarly
to KDE, we retrieve the original MMR solution when using the following operator-valued
kernel: Kx (x, x0 ) = κx (x, x0 ) I.
In Appendix B, we derive the dual optimization problem for a general convex loss
function using the Fenchel duality.

Fy`

+ λ1 I)c = ỹ,

max(0, 1 − hỹi , h(xi )iFy ) + λ1 khk2H .

In Szedmak et al. (2005), the function h was modeled as: h(x) = W ϕx (x) + b, where
ϕx is a feature map associated to a scalar-valued kernel. In this subsection, we extend this
maximum margin based regression framework to the context of the vector-valued RKHS
theory by searching h in the RKHS H associated to Kx .
Similarly to SVM, the MMR problem (4) can be expressed according to a primal formulation that involves the optimization of h ∈ H and slack variables ξi ∈ R, i = 1, . . . , `,
as well as its dual formulation which is expressed according to the Lagrangian parameters
α = [α1 , . . . , α` ]T ∈ R` . The latter leads to solve a quadratic program, for which efficient
solvers exist. Both formulations are given below.
The primal form of the MMR optimization problem can be written as:

i=1

X̀

where I denotes the identity operator from
to
and SX` : H →
is the sampling
operator defined for every h ∈ H by: SX` h = (h(xi ))`i=1 . The expression of its adjoint
P`
∗ : F ` → H of S
`
∗
SX
X` for every c ∈ Fy is given by: SX` c =
y
i=1 Kx (·, xi )ci . Therefore the
`
solution of the optimization problem in Equation (3) writes as:

∗
(SX` SX
`

Let c = (cj )`j=1 ∈ Fy` and ỹ = (ỹj )`j=1 ∈ Fy` . This system of equations can be equivalently written (Micchelli and Pontil, 2005):

where δ is the Kronecker symbol: δii = 1 and ∀j 6= i, δij = 0.

i=1

X̀

Theorem 4 (Micchelli and Pontil (2005)) Let cj ∈ Fy , j = 1, · · · , `, be the coefficients
of the expansion admitted by he minimizer ĥ of the optimization problem in Equation (3).
The vectors cj ∈ Fy satisfy the equations:

h∈H

argmin J (h) =

Considering the least-squares loss function for regularization of vector-valued functions, the
minimization problem becomes:

3.1.1 Penalized Least Squares

In the following, we plug the expansion form of the minimizer into the optimization problem and consider the problem of finding the coefficients cj for two different loss functions:
the least-squares loss and the hinge loss.

where the coefficients cj , j = 1, · · · , ` are vectors in the Hilbert space Fy .

admits an expansion:

h∈H

argmin J (h) =

h

argmin J (h) =

Szedmak et al. (2005) formulated a Support Vector Machine algorithm with vector output,
called Maximum Margin Regression (MMR). The optimization problem of MMR in the
supervised setting is the following:

Based on the RKHS theory for vector-valued functions, Micchelli and Pontil (2005) have
proved a representer theorem for convex loss functions in the supervised case.
We note S` = {(xi , ỹi )}`i=1 ⊆ X × Fy the set of labeled examples and H the RKHS with
reproducing kernel Kx : X × X → B(Fy ).

Theorem 3 (Micchelli and Pontil (2005)) Let L be a convex loss function, and λ1 > 0
a regularization parameter. The minimizer of the following optimization problem:

3.1.2 Maximum Margin Regression

Brouard, Szafranski and d’Alché–Buc

3.1 Regularization in Vector-Valued RKHS

Input Output Kernel Regression

Input Output Kernel Regression

3.2 Extension to Semi-Supervised Learning

X̀
i=1

2
L(h(xi ), ỹi ) + λ1 khkH
+ λ2

`+n
X

i,j=1

2
Wij kh(xi ) − h(xj )kF
,
y

(6)

In the case of real-valued functions, Belkin et al. (2006) have introduced a novel framework,
called manifold regularization. This approach is based on the assumption that the data
lie in a low-dimensional manifold. Belkin et al. (2006) have proved a representer theorem
devoted to semi-supervised learning by adding a new regularization term which exploits the
information of the geometric structure. This regularization term forces the target function
h to be smooth with respect to the underlying manifold. In general, the geometry of
this manifold is not known but it can be approximated by a graph. In this graph, nodes
correspond to labeled and unlabeled data and edges reflect the local similarities between
data in the input space. For example, this graph can be built using k-nearest neighbors.
The representer theorem of Belkin et al. (2006) has been extended to the case of vectorvalued functions in Brouard et al. (2011) and Minh and Sindhwani (2011). In the following,
we present this theorem and derive the solutions for the least-squares loss function and
maximum margin regression.
`
Let L be a convex loss function. Given a set of ` labeled examples {(xi , ỹi )}i=1
⊆ X ×Fy
`+n
⊆ X , we consider the following
and an additional set of n unlabeled examples {xi }i=`+1
optimization problem:

h∈H

argmin J (h) =

X̀

2
L(h(xi ), ỹi ) + λ1 khkH
+ 2λ2

`+n
X

i,j=1

Lij hh(xi ), h(xj )iFy ,

where λ1 , λ2 > 0 are two regularization hyperparameters and W is the adjacency matrix
of a graph built from labeled and unlabeled data. This matrix measures the similarity
between objects in the input space. We assume that the values of W are non-negative.
This optimization problem can be rewritten as:

h∈H

argmin J (h) =
i=1

where L is the graphPLaplacian given by L = D − W , and D is the diagonal matrix of
`+n
general term Dii =
j=1 Wij . Instead of the graph Laplacian, other matrices, such as
iterated Laplacians or diffusion kernels (Kondor and Lafferty, 2002), can also be used.

`+n
X
j=1

Kx (·, xj )cj ,

Theorem 5 (Brouard et al. (2011); Minh and Sindhwani (2011)) The minimizer
of the optimization problem in Equation (6) admits an expansion:
ĥ(·) =

for some vectors cj ∈ Fy , j = 1, · · · , ` + n.
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This theorem extends the representer theorem proposed by Belkin et al. (2006) to vectorvalued functions. Besides, it also extends Theorem 3 to the semi-supervised framework.
11
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3.2.1 Semi-Supervised Penalized Least-Squares

X̀
i=1

2
2
kh(xi ) − ỹi kF
+ λ1 khkH
+ 2λ2
y

i,j=1

`+n
X

Lij hh(xi ), h(xj )iFy .

Considering the least-squares cost, the optimization problem becomes:

h∈H

argmin J (h) =

`+n
X
i=1

Kx (xj , xi )ci + λ1 cj + 2λ2

`+n
X

i=1

Lij

m=1

`+n
X

Kx (xi , xm )cm = Jj ỹj ,

(7)

Theorem 6 (Brouard et al. (2011); Minh and Sindhwani (2011)) The coefficients
cj ∈ Fy , j = 1, · · · , ` + n of the expansion admitted by the minimizer ĥ of the optimization
problem (7) satisfy this equation:
Jj

where Jj ∈ B(Fy ) is the identity operator if j ≤ ` and the null operator if ` < j ≤ (` + n).

For the proofs of Theorems 5 and 6, the reader can refer to the proofs given in the supplementary materials of Brouard et al. (2011) or Minh and Sindhwani (2011).
As in the supervised setting, the solution of the optimization problem (7) can be expressed using the sampling operator:

∗
∗
∗
+ λ1 I + 2λ2 M SX`+n SX
)−1 J ỹ,
hridge (x) = Kx (x, ·)SX
(JJ ∗ SX`+n SX
`+n
`+n
`+n

`
where the operator J ∈ B(F ` , F `+n ) is defined for every c = (cj )j=1
∈ Fy` as: Jc =
y
y
`+n
` . M is an operator in
(c1 , . . . , c` , 0, . . . , 0). Its adjoint is defined as: J ∗ (cj )j=1
= (cj )j=1
B(Fy`+n ) and each Mij , i, j ∈ N`+n is an operator in B(Fy ) equal to Lij I.

3.2.2 Semi-Supervised Maximum Margin Regression

X̀
i=1

2
max(0, 1 − hỹi , h(xi )iFy ) + λ1 khkH
+ 2λ2

i,j=1

`+n
X

Lij hh(xi ), h(xj )iFy . (8)

The optimization problem in the semi-supervised case using the hinge loss is the following:

h∈H

argmin J (h) =

1
h(·) = B −1
2

i,j=1

X̀

i=1

,

i=1

(9)

is an operator from H to H, and α is the

αi Kx (·, xi )ỹi

0 ≤ αi ≤ 1, i = 1, . . . , `.
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X̀
1 X̀
αi αj hKx (·, xi )ỹi , B −1 Kx (·, xj )ỹj iH −
αi
4

i,j=1 Lij Kx (·, xi )Kx (xj , ·)

P`+n

Theorem 7 The solution of the optimization problem (8) is given by
!
where B = λ1 I + 2λ2
solution of
min

α∈R`

s.t.

The proof of this theorem is detailed in Appendix A.

12

0 ≤ αi ≤ 1, i = 1, . . . , `.
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In the case of IOKR, Fy is the feature space of some output kernel. Its dimension may
therefore be infinite depending of which kernel is used. In this case, explicit feature vectors
can be defined using the eigendecomposition of the output kernel matrix on the labeled
data.

s.t.

For MMR, the vector α is obtained by solving the following optimization problem:

T
1
vec Ỹ` diag (α)J
min
4
α∈R`


−1
(10)
KX`+n vec Ỹ` diag (α J) − αT 1
λ1 I(`+n)d + 2λ2 KX`+n (L ⊗ Id )

In the semi-supervised setting, these solutions can be written as h(x) = (KxX`+n )T C`+n
where:
−1
C`+nridge = λ1 I(`+n)d + ((J T J + 2λ2 L) ⊗ Id )KX`+n
vec(Ỹ` J),
−1
C`+nmmr = 2λ1 I(`+n)d + 4λ2 (L ⊗ Id )KX`+n
vec(Ỹ` diag (α)J).

C`ridge = (λ1 I`d + KX` )−1 vec(Ỹ` ),
1
C`mmr =
vec(Ỹ` diag (α)).
2λ1

In the supervised setting, the solutions for the least-squares loss and MMR can be
rewritten as h(x) = (KxX` )T C` , where C` is given by:

• ⊗ denotes the Kronecker product and vec(A) denotes the vectorization of a matrix
A, formed by stacking the columns of A into a single column vector.

• J = (I` , 0) is a ` × (` + n) matrix that contains an identity matrix of size ` × ` on the
left hand side and a zero matrix of size ` × n on the right hand side,

• I`d and I(`+n)d are identity matrices of size (`d) × (`d) and (` + n)d × (` + n)d,

• KX`+n is a (` + n) × (` + n) block matrix such that the (j, k)-th block of KX`+n is
equal to Kx (xj , xk ),

• KX` is a ` × ` block matrix, where each block is a d × d matrix. The (j, k)-th block
of KX` is equal to Kx (xj , xk ),

• KxX` = (Kx (x1 , x), . . . , Kx (x` , x))T , KxX`+n = (Kx (x1 , x), . . . , Kx (x`+n , x))T ,

• C` = (c1 , . . . , c` ), C`+n = (c1 , . . . , c`+n ),

(x, x0 ) 7→ κx (x, x0 ) A

X × X → B(Fy )

(11)

14

A = EΓE T =

i=1

d
X

γi ei eTi ,
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Therefore, the computation of the solution h requires to compute the inverse of a matrix of
size `d × `d. A being a real symmetric matrix, we can write the eigendecomposition of A:

=

∀x ∈ X , h(x) = A

κx (x, xi )ci = AC` κxX` = ((κxX` )T ⊗ A) vec(C` )
i=1
((κxX` )T ⊗ A) (λ1 I`d + KX` ⊗ A)−1 vec(Ỹ` ).

X̀

In this section, we will use the following notations: Fx and the function ϕx : X → Fx correspond respectively to the feature space and the feature map associated to the input scalar
kernel κx . We note κxX` = (κx (x1 , x), . . . , κx (x` , x))T the vector of length ` containing the
kernel values between the labeled examples and x and κxX`+n = (κx (x1 , x), . . . , κx (x`+n , x))T .
Let KX` and KX`+n be respectively the Gram matrices of κx over the sets X` and X`+n . I`
denotes the identity matrix of size `.
The minimizer h of the optimization problem for the penalized least-squares cost in the
supervised setting (3) using a decomposable OVK can be expressed as:

3.4.1 Penalized Least-Squares Regression

In the multi-task learning framework, Fy = Rd is a finite dimensional output space and the
matrix A encodes the existing relations among the d different tasks. This matrix can be
estimated from labeled data or being learned simultaneously with the matrix C (Dinuzzo
et al., 2011).
In the following we assume that the dimension of Fy is finite and equal to d: Fy = Rd .

where κx : X × X → R is a scalar-valued input kernel and A ∈ B(Fy ) is a positive semidefinite operator.

Kx :

Proposition 8 The class of decomposable operator-valued kernels is composed of kernels
of the form:

In the remainder of this section we propose to derive models based on on a simple but
powerful family of operator-values kernels (OVK) based on scalar-valued kernels, called
decomposable kernels or separable kernels (Álvarez et al., 2012; Baldassarre et al., 2012).
They correspond to the simplest generalization of scalar kernels to operator-valued kernels.
Decomposable kernels were first defined to deal with multi-task regression (Evgeniou et al.,
2005; Micchelli and Pontil, 2005) and later, with structured multi-class classification (Dinuzzo et al., 2011). Other kernels (Caponnetto et al., 2008; Álvarez et al., 2012) have also
been proposed: for instance, Lim et al. (2013) introduced a Hadamard kernel based on the
Hadamard product of decomposable kernels and transformable kernels to deal with nonlinear vector autoregressive models. Caponnetto et al. (2008) proved that they are universal,
meaning that an operator-valued regressor built on them is a universal approximator in Fy .

In this subsection we consider that the dimension of Fy is finite and equal to d. We first
introduce the following notations:

• Ỹ` = (ỹ1 , . . . , ỹ` ) is a matrix of size d × `,

3.4 Models for General Decomposable Kernels
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3.3 Solutions when Fy = Rd

Input Output Kernel Regression

Input Output Kernel Regression

where E = (e1 , . . . , ed ) is a d×d matrix and Γ is a diagonal matrix containing the eigenvalues
of A: Γ = diag (γ1 , . . . , γd ). Using the eigendecomposition of A, we can prove that the
solution ĥ(x) can be obtained by solving d independent problems.

d
X
j=1

x
,
γj ej ejT Ỹ` (λ1 I` + γj KX` )−1 κX
`

γj ej ejT Ỹ` J λ1 I`+n + γj KX`+n (J T J + 2λ2 L)

−1

x
κX
.
`+n

(12)

Proposition 9 The minimizer of the optimization problem for the supervised penalized
least squares cost (3) in the case of a decomposable operator-valued kernel can be expressed
as:
∀x ∈ X , hridge (x) =

j=1

d
X

and in the semi-supervised setting (7), it writes as
∀x ∈ X , hridge (x) =

We observe that, in the supervised setting, the complexity to solve Equation (11) is equal
to O((`d)3 ), while the complexity for solving Equation (12) is O(d3 + `3 ).
3.4.2 Maximum Margin Regression

1 T T
α (Ỹ` AỸ` ◦ KX` )α − αT 1
4λ1
0≤
≤ 1, i = 1, . . . , `

Proposition 10 Given Kx (x, x0 ) = κx (x, x0 ) A, the dual formulation of the MMR optimization problem (4) in the supervised setting becomes:
min

s.t.

α∈R`

αi

hmmr (x) =

1
x
AỸ` diag (α)κX
.
`
2λ1

where ◦ denotes the Hadamard product, and the solution is given by:

d

0 ≤ αi ≤ 1, i = 1, . . . , `.

i=1

1 T X
α (
γi Ỹ`T ei eiT Ỹ` ◦ J(2λ1 I`+n + 4λ2 γi KX`+n L)−1 KX`+n J T )α − αT 1
2

In the semi-supervised MMR minimization problem (8), it writes as:
min

α∈R`

s.t.

The corresponding solution is:
d

j=1
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−1 x
1X
κX`+n .
hmmr (x) =
γj ej ejT Ỹ` diag (α)J λ1 I`+n + 2γj λ2 KX`+n L
2
Proofs of Propositions 9 and 10 are given in Appendix A.
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4. Model Selection
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Real-valued kernel-based models enjoy a closed-form solution for the estimate of the leaveone-out criterion in the case of kernel ridge regression (Golub et al., 1979; Rifkin and Lippert,
2007). In order to select the hyperparameters of OVK-based models with a least-squares
loss presented below, we develop a closed-form solution for the leave-one-out estimate of
the sum of square errors. This solution extends Allen’s predicted residual sum of squares
(PRESS) statistics (Allen, 1974) to vector-valued functions. This result was first presented
in french in the PhD thesis of Brouard (2013) in the case of decomposable kernels. In the
following, we will use the notations used by Rifkin and Lippert (2007). We assume in this
section that the dimension of Fy is finite.
Let S = {(x1 , ỹ1 ), . . . , (x` , ỹ` )} be the training set composed of ` labeled points. We
define S i , 1 ≤ i ≤ `, as the labeled data set with the ith point removed:

S i = {(x1 , ỹ1 ), . . . , (xi−1 , ỹi−1 ), (xi+1 , ỹi+1 ), . . . , (x` , ỹ` )}.

i=1

X̀

2
kỹi − hS i (xi )kF
.
y

In this section, hS denotes the function obtained when the regression problem is trained on
the entire training set S and we note hS i (xi ) the ith leave-one-out value, that is the value
at the point xi of the function obtained when the training set is S i . The PRESS criterion
corresponds to the sum of the ` leave-one-out square errors:
P RESS =

ỹji =

(
ỹj
hS i (xi )

if j =
6 i,
if j = i.

As for scalar-valued functions, we show that it is possible to compute this criterion
without evaluating explicitly hS i (xi ) for i = 1, . . . , ` and for each value of the grid of
parameters.
Assuming we know hS i , we define the matrix Ỹ`i = (ỹ1i , . . . , ỹ`i ), where the vector ỹji is
given by:

X

j=1

X̀

j6=i

X

j6=i

`+n
X

j,k=1
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2
.
Wjk khS i (xj ) − hS i (xk )kF
y

2
Wjk khS i (xj ) − hS i (xk )kF
y

2
Wjk khS (xj ) − hS (xk )kF
y

2
Wjk khS (xj ) − hS (xk )kF
y

`+n
X

j,k=1

`+n
X

j,k=1

`+n
X

j,k=1

2
2
+ λ2
+ λ1 khS i kH
kỹji − hS i (xj )kF
y

2
2
kỹji − hS i (xj )kF
+ λ1 khS i kH
+ λ2
y

2
2
kỹji − hS (xj )kF
+ λ1 khS kH
+ λ2
y

2
2
kỹji −hS (xj )kF
+ λ1 khS kH
+ λ2
y

In the following, we show that when using Ỹ`i instead of Ỹ` , the optimal solution corresponds to hS i :
X̀
j=1

≥
≥
≥
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⇒ (Id − (KB)i,i ) hS i (xi ) = (KB)i,· vec(Ỹ` ) − (KB)i,i ỹi


⇒ hS i (xi ) = (Id − (KB)i,i )−1 (KB)i,· vec(Ỹ` ) − (KB)i,i ỹi .

(Id − (KB)i,i ) hS i (xi ) = hS (xi ) − (KB)i,i ỹi

17
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We now have all the needed tools to approximate vector-valued functions. In this section,
we go back to IOKR and consider that Fy is the feature space associated to some output
kernel κy : Y ×Y → R, and that vectors ỹi now correspond to output feature vectors ϕy (yi ).
Several feature spaces can be defined, including the unique RKHS associated to the kernel

5. Input Output Kernel Regression

This closed-form expression allows to evaluate the PRESS criterion without having to solve
` problems involving the inversion of a matrix of size (` + n − 1)d.

= k(I`d − diag b (KB))−1 (I`d − KB) vec(Ỹ` )k2 .

= k(I`d − diag b (KB))−1 (I`d − diag b (KB) − KB + diag b (KB)) vec(Ỹ` )k2

P RESS = k vec(Ỹ` ) − vec(Loo )k2

where diag b corresponds to the block diagonal of a matrix.
The Allen’s PRESS statistic can be expressed as:

vec(Loo ) = (I`d − diag b (KB))−1 (KB − diag b (KB)) vec(Ỹ` ),

Let Loo = (hS 1 (x1 ), . . . , hS ` (x` )) be the matrix containing the leave-one-out vector values
over the training set. The equation above can be rewritten as:

which leads to

k=1

X̀
(KB)i,k (ỹki − ỹk )

= (KB)i,i (hS i (xi ) − ỹi ),

=

hS i (xi ) − hS (xi ) = (KB)i,· vec(Ỹ`i − Ỹ` )

where K = KX`×(`+n) is the input gram matrix between the sets X` and X`+n and B =
(λ1 I(`+n)d + ((J T J + 2λ2 L) ⊗ Id )KX`+n )−1 (J T ⊗ Id ). (KB)i,· corresponds to the ith row of
the matrix KB and (KB)i,j is the value of the matrix corresponding to the row i and the
column j.
We can then derive an expression of hS i by computing the difference between hS i (xi )
and hS (xi ):

fθ (u, u0 ) = sgn(c
κy (u, u0 ) − θ).

18

KY` = exp(−βLy` ),
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An approximation of the target output kernel κy is built from the scalar product between
the outputs of a single variable function h : U → Fy : κ
cy (u, u0 ) = hh(u), h(u0 )iFy . Using
the kernel trick in the output space therefore allows to reduce the problem of learning a
pairwise classifier to the problem of learning a single variable function with output values
in a Hilbert space (the output feature space Fy ).
In the case of IOKR, the function h is learnt in an appropriate RKHS by using the
operator-valued kernel regression approach presented in Section 3. In the following, we
describe the output kernel and the input operator-valued kernel that we propose to use for
solving the link prediction problem with IOKR.
Regarding the output kernel, we do not have a kernel κy defined on U × U in the link
prediction problem but we can define a Gram matrix KY` on the training set U` . Here, we
define KY` from the known adjacency matrix A` of the training graph such that it encodes
the proximities in the graph between the labeled nodes. For instance, we can choose the
diffusion kernel matrix (Kondor and Lafferty, 2002), which is defined as:

Link prediction is a challenging machine learning problem that has been defined recently
in social networks as well as biological networks. Let us formulate this problem using the
previous notations: X = Y = U is the set of candidate nodes we are interested in. We want
to estimate some relation between these nodes, for example a social relationship between
persons or some physical interaction between molecules. During the training phase we are
given G` = (U` , A` ), a non oriented graph defined by the subset U` ⊆ U and the adjacency
matrix A` of size ` × `. Supervised link prediction is usually addressed by learning a binary
pairwise classifier f : U × U → {0, 1} that predicts if there exists a link between two objects
or not, from the training information G` . One way to solve this learning task is to build
a pairwise classifier. However, the link prediction problem can also be formalized as an
output kernel regression task (Geurts et al., 2007a; Brouard et al., 2011).
The OKR framework for link prediction is based on the assumption that an approximation of the output kernel κy will provide valuable information about the proximity of
the objects of U as nodes in the unknown graph defined on U. Given that assumption, a
classifier fθ is defined from the approximation κ
cy by thresholding its output values:

5.1 Link Prediction

κy . This choice has direct consequences on the choice of the input operator-valued kernel
Kx . Depending on the application, we might be interested for instance on choosing Fy as
a functional space to get integral operators or as the finite-dimensional Euclidean space Rd
to get matrices. It is important to notice that this reflects a radically new approach in
machine learning where we usually focus on the choice of the input feature space and do
not discuss a lot the output space. Moreover, the choice of a given triplet (κy , Fy , Kx ) has
a great impact of the learning task both in terms of complexity in time and potentially of
performance. In the following, we explain how Input Output Kernel Regression can be used
to solve link prediction and multi-task problems.

The second inequality comes from the fact that hS i is defined as the minimizer of the
optimization problem when the ith point is removed from the training set. As hS i is the
optimal solution when Ỹ` is replaced with Ỹ`i , it can be written as:

∀i = 1, . . . , `, hS i (xi ) = (KxXi`+n )T B vec(Ỹ`i ) = (KB)i,· vec(Ỹ`i ),
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Input Output Kernel Regression

B=
Ridge
MMR
1
2

Semi-supervised learning
J(λ1 I`+n + KX`+n (J T J + 2λ2 L))−1
diag (α)J(λ1 I`+n + 2λ2 KX`+n L)−1

Input Output Kernel Regression

Supervised learning
(λ1 I` + KX` )−1
1
2λ1 diag (α)

Table 2: Matrix B of the models obtained using the identity decomposable kernel in the
case of different settings and loss functions.

where Ly` = D` − A` is the graph Laplacian, with D` the diagonal matrix of degrees. The
kernel trick allows to work as if we have chosen the subspace spanned by {e1 , . . . , e` }, the
eigenvectors of the matrix KY` as a feature space with an associated feature map that
verifies:
√
√
∀i ∈ {1, . . . , `}, ϕy (ui ) = [ γ1 e1i , . . . , γ` e`i ]T .
The kernel κy : U × U → R, also verifies:
∀i, j ∈ {1, . . . , `}, κy (ui , uj ) = (KY` )i,j .
In practise, we only need to know KY` . Regarding the operator-valued kernel, we consider
here the identity decomposable kernel:
∀(u, u0 ) ∈ U × U, Kx (u, u0 ) = κx (u, u0 )I.

0

(13)

We underline that even if this kernel may seem simple, we must be aware that in this
task, we do not have the explicit expressions of outputs ϕy (u) and prediction in Fy is not the
final target. Therefore this operator-valued kernel allows us to work properly with output
Gram matrix values.
Of particular interest for us is the expression of the scalar product which is the only one
we need for link prediction. When using the identity decomposable kernel, the approximation of the output kernel can be written as follows:
u
u
κ
cy (u, u0 ) = hĥ(u), ĥ(u0 )iFy = (κx,U
)T B T KY` B κx,U
,
`
`

where B is a matrix of size ` × ` that depends of the loss function used (see Table 2). In the
semi-supervised setting, the approximated output kernel has a similar expression, where
u
u0
u
u0
κx,U
, κx,U
are replaced by κx,U
, κx,U
and B is a matrix of size (` + n) × `. We can
`
`
`+n
`+n
notice that we do not need to know the explicit expressions of outputs ϕy (u) to compute
this scalar product. Besides, the approximation of the scalar product hϕy (u), ϕy (u0 )iFy can
be interpreted as a modified scalar product between the inputs ϕx (u) and ϕx (u0 ).
5.2 Multi-Task Learning
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Multi-task learning has been developed based on the observation that it may happen that
several learning tasks are not disjoint and are characterized by a relationship such as inclusion or similarity. Learning simultaneously such related tasks has been shown to improve
the performance comparing to learning the different tasks independently from each other
19
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i,j=1

d
X

†
Ai,j
hhi , hj iHκx ,

(Caruana, 1997; Evgeniou et al., 2005). Examples of multi-task learning problems can be
found in document categorization as well as in protein functional annotation prediction.
Dependencies among target variables can also be encountered in the case of multiple regression.
We consider here the case of learning d tasks having the same input and output domains.
Evgeniou et al. (2005) have shown that this problem is equivalent to learning a vector-valued
function h : X → Y with d components hi : X → Yi using the vector-valued RKHS theory.
A natural way to integrate the task relatedness with operator-valued kernels is to use the
decomposable kernels introduced in Subsection 3.4: Kx (x, x0 ) = κx (x, x0 )A. Several values
for the matrix A have been proposed (Evgeniou et al., 2005; Sheldon, 2008; Baldassarre
et al., 2012) based on the fact that the regularization term in the RKHS associated to a
decomposable OVK can be expressed in function of A:
2
khkH
=

where † denotes the pseudoinverse and Hκx the RKHS associated to the scalar kernel κx .
In the IOKR framework, the task structure can be encoded in two different ways. We
can use a decomposable OVK in input as described previously and define a regularization
term that will penalize the d components of the function h according to the task structure.
Another way is to modify the output representation by defining an output kernel that will
integrate the task structure. We propose to compare the three following models to solve
multi-task learning with our framework:

• Model 0: κy (y, y0 ) = yT y0 , with the identity kernel Kx (x, x0 ) = κx (x, x0 ) I,

• Model 1: κy (y, y0 ) = yT A1 y0 , with the identity kernel Kx (x, x0 ) = κx (x, x0 ) I,

• Model 2: κy (y, y0 ) = yT y0 , with the decomposable kernel Kx (x, x0 ) = κx (x, x0 ) A2 .

In the first case, the different tasks are learned independently :
−1 x
∀x ∈ X , ĥ0 (x) = Y` J λ1 I`+n + KX`+n (J T J + 2λ2 L)
κX`+n ,

j=1

d
X

x
γj ej ejT Y` J(λ1 I`+n + γj KX`+n (J T J + 2λ2 L))−1 κX
,
`+n

while in the other cases, the tasks relatedness is taken into account :
p
−1 x
κX`+n ,
A1 Y` J λ1 I`+n + KX`+n (J T J + 2λ2 L)

∀x ∈ X , ĥ1 (x) =

∀x ∈ X , ĥ2 (x) =
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where γj and ej are the eigenvalues and eigenvectors of A2 .
We consider a matrix M of size d × d that encodes the relations existing between the
different tasks. This matrix can be considered as the adjacency matrix of a graph between
tasks. We note LM the graph Laplacian associated to this matrix. The matrices A1 and
A2 are defined as follow:

A1 = µM + (1 − µ)Id ,

A2 = (µLM + (1 − µ)Id )−1 ,

20
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We first illustrate our method on synthetic networks where the input kernel was chosen as a
very good approximation of the output kernel. In these experiments we wanted to measure

6.1.2 Synthetic Networks

For different percentages of labeled nodes, we randomly selected a subsample of nodes as
labeled nodes. We split the remaining nodes in two subsets: one containing the unlabeled
nodes and another containing the test nodes. Labeled interactions correspond to interactions between two labeled nodes. This means that when 10% of labeled nodes are selected,
it corresponds to only 1% of labeled interactions. The performances were evaluated by averaging the areas under the ROC curve and the precision-recall curve (denoted AUC-ROC
and AUC-PR) over ten random choices of the labeled set. A Gaussian kernel was used for
the scalar input kernel κx . Its corresponding bandwidth σ was selected by a leave-one-out
cross-validation procedure on the training set to maximize the AUC-ROC, jointly with the
hyperparameter λ1 . In the case of the least-squares loss function, we used the leave-one-out
estimates approach introduced in Section 4. The output kernel used is a diffusion kernel
of parameter β. Another diffusion kernel of parameter β2 was also used for the smoothing
P
(−β2 L)i
, where L is the Laplacian of W . Preliminary runs have
penalty: exp(−β2 L) = ∞
i=0
i!
shown that the values of β and β2 have a limited influence on the performances, we then
have set both parameters to 1. Finally we set W to KX`+n .

6.1.1 Protocol

For the link prediction problem, we considered experiments on three datasets: a collection
of synthetic networks, a co-authorship network and a protein-protein interaction (PPI)
network.

6.1 Link Prediction

In this section, we present the performances obtained with the IOKR approach on two different problems: link prediction and multi-task regression. In these experiments, we examine
the effect of the smoothness constraint through the variation of its related hyperparameter
λ2 , using supervised method as a baseline. We evaluate the method in the transductive
setting, in which the goal is to predict the correct outputs for the unlabeled examples, as
well as in the semi-supervised setting.

6. Numerical Experiments

This regularization term forces two tasks hi2 and hj2 to be close to each other when the
similarity value Mij is high and conversely.

i,j=1

d
d
X
µ X
Mij khi2 − hj2 k2 + (1 − µ)
khi2 k2 .
2
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the improvement brought by the semi-supervised method in extreme cases, i.e. when the
percentage of labeled nodes is very low.
The output networks were obtained by sampling random graphs containing 700 nodes
from a Erdős-Renyi law with different graph densities. The graph density corresponds to
the probability of presence of edges in the graph. In this experiment we chose three densities
that are representative of real network densities: 0.007, 0.01 and 0.02. For each network, we
used the diffusion kernel on the full graph as output kernel and chose the diffusion parameter
such that it maximizes an information criterion. To built an input kernel corresponding to
a good approximation of the output kernel, we applied kernel PCA on the output kernel
and derived input vectors from the truncated basis of the first components. We can control
the quality of the input representation by varying the relative inertia captured by the first
components. We then build a Gaussian kernel based on these inputs.
Figures 3 and 4 report respectively the averaged values and standard deviations for the
AUC-ROC and AUC-PR obtained for different network densities and different percentages
of labeled nodes in the transductive setting. IOKR-ridge corresponds to IOKR with a leastsquare loss and IOKR-margin to the hinge loss used in MMR. For these results, we used the
components capturing 95% of the variance for defining the input vectors. We observe that
IOKR-ridge outperforms IOKR-margin in the supervised and in the semi-supervised cases.
This improvement is particularly significant for AUC-PR, especially when the network density is strong and the percentage of labeled data is high. It is thus very significant for 10%
and 20% of labeled data. In the supervised case, this observation can be explained by the
difference between the complexities of the models. As shown in Equation (13), the solution
0
obtained in the supervised case writes as: κ
cy (u, u0 ) = (κux,U` )T B T KY` B κux,U` . In Table 2,
we can see that the matrix B is only a diagonal matrix in the case of IOKR-margin while B
is a full matrix for IOKR-ridge. This can also be seen in the dual optimization problem for
a general loss function (see Appendix B), where we observe that the dual variables αi are
simply collinear to the vector ỹi for IOKR-margin. The synthetic networks may therefore
require a more complex predictor.
We observe an improvement of the performances in terms of AUC-ROC and AUC-PR
for both approaches in the semi-supervised setting compared to the supervised setting. This
improvement is more significant for IOKR-margin. This can be explained by the fact that
the IOKR-margin models obtained in the supervised and in the semi-supervised cases do not
have the same complexity. As shown in Table 2, the matrix B of the IOKR-margin model
is a much richer matrix in the semi-supervised setting than in the supervised setting where
it corresponds to a diagonal matrix. For IOKR-ridge, the improvement of the performance
is only observed for low percentages of labeled data. We can therefore make the assumption
that for this model, using unlabeled data increases the AUCs for low percentages of labeled
data. But when enough information can be found in the labeled data, semi-supervised
learning does not improve the performance. Based on these results, we can also formulate
the assumption that link prediction is harder in the case of dense networks.
In Appendix C we experimented how the method behaves with perfect to noisy input
features. We chose different levels of inertia (75%, 85%, 95% and 100%) for defining the
input features. The results obtained with IOKR-ridge and IOKR-margin are shown in Table
8. We also include results on synthetic networks generated using mixtures of Erdős-Renyi
random graphs in Table 9.

where µ is a parameter in [0, 1].
The matrix A2 was proposed by Evgeniou et al. (2005) and Sheldon (2008) for multi-task
learning from the following regularizer:

kh2 k2H =
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Figure 3: Averaged AUC-ROC for the reconstruction of three synthetic networks with
IOKR-margin (left) and IOKR-ridge (right) in the transductive setting. The
rows correspond to different graph densities (denoted pdens), which are 0.007,
0.01 and 0.02 respectively.
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Figure 4: Averaged AUC-PR for the reconstruction of three synthetic networks with IOKRmargin (left) and IOKR-ridge (right) in the transductive setting. The rows correspond to different graph densities (denoted pdens), which are 0.007, 0.01 and
0.02 respectively.
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Figure 5: AUC-ROC and AUC-PR obtained for the NIPS co-authorship network inference
with IOKR-margin (left) and IOKR-ridge (right) in the transductive setting.
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We applied our method on a co-authorship network containing information on publications
of the NIPS conferences between 1988 to 2003 (Globerson et al., 2007). In this network,
vertices represent authors and an edge connects two authors if they have at least one NIPS
publication in common. Among the 2865 authors, we considered the ones with at least two
links in the co-authorship network in order to have a significant density and try to keep
close to the original data. We therefore focused on a network containing 2026 authors with
an empirical link density of 0.002. Each author was described by a vector of 14036 values,
corresponding to the frequency with which he uses each given word in his papers.
Figure 5 reports the averaged AUC-ROC and AUC-PR obtained on the NIPS coauthorship network in the transductive setting for different values of λ2 and different percentages of labeled nodes. As previously, we observe that the semi-supervised approach

6.1.3 NIPS Co-authorship Network

AUC-ROC

AUC-PR

AUC-ROC

AUC-PR

5%
13.8 ± 4.5
9.7 ± 2.8
12.0 ± 3.0
7.6 ± 2.3

20%
96.4 ± 0.8
96.4 ± 0.4
96.5 ± 0.4
95.7 ± 1.4

13.8 ± 1.7

22.5 ± 6.6
20.0 ± 4.8
24.5 ± 2.9

AUC-PR
10%

25.3 ± 3.0

41.1 ± 2.5
38.8 ± 2.0
43.7 ± 1.9

20%
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improves the performances compared to the supervised one for both models. For AUCROC values, this improvement is especially important when the percentage of labeled nodes
is low. Indeed, with 2.5% of labeled nodes, the improvement can reach in average up to
0.14 points of AUC-ROC for IOKR-margin and up to 0.11 points for IOKR-ridge. As for
the synthetic networks, the IOKR-ridge model outperforms IOKR-margin model in terms
of AUC-ROC and AUC-PR, especially when the proportion of labeled examples is large.
The explanation provided for the synthetic networks regarding the complexity of the solutions for IORK-margin and IOKR-ridge holds here also. In the following, we will focus on
IOKR-ridge only.
We compared IOKR-ridge with two transductive approaches: the EM-based approach
(Tsuda et al., 2003; Kato et al., 2005) and Penalized Kernel Matrix Regression (PKMR)
(Yamanishi and Vert, 2007). These two methods regard the link prediction problem as a
kernel matrix completion problem. The EM method fills the missing entries of the output
Gram matrix KY by minimizing the information geometry, as measured by the KullbackLeibler divergence, with the input Gram matrix KX . The PKMR approach considers the
kernel matrix completion problem as a regression problem between the labeled input Gram
matrix KX` and the labeled output Gram matrix KY` . We did not compare our method with
the Link Propagation framework (Kashima et al., 2009) because this framework assumes
that arbitrary interactions may be considered as labeled while IOKR requires a known
subgraph. 500 examples were used for the test set and the remaining 1526 examples for
the training set, which corresponds to the union of the labeled and unlabeled sets. For
the labeled set we used 5%, 10% and 20% of the training examples and the left examples
for the unlabeled set. We averaged the AUC over ten random partitions of the examples
in labeled/unlabeled/test sets. The hyperparameters were selected by a 5-CV experiment
on the labeled set for the three methods. The hyperparameters were selected separately
for the AUC-ROC and the AUC-PR. For IOKR, we selected also the λ2 parameter in this
experiment, and we sparsified the matrix W in the semi-supervised constraint using 10% of
the k-nearest-neighbors.
The results obtained for the comparison in the transductive and semi-supervised setting
are reported in Table 3. Only the results for IOKR-ridge are reported in the semi-supervised

Table 3: AUC-ROC and AUC-PR obtained for the NIPS co-authorship network inference
with EM, PKMR, IOKR in the transductive setting, and with IOKR in the semisupervised setting. p indicates the percentage of labeled examples.

AUC-ROC
p
5%
10%
Transductive setting
EM
87.3 ± 2.4 92.9 ± 1.7
PKMR 85.7 ± 4.1 92.4 ± 1.6
IOKR
83.6 ± 5.9 93.6 ± 1.0
Semi-supervised setting
IOKR
86.0 ± 2.7 93.3 ± 0.7
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setting as the other methods are transductive. We observe that IOKR obtains better AUCROC and AUC-PR than EM and PKMR when the percentage of labeled data is greater
or equal than 10%. For 5% the best performing method is the EM approach. Regarding
the results of IOKR in the semi-supervised setting, we observe that the AUC-ROC results
stay relatively similar compared to the transductive setting. However the AUC-PR values
decrease significantly between the transductive and the semi-supervised settings. Considering the proteins for which we want to predict the interactions in the continuity constraint
seems to help a lot the performances in term of AUC-PR.
6.1.4 Protein-Protein Interaction Network



number of proteins annotated by t
total number of proteins



.

We also performed experiments on a protein-protein interaction (PPI) network of the yeast
Saccharomyces Cerevisiae. This network was built using the DIP database (Salwinski et al.,
2004), which contains protein-protein interactions that have been experimentally determined and manually curated. We used more specifically the high confidence DIP core
subset of interactions (Deane et al., 2002). For the input kernels, we used the annotations
provided by Gene Ontology (GO) (Ashburner et al., 2000) in terms of biological processes,
cellular components and molecular functions. These annotations are organized in three
different ontologies. Each ontology is represented by a directed acyclic graph, where each
node is a GO annotation and edges correspond to relationships between the annotations,
like sub-class relationships for example. A protein can be annotated to several terms in an
ontology. We chose to represent each protein ui by a vector si , whose dimension is equal to
the total number of terms in the considered ontology. If a protein ui is annotated by the
term t, then :
(t)

si = − ln

This encoding allows to take into account the specificity of a term in the ontology.
We then used these representations to built a Gaussian kernel for each GO ontology. By
considering the set of proteins being annotated for each input kernel and being involved in
at least one physical interaction, we obtained a PPI network containing 1242 proteins.
Based on the previous numerical results, we chose to consider only IOKR-ridge in the
following experiments. We compared our approach to several supervised methods proposed
for biological network inference:
• Naive (Yamanishi et al., 2004): this approach predicts an interaction between two
proteins u and u0 if κx (u, u0 ) is greater than a threshold θ.
• kCCA (Yamanishi et al., 2004): kernel CCA is used to detect correlations existing
between the input kernel and a diffusion kernel derived from the adjacency matrix of
the labeled PPI network.
• kML (Vert and Yamanishi, 2005): kernel Metric Learning consists in learning a new
metric such that interacting proteins are close to each other, and conversely for non
interacting proteins.
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• Local (Bleakley et al., 2007): a local model is built for each protein in order to learn the
subnetwork associated to each protein and these models are then combined together.
27
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• OK3+ET (Geurts et al., 2006, 2007a): Output Kernel Tree with extra-trees is a treebased method where the output is kernelized and is combined with ensemble methods.

GO-BP
4.8 ± 1.0
7.1 ± 1.5
7.1 ± 1.3
6.0 ± 1.1
19.0 ± 1.8
15.3 ± 1.2

GO-BP
60.8 ± 0.8
82.4 ± 3.6
83.2 ± 2.4
79.5 ± 1.6
84.3 ± 2.4
88.8 ± 1.9

GO-CC
2.1 ± 0.6
7.7 ± 1.4
3.1 ± 0.6
1.1 ± 0.3
21.8 ± 2.5
20.9 ± 2.1

GO-CC
64.4 ± 2.5
77.0 ± 1.7
77.8 ± 1.1
73.1 ± 1.3
81.5 ± 1.6
87.1 ± 1.3

GO-MF
2.4 ± 0.4
4.2 ± 0.5
3.5 ± 0.4
0.7 ± 0.0
10.5 ± 2.0
8.6 ± 0.3

GO-MF
64.2 ± 0.8
75.0 ± 0.6
76.6 ± 1.9
66.8 ± 1.2
79.3 ± 1.8
84.0 ± 0.6

int
8.0 ± 1.7
9.9 ± 0.4
7.8 ± 1.6
22.6 ± 6.6
26.8 ± 2.4
22.2 ± 1.6

int
67.7 ± 1.5
85.7 ± 1.6
84.5 ± 1.5
83.0 ± 0.5
86.9 ± 1.6
91.2 ± 1.2

The pairwise kernel method (Ben-Hur and Noble, 2005) was not considered here because
this method requires to define a Gram matrix between pairs of nodes, which raises some
practical issues in terms of computation time and storage. However we could have used an
online implementation of the pairwise kernel method like the one used in Kashima et al.
(2009) and thus avoid to store the large Gram matrix.
Each method was evaluated through a 5-fold cross-validation (5-CV) experiment and
the hyperparameters were tuned on the training fold using a 4-CV experiment. As the local
method can not be used for predicting interactions between two proteins of the test set,
AUC-ROC and AUC-PR were only computed for the prediction of interactions between
proteins in the test set and proteins in the training set. Input kernel matrices were defined
for GO ontology and an integrated kernel, which was obtained by averaging the three input
kernels, was also considered. Table 4 reports the results obtained for the comparison of the
different methods in the supervised setting. We can see that output kernel regression based
methods work better on this dataset than the other methods. In terms of AUC-ROC, the
IOKR-ridge method obtains the best results for the four different input kernels, while for
AUC-PR, OK3 with extra-trees presents better performances. We also compared the avera) AUC-ROC:
Method
Naive
kCCA
kML
Local
OK3+ET
IOKR-ridge
b) AUC-PR:
Method
Naive
kCCA
kML
Local
OK3+ET
IOKR-ridge
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Table 4: AUC-ROC and AUC-PR estimated by 5-CV for the yeast PPI network reconstruction in the supervised setting with different input kernels (GO-BP : GO biological
processes; GO-CC : GO cellular components; GO-MF : GO molecular functions;
int : average of the different kernels).
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Running time (s)
0.05 ± 0.01
144.60 ± 70.70
18.28 ± 0.78
141.64 ± 14.91
638.53 ± 69.09
0.49 ± 0.02

5%
15.7 ± 1.4
6.1 ± 1.5
7.1 ± 1.1
6.6 ± 1.6

20%

84.6 ± 0.6
83.9 ± 1.2
83.9 ± 0.5

83.8 ± 1.0

10.5 ± 1.3

16.5 ± 2.7
9.8 ± 1.8
11.7 ± 1.1

AUC-PR
10%

16.0 ± 2.3

19.7 ± 0.7
13.8 ± 1.2
17.8 ± 1.5

20%
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Table 6: AUC-ROC and AUC-PR obtained for the PPI network inference with EM, PKMR,
IOKR in the transductive setting, and with IOKR in the semi-supervised setting.

AUC-ROC
p
5%
10%
Transductive setting
EM
82.2 ± 0.6 82.9 ± 0.6
PKMR 77.5 ± 2.3 80.8 ± 1.1
IOKR
80.6 ± 0.7 83.1 ± 0.5
Semi-supervised setting
IOKR
81.0 ± 1.1 82.9 ± 1.2

aged running time for one fold of the 5-CV for the different methods. These running times
are shown in Table 5 and correspond to the times needed to perform both the training and
the prediction steps. All the algorithms were implemented in Matlab and run on a MacBook
Pro 2.4 GHz dual-core. For this computation, we fixed the values of the parameters and
we did not take into account the computation of the input kernel. In Table 5 we observe
that the running time of IOKR-ridge is relatively small compared to the other methods.
The fastest method is the naive method. It can be explained by the fact that this method
does not have a training step like the other methods. Interactions between two proteins are
simply predicted if the proteins are similar according to the input kernel function.
As for the NIPS co-authorship network, we compared IOKR-ridge with the EM and
PKMR approaches in the transductive setting. For this network, we used 300 examples for
the test set and the remaining 942 examples for the training set. We used as input kernel the
integrated kernel introduced in the supervised experiments. The results obtained for this
comparison as well as the results for IOKR-ridge in the semi-supervised setting are reported
in Table 6. Regarding the AUC-ROC, the EM approach obtains better results when the
percentage of labeled data is equal to 5%. For 10% and 20% of labeled data, the difference
between EM and IOKR-ridge is not significant. In terms of AUC-PR, EM achieves rather
good performances compared to the others, especially for 5% and 10% of labeled data.

Table 5: Averaged running time in seconds for one fold of the 5-CV for the yeast PPI
network reconstruction in the supervised setting.

Method
Naive
kCCA
kML
Local
OK3+ET
IOKR-ridge

Input Output Kernel Regression

5%
0.19 ± 0.01
0.16 ± 0.01
1.61 ± 0.01

10%
0.19 ± 0.00
0.18 ± 0.00
1.63 ± 0.01

20%
0.22 ± 0.04
0.19 ± 0.01
1.76 ± 0.22

km (x, x0 )
.
km (x, x) + km (x0 , x0 ) − km (x, x0 )
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We evaluated the behavior of the IOKR-ridge model in the transductive setting. The
performances were measured by computing the mean squared error (MSE) on the unlabeled

6.2.2 Protocol

In this application, km is chosen as a linear path kernel. The corresponding input feature
vectors ϕxm (x) are binary vectors that indicate the presences and absences in the molecules
of all existing paths containing a maximum of m bonds. In this experiment, the value of m
was set to 6.

κx (x, x0 ) =

We used the dataset of Su et al. (2010) that contains the biological activities of molecules
against a set of 59 human cancer cell lines. These data have been extracted from the NCICancer dataset. We used the ”No-Zero-Active” version of the dataset which contains the
2303 molecules that are all active against at least one cell line. Each molecule is represented
by a graph, where nodes correspond to atoms and edges to bonds between atoms. The
Tanimoto kernel (Ralaivola et al., 2005) is used for the scalar input kernel:

6.2.1 Dataset

In the following, we compare the behavior of the three models proposed for multi-task
learning with IOKR in Section 5 on a drug activity prediction problem. The goal of this
problem is to predict the activities of molecules in different cancer cell lines (cancer types).
This problem has potential applications in cancer drug discovery. In this application, X
corresponds to the set of molecules and Y = Fy = Rd , where d is the number of cell lines.

6.2 Application to Multi-Task Regression

However we can notice that the EM-based approach is purely transductive while IOKRridge learns a function and can therefore be used in the semi-supervised learning, which is
more general. Regarding the IOKR-ridge results in the semi-supervised setting, we observe
that the performances are very similar to the ones obtained in the transductive setting.
We also compared in Table 7 the averaged running time for different percentages of labeled
data. We can first observe that the three methods have a small running time (less than 2
seconds). EM and PKMR are a bit faster than IOKR-ridge as these methods require to
inverse a matrix of size `×` while IOKR-ridge needs to inverse a matrix of size (`+n)×(`+n).

Table 7: Averaged running time in seconds of one repetition for the yeast PPI network
reconstruction in the transductive setting.

p
EM
PKMR
IOKR

Brouard, Szafranski and d’Alché–Buc

set:
`+n
1 X
2
kh(xi ) − ϕy (yi ))kF
.
y
n
i=`+1

Input Output Kernel Regression

M SE =

= exp

−γkY`i

Y`j k2

We estimated the task structure between the cancer types by comparing the molecular
activities associated to each cancer type on the training set:


−
, i, j = 1, . . . , d,
Mij

where Y`i = (y1i , y2i , . . . , y`i ).
The parameter γ of the matrix M was chosen to maximize an information criterion and
the regularization parameter λ1 was set to 1. Regarding the matrix W used in the semisupervised term, we sparsified the Gram matrix Kx`+n of the scalar input kernel κx using a
k-nearest neighbors procedure with k = 50. We then computed the graph Laplacian of the
obtained graph and considered the Laplacian iterated to degree 5.
6.2.3 Results
The results presented in Figure 6 were obtained from ten random choices of the training set.
The performances obtained with model 1 and model 2 for different percentages of labeled
data are represented as a function of the parameters µ and λ2 .
We observe on this figure that for both models, using unlabeled data helps to improve
the performances. We also observe that when µ is increased from 0 to 0.8 or 1, the mean
squared errors are decreased. The obtained results therefore show the benefit of taking into
account the relationships existing between the outputs for both models and both settings
(supervised and semi-supervised).
We reported on Figure 7 the MSE obtained with models 1 and 2 for the best parameter
µ and added the results obtained with the model 0, which corresponds to the case where
A = I. We observe on this figure that the model 2 obtains better results than the model 1
when the percentage of labeled data is small (p = 5%). For p = 10%, the two models behave
similarly, while for 20% of labeled data, the model 1 improves significantly the performances,
compared to model 2. Therefore, we observe that using the output structure information
either in the input operator-valued kernel or in the output kernel leads to different results.
And depending on the amount of labeled data, one of the two models can be more interesting
to use.

7. Conclusion and Perspectives

JMLR 17(176):1-48

Operator-valued kernels and the associated RKHS theory provide a general framework to
address approximation of functions with values in some Hilbert space. When characterizing
the output Hilbert space as a feature space related to some real-valued scalar kernel, we
get an original framework to deal with structured outputs. Extending our previous work
(Brouard et al., 2011) which introduced a new representer theorem for semi-supervised
learning with vector-valued functions, we presented solutions of semi-supervised penalized
regression developed for two empirical loss functions, the square loss and the hinge loss in the
general case and in the special case of decomposable kernels using tensors. We also showed
31
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Figure 6: Mean squared errors obtained with the two models for the prediction of molecular
activities. The results are averaged over ten random choices of the training set
and are given for different percentages of labeled data (5%, 10% and 20%).

0

0

0.035

0

Mean Squared Error

Mean Squared Error

Mean Squared Error

Mean Squared Error
Mean Squared Error
Mean Squared Error

Mean Squared Error

Mean Squared Error

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0

0

0

1e-6

1e-6

1e-6

1e-5

1e-5

1e-5

1e-4

1e-4

1e-4

λ2

1e-3

p = 20%

λ2

1e-3

p =10%

λ2

1e-3

p = 5%

1e-2

1e-2

1e-2

1e-1

1e-1

1e-1

1

1

1

10

Model 0
Model 1
Model 2

10

Model 0
Model 1
Model 2

10

Model 0
Model 1
Model 2

Input Output Kernel Regression

33

JMLR 17(176):1-48

Figure 7: Mean squared errors obtained for the prediction of molecular activities for the
model 0 (corresponding to A = I), model 1 (µ = 1) and model 2 (µ = 0.8).
The results are averaged over ten random training sets and are given for different
percentages of labeled data (5%, 10% and 20%).

Mean Squared Error

i,j=1

`+n
X

Lij hh(xi ), h(xj )iFy +

i=1

X̀

αi (hỹi , h(xi )iFy − 1 + ξi ) −
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X̀
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In the following we note Kx = Kx (·, x) and Kx∗ = Kx (x, ·). By using the reproducing
property the expression of the Lagrangian becomes:

−

La (h, ξ, α, η) = λ1 khk2H + 2λ2

`+n
X

ξi ≥ 0, i = 1, . . . , `.

hỹi , h(xi )iFy ≥ 1 − ξi , i = 1, . . . , `

λ1 khk2H + 2λ2

We write the corresponding Lagrangian:

s.t.

h∈H, ξ∈R`

min

We derive here the solution obtained for the Maximum Margin Regression optimization
problem in the semi-supervised setting (Equation 8). We begin by writing the primal
formulation of this optimization problem:

A.1 Proof of Theorem 7

In this appendix section, we provide the proofs for some theorems and propositions presented
in the paper.

Appendix A. Technical Proofs
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that Generalized Cross-Validation extends in the case of the closed-form solution of IOKRridge, providing an efficient tool for model selection. Perspectives to this work concern
the construction of new models by minimizing loss functions with different penalties, for
instance, penalties that enforce the parsimony of the model. For these non-smooth penalties,
proximal gradient descent methods can be applied such as in Lim et al. (2013). A more
general research direction is related to the design of new kernels and appropriate kernel
learning algorithms. Finally, although the pre-image problem has received a lot of attention
in the literature, there is still room for improvement in order to apply IOKR in other tasks
than link prediction or multiple output structured regression.
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`+n
X

Lij K

X̀

Input Output Kernel Regression

Kx∗i
= λ1 I+2λ2

`+n
X

i,j=1

Kx∗j

X̀
i=1

xi

Kx∗j

= B.

Due to the

(1 − αi − ηi )ξi

X̀
(1 − αi − ηi )ξi
X̀

i=1

i=1

!

.

Lij K

∗
i,j=1 Lij Kxi Kxj .

`+n
X

i,j=1

αi Kxi ỹi

= λ1 I+2λ2

P`+n

(1 − αi − ηi )ξi ,

Lji K
xi

αi +

αi (hỹi , Kx∗i hiH − 1) +

i=1

X̀

αi hKxi ỹi , hiH +

i=1

i=1

X̀

Lij hKx∗i h, Kx∗j hiH −

X̀
i=1

αi +

Lij Kxj Kx∗i )h, hiH −

i,j=1

X̀
i=1

αi hKxi ỹi , hiH +

i,j=1

`+n
X

2
La = λ1 khkH
+ 2λ2

= h(λ1 I + 2λ2
= hBh, hiH −

`+n
X
xj

where B ∈ B(h) is the operator defined as: B = λ1 I + 2λ2
symmetry of the Laplacian L, this operator is self-adjoint:
B ∗ = λ1 I+2λ2
i,j=1

= 0 ⇒ 1 − αi − ηi = 0
X̀
i=1

Differentiating the Lagrangian with respect to ξi and h gives:
∂La
∂ξi

i=1

Lij hh, Kxj Kx∗i hiH

X̀
∂La
1
= 0 ⇒ 2Bh −
αi Kxi ỹi = 0 ⇒ h = B −1
∂h
2
B is invertible as it is a positive definite operator:
`+n
X

`+n
X

i,j=1

Lij hh(xj ), h(xi )iFy
Fy

Wij kh(xj ) − h(xi )k2

i,j=1
`+n
X

i,j=1

> 0 for all non-zero function h.

2
= λ1 khkH
+ λ2

2
= λ1 khkH
+ 2λ2

2
∀h ∈ H, hh, BhiH = λ1 khkH
+ 2λ2

i,j=1

i=1

i,j=1

X̀
1 X̀
αi αj hKxi ỹi , B −1 Kxj ỹj iH +
αi .
4

i,j=1
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i=1

X̀
1 X̀
1 X̀
αi αj hBB −1 Kxi ỹi , B −1 Kxj ỹj iH −
αi αj hKxi ỹi , B −1 Kxj ỹj iH +
αi
4
2

The last inequality is deduced from the assumption that the values of W are non-negative.
We formulate a reduced Lagrangian :
Lr (α) =

=−
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0 ≤ αi ≤ 1, i = 1, . . . , `.

i,j=1

i=1

X̀
1 X̀
αi αj hKxi ỹi , B −1 Kxj ỹj iH −
αi
4

The dual formulation of the optimization problem (8) can thus be expressed as:
min

α∈R`

s.t.
This concludes the proof.

A.2 Proof of Proposition 9

−1

vec(Ỹ` J),

We start from the expression of vec(C`+n ) given in Section 3.3 for the least-squares loss and
replace A by its eigendecomposition:

vec(C`+n ) = λ1 I(`+n)d + M ⊗ A

where M = (J T J + 2λ2 L)KX`+n .
We introduce the vec-permutation matrices Pmn and Pnm defined as:

∀A ∈ Rm×n , vec(AT ) = Pmn vec(A) and vec(A) = Pnm vec(AT ).

For any m × n matrix A and p × q matrix B,

+

P(`+n)d (A

−1

vec(J T Ỹ`T ).

−1
⊗ M )P
vec(Ỹ` J)
d(`+n)
−1
Pd(`+n) vec(Ỹ` J)

B ⊗ A = Ppm (A ⊗ B)Pnq .
Using these properties, we can write:

=

λ1 I(`+n)d

T
vec(C`+n
) = Pd(`+n) vec(C`+n )

Pd(`+n)

vec(J T Ỹ`T )
−1
vec(J T Ỹ`T ).

= λ1 I(`+n)d + Pd(`+n) P(`+n)d (A ⊗ M )
−1
=
+A⊗M
λ1 I(`+n)d

= λ1 I(`+n)d + EΓE T ⊗ M

We multiply each side by (E T ⊗ I`+n )
T
(E T ⊗ I`+n ) vec(C`+n
)=

(E T ⊗ I`+n ) λ1 I(`+n)d + (E ⊗ I`+n )(Γ ⊗ M )(E T ⊗ I`+n )

We use the facts that vec(AXB) = (B T ⊗ A) vec(X) and that E T E = Id to obtain the
following equation:

T
vec(C`+n
E) = (λ1 I(`+n)d + Γ ⊗ M )−1 vec(J T Ỹ`T E).

The matrix (λ1 I(`+n)d + Γ ⊗ M ) being block-diagonal, we have
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T
C`+n
ei = (λ1 I`+n + γi M )−1 J T Ỹ`T ei , for i = 1, . . . , ` + n.
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j=1

d
X

γj ej eTj C`+n κxx`+n

γj ej eTj Ỹ` J(λ1 I`+n + γj KX`+n (J T J + 2λ2 L))−1 κxX`+n .

j=1

d
X

j=1

d
X

γj ej eTj Ỹ` (λ1 I` + γj KX` )−1 κxX` .

d

d



1X
γi trace Ỹ`T ei eTi Ỹ` diag (α)J(λ1 I`+n + 2λ2 γi KX`+n L)−1 KX`+n J T diag (α)
4 i=1

1X T
e Z` (λ1 I`+n + 2λ2 γi KX`+n L)−1 γi KX`+n Z`T ei + αT 1
4 i=1 i

La (α) = −
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1X
γi αT (Ỹ`T ei eTi Ỹ` ◦ J(λ1 I`+n + 2λ2 γi KX`+n L)−1 KX`+n J T )α + αT 1.
4 i=1

d

Using the fact that yT (A ◦ B)x = trace( diag (y)T A diag (x)B T ), the Lagrangian can be
written as:

+ αT 1.

=−

La (α) = −

As (λ1 I(`+n)d + 2λ2 Γ ⊗ KX`+n L) is a block diagonal matrix, we can write:

T
−1

1
La (α) = − vec Z`T E
λ1 I(`+n)d + 2λ2 Γ ⊗ KX`+n L
(Γ ⊗ KX`+n ) vec Z`T E + αT 1.
4

Using the vec-permutation matrices, we can show that:

La (α) = −

−1
1
T
vec (Z` ) λ1 I(`+n)d + 2λ2 KX`+n L ⊗ A
(KX`+n ⊗ A) vec(Z` ) + αT 1
4
−1
1
= − vec(Z` )T λ1 I(`+n)d + 2λ2 (I`+n ⊗ E)(KX`+n L ⊗ Γ)(I`+n ⊗ E T )
4
(I`+n ⊗ E)(KX`+n ⊗ Γ)(I`+n ⊗ E T ) vec(Z` ) + αT 1.
T
−1
1
λ1 I(`+n)d + 2λ2 KX`+n L ⊗ Γ
(KX`+n ⊗ Γ) vec(E T Z` ) + αT 1.
= − vec E T Z`
4

Let Z` = Ỹ` diag (α)J. We start from the expression of the Lagrangian in the case of a
general operator-valued kernel (Equation 10) and replace A by its eigendecomposition:

A.3 Proof of Proposition 10

This completes the proof.

∀x ∈ X , h(x) =

In the supervised setting (λ2 = 0), the model h writes as:

=

∀x ∈ X , h(x) = AC`+n κxx`+n =

Then, we can express the model h as:

Input Output Kernel Regression

i=1

d
1 X
γi αT (Ỹ`T ei eTi Ỹ` ◦ KX` )α + αT 1
4λ1

i=1

X̀

L(h(xi ), ỹi ) + λkhk2H .

=

La (h, ui , αi ) =

i=1

X̀

i=1

X̀

Li (ui ) + λkhk2H

i=1

X̀

i=1

X̀

38

Li (ui ) + λkhk2H +

Li (ui ) + λkhk2H +

hαi , ui iFy −

i=1
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X̀
hKx (·, xi )αi , hiH .

hαi , ui − h(xi )iFy

ui = h(xi ), i = 1, . . . , `.

i=1

X̀

We write the expression of the Lagrangian:

s.t.

min

h∈H,{ui ∈Fy }`i=1

It can be rewritten by introducing the constraint ui = h(xi ) and the function Li : Fy →
R defined as Li (ui ) = L(ui , ỹi ) for i ∈ [1, `]:

h∈H

min

We consider the following optimization problem where the cost function L : Fy × Fy → R
is convex in its first variable:

B.1 Supervised Setting

In this appendix we derive the dual optimization problem for a general convex loss function
in the supervised and semi-supervised settings using the Fenchel duality.

Appendix B. Dual Optimization Problem for a General Convex Loss
Function

which concludes the proof.

1 T T
=−
α (Ỹ` AỸ` ◦ KX` )α + αT 1,
4λ1

La (α) = −

In the supervised setting (λ2 = 0), the Lagrangian becomes:
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X̀

inf

inf

ui ∈Fy

sup

2
Li (ui ) + λkhkH
+

X̀

i=1

i=1

X̀
i=1

!

hKx (·, xi )αi , hiH

hKx (·, xi )αi , hiH

2
λkhkH
−

Li :

!

!

X̀
X̀
hαi , ui iFy −
hKx (·, xi )αi , hiH

h

2
λkhkH
−

i=1

Input Output Kernel Regression

X̀

i=1

h


Li (ui ) + hαi , ui iFy + inf

i,j=1

1 X̀
hαi , Kx (xi , xj )αj iFy ,
4λ


−Li (ui ) + h−αi , ui iFy + inf

Li∗ (−αi ) −

i=1 ui ∈Fy

X̀

i=1

`
h∈H,{ui ∈Fy }i=1

The dual function can be written:
g(α) =

=
=−
X̀
i=1

denotes the convex conjugate, also called Fenchel conjugate, of the function

g(α) = −
where

Li∗
ui ∈Fy

Li∗ (αi ) = sup hαi , ui iFy − Li (ui )

−

X̀
i=1

Li∗ (−αi ) −
i,j=1

1 X̀
hαi , Kx (xi , xj )αj iFy .
4λ

(14)

1 P`
and h = 2λ
i=1 Kx (·, xi )αi .
The dual optimization problem for a general convex loss function writes as follows:

max

`
{αi ∈Fy }i=1

In the following, we derive it for the least-squares and the MMR loss functions.
B.1.1 Least-squares loss

ui ∈Fy

We compute the convex conjugate of the least-squares loss:

∂L∗

2
Li∗ (−αi ) = sup −hαi , ui iFy − kui − ỹi kF
.
y

i=1

i=1

i,j=1

X̀
1 X̀
1 X̀
2
−
kαi kF
+
hαi , ỹi iFy −
hαi , Kx (xi , xj )αj iFy .
y
4
4λ

By setting the derivative ∂uii to 0 we find that ui = ỹi − 21 αi . By substituting we see
that:
1
2
− hαi , ỹi iFy .
Li∗ (−αi ) = kαi kF
y
4
We replace the expression of Li∗ (−αi ) in the dual problem:
max

`
{αi ∈Fy }i=1

(Kx (xi , xj ) + λδij )αj = 2λỹi , i = 1, . . . , `.
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We derive with respect to αi , i = 1, . . . , ` and find that the solution of the dual optimization problem satisfy the following equations:
X̀
j=1
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B.1.2 Maximum Margin Regression

hαi , ui iFy + ξi + βi (1 − hỹi , ui iFy − ξi ) − ηi ξi

hαi , ui iFy + ξi )




−hαi , ui iFy − max(0, 1 − hỹi , ui iFy )

inf

ξi ∈R




hαi , ui iFy − βi hỹi , ui iFy + inf {ξi − βi ξi − ηi ξi } + βi



We compute the convex conjugate function of the MMR loss using the Lagrange technique:


inf

ui ∈Fy

−Li∗ (−αi ) = − sup
=





ui ∈Fy

inf

ui ∈Fy ,ξi ∈R

ui ∈Fy ,ξi ∈R
ξi ≥0,ξi ≥1−hỹi ,ui iFy

βi ,ηi ≥0

= sup

0≤βi ≤1
αi =βi ỹi

sup βi .

βi ,ηi ≥0

= sup
=

X̀

i=1

i,j=1

1 X̀
βi βj hỹi , Kx (xi , xj )ỹj iFy
4λ

0 ≤ βi ≤ 1, i = 1, . . . , `.

βi −

This means that −Li∗ (−αi ) = βi at the condition that αi = βi ỹi and 0 ≤ βi ≤ 1.
Otherwise it is unbounded. We replace in the dual problem in Equation (14):
max
β∈R`

s.t.

B.2 Semi-supervised Setting

X̀

2
L(ui , ỹi ) + λ1 khkH
+ 2λ2

ui = h(xi ), i = 1, . . . , `.

i=1

i,j=1

`+n
X

!

,

i=1

X̀

hαi , ui − h(xi )iFy

Lij hh(xi ), h(xj )iFy

In the semi-supervised setting, the optimization problem can be written as:

min

`
h∈H,{ui ∈Fy }i=1

s.t.

`+n
X

hKxi αi , hiH

i,j=1

X̀

i=1

Lij hh(xi ), h(xj )iFy +

We write the expression of the dual function:
X̀

hBh, hiH −

2
L(ui , ỹi ) + λ1 khkH
+ 2λ2

h∈H

Li∗ (−αi ) + inf

h∈H
ui ∈Fy i=1

X̀

i=1

g(α) = inf

=−
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P`+n
where B ∈ B(h) is the operator defined as: B = λ1 I + 2λ2 i,j=1
Lij Kx (·, xj )Kx (xi , ·).
By setting
Pthe derivative of the second term with respect to h to zero we find that:
`
h = 12 B −1
i=1 Kx (·, xi )αi . The proof that B can be inverted was already given in
Appendix A.1.

40

−

i=1

X̀

L∗i (−αi ) −

i,j=1

1 X̀
Kxi αi , B −1 Kxj αj
4
H

.

var
%
75
85
95
100
75
85
95
100
75
85
95
100
69
100
159
700
104
145
227
700
201
274
411
700

nc

p=5%
91.3 ± 0.7
91.0 ± 0.8
90.5 ± 0.9
90.5 ± 0.8
87.9 ± 0.9
87.7 ± 1.0
87.3 ± 1.6
87.2 ± 1.6
78.4 ± 2.1
77.6 ± 2.1
77.3 ± 2.3
77.3 ± 2.3

AUC-ROC
p=10%
93.4 ± 0.7
93.5 ± 0.8
93.1 ± 0.5
93.1 ± 0.4
91.0 ± 0.8
91.1 ± 1.2
91.3 ± 0.8
91.2 ± 0.8
83.2 ± 1.2
81.9 ± 1.6
81.7 ± 1.6
82.0 ± 1.6

p=20%
94.7 ± 0.6
95.2 ± 0.7
95.3 ± 0.3
95.3 ± 0.3
93.5 ± 0.4
92.9 ± 0.5
94.1 ± 0.5
94.1 ± 0.5
88.4 ± 0.7
87.5 ± 0.8
87.0 ± 0.9
87.1 ± 0.9

p=20%
97.7 ± 0.2
97.9 ± 0.2
97.8 ± 0.2
97.7 ± 0.2
97.1 ± 0.9
97.6 ± 0.1
98.0 ± 0.3
98.1 ± 0.1
95.4 ± 0.4
94.6 ± 0.5
95.1 ± 0.4
95.0 ± 0.4

p=5%
10.5 ± 1.1
12.0 ± 0.8
12.5 ± 0.9
13.0 ± 0.8
12.1 ± 1.2
12.5 ± 1.0
12.5 ± 1.6
12.4 ± 1.6
12.0 ± 1.0
12.5 ± 1.0
12.8 ± 1.0
12.8 ± 1.0

p=5%
12.9 ± 0.9
14.2 ± 0.9
15.4 ± 1.5
15.5 ± 1.5
14.1 ± 1.4
15.0 ± 1.5
15.7 ± 1.0
15.7 ± 1.0
15.3 ± 0.8
16.1 ± 0.8
16.0 ± 0.8
16.0 ± 0.8

AUC-PR
p=10%
12.5 ± 1.2
15.2 ± 2.6
18.9 ± 2.5
19.8 ± 0.9
16.5 ± 1.0
16.9 ± 0.9
17.9 ± 1.3
17.9 ± 1.3
17.3 ± 0.7
17.3 ± 1.0
17.8 ± 1.2
18.3 ± 1.1

AUC-PR
p=10%
21.9 ± 0.8
22.7 ± 1.0
24.7 ± 1.7
25.0 ± 1.5
22.8 ± 2.3
23.6 ± 1.1
25.6 ± 1.2
26.0 ± 1.0
26.7 ± 1.9
26.3 ± 1.3
28.0 ± 1.5
27.9 ± 1.5

p=20%
14.4 ± 1.5
19.6 ± 4.4
26.5 ± 1.0
26.9 ± 1.0
22.8 ± 1.0
23.3 ± 1.1
24.7 ± 1.0
24.9 ± 1.1
24.0 ± 0.9
24.3 ± 0.8
24.4 ± 0.7
24.5 ± 0.7

p=20%
30.0 ± 1.8
35.3 ± 1.5
36.1 ± 1.5
36.2 ± 1.5
32.5 ± 3.6
35.1 ± 0.9
39.2 ± 1.6
39.5 ± 0.8
38.2 ± 2.0
36.3 ± 1.8
40.8 ± 1.7
40.5 ± 1.7
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69
100
159
700
104
145
227
700
201
274
411
700

nc

AUC-ROC
p=10%
95.9 ± 0.2
95.6 ± 0.3
95.6 ± 0.3
95.6 ± 0.3
94.8 ± 0.9
94.9 ± 0.5
95.4 ± 0.4
95.6 ± 0.4
91.2 ± 0.8
90.6 ± 0.6
91.2 ± 0.7
91.1 ± 0.7
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var
%
75
85
95
100
75
85
95
100
75
85
95
100

p=5%
92.3 ± 0.4
92.1 ± 0.9
92.2 ± 1.2
92.1 ± 1.2
90.3 ± 1.3
90.5 ± 1.3
90.6 ± 1.0
90.5 ± 1.0
82.6 ± 1.4
83.0 ± 1.7
82.8 ± 1.8
82.8 ± 1.8

Table 8: Averaged AUCs obtained with IOKR for the reconstruction of three synthetic
networks. The first column indicates the link probability between two nodes, var
corresponds to the percentage of variance, or inertia, used to truncate the principal
components and nc indicates the corresponding number of principal components.

0.02

0.01

0.007

pdens

b) IOKR-margin:

0.02

0.01

0.007

pdens

a) IOKR-ridge:
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We evaluated the performances of IOKR-ridge and IOKR-margin on these random networks for pintra ∈ {0.02, 0.03} and pinter ∈ {5 ∗ 10−4 , 10−3 }. The input vectors were derived
from the diffusion kernel applied on the network as described in Section 6.1.2. These results
are reported in Table 9. For IOKR-margin, we observe that the AUC values stay relatively similar for the different networks and also for the different percentage of labeled data.
On the opposite, IOKR-ridge presents better performances when the inter-class connection
probability is higher. As in Section 6.1.2, in which we noted that denser networks are more
difficult to predict, we observe here that the AUC values decrease when the intra-class
connection probability increases.
In Figure 8, we illustrate the fact that IOKR is able to recover the clusters present in
a synthetic network (pintra = 0.02, pinter =5e-4). The true network is shown on the left
and the network predicted with IOKR-ridge is shown on the right. The predicted network
was obtained by thresholding the values in the predicted output kernel. The value of the
threshold was selected with the other parameters on the training set such that it maximizes
the F1-score value.

We generated synthetic networks using mixtures of Erdős-Renyi random graphs. The 700
nodes of the graphs were divided equally in three classes. We considered that the connection
probability between a node belonging to the class i and a node in the class j can take two
values:
(
pintra if i = j,
∀i, j ∈ {1, . . . , 3}, pi,j =
pinter if i 6= j.

C.2 Mixture of Erdős-Renyi Random Graphs

We experimented how IOKR behaves with perfect to noisy input features on the synthetic
networks. We modified the quality of the input representation by varying the relative inertia
captured by the first components. We chose four different levels of inertia: 75%, 85%, 95%
and 100%. The results obtained with IOKR-ridge and IOKR-margin are shown in Table 8.
For both methods we observe small differences in term of AUC-ROC when the inertia
varies between 75% and 100%. On the other hand, there is more variation in the AUC-PR
results, especially for a low graph density. The difference between the AUC-PRs for 75%
and 100% of inertia increases when the percentage of labeled nodes is increased. Overall
IOKR is robust to the noise level of the input data in all the cases for the AUC-ROC, and
in the networks of density 0.01 and 0.02 for the AUC-PR.

C.1 Influence of the Level of Inertia

This appendix contains additional results on synthetic networks.

Appendix C. Additional Results on Synthetic Networks

{αi ∈Fy }`i=1

max

We replace in the dual function and obtain the following dual optimization problem:
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pinter

a) IOKR-ridge:
pintra

5e-4

5e-4

1e-3

0.02

0.03

1e-3

5e-4

1e-3

5e-4

pinter

var
%
75
85
95
100
75
85
95
100
75
85
95
100
75
85
95
100

inertia

b) IOKR-margin:
pintra

0.02

0.03

1e-3

0.75
0.85
0.95
1
0.75
0.85
0.95
1
0.75
0.85
0.95
1
0.75
0.85
0.95
1

p=20%
84.5 ± 0.3
84.9 ± 0.4
85.2 ± 0.5
85.3 ± 0.5
84.7 ± 0.6
85.3 ± 0.4
85.6 ± 0.2
85.7 ± 0.2
83.5 ± 0.2
83.6 ± 0.2
83.7 ± 0.2
83.7 ± 0.2
84.0 ± 0.1
84.1 ± 0.1
84.2 ± 0.1
84.2 ± 0.1

p=20%
93.1 ± 2.2
95.5 ± 0.3
96.6 ± 0.3
96.6 ± 0.3
96.9 ± 0.2
97.2 ± 0.2
97.4 ± 0.5
97.9 ± 0.4
84.5 ± 1.2
86.4 ± 1.4
88.8 ± 1.0
89.7 ± 1.6
93.7 ± 0.3
94.3 ± 0.3
94.8 ± 0.7
95.2 ± 1.0

AUC-ROC
p=10%
84.6 ± 0.4
84.9 ± 0.5
85.2 ± 0.5
85.3 ± 0.5
85.0 ± 0.3
85.3 ± 0.3
85.5 ± 0.4
85.6 ± 0.4
83.5 ± 0.2
83.7 ± 0.2
83.7 ± 0.2
83.8 ± 0.2
83.9 ± 0.4
84.1 ± 0.4
84.2 ± 0.4
84.2 ± 0.4

AUC-ROC
p=10%
86.8 ± 0.9
90.4 ± 3.5
93.2 ± 2.8
93.3 ± 2.8
93.4 ± 2.7
93.2 ± 2.6
93.1 ± 2.6
93.1 ± 2.5
83.6 ± 0.1
83.8 ± 0.1
84.5 ± 1.4
84.7 ± 1.7
91.1 ± 1.7
91.8 ± 0.6
91.7 ± 0.6
92.1 ± 1.1

p=5%
2.6 ± 0.1
2.7 ± 0.1
2.8 ± 0.1
2.9 ± 0.2
3.4 ± 0.4
3.6 ± 0.4
3.8 ± 0.4
3.9 ± 0.4
3.2 ± 0.0
3.3 ± 0.0
3.3 ± 0.0
3.3 ± 0.0
3.8 ± 0.2
4.0 ± 0.3
4.1 ± 0.3
4.2 ± 0.3

p=5%
2.8 ± 0.4
3.0 ± 0.4
3.8 ± 1.9
4.5 ± 2.7
5.3 ± 2.5
7.7 ± 3.7
8.9 ± 3.7
9.8 ± 3.6
3.2 ± 0.0
3.3 ± 0.0
3.6 ± 0.6
3.6 ± 0.6
5.9 ± 2.2
6.3 ± 2.3
6.9 ± 3.1
7.0 ± 3.1

Input Output Kernel Regression

p=5%
85.0 ± 0.7
85.7 ± 0.7
86.6 ± 1.8
87.0 ± 2.3
87.1 ± 2.2
88.4 ± 2.1
88.8 ± 1.7
89.2 ± 1.6
83.5 ± 0.1
83.7 ± 0.1
84.2 ± 1.3
84.2 ± 1.3
86.2 ± 1.9
86.3 ± 1.8
86.8 ± 2.2
86.8 ± 2.2

p=5%
84.5 ± 0.6
84.8 ± 0.7
85.1 ± 0.9
85.2 ± 0.9
84.8 ± 0.6
85.1 ± 0.6
85.2 ± 0.7
85.5 ± 0.4
83.4 ± 0.2
83.6 ± 0.2
83.6 ± 0.2
83.6 ± 0.2
84.0 ± 0.6
84.2 ± 0.6
84.3 ± 0.7
84.3 ± 0.7

AUC-PR
p=10%
3.5 ± 0.5
7.3 ± 3.8
12.7 ± 4.7
13.1 ± 4.8
15.1 ± 5.2
16.2 ± 5.7
17.0 ± 5.8
17.1 ± 5.8
3.2 ± 0.0
3.3 ± 0.0
3.8 ± 0.9
3.9 ± 1.0
12.1 ± 2.4
14.3 ± 1.3
14.8 ± 1.4
15.7 ± 2.5

AUC-PR
p=10%
2.5 ± 0.1
2.6 ± 0.1
2.8 ± 0.1
2.8 ± 0.1
3.3 ± 0.3
3.7 ± 0.3
3.9 ± 0.3
3.9 ± 0.3
3.2 ± 0.0
3.3 ± 0.0
3.4 ± 0.0
3.4 ± 0.0
3.7 ± 0.2
3.9 ± 0.2
4.0 ± 0.2
4.0 ± 0.2

p=20%
10.3 ± 2.7
15.9 ± 1.2
21.2 ± 1.8
22.1 ± 1.9
23.9 ± 1.3
27.1 ± 1.4
31.3 ± 4.0
34.5 ± 3.1
3.7 ± 0.5
4.6 ± 0.7
6.1 ± 1.0
7.2 ± 1.9
16.5 ± 1.3
19.4 ± 1.6
22.3 ± 3.1
23.9 ± 4.2

p=20%
2.5 ± 0.1
2.6 ± 0.2
2.7 ± 0.2
2.8 ± 0.2
3.0 ± 0.2
3.4 ± 0.3
3.9 ± 0.1
3.9 ± 0.1
3.2 ± 0.0
3.3 ± 0.0
3.3 ± 0.0
3.3 ± 0.0
3.7 ± 0.1
3.9 ± 0.1
4.0 ± 0.1
4.0 ± 0.1
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Table 9: Averaged AUCs obtained with IOKR on different mixtures of Erdős-Renyi random
graphs. pintra and pinter denote respectively the intra- and inter-class connection
probabilities. The third column indicates the percentage of variance used to define
the input vectors from the principal components.
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Figure 8: Prediction of a mixture of Erdős-Renyi random graphs with IOKR. The true
network is shown on the left and the network predicted with IOKR-ridge on the
right. The respective adjacency matrices are displayed under the two networks.
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Xij = χij Rij

X = [Xij ]1≤i≤n,1≤j≤p ,

2 /2

.
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Above we use the convention that if rj = 0 (which happens with nonzero probability), and as a consequence the minimization problem has no solution, then we skip the
corresponding step of the algorithm.

2. For j = 1, . . . , p/2
Let rj = Y ej1 + Y ej2 , where gj = {Y ej1 , Y ej2 }.
Solve minw kwT Y k1 subject to rjT w = 1, and set sj = wT Y .

1. Randomly pair the columns of Y into p/2 groups gj = {Y ej1 , Y ej2 }.

ER-SpUD(DC): Exact Recovery of Sparsely-Used Dictionaries using the sum
of two columns of Y as constraint vectors.

Following Spielman, Wang, and Wright (2012a) we will say that matrices satisfying the
above assumptions follow the Bernoulli-Subgaussian model with parameter θ.
We remark that the constant 1/10 above is of no importance and has been chosen
following Spielman, Wang, and Wright (2012a) and Luh and Vu (2016).
The approach of Spielman, Wang and Wright consists of two steps. At the first step
(given by the Er-SpUD algorithm we describe below) one gathers p/2 candidates for the
rows of X. The second, greedy step (Greedy algorithm, also described below) selects from
the candidates the set of n sparsest vectors, which form a matrix of rank n.
The algorithms work as follows:

∀t>0 P(|Rij | ≥ t) ≤ 2e−t

µ := E|Rij | ≥ 1/10,

• Rij are i.i.d., with mean zero and satisfy

• χij are Bernoulli distributed: P(χij = 1) = 1 − P(χij = 0) = θ,

• χij , Rij are independent random variables,

and

where

Probabilistic model specification

of A and rows of X, provided that X is a sparse random matrix satisfying the following
probabilistic assumptions.

Adamczak

Spielman, Wang, and Wright (2012a,b) provide an algorithm which with high probability
successfully recovers the matrices A and X up to rescaling and permutation of the columns

Consider an invertible n × n matrix A and a random n × p sparse matrix X. Denote
Y = AX. The objective is to reconstruct A and X (up to scaling and permutation of
columns of A and rows of X) based on the observable data Y .

The main problem:

Recovery of sparsely-used dictionaries has recently attracted considerable attention in connection to applications in machine learning, signal processing or computational neuroscience. In particular, two important fields of applications are dictionary learning (Olshausen and Field, 1996; Kreutz-Delgado et al., 2003; Bruckstein et al., 2009; Rubinstein
et al., 2010; Yang et al., 2010) and blind source separation (Zibulevsky and Pearlmutter,
2001; Georgiev et al., 2005). We do not discuss these applications and refer the Reader to
the aforesaid articles for details.
Among many approaches to this problem a particularly successful one has been presented
by Spielman, Wang, and Wright (2012a,b), who considered the noiseless-invertible case:

1. Introduction

We consider the problem of recovering an invertible n×n matrix A and a sparse n×p random
matrix X based on the observation of Y = AX (up to a scaling and permutation of columns
of A and rows of X). Using only elementary tools from the theory of empirical processes
we show that a version of the Er-SpUD algorithm by Spielman, Wang and Wright with
high probability recovers A and X exactly, provided that p ≥ Cn log n, which is optimal
up to the constant C.
Keywords: sparse dictionaries, Er-SpUD algorithm, `1 minimization, exact recovery, sample complexity
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The second stage, described below, is run on the set S of vectors si returned at the first
stage (for notational simplicity we relabel them if rj = 0 for some j). We use the standard
notation that kxk0 denotes the number of nonzero coordinates of a vector x.

Sample Complexity of the Er-SpUD Algorithm

Adamczak

REQUIRE: S = {s1 , . . . , sT } ⊆ Rp .

Greedy: A Greedy Algorithm to Reconstruct X and A.
1.

4
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Remark on the single column algorithm Spielman, Wang, and Wright (2012a,b) proposed
also a version of the Er-SpUD algorithm, which instead of sums of two columns of Y as
the vectors rj in the constraints rjT w = 1 of the optimization problem, chooses simply
consecutive columns of Y . They prove that such a version of the algorithm performs well
under the assumption
that the random variables Xij are i.i.d. standard Gaussian variables,
√
2/n ≤ θ ≤ α/ n log n and p > Cn2 log2 n (α, C are again universal constants). We remark
that by using our approach in combination with the original arguments of Spielman, Wang,
and Wright (2012a) one can prove that this algorithm works for p > Cn log3 n. To this end

and X follows the Bernoulli-Subgaussian model with parameter θ, then for p ≥ Cn log n,
with probability at least 1 − 1/p the modified ER-SpUD(DC) algorithm successfully recovers
all the rows of X, i.e., multiples of all the rows of X are present among the vectors sij
returned by the algorithm.

2
α
≤θ≤ √
n
n

Theorem 1 There exist absolute constants C, α ∈ (0, ∞) such that if

The main result of this note is

The final step of the recovery algorithm is again a greedy selection of the sparsest
vectors among the candidates collected at the first step. As before, under the assumption
P(Rij = 0) = 0, the greedy procedure successfully recovers X and A, provided that multiples
of all the rows of X are present among the input set S.

Modified ER-SpUD(DC): Exact Recovery of Sparsely-Used Dictionaries using the sum of two columns of Y as constraint vectors.
For i = 1, . . . , p − 1
For j = i + 1, . . . , p
Let rij = Y ei + Y ej
T w = 1, and set s = w T Y .
Solve minw kwT Y k1 subject to rij
ij

qIn (Spielman, Wang, and Wright, 2012a) it is also proved that if p > Cn log n, θ >
C 0 logn n , then with high probability the ER-SpUD algorithm does not recover any of the
rows of X.
Spielman, Wang and Wright have conjectured that their algorithm works with high
probability provided that p > Cn log n (which, as mentioned above is required for wellposedness of the problem).
In this note we will consider a modified version of the algorithm with a slightly different
first stage. Namely, instead of using only p/2 pairs of columns of Y , we will use all p2
pairs. For fixed p it clearly increases the time complexity of the algorithm (which however
remains polynomial), but the advantage of this modification is the possibility of proving
that it requires only p = Cn log n to recover X and A with high probability, which as
explained above is optimal. More specifically, we will consider the following algorithm.

2. For i = 1, . . . , n
REPEAT
l ← argmin sl ∈S ksl k0 , breaking ties arbitrarily
xi = sl , S = S \ {sl }
UNTIL rank([x1 , . . . , xi ]) = i
3. Set X = [x1 , . . . , xn ]T and A = Y Y T (XY T )−1 .

Spielman, Wang, and Wright (2012a) have proved that there exist positive constants
C, α, such that if
2
α
≤θ≤ √
n
n

JMLR 17(177):1-18

and p ≥ Cn2 log2 n, then the ER-SpUD algorithm successfully recovers the matrices A, X
with probability at least 1 − Cp110 . Note that the equation Y = A0 X 0 still holds if we
set A0 = AΠΛ and X 0 = Λ−1 ΠT X for some permutation matrix Π and a nonsingular
diagonal matrix Λ. Therefore, by recovery we mean that nonzero multiples of all the
rows of X are among the set {s1 , . . . , sp/2 } produced by the ER-SpUD(DC) algorithm.
In (Spielman, Wang, and Wright, 2012a) it is also proved that if P(Rij = 0) = 0, then
for p > Cn log n, with probability 1 − C 0 n exp(−cθp) for any matrices A0 , X 0 such that
Y = A0 X 0 and maxi keiT X 0 k0 ≤ maxi keiT Xk0 there exists a permutation matrix Π and a
nonsingular diagonal matrix Λ such that A0 = AΠΛ, X 0 = Λ−1 ΠT X. In fact, Spielman,
Wang, and Wright (2012a) prove that with the above probability any row of X is nonzero
and has at most (10/9)θp nonzero entries, whereas any linear combination of two or more
rows of X has at least (11/9)θp nonzero entries.
In particular it follows that the Greedy algorithm will extract from the set {s1 , . . . , sT }
multiples of all n rows of X (note that all sj ’s are in the row space of Y and thus also in
the row space of X). Since X is with high probability of rank n, one easily shows that one
can recover A by the formula used in the 3rd step of the algorithm. We remark that Luh
and Vu (2016) obtained the same results concerning sparsity of linear combinations of rows
of X without the assumptions about the symmetry of the variables Rij .
Note also that for θ of the order n−1 , p = Cn log n is necessary for uniqueness of the
solution in the sense described above, otherwise with significant probability some of the
rows of X may be zero, which means that some columns of A do not influence the matrix
Y.
3

P(χi (j) = 1) = 1 − P(χi (j) = 0) = θ.

(1)

p

i=1

1X T
(|x Zi | − E|xT Zi |) .
p

5

6
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2. Proof of Theorem 1

JMLR 17(177):1-18

(4)

(3)

We will follow the general approach proposed by Spielman, Wang, and Wright (2012a). The
main new part of the argument is an improved bound on the sample complexity for empirical
approximation of first moments of arbitrary marginals of the columns of the matrix X, given
in Proposition 2 below. So as not to reproduce technical and lengthy parts of the original
proof, we organize this section as follows. First, we present the crucial Proposition 2 and
provide a brief discussion of its mathematical content. Next, we present an overview of the



Ce p
P W ≥
( pθq + q)M ≤ e−q .
p

C p
( pθq + q)M
p

(2)

The above proposition can be considered a quantitative version of the uniform law of
large numbers for linear functionals xT Z indexed by the unit sphere in the space `n1 . As such
it is a classical object of study in the theory of empirical processes. The proof we give uses
only Bernstein’s inequality, see e.g., (van der Vaart and Wellner, 1996), and Talagrand’s
contraction principle (Ledoux and Talagrand, 1991), which in a somewhat similar context
was applied e.g., by Mendelson (2008); Adamczak et al. (2010).
Let us also remark that in the above proposition we do not require independence between
components of the random vectors Ui or χi for fixed i, but just independence between the
random vectors Ui , χi , i = 1, . . . , p.

and as a consequence

kW kq ≤

Then, for some universal constant C and every q ≥ max(2, log n),

x∈B1n

W := sup

Define the random vectors Z1 , . . . , Zp with the equality Zi (j) = Ui (j)χi (j) for 1 ≤ i ≤ p,
1 ≤ j ≤ n and consider the random variable

and

Ee|Ui (j)|/M ≤ 2

Proposition 2 Let U1 , U2 , . . . , Up , χ1 , . . . , χp be independent random vectors in Rn . Assume that for some constant M and all 1 ≤ i ≤ p, 1 ≤ j ≤ n,

main steps in the proof scheme of Spielman, Wang, and Wright (2012a). For parts of the
proof not related to Proposition 2 or to the modification of the algorithm considered here,
we only indicate the relevant statements from (Spielman, Wang, and Wright, 2012a), while
for parts involving the use of Proposition 2 and for the conclusion of the proof we provide
the full argument. Proposition 2 is proved in Section 3.
Below by e1 , . . . , eN we will denote the standard basis in RN for various choices of N
(in particular for N = n and N = p). The value of N will be clear from the context and so
this should not lead to ambiguity.
By B1n we will denote the unit ball P
in the space `n1 , i.e., B1n = {x ∈ Rn : kxk1 ≤ 1},
where for x = (x(1), . . . , x(n)), kxk1 = ni=1 |x(i)|. The coordinates of a vector x will be
denoted by x(i) or if it does not interfere with other notation (e.g., for indexed families of
vectors) simply by xi . Again, the meaning of the notation will be clear from the context.
If Y is a random variable and q > 0, we denote kY kq = (E|Y |q )1/q .

one needs to prove a counterpart of our Lemma 3 (see below) with the vectors bij replaced
just by the columns of the matrix X and combine it with Lemma 12 of Spielman, Wang, and
Wright (2012a) (Lemma 6 below) in exactly the same way as in Section B.3. of (Spielman,
Wang, and Wright, 2012a) (with γ ' 1/ log n). The needed counterpart of Lemma 3 can be
obtained just by formal changes from the proof we present below. The factor log3 n (instead
of log n) is related to the use of Lemma 12 and is a consequence of the fact that one takes
γ depending on n).

Remarks on recent developments Very recently Sun, Qing, and Wright (2015) proposed an
algorithm with polynomial sample complexity, which recovers well conditioned dictionaries
under the assumption that the variables Rij are i.i.d. standard Gaussian and θ ≤ 1/2, thus
allowing for the first time for a linear number of nonzero entries per column of the matrix
X. Their novel approach is based on non-convex optimization. The sample complexity of
the algorithms in (Sun, Qing, and Wright, 2015) is however higher then for the Er-SpUD
algorithm; as mentioned by the Authors, numerical simulations suggest that it is at least
p = Ω(n2 log n) even in the case of orthogonal matrix A. Sun, Qing, and Wright (2015)
conjecture that algorithms with sample complexity p = O(n log n) should be possible also
for large θ.
As for the complexity of the Er-SpUD algorithm (in its original version), the recent
article (Luh and Vu, 2016) contains a claim that it works for p > Cn log4 n, which differs
from the number of samples conjectured by Spielman, Wang, and Wright (2012a) just by
a polylogarithmic factor. However, as pointed out very recently (after the submission of
the first version of this article) by Blasiok and Nelson (2016), the argument of Luh and Vu
(2016) contains certain inaccuracies. Moreover, Blasiok and Nelson have proved that if the
variables Rij are Rademachers, than for the original version of the Er-SpUD algorithm to
work one needs p ≥ n1.99 , which shows that the result of Luh and Vu (2016) and in fact
the original conjecture do not hold. Blasiok and Nelson also propose a modified version of
the algorithm (in the same spirit as in this article) and prove that it works with probability
1 − ε for p > Cn log(Cn/ε), thus obtaining an independent proof of our main result. We
remark that while certain aspects of the analysis are common for (Blasiok and Nelson,
2016) and the present article, the main technical ingredient (i.e., bounding the empirical
process involved in the estimates) is approached differently. While Proposition 2 below is
based on the contraction principle, Blasiok and Nelson (2016) rely on the generic chaining
(majorizing measure) method, see (Talagrand, 2014). Let us also remark that it seems that
by combining the inequality for empirical processes obtained by Luh and Vu (2016) with
the approach of this paper or of (Blasiok and Nelson, 2016) one can prove a weaker result,
namely that the modified version of the algorithm works for p > Cn log4 n.
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2.1 Main Steps of the Proof of Theorem 1
As announced, we will now present an outline of the proof of Theorem 1, indicating which
steps differ from the original argument in (Spielman, Wang, and Wright, 2012a).
Step 1. A change of variables.

(5)

Recall that rij are sums of two columns of the matrix Y . At the first step of the proof,
instead of looking at the original optimization problem
T
minimize kwT Y k1 subject to rij
w=1

(6)

one performs a change of variables z = AT w, bij = A−1 rij , arriving at the optimization
problem
T
minimize kz T Xk1 subject to bij
z = 1.

Note that one cannot solve (6) since it involves the unknown matrices X and A. The
goal of the subsequent steps is to prove that with probability sufficiently separated from
zero the solution z∗ of (6) is a multiple of one of the basis vectors e1 , . . . , en , say z∗ = λek .
This means that w∗T Y = z∗T X = λekT X, i.e., (5) recovers the k-th row of X up to scaling.
In combination with a coupon collector phenomenon this will allow to conclude that if p is
sufficiently large, then all the rows will be recovered (this is the content of Step 4).
Step 2. If 0 < |(supp Xei )∪(supp Xej )| < 1/(8θ), then supp (z∗ ) ⊆ (supp Xei )∪(supp Xej ).
At this step we prove the following lemma, which is a counterpart of Lemma 11 in
(Spielman et al., 2012a). It is weaker in that we do not consider arbitrary vectors bij , but
only sums of two distinct columns of X (which is enough for the application in the proof of
Theorem 1). On the other hand it works already for p > Cn log n and not for p > Cn2 log n
as the original lemma from (Spielman, Wang, and Wright, 2012a).
Lemma 3 For 1 ≤ i < j ≤ p, define bij = Xei + Xej , Iij = (supp Xei ) ∪ (supp Xej ).
√
There exist numerical constants C, α > 0 such that if 2/n ≤ θ ≤ α/ n and p > Cn log n,
then with probability at least 1 − p−2 the random matrix X has the following property:
(P1) For every 1 ≤ i < j ≤ p, if 0 < |Iij | ≤ 1/(8θ) then every solution z∗ to the
optimization problem (6) satisfies supp z∗ ⊆ Iij .

JMLR 17(177):1-18

Before we pass to the presentation of auxiliary facts needed in the proof of the above
lemma, let us indicate briefly the two main observations behind the lemma, not present in
(Spielman, Wang, and Wright, 2012a). The first one is Proposition 2, which allows to prove
the technical Lemma 5 below. The second one is the fact that due to independence of the
entries of the matrix we do not need to use the union bound over all possible locations of
nonzero coefficients of Xei and Xej , instead we can condition on the disjoint events that
(supp Xei )∪(supp Xej ) = I (where I ranges over nonempty subsets of [n] with |I| ≤ 1/(8θ)),
estimate appropriate conditional probabilities and integrate the result over I.
To prove Lemma 3, one first shows a counterpart of Lemma 16 in (Spielman, Wang, and
Wright, 2012a).
7
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µ
8

θ
kvk1 .
n

Lemma 4 For any 1 ≤ j ≤ p, if Z = (χ1j R1j , . . . , χnj Rnj ), then for all v ∈ Rn ,
r

E|v T Z| ≥

i=1

i=1

n
n
X
1 X
vi χij Rij ≥ E
vi εi χij Rij .
2

Proof Let ε1 , . . . , εn be a sequence of i.i.d. Rademacher variables, independent of {χij , Rij }.
By standard symmetrization inequalities, see e.g., Lemma 6.3. in (Ledoux and Talagrand,
1991),
E|v T R| = E

The random variables εi Rji are symmetric and E|εi Rij | = µ, so by Lemma 16 from (Spielman, Wang, and Wright, 2012a), the right-hand side above is bounded from below by
q
θ
n kvk1 .
µ
8

The next lemma is an improvement of Lemma 17 in (Spielman, Wang, and Wright,
2012a), which is crucial for obtaining Lemma 3.

pµ
32

θ
kvk1 .
n

Lemma 5 There exists an absolute constant C, such that the following holds for p >
Cn log n. Let J ⊆ {1, . . . , p} be a fixed subset of size |J| ≤ p4 . Let XJ be the submatrix of X, obtained by a restriction of X to the columns indexed by J. With probability at
least 1 − p−8 , for any v ∈ Rn ,
r

kv T Xk1 − 2kv T XJ k1 >

p

pθ log p,

Proof Note first that by increasing the set J, we increase kv T XJ k1 , so without loss
of generality we can assume that |J| = bp/4c. Apply Proposition 2 with the vectors
Uj = (R1j , . . . , Rnj ) and χj = (χ1j , . . . , χnj ) and q = 8 log p. Note that our integrability assumptions on Rij imply (1) with M being a universal constant. Therefore, for some
absolute constant C and p ≥ Cn log n, with probability at least 1 − p−8 we have
p
p
sup kv T Xk1 − Ekv T Xk1 ≤ C( pθ log p + log p) ≤ 2C pθ log p,
v∈B1n

sup kv T XJ k1 − Ekv T XJ k1 ≤ 2C

v∈B1n

where we used that for C sufficiently large, p/ log p ≥ n ≥ 1/θ.
Thus, by homogeneity, with probability at least 1 − p−8 , for all v ∈ Rn ,
p
kv T Xk1 − Ekv T Xk1 ≤ 2C θp log pkvk1 ,
p
θp log pkvk1 .

kv T XJ k1 − Ekv T XJ k1 ≤ 2C

Xk1

JMLR 17(177):1-18

In particular this means that (using the notation of Proposition 2)
p
p
kv T
≥ Ekv T
− 2C θp log pkvk1 = pE|v T Z1 | − 2C θp log pkvk1 ,
p
p
θp log pkvk1 = 2|J|E|v T Z1 | + 4C θp log pkvk1 ,
Xk1

2kv T XJ k1 ≤ 2Ekv T XJ k1 + 4C

8

kv T Xk1 − 2kv T XJ k1 ≥ (p − 2|J|)E|v T Z1 | − 6C

p
θp log pkvk1 .

S = {l ∈ [p] : ∃k∈Iij Xkl 6= 0}.

=

kz0T Xk1

+

9

(kz1T Xk1

−

2kz1T XS k1 ).

≥ kz0T XS k1 − kz1T XS k1 + kz1T Xk1 − kz1T XS k1

kz∗T Xk1 = k(z0T + z1T )XS k1 + k(z0T + z1T )XS c k1

JMLR 17(177):1-18

(9)

for some universal constant c > 0.
Let z∗ be any solution of (6) and denote by z0 its orthogonal projection on RIij = {x ∈
n
R : xk = 0 for k ∈
/ Iij }. Set also z1 = z∗ − z0 and let XS , XS c be the matrices obtained
from X by selecting the columns labeled by S and S c = [p] \ S respectively. By the triangle
inequality, and the fact that z0T XS c = 0 , we get

By independence of the random variables Rij , χij , for each k ∈
/ {i, j}, if 0 < |I| ≤ 1/(8θ),
then
1
1
P(k ∈ S|AI ) ≤ 1 − (1 − θ)|I| ≤ 1 − e−2θ|I| ≤ 1 − e− 4 < ,
4
where the second inequality holds if α is sufficiently small.
Thus, by independence of columns of X and Hoeffding’s inequality, if 0 < |I| ≤ 1/(8θ),
then


p−2
P |S \ {i, j}| ≤
AI ≥ 1 − 2e−cp
(8)
4

AI = {Iij = I}.

Moreover, for any set I ⊆ [n], define the event

Let us thus fix i, j and let

1≤i<j≤p

P(Property P1 does not hold)
(7)
X
≤
P(0 < |Iij | ≤ 1/(8θ) & there exists a solution z∗ to (6) not supported on Iij ).

Proof of Lemma 3 We will show that for each 1 ≤ i < j ≤ p the probability that
0 < |Iij | ≤ 1/(8θ) and there exists a solution to (6) not supported on Iij is bounded from
above by 1/p4 . This will imply the lemma, since by the union bound over all i < j,

We are now in position to prove Lemma 3.

for p > C 0 n log n, where C 0 is another absolute constant.

Now, by Lemma 4 and the assumed bound on the cardinality of J, we get
r
 pµ r θ

p
pµ θ
kv T Xk1 − 2kv T XJ k1 ≥
− 6C θp log p kvk1 >
kvk1
16 n
32 n

and so
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(10)

10

(12)
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P(AI ) ≤ 2e−cp ,

P(|S 0 | > (p − 2)/4|AI )P(AI )

P(AI ∩ {|S 0 | > (p − 2)/4})

P(B ∩ AI ∩ {|S 0 | > (p − 2)/4})

I⊆[n] : 0<|I|≤1/(8θ)

X

I⊆[n] : 0<|I|≤1/(8θ)

X

I⊆[n] : 0<|I|≤1/(8θ)

X

X

I⊆[n] : 0<|I|≤1/(8θ)

≤ 2e−cp

=

≤

By (8) we get


P B ∩ {|S \ {i, j}| > (p − 2)/4} =

B = {for some solution z∗ to (6), z1 6= 0 and 0 < |Iij | ≤ 1/(8θ)}.

We are now ready to finish the proof. To shorten the notation, let us denote

P(for some solution z∗ to (6), z1 6= 0|AI ∩ SJ ) ≤ 2p−8 .

where the last inequality holds for p > C 0 and C 0 sufficiently large.
Note that by the definition of z0 , we have bTij z0 = bTij z∗ = 1, therefore z0 is a feasible
candidate for the solution of the optimization problem (6). Thus, by (9) and (10), we have
kz1T X 0 k1 − 2kz1T XJ0 k1 ≤ 0 and as a consequence, if z1 6= 0 then the event of inequality (11)
does not hold. Thus, for 0 < |I| ≤ 1/(8θ) and |J| ≤ (p − 2)/4, we get

≥ 1 − (p − 2)−8 ≥ 1 − 2p−8 ,

where in the we first equality we used used the fact that z1T Xei = z1T Xej = 0 and the
second one follows from the definition of the event SJ .
Due to independence and identical distribution of the entries of X, conditionally on the
event AI ∩ SJ the matrix X 0 still follows the Bernoulli-Subgaussian model with parameter
θ. This matrix is of size |I c | × (p − 2), therefore if the constant C 0 is large enough and
p > C 0 n log n, it satisfies the assumptions of Lemma 5 (with p − 2 instead of p and |I c |
instead of n). Since |J| ≤ (p − 2)/4, a conditional application of Lemma 5 gives
s


(p − 2)µ
θ
c
P for all v ∈ R|I | : kv T X 0 k1 − 2kv T XJ0 k1 ≥
kvk1 AI ∩ SJ
(11)
c
32
|I |

0
kz1T Xk1 − 2kz1T XS k1 = kz1T X 0 k1 − 2kz1T XS\{i,j}
k1 = kz1T X 0 k1 − 2kz1T XJ0 k1 ,

For the moment let us restrict our attention to the event AI ∩ SJ , for a fixed (but
arbitrary) I ⊆ [n], satisfying 0 < |I| ≤ 1/(8θ) and J ⊆ [p] \ {i, j}, satisfying |J| ≤ (p − 2)/4.
Denote by X 0 the |I c | × (p − 2) matrix obtained by restricting X to the rows from I c
and columns from [p] \ {i, j}. If, slightly abusing the notation, we identify z1 with a vector
c
from R|I | , on the event AI ∩ SJ we have

SJ = {S \ {i, j} = J}.

For J ⊆ [p] \ {i, j} define the events
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X

X

∩

I⊆[n] :
0<|I|≤1/(8θ)

∩

SJ )

J⊆[p]\{i,j} :
|J|≤(p−2)/4

X
P(B ∩ AI ∩ SJ )

where the second to last inequality follows from (8) and the last one from the pairwise
disjointness of the events AI .
Similarly,

X

P(B∩{|S \ {i, j}| ≤ (p − 2)/4}) =
≤

SJ )P(AI

P(AI ∩ SJ ) ≤ 2p−8 ,

P(B|AI

J⊆[p]\{i,j} :
|J|≤(p−2)/4

X

J⊆[p]\{i,j} :
|J|≤(p−2)/4

X

I⊆[n] :
0<|I|≤1/(8θ)

≤ 2p−8
I⊆[n] :
0<|I|≤1/(8θ)

where we used (12) and disjointness of the events AI ∩ SJ . Combining the two last inequalities, we get
P(B) ≤ 2e−cp + 2p−8 ≤ p−4
for p > Cn log n with a sufficiently large absolute constant C. By (7) this ends the proof of
the lemma.
Step 3. If (supp Xei ) ∪ (supp Xej ) is small, then z∗ = λek where k = argmax1≤l≤n |bij (l)|.
At this step one proves the following lemma (Lemma 12 in Spielman, Wang, and Wright
2012a). Since no changes with respect to the original argument are required (we do not
use Proposition 2 here), we do not reproduce the proof and refer the Reader to (Spielman,
Wang, and Wright, 2012a) for details. We remark that although the lemma is formulated
therein for symmetric variables, the symmetry assumption is not used in its proof.
Below, by |b|1↓ ≥ |b|2↓ ≥ . . . ≥ |b|n↓ , we denote the nonincreasing rearrangement of the
sequence |b1 |, . . . , |bn |, while for J ⊆ [n], X J denotes the matrix obtained from X by selecting
the rows indexed by the set J.

n
o
c
1 s log n
,n ,
θγ 2

and

p
c2
≥ 2,
log p
θγ

(13)

≤ 1 − γ, the

Lemma 6 There exist two positive constants c1 , c2 such that the following holds. For any
γ > 0 and s ∈ Z+ , such that θs < γ/8 and p such that
p ≥ max

|b|2↓
|b|1↓

with probability at least 1 − 4p−10 , the random matrix X has the following property:
(P2) For every J ⊆ [n] with |J| = s and every b ∈ Rs , satisfying

solution to the restricted problem

minimize kz T X J k1 subject to bT z = 1,

JMLR 17(177):1-18

is unique, 1-sparse, and is supported on the index of the largest entry of b.
11

Step 4. Conclusion of the proof.

Adamczak
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Set s = 12θn + 1. Our first goal is to prove that with probability at least 1 − 1/p2 , for
all k ∈ [n], there exist i, j ∈ [p], i 6= j such that the vector b = Xei + Xej satisfies the
assumptions of Lemma 6, |b|1↓ = |bk | and Iij := (supp Xei ) ∪ (supp Xej ) satisfies 0 < |Iij | ≤
1/(8θ), which will allow us to take advantage of Lemma 3. This will already imply that the
solution to the problem (6) for such i, j produces a multiple of the k-th row of X.
Note that we have
Z ∞
2
te−t /2 dt = 4.
2
ERij
≤4

3 (E|Rij |)2
1
)≥
≥ c0
2
20
4 ERij

1
Since E|Rij | = µ ≥ 10
, by the Paley-Zygmund inequality, see e.g., Corollary 3.3.2. in (de la
Peña and Giné, 1999), we have

P(|Rij | ≥

for some universal constant c0 > 0. In particular P(|Rij | = 0) < 1 − c20 . Let q be any
(1 − c0 /(2s))-quantile of |Rij |, i.e., P(|Rij | ≤ q) ≥ (1 − c0 /(2s)) and P(|Rij | ≥ q) ≥ c0 /(2s).
In particular, since s ≥ 1, we get q > 0. We have P(Rij ≥ q) ≥ c0 /(4s) or P(Rij ≤ −q) ≥
c0 /(4s). Let us assume that P(Rij ≥ q) ≥ c0 /(4s), the other case is analogous.
Before we proceed with the formal proof, which due to many events under consideration
may appear technical, let us provide its informal description. Let us focus on a single value
of k (at the end of the argument we will take a union bound over all k ≤ n). We will first
prove that among the first p/2 columns of the matrix X there is one (say Xei ) which has few
nonzero entries, the k-th entry exceeds the quantile q and all the other entries are smaller
then q in the absolute value. This corresponds to the events Eki and Ak considered below.
Once we establish that this holds with high probability (equation (14)), we will fix a single
column with this property (say with the smallest index) and will prove that conditionally
on this event among the p/2 last columns of X we can find a column (say Xej ) with the
same properties and such that the only entry which is nonzero in both Xei and Xej is the
k-th one (which corresponds to the event Bk below and is the content of equation (17)).
This will imply that

• the set Iij satisfies the premises of the implication of Lemma 3 (it is nonempty and
not too large),

• the k-th entry of bij = Xei + Xej exceeds 2q while all the other entries are smaller
than q in absolute value, which allows to use Lemma 6 with γ = 1/2.

JMLR 17(177):1-18

Combining the two lemmas will allow us to conclude that the solution to (6) produces a
nonzero multiple of ek , i.e., the solution to (5) produces a nonzero multiple of the k-th row
of X.
Establishing the aforesaid properties is not difficult and relies just on the independence
of entries. In essence it can be reduced to saying that in a sequence of Bernoulli trials
with probability of success equal to ρ, it is highly unlikely that we will have to wait much
longer than 1/ρ for the first success. Specifically, if ρ > c/n, then under our assumptions
on p, the probability that no success occurs in p/2 steps is smaller than 1/p4 (see e.g.,

12

Bk =

[

1≤i≤bp/2c bp/2c<j≤p

[



P(Bk ) ≥ 1 −

1
.
p3
(15)

(14)

1≤i≤bp/2c

\

 
1
c1 bp/2c
c
≤ exp(−c1 p/(4n)) ≤ exp(−4 log p) = 4 ,
Eki
≤ 1−
n
p

(16)

13
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where we used the inequality p/ log p ≥ 16c−1
1 n for p ≥ Cn log n. We have thus established
(14).


P

where to estimate P(Bki ) we used Markov’s inequality. The last factor comes from the
definition of q as the (1 − c0 /(2s))-quantile of Rij . The right hand side above is bounded
from below by c1 /n for some universal constant c1 . Therefore if the constant C is large
enough, we obtain

P(Eki ) = P(χki = 1)P(Rki ≥ q)P(Bki )P(∀r6=k χri = 1 =⇒ |Rri | ≤ q|Bki )
c0 
2θ(n − 1) 
c0 (s−1)/2
≥θ
1−
1−
,
4s
s−1
2s

Let us start with the proof of (14). Set Bki = {|{r ∈ [n] \ {k} : χrk = 1}| ≤ (s − 1)/2}. By
independence we have

which we will use to prove that

P(Ak ) ≥ 1 −

1
,
p4

n
o
Eki ∩ Ekj ∩ {l ∈ [n] : χli = χlj = 1} = {k} .

We will first show that for all k ∈ [n],

and

1≤i≤bp/2c

(see the description above for the motivation of this and subsequent definitions).
We will assume that p ≥ 2Cn log n for some numerical constant C to be fixed later on.
For k ∈ [n], consider the events
[
Ak =
Eki

equation (16) below). In the proof the trials correspond to columns of X and success to
the conjunction of the properties stated above. Both parts of the proof rely on estimating
the probability of success from below (in the second part it is the conditional probability,
since the event in question depends on the first part). The main reason behind technical
(notational) difficulties is that one needs to explore independence of the variables χij and
Rij in the right order to be able to take advantage of the already established bounds in
consecutive steps.
Define thus the event Eki as
n
o
Eki = χki = 1, |{r ∈ [n] \ {k} : χri = 1}| ≤ (s − 1)/2, Rki ≥ q, ∀r6=k χri = 1 =⇒ |Rri | ≤ q
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bp/2c<j≤p

2θ(n−1)
s−1

≤ 16 , this implies that

(1 − θ)(s−1)/2 ≥ e−θ(s−1) = e−12θ

2n

1
2
≥ e−12α ≥ .
3

14


c2 bp/2c
1
P(Bkc |F1 ) ≤ 1 −
≤ 4,
n
p
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(17)


n
o  c
2
P Ekj ∩ {l ∈ [n] : χljmin = χlj = 1} = {k} F1 ≥
n
n
for some positive universal constant c2 . Since the events Ekj ∩ {l ∈ [n] : χljmin = χlk =
o
1} = {k} , bp/2c < k ≤ p are conditionally independent, given F1 , we obtain that on Ak ,

Since

1 − θ ≥ e−2θ and

where in the last line we again used Markov’s inequality.
Now recall that θ ≤ √αn for some universal constant α. If α is small enough then

Similarly as in the argument leading to (14), for fixed j, using the independence of the
variables χlm , Rlm and properties of the conditional probability, we obtain on the event Ak ,
o 

n
P Ekj ∩ {l ∈ [n] : χlimin = χlj = 1} = {k} F1


= P(Rkj ≥ q)E 1Ckj P(∀r6=k χrj = 1 =⇒ |Rrj | ≤ q|Ckj , F1 )|F1



c0  s−1
2
F1
≥ P(Rkj ≥ q)E 1Ckj 1 −
2s

c0  s−1
2
P(Ckj |F1 )
= P(Rkj ≥ q) 1 −
2s
s−1


c0
c0 2
≥
1−
×
4s
2s
 



s−1
P {l ∈ [n] : χlimin = χlj = 1} = {k} F1 − P χkj = 1, |{r ∈ [n] \ {k} : χrj = 1}| >
F1
2

c0 
c0  s−1
2θ(n − 1) 
2
≥
1−
θ(1 − θ)(s−1)/2 − θ
,
4s
4s
s−1

n
o
Ckj = {|{r ∈ [n] \ {k} : χrj = 1}| ≤ (s − 1)/2} ∩ {l ∈ [n] : χlimin = χlj = 1} = {k} .

Define

Let us now pass to (15). Denote by F1 the σ-field generated by χki , Rki , k ∈ [n], 1 ≤ i ≤
bp/2c. Note that Ak ∈ F1 .
For ω ∈ Ak define imin (ω) = min{1 ≤ i ≤ bp/2c : ω ∈ Eki }. Note that on Ak ,


n
o 
[
P(Bk |F1 ) ≥ P
Ekj ∩ {l ∈ [n] : χlimin = χlj = 1} = {k}
F1
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provided C is a sufficiently large universal constant. Now, using (14), we get

 

2
1
1
1
P(Bk ) ≥ E1Ak P(Bk |F1 ) ≥ P(Ak ) 1 − 4 ≥ 1 − 4 ≥ 1 − 3 ,
p
p
p

1≤k≤n

proving (15).
Taking the union bound over k ∈ [n], we get
\
1
P(
Bk ) ≥ 1 − 2 .
p

≤

1
8θ ,

Set γ = 1/2 and observe that if C is large enough and α small enough, then the
γ
1
assumptions of Lemma 3 and Lemma 6 are satisfied. In particular s = 12θn + 1 ≤ 8θ
≤ 8θ
.
Recall the properties P1 and P2 considered in the said lemmas. Consider the event A =
T
1
1≤k≤n Bk ∩ {properties P1 and P2 hold} and note that P(A) ≥ 1 − p . On the event A, for
every k, there exist 1 ≤ i < j ≤ p, such that
• 1 ≤ |Iij | ≤ s ≤

γ
8θ

• the largest entry of bij (in absolute value) equals bij (k) ≥ 2q > 0 whereas the remaining
entries do not exceed q,
In particular, by property P1 we obtain that any solution z∗ to the problem (6) satisfies
supp z∗ ⊆ Iij . Therefore for some (any) J ⊇ Iij with |J| = bsc, we obtain (identifying
vectors supported on J with their restrictions to J), that z∗ is in fact a solution to the
restricted problem (13) with b = bij , which by property P2 implies that z∗ = λek for some
λ 6= 0.
According to the discussion at the beginning of Step 1, this means that the solution w∗
to (5) satisfies w∗T Y = λekT X, i.e., the algorithm, when analyzing the vector bij , will add a
multiple of the k-th row of X to the collection S.
This ends the proof of Theorem 1.

3. Proof of Proposition 2
The first tool we will need is the classical Bernstein’s inequality, see e.g., Lemma 2.2.11 in
(van der Vaart and Wellner, 1996).

p
 X
i=1

q


t2
.
2(pv + M t)
√
≤ C( qpv + qM ),



Yi ≥ t ≤ 2 exp −

Yi
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(18)

Lemma 7 (Bernstein’s inequality) Let Y1 , . . . , Yp be independent mean zero random
variables such that for some constants M, v and every integer k ≥ 2, E|Yi |k ≤ k!M k−2 v/2.
Then, for every t > 0,
P

i=1

p
X

As a consequence, for every q ≥ 2,

where C is a universal constant.
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Another (also quite standard) tool we will rely on is the contraction principle for empirical processes due to Talagrand, see Theorem 4.12. in (Ledoux and Talagrand, 1991).

Lemma 8 (Talagrand’s contraction principle) Let F : R+ → R+ be convex and increasing. Let further ϕ : R → R be a 1-Lipschitz function such that ϕ(0) = 0. For every
bounded subset T of Rn , if ε1 , . . . , εn are i.i.d. Rademacher variables, then

i=1

i=1

n
n




X
X
1
EF sup
ϕ(ti )εi ≤ EF sup
t i εi
t∈T 2
t∈T

We can now present the proof of Proposition 2.

i=1

q
1X
εi |xT Zi | .
p

p

Proof of Proposition 2 Let ε1 , . . . , εp be i.i.d. Rademacher variables, independent of the
sequences (Ui ), (χi ). By the symmetrization inequality, see e.g., (Ledoux and Talagrand,
1991, Lemma 6.3.) or (van der Vaart and Wellner, 1996, Lemma 2.31), we have

x∈B1n

EW q ≤ 2q E sup

p

=

q

=

q

i=1

p
X
22q
E sup xT
ε i Zi
pq

x∈B1n

i=1

p
X
22q
E max
εi Zi (j)
pq 1≤j≤n

1X
εi x T Z i
p
∞

q

i=1

i=1

q

(19)

Now, since the function t 7→ |t| is a contraction, an application of Lemma 8 with F (x) = |x|q ,
conditionally on
gives
Zi ,

x∈B1n

i=1

j=1

p
n
q
22q X X
E
εi Zi (j) .
pq

p
X
22q
E
εi Z i
pq

EW q ≤ 22q E sup
=
≤

Now, for every i, j and every integer k ≥ 2 we have

E|Zi (j)|k = θE|Ui (j)|k ≤ θM k k!Ee|Ui (j)|/M ≤ 2k!θM k = k!vM k−2 /2

p
X
i=1

εi Xi (j)

q

≤ Cq

q
p
qpθM + qM ,

with v = 4θM 2 . Thus by the moment version (18) of Bernstein’s inequality for some
universal constant C we get
E

4Ce p
( pθq + q)M.
p

which, when combined with (19), yields for q ≥ log n,
kW kq ≤
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The first part of the proposition follows by adjusting the constant C. The tail bound is
a direct consequence of the Chebyshev inequality for the q-th moment.
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Echo State Networks (ESN) are a class of recurrent neural networks (RNN) designed for performing supervised learning tasks, such as time-series prediction (Jaeger, 2001; Jaeger and
Haas, 2004) or more generally any supervised learning task involving sequences. The ESN
architecture is a special case of the general framework of reservoir computing (Lukoševičius
and Jaeger, 2009). The ESN reservoir is a fixed (generally randomly designed) recurrent
neural network, driven by a (usually time dependent) input. Since the internal connectivity
matrix is not modified during learning, the number of parameters to learn is much smaller
than in a classical RNN setting and the system is as such less prone to overfitting. However,
the prediction performance of ESN often depends significantly on several hyper-parameters
controlling the law of the internal connectivity matrix.
It has in particular been understood that the spectral radius and spectral norm of
the connectivity matrix play a key role on the stability of the network (Jaeger, 2001) and
that the structure of the connectivity matrix may be adapted to trade memory capacities
versus task complexity (Verstraeten et al., 2010; Rodan and Tiňo, 2011; Strauss et al., 2012;
Ozturk et al., 2007). Nonetheless, to date, and to the best of the authors’ knowledge, the
understanding of echo-state networks has progressed mostly through extensive empirical
studies and lacks solid theoretical foundations.

1. Introduction

Keywords: recurrent neural networks; echo state networks; random matrix theory; mean
square error; linear networks

In this article, a study of the mean-square error (MSE) performance of linear echo-state
neural networks is performed, both for training and testing tasks. Considering the realistic
setting of noise present at the network nodes, we derive deterministic equivalents for the
aforementioned MSE in the limit where the number of input data T and network size n
both grow large. Specializing then the network connectivity matrix to specific random
settings, we further obtain simple formulas that provide new insights on the performance
of such networks.
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1. According to Jaeger in (Jaeger, 2005) (specifically in the context of reservoirs with output feedback):
“When you are training an ESN with output feedback from accurate (mathematical, noise-free) training
data, stability of the trained network is often difficult to achieve. A method that works wonders is to
inject noise into the dynamical reservoir update during sampling [. . . ]. It is not clearly understood why
this works.”

Among other results, the main findings of our study are as follows:

At this point, we wish to highlight the specificity of our approach regarding (i) the introduction of noise perturbing the internal dynamics of the reservoir and (ii) the restriction
to linear networks.
The introduction of additive noise in the reservoir is inspired on the one hand by
it being a natural assumption in modelling biological neural networks (Ganguli et al.,
2008; Toyoizumi and Abbott, 2011) and on the other hand by the observation in (Jaeger,
2001) that ESN’s are very sensitive to low variance noise and thus likely unstable in this
regime, a problem successfully cured by internal noise addition (Jaeger, 2005).1 From the
neuro-computational perspective, we shall observe tight connections between the ESN performance and the reservoir information processing capacities discussed in (Ganguli et al.,
2008). As for the artificial neural network viewpoint, it shall be noticed that the internal
noise regularizes the network in a way sharing interesting similarities with the well-known
connection between noise at the network output and Tikhonov regularization (Bishop,
1995). It is, as a matter of fact, already mentioned in (Lukoševičius and Jaeger, 2009,
Section 8.2) that internal noise behaves as a natural regularization option (similar to what
input or output noise would) although this aspect was not deeply investigated. More importantly, while internal noise necessarily leads to random outputs (a not necessarily desirable
feature on the onset), we shall show that all these outputs (almost surely) asymptotically
have the same performance, thus inducing random but equally useful innovation; this we
believe is a more desirable feature than deterministic arbitrary biases in the innovation (see
the comments around Remark 12 in Section 2.2).
As for the choice of studying linear activation functions, rarely considered in the practical side of RNNs, it obviously follows first from a mathematical tractability of the problem
under study. Nonetheless, while being clearly a strong limitation of our study (recall that
the non-linearity is the main driver for the network to perform complex tasks), we believe
it brings sufficient insights (at least as far as memory capabilities and minimal performance
are concerned) and exploitable results when it comes to parametrizing non-linear network
counterparts.

More specifically, we shall consider an n-node ESN trained with an input of size T
2
and
√ shall show that, assuming the internal noise variance η remains large compared to
1/ n, the training and testing performances of the network can be well approximated by
a deterministic quantity which is a function of the training and test data as well as the
connectivity matrix. Under the further assumption that the connectivity matrix is random,
we shall then obtain closed-form formulas of the aforementioned performances for a large
class of connectivity structures. The reach of our study so far only addresses ESN’s with
linear activation functions, a limitation which we anticipate to work around with more
elaborate methods in the future, as discussed in Section 4.

In the present article, we consider linear ESN’s with a general connectivity matrix and
internal network noise. By leveraging tools from the field of random matrix theory, we
shall attempt to provide a first theoretical study of the performance of ESN’s. Beyond the
obvious advantage of exploiting theoretical formulas to select the optimal hyper-parameters,
this mathematical study reveals key quantities that intimately relate the internal network
memory to the input-target relationship, therefore contributing to a better understanding
of short-term memory properties of RNNs.
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1. we retrieve a deterministic implicit expression for the mean-square error (MSE) performance
of training and testing for any fixed connectivity matrix W ∈ Rn×n which, for every given
internal noise variance η 2 > 0, is all the more accurate that the network size n is large
2. the aforementioned expression reveals fundamental quantities which generalize several known
qualitative notions of ESN’s, such as the memory capacity and the Fisher memory curve
(Jaeger, 2001; Ganguli et al., 2008);
3. we obtain more tractable closed-form expressions for the same quantities for simple classes
of random normal and non-normal matrices; these two classes exhibit a strikingly different
asymptotic performance behavior;
4. from the previous analysis, we shall also introduce a novel multi-modal connectivity matrix
that adapts to a wider scope of memory ranges and that is reminiscent to the long short-term
memory ESNs designed in (Xue et al., 2007);
5. an important interplay between memory and internal noise will be shed light on, by which the
questions of noise-induced stability are better understood.
The remainder of the article is organized as follows. In Section 2, we introduce the ESN
model and the associated supervised learning problem and we give our main theoretical
results in Theorems 2 and 9 (technical proofs are deferred to the Appendix). Then, in Section 3, we apply our theoretical results for various choices of specific connectivity matrices
and discuss their consequences in terms of prediction performance. Finally, in Section 4,
we discuss our findings and their limitations.
Notations: In the remainder of the article, uppercase characters will stand for matrices, lowercase for scalars or vectors. The transpose operation will be denoted (·)T . The
multivariate Gaussian distribution of mean µ and covariance C will be denoted N (µ, C).
n,T
The notation V = {Vij }i=1,j=1
denotes
the
matrix with (i, j)-entry Vij (scalar or man
trix), 1 ≤ i ≤ n, 1 ≤ j ≤ T , while {Vi }i=1
is the row-wise concatenation of the Vi ’s and
T
{Vj }j=1
the column-wise concatenation of the Vj ’s. We further introduce the notation
(x)+ ≡ max(x, 0). For random or deterministic matrices Xn and Yn ∈ Rn×n , the notation
Xn ↔ Yn stands for n1 tr An (Xn − Yn ) → 0 and anT (Xn − Yn )bn → 0, almost surely, for
every deterministic matrix An and vectors an , bn having bounded norm (spectral norm for
matrices and Euclidean norm for vectors); for Xn , Yn ∈ R scalar, the notation will simply
mean that Xn −Yn → 0 almost surely. The notation ρ(X) will denote the spectral radius of
matrix X, while kXk will denote its operator norm (and for vectors, kxk is the Euclidean
norm). The symbol δx shall stand for Kronecker’s delta function, i.e., δx (y) = 1 if y = x
(or x is true) and zero otherwise.

2. Main Results
We consider here an echo-state neural network constituted of n nodes, with state xt ∈ Rn at
time instant t, connectivity matrix W 6= 0, and input source sequence . . . , u−1 , u0 , u1 , . . . ∈
R. The state evolution is given by the linear recurrent equation
xt+1 = W xt + mut+1 + ηεt+1

JMLR 17(178):1-35

for all t ∈ Z, in which η > 0 and εt ∼ N (0, In ), while m ∈ Rn is the input-to-network
connectivity.
Our first objective is to understand the training performance of such a network. To
this end, we shall focus on a (training) time window {0, . . . , T − 1} and will denote X =
3
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T −1
j=0

T −1
{xj }j=0
∈ Rn×T as well as A = M U , M ∈ Rn×T , U ∈ RT ×T , where


M ≡ W jm

Xr

r.

2

(3)

(2)

(1)

1
T
U ≡ √ {uj−i }i,j=1 .
T
√
P∞
T −1
With these notations, we especially have X = T (A+Z), where Z = √ηT { k=0 W k εj−k }j=0
.
The matrix A can be seen here as the matrix carrying the information about the input
vector u while Z serves the purpose of regularization noise.
For X to be properly defined (at least almost surely so), we shall impose the following
hypothesis.

Assumption 1 (Spectral Norm) The spectral norm kW k of W satisfies kW k < 1.

Note that this constraint is in general quite strong and it is believed (following the
insights of previous works (Jaeger, 2001)) that for many model choices of W , it can be
lighten to merely requiring that the spectral radius ρ(W ) be smaller than one. Nonetheless,
in the course of the article, we shall often take W to be such that both its spectral norm
and spectral radius coincide.

2.1 Training Performance

−1

The training step consists in teaching the network to obtain a specific output sequence
T −1
T −1
r = {rj }j=0
out of the network, when fed by a corresponding input vector u = {uj }j=0
over
the time window. To this end, unlike conventional neural networks, where W is adapted
to u and r, ESN’s adopt the strategy to solely enforce an output link from the network to
n
a sink (or readout). Letting ω = {ωi }i=1
be the network-to-sink connectivity vector, we
shall consider here that ω is obtained as the (least-square) minimizer of kX T ω − rk2 . When
T > n, we have

ω ≡ XX T

−1

which is almost surely well-defined (since η > 0) or, when T ≤ n,

ω ≡ X X TX

1
r − X Tω
T

The per-input mean-square error in training associated with the couple (u, r) for the ESN
under study is then defined as

Eη (u, r) ≡
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which is identically zero when T ≤ n.
Our first objective is to study precisely the random quantity Eη (u, r) for every given
W and noise variance η 2 in the limit where n → ∞. Our scaling hypotheses are as follows.

Assumption 2 (Random Matrix Regime) The following conditions hold:
1. lim supn n/T < ∞
2. lim supn kAAT k < ∞.

4

1 T
r Q̃γ r.
T

k≥0

P

+

+

W k+(−q) (W k+q )T .2

Rγ =

2. Note that tr(J q B) is merely tr(J q B) =

i=1+q +

PT −q+

5

[Bi,i+q ].
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Remark 3 (On Theorem 2) Theorem 2 is in fact valid under more general assumptions than
in the present setting. In particular, A may be any deterministic matrix satisfying Assumption 2.
However, when A = M U , an important phenomenon arises, which is that A behaves similar to a
low-rank matrix, since, by Assumption 1, only o(n) columns of M have non-vanishing norm. As
such, by a low-rank perturbation argument, it can be shown that the term Q̄γ in the expression of Rγ
¯ in the expression of R̃ can be replaced by γ −1 (I +η 2 R̃ )−1 and γ −1 (I +η 2 R )−1 ,
and the term Q̃
γ
γ
n
γ
T
γ
respectively. As such, Rγ and R̃γ only depend on the matrix W and the parameter η 2 , and are thus
asymptotically independent of the input data matrix U . Note also in passing that, while R̃γ is defined
with a sum over q = −∞ to ∞, this summation is empty for all |q| ≥ T .

with [J q ]ij ≡ δi+q,j and Sq ≡

T


1
tr Si−j Q̄γ
T
i,j=1
∞
X
1  q¯ 
tr J Q̃γ Sq
R̃γ =
T
q=−∞



where Rγ ∈ RT ×T and R̃γ ∈ Rn×n are solutions to the system of equations

Theorem 2 (Deterministic Equivalent) Let Assumptions 1–2 hold. For γ > 0, let also Qγ ≡
( T1 XX T + γIn )−1 and Q̃γ ≡ ( T1 X T X + γIT )−1 . Then, as n → ∞, the following approximations
hold:


−1 T −1
1
1
Qγ ↔ Q̄γ ≡
In + η 2 R̃γ + A IT + η 2 Rγ
A
γ
γ


−1 −1
1
1
¯
Q̃γ ↔ Q̃γ ≡
IT + η 2 Rγ + AT In + η 2 R̃γ
A
γ
γ

Our first technical result provides an asymptotically tight approximation for Q̃γ for
every γ > 0. Recall that, for Xn , Yn ∈ Rn×n , the notation Xn ↔ Yn means that, for every
deterministic and bounded norm matrix An or vector an , bn , n1 tr An (Xn − Yn ) → 0 and
aT
n (Xn − Yn )bn → 0, almost surely.

γ↓0

Eη (u, r) = lim γ

Lemma 1 (Training MSE and resolvent) For γ > 0, let Q̃γ ≡ ( T1 X T X + γIT )−1 . Then we
have, for Eη (u, r) defined as in (3),

In order to evaluate the training mean-square error Eη (u, r) from Lemma 1, one must
extend Theorem 2 uniformly over γ approaching zero. This can be guaranteed under the
following additional assumption.

That is, according to Item 1, we allow n to grow with T . Also, from Item 2, we√essentially
allow ut to be of order O(1) (unless u is sparse and then ut may be as large as O( T )) when
m remains of bounded Euclidean norm. Under this setting, and along with Assumption 1,
1
we shall thus essentially require all neural connections to be of order O(n− 2 ) while all input
and output data (constituents of u and r) shall be in general of order O(1).
For every square symmetric matrix B ∈ Rn×n , a central quantity in random matrix
theory is the resolvent (B − zIn )−1 defined for every z ∈ C \ SB , with SB ⊂ R the support
of the eigenvalues of B. Here, letting z = −γ for some γ > 0, it is particularly convenient
to make the following observation.



δc<1 IT + R +

−1 −1
1 T
A
δ
I
+
R̃
A
c>1
n
η2

−1
1
−1
Q ≡ δc>1 In + R̃ + 2 A (δc<1 IT + R) AT
.
η
Q̃ ≡

∞
X

1
tr J q (δc<1 IT + R)−1 Sq .
T
q=−∞
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It is interesting at this point to discuss the a priori involved expression of Proposition 4
and Corollary 5. Let us concentrate on the interesting c < 1 case. To start with, observe
that R and R̃ are deterministic matrices which only depend on W through the Sq matrices
so that the only dependence of Eη (u, r) on the noise variance η 2 lies explicitly in the
expression of Q̃. Now, making AT R̃−1 A explicit, we have the following telling limiting
expression for Eη (u, r)

n
oT −1 −1
1
1
U
r.
(4)
Eη (u, r) ↔ rT IT + R + 2 U T mT (W i )T R̃−1 W j m
T
η
i,j=0

With these notations, we now have the following result.
√
Corollary 5 (Training MSE for n < T ) Let Assumptions 1–3 hold and let r ∈ RT be of O( T )
Euclidean norm. Then, with Eη (u, r) defined in (3), as n → ∞,

(1/T )rT Q̃r , c < 1
Eη (u, r) ↔
0
, c > 1.

¯ → Q̃.
1. If c < 1, then in the limit γ ↓ 0, η 2 Rγ → R, γ R̃γ → R̃, η 2 Q̄γ → Q, and γ Q̃
γ
¯ → Q̃.
2. If c > 1, then in the limit γ ↓ 0, γRγ → R, η 2 R̃γ → R̃, γ Q̄γ → Q, and η 2 Q̃
γ

Then, with the definitions of Theorem 2, we have the following results.

Subsequently define

R̃ =

Proposition 4 (Small γ limit of Theorem 2) Let Assumptions 1–3 hold. For all large n, define
R and R̃ a pair of solutions of the system



−1 T
1
tr Si−j δc>1 In + R̃
R=c
n
i,j=1

Under Assumption 3, two scenarios must be considered. Either c < 1 or c > 1. In the
former case, we can show that, as γ ↓ 0, Rγ and γ R̃γ have well defined limits. Besides, it
appears that the limit of η 2 Rγ does not depend on η 2 , so that we shall denote R and R̃ the
¯ converge to well
limits of η 2 Rγ and γ R̃γ , as γ ↓ 0, respectively. Similarly, η 2 Q̄γ and γ Q̃
γ
defined limits, denoted respectively Q and Q̃. Symmetrically, for c > 1, as γ ↓ 0, γRγ and
η 2 R̃γ have well-behaved limits which we shall also refer to as R and R̃; similarly, γ Q̄γ and
¯ converge to non trivial limits again denoted Q and Q̃. These results are gathered in
η 2 Q̃
γ
the following proposition.

Assumption 3 (Network size versus training time) As n → ∞, n/T → c ∈ [0, 1) ∪ (1, ∞).
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+

−1
r.

+

τ +1,τ +1
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U

oT −1 −1
1 n T
m (W i )T R̃−1 W j m
η2
i,j=0
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T −1
i,j=0

IT + R +

Recalling that R̃ is a linear combination of the matrices Sq = W (−q) S0 W (q ) , with
P
S0 = k≥0 W k (W k )T , the expression η12 mT (W i )T R̃−1 W j m is strongly reminiscent of the
Fisher memory curve f : N → R of the ESN, introduced in (Ganguli et al., 2008) and defined
by f (k) = η12 mT (W k )T S0−1 W k m. The Fisher memory curve f (k) qualifies the ability of a
k-step behind past input to influence the ESN at present time. Correspondingly, it appears
here that the ability of the ESN to retrieve the desired expression of r from input u is
T −1
importantly related to the matrix { η12 mT (W i )T R̃−1 W j m}i,j=0
. As a matter of fact, for



1 T
1
r IT + 2 U T mT (W i )T S0−1 W j m
T
η

c = 0 (thus for a long training period), note that R = 0 while R̃ = S0 and we then find in
particular

Eη (u, r) ↔

η↓0

n

MC(τ ) ≡ lim lim inf

η2
.
η 2 (1 + R11 ) + mT (W τ )T R̃−1 W τ m

i,j=0

τ +1,τ +1

"

n
oT −1 −1
η 2 (IT + R) + mT (W i )T R̃−1 W j m

r̂ − X̂ T ω

2

#−1

.

In this section, we assume ω ≡ ω(X; u, r) has been obtained as per (1) or (2), depending
on whether c < 1 or c > 1. We now consider the test performance of the ESN that
corresponds to its ability to map an input vector û ∈ RT̂ to an expected output vector
r̂ ∈ RT̂ of duration T̂ in such a way to fulfill the same task that links u to r. For notational
convenience, all test data will be denoted with a hat mark on top.
As opposed to the training mean square error, the testing MSE, defined as

1

T̂
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(5)

If the quantity mT (W τ )T R̃−1 W τ m remains away from zero as n → ∞, then it is allowed here to
say (as opposed to the general case discussed in Remark 6) that Eη (u, r) → 0 as η → 0 and that
η 2 /Eη (u, r) ∼ mT (W τ )T R̃−1 W τ m, where we recover again a generalized form of the Fisher information curve at delay τ . From this discussion and Remark 6, we propose to define
√ network
√ a novel
memory capacity metric MC(τ ), representing the inverse slope of decay of Eη ( T δt , T δt−τ ) for
small η 2 :

Eη (u, r) ↔

In the particular case where, for all i 6= j, Rij = o(1) and mT (W i )T R̃−1 W j m = o(1) (see Section 3.1
for a practical application with random non-normal W ), by a uniform control argument due to the
fast decaying far off-diagonal elements of R and {mT (W i )T R̃−1 W j m}, the training MSE is further
(almost surely) well approximated as

Eη (u, r) ↔

the MSE more random and thus possibly no longer tractable; this means in particular that, for any
two independent runs of the ESN (with different noise realizations), all other parameters being fixed,
the resulting MSE’s might be strikingly different, making the network quite unstable. In practice,
the opposition of the reduced noise variance η 2 and the resurgence of noise effects lead to various
behaviors depending on the task and input data under considerations, ranging from largely increased
MSE fluctuations at low η 2 to reduced fluctuations, through stabilisation of the fluctuations. In some
specific cases discussed later, it might nonetheless be accepted to let η 2 → 0 irrespective of n while
keeping the random matrix approximation valid.
√
√
Remark 7 (Memory capacity revisited) For c < 1, letting uk = T δt and rk = T δt−τ (that
is, all input energy is gathered in a single entry), for some t, τ ∈ N, makes the ESN fill a pure delay
task of τ time-steps. In this case, we find that
#
"

.

Pushing further our discussion on R and R̃, it is interesting to intuit their respective
structures. Observe in particular that Rij depends only on i − j and thus R is a Toeplitz
T
matrix. Besides, since tr B = tr B T for square matrices B, from Si−j
= Sj−i it comes that
Rij = Rji . Also note that, since ρ(W q ) = ρ(W )q decays exponentially as q → ∞, it is
expected that Ri,i+q decays exponentially fast for large q. As a consequence, R is merely
defined by o(n) first entries of its first row.
From the results of (Gray, 2006) on Toeplitz versus circulant matrices, it then appears
that, for every deterministic matrix B, T1 tr BR−1 is well approximated by T1 tr BRc−1 for
Rc a circulant matrix approximation of R. Since circulant matrices are diagonalizable in
a Fourier basis, so are their inverses and then, as far as normalized traces are concerned,
(IT + R)−1 can be seen as approximately Toeplitz with again decaying behavior away from
the main diagonals. Although slightly ambiguous, this approximation still makes it that
the trace T1 tr J q (IT + R)−1 appearing in the expression of R̃, is well approximated by
any value [(IT + R)−1 ]i,i+q for i sufficiently far from 1 and T , and decays to zero as q
grows large. This, and the fact that Sq also decays exponentially fast in norm allows us to
conclude that R̃ can be seen as a decaying weighted sum of o(n) matrices Sq .
As shall be shown in Section 3, for W taken random with sufficient invariance properties, fundamental differences appear in the structure of R and R̃ depending on whether W
is taken normal or not. In particular, for W non-normal with left and right independent
isotropic eigenvectors and m deterministic or random independent of W , R is well approxT −1
imated by a scaled identity matrix and {mT (W i )T R̃−1 W j m}i,j=0
well approximated by a
diagonal matrix with exponential decay along the diagonal.

Remark 7 follows up on recent works, here from an MSE performance perspective, that
establish links between memory capacity metrics and the Fisher memory curve, as in e.g.,
(Tiňo and Rodan, 2013). Practical applications of Corollary 5 to specific matrix models
for W shall be derived in Section 3. Beforehand, we will study the more involved question
of the test MSE performance.

Êη (u, r; û, r̂) ≡

Having a clearer understanding of Corollary 5, a few key remarks are in order.
Remark 6 (On the ESN stability to low noise levels) It is easily seen by differentiation along
η 2 that rT Q̃r is an increasing function of η 2 , thus having a minimum as η 2 ↓ 0. It is thus tempting to
suppose that Eη (u, r) converges to this limit in the noiseless case (i.e., for η 2 = 0). Such a reasoning
is however hazardous and incorrect in most cases. Indeed, Corollary 5 only ensures an appropriate
approximation of E (u, r) for given η > 0 in the limit where n → ∞. Classical random matrix
η
considerations allow one to assert slightly stronger results. In particular, for the approximation of
1
Eη (u, r) to hold, one may allow η 2 to depend on n in such a way that η 2  n− 2 . This indicates
that n must be quite large for the ESN behavior at moderate noise levels to be understood through
the random matrix method. What seems like a defect of the tool on the onset in fact sheds some
1
light on a deeper feature of ESN’s. When η 2 is of the same order of magnitude or smaller than n− 2 ,
Corollary 5 may become invalid due to the resurgence of randomness from · · · , ε−1 , ε0 , ε1 , . . . Precisely, when η 2 gets small and thus the training MSE variance should decay, an opposite effect makes

8

2.2 Test Performance
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7

[B]

9
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Proposition 10 (Small γ limit of Theorem 9) Let Assumptions 1–3 hold and let B ∈ Rn×n be
a deterministic symmetric matrix of bounded spectral norm. For all large n, define G [B] and G̃ [B] a
pair of solutions of the system



−1 h
i
−1 T
1
G [B] = c
tr Si−j δc>1 In + R̃
B + G̃ [B] δc>1 In + R̃
n
i,j=1
∞

X
1  q
[B]
−1 [B]
−1
G̃ =
tr J (δc<1 IT + R) G (δc<1 IT + R)
Sq .
T
q=−∞

With these results at hand, we may then determine limiting approximations of the test
mean-square error under both n < T and n > T regimes. As in Section 2.1, one may
[B]
[B]
observe here that, under Assumption 3 with, say c < 1, η 4 Gγ and G̃γ both have well
defined limits as γ ↓ 0 which we shall subsequently refer to as G [B] and G̃ [B] , respectively,
and the symmetrical result holds for c > 1. Precisely, we have the following result.

where Gγ ∈ RT ×T and G̃γ ∈ Rn×n are solutions to the system of equations

h
i  T
1 
G[B]
tr Si−j Q̄γ B + G̃[B]
Q̄γ
γ =
γ
T
i,j=1
∞


X
q ¯
[B] ¯
[B]
4 2 1
tr J Q̃γ Gγ Q̃γ Sq .
G̃γ =
η γ
T
q=−∞

[B]

1
Qγ √ X ↔ Q̄γ A(In + η 2 Rγ )−1
T
h
i
1 T
¯ + (I + η 2 R )−1 AT Q̄ B + G̃[B] Q̄ A(I + η 2 R )−1
¯ G[B] Q̃
X Qγ BQγ X ↔ η 2 γ 2 Q̃
γ
n
γ
γ
γ γ
γ
n
γ
γ
T

Theorem 9 (Second order deterministic equivalent) Let Assumptions 1–2 hold and let B ∈
Rn×n be a deterministic symmetric matrix of bounded spectral norm. Then, recalling the notations
of Theorem 2, for every γ > 0,

If n < T , Qγ is well-defined in the limit γ ↓ 0, while if instead n ≥ T , then one may observe
that X T Qγ = Q̃γ X T with Q̃γ having well defined limit as γ ↓ 0.
Technically, estimating Ê requires to retrieve, in a similar fashion as for Theorem 2, a
deterministic approximation of quantities of the type Qγ X and X T Qγ BQγ X = Q̃γ X T BX Q̃γ
for B a matrix independent of X. We precisely obtain the following result.

with Êη (u, r; û, r̂) defined in (5).

Lemma 8 (Testing MSE) For γ > 0, Qγ = ( T1 XX T + γIn )−1 , and Q̃γ = ( T1 X T X + γIT )−1 , we
have
1
1 T T
2 T T
Êη (u, r; û, r̂) = lim kr̂k2 +
r X Qγ X̂ X̂ T Qγ Xr −
r̂ X̂ Qγ Xr
γ↓0 T̂
T 2 T̂
T T̂
1
1 T
2 T T
= lim kr̂k2 +
r Q̃γ X T X̂ X̂ T X Q̃γ r −
r̂ X̂ X Q̃γ r
γ↓0 T̂
T 2 T̂
T T̂

−1
where X̂ = {x̂j }T̂j=0
∈ Rn×T̂ is defined by the recurrent equation x̂t+1 = W x̂t + mût+1 +
η ε̂t+1 , with ε̂t ∼ N (0, In ) independent of the εt ’s, does not assume a similar simple form
as the training MSE. We importantly assume here that a sufficiently long washout period
between training and testing is present in the sense that x̂0 is assumed independent of the
xt described in the previous section (see Remark 22 in Appendix A for a discussion on the
results generalization when no washout period is assumed). Under these assumptions, we
merely have the following result.
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[B]

[B]

[B]
Gγ

→G

[B]

E[X̂ X̂ T ] = η 2 S0 + ÂÂT .

2

2

+

−2
1 T T 2
r A η S0 + AAT
Ar.
T

(6)

10

JMLR 17(178):1-35

Remark 12 (Noiseless case) As a follow-up on Remark 6, note that some alternative approaches
to ESN normalization assume instead that η = 0 but that ω is taken to be the regularized least-square
(or ridge-regression) estimator ω = X(X T X + γIT )−1 r with γ > 0. In this case, it is easily seen
that the corresponding mean-square error performance in training is given by E γ (u, r) ≡ γ 2 T1 rT Q̃2γ r,
which is precisely

−2

1
1
T −1
E γ (u, r) = rT IT + U T mT (W i )T W j m i,j=0 U
r.
T
γ

Some remarks are in order to appreciate these results.

−1
1
1
Êη (u, r; û, r̂) ↔ √ ÂT η 2 S0 + AAT
Ar − p r̂
T
T̂

The form of Corollary 11 is more involved than that of Corollary 5 but is nonetheless
quite interpretable. To start with, observe that G and G̃ are again only function of W and
therefore quantify the network connectivity only. Then, note that only the first right-hand
side term of the approximation of Êη (u, r; û, r̂) depends on û and r̂. As such, the quality
of the learned task relies mostly on this term.
If c = 0, for all B, G [B] = 0 and G̃ [B] = 0, so we have here the simplified expression

where G ≡ G [S0 ] and G̃ ≡ G̃ [S0 ] .

1
1
1
√ ÂT QA(δc<1 IT + R)−1 r − p r̂ + rT Q̃G Q̃r
T
η2 T
T̂
h
i
1
+ 2 rT (δc<1 IT + R)−1 AT Q S0 + G̃ QA(δc<1 IT + R)−1 r
η T
Êη (u, r; û, r̂) ↔

T̂
Corollary
p 11 (Test MSE) Let Assumptions 1–4 hold and let r̂ ∈ R be a vector of Euclidean
norm O( T̂ ). Then, as n → ∞, both for c < 1 and c > 1, we have, with the notations of
Propositions 4–10,

Note in passing here that the min(T, T̂ ) first columns of M̂ ∈ Rn×T̂ in the definition of Â
and M ∈ Rn×T in the definition of A are identical. As such, only Û actually particularizes
the data matrix Â.
With this condition, we have the following corollary of Theorem 9.

2. lim supn kÂÂT k < ∞.

1. lim supn n/T̂ < ∞

Assumption 4 (Random Matrix Regime for Test Data) The following conditions hold:

Rather than taking B = η 2 S0 + ÂÂT , which would induce an implicit dependence of G [B]
and G̃ [B] on η 2 , we shall instead split η 2 S0 + ÂÂT into η 2 times S0 and ÂÂT . Noticing
T
then that G [ÂÂ ] is asymptotically the same as G [0] , with 0 the all zero matrix, we may
then obtain an approximation for the test mean square error. Prior to this, we need the
following growth control assumptions.

1
T̂

and G̃γ → G̃ [B] .

Proposition 10 will be exploited on the deterministic matrix

2. If c > 1, then in the limit γ ↓ 0, γ

2

1. If c < 1, then in the limit γ ↓ 0, η 4 Gγ → G [B] and G̃γ → G̃ [B] .

[B]

Then, with the definitions of Theorem 9, we have the following results.

Couillet, Wainrib, Sevi, Tiomoko Ali
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.

+


where we defined D ≡ mT (W i )T S0−1 W j m


and D̂ ≡ mT (W i )T S0−1 W j m

12

T̂ −1,T −1
.
i,j=0
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3. However, sparse connectivity matrices prevail over non sparse ones in the literature, in which case our
claim no longer holds.

Now, it is interesting to particularize the vector m and study its impact on D. It may
be thought that taking m to be one of the dominant eigenvectors of W could drive the

We see here that the matrix D plays a crucial role in the ESN performance. First, from
its Gram structure and the positive definiteness of S0 , D is symmetric and nonnegative
definite. This matrix has an exponential decaying profile down its rows and columns. As
such, the dominating coefficients
of the matrix U T DU lie in its upper-left corner. Recalling
√
T
that the j-th column of T U T is {ui−j }i=1
, U T DU is essentially a linear combination
T
T
of the outer products {ui−j }i=1
({ui−j 0 }i=1
)T for small j, j 0 , that is of combinations of
(outer-products of) short-time delayed versions of the input vector u.
Note that, although we do not provide a rigorous proof of this fact, by the standard
universality property of random matrix results, Corollary 13 is equally valid if W is chosen
to be a matrix with i.i.d. zero mean and variance σ 2 non-necessarily Gaussian entries.
In particular, it extends to the case of (properly recentered) matrices W with Bernoulli
entries of Bernoulli parameter not scaling with n. In the regime under consideration,
the asymptotic performance equivalence suggests that (here non sparse) Bernoulli random
matrices have no particular advantage when compared to Gaussian random matrices, which
is somewhat opposed to what is sometimes suggested in the ESN literature.3

T −1
i,j=0

Corollary 13 (Orthogonally invariant case, c < 1) Let W be random and left and right independently orthogonally invariant. Then, under Assumptions 1–4 and with c < 1, the following hold

−1
1
1
r
Eη (u, r) ↔ (1 − c) rT IT + 2 U T DU
T
η
2

−1
1
1
1
√ Û T D̂U IT + 2 U T DU
Êη (u, r; û, r̂) ↔
r − p r̂
η
η2 T
T̂

−1

−2
1 1 T
1
1
1
r IT + 2 U T DU
r − rT IT + 2 U T DU
r
1−cT
η
T
η

Replacing in the expressions of both Corollaries 5–11, we obtain the further corollary

G̃ [B] ↔

c
IT
R↔
1−c
R̃ ↔ (1 − c)S0
1
c
G [B] ↔
tr(S0−1 B)IT
(1 − c)3 n
c 1
tr(S0−1 B)S0 .
1−cn

Based on the remarks above, we may explicitly solve for R and R̃ to find that, in the large
n limit

3.1.1 Case c < 1

the Toeplitz matrix R defined in Proposition 4 should be diagonal and thus proportional
to the identity matrix.
At this point, we need to differentiate the cases where c < 1 and c > 1.

2

.

It is interesting to parallel this (exact) expression to the approximation (4) in which the noise variance η 2 plays the role of the regularization γ, but (i) where the two additional quantities R and R̃
are present, and (ii) where the power factor of the matrix inverse is 1 in place of 2. As for the
testing performance, we are here comparing Corollary 11 to the noiseless regularized MSE
−1
1
1
Ar − p r̂
E γ (u, r; û, r̂) = √ ÂT γIn + AAT
T
T̂

2

This is again easily paralleled with the first right-hand side term in (6) which, for say c < 1, reads
−1

1
1
√ ÂT η 2 R̃ + A(IT + R)−1 AT
A(IT + R)−1 r − p r̂
T
T̂

Again, it is clear that η 2 plays a similar role as that of γ, and that the matrices R and R̃ capture
the behavior of the in-network noise.
Remark 12 suggests that internal noise plays a similar role to ridge normalization
and that both lead to similar MSE performances. This being said, both regularizations
behave strikingly differently in practice. While ridge-regularization provides a deterministic
network output for given input vector u, internal noise instead induces random independent
outputs for any two feeds of the network by the same vector u. Since all such random
outputs have similar MSE performance (for sufficiently large network sizes), this may be a
preferable choice in practice to avoid deterministic arbitrary mappings.

3. Applications
In this section, we shall further estimate the results of Corollary 5 and Corollary 11 in
specific settings for the network connectivity matrix W and the input weights m. By
leveraging specific properties of certain stochastic models for W (such as invariance by orthogonal matrix product or by normality), the results of Section 2 will be greatly simplified,
by then providing further insights on the network performance.

3.1 Bi-orthogonally invariant W

JMLR 17(178):1-35

We first consider the scenario where W is random with distribution invariant to left- and
right-multiplication by orthogonal matrices, which we refer to as bi-orthogonal invariance.
Precisely, in singular-value decomposition form, we shall write W = U ΩV T , where U , V ,
and Ω are independent and U , V are real Haar distributed (that is, orthogonal with biorthogonally invariant distribution) and shall impose that the eigenvalues of W remain
bounded by σ < 1 for all large n. Two classical √
examples of such a scenario are (i) W is
itself a scaled Haar matrix, in which case Ω = σIn and the eigenvalues of W all have
modulus σ, or (ii) W has independent N (0, σ 2 ) entries, in which case, according to standard
random matrix results, for any ε > 0, the eigenvalues of W have modulus less than σ +ε for
all large n almost surely and W is clearly orthogonally invariant by orthogonal invariance
of the real multivariate Gaussian distribution.
In this scenario, one can exploit the fact (arising for instance from free probability
considerations (Biane, 2003)) that, for all i 6= j fixed, the moments n1 tr W i (W j )T vanish
as n → ∞. In our setting, i and j may however be growing with n, but then the fact
that ρ(W i ) ≤ σ i shall easily ensure an exponential decay of these moments. All in all, in
the large n setting, only the first few moments n1 tr W i (W i )T , i = 1, 2, . . ., do not vanish.
Although the implication is not immediate, this remark leads naturally to the intuition that
11


1
1
lim inf tr W τ (W τ )T S0−1
1−c n n

MC(τ ) =

1 − σ 2 2τ
σ .
1−c

Pk
2τ
1
j=1 cj σj
.
Pk
1 − c j=1 cj (1 − σj2 )−1

13
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A graph of MC(τ ) for k = 3 is depicted in Figure 1, where it clearly appears that the memory curve
follows successively each one of the three modes, giving in particular more weight to short-term past
inputs at first, and then smoothly providing increasingly more importance to longer term past inputs.
This is reminiscent of the long short-term memory framework devised in (Xue et al., 2007).

MC(τ ) =

and in particular, with MC(τ ) defined in Remark 7,

− σj2 )−1

2(i−1)
j=1 cj σj

j=1 cj (1

Dii ↔ Pk

Pk

Remark 15 (Multiple memory modes) Take W to be the block diagonal matrix W = diag(W1 , . . . , Wk )
where, for j = 1, . . . , k, Wj = σj Zj , σj > 0, and Zj ∈ Rnj ×nj is Haar distributed, independent across
j.
P Take then m independent of W with unit norm. Also assume that nj /n → cj > 0 as n → ∞ and
j nj = n. Then we find that

Remark 14 can be extended to design an interesting multiple memory-mode network
as follows.

and in particular

Dii ↔ (1 − σ 2 )σ 2(i−1)

Remark 14 (Haar W and independent m) For W = σZ with Z Haar distributed (orthogonal
and orthogonally invariant) and m independent of Z and of unit norm, D is asymptotically diagonal
and we find precisely

which, for the chosen m, is precisely the Fisher memory curve (Ganguli et al., 2008), up to
the factor 1 − c.

MC(τ ) =

inputs towards interesting memory-capacity levels of W ; this aspect is discussed in (Ganguli
et al., 2008) where it is found that such an m maximizes the integrated Fisher-memory
curve. If such a real eigenvector having eigenvalue close to σ exists, then we would find
that Dij ' σ i+j mT S0−1 m and thus D would essentially be a rank-one matrix. As we shall
discuss below, this would lead to extremely bad MSE performance in general.
If instead m is chosen deterministic or random independent of W with say kmk = 1
(or tending to one) for simplicity, then by the trace lemma (Bai and Silverstein, 2009,
Lemma B.26), one can show that mT (W i )T S0−1 W j m ↔ n1 tr W j (W i )T S0−1 . According to
our earlier discussion, this quantity vanishes for all i 6= j as n → ∞, and thus D would now
essentially be diagonal. Besides, it is clear that tr D ↔ 1 and thus D here plays the role
of affecting a short-term memorization ability, that can be seen as a total load 1, to the
successive delayed versions of u. In particular, from our definition in Remark 7, we have
precisely here
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essentially zero away from the upper left corner and otherwise equal, if r̂ = T̂ Û b̂, for
b̂ ∈ RT̂ having the same first k entries as b and zeroes next, then we find

−1
1
1
1
1
η2
1 1
1 1
Êη (u, r; û, r̂) ↔
(D− 2 b)T 2 D 2 U U T D 2 IT + 2 D 2 U U T D 2
(D− 2 b)
1−c
η
η

−1

−1
1
1
1
1
1
1
1 1
1 1
+ (D− 2 b)T IT + 2 D 2 U U T D 2
D 2 ∆D 2 IT + 2 D 2 U U T D 2
(D− 2 b) (7)
η
η

Since kA(I +A)−1 k ≤ 1 for any symmetric nonnegative definite matrix A, we thus conclude
that, for every η, ε > 0, Eη (u, r) ≤ (1 − c)η 2 bT D−1 b + ε for all large n almost surely. Thus,
for sufficiently large n, Eη (u, r) can be made arbitrarily small in the limit where η → 0
and thus the task can be performed accurately. As for Êη , note that, since D̂ p
and D are

For D positive diagonal with exponential decaying profile, D−1 is extremely ill-conditioned
1
and may only be used with extreme care. However, for k fixed, D− 2 b is well behaved as
1
1
− 12
its norm is bounded by kbkDk−1,k−1 . We may thus write b = D 2 (D− 2 b) to obtain, after
basic algebraic manipulations

−1
1
1
1
1
1 1
1 1
Eη (u, r) ↔ η 2 (1 − c)(D− 2 b)T 2 D 2 U U T D 2 IT + 2 D 2 U U T D 2
(D− 2 b).
η
η

It is next interesting to study Corollary 13 more deeply. Let us first assume that the
task to be performed, both in training and testing, consists in retrieving a mere linear
combination of latest past inputs ut , ut−1 , . . . , ut−(k−1) for k fixed. Then we may write
√
r = T U T b for some vector b ∈ RT with bj = 0 for all j ≥ k. We then have
−1

1
U T b.
Eη (u, r) ↔ (1 − c)bT U IT + 2 U T DU
η

Figure 1: Memory curve for W = diag(W1 , W2 , W3 ), Wj = σj Zj , Zj ∈ Rnj ×nj Haar distributed, σ1 = .99, n1 /n = .01, σ2 = .9, n2 /n = .1, and σ3 = .5, n3 /n = .89. The
matrices Wi+ are defined by Wi+ = σi Zi+ , with Zi+ ∈ Rn×n Haar distributed.
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Schwarz inequality, this quantity, even in the limit η 2 → 0, cannot vanish unless b = d.

Taking as above r =

Coming back to the approximations of Eη and Êη , note now that if D is a rank-one
matrix, then we may write D = ddT for some vector d ∈ RT having exponentially vanishing
entries. In this case, we find, again after standard algebraic calculus, that
!

Expression (8) also provides us an opportunity to open a short parenthesis on the
effect of c on the training and testing MSE. From Corollary 13, it appears that, while Eη
is minimal for c = 1, Êη is minimal for c = 0. The former observation is clear from the fact
that ω is a least-square regressor, but the latter observation is less trivial. As a matter of
fact, note that, even if Û = U and r̂ = r, in the limit of η > 0 fixed and c → 1, Êη becomes
arbitrarily large. The reason for this seemingly counter-intuitive effect (after all, we merely
ask the ESN to reproduce the exact learned sequence) lies in the fact that ω is built upon
the network noise realization during training, while during testing a new noise realization
is produced. As such, training an ESN of size almost equal to T produces dramatic effects
on testing. However, this has the positive effect of strongly reducing over fitting. Of course,
in practical settings, there exists an interplay between η 2 that drives both MSE’s to zero
as η → 0 and c that reduces overfitting as it tends to 1.

As a consequence, the memory task is performed irrespective of the smoothness of u, so that u can be
assumed composed of i.i.d. elements √
(i.e., q = 0). Observe that this leads to the same performance
as the memory task considering u = T δ0 defining the memory capacity in Remark 7. Of course, if
instead q = 1, then the matrix in curly brackets would have unit rank and the previous conclusions
would fail (in this case u is a constant vector).

η

−4
−3
−2
P −5
Figure 2: Optimal σ choice for r =
u b , b = αi−1 with α = −.25, u i.i.d. zero
t
t−i
i
i
i≥0
mean Gaussian, W Haar distributed, n = 200, T = T̂ = 400.
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1

1
Eη (u, r).
(1 − c)2

where ∆ ≡ [Û Û T ]T ×T − U U T , with the operator [X]T ×T extending (or reducing) X to a
T × T matrix by filling it with zeroes (or discarding last rows and columns). Note here
that, for U = Û , ∆ = 0 and we find that
Êη (u, r; u, r) ↔
1

When ∆ 6= 0, observe first that k(IT + η −2 D 2 U U T D 2 )−1 k ≤ 1 and thus Êη (u, r; û, r̂)
1
remains bounded. Now, with a more subtle analysis, note that, since the product BD− 2 b
for any matrix B only concerns the first k columns of B, the behavior of Êη as η → 0
1
1
merely depends on the behavior of the top-left k × k submatrix of (IT + η −2 D 2 U U T D 2 )−1 .
A block matrix inverse then reveals that the second right-hand side term of (7) goes to zero
1
1
as η → 0 provided that the k-th largest eigenvalue of D 2 U U T D 2 remains away from zero
as T → ∞. From the structure of U , we thus conclude that, for Êη to vanish as η → 0,
it is sufficient for the vector u to be sufficiently “diverse” in its constituents (that is, so
that the first columns of U remain linearly independent). An obvious counter-example is
when the sequence . . . , u−1 , u0 , u1 , . . . ∈ R is periodic of period less than k. Note that the
specific choice of û does not alter this behavior.
The discussion above leads to interesting practical considerations that may help improve
the design of an ESN.
Remark 16 (Selecting W based on delayed correlations) Note that, in the aforementioned
formulas, the quantity bT D−1 b with b defined by r = U T b appears as a fundamental quantity bounding
the training and testing MSE. In practical settings where r is not a pure linear combinations of
delayed versions of u, it may nonetheless be useful to obtain an estimate b̂ of the closest approximation
of r by delays of u, in such a way that b̂T D−1 b be small. One may for instance let
b̂ = (U U T + γIT )−1 U r
for some regularization parameter γ ≥ 0 (if needed), and parametrize W so that b̂T D−1 b̂ is minimal.
For instance, if b̂i = αi−1 for some α ∈ (−1, 1), it is easily shown that an optimal choice for
W = σZ with Z Haar is to take σ 2 = |α|. This scenario is illustrated in Figure 2, where the
theoretical approximations for the testing and training normalized MSE are depicted for various
choices of σ 2 . For less obvious values of b̂, a more elaborate multi-memory matrix W , as introduced
in Remark 15, can be used, with proper setting of the parameters ni and σi .

τ +1,τ +1

Remark 17 (Memory Capacity for Stationary Inputs) Let W be orthogonally invariant and
m random, so that D is diagonal in the limit. Further assume the sequence u is an auto-regressive
1
Gaussian process, so that we may write u = C 2 ũ with ũ having independent zero mean unit variance
Gaussian entries and C a Toeplitz covariance matrix with Cab = q |b−a| for some q ∈ [0, 1). Then,
for the τ -delay memory task, i.e., rt = ut−τ with τ fixed, we find that


"

−1 #
o
T −1
p
1−c 
1 np
.
Dii q |i−j| Djj
1−
IT + 2
Dτ +1,τ +1
η
i,j=0
Eη (u, r) ↔ η 2

1−c
+ o(η 2 ).
Dτ +1,τ +1
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Since q < 1, the matrix {q |i−j| }ij has its smallest eigenvalue asymptotically far from zero (see e.g.,
(Gray, 2006) for arguments) so that the right-hand side inner bracket vanishes as η 2 → 0 and we
thus have, for small η 2
η −2 Eη (u, r) ↔

15
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The case c > 1 is slightly more involved as it does not lend itself to a purely explicit
expression. Precisely, following the same steps as for c < 1, we find that in the large n

3.1.2 Case c > 1

Figure 3: Training and testing (normalized) MSE for the Mackey Glass one-step ahead task,
W fixed and defined as in Figure 1, n = 200, T = T̂ = 400 (left) and n = 400,
T = T̂ = 800 (right). Comparison between Monte Carlo simulations (Monte
Carlo), deterministic approximation assuming W fixed (Th. (fixed W )) as per
Corollaries 5 and 11, and assuming W random in the large n limit (Th. (limit))
as per Corollary 13. Error bars indicate one standard deviation of the Monte
Carlo simulations.
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10−5

10−3

10−1

101

As a practical example, we provide in Figure 3 Monte Carlo simulations versus theory
curves of the training and testing performances of networks of n = 200 and n = 400
nodes, for training and testing times T = T̂ = 2n, on the Mackey Glass one-step ahead
anticipation task (Glass and Mackey, 1979). The network is chosen to be the multi-memory
model introduced in Remark 15 and following the description of Figure 1. The NMSE is
defined here as the ratio between the MSE and the output vector squared norm krk2 /T or
kr̂k2 /T̂ . Simulations are run for a single W but different noise realizations and comparison
is made against theory for either this W or its approximated asymptotic limit. Observe the
extremely accurate match between theory and practice, with increasing precision as n, T
grow large.

As such, the ESN will only adequately fulfill a single task, which depends on the network
configuration itself through d. A similar reasoning can be made on Êη revealing the same
shortcomings.
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NMSE

G̃ [B] ↔ c

G [B] ↔ cα2 n

1

tr S0 (αIn + S0 )

c n1

−1
−1
B (αIn + S0 )
IT
−2
2
1−
tr S0 (αIn + S0 )
−1
−1
1
B (αIn + S0 )
n tr S0 (αIn + S0 )
S0
−2
1
2
1 − c n tr S0 (αIn + S0 )

R ↔ αIT
1
S0
α

R̃ ↔

1
−1
tr S0 (αIn + S0 ) .
n

1 T
Tr

1 − c n1 tr S02 (αIT + S0 )

−2

T̂ −1,T −1
,
i,j=0

and

−1
1 1 T
r IT + (cη 2 )−1 U T DU
r
c−1T

−1 r
1
√ − p r̂
T
T̂

2
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Aside from obtaining a shorter form expression for D and D2 , the multi memory model
of Remark 15 does not lead to an explicit formulation as in Remark 19, but it is nonetheless
instructive to observe the performance achieved on the Mackey Glass model from Figure 3,
now in the setting where c > 1. This is depicted here in Figure 4.

where D is diagonal with Dii ≡ (1 − σ 2 )σ 2(i−1) .

+

Êη (u, r; û, r̂) ↔ (cη 2 )−1 Û T D̂U IT + (cη 2 )−1 U T DU

Remark 19 (Haar W , random m for c > 1) Although seemingly less tractable, for W following
a Haar model, Corollary 18 takes a much simpler form. Indeed, for W and m as defined in Remark 14, we find that α = (c − 1)(1 − σ 2 )−1 and S0 = (1 − σ 2 )−1 In which then leads to

Of course here Eη (u, r) = 0.



T −1
where D ≡ mT (W i )T (αIn + S0 )−1 W j m i,j=0 , D̂ ≡ mT (W i )T (αIn + S0 )−1 W j m
 T
T
−1
D2 ≡ m (W i )T (αIn + S0 )−1 S0 (αIn + S0 )−1 W j m i,j=0 .

+

Êη (u, r; û, r̂) ↔ η −2 Û T D̂U IT + η −2 U T DU

−1 r
−1
1
1
√ − p r̂ − rT IT + η −2 U T DU
r
T
T
T̂
−1 

−1
IT + η −2 U T DU
IT + η −2 U T D2 U IT + η −2 U T DU
r

2

Corollary 18 (Orthogonally invariant case, c > 1) Let W be random and left and right inde−1
pendently orthogonally invariant and let α > 0 be the unique solution to 1 = c n1 tr S0 (αIn + S0 ) .
Then, under Assumptions 1–4 and with c > 1, the following holds

With these notations, we have the following counterpart to Corollary 13.

1=c

where α > 0 is the unique solution to the equation

limit
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3.2 Normal W

Z

1
q=−∞ T

P∞

t|a−b| µ(dt)
tr(J q (IT + R)−1 )t|q|

We now turn to the case of normal matrices. Let then W be normal (i.e., diagonalizable
in orthogonal basis) and having an eigenvalue decomposition of the type W = V ΛV T with
V orthogonal and Λ diagonal with largest absolute entry less than one. For simplicity, we
shall further assume
Pthat, as n → ∞, the normalized counting measure of the diagonal
elements of Λ (n−1 i δΛii ) converges in law to a probability measure µ. We do not make
any assumption here on V .
For instance, real Gaussian Wigner matrices W , that is with i.i.d. zero mean variance
1 2
4 σ Gaussian entries on and above the diagonal, and symmetrized below the diagonal,
is an example of such a matrix. In this case, µ corresponds (almost
surely) to the wellp
known semi-circular distribution, with density µ(dλ) = 2(πσ 2 )−1 (σ 2 − λ2 )+ dλ. Another
example is when µ(dλ) = 21 [δσ + δ−σ ]dλ, so that W is the sum of two (σ-scaled) projection
matrices on orthogonal subspaces. In particular here, W 2 = σ 2 In , so that W 2k = σ 2k In
and W 2k+1 = σ 2k W , for all k ≥ 0.
Because of the symmetry property, it is no longer true that n1 tr W i (W j )T = n1 tr W i+j
vanished for i 6= j, and we then obtain more involved results. To keep this discussion short
and since the results take here more involved forms, we shall only deal here with the case
c < 1 and focus on the training performance. In this case, solving Proposition 4 for R and
R̃, we have the following result. As n → ∞, R has a limit (which for simplicity we keep
calling R) which is solution to
Rab = c

JMLR 17(178):1-35

for all a, b ∈ {1, . . . , T }. Remember that R is Toeplitz with fast decaying values off the
diagonal, so that (9) is computationally easy to solve. Similar conclusions can be drawn
on the matrices G [B] and G̃ [B] , that however do not lead to simple expressions.
19

(9)

Figure 4: Testing (normalized) MSE for the Mackey Glass one-step ahead task, W fixed
and defined as in Figure 1, n = 400, T = T̂ = 200. Error bars indicate one
standard deviation of the Monte Carlo simulations.
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Figure 5: Upper 9×9 part of R for c = 1/2 and σ = 0.9 for W with i.i.d. zero mean Gaussian
entries (left) and W Gaussian Wigner (right). Linear grayscale representation
with black being 1 and white being 0.

Remark 20 (Symmetric µ) An interesting scenario is when µ is symmetric, i.e., µ(−t) = µ(t),
which is the case of both aforementioned (Wigner and projection matrix) examples. From (9), we
find in this case that [R]ab is zero if a − b is odd and positive if a − b is even. As such, R, takes
the form of a checkerboard matrix. Figure 5 provides a representation of R in both normal and
non-normal Gaussian W cases.

∞
X
1
−1
tr J q (IT + R)
T
q=−∞

!−1

.

T −1
i,j=0

U

−1

r.

Remark 21 (Projection W ) Let W = V ΛV T with the normalized counting measure of Λ converging to µ(dλ) = 21 [δσ +δ−σ ]dλ and c < 1. Then, Rab ↔ σ |b−a| r0 δ|b−a|∈2N and R̃ ↔ −(1−σ 2 )−1 cr0−1 In
where
r0 = c


n
o
T −1
1 T
r0 (1 − α2 ) T  j+i
r IT + r0 σ |j−i| δ|j−i|∈2N
U σ δ|j−i|∈2N
+
T
η2 c
i,j=0

As a consequence, letting m be random, we find that
Eη (u, r) ↔

T −1
Note in particular that the matrix {σ j+i δ|j−i|∈2N }i,j=0
can be decomposed as the sum of two matrices:
(i) the rank-one matrix vv T with v = (1, 0, α2 , 0, α4 , . . .)T and the diagonal matrix diag(0, α2 , 0, α4 , . . .).
Recalling that rank-one matrices in this position do not allow for efficient training (see the final discussions in Section 3.1, c < 1 case), only the diagonal component diag(0, α2 , 0, α4 , . . .) really matters
here. This diagonal misses half its entries and thus intuitively does not allow for efficient retrieval
of odd past steps. This remark generally prefigures a weaker performance of normal matrices with
symmetric spectrum than their non-normal counterparts.

JMLR 17(178):1-35

The final discussion in Remark 21 motivates a deeper comparative study of the performances of non-normal versus normal connectivity matrices. From (9), we may in particular
evaluate the memory curve (as defined here in Remark 7) for W a Wigner random matrix.
The performance figures are displayed in Table 1, which show a dramatic decay of the memory curve for the Wigner connectivity matrix as compared to an i.i.d. Gaussian non-normal
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In this section, we provide further noticeable results of interest to neural network optimization.

3.3 Further Experiments

An application example in a less artificial context is devised in Figure 7, where, on a
real dataset of daily pollution (PM10) records, we provide the one-day ahead interpolation
performance of neural networks assuming m random i.i.d. and either (i) W with i.i.d.
Gaussian entries or (ii) W Gaussian Wigner. We observe again a better performance
achieved by the ESN with non-normal matrix W which, accordingly with the fact that
ESN’s rely heavily on past input retrieval, is coherent with the previous remark.

Figure 6: Training (left) and testing (right) performance of a τ -delay task for τ ∈ {1, . . . , 4}
compared for i.i.d. W versus Wigner W , σ = .9 and n = 200, T = T̂ = 400 in
both cases (here on the Mackey-Glass dataset).

10

−10

10−7

10−4

10−1

Table 1: Memory curve MC(τ ) for i.i.d. versus Wigner matrices, c = .5.

5.2 ·
2.0 · 10−1
1.0 · 10−1
6.0 · 10−2
3.9 · 10−2

0
1
2
3
4

10−1

i.i.d.

τ

matrix. In Figure 6, a practical scenario of a τ -delay task is depicted comparatively for
Haar versus Wigner matrices (the input data being extracted from Mackey-Glass processes
but the general results hold for any non-trivial input dataset); there we confirm that, for
increasing values of the delay τ , the ESN performance strongly decays for Wigner matrices
as compared to Haar matrices, as predicted by the theoretical results of Table 1.

The Asymptotic Performance of Linear Echo State Neural Networks

NMSE

10

10−4

−2

10−1.8

10−1.6

10−1.4

10−3

10−2

W non-normal

Monte Carlo
Theory (limit)

η2

10−1

100

W normal

Couillet, Wainrib, Sevi, Tiomoko Ali

101



1

1

1

1

η 2 IT + D 2 U U T D 2

−1

1

1

1

D 2 U U T D 2 (D− 2 b)

2

.
1

22

(10)

JMLR 17(178):1-35

In a second experiment, we shall illustrate the “noise resurgence” effect discussed earlier
in Remark 6. In Figure 10, we specifically draw the curves of the testing MSE variances
for various experiments conducted earlier in the article. It is observed, as discussed in
Remark 6 that, somewhat counter-intuitively, smaller η 2 values may lead to increased variances solely due to the in-network noise realization itself (recall that in all our experiments,

From the inequality k(η 2 IT + D 2 U U T D 2 )−1 k ≤ η −2 and the fact that kD− 2 bk remains
bounded, we get that the term (10) can be made arbitrarily small by letting η 2 → ∞.
Therefore, η 2 induces robustness in this scenario. Since η 2 → 0 was shown to be optimal
in the scenario where s2 = 0, there must exist an MSE minimizing choice of η 2 ∈ (0, ∞).

s2

To start with, we consider a scenario where the testing dataset is polluted by an additional impulsive white Gaussian noise arising independently with probability p. This is
depicted in Figure 8 for the Mackey–Glass one-step ahead task. It is observed here that the
in-network noise is valuable in bringing the normalized MSE down to acceptable values. It
is in particular seen that the more the noise impulsion probability the larger the variance
η 2 should be chosen. A particular realization of the noisy Mackey-Glass output is provided
in Figure 9, where it is observed that a visually small noise impulsion in the input vector
drives a large fluctuation of the output for a too small-η 2 ESN.
This phenomenon can be theoretically anticipated in simple settings. Let us consider
the scenario of Section 3.1 with W orthogonally invariant, where r = U T b for a vector
b ∈ RT having only its last T − k entries identically zero for some fixed k; let us now
assume that û = û0 + ê for some noise vector ê made of i.i.d. zero mean and variance s2
entries, and suppose that r̂ = Û0 for {Û0 }ij = [û0 ]i−j . Then, an application of Corollary 13
leads to Êη (u, r, û, r̂) asymptotically equal to (7) plus an additional term given by (after
calculus)

Figure 7: Testing (normalized) MSE for the PM10 one-step ahead task, W i.i.d. Gaussian
or Gaussian Wigner (σ = .9), n = 200, T = T̂ = 400.
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Figure 8: Testing (normalized) MSE for the Mackey-Glass one-step ahead task with 1% or
10% impulsive N (0, .01) noise pollution in test data inputs, W Haar with σ = .9,
n = 400, T = T̂ = 1000. Circles indicate the NMSE theoretical minima. Error
bars indicate one standard deviation of the Monte Carlo simulations.

r̂t

Figure 9: Realization of a 1% N (0, .01)-noisy Mackey-Glass sequence versus network output, W Haar with σ = .9, n = 400, T = T̂ = 1000. In magnifying lenses, points
of added impulsive noise.

the connectivity matrix W and the input-output pairs (u, r) and (û, r̂) are fixed across all
Monte Carlo realizations). It is even more interesting to observe here each of the three
possible behaviors: a “natural” MSE variance decay as η 2 → 0, a surprising MSE increase,
and even an MSE stabilization. Further theoretical analysis to understand those strikingly
different behaviors would be appreciable, which would demand more advanced technical
considerations.
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We complete this section by a last comparative experiment of the performance of the
multi-memory matrix W defined in Remark 15 specialized to the setting of Figure 1 (that
is, with three rates σ1 = .99, σ2 = .9, and σ3 = .5) versus Haar matrices for the different σi
23
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Figure 11: Testing (normalized) MSE for the Mackey Glass one-step ahead task, W (multimemory) versus W1+ = .99Z1+ , W2+ = .9Z2+ , W3+ = .5Z3+ (with Zi+ Haar
distributed) all defined as in Figure 1, n = 400, T = T̂ = 800.

10−3

values, for the Mackey-Glass model. This is depicted in Figure 11, which shows a valuable
performance gain versus ill-chosen individual hypotheses of σ and a rather fair match to
the best individual σ value.

Figure 10: Standard deviation of testing NMSE for different testbeds (exemplifying the
resurgence of noise effect). MG in legend stands for Mackey–Glass. In all scenarios, n = 200, T = T̂ = 400.
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One frustrating aspect of the work nonetheless remains that, for low noise variances
(typically of practical interest), our analysis leads to large mismatches when the network
size is kept moderate. This is observed in Figure 3 in particular. There is as such no
theoretical control of this regime. This being said, in some scenarios where the limiting
singularity at zero noise can be avoided, we showed an accurate fit of our theoretical
findings at all noise levels. But the main limitation of the analysis so far lies in its dealing
with linear activation functions only. In a currently on-going study, using more advanced
notions of random matrix theory, the authors have managed to overcome the non-linearity
limitation in retrieving deterministic approximations for the mean-square error performance
of a single-layer feedforward neural network with random input layer (sometimes referred

Beyond their theoretical value, note also that the results of this article may be used
in practice to anticipate the behavior of ESN’s on real-life datasets, thereby saving one
from the painstaking task of running long Monte Carlo simulations. For instance, one
may consider retrieving the theoretical MSE outputs corresponding to successive sequences
of training and testing inputs so to better tune the ESN parameters. This is all the
more precious that the network size and time windows are large since then the formulas
of, say Corollary 13, can be retrieved extremely fast. In practice, for random networks,
results such as Corollary 13 can be evaluated at a computational cost of O(T 2 ) operations
with minimal optimization (one may exploit the Toeplitz structure in U to further improve
computations), when each run of a Monte Carlo simulation requires a prior evaluation of the
successive products W xt , t = 1, . . . , T − 1, to evaluate X, prior to evaluating (XX T )−1 Xr;
the latter amounts to a total minimum cost of O(RT n2 ) with R the number of Monte Carlo
iterations.

One of the main outcomes of the present study is a better understanding of the ESN instability to low internal noise variance described by Jaeger in (Jaeger, 2001). We made it
clear here that, when the noise variance is sufficiently large compared to the inverse square
root of the network size, the ESN tends to have a deterministic behavior (that is, independent of the noise realization) as both time and network size grow large. This deterministic
behavior was characterized here through new results from random matrix theory, with the
main consequences to ESN’s being encapsulated in Corollary 5 and Corollary 11. When the
noise variance is however too small, random matrix theory cannot guarantee in general the
aforementioned deterministic network behavior in the large system asymptotic. Although
difficult to read, the asymptotic performances revolve around a critical matrix that contains the exponential memory decay information and may be use to generalize Ganguli’s
notion of memory curve (see Remark 7). This generalized memory curve draws improved
conclusions on the ESN performance (with sometimes opposite outcomes as compared to
the conclusions drawn upon the former memory curve notion).
In the particular case of some standard random matrix models for the neural connectivity matrix, we further simplified the rather involved generic expressions from Corollary 5
and Corollary 11. Of particular interest is the case of bi-orthogonally invariant random
connectivity matrices for which the mean square error performances of learning and testing
take on the explicit expressions of Corollary 13 or Corollary 18 from which much can be
inferred. Among other results, we understood the importance of random input weights for
the network performance as compared to input weights that match the leading eigenvectors
of the connectivity matrix and we made it clear that the ESN testing performance is asymptotically optimal for arbitrary low noise variances when the task to fulfill is a mere linear
combination of the last few past inputs. In additional experiments, we also understood the
role of a non-trivial noise level as a robustness-to-outliers enhancer.

4. Concluding Remarks
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with m of bounded norm and . . . , u−1 , u0 , u1 , . . . ∈ R some time series. We addition1
−1
−1
ally denote A = M U where M = {W j m}Tj=0
and U = T − 2 {uj−i }Ti,j=0
. Also, let
1 P
T
−1
Z = ηT − 2 { k≥0 W k εj−k }j=0 the concatenated noise vectors, with εi ∼ N (0, In ). With
√
these notations and normalization, we have X = T (A + Z), where A and Z are expected
to have operator norm of order O(1) with respect to n, T → ∞ as per Assumption 3 and
thus so should T1 XX T .
For γ > 0, denoting Qγ = ( T1 XX T +γIn )−1 , our objective is to obtain an approximation
of Qγ in the sense of the equivalence ↔ using the so-called Gaussian method introduced
by Pastur in (Pastur and Ŝerbina, 2011). This method consists in two ingredients: (i) an
integration by parts formula for Gaussian random variables (also called Stein’s lemma) that
stipulates that, for x ∼ N (0, 1) and a polynomially bounded differentiable f , E[xf (x)] =

xt+1 = W xt + mut+1 + ηεt+1

With the result at hand, we are ready to tackle the proof of Theorem 2. In the present
section, W is considered a deterministic matrix with operator norm less than unity. We
−1
recall that X = {xj }Tj=0
∈ Rn×T , for the infinite time series . . . , x−1 , x0 , x1 , . . . ∈ Rn ,
defined recursively through

Before delving into the proof of Theorem 2, let us first prove Lemma 1 which provides
the expression of interest for Eη (u, r) exploited in Theorem 2. The result is clearly valid
when n/T > 1 as X T X is almost surely non singular. Thus, only the scenario where
n/T < 1 is of interest. Expanding the expression of ω, first observe that Eη (u, r) =
1 T
1
T
2
T
T −1
X)2 r and that (IT − X T (XX T )−1 X)2 = IT −
T kr − X ωk = T r (IT − X (XX )
X T (XX T )−1 X. Introducing γT > 0, Eη (u, r) = limγ↓0 T1 rT (IT − X T (XX T + γT In )−1 X)r.
Now, using the identities (AB+I)−1 A = A(BA+I)−1 and A(A+bI)−1 = I −b(A+bI)−1 for
matrices A, B and scalar b, this is Eη (u, r) = limγ↓0 T1 rT (IT − X T X(X T X + γT IT )−1 )r =
limγ↓0 T1 γT rT (X T X + γT IT )−1 r, from which Lemma 1 follows.

The present and next sections are dedicated to the proofs of the main results Theorems 2–9
of the article. The proofs rely on now well-established tools from random matrix theory,
with an additional specificity due to the “infinitely long” time dependence between the
columns of the random matrices involved; however, as the time dependence is effectively
short (of order o(T α ) for any α > 0), these matrices can be handled as if dependence
was among only a few next and previous columns. We shall not deeply elaborate on all
technical arguments for the sake of readability and concision. The reader more interested
in the proof techniques and in more advanced time dependence considerations may refer
to (Pastur and Ŝerbina, 2011; Hachem et al., 2008) on the Gaussian methods and (Banna
and Merlevede, 2013) for stationary processes in random matrix theory.

Appendix A. Proof of Theorem 2
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k≥0

+

−q
−1 TX
X TX

k≥0 q=−k l=1

− η2

E[[Z(Z + A)T Q]ij ] = η 2

k≥0 q=−k l=1

T

−q + 
−1 TX
X TX
1

k≥0

E

+

−q
−1 TX
X TX

k≥0 q=−k l=1

E

[1]



i
 k

1h T
[2]
A (Z + A)Q̃
W (W k+q )T Q ij + E[ζij ]
T
l,q+l

E

E



 k
 1
[1]
[2]
W (W k+q )T Q ij Q̃l,q+l + E[ζij + ζij ].
T



1
[3]
tr(W k (W k+q )T Q)[(Z + A)T Q]q+i,j + E[ζij ]
T



1
tr(W k (W k+q )T Q)Ail [(Z + A)T Q]q+l,j + E[[Aζ [3] ]ij ]
T

(15)

(14)



 k
 1
[1]
[2]
W (W k+q )T Q ij [In − γ Q̃]l,q+l + E[ζij + ζij ].
T

+

−q
−1 TX
X TX

k≥0 q=−k l=1

+

−q
−1 TX
X TX

k≥0 q=−k l=1

+

−q
−1 TX
X TX

k≥0 q=−k l=1

tr(W k (W k+q )T Q) − E
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1
tr(W k (W k+q )T Q) Ail [(Z + A)T Q]q+l,j ↔ 0
T

and we of course still have Aζ [3] ↔ 0.
We must discuss at this point the next key idea of the Gaussian method. In term (III),
the right-hand side expectation is taken over the product of the trace T1 tr(W k (W k+q )T Q)
and of the quantity Ail [(Z+A)T Q]q+l,j . Writing T1 tr(W k (W k+q )T Q) = E[ T1 tr(W k (W k+q )T Q)]+
( T1 tr(W k (W k+q )T Q) − E[ T1 tr(W k (W k+q )T Q)]), it can be shown, using Cauchy–Schwarz
and the Nash–Poicaré inequalities (Pastur and Ŝerbina, 2011), along with the Borel–Cantelli
lemma (Billingsley, 1995), that

E[[AZ T Q]ij ] = −η 2

with ζ [3] ↔ 0 from which immediately we get

E[[Z T Q]ij ] = −η 2

Moving to term (III) in (11), since A is deterministic, we first find the interesting expression

E[[Z(Z + A)T Q]ij ] = η 2 γ

Since [In ]l,q+l = δq=0 , the first right-hand side term cancels with the part of the second
term involved with matrix T1 In , and we find

E

where again we can show that ζ [2] ↔ 0. Summing the approximations for (I) and (II),
from the resolvent identity (Z + A)T (Z + A)Q̃ = In − γ Q̃, we find
X h
 i
E W k (W k )T Q ij

E[[ZAT Q]ij ] = −η 2

where we defined Q̃ = Q̃γ = ( T1 X T X + γIn )−1 and where the term ζij arises from the
development of the aforementioned second term in the parentheses of (13) and can be
shown to satisfy ζ [1] ↔ 0. Similarly, addressing the term (II) in (11), we find

k≥0 q=−k l=1



−1 T −q +
X TX
X


1
[1]
− η2
E W k (W k+q )T Q ij [Z T (Z + A)Q̃]l,q+l + E[ζij ]
T

h
 i
W k (W k )T Q ij
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(IV )

E
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(III)

X

Substituting the derivatives by the forms (12) and (13), we obtain after full development
and simplifications

(II)

(13)

E[[ZZ T Q]ij ] = η 2

E[f 0 (x)], and (ii) concentration inequalities or moment based bounds (such as the Nash–
Poincaré inequality) to control small terms. The idea here is to expand terms of the
type E[[εi ]j [Qγ ]kl ] using the Gaussian integration by parts formula in order to retrieve an
implicit but deterministic expression for Qγ , up to small random terms. Then, thanks to
concentration or moment bounds, the aforementioned small terms are shown to vanish at
a sufficient speed to ensure almost sure convergence of Qγ to the deterministic solution of
the implicit equation in the sense of the equivalence ↔.

(I)



E [εo,l−k Zm,l Qmj ] W k io

E

(12)

We start by noticing that Qγ = γ1 In − γ1 T1 XX T Qγ , a relation often referred to as the
resolvent identity. This allows one to write E[Qγ ] as a function of E[XX T Qγ ] which lends
itself to the integration by parts approach since X is a linear function of the Gaussian
variables [εi ]j .
In what follows, for readability, we shall denote Q = Qγ (and thus Qij = [Qγ ]ij ) and
εij = [εi ]j . Then we have

1
1
E[[ZZ T Q]ij ] + E[[ZAT Q]ij ] + E[[AZ T Q]ij ] + E[[AAT Q]ij ] .
= δij −
(11)
γ
γ |
{z
} |
{z
} |
{z
} |
{z
}

E[Qij ]

n
η XX k
[W ]ap εp,b−k
Zab = √
T

n
η XX
=√
δpi δl,b−k [W k ]ap .
T k≥0 p=1

k≥0 p=1

Each of the
P four braced terms needs be treated independently. Note first that term (IV )
is simply k [AAT ]ik E[Qkj ] and is thus treated similar to E[Qij ] itself. It then remains to
handle terms (I)–(III). Before handling each term, let us first introduce a few elementary
results of constant use in what follows. First, by a mere development, we have

from which
∂Zab
∂εil

Expanding X in the expression of Q and using ∂Q = −Q(∂Q−1 )Q, we then find
n




 
 
η X
∂Qmj
= −√
δl≤p [Q(Z + A)]mp (W p−l )T Q ij + (Z + A)T Q pj QW p−l mi .
∂εil
T p=1

l=1 m=1 o=1 k≥0
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T X
n X
n X 
X
 k
∂Qmj
∂Zm,k
Qmj + E
Zml
W io .
∂εo,l−k
∂εo,l−k

l=1 m=1 o=1 k≥0

T X
n X
n X
X

It is important at this point to bring some insight from random matrix theory. If εil
were a complex rather than real standard Gaussian random variable, the second term in
the right-hand side parenthesis would not have appeared. Since first order deterministic
equivalents (which is what we are proceeding to here) are usually valid irrespective of the
i.i.d. distribution (real or complex) of the εil ’s, it is expected that this second term will
lead to vanishing terms in what follows.
With these preliminary results and this remark in mind, we can tackle the calculus of
terms (I)–(III) from (11). Let us first focus on term (I). Developing E[[ZZ T Q]ij ] as a
function of the εkl ’s and applying the Gaussian integration-by-parts formula, we find
E[[ZZ T Q]ij ] = η

=η

27

k≥0 q=−k

−1
X TX

E



ij




1
tr(W k (W k+q )T Q) E [J q AT Q]i,j + o(1)
T

q=−∞

1
tr(J q Q̃)Sq Q.
T

k≥0 q=−k
∞
X

−1
X TX
1
tr(J q Q̃)W k (W k+q )T Q
T

29
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¯ − η 2 A(I + η 2 R̄)−1 R̄AT Q + AAT Q.
(Z + A)(Z + A)T Q ↔ −η 2 γ R̃
T

¯ = P∞
1
q
T
We may then define R̃
q=−∞ E[ T tr(J Q̃)Sq ]. Added to (17) and AA Q, this is

= η2 γ

Z(Z + A)T Q ↔ η 2 γ

Similarly, recalling (14), we have

From the definition of the equivalence relation ↔, this entails
−1
AZ T Q ↔ −η 2 A IT + η 2 R̄
R̄AT Q.

Denoting R̄ = E[{ T1 tr(Sa−b Q)}Ta,b=1 ] and using concentration arguments (Nash–Poincaré
inequality in particular) entails
−1
Z T Q ↔ −η 2 IT + η 2 R̄
R̄AT Q.
(16)

−1
 T
X TX
X 1 

+
+
1
tr W k (W k+q )T Q J q =
tr W k+(b−a) (W k+(a−b) )T Q
T
T
a,b=1
k≥0 q=−k
k≥0

T
1
=
tr (Sa−b Q)
.
T
a,b=1

where we used [B]q+i,j = [J q B]i,j . Remark now that

= −η 2

k≥0 q=−k

1
γ


−1
¯ + 1 A(I + η 2 R̄)−1 AT
In + η 2 R̃
.
T
γ

1
γ


IT + η 2 R̄ +

1 T
¯ −1 AT
A (In + η 2 R̃)
γ

−1

.

(19)

(18)
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4. A typical counter-example is the case of Z ∈ Rn×T with i.i.d. zero mean and unit variance entries for
which [ T1 ZZ T ]ab → δa−b uniformly over a, b while clearly ( T1 ZZ T + γIn )−1 6↔ (1 + γ)−1 IT .

and this relation is shown to be uniform across a, b, as it involves only O(log(T )) non-trivial
¯ + 1 A(I + η 2 R̄)−1 AT )−1 }T
1
tr Sa−b (In + η 2 R̃
coefficients. To freely identify R̄ with { γT
T
a,b=1 ,
γ
one may ensure that the difference between both matrices vanishes in spectral norm almost
surely (here the relation ↔ may not be enough).4 Here the result holds true because both
{ T1 tr(Sa−b Q)}Ta,b=1 and R̄ are Toeplitz matrices with exponentially decaying coefficients
away from the main diagonal. Hence, we may essentially see each matrix as the sum of a
circulant matrix and of a matrix with O(log(T )) non-vanishing upper-right and lower-left
entries (see (Gray, 2006) for such a construction). Circulant matrices being diagonalizable
in the Fourier basis with eigenvalues equal to the Fourier transform of the concatenated first
column and row, that the difference in spectral norm vanishes boils down to the convergence
of the difference between these Fourier transforms, which is easily obtained through the
joint entry convergence and exponential decrease. As for the remaining corner entries,
being of log(T ) number, we deal here with the difference in spectral norm of small rank
matrices, which is obtained by direct uniform convergence. As such, generally speaking,
if the entries of a Toeplitz matrix with exponentially vanishing profile converge jointly to
given limits, then the limiting Toeplitz matrix is equivalent in the spectral norm sense.
¯ with P 1 tr(J q (I + η 2 R̄ + 1 AT (I + η 2 R̃)
¯ −1 AT )−1 )S , we
Similarly, to identify R̃
T
n
q
q γT
γ
need to show the spectral norm difference of these matrices vanishes almost surely. This
is here obtained from the uniform convergence across the O(log(T )) first trace coefficients
(say for all |q| ≤ C log(T )) and from the corresponding exponentially vanishing spectral
norm of Sq .
¯ as in Theorem 2 and the results
All said, we may then define Rγ , R̄γ , Q̄γ , and Q̃
γ
¯ .
above ensure that Qγ ↔ Q̄γ and Q̃γ ↔ Q̃
γ


−1
1
11
¯ + 1 A(I + η 2 R̄)−1 AT
tr(Sa−b Q) ↔
tr Sa−b In + η 2 R̃
T
T
γT
γ

˜ are non explicit quantities that depend on the
At this point, however, both R̄ and R̄
statistics of Q and Q̃. From (18), we get that, for each a, b,

Q̃ ↔

To pursue our investigation, we need to proceed to the same development for the matrix
¯ The idea is to express Q̃ under a form involving
Q̃ which appears in the definition of R̃.
Q itself, then closing the loop. The analysis is extremely similar to that of Q and it is not
surprising (from the symmetry between Q and Q̃) to finally obtain

Q↔

which, after gathering the factors of Q together, finally gives the first identity

1
¯ − 1 A(I + η 2 R̄)−1 AT Q.
In − η 2 R̃Q
T
γ
γ

With AAT = A(IT + η 2 R̄)−1 (IT + η R̄)AT and (Z + A)(Z + A)T Q = In − γQ, this further
reads

which unfolds from T1 tr(W k (W k+q )T Q) concentrating around its mean in the large n, T
regime, a standard result of random matrix theory. The main non-classical difficulty in
showing this result lies here in the fact that the summation over up to T values of the
dummy variable q involves both terms in and outside the bracket. Nonetheless, since
ρ(W ) < 1, kW q k vanishes at exponential speed and thus only O(log(T )) values of q are
effectively playing a role. The aforementioned Nash–Poicaré inequality argument ensures
a control of the residual terms with a O(1/T 2 ) variance for each q-summand which can
then be summed over the non-trivial values of q to bring a total variance bounded by
O(log(T )/T 2 ), which is summable, and then allows for Borel–Cantelli to be applied.
The same reasoning applies to the main expectation in the expression of (I) + (II),
PT −q+
where here the term that concentrates around its mean is T1 l=1 Q̃l,q+l , which is more
1
q
easily seen as T tr(J Q̃).
The relation (15) in itself is quite instructive. Indeed, with the previous remark on the
concentration of T1 tr(W k (W k+q )T Q), we may break the right-hand expectation as well as
the term (Z + A)T Q into Z T Q + AT Q to retrieve a connection between left- and right-hand
sides. Precisely, we find that





−1
X TX



1
IT + η 2
tr W k W k+q )T Q J q  E X T Q 
E
T
Q↔
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k=0

k=0

T −1−|q|
+
+
1  q¯  X
tr J Q̃γ
W k+(−q) (W k+q )T .
T

T


max(i,j)−1
X
+
+
1
tr W k+(j−i) (W k+(i−j) )T Q̄γ

T

T
−1
X

q=−(T −1)

i,j=1

Remark 22 (Result without washout period) Theorem 2 assumes an infinite noise time series (. . . , ε−1 , ε0 , ε1 , . . .). One might have alternatively considered a scenario without washout period,
that is, with x−1 = 0 and first time instant being t = 0. In this case, Theorem 2 remains valid but
for the following updated expressions of Rγ and R̃γ

Rγ =

R̃γ =

(II)

(III)

(IV )

0

η 2 E [εp,i−q εp0 ,l−q0 Qmj Qkm0 ] [W q ]mp [W q ]m0 p0

(20)

In particular, Rγ is no longer Toeplitz. Nonetheless the non-Toeplitz behavior is essentially concentrated in the top-left corner of size O(log(T )) since the remainder of the matrix behaves essentially
as Toeplitz (for i, j ≥ C log(T ) for some large enough constant C). This modification may alter the
behavior of the associated train and test MSE, especially if r and r̂ concentrate their energy in their
first entries.

Appendix B. Proof of Theorem 9
The first part of Theorem 9 is directly obtained from (16) along with Qγ ↔ Q̄γ . Indeed,
from these relations, we have
1
Qγ √ X = Qγ Z + Qγ A ↔ −η 2 Q̄γ ARγ (IT + η 2 Rγ )−1 + Q̄γ A
T
= Q̄γ A(IT + η 2 Rγ )−1 .
The proof of the second part of Theorem 9 is not as straightforward as it involves twice
the matrix Qγ and thus results from Theorem 2 cannot be immediately applied. To handle
this term, first write

(I)

1 T
X Qγ BQγ X = Z T Qγ BQγ Z + Z T Qγ BQγ A + AT Qγ BQγ Z + AT Qγ BQγ A .
T
{z
} |
{z
} |
{z
} |
{z
}
|

X

m,m0 ,p,p0 =1 q,q 0 ≥0
n
X

n
X

Since B is assumed symmetric, (III) is the transposed version of (II), so that only one of
the two needs be studied.
Similar to Appendix A, we shall from now on simply write Qγ as Q, Q̃γ as Q̃, etc.
We start by addressing term (I). We use again the Gaussian tools centered around the
Gaussian integration by parts formula. We shall also benefit from the results of Theorem 2.
Since B is deterministic, it needs not be included early in calculations so we merely start
by evaluating, for given indices i, j, k, l,


E [Z T Q]ij [QZ]kl =
=



X
0
∂(εp,i−q Qmj Qkm0 )
η2 E
[W q ]mp [W q ]m0 p0
∂εp0 ,l−q0
m,m0 ,p,p0 =1 q,q 0 ≥0
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where the second line follows from the Gaussian integration-by-parts formula. Developing the derivative based on (13) and on the fact that ∂εab /∂εcd = δac δbd , we get after
31

− η3
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X

[1]

T
X

q,q 0 ≥0 s=l−q 0

+ E[ζijkl ]

E



+
+
1 
tr BQW k+(j−i) (W k+(i−j) )T Q .
T

(21)



T
X X
0
0
1
1
− η3
E [ √ εT (W q )T Q(Z + A)]i−q,s [QW q (W q +s−l )T Q]kj
T
T
q,q 0 ≥0 s=l−q 0


0
0
1
1
E [ √ εT (W q )T Q]i−q,j [Q(Z + A)]k,s tr(W q (W q +s−l )T Q)
T
T

q,q ≥0

simplification

X 1


0
E [Z T Q]ij [QZ]kl = η 2
E
[QW q (W q )T Q]jk δi−q,l−q0
T
0

[1]

for some ζijkl ↔ 0 (arising from terms consistent with the remark following (13) in Apn,T
. Inserting Bjk , summing over j and k, we obtain after
pendix A) and where ε = {εij }ij=1
simplifications






E [Z T QBQZ]il = η 2 Ḡil − η 2 E [Z T Q(Z + A)Ḡ]il − η 2 E [Z T QBQ(Z + A)R̄]il + o(1)
X

k≥0

where R̄ was introduced in Appendix A and we defined Ḡ the matrix with

Ḡij =

Gathering the terms in Z T QBQZ together along with concentration arguments, we finally
obtain

(22)

Z T QBQZ ↔ η 2 Ḡ(IT + η 2 R̄)−1 − η 2 Z T Q(Z + A)Ḡ(IT + η 2 R̄)−1 − η 2 Z T QBQAR̄(IT + η 2 R̄)−1 .

In the right-hand side formulation, the second term can be approximated from the results
of Theorem 2 as well as the first part of Theorem 9; indeed, note from (Z + A)T Q(Z + A) =
Q̃(Z + A)T (Z + A) = IT − γ Q̃ that Z T Q(Z + A) = IT − γ Q̃ − AT Q(Z + A), so that

− η 2 Z T QBQAR̄(IT + η 2 R̄)−1 .

¯ Ḡ(I + η 2 R̄)−1 + η 2 AT Q̄A(I + η 2 R̄)−1 Ḡ(I + η 2 R̄)−1
Z T QBQZ ↔ η 2 γ Q̃
T
T
T

QBQZ ↔ −η 2 Q(Z + A)Ḡ − η 2 QBQ(Z + A)R̄

In this expression, the last right-hand side term still involves Z T QBQA, yet to be characterized. This is the objective of the next step, which coincides with the study of the term
(II) in (20).
Following the derivation of term (I), terms (II) and (III) are easily obtained (indeed,
they somewhat boil down to (21) without the first right-hand side term and without the
components εT (W q )T in the subsequent terms). Precisely, all calculus made, we find that

from which

QBQZ ↔ −η 2 Q(Z + A)Ḡ(IT + η 2 R̄)−1 − η 2 QBQAR̄(IT + η 2 R̄)−1 .

Again, the first right-hand side term is easily expressed by Theorem 2 and the first result
of Theorem 9, from which

(23)
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QBQZ ↔ −η 2 Q̄A(IT + η 2 R̄)−1 Ḡ(IT + η 2 R̄)−1 − η 2 QBQAR̄(IT + η 2 R̄)−1 .

32

1
δij E[Qkl ].
γ

33

(24)
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It then suffices to use concentration identities and the results of Appendix A to finally
¯ with R̃, and Ḡ, G̃
¯ with G and G̃, respectively. This concludes the
substitute R̄ with R, R̃
proof of Theorem 9.

k≥0

∞


¯ ḠQ̃
¯ X W k+(−q)+ (W k+q+ )T → 0.
¯ − X γ 2 η 4 1 tr J q Q̃
G̃
T
q=−∞

¯ For
It remains to evaluate E[ T1 tr(J q (A + Z)T QBQ(Z + A))] in the expression of G̃.
this, we shall exploit the fact that A = M U which, since M has columns of exponentially
decreasing norm, can be considered as a matrix of rank “essentially of order O(log(T ))”;
that is, while being full rank, A can be well approximated in spectral norm by the product
M̌ Ǔ of the first O(log(T )) columns M̌ of M and first O(log(T )) rows Ǔ of U . This entails
that, in the deterministic approximation for (A + Z)T QBQ(Z + A), only the terms not
involving a product with A or AT will remain after taking the normalized trace. And thus
we get, after development and simplification

1 T
¯ Q̄A(I + η 2 R̄)−1 .
¯ ḠQ̃
¯ + (I + η 2 R̄)−1 AT Q̄[B + G̃]
X QBQX ↔ η 2 γ 2 Q̃
T
T
T

Substituting (24) in (23), then substituting the result in (22), we may now completely
characterize T1 X T QBQX (after simplification) as

¯ Q̄ + η 2 Q̄A(I + η 2 R̄)−1 Ḡ(I + η 2 R̄)−1 AT Q̄.
QBQ ↔ Q̄(B + G̃)
T
T

Gathering all terms proportional to QBQ, we finally obtain

k≥0

where we introduced the notation


∞
¯ = X η 2 E 1 tr J q (A + Z)T QBQ(Z + A) X W k+(−q)+ (W k+q+ )T .
G̃
T
q=−∞

QBQ ↔

η2
1
B Q̄ + A(IT + η 2 R̄)−1 Ḡ(IT + η 2 R̄)−1 AT Q̄
γ
γ
1
1¯
2¯
− η R̃QBQ + G̃
Q̄ − A(IT + η 2 R̄)−1 AT QBQ
γ
γ

The deterministic equivalent for E[Qkl ] is already known, and we are then left to evaluate
the first four terms, some of which can be retrieved from previous calculus. Developing
each term, integrating the previously developed equivalents, while introducing the matrix
B and summing, after some tedious calculus, we finally obtain

+


1
E[[Z T ZQ]ij Qkl ] + E[[ZAT Q]ij Qkl ] + E[[AZ T Q]ij Qkl ] + E[[AAT Q]ij Qkl ]
γ
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We say that a sequence of random variables (Xn )∞
n=1 converges almost surely to random
variable X, written Xn → X a.s., if P[limn→∞ Xn = X] = 1. We say a sequence of events
(An )∞
n=1 occurs almost always almost surely (abbreviated a.a.a.s.) if with probability 1,

1.1 Notation

In this paper, we develop the notion of a consistent vertex nomination scheme (Definition 2). We then proceed to prove that the maximum-likelihood vertex nomination scheme
of Fishkind et al. (2015) is consistent under mild model assumptions on the underlying
stochastic block model (Theorem 6). In the process, we propose a new, efficiently exactly solvable likelihood-based nomination scheme, the restricted-focus maximum-likelihood
vertex-nomination scheme, LML
R , and prove the analogous consistency result (Theorem 8).
In addition, under mild model assumptions, we prove that both schemes maintain their
consistency when the stochastic block model parameters are unknown and are estimated
using the seed vertices (Theorems 9 and 10). In both cases, we show that consistency is
possible even when the seeds are an asymptotically vanishing portion of the graph. Lastly,
we show how both schemes can be easily modified to incorporate edge weights and vertex
features (Section 5), before demonstrating the practical effect of our theoretical results on
real and synthetic data (Section 6) and closing with a brief discussion (Section 7).

In the setting of vertex nomination, one community in the network is of particular interest, and the inference task is to order the vertices into a nomination list with those vertices
from the community of interest concentrating at the top of the list. See Marchette et al.
(2011); Coppersmith and Priebe (2012); Coppersmith (2014); Fishkind et al. (2015) and the
references contained therein for a review of the relevant vertex nomination literature. Vertex
nomination is a semi-supervised inference task, with example vertices from the community
of interest—and, ideally, also examples not from the community of interest—being leveraged
in order to create a nomination list. In this way, the vertex nomination problem is similar
to the problem faced by personalized recommender systems (see, for example, Resnick and
Varian, 1997; Ricci et al., 2011), where, given a training list of objects of interest, the goal
is to arrange the remaining objects into a recommendation list with “interesting” objects
concentrated at the top of the list. The main difference between the two inference tasks
is that in vertex nomination the features of the data are encoded into the topology of a
network, rather than being observed directly as features (though see Section 5 for the case
where vertices are annotated with additional information in the form of features).

in social networks, vertices may correspond to people and edges to friendships between
them (Carrington et al., 2005; Yang and Leskovec, 2015); in computer vision, vertices may
represent pixels in an image and edges may represent spatial proximity or multi-resolution
mappings (Kandel et al., 2007). In many useful networks, vertices with similar attributes
form densely-connected communities compared to vertices with highly disparate attributes,
and uncovering these communities is an important step in understanding the structure of the
network. There is an extensive literature devoted to uncovering this community structure
in network data, including methods based on maximum modularity (Newman and Girvan,
2004; Newman, 2006b), spectral partitioning algorithms (Luxburg, 2007; Rohe et al., 2011;
Sussman et al., 2012; Lyzinski et al., 2014b), and likelihood-based methods (Bickel and
Chen, 2009), among others.

Lyzinski, Levin, Fishkind and Priebe

Graphs are a common data modality, useful for modeling complex relationships between objects, with applications spanning fields as varied as biology (Jeong et al., 2001; Bullmore and
Sporns, 2009), sociology (Wasserman and Faust, 1994), and computer vision (Foggia et al.,
2014; Kandel et al., 2007), to name a few. For example, in neuroscience, vertices may be neurons and edges adjoin pairs of neurons that share a synapse (Bullmore and Sporns, 2009);

1. Introduction and Background

Keywords: vertex nomination, graph matching, graph inference, stochastic block model,
graph mining

Given a graph in which a few vertices are deemed interesting a priori, the vertex nomination task is to order the remaining vertices into a nomination list such that there is
a concentration of interesting vertices at the top of the list. Previous work has yielded
several approaches to this problem, with theoretical results in the setting where the graph
is drawn from a stochastic block model (SBM), including a vertex nomination analogue of
the Bayes optimal classifier. In this paper, we prove that maximum likelihood (ML)-based
vertex nomination is consistent, in the sense that the performance of the ML-based scheme
asymptotically matches that of the Bayes optimal scheme. We prove theorems of this
form both when model parameters are known and unknown. Additionally, we introduce
and prove consistency of a related, more scalable restricted-focus ML vertex nomination
scheme. Finally, we incorporate vertex and edge features into ML-based vertex nomination
and briefly explore the empirical effectiveness of this approach.
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P∞
c
Anc occurs for at most finitely many n. By the Borel-Cantelli lemma,
n=1 P[An ] < ∞
∞
implies (An )n=1
a.a.a.s. We write Gn to denote the set of all (possibly weighted) graphs
on n vertices. Throughout, without loss of generality, we will assume that the vertex set is
given by V = {1, 2, . . . , n}. For a positiveinteger K, we will often use [K] to denote the set
{1, 2, . . . , K}. For a set V , we will use V2 to denote the set of all pairs of distinct elements

of V . That is, V2 = {{u, v} : u, v ∈ V, u 6= v}. For a function f with domain V , we write
f|U to denote the restriction of f to the set U ⊂ V .
1.2 Background
Stochastic block model random graphs offer a theoretically tractable model for graphs with
latent community structure (Rohe et al., 2011; Sussman et al., 2012; Bickel and Chen,
2009), and have been widely used in the literature to model community structure in real
networks (Airoldi et al., 2008; Karrer and Newman, 2011). While stochastic block models
can be too simplistic to capture the eccentricities of many real graphs, they have proven to
be a useful, tractable surrogate for more complicated networks (Airoldi et al., 2013; Olhede
and Wolfe, 2014).
Definition 1 Let K and n be positive
integers and let ~n = (n1 , n2 , . . . , nK )> ∈ RK be a
P
K×K be
vector of positive integers with
k nk = n. Let b : [n] → [K] and let Λ ∈ [0, 1]
symmetric. A Gn -valued random graph G is an instantiation of a (K, ~n, b, Λ) conditional
Stochastic Block Model, written G ∼ SBM(K, ~n, b, Λ), if
i. The vertex set V is partitioned into K blocks, V1 , V2 , . . . , VK of cardinalities |Vk | = nk
for k = 1, 2, . . . , K;
ii. The block membership function b : V → [K] is such that for each v ∈ V , v ∈

Vb(v) ;

iii. The symmetric
block communication matrix Λ ∈ [0, 1]K×K is such that for each

{v, u} ∈ V2 , there is an edge between vertices u and v with probability Λb(u),b(v) ,
independently of all other edges.

i=1

u1
1 X
u1

i

Pi
−1
j=1 I{L (j)

U1 }

.
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(1)

Without loss of generality, let V1 be the block of interest for vertex nomination. For each
k ∈ [K], we further decompose Vk into Vk = Sk ∪ Uk (with |Sk | = mk ), where the vertices
in S := ∪k Sk have their block membership observed a priori. We call the vertices in S seed
vertices, and let m = |S|. We will denote the set of nonseed vertices by U = ∪k Uk , and for
all k ∈ [K], let uk := nk − mk = |Uk | and n − m = u = |U |. Throughout this paper, we
assume that the seed vertices S are chosen uniformly at random from all possible subsets
of V of size m. The task in vertex nomination is to leverage the information contained in
the seed vertices to produce a nomination list L : U → [u] (i.e., an ordering of the vertices
in U ) such that the vertices in U1 concentrate at the top of the list. We note that, strictly
speaking, a nomination list L is also a function of the observed graph G, a fact that we
suppress for ease of notation. We measure the efficacy of a nomination scheme via average
precision
∈
AP(L) =

3
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i=1

1
X
H
u1 − Hi−1
I{L−1 (i) ∈ U1 },
u1

u

AP ranges from 0 to 1, with a higher value indicating a more effective nomination scheme:
indeed, AP(L) = 1 indicates that the first u1 vertices in the nomination list are all from the
block of interest, and AP(L) = 0 indicates
Pk that none of the u1 top-ranked vertices are from
the block of interest. Letting Hk = j=1
1/j denote the k-th harmonic number, with the
convention that H0 = 0, we can rearrange (1) as
AP(L) =

from which we see that the average precision is simply a convex combination of the indicators
of correctness in the rank list, in which correctly placing an interesting vertex higher in the
nomination list (i.e., with rank close to 1) is rewarded more than correctly placing an
interesting vertex lower in the nomination list.
In Fishkind et al. (2015), three vertex nomination schemes are presented in the context of
stochastic block model random graphs: the canonical vertex nomination scheme, LC , which
is suitable for small graphs (tens of vertices); the maximum-likelihood vertex-nomination
scheme, LML , which is suitable for small to medium graphs (up to thousands of vertices);
and the spectral partitioning vertex nomination scheme, LSP , which is suitable for medium
to very large graphs (up to tens of millions of vertices). In the stochastic block model
setting, the canonical vertex nomination scheme is provably optimal: under mild model
assumptions, E AP(LC ) ≥ E AP(L) for any vertex nomination scheme L (Fishkind et al.,
2015), where the expectation is with respect to a Gm+n -valued random graph G and the
selection of the seed vertices. Thus, the canonical method is the vertex nomination analogue
of the Bayes classifier, and this motivates the following definition:

Definition 2 Let G ∼ SBM(K, ~n, b, Λ). With notation as above, a vertex nomination
scheme L is consistent if

lim |E AP(LC ) − E AP(L)| = 0.
n→∞

In our proofs below, where we establish the consistency of two nomination schemes, we prove
a stronger fact, namely that AP(L) = 1 a.a.a.s. We prefer the definition of consistency given
in Definition 2 since it allows us to speak about the best possible nomination scheme even
when the model is such that limn→∞ E AP(LC ) < 1.
In Fishkind et al. (2015), it was proven that under mild assumptions on the stochastic
block model underlying G, we have

lim E AP(LSP ) = 1,
n→∞

JMLR 17(179):1-34

from which the consistency of LSP follows immediately. The spectral nomination scheme
LSP proceeds by first K-means clustering the adjacency spectral embedding (Sussman et al.,
2012) of G, and then nominating vertices based on their distance to the cluster of interest.
Consistency of LSP is an immediate consequence of the fact that, under mild model assumptions on the underlying stochastic block model, K-means clustering of the adjacency
spectral embedding of G perfectly clusters the vertices of G a.a.a.s. (Lyzinski et al., 2014b).
Bickel and Chen (2009) proved that maximum-likelihood estimation provides consistent
estimates of the model parameters in a more common variant of the conditional stochastic

4

−1

(k)| = nk , and φ(i) = b(i) for all i ∈ S}.

5

(2)
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The ML estimator of b ∈ B is any member of the set of functions
Y
Ai,j
b̂ = arg max
Λφ(i),φ(j)
(1 − Λφ(i),φ(j) )1−Ai,j
φ∈B
V
{i,j}∈( 2 )


X
Λφ(i),φ(j)
= arg max
Ai,j log
φ∈B
1 − Λφ(i),φ(j)
{i,j}∈(V2 )




X
X
Λφ(i),φ(j)
Λb(i),φ(j)
= arg max
Ai,j log
+
Ai,j log
,
φ∈B
1 − Λφ(i),φ(j)
1 − Λb(i),φ(j)
(i,j)∈S×U
{i,j}∈(U
2)

:= {φ : V → [K] s.t. for all k ∈ [K], |φ

B = B(~n, b, S)

Consider G ∼ SBM(K, ~n, b, Λ) with associated adjacency matrix A, and, as above, denote
the set of seed vertices by S = ∪k Sk . Define the set of feasible block assignment functions

2. Graph Matching and Maximum Likelihood Estimation

A consequence of the result of Bickel and Chen (2009) is that the ML estimate of the
block assignment function perfectly clusters the vertices a.a.a.s. in the setting where G ∼
SBM(K, ~π , τ, Λ). This bears noting, as our maximum-likelihood vertex-nomination schemes
LML and LML
(defined below in Section 2) proceed by first constructing a maximumR
likelihood estimate of the block membership function b, then ranking vertices based on
a measure of model misspecification. Extending the results from Bickel and Chen (2009) to
our present framework—where we consider Λ and ~n to be known (or errorfully estimated
via seeded vertices) rather than parameters to be optimized over in the likelihood function
as done in Bickel and Chen (2009)—is not immediate.
We note the recent result by Newman (2016), which shows the equivalence of maximumlikelihood and maximum-modularity methods in a special case of the stochastic block model
when Λ is known. Our results, along with this recent result, immediately imply a consistent
maximum-modularity-based vertex-nomination scheme under that special-case model.

ii. The symmetric block communication
matrix Λ ∈ [0, 1]K×K is such that, conditioned

on τ , for each {v, u} ∈ V2 there is an edge between vertices u and v with probability
Λτ (u),τ (v) , independently of all other edges.

i. For each vertex v ∈ V and block k ∈ [K], independently of all other vertices, the
block assignment function τ : V → [K] assigns v to block k with probability πk (i.e.,
P[τ (v) = k] = πk );


Im 0
.
0 P

(4)

(3)

P ∈Πu

u



m

u

A(1,1) A(1,2)
A(2,1) A(2,2) )



B=

u

m



m

u

B (1,1) B (1,2)
B (2,1) B (2,2)
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Thus, we can recast (2) as a seeded graph matching problem so that finding




X
X
Λb(i),φ(j)
Λφ(i),φ(j)
b̂ = arg max
Ai,j log
+
Ai,j log
φ∈B
1 − Λφ(i),φ(j)
1 − Λb(i),φ(j)
(i,j)∈S×U
{i,j}∈(U
2)

and using the fact that P ∈ Πn is unitary, the seeded graph matching problem is equivalent
(i.e., has the same minimizer) to






min − tr A(2,2) P (B (2,2) )> P > − tr (A(1,2) )> B (1,2) P > − tr A(2,1) (B (2,1) )> P > .

A=

m

observe that the optimization problem in Equation (2) is equivalent to that in (3) if we view
B as encoding a weighted graph. Hence, we can apply known graph matching algorithms
to approximately find b̂.
Decomposing A and B as

Bi,j := log



!
Λb(i),b(j)
,
1 − Λb(i),b(j)

Im ⊕ P =
Setting B ∈ Rn×n to be the log-odds matrix

where

P ∈Πu

min kA(Im ⊕ P ) − (Im ⊕ P )BkF ,

Incorporating seed vertices (i.e., vertices whose correspondence across G1 and G2 is known
a priori) into the graph matching problem is immediate (Fishkind et al., 2012). Letting the
seed vertices be (without loss of generality) S = {1, 2, . . . , m} in both graphs, the seeded
graph matching (SGM) problem is

where Πn is defined to be the set of all n × n permutation matrices.

min kAP − P BkF ,

P ∈Πn

Definition 4 Let G1 and G2 be two n-vertex graphs with respective adjacency matrices A
and B. The Graph Matching Problem for aligning G1 and G2 is

where the second equality follows from independence of the edges and splitting the edges
in the sum according to whether or not they are incident to a seed vertex. We can reformulate (2) as a graph matching problem by identifying φ with a permutation matrix P :

block model of Definition 1, namely, in the stochastic block model with random block
assignments:

Definition 3 Let K, n and Λ be as above. Let ~π = π1 , π2 , . . . , πK )> ∈ ∆K−1 be a probability
vector over K outcomes and let τ : V → [K] be a random function. A Gn -valued random
graph G is an instantiation of a (K, ~π , τ, Λ) Stochastic Block Model with random block
assignments, written G ∼ SBM(K, ~π , τ, Λ), if

Lyzinski, Levin, Fishkind and Priebe
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is equivalent to finding



1 
P̂ = arg min − tr A(2,2) P (B (2,2) )> P > − tr (A(1,2) )> B (1,2) P > ,
P ∈Πu
2
as we shall explain below.
With B defined as in (4), we define
n
o
Q = Q ∈ Πu s.t. (Im ⊕ Q)B(Im ⊕ Q)> = B .
(5)

Define an equivalence relation ∼ on Πu via P1 ∼ P2 iff there exists a Q ∈ Q such that
P1 = P2 Q; i.e.,

(Im ⊕ P1 )B(Im ⊕ P1 )> = (Im ⊕ P2 Q)B(Im ⊕ P2 Q)> = (Im ⊕ P2 )B(Im ⊕ P2 )> .
Let P̂ / ∼ denote the set of equivalence classes of P̂ under equivalence relation ∼. Solving
(2) is equivalent to solving (5) in that there is a one-to-one correspondence between b̂ and
P̂ / ∼: for each φ ∈ b̂ there is a unique P ∈ P̂ / ∼ (with associated permutation σ) such
that φ|U = b|U ◦ σ; and for each P ∈ P̂ / ∼ (with the permutation associated with Im ⊕ P
given by σ), it holds that b ◦ σ ∈ b̂.
2.1 The LML Vertex Nomination Scheme
The maximum-likelihood vertex-nomination scheme proceeds as follows. First, the SGM
algorithm (Fishkind et al., 2012; Lyzinski et al., 2014a) is used to approximately find an
element of P̂ , which we shall denote by P . Let the corresponding element of b̂ be denoted
by φ. For any i, j ∈ V such that φ(i) 6= φ(j), define φi↔j ∈ B as


if v = j,
φ(i)
φi↔j (v) = φ(j) if v = i,


φ(v) if v 6= i, j;

,

A

i,j
Λb(i),ψ(j)
(1 − Λb(i),ψ(j) )1−Ai,j .

1
u−u1

(i,j)∈S×U

Y


`(φi↔j , G) 
`(φ, G) 

i.e., φi↔j agrees with φ except that i and j have their block memberships from φ switched
in φi↔j . For i ∈ U such that φ(i) = 1, define



 Y

η(i) := 

j∈U s.t.
φ(j)6=1

where, for each ψ ∈ B, the likelihood ` is given by
Y
Ai,j
Λψ(i),ψ(j)
(1 − Λψ(i),ψ(j) )1−Ai,j
`(ψ, G) =

{i,j}∈(U
2)


`(φi↔j , G) 
`(φ, G) 

u1

.

JMLR 17(179):1-34

A low/high value of η(i) is a measure of our confidence that i is/is not in the block of
interest. For i ∈ U such that φ(i) 6= 1, define

1
j∈U s.t.
φ(j)=1

 Y

ξ(i) := 

7
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A low/high value of ξ(i) is a measure of our confidence that i is/is not in the block of
interest. We are now ready to define the maximum-likelihood nomination scheme LML :

−1

.
..
n

(u) ∈ arg max ξ(v) : v ∈ U \ (LML )−1 (i)

u−1
, φ(v)
i=u1 +1

o
6= 1

(u1 + 1) ∈ arg max {ξ(v) : φ(v) 6= 1}


(u1 + 2) ∈ arg max ξ(v) : v ∈ U \ (LML )−1 (u1 + 1) , φ(v) 6= 1

−1

−1
LML
(1) ∈ arg min{η(v) : φ(v) = 1}
−1


LML
(2) ∈ arg min η(v) : v ∈ U \ (LML )−1 (1) , φ(v) = 1
...
n
o

u1 −1
(u1 ) ∈ arg min η(v) : v ∈ U \ (LML )−1 (i) i=1 , φ(v) = 1

−1

LML
−1
LML

LML

LML

Note that in the event that an argmin (or argmax) above contains more than one element,
the order in which these elements is nominated should be taken to be uniformly random.

b k,` = |{{i, j} ∈ E s.t. i ∈ Sk , j ∈ S` }| for k 6= `,
Λ
mk m`

Remark 5 In the event that Λ is unknown a priori, we can use the block memberships
of the seeds S (assumed to be chosen uniformly at random from V ) to estimate the edge
probability matrix Λ as

and

2

b b(i),b(j)
Λ

b b(i),b(j)
1−Λ

!

,

b k,k = |{{i, j} ∈ E s.t. i∈ Sk , j ∈ Sk }| .
Λ
mk
b of B, given by
The plug-in estimate B

bi,j := log
B

can then be used in place of B in Eq. (5). If, in addition, ~n is unknown, we can estimate
the block sizes nk as
mk n
,
n̂k =
m
b
for each k ∈ [K], and these estimates can be used to determine the block sizes in B.

ML Vertex Nomination Scheme
2.2 The LR
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Graph matching is a computationally difficult problem, and there are no known polynomial
time algorithms for solving the general graph matching problem for simple graphs. Furthermore, if the graphs are allowed to be weighted, directed, and loopy, then graph matching
is equivalent to the NP-hard quadratic assignment problem. While there are numerous

8

(6)

j∈U s.t.
φ(j)6=1

`R (φi↔j , G) 

`R (φ, G) 


1
u−u1

,

`R (ψ, G) =

(i,j)∈S×U

Y

9

i,j
Λb(i),ψ(j)
(1 − Λb(i),ψ(j) )1−Ai,j .

A

where, for each ψ ∈ B, the restricted likelihood `R is defined via

 Y
η̃(i) := 
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in that there is a one-to-one correspondence between b̃ and P̃ / ∼.
The LML
R scheme proceeds as follows. First, the linear assignment problem, Eq. (6), is
exactly solved using, for example, the Hungarian algorithm (Kuhn, 1955) or the path augmenting algorithm of Jonker and Volgenant (1987), yielding P ∈ P̃ . Let the corresponding
element of b̃ be denoted by φ. For i ∈ U such that φ(i) = 1, define

(i,j)∈S×U

which can be efficiently and exactly solved in O(u3 ) time with the Hungarian algorithm
(Kuhn, 1955; Jonker and Volgenant, 1987). We note that, exactly as was the case of P̂ and
b̂, finding P̃ is equivalent to finding


X
Λb(i),φ(j)
b̃ = arg max
Ai,j log
,
φ∈B
1 − Λb(i),φ(j)

P ∈Πu



P̃ = arg min − tr (A(1,2) )> B (1,2) P > ,




1 
− tr A(2,2) P (B (2,2) )> P > − tr (A(1,2) )> B (1,2) P >
2

consists of two terms: − 12 tr A(2,2) P (B (2,2) )> P > , which seeks to align the induced sub
graphs of the nonseed vertices; and − tr (A(1,2) )> B (1,2) P > , which seeks to align the induced bipartite subgraphs between the seed and nonseed vertices. While the graph matching
objective function, Eq. (5), is quadratic in P , restricting our focus to the second term in
Eq. (5) yields the following linear assignment problem

j∈U s.t.
φ(j)=1

`R (φi↔j , G) 

`R (φ, G) 

1
u1

.

−1

..
.

n

˜ : v ∈ U \ (LML )−1 (i)
(u) ∈ arg max ξ(v)
R

u−1
, φ(v)
i=u1 +1

o
6= 1

10

k,` = k,` (P ) = |{v ∈ Uk s.t. σ(v) ∈ U` }|
JMLR 17(179):1-34

In this section, we state theorems ensuring the consistency of the vertex nomination schemes
LML (Theorem 6) and LML
(Theorem 8). For the sake of expository continuity, proofs
R
are given in the Appendix. We note here that in these Theorems, the parameters of the
underlying block model are assumed to be known a priori. In Section 4, we prove the
consistency of LML and LML
R in the setting where the model parameters are unknown and
must be estimated, as in Remark 5.
Let G ∼ SBM(K, ~n, b, Λ) with associated adjacency matrix A, and let B be defined as
in (4). For each P ∈ Πu (with associated permutation σ) and k, ` ∈ [K], define

3. Consistency of LML and LML
R

Note that, as before, in the event that the argmin (or argmax) in the definition of LML
R
contains more than one element above, the order in which these elements are nominated
should be taken to be uniformly random.
Unlike LML , the restricted focus scheme LML
R is feasible even for comparatively large
graphs (up to thousands of nodes, in our experience). However, we will see in Section 6
that the extra information available to LML —the adjacency structure among the nonseed
vertices—leads to superior precision in the LML nomination lists as compared to LML
R . We
next turn our attention to proving the consistency of the LML and LML
R schemes.

LR


ML −1

−1
LML
(2)
R

(1) ∈ arg min{η̃(v) : φ(v) = 1}


−1
∈ arg min η̃(v) : v ∈ U \ (LML
R ) (1) , φ(v) = 1
...
n
o


−1
u1 −1
−1
LML
(u1 ) ∈ arg min η̃(v) : v ∈ U \ (LML
R
R ) (i) i=1 , φ(v) = 1
n
o
−1
˜ : φ(v) 6= 1
LML
(u1 + 1) ∈ arg max ξ(v)
R
n
o
−1

˜ : v ∈ U \ (LML )−1 (u1 + 1) , φ(v) 6= 1
LML
(u1 + 2) ∈ arg max ξ(v)
R
R

LML
R

˜ is a measure of our confidence that i is/is not in the
As before, a low/high value of ξ(i)
block of interest. We are now ready to define LML
R :

 Y
˜ := 
ξ(i)




As with LML , a low/high value of η̃(i) is a measure of our confidence that i is/is not in the
block of interest. For i ∈ U such that φ(i) 6= 1, define

efficient, approximate graph matching algorithms (see, for example, Vogelstein et al., 2014;
Fishkind et al., 2012; Zaslavskiy et al., 2009; Fiori et al., 2013, and the references therein),
these algorithms often lack performance guarantees.
Inspired by the restricted-focus seeded graph matching problem considered in Lyzinski
et al. (2014a), we now define the computationally tractable restricted-focus maximumlikelihood nomination scheme LML
R . Rather than attempting to quickly approximate a
solution to the full graph matching problem as in Vogelstein et al. (2014); Fishkind et al.
(2012); Zaslavskiy et al. (2009); Fiori et al. (2013), this approach simplifies the problem
by ignoring the edges between unseeded vertices. An analogous restriction for matching
simple graphs was introduced in Lyzinski et al. (2014a). We begin by considering the graph
matching problem in Eq. (5). The objective function
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`6=k

X

Likelihood Maximization Vertex Nomination

k,• (P ) := k,• =

k,` .

to be the number of vertices in Uk mapped to U` by Im ⊕ P , and for each k ∈ [K] define

min

|Λk,k − Λk,` |
β=

min

{k,`} s.t. k6=`
x,y∈L

κ = min log

x
1−x

− log

y
1−y

.

(8)

|Bk,k − Bk,` | c = max |Bi,j − Bk,` |, (7)
i,j,k,`





Before stating and proving the consistency of LML , we first establish some necessary notation. Note that in the definitions and theorems presented next, all values implicitly depend
on n, as Λ = Λn is allowed to vary in n. Let L be the set of distinct entries of Λ, and define
α=
{k,`} s.t. k6=`
x,y∈L

γ = min |x − y|,
Theorem 6 Let G ∼ SBM(K, ~n, b, Λ) and assume that
√
i. K = o( n);

= Θ(1).

ii. Λ ∈ [0, 1]K×K is such that for all k, ` ∈ [K] with k 6= `, Λk,k 6= Λk,` ;
√
iii. For each k ∈ [K], uk = ω( n), and mk = ω(log uk );
iv.

c2
αβκγ

Then it holds that limn→∞ E AP(LML ) = 1, and LML is a consistent nomination scheme.
A proof of Theorem 6 is given in the Appendix.
Remark 7 There are numerous assumptions akin to those in Theorem 6 under which
we can show that LML is consistent. Essentially, we need to ensure that if we define
P 0 = {P ∈ Πu : 1,• (P ) = Θ(u1 )}, then P (∃ P ∈ P 0 s.t. XP ≤ 0) is summably small, from
which it follows that 1,• = o(u1 ) with high probability, which is enough to ensure the
desired consistency of LML .
ML holds under similar assumptions.
Consistency of LR

Theorem 8 Let G ∼ SBM(K, ~n, b, Λ). Under the following assumptions
i. K = Θ(1);

c2
αβκγ

= Θ(1);

ii. Λ ∈ [0, 1]K×K is such that for all k, ` ∈ [K] with k 6= `, Λk,k 6= Λk,` ;
√
iii. For each k ∈ [K], uk = ω( n), and mk = ω(log uk );
iv.

JMLR 17(179):1-34

it holds that limn→∞ E AP(LML ) = 1, and LML is a consistent nomination scheme.
A proof of this Theorem can be found in the Appendix.
11
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ML
4. Consistency of LML and LR
When the Model Parameters are
Unknown

b and ni as n̂ for
If Λ is unknown a priori, then the seeds can be used to estimate Λ as Λ,
each i ∈ [K]. In this section, we will prove analogues of the consistency Theorems 6 and 8
in the case where Λ and ~n are estimated using seeds. In Theorems 9 and 10 below, we prove
ML are consistent vertex nomination
that under mild model assumptions, both LML and LR
schemes, even when the seed vertices form a vanishing fraction of the graph.
We now state the consistency result analogous to Theorem 6, this time for the case
where we estimate Λ and ~n. The proof can be found in the Appendix.

Theorem 9 Let Λ ∈ RK×K be a fixed, symmetric, block probability matrix satisfying
i. K is fixed in n;

ii. Λ ∈ [0, 1]K×K is such that for all k, ` ∈ [K] with k 6= `, Λk,k 6= Λk,` ;

iii. For each k ∈ [K], nk = Θ(n) and mk = ω(n2/3 log(n));

iv. α and γ defined as in (7) and (8) are fixed in n.

Suppose that the model parameters of G ∼ (K, ~n, b, Λ) are estimated as in Remark 5 yielding
b and estimated block sizes n̂ = (n̂1 , n̂2 , . . . , n̂K )T . If LML is run
log-odds matrix estimate B
b using the block sizes given by n̂, then under the above assumptions it holds that
on A and B
limn→∞ E AP(LML ) = 1, and LML is a consistent nomination scheme.

We now state the analogous consistency result to Theorem 8 when we estimate Λ and
~n. The proof is given in the Appendix.

Theorem 10 Let Λ ∈ RK×K be a fixed, symmetric, block probability matrix satisfying
i. K is fixed in n;

ii. Λ ∈ [0, 1]K×K is such that for all k, ` ∈ [K] with k 6= `, Λk,k 6= Λk,` ;

iii. For each k ∈ [K] s.t. k 6= 1, nk = Θ(n) and mk = ω(n2/3 log(n));
iv. n1 = Θ(n) and m1 = ω(n4/5 );

v. α and γ defined at (7) and (8) are fixed in n.

Suppose that the model parameters of G ∼ (K, ~n, b, Λ) are estimated as in Remark 5 yielding
b and estimated block sizes n̂ = (n̂1 , n̂2 , . . . , n̂K )T . If LML is run on A and B
b using block
B
sizes given by n̂, then under the above assumptions it holds that limn→∞ E AP(LML ) = 1
and LML is a consistent nomination scheme.

JMLR 17(179):1-34

The two preceding theorems imply that vertex nomination is possible even when the
number of seeds is a vanishing fraction of the vertices in the graph. Indeed, we find that in
practice, accurate nomination is possible even with just a handful of seed vertices. See the
experiments presented in Section 6.

12

13
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Note that the exponential family density is usually written as h(x)e−xθ−A(θ) , where A(·)
is the log-normalization function. We have made the notational substitution to avoid confusion with the adjacency matrix A. If G ∼ ExpSBM(K, ~n, b, Θ), analogues to Theorems 6, 8, 9 and 10 follow mutatis mutandis if we use seeded graph matching to match
e = [A
ei,j ] := [T (Ai,j )] to B = [Bi,j ] := [θb(i),b(j) ]; i.e., under analogous model assumptions,
A
LML and LML
R are both consistent vertex nomination schemes when the model parameters
are known or estimated via seeds. The key property being exploited here is that E(T (X)) is
a nondecreasing function of θ. We expect that results analogous to Theorems 6, 8, 9 and 10
can be shown to hold for more general weight distributions as well, but we do not pursue
this further here.
Incorporating vertex features into LML and LML
R is immediate. Suppose that each vertex
v ∈ V is accompanied by a d-dimensional feature vector Xv ∈ Rd . The features could
encode additional information about the community structure of the underlying network;
for example, if b(v) = k then perhaps Xv ∼ Norm(µk , Σk ) where the parameters of the
normal distribution vary across blocks and are constant within blocks. This setup, in which
vertices are “annotated” or “attributed” with additional information, is quite common.

fAi,j (x|θb(i),b(j) ) = h(x)eT (x)θb(i),b(j) −A(θb(i),b(j) ) .

iii. The symmetric block parameter matrix Θ = [θk,` ] ∈ RK×K is such that the {i, j} ∈

V
2 , Ai,j (= Aj,i ) are independent, distributed according to the density

ii. The block membership function b : V → [K] is such that for each v ∈ V , v ∈ Vb(v) ;

i. The vertex set V is partitioned into K blocks, V1 , V2 , . . . , VK with sizes |Vk | = nk for
k = 1, 2, . . . , K;

Definition 11 A Gn -valued random graph G is an instantiation of a (K, ~n, b, Θ) bounded,
canonical exponential family stochastic block model, written G ∼ ExpSBM(K, ~n, b, Θ), if

We will further assume that h(x) has bounded support. We define

f (x|θ) = h(x)eT (x)θ−A(θ) .

Network data rarely appears in isolation. In the vast majority of use cases, the observed
graph is richly annotated with information about the vertices and edges of the network. For
example, in a social network, in addition to information about which users are friends, we
may have vertex-level information in the form of age, education level, hobbies, etc. Similarly,
in many networks, not all edges are created equal. Edge weights may encode the strength of
a relation, such as the volume of trade between two countries. In this section, we sketch how
the LML and LML
R vertex nomination schemes can be extended to such annotated networks
by incorporating edge weights and vertex features. To wit, all of the theorems proven above
translate mutatis mutandis to the setting in which G is a drawn from a bounded canonical
exponential family stochastic block model. Consider a single parameter exponential family
of distributions whose density can be expressed in canonical form as

5. Model Generalizations

Likelihood Maximization Vertex Nomination

u



d

X (m)
X (u)


,

fK (Xu )

f1 (Xu )
f2 (Xu )
..
.



.




(9)

j∈U s.t.
φ(j)6=1

`F (φi↔j , G) 

`F (φ, G) 



1
u−u1

,

(i,j)∈S×U

i∈U
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where, for each ψ ∈ B, the likelihood `F is given by
Y
Ai,j
`F (ψ, G) =
Λψ(i),ψ(j)
(1 − Λψ(i),ψ(j) )1−Ai,j
U
{i,j}∈( 2 )
Y
Y
Ai,j
·
Λb(i),ψ(j)
(1 − Λb(i),ψ(j) )1−Ai,j
fˆb(i) (Xi ),

 Y
ηF (i) := 




The factor λ ∈ R+ allows us to weight the features encapsulated in X versus the information
encoded into the network topology of G.
Vertex nomination proceeds as follows. First, the SGM algorithm of Fishkind et al.
(2012); Lyzinski et al. (2014a) is used to approximately find an element of P̂ in Eq. (9),
which we shall denote by P . Let the block membership function corresponding to P be
denoted φ. For i ∈ U such that φ(i) = 1, define




1 
P̂ = arg min − tr A(2,2) P (B (2,2) )> P > − tr (A(1,2) )> B (1,2) P > − λ tr F P > .
P ∈Πu
2

Then we can incorporate the feature density into the seeded graph matching problem in (5)
by adding a linear factor to the quadratic assignment problem:

 ˆ
f1 (X1 ) fˆ1 (X2 ) · · ·
ˆ
ˆ
u2 
 f2 (X1 ) f2 (X2 ) · · ·
F = . 
..
.. 
.
uK
fˆK (X1 ) fˆK (X2 ) · · ·
u1

where X (m) represents the features of the seed vertices in S, and X (u) the features of the
nonseed vertices in U . For each block k ∈ [K], let fˆk be an estimate of the density fi , and
create matrix F ∈ Rm+u given by

X=

m

Indeed, in almost all use cases, some auxiliary information about the graph is available, and
methods that can leverage this auxiliary information are crucial. See, for example, Yang
et al. (2013); Zhang et al. (2015); Newman and Clauset (2016); Franke and Wolfe (2016)
and citations therein. We model vertex features as follows. Conditioning on b(v) = k, the
feature associated to v is drawn, independently of A and of all other features Xu , from a
distribution with density fb(v) . Define the feature matrix X via

Lyzinski, Levin, Fishkind and Priebe
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o
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for t = 1, 0.3 respectively in the small and medium cases, so that the amount of signal
present in the graph is smaller as the number of vertices increases. We consider m = 4, 20
seeds in the small and medium scales, respectively. For a given choice of ~n, m, t, we generate
a single draw of an SBM with edge probability matrix Λ(t) and block sizes given by ~n. A set

We consider graphs generated from stochastic block models at two different scales. Following
the experiments in Fishkind et al. (2015), we consider 3-block models, where block sizes
are given by ~n = q · (4, 3, 3)> for q = 1, 50, which we term the small and medium cases,
respectively. In Fishkind et al. (2015), a third case, with q = 1000, was also considered, but
since ML vertex nomination is not practical at this scale, we do not include such experiments
ML can be run successfully on such a graph. We use an edge
here, though we note that LR
probability matrix given by




0.5 0.3 0.4
0.5 0.5 0.5
Λ(t) = t 0.3 0.8 0.6 + (1 − t) 0.5 0.5 0.5
(11)
0.4 0.6 0.3
0.5 0.5 0.5

6.1 Simulations

To compare the performance of maximum-likelihood vertex nomination against other methods, we performed experiments on five data sets, one synthetic, the others from linguistics,
sociology, political science and ecology.
In all our data sets, we consider vertex nomination both when the edge probability
matrix Λ is known and when it must be estimated. When model parameters are unknown,
m < n seed vertices are selected at random and the edge probability matrix is estimated
based on the subgraph induced by the seeds, with entries of the edge probability matrix
estimated via add-one smoothing. In the case of synthetic data, the known-parameter case
simply corresponds to the algorithm having access to the parameters used to generate the
data. In this paper, we consider a 3-block stochastic block model (see below), so the knownparameter case corresponds to the true edge probability matrix being given. In the case of
our real-world data sets, the notion of a “true” Λ is more hazy. Here, knowing the model
parameters corresponds to using the entire graph, along with the true block memberships,
to estimate Λ, again using add-one smoothing. This is, in some sense, the best access we
can hope to have to the model parameters, to the extent that such parameters even exist
in the first place.

6. Experiments

We leave further exploration of this and related approaches, as well as how to deal with
categorical data (e.g., as in Newman and Clauset (2016)), for future work.




1 
P̂ = arg min − tr A(2,2) P (B (2,2) )> P > − tr (A(1,2) )> B (1,2) P > − λ tr(X (u) Y > P > ).
P ∈Πu
2
(10)

Likelihood Maximization Vertex Nomination

1
u1

Incorporating these features into the seeded graph matching problem similarly to (9), we
have




`F (φi↔j , G) 
`F (φ, G) 
.

where, for k ∈ [K], fˆk (·) is the estimated density of the k-th block features. Note that here
we assume that the feature densities must be estimated, even when the matrix Λ is known.
A low/high value of ηF (i) is a measure of our confidence that i is/is not in the block of
interest. For i ∈ U such that φ(i) 6= 1, define


 Y

ξF (i) := 
j∈U s.t.
φ(j)=1

A low/high value of ξF (i) is a measure of our confidence that i is/is not in the block of
interest. The nomination list produced by LFML is then realized via:

−1

−1
LFML
(1) ∈ arg min{ηF (v) : φ(v) = 1}
−1


LFML
(2) ∈ arg min ηF (v) : v ∈ U \ (LFML )−1 (1) , φ(v) = 1
...
n
o

u1 −1
(u1 ) ∈ arg min ηF (v) : v ∈ U \ (LFML )−1 (i) i=1 , φ(v) = 1

LFML

.
..
n

(u) ∈ arg max ξF (v) : v ∈ U \ (LFML )−1 (i)

u−1
, φ(v)
i=u1 +1

+ 1) ∈ arg max {ξF (v) : φ(v) 6= 1}


+ 2) ∈ arg max ξF (v) : v ∈ U \ (LFML )−1 (u1 + 1) , φ(v) 6= 1

−1

−1
LML
(u1
F
−1
(u1
LFML

LFML





.
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Note that, once again, in the event that the argmin (or argmax) contains more than one
element above, the order in which these elements is nominated should be taken to be
uniformly random.
We leave for future work a more thorough investigation of how best to choose the
parameter λ. We found that choosing λ approximately equal to the number of nonseed
vertices yielded reliably good results, but in general the best choice of λ is likely to be
dependent on both the structure of the graph and the available features (e.g., how well
the features actually predict block membership). We note also that in the case where the
feature densities are not easily estimated or where we would like to relax our distributional
>
assumptions,
P we might consider other terms to use in lieu of tr F P . For example, let
µ̂k = m1k v∈Sk Xv be the empirical estimate of µk , the average feature vector for the seeds
in block k, and create let Y be defined via
d


u1
µ̂1 ⊗ ~1

u2 
µ̂
1
2 ⊗~
Y = . 
.
.. 
..
µ̂k ⊗ ~1
uK
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of m vertices is chosen uniformly at random from the first block to be seeds. Note that this
means that the only model parameter that can be estimated is the intra-block probability
for the first block. For all model parameter estimation in the ML methods (i.e., for the
unknown case of LML and LML
R ), we use add-1 smoothing to prevent inaccurate estimates.
We note that in all conditions, the block of interest (the first block) is not the densest block
of the graph.
Recall that all of the methods under consideration return a list of the nonseed vertices,
which we call a nomination list, with the vertices sorted according to how likely they are
to be in the block of interest. Thus, vertices appearing early in the nomination list are the
best candidates to be vertices of interest. Figure 1 compares the performance of canonical,
spectral, maximum-likelihood and restricted-focus ML vertex nomination by looking at
(estimates of) their average nomination lists. The plot shows, for each of the methods
under consideration, an estimate (each based on 200 Monte Carlo replicates) of the average
nomination list. Each curve describes the empirical probability that the kth-ranked vertex
was indeed a vertex of interest. A perfect method, which on every input correctly places
the n1 vertices of interest in the first n1 entries of the nomination list, would produce a
curve in Figure 1 resembling a step function, with a step from 1 to 0 at the (n1 + 1)th
rank. Conversely, a method operating purely at random would yield an average nomination
list that is constant n1 /n. Canonical vertex nomination is shown in gold, ML in blue,
restricted-focus ML in red, and spectral vertex nomination is shown in purple and green.
These two colors correspond, respectively, to spectral VN in which vertex embeddings are
projected to the unit sphere prior to nomination and in which the embeddings are used as-is.
In sparse networks, the adjacency spectral embedding places all vertices near to the origin.
In such settings, projection to the sphere often makes cluster structure in the embeddings
more easily recoverable. Dark colors correspond to the known-parameter case, and light
colors correspond to unknown parameters. Note that spectral VN does not make such a
distinction.
Examining the plots, we see that in the small case, maximum-likelihood nomination is
quite competitive with the canonical method, and restricted-focus ML nomination is not
much worse. Somewhat surprising is that these methods perform well seemingly irrespective
of whether or not the model parameters are known, though this phenomenon is accounted
for by the fact that the smoothed estimates are automatically close to the truth, since Λ
is approximately equal to the matrix with all entries 1/2. Meanwhile, the small number
of nodes is such that there is little signal available to spectral vertex nomination. We see
that spectral vertex nomination performs approximately at-chance regardless of whether or
not we project the spectral embeddings to the sphere. 10 nodes are not enough to reveal
eigenvalue structure that spectral methods attempt to recover. In the medium case, where
there are 500 vertices, enough signal is present that reasonable performance is obtained by
spectral vertex nomination, with performance with (purple) and without (green) projection
to the sphere again indistinguishable. The comparative density of the SBM in question
ensures that projection to the sphere is not necessary, and that doing so does no appreciable harm to nomination. However, in the medium case, ML-based vertex nomination
still appears to best spectral methods, with the known and unknown cases being nearly
indistinguishable. We note that in both the small and medium cases all of the methods
appear to intersect at an empirical probability of 0.4. These intersection points correspond
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to the transition from the block of interest to the non-interesting vertices: these vertices,
about which we are least confident, tend to be nominated correctly at or near chance, which
is 40% in both the small and large cases.
A more quantitative assessment of the vertex nomination methods is contained in Tables 1 and 2, which compare the performance of the methods as assessed by, respectively,
average precision (AP) and adjusted Rand index (ARI). As defined in Equation (1), AP is
a value between 0 and 1, where a value of 1 indicates perfect performance. ARI Hubert
and Arabie (1985) measures how well a given partition of a set recovers some ground truth
partition. Here a value of 1 indicates perfect recovery, while randomly partitioning a data
set yields ARI approximately 0 (note that negative ARI is possible). We include ARI as
an evaluation to highlight the fact that spectral and maximum-likelihood nomination do
not merely classify vertices as interesting or not. Rather, they return a partition of the
vertices into clusters. Canonical vertex nomination, on the other hand, makes no attempt
to recover the full cluster structure of the graph, instead only attempting to classify vertices according to whether or not they are of interest. As such, we do not include ARI
numbers for canonical vertex nomination. Turning first to performance in the small graph
condition in Table 1, we see that LC is the best method, so long as the graph in question
is small enough that the canonical method is tractable, but LML , regardless of whether or
not model parameters are known, nearly matches canonical VN, and, unlike its canonical
counterpart, scales to graphs with more than a few nodes. The numbers for LSP bear out
our observation above, that the small graphs contain too little information for spectral VN
to act upon, and LSP performs approximately at chance, as a result. It is worth noting that
ML , presumably owing to the fact that the
while LML
R does not match the performance of L
restricted-focus algorithm does not use all of the information present in the graph, it still
outperforms spectral nomination, and lags LML by less than 0.1 AP.

Figure 1: The mean nomination lists for the (a) small and (b) medium stochastic block
model experiments for the different vertex nomination techniques in both the
known (dark colors) and unknown (light colors). Plot (a) shows performance
for the canonical (gold), maximum likelihood (blue), restricted-focus maximum
likelihood (red) and spectral (green and purple) methods. Spectral VN both with
and without projection to the sphere is shown in purple and green, respectively.
Plot (b) does not include canonical vertex nomination due to runtime constraints.
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Probability of First Block

small
medium

Known
RES
SP
0.588 0.388
0.545 0.738
CAN
0.700
–

ML
0.680
0.954

Unknown
RES
SP
0.606 0.415
0.537 0.735

Likelihood Maximization Vertex Nomination

ML
0.670
0.954

ML
0.338
0.572

Known
RES
SP
0.259 0.011
0.039 0.268
CAN
–
–

ML
0.338
0.572

Unknown
RES
SP
0.259 0.011
0.037 0.271

CAN
0.710
–

CAN
–
–

Table 1: Empirical estimates of mean average precision on the two stochastic block model
data sets for the four methods under consideration. Each data point is the mean
of 200 independent trials.

small
medium

Table 2: ARI on the different sized data sets for the ML, restricted ML, and spectral methods. Each data point is the mean of 200 independent trials. Performance of canonical vertex nomination is knot included, since canonical vertex nomination makes
no attempt to recover all three blocks, and thus ARI is not a sensible measure.

ML remain
Turning our attention to the medium case, we see again that LML and LR
largely impervious to whether model parameters are known or not, presumably a consequence of the use of smoothing—we’ll see in the sequel that estimation can be the difference between near-perfect performance and near-chance. With more vertices, we see that
spectral improves above chance, leaving restricted ML slightly worse, but spectral still fails
to match the performance of ML VN, even when model parameters are unknown.
In sum, these results suggest that different size graphs (and different modeling assumptions) call for different vertex nomination methods. In small graphs, regardless of whether
or not model parameters are known, canonical vertex nomination is both tractable and quite
effective. In medium graphs, maximum-likelihood vertex nomination remains tractable and
achieves impressively good nomination. Of course, for graphs with thousands of vertices,
ML as options. We have
LML becomes computationally expensive, leaving only LSP and LR
ML
SP
observed that LR
tends
to
lag
L
in
such
large
graphs,
though
increasing the number of
ML ) closes this gap considerably.
seeds (and hence the amount of information available to LR
We leave for future work a more thorough exploration of under what circumstances we
ML to be competitive with LSP in graphs on thousands of vertices.
might expect LR

6.2 Word Co-occurrences
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We consider a linguistic data set consisting of co-occurrences of 54 nouns and 58 adjectives in
Charles Dickens’ novel David Copperfield Newman (2006a). We construct a graph in which
each node corresponds to a word, and an edge connects two nodes if the two corresponding
words occurred adjacent to one another in the text. The adjacency matrix of this graph
is shown in Figure 2. Visual inspection reveals a clear block structure, and that this block
structure is clearly not assortative (i.e., inter-block edges are more frequent than intra-block
19

Lyzinski, Levin, Fishkind and Priebe

Figure 2: Adjacency matrix of the linguistic data set, arranged to highlight the graph’s
structure. The grey shading indicates the two blocks, with adjectives in the
upper left and nouns in the lower right. Note the disassortative block structure.
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edges). This runs contrary to many commonly-studied data sets and model assumptions.
Figure 3 shows the performance of spectral and maximum-likelihood vertex nomination,
measured by (a) average precision and adjusted Rand index (ARI) at various numbers of
seeds. Each data point is the average over 1000 trials. In each trial, a set of m seeds was
chosen uniformly at random from the 112 nodes, with the restriction that at least one noun
and one adjective be included in the seed set. Performance was then measured as the mean
average precision in identifying the adjective block.
Figure 3 shows the performance of the VN schemes under consideration, as a function
of the number of seed vertices, using both known (dark colors) and estimated (light colors)
model parameters. Looking first at AP in Figure 3 (a), we see that ML in the knownparameter case (dark blue) does consistently well, even with only a handful of seeds, and
attains near-perfect performance for m ≥ 20. When model parameters must be estimated
(light blue), ML is less dominant, thought it still performs nearly perfectly for m ≥ 20. We
note the dip in unknown-parameters ML as m increases from 2 to 5 to 10, a phenomenon we
attribute to the bias-variance tradeoff. Namely, with more seeds available, variance in the
estimated model parameters increases, but for m < 20, this increase in variance is not offset
by an appreciable improvement in estimation, possibly attributable to our use of add-one
smoothing. Somewhat surprisingly, restricted-focus ML performs quite well, consistently
improving on spectral VN in the known parameter case for m > 2, and in the unknown
parameter case once m > 10. Finally, we turn our attention to spectral VN, shown in
green for the variant in which we project embeddings to the sphere and in purple for the
variant in which we do not. In contrast to our simulations, the sparsity of this network
makes projection to the sphere a critical requirement for successful retrieval of the first
block. Without projection to the sphere, spectral VN fails to rise appreciably above chance
performance.
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We consider a network of American political blogs in the lead-up to the 2004 election Adamic
and Glance (2005), where an edge joins two blogs if one links to the other, with blogs classified according to political leaning (liberal vs conservative). From an initial 1490 vertices, we

6.4 Political Blogs

We consider the classic sociological data set, Zachary’s karate club network Zachary (1977).
The graph, visualized in Figure 4, consists of 34 nodes, each corresponding to a member
of a college karate club, with edges joining pairs of club members according to whether or
not those members were observed to interact consistently outside of the club. Over the
course of Zachary’s observation of the group, a conflict emerged that led to the formation of
two factions, led by the individuals numbered 1 and 34 in Figure 4, and these two factions
constitute the two blocks in this experiment. Zachary’s karate data set is particularly wellsuited for spectral methods. Indeed, the flow-based model originally proposed by Zachary
recovers factions nearly perfectly, and visual inspection of the graph (Figure 4) suggests a
natural cut separating the two factions. As such, we expect ML-based vertex nomination
to lose out against the spectral-based method. Figure 5 shows performance of the two
algorithms as measured by ARI and average precision. We see, as expected, that spectral
performance performs nearly perfectly, irrespective of the number of seeds. Surprisingly,
maximum-likelihood nomination is largely competitive with spectral VN, but only provided
that the model parameters are already known. Interesting to note that here again we see
the phenomenon discussed previously in which ML performance with an unknown edge
probability matrix degrades when going from s = 2 seeds to s = 5 before improving again,
with AP comparable to the known case for s ≥ 20.

6.3 Zachary’s Karate Club

Figure 3: Performance on the linguistic data set as measured by (a) AP and (b) ARI as a
function of the number of seeds for the ML vertex nomination (blue), restrictedfocus ML (red), and spectral vertex nomination with (green) and without projection to the sphere (violet), when model parameters are known (light colors) and
unknown (dark colors). Each data point is the mean of 1000 Monte Carlo trials,
and shaded regions indicate two standard deviations of the mean.
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removed all isolated vertices to obtain a network of 1224 vertices and 16718 edges. Figure 6
shows the performance of the spectral- and ML-based methods in recovering the liberal
block. We observe first and foremost that the sparsity of this network results in exceptionally poor performance in both AP and ARI for spectral VN unless the embeddings are
projected to the sphere, but that spectral vertex nomination is otherwise quite effective at
recovering the liberal block, with performance nearly perfect for m > 10. Unsurprisingly,
ML and its restricted counterpart both perform approximately at-chance when m < 10. We
see that in both the known and unknown cases, ML VN is competitive with spectral VN for

Figure 5: Performance on the karate data set as a function of the number of seeds for the
ML vertex nomination (blue), restricted-focus ML nomination (red), and spectral
vertex nomination with (green) and without projection to the sphere (violet),
when model parameters are known (light colors) and unknown (dark colors),
as measured by (a) AP and (b) ARI. The black dashed line indicates chance
performance. Each observation is the mean of 1000 independent trials, with the
shaded bars indicating two standard errors of the mean in either direction.
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Figure 4: Visualization of the graph corresponding to Zachary’s karate club data set. The
vertices are colored according to which of the two clubs each member chose to
join after the schism. Our block of interest is in red.
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suitably large m (m ≥ 50 for known, m ≥ 500 for unknown). As expected in such a sparse
network, restricted-focus ML lags ML VN in the known-parameter case, but surprisingly,
in the unknown-parameter case, restricted ML achieves remarkably better AP than does
ML, a fact we are unable to account for, though it is worth noting that looking at ARI in
Figure 6 (b), no such gap appears between ML and its restricted-focus counterpart in the
unknown-parameter case.
6.5 Ecological Network
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We consider a trophic network, consisting of 125 nodes and 1907 edges, in which nodes
correspond to (groups of) organisms in the Florida Bay ecosystem Ulanowicz et al. (1997);
Nooy et al. (2011), and an edge joins a pair of organisms if one feeds on the other. Our
features are the (log) mass of organisms. We take our community of interest to be the
16 different types of birds in the ecosystem. This choice makes for an interesting task for
several reasons. Firstly, unlike the other data sets we consider, our community of interest is
a comparatively small fraction of the network—it consists of a mere 16 nodes of 125 in total.
Further, our block of interest is comparatively heterogeneous in the sense that the roles of
the different types of birds in the Florida Bay ecosystem is quite diverse. For example,
the block of interest includes both raptors and shorebirds, which feed on quite different
collections of organisms. Finally, it stands to reason that the mass of the organisms in
question might be a crucial piece of information for disambiguating, say, a raptor from a
shark. Thus, we expect that using node features will be crucial for retrieving the block of
interest.
The topology of the Florida Bay network is shown in Figure 7 (a). Note that the block
of interest, indicated in red, has a strongly disassortative structure. Indeed, all intra-block
edges in the red block are incident to the node corresponding to raptors. Figure 7 (b) summarizes vertex nomination performance for several methods. The plot shows performance,
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as measured by mean average precision (AP), as a function of the number of seeds for
several different nomination schemes. As in earlier plots, dark colors correspond to model
parameters being known, while light colors correspond to model parameters being estimated
using the seed vertices. We see immediately that spectral nomination (green and purple)
and ML VN (blue) fail to improve appreciably upon chance performance except when the
vast majority of the vertices’ labels are observed. Like in the linguistic data set presented
above, the disassortative structure of the data appears to cause problems for spectral nomination. The failure of ML suggests that no useful information is encoded in the graph
itself, but turning our attention to the curves corresponding to LFML (red) and using only
features (gold), we see that this is not the case. Indeed, we see that while using features
alone achieves a marked improvement over both spectral and ML-based nomination, using
both features and graph matching in the form of LFML yields an additional improvement of
some 0.1 AP in the range of m = 8, 16, 32. This result suggests that there may be cases
where the only reliable way to retrieve vertices of interest is to leverage both features and
graph topology jointly.

Figure 7: (a) The adjacency matrix of the Florida Bay trophic network. Nodes correspond
to classes of plants and animals (e.g., sharks, rays, shorebirds, zooplankton, phytoplankton). An edge joins two nodes if the corresponding organisms are in a
predator-prey relation. The sixteen types of birds in the network are highlighted
in the red block. Note the disassortative structure of the bird block (the edges
within the red block are all incident to the node that corresponds to raptors).
(b) Average precision in identifying the bird nodes as a function of the number
of seed vertices for ML vertex nomination (blue), restricted-focus ML (red), and
spectral vertex nomination with (green) and without projection to the sphere
(violet), when model parameters are known (light colors) and unknown (dark
colors). The black dashed line indicates chance performance.
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Figure 6: Performance on the political blogs data set as a function of the number of seeds
for the ML vertex nomination (blue), restricted-focus ML (red), and spectral
vertex nomination with (green) and without projection to the sphere (violet),
when model parameters are known (light colors) and unknown (dark colors), as
measured by (a) AP and (b) ARI.
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h~x, f (~x)i − h~x, f (σ(~x))i ≥ (k − 1)αβ.


k
.
2

≥ h~x, f (~x)i − h~x, f (τ (~x))i + αβ,

= h~x, f (~x)i − h~x, f (τ (~x))i + (xk − x1 )(f (x2 ) − f (x1 ))
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tr(A(Im ⊕ P )B(Im ⊕ P )> ) = hvec(A), τP (vec(B))i.

x(1) < x(2) < · · · < x(k) ,

25

from which the desired consistency of LML follows by the Borel-Cantelli Lemma, since this
probability is summable in n. Fix P ∈ P, and let σP ∈ Sn be the permutation associated
with Im ⊕ P . The action of shuffling B via Im ⊕ P is equivalent to permuting the [n2 ]
elements of vec(B) via a permutation τP , in that

P (∃ P ∈ P s.t. XP ≤ 0) = O(1/n2 ),

and define P = {P ∈ Πu : 1,• (P ) > 0}. We will show that

XP := tr(AB > ) − tr(A(Im ⊕ P )B(Im ⊕ P )> )

We are now ready to prove Theorem 6.
Proof [Proof of Theorem 6] Define

Remark 13 It follows immediately that in Proposition 12, if there exists an index i ∈ [k]
such that αi = minj6=i |x(i) − x(j) | > 0, and βi = minj6=i |f (x(i) ) − f (x(j) )| > 0, then
h~x, f (~x)i − h~x, f (σ(~x))i ≥ αi βi .

and the result follows from the inductive hypothesis.

Then

τ=

For general k, again, without loss of generality let x1 = x(1) , and define the permutation

= (x(2) − x(1) )(f (x(2) ) − f (x(1) )) ≥ αβ.

h~x, f (~x)i − h~x, f (σ(~x))i = (x2 − x1 )(f (x2 ) − f (x1 ))

Proof We will induct on k. To establish the base case, k = 2, let x1 = x(1) without loss of
generality and observe that

then

and define α = mini∈{2,3,...,k} |x(i) − x(i−1) |, and β = mini∈{2,3,...,k} |f (x(i) ) − f (x(i−1) )|. If σ
is the cyclic permutation


1 2 3 ··· k
σ=
,
2 3 4 ··· 1
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Proposition 12 Let ~x = (x1 , x2 , . . . , xk ) be a vector with distinct entries in Rk . Let f (·)
be a strictly increasing real valued function (with the abuse of notation, f (~x), denoting f (·)
applied entrywise to ~x). Let the order statistics of ~x be denoted

Before proving Theorem 6, we first state a useful initial proposition.
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Network data has become ubiquitous in the sciences, giving rise to a vast array of computational and statistical problems that are only beginning to be explored. In this paper,
we have explored one such problem that arises when working with network data, namely
the task of performing vertex nomination. This task, in some sense the graph analogue of
the classic information retrieval problem, is fundamental to exploratory data analysis on
graphs as well as to machine learning applications. Above, we established the consistency of
two methods of vertex nomination: a maximum-likelihood scheme LML and its restrictedfocus variant LML
R , in which we obtain a feasibly exactly-solvable optimization problem at
the expense of using less than the full information available in the graph. Additionally,
we have introduced a maximum-likelihood nomination scheme for the case where vertices
are endowed with features and when (possibly weighted) edges are drawn from a canonical
exponential family. The key to all of these methods is the ability to quickly approximate a
solution to the seeded graph matching problem.
We have presented experimental comparisons of these methods against each other and
against several other benchmark methods, where we see that the best choice of method
depends highly on graph size and structure. The major tradeoff appears to be that large
graphs (tens of thousands of vertices) are not tractable for LML , but in smaller and mediumsized graphs, LML can detect signal where spectral methods fail to do so. It is worth noting
SP
that LML , and, to a lesser extent, LML
R , is quite competitive with L , and even manages to
best LSP when the structure of the graph is ill-suited to the typical assumptions of spectral
methods, as in the case of our linguistic data set. All told, our experimental results mirror
those in Fishkind et al. (2015) and point toward a theory of which methods are best-suited
to which graphs, a direction that warrants further exploration.

7. Discussion and Future Work
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(1) (2)

(`)

Moreover, τP can be chosen so that, in the cyclic decomposition of τP = τP τP · · · τP , each
(disjoint) cycle is acting on a set of distinct real numbers. Note that Proposition 12 implies
(i)
that the contribution of each cycle τP to E(XP ) is nonnegative, and the assumptions
of Theorem 6 imply that for each i, j ∈ [K] such that i 6= j, the contribution of each
(nontrivial) cycle permuting a Λi,i entry to a Λi,j entry contributes at least αβ to E(XP ).
It follows immediately that


E(XP ) = E tr(AB) − tr(AP BP > )
= E (hvec(A), vec(B)i − hvec(A), τP (vec(B)i)


X 1 XX

≥ 2αβ
i,j i,k + mi i,• 
2
i
j k6=j

X  (ui − i,• )i,•
≥ 2αβ
+ mi i,• .
2

i

Let n(P ) be the total number of distinct entries of vec(B) permuted by τP , and note that
an application of Proposition 12 yields


E(XP ) = E tr(AB) − tr(AP BP > )
= E (hvec(A), vec(B)i − hvec(A), τP (vec(B)i)
1
≥ n(P )γκ.
2

k

The assumptions in the Theorem also immediately yield that

X  (uk − k,• )k,•
+ mk k,• .
2
n(P ) ≥

=

k

.

(12)

for all k ∈ [K], the number of elements
is at most
` `,k

We next note that XP is a sum of n(P ) independent random variables, each bounded in
[−c, c]. An application of Hoeffding’s inequality then yields


2E2 XP
P(XP ≤ 0) ≤ P (|XP − EXP | ≥ EXP ) ≤ 2 exp − 2
4c n(P )
(
)



|EXP |κγ
αβκγ X (uk − k,• )k,•
+ mk k,•
.
≤ 2 exp −
≤ 2 exp −
2c2
4c2
2
Next, note that
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=
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P ∈ P/ ∼ with

k,` (P ) = k,` for all k, ` ∈ [K]
P
P
P
2,`
K,`
`6=1 1,`
u2 `6=2
· · · uK `6=K

u1

27

Lyzinski, Levin, Fishkind and Priebe

(uk + K)K = e

P

k s.t. k,• 6=0 K log(uk +K) .

K ) is bounded above by
The number of ways to choose such a set (i.e. the {k,` }k,`

Y

k s.t. k,• 6=0

−

k

k

k s.t. k,• 6=0


X
X
(uk − k,k ) log uk +
K log(uk + K) .

Applying the union bound over all P ∈ P/ ∼, we then have


P ∃ P ∈ P s.t. XP ≤ 0 = P ∃ P ∈ P/ ∼ s.t. XP ≤ 0



αβκγ X (uk − k,• )k,•
+ mk k,•
2c2
2
≤ exp

+

(13)

(14)

(15)

It remains for us to establish that the expression inside the exponent goes to −∞ fast
enough to ensure our desired bound. For each k, the contribution to the exponent in (14)
is



αβκγ (uk − k,• )k,•
−
+ mk k,• + (uk − k,k ) log uk + I{k,• 6= 0}K log(uk + K)
2c2
2

αβκγ  k,k k,•
+ mk k,• + k,• log uk + I{k,• 6= 0}K log(uk + K)
(16)
2c2
2
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uk k,•
uk k,•
= ω(k,• log uk ), and k,k k,• ≥
= ω(K log(uk + K)),
2
2

If uk /2 ≤ k,k < uk , then

k,k k,• ≥

mk uk
= ω(K log(uk + K)),
2

and the contribution to the exponent in (14) from k, Eq. (16), is clearly bounded above by
−2 log(n) for sufficiently large n. If k,k ≤ uk /2 then k,• > uk /2, and

mk k,• = ω(k,• log uk ), and mk k,• ≥

exp

k s.t. k,• 6=0

and the contribution to the exponent in (14) from k, Eq. (16), is clearly bounded above by
−2 log(n) for sufficiently large n. If k,k = uk , then all terms in the exponent (16) are equal
to 0. For sufficiently large n, Eq. (14) is then bounded above by




X
−
2 log(n) ≤ exp {−2 log(n)} ,


and the result follows.
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ML as claimed in Theorem 8 follows similarly to that of LML , and we
Consistency of LR
next briefly sketch the details of the proof.
Proof [Proof of Theorem 8 (Sketch)] Analogously to the proof of Theorem 6, define




XP := tr (A(1,2) )> B (1,2) − tr (A(1,2) )> B (1,2) P > .

28

P

2

n log n

mk

!

(1)


(2)

n2

−2mt2


,

≤ 2exp {−2n log n} ,

P (|n̂k − nk | ≥ t) ≤ 2exp

b k,k − Λk,k ≥
Λ

√

(19)

(18)

29
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We are now ready to prove Theorem 9, proving the consistency of LML when the model
parameters are unknown.
b be our estimate of B using the seed vertices; i.e., there
Proof [Proof of Theorem 9] Let B
b between
are n̂k vertices from block k for each k ∈ [K], and for each k, ` ∈ [K], the entry of B
a block k vertex and a block ` vertex is
!
b k,`
Λ
.
log
b k,`
1−Λ

With γ defined as in (8), define the events En and En via

 

[K]
b k,k − Λ
b k,` > γ ;
En(1) = ∀ {k, `} ∈
, s.t |Λk,k − Λk,` | > γ, it holds that Λ
2
2
n
o
2/3
En(2) = ∀ k ∈ [K], |n̂k − nk | ≤ nk
.
√
Combining (17)—(19), we see that if for each k ∈ [K], nk = Θ(n), mink mk = ω( nk log(nk )),
then for sufficiently large n,


P (En(1) ∪ En(2) )c ≤ e−2 log n .
(20)

and

and for k ∈ [K],

Before proving Theorem 9 we establish some preliminary concentration results for our
b and n̂k , k ∈ [K]. An application of Hoeffding’s inequality yields that for
estimates Λ,
k, ` ∈ [K] such that k 6= `,
√


b k,` − Λk,` ≥ n log n ≤ 2exp {−2n log n} ,
P Λ
(17)
mk m`

Details are omitted for brevity.

k

The proof follows mutatis mutandis to the proof of Theorem 6, with the key difference being
that in this case,
 



E(XP ) = E tr (A(1,2) )> B (1,2) − tr (A(1,2) )> B (1,2) P >
X
≥ 2αβ
mk k,• .
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α̂ =

min

{k,`} s.t. k6=`

(2)

(1)
En

k

(2)
En

2/3
O(nk )

k

P (∃ P ∈ P s.t. XP ≤ 0) = O(1/n2 ),

e



η

e

A(c,c) A(c,e)
A(e,c) A(e,e)



B=

e

η



η

e

B (c,c) B (c,e)
B (e,c) B (e,e)



,

e



η

e

P (c,c) P (c,e)
P (e,c) P (e,e)


,

30

(24)
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XP = tr(A(Iη−3e ⊕ Q)B(Iη−3e ⊕ Q)> ) − tr(A(P̃ ⊕ Q)B(P̃ ⊕ Q)> ).

Consider now

˜k,` = ˜k,` (P̃ ) = |{v ∈ Uk s.t. σ̃(v) ∈ Uk }|

we see that there exists a principal permutation submatrix of P (c,c) of size (η −2e)×(η −2e),
which we denote P̃ (with associated permutation σ̃). This matrix represents a subgraph of
the core vertices of A mapped to a subgraph of the core vertices in B. We can then write
P = P̃ ⊕ Q, where Q ∈ Π3e . For each k, ` ∈ [K], let

P =

η

where A(c,c) (resp., B (c,c) ) is an η × η submatrix of A (resp., B)—which contains the seed
vertices in A—with exactly ηk vertices (resp., labels) from block k for each k ∈ [K]. We
view A(c,c) as the “core” matrix of A (with A(e,e) and A(c,e) being the “errorful” part of
A), as A(c,c) is a submatrix of A that we could potentially cluster perfectly along block
assignments. Note that similarly decomposing P as

A=

η

and the desired consistency of LML follows immediately. To this end, decompose A and B
as

We will show that

XP := tr(AB̃ > ) − tr(A(Im ⊕ P )B̃(Im ⊕ P )> ).

and note that conditioning on
∪
ensures that ek =
for all k ∈ [K]. An
(1)
(2)
immediate result of this is that, conditioning on En ∪En , we have that ηk = Θ(nk ) = Θ(n)
for all k ∈ [K].
Define P := {P ∈ Πu : 1,• (P ) > n2/3 log n}, and for P ∈ Πu , define

(1)

min

{k,`} s.t. k6=`

bk,k − Bk,` | ĉ = max |B
bi,j − B
bk,` |, (21)
|B
i,j,k,`




y
x
− log
κ̂ = min log
.
(22)
1−x
1−y
b
x,y∈L

β̂ =

Note that conditioning on En ∪ En and assumption iv. ensures that each of α̂, β̂, ĉ, γ̂,
and κ̂ is bounded away from 0 by an absolute constant for sufficiently large n. For each
k ∈ [K], define
X
X
ek := |n̂k − nk | = |ûk − uk |, e =
ek , ηk := min(nk , n̂k ), η =
ηk ,
(23)

b
x,y∈L

γ̂ = min |x − y|,

b k,k − Λ
b k,` |
|Λ

b be the set of distinct entries of Λ,
b and define
Let L
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− Θ(ηe) − Θ(e2 ).
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X

1
E(XP ) ≥ ñ(P )γ̂κ̂ − Θ(ηe) − Θ(e2 ).
2

ñ(P ) ≥

2

X  (ũk − ˜k,• )˜
k,•

k


X
K log(ũk + K) + O(e log e)

D. E. Fishkind, V. Lyzinski, H. Pao, L. Chen, and C. E. Priebe. Vertex nomination schemes
for membership prediction. The Annals of Applied Statistics, 9(3):1510–1532, 2015.

D. E. Fishkind, S. Adali, and C. E. Priebe. Seeded graph matching. arXiv preprint
arXiv:1209.0367, 2012.

M. Fiori, P. Sprechmann, J. T. Vogelstein, P. Mus, and G. Sapiro. Robust multimodal
graph matching: Sparse coding meets graph matching. Advances in Neural Information
Processing Systems, pages 127–135, 2013.

G. A. Coppersmith and C. E. Priebe. Vertex nomination via content and context. arXiv
preprint arXiv:1201.4118, 2012.
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2009.
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≥ 2α̂β̂
k

(ũk − ˜k,• )˜
k,•
+ mk ˜k,•
2

Letting ũk denote the number of vertices from the k-th block acted on by P̃ , our assumptions
yield
E(XP )

k

(ũk − ˜k,k ) log ũk +


k s.t. ˜k,• 6=0

(26)

(25)

Let ñ(P ) be the total number of distinct entries of vec(B (c,c) ) permuted by P̃ , and note
that another application of Proposition 12 yields

−

+

X

K log(ũk + K) + Θ(ne)

(ũk − ˜k,• )˜
k,•
+ mk ˜k,•
2

k s.t.

˜k,• log ũk +

X

k

X

The assumptions in the Theorem also immediately yield that

+ mk ˜k,• .


− c1
k

X

k



We then have that there exists a constants c1 > 0 and c2 > 0 such that


P ∃ P ∈ P s.t. XP ≤ 0 En(1) ∪ En(2) = P ∃ P ∈ P/ ∼ s.t. XP ≤ 0 En(1) ∪ En(2)



k,•
α̂β̂κ̂γ̂ X (ũk − ˜k,• )˜
+ mk ˜k,• + Θ(ηe) + Θ(e2 )
2ĉ2
2
≤ exp

= exp
+

˜k,• 6=0

P. Foggia, G. Percannella, and M. Vento. Graph matching and learning in pattern recognition in the last 10 years. International Journal of Pattern Recognition and Artificial
Intelligence, 28(01):1450001, 2014.

≤ exp{−c2 n7/4 log n}.

Unconditioning Equation (25) combined with Equation (20) yields the desired result.
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mP (x) =

Z

k(x, y)dP (y), x ∈ X

JMLR 17(180):1-28

(1)

Let (X , B(X )) be a measurable space and M1 (X ) be the set of probability measures. Let
H be the real-valued reproducing kernel Hilbert space (RKHS) associated with a bounded
and measurable positive-definite (p.d.) kernel k : X × X → R. In machine learning,
kernel methods provide a technique for developing nonlinear algorithms, by mapping data
X1 , · · · , Xn in X to higher- or infinite-dimensional RKHS functions k(·, X1 ), . . . , k(·, Xn ) in
H (Schölkopf and Smola, 2002; Steinwart and Christmann, 2008).
Recently, an RKHS representation of a probability measure P ∈ M1 (X ), called kernel
mean, mP := EX∼P [k(·, X)] ∈ H (Smola et al., 2007; Fukumizu et al., 2013), or equivalently,

1. Introduction

Keywords: Characteristic Kernel, Kernel Mean, Infinitely Divisible Distribution, Conjugate Kernel, Convolution Trick

We connect shift-invariant characteristic kernels to infinitely divisible distributions on Rd .
Characteristic kernels play an important role in machine learning applications with their
kernel means to distinguish any two probability measures. The contribution of this paper is
twofold. First, we show, using the Lévy–Khintchine formula, that any shift-invariant kernel
given by a bounded, continuous, and symmetric probability density function (pdf) of an
infinitely divisible distribution on Rd is characteristic. We mention some closure properties
of such characteristic kernels under addition, pointwise product, and convolution. Second,
in developing various kernel mean algorithms, it is fundamental to compute the following
values: (i) kernel mean values mP (x), x ∈ X , and (ii) kernel mean RKHS inner products
hmP , mQ iH , for probability measures P, Q. If P, Q, and kernel k are Gaussians, then the
computation of (i) and (ii) results in Gaussian pdfs that are tractable. We generalize this
Gaussian combination to more general cases in the class of infinitely divisible distributions.
We then introduce a conjugate kernel and a convolution trick, so that the above (i) and (ii)
have the same pdf form, expecting tractable computation at least in some cases. As specific instances, we explore α-stable distributions and a rich class of generalized hyperbolic
distributions, where the Laplace, Cauchy, and Student’s t distributions are included.

Editor: Ingo Steinwart

The Institute of Statistical Mathematics
10-3 Midori-cho, Tachikawa, Tokyo 190-8562, Japan

Kenji Fukumizu

The University of Electro-Communications
1-5-1 Chofugaoka, Chofu, Tokyo 182-8585, Japan

Yu Nishiyama

Characteristic Kernels and Infinitely Divisible Distributions

Journal of Machine Learning Research 17 (2016) 1-28

2

JMLR 17(180):1-28

1. A probability measure δx (·), x ∈ X is a delta measure; if x ∈ B, then δx (B) = 1; otherwise, δx (B) = 0
for B ∈ B(X ).
P P
2. If kernel means mP , mQ are also both expressed by a weighted sum, mP := n
i=1 ηi k(·, Ẋi ) and mQ :=
PnQ
η̃
k(·,
Ẍ
),
{
Ẋ
},
{
Ẍ
}
⊂
X
,
then
the
computation
also
reduces
to
the
above
kernel trick case.
i
i
i
i=1 i

(ii) RKHS inner products: hf, giH , f, g ∈ H.
P
If f ∈ H is represented by f := ni=1 wi k(·, Xi ), w ∈ Rn , then the function value (i) f (x) =
P
n
w
k(x,
X
)
reduces
to
the
evaluation of the kernel k(x, y). Similarly, if two RKHS
i
i=1 i
P
P
functions f, g ∈ H are both represented by f := ni=1 wi k(·, Xi ) and g := lj=1 w̃j k(·, X̃j ),
Pn Pl
respectively, then the inner product (ii) hf, giH = i=1 j=1 wi w̃j k(Xi , X̃j ) reduces to the
evaluation of the kernel k(x, y), which is so-called the kernel trick hk(·, x), k(·, y)iP
H = k(x, y).
We consider a more general case in which f, g ∈ H are represented by f := ni=1 wi mPi
Pl
and g := j=1 w̃j mQj , respectively, where {mPi }, {mQj } ⊂ H are kernel means of probability measures {Pi }, {Qj } ⊂ M1 (X ). Kernel algorithms involving kernel means use this type
of RKHS functions explicitly or implicitly. If {Pi }, {Qj } are delta measures {δXi }, {δX̃j },1
then these functions are specialized
to the above kernel trick case,
P
P where
P mδx = k(·, x). The
computation of (i) f (x) = ni=1 wi mPi (x) and (ii) hf, giH = ni=1 lj=1 wi w̃j hmPi , mQj iH
requires the following kernel mean evaluations:2

(i) RKHS function values: f (x) for f ∈ H, x ∈ X ,

has been used to handle probability measures in RKHSs. The kernel mean enables us to
introduce a similarity and distance between two probability measures P, Q ∈ M1 (X ), via
the RKHS inner product hmP , mQ iH and the norm ||mP − mQ ||H , respectively. Using these
quantities, different authors have proposed many algorithms, including density estimations
(Smola et al., 2007; Song et al., 2008; McCalman et al., 2013), hypothesis tests (Gretton
et al. 2012, Gretton et al. 2008, Fukumizu et al. 2008), kernel Bayesian inference (Song
et al. 2009, Song et al. 2010, Song et al. 2011, Fukumizu et al. 2013, Song et al. 2013,
Kanagawa et al. 2016, Nishiyama et al. 2016), classification (Muandet et al., 2012), dimension reduction (Fukumizu and Leng, 2012), and reinforcement learning (Grünewälder et al.
2012, Nishiyama et al. 2012, Rawlik et al. 2013, Boots et al. 2013).
In these applications, the characteristic property of a p.d. kernel k is important: a
p.d. kernel is said to be characteristic if any two probability measures P, Q ∈ M1 (X ) can
be distinguished by their kernel means mP , mQ ∈ H (Fukumizu et al., 2004; Sriperumbudur
et al., 2010, 2011). For a continuous, bounded, and shift-invariant p.d. kernel on Rd with
k(x, y) = κ(x − y), a necessary and sufficient condition for the kernel to be characteristic is
known via the Bochner theorem (Sriperumbudur et al., 2010, Theorem 9).
As the first contribution of this paper, we show, using the Lévy–Khintchine formula
(Sato, 1999; F. W. Steutel, 2004; Applebaum, 2009), that if κ is a continuous, bounded,
and symmetric pdf of an infinitely divisible distribution P on Rd , then k is a characteristic
p.d. kernel. We call such kernels convolutionally infinitely divisible (CID) kernels. Examples
of CID kernels are given in Example 3.4. In addition, we note some closure properties of
the CID kernels with respect to addition, pointwise product, and convolution.
To describe the second contribution, we briefly explain what is essentially computed
in kernel mean algorithms. In general kernel methods, the following computations are
fundamental:

Nishiyama and Fukumizu
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(iii) kernel mean values: mP (x) for P ∈ M1 (X ), x ∈ X ,
(iv) kernel mean inner products: hmP , mQ iH , P, Q ∈ M1 (X ).
Note
that the kernel mean value (1) and the kernel mean inner product hmP , mQ iH =
R
k(x, y)dP (x)dQ(y) involve an integral, and their rigorous computation is not tractable in
general.
The second contribution of this paper is to provide some classes of p.d. kernels and
parametric models P, Q ∈ PΘ := {Pθ |θ ∈ Θ} such that the kernel computation of (iii) and
(iv) can be reduced to a kernel evaluation, where tractable computation is considered. For
a shift-invariant kernel k(x, y) = κ(x − y), x, y ∈ Rd on Rd , as shown in Lemma 2.5, the
computation of (iii) and (iv) reduces to the following convolution:
(iii)’ kernel mean values: mP (x) = (κ ∗ P )(x),
(iv)’ kernel mean inner products: hmP , mQ iH = (κ ∗ P̃ ∗ Q)(0) = (κ ∗ P ∗ Q̃)(0),
where P̃ and Q̃ are the dual of P and Q, respectively.3 This convolution representation
motivates us to explore a set of parametric distributions PΘ that is closed under convolution,
namely, a convolution semigroup (PΘ , ∗) ⊂ M1 (Rd ), where κ is a density function in PΘ .
To illustrate the basic idea, let us consider Gaussian distributions PΘ as a parametric
class, which is closed under convolution, and a Gaussian kernel. For simplicity, we consider
the case of scalar variance matrices σ 2 Id . Let Nd (µ, σ 2 Id ) and fd (x|µ, σ 2 Id ) denote the ddimensional Gaussian distribution with mean µ and variance-covariance matrix σ 2 Id , and its
2 I ),
pdf, respectively. If P and Q are Gaussian distributions Nd (µP , σP2 Id ) and Nd (µQ , σQ
d
respectively, and k is given by the pdf fd (x − y|0, τ 2 I), it is easy to see that mP (x) =
2 + τ 2 )I ). The kernel mean
fd (x|µP , (σP2 + τ 2 )Id ) and hmP , mQ iH = fd (µP |µQ , (σP2 + σQ
d
value and inner product are thus reduced to simply evaluating Gaussian pdfs, which are
given by a parameter update following a specific rule. This type of computation appears
in various applications: to list a few, Muandet et al. (2012) proposed a support measure
classification by considering kernels k(P, Q) between two input probability measures P, Q,
including Gaussian models; Song et al. (2008) and McCalman et al. (2013) considered an
approximation of a (target) probability measure P with a Gaussian mixture Pθ , via an
2 . The parametric expression of (iii) and
optimization problem θ̂ = argminθ ||mP − mPθ ||H
(iv) is especially useful for the optimization of θ in the class of distributions. Other such
applications are given in Section 5.
We generalize this closedness or ”conjugacy4 ” of Gaussians with respect to kernel means
and explore other cases in CID kernels. We then introduce a conjugate kernel k to parametric
models Pθ and a convolution trick, so that (iii) and (iv) have the same density form, i.e.,
there is some parameter update in the class. If P, Q are delta measures δx , δy , then the
convolution trick simplifies to the kernel trick. See Proposition 4.2 for a description.
While a general perspective is obtained from the convolution semigroup (I(Rd ), ∗) of
infinitely divisible distributions, the pdfs of I(Rd ) are not tractable in general. We then
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3. A probability measure P̃ ∈ M1 (Rd ) is called a dual of P ∈ M1 (Rd ) if P̃ (B) = P (−B) for every
B ∈ B(Rd ), where −B := {−x : x ∈ B} (Sato, 1999, p.8)
4. Here, the term ”conjugacy” is an analogy of the conjugate prior in the Bayes’ theorem, where the prior
and posterior have the same pdf form in a probabilistic model.

3
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explore smaller convolution sub-semigroups (PΘ , ∗) ⊂ (I(Rd ), ∗) having a small number of
parameters. In particular, we focus on the well-known α-stable distributions Sα (Rd ) for each
α ∈ (0, 2] and generalized hyperbolic (GH) distributions GH(Rd ), which include Laplace,
Cauchy, and Student’s t distributions. For each α ∈ (0, 2], the class Sα (Rd ) is closed under
convolution. The GH class has various convolutional properties, as given in Proposition 4.5.
As in the Gaussian cases, the computation of (iii) and (iv) is realized by the evaluation of
pdfs, i.e., evaluation of conjugate kernels, after a parameter update.
Unfortunately, these conjugate kernels are not generally tractable. However, we can
find some subclasses of tractable conjugate kernels. See Section 6 for a discussion on the
computation of conjugate kernels. Note that α-stable and GH distribution classes have
many applications; applications of Sα (Rd ) are listed in Nolan (2013a), and the GH distributions have been applied, e.g., to mathematical finance with the Lévy processes (Schoutens,
2003; Cont and Tankov, 2004; Barndorff-Nielsen and Halgreen, 1990; Madan et al., 1998;
Barndorff-Nielsen, 1998; Barndorff-Nielsen and Prause, 2001; Carr et al., 2002). Note also
that the Matérn kernel (Rasmussen and Williams, 2006, Section 4.2.1), often used in machine learning, is included in this GH class.
The rest of this paper is organized as follows. In Section 2, we review the notions of
kernel means, characteristic kernels, and related matters. In Section 3, we show that the
CID kernels are characteristic p.d. kernels on Rd . In addition, we present the closedness
property with respect to addition, pointwise product, and convolution. In Section 4, we
introduce the absorbing, conjugate kernel and convolution trick for convolution semigroups
of infinitely divisible distributions. Section 5 lists some motivating examples of kernel
machine algorithms involving kernel means and parametric models. Section 6 notes the
computation of the pdfs of conjugate kernels to realize the convolution trick.

2. Preliminaries: Kernel Means and Characteristic Kernels

In this section, we review kernel means and characteristic√kernels restricted to Rd .
Let Pd be the set of d × d p.d. matrices. Let ||x||Σ = x> Σx, x ∈ Rd , and Σ ∈ Pd . Let
L1 (Rd ) be the absolutely integrable function space on Rd . Let Cb (Rd ) be the continuous
and bounded function space on Rd .
A symmetric function k : Rd × Rd → R is called a p.d. kernel on Rd if, for any
n ∈ N, x1 , . . . , xn ∈ Rd , the matrix Gij = k(xi , xj ), i, j ∈ {1, . . . , n} is positive-semidefinite.
Throughout this paper, we assume a p.d. kernel k is on Rd . It is known (Aronszajn, 1950)
that every p.d. kernel k has the unique RKHS H, which is a Hilbert space of functions
f : Rd → R, satisfying the following: (i) k(·, x) ∈ H, ∀x ∈ Rd ; (ii) Span{k(·, x)|x ∈ Rd } is
dense in H; and (iii) the reproducing property holds:

f (x) = hf, k(·, x)iH , ∀f ∈ H, ∀x ∈ Rd ,
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where h·, ·iH denotes the inner product of H. The map Φ : Rd → H; x 7→ k(·, x) is called a
feature map.
A p.d. kernel k is called bounded if supx∈Rd k(x, x) < ∞. A p.d. kernel k is bounded if
and only if every f ∈ H is bounded (Steinwart and Christmann, 2008, Lemma 4.23). A p.d.
kernel k is called separately continuous if k(·, x) : Rd → R is continuous for all x ∈ Rd . A
p.d. kernel k is bounded and separately continuous if and only if every f ∈ H is a bounded

4

(Rd )

Rd

[0,∞)

5
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Sriperumbudur et al. (2010) showed a necessary and sufficient condition for a shiftinvariant p.d. kernel k(x, y) = κ(x − y), x, y ∈ Rd , κ ∈ Kcb (Rd ), to be characteristic via the
Bochner theorem:

Definition 2.2 (Fukumizu et al., 2004)(Sriperumbudur et al., 2010, Definition 6) A bounded
and continuous p.d. kernel k : Rd × Rd → R is called characteristic on Rd if the kernel
mean map M1 (Rd ) → H; P 7→ mP is injective, i.e., mP = mQ implies P = Q for any
P, Q ∈ M1 (Rd ).

If k is a bounded and continuous p.d. kernel, then the feature map Φ p
: Rd → H is Bochner
P -integrable for all P ∈ M1 (Rd ), since EX∼P [||k(·, X)||H ] = EX∼P [ k(X, X)] < ∞ for
all P ∈ M1 (Rd ) (Steinwart and Christmann, 2008, p. 510). Throughout this paper, we
assume a bounded and continuous p.d. kernel k. We write mP := {mP |P ∈ P ⊂ M1 (Rd )}.
As mentioned in the Introduction, there are many applications using mP , since mP
enables us to introduce a similarity and distance between probability measures P, Q ∈
M1 (Rd ), via the Hilbert space inner product hmP , mQ iH and norm ||mP − mQ ||H , respectively, where the reproducing property is also exploited. In these applications, the
characteristic kernel is important to distinguish any probability measures P, Q ∈ M1 (Rd )
by their kernel means mP , mQ ∈ H. The following is the definition restricted to Rd :

mP := EX∼P [Φ(X)] = EX∼P [k(·, X)] ∈ H, P ∈ M1 (R ).

d

where ν(t) is a finite nonnegative Borel measure on the Borel sets B([0, ∞)). A p.d. kernel
k is called elliptical if k(x, y) = κ̃(||x − y||Σ ), x, y ∈ Rd , Σ ∈ Pd .
Let M1 (Rd ) be the set of Borel probability measures on (Rd , B(Rd )). An RKHS element
mP ∈ H with a p.d. kernel k is called a kernel mean of a probability measure P ∈ M1 (Rd )
if there exists an expectation of the feature map:

Let Kcb
⊂ Cb
denote the set of continuous bounded p.d. functions.
A p.d. kernel k is called radial if there exists a function κ̃ : [0, ∞) → R such that
k(x, y) = κ̃(||x − y||), x, y ∈ Rd . A radial kernel k is given by
Z
2
k(x, y) = κ̃(||x − y||) =
e−t||x−y|| dν(t), x, y ∈ Rd ,
(2)

(Rd )

Theorem 2.1 (Bochner, 1959) (Wendland, 2005, Theorem 6.6) A continuous function
κ : Rd → C is positive definite if and only if it is the Fourier transform F(Λ) of a finite
nonnegative Borel measure Λ on Rd :
Z
√
>
e −1w x dΛ(w), x ∈ Rd .
κ(x) =

Theorem 2.3 (Sriperumbudur et al., 2010, Theorem 9) A shift-invariant p.d. kernel k with
κ ∈ Kcb (Rd ) is characteristic if and only if the finite nonnegative measure Λ in Theorem
2.1 has the entire support, supp(Λ) = Rd .

and continuous function, i.e., H ⊂ Cb (Rd ), (Steinwart and Christmann, 2008, Lemma 4.28).
A p.d. kernel k is called continuous if k is separately continuous and x 7→ k(x, x), x ∈ Rd is
continuous (Steinwart and Christmann, 2008, Lemma 4.29). If a p.d. kernel k is continuous,
the RKHS H is separable (Steinwart and Christmann, 2008, Lemma 4.33).
A p.d. kernel k is called shift-invariant if there exists a function κ : Rd → R such that
k(x, y) = κ(x − y), x, y ∈ Rd . The function κ is called a p.d. function. A p.d. function κ
on Rd is characterized by the Bochner theorem:

Rd

Rd

6
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where we have used Proposition 2.4 and κ̃ = κ in the last equality. Since hmP , mQ iH is
symmetric with respect to P and Q, then (κ ∗ P̃ ∗ Q)(0) = (κ ∗ P ∗ Q̃)(0). This is also

Rd

(Rd )

Kernel mean mP ∈ H ⊂ Cb
exists for all P ∈ M1 (Rd ) because, for κ ∈ Cb (Rd ), the
feature map Φ : x 7→ k(x, ·) is Bochner P -integrable for all P ∈ M1 (Rd ), as given in the
definition of mP .
2. RKHS inner product hmP , mQ iH has the following convolution representation:
Z
Z
hmP , mQ iH =
mP (y)dQ(y) =
m̃P (−y)dQ(y) = (m̃P ∗ Q)(0) = (κ ∗ P̃ ∗ Q)(0),

Rd

Proof 1. Kernel mean mP has the following convolution representation:
Z
Z
mP =
k(x, ·)dP (x) =
κ(· − x)dP (x) = κ ∗ P, P ∈ M1 (Rd ).

where P̃ and Q̃ are the dual of P and Q, respectively.

hmP , mQ iH = (κ ∗ P̃ ∗ Q)(0) = (κ ∗ P ∗ Q̃)(0), P, Q ∈ M1 (Rd ),

2. The RKHS inner product hmP , mQ iH is given by the convolution

mP = κ ∗ P ∈ H ⊂ Cb (Rd ), P ∈ M1 (Rd ).

1. Kernel mean mP is given by the convolution

Lemma 2.5 Let k be a shift-invariant p.d. kernel with κ ∈ Cb (Rd ). Then, we have the
following:

Kernel mean mP and RKHS inner product hmP , mQ iH have the following convolution
representation:

^
Proposition 2.4 f]
∗ g = f˜ ∗ g̃, f]
∗ P = f˜ ∗ P̃ , and P
∗ Q = P̃ ∗ Q̃.

ch (Rd ) ⊂ K (Rd ) denote the set of such characteristic p.d. functions on Rd .
Let Kcb
cb
R
The convolution f ∗ g of two functions f and g is defined by f ∗ g := Rd f (· − y)g(y)dy.
The convolution
f ∗ Q of a function f and a probability measure Q ∈ M1 (Rd ) is defined
R
by f ∗ Q := Rd f (· − y)dQ(y). The convolution P ∗ Q of two probability
measures P, Q ∈
R
M1 (Rd ) is defined by the probability measure (P ∗ Q)(B) := Rd P (B − x)dQ(x), where
B − x := {z − x : z ∈ B}, B ∈ B(Rd ).
Given a function f (x), x ∈ Rd , the function f˜ denotes f˜(x) = f (−x), x ∈ Rd . Given
a probability measure P ∈ M1 (Rd ), a probability measure P̃ ∈ M1 (Rd ) is called dual if
P̃ (B) = P (−B), B ∈ B(Rd ), where −B := {−x : x ∈ B} (Sato, 1999, p.8). A probability
measure P is symmetric if P = P̃ .
We have the following simple equalities:
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obtained by (κ ∗ P̃ ∗ Q)(0) = (κ ∗^
P̃ ∗ Q)(0) = (κ ∗ P ∗ Q̃)(0).
In this paper, we simply consider that κ is a pdf of a probability distribution.5 Then,
Lemma 2.5 motivates us to explore the set of probability distributions PΘ ⊂ M1 (Rd ) that
is closed under convolution, i.e., convolution semigroup (PΘ , ∗).

3. Characteristic Kernels and Infinitely Divisible Distributions
In this section, we introduce CID kernels, which are defined by infinitely divisible distributions, and show that they are characteristic (Section 3.1). In addition, we examine some
closure properties of CID kernels with respect to addition, pointwise product, and convolution (Section 3.2).
3.1 Convolutionally Infinitely Divisible Kernels
We review the infinite divisibility of a probability measure (Sato, 1999; F. W. Steutel, 2004;
Applebaum, 2009).
Definition 3.1 (Sato, 1999, Definition 7.1, p. 31) A probability measure P ∈ M1 (Rd )
is called infinitely divisible if, for any integer n ∈ N, there exists a probability measure
Pn ∈ M1 (Rd ) such that P = Pn∗n .
The support of every infinitely divisible distribution P is unbounded except for delta measures {δx (·)|x ∈ Rd } (Sato, 1999, Examples 7.2, p. 31). Let I(Rd ) denote the set of infinitely
divisible distributions on Rd . I(Rd ) is closed under convolution. Every infinitely divisible
distribution P ∈ I(Rd ) has the following unique Lévy–Khintchine representation for the
characteristic function. Let x ∧ y = min{x, y}, x, y ∈ R. Let 1B denote the indicator
function on Rd with B ⊂ Rd .
Theorem 3.2 (Sato, 1999, Theorem 8.1, p. 37) The characteristic function P̂ (w) of an
infinitely divisible distribution P ∈ I(Rd ) has the following unique representation:


Z 

1
>
P̂ (w) = exp iw> γ − w> Aw +
eiw x − 1 − iw> x1{|x|≤1} (x) ν(dx) , w ∈ Rd , (3)
2
Rd

Z

k(x,x)

k(y,y)

√

k(x,y)

(4)
are often used (e.g., Gaussian kernels

(|x|2 ∧ 1)ν(dx) < ∞.

where γ ∈ Rd , A ∈ Rd×d , is a symmetric nonnegative-definite matrix and ν is a measure
on Rd satisfying
ν({0}) = 0 and

Rd

5. In machine learning, normalized kernels k̄(x, y) := √
2

(2πγ 2 )d

1

exp(− ||x−y||
)) for the closedness of the pdfs of P
2γ 2

2

)) (Steinwart and Christmann, 2008, Lemma 4.55). However, we consider here
k̄(x, y) := exp(− ||x−y||
2γ 2
pdf kernels (e.g., Gaussian kernels k(x, y) := √

JMLR 17(180):1-28

and mP . A scalar multiplication (c > 0) changes as follows: m̄P := EX∼P [k̄(·, X)] = cEX∼P [k(·, X)] =
cmP and hm̄P , m̄Q iH̄ = chmP , mQ iH , where hf, giH̄ = 1c hf, giH , ∀f, g ∈ H, H̄ (Berlinet and ThomasAgnan, 2004, p.37).
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Conversely, for any γ ∈ Rd , symmetric nonnegative-definite matrix A ∈ Rd×d , and measure
ν satisfying (4), there exists an infinitely divisible distribution P ∈ I(Rd ).

(A, ν, γ) is called the generating triplet of P ∈ I(Rd ). A is called the covariance matrix
of the Gaussian factor of P ∈ I(Rd ), and ν is called the Lévy measure of P ∈ I(Rd ).
Gaussians correspond to the generating triplet (A, 0, γ). α-Stable distributions, including
Cauchy distributions, correspond to generating triplet (0, ν, γ), where ν is the corresponding
nonzero Lévy measure. The Lévy measure of the α-stable distributions is shown in Appendix
A.
An infinitely divisible distribution P ∈ I(Rd ) is symmetric if and only if (A, ν, γ) =
(A, νs , 0), where νs is a symmetric Lévy measure6 (Sato, 1999, p.114). Let IS(Rd ) denote
the set of symmetric and infinitely divisible distributions on Rd . IS(Rd ) is closed under
id (Rd )(⊂ C (Rd ) ∩ L1 (Rd )) denote the set of continuous and bounded
convolution. Let Kcb
b
pdfs7 of symmetric infinitely divisible distributions IS(Rd ):

id
(Rd ) := {Ξ(Ps ) ∈ Cb (Rd )|Ps ∈ IS(Rd )},
Kcb

where Ξ : M1 (Rd ) → L1 (Rd ) is a function that maps a probability measure P to its pdf f
if it exists.
id (Rd ) can be used for a characteristic kernel as follows.
The infinitely divisible pdf κ ∈ Kcb

id (Rd ) is a p.d. and
Theorem 3.3 The function k(x, y) = κ(x − y), x, y ∈ Rd , κ ∈ Kcb
id (Rd ) ⊂ Kch (Rd ).
characteristic kernel, i.e., Kcb
cb

Proof A probability measure P on Rd is symmetric if and only if the characteristic function
P̂ (w), w ∈ Rd is real valued (Sato, 1999, p.67). If P is symmetric and infinitely divisible,
P̂ (w) > 0 for every w ∈ Rd from the Lévy–Khintchine formula (3). Since P̂ (w) is positive
and has the entire support, supp(P̂ (w)) = Rd , then k is a p.d. and characteristic kernel
from Theorem 2.3.

We call a p.d. kernel k in Theorem 3.3 a convolutionally infinitely divisible (CID) kernel8 .
CID kernels include the following examples:

Example 3.4 (CID p.d. kernels) CID kernels include Gaussian kernels, Laplace kernels, Cauchy kernels, α-stable kernels for each α ∈ (0, 2] (α = 2 corresponds to Gaussian
kernels; α = 1 corresponds to Cauchy kernels), sub-Gaussian α-stable kernels, Student’s t
kernels (Grosswald, 1976), GH kernels, normalized inverse Gaussian (NIG) kernels, variance gamma (VG) kernels (Matérn kernel is a special case of this), tempered α-stable (TαS)
kernels (Rachev et al., 2011; Rosiński, 2007; Bianchi et al., 2010), etc.
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6. A symmetric Lévy measure is a Lévy measure such that νs (B) = νs (−B) for ∀B ∈ B(Rd ).
7. A necessary and sufficient condition for P ∈ IS(Rd ) to have a pdf is not known (Sato, 1999, p.177). If
the Gaussian factor A ∈ Rd×d is full rank, then P ∈ I(Rd ) has the pdf. If A = 0, see some sufficient
conditions (Sato, 1999, Theorem 27.7, 27.10). Every nondegenerate self-decomposable distribution on
Rd has the pdf (Sato, 1999, Theorem 27.13).
8. The term ”infinite divisibility” of a p.d. kernel is used in the pointwise product sense (Berg et al., 1984,
Definition 2.6, p. 76), i.e., a p.d. kernel k : X × X → C on a nonempty set X is called infinitely divisible
if, for every n ∈ N, there exists a p.d. kernel kn : X × X → C such that k = (kn )n . The CID kernel
considered here is the convolution sense κ = (κn )∗n .

8

κ1 , κ2 ∈ Kcb

(Rd ),
and κ2 6= 0, then κ + κ1 , κκ2 ∈

9
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Example 3.8 (F. W. Steutel, 2004, Example 2.9) An exponential distribution P with
the pdf κ(x) = α exp(−αx)1[0,∞) (x), α > 0 is infinitely divisible. The dual is κ̃(x) =
α exp(αx)1(−∞,0) (x).

As given in Proposition 3.7, the infinite divisibility is not closed under mixing in general,
although some special mixing cases preserve it (F. W. Steutel, 2004, Chapter 7). The normal
mean-variance mixture with an infinitely divisible mixing distribution, given in Lemma 4.4,
is one of them.
New CID kernels and characteristic kernels may be generated by using these closure
properties. If κ = F(κ̂) is an infinitely divisible pdf with the characteristic function κ̂, then
symmetrization κ∗ := κ ∗ κ̃ = F(|κ̂|2 ) and positive powers (κ∗ )∗λ = F(|κ̂|2λ ) (λ > 0) are
also infinitely divisible pdfs. The following example shows that the Laplace and symmetric
Gamma kernels are CID kernels generated from an exponential distribution.

Proof 1. Let κ1 = Ξ(P1 ) and κ2 = Ξ(P2 ). Then, κ1 ∗ κ2 = Ξ(P1 ∗ P2 ). If P1 , P2 ∈ IS(Rd )
are absolutely continuous and symmetric infinitely divisible measures, so is P1 ∗P2 ∈ IS(Rd ).
2. A mixture of two infinitely divisible distributions is not necessarily infinitely divisible.
A product of two infinitely divisible distributions is not necessarily infinitely divisible. The
2
counter-examples are as follows. Let κ1 (x) = e−|x| and κ2 (x) = e−x , x ∈ R, be p.d.
2
functions of Laplace and Gaussian kernels, respectively. Then, the product k(x) ∝ e−|x| e−x
is not infinitely divisible (F. W. Steutel, 2004, Example 11.13), although it is characteristic
1 2
1 2
(Proposition 3.6). Let κ1 (x) = 4√1 π e− 4 x and κ2 (x) = 4√12π e− 8 x , x ∈ R, be Gaussian
kernels; then, the addition κ1 + κ2 is not infinitely divisible (F. W. Steutel, 2004, Example
11.15), although it is characteristic (Proposition 3.6). Many examples can be found in
F. W. Steutel (2004).

id (Rd ), although they
2. Addition κ1 + κ2 and product κ1 κ2 do not necessarily belong to Kcb
ch
d
are characteristic, κ1 + κ2 , κ1 κ2 ∈ Kcb (R ).

id (Rd ).
1. Convolution κ1 ∗ κ2 ∈ Kcb

id (Rd ). Then, we have the following:
Proposition 3.7 Let κ1 , κ2 ∈ Kcb

id (Rd ) is closed under convolution but not closed under addition
The set of CID kernels Kcb
or pointwise product.

Proposition 3.6 If κ ∈
ch (Rd ).
Kcb

ch (Rd ),
Kcb

ch (Rd ) is closed under addition and pointwise
Similarly, the set of characteristic kernels Kcb
product as follows (Sriperumbudur et al., 2010, Corollary 11):

Proposition 3.5 If κ1 , κ2 ∈ Kcb (Rd ), then κ1 + κ2 ∈ Kcb (Rd ) and κ1 κ2 ∈ Kcb (Rd ).

In this subsection, we note some closure properties of CID and characteristic kernels with
respect to addition, pointwise product, and convolution. The closure property is used, e.g.,
to generate a new CID and characteristic kernel. Example 3.8 shows such an example.
It is known that the set of continuous and bounded p.d. kernels Kcb (Rd ) is closed under
addition and pointwise product as follows (Steinwart and Christmann, 2008, p. 114):

3.2 Closure Property

Characteristic Kernels and Infinitely Divisible Distributions

α2λ
1

π(2α)λ− 2 Γ(λ)

1

2

|x − µ|λ− 2 Kλ− 1 (α|x − µ|), x ∈ R
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Statements 1 and 2 indicate an absorbing property of k with respect to parametric models.
If PΘ = QΘ0 in Proposition 4.1, we call k (and, hence, its RKHS H) a conjugate to PΘ . A
general perspective may be given by the CID kernels, where these kernels are conjugate to
I(Rd ) as follows:

Proof These statements are straightforward from Lemma 2.5 and assumptions.

2. If κ ∈ Ξ(QΘ0 ), then mPΘ ⊂ Ξ(PΘ ) holds. RKHS inner products hmP , mQ iH , P, Q ∈
PΘ are not necessarily values of pdfs in Ξ(PΘ ).

1. If κ ∈ Ξ(PΘ ), then mQΘ0 ⊂ Ξ(PΘ ) holds. RKHS inner products hmP , mQ iH , P, Q ∈
QΘ0 are values of pdfs in Ξ(PΘ ).

Proposition 4.1 (absorbing & conjugate kernel) Let PΘ , QΘ0 ⊂ M1 (Rd ) be two sets
of parametric models such that PΘ ∗ QΘ0 ⊆ PΘ , where Θ and Θ0 are finite or infinite index
sets. Denote by Ξ(PΘ ) and Ξ(QΘ0 ) the sets of pdfs. Let κ ∈ Kcb (Rd ) be a shift-invariant
p.d. kernel. We have the following statements:

We begin by introducing the notion of absorbing and conjugate p.d kernels to particular
sets of parametric models PΘ as follows:

4.1 Absorbing, Conjugate Kernels, and Convolution Trick

In this section, we examine the kernel means of a parametric class of distributions PΘ ⊂
I(Rd ). As mentioned in the Introduction, we wish to compute (iii) kernel mean values
mP (x), x ∈ Rd and (iv) RKHS inner products hmP , mQ iH for parametric models P, Q ∈ PΘ .
These form a basic computation for establishing kernel machine algorithms combining kernel
means and parametric models. In Section 4.1, we introduce absorbing, conjugate kernels,
and convolution trick in the set of infinitely divisible distributions I(Rd ). In Sections 4.2
and 4.3, we focus on well-known subclasses of α-stable distributions and GH distributions,
which include Laplace, Cauchy, and Student’s t distributions.

4. Kernel Means and Infinitely Divisible Distributions

ch (Rd ), are characteristic
The additions (κ∗ )∗λ +κ̃, κ̃ ∈ Kcb (Rd ), and products (k ∗ )∗λ κ̃, κ̃ ∈ Kcb
kernels based on the closure properties.

where Γ(λ) is the Gamma function and Kλ (x) is the modified Bessel function of
the third kind with index λ. This is the pdf of the zero-skewed VG distribution
V G1 (λ, α, β = 0, µ, 1) on R, as given in Section 4.3.

f (x) = √

2. Positive powers (κ∗ )∗λ (λ > 0) have the characteristic functions (κ̂∗ )λ (w) = ( α2α+w2 )λ .
If λ = 1, the pdf is the above Laplace case. If λ = 2, the pdf is given by (κ∗ )∗2 (x) =
α
4 (1 + α|x|) exp(−α|x|). For general λ > 0, the pdf is given by

2

ˆ
1. The symmetrization κ∗ = κ ∗ κ̃ has the characteristic function κ̂∗ (w) = κ̂(w)κ̃(w)
=
α
α
α2
∗ (x) = α exp(−α|x|).
·
=
.
This
is
a
Laplace
pdf
κ
2
2
α−iw α+iw
2
α +w
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s

s

(respectively,

= f (0; A + AP + AQ , νs + νP + ν̃Q , γP − γQ ),

= f (0; A + AP + AQ , νs + ν̃P + νQ , γQ − γP )
= kA+AP +AQ ,νs +νP +ν̃Q (γP , γQ ),

is the dual of the Lévy measure

νP

νQ ).

Proposition 4.2 Let kA,νs (x, y) = κA,νs (x − y), x, y ∈ Rd be a CID kernel, where κA,νs ∈
id (Rd ) has a generating triplet (A, ν , 0), and let H
Kcb
s
A,νs be the RKHS given by κA,νs . Let
P, Q ∈ I(Rd ) be infinitely divisible distributions with the generating triplets (AP , νP , γP ) and
(AQ , νQ , γQ ), respectively. Then, we have the following:
1. Kernel mean mP is given by an infinitely divisible pdf:

= kA+AP ,νs +νP (γP , ·).

mP (·) = f (·; A + AP , νs + νP , γP ), f ∈ Ξ(I(Rd ))

(respectively,

ν̃Q )

hmP , mQ iHA,ν

2. The RKHS inner product hmP , mQ iHA,ν is given by

where

ν̃P

Proposition 4.2 indicates a general convolution trick. The computation of hmP , mQ iHA,ν
s
is reduced to the computation of the same kernel kA+AP +AQ ,νs +νP +ν̃Q with the updated
parameters of the generating triplets. If Q is a delta measure δy (i.e., AQ = 0, νQ = 0,
γQ = y), then statement 2 is specialized to statement 1. If P, Q are both delta measures
δ , δ (i.e., A = A = 0, ν = ν = 0, γ = x, γQ = y), then statement 2 is specialized
x
y
P
Q
P
Q
P
to the kernel trick hkA,νs (·, x), kA,νs (·, y)iHA,ν = kA,νs (x, y). If P, Q and k are all Gaussians
s
(i.e., νP = νQ = νs = 0), then statement 2 results in the computation of the same Gaussian
kernel with increased variance A + AP + AQ , where the computation of Gaussian pdfs is
tractable.
Although Proposition 4.2 gives us a theory that kernel means mP and RKHS inner
products hmP , mQ i are expressed with generating triplets (A, ν, γ), the computation of the
general infinitely divisible pdfs may be intractable. We then systematically examine smaller
subsemigroups of parametric models (PΘ , ∗) ⊂ (I(Rd ), ∗) such that the computation of
pdfs may be possible. We specifically examine well-known parametric classes of α-stable
distributions and GH distributions on Rd in Sections 4.2 and 4.3, respectively.
4.2 α-stable distributions
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α-Stable distributions Sα (Rd ), α ∈ (0, 2], on Rd are a well-known convolution subsemigroup
of infinitely divisible distributions (Zolotarev, 1986; Samorodnitsky and Taqqu, 1994).
α = 2 implies Gaussian distributions S2 (Rd ) = G(Rd ), which are closed under convolution; if P and Q are N (µP , RP ) and N (µQ , RQ ) with mean vectors µP , µQ and covariance
matrices RP , RQ , respectively, then convolution P ∗ Q is N (µP + µQ , RP + RQ ).
For α ∈ (0, 2), α-stable distributions are heavy tailed, where there are many applications,
as listed in Nolan (2013a). For each α ∈ (0, 2), a one-dimensional α-stable distribution
Sα (σ, β, µ) is specified by a scale parameter σ > 0, a skewness parameter β ∈ [−1, 1], and
a location parameter µ ∈ R. For each α ∈ (0, 2), the set Sα (R) is closed under convolution;
11

if P and Q are two stable laws

Nishiyama and Fukumizu

S (σ , β , µ ) and Sα (σQ , βQ , µQ ), respectively, then
α
P
P
P
α +β σ α
βP σP
Q Q
, µP + µQ ) (Samorodnitsky and Taqqu,
α +σ α
σP
Q

α )1/α ,
is Sα (σ, β, µ) = Sα ((σPα + σQ

P ∗Q

1994,

Property1.2.1). See Appendix A.2 for more details.
For each α ∈ (0, 2), a d-dimensional α-stable distribution Sα (µ, Γ) is specified by a
location parameter µ ∈ Rd and a spectral measure Γ on the unit sphere Sd−1 := {s ∈ Rd :
||s|| = 1} (Samorodnitsky and Taqqu, 1994, Theorem 2.3.1, p.65). For each α ∈ (0, 2),
the set Sα (Rd ) is closed under convolution; if P and Q are two stable laws Sα (µP , ΓP ) and
Sα (µQ , ΓQ ), respectively, then P ∗ Q is Sα (µP + µQ , ΓP + ΓQ ). See Appendix A.1 for more
details. α-Stable pdfs on Rd are intractable in general.
Sub-Gaussian α-stable distributions (equivalently, elliptically contoured α-stable distributions) SGα (Rd ) are a well-known subclass of Sα (Rd ) (Samorodnitsky and Taqqu, 1994;
Nolan, 2013b). For each α ∈ (0, 2), a sub-Gaussian α-stable distribution is specified by a
location parameter µ ∈ Rd and a p.d. matrix R ∈ Rd×d (Samorodnitsky and Taqqu, 1994,
Theorem 2.5.2, p.78). See Appendix A.4 for more details. Sub-Gaussian 1-stable distributions imply d-dimensional Cauchy distributions CAU(Rd ) (Samorodnitsky and Taqqu, 1994,
Example 2.5.3, p.79). If d = 1, for each α ∈ (0, 2), sub-Gaussians SGα (R) are closed under
convolution. If d > 1, for each α ∈ (0, 2), sub-Gaussians SGα (Rd ) are not closed
under conS
volution. Let us decompose SGα (Rd ) into an equivalent class SGα (Rd ) = R SGα (Rd )[R],
where

SGα (Rd )[R] := {P ∈ SGα (Rd ) | P = SGα (µ, cR), µ ∈ Rd , c > 0}.

α

α

2

For each α ∈ (0, 2) and a p.d. matrix R ∈ Pd , the set SGα (Rd )[R] is closed under convolution; if P and Q are SGα (µP , cP R) and SGα (µQ , cQ R), respectively, then P ∗ Q is

SGα (µP + µQ , (cP2 + cQ2 ) α R). Note that when α = 2, the whole set SG2 (Rd ) is closed.
These convolution properties of α-stable distributions lead to the following conjugate
pairs of α-stable kernels k and α-stable distributions PΘ .
1
(2π)d |R|

exp(− 21 (x − y)> R−1 (x − y)) be a Gaussian kernel

Example 4.3 Conjugate pairs of α-stable kernels k and α-stable distributions on Rd .
1. For α = 2, let kR (x, y) = √

and HR be its RKHS. Let P , Q be two Gaussians N (µP , RP ) and N (µQ , RQ ), respectively. Then, the kernel mean is given by the Gaussian pdf mP = fα (·|µP , R+RP ) and
the RKHS inner product is given by the Gaussian pdf hmP , mQ iHR = f (µP |µQ , R +
RP + RQ ).

β σα
σ α )1/α , σαP+σPα , µP )
P

α −β σ α
βQ σQ
P P
α +σ α +σ α , µQ ).
σQ
P

If α = 1 and

2. For each α ∈ (0, 2), let kα,σ (x, y) = κα,σ (x − y), x, y ∈ R, be an α-stable kernel on R and Hα,σ be its RKHS. Let P, Q be two α-stable laws Sα (σP , βP , µP ) and
respectively, on R. Then, the kernel mean is given by the stable pdf
and the RKHS inner product is given by the
+
Sα (σQ , βQ , µQ ),
mP = fα (·|(σPα

α + σ α )1/α ,
stable pdf hmP , mQ iHα,σ = fα (µP |(σPα + σQ

β = 0, then S1 (σ, 0, µ) corresponds to the Cauchy distribution.
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3. For each α ∈ (0, 2), let kα,Γs (x, y) = κα,Γs (x − y), x, y ∈ Rd , be an α-stable kernel on
Rd , where Γs is a symmetric spectral measure, and let Hα,Γs be its RKHS. Let P, Q be

12

2

α

α

2

13

2. If G is infinitely divisible, then so is Nd (µ + yβ, y∆) ◦ G.
JMLR 17(180):1-28

(Nd (µ1 + yβ, y∆) ◦ G1 ) ∗ (Nd (µ2 + yβ, y∆) ◦ G2 ) = Nd (µ1 + µ2 + yβ, y∆) ◦ G.

1. If G = G1 ∗ G2 ∈ G, then

Lemma 4.4 (v. Hammerstein, 2010, Lemma 2.5, p. 68) Let G be a class of probability
distributions on (R+ , B + ) and G, G1 , G2 ∈ G.

where G is a mixing probability measure on R+ (v. Hammerstein, 2010, Definition 2.4, p.
78). P = Nd (µ + yβ, y∆) ◦ G denotes a simple notation. The closure properties of the
convolution and the infinite divisibility of G are preserved as follows:

R+

GH distributions on Rd are a rich model class that includes, e.g., NIGs, hyperbolic distributions, VG distributions, Laplace distributions, Cauchy distributions, and Student’s t
distributions, as special cases and limiting cases (Barndorff-Nielsen and Halgreen, 1977;
Prause, 1999; v. Hammerstein, 2010). A list of parametric models is found in, e.g., Prause
(1999, Table 1.1 p.4). The GH and related models are applied, e.g., to mathematical finance
(Schoutens, 2003; Cont and Tankov, 2004; Barndorff-Nielsen and Halgreen, 1990; Madan
et al., 1998; Barndorff-Nielsen, 1998; Barndorff-Nielsen and Prause, 2001; Carr et al., 2002).
The Matérn kernel, often used in machine learning, is a special case of the VG distributions. A GH distribution is obtained by a normal mean-variance mixture of a generalized
inverse Gaussian (GIG) distribution, which is a special case of the normal mean-variance
mixture of the generalized Γ-convolution (Thorin, 1978). The pdfs of GIG, GH, NIG, and
VG distributions are presented in Appendix B.
We start by introducing a normal mean-variance mixture distribution. Let Nd (µ, ∆) be
a Gaussian distribution with mean vector µ ∈ Rd and covariance matrix ∆ ∈ Pd . A normal
mean-variance mixture distribution P on Rd is given by
Z
Nd (µ + yβ, y∆)(dx)G(dy), β ∈ Rd ,
P (dx) =

4.3 Generalized Hyperbolic Distributions

5. Tempered stable distributions can also be considered as examples (Rachev et al., 2011,
Table 3.2, p. 77).

product is given by the sub-Gaussian pdf hmP , mQ iHα,R = fα (µP |µQ , (cP2 +cQ2 +1) α R).
If α = 1, then S1 (µ, R) corresponds to multivariate Cauchy distributions with pdf
d+1
f (x) ∝ (1 + ||x − µ||2R−1 )− 2 .

mean is given by the sub-Gaussian pdf mP = fα (·|µP , (cP2 +1) α R) and the RKHS inner

α

4. For each α ∈ (0, 2), let kα,R (x, y) = κα,R (x − y), x, y ∈ Rd be a sub-Gaussian α-stable
kernel on Rd and let Hα,R be its RKHS. Let P, Q ∈ SGα (Rd )[R] be two sub-Gaussian
α-stable laws Sα (µP , cP R) and Sα (µQ , cQ R), respectively, on Rd . Then, the kernel

two α-stable laws Sα (µP , ΓP ) and Sα (µQ , ΓQ ), respectively, on Rd . Then, the kernel
mean is given by the stable pdf mP = fα (·|µP , ΓP + Γs ) and the RKHS inner product
is given by the stable pdf hmP , mQ iHα,σ = fα (µP |µQ , ΓQ + Γ̃P + Γs ).
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q
α2 − ||β||2∆ ).

γ λ λ−1 −γx
e
.
Γ(λ) x
Gd ( d+1
2 , α, β, µ, ∆)

α2 − ||β||2∆
),
2

d + 1 α2 − ||β||2∆
,
),
2
2

δ2
),
2

td (− 21 , δ, µ, ∆)

with the pdf f (x) ∝ (1 +

14

||x−µ||2 −1 − d+1
∆
) 2 ,
δ2

corresponds

δ
xλ−1
e− x .
δ λ Γ(−λ)
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which is also shown in Example 4.3.

1 δ2
CAU (δ, µ, ∆) := Nd (µ, y∆) ◦ iGamma(− , ),
2 2

Furthermore, if λ =
(i.e., the above NIG case), then
to the multivariate Cauchy distribution

− 21

where iGamma(λ, δ) is the inverse Gamma distribution with the pdf f (x) =

td (λ, δ, µ, ∆) := Nd (µ, y∆) ◦ iGamma(λ,

4. If λ < 0, α → 0, and β → 0, then GHd (λ < 0, 0, 0, δ, µ, ∆) corresponds to the scaled
and shifted t distribution with f = −2λ degrees of freedom:

with the pdf f (x) ∝ e−α||x−µ||∆−1 +hβ,x−µi . We have seen the case of d = 1 in Example
3.8.

LAPd (α, β, µ, ∆) := Nd (µ + y∆β, y∆) ◦ Gamma(

Furthermore, if λ = d+1
2 (i.e., the above hyperbolic case), then V
corresponds to the skewed Laplace distribution

where Gamma(λ, γ) is the Gamma distribution with the pdf f (x) =

V Gd (λ, α, β, µ, ∆) := Nd (µ + y∆β, y∆) ◦ Gamma(λ,

3. If λ > 0 and δ → 0, then GHd (λ > 0, α, β, 0, µ, ∆) corresponds to the VG distribution

d+1
2. If λ = d+1
2 , then GHd ( 2 , α, β, δ, µ, ∆) corresponds to the hyperbolic distribution
HY Pd (α, β, δ, µ, ∆).

1
N IGd (α, β, δ, µ, ∆) := Nd (µ + y∆β, y∆) ◦ GIG(− , δ,
2

1. If λ = − 12 , then GHd (− 12 , α, β, δ, µ, ∆)) corresponds to the NIG distribution:

where the parameters imply λ ∈ R, shape parameter α > 0, skewness parameter β, scaling
parameter δ, location parameter µ, and p.d. matrix ∆ ∈ Pd (see Appendices B.1 and B.2
for more details). A univariate GH distribution on R is given by letting d = 1 and ∆ = 1.
The GH distribution contains the following subclasses and limiting cases. Their pdfs
are found in Appendices B.3, B.4, and v. Hammerstein (2010)).

A GH distribution on Rd is given by a normal mean-variance mixture with the GIG distribution:
q
GHd (λ, α, β, δ, µ, ∆) := Nd (µ + y∆β, y∆) ◦ GIG(λ, δ, α2 − ||β||2∆ ),

Nishiyama and Fukumizu

kernel mean is the GH pdf m = f (·|1/2, α, 0, δP + δ, µP , ∆) and the RKHS inner
P
product is the GH pdf hmP , mQ iH
= f (µP |1/2, α, 0, δP + δQ + δ, µQ , ∆). If
1/2,α,δ,∆
α → 0, then the NIG distributions, P and Q, correspond to the Cauchy distributions.

Nishiyama and Fukumizu

These classes have the following convolution properties, by using Lemma 4.4 and Proposition
B.1, which are the multivariate extensions of the univariate case (v. Hammerstein, 2010,
eq. (1.9), p. 14).

Characteristic Kernels and Infinitely Divisible Distributions

Proposition 4.5 For each d ≥ 1, there are the following convolution properties in the
d-dimensional GH distributions:

λP =

d+1
2 ,

or λQ =

hmP , mQ iHλ,α,∆ = f (µP |λP + λQ + λ, α, 0, µQ , ∆).
d+1
2 , then these correspond to the Laplace case.

(Rasmussen and Williams, 2006, Section 4.2.1)
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H

, bj = m̂P , mPj

16

H

n
X

i=1

2
θi mPi ||H
+ Ω(θ),

, 1 ≤ i, j ≤ n,
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• As mentioned in the Introduction, the kernel Bayesian inference (KBI), which employs
Bayesian inference in kernel mean form, has been proposed (Fukumizu et al. 2013,

for parametric kernel means {mPi }.

Aij = mPi , mPj

where Ω(θ) is a regularization term, λ2 ||θ||2 (λ > 0). This optimization
Pnis solved by a
constrained quadratic program: minθ 21 θ> (A + λIn )θ − b> θ subject to i=1
θi = 1 and
θ ≥ 0, where we then need the computation of matrix A ∈ Rn×n and vector b ∈ Rn :

2
θ̂ = argminθ ||mP − mPθ ||H
+ Ω(θ) = argminθ ||mP −

• Song et al. (2008) and McCalman et al. (2013) studied an approximation
Pnof a target
θi Pi via
probability measure P ∈ M1 (Rd ) with a Gaussian mixture model Pθ = i=1
solving the following optimization problem:

θ H
k(P, Pθ ) = exp(−
) need to be computed, as in the support measure ma2σ 2
chine (Muandet et al., 2012).

||mP −mP ||2

• Various kernels k(P, Pθ ) between a probabilistic measure P and a model Pθ , e.g.,

• The difference between a probability measure P ∈ M1 (Rd ) and a model Pθ ∈ PΘ
in the RKHS norm ||mP − mPθ ||H needs to be computed, e.g., for the purpose of a
goodness-of-fit test and model criticism (Lloyd and Ghahramani, 2015), based on the
maximum mean discrepancy (MMD) (Gretton et al., 2012).

As mentioned in the Introduction, absorbing and conjugate kernels (Examples 4.3 and 4.6)
provide a way to compute the RKHS values (i) f (x), x ∈ Rd , and the RKHS inner products
(ii) hf, gi when f, g ∈ H are expressed by the weighted sums of parametric kernel means,
Pl
Pn H
wi mPi and g = j=1
w̃j mQj for {Pi }, {Qj } ⊂ PΘ . Many algorithms aim to use
f = i=1
the convolution trick. Examples include as follows:

5. Connection to Machine Learning

For λ > 0, let kλ,α,∆ (x, y) be a GH kernel and Hλ,α,∆ be the RKHS. Let P be a GH
distribution GH(−λ, α, 0, δP , µP , ∆). Then, the kernel mean is the GH pdf mP =
f (·|λ, α, 0, δP , µP , ∆). If α → 0, then P is the Student’s t distribution. Furthermore,
if λ = − 21 , then P is the Cauchy distribution.

2

4. For λ > 0, let k−λ,α,δ,∆ (x, y) be a GH kernel and H−λ,α,δ,∆ be the RKHS. Let P
be a GH distribution GH(λ, α, 0, 0, µP , ∆). Then, the kernel mean is the GH pdf
mP = f (·|λ, α, 0, δ, µP , ∆). If α → 0, then k−λ,0,δ,∆ (x, y) corresponds to the Student’s
t kernel. Furthermore, if λ = 12 , then k− 1 ,0,δ,∆ (x, y) corresponds to the Cauchy kernel.

1. N IGd (α, β, δ1 , µ1 , ∆) ∗ N IGd (α, β, δ2 , µ2 , ∆) = N IGd (α, β, δ1 + δ2 , µ1 + µ2 , ∆),
2. V Gd (λ1 , α, β, µ1 , ∆) ∗ V Gd (λ2 , α, β, µ2 , ∆) = V Gd (λ1 + λ2 , α, β, µ1 + µ2 , ∆),
3. N IGd (α, β, δ1 , µ1 , ∆) ∗ GHd (1/2, α, β, δ2 , µ2 , ∆) = GHd (1/2, α, β, δ1 + δ2 , µ1 + µ2 , ∆),
4. GHd (−λ, α, β, δ, µ1 , ∆) ∗ GHd (λ, α, β, 0, µ2 , ∆) = GHd (λ, α, β, δ, µ1 + µ2 , ∆),
where λ, λ1 , λ2 > 0.
These convolution properties can also be obtained by looking up their characteristic functions and Lévy measures in v. Hammerstein (2010, Section 1.6.4, p. 46, Section 2.3, p.
79). Properties 1 and 2 imply a convolution semigroup. Property 3 implies an absorbing
property. Property 4 implies another convolution property. By observing proposition 4.5,
we obtain the following conjugate, absorbing, and related pairs in GH kernels and GH distributions. The parametric models in Proposition 4.5 contain p.d. kernels κ if and only
if β = 0. Each example (1 − 4) in the following corresponds to each property (1 − 4) in
Proposition 4.5.
Example 4.6 Conjugate, absorbing, and related pairs in the GH class.
1. Let kα,δ,∆ (x, y) be a shift invariant NIG p.d. kernel and Hα,δ,∆ be the RKHS. Let P , Q
be two NIG distributions N IG(α, 0, δP , µP , ∆) and N IG(α, 0, δQ , µQ , ∆), respectively.
Then, the kernel mean is the NIG pdf mP = f (·|α, 0, δP + δ, µP , ∆) and the RKHS
inner product is the NIG pdf hmP , mQ iHα,δ,∆ = f (µP |α, 0, δP + δQ + δ, µQ , ∆). If
α → 0, then these correspond to the Cauchy case.

d+1
2 ,

2. Let kλ,α,∆ (x, y) be a shift invariant VG p.d. kernel9 and Hλ,α,∆ be the RKHS. Let P ,
Q be two VG distributions V G(λP , α, 0, µP , ∆) and V G(λQ , α, 0, µQ , ∆), respectively.
Then, the kernel mean is the VG pdf mP = f (·|λP + λ, α, 0, µP , ∆) and the RKHS
inner product is the VG pdf
If
λ=

3. Let kα,δ,∆ (x, y) be a NIG kernel and Hα,δ,∆ be the RKHS. Let P be a GH distribution GH(1/2, α, 0, δP , µP , ∆). Then, the kernel mean is the GH pdf mP =
f (·|1/2, α, 0, δP + δ, µP , ∆). If α → 0, then the NIG kernel k0,δ,∆ (x, y) corresponds to
the Cauchy kernel.

√
2ν
σ

Let k1/2,α,δ,∆ (x, y) be a GH kernel and H1/2,α,δ,∆ be the RKHS. Let P , Q be two NIG
distributions N IG(α, 0, δP , µP , ∆) and N IG(α, 0, δQ , µQ , ∆), respectively. Then, the
9. The Matérn kernel corresponds to ∆ = I, and α =
(Sriperumbudur et al., 2010, p. 1533)

15
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10. John Nolan’s Page. http://academic2.american.edu/~jpnolan/stable/stable.html

• GH kernels and their subclasses are also elliptical pdfs, and the computation of the
kernels is sufficient only to compute a one-dimensional amplitude function κ̃(r). VG
kernels or Matérn kernels, which are a generalization of Laplace kernels, are used
for covariance kernels in Gaussian processes. GH and NIG kernels are variants of
Matérn kernels, all of which are expressed by the Bessel function of the third kind.
For example, there is an R package software called ’ghyp’ on the GH distributions
(Breymann and Lüthi, 2013).

• It is known that α-stable pdfs do not generally have a closed-form expression except for
some special cases, Gaussians (α = 2) and Cauchy (α = 1), as given in Appendix A.3.
Gaussian and Cauchy kernels may be used as tractable conjugate kernels. For other αstable kernels (α 6= 2 and α 6= 1), some numerical elaborations or approximations may
be needed for the computation of the pdfs. The STABLE 5.110 software allows the
computation of α-stable pdfs when they are independent, isotropic, elliptical, or have
discrete spectral measures Γd under some settings. More information can be found in
the STABLE 5.1 software manual. For elliptically contoured α-stable sub-Gaussian
kernels on any dimension Rd , the computation of pdfs is sufficient only to compute
a one-dimensional amplitude function κ̃(r) in equation (2), which can be computed
by, e.g., a one-dimensional numerical integration. The STABLE 5.1 software supports
the computation of sub-Gaussian pdfs in dimension d < 100.

In Section 4, we mathematically investigated that several convolution tricks hold within
a general convolution trick (Proposition 4.2): the computation of kernel mean values and
RKHS inner products is the same as the computation of p.d. kernels having different
parameters, if conjugate kernels are used. However, conjugate kernels do not provide a
tractable computation in general. We then discuss the computation of the conjugate kernels:
α-stable kernels and GH kernels.

6. Computation of Conjugate Kernels (Convolution Trick)

• Preimage algorithms (Mika et al., 1999; Fukumizu et al., 2013) and kernel
P herding
algorithms (Chen et al., 2010) can also be extended to estimators f = ni=1 wi mPθi
with parametric kernel means {Pθi }.

Song et al. 2013). KBI is applied to, e.g., filtering and smoothing algorithms on state
space models (Fukumizu et al. 2013 Kanagawa et al. 2016, Nishiyama et al. 2016) and
policy learning in reinforcement learning (Grünewälder et al. 2012, Nishiyama et al.
2012, Rawlik et al. 2013, Boots et al. 2013). When we extend it to semiparametric KBI,
which combines nonparametric
P inference and parametric inference, we may want to
use the RKHS functions f = ni=1 wi mPθi ∈ H expressed by parametric kernel means
{Pθi } ∈ PΘ , as is used in the model-based kernel sum rule (Mb-KSR) (Nishiyama
et al., 2014).

Characteristic Kernels and Infinitely Divisible Distributions
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Theorem A.1 (Samorodnitsky and Taqqu, 1994, Theorem 2.3.1, p. 65) Let α ∈ (0, 2).
Then, X = (X1 , . . . , Xd ) is an α-stable random vector in Rd if and only if there exists a
finite measure Γ on the unit sphere Sd−1 = {s ∈ Rd : ||s|| = 1} and a vector µ0 ∈ Rd such
that

 R


 exp −
|θ> s|α 1 − isgn(θ> s) tan πα
Γ(ds) + iθ> µ0 , (α 6= 1).
2
S
d−1
 R

P̂ (θ) =

> α 1 + i 2 sgn(θ > s) ln |θ > s| Γ(ds) + iθ > µ0 , (α = 1).
 exp −
π
Sd−1 |θ s|

The α-stable distribution on Rd has the following characteristic function:

A.1 α-Stable Distributions on Rd

We briefly review the α-stable distributions on Rd .

Appendix A. α-Stable Distributions
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In this paper, we introduced a class of CID kernels that constitutes a large subclass in
the set of shift-invariant characteristic kernels on Rd , where CID kernels are closed under
convolution but not closed under addition and pointwise product. We introduced absorbing,
conjugate kernels, and convolution trick with respect to parametric models, where the basic
computation of kernel mean values and RKHS inner products results in the computation
of the same p.d. kernels with different parameters, which is an extension of kernel trick.
Although the convolution trick may offer a mathematical view, the computation of conjugate
kernels is not tractable in general. We then restrict convolution trick only to tractable cases
or approximately compute intractable conjugate kernels. Future works include investigating
the effectiveness of convolution trick in practice and developing approximation algorithms
to efficiently compute intractable conjugate kernels.

7. Conclusion

An RKHS inner product (l.h.s.) may be computed by approximating the expectation of
ζω (γP )ζω (γQ )∗ (r.h.s.) with sampling ω from the characteristic function having the generating triplet (A + AP + AQ , νs + νP + ν̃Q ).

s

hmP , mQ iHA,ν = kA+AP +AQ ,νs +νP +ν̃Q (γP , γQ ) = Eω [ζω (γP )ζω (γQ )∗ ].

In addition, random Fourier features (Rahimi and Recht, 2007) may be an approach to
approximately compute conjugate kernels. From Proposition 4.2, we have an equality

Nishiyama and Fukumizu

∞

1B (rs)

dr
, B ∈ B(Rd ),
r1+α
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The pair (Γ, µ0 ) is unique.

Γ(ds)

0

ν(B) =

The measure Γ is called the spectral measure. See Samorodnitsky and Taqqu (1994, Section
2.3) for some examples of spectral measures. The radial sub-Gaussian distribution has a
uniform spectral measure. An α-stable random vector X = (X1 , . . . , Xd ) has independent
components if and only if its spectral measure Γ is discrete and concentrated on the intersection of the axes with the sphere Sd−1 . It is known that any nondegenerate stable
distribution on Rd has the C ∞ pdf (Sato, 1999, Example 28.2, p. 190). An α-stable distribution on Rd is symmetric if and only if µ0 = 0 and Γ is a symmetric measure on Sd−1 (i.e.,
it satisfies Γ(A) = Γ(−A) for any A ∈ B(Sd−1 )) (Samorodnitsky and Taqqu, 1994, p.73).
For each α ∈ (0, 2), α-stable distributions on Rd have the generating triplet (0, ν, γ) with
Z
Z
(5)
Sd−1

where Γ is the spectral measure on Sd−1 (Sato, 1999, Theorem 14.3, p. 77). The sum of
Lévy measures ν1 + ν2 implies the sum of spectral measures Γ1 + Γ2 .
A.2 α-Stable Distributions on R
As a special case, an α-stable distribution on R has the following characteristic function:




 1 θ > 0,
0 θ = 0,
−1 θ < 0.

exp −σ α |θ|α (1 − iβ(sgnθ) tan πα
2 ) + iµθ

exp −σ|θ|(1 + iβ π2 (sgnθ) ln |θ|) + iµθ

(α 6= 1),
(α = 1),

Theorem A.2 (Samorodnitsky and Taqqu, 1994, Definition 1.1.6, p. 5) A random variable
X is α-stable (α ∈ (0, 2]) in R if and only if the parameters satisfy the conditions σ ≥ 0,
β ∈ [−1, 1], and µ ∈ R such that its characteristic function has the form


P̂ (θ) =

where sgnθ is a sign function
sgnθ =

When α ∈ (0, 2), the parameters σ, β, and µ are unique. When α = 2, β is irrelevant, and
σ and µ are unique.
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An α-stable distribution on R is specified by the parameters (σ, β, µ), where σ is a scale
parameter, β is a skewness parameter, and µ is a location parameter. σ = 0 implies a
delta measure. For α ∈ (0, 2), an α-stable distribution is symmetric if and only if β =
µ = 0 (Samorodnitsky and Taqqu, 1994, Property 1.2.5, p. 11). A 2-stable distribution is
symmetric if and only if µ = 0. An α-stable density does not generally have a closed-form
expression, except for some special cases. However, it is known that every nondegenerate
stable distribution has the C ∞ pdf (Sato, 1999, Example 28.2, p. 190). Some known
univariate α-stable pdfs, expressed by elementary functions and special functions, are given
in Appendix A.3.
The Lévy measure ν of a univariate stable distribution is obtained by letting d = 1 in
the Lévy measure (5). If d = 1, then S0 = {−1, 1} and Γ = Γ({−1})δ−1 + Γ({1})δ1 , where
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1
1
1
(x)dx + Γ({−1}) 1+α 1(−∞,0) (x)dx.
x1+α (0,∞)
|x|

Γ({−1}), Γ({1}) ≥ 0 and Γ({−1}) + Γ({1}) > 0 (Samorodnitsky and Taqqu, 1994, Example
2.3.3, p. 67). By substituting this into equation (5), we can obtain the Lévy measure ν of
a univariate stable distribution as
ν(dx) = Γ({1})

(Γ({1}) − Γ({−1}))
∈ [−1, 1].
Γ({1}) + Γ({−1})

A stable distribution Sα (σ, β, µ) is given with the spectral measure as
1

σ = (Γ({1}) + Γ({−1})) α > 0, β =

The sum of Lévy measures ν1 +ν2 implies the sum of mass functions Γ1 ({−1})+Γ2 ({−1})
and Γ1 ({1})+Γ2 ({1}). We can see the convolution property Sα (σ1 , β1 , µ1 )∗Sα (σ2 , β2 , µ2 ) =
1 σ α β +σ α β
Sα ((σ1α + σ2α ) α , 1 σα1 +σ2α 2 , µ1 + µ2 ) of the univariate stable distribution from the viewpoint
1
2
of the spectral measure.

A.3 Closed-Form and Special Function Form of α-Stable PDFs on R

There are three cases where the α-stable pdf on R is expressed by elementary functions:

(x−µ)2
1
√ e− 4σ2 , x ∈ R.
2σ π

1. The 2-stable distribution S2 (σ, β, µ) is the Gaussian N (µ, 2σ 2 ), where β has no effect,
with the pdf
fGauss (x) =

σ
, x ∈ R.
π((x − µ)2 + σ 2 )

2. The 1-stable distribution S1 (σ, β = 0, µ) is the Cauchy distribution with the pdf
fCauchy (x) =

σ

2π(x − µ)3/2

√

e

σ
− 2(x−µ)

, µ < x < ∞.

3. The 1/2-stable distribution S1/2 (σ, β = ±1, µ) is the Lévy distribution with the pdf
fLevy (x) = √

s

1
2π|x|

!!

+ cos



1
4|x|



1
−C
2

s

!!!

,
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1
2π|x|

There are some cases where the α-stable pdf is expressed by special functions. The
following expression is found in Lee (2010). Note that kernel means mP and RKHS inner
products also take these expressions. For simplicity, we only show standardized stable pdfs
dstable (x; α, σ = 1, β, µ = 0).

1
4|x|

1
−S
2

Fresnel integrals:
If (α, σ, β, µ) = (1/2, 1, 0, 0),

sin

dstable (x; 1/2, 1, 0, 0)


3

|x|− 2
= √
2π

20




7 11 6 8 33 x4
, ; , ; 8
12 12 12 12 2


311/4 |x|3 Γ(13/12)Γ(17/12)
13 17 18 15 33 x4
− 13/2 √
F
,
;
,
;
, x ∈ R,
2 2
12 12 12 12 28
2
πΓ(18/12)Γ(15/12)

35/4 Γ(7/12)Γ(11/12)
√
2 F2
25/2 πΓ(6/12)Γ(8/12)

n=0

∞
X
(a1 )n · · · (ap )n z n
(b1 )n · · · (bq )n n!

1
dstable (x; 2/3, 1, 0, 0) = √
exp
2 3π |x|

Whittaker function:
If (α, σ, β, µ) = (2/3, 1, 0, 0),

2
27x2

21




W−1/2,1/6



4
27x2
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, x ∈ R,

This is a symmetric stable pdf. The Holtsmark kernel k(x, y) = dstable (x − y; 3/2, 1, 0, 0),
x, y ∈ R, gives a characteristic p.d. kernel.

with the Pochhammer symbol (a)0 = 1, (a)n = a(a + 1) . . . (a + n − 1) for n ∈ N+ . This is a
symmetric stable pdf. k(x, y) = dstable (x − y; 43 , 1, 0, 0), x, y ∈ R, gives a characteristic p.d.
kernel.
If (α, σ, β, µ) = (3/2, 1, 0, 0) (the Holtsmark distribution),


3
1
5 11 1 1 5 22 x6
dstable (x; , 1, 0, 0) =
Γ(5/3)2 F3
, ; , , ;− 6
2
π
12 12 3 2 6
3


x2
3
5 2 5 7 4 22 x6
− 3 F4
, 1, ; , , , ; − 6
3π
4
4 3 6 6 3
3


13 19 7 3 5 22 x6
7x4
+ 4 Γ(4/3)2 F3
, ; , , ;− 6
, x ∈ R.
3 π
12 12 6 2 3
3

p Fq (a1 , . . . , ap ; b1 , . . . , bq ; z) =

where p Fq is the (generalized) hypergeometric function

4
dstable (x; , 1, 0, 0) =
3

Hypergeometric function:
If (α, σ, β, µ) = (4/3, 1, 0, 0),

where Kν (x) is a modified Bessel function of the third kind.

Modified Bessel function:
If (α, σ, β, µ) = (1/3, 1, 1, 0), the one-sided continuous density is
!
1 23/2 −3/2
25/2 −1/2
dstable (x; 1/3, 1, 1, 0) =
x
K
x
, x ≥ 0,
1/3
π 37/4
39/4

This is a symmetric stable pdf. k(x, y) = dstable (x − y; 1/2, 1, 0, 0), x, y ∈ R, gives a
characteristic p.d. kernel.

where C(z) and S(z) are the Fresnel integrals
 2
 2
Z z
Z z
πt
πt
sin
cos
dt, S(z) =
dt.
C(z) =
2
2
0
0
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Z ∞
t µ−λ−1/2
z λ e−z/2
e−t tµ−λ−1/2 1 +
dt,
Γ(µ − λ + 1/2) 0
z
1
Re(µ − λ) > − , |arg(z)| < π.
2

r







2 exp(−iπ/4)
√
S0,1/3
3 3π|x|3/2


Z

z

z µ Jv (z)dz − Jν (z)

Z

z

1
π

0

Z

∞

e−t log t−xt sin(πt)dt.
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The sub-Gaussian α-stable distribution has the following characteristic function:

A.4 Sub-Gaussian (Elliptically Contoured) α-Stable Distributions on Rd

dstable (x; 1, 1, 1, 0) =

Landau distribution:
If (α, σ, β, µ) = (1, 1, 1, 0) (the Landau distribution),

where Jν (z) and Yν (z) are Bessel functions of the first and second kind, respectively. This
is a symmetric stable pdf. k(x, y) = dstable (x − y; 1/3, 1, 0, 0), x, y ∈ R, gives a characteristic
p.d. kernel.

π
2

Yν (z)

.


z µ Yv (z)dz ,
0
0




µ−ν
2µ−1 Γ ((1 + µ + ν)/2)
Jν (z) − cos
π Yv (z) ,
Sµ,v (z) = sµ,v (z) −
πΓ ((ν − µ)/2)
2
sµ,v (z) =





x>0

x<0

2 exp(iπ/4)
√
3 3|x|1/2

Here, the Lommel functions sµ,v (z) and Sµ,v (z) are defined by

dstable (x; 1/3, 1, 0, 0) = Re

Lommel function:
If (α, σ, β, µ) = (1/3, 1, 0, 0),

dstable (x; 2/3, 1, 1, 0) =



1
x3
2 3
π |x| exp 27 W1/2,1/6 − 27 x ,

3
x
2 3
1
√
exp 27 W−1/2,1/6 27
x ,
2 3π|x|

 q
3








3 1
32
16
W
, x ≥ 0.
exp −
1/2,1/6
π |x|
27x2
27x2

If (α, σ, β, µ) = (3/2, 1, 1, 0), the α-stable density is

dstable (x; 2/3, 1, 1, 0) =

This is a symmetric stable pdf. k(x, y) = dstable (x − y; 2/3, 1, 0, 0), x, y ∈ R, gives a
characteristic p.d. kernel.
If (α, σ, β, µ) = (2/3, 1, 1, 0), the one-sided density is

Wλ,µ (z) =

where Wλ,µ (z) is the Whittaker function defined as
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ij=1

Proposition A.3 (Samorodnitsky and Taqqu, 1994, Proposition 2.5.2, p. 78) Let α ∈
(0, 2). The sub-Gaussian α-stable random vector X in Rd has the characteristic function


α
"
#
2
d
d
X
1X


θk Xk = exp −
θi θj Rij + i(θ, µ0 ) ,
2
E exp i

k=1

where R is a p.d. matrix and µ0 ∈ Rd is a shift vector.
α = 2 and α = 1 imply the multivariate Gaussian and Cauchy distribution, respectively.
For α ∈ (0, 2), the radial sub-Gaussian SGα (Rd )[I] (with identity matrix R = I) has the
uniform spectral measure Γ(B) = c|B|, ∀B ∈ B(Sd−1 ) in the Lévy measure (5) (Samorodnitsky and Taqqu, 1994, Proposition 2.5.5, p. 79). Sub-Gaussian SGα (Rd )[R] with a p.d.
matrix R is the elliptical version of the radial sub-Gaussians. Its spectral measure is given
in Samorodnitsky and Taqqu (1994, Proposition 2.5.8, p. 82).

Appendix B. GH Classes on Rd
A GH distribution on Rd is given by the normal mean-variance mixture with the GIG mixing
distribution. See, e.g., v. Hammerstein (2010) for more information. We here reproduce
some of them.
B.1 GIG Distributions on R+
A generalized inverse Gaussian (GIG) distribution GIG(λ, δ, γ) on R+ is given by the following pdf:



 λ
γ
1
1 δ2
dGIG(λ,δ,γ) (x) =
xλ−1 exp −
+ γ2x
1(0,∞) (x),
δ 2Kλ (δγ)
2 x

where Kλ (x) is the modified Bessel function of the third kind with index λ. The parameters
(λ, δ, γ) take the following values:

 δ ≥ 0, γ > 0, if λ > 0,
δ > 0, γ > 0, if λ = 0,

δ > 0, γ ≥ 0, if λ < 0,

where δ = 0 and γ = 0 correspond to limiting cases,11 which are the Gamma distribution
and the inverse Gamma distribution, respectively. The GIG distributions have the following
convolution properties:

+

λ2 , 0, γ),

λ1 , λ2

> 0.
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Proposition B.1 (v. Hammerstein, 2010, Proposition 1.11, p. 11) Within the class of
GIG distributions, the following convolution properties hold:

=

GIG(λ1
(x ↓ 0).

λ > 0,

a) GIG(− 12 , δ1 , γ) ∗ GIG(− 21 , δ2 , γ) = GIG(− 21 , δ1 + δ2 , γ),
b) GIG(− 21 , δ1 , γ) ∗ GIG( 21 , δ2 , γ) = GIG( 21 , δ1 + δ2 , γ),
∗


x −|λ|
2

GIG(λ2 , 0, γ)

c) GIG(−λ, δ, γ) ∗ GIG(λ, 0, γ) = GIG(λ, δ, γ),
d)

GIG(λ1 , 0, γ)

11. If λ 6= 0, then Kλ (x) ∼ 21 Γ(|λ|)
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B.2 GH Distributions on Rd
A GH distribution has the following pdf:

2

.

dGHd (λ,α,β,δ,µ,∆) (x) =
λ− d

q
 q
2
2
2
δ 2 + ||x − µ||∆
Kλ− d α δ 2 + ||x − µ||∆
ehβ,x−µi ,
−1
−1
a(λ, α, β, δ, µ, ∆)

(α2 −

2 )
α2 − ||β||∆

2 )λ/2
||β||∆
q

(2π)d/2 |∆| 2 αλ−d/2 δ λ Kλ (δ

1

where a(λ, α, β, δ, µ, ∆) is the normalization constant:
a(λ, α, β, δ, µ, ∆) =

δ ≥ 0, 0 ≤ ||β||∆ < α, if λ > 0,
δ > 0, 0 ≤ ||β||∆ < α, if λ = 0,
δ > 0, 0 ≤ ||β||∆ ≤ α, if λ < 0,

The GH parameters (λ, α, β, δ, µ, ∆) take the following values:

λ ∈ R, α, δ ∈ R+ , β, µ ∈ Rd , ∆ ∈ Pd ,

1

d

α2

(2π) 2 |∆| 2 δ λ Kλ (δα)

d

2


 q
 d

q
λ−
2
2
2
δ 2 + ||x||∆
Kλ− d α δ 2 + ||x||∆
,
−1
−1

where δ = 0 or α = ||β||∆ is a limiting case. The GH distribution is symmetric if and only
if β = 0 and µ = 0. The symmetric GH has the following elliptical pdf:
dSGHd (λ,α,δ,∆) (x) =

where ν(t) in equation (2) is given by a GIG distribution.
B.3 NIG Distributions on Rd

2

 q
q
− d+1

2
2
2
δ 2 + ||x − µ||∆
K d+1 α δ 2 + ||x − µ||∆
ehβ,x−µi .
−1
−1

The NIG distribution N IGd (α, β, δ, µ, ∆) has the following pdf (v. Hammerstein, 2010,
p.74):
dN IGd (α,β,δ,µ,∆) (x) ∝

B.4 VG Distributions on Rd

The VG distribution V Gd (λ, α, β, µ, ∆) has the following pdf (v. Hammerstein, 2010, p.74):12

d

2

dV Gd (λ,α,β,µ,∆) (x) ∝ (||x − µ||∆−1 )λ− 2 Kλ− d (α||x − µ||∆−1 ) ehβ,x−µi .
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Abstract

This paper establishes the consistency of a family of graph-cut-based algorithms for clustering of data clouds. We consider point clouds obtained as samples of a ground-truth
measure. We investigate approaches to clustering based on minimizing objective functionals defined on proximity graphs of the given sample. Our focus is on functionals based on
graph cuts like the Cheeger and ratio cuts. We show that minimizers of these cuts converge as the sample size increases to a minimizer of a corresponding continuum cut (which
partitions the ground truth measure). Moreover, we obtain sharp conditions on how the
connectivity radius can be scaled with respect to the number of sample points for the
consistency to hold. We provide results for two-way and for multiway cuts. Furthermore
we provide numerical experiments that illustrate the results and explore the optimality of
scaling in dimension two.

Editor: Matthias Hein

Partitioning data clouds in meaningful clusters is one of the fundamental tasks in data
analysis and machine learning. A large class of the approaches, relevant to high-dimensional
data, relies on creating a graph out of the data cloud by connecting nearby points. This
allows one to leverage the geometry of the data set and obtain high quality clustering.
Many of the graph-clustering approaches are based on optimizing an objective function
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which measures the quality of the partition. The basic desire to obtain clusters which are
well separated leads to the introduction of objective functionals which penalize the size of
cuts between clusters. The desire to have clusters of meaningful size and for the approaches
to be robust to outliers lead to the introduction of ”balance” terms and objective functionals
such as Cheeger cut and closely related edge expansion (Arora et al., 2009; Bresson and
Laurent, 2012; Bresson et al., 2012; Kannan et al., 2004; Szlam and Bresson, 2010), ratio
cut (Hagen and Kahng, 1992; Hein and Setzer, 2011; von Luxburg, 2007; Wei and Cheng,
1989), normalized cut (Arias-Castro et al., 2012; Shi and Malik, 2000; von Luxburg, 2007),
and conductance (sparsest cut) (Arora et al., 2009; Kannan et al., 2004; Spielman and
Teng, 2004). Such functionals have been extended by Bresson et al. (2013); Yu and Shi
(2003) to treat multiclass partitioning. The balanced cuts above have been widely studied
theoretically and used computationally. The algorithms of Andersen et al. (2006); Spielman
and Teng (2004, 2013) use local clustering algorithms to compute balanced cuts of large
graphs. Total variation based algorithms (Bresson et al., 2012, 2013; Hein and Bühler,
2010; Hein and Setzer, 2011; Szlam and Bresson, 2010) are also used to optimize either the
conductance or the edge expansion of a graph. Closely related are the spectral approaches
to clustering (Shi and Malik, 2000; von Luxburg, 2007) which can be seen as a relaxation
of the normalized cuts.
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In this paper we consider data clouds, Xn = {x1 , . . . , xn }, which have been obtained
as i.i.d. samples of a measure ν with density ρ on a bounded domain D. The measure ν
represents the ground truth that Xn is a sample of. In the large sample limit, n → ∞,
clustering methods should exhibit consistency. That is, the clustering of the data Xn
should converge as n → ∞ toward a specific clustering of the underlying ground-truth
domain. In this paper we characterize in a precise manner when and how the minimizers of
a ratio, Cheeger, sparsest, and normalized graph cuts, converge towards a suitable partition
of the domain. We define the discrete and continuum objective functionals considered in
Subsections 1.1 and 1.2 respectively, and informally state our result in Subsection 1.3.
An important consideration when investigating consistency of algorithms is how graphs
on Xn are constructed. In simple terms, when building a graph on Xn one sets a length
scale εn such that edges between vertices in Xn are given significant weights if the distance
of points they connect is εn or less. In some way this sets the length scale over which the
geometric information is averaged when setting up the graph. Taking smaller εn is desirable
because it is computationally less expensive and gives better resolution, but there is a price.
Taking εn small increases the error due to randomness and in fact, if εn is too small, the
resulting graph may not represent the geometry of D well, and consequently the discrete
graph cut may be very far from the desired one. In our work we determine precisely how
small εn can be taken for the consistency to hold. We obtain consistency results both for
two-way and multi-way cuts.
To prove our results we use the variational notion of convergence known as the Γconvergence. It is one of the standard tools of modern applied analysis that allows one to
consider a limit of a family of variational problems (Braides, 2002; Dal Maso, 1993). In the
recent work of Garcı́a Trillos and Slepčev (2016), this notion was developed in the random
discrete setting designed for the study of consistency of minimization problems on random
point clouds. In particular the proof of Γ-convergence of total variation on graphs proved
there, provides the technical backbone of this paper. The approach we take is general and
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Cut(Y, Y c )
:=
Bal(Y, Y c )

(Y1 ,...,YR )

Bal(Y, Y c )

xi ∈Y
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Cut(Y
r , Yr )
,
|Yr |
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Cutρ (A, Ac )
,
Balρ (A, Ac )

BalC (Y, Y c ) = min(|Y |, |Y c |),

Yr ∩ Ys = ∅ if r 6= s,

4

R
[

r=1

Yr = X.

A ⊂ D with 0 < ν(A) < 1.

(1.2)

(1.4)

(1.5)
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1. The factor of 2 in the definition of BalR (Y, Y c ) is introduced to simplify the computations in the remainder. We remark that when using BalR , problem (1.1) is equivalent to the usual ratio cut problem.

Minimize

Given a bounded and connected open domain D ⊂ Rd and a probability measure ν on D,
with positive density ρ > 0, we define the class of balanced domain cut problems in an
analogous way. A balanced domain-cut problem takes the form

1.2 Continuum partitioning

Minimize

deg(Y ) deg(Y c )
min(deg(Y ), deg(Y c ))
BalS (Y, Y c ) = 2
and
BalN (Y, Y c ) =
, (1.3)
deg(X)2
deg(X)
Pn Pn
where deg(Y ) = i=1
j6=i wij is the sum of weighted degrees of all vertices in Y , which
correspond to sparsest cut (Arora et al., 2009; Kannan et al., 2004; Spielman and Teng,
2004) and normalized cut (Arias-Castro et al., 2012; Shi and Malik, 2000; von Luxburg,
2007) respectively. We refer to a pair {Y, Y c } that solves (1.1) as an optimal balanced cut
of the graph. Note that a given graph G = (X, W ) may have several optimal balanced cuts
(although one expects that generically the optimal cut is unique, since a small perturbation
of the weights of a graph with a non-unique minimal balanced cut, is almost sure to lead
to only one of them having the least energy ).
We are also interested in multi-class balanced cuts. Specifically, in order to partition
the set X into R ≥ 3 clusters, we consider the following ratio cut functional:

which correspond to ratio cut (Hagen and Kahng, 1992; Hein and Setzer, 2011; von Luxburg,
2007; Wei and Cheng, 1989) and Cheeger cut (Arora et al., 2009; Cheeger, 1970; Chung,
1997; Kannan et al., 2004) respectively1 , as well as

BalR (Y, Y c ) = 2|Y ||Y c |

That is, we consider the class of problems with Cut(Y, Y c ) as the numerator together with
different balance terms. For Y ⊂ X let |Y | be the ratio between the number of vertices in
Y and the number of vertices in X, that is |Y | = ]Y
n . Well-known balance terms include

Minimize

The balanced cut objective functionals we consider are relevant to general graphs (not just
the ones obtained from point clouds). We introduce them here.
Given a weighted graph G = (X, W ) with vertex set X = {x1 , . . . , xn } and weight
matrix W = {wij }1≤i,j≤n , the balanced graph cut problems we consider take the form
P
P
xj ∈Y c wij
over all nonempty Y ( X.
(1.1)

1.1 Graph partitioning

flexible and we believe suitable for the study of many problems involving large sample limits
of minimization problems on graphs.
Background on consistency of clustering algorithms and related problems.
Consistency of clustering algorithms has been considered for a number of approaches. Pollard (1981) has proved the consistency of k-means clustering.
Consistency of k-means clustering for paths with regularization was recently studied by
Thorpe et al. (2015), using a similar viewpoint to those of this paper. Consistency for a
class of single linkage clustering algorithms was shown by Hartigan (1981). Arias-Castro
and Pelletier (2013) have proved the consistency of low-dimensional embeddings via the
maximum variance unfolding. Consistency of spectral clustering was rigorously considered
by von Luxburg, Belkin, and Bousquet (2004, 2008). These works show the convergence of
all eigenfunctions of the graph Laplacian for fixed length scale εn = ε which results in the
limiting (as n → ∞) continuum problem being a nonlocal one. Belkin and Niyogi (2006)
consider the spectral problem (Laplacian eigenmaps) and show that there exists a sequence
εn → 0 such that in the limit the (manifold) Laplacian is recovered, however no rate at
which εn can go to zero is provided. Consistency of normalized cuts was considered by
Arias-Castro, Pelletier, and Pudlo (2012) who provide a rate on εn → 0 under which the
minimizers of the discrete cut functionals minimized over a specific family of subsets of Xn
converge to the continuum Cheeger set. Our work improves on (Arias-Castro et al., 2012)
in several ways. We minimize the discrete functionals over all discrete partitions on Xn as
it is considered in practice and prove the result for the optimal, in terms of scaling, range
of rates at which εn can go to zero as n → ∞ for consistency to hold.
There are also a number of works which investigate how well the discrete functionals
approximate the continuum ones for a particular function. Among them are works by Belkin
and Niyogi (2008), Giné and Koltchinskii (2006), Hein, Audibert, and Von Luxburg (2005),
Narayanan, Belkin, and Niyogi (2006), Singer (2006) and Ting, Huang, and Jordan (2010).
Maier, von Luxburg, and Hein (2013) considered pointwise convergence for Cheeger and
normalized cuts, both for the geometric and kNN graphs and obtained a range of scalings
of graph construction on n for the convergence to hold. While these results are quite
valuable, we point out that they do not imply that the minimizers of discrete objective
functionals are close to minimizers of continuum functionals.

JMLR 17(181):1-46

A notion of convergence suitable for showing the convergence of minimizers of approximating objective functionals converge towards a minimizer of the limit functional is the
notion of Γ-convergence, which was introduced by De Giorgi in the 70’s and represents a
standard notion of variational convergence. For detailed exposition of the properties of Γconvergence see the books byBraides (2002) and Dal Maso (1993). Particularly relevant to
our investigation are works considering nonlocal functionals converging to the perimeter or
to total variation which include works by Alberti and Bellettini (1998), Savin and Valdinoci
(2012), and Esedoḡlu and Otto (2015). Also related are works of Ponce (2004), who showed
the Γ-convergence of nonlocal functionals related to characterization of Sobolev spaces and
of Gobbino (1998) and Gobbino and Mora (2001) who investigated nonlocal approximations
of the Mumford-Shah functional. In the discrete deterministic setting, works related to the
Γ-convergence of functionals to continuous functionals involving perimeter include works of
3

∂D A

ˆ
ρ2 (x) dS(x).
(1.6)

and

Balρ (A, Ac ) = min(|A|, |Ac |),
(1.7)

and

ρ(x) dx.

Balρ (A, Ac ) = min(|A|ρ2 , |Ac |ρ2 ),

A

(1.9)

(1.8)

ρ2 (x) dx.
(1.10)

r=1

R
X
Cutρ (Ar , Acr )
,
|Ar |

5
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where (A1 , . .. , AR ) is an R-tuple
of measurable subsets of D such that ν(Ar ∩ As ) = 0 if

S
r 6= s, and ν D \ R
A
=
0.
r
r=1

(A1 ,...,AR )

Minimize

(1.11)

that solves (1.5) as an optimal balanced cut of the domain.

A

ˆ

The continuum equivalent of the multiway cut problem (1.4) reads

We refer to a pair

{A, Ac }

|A|ρ2 = ´

1
2
D ρ (x)dx

which correspond to weighted continuous equivalents of the sparsest cut and the normalized
cut. Here |A|ρ2 stands for

Balρ (A, Ac ) = 2|A|ρ2 |Ac |ρ2

We also consider balance terms

|A| = ν(A) =

ˆ

which correspond to weighted continuous equivalents of the ratio cut and the Cheeger cut.
In the continuum setting |A| stands for the total ν-content of the set A, that is,

Balρ (A, Ac ) = 2|A||Ac |

We only consider cuts with weight ρ2 , since they appear as the limit of the discrete cuts we
consider in this paper, as indicated in subsection 1.3.
For our results and analysis we need the notion of continuum cut which is defined for sets
with less regular boundary. We present the required notions of geometric measure theory
and the rigorous and mathematically precise formulation of problem (1.5) in Subsection 3.1.
If ρ(x) = 1 then Cutρ (A, Ac ) simply corresponds to arc-length (in 2d) or surface area
(in 3d). In the general case, the presence of ρ2 (x) in (1.6) indicates that the regions of low
density are easier to cut, so ∂D A has a tendency to pass through regions in D of low density.
As in the graph case, we consider balance terms

Cutρ (A, Ac ) :=

where Ac = D\A. Just as the graph cut term Cut(Y, Y c ) in (1.1) provides a weighted (by
W ) measure of the boundary between Y and Y c , the cut term Cutρ (A, Ac ) for a domain
denotes a ρ2 −weighted area of the boundary between the sets A and Ac . Assuming that
∂D A := ∂A ∩ D (the boundary between A and Ac ) is a smooth curve (in 2d), surface (in
3d) or manifold (in 4d+), we can define

Consistency of Cheeger and Ratio Graph Cuts

w
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(1.14)
where * denotes the weak convergence of
(see Dudley (2002)). Since by asPmeasures
w
sumption on the points xi it holds that n1 ni=1 δxi * ν, the property (1.14) is equivalent

i=1

n

1X
w
1Yn,I(n) (xi )δxi * 1A ν
n

Let us make the notion of convergence of discrete partitions {Yn , Ync } to continuum
partitions {A, Ac } precise.
To be able to easily account for the invariance {Yn , Ync } = {Ync , Yn }, let Yn,1 = Yn and
Yn,2 = Ync . Let 1Yn ,i : Xn → {0, 1} for i = 1, 2 be the characteristic function of Yn,i (on the
set Xn ). We say that {Yn , Ync } converge towards {A, Ac } as n → ∞ if there is a sequence
of indices I : N → {1, 2} such that

where pd = 1/d for d ≥ 3 and p2 = 3/4. Then almost surely the minimizers, {Yn , Ync }, of
the balanced cut (1.1) of the graph Gn , converge to {A, Ac }. Moreover, after appropriate
rescaling, almost surely the minimum of problem (1.1) converges to the minimum of (1.5).
The result also holds for multiway cuts. That is, the minimizers of (1.4) converge towards
minimizers of (1.11).

Informal statement of (a part of ) the main results. Consider d ≥ 2 and assume
the continuum balanced cut (1.5) has a unique minimizer {A, Ac }. Consider εn > 0 such
that limn→∞ εn = 0 and
(log n)pd 1
lim
= 0,
(1.13)
n→∞
n1/d εn

As more data points are available one takes smaller ε to obtain increased resolution.
That is, one sets the length scale ε based on the number of available data points: ε = εn . We
investigate under what scaling of εn on n the optimal balanced cuts (that is, minimizers of
(1.1)) of the graph Gn = (Xn , Wn ) converge towards optimal balanced cuts in the continuum
setting (minimizers of (1.5)). On Figure 1, we illustrate the partitioning of a data cloud
sampled from the uniform distribution on the given domain D.

Let x1 , . . . , xn , . . . be a sequence of i.i.d random points drawn from an underlying groundtruth measure ν. Throughout the paper ν is a probability measure supported on a bounded,
open set with Lipschitz boundary D. Furthermore we assume that ν has continuous density
ρ : D → R and that 0 < λ ≤ ρ ≤ Λ on D; in other words, ρ is bounded below and above by
positive constants. We denote by Xn = {x1 , . . . , xn }, the set consisting of the first n data
points.
To extract the desired information from the point cloud Xn , one builds a graph by
connecting nearby points. More precisely, let η : Rd → [0, ∞) be a radially symmetric
kernel, radially decreasing, and decaying to zero sufficiently fast. We introduce a parameter
ε which basically describes over which length scale the data points are connected. For
i, j ∈ {1, . . . , n}, we consider the weight


xi − x j
wij = η
.
(1.12)
ε

1.3 Consistency of partitioning of data clouds
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(d) Minimizer of continuum Cheeger cut.

(b) Geometric graph with ε = 0.3.

Consistency of Cheeger and Ratio Graph Cuts

(a) A sample of n = 120 points.

(c) Minimizer of Cheeger graph cut.

n

Figure 1: Given the sample of Figure (a), graph is constructed using η(z) = 1{|z|≤1} and
ε = 0.3, as illustrated on Figure (b). On Figure (c) we present the solution to the
Cheeger graph-cut problem obtained using algorithm of Bresson et al. (2012). A
solution to the continuum Cheeger-cut problem is illustrated in Figure (d).

to
i=1

1X
w
1Yn,3−I(n) (xi )δxi * 1Ac ν
n

In Section 2 we discuss this topology in more detail and present a conceptually clearer
framework, which applies to general functions (not just characteristic functions of sets).
Let us also indicate briefly why the weight ρ2 present in the weighted perimeter
(1.6)
Pn
δxi be
can be expected to appear in the limit of balanced graph cuts (1.1). Let νn = n1 i=1
the empirical measure of the sample Xn = {x1 , . . . , xn }. Let A ⊂ D be a set with smooth
boundary and let An = A ∩ Xn . Then, using ηε (z) = η(z/ε)/εd we get


xi − xj
ε

1An (x)1Anc (y)ηε (x − y) dνn (x)dνn (y)

ρ2 (x) dS(x).
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1A (x)1Ac (y)ηε (x − y) ρ(x)ρ(y)dydx
D∩∂A

Dˆ D

ˆD ˆD

1 X X 1
1
Cut(An , Anc ) = 2
η
n
n 2 εd
εd
c
xi ∈An xj ∈An
ˆ ˆ

=

∼

∼C
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The factor 1/(n2 εd ) in front of the cut above is accounted for in the way we scale the cuts,
see (5.6). We remark that the above just provides a rough heuristic idea as to what weight
should be expected. It does not serve as a basis for our proof, since the optimal balanced
graph cuts {Yn , Ync } (minimizer of (1.1)) could be rather different from {A ∩ Xn , Ac ∩ Xn }
where {A, Ac } is the optimal balanced domain cut (minimizer of (1.5)).
The reason for the presence of ρ in (1.8) is clear since the particles are drawn from the
measure, ν, with density ρ, and thus the empirical measures of the sample, νn , converge to
ν. Let us now indicate the reason for the presence of ρ2 in (1.10). Namely for the graph
weights given by (1.12) and A, Xn , and An as above

∼

D

D ˆD

∼ Cη

1A (x)ρ2 (x)dx.

D

ˆ

1A (x)ρ2 (x)dx = |A|ρ2 .


 ˆ ˆ
x −x
1
1 X X 1
i
j
deg(An ) = 2
η
=
1An (x)ηε (x − y) dνn (x)dνn (y)
n
ε
n 2 εd
εd
D D
xi ∈An xj ∈Xn
ˆ ˆ
1A (x)ηε (x − y) ρ(x)ρ(y)dydx

Therefore,

deg(An )
1
∼´ 2
deg(Xn )
D ρ (x)dx

Since the proofs are analogous in most of the paper, we only consider the ratio and
Cheeger cuts in detail and only comment briefly on sparsest and normalized cuts.

1/d

Remark 1 (Optimality of scaling of εn for d ≥ 3) If d ≥ 3 then the rate presented in
(1.13) is sharp in terms of scaling. Namely for D = (0, 1)d , and ν the Lebesgue measure
on D and η compactly supported, it is known from graph theory (see (Goel et al., 2004;
Gupta and Kumar, 1999; Penrose, 1999)) that there exists a constant c > 0 such that if

n)
εn < c (logn1/d
then the weighted graph associated to (Xn , Wn ) is disconnected with high
probability. The resulting optimal discrete cuts have zero energy, but may be very far from
the optimal continuum cuts.

1/d

.

While the above example demonstrates the optimality of our results, we remark that
the convergence fails because the lack of connectedness of random geometric graphs (with
connectivity radius below the before mentioned threshold) leads to undesirable partitions.
Considering different objective functionals which are still based on perimeter, but more
strongly penalize existence of small connected components, or considering different graph
constructions (for example by restricting attention to the giant component) could lead
1
 εn <
to convergence even for some scaling εn below the connectivity threshold n1/d
n)
c (logn1/d
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Remark 2 In case d = 2 the connectivity threshold for a random geometric graph is εn =
1/2
c log(n)
, which is below the rate for which we can establish the consistency of balanced cuts.
n1/2
Thus, an interesting open problem is to determine if the consistency results we present in

8

9
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Let x1 , . . . , xn , . . . be a sequence of i.i.d random points drawn from an underlying groundtruth measure ν. For the two-class case, our main result shows that a sequence of partitions
{Yn , Ync } of the point clouds Xn = {x1 , . . . , xn } ⊂ D converges toward a continuum partition {A, Ac } of the domain D. In this section we expand on the notion of convergence
introduced in Subsection 1.3 to compare the discrete and continuum partitions. We give an
equivalent definition for such type of convergence which turns out to be more useful for the
computations in the remainder.
Associated to the partitions {Yn , Ync } are the characteristicP
functions of Yn and Ync ,
namely 1Yn : Xn → {0, 1} and 1Ync : Xn → {0, 1}. Let νn = n1 ni=1 δxi be the empirical
measures associated to Xn Note that 1Yn , 1Ync ∈ L1 (νn ). Likewise a continuum partition of
D by measurable sets A and Ac = D\A can be described via the characteristic functions
1A : D → {0, 1} and 1Ac : D → {0, 1}. These too can be considered as L1 functions, but
with respect to the measure ν rather than νn .

2. From Discrete to Continuum

In Section 2 we introduce the notion of convergence we use to bridge between discrete and
continuum partitions. In particular this notion of convergence allows us to consider the
discrete and continuum objective functionals in a common metric space, which we denote
by T L1 . This notion of convergence relies on some of the notions of the theory of optimal
transportation which we recall. We also recall results on optimal min-max matching between
the random sample and the underlying measure (Proposition 5), which are needed in the
proof of the convergence. They represent the main estimates which account for randomness.
The rest of the arguments in the paper are not probabilistic.
In Section 3 we study more carefully the notion of continuum partitioning (1.5). We
introduce the notion of total variation of functions on D in Subsection 3.1 and recall some
of its basic properties. This enables us to introduce, in Subsection 3.2, the general setting
for problem (1.5) where desirable properties such as lower semicontinuity and existence
of minimizers hold. In Section 4 we give the precise statement of the consistency result,
both for the two-way cuts (Theorem 9) and the multi-way cuts (Theorem 12). Proving that
minimizers of discrete balanced cuts converge to optimal continuum balanced cuts is reduced
to proving that the discrete balanced-cut objective functionals converge (in the sense of
the notion of variational convergence known as Γ-convergence) to continuum balanced-cut
objective functionals. In Section 5 we recall the definition of Γ-convergence and its basic
properties. In Subsection 5.1 we recall the results on Γ-convergence of graph total variation
which provide the backbone for our results. Section 6 contains the proof of the Theorem
9 and Section 7 the proof of Theorem 12. Finally, in Section 8 we present numerical
experiments which illustrate our results; we also investigate the issues related to Remark 2.

1.4 Outline

D×D

(2.1)

f (y)dθ(y) =

D

f (T (x))dµ(x).

(2.2)

10
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In order to give the desired interpretation of convergence in T L1 we also need the
notion of a stagnating sequence of transportation maps. Given µn ∈ P(D), for n = 1, . . .

D

A Borel map T : D → D is a transportation map between the measures µ ∈ P(D) and
θ ∈ P(D) if θ = T] µ. Associated to a transportation map T , there is a plan πT ∈ Γ(µ, θ)
given by πT := (Id ×T )] µ, where (Id ×T )(x) = (x, T (x)).
We note that if θ = T] µ, then the following change of variables formula holds for any
f ∈ L1 (θ)
ˆ
ˆ


T] µ(A) := µ T −1 (A) , A ∈ B(D).

This is the distance that we use to compare L1 functions with respect to different measures.
It is motivated by optimal transportation distances (such as the Wasserstein distance
and the earth-mover distance, see (Garcı́a Trillos and Slepčev, 2016, 2015; Villani, 2003)
and references therein). Indeed, the distance (2.1) can be seen as an optimal transportation
distance between measures supported on the graphs of the functions f and g, as discussed in
Garcı́a Trillos and Slepčev (2016). To better understand it here, we focus on the case that
one of the measures, say µ, is absolutely continuous with respect to the Lebesgue measure,
as this case is relevant for us when passing from discrete to continuum. In this case, the
convergence in T L1 space can be formulated in simpler ways using transportation maps
instead of couplings to match the measures. Given a Borel map T : D → D and µ ∈ P(D),
the push-forward of µ by T , denoted by T] µ ∈ P(D) is given by:

π∈Γ(µ,θ)

For (µ, f ) and (θ, g) in T L1 (D) we define the distance
¨
|x − y| + |f (x) − g(y)|dπ(x, y).
dT L1 ((µ, f ), (θ, g)) = inf

Γ(µ, θ) = {π ∈ P(D × D) : (∀U ∈ B(D)) π(U × D) = µ(U ) and π(D × U ) = θ(U )}.

Note that (νn , 1Yn ) and (ν, 1A ) both belong to T L1 . To compare functions defined with
respect to different measures, say (µ, f ) and (θ, g) in T L1 , we need a way to say for which
(x, y) ∈ supp(µ) × supp(θ) should we compare f (x) and g(y). The notion of coupling (or
transportation plan) between µ and θ, provides a way to do that. A coupling between
µ, θ ∈ P(D) is a probability measure π on the product space D × D, such that the marginal
on the first variable is µ and the marginal on the second variable is θ. The set of couplings
Γ(µ, θ) is thus

T L1 (D) := {(µ, f ) : µ ∈ P(D), f ∈ L1 (µ)}.

We compare the partitions {Yn , Ync } and {A, Ac } by comparing the associated characteristic functions. To do so, we need a way of comparing L1 functions with respect to different
measures. We follow the approach of Garcı́a Trillos and Slepčev (2016). We denote by B(D)
the Borel σ-algebra on D and by P(D) the set of Borel probability measures on D. The
set of objects of our interest is

this paper are still valid when the parameter εn is taken below the rate log(n)
we obtained
n1 /2
the proof for, but above the connectivity rate. In particular we are interested in determining
if connectivity is the determining factor in order to obtain consistency of balance graph cuts.
We numerically explore this problem in Section 8.
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n (r)

νn , 1YPn



T L1

−→ (ν, 1Ar )

We note that the definition above is equivalent to
n

i=1

as n → ∞.

1X
w
1YPn (r) (xi )δxi * 1Ar ν
n
n
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We end this section by making some remarks about why the T L1 -metric is a suitable
metric for considering consistency problems. On one hand if one considers a sequence of
minimizers {Yn , Ync } of the graph balanced cut (1.1) the topology needs to be weak enough

for all r = 1, . . . , R which is analogous to the definition in (1.14) which we gave in Subsection
(1.3) when discussing the main result. The equivalence follows from the fact that the T L1
metric (2.1) can be seen as the distance between the graphs of functions, considered as
measures. Namely given (µ, f ), (θ, g) ∈ T L1 (D), let Γf = (Id ×f )] µ and Γg = (Id ×g)] θ be
the measures representing the graphs. Consider d(Γf , Γg ) := dT L1 ((µ, f ), (θ, g). Proposition
3.3 in Garcı́a Trillos and Slepčev (2016) (also see the paragraph right after Remark 3.1)
implies that this distance metrizes the weak convergence of measures on the family of graph
measures. Therefore the convergence of partitions of Definition 6 is equivalent to one given
in (2.6).

(2.6)

Definition 6 The sequence {Y1n , . . . , YRn }n∈N , where {Y1n , . . . , YRn } is a partition of Xn ,
converges in the T L1 -sense to the partition {A1 , . . . , AR } of D, if there exists a sequence of
permutations {Pn }n∈N of the set {1, . . . , R}, such that for every r ∈ {1, . . . , R},

Having defined the T L1 -convergence for functions, we turn to the T L1 -convergence for
partitions. When defining a notion of convergence for sequences of partitions {Y1n , . . . , YRn },
we need to address the inherent ambiguity that arises from the fact that both {Y1n , . . . , YRn }
and {YPn(1) , . . . , YPn(R) } refer to the same partition for any permutation P of {1, . . . , R}.
Having the previous observation in mind, the convergence of partitions is defined in a
natural way.

The optimality of the upper bound is discussed in Garcı́a Trillos and Slepčev (2015). If
d ≥ 3 it follows from the fact that for n large, with large probability there exists a ball of
radius comparable to ((ln n)/n)1/d which contains none of the points x1 , . . . , xn .

where the power pd is equal to 1/d if d ≥ 3 and equal to 3/4 if d = 2.

n1/d k Id −Tn kL∞ (ν)
≤ C,
(log n)pd
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n→∞

and µ ∈ P(D), a sequence {Tn }n∈N of transportation maps between µ and µn (meaning
that Tn] µ = µn ) is stagnating if
ˆ
|x − Tn (x)|dµ(x) → 0
as n → ∞.
(2.3)

T L1

lim sup

Proposition 5 Let D be an open, connected and bounded subset of Rd which has Lipschitz
boundary. Let ν be a probability measure on D with density ρ which is bounded from below
and from above by positive constants. Let x1 , . . . , xn , . . . be a sequencePof independent
n
random points distributed on D according to measure ν and let νn = n1 i=1
δxi . Then
there is a constant C > 0 (that depends on D and ρ) such that with probability one there
exists a sequence of transportation maps {Tn }n∈N from ν to νn (Tn] ν = νn ) and such that:

D

This notion is relevant to our considerations because for the measure ν and its empirical
measures νn there exists (with probability one) a sequence of stagnating transportation
maps Tn] ν = νn . The idea is that as n → ∞ the mass from ν needs to be moved only very
little to be matched with the mass of νn . We make this precise in Proposition 5
We now provide the desired interpretation of the convergence in T L1 , which is a part
of Proposition 3.12 of Garcı́a Trillos and Slepčev (2016).

T L1

|f (x) − fn (Tn (x))| dµ(x) → 0, as n → ∞.

Proposition 3 Consider a measure µ ∈ P(D) which is absolutely continuous with respect
to the Lebesgue measure. Let (µ, f ) ∈ T L1 (D) and let {(µn , fn )}n∈N be a sequence in
T L1 (D). The following statements are equivalent:

D

(i) (µn , fn ) −→ (µ, f ) as n → ∞.
w
(ii) µn * µ and there exists a stagnating sequence of transportation maps Tn] µ = µn such
that:
ˆ
w

(iii) µn * µ and for any stagnating sequence of transportation maps Tn] µ = µn convergence (2.4) holds.
The previous proposition implies that in order to show that (µn , fn ) converges to (µ, f ) in
the T L1 -sense, it is enough to find a sequence of stagnating transportation maps Tn] µ = µn
and then show the L1 convergence of fn ◦ Tn to f in L1 (µ) . An important feature of
Proposition 3 is that there is complete freedom on what sequence of transportation maps
{Tn }n∈N to take, as long as it is stagnating. In particular this shows that if µn = µ for all
n then the convergence in T L1 is equivalent to convergence in L1 (µ) .
w

T L1

Remark 4 Suppose that the sequence of probability measures {µn }n∈N is such that µn * µ.

T L1

Let fn ∈ L1 (µn ) and let f ∈ L1 (µ). With a slight abuse of notation we say that fn −→ f

whenever (µn , fn ) −→ (µ, f ). In particular when we write fn −→ f it should be clear what
the corresponding measures µn , µ are.
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To obtain the scaling of (1.13) we need a stagnating sequence of transportation maps
between ν and {νn }n∈N with precise information on the rate at which convergence (2.3)
occurs. More precisely for some of our considerations we need the control of Tn (x) − x
in the stronger L∞ (ν)-norm, rather than in the L1 (ν)-norm. Since the typical distance
between nearby points is of order n−1/d the typical transportation distance, Tn (x) − x,
must be at least of that order. The optimal upper bound on the L∞ (ν)-norm of Tn − I
however has an extra logarithmic correction. In particular in Garcı́a Trillos and Slepčev
(2015) it was shown that:
11

D

ρ2 (x) d|Du|(x).

(3.5)

L1 (ν)

R

(3.6)

c∈R

D

14
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13

∂A∩D

D
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Hd−1

Also, given that ρ : D → R is continuous, if u = 1A is the characteristic function of a set
A ⊆ Rd with C 1 boundary, then
ˆ
T V (1A ; ν) =
ρ2 (x) dHd−1 (x),
(3.3)

D

where
represents the (d − 1)-dimensional Hausdorff measure in Rd . In case ρ is a
constant (ν is the uniform distribution), the functional T V (·; ν) reduces to a multiple of

Cutρ (A, Ac ) = T V (1A ; ν),

We use the total variation to rigorously formulate the continuum partitioning problem (1.5).
The precise definition of the Cutρ (A, Ac ) functional in (1.5) is

3.2 Continuum partitioning

relates the weighted total variation of u with the weighted total variation of its level sets.
A proof of this formula can be found in Bellettini, Bouchitté, and Fragalà (1999). For a
proof of the formula in the case that ρ is constant see Leoni (2009).
In the remainder of the paper, we write T V (u) instead of T V (u; ν) when the context is
clear.

Finally, for u ∈ BV (D), the co-area formula
ˆ
T V (u; ν) =
T V (1{u>t} ; ν) dt,

k→∞

T V (u; ν) ≤ lim inf T V (uk ; ν).

with respect to L1 -convergence. More precisely, if uk −→ u then

where T V (1A ; ν) is defined in (3.1). We note that T V (1A ; ν) is equal to T V (1Ac ; ν), and
is the perimeter of the set A in D weighted by ρ2 .
Recall that |D| = ν(D), as defined in (1.8). Given that ν is a probability measure
supported on D we have |D| = 1. We now formulate the balance terms defined by (1.7) and
(1.8) using characteristic functions. We start by extending the balance term to arbitrary
functions u ∈ L1 (ν):
ˆ
ˆ
BR (u) =
|u(x) − meanρ (u)|ρ(x) dx and BC (u) = min
|u(x) − c|ρ(x) dx, (3.7)

where in the above Cc1 (D : Rd ) denotes the set of C 1 -functions from D to Rd , whose support
is compactly contained in D. If u is regular enough then the weighted total variation can
be written as
ˆ
T V (u; ν) =
|∇u|ρ2 (x) dx.
(3.2)

Let D be an open and bounded domain in Rd with Lipschitz boundary and let ρ : D →
(0, ∞) be a continuous density function. We let ν be the measure with density ρ. We
assume that ρ is bounded above and below by positive constants, that is, λ ≤ ρ ≤ Λ on D
for some Λ ≥ λ > 0.
Given a function u ∈ L1 (ν), we define the weighted (by weight ρ2 ) total variation of u
by:
ˆ

T V (u; ν) := sup
u(x)div(Φ(x)) dx : Φ(x) ∈ Cc1 (D : Rd ), |Φ(x)| ≤ ρ2 (x) , (3.1)

3.1 Total Variation

We first recall the general notion of (weighted) total variation and some notions of analysis
and geometric measure theory.

3. Continuum partitioning: rigorous setting

D

A simple consequence of the definition of the weighted T V is its lower semicontinuity

T V (u; ν) = |Du|ρ2 (D) =

ˆ

the classical total variation and in particular (3.3) reduces to a multiple of the surface area
of the portion of ∂A contained in D.
Since ρ is bounded above and below by positive constants, a function u ∈ L1 (ν) has
finite weighted total variation if and only if it has finite classical total variation. Therefore,
if u ∈ L1 (ν) with T V (u; ν) < ∞, then u is a BV function and hence it has a distributional
derivative Du which is a Radon measure (see Chapter 13 of Leoni (2009)). We denote by
|Du| the total variation of the measure Du and denote by |Du|ρ2 the measure determined
by
d|Du|ρ2 = ρ2 (x)d|Du|.
(3.4)

for the sequence of minimizers to be guaranteed to converge (at least along a subsequence).
Mathematically speaking the topology needs to be weak enough for the sequence to be
pre-compact. On the other hand the topology has to be strong enough for one to be able to
conclude that the limit of a sequence of minimizes is a minimizer of the continuum balanced
cut energy. In Proposition 21 and Lemma 23 we establish that the T L1 -metric satisfies both
of the desired properties.
Finally we point out that our approach from discrete to continuum can be interpreted as
an extrapolation or extension approach, as opposed to restriction viewpoint. Namely when
comparing (µn , fn ) and (µ, f ) where µn is discrete and µ is absolutely continuous with
respect to the Lebesgue measure we end up comparing two L1 functions with respect to the
Lebesgue measure, namely fn ◦ Tn and f , in (2.4). Therefore fn ◦ Tn used in Proposition 3
can be seen as a continuum representative (extrapolation) of the discrete fn . We think that
this approach is more flexible and suitable for the task than the, perhaps more common,
approach of comparing the discrete and continuum by restricting the continuum object to
the discrete setting (this would correspond to considering f |supp(µn ) and comparing it to
fn ).
By Theorem 4.1 of Baldi (2001)
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(3.11)

≤
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Here we present the precise hypotheses we use and state precisely the main results of this
paper. Let D be an open, bounded, connected subset of Rd with Lipschitz boundary, and
let ρ : D → R be a continuous density which is bounded below and above by positive
constants, that is, for all x ∈ D
λ ≤ ρ(x) ≤ Λ
(4.1)

4. Assumptions and statements of main results.

Proof The statement follows by the direct method of the calculus of variations. Since the
functional is bounded from below it suffices to show that it is lower semicontinuous with
respect to the L1 (ν) norm and that a minimizing sequence is precompact in L1 (ν). To show
lower semi-continuity it is enough to consider a sequence un = 1̃An ∈ Ind(D) converging in
L1 (ν) to u ∈ L1 (ν). From Lemma 7 it follows that u ∈ Ind(D) and hence u = 1̃A for some
A with B(1A ) > 0. Therefore 1An → 1A as n → ∞ in L1 (ν). The lower semi-continuity
then follows from the lower semi-continuity of the total variation (3.6), the continuity of B
and the fact that since B(1A ) > 0, 1/B(1An ) → 1/B(1A ) as n → ∞.
The pre-compactness of any minimizing sequence of (3.12) follows directly from Theorem 5.1 of Baldi (2001), which completes the proof.

Lemma 8 Let D and ν be as stated at the beginning of this section. There exists a measurable set A ⊆ D with 0 < ν(A) < 1 such that 1̃A minimizes (3.12).

Since uk → u in L1 (ν) we have that meanρ (uk ) → meanρ (u) and therefore |BR (uk ) −
BR (u)| ≤ kuk − ukL1 (ν) + | meanρ (uk ) − meanρ (u)| → 0 as desired.
In order to prove (ii) suppose that {uk }n∈N is a sequence in Ind(D) converging in L1 (ν)
to some u ∈ L1 (ν), we need to show that u ∈ Ind(D). By (i) we know that B(uk ) → B(u)
as k → ∞. Since uk ∈ Ind(D), in particular B(uk ) = 1. Thus, B(u) = 1. On the other
hand, uk ∈ Ind(D) implies that uk has the form uk = αk 1Ak . Since this is true for every
k, in particular we must have that u has the form u = α1A for some real number α and
some measurable subset A of D. Finally, the fact that B is 1-homogeneous implies that
1 = B(u) = αB(1A ). In particular B(1A ) 6= 0 and α = B(11 A ) . Thus u = 1̃A with B(1A ) 6= 0
and hence u ∈ Ind(D).

ˆ

Consistency of Cheeger and Ratio Graph Cuts

D

c∈R

(3.9)

ˆ
and BN (u) = min − |u(x) − c|ρ2 (x) dx, (3.8)

A ⊆ D,

Cutρ (A, Ac )
T V (1A )
=
.
B(1A )
Bal(A, Ac )

(3.12)

≤

where mean (u) denotes the mean/expectation of u(x) with respect to the measure dν =
ρ
ρdx.
´
´
Analogously, using the symbol −D f (x)ρ2 (x)dx := ´ ρ21(x)dx D f (x)ρ2 (x)dx, we define
D

ˆ
BS (u) = − |u(x) − meanρ2 (u)|ρ2 (x) dx


=

if µ = ν and u ∈ Ind(D)
otherwise.

|uk − u|ρ(x) dx + | meanρ (uk ) − meanρ (u)|.

Exchanging the role of u1 and u2 in this argument implies that |B(u1 ) − B(u2 )| ≤ ku1 −
u2 kL1 (ν) , which implies Lipschitz continuity of BC .
Now consider the balance term BR (u) that corresponds to the ratio cut. Let {uk }k=1,...
be a sequence in L1 (ν) converging to u. The inequality ||a| − |b|| ≤ |a − b| implies that
ˆ
ˆ
|uk − meanρ (uk )|ρ(x) dx − |u − meanρ (u)|ρ(x) dx
ˆ
ˆ
|uk − u|ρ(x) dx + | meanρ (uk ) − meanρ (u)|ρ(x) dx

´
where meanρ2 (u) = −D u(x)ρ2 (x)dx.
We have the desired relation with balance terms defined in (1.2) and (1.3)
BI (1A ) = BalI (A, Ac ) for I = R, C, S, and N

1A
,
B(1A )

for every measurable subset A of D. From here on, we use B to represent BR , BC , BS , or
BN , depending on the context. We also consider normalized indicator functions 1̃A given
by
1̃A :=


1A
B(1A )

and consider the set

Ind(D) := u ∈ L1 (ν) : u = 1̃A for some measurable set A ⊆ D with B(1A ) 6= 0 .
(3.10)
Then for u = 1̃A ∈ Ind(D)

T V (u) = T V (1̃A ) = T V

(
T V (u)
+∞

Consequently the problem (1.5) is equivalent to minimizing E : T L1 (D) → (−∞, ∞],
given by
E(µ, u) :=

(i) The balance functions BI are continuous on L1 (ν).

where µ is a probability measure on D, u ∈ L1 (µ), T V (u) = T V (u; ν), is given by (3.5) and
Ind(D) is defined by (3.10). Since the functional E is only non-trivial when µ = ν, from
now on we write E(u) instead of E(ν, u).
Before we show that both the continuum ratio cut and Cheeger cut indeed have a
minimizer, we need the following lemma:
Lemma 7

(ii) The set Ind(D) is closed in L1 (ν).

ˆ

|u1 − u2 |ρ(x) dx = ku1 − u2 kL1 (ν) .
JMLR 17(181):1-46

Proof Let us start by proving (i). We first consider the balance term BC (u) that corresponds to the Cheeger cut. Let´u1 , u2 ∈ L1 (ν). Let ci be the median of ui for i = 1, 2, that
is let ci be a minimizer of c 7→ D |ui (x) − c| ρ(x) dx. Then, by (3.7),
ˆ
ˆ
|u1 − c2 |ρ(x) dx − |u2 − c2 | ρ(x) dx
B(u1 ) − B(u2 ) ≤

≤

15

(log n)3/4 1
=0
n1/2 εn

(d = 2),

lim

n→0

(log n)1/d 1
=0
n1/d εn
(d ≥ 3).

17
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As the proofs for sparsest and normalized cuts are analogous, in the remainder of the
paper we only treat the ratio and Cheeger cuts in detail.

where ση is the surface tension associated to the kernel η and C is the minimum of (1.5).

where η satisfies assumptions (K1)-(K3). Finally, let {Yn∗ , Yn∗ c } denote any optimal balanced cut of Gn (solution of problem (1.1)). If problem (3.12) has a unique solution
{A∗ , A∗c }, then with probability one the sequence {Yn∗ , Yn∗ c } converges to {A∗ , A∗c } in the
T L1 -sense. If there is more than one optimal continuum balanced cut (3.12) then with
probability one, {Yn∗ , Yn∗ c } converges along a subsequence to an optimal continuum balanced
cut.
Additionally, with probability one, Cn the minimum balanced cut of the graph Gn (the
minimum of (1.1)), satisfies
2Cn
lim
= ση C,
(4.2)
n→∞ n2 εd+1
n

Let {xj }j∈N be an i.i.d. sequence of random points in D drawn from the measure ν and let
Xn = {x1 , . . . , xn }. Let Gn = (Xn , Wn ) denote the graph whose edge weights are


|xi − xj |
n
wij
:= η
1 ≤ i, j ≤ n
εn

n→0

lim

Theorem 9 (Consistency of cuts) Let domain D, probability measure ν,with density ρ,
and kernel η satisfy the conditions above. Let εn denote any sequence of positive numbers
converging to zero that satisfy

We refer to the quantity ση as the surface tension associated to η. In the above, hx, e1 i
denotes the inner product of the vector x with the vector whose first entry is 1 and whose
other entries are equal to zero. We remark that due to radial symmetry, the vector e1 can
be replaced by any unit vector in Rd without changing the value of ση .
The kernel η : Rd → [0, ∞) is now given by η(x) = η(|x|)).
These hypotheses on η hold for the standard similarity functions used in clustering
contexts, such as the Gaussian similarity function η(r) = exp(−r2 ) and the proximity
similarity kernel (η(r) = 1 if r ≤ 1 and η(r) = 0 otherwise). For a sample x1 , . . . , xn from
the measure ν, we denote by νn the empirical measure associated to the sample.
The main result of our paper is:

(K2) η is non-increasing.
´
(K3) ση := Rd η(|x|)|hx, e1 i| dx < ∞.

2Cn
= ση C,
n2 εd+1
n

18
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The proof of Theorem 12 involves modifying the geometric measure theoretical results of
Garcı́a Trillos and Slepčev (2016). This leads to a substantially longer and more technical
proof than the proof of Theorem 9, but the overall spirit of the proof remains the same in
the sense that the Γ-convergence plays the leading role. Finally, we remark that analogous
observations to the ones presented in Remark 11 apply to Theorem 12.

where ση is the surface tension associated to the kernel η and C is the minimum of (1.11).

n→∞

lim

Theorem 12 Let domain D, measure ν, kernel η, sequence {εn }n∈N , sample points {xi }i∈N ,
and graph Gn satisfy the assumptions of Theorem 9. Let (Y ∗n1 , . . . , Y ∗nR ) denote any optimal balanced cut of Gn , that is a minimizer of (1.4). If (A∗1 , . . . , A∗R ) is the unique optimal
balanced cut of D (that is minimizer of (1.11)) then with probability one the sequence
(Y ∗n1 , . . . , Y ∗nR ) converges to (A∗1 , . . . , A∗R ) in the T L1 -sense. If the optimal continuum balanced cut is not unique then the convergence to a minimizer holds along subsequences.
Additionally, Cn , the minimum of (1.4), satisfies

We also establish the following multi-class equivalent to Theorem 9.

Remark 11 A few remarks help clarify the hypotheses and conclusions of our main result.
The scaling condition εn  (log n)pd n−1/d comes directly from the existence of transportation maps from Proposition 5. This means that εn must decay more slowly than the maximal
distance a point in D has to travel to match its corresponding data point in Xn . In other
words, the similarity graph Gn must contain information on a larger scale than that on
which the intrinsic randomness operates. Lastly, the conclusion of the theorem still holds if
the partitions {Yn∗ , Yn∗ c } only approximate an optimal balanced cut, that is if the energies of
{Yn∗ , Yn∗ c } satisfy


Cut(Yn ∗ , Yn∗ c )
Cut(Y, Y c )
lim
−
min
= 0.
n→∞
Y (Xn Bal(Y, Y c )
Bal(Yn∗ , Yn∗ c )
This important property follows from a general result on Γ-convergence which we recall in
Proposition 17.

As we discussed in Remark 1 for d ≥ 3 the scaling of ε = εn on n is essentially the best
possible. The proof of Theorem 9 relies on establishing a variational convergence of discrete
balanced cuts to continuum balanced cuts called the Γ-convergence which we recall in
Subsection 5. The proof uses the results obtained of Garcı́a Trillos and Slepčev (2016), where
the notion of Γ-convergence was introduced in the context of objective functionals on random
data samples, and in particular the Γ-convergence of the graph total variation is considered.
The Γ-convergence, together with a compactness result, provides sufficient conditions for
the convergence of minimizers of a given family of functionals to the minimizers of a limiting
functional.

Remark 10 For simplicity of notation, from now on we make the assumption that problem
(3.12) has a unique solution {A∗ , A∗c }. In the general case, Theorem 9 follows using the
same approach; the only difference is that the convergence of minimizers happens along
subsequences (see Proposition 17 below).

for some Λ ≥ λ > 0. We let ν be the measure dν = ρdx. Let η : [0, ∞) → [0, ∞) be
the radial profile of the similarity kernel, namely the function satisfying η(x) = η(|x|). We
assume

(K1) η(0) > 0 and η is continuous at 0.
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5. Background on Γ-convergence
We recall and discuss the notion of Γ-convergence. The usual Γ-convergence is defined for
deterministic functionals. It extends to the random functionals that we consider in a natural
way. Namely for almost every realization of the random event (in our case a sequence of
random points in the domain) we require the Γ-convergence of resulting, deterministic,
functionals. Such notion of Γ convergence has been used by Dirr and Orlandi (2009). We
now define it precisely.
Let (X, dX ) be a metric space and let (Ω, F, P) be a probability space. Let Fn : X × Ω →
[0, ∞] be a sequence of random functionals. For brevity, instead of writing Fn (x, ω) we
simply write Fn (x) with understanding that an element ω ∈ Ω has been fixed.

≥ F (x),

{xn }n∈N

converging to x,

Definition 13 The sequence of random functionals {Fn }n∈N Γ-converges with respect to
metric dX to the deterministic functional F : X → [0, ∞] as n → ∞ if for P-almost every
ω, the following conditions hold simultaneously:

Fn (xn )

1. Liminf inequality: For every x ∈ X and every sequence
lim inf
n→∞

2. Limsup inequality: For every x ∈ X there exists a sequence {xn }n∈N converging to
x satisfying
n→∞

lim sup Fn (xn ) ≤ F (x).
We say that F is the Γ-limit of the sequence of functionals {Fn }n∈N (with respect to the
metric dX ).
Remark 14 In most situations one does not prove the limsup inequality for all x ∈ X
directly. Instead, one proves the inequality for all x in a dense subset X 0 of X where it is
somewhat easier to prove, and then deduce from this that the inequality holds for all x ∈ X.
To be more precise, suppose that the limsup inequality is true for every x in a subset X 0
of X and the set X 0 is such that for every x ∈ X there exists a sequence {xk }k∈N in X 0
converging to x and such that F (xk ) → F (x) as k → ∞, then the limsup inequality is true
for every x ∈ X. The proof of the claim is straightforward, using, for example Theorem
1.17(iii) of Braides (2002). This property is not related to the randomness of the functionals
in any way.

lim sup Fn (xn ) < +∞,
n→∞

Definition 15 We say that the sequence of nonnegative random functionals {Fn }n∈N satisfies the compactness property if for P-almost every ω , the following statement holds: any
sequence
bounded in X and for which
{xn }n∈N

is relatively compact in X.
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Remark 16 The boundedness assumption of {xn }n∈N in the previous definition is a necessary condition for relative compactness and so it is not restrictive.
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The notion of Γ-convergence is particularly useful when the functionals {Fn }n∈N satisfy
the compactness property. This is because it guarantees that with P-probability one, minimizers (or approximate minimizers) of Fn converge to minimizers of F and it also guarantees
convergence of the minimum energy of Fn to the minimum energy of F (this statement is
made precise in the next proposition). This is the reason why Γ-convergence is said to be
a variational type of convergence. The next proposition can be found in (Braides, 2002;
Dal Maso, 1993) in the deterministic setting . We present its proof in this random setting
for completeness and for the benefit of the reader. We also want to highlight the way this
type of convergence works as ultimately this is one of the essential tools used to prove the
main theorems of this paper.

x∈X



Fn (xn ) − inf Fn (x) = 0.

(5.2)

(5.1)

Proposition 17 Let Fn : X × Ω → [0, ∞] be a sequence of random nonnegative functionals
which are not identically equal to +∞, satisfying the compactness property and Γ-converging
to the deterministic functional F : X → [0, ∞] which is not identically equal to +∞. Suppose
that for P almost every ω there is a bounded sequence {xn }n∈N (which may depend on ω)
satisfying
lim

n→∞

Then, with P-probability one,

x∈X

lim inf Fn (x) = min F (x),
n→∞ x∈X

every bounded sequence {xn }n∈N in X satisfying (5.1) is relatively compact, and each of its
cluster points is a minimizer of F . In particular, if F has a unique minimizer, a bounded
sequence {xn }n∈N satisfying (5.1) converges to the unique minimizer of F .

n→∞

lim sup Fn (x̃n ) ≤ F (x̃).

n→∞ x∈X

x∈X

n→∞

(5.4)

(5.3)

Proof Consider Ω0 a set with P-probability one for which all the statements in the definition
of Γ-convergence together with the statement of the compactness property hold. We also
assume that for every ω ∈ Ω0 , there exists a bounded sequence {xn }n∈N satisfying (5.1).
We fix such ω ∈ Ω0 .
Let {xn }n∈N be a sequence as the one described above. Let x̃ ∈ X be arbitrary. By the
limsup inequality we know that there exists a sequence {x̃n }n∈N with x̃n → x̃ and such that

By 5.1 we deduce that
n→∞

lim sup Fn (xn ) = lim sup inf Fn (x) ≤ lim sup Fn (x̃n ) ≤ F (x̃),

and since x̃ was arbitrary we conclude that
n→∞

lim sup Fn (xn ) ≤ inf F (x).
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The fact that F is not identically equal to +∞ implies that the term on the right hand
side of the previous expression is finite and thus lim supn→∞ Fn (xn ) < +∞. Since the
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n→∞



n
X
|xi − xj |
1
η
|un (xi ) − un (xj )|,
εn
n2 εd+1
n
i,j=1

(5.6)

x −x



2Cut(Yn , Ync )
;
n2 εd+1
n
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Theorem 18 (Γ - Convergence) Let the domain D, measure ν, kernel η, sample points
{xi }i∈N , sequence {εn }n∈N , and graph Gn satisfy the assumptions of Theorem 9. Then,

we recall that wij = η iεn j .
Now we recall the Theorems 1.1 and 1.2 of Garcı́a Trillos and Slepčev (2016).



GT Vn,εn (1Yn ) =

The connection of the functional GT Vn,εn to problem (1.1) is the following: if Yn is
a subset of Xn , then the graph total variation of the indicator function 1Yn is equal to a
rescaled version of the graph cut of Yn , that is,

where η is a kernel satisfying conditions (K1)-(K3). Since we consider GT Vn,εn only for
µ = νn , from now on we only write GT Vn,εn (un ), instead of GT Vn,εn (νn , un ). Using the
empirical measure νn , we may alternatively write GT Vn,εn (un ) as

ˆ ˆ 
|x − y|
1
GT Vn,εn (un ) = d+1
η
|un (x) − un (y)|dνn (x)dνn (y).
εn
εn

GT Vn,εn (νn , un ) :=

Of fundamental importance in obtaining our results is the Γ-convergence of the graph total
variation proved in Garcı́a Trillos and Slepčev (2016). Let us describe this functional and
also let us state the results we use. Given a point cloud Xn := {x1 , . . . , xn } ⊆ D where
D is a domain in Rd , we denote by GT Vn,εn : T L1 (D) → [0, ∞] the functional defined as
follows: GT Vn,εn (µ, un ) = ∞ if µ 6= νn and

5.1 Γ-convergence of graph total variation

where x̃ is arbitrary. Thus, x∗ is a minimizer of F and in particular inf x∈X F (x) =
minx∈X F (x). Finally, to establish (5.2) note that this follows from (5.4) and (5.5).

F (x∗ ) ≤ F (x̃),

The previous inequality and (5.3) imply that

x∈X

(5.5)

n∈N

lim sup GT Vn,εn (un ) < ∞,

n→∞

lim sup GT Vn,εn (1Yn ) ≤ ση T V (1A ).

Here we prove Theorem 9.
22
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The results stated above are the main tools in order to establish our main theorems.
In the next section we use them together with a careful treatment of the balance term
appearing in the denominator of the Cheeger/ratio cut functional.

and

T L1

1Yn −→ 1A

Theorem 20 Under the assumptions of Theorem 18, with probability one the following
statement holds: for every A ⊆ D measurable, there exists a sequence of sets {Yn }n∈N with
Yn ⊆ Xn such that,

To conclude this section, we present Corollary 1.3 in Garcı́a Trillos and Slepčev (2016),
which allows us to restrict the functionals GT Vn,εn and T V to characteristic functions of sets
and still obtain Γ-convergence. Observe that the only subtle point is the limsup inequality
as the liminf inequality and compactness statements are particular cases of Theorem 18 and
Theorem 19.

then {un }n∈N is T L1 -relatively compact.

and

n∈N

lim sup kun kL1 (νn ) < ∞,

Theorem 19 (Compactness) Under the hypothesis of Theorem 18, the sequence of functionals {GT Vn,εn }n∈N satisfies the compactness property. Namely, for P-almost every ω the
following holds: if a sequence {un }n∈N with un ∈ L1 (νn ) satisfies

Moreover, we have the following compactness result.

GT Vn,εn , defined by (5.6), Γ-converge to ση T Vν as n → ∞ in the T L1 sense, where ση is
the surface tension associated to the kernel η (see condition (K3)) and T Vν is the extension
to T L1 (D) of weighted (by ρ2 ) total variation functional introduced in (3.1), defined as
follows:
(
ση T V (u)
if µ = ν
T Vν ((u, µ)) =
+∞
else.

sequence {xn }n∈N was assumed bounded, we conclude from the compactness property for
the sequence of functionals {Fn }n∈N that {xn }n∈N is relatively compact.
Now let x∗ be any accumulation point of the sequence {xn }n∈N ( we know there exists
at least one due to compactness), we want to show that x∗ is a minimizer of F . Working
along subsequences, we can assume without the loss of generality that xn → x∗ . By the
liminf inequality, we deduce that

inf F (x) ≤ F (x∗ ) ≤ lim inf F (xn ).

Garcı́a Trillos, Slepčev, von Brecht, Laurent, and Bresson
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6.1 Outline of the proof

(x), un∗∗ := 1̃
Yn∗ c

(x)

minimize

En (un ) over all un ∈ L1 (νn ).
E(u) over all u ∈ L1 (ν).

(6.2)

(6.1)

Before proving that minimal balanced cuts {Yn∗ , Yn∗ c } converge to minimal continuum partitions {A∗ , A∗c } in the sense of Definition 6, we first pause to outline the main ideas. Rather
than work directly with the graph-cut-based functional defined on the sets of vertices we
work with its relaxation defined on the set of functions from the graph to reals, L1 (νn ).
The relaxed discrete functionals En are defined in (6.6) and the relaxed continuum one, E
is defined in (3.12).
We first show, by an explicit construction in Subsection 6.2, that the rescaled indicator
functions of minimal balanced cuts, 1̃Yn (x) := αn 1Yn (x), (for explicit coefficient αn that we
will define later),
un∗ := 1̃
Yn∗

minimize

Similarly, in Subsection 3.2 we showed that the normalized indicator functions
u∗ := 1̃A∗ (x), u∗∗ := 1̃A∗ c (x)

In Subsection 6.3 we show that the approximating functionals En Γ-converge to ση E in
the T L1 -sense. In Lemma 23 we establish that un∗ and un∗∗ exhibit the required compactness.
Thus, they must converge toward the normalized indicator functions 1̃A∗ (x) and 1̃A∗ c (x)
up to relabeling (see Proposition 17). If {A∗ , A∗c } is the unique minimizer, the convergence
of the sequences (up to relabeling) {un∗ } , {un∗∗ } follows. The convergence of the partition
{Yn∗ , Yn∗ c } toward the partition {A∗ , A∗c } in the sense of Definition 6 is a direct consequence.
The convergence (4.2) follows from (5.2) in Proposition 17.
6.2 Functional description of discrete cuts

n

i=1

c∈R

n
and BC
(un ) := min

n

i=1

1X
|un (xi ) − c|.
n

(6.3)

(6.4)

A straightforward computation shows that for Yn ⊆ Xn

1X
|un (xi ) − meann (un )|
n
Pn
i=1 un (xi ).

We introduce functionals that describe the discrete ratio and Cheeger cuts in terms of
functions on Xn , rather than in terms of subsets of Xn . This mirrors the description of
continuum partitions provided in Subsection 3.2. For un ∈ L1 (νn ), we start by defining
n
BR
(un ) :=

Here meann (un ) =

1
n

n
n
BR
(1Yn ) = BalR (Yn , Ync ), BC
(1Yn ) = BalC (Yn , Ync ).

or

n
1̃Yn (x) = 1Yn (x)/BR
(1Yn ).

n or B n depending on the context.
From here on we write Bn to represent either BR
C
Instead of defining En (un ) simply as the ratio GT Vn,εn (un )/Bn (un ), which is the direct
analogue of (1.1), it proves easier to work with suitably normalized indicator functions.
Given Yn ⊆ Xn with Bn (1Yn ) 6= 0, the normalized indicator function 1̃Yn (x) is defined by
n
1̃Yn (x) = 1Yn (x)/BC
(1Yn )

Note that Bn (1̃A ) = 1. We also restrict the minimization of En (u) to the set
(6.5)
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Indn (D) := {un ∈ L1 (νn ) : un = 1̃Yn for some Yn ⊆ Xn with Bn (1Yn ) 6= 0}.
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2 Cut(Yn , Ync )
.
n2 εnd+1 Bal(Yn , Ync )

(6.6)

Now, suppose that un ∈ Indn (D), in other words that un = 1̃Yn , for some set Yn
with Bn (1Yn ) > 0. Using (3.9) together with the fact that GT Vn,εn (defined in (5.6)) is
one-homogeneous implies, as in (3.11)

GT Vn,εn (un ) =

En (µ, un ) :=

Thus, minimizing GT Vn,εn over all un ∈ Indn (D) is equivalent to the balanced graph-cut
problem (1.1) on the graph Gn = (Xn , Wn ) constructed from the first n data points. We have
therefore arrived at our destination, a proper reformulation of (1.1) defined over T L1 (D)
instead of subsets of Xn . The task is to
(
GT Vn,εn (un ) if µ = νn and un ∈ Indn (D)
(6.7)
+∞
otherwise.
Minimize

Since the measure is clear from context, from now on we write En (un ) for En (νn , un ).
6.3 Γ-Convergence

with respect to T L1 metric as n → ∞

Proposition 21 (Γ-Convergence) Let domain D, measure ν, kernel η, sequence {εn }n∈N ,
sample points {xi }i∈N , and graph Gn satisfy the assumptions of Theorem 9. Let En be as
defined in (6.7) and E as in (3.12). Then
Γ

En −→ ση E

where ση is the surface tension defined in assumption (K3). This is implied by the following:

1. For any u ∈ L1 (ν) and any sequence {un }n∈N with un ∈ L1 (νn ) that converges to u
in T L1 ,
(6.8)

n→∞

ση E(u) ≤ lim inf En (un ).

(6.9)

2. For any u ∈ L1 (ν) there exists at least one sequence {un }n∈N with un ∈ L1 (νn ) which
converges to u in T L1 and also satisfies
n→∞

lim sup En (un ) ≤ ση E(u).

We leverage Theorem 18 to prove this claim. We first need a preliminary lemma which
allows us to handle the presence of the additional balance terms in (6.7) and (3.12).

Lemma 22 With probability one, the following hold:

T L1

(i) If {un }n∈N is a sequence with un ∈ L1 (νn ) and un −→ u for some u ∈ L1 (ν), then
Bn (un ) → B(u).
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(ii) If un = 1̃Yn , where Yn ⊂ Xn , converges to u = 1̃A in the T L1 -sense, then 1Yn
converges to 1A in the T L1 -sense.

24

D

D

|un ◦ Tn (x) − c|dν(x).

(6.10)

n→∞

L1 (ν)

T L1

25
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we know there exists at least one sequence {un }n∈N with un ∈ L1 (νn ) such that un −→ u.
Since E(u) = +∞, the inequality is trivially satisfied in this case.

Let us start by assuming that u 6∈ Ind(D). In this case E(u) = +∞. From Theorem 18

n→∞

lim sup En (un ) ≤ ση E(u).

maps {Tn }n∈N between {νn }n∈N and ν. Since un −→ u then un ◦ Tn −→ u. By Lemma
7 , the set Ind(D) is a closed subset of L1 (ν). We conclude that un ◦ Tn 6∈ Ind(D) for all
large enough n. From the proof of Lemma 22 we know that Bn (un ) = B(un ◦ Tn ) and from
this fact, it is straightforward to show that un ◦ Tn 6∈ Ind(D) if and only if un 6∈ Indn (D).
Hence, un 6∈ Indn (D) for all large enough n and in particular lim inf n∈N En (un ) = +∞
which implies that the desired inequality holds in this case.
Limsup inequality. We now consider u ∈ L1 (ν). We want to show that there exists a
sequence {un }n∈N with un ∈ L1 (νn ) such that

T L1

Now let as assume that u 6∈ Ind(D). Let us consider a stagnating sequence of transportation

n→∞

lim inf En (un ) = lim inf GT Vn,εn (un ) ≥ ση T V (u) = ση E(u).

First assume that u ∈ Ind(D). In particular E(u) = T V (u). Now, note that working
along a subsequence we can assume that the liminf is actually a limit and that this limit is
finite (otherwise the inequality would be trivially satisfied). This implies that for all n large
enough we have En (un ) < +∞, which in particular implies that En (un ) = GT Vn,εn (un ).
Theorem 18 then implies that

n→∞

lim inf En (un ) ≥ ση E(u).

un ∈ L1 (νn ) and with un −→ u, we need to show that

T L1

Now we turn to the proof or Proposition 21.
Proof Liminf inequality. For arbitrary u ∈ L1 (ν) and arbitrary sequence {un }n∈N with

n (u ) = B (u ◦ T ). Applying the change of variables (2.2), we
In particular we have BC
n
n
C n
n (u ) =
obtain meann (un ) = meanρ (un ◦ Tn ) and combining with (6.10) we deduce that BR
n
BR (un ◦ Tn ).
The proof of (ii) is straightforward.

|un (x) − c|dνn (x) =

exists with probability one by Proposition 5) . Then, we have un ◦ Tn −→ u and thus
by Lemma 7, we have that B(un ◦ Tn ) → B(u). To conclude the proof we notice that
B(un ◦ Tn ) = Bn (un ) for every n. Indeed, by the change of variables (2.2) we have that for
every c ∈ R
ˆ
ˆ

L1 (ν)

T L1

n→∞

(6.12)

(6.11)

n→∞

1
1
GT Vn,εn (1Yn ) ≤
ση T V (1A ) = ση T V (u)
Bn (Yn )
B(1A )

n→∞

(6.13)
(6.14)

lim sup kun kL1 (νn ) < +∞

26
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hold due to Theorem 19. Since the result is about asymptotic behavior, we can assume
without loss of generality that supn∈N En (un ) < +∞. Inequality (6.13) follows from the
fact that En (un ) = GT Vn,εn (un ). Note that En (un ) < ∞ in particular implies that un has
1Yn
the form un = Bn (Y
for some Yn ⊆ Xn .
n)

n→∞

n→∞

lim sup GT Vn,εn (un ) < +∞

To show that any subsequence of un has a convergent subsequence it suffices to show that
both

n→∞

lim sup En (un ) < ∞.

Proof Let un denote a sequence satisfying

is precompact in T L1 . In particular, any sequence {u∗n }n≥1 , of minimizers of En (defined
in (6.1) and (6.2)) are precompact in the T L1 -sense.

Lemma 23 (Compactness) With probability one the following statement holds: Any sequence {un }n∈N with
lim sup En (un ) < +∞

6.4 Compactness

Since, un ∈ Indn (D) for all n large enough, in particular we have GT Vn,εn (1Yn ) = En (1Yn )
and also since u ∈ Ind(D), we have E(u) = T V (u). These facts together with the previous
chain of inequalities imply the result.

n→∞

lim sup GT Vn,εn (un ) = lim sup

un := 1̃Yn ∈ Indn (D). From (6.12) it follows that un −→ u and together with (6.11) it
follows that

In particular Bn (1Yn ) 6= 0 for all n large enough, and thus we can consider the function

Bn (1Yn ) → B(1A ).
T L1

lim sup GT Vn,εn (1Yn ) ≤ ση T V (1A ).
Since 1Yn −→ 1A Lemma 22 implies that

T L1

satisfying 1Yn −→ 1A and

On the other hand, if u ∈ Ind(D), we know that u = 1̃A for some measurable subset
A of D with B(1A ) 6= 0. By Theorem 20, there exists a sequence {Yn }n∈N with Yn ⊆ Xn ,

Proof To prove (i), suppose that un ∈ L1 (νn ) and that un −→ u. Let us consider {Tn }n∈N
a stagnating sequence of transportation maps between ν and {νn }n∈N (one such sequence

T L1

Garcı́a Trillos, Slepčev, von Brecht, Laurent, and Bresson

Consistency of Cheeger and Ratio Graph Cuts

Consistency of Cheeger and Ratio Graph Cuts
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vnk ◦ Tnk (x) = −

1
.
2|Ynck |

T L1

T L1

Yn∗k , Yn∗ck −→ {A∗ , A∗c }

28

k

T L1
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We can then let the sets Mn (D) and M(D) consist of those collections U = (u1 , . . . , uR )
comprised of exactly R disjoint, normalized indicator functions that cover D. The sets
Mn (D) and M(D) are the multi-class analogues of Indn (D) and Ind(D) respectively.

We let Bn (un ) := meann (un ) for un ∈ L1 (νn ) and B(u) := meanρ (u) for u ∈ L1 (ν), to
be the corresponding balance terms. Given this balance terms, we let Indn (D) and Ind(D)
be defined as in (6.5) and (3.10) respectively.

Just as what we did in the two-class case, the first step in the proof of Theorem 12
involves a reformulation of both the balanced graph-cut problem (1.4) and the analogous
balanced domain-cut problem (1.11) as equivalent minimizations defined over spaces of
functions and not just spaces of partitions or sets.

Here we prove Theorem 12.

7. Consistency of multiway balanced cuts

Thus, for any subsequence of {Yn∗ , Yn∗c }n∈N it is possible to obtain a further subsequence
converging to {A∗ , A∗c }, and thus the full sequence converges to {A∗ , A∗c }.



would also have 1Yn∗c −→ 1A∗c and in the second case 1Ync −→ 1A∗ . Thus in either case we
k
k
have

k

1Yn∗ −→ 1A∗ c if the subsequence converges to u∗∗ instead. Moreover, in the first case we

T L1

any subsequence un∗ k that converges to u∗ we have that 1Yn∗ −→ 1A∗ by lemma 22, while

T L1

We may now turn to the final step of the proof. From Proposition 17, we know that any
limit point of {un∗ }n∈N ( in the T L1 sense) must equal u∗ or u∗∗ . As a consequence, for

6.5 Conclusion of the proof of Theorem 9

implies that both (6.13) and (6.14) hold along a subsequence, yielding the desired compactness.

1
,
2|Ynck |

In particular the ν-measure of the region in which v is positive is strictly greater than zero,
and likewise the ν-measure of the region in which v is negative is strictly greater than zero.
It follows that both |Ynk | and |Ynck | remain bounded away from zero for all k sufficiently
large. As a consequence, the fact that

min{|Yn |, |Ync |}
= 1.
min{|Yn |, |Ync |}

or

kunk kL1 (νnk ) =

To show (6.14), consider first the balance term that corresponds to the Cheeger cut.
1Ync
Define a sequence vn as follows. Set vn := un if |Yn | ≤ |Ync | and vn = Bn (Y
c otherwise. It
n)
then follows that
kvn kL1 (νn ) =
T L1

Also, note that GT Vn,εn (vn ) = GT Vn,εn (un ). Thus (6.13) and (6.14) hold for vn , so that
any subsequence of vn has a convergent subsequence in the T L1 -sense. Let vnk −→ v denote
a convergent subsequence. Thus, it follows from Proposition 21 , that
k→∞

ση E(v) ≤ lim inf Enk (vnk ) < ∞,
T L1

and in particular v is a normalized characteristic function, that is, v = 1A /B(1A ) for some
k

A ⊆ D with B(1A ) 6= 0. Since Bnk (1Ynk ) = Bnk (1Ync ), vnk −→ v implies that
1
1
.
→
Bnk (Ynk )
B(A)
Therefore, for large enough k we have
kunk kL1 (νnk )

1
2
≤
≤
Bnk (Ynk )
B(A)

|un (x) − meanρ (un )|ρ(x) dx = B(un ) = 1.

T L1

We conclude that kunk kL1 (νnk ) remains bounded in L1 , so that it satisfies (6.14) and
(6.13) simultaneously. This yields compactness in the Cheeger cut case.
Now consider the balance term B(u) = BR (u) that corresponds to the ratio cut. Define
a sequence vn := un −meann (un ), and note that GT Vn,εn (vn ) = GT Vn,εn (un ) since the total
variation is invariant with respect to translation. It then follows that
ˆ
kvn kL1 (ν) =

D

L1 (ν)

Thus the sequence {vn }n∈N is precompact in T L1 . Let vnk −→ v denote a convergent
subsequence. Using a stagnating sequence of transportation maps {Tnk }k∈N between ν and

1
2|Ynk |
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the sequence of measures {νnk }k∈N , we have that vnk ◦ Tnk −→ v. By passing to a further
subsequence if necessary, we may assume that vnk ◦ Tnk (x) → v(x) for ν-almost every x in
D.
For any such x, we have that either Tnk (x) ∈ Ynk or Tnk (x) ∈ Ynck so that either
vnk ◦ Tnk (x) =

k→∞

meanρ (v) = lim meannk (vnk ) = 0.

k→∞

B(v) = lim Bnk (vnk ) = 1,

Now, by continuity of the balance term, we have

and also

27

(u1 , . . . , uR ) : ur ∈ Ind(D),

(
r=1

(7.1)
)

unr > 0

(7.2)

ur > 0 .

r=1

R
X

R
X

unr (x)uns (x) dνn (x) = 0 if r 6= s,

ur (x)us (x) dν(x) = 0 if r 6= s,

D

ˆ

D

ˆ

(un1 , . . . , unR ) : unr ∈ Indn (D),

)

(7.4)

29
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with respect to T L1 (D, R) metric as n → ∞.

That is, with probability one, all of the following statements hold

En −→ σn E

Γ

Proposition 24 (Γ-Convergence) Let domain D, measure ν, kernel η, sequence {εn }n∈N ,
sample points {xi }i∈N , and graph Gn satisfy the assumptions of Theorem 9. Consider
functionals En of (7.3) and E of (7.4). Then

is equivalent to the balance domain-cut problem (1.11).
As in the two-class case we omit the first argument of En and E, when it is clear from
context.
At this stage, the proof of Theorem 12, is completed by following the same steps as in
the two-class case. In particular we want to show that En defined in (7.3) Γ-converges in
the T L1 -sense to ση E, where E is defined in (7.4).

is equivalent to the balanced graph-cut problem (1.4), while the minimization
(P
R
if µ = ν and U ∈ M(D)
r=1 T V (ur )
Minimize E(µ, U) :=
+∞
otherwise

We note that convergence in T L1 (D, R) is equivalent to convergence of the R components
in T L1 (D).
One may follow the same argument in the two-class case to conclude that the minimization
(P
R
n
if µ = νn and Un ∈ Mn (D)
r=1 GT Vn,εn (ur )
(7.3)
Minimize En (µ, Un ) :=
+∞
otherwise

Note for example that if U = (u1 , . . . , uR ) ∈ M(D), then the functions ur are normalized
indicator functions, ur = 1Ar /|Ar | for 1 ≤ r ≤ R, and the orthogonality constraints imply
that {A1 , . . . , AR } is a collection
P of pairwise disjoint sets (up to Lebesgue-null sets). Additionally, the condition that R
r=1 ur > 0 holds almost everywhere implies that the sets
{A1 , . . . , AR } cover D up to Lebesgue-null sets.
We proceed to define the functionals on the space of R-tuples of L1 functions, namely

T L1 (D, R) := (µ, U) : µ ∈ P(D), U = (u1 , . . . , uR ), ui ∈ L1 (µ) for i = 1, . . . , R .

M(D) =

Mn (D) =

Specifically, we let
(
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(7.6)

T L1

L1 (ν)
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for every 1 ≤ r ≤ R, ukr −→ ur . Since ukr ∈ Ind(D) for every k ∈ N, and since Ind(D) is a
closed subset of L1 (ν) (by Proposition 22), we deduce that ur ∈ Ind(D) for every r.

Proof Statements (i), (iii) follow directly from the proof of Proposition 22. Statement (iv)
is exactly as in Proposition 22.
In order to prove the second statement, suppose that a sequence {Uk }k∈N in M(D)
converges to some U in (L1 (ν))R . We need to show that U ∈ M(D). First of all note that

set M(D) is closed in L1 (ν). (iii) If {Un } is a sequence with Un ∈ (L1 (νn ))R and Un −→ U
for some U ∈ (L1 (ν))R , then Bn (unr ) → B(ur ) for all 1 ≤ r ≤ R. (iv) If un = 1̃Yn , where
Yn ⊂ Xn , converges to u = 1̃A in the T L1 -sense, then 1Yn converges to 1A in the T L1 -sense.

Lemma 26 (i) If Uk → U in (L1 (ν))R then B(ukr ) → B(ur ) for all 1 ≤ r ≤ R. (ii) The

The next lemma is the multiclass analogue of Lemmas 7 and 22 combined.

7.1 Proof of Proposition 24

Finally, due to Proposition 24 and Lemma 25, the arguments presented in Subsections
6.1 and 6.5 can be adapted in a straightforward way to complete the proof of Theorem 12.
So we focus on the proof of Proposition 24, where arguments not present in the two-class
case are needed. On one hand, this is due to the presence of the orthogonality constraints
in the definition of Mn (D) and M(D), and on the other hand, from a geometric measure
theory perspective, due to the fact that an arbitrary partition of the domain D into more
than two sets can not be approximated by smooth partitions as multiple junctions appear
when more than two sets in the partition meet.

is precompact in the T L1 -sense. In particular, any subsequence of {Un∗ }n≥1 of minimizers
to (7.3) has a further subsequence that converges in the T L1 -sense.

n→∞

lim sup En (Un ) < +∞,

Lemma 25 (Compactness) With probability one the following statement holds: Any sequence {Un }n∈N with Un ∈ [L1 (νn )]R satisfying

The following lemma follows in a straightforward way. We omit its proof since it follows
analogous arguments to the ones used in the proof of Lemma 23.

n→∞

lim sup En (Un ) ≤ E(U).

2. For any U ∈ [L1 (ν)]R there exists a sequence Un ∈ (L1 (νn ))R that both, converges to
U in the T L1 -sense, and also satisfies

n→∞

1. For any U ∈ [L1 (ν)]R and any sequence Un ∈ (L1 (νn ))R that converges to U in the
T L1 sense,
E(U) ≤ lim inf En (Un ).
(7.5)

Garcı́a Trillos, Slepčev, von Brecht, Laurent, and Bresson

D

urk (x)usk (x)dν(x) = 0

R
X
r=1

min

k→∞ r=1,...,R

urk (x) ≥ lim

R
X
r=1

1
1
= min
> 0.
B(1Ark ) r=1,...,R B(1Ar )

GT Vn,εn (urn ) ≥

R
X

r=1

T V (ur ) = ση E(U).

n→∞

lim inf GT Vn,εn (urn )
R
X

r=1

R
X

r=1

R
X

r=1

T V (ur ) < ∞,

GT Vn,εn (urn )
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2. Note that unlike in the two-class case, due to ”multiple junctions”, one cannot approximate a general
partition by a partition with sets with smooth boundaries. This makes the construction more complicated.

by definition of the En functionals.
Using (7.7), we can proceed as in remark 5.1 in Garcı́a Trillos and Slepčev (2016). In
particular, we can assume that η has the form η(|z|) = a for |z| < b and η(z) = 0 otherwise;
the general case follows in a straightforward way by using an approximating procedure with

En (Un ) =

where C0 (Br ) denotes some constant that depends on the set Br . This inequality follows
from the formulas for the volume of tubular neighborhoods (see Weyl (1939), page 461).
In particular, note that by the change of variables (2.2) we have, |Yrn | = |Arn | → |Ar | as
n → ∞, so that in particular we can assume that |Yrn | =
6 0. We define urn := 1Yrn /|Yrn | as the
n ) furnishes
corresponding normalized indicator function. We claim that Un := (u1n , . . . , uR
the desired recovery sequence.
To see that Un ∈ Mn (D) we first note that each urn ∈ Indn (D) by construction. On the
other hand, the fact that {A1 , . . . , AR } forms a partition of D implies that {Y1n , . . . , YRn }
defines a partition of Xn . As a consequence,

k1Anr − 1Ar kL1 (ν) ≤ C0 (Br ) || Id −Tn ||∞ ,

so that all sets {A1 , . . . , AR } in the collection defining U have finite perimeter. Additionally
because U ∈ M(D) implies that any two sets Ar , As with r 6= s have empty intersection
up to a Lebesgue-null set, we may freely assume without the loss of generality that the sets
{A1 , . . . , AR } are mutually disjoint.
We say that a subset of Rd has a piecewise (PW) smooth boundary if the boundary is
a subset of the union of finitely many open d − 1-dimensional manifolds embedded in Rd .
We first construct a recovery sequence for U, as above, whose defining sets {A1 , . . . , AR }
are of the form Ar = Br ∩ D, where Br has piecewise smooth boundary and satisfies
|D1Br |ρ2 (∂D) = 0. We say that such U is induced by piecewise smooth sets. We later prove
that such partitions are dense among partitions of D by sets of finite perimeters. 2
Constructing a recovery sequence for U induced by sets with piecewise
smooth boundary. Let Yrn = Ar ∩ Xn denote the restriction of Ar to the first n data
points. Now, let us consider the transportation maps {Tn }n∈N from Proposition 5. We let
Anr be the set for which 1Arn = 1Ynr ◦ Tn .
We first notice that the fact that Br has a piecewise smooth boundary in Rd and the
fact that 1Arn − 1Ar is nontrivial only within the tubular neighborhood of ∂Br of radius
|| Id −Tn ||∞ , imply that

T V (1As ) ≤ c0 T V (us ) ≤ c0

Garcı́a Trillos, Slepčev, von Brecht, Laurent, and Bresson

k→∞

lim inf (urk (x)usk (x))dν(x) ≤ lim inf

D k→∞
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ur (x)us (x)dν(x) =

Let ur = 1Ar /B(1Ar ) and let c0 := max{B(1A1 ), . . . , B(1AR )} denote the size of the largest
set in the collection. The fact that E(U) < ∞ then implies that for every s = 1, . . . , R,

D

The orthogonality condition follows from Fatou’s lemma. In fact, working along a
subsequence we can without the loss of generality assume that for every r, urk → ur for
almost every x in D. Hence, for r 6= s we have
ˆ
ˆ
ˆ
0≤

k→∞

ur (x) = lim

Now let us write urk = 1Ark /B(1Ark ) and ur = 1Ark /B(1Ar ). As in the proof of Proposition
22 we must have B(1Akr ) → B(1Ar ) as k → ∞. Thus, for almost every x ∈ D
R
X
r=1

T L1

Proof [of Proposition 24]
Liminf inequality. The proof of (7.5) follows the approach used in the two-class case.

n→∞

/ M(D)
Let Un −→ U denote an arbitrary convergent sequence. As M(D) is closed, if U ∈
then as in the two-class case, it is easy to see that Un ∈
/ Mn (D) for all n sufficiently large.
The inequality (7.5) is then trivial in this case, as both sides of it are equal to infinity.
Conversely, if U ∈ M(D) then we may assume that Un ∈ Mn (D) for all n, since only those
terms with Un ∈ Mn (D) can make the limit inferior less than infinity. In this case we easily
have
n→∞

lim inf En (Un ) = lim inf

≥ ση

T V (ur ) < ∞.
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The last inequality follows from Theorem 18. This establishes the first statement in Proposition 24.
Limsup inequality. We now turn to the proof of (7.6), which is significantly more
involved than the two-class argument due to the presence of the orthogonality constraints.
It proves useful to consider an extension of ρ to the whole Rd by setting ρ(x) = λ for
x ∈ Rd \ D. This extension is a lower semi-continuous function and has the same lower and
upper bounds that the original ρ has.
Borrowing terminology from the Γ-convergence literature, we say that U ∈ (L1 (ν))R has
a recovery sequence when there exists a sequence Un ∈ (L1 (νn ))R such that (7.6) holds. To
show that each U ∈ (L1 (ν))R has a recovery sequence, we first remark that due to general
properties of the Γ-convergence, it is enough to verify (7.6) for U belonging to a dense subset
of M(D) with respect to the energy E (see Remark 14). We furthermore remark that it is
enough to consider U = (u1 , . . . , uR ) ∈ (L1 (D))R for which E(U) < ∞, as the other case is
trivial. So we can consider U ∈ M(D) that satisfy
R
X
r=1

31

εn
ε̃n

n∈N

n∈N

n∈N

g
g
lim sup GT Vnεn (1Yrn ) ≤ lim sup T
V ε̃n (1Anr ) = lim sup T
V ε̃n (1Ar ).

→ 1, the previous inequalities imply that

Ar

and

m→∞

33

lim T V (1Am
; ν) = T V (1Ar ; ν).
r

1Am
−→ 1Ar ,
r

L1 (ν)
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for each r, by continuity of the balance term. From the previous computations we conclude
that En (Un ) → E(U), and from (7.7), we deduce that Un → U in the T L1 -sense, so that Un
does furnish the desired recovery sequence.
Density. To prove Proposition 24, we show that for any U = (1̃A1 , . . . , 1̃AR ) where each
of the sets Ar has finite perimeter, there exists a sequence Um = (1̃Am
, . . . , 1̃Am
) m∈N ,
1
R
where each of the Um is induced by piecewise smooth sets, and such that for every r ∈
{1, . . . , R}

and thus we conclude that lim supn→∞ GT Vn,εn (1 ) ≤ ση T V (1Ar ). As a consequence we
have
GT Vn,εn (1Yrn )
T V (1Ar )
≤ ση
lim sup GT Vn,εn (unr ) = lim sup
Bn (1Yrn )
B(1Ar )
n→∞
n→∞

n→∞

g
lim sup T
V ε̃n (1Anr ) ≤ ση T V (1Ar ),

Finally, from remark 4.3 in Garcı́a Trillos and Slepčev (2016) we deduce that

Since

|| Id −Tn ||∞
K0
g
g
|T
V ε̃n (1Anr ) − T
V ε̃n (1Ar )| ≤
k1Anr − 1Ar kL1 (ν) ≤ K0 C0 (Br )
.
ε̃n
ε̃n

A straightforward computation shows that there exists a constant K0 such that

εd+1
n
g
GT Vn,εn (1Yrn ) ≤ T
V ε̃n (1Anr ).
ε̃d+1
n

This inequality an a change of variables (see 2.2) implies that

Using the definition of ε̃n , and the form of the kernel η, we deduce that for all n ∈ N, and
almost every x, y ∈ D we have




|Tn (x) − Tn (y)|
|x − y|
η
≤η
.
εn
ε̃n

Note that in fact, by establishing the existence of such approximating sequence, it
immediately follows that Um → U in (L1 (ν))R and that limm→∞ E(Um ) = E(U) ( by
continuity of the balance terms). We provide the construction of the approximating sequence
{Um }m∈N through the sequence of three lemmas presented below.

kernels that are a finite sum of step functions like the one considered previously (see the
proof of Theorem 1.1 in Garcı́a Trillos and Slepčev (2016)) .
We set ε̃n := εn + 2b || Id −Tn ||∞ . Recall that by assumption || Id −Tn ||∞  εn (see the
statement of Theorem 9 and Proposition 5), and thus ε̃n is a small perturbation of εn .
g
Define the non-local total variation T
V ε̃n of an integrable function u ∈ L1 (ν) as


ˆ
1
|x − y|
g
|u(x) − u(y)|ρ(x)ρ(y) dxdy.
T
V ε̃n (u) := d+1
η
ε̃n
ε̃n
D×D

(7.8)

Aπ(s) ; ν)

≤ T V (1Aπ(r) ; ν), ∀r ∈ {1, . . . , R} .

k6=i,k6=j

Ak )∩D

s6=r

As )∩D

Γr ∩(

S

s6=r

As

)c ∩D

ρ2 dHd−1 +

s6=r

As )c ∩D

s: s6=r

asr

(7.11)

(7.10)

s: s6=r

X

(7.9)

asr >

r=1 s: s6=r

R X
X

ars =

s: s6=r

r=1 s: s6=r

R X
X

asr .
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This would be a contradiction. Hence there exists at least one r for which (7.9) holds.

r=1 s: s6=r

R X
X

which after summing over r would imply

s: s6=r

If T V (1Ar \Ss6=r As ; ν) > T V (1Ar ; ν) for every r then (7.11) and (7.10) would imply that
X
X
asr >
ars , ∀r,

Γr ∩(

holds for every r ∈ {1, . . . , R} , as does the inequality
ˆ
X
T V (1Ar ; ν) ≥
ρ2 (x) dHd−1 +
ars .
S

∂(Ar \

Hypothesis (7.8) and (3.3) imply that the equality
ˆ
ˆ
2
d−1
T V (1Ar \Ss6=r As ; ν) =
ρ
dH
=
S

Γi ∩(Aj \

To simplify notation, denote by Γi the set ∂Ai and define aij as the quantity
ˆ
aij :=
ρ2 (x) dHd−1 (x).
S

T V (1Ar \Ss6=r As ; ν) ≤ T V (1Ar ; ν).

s=r+1

SR

π(r) \

Proof The proof is by induction on R. Base case: Note that if R = 1 there is nothing
to prove. Inductive Step: Suppose that the result holds when considering any R − 1 sets
as described in the statement. Let A1 , . . . , AR be a collection of open, bounded sets with
smooth boundary satisfying (7.8) . By the induction hypothesis it is enough to show that
we can find r ∈ {1, . . . , R} such that

T V (1A

Let D denote an open and bounded set. Then there exists a permutation π : {1, . . . , R} →
{1, . . . , R} such that

Hd−1 (∂Ar ∩ ∂As ) = 0 , ∀r 6= s.

Lemma 27 Let {A1 , . . . , AR } denote a collection of open and bounded sets with smooth
boundary in Rd that satisfy

Garcı́a Trillos, Slepčev, von Brecht, Laurent, and Bresson
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R
(iii) D ⊆ ∪r=1
Br .

and

lim T V

m→∞

(1Arm ; ν)

urk (x) = 1D ∗ Jk (x) ≥ α > 0

ˆ

C∩B(0,ζ)

= TV

for all

(1Br ; ν)

x ∈ D.

Jk (y)dy =

ˆ

C∩B(0,kζ)

(7.12)

(7.13)

J(|y|)dy
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R
X

r=1

urk (x) =

and such that for r 6= s,

ˆ

Rd

Jk (x − y)

R
X

r=1

1Br (y) dy ≥

D

ˆ

lim T V (1Brk (t) ; ν) = T V (1Br ; ν),
k→∞

Jk (x − y)dy ≥ α

L1 (ν)

1Brk (t) −→ 1Br ,

L1 (ν)

1Brk (tr ) −→ 1Br ,

∀k ∈ N.

lim T V (1Brk (tr ) ; ν) = T V (1Br ; ν),
k→∞

Ark := Brk \

R
[

s=πk−1 (r)+1

Bπkk (s)

where πk is a permutation of {1, . . . , R} guaranteeing that for every r = 1, . . . , R


T V 1Ark ; ν ≤ T V (1Brk ; ν).

36

(7.14)

(7.15)
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To complete the construction, and therefore to conclude the proof of Lemma 24, we
need to verify the hypotheses (i) − (ii) of the previous lemma. This is the content of our
final lemma.

1Br to show that 1Arm −→ 1Br as well. Finally, the lower semi-continuity of the total
variation together with (7.16) and (7.15) imply (7.12).

L1 (Rd )

Each Ark has a piecewise smooth boundary due to the fact that each Brk has a smooth
boundary. The disjointness of (B1 , . . . , BR ) combines with the L1 -convergence of 1Brk to

(7.16)

We let B k := B k (tr ) for r = 1, . . . , R and k ∈ N. We claim that for every k ∈ N,
r
r

SR
k
the sets B k , . . . , B k cover D. To see this, suppose there exists x ∈ D \
1
r=1 Br . This
R
PR
tr < α, which contradicts the
would imply that urk (x) ≤ tr for all r. In turn, Σk (x) ≤ r=1
estimate on Σk obtained earlier.
k ) as input in Lemma (27) to obtain
For every k ∈ N, we can now use the sets (B1k , . . . , BR
k ) of D, defined by
a partition (A1k , . . . , AR



Hd−1 ∂Brk (tr ) ∩ ∂Bsk (ts ) = 0,

∂Brk (tr ) is smooth ∀k,

for all r = 1, . . . , R.
Combining (7.14) with Lemma 2.95 in Ambrosio et al. (2000), we can find positive
numbers t1 , . . . , tR strictly smaller than α/R, such that for every r = 1, . . . , R

∂Brk (t) is smooth ∀k,

for all x ∈ D as claimed.

Now, for k ∈ N, t ∈ (0, 1) and r = 1, . . . , R, we let Brk (t) := x : urk (x) > t . From
(7.13), Sard’s lemma (see Corollary 13.45 of Leoni (2009)), the lower semi-continuity of the
total variation and the coarea formula for total variation, it follows that for almost every
t ∈ (0, 1),

Σk (x) :=

Garcı́a Trillos, Slepčev, von Brecht, Laurent, and Bresson

and
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(ii) |D1Br |ρ2 (∂D) = 0

for some positive constant α. The summation Σk (x) of all urk therefore satisfies the pointwise
estimate

,

Lemma 28 Let D denote an open, bounded domain in Rd with Lipschitz boundary and
let (B1 , . . . , BR ) denote a collection of R bounded and mutually disjoint subsets of Rd that
satisfy
(i) T V (1Br ; Rd ) < +∞

−→

L1 (Rd )

1Br

m } with piecewise smooth
Then there exists a sequence of mutually disjoint sets {A1m , . . . , AR
boundaries which cover D and satisfy

1Arm
for all 1 ≤ r ≤ R.

as k → ∞.

Proof The proof of this lemma follows very similar ideas to those used when proving that
sets with smooth boundary approximate sets with finite perimeter (see Theorem 13.46 in
Leoni (2009)). Since our goal is to approximate partitions of more than two sets, we need
to modify the arguments slightly. We highlight the important steps in the proof and refer
to Leoni (2009) and Ambrosio et al. (2000) for details.
First of all note that T V (1Br ; Rd ) and |D1Br |ρ2 (∂D) are defined considering ρ as a
function from Rd into R. We are using the extension considered when we introduced the
weighted total variation at the beginning of subsection 3.1. Given that ρ2 : Rd → (0, ∞) is
lower semi-continuous and bounded below and above by positive constants then, it belongs
to the class of weights considered in Baldi (2001) where the weighted total variation is
studied.
For r = 1, . . . , R, we consider sequences of functions urk ∈ C ∞ (Rd , [0, 1]) satisfying
L1 (Rd )

urk −→ 1Br and T V (urk ; ν) → T V (1Br ; ν),

R
X

This can be achieved by using standard, radially symmetric mollifiers Jk and setting ukr =
d
Jk ∗1Br , where ∗ stands for convolution. The functions Jk have the form
´ Jk (x) = k J (k|x|),
where J : [0, ∞) → [0, ∞) is a smooth, decreasing function satisfying Rd J(|x|)dx = 1. See
Theorem 13.46 in Leoni (2009) for more details.
k ) also satisfy one additional property that will prove useful: there exists
The (u1k , . . . , uR
a constant α > 0 so that
Σk (x) :=

r=1

J(|y|)dy =: α > 0,

x+Rx (C∩B(0,ζ))

ˆ

C∩B(0,ζ)

Jk (x − y)dy =

To see this, note that the fact that D is an open and bounded set with Lipschitz boundary
implies that (see Grisvard (1985), Theorem 1.2.2.2) there exists a cone C ⊆ Rd with nonempty interior and vertex at the origin, a family of rotations {Rx }x∈D and a number ζ > 0
such that for every x ∈ D,
x + Rx (C ∩ B(0, ζ)) ⊆ D.
Jk (x − y)dy ≥

The isotropy of Jk implies that
ˆ
ˆ
D

≥

35

and

T V (1Ar ; ν) < ∞.

and

(ii) |D1Br |ρ2 (∂D) = 0.

with
c∈R

Bn (u) := min

n

i=1

1X
|u(xi ) − c|,
n
(8.1)

c∈R

D

and

D2 := (0, 1) × (0, 1.5)

for

A1 := {(x, y) ∈ D1 : y > 2} ,

for

A2 := {(x, y) ∈ D2 : y > 0.75}
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analogously furnishes a minimizer u∗2 ∈ L1 (ν) in the latter case. Figure 2 provides an
illustration of a sequence of discrete partitions, computed from the graph-based Cheeger
cut problem, converging to the optimal continuum Cheeger cut.

1A2 (x)

when appropriately normalized, provides a minimizer u∗1 ∈ L1 (ν) of the continuum Cheeger
cut in the former case, while the characteristic function

1A1 (x)

in our experiments. We may easily compute the optimal continuum Cheeger cut for these
domains. The characteristic function

D1 := (0, 1) × (0, 4)

We always take ρ(x) := 1/vol(D) as the constant density. The data points Xn := {x1 , . . . , xn }
therefore represent i.i.d. samples from the uniform distribution. We consider the following
two rectangular domains

u∈L1 (ν)

converge in the appropriate sense to a minimizer of the continuum Cheeger cut problem
ˆ
u∗ ∈ argmin E(u)
with
B(u) := min
|u(x) − c| dx.
(8.2)

u∈L1 (νn )

u∗n ∈ argmin En (u)

We now present numerical experiments to provide a concrete demonstration and visualization of the theoretical results developed in this paper. We conduct all of our experiments
using the Cheeger cut algorithm of Bresson et al. (2012); we omit the ratio cut for the sake
of brevity and to avoid redundancy. These experiments focus on elucidating when and how
minimizers of the graph-based Cheeger cut problem,

8. Numerical Experiments

The proof follows from Remark 3.43 in Ambrosio et al. (2000) (which with minimal modifications applies to total variation with weight ρ2 ).

(i) T V (1Br ; Rd ) < +∞

Then, there exists a disjoint collection of bounded sets (B1 , . . . , BR ) that satisfy Br ∩D = Ar
together with the properties

Ar ⊂ D

Lemma 29 Let D be an open bounded domain with Lipschitz boundary and let {A1 , . . . , AR }
denote a disjoint collection of sets that satisfy

Consistency of Cheeger and Ratio Graph Cuts

i=1

i=1

)
n
n
1X
1X
|1Yni (xi ) − 1Yn∗ (xi )|,
|1Yni (xi ) − 1(Yn∗ )c (xi )| .
n
n

(8.3)

38
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The rationale for this choice comes from the following observation. If Tn (x) denotes a
sequence of transportation maps between νn and ν that satisfy || Id −Tn ||∞ = o(1), then by

en = min

(

so that the graphs Gn = (Xn , Wn ) correspond to random geometric graphs (seePenrose
(2003)). We use the domain D1 only for the illustrations in Figure 2; all other experiments
are conducted on the domain D2 . We use the steepest descent algorithm of Bresson et al.
(2012) to solve the graph-based Cheeger cut problem on these graphs. This algorithm relies
upon a non-convex minimization, and its solutions depend upon the choice of initialization.
We initialize it with the “ground-truth” partition Yni := Ai ∩ Xn in an attempt to avoid
sub-optimal solutions and to bias the algorithm towards the correct continuum cut. We
terminate the algorithm once three consecutive iterates show 0% change in the corresponding partition of the graph. We let Yn∗ denote the partition of Gn returned by the algorithm,
which we view as the “optimal” solution of the graph-based Cheeger cut problem. Finally,
we quantify the error between the optimal continuum partition Ai ( Di and the nth optimal
graph-based partition Yn∗ of Gn simply by using the percentage of misclassified data points,

Each of our experiments use the kernel η(z) = 1{|z|≤1} for the computation of the
similarity weights,
wi,j = 1{kxi −xj k≤εn } ,

Figure 2: Visualization of the convergence process. Each figure depicts a computed optimal
partition Yn∗ (in black) of one random realization of the random geometric graph
Gn = (Xn , Wn ) for each k ∈ {0, 1, . . . , 7}, where n = 1000 × 2k , ε = n−0.3 and the
domain considered is D1 . Note that the scaling of ε with respect to n falls within
the context of our theoretical results. The red line indicates the optimal cut, that
is the boundary of the set A1 := {(x, y) ∈ D1 : y > 2} , at the continuum level.
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(b) εn = 2(log n/(πn))1/2
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(a) εn = n−0.3

Figure 3: Graph regularity. We work with the domain D2 . For each scaling of εn with n, the
corresponding plot depicts two measures of regularity for the sequence of random
geometric graphs. The first measure (in red) is the average E(max(di )/min(di )),
the average ratio of the maximal degree max(di ) of Gn to the minimal degree.
For each n, the average is computed over 1, 440 independent graph realizations.
The second measure (in green) corresponds to the ratio of the average maximal
degree to the average minimal degree, computed over 1, 440 independent trials as
before. The graphs with εn = n−0.3 become increasingly regular while the graphs
with εn = 2(log n/(πn))1/2 become increasingly irregular.

D

ˆ

|1Ai ◦ Tn (x) − 1Y∗n ◦ Tn (x)| dx.

the change of variables (2.2) (and ignoring the “min” for simplicity) we have
en =

By the triangle inequality, we therefore obtain
k1Ai − 1Yn∗ ◦ Tn kL1 (ν)

D

ˆ
|1Ai (x) − 1Yn∗ ◦ Tn (x)| dx
:=
D
ˆ
|1Ai (x) − 1Ai ◦ Tn (x)| dx ≤ en + O (|| Id −Tn ||∞ ) .
≤ en +
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The last inequality follows since each Ai has a piecewise smooth boundary. In this way,
if || Id −Tn ||∞ = o(1) then verifying en = o(1) suffices to show that T L1 convergence of
minimizers holds. Under the assumption that || Id −Tn ||∞ = o(1), a similar argument
shows that en = o(1) is equivalent to T L1 convergence. This equivalence motivates using
en as a quantitative measure of T L1 convergence in our experiments.
To check convergence, and to explore the issues related to Remark (2), we perform
exhaustive numerical experiments for three distinct scalings of εn with respect to the total
39
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εn = 2



log n
πn

1/2

,

and εn =



log n
πn

1/2

.

number of sample points on the domain D2 . Specifically, we consider the scalings
εn = n−0.3 ,

JMLR 17(181):1-46

These scalings correspond to three distinct types of random geometric graphs. The first
scaling falls well within the acceptable bounds for εn covered by our consistency theorems.
Random graph theory shows that Gn is almost surely connected in this regime: the probability that Gn is disconnected vanishes in the n → ∞ limit. The second scaling also gives rise to
a sequence Gn of connected random geometric graphs for n sufficiently large (see Gupta and
Kumar (1999), Penrose (2003)). However, the geometric graphs Gn exhibit rather different
structural properties in this case; if εn = n−0.3 then the graphs Gn become increasingly
regular as n → ∞, while if πεn2 = 2(log n)/n then the graphs Gn become increasingly irregular. See Figure 3 for an illustration. The final scaling corresponds to a scaling bellow the
connectivity threshold of random geometric graphs (see Gupta and Kumar (1999), Penrose
(2003)). The graphs Gn are disconnected for large enough n under this scaling. However,
in this regime each Gn has a “giant component” (a connected subgraph Hn of Gn ) that
contains all but a small handful of vertices (see Figure 4 at right).
We designed our experiments to explore the extent to which a lack of graph-regularity or
graph-connectivity might cause inconsistency of balanced cuts. The first scaling εn = n−0.3
serves as a benchmark or control. It falls within the context of our consistency theorems, and
so provides a means of determining the “typical” behavior of balanced cut algorithms when
consistency holds. The second scaling, which falls outside the realm of our consistency
results, tests whether connected graphs with different structural properties still lead to
consistent results. The final scaling probes the realm where connectivity fails, but in a
mild and easily correctible way. As the theory outlined above indicates, if we pose the
balanced cut minimization over the full graph Gn then we can no longer expect consistency
to hold. These graphs pose no practical difficulty, however, as we may simply extract the
giant component Hn of each Gn and then minimize the balanced cut over this connected
subgraph. We simply assign each vertex in Gn \ Hn to one of the two classes uniformly
at random. Our last experiment explores whether consistency might still hold using this
modified approach.
Table 1 and Figure 4 report the results of these experiments. In all cases, we measure
error by using the expected number of misclassified points (8.3) averaged over the number
of trials indicated in Table 1. We used a smaller number of trials for large n simply due to
the overwhelming computational burden. In general, we observe that sparser graphs lead to
larger error (see Table 1). We caution that the corresponding rates reported in Figure 4 may
not coincide with the true asymptotic rate of convergence, since we expect that as n → ∞
the denser graph will still produce lower error. We furthermore remark that the measure of
error we consider in Table 1 is also too weak to show convergence in the almost sure sense
as provided by our consistency theorems. It does, however, indicate consistency in the
weaker sense of convergence in probability (via Markov’s inequality). The algorithm we use
to optimize the discrete Cheeger cut also relies upon a non-convex minimization (Bresson
et al., 2012), so we cannot say with certainty that the corresponding computed optimizers
are global. Instead, initializing the algorithm with the “ground truth” partition biases the
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Given a collection of data in RD it is often advantageous to reduce its dimensionality by
either extracting (Hinton and Salakhutdinov, 2006) or selecting (Guyon and Elisseeff, 2003)
a subset of d  D features, which carry “as much information as possible”. The motivation
behind this dimensionality reduction can be either to control over-fitting by reducing the
capacity of the classifier space or to improve the computational overhead by reducing the
optimization domain. It can also be used as a tool to facilitate the understanding or the
graphical representation of high-dimensional data.
In the present work we focus on the selection, rather than extraction, of features. In
general feature selection methods can be divided into two large families: Techniques from
the first group, filters, are predictor agnostic as they do not optimize the selection of features

1. Introduction

We address the problem of selecting groups of jointly informative, continuous, features in
the context of classification and propose several novel criteria for performing this selection.
The proposed class of methods is based on combining a Gaussian modeling of the feature
responses with derived bounds on and approximations to their mutual information with
the class label. Furthermore, specific algorithmic implementations of these criteria are
presented which reduce the computational complexity of the proposed feature selection
algorithms by up to two-orders of magnitude. Consequently we show that feature selection
based on the joint mutual information of features and class label is in fact tractable; this
runs contrary to prior works that largely depend on marginal quantities. An empirical
evaluation using several types of classifiers on multiple data sets show that this class of
methods outperforms state-of-the-art baselines, both in terms of speed and classification
accuracy.
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where H(Y ) is the entropy of the class prior and I(X; Y ) is the mutual information between
the output (Y ) and input (X) features.
An important issue that arises in this context, is that of the joint “informativeness”
of the selected features. Though wrappers by their very nature tend to select features
which are jointly informative, this issue is only partially addressed for filters due to the
resulting computational complexity and need for very large training sets. Most existing
methods (Peng et al., 2005; Fleuret, 2004; Hall and Smith, 1999; Liu and Yu, 2003) typically
compromise by relying on the mutual information between individual features or very small
groups of features (pairs, triplets) and the class. We argue however, that rather than
compromising on the joint behavior of the selected features, it is preferable to accept a
compromise on the density model, which will allow to analyze this joint behavior in an
efficient manner.
In a classification task with continuous features context, if we aim at taking into account
the joint behavior of features, a Gaussian model is a natural choice. This unfortunately
leads to a technical difficulty: If such a model is used for the conditional distributions of
the features given the class then the non-conditioned distribution is a mixture of Gaussians
and its entropy has no simple analytical form. There is extensive prior work on the problem
of approximating the entropy of a mixture of Gaussians (Hershey and Olsen, 2007), but
most of the existing approximations are too computationally intensive to be used during an
iterative optimization process which requires the estimation of the mutual information of a
very large number of subsets of features with the class to predict.
We propose here an alternative approach wherein we derive both bounds on and approximations to the Mutual Information – and maximize these quantities in lieu of the
true mutual information. We also propose specific algorithmic implementations that rely

where Y, Ŷ are the true and predicted labels respectively, while e is the event that Y 6= Ŷ .
Combining the above with the data processing inequality (specifically the chain Y → X →
Ŷ ) results in the following lower bound on the probability of an incorrect classification PE
by
H(Y ) − I(X; Y ) − 1
P (e) ≥
(|Y|-1)

H(Y |Ŷ ) ≤ 1 + P (e) log (|Y|-1)

for a specific prediction method. They are usually based on classical statistics or information theoretic tools; the novel methods we propose in this article belong to this category.
Techniques from the second group, wrappers, choose features to optimize the performance
of a certain predictor. They usually require the retraining of the predictor at each step
of a greedy search. Consequently they are typically computationally more expensive than
filters. Furthermore, as the selected features are tailored to a specific predictor, they often
do not work well with other families of predictors.
In the following we present a filter approach to feature selection in the context of classification based on the maximization of the mutual information between the selected features
and the class to predict. The use of mutual information as a criterion for feature selection has been extensively studied in the literature, and can be motivated in the context of
classification by Fano’s inequality

Lefakis and Fleuret

on updating the inverses of covariance matrices iteratively instead of computing them from
scratch drastically reducing the computational cost during the optimization of the selected
feature set.
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2. Related Works
When selecting d features from a pool of D candidates in the context of a classification
task, it does not suffice to select features independently informative with respect to the
class. When such greedy strategies are employed the risk of acquiring redundant, or even
identical, features increases. Thus, it is also important that these features exhibit low
redundancy between them: joint informativeness is at the core of feature selection.
As mentioned in the introduction, wrappers, due to their very nature, address this issue
by creating subsets of features that perform well when combined with a specific predictor.
Examples of such methods include iteratively training a SVM , removing at each iteration the features with the smallest weights (Guyon et al., 2002) or employing Adaboost in
connection with decision stumps to perform feature selection (Das, 2001). Other wrapper
methods impose sparsity on the resulting predictor thus implicitly performing feature selection, for instance by using a Laplacian prior to perform sparse logistic regression (Cawley
et al., 2006), casting a l0 regularized SVM as a mixed integer programming problem (Tan
et al., 2010), or imposing sparsity via a l1 -norm regularizer (Argyriou et al., 2008) or l1 clipped norm (Xu et al., 2014). Such wrappers, that train predictors only once, tend to
be much faster, however like other wrappers they tend not to generalize well across predictors.A wrapper approach that shares similarities with the algorithm proposed here, forward
regression (Das and Kempe, 2011) iteratively augments a subset of features to build a linear
regressor which is near-optimal in a least-squared error sense.
In the context of filters, the simplest methods are those that calculate statistics on individual features and then rank these features based on these values, keeping the d features of
highest rank. Examples of such statistics are Fisher score, mutual information between the
feature and the class (information gain), χ2 etc. Though quick to compute, such approaches
typically result in large feature redundancy and sub-optimal performance.

4
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We propose two novel criteria which characterize the informativeness of a set of features
in a classification context using their mutual information with the class under a Gaussian
model of the features given the class. While this approach is conceptually straight-forward,
it requires the evaluation of the entropy of a mixture of Gaussians for which no closed-form
expression is available.
Our first approach, dubbed “Gaussian compromise” and described in § 3.2.1, uses the
entropy of a single Gaussian of same expectation and variance as the mixture to obtain an
upper bound on, and subsequently an approximation to, the true entropy.

3. Feature Selection Criteria

mRMR though it provides a ranking of features as opposed to the greedy selection process
of mRMR.
Another approach (Vasconcelos, 2003) based on mutual information attempts to diversify the conditional distributions pX|Y by greedily choosing features that maximize the
Kullback-Leibler divergence between the conditionals and the prior pX . However only the
marginal distributions pertaining to individual features are used and as such no joint informativeness of features is exploited.
I(X;Y )
The FCBF algorithm (Liu and Yu, 2003) uses symmetrical uncertainty H(X)+X(Y
) as a
quantitative criterion and adds features to a pool based on a novel concept of predominant
correlation, namely that the feature is more highly correlated with the class than any of
the features already in the pool. CFS (Hall and Smith, 1999) similarly combines symmetric
uncertainty with Pearson’s correlation to add features exhibiting low correlation with the
features already in the pool.
Redundancy may also be addressed via the concept of a Markov Blanket (Margaritis,
2009). The Markov blanket of a variable X is defined as the set of variables S such that
X is independent of the remaining variables D \ (S ∪ X) given the values of the variables
in S. Based on this concept, the authors in (Fleuret, 2004) select features that have high
mutual information with the class when conditioned on one of the features already in the
pool. The resulting algorithm is suitable only for binary data. Here however we explicitly
address the problem of feature selection in a continuous domain.
Closely related, at least conceptually, to the work presented here is prior work (Torkkola,
2003) which similarly attempts to find features that are jointly informative by resorting to
a Gaussian modeling. In that work however the aim is feature extraction and the mutual
information is used as an objective to guide a gradient ascent algorithm.
Another promising line of work is that of (Song et al., 2012) which avoids density estimation necessary in mutual information based approaches by considering the Hilbert-Schmidt
Independence Criterion. The authors show how to obtain unbiased estimates of the HSIC
quantity. Furthermore the method can be kernelized thus allowing for the discovery of
dependencies in high-(possibly infinite) dimensional feature space. The Hilbert-Schmidt
Independence Criterion has also been used in conjunction with l1 -norm regularization (Yamada et al., 2014).
Finally, we note a family of feature selection algorithms, which have become very popular
in recent years, based on spectral clustering. In such approaches, features can be selected
based on their influence on the affinity graph Laplacian (Jiang and Ren, 2011), or by
analyzing the spectrum of the Laplacian matrix (Wolf and Shashua, 2005).

A slightly more computationally complex approach, the RelieFF algorithm (RobnikŠikonja and Kononenko, 2003), looks at individual features assigning a score by randomly
selecting samples and calculating for that feature and for each sample the difference in
distance between the random sample and the nearest sample of the same class, dubbed
“nearest hit”, and the random sample and the nearest sample of a different class, dubbed
“nearest miss”. Despite looking at features in isolation, it has been shown to perform well
in practice.
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In the work on mRMR feature selection (Peng et al., 2005) the authors attempt to
address the issue of redundancy by selecting feature of maximum relevance and minimum
redundancy, that is features with high mutual information with the class and low mutual
pairwise information with the remaining selected features, thus selecting features that are
not pairwise redundant. Quadratic programming feature selection (Rodriguez-Lujan et al.,
2010) casts the feature selection as an optimization task and can be used in conjunction
with a number of similarity measure. When combined with mutual information it resembles
3

(2)

(1)

n
1
log(|Σ|) + (log 2π + 1) .
2
2

6
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5

y
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y

Since f ∗ is aPGaussian density, it has the highest entropy for a given variance, and thus
H(f ∗ ) ≥ H( y fy py ), hence
X
I(X; Y ) ≤ H (f ∗ ) −
H(fy )py .
(3)

y

1
n
log(|AΣAT |) + (log 2π + 1) = H(X) + log(|A|).
2
2
However, this first-order approximation suffers from a core weakness,
namely that the
P
entropy of f ∗ can become arbitrarily larger than the entropy of
y py fy (see figure 1).
This leads to degenerated cases where families of features look “infinitely informative”.
This
Peffect can be mitigated by considering the following upper bound on the true entropy
H( y py fy ).
We have by definition
!
X
X
I(X; Y ) = H
fy py −
H(fy )py .

H(AX) =

• It normalizes with respect to any affine transformation of the features, since such a
transformation changes by the same amount all the densities in equation (2). This
can be seen if we consider that translation has no effect on the covariance matrix and
that a linear transformation A gives

• It accounts for redundancy, since linearly dependent features would induce a small
determinant of the covariance matrix and by extension small mutual information.
This can be seen if we consider that the determinant of a matrix which has rows (or
columns) which are linearly dependent is 0.

• It captures the information content of individual features, since adding a non informative feature would change by the same amount all the terms of equation (2).

As mentioned, we propose here to use an approximation of H(f ) based on the entropy of
H (f ∗ ). While modeling f as a Gaussian is not consistent with the Gaussian models of the
conditioned densities, estimating the mutual information with it still has all the important
properties one desires for continuous feature selection:

3.2.1 Gaussian Compromise Criterion

that is the Gaussian density of same expectation and covariance matrix as the mixture.
Let Y be a random variable of distribution py and X a continuous random variable with
conditional distributions µX|Y =y = fy .

y

We propose to mitigate this problem by deriving upper bounds and approximations
with tractable forms. Let fy , y = 1, . . . , C denote Gaussian densities on RD , py a discrete
distribution on {1, . . . , C}, and f ∗ the Gaussian approximation of the joint law
X
fy py ,
f=

Lefakis and Fleuret

Estimating the mutual information as defined in equation (2) requires the estimation of
the entropy of both the conditional distributions X|Y = y for all y, and that of X itself.
If we model the former with Gaussian distributions, the latter is a mixture of Gaussian
distributions, the entropy of which has no simple analytic form.

3.2 Bounds on the Mutual Information and the Entropy

H(X) =

Using a Gaussian density model for continuous variables is a natural strategy, due in part
to the simplicity of its parametrization, and to its ability to capture the joint behavior of its
components. Moreover, the entropy of a n-dimensional multivariate Gaussian X ∼ N (µ, Σ)
has a simple and direct expression, namely

y

I(X; Y ) = H(X) − H(X|Y )
X
= H(X) −
H(X|Y = y)P (Y = y).

Given a continuous variable X and a finite variable Y , their mutual information is defined
as

3.1 Mutual Information and the Gaussian Model

Our second approach, described in § 3.2.2 is based on a decomposition of the mutual
information, in the binary class case, as a sum of Kullback-Leibler divergence terms, which
can be efficiently approximated. The n-class case is addressed by averaging the obtained
quantity over the one-vs-all sub-problems.

F = {X1 , X2 , . . . , XD } the set of candidate features
Xj a single feature
Y the class label
S a subset of F
Sn−1 the set of features selected up until iteration n
ΣS the covariance matrix of the features in S
Σj,S the covariance vector of feature Xj and the features in S
2 the covariance of features X and X
σi,j
j
i
σi2 the variance of feature i
ΣyS the variance of the features in S conditioned on Y = y
2 the variance of feature X conditioned on the value of the features in S
σj|S
j
fy the density of a normal approximation of the P
class conditional distributions
f ∗ the Gaussian approximation of the joint law y py fy
py the prior on the class variable Y

Table 1: Notation
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Figure 1: This graph shows several estimates of the entropy of a mixture of two 1D Gaussian
densities of variance 1, as a function of the difference between their means. The
green curve is the true value of the entropy, estimated numerically. The blue
curve is the entropy of a single Gaussian fitted on the mixture. The black line
stands for the limit entropy when the two components are ’far apart’. Finally,
the red curve is the upper bound described in § 3.2.1.

Entropy

Lefakis and Fleuret

y

(H(fy ) − log py )py −

I(X; Y ) ≤ H(Y ) = −

X
y

y

X

H(fy )py .

−

X

y

H(fy )py .

(5)

(4)

The mutual information between X and Y is upper bounded by the entropy of Y as Y is
discrete, hence
X
py log py ,
from which we get
I(X; Y ) ≤

X
(H(fy ) − log py )py

y

Taking the min of inequalities (3) and (4), we obtain the following upper bound
!
I(X; Y ) ≤ min H(f ∗ ),

H(X) ≥

y

(H(fy ) − log(py )) py

!

≥ H(f ) ≥

y

X

py H(fy ).

Figure 1 illustrates the behavior of this bound in the case of two 1D Gaussians. An upper
bound on H(X) follows directly.
From the concavity of the entropy function we obtain the following lower bound
X
py H(fy ).
(6)

y

X

Combining eq. (5),(6) gives
min H(f ∗ ),

X

y

py log(py ) ≥ min H(f ∗ ),

y

X
(H(fy ) − log(py ))py

−

y

X

py H(fy ).

Note that the difference between upper and lower bound is itself bounded
!
−

X
y

py min (H(f ∗ ), H(fy ) − log(py )) .

≥ H̃(f ).

(7)

JMLR 17(182):1-39

The proposed GC criterion is based on an approximation to H(X), namely
H̃(f ) =

(H(fy ) − log(py ))py

We note that this approximation is also upper bounded by
!
X

y

H(f ∗ ) ≥ H(fy )

H(fy ) − log(py ) > H(fy ),

min H(f ∗ ),

Furthermore, since ∀y
it follows that if ∀y

8

H̃(f ) ≥

y

X

py H(fy ),

y

X

λ∗i ≥ λyi , ∀i, y

py log(py ) ≥ H̃(f ) − H(f ) .

(8)

i

y

y

y

y

y

X

py (µy − µ∗ )(µy − µ∗ )T

py xT (µy − µ∗ )(µy − µ∗ )T xT ≥ xT Σy x.

py Σy +

X

X

py xT Σy x +

Σ∗ =
(9)

9
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In figure 2 we show a comparison of the GC-approximation and the true mutual information. To compare the two we draw samples from a mixture of five Gaussians and use
these samples to estimate the mutual information. Specifically, we create this mixture by
sampling the expectations uniformly in [−5, 5], sampling the standard deviations uniformly
in [0.001, 2.001] and the priors in [0, 1] (which are then normalized). We observe that by
taking the minimum over two sub-optimal estimators (the prior and the fitted Gaussian f ∗ )
we obtain a very good estimator of the true mutual information.

y

That is to say that it suffices that the variance of fy along any direction can be accounted
for either by the variances of the mixture components along this direction or by the variance
of the mixture means in this direction. Note that in this case (8) also holds.
Based on the above, we use the following approximation to the mutual information to
perform feature selection
X
X
˜
I(X;
Y)=
min(H(f ∗ ), H(fy ) − log py )py −
H(fy )py .
(10)

this translates to
X

Given that

xT Σ∗ x ≥ xT Σy x.

That is to say a sufficient condition is that the variance of f ∗ when projected along any of
the eigenvectors of the covariance matrix Σ∗ is at least as large as the variance of f y when
projected along the corresponding eigenvector of Σy , ∀y. Alternatively, for (7) to hold it
suffices that ∀x, y (and in particular ∀x which are eigenvectors of Σy )

i

where λ∗i , λyi are the ith (sorted by magnitude) eigenvalues of Σ∗ and Σy respectively, in
which case
Y
Y y
λi .
λ∗i ≥

For (7) to hold it suffices that

−

meaning the approximation H̃(f ) also lies between the two bounds and by extension

then
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Figure 2: Comparison of the mutual information of a mixture of 5 Gaussians as estimated
using the GC-approximation, using the fitted Gaussian f ∗ , and using the prior
distribution (marked as disjoint), with the true mutual information calculated
numerically.

M.I. approximation
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3.2.2 KL-based Bound

−∞

We derive here a more general bound in the case of a distribution f which is a mixture of
two distributions f = p1 f1 + p2 f2 . In this case we have:
Z ∞
p1 f1 (u) log (p1 f1 (u) + p2 f2 (u)) + p2 f2 (u) log (p1 f1 (u) + p2 f2 (u))du.
H(f ) = −

Lefakis and Fleuret

Table 2: Greedy Forward Subset Selection
S0 ← ∅
for n = 1 . . . N do
s∗ = 0
for Xj ∈ F \ Sn−1 do
0
S ← Sn−1 ∪ Xj
˜ 0; Y )
s ← I(S
if s > s∗ then
s∗ ← s
S∗ ← S0
end if
end for
Si ← S ∗
end for
return SN

3.3 Greedy Forward Selection

p1 f1 (u) log

≤ c−

−∞

= p1 DKL (f1 (u) k f2 (u)) + p1 H(f1 (u)) + c0 ,

Working with the first term in the above integral we have:
Z ∞
p1 f1 (u) log (p1 f1 (u) + p2 f2 (u))du
−
−∞


Z ∞
p
2 f2 (u)
p1 f1 (u) log 1 +
= −
du
p1 f1 (u)
Z−∞
∞
p1 f1 (u) log (p1 f1 (u))du
−
−∞


Z ∞
p2 f2 (u)
= c−
p1 f1 (u) log 1 +
du + p1 H(f1 (u))
p1 f1 (u)
−∞


Z ∞
p2 f2 (u)
du + p1 H(f1 (u))
p1 f1 (u)

−∞

where c, c0 are constants related to the mixture coefficients and the inequality comes from
the fact that log(1 + x) ≥ log(x). Similarly for the second term we have:
Z ∞
p2 f2 (u) log (p1 f1 (u) + p2 f2 (u))du ≤ p2 DKL (f2 (u) k f1 (u)) + p2 H(f2 (u)) + c00 .
−

Based on this we have:
H(f ) ≤ p2 DKL (f2 (u) k f1 (u)) + p2 H(f2 (u)) + p1 DKL (f1 (u) k f2 (u)) + p1 H(f1 (u)) + c000 ,


|Σ1 |
tr Σ2 −1 Σ1 − ln
−D
|Σ2 |

1
+ (µ2 − µ1 )T Σ2 −1 (µ2 − µ1 ).
2

12
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Though forward selection leads to a computationally tractable feature selection algorithm,
it remains nonetheless very expensive. In the case of the Gaussian compromise approach,
at each iteration n and for each feature Xj not in Sn−1 , forward selection requires the
estimation of an approximation of I(Sn−1 ∪ {Xj }; Y ), which in turn requires the estimation
of |Y | + 1 determinants of the size n × n covariance matrices. A naive approach would be to
calculate these determinants from scratch, incurring a cubic cost of O(n3 ) for the calculation
of each determinant and a O(|Y ||F \ Sn−1 |n3 ) cost per iteration with a O(|Y |n2 ) memory
requirement for storing the covariance matrices and their inverses.
As shown in previous work (Lefakis and Fleuret, 2014) however it is possible to derive both an O(|Y ||F \ Sn−1 |n2 ) algorithm with O(|Y |n2 ) memory requirements and an
O(|Y ||F \ Sn−1 |n) algorithm with O(|Y |n2 + |Y ||F \ Sn−1 |n) memory requirements. In the
following we expand upon those methods, in particular the O(|Y ||F \ Sn−1 |n) one, and

3.4 Complexity of the Gaussian Compromise Method

The derived bounds and approximations provide measures for assessing the optimal set of
F!
∗ of size N . However as there are
features SN
N !(F −N )! possible sets SN of size N finding the
optimal one by checking all the candidate sets is computationally intractable. Due to this
intractability we employ a greedy optimization process in order to find a good approximation
S̃N .
In particular, we use greedy forward selection (see table 2) to iteratively build a sequence
of sets Sn with n = 1, . . . , N where each set Sn is built by adding one feature Xj(n) to the
previous set Sn−1 , i.e. Sn = Sn−1 ∪Xj(n) . At a given iteration n, the greedy forward selection
algorithm calculates for every candidate feature Xj ∈ F \ Sn−1 , the mutual information
between the set Sn0 = Sn−1 ∪ {Xj } and the label Y . It then creates the set Sn by adding
that feature which leads to the largest value of the optimization criterion.

and by extension we have the following bound on the mutual information:
I(X; Y ) ≤ p2 DKL (f2 (u) k f1 (u)) + p1 DKL (f1 (u) k f2 (u)) + c000 .

1
2

In the case where f1 = N (µ1 , Σ1 ) and f2 = N (µ2 , Σ2 ) are both multivariate Gaussian
distributions of dimensionality D, we have that:


DKL (f1 k f2 ) =

In the case of a binary classification problem, we can directly work with the above quantity
for our mixture of two Gaussians. In the case where |Y | > 2, we consider the resulting |Y |
one-against-all binary classification problems and attempt to maximize the average of the
upper bounds of the |Y | mutual information values.
For each class y we consider the following mixture model:
f = py fy + (1 − py )fY \y
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where the fY \y is the conditional distribution of X|Y 6= y. We then calculate the upper
bound of the mutual information for all the possible mixtures f , one for each y.
11

=

=

Xj ∈F \Sn−1

argmax

2
log σj|S
n−1

−
y

X
P (Y =

2
y) log σj|y,S
n−1

argmax (H(Xj | Sn−1 ) − H(Xj | Y, Sn−1 ))

Xj ∈F \Sn−1

(12)

!

(11)

13



h
i
Σj,Sn−2 .
−1
T
2
ΣTj,Sn−1 Σ−1
2
Sn−1 Σj,Sn−1 = Σj,Sn−2 σji ΣSn−1
σij
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(13)

As stated, we can further speed-up the proposed algorithm by a factor of n by considering
2
more carefully the calculation of σj|S
. If Sn−1 = Sn−2 ∪ Xi , we have
n−1

2
3.4.1 Efficient Computation of σj|S
n−1

From the above we can derive an O(|Y ||F \Sn−1 |n2 ) with O(|Y |n2 ) memory requirements
2
by noting that computing ΣTj,Sn−1 Σ−1
Sn−1 Σj,Sn−1 incurs a cost of O(n ) and that this must
be done for every candidate feature j and every class y.

2
σj|S
= σj2 − ΣTj,Sn−1 Σ−1
Sn−1 Σj,Sn−1 .
n−1

Under the Gaussian assumption, we have

=

1
1
2
log σj|S
+ (log 2π + 1) .
n−1
2
2

R|Sn−1 |

where here and in the following, we slightly abuse notation and use Sn to denote both
the set and its contents, which of the two is meant will in any case be clear from context.
To derive equation 12 we have exploited the fact that the conditional variance σj|Sn−1 is
independent of the specific values of the features in Sn−1 and thus the integrations of the
entropies over the conditioned values are straightforward. That is
Z
H(Xj | Sn−1 ) =
H(Xj | Sn−1 = s)µSn−1 (s)ds

Xj ∈F \Sn−1

argmax I(Xj ; Y | Sn−1 ) =

The first term in the above expression is common for all candidate features Xj , meaning
that finding the feature Xj that maximizes I(Sn0 ; Y ) is equivalent to finding the feature that
2
maximizes I(Xj ; Y | Sn−1 ). If σj|S
denotes the variance of feature j conditioned on the
n−1
2
features in Sn−1 and σj|y,Sn−1 the variance conditioned on the features in Sn−1 and the class
Y = y, we have

I(Sn0 ; Y ) = I(Sn−1 ; Y ) + I(Xj ; Y | Sn−1 ).

which in the context of our forward selection algorithm, ∀Xj ∈ F \ Sn−1 , and with
Sn−1 ∪ {Xj }, translates to

Sn0

present an approach that allows for a O(|Y ||F \ Sn−1 |n) with O(|Y |n2 + |Y ||F \ Sn−1 |)
memory requirements.
In order to speed up computations, we first note that for three random variables X, Y ,
Z
I(X, Z; Y ) = I(Z; Y ) + I(X; Y | Z)
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i



βσi2

ΣTj,Sn−1

u
0





uT

0





1
βσi2

ΣjSn−1

+



u
0





uT

0

!


Σj,Sn−1

(15)

1. The proof follows from simple verification.
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Thus we only need carry this result over from the previous iteration incurring an additional
memory load of O(|Y ||F \ Sn−1 |).
The remaining terms in equation (15) can be calculated in O(n) given β and u. As β
and u depend only on the feature i selected in the previous iteration, remaining constant
throughout iteration n, they can be pre-computed once at the beginning of each iteration.
2
Thus the cost of calculating σj|S
can be reduced to O(n) and the overall computational
n−2
cost per iteration to O(|Y ||F \ Sn−1 |n).

2
σj|S
= σj2 − ΣTj,Sn−2 Σ−1
Sn−2 Σj,Sn−2 .
n−2

In eq (15) the main computational cost is incurred by the calculation of ΣTj,Sn−2 Σ−1
Sn−2 Σj,Sn−2
which costs O(n2 ). However this quantity has been already calculated ∀j during the previous
iteration of the algorithm since this involves calculating



#

1
βσi2
2
σji
uT Σj,Sn−2
βσi2

i

− βσ1 2 u

1 T
Σ
Σ−1 Σi,Sn−2 .
σi2 i,Sn−2 Sn−2

= σj2 − ΣTj,Sn−2 Σ−1
Sn−2 Σj,Sn−2 +
#
"
− βσ1 2 u
2
i
σji
−ΣTj,Sn−1
1
1
− 2
βσi

i

u = Σ−1
Sn−2 Σi,Sn−2
β =1−

i

From equation (13) and (14) we have
"
Σ−1
Sn−2
2
2
T
σj|S
=
σ
−
Σ
j
j,Sn−1
n−1
− βσ1 2 uT

and

where

specifically a one rank-one update corresponding to changing the final row and a rank-one
update corresponding to changing the final column. By applying the Sherman-Morrison
−1
1 an update formula of the form
formula twice to update Σ−1
Sn−2 to ΣSn−1 , we can obtain
"
#
 
Σ−1
− βσ1 2 u

1
u  T
Sn−2
i
u
0
Σ−1
+
(14)
1
1
T
Sn−1 =
2
0
− βσ2 u
βσ
2
i
βσ

Thus ΣSn−1 is the result of a rank-two update to the augmented matrix


ΣSn−2 0n−2
,
0Tn−2
σi2

We note that ΣSn−1 differs from ΣSn−2 by the addition of a row and a column


ΣSn−2 Σi,Sn−2
ΣSn−1 =
ΣTi,Sn−2
σi2 .
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3.5 Complexity of the KL-based Algorithms
In the case of the KL-based algorithms, similarly with the Gaussian compromise approach,
a naive implementation would incur a cost of O(|Y ||F \ Sn−1 |n3 ). In previous work(Lefakis
and Fleuret, 2014) an algorithm was sketched which had a O(|Y |n2 ) memory footprint.
Here we expand on this analysis and furthermore present an alternative algorithm with a
O(|Y ||F \Sn−1 |n) complexity, which however has an increased memory footprint (specifically
O(|Y ||F \ Sn−1 |n2 )).
Working with the value:
P (Y = y)DKL (p(S|Y = y) k p(S|Y 6= y)) + P (Y = y)H(S | Y = y)

+P (Y 6= y)DKL (p(S|Y 6= y) k p(S|Y = y)) + P (Y 6= y)H(S | Y 6= y) + c000
we note that the entropy values H(S | Y = y) can be computed efficiently as in the previous
subsection. What remains is to efficiently compute the Kullback-Leibler divergences for each
of the |Y | binary classification problems.
As both distributions are assumed to be Gaussians, DKL (p(S|Y 6= y) k p(S|Y = y)) is
equal to

n



Y \y





|Σ | 
0
T
1
Sn
Y \y
Y \y
−1
−1 Y \y

µS 0 − µSy 0 − |S| .
− log
+ µS 0 − µSy 0 ΣSy 0
tr ΣSy 0 n ΣS 0
n
n
n
n
n
n
2
|ΣSy 0 |

H(Sn−1 ∪ Xj ) = H(Sn−1 ) + H(Xj | Sn−1 )

Sn

Y \y
|Σ 0 |
Sn

|Σy 0 |

In the following we show how each of these terms can be computed in time O(n).
3.5.1 The Term log
From the chain rule,

we have

log |ΣS 0 |
n

2
|ΣS 0 | = σj|S
|ΣSn−1 |.
n−1

n

n−1
n
1
2
(1 + log 2π) + log σj|S
log |ΣS 0 | + (1 + log 2π) = log |ΣSn−1 | +
+ (1 + log 2π)
n−1
n
2
2
2
2
= log |ΣSn−1 | + log σj|S
n−1

Y \y
|Σ 0 |
Sn
Sn

|Σy 0 |

is itself O(n).
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2
As shown in the previous section, the term σj|S
can be computed in O(n) time. The
n−1
term |ΣSn−1 | is independent of j and can be efficiently pre-computed from |ΣSn−2 | prior
to iteration n using the matrix determinant lemma. By extension, the cost of calculating

log

15

n

3.5.2 Calculating ΣSy 0

n

ΣS−10 =

−1

"
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ΣS−1
n−1
j

− βσ1 2 uT

#

+

1
βσj2



u
0



1 T
Σ
Σ−1 Σj,Sn−1 .
σj2 j,Sn−1 Sn−1

u = ΣS−1
Σ
n−1 j,Sn−1

− βσ1 2 u
j
1
βσj2



uT

0



(16)

Setting, here and in the rest of this section, ΣS = ΣSy for ease of exposition2 , we have
similar to section 3.4 that

where
and
β =1−

Here u and β cannot be pre-computed as they are different ∀j. They can either be
calculated from scratch in O(n2 ) or, if we are willing to incur a memory overhead of O(n),
with O(n) complexity from the product ΣS−1
Σ
which has been computed during the
n−2 j,Sn−2
previous iteration (as in section 3.4.1).

n

n

n

n

n


T


Y \y
Y \y
−1
µS 0 − µSy 0
3.5.3 The Term µS 0 − µSy 0 ΣSy 0

"

µy n−1
S
µjy

#

n

n

n

n

#





−

0

µjy



uT



n



T

Y \y
Y \y
M = µS 0 − µSy 0 ΣS−10 µS 0 − µSy 0

by decomposing it as follows

"

 

Y \y
µj



Y \y
uT µSn−1 − µSy n−1

T

u
0

− βσ1 2 u
j
1



βσj2

T

Y \y

µSn−1 − µSy n−1



Having computed u and β as defined above, we can efficiently calculate the product

n

given that µSy 0 =

Y \y

µj

− µjy


T


Y \y
Y \y
M = µSn−1 − µSy n−1 ΣS−1
µSn−1 − µSy n−1
n−1


−

βσj2

µSy n−1

µSn−1 − µSy n−1

Y \y

−


Y \y
µSn−1

1
βσj2


+
+

n

n

n

n

n
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Of these four terms, the final three involving the vectors u and β can be calculated in O(n)
as they only involve inner products. The first term requires O(n2 ), however as the term is
independent of j it can be calculated once at the beginning of each iteration. Consequently

T


Y \y
Y \y
the complexity of calculating µS 0 − µSy 0 ΣS 0 −1 µS 0 − µSy 0 given u and β is O(n).

2. That is when a superscript is missing, y is implied.

16

=



Y \y

Σj,Sn−1

Y \y

ΣSn−1

T

Y \y

σj

Y \y 2

Σj,Sn−1
.



(17)

γv
−γ



−γ



γ=−

1
.
βσj2

v = Σ−1
Sn−2 Σi,Sn−2

Σ−1
Sn−2
γv T

Y \y


v
0




ΣTj,Sn−1



Σ−1
Sn−2
γv T

γv
−γ



Y \y

17

ΣSn−1 − γΣTj,Sn−1


v
0




vT

vT

0

0





JMLR 17(182):1-39

Y \y

ΣSn−1 .

we concentrate

and the trace of

Σ−1
0
Sn

1
βσj2

calculating

Thus the vector ΣTj,Sn−1 Σ−1
Sn−1 ΣSn−1 can be decomposed into

and

where

Σ−1
Sn−1 =

As we have already calculated the vector Σ−1
Sn−1 Σj,Sn−1 when
Y \y
−1
T
here on calculating the vector Σj,Sn−1 ΣSn−1 ΣSn−1 .
−1
As shown, the matrix ΣSn−1 can be written in the form

−1
ΣTj,Sn−1 Σ−1
Sn−1 ΣSn−1 ΣSn−1 Σj,Sn−1 .

Y \y

which, given that tr(wT wA) = tr(wAwT ), is equal to the product of

it is straightforward to show that the main diagonal elements can be calculated in O(n)
Y \y
provided we have pre-computed the main diagonal elements of Σ−1
Sn−1 ΣSn−1 . As this product
does not depend on j this can be done prior to the beginning of the iteration. For the second
we have


 −1

Y \y
Y \y
i
ΣSn−1
Σj,Sn−1
1
ΣSn−1 Σj,Sn−1 h T
−1

Σj,Sn−1 ΣSn−1 0  Y \y T
Y \y 2
0
βσj2
Σj,Sn−1
σj

From equations (16) and (17) we see that the product can be decomposed into two parts.
For the first

"
#
Y \y
Y \y
Σ−1
− βσ1 2 u
Σj,Sn−1
ΣSn−1
Sn−1
j


1
Y \y T
Y \y 2
− βσ1 2 uT
Σj,Sn−1
σj
βσj2
j

Y \y
ΣS 0
n

n



−1 Y \y
3.5.4 The Term tr ΣyS 0 n ΣS 0
n


−1 Y \y
involves calculating, and summing, the main diagonal elements
The term tr ΣyS 0 n ΣS 0

n
−1 Y \y
of the matrix product ΣyS 0 n ΣS 0 . We have that
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0

i

2
+ γσji



vT

0

vT



Y \y



Y \y
Y \y
2
ΣSn−1 + γΣTj,Sn−2 v − γσji
Σi,Sn−1 .

i

18

i

(18)
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T
2
kΣTjSn−1 k22 min λi ≤ ΣTjSn−1 Σ−1
Sn−1 ΣjSn−1 ≤ kΣjSn−1 k2 max λi .

Symbolizing the eigenvalues as λ1 , λ2 , . . . , λn−1 and the elements of the vector ΣTjSn−1 U as
x1 , x2 , . . . , xn−1 , we have that

kΣjSn−1 k2 = kΣTjSn−1 U k2 = kU T ΣjSn−1 k2 .

As U is orthonormal we have

T
T
ΣTjSn−1 Σ−1
Sn−1 ΣjSn−1 = ΣjSn−1 U ΛU ΣjSn−1 .

where U is orthonormal and Λ is a diagonal matrix with positive elements. Thus

T
Σ−1
Sn−1 = U ΛU ,

As shown, each such computation can be done in O(n). The main computational cost comes
from the calculation of ΣTjSn−1 Σ−1
Sn−1 ΣjSn−1 . Thus it would be advantageous to acquire a
“cheap” (independent of n) bound which will allow us to skip the calculation of this quantity
for certain non-promising features.
We note that Σ−1
Sn−1 is positive definite and symmetric and thus can be decomposed as

2
σj|S
= σj2 − ΣTjSn−1 Σ−1
Sn−1 ΣjSn−1 .
n−1

The fast implementation of the GC-approximation method presented in 3.4 requires at
iteration n the calculation, for each feature Xj ∈ F \ Sn−1 , of the conditioned variance

4. Using the Eigen-decomposition to Bound Computations

During the previous iteration we have already computed the vector Σj,Sn−2 Σ−1
Sn−2 ΣSn−2 and
thus if we use O(n) memory to store it between iterations, we can also compute this final
term in O(n).

Thus we have
h
Y \y
Σj,Sn−2 Σ−1
Sn−2 ΣSn−2



 Y \y
0 Σ
can be computed prior to the
  Sn−1

 Y \y
v
v T 0 ΣSn−1 can be computed in
iteration and by extension the product γΣTj,Sn−1
0
O(n). This leaves the final term
 −1

ΣSn−2 γv
Y \y
ΣSn−1 .
ΣTj,Sn−1
T
γv
−γ
 −1

ΣSn−2 γv
We note that the vector ΣTj,Sn−1
has the form
γv T
−γ
"
#T
2 T
Σj,Sn−2 Σ−1
Sn−2 + γσji v
.
T
2
γΣj,Sn−2 v − γσji
As v does not depend on j the product

Lefakis and Fleuret

Jointly Informative Feature Selection Made Tractable by Gaussian Modeling

y=0

i

(19)

Equation 18 gives us a bound, computable in O(|Y |), which we can use to avoid unnecessary computations. Specifically, during iteration n of the algorithm, after having already
calculated the scores of a subset of features, we have a candidate for best feature which has
a score of s∗ ; for each subsequent candidate feature Xj we can compute the following upper
bound on the feature’s score

i


 |YX


|−1 
2
yT
T
k2 min λiy
,
log σjy − kΣjS
ub1 (Xj ) = log σj2 − kΣjS
k2 max λi −
n−1 2
n−1 2
−1

where λi , λiy are the eigenvalues of ΣS−1
and ΣSy n−1 respectively. Then if ub(s) ≤ s∗ , we
n−1
can avoid the O(|Y |n) computations required to estimate the feature’s score s.
Furthermore should ub1 (Xj ) > s∗ we can still proceed with the computations in a greedy
manner. That is instead of calculating the exact score

y=0

|−1




 |YX
y2
2
log σj|S
−
log σj|S
n−1
n−1

incurring O(|Y |n) cost, we can compute the conditional variances one at a time and then
2
reassess the upper bound. That is we first calculate σj|S
which costs us O(n) and then
n−1
re-estimate the upper bound as

y=0

i



|−1 

 |YX
2
yT
2
ub2 (Xj ) = log σj|S
−
log σjy − kΣjS
k2 min λiy
n−1
n−1 2


− log



y02
σj|S
n−1



−

jSn−1


|Y |−1 
X
2
T
log σjy − kΣy
y=1

k22 min λiy
i



re-checking whether ub(s) ≤ s∗ . We can then continue, if necessary, by calculating

ub3(Xj ) = log σ 2
j|Sn−1

i

and so forth. Thus we can avoid estimating a number of conditional variances, incurring a
smaller cost. This process can continue greedily by computing ub1...|Y |+1 (Xj ).
We note that the upper bound 19 involves |Y | lower bounds


2
yT
log σjy − kΣjS
k2 min λiy
n−1 2
2
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y
on the conditional variances σj|S
. As such the bound can become quite loose if the
n−1
number of classes |Y | is large. In order to empirically evaluate the usefulness of this bound
in pruning computations, we considered 3 binary classification tasks; the binary task of the
INRIA data set, and two tasks resulting from the CIFAR and STL data sets by a random
partitioning of the classes (i.e. that is in each case 5 classes were randomly chosen to be
labeled as positive and the rest as negative).
In figure 3 we can see for each of the three data sets, the number of features at each
round for which we can skip a certain amount of computations. In the case ub1 ≤ s∗ we

19
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Figure 3: Number of features for which the upper bound ubx allows us to skip computations
for the top) INRIA, middle) STL, and bottom) CIFAR data sets.
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un+1 = λn+1 U 0 un+1

Σn+1 un+1 = λn+1 un+1 ,

If U 0 , Λ0 denote the eigen-system of Σ0 , by multiplying

with associated eigenvalue i =
Also, if ∀i ∈ {1, . . . , n + 1}, ei is the ith standard basis
vector of Rn+1 , then Σ0 en+1 = en+1 and en+1 is an eigenvector of Σ0 with a corresponding
eigenvalue of λ0 n+1 = 1.
The matrix Σn+1 can be expressed as the result of a rank-two update to Σ0


T 
v
v
Σn+1 = Σ0 + en+1
+
eTn+1 .
0
0

λ0

where v and c are such that the matrix Σn+1 is positive definite. Without loss of generality,
we will consider in the following the special case c = 1.
n
n
n
n
n
u
 1 , . . . , un and λ1 , . . . , λn are the eigenvectors and respective eigenvalues of Σ , then
 If
uni
is obviously an eigenvector of
0
 n

Σ 0
Σ0 =
,
T
0
1

The matrices ΣySn−1 results from the matrices ΣySn−2 by the addition of a row and a column.
We are faced thus with the problem of updating the eigen-system of a symmetric and
positive definite matrix Σ when a vector is inserted as an extra row and column.
More specifically, we shall present a method for efficiently computing the eigen-system
U n+1 , Λn+1 of a (n + 1) × (n + 1) matrix Σn+1 when the eigen-system U n , Λn of the n × n
matrix Σn is known and Σn+1 is related to Σn as follows:

 n
Σ v
Σn+1 =
,
vT c

−1

4.1 Eigen-system Update

can avoid all computations concerning the conditional variances. In the case ub2 ≤ s∗ only
one conditional variance need be calculated, while in the case of ub3 ≤ s∗ two (out of a
possible three). As can be seen, the bound can prove quite useful in pruning computations,
as is the case in the INRIA data set. For the CIFAR data set, we see that the bound can
still prove useful, especially early on. On the contrary in the case of the STL data set, the
bound seems to provide little help in ways of avoiding computations.
Pruning computations using the above bounds requires access to the eigenvalues of
−1
the matrices ΣSy n−1 which are the reciprocals of the eigenvalues of the matrices ΣySn−1 .
As computing the eigen-decomposition of a matrix, from scratch, can be expensive we
present in the following a novel algorithm for efficiently calculating these eigenvalues, and
−1
−1
the corresponding eigenvectors, of ΣySn−1 from the eigen-decomposition of ΣySn−2 .
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v
, note eTn+1 U 0 = eTn+1 .
0

Thus Σn+1 and the matrix Σ00 = Λ0 + en+1 q T + qeTn+1 share eigenvalues. Furthermore
n+1
00
the eigenvectors U
are related to the eigenvectors U of Σ00 by U n+1 = U 0 U 00 .

i<n+1

j6=i,j<n+1

Q

i

−qi2
.
i − λ)
(λ0

i

X
∂f (λ)
−qi2
= −1 +
≤0
0
∂λ
(λ i − λ)2

i

(21)

(20)

i

22

i<n+1
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i.e. the eigenvalues of Σ0 and Σ00 are interlaced.
Though there is no analytical solution for finding the roots of f (λ), given the above
relationship they can be computed efficiently using a Householder method. We also note
that tr(Λ0 ) = tr(Σ00 ) and consequently
X
X
λn+1
λ0 i −
λn+1
.
n+1 =
i

0 < λn+1
< λ0 1 < λn+1
< · · · < λ0 n+1 < λn+1
1
1
n+1

meaning the function f is strictly decreasing between its poles. From this and from the
positive definiteness of Σ00 we have that

i

We have ∀i, limλ−→λ
> 0 f (λ) = +∞ and lim < 0 f (λ) = −∞. Furthermore we have
λ−→λ

f (λ) =

|Σ00 − λI|
0
j<n+1 (λj − λ)
X
= λ0 n+1 − λ +

where qi is the ith element of vector q. The determinant thus has the same roots as the
function

j

The matrix Σ00 has non-zero elements only on its main diagonal and on its last row and
column. By developing the determinant |Σ00 − λI| along the final row we have


Y 0
X
Y
0
00
2
−qi
|Σ − λI| =
(λj − λ) +
(λj − λ) ,

4.1.1 Computing the Eigenvalues and Eigenvectors of Σ00

where q = U 0 T



 T
T
Λ0 + en+1 q T + qeTn+1 U 0 un+1 = λn+1 U 0 un+1

and since U 0 T Σ0 U 0 = Λ0 we have

Given that Σ0 is positive definite and symmetric it follows that U 0 U 0 T = I and
!

T 

v
v
T
T
T
+
eTn+1 U 0 U 0 un+1 = λn+1 U 0 un+1
U0
Σ0 + en+1
0
0
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x=


xn+1

Σ00 x = λkn+1 x
x1 x2 . . .

T

Once we have computed the eigenvalues λ , we can compute the eigenvectors U 00 as
follows: we first note that ∀k the system of linear equations

where
involves n equations of the form
λ0 i xi + qi xn+1 = λkn+1 xi .

qi
,
λkn+1 − λ0 i

Given that λkn+1 6= λ0 i it follows that if xn+1 = 0 then ∀i, xi = 0 and thus it must be
that xn+1 6= 0. As the system has one degree of freedom, we can set xn+1 = 1. We then
have from the equations
λ0 i xi + qi xn+1 = λkn+1 xi
that
xi =

and by normalizing x we obtain the kth column of U 00 . Finally we can obtain the eigendecomposition of Σn+1
Σn+1 = (U 0 U 00 )Λ00 (U 0 U 00 )T .
4.1.2 Computational Efficiency
In order to empirically evaluate the derived eigen-decomposition update algorithm, we compare a C++ implementation against the LAPACK library’s eigen-decomposition implementation. In figure 4.1.2 we see such a comparison of the CPU time required to compute Σn+1 ,
from scratch, using the LAPACK library and using the proposed update algorithm, as a
function of n.
4.1.3 Numerical Precision

JMLR 17(182):1-39

In order to test the numerical precision of the proposed update method, we consider two
experimental setups. In the first setup, results on which are shown in figures 5,6, we iteratively augment a symmetric positive definite matrix by inserting a vector as an extra
row and an extra column and at each iteration update its eigen-decomposition using the
proposed method; that is to say at each iteration the eigen-decomposition is an updated
version of previously updated decompositions. Figure 5 shows the maximum relative eigenvalue error as compared to the decomposition estimated by LAPACK which is assumed to
be accurate. Similarly figure 6 shows the maximum angle between corresponding eigenvectors of the proposed method and the ones computed by the LAPACK library. As can be
seen, after 2000 iterations the maximum relative eigenvalue error is of the order of magnitude of ∼ 1%, while the maximum angle between corresponding eigenvectors is less than
0.001 degrees.
In figure 7 we show the maximum relative eigenvalue when the eigen-decomposition
is updated from the decomposition computed at the previous iteration using LAPACK.
23

30

25

20

15

10

5

0

0

200

Lapack
Update

400

800

1000 1200
Matrix size

Lefakis and Fleuret

600

24

1400

1600

1800

2000

JMLR 17(182):1-39

Figure 4: Comparison of computation time of the proposed update method and of computing the eigen-decomposition from scratch using the LAPACK library.
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We report results on three standard computer vision data-sets which we used for our experiments:
CIFAR-10 contains images of size 32×32 of 10 distinct classes depicting vehicles and
animals. The training data consists of 5, 000 images of each class. We pre-process the data
as in (Coates and Ng, 2011) using the code provided by the authors. The original pool F
of features consists of 2, 048 candidates.

5.2 Data Sets

where Y is a classification label, Y ∼ B(0.5). Looking at the above marginals it can be
seen that only X1 and X4 carry information regarding Y individually, X2 and X5 are very
informative but only in conjunction with X1 and X4 respectively. X3 is simply noise.
We generate 1, 000 synthetic data sets of 25, 000 data points each from the above distributions, and use the GC-approximation on the mutual information to select the features.
In 49.2% of the experiments the algorithm ranks X1 as the most informative feature. Even
though X4 would be the second most informative feature marginally, in every one of these
experiments in the second iteration the algorithm chose the X2 feature as it is jointly more
informative when combined with X1 . Similarly, in 47.1% of the experiments the algorithm
ranked X4 first and in each of these experiments selected X5 second. In every one of the
runs X3 was ranked as the least informative of the 5 features.

X5 ∼ (2Y − 1)X4 + N (0, 1)

X4 ∼ N (0, 1) + 10−1 Y

X3 ∼ N (0, 1)

X2 ∼ (2Y − 1)X1 + N (0, 1)

X1 ∼ N (0, 1) + 10−1 Y

In order to show the importance of joint informativeness and the ability of the proposed
algorithm to capture it we construct a simple synthetic experiment with a set of candidate
features F = {X1 , X2 , X3 , X4 , X5 } defined as follows:

5.1 Synthetic Examples

In this section we present an empirical evaluation of the proposed algorithms. We first
show on a synthetic controlled experiment that they behave as expected regarding groups
of jointly informative features, and then provide results obtained on three popular real-world
computer vision data sets.

5. Experiments

As can be seen the maximum relative error is of the order of magnitude of 10−10 . this
value is related to the tolerance of the Newton method which was used to find the roots of
equation 20 (which in these experiments we set to 10−10 ). The maximum angle between
corresponding eigenvectors was found to be 0, i.e. beneath double precision, in every case.
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Figure 5: Numerical precision of the proposed update method when updating the decomposition iteratively. Maximum relative eigenvalue error.
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Figure 6: Numerical precision of the proposed update method when updating the decomposition iteratively. Maximum angle between corresponding eigenvectors.
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Figure 7: Maximum relative eigenvalue error when the eigen-decomposition is updated from
the eigen-decomposition computed by LAPACK.
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3. We note that for the GKL.E/MI methods we used an O(n2 ) (per feature per iteration) implementation,
in practice and assuming access to adequate memory the method should be even faster.

1 T
P P
N

30

the empirical estimation Σ̂N of matrix Σ, computed from these N samples. The accuracy
of this approximation is important to the success of the proposed methods. It can be shown

Σ̂N =

The proposed methods all depend on the covariance matrices Σ, Σy . Of course, in practice,
one rarely has access to the true covariance matrices of the underlying distributions but
rather estimates based on using finite sets of samples. Given a N × D matrix P where each
row is a sample from the underlying D-dimensional distribution, we symbolize

5.5 Finite Sample Analysis

Table 3: (Approximate) Cost in CPU time of running the more sophisticated feature selection algorithms in order to select 100 features on the three data sets. We highlight
in bold the fastest algorithm for each data set.

FCBF MRMR SBMLR Spectral GBFS CFS CMTF RelieFF GC.MI GKL.E
621
56
1449
1379
95
4262
394
1652
20
486
68
20
1002
367
41
409
208
2089
5
887
247
32
88
1072
233 2516
459
2413
43
135

In tables 4, 5, 6, and 7, we show experimental results for the three data sets. In order to
show the general applicability of the proposed methods, we combined the selected features
with four different classifiers: AdaBoost with classification stumps, linear SVM, RBF-kernel
SVM, and quadratic discriminant analysis (QDA). We show results for several numbers of
selected features {10, 25, 50, 100}.
In each of these tables, for each data set and classifier we highlight the best three
performing methods in bold, while underlining the best performing method. As can be seen

5.4 Results

We compare the proposed feature selection methods against a number of baselines. The
Fisher, T-test, χ2 , and InfoGain methods all compute statistics on individual features.
In particular InfoGain calculates the mutual information of the individual features to the
class, without taking into account their joint informativeness. As such, its comparison with
our approaches is a very good indicator of the merit of joint informativeness and its effect
on classification performance.
As noted in section 2, the FCBF (Liu and Yu, 2003) and CFS (Hall and Smith,
1999) baselines employ symmetric uncertainty criteria and check for pairwise redundancy of
features. Similarly MRMR (Peng et al., 2005), uses mutual information to select features
that have high relevance to the class while having low mutual information with the other
selected features, thus checking for pairwise informativeness. Comparison with the proposed
methods proves the importance of going beyond pairwise redundancy.
The RelieFF baseline (Robnik-Šikonja and Kononenko, 2003) looks at the nearest
neighbors of random samples along the individual features. In order to compare with
spectral clustering approaches we show results for (Wolf and Shashua, 2005), marked as
Spectral in the tables, which we found to outperform (Zhao and Liu, 2007) in practice.
Finally, we also show results for three wrapper methods, namely SBMLR (Cawley et al.,
2006), which employs a logistic regression predictor, CMTF (Argyriou et al., 2008) which
uses a sparsity inducing l1 -norm, and GBFS (Xu et al., 2014) which uses gradient boosted
trees.
We compare these baselines against the four methods proposed here, namely maximizing
the entropy (GC.E) or the mutual information (GC.MI) under the Gaussian compromise
approximation, and maximizing the KL-based entropy (GKL.E) and mutual information
(GKL.MI). In the case of the GC methods, when an iteration is reached where for all
candidate features and for all classes the prior over the class variable is lower than the
entropy of f ∗ , we halt the GC-approximation feature selection procedure and randomly
select the remaining features.
CIFAR
STL
INRIA

from these tables, GC.MI and GKL.E consistently rank amongst the top three methods,
with GC.MI ranking in the top three 24 out of 48 times and first 8 times, and GKL.E
being in the top three 27 out of 48 times and first 11 times. The only other comparable
methods are SBMLR which ranks in the top three 17 out of 48 times and first 10 times
and GBFS which ranks in the top three 20 out of 48 times and first 5 times. We note that
both of these methods are wrapper methods.
Furthermore as can be seen in table 3, the running time of the proposed methods3
is very competitive with respect to the more complex feature selection algorithms. The
Gaussian Compromise algorithms are especially fast as they are two orders of magnitude
faster than practically all other methods. We especially note that the SBMLR method
which performs comparably in terms of accuracy is very slow when compared to GC.MI.
Though the MRMR algorithm is faster than GC.MI on the INRIA data set, it performs
considerably worse accuracy-wise on that data set; on the data sets where it does perform
well (e.g. CIFAR) it is considerably slower than GC.MI. We also note that the GBFS
method is quite slower than GC.MI.
The computation times provided were obtained with C++ implementations of the proposed methods. The MRMR algorithm is also implemented in C++, while the Spectral
and CMTF baselines are implemented in MATLAB, as both these algorithms mainly use
matrix algebra we believe these timings to be indicative. The remaining algorithms were
implemented in Java. As noted in (Bouckaert et al., 2010) these implementations should
be competitive in speed with C++ implementations.

INRIA is a pedestrian detection data set. There are 12, 180 training images of size
64×128 of pedestrians and background images. We use 3, 780 HoG features that have been
shown to perform well in practice (Dalal and Triggs, 2005).
STL-10 consists of images of size 96 × 96 belonging to 10 classes, each represented by
500 training images. As for CIFAR we pre-process the data as in (Coates and Ng, 2011),
resulting in a pool F of 4, 096 features.

5.3 Baselines
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CIFAR
10
25
50
100
29.23 36.96 42.07 49.06
37.77 44.42 51.15 54.83
39.42 45.84 49.76 54.85
28.13 35.54 43.68 49.46
34.87 45.08 52.17 56.70
25.74 31.30 36.57 43.16
29.01 35.90 40.20 48.34
19.90 25.13 33.18 40.44
28.13 34.64 40.85 47.70
33.50 38.96 44.58 54.22
21.79 31.98 39.43 45.23
32.02 40.20 48.87 54.34
32.45 42.54 50.15 55.06
36.47 44.55 51.44 55.39
37.51 46.41 52.11 56.41
33.71 40.04 47.17 51.12

STL
10
25
50
100
31.86 35.78 39.72 41.81
33.25 38.05 39.87 42.81
32.24 39.61 40.61 43.00
29.61 36.88 39.39 41.89
34.22 41.26 44.65 47.15
31.74 34.75 39.31 42.34
31.13 36.60 38.62 42.03
19.06 26.30 33.52 38.51
33.91 37.46 42.79 45.22
30.75 38.40 41.85 44.39
28.70 33.55 34.71 36.86
30.96 38.56 42.30 45.57
31.86 37.41 42.19 46.99
36.50 40.79 43.82 44.39
34.76 39.71 43.49 46.46
33.00 38.80 42.13 43.58

INRIA
10
25
50
100
86.90 89.83 90.38 91.45
90.87 94.02 95.44 94.67
81.53 88.48 93.48 94.91
92.81 93.11 93.94 94.91
86.40 87.50 88.04 88.06
85.01 88.41 88.84 91.70
92.58 93.29 93.96 94.93
92.78 93.69 93.92 94.83
91.79 95.44 95.83 96.43
89.69 92.60 96.41 97.69
80.01 83.72 92.55 95.58
93.90 95.87 96.90 97.66
89.54 90.09 94.30 95.81
95.04 95.87 96.68 97.30
89.92 91.84 94.14 96.63
92.18 93.09 95.21 96.15
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AdaBoost
Fisher
FCBF
MRMR
χ2
SBMLR
tTest
InfoGain
Spectral
RelieFF
CFS
CMTF
GBFS
GC.E
GC.MI
GKL.E
GKL.MI

CIFAR
10
25
50
100
25.19 33.53 39.47 48.12
33.65 42.02 47.77 54.97
35.48 42.53 46.02 52.64
21.77 32.06 40.65 48.58
30.43 42.60 51.41 56.81
25.69 32.56 40.17 45.12
24.79 32.32 37.98 47.37
17.19 23.14 32.78 42.60
24.56 30.60 38.17 46.51
31.49 36.46 42.17 51.70
21.10 31.64 40.39 47.71
28.37 38.18 45.89 52.36
28.76 41.14 48.70 55.16
34.02 42.14 49.16 55.07
32.39 43.26 50.12 55.02
28.67 34.65 43.30 48.69

STL
10
25
50
100
26.09 30.79 34.63 38.02
31.74 34.85 38.11 40.66
32.50 39.06 43.69 49.36
22.61 31.82 34.29 37.96
32.29 38.26 43.29 47.15
26.72 29.95 36.23 39.14
27.17 31.82 33.70 37.84
18.91 26.55 32.65 38.24
29.16 32.40 38.05 42.94
28.63 34.45 38.54 41.88
27.61 34.81 38.99 42.32
30.78 39.29 45.06 50.39
31.20 37.60 43.31 49.75
32.50 39.75 44.15 48.88
33.44 38.62 44.27 50.54
32.16 39.35 44.87 47.96

INRIA
10
25
50
100
92.55 93.73 94.03 94.68
94.14 96.03 96.03 96.03
79.85 84.18 91.73 93.91
92.94 93.27 93.50 94.61
85.92 87.95 88.57 88.64
80.01 87.21 87.64 89.23
92.35 93.08 93.75 94.68
92.67 93.57 93.64 94.44
90.99 95.04 95.97 96.36
88.64 91.68 96.11 97.53
79.09 80.29 89.49 93.01
76.79 92.55 95.38 97.03
87.73 87.67 91.96 93.13
89.76 93.09 95.71 96.45
85.31 89.46 92.05 96.36
85.66 90.99 92.14 95.16

Table 4: Test accuracy of an AdaBoost classifier trained on a different number of selected
features {10, 25, 50, 100} on the three data sets.

SVMLin
Fisher
FCBF
MRMR
χ2
SBMLR
tTest
InfoGain
Spectral
RelieFF
CFS
CMTF
GBFS
GC.E
GC. MI
GKL.E
GKL. MI
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Table 5: Test accuracy of a linear SVM trained on a different number of selected features
{10, 25, 50, 100} on the three data sets.
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SVM-RBF
Fisher
FCBF
MRMR
χ2
SBMLR
tTest
InfoGain
Spectral
RelieFF
CFS
CMTF
GBFS
GC.E
GC. MI
GKL.E
GKL. MI

STL
10
25
50
100
34.71 40.13 43.87 45.77
38.86 43.35 46.06 47.20
38.39 44.87 47.02 48.92
32.53 41.27 43.22 44.88
32.29 38.26 43.29 47.15
34.30 38.73 44.30 45.90
35.57 41.23 42.92 45.12
24.80 32.91 40.11 43.70
38.22 42.36 47.27 50.35
35.32 42.72 47.46 49.82
31.80 36.94 38.06 39.65
33.65 43.99 49.04 51.52
36.16 42.64 45.37 47.79
35.86 43.35 45.80 47.81
39.67 46.31 50.06 52.89‘
35.95 41.65 45.27 45.86

Lefakis and Fleuret

CIFAR
10
25
50
100
29.11 39.22 46.05 54.68
40.48 51.15 57.73 64.26
41.80 51.97 57.31 62.14
27.16 38.23 47.60 54.70
36.06 49.83 60.32 64.97
28.68 35.75 41.89 49.13
29.21 38.68 43.92 53.94
22.89 30.92 40.41 49.75
29.49 37.08 45.39 53.96
35.50 43.74 50.98 61.01
23.90 36.74 45.51 52.86
34.98 45.07 54.70 61.27
35.29 51.12 60.34 65.76
39.57 49.91 57.79 64.32
39.84 52.80 60.94 65.64
34.49 43.09 51.48 56.54

CIFAR
10
25
50
100
25.41 33.31 39.67 47.53
35.02 43.97 52.32 58.99
36.19 44.54 48.22 53.88
21.81 31.85 39.39 47.75
31.71 43.46 53.31 58.86
26.34 33.39 39.16 45.33
22.38 31.61 37.65 46.47
17.97 24.80 34.99 44.25
24.61 29.67 38.20 47.18
31.50 36.18 42.93 52.92
20.61 31.98 41.04 48.60
29.48 38.39 46.86 53.84
31.01 44.10 53.21 58.41
33.68 43.02 51.84 58.43
34.06 44.21 53.29 57.98
29.06 35.10 42.50 46.24

STL
10
25
50
100
34.73 39.91 44.24 48.35
37.44 41.89 45.70 48.89
36.89 42.84 46.44 49.90
32.71 40.45 43.64 47.25
36.89 45.26 49.58 51.65
33.92 40.09 45.05 47.63
34.17 40.94 44.51 47.81
25.39 35.45 44.39 49.68
37.57 42.59 47.60 50.92
34.06 42.29 48.45 51.09
33.76 43.04 47.51 51.02
34.92 42.83 47.89 51.26
33.76 43.04 47.51 51.02
35.31 42.24 47.21 49.88
37.39 43.30 47.39 51.82
33.56 40.02 45.07 46.44

INRIA
10
25
50
100
92.44 93.55 93.38 92.97
88.29 93.91 92.60 95.66
80.07 79.99 88.89 90.48
92.78 93.16 93.02 93.25
82.82 86.05 87.39 87.14
80.01 87.00 87.11 87.32
92.28 92.71 93.01 93.38
92.67 93.09 92.85 93.29
90.62 94.56 95.05 95.20
88.34 91.31 95.44 97.14
80.01 83.72 92.55 93.68
93.00 95.25 95.83 96.48
87.73 87.67 91.96 93.13
94.26 94.17 94.44 95.76
86.01 88.94 92.79 95.43
91.03 91.91 93.36 93.98

INRIA
10
25
50
100
87.41 88.63 89.17 91.31
89.95 94.00 94.00 94.00
62.98 76.56 86.84 90.60
87.85 88.20 89.30 91.75
76.30 80.36 81.00 81.49
76.16 82.50 82.85 85.23
87.99 88.08 89.49 91.77
87.99 88.26 89.07 91.26
83.38 92.14 93.16 94.24
83.79 88.31 94.00 96.66
61.04 72.31 89.23 92.67
91.19 91.35 94.15 96.02
85.06 86.31 91.22 94.10
92.14 94.08 95.07 96.31
79.30 86.21 90.83 95.74
85.09 88.03 91.72 94.84

Table 6: Test accuracy of a SVM with a RBF kernel when trained on a different number of
selected features {10, 25, 50, 100} on the three data sets.

QDA
Fisher
FCBF
MRMR
χ2
SBMLR
tTest
InfoGain
Spectral
RelieFF
CFS
CMTF
GBFS
GC.E
GC. MI
GKL.E
GKL. MI
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Table 7: Test accuracy using Quadratic Discriminant Analysis on a different number of
selected features {10, 25, 50, 100} on the three data sets.
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The present work concentrates on developing tractable algorithms to exploit information
theoretic criteria for feature selection. The proposed methods focus on feature selection in
the context of classification and demonstrate that it is possible to choose features that are
jointly informative by careful density modeling and algorithmic implementation. Thus the
joint mutual information of variables can in fact be employed efficiently for feature selection
as opposed to using only the mutual information of marginal or pairwise distributions as
has typically been used in the literature.
The proposed methods rely on modeling the conditional joint distributions of the features given the class to predict and subsequently maximizing either upper bounds on the
information theoretic measures or relevant approximations. To reduce the computational
cost of a forward feature selection scheme incorporating these criteria, we have proposed
efficient implementations for both approaches, so that they are competitive with other
state-of-the-art methods in terms of speed. We have also presented a novel method for
updating the eigen-decompositions of a specific family of matrices (and updates) which our
GC-approximation feature selection algorithm exploits.
Empirical results show the methods to be competitive with current state-of-the-art with
respect to prediction accuracy. Furthermore, an empirical analysis of the performance of
these methods in connection with the number of samples in the data sets has shown them
to be relatively robust in this respect.

6. Conclusion

In order to assess the influence of sample set size on performance, we consider the accuracy
on the test set of a linear SVM. Specifically we perform feature selection using a subset of
the training data by selecting uniformly at random without replacement. Thus the relevant
sample covariance matrices are estimated using these smaller sets. We then train a linear
SVM using the selected subset of features but using the entire set of samples; this is done
to avoid any influence of sample size on the training of the SVM and by extension on the
final results.
In figure 8 we show the empirical results on the three data sets (STL, CIFAR, INRIA) in
the case where feature selection is performed using the GC-approximation. As can be seen,
in the case of the STL and CIFAR data sets the feature selection method proves to be very
robust with regards to sample set size; performance degrades only slightly when the sample
set size is very small (50 samples per class). On the contrary, in the case of the INRIA data
set, we see that the method does not prove to be so robust and the performance suffers.
We note that in the plot for the INRIA data set, the x-axis relates the number of samples
in the positive class, the number of samples sampled from the negative class was chosen to
preserve the class ratio (∼ 6/1).

5.5.1 Empirical Evaluation

Thus N = O(D) samples are needed to sufficiently approximate the covariance matrix
by the finite sample covariance matrix when the underlying distribution is sub-Gaussian,
compared to O(D log D) for an arbitrary distribution (Corollary 5.52 (Vershynin, 2012)).
Based in this, in order to select d features, the proposed methods theoretically require
O(d) samples. This however assumes that the feature selection methods depend solely on
the covariance matrices Σ. This holds true only for the GC-approximation in section 3.2.1,
the KL-based bound depends both on Σ and Σ−1 . Furthermore, as shown in section 3.4,
the more efficient implementation of the GC-approximation also depends on Σ−1 .
Unfortunately, estimating the precision matrix by taking the inverse of the sample covariance matrix is known to be unstable (Cai et al., 2016). Though a number of methods
have been proposed to address this issue (Cai et al., 2011), their complexity makes them
unsuitable in the present setting. To investigate whether this instability affects the performance of the proposed methods, we present in the following an empirical analysis of the
effect of sample size on prediction performance.

If N ≥ C(t/)2 D

√
C D+t
√
N
and√c, C are constants related to the sub-Gaussian norm of the rows of P . Replacing t with
0
C t D in the above (see Corollary 5.50 in Vershynin (2012)), we have, for sufficiently large
0
2
C , ∀ ∈ (0, 1), and ∀t ≥ 1 with probability at least 1 − 2e−ct

where

Similarly in figure 9 we show results for the KL-bound case. Here we see that sample
size is more influential. A possible explanation is that though the feature selection method
arising from the GC-approximation involves the estimation of |Y | + 1 inverse covariance
matrices, in the case of the KL-bound feature selection method involves 2|Y | inverses.
Examining the plots in figure 9, we see that in the case of the STL and CIFAR data sets
there is some degradation of performance for small sample set sizes, though the performance
quickly reaches that of the full set as the subset size increases. In the case of the INRIA
data set however we see that the method performs considerably worse when only a subset
of the data set is used to perform feature selection.

(see theorem 5.39 in (Vershynin, 2012)) that in the case of a matrix with (sub)-Gaussian
2
generated rows, we have ∀t ≥ 0 with probability at least 1 − 2e−ct

kΣ̂N − Σk ≤ max(δ, δ 2 ),
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Figure 8: Effect of sample set size on performance when using the GC-approximation for
the top) STL, middle) CIFAR, and bottom) INRIA data sets. The green circles
mark the performance of the method when the entire data set is used.
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Figure 9: Effect of sample set size on performance when using the KL-bound for the top)
STL, middle) CIFAR, and bottom) INRIA data sets.The green circles mark the
performance of the method when the entire data set is used.
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Increasing public concerns regarding data privacy have posed obstacles in the development
and application of new machine learning methods as data collectors and curators may no
longer be able to share data for research purposes. In addition to addressing the original goal
of information extraction, privacy-preserving learning also requires the learning procedure
to protect sensitive information of individual data entries. For example, the second Netflix
Prize competition was canceled in response to a lawsuit and Federal Trade Commission
privacy concerns, and the National Institute of Health decided in August 2008 to remove

1. Introduction

Keywords: differential privacy, learnability, characterization, stability, privacy-preserving
machine learning

While machine learning has proven to be a powerful data-driven solution to many reallife problems, its use in sensitive domains has been limited due to privacy concerns. A
popular approach known as differential privacy offers provable privacy guarantees, but
it is often observed in practice that it could substantially hamper learning accuracy. In
this paper we study the learnability (whether a problem can be learned by any algorithm)
under Vapnik’s general learning setting with differential privacy constraint, and reveal
some intricate relationships between privacy, stability and learnability. In particular, we
show that a problem is privately learnable if an only if there is a private algorithm that
asymptotically minimizes the empirical risk (AERM). In contrast, for non-private learning
AERM alone is not sufficient for learnability. This result suggests that when searching for
private learning algorithms, we can restrict the search to algorithms that are AERM. In
light of this, we propose a conceptual procedure that always finds a universally consistent
algorithm whenever the problem is learnable under privacy constraint. We also propose a
generic and practical algorithm and show that under very general conditions it privately
learns a wide class of learning problems. Lastly, we extend some of the results to the more
practical (, δ)-differential privacy and establish the existence of a phase-transition on the
class of problems that are approximately privately learnable with respect to how small δ
needs to be.
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2. We also introduce a weaker notion of learnability, which only requires consistency for
a class of distributions D. Problems that are not privately learnable (a surprisingly large
class that includes simple problems such as 0-1 loss binary classification in continuous
feature domain (Chaudhuri and Hsu, 2011)) are usually private D-learnable for some “nice”
distribution class D. We characterize the subset of private D-learnable problems that are
also (non-privately) learnable using conditions analogous to those in distribution-free private
learning.

1. We characterize the subset of problems in the General Learning Setting that can be
learned under differential privacy. Specifically, we show that a sufficient and necessary
condition for a problem to be privately learnable is the existence of an algorithm that is
differentially private and asymptotically minimizes the empirical risk. This characterization
generalizes previous studies of the subject (Kasiviswanathan et al., 2011; Beimel et al.,
2013a) that focus on binary classification in discrete domain under the PAC learning model.
Technically, the result relies on the now well-known intuitive observation that “privacy
implies algorithmic stability” and the argument in Shalev-Shwartz et al. (2010) that shows
a variant of algorithmic stability is necessary for learnability.

Our Contributions We provide a general answer to the relationship between learnability
and differential privacy under Vapnik’s General Learning Setting (Vapnik, 1995) in four
aspects.

In this paper we focus on the following fundamental question about differential privacy and
machine learning: What problems can we learn with differential privacy? Most literature
focuses on designing differentially private extensions of various learning algorithms, where
the methods depend crucially on the specific context and differ vastly in nature. But with the
privacy constraint, we have less choice in developing learning and data analysis algorithms.
It remains unclear how such a constraint affects our ability to learn, and if it is possible to
design a generic privacy-preserving analysis mechanism that is applicable to a wide class of
learning problems.

A major challenge in developing privacy-preserving learning methods is to quantify formally
the amount of privacy leakage, given all possible and unknown auxiliary information the
attacker may have, a challenge in part addressed by the notion of differential privacy
(Dwork, 2006; Dwork et al., 2006b). Differential privacy has three main advantages over
other approaches: (1) it rigorously quantifies the privacy property of any data analysis
mechanism; (2) it controls the amount of privacy leakage regardless of the attacker’s resource
or knowledge, (3) it has useful interpretations from the perspectives of Bayesian inference and
statistical hypothesis testing, and hence fits naturally in the general framework of statistical
machine learning, e.g., see (Dwork and Lei, 2009; Wasserman and Zhou, 2010; Smith, 2011;
Lei, 2011; Wang et al., 2015), as well as applications involving regression (Chaudhuri et al.,
2011; Thakurta and Smith, 2013) and GWAS data (Yu et al., 2014), etc.

aggregate Genome-Wide Association Studies (GWAS) data from the public web site, after
learning about a potential privacy risk.
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3. Inspired by the equivalence between privacy learnability and private AERM, we propose
a generic (but impractical) procedure that always finds a consistent and private algorithm
for any privately learnable (or D-learnable) problems. We also study a specific algorithm
that aims at minimizing the empirical risk while preserving the privacy. We show that
under a sufficient condition that relies on the geometry of the hypothesis space and the data
distribution, this algorithm is able to privately learn (or D-learn) a large range of learning
problems including classification, regression, clustering, density estimation and etc, and
it is computationally efficient when the problem is convex. In fact, this generic learning
algorithm learns any privately learnable problems in the PAC learning setting (Beimel et al.,
2013a). It remains an open problem whether the second algorithm also learns any privately
learnable problem in the General Learning Setting.
4. Lastly, we provide a preliminary study of learnability under the more practical (, δ)differential privacy. Our results reveal that whether there is separation between learnability
and approximate private learnability depends on how fast δ is required to go to 0 with
respect to the size of the data. Finding where the exact phase transition occurs is an open
problem of future interest.
Our primary objective is to understand the conceptual impact of differential privacy and
learnability under a general framework and the rates of convergence obtained in the analysis
may be suboptimal. Although we do provide some discussion on polynomial time approximations to the proposed algorithm, learnability under computational constraints is beyond
the scope of this paper.
Related work While a large amount of work has been devoted to finding consistent (and
rate optimal) differentially private learning algorithms in various settings (e.g., Chaudhuri
et al., 2011; Kifer et al., 2012; Jain and Thakurta, 2013; Bassily et al., 2014), the characterization of privately learnable problems were only studied in a few special cases.
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It is important to note that despite its generality, Vapnik’s general learning setting still does
not nearly cover the full spectrum of private learning. In particular, our results do not apply
to improper learning (learning using a different hypothesis class) as considered in Beimel
et al. (2013a) or to structural loss minimization (the loss function jointly take all data points
as input) considered in Beimel et al. (2013b). Also, our results do not address the sample
complexity problem, which remains open in the general learning setting even for learning
without privacy constraints.

Our characterization of private learnability (and private D-learnability) in Section 3 uses a
recent advance in the characterization of general learnability given by Shalev-Shwartz et al.
(2010). Roughly speaking, they showed that a problem is learnable if and only if there exists
an algorithm that (i) is stable under small perturbation of training data, and (ii) behaves
like empirical risk minimization (ERM) asymptotically. We also makes use of a folklore
observation that “Privacy ⇒ Stability ⇒ Generalization”. The connection of privacy and
stability appeared as early as 2008 in a conference version of Kasiviswanathan et al. (2011).
Further connection to “generalization” recently appeared in blog posts1 , stated as a theorem
in Appendix F of Bassily et al. (2014), and was shown to hold with strong concentration in
Dwork et al. (2015b).

Dwork et al. (2015b) is part of an independent line of work (Hardt and Ullman, 2014; Bassily
et al., 2015; Dwork et al., 2015a; Blum and Hardt, 2015) on adaptive data analysis, which
also stems from the observation that privacy implies stability and generalization. Comparing
to adaptive data analysis works, our focus is quite different. Adaptive data analysis work
focus on the impact of k on how fast the maximum absolute error of k-adaptively chosen
queries goes to 0 as a function of n, while this paper is concerned with whether the error
can go to 0 at all for each learning problem when we require the learning algorithm be
differentially private with  < ∞. Nonetheless, we acknowledge that Theorem 7 in Dwork
et al. (2015b) provides an interesting alternative proof for “differentially private learners
have small generalization error”, when choosing the statistical query as evaluating a loss
function at a privately learned hypothesis. The connection is not quite obvious and we
provide a more detailed explanation in Appendix B.

The main tool used in the construction of our generic private learning algorithm in Section 4
is the Exponential Mechanism (McSherry and Talwar, 2007), which provides a simple and
differentially-private approximation to the maximizer of a score function among a candidate
set. In the general learning context, we use the negative empirical risk as the utility function,
and apply the exponential mechanism to a possibly pre-discretized hypothesis space. This
exponential mechanism approach was used in Bassily et al. (2014) for minimizing convex and
Lipschitz functions. The sample discretization procedure has been considered in Chaudhuri
and Hsu (2011) and Beimel et al. (2013a). Our scope and proof techniques are different.
Our strategy is to show that, under some general regularity conditions, the exponential
mechanism is stable and behaves like ERM. Our sublevel set condition has the same flavor
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Kasiviswanathan et al. (2011) showed that, for binary classification with a finite discrete
hypothesis space, anything that is non-privately learnable is privately learnable under the
agnostic Probably Approximately Correct (PAC) learning framework, therefore “finite VCdimension” characterizes the set of private learnable problems in this setting. Beimel et al.
(2013a) extends Kasiviswanathan et al. (2011) by characterizing the sample complexity
of the same class of problems, but the result only applies to the realizable (non-agnostic)
case. Chaudhuri and Hsu (2011) provided a counter-example showing that for continuous
hypothesis space and data space, there is a gap between learnability and learnability
under privacy constraint. They proposed to fix this issue by either weakening the privacy
requirement to labels only or by restricting the class of potential distribution. While
meaningful in some cases, these approaches do not resolve the learnability problem in
general.

4

1. For instance, Frank McSherry described in a blog post an example of exploiting differential
privacy
for
measure
concentration
http://windowsontheory.org/2014/02/04/
differential-privacy-for-measure-concentration/; Moritz Hardt discussed the connection
of differential privacy to stability and generalization in his blog post http://blog.mrtz.org/2014/01/
13/false-discovery.
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A key difference of our work from Kasiviswanathan et al. (2011); Chaudhuri and Hsu (2011);
Beimel et al. (2013a) is that we consider a more general class of learning problems and
provide a proper treatment in a statistical learning framework. This allows us to capture a
wider collection of important learning problems (see Figure 1(a) and Table 1).
3

lim EZ∼Dn Eh∼A(Z) R(h) − R

n

i=1

1X
`(h, zi ) .
n

n→∞

= 0.

5

(2)

(1)
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EZ∼Dn Eh∼A(Z) R(h) − R∗ ≤ ξ(n), where lim ξ(n) → 0.

In addition, we say A is consistent with rate ξ(n) if

n→∞

∗



R̂(h, Z) =

The optimal risk
= inf h∈H R(h) and we assume that it is achieved by an optimal h∗ ∈ H.
Similarly, the minimal empirical risk R̂∗ (Z) = inf h∈H R̂(h, Z) is achieved by ĥ∗ (Z) ∈ H. For
a possibly randomized algorithm A : Z n → H that learns some hypothesis A(Z) ∈ H given
data sample Z, we say A is consistent if

R∗

R(h) = Ez∼D `(h, z),

To account for the randomness in the data, we are primarily interested in the case where the
data Z = {z1 , ..., zn } ∈ Z n are independent samples drawn from an unknown probability
distribution D on Z. We denote such a random sample by Z ∼ Dn . For a given distribution
D, let R(h) be the expected loss of hypothesis h and R̂(h, Z) the empirical risk from a
sample Z ∈ Z n :

In the General Learning Setting of Vapnik (1995), a learning problem is characterized by a
triplet (Z, H, `). Here Z is the sample space (with a σ-algebra). The hypothesis space H
is a collection of models such that each h ∈ H describes some structures of the data. The
loss function ` : H × Z → R measures how well the hypothesis h explains the data instance
z ∈ Z. For example, in supervised learning problems Z = X × Y where X is the feature
space and Y is the label space; H defines a collection of mapping h : X → Y; and `(h, z)
measures how well h predicts the feature-label relationship z = (x, y) ∈ Z. This setting
includes problems with continuous input/output in potentially infinite dimensional spaces
(e.g. RKHS methods), hence is much more general than PAC learning. In addition, the
general learning setting also covers a variety of unsupervised learning problems, including
clustering, density estimation, principal component analysis (PCA) and variants (e.g., Sparse
PCA, Robust PCA), dictionary learning, matrix factorization and even Latent Dirichlet
Allocation (LDA). Details of these examples are given in Table 1 (the first few are extracted
from Shalev-Shwartz et al. (2010)).

2.1 Learnability under the General Learning Setting

2. Background

Stability, privacy and generalization were also studied in Thakurta and Smith (2013) with
different notions of stability. More importantly, their stability is used as an assumption
rather than a consequence, so their result is not directly comparable to ours.

as that in the proof of Bassily et al. (2014, Theorem 3.2), although we do not need the loss
function to be convex or Lipschitz.

Learning with Differential Privacy
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Figure 1: The Big Picture: illustration of general learning setting and our contribution in
understanding differentially private learnability.

(b) Our characterization of private learnable problems in the general learning setting (in blue).

(a) Illustration of general learning setting. Examples of known DP extensions are circled in maroon.

Wang, Lei and Fienberg

Problem
Binary classification
Regression
Density Estimation
K-means Clustering

Z or X × Y
{0, 1}d × {0, 1}
[0, 1]d × R
Z ⊂ Rd
Z ⊂ Rd

Rd

b∈h

minkPb (z) − zk2
b∈h
P
log Pb,h (w)
− max

r
b∈R+

min khb − zk2

b∈Rr

min khb − zk2 + λkbk1

max{0, 1 − yhx, hi}
|hx, hi − y|2
khz − zk2 + λkhk1
kPh (z) − zk1 + λrank(h)
minky ◦ (b − x)k2 + λrank(h)

c∈h

Loss function `
1(h(x) 6= y)
|h(x) − y|2
− log(h(z))
minkc − zk2

Learning with Differential Privacy

Hypothesis class H
H ⊂ {f : {0, 1}d → {0, 1}}
H ⊂ {f : [0, 1]d → R}
Bounded distributions on Z
{S ⊂ Rd : |S| = k}
RKHS×{0, 1}
RKHS×R
Rd
Rd
Rd × {1, 0}d

Rd

Bounded RKHS
Bounded RKHS
Rank-r projection matrices
All subspaces in Rd
All subspaces in Rd
d×r
All dictionaries ∈ R+

Documents

RKHS classification
RKHS regression
Sparse PCA
Robust PCA
Matrix Completion

A set of k rank-r subspaces

Rd

Non-negative MF

{P(word|topic)}

All dictionaries ∈ Rd×r

Subspace Clustering

Dictionary Learning

Topic models (LDA)
b∈{P(Topic)} w∈z

Table 1: An illustration of problems in the General Learning setting.

Since the distribution D is unknown, we cannot adapt the algorithm A to D, especially when
privacy is a concern. Also, even if A is pointwise consistent for any distribution D, it may
have different rates for different D and potentially be arbitrarily slow for some D. This makes
it hard to evaluate whether A indeed learns the learning problem and forbids the study of the
learnability problem. In this study, we adopt the stronger notion of learnability considered
in Shalev-Shwartz et al. (2010), which is a direct generalization of PAC-learnability (Valiant,
1984) and agnostic PAC-learnability (Kearns et al., 1992) to the General Learning Setting
as studied by Haussler (1992).
Definition 1 (Learnability, Shalev-Shwartz et al., 2010) A learning problem is learnable if there exists an algorithm A and rate ξ(n), such that A is consistent with rate ξ(n)
for any distribution D defined on Z.
This definition requires consistency to hold universally for any distribution D with a uniform
(distribution-independent) rate ξ(n). This type of problem is often called distribution-free
learning (Valiant, 1984), and an algorithm is said to be universally consistent with rate ξ(n)
if it realizes the criterion.

2.2 Differential privacy
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(3)

Differential privacy requires that if we arbitrarily perturb a database by only one data
point, the output should not differ much. Therefore, if one conducts a statistical test
for whether any individual is in the database or not, the false positive and false negative
probabilities cannot both be small (Wasserman and Zhou, 2010). Formally, define “Hamming
distance”
d(Z, Z 0 ) := #{i = 1, ..., n : zi 6= zi0 } .
7
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Definition 2 (-Differential Privacy, Dwork, 2006) An algorithm A is -differentially
private, if
P(A(Z) ∈ H) ≤ exp()P(A(Z 0 ) ∈ H)

for ∀ Z, Z 0 obeying d(Z, Z 0 ) = 1 and any measurable subset H ⊆ H.

There are weaker notions of differential privacy. For example (, δ)-differential privacy allows
for a small probability δ where the privacy guarantee does not hold. In this paper, we will
mainly work with the stronger -differential privacy. In Section 6 we discuss the problem of
(, δ)-differential privacy and extend some of the results to this setting.

Our objective is to understand whether there is a gap between learnable problems and
privately learnable problems in the general learning setting, and to quantify the tradeoff
required to protect privacy. To achieve this objective, we need to show the existence of an
algorithm that learns a class of problems while preserving differential privacy. More formally,
we define

Definition 3 (Private learnability) A learning problem is privately learnable with rate
ξ(n) if there exists an algorithm A that satisfies both universal consistency (as in Definition 1)
with rate ξ(n) and -differential privacy with privacy parameter  < ∞.

We can view the consistency requirement Definition 3 as a measure of utility. This utility
is not a function of the observed data, however, but rather how the results generalize to
unseen data.

The following lemma shows that the above definition of private learnability is actually
equivalent to a seemingly much stronger condition with a vanishing privacy loss .

Lemma 4 If there is an -DP algorithm that is consistent with rate ξ(n) for some constant
√
0 <  < ∞, then there is a √2n (e − e− )-DP algorithm that is consistent with rate ξ( n).

The proof, given in Appendix A.1, uses a subsampling theorem adapted from Beimel et al.
(2014, Lemma 4.4).

There are many approaches to design differentially private algorithms, such as noise perturbation using Laplace noise (Dwork, 2006; Dwork et al., 2006b) and the Exponential Mechanism
(McSherry and Talwar, 2007). Our construction of generic differentially private learning
algorithms applies the Exponential Mechanism to penalized empirical risk minimization. Our
argument will make use of a general characterization of learnability described below.
2.3 Stability and Asymptotic ERM

JMLR 17(183):1-40

An important breakthrough in learning theory is a full characterization of all learnable
problems in the General Learning Setting in terms of stability and empirical risk minimization
(Shalev-Shwartz et al., 2010). Without assuming uniform convergence of empirical risk,
Shalev-Shwartz et al. showed that a problem is learnable if and only if there exists a “strongly
uniform-RO stable” and “always asymptotically empirical risk minimization” (Always AERM)
randomized algorithm that learns the problem. Here “RO” stands for “replace one”. Also,

8

|Eh∼A(Z) `(h, z) − Eh∼A(Z 0 ) `(h, z)| → 0 as n → ∞.

9
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The theorem says that we can stick to ERM-like algorithms for private learning, despite
that ERM may fail for some problems in the (non-private) general learning setting (ShalevShwartz et al., 2010). Thus a standard procedure for finding universally consistent and

The proof is simple yet revealing, we will present the arguments for 2 ⇒ 1 (sufficiency of
AERM) in Section 3.1 and 1 ⇒ 3 (necessity of AERM) in Section 3.2. 3 ⇒ 2 follows trivially
from the definition of “always” and “universal” AERM.

3. There exists a differentially private always AERM algorithm.

2. There exists a differentially private universally AERM algorithm.

1. The problem is privately learnable.

Theorem 7 Given a learning problem (Z, H, `), the following statements are equivalent.

We are now ready to state our main result. The only assumption we make is the uniform
boundedness of the loss function. This is also assumed in Shalev-Shwartz et al. (2010) for
the learnability problem without privacy constraints. Without loss of generality, we can
assume 0 ≤ `(h, z) ≤ 1.

3. Characterization of private learnability

Since we will not deal with other variants of algorithmic stability in this paper (e.g.,
hypothesis stability (Kearns and Ron, 1999), uniform stability (Bousquet and Elisseeff, 2002)
and leave-one-out (LOO) stability in Mukherjee et al. (2006)), we simply call Definition 6
stability or uniform stability. Likewise, we will refer to -differential privacy as just “privacy”
although there are several other notions of privacy in the literature.

where d(Z, Z 0 ) is defined in (3), in other word, Z and Z 0 can differ by at most one data
point.

sup

Z, Z 0 ∈ Z n ,
d(Z, Z 0 ) = 1

sup

z∈Z

Definition 6 (Strongly Uniform RO-Stability, Shalev-Shwartz et al., 2010) An
algorithm A is strongly uniform RO-stable if

Z∈Z n

where R̂∗ (Z) is the minimum empirical risk for data set Z. We say A is Always AERM, if
in addition,
sup Eh∼A(Z) R̂(h, Z) − R̂∗ (Z) → 0, as n → ∞ .

Definition 5 (Universally/Always AERM, Shalev-Shwartz et al., 2010) A (possibly randomized) learning rule A is Universally AERM if for any distribution D defined on
domain Z
h
i
EZ∼Dn Eh∼A(Z) R̂(h, Z) − R̂∗ (Z) → 0, as n → ∞

any strongly uniform-RO stable and “universally” AERM (weaker than “always” AERM)
learning rule learns the problem consistently. Here we give detailed definitions.

Learning with Differential Privacy
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Lemma 8 (Privacy ⇒ Stability) Assume 0 ≤ `(h, z) ≤ 1, any -differentially private
algorithm satisfies (e − 1)-stability. Moreover if  ≤ 1 it satisfies 2-stability.

A key ingredient in the proof of sufficiency is a well-known heuristic observation that
differential privacy by definition implies uniform stability, which is useful in its own right.

3.1 Sufficiency: Privacy implies stability

To avoid any potential misunderstanding, we stress that Theorem 7 is a characterization
of learnability, not learning algorithms. It does not prevent the existence of a universally
consistent learning algorithm that is private but not AERM. Also, the characterization given
in Theorem 7 is about consistency, and it does not claim anything on sample complexity.
An algorithm that is AERM may be suboptimal in terms of convergence rate.

This result does not imply that privacy is helping the algorithm to learn in any sense, as the
simplicity is achieved at the cost of having a smaller class of learnable problems. A concrete
example of a problem being learnable but not privately learnable is given in (Chaudhuri and
Hsu, 2011) and we will revisit it in Section 3.3. For some problems where ERM fails, it may
not be possible to make it AERM while preserving privacy. In particular, we were not able
to privatize the problem in Section 4.1 of Shalev-Shwartz et al. (2010).

differentially private algorithms would be to approximately minimize the empirical risk using
some differentially private procedures (Chaudhuri et al., 2011; Kifer et al., 2012; Bassily
et al., 2014). If the utility analysis reveals that the method is AERM, we do not need
to worry about generalization as it is guaranteed by privacy. This consistency analysis is
considerably simpler than non-private learning problems where one typically needs to control
generalization error either via uniform convergence (VC-dimension, Rademacher complexity,
metric entropy, etc) or to adopt the stability argument (Shalev-Shwartz et al., 2010).

Figure 2: A summary of the relationships of various notions revealed by our analysis.
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for learning in Statistical Query (SQ)-model and PAC Learning model (binary classification)
with finite hypothesis space, and is “no” for continuous hypothesis space (Chaudhuri and
Hsu, 2011).
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If we take Zi ⊆ [hi − η/3, hi + η/3] with half of the points in [hi − η/3, hi ) and the other
half in (hi , hi + η/3] and we label each data point in it with 1(z > hi ), then empirical risk
R̂(hi , Zi ) = 0 ∀i = 1, ..., K. So for any AERM learning rule, Eh∼A(Zi ) R̂(h, Zi ) → 0 for all i.
For some sufficiently large n, Eh∼A(Zi ) R̂(h, Zi ) < 0.1.

Next we will construct K = dexp(n n)e data sets such that if K − 1 of them obey AERM,
the remaining one cannot be. Let η = 1/ exp(n), K := d1/ηe. Let h1 , h2 , ..., hK be a
disjoint thresholds such that they are at least η apart and [hi − η/3, hi + η/3] are disjoint
intervals.

Consider the binary classification problem with X = [0, 1], Y = {0, 1} and 0-1 loss function.
Let H be the collection of threshold functions that output h(x) = 1 if x > h and h(x) = 0
otherwise. This class has VC-dimension 1, and hence the problem is learnable.

We describe the counterexample and re-establish the impossibility of private learning for
this problem using the contrapositive of Theorem 7, which suggests that if privacy and
always AERM algorithm cannot coexist for some problem, then the problem is not privately
learnable.

Proposition 12 (Chaudhuri and Hsu, 2011, Theorem 5) There exists a problem that
is learnable by a non-private algorithm, but not privately learnable. In particular, any private
algorithm cannot be always AERM in this problem.

On the other hand, not all learnable problems are privately learnable. This can already
be seen from Chaudhuri and Hsu (2011), where the gap between learning and private
learning is established. We revisit Chaudhuri and Hsu’s example in our notation under the
general learning setting and produce an alternative proof by showing that differential privacy
contradicts always AERM, then invoking Theorem 7 to show the problem is not privately
learnable.

The proof is given in Appendix A.3. The idea is that A(Z) defines a distribution over H.
Pick an z ∈ Z. If z ∈
/ Z, algorithm A0 = A. Otherwise, A0 (Z) samples from a slightly
different distribution than A(Z) that does not affect the expectation much.

Proposition 11 If a learning problem is learnable by an -DP algorithm A, then it is also
learnable by a non-private algorithm.

By definition, all privately learnable problems are learnable. But now that we know that
privacy implies generalization, it is tempting to hope that privacy can help at least some
problem to learn better than any non-private algorithm. In terms of learnability, the question
becomes: Could there be a (learnable) problem that is exclusively learnable through private
algorithms? We now show that such a problem does not exist.

The proof of this lemma comes directly from the definition of differential privacy so it is
algorithm independent. The converse, however, is not true in general (e.g., a non-trivial
deterministic algorithm can be stable, but not differentially private.)
Corollary 9 (Privacy + Universal AERM ⇒ Consistency) If a learning algorithm
A is (n)-differentially private and A is universally AERM with rate ξ(n), then A is
universally consistent with rate ξ(n) + e(n) − 1 = O(ξ(n) + (n)).

Lemma 4 and Corollary 9 together establishes 2 ⇒ 1 in Theorem 7.

The proof of Corollary 9, provided in the Appendix, combines Lemma 8 and the fact that
consistency is implied by stability and AERM (Theorem 28). Our Theorem 28 is based on
minor modifications of Theorem 8 in Shalev-Shwartz et al. (2010). In fact, Corollary 9 can
be stated in a stronger per distribution form, since universality is not used in the proof. We
will revisit this point when we discuss a weaker notion of private learnability below.

If for a problem privacy and always AERM cannot coexist, then the problem is not privately
learnable. This is what we will show next.
3.2 Necessity: Consistency implies Always AERM
To prove that the existence of an always AERM learning algorithm is necessary for any
private learnable problems, it suffices to construct such a learning algorithm from
or each learnable problem. any universally consistent learning algorithm.
Lemma 10 (Consistency + Privacy ⇒ Private Always AERM) If A is a universally consistent learning algorithm satisfying -DP with any  > 0 and consistent with rate
ξ(n), then there is another universally consistent learning algorithm A0 that is always AERM
√
with rate ξ( n) and satisfies √2n (e − e− )-DP.
√
Lemma 10 is proved in Appendix A.2. The proof idea is to run A on a size O( n) random
subsample of Z, which will be universally consistent with a slower rate, differentially private
with (n) → 0 (Lemma 27), and at the same time always AERM. The last part uses an
argument in Lemma 24 of Shalev-Shwartz et al. (2010) which appeals to the universality of
A’s consistency on a specific discrete distribution supported on the given data set Z.
As pointed out by an anonymous reviewer, there is a simpler proof by invoking Theorem 10
of Shalev-Shwartz et al. (2010) that says any consistent and generalizing algorithm must
be AERM and a result (e.g., Bassily et al., 2014, Appendix F) that says “privacy ⇒
generalization”. This is a valid observation. But their Theorem 10 is proven using a detour
through “generalization”, which leads to a slower rate than what we are able to obtain in
Lemma 10 using a more direct argument.
3.3 Private Learnability vs. Non-private Learnability

JMLR 17(183):1-40

Now we have a characterization of all privately learnable problems, a natural question to
ask is that whether any learnable problem is also privately learnable. The answer is “yes”
11

i=2

K
X

P(A(Z1 ) ∈ [hi − η/3, hi + η/3]),

(4)

√2 (e
n

− e− )-DP.
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Example 2 Consider the learning problem in Example 1. Let D be the class of all continuous
distributions. There is a learning problem that is s privately D-learnable but no private
AERM algorithm exists.

It turns out that we cannot hope to completely remove the assumption from Theorem 15.
The following example illustrates that some form of qualification (implied by the learnability
assumption) is necessary for the converse statement to be true.

Proof For any discrete distribution with a finite support set, there is an h ∈ H such that
the optimal risk is 0. Assume the problem is learnable with rate ξ(n), then for some n
ξ(n) < 0.5. However, we can always construct a uniform distribution over 3n elements
and it is information-theoretically impossible for any estimators based on n samples from
the distribution to achieve a risk better than 2/3. The problem is therefore not learnable.
When we assume an upper bound N on the maximum number of bins of the underlying
distribution, then the ERM which outputs just the support of all observed data will be
universally consistent with rate ξ(n) = N/n.

Example 1 Let the data space be [0, 1], the hypothesis space be the class of all finite subset
of [0, 1] and the loss function `(h, z) = 1z ∈h
/ . This problem is not learnable, and not even
D-learnable when D is the class of all discrete distributions with finite number of possible
values. But it is D-learnable when D is further restricted with an upper bound on the total
number of possible values.

This result may appear to be unsatisfactory due to the additional assumption of learnability.
It is clearly a strong assumption because many problems that are D-learnable for a practically
meaningful D are not actually learnable. We provide one such example here.

Proof The “if” part is exactly the same as the argument in Section 3.1, since both Lemma 8
and Lemma 9 holds for each distribution independently. Under the additional assumption
that the problem itself is learnable (distribution-free and non-privately), the “only if” part
is given by Lemma 14.

Theorem 15 (Characterization of private D-learnability) A problem is privately Dlearnable if there exists an algorithm that is D-universally AERM and differentially private
with privacy loss (n) → 0. If in addition, the problem is (distribution-free and non-privately)
learnable, then the converse is also true.

The proof, given in Appendix A.4, shows that the algorithm A0 that applies A to a random
√
subsample of size b nc is AERM for any distribution in the class D.

Lemma 14 (private D-learnability ⇒ private D-universal AERM) If an -DP algorithm A is D-universally consistent with rate ξ(n) and the problem itself is learnable in a
distribution-free sense with rate ξ 0 (n), then there exists a D-universally consistent learning
√
algorithm A0 that is D-universally AERM with rate 12ξ 0 (n1/4 ) + √37n + ξ( n) and satisfies

Wang, Lei and Fienberg

Almost all of our arguments hold in a per distribution fashion, therefore they also hold for
any such subclass D. The only exception is the necessity of “always AERM” (Lemma 10),
where we used the universal consistency on an arbitrary discrete uniform distribution in
the proof. The characterization still holds if the class D contains all finite discrete uniform
distributions. For general distribution classes, we characterize private D-learnability using a
weaker “universally AERM” (instead of “always AERM”) under the assumption that the
problem itself is learnable in a distribution-free setting without privacy constraints.

Definition 13 ((Private) D-learnability) We say a learning problem (Z, H, `) is Dlearnable if there exists a learning algorithm A that is consistent for every unknown distribution D ∈ D. If in addition, the problem is D-learnable under -differential privacy for some
0 ≤  < ∞, then we say the problem is privately D-learnable.

The above example implies that even very simple learning problems may not be privately
learnable. To fix this caveat, note that most data sets of practical interest have nice
distributions. Therefore, it makes sense to consider a smaller class of distributions, e.g.,
smooth distributions that have bounded kth order derivative, or those having bounded total
variation. These are common assumptions in non-parametric statistics, such as kernel density
estimation, smoothing spline regression and mode clustering. Similarly, in high dimensional
statistics, there are often assumptions on the structures of the underlying distribution, such
as sparsity, smoothness, and low-rank conditions.

3.4 Private D-learnability

As is pointed out by an anonymous reviewer, the same conclusion of this impossibility result of
privately learning thresholds on [0, 1] can be drawn numerically through the characterization
of the sample complexity (Beimel et al., 2013a), via the bound that depends logarithmically
on the log(|H|) and on [0, 1] this number is infinite. The above analysis provides different
insights about the problem. We will be using it again for understanding the separation of
learnability and learnability under (, δ)-Differential Privacy later in Section 6.

and Eh∼A(Zi ) R̂(h, Zi ) ≥ 0.9 × 1 = 0.9, which violates the “always AERM” condition that
requires Eh∼A(Z1 ) R̂(h, Z1 ) < 0.1. Therefore, the problem is not privately learnable.

It follows that P(A(Zi ) ∈ [hi − η/3, hi + η/3]) > 0.9 otherwise Eh∼A(Zi ) R̂(h, Zi ) ≥ 0.1,
therefore
P(A(Z1 ) ∈
/ [h1 − η/3, h1 + η/3]) ≥ K exp(−n)0.9 ≥ 0.9,
(5)

P(A(Z1 ) ∈ [hi − η/3, hi + η/3]) ≥ exp(−n)P(A(Zi ) ∈ [hi − η/3, hi + η/3]).

since these intervals are disjoint. Then by the definition of -DP,

P(A(Z1 ) ∈
/ [h1 − η/3, h1 + η/3]) ≥

Now consider Z1 ,

Learning with Differential Privacy
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Algorithm 1 Exponential Mechanism for regularized ERM
Input: Data points Z = {z1 , ..., zn } ∈ Z n , loss function `, regularizer gn , privacy
parameter (n) and a hypothesis space H.
Pn
1. Construct utility function q(h, Z) := − n1 i=1
`(h, zi ) − gn (h), and its sensitivity
∆q := suph∈H,d(Z,Z 0 )=1 |q(h, Z) − q(h, Z 0 )| ≤ n2 suph∈H,z∈Z |`(h, z)| .

Wang, Lei and Fienberg

h∈H

n

i=1

1X
`(h, zi ) + gn (h).
n

16

(8)

(9)
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where F (h, Z) is the regularized empirical risk function defined in (8). In particular, we
assume the following conditions:

h∈H

SZ,t = {h ∈ H | F (Z, h) ≤ t + inf F (Z, h)} ,

Using the characterization results developed so far, we are able to give sufficient conditions for
consistency of private learning algorithms without having to establish uniform convergence.
Define the sublevel set as

Our generic algorithm for differentially private learning is summarized in Algorithm 1. It
applies the exponential mechanism (McSherry and Talwar, 2007) to penalized ERM. We
R
(n)
note that this algorithm implicitly requires that H exp( 2∆q
q(h, Z))dh < ∞, otherwise the
distribution is not well-defined and it does not make sense to talk about differential privacy.
In general, if H is a compact set with a finite volume (with respect to a base measure, such as
the Lebesgue measure or counting measure), then such a distribution always exists. We will
revisit this point and discuss the practicality of this assumption in the Section 5.3.

The first term is empirical risk and the second term vanishes as n increases so that this
estimator is asymptotically ERM. The same formulation has been studied before in the
context of differentially private machine learning (Chaudhuri et al., 2011; Kifer et al., 2012),
but our focus is more generic and does not require the objective function to be convex,
differentiable, continuous, or even have a finite dimensional Euclidean space embedding,
hence covers a larger class of learning problems.

minimize F (Z, h) =

Now we describe a generic and practical class of private learning algorithms, based on the
idea of minimizing the empirical risk under privacy constraint:

4. Private learning for penalized ERM

It is of course impossible to minimize the supremum over any data Z, nor is it possible to
efficiently search over the space of all algorithms, let alone DP algorithms. But conceptually, this formulation may be of interest to theoretical questions related to the search of
private learning algorithms and the fundamental limit of machine learning under privacy
constraints.

(n)
2. Sample h ∈ H with probability P(h) ∝ exp( 2∆q
q(h, Z)).
Output: h.

Proof Let the learning problem be that in Example 1 and D be the class of all continuous
distributions defined on [0, 1]. Consider The learning algorithm A(Z) always returns h = ∅.
The optimal risk for any continuous distribution is 1 because any finite subset is of measure
0, output ∅ is 0-consistent and 0-generalizing, but not AERM, since the minimum empirical
risk is 0. A is also 0-differentially private, therefore the problem is privately D-learnable for
D being the set of all continuous distributions.
However, it is not privately D-learnable via an AERM, i.e., no private AERM algorithm
exists for this problem. We prove this by contradiction. Assume an -DP AERM algorithm
exists, the subsampling lemma ensures the existence of an (n)-DP AERM algorithm A0
with (n) → 0. A0 is therefore generalizing by stability, and it follows that the A0 has
risk Eh∼A0 (Z) R(h) converging to 0. But there is no h ∈ H such that R(h) < 1, giving the
contradiction.

h∈H

Interestingly, this problem is D-learnable via a non-private AERM algorithm, which always
outputs h = Z. This is 0-consistent, 0-AERM but not generalizing. This example suggests
that D-learnability and learnability are quite different because for learnable problems, if an
algorithm is consistent and AERM, then it must also be generalizing (Shalev-Shwartz et al.,
2010, Theorem 10).
3.5 A generic learning algorithm

Z∈Z n

 + sup

h∈H

(7)

The characterization of private learnability suggests a generic (but impractical) procedure
that learns all privately learnable problems (in the same flavor as the generic algorithm in
Shalev-Shwartz et al. (2010) that learns all learnable problems). This is to solve



Eh∼A(Z) R̂(h, Z) − inf R̂(h, Z) ,
(6)
argmin

(A, ) :
A : Z n → H,
A is -DP

D∈D

or to privately D-learn the problem when (6) is not feasible



 + sup EZ∼Dn Eh∼A(Z) R̂(h, Z) − inf R̂(h, Z) .
argmin

(A, ) :
A : Z n → H,
A is -DP

Theorem 16 Assume the problem is learnable. If the problem is private learnable, (6) will
always output a universally consistent private learning algorithm. If the problem is private
D-learnable, (7) will always output a D-universally consistent private learning algorithm.
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Proof If the problem is private learnable, by Theorem 7 there exists an algorithm A that
is (n)-DP and always AERM with rate ξ(n) and (n) + ξ(n) → 0. This A is a witness
in the optimization so we know that any minimizer of (6) will have a objective value that
is no greater than (n) + ξ(n) for any n. Corollary 9 concludes its universal consistency.
The second claim follows from the characterization of private D-learnability in Theorem 15.

15

h∈H
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In particular, if (n) = o(1), suph∈H |gn (h)| = o(1) and log K + ρ log n = o(n(n)) for all D
(in D) Algorithm 1 privately learns (D-learns) the problem.

We give an illustration of the proof in Figure 3. The detailed proof, based on the stability
argument (Shalev-Shwartz et al., 2010), is deferred to Appendix A.5.

This shows that condition A2 holds for a large class of low-dimensional problems of interest
in machine learning and one can learn the problem privately without actually needing
to find a covering set algorithmically. Specifically, the example includes many practically
used methods such as logistic regression, linear SVM, ridge regression, even multi-layer
neural networks, since the loss functions in these methods are jointly bounded in (Z, h) and
Lipschitz in h.

consistent.

and Condition A.2 holds with K = µ(H)βp−1 Ld , ρ = d. Furthermore, if we take (n) =
q

q
d(log L+log n)+log(µ(H)/βp )
d(log L+log n)+log(µ(H)/βp )
,
the
algorithm
is
O
+
sup
|g
(h)|
n
n
n

µ(St ) ≥ βp (t/L)d

Then for sufficiently small t, we have Lebesgue measure

|F (Z, h) − F (Z, h0 )| ≤ Lkh − h0 kp .

Example 4 (Lipschitz functions/Hölder class) Let H be a compact, βp -regular subset
of Rd satisfying µ(B ∩ H) ≥ βp µ(B) for any `p ball B ⊂ Rd that is small enough. Assume
that F (Z, ·) is L-Lipschitz on H: for any h, h0 ∈ H,

since there are at least 1 optimal hypothesis for each function and now µ is the counting
measure. In other word, we can take K p
= 2M and ρ = 0 in the (11). Plug this into
the expression and take gn ≡ 0, (n) = (M + log n)/n, we get a rate of consistency
√ n ). In addition, if we can find a data-independent covering set for a
ξ(n) = O( M +log
n
continuous space, then we can discretize the space and the result same results follow. This
observation will be used in the construction of many private learning algorithms below.

µ(St )/µ(H) ≥ |H|−1 = 2−M ,

Example 3 (Finite discrete H) Suppose H can be fully encoded by M -bits, then

We start from a few cases where Algorithm 1 is universally consistent for all distributions.

4.1 Examples of privately learnable problems

To see that Theorem 17 actually contains a large number of problems in the general learning
setting. We provide concrete examples that satisfy A1 and A2 below for both privately
learnable and privately D-learnable problems that can be learned using Algorithm 1.

Wang, Lei and Fienberg

The example also raises an interesting observation that while differentially private classification is not possible in a distribution-free setting for 0-1 loss function (Chaudhuri and
Hsu, 2011), it is learnable under smoother surrogate loss, e.g., logistic loss or hinge loss. In
other words, private learnability and computational tractability both benefit from the same
relaxation.

Theorem 17 (General private learning) Let (Z, H, `) be any problem in the general
learning setting. Suppose we can choose gn such that A.1 and A.2 are satisfied with
(ρ, K, gn , n0 , t0 ) for a distribution D, then Algorithm 1 satisfies (n)-privacy and is consistent
with rate
9[log K + (ρ + 2) log n]
ξ(n) =
+ 2(n) + sup |gn (h)|.
(11)
n(n)
h∈H

The first condition of boundedness is common. It is assumed in Vapnik’s characterization
for ERM learnability and Shalev-Shwartz et al.’s general characterization of all learnable
problems. In fact, we can always consider H to be a sublevel set such that the boundedness
condition holds. For the second condition, the intuition is that we require the sublevel set
to be large enough such that the sampling procedure will return a good hypothesis with
large probability. µ(St ) is a critical parameter in the utility guarantee for the exponential
mechanism (McSherry and Talwar, 2007). Also, it is worth pointing out that A2 implies
that the exponential distribution is well-defined.

where K = K(n), ρ = ρ(n) satisfy log K + ρ log n = o(n). Here the measure µ may
depend on context, such as Lebesgue measure (H is continuous) or counting measure (H is
discrete).

A2. Sublevel set condition: There exist constant positive integer n0 , positive real number
t0 , and a sequence of regularizer gn satisfying suph∈H |gn (h)| = o(n), such that for any
0 < t < t0 , n > n0


 ρ
µ(H)
1
EZ∼Dn
≤K
,
(10)
µ(SZ,t )
t

A1. Bounded loss function: 0 ≤ `(h, z) ≤ 1 for any h ∈ H, z ∈ Z.

Figure 3: Illustration of Theorem 17: conditions for private learnability in general learning
setting.

Learning with Differential Privacy

The Lipschitz condition still requires the dimension of the hypothesis space to be o(n). Thus
it does not cover high-dimensional machine learning problems where d  n, nor does it
contain the example of Shalev-Shwartz et al. (2010) that ERM fails.

Learning with Differential Privacy

Wang, Lei and Fienberg

20

JMLR 17(183):1-40

In the general learning setting, the problem is still open. We were not able to prove that
private learnability implies uniform convergence, but we could not construct a counter
example either. All our examples in this section do implicitly or explicitly uses uniform
convergence, which seems to hint at a positive answer.

In binary classification with discrete domain (agnostic PAC Learning), since VC-dimension
being finite characterizes the class of privately PAC learnable problems, the necessity of
uniform convergence is clear. This could also be more explicitly seen from Beimel et al.
(2013a) where the probabilistic representation dimension is a form of uniform convergence
on its own.

A key point in Shalev-Shwartz et al. (2010) is that the learnability (by any algorithm)
in general learning setting is no longer characterized by variants of uniform convergence.
However, the class of privately learnable problems is much smaller. Clearly, uniform
convergence is not sufficient for a problem to be privately learnable (see Section 3.3), but is
it necessary?

Uniform convergence requires that EZ∼Dn suph∈H |R̂(h, Z) − R(h)| → 0 for any distribution
D with a distribution independent rate. Most machine learning algorithms rely on uniform
convergence to establish consistency result (e.g., through complexity measure such as VCdimension, Rademacher Complexity, covering and bracketing numbers and so on). In fact,
the learnability of ERM algorithm is characterized by the one-sided uniform convergence
(Vapnik, 1998), which is only slightly weaker than requiring uniform convergence on both
sides.

4.3 Discussion on uniform convergence and private learnability

is a valid set of distributions and we are able to D-privately learn this problem whenever
we can construct a sufficiently small cover set with respect to D∗ and reduce the problem
to Example 3. This class of problems includes high-dimensional and infinity dimensional
problems such as density estimation, nonparametric regression, kernel methods and essentially
any other problems that are strictly learnable (Vapnik, 1998), since they are characterized by
one-sided uniform convergence (and the corresponding entropy condition).

D = {D = (Z, F, P) | PD (z ∈ A) ≤ cPD∗ (z ∈ A) for ∀A ∈ F}

The same idea can be applied to the general learning setting. For any fixed reference
distribution D∗ defined on Z and constant c,

that there exists a data-independent reference distribution D∗ , which by multiplying a fixed
constant on its density, uniformly dominates any distributtion of interest. This essentially
produces a subset of distributions D. The consequence is that one can build an -net of H
with metric defined on the risk under D∗ and this will also be a (looser) covering set of any
distribution D ∈ D, thereby learning the problem for any distribution in the set.

For high dimensional problems where d grows with n, typically some assumptions or
restrictions need to be made either on the data or on the hypothesis space (so that it
becomes essentially low-dimensional). We give one example here for the problem of sparse
regression.
Example 5 (Best subset selection) Consider H = {h ∈ Rd : khk0 < s, khk2 ≤ 1}
 and
let `(h, z) be an L-Lipschitz loss function. The solution can only be chosen from ds < ds
different s-dimensional subspaces. We can apply Algorithm 1 twice to first sample a support
set S with utility function being the − minh∈HS F (Z, h), and then sample a solution in the
chosen s-dimensional subspace. By the composition theorem this two-stage procedure is
differentially private. Moreover,
by the arguments in Example 3 and Example 4 respectively,
s
we have an µ(St ) ≥ d1 for the subset selection and µ(St ) ≥ ( Lt )s for the low-dimensional
regression. Note that ρ = 0 in both cases and the dependency on the ambient dimension d is
on the logarithm. The first stage ensures that for the chosen support set S, minh∈HS F (Z, h)
d+log n
is close to minh∈H F (Z, h) by O( s logn(n)
) in expectation and ( the second stage ensures
that the sampled hypothesis from HS would have objective function close to minh∈HS F (Z, h)
s log L+s log n+log(µ(HS )/βp )
by O(
). This leads to an overall rate of consistency (they simply
n(n)
√
s(log d+log n+L)+log(µ(HS )/βp )
√
) if we choose (n) = 1/ n.
n
add up) of O(

4.2 Examples of privately D-learnable problems.
For problems where private learnability is impossible to achieve, we may still apply Theorem 17 to prove the weaker private D-learnability for some specific class of distributions.
Example 6 (Finite Representation Dimension in the General Learning Setting)
For binary classification problems with 0-1 loss (PAC learning), this has been well-studied. In
particular, Beimel et al. (2013a) characterized the sample complexity of privately learnable
problems using a combinatorial condition they call a “Probabilistic Representation”, which
basically involves finding a finite, data-independent set of hypotheses to approximate any
hypothesis in the class. Their claim is that if the “representation dimension” is finite,
then the problem is privately learnable, otherwise it is not. We can extend the notion of
probabilistic representation beyond the finite discrete and countably infinite hypothesis class
considered in Beimel et al. (2013a) to cases when the problem is not privately learnable (e.g,
learning threshold functions on [0, 1]). The existence of probabilistic representation for all
distributions in D would lead to a D-universally private learning algorithm.
Another way to define a class of distribution D is to assume the existence of a reference
distribution that is close to any distribution of interest as in Chaudhuri and Hsu (2011).
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Example 7 (Existence of a public reference distribution) To deal with the 0-1 loss
classification problems on a continuous hypothesis domain, Chaudhuri and Hsu (2011) assume
19



n
log(3/δ) + 1



+C

r

log(3/δ)
n
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Our proposed exponential sampling based algorithm is to establish a more explicit geometric
condition upon which AERM holds, hence the algorithm may not be computationally
tractable. Ignoring the difficulty of constructing the -covering set of an exponential number
of elements, sampling from the set alone is not a polynomial time algorithm. But we can
solve a subset of the continuous version of our Algorithm 1 described in Theorem 17 in
polynomial time to arbitrary accuracy (see also Bassily et al. (2014, Theorem 3.4)).
P
Proposition 19 If n−1 ni=1 `(h, zi ) + gn (h) is convex in h and H is a convex set, then the
sampling procedure in Algorithm 1 can be solved in polynomial time.
P
Proof When n−1 ni=1 `(h, zi ) + gn (h) is convex, the utility function q(h, Z) is concave
in h. The density to be sampled from in Algorithm 1 is proportional to exp( nq(h,Z)
) and
B
is log-concave. The Markov chain sampling algorithm in Applegate and Kannan (1991) is
guaranteed to produce a sample from a distribution that is arbitrarily close to the target
distribution (in the total variation sense) in polynomial time.

5.2 Efficient sampling algorithm for convex problems

for an absolute constant C with probability at least 1 − δ.

R(h) − R∗ ≤ eξ

The practical implication is that exponential mechanism is really only applicable to cases
when the hypothesis space H allows for definitions of densities in the usual sense, or then H
can be approximated by such a space. For example, a separable Hilbert space can be studied
by finite-dimensional projections. Also, we can approximate RKHS induced by translation
invariant kernels via random Fourier features (Rahimi and Recht, 2007).

Theorem 18 (High-confidence private learning) If an algorithm A privately learns a
problem with raten ξ(n)
parameter
(n), then the boosting algorithm A0 with
 and privacy

o
n
√
a = log 3δ is max  log(3/n)+1
, log(3/δ)+1
-differentially
private, its output h obeys
n

22
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1. Does the existence of an (, δ)-DP always AERM algorithm characterize the class of
approximately private learnable problems?

Specifically, we will consider two questions:

This is a completely different subject to study and the class of approximately privately
learnable problems could be substantially larger than the pure privately learnable problems.
Moreover, the picture may vary with respect to how small δ(n) is required to be. In this
section, we present our preliminary investigation on this problem.

Definition 21 (Approximately Private Learnability) We say a learning problem is
∆(n)-approximately privately learnable for some pre-specified family of rate ∆(n) if for some
 < ∞, δ(n) ∈ ∆(n), there exists a universally consistent algorithm that is (, δ(n))-DP.

We define a version of the problem to be

Ph∼A(Z) (h ∈ S) ≤ e Ph∼A(Z 0 ) (h ∈ S) + δ.

Definition 20 (Dwork et al., 2006a) An algorithm A obeys (, δ)-differential privacy if
for any Z, Z 0 such that d(Z, Z 0 ) ≤ 1, and for any measurable set S ⊂ H

Another way to weaken the definition of private learnability is through (, δ)-approximate
differential privacy.

6. Results for learnability under (, δ)-differential privacy

When H is finite, the existence is trivial. On the other hand, an infinite set H is tricky in

q(Z,h)
that there may not exist a proper distribution that satisfies P(h) ∝ e 2∆q
for at least
R

q(Z,h)
dh = ∞. Such
some q(Z, h). For instance, if H = R and q(Z, h) ≡ 1 then R e 2∆q
distributions that are only defined up to scale with no finite normalization constants are
called improper distributions. In case of finite dimensional non-compact set, this translates
into an additional assumption on the loss function and the regularization term.
Things get even trickier when H is an infinite dimensional space, such as a subset of a
Hilbert space. While probability measures can still be defined, no density function can be
defined on such spaces. Therefore, we cannot use exponential mechanism to define a valid
probability distribution.

As we mention earlier, the results in Section 4 based on the exponential mechanism implicitly assumes certain regularity conditions that ensures the existence of a probability
distribution.

5.3 Exponential mechanism in infinite domain

Wang, Lei and Fienberg

We have stated all results so far in expectation. We can easily convert these to the
high-confidence learning paradigm by applying Markov’s inequality, since convergence in
expectation to the minimum risk implies convergence in probability to the minimum risk.
While the 1/δ dependence on the failure probability δ is not ideal, we can apply a similar
meta-algorithm “boosting”(Schapire, 1990) as in Shalev-Shwartz et al. (2010, Section 7)
to get a log(1/δ) rate. The approach is similar to cross-validation. Given a pre-chosen
positive integer a, the original boosting algorithm randomly partitions the data into (a + 1)
subsamples of size n/(a + 1), and applies Algorithm 1 on the first a partitions, obtaining a
candidate hypotheses. The method then returns the one hypothesis with smallest validation
error, calculated using the remaining subsample. To ensure differential privacy, our method
instead uses the exponential mechanism to sample the best candidate hypothesis, where the
logarithm of sampling probability is proportional to the negative validation error.

5.1 High confidence private learning via boosting

5. Practical concerns

Learning with Differential Privacy
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2. Are all learnable problems approximately privately learnable for different choices of
∆(n)?
The minimal requirement in the same flavor of Definition 3 would be to require ∆(n) =
{δ(n)|δ(n) → 0}. The learnability problem turns out to be trivial under this definition due
to the following observation.
Lemma 22 For any algorithm A that acts on Z, A0 that runs A on a randomly chosen
√
subset of Z of size n is (0, √1n )-DP.
Proof Let Z and Z 0 be adjacent datasets that differs only in data point i. For any i and
any S ∈ σ(H).

= PI (A(ZI ) ∈ S|i ∈ I)P(i ∈ I) + PI (A(ZI0 ) ∈ S|i ∈
/ I)P(i ∈
/ I)

P(A0 (Z) ∈ S) = PI (A(ZI ) ∈ S|i ∈ I)P(i ∈ I) + PI (A(ZI ) ∈ S|i ∈
/ I)P(i ∈
/ I)
= P(A0 (Z 0 ) ∈ S) + [PI (A(ZI ) ∈ S|i ∈ I) − PI (A0 (ZI ) ∈ S|i ∈ I)]P(i ∈ I)

≤ P(A0 (Z 0 ) ∈ S) + P(i ∈ I)
1
= e0 P(A0 (Z 0 ) ∈ S) + √ .
n
√
This verifies the (0, 1/ n)-DP of algorithm A0 .

The above lemma suggests that if δ(n) = o(1) is all we need for the approximately private
learnability, then any consistent learning algorithm can be made approximately DP by simply
subsampling. In other words, any learnable problem is also learnable under approximate
differential privacy.
To get around this triviality, we need to specify a sufficiently fast rate of δ(n) going to 0.
While it is common to require that δ(n) = o(1/poly(n)) 2 for cryptographically strong privacy
protection, requiring δ(n) = o(1/n) is already enough to invalidate the above subsampling
argument and makes the problem of learnability a non-trivial one.
Again, the question is whether AERM characterizes approximately private learnability and
whether there is a gap between the class of learnable and approximately privately learnable
problems.
Here we show that the “folklore” Lemma 8 and subsampling lemma (Lemma 27) can be
extended to work with (, δ)-DP and then we provide a positive answer to the first question.

Lemma 23 (Stability of (, δ)-DP) If A is (, δ)-DP, and 0 ≤ `(h, z) ≤ 1, then A is
(e − 1 + δ)-Strongly Uniform RO-stable.
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2. Here the notation “o(1/poly(n))” means “decays faster than any polynomial of n”. A sequence a(n) =
o(1/poly(n)) if and only if a(n) = o(n−r ) for any r > 0.
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p(h) − p0 (h)dh ≤

E

Proof For any Z, Z 0 such that d(Z, Z 0 ) ≤ 1 and for any z ∈ Z. Let the event E = {h|p(h) ≥
p0 (h)},
Z
Z
Eh∼A(Z) `(h, z) − Eh∼A(Z 0 ) `(h, z) =
`(h, z)p(h)dh − `(h, z)p0 (h)dh
h
h
Z
Z
p(h) − p0 (h)dh = Ph∼A(Z) (h ∈ E) − Ph∼A(Z 0 ) (h ∈ E)
h,z

≤ sup `(h, z)

≤(e − 1)Ph∼A(Z 0 ) (h ∈ E) + δ ≤ e − 1 + δ.

The last line applies the definition of (, δ)-DP.

∼ E|i ∈ I)]

(12)

Lemma 24 (Subsampling Lemma of (, δ)-DP) If A is (, δ)-DP, then A0 that acts on
a random subsample of Z of size γn obeys (0 , δ 0 )-DP with 0 = log(1 + γe (e − 1)) and
δ 0 = γe δ.

Proof For any event E ∈ σ(H), let i be the coordinate where Z and Z 0 differs

Ph∼A0 (Z) (h ∈ E) = γPh∼A(ZI ) (h ∼ E|i ∈ I) + (1 − γ)Ph∼A(ZI ) (h ∼ E|i ∈
/ I)

=γPh∼A(ZI ) (h ∼ E|i ∈ I) + (1 − γ)Ph∼A(ZI0 ) (h ∼ E|i ∈
/ I)

∼ E|i ∈ I) −

Ph∼A(ZI0 ) (h

=γPh∼A(ZI ) (h ∼ E|i ∈ I) − γPh∼A(ZI0 ) (h ∼ E|i ∈ I) + γPh∼A(ZI0 ) (h ∼ E|i ∈ I)
∈ E) +

γ[Ph∼A(ZI ) (h

+ (1 − γ)Ph∼A(ZI0 ) (h ∼ E|i ∈
/ I)

=Ph∼A0 (Z 0 ) (h

≤Ph∼A0 (Z 0 ) (h ∈ E) + γ(e − 1)Ph∼A(ZI0 ) (h ∼ E|i ∈ I) + γδ,

where in last line, we apply (, δ)-DP of A.

It remains to show that Ph∼A(ZI0 ) (h ∼ E|i ∈ I) is similar to Ph∼A0 (Z 0 ) (h ∈ E). First,

I∈I2

Ph∼A0 (Z 0 ) (h ∈ E) = γPh∼A(Z 0 ) (h ∈ E|i ∈ I) + (1 − γ)Ph∼A(Z 0 ) (h ∈ E|i ∈
/ I).
(13)
I
I


n−1
Denote I1 = {I|i ∈ I}, I2 = {I|i ∈
/ I}. We known |I1 | = γn−1
, and |I2 | = n−1
and
γn
|I1 |/|I2 | = γn/(n − γn). For every I ∈ I2 there are precisely γn elements J ∈ I1 such
that d(I, J) = 1. Likewise, for every J ∈ I1 , there are n − γn elements I ∈ I2 such that
d(I, J) = 1. It follows by symmetry that if we apply (, δ)-DP to 1/γn of each I ∈ I2
and change I to their corresponding J ∈ I1 , then each J ∈ I1 will receive (n − γn)/γn
“contribution” in total from the sum over all I ∈ I2 .
1 X
Ph∼A(ZI0 ) (h ∈ E)
|I2 |
I∈I2 j=1

γn
1 XX 1
0 (h ∈ E)
P
|I2 |
γn h∼A(ZI )

/ I) =
Ph∼A(ZI0 ) (h ∈ E|i ∈

=

J∈I1
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|I | 1 X n − γn −
1
≥
e (Ph∼A(ZJ0 ) (h ∈ E) − δ)
|I2 | |I1 |
γn
J∈I1
1 X −
e (Ph∼A(ZJ0 ) (h ∈ E) − δ) = e− Ph∼A(ZI0 ) (h ∈ E|i ∈ I) − e− δ
|I1 |
=

24



h∼A0 (Z 0 ) (h



∈ E) + δ and substitute

i=1

n
X

e(i−1) δ ≤ en P(A(Z 0 ) ∈ S) + ne(n−1) δ.
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Proof The first claim follows from the same argument in Lemma 22. If a problem is
learnable, there exists a universally consistent learning algorithm A. The algorithm that

where the last inequality follows by K > exp(n) and δ(n) ≤ 0.4ne−n . This yields the same
contradiction to always AERM of A on Z1 , which requires P(A(Z1 ) ∈
/ [h1 − η/3, h1 + η/3]) <
0.1. Therefore, such AERM does not exist. By the contrapositive of Theorem 25, the
2 )n2 )
problem is not approximately privately learnable for δ̃(n) ≤ exp(−(n
.
n

P(A(Z1 ) ∈
/ [h1 − η/3, h1 + η/3]) ≥ K exp(−n)0.9 − Ke− nδ(n) ≥ 0.9 ≥ 0.5,

Then (5) becomes

P(A(Z1 ) ∈ [hi − η/3, hi + η/3]) ≥ exp(−n)P(A(Zi ) ∈ [hi − η/3, hi + η/3]) − nδ(n).

Everything up to (4) remains exactly the same. Now, apply the above implication of
(, δ)-DP, we can replace (4) for each i = 2, ..., K, by

Consider the same example in Section 3.3 where we hope to learn a threshold on [0, 1].
Assuming there exists an algorithm A that is universally AERM and ((n), δ(n))-DP for
(n) < ∞ and δ(n) ≤ 0.4ne−n .

P(A(Z 0 ) ∈ S) ≤ e−n P(A(Z 0 ) ∈ S) − e− nδ.

When we shift the inequality around, we get

P(A(Z) ∈ S) ≤ en P(A(Z) ∈ S) +

We now show that when we require a fast decaying δ(n), then suddenly the example in
Section 3.3 due to Chaudhuri and Hsu (2011) becomes not approximately privately learnable
even for (, δ)-DP. Let Z, Z 0 be two completely different data sets, by repeatedly applying
the definition of (, δ)-DP, for any set S ⊂ H

applies A on a δ̃(n)-fraction random subsample of the dataset is (0, δ̃(n))-DP and universally
consistent with rate ξ(nδ̃(n)). Since δ̃(n) = ω(1/n), nδ̃(n) → ∞.

Figure 4: Illustration of Proposition 26 and the open problem.
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• There exists a problem that is learnable but not ∆(n)-approximately privately learnable,
2 )n2 )
if δ̃(n) ≤ exp(−(n
n

• All learnable problems are ∆(n)-approximately privately learnable, if δ̃(n) = ω(1/n).

Proposition 26 Let ∆(n) = {δ(n)|δ(n) ≤ δ̃(n)} for some sequence δ̃(n) → 0. The following
statements are true.

The next question that whether any learnable problems are also approximately privately
learnable would depend on how fast δ(n) is required to decay. We know that when we only
have ∆(n) = o(1), all learnable problems are approximately privately learnable, and when
we have ∆(n) = {0}, only a strict subset of these problems is privately learnable. The
following result establishes that when δ(n) needs to go to 0 with a sufficiently fast rate,
there is separation between learnability and approximately private learnability.

Note that the results above suggest that in the two canonical settings ∆(n) = o(1/n) or
∆(n) = o(1/poly(n)), existence of a private AERM algorithm that satisfies the stronger
constraint (n) = o(1) characterizes the learnability.

To see the “only if” part, by definition if a problem is ∆(n)-approximately privately learnable
√
with  and δ(n) ∈ ∆(n). Then by Lemma 24 with γ = 1/ n, we get an algorithm that
obeys the privacy condition. It remains to prove always AERM, which requires exactly the
same arguments in the proof of Lemma 10. Details are omitted.

Proof If we have an always AERM algorithm with ξerm (n) that is ((n), δ(n))-DP for
δ(n) ∈ ∆(n). Then by Lemma 23, this algorithm is strongly uniform RO-stable with
rate e(n) − 1 + δ(n). By Theorem 28, the algorithm is universally consistent with rate
ξerm (n) + e(n) − 1 + δ(n). This establishes the “if” part.

Theorem 25 A problem is ∆(n)-approximately privately learnable implies that there exists
√
√
an always AERM algorithm that is ((n), n−1/2 e δ( n))-DP for some (n) → 0 and δ( n) ∈
√
∆(n). The converse is also true if n−1/2 e δ( n) ∈ ∆(n).

Using the above two lemmas, we are able to establish the same result which says that AERM
characterizes the approximate private learnability for certain classes of ∆(n).

which concludes the proof.

Ph∼A0 (Z) (h ∈ E) ≤ (1 + γe (e − 1))Ph∼A0 (Z 0 ) (h ∈ E) + γδ + γ(e − 1)δ,



We further relax the upper bound to a simple form
into (12), we have

e P

1
(1 − γ)e−
0
0 (h ∈ E) +
Ph∼A(ZI0 ) (h ∈ E|i ∈ I) ≤
P
δ.
γ + (1 − γ)e− h∼A (Z )
γ + (1 − γ)e−

Substitute into (13), we get
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The bound can be further improved to exp(−(n)n)/n if we directly work with universal
consistency on various distributions rather than through always AERM on specific data
points. Even that is likely to be suboptimal as there might be more challenging problems
and less favorable packings to consider.
The point of this exposition, however, is to illustrate that (, δ)-DP alone does not close the
gap between learnability and private learnability. Additional relaxation on the specified rate
of decay on δ does. We now know that the phase transition occurs when δ(n) is somewhere
between Ω(exp(−n2 log n)) and O(1/n); but there is still a substantial gap between the
upper and lower bounds. 3 .

7. Conclusion and future work
In this paper, we revisited the question “What can we learned privately?” and considered
a broader class of statistical machine learning problems than those studied previously.
Specifically, we characterized the learnability under privacy constraint by showing any
privately learnable problems can be learned by a private algorithm that asymptotically
minimizes the empirical risk for any data, and the problem is not privately learnable
otherwise. This allows us to construct a conceptual procedure that privately learns any
privately learnable problem. We also propose a relaxed notion of private learnability called
private D-learnability, which requires the existence of an algorithm that is consistent for any
the distribution within a class of distributions D. We characterized private D-learnability too
with a weaker notion of AERM. For problems that can be formulated as penalized empirical
risk minimization, we provide a sampling algorithm with a set of meaningful sufficient
conditions on the geometry of the hypothesis space and demonstrate that it covers a large
class of problems. In addition, we further extended the characterization to learnability under
(, δ)-differential privacy and provided a preliminary analysis which establishes the existence
of a phase transition from all learnable problems being approximately private learnable to
some learnable problems being not approximately private learnable at some non-trivial rate
of decay on δ(n).
Future work includes understanding the conditions under which privacy and AERM are
contradictory (recall that we only have one example on learning thresholding functions due
to Chaudhuri and Hsu 2011), characterizing the rate of convergence, searching for practical
algorithms that generically learns all privately learnable problems, and better understanding
the gap between learnability and approximate private learnability.
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3. After the paper was accepted for publication, we became aware that the phase transition occurs sharply
at O(1/n). The result follows from a sharp lower bound of sample complexity in learning threshold
functions in Bun (2016, Theorem 4.5.2), which improves over a previously published result that requires
O(n−1−α ) for any α > 0 in Bun et al. (2015). The consequence is that the general learning setting is
hard for (, δ)-DP too unless δ becomes meaninglessly large for privacy purposes.
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Appendix A. Proofs of technical results

In this appendix, we provide detailed proofs to the technical results that in the main
text.
A.1 Privacy in subsampling

A0 that apply
Proof [Proof of Lemma 4] Let A be the consistent -DP algorithm. Consider
√
√
A to a random subsample of b nc data points. By Lemma 27 with γ = b nnc ≤ √1n , we get
the privacy claim. For the consistency claim, note that the given sample is an iid sample of
√
size n from the original distribution.

Lemma 27 (Subsampling theorem) If Algorithm A is -DP for Z ∈ Z n for any n =
1, 2, 3, ..., then the algorithm A0 that output the result of A to a random subsample of size
γn data points preserves 2γ(e − e− )-DP.

Proof [Proof of Lemma 27 (Subsampling theorem)] This is a corollary of Lemma 4.4 in
Beimel et al. (2014). To be self-contained, we reproduce the proof here in our notation.

Recall that A0 is the algorithm that first randomly subsample γn data points then apply
A. Let Z and Z 0 be any neighboring databases and assume they differ on the ith data
point. Let S ⊂ [n] be the indices of the random subset of the entries that are selected, and
R ⊂ [n]\{i} be a index size of size γn − 1. We apply the law of total expectation twice and
argue that for any adjacent Z, Z 0 , any event E ⊂ H,

γPh∼A(ZS ) (h ∈ E|i ∈ S) + (1 − γ)Ph∼A(ZS ) (h ∈ E|i ∈
/ S)
Ph∼A0 (Z) (h ∈ E)
=
Ph∼A0 (Z 0 ) (h ∈ E)
γPh∼A(ZS0 ) (h ∈ E|i ∈ S) + (1 − γ)Ph∼A(ZS0 ) (h ∈ E|i ∈
/ S)


P
R∈[n]\{i} P(R) γPh∼A(ZS ) (h ∈ E|S = R ∪ {i}) + (1 − γ)Ph∼A(ZS ) (h ∈ E|S = R ∪ {j}, j 6= i)
h
i
γPh∼A(ZS0 ) (h ∈ E|S = R ∪ {i}) + (1 − γ)Ph∼A(ZS0 ) (h ∈ E|S = R ∪ {j}, j 6= i)

R∈[n]\{i} P(R)

=P

=

γe +1−γ
γe− +1−γ

1+γ(e −1)
.
1+γ(e− −1)
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=

By the given condition that A is -DP, we can replace R ∪ {i} with R ∪ {j} for an arbitrary
j with bounded changes in the probability and the above likelihood ratio can be upper
bounded by

(γe +1−γ)ER∈[n]\{i},j6=i Ph∼A(ZS ) (h∈E|S=R∪{j})
(γe− +1−γ)ER∈[n]\{i},j6=i Ph∼A(ZS ) (h∈E|S=R∪{j})
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for − 1 ≤ x ≤ 0

for 0 ≤ x < ∞

Z,Z (i) ∈Z n ,d(Z,Z (i) )=1,z 0 ∈Z

sup

i=1

Eh∼A(Z) `(h, z 0 ) − Eh∼A(Z (i) ) `(h, z 0 ) ≤ ξ1 (n) ,

i=1

!

Proof [Proof of Corrollary 9] It follows by combining

JMLR 17(183):1-40
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We will show the following the two steps as in Shalev-Shwartz et al. (2010)

Proof

Stability + AERM ⇒ consistency

Theorem 28 (Randomized version of Shalev-Shwartz et al. 2010, Theorem 8)
If any algorithm is ξ1 (n)-stable and ξ2 (n)-AERM then it is consistent with rate ξ(n) =
ξ1 (n) + ξ2 (n).

Necessity Proof [Proof of Lemma 10] We construct an algorithm A0 by subsampling the
√
data points using a random subset of n and then running A. The privacy claim follows
from Lemma 27 directly.

Privacy + AERM ⇒ consistency
Lemma 8 and Theorem 28.

≤ ξ1 (n) + ξ2 (n) .

≤ EZ∼Dn [Eh∈A(Z) R(h) − Eh∈A(Z) R̂(h, Z)] + EZ∼Dn [Eh∈A(Z) R̂(h, Z) − R̂∗ (Z)]

= EZ∼Dn [Eh∈A(Z) R(h) − Eh∈A(Z) R̂(h, Z)] + EZ∼Dn [Eh∈A(Z) R̂(h, Z) − R̂(h∗ , Z)]

EZ∼Dn [Eh∈A(Z) R(h) − R∗ ] = EZ∼Dn [Eh∈A(Z) R(h) − R̂(h∗ , Z)]

where Z (i) is obtained by replacing the ith entry of Z with zi0 . Next, we show that
“generalization and AERM implies consistency”. Let h∗ ∈ arg inf h∈H R(h). By definition, we
have EZ∼Dn R̂(h∗ , Z) = R∗ . It follows that

≤

i=1

!
n
X
1
Eh∼A(Z)
`(h, zi )
n

n
n
1X
1X
Eh∼A(Z) `(h, zi0 ) −
Eh∼A(Z (i) ) `(h, zi0 )
n
n

Ez∼D Eh∼A(Z) `(h, z) −

= EZ∼Dn ,{z10 ,...,zn0 }∼Dn

= EZ∼Dn

To show that “stability implies generalization”, we have


EZ∼Dn Eh∼A(Z) R(h) − Eh∼A(Z) R̂(h, Z)

The definition of these quantities is self-explanatory.

2. AERM + On average generalization ⇒ consistency

1. Uniform RO stability ⇒ On average stability ⇔ On average generalization

Wang, Lei and Fienberg

To prove the “always AERM” claim, we adapt the proof of Lemma 24 in Shalev-Shwartz
et al. (2010). For any fixed data set Z ∈ Z n ,
h
i
R̂(A0 (Z), Z) − R̂∗ (Z) = EZ 0 ⊂Z,|Z 0 |=b√nc R̂(A(Z 0 ), Z) − R̂∗ (Z)
h
i
= EZ 0 ∼Unif(Z)b√nc R̂(A(Z 0 ), Z) − R̂∗ (Z)| no duplicates
h
i
EZ 0 ∼Unif(Z)b√nc R̂(A(Z 0 ), Z) − R̂∗ (Z)
≤
,
P(no duplicates)

For  < 1 we have exp() − 1 < 2.

p(h)≥p0 (h)

Eh∼A(Z) `(h, z) − Eh∼A(Z 0 ) `(h, z)
Z
Z
Z
=
`(h, z)p(h)dh − `(h, z)p0 (h)dh =
`(h, z)(p(h) − p0 (h))dh
h
h
h
Z
Z
p(h)
− 1)dh
≤ sup |`(h, z)|
p(h) − p0 (h)dh ≤ 1 ·
p0 (h)( 0
p (h)
h,z
p(h)≥p0 (h)
p(h)≥p0 (h)
Z
≤(e − 1)
p0 (h)dh ≤ (e − 1).

Proof [Proof of Lemma 8] Construct Z 0 by replacing an arbitrary data point in Z with z 0 and
let the probability density/mass defined by A(Z) and A(Z 0 ) be p(h) and p0 (h) respectively,
then we can bound the stability as follows

Privacy implies stability Lemma 8 says that an -differentially private algorithm is
(e − 1)-stable (and also 2-stable if  < 1).

A.2 Characterization of private learnability

to upper bound the expression.

log(1 + x) ≤

x2+x
≤x
21+x
x2+x
x
log(1 + x) ≥
≥
21+x
1+x

Note that  > 0 implies that −1 ≤ e− − 1 < 0 and 0 < e − 1 < ∞. The result follows by
applying the property of the natural logarithm:

By definition, the privacy loss of the algorithm A0 is therefore


0 ≤ log (1 + γ[e − 1]) − log 1 + γ e− − 1 .
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where Unif(Z) is the uniform distribution defined on the n points in Z. We need to
condition on the event that there are no duplicates for the second equality to hold because
Z 0 is a subsample taken without replacements. The last inequality is by the law of total
expectation and the non-negativity
of the conditional expectation. But P(no duplicates) =
Qb√nc−1
Pb√nc−1
(1 − i/n) ≥ 1 − i=0
i/n ≥ 1/2. By universal consistency, A is consistent on
i=0
the discrete uniform distribution defined on Z, so
h
i
√
R̂(A(Z 0 ), Z) − R̂∗ (Z) ≤ 2ξ( n).
R̂(A0 (Z), Z) − R̂∗ (Z) ≤

2EZ 0 ∼Unif(Z)bnc

√
It is obvious that A0 is consistent with rate n as it applies A on a random sample of size
√
n. By Lemma 4, A0 is 2n−1/2 (e − e− ) differentially private. By Corollary 9, the new
algorithm A0 is universally consistent.

A.3 Proofs for Section 3.3
Proof [Proof of Proposition 11] If A(Z) is a continuous distribution, we can pick h ∈ H at
any point where A(Z) has finite density and set A0 (Z)|z ∈ Z to be h with probability 1/n
and the same as A(Z) with probability 1 − 1/n. This breaks privacy because conditioned
on two databases with z or without z, A, the probability ratio of outputting h is ∞.

h∈A(Z )

If A(Z) is a discrete distribution or a mixed distribution, it must have the same support of
P
(h)
the point mass for all Z. Otherwise it violates DP because we need Ph∈A(Z) 0 ≤ exp(n) for
any Z, Z 0 ∈ Z n . Specifically, let the discrete set of point mass be H̃ if H\H̃ 6= ∅, then we
can use the same technique as in the continuous case by adding a small probability 1/n on
H\H̃ when z ∈ Z.

If H̃ = H, then H is a discrete set, if |H| < n, then by boundedness and Hoeffding, ERM is
a deterministic algorithm that learns any learnable problem. On the other hand, if |H| > n,
then by pigeon hole principle, there always exists a hypothesis h that has probability smaller
than 1/n in A(Z) for any Z ∈ Z n and we can construct A0 by outputting a sample of A(Z)
if z is not observed and outputting a sample A(Z)|A(Z) 6= h whenever z is observed.
The consistency of A0 follows easily as its risk is at most 1/n larger than that of A.

A.4 Proofs for characterization of private D-learnability
Proof [Proof of Lemma 14] Let A0 be the algorithm that applies A to a random subsample
√
of size b nc. If we can show that, for any D ∈ D,
(a) the empirical risk of A0 converges to the the optimal population risk R∗ in expectation;
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(b) the empirical risk of the ERM learning rule also converges to R∗ in expectation,
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(14)

then by triangle inequality, the empirical risk of A0 must also converge to the empirical risk
of ERM, i.e., A0 is D-universal AERM.

We will start with (a). For any distribution D ∈ D, we have
h
i
EZ∼Dn R̂(A0 (Z), Z) = EZ∼Dn EZ 0 ⊂Z,|Z 0 |=b√nc R̂(A(Z 0 ), Z)

 √

√
b nc
n − b nc
√
√
R̂(A(Z 0 ), Z 0 ) + E
R̂(A(Z 0 ), Z 00 )
=E
n−b
b
nc
nc
00
0
Z
∼D
Z
∼D
n
n
 √

√
√
b nc
1
n − b nc
R(A(Z 0 )) ≤ √ + R∗ + ξ( n).
R̂(A(Z 0 ), Z 0 ) +
n
n
n
=EZ 0 ∼Db√nc

The last inequality uses the boundedness of the loss function to get R̂(A(Z 0 ), Z 0 ) ≤ 1 and
the D-consistency of A to bound the excess risk of EZ 0 R(A(Z 0 )).

↑

Generalization of B

↓

Consistency of B

↑

EZ∼Dn R̂∗ (Z) ≈ EZ∼Dn R̂(B(Z), Z) ≈ R(B(Z)) ≈ R∗ .
AERM of B

To show (b), we need to exploit the assumption that the problem is (non-privately) learnable.
By Shalev-Shwartz et al. (2010, Theorem 7), the problem being learnable implies that
there exists a universally consistent algorithm B (not restricted to D), that is universally
1
AERM with rate 3ξ 0 (n 4 ) + √8n and stable with rate √2n . Moreover, by Shalev-Shwartz
et al. (2010, Theorem 8), B’s stability and AERM implies that B is also generalizing,
1
with rate 6ξ 0 (n 4 ) + √18n . Here the term “generalizing” means that the empirical risk is
close to the population risk. Therefore, we can establish (b) via the following chain of
approximations

More precisely,
EZ∼Dn R̂∗ (Z) − R∗

(15)

√
+ ξ( n) as

≤ EZ∼Dn R̂∗ (Z) − EZ∼Dn R̂ + EZ∼Dn R̂ − R(B(Z), Z) + |R(B(Z), Z) − R∗ |

37
√
n

1
1
1
1
8
18
10
36
≤[3ξ 0 (n 4 ) + √ ] + [6ξ 0 (n 4 ) + √ ] + [3ξ 0 (n 4 ) + √ ] = 12ξ(n 4 ) + √ .
n
n
n
n

Combine (14) and (15), we obtain the AERM of A0 with rate 12ξ 0 (n1/4 ) +
required. The privacy of A0 follows from Lemma 27.

A.5 Proof for Theorem 17
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We first present the proof for Theorem 17. Recall that the roadmap of the proof is summarized
in Figure 3.

For readability, we denote (n) by simply .

32

h∈H,d(Z,Z 0 )=1

sup

q(Z, h) − q(Z 0 , h) ≤

2
.
n
(16)

9[(ρ + 2) log n + log K]
.
n

(18)

(17)

nt

h∈H,Z∈Z

min

q(Z, h)EZ∼Dn p
n

33
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≥EZ∼Dn (−F ∗ − 2t) + (−1 − ζ(n)) n−2


8 (ρ + 2) log n + log(K)
− (1 + ζ(n)) n−2
≥ − EZ∼Dn F ∗ −
n


9 (ρ + 2) log n + log(K)
≥ − EZ∼Dn F ∗ −
.
n

EZ∼Dn Eh∼A(Z) q(Z, h) ≥EZ∼Dn (−F ∗ − 2t)(1 − p) +

Denote Ph∼A(Z) [q(Z, h) < −F ∗ − 2t] =: p, we can then bound the expectation from below
as follows:

EZ∼Dn Ph∼A(Z) [q(Z, h) < −F ∗ − 2t] ≤ Kt−ρ e− 4 = e− 4 +log K−ρ log t := e−γ .
(19)


4 (ρ+2) log n+log(K)
Take t =
, by the assumption that  < log n, we get log(nt) > 0. Substitute
n
t into the expression of γ we obtain
n
γ=
t − log K + ρ log t = 2 log n + ρ log(nt) ≥ 2 log n,
4
and therefore
EZ∼Dn Ph∼A(Z) [q(Z, h) < −F ∗ − 2t] ≤ n−2 .

nt

Apply (16), take expectation over the data distribution on both sides, and applying assumption A2, we get

∗


µ(H) − 2∆q
t
e
,
Ph∼A(Z) [q(Z, h) < −F − 2t] ≤
µ(St )

By Lemma 7 in McSherry and Talwar (2007) (translated to our case),

i

Proof By the boundedness of ` and g
1X
q(Z, h) = −
`(h, zi ) − gn (h) ≥ −(1 + ζ(n)).
n

EZ∼Dn Eh∼A(Z) q(Z, h) ≥ −EZ∼Dn F ∗ −

Lemma 29 (Utility) Assuming  < log n (otherwise the privacy protection is meaningless
anyway), if assumption A1, A2 hold for distribution D, then

Denote shorthand F ∗ := inf f ∈H F (Z, h) and q ∗ := −F ∗ , we can state an analog of the utility
theorem of the exponential mechanism in (McSherry and Talwar, 2007).

Then by McSherry and Talwar (2007, Theorem 6), Algorithm 1 that outputs h ∈ H with

P(h) ∝ exp( 2∆q
q(h, Z)) naturally ensures -differential privacy.

∆q =

P
Recall that the objective function is F (h, Z) = n1 ni=1 `(h, zi ) + gn (h) and the corresponding
utility function q(h, Z) = −F (h, Z). By the boundedness assumption, it is easy to show
that if we replace one data point in any Z with something else, then sensitivity
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R(h) − R∗ ≤ eξ(n).
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Let h ∼ A(Z) and Z ∼ Dn , by Markov’s inequality, with probability at least 1 − 1/e,

EZ∈Dn Eh∼A(Z) R(h) − R∗ ≤ ξ(n).

High confidence private learning. Proof [Proof of Theorem 18] The algorithm A
privately learns the problem with rate ξ(n) implies that

A.6 Proofs of other technical results

The above theorem shows that Algorithm 1 is asymptotic ERM. By Theorem 8, the fact
that this algorithm is -differential private implies that it is 2-stable. Now the proof follows
by applying Theorem 28 which says that stability and AERM of an algorithm certify its
consistency. Noting that this holds for any distribution D completes our proof for learnability
in Theorem 17.

9[(ρ + 2) log n + log(1/K)]
+ 2ζ(n).
≤
n
The last step applies Lemma 29 and suph |gn (h)| ≤ ζ(n) as in Assumption A2 by using the
fact that suph gn (h) − Egn (h) ≤ 2 suph |gn (h)| for any distribution of h the expectation is
taken over.

h

=EZ∼Dn (−F ∗ − Eh∼A(Z) q(Z, h)) + sup gn (h) − Eh∼A(Z) gn (h)

i

Proof This is a simple consequence of boundedness and Lemma 29.
h
i
EZ∼Dn Eh∼A(Z) R̂(h, Z) − R̂∗ (Z)
1X
1X
=EZ∼Dn Eh∼A(Z)
`(h, zi ) − EZ∼Dn inf
`(h, zi )
h n
n
i
i
"
#
1X
≤EZ∼Dn Eh∼A(Z)
`(h, zi ) + gn (h) − Eh∼A(Z) gn (h)
n
i
"
#
1X
− EZ∼Dn inf
`(h, zi ) + gn (h) + sup(gn (h))
h
n
h

Lemma 30 (Universal AERM) Assume A1 and A2, and  ≤ log n (so Lemma 29 holds),
then
h
i 9[(ρ + 2) log n + log(1/K)]
+ ζ(n).
EZ∼Dn Eh∼A(Z) R̂(h, Z) − R̂∗ (Z) ≤
n

Now we can say something about the learning problem. In particular, the AERM follows
directly from the utility result and stability follows from the definition of differential privacy.
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n
).
a+1

If we split the data randomly into a + 1 parts of size n/(a + 1) and run A on the first a
partitions, then we get hj ∼ A(Zj ). Then with probability at lest 1 − (1/e)a , at least one of
them has risk
(20)
min R(hj ) − R∗ ≤ eξ(

j∈[a]

log(2a/δ1 )
.
2n

(21)

Since the (a + 1)th partition are iid data, and ` is bounded, we can apply Hoeffding’s
inequality and union bound, so that with probability 1 − δ1 for all j = 1, ..., a + 1
r
R̂(hj , Za+1 ) − R(hj ) ≤

This means that if exponential mechanism picked the one with the best validation risk it
will be almost as good as the one with the best risk. Assume h1 is the one that achieves the
best validation risk.
Now it remains to bound the probability that exponential mechanism pick an h ∈ {h1 , ..., ha }
that is much worse than
h1 .

Recall that the utility function is the negative validation risk which depends only on the
last partition Ia+1 .
i∈Ia+1

X
1
q(X, h) =
`i (zi , h).
n/(a + 1)

(22)

This is in fact a random function of the data because we are picking the the validation set
Ia+1 randomly from the data. Suppose we arbitrarily replace one data point j from the
dataset, the distribution of the output of function q(Z, h) is a mixture of the two cases:
j ∈ Ia+1 and j ∈
/ Ia+1 . Since in the first case, q(Z, h) = q(Z 0 , h) for all h, sensitivity for this
case is 0. In the second case, by the boundedness assumption, the sensitivity is at most
2(a + 1)/n. For the exponential mechanism guarantee  differential privacy, it suffices to
take the sensitivity parameter to be 2(a + 1)/n.
By the utility theorem of the exponential mechanism,


8(η log n + log a)
≤ n−η .
P R̂(h) > R̂(h1 ) +
n/(a + 1)

n
)+
a+1

Combine (20)(21) and(22) we get
"
#
r
log(2a/δ1 ) 8(η log n + log a)
+
≤ n−η + δ1 + e−a .
2n
n/(a + 1)
P R(h) − R∗ > eξ(
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Now by appropriately choosing η = log(3/δ)/ log n, a = log(3/δ), δ1 = δ/3, we get
"
r
n
log(2 log(3/δ)) + log(3/δ)
P R(h) − R∗ > eξ(
)+
log(3/δ) + 1
2n
#
8(log(3/δ) + log log(3/δ))
≤δ
n/(log(3/δ) + 1)
+

35

log(3/δ)+1
√
,
n

we get the bound of the excess risk in the

Wang, Lei and Fienberg

combine the terms and take  =
theorem.

To get the privacy claim, note that we are applying A on disjoint partitions of the data so
the privacy parameter does not aggregate. Take o
the worst over all partitions, we get the
n


n
√
overall privacy loss max  log(3/n)+1
, log(3/δ)+1
as stated in the theorem.
n

The Lipschitz example. Proof [Proof of Example 4] Let h∗ ∈ argminh∈H F (Z, h), the
Lipschitz condition dictates that for any h,

|F (h) − F (h∗ )| ≤ Lkh − h∗ kp .

S̃t = {h | Lkh − h∗ kp ≤ t}.

Lkh − h∗ kp = |F̃ (h) − F̃ (h∗ )| = F̃ (h) − F̃ (h∗ ) ≤ t,

Choose a small enough t < t0 such that h is in the small neighborhood of h∗ , and we can
construct a function F̃ that within the sublevel set St , such that the above inequality (when
we replace F with F̃ ) is equality, then for any h ∈ St0 , F̃ (h) ≥ F (Z, h). Verify that the
sublevel set of F̃ (h), denoted by S̃t always contains St . In addition, we can compute the
measure µ(S̃t ) explicitly, since the function is a cone and
therefore

µ(St ) ≥ µ(S̃t ) ≥ βp µ (B(t/L)) = βp (t/L)d

Since H is βp -regular, µ(B ∩ H) ≥ βp µ(B) for any `p ball B ⊂ Rd , the measure of the
sublevel set can be lower bounded by βp times the volume of the `p ball with radius t/L and
since S̃t ⊆ St , we have
as required.

Appendix B. Alternative proof of Corollary 9 via Dwork et al. (2015b,
Theorem 7)

In this Appendix, we describe how the results in Dwork et al. (2015b) can be used to obtain
the forward direction of our characterization without going through a stability argument.
We first restate the result here in our notation:

Ez∼D φ(z) −

z∈Z

#
1X
φ(z) ≥ τ ≤ β.
n

JMLR 17(183):1-40

Lemma 31 (Theorem 7 in Dwork et al. 2015b) Let B be an -DP algorithm such that
given a dataset Z, B outputs a function from Z to [0, 1]. For any distribution D over
Z and random variable Z ∼ Dn , we let φ ∼ B(Z). Then for any β > 0, τ > 0 and
n ≥ 12 log(4/β)/τ 2 , setting  < τ /2 ensures
"
Pφ∼B(Z),Z∼Dn

36

and

z∈Z

`(h∗ , ·)

h∗

z∈Z

is an optimal hypothesis function. This wraps up the proof of

z∈Z

O(n−9/10 )

=

while through Lemma 31 and

10!2!
((n)n)10
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i=1

p
X

wi x i +
i=1 j>i

p X
p
X
hvi , vj ixi xj

xj

(1)

c 2016 Immanuel Bayer.
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2. http://www.kaggle.com/c/MusicHackathon
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z}|{
z}|{
interactions, as for example, encoding a sample as x = {· · · , 0, 1 , 0, · · · , 0, 1 , 0, · · · }
F
M
T
yields ŷ
(x) = w0 + wi + wj + vi vj which is equivalent to (biased) matrix factorization
Ri,j ≈ b0 + bi + bj + uTi vj (Srebro et al., 2004). Please refer to Rendle (2012b) for more
encoding examples. FM have been the top performing model in various machine learning
competitions (Rendle and Schmidt-Thieme, 2009; Rendle, 2012a; Bayer and Rendle, 2013)
with different objectives (e.g. What Do You Know? Challenge1 , EMI Music Hackathon2 ).
fastFM includes solvers for regression, classification and ranking problems (see Table 1) and
addresses the following needs of the research community: (i) easy interfacing for dynamic

xi

conforms to the standard notation for vector based ML. FM learn a factorized coefficient
hvi , vj i for each feature pair xi xj (eq. 1). This makes it possible to model very sparse feature

ŷ F M (x) := w0 +

w0 ∈ R, x, w ∈ Rp , vi ∈ Rk

This work aims to facilitate research for matrix factorization based machine learning (ML)
models. Factorization Machines are able to express many different latent factor models and
are widely used for collaborative filtering tasks (Rendle, 2012b). An important advantage
of FM is that the model equation

1. Introduction

Factorization Machines (FM) are currently only used in a narrow range of applications and
are not yet part of the standard machine learning toolbox, despite their great success in
collaborative filtering and click-through rate prediction. However, Factorization Machines
are a general model to deal with sparse and high dimensional features. Our Factorization
Machine implementation (fastFM) provides easy access to many solvers and supports regression, classification and ranking tasks. Such an implementation simplifies the use of
FM for a wide range of applications. Therefore, our implementation has the potential to
improve understanding of the FM model and drive new development.
Keywords: Python, MCMC, matrix factorization, context-aware recommendation

Editor: Cheng Soon Ong

University of Konstanz
78457 Konstanz , Germany

Immanuel Bayer

fastFM: A Library for Factorization Machines

Journal of Machine Learning Research 17 (2016) 1-5

2

JMLR 17(184):1-5

Loss
Square Loss
Probit (MAP), Probit, Sigmoid
BPR (Rendle et al., 2009)
Table 1: Supported solvers and tasks

Solver
ALS, MCMC, SGD
ALS, MCMC, SGD
SGD

3. CXSparse is LGPL licensed.
4. https://travis-ci.org/ibayer/fastFM-core

Task
Regression
Classification
Ranking

fastFM provides a range of solvers for all supported tasks (Table 1). The MCMC solver
implements the Bayesian Factorization Machine model (Freudenthaler et al., 2011) via Gibbs
sampling. We use the pairwise Bayesian Personalized Ranking (BPR) loss (Rendle et al.,
2009) for ranking. More details on the classification and regression solvers can be found in
Rendle (2012b).

2.2 Solver and Loss Functions

fastFM (Py)
Cython
CLI
fastFM-core (C)

FM are usually applied to very sparse design matrices, often with
a sparsity over 95 %, due to their ability to model interaction
between very high dimensional categorical features. We use the
standard compressed row storage (CRS) matrix format as underFigure 1: Library Archi- lying data structure and rely on the CXSparse3 library (Davis,
tecture
2006) for fast sparse matrix / vector operations. This simplifies the code and makes memory sharing between Python and C
straight forward.
fastFM contains a test suite that is run on each commit to the GitHub repository via a
continuous integration server4 . Solvers are tested using state of the art techniques, such as
Posterior Quantiles (Cook et al., 2006) for the MCMC sampler and Finite Differences for
the SGD based solvers.

2.1 fastFM-core

The fastFM library has a multi layered software architecture (Figure 1) that separates the
interface code from the performance critical parts (fastFM-core). The core contains the
solvers, is written in C and can be used stand alone. Two user interfaces are available: a
command line interface (CLI) and a Python interface. Cython (Behnel et al., 2011) is used
to create a Python extension from the C library. Both, the Python and C interface, serve
as reference implementation for bindings to additional languages.

2. Design Overview

and interactive languages such as R, Python and Matlab; (ii) a Python interface allowing
interactive work; (iii) a publicly available test suite strongly simplifying modifications or
adding of new features; (iv) code is released under the BSD-license allowing the integration
in (almost) any open source project.

Bayer

fastFM: A Library for Factorization Machines

2.3 Python Interface
The Python interface is compatible with the API of the widely-used scikit-learn library
(Pedregosa et al., 2011) which opens the library to a large user base. The following code
snippet shows how to use MCMC sampling for an FM classifier and how to make predictions
on new data.
fm = mcmc.FMClassification(init std=0.01, rank=8)
y pred = fm.fit predict(X train, y train, X test)
fastFM provides additional features such as warm starting a solver from a previous solution
(see MCMC example).
fm = als.FMRegression(init std=0.01, rank=8, l2 reg=2)
fm.fit(X train, y train)

3. Experiments
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libfm

fastFM

libFM5 is the reference implementation for FM and the only one that provides ALS and
MCMC solver. Our experiments show, that the ALS and MCMC solver in fastFM compare
favorable to libFM with respect to runtime (Figure 2) and are indistinguishable in terms of
accuracy. The experiments have been conducted on the MovieLens 10M data set using the
original split with a fixed number of 200 iterations for all experiments. The x-axis indicates
the number of latent factors (rank), and the y-axis the runtime in seconds. The plots show
that the runtime scales linearly with the rank for both implementations. The code snippet

1500

1000

500
●

2

5. http://libfm.org
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below shows how simple it is to write Python code that allows model inspection after
every iteration. The induced Python function call overhead occurs only once per iteration
and is therefore neglectable. This feature can be used for Bayesian Model Checking as
demonstrated in Figure 3. The figure shows MCMC summary statistics for the first order
hyper parameter σw . Please note that the MCMC solver uses Gaussian priors for the model
parameter (Freudenthaler et al., 2011).

Figure 2: A runtime comparison between fastFM and libFM is shown. The evaluation is done on
the MovieLens 10M data set.

runtime [s]

Bayer

fm = mcmc.FMRegression(n iter=0)
# initialize coefficients
fm.fit predict(X train, y train, X test)

for i in range(number of iterations):
y pred = fm.fit predict(X train, y train, X test, n more iter=1)
# save, or modify (hyper) parameter
print(fm.w , fm.V , fm.hyper param )

25

Trace of σw

50

Iterations

75

100

12

9

6

3

0

5.45

5.55

Density of σw

5.50

5.60

Many other analyses and experiments can be realized with a few lines of Python code
without the need to read or recompile the performance critical C code.

5.60
5.55
5.50
5.45
0

Figure 3: MCMC chain analysis and convergence diagnostics example for the hyperparameter σw
evaluated on the MovieLens 10M data set.

4. Related Work

Factorization Machines are available in the large scale machine learning libraries GraphLab
(Low et al., 2014) and Bidmach (Canny and Zhao, 2013). The toolkit Svdfeatures by Chen
et al. (2012) provides a general MF model that is similar to a FM. The implementations in
GraphLab, Bidmach and Svdfeatures only support SGD solvers and don’t provide a ranking
loss. It’s not our objective to replace these distributed machine learning frameworks: but to
be provide a FM implementation that is easy to use and easy to extend without sacrificing
performance.
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We provide a hierarchical Bayesian model for estimating the effects of transient drug exposures on a collection of health outcomes, where the effects of all drugs on all outcomes
are estimated simultaneously. The method possesses properties that allow it to handle
important challenges of dealing with large-scale longitudinal observational databases. In
particular, this model is a generalization of the self-controlled case series (SCCS) method,
meaning that certain patient specific baseline rates never need to be estimated. Further,
this model is formulated with layers of latent factors, which substantially reduces the number of parameters and helps with interpretability by illuminating latent classes of drugs and
outcomes. We believe our work is the first to consider multivariate SCCS (in the sense of
multiple outcomes) and is the first to couple latent factor analysis with SCCS. We demonstrate the approach by estimating the effects of various time-sensitive insulin treatments
for diabetes.
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The medical community, the pharmaceutical industry, and health authorities are obligated
to confirm that marketed medical products and prescription drugs have acceptable benefitrisk profiles; in fact, these entities have come under increasing scientific, regulatory, and
public scrutiny to accurately estimate the effects of drugs. The increasing availability of
large-scale longitudinal observational healthcare databases (LODs) opens up exciting new
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opportunities to add to the evidence base concerning these issues, though the complexity and
scale of some of the available databases presents interesting statistical and computational
challenges. In what follows we focus on using longitudinal observational databases to make
inference about the effects of many drugs with respect to many outcomes simultaneously.
Many research studies have attempted to characterize the relationship between timevarying drug exposures and adverse events (AEs) related to health outcomes (e.g., in Madigan et al., 2011; Greene et al., 2011; Benchimol et al., 2013; Simpson et al., 2013; Chui
et al., 2014) and the use of LODs to study individual drug-adverse effect combinations
has become routine. The medical literature provides many examples and many different
epidemiological and statistical approaches, often tailored to the specific drug and specific
adverse effect. There is a major flaw in these approaches of estimating the effect of one drug
on one outcome, which is that it is very clear that many drugs are closely related to each
other (there are dozens of antibiotics for instance), and many health outcomes are closely
related to each other (e.g., strokes, heart attacks, and other vascular diseases). In this work,
we borrow strength across both drugs and outcomes in order to obtain better estimates for
each individual drug and outcome. Since we are interested in the effects of drugs, and not
in the patient-specific baseline rate of the outcome, we use the ideas of the self-controlled
case series (SCCS) method of Farrington (1995), which is a conditional Poisson regression approach wherein each patient serves as his or her own control. The SCCS method
has been widely applied, especially in vaccine studies (see the tutorial of Whitaker et al.,
2006). SCCS controls for all fixed patient-level covariates but remains susceptible to timevarying confounding. The standard SCCS method focuses on one drug and one outcome.
Simpson et al. (2013) introduced the high-dimensional multiple self-controlled case series
(MSCCS) method that simultaneously provides effect estimates for multiple drugs and a
single outcome. In fact, the MSCCS provides a self-controlled approach that can control for
many time-varying covariates, drugs being a special case. Bayesian implementations of both
SCCS and MSCCS provide significant advantages, especially in high-dimensional settings
with thousands or even tens of thousands of drugs and outcomes and even larger numbers of
interactions. Suchard et al. (2013a) and Madigan et al. (2014) describe large-scale empirical
evaluations of SCCS and MSCCS in comparison with other standard methods for effect size
estimation.
Neither SCCS nor MSCCS account for the fact that many drugs/treatments naturally
form classes and therefore regression coefficients for drugs from within a single class might
reasonably be modeled as arising exchangeably from a common prior distribution. Adverse
events and health conditions can also be organized hierarchically, again affording an opportunity to “borrow strength” across related outcomes. For both drugs and outcomes, the
hierarchy could extend to multiple levels. In what follows, we formalize these ideas within
the framework of latent factor Bayesian hierarchical models.
Factor models, which have been traditionally used in behavioral sciences and bioinformatics, provide a flexible framework for modeling multivariate data via unobserved latent
factors (e.g., Ghosh and Dunson, 2009; Carvalho et al., 2008). In this paper, we do not
impose specific latent structure a priori. However, our approach can also be used for cases
where classes of drugs and conditions are known a priori. We will show that the latent
factor approach not only brings more interpretability to our model, but also can significantly contribute to reducing the computational complexity. To our knowledge, only a
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β − ni log
yid xid
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d

the model parameters, outcomes are assumed to be independent of each other, although
because we are using latent factors, there can be marginal dependences among the outcomes.
In the SCCS, events are modeled as arising from a non-homogeneous Poisson process.
The event rate varies over time, based on exposure to drugs. Each patient i = 1, · · · , N
carries an unknown individual baseline event rate of eφi . The exposure to drug j = 1, ..., J
measured each day results in a multiplicative effect of eβj to this baseline rate eφi . The
historical data for patient i on day d (d = 1, · · · , τi ) includes a vector of drug exposure as
xid = [xid1 , xid2 , ..., xidJ ]> , where xidj = 1 if patient i is exposed to drug j on day d and 0
> β) as the Poisson event rate for patient i
otherwise. The SCCS defines λid = exp(φi + xid
on interval d, where β = [β1 , β2 , ..., βJ ]> are regression coefficients. We denote yid as the
number of events that patient i experiences on day d. Conditioning on the total number of
events for patient i, denoted by ni , nuisance quantities φi cancel out of the SCCS likelihood,
leaving log-likelihood as follows:
!#
"
τi
τi
N
X
X
X
>
exid β
.
(1)
i
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The methods proposed here generalize the self-controlled case series to handle multiple drugs/treatments and multiple outcomes/conditions. We describe the extended
SCCS/MSCCS where there are J drugs and O health outcomes. The notation used throughout the paper is as follows:
N : number of patients (i indexes individuals from 1 to N ).
xidj : binary indicator reflecting whether patient i is exposed to drug j on interval d.
xid = [xid1 , xid2 , ..., xidJ ]> : the vector of exposed drugs for patient i on interval d.
J: number of drugs (treatments).
O: number of health outcomes (adverse events).
Dio : the set of observation intervals where patient i has outcome o.
τio : the number of observation intervals where patient i has outcome o (the size of Dio ).
o
yid
:
binary
indicator
reflecting whether patient i has outcome o on interval d.
o , y o , ..., y o ]> : the vector of observed outcomes o for patient i.
yio = [yi1
i2
iτio
φio : baseline incidence of outcome o for patient i.

 1
φ1 ... φ1O
:
: : baseline incidence matrix.
Φ= :
O
1
... φN
φN

3. Multi-drug, Multi-Outcome Self-Controlled Case Series - Notation
and Inference

Since larger LODs can contain millions of patients, avoiding estimation of the patientspecific baseline rates represents a significant computational and statistical advantage.
The most basic version of the SCCS deals with one drug and estimates a single unknown,
β1 , the effect estimate for the target drug of direct interest. However, most patients in
longitudinal healthcare databases often take multiple drugs and treatments throughout the
course of their observation and also experience multiple health outcomes. This motivates
us to use a multiple-drug, multiple-outcome analysis.

L(β) =

few authors have previously considered matrix factorization-based data analysis techniques
for drug safety and surveillance (for example, Zitnik and Zupan 2014, for drug-induced
liver injury prediction and Cobanoglu et al. 2013, for predicting drug-target interactions in
neurobiological disorders, which are both very different from our study).
We introduce three models for predicting the effects of multiple drugs on multiple outcomes that use hierarchical Bayesian analysis. The first model (Model 0) does not use latent
factors, and borrows strength across all drugs and outcomes. The second model (Model 1)
uses one set of latent drugs and one set of latent outcomes, through a single matrix factorization. The third model (Model 2) uses two sets of latent factors, by factoring the matrix
of coefficients into three matrices; one for converting drugs to latent drugs, another for converting outcomes to latent outcomes, and the third for modeling the effects of latent drugs
on latent outcomes. By allowing for latent factors, the second and third models provide an
increased level of interpretability, use fewer variables, and are thus more computationally
efficient to estimate.
The rest of this paper is organized as follows: Section 2 provides an overview of the selfcontrolled case series (SCCS) method. In Sections 3, 4.1, 4.2, and 4.3 we describe the model
and the Bayesian inference procedure. We then use a series of simulations in Section 5 to
show that we can recover the true generating parameters from data. Finally, we demonstrate
the approach in Section 6 for estimating the effects of various insulin treatments for diabetes.
Our proposed methodology has broader applicability beyond estimating the effects of drugs
considered in this paper.

2. Background: Overview of the Self-Controlled Case Series (SCCS)

JMLR 17(185):1-24

The self-controlled case series method (Farrington, 1995) models the event rate during drug
exposure in comparison to the baseline event rate while unexposed (see Whitaker et al.,
2006; Madigan et al., 2010; Suchard et al., 2013a). In the self-controlled case series method,
each individual also acts as their own control. Each treatment observation, which is a
period of time that someone is drug-exposed, is considered with respect to other periods
of time in which the same person is not exposed. This way of matching gracefully avoids
patient-level selection bias; it controls for all fixed confounders, such as the individual’s
underlying frailty, the severity of their underlying disease, genetics, socioeconomic status,
and so on. Further, because of the way the SCCS model is designed around this choice, the
non-time dependent factors for each person cancel within the formula for the likelihood,
and do not appear in the likelihood at all. This allows us to focus our modeling efforts on
the time-dependent terms that involve the effects of the drugs.
To obtain SCCS’s benefits, we also suffer its disadvantages and assumptions. First,
SCCS is susceptible to bias due to potential unmeasured time-varying confounders. (However, SCCS does account for non-time-varying confounding.) This means we should include
all features that affect the outcome and vary over time. Second, SCCS assumes that treatment effects are homogeneous across subjects. This avoids having to model patient-specific
effects. However, it is possible that patients experience different effects from the various
treatments. It is possible to create extensions of our approach that include patient specific
random effects if desired. Third, the basic version of SCCS assumes that future outcomes
are independent of past ones, but this can be changed, as discussed later. Conditional on
3

=

d

P

o .
yid

Pr(yio |xi )

where noi =

Loi



d∈Dio

o



d∈Dio

X

5

Y

o
φoi yid

e



>

o !
yid

id

y o
,

o !
yid

o

o !
yid

>
o
id
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(2)
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= exp φoi noi − eφi
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= exp −eφi
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Based on the above, the contribution to the likelihood for patient i and outcome o for the
o , y o , ..., y o ]> , conditioned on the observed exposures
observed sequence of events yio = [yi1
i2
iτio
xi = [xi1 , ..., xiτio ] is

As the Poisson rate is assumed to be constant within each interval, the number of outcomes
o observed for patient i on interval d is distributed as a Poisson random variable (r.v.)
denoted by Yido as
o
o
e−λid λoid yid
o
|xid ) =
Pr(Yido = yid
.
o
yid !

exp(φoi + 1βjo )
λoid1
=
= exp(βjo ).
o
λid2
exp(φoi + 0βjo )

The key benefit of the SCCS is that the φoi terms do not need to be modeled, since we
are interested in the ratio of Poisson intensities with and without the drug. For instance,
considering only one drug j, comparing the intensity ratio for day d1 to a different day d2
with no exposure to the drug, we have

o
λoid = exp(φoi + x>
id β ).

Similar to the SCCS, outcomes occur according to a nonhomogeneous Poisson process,
where drug exposure can modulate the rate over time. Patient i has an individual baseline
rate of exp(φoi ) for outcome o that remains constant over time. Drug j has a multiplicative
effect of exp(βjo ) on the individual baseline rate exp(φoi ) during its exposure period. The
Poisson event rate for outcome o and patient i on interval d according to the SCCS is

o
λ0id = exp(φoi + x>
id β ): the Poisson event rate of outcome o, for patient i, on interval d.

βjo : regression coefficients associated with outcome o and drug j.
β o = [β1o , β2o , ..., βJo ]> : regression coefficients associated with outcome o.
 1

β1 ... β1O

:
:
:  : drug-outcome coefficient matrix.
B=
βJ1 ... βJO
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Loi = Pr(yio |xi , noi ) =

d∈Dio



d∈Dio

d0

d∈D o
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λoid 

P
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d∈D o
i
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Instead of estimating each coefficient independently, we borrow strength over both drugs
and outcomes, which adds substantial regularization. This is particularly relevant when

4.1 Model 0 - Hierarchical Model With No Latent Factors

Building on the notation in the previous section, this section describes the proposed selfcontrolled case series methods within the three following subsections.

4. Factorized Self-Controlled Case Series (FSCCS)

cannot provide any information about the relative rate of outcome o.
Using the notation and the formula for the likelihood established in this section, we next
present three hierarchical models called Factorized Self-Controlled Case Series methods, for
multiple drug, multiple outcome analysis and discuss how to estimate the drug-outcome
coefficient matrix B. Two of the models have latent factors that allow B to be expressed
in a simpler and more interpretable way. In our experiments, the empirical performance of
these methods is approximately the same.

i=1

Notice that because
is sufficient, the individual likelihood in the above expression no
longer contains Φ. Assuming that patients are independent and outcomes are conditionally
independent, the full conditional likelihood for event o is simply the product of the individual
N
Q
likelihoods (i.e. Lo =
Loi ). Intuitively it follows that if i has no outcomes of type o, it

noi





 exp−

= 

yo

id
o
Y  ex>
id β

∝ exp
 P x> βo  .
e id0
d∈Dio

Pr(noi |xi )

Two key assumptions underly the above likelihood. First, the model assumes that future outcomes are independent of past outcomes. For certain outcomes (e.g., myocardial
infarction) this may not be reasonable. Simpson (2013), Schuemie et al. (2014), and Farrington et al. (2011) consider SCCS generalizations that allow for such dependence; in future
work it is possible to consider similar generalizations of the method proposed here. The
SCCS model also assumes that conditional on the parameters, outcomes are independent of
each other. The latent structure, however, allows for arbitrary marginal dependence among
outcomes.
One could form the full likelihood to estimate the unknown parameters (Φ, B). In order
to avoid estimating the nuisance parameter set Φ, we can condition on its sufficient statistic,
which removes the dependence on Φ. The cumulative intensity is a sum (rather than an
integral) since we assume a constant intensity over each interval. Conditioning on noi yields
the following likelihood for person i:
Q
Q
o |x )
o |x )
Pr(yid
Pr(yid
id
id
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N (βjo |µj , σj2 ) ×

j

N (µj |0, γ 2 ) ×

j

(4)

considering a set of related outcomes and drugs, e.g., heart-disease related outcomes and
the set of drugs one might prescribe for heart-related conditions. We take a hierarchical
Bayesian approach. By analogy with ridge regression, we use normal priors for the regression
parameters (sparsifying priors such as the double exponential could be used instead). We
shrink the coefficients for drug j for all outcomes o to µj by placing an independent normal
prior on each βjo as βjo ∼ N (µj , σj2 ), ∀(j, o), where µj ∼ N (0, γ 2 ), ∀j. This prior helps with
numerical instability, overfitting, and makes the model more interpretable. We assume
uniform priors for hyperparameters σj and γ as σj ∼ U(0, a), ∀j and γ ∼ U(0, a), where
hyperparameter a is a user-defined constant, which can also be determined through crossvalidation. A natural extension of this model (not explored here) would be to have drugs
belong to certain classes of drugs, so that priors can be defined based on each class of drugs;
similarly with outcomes. The posterior density is as follows:

o

YY

j

Pr(B, µ, σ, γ|y, a) ∝ Pr(y|B) × Pr(B|µ, σ) × Pr(µ|γ) × Pr(γ|a) × Pr(σ|a)
(o)
 !yid
> βo
YY Y
exp xid

P
∝
> o
d0 exp xid0 β
o
i d∈D
i
Y
Y
Pr(σj |a) × Pr(γ|a).
×

The negative log-posterior (which can be used for finding the MAP solution if desired) is:
L1 = − log (Pr(B, µ, σ, γ|y, a)) .
The graphical representation of this model is shown in Figure 1.
4.2 Model 1 - One Level of Latent Factors
Two considerations motivate this model. First, modeling the full posterior distribution of
Model 0 can be computationally expensive, particularly for large N , J, and O, where J and
O determine the number of variables to be estimated within the B matrix. Second, Model
0 overlooks the fact that drugs and outcomes might come from a smaller number of latent
classes; for instance, there are commonly several drugs that are extremely similar to each
other for treating a set of highly related illnesses. We consider F latent factors for drugs
and outcomes. We model the J × O matrix B as B = L(D) × L(O) , where
 (D)

 (O)

(D)
(O)
L
... L1,F
L1,1 ... L1,O
 1,1



:
:  , L(O) =  :
:
: .
L(D) =  :
(D)
(D)
(O)
(O)
LJ,1 ... LJ,F
LF,1 ... LF,O

f =1
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This way, we do not assume we know in advance which drugs have similar effects on which
outcomes, instead we estimate this from data. The number of latent factors F can be
determined by cross-validation. The total number of latent factors is J × F + F × O, which
can be substantially less than J × O. The coefficient βjo associated with outcome o and drug
F
P
(D)
(O)
Lj,f × Lf,o .
j can be calculated as βjo =

7

γ
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a

µj

j=1:J

σj

βjo

o=1:O

B

Figure 1: Graphical representation of Model 0

(D)

(D)2

(D)

), ∀(j, f ), where µf

(O)2

(O)

), ∀(f, o), where µf

∼ N (0, γ (O) ), ∀f.

2

∼ N (0, γ (D) ), ∀f.

2

For drug latent factors, we place independent normal priors on the entries of L(D) as

(D)

Ljf ∼ N (µf , σf

(O)

Similarly, we define normal priors on the entries of L(O) as

(O)

Lf o ∼ N (µf , σf

∼ U(0, a), ∀f, σf

(O)

∼ U(0, a), ∀f, γ (D) ∼ U(0, b), γ (O) ∼ U(0, b),

We assume uniform priors for hyperparameters σj and γ as

(D)

σf
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where (a, b) are known parameters. The posterior over the parameters is now defined as
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f =1

F
Y

(D)

(D)

2

(D)

(O)

(O)

f =1 o=1

F Y
O
Y

(O)

(O)

(O)2

2

N (Lf o |µf , σf

N (µf |0, γ (O) )

)×

f =1

F
Y

(D)2

N (µf |0, γ (D) ) ×

j=1 f =1

(D)

N (Ljf |µf , σf

i

)



LJ,1

(D)

:

(D)
L1,1





(F )
L1,1

(F )
L1,F2





(O)
L1,1

(O)
L1,O



...
...
...
 
 

:
: × :
:
:
:
:
× :
.
(D)
(F )
(F )
(O)
(O)
... LJ,F1
LF1 ,1 ... LF1 ,F2
LF2 ,1 ... LF2 ,O

(D)
L1,F1

B = L(D) × L(F ) × L(O) ,

(5)

(D)

(O)

(D)

(D)2

), µ(F ) ∼ N (0, γ

(O)

), µf2

(O)

∼ N (0, γ

(O)

(O) 2

(D)

(F )

), σf1

(O)2

2

∼ U(0, a), σ (F ) ∼

), Lf2 o ∼ N (µf2 , σf2 ), Lf1 f2 ∼ N (µ(F ) , σ (F ) ),

(F ) 2
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∼ U(0, a), γ (D) ∼ U(0, b), γ (F ) ∼ U(0, b), and γ (O) ∼ U(0, b) for all

∼ N (0, γ

U(0, a), σf2
(f1 , f2 , j, o).

µ f1

(D) 2

The priors are Ljf1 ∼ N (µf1 , σf1

(D)

The number of latent factors is thus J × F1 + F1 × F2 + F2 × O, which can be less than
the number of variables of Model 1 in many cases. Its major benefit is interpretability,
since now the number of latent drug factors and the number of latent outcome factors can
be estimated differently. L(D) represents the relationship between drugs and latent drugrelated factors, L(F ) represents the relationship between latent drug-related factors and
latent health-outcome-related factors, and L(O) represents the relationship between latent
health-outcome-related factors and health-outcome-related factors. L(F ) is really the core
set of variables since they relate the latent treatments to the latent health outcomes.


B=

where

Here we represent B as

4.3 Model 2 - Two Levels of Latent Factors

The graphical representation of this hierarchical Bayesian model is given in Figure 2.

× Pr(σf |b) × Pr(σf )|b) × Pr(γ (D) |a) × Pr(γ (D) |a).

×

×

J Y
F
Y

× Pr(σ (D) |a) × Pr(σ (O) |a) × Pr(γ (D) |b) × Pr(γ (O) |b)
(o)
 !yid
o
YY Y
exp x>
id β

P
∝
> o
d0 exp xid0 β
o
i d∈Do

× Pr(L(D) |µ(D) , σ (D) ) × Pr(L(O) |µ(O) , σ (O) ) × Pr(µ(D) |γ (D) ) × Pr(µ(O) |γ (O) )

Pr(L(D) , L(O) , µ(D) , µ(O) , σ (D) , σ (O) , γ (D) , γ (O) |y) ∝ Pr(y|L(D) , L(O) )
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Table 1 compares the number of parameters in each of the three models. Models 1 and
2 have much fewer parameters when F , F1 , and F2 are lower than J and O. We use
Markov Chain Monte Carlo (MCMC) to approximate the entries of B, specifically random
walk Metropolis (RWM) Hasting. The algorithm employs a Gaussian proposal distribution

× Pr(σ (D) |a) × Pr(σ (F ) |a) × Pr(σ (O) |a) × Pr(γ (D) |b) × Pr(γ (F ) |b) × Pr(γ (O) |b).

× Pr(µ(D) |γ (D) ) × Pr(µ(F ) |γ (F ) ) × Pr(µ(O) |γ (O) )

∝ Pr(y|L(D) , L(F ) , L(O) ) × Pr(L(D) |µ(D) , σ (D) ) × Pr(L(F ) |µ(F ) , σ (D) ) × Pr(L(O) |µ(O) , σ (O) )

Pr(L(D) , L(F ) , L(O) , µ(D) , µ(F ) , µ(O) , σ (D) , σ (F ) , σ (O) , γ (D) , γ (F ) , γ (O) |y)

The posterior density is

Figure 2: The Graphical Framework for Hierarchical Bayesian Model with one level of latent
factors
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We consider an application to Insulin-Dependent Diabetes Mellitus, where our goal is to
predict blood glucose level outcomes under different circumstances of a patient’s daily life,
including their recent eating history, exercise, and insulin injections. Our data are longitudinal measurements taken multiple times per day from 70 patients (this is the AIM-94
data set provided by Michael Kahn, MD, PhD, Washington University, St. Louis, MO,
Bache and Lichman, 2013). We aim mainly to illustrate (i) how the models we introduce
can be used with complex longitudinal data to predict outcomes, (ii) the prediction power,
and (iii) interpretability of the proposed models. It is well known that current therapies for
regulating glucose level in diabetics are challenging and often frustrating, as they require
patients to continuously regulate diet, exercise, and various medications – any deviations
can be dangerous (Benchimol et al., 2013). Blood glucose measurements, symptoms and insulin treatments were recorded with timestamps for each patient, over the course of several
weeks to months. The two main classes of health outcomes considered here are hyperglycemia (high blood glucose) and hypoglycemia (low blood glucose). All other health
outcomes we define later are related to these two classes. Figure 5 provides a schematic of
the type of data we are considering for one patient over a course of day.

6. Application to Blood Glucose Analysis for Diabetes

Figure 3: Normalized histograms of posterior samples for each element of B in Model 0.
The vertical line indicates the true value.

0
-0.6

0.8

J ∗ F1 + F1 ∗ F2 + F2 ∗ O

Table 1: The number of parameters and hyperparameters in each model.

Pr(B∗ , Θ∗ |y)
Pr(Bt−1 , Θt−1 |y)

Jt (x, x0 ) which proposes a new parameter set x0 given the current parameter set x. We
denote Θ as the set of all parameters in the model excluding B.
Step 1. Generate an initial state {B0 , Θ0 } with positive probability Pr(B0 , Θ0 |y) and set
t = 1.
Repeat the following until stationary distribution and the desired number of samples are
reached considering optional burn-in and/or thinning.
Step 2.
Sample {B∗ , Θ∗ } from the symmetric proposal distribution
Jt ({Bt−1 , Θt−1 }, {B∗ , Θ∗ }).
Step 3. Calculate the acceptance probability

α = min 1,

Step 4. Draw a random number u from Unif(0, 1). If u ≤ α, accept the proposal state
{B∗ , Θ∗ } and set Bt = B∗ , Θt = Θ∗ , else set Bt = Bt−1 , Θt = Θt−1 . Set t : t + 1.
Our implementation uses a component-wise sampling approach. For truly large-scale
applications, blocked sampling approaches may be necessary.

5. Simulation Study

JMLR 17(185):1-24

As a sanity check, we will show that for data generated from our model, the true datagenerating parameters B can be recovered. We simulated sample trajectories of drug exposure and health outcomes for 600 patients over 60 days. We set the number of drugs
to J = 4, and the number of health conditions to O = 4. Each patient randomly took
between 1 and J drugs over the past 60 days. The average exposure period was assumed to
be 20% of the study interval for each patient (that is, on average, each patient was exposed
to one or more drugs for at least 12 days). The exposure intervals are randomly selected,
so these intervals could be multiple non-consecutive days, multiple consecutive days, or a
combination of both. Drugs can have positive or negative contributions to the likelihood
and intensity rate of each outcome. For each model (Model 0, Model 1, Model 2), we generated the elements of B according to the model’s hierarchy. Figure 3 and Figures 12-13
(which are given in the Appendix) show the posterior density for each parameter of B, for
Models 0, 1 and 2, as estimated by MCMC sampling. These figures show that the posterior
samples were concentrated around the true values and the posterior mean of each variable
was generally close to its true value. We summarize Figures 3, 12, and 13 in Figure 4, which
provides a scatter plot of the posterior means and true values for each of the three models.
It can be observed that each of the posterior means are very close to their true values.
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We will describe the setup in more detail:
Drugs/Treatments: Diet, exercise, and injected insulin were treated as three different
classes of treatments. It is obvious that interactions among these treatments are important.
Insulin doses are given one or more times a day, typically before meals and sometimes also
at bedtime. Three types of insulin were considered: (1) regular, (2) Neutral Protamine
Hagedorn (NPH), and (3) Ultralente. Each insulin type has its own characteristic time of

Figure 5: Sample longitudinal traces for a patient with multiple drug/treatments exposures
and blood glucose measurements over a day. Downwards arrows indicate glucose
measurements. Upwards arrows indicate treatments.

6:00

Measurements

Events

NPH injection

Figure 4: Scatter plot of posterior means vs. true parameter values of elements of B for
Models 0, 1 and 2.

Posterior mean

2

Posterior mean

The Factorized Self-Controlled Case Series Method

Posterior mean

Ultralente

NPH

Regular

Time

Level

Normal
Too High
Low
After Meal
Before Meal

9. Peak
10. Duration
11. Peak
12. Duration
13. Peak
14. Duration

4.
5.
6.
7.
8.

h
h
h
h
h

1-3 h
0-5 h
4-6 h
0-12 h
14-24 h
0-27 h

0-4
0-4
0-4
0-4
0-4

0-4 h
0-4 h
0-4 h

Exposure
Time

Health Outcome
2. Low
−
P
−
−
N
−
N
P
P
P
P
P
P
P

1. Too low
−
P
−
−
N
−
N
P
P
P
P
P
P
P

P
P
P
P
P
P

−
N
−
N
P

−
P
−

3. D1

P
P
P
P
P
P

−
N
−
N
P

−
P
−

4. Hypo Symptom

Low Glucose Level

N
N
N
N
N
N

−
N
−
P
N

−
N
−

N
N
N
N
N
N

−
N
−
P
N

−
N
−

6. High

N
N
N
N
N
N

−
N
−
P
N

−
N
−

7. D10

High Glucose Level
5. Too High

14

JMLR 17(185):1-24

Based on the actual time of injection, we determined the intervals at which the patient
is at peak and/or within the duration of an insulin injection. Based on this, six types of
treatments were considered, (1) regular insulin on peak, (2) regular insulin on duration, (3)
NPH insulin on peak, (4) NPH insulin on duration, (5) Ultralente insulin on peak, and (6)
Ultralente insulin on duration. At each interval of time, the patient can be either insulin
free or subject to one of the above six exposures.
The second class of treatment is exercise, which may have complex effects on the glucose level. For example, glucose levels can fall during exercise but also quite a few hours
afterwards. Three types of exercise are reported, (1) normal exercise, (2) lower than normal exercise, and (3) higher than normal exercise. Each type of exercise was considered
separately as a single treatment.
The third class of treatment is for diet, which also can have complex effects on the
glucose level. For example, a larger meal may lead to a longer and possibly higher elevation
of blood glucose. Missing a meal may put the patient at risk for low glucose levels in the
hours that follow. Three types of diet are reported: (1) normal diet, (2) higher than normal
diet, and (3) lower than normal diet. Each of these types of diet were taken as a single
treatment. Since measurements were collected before a meal, after a meal, and at other
times, we considered two other features in the model, (1) before meal measurement of blood
glucose and (2) after meal measurement, and we treated them as binary features. These
extra features allow us to distinguish whether the measurement was made before or after
the meal (there is a big difference between glucose measurements taken before a meal and
after a meal).

Table 2: The list of drugs/treatments and health outcomes and their known correlations.
P means strong positive correlation, and N means strong negative correlation, D1
is lower decile and D10 means highest decile.

Insulin

Diet

Exercise

1. Normal
2. Too High
3. Low

Treatment

onset (O), time of peak action (P), and effective duration (D). The exposure time intervals
for peak, and duration used in this paper, which were provided with the data set, are shown
in Table 2 in the “Exposure Time” column in the bottom several rows of the table labeled
“Insulin.”
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Too high GL
Figure 6: Samples from the posterior of βNPH
on peak for five model instantiations (left), and
their histograms (right). The first 5000 samples were discarded as burn-in. We
observe better mixing and convergence in the models with latent factors (Model
1 and Model 2).

-0.1

the ranking, and calculating the true positive rate and false positive rate with respect to
the true coefficients. We computed these ROC curves for all five model instantiations to
obtain Figure 8. These ROC curves indicate that all models performed well, in the sense of
estimating reasonable signs for the coefficients. The curves also indicate that models with
more latent factors performed better than Model 0. The models with two latent treatment
and outcome factors performed slightly better than the models with three latent treatment
and outcome factors, though there was no significant difference in performance between
Model 1 and Model 2 for the same number of latent treatment and outcome factors.
Drug Surveillance. We evaluated prediction performance of our model as follows: for
each patient we calculated the Poisson rate of each condition at each hour considering all
drug exposures. For each condition, we then checked whether or not the patient had the
condition at that time. The Poisson rate acts as the score of each patient with regards
to each condition. In Figure 9, we present the actual glucose level for a patient at 20
measurement points (upper figure) as well as the estimated intensity rate of the Too-High
glucose level for the same patient (lower figure). Each point in this figure represents the
>
o
ˆ
estimated xid
β
,
where
βˆo are the estimated regression coefficients associated with too> is the known vector of drug exposures at interval d. The figure
high glucose level and xid
shows that the estimated intensity rate is reasonably close to the actual level of glucose,
particularly when the glucose level is actually too high. In Figure 10, we repeated the
JMLR 17(185):1-24

Based on all of the treatments described, the total number of variables associated with
treatments in the model is 14 (J = 14). The variables are all listed on Table 2 in the
“Treatment” column on the left.
Health Outcomes. The outcomes are divided into categories, based on glucose level. Given
that normal pre-meal blood glucose ranges from approximately 80-120 mg, and post-meal
blood glucose ranges from 80-140 mg/dl (Bache and Lichman, 2013), we considered seven
health outcomes for glucose level: extremely low (below 40 mg/dl), low (between 40-80
mg/dl), high (over 140 mg/dl), extremely high (over 180 mg/dl), lower decile (lower 10% of
glucose level for each patient), upper decile (upper 10% of glucose level for each patient),
and hypoglycemic (low glucose) symptoms. Thus, the total number of outcomes considered
for our analysis is O = 7. We can perform an evaluation only on intervals where we have
glucose measurements, thus we only use those intervals. Note that more than one outcome
can occur in each interval.
True Relationships Between Drugs and Outcomes. We wanted to determine whether
our model reproduces known relationships between treatments and glucose levels from the
data alone. The information about true relationships within Table 2 mainly come from
material accompanying the data set and www.diabetes.org. We denoted known positive
effects in Table 2 by P, strong negative effects by N , and relationships that were unknown
were denoted by dashes “–”. For example, we expect NPH injection on peak to decrease
the likelihood of having “Too High” glucose level, so the correlation between NPH on peak
and “Too High” glucose level is known to be negative (N ).
Mixing. We performed cross-validation, dividing our data into five folds, training our
models on four folds and testing on the fifth. We removed the first 5000 iterations (as burnin) of Metropolis-Hastings sampling, and obtained 6000 additional samples to estimate the
Too high GL
posterior. Figure 6 shows samples from the posterior of one of the variables, βNPH
on peak ,
for five separate model instantiations (Model 0, Model 1 with F =2, Model 1 with F =3,
Model 2 with F1 = 2, F2 = 2, and Model 2 with F1 = 3, F2 = 3. Recall that in Models 1
and 2, we sample elements of the matrices of latent factors and then calculate B. From this
figure, we observe reasonable mixing for all models, and we observe that models with latent
factors (Models 1 and 2) have better mixing and convergence, possibly due to the smaller
number of variables.
Computation. The number of parameters differs substantially between models, which
affects CPU time of the MCMC sampler. In Figure 7, the number of parameters for each
model and the associated CPU time for running MCMC are shown. This figure shows a
clear correlation between the number of variables and CPU time, that is CPU time increases
with the number of parameters. In particular, Model 0 takes a long time to run, because it
has substantially more variables than the other models. Interestingly, using latent factors
has a purpose beyond interpretability and regularization, in that it helps with tractability.
Interpretation of coefficients in B and comparison with ground truth. We compare the estimated coefficients in B to the ground truth signs of coefficients given in Table
2. It is not necessarily the case that the signs of the estimated coefficients need to agree
with the ground truth signs in order for the model to perform well, but it is a reasonable
aspect of the model to consider. To perform this comparison, we ranked the estimated
coefficients in B and used these rankings and the true signs of coefficients to generate an
ROC curve. That is, the ROC curve was generated by placing thresholds at each point in
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clarity and fairness, we normalized the estimated Poisson rates for each patient. It can be
observed from this figure that the estimated Poisson rate of these conditions are elevated
when patients actually suffer from Too-Low (or Too-High, respectively) glucose. Thus, our
model could be a useful approach for monitoring the likelihood of a condition, given the

Figure 10: Monitoring too-low glucose levels over 20 hours. The upper figure shows the
true glucose levels obtained by measurement, and the lower figure shows the
ˆo
estimated x>
id β for the too-low glucose outcome over 20 hours.
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Figure 9: Monitoring Too-High glucose levels over 20 hours. The upper figure shows the true
glucose levels obtained by measurement, and the lower figure shows the estimated
ˆo
x>
id β for the Too-High glucose outcome over 20 consecutive measurements.

-0.8

-0.6

-0.4

-0.2

0

0.2

50

100

150

200

250

300

350

Moghaddass et al.

analysis for Too-Low glucose level. It can be observed from this figure that the times
where this coefficient is particularly large are the same times where the glucose level drops
substantially. This kind of dramatic agreement was not observed for all patients nor all
conditions, so below we describe a more general evaluation procedure.
In Figure 11, we show the box plots for the estimated Poisson rates of the two conditions
of “Too Low” glucose level and “Too High” glucose level on all seventy patients in the test
sets. For comparison, we also plotted the box plots of the estimated Poisson rates for
normal conditions, where patients did not have too-high or too-low glucose levels. For

Figure 8: Receiver Operating Characteristic (curve) for evaluating the signs of coefficients
against true signs for five model instantiations. See the text for details of how
these curves were generated.
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instantiations. Model 0 has larger number of variables and significantly higher
CPU time.
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Intuition of B as compared with other methods. We compared the performance of
the proposed models with that of the univariate self-controlled case series (SCCS), and
multi-variate self-controlled case series (MSCCS) (Simpson et al., 2013) with and without
an `2 regularization term on the coefficients. For each model instantiation and each method,
the estimated entries of B were compared to their known effects (positive or negative) from
Table 2. For each method, we provide the area under the curve (AUC) for this comparison
in Table 4. We also reported the mean, median, and standard deviation of all estimated
coefficients in the group of Table 2’s positive group and Table 2’s negative group. Better
models should have higher AUC, and the estimated coefficients of B should agree in sign
with those in Table 2. From Table 4, we observe that as expected, the MSCCS performed
better than the SCCS, the regularized MSCCS worked slightly better than the normal

In Table 3, we report an AUC (area under the ROC curve) value that measures the
probability that a method ranks a positive condition timepoint higher than a timepoint
with no condition, for the same patient. In particular, we are testing whether the Poisson
rate of a patient with a health condition is higher than the estimated rate of the same
patient when no condition is present. For each model instantiation, we trained the model
on four training folds and then calculated the AUC on the fifth fold, and we repeated this for
each condition. We reported the average and standard deviation of AUC over all patients
in the test sets. Again D1 is the lower decile (lower 10% of glucose level for each patient),
and D10 is the upper decile (upper 10% of glucose level for each patient).

Figure 11: Comparison between the box-plots for Too-High and Too-Low glucose levels and
the normal condition for all five model instantiations, where the Poisson rates
were normalized for each person.
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timing of the drugs recently taken by the patient. The results were consistent across all five
model instantiations.
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Model 1, F = 2

Model 0

Mean
sd

Mean
sd

Mean
sd

Mean
sd

Mean
sd

70.07%
9.52%

70.19%
9.51%

70.66%
7.89%

70.86%
8.28%

70.30%
9.56%

Too low

62.73%
2.44%

62.71%
2.43%

62.68%
2.52%

62.70%
2.47%

62.92%
2.79%

Low

62.99%
3.16%

62.97%
3.18%

62.92%
3.14%

63.06%
3.14%

62.98%
3.38%

Too high

61.47%
2.07%

61.44%
2.13%

61.51%
2.12%

61.58%
2.11%

61.26%
2.70%

High

58.05%
3.31%

58.00%
3.34%

57.97%
3.37%

57.97%
3.36%

58.20%
3.93%

D1

56.05%
3.05%

55.91%
3.06%

56.35%
2.90%

56.05%
3.04%

56.39%
3.51%

D10

56.68%
2.79%

56.88%
3.02%

56.33%
2.87%

56.71%
3.19%

59.17%
4.95%

Hypo Symptom

Moghaddass et al.

Model 2, F1 = 3, F2 = 3

Table 3: Average and standard deviation (sd) of AUC over 5 folds. The entities that were
ranked for each AUC calculation are measurements for a patient including time
points when the patient had a condition and time points when the patient did
not have a condition. The AUC indicates whether our method ranks a randomly
chosen time point where a patient had a condition higher than a randomly chosen
time point where a patient did not have a condition.

MSCCS, and all FSCCS Bayesian model instantiations (Model 0-2) performed better than
all of the traditional models, yielding higher AUC’s and better agreement in the mean signs
of coefficients; further the standard deviations for the coefficient values were substantially
lower. These performance benefits come in addition to the other benefits discussed earlier,
including computational tractability and interpretability of the latent factors.

sd

Median

Mean

0.071

0.353

-0.077

-0.190

0.813

Model 0

0.103

0.099

0.417

-0.136

-0.281

0.852

Mode1
F =2

0.111

0.096

0.410

-0.143

-0.276

0.824

Model 1
F =3

0.368

0.106

0.105

0.422

-0.130

-0.278

0.856

Model 2
F1 = 2, F2 = 2

0.378

0.106

0.096

0.424

-0.141

-0.282

0.836

Model 2
F1 = 3, F2 = 3

3.158

0.065

-0.552

2.362

-0.047

-0.492

0.693

SCCS

3.149

0.126

-0.561

2.462

-0.122

-0.663

0.773

MSCCS

0.771

0.125

-0.023

0.640

-0.122

-0.349

0.774

Regularized
MSCCS

Method

Mean

0.030

0.385

AUC

Median

0.369

Measure

B−

B+

0.368
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sd

Table 4: Comparison with existing models.
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The novel elements of this work are as follows. (1) We estimate the effects of many drugs
on many health outcomes simultaneously. Borrowing strength across similar drugs and
outcomes allows us to create better estimates across both drugs and outcomes. (2) We use
latent factors to encode latent classes of drugs and outcomes, to help with interpretability,
and to provide a computational benefit. Another type of computational benefit is provided
naturally by using the SCCS’s framework, since we do not need to estimate the baseline rates
of outcomes for each patient. This approach is scalable to large longitudinal observational
databases, is applicable to problems beyond healthcare, and provides a level of interpretability to physicians and patients that was not previously possible. Fully Bayesian inference via
MCMC may not be feasible for truly large-scale problems. Recent developments in cyclic
coordinate descent algorithms (see, for example, in Suchard et al., 2013b) would apply in
our context and represent one possible approach for very scale MAP estimation.

7. Concluding Remarks
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Figure 13: Normalized histograms of posterior samples for each element of B in Model 2.
The vertical line indicates the true value.
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Figure 12: Normalized histograms of posterior samples for each element of B in Model 1.
The vertical line indicates the true value.
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Appendix A. Figures 12 and 13.
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Electronic Health Record (EHR) phenotyping utilizes patient data captured through normal medical practice, to identify features that may represent computational medical phenotypes. These features may be used to identify at-risk patients and improve prediction
of patient morbidity and mortality. We present a novel deep multi-modality architecture
for EHR analysis (applicable to joint analysis of multiple forms of EHR data), based on
Poisson Factor Analysis (PFA) modules. Each modality, composed of observed counts, is
represented as a Poisson distribution, parameterized in terms of hidden binary units. Information from different modalities is shared via a deep hierarchy of common hidden units.
Activation of these binary units occurs with probability characterized as Bernoulli-Poisson
link functions, instead of more traditional logistic link functions. In addition, we demonstrate that PFA modules can be adapted to discriminative modalities. To compute model
parameters, we derive efficient Markov Chain Monte Carlo (MCMC) inference that scales
efficiently, with significant computational gains when compared to related models based on
logistic link functions. To explore the utility of these models, we apply them to a subset
of patients from the Duke-Durham patient cohort. We identified a cohort of over 16,000
patients with Type 2 Diabetes Mellitus (T2DM) based on diagnosis codes and laboratory
tests out of our patient population of over 240,000. Examining the common hidden units
uniting the PFA modules, we identify patient features that represent medical concepts.
Experiments indicate that our learned features are better able to predict mortality and
morbidity than clinical features identified previously in a large-scale clinical trial.
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Electronic health records (EHR) are quickly becoming a primary depository of detailed patient health information. These data, if properly analyzed, have the potential to be a nidus
for novel insights that may improve patient diagnosis, treatment and safety. In particular,
there has been increasing focus on utilizing such data to rapidly identify disease cohorts or
“phenotypes” that can be leveraged in clinical and epidemiological studies. However, EHR
data, a by-product of the often messy day-to-day interactions of physicians and patients
in primary care hospital and emergency room settings, are often challenging to manipulate
and interpret without expert input.
Many of the initial EHR phenotyping methods in the literature (Hripcsak and Albers,
2013; Mareedu et al., 2009) relied and continue to rely explicitly on heuristics generated
through the collaboration of physicians and informatics. These “computable” phenotypes
identified clusters of patients that, for example, suffer from a particular ailment (Newton
et al., 2013). Computable phenotypes are often structured similar to decision trees that
utilize multiple modes of patients data captured by the EHR1 to filter patient groups.
These modes may include physician and nursing notes from prior encounters, procedure and
diagnosis codes, laboratory results, medications, radiology and pathology. Alternatively,
other methods have relied on physician-labeled case and control samples (Chen et al., 2013),
to identify patient features that may represent a patient phenotype.
Computable phenotypes resemble an analysis that physicians intuitively perform while
diagnosing patients. At a high level, physicians assign patients to a latent space of plausible
disease phenotypes that inform diagnosis and treatment. This assignment is based on
heterogeneous data from the patient interview and physical exam, in combination with
other data such as radiology reports, laboratory results and prior medication and medical
history. For example, a young child who presents with multiple respiratory infections at
an early age increases the probability of a cystic fibrosis phenotype, and thus may be a
candidate for associated genetic testing.
Despite their success in (i) advancing medical record data mining across large medical
institutions and (ii) genotype/phenotypes studies, efforts to develop computable phenotypes are nonetheless iterative, manual and difficult to scale. Further, there appears to be
widespread variability in disease definitions for even putatively “well-defined” diseases. In
Richesson et al. (2013) it was shown that even for phenotypes where there is widespread
agreement on the disease definition, such as Type 2 Diabetes Mellitus, definitions by different clinical groups captured different patient populations.
A complementary approach to modeling patient phenotypes from EHR data relies on
utilizing unsupervised models. These computational phenotypes have the ability to identify
not only feature sets that represent known medical concepts, but they may also discover
feature sets that may represent novel phenotypes that are: (i) subtypes of and/or (ii) run
counter to clinically intuited groups. Applied to health-system data and CMS (Centers for
Medicare & Medicaid Services) claims data, it has been demonstrated that sparse tensor

1. Introduction

Keywords: Deep learning, multi-modality learning, Poisson factor model, electronic
health records, phenotyping.

Henao, Lu, Lucas, Ferranti and Carin

DPFM for EHR Analysis

Henao, Lu, Lucas, Ferranti and Carin

K
X
k=1

xmkn ,

xmkn ∼ Poisson(λmkn ) ,

4

λmkn = ψmk θkn hkn

(1)

(2)
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where ψk is column k of Ψ, ψmk is component m of ψk , xmn is component m of xn , θkn is
component k of θn , and hkn is component k of hn . In (2) we have used the additive property

xmn =

M ×K
K are factor inwhere Ψ ∈ R+
is the factor loadings matrix with K factors, θn ∈ R+
tensities, hn ∈ {0, 1}K is a vector of binary units indicating which factors are active for
observation n, and ◦ represents the element-wise (Hadamard) product. The representation
in (1) may be expressed as

xn ∼ Poisson (Ψ(θn ◦ hn )) ,

Assume xn is an M -dimensional vector containing counts of M different entities (e.g., words
in documents), for the n-th of N data vectors. We impose the model

2.1 Poisson factor analysis as a module

2. Model

(Zhou et al., 2012) with a deep architecture composed of SBNs (Gan et al., 2015b). PFA is
a nonnegative matrix factorization framework closely related to DP-based models. Results
in Gan et al. (2015a) show that DPFA outperforms other well-known deep topic models.
Building on the success of DPFA, this paper proposes a new deep multi-modality architecture for topic modeling, based entirely on PFA modules. Our model merges two key
aspects of DP and non-DP-based architectures, namely: (i) its nonnegative formulation
relies on Dirichlet distributions, and is thus readily interpretable throughout all its layers,
not just at the base layer as in DPFA (Gan et al., 2015a); (ii) it adopts the rationale of
traditional non-DP-based models such as DBNs and DBMs, by connecting different modalities and layers via binary units, to enable learning of high-order statistics and structured
correlations within and across modalities. The probability of a binary unit being on is
controlled by a Bernoulli-Poisson link (Zhou, 2015) (rather than a logistic link, as in the
SBN), allowing repeated application of PFA modules at all layers of the deep architecture.
An early version of our approach, for the special case of single-modality data, but mainly
focused on topic models was previously described in Henao et al. (2015).
The main contributions of this paper are as follows. (i) We develop a novel deep architecture for topic models based entirely on PFA modules. (ii) The model has inherent
shrinkage in all its layers, thanks to the DP-like formulation of PFA. This is unlike DPFA,
which is based on SBNs. (iii) The proposed model yields greatly improved mixing, compared to DPFA which requires sequential updates for its binary units; in our formulation
these are updated in block. (iv) The proposed approach provides the ability to build deep
multi-modality architectures and discriminative topic models with PFA modules. (v) We
develop an efficient MCMC inference procedure that scales as a function of the number of
non-zeros in the data and binary units. In contrast, models based on RBMs and SBNs scale
with the size of the data and binary units. Finally, (vi) we demonstrate the applicability
of this framework to the analysis of EHR data, with an associated interpretation of the
inferred data features (topics and meta-topics, as detailed below).

JMLR 17(186):1-32

factorization of multimodal patient data, transformed into count data, generates concise
sets of sparse factors that are recognizable by medical professionals (Ho et al., 2014a,b).
Patients can then be treated as a weighted composites of such factors.
While these automated models are efficient at extracting phenotype data and reducing
manual input, they have several limitations (Chen et al., 2013; Ho et al., 2014a). Current
models are unable to capture correlation both between and within data modes. For example,
tensor factorization requires the presence of all modes of patient data within a limited time
window to capture the patient-physician interaction. As the number of modes increase, the
probability of all modes of data being captured within a limited time window decreases.
This prevents leveraging subsets of data modes from (often) limited patient interactions
with care givers. Meanwhile, models that concatenate multiple data modes, or evaluate
each mode separately, lose correlation between data types. Additionally, current models do
not allow one to integrate classification in a straightforward manner. Rather, prediction is
conducted in a step-wise manner relying on defining factors first and then entering them
into a classification procedure. Current models also often only incorporate a single layer of
information, depriving the model of potentially rich higher-level correlation structure within
and between modes.
Deep models, understood as multilayer modular networks, have recently generated significant interest from the machine learning community, in part because of their ability
to obtain state-of-the-art performance in a wide variety of modalities. Commonly used
modules include, but are not limited to, Restricted Boltzmann Machines (RBMs) (Hinton,
2002), Sigmoid Belief Networks (SBNs) (Neal, 1992), convolutional networks (LeCun et al.,
1998), feedforward neural networks, and Dirichlet Processes (DPs) (Blei et al., 2004). Deep
models are often employed in topic modeling, modeling data characterized by vectors of
word counts. As discussed below, EHR data may often be expressed in terms of counts
of entities (e.g., counts of types of medications, tests or procedure codes, generalizing the
concept of words). Topic models are therefore of interest for EHR data. Examples of deep
topic models, composed of DP modules, include the nested Chinese Restaurant Process
(nCRP) (Blei et al., 2004), the hierarchical DP (HDP) (Teh et al., 2006), and the nested
HDP (nHDP) (Paisley et al., 2015). Alternatively, topic models built using modules other
than DPs have been proposed recently, for instance the Replicated Softmax Model (RSM)
(Hinton and Salakhutdinov, 2009) based on RBMs, the Neural Autoregressive Density Estimator (NADE) (Larochelle and Lauly, 2012) based on neural networks, the Over-replicated
Softmax Model (OSM) (Srivastava et al., 2013) based on DBMs, and Deep Poisson Factor
Analysis (DPFA) (Gan et al., 2015a) based on SBNs.
DP-based models have attractive characteristics from the standpoint of interpretability,
in the sense that their generative mechanism is parameterized in terms of distributions over
topics, with each topic characterized by a distribution over words. Alternatively, non-DPbased models, in which modules are parameterized by a deep hierarchy of binary units
(Hinton and Salakhutdinov, 2009; Larochelle and Lauly, 2012; Srivastava et al., 2013),
do not have parameters that are as readily interpretable in terms of topics of this type,
although model performance is often excellent. The DPFA model in Gan et al. (2015a)
is one of the first representations that characterizes documents based on distributions over
topics and words, while simultaneously employing a deep architecture based on binary units.
Specifically, Gan et al. (2015a) integrates the capabilities of Poisson Factor Analysis (PFA)
3

hkn

ẑn
yn

θkn

xn

Ψk

bk

(3)

(b)

xn

PFA(1)

(2)

zn

PFA(2)

zn

(1)

xn

PFA(1,1)

(1,2)

zn

(c)

(2)

xn

PFA(2,1)

(2,2)

zn

MPFA(2)

(3)

zn

(3)

xn

PFA(3,1)

(3,2)

zn

θkn ∼ Gamma(rk , (1 − b)b−1 ) ,
hkn ∼ Bernoulli(πkn ) (3)
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where 1M is an M -dimensional vector of all-ones. Furthermore, for simplicity we let η =
1/K, b = 0.5 and rk ∼ Gamma(1, 1). Prior distributions for η and b that result in closed
form conditionals exist, and can be used if desired; see for instance Escobar and West (1995)
for η, and Zhou and Carin (2015) for b.
There is one parameter in (3) for which we have not specified a prior distribution,
specifically E[p(hkn = 1)] = πkn . In Zhou et al. (2012), hkn is provided with a beta-Bernoulli
process prior by letting πkn = πk ∼ Beta(c, c(1 − )), where usually c = 1 and  = 1/K,
meaning that each of the N data vectors has on average the same probability of seeing a
particular topic as active. It further assumes topics are independent of each other. These
two assumptions are restrictive because: (i) in practice, the N data vectors often belong
to a heterogeneous population (e.g., patients); letting the data vectors have individual
topic activation probabilities allows the model to better accommodate heterogeneity in the
data. (ii) Some topics are likely to co-occur systematically, so being able to harness such
correlation structures can improve the ability of the model for fitting the data.
The hierarchical model in (1)-(3) is denoted xn ∼ PFA(Ψ, θn , hn ; η, rk , b), short for
Poisson Factor Analysis (PFA), with graphical model representation shown in Figure 1(a).
The model in (1)-(3) is closely related to other widely known topic model approaches, such
as Latent Dirichlet Allocation (LDA) (Blei et al., 2003), HDP (Teh et al., 2006) and Focused
Topic Modeling (FTM) (Williamson et al., 2010). Connections between these models are
discussed in Section 2.7.

ψk ∼ Dirichlet(η1M ) ,

of the Poisson distribution to decompose the m-th observed count of xn as K latent counts,
{xmkn }K
k=1 .
One possible prior specification for the model in (1), recently introduced by Zhou et al.
(2012), is

Figure 1: Graphical models. (a) Poisson Factor analysis module in (1)-(3). Nodes (bk , ẑn
and yn ) and edges drawn with dashed lines correspond to the discriminative PFA described
in Section 2.5. (b) Deep Poisson factor model in (5). (c) Deep Multi-task Poisson factor
model in (6). Filled and empty nodes represent observed and latent variables, respectively.

(a)

n=1:N

πkn

rk

k=1:K
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where L is the number of layers in the model, and 1(·) is a vector operation in which
each component imposes the left operation in (4). In this Deep Poisson Factor Model
(DPFM), shown as a graphical model in Figure 1(b) and also previously described in Henao
(`)
(`+1)
et al. (2015), the binary units at layer ` ∈ {1, . . . , L} are drawn hn ∼ BPL(λn ), for

where zkn is a latent count for variable hkn , parameterized by a Poisson distribution with
rate λ̃kn . The function 1(·) is defined as 1(·) = 1 if the argument is true, and 1(·) = 0
otherwise. The model in (4), recently proposed in Zhou (2015), is known as the BernoulliPoisson Link (BPL) and is denoted hn ∼ BPL(λ̃n ), for λ̃n ∈ RK
+ . After marginalizing
out the latent count zkn (Zhou, 2015), the model in (4) has the interesting property that
p(hkn = 1) = Bernoulli(πkn ), where πkn = 1 − exp(−λ̃kn ). In order to sample hkn we do not
need to instantiate latent count zkn but the rate of its underlying distribution λ̃kn . Hence,
rather than using the logistic function to represent binary unit probabilities as in SBNs, we
employ πkn = 1 − exp(−λ̃kn ).
The binary distribution based on p(h = 1) = Bernoulli(1−exp(−λ̃)) is reminiscent of the
complementary log-log link function (Piegorsch, 1992; Collett, 2002), where λ̃ = exp(−u)
and u ∈ R. Unlike the logistic function, that is symmetric around the origin, u = 0 for
p(h = 1) = Bernoulli(1/(1 + exp(−u))), the complementary log-log link is asymmetric,
making it appropriate for imbalanced modalities, where the proportion of zeros is large.
In our setting, this behavior is ideal because it encourages sparsity, in that it supports
the assumption that a given data vector (patient) is explained by a small subset of topics
selected via binary units, hn .
In (2) and (4) we have represented the Poisson rates as λmkn and λ̃kn , respectively, to
distinguish between the two. However, the fact that the count vector in (3) and the binary
variable in (4) are both represented in terms of Poisson distributions suggests the following
deep model, based on PFA modules




(1) (1) (1)
(2)
,
h(1)
,
xn ∼ PFA Ψ(1) , θn(1) , h(1)
n ; η , rk , b
n = 1 zn


.
(2)
(2) (2)
(2) (2)
(2)
..
z(2)
,
n ∼ PFA Ψ , θn , hn ; η , rk , b
(5)


..
.
h(L−1)
= 1 z(L)
,
n
n




(L) (L)
(L) (L) (L)
(L+1)
z(L)
, θn , h(L)
, rk , b
,
h(L)
,
n ∼ PFA Ψ
n ;η
n = 1 zn

Several models have been proposed recently to address the limitations described in the
previous section (Blei et al., 2004; Blei and Lafferty, 2007; Gan et al., 2015a; Teh et al.,
2006). In particular, Gan et al. (2015a) proposed using multilayer SBNs (Neal, 1992) to
impose correlation structure across topics, while providing each data vector with the ability
to control its topic activation probabilities, without the need of a beta-Bernoulli process
(Zhou et al., 2012). Here we follow the same rationale as Gan et al. (2015a), but without
SBNs. We start by noting that for a binary vector hn with elements hkn , we can write


hkn = 1(zkn ≥ 1),
zkn ∼ Poisson λ̃kn ,
(4)

2.2 Deep representations with PFA modules

Henao, Lu, Lucas, Ferranti and Carin
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(i,1)
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(2)
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(2)
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binary units, respectively θkn and hkn , are shared across the i = 1, . . . , D modalities.
(i,2)
Column k of Ψ(i,2) corresponds to a meta-topic specific to modality i, with ψk
a K(i,1) dimensional probability vector, denoting the probability with which each of the modality-i
(2)
layer-1 topics are “on” when layer-2 “meta-topic” k is on (i.e., when hkn = 1). The
columns of Ψ(i,2) define correlation among the modality-i layer-1 topics; for a given layer-2
meta-topic (column of Ψ(i,2) ), some layer-1 topics co-occur with high probability, and other
layer-1 topics are likely jointly absent. Furthermore, columns of the concatenated meta-topic
>

matrix, (Ψ(1,2) )> . . . (Ψ(D,2) )> , define correlation structure among all layer-1 topics at
the same time.
As one moves up the hierarchy, to layers ` > 2, the meta-topics become increasingly
more abstract and sophisticated, manifested in terms of probabilisitic combinations of topics
and meta-topics at the layers below. Because of the properties of the Dirichlet distribution,
each column of a particular Ψ(`) is encouraged to be sparse, implying that a column of Ψ(`)

We now consider a two-layer model, with hn assumed known. To generate hn ,
PK2 (i,2)
(i,2)
(i,2)
zkn ,
we first draw zn , which, analogous to above, may be expressed as zn = k=1


(i,2)
(i,2)
(i,2)
(i,2) (2) (2)
∼ Poisson λkn
and λkn = ψk θkn hkn . Note that factor intensities and

with zkn

is the number of topics in the module. The columns of Ψ(i,1) define correlation among
the entities associated with the topics; for a given topic (column of Ψ(i,1) ), some entities
co-occur with high probability, and other entities are likely jointly absent.

n, and it is active when hkn = 1. The entity-count vector for patient n in modality i


P
K(i,1) (i)
(i)
(i,1)
(i)
manifested from topic k is xkn ∼ Poisson λkn , and xn =
k=1 xkn , where K(i,1)

Consider modality i in layer 1 of (6), from which xn is drawn. Assuming hn is known,
this corresponds to a focused topic model (Williamson et al., 2010). The columns of Ψ(i,1)
(i,1)
correspond to modality-i topics, with the k-th column ψk
defining the probability with
(i,1)
which entities (e.g., medications) of modality i are manifested for topic k (each ψk
is
(i,1)
drawn from a Dirichlet distribution, as in (3)). Generalizing the notation from (2), λkn =
(i,1) (i,1) (i,1)
M , is the rate vector associated with topic k, modality i and patient
ψk θkn hkn ∈ R+

(i,1)

DPFM for EHR Analysis

(`)

i = 1, . . . , D ,

(i)

L+1
λn = Ψ(`) (θn ◦ hn ). The form of the model in (5) introduces latent variables {zn }`=2
(`)
L
and the element-wise function 1(·), rather than explicitly drawing {hn }`=1
from the BPL
(L+1)
(L+1)
(L+1)
distribution. Concerning the top layer, we let zkn
∼ Poisson(λk
) and λk
∼
Gamma(a0 , b0 ).

2.3 Deep multi-modality representation with PFA modules



hn(i,1) = 1 zn(i,2) ,

.
..


hn(L−1) = 1 zn(L) ,


hn(L) = 1 zn(L+1) ,

(7)
(8)
(9)

2.4 Model interpretation

in which each modality has an associated factor loadings matrix, Ψ(i,2) , but shared factor in(2)
(2)
(2)
tensities, θn , binary units, hk and parameters {η (2) , rk , b(2) }. This means that modality(i,2)
specific latent counts, zn , can be drawn from a PFA module restricted to Ψ(i,2) as in (9).
The MPFA module in (8) is a novel specification, not previously considered by Henao et al.
(2015), that extends the functionality of Poisson factor analysis beyond applications in
electronic health records analysis. The architecture of the Deep Multi-modality Poisson
Factor Model (DMPFM) in (6) is fully specified by {K(1,1) , . . . , K(D,1) , K(2) , . . . , K(L) } and
L, where K(i,1) are modality-specific loadings sizes (number of topics), K(k) are modalityshared loadings sizes and L is the number of layers. For example, Figure 1 shows a graphical
model representation for a specification with D = 3 and L = 2. When the model is set for
a single-modality, D = 1, the architecture in (6) is equivalent to DPFM, as shown in (5)
and previously described by Henao et al. (2015).

xn(i) ∼ PFA(i,1) ,
zn(1,2) , . . . , zn(D,2) ∼ MPFA(2) ,
.
..

zn(L) ∼ PFA(L) ,



(2)
PFA Ψ(i,2) , θn(2) , hn(2) ; η (2) , rk , b(2) ,

(6)

In a multi-modality setting, each individual is characterized by D different count vectors,
each of which is characterized by a different vocabulary (different types of entities being
counted, i.e., different modalities). Individual n ∈ {1, . . . , N }, data type i ∈ {1, . . . , D} is
(i)
denoted as xn , corresponding to an Mi -dimensional count vector. The dataset described
in Section 3 is composed of D = 3 data types: medications, laboratory tests and codes.
Since all D data types are composed of count vectors, we can in principle concatenate the
h
i>
P
(1)
(D)
D vectors for patient n into a long i Mi -dimensional vector, (xn )> , . . . , (xn )> , that
we can model with the DPFM in (5). Such an approach will allow us to learn about the
correlation structure of the variables in the concatenated modalities, but it ignores the fact
that due to context, each data type in general has its own correlation structure. Another
simple approach consists of modeling each data type individually, again using (5); however,
this fails to acknowledge that different modality types can be correlated, as they represent
different contexts or “views” of a larger representational space. In Henao et al. (2015),
the authors employ this single-modality approach to model medications from the dataset
described in Section 3, however they do not provide insights on how to combine multiple
modalities. Motivated by the shortcoming of these two simplistic approaches, we modify
the model in (5) to learn correlation structures of individual modalities, but at the same
time to be able to share information across them to leverage their correlation structure. In
particular, we propose a data-type-specific first layer and a deep architecture of shared PFA
modules, formally written as

where

i

D
Y



def
(i,1)
PFA(i,1) = PFA Ψ(i,1) , θn(i,1) , hn(i,1) ; η (i,1) , rk , b(i,1) ,
def

MPFA(2) =



(2)
zn(i,2) ∼ PFA Ψ(i,2) , θn(2) , hn(2) ; η (2) , rk , b(2) .
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The first layer in (6) is composed of D independent PFA modules as in (7), with explicit hierarchical model in (3). The multi-modality PFA model, denoted MPFA in (8), is a PFA model
7

(2)

(2)

(1)

9
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where λ̂cn is element c of λ̂n . First considering the single-modality case, λ̂n = B(θn ◦ hn )
is a matrix of nonnegative classification weights, with prior distribution
and B ∈ RC×K
+
bk ∼ Dirichlet(ζ1C ), where bk is a column of B. Here, we denote latent counts as ẑn =
(`)
[ẑ1n . . . ẑCn ]> to differentiate them form those coming from the DPFM, denoted as zn
in (5). The matrix of classification weights, B, in (10) serves two purposes: (i) learns
the correlation structure of labels, since large entries in bk , say bck and bc0 k indicate their
corresponding labels, c and c0 are proportionally correlated; and (ii) provided that the prior
for B encourages sparsity, the resulting classifier is parsimonious and easier to interpret
than that of a classifier with dense B.
Figure 1(a) shows a graphical model representation of a PFA module connected to the
multi-label classifier in (10), where solid nodes and edges represent PFA module components
and dashed lines are specific to the classification model. Combining (5) with (10) allows us
(1)
(1)
to learn the mapping xn → yn via the shared first-layer local representation, θn ◦hn , that
encodes topic usage for document n. This sharing mechanism allows the model to learn

(1)

Assume there is a C-dimensional vector of binary labels yn ∈ {0, 1}C associated with
patient n (presence/absence of C maladies or illnesses). Provided that labels share the
same covariates (patient n, xn ) and are oftentimes correlated, it is reasonable to model all
labels jointly as opposed to build individual models for each label. We seek to learn the
model for mapping xn → yn simultaneously with learning the deep topic representation in
Section (2.2). In fact, the mapping xn → yn is based on the deep generative process for xn
in (5). This means that we can leverage the correlation structure of count data vectors and
labels at the same time. We represent each element of yn , ycn , using (4). We impose the
model
 
ycn = 1(ẑcn ≥ 1) ,
ẑcn ∼ Poisson λ̂cn ,
(10)

2.5 PFA modules for multi-label classification

We emphasize that θkn , hkn are shared across all D data types, or modalities. The
hierarchy that resides above them is meant to model underlying latent correlations in aspects
of disease and health. The underlying state of the patient is independent of the modality
(2)
with which he/she is viewed. When hkn = 1, the kth meta-topic of health/disease is “on”
(i,2)
for patient n; ψk
characterizes how meta-topic k impacts the presence/absence of each
topic associated with modality i. The modality-dependence is manifested at the bottom
of the deep model, near the data, and the deep architecture above it imposes statistical
relationships among the meta-topics, and is meant to characterize latent health/disease.

(i,1)

where
xmk· =

n=1

N
X

xmkn ,

x·kn =

10

m=1

M
X

xmkn ,

(11)
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π̃kn = πkn (1 − b)rk .

hkn ∼ δ(x·kn = 0)Bernoulli(π̃kn (π̃kn + 1 − πkn )−1 ) + δ(x·kn ≥ 1) ,

θkn ∼ Gamma(rk hkn + x·kn , b−1 ) ,

ψk ∼ Dirichlet(η + x1k· , . . . , η + xM k· ) ,

A convenient feature of the model in (5) and (6) is that all its conditional posterior distributions can be written in closed form, due to local conjugacy. In this section, we focus on
Markov chain Monte Carlo (MCMC) via Gibbs sampling for our implementation. In applications where the fully Bayesian treatment becomes prohibitive computationally, Stochastic
Variational Inference (SVI) can be used (Henao et al., 2015). See Appendix A for details
about SVI implementation for models based on PFA modules. Other alternatives for scaling
up inference in Bayesian models such as the parameter server (Ho et al., 2013; Li et al.,
2014), conditional density filtering (Guhaniyogi et al., 2014) and stochastic gradient-based
approaches (Chen et al., 2014; Ding et al., 2014; Welling and Teh, 2011), are also possibile
but beyond the scope of this work.
Gibbs sampling for the model in (5) and (6) involves sampling in sequence from the
conditional posterior of all the parameters of the model. For instance, for the DPFM in (5),
(`)
(`) (`)
we have {Ψ(`) , θn , hn , rk }, for ` = 1, . . . , L, and λ(L+1) . For the multi-modality model
in (6) we also have to account for modality-specific parameters in (7). The remaining
parameters of the model are set to fixed values: η = 1/K, b = 0.5 and a0 = b0 = 1. We note
that priors for η, b, a0 and b0 exist that result in Gibbs-style updates, and can be readily
incorporated into the model if desired; however, we opted to keep the model as simple as
possible, without compromising flexibility. The most unique conditional posteriors for a
single PFA module are shown below, without layer index for clarity,

2.6 Inference

C×K

topics, Ψ(1) , and meta-topics, {Ψ(`) }L
`=2 , biased towards discrimination, as opposed to just
explaining the data, xn .
(1)
(D)
For the deep multi-modality model in (6), we learn the mapping xn , . . . , xn → yn
PD
(i,1)
through the first-layer local representations from all modalities, hence λ̂n = i=1 Bi (θn ◦

encourages use of a small subset of columns of Ψ(`−1) , with this repeated all the way down
to the data layer, and the topics reflected in the columns of Ψ(1) . This deep architecture
imposes correlation across the layer-1 topics in all modalities, and it does it through use of
PFA modules at all layers of the deep architecture, unlike Gan et al. (2015a) which uses an
SBN for layers 2 through L, and a PFA at the bottom layer. In addition to the elegance
of using a single class of modules at each layer, the proposed deep model has important
computational benefits, nas discussed
o in Section 2.6.

hn ), where Bi ∈ R+ (i,1) , for i = 1, . . . , D. In this case, the classifier uses information
from all modalities but at the same time biases modality-specific topics, Ψ(i,1) , towards
discrimination. We call this construction discriminative deep multi-modality Poisson factor
model. In cases where multi-class, not multi-label classification is required, we can use the
formulation introduced by Henao et al. (2015), based on a multinomial likelihood function,
instead of a Bernoulli-Poisson link as in (10). Although other DP-based discriminative topic
models have been proposed (Lacoste-Julien et al., 2009; Mcauliffe and Blei, 2008), they rely
on approximations in order to combine the topic model, usually LDA, with softmax-based
classification approaches.

Henao, Lu, Lucas, Ferranti and Carin

DPFM for EHR Analysis

Complete details, including those for DMPFM and discriminative DMPFM in Sections 2.3
and 2.5, respectively, are provided in Appendix B.
Initialization is done at random from prior distributions, followed by modality-wise and
layer-wise fitting (pre-training). In the experiments, when pre-training we run 150 Gibbs
sampling cycles per layer. We have observed that 50 cycles are usually enough to obtain
(i,1)
(`)
good initial values of the global parameters of the model, namely {Ψ(i,1) , rk , Ψ(`) , rk },
for i = 1, . . . , D, ` = 2, . . . , L and λ(L+1) .

DPFM for EHR Analysis

Henao, Lu, Lucas, Ferranti and Carin

2.6.1 Importance of computations scaling with the number of non-zeros
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Non-DP-based deep models for topic modeling employed in the deep learning literature
typically utilize RBMs or SBNs as building blocks. For instance, Hinton and Salakhutdinov
(2009) and Maaloe et al. (2015) extended RBMs via DBNs to topic modeling. In addition,
Srivastava et al. (2013) proposed the over-replicated softmax model, a deep version of RSM
that generalizes RBMs.
Recently, Ranganath et al. (2014) proposed a framework for generative deep models
using exponential family modules. Although they consider Poisson-Poisson and gammagamma factorization modules akin to our PFA modules, their model lacks the explicit
binary unit linking between layers commonly found in traditional deep models. Further,
their inference approach, black-box variational inference, is not as conceptually simple, but
it scales with the number of non-zeros of our model.
DPFA, proposed in Gan et al. (2015a), is the model closest to ours. Nevertheless, our
proposed model has a number of key differentiating features. (i) Both models learn topic
correlations by building a multilayer modular representation on top of PFA. Our model
uses PFA modules throughout all layers in a conceptually simple and easy to interpret way.
DPFA uses Gaussian distributed weight matrices within SBN modules; these are hard to
interpret in the context of topic modeling. (ii) SBN architectures have the shortcoming
of not having block closed-form conditional posteriors for their binary variables, making
them difficult to estimate, especially as the number of variables increases. (iii) Factor
loading matrices in PFA modules have natural shrinkage to counter overfitting, thanks to
the Dirichlet prior used for their columns. In SBN-based models, shrinkage has to be added
via variable augmentation at the cost of increasing inference complexity. (iv) Inference for
SBN modules scales with the number of hidden variables in the model, not with the number
of non-zero elements, as in our case.
In Henao et al. (2015), we presented an early version of our approach, for the singlemodality case in (5), but mainly focused on topic models. In this previous work, we introduced inference procedures based on Gibbs sampling and stochastic variational inference,
and considered a discriminative model for multi-class classification. In the present work, we
extend the DPFA architecture to multiple modalities (DMPFA) and introduce a discrimi-

2.7.2 Similar models

In Zhou et al. (2012), the authors showed that using the Poisson-gamma representation of
the negative binomial distribution and a beta-Bernoulli specification for p(hkn ) in (3), we
can recover the FTM formulation and inference in Williamson et al. (2010). More recently,
Zhou and Carin (2015) showed that PFA is comparable to HDP in that the former builds
group-specific DPs with normalized gamma processes. A more direct relationship between
a three-layer HDP (Teh et al., 2006) and a two-layer version of (5) can be established
by grouping count data vectors by categories. In the HDP, three DPs are set for topics,
data-dependent topic usage and category-wise topic usage. In our model, Ψ(1) represent
(1)
(1)
K topics, θ ◦ h encodes data-vector-wise topic usage and Ψ(2) encodes topic usage for
n
n
1
K2 categories. In HDP, data vectors are assigned to categories a priori, but in our model
(2)
(2)
data-vector-category soft assignments are estimated and encoded via θn ◦hn . As a result,
the model in (5) is a more flexible alternative to HDP in that it groups data vectors into
categories in an unsupervised manner.

From a practical standpoint, the most important feature of the models in (5) and (6) is that
inference does not scale as a function of the size of the total dataset, but as a function of its
number of non-zero elements, which is advantageous in cases where the input data is sparse
(often the case). For instance, ∼4% of the entries in the dataset described in Section 3 are
non-zero. Similar proportions are also observed in datasets traditionally used to bechmark
topic models (word documents), such as 20 Newsgroups, Reuters and Wikipedia (details
of which are discussed below). Furthermore, this feature also extends to all modalities
(`)
and layers of the model, regardless of {hn } being latent. Similarly, for the discriminative
N , not
DMPFM in Section 2.5, inference scales with the number of positive cases in {yn }n=1
CN . This is particularly appealing in cases where C is large and the number of positive
cases is small (a patient typically has a small subset of possible illnesses), ∼8% in the dataset
described in Section 3.
In order to show that this scaling behavior holds, it is enough to see that by construction,
PK
(`)
from (2), if xmn = k=1
xmkn = 0 (or zmn for ` > 1), thus xmkn = 0, ∀k with probability
1. Besides, from (4) we see that if hkn = 0 then zkn = 0 with probability 1. As a result,
(`)
update equations for all parameters of the model except for {hn }, depend only on non-zero
(`)
elements of xn and {zn }. Updates for the binary variables can be cheaply obtained in block
(`)
(`)
(`)
from hkn ∼ Bernoulli(πkn ) via λkn , as previously described.
It is worth mentioning that models based on multinomial or Poisson likelihoods such
as LDA (Blei et al., 2003), HDP (Teh et al., 2006), FTM (Williamson et al., 2010) and
PFA (Zhou et al., 2012), also enjoy this property (scaling based on number of non-zero
observations). However, the recently proposed deep PFA (Gan et al., 2015a) does not use
PFA modules on layers other than the first one; it uses SBNs or RBMs that are known to
scale with the number of binary variables as opposed to their non-zero elements.
2.7 Related work
2.7.1 Connections to other DP-based topic models
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PFA is a nonnegative matrix factorization model with Poisson link, that is closely related
to other DP-based models. Specifically, Zhou et al. (2012) showed that by making p(hkn =
1) = 1 and letting θkn have a Dirichlet, instead of a gamma distribution as in (3), we can
recover LDA by using the equivalence between Poisson and multinomial distributions. By
looking at (11), we see that PFA and LDA have the same blocked Gibbs updates (Blei
et al., 2003), when Dirichlet distributions for θkn are used. An equivalent analogy for SVI
updates (Hoffman et al., 2010) can be derived from the update equations in Appendix A.
11
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Patient data originated from the various hospitals and outpatient clinics of DUHS. As names
for medications, laboratory tests and diagnosis and procedure codes are uniquely named at
each facility, the data must first be reconciled to a common data dictionary.
Our dataset included 39,429 medication names. These names, which included both
brand and generic names at various dosages and formulations, were mapped to their pharmaceutical active ingredients (AI) using a custom Python script that leveraged the RxNorm
API2 . RxNorm is a depository of medication information maintained by the National Library of Medicine and includes trade names, brand names, dosage information and active
ingredients (Nelson et al., 2011). Compound medications that include multiple active ingredients incremented counts for all AI in that medication. We discovered 1,694 unique AI
in our dataset.
The data also include 4,391 types of laboratory tests, mapped to the Logical Observation Identifiers Names and Codes (LOINC) ontology (Vreeman et al., 2015). The LOINC

3.1 Data Reconciliation

We utilize three modes of data: self-reported medication usage, laboratory tests, and diagnosis and procedure codes. Count matrices for each mode for each patient were extracted
from a Duke University 5-year dataset. Specifically, we consider electronic health data generated from 2007 to 2011 in the care of Durham County residents within the Duke University
Health System (DUHS), including three hospitals and an extensive network of outpatient
clinics. This dataset includes over 240,000 patients with over 4.4 million patient visits.

3. Motivating Data

standard is common terminology for laboratory and clinical observations maintained by the
Regenstrief Institute3 . Mappings to the LOINC database were performed with the RELMA
tool4 . Each suggested mapping was reviewed by a physician to ensure that appropriate test
and measurement units were aligned. Counts for patient laboratory tests reflect the number
of times a test appears in a patients record. We discovered 1,869 unique LOINC tests in
the data.
Lastly, the data include 21,305 diagnosis and procedure codes. These were mapped
using their unique ICD-9 (International Statistical Classification of Diseases and Related
Health Problem) and CPT (Current Procedural Terminology) identifiers. ICD codes are
the international diagnostic coding system, and are maintained by the World Health Organization5 . CPT procedure codes are maintained by the American Medical Association and
are designed to ease uniform communication performed medical services6 . We identified
21,013 unique ICD-9 and CPT codes in the dataset.

native model specification for multi-label classification, of particular interest in electronic
health records applications, as one patient may suffer from multiple illnesses at the same
time. In the experiments, we will show the benefits of explicitly modeling multiple modalities
using a DMPFM specification, as opposed to naive constructs based on the single-modality
model of Henao et al. (2015).
Several deep architectures have been recently proposed for multi-modality problems
(Srivastava and Salakhutdinov, 2012, 2014; Sohn et al., 2014). These models use RBMs
as building blocks and are traditionally geared towards applications with image (pixel intensities) and text (word counts) modalities. The main goals of these applications are
classification based on image and text latent features, and information retrieval, that is,
predicting values of one modality given observations of the others. Unlike our discriminative DMPFM and SupDocNADE (Supervised Document Neural Autoregressive Distribution
Estimator Zheng et al., 2014) based on SBNs, most existing deep multi-modality models
based on RBMs build classifiers as a two-step procedure, not jointly with the generative
model as is our case. In its current form, our model does not allow for mixed data-types,
however it is not too difficult to extend it to such case, as we can seamlessly use sparse
Gaussian factor models (Carvalho et al., 2008; Henao and Winther, 2011; Henao et al.,
2014) and rank-likelihood factor models (Yuan et al., 2015) as first-layer modules for real
and ordinal-valued data, respectively. We leave these extensions as interesting future work.

3.
4.
5.
6.

See
See
See
See
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Prediction equations to determine the risk of various complications in diabetes have been
studied extensively (Wilson et al., 1998; Clarke et al., 2004; van Dieren et al., 2011). These
risk estimates are helpful for identifying high-risk populations that may need closer clinical
observation and higher intensity treatment (Simmons et al., 2009). Several equations are
currently available to estimate CHD, AMI and CVD risk (Metcalf et al., 2008; Tao et al.,

3.3.1 UK Prospective Diabetes Study (UKPDS) Outcomes Model

3.3 Classification

To narrow our analysis, we focused on a cohort of Type-2 Diabetes Mellitus (T2DM) patients, using previous phenotype criteria for T2DM (Richesson et al., 2013). T2DM is
a chronic disease with high disease and treatment costs. Patients with diabetes are at
increased risk of complications such as Coronary Heart Disease (CHD), Acute Myocardial
Infarction (AMI), Cerebral Vascular Disease (CVD), Chronic Renal Failure (CRF), and amputation (American Diabetes Association, 2014). Prediction of these outcomes is important
for communicating prognosis and targeting treatment to the high-risk patients.
We identified 16,756 patients in the dataset, by filtering for the following criteria: (i)
at least two counts of 250.xx ICD-9 codes, (ii) at least one laboratory measurement of
hemoglobin A1c (HgbA1C) greater than 4.5%, and (iii) a medication record including at
least one of the following T2DM medications: insulin, metformin, sufonylurea, or sitagliptin.
We generated counts for each data mode by mapping each patient’s records to the common
data elements as described above. We then counted the total number of occurrences for each
data element over a defined time window. In our initial experiment exploring the mapping
of medical concepts to discovered factors, this time window represented two years of data.
In our classification experiment, this time window was six months prior to the classification
date.

3.2 Cohort and Count Matrix Generation
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Outcome
Acute Myocardial Infarction
Amputation
Cardiac Catheterization
Coronary Artery Disease
Depression
Heart Failure
Kidney Disease
Neurological Diseases
Obesity
Ophthalmic Disease
Stroke
Unstable Angina
Death

DPFM for EHR Analysis

ICD-9 codes
410.*
84.1*
—
411.*, 413* and 414*
293.*, 296.*, 300.4 and 311.*
428.*
585.*, 249.* and 250.4*
249.6* and 250.6*
278.*
249.5* and 250.5*
346.6*, 430.*, 431.*, 432.*, 433.*, 434.* and 435*
411.1
date of death in the medical record

CPT codes
—
—
37.2*
45.8*
—
—
56.1*
—
85.*
—
—
—

Table 1: Definition of the 13 T2DM related outcomes for multi-label classification experiment in Section 2.5.

(12)

2013). UKPDS is a multicenter randomized trial involving 5,102 newly diagnosed patients
with T2DM, recruited from 23 UK centers (King et al., 1999; Stevens et al., 2001); it has
been utilized to generate outcome models for cardiovascular and cerebrovascular disease
(Lu et al., 2012; Tao et al., 2013).
In the UKPDS model, the 1-year probability of CHD is:
p(CHD) ∝ b0 + b1 ∗ (Age − 55) − b2 Female − b3 AfroCaribbean

+ b7 (log(TC/HDL) − 1.59) ,

+ b4 Smoking + b5 (HgbA1c − 6.72) + b6 (SPB − 135.7)/10

where mean Total Cholesterol (TC), mean High Density Lipoprotein (HDL), mean Systolic
7
Blood Pressure (SPB), and mean Hemoglobin A1c (HgbA1c) are used, and {bi }i=0
are
pre-specified classification weights (Stevens et al., 2001).
While patient care has changed rapidly since this study was performed (the original
patients were recruited and followed prospectively from 1977-1997), numerous studies have
since explored its application in more recent clinical cohorts. These differences as well as
regional variation in health care access and disease burden compelled us to estimate the
UKPDS parameters in our cohort to improve its classification results for our patients.
3.3.2 Outcomes Identification

JMLR 17(186):1-32

We generated training and test cohorts for our classification experiment in Section 4.3 by
defining well-known T2DM disease morbidities with diagnosis and procedure codes (American Diabetes Association, 2014). For each patient we capture the date of the 13 outcomes
in Table 1.
15
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3.3.3 Generating Test and Train Cohorts

To generate training and test cohorts from our dataset, we selected a reference date that
allowed us to (i) capture a large patient population with multiple patient encounters prior
to the date, and (ii) evaluate encounters after the date for the existence of an outcome.
For the classification experiment we generated count matrices for each data mode by
aggregating patient data for a six month period prior to the patient visit. We then determined if the patient had one or more of the above outcomes within 1 year of that visit. For
the training cohort, the patient visit was defined as the encounter immediately prior to the
date threshold of January 1, 2010. For our test set, we used a January 1, 2011 threshold
date. We cleaned our data to remove any patients (i) that already had outcomes 6 months
prior to the patient visit and (ii) removed any codes with less than 10 observations over the
entire cohort. Lastly, we removed from the test set any patients that were in the original
test set and did not have any additional visits since the training set threshold date. We also
removed any individuals who did not have laboratory or vitals data in the prior 2 years,
preventing us from computing a UKPDS risk score.

4. Experiments

In this section we start by presenting benchmark results using well-known corpora for topic
models, the goal being to show how DPFM (single modality) compares to related deep
models. Additional results for the single-modality case can be found in Henao et al. (2015).
Next, we present extensive experiments using the motivating data described in Section 3.
In particular, we evaluate DPFM and DMPFM in terms of model fit and classification
performance. Finally, we analyze the topics estimated by DMPFM. All experiments were
conducted on a 2.2GHz desktop machine with 8GB RAM. The code used, implemented in
Matlab, will be made publicly available.
4.1 Benchmark corpora
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We first evaluate the performance of the basic version of our model, specifically the deep
single modality model in (5). For this purpose, we present experiments on three corpora: 20
Newsgroups (20 News), Reuters corpus volume I (RCV1) and Wikipedia (Wiki). 20 News is
composed of 18,845 documents and 2,000 words, partitioned into a 11,315 document training
set and a 7,531 document test set. RCV1 has 804,414 newswire articles containing 10,000
words. A random 10,000 subset of documents is used for testing. For Wiki, we obtained
107 random documents, from which a subset of 1,000 is set aside for testing. Following
Hoffman et al. (2010), we keep a vocabulary consisting of 7,702 words taken from the top
10,000 words in the Project Gutenberg Library.
As performance measure, we use held-out perplexity, a commonly used performance
metric for topic models defined as the geometric mean of the inverse marginal likelihood of
every word in the set. We cannot evaluate the intractable marginal for the model in (5), thus
we compute the predictive perplexity on a 20% subset of the held-out set. The remaining
(`)
(`)
80% is used to learn document-specific variables of the model, {θn , hn }, for n = 1, . . . , N
and ` = 1, . . . , L. The training set is used to estimate the global parameters of the model,
(`)
{Ψ(`) , rk }, for ` = 2, . . . , L and λ(L+1) . For PFA-based models, the test perplexity for a
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Method
MCMC
SGNHT
SGNHT
SGNHT
SVI
Gibbs
Gibbs
CD5

Size
128-64
1024-512-256
128-64-32
128-64-32
(10,10,5)
128
128
128

20 News
780
—–
827
896
889
893
887
877

RCV1
908
942
1143
920
1041
1179
1155
1171

Wiki
783
770
876
942
932
1059
991
1001
Code
210.690
192.851
182.803
207.932
192.530
182.365

Med
1.930
1.825
1.759
1.911
1.816
1.764

Naive2
Lab
76.575
76.787
76.495
76.400
76.660
76.528
Code
208.785
193.782
182.049
209.652
192.505
180.806

Med
1.865
1.788
1.748
1.861
1.759
1.730

DMPFM
Lab
Code
72.919
194.260
72.662
176.737
72.415
167.423
72.773
191.854
72.531
176.451
72.364 166.759
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We evaluate the ability of the multi-modality model in (6) to fit the data introduced in
Section 3. The data consist of 16,756 patients, and of these 7,892 were used for model fitting
and 8,864 for testing. We considered the three modalities discussed above: 1,694 of the
entities corresponded to medications (Meds), 1,869 corresponded to laboratory tests (Labs),
and 21,013 corresponded to diagnosis and procedure codes (Codes). We filtered out variables
with less than 10 occurrences over the entire cohort, reducing the data to 253, 606 and 4,222
entities for Meds, Labs and Codes, respectively. We consider three different models: (i) A
single-modality approach, in which we treat each modality independently using (5) (denoted
Naive1); (ii) another single-modality approach, in which all modalities are stacked into
one data matrix, then modeled using (5) (denoted Naive2); and (iii) the multi-modality
approach using (6) (denoted DMPFM). Note that Naive1 and Naive2 constitute direct
applications of the DPFM model introduced by Henao et al. (2015). In all cases we collect
1,200 samples after running 1,200 burnin iterations. As the perfomance measure, we report
held-out perplexities for each modality on a randomly selected 20% subset (the test set).

4.2 Model fitting

JMLR 17(186):1-32

,

Naive1
Lab
76.724
76.736
76.538
76.648
76.967
76.556

Table 3 shows predictive perplexities for different architectures. We consider two- and
three-layer specifications (Size) in three different binary unit sizes each, for a total of 6
models. We see that Naive2 and DMPFM consistently outperform Naive1. These results
demonstrate that sharing information across modalities produces a model with a richer
correlation structure and improved model fit, compared to Naive1 and Naive2 that use
the DPFM of Henao et al. (2015). We also see that DMPFM performs the best in all
configurations, which highlights the importance of modeling correlation structure within and
across modalities. In terms of number of layers, we see a modest perplexity improvement
going from two to three layers in all cases. This is probably due to the size of the dataset;
it is likely that more significant gains will be observed from cohorts with a larger number
of variables and patients. It is worth noting that since our model is sparse, size K (on each
layer) can be understood as an upper bound on the number of factors in the sense that
the model has the ability of turning off entire factors by letting all its activations, hkn , to
be zero. In this experiment we present results for increasing values of K to show that the
model is able to capture increasing amounts of detail (evidenced by decreasing perplexity)

m=1 n=1

PS PK
M N
φs θs hs
1 XX
xmn log PS s=1
PM k=1
PK mk skn skn s
x··
s=1
m=1
k=1 φmk θkn hkn

!

Med
1.930
1.851
1.803
1.918
1.822
1.787

Table 3: Held-out perplexity for EHR data. Size indicates number of topics and/or binary
units, accordingly. Naive1 uses one DPFM per modality and Naive2 one DPFM for stacked
modalities (Meds, Labs and Codes). Naive2 and DMPFM use all modalities at once but
perplexities are computed separately.

Size
64–32
96–48
128–64
64–32–16
96–48–24
128–64–32
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where we have omitted P
modality
PNand layer indices for clarity, S is the total number of
collected samples, x·· = M
m=1
n=1 xmn and xmn , ψmk , θkn and hkn are elements of xn ,
Ψ, θn and hn , respectively.
We compare our single-modality deep model in (5) (denoted DPFM), against LDA (Blei
et al., 2003), FTM (Williamson et al., 2010), RSM (Hinton and Salakhutdinov, 2009), nHDP
(Paisley et al., 2015) and DPFA with SBNs (DPFA-SBN) and RBMs (DPFA-RBM) (Gan
et al., 2015a). For all these models, we use the settings described in Gan et al. (2015a).
Inference methods for RSM and DPFA are contrastive divergence with step size 5 (CD5)
and stochastic gradient Nose-Hoover thermostats (SGNHT), respectively. For our model,
(after the aforementioned pre-training) we run 3,000 samples, from which the first 2,000 are
discarded (burnin). For the Wiki corpus, MCMC-based DPFM is run on a random subset
of 106 documents.
Table 2 shows results for the corpora being considered. Figures for methods other than
DPFM were taken from Gan et al. (2015a). We see that multilayer models (DPFM, DPFA
and nHDP) consistently outperform single layer ones (LDA, FTM and RSM), and that
DPFM has the best performance across all corpora for models of comparable size. We
verified empirically (results not shown) that doubling the number of hidden units, adding a
third layer or increasing the number of samples/iterations for DPFM does not significantly
change the results in Table 2. As a note on computational complexity, one iteration of the
two-layer model on the 20 News corpus takes approximately 2 seconds. For comparison, we
also ran the DPFA-SBN model in Gan et al. (2015a) using a two-layer model of the same
size; in their case it takes about 24, 4 and 5 seconds to run one iteration using MCMC,
conditional density filtering (CDF) and SGNHT, respectively. Runtimes for DPFA-RBM
are similar to those of DPFA-SBN. Additional results for DPFM using stochastic variational
inference can be found in Henao et al. (2015).

perplexity = exp −

single modality can be calculated as (Zhou et al., 2012)

Table 2: Held-out perplexities for 20 News, RCV1 and Wiki. Size indicates number of
topics and/or binary units, accordingly.

Model
DPFM
DPFA-SBN
DPFA-SBN
DPFA-RBM
nHDP
LDA
FTM
RSM

DPFM for EHR Analysis

Size
64–32
96–48
128–64
64–32–16
96–48–24
128–64–32

Med
0.592±0.05
0.596±0.04
0.590±0.04
0.601±0.05
0.587±0.04
0.590±0.04

Code
0.745±0.06
0.727±0.06
0.725±0.06
0.726±0.05
0.735±0.06
0.732±0.05

DPFM for EHR Analysis

Naive1
Lab
0.594±0.05
0.583±0.05
0.590±0.05
0.594±0.05
0.588±0.06
0.588±0.05

Naive2
All
0.751±0.06
0.750±0.06
0.751±0.06
0.742±0.06
0.758±0.07
0.757±0.06

DMPFM
All
0.771±0.07
0.781±0.06
0.779±0.06
0.771±0.06
0.785±0.07
0.784±0.07

Table 4: Mean test AUCs with standard deviations over 13 binary classification tasks. Size
indicates number of topics and/or binary units, accordingly. Naive1 is one discriminative
DPFM per modality and Naive2 is one discriminative DPFM for stacked modalities (Meds,
Labs and Codes). Naive2 and DMPFM use all modalities to build classifiers.

as the model size grows, but also as a way to highlight that the model does not overfit,
meaning that test performance (perplexity) does not deteriorate as the model size increases.
In terms of computational complexity, Naive1 and Naive2 take between 180 and 310 CPU
depending on the size of the model; DMPFM takes between 190 and 480 minutes. Note
that runtime include model fit, testing and perplexity calculations. In any case, runtimes
are deemed reasonable considering the size of the dataset and the complexity of the models
being evaluated.
4.3 Multi-label classification
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We evaluate the discriminative DMPFM in Section 2.5 on the multi-label classification problem outlined in Section 3. We consider 13 well-known T2DM-related outcomes in Table 1,
namely, Acute Myocardial Infarction (AMI), amputation, cardiac catheterization, coronary
artery disease, depression, heart failure, chronic kidney disease, neurological disease, obesity, ophthalmic disease, stroke, unstable angina and death. We compare our discriminative
DMPFM to discriminative versions of Naive1 and Naive2 based on DPFMs. For a baseline
comparison, we use the UKPDS model in (12) and sparse logistic regression (Friedman
7 , for each
et al., 2001). For the UKPDS model we estimate model coefficients, {bi }i=0
outcome independently in a logistic regression setting. Note that UKPDS was originally
intended for coronary heart disease, however we use its covariates (age, sex, race, smoking
status, HgbA1c, SPB, TC and HDL) to build classifiers for all outcomes. We also use coronary heart disease interchangeably with coronary artery disease, which is the build up of
plaque in the arteries of the heart and results in coronary heart disease. For PFA-based
models, we collect 1,200 samples after running 1,200 burnin iterations. As a performance
measure, we report area under the receiving operating characteristic (AUC) values on the
test set (Fawcett, 2006). Provided that all classification tasks are very imbalanced, about
8% positive outcomes in average, we do not report test accuracies. Optimal thresholds can
be obtained from ROC curves using outcome-specific prevalence information, if desired.
Once threshold values have been selected, accuracies, true positive rates and true negative
rates can be readily computed.
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UKPDS

0.734

0.803

0.825

0.755

0.824

Death
Opthalmic
Neurological

Acute Myocardial Infarction

0.733

Unstable Angina

Stroke

0.723

0.731

Cardiac Catheterization

0.719

Depression

0.748

Heart Failure

0.7

Kidney Disease

0.6

AUC

Obesity

0.5

(a)
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Table 4 shows average test AUCs for Naive1, Naive2 and DMPFM and different model
architectures. Averages are computed over the 13 outcomes in Table 1. We see from the
results for Naive1 that Codes carry significantly more classification power than Med and
Lab modalities. Naive2, which combines all modalities into a single data matrix performs
consistently better than Naive1, and DMPFM perfroms the best by a considerable margin,
taking into account the size of the test set. In terms of model size, the largest three-layer
model performs the best, closely followed by models of size 96–48–24 and 96–48.
Results in Figure 2a show test AUC values as bars for each outcome individually. We
compare DMPFM against two baselines, UKPDS and sparse logistic regression. We see that
DPFM outperforms the others in nearly all classification tasks except for heart failure, in
which sparse logistic regression (LASSO) performs best, and amputation, where DMPFM
and LASSO perform about the same. Note that LASSO is considerably sparser than our
model, because it tends to exclude heavily correlated variables, however we observed that
our model tends to include the same variables deemed important by LASSO, as a subset.
In Figure 2a we also show test AUC values obtained by DMPFM sorted in decreasing order,
with corresponding ROC curves in Figure 2b.
The outcomes with the greatest predictive power was amputation and the lowest was
obesity. Upon further examination these have potentially interesting clinical drivers. For
example amputation of limbs in diabetic patients is often the result of longstanding neuropathy and microvascular damage hindering the ability of patients to not only identify
injuries but also heal. We note that the second and fourth authors are medical doctors,
and provided all medical analysis. A common clinical scenario involves patients with foot

Figure 2: Test AUC and ROC curves from multi-label classification experiment. (a) AUC
values for UKPDS, sparse logistic regression (LASSO) and DMPFM. Values beside each
bar group correspond to AUC values obtained by DMPFM. (b) ROC curves from DMPFM.
Each curve represents represents a classification task for an outcome. The dashed line is
the AUC of a random classifier.
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The poor predictive power for obesity likely rests with its prevalence in T2DM populations. Metabolic syndrome, a constellation of symptoms including hyperlipidemia, hypertension and obesity is a strong risk factor for obesity. An examination of contributing
first-layer topics reveals medications that would be typical for a patient with symptoms of
metabolic syndrome. The main lab first-layer topic shares the same topic #7 as in amputation. Interestingly, morbidly obese patients also share a high incidence of skin infections

ulcerations that go undetected and result in gangrenous limbs and ultimately amputation.
By plotting the classification coefficients for amputation (see Figure 3:top), we identify
the top three contributors to this outcome (medications #126, labs #7, and codes #67)
in Figure 3:bottom. In medications topic #126, we find the usage of standard diabetes,
cholesterol and hypertension medications. Notably we also found Amitriptyline, which can
be used to treat patients with diabetic neuropathy. In Labs #7, we identify laboratory
tests that would be common in evaluating neuropathy (thiamine deficiency) and a test for a
bacterial species common in skin infections, Streptococcus Pyogenes Antigen. This would a
be common antigen for a patient with skin infections including foot ulcerations. Lastly, the
codes #67 refer to foot ulcers and peripheral vascular disease. Peripheral vascular disease
can result from the accumulation of fatty deposits in the vasculature of the extremities and
can be exacerbated by the microvascular damage of diabetes. While additional evaluation
of topics with high classification coefficients may elicit unexpected predictors of amputation, this initial analysis revealed that the highest scoring topics correlated well with clinical
intuition.

Figure 3: Top classification weights and topics associated with amputation. We show the
top 10 words (bottom panel) from first-layer topics with the largest 3 classification weights
(top panel), namely meds # 126, labs #7 and codes #67.

Classification weight

#13
digoxin
belladonna alkaloids
albuterol
duloxetine
acebutolol
pseudoephedrine
azithromycin
cyclosporine
alprostadil
acai berry extract

#19
clonidine
simvastatin
valproate
colchicine
fluphenazine
hydralazine
omeprazole
bromfenac
meloxicam
acid medication

22

7. The graph in Figure 4 only shows top four connections for clarity.
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We also examined the ability of the DPFA model to generate topics that represent intuitive
medical concepts. For illustrative purposes, we discuss the intra-modality correlation of
first and second level topics (meta-topics), starting with the medications mode and expand
to other modalities. We plot the correlations between medication topics in Figure 4. We
show first-layer topics (boxes) within a modality. Each box contains the first four words
with the highest probability mass in that topic. The topics are connected into meta-topics
(blue circles) representing both intra- and inter-modality correlations. As we see, the graph
is considerably sparse taking into account that each meta-topic can have up to 128 edges.
As a quantitative summary of graph sparsity, we note that the average node degree of the
complete7 medication graph is 18 (edges in the graph are present if their weight is larger
than 1e-2).
The center of the plot in Figure 4 includes topics (based on lowest layer in the model,
touching the data) and meta-topics (based on the second layer in the model) with the highest level of correlation with other topics. Unsurprisingly, the central medicine topic (#3, see
Table 5) includes the medication metformin, a first-line treatment for T2DM, and duloxetine, a treatment for peripheral neuropathy. Interestingly, this topic also includes several
steroids including dexamethasone and budesonide, which can induce or worsen T2DM.
To better interpret the correlation structure, we started with meta-topics and explored
both intra- and inter-modality correlation. To ease interpretability we focused on metatopics with fewer connections. We found that many of the meta-topics represented coherent
clinical narratives based on the discovered first-layer topics and meta-topics. For example
the meta-topic #29 in Figure 5, includes first-layer medicine topics #19 #13 in Table 5.
These two collections represent a wide variety of medications used to treat co-morbidities
common to T2DM. However, this list also includes opioid pain killers and a chemotherapeutic agent, cyclosporine. While difficult to interpret with only intra-modality correlation,

4.4 Analysis of multi-modality model

and pressure induced ulcerations due to their sedentary behaviors. Lastly, the code topics
have codes related to abnormal weight gain.

Table 5: Selected topics from medications modality. We show the top 10 words from firstlayer topics #3, #13 and #19.

#3
acid medication
duloxetine
metformin
budesonide
fluphenazine
dexamethasone
insulin lispro
atazanavir
azithromycin
glimepiride
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Amlodipine
Omeprazole
Simvastatin
Azithromycin

Bupropion
azelastine
Diphenhydramine
armodafinil
Esomeprazole
DocusateBiotin
Enoxaparin
Vitamin
A
Prochlorperazine
Calcitriol
Erythromycin

Aspirin
Metoprolol
Felodipine
Amiodarone

Aspirin
Chlorthalidone
Acetazolamide
aprepitant

Aspirin
Glipizide
Felodipine
Ibandronate

Albuterol
Testosterone
acid medication
azelastine

Albuterol
azelastine
Acyclovir
Atropine

Albuterol
azelastine
Lidocaine
Choline Magnesium Trisalicyclate

Albuterol
azelastine
colesevelam
Ibandronate

Clonidine
Simvastatin
Valproate
Colchicine

Testosterone
Chlorhexidine
Finasteride
zolpidem

Clobetasol
Bisacodyl
Ethinyl Estradiol
colesevelam
Cetirizine
calcium phosphate
entecavir
adefovir

Aspirin
Insulin, Aspart Protamine, Human
besifloxacin
fluticasone

Cholecalciferol
Chlorthalidone
Clomiphene
cefdinir

Amphetamine
Ibandronate
Insulin Lispro
Furosemide

acid medication
Guaifenesin
Simvastatin
Diclofenac

cyclobenzaprine
Citalopram
latanoprost
Omeprazole
acid medication
Vitamin B Complex
Azithromycin
Simvastatin

Acyclovir
Albuterol
besifloxacin
Calcium Carbonate
Glipizide
Clindamycin
Metformin
Econazole

Fenofibrate
efavirenz
Clotrimazoleabacavir
Omega-3 Acid Ethyl Esters
(USP)
emtricitabine
Diclofenac
Atazanavir

DPFM for EHR Analysis

Amlodipine
Simvastatin
pioglitazone
exemestane

Amlodipine
Omeprazole
Escitalopram
Estradiol

acid medication
Acetic Acid
Vitamin D
Bisacodyl

carvedilol
Carbidopa
Amitriptyline
Ibuprofen
Fluorouracil
Vitamin B 12
calcium acetate
venlafaxine

Amiodarone
Glyburide Calcium Carbonate
atorvastatin
alfuzosin
Clarithromycin
adapalene
Metformin Activated Charcoal
Vitamin B Complex
Etodolac
benazepril
Fenofibrate
acid medication
Amitriptyline
Insulin Lispro

Amlodipine
Omeprazole
Azithromycin
Activated Charcoal

Cephalexin
aluminum chloride
Metoprolol
Pseudoephedrine

acid medication
Simvastatin
Cefadroxil
Diphenhydramine

acid medication
duloxetine
Metformin
Budesonide

Allopurinol
benzonatate
Allopurinol
Naproxen
Benzocaine
Simvastatin

Oxycodone
Ketoconazole
Naproxen
NPH Insulin, Human
Insulin Glargine
Oxycodone

Alprazolam
bimatoprost
Beta Carotene
Ibandronate
fluticasone
Lisinopril
Hydrochlorothiazide
Fluconazole
Diclofenac
Ascorbic Acid
Atenolol
Ramipril
meloxicam
Amiloride
Glipizide
Ciprofloxacin
Omega-3 Acid Ethyl Esters (USP)
Betamethasone
acid medication
Valproate
Chlorhexidine
Insulin Lispro
Acetaminophen
Acetaminophen
Amoxicillin
Acetaminophen
Sulfamethoxazole
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Figure 4: Graph representation obtained for medication interactions. Meta-topic are denoted by blue circles and first-layer topics as boxes, with word lists corresponding to the
(1)
top four medications in first-layer topics, ψk . For clarity, we only show the top four
connections between meta-topics and their associated topics.

23

0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01
0
50

150

Lab

200

First level topics

118

250

300

Code

84

350

#84
malignant neoplasm of prostate
impotence of organic origin
office/outpt visit est pt
personal history of maligna...
elevated prostate specific ...
interview and evaluation, d...
other puncture of vein
follow-up examination follo...
office consult new or est pt
nocturia

25

Henao, Lu, Lucas, Ferranti and Carin

Med

100

#25
routine venipunture for speci
routine general medical exa...
lipid panel
hemoglobin glycosylated
prostate specific antgn totl
office/outpt visit est pt
reeval healthy est 40-64yrs
special screening for malig...
postop f-up vst incl glob s...
basic metabolic panel

8. See http://diabetes.org/advocacy/news-events/cost-of-diabetes.html.
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In 2012, the American Diabetes Association estimated that the economic burden of diabetes
in the United States exceeded 245 billion dollars8 . High-throughput and widely available

5. Discussion

further examination of first-layer topics across modalities that contribute disproportionately
to this meta-topic identified laboratory and diagnostics codes which expand the narrative of
this meta-topic. A patient weighted heavily with this meta-topic would have laboratory results characterized by hematuria (blood in urine) and prostate specific antigen testing. The
combination of these medication and laboratory topics suggests a patient with metastatic
prostate cancer causing pain and hematuria. This is confirmed when examining the firstlayer code topic #84, which includes the code for malignant prostate cancer.
In another example, we explore meta-topic #3 in Figure 6, a topic that does not necessarily make intuitive sense, but could hint at the power of DPFA to identify novel correlations between different data. This meta-topic has two prominent first-layer medication
topics. While the first medication topic, #33, contains a mix of hypertensive and antiviral
medications, the second topic, #120, includes two notable drugs alprazolam (Xanax) and
baclofen, a muscle relaxant. While these two medications may relate to the anxiety, myalgia
and insomnia codes, we see in first-layer topic #19 for codes, it would be interesting to explore other first-layer topics contribute to this meta-topic and connect with other conditions
identified such as major depressive disorder and chronic pain.

Figure 5: Top weights and topics associated with meta-topic #29. We show the top 10
words (bottom panel) from first-layer topics with the largest 3 meta-topic weights (top
panel), namely labs #118 and codes #25 and #84.
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Despite these encouraging findings, many challenges remain before such high-throughput
phenotyping efforts can be used in a clinical setting. First, the clinical evaluation of DMPFM
for EHR relied on two clinical experts (second and fourth authors) to perform the data reconciliation and evaluate the topic groupings. This evaluation is subject to bias, and a
more extensive study involving a panel of clinicians is necessary to validate this method’s
robustness. Second, as discussed above, some of the clinical phenotypes are not easily interpreted. Although our method encourages sparsity there remains a high level of correlation
both within and between topics. These topics have many interconnections that remain to
be fully explored. In addition, the appropriate metrics to evaluate words (entities), topics and meta-topics for clinical applications requires further research. Third, even in cases
where we can generate a narrative around candidate phenotypes, many topics still contained

Our initial evaluation of the proposed method illustrated that DMPFM can identify
multiple candidate phenotypes from EHR data without expert or user supervision. Further,
these candidate topics, when defined in the context of a classification task, can significantly
outperform current benchmarks for risk prediction derived from large-scale clinical studies.
This was perhaps unsurprising as we are able to utilize much richer datasets (in both number
of clinical variables and patient numbers) than most clinical studies. We are also able to
estimate the important factors directly from the data, thus minimizing bias on the behalf
of the original study designers.

methods to predict morbidity and mortality outcomes for patients would improve the deployment of medical resources, and may reduce costs through increased preventative care
or reduced futile care.

Figure 6: Top weights and topics associated with meta-topic #3. We show the top 10
words (bottom panel) from first-layer topics with the largest 3 meta-topic weights (top
panel), namely labs #19 and codes #33 and #120.

Meta-topic weight

m=1

n

φmkn , b

−1
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zkn ∼ E[p(hkn = 1)]Poisson+ λ̃kn ,
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hkn ∼ E[p(x·kn = 0)]Bernoulli E[π̃kn ](E[π̃kn ] + 1 − E[πkn )]−1 + E[p(x·kn ≥ 1)]
!
X
X
rk ∼ Gamma 1 +
E[ukn ], 1 −
E[p(hkn = 1)] log(1 − b) ,

θkn ∼ Gamma E[rk ]E[hkn ] +

M
X

φmkn ∝ exp(E[log ψmk ] + E[log θkn ]) ,

SVI is a scalable algorithm for approximating posterior distributions consisting of EM-style
local-global updates, in which subsets of a dataset (mini-batches) are used to update in
closed-form the variational parameters controlling both the local and global structure of
the model in an iterative fashion Hoffman et al. (2013). This is done by using stochastic
optimization with noisy natural gradients to optimize the variational objective function.
Additional details and theoretical foundations of SVI can be found in Hoffman et al. (2013).
In practice the algorithm proceeds as follows, where again we have omitted the layer
(t)
index for clarity: (i) let {Ψ(t) , rk , λ(t) } be the global variables at iteration t. (ii) Sample a
mini-batch from the full dataset. (iii) Compute updates for the variational parameters of
the local variables using (layer index omitted for clarity)

Appendix A. Stochastic variational inference
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The DMPFM is an extensible model applicable to any data modalities that can be
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patient traits that may lead to better diagnosis and treatment outcomes.
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where
E[xmkn ] = φmkn ,

E[ukn ] =

DPFM for EHR Analysis

E[π̃kn ] = E[πkn ](1 − bn )E[rk ] ,

n=1

NB
N X
xmn φmkn ,
NB

x
·kn
X
j=1

E[rk ](E[rk ] + j − 1)−1 .

(13)

In practice, expectations for θkn and hkn are computed in log-domain. (iv) Compute a local
update for the variational parameters of the global variables (only Ψ is shown) using
ψ̂mk = η +

hkn log(1 − b)

.

(14)

where N and NB are sizes of the corpus and mini-batch, respectively. Finally, we update the
(t+1)
(t)
global variables as ψk
= (1 − ρt )ψk + ρt ψ̂k , where ρt = (t + τ )−κ . The forgetting rate,
κ ∈ (0.5, 1] controls how fast previous information is forgotten and the delay, τ ≥ 0, downweights early iterations. These conditions for κ and τ guarantee that the iterative algorithm
converges to a local optimum of the variational objective function. In the experiments, we
set κ = 0.7 and τ = 128.

Appendix B. Inference details

X

n

,

Conditional posteriors for Gibbs sampling (layer index omitted for clarity):

ukn , 1 −

ψk ∼ Dirichlet(η + x1k· , . . . , η + xM k· ) ,

θkn
hkn
X

n

xmkn ,
xmkn ,


∼ Gamma(rk hkn + x·kn , b−1 ) ,

∼ δ(x·kn = 0)Bernoulli π̃kn (π̃kn + 1 − πkn )−1 + δ(x·kn ≥ 1) ,
!

rk ∼ Gamma 1 +



zkn ∼ δ(hkn = 1)Poisson+ λ̃kn ,

N
X

n=1
M
X

m=1

rk
rk + j − 1

where Poisson+ (·) is the zero-truncated Poisson distribution and
xmk· =
x·kn =
π̃kn

j=1

(`+1)
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). The data augmentation scheme for

= πkn (1 − b)rk ,

x
·kn
X
uknj ,
uknj ∼ Bernoulli
ukn =

(`)

Note that for multilayer models, πkn = 1 − exp(λkn
rk via ukn is described in Zhou and Carin (2015).
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For the discriminative DPFM, lets denote latent counts for ŷn as x̂ckn , with summaries
analogous to (14), as x̂ck· and x̂·kn . Then,
bk ∼ Dirichlet(ζ + x̂1k· , . . . , ζ + x̂Ck· ) ,

θkn ∼ Gamma(rk hkn + x·kn + x̂·kn , b−1 ) ,

hkn ∼ δ(x·kn = 0 ∧ x̂·kn = 0)Bernoulli π̃kn (π̃kn + 1 − πkn )−1 + δ(x·kn ≥ 1 ∨ x̂·kn ≥ 1) .

Provided that θn and hn are shared by two PFA modules, one for the count data, xn ,
and the other for the labels, ŷn , their conditional posteriors are functions of latent counts
coming from both sources, x·kn and x̂·kn , respectively.
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Cluster analysis by nonnegative low-rank approximations has experienced a remarkable
progress in the past decade. However, the majority of such approximation approaches are
still restricted to nonnegative matrix factorization (NMF) and suffer from the following
two drawbacks: 1) they are unable to produce balanced partitions for large-scale manifold
data which are common in real-world clustering tasks; 2) most existing NMF-type clustering methods cannot automatically determine the number of clusters. We propose a new
low-rank learning method to address these two problems, which is beyond matrix factorization. Our method approximately decomposes a sparse input similarity in a normalized
way and its objective can be used to learn both cluster assignments and the number of clusters. For efficient optimization, we use a relaxed formulation based on Data-Cluster-Data
random walk, which is also shown to be equivalent to low-rank factorization of the doublystochastically normalized cluster incidence matrix. The probabilistic cluster assignments
can thus be learned with a multiplicative majorization-minimization algorithm. Experimental results show that the new method is more accurate both in terms of clustering
large-scale manifold data sets and of selecting the number of clusters.
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Cluster analysis is a main task of exploratory data mining, and a common technique for
statistical data analysis used in many fields. Usually, optimization of the clustering objectives is NP-hard and relaxation to “soft” clustering is a widely used technique. In the past
decade, various low-rank matrix approximation objectives, together with a nonnegativity
constraint on the cluster indicator matrix, have widely been used for the relaxation purpose.

Submitted 10/15; Revised 5/16; Published 10/16

The most popular nonnegative low-rank approximation method is Nonnegative Matrix
Factorization (NMF; Lee and Seung, 1999, 2001). It finds a matrix which approximates the
pairwise similarities between the data items and can be factorized into two nonnegative lowrank matrices. NMF was originally applied to vector data, for which Ding et al. (2010) did
later show that it is equivalent to the classical k-means method. NMF has also been applied
to weighted graph defined by the pairwise similarities of the data items. For example, Ding
et al. (2008) presented Nonnegative Spectral Cuts by using a multiplicative algorithm; and
Arora et al. (2011, 2013) proposed Left Stochastic Decomposition that approximates a
similarity matrix based on Euclidean distance and a left-stochastic matrix. Topic modeling
represents another example of a related factorization problem. Hofmann (1999) introduced
a generative model in Probabilistic Latent Semantic Indexing (PLSI) for counting data,
which is essentially equivalent to NMF using Kullback-Leibler (KL) divergence and trifactorizations. Bayesian treatment of PLSI by using Dirichlet priors was later introduced
by Blei et al. (2001). Symmetric PLSI with the same Bayesian treatment is called Interaction
Component Model (ICM; Sinkkonen et al., 2008).
Despite the remarkable progress, the above NMF-type clustering methods still suffer
from one or more of the following problems: 1) they are not accurate for the data in curved
manifolds; 2) they cannot guarantee balanced partitions; 3) their learning objectives cannot
be used to choose the number of clusters. The first problem is common in many realworld clustering tasks, where data are represented by raw features and simple similarity
metrics such as Euclidean or Hamming are only accurate in small neighborhoods. This
induces sparse accurate similarity information (e.g. as with the K-Nearest-Neighbor for a
relatively small K) as input for clustering algorithms. In the big data era, the sparsity is
also necessary for computation efficiency for large amounts of data objects. Most existing
clustering methods, however, do not handle well the sparse similarity. The second problem
arises due to the lack of suitable normalization of partitions in the objective function.
Consequently, the resulting cluster sizes can be drastically and spuriously variable, which
hampers the general reliability of the methods for applications. The third problem forces
users to manually specify the number of clusters or to rely on external clustering evaluation
methods which are usually inconsistent with the used learning objective.
In this paper we propose a new clustering method that addresses all the above-mentioned
problems. Our learning objective is to minimize the discrepancy between the similarity
matrix and the doubly-stochastically normalized cluster incidence matrix, which ensures
balanced clusterings. Different from conventional squared Euclidean distance, the discrepancy in our approach is measured by Kullback-Leibler divergence which is more suitable for
sparse similarity inputs. Minimizing the objective over all possible partitions automatically
returns the most appropriate number of clusters.
We also propose an efficient and convenient algorithm for optimizing the introduced
objective function. First, by using a new nonnegative matrix decomposition form, we find
an equivalent solution space of low-rank nonnegative doubly stochastic matrices. This
provides us a probabilistic surrogate learning objective called Data-Cluster-Data (DCD in
short). Next we develop a new multiplicative algorithm for this surrogate function by using
the majorization-minimization principle.
The new method is compared against many other clustering methods on various realworld data sets. The results show that the DCD method can often produce more accurate
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j=1

clusterings, especially for large-scale manifold data sets containing up to hundreds of thousands of samples. We also demonstrate that it can select the number of clusters much more
precisely than other existing approaches.
Although a preliminary version of our method has been presented earlier (Yang and Oja,
2012a), the current paper introduces several significant improvements. First, we show that
the proposed clustering objective can be used to learn not only the cluster assignments but
also the number of clusters. Second, we show that the proposed structural decomposition
is equivalent to the low-rank factorization of a doubly stochastic matrix. Previously it
was known that the former is a subset of the latter and now we prove that the reverse
also holds. Third, we have performed much more extensive experiments, where the results
further consolidate our conclusions.
The remainder of the paper is organized as follows. We review the basic clustering
objective in Section 2. Its relaxed surrogate, the DCD learning objective, as well as optimization algorithm, are presented in Section 3, and the experimental results in Section 4,
respectively. We discuss related work in Section 5 and conclude the paper by presenting
possible directions for future research in Section 6.

2. Normalized Output Similarity Approximation Clusterability

A=

k=1

4
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Comparing the original low-rank doubly stochastic matrix decomposition space A with the
DCD space B shows that the following equivalence holds:

B = B Bij =

We find an alternative solution space by relaxing M to another matrix B in the matrix set
(
)
r
r
X
X
Wik Wjk
; W ∈ RN ×r ; ∀i
Wik = 1; ∀i, k, Wik ≥ 0 .
(2)
PN
v=1 Wvk
k=1

3.1 Probabilistic relaxation

In this section we show how to minimize D(S||A) over A ∈ A with suitable choice of
discrepancy measure and complexity control. First we identify an equivalent solution space
of A which is easier for optimization. Then we develop the multiplicative minimization
algorithm for finding a stationary point of the objective function.

3. Low-rank Doubly Stochastic Matrix Decomposition by Probabilistic
Relaxation

To our knowledge, however, there is no existing technique that can minimize a generic
cost function over low-rank A or over U . The major difficulty arises because the doubly
stochasticity constraint is indirectly coupled with the factorizing matrix U . Note that this
optimization problem is different from normalizing the input similarity matrix to be doubly
stochastic before clustering (Zass and Shashua, 2006; He et al., 2011; Wang et al., 2012).

an easy reference within this paper, we call it Normalized Output Similarity Approximation
Clusterability (NOSAC) and D(S||M ) the NOSAC residual for a specific clustering M .
Note that the optimum is taken over partitions which possibly have different values of r.
Therefore the optimization can be used to learn not only cluster assignments but also the
number of clusters. Similarly, minimizing D(S||M ) can also be used to select an optimum
among partitions produced by e.g. different hyper-parameters or different initializations.
Minimizing D(S||M̄ ) or D(S||M ) is equivalent to a combinatorial optimization problem
in discrete space which is typically a difficult task (see e.g. Aloise et al., 2009; Mahajan et al.,
2009; Shi and Malik, 2000). In practice it is customary to first solve a relaxed surrogate
problem in continuous space and then perform discretization to obtain F̄ or F . Different
relaxations include, for example, nonnegative matrices (Ding et al., 2008; Yang and Oja,
2010) and stochastic matrices Arora et al. (2011, 2013) for the unnormalized indicator F̄
in D(S||M̄ ), and orthogonal matrices (Shi and Malik, 2000), as well as nonnegative and
orthogonal matrices (Ding et al., 2006; Yang and Oja, 2012b; Yang and Laaksonen, 2007;
Yoo and Choi, 2008; Pompili et al., 2013) for the normalized indicator F in D(S||M ).
In this paper we emphasize that the doubly stochasticity constraint is essential for
balanced clustering, which cannot be guaranteed by the above relaxations. Besides this
constraint, we also keep the nonnegativity constraint to achieve sparser low-rank factorizing
matrix. These conditions as a whole provide a tighter relaxed solution space A for M :


N


X
A ∀i,
Aij = 1; A = U U T ; U ∈ RN ×r ; ∀i, k, Uik ≥ 0 .
(1)



Given a set of data objects X = {x1 , . . . , xN }, cluster analysis assigns them into r groups,
called clusters, so that the objects in the same cluster are more similar to each other than to
those in the other clusters. The cluster assignments can be represented by a cluster indicator
matrix F̄ ∈ {0, 1}N ×r , where F̄ik = 1 if xi is assigned to the cluster Ck , and F̄ik = 0
otherwise. The cluster incidence matrix is defined as M̄ = F̄ F̄ T . Then M̄ ∈ {0, 1}N ×N
and M̄ij = 1 iff xi and xj are in the same cluster.
Let Sij ≥ 0 be a suitably normalized similarity measure between xi and xj . For a good
clustering, it is natural to assume that the matrix S should be close to the cluster incidence
matrix M̄ . Visually, M̄ is a blockwise matrix if we sort the data by their cluster assignment,
and S should be nearly blockwise. The discrepancy or approximation error between S and
M̄ can be measured by a certain divergence D(S||M̄ ), e.g. Euclidean distance or KullbackLeibler divergence. For example, He et al. (2011); Arora et al. (2011, 2013) used D(S||M̄ )
with Euclidean distance to derive their respective NMF clustering methods.
Directly minimizing D(S||M̄ ) can yield imbalanced partitions (see e.g., Shi and Malik,
2000). That is, some clusters are automatically of much smaller size than others, which
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is undesirable in many real-world applications. To achieve
a balanced clustering,
one can
P
PN
normalize M̄ to M in the approximation such that N Mij = 1 and j=1
M
ij = 1, or
qi=1
PN
T
equivalently by normalizing F̄ to F with Fik = F̄ik /
v=1 F̄vk . The matrix M = F F
then becomes doubly stochastic. Such normalization has appeared in different clustering
approaches (e.g., Ding et al., 2005; Shi and Malik, 2000). In this way, each cluster in M
has unitary normalized volume (the ratio between sum of within-cluster similarities and the
cluster size; also called normalized association (Shi and Malik, 2000)).
In this work we define clusterability as the maximum proximity between the data and
def
a clustering solution. In similarity-based cluster analysis, C(S) = − minM D(S||M ) can be
used as a measure of clusterability for the similarity S over all normalized clusterings. For
3

k=1

r
X

P (j|k)P (k|i)

P (k|j)
P (k|i)
PN
P (k|v)
v=1
k=1

r
X

Wik Wjk
PN
v=1 Wvk
k=1

(7)

(6)

(5)

(4)

(3)

def

5

Similarly P (i) = P (ξ = xi ) and P (i|k) = P (ξ = xi |β = Ck ).

def
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1. We use the abbreviation to avoid excessive notation. In full, P (k|i) = P (β = Ck |ξ = xi ), where β and ξ
are random variables with possible outcomes in clusters {Ck }rk=1 and data samples {xi }N
i=1 , respectively.

def

Euclidean distance or Frobenius norm is a conventional choice for the discrepancy measure
D. However, it is improper for many real-world clustering tasks where the raw data features
are weakly informative. Similarities calculated with most simple metrics such as Euclidean
distance or Hamming distance are then only accurate in a small neighborhood, whereas data

3.2 Kullback-Leibler divergence

That is, if we define a bipartite graph with the data samples and clusters as graph nodes,
Bij is the probability that the ith data node reaches the jth data node via a cluster node
(see Figure 1). We thus call this DCD random walk or DCD decomposition after the
Data-Cluster-Data walking paths. Since B is nonnegative and symmetric (which follows
easily from the definition), in non-trivial cases it can be seen as another similarity measure
between data objects. Our learning target is to find a good approximation between the
input similarity matrix S and the low-rank output similarity B.

=P (j|i).

=

=

Bij =

r
X

by the Bayes’ formula. Then we can see that

P (k|j)P (j)
P (k|j)
P (j|k) = Pr
= Pr
v=1 P (k|v)P (v)
v=1 P (k|v)

The proof is given in Appendix A. Previously it was known that A ⊇ B (Yang and Oja,
2012a). Now this theorem shows that A ⊆ B also holds, which implies that we do not miss
any solution in A by using B. We prefer B because the minimization in B is easier, as there
is no explicit doubly stochasticity constraint and we can work with the right stochastic
matrix W . Note that W appears in both the numerator and denominator within the
sum over k. Therefore this structural decomposition goes beyond conventional nonnegative
matrix factorization schemes.
A probabilistic interpretation of B is as follows. Let Wik = P (k|i), the probability of
assigning the ith data object to the kth cluster.1 In the following, i, j, and v stand for data
sample indices (from 1 to N ) while k and l stand for cluster indices (from 1 to r). Without
preference to any particular sample, we impose a uniform prior P (j) = 1/N over the data
samples. With this prior, we can compute

Theorem 1 A = B.
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k=1

r
X

k=1

r
X
W W
Pik jk ,
v Wvk

i=1 j=1

6

(10)

(9)

(8)
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N 
N X
X
Sij
Sij log
− Sij + Bij
Bij

Wik = 1, i = 1 . . . , N.

subject to Bij =

W ≥0

minimize DKL (S||B) =

points from different clusters often become mixed in wider neighborhoods. That is, only a
small fraction of similarities, e.g. K-Nearest-Neighbor similarities with a relatively small
value of K, are reliable and should be fed as a sparse input to clustering algorithms, while
the similarities between the other, non-neighboring samples are set to zero. Least-square
fitting with such a sparse similarity matrix is dominated by the approximation to the many
zeros, which typically yields only poor or mediocre clustering results.
Here we propose to use (generalized) Kullback-Leibler divergence which is a more suitable approximation error measure between the sparse input similarity S and the dense
output similarity B, because the approximation relies more heavily on the large values in S
(see e.g. Févotte and Idier, 2011). The underlying Poisson likelihood models more appropriately the rare occurrences of reliable similarities. We thus formulate our learning objective
in the relaxed DCD space as the following optimization problem:

Figure 1: Data-cluster bipartite graph for N data samples and r clusters (r < N ). The
arrows show a Data-Cluster-Data (DCD) random walk path, which starts at the
ith data node (sample) and ends at the jth data node via the kth cluster node.
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PN

r
X

k=1

−
− λi
∇ik
,
+
∇ik

X

0
= Wik
Wik

+
∇ik

v=1 Wvk .

l=1

k

P

bi − 1
,
ai

Wik − 1 .

−
∇ik

(13)

(14)

(15)

(18)

(17)

(16)

0 = 1 and isolating λ , we obtain
Wik
i

r
r
X
X
∇il−
W
il
, and , bi =
Wil +
.
∇il+
∇il
l=1

λi =

Imposing




 
∂J
−1
−1
− 2 (ZW )ik sk−1 + αWik
= W T ZW kk sk−2 + Wik
,
∂W
{z
}
|
{z
} |
with Zij = Sij /Bij and sk =

ai =

+ 1 − bi
.
+
∇ik
ai

−
∇ik
ai

−
∇ik
ai + 1
.
+
∇ik
ai + bi

8

(19)
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The above calculation steps are summarized in Algorithm 1. In implementation, one does
not need to construct the whole matrix B. The ratio Zij = Sij /Bij only requires calculation
on the non-zero entries of S.
The above algorithm obeys a monotonicity guarantee provided by the following theorem.

Wik ← Wik

To maintain the positivity of W , we add bi to both the numerator and denominator, which
does not change the fixed point and gives the ultimate update rule:

Wik ← Wik

Putting this λ back in Eq. 14, we obtain

where

λi

Yang, Corander and Oja

(12)

i
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ik

L(W, λ) = J (W ) +

W and do not require extra effort to tune learning step size. For a variety of NMF problems,
such multiplicative updates monotonically decrease J after each iteration and therefore W
can converge to a stationary point (Yang and Oja, 2011).
We cannot directly apply the above multiplicative fixed-point algorithm to DCD because
there are probability constraints on the W rows. In practice, projecting the W rows to the
probability simplex after each iteration would often lead to poor clustering result.
Instead, we employ a relaxing strategy (Zhu et al., 2013) to handle the probability
N for the constraints:
constraint. We first introduce Lagrangian multipliers {λi }i=1
!

(11)

Dropping
constant terms in DKL (S||B),
the objective function is equivalent to maxiPN P
PNtheP
N
N
mizing i=1
j=1 Bij = N . Note that this form is similar
i=1
j=1 Sij log Bij because
to PLSI (Hofmann, 1999) except for the decomposition form in B. Therefore we can enjoy
the similar complexity control by using a Dirichlet prior (see Section 3.3).
Kullback-Leibler divergence also facilitates optimization, as we shall see in the algorithm
development below. In objective and gradient calculation, it is straightforward to involve
only the non-zero entries in S which brings an efficient implementation. Moreover, given
properties of the logarithm function, we can break the comprehensive structure of B into
several additive terms when majorizing the objective with the convex-concave procedure
(Hunter and Lange, 2004). As a result, this yields relatively simple update rules in the
algorithm. See Section 3.4 and Appendix B for details.

log Wik .

This suggests a preliminary multiplicative update rule for W :

N X
r
X
i=1 k=1

3.3 Regularization

Sij log Bij − (α − 1)

where

N X
N
X
i=1 j=1

The DCD learning objective function is parameterized by the matrix W whose rows sum
to one. Assuming that these rows are observations from a common Dirichlet distribution,
we can apply the log-Dirichlet prior to control the complexity in W . This gives the cost
function of our DCD clustering method:
J (W ) = −

−
∇ik

This is also equivalent to regularization by using a total Shannon information term.
If Sij are integers, the DCD objective is the log-likelihood of the following generative
model: 1) draw the rows of W according to uniform Dirichlet distribution
with parameter

α; 2) for t = 1, . . . , T , add one to entry (i, j) ∼ Multinomial N1 B, 1 . The Dirichlet prior
vanishes when α = 1. By using α > 1, the prior gives further relaxation by smoothing the
W entries, which is often desired in early stages of W learning.
Although it is possible to construct a multi-level graphical model similar to the Dirichlet
process topic model (Blei et al., 2001; Sinkkonen et al., 2008), we emphasize that the smallest
approximation error (i.e. with α = 1) is the final DCD goal. The Dirichlet prior is used only
in order to ease the optimization. Therefore we do not employ more complex generative
models.
3.4 Optimization

+
(∇ik

∂J
+
−
= ∇ik
− ∇ik
.
∂Wik

Multiplicative updates are widely used in optimization for nonnegative matrix factorization
problems. To minimize an objective J over a nonnegative matrix W , we first calculate the
gradient and separate it into two nonnegative parts
≥ 0 and
≥ 0):
def

∇ik =

Usually the separation can easily be identified from the gradient. Then the algorithm
∇−

Such
iteratively applies a multiplicative update rule Wik ← Wik ∇ik
+ until convergence.
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algorithms have several attractive properties, as they naturally maintain the positivity of
7

,
∇+
il
l=1

r
X
Wil

bi =

l=1

r
X

Wil

∇−
il
∇+
il

9
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Proper initialization is needed to achieve satisfactory performance for practically any clustering method that involves non-convex optimization. DCD accepts any clustering results
as its starting point. In our implementation, we add a small positive perturbation (e.g. 0.2)
to all entries of the initial cluster indicator matrix. Next, the perturbed matrix is fed to our
optimization algorithm (with α = 1 in Algorithm 1). Among all runs of DCD, we return
the clustering result with the smallest D(S||M ).

3.5 Initialization

The proof (given in Appendix B) mainly follows the Majorization-Minimization procedure
(Hunter and Lange, 2004; Yang and Oja, 2011). The theorem shows that Algorithm 1
jointly minimizes the approximation error and drives the rows of W towards the probability
simplex. The Lagrangian multipliers are adaptively and automatically selected by the
algorithm, without extra human tuning effort. The quantities bi are the row sums of the
unconstrained multiplicative learning result, while the quantities ai balance between the
gradient learning force and the probability simplex attraction. Besides convenience, we find
that this relaxation strategy works more robustly than the brute-force projection after each
iteration.
DCD minimizes the relaxed NOSAC residual for a particular r. To select the best
number of clusters, we can run Algorithm 1 over a range of r values, discretize W to obtain
the hard cluster assignment F̄ , and return the one with smallest NOSAC residual. See
Section 4.2 for examples.

Theorem 2 Denote W new the updated matrix after each iteration of Algorithm 1. It holds
that L(W new , λ) ≤ L(W, λ) with λi = (bi − 1)/ai .

∇− ai + 1
Wik ← Wik +ik
∇ik ai + bi
until W converges under the given tolerance

ai =

−1
−1
∇−
ik = 2 (ZW )ik sk + αWik

−2
−1
T
∇+
ik = W ZW kk sk + Wik

Algorithm 1 Relaxed MM Algorithm for DCD
Input: similarity matrix S, number of clusters r, positive initial guess of W .
Output: cluster assigning probabilities W .
repeat
r
X
W W
Pik jk
Bij =
v Wvk
k=1
Zij = Sij /Bij
P
sk = N
v=1 Wvk
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In the first group of experiments, the number of the ground truth classes in the data sets
was known in advance, and we fixed r to that number. We compared DCD with a variety of
state-of-the-art clustering methods, including Projective Nonnegative Matrix Factorization
(PNMF; Yang et al., 2007; Yang and Oja, 2010), Nonnegative Spectral Clustering (NSC;
Ding et al., 2008), Orthogonal Nonnegative Matrix Factorization (ONMF; Ding et al., 2006),
Probabilistic Latent Semantic Indexing (PLSI; Hofmann, 1999), Left-Stochastic Decomposition (LSD; Arora et al., 2011, 2013), as well as two classical methods k-means (Lloyd, 1982)
and Normalized Cut (Ncut; Shi and Malik, 2000). Besides NMF, we have also selected
several recent clustering methods, including 1-Spectral (1-Spec; Hein and Bühler, 2010),
Landmark-based Spectral Clustering (LSC; Chen and Cai, 2011; Cai and Chen, 2015),
Sparse Subspace Clustering (SSC; Elhamifar and Vidal, 2009, 2013), and Multiclass Total
Variation (MTV; Bresson et al., 2013). There are some other recent methods (e.g., Rodriguez and Laio, 2014; Liu and Tao, 2016), which is however not scalable to large numbers
of samples and thus not included here.
We used default settings in the compared methods. The NMF-type methods were run
with maximum 10,000 iterations of multiplicative updates and with convergence tolerance
10−6 . We used ratio Cheeger cut for 1-Spec. All methods except k-means, Ncut, 1-Spec,
LSC, SSC, and MTV were initialized by Ncut. That is, their starting point was the Ncut
cluster indicator matrix plus a small constant 0.2 to all entries.
We have compared the above methods on 43 data sets from various domains, including
biology, image, video, text, remote sensing, etc. All data sets are publicly available on the
Internet. The data sources and statistics are given in the supplemental document. For
similarity-based clustering methods, we constructed K-Nearest-Neighbor graphs from the
multivariate data with K = 10. The adjacency matrices of the graphs are then symmetrized
and binarized to obtain S, i.e. Sij = 1 if xj is one of the K nearest neighbors of xi or vice
versa; otherwise Sij = 0. This produces sparse similarity matrices.
We have used two performance
measures for the clustering accuracies: the first is cluster
P
purity which equals N1 rk=1 max1≤l≤r nkl , where nkl is the number of data samples in the
cluster k that belong to ground-truth class l; the second performance
P
P measure is Normalized
/N
Mutual Information (NMI, Vinh et al., 2010) which equals rk=1 rl=1 nNkl log ank kl
, with
bl /N 2
P
P
ak = rl=1 nkl and bl = rk=1 nkl .

4.1 Clustering with known number of clusters

We have tested the DCD method and compared it with other existing cluster analysis
approaches. The experiments were organized in two groups: 1) we ran the methods with a
fixed number of clusters, mainly comparing their clustering accuracies; 2) we ran DCD across
different r values, demonstrating how to use NOSAC residual to determine the optimal
number of clusters as well as its advantage over several other clustering evaluation methods.

4. Experiments

In particular, the regularized DCD (i.e. with various α 6= 1) can also provide initialization for the non-regularized DCD (i.e. with α = 1). That is, the parameter α only appears
in the initialization and its best value is also determined by the smallest resulting D(S||M ).
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The resulting cluster purities and NMIs are shown in Tables 1 and 2, respectively. We
can see that our method has much better performance than the other methods. DCD shows
the optimal performance for 22 and 18 out of 43 data sets in purity and NMI, respectively,
which is substantially more frequently than for any of the other methods. Even for some
other data sets where DCD is not the winner, its cluster purities still remain close to the best
method. Our method shows particularly superior performance when the number of samples
grows. For the 19 data sets with N > 4500, DCD is the top performer in 17 and 11 cases
in purity and NMI, respectively. Note that purity corresponds to classification accuracy
up to a permutation between classes and clusters. In this sense, our method achieves
accuracy very close to many modern supervised approaches for some large-scale data in a
curved manifold such as MNIST2 , though our method does not use any class labels. For text
document data set 20NG, DCD achieves comparable accuracy to those with comprehensive
feature engineering and supervised classification (e.g. Srivastava et al., 2013), even though
our method only uses simple bag-of-words Tf-Idf features and no class labels at all.
4.2 Selecting the number of clusters
In the second group of experiments, we assume that the number of clusters is unknown
and it must be automatically selected from a range around the number of ground truth
classes. We ran DCD with different values of r and calculated the corresponding NOSAC
residual after discretizing W to cluster indicator matrix; the best number of clusters was
then selected by the r with the smallest NOSAC residual.
We have compared the above DCD selection method with several other clustering evaluation methods: Calinski-Harabasz (CH; Calinski and Harabasz, 1974), Davies-Bouldin
(DB; Davies and Bouldin, 1979) and gap statistics (Tibshirani et al., 2001). We used their
implementation in Matlab. Each cluster evaluation approach comes with a supported base
clustering algorithm k-means (km) or linkage (lk). We thus have in total six methods for
selecting the number of clusters to be compared against DCD. Some of these compared
methods are very slow and required computation of more than five days for certain data
sets. This drawback is especially severe for data sets with very high dimensionality such as
CURET and COIL100. In contrast, DCD required at most two hours for any tested data set.
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The results are reported in Table 3, which shows that DCD performs the best also in
terms of selecting the number of clusters. The corresponding curves of NOSAC residual
vs. number of clusters by DCD are shown in Figure 2. In the selected number of clusters,
the DCD results are closest to the ground truth for all data sets, much more accurately than
for any of the other methods. DCD correctly selects the best for CURET, OPTDIGITS, and
MNIST, and almost correctly (only differing by 1) for BOTSWANA and PHONEME. For COIL20
and COIL100, the DCD results are also reasonably good because we did not deliberately
tune the extent of the local neighborhoods. By simply replacing 10NN with 5NN as the
input similarities, DCD respectively selects 21 for COIL20 and 99 for COIL100 as the best
number of clusters.

2. see http://yann.lecun.com/exdb/mnist/
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Table 1: Clustering purities for the compared methods on various data sets. Boldface numbers indicate the best in each row. “-” means out-of-memory error.

0.97
0.62
0.49
0.72
0.59
0.93
0.52
0.71
0.69
0.76
0.64
0.70
0.30
0.53
0.41
0.48
0.51
0.60
0.51
0.62
0.26
0.33
0.35
0.56
0.39
0.49
0.72
0.29
0.33
0.53
0.46
0.61
0.39
0.46
0.88
0.81
0.47
0.34
0.79
0.33
0.57
0.14
0.51

0.89
0.59
0.48
0.73
0.58
0.95
0.53
0.78
0.69
0.84
0.66
0.77
0.34
0.57
0.56
0.51
0.57
0.91
0.59
0.65
0.35
0.43
0.37
0.54
0.53
0.62
0.86
0.35
0.42
0.76
0.77
0.77
0.61
0.63
0.87
0.85
0.48
0.34
0.81
0.42
0.54
0.17
0.49

0.97
0.44
0.42
0.91
0.25
0.94
0.47
0.68
0.77
0.80
0.61
0.25
0.28
0.42
0.30
0.54
0.29
0.73
0.57
0.53
0.43
0.41
0.36
0.48
0.21
0.82
0.82
0.24
0.50
0.42
0.60
0.93
0.20
0.81
0.53
0.27
0.06
0.11
0.88
0.20
0.55
0.07
0.49

0.89
0.69
0.42
0.79
0.68
0.95
0.52
0.75
0.77
0.79
0.57
0.77
0.31
0.37
0.83
0.52
0.53
0.92
0.76
0.54
0.78
0.69
0.48
0.57
0.65
0.74
0.86
0.28
0.64
0.78
0.92
0.90
0.64
0.79
0.85
0.78
0.50
0.35
0.87
0.20
0.57
0.25
0.49

0.89
0.75
0.34
0.73
0.59
0.91
0.64
0.80
0.71
0.71
0.71
0.77
0.28
0.55
0.82
0.46
0.56
0.77
0.80
0.53
0.56
0.66
0.50
0.39
0.07
0.70
0.70
0.24
0.50
0.70
0.89
0.78
0.80
0.74
0.88
0.83
0.17
0.33
-

0.53
0.41
0.47
0.67
0.25
0.94
0.24
0.83
0.76
0.76
0.66
0.29
0.30
0.33
0.75
0.46
0.55
0.83
0.65
0.53
0.40
0.52
0.27
0.51
0.45
0.48
0.84
0.32
0.54
0.78
0.98
0.52
0.66
0.80
0.76
0.76
0.19
0.26
0.85
0.32
0.51
0.14
0.49
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0.76
0.55
0.44
0.48
0.41
0.40
0.49
0.81
0.74
0.80
0.57
0.64
0.37
0.53
0.49
0.53
0.54
0.67
0.44
0.53
0.48
0.54
0.29
0.41
0.44
0.68
0.50
0.24
0.39
0.82
0.76
0.51
0.51
0.41
0.88
0.77
0.39
0.37
0.73
0.26
0.54
0.17
0.54

N

0.95
0.62
0.50
0.90
0.55
0.95
0.51
0.83
0.76
0.81
0.58
0.76
0.37
0.55
0.73
0.51
0.58
0.73
0.64
0.54
0.57
0.59
0.25
0.53
0.39
0.77
0.82
0.26
0.53
0.80
0.76
0.64
0.70
0.67
0.89
0.80
0.40
0.31
0.79
0.21
0.56
0.12
0.51

Data set

0.95
0.66
0.50
0.93
0.61
0.96
0.51
0.75
0.75
0.81
0.61
0.77
0.37
0.55
0.69
0.50
0.59
0.81
0.71
0.57
0.54
0.65
0.31
0.42
0.46
0.67
0.87
0.28
0.60
0.87
0.86
0.52
0.68
0.57
0.89
0.77
0.38
0.36
0.84
0.26
0.54
0.18
0.53

0.95
0.64
0.47
0.91
0.59
0.95
0.53
0.87
0.77
0.80
0.71
0.73
0.35
0.58
0.82
0.55
0.59
0.93
0.80
0.68
0.74
0.75
0.50
0.56
0.55
0.76
0.87
0.46
0.64
0.94
0.98
0.93
0.81
0.85
0.86
0.86
0.62
0.38
0.97
0.35
0.61
0.29
0.56

0.50
0.38
0.29
0.39
0.22
0.41
0.21
0.38
0.48
0.43
0.57
0.17
0.14
0.33
0.11
0.34
0.09
0.13
0.13
0.53
0.17
0.11
0.22
0.39
0.07
0.25
0.26
0.24
0.18
0.05
0.12
0.51
0.05
0.17
0.89
0.80
0.40
0.29
0.77
0.21
0.55
0.14
0.51

38
64
106
150
165
178
198
214
310
336
391
400
990
1.0K
1.4K
1.5K
1.6K
1.6K
2.0K
2.0K
2.3K
3.2K
3.3K
4.2K
4.3K
4.4K
4.5K
4.6K
5.2K
5.6K
5.6K
7.0K
7.2K
9.3K
10K
11K
20K
20K
70K
97K
99K
217K
581K

0.68
0.67
0.45
0.89
0.59
0.95
0.48
0.88
0.72
0.83
0.63
0.75
0.39
0.63
0.61
0.52
0.55
0.63
0.57
0.76
0.57
0.57
0.68
0.44
0.44
0.75
0.71
0.31
0.18
0.56
0.74
0.68
0.60
0.54
0.86
0.71
0.39
0.29
0.48
0.22
0.60
0.21
0.49

AMLALL
NCI
BT
IRIS
YALE
WINE
14CANCER
GLASS
VERTEBRAL
ECOLI
SVMGUIDE
ORL
VOWEL
MED
COIL20
YEAST
ISOLET
SEMEION
MFEAT
DNA
SEG
BOTSWANA
CITESEER
WEBKB
OUTEX
SATIMAGE
PHONEME
7SECTORS
KSC
BRUNA
OPTDIGITS
GISETTE
COIL100
ZIP
TDT2
PENDIGITS
20NG
LETTER
MNIST
NORB
ACOUSTIC
MOCAP
COVTYPE

5. Discussion
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The results in the previous section demonstrate the solid performance of DCD on a wide
variety of data sets. In this section, we discuss the connections and differences between DCD
and other related work, and we also discuss other implementations of the input similarities
than the symmetrized K-Nearest-Neighbors.
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38
64
106
150
165
178
198
214
310
336
391
400
990
1.0K
1.4K
1.5K
1.6K
1.6K
2.0K
2.0K
2.3K
3.2K
3.3K
4.2K
4.3K
4.4K
4.5K
4.6K
5.2K
5.6K
5.6K
7.0K
7.2K
9.3K
10K
11K
20K
20K
70K
97K
99K
217K
581K

0.85
0.66
0.34
0.81
0.62
0.84
0.53
0.74
0.52
0.58
0.22
0.85
0.40
0.59
0.88
0.27
0.72
0.87
0.75
0.25
0.66
0.74
0.22
0.23
0.67
0.61
0.82
0.21
0.57
0.95
0.96
0.65
0.90
0.82
0.70
0.83
0.54
0.49
0.93
0.19
0.16
0.38
0.16

0.37
0.68
0.36
0.76
0.64
0.83
0.47
0.75
0.41
0.64
0.08
0.88
0.45
0.60
0.76
0.26
0.71
0.60
0.58
0.38
0.57
0.64
0.39
0.09
0.65
0.62
0.57
0.08
0.05
0.74
0.72
0.12
0.82
0.46
0.71
0.68
0.44
0.36
0.39
0.00
0.17
0.26
0.08

0.03
0.44
0.07
0.02
0.27
0.01
0.20
0.04
0.00
0.05
0.00
0.40
0.02
0.15
0.05
0.02
0.07
0.01
0.01
0.00
0.00
0.01
0.00
0.00
0.02
0.00
0.00
0.00
0.01
0.09
0.00
0.00
0.16
0.00
0.74
0.82
0.52
0.39
0.81
0.01
0.15
0.19
0.06

0.81
0.66
0.35
0.82
0.62
0.85
0.52
0.67
0.47
0.58
0.12
0.86
0.37
0.57
0.81
0.22
0.72
0.79
0.68
0.08
0.44
0.66
0.10
0.07
0.66
0.56
0.81
0.04
0.58
0.91
0.85
0.00
0.85
0.59
0.72
0.76
0.37
0.45
0.83
0.03
0.07
0.22
0.05

0.81
0.64
0.36
0.78
0.57
0.84
0.51
0.69
0.48
0.57
0.10
0.86
0.41
0.57
0.80
0.27
0.71
0.72
0.61
0.04
0.49
0.61
0.07
0.20
0.55
0.63
0.81
0.06
0.48
0.88
0.77
0.06
0.84
0.61
0.74
0.83
0.52
0.37
0.84
0.01
0.15
0.18
0.06

0.91
0.66
0.37
0.59
0.61
0.80
0.54
0.56
0.38
0.50
0.13
0.84
0.29
0.56
0.56
0.22
0.67
0.56
0.43
0.18
0.09
0.29
0.08
0.21
0.50
0.21
0.58
0.04
0.18
0.74
0.45
0.03
0.69
0.35
0.73
0.81
0.47
0.41
0.82
0.09
0.14
0.17
0.07

0.72
0.61
0.34
0.59
0.61
0.84
0.54
0.67
0.36
0.59
0.21
0.86
0.33
0.58
0.70
0.23
0.71
0.84
0.56
0.21
0.21
0.48
0.10
0.19
0.64
0.51
0.82
0.09
0.30
0.87
0.77
0.22
0.81
0.59
0.71
0.81
0.44
0.42
0.80
0.26
0.09
0.22
0.04

0.91
0.46
0.37
0.81
0.37
0.83
0.50
0.54
0.54
0.60
0.11
0.61
0.35
0.46
0.52
0.27
0.60
0.77
0.66
0.05
0.59
0.55
0.15
0.12
0.49
0.67
0.81
0.03
0.55
0.79
0.72
0.62
0.44
0.83
0.61
0.42
0.08
0.20
0.89
0.00
0.15
0.07
0.02

0.77
0.71
0.29
0.59
0.66
0.84
0.51
0.64
0.56
0.54
0.02
0.90
0.29
0.33
0.92
0.27
0.69
0.85
0.73
0.07
0.68
0.72
0.17
0.18
0.82
0.62
0.81
0.10
0.59
0.88
0.88
0.54
0.83
0.77
0.69
0.76
0.48
0.43
0.80
0.00
0.14
0.30
0.08

0.68
0.75
0.17
0.61
0.62
0.72
0.63
0.63
0.36
0.39
0.21
0.88
0.23
0.55
0.89
0.21
0.71
0.73
0.75
0.02
0.45
0.64
0.27
0.02
0.12
0.54
0.62
0.04
0.49
0.83
0.86
0.25
0.92
0.78
0.74
0.77
0.29
0.38
-

0.04
0.45
0.37
0.76
0.29
0.83
0.21
0.68
0.52
0.67
0.17
0.50
0.31
0.21
0.83
0.20
0.69
0.82
0.68
0.00
0.30
0.58
0.03
0.13
0.60
0.31
0.84
0.05
0.48
0.89
0.95
0.00
0.85
0.78
0.64
0.75
0.13
0.36
0.88
0.07
0.07
0.14
0.01
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Denote X = [x1 , . . . , xN ]T the data matrix (rows to be clustered). The classical k-means
method seeks a clustering such that the sum of squared Euclidean distances between the
samples and their assigned cluster means is minimized. This objective can be be expressed by using the normalized clusterindicator matrix F defined in Section 2: minF kX −
F F T Xk2Fro = kXk2Fro − Tr F T XX T F , where k · kFro is the Frobenius norm (Ding et al.,

5.1.1 Spectral clustering, k-means, and orthogonality constraint

0.49
0.60
0.30
0.10
0.50
0.00
0.50
0.71
0.46
0.59
0.01
0.80
0.35
0.54
0.71
0.26
0.69
0.69
0.45
0.07
0.44
0.60
0.08
0.07
0.63
0.53
0.36
0.01
0.37
0.89
0.77
0.00
0.78
0.50
0.71
0.76
0.38
0.45
0.72
0.02
0.07
0.21
0.15
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5.1 Comparison with related techniques

N

AMLALL
NCI
BT
IRIS
YALE
WINE
14CANCER
GLASS
VERTEBRAL
ECOLI
SVMGUIDE
ORL
VOWEL
MED
COIL20
YEAST
ISOLET
SEMEION
MFEAT
DNA
SEG
BOTSWANA
CITESEER
WEBKB
OUTEX
SATIMAGE
PHONEME
7SECTORS
KSC
BRUNA
OPTDIGITS
GISETTE
COIL100
ZIP
TDT2
PENDIGITS
20NG
LETTER
MNIST
NORB
ACOUSTIC
MOCAP
COVTYPE

2
8
3
41∗
2
61∗
2

31
4
2
79∗
9
139∗
20

39∗
30∗
10
80∗
20
140∗
20∗
2
7
3
41∗
3
61∗
2

2
4
2
77∗
14
137∗
2

40∗
29
9
80∗
20
140∗
20∗

17
13
4
61
10
79
10

20
14
5
61
10
100
10
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2005). The k-means method can be extended to a nonlinear case by replacing XX T with
another kernel matrix.
It is difficult to directly minimize over F in the combinatorial space (Aloise et al., 2009;
Mahajan et al., 2009). A conventional way is to relax F to orthogonal matrix such that
the optimization can be solved by eigendecomposition. This connects k-means or kernel
k-means to spectral clustering (Ding et al., 2005). Despite the closed form solution, the
obtained eigenvectors do not immediately reveal the cluster assignments. Extra effort such
as k-means on the relaxed F rows (Ng et al., 2001) or iterative projection (Yu and Shi, 2003)
is needed to convert the eigenvectors to the cluster indicator matrix. An alternative way is

Figure 2: Selecting the best number of clusters using NOSAC residual. The red star shows
the smallest NOSAC residual. The vertical blue dot-dashed line shows the ground
truth (number of classes).

COIL20
BOTSWANA
PHONEME
CURET
OPTDIGITS
COIL100
MNIST

Data set CH-km DB-km gap-km CH-lk DB-lk gap-lk DCD #classes

Table 3: The automatically selected number of clusters. Boldface number indicates the
closest (best) to the ground truth (number of classes, in the last column) in each
row. The results marked with a star required computation of more than five days.

Table 2: Clustering NMIs for the compared methods on various data sets. Boldface numbers
indicate the best in each row. “-” means out-of-memory error.

Data set

Yang, Corander and Oja

Low-Rank Doubly Stochastic Matrix Decomposition for Cluster Analysis

Low-Rank Doubly Stochastic Matrix Decomposition for Cluster Analysis

There are several reasons why the DCD decomposition is more beneficial than PLSA
for cluster analysis. First, P (k|i) in DCD is the direct answer to the
Pr probabilistic clustering
problem, while the PLSA quantities are not. Second, in PLSA k=1
P (k)P (i|k)P (j|k) =
P (i, j) is a joint probability matrix; it is not necessarily doubly stochastic and may not
guarantee that each cluster has the same normalized graph volume, as DCD does. Third,
DCD achieves a good balance in terms of the number of parameters, as it contains N ×(r−1)
free parameters while in PLSA there are N × r − 1; this difference can be large when there
are only few clusters (e.g. r = 2 or r = 3).
Both methods can be improved by using Dirichlet priors. In DCD the prior is only
used in initialization and the prior parameter is chosen according to the smallest NOSAC
residual. We find that this strategy is better than the conventional hyper-parameters tuning
techniques in the topic model literature (e.g., Minka, 2000; Asuncion et al., 2009).

Yang, Corander and Oja

j=1

Wik Wjk
PN
v=1 Wvk

and soft cluster size is

i=1

PN

Wik .

JMLR 17(187):1-25
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Clusterability or clustering tendency measures how “strong” or “conclusive” is the clustering
structure of a given data set (Ackerman and Ben-David, 2009). The research dates back
to Hopkins index for spatial randomness test (Hopkins and Skellam, 1954). Other notions
include, for example, center perturbation clusterability (Ben-David et al., 2002), worst pair
ratio clusterability (Epter et al., 1999), separability clusterability (Ostrovsky et al., 2006),
variance ratio clusterability (Ostrovsky et al., 2006), strict separation clusterability (Balcan
et al., 2008), and target clusterability (Balcan et al., 2009). Ackerman and Ben-David
(2009) gave a survey and comparison on the above clusterability notions.
These clusterability criteria, however, suffer from one or more of the following drawbacks: 1) they are defined over k-partitions with a fixed k and therefore cannot be used
for clusterings with various k values; 2) they are restricted to center-based clustering methods and might not work for curved clusters; and 3) they employ minimum within-cluster
distances and maximum between-cluster distances, which is sensitive to outlier data points.
In contrast, our NOSAC criterion does not have the above drawbacks. NOSAC is defined
over all partitions, including those with a different number of clusters. The partitions can

5.1.5 Clusterability

Normalizing a matrix to be doubly stochastic has been used to improve cluster analysis,
but mainly on the input similarity matrix. The normalization dates back to the SinkhornKnopp procedure (Sinkhorn and Knopp, 1967) or iterative proportional fitting procedure
(Bishop et al., 1975). Zass and Shashua (2006) proposed to improve spectral clustering by
replacing the original similarity matrix by its closest doubly stochastic similarities under
L1 or Frobenius norm. Wang et al. (2012) generalized the projection to the family of
Bregman divergences. Note that the normalized matrix in general requires O(N 2 ) memory
if Frobenius norm projection is used.
In contrast, our method has three major differences: 1) it imposes the doubly stochasticity constraint on the approximating matrix instead of the input similarity matrix; 2) the
doubly stochastic matrix must be low-rank; in practice we need only O(N × r) memory;
3) our DCD decomposition equivalently fulfills the doubly stochastic requirement, and thus
no extra normalization is needed.

5.1.4 Doubly stochastic matrix projection

to combine orthogonality and nonnegativity such that the relaxed F has only one non-zero
entry in each row and thus indicates the cluster assignments (Ding et al., 2006; Yang and
Oja, 2012b; Yang and Laaksonen, 2007; Yoo and Choi, 2008; Pompili et al., 2013).
However, the orthogonality constraint does not necessarily guarantee balanced clustering
because it does not restrict the magnitudes of the relaxed F rows. Moreover, the orthogonality favors Euclidean distance as the approximation error measure for simple update
rules, which is against our requirement of the sparse similarity graph input.
In contrast, our relaxation employs doubly stochasticity of the relaxed F F T (i.e. A or
B), which ensures that each cluster has unitary (soft) normalized graph volume3 when
combined with the nonnegativity constraint. Furthermore, although we do not explicitly
use the orthogonality, in practice the resulting relaxed F (i.e. U ) contains only one or a
few significant non-zero entries in each row for clustered data. Therefore the best DCD
objective is close to the discrete NOSAC residual by which we can select the number of
clusters (see Section 4.2). This cannot be done in k-means or spectral clustering.
5.1.2 Nonnegative Matrix Factorization
Nonnegative Matrix Factorization (NMF) seeks nonnegative low-rank factorization of an
input data matrix (Lee and Seung, 1999, 2001). Variants of NMF have been proposed
for similarity-based clustering. For example, Ding et al. (2008) imposed nonnegativity
to spectral clustering; Ding et al. (2006); Yang and Oja (2012b); Yang and Laaksonen
(2007); Yoo and Choi (2008); Pompili et al. (2013) proposed using both nonnegativity and
orthogonality on the factorizing matrices; He et al. (2011) used the symmetric NMF for the
low-rank factors.
Probabilistic clustering is a natural way to relax the hard clustering problem. Recently
Arora et al. (2011, 2013) introduced stochasticity for clustering, by using a left stochastic
matrix in symmetric NMF. However, their method, called LSD, is restricted to the Euclidean
distance. In addition, LSD does not prevent imbalanced clustering.
Our method has two major differences from LSD. First, our decomposition involves a
normalizing factor which emphasizes balanced clusterings. Second, we use Kullback-Leibler
divergence which is more suitable for sparse graph input or curved manifold data. This also
enables us to make use of the Dirichlet and multinomial conjugacy pair to achieve more
accurate clusterings.
5.1.3 Probabilistic Latent Semantic Analysis

i=1

PN PN

Probabilistic Latent Semantic Analysis (PLSA, also known as PLSI especially in information
retrieval) is a statistical technique for the analysis of two-mode and co-occurrence data.
When PLSA
clustering (Hofmann, 1999), it maximizes the logPNapplies
PN to similarity-based
Pr
likelihood i=1
j=1 Sij log
k=1 P (k)P (i|k)P (j|k). Compared to the DCD objective, we
can see that the major difference is in the decomposition form within the logarithm: PLSA
learns the cluster prior P (k) and the conditional likelihood of data points P (i|k); while in
DCD we assume uniform prior P (i) and learn the conditional likelihood of clusters P (k|i).
3. For the kth cluster, the soft cluster volume is
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10K
11K
20K
20K
70K
97K
99K
217K
581K

N

10K
11K
20K
20K
70K
97K
99K
217K
581K

TDT2
PENDIGITS
20NG
LETTER
MNIST
NORB
ACOUSTIC
MOCAP
COVTYPE

Data set

TDT2
PENDIGITS
20NG
LETTER
MNIST
NORB
ACOUSTIC
MOCAP
COVTYPE

0.86
0.71
0.39
0.29
0.48
0.22
0.60
0.21
0.49

0.20
0.12
0.06
0.05
0.11
0.30
0.50
0.05
0.51

0.89
0.70
0.39
0.35
0.68
0.25
0.54
0.20
0.50

0.89
0.63
0.45
0.24
0.63
0.30
0.50
0.07
0.51

0.84
0.61
0.28
0.33
0.58
0.25
0.54
0.19
0.50

0.73
0.36
0.17
0.16
0.40
0.30
0.50
0.06
0.51

0.87
0.58
0.34
0.26
0.70
0.38
0.52
0.17
0.49

0.54
0.43
0.06
0.10
0.78
0.30
0.55
0.06
0.49

0.85
0.78
0.50
0.35
0.87
0.20
0.57
0.25
0.49

0.88
0.83
0.17
0.33
-

0.79
0.77
0.21
0.26
0.92
0.30
0.53
0.09
0.49

0.71
0.87
0.54
0.48
0.91
0.22
0.14
0.37
0.16

0.71
0.68
0.44
0.36
0.39
0.00
0.17
0.26
0.08

0.08
0.00
0.00
0.00
0.00
0.13
0.00
0.00
0.06

0.71
0.69
0.38
0.44
0.68
0.05
0.05
0.21
0.04

0.74
0.57
0.53
0.28
0.61
0.13
0.03
0.05
0.06

0.68
0.61
0.26
0.42
0.65
0.05
0.06
0.19
0.04

0.62
0.25
0.11
0.18
0.32
0.09
0.04
0.03
0.07

0.70
0.58
0.27
0.37
0.70
0.18
0.07
0.19
0.04

0.63
0.55
0.08
0.18
0.82
0.16
0.15
0.06
0.03

0.69 0.74
0.76 0.77
0.48 0.29
0.43 0.38
0.80
0.00
0.14
0.30
0.08
-

0.66
0.78
0.13
0.35
0.87
0.10
0.09
0.07
0.01

DCD k-means Ncut PNMF NSC ONMF PLSI LSD 1-Spec LSC SSC MTV

0.87
0.90
0.61
0.36
0.96
0.41
0.59
0.29
0.55

DCD k-means Ncut PNMF NSC ONMF PLSI LSD 1-Spec LSC SSC MTV
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The inputs to DCD are the pairwise similarities between data items, for example the symmetrized and binarized KNN graph used in Section 4. Naive implementation of KNN
requires O(N 2 ) computational cost. There exist accelerated algorithms taking advantage of
the fact that it is often not necessary to calculate all pairs but only those in local neighborhoods. We have used a simple implementation with a vantage-point index (Yianilos, 1993),
where we slightly modified the code to admit sparse data and with interface to Matlab.
For MNIST where N = 70, 000, the accelerated KNN (with K = 10) algorithm requires in
practice only about 7 minutes to completion..
Exact KNN by the above acceleration is still expensive for even larger data sets. In
practice, we find that using highly accurate approximated KNN is enough for maintaining
the DCD performance. Table 4 shows the comparison for large-scale data sets (N > 10, 000)
using the Fast Library of Approximated Nearest Neighbors (FLANN; Muja and Lowe, 2014).
We can see that the resulting DCD purities and NMIs are close to those with exact KNN,
and that the accuracy gains over the other compared methods mostly remain. By using
FLANN, we can obtain the similarities for DCD much faster; for example, FLANN takes
about 30 seconds for MNIST with K = 10.
KNN is not the only choice of input similarities. There are other more advanced neighborhood descriptors which could further improve DCD, for example, Entropy Affinities

5.2 Input similarities

be obtained from any clustering methods, not necessarily center-based. Moreover, we use
matrix divergences instead of only minimum or maximum of individual distances, which
provides a more robust measure against outliers.

N

Data set

Table 4: Clustering performance using approximated KNN: (top) purities and (bottom)
NMIs. Boldface numbers indicate the best in each row. “-” means out-of-memory
error.
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We have presented a new clustering method based on low-rank approximation with two
major contributions: 1) a clusterability criterion which can be used for learning both cluster assignments and the number of clusters; 2) a relaxed formulation with novel low-rank
doubly stochastic matrix decomposition which allows efficient optimization, as well as its
multiplicative majorization-minimization algorithm. Experimental results showed that our
method works robustly for various selected data sets and can substantially improve clustering accuracy for large manifold data sets.
There are also some other generic characteristics which affect clustering performance.
In the learning objective, there is the possibility of using other information divergences as
the approximation error measure, including the matrix-wise and non-separable divergences
(e.g., Cichocki et al., 2009; Dhillon and Tropp, 2007; Dikmen et al., 2015). In optimization, currently the multiplicative algorithm runs in batch mode. In the future we aim to
develop even more scalable implementations such as streaming mini-batches of similarities
and distributed computing. In this way DCD can be applicable to even bigger data sets
and further improve clustering accuracy. In implementation, our practice indicates that
initialization could play an important role because most current algorithms are only local
optimizers. Using Dirichlet prior is only one way to smooth the objective function space.
It is an open question whether other priors or regularization techniques could in general
achieve better initializations.

6. Conclusions

which locally scales the spherical Gaussian kernels such that the neighborhoods around
every data point have the same given entropy (Vladymyrov and Carreira-Perpiñán, 2013),
Sparse Manifold Clustering and Embedding that learns a sparse coding with respect to local
manifold geometry and cluster distribution (Elhamifar and Vidal, 2011), and AnchorGraph
which learns the low-rank sparse coding with a set of pre-clustered landmarks (Liu et al.,
2010). Other approaches such as metric learning (e.g., Kulis, 2013) could also be applied
to obtain better input similarities.
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f . The first two inequalities follow the CCCP
are constants irrelevant to the variable W
majorization (Yang and Oja, 2011) using the convexity and concavity of − log() and log(),
respectively. The third inequality is called “moving term” technique used in multiplicative
updates (Yang and Oja, 2010). It adds the same constant a1i + Wαik to both numerator and
denominator in order to guarantee that the updated matrix entries are positive, which is
implemented by using the inequality x ≥ 1 + log x for x > 0. All the above upper bounds
f = W , i.e. G(W, W ) = L(W, λ).
are tight at W
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C. Févotte and Jérôme Idier. Algorithms for nonnegative matrix factorization with the
β-divergence. Neural Computation, 23(9):2421–2456, 2011.
Z. He, S. Xie, R. Zdunek, G. Zhou, and A. Cichocki. Symmetric nonnegative matrix
factorization: Algorithms and applications to probabilistic clustering. IEEE Transactions
on Neural Networks, 22(12):2117–2131, 2011.
M. Hein and T. Bühler. An inverse power method for nonlinear eigenproblems with applications in 1-spectral clustering and sparse pca. In Advances in Neural Information
Processing Systems (NIPS), pages 847–855, 2010.
T. Hofmann. Probabilistic latent semantic indexing. In International Conference on Research and Development in Information Retrieval (SIGIR), pages 50–57, 1999.
B. Hopkins and J. Skellam. A new method for determining the type of distribution of plant
individuals. Annals of Botany, 18(2):213–227, 1954.
D. Hunter and K. Lange. A tutorial on MM algorithms. The American Statistician, 58(1):
30–37, 2004.
B. Kulis. Metric learning: A survey. Foundations and Trends in Machine Learning, 5(4):
287–364, 2013.
D. Lee and H. Seung. Learning the parts of objects by non-negative matrix factorization.
Nature, 401:788–791, 1999.
D. Lee and H. Seung. Algorithms for non-negative matrix factorization. Advances in Neural
Information Processing Systems (NIPS), 13:556–562, 2001.
T. Liu and D. Tao. On the performance of manhattan nonnegative matrix factorization.
IEEE Transactions on Neural Networks and Learning Systems, 27(9):1851–1863, 2016.
W. Liu, J. He, and S. Chang. Large graph construction for scalable semi-supervised learning.
In International Conference on Machine Learning (ICML), pages 679–686, 2010.
S. Lloyd. Least square quntization in pcm. IEEE Transactions on Information Theory, 28
(2):129–137, 1982.
M. Mahajan, P. Nimbhorkar, and K. Varadarajan. The planar k-means problem is np-hard.
In Lecture Notes in Computer Science, volume 5431, pages 274–285. Springer, 2009.
T. Minka. Estimating a Dirichlet distribution, 2000.

JMLR 17(187):1-25

M. Muja and D. Lowe. Scalable nearest neighbor algorithms for high dimensional data. IEEE
Transactions on Pattern Analysis and Machine Intelligence, 36(11):2227–2240, 2014.
23

Yang, Corander and Oja

A. Ng, M. Jordan, and Y. Weiss. On spectral clustering: Analysis and an algorithm. In
Advances in Neural Information Processing Systems (NIPS), pages 849–856, 2001.

R. Ostrovsky, Y. Rabani, L. Schulman, and C. Swamy. The effectiveness of lloyd-type
methods for the k-means problem. In Proceedings of the 47th Annual IEEE Symposium
on Foundations of Computer Science, pages 165–176, 2006.

F. Pompili, N. Gillis, P. Absil, and F. Glineur. ONP-MF: An orthogonal nonnegative
matrix factorization algorithm with application to clustering. In European Symposium
on Artificial Neural Networks,, pages 297–302, 2013.

A. Rodriguez and A. Laio. Clustering by fast search and find of density peaks. Science, 344
(6191):1492–1496, 2014.

J. Shi and J. Malik. Normalized cuts and image segmentation. IEEE Transactions on
Pattern Analysis and Machine Intelligence, 22(8):888–905, 2000.

R. Sinkhorn and P. Knopp. Conerning non-negative matrices and doubly stochastic matrices. Pacific Journal of Mathematics, 21:343–348, 1967.

J. Sinkkonen, J. Aukia, and S. Kaski. Component models for large networks. ArXiv e-prints,
2008.

N. Srivastava, R. Salakhutdinov, and G. Hinton. Modeling documents with deep Boltzmann
machines. In Proceedings of the Twenty-Ninth Conference on Uncertainty in Artificial
Intelligence, (UAI), 2013.

R. Tibshirani, G. Walther, and T. Hastie. Estimating the number of clusters in a data
set via the gap statistic. Journal of the Royal Statistical Society: Series B, 63, Part 2:
411–423, 2001.

N. Vinh, J. Epps, and J. Bailey. Information theoretic measures for clusterings comparison: variants, properties, normalization and correction for chance. Journal of Machine
Learning and Research, 11:2837–2854, 2010.
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Clustering analysis separates a set of unlabeled data points into disparate groups, or clusters,
based on some common properties of these points. It is a fundamental tool in machine
learning, pattern recognition, and statistics, and has been widely applied in many fields,
ranging from image processing to genetics. Clustering analysis has a long history, and,
naturally, a large number of clustering methods have been developed; see Jain (2010) for
an excellent overview.

1. Introduction

Clustering is unsupervised and exploratory in nature. Yet, it can be performed through
penalized regression with grouping pursuit, as demonstrated in Pan et al. (2013). In this
paper, we develop a more efficient algorithm for scalable computation and a new theory
of clustering consistency for the method. This algorithm, called DC-ADMM, combines
difference of convex (DC) programming with the alternating direction method of multipliers
(ADMM). This algorithm is shown to be more computationally efficient than the quadratic
penalty based algorithm of Pan et al. (2013) because of the former’s closed-form updating
formulas. Numerically, we compare the DC-ADMM algorithm with the quadratic penalty
algorithm to demonstrate its utility and scalability. Theoretically, we establish a finitesample mis-clustering error bound for penalized regression based clustering with the L0
constrained regularization in a general setting. On this ground, we provide conditions for
clustering consistency of the penalized clustering method. As an end product, we put R
package prclust implementing PRclust with various loss and grouping penalty functions
available on GitHub and CRAN.
Keywords: Alternating direction method of multipliers (ADMM), Difference of convex
(DC) programming, Clustering consistency, Truncated L1 -penalty (TLP).
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where λ is a nonnegative tuning parameter controlling the trade-off between the model fit
0
0 0
and the number of clusters, and J (µ) is a penalty on µ = (µ1 , · · · , µn ) . Perhaps due to
computational simplicity, a convex J (µ) has been extensively
Pstudied.
P For example, sumof-norms clustering (Lindsten et al., 2011) defines J (µ) = nj=1 i<j ||µi − µj ||q , where
|| · ||q is the Lq -norm. However, a convex J (µ) usually yields biased parameter estimates,
leading to difficulties in separating the clusters. To overcome this disadvantage, Pan et al.
(2013) proposed penalized regression-based clustering
P(PRclust), which uses the non-convex
grouped truncated lasso penalty (gTLP) J (µ) = i<j TLP (||µi − µj ||2 ; τ ). Specifically,
TLP is defined as TLP(α; τ ) = min(|α|, τ ) for a scalar α and a tuning parameter τ . It can
be thought of as the L1 -penalty for a small |α| ≤ τ , but no further penalization for a large
|α| > τ . One benefit of PRclust is that it can treat some complex clustering situations,
for example, in the presence of non-convex clusters, in which traditional methods such as
K-means break down (Pan et al., 2013).
To deal with the nonseparable and non-convex grouping penalty in µi ’s, a quadratic
penalty based algorithm (Pan et al., 2013) was developed by introducing some new parameters θij = µi − µj . This algorithm is relatively slow, and due to use of the quadratic
penalty, the estimated centroids from the same cluster can never be exactly the same. To
overcome these difficulties, we develop a novel and efficient computational algorithm called
DC-ADMM, which combines the benefit of the alternating direction method of multipliers
(ADMM) (Boyd et al., 2011) with that of the difference of convex (DC) method (Le Thi Hoai
and Tao, 1997). As a result, DC-ADMM is much faster than the quadratic penalty based
algorithm, in addition to that some estimated centroids can be exactly equal to each other
when their corresponding observations come from the same cluster. As a by-product of
this new method, we make R package prclust implementing both the quadratic penalty
based algorithm and DC-ADMM available in CRAN (https://cran.r-project.org) and
GitHub (https://github.com/ChongWu-Biostat/prclust).
Clustering consistency of PRclust remains unknown, though operating characteristics of
PRclust have been studied via some simulations and real data analysis (Pan et al., 2013). In
the penalized regression based clustering framework, clustering consistency of some related
models has been studied (Radchenko and Mukherjee, 2014; Zhu et al., 2014). For example,
Radchenko and Mukherjee (2014) studied clustering consistency of another method with
univariate observations; Zhu et al. (2014) extended this result to multivariate observations
by assuming only two clusters. In this paper,with some distributional assumptions, we

minµ

Clustering analysis is regarded as unsupervised learning in absence of a class label, as
opposed to supervised learning. Over the last few years, a new framework of clustering
analysis has been introduced by treating it as a penalized regression problem (Pelckmans
et al., 2005; Lindsten et al., 2011; Hocking et al., 2011; Pan et al., 2013; Chi and Lange, 2015)
based on over-parameterization. Specifically, we parameterize p-dimensional observations,
say xi , 1 ≤ i ≤ n, with its own centroid, say µi . Two observations are said to belong to the
same cluster if their corresponding µi ’s are equal. Then clustering analysis is formulated to
identify a small subset of distinct values of these µi ’s via solving the following optimization
problem

Wu, Kwon, Shen and Pan

A New Algorithm and Theory for PRclust

establish a general clustering consistency theory for a wide range of models, including
PRclust as a special case. Our theory is applicable to multiple clusters and provide a
finite-sample mis-clustering error bound in the absence of overlapping clusters. On this
ground, we give sufficient conditions for PRclust to correctly identify clusters in terms of
the expected Hellinger loss. As a result, PRclust not only reconstructs the true clusters,
but also yields optimal parameter estimation through the L0 grouping penalty.
The remaining of this paper is organized as follows. Section 2 introduces the new DCADMM algorithm and discusses a stability criterion to select the tuning parameters. A
simulation study is then performed to demonstrate the numerical performance of the new
algorithm as compared to other methods. This is followed by a theory for accuracy of
clustering in Section 3. A discussion of the results is given in Section 4. The proofs of the
main results are given in an Appendix.

2. New Algorithm
To treat non-convexity more efficiently, we introduce a DC algorithm based on the ADMM,
called DC-ADMM. We prove DC-ADMM yields a Karush-Kuhn-Tucker (KKT) solution,
and some extensions are discussed.
2.1 DC-ADMM

i=1

i<j

1 ≤ i < j ≤ n,

i<j

X
1X
||xi − µi ||22 + λ
TLP (||θij ||2 ; τ )
2

n

X
1X
||xi − µi ||22 + λ
TLP (||µi − µj ||2 ; τ )
2

n

(1)

DC-ADMM contains three steps: first, it rewrites the original unconstrained cost function
into a constrained one and introduces some new variables to simplify optimization with
respect to the non-convex grouping penalty; second, DC programming is applied to convert
the non-convex optimization problem into a sequence of convex relaxations; third, each
relaxed convex problem is solved by a standard ADMM.
First, rewrite the PRclust cost function
minµ

S(µ, θ) =

as the equivalent constrained problem
minµ,θ

i=1

subject to θij = µi − µj ,

n

(||θij ||2 − τ )+ ,

i=1

i<j

X
1X
||xi − µi ||22 + λ
||θij ||2 ,
2

X

i<j
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where ||·||2 is the L2 -norm. Here, we introduce new variables θij = µi −µj for the differences
between the centroids and thus simplify optimization with respect to the grouping penalty.
To treat the non-convex gTLP on θij ’s, we apply DC programming (Le Thi Hoai and
Tao, 1997). In particular, the cost function S(µ, θ) is decomposed into a difference of two
convex functions S(µ, θ) = S1 (µ, θ) − S2 (θ):
S1 (µ, θ) =

S2 (θ) =λ

3
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i<j

where (α)+ denotes the positive part of α, which is α if α > 0 and 0 otherwise.
Given the DC composition, we construct a sequence of upper approximations of S(µ, θ)
iteratively by replacing S (θ) at iteration m + 1 with its piecewise affine minorization
2


 

X
(m)
(m)
(θ) =S2 θ̂(m) + λ
||θij ||2 − ||θ̂ij ||2 I ||θ̂ij ||2 ≥ τ
(m)

S2

n

i=1

1X
||xi − µi ||22
2

i<j




X
X  (m)
(m)
(||θij ||2 ) I ||θ̂ij ||2 < τ + λτ
I ||θ̂ij ||2 ≥ τ ,
i<j

(2)

at the current estimate θ̂(m) from iteration m, leading to an upper convex approximating
function at iteration m + 1:
S (m+1) (µ, θ) =

+λ

S (m+1) (µ, θ),

subject to θij = µi − µj ,

1 ≤ i < j ≤ n.

(3)

where I(·) is the indicator function.
Then apply ADMM to solve the corresponding constrained convex problem at iteration
m+1
minµ,θ

i<j

(θij − (µi − µj )) + (ρ/2)

i<j

X

||θij − (µi − µj )||22 ,

i<j

(4)

n



X
X  (m)
1X
(m)
||xi − µi ||22 + λ
(||θij ||2 ) I ||θ̂ij ||2 < τ + λτ
I ||θ̂ij ||2 ≥ τ
2

ADMM solves (3) by minimizing the corresponding scaled augmented Lagrangian
Lρ (µ, θ) =

i<j

X

i=1

+ y0

j>i

ρX k
k 2
||θ̂ij − (µi − µ̂jk+1 ) + ûij
||2 ,
+
2
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(
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λ||θij ||2 +

if
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.

(m)
||θ̂ij ||2
(m)
||θ̂ij ||2

≥ τ;

< τ;

(5)

where the dual variable y is a vector of Lagrange multipliers and ρ is a nonnegative penalty
parameter. Using the scaled Lagrange multiplier u = y/ρ (Boyd et al., 2011, §3.3.1), we
can express ADMM as
ρX k
1
k 2
||θ̂ij − (µi − µ̂jk ) + ûij
||2
µ̂ik+1 = argmin ||xi − µi ||22 +
2
2
µi

θij

k+1
θ̂ij
= argmin

1 ≤ i < j ≤ n,

(µ̂k+1 − µ̂k+1 ) + ûk ||2 ,
2
ij
i
j
k ||2 ,
− (µ̂ik+1 − µ̂jk+1 ) + ûij
2
ρ
2 ||θij

k+1
k+1
k
ûij
= ûij
+ θ̂ij
− (µ̂ik+1 − µ̂jk+1 ),

xi + ρ

j>i

j<i

1 + ρ(n − 1)
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where k stands for step k in the standard ADMM. Using some simple algebra, we obtain
the updating formula for µ as follows


P  k+1
P k
k + ûk + ρ
k − ûk
µ̂j − θ̂ji
µ̂j + θ̂ij
ij
ij
µ̂ik+1 =

4

ST

µ̂k+1
i

−

µ̂k+1
j

−

k+1
µ̂k+1
− ûkij
i  − µ̂j

ûkij ; λ/ρ


(m)

if ||θ̂ij ||2 < τ ;

(m)

if ||θ̂ij ||2 ≥ τ ;
(6)
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Furthermore, µ̂(m ) , θ̂(m ) is a KKT point.





∗
∗
S µ̂(m) , θ̂(m) = S µ̂(m ) , θ̂(m )

for

m ≥ m∗
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Theorem 1 In the DC-ADMM, S µ̂(m) , θ̂(m) converges in a finite number of steps; that
is, there exists an m∗ < ∞ with

In Algorithm 1, for each iteration m, µ̂0i = xi and θ̂0 = xi −xj for 1 ≤ i < j ≤ n are used
as the starting values for (5); (µ̂(m+1) , θ̂(m+1) ) is the limit point of the ADMM iterations
in (5), or equivalently, is a minimizer of (3). (µ̂(m+1) , θ̂(m+1) ) is then used to update the
objective function S (m+1) (µ, θ) in (2) as a new approximation to S(µ, θ). The process is
iterated until the stopping criteria are met.
Since the cost function (3) is a sum of a differentiable and convex function and a convex
penalty in θ (while θ̂(m) is known), ADMM converges to its minimizer (Boyd et al., 2011).
Then DC-ADMM’s convergence in a finite number of steps follows by the facts that DC
programming guarantees the decrease of the subsequent convex relaxations (2), and that
S (m+1) (µ, θ) has only a finite set of possible forms across all m. Theorem 1 shows that the
solution of the DC-ADMM converges to a KKT point.

Algorithm 1: DC-ADMM for penalized regression based clustering
Input : n observations X = {x1 , . . . , xn }; tuning parameters λ, τ and ρ.
(0)
(0)
(0)
1 Initialize: Set m = 0, ûij = 0, µ̂i = xi and θ̂ij = xi − xj for 1 ≤ i < j ≤ n.
(m)
(m)
(m−1)
(m−1)
2 while m = 0 or S(µ̂
, θ̂ ) − S(µ̂
, θ̂
) < 0 do
3
m←m+1
4
Update µ̂(m) and θ̂(m) based on (5) until convergence with a standard ADMM.
5 end
Output: Estimated centroids for the observations, µ̂1 , . . . , µ̂n , from which a cluster
label for each observation is assigned.

where ST(θ; γ) = (||θ||2 − γ)+ θ/||θ||2 . The convergence time of ADMM is highly related
to the penalty parameter ρ. A poor selection of ρ can result in a slow convergence for
the ADMM algorithm (Ghadimi et al., 2015) and thus DC-ADMM. In this paper, we fix
ρ = 0.4 throughout for simplicity. For the subsequent relaxed convex problem (3), µ̂(m+1)
and θ̂(m+1) are updated according to standard ADMM (5) until some stopping criteria,
such as that both dual and primal residuals are small (Boyd et al., 2011), are met. We
summarize the DC-ADMM algorithm in Algorithm 1.

=

(

6
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A generalized degrees of freedom (GDF) together with generalized cross validation (GCV)
was proposed for selection of tuning parameters for clustering (Pan et al., 2013). This
method, while yielding good performance, requires extensive computation and specification
of a hyper-parameter, perturbation size. Here, we provide an alternative by modifying a
stability-based criterion (Tibshirani and Walther, 2005; Liu et al., 2016) for determining
the tuning parameters.
The main idea of the method is based on cross-validation. That is, (1) randomly partition the entire data set into a training set and a test set with an almost equal size; (2)
cluster the training and test sets separately via PRclust with the same tuning parameters;
(3) measure how well the training set clusters predict the test clusters. To be specific,
first, randomly partition the entire data set into a training set Xtr and a test set Xte with
a roughly equal size. Second, apply DC-ADMM (Algorithm 1) with the same tuning parameters to Xtr and Xte , leading to the corresponding clustering assignments ltr and lte ,
respectively. Third, assign Xte to clusters according to ltr ; that is, assign each observation

2.2 Selection of the Number of Clusters

DC-ADMM only guarantees a local instead of a global minimizer. As shown in simulations, DC-ADMM performed well in terms of clustering accuracy. This suggests that
DC-ADMM typically yields a good local solution, though not necessarily global. A variant
of DC algorithms called outer approximation method of Breiman and Cutler (1993) gives a
global minimizer, but may converge slowly. For a large-scale problem, we prefer the present
version for its faster convergence at an expense of possibly missing global solutions.
With different random starting values, DC-ADMM could yield different KKT points for
the same data and parameters. However, our limited numerical experience suggests that
DC-ADMM gives good solutions with our proposed starting values.
Let Nadmm , Nquad be the numbers of iterations for running the standard ADMM and
quadratic based algorithm, respectively. The computational complexity of updating θ and
µ for one time is O(pn2 ). Note that the complexity of DC programming is O(1) and Nadmm
typically scales as O(1/), where  is the tolerance (He and Yuan, 2015). Then for the
DC-ADMM algorithm, the computational complexity is O(pn2 /). In contrast, based on
the empirical experience, Nquad relates to the number of observations n and quadratic based
algorithm is much slower than DC-ADMM. In practice, especially in earlier iterations, one
may not want to run the ADMM updates fully until convergence to save computing time.
Another trick is that for the subsequent convex relaxations, we can initialize (warm start)
µ̂0 , θ̂0 and û0 at their optimal values from the previous relaxed convex problem, which
significantly reduces the number of ADMM iterations.
In the DC-ADMM, the hard constraint guarantees that we can obtain exactly some
µ̂i − µ̂j − θ̂ij = 0; in contrast, in the quadratic penalty based algorithm (Pan et al., 2013),
due to the use of soft constraint, we cannot obtain exactly µ̂i − µ̂j − θ̂ij = 0 no matter
how large the finite tuning parameter is chosen. Pan et al. (2013) provided an alternative
algorithm (PRclust2) to force some µ̂i − µ̂j − θ̂ij = 0 by running the quadratic based
algorithm several times. Although PRclust2 leads to similar clustering results as DCADMM in our simulations, it is on average around 10 to 30 times slower than the quadratic
based algorithm and is not feasible to large data sets.

Applying a block soft thresholding operator for the group lasso penalty (Yuan and Lin,
2006), we have

k+1
θ̂ij
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in Xte to the closest cluster of Xtr defined by ltr in terms of the Euclidean distance, with
lte|tr the corresponding clustering assignments. Note that the distance between an observation in Xte and a cluster of Xtr is the minimum distance between the observation and
each observations in the cluster. To measure how well the training set clusters predict the
test clusters, we compute the adjusted Rand index (Hubert and Arabie, 1985) between lte|tr
and lte as the prediction strength. Recall that the adjusted Rand index ranges between
0 and 1 with a higher value indicating a higher agreement. Repeat the above process T
times and calculate the average prediction strength as the mean of T different prediction
strengths. This process is repeated over various tuning parameter values, obtaining their
corresponding average prediction strengths, then choose the set of the tuning parameters
with the maximum average prediction strength. The intuition behind this idea is that if the
tuning parameters lead to a stable clustering result, then the training set clusters will be
similar to the test set clusters, and hence will predict them well, leading to a high average
prediction strength.
2.3 Extensions

SL1 (µ) =
i=1

i<j

X
1X
||xi − µi ||1 + λ
TLP (||µi − µj ||2 ; τ ) .
2

n

The K-means method uses squared L2 -norm distances to generate cluster centroids, which
may be inaccurate if outliers are present (Xu et al., 2005). In contrast, K-medians uses the
L1 -norm distance and is more robust to outliers. Corresponding to modifying the K-means
to K-medians, we can extend PRclust by replacing the squared L2 -norm with the L1 -norm
loss function and estimate the centroids µ through minimizing the following cost function

minµ

Due to the nature of the DC-ADMM algorithm, we just need to change the updating
formula for µ̂ and leave the remaining updating formula (5), (6) unchanged. Note that

j<i

ρX k
k 2
||θ̂ij − (µi − µ̂jk+1 ) + ûij
||2 .
2

j>i

1
ρX k
k 2
||θ̂ij − (µi − µ̂jk ) + ûij
||2
µ̂ik+1 = argmin ||xi − µi ||1 +
2
2
µi
+

To solve the above problem, we define νi = xi − µi and simplify the cost function with
the L1 -loss:

j<i

j>i

ρX k
k 2
||2 .
||θ̂ij − (xi − νi − µ̂jk+1 ) + ûij
2
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1
ρX k
k 2
µ̂ik+1 = argmin ||νi ||1 +
||θ̂ij − (xi − νi − µ̂jk ) + ûij
||2
2
2
µi
+
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Using simple algebra and the soft thresholding operator for lasso (Tibshirani, 1996), we
obtain an updating formula as:

 P


P
µ̂k + θ̂k + ûk − xi +
µ̂k+1 − θ̂k − ûk − xi
j
ij
ij
ji
ij
j


1
j<i
 + xi ,
 j>i
µ̂ik+1 = STL 
,
n−1
2ρ(n − 1) 

where STL(α, γ) = sign(α)(|α| − γ)+ . In this case, the scalar operation on a vector is
element-wise.
In addition, we can also use other penalty functions. In an appendix, we provide details
of the DC-ADMM algorithm for PRclust with lasso or TLP as grouping penalty.
2.4 Simulations

JMLR 17(188):1-25

Consider two overlapped convex clusters with the same spherical shape in two dimensions.
Specifically, a random sample of n = 100 observations was generated, with 50 from a
0
0
bivariate Gaussian distribution N ((0, 0) , 0.33I), while the other 50 from N ((1, 1) , 0.33I),
where I is the identity matrix.
For PRclust, we searched τ ∈ {0.1, 0.2, . . . , 1} and λ ∈ {0.01, 0.05, 0.1, 0.2, 0.3, 0.5, 0.7,
1, 1.5, 2}. To evaluate the performance of selecting the tuning parameters, we used the
Rand index (Rand, 1971) and adjusted Rand index (Hubert and Arabie, 1985), measuring
the agreement between estimated cluster and the truth with a higher value indicating a
higher agreement. PRclust with the stability based criterion selecting its tuning parameters
performed well: the average number of clusters was 2.63, slightly larger than the truth
K0 = 2; the correspond clustering results had high degrees of agreement with the truth,
as evidenced by the high indices. Table 1 shows the frequencies of the number of clusters
selected by the stability criterion: for the overwhelming majority (93%), either the correct
number of cluster K0 = 2 was selected, or a slightly larger K = 3 or 4 was selected.
As expected, applying the quadratic penalty based algorithm with the stability criterion
yielded a similar result. GCV with GDF yielded the similar results for clustering accuracy.
However, to use GCV with GDF, the user has to specify the perturbation size, a hyperparameter. In contrast, the stability based criterion is insensitive to the repeat times T .
For the simulation, the average numbers of clusters selected with T = 10, 50 and 100 were
2.63, 2.68 and 2.76, respectively.
Now we illustrate differences between the two algorithms. First, we demonstrate how
two algorithms operated differently with respect to various values of the tuning parameter
λ, while τ was fixed at 0.7 (Figure 1). Note that, due to the soft constraint of the quadratic
penalty based algorithm, we cannot obtain exactly µ̂i − µ̂j − θ̂ij = 0. Even for a sufficiently
large λ, there were still quite some unequal µ̂i,1 ’s, which were all remarkably close to their
true values 0 or 1. In contrast, due to using the hard constraint on θij = µi −µj , DC-ADMM
yielded some equal estimated centroids µ̂i,1 . In this simulation, the stability based criterion
tended to select the most stable tuning parameters, confirming its selecting good tuning
parameters and yielding good clustering results.
Figure 2 shows the run-time of two algorithms against the number of observations n and
dimension p. As a matter of fact, the DC-ADMM is much faster than the quadratic penalty

8

Quadratic

Algorithm
DC-ADMM

Stability Based Criterion
Freq K̂
Rand aRand
All
2.63 0.950 0.901
60
2.00 0.954 0.908
26
3.00 0.949 0.898
7
4.00 0.945 0.890
5
5.00 0.924 0.847
2
6.00 0.952 0.903
All
2.70 0.951 0.902

GCV with GDF
Freq K̂
Rand aRand
All
3.29 0.956 0.912
39
2.00 0.958 0.917
22
3.00 0.965 0.930
17
4.00 0.959 0.918
8
5.00 0.940 0.881
12
6.00 0.947 0.894
All
2.41 0.962 9.925
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based algorithm, particularly when either n or p is large. For DC-ADMM, the number
of iteration was insensitive to the sample size and was around 100. In contrast, for the
quadratic penalty based algorithm, it increased dramatically as the sample size increased;
when the sample size was 200, the number of iteration was around 1, 000; however, the
number of iteration increased to around 85, 000 when the sample size increased to 6, 000.
The complexity of DC-ADMM is quadratic in the sample size n (the ratio of run-time to
n2 was around 10−5 ) and linear in the dimension p (the ratio of run-time to p was around
0.05), confirming that the computational complexity is O(pn2 /).
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Figure 1: Solution paths of the first coordinate µ̂i,1 for the first simulated data set. τ is
fixed at 0.7. Vertical black line represents the tuning parameter selected by the
stability based criterion.
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Figure 2: Comparison of run-times of DC-ADMM and quadratic penalty based algorithm
based on the average of 100 simulations with different random seeds. Shaded
regions represent the 25% and 75% quantiles of the run-times for corresponding
algorithms. The complexity of DC-ADMM is O(pn2 /), whereas the quadratic
penalty based algorithm is much slower.
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Figure 3 shows the solution paths for other methods. PRclust2 provided very similar
results as DC-ADMM (Figure 3a). However, PRclust2 is extremely slow (around 10 to 30
times slower than the quadratic penalty based algorithm) and not feasible to large data sets.
Convex penalties, such as the lasso and the L2 -norm penalty, always shrink all the estimates
towards zero and thus lead to severely biased parameter estimates. For example, if we used
the L2 -norm (Figure 3b) or the lasso (Figure 3c) as the grouping penalty, the estimated
centroids were shrunk towards each other, leading to their convergence to the same point
at the end and thus much worse performance in clustering. The TLP (Shen et al., 2012)
preformed much better than the lasso since it imposed no further penalty on large estimates
(Figure 3d). Since the TLP does not borrow information from other variables, it performed
slightly worse than its grouped version.

0

1

a) DC-ADMM

Table 1: Comparison of the tuning parameter selection criteria based on 100 simulated data
sets each with 2 clusters.
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Figure 3: Solution paths of µ̂i,1 for a) PRclust2, b) L2 penalty, c) Lasso penalty and d)
TLP for the first simulated data set.
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Though operating characteristics of PRclust have been intensively studied, its clustering
consistency properties remain unknown. In this section, based on the maximum likelihood
estimation framework, we develop some theoretical properties for penalized regression based
clustering method, which incorporates original PRclust (Pan et al., 2013) as a special case.
Recall that PRclust does not put any distribution assumptions on the data; however, it
can be treated as assuming a Gaussian distribution for the data implicitly as to be shown
later. To avoid unaddressable complexity of over-parameterizing the underlying distribution, some mild technical assumptions are introduced. Then we develop a probability bound
of clustering consistency which is slightly harder than clustering center consistency (Pollard,
1981).

3.1 PRclust in the Penalized Maximum Likelihood Framework

− L(µ)

subject to J (µ) ≤ J,

(7)

Assume xi ∈ Rp ∼ fµi (·), 1 ≤ i ≤ n are n independent random samples, where fµi is a
probability density function of xi with its centroid µi ∈ Rp . We obtain an estimate µ̂L0 of
0
0 0
µ = (µ1 , . . . , µn ) ∈ Rpn via solving the following constrained L0 -problem:
minµ

− L(µ) + λJ (µ),

(8)

where J is a nonnegative tuning parameter
controlling the trade-off between the model fit
Pn
and the number of clusters, L(µ)
P = i=1 log(fµi (xi )) is the log-likelihood that corresponds
to the model fit, and J (µ) = i<j I{d(µi , µj ) 6= 0} is the grouping penalty that controls
the number of clusters. I(·) is the indicator function and d(·, ·) : Rp × Rp → R is a distance,
Pp
1/q
|µim − µjm |q } , 0 < q < ∞. Then
which can be defined d(µi , µj ) = ||µi − µj ||q = { m=1
J (µ) equals the number of distinct pairs of centroids µi 6= µj .
The regularization problem (7) is a constrained counterpart of the following penalized
unconstrained L0 -problem:
minµ

− L(µ) + λJτ (µ),

(9)

where λ ≥ 0 is a tuning parameter corresponding to J in (8). Note that (7) and (8) may
not be equivalent in their global minimizers, which is unlike a convex problem.
In a high-dimensional situation, it is not computationally feasible to minimize a discontinuous cost function in (8) and (7). As a surrogate, we consider an estimator µ̂tL1 that
minimizes the following truncated L1 -problem:
minµ

JMLR 17(188):1-25

P
where J (µ) = i<j TLP(d(µi , µj ); τ ). Note that if assuming xi ∼ M V N (µi , σ 2 I), 1 ≤ i ≤
τ
Pn
2
n and using
P L2 -distance, we get −L(µ) = i=1 ||xi −µi ||2 after ignoring some constants and
Jτ (µ) = i<j TLP (||µi − µj ||2 ; τ ), which indicate that (9) reduces to the original PRclust
(1) under multivariate Gaussian distribution assumption. When τ is sufficiently small, the
truncated L1 constraint has a good approximation to the L0 loss (Shen et al., 2012).
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Define C = {C(µ) : µ ∈ Rpn }, where C(µ) = {C1 , . . . , CK } is a set of clusters based on µ
such that for any cluster Ck , d(µi , µj ) = 0, ∀i, j ∈ Ck and d(µi , µj ) 6= 0, ∀i ∈ Ck , j ∈ Ckc .
0
0
0 0
Let µ∗ = (µ∗1 , . . . , µ∗n ) ∈ Rpn with µ∗i = (µ∗i1 , . . . , µ∗ip ) ∈ Rp be the true centroid. We
L
0
study asymptotic properties
of µ̂ in (7) by giving a bound of the incorrect clustering

0
0 0
probability: P µ̂L0 6= µ̂o , where µ̂o = (µ̂o1 , . . . , µ̂on ) = argminC(µ)=C(µ∗ ) L(µ) is the oracle
estimator that is usually unavailable unless the true clusters are known beforehand. Note
that µ̂L0 is defined as a global minimizer of (7) and assume to be any global minimizer.
Before proceeding, we define a complexity measure for a given function space F. For
any  > 0, let H(, F) be the logarithm of the cardinality of the -bracketing of F of the

3.3 Clustering Consistency for L0 -constrained Problem

To reduce the unaddressable complexity to an addressable level, we propose a fundamental
assumption. Let Ck , 1 ≤ k ≤ K be K clusters that satisfy ∪K
k=1 Ck = {x1 , . . . , xn } and
Ci ∩ Cj = ∅, for 1 ≤ i 6= j ≤ K. The number of partitions of n samples into K clusters

P
K−k K k n , which in turn can be approximated by K n /K! (Steinley,
is (1/K!) K
k=1 (−1)
k
2006). Since PRclust is based on over-parameterization and assumes one parameter (centroid) for one corresponding sample, the complexity of PRclust is the same as all possible
ways of constructing clusters based on all samples. Unfortunately, to the best of our knowledge, there is no possible probability bound that can cover this complexity that requires
tail probability decreasing faster than exp(−n log K). However, many of the clustering formulation lead to the overlapped clusters and there is no way to reconstruct the true clusters
exactly. To recover non-overlapped true clusters, we put a mild technical restriction on the
clustering formulation to reduce the complexity.
Assumption (A0): Partition samples x1 , x2 , . . . , xn into K clusters. For any clusters
(k)
(k)
(k)
(k)
C1 , C2 , . . . , CK , there exists m points y1 , . . . , ym ∈ Ck such that d(y m , xk ) ≤ d(y m , xc )
Pm
(k)
c
c
for all xk ∈ Ck and xc ∈ Ck , where y m = l=1 yl /m and A denotes the complement of a
set A. We define m as the minimal disjoint centering number.
Note that all the clusters are separated under (A0). Violating (A0) implies that there
(k)
(k)
exist xk ∈ Ck and xc ∈ Ckc such that d(y m , xk ) > d(y m , xc ), indicating that there exists
another cluster that overlaps with Ck . Interestingly, assumption of this kind seems necessary
because clustering consistency is impossible when some clusters overlap, although it appears
strong. Worth of note is that other papers, for instance Zhu et al. (2014), explicitly assume
that different clusters are reasonably separable from each other for clustering consistency.
Furthermore, (A0) excludes any irregular cluster structures, which are not constructed.
Most importantly, Lemma 1 in the Appendix gives an upper bound of the number of
ways of reconstructable clusters under (A0), reducing the overparameterization complexity
from the super-exponential level in the sample size n, exp(−n log K), to a polynomial level
in n, exp(−mK log n). Lastly, (A0) implies that all the clusters must include at least
m samples, and guarantees cluster-center consistency asymptotically: for each 1 ≤ k ≤
(k)
K, ky m − µk k2 → 0 almost surely as m → ∞, where µk is the centroid of the cluster Ck .
Note that Pollard (1981) used a similar assumption for cluster-center consistency for the
k-means method.

3.2 A Fundamental Assumption for Over-parameterization

A New Algorithm and Theory for PRclust

0

2 /28 < t < 21/2  ≤ 1,
0

0
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which implies the feature selection consistency can be constructed even when the minimal
signal size is vanishing γmin → 0 and the dimension of features is diverging p → ∞. This
assumption is much weaker than classical assumptions where γmin and p are usually fixed
constants.

j:βj 6=0

2
γmin
= min
|βj∗ | ≥ d0 log(p)/n,
∗

where β ∗ is a true parameter vector of interest, d0 is a positive constant, p is the dimension
of β and n is the sample size. By assuming a probabilistic model such as the Gaussian
distribution, (10) can be further specified as

where m is the minimal disjoint centering number defined in (A0).
Assumption (A2) describes the least favorable situation through Cmin (µ∗ ) under which
we can identify the true cluster partition. In fact, Cmin (µ∗ ) depends on the number of true
clusters and the minimum distance among true cluster centers induced by the Hellinger loss.
Since (A2) puts some regularity conditions on log-likelihood function via Hellinger loss, we
do not make any regularity conditions for the log-likelihood function explicitly. Similar
assumptions as (A2) can be found in the literature of feature selection. For example, Shen
et al. (2012) assumed
Cmin (β ∗ ) ≥ d0 log(p)/n,
(10)

Cmin (µ∗ ) > d1 m log(n)/n,

to be the degree-of-separation or the level of difficulty of clustering, where
P B = {µ : C(µ) 6=
C(µ∗ ), J (µ) ≤ J (µ∗ )} is a parameter space of interest, ha (fµ , fµ∗ ) = ni=1 h(fµi , fµ∗i )/n1/2
n R
o1/2
1/2
1/2
is the averaged Hellinger metric with h(fµi , fµ∗i ) = 21 (fµi − fµ∗ )2 dv
.
i
Assumption (A2): There exists some constant d1 > 0 such that

Cmin (µ∗ ) ≡ inf

h2a (fµ , fµ∗ )
µ∈B
|C(µ)|

where FC = {fµ : h2a (fµ , fµ∗ ) ≤ 2 , µ ∈ BC }, fµ is the density of x = (x1 , . . . , xn ) ,
BC = {µ : C(µ) = C}, |A| is the cardinality of a set A and m is the minimal disjoint
centering number defined in (A0).
Note that (A1) puts some constraints on the size of parameter space, which is similar as
Assumption A in Shen et al. (2012) and is a direct modification of the assumption in Wong
and Shen (1995).
Define

supC∈C:|C|≤|C(µ∗ )| H(t, FC ) ≤ d0 m log(n) log(2 /28 t),

smallest size. To be specific, let S(, F, r) = {f1l , f1u , . . . , frl ,Rfru } be the bracket covering of
F that satisfies max1≤j≤r ||fju − fjl ||2 ≤ , where ||f ||2 = ( f 2 dv)1/2 and there exists a j
such that fjl ≤ f ≤ fju for any f ∈ F, then H(, F) = log(min{r : S(, F, r)}). For more
discussions about metric entropy of this type, see Kolmogorov and Tikhomirov (1959). To
construct the clustering consistency properties, we need the following two assumptions.
Assumption (A1): There exists some constant d0 > 0 such that, for any  > 0,
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(A2) serves similar roles for clustering consistency as (10) for feature selection consistency. As to be shown later in Proposition 1, by assuming the Gaussian distribution, (A2)
can be explicitly specified. More importantly, it allows the minimum distance among different cluster centroids decreases toward zero, αmin = minµi∗ 6=µj∗ kµi∗ − µj∗ k2 → 0, and the
number of cluster diverge to infinity, K → ∞, indicating that the assumption used here
is weaker than many other studies where αmin and K are usually fixed constants (Pollard,
1981; Pelckmans et al., 2005; Radchenko and Mukherjee, 2014; Zhu et al., 2014). Then we
establish the main theory for clustering consistency as follows.
Theorem 2 Under Assumptions (A0) to (A2), if J = J (µ∗ ), then, there exists some
constant c2 > 0, such that

P µ̂L0 6= µ̂o ≤ exp (−c2 nCmin (µ∗ ) + (m + 1) log(n) + 2) ,

provided that d1 > max{1/c2 , 2d0 (log c3 )/c42 }. For example, we may use c2 = 4/(27 × 1926),
c3 = 10 and c4 = (2/3)5/2 /512. Further, µ̂L0 reconstructs the oracle estimator µ̂o with
probability tending to one as n → ∞. The following two asymptotic results hold
 as n → ∞:
(A) (Clustering consistency) P (µ̂L0 6= µ̂o ) → 0 and hence
P C(µ̂L0 ) 6= C(µ̂∗ ) → 0.

(B) (Optimal parameter estimation) E ha2 (fµ̂L0 , fµ∗ ) = (1+o(1))E ha2 (fµ̂o , fµ∗ ) , provided


that c2 nCmin (µ∗ ) + log E ha2 (fµ̂o , fµ∗ ) → ∞.
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Theorem 2 says that, under Assumptions (A0) to (A2), µ̂L0 consistently reconstructs
the oracle estimator µ̂o , and both an oracle clustering and an optimal parameter estimation
with respect to expected Hellinger risk are asymptotically available by solving a constrained
L0 -problem. As pointed out by a reviewer, the number of clusters K is an important but
unknown tuning parameter. Theorem 2 shows that if the tuning parameter J is chosen to
be J = |J (µ∗ )| then optimal clustering can be constructed asymptotically. We believe that
theory established here can be a starting point in developing some new tuning parameter
selection criteria, though we have not fully explored in this aspect here. Theorem 2 provides
an insight into or gives theoretical justification on when or under which condition the
proposed method is expected to give correct clustering. For instance, the theory suggests
that the optimal tuning parameters may depend on the underlying true parameters, which
needs to be estimated for real data. This, together with the tuning parameter selection
criterion lead to the estimated data-dependent tuning parameter for this real data set.
Although theoretical properties of penalized clustering have been intensively studied
(Radchenko and Mukherjee, 2014; Zhu et al., 2014), our result is new and different from
the proceeding ones. For example, Radchenko and Mukherjee (2014) proved clustering
consistency with univariate samples, which are not practical and, in fact, relatively easy to
prove in our context without assumption (A0) since the complexity of over-parametrization
falls down to an addressable level. Zhu et al. (2014) extended the clustering consistency to
multivariate samples by assuming there are only two clusters, say C1 and C2 with centroids
µ1 and µ2 , respectively. To avoid some technical difficulties, Zhu et al. (2014) imposed an
assumption that is not required in Theorem 2: two clusters C1 and C2 consist proportional
number of samples in the sense that |C1 |/|C2 | → c, where c is a positive constant. Theorem
2 established here extended clustering consistency to a more realistic situation: multivariate
samples with many clusters.
15
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3.4 Example: Truncated Multivariate Gaussian Distributions

In this example, we give a sufficient condition for (A2) to hold asymptotically, by constructing a lower bound of Cmin (µ∗ ) in terms of the minimum center distance αmin =
minµi∗ 6=µj∗ kµi∗ − µj∗ k2 . Let φµi , 1 ≤ i ≤ n be the multivariate Gaussian density function with

i

mean µi ∈ Rp and identity covariance matrix Ip×p , that is, φµi (z) = (2π)−p/2 exp(−kz −
µi k22 /2), z ∈ Rp , 1 ≤ i ≤ n. For notation simplicity, we denote φµi = φ when µi = 0.
Note that it is not generally anticipated for clustering consistency under the usual Gaussian
distribution assumption since the Gaussian distribution leads to overlapped clusters and
violates the assumption (A0). Hence we modify the underlying distributions for the results
in Theorem 2 by considering non-overlapping situations.
Consider a class of the truncated densities φµi ,α , 1 ≤ i ≤ n with a truncation level α > 0:

φµi ,α (z) = (1/cα )φµi (z)I kz − µi k22 ≤ α/4 ,
(11)
R
R
Aµ ,α φµi (z)dz = Aα φ(z)dz = χp (α/4),

where cα is a normalizing constant. Note thatcα =

(12)

where Aµi ,α = {z : kz − µi k22 ≤ α/4}, Aα = {z : kzk22 ≤ α/4} and χp is the chi-square
distribution function with p degrees of freedom. Given two mean vectors µi 6= µj , φµi ,α does
not overlap with φµj ,α if kµi − µj k22 > α. Since the truncated densities φµi ,α for 1 ≤ i ≤ n
in (11) are not overlapped to each other if we take α = αmin = minµi 6=µj kµi − µj k22 ,
we assume that the samples are independently distributed with true truncated densities
φµi∗ ,αmin ; 1 ≤ i ≤ n with a truncation level αmin .
Now, ignoring constants,
consider the problem in (7) for minimizing the minus logPn
kxi − µi k22 /2 under the constraint J (µ) ≤ J. To derive a suflikelihood −L(µ) = i=1
ficient condition for (A2), we construct a lower bound of Cmin (µ∗ ), the level of difficulty
in recovering C(µ∗ ). Asymptotic properties cannot be established when cluster Cj ∈ C(µ)
only shares a finite number of samples with true clusters, and thus we make the following
assumption.
Assumption (A3): For any µ ∈ Rnp , there exists m1 such that inf C∈C(µ),C ∗ ∈C(µ∗ ),C∩C ∗ 6=∅
|C ∩ C ∗ | ≥ m1 .
Proposition 1 Let rαmin = {inf µ∈B inf αmin −kµi −µ∗ k22 ≤t≤αmin χp (t/4)}/{4χp (αmin /4)}, where
i
χp and χp are the chi-square density and distribution functions with p degrees of freedom,
respectively. Under assumptions (A0), (A1) and (A3), if J = J (µ∗ ) then the consistency
results (A) and (B) in Theorem 2 hold, provided that

rαmin αmin ≥ d1 mK ∗ log(n)/m1 ,
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for some constants d1 > max{1/c2 , 2d0 log(c3 )/c42 }, where K ∗ = |C(µ∗ )|.
Proposition 1 implies that (12) is a sufficient condition for (A2) for the truncated
multivariate Gaussian distributions. In low dimensional situation, αmin , p and K ∗ may
be fixed. rαmin is bounded below, which implies the clustering consistency follows when
m log(n)/m1 → ∞ as n → ∞. Moreover, clustering consistency holds when αmin → 0 and
p → ∞. From L’Hpital’s rule, limαmin →0 rαmin ≤ limαmin →0 χp (αmin /4)/4χp (αmin /4) = ∞
for any p ≥ 3, which implies (12) is satisfied when m1 αmin /mK ∗ log(n) → ∞ as n → ∞.
For example, let K ∗ log(n) = nk , m = nh and m1 = nh1 for some positive constants k, h
and h1 , then the theorem holds provided that αmin nh1 −(h+k) → ∞ for any k + h < h1 < 1,

16
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The proposed new algorithm DC-ADMM bears some similarity to the quadratic penalty
based algorithm in terms of the cost function and using difference convex programming.
However, they differ significantly in their specific formulations. Instead of using the quadratic penalty technique, we use a hard constraint and an augmented Lagrangian in DCADMM. Consequently, the DC-ADMM is much faster than the quadratic penalty based
algorithm and can be relatively easy to be extended to other cost functions that may have
some advantages for certain problems.
The theory that states some sufficient conditions for clustering consistency and optimal
parameter estimation in the PRclust framework covers a much wide range of loss functions
and grouping penalties, which helps us study theoretical results uniformly for some specific
PRclust implementations in the future. For example, when graph information is available,
by adding a constraint on the two connected nodes in the graph, we can estimate a cluster partition and grouping structure of variables simultaneously. The mis-clustering error
bound and asymptotic properties of this graph-based PRclust can be obtained via a slight
modification to the theory established here.
The methods can be extended in several directions. First, the convergence of the DCADMM algorithm is related to the penalty parameter ρ. A poor choice of ρ may result
in a slow convergence for the ADMM algorithm (Ghadimi et al., 2015). One may use an

4. Discussion

over-relaxed ADMM algorithm to speed up. Other options exist; for example, we may use
different values of ρ in each iteration (Wang and Liao, 2001). Second, since the algorithm
is relatively fast, it is now feasible to deal with high dimensional data, for which variable
selection is necessary. In principle, we may add a new penalty into the cost function for
variable selection (Pan and Shen, 2007). Third, we may modify PRclust for noisy big data.
Others have developed an iterative sub-sampling approach to improve the computational
efficiency of a solution path clustering and to handle noisy big data (Marchetti and Zhou,
2014). A modification of PRclust along this direction may be useful.
An R package prclust implementing the DC-ADMM algorithm and the quadratic penalty
algorithm with various loss and penalty functions is available at GitHub (https://github.
com/ChongWu-Biostat/prclust) and CRAN (http://cran.r-project.org).

implying that we can recover the true clusters even when αmin → 0 and K ∗ → ∞ as n → ∞
for any p ≥ 3.
At first sight, a truncated multivariate Gaussian distribution is an extreme example;
however, after
constants the corresponding minus log-likelihood function
Pn ignoring some
2
−L(µ) =
i=1 ||xi − µi ||2 , is used in the original PRclust. Moreover, truncated multivariate Gaussian distributions guarantee that different clusters are separated from each
other; non-truncated Gaussian distributions lead to overlapping clusters, and consistency
of distance-based clustering methods, including ours, is not expected as a result. For example, suppose we have n observations, n/2 form a Gaussian distribution N (−0.5, 1), while
the other n/2 from N (0.5, 1). According to the K-means cluster center consistency theory
(Pollard, 1981), the cluster centers determined by the K-means with K = 2 converge to
a1 = −0.9 and a2 = 0.9, not the original clusters centers at µ1 = −0.5 and µ2 = 0.5.
The reason is that all the negative observations from the second distribution/cluster are
mis-clustered into the first cluster, while all positive observations from the first clusters are
incorrectly assigned to the second cluster by the K-means, leading to an under-estimated
center for the first cluster; similarly the over-estimation of the second cluster center can be
explained. This simple example suggests that clustering consistency cannot be established
when non-truncated Gaussian distributions are used in K-means. Furthermore, previous
works focused on establishing clustering consistency with the distance between clusters
growing at a sufficiently fast rate. For example, Zhu et al. (2014) showed that if the distance between two clusters and sample size n grow at the same rate as n → ∞, then the
corresponding method can separate the two clusters perfectly. In contrast, clustering consistency established here still holds when minimum distance between the cluster centroids
αmin → 0 , implying that the assumptions used here are weaker than the previous ones.
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Proof of Theorem 1. The finite termination property of DC-ADMM follows from the
following three facts. First, since (2) is closed, proper and convex and the augmented
Lagrangian (4) has a saddle point, the standard ADMM converges (Boyd et al., 2011).
Second, by construction of S (m) (µ, θ), for each m ∈ N ,
≤ S (m) (µ̂(m−1) , θ̂(m−1) ) = S(µ̂(m−1) , θ̂(m−1) ),

0 ≤ S(µ̂(m) , θ̂(m) ) = S (m+1) (µ̂(m) , θ̂(m) ) ≤ S (m) (µ̂(m) , θ̂(m) )

X

(µj + θij + uij ) + ρ
j<i

X

(µj − θji − uij ) − (1 + ρ(n − 1))µi = 0;

(15)

(14)

(13)

implying that S(µ̂(m) , θ̂(m) ) decreases in m; otherwise the algorithm stops. Note that
(µ̂(m) , θ̂(m) ) is the limiting point of the ADMM iterations in (5). Third, since S (m+1) (µ, θ)
(m)
depends on m only through that on the indicator functions I(||θ̂ij ||2 < τ ), which can be
either 1 or 0, S (m+1) (µ, θ) has only a finite set of possible functional forms across all m,
leading to a finite number of its possible and distinct minimal values. These facts imply
that DC-ADMM terminates in a finite number of iterations.
∗
∗
To show that (µ̂(m ) , θ̂(m ) ) is a KKT point of S(µ, θ), we check if the solution satisfies
a local optimality of S(µ, θ). Since the subgradient of S(µ, θ) and S m (µ, θ) are the same at
the minimizer (Rockafellar, 2015), we verify the following requirement:
xi + ρ
j>i

λbij θij /||θij ||2 + ρ(θij − (µi − µj ) + uij ) = 0;

θij − µi − µj = 0,

=

(m∗ −1)

(m∗ )

(m∗ )

− uij

(m∗ )

, implying θij = θ̂ij

||2 > λ/ρ, then

(m∗ )

− µ̂j

(m∗ )

= µ̂i

(m∗ )

− ûij

(m∗ )

− µ̂j

(m∗ )

(m∗ )

(m∗ )

since

(m∗ )

||2 = 0, which
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< λ/ρ, then ||θ̂ij

||2 − λρ . Then (14) is met when θij = θ̂ij



(m∗ )
(m∗ )
(m∗ )
µ̂i
− µ̂j
− ûij
λ
(m∗ )
(m∗ )
(m∗ )
− ûij ||2 −
,
||µ̂i
− µ̂j
ρ ||µ̂(m∗ ) − µ̂(m∗ ) − û(m∗ ) ||2
i
j
ij

||2 < τ and ||µ̂i

||2 > τ , the θ̂ij

where bij is the regular subdifferential of min(||θij ||2 , τ ) at ||θij ||2 . Easily, (15) is the hard
∗
∗
∗
constraint in the DC-ADMM and is met at convergence. Note that (µ̂(m ) , θ̂(m ) , û(m ) ) =
∗
∗
∗
∗
(µ̂(m −1) , θ̂(m −1) , û(m −1) ) at termination. Then (13) is satisfied with (µ, θ, u) = (µ̂(m −1) ,
∗
∗
θ̂(m −1) , û(m −1) ). For (14), consider three cases.
(m∗ −1)

• If ||θ̂ij
bij = 0.
(m∗ )

• If 0 < ||θ̂ij
(m∗ )

θ̂ij

(m∗ )

− ûij

(m∗ )
(m∗ )
− µ̂
− ûij ||2
j
(m∗ )
||2 < τ .

− µ̂j
(m∗ )
||µ̂i

||2 = ||µ̂i
< τ and

(m∗ )

hence that ||θ̂ij
since bij = 1.
• If 0 <

(m∗ )
||θ̂ij ||2

contradicts to the fact that 0 < ||θ̂ij
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k=1


K 
Y
n − (k − 1)m
.
m



Lemma 1.
Given n observations xi ∈ Rp , 1 ≤ i ≤ n, let the number of ways of
constructing K clusters that satisfies disjoint condition (assumption A0) with the minimal
disjoint centering number m be cn,K,m . Then

cn,K,m ≤ (n − Km)K

(k)

{x
, . . . , xkm } ⊂ {x1 , . . . , xn }, k
(k−1)m+1
Pkm
(k)
(k)
be
j=(k−1)m+1 xj /m and r̃i

an ordered sequence of ri

(k)

Proof of Lemma 1. Without loss of generality, we fix the first km points and form K
(k)
(k)
disjoint subsets
=
≤ K. Let ri = d(xm , xi ),
Sk

km + 1 ≤ i ≤ n with xm =

(k)

(k)

that satisfies r̃km+1 ≤ · · · ≤ r̃n . Then a possible way of constructing a subset Ck based

on Sk is including Sk and all the points within distance r̃i . For a subset Ck , the number
of constructing ways is n − Km at most. Hence, the number of ways of constructing K
subsets Ck , k ≤ K based on Sk is (n − Km)K at most.
 number of ways of fixing possible K disjoint subsets Sk , k ≤ K is
Q Note that the
K
n−(k−1)m
.
Hence
the
total
number
of
ways
of constructing K subsets along to
k=1
m
QK n−(k−1)m
at most. Note that any clusthe way described above is (n − Km)K k=1
m
ter partition with K clusters that satisfies disjoint structure condition with the minimal
disjoint centering number
can be constructed via the ways described above. Hence
QK mn−(k−1)m
cn,K,m ≤ (n − Km)K k=1
. This completes the proof.

m

sup {L(µ) − L(µ̂o )} > 0

!

sup {L(µ) − L(µ∗ )} > 0 ,

µ∈BC

!

Proof of Theorem 2. On the set B̃ = {µ : C(µ) = C(µ∗ )} ⊂ {µ : J (µ) ≤ J (µ∗ )}, we
have µ̂L0 = supµ∈B̃ L(µ) = µ̂o = supC(µ)=C(µ∗ ) L(µ). Let the parameter space of interest be
B = {µ : C(µ) 6= C(µ∗ ), J (µ) ≤ J (µ∗ )}. Since J (µ) ≤ J (µ∗ ) implies |C(µ)| ≤ K ∗ , we have
K∗ ∪
B ⊂ {µ : C(µ) 6= C(µ∗ ), |C(µ)| ≤ K ∗ } ⊂ ∪k=1
C∈Ck BC , where BC = {µ : C(µ) = C} and
Ck = {C ∈ C : C 6= C(µ∗ ), |C| = k}. Hence, using L(µ̂o ) ≥ L(µ∗ ), we have
!

P µ̂L0 6= µ̂o ≤ P ∗

µ∈B

P∗

sup {L(µ) − L(µ∗ )} > 0
µ∈B

k=1 C∈Ck

K X
X

∗

≤ P∗
≤

sup {L(µ) − L(µ∗ )} > 0
µ∈BC

!
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≤ 4 exp (−c2 nkCmin (µ∗ )) ,

where P ∗ is the outer probability. Now we apply Theorem 1 of Wong and Shen (1995) to
bound each term. For any µ ∈ BC and C ∈ Ck , ha2 (fµ , fµ∗ ) ≥ kCmin (µ∗ ), there exists a
constant c2 > 0 such that
P∗

20

21/2 

H 1/2 (t/c3 , FC )dt ≤ c4 n1/2 2
(16)

21/2 

2 /28

Z

H 1/2 (t/c3 , FC )dt ≤ (d0 m log(n))1/2 (21/2 )(log(c3 ))1/2 ≤ c4 n1/2 2

k=1

4 exp (−c2 nkCmin (µ∗ ) + k(m + 1) log(n))
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Aαmin = {z : kzk22 ≤ αmin /4} and Aµi ,αmin = {z : kz − µi k22 < αmin /4}, 1 ≤ i ≤ n.

Proof of Proposition 1. It suffices to show that (12) is a sufficient condition for Assumption (A2). First, we give a lower bound of the Hellinger metric between φµi ,αmin and
φµ∗i ,αmin for a given µ ∈ B = {µ : C(µ) 6= C(µ∗ ), J (µ) ≤ J (µ∗ )}. Let

provided that exp (−c2 nCmin (µ∗ )) /Eh2a (µ̂o , µ∗ ) = o(1), and then (B) established. This completes the proof.








E h2a (µ̂L0 , µ∗ ) ≤ E h2a (µ̂o , µ∗ ) + E h2a (µ̂L0 , µ∗ )I(µ̂L0 6= µ̂o )


≤ E h2a (µ̂o , µ∗ ) + P (µ̂L0 6= µ̂o )
 2 o ∗ 
≤ (1 + o(1))E ha (µ̂ , µ )

where R(x) = x/(1 − x) is exponentiated logistic function.


Now (A) follows from P C(µ̂L0 6= C(µ∗ ) ≤ P µ̂L0 6= µ∗ and d1 > 1/c2 . For the risk
2
L
∗
0
property, using ha (µ̂ , µ ) ≤ 1,

≤ exp (−c2 nCmin (µ∗ ) + (m + 1) log(n) + 2) ,

≤ 5 exp (−c2 nCmin (µ∗ ) + (m + 1) log(n))

≤ 4R (exp(−c2 nCmin (µ∗ ) + (m + 1) log(n))


P µ̂L0 6= µ̂o ≤

K∗
X

with respect to  provided that n < . Hence, (16) follows if Cmin (µ∗ ) ≥ Q
2n , and from (A2),

≤
this holds when d1 ≥ 2d0 log(c3 )m/c24 . From Lemma 1, |Ck | ≤ (n − km)k kj=1 n−(j−1)m
m
nk+mk . Hence,

k≤K C∈Ck

max∗ sup

for any 2 ≥ kCmin (µ∗ ). Let 2n = 2d0 log(c3 )m log(n)/c24 n. Under (A1), n solves the
inequality

2 /28

Z

provided that the local entropy conditions are satisfied as follows: there exist constants
c3 > 0 and c4 > 0 such that
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i

min

then it is easy to see that

Aαmin ∩ A∆∗i ,αmin ⊂ B∆∗i ,αmin .

≤ α/4 −

k∆∗i k22 /4}

min

min

φ∆∗i /2 (z)dz

µ∈B

(18)

(17)

(19)

22
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∗ }. Since C(µ) 6= C(µ∗ ), without loss of
Let C(µ) = {C1 , . . . , CK } and C(µ∗ ) = {C1∗ , . . . , CK
∗
generality, we may assume that Cs ∩ Ct∗ 6= ∅ for s, t = 1, 2. Then the right-hand side of (19)
achieves its minimum when µ ∈ B12 = {µ : Cs ∩ Ct∗ 6= ∅ for s, t = 1, 2 and µi = µ∗i for i ∈

µ∈B

inf kµ − µ∗ k22 /|C(µ)| = inf µ∈{µ:|C(µ)|=K ∗ ,C(µ)6=C(µ∗ )} kµ − µ∗ k22 /K ∗ .

It is easy to see that inf µ∈{µ:|C(µ)|<K ∗ } kµ − µ∗ k22 /|C(µ)|P≥ inf µ∈{µ:|C(µ)|=K ∗ } kµ − µ∗ k22 /K ∗ ,
since the sum of within cluster variances, kµ − µ∗ k22 = ni=1 kµi − µ∗i k22 , is minimized when
|C(µ)| = K ∗ . Hence, we have

µ∈B

nCmin (µ∗ ) = n inf h2a (fµ , fµ∗ )/|C(µ)| ≥ nrα∗ inf kµ − µ∗ k22 /|C(µ)|.

χp (αmin /4) − χp (αmin /4 − k∆∗i k22 /4)
≥ rαmin kµi − µ∗i k22 ,
χ2p (αmin /4)

≤χp (αmin /4 − k∆∗i k22 /4).

where rαmin = {inf µ∈B inf αmin −k∆∗ k22 ≤t≤αmin χp (t/4)}/4χp (αmin /4). Next, we find a lower
i
P
bound of Cmin (µ∗ ). From (17), the inequality h2a (fµ , fµ∗ ) ≥ ni=1 h2 (fµi , fµ∗i )/n implies

h2 (φµi ,αmin , φµ∗i ,αmin )2 ≥

i

B∆∗ ,α

R

= exp(−k∆∗i k22 /8)χp (αmin /4 − k∆∗i k22 /4)

φ(z)1/2 φ∆∗ (z)1/2 dz ≤ exp(−k∆∗i k22 /8)

According to the mean value theorem,

i

Aαmin ∩A∆∗ ,α

we have
Z

φ(z)1/2 φ∆∗i (z)1/2 = (2π)−p/2 exp(−kz − ∆∗i /2k22 /2 − k∆∗ k22 /8) = exp(−k∆∗i k22 /8)φ∆∗i /2 (z),

By using the equality,

Let B∆∗i ,αmin = {z : kz −

∆∗i k22

=h2 (φαmin , φ∆∗ ,αmin )2
Z
2
1  1/2
1/2
φαmin (z) − φ∆∗ ,αmin (z) dz
=
i
2
!
Z
Z
Z
1
1/2
1/2
φ(z) φ∆∗ (z) dz
φ∆∗i (z)dz − 2
φ(z)dz +
= 2
2χp (αmin /4)
Aαmin ∩A∆∗ ,α
A∆∗ ,α
Aαmin
i min
i min
!
Z
Z
1
= 2
φ(z)1/2 φ∆∗ (z)1/2 dz .
φ(z)dz −
χp (αmin /4)
Aαmin ∩A∆∗ ,α
Aαmin

h2 (φµi ,αmin , φµ∗i ,αmin )2

Given µi 6= µ∗i with kµi − µ∗i k22 ≤ αmin , let ∆∗i = µi − µ∗i then we have
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inf kµ − µ∗ k22 = inf

µ∈B12

inf

nst ,s,t=1,2

inf

−

νt∗ k22

+



−

νt∗ k22



kν1∗ − ν2∗ k22 ,

n2t kν̄2∗

n1t kν1 − νt∗ k22 + n2t kν2 − νt∗ k22

n1t kν̄1∗

n11 n12
n21 n22
+
n11 + n12 n21 + n22

t=1,2



X

t=1,2

∪3≤k≤K ∗ Ck }. Let µi = νs , i ∈ Cs for s = 1, 2 and similarly let µi∗ = νt∗ , i ∈ Ct∗ for t = 1, 2.
Then it follows that
X

µ∈B

=

=
nst ,s,t=1,2

µ∈B

inf kµ − µ∗ k22 ≥ m1 αmin .

(20)

where nst = |Cs ∩Ct∗ | for s, t = 1, 2, and ν̄1∗ = (n11 ν1∗ +n12 ν2∗ )/(n11 +n12 ) and ν̄2∗ = (n21 ν1∗ +
n22 ν2∗ )/(n21 + n22 ) are the weighted means of ν1∗ s and ν2∗ s in C1 and C2 , respectively. From
(A3), nst ≥ m1 for s, t = 1, 2, which implies n11 n12 /(n11 + n12 ) = 1/(1/n11 + 1/n12 ) ≥ m1 /2
and similarly, n21 n22 /(n21 + n22 ) ≥ m1 /2. Hence the lower bound becomes

j>i

µ̂j

+ ûij

+ρ

j<i

µ̂j

rαmin αmin ≥ d1 mK ∗ log(n)/m1 .

+ θ̂ij

− θ̂ji − ûij

;



From (18), (19), (20) and definition of Cmin (µ∗ ), it is easy to see that (A2) is met if
Cmin (µ∗ ) ≥ rαmin m1 αmin /nK ∗ ≥ d1 m log(n)/n which is equivalent to

xi + ρ

This completes the proof.

Appendix B.

=

= ST



(m)

−

(m+1)

= ûij + θ̂ij

(m+1)
µ̂il

−

),

1 + ρ(n − 1)


− µ̂j

(m+1)

(m)
ûijl ; λ/ρ
(m+1)

− (µ̂i

(m+1)
µ̂jl

1 ≤ i < j ≤ n; i, l = 1, 2, . . . , p.

The cost function of PRclust with lasso grouping penalty will be convex, and thus DCADMM is exactly same as ADMM and a global solution will be reached. Note that θij =
0
(θij1 , . . . , θijp ) , then the updating formulas can be summarized as follows:


P  (m)
P  (m+1)
(m)
(m)
(m)
(m)
(m+1)

µ̂i

(m+1)
θ̂ijl
(m+1)

ûij

xi + ρ

j>i

j<i

(m)

if |θ̂ijl | ≥ τ ;
if |θ̂ijl | < τ ;

;
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1 ≤ i < j ≤ n; i, l = 1, 2, . . . , p.

1 + ρ(n − 1)

k+1
k
 k+1
µ̂
−
µ̂
il
jl − ûijl


k+1
k ; λ/ρ
 STL µ̂ilk+1 − µ̂jl
− ûijl

(m)

The main difference between TLP and gTLP is that TLP is an element-wise penalty
and the updating formulas (5) for PRclust with TLP can be summarized as follows, while
the other part of DC-ADMM remains unchanged:


P k
P  k+1
k + ûk + ρ
k − ûm
µ̂j + θ̂ij
µ̂j − θ̂ji
ij
ij
µ̂ik+1 =

k+1
=
θ̂ijk

k+1
k+1
k
ûij
= ûij
+ θ̂ij
− (µ̂ik+1 − µ̂jk+1 ),
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1. Introduction

Keywords: Class Cover Catch Digraphs, Class Cover Problem, Class Imbalance Problem,
Class Overlapping Problem, Graph Domination, Prototype Selection, Support Estimation

Class imbalance problem has recently become a topic of extensive research. In a two-class
setting, imbalance in class(es) occurs when one class is represented by far more observations
(points) than the other class in the data set (see, e.g., Chawla et al. (2004) and López
et al. (2013)). Class imbalance problem is observed in many areas such as medicine, fraud
detection and education. Some examples are clinical trials in which only 5% of patients
in the data set have a certain disease, such as cancer (Mazurowski et al., 2008); detecting
fraudulent customers where most individuals are law-abiding in insurance, credit card and
telecommunications industries (Phua et al., 2004); and archives of college students where

The classification methods in machine learning usually suffer from the imbalance of class
sizes in the data sets because most of these methods work on the assumption that class sizes
are balanced (Japkowicz and Stephen, 2002). For example, the commonly used k-nearest
neighbor (k-NN) classification algorithm is highly influenced by the class imbalance problem.
In the k-NN approach, a new point is classified as the class of the most frequent one from
its first k nearest neighbors (Fix and Hodges, 1989; Cover and Hart, 1967). As a result, in a
two-class setting where one class substantially outnumbers the other, a point is more likely
to be classified as the majority class by the k-NN classifier. In literature, sensitivity of k-NN
classifier to the class imbalance problem and some solutions on choosing the appropriate k
have been discussed in cases of imbalanced classes (see Mani and Zhang, 2003; Garcı́a et al.,
2008; Hand and Vinciotti, 2003). Decision trees and support vector machines (SVM) are
also some of the well known classifiers that are sensitive to the class imbalance in a data set
(Japkowicz and Stephen, 2002; Tang et al., 2009). SVMs are among the most commonly used
algorithms in the machine learning literature due to their well understood theory and high
performance among popular algorithms (Wu et al., 2008; Fernández-Delgado et al., 2014),
but these methods have been demonstrated to be inefficient against highly imbalanced data
sets, although SVMs are still robust to moderately imbalanced data sets (Akbani et al.,
2004; Raskutti and Kowalczyk, 2004).

mostly the ones who have fair results are kept (Thai-Nghe et al., 2009). In these and many
other real life cases, majority class (i.e., the class with larger size) confounds the classifier
performance by hindering the detection of subjects from the minority class (i.e., the class
with fewer points).
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We approach the classification of imbalanced data sets with methods that solve class
cover problem (CCP), where the goal is to find a region that encapsulates all the members
of the class of interest (i.e., target class). This particular region can be viewed as a cover ;
hence the name class cover (Cannon and Cowen, 2004). This problem is closely related
to another problem in statistics, namely support estimation: estimating the support of a
particular random variable defined in a measurable space (Schölkopf et al., 2001). Here,
each cover can be realized as estimates of its associated class support. Priebe et al. (2001)
introduced the class cover catch digraphs (CCCD) to find graph theoretic solutions to
the CCP problem, and provided some results on the minimum dominating sets and the
distribution of the domination number of such digraphs for one dimensional data. Priebe
et al. (2003a) applied CCCDs on classification and showed that approximate minimum
dominating sets of CCCDs (which were obtained by a greedy algorithm) and radii of the
covering balls can be used to establish efficient classifiers. Moreover, DeVinney et al. (2002)
defined random walk CCCDs (RW-CCCDs) where balls of class covers are more relaxed
compared to previously introduced so called pure-CCCDs (P-CCCDs). In P-CCCDs, no
member of the non-target class is covered, but RW-CCCDs allow some points of non-target
class to be covered by the cover of the target class. Some target class points may also be
uncovered in the process. Hence, RW-CCCDs may potentially avoid overfitting. CCCDs
have been applied in face detection (Socolinsky et al., 2003) and latent class discovery in
gene expression data (Priebe et al., 2003b). There are several other approaches in the
literature to solve the class cover problem, including covering the classes with a set of boxes
(Bereg et al., 2012) or set of convex hulls (Takigawa et al., 2009).

We use a geometric digraph family called class cover catch digraphs (CCCDs) to tackle
the class imbalance problem in statistical classification. CCCDs provide graph theoretic
solutions to the class cover problem and have been employed in classification. We assess
the classification performance of CCCD classifiers by extensive Monte Carlo simulations,
comparing them with other classifiers commonly used in the literature. In particular, we
show that CCCD classifiers perform relatively well when one class is more frequent than
the other in a two-class setting, an example of the class imbalance problem. We also point
out the relationship between class imbalance and class overlapping problems, and their
influence on the performance of CCCD classifiers and other classification methods as well
as some state-of-the-art algorithms which are robust to class imbalance by construction.
Experiments on both simulated and real data sets indicate that CCCD classifiers are robust
to the class imbalance problem. CCCDs substantially undersample from the majority class
while preserving the information on the discarded points during the undersampling process. Many state-of-the-art methods, however, keep this information by means of ensemble
classifiers, but CCCDs yield only a single classifier with the same property, making it both
appealing and fast.
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In this article, we study the effects of class imbalance on two CCCD classifiers, PCCCD and RW-CCCD. Moreover, we report on the effects of class overlapping problem
(which is defined as deterioration of classification performance when class supports overlap)
along with the class imbalance problem to further investigate the performance of CCCD
classifiers when imbalance and overlapping between classes co-exist. Thus, we show that
when there is a considerable amount of class imbalance, whether class supports overlap or
not, the CCCD classifiers perform better than the k-NN classifier. We show the robustness of
CCCD classifiers to the class imbalance by simulating cases having increasing levels of class
imbalance. We also compare CCCD classifiers with SVM classifiers which are potentially
robust to moderate levels of class imbalance but not to high levels. With respect to class
imbalance problem, the k-NN, SVM and decision tree classifiers may be referred to as
“weak” classifiers; that is, these methods perform weakly when there is imbalance in the
data set. However, such classifiers can be modified to address the unequal priors in a data
set, and hence, can be converted to “strong” classifiers which are potentially robust to the
class imbalance problem. We show that CCCD classifiers are also inherently robust (i.e.,
robust to class imbalance without any modification), and we compare the CCCD classifiers
against the state-of-the-art strong classification methods which are constructed to perform
well when class imbalance occurs. We consider ensemble learning, cost sensitive learning
and resampling schemes in conjunction with k-NN, SVM and decision tree classifiers, and
show that RW-CCCDs and P-CCCDs perform comparable to those strong classifiers.

Among the two variations of CCCD classifiers, we show that the RW-CCCD is more
appealing in many aspects. For both simulated and real life examples, RW-CCCDs perform
better than P-CCCDs and weak classifiers, and perform comparable to strong classifiers
when the classes of data sets are imbalanced and/or overlapping. Moreover, we report on
the complexity of the two CCCD classifiers and demonstrate that RW-CCCDs reduce the
data sets substantially more than the other classifiers, thus increasing the testing speed.
But most importantly, while reducing the majority class to mitigate the effects of class
imbalances, CCCDs preserve the information on the discarded points of the majority class.
CCCDs provide a novel potential solution to the class imbalance problem; that is, they
capture the density around prototype points (i.e., members of the dominating sets) as radii
of the covering balls. Hence, CCCDs preserve the information while reducing the data set
In the literature, only the strong classifiers based on hybrids of ensembles and resampling
schemes achieve a similar task which requires multiple classifiers to be employed, and thus,
result in lengthy training and testing time. However, CCCDs define single classifiers that
undersample the data set with, possibly, a slight loss of information.
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We provide a short review of the existing methods for classifying data sets with class
imbalance in Section 2, introduce P-CCCD and RW-CCCD classifiers in Section 3, discuss
the balancing effect of CCCD classifiers in Section 4. Finally, in Section 5, we compare
the CCCD classifiers with the classifiers that are both sensitive (weak) and non-sensitive
(strong) classifiers to class imbalance by simulated and real data sets, and report on the
computational complexity of all weak classifiers.
3
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2. Methods for Handling Class Imbalance Problem

Solving the class imbalance problem received considerable attention in the machine learning
literature (see Chawla et al., 2004; Kotsiantis et al., 2006; Longadge and Dongre, 2013).
Almost all algorithms designed to mitigate the effects of class imbalance incorporate a
“weak” classifier which is modified to show some level of robustness to the class imbalance
problem. The weak algorithm is modified either (i) in data level which involves a preprocessing of the data set being used in training, or (ii) in algorithmic level such that a
“strong” classifier is constructed with a decision rule suited for the imbalances in the data
set. Many modern algorithms are hybrids of both types; but in particular, there are mainly
three of them: resampling methods, cost-sensitive methods, and ensemble methods (He and
Garcia, 2009).

Resampling methods are commonly employed to remove the effects of class imbalance
in the classification process. Resampling methods provide solutions to the class imbalance problem by (i) downsizing the majority class (undersampling) or (ii) generating new
(synthetic) points for the minority class (oversampling). Hence, such methods modify the
classifiers only at the data level. It might be useful to clean or erase some points in the majority class to balance the data (Drummond et al., 2003; Liu et al., 2009). However, in some
cases, all points from both classes may be valuable/important, and hence, should be kept
despite the differences in the class sizes. Oversampling methods generate synthetic points
similar to the minority class to mitigate the class imbalance problem while preserving the
information (Han et al., 2005). On the other hand, Batista et al. (2004) suggest that the
combination of both over and undersampling methods can further improve the classification performance. One such method is the SMOTE+ENN method where the oversampling
method SMOTE of Chawla et al. (2002) and edited nearest neighbors (ENN) method of
Wilson (1972) are applied to an imbalanced data set, consecutively. While SMOTE balances the classes of the data set by generating artificial points between members of the
minority class, ENN cleans the data set to further increase the classification performance
of the weak classifier. Here, ENN method is an undersampling method that primarily aims
to remove noisy points from the data set but not to balance the classes.
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Another family of methods, namely cost-sensitive learning methods, has originated from
real life: the cost of misclassifying a minority and a majority class member is usually not
the same (Elkan, 2001). Frequently, the minority class has higher misclassification cost
than the majority class. Classification methods such as decision trees (e.g., C4.5), can be
modified to take these costs into account (see Ling et al., 2004; Zadrozny et al., 2003). C5.0
is an extended version of C4.5 incorporating the cost of each class (Kuhn and Johnson,
2013). Most weak classifiers can be easily modified so as to recognizing misclassification
costs. The constrained violation cost C of SVM classifiers can be adjusted to individual
class costs (Chang and Lin, 2011). As for k-NN, one solution is to appoint weights to all
points of the data set with respect to their classes. Hence, such weights are the costs of
classes giving precedence to minority class points (Barandela et al., 2003). On the other
hand, for those algorithms that costs are not inherently recognizable or available, metalearning schemes can be used along with weak classifiers without modifying the classifiers.
Such learning methods are similar to ensemble learning methods (Domingos, 1999).

4

is the vertex set of the digraph: ∪s∈S N̄ (s) = V (D). Among all dominating sets, usually
the ones with minimum cardinality, called the minimum dominating sets, are preferable.
The cardinality of the minimum dominating set(s) is referred to as the domination number,
denoted as γ(D). However, minimum dominating sets are often computationally intractable
and finding them is, in general, an NP-hard optimization problem. Hence, greedy algorithms
are often employed to find sets with approximately minimum cardinality (Chvatal, 1979;
DeVinney, 2003).
CCCDs can easily be generalized to the multi-class case with k classes. To establish the
set of covers C = {C1 , C2 , · · · , Ck } associated with a set of classes X = {X1 , X2 , · · · , Xk },
we merge the classes into two classes as XT = Xi and XN T = ∪i6=j Xj for i, j = 1, · · · , k.
We refer to classes XT and XN T as target class and non-target class, respectively. More
specifically, target class is the class we want to find the cover of, and the non-target class
is the union of the remaining classes. We transform the multi-class case into a two-class
setting and find the cover of i-th class, Ci , for each i = 1, · · · , k.
We employ two families of CCCDs, pure-CCCDs (P-CCCDs) and random walk CCCDs
(RW-CCCDs) that differ in the definition of the radius r(x). In these two digraphs, the
(approximate) minimum dominating set S and the classifier are defined in slightly different
ways; with the main distinction between the two being the way the covers are defined.
The covering balls of P-CCCDs do not contain any non-target class point (hence the name
“pure”) whereas RW-CCCDs possibly allow some non-target class points inside of the class
cover of the target class so as to avoid overfitting. Moreover, some target class points may
also be excluded from the covers of RW-CCCDs. Therefore, P-CCCDs construct pure and
proper covers but RW-CCCD covers are not necessarily pure or proper.

A fast developing field called ensemble learning also contributes to the family of methods
handling the class imbalance problem (see Galar et al., 2012). The idea is to combine
several classifiers to create a new classifier which has significantly better performance than
its constituents (Rokach, 2010). AdaBoost is a popular algorithm among this family of
learning methods (Freund and Schapire, 1997; Wu et al., 2008). AdaBoost assigns weights
to each of the points in the data set and updates these weights in accordance with how
well the points are estimated by each classifier. Galar et al. (2012) provide a survey of
the most important ensemble learning methods that solve the class imbalance problem.
However, it has been observed in some studies that ensemble learning methods work best
when used together with resampling methods (López et al., 2013). In fact, ensembling and
resampling schemes compensate the shortcomings of each other. The EasyEnsemble is a
classifier with two levels of ensembles. First, a random undersampled majority class and the
original minority class are used to train an ensemble classifier, then another random sample
is drawn in the same way to train a second ensemble. This process is repeated several times
to mitigate the effects of information loss as each ensemble would be applied on a different
random subset of the majority class.
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The effect of parameter τ on the radius r(x) is illustrated in Figure 1 (DeVinney, 2003).
The ball with radius r(x) catches the neighboring target class points, and for any τ ∈ (0, 1],
the ball Bx catches the same points as well. Hence, the choice of τ does not effect the
structure of digraph but might affect the classification performance which will be shown
later in Section 5. On the other hand, for all x ∈ Xn , the definition of r(x) in Equation (1)
keeps any non-target point y ∈ Ym out of the ball Bx , that is Ym ∪ Bx = ∅ for all Bx ∈ CX .
Here, Bx is an open ball: Bx = {z ∈ Rd : d(x, z) < r(x)}. The digraph D is “pure” since

and

where

z∈Xn

6

l(x) := argmax{d(x, z) : d(x, z) < d(x, u(x))}.

y∈Ym

u(x) := argmin d(x, y)

r(x) := (1 − τ )d(x, l(x)) + τ d(x, u(x)),

(1)

In P-CCCDs, the covering balls Bx = B(x, r(x)) exclude all non-target class points. Thus,
for a target class point x ∈ Xn , which is the center of a ball Bx , the radius r(x) should
be smaller than the distance between x and the closest non-target point y ∈ Ym : r(x) <
miny∈Ym d(x, y). Given τ ∈ (0, 1], the radius r(x) is defined as follows (Marchette, 2010):

3.1 Classification with P-CCCDs

Class Cover Catch Digraphs (CCCDs) offer graph theoretic solutions to CCP (Priebe et al.,
2001, 2003a). The objective of CCP is to find a region that covers the members of a specific
class. More specifically, let (Ω, M ) be a measurable space and let Xn = {x1 , x2 , ..., xn } ⊂
Ω and Ym = {y1 , y2 , ..., ym } ⊂ Ω be observations from two classes X and Y with class
conditional distributions FX , FY and a joint cdf FX,Y , respectively. Let Ω = Rd and,
without loss of generality, assume that the target class (i.e., the class of interest) is X . In
a CCCD, for xi , xj ∈ Xn ⊂ Rd is the center of a ball with radius ri = r(xi ). Each ball is
represented by Bi = B(xi , ri ) and if xj ∈ Bi then xi is said to cover (or catch) xj . Here,
d(., .) can be any dissimilarity measure but we use the Euclidean distance henceforth. A
CCCD is a digraph D = D(V, A) with vertex set V (D) = Xn and the arc set A(D) where
(xi , xj ) ∈ A(D) if and only if xj ∈ Bi . The term “catch” refers to arc (xi , xj ) of the digraph
D where xi is said to catch xj . The binary relation xi ∼ xj , which is defined as xj ∈ Bi ,
is asymmetric, thus the adjacency of xi and xj is represented with directed edges or arcs
which yield a digraph instead of a graph.
In CCCDs, the goal is to find a subset of balls CX ⊆ BX = {B1 , B2 , ..., Bn } such that
QX ⊆ ∪B∈CX B for QX ⊆ Xn where the set QX is some desirable subset of the target class
training set Xn which we want to cover. Preferably, the goal is to find a set CX such that
QX = Xn , however it might be desirable that the class cover may ignore some target class
points to avoid overfitting. If a class cover of a CCCD fails to cover some target class points,
it is called an improper cover, otherwise it is a proper cover. For covering Ym , we reverse the
roles of classes X and Y. The class Y becomes the target class and X becomes the non-target
class. Finding an appropriate cover CX is equivalent to finding the dominating set of the
CCCD with V (D) = Xn . Let N (s) = {t ∈ V (D) : (s, t) ∈ A(D)} be the open neighborhood
of a vertex s ∈ V (D): the set of vertices that have an arc from the vertex s, or the neighbors
of s. A dominating set of a digraph D is defined as a subset of vertices S ⊆ V (D) such
that union of the closed neighborhoods, defined by N̄ (s) = N (s) ∪ {s}, of elements of S

3. Classification with Class Cover Catch Digraphs
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x

Figure 1: The effect of τ on the radius r(x) of the target class point x in a two-class setting.
Grey and black points represent the target and non-target classes, respectively.
The solid circle centered at x is constructed with the radius associated with τ = 1
and the dashed one with τ = 0.0001 (DeVinney, 2003).

the balls contain only the target class points; hence, the name pure-CCCD. Once all balls
are constructed, so is the digraph D. Therefore, we have to find a covering set CX which
is equivalent to finding a minimum dominating set S ⊆ V (D). The greedy algorithm of
finding an approximate minimum dominating set of a P-CCCD is given in Algorithm 1. At
each iteration, the vertex which has the largest neighborhood (i.e., highest number of arcs)
is removed from the graph together with its neighbors. Then, the process is repeated until
all vertices of D are removed. The algorithm adds elements to the dominating set until all
points are either dominated or dominate some other points. Hence, the covers established
by P-CCCDs are proper covers: QX = Xn and QY = Ym . The P-CCCD of one class, its
associated class cover (constructed by the elements of the dominating set), and covers of
both classes are illustrated in Figure 2.
Algorithm 1 The greedy algorithm for finding an approximate minimum dominating set
of a digraph D. Here, D[H] is the graph induced by the set of vertices H ⊆ V (D) (see
West, 2000).
Input: A digraph D = D(V, A)
Output: An approximate minimum dominating set, S
1: set H = V (D) and S = ∅
2: while H 6= ∅ do
3:
v ∗ = argmaxv∈V (D) |N̄ (v)|
4:
S = S ∪ {v ∗ }
5:
H = V (D) \ N̄ (v ∗ )
6:
D = D[H]
7: end while
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Before Algorithm 1 finds an approximate solution, we should first construct the digraph
D. The P-CCCD cover CX and the P-CCCD D depend on the distances between points
of the target class Xn , denoted by the matrix MX , and the distances from all points of
Xn to all points of Ym , denoted by matrix MX ,Y . Later, we construct the set of balls
7
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BX = {B1 , B2 , ..., Bn }, and get the set of arcs A(D) where V (D) = Xn . Hence, the
minimum cardinality ball cover problem is reduced to a minimum dominating set problem.
We find such a cover with Algorithm 2 which runs in quadratic time and, in addition,
depends on the dimensionality of the training set Xn ∪ Ym .

Algorithm 2 The greedy algorithm for finding an approximate minimum cardinality ball
cover CX of the target class points Xn given a set of non-target class points Ym .

Input: Points of the target class Xn , the non-target class Ym and the P-CCCD parameter τ ∈ (0, 1]
Output: An approximate minimum cardinality ball cover CX
r(x) := (1 − τ )d(x, l(x)) + τ d(x, u(x)) for all x ∈ Xn
Construct the digraph D with the set BX .
Find the approximate minimum dominating set S of digraph D by Algorithm 1.
CX := ∪s∈S B(s, r(s))
1:
2:
3:
4:



min

ρ(z, x)



(2)

Theorem 1 Algorithm 2 is an O(log n)-approximation algorithm and finds an approximate
minimum cardinality ball cover CX of the target class X in O(n(n + m)d) time.
Proof. The algorithm is polynomial time reducible to a greedy minimum set cover algorithm
which finds an approximate solution with size at most O(log n) times of the optimum
solution (Chvatal, 1979; Cannon and Cowen, 2004). We first calculate the distance matrices
MX and MX Y which take O(n2 d) and O(nmd) time, respectively. Constructing the digraph
D requires computing l(x) and u(x) in Equation (1) for all x ∈ Xn , taking O(n2 + nm)
time in total. Then, we set the arc set A(D) in O(n2 ) time. Finally, the algorithm finds a
solution for the digraph D in O(n2 ) time, hence the total running time of the algorithm is
O(n(n + m)d).
When Y is the target class, observe that the time complexity is O(m(n + m)d), and an
approximate solution is of size at most O(log m) times the optimal solution by Theorem 1,
since m = |Ym |. A P-CCCD classifier consists of the covers of all classes, hence the total
training time of finding CCCDs of a data set with two-class setting is O((n + m)2 d).
After establishing both class covers CX and CY , any new data point can be classified
in Rd according to where it resides. Here, there are three cases according to the location
of the given point, z, to be classified: z is (i) only in CX or CY , (ii) in both CX and CY
or (iii) in neither of CX and CY . The case (i) is straightforward: z belongs to class X if
z ∈ CX \ CY or to class Y if z ∈ CY \ CX . For cases (ii) and (iii), we need to find a way to
decide the class of the point in a reasonable way. In fact, for all the cases, the estimated
class of a given point z is determined by
argmin

C∈{CX ,CY } x:B(x,r)∈C

JMLR 17(189):1-40

where ρ(z, x) = d(z, x)/r(x) (Marchette, 2010). The dissimilarity measure ρ(x, z) indicates
whether or not the point z is in the ball of radius r(x) with center x, since ρ(x, z) ≤ 1 if
z is inside the (closure of the) ball and > 1 otherwise. The measure ρ : Ω × Ω → R+ is
simply a scaled dissimilarity measure, since Euclidean distance between two points, d(x, y),
is divided (or scaled) with the radius, r(x) or r(y). This measure violates the symmetry
axiom among metric axioms since ρ(x, y) 6= ρ(y, x) whenever r(x) 6= r(y). However, Priebe
et al. (2003a) showed that the dissimilarity measure ρ satisfies the continuity condition,

8

(3)

argmax
r∈{d(x,z):z∈Xn ∪Ym }

Rx (r) − Px (r).

(4)

9

10
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(5)
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rx nu
2dm (x)

where nu is the number of uncovered target class points in the current iteration, and dm (x) =
maxz∈Xn d(x, z). The term which is linear in rx of the right hand side of Equation (5) is
similar to P (r) in Equation (4): it biases the scores toward choosing dominating points
with smaller radii. On the other hand, Algorithm 3 is likely to choose dominating points
with radius r = 0. These points only dominate themselves but they are thought of being

Tx = Rx (rx ) −

Although a penalty function seems fit, DeVinney (2003) pointed out that the choice of
Px (r) = 0 usually works sufficiently well in practice. As in P-CCCDs, the radius of a
ball represents the density of its center’s neighborhood. Maximizing Rx (r) determines the
best possible radius. Moreover, unlike P-CCCDs, the balls of RW-CCCDs are closed balls:
Bx = {z ∈ Rd : d(x, z) ≤ r(x)}.
Similar to P-CCCDs, finding a cover, or a dominating set, of a RW-CCCD is an NP-hard
problem. However, RW-CCCDs find the minimum dominating sets in a slightly different
fashion. Instead of finding a set S such that ∪s∈S N̄ (s) = V (D) as in Algorithm 1, we first
locate the vertex x∗ (a target class point) which has maximum of some score, Tx∗ , and
remove all target and non-target class points covered with the ball of this vertex, Bx∗ . In
the next iteration, we recalculate the radii of remaining target class points, find the next
point with the maximum score and continue until all target class points are covered. This
greedy method of finding dominating set(s) S of RW-CCCDs is given in Algorithm 3. The
resulting dominating set S has approximate minimum cardinality. For each target class
point x ∈ Xn , the score Tx is associated with Rx (rx ) and is given by

rx :=

where second and third arguments in Rx (r; Xn , Ym ) are suppressed when there is no ambiguity. The function Rx (r) can be viewed as a one-dimensional random walk. When the ball
centered at x ∈ Rd expands, it hits either a target class point or a non-target class point
which increases or decreases the random walk by one unit, respectively. The ratio m/n is
included in the first term as to avoid the bias resulted by unequal sample sizes (i.e., class
imbalance). An illustration is given in Figure 3 for the case m = n. The function Rx (r)
aims to find such radii that it contains a few non-target class points and sufficiently many
target class points. In addition, we also want to avoid balls with large radii. Hence, the
radius of x is the value maximizing Rx (r) with an additional penalty function Px (r) which
biases toward small radii:

Rx (r) = Rx (r; Xn , Ym )
m
:= |{z ∈ Xn : d(x, z) ≤ r}| − |{z ∈ Ym : d(x, z) ≤ r}|.
n

cover to overfit or be sensitive to noise or outliers in the non-target class. By allowing some
neighboring non-target class points inside the cover and some target class points outside the
cover, the random walk CCCDs (RW-CCCDs) catch as much target class points as possible
with an adaptive strategy of choosing the radii (DeVinney et al., 2002). For x ∈ Xn ,
|Xn | = n and |Ym | = m, RW-CCCDs define a function on radius of a ball given by

Manukyan and Ceyhan

For P-CCCDs, the class covers defined by CCCDs were “pure” of non-target class points;
that is, no member of the non-target class was allowed inside the cover of the target class.
As in Figure 1, the ball centered at the point x cannot expand any further since its radius is
restricted by the distance to the closest non-target class point. This strategy may cause the

3.2 Classification with Random Walk CCCDs

i.e., under the assumptions that both FX and FY are continuous and strictly separable
(inf x∈Xn ,y∈Ym d(x, y) = δ > 0), P-CCCD classifiers are consistent; that is, their misclassification error approaches to the Bayes optimal classification error as m, n → ∞. The measure
ρ favors points with bigger radii; that is, for example, for a new point z equidistant to two
points, the point with bigger radius is closer in terms of this scaled dissimilarity measure;
for example, ρ(x, z) < ρ(y, z) when d(x, z) = d(y, z) and r(x) > r(y). The radius r(x) can
be viewed as an indicator of the density around the point x. Thus, a point x with bigger
radius might suggest that the point z is more likely be drawn from the same distribution
(or class) where x is drawn (i.e., from the denser class).

Figure 2: An illustration of the CCCDs (with the grey points representing the points from
the target class) in a two-class setting. Presented in top left are all covering balls
and the digraph D = (V, A) and in top right are he balls that constitute a class
cover for the target class and are centered at points which are the elements of the
dominating set S ⊆ V (D). In the bottom panel, we present the dominating sets
of both classes and their associated balls which establish the class covers. The
class cover of grey points is the union of solid circles, and that of black points is
the union of dashed circles.
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not covered since their balls have radii r = 0. Hence, RW-CCCDs may establish improper
covers.
Algorithm 3 is similar to Algorithm 2, however after each iteration, a point is added to
the set S and the random walk Rx (r) is recalculated for all uncovered x ∈ A0 . Hence, we
need an additional sweep on the training set which makes Algorithm 3 run in cubic time.
Theorem 2 Algorithm 3 finds covers CX of the target class X and Y in O((n + d +
log (n + m))(n + m)2 ) time.
Proof. In Algorithm 3, the matrix of distances between points of training set Xn ∪ Ym
should be computed since, for all x ∈ Xn ∪ Ym , the entire data set is swept to maximize
Rx (r). This takes O((n + m)2 d) time. The algorithm runs until all target class points

9:
S = S ∪ {x∗ }
10:
H0 = H0 \ (N̄ (x∗ ) ∩ Xn ) and H1 = H1 \ (N̄ (x∗ ) ∩ Ym )
11: end while
12: CX := ∪s∈S B(s, r(s))

1: H0 = Xn , H1 = Ym and S = ∅
2: ∀x ∈ Xn , dm (x) = maxz∈Xn d(x, z)
3: while H0 6= ∅ do
4:
nu = |H0 |
5:
for all x ∈ Xn do
6:
r(x) = argmaxr Rx (r; H0 , H1 ) for r ∈ {d(x, z) : z ∈ H0 ∪ H1 }
7:
end for
r(x)nu
8:
x∗ = argmaxx∈H0 Rx (r(x); H0 , H1 ) − 2d
m (x)

Input: Target class points Xn and non-target class points Ym
Output: Approximate dominating set S of Xn

Algorithm 3 The greedy algorithm for finding an approximate minimum dominating set
for RW-CCCDs of points Xn from the target class given non-target class points Ym .

Figure 3: Two snapshots of Rx (r) associated with the ball Bx centered at x for m = n.

x

Rx(r)
Rx (r)
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are covered, but for each iteration, the random walk Rx (r) is recalculated. The maximum
Rx (rx ) could be found by sorting the distances for all x ∈ A0 which could be done prior
to the while loop. This sorting takes O((n + m)2 log (n + m)) time. Since A0 and A1 are
updated at each iteration, we can just erase the distances corresponding to points covered
by N̄ (x∗ ) which does not change the order of sorted list provided before the while loop.
Hence, argmax Rx (rx ) is found and the covered points erased in O((n + m)2 ) time. The
while loop iterates n times in the worst case, and hence the algorithm runs in a total of
O((n + d + log (n + m))(n + m)2 ) time.
Note that Algorithm 3 finds a cover of Ym in O((m+d+log (n + m))(n+m)2 ) time which
makes a RW-CCCD classifier trained in O((n + m)3 ) time for d < n and log (n + m) < n.
RW-CCCD classifiers are much better classifiers that potentially avoid overfitting, but with
a cost of being much slower compared to the P-CCCD classifiers.
Since P-CCCD covers are pure and proper covers, P-CCCD classifiers tend to overfit
(DeVinney, 2003). In RW-CCCDs, covering balls allow some points of Ym inside CX to
increase average classification performance. In that case, Algorithm 3 cannot be reduced
to a minimum set cover problem since the definition of sets change after adding a single
point to the dominating set. Hence, the upper bound O(log n) does not apply to RWCCCDs. However, we expect to get bigger balls in RW-CCCDs compared the ones in
P-CCCDs which intuitively suggests that the covers of RW-CCCDs are lower in cardinality.
We conduct empirical studies to show that RW-CCCDs, in fact, produce dominating sets
with lower size compared to P-CCCDs in some cases.
In RW-CCCD, once the class covers (or dominating sets) are determined, the scaled
dissimilarity measure in Equation (2) is a good choice for estimating the class of a new
point z. However, DeVinney (2003) incorporates the scores of each ball to produce better
performing class covers in classification. Hence, the class of a new point z is determined by


e
min ρ(z, x)Tx
argmin

C∈{CX ,CY } x:B(x,r)∈C

where ρ(z, x) is defined as in Equation (2). Here, e ∈ [0, 1] controls at what level the score
Tx is incorporated. We observe that for d(z, x) < r(x), ρ(z, x) = d(z, x)/r(x) decreases
as Tx increases. Hence, if a new point z is in both covers, z ∈ CX ∩ CY , the score Tx
is a good indicator to which class the new point z belongs since the bigger the Tx , the
more likely the ball contains more target class points. For e = 1, we fully incorporate each
score Tx of covering balls and with e = 0, we ignore the scores. By introducing a value for
the parameter e in (0, 1), it is possible to further improve the performance of RW-CCCD
classifiers.

4. Balancing the Class Sizes with CCCDs

JMLR 17(189):1-40

The CCCD classifiers substantially reduce the number of majority class observations in
a data set. The reason is that balls of majority class members are more likely to catch
neighboring points of the same class. The greedy algorithm given in Algorithm 1 selects
vertices with the largest closed neighborhood. Similarly, Algorithm 3 selects vertices so
that their balls are as dense as possible (i.e., target class points are abundant in the balls)
with some contaminating non-target class points. Both algorithms choose balls with a large

12

13

JMLR 17(189):1-40

number of target class points, and hence substantially reduce the data set (in particular,
majority class points). Points of the minimum dominating set correspond to the centers of
balls that establish the class covers. Hence CCCD classifiers can also be viewed as prototype
selection methods where the objective is findind a set of points, or prototypes, S; from
the training set to preserve or increase the classification performance while substantially
reducing the sample size. However, the radii of dominating set(s) are also stored and used
in the classification process.
In Figure 4, we illustrate the behavior of balls associated with P-CCCDs and RWCCCDs. Note that in both families of digraphs, balls of the majority class tend to be larger
and hence are more likely to catch more majority class points. Since the majority class
has much more members than the minority class, balls of the majority points are more
likely to catch the neighboring majority points. CCCD classifiers keep the information of
ball centers and their associated radii. Larger cardinality of the majority class allows the
construction of bigger balls and hence, larger values of radii are more likely to correspond
to larger number of catched class members. As a result, CCCDs balance the data set and,
at the same time, preserve the information of the local density by retaining the radii. The
data set becomes balanced since the center of balls are the points of the new training data
set which will be employed later in classification.
The loss of information in undersampling schemes are of course inevitable, however it is
possible to preserve a portion of that discarded information by other means. EasyEnsemble
is an ensemble classifier used for that very purpose; however, it needs multiple classifiers
to be employed. Each classifier is trained on a different balanced subset of the original
training data set, and hence the ensemble classifier preserves the information on the entire
data set given by a collection of unbiased classifiers. On the other hand, CCCDs achieve
the same goal by transforming the density around points into the radii. CCCDs resemble
cluster based resampling methods in that regard. Instead of randomly sampling the data
set, cluster based sampling schemes divide each class into clusters, and then, oversample the
minority class or undersample the majority class proportional to each subclass. Covering
balls of CCCDs have a similar purpose which has also been discussed in Priebe et al. (2003b).
They use the covering balls of the minimum dominating sets to explore the latent subclasses
of each class of gene expression data sets. In fact, the balls of CCCDs may correspond to
clusters. Hence, sets of points associated with each cluster is undersampled to a single point
(i.e., a prototype or a dominating point), and the information on the cluster is provided
by the radius which represents the density of that cluster. The bigger the radius, the more
influence a prototype has over the domain. In P-CCCDs, the radii may be sensitive to noise,
but RW-CCCDs ignore noisy points to avoid overfitting. Moreover, in RW-CCCDs, we have
an additional statistic provided by each cluster, the score given in Equation (5) based on the
random walk. We use both the radii and these scores to define the RW-CCCD classifiers,
and thus achieve better performing classifiers with more reduction and less information loss.
We approach the problem of class imbalance from the perspective of class overlapping
problem as well. Several researchers on class imbalance revealed that overlap between the
class supports degrade the classification performance of imbalanced data sets even more
(see Prati et al., 2004; Batista et al., 2004, 2005; Galar et al., 2012). Let E ⊂ Rd , and
let s(FX ) and s(FY ) be the supports of the classes X and Y, respectively. We define E
as the overlapping region of these two class supports, E := s(FX ) ∩ s(FY ). Moreover, let
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We study the performance of CCCD classifiers in comparison with weak and strong classifiers in two separate sections. Recall that we call a classifier as “weak” when the method
is inherently sensitive to class imbalance, and as “strong” when it is non-sensitive (or less
sensitive). We use the area under curve (AUC) measure to evaluate the performance of the
classifiers on the imbalanced data sets (López et al., 2013). AUC measure is often used on
imbalanced real data classes. This measure has been shown to be better than the correct
classification rate in general (Huang and Ling, 2005). We discuss the computational complexity of weak classifiers to emphasize the testing speed of CCCD classifiers when trained
by imbalanced data sets. Finally, we compare both weak and strong classifiers with CCCDs
on real data sets by considering the overlapping and imbalance ratios of all data sets.

5. Comparing CCCDs with Other Classifiers

q(E) := |Ym ∩ E|/|Xn ∩ E| be ratio of class sizes restricted to the region E ⊂ Rd . We say
q(E) is the “local” imbalance ratio with respect to E. Also, let the “global” imbalance ratio
be q = q(Rd ) = m/n. Throughout this work, in both simulated and real data examples, we
study and discuss the local imbalance ratio q(E) restricted to the overlapping region E and
the global imbalance ratio q. We specifically illustrate the performance of several classifiers
for various levels of class imbalance (local or global) and class overlapping, and assess the
performance of CCCD classifiers compared to weak and strong versions of k-NN, SVM and
C4.5 classifiers.

Figure 4: An illustration of the covering balls associated with majority and minority PCCCD (left) and the corresponding RW-CCCDs (τ = 0.0001) (right) of an imbalanced data set in a two-class setting where majority and minority class points
are represented by grey dots and black triangles, respectively.

Manukyan and Ceyhan

Classification of Imbalanced Data with a Geometric Digraph Family

5.1 Monte Carlo Simulation Study with Weak Classifiers
In this section, we compare the CCCD-based classifiers, namely P-CCCD and RW-CCCD,
with k-NN, support vector machines (SVM) and C4.5, on simulated data sets. These
classifiers are listed in Table 1. We employ the cccd, e0171 and RWeka packages in R to
classify test data sets with the P-CCCD, SVM (with Gaussian kernel) and C4.5 classifiers,
respectively (Marchette, 2013; Meyer et al., 2014; R Core Team, 2015).
For each of four classification methods other than C4.5, we assign the optimum parameter values which are the best performing values among all considered parameters. For
example, an optimum the P-CCCD parameter τ is found in a preliminary (pilot) Monte
Carlo simulation study associated with the main simulation setting (i.e., the same setting of the main simulation). In the pilot study, we perform a Monte Carlo simulation
with 200 replications and count how many times a τ value has the maximum AUC among
τ = 0.0, 0.1, · · · , 1.0 in 200 trials. Note that, since τ ∈ (0, 1], we denote τ =  (machine
epsilon) as τ = 0 for the sake of simplicity. For each replication of the pilot simulation, we
(i) classify the test data set with all τ values, (ii) record the τ values with maximum AUC
and (iii) update the count of the recorded τ values. Finally, we appoint the one that has the
maximum count (the best performing τ ) as the τ ∗ , the optimum τ . Then, we use τ ∗ as the
parameter of P-CCCD classifier in our main simulation. The parameters of optimal k-NN,
SVM and RW-CCCD classifiers are defined similarly. SVM methods often incorporate both
a kernel parameter γ and a constrained violation cost C. We only optimize γ since the
selection of an optimum C parameter will be more crucial for cost-sensitive SVM methods.
Moreover, we consider two versions of the C4.5 classifier where both incorporate Laplace
smoothing. The first tree classifier, C45-LP, prunes the decision tree with %25 confidence
level but the second classifier, C45-LNP, does not use pruning at all.
We first consider a simulation setting similar to the one in DeVinney et al. (2002) where
CCCD classifiers showed relatively good performance compared to the k-NN classifier. Here,
we simulate a two-class setting where observations from both classes are drawn from separate
multivariate uniform distributions: FX = U (0, 1)d and FY = U (0.3, 0.7)d for d = 2, 3, 5, 10.
Notice that s(FY ) ⊂ s(FX ); i.e., E = s(FY ). We perform Monte Carlo replications where
on each replication, we train the data with equal sizes of observations (m = n) from each
class for n = 50, 100, 200, 500. On each replication, we record the AUC measures of the
classifiers on the test data set with 100 observations from each class, resulting a test data
set of size 200. We simulate test data sets until AUCs of all classifiers achieve a standard
error below 0.0005. Average of AUCs of all classifiers in Table 1 are given in Figure 5 for all
(n, d) combinations. Additionally, in Figure 6, we report the τ values of best performing PCCCD classifiers in our pilot simulation study for all (n, d) combinations. In Figure 6, there
are separate histograms for each combination. Each histogram represents the number of
times a τ value has the maximum AUC. Also in Figure 7, we report the e values of the best
performing RW-CCCD classifiers of the same pilot simulation study for e = 0, 0.1, · · · , 1.0.

JMLR 17(189):1-40

We start by investigating the effect of τ and e on CCCD classifiers. The relationship
between τ , n and d can also be observed in Figure 6. The higher the τ value, the better the
performance of P-CCCD classifier with increasing d and decreasing n. This may indicate
that balls with τ = 0 (i.e., τ = ) represent the density around their centers better for low
dimensional data sets. However, with increasing dimensionality and lower class sizes, the
15
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Description
P-CCCD with the optimum τ (in the pilot study) among τ =
0, 0.1, · · · , 1.0
RW-CCCD with the optimum e (in the pilot study) among e =
0, 0.1, · · · , 1.0
k-NN with optimum k (in the pilot study) among k = 1, 2, · · · , 30
SVM with the radial basis function (Gaussian) kernel with the optimum γ (in the pilot study) among γ = 0.1, 0.2, · · · , 3.9, 4.0 (Joachims,
1999)
C4.5 with Laplace smoothing and reduced error pruning (%25 confidence)
C4.5 with Laplace smoothing and no pruning

n=100

d=2

d=5

n=200

n=500

k−NN
SVM

n=50

n=200

C45−LP
C45−LNP

n=100

d=10

d=3

Table 1: The description of classifiers employed in the article.

C45-LNP
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RW−CCCD
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Figure 5: CCRs in the two-class setting, FX = U (0, 1)d and FY = U (0.3, 0.7)d under various simulation settings, with d = 2, 3, 5, 10 and equal class sizes m = n =
50, 100, 200, 500.

AUC

0

10

20

30

40

0

10

20

30

40

10

15

0

5

10

15

0.0 0.2 0.4 0.6 0.8 1.0

d=5

0

5

10

15

0

5

10

15

17

18

JMLR 17(189):1-40

d=10

0.0 0.2 0.4 0.6 0.8 1.0

JMLR 17(189):1-40

RW−CCCD parameter (e)

d=3

0.0 0.2 0.4 0.6 0.8 1.0

Figure 7: Frequencies of the best performing e values among τ = 0.0, 0.1, · · · , 1.0 in our
pilot study (this is used to determine the optimal e used in RW-CCCD). The
simulation setting is same as to the one presented in Figure 5.
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Figure 6: Frequencies of the best performing τ values among τ = 0.0, 0.1, · · · , 1.0 in our
pilot study (this is used to determine the optimal τ used in P-CCCD). The
simulation setting is same as to the one presented in Figure 5.
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Figure 8: CCRs in a two-class setting, FX = U (0, 1)d and FY = U (0.3, 0.7)d with fixed
n = 200 and m = 50 in d = 2, 3, and with fixed n = 1000 and m = 50 in
d = 5, 10.

k−NN
SVM

in overlapping region E, the worse the performance of k-NN and C4.5 classifiers while CCCD
classifiers preserve their classification performance. So, CCCD classifiers exhibit robustness
(to the class imbalance problem). On the other hand, in Figure 5, we observe that the
AUC of k-NN classifier approaches to the AUC of CCCD classifiers with increasing class
sizes. Because, when q and q(E) are fixed, the classification performance still depends on
individual values of n or m. This result is in line with the results of Japkowicz and Stephen
(2002) who reported that the effect of class imbalance on the classification performance
diminishes if both class sizes are sufficiently large. Furthermore, SVM classifier performs
better than all classifiers in Figure 5, and performs worse than RW-CCCD classifiers only
for d = 2, 5 in Figure 8. This might be an indication that SVM classifier is also not affected
by the local class imbalance with respect to E, and performs usually better than both PCCCD and RW-CCCD classifiers if the support of one class is inside the other. For the C4.5
classifier, on the other hand, it is known for quite some time that the pruning is detrimental
for classifying imbalanced data sets (Cieslak and Chawla, 2008). In any case, C45-LNP has
more AUC than C45-LP in all simulation settings.
In a two-class setting with an overlapping region E, we should expect CCCD classifiers to
outperform k-NN classifiers in cases of (global or local) class imbalance. Let FX = U (0, 1)d
and FY = U (δ, 1 + δ)d for δ, q = 0.05, 0.10, · · · , 0.95, 1.00; d = 2, 3, 5, 10; n = 400 and
m = qn. Here, the shifting parameter δ controls the level of overlap. The class supports get
more overlapped with decreasing δ. Since E = (δ, 1)d and the supports of both classes are
unit boxes, observe that q(E) ≈ q. The closer the value of q to 1, more balanced the classes
are. We aim to address the relationship between the classifiers for various combinations of
overlapping and global class imbalance ratios.
Figure 9 illustrates the difference between AUCs of CCCD and other classifiers (k-NN,
SVM and C4.5) in separate heat maps for d = 2, 3, 5, 10. We use the unpruned C4.5 classifier
JMLR 17(189):1-40

set of points gets sparser in Rd . In the case of RW-CCCD, classifiers with high e values
are either better or comparable to those with lower e values. The scores Tx of covering
balls are definitely beneficial to the performance of the RW-CCCD classifiers, however with
increasing n and decreasing d (especially for n = 500 and d = 2) RW-CCCD with lower e
is better since the radii successfully represent the density around the prototype points due
to the high number of observations in the data set.
Figure 5 illustrates the AUCs of all classifiers along with the Bayes optimal performance
given with the dashed line. Comparing the performance of CCCD classifiers with other
classification methods, we observe that RW-CCCD and P-CCCD classifiers outperform the
k-NN classifier when the support of one class is entirely embedded inside that of the other
class. These results are similar to the conclusions of DeVinney et al. (2002): with increasing
dimensionality, the difference between k-NN and CCCD classifiers becomes more apparent,
i.e., CCCD classifiers have nearly 0.20 AUC more than k-NN. On the other hand, the SVM
classifier has about 0.05 more AUC than P-CCCD and RW-CCCD classifiers, especially for
lower class sizes. Although, both versions of CCCD classifiers outperform the k-NN and
C4.5 classifiers with increasing dimensionality, the gap between these two classifiers and
CCCD classifier is getting narrower with increasing class sizes. The RW-CCCD classifier
is slightly better than the P-CCCD classifier for lower n. In addition, C45-LNP achieves
slightly better results than C45-LP.
In the setting presented in Figure 5, apparently, two classes overlap on the region
E = s(FY ) = [0.3, 0.7]d which is the entire support of the class Y. For equal class sizes,
q = m/n = 1 but q(E) ≈ (1/0.4)d = Vol(s(FY ))/Vol(s(FX )), where Vol(·) is the volume
functional. The classes are clearly imbalanced in E, although m = n. Hence, class X
becomes the minority and class Y becomes the majority class with respect to E. However,
readjusting the class sizes m and n might change the performance of P-CCCD and RWCCCD classifiers compared to the k-NN and C4.5 classifiers. Therefore, we conduct another
simulation study with classes from the same uniform distributions, but we set m = 50 and
n = 200 for d = 2, 3, and m = 50 and n = 1000 for d = 5, 10. In this experiment, we simulated 4 times more X class members than Y for d = 2, 3, and 20 times more for d = 5, 10.
Results of this second experiment is given in Figure 8. k-NN and C4.5 classifiers outperform
P-CCCD classifier in all d cases and has comparable AUC with SVM. However, only for
d = 2, 5, RW-CCCD classifier achieves considerably more or comparable AUC compared
to other classifiers. In this example, k-NN classifiers have nearly 0.05 more AUC than
P-CCCDs, and also RW-CCCDs have, in general, 0.05 more AUC than k-NN classifiers.
Results from Figures 5 and 8 seem conflicting to each other, even though E = s(FY ).
In the simulation setting of Figure 8, we draw more samples from the class X to balance
the class sizes with respect to E. In fact, the effect on the difference of AUCs between
CCCD, k-NN and C4.5 classifiers depends heavily on the local class imbalance restricted to
the overlapping region E. The classes in region E are less imbalanced in setting of Figure 8
than in the setting of Figure 5. Observe that q(E) ≈ (1/0.4)d /4 when (m, n) = (50, 200),
q(E) ≈ (1/0.4)d /20 when (m, n) = (50, 1000), and q(E) ≈ (1/0.4)d in (m, n) = (50, 50).
Hence, d does also affect the balance between classes. With increasing d, the region E gets
smaller in volume compared to s(FX ) and, as a result, fewer points of the class X falls in E.
Thus, we need to draw more samples from X as dimensionality increases, in order to balance
the classes with respect to E. These results suggest that, the more imbalanced the data set
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Figure 9: Differences between the AUCs of CCCD and other classifiers. For example, the
panel titled with ”RW-kNN” presents AUC(RW-CCCD)-AUC(kNN). In this twoclass setting, classes are drawn from FX = U (0, 1)d and FY = U (δ, 1 + δ)d with
d = 2, 3, 5, 10. Each cell of the grey scale heat map corresponds to a single
combination of simulation parameters δ, q = 0.05, 0.1, · · · , 0.95, 1.00 with n = 400
and m = qn.

Global imbalance ratio (q)

1.0

d=10

d=5

d=3

RW−kNN

C45-LNP, since it tends to perform better for imbalanced data sets, and we refer to C45LNP as C4.5 for simplicity. Each cell of a single heat map is associated with a combination
of δ and q values. Lighter tone cells indicate that CCCD classifiers are better than the
other classifiers in terms of AUC, and vice versa for the darker tones. When the classes are
imbalanced and moderately overlapping, RW-CCCD classifier has at least 0.05 more AUC
than all other non-CCCD classifiers but P-CCCD classifier is only better than all others
provided that d = 10. If the classes are balanced or their supports are not considerably
overlapping, there seem to be no visible difference between CCCD and the other classifiers.
Thus, the other classifiers suffer from the imbalance of the data while CCCD classifiers show
robustness to the class imbalance. But more importantly, this difference is getting more
apparent with increasing dimensionality. When d is high, fewer points of the minority class
fall in E although q(E) is fixed. Even though the classes are imbalanced, if the minority
class have substantially small size, the class imbalance problem becomes more detrimental
(Japkowicz and Stephen, 2002). Under the conditions that the data set has substantial
imbalance and overlapping, AUC of RW-CCCD classifier is followed, in order by, the AUC
of C4.5, SVM and k-NN classifiers.
Unlike the comparison of CCCD and SVM classifiers in Figures 5 and 8, SVM classifier
has less AUC than CCCD classifiers with low δ and low q values in Figure 9. In this
setting, n is fixed to 400 and the lowest value of m is 20. Compared to our experiments
in Figures 5 and 8, this setting produces highly imbalanced data sets (one class has far

1.0

0.3
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more observations than the other, m << n). Akbani et al. (2004) conducted a detailed
investigation and listed some reasons of SVM classifier being sensitive to highly imbalanced
UCI data sets (Bache and Lichman, 2013). They did not, however, address the problem
of overlapping class supports but offered a modification to SMOTE algorithm in order to
improve the robustness of SVM. On the other hand, especially for d = 5 and d = 10, SVM,
k-NN and C4.5 classifiers have more AUC than CCCD classifiers with increasing q and
decreasing δ. This may indicate that other weak classifiers are better than CCCD classifiers
for balanced classes.
The effects of class imbalance might also be observed when the class supports are well
separated. If the class supports are disjoint, that is s(FX ) ∩ s(FY ) = ∅, the AUC is fairly
high. However, it might still be affected by the global imbalance level, q. Therefore,
we simulate a data set with two classes where FX = U (0, 1)d and FY = U (1 + δ, 2 + δ) ×
U (0, 1)d−1 . Figure 10 illustrates the results of this simulation study. Both class supports are
d dimensional unit boxes as in the previous simulation setting, however they are now disjoint
(separated along the first dimension). In addition, the parameter δ controls the smallest
distance between the class supports where δ = 0.05, 0.10, · · · , 0.45, 0.50. With increasing
δ, the points of class Y move further away from the points of X . Figure 10 illustrates the
difference between AUCs of CCCD and other classifiers under this simulation setting.
In Figure 10, unlike the performance of CCCD classifiers in Figure 9, P-CCCD classifiers
have more AUC than RW-CCCD classifiers. When classes are imbalanced and supports are
close, P-CCCD classifiers outperform both SVM and k-NN classifiers for all d values, but
RW-CCCD classifiers have nearly 0.03 more AUC than these classifiers only in d = 10.
However, this is not the case with C4.5 classifier since none of the classifiers outperform
C4.5; that is, C4.5 yields over 0.04 more AUC than CCCD classifiers. A well separated
data set is more likely to be classified better with C4.5 tree classifier because a single
separating line exists between the two class supports. Hence, C4.5 locates such a line and
efficiently classifies points regardless of the distance between class supports as long as the
distance is positive. On the other hand, the balls of P-CCCD classifiers establish appealing
covers for the class supports because the supports do not overlap. P-CCCD classifiers
establish covering balls, big enough to catch substantial amount of points from the same
class. Similarly, RW-CCCD classifiers establish pure covers, and this is the result of the
separation between class supports. However, P-CCCD classifiers achieve better classification
performance than RW-CCCD classifiers. When the classes are well separated, the radii of a
ball in random walk, say from class X , is likely maxz∈Xn d(z, x) but in P-CCCD classifiers,
it is minz∈Yn d(z, x). In fact, the RW-CCCD classifiers are nearly equivalent to P-CCCD
classifiers. Thus, when τ > 0, P-CCCD classifiers are more likely to produce bigger balls
than RW-CCCD classifiers, and potentially avoid overfitting.
In Figure 10, RW-CCCD classifiers have slightly or considerably less AUC than other
classifiers when data sets are imbalanced and the supports are slightly far away from each
other. The random walk contaminates the class cover with some non-target class points to
improve the classification performance. However, since the classes are well separated and one
class has substantially fewer points than the other, random walks are likely to yield balls to
cover some points from the support of the non-target class, resulting in a degradation in the
performance of RW-CCCD classifiers. On the other hand, P-CCCD classifiers outperform
both k-NN and SVM classifiers for lower q and lower δ. The closer and more imbalanced the
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In this section, we compare the CCCD-based classifiers with strong versions of k-NN, SVM
and C4.5 classifiers on simulated data sets. Each classifier is modified in three different
schemes, namely, resampling, ensemble and cost-sensitive schemes. We use SMOTE+ENN
algorithm as the resampling scheme and EasyEnsemble algorithm as the ensembling scheme.
As for the cost sensitive versions on weak classifier, we adjust the classifiers into recognizing class weights. For k-NN, we employ an algorithm giving more weight on neighboring
minority class members; for SVM, we use two separate constrained violation costs for each

5.2 Empirical Comparison of CCCD-based and Strong Classifiers

Hence, we calculate δ for each (d, α) combination by the Equation (6). In Figure 11, each
cell of the grey scale heat map corresponds to a single combination of simulation parameters
α = 0.05, 0.1, · · · , 0.95, 1.00 and d = 2, 3, 4, · · · , 20. In Figure 11, the differences between
the AUCs of CCCD classifiers and other classifiers are up to 0.20. The k-NN and SVM
classifiers have comparable performance with CCCD classifiers, or outperform both CCCD
classifiers. However, C4.5 has more AUC with increasing d. Employing CCCD classifiers do
not considerably increase the classification performance over other classifiers when classes
are balanced.

⇐⇒

Figure 11: Differences between the AUCs of CCCD and other classifiers (see Figure 9 for
details). In this two-class setting, classes are drawn from FX = U (0, 1)d and
FY = U (δ, 1 + δ)d where n = 50, 100, 200, 500, α = 0.05, 0.1, · · · , 0.45, 1.00 and
d = 2, 3, 4, · · · , 20.
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data, the better the performance of P-CCCDs than other classifiers. Although the classes
do not overlap, the effect of class imbalance is still observed when the supports are close.
When there is mild imbalance between classes, CCCD classifiers have either comparable or
less AUC. In addition, note that the performances of SVM and k-NN classifiers deteriorate
but P-CCCD classifiers preserve their AUC with increasing d. Let E ⊂ Rd be some region
that contains points of both classes which are sufficiently close to the decision boundary.
With increasing d, fewer minority class points are in this region, and hence fewer members
of this class fall in E. As a result, the performance of both SVM and k-NN classifiers suffer
from local class imbalance with respect to E.
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0.00

Finally, we investigate the effect of dimensionality when classes are balanced (i.e., q = 1)
and their supports are overlapping. In this setting, FX = U (0, 1)d and FY = U (δ, 1 + δ)d .
Here, let q(E) ≈ q = 1, hence the classes are also locally balanced with respect to E as
well as being globally balanced. Also, δ controls the level of overlap between two classes.
However, we define δ in such a way that the overlapping ratio α ∈ [0, 1] is fixed for all
dimensions. When α is 0, the supports are well separated, and when α is 1, the supports
of classes are the same, i.e., s(FX ) = s(FY ). The closer α to 1, the more the supports
overlap. Observe that δ ∈ [0, 1] can be expressed in terms of the overlapping ratio α and
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Figure 10: Differences between the AUCs of CCCD and other classifiers (see Figure 9 for
details). In this two-class setting, classes are drawn from FX = U (0, 1)d and
FY = U (1+δ, 2+δ)×U (0, 1)d−1 where d = 2, 3, 5, 10, δ = 0.05, 0.1, · · · , 0.45, 0.50
and q = 0.05, 0.1, · · · , 0.95, 1.00 with n = 400 and m = qn. AUCs of all classifiers
are over 88% since the class supports are well separated.
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Figure 12: Differences between the AUCs of CCCD and other classifiers (see Figure 9 for details). P-CCCD in (top) and RW-CCCD in (bottom). Here, resampling scheme
strong classifiers are coded with “S”, ensemble schemes with “E”, and cost sensitive schemes with “C”. For example, “SkNN” refers to the resampling schemed
k-NN classifier. In this two-class setting, classes are drawn from FX = U (0, 1)d
and FY = U (δ, 1 + δ)d where d = 2, 3, 5, 10, q, δ = 0.05, 0.1, · · · , 0.95, 1.00 with
n = 400 and m = qn.
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corresponding class; and for C4.5, we employ the C5.0. With three schemes and three weak
classifiers, we get nine strong classifiers to study. We list and describe all these schemes in
Table 2.
SMOTE+ENN algorithm, first, oversamples the entire training data set by generating
artificial points in between a point and its neighbors. Specifically, for each point in the
data set, t points among k neighbors are selected, and until the data set is balanced,
new artificial points are generated in between these points and their selected neighbors.
Later, ENN algorithm cleans the data set of noisy points by checking all points if the
majority of their k neighbors are labeled as the class of the point. If not, the point is erased
from the data set. Simply, SMOTE+ENN is a hybrid of over and undersampling methods.
EasyEnsemble algorithm is a hybrid of undersampling and ensemble methods. An ensemble
of weak classifiers is established by generating T many undersampled balanced data sets
from the training data set. Then, each data set is used to train individual Adaboost
classifiers with
P si many weak classifiers for i = 1, 2, . . . , T . Hence, EasyEnsemble is an
ensemble of Ti=1 si many weak classifiers.
We choose one of the simulation settings conducted in Section 5.1. Since CCCD classifiers are observed to be better than other classifiers when both class imbalance and overlapping occurred, we only compare CCCD classifiers with strong classifiers on a single simulation setting. Hence we choose the setting presented in Figure 9, i.e., we let FX = U (0, 1)d
and FY = U (δ, 1+δ)d for bura δ, q = 0.05, 0.10, · · · , 0.95, 1.00, n = 400 and m = qn. We aim
to highlight the differences between the strong classifiers and CCCD classifiers for various
combinations of overlapping and class imbalance ratios. The results on average AUCs of
each strong classifier is given in Figure 12. In general, RW-CCCDs seem to perform better
than P-CCCDs. For d > 2, P-CCCDs have nearly 0.10 less AUC than RW-CCCDs when
the classes are substantially overlapping and imbalanced, and it is observed that P-CCCDs
are usually worse compared to the strong classifiers considered. However, the AUCs of
RW-CCCD classifiers are either comparable or slightly less compared to others with the
most difference being seen in the case of d = 10 when RW-CCCDs compared to EC4.5 and
C5.0, ensemble and cost sensitive versions of the C4.5 classifier, respectively. However, with
decreasing δ and q, the RW-CCCDs have only 0.05 less AUC than others. Also, RW-CCCDs
seem to have 0.05 more AUC than C5.0 for moderately overlapping and imbalanced data
sets, and seem to have 0.05 more AUC then ESVM, ensemble based SVMs, when the data
set is both overlapping and imbalanced. This suggests that RW-CCCDs yield comparable results in comparison to the state-of-the-art robust methods when class imbalance and
class overlapping co-exist. Additionally, we show in Section 5.3 that RW-CCCDs generate
prototype sets that considerably reduce the training data set.

Table 2: The description of classifiers employed in the article.

C5.0
CkNN
CSVM

EasyEnsemble

d=10
d=5
d=3

Description
A combination of SMOTE (t = 2 and k = 5) and ENN (k = 3)
(Batista et al., 2004).
A combination of undersampling (T = 4) and Adaboost (si = 10) for
i = 1, 2, · · · , T (Liu et al., 2009)
The cost sensitive version of C4.5 (Kuhn and Johnson, 2013).
A cost sensitive version of k-NN (Barandela et al., 2003).
A cost sensitive version of SVM (Chang and Lin, 2011).
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Space
O(N 2 d)
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···
···
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O(N d)
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O(d)
O(2d )
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P-CCCD
RW-CCCD
k-NN
SVM
C45-LNP
Table 3: Training and testing space and time complexities of the weak classifiers.
5.3 Complexity Analysis of the Classifiers
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In Table 3, we compare training and testing time and space complexities of P-CCCDs, RWCCCDs, k-NN, SVM and C4.5 classifiers. Let N = n + m be the size of training data set.
C4.5 is the fastest among all classifiers and requires the least space. However, unpruned
C4.5 constitute a tree with its space complexity increasing exponentially on d since the
data set is divided into at most two for all dimensions. The remaining classifiers are all
instance based learning methods which depend on a matrix of distances between the points
of training data set. Hence, their space complexity is at least O(N 2 ) and they run in at
least O(N 2 d) time. Both SVM and RW-CCCD classifiers run in O(N 3 ) time for d < N ,
and P-CCCD runs in O(N 2 d) time. Minimum dominating set problem of P-CCCDs are
polynomial time reducible to minimum set cover problems, and hence they run in O(N 2 )
time in the worst case but they require the computation of the distance matrix which takes
the most time. However, in RW-CCCDs, covering balls are re-defined each time a new point
is added to the prototype set. As a result, this operation requires an additional sweep on
the training set on each iteration which makes RW-CCCD run in O(N 3 ) time, for d < n.
For SVM, the training time of usual optimization algorithms is O(N 3 ) for d < n. However,
it is possible to reduce the complexity to O(N 2.3 ) with sequential minimal optimization
(SMO) method (Chang and Lin, 2011).
Note that, k-NN does not require any training time or space, and should use the entire
training data set to classify the test data set. However, CCCD and SVM classifiers reduce
the training data set by means of prototype sets (minimum dominating sets in CCCD and
support vectors in SVMs) even though their worst case testing space complexity is O(N d).
The entire training data set could be chosen as the prototype set for some cases, but we show
that the data set is substantially reduced when the classes are imbalanced. In Figure 13,
we compare the sizes of the set of prototypes in RW-CCCDs and the set of support vectors
in SVM and CSVM classifiers. We consider the simulation settings with two classes for
FX = U (0, 1)d and FY = U (δ, 1 + δ)d , δ, q = 0.1, 0.4, 0.7, 1.0, d = 2, 3, 5, 10, n = 400 and
m = qn.
In Figure 13, the number of both support vectors and prototypes decrease with increasing δ. The prototype set heavily depends on the overlapping ratio between class supports.
Undoubtedly, when points of either class are further away from each other, covering balls
get bigger for CCCDs, and the separating hyperplane requires less support vectors. On the
other hand, observe that the number of support vectors are much higher than the number
of prototypes of RW-CCCDs. The number of support vectors decreases with decreasing q.
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The more imbalanced the data set, the fewer support vectors are generated. But in any
case, RW-CCCDs still reduce the training data set more than SVMs. In Figure 14, we
compare the number of prototypes in both CCCD classifier and the size of the C4.5 and
C5.0 classifier trees for the same simulation setting.

The number of prototypes in P-CCCDs are, in general, much higher than that of other
classifiers. Also, notice that the less imbalanced the classes are, the less the data reduction
in P-CCCDs. However, there is not much change in the number in RW-CCCDs, C4.5 and
C5.0, and since the size of trees grows exponentially on d, the size of trees get bigger than
the size of CCCDs for some substantially high δ and d. Moreover, the size of trees in C5.0
is considerably less than that in C4.5 (Kuhn and Johnson, 2013). Although the number of
prototypes are much higher than the size of trees in highly overlapped and imbalanced cases,
RW-CCCDs reduce the training set substantially more than C4.5 and C5.0 in moderately
imbalanced and moderately overlapped higher dimensional settings.
5.4 Real Data Examples

In this section, we compare the performance of CCCD classifiers and all other weak and
strong classifiers on several data sets from UC Irvine (UCI) Machine Learning and KEEL
repositories (Bache and Lichman, 2013; Alcalá-Fdez et al., 2011). To test the difference
between the AUC of classifiers, we employ the 5x2 cross validation (CV) paired t-test (see
Dietterich, 1998) and the combined 5x2 CV F -test (see Alpaydın, 1999). The 5x2 CV test
has been devised by Dietterich (1998) and found to be the most powerful test among those
with acceptable type-I error. However, the test statistics of 5x2 t-tests depend on which one
of the ten folds is used. Hence, Alpaydın (1999) offered a combined 5x2 CV F -test which
works as an omnibus test for all ten possible 5x2 t-tests (for each five repetitions there are
two folds, hence ten folds in total). Basically, if a majority of ten 5x2 t-tests suggests that
two classifiers are significantly different in terms of performance, the F -test also suggests
a significant difference. Hence, an F -test with high p-value suggests that some of the ten
t-tests fail to have low p-values.
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We also provide the overlapping ratios and imbalance levels of these data sets. In a
simulation study such as the one in Section 5.1, we have control on the overlapping region
of two classes since we can choose the supports of the classes, hence their overlapping region
is exactly known. However, in real data sets where the support of classes are neither defined
nor available, we need methods to estimate the supports and hence estimate the overlapping
ratios for the two classes. We employ the support vector data description (SVDD) method
of Tax and Duin (2004) for this purpose. The method finds a description (or a region)
of a data set, which covers a desired percentage of the points. SVDDs are also used in
novelty or outlier detection. It has been inspired by the SVM classifiers and is based on
defining a sphere around the data set. Similar to SVM, kernel functions can be employed
to define more relaxed regions. SVDD is also a one-class learning method where the goal is
to decide if a new point belongs to this particular class or not (Juszczak et al., 2002). By
using SVDD approach, Xiong et al. (2010) found the SVDD regions of each class and its
overlapping region. We also use SVDD to find the overlapping region E of each pair and
report on the imbalance ratio with respect to E. The overlapping ratio is the percentage
of points from both classes that reside in A. We use the Ddtools toolbox (Tax, 2014) of
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Figure 14: Comparison of the sizes of reduced data sets in CCCDs and C4.5. Here “size”
refers to the number of covering balls in CCCDs or the number of nodes in the
decision tree of C4.5 classifiers. The simulation setting is same as in Figure 13.
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classifiers. Here “size” refers to the number of covering balls in RW-CCCD or the
number of support vectors in SVM classifiers. In this two-class setting, classes
are drawn from FX = U (0, 1)d and FY = U (δ, 1+δ)d where δ, q = 0.1, 0.4, 0.7, 1.0
with n = 400 and m = qn.
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0.96

d
25%
0.93

0%
NA

81%
3.31

N
23%
0.96

0%
NA

76%
3.98

q = m/n
19%
1.04

0%
NA

61%
5.02

Data
4%
1.22

0%
NA

79%
3.67

OR
IR

0%
NA

66%
5.44

61

0%
NA

69%
6.20

208

0%
NA

66%
8.70

1.14

0%
NA

36%
62.50

Sonar

0%
NA

25%
90.00

35
OR
IR

351
20

1.78
2308

Ionosphere
6.02
11

OR
IR

Segment0
5472
0%
NA

1%
0.63

8.79
0%
NA

1%
0.54

Page-Blocks0
0%
NA

1%
0.43

0%
NA

0%
NA

31%
41.18

1%
0.39

0%
NA

0%
NA

26%
390.00

0.9%
0.40

0%
NA

0%
NA

26%
391.00

0.8%
0.25

0%
NA

0%
NA

26%
390.00

0.6%
0.22

0%
NA

0%
NA

26%
392.00

0.6%
0.22

0%
NA

0%
NA

37%
18.24

0.6%
0.47

OR
IR

0%
NA

OR
IR

39%
18.50

14
0%
NA

988

27%
99.75

9.98
0%
NA

Vowel0

45%
18.97

10
OR
IR

1829
9

13.87
1484

Shuttle0vs4
28.10
9

OR
IR

Yeast4
947

0.1%
NA

29%
45.50

30.70
7%
NA

29%
45.66

Yeast1289vs7
6%
NA

29%
45.83

13%
63.00

0%
NA

11%
234.00

29%
45.83

13%
63.00

0%
NA

11%
244.00

30%
47.33

10%
38.25

0%
NA

12%
253.00

43%
23.00

30%
73.66

0%
NA

12%
262.50

69%
24.34

30%
73.66

3%
1.15

13%
278.00

44%
23.76

31%
76.33

6%
NA

14%
197.33

45%
24.47

OR
IR

42%
27.59

OR
IR

15%
163.75

9
46%
21.03

1484

20%
104.30

32.70
30%
64.14

Yeast5

25%
104.30

9
OR
IR

1484
9

41.40
4174

Yeast6
129.40

OR
IR

Abalone19

Table 4: Overlapping ratios and (local) imbalance ratios in the overlapping region of data
sets. “IR” stands for the imbalance ratio in the overlapping region and “OR”
stands for the overlapping ratio which is the percentage of points from both classes
residing in the overlapping region. IR=“NA” indicates that one of the classes has
no members in the intersections of SVDD regions of classes.
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MATLAB environment to produce the SVDDs of classes. Our choice of the kernel is the
same as we have used with SVM classifiers in this study, the radial basis (i.e., Gaussian)
kernel; for consistency. However, the selection of σ in the kernel is crucial for the SVDD
region.
In Table 4, we present the overlapping ratios and the imbalance in the overlapping
areas of all data sets for σ = 2, 3, · · · , 10. Although the value of σ produces different
overlapping ratios, it is apparent that classes of data sets Ionosphere, Abalone19, Yeast4,
Yeast6 and Yeast1289vs7 have more overlap than others, and these overlapping data sets
have substantial local class imbalance in their respective overlapping regions. Other data
sets have almost no overlapping nor imbalance in the overlapping regions even though their
classes are globally imbalanced. One of these data sets is Yeast5 which has a imbalance
ratio of q = 32.70 but has no imbalance in the small overlapping region.
In Table 5, we give the average AUC measures and their standard deviations of all
CCCD-based and other classifiers according to the 5x2 CV scheme for the data sets. All
other classifiers, weak or strong, have been two-way tested with 5x2 CV F -test against both
RW-CCCD and P-CCCD classifiers. Their p-values are also provided in Table 5. For each
of five repetitions, we divide the data into two folds. The AUC of fold 1 is given by using
fold 1 as a training set and fold 2 as the test set. For fold 2, the process is similar. We
repeated these experiments five times for all three classifiers. Looking at results from 11
data sets, RW-CCCD usually performs better than P-CCCD classifiers, and in addition,
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ensemble based classifiers perform the best in general. Moreover, ensemble classifiers seem
to perform better than RW-CCCDs but this difference is usually not significant, meaning
RW-CCCDs perform comparable to ensemble classifiers in more than few folds of all ten
folds. For example, compared to ensemble methods, RW-CCCD has nearly 0.07 less AUC in
Yeast5, 0.02 less AUC in Yeast6, and 0.1 less AUC in Yeast1289vs7 data set. The difference
is significant, however, with the data set Abalone19 with a level of < 0.03. Although RWCCCD achieves an average AUC value 0.6, ensemble classifiers achieve over 0.7. On the
other hand, there is no significant difference between AUCs of RW-CCCD and ensembles
in other highly overlapped and locally imbalanced data sets. On these data sets, RWCCCD have significantly more AUC than weak classifiers and have AUC comparable to
strong classifiers. Thus, these results from real data sets seem to resonate with the results
from our simulations and further support the robustness of CCCD classifiers to the class
imbalance problem.

6. Summary and Discussion
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We assess the classification performance of various classifiers such as RW-CCCD, pureCCCD, k-NN, SVM and C4.5 classifiers and their variants when class imbalance occurs,
and we illustrate the robustness of CCCD classifiers to the class imbalance in data sets.
This imbalance often occurs in real life data sets where, in two-class settings, minority class
(the class with fewer number of observations) is usually dwarfed by the majority class.
Class imbalances hinder the performance of many classification algorithms. We studied the
performance of CCCD classifiers under class imbalance problem by first simulating a twoclass setting similar to the one used in DeVinney (2003). In this setting, the support of one
class is entirely embedded in the support of the other. Drawing equal number of observations
from both class supports results in an imbalance between two classes with respect to their
overlapping region, called local (or restricted) class imbalance. This difference in the class
sizes was also the case in the example of DeVinney (2003), and it is the reason that CCCD
classifiers show better results than the k-NN classifier. We show that P-CCCD classifiers
with lower τ values tend to perform better than the ones with higher τ values. This is merely
a result of balls with τ = 0 representing the local density of the target class points better.
Similarly, the RW-CCCD classifiers with lower e values are better when the dimensionality
is low and the class sizes are high. This might indicate that the denser the data set in
Rd , the less useful the scores Tx . However, fully utilizing the scores usually increases the
classification performance.
Analysis of both simulated and real data sets indicate that both CCCD classifiers show
robustness to the class imbalance problem. We demonstrated this by studying the effects of
the class overlapping problem together with the class imbalance problem. In fact, there are
studies in the literature focusing on the performance of classification methods when class
overlapping and class imbalance problems occur simultaneously (Prati et al., 2004; Denil
and Trappenberg, 2010). Overlapping of classes is an important factor in the classification
of imbalanced data sets; that is, it drastically affects the classification performance of most
algorithms. When classes are both imbalanced and overlapping, performance of k-NN,
SVM and C4.5 classifiers deteriorate whereas CCCD classifiers are not affected as severely
as these methods. We use two alternatives of C4.5 classifiers where we prune the decision
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0.917∓0.023 0.722∓0.050 0.866∓0.051 0.898∓0.063 0.807∓0.048 0.643∓0.057 0.877∓0.046 0.996∓0.003 0.603∓0.065 0.895∓0.011 0.875∓0.019
0.934∓0.032 0.805∓0.045 0.755∓0.053 0.793∓0.094 0.602∓0.051 0.556∓0.038 0.958∓0.025 0.988∓0.016 0.506∓0.019 0.957∓0.010 0.869∓0.009

AUC
AUC

RW-CCCD
P-CCCD

Page-Blocks0

Segment0

Abalone19

Shuttle0vs4

Vowel0

Yeast1289vs7

Yeast4

Yeast5

Yeast6
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0.804∓0.027
0.107
0.473

AUC
p-value (vs RW)
p-value (vs P)

k-NN
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Table 5: Average of AUC values of ten folds, and standard deviations, of CCCD, weak
and strong classifiers for data sets. The p-values of 5x2 CV F -tests show the
results of two-way tests comparing both CCCDs with other classifiers. Some of
best performers are given in bold.

0.803∓0.019
0.000
0.005

Sonar

Ionosphere

0.863∓0.009
0.604
0.600

0.988∓0.004
0.000
0.026

0.512∓0.015
0.104
0.735

0.996∓0.004
0.693
0.534

0.971∓0.031
0.037
0.504

0.562∓0.04
0.087
0.177

0.619∓0.038
0.009
0.650

0.839∓0.063
0.573
0.209

0.719∓0.057
0.763
0.091

AUC
0.949∓0.010
p-value (vs RW)
0.088
p-value (vs P)
0.582

SVM

0.786∓0.032
0.072
0.552

0.901∓0.013
0.249
0.016

0.564∓0.006
0.000
0.000

0.500∓0.000
0.101
0.535

0.984∓0.012
0.459
0.632

0.956∓0.039
0.095
0.700

0.507∓0.014
0.047
0.084

0.527∓0.024
0.002
0.129

0.741∓0.069
0.096
0.467

0.712∓0.049
0.747
0.358

0.851∓0.024
0.008
0.039

AUC
p-value (vs RW)
p-value (vs P)

C4.5

0.710∓0.045
0.043
0.086

0.917∓0.012
0.229
0.020

0.982∓0.004
0.000
0.100

0.503∓0.009
0.088
0.535

0.999∓0.001
0.242
0.533

0.948∓0.032
0.090
0.137

0.570∓0.043
0.270
0.508

0.613∓0.057
0.084
0.819

0.803∓0.075
0.429
0.734

0.735∓0.073
0.172
0.374

0.836∓0.022
0.008
0.039

AUC
p-value (vs RW)
p-value (vs P)

Sk-NN

0.742∓0.048
0.015
0.634

0.907∓0.009
0.056
0.015

0.98∓0.005
0.000
0.121

0.561∓0.024
0.424
0.167

0.998∓0.001
0.458
0.571

0.942∓0.04
0.330
0.602

0.667∓0.04
0.735
0.006

0.807∓0.05
0.673
0.036

0.632∓0.054
0.008
0.031

AUC
0.949∓0.014
p-value (vs RW)
0.106
p-value (vs P)
0.592

SSVM

0.877∓0.042 0.969∓0.015
0.350
0.402
0.165
0.063

0.905∓0.011
0.176
0.002

0.987∓0.004
0.000
0.031

0.525∓0.017
0.164
0.391

0.998∓0.001
0.324
0.567

0.984∓0.023
0.012
0.160

0.687∓0.047
0.312
0.055

0.800∓0.031
0.667
0.017

0.946∓0.025
0.477
0.120

0.686∓0.050
0.450
0.165

0.867∓0.016
0.066
0.141

AUC
p-value (vs RW)
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0.865∓0.042
0.664
0.273
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0.027
0.005
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0.000
0.088

0.500∓0.009
0.086
0.509

0.997∓0.002
0.590
0.642

0.942∓0.025
0.203
0.616

0.605∓0.060
0.229
0.334

0.688∓0.073
0.216
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0.872∓0.070
0.572
0.116

0.856∓0.025
0.019
0.069

AUC
p-value (vs RW)
p-value (vs P)
Ek-NN

0.760∓0.075
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0.060
0.001
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0.000
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0.731∓0.041
0.007
0.006

0.996∓0.004
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0.092
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0.857∓0.024 0.755∓0.040
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0.101
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0.077

0.813∓0.028 0.889∓0.043
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0.028
0.000
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0.546
0.973∓0.019
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0.948∓0.008
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AUC
p-value (vs RW)
p-value (vs P)
ESVM

0.896∓0.037 0.970∓0.004 0.862∓0.023 0.749∓0.047
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0.074
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AUC
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0.068
0.691
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0.000
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0.583∓0.039
0.549
0.013
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0.366
0.573
0.692∓0.036 0.986∓0.023
0.459
0.007
0.035
0.030
0.819∓0.022
0.716
0.006
0.972∓0.008
0.330
0.067
0.809∓0.023
0.110
0.382
0.834∓0.024
0.008
0.042
AUC
p-value (vs RW)
p-value (vs P)
Ck-NN

0.874∓0.039
0.660
0.138

0.953∓0.006
0.016
0.002
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0.257
0.043
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0.459
0.632
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0.638
0.140
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0.207
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0.164
0.735∓0.062
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0.164
AUC
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p-value (vs RW)
0.068
p-value (vs P)
0.532
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0.835∓0.042
0.569
0.408
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0.342
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0.112
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0.939∓0.022
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0.694
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0.347
0.865∓0.038
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p-value (vs RW)
p-value (vs P)
C5.0
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tree in one and do not in the other. It is known for some time that pruning deteriorates
the performance of tree classifiers under class imbalance. Moreover, SVM is robust to
moderately imbalanced class sizes but demonstrates no robustness in highly imbalanced
cases. However, whether the data set is highly or moderately imbalanced, CCCD classifiers
seem to preserve their AUC compared to k-NN, SVM and C4.5 classifiers. Hence, our study
suggests that CCCD classifiers are appealing alternatives when data have class imbalance.
In addition, we mention the effect of the individual class sizes on the class imbalance problem
(Japkowicz and Stephen, 2002). Whatever the ratio between class sizes is, if the minority
class has a substantially high number of points, the effect of imbalances between classes
tend to diminish.
The classifiers k-NN, SVM and C4.5 are referred to as weak classifiers since, by construction, they are sensitive to imbalances between classes in data sets. In addition, we consider
three distinct families of methods to establish strong classifiers based on weak classifiers,
and compare them with CCCD classifiers. We conduct simulation studies to determine how
the classification performance jointly depends on both (global) class imbalance and class
overlapping, parameterized as q and δ, respectively. Finally, we apply all these classifiers
on several UCI and KEEL data sets. By using the SVDD method of Tax and Duin (2004),
we estimated the overlapping ratios of all these data sets. We show that CCCD classifiers
outperform or perform comparable to k-NN, SVM and C4.5 classifiers for some overlapping
and imbalance ratios in both simulated and real data sets. In particular, CCCDs are better
than SVM classifiers in highly imbalanced cases. The effect of high class imbalance on
SVM classifier is also studied in Akbani et al. (2004) and Raskutti and Kowalczyk (2004).
However, when no imbalance occurs between classes, CCCD classifiers usually show either
comparable or slightly worse performance than the other classifiers. As for strong classifiers,
we employ the most successful methods from three families of schemes where EasyEnsemble
and SMOTE+ENN methods are among them. In our simulation studies, we demonstrated
that CCCD classifiers, especially RW-CCCDs, work well compared to these strong classifiers when there are considerable overlap and the high (local) imbalance between classes.
However, these methods are slightly better than RW-CCCDs as these strong classifiers are
the best performing ones among their respective families (Batista et al., 2004; López et al.,
2013). Nevertheless, RW-CCCDs have still high performance compared to these classifiers
with additional increase in testing speed.
We also investigate the performance of CCCD classifiers under different conditions.
Specifically, in two different experiments, we simulate two classes where (i) classes are imbalanced but supports are not overlapping (well separated) and (ii) classes are balanced
and supports are overlapping with increasing dimensionality. P-CCCD classifiers are better
than RW-CCCD classifiers in experiment (i). Both CCCD classifiers mostly outperform
k-NN and SVM classifiers when classes are imbalanced and not overlapping, however RWCCCD classifiers outperform these classifiers only when dimensionality is sufficiently high.
In experiment (ii), the classification performance of CCCD classifiers slightly degrade compared to k-NN and SVM classifiers, especially with increasing d. Among CCCD classifiers,
random walk covers appear to be better when classes are both overlapping and imbalanced,
however our results suggest the use of pure covers when classes are imbalanced and well
separated (i.e., not overlapping). In fact, class supports are often overlapping in real life
data sets, hence RW-CCCD classifiers seem to be more appealing in practice.
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In practice, classifiers based on CCCD classifiers resemble prototype selection methods.
CCCDs balance the class sizes by defining balls that catch surrounding points of the same
class, and discard these points from the training set. The resulting data set is composed of
the centers of these balls and associated radii which are used in scaled dissimilarity measures.
Although, CCCD classifiers remove substantial amount of observations from the majority
class, they preserve (most of) the information with the radii. The bigger the radius, the
more likely that the balls of CCCD classifiers contain more points. The radii could be
considered as an indicator of the local density of the target class. The real advantage of
CCCD classifiers are these prototype sets which are of (approximately) minimum cardinality,
although training time and space of P-CCCDs and RW-CCCDs may be considerably high.
However, the number of points in the prototype set is substantially low, and hence testing
speed is increased. In some cases, RW-CCCDs provide classifiers with the least testing space
complexity. Only the decision tree based classifiers, C4.5 and C5.0, achieve comparable or
slightly more reduction to RW-CCCDs. However, with increasing dimensionality, sizes of
these trees grow exponentially, making them less appealing than RW-CCCDs in the sense
of classification space complexity. Hence, CCCDs preserve important information regarding
the data sets while substantially increasing the testing speed. In literature, many classifiers
have been devised to preserve the information on the deleted majority class points, however
they are all ensemble based classifiers which substantially increase both training and testing
time complexities. In that regard, CCCDs offer a novel approach to this particular problem.
Eveland et al. (2005) modified RW-CCCD classifiers as to increase the speed of the face
detection in which imbalances between classes occur naturally. They did only refer to the
real life applications which consist of class imbalances. They did not, however, investigate
the relationship between class imbalance and overlapping problems as thoroughly as our
study does. On the other hand, establishing class covers with Euclidean balls raise the
possibility of using different regions (the regions are Euclidean hyperballs around target
class points in CCCD) to balance the data and, thus, construct non-parametric classifiers
with more classification performance. Along this line, CCCDs can be generalized using
proximity maps (Jaromczyk and Toussaint, 1992). For example, Ceyhan (2005) defined
proximity catch digraphs (PCDs) that are generalized versions of CCCDs. Ceyhan (2005)
has introduced three families of PCDs and used them to test spatial data patterns of segregation and association (see Ceyhan and Priebe, 2005; Ceyhan et al., 2006, 2007). PCDs can
also be used to derive new graph-based classifiers which are potentially robust to the class
imbalance problem. The study of their properties and performance is a topic of ongoing
research by the authors.
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1. Introduction

We consider a hidden Markov model, where the signal process, given by a diffusion, is only
indirectly observed through some noisy measurements. The article develops a variational
method for approximating the hidden states of the signal process given the full set of
observations. This, in particular, leads to systematic approximations of the smoothing
densities of the signal process. The paper then demonstrates how an efficient inference
scheme, based on this variational approach to the approximation of the hidden states, can
be designed to estimate the unknown parameters of stochastic differential equations. Two
examples at the end illustrate the efficacy and the accuracy of the presented method.
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Diffusion processes modeled by stochastic differential equations (SDEs) appear in several
disciplines varying from mathematical finance to systems biology. For example, in systems
biology stochastic differential equations are used for efficient modeling of the states of the
chemical species in a reaction system when they are present in high abundance Wilkinson
(2006). Oftentimes, the state of the system or the signal process is not directly observed,
and inference of the state trajectories and parameter of the system has to be achieved
based on noisy partial observations. Typically, in such a scenario, the observation data is
conveniently modeled as a function of the hidden state corrupted with independent additive noise. However, generalizations of this basic setup, which, for example, could include
stronger coupling between the hidden signal and the observation processes, are often used
for modeling more complex phenomena.
In such a model optimal filtering theory concerns itself with recurrent estimation of the
current state of the hidden signal process given the observation data until the present time.
This is particularly useful in tracking problems where the estimation of the current location

Submitted 2/16; Revised 7/16; Published 9/16

of an object needs to be constantly updated as new noisy information flows in. On the other
hand, optimal smoothing involves the class of methods which can be used in reconstruction
of any past state of the signal process given a set of measurements up to the present time.
More specifically, given the signal process X and the observation process
Y , filtering
theory


entails computation of the conditional expectations of the form E φ(Xt )|FtY , where {FtY }
denotes the filtration generated by the process Y . The σ-algebra FtY contains all the
information about the observation process Y up to the present time
however,
 t. Smoothing,

involves evaluation of the conditional expectations of the form E φ(Xs )|FtY , where s < t.
The smoothing techniques can also be viewed as tools of estimation of the current state
given a data set which includes future observations. This interpretation is particularly
relevant in statistics, where such techniques are essentially the means of computing certain
posterior conditional densities given the observation set. The present article focusses on a
variational approach to this smoothing problem and later employs the method for estimation
of parameters of diffusion processes.
Evaluation of such conditional expectations or densities are quite difficult, since they
are often solutions of suitable (stochastic) partial differential equations. These are usually infinite-dimensional problems and analytical solutions are generally impossible. Hence,
effort has been directed toward developing of a variety of numerical schemes for efficient
approximation of these conditional densities. While Markov chain Monte Carlo methods for
inference use discretization of the given SDE for writing down an approximate likelihood
Kushner and Dupuis (2001); Pagès and Pham (2005); Andrieu et al. (2010), particle methods approximate the (posterior) conditional densities by suitably weighted point masses
Crisan and Lyons (1999); Del Moral et al. (2001); Bain and Crisan (2009). However, these
methods often rely on a suitable discretization of the problem which is mostly done in an
ad-hoc way. Since a theoretical framework for obtaining approximations is not present, the
approximation error might be difficult to quantify.
In contrast, the present paper focusses on a variational approach to this estimation
problem. The main idea in such a method is to approximate the (posterior) conditional
probability distribution of the system’s state (given the observed data) by an appropriate Gaussian distribution, where the optimal parameters for the Gaussian distribution are
obtained by minimizing the relative entropy (or Kullback-Leibler distance) between the
posterior process and a suitable approximating SDE. Earlier works like Archambeau et al.
(2007, 2008); Archambeau and Opper (2011); Cseke et al. (2013); Vrettas et al. (2015)
considered the case when the signal process is modeled by an SDE with a constant diffusion term. The advantage of working with a constant diffusion term is that it implies that
the approximating SDE will simply have a linear drift so that marginals are distributed
as Gaussian. This simple expression of the SDE with a linear drift makes the subsequent
optimization problem for finding the suitable parameters for this approximating SDE easier. However, since most physical phenomena cannot be realistically modeled by SDEs with
constant diffusion term, there is a pressing need of extending the approach to general SDEs.
One natural but naive approach in this regard could be to freeze the diffusion term at an
appropriate value, that is, to take the zeroth order expansion of the diffusion coefficient.
Although simple to implement, the efficacy of the method is not guaranteed by theoretical results and will vary from case to case, and a reasonable error analysis might require
unreasonably restrictive conditions on the model.
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process. We finally conclude with some remarks and directions for future work in Section 9.
Certain technical proofs are relegated to the appendix.
Notation. Hereafter, In is the n-dimensional identity matrix and Ei is the n × n matrix
where the ii-th entry is one and zero elsewhere. We let Sym(n, R) and GL(n, R) be respectively the set of symmetric and invertible n × n matrices with real entries. For matrices
A, B ∈ Rn×n let A, B := tr(A> B) denote the Frobenius inner product. For a vector
√
b ∈ Rn and a positive definite matrix A, we employP
the norm kbkA := b> A−1 b. We define
n
xi = 1}. Let C := C([0, T ], Rn ) dethe standard n−simplex as ∆n := {x ∈ Rn : x ≥ 0, i=1
note the space of continuous functions on [0, T ] taking values in Rn . Let S be a metric space,
equipped with its Borel σ-field B(S). The space of all probability measures on (S, B(S)) is
denoted by P(S). The relative entropy (or Kullback-Leibler divergence) between any two
probability measures µ, ν ∈ P(S) is defined as
 
( R

Assumption 1 We stipulate that
(i) f and σ are globally Lipschitz;

Z

0

t

X0 = x0 ,

h(Xs )ds + Bt ,

(ii) and h is twice continuously differentiable.

4

0 ≤ t ≤ T,

(1)

(2)
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where h : Rn → Rm is called the observation function and B is an m-dimensional Brownian
motion independent of x0 and W.

Yt =

where f : Rn → Rn , σ : Rn → Rn×n , and W is an n-dimensional Brownian motion
independent of x0 . The observation process Y is modeled as noisy measurements of some
function of the signal process X. Mathematically, Y is defined as

dXt = f (Xt )dt + σ(Xt )dWt ,

As usual, we will work on a complete probability space (Ω, F, P) equipped with a filtration
{Ft } satisfying the usual conditions, that is, {Ft } is complete, right continuous and contains
all the P-null sets. The basic objects in our study consist of a signal process X and an
observation process Y , both of which are assumed to be {Ft }- adapted. The unobserved
signal process X is modeled by the following stochastic differential equation describing the
state evolution of a dynamical system:

2. Model setup

where  denotes absolute continuity of measures and dµ
dν is the Radon-Nikodym derivative.
By convention measurable means Borel-measurable
  in the sequel. Given an S-valued random
variable X with Law(X) = µ ∈ P(S), let Eµ X denote the expectation of X.


D µ||ν :=

Instead, the present article delves much deeper in to the problem and develops methods
for finding the optimal approximating SDE such that the relative entropy between it and
the true posterior process is minimized subject to the condition that the marginals of the
former follow Gaussian distributions. The main obstacle that needs to be overcome in this
approach stems from the fact that unlike the previous case, the approximating SDE here
cannot be taken to be the one with a linear drift; and a suitable expression of it needs to
be found so that the marginals are still Gaussian. This has been achieved in Theorem 9. In
fact, our work outlines the most general techniques for approximating the posterior density
by any density from the exponential family or mixture of exponential families. In this
connection we would like to note that the reason for requiring that the marginals follow a
Gaussian distribution or more generally, a distribution from the exponential family because
this results in a finite-dimensional smoother which can be used for approximating a wide
range of distributions.
It should be noted that the variational method considered here is different from the
so-called extended Kalman filter (EKF) in two ways: first, EKF is employed for filtering
problems; but more importantly, EKF starts by linearizing the signal (prior) SDE and then
freezing its diffusion term, while the variational approach is concerned with approximation
of the posterior SDE. Therefore even though in the constant diffusion term case, the approximating SDE happens to have linear drift and thus resulting in a Gaussian smoother, it
is not based on the same philosophy behind the EKF. And as mentioned before, in the nonconstant diffusion term case although our method can be used to obtain a finite-dimensional
smoother, in particular, a Gaussian smoother, it completely avoids any form of linearization
of the given SDE or subsequent freezing of the diffusion term.
In our paper this variational approximation method has been formulated as an optimal
control problem. The advantage of this theoretical framework is that necessary conditions
for global optimality are then obtained by employing the Pontryagin maximum principle.
This leads to considerable computational advantages of the variational method compared to
numerically solving the underlying (stochastic) PDEs, that is highlighted by two examples.
The later part of the paper focusses on the important topic of parameter inference of
SDEs. The above scheme of estimating the hidden states and the smoothing densities is
cleverly used in designing an efficient method for estimating parameters of SDEs. In particular, the paper proposes an iterative EM-type algorithm which aims to compute approximate
maximum likelihood estimates of the parameters in a tractable way. Two illustrative examples, which are important in mathematical finance, demonstrate the accuracy and efficiency
of the proposed algorithms. Future projects will address more complicated models.
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The layout of this article is as follows: In Section 2 we formally introduce the problem
setting. We consider as a running example throughout the manuscript a geometric Brownian
motion. The variational approximation idea is motivated in Section 3 leading to a specific
class of optimization problems that is addressed in Section 4. It is then reformulated
in Section 5 as an optimal control problem and necessary conditions for optimality are
derived. Section 6 explains how the variational approximation can be used to infer unknown
parameters of the model. Section 7 discusses the presented variational approximation in
the context of a discrete time measurement model. The theoretical results are applied in
Section 8 to two examples: a geometric Brownian motion and to the Cox-Ingersoll-Ross
3

X̄0T = x0 ,
(4)

g(x, t) := f (x) + a(x)∇ log w(x, t),

(5)

5
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Under suitable technical conditions, the filter density PF satisfies the Kushner-Stratonovich
equation (for example, see Stratonovich (1960); Kushner (1967); Bain and Crisan (2009)).
For our purposes, however, it is Rconvenient to work with the unnormalized filter density
p(x, t), that is, PF (x, t) = p(x, t)( Rn p(x, t)dx)−1 , which satisfies the so-called Zakai equation Zakai (1969)
(
dp(x, t) = A∗ p(x, t)dt + p(x, t)h(x)> dYt
(7)
p(x, 0) = p0 (x).

where a(x) := σ(x)σ(x) . We give details about the (random) function w a little later, but
the important point to note here is that the new drift function is the old drift function with
an extra additive term, and the observation process Y[0,T ] enters into the characterization
of Πpost (·, Y[0,T ] ) only through w.
To see this characterization of Πpost (·, Y[0,T ] ), we first look at the usual filtering density
PF (x, t), which is naturally defined by
Z


E φ(Xt )|FtY = φ(x)PF (x, t) dx.
(6)

>

where W̄ is an {Ft }-adapted Brownian motion that is independent of Y . Notice that the
diffusion coefficient of the above SDE (which we will henceforth call the posterior SDE or
posterior diffusion) is same as that of the original SDE, and the drift of this posterior SDE
is time-dependent and is obtained as

dX̄tT = g(X̄tT , t)dt + σ(X̄tT )dW̄t ,

Given the observation process up to time T , Y[0,T ] , we now describe a characterization of
the probability measure Πpost (·, Y[0,T ] ), which will play a pivotal role for our purposes. The
probability measure Πpost (·, Y[0,T ] ) is actually the distribution of a diffusion process X̄ T on
C, and the latter is obtained by a modification of the original signal process X:

i,j

X0 = x0 ∼ log N (µ, σ),

1. See Appendix A for a detailed derivation.

6

It is straightforward to see that Assumption 1 holds in this setting.

for 0 ≤ t ≤ T , λ, κ > 0 and an observation process (2) defined by
Z t
Yt =
Xs ds + Bt .
0

dXt = κXt dt + λXt dWt ,
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(12)

(11)

We present as a running example throughout the article the geometric Brownian motion
that is used to model stock prices in the Black-Scholes model, see Shiryaev (1999). The
system dynamics (1) is given by a one-dimensional geometric Brownian motion

2.1 Example: Geometric Brownian Motion

with the drift term g defined by (5). In other words, the conditional probability measure
Πpost (·, Y[0,T ] ) on C is induced by the diffusion process X̄ T as defined in (4).
Evaluating Πpost (·, Y[0,T ] ) is what is known as the path estimation problem. Except for
a few simple cases, the SPDEs, that are involved in this estimation of the hidden path, are
analytically intractable. The variational approach that we undertake in this paper actually
has the goal of approximating Πpost (·, Y[0,T ] ). Toward this end, a natural objective is to
approximate Πpost (·, Y[0,T ] ) by a probability measure such that the corresponding marginals
of the latter come from a known family of distributions (e.g, exponential family). As a
result, the marginal of this approximating probability measure at time t approximates the
smoothing density PS (x, t). The procedure adopted in this article involves finding the
optimal parameters of this approximating distribution by minimizing the relative entropy
between the posterior distribution and the approximating one.

i

Now by using (7), (8) and (9), it can be shown1 that the smoothing density solves the
following Kolmogorov forward equation


X ∂
1 X ∂2
∂ +
g(x, t) −
aij (x) PS (x, t) = 0,
(10)
∂t
∂xi
2
∂xi ∂xj

Conditions about existence of solutions to (7) and (8) can be found in Pardoux (1981/82).
It is well known (Pardoux, 1981/82, Corollary 3.8) that the smoothing density can be
expressed as
p(x, t)w(x, t)
.
(9)
PS (x, t) = R
n
R p(x, t)w(x, t)dx

Here p0 denotes the density ofPx0 and A∗ is the adjoint
of the infinitesimal generator of the
∂
1P
∂2
2
n
process X given by Aψ(x) = i fi (x) ∂x
ψ(x)
+
a
i,j (x) ∂xi ∂xj ψ(x) for ψ ∈ C0 (R , R).
i,j
2
i
We next consider the backward stochastic partial differential equation (SPDE)
(
dw(x, t) = −Aw(x, t)dt − w(x, t)h(x)> dYt
(8)
w(x, T ) = 1.

It is known Kallenberg (2002) that under Assumption 1 there exists a unique strong solution
to the SDE (1). Given the observed data up to some time T , {Ys : s ≤ T }, the goal of the
paper is to outline an approximation method for the smoothing density, PS (x, t), which is
the conditional probability density of Xt given {Ys : s ≤ T }. In other words, the smoothing
density is defined by the equation:
Z


E φ(Xt )|FTY = φ(x)PS (x, t) dx,
(3)

up to a.s. equivalence, where φ is any bounded measurable function from Rn to R and
{FtY } denotes the filtration generated by the process Y .
More generally, we will be interested in approximating the full conditional probability
measure on the path space, C ≡ C([0, T ], Rn). Todescribe this mathematically, assume that
a regular conditional probability measure P ·|FTY is chosen. Then there exists a measurable
probability kernel y ∈ C → Πpost (·, y) ∈ P(C) such that for any measurable set A ⊂ C,


P X[0,T ] ∈ A|FTY = Πpost (A, Y[0,T ] ).
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3. Variational approximation: Motivation

(14)

(13)

Let Πprior denote the distribution
signal process X on C, that is, for a
 of the original

measurable A ⊂ C, Πprior (A) ≡ P X[0,T ] ∈ A . Define the two terms
Z T
Z
1 T
ys dh(Xs ) +
HT (X[0,T ] , y) := −h(XT )yT +
kh(Xs )k2 ds
2 0
0
Z

exp (−HT (·, y)) dΠprior .

I(HT (·, y)) := − log

Let y be a sample path of the observation process Y on the interval [0, T ]. Then notice that
by the pathwise Kallianpur-Striebel formula (or the Bayes formula), we have
dΠ (·, y)
exp(−HT (·, y))
exp(−HT (·, y))
post
=R
=
.
dΠprior
L(y)
exp(−HT (·, y))dΠprior
R
where L(y) = exp(−HT (·, y))dΠprior . Consequently, L(y) can be interpreted naturally
as the likelihood of the path y, or equivalently, I(HT (·, y)) is viewed as the negative loglikelihood of the sample path y. The term HT (X[0,T ] , y) can be interpreted as the Xconditional information and the information in the observation that Y = y, see Mitter and
Newton (2003) for more details. Now for any probability measure Q2 on C([0, T ], R), the
relative entropy between Q and Πpost (·, y) can be expressed by the following lemma.




Lemma 2 D Q||Πpost (·, y) = −I(HT (·, y)) + D Q||Πprior + EQ HT (·, y) .
Proof. The proof essentially follows the one in (van Handel, 2007, Lemma 2.2.1). Splitting
the relative entropy and using the pathwise Kallianpur-Striebel formula yields



Z  

dΠ
dQ
post (·, y)
D Q||Πprior =
log
+ log
dQ
dΠpost (·, y)
dΠprior


Z

dΠ (·, y)
post
dQ
= D Q||Πpost (·, y) + log
dΠprior


Z

exp(−HT (·, y))
= D Q||Πpost (·, y) + log R
dQ
exp(−HT (·, y))dΠprior
Z




= D Q||Πpost (·, y) − EQ HT (·, y) − log
exp(−HT (·, y))dΠprior .
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Mitter and Newton Mitter and Newton (2003) provide an information-theoretic interpretation to this result. They interpret the term (14) as the total information available to
the estimator Q through
path
 the sample

 y. On the other hand, they call the quantity
F(Q, y) := D Q||Πprior + EQ HT (·, y) the apparent information of the estimator. By
non-negativity of the relative entropy F(Q, y) ≥ I(HT (·, y)) with equality if and only if
Q = Πpost (·, y). In this sense, a suboptimal estimator appears to have access to more
information than is actually available.
2. Q will be called the approximating probability measure in the sequel.
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0 ≤ t ≤ T;

(15)

Since the total information I(HT (·, y)) does not depend on Q, minimizing the relative
entropy between Q and Πpost (·, y) over a class of probability measures Q is equivalent to
minimizing the apparent information F(Q, y). This motivates to consider an approximating
distribution Q on C that is characterized as the solution to the following optimization
problem:



Problem 3 Minimize D Q||Πprior + EQ HT (·, y) subject to

Z0 = x0 ,

(i) Q is a probability distribution induced by an SDE of the form

dZt = u(Zt , t)dt + σ(Zt )dWt ,

(ii) The marginals of Q at time t, i.e., the distribution of Zt , belong to a chosen family of
distributions.

We will show in the remainder of this article how Problem 3 can be restated as an optimal
control problem, which leads to a standard formulation of necessary optimality conditions
in terms of Pontryagin’s maximum principle.
Note that the objective function of Problem 3 is known to be strictly convex with respect to Q, see Csiszár (1975). The constraint (ii) restricts the feasible set approximating
distributions Q to a nonconvex set. Note that such problems (i.e., absence of constraint (i)
have been studied in the literature Pinski et al. (2015)). In our setting, the set of feasible
solutions is also coupled with the first constraint (i), that parametrizes the feasible set of
distributions in terms of the drift function u. This coupling is investigated in Section 4, in
particular Theorem 9 characterizes the set of all drift terms u such that the distribution
induced by (15) has finite dimensional marginals that belong to a given family of distributions. Hence, Problem 3 can alternatively be interpreted as minimizing the objective
function over a class of drift functions u that induce Q via (15) and such that Q satisfies
constraint (ii). For example, if the goal is to approximate the posterior distribution Πpost
by a distribution Q whose marginals are normal distributions, then one aims to find a drift
term u such that the objective function is minimized and such that the solution Zt to (15)
admits a normal distribution.

Remark 4 Notice that the unconstrained optimization of the objective function in Problem
3 with respect to Q will simply yield the minimizer Q to be Πpost . Since, as discussed in
the beginning of Section 2, Πpost is induced by the SDE, (4), the constraint (i) in Problem
3 is essentially inbuilt. In other words, it is the constraint (ii) which plays the crucial role
in the methods outlined in this paper.

dZt = u(Zt , t)dt + σ(Zt )dWt ,

X0 = Z0 = x0 ,

The objective function in Problem 3, in particular the relative entropy between the approximating distribution Q and the prior distribution Πprior can be simplified, since due to the
constraint (i) the underlying SDEs (15) and (1) share the same diffusion coefficient. In view
of (15) and (1), consider two SDEs for 0 ≤ t ≤ T
dXt = f (Xt )dt + σ(Xt )dWt ,
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with u : Rn × R → Rn , f : Rn → Rn , σ : Rn → Rn×n , W an n-dimensional Brownian motion
independent of x0 and both SDEs satisfying Assumption 1. Let (Ω, FT , P ) be a probability

8

0

T


ku(Xs , s) − f (Xs )k2a(Xs ) ds ,

`=1

X
k

9
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ν` p` (·, Θ(`) ) : p` (·, Θ(`) ) ∈ EM(c(`) ), ν ∈ ∆k

is called a mixture of k exponential families of probability densities.

EM(c(1) , . . . , c(k) ) =

Definition 6 (Mixture of exponential families) Let EM(c(i) ) for i = 1, . . . , k be exponential families according to Definition 5. Then

where Λ ⊆ Γ is open, is called an exponential family of probability densities.

Definition 5 (Exponential family) Let H1 , . . . , Hm be Hilbert spaces and let H = i=1 Hi
be endowed with the inner product ·, · . Let the functions ci : Rn → Hi for i = 1, . . . , m be
linearly independent, have at most polynomial growth, be twice continuously differentiable
and denote
c(x) = (c1 (x), . . .R, cm (x)). Assume

 that the convex set
Γ := Θ ∈ H : ψ(Θ) = log exp Θ, c(x) dx < ∞ has non-empty interior. Then

EM(c) = {p(·, Θ), Θ ∈ Λ}, p(x, Θ) := exp Θ, c(x) − ψ(Θ) ,

Qm

This section establishes conditions on the drift function in the approximate SDE (15) such
that the induced marginal distributions evolve in a given exponential family.

4. Multi-dimensional SDE with prescribed marginal law

where the last equality is due to Fubini’s Theorem and Itô’s Lemma. The two coupling
constraints (i) and (ii) in Problem 3 are studied in the next section and will finally allow
us to reformulated Problem 3 as an optimal control problem.

where ku(x, s) − f (x)k2a(x) := (u(x, s) − f (x))> a(x)−1 (u(x, s) − f (x)). Hence, the objective function in Problem 3 can be expressed as



D Q||Πprior + EQ HT (·, y)


Z T
1
=
EQ
ku(Xt , t) − f (Xt )k2a(Xt ) + yt u(Xt , t)> ∇h(Xt )
(16)
2
0




1
1
+ σ(Xt )> ∇2 h(Xt )σ(Xt ) + kh(Xt )k2 dt − yT EQ h(XT ) ,
2
2

 1
D Q||Πprior = EQ
2

Z

where ϕ(s, ω) := σ(Zs (ω))−1 (u(Xs (ω)) − f (Xs (ω))) . Therefore, the relative entropy between Q and Πprior is

Consider the stochastic differential equation (15), where u : Rn × R → Rn , σ : Rn → Rn×d
and W is a d-dimensional Brownian motion independent of x0 .

space, where FT is the sigma algebra σ(Ws : s ≤ T ) and let Πprior and Q denote the the
laws of Xt and Zt with respect to P . It follows by Girsanov’s Theorem Øksendal (2003),
that



Z T

dQ
1
EQ log
= EQ
ϕ(s, ω)> ϕ(s, ω)ds ,
dΠprior
2
0

(1)

t

(k)

j=1

k
X

(1)
(k)
p(x, Θt , . . . , Θt ) `=1

1

t

(`)
ν` p` (x, Θt )

D

E
(`)
(`)
Θ̇t , Ii (x)

,

ξi =xi

pXt (x) =

`=1

k
X

ν` exp

D

D
E
(`)
(`)
= Θ̇t , c(`) (x) − ∇Θ ψ` (Θt ) .

10

E

(`)
(`)
Θt , c(`) (x) − ψ` (Θt ) ,

(17)
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for all t ≤ T.

(18)

: Rn × H → H for all

If u ∈ U(x0 , σ), then the SDE (15) solves Problem 8, i.e., Xt has a density

i=1

n D

E
X
(`)
(`)
(`)
Θ̇t , ϕi (x−i , ξi ), Θt

(xi− , ξi ) := (x1 , . . . , xi−1 , ξi , xi+1 , . . . , xn )> and the functions ϕi
` = 1, . . . , k satisfy

(`)

for i = 1, . . . , n, where
Z xi
D
E
(`)
(`)
(`)
(`)
ϕi ((x−i , ξi ), Θt ) exp Θt , c(`) (x−i , ξi ) − c(`) (x) dξi ,
Ii (x) :=

−

j=1

∂
n
n
1X ∂
1X
∂x p(x, Θt , . . . , Θt )
aij (x) +
aij (x) j
(1)
(k)
2
∂xj
2
p(x, Θ , . . . , Θ )

−∞

ui (x, t) =

Theorem 9 Given the assumptions and notation of Problem 8. Consider the SDE (15)
with drift term

A solution to Problem 8 is given by the following theorem.

Problem 8 Let EM(c(1) , . . . , c(k) ) be a mixture of exponential families, let p0 be a density
contained in EM(c(1) , . . . , c(k) ), let σ be a diffusion term and let a(·) := σ(·)σ(·)> . Let
U(x0 , σ) denote the set of all drifts u such that x0 , u, σ and its related SDE (15) satisfy As(1)
(k)
sumption 7. Assume U(x0 , σ) to be non-empty. Then given a curve t 7→ p(·, Θt , . . . , Θt )
(1)
(k)
in EM(c , . . . , c ), find a drift in U(x0 , σ) whose related SDE has a solution with marginal
(1)
(k)
density p(·, Θt , . . . , Θt ).

3. The unique solution Xt to (15) admits a density p(x, t) that is absolutely continuous
with respect to the Lebesgue measure and that satisfies the Kolmogorov forward
equation.

2. The initial condition x0 has a density p0 that is absolutely continuous with respect to
the Lebesgue measure and has finite moments of any order.

1. The SDE (15) satisfies Assumption 1.

Assumption 7

Sutter, Ganguly and Koeppl

Variational inference for hidden diffusion processes

Variational inference for hidden diffusion processes

The proof is provided in Appendix B.
Remark 10
1. For the non-mixture and one-dimensional case (k = n = 1), the result
is known Brigo (2000) and coincides with Theorem 9. Furthermore, it can be seen by
the proof in Brigo (2000) and by invoking the existence and uniqueness theorem for
ODEs, that the drift function u is uniquely determined.
2. For the multi-dimensional case (n > 1), the drift function is not unique anymore, as
(`)
there exist multiple choices for ϕi 3 . This gives rise to a natural question, if there
(`)
(`)
exist a particular choice of ϕi such that the integral terms Ii in (17) admit closed(`)
form expressions. In Section 4.1 (Proposition 11), we derive such functions ϕi for
the mixture of multivariate normal densities.
3. In a non-mixture setting (k = 1), the drift function simplifies to

−∞



n
n
1X ∂
1X
∂c(x)
u (x, t) =
a (x) +
a (x) Θ ,
i
i,j
i,j
t
2
∂xj
2
∂xj
j=1
j=1


Z xi


ϕi ((x−i , ξi ), Θt ) exp Θt , c(x−i , ξi ) − c(x) dξi ,
− Θ̇t ,

where the functions ϕi have to satisfy (18).

As remarked, the drift term proposed in Theorem 9 consists of the integral terms (17),
that depend on the particular exponential families considered. In the following, we restrict
ourselves to the mixture of multivariate normal densities and show that these integral terms,
and hence the drift function, admit a closed-form expression.
4.1 Mixture of multivariate normal densities

n

1

1

(2π) 2 (det S) 2

(`)

(`)

Consider the family of multivariate Gaussian distributions with mean m ∈ Rn and covariance matrix S ∈ Sym(n, R), that can be expressed in terms of Definition 5 as follows. Let
the Hilbert space H = Rn × Rn×n be endowed with the inner product (a, A), (b, B) =
a> b + tr(A> B) and define


1
Θ = (η, θ) := S −1 m, − S −1 ∈ H, c : Rn → H, c(x) = (x, xx> )
2


(19)
1
1
1
n
ψ(Θ) = − tr(ηη > θ−1 ) + log det − θ−1 + log(2π).
4
2
2
2
ψ : H → R,

(`)


c(x), Θ − ψ(Θ) =

A direct computation, using tr(ηη > θ−1 ) = η > θ−1 η, leads to


1
exp − (x − m)> S −1 (x − m) .
2
p(x, Θ) = exp

(`)
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3. For example, ϕi (x, Θt ) := δij (c(`) (x) − ∇Θ ψ` (Θt )) for all j ∈ {1, . . . , n} are feasible choices for ϕi ,
as they satisfy (18).
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We point out again that for the proposed variational method, it is favourable if the approximating SDE (15) has a drift function that admits a closed-form expression. Furthermore,
since the drift function is not unique (cf. Remark 10), among all feasible solutions char(`)
acterized by the ϕi functions, we want to find one that can be computed analytically.
The latter turns out to be a difficult task and depending heavily on the specific exponential
familiy chosen. From now on, we consider the exponential family of the multivariate normal
probability densities that is given by (19). In this setting, it is possible to find functions
(`)
ϕi such that the integral terms (17), and therefore the drift function, can be computed in
closed form.



1
η t + θt x ,
2

Proposition 11 For the mixture of multivariate normal densities, one possible choice for
the drift function proposed by Theorem 9 is
P
(`) 
k

ν` p` (x, Θt ) 1 (`) −1 (`) (`) −1 (`) 1 (`) −1 (`)
1
u(x, t) = div a(x) + `=1 (1)
θ
θ̇t θt
η t − θt
η̇t
(k)
2
4 t
2
p(x,
Θ
t , . . . , Θt )


1 (`)
1 (`) −1 (`)
(`)
− θt
θ̇t x + a(x)
η + θt x .
2
2 t
The proof is provided in Appendix C.

Remark 12 For the non-mixture setting the drift term simplifies to

 1
1
1
1
u(x, t) = div a(x) + θt−1 θ̇t θt−1 ηt − θt−1 η̇t − θt−1 θ̇t x + a(x)
2
4
2
2

(`)

(1)

(k)

p(x, Θt , . . . , Θt )

,

(`)

(`)

(20)

that in the special case of a constant diffusion term is a linear function, as one would expect.

(`)

Pk
(`)
`=1 ν` p` (x, Θt )

We introduce the following ansatz for the drift function



(`)
(`)
(`)
(`)
At +Bt x+a(x) Ct +Dt x
(`)


1
u(x, t) = div a(x) +
2

(`)

where Bt , Dt ∈ Rn×n and At , Ct ∈ Rn for all ` = 1, . . . k. The coefficients At , Bt ,
(`)
(`)
Ct and Dt cannot be chosen arbitrarily. They are coupled according to Proposition 11.
By comparing the coefficients of Proposition 11 and (20) one gets

(`)

(`) >

(`)

Ct ,

(`)

dDt
dt

(`)

(`)

(`)

(`)

(21)

and Dt for all ` = 1, . . . , k

(`)

= −2Dt Bt .

(`)

1 (`) −1 (`) (`) −1 (`) 1 (`) −1 (`)
1 (`) −1 (`)
1 (`)
(`)
(`)
(`)
(`)
(`)
At = θ t
θ̇t θt
ηt − θt
η̇t , Bt = − θt
θ̇t , Ct = ηt , Dt = θt .
4
2
2
2

(`)

= −Dt At − Bt

Hence, one directly sees that the four parameters At , Bt , Ct
are coupled via the two ODEs
(`)

dCt
dt
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Note that the parametrization introduced in (20) provides relatively simple expression for
the mean and variance of the variational approximation derived in the next section (Section 4.2). In the authors’ opinion this parametrization therefore helps to keep the notation
simple.

12

(`)

dSt
dt

(`)

(`)

> i 1 

 1 (`) 
 >
1 h
= Ep` Xdiv a(X)
+ Ep` div a(X) X > − mt Ep` div a(X)
2
2
2
  (`) >


1 
(`) (`)
(`) (`) >
+ Bt St
− Ep` div a(X) mt + Ep` a(X) + St Bt
2 h
i
i
h


(`) (`) >
(`)
(`) >
(23)
+ Ep` XCt a(X) + Ep` a(X)Ct X > − mt Ct Ep` a(X)
i
h
i
h

 (`) (`) >
(`)
(`)
>
>
− Ep` a(X) Ct mt + Ep` XX Dt a(X) + Ep` a(X)Dt XX
h
i
h
i
(`)
(`)
(`)
(`) >
− mt Ep` X > Dt a(X) − Ep` a(X)Dt X mt .

(22)

13

u(x, t) = At + (λ2 + Bt )x + λ2 x2 (Ct + Dt x),

(26)

(25)

(`)

∈ Ẑ,

L(t, z(t), v(t)) ≈ (27),
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4. Note that Mitter and Newton (2003) addresses a related problem, whose main difference, when compared
to the presented method, is that the variational characterization considered there is exact.

where ≈ indicates that in order to express the term (27) by the state and control variables
only, an approximation might be needed, as explained above. Similarly to the Lagrangian,
in view of the cost functional (16), we introduce a terminal cost F : Z → R by


F (z(T )) ≈ −yT EQ h(XT ) .

L : [0, T ] × Z × V → R,

is expressed as a function of only z(t), v(t) and t. This step, while being exact in some
cases, may require an approximation. In the case that the marginals of Q are mixtures of
normal densities, the expectation of any polynomial in Xt can be expressed as a function of
its mean and variance. If the diffusion term σ is a polynomial, and no mixture is considered
(k = 1), the drift function u, according to (20), is a polynomial. We refer to Section 8 to
see how the Lagrangian can be derived for two concrete examples. Consider a Lagrangian

z (1) (t), . . . , z (k) (t)

 Qk
for ` = 1, . . . , k. We introduce the state variable z(t) :=
∈ `=1 Ẑ =: Z
 Qk
(1)
(k)
and the control variable v(t) := v (t), . . . , v (t) ∈ `=1 V̂ =: V for t ∈ [0, T ]. As a first
step, in view of the cost functional (16) of Problem 3, the so-called Lagrangian

1
ku(Xt , t) − f (Xt )k2a(Xt )
EQ
2



(27)
1
1
+ yt u(Xt , t)> ∇h(Xt ) + σ(Xt )> ∇2 h(Xt )σ(Xt ) + kh(Xt )k2
2
2

[0, T ] 3 t 7→ z (`) (t) :=

(`)
(`)
(`)
(`)
(mt , St , Ct , Dt )

[0, T ] 3 t 7→ v (`) (t) := (At , Bt ) ∈ V̂

(`)

In this section, we show that the optimization problem 3, using the results derived from
Theorem 9, can be reformulated as a standard optimal control problem (OCP), which
conceptually is similar to Mitter and Newton (2003)4 . Therefore, the presented variational
approximation method to the path estimation problem for SDEs can be expressed as an
OCP and as such leads to a standard formulation of necessary global optimality conditions
in terms of Pontryagin’s maximum principle. Consider the vector spaces V̂ := Rn × Rn×n ,
Ẑ := Rn × Sym(n, R) × Rn × Sym(n, R) and define the trajectories

5. Optimal control problem formulation

dmt
= λ2 mt + At + Bt mt + λ2 Ct (m2t + St ) + λ2 Dt (m3t + 3mt St )
dt
dSt
= λ2 (m2t + 3St ) + 2Bt St + 4λ2 Ct mt St + 6λ2 Dt (m2t St + St2 ).
dt

where the coefficients At , Bt , Ct , Dt are coupled via the two ODEs (21). This choice of drift
function leads to ODEs for the mean and the variance of the posterior process, according
to Theorem 13

Sutter, Ganguly and Koeppl

(24)

We continue the geometric Brownian motion example started in Section 2.1. The goal
is to approximate the smoothing density by a normal density. Therefore, according to
Proposition 11, the drift function for the approximating SDE (15) has to be chosen as

4.3 Example: Geometric Brownian Motion

We have studied how to reformulate the constraints (i) and (ii) of Problem 3 by deriving an expression for the drift term to the approximating SDE (15). In the case that the
marginals in (ii) are restricted to a mixture of multivariate normal densities this reformulation reduces to the ODEs (21), (22) and (23).

Remark 14 If the coefficients νi in the convex combination of the marginal density
(1)
(k)
p(x, Θt , . . . , Θt ) in Theorem 13 are fixed a priori, the ODEs (22) and (23) are only
(`)
(`)
sufficient for describing mt and St . Oftentimes, however, one is interested in choosing
those coefficients a posteriori, for example by solving an auxiliary optimization problem. In
such a setting the ODEs given by Theorem 13 are necessary and sufficient.

The proof is provided in Appendix D. Note that given mt and St the mean and variance
P
P
P
(`) (`) >
(`)
(`)
−
of Xt can be expressed as mt = k`=1 ν` mt and St = k`=1 ν` St + k`=1 ν` mt mt
Pk
P
(`)
(`)
( `=1 ν` mt )( k`=1 ν` mt )> , respectively.

and

(`)
h
i


 (`)
dmt
1 
(`)
(`) (`)
(`)
= Ep` div a(X) +At +Bt mt +Ep` a(X) Ct +Ep` a(X)Dt X
dt
2

Theorem 13 Consider the SDE (15) with drift term u given by (20), such that the solution
(1)
(k)
Xt has a marginal density p(x, Θt , . . . , Θt ) ∈ EM(c1 , . . . , ck ) that is an arbitrary convex
(`)
(`)
(`)
combination of densities p` (x, Θt ) ∈ EM(c` ) for ` = 1, . . . , k. Let mt and St denote the
(`)
mean and variance of Xt with respect to p` (x, Θt ). Then,

Theorem 9 provides an explicit formula for the drift term in the approximating SDE (15),
that simplifies to (20) in the case of multi-normal marginal densities. Therefore, the mean
and variance of the approximating SDE (15) are characterized via the following two ODEs.

4.2 Equations for mean and variance

Variational inference for hidden diffusion processes

Variational inference for hidden diffusion processes

Under the assumption that the drift term σ is a polynomial, the ODEs derived in the
previous section can be expressed in standard form. We define the function H : Z × V → Z
by

(`)

(`)

(`)

dCt
dz
(`)
= 3 (t) = H3 (z(t), v(t)) ,
dt
dt
(`)
(`)
dDt
dz
(`)
= 4 (t) = H4 (z(t), v(t)) ,
dt
dt



(1)
(1)
(k)
(k)
H(z(t), v(t)) = H1 (z(t), v(t)), . . . , H4 (z(t), v(t)), . . . , H1 (z(t), v(t)), . . . , H4 (z(t), v(t)) ,
where
(`)

dmt
dz
(`)
= 1 (t) = H1 (z(t), v(t)) ,
dt
dt
(`)
(`)
dSt
dz
(`)
= 2 (t) = H2 (z(t), v(t)) ,
dt
dt

J(v) =

RT
0
t ∈ [0, T ] a.e.

L(t, z(t), v(t))dt + F (z(T ))
(28)

for ` = 1, . . . , k are given by (22), (23) and (21). Thus, we have shown so far in this article
that Problem 3 can be reformulated as the following optimal control problem

 minimize

v∈M([0,T ],V)
 subject to


ż(t) = H(z(t), v(t)),
z(0) = z0 ,

where M([0, T ], V) denotes the space of measurable functions from [0, T ] to V. It remains
to discuss how to find the initial condition z0 in the OCP (28). A straightforward, however,
clearly not efficient, method for that is solving the Pardoux equation (8), which according
to (9) provides the smoothing density at initial time as PS (x, 0) = R pp0 (x)w(x,0)
, from
Rn 0 (x)w(x,0)dx
where z0 can be derived.
5.1 Maximum principle
We derive necessary conditions for global optimality of the optimization problem (28) that
are provided by the Pontryagin maximum principle (PMP). Since the control set V is unbounded, we need an extended setting of the standard PMP, see (Clarke, 2013, Section 22.4)
for a comprehensive survey. It requires some further assumptions.
Assumption 15 Let the process (z ? (t), v ? (t))t∈[0,T ] be a local minimizer for the OCP (28),
that satisfies
(i) The function F is continuously differentiable;
(ii) The functions H and L are continuous and admit derivatives relative to z which are
themselves continuous in all variables (t, z, v);
(iii) There exist ε > 0, a constant c, and a summable function d such that for almost every
t ∈ [0, T ], we have
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|z − z ? (t)| ≤ ε ⇒ |∇z (H, L)(t, z, v ? (t))| ≤ c|(H, L)(t, z, v ? (t))| + d(t).
15
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Note that Assumption 15(iii) is implied if

|∇z H(t, z, v)| + |∇z L(t, z, v)| ≤ c (|H(t, z, v)| + |L(t, z, v)|) + d(t)

holds for all v ∈ V when z is restricted to a bounded set, which is satisfied by many systems.
Moreover, the condition automatically holds if v ? happens to be bounded.

Lemma 16 (PMP (Clarke, 2013, Theorem 22.2)) Given Assumption 15, let the process (z ? (t), v ? (t))t∈[0,T ] be a local minimizer for the problem (28). Then there exists an
absolutely continuous function p : [0, T ] → Z satisfying

1. the adjoint equation ṗ(t) = −∇z p(t), H(z ? (t), v ? (t)) −∇z L(t, z ? (t), v ? (t)) for almost
every t ∈ [0, T ];

2. the transversality condition p(T ) = ∇z F (z(T ));

v∈V

3. the maximum condition
p(t), H(z ? (t), v ? (t)) + L(t, z ? (t), v ? (t)) = inf p(t), H(z ? (t), v) + L(t, z ? (t), v) for
almost every t ∈ [0, T ].

Remark 17
1. Given that an optimal process (z ? , v ? ) exists5 , the maximum condition
3 can be used to derive a feedback law
v∈V

v ? (t) ∈ arg min p(t), H(z ? (t), v) + L(t, z ? (t), v).

2. Lemma 16, basically leads to a boundary value problem with initial conditions for
the states and terminal conditions for the adjoint states, that provides necessary
conditions for global optimality of Problem 3.

We summarize the described method to approximate the smoothing density introduced
so far. It basically consists of the following three steps, that provide a solution to Problem 3:

Step 1 Fix a mixture of exponential families of probability densities, e.g., the mixture of
multivariate normal densities. Theorem 9, that simplifies to Proposition 11 for the
multivariate normal densities, characterizes the approximate posterior SDE (15) whose
solution admits marginal densities evolving in the chosen mixture of exponential families.

Step 2 Given the approximate posterior SDE (15), we derive an optimal control formulation
of Problem 3. For the mixture of multivariate normal densities, this derivation is
presented in Sections 4 and 5 and finally leads to the OCP (28).

Step 3 Necessary conditions for optimality of the OCP (28), and hence for Problem 3, can
be derived from Pontryagin’s maximum principle and result in a structured boundary
value problem.

JMLR 17(190):1-37

5. Existence of an optimal process can be assured by standard existence results, see for example (Clarke,
2013, Theorem 23.11).

16

17
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We continue the geometric Brownian motion example started in Sections 2.1 and 4.3 and
formulate the corresponding optimal control problem (28). Recall that the state variable is
defined as z(t) := (mt , St , Ct , Dt ) and the control variable as v(t) := (At , Bt ). The ODEs for

5.3 Example: Geometric Brownian Motion

Remark 19 (Semidefinite programming) Solutions to the OCP (28) can be characterized via the so-called weak formulation which consists of an infinite-dimensional linear
program, see (Lasserre, 2010, Chapter 10) for details. Therefore, numerical approximation
schemes to such infinite-dimensional linear programs, that have been studied in the literature, can be employed to solve Problem 3. This approach seems particularly promising
when the data of the OCP (dynamics and costs) are described by polynomials, as then
the seminal Lasserre hierarchy based on solving a sequence of semidefinite programs, is
applicable Lasserre (2001, 2010).

If the initial condition to the OCP (28) is known, the PMP, Lemma 16, reduces to a boundary value problem, that can usually be solved numerically more efficiently than (S)PDEs
by using numerical methods specifically tailored to these problems, such as the shooting
method, see Stoer and Bulirsch (2002). Therefore, the major computational difficulty of
the presented variational approach lies in estimating the initial condition to the OCP (28),
for example via estimating the smoothing density at initial time. A straightforward, however clearly not efficient, method for that is solving the Pardoux equation (8), as explained
in Section 2, which we used in the numerical examples in Section 8. As such, whereas
the standard PDE approach for computing a smoothing density requires solving a Zakai
equation and the Pardoux equation (8), the presented variational approach relies on only a
Pardoux equation and the mentioned boundary value problem. This can usually be seen as
a reduction in terms of computational effort required and is demonstrated by two numerical
examples in Section 8, Table 1. Moreover, for future work, we aim to study the derivation of
an estimator for the marginal smoothing density at terminal time without solving a Pardoux
equation, that would then allow us to apply the proposed variational approximation method
to high-dimensional problems, see Section 9 for more details. Another idea to circumvent
the estimation of this mentioned terminal condition is to use an alternative approach to the
PMP, for characterizing a solution to the OCP (28) that is briefly described in the following
remark.

5.2 Computational complexity

+

X0κ = x0 ,

0 ≤ t ≤ T,

(29)

18
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parametrized by κ. The observation process can be modeled by (2), but as discussed in the
next section, the approach discussed below can also be used with necessary modifications
for a discrete observation process.
κ
As a natural notation, for each parameter κ, the probability distribution of X[0,T
] on
κ
C will be denoted by Πprior . Given a sample path {yt : 0 ≤ t ≤ T } of the observation process Y[0,T ] , the objective is to select an optimal κ? ∈ Rd such that the observation process (Yt )t∈[0,T ] in (2) has a high probability of reproducing the given data y.
This is basically the inference scheme based on classical maximum likelihood estimation,
and we propose an algorithm similar to the lines of expectation maximization (EM) algorithm (see Cappé et al. (2005) for a comprehensive survey), which aims to obtain the optimal κ? through multiple iterations.
Recalling (14), for each κ, we define I κ (HT (·, y)) :=

R
κ
− log
exp (−HT (·, y)) dΠprior . As already noted in Section 3, for each parameter κ, the
term I κ (HT (·, y)) provides the total information available through the sample path y, and
can be interpreted as the negative log-likelihood of y given the parameter κ. However, minimizing this negative log-likelihood function, even if numerical evaluation of it can be done,
usually is a hard problem. But, as mentioned in Section 3, Lemma 2 and non-negativity
of the relative entropy together imply that an upper bound
to this
log-likelihood

 negative


term is given by the apparent information, F(Q, κ) := D Q||Πκprior +EQ HT (·, y) . The advantage of this observation is that this upper bound to the negative log-likelihood function
is also the objective function in Problem 3, for which the program for finding the minimizer Q is by now well-established. Therefore instead of minimizing the actual negative

dXtκ = f (Xtκ , κ)dt + σ(Xtκ , κ)dWt ,

The goal of this section is to outline the use of the techniques, developed so far for path
estimation, for inference of parameters in a hidden Markov model. We consider a class of
dynamical systems

6. Parameter inference

where, in order to derive the cost function above, the first two inverse moments of Xt with
respect to Q have been approximated.
to the non-negativity
of
 −1 Due−1


 the
−2GBM, we use2 the
approximation EQ Xt−1 ≈ EQ Xt
= mt and EQ Xt−2 ≈ EQ Xt
= (St + mt )−1 ,
whose accuracy has been investigated in Garcia and Palacios (2001).

A2t
2
2λ (m2t +

At (λ2 + Bt − κ) (λ2 + Bt − κ)2
+
+ At C t + y t At
λ2 mt
2λ2
St )

+ mt Ct (λ2 + Bt − κ) + At Dt + yt (λ2 + Bt )


1 2 2
1
+ (m2t + St )
λ Ct + Dt (λ2 + Bt − κ) + + λ2 yt Ct
2
2

λ2
+ (m3t + 3mt St ) λ2 Ct Dt + λ2 yt Dt + (m4t + 6m2t St + 3St2 ) Dt2 ,
2

the state variables are given by (21), (25) and (26). The objective function of the optimal
control problem (28) can be expressed as F (x(T )) = −yT mT and

Remark 18 It is important to note that the presented method chooses the best approximating SDE in a desired class using an objective distance measure between the corresponding probability distributions. One crucial advantage of this approach is that this distance
could be quantified and numerically calculated (note that the first term in Lemma 2 can
be directly computed and the remaining two terms form the objective function of the optimal control problem considered), and hence the user gets an excellent estimate on the
necessary approximating error. For instance, Figure 1d and Figure 2d demonstrated the
accuracy of corresponding approximating SDEs by plotting the relative entropies between
the approximate models and the exact ones for the two examples considered in the paper.
L(t, z(t), v(t)) =

Sutter, Ganguly and Koeppl
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Rn

(

w(x, T ) = 1,

dw(x, t) = −Aw(x, t)dt

p(x, 0) = p0 (x),

dp(x, t) = A∗ p(x, t)dt

where p(x, t) and w(x, t) in between the observation times are the solutions to the
(

Kolmogorov forward equation:

Kolmogorov backward equation:

k

2

N 
X
1
i=1

where η : [0, T ] → [0, T ] is defined as


kRk−1 h(Xi , ti )k2 − yi> Rk−1 h(Xi , ti ) .

h̄(Xs , s) ds + Bt . Notice that for each k,

η(t) = tk ,
0

Rt

20

(34)

(35)

(36)

(37)

(38)
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Ỹk+1 − Y˜k = (tk+1 − tk )1/2 h(Xk , tk ) + (B(tk+1 ) − B(tk )),

Define the observation model Ỹt =

if tk ≤ t < tk+1 .

One way to see this is to recast the discrete model in the traditional setup of Section 2,
and then use the Kallianpur-Striebel theorem. To do this, first assume that without loss of
generality Rk = I. Define the function h̄ : C × [0, T ] → Rn by
X
(tk+1 − tk )−1/2 h(x ◦ η(t), η(t))1{tk ≤t<tk+1 } ,
h̄(x, t) =

HT (X, y) :=

Similar to the continuous time measurement model, it can be shown that the smoothing density solves the Kolmogorov forward equation given by (10), with drift function
g(x, t) := f (x) + a(x)∇ log w(x, t), where w is the solution to
 (35). As before, we denote
the prior probability measure by Πprior (A) = P X[0,T ] ∈ A and the posterior probabil

ity measure, induced by the solution to (10), by Πpost (A, Y ) = P X[0,T ] ∈ A|FTY , where
FTY = σ(x0 , Y1 , . . . , YN ). Let yk denote a realization of the observation process at the time
tk . The variational approximation derived in Section 3, and, in particular, Problem 3 carries
over to the discrete time observation setting considered here. As before, the path to the
objective function starts from Lemma 2, which holds in this case with

punctuated by jumps at the data points tk for k = 1, . . . , N


1
p(x, t+ ) ∝ p(x, tk ) exp yk> R−1 h(x, tk ) − h(x, tk )> Rk−1 h(x, tk )
k
k
2


1
w(x, tk ) ∝ w(x, tk+ ) exp yk> Rk−1 h(x, tk ) − h(x, tk )> Rk−1 h(x, tk ) .
2

(33)
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(31)

(32)

p(x, t)w(x, t)
,
p(x, t)w(x, t)dx

Variational inference for hidden diffusion processes

φ(x)p(x, t) dx

φ(x)PS (x, t) dx,

JMLR 17(190):1-37

PS (x, t) = R

where φ is any measurable function from Rn to R. It is well known (see (Eyink, 2000,
Appendix) for a derivation) that the smoothing can be expressed as

EM-type algorithm
i = 0, κi := κ̂0
i≤M
compute Qi by solving Problem 3 with parameter κi
update parameter as κi+1 ∈ arg min F(Qi , κ)

set i → i + 1

κ

log-likelihood, we minimize an upper bound of it. The path to find the right parameter κ
corresponding to the sample path y is now quite standard in statistics. After initialization
of the parameter κ, we find the optimal Q by solving the Problem 3, and then in the subsequent step, for this Q we obtain the optimal parameter κ by minimizing F(Q, κ). This
yields an iterative EM-type algorithm whose details are given below.

initialize
while
Step 1:
Step 2:
Step 3:

Remark 20 Analyzing convergence of the above algorithm and consistency of the above
corresponding estimator is the next important step and will be addressed in our future
projects.
We refer to Section 8 for a numerical visualization of this variational parameter inference
method applied to two examples and to Section 9 for a discussion about convergence and
consistency of the estimator as a topic of further research.

7. Discrete time measurement model
In most practical examples, the measurements of physical quantities are processed by computers, and as such the data available are obtained only at discrete times, potentially restricted to a low number. The goal of this section is to outline how the discussed variational
approximation scheme adapts naturally to such cases with obvious modifications.
N
In this case the signal process (1) is observed through noisy measured data y := {yk }k=1
at discrete times t1 ≤ t2 ≤ . . . ≤ tN ≤ T . The canonical model for the observation process
is thus given by
Yk = h(Xk , tk ) + ρk , for k = 1, . . . , N,
(30)

Z

where Xk := Xtk , h : Rn × R → Rn is a measurable function, the ρk are Rn -valued i.i.d.
Gaussian random variables with zero mean and covariance Rk , and they are independent of
x0 and σ(Ws : s ≤ T ). We consider m such that tm ≤ t < tm+1 and similarly to Section 2
define the filter density p and smoothing density PS by
Z


E φ(X(t))|Y1 , . . . , Ym , x0 =



E φ(X(t))|Y1 , . . . , YN , x0 =

19

(tk+1 − tk )−1/2 (Ỹk+1 − Y˜k ) = h(Xk , tk ) + ρ̃k ,

i=1


N 
X
1
ι(Xt , t) =
yi> Rk−1 h(Xi , ti ) − kRk−1 h(Xi , ti )k2 δ(t − ti ).
2

(40)

be a local minimizer for the optimal

21
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1. the adjoint equation ṗ(t) = −∇z p(t), H(z ? (t), v ? (t)) −∇z L(t, z ? (t), v ? (t)) for almost
all t ∈ [0, T ];


2. the transversality conditions p(ti ) = p(t−
i ) − ∇z EQ ι(X, ti ) for i = 1, . . . , N and
p(T ) = 0;

Lemma 22 (Extended PMP) Let the process (z ? (t), v ? (t))t∈[0,T ] be a local minimizer for
the problem (28). Given Assumption 21, then there exists an absolutely continuous function
p : [0, T ] → Z satisfying

(ii) v ? is measurable and essentially bounded.

(i) Assumptions 15(i) and (ii);

Assumption 21 Let the process
control problem (28), that satisfies

(z ? (t), v ? (t))t∈[0,T ]

Section 4 is independent of the considered measurement model, and by following Section 5
we arrive at an optimal control problem (28), where the cost functional is replaced by (39).
The derivation of necessary conditions for global optimality of the optimization problem
(28), compared to the continuous time measurement model, here is somewhat nonstandard,
due to the Dirac delta terms (40) involved in the Lagrangian. However, the problem can
be seen as an OCP with so-called intermediate constraints, for which an extension of the
PMP is available Dmitruk and Kaganovich (2008).

where

which leads to (38). Therefore, in this case the objective function in Problem 3 can be
expressed as

Z T 



1
(39)
D Q||Πprior + EQ HT (·, y) =
EQ ku(Xt , t) − f (Xt )k2a(Xt ) + ι(Xt , t) dt,
2
0

k=1

Law
Law
where ρ˜k = ρk ∼ N (0, I). In other words, (tk+1 − tk )−1/2 (Ỹk+1 − Y˜k ) = Yk , and in this
senseRthe discrete measurement model can be subsumed in the observation model given by
t
Ỹt = 0 h̄(Xs , s) ds + Bt .
Notice that by the definitions of Ỹ and h̄, the exponent in Kallianpur-Striebel formula
is given by
!
Z T
Z T
N
X
(Ỹk+1 − Y˜k )>
1
1
2
2
h(Xk , tk )
kh̄(X, s)k ds − h̄(X, s)dỸ (s) =
kh(Xk , tk )k −
2
(tk+1 − tk )1/2
0
0 2
k=1

N 
X
1
Law
=
kh(Xk , tk )k2 − Yi> h(Xk , tk ) ,
2

and hence

Variational inference for hidden diffusion processes

sup
v∈M([0,T ],V)

p(t), H(z ? (t), v(t)) + L(t, z ? (t), v(t)) for almost all t ∈ [0, T ].

are i.i.d. normal random variables with zero mean, standard deviation R

Yk = Xtk + ρk ,

22
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PDE approach. As explained in Section 7, the smoothing density can be characterized by
(33) that is the (normalized) product of two densities w and p. The first density satisfies
equation (35) with jump
conditions
(37) at the measurement times and terminal condition


2
1
N)
w(x, T ) = √2πR
exp −(x−y
. Its marginals are shown in Figure 1a. The second density,
2R2
called the filter density, is given
(34) with jump conditions (36) and initial
 by equation

2
1
condition p(x, 0) = √2πxσ
exp −(log2σx−µ)
that is given by (11). Its marginals are shown
2
in Figure 1b. The smoothing density is depicted in Figure 1c as the solid line.

where
and tN = T .

{ρk }N
k=1

As presented in Sections 2.1, 4.3 and 5.3 we consider a one-dimensional geometric Brownian
motion (GBM) (11) and assume that the available data are noisy observations {yk }N
k=1 at
time tk , modeled by the observation process

8.1 Geometric Brownian motion

In this section, we present two examples to illustrate the performance of the variational
approximation method introduced. Both examples have important applications in mathematical finance. As a first example, we consider the geometric Brownian motion that we
introduced as a running example in Sections 2.1, 4.3 and 5.3. The second example is concerned with the Cox-Ingersoll-Ross process, that is often used for describing the evolution
of interest rates Cox et al. (1985).

8. Simulation results

2. Lemma 22, basically leads to a boundary value problem, that provides necessary
conditions for optimality of Problem 3. See Section 5.2 for a discussion about how
to numerically solve it. We refer to the numerical examples in Section 8 for the
performance of such a solution.

Remark 23
1. Note that the data (measurements) enter the expression through the
cost function, namely the term (40), which is nonzero only at measurement times
{ti }N
i=1 and leads to jumps in the adjoint state.

Proof Follows directly from Dmitruk and Kaganovich (2008), when transforming problem
(28) into an OCP with intermediate constraints.

=

p(t), H(z ? (t), v ? (t)) + L(t, z ? (t), v ? (t))

3. the maximum condition

Sutter, Ganguly and Koeppl
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Variational approximation. The variational approximation is derived similarly to the GBM
example 8.1, where we chose a drift function for the approximating
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Variational approximation. Following Section 4.3, the drift function for the approximating
for 0 ≤ t ≤ T and assume that the available data are noisy observations {yk }k=1
at time
SDE (15) has to be chosen as (24). The optimal control problem can be formulated along the
tk , modeled by an observation process
lines of Section 5.3, choosing the discrete-time measurement setting presented in Section 7.
Yk = Xtk + ρk ,
Note that Assumption 21 can be easily verified to hold, if we restrict the optimizers in (28)
to bounded controls. We solve the boundary value problem obtained from Lemma 22 under
where ρk are i.i.d. normal random variables with zero mean, standard deviation R and
the assumption that the smoothing density at initial time is available, see Section 5.2 for
tN = T .
a discussion about this assumption. The solution is depicted in Figure 1c as the dashed
line. Finally, Figure 1d shows the relative entropy between
the marginals of the smoothing
PDE 14approach. As in the GBM example 8.1, we solve the underlying PDEs introduced
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6. consists of solving the two PDEs (34) and (35)
7. consists of the PDE (35) and the boundary value problem in order to solve Problem 3

The paper is devoted to a variational method for estimating paths of a signal process in
a hidden Markov model. In particular, this leads to approximations of smoothing density which can be used to reconstruct any past state of the signal process given a full set
of observations. A crucial fact that plays an important role in our method is that the
smoothing distribution is induced by a posterior SDE which itself is a modification of the
original signal process. The presented variational approach proposes an approximate SDE
which minimizes the relative entropy between the posterior SDE and a class of SDEs whose
marginals belong to a chosen mixture of exponential families. In the simplest case of normal marginals and a posterior SDE with constant diffusion term, the approximating SDE
consists of a linear drift and constant diffusion term, which is well known. It is shown that
the prescribed approximation scheme can be formulated as an optimal control problem, and
necessary conditions for global optimality are obtained by the Pontryagin maximum principle. The resulting numerical methods have considerable computational advantages over
numerically solving the underlying (S)PDEs, that is highlighted by two examples. The developed approximation scheme is then used for designing an efficient method for parameter
inference for SDEs.

9. Conclusion

value of κ = 1 indicating the efficacy of our algorithm. Also, the algorithm converges very
fast.
Table 1 summarizes the runtimes of the two numerical examples above. It can be seen
that the boundary value problems provided by the maximum principle can be solved by
roughly one magnitude faster than the backward PDE (35), that is the reason for the
speedup of the variational approach compared to the PDE approach. Moreover, it is highlighted that the main computational effort in the variational approach is needed to estimate
the marginal smoothing density at initial time, which is done by solving the backward PDE
(35). If, however, the backward density at initial time could be estimated in a more efficient way, e.g., by using an MCMC method, the proposed variational approximation method
could be applicable to high-dimensional problems.

Geometric Brownian motion Cox-Ingersoll-Ross
2.02 s
1.33 s
2.87 s
2.38 s
0.10 s
0.23 s
4.89 s
3.70 s
2.97 s
2.61 s
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For future work, as mentioned in Section 5.2, we aim to study how to efficiently estimate
the backward density at initial time. Then, the presented variational approximation method
reduces to solving a PMP-shooting-type boundary value problem that is tractable even in
relatively large dimensions, compared to PDEs. Additionally, it would be interesting to
study numerical methods specifically tailored to the boundary value problems resulting
from the maximum principle, such as the shooting method, see Stoer and Bulirsch (2002)
for a comprehensive summary, as well as the approach of solving the optimal control problem
via its weak formulation as pointed out in Remark 19.
Our future projects will also delve into analyzing the convergence of the EM-type algorithm
used for parameter inference as well as the properties of the obtained estimators. We will
also focus on refining the basic inference algorithm to get better efficiency and speed. One
promising path to take in this direction would be designing of suitable adaptive EM-type
algorithms. It is also conceivable that the ideas mentioned in the paper can be combined
with suitable MCMC schemes or techniques known as Assumed Density Filtering, see Harel
et al. (2015), to get better accuracy and efficiency in high-dimensional models.

Table 1: Runtime comparison. The presented variational approach for approximating
the smoothing density is compared with the standard PDE approach for the two examples
in Sections 8.1 and 8.2. All simulations are performed on a 2.3 GHz Intel Core i7 processor
with 8 GB RAM using Matlab.

Forward PDE (34)
Backward PDE (35)
Boundary value problem
PDE approach6
Variational approach7

Sutter, Ganguly and Koeppl

Variational inference for hidden diffusion processes

Variational inference for hidden diffusion processes

Appendix A. Derivation of Equation (10)
We consider the one-dimensional case; an extension to the multi-dimensional case is straightforward. According to (9) the smoothing density is given by PS (x, t) = K(t)p(x, t)w(x, t),
−1
R
where K(t) := Rn p(x, t)w(x, t)dx . The main idea is to recall that the process (K(t))t∈[0,T ]
is known to be almost surely constant (Pardoux, 1981/82, Theorem 3.2). Therefore
∂
∂
∂
PS (x, t) = K(t)p(x, t) w(x, t) + K(t)w(x, t) p(x, t)
∂t
∂t
 ∂t

1
PS (x, t)
−f (x)w0 (x, t) − a(x)w00 (x, t) − w(x, t)h(x)> dYt
=
w(x, t)
2
 




f (x)PS (x, t) 0 1 a(x)PS (x) 00 PS (x, t)
+ w(x, t) −
h(x)> dYt .
+
+
w(x, t)
2
w(x, t)
w(x, t)

The proof follows by a straightforward computation. We compute in a preliminary step




f (x)PS (x, t) 0
1
= 2
f 0 (x)PS (x, t)+f (x)PS0 (x, t) w(x, t) −f (x)PS (x, t)v 0 (x, t) ,
w(x, t)
w (x, t)

and



a(x)PS (x, t) 00
1
=
a00 (x)P (x, t) + 2a0 (x)P 0 (x, t) + a(x)P 00 (x, t)
S
S
S
w(x, t)
w(x, t)

1
− 2
2w0 (x, t)a0 (x)PS (x, t) + 2w0 (x, t)a(x)PS0 (x, t) +a(x)PS (x, t)w00 (x, t)
w (x, t)

1
2a(x)PS (x, t)w0 (x, t)2 .
w3 (x, t)

+
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Using this two preliminaries, we get
∂
P (x, t)
S
∂t
1
= −f 0 (x)PS (x, t) − f (x)PS0 (x, t) + a0 (x)PS0 (x, t) + (a00 (x)PS (x, t) + a(x)PS00 (x, t))
2

1
−
a0 (x)w0 (x, t)PS (x, t) + a(x)w00 (x, t)PS (x, t) + a(x)w0 (x, t)PS0 (x, t)
w(x, t)
1
a(x)w0 (x, t)2 PS (x, t)
+
w2 (x, t)

1
a0 (x)w0 (x, t)PS (x, t)
= − f 0 (x)PS (x, t) + f (x)PS0 (x, t) +
w(x, t)


1
+ a(x)w00 (x, t)PS (x, t) + a(x)w0 (x, t)PS0 (x, t) − 2
(a(x)w0 (x, t)2 PS (x, t))
w (x, t)
0
1
+ a0 (x)PS (x, t) + a(x)P 0 (x, t)
S
2


0
00
w0 (x, t)
1
=−
f (x) + a(x)
PS (x, t) + a(x)PS (x, t)
w(x, t)
2


0

0 
00
1
= − f (x) + a(x) log w(x, t) PS (x, t) + a(x)PS (x, t) ,
2
and as such (10) holds.
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(k)
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(1)

Appendix B. Proof of Theorem 9

Consider an arbitrary curve t 7→ p(·, Θt , . . . , Θt ) evolving in EM(c(1) , . . . , c(k) ). Define a
diffusion
dZt = u(Zt , t)dt + σ(Zt )dBt , Z0 = x0 ,

i=1 j=1

n
n

1 X X ∂2 
(1)
(k)
aij (x)p(x, Θt , . . . , Θt ) .
2
∂xi ∂xj

(43)

with the given diffusion coefficient a(·) = σ(·)σ(·)> . Clearly the density of Zt coincides
(1)
(k)
(1)
(k)
with p(·, Θt , . . . , Θt ) if and only if p(·, Θt , . . . , Θt ) satisfies the Kolmogorov forward
equation for Zt , i.e.,

+

i=1

n
(1)
(k)

X
∂p(x, Θt , . . . , Θt )
∂ 
(1)
(k)
ui (x, t)p(x, Θt , . . . , Θt )
=−
∂t
∂xi

γi (x, t) :=

gi (x, t) :=

−1

(1)

(k)

k
X

(1)

(k)

(k)

D
E
(`)
(`)
(`)
ν` p` (x, Θt ) Θ̇t , Ii (x) .

∂
n
n
1X ∂
1X
∂x p(x, Θt , . . . , Θt )
aij (x) j
aij (x) +
(1)
(k)
2
∂xj
2
p(x, Θt , . . . , Θt )
j=1
j=1

(1)

(45)

(44)

We will show this in two steps that (43) holds for the proposed drift term. Consider the
decomposition ui (x, t) = gi (x, t) + γi (x, t) for all i = 1, . . . , n, where

and

`=1

) := p(x, Θt , . . . , Θt ).

p(x, Θt , . . . , Θt )

(1:k)

We use the shorthand notation p(x, Θt

Claim 24 The functions gi defined in (44) for all i = 1, . . . , n satisfy

i=1 j=1

n X
n
n



X
X
1
∂2 
∂
(1:k)
(1:k)
gi (x, t)p(x, Θt ) =
aij (x)p(x, Θt ) .
∂xi
2
∂xi ∂xj
i=1

Claim 24 follows from a straightforward computation, see Appendix B in the extended
version Sutter et al. (2015) for a detailed derivation.

i=1

Claim 25 The functions γi defined in (45) for all i = 1, . . . , n satisfy


n
X
∂
∂
(1:k)
(1:k)
p(x, Θt ) = −
γi (x, t)p(x, Θt ) .
∂t
∂xi
Proof.
k

`=1

k

`=1
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X

k
D
E
∂
(`)
(1:k)
(`)
(`)
ν` p` (x, Θt ) Θ̇t , Ii (x)
p(x, Θt )
∂xi

`=1

E
X ∂
X D (`)
∂
(1:k)
(`)
(`)
(`)
p(x, Θt ) =
ν` p` (x, Θt ) =
ν` Θ̇t , c(`) (x) − ∇θ ψ` (Θt ) p` (x, Θt ).
∂t
∂t
Moreover,
∂
1
γi (x, t) =
(1:k)
∂xi
p(x, Θt )2

28

−∞

(1:k)

p(x, Θt

)

`=1

k
X

ν`

D

D
E
E
(`)
(`)
Θt , c(`) (x) − ψ` (Θt )] ,

(`)
(`)
(`)
Θ̇t , ϕi (x, Θt ) exp[

=

i=1

`=1

k
X

`=1

i=1

(`)

(`)

(`)

(`) −1

ϕ1,i ((x−i , ξi ), Θt ) := θt

(`)

(`)

(`)

29

(`)

Ei θt (c1 (x−i , ξi ) − ∇η ψ` (Θt ))
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ϕ1,i : Rn × H → Rn and ϕ2,i : Rn × H → Rn×n for ` = 1, . . . , k. Let ϕ1,i and ϕ2,i be defined
as

(`)

The proof basically requires Theorem 9 and two additional lemmas. We first propose in
(`)
Lemma 26 a choice of functions ϕi that satisfy (18) in Theorem 9. Then we show in a
second step, in Lemma 27, that for this choice the integral terms (17) admit a closed form
expression. We start with a few preparatory results that are needed to prove Proposition 11.
Note that ∇Θ ψ(Θ) = (∇η ψ(Θ), ∇θ ψ(Θ)) ∈ H and recall that according
 to (Bernstein, 2009,
d
p.631) for A ∈ Rn×m , B ∈ Rm×n and X ∈ GL(n, R) dX
tr AX −1 B = −X −1 BAX −1 and

d
−1 B = −X −1 B(AX −1 B)−1 AX −1 and therefore
dX log det AX


1
1 > −1 1
∇η ψ(Θ) = − θ−1 η,
∇θ ψ(Θ) = θ−1
ηη θ − In .
(46)
2
4
2


(`)
(`)
(`)
(`)
Lemma 26 Consider the functions ϕi : Rn × H → H, where ϕi = ϕ1,i , ϕ2,i with

Appendix C. Proof of Proposition 11

The two claims imply (43) and hence complete the proof.

(`)

E
∂
(1:k)
(`)
(`)
(`)
ν` p` (x, Θt ) Θ̇t , c(`) (x) − ∇θ ψ` (Θt ) = p(x, Θt ),
∂t

D

`=1

!

 X
n
k
n D
E
X
X
∂
(1:k)
(`)
(`)
(`)
(`)
−
γi (x, t)p(x, Θt ) =
ν` p` (x, Θt )
Θ̇t , ϕi (x, Θt )
∂xi

where we used (18).

and

Therefore,

 



∂
∂
∂
(1:k)
(1:k)
(1:k)
γi (x, t)p(x, Θt ) =
γi (x, t) p(x, Θt ) + γi (x, t)
p(x, Θt )
∂xi
∂xi
∂xi
k
D
E
X
(`)
(`)
(`)
(`)
=−
ν` Θ̇t , ϕi (x, Θt ) p` (x, Θt ),

D
E
(`)
(`)
(`)
p` (x, Θt ) Θ̇t , Ii


Z xi
D
E
(`)
(`)
(`)
(`)
(`)
= Θ̇t ,
ϕi ((x−i , ξi ), Θt ) exp[ Θt , c(`) (x−i , ξi ) − ψ` (Θt )]dξi .

where we used

−

1
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(`)

(`) −1

i=1

i=1

n D
E X
E D
E
(`)
(`)
(`)
(`)
(`)
(`)
(`)
(`)
(`)
Θ̇t , ϕi (x, Θt ) =
η̇t , ϕ1,i (x, Θt ) + θ̇t , ϕ2,i (x, Θt ) ,

i=1

i=1

(`)

+

− ∇η ψ` (Θt ))

(`) > (`) −1
θt

tr(AB ) = tr(AB).

>

(`)

θ̇t , xηt



=



(`)

(`) −1 (`) >
ηt x

θ̇t , θt

are chosen according to Lemma 26. Then,

30

, since
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D
E
1 (`) −1
(`)
(`)
ei exp Θt , c(`) (x−i , si ) − c(`) (x)
I1,i (si , x) = θt
2
1 (`) −1
(`)
(`)
(`)
(`) −1
I2,i (xi , x) = θt
ei (2θt x − ηt )> θt
.
4

where the functions

(`)
ϕj,i

−∞

Lemma 27 For i = 1, . . . , n, j = 1, 2 and ` = 1, . . . , k consider
Z si
D
E
(`)
(`)
(`)
(`)
Ij,i (si , x) :=
ϕj,i ((x−i , ξi ), Θt ) exp Θt , c(`) (x−i , ξi ) − c(`) (x) dξi ,

for A ∈ Sym(n, R) and B ∈

Rn×n





D
E
(`) (`)
(`)
= η̇t , c1 (x) − ∇η ψ` (Θt )

n 
E 
X
(`)
(`)
(`)
(`)
(`) −1
(`) (`)
(`)
θ̇t , ϕ2,i (x, Θt ) = θ̇t ,
Ei θt (c2 (x) − ∇θ ψ` (Θt ))
θt

i=1

(`) (`)
(`) −1
θt
Ei θt (c1 (x)


1 (`) −1
1 (`) −1
(`)
(`) > (`) −1
(`)
+ θt
Ei θt xηt θt
Ei ηt x>
− θt
2
2



D
E 1
1
(`) (`)
(`)
(`)
(`) > (`) −1
(`) (`) −1 (`) >
+
= θ̇t , c2 (x) − ∇θ ψ` (Θt ) −
ηt x
θ̇t , xηt θt
θ̇t , θt
2
2
D
E
(`) (`)
(`)
= θ̇t , c2 (x) − ∇θ ψ` (Θt ) ,

n D
X

i=1

n
X

where we have used in the last step that

and

=

(`)
η̇t ,

*

consisting of the two components

n D
n 
E X
X
(`)
(`)
(`)
(`) (`) −1
(`) (`)
(`)
η̇t , ϕ1,i (x, Θt ) =
η̇t , θt
Ei θt (c1 (x) − ∇η ψ` (Θt ))

i=1

n D
X

Proof of Lemma 26. According to (19) we have


1 (`)
1 (`)
(`) −1
(`) >
(`)
.
− θt (x−i , ξi )ηt
+ ηt (x−i , ξi )> θt θt
2
2


(`) (`)
(`)
(`)
Ei θt (c2 (x−i , ξi ) − ∇θ ψ` (Θt ))Θt

Then, (18) holds for all ` = 1, . . . , k.

(`)

ϕ2,i ((x−i , ξi ), Θt ) := θt
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(`)

(`)

(`)
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(`)

Note that Ii (x) = (I1,i (xi , x), I2,i (xi , x)), where Ii (x) is the function defined in (17)
and ei denote the canonical basis vectors of Rn .
Proof of Lemma 27.
Z si
D
E
(`)
(`)
(`)
(`)
ϕ1,i ((x−i , ξi ), Θt ) exp Θt , c(`) (x−i , ξi ) − c(`) (x) dξi
I1,i (si , x) =
Z −∞
D
E
1 (`) −1 si
(`) (`)
(`)
(`)
= θ
Ei 2θt (c (x−i , ξi ) − ∇η ψ` (Θt )) exp Θt , c(`) (x−i , ξi ) − c(`) (x) dξi
1
2 t
−∞


Z
D
E
1 (`) −1 si
1 (`) −1 (`)
(`)
(`)
= θ
(x , ξ ) + θ
exp Θ , c(`) (x , ξ ) − c(`) (x) dξi
E 2θ
η
−i
i
−i
i
i
t
t
t
t
2 t
2
Z−∞ 

D
E
1 (`) −1 si
(`)
(`)
(`)
= θ
Ei 2θt (x−i , ξi ) + ηt exp Θt , c(`) (x−i , ξi ) − c(`) (x) dξi ,
2 t
−∞
D
E
(`)
where (46) was used. Consider the substitution z := Θt , c(`) (x−i , ξi ) − c(`) (x) that leads
to

(`)

(`)

(`) −1

D
E
1 (`) −1
(`)
(`)
ei exp Θt , c(`) (x−i , si ) − c(`) (x) ,
I1,i (si , x) = θt
2

−∞

(`) >

(`)

(`)

(`)

+ 2ηt (x−i , ξi )> θt

(`)

(`) (`) >

(`)

+ 2θt
2θt (x−i , ξi )(x−i , ξi )> 2θt − ηt ηt

D
E
(`)
(`) −1
exp Θt , c(`) (x−i , ξi ) − c(`) (x) dξi ,
θt

(`)

4θt (c2 (x−i , ξi ) − ∇θ ψ` (Θt ))θt − 2θt (x−i , ξi )ηt

D
E
(`)
(`) −1
exp Θt , c(`) (x−i , ξi ) − c(`) (x) dξi
θt

and the invese of a negative definite
where we used that θt ≺ 0, since θt = − 21 St
matrix is negative definite. For the second integral term
Z xi
D
E
(`)
(`)
(`)
(`)
ϕ2,i ((x−i , ξi ), Θt ) exp Θt , c(`) (x−i , ξi ) − c(`) (x) dξi
I2,i (x) =
−∞

Z xi
(`) (`)
(`)
(`)
(`)
(`) >
Ei
1 (`) −1
= θt
4

Ei

(x−i , ξi )> θt


xi

−∞

Z

(`)

+ 2ηt
1 (`) −1
= θt
4
(`)

− 2θt (x−i , ξi )ηt

1
2

xi

−∞

(`) −1

θt

Ei exp
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where we have used (46). By expanding terms and using integration by parts together with
the first assertion of this lemma
Z
1 xi 1 (`) −1
(`)
(`)
(`)
(`)
(`)
(`) −1
I (x) =
θ
Ei (2θt (x−i , ξi ) + ηt )(2θt (x−i , ξi ) − ηt )> θt
2,i
2 −∞ 2 t
D
E
(`)
exp Θt , c(`) (x−i , ξi ) − c(`) (x) dξi
Z
D
E
1 xi (`) −1
(`)
+
θt
Ei exp Θt , c(`) (x−i , ξi ) − c(`) (x) dξi
2
−∞
Z
1 (`)
1 xi (`)
(`)
(`)
(`) −1
(`)
(`) −1
= I1,i (xi , x)(2θt x − ηt )> θt
−
I (ξi , x)(2θt ei )> θt
dξi
2
2 −∞ 1,i
Z
D
E
(`)
Θt , c(`) (x−i , ξi ) − c(`) (x) dξi
+
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1 (`) −1
(`)
(`)
(`) −1
= θt
ei (2θt x − ηt )> θt
4
Z
D
E
1 xi 1 (`) −1
(`)
(`) (`) −1
−
θ
ei exp Θt , c(`) (x−i , ξi ) − c(`) (x) ei> 2θt θt
dξi
2
2 t
Z−∞
D
E
1 xi (`) −1
(`)
θ
Ei exp Θt , c(`) (x−i , ξi ) − c(`) (x) dξi
+
2 −∞ t
1 (`) −1
(`)
(`)
(`) −1
= θt
ei (2θt x − ηt )> θt
.
4

−1

(1)

p(x, Θt , . . . , Θt )

(k)

`=1

(1)

(k)

D
E
(`)
(`)
(`)
ν` p` (x, Θt ) Θ̇t , Ii (x) .

∂
n
n
1X
1X ∂
∂x p(x, Θt , . . . , Θt )
aij (x) +
aij (x) j
(1)
(k)
2
∂xj
2
p(x, Θt , . . . , Θt )
j=1
j=1

k
X

Proof of Proposition 11 We decompose the function ui (x, t), given by Theorem 9 into
ui (x, t) = gi (x, t) + γi (x, t) for all i = 1, . . . , n, where
gi (x, t) :=

γi (x, t) :=

k

`=1

*

(`)

∂c(`) (x)
∂xj

+
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D
E
(`)
(`)
exp[ Θt , c(`) (x) − ψ` (Θt )]

 >

D
E

(`)
(`)
(`)
(`)
ν` ηt ej + 2ej> θt x exp Θt , c(`) (x) − ψ` (Θt ) ,

D
D
E

E
(`)
(`)
(`)
ν` Θt , ej , ej x> + xej> exp Θt , c(`) (x) − ψ` (Θt )

Θt ,

k
X
1
(`)
γ(x, t) = −
ν` p` (x, Θt )
(1)
(k)
p(x, Θt , . . . , Θt ) `=1


1 (`) −1 (`) (`) −1 (`)
1 (`) −1 (`) 1 (`) −1 (`)
θ̇t x − θt
θ̇t θt
ηt
.
θ
η̇t + θt
2 t
2
4

As a preliminary step by invoking Lemma 27
D
E D
E D
E
(`)
(`)
(`)
(`)
(`)
(`)
Θ̇ , I (x) = η̇ , I (x) + θ̇ , I (x)
t
t
t
i
1,i
2,i

 

1 (`) −1 (`) > (`) −1
(`) 1 (`) −1
(`) 1 (`) −1
ei + θ̇t , θt
e i x > − θt
ei ηt θt
= η̇t , θt
2
2
4




1 (`)
1
1
(`) > (`) −1 >
(`) −1
(`) (`) −1
(`) (`) −1
= η̇t > (θt
)
ei ) + tr θ̇t (θt
ei x> )> − tr θ̇t (θt
ei ηt θt
2
2
4
1 (`)
1
1
(`) −1
(`) −1 (`)
(`) −1 (`) (`) −1 (`)
= η̇t > (θt
ei ) + ei> θt
ηt .
θ̇t x − ei> θt
θ̇t θt
2
2
4
Therefore,

Furthermore,

k
X

`=1

k
X

`=1

X
∂
(1)
(k)
p(x, Θt , . . . , Θt ) =
ν`
∂xj
=

=
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(`)

(1)

(k)

p(x, Θt , . . . , Θt )



(`)
(`)
(`)
`=1 ν` p` (x, Θt )a(x) ηt + 2θt x

Pk
.

`=1

(`)

ν` mt ,

St =

`=1

k
X

(`)



ν` St +

`=1

k
X

(`)

ν` mt mt

(`) >

−
`=1

k
X
(`)

ν` mt

!

`=1



(`) (`) −1
ν` Ep` XX > − mt mt



`=1

+

`=1

k
X

`=1

(`)

(`) −1

ν` mt mt

−
`=1

k
X

(`)

ν` mt

!
`=1

(`)

.

!>

!>

ν` mt

(`)

ν` mt

k
X

`=1

k
X

=

`=1

k
X
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h
i


 (`)
1
(`)
(`) (`)
(`)
ν` Ep` div a(X) + At + Bt mt + Ep` a(X) Ct + Ep` a(X)Dt X ,
2

Proof of Theorem 13 Consider a drift function u(x, t) given by (20). In view of Lemma

dmt
dt

28

=

k
X

`=1

Proof. The statement for the mean is straightforward. For the variance,
! k
!>
k
k
X
X
X


(`)
(`)
St =
ν` Ep` XX > −
ν` mt
ν` mt

mt =

k
X

Lemma 29 Mean mt and variance St satisfy

Proof. The equation for the mean is trivial. For the variance let Yt := Xt Xt> . According to Itô’s Lemma Øksendal (2003) dYt = Xt (u(X
+ σ(Xt )dBt )> + (u(Xt , t)dt
t , t)dt
 +

>


>
>
2
σ(Xt )dBt )Xt +σ(Xt )σ(Xt ) dt, and similarly dmt = mt E u(Xt , t) + E u(Xt , t) m>
t dt.
Hence,








dS(t) = E dY (t) − dm2t = E Xt u(Xt , t)> + E u(Xt , t)Xt> + E σ(Xt )σ(Xt )>

>

 >
−mt E u(Xt , t) − E u(Xt , t) mt dt.

Lemma 28 For an SDE of the form (15) the mean mt and covariance matrix St of Xt
satisfy


dmt = E u(Xt , t) dt,






dSt = E Xt u(Xt , t)> + E u(Xt , t)Xt> + E σ(Xt )σ(Xt )>
(47)


>


−mt E u(Xt , t) − E u(Xt , t) m>
dt.
t

Appendix D. Proof of Theorem 13

satisfy (18) as shown in Lemma 26, which then completes the

 1
1
g(x, t) = div a(x) +
2
2

Note that our choice of ϕi
proof.

and therefore
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ν`

(`)

dmt
dt
=
`=1
(`) (`)
Bt mt

= Ep`



dSt
dt

= 1. Therefore

(`)

`=1

k

dS X
=
+
ν`
dt

(`)

(`)

(`)

dmt
dt

!>

−

(`)

ν`

(`)

dmt
dt

`=1

k
X

(`)

dSt
dt

−

`=1

k
X

ν`

(`)

dmt
(`) >
(`)
mt + mt
dt

(`)

dmt
dt

!> !

>

−

.







= E Xt u(Xt , t)> + E u(Xt , t)Xt> + E σ(Xt )σ(Xt )>

dmt
dt

(50)

dmt >
m .
dt t
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k

 X

1
(`) (`) −1
(`)
(`) (`) >
(`)
E u(X, t)X > =
ν` Ep` div a(X) X > + At mt
+ Bt (mt mt + St )
2
`=1
h
i
h
i
(`)
(`)
+ Ep` a(X)Ct X > + Ep` a(X)Dt XX > ,

is given by (49). Next, we compute
 

k

 X
>
1
(`) (`) >
(`) (`) >
(`)
(`) >
E Xu(X, t)> =
ν` Ep` Xdiv a(X)
+ mt At + (mt mt + St )Bt
2
`=1
h
i
h
i
(`) >
(`)
+ Ep` XCt a(X) + Ep` XX > Dt a(X) ,
Recall that

Therefore,



,

.

(49)

(48)

!> !

!> !

(`)

dmt
dt

(`)

dmt
dt

dmt
m>
t − mt
dt

dmt
(`)
(`) >
) + (mt − mt )
(m>
t − mt
dt

is given according to Lemma 28, by

dS
ν` t
dt

(`)

dSt
dmt
(`)
(`) >
+
mt + mt
dt
dt







dSt
= E Xt u(Xt , t)> + E u(Xt , t)Xt> + E σ(Xt )σ(Xt )> − mt
dt

where

`=1

k
X

This implies

`=1

dSt X
ν`
=
dt

k

`=1 ν`

h
i

 (`)

1
(`)
(`) (`)
(`)
div a(X) + At + Bt mt + Ep` a(X) Ct + Ep` a(X)Dt X .
2



For the variance, we have according to Lemma 29

dt

(`)
dmt

Pk

h
i

 (`)
(`)
+ Ep` a(X) Ct + Ep` a(X)Dt X .


 

1
(`)
ν` Ep` div a(X) + At
2

+

k
X

Note that (48) has to hold for all ν` ≥ 0 such that

`=1

k
X

which can be simplified according to Lemma 29, such that
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k



 X


Ep σ(X)σ(X)> = Ep a(X) =
ν` Ep` a(X) ,
`=1

such that by evaluating (50) and by recalling that it has to hold for all convex combinations,
we get the assertion (23).
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1. The common convention in statistics is used that applies capital letters to refer to population attributes
and lower-case letters to refer to sample attributes.

This section starts with a short review of related work on sequence classification. The
necessary background of EVT is then reviewed.

2. Related work and EVT

The remainder of this paper is organized as follows. Section 2 is devoted to related work
on sequence classifications and provides an introduction to EVT. Subsequently, Section 3
introduces the EVT-based one-class classifier. In Section 4, the method is evaluated and
its limitations are discussed.

In contrast to existing novelty detection methods, EVT enables us to define a model
for the abnormal class, where data are sparse or even unobserved. This enables us to
circumvent the optimization of hyperparameters that is typically encountered in using oneclass classifiers and which often requires data from the abnormal class. In essence, the
use of EVT relies on extrapolation from the normal class, providing a class of models for
low-density regions; the latter are particularly beneficial for novelty detection, because the
decision boundary is expected to be situated in regions where data are sparse.

In this article the use of the use of extreme value theory (EVT) is introduced to tackle
classification of sets S (Embrechts et al., 1997). The Poisson point process (PPP) characterization of EVT is used to extract count data describing the number of times measurements
in S fall in low-density regions defined by X. Furthermore, asymptotic results are provided
in this article that allow us to unify this count information with the mean and maximal
excess in p(S) with respect to a low threshold e−u . The method is evaluated using synthetic
as well as real-world data, and is compared with commonly used algorithms for outlier detection such as one-class support vector machines (OCSVMs) and hidden Markov models
(HMMs).

This article considers one-class classification of ‘point patterns’, defined as sets of vectors
S = {x1 , . . . , xk }, k ∈ N0 located in data space Rd where each xi is a realization of a
random variable X 1 . We propose a statistical approach that starts from a probability
density function (PDF) y = p(x) associated with X that models the normal behaviour
described by a dataset D ⊂ Rd . Novelty detection then addresses the question of whether
a set S of vectors is drawn from the distribution X or not.

may contain outliers or anomalies. Novelty detection has a broad range of applications
ranging from intrusion detection in computer related systems; industrial damage detection;
to healthcare (Pimentel et al., 2014). All these applications have in common the fact
that data describing failure conditions (or other abnormal behaviour) are rare or even
absent, such that traditional classification methods may perform suboptimally. Novelty
detection provides an alternative approach that starts from a model of normal behaviour
and then detects deviations from this model (Bishop, 1994). It is for this reason that
novelty detection is also termed one-class classification where there is no explicit model for
‘abnormal behaviour’. It may also be described in terms of a hypothesis test, in which the
null-hypothesis is described by the model of normality.

Luca, Clifton and Vanrumste

Novelty detection is a particular example of pattern recognition that addresses the problem
of identifying new patterns in data that are previously unseen. It shares many similarities
with anomaly detection where one also wishes to detect abnormalities, but where in the
latter these may not necessarily be entirely novel; i.e. a small amount of the training data

1. Introduction

Novelty detection or one-class classification starts from a model describing some type of
‘normal behaviour’ and aims to classify deviations from this model as being either novelties
or anomalies.
In this paper the problem of novelty detection for point patterns S = {x1 , . . . , xk } ⊂
Rd is treated where examples of anomalies are very sparse, or even absent. The latter
complicates the tuning of hyperparameters in models commonly used for novelty detection,
such as one-class support vector machines and hidden Markov models.
To this end, the use of extreme value statistics is introduced to estimate explicitly a
model for the abnormal class by means of extrapolation from a statistical model X for
the normal class. We show how multiple types of information obtained from any available
extreme instances of S can be combined to reduce the high false-alarm rate that is typically
encountered when classes are strongly imbalanced, as often occurs in the one-class setting
(whereby ‘abnormal’ data are often scarce).
The approach is illustrated using simulated data and then a real-life application is used
as an exemplar, whereby accelerometry data from epileptic seizures are analysed - these
are known to be extreme and rare with respect to normal accelerometer data.
Keywords: Sequence classification; novelty detection; extreme value theory; class imbalance; asymptotic theory
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2.1 Related work
The problem setting in this article is an example of a collective novelty detection problem
where the individual instances within a set S are not classified with respect to the distribution X. Instead, the entire set S of vectors is considered to be one single instance that is
assigned a single label. This contrasts with conventional one-class classification, in which
every element of S is classified independently. Closely related to this problem is that of
sequential learning. However in the latter each instance of the set S is given a different
label. Widely-used machine learning techniques for sequential learning, such as HMMs and
conditional random fields (CRFs), are not able to learn from one class only (Bishop, 2006;
Sutton and McCallum, 2011). A commonly-used technique to tackle sequence classification
is to concatenate the separate labels that are obtained by applying a one-class classifier
(e.g., an OCSVM) to each instance xi separately. The mean novelty score of all instances,
for example, can be used to decide whether or not S is novel (Dietterich, 2002). This latter
approach, however, is more naturally expressed by taking a point-wise approach where,
from a statistical point of view, a number (k) of hypothesis tests are considered:

Luca, Clifton and Vanrumste

2.2 An introduction to EVT

EVT is a statistical discipline where the objective is to model the stochastic behavior of a
univariate process at unusally large (or small) levels. It has already been used for many applications ranging from biomedical engineering, structural health monitoring, meteorology,
and risk assessment in financial domains (Embrechts et al., 1997).

Mk = max{X1 , . . . , Xk },
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The central result in EVT is the Fisher-Tippett theorem concerning the limiting distribution of maxima of a sequence of independent and identically distributed (i.i.d.) random
variables X1 , . . . Xk according to a common distribution X:
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Figure 1: Different members of the GEV family in Eq. (3), with different values of the
shape parameter ξ. The dot in the figures indicates the abscis z = − 1ξ , where
the density is zero, (a) ξ = −2 where we see that when ξ ≤ −1 a short tail with
an upper bound is described (b) ξ = −0.4 where we see that when −1 < ξ < 0
maxima have an upper bound (c) ξ = 0 where the maxima have no upper- or
lower bound. Finally, (d) ξ = 0.8 where we see that for ξ > 0 the maxima have
a lower bound.

(c)

density

density

H0 : xi is a realization of X
H1 : xi is novelty with respect to X,

and Q(y) =

p−1 (]0,y])

where H0 denotes the so-called null-hypothesis and H1 the alternative hypothesis. Due to
the multiple hypothesis-testing problem, the number of false alarms can increase considerably for k > 1. Indeed, while each hypothesis test is chosen to have a small type-I error α
(i.e., the probability of wrongly classifying xi as being novel, which is a false positive), the
error of making at least least one type-I error among the k hypothesis tests corresponds to
α = 1 − (1 − α)k ; e.g., when α = 5% and k = 6, α = 26%.
To obtain the correct decision boundary corresponding to the significance level α, Clifton
et al. (2011) considered the univariate distribution over the probability density values p(x)
on the image Im(p) = {p(x) | x ∈ D} by reducing the multivariate analysis of the multidimensional data set D to an univariate analysis on Im(p). The PDF y = p(x) can be
obtained, for example, using a kernel density estimator (Scott, 1992). The distribution Y
of these densities is strongly related to that of X, with a density defined by:
Z
p(x)dx.
(1)
dQ
q(y) =
(y)
dy
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As will be made clear in the following section, univariate EVT can then be used to describe
sets S = {x1 , . . . , xk }, which have a typical minimal density with respect to y = p(x). In
this way, a distribution is obtained for the most ‘extreme’ vectors that possibly occur in
(truly ‘normal’) samples S drawn from X. A new set S it then evaluated by comparing
its most extreme vector w.r.t. this model of extremes. Although this approach enables
one to obtain a correct statistical type I-error α in testing S, its main drawback is that
is captures limited information concerning the set S (Luca et al., 2014b). Indeed, only
the single most extreme element in S is used to obtain a decision, while (non-extreme)
information contained in the remaining part of the set is discarded. In this article we show
how EVT can be used to include information contained in the remaining part of the pattern
S while maintaining the correct statistical type I-error when testing S.
3

density
density

k→+∞

i=1

0.5

1

0.2 0.4

(c)

1.5

(a)

2
z

0.6 0.8
z

2.5

1

3

3.5

4

1.4

ξ = −0.3
ξ = −0.5
ξ = −0.8

1.2

0
0

0.5

1

1.5

0
0

0.5

1

1.5

0.5

1

0.2 0.4

(d)

1.5

(b)

2
z

0.6 0.8
z

2.5

1

3

3.5

4

1.4

ξ=0
ξ = 0.8

1.2

5

JMLR 17(191):1-21

Figure 2: Different members of the GPD family in Eq. (3). The dot in the figures indicates
the abscis z = − 1ξ , where the density is zero, (a) ξ = −2, where ξ < −1, an
asymptote occurs at z = − 1ξ . (b) ξ = −1 corresponds to an uniform distribution
of excesses. (c) Different types of behaviour for −1 < ξ < 0 corresponding to
excesses with an upperbound. (d) For ξ > 0 the density has an intercept at
(0, 1).
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which approaches zero for each x < x+ , where x+ (possible +∞) denotes the rightmost
endpoint of the support of X.
The GEV family provides a model for block maxima, obtained by blocking (or windowing) the training data into blocks of equal length, and then fitting the GEV to the obtained

k→+∞

(5)

6

NAk : ω 7→ “number of points of Pk (ω) in A”
JMLR 17(191):1-21

where ck and dk are normalizing constants and ω denotes the stochastic event corresponding
to a realization Pk (ω) of the point process of exceedances. The indices are divided by the
factor k + 1 to rescale the process to the interval ]0, 1[, as illustrated in Figure 3. The point
processes Pk can be characterised by random counting measures, which assign to each subset
of the form A = [t1 , t2 ] × ]u + x, +∞[ ⊂ ]0, 1[ × ]u, +∞[ a random variable NA describing
the number of points of a realization that fall in region A:

An elegant way to describe extremes, and one that unifies the block and POT approaches
is based on Poisson point processes (PPPs). Any inference made using one of both above
approaches could equally be made using the PPP model because it can be parametrized
in terms of the GEV- and GPD- parameters. In this way, no extra computational effort is
needed when using the PPP model.
Generally a point process P on a subset U ⊂ Rd is a stochastic model for which any one
realization consists of a set of points {x1 , x2 , . . . xN } that are randomly located in U and
of which the number N is a random variable. The point processes closely related to EVT
are the point processes of exceedances and consider those observations from sequences of
random variables X1 , . . . Xk which exceed a threshold u.
In particular, for a fixed choice of k ∈ N, the point process of exceedances Pk is defined
on regions of the form U =]0, 1[ × ]u, +∞[ and considers those points that are situated in
the intersection:


i
Xi (ω) − ck
Pk (ω) = (
,
) | 1 ≤ i ≤ k ∩ ]0, 1[ × ]u, +∞[,
(6)
k+1
dk

2.3 Poisson point processes and EVT

denotes the family of generalized Pareto distributions (GPDs) where x ≥ 0 for ξ ≥ 0 and
0 ≤ x ≤ − 1ξ for ξ ≤ 0, as shown Figure 2. For the Gumbel case ξ = 0, the scaling factor
a(u) is given by E(X − u|X > u).

for some appropriate scaling factor a(u) and
(
1 − (1 + ξx)−1/ξ if ξ =
6 0
Hξ =
1 − e−x
if ξ = 0

set of block maxima. However, when these block are relatively large, this leads to using
only a few block maxima, which can bias the estimation process. An alternative approach
to overcome this problem is the so-called peaks over threshold (POT) method. In this
approach, complete tails of a distribution X are modelled, defined as those measurements
Xi of a sequence X1 , X2 , . . . that fall above some threshold u. A basic result of EVT states
that when (2) holds for some member Gξ (x) of the GEV-family, the distribution of the
exceedances X − u, conditional on X > u, satisfies the limiting property:


X −u
lim P
< x | X > u = Hξ (x)
(4)
u↑x+
a(u)

for some normalizing constants ck , dk , the limiting distribution Gξ (x) is a member of the
so-called family of generalized extreme value (GEV) distributions:

o
n
−1

 exp − [1 + ξx] ξ , ξ 6= 0
Gξ (x) =
(3)

 exp {− exp(−x)},
ξ = 0.

For ξ 6= 0 the domain of the distribution is restricted to the set {x | 1 + ξx > 0}. When
the shape parameter ξ is negative, zero, or positive, the subset of members of the family
correspond to the Weibull, Gumbel and Fréchet families respectively. The shape parameter
thus determines the behaviour in the tail of the distribution of X, as shown in Figure 1.
The normalizing constants in (2) prevent a degenerate limit of the distribution of Mk ,
because clearly:
k
Y
lim P (Mk ≤ x) = lim
P (Xi ≤ x)
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Figure 3: A realization Pk (ω) of a point process of exceedances with NAk (ω) = 2.

(7)

Indeed the values of these counting measures NAk for all subsets A give sufficient information
to reconstruct completely those Xi that fall above a threshold of value ck + dk u. In fact,
i
setting A = { k+1
} × ]z, +∞[, NAk (ω) > 0 only applies when Xi (ω) > ck + dk z.
The point process characterization of EVT is obtained by letting k → +∞. It is known
(Embrechts et al., 1997) that when (2) holds for some normalization constants ck and dk ,
then the corresponding point processes of exceedances Pk will converge to a PPP P for
u > x− where x− denotes the leftmost endpoint of the support of the GEV-distribution in
(2). This means that the following convergence of distributions holds:
d

NAk → Poi [Λ(A)] as k → +∞

(8)

on sets A =]t1 , t2 [ × ]u + x, +∞[⊂ U and where the distributions of NAk on non-overlapping
sets A are mutually independent; i.e., the occurence of a point at a location should not
influence the probability of the occurence of other points at other locations. In the limiting
case, the rate parameter of the Poisson distribution Λ(A) depends on the set A and is called
the intensity measure Λ(A) of the PPP. The fact that the PPP-characterization of extremes
unifies the block and POT approach is due to the fact that the values of Λ(A) in (7) can
be written as a function of ξ (Embrechts et al., 1997):

−1/ξ
Λ(A) = (t2 − t1 ) (1 + ξ(u + x))−1/ξ = (t2 − t1 )λ 1 + ξλξ x

with λ = (1 + ξu)−1/ξ . Therefore any inference made using the PPP limit of extremes
yields immediately the shape parameter ξ in (2) and (21). In this way EVT describes three
equivalent limiting properties (2), (4), and (7).

3. Learning from sparse data regions
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In this article, a learning algorithm is proposed that explores the link between the three
representations of extremes as introduced in the previous section. For this purpose so-called
EVT-based features will be introduced in section 3.1 that describe characterizing measures
of a set S = {x1 , . . . , xk } of vectors independently drawn from a distribution X. In Section
3.2, a joint asymptotic distribution of these features is calculated as k → +∞. Subsequently,
7
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analytical expressions of cumulative scores with respect to this distribution are obtained
that will be used as novelty scores to evaluate the novelty of S with respect to X for large
k.
3.1 EVT-based features

Consider a d-dimensional random variable X with PDF y = p(x). The transformation
Z = − log p(X) allows us to study multivariate low-density regions {x | p(x) < e−u }, with
u some large real number, as a convex univariate region {z | z > u}. Associated with a
sequence of i.i.d. random variables X1 , . . . Xk , we define the following associated features
based on the log-transformed sequence Z1 , . . . Zk , Zi = − log p(Xi ):

i=1

k
X

I{Zi >uk } ,

1. The number of exceedances among Z1 , . . . Zk above some threshold uk :

Nk =

where I{Zi >uk } denotes an indicator function taking the value 1 when Zi > uk and zero
otherwise. This feature describes the number of multivariate points from a sequence
{X1 , . . . , Xk } that are situated in a low density region Rk = {x | p(x) < e−uk }.

i=1

k
1 X
(Zi − uk )I{Zi >uk }
Nk

2. The mean exceedance among Z1 , . . . Zk above some threshold uk :
Vk =

A high value of Vk indicates that, on average, the points of the sequence X1 , . . . Xk
are outlying with respect to the locus of the training data while a low value indicates
that the sequence is situated near the locus of the training data.

3. The maximal exceedance among Z1 , . . . Zk above some threshold uk :

1≤i≤k

Mk = max {Zi − uk | Zi > uk }

corresponding to the most outlying point of X1 , . . . Xk with respect to to the training
data.
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Note that the mean exceedance Vk and the maximal exceedance Mk are only welldefined when Nk ≥ 1. The features above provide a natural way to summarize the extent
to which densities of observations falling in low-density regions exceed some low threshold
e−uk . Therefore when a set S = {x1 , . . . xk } of k observations is novel with respect to
the distribution X, it is expected that the corresponding features vS , mS , and nS of the
sample S have a higher cumulative score given their respective distributions Vk , Mk , and
Nk . Hence these features allow us to summarize the information contained in the tail of a
d-dimensional distribution X (that can be of arbitrarily high dimension) in a 3-dimensional
distribution. To determine the joint distribution of these EVT-based features, the PPP
characterization (7) is applied to the univariate random variable Z whose tail describes the

8

i
, Zi
k+1




|1≤i≤k .

1
k



and dk = E(Z − ck |X > ck ).

with λ = e−u
(10)

(9)



Z −w
>x|Z>w
a(w)



= e−x ,
∀x ∈ R+
(11)

dk = a(ck ),

lim P (Nk = n) =
n!

e−λ

9

2. The operator inf in (9) refers to the infimum or greatest lower bound.

k→+∞

λn
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(12)

(i) The distribution Nk of the number of observations among k of X that fall in regions
{x | p(x) < e−uk } converges to a Poisson distribution with a rate λ = e−u :

the following limiting properties hold as k → +∞:



1
uk = ck + udk , with ck = inf z | P (Z ≤ z) ≥ 1 −
,
k

where a(w) = E(X − w|X > w). Denoting, for u ≥ 0, the following sequence of thresholds:

w→+∞

lim P

Theorem 1 Consider the random variables Nk , Vk and Mk associated with sets S of k
observations {X1 , . . . , Xk } drawn from a d-dimensional random variable X. Denote y =
p(x) the PDF of X and suppose Z = − log p(X) satisfies the following limiting property:

and where the parameter λ is given by the expected number of exceedances of Z above
uk (x) = ck + (u + x)dk . We can now state the following theorem that is proved in Appendix
A.1 and that characterizes the distribution of the EVT features defined above.

Λ(A) = (t2 − t1 )e−(x+u) = (t2 − t1 )λe−x ,

The intensity measure of the limiting PPP can be obtained by letting ξ → 0 in (8):

ck = inf z | P (Z ≤ z) ≥ 1 −



From the limiting property (7), the point processes Pk will converge to a PPP as k → +∞
on regions of the form ]0, 1[ × ]uk , +∞), with uk = ck + udk , u ∈ R, and with ck , dk being
the normalizing constants as in (6). Block maxima of Zi are not bounded from above or
below, and so the Gumbel distribution is the only possible limiting EVT distribution for
this one-class formulation; i.e., ξ = 0 in the limiting property (7). For the Gumbel case it
is known that the normalizing constants can be chosen as (Embrechts et al., 1997)2 :



k→+∞

m
n

l=1

n
X

10

i=0

(17)
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r
λl e−λ X
l −im
(−1)i
e
χ2l (2(lv − im))
−λ
i
l!(1 − e )

≤ v ≤ m} to a mixture of translated chi-squared distribuF (v, m, n) = lim Fk (v, m, n) =

converges on D = {(v, m, n) |
tion as k tends to infinity:

Theorem 2 Consider the random variables Nk , Vk , and Mk associated with sets S of k
observations {X1 , . . . , Xk } drawn from a d-dimensional random variable X. Denote y =
p(x) the density function of X and suppose Z = − log p(X) satisfies the following limiting
property:


Z −w
lim P
> x | Z > w = e−x , ∀x ∈ R+
(15)
w→+∞
a(w)
where a(w) = E(Z − w|Z > w). After normalization, the joint cumulative distribution
function of (Nk , Vk , Mk ) conditioned on Nk ≥ 1 and related to the sequence of thresholds
uk as in Theorem 1:


Mk
Vk
≤ v,
≤ m, Nk ≤ n | Nk ≥ 1 ,
(16)
Fk (v, m, n) = P
dk
dk

A joint distribution is here calculated to fuse the information from the EVT-based features
Mk , Nk , and Vk , as introduced in Section 3.1. For this purpose, we suppose that at least one
exceedance of − log p(Xi ) above uk is observed in a sequence S = {X1 , . . . , Xk } of length
|S| = k. The proof of the following theorem can be found in Appendix A.2.

3.2 EVT-based one-class classifier

Figure 4 illustrates the limiting properties obtained in Theorem 1 based on a twodimensional distribution X given by a Gaussian mixture model (GMM) of two standard
normal distributions centred at the origin and (1, 1) respectively. The constants ck and dk
were estimated by an empirical estimation of (9) based on a simulated sample of length
5 × 106 from the mixture. Setting u = 0, the empirical distributions of Nk , Mk and Vk were
estimated based on 5 × 103 sets of lengths k ∈ {5, 20, 50} and compared with the analytical
expression obtained in Theorem 1. The figure shows that the distributions are approximating the limiting case more closely as k increases, while for k ≥ 20 this approximation may
already be seen to be satisfactory.

l=1 j=0

(iii) After normalization, the mean exceedance Vk above uk converges in distribution to a
random variable distributed according to a cumulative distribution function:




+∞ l−1
Vk
1 X X λ l
j −lv 
lim P
≤ v|Nk ≥ 1 = 1 − λ
(lv) e
(14)
k→+∞
dk
l!j!
e −1

(ii) After normalization, the distribution of the maximal exceedance Mk above threshold
uk converge in distribution to a Gumbel member of the GEV family with µ = log λ
that is conditioned on the positive real line; i.e.,




 exp − exp − (m − log λ)
− e−λ
Mk
lim P
(13)
≤ m|Nk ≥ 1 =
k→+∞
dk
1 − e−λ

multivariate points X that are lying in low-density regions. In the next section we will
determine the joint distribution of these 3 features to fuse the information from each.
To apply the PPP characterization to Z, we consider the sequence of point processes
Pk on R2 associated with Z = − log p(X):

Pk =
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n−1
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(19)

and where Iv=m (v, m) is an indicator function taking the value 1 when v = m, and which
is zero elsewhere.
To apply Theorem 2, note that (15) implies that an exponential approximation of the
exceedances is valid from some high threshold u0 :

where cin

Note that the term in (17) for l = 1 has the identity line m = v as its domain and the
λe−λ
−m ). The corresponding limiting joint density function of
expression reduces to 1−e
−λ (1 − e
(Nk , Vk , Mk ) on D can be found by partial derivation of formula (17):




− im)n−2 , n ≥ 2
(18)

lv
lv
where r = b m
c (i.e. m
∈ [r, r + 1[, for 0 ≤ r ≤ l − 1), χp denotes the cumulative chi-squared
distribution function with p degrees of freedom and λ = e−u is the exceedance rate of the
limiting Poisson distribution of Nk as in Theorem 1-(i).

Figure 4: Comparison between limiting distribution as k → +∞ and empirical distribution
functions for k ∈ {5, 20, 50} using simulated data from a GMM when u = 0. (a)
- (c) Differences between empirical distribution and asymptotic distribution for
Nk , Mk , and Vk respectively. (d) - (f) Limiting PDFs pN , pM , and pV from Eqns.
(12) - (14) as k → +∞ for Nk , Mk , and Vk respectively.

pN (n)

(
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when nS = 0

P (Nk < nS ) + P (Vk ≤ vS , Mk ≤ mS , Nk = n) when nS > 0
P (Nk = 0)

when nS = 0

(20)

with σ = a(u0 ) = E(Z − u0 |Z > u0 ) and σ ≈ dk . Then, based on Theorems 1 and 2, a
novelty score of a sequence S with corresponding EVT features (vS , mS , nS ) can be defined:
χS =

 −λl=0

e

and for large k this is approximated by:



S −1
 nP
−λ

λl e l!
+ F ( vσS , mσS , nS ) − F ( vσS , mσS , nS − 1) when nS > 0
χS ≈

These novelty scores quantify the ‘extremity’ of a sequence S by cumulatively summing the
probability of having fewer than nS exceedances, while the mean and maximal exceedances
with respect to the threshold u0 do not exceed vS and mS respectively. There is a valid
probabilistic interpretation to χS making it a risk metric that quantifies the risk that S is
novel; i.e., that S has some distribution other than X.
The choice of u0 in the approximation (19) can be assessed by means of a mean excess plot
which is a graphic diagnostic in which the sample means of the excesses (Z − u) are plotted
against a range of thresholds along with the confidence intervals (Embrechts et al., 1997).
The threshold is chosen to be the lowest level where all the higher threshold-based sample
mean excesses are consistent with a horizontal line. Alternatively an empirically driven ruleof-thumb can be chosen that specifies the tail fraction which satisfies the approximation in
2/3
(19) and where u0 is estimated as the quantile at 1 − n logn log(n) of a sample of length n
of the distribution (Scarrot and MacDonald, 2012). The parameters σ and λ can then be
estimated by means of maximum likelihood estimation (Falk et al., 2011).
Figure 5(a)-(b) illustrates the limiting joint PDF (18) on the domain D conditioned on
the number of exceedances for n = 3 and n = 5 for a GMM X of two standard normal
distribution centred at (0, 0) and (1, 1). As the number of exceedances increases, the mode
of the distributions moves diagonally upwards. Figure 5(c) shows a probability-probability
(P-P) plot assessing the limiting property (17) for k = 20. For this purpose a sample of
5×103 sets of length k = 20 were simulated from X to estimate the cumulative probabilities
Fk (v, m, n) empirically, on a grid of (v, m, n) ∈ [0, 10] × [0, 10] × {2, 3, 5} consisting of 300
vertices and compare these estimations with F (v, m, n).

4. Experiments
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In this section, the validity of our proposed method is illustrated using both artificial and
real-world data sets. The novel EVT algorithm is compared with the conventional sequence
classifiers HMMs and OCSVMs. To this end, 5-fold cross-validation is performed where in
each run a random subset of the data from the normal class is used for training and the
remainder of the data is split evenly between validation and test data. The randomized
runs are kept the same across the different classifiers to allow a consistent comparison. The
novelty score of a sequence with respect to a HMM or OCSVM is calculated as being the
mean of the likelihoods assigned by the model to each individual instance of the sequence.

12

0
0

0.5

1

n=3

0.5

(a)

1
m

v=

v=m

m
n

1.5

2

v

2

n=5

0
0

0.5

1

1.5

0.5

(b)

1
m

v=

v=m

m
n

1.5

2

0
0

0.2

0.4

0.6

0.8

1

0.2

(c)

0.4
0.6
0.8
Empirical Probability

1

(b)

0.05
0.1
Ratio of outliers used in validation and test sets

0.5

OCSVM
HMM
EVT

JMLR 17(191):1-21

JMLR 17(191):1-21

13

14

4.2 Accelerometer data for the detection of epileptic seizures
In this section, a case study in the healthcare domain is considered using a set of acceleration
data collected from movements of patients suffering from epilepsy (Cuppens et al., 2013).
The acceleration data were recorded during several nights using four 3D acceleration sensors
attached to the extremities of 7 children with hypermotor seizures, all between the age of
5 and 16 years. Hypermotor seizures are epileptic convulsions that are marked by a strong
and uncontrolled movement of the arms and legs that can last from a couple of seconds to
a number of minutes. Due to the exaggerated movement involved, the patient can injure

the threshold uk = ck + udk where u is set to zero (see Theorem 1). It is with respect to this
threshold that the number of exceedances Nk and the maximal and mean exceedance Mk
and Vk are calculated. Using our EVT-based method method, an abnormal sequence can
be evaluated as a cumulative probability score (20) with respect to the joint distribution
of the EVT-based features. For example, the sequence of gray points shown in Figure 6
contains three exceedances with respect to the threshold uk and has a score χS = 98.97%
such that it is classified as being novel with respect to X. Figure 6(b) shows the F1-scores
of the classifiers, averaged over the 5 folds in our cross-validation experiment. When the
ratio of abnormal patterns in the training phase is 50% the classifiers perform equally well.
EVT, however, is able to outperform the classifiers when data from the abnormal class
become sparse, as is typically the case for novelty detection problems. When there is a
lack of examples from the abnormal class, the optimization of the hyperparameters and
the novelty threshold in a HMM and an OCSVM is suboptimal. EVT, on the other hand,
provides a class of models for the tail region where training data are sparse and is able
to estimate the threshold exactly by using a statistical distribution that is obtained by
extrapolation from the normal class (where data are usually abundant).

Figure 6: (a) The estimation of the tails of a Gaussian mixture X using a Gumbel model
on the distribution of densities (1). The bold contour indicates the estimation
of the EVT threshold e−uk for k = 20 on the likelihoods as defined in Theorem
1. (b) F1-scores averaged over the runs of a 5-fold-validation experiment across
different ratios of available abnormalities.

(a)

0.3
0.01

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

Luca, Clifton and Vanrumste

In order to validate the use of our EVT-based method a simulated dataset is constructed
where data from the abnormal class are situated in the tail regions of a planar Gaussian
mixture X consisting of two components located at (−2, −2) and (0, 0) repsectively with
covariance matrix 12 I2 , with I2 the identity matrix in R2×2 . The training data of the normal
class consisted of 100 sets of length k = 20 points drawn from X. Several experiments were
performed where the proportion of abnormal instances in the validation and test sets varied
in the range pa ∈ {0.01, 0.05, 0.1, 0.5}. The abnormal class of patterns contained a mixture
of normal instances from X and abnormal instances coming from the tail region where the
density p(x) ≤ 5 × 10−4 . In a 5-fold cross-validation experiment, the ability of the detection
of these patterns between an OCSVM, a HMM, and our EVT model is compared.
Figure 6(a) shows the contours of the tail region obtained from applying the Gumbel
model of Mk on the densities that are estimated using a kernel density estimation of X.
The dark contour surrounding the central region indicates the tail region estimated by the
Gumbel model. In this region, the dark contour corresponds to an empirical estimation of

4.1 Synthetic data set

Both HMMs and OCSVMs depend on hyperparameters, the value of which are estimated using the validation sets by maximizing a cost-function. For the HMM, the number
of states varies from 1 − 4 (Rabiner and Murray, 1989), while for the OCSVM the standard
hyperparameters (σ, ν) are optimized that respectively denote the kernel width of the Gaussian kernel that is used and an upper bound on the fraction of outliers (Schölkopf et al.,
2001). The threshold on the novelty scores is optimized using the validation data.
For the EVT model, no validation step is performed and no data from the abnormal
class are considered during training. A threshold of 95% is chosen on the novelty score
(motivated from a probabilistic viewpoint). The density of the distribution X describing
the normal class is estimated using a kernel density estimation with Gaussian kernels, and
where the kernel width is estimated by minimization of the mean integrated squared error
(Scott, 1992).

Figure 5: (a) - (b) Limiting joint PDF (18) on the domain D conditioned on n = 3 and
n = 5 respectively, for a GMM X consisting of two standard normal distribution
centred at (0, 0) and (1, 1). (b) A probability-probability (P-P)-plot comparing
the joint empirical cumulative distribution of (Vk , Mk , Nk ) for k = 20 with the
limiting joint distribution.
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F1−score

(a)

PPV
mean
SD
48.03 13.19
34.08 2.68
31.85 7.20

F1
mean
SD
76.83 14.09
49.71 10.40
77.43 15.53

F1
mean
SD
64.07 11.62
43.59 2.22
47.96 8.14

pat2
pat5
pat6
pat1
pat3
pat4
pat7

EVT
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SS
mean
SD
100.0
0.00
64.62 18.53
100.00 0.00

(b)

PPV
mean
SD
89.33 15.35
46.57 16.75
85.00 13.69

(c)

F1
mean
SD
80.63 14.75
26.80 4.95
64.05 12.34
32.05 13.08
70.00 18.26
61.33 23.64
76.67 22.36

One-class classification of point patterns of extremes

OCSVM
pat2
pat5
pat6

HMM

SS
mean
SD
70.00 20.92
56.92 8.77
80.00 29.81
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This article focuses on the problem of novelty detection, where data instances from the
normal class are abundant but where examples from the abnormal class are sparse. In
particular a new approach is introduced that is based on the use of EVT and which is
particularly well-suited to detecting outliers that present ‘extreme’ behaviour with respect
to a statistical model X. It is shown how EVT can be adapted to define a model over

5. Conclusion

seizure is more costly than generating a false-positive classification for this type of seizure.
Tables 2(a) and 2(b) show the mean performance scores calculated over the different test
sets in the runs for three patients of which more than 3 examples of seizures were available
for the training of these models. As there are at most 3 seizures present for the remaining
patients, at most two seizures could be used in the validation set when training the HMMs
and OCSVMs. In this way at most one of the seizures could be held out and detected by
the algorithms during the different cross-validation experiments.
Table 2(c) shows performance scores related to the EVT approach. In contrast to the
OCSVM and HMM, performance scores could easily be obtained for all patients without
the need for optimization using validation data. As hypermotor seizures are marked by
strong and uncontrolled movements, the use of EVT is very suitable in this application to
recognize this type of ‘extremity’ from the class of normal movement events. In contrast
to an OCSVM our EVT-based method was able to improve PPV values in patients 2 and
6 (averaged over the folds, a decrease of 3 false alarms while testing 50 normal movements
was obtained) while the SS scores remained 100%. The OCSVM was able to outperform
the EVT method for patient 5. This is mainly due to (i) the seizures for this patient are
less extreme than in the rest of the data (Cuppens et al., 2013); (ii) a sufficient amount
of seizures is present giving the OCSVM the ability to perform a thorough optimization of
the hyperparameters during the training phase. A HMM was not able to detect all seizures
and obtained better PPV values compared to our EVT-based method.

pat2
pat5
pat6

PPV
mean
SD
69.65 21.38
21.80 2.73
48.21 15.15
19.68 9.55
56.67 25.28
48.33 30.28
66.67 31.18

Table 2: SS and PPV scores of different approaches used in the detection of epileptic seizures
(a) OCSVM, (b) HMM, and (c) EVT. Mean and standard deviations (SD) are
calculated over the folds in a 5-fold-cross-validation experiment.

Normal
movements
117
287
439
239
784
381
468
2715

SS
mean
SD
100.0 0.00
35.38 10.32
100.0 0.00
100.0 0.00
100.0 0.00
100.0 0.00
100.0 0.00

themselves during the seizure, which increases the need for an alarm system with high
sensitivity to abnormality.
In a pre-processing phase, movement events Es are extracted from the data set using
an energy-based threshold. We denote the acceleration vectors in these events as
Es = {~atl |1 ≤ t ≤ T, 1 ≤ l ≤ 4}

t,l

1X
k~atl k2
T

where the indices refer to the time index and the limb respectively (1 = left arm, 2 = right
arm, 3 = left leg, 4 = right leg). Cuppens et al. (2013) performed a feature analysis where
3 features were identified as being relevant to this application:
i) Movement length, f1 = |Es | = T
ii) Average energy in a movement:
f2 =

iii) The maximal energy in an arm movement:


k~at1 k2 , k~at2 k2
1≤t≤T

f3 = max

The features are calculated within sliding windows containing 125 samples (Luca et al.,
2014a) which are randomly subsampled to obtain sets S = {x1 , . . . , xk } of fixed length
k = 20 containing data instances xi = (f1i , f2i , f3i ) ∈ R3 on which the EVT algorithm for
sequence classification can be applied.
The data are highly unbalanced as may be seen in Table 1. Only three patient recordings
contain more than 3 examples of seizures. For these patients, an OCSVM and HMM were
trained in a 5-fold cross-validation experiment where in each fold the seizures are randomly
split between validation and test sets to optimize the following cost-function (Cuppens et al.,
2013):
C(λ) = 2 · SS(λ) + P P V (λ)

Hypermotor
seizures
2
9
2
2
26
7
3
51
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with respect to the hyper-parameters λ of the model. Here, the weight of the sensitivity
(SS) is higher than the weight of the positive predictive value (PPV), because missing a

Nights of
monitoring
1
2
2
1
5
2
2
15

Table 1: Overview of epileptic accelerometry data set.
Patient
number
pat 1
pat 2
pat 3
pat 4
pat 5
pat 6
pat 7
total

15




Z − ci
Z − ci
<u+x
> u = 1 − e−x
di
di

Z−ci
di ,

(21)

it can be shown that
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(i) This result follows by applying the link between the limiting properties (2), (4) and (7)

with u ∈ R and x ≥ 0 (Falk et al., 2011, p.21). The statements (i)-(iii) can now be proven
as follows.

i→+∞

lim P

Proof In terms of the normalized sequence of random variables
(11) is equivalent to:

A.1 Proof of Theorem 1

In this appendix we prove the results obtained in Section 3.

Appendix A. Proofs
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i
(iii) From (21) it follows that the excesses Z−c
di −u converge in distribution to an exponential
distribution as i → +∞. Therefore, from the continuous mapping theorem (stating that

which is the cumulative distribution function of a Gumbel member of the family (3) located
at µ = ln λ and conditioned on the positive real line.

k→+∞

lim P

Further simplification leads to:

k→+∞

lim P



(1 − e−m )l .

where we used (21). The distribution of Mk is found by marginalization over the number
of excesses 1 ≤ l ≤ k conditionned on Nk ≥ 1. From (i) one finds:

=

(ii) The limiting distribution of the maximal exceedance Mk conditioned on the number of
exceedances Nk ≥ 1 is obtained as:



l
Mk
Z − uk
lim P
≤ m|Nk = l
=
lim P
≤ m Z > uk
k→+∞
k→+∞
dk
dk

l
uk =ck +udk
Z − ck
Z − ck
=
lim P
−u≤m
>u
k→+∞
dk
dk

k→+∞

P (Z ≥ ck + dk u)
1
, as P (Z ≤ ck ) = 1 −
P (Z > ck )
k
lim P (Z ≥ ck + dk u|Z > ck )
k→+∞


Z − ck
lim P
≥ u|Z > ck , as dk = a(ck )
k→+∞
a(ck )


Z −w
lim P
≥ u|Z > w , as lim ck = +∞
w→+∞
k→+∞
a(w)
e−u

on the transformed variable Z = − log(p(X)) as discussed in Sections 2.2 and 2.3. The
exceedance rate of the PPP can be found by calculating the limit:

regions where data are sparse (or even unavailable) circumventing the need for optimization
of hyperparameters as otherwise occurs when using conventional OCSVMs or HMMs. This
leads to a more robust and exact estimation of the support of X when abnormal data are
limited in availability.
One of the main challenges in novelty detection is to improve the PPV. Indeed, when
classes are highly unbalanced, an unusually high accuracy is required to overcome a high
false-alarm rate. Therefore rich models that combine several types of information in a
natural way are needed to increase the PPV of a novelty detector. An estimation procedure
from EVT is proposed that encodes the three different types of EVT-based information for
a sequence S. Given a treshold u and an estimation y = p̂(x) of the density of X, the
following types of information were fused: (i) the maximal exceedance of − log p(S) above
u; (ii) the mean exceedance of − log p(S) above u; and (iii) the number of exceedances of
− log p(S) above u.
We have demonstrated the use of this method on both artificial data and a real-world
set of acceleration data collected from movements of patients that suffer from epilepsy.
By applying the proposed method, it was shown that SS scores and PPV scores could
be improved compared to the use of conventional HMMs and OCSVMs, especially when
examples from the abnormal class are sparse.
lim kP (Z ≥ ck + dk u) =
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c. Substituting the latter expression together with (22) and (25) in the factorisation (24) gives the desired result.
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Therefore, according to the continuous mapping theorem (Embrechts et al., 1997), the distribution of lVk converge in distribution to the sum of l truncated exponential distributions
such that (Bain and Weeks, 1964):
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Vk
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dk

(24)
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convergence is preserved by continuous transformation (Embrechts et al., 1997, p. 561)),
the mean of n such independent excesses converges to the distribution of a mean of n
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A.2 Proof of Theorem 2
Proof Convergence in distribution is expressed in terms of the joint (cumulative) distribution of the features Vk , Mk and Nk conditioned on Nk ≥ 1:


Mk
Vk
≤ v,
≤ m, Nk ≤ n | Nk ≥ 1 .
(23)
dk
dk
Fk (v, m, n) = P

n P
X

l=1

n P
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l=1
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Clearly, the mean v of a sequence of n positive numbers is situated between m
n and m such
that the support of Fk is situated in D = {(v, m, n) | m
n ≤ v ≤ m}. The conditioned joint
distribution (23) can be written as:
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The limiting distribution of (23) can be obtained by considering the limit of each factor in
the nominators of the terms in (24) as k → +∞. Firstly, from Theorem 1-(i), it follows
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w∈RM

min J(w) = Eθ [Q(w; θ)],

∆

Stochastic optimization focuses on the problem of optimizing the expectation of a loss
function, written as

1. Introduction

where θ is a random variable whose distribution is generally unknown and J(w) is a convex
function (usually strongly-convex due to regularization). If the probability distribution of
the data, θ, is known beforehand, then one can evaluate J(w) and seek its minimizer by
means of a variety of gradient-descent or Newton-type methods (Polyak, 1987; Bertsekas,
1999; Nesterov, 2004). We refer to these types of problems, where J(w) is known, as
deterministic optimization problems. On the other hand, when the probability distribution
of the data is unknown, then the risk function J(w) is unknown as well; only instances

1.1 Convergence Rate

where µ > 0 is a step-size parameter. Note that we are denoting the successive iterates by
wi and using the boldface notation to refer to the fact that they are random quantities in
view of the randomness in the measurements {θ i }. Due to their simplicity, robustness to
noise and uncertainty, and scalability to big data, such stochastic gradient methods have
become popular in large-scale optimization, machine learning, and data mining applications
(Zhang, 2004; Bottou, 2010; Gemulla et al., 2011; Sutskever et al., 2013; Kahou et al., 2013;
Cevher et al., 2014; Szegedy et al., 2015; Zareba et al., 2015).

wi = wi−1 − µ∇w Q(wi−1 ; θ i ),

of the loss function, Q(w; θ), may be available at various observations θ i , where i refers
to the sample index. We refer to these types of problems, where J(w) is unknown but
defined implicity as the expectation of some known loss form, as stochastic optimization
problems. This article deals with this second type of problems, which are prevalent in
online adaptation and learning contexts (Widrow and Stearns, 1985; Haykin, 2008; Sayed,
2008; Theodoridis, 2015).
When J(w) is differentiable, one of the most popular techniques to seek minimizers for
(1) is to employ the stochastic gradient method. This algorithm is based on employing
instantaneous approximations for the true (unavailable) gradient vectors, ∇w J(w), by using the gradients of the loss function, ∇w Q(w; θ i ), evaluated at successive samples of the
streaming data θ i over the iteration index i, say, as:

Yuan, Ying, and Sayed

Stochastic-gradient algorithms can be implemented with decaying step-sizes, such as µ(i) =
τ /i for some constant τ , or with constant step-sizes, µ > 0. The former generally ensure
asymptotic convergence to the true minimizer of (1), denoted by wo , at a convergence rate
that is on the order of O(1/i) for strongly-convex risk functions. This guarantee, however,
comes at the expense of turning off adaptation and learning as time progresses since the stepsize value approaches zero in the limit, as i → ∞. As a result, the algorithm loses the ability
to track concept drifts. In comparison, constant step-sizes keep adaptation and learning
alive and infuse a desirable tracking mechanism into the operation of the algorithm: even
if the minimizers drift with time, the algorithm will generally be able to adjust and track
their locations. Moreover, convergence can now occur at the considerably faster exponential
rate, O(αi ), for some α ∈ (0, 1). These favorable properties come at the expense of a small
deterioration in the limiting accuracy of the iterates since almost-sure convergence is not
guaranteed any longer. Instead, the algorithm converges in the mean-square-error sense
towards a small neighborhood around the true minimizer, wo , whose radius is on the order
of O(µ). This is still a desirable conclusion because the value of µ is controlled by the
designer and can be chosen sufficiently small.
A well-known tradeoff therefore develops between convergence rate and mean-squareerror (MSE) performance. The asymptotic MSE performance level approaches O(µ) while
the convergence rate is given by α = 1 − O(µ) (Polyak, 1987; Sayed, 2014a). It is nowadays well-recognized that the small O(µ) degradation in performance is acceptable in most
large-scale learning and adaptation problems (Bousquet and Bottou, 2008; Bottou, 2010;
Sayed, 2014b). This is because, in general, there are always modeling errors in formulating

The article examines in some detail the convergence rate and mean-square-error performance of momentum stochastic gradient methods in the constant step-size and slow adaptation regime. The results establish that momentum methods are equivalent to the standard stochastic gradient method with a re-scaled (larger) step-size value. The size of the
re-scaling is determined by the value of the momentum parameter. The equivalence result
is established for all time instants and not only in steady-state. The analysis is carried
out for general strongly convex and smooth risk functions, and is not limited to quadratic
risks. One notable conclusion is that the well-known benefits of momentum constructions
for deterministic optimization problems do not necessarily carry over to the adaptive online
setting when small constant step-sizes are used to enable continuous adaptation and learning in the presence of persistent gradient noise. From simulations, the equivalence between
momentum and standard stochastic gradient methods is also observed for non-differentiable
and non-convex problems.
Keywords: Online Learning, Stochastic Gradient, Momentum Acceleration, Heavy-ball
Method, Nesterov’s Method, Mean-Square-Error Analysis, Convergence Rate
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optimization problems of the form (1); the cost function may not reflect perfectly the scenario and data under study. As such, insisting on attaining asymptotic convergence to the
true minimizer may not be necessarily the best course of action or may not be worth the
effort. It is often more advantageous to tolerate a small steady-state error that is negligible in most cases, but is nevertheless attained at a faster exponential rate of convergence
than the slower rate of O(1/i). Furthermore, the data models in many applications are
more complex than assumed, with possibly local minima. In these cases, constant step-size
implementations can help reduce the risk of being trapped at local solutions.
For these various reasons, and since our emphasis is on algorithms that are able to
learn continuously, we shall focus on small constant step-size implementations. In these
cases, gradient noise is always present, as opposed to decaying step-size implementations
where the gradient noise terms get annihilated with time. The analysis in the paper will
establish analytically, and illustrate by simulations, that, for sufficiently small step-sizes,
any benefit from a momentum stochastic-construction can be attained by adjusting the
step-size parameter for the original stochastic-gradient implementation. We emphasize here
the qualification “small” for the step-size. The reason we focus on small step-sizes (which
correspond to the slow adaptation regime) is because, in the stochastic context, meansquare-error stability and convergence require small step-sizes.
1.2 Acceleration Methods

(3)

In the deterministic optimization case, when the true gradient vectors of the smooth risk
function J(w) are available, the iterative algorithm for seeking the minimizer of J(w) becomes the following gradient-descent recursion
wi = wi−1 − µ∇w J(wi−1 ), i ≥ 0,

√
√ !2
δ− ν
√
kwi−1 − wo k2 ,
√
δ+ ν
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(4)

There have been many ingenious methods proposed in the literature to enhance the convergence of these methods for both cases of convex and strongly-convex risks, J(w). Two
of the most notable and successful techniques are the heavy-ball method (Polyak, 1964,
1987; Qian, 1999) and Nesterov’s acceleration method (Nesterov, 1983, 2004, 2005) (the
recursions for these algorithms are described in Section 3.1). The two methods are different
but they both rely on the concept of adding a momentum term to the recursion. When
the risk function J(w) is ν-strongly convex and has δ-Lipschitz continuous gradients, both
methods succeed in accelerating the gradient descent algorithm to attain a faster exponential convergence rate (Polyak, 1987) (Nesterov, 2004), and this rate is proven to be optimal
for problems with smooth J(w) and cannot be attained by standard gradient descent methods. Specifically, it is shown in (Polyak, 1987) (Nesterov, 2004) that for heavy-ball and
Nesterov’s acceleration methods, the convergence of the iterates wi towards wo occurs at
the rate:

kwi − wo k2 ≤

3
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kwi − wo k2 ≤



δ−ν
δ+ν

2

kwi−1 − wo k2 .

(6)

(5)

In comparison, in Theorem 2.1.15 of (Nesterov, 2005) and Theorem 4 in Section 1.4 of
(Polyak, 1987), the fastest rate for gradient descent method is shown to be

It can be verified that

√
√
δ− ν
δ−ν
√
√ <
δ+ν
δ+ ν

µm
1−β

(7)

when δ > ν. This inequality confirms that the momentum algorithm can achieve a faster
rate in deterministic optimization and, moreover, this faster rate cannot be attained by
standard gradient descent.
Motivated by these useful acceleration properties in the deterministic context, momentum terms have been subsequently introduced into stochastic optimization algorithms as
well (Polyak, 1987; Proakis, 1974; Sharma et al., 1998; Shynk and Roy, June 1988; Roy and
Shynk, 1990; Tugay and Tanik, 1989; Bellanger, 2001; Wiegerinck et al., 1994; Hu et al.,
2009; Xiao, 2010; Lan, 2012; Ghadimi and Lan, 2012; Zhong and Kwok, 2014) and applied,
for example, to problems involving the tracking of chirped sinusoidal signals (Ting et al.,
2000) or deep learning (Sutskever et al., 2013; Kahou et al., 2013; Szegedy et al., 2015;
Zareba et al., 2015). However, the analysis in this paper will show that the advantages
of the momentum technique for deterministic optimization do not necessarily carry over
to the adaptive online setting due to the presence of stochastic gradient noise (which is
the difference between the actual gradient vector and its approximation). Specifically, for
sufficiently small step-sizes and for a momentum paramter not too close to one, we will
show that any advantage brought forth by the momentum term can be achieved by staying
with the original stochastic-gradient algorithm and adjusting its step-size to a larger value.
For instance, for optimization problem (1), we will show that if the step-sizes, µm for the
momentum (heavy-ball or Nesterov) methods and µ for the standard stochastic gradient
algorithms, are sufficiently small and satisfy the relation

µ=

where β, a positive constant that is not too close to 1, is the momentum parameter, then
it will hold that
Ekwm,i − wi k2 = O(µ3/2 ), i = 0, 1, 2, . . .
(8)

(9)

where wm,i and wi denote the iterates generated at time i by the momentum and standard
implementations, respectively. In the special case when J(w) is quadratic in w, as happens
in mean-square-error design problems, we can tighten (8) to

Ekwm,i − wi k2 = O(µ2 ), i = 0, 1, 2, . . .

JMLR 17(192):1-66

What is important to note is that, we will show that these results hold for every i, and not
only asymptotically. Therefore, when µ is sufficiently small, property (8) establishes that
the stochastic gradient method and the momentum versions are fundamentally equivalent

4
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There are useful results in the literature that deal with special instances of the general
framework developed in this work. These earlier results focus mainly on the mean-squareerror case when J(w) is quadratic in w, in which case the stochastic gradient algorithm
reduces to the famed least-mean-squares (LMS) algorithm. We will not be limiting our
analysis to this case so that our results will be applicable to a broader class of learning
problems beyond mean-square-error estimation (e.g., logistic regression would be covered
by our results as well). As the analysis and derivations will reveal, the treatment of the
general J(w) case is demanding because the Hessian matrix of J(w) is now w−dependent,
whereas it is a constant matrix in the quadratic case.
Some of the earlier investigations in the literature led to the following observations. It
was noted in (Polyak, 1987) that, for quadratic costs, stochastic gradient implementations
with a momentum term do not necessarily perform well. This work remarks that although
the heavy-ball method can lead to faster convergence in the early stages of learning, it
nevertheless converges to a region with worse mean-square-error in comparison to standard
stochastic-gradient (or LMS) iteration. A similar phenomenon is also observed in (Proakis,
1974; Sharma et al., 1998). However, in the works (Proakis, 1974; Polyak, 1987; Sharma
et al., 1998), no claim is made or established about the equivalence between momentum
and standard methods.
Heavy-ball LMS was further studied in the useful works (Roy and Shynk, 1990) and
(Tugay and Tanik, 1989). The reference (Roy and Shynk, 1990) claimed that no significant
gain is achieved in convergence speed if both the heavy-ball and standard LMS algorithms
approach the same steady-state MSE performance. Reference (Tugay and Tanik, 1989)
observed that when the step-sizes satisfy relation (7), then heavy-ball LMS is “equivalent”
to standard LMS. However, they assumed Gaussian measurement noise in their data model,
and the notion of “equivalence” in this work is only referring to the fact that the algorithms
have similar starting convergence rates and similar steady-state MSE levels. There was no
analysis in (Tugay and Tanik, 1989) of the behavior of the algorithms during all stages
of learning – see also (Bellanger, 2001). Another useful work is (Wiegerinck et al., 1994),
which considered the heavy-ball stochastic gradient method for general risk, J(w). By
assuming a sufficiently small step-size, and by transforming the error difference recursion
into a differential equation, the work concluded that heavy-ball can be equivalent to the
standard stochastic gradient method asymptotically (i.e., for i large enough). No results
were provided for the earlier stages of learning.
All of these previous works were limited to examining the heavy-ball momentum technique; none of them considered other forms of acceleration such as Nesterov’s technique
although this latter technique is nowadays widely applied to stochastic gradient learning,

5

including deep learning (Sutskever et al., 2013; Kahou et al., 2013; Szegedy et al., 2015;
Zareba et al., 2015). The performance of Nesterov’s acceleration with deterministic and
bounded gradient error was examined in (d’Aspremont, 2008; Devolder et al., 2014; Lessard
et al., 2016). The source of the inaccuracy in the gradient vector in these works is either
because the gradient was assessed by solving an auxiliary “simpler” optimization problem
or because of numerical approximations. Compared to the standard gradient descent implementation, the works by (d’Aspremont, 2008; Lessard et al., 2016) claimed that Nesterov’s
acceleration is not robust to the errors in gradient. The work by (Devolder et al., 2014) also
observed that the superiority of Nesterov’s acceleration is no longer absolute when inexact
gradients are used, and they further proved that the performance of Nesterov’s acceleration
may be even worse than gradient descent due to error accumulation. These works assumed
bounded errors in the gradient vectors and focused on the context of deterministic optimization. None of the works examined the stochastic setting where the gradient error is random
in nature and where the assumption of bounded errors are generally unsuitable. We may
add that there have also been analyses of Nesterov’s acceleration for stochastic optimization
problems albeit for decaying step-sizes in more recent literature (Hu et al., 2009; Xiao, 2010;
Lan, 2012; Ghadimi and Lan, 2012; Zhong and Kwok, 2014). These works proved that Nesterov’s acceleration can improve the convergence rate of stochastic gradient descent at the
initial stages when deterministic risk components dominate; while at the asymptotic stages
when the stochastic gradient noise dominates, the momentum correction cannot accelerate
convergence any more. Another useful study is (Flammarion and Bach, 2015), in which
the authors showed that momentum and averaging methods for stochastic optimization are
equivalent to the same second-order difference equations but with different step-sizes. However, (Flammarion and Bach, 2015) does not study the equivalence between standard and
momentum stochastic gradient methods, and they focus on quadratic problems and also
employ decaying step-sizes.
Finally, we note that there are other forms of stochastic gradient algorithms for empirical risk minimization problems where momentum acceleration has been shown to be useful.
Among them, we list recent algorithms like SAG (Roux et al., 2012), SVRG (Johnson and
Zhang, 2013) and SAGA (Defazio et al., 2014). In these algorithms, the variance of the
stochastic gradient noise diminishes to zero and the deterministic component of the risk
becomes dominant in the asymptotic regime. In these situations, momentum acceleration
helps improve the convergence rate, as noted by (Nitanda, 2014) and (Zhu, 2016). Another
family of algorithms to solve empirical risk minimization problems are stochastic dual coordinate ascent (SDCA) algorithms. It is proved in (Shalev-Shwartz, 2015; Johnson and
Zhang, 2013) that SDCA can be viewed as a variance-reduced stochastic algorithm, and
hence momentum acceleration can also improve its convergence for the same reason noted
by (Shalev-Shwartz and Zhang, 2014).
In this paper, we are studying online training algorithms where data can stream in
continuously as opposed to running multiple passes over a finite amount of data. In this
case, the analysis will help clarify the limitations of momentum acceleration in the slow
adaptation regime. We are particularly interested in the constant step-size case, which
enables continuous adaptation and learning and is regularly used, e.g., in deep learning
implementations. There is a non-trivial difference between the decaying and constant stepsize situations. This is because gradient noise is always present in the constant step-size

since their iterates evolve close to each other at all times. We establish this equivalence
result under the situation where the risk function is convex and differentiable. However, as
our numerical simulations over a multi-layer fully connected neural network and a second
convolutional neural network (see Section 7.4) show, the equivalence between standard
and momentum stochastic gradient methods are also observed in non-convex and nondifferentiable scenarios.

1.3 Related Works in the Literature
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case, while it is annihilated in the decaying step-size case. The presence of the gradient
noise interferes with the dynamics of the algorithms in a non-trivial way, which is what our
analysis discovers. There are limited analyses for the constant step-sizes scenario.
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2ν
,
δ2 + γ 2

σs2 µ
= O(µ).
ν

e i k2 ≤ (1 − µν)Ekw
e i−1 k2 + µ2 σs2 ,
Ekw
i→∞

e i k2 ≤
lim sup Ekw

8

(14)

(13)



(15)

(16)

(17)
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e i k4 , which
We can also examine the the stability of the fourth-order error moment, Ekw
will be used later in Section 5 to establish the equivalence between the standard and momentum stochastic implementations. For this case, we tighten the assumption on the gradient
noise by replacing the bound in (14) on its second-error moment by a similar bound involving its fourth-order moment. Again, this assumption is satisfied by problems of interest,
such as mean-square-error and logistic risks (Sayed, 2014a,b).

and, furthermore,

it holds for each iteration i = 0, 1, 2, . . . that

µ<

Lemma 1 (Second-order stability) Let Assumptions 1 and 2 hold, and consider the
e i = wo − wi . Then, for any
stochastic gradient recursion (2). Introduce the error vector w
step-sizes µ satisfying

Condition (13) essentially requires the gradient noise process to have zero mean, which
amounts to requiring the approximate gradient to correspond to an unbiased construction
for the true gradient. This is a reasonable requirement. Condition (14) requires the size of
the gradient noise (i.e., its mean-square value) to diminish as the iterate w gets closer to the
solution wo . This is again a reasonable requirement since it amounts to expecting the gradient noise to get reduced as the algorithm approaches the minimizer. Under Assumptions
1 and 2, the following conclusion is proven in Lemma 3.1 of (Sayed, 2014a).

almost surely, for some nonnegative constants γ 2 and σs2 .

E[ksi (w)k2 |F i−1 ] ≤ γ 2 kwo − wk2 + σs2

E[si (w)|F i−1 ] = 0

Assumption 2 (Conditions on gradient noise) It is assumed that the first and secondorder conditional moments of the gradient noise process satisfy the following conditions for
any w ∈ F i−1 :

F i−1 = filtration{w−1 , w0 , w1 , . . . , wi−1 }.

4

Assumptions (13) and (14) below are satisfied by important cases of interest, as shown
in (Sayed, 2014a) and (Sayed, 2014b), such as logistic regression and mean-square-error
risks. Let the symbol F i−1 represent the filtration generated by the random process wj for
j ≤ i − 1 (basically, the collection of past history until time i − 1):

1.4 Outline of Paper
The outline of the paper is as follows. In Section 2, we introduce some basic assumptions
and review the stochastic gradient method and its convergence properties. In Section 3
we embed the heavy-ball and Nesterov’s acceleration methods into a unified momentum
algorithm, and subsequently establish the mean-square stability and fourth-order stability
of the error moments. Next, we analyze the equivalence between momentum and standard
LMS algorithms in Section 4 and then extend the results to general risk functions in Section
5. In Section 6 we extend the equivalence results into a more general setting with diagonal
step-size matrices. We illustrate our results in Section 7, and in Section 8 we comment on
the stability ranges of standard and momentum stochastic gradient methods.

2. Stochastic Gradient Algorithms

(10)

In this section we review the stochastic gradient method and its convergence properties.
We denote the minimizer for problem (1) by wo , i.e.,
∆

wo = arg min J(w).
w

We introduce the following assumption on J(w), which essentially amounts to assuming
that J(w) is strongly-convex with Lipschitz gradient. These conditions are satisfied by
many problems of interest, especially when regularization is employed (e.g., mean-squareerror risks, logistic risks, etc.). Under the strong-convexity condition, the minimizer wo is
unique.

(11)

Assumption 1 (Conditions on risk function) The cost function J(w) is twice differentiable and its Hessian matrix satisfies
0 < νIM ≤ ∇2 J(w) ≤ δIM ,

for some positive parameters ν ≤ δ. Condition (11) is equivalent to requiring J(w) to
be ν-strongly convex and for its gradient vector to be δ-Lipschitz, respectively (Boyd and
Vandenberghe, 2004; Sayed, 2014a).


(12)

The stochastic-gradient algorithm for seeking wo takes the form (2), with initial condition
w−1 . The difference between the true gradient vector and its approximation is designated
gradient noise and is denoted by:
4

si (wi−1 ) = ∇w Q(wi−1 ; θ i ) − ∇w E[Q(wi−1 ; θ i )].
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In order to examine the convergence of the standard and momentum stochastic gradient
methods, it is necessary to introduce some assumptions on the stochastic gradient noise.
7



(19)

Bσs4 µ2
ν2


Bσs4 µ2
= O µ2
ν2
(21)

(20)

with initial conditions

9

w−1 = w−2 − µm ∇w Q(w−2 ; θ −1 ),

w−2 = ψ −2 = initial states,

wi = ψ i−1 − µm ∇w Q(ψ i−1 ; θ i ) + β2 (ψ i−1−ψ i−2 ),

ψ i−1 = wi−1 + β1 (wi−1 − wi−2 ),

β1 β2 = 0,

(26)
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(28)

(25)

e i = wo − wi and define the transformed error vectors, each of size 2M × 1:
Recall w






1
ei
bi
e i − βw
e i−1
w
w
w
∆
=
= V −1
.
ei − w
e i−1
e i−1
w̌i
w
w
1−β

In preparation for studying the performance of the momentum stochastic gradient method,
we first show in the next result how recursions (22)-(23) can be transformed into a first-order
recursion by defining extended state vectors. We introduce the transformation matrices:




1
IM −βIM
IM −βIM
V =
, V −1 =
.
(27)
IM −IM
1 − β IM −IM

3.2 Mean-Square Error Stability

Assumption 4 is quite common in studies on adaptive signal processing and neural networks
— see, e.g., (Tugay and Tanik, 1989; Roy and Shynk, 1990; Bellanger, 2001; Wiegerinck
et al., 1994; Attoh-Okine, 1999). Also, in recent deep learning applications it is common
to set β = 0.9, which satisfies Assumption 4 (Krizhevsky et al., 2012; Szegedy et al., 2015;
Zhang and LeCun, 2015). Under (26), the work (Flammarion and Bach, 2015) also considers
recursions related to (22)–(23) for the special case of quadratic risks.

Assumption 4 The momentum parameter β is a constant that is not too close to 1, i.e.,
there exists a small fixed constant  > 0 such that β ≤ 1 − .


for some fixed constant β ∈ [0, 1). Next we introduce a condition on the momentum
parameter.

β1 + β2 = β,

1. Traditionally, the terminology of a “momentum method” has been used more frequently for the heavyball method, which corresponds to the special case β1 = 0 and β2 = β. Given the unified description
(22)–(23), we will use this same terminology to refer to both the heavy-ball and Nesterov’s acceleration
methods.

(24)

(23)

(22)

Consider the following general form of a stochastic-gradient implementation, with two momentum parameters β1 , β2 ∈ [0, 1):

3.1 Momentum Stochastic Gradient Method

In this section, we present a generalized momentum stochastic gradient method, which
captures both the heavy-ball and Nesterov’s acceleration methods as special cases. Subsequently, we derive results for its convergence property.

3. Momentum Acceleration

Proof See Appendix A.

i→∞

e i k4 ≤
lim sup Ekw

where ρ = 1 − µν, and A and B are some constants. Furthermore,

∆

e i k4 ≤ ρi+1 Ekw
e −1 k4 + Aσs2 (i + 1)ρi+1 µ2 +
Ekw

Lemma 2 (Fourth-order stability) Let the conditions under Assumptions 1 and 3 hold,
and consider the stochastic gradient iteration (2). For sufficiently small step-size µ, it holds
that

It is straightforward to check that if Assumption 3 holds, then Assumption 2 will also hold.
The following conclusion is a modified version of Lemma 3.2 of (Sayed, 2014a).

4 .
almost surely, for some nonnegative constants γ44 and σs,4

4
E[ksi (w)k4 |F i−1 ] ≤ γ44 kwo − wk4 + σs,4

(18)

where µm is some constant step-size. We refer to this formulation as the momentum stochastic gradient method. 1
When β1 = 0 and β2 = β we recover the heavy-ball algorithm (Polyak, 1964, 1987), and
when β2 = 0 and β1 = β, we recover Nesterov’s algorithm (Nesterov, 2004). We note that
Nesterov’s method has several useful variations that fit different scenarios, such as situations
involving smooth but not strongly-convex risks (Nesterov, 1983, 2004) or non-smooth risks
(Nesterov, 2005; Beck and Teboulle, 2009). However, for the case when J(w) is strongly
convex and has Lipschitz continuous gradients, the Nesterov construction reduces to what is
presented above, with a constant momentum parameter. This type of construction has also
been studied in (Lessard et al., 2016; Dieuleveut et al., 2016) and applied in deep learning
implementations (Sutskever et al., 2013; Kahou et al., 2013; Szegedy et al., 2015; Zareba
et al., 2015).
In order to capture both the heavy-ball and Nesterov’s acceleration methods in a unified
treatment, we will assume that

Assumption 3 (Conditions on gradient noise) It is assumed that the first and fourthorder conditional moments of the gradient noise process satisfy the following conditions for
any w ∈ F i−1 :

E[si (w)|F i−1 ] = 0
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µm
1−β H i−1

µm
− 1−β
H i−1

IM −

µm β 0
1−β H i−1
µm β 0
1−β H i−1

βIM +

b i−1
w
w̌i−1

+

µm
1−β

si (ψ i−1 )
si (ψ i−1 )
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=

ββ1 + β2 ,
Z 1
2
e )dt,
∇w
J(wo − tψ
i−1

,

(29)

(31)

(30)

Lemma 3 (Extended recursion) Under Assumption 1 and condition (26), the momentum stochastic gradient recursion (22)–(23) can be transformed into the following extended
recursion:
#

 "



bi
w
w̌i

=

∆

β0
=

∆

H i−1
0

where si (ψ i−1 ) is defined according to (12) and

o
e
where ψ
i−1 = w − ψ i−1 .

Proof See Appendix B.

The transformed recursion (29) is important for at least two reasons. First, it is a first-order
b i and w̌i and, subsequently, of the
recursion, which facilitates the convergence analysis of w
e i in view of (28) — see next theorem. Second, as we will explain later, the first
error vector w
row of (29) turns out to be closely related to the standard stochastic gradient iteration; this
relation will play a critical role in establishing the claimed equivalence between momentum
and standard stochastic gradient methods.
The following statement establishes the convergence property of the momentum stochastic gradient algorithm. It shows that recursions (22)–(23) converge exponentially fast to a
small neighborhood around wo with a steady-state error variance that is on the order of
O(µm ). Note that in the following theorem the notation a  b, for two vectors a and b,
signifies element-wise comparisons.

b i k2
Ekw
Ekw̌i k2

µm ≤

(1 − β)2 ν
,
32γ 2 ν 2 + 4δ 2

+

e
f

,

(33)

(32)

Theorem 4 (Mean-square stability) Let Assumptions 1 , 2 and 4 hold and recall conditions (26). Consider the momentum stochastic gradient method (22)–(23) and the extended
recursion (29). Then, when step-sizes µm satisfies

+

2 ),
O(µm

b=
e=



+

a b
c d

µm β 02 δ 2
ν(1−β)
2 σ2
µm
s
,
(1−β)2

f=

c=

b i−1 k2
Ekw
Ekw̌i−1 k2

2 ),
O(µm

(34)
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2 2 (1+β )2 v 2
2µ2 δ 2
1
m
+ 2µm γ(1−β)
2
(1−β)3
2 σ2
µm
s
(1−β)2

it holds that the mean-square values of the transformed error vectors evolve according to the
following recursive inequality:

 

 

where
a=1−

µm ν
1−β

2 ),
d = β + O(µm

11
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ρ



a b
c d



< 1.

and the coefficient matrix appearing in (33) is stable, namely,



µm σs2
(1 − β)ν



,

i→∞



µm σs2
(1 − β)ν



.

lim sup Ekw̌i k2 = O

Furthermore, if µm is sufficiently small it follows from (33) that

i→∞

i→∞

e i k2 = O
lim sup Ekw

b i k2 = O
lim sup Ekw
and, consequently,

Proof See Appendix C.



2 σ2
µm
s
(1 − β)3



,

(35)

(36)

(37)

2 ) in result (36) is shown to hold asymptotically in the statement
Although Ekw̌i k2 = O(µm
of the theorem, it can actually be strengthened and shown to hold for all time instants.
This fact is crucial for our later proof of the equivalence between standard and momentum
stochastic gradient methods.

µm ν
2(1−β) ,



2
(δ 2 + γ 2 )ρ1i+1 µm
σ 2 µ2
+ s m3
(1 − β)4
(1 − β)

and w̌i is defined in (29).

Ekw̌i k2 = O



, ∀i = 0, 1, 2, · · ·

(38)

Corollary 5 (Uniform mean-square bound) Under the same conditions as Theorem 4,
it holds for sufficiently small step-sizes that

∆

where ρ1 = 1 −

Proof See Appendix D.

∀i = 0, 1, 2, · · ·



,
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(40)

(39)

Corollary 5 has two implications. First, since β, δ, γ, σs2 are all constants, and ρ1 < 1, α < 1,
we conclude that

2
Ekw̌i k2 = O(µm
),



2
σs2 µm
(1 − β)3

Besides, since ρ1i → 0 as i → ∞, according to (38) we also achieve
i→∞

lim sup Ekw̌i k2 = O
which is consistent with (36).

12

We consider mean-square-error risks of the form
2
1 
J(w) = E d(i) − uT
,
i w
2

(42)
(43)

µm ν
4(1−β)

∈ (0, 1).

∀i = 0, 1, 2, · · ·
(45)

13
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In Section 3 we showed the momentum stochastic gradient algorithm (22)–(23) converges exponentially for sufficiently small step-sizes. But some important questions remain. Does the

4. Equivalence in the Quadratic Case

which is consistent with (42).

Besides, since ρi2 → 0 and iρi2 → 0 as i → ∞, we will achieve the following fact according
to (44)
!
4
(γ 2 + ν 2 )σs4 + ν 2 σs,4
4
lim sup Ekw̌i k4 = O
µ
= O(µ4m ),
(46)
m
(1 − β)6 ν 2
i→∞

Ekw̌i k4 = O(µ2m ),

Corollary 7 also has two implications. First, since β, δ, γ, σs and σs,4 are constants, we
conclude that

Proof See Appendix F.

where ρ2 = 1 −

∆

Corollary 7 (Uniform forth-moment bound) Under the same conditions as Theorem 6,
it holds for sufficiently small step-sizes that
"
#
!
4
(γ 2 + ν 2 )σs4 + ν 2 σs,4
γ 2 ρi+1
σs2 (δ 2 + γ 2 )(i + 1)ρi+1
2
4
2
2
Ekw̌i k4 = O
µ
+
+
µ
(44)
m
(1 − β)3 m
(1 − β)7
(1 − β)6 ν 2

Again, result (42) is only shown to hold asymptotically in the statement of the theorem.
In fact, Ekw̌i k4 can also be shown to be bounded for all time instants, as the following
corollary states.

Proof See Appendix E.

i→∞

(48)

(49)

∆

2
1 
E d(i) − uT
i w
2

14

wi = wi−1 + µui (d(i) − uT
i w i−1 )

The resulting LMS (stochastic-gradient) recursion is given by

Q(w; d(i), ui ) =

Here the loss function is defined by

∇w Q(w; d(i), ui ) = −ui (d(i) − uT
i w).

JMLR 17(192):1-66

(52)

(51)

(50)

while the approximate gradient vector constructed from an instantaneous sample realization
is:

∇w J(w) = Ru w − rdu = −Ru (wo − w),

For the least-mean-squares problem (47), the true gradient vector at any location w is

4.2 Adaptation Methods

for some unknown wo , and where v(i) is a zero-mean white noise process with power σv2 =
Ev 2 (i) and assumed independent of uj for all i, j. If we multiply (48) by ui from the left
and take expectations, we find that the model parameter wo satisfies the normal equations
Ru wo = rdu . The unique solution that minimizes (47) also satisfies these same equations.
Therefore, minimizing the quadratic risk (47) enables us to recover the desired wo . This
observation explains why mean-square-error costs are popular in the context of regression
models.

o
d(i) = uT
i w + v(i),

where d(i) denotes a streaming sequence of zero-mean random variables with variance
σd2 = Ed2 (i), and ui ∈ RM denotes a streaming sequence of independent zero-mean random
vectors with covariance matrix Ru = Eui uT
i > 0. The cross covariance vector between d(i)
and ui is denoted by rdu = Ed(i)ui . The data {d(i), ui } are assumed to be wide-sense
stationary and related via a linear regression model of the form:

(47)

4.1 Quadratic Risks

(41)

Theorem 6 (Fourth-order stability) Let Assumptions 1, 3 and 4 hold and recall conditions (26). Then, for sufficiently small step-sizes µm , it holds that

b i k4 = O(µ2m ),
lim sup Ekw
i→∞

lim sup Ekw̌i k4 = O µ4m ,
i→∞

e i k4 = O µ2m .
lim sup Ekw
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momentum implementation converge faster than the standard stochastic gradient method
(2)? Does the momentum implementation lead to superior steady-state mean-squaree i k2 ? Is
deviation (MSD) performance, measured in terms of the limiting value of E kw
the momentum method generally superior to the standard method when considering both
the convergence rate and MSD performance? In this and the next sections, we answer these
questions in some detail. Before treating the case of general risk functions, J(w), we examine first the special case when J(w) is quadratic in w to illustrate the main conclusions
that will follow.

In a manner similar to the treatment in Section 2, we can also establish the convergence of
b i k4 and Ekw
e i k4 .
the fourth-order moments of the error vectors, Ekw

3.3 Stability of Fourth-Order Error Moment
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and the corresponding gradient noise process is
si (w) = (Ru − ui uiT )(wo − w) − ui v(i).
(53)

(54)

It can be verified that this noise process satisfies Assumption 2 — see Example 3.3 in (Sayed,
e i = wo − wi , we obtain
2014a). Subtracting wo from both sides of (52), and recalling that w
the error recursion that corresponds to the LMS implementation:
e i = (IM − µRu )w
e i−1 + µsi (wi−1 ),
w

(55)

where µ is some constant step-size. In order to distinguish the variables for LMS from the
e i}
variables for the momentum LMS version described below, we replace the notation {wi , w
e i } and keep the notation {wi , w
e i } for momentum LMS, i.e., for the LMS
for LMS by {xi , x
implementation (54) we shall write instead
e i = (IM − µRu )e
x
xi−1 + µsi (xi−1 ).

wi = ψ i−1 + µm ui (d(i) − uiT ψ i−1 ) + β2 (ψ i−1 − ψ i−2 ),

ψ i−1 = wi−1 + β1 (wi−1 − wi−2 ),

,

(57)

(56)

On the other hand, we conclude from (22)–(23) that the momentum LMS recursion will
be given by:

=

µm
Ru
− 1−β

βIM +

µm β 0
1−β Ru
µm β 0
1−β Ru

b i−1
w
w̌i−1

+

µm
1−β

si (ψ i−1 )
si (ψ i−1 )

(58)

e i into:
Using the transformed recursion (29), we can transform the resulting relation for w
#



 "

µm
IM − 1−β
Ru
bi
w
w̌i

where the Hessian matrix, H i−1 , is independent of the weight iterates and given by Ru for
quadratic risks. It follows from the first row that


µm
µm β 0
µm
b i−1 +
IM −
Ru w
Ru w̌i−1 +
si (ψ i−1 ).
(59)
1−β
1−β
1−β

bi =
w

µm
.
1−β

(61)

(60)

Next, we assume the step-sizes {µ, µm } and the momentum parameter are selected to satisfy

µ=

Since β ∈ [0, 1), this means that µm < µ. Then, recursion (59) becomes
b i−1 + µβ 0 Ru w̌i−1 + µsi (ψ i−1 ).
b i = (IM − µRu )w
w

JMLR 17(192):1-66

Comparing (61) with the LMS recursion (55), we find that both relations are quite similar,
except that the momentum recursion has an extra driving term dependent on w̌i−1 . Howe i−2 − w
e i−1 )/(1 − β), which is the difference between
ever, recall from (28) that w̌i−1 = (w
two consecutive points generated by momentum LMS. Intuitively, it is not hard to see that
w̌i−1 is in the order of O(µ), which makes µβ 0 Ru w̌i−1 in the order of O(µ2 ). When the stepsize µ is very small, this O(µ2 ) term can be ignored. Consequently, the above recursions
b i and x
e i should evolve close to each other, which would help to prove that wi and xi
for w
will also evolve close to each other as well. This conclusion can be established formally as
follows, which proves the equivalence between the momentum and standard LMS methods.
15

∈ (0, 1).
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δ 2 + γ 2 i+1
δ 2 (δ 2 + γ 2 )(i + 1)ρ1i+1 3
δ 2 σs2
µ2 +
ρ
+ 2
µ .
(1 − β)2 1
ν (1 − β)
ν(1 − β)2

(62)

Theorem 8 (Equivalence for LMS) Consider the LMS and momentum LMS recursions
(52) and (56)–(57). Let Assumptions 1, 2 and 4 hold. Assume both algorithms start from
the same initial states, namely, ψ −2 = w−2 = x−1 . Suppose conditions (26) holds, and
that the step-sizes {µ, µm } satisfy (60). Then, it holds for sufficiently small µ that for
∀ i = 0, 1, 2, 3, · · ·

µν
2

Ekwi − xi k2 = O
where ρ1 = 1 −

Proof See Appendix G.

∀i = 0, 1, 2, · · ·

(64)

(63)

Similar to Corollary 5 and 7, Theorem 8 also has two implications. First, it holds that

Ekwi − xi k2 = O(µ2 ),

.



δ 2 σs2 µ2
ν 2 (1 − β)
i→∞

Besides, since ρ1i → 0 and iρ1i as i → ∞, we also conclude


lim sup Ekwi − xi k2 = O

Theorem 8 establishes that the standard and momentum LMS algorithms are fundamentally
equivalent since their iterates evolve close to each other at all times for sufficiently small
step-sizes. More interpretation of this result is discussed in Section 5.2.

5. Equivalence in the General Case

(65)

We now extend the analysis from quadratic risks to more general risks (such as logistic
risks). The analysis in this case is more demanding because the Hessian matrix of J(w) is
now w−dependent, but the same equivalence conclusion will continue to hold as we proceed
to show.

5.1 Equivalence in the General Case

Note from the momentum recursion (29) that


µm β 0
µm
µm
b i−1 +
b i = IM −
H i−1 w
H i−1 w̌i−1 +
si (ψ i−1 ),
w
1−β
1−β
1−β

(66)

where H i−1 is defined by (31). In the quadratic case, this matrix was constant and equal
to the covariance matrix, Ru . Here, however, it is time-variant and depends on the error
e , as well. Likewise, for the standard stochastic gradient iteration (2), we obtain
vector, ψ
i−1
that the error recursion in the general case is given by:

e i = (IM − µRi−1 )e
x
xi−1 + µsi (xi−1 ),

where we are introducing the matrix

1

(67)

Z

0
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2
∇w
J(wo − re
xi−1 )dr

Ri−1 =

16

0

(68)

+ µ2 Eksi (ψ i−1 ) − si (xi−1 )k2 .

2

2µ
Ek(Ri−1 − H i−1 )e
xi−1 k2 + µ2 Eksi (ψ i−1 ) − si (xi−1 )k2 .
ν

2µβ 02 δ 2
Ekw̌i−1 k2
ν
(70)



(73)

(72)

for some constant κ ≥ 0.

17

k∇2w J(w1 ) − ∇2w J(w2 )k ≤ κkw1 − w2 k.
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(74)

Assumption 6 The Hessian of the risk function J(w) in (1) is Lipschitz continuous, i.e.,
for any two variables w1 , w2 ∈ dom J(w), it holds that

for some constants ξ1 and ξ2 .

E[ksi (ψ i−1 )−si (xi−1 )k4 |F i−1 ] ≤ ξ2 kψ i−1 −xi−1 k4 .

E[ksi (ψ i−1 )−si (xi−1 )k2 |F i−1 ] ≤ ξ1 kψ i−1 −xi−1 k2 ,

Assumption 5 Consider the iterates ψ i−1 and xi−1 that are generated by the momentum
recursion (22) and the stochastic gradient recursion (2). It is assumed that the gradient
noise process satisfies:

In the above inequality, the term Eke
xi−1 k4 can be bounded by using the result of Lemma
2. Therefore, we focus on bounding EkRi−1 − H i−1 k4 next. To do so, we need to introduce the following smoothness assumptions on the second and fourth-order moments of the
gradient noise process and on the Hessian matrix of the risk function. These assumptions
hold automatically for important cases of interest, such as least-mean-squares and logistic
regression problems — see Appendix H for the verification.

Using the Cauchy-Schwartz inequality we can bound the cross term as
p
Ek(Ri−1−H i−1 )e
xi−1 k2 ≤ E(kRi−1 − H i−1 k2 ke
xi−1 k2 ) ≤ EkRi−1 − H i−1 k4 Eke
xi−1 k4 . (71)

+

bi − x
e i k2 ≤ (1 − µν)Ekw
b i−1 − x
e i−1 k2 +
Ekw

Now, applying a similar derivation to the one used to arrive at (137) in Appendix C, and
the inequality ka + bk2 ≤ 2kak2 + 2kbk2 , we can conclude from (69) that

(69)

bi − x
e i k = E (IM − µH i−1 )(w
b i−1 − x
e i−1 ) + µ(Ri−1 − H i−1 )e
Ekw
xi−1 + µβ H i−1 w̌i−1

2

In the quadratic case, the second term on the right-hand side is zero since Ri−1 = H i−1 =
Ru . It is the presence of this term that makes the analysis more demanding in the general
case.
b i gets to x
e i for each iteration, we start by noting that
To examine how close w

+ µβ 0 H i−1 w̌i−1 + µ[si (ψ i−1 ) − si (xi−1 )].

bi − x
e i = (IM − µH i−1 )(w
b i−1 − x
e i−1 ) + µ(Ri−1 − H i−1 )e
w
xi−1

Using these assumptions, we can now establish two auxiliary results in preparation for the
main equivalence theorem in the general case.

e i = wo − xi . Note that H i−1 and Ri−1 are different matrices. In contrast, in the
and x
quadratic case, they are both equal to Ru .
Under the assumed condition (60) relating {µ, µm }, if we subtract (66) from (65) we
obtain:




δ 4 (i + 1)ρi+1
δ 4 σs4 2
2 µ
,
+
µ
ν3
ν6

(75)

(76)

18

JMLR 17(192):1-66

Theorem 11 (Equivalence for general risks) Consider the standard and momentum
stochastic gradient recursions (2) and (22)–(23) and assume they start from the same initial states, namely, ψ −2 = w−2 = x−1 . Suppose conditions (26) and (60) hold. Under

With the upper bounds of EkRi−1 − H i−1 k4 and Eke
xi−1 k4 established in Lemma 10 and
Lemma 2 respectively, we are able to bound k(Ri−1 − H i−1 )e
xi−1 k in (71), which in turn
helps to establish the main equivalence result.

Proof See Appendix J.

where ρ2 = 1 − µν/4.

Lemma 10 (Bound on Hessian difference) Consider the same setting of Lemma 9.
Under Assumptions 1, 3, 4, 6 and for sufficiently small step-sizes µ, the following two
result holds:
 4 i

δ iρ2 µ δ 4 σs4 2
EkRi−1 − H i−1 k4 = O
+
µ
,
(77)
ν3
ν6

Based on Lemma 9, we can now bound EkRi−1 − H i−1 k4 , which is what the following
lemma states.

Ek(Ri−1 − H i−1 )e
xi−1 k4 ≤ EkRi−1 − H i−1 k4 ke
xi−1 k4

4
≤ 8E (kRi−1 k + kH i−1 k4 )ke
xi−1 k4 ≤ 16δ 4 Eke
xi−1 k4 .

e −x
e i k4 is
Although sufficient for our purposes, we remark that the bound (75) for Ekψ
i
not tight. The reason is that in the derivation in Appendix I we employed a looser bound
for the term Ek(Ri−1 − H i−1 )e
xi−1 k4 in order to avoid the appearance of higher-order
powers, such as EkRi−1 − H i−1 k8 and Eke
xi−1 k8 . To avoid this possibility, we employed the
following bound (using (11) to bound kRi−1 k4 and kH i−1 k4 and the inequality ka + bk4 ≤
8kak4 + 8kbk4 ):

Proof See Appendix I.

where ρ2 = 1 − µν/4.

e −x
e i k4 = O
Ekψ
i

Lemma 9 (Uniform bound) Consider the standard and momentum stochastic gradient
recursions (2) and (22)-(23) and assume they start from the same initial states, namely,
ψ −2 = w−2 = x−1 . We continue to assume conditions (26), and (60). Under Assumptions
1, 3, 4, 5 and for sufficiently small step-sizes µ, the following result holds:

Yuan, Ying, and Sayed
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∆

∈ (0, 1) and τ2 =

p
1 − µν/4 ∈ (0, 1).


 !
(δ 2 + γ 2 )ρ1i+1
δ 2 σs2 i2 τ2i+1 µ3/2
δ 2 σs4
+
µ2 ,
+
(1 − β)2
(1 − β)ν 2
(1 − β)ν 5/2



= O(µ2 ).

(80)

(79)

(78)

∀i = 0, 1, 2, 3, . . .

Assumptions 1, 3, 4, 5, and 6, and for sufficiently small step-size µ, it holds that

µν
2

ei − x
e i k2 = O
Ekw
where ρ1 = 1 −
Proof See Appendix K.

∀i = 0, 1, 2, · · ·

Similar to Corollary 5, 7 and Theorem 8, Theorem 11 implies that
Ekwi − xi k2 = O(µ3/2 ),


δ 2 σs4 µ2
(1 − β)ν 2

Besides, since ρ1i → 0 and i2 τ2i → 0 as i → ∞, we will also conclude
i→∞

ei − x
e i k2 = O
lim sup Ekw

Remark When we refer to “sufficiently small step-sizes” in Theorems 8 and 11, we mean
that step-sizes are smaller than the stability bound, and are also small enough to ensure a
desirable level of mean-square-error based on the performance expressions.
5.2 Interpretation of Equivalence Result

JMLR 17(192):1-66

The result of Theorem 11 shows that, for sufficiently small step-sizes, the trajectories of
momentum and standard stochastic gradient methods remain within O(µ3/2 ) from each
other for every i (for quadratic cases the trajectories will remain within O(µ2 ) as stated in
Theorem 8). This means that these trajectories evolve together for all practical purposes
and, hence, we shall say that the two implementations are “equivalent” (meaning that their
trajectories remain close to each other in the mean-square-error sense).
A second useful insight from Theorem 8 is that the momentum method is essentially
equivalent to running a standard stochastic gradient method with a larger step-size (since
µ > µm ). This interpretation explains why the momentum method is observed to converge
faster during the transient phase albeit towards a worse MSD level in steady-state than
the standard method. This is because, as is well-known in the adaptive filtering literature
(Sayed, 2008, 2014a) that larger step-sizes for stochastic gradient method do indeed lead to
faster convergence but worse limiting performance.
In addition, Theorem 11 enables us to compute the steady-state MSD performance of the
momentum stochastic gradient method. It is guaranteed by Theorem 11 that momentum
method is equivalent to standard stochastic gradient method with larger step-size, µ =
µm /(1 − β). Therefore, once we compute the MSD performance of the standard stochastic
gradient, according to (Haykin, 2008; Sayed, 2008, 2014a), we will also know the MSD
performance for the momentum method.
Another consequence of the equivalence result is that any benefits that would be expected from a momentum stochastic gradient descent can be attained by simply using a
19
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standard stochastic gradient implementation with a larger step-size; this is achieved without
the additional computational or memory burden that the momentum method entails.
Besides the theoretical analysis given above, there is an intuitive explanation as to why
the momentum variant leads to worse steady-state performance. While the momentum
terms wi −wi−1 and ψ i −ψ i−1 can smooth the convergence trajectories, and hence accelerate
the convergence rate, they nevertheless introduce additional noise into the evolution of the
algorithm because all iterates wi and ψ i are distorted by perturbations. This fact illustrates
the essential difference between stochastic methods with constant step-sizes, and stochastic
or deterministic methods with decaying step-sizes: in the former case, the presence of
gradient noise essentially eliminates the benefits of the momentum term.

5.3 Stochastic Gradient Method with Diminishing Momentum

(82)

(81)

(Tygert, 2016; Yuan et al., 2016) suggest one useful technique to retain the advantages of the
momentum implementation by employing a diminishing momentum parameter, β(i), and by
ensuring β(i) → 0 in order not to degrade the limiting performance of the implementation.
By doing so, the momentum term will help accelerate the convergence rate during the
transient phase because it will smooth the trajectory (Nedić and Bertsekas, 2001; Xiao,
2010; Lan, 2012). On the other hand, momentum will not cause degradation in MSD
performance because the momentum effect would have died before the algorithm reaches
state-state.
According to (Tygert, 2016; Yuan et al., 2016), we adapt the momentum stochastic
method into the following algorithm

= wi−1 + β1 (i)(wi−1 − wi−2 ),

wi = ψ i−1−µ∇w Q(ψ i−1 ; θ i )+β2 (i)(ψ i−1−ψ i−2 ),

ψ i−1

β1 (i)β2 (i) = 0,

(83)

with the same initial conditions as in (24)–(25). Similar to condition (26), β1 (i) and β2 (i)
also need to satisfy

β1 (i) + β2 (i) = β(i),
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The efficacy of (81)–(82) will depend on how the momentum decay, β(i), is selected. A
satisfactory sequence {β(i)} should decay slowly during the initial stages of adaptation so
that the momentum term can induce an acceleration effect. However, the sequence {β(i)}
should also decrease drastically prior to steady-state so that the vanishing momentum term
will not introduce additional gradient noise and degrade performance. One strategy, which
is also employed in the numerical experiments in Section 7, is to design β(i) to decrease in
a stair-wise fashion, namely,


if i ∈ [1, T ],
 β0


α


if
i
∈
[T
+
1,
2T
],
 β0 /T
(84)
β(i) =
β /(2T )α if i ∈ [2T + 1, 3T ],
 0

α


 β0 /(3T ) if i ∈ [3T + 1, 4T ],


···

20

10

20

30

40
50
iterations

60

70

80

µ
µs (i) =
1 − β(i)
(86)

(85)

(87)

21

JMLR 17(192):1-66

where D = diag{µ1 , µ2 , . . . , µM }. Here, we continue to use the letter “x” to refer to the
variable iterates for the standard stochastic gradient descent iteration, while we reserve

xi = xi−1 − D∇w Q(xi−1 ; θ i ), i ≥ 0,

Sometimes it is advantageous to employ separate step-size for the individual entries of the
weight vectors, see (Duchi et al., 2011). In this section we comment on how the results
from the previous sections extend to this scenario. First, we note that recursion (2) can be
generalized to the following form, with a diagonal matrix serving as the step-size parameter:

6. Diagonal Step-size Matrices

will decrease from µ/[1 − β(0)] to µ. In another words, the stochastic algorithm with
decaying momentum is still not helpful.

where

xi = xi−1 − µs (i)∇w Q(xi−1 ; θi ),

where the constants β0 ∈ [0, 1), α ∈ (0, 1) and T > 0 determines the width of the stair
steps. Fig. 1 illustrates how β(i) varies when T = 20, β0 = 0.5 and α = 0.4.
Algorithm (81)–(82) works well when β(i) decreases according to (84) (see Section 7).
However, with Theorems 8 and 11, we find that this algorithm is essentially equivalent to
the standard stochastic gradient method with decaying step-size, i.e.,

Figure 1: β(i) changes with iteration i according to (84), where β0 = 0.5, T = 20 and
α = 0.4. The reference curve is f (i) = 0.5/i0.4 .

0
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value

(91)

(90)

(89)

(88)

B1 + B2 = B,

B1 B2 = 0.

(92)

(93)

(94)

∀i = 0, 1, 2, 3, . . .

(96)

(95)
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Theorem 4B (Equivalence for general costs). Consider the stochastic gradient recursion (87) and the momentum stochastic gradient recursions (88)–(89) to solve the general
problem (1). Assume they start from the same initial states, namely, ψ −2 = w−2 = x−1 .

ei − x
e i k2 = O(µ2max ),
Ekw

Then, it holds under sufficiently small µmax , that

D = (I − B)−1 Dm .


Theorem 3B (Equivalence for quadratic costs). Consider recursions (52) and (56)–
(57) with {µ, µm , β1 , β2 } replaced by {D, Dm , B1 , B2 }. Assume they start from the same
initial states, namely, ψ −2 = w−2 = x−1 . Suppose further that conditions (92) and (93)
hold, and that the step-sizes matrices {D, Dm } satisfy a relation similar to (60), namely,

i→∞

e i k2 = O(µmax ).
lim sup Ekw

Theorem 1B (Mean-square stability). Let Assumptions 1 and 2 hold and recall conditions (92) and (93). Then, for the momentum stochastic gradient method (88)–(89), it
holds under sufficiently small step-size µmax that

The following results extend Theorems 1, 3, and 4 and they can be established following
similar derivations.

B ≤ (1 − )IM , for some constant  > 0.

where B = diag{β1 , . . . , βM } and 0 < B < IM . In addition, we further assume that B is
not too close to IM , i.e.

0 ≤ Bk < IM , k = 1, 2,

where B1 =
and B2 =
are momentum coefficient matrices, while Dm is a diagonal step-size matrix for momentum stochastic gradient method.
In a manner similar to (26), we also assume that

2 }
diag{β12 , . . . , βM

w−1 = w−2 − Dm ∇w Q(w−2 ; θ −1 ),

w−2 = ψ −2 = initial states,
1 }
diag{β11 , . . . , βM

with initial conditions

wi = ψ i−1−Dm ∇w Q(ψ i−1 ; θ i )+B2 (ψ i−1−ψ i−2 ),

ψ i−1 = wi−1 + B1 (wi−1 − wi−2 ),

the letter “w” for the momentum recursion. We let µmax = max{µ1 , . . . , µM }. Similarly,
recursions (22) and (23) can be extended in the following manner:
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7.2 Regularized Logistic Regression
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n 
o
ρ
kwk2 + E ln 1 + exp(−γ(i)hiT w)
2

We next consider a regularized logistic regression risk of the form:
∆

J(w) =

where the approximate gradient vector is chosen as

exp(−γ(i)hiT w)
γ(i)hi
1 + exp(−γ(i)hiT w)
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In the simulation, we generate 20000 samples (hi , γ(i)). Among these training points,
10000 feature vectors hi correspond to label γ(i) = 1 and each hi ∼ N (1.5 × 110 , Rh ) for
some diagonal covariance Rh . The remaining 10000 feature vectors hi correspond to label
γ(i) = −1 and each hi ∼ N (−1.5 × 110 , Rh ). We set ρ = 0.1. The optimal solution wo is
computed via the classic gradient descent method. All simulation results shown below are
averaged over 300 trials.

∇w Q(w; hi , γ(i)) = ρw −

(99)

Next we employ the Nesterov’s acceleration option for the momentum LMS method,
and compare it with standard LMS. The experimental settings are exactly the same as
the above except that β1 = β and β2 = 0. Both the standard and momentum LMS
methods are illustrated in Fig. 3. As implied by Theorem 8, it is observed that Nesterov’s
acceleration applied to LMS is equivalent to standard LMS with rescaled step-size. Besides,
by comparing Figs. 2 and 3, it is also observed that both momentum options, the heavy-ball
and the Nesterov’s acceleration, have the same performance. To save space, in the following
experiments in Section 7.2–7.4 we just show the performance of momentum method with
the option of heavy-ball.

Figure 2: Convergence behavior of standard and momentum LMS (heavy-ball LMS) algorithms applied to the mean-square-error design problem (47) with β = 0.9 in
the left plot and β = 0.5 in the right plot. Mean-square-deviation (MSD) means
Ekwo − wi k2 .

MSD(dB)
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2
O(µmax
).

∀i = 0, 1, 2, 3, . . .

Suppose conditions (92), (93), and (95) hold. Under Assumptions 1, 3, 5, and 6, and for
sufficiently small step-sizes, it holds that
3/2
ei − x
e i k2 = O(µmax
Ekw
),

Furthermore, in the limit,
i→∞

ei − x
e i k2 =
lim sup Ekw

7. Experimental Results
In this section we illustrate the main conclusions by means of computer simulations for both
cases of mean-square-error designs and logistic regression designs. We also run simulations
for algorithm (81)–(82) and verify its advantages in the stochastic context.
7.1 Least Mean-Squares Error Designs

JMLR 17(192):1-66

We apply the standard LMS algorithm to (47). To do so, we generate data according to
the linear regression model (48), where wo ∈ R10 is chosen randomly, and ui ∈ R10 is i.i.d
and follows ui ∼ N (0, Λ) where Λ ∈ R10×10 is randomly-generated diagonal matrix with
positive diagonal entries. Besides, v(i) is also i.i.d and follows v(i) ∼ N (0, σs2 I10 ), where
σs2 = 0.01. All results are averaged over 300 random trials. For each trial we generated 800
samples of ui , v(i) and d(i).
We first compare the standard and momentum LMS algorithms using µ = µm = 0.003.
The momentum parameter β is set as 0.9. Furthermore, we employ the heavy-ball option
for the momentum LMS, i.e., β1 = 0, β2 = β. Both the standard and momentum LMS
methods are illustrated in the left plot in Fig. 2 with blue and red curves, respectively.
It is seen that the momentum LMS converges faster, but the MSD performance is much
worse. Next we set µm = µ(1 − β) = 0.0003 and illustrate this case with the magenta
curve. It is observed that the magenta and blue curves are almost indistinguishable, which
confirms the equivalence predicted by Theorem 8 for all time instants. We also illustrate
an implementation with a decaying momentum parameter β(i) by the green curve. In
this simulation, we set µm = 0.003 and make β(i) decrease in a stair-wise fashion: when
i ∈ [1, 100], β(i) = 0.9; when i ∈ [101, 200], β(i) = 0.9/(1000.3 ); . . .; when i ∈ [2401, 2500],
β(i) = 0.9/(24000.3 ). With this decaying β(i), it is seen that the momentum LMS method
recovers its faster convergence rate and attains the same steady-state MSD performance
as the LMS implementation. Finally, we also implemented the standard LMS with initial
step-size µ = 0.003 and then decrease it gradually according to µs (i) = µ/[1 − β(i)]. As
implied by Theorem 8, it is observed that the green and black curves are also almost
indistinguishable, which confirms that the LMS algorithm with decaying momentum is still
equivalent to the standard LMS with appropriately chosen decaying step-sizes. We also
compared the standard and momentum LMS algorithms when µ = µm = 0.003 and β is set
as 0.5, 0.6, 0.7, 0.8, and the same performance as the left plot in Fig. 2 is observed. To save
space, we show the right plot in Fig. 2 in which β = 0.5 and omit the figures when β is set
as 0.6, 0.7, 0.8.
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(101)
3. To smooth the performance curve, we applied the weighted average technique from equation (74) of
(Ying and Sayed, 2015, 2016).

i

dmax (µ) = max Ekwi − xi k2

In this section we further illustrate the conclusions of Theorems 8 and 11 by checking the
behavior of the iterate difference, i.e., Ekwi − xi k2 , between the standard and momentum
stochastic gradient methods.
For the least-mean-squares error problem, the selection of ui , v(i), d(i) and β is the
same as in the simulation generated earlier in Subsection 7.1. For some specific step-size
µ, xi is the iterate generated through LMS recursion (52) with step-size µ, and wi is the
iterate generated momentum LMS recursion (56)–(57) with step-size µm = µ(1 − β). Now
we introduce the maximum difference:

7.3 Further Verification of Theorems 8 and 11

the curve shows how the accuracy performance, i.e., the percentage of correct prediction,
over the test dataset evolved as the algorithm received more training data3 . The horizontal
x-axis indicates the number of training data used. It is observed that the momentum
and standard stochastic gradient methods cannot be distinguished, which confirms their
equivalence when training the Adult Data Set.
For the experiments shown in this section, Section 7.3 and 7.4, we also tested the cases
when β is set as 0.5, 0.6, 0.7, 0.8. Since the experimental results with different β are similar,
we just plot the situation when β = 0.9, a setting which is usually employed in practice
(Szegedy et al., 2015; Krizhevsky et al., 2012; Zhang and LeCun, 2015).

to the logistic regression problem (99).

Figure 4: Convergence behaviors of standard and momentum stochastic gradient methods applied

−18
0

−16

−14

−12

−10

−8

−6

−4

−2

0

2

Yuan, Ying, and Sayed

2. Source: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/ or http://archive.ics.uci.
edu/ml/datasets/Adult

Similar to the least-mean-squares error problem, we first compare the standard and
momentum stochastic methods using µ = µm = 0.005. The momentum parameter β is set
to 0.9. These two methods are illustrated in Fig. 4 with blue and red curves, respectively.
It is seen that the momentum method converges faster, but the MSD performance is much
worse. Next we set µm = µ(1 − β) = 0.0005 and illustrate this case with the magenta
curve. It is observed that the magenta and blue curves are indistinguishable, which confirms
the equivalence predicted by Theorem 11 for all time instants. Again we illustrate an
implementation with a decaying momentum parameter β(i) by the green curve. In this
simulation, we set µm = 0.005 and make β(i) decrease in a stair-wise manner: when i ∈
[1, 200], β(i) = 0.9; when i ∈ [201, 400], β(i) = 0.9/(2000.3 ); when i ∈ [401, 600], β(i) =
0.9/(4000.3 ); . . .; when i ∈ [1801, 2000], β(i) = 0.9/(18000.3 ). With this decaying β(i),
it is seen that the momentum method recovers its faster convergence rate and attains the
same steady-state MSD performance as the stochastic-gradient implementation. Finally, we
implemented the standard stochastic gradient descent with initial step-size µm = µ = 0.005
and then decrease it gradually according to µs (i) = µ/[1−β(i)]. As implied by Theorem 11,
it is observed that the green and black curves are almost indistinguishable, which confirms
that the algorithm with decaying momentum is still equivalent to the standard stochastic
gradient descent with appropriately chosen decaying step-sizes.
Next, we test the standard and momentum stochastic methods for regularized logistic
regression problem over a benchmark data set — the Adult Data Set2 . The aim of this
dataset is to predict whether a person earns over $50K a year based on census data such as
age, workclass, education, race, etc. The set is divided into 6414 training data and 26147 test
data, and each feature vector has 123 entries. In the simulation, we set µ = 0.1, ρ = 0.1, and
β = 0.9. To check the equivalence of the algorithms, we set µm = (1 − β)µ = 0.01. In Fig. 5,

Figure 3: Convergence behavior of standard and momentum LMS (Nesterov’s acceleration
LMS) algorithms applied to the mean-square-error design problem (47) with β =
0.9 in the left plot and β = 0.5 in the right plot.
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and the difference at steady state

dmax (µ)(dB) = 20 log µ + 10 log c,

dmax (µ)(dB) = 15 log µ + 10 log c.
27
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(103)

(104)
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According to the above relation, at µ1 = 10−2 and µ2 = 10−4 we should have

dmax (µ1 )(dB) − dmax (µ2 )(dB) = 15(log µ1 − log µ2 ) = 30.

(106)

However, in the triangle magenta dash line we read dmax (µ1 ) = −30dB while dmax (µ2 ) =
−66dB and hence

30dB < dmax (µ1 )(dB) − dmax (µ2 )(dB) < 40dB

−3

10
stepsize

MS: dss

MS: dmax

LR: dss

LR: dmax

10

−4

Therefore, the order of dmax should be between O(µ3/2 ) and O(µ2 ), which still confirms
Theorem 11.
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(105)
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4. https://www.cs.toronto.edu/~kriz/cifar.html
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In this subsection we illustrate the conclusions of this work by re-examining the problem
of training a neural network to recognize objects from images. We employ the CIFAR-10
database4 , which is a classical benchmark dataset of images for visual recognition. The
CIFAR-10 dataset consists of 60000 color images in 10 classes, each with 32 × 32 pixels.
There are 50000 training images and 10000 test images. Similar to (Sutskever et al., 2013),
and since the focus of this paper is on optimization, we only report training errors in our
experiment.
To help illustrate that the conclusions also hold for non-differentiable and non-convex
problems, in this experiment we train the data with two different neural network structures: (a) a 6-layer fully connected neural network and (b) a 4-layer convolutional neural
network, both with ReLU activation functions. For each neural network, we will compare
the performance of the momentum and standard stochastic gradient methods.

7.4 Visual Recognition

stands for logistic regression.

Figure 6: dmax and dss as a function of the step-size µ. MS stands for mean-square-error and LR

difference(dB)
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Using a similar argument, the blue square solid line can also implies that dss = O(µ2 ).
Figure 6 also reveals the order of dmax and dss , with magenta and green dash lines
respectively, for the regularized logistic regression problem from Subsection 7.2. With the
same argument as above, dss (µ) can be confirmed on the order of O(µ2 ). Now we check the
order of dmax (µ). The fact that dmax (µ) = cµ3/2 holds if and only if

dmax (µ1 )(dB) − dmax (µ2 )(dB) = 20(log µ1 − log µ2 ) = 40.

dmax (µ2 )(dB)

the red circle solid line, at µ1 = 10−2 we read dmax (µ1 )(dB) = −32dB; while at µ2 = 10−4
we read
= −72dB. It can be verified that

where dmax (µ)(dB) = 10 log dmax (µ). Relation (103) can be confirmed with red circle line
8
in Fig. 6. In this simulation,
 we choose 8 different step-size values {µk }k=1 , and it can be
log µk , dmax (µk )(dB) satisfies relation (103). For example, in

verified that each data pair

Note that both dmax (µ) and dss (µ) are related with µ and we will examine how they vary
according to different step-sizes. Obviously, since Ekwi − xi k2 ≤ dmax (µ), if dmax (µ) is
illustrated to be on the order of O(µ2 ), then it follows that Ekwi − xi k2 = O(µ2 ) for i ≥ 0.
Similarly, if we can illustrate dss (µ) = O(µ2 ), then it follows that lim supi→∞ Ekwi − xi k2 =
O(µ2 ).
Note that the fact dmax (µ) = cµ2 for some constant c holds if and only if

dss (µ) = lim sup Ekwi − xi k2 .
i→∞

Figure 5: Performance accuracy of the standard and momentum stochastic gradient methods applied to logistic regression classification on the adult data test set.
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In the first convolutional layer, we use filters of size 7 × 7 × 3, stride value 1, zero padding 3,
and the number of these filters is 32. In the second convolutional layer, we use filters of size

8. Comparison for Larger Step-sizes

plied to a 4-layer convolutional neural network on the CIFAR-10 training data set.

Figure 8: Classification accuracy of the standard and momentum stochastic gradient methods ap-
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7 × 7 × 32, stride value 1, zero padding 3, and the number of filters is still 32. We implement
MAX operation in all pooling layers, and the pooling filters are of size 2 × 2, stride value 2
and zero padding 0. The hidden layer has 500 units. The coefficient of the `2 regularization
term is set to 0.001, and the initial value w−1 is generated by a Gaussian distribution with
0.001 standard deviation. We employ mini-batch stochastic-gradient learning with batch
size equal to 50, and the step-size decreases by 5% after each epoch.
First, we apply the momentum backpropagation algorithm to train the neural network.
The momentum parameter is set at β = 0.9, and we performed experiments with step-sizes
µm ∈ {0.01, 0.005, 0.001, 0.0005, 0.0001} and find that µm = 0.001 gives the highest training
accuracy after 10 epochs. In Fig. 8 we draw the momentum stochastic gradient method
with red curve when µm = 0.001 and β = 0.9. The curve reaches an accuracy of 94%.
Next we set the step-size of the standard backpropagation µ = µm /(1 − β) = 0.01, and
illustrate its convergence performance with the blue curve. It is also observed that the
two curves are indistinguishable. The numerical results shown in Figs. 7 and 8 imply that
the performance of momentum SGD can still be achieved by standard SGD by properly
adjusting the step-size according to µ = µm /(1 − β).

Yuan, Ying, and Sayed

According to Theorem 11, the equivalence results between the standard and momentum
stochastic gradient methods hold for sufficiently small step-sizes µ. When larger values
for µ are used, the O(µ3/2 ) term is not negligible any longer so that the momentum and
gradient-descent implementations are not equivalent anymore under these conditions. While
in practical implementations small step-sizes are widely employed in order to ensure satisfactory steady-state MSD performance, one may still wonder how both algorithms would

4-Layer Convolutional Neural Network. In a second experiment, we consider a 4layer convolutional neural network. We employ the same objective and activation functions.
This network has the structure:


conv – ReLU – pool ×2 – affine – ReLU – affine

plied to a 6-layer fully-connected neural network on the CIFAR-10 test data set.

Figure 7: Classification accuracy of the standard and momentum stochastic gradient methods ap-

Accuracy(%)

6-Layer Fully Connected Nuerual Network. For this neural network structure, we
employ the softmax measure with `2 regularization as a cost objective, and the ReLU as an
activation function. Each hidden layer has 100 units, the coefficient of the `2 regularization
term is set to 0.001, and the initial value w−1 is generated by a Gaussian distribution with
0.05 standard deviation. We employ mini-batch stochastic-gradient learning with batch size
equal to 100. First, we apply a momentum backpropagation (i.e., momentum stochastic
gradient) algorithm to train the 6-layer neural network. The momentum parameter is set to
β = 0.9, and the initial step-size µm is set to 0.01. To achieve better accuracy, we follow a
common technique (e.g., (Szegedy et al., 2015)) and reduce µm to 0.95µm after every epoch.
With the above settings, we attain an accuracy of about 90% in 80 epochs.
However, what is interesting, and somewhat surprising, is that the same 90% accuracy
can also be achieved with the standard backpropagation (i.e., stochastic gradient descent)
algorithm in 80 epochs. According to the step-size relation µ = µm /(1 − β), we set the
initial step-size µ of SGD to 0.1. Similar to the momentum method, we also reduce µ to
0.95µ after every epoch for SGD, and hence the relation µ = µm /(1 − β) still holds for
each iteration. From Figure 7, we observe that the accuracy performance curves for both
scenarios, with and without momentum, are overlapping even when the overall risk is not
necessarily convex or differentiable.
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compare to each other under larger step-sizes. For example, it is known that the larger the
step-size value is, the more likely it is that the stochastic-gradient algorithm will become
unstable. Does the addition of momentum help enlarge the stability range and allow for
proper adaptation and learning over a wider range of step-sizes?
Unfortunately, the answer to the above question is generally negative. In fact, we can
construct a simple numerical example in which the momentum can hurt the stability range.
This example considers the case of quadratic risks, namely problems of the form (47).
We suppose M = 5, ui ∼ N (0, 0.5I5 ) and d(i) = uiT wo + v(i) where v(i) ∼ N (0, 0.01).
We compare the convergence of standard LMS and Nesterov’s acceleration method with
fixed parameter β2 = 0 and β = 0.5. Both algorithms are set with the same step-size
µ = µm = 0.4, which is a relatively large step-size. All results are averaged over 1000
random trials. For each trial we generated 200 samples of ui , v(i) and d(i). In Fig. 9,
it shows that standard LMS converges at µ = 0.4 while momentum LMS diverges, which
indicates that momentum LMS has narrower stability range than standard LMS.
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In this paper we analyzed the convergence and performance behavior of momentum stochastic gradient methods in the constant step-size and slow adaptation regime. The results
establish that the momentum method is equivalent to employing the standard stochastic gradient method with a re-scaled (larger) step-size value. The size of the re-scaling is
determined by the momentum parameter, β. The analysis was carried out under general
conditions and was not limited to quadratic risks, but is also applicable to broader choices of
the risk function. Overall, the conclusions indicate that the well-known benefits of momentum constructions in the deterministic optimization scenario do not necessarily carry over

9. Conclusion

Figure 9: Convergence comparison between standard and momentum LMS algorithms when
µ = µm = 0.4 and β = 0.5.

MSD(dB)
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to the stochastic setting when adaptation becomes necessary and gradient noise is present.
The analysis also comments on a way to retain some of the advantages of the momentum
construction by employing a decaying momentum parameter: one that starts at a constant level and decays to zero over time. adaptation is retained without the often-observed
degradation in MSD performance.
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Appendix A. Proof of Lemma 2

e i k4 evolves as follows:
It is shown in Eq. (3.76) of (Sayed, 2014a) that Ekw

4
a2 = 3σs,4
.

∆

e i k4 ≤ (1 − µν)Ekw
e i−1 k4 + a1 µ2 Ekw
e i−1 k2 + a2 µ4 ,
Ekw

where the constants a1 and a2 are defined as

∆

a1 = 16σs2 ,

σs2
.
ν

e i k2 ≤ (1 − µν)i+1 Ekw
e −1 k2 + a3 µ,
Ekw

If we iterate (16) we find that

where a3 is defined as

∆

a3 =

e i−1 k4 + a2 µ4 + a1 a3 µ3 + a4 µ2 ρi
= ρEkw

(111)

e i k4 ≤(1 − µν)Ekw
e i−1 k4 + a2 µ4 + a1 a3 µ3 + a4 µ2 (1 − µν)i ,
Ekw

Substituting inequality (109) into (107), we find that it holds for each iteration i = 0, 1, 2, . . .

where

s=0

JMLR 17(192):1-66

ρs +a4 µ2 (i + 1)ρi

(112)

∆

ρs +a1 a3 µ3

i
X

e −1 k2 .
a4 = a1 Ekw

∆

ρ = 1 − µν,
Iterating the inequality (111) we get

i
X

s=0

a1 a3 µ3
a 2 µ4
+
+ a4 µ2 (i + 1)ρi
1−ρ
1−ρ

e i k4 ≤ ρi+1 Ekw
e −1 k4 +a2 µ4
Ekw
e −1 k4 +
≤ ρi+1 Ekw

32

∆

a5 =

a2
,
ν

∆

a6 =

a1 a3
,
ν

(116)

(115)

(114)

(113)

i+1

A3 σs2 (i
+ 1)ρ

A2 σs4 µ2
µ +
.
ν2

i+1 2

(118)

(117)

(119)

(120)

33

e
e
ψ i−1 − ψ i−2 = ψ i−1 − wo + wo − ψ i−2 = −ψ
i−1 + ψ i−2 .

and express the momentum term in the form

0

JMLR 17(192):1-66

(122)

We now appeal to the mean-value theorem (relation (D.9) in (Sayed, 2014a)) to write

Z 1
∆
e )dt ψ
e
e
∇Jw (ψ i−1 ) = −
∇2w Jw (wo − tψ
(121)
i−1 = −H i−1 ψ i−1 .
i−1

e
ei = ψ
w
i−1 + µm ∇w J(ψ i−1 ) − β2 (ψ i−1 − ψ i−2 ) + µm si (ψ i−1 ).

e = wo − ψ . Subtracting both sides of (119) from wo gives:
e i = wo − wi and ψ
Let again w
i
i

wi = ψ i−1 − µm ∇w J(ψ i−1 ) + β2 (ψ i−1 − ψ i−2 ) − µm si (ψ i−1 ).

We substitute the expression for the gradient noise from (12), evaluated at ψ i−1 , into (23)
to get:

4

e −1 k +
Ekw

Appendix B. Proof of Lemma 3

e ik ≤ ρ
Ekw

4

Therefore, (116) becomes

A1
A1
=
≤ A3 .
ρ
1 − µν

for some constants A1 and A2 . When µ is sufficiently small, there must exist some constant
A3 such that

A2 σs4 µ2
e i k4 ≤ ρi+1 Ekw
e −1 k4 + A1 σs2 (i + 1)ρi µ2 +
Ekw
ν2
A
A2 σs4 µ2
1
e −1 k4 +
= ρi+1 Ekw
σs2 (i + 1)ρi+1 µ2 +
ρ
ν2

Substituting (108), (110), (112) and (114) into (113), we get

a5 µ3 + a6 µ2 = 2a6 µ2 − (a6 µ2 − a5 µ3 ) ≤ 2a6 µ2 .

and (a) holds because for sufficiently small µ such that a6 µ2 > a5 µ3 , we have

where

e −1 k4 + 2a6 µ2 + a4 µ2 (i + 1)ρi ,
≤ ρi+1 Ekw

(a)

e −1 k4 + a5 µ3 + a6 µ2 + a4 µ2 (i + 1)ρi
≤ ρi+1 Ekw
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∆

= B i−1

(129)

(128)

(127)

(126)

(125)

(124)

(123)

P =



(1 + β)IM −βIM
IM
0



,

M i−1 =




µm (1 + β1 )H i−1 −µm β1 H i−1
.
0
0

(131)

(130)

β0

∆

=

µm
1−β H i−1
µm
− 1−β
H i−1

IM −

µm β 0
1−β H i−1
0
mβ
βIM + µ1−β
H i−1

−1

ββ1 + β − β1 = ββ1 + β2 .

"

#

(134)

V −1 , (133)

34
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Multiplying both sides of (129) by V
from the left and recalling definition (28), we obtain
#




 "
µm
µm β 0
IM − 1−β H i−1
µm
b i−1
bi
w
w
si (ψ i−1 )
1−β H i−1
+
. (135)
=
0
µ
µ
β
m
m
w̌i−1
w̌i
1 − β si (ψ i−1 )
− 1−β
H i−1
βIM + 1−β
H i−1

where

B i−1 = V (D − V −1 M i−1 V )V −1 = V

Therefore, we have

The eigenvalue decomposition of P can be easily seen to be given by P = V DV −1 , where






1
IM −βIM
IM −βIM
IM
0
V =
, D=
.
(132)
, V −1 =
IM −IM
0 βIM
1 − β IM −IM

with

B i−1 = P − M i−1 ,

∆

where we are denoting the coefficient matrix by B i−1 , which can be written as the difference

It follows that we can write the extended relation:

 




ei
e i−1
w
J i−1 K i−1
w
si (ψ i−1 )
=
.
+ µm
e i−1
e i−2
w
IM
0
w
0
|
{z
}

L = β1 β2 = 0

K i−1 = −(β1 + β2 + 2β1 β2 )IM + µm β1 H i−1 = −βIM + µm β1 H i−1

J i−1 = (1 + β1 )(1 + β2 )IM − µm (1 + β1 )H i−1 = (1 + β)IM − µm (1 + β1 )H i−1

(26)

where boldface quantities denote random variables:

e i−2 + Lw
e i−3 + µm si (ψ i−1 ),
e i−1 + K i−1 w
e i = J i−1 w
w

Substituting (124) into (123), we have

e
e i−1 + β1 (w
e i−1 − w
e i−2 ).
ψ
i−1 = w

On the other hand, expression (22) gives

e − β2 ψ
e +µm si (ψ ).
e i = (IM + β2 IM − µm H i−1 )ψ
w
i−1
i−2
i−1

Then, expression (120) can be rewritten as
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Appendix C. Proof of Theorem 4
From the first row of recursion (29) we have


µm H i−1
µm β 0 H i−1
µm
b i−1 +
IM −
w
w̌i−1 +
si (ψ i−1 ).
1−β
1−β
1−β
bi =
w

(136)

Let t ∈ (0, 1). Squaring both sides and taking expectations conditioned on F i−1 , and using
Jensen’s inequality, we obtain under Assumptions 1 and 2:

1−

µm ν
1−β

b i−1 k2 +
kw

b i k2 |F i−1 ]
E[kw


2
2
µm β 0
µm
µm
b i−1 +
=
IM −
H i−1 w
H i−1 w̌i−1 +
E[ksi (ψ i−1 )k2 |F i−1 ]
1−β
1−β
(1 − β)2


2
0
2
(a)
µ
1
µ
µm
1
m
mβ
e k2 + σ 2 )
b i−1 +t
IM −
H i−1 w
H i−1 w̌i−1 +
(γ 2 kψ
≤ (1−t)
i−1
s
1−t
1−β
t 1−β
(1−β)2


2
2
2
µm
µm
1 µm β 0
1
e k2 + σ 2 )
b i−1 +
IM −
H i−1 w
H i−1 w̌i−1 +
(γ 2 kψ
≤
i−1
s
1−t
1−β
t 1−β
(1 − β)2


2 β 02 δ 2
2
(b)
1
µm ν 2
1 µm
µm
e k2 + σ 2 )
b i−1 k2 +
≤
1−
kw
kw̌i−1 k2 +
(γ 2 kψ
i−1
s
1−t
1−β
t (1 − β)2
(1 − β)2


2
µm β 02 δ 2
µm
(c)
e k2 + σ 2 ).
kw̌i−1 k2 +
(γ 2 kψ
(137)
i−1
s
ν(1 − β)
(1 − β)2

=

where (a) holds because of equation (14) in Assumption (2), (b) holds because νI ≤ H i−1 ≤
mν
δI under Assumption (1), and (c) holds because we selected t = µ1−β
. Taking expectation
again, we remove the conditioning to find:


2
µm ν
µm β 02 δ 2
µm
e k2 +σ 2 ). (138)
b i k2 ≤ 1−
b i−1 k2 +
Ekw
Ekw
Ekw̌i−1 k2 +
(γ 2 Ekψ
i−1
s
1−β
ν(1−β)
(1−β)2

2

.

= 2(1 + β1 )2 V V −1



e i−1
w
e i−2
w

(139)

Furthermore, squaring (124) and using the inequality ka + bk2 ≤ 2kak2 + 2kbk2 we get

e i−1
w
e i−2
w



b i−1
w
w̌i−1

e k2 ≤ 2(1 + β1 )2 kw
e i−1 k2 + 2β12 kw
e i−2 k2 ≤ 2(1 + β1 )2 (kw
e i−1 k2 + kw
e i−2 k2 )
kψ
i−1

 2

 2
= 2(1 + β1 )2

≤ 2(1 + β1 )2 kV k2
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(140)

Therefore, under expectation, we conclude that it

kV kF2 = 3kIM kF2 + β 2 kIM kF2 ≤ 4kIM kF2 = 4M.

It is known that there exists some constant d > 0 such that kV k2 ≤ dkV kF2 . From expression
(27) for V we have

∆

Let v 2 = 4dM , so that kV k2 ≤ v 2 .
also holds:

e k2 ≤ 2(1 + β1 )2 v 2 (Ekw
b i−1 k2 + Ekw̌i−1 k2 ).
Ekψ
i−1
35
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Substituting (140) into (138), we get



2 σ2
2 2 2
µm
µ
2(1
+
β
mν
1) γ v
s
2
b i−1 k2 +
b i k2 ≤ 1 −
µm
Ekw
Ekw
+
1−β
(1 − β)2
(1 − β)2
 µ β 02 δ 2
2(1 + β1 )2 γ 2 v 2 2 
m
+
µm Ekw̌i−1 k2 .
ν(1 − β)
(1 − β)2
+

Now, let us consider the second row of (29), namely,


µm
µm β 0
µm
b i−1 + βIM +
H i−1 w
H i−1 w̌i−1 +
si (ψ i−1 ).
1−β
1−β
1−β

w̌i = −



µm H i−1
µm β 0 H i−1
b i−1
w̌i−1 −
w
1−β
1−β



2

+

(141)

(142)

2
µm
e k2 + σ 2 )
(γ 2 Ekψ
i−1
s
(1 − β)2

As before, squaring and taking expectations of both sides, and using Jensen’s inequality,
we obtain under Assumptions 1 and 2:

β+

1
2
1−β Ekyk .

(144)

Sub-

2
2
1
µm β 0 H i−1
µm H i−1
µm
e k2 +σ 2 )
b i−1 +
βEkw̌i−1 k2 +
E
w̌i−1 −
w
(γ 2 Ekψ
i−1
s
1−β
1−β
1−β
(1−β)2
2 δ2
2
2µ2 β 02 δ 2
2µm
µm
e k2 +σ 2 )
b i−1 k2 +
βEkw̌i−1 k2 + m 3 Ekw̌i−1 k2 +
Ekw
(γ 2 Ekψ
i−1
s
(1−β)
(1−β)3
(1−β)2

2 02 2 
2 2
2
2µ
2µ
µm
mβ δ
mδ
e k2 +σ 2 ),
b i−1 k2 +
Ekw̌i−1 k2 +
Ekw
(γ 2 Ekψ
(143)
i−1
s
(1−β)3
(1−β)3
(1−β)2

E β w̌i−1 +

Ekw̌i k2
≤
≤

(a)

≤
=

1
where (a) holds since Ekβx + yk2 = Ekβx + (1 − β) 1−β
yk2 ≤ βEkxk2 +
stituting (139) into (143), it follows that:



2
2
2
2
2 σ2
2
02
2
2µ
γ
(1
+
β
µm
2µ
β
δ
1) v
s
+ m
Ekw̌i−1 k2 +
Ekw̌i k2 ≤ β + m
(1 − β)3
(1 − β)2
(1 − β)2

2 2
2 2 (1 + β )2 v 2 
2µ
2µ
γ
1
mδ
b i−1 k2
+ m
Ekw
(1 − β)3
(1 − β)2

+

∆

Γ =

a b
c d

Combining relations (141) and (144) leads to the desired result (33)–(34). Let us now
examine the stability of the 2 × 2 coefficient matrix:


,
(145)
where

(146)
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2(1 + β1 )2 γ 2 v 2 2
µm β 02 δ 2
2(1 + β1 )2 γ 2 v 2 2
µm ν
+
µm , b =
+
µm ,
a=1−
1−β
(1 − β)2
ν(1 − β)
(1 − β)2
2 δ2
2 γ 2 (1 + β )2 v 2
2µm
2µ2 γ 2 (1 + β1 )2 v 2
2µ2 β 02 δ 2 2µm
1
+ m
,
d=β+ m
+
.
(1 − β)3
(1 − β)2
(1 − β)3
(1 − β)2
c=

36

(148)

(147)

δ 2 µm
16γ 2 ν 2 + 2δ 2 2
+
µm .
ν(1 − β)
(1 − β)3

µm ν
2δ 2 µm
, β+
ρ(Γ) < max 1 −
2(1 − β)
ν(1 − β)





(I2 − Γ)−1 =

Notice that



1 − a −b
−c 1 − d

−1

=

37

1
(1 − a)(1 − d) − bc



≤ 1,

1−d
b
c
1−a

in which case Γ will be a stable matrix.
When Γ is stable, it then follows from (33) that


 
b i k2
Ekw
e
lim sup
≤ (I2 − Γ)−1
.
2
Ekw̌i k
f
i→∞

then it holds that



(154)

(153)

(152)

(151)

(150)

(149)
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which is also equivalent to


(1 − β)2 ν
(1 − β)2 δ 2
ν(1 − β)2
(1 − β)2 ν
µm < min
,
,
=
,
2
2
2
2
3
2
2
32γ ν + 4δ 16γ ν + 2δ ν
2δ
32γ 2 ν 2 + 4δ 2

ν(1−β)

If the step-size µm is small enough to satisfy the following conditions

µm ν
16γ 2 ν 2 +2δ 2 2

 2(1−β) > (1−β)3 µm ,

2
δ µm
16γ 2 ν 2 +2δ 2 2
µm ,
ν(1−β) >
(1−β)3


 1 − β > 2δ2 µm ,

Combining (147)–(149), we reach


µm ν
16γ 2 ν 2 + 2δ 2 2
δ 2 µm
16γ 2 ν 2 + 2δ 2 2
ρ(Γ) ≤ max 1 −
+
µ
,
β
+
+
µ
.
m
m
1−β
(1 − β)3
ν(1 − β)
(1 − β)3

b+d≤β+

where the last inequality holds because 1 − β < 1 and 1 + β1 < 2. Similarly, we also have

a+c≤1−

µm ν
2(1 + β1 )2 γ 2 v 2 2
2µ2m δ 2
2µ2 γ 2 (1 + β1 )2 v 2
+
µm +
+ m
1−β
(1 − β)2
(1 − β)3
(1 − β)2
2
2
2
2
µm ν
4(1 − β)(1 + β1 ) γ ν + 2δ 2
=1−
+
µm
1−β
(1 − β)3
µm ν
16γ 2 ν 2 + 2δ 2 2
µm ,
≤1−
+
1−β
(1 − β)3

From (146), we further have

ρ(Γ) ≤ max {a + c, b + d} .
2(1 + β1 )2 γ 2 ν 2
< 0,
1−β
2 2 2
∆ 2(1 + β1 ) γ ν
> 0,
p5 =
(1 − β)2

∆

p1 = −

(157)

(156)

µm β 0 δ 2
− p5 µ2m
ν(1 − β)



≤

2µm β 0 δ 2
,
ν(1 − β)

(159)

(158)

"

≤

δ2

"

=

+

38

#

#"
2µm σs2
4β 02 δ 2 σs2 µ2m
(1−β)ν + (1−β)3 ν 2
3 δ2 σ2
3 2 (1+β )2 v 2 σ 2
2µ2m σs2
1
m
s
s
+ 4µ
+ 4µm γ (1−β)
4ν
(1−β)3
(1−β)5 ν

4µm
(1−β)3 ν

µm ν
4µm γ 2 (1+β1 )2 v 2
(1−β)2 ν

4β 02 δ 2
ν 2 (1−β)
2
1−β

2(1−β)
µm ν
2 (1+β )2 v 2
4µm δ 2
1
+ 4µm γ(1−β)
2ν
(1−β)3 ν

Combining (154) and (161), we have


 
b i k2
Ekw
e
lim sup
≤ (I2 − Γ)−1
2
Ekw̌i k
f
i→∞
"
2(1−β)
≤

(I2 − Γ)

−1

"

#

≤

#

#

(162)

(161)

(160)
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3µm σs2
(1−β)
3µ2m σs2
(1−β)3

µ2m σs2
(1−β)2
µ2m σs2
(1−β)2

4β 02 δ 2
ν 2 (1−β)
2
1−β

µm ν
µm ν
+ p6 µ2m <
.
1−β
1−β
Substitute (158), (159) and (160) into (155), we have

1 − β + p4 µ2m < 1 − β,

2
mβ δ
where the last inequality holds because 2µ
ν(1−β) − p5 µm > 0 for sufficiently small step-size.
Furthermore, since p4 < 0 and p6 < 0, we also have

0 2



µm ν
.
2

+ p1 µ2m + p2 µ3m + p3 µ4m > 0 when µm is sufficiently

µm β 0 δ 2
2µm β 0 δ 2
+ p5 µ2m =
−
ν(1 − β)
ν(1 − β)

Similarly, it holds that

µm ν
2

µm ν + p1 µ2m + p2 µ3m + p3 µ4m >

Although p1 < 0, it still holds that
small, which implies that

#
(155)

µm β 02 δ 2
2
ν(1−β) + p5 µm
µm ν
2
1−β + p6 µm

2β 02 δ 2
2γ 2 (1 + β1 )2 v 2
−
< 0,
3
(1 − β)
(1 − β)2
2(1 + β1 )2 γ 2 ν 2
∆
p6 = −
< 0.
(1 − β)2

∆

p4 = −

+

2µ2m γ 2 (1+β1 )2 v 2
(1−β)2

1 − β + p4 µ2m

2µ2m δ 2
(1−β)3

For simplicity, we omit the expression of p2 and p3 here. Notice that

µm ν  µm ν
µm ν + p1 µ2m + p2 µ3m + p3 µ4m =
+
+ p1 µ2m + p2 µ3m + p3 µ4m .
2
2

where

1
µm ν + p1 µ2m + p2 µ3m + p3 µ4m

"

=

When µm is sufficiently small, a, b, c, d are all positive. Since the spectral radius of a matrix
is upper bounded by its 1-norm, we have that
(146)
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2

µm σs2
(1 − β)ν


,

lim sup Ekw̌i k2 = O


2 σ2
µm
s
(1 − β)3


.
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i→∞

3 δ2σ2
2 σ2
4µm
4µ3 γ 2 (1 + β1 )2 v 2 σs2
µm
s
s
+ m
<
(1 − β)5 ν
(1 − β)4 ν
(1 − β)3

where in the last inequality we choose sufficiently small µm such that
2
µm σs2
4β 02 δ 2 σs2 µm
<
,
(1 − β)3 ν 2
(1 − β)ν

ei
w
e i−1
w

b i k2 = O
lim sup Ekw



i→∞

Therefore, we have the following result

and
lim sup E
i→∞

a b
c d

, r=

e
f


 2
bi
w
= lim sup E V
w̌i
i→∞

 2!
bi
w
≤ v 2 lim sup E
w̌i
i→∞




µm σs2
b i k2+Ekw̌i k2 ) = O
= v 2 lim sup(Ekw
,
(1 − β)ν
i→∞

from which we conclude that (37) holds.

Appendix D. Proof of Corollary 5

b i k2
Ekw
Ekw̌i k2

, Γ=



Γzi−1

+ r.

To simplify the notation, we refer to (33) and introduce the quantities:






.
zi =

Then, relation (33) can be rewritten as
zi

kzi k1 ≤ kΓk1 kzi−1 k1 + krk1 ,

It follows that, in terms of the 1−norm,

where


µm ν
2
kΓk1 = max 1 −
+ B 1 µm
, β + B 2 µm
1−β

2
B1 µm
<

νµm
,
2(1 − β)

µm ν
µm ν
∆
2
+ B 1 µm
≤1−
= ρ1 < 1
1−β
2(1 − β)

(163)

(164)

(165)

(166)

(167)

(168)

(169)

(170)

(171)

JMLR 17(192):1-66

for some constant B1 and B2 . Now we can choose µm sufficiently small to satisfy


ν
B2 +
µm < 1 − β,
2(1 − β)
which implies that
kΓk1 ≤ 1 −

39

Then, from (168) we have

Iterating (172) gives

µm ν
2(1−β) ,

Yuan, Ying, and Sayed

krk1
.
1 − ρ1

kzi k1 ≤ ρ1 kzi−1 k1 + krk1 .

kzi k1 ≤ ρ1i+1 kz−1 k1 +

2B3 µm σs2
(1−β)ν .

2 σ2
B3 µm
s
(1−β)2

c2 ≤

B4 (δ 2 + γ 2 )
= c4
(1 − β)3

(172)

(173)

(180)

(179)

σs2
∆
c3 =
.
(1 − β)2
(178)

(177)

(176)

(175)

(174)

for some constant B3 .

From (173), we have

2B3 µm σs2
.
(1 − β)ν

2B3 µm σs2
.
(1 − β)ν

b i k2 + Ekw̌i k2
kzi k1 = Ekw

kzi k1 ≤ ρ1i+1 kz−1 k1 +

we get krk1 /(1 − ρ1 ) ≤

Recall the expressions of e and f from (34), we have krk1 ≤
Since 1 − ρ1 =

Accordingly, using
we also find that

b i k2 ≤ ρ1i+1 kz−1 k1 +
Ekw

2γ 2 (1 + β)2 v 2
2δ 2
∆
c2 =
+
,
(1 − β)3
(1 − β)2

On the other hand, we know from the second row of (33) that

2
2
2
b i−1 k2 + c3 µm
Ekw̌i k2 ≤ β + c1 µm
Ekw̌i−1 k2 + c2 µm
Ekw
for constants

2γ 2 (1 + β1 )2 v 2
2β 02 δ 2
∆
c1 =
+
,
(1 − β)3
(1 − β)2

B4 (δ 2 + γ 2 ) ∆
= c4 ,
(1 − β)3

To simplify the notation, with the facts that β 0 < 1, β < 1 and β1 < 1, we have
c1 ≤

for some constant B4 . Substituting (179) into (177) we get

2
2
2
b i−1 k2 + c3 µm
Ekw̌i k2 ≤ β + c4 µm
Ekw̌i−1 k2 + c4 µm
Ekw
.

Now we substitute (176) into (180), and reach

(181)

(182)

JMLR 17(192):1-66


2B3 c4 σs2 3
2
2
2
µ + c3 µm
.
Ekw̌i k2 ≤ β + c4 µm
Ekw̌i−1 k2 + c4 ρ1i kz−1 k1 µm
+
(1 − β)ν m
When µm is sufficiently small such that

2B3 c4 σs2 3
2
µ ≤ c3 µm
,
(1 − β)ν m

40

Ekw̌i k ≤ β +

2

c4 µ2m


c4 ρi1 kz−1 k1 µ2m
+

2c3 µ2m .

(184)

(183)

s=0

1−β
1+β ∆
= α<1
=
2
2

(186)

(185)

ρ1

2(1 − β) − µm ν
B5
1
ρ1
=
≤
≤
=
1 − ρα1
ρ1 − α
(1 − β)2 − µm ν
1−β
(187)

B5 c4 kz−1 k1 ρi1 2
4c3 µ2m
µm +
.
1−β
1−β
(188)

e −1 − w
e −2
w−2 − w−1
µm ∇w Q(w−2 ; θ −1 )
w
=
=
1−β
1−β
1−β
(190)

(189)

≤

(a)

Ekw̌i k2 ≤

41

2
B6 ρi+1
B9 (δ 2 + γ 2 )ρi+1
B8 µ2m σs2
1 µm
1
+
µ2m +
2
4
(1 − β)
(1 − β)
(1 − β)3

B6 αi+1 µ2m B7 (δ 2 + γ 2 )ρi1 2
B8 µ2m σs2
+
µm +
(1 − β)2
(1 − β)4
(1 − β)3
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Substituting this conclusion into (188), and recalling the expression of c3 , c4 and c5 , we
arrive at

c5 = Ek∇w Q(w−2 ; θ −1 )k2 /(1 − β)2 .

∆

so that Ekw̌−1 k2 = c5 µ2m , where

w̌−1 =

To assess the term that depends on the initial state, Ekw̌−1 k2 , let us consider the boundary
conditions (24)–(25), Then, from (28) it holds that

Ekw̌i k2 ≤ αi+1 Ekw̌−1 k2 +

for some constant B5 when µm is sufficiently small. Substituting (187) into (186), we get

s=0


i 
X
α s

µm ν
Recall that ρ1 = 1 − 2(1−β)
and α = 1 − (1 − β)/2. Therefore, it holds that α/ρ1 < 1 for
sufficiently small µm . As a result, we have


Ekw̌i k2 ≤ α Ekw̌i−1 k2 + c4 kz−1 k1 ρi1 µ2m + 2c3 µ2m

i 
X
α s 2c3 µ2m
≤ αi+1 Ekw̌−1 k2 + c4 kz−1 k1 µ2m ρi1
+
.
ρ1
1−α

It follows that

β + c4 µ2m ≤ 1 −

It is clear that we can choose a sufficiently small µm for the last term between brackets to
become negative, in which case



1−β
1−β
.
+ c1 µ2m −
2
2

Ekw̌i−1 k +

2

β + c4 µ2m = 1 − (1 − β) + c4 µ2m = 1 −

Notice that

(181) becomes
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B8 µ2m σs2
B10 (δ 2 + γ 2 )ρi+1
1
µ2m +
,
4
(1 − β)
(1 − β)3

(191)

(192)

(194)

=

IM −

42

4
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4
µm H i−1
µm β 0 H i−1
b i−1 +
w
w̌i−1
1−β
1−β


1
µm H i−1
1 µm β 0 H i−1
b i−1 + t
(1 − t)
IM −
w
w̌i−1
1−t
1−β
t 1−β



We next bound each of the terms that appear on the right-hand side. Using Jensen’s
inequality, the lower and upper bounds on the Hessian matrix from (11), we have

b i k4 |F i−1 ]
E[kw


4
3µ4m
µm H i−1
µm β 0 H i−1
b i−1 +
=
IM −
w
w̌i−1 +
E[ksi (ψ i−1 )k4 |F i−1 ]
1−β
1−β
(1 − β)4


2
8µ2m
µm H i−1
µm β 0 H i−1
b i−1 +
+
w
w̌i−1 E[ksi (ψ i−1 )k2 |F i−1 ]
IM −
2
(1 − β)
1−β
1−β


4
e k4 + σ 4 )
3µ4m (γ44 kψ
µm β 0 H i−1
µm H i−1
i−1
s,4
b i−1 +
w
w̌i−1 +
≤
IM −
1−β
1−β
(1 − β)4


2
8µ2m
µm H i−1
µm β 0 H i−1
e k2 + σ 2 ). (195)
b i−1 +
IM −
+
w
w̌i−1 (γ 2 kψ
i−1
s
2
(1 − β)
1−β
1−β

we get

ka + bk4 ≤ kak4 + 3kbk4 + 8kak2 kbk2 + 4kak2 (aT b)

Now applying the following inequality, for any two vectors {a, b}:

The argument below is motivated by the derivation of Theorem 9.2 in (Sayed, 2014a).
Here, however, we extend the arguments and expand the details in order to clearly identify
the constants inside the O(µ) notation, which was not necessary in (Sayed, 2014a). The
derivation becomes more demanding, as the arguments show.
From the first row of recursion (29) we have


µm H i−1
µm β 0 H i−1
µm
bi =
b i−1 +
w
IM −
(193)
w
w̌i−1 +
si (ψ i−1 ).
1−β
1−β
1−β

Appendix E. Proof of Theorem 6

B6 (1 − β)2 + B9 (δ 2 + γ 2 ) ≤ B10 (δ 2 + γ 2 ).

where (a) holds because α ≤ ρ1 when µm is sufficiently small, and there must exist some
constant B9 such that B7 /ρ1 < B9 ; (b) holds because there must exist some constant B10
such that

≤

(b)

Yuan, Ying, and Sayed
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1
µm ν 4
1 µ4 β 04 δ 4
b i−1 k4 + 3 m
≤
1−
kw
kw̌i−1 k4
(1 − t)3
1−β
t (1 − β)4


µm ν
µm β 04 δ 4
b i−1 k4 +
1−
kw
kw̌i−1 k4
1−β
(1 − β)ν 3

=

(a)

b i−1 k4 + q2 µm kw̌i−1 k4 .
= (1 − q1 µm )kw

ν
,
1−β
∆

q2 =

β 04 δ 4
.
(1 − β)ν 3

where (a) holds because we set t = µm ν/(1 − β), and q1 , q2 are defined as
∆

q1 =

(196)

(197)

(201)

(200)

(199)

(198)

Next we check the terms E[ksi (ψ i−1 )k2 |F i−1 ] and E[ksi (ψ i−1 )k4 |F i−1 ]. From (139) we
have
e k2 ≤ B1 (kw
b i−1 k2 + kw̌i−1 k2 ),
kψ
i−1

where B1 = 2(1 + β1 )2 v 2 , which also implies that

2

b i−1 k4 + kw̌i−1 k4 ) = B2 (kw
b i−1 k4 + kw̌i−1 k4 ),
≤ 2B12 (kw

e k4 ≤ B 2 (kw
b i−1 k2 + kw̌i−1 k2 )2
kψ
i−1
1

β 02 δ 2
.
ν(1 − β)

b i−1 k2 + q3 µm kw̌i−1 k2 ,
= (1 − q1 µm )kw



µm H i−1
µm β 0 H i−1
b i−1 +
IM −
w
w̌i−1
1−β
1−β


µm β 02 δ 2
µm ν
b i−1 k2 +
kw
kw̌i−1 k2
≤ 1−
1−β
ν(1 − β)

where B2 = 2B12 . Furthermore, recall in (137) that

where we define

∆

q3 =

Now substituting (196), (198), (199) and (200) into (195), we get
b i k4 |F i−1 ]
E[kw
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4 µ4
4
 3σs,4
3B2 γ44 µm
m
b i−1 k4 + kw̌i−1 k4 +
b i−1 k4 + q2 µm kw̌i−1 k4 +
kw
≤ (1 − q1 µm )kw
(1 − β)4
(1 − β)4
2




8µm
b i−1 k2 + q3 µm kw̌i−1 k2 γ 2 B1 kw
b i−1 k2 + kw̌i−1 k2 + σs2
(1 − q1 µm )kw
+
(1 − β)2

4
4
b i−1 k4 + q2 µm kw̌i−1 k4 + q4 µm
b i−1 k4 + kw̌i−1 k4 + q5 µm
= (1 − q1 µm )kw
kw




2
b i−1 k2 + kw̌i−1 k2 + σs2 ,
b i−1 k2 + q3 µm kw̌i−1 k2 γ 2 B1 kw
+ q6 µ m
(1 − q1 µm )kw
4
4
4
b i−1 k4 + (q2 µm + q4 µm
)kw
)kw̌i−1 k4 + q5 µm
= (1 − q1 µm + q4 µm

2
3
b i−1 k4 + q6 q3 γ 2 B1 µm
+ q6 γ 2 B1 (1 − q1 µm )µm
kw
kw̌i−1 k4

43
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2
b i−1 k2 kw̌i−1 k2
+ q6 γ 2 B1 µm
(1 − q1 µm + q3 µm )kw

2
3
b i−1 k2 + q6 q3 σs2 µm
+ q6 σs2 µm
(1 − q1 µm )kw
kw̌i−1 k2

4
3σs,4
,
(1 − β)4

q6 =

8
,
(1 − β)2

4
4
4
b i−1 k4 + (q2 µm + q4 µm
≤ (1 − q1 µm + q4 µm
)kw
)kw̌i−1 k4 + q5 µm

(a)

∆

q5 =

∆

2
3
b i−1 k4 + q6 q3 γ 2 B1 µm
+ q6 γ 2 B1 (1 − q1 µm )µm
kw
kw̌i−1 k4


2
b i−1 k4 + kw̌i−1 k4
+ q6 γ 2 B1 µm
(1 − q1 µm + q3 µm ) kw

3B2 γ44
,
(1 − β)4

2
3
b i−1 k2 + q6 q3 σs2 µm
+ q6 σs2 µm
(1 − q1 µm )kw
kw̌i−1 k2 ,

where we define

∆

q4 =

and (a) holds because for any two variables a, b > 0 we have

ab < 2ab ≤ a2 + b2 .

When µm is chosen sufficiently small, from (202) we reach

1−

q8 = q6 q3 σs2 .

∆

(202)

(203)

(204)

(207)

(206)

b i k4 |F i−1 ]
E[kw

q1 µm 
2
3
4
b i−1 k4 + 2q2 µm kw̌i−1 k4 + q6 σs2 µm
b i−1 k2 + q6 q3 σs2 µm
≤ 1−
kw
kw
kw̌i−1 k2 + q5 µm
2


q
1 µm
2
3
4
b i−1 k4 + 2q2 µm kw̌i−1 k4 + q7 µm
b i−1 k2 + q8 µm
kw
kw
kw̌i−1 k2 + q5 µm
, (205)
2
=

where we define

∆

q7 = q6 σs2 ,

On the other hand, recall from (142) that


µm
µm β 0
µm
b i−1 + βIM +
H i−1 w
H i−1 w̌i−1 +
si (ψ i−1 ).
1−β
1−β
1−β
w̌i = −

Now we also apply inequality (194) to the above equation and get
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E[kw̌i k4 |F i−1 ]




4
3µ4 E ksi (ψ i−1 )k4 |F i−1
µm H i−1
µm β 0
b i−1 + βIM +
= −
H i−1 w̌i−1 + m
w
1−β
1−β
(1 − β)4


2 
2

−µm H i−1
8µm
µm β 0
2
b
E
ks
+
w
H
i (ψ i−1 )k |F i−1
i−1+ βIM +
i−1 w̌ i−1
(1 − β)2
1−β
1−β


4
4 e
4
4
4
3µ
µm H i−1
µm β 0
m (γ4 kψ i−1 k + σs,4 )
b i−1 + βIM +
≤ −
w
H i−1 w̌i−1 +
1−β
1−β
(1 − β)4


2
2
µm β 0
−µm H i−1
8µm
e k2 + σ 2 ).
b i−1+ βIM +
w
H i−1 w̌i−1 (γ 2 kψ
(208)
i−1
s
(1 − β)2
1−β
1−β
+

44

8β 04 δ 4
∆
,
p1 =
(1 − β)7

∆

p3 =

(1 − β)3

2β 02 δ 2

,

∆

p4 =
(1 − β)3

2δ 2
.

4 µ4
3σs,4
m
(1 − β)4

(212)

(211)

(210)

(209)

45

b i−1 k2 kw̌i−1 k2
+ p7 γ 2 B1 µ2m (β + p3 µ2m + p4 µ2m )kw

b i−1 k4
+ p7 γ 2 B1 µ2m (β + p3 µ2m )kw̌i−1 k4 + p4 p7 γ 2 B1 µ4m kw

b i−1 k4 + p6 µ4m
= [β + (p1 + p5 )µ4m ]kw̌i−1 k4 + (p2 + p5 )µ4m kw

b i−1 k4 +
≤ (β + p1 µ4m )kw̌i−1 k4 + p2 µ4m kw

JMLR 17(192):1-66


3B2 γ44 µ4m
b i−1 k4 + kw̌i−1 k4 +
kw
(1 − β)4



8µ2m 
b i−1 k2 γ 2 B1 kw
b i−1 k2 + kw̌i−1 k2 + σs2
+
(β + p3 µ2m )kw̌i−1 k2 + p4 µ2m kw
(1 − β)2

b i−1 k4 + p5 µ4m kw
b i−1 k4 + kw̌i−1 k4 + p6 µ4m
= (β + p1 µ4m )kw̌i−1 k4 + p2 µ4m kw





b i−1 k2 γ 2 B1 kw
b i−1 k2 + kw̌i−1 k2 + σs2
+ p7 µ2m (β + p3 µ2m )kw̌i−1 k2 + p4 µ2m kw

E[kw̌i k4 |F i−1 ]

Now substituting (209), (211), (198) and (199) into (208), we have

where we define

Moreover, recall in (143) that

 2
µm β 0 H i−1
µm H i−1
b i−1
β w̌i−1 +
w̌i−1 −
w
1−β
1−β

2µ2m δ 2
2µ2m β 02 δ 2 
b i−1 k2
kw̌i−1 k2 +
kw
≤ β+
3
(1−β)
(1−β)3
b i−1 k2 ,
= (β + p3 µ2m )kw̌i−1 k2 + p4 µ2m kw

where we define

8δ 4
∆
p2 =
.
(1 − β)7

µm
µm β 0
b i−1
H i−1 w̌i−1 −
H i−1 w
(1 − β)2
(1 − β)2
4
04
4
4
4
8µ β δ
8µm δ
b i−1 k4
≤ βkw̌i−1 k4 + m
kw̌i−1 k4 +
kw
(1 − β)7
(1 − β)7
b i−1 k4 ,
= (β + p1 µ4m )kw̌i−1 k4 + p2 µ4m kw

≤ βkw̌i−1 k4 + (1 − β)

4

We next bound each of the terms that appear on the right-hand side. Using Jensen’s
inequality, the lower and upper bounds on the Hessian matrix from (11), and the inequality
ka + bk4 ≤ 8kak4 + 8kbk4 , we have


4
µm β 0
µm H i−1
b i−1 + βIM +
w
−
H i−1 w̌i−1
1−β
1−β
 4

µm
µm β 0
b
= β w̌i−1 + (1 − β)
H
w̌
−
H
w
i−1
i−1
i−1
i−1
(1 − β)2
(1 − β)2
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∆

p5 =

3B2 γ44
,
(1 − β)4
∆

p6 =

4
3σs,4
,
(1 − β)4

∆

p7 =

8
.
(1 − β)2

∆

p8 = 2p7 γ 2 B1 ,

∆

p9 = p4 p7 σs2 ,

∆

p10 = 2p7 βσs2 .

Γ

∆

c0 = p9 µ4m ,

∆

a0 = q6 σs2 µ2m ,

∆

d0 = p10 µ2m ,

∆

b0 = q3 q6 σs2 µ3m ,

(218)

(217)

(216)

(215)

(214)

(213)

i→∞

lim sup

then it holds that

i→∞



a0 b0
c0 d0



46



+

i→∞



e
f



=



O(µ3m )
O(µ4m )



(221)

(220)
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.

lim sup Ekw̌i−1 k2 = O(µ2m ),

b i−1 k2
Ekw
Ekw̌i−1 k2

b i−1 k2 = O(µm ),
lim sup Ekw

Recall from Theorem 4 that

Taking expectations again over F i−1 for both sides of the inequality (217), we have

 

  0 0 
 

b i−1 k4
b i−1 k2
b i k4
Ekw
a b
Ekw
Ekw
a b
e
+
+
,
(219)
≤
Ekw̌i−1 k4
c0 d0
Ekw̌i−1 k2
f
Ekw̌i k4
c d
| {z }

f = p6 µ4m .

∆

∆

e = q5 µ4m ,

d = β + p8 µ2m ,

∆

∆

∆

b = 2q2 µm ,
c = p8 µ2m ,

where the constants are
q1
∆
a = 1 − µm ,
2

Combining (205) and (215), we have

 
  0 0 

 

b i−1 k2
b i k4 |F i−1 ]
b i−1 k4
E[kw
a b
kw
kw
e
a b
,
+
≤
+
f
c0 d0
kw̌i−1 k2
kw̌i−1 k4
E[kw̌i k4 |F i−1 ]
c d

where we define

b i−1 k4 + p9 µ4m kw
b i−1 k2 + p10 µ2m kw̌i−1 k2 + p6 µ4m
= (β + p8 µ2m )kw̌i−1 k4 + p8 µ2m kw

+ 2p7 βσs2 µ2m kw̌i−1 k2 + p6 µ4m

b i−1 k4 + p4 p7 σs2 µ4m kw
b i−1 k2
≤ (β + 2p7 γ 2 B1 µ2m )kw̌i−1 k4 + 2p7 γ 2 B1 µ2m kw

E[kw̌i k4 |F i−1 ]

When µm is sufficiently small, we obtain from (213):

where we define

b i−1 k2 ,
+ p7 σs2 µ2m (β + p3 µ2m )kw̌i−1 k2 + p4 p7 σs2 µ4m kw

b i−1 k4
+ p7 γ 2 B1 µ2m (β + p3 µ2m )kw̌i−1 k4 + p4 p7 γ 2 B1 µ4m kw

2
2
2
2
4
b i−1 k4
+ p7 γ B1 µm (β + p3 µm + p4 µm ) kw̌i−1 k + kw

b i−1 k4 + p6 µ4m
≤ [β + (p1 + p5 )µ4m ]kw̌i−1 k4 + (p2 + p5 )µ4m kw

b i−1 k2
+ p7 σs2 µ2m (β + p3 µ2m )kw̌i−1 k2 + p4 p7 σs2 µ4m kw

Yuan, Ying, and Sayed
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When µm

=

2 )
O(µm
4 )
O(µm

zi−1

r

(222)

(230)

(229)

(228)

(227)

(226)

(225)

(224)

(223)

is sufficiently small, it can be verified that Γ is stable. Therefore, it holds that




 

b i−1 k2
a0 b0
Ekw
e
= (I − Γ)−1 lim sup
+
c0 d0
Ekw̌i−1 k2
f
i→∞



b i k4
lim supi→∞ Ekw
lim supi→∞ Ekw̌i k4

Furthermore,
i→∞

Γ2


2
b i k4 + Ekw̌i k4 ) = O µm
e i k4 ≤ 2v 4 lim sup(Ekw
lim sup Ekw
.
i→∞

Appendix F. Proof of Corollary 7

yi−1

kyi k1 ≤ kΓ1 k1 kyi−1 k1 + kΓ2 k1 kzi−1 k1 + krk1 .

Γ1

Recall from (219) that



 
 
 

b k4
b k2
b k4
a b
Ekw
a0 b0
Ekw
e
Ekw
i−1
i−1
i
≤
+
+
.
c d
Ekw̌i−1 k4
c0 d0
Ekw̌i−1 k2
f
Ekw̌i k4
{z
} | {z } |
{z
} | {z } |
{z
} | {z }
|

yi

We then have

Notice that

µm ν
q1 µ m
∆
=1−
= ρ2 .
4
4(1 − β)

small enough such that

n
o
q
1 µm
2
2
kΓ1 k1 = max 1 −
+ p 8 µm
, β + 2q2 µm + p8 µm
,
2

we can always choose

µm

kΓ1 k1 ≤ 1 −

2E1 σs2
∆
,
=
(1 − β)ν

kzi k1 ≤ ρ1i+1 kz−1 k1 + s1 µm ≤ ρ2i+1 kz−1 k1 + s1 µm

(a)

Similarly, we can also choose µm small enough such that

2
4
3
2
2
kΓ2 k1 = max q6 σs2 µm
+ p9 µm
, q3 q6 σs2 µm
+ p10 µm
≤ (q6 σs2 + p10 )µm
.
Also recall (174) that

where we define
s1

µm ν
for some constant E1 , and (a) holds because ρ1 = 1 − 2(1−β)
≤ ρ2 . Substituting (227), (228)
and (229) into (225), we have
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2
4
kyi k1 ≤ ρ2 kyi−1 k1 + (q6 σs2 + p10 )(ρ2i kz−1 k1 + s1 µm )µm
+ 2p6 µm

47
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2
3
≤ ρ2 kyi−1 k1 + s2 ρ2i µm
+ 2s3 µm
,

2
3
4
= ρ2 kyi−1 k1 + s2 ρ2i µm
+ s 3 µm
+ 2p6 µm
(a)

3
2s3 µm
.
1 − ρ2

s3 = (q6 σs2 + p10 )s1 .

∆

(231)

(237)

(236)

(235)

(234)

(233)

(232)

where (a) holds when µm is sufficiently small, and the constants s2 and s3 are defined as
∆

s2 = (q6 σs2 + p10 )kz−1 k1 ,
Iterating (231), we reach

2
kyi k1 ≤ ρ2i+1 ky−1 k1 + s2 (i + 1)ρ2i µm
+

b i k4 + Ekw̌i k4 , we have
Since kyi k1 = Ekw

8(1 − β)s3
ν

2
2
= ρ2i+1 ky−1 k1 + s2 (i + 1)ρ2i µm
+ s4 µ m
,

ρ2i+1 ky−1 k1

3
2s3 µm
b k4 ≤ ρi+1 ky k + s (i + 1)ρi µ2 +
Ekw
i
−1
1
2
2
m
2
1 − ρ2
2
8(1 − β)s3 µm
2
+ s2 (i + 1)ρ2i µm
+
=
ν

where s4 is defined as

∆

s4 =

Now we substitute (234) and (176) into the second row of (219) and reach

 i
i−1 2
2
4
2
2
Ekw̌i k4 ≤ (β + p8 µm
)Ek
w̌
i−1 k + p8 µm ρ2 ky−1 k1 + s2 iρ2 µm + s4 µm
 i

2
4
4
+ p10 µm
kw̌i−1 k2 + p9 µm
ρ2 kz−1 k1 + s1 µm + p6 µm
.

Using the bounds for Ekw̌ k2 from Corollary 5, the above inequality becomes
i


i−1 2
2
2
4
2
i
Ekw̌i k4 ≤ (β + p8 µm
)Ek
w̌
i−1 k + p8 µm ρ2 ky−1 k1 + s2 iρ2 µm + s4 µm

 2
2
σ 2 µ2
(δ + γ 2 )ρ1i µm
+ p E µ2
+ s m
10
2
m
(1 − β)4
(1 − β)3
 i

4
4
+ p 9 µm
ρ2 kz−1 k1 + s1 µm + p6 µm

(a)
1−β
2
4
4
≤ (1 −
)Ekw̌i−1 k4 + s5 ρ2i µm
+ s6 iρ2i−1 µm
+ s 7 µm
2
4
4
4
4
5
+ s8 ρ1i µm
+ s9 µm
+ s10 ρ2i µm
+ p6 µm
+ s1 p9 µm

(b)

4
+ (s7 + s9 + 2p6 )µm

2
4
4
4
≤ αEkw̌i−1 k4 + s5 ρ2i µm
+ s6 iρ2i−1 µm
+ s8 ρ1i µm
+ s10 ρ2i µm
(c)

4
+ (s7 + s9 + 2p6 )µm
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2
4
4
4
≤ αEkw̌i−1 k4 + s5 ρ2i µm
+ s6 iρ2i−1 µm
+ s8 ρ2i µm
+ s10 ρ2i µm
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p10 E2
+
(1 − β)4

(δ 2

γ2)

,

k=0

α
ρ2

k

+ s10 µ4m ρi2

k=0

k=0

+

+ s6 µ4m ρi−1
2

ρ2

∆

2(s7 + s9 + 2p6 )µ4m
.
1−β

k=0

 k
i
X
α
(i − k)
ρ2

∆

s 7 = p8 s 4
s10 = p9 kz−1 k1 .


i 
X
α k


i 
X
α k

ρ2

∆

s9 =

p10 E2 σs2
,
(1 − β)3

and

k=0

ρ2


i 
X
α k

<

k=0

ρ2

E3
ρ2
=
≤
,
ρ2 − α
1−β

k=0

(242)

(241)

(240)

E3 s5 µ2m ρi2 iE3 s6 µ4m ρi−1
2
+
+
1−β
1−β
E3 s8 µ4m ρi2 E3 s10 µ4m ρi2 2(s7 + s9 + 2p6 )µ4m
+
+
.
+
1−β
1−β
1−β

4
E4 ρi+1
2 µm

(243)

49
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Substituting (238) into (243) and recall α < ρ2 , we finally reach
 2 i
γ ρ2
γ 2 σs2 iρi−1
σ 2 (δ 2 + γ 2 )ρi2 4
δ 2 σs2 ρi2 4
4
2
Ekw̌i k4 = O
µ2m + ρi+1
µ4m + s
µm +
µ
2 µm +
3
5
7
(1 − β)
(1 − β)
(1 − β)
(1 − β)6 m

Ekw̌i k ≤

4

Recall from (189) that Ekw̌−1 k4 = E4 µ4m , where E4 = Ek∇w Q(w−2 ; θ −1 )k4 . Substituting
into (242) we reach that

4
Ekw̌i k4 ≤ ρi+1
2 Ekw̌ −1 k +

E3 s5 µ2m ρi2 iE3 s6 µ4m ρi−1
2
+
1−β
1−β
E3 s8 µ4m ρi2 E3 s10 µ4m ρi2 2(s7 + s9 + 2p6 )µ4m
+
+
+
.
1−β
1−β
1−β

We substitute (240) and (241) into (239), and reach

k=0

 k


i
i 
∞ 
X
X
X
α
α k
α k
iE3
(i − k)
≤i
≤i
≤
.
ρ2
ρ2
ρ2
1−β
k=0


∞ 
X
α k

where E3 is some constant. Meanwhile, we also have

α
< 1,
ρ2

1−β
2 .

(239)

(238)

µm ν
, and we can choose µm small enough such that ρ2 > α = 1 −
Recall ρ2 = 1 − 4(1−β)
In this situation, we have

+ s8 µ4m ρi2

i 
X

Ekw̌i k4 ≤ αi+1 Ekw̌−1 k4 + s5 µ2m ρi2

∆

s6 = p 8 s 2 ,

Now we continue iterating (237) and reach

s8 =

∆

s5 = p8 ky−1 k1 ,

∆

where E2 is some constant. The inequality (a) holds because step-size µm is chosen small
enough such that (1 − β)/2 > p8 µ2m , (b) holds because α = 1 − (1 − β)/2 and µm is chosen
such that p6 µ4m > s1 p9 µ5m , and (c) holds because ρ1 < ρ2 . Moreover, the other constants
are defined as

On the Influence of Momentum Acceleration on Online Learning

(244)

si (xi−1 ) = (Ru − ui uT
xi−1 − ui v(i).
i )e

(247)

(246)

2

2
e
e i−1 k2
+ µ2 EkRu − ui uT
i k Ekψ i−1 − x

1
1
e
b i−1 − x
e i−1 k2 + µ2 β 02 δ 2 Ekw̌i−1 k2 + B1 µ2 Ekψ
e i−1 k2
(1 − µν)2 Ekw
i−1 − x
1−t
t
µβ 02 δ 2
e
b i−1 − x
e i−1 k2 +
e i−1 k2 ,
(1 − µν)Ekw
Ekw̌i−1 k2 + B1 µ2 Ekψ
(249)
i−1 − x
ν

b i−1 − x
e i−1 ) + µβ 0 Ru w̌i−1
E (IM − µRu )(w

50

(250)
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e −x
ei = w
e i + β1 (w
ei − w
e i−1 ) − x
e i = (w
ei − x
e i ) − β1 (w
e i−1 − w
e i)
ψ
i

2
where (a) holds because of Jensen’s inequality and we let B1 = EkRu − ui uT
i k , and (b)
holds by choosing t = µν. To bound the last term in the above relation, we use (124) to
note that

≤

(b)

≤

(a)

≤

bi − x
e i k2
Ekw

Now note that in the quadratic case, the Hessian matrix of J(w) is equal to Ru . It follows
that condition (11) is satisfied with the identifications ν = λmin (Ru ), δ = λmax (Ru ). Let
t ∈ (0, 1). By squaring (248) and taking expectations, and applying Jensen’s inequality, we
obtain

e
bi − x
e i =(IM − µRu )(w
b i−1 − x
e i−1 ) + µ(Ru − ui uT
e i−1 ) + µβ 0 Ru w̌i−1 . (248)
w
i )(ψ i−1 − x

Substituting into (246) gives

e
si (ψ i−1 ) = (Ru − ui uT
i )ψ i−1 − ui v(i),

bi − x
e i = (IM − µRu )(w
b i−1 − x
e i−1 ) + µ(si (ψ i−1 ) − si (xi−1 )) + µβ 0 Ru w̌i−1 ,
w

Subtracting (55) and (61) we get

Appendix G. Proof of Theorem 8

where

.

γ 2 σs2 iρi−1
σ 2 (δ 2 + γ 2 )ρi2 4
δ 2 σs2 ρi2 4
E6 σs2 (δ 2 + γ 2 )(i + 1)ρi+1
2
2
µ4 + s
µm +
µ ≤
µ4m ,
(1 − β)5 m
(1 − β)7
(1 − β)6 m
(1 − β)7
4
4 ν 2]
σs,4
E7 [(γ 2 + ν 2 )σs4 + σs,4
σs4
γ 2 σs4
µ4 +
µ4 +
µ4 ≤
µ4m ,
(1 − β)5 ν 2 m (1 − β)6 m (1 − β)5 m
(1 − β)6 ν 2
(245)

we finally reach the conclusion in (44).

4
ρi+1
2 µm +

!

γ 2 ρi2
E5 γ 2 ρi+1
2
µ2m ≤
µ2 ,
3
(1 − β)
(1 − β)3 m

Since there must exist some constants E5 , E6 and E7 such that

4
σs,4
σs4
γ 2 σs4
µ4m +
µ4m +
µ4
+
5
2
6
(1 − β) ν
(1 − β)
(1 − β)5 m
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β
β
1
ei − x
ei) −
e i−1 − x
e i ) = (w
ei − x
ei) −
e i−1 − w
e i ).
(w
(w
(w
1−β
1−β
1−β

On the other hand, from (28) we have
bi − x
ei =
w

so that

(251)

β −β1 +ββ1
β0
e −x
b i −x
ei +
e i−1 − w
e i) = w
b i −x
ei +
e i−1 − w
e i) = w
b i −x
e i −β 0 w̌i .
ψ
(w
(w
i ei = w
1−β
1−β
(252)

where we used the definition for β 0 from (30) and the definition for w̌i from (28). Therefore,
from Jensen’s inequality again, we get
(253)

(254)



µβ 02 δ 2
+ 2B1 β 02 µ2 Ekw̌i−1 k2
ν

e −x
e i k2 ≤ 2Ekw
bi − x
e i k2 + 2β 02 Ekw̌i k2 .
Ekψ
i

Substituting into (249) gives
bi − x
e i k2 ≤ (1 − µν + 2B1 µ2 )Ekw
b i−1 − x
e i−1 k2 +
Ekw
(a) 
µν 
2µβ 02 δ 2
b i−1 − x
e i−1 k2 +
≤ 1−
Ekw
Ekw̌i−1 k2
2
ν


2
µν
B
2 µδ
b i−1 − x
e i−1 k2 +
≤ 1−
Ekw
Ekw̌i−1 k2 ,
2
ν



(256)

(255)

where B2 = 2β 02 and the inequality (a) holds when µ is chosen small enough such that
µβ 02 δ 2
> 2B1 β 02 µ2 .
ν

and

µν
> 2B1 µ2
2

Ekw̌i k2 ≤ C1

Recall from Corollary 5 that


2
(δ 2 + γ 2 )ρ1i+1 µm
σ 2 µ2
+ s m3
(1 − β)4
(1 − β)





(258)

(257)

for each iteration i = 0, 1, 2, 3, . . ., where C1 is some constant. Recall µ = µm /(1 − β), we
then have
Ekw̌i k2 ≤ C1

σ 2 µ2
(δ 2 + γ 2 )ρ1i+1 µ2
+ s
(1 − β)2
1−β

This fact, together with inequality (254), leads to

µm ν
2(1−β)

µν
2 ,

then (258) becomes


.

(259)
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δ 2 (δ 2 + γ 2 )ρ1i µ3
δ 2 σs2 µ3
+
ν(1 − β)2
ν(1 − β)

=1−






2
2
2
i
3
µν
δ
(δ
+
γ
)ρ
δ 2 σs2 µ3
1µ
bi − x
e i k2 ≤ 1 −
b i−1 − x
e i−1 k2 + B2 C1
Ekw
+
.
Ekw
2
ν(1 − β)2
ν(1 − β)
Recall from Corollary 5 that ρ1 = 1 −

bi − x
e i k2 ≤ ρ1 Ekw
b i−1 − x
e i−1 k2 + B2 C1
Ekw
51

For brevity, we denote
∆

e1 =
Inequality (259) will become

∆

e2 =

B2 C1 δ 2 σs2
.
ν(1 − β)

Yuan, Ying, and Sayed

B2 C1 (δ 2 + γ 2 )δ 2
,
ν(1 − β)2

bi − x
e i k2 ≤ ρ1 Ekw
b i−1 − x
e i−1 k2 + e1 ρ1i µ3 + e2 µ3
Ekw

b −1 − x
e −1 k2 + e1 (i + 1)ρ1i µ3 +
≤ ρ1i+1 Ekw

e 2 µ3
.
1 − ρ1

1
β
e −1 − x
e −1 ) −
e −2 − x
e −1 ).
(w
(w
1−β
1−β

Recall from the first equation in (251) that for i = −1:

b −1 − x
e −1 =
w

e −1 k2 = B4 µ2 ,
b −1 − x
Ekw

1
e −1 − w
e −2 ) = µ∇w Q(w−2 ; d(−1), u−1 ).
(w
1−β

(260)

(261)

(262)

(264)

(263)

Now, using the assumption that the momentum and standard recursions started from the
same initial states, w−2 = x−1 and w−1 = w−2 − µm ∇w Q(w−2 ; d(−1), u−1 ), and recall
µ = µm /(1 − β), then we have
b −1 − x
e −1 =
w
Therefore, it holds that

+ 2C1



B2 C1 (δ 2 + γ 2 )δ 2 (i + 1)ρ1i 3 4B2 C1 δ 2 σs2 2
µ + 2
µ .
ν(1 − β)2
ν (1 − β)

from (28) we have

(δ 2 + γ 2 )ρ1i+1 µ2
σ 2 µ2
+ s
(1 − β)2
1−β

δ 2 + γ 2 i+1 2 δ 2 (δ 2 + γ 2 )(i + 1)ρ1i+1 3
δ 2 σ 2 µ2
ρ µ +
µ + 2 s
(1 − β)2 1
ν(1 − β)2
ν (1 − β)

(265)

(266)

(267)

(268)
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.

where B4 = Ek∇w Q(w−2 ; d(−1), u−1 )k2 . Substituting (264) and (260) into (261), we reach
bi − x
e i k2 ≤ B4 ρ1i+1 µ2 +
Ekw

e i −w
e i−1
w
1−β

bi − x
e i = (w
ei − x
e i ) + β w̌i ,
w

Furthermore, using (251) and w̌i =

which implies that

ei − x
e i k2 ≤ 2Ekw
bi − x
e i k2 + 2β 2 Ekw̌i k2 ≤ 2Ekw
bi − x
e i k2 + 2Ekw̌i k.
Ekw

Substituting (257) and (265) into (267), we have



B2 C1 (δ 2 + γ 2 )δ 2 (i + 1)ρ1i 3 4B2 C1 δ 2 σs2 2
ei − x
e i k2 ≤ B4 ρ1i+1 µ2 +
Ekw
µ
µ + 2
ν(1 − β)2
ν (1 − β)


=O

52

(271)

(270)

(269)

1+

=

≤

=

−

−

exp(−γ(i)hT
i xi−1 )
1 + exp(−γ(i)hT
i xi−1 )

1+

exp(−γ i hT
i ψ i−1 )

exp(−γ i hT
i ψ i−1 )

53

T
exp(−γ(i)hT
i ψ i−1 ) − exp(−γ(i)hi xi−1 )
T
exp(−γ(i)hi ψ i−1 ) + exp(−γ(i)hT
i xi−1 )
xi−1 −ψ i−1
T xi−1 −ψ i−1
exp(γ(i)hT
)
−
exp(−γ(i)h
)
i
i
2
2
x
−ψ
T i−1
T xi−1 −ψ i−1
i−1
exp(γ(i)hi
) + exp(−γ(i)hi
)
2
2

T
[1 + exp(−γ(i)hT
i ψ i−1 )][1 + exp(−γ(i)hi xi−1 )]

(274)

(273)
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exp(−γ(i)hT
i xi−1 )
1 + exp(−γ(i)hT
i xi−1 )

T
exp(−γ(i)hT
i ψ i−1 ) − exp(−γ(i)hi xi−1 )

exp(−γ(i)hT
i ψ i−1 )

exp(−γ(i)hT
i ψ i−1 )

Note that

≤ ρkψ i−1 − xi−1 k + khi k

[
[
∇
w J(ψ i−1 ) − ∇w J(xi−1 )

and, hence,

exp(−γ(i)hT
i w)
[
∇
γ(i)hi
w J(w) = ρw −
1 + exp(−γ(i)hT
i w)

where hi ∈ RM is a streaming sequence of independent feature vectors with Rh = Ehi hT
i >
0, and γ(i) ∈ {−1, +1} is a streaming sequence of class labels. We assume the random processes {γ(i), hi } are wide-sense stationary. Moreover, ρ > 0 is a regularization parameter.
We first verify the feasibility of Assumption 5. Note that the approximate gradient vector
is given by:

Regularized logistic regression. Consider next the regularized logistic regression risk
n 
o
∆ ρ
(272)
J(w) = kwk2 + E ln 1 + exp(−γ(i)hT
i w) ,
2

4
where ξ2 = EkRu − ui uT
i k . Therefore, Assumption 5 holds.

e i−1 − x
e i−1 k4 ,
E[ksi (wi−1 ) − si (xi−1 )k4 |F i−1 ] ≤ ξ2 kw

2
where ξ1 = EkRu − ui uT
i k . Similarly,

e i−1 − x
e i−1 k2 ,
E[ksi (wi−1 ) − si (xi−1 )k2 |F i−1 ] ≤ ξ1 kw

so that, under the assumption of independent and stationary regression vectors,

e i−1 − x
e i−1 ).
si (wi−1 )−si (xi−1 ) = (Ru − ui uT
i )(w

Least-mean-squares problem. Consider first the mean-squares cost (47). Since in this
case H i−1 = Ri−1 = Ru , we find that Assumption 6 holds automatically. With regards to
Assumption 5, at any iteration i, we have
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(275)

(276)

d i−1 )− ∇J(x
d i−1 )]−[∇J(ψ i−1 )−∇J(xi−1 )]
[∇J(ψ

(278)

(277)

(280)

(279)

n

∇2w J(w) = ρIM + E hi hT
i

4.

o
exp(−γhT
i w)
.
T
2
[1 + exp(−γhi w)]

54

exp(−γhT
exp(−γhT
i w1 )
i w2 )
−
2
2
[1 + exp(−γhT
w
)]
[1
+
exp(−γhT
i 1
i w2 )]

T
Let x1 = −γhT
i w1 and x2 = −γhi w2 . Then,

(282)

(281)
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k∇2w J(w1 ) − ∇2w J(w2 )k
n
 exp(−γhT w )
o
exp(−γhT
i 1
i w2 )
= E hi hT
−
i
T
T
[1 + exp(−γhi w1 )]2 [1 + exp(−γhi w2 )]2
 exp(−γhT w )

exp(−γhT
i 1
i w2 )
≤ E hi hT
−
i
T
T
2
2
[1 + exp(−γhi w1 )]
[1 + exp(−γhi w2 )]
)
(
T
exp(−γhi w1 )
exp(−γhT
i w2 )
−
≤ E hi hT
i
2
2
[1 + exp(−γhT
[1 + exp(−γhT
i w1 )]
i w2 )]

Now, for any two variables w1 and w2 we have

2

where ξ1 = Eη i and ξ2 = Eη i
Next we check the feasibility of Assumption 6. For simplicity, we write γ instead of
γ(i). It can be verified that for the cost function J(w) in (272):

E[ksi (ψ i−1 )−si (xi−1 )k4 |F i−1 ] ≤ ξ2 kψ i−1 −xi−1 k4 ,

E[ksi (ψ i−1 )−si (xi−1 )k2 |F i−1 ] ≤ ξ1 kψ i−1 −xi−1 k2 ,

where η i = η 1,i + δ is a random variable. Since the {hi } are independent feature vectors
and η i is only related to hi , it follows that

≤ η i kψ i−1 − xi−1 k.

ksi (ψ i−1 )−si (xi−1 )k =

Combining these results we get

k∇w J(ψ i−1 ) − ∇w J(xi−1 )k ≤ δkψ i−1 − xi−1 k.

where η 1,i = ρ + khi k2 /2 is a random variable.
On the other hand, it is shown in Eq. (2.20) of (Sayed, 2014a)
that the Hessian matrix

∇2w J(w) is upper bounded by δIM , where δ = ρ + λmax (Rh ) . We conclude from Lemma
E.3 in the same reference that ∇w J(w) is Lipschitz continuous with modulus δ, i.e.,

[
[
k∇
w J(ψ i−1 ) − ∇w J(xi−1 )k ≤ η 1,i kψ i−1 − xi−1 k,

where in the last inequality we used the property | tanh(y)| ≤ |y|, ∀y ∈ R. Substituting
(275) into (274), we get



1
≤ khi kkψ i−1 − xi−1 k.
= tanh γ(i)hT
i (xi−1 − ψ i−1 )/2
2
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(285)

(284)

(283)

exp(−x )−exp(−x )
exp(x2 )−exp(x1 )
2
1
+

2 exp(−x2)+exp(−x1)+exp(x2)+exp(x1)
2 exp(−x2)+exp(−x1)+exp(x2)+exp(x1)

exp(−x2 ) − exp(−x1 ) + exp(x2 ) − exp(x1 )

2 exp(−x2 ) + exp(−x1 ) + exp(x2 ) + exp(x1 )

exp(x1 )
exp(x2 )
=
−
[1 + exp(x1 )]2 [1 + exp(x2 )]2
exp(x1 )[1 + exp(x2 )]2 − exp(x2 )[1 + exp(x1 )]2
[1 + exp(x1 )]2 [1 + exp(x2 )]2

=
(a)
≤
≤
exp(−x2 ) − exp(−x1 )
exp(x2 ) − exp(x1 )
 +

≤
2 exp(−x2 ) + exp(−x1 )
2 exp(x2 ) + exp(x1 )

x2 −x1
x2 −x1
x2 −x1
1
)
−
exp(
)
)
−
exp(−
)
exp(
(b) 1 exp(− x2 −x
1
2
2
2
2
=
+
1
1
1
1
2 exp(− x2 −x
2 exp( x2 −x
) + exp( x2 −x
)
) + exp(− x2 −x
)
2
2
2
2

=| tanh[(x2 − x1 )/2]|,

= exp(x1 +x2 )[exp(−x2 )+exp(x2 )−exp(−x1 )−exp(x1 )],

= exp(x1 ) + exp(x1 + 2x2 ) − exp(x2 ) − exp(x2 + 2x1 )

exp(x1 )[1 + exp(x2 )]2 − exp(x2 )[1 + exp(x1 )]2

where (a) holds because of the following two facts:

and


= 1 + 2 exp(x1 ) + exp(2x1 ) 1 + 2 exp(x2 ) + exp(2x2 )

[1 + exp(x1 )]2 [1 + exp(x2 )]2

= 2 exp(x1 +x2 )[exp(−x2 )+exp(x2 )+exp(−x1 )+exp(x1 )].

≥ 2 exp(x1 )+2 exp(x2 )+2 exp(x1 + 2x2 )+2 exp(x2 + 2x1 )

2
2
In addition, (b) holds if we extract exp(− x1 +x
) and exp( x1 +x
) from both the denominator
2
2
and numerator of the first and second terms respectively.
Using the definitions for x1 and x2 , this last expression gives


1 T
1
| tanh[(x2 − x1 )/2]| = tanh
γh (w2 − w1 ) ≤ khi kkw2 − w1 k.
(286)
2 i
2

2 J(w ) − ∇2 J(w )k ≤ κkw − w k, where
Substituting (286) into (282), we obtain k∇w
1
2
1
2
w
κ = Ekhi hiT kkhi k/2. Therefore, Assumption 6 holds.
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−

eik
x

4

|F i−1 ]

Referring to relation (68) and apply the inequality (194), we reach
bi
E[kw
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b i−1 − x
e i−1 ) + µ(Ri−1 − H i−1 )e
=k(I M − µH i−1 )(w
xi−1 + µβ 0 H i−1 w̌i−1 k4
55
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e i−1)
+ 3µ4 E[ksi (ψ i−1)−si (xi−1)k4 |F i−1 ] + 8µ2 k(IM −µH i−1)(b
wi−1 − x

+ µ(Ri−1 −H i−1)e
xi−1 + µβ 0 H i−1 w̌i−1 k2 E[ksi (ψ i−1)−si (xi−1)k2 |F i−1 ]

(291)

(290)

(289)

(288)


2µ
2µβ 02 δ 2
k(Ri−1 −H i−1 )e
xi−1 k2 +
kw̌i−1 k2 E[ksi (ψ i−1 )−si (xi−1 )k2 |F i−1 ], (287)
ν
ν

(a) 1
8µ4
8µ4 β 04
b i−1 − x
e i−1 )k4 + 3 k(Ri−1 −H i−1 )e
≤
k(IM −µH i−1 )(w
xi−1 k4 + 3 kH i−1 w̌i−1 k4
(1−t)3
t
t

1
b i−1 − x
e i−1 )k2
+ 3µ4 E[ksi (ψ i−1 )−si (xi−1 )k4 |F i−1 ] + 8µ2
k(IM −µH i−1 )(w
1−t

2µ2
2µ2 β 02
+
k(Ri−1 −H i−1 )e
xi−1 k2 +
kH i−1 w̌i−1 k2 E[ksi (ψ i−1 ) − si (xi−1 )k2 |F i−1 ]
t
t
(b)
8µ
8µβ 04 δ 4
b i−1 − x
e i−1 k4 + 3 k(Ri−1 − H i−1 )e
≤ (1 − µν)kw
xi−1 k4 +
kw̌i−1 k4
ν
ν3

b i−1 − x
e i−1 k2
+ 3µ4 E[ksi (ψ i−1 )−si (xi−1 )k4 |F i−1 ] + 8µ2 (1−µν)kw
+

≤

1
1
ka + b + ck4 = k(1 − t)
a + t (b + c)k4
1−t
t
1
1
1
1
≤ (1 − t)k
ak4 + tk (b + c)k4 =
kak4 + 3 kb + ck4
1−t
t
(1 − t)3
t
8
8
1
kak4 + 3 kbk4 + 3 kck4 ,
(1 − t)3
t
t

where (a) holds because the facts that for any a, b, c ∈ Rm ,

and

1
1
ka + b + ck2 = k(1 − t)
a + t (b + c)k2
1−t
t
1
1
1
1
≤ (1 − t)k
ak2 + tk (b + c)k2 =
kak2 + kb + ck2
1−t
t
1−t
t
1
2
2
kak2 + kbk2 + kck2 ,
1−t
t
t
≤

a2 = 8δ 2 /ν.

∆

JMLR 17(192):1-66

(293)

2µ
k(Ri−1 − H i−1 )e
xi−1 k2 ≤ a2 µke
xi−1 k2 ,
ν
(292)

kRi−1 − H i−1 k4 ≤ 8(kRi−1 k4 + kH i−1 k4 ) ≤ 16δ 4 .

kRi−1 − H i−1 k2 ≤ 2(kRi−1 k2 + kH i−1 k2 ) ≤ 4δ 2 ,

In addition, (b) holds by choosing t = µν.
To further simplify inequality (287), we first note that

As a result, we have

8µ
k(Ri−1 − H i−1 )e
xi−1 k4 ≤ a1 µke
xi−1 k4 ,
ν3
where we define
∆

a1 = 128δ 4 /ν 3 ,

56

i−1

4

4

(298)

(297)

4

4

4

2

4

∆

a3 =

8β 04 δ 4
,
ν4

∆

a4 =

2β 02 δ 2
,
ν
∆

a5 = 16ξ1 ,

57

Eke
xi k4 ≤ ρi+1 Eke
x−1 k4 + A1 σs2 (i + 1)ρi+1 µ2 +

Now recall from (20) that

bi − x
e i k4 ≤ (1 −
Ekw
A2 σs4 µ2
,
ν2

(302)

(301)

(300)

(299)
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µν
b i−1 − x
e i−1 k4 + 2a1 µEke
)Ekw
xi−1 k4 + 2a3 µEkw̌i−1 k4
2
b i−1 − x
e i−1 k4 + 2a1 µEke
= ρ1 Ekw
xi−1 k4 + 2a3 µEkw̌i−1 k4 .

∆

a6 = 24ξ2 .

Taking expectations over F i−1 for both sides of (299), we have

where we define

b i−1 − x
e i−1 k4 + a6 µ4 kw̌i−1 k4
+ a6 µ4 kw
µν
b i−1 − x
e i−1 k4 + 2a1 µke
)kw
xi−1 k4 + 2a3 µkw̌i−1 k4 .
≤ (1 −
2

b i−1 − x
e i−1 k4 + a2 a5 µ3 ke
+ a2 a5 µ3 ke
xi−1 k4 + a2 a5 µ3 kw
xi−1 k4 + a2 a5 µ3 kw̌i−1 k4

b i−1 − x
e i−1 k4 + a5 µ2 (1 − µν + a4 µ)kw̌i−1 k4 + a4 a5 µ3 kw̌i−1 k4
+ a5 µ2 (1 − µν + a4 µ)kw

b i−1 − x
e i−1 k + a1 µke
b i−1 − x
e i−1 k
≤ (1 − µν)kw
xi−1 k + a3 µkw̌i−1 k + a5 (1 − µν)µ kw

(a)

b i−1 − x
e i−1 k4 + a6 µ4 kw̌i−1 k4
+ a6 µ4 kw

b i−1 − x
e i−1 k2 + a2 a5 µ3 ke
+ a2 a5 µ3 ke
xi−1 k2 kw
xi−1 k2 kw̌i−1 k2

b i−1 − x
e i−1 k2 kw̌i−1 k2 + a4 a5 µ3 kw̌i−1 k4
+ a5 µ2 (1 − µν + a4 µ)kw

b i−1 − x
e i−1 k4 + a1 µke
b i−1 − x
e i−1 k4
≤ (1 − µν)kw
xi−1 k4 + a3 µkw̌i−1 k4 + a5 (1 − µν)µ2 kw

b i−1 − x
e i−1 k + a6 µ kw̌i−1 k
+ a6 µ kw

4


b i−1 − x
e i−1 k4 + a1 µke
b i−1 − x
e i−1 k2
≤ (1 − µν)kw
xi−1 k4 + a3 µkw̌i−1 k4 + (1 − µν)kw


2
2
2
2
2
2
b i−1 − x
e i−1 k + a5 µ kw̌i−1 k
+ a4 µkw̌i−1 k + a2 µke
xi−1 k a5 µ kw

bi − x
e i k4 |F i−1 ]
E[kw

4

b i−1 − x
e i−1 k2 + 16ξ1 µ2 kw̌i−1 k2 ,
8µ2 E[ksi (ψ i−1 ) − si (xi−1 )k2 |F i−1 ] ≤ 16ξ1 µ2 kw

In this way, relation (287) becomes

(295)

(294)

e −x
e i k4 ≤ 8kw
bi − x
e i k4 + 8β 04 kw̌i k4 . (296)
kψ
i

b i−1 − x
e i−1 k4 + 24ξ2 µ4 kw̌i−1 k4 ,
3µ4 E[ksi (ψ i−1 ) − si (xi−1 )k4 |F i−1 ] ≤ 24ξ2 µ4 kw

Combining (294)–(296), we have

e −x
e i k2 ≤ 2kw
bi − x
e i k2 + 2β 02 kw̌i k2 ,
kψ
i

In addition, from (252) we get

i−1

e
e i−1 k4 ,
3µ4 E[ksi (ψ i−1 ) − si (xi−1 )k4 |F i−1 ] ≤ 3ξ2 µ4 kψ
i−1 − x
2
2
2 e
e i−1 k2 ,
8µ E[ksi (ψ ) − si (xi−1 )k |F i−1 ] ≤ 8ξ1 µ kψ
−x

On the other hand, from conditions (72)–(73), we have
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4 ν 2]
B1 [(γ 2 + ν 2 )σs4 + σs,4
B1 γ 2 ρi+1
B1 σs2 (δ 2 + γ 2 )(i + 1)ρi+1
2
2
µ2 +
µ4 +
µ4 ,
1−β
(1 − β)3
(1 − β)2 ν 2
(303)

2B1 a3 σs2 (δ 2 + γ 2 )
,
(1 − β)3

∆

a12

∆

a9 =

2
2A2 a1 σs4
∆ 2B1 a3 γ
, a10 =
ν2
1−β
2
2 4
4
2
∆ 2B1 a3 [(γ + ν )σs + σs,4 ν ]
=
.
2
2
(1 − β) ν

a8 = 2A1 a1 σs2 ,

(305)

(304)

≤

k=0

ρ2


∞ 
X
ρ1 k

≤

k=0

+

58

a10 B2 ρi2 µ2 a11 iρi2 µ4 4a9 µ2
+
+
.
ν
ν
ν

bi − x
e i k4 ≤ ρi+1
b −1 − x
e −1 k4 + a7 (i + 1)ρi1 µ +
Ekw
1 Ekw

Substituting (307) and (308) into (306), we get

k=0

 k

i
i 
X
X
ρ1
iB2
ρ1 k
(i − k)
≤i
≤
.
ρ2
ρ2
µν

(309)

(308)

(307)

(306)

JMLR 17(192):1-66

a8 B2 iρi2 µ2
ν

ρ2
4 − µν
B2
=
≤
,
ρ2 − ρ1
µν
µν

k=0

where B2 is some constant. Meanwhile, it also holds that

k=0

ρ2


i 
X
ρ1 k

Note that ρ1 < ρ2 , we then have

k=0

 k
i
X
ρ1
(i − k)
ρ2
k=0




i
i
k
k
X ρ1
X
ρ1
2a9 µ3
(i − k)
+ a10 ρi2 µ3
+ a11 ρi2 µ5
+
.
ρ2
ρ2
1 − ρ2
b −1 − x
e −1 k4 + a7 (i + 1)ρi1 µ + a8 ρi2 µ3
≤ ρi+1
1 Ekw

bi − x
e i k4
Ekw

The inequality (a) holds because µ is chosen small enough such that a9 µ3 > a12 µ5 . Now
we continue iterating (304) and get

a11 =

∆

∆

a7 = 2a1 Eke
x−1 k4 ,

where the constants are defined as

b i−1 − x
e i−1 k4 + a7 ρi1 µ + a8 iρi2 µ3 + a10 ρi2 µ3 + a11 iρi2 µ5 + 2a9 µ3 ,
≤ ρ1 Ekw

(a)

bi − x
e i k4 ≤ ρ1 Ekw
b i−1 − x
e i−1 k4 + a7 ρi µ + a8 iρi µ3 + a9 µ3 + a10 ρi2 µ3 + a11 iρi2 µ5 + a12 µ5
Ekw

where ρ2 = 1−µν/4. Besides, we denote ρ1 = 1−µν/2 and clearly ρ < ρ1 < ρ2 . Substituting
(302) and (303) into (301) we reach

Ekw̌i k4 ≤

where ρ = 1 − µν and A1 and A2 are some constants. On the other hand, recall from (44)
that
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−
=

µ∇w Q(w−2 ; θ −1 ).

Then it holds that

b −1 − x
e −1 k4 = B3 µ4 ,
Ekw

e −1
x
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Recall from (263) that

b −1
w

where B3 = Ek∇w Q(w−2 ; θ −1 )k4 . With this fact, expressions (309) becomes
bi − x
e i k4
Ekw

1)ρ2i µ

a8 B2 iρ2i µ2 a10 B2 ρ2i µ2 a11 iρ2i µ4 4a9 µ2
≤ B3 ρ1i+1 µ4 + a7 (i + 1)ρ1i µ +
+
+
+
ν
ν
ν
ν
a8 B2 iρ2i µ2 a10 B2 ρ2i µ2 a11 iρ2i µ4 4a9 µ2
≤
+ a7 (i +
+
+
+
+
.
ν
ν
ν
ν
B3 ρ2i+1 µ4

Furthermore, recall from (296) that
e −x
e i k4 ≤ 8Ekw
bi − x
e i k4 + 8Ekw̌i k4 .
Ekψ
i

(310)

(311)

(312)

and recall the upper bound of Ekw̌i k4 in (303). With the definition of all constants we
finally reach


δ 4 iρ2i µ δ 4 (σs2 + γ 2 )iρ2i µ2 δ 4 (δ 2 + γ 2 )σs2 iρ2i µ4 δ 4 σs4 2
e −x
e i k4 = O
+
+
+ 6 µ . (313)
Ekψ
i
ν3
(1 − β)ν 5
(1 − β)3 ν
ν

−

Z

1

2
∇w
J(wo

−

re
xi−1 )dr

e i−1 k4 ,
−x

κ e
e i−1 k.
kψ
−x
2 i−1

e

(317)

(316)

(315)

(314)

To further simplify the notation, we notice that when µ is sufficiently small it holds that

δ 4 iρi µ δ 4 (σ 2 + γ 2 )iρi µ2 δ 4 (δ 2 + γ 2 )σ 2 iρ2i µ4
s
s
2
2
+
+
ν3
(1 − β)ν 5
(1 − β)3 ν


δ4
δ 4 (σs2 + γ 2 )µ δ 4 (δ 2 + γ 2 )σs2 µ3
+
+
ν3
(1 − β)ν 5
(1 − β)3 ν

= iρ2i µ

− e

0

2δ 4 iρ2i µ
B4 δ 4 (i + 1)ρ2i+1 µ
≤
≤
ν3
ν3
for some constant B4 . As a result, we obtain


δ 4 (i + 1)ρ2i+1 µ δ 4 σs4 2
+ 6 µ .
ν3
ν
e −x
e i k4 = O
Ekψ
i

2
∇w
J(wo

e
e i−1 kdr =
κrkψ
i−1 − x

2
e ) − ∇2 J(wo − re
k∇w
J(wo − rψ
xi−1 )kdr
i−1
w

rψ i−1 )dr

Appendix J. Proof of Lemma 10

1

0
1

Under Assumption 6, we have

Z

0

0

Z

kH i−1 − Ri−1 k
Z 1
=

≤
≤

As a result, it holds that

EkRi−1 − H i−1 k4 ≤ κ̄

Ekψ i−1
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where κ̄ = κ4 /16. Using (75), we reach the desired bounds shown in (77).
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Appendix K. Proof of Theorem 11

∆

r2 =

2
.
ν

(321)

(320)

(319)

(318)

For (72) in Assumption 5, if we take expectation over F i−1 of both sides, it holds that

Eksi (ψ i−1 )−si (xi−1 )k2 ≤ ξ1 Ekψ i−1 −xi−1 k2 .

Combining the above fact and inequalities (70)–(71), we get
bi − x
e i k2
Ekw

2β 02 δ 2
,
ν

b
e k2 + r µEkw̌ k2
≤ (1 − µν)Ekw
−x
i−1
i−1
1
i−1
p
e
e i−1 k2 ,
EkRi−1 − H i−1 k4 Eke
xi−1 k4 + ξ1 µ2 Ekψ
i−1 − x
+ r2 µ

∆

r1 =

where the constants are defined as

Likewise, from (253) we have

e −x
e i k2 ≤ 2Ekw
bi − x
e i k2 + 2Ekw̌i k2 .
Ekψ
i

Substituting the above inequality along with (77) into (319) gives

r2 δ 2
,
ν 3/2

∆

r4 =

r2 δ 2 σs2
.
ν3

(324)

(323)

bi − x
e i k2
Ekw
h√
ip
i/2
b i−1 −e
≤ (1−µν+2ξ1 µ2 )Ekw
xi−1 k2 +(r1 µ+2ξ1 µ2 )Ekw̌i−1 k2 +
ir3 ρ2 µ3/2 + r4 µ2
Eke
xi−1 k4
ip
h √
 µν 
i/2
b i−1 −e
≤ 1−
Ekw
xi−1 k2 +2r1 µEkw̌i−1 k2 + r3 iρ2 µ3/2 + r4 µ2
Eke
xi−1 k4
2
ip
h √
i/2
b i−1 −e
= ρ1 Ekw
xi−1 k2 +2r1 µEkw̌i−1 k2 + r3 iρ2 µ3/2 + r4 µ2
Eke
xi−1 k4
(322)
where the constants are defined as

∆

r3 =

C2 (δ 2 + γ 2 )ρ1i µ2 C1 σs2 µ2
+
(1 − β)2
1−β

Recall the upper bound of Ekw̌i k2 in (38) that
Ekw̌i k2 ≤

2C1 r1 σs2
.
1−β

(326)

(325)

where α = 1 − /2 < ρ1 , and C1 and C2 are some constants. Substituting (324) into (322),
we have

∆

r6 =
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b −x
e k2
Ekw
i
i
h √
ip
i/2
b i−1 − x
e i−1 k2 + (r5 ρ1i µ3 + r6 µ3 ) + 2r3 iρ2 µ3/2 + r6 µ2
≤ ρ1 Ekw
Eke
xi−1 k4 ,

2C2 r1 (δ 2 + γ 2 )
,
(1 − β)2

where the constants are defined as

∆

r5 =

60

r
σs2 µ

A2 σs4 µ2
ν2

ν
√
σs2 µ
(i+1)/2
(i+1)/2
µ + C5
≤ C3 ρ2
+ C4 σs i + 1ρ2
.
ν

Substituting (327) into (325), we reach

(327)

ρ1 < τ1 ,

∆

∆

k=0

(331)

(330)

(329)

r8 τ2i µ5/2 i(i

61

k=0
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(r6 + r12 )µ3
+
+ 1) +
.
(332)
1 − τ2
p
√
Note that τ2 = ρ2 = 1 − µν/4. When µ is sufficiently small, we have τ2 = 1 − µν/8 and
b −1 − x
e −1 k2 = C6 µ2 , finally we can
hence 1 − τ2 = µν/2. With this fact and recall that Ekw
show that
!
i
X
√
i+1 2
2
i 2
i 3/2
bi − x
e i k ≤ C6 τ2 µ + 2r10 (i + 1)τ2 µ + 2r7 τ2 µ
Ekw
i−k

√
√
b i−1 − x
e i−1 k2 + (r5 τ2i µ3 + r6 µ3 ) + r7 iτ2i µ3/2 + r8 iτ2i µ5/2 + r9 iτ2i µ5/2
≤ τ2 Ekw
√
+ r10 µ2 τ2i + r11 iτ2i µ3 + r12 µ3
√
b i−1 − x
e i−1 k2 + 2r10 τ2i µ2 + 2r7 iτ2i µ3/2 + r8 iτ2i µ5/2 + (r6 + r12 )µ3
≤ τ2 Ekw
!
i
X
√
i+1
2
i 2
i 3/2
b −1 − x
e −1 k + 2r10 (i + 1)τ2 µ + 2r7 τ2 µ
≤ τ2 Ekw
i−k

bi − x
eik
Ekw

2

τ1 < τ2 .

1/2

r12

2C5 r3 σs2
ν
2
∆ C5 r6 σs
.
=
ν

∆

r9 =

τ2 = ρ2 .

ρ2 < τ2 ,

1/2

τ1 = ρ1 ,

∆

r11 = C4 r6 σs ,

∆

r8 = 2C4 r3 σs ,

With the above relation, expressions (328) becomes

Clearly, we have

Now we denote

r10 = C3 r6 ,

∆

r7 = 2C3 r3 ,

∆

where the constants are defined as

√ i/2
√
b i−1 − x
e i−1 k2 + (r5 ρi1 µ3 + r6 µ3 ) + r7 iρi2 µ3/2 + r8 iρi2 µ5/2 + r9 iρ2 µ5/2
≤ ρ1 Ekw
√
i/2
i/2
+ r10 µ2 ρ2 + r11 iρ2 µ3 + r12 µ3 ,
(328)

bi − x
e i k2
Ekw

√

ρi+1 Eke
x−1 k4 + A3 σs2 (i + 1)ρi+1 µ2 +

≤ C3 ρ(i+1)/2 + C4 σs i + 1ρ(i+1)/2 µ + C5

p
Eke
x i k4 ≤

Next, using (20) we have
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8(r6 + r12 )µ2
.
ν

k=0

i
X
√

i − k,

∆

s2 (i) = i(i + 1)

2
δ 2 σs2 s2 (i)τ2i+1 µ3/2 (δ 2 + γ 2 )ρi+1
δ 2 σs4 µ2
1 µ
+
+
(1 − β)2
(1 − β)ν 2
(1 − β)ν 5/2

!

.

(337)

(336)

(335)
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Ekw
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In several applications such as electing officials, choosing policies, or making recommendations, we
are given partial preferences from individuals over a set of alternatives, with the goal of producing
a global ranking that represents the collective preference of the population or the society. This
process is referred to as rank aggregation. One popular approach is learning to rank. Economists
have modeled each individual as a rational being maximizing his/her perceived utility. Parametric
probabilistic models, known collectively as Random Utility Models (RUMs), have been proposed
to model such individual choices and preferences (McFadden, 1980). This allows one to infer the
global ranking by learning the inherent utility from individuals’ revealed preferences, which are
noisy manifestations of the underlying true utility of the alternatives.
Traditionally, learning to rank has been studied under the following data collection scenarios:
pairwise comparisons, best-out-of-k comparisons, and k-way comparisons. Pairwise comparisons
are commonly studied in the classical context of sports matches as well as more recent applications
in crowdsourcing, where each worker is presented with a pair of choices and asked to choose the more
favorable one. Best-out-of-k comparisons data sets are commonly available from purchase history
of customers. Typically, a set of k alternatives are offered among which one is chosen or purchased
by each customer. This has been widely studied in operations research in the context of modeling
customer choices for revenue management and assortment optimization. The k-way comparisons are
assumed in traditional rank aggregation scenarios, where each person reveals his/her preference as

1. Introduction

Rank aggregation systems collect ordinal preferences from individuals to produce a global ranking
that represents the social preference. Rank-breaking is a common practice to reduce the computational complexity of learning the global ranking. The individual preferences are broken into
pairwise comparisons and applied to efficient algorithms tailored for independent paired comparisons. However, due to the ignored dependencies in the data, naive rank-breaking approaches can
result in inconsistent estimates. The key idea to produce accurate and consistent estimates is to
treat the pairwise comparisons unequally, depending on the topology of the collected data. In this
paper, we provide the optimal rank-breaking estimator, which not only achieves consistency but
also achieves the best error bound. This allows us to characterize the fundamental tradeoff between
accuracy and complexity. Further, the analysis identifies how the accuracy depends on the spectral
gap of a corresponding comparison graph.
Keywords: Rank aggregation, Plackett-Luce model, Sample complexity
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Problem formulation. The premise in the current race to collect more data on user activities
is that, a hidden true preference manifests in the user’s activities and choices. Such data can be
explicit, as in ratings, ranked lists, pairwise comparisons, and like/dislike buttons. Others are more
implicit, such as purchase history and viewing times. While more data in general allows for a more
accurate inference, the heterogeneity of user activities makes it difficult to infer the underlying
preferences directly. Further, each user reveals her preference on only a few contents.
Traditional collaborative filtering fails to capture the diversity of modern data sets. The sparsity
and heterogeneity of the data renders typical similarity measures ineffective in the nearest-neighbor
methods. Consequently, simple measures of similarity prevail in practice, as in Amazon’s “people
who bought ... also bought ...” scheme. Score-based methods require translating heterogeneous
data into numeric scores, which is a priori a difficult task. Even if explicit ratings are observed,
those are often unreliable and the scale of such ratings vary from user to user.
We propose aggregating ordinal data based on users’ revealed preferences that are expressed in
the form of partial orderings (notice that our use of the term is slightly different from its original

a ranked list over a set of k items. In some real-world elections, voters provide ranked preferences
over the whole set of candidates (Lundell, 2007). We refer to these three types of ordinal data
collection scenarios as ‘traditional’ throughout this paper.
For such traditional data sets, there are several computationally efficient inference algorithms
for finding the Maximum Likelihood (ML) estimates that provably achieve the minimax optimal
performance (Negahban et al., 2012; Shah et al., 2015a; Hajek et al., 2014). However, modern
data sets can be unstructured. Individual’s revealed ordinal preferences can be implicit, such as
movie ratings, time spent on the news articles, and whether the user finished watching the movie
or not. In crowdsourcing, it has also been observed that humans are more efficient at performing
batch comparisons (Gomes et al., 2011), as opposed to providing the full ranking or choosing the
top item. This calls for more flexible approaches for rank aggregation that can take such diverse
forms of ordinal data into account. For such non-traditional data sets, finding the ML estimate can
become significantly more challenging, requiring run-time exponential in the problem parameters.
To avoid such a computational bottleneck, a common heuristic is to resort to rank-breaking.
The collected ordinal data is first transformed into a bag of pairwise comparisons, ignoring the
dependencies that were present in the original data. This is then processed via existing inference
algorithms tailored for independent pairwise comparisons, hoping that the dependency present in
the input data does not lead to inconsistency in estimation. This idea is one of the main motivations
for numerous approaches specializing in learning to rank from pairwise comparisons, e.g., (Ford Jr.,
1957; Negahban et al., 2014; Azari Soufiani et al., 2013). However, such a heuristic of full rankbreaking defined explicitly in (1), where all pairwise comparisons are weighted and treated equally
ignoring their dependencies, has been recently shown to introduce inconsistency (Azari Soufiani
et al., 2014).
The key idea to produce accurate and consistent estimates is to treat the pairwise comparisons
unequally, depending on the topology of the collected data. A fundamental question of interest to
practitioners is how to choose the weight of each pairwise comparison in order to achieve not only
consistency but also the best accuracy, among those consistent estimators using rank-breaking. We
study how the accuracy of resulting estimate depends on the topology of the data and the weights
on the pairwise comparisons. This provides a guideline for the optimal choice of the weights, driven
by the topology of the data, that leads to accurate estimates.
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use in revealed preference theory). We interpret user activities as manifestation of the hidden
preferences according to discrete choice models (in particular the Plackett-Luce model defined
in (1)). This provides a more reliable, scale-free, and widely applicable representation of the
heterogeneous data as partial orderings, as well as a probabilistic interpretation of how preferences
manifest. In full generality, the data collected from each individual can be represented by a partially
ordered set (poset). Assuming consistency in a user’s revealed preferences, any ordered relations
can be seamlessly translated into a poset, represented as a Hasse diagram by a directed acyclic
graph (DAG). The DAG below represents ordered relations a > {b, d}, b > c, {c, d} > e, and e > f .
For example, this could have been translated from two sources: a five star rating on a and a three
star ratings on b, c, d, a two star rating on e, and a one star rating on f ; and the item b being
purchased after reviewing c as well.

a

Figure 1: A DAG representation of consistent partial ordering of a user j, also called a Hasse
diagram (left). A set of rank-breaking graphs extracted from the Hasse diagram for the separator
item a and e, respectively (right).
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There are n users or agents, and each agent j provides his/her ordinal evaluation on a subset
Sj of d items or alternatives. We refer to Sj ⊂ {1, 2, . . . , d} as offerings provided to j, and use
κj = |Sj | to denote the size of the offerings. We assume that the partial ordering over the offerings
is a manifestation of her preferences as per a popular choice model known as Plackett-Luce (PL)
model. As we explain in detail below, the PL model produces total orderings (rather than partial
ones). The data collector queries each user for a partial ranking in the form of a poset over Sj .
For example, the data collector can ask for the top item, unordered subset of three next preferred
items, the fifth item, and the least preferred item. In this case, an example of such poset could
be a < {b, c, d} < e < f , which could have been generated from a total ordering produced by the
PL model and taking the corresponding partial ordering from the total ordering. Notice that we
fix the topology of the DAG first and ask the user to fill in the node identities corresponding to
her total ordering as (randomly) generated by the PL model. Hence, the structure of the poset
is considered deterministic, and only the identity of the nodes in the poset is considered random.
Alternatively, one could consider a different scenario where the topology of the poset is also random
and depends on the outcome of the preference, which is out-side the scope of this paper and provides
an interesting future research direction.
The PL model is a special case of random utility models, defined as follows (Walker and BenAkiva, 2002; Azari Soufiani et al., 2012). Each item i has a real-valued latent utility θi . When
presented with a set of items, a user’s reveled preference is a partial ordering according to noisy
manifestation of the utilities, i.e. i.i.d. noise added to the true utility θi ’s. The PL model is a special
case where the noise follows the standard Gumbel distribution, and is one of the most popular model
in social choice theory (McFadden, 1973; McFadden and Train, 2000). PL has several important
3
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properties, making this model realistic in various domains, including marketing (Guadagni and
Little, 1983), transportation (McFadden, 1980; Ben-Akiva and Lerman, 1985), biology (Sham and
Curtis, 1995), and natural language processing (Mikolov et al., 2013). Precisely, each user j, when
presented with a set Sj of items, draws a noisy utility of each item i according to

ui = θi + Zi ,

where Zi ’s follow the independent standard Gumbel distribution. Then we observe the ranking
resulting from sorting the items as per noisy observed utilities uj ’s. Alternatively, the PL model is
also equivalent to the following random process. For a set of alternatives Sj , a ranking σj : [|S|] → S
is generated in two steps: (1) independently assign each item i ∈ Sj an unobserved value Xi ,
exponentially distributed with mean e−θi ; (2) select a ranking σj so that Xσj (1) ≤ Xσj (2) ≤ · · · ≤
Xσj (|Sj |) .
The PL model (i) satisfies Luce’s ‘independence of irrelevant alternatives’ in social choice theory (Ray, 1973), and has a simple characterization as sequential (random) choices as explained
below; and (ii) has a maximum likelihood estimator (MLE) which is a convex program in θ in the
traditional scenarios of pairwise, best-out-of-k and k-way comparisons. Let P(a > {b, c, d}) denote
the probability a was chosen as the best alternative among the set {a, b, c, d}. Then, the probability
that a user reveals a linear order (a > b > c > d) is equivalent as making sequential choice from
the top to bottom:

P(a > b > c > d) = P(a > {b, c, d}) P(b > {c, d}) P(c > d)
eθa
eθb
eθc
.
(eθa + eθb + eθc + eθd ) (eθb + eθc + eθd ) (eθc + eθd )
=

n

θ ∈ Rd

i∈[d]

X

θi = 0 , |θi | ≤ b for all i ∈ [d]

o

.

We use the notation (a > b) to denote the event that a is preferred over b. In general, for user j
presented with offerings Sj , the probability that the revealed preference is a total ordering σj is
Q
Pκ
θ
θ
P(σj ) = i∈{1,...,κj −1} (e σ−1 (i) )/( i0j=i e σ−1 (i0 ) ). We consider the true utility θ∗ ∈ Ωb , where we
define Ωb as
Ωb ≡

n
X

j=1

log P(Gj ) .
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Note that by definition, the PL model is invariant under shifting the utility θi ’s. Hence, the
centering ensures uniqueness of the parameters for each PL model. The bound b on the dynamic
range is not a restriction, but is written explicitly to capture the dependence of the accuracy in our
main results.
We have n users each providing a partial ordering of a set of offerings Sj according to the PL
model. Let Gj denote both the DAG representing the partial ordering from user j’s preferences.
With a slight abuse of notations, we also let Gj denote the set of rankings that are consistent
with this DAG. For general partial orderings, the probability of
Pobserving Gj is the sum of all total
orderings that is consistent with the observation, i.e. P(Gj ) = σ∈Gj P(σ). The goal is to efficiently
learn the true utility θ∗ ∈ Ωb , from the n sampled partial orderings. One popular approach is to
compute the maximum likelihood estimate (MLE) by solving the following optimization:

θ∈Ωb

maximize

4

(i>i0 )∈C

5
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There are several efficient implementation tailored for this problem (Ford Jr., 1957; Hunter, 2004;
Negahban et al., 2012; Maystre and Grossglauser, 2015a), and under the traditional scenarios, these
approaches provably achieve the minimax optimal rate (Hajek et al., 2014; Shah et al., 2015a). For
general non-traditional data sets, there is a significant gain in computational complexity. In the
case of position-p ranking, where each of the n users report his/her p-th ranking item among κ
items, the computational complexity reduces from O(n (p − 1)!) for the MLE in (1) to O(n p (κ − p))
for the full rank-breaking estimator in (1). However, this gain comes at the cost of accuracy. It is
known that the full-rank breaking estimator is inconsistent (Azari Soufiani et al., 2014); the error
is strictly bounded away from zero even with infinite samples.
Perhaps surprisingly, Azari Soufiani et al. (2014) recently characterized the entire set of consistent rank-breaking estimators. Instead of using the bag of paired comparisons, the sufficient
information for consistent rank-breaking is a set of rank-breaking graphs defined as follows.
Recall that a user j provides his/her preference as a poset represented by a DAG Gj . Consistent
rank-breaking first identifies all separators in the DAG. A node in the DAG is a separator if one
can partition the rest of the nodes into two parts. A partition Atop which is the set of items that
are preferred over the separator item, and a partition Abottom which is the set of items that are
less preferred than the separator item. One caveat is that we allow Atop to be empty, but Abottom
must have at least one item. In the example in Figure 1, there are two separators: the item a and
the item e. Using these separators, one can extract the following partial ordering from the original
poset: (a > {b, c, d} > e > f ). The items a and e separate the set of offerings into partitions, hence

θ∈Ωb

Rank-breaking. Rank-breaking refers to the idea of extracting a set of pairwise comparisons
from the observed partial orderings and applying estimators tailored for paired comparisons treating
each piece of comparisons as independent. Both the choice of which paired comparisons to extract
and the choice of parameters in the estimator, which we call weights, turns out to be crucial as we
will show. Inappropriate selection of the paired comparisons can lead to inconsistent estimators
as proved in Azari Soufiani et al. (2014), and the standard choice of the parameters can lead to a
significantly suboptimal performance.
A naive rank-breaking that is widely used in practice is to apply rank-breaking to all possible
pairwise relations that one can read from the partial ordering and weighing them equally. We refer
to this practice as full rank-breaking. In the example in Figure 1, full rank-breaking first extracts
the bag of comparisons C = {(a > b), (a > c), (a > d), (a > e), (a > f ), . . . , (e > f )} with 13 paired
comparison outcomes, and apply the maximum likelihood estimator treating each paired outcome
as independent. Precisely, the full rank-breaking estimator solves the convex optimization of


X 
.
(1)
θb ∈ arg max
θi − log eθi + eθi0

the name separator. We use `j to denote the number of separators in the poset Gj from user j. We
let pj,a denote the ranked position of the a-th separator in the poset Gj , and we sort the positions
such that pj,1 < pj,2 < . . . < pj,`j . The set of separators is denoted by Pj = {pj,1 , pj,2 , · · · , pj,`j }.
For example, since the separator a is ranked at position 1 and e is at the 5-th position, `j = 2,
pj,1 = 1, and pj,2 = 5. Note that f is not a separator (whereas a is) since corresponding Abottom is
empty.

This optimization is a simple convex optimization, in particular a logit regression, when the structure of the data {Gj }j∈[n] is traditional. This is one of the reasons the PL model is attractive.
However, for general posets, this can be computationally challenging. Consider an example of
position-p ranking, where each user provides which item is at p-th position in his/her ranking.
Each term in the log-likelihood for this data involves summation over O((p − 1)!) rankings, which
takes O(n (p − 1)!) operations to evaluate the objective function. Since p can be as large as d, such
a computational blow-up renders MLE approach impractical. A common remedy is to resort to
rank-breaking, which might result in inconsistent estimates.

6
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Algorithm. Consistent rank-breaking first identifies separators in the collected posets {Gj }j∈[n]
and transform them into rank-breaking graphs {Gj,a }j∈[n],a∈[`j ] as explained above. These rankbreaking graphs are input to the MLE for paired comparisons, assuming all directed edges in the
rank-breaking graphs are independent outcome of pairwise comparisons. Precisely, the consistent

In the algorithm described in (33), we satisfy this sufficient condition for consistency by restricting to a class of convex optimizations that use the same weight λj,a for all (κ − pj,a ) paired
comparisons in the objective function, as opposed to allowing more general weights that defer from
a pair to another pair in a rank-breaking graph Gj,a .

It should be noted that rank-breaking graphs are defined slightly differently in Azari Soufiani
et al. (2013). Specifically, Azari Soufiani et al. (2013) introduced a different notion of rank-breaking
graph, where the vertices represent positions in total ordering. An edge between two vertices i1
and i2 denotes that the pairwise comparison between items ranked at position i1 and i2 is included
in the estimator. Given such observation from the PL model, Azari Soufiani et al. (2013) and
Azari Soufiani et al. (2014) prove that a rank-breaking graph is consistent if and only if it satisfies
the following property. If a vertex i1 is connected to any vertex i2 , where i2 > i1 , then i1 must be
connected to all the vertices i3 such that i3 > i1 . Although the specific definitions of rank-breaking
graphs are different from our setting, the mathematical analysis of Azari Soufiani et al. (2013) still
holds when interpreted appropriately. Specifically, we consider only those rank-breaking that are
consistent under the conditions given in Azari Soufiani et al. (2013). In our rank-breaking graph
Gj,a , a separator node is connected to all the other item nodes that are ranked below it (numerically
higher positions).

This rank-breaking graphs were introduced in Azari Soufiani et al. (2013), where it was shown
that the pairwise ordinal relations that is represented by edges in the rank-breaking graphs are
sufficient information for using any estimation based on the idea of rank-breaking. Precisely, on
the converse side, it was proved in Azari Soufiani et al. (2014) that any pairwise outcomes that
is not present in the rank-breaking graphs Gj,a ’s lead to inconsistency for a general θ∗ . On the
achievability side, it was proved that all pairwise outcomes that are present in the rank-breaking
graphs give a consistent estimator, as long as all the paired comparisons in each Gj,a are weighted
equally.

Conveniently, we represent this extracted partial ordering using a set of DAGs, which are called
rank-breaking graphs. We generate one rank-breaking graph per separator. A rank breaking graph
Gj,a = (Sj , Ej,a ) for user j and the a-th separator is defined as a directed graph over the set of
offerings Sj , where we add an edge from a node that is less preferred than the a-th separator to
the separator, i.e. Ej,a = {(i, i0 ) | i0 is the a-th separator, and σj−1 (i) > pj,a }. Note that by the
definition of the separator, Ej,a is a non-empty set. An example of rank-breaking graphs are shown
in Figure 1.
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X

(i,i0 )∈Ej,a




o
θi0 − log eθi + eθi0
,
(2)

rank-breaking estimator solves the convex optimization of maximizing the paired log likelihoods
LRB (θ) =

(3)

where Ej,a ’s are defined as above via separators and different choices of the non-negative weights
λj,a ’s are possible and the performance depends on such choices. Each weight λj,a determine how
much we want to weigh the contribution of a corresponding rank-breaking graph Gj,a . We define
the consistent rank-breaking estimate θb as the optimal solution of the convex program:
θ∈Ωb

θb ∈ arg max LRB (θ) .

By changing how we weigh each rank-breaking graph (by choosing the λj,a ’s), the convex program
(3) spans the entire set of consistent rank-breaking estimators, as characterized in Azari Soufiani
et al. (2014). However, only asymptotic consistency was known, which holds independent of the
choice of the weights λj,a ’s. Naturally, a uniform choice of λj,a = λ was proposed in (Azari Soufiani
et al., 2014).
Note that this can be efficiently
Pn solved, since this is a simple convex optimization, in particular
`j κj ) terms. For a special case of position-p breaking, the
a logit regression, with only O( j=1
O(n (p − 1)!) complexity of evaluating the objective function for the MLE is now significantly
reduced to O(n (κ − p)) by rank-breaking. Given this potential exponential gain in efficiency, a
natural question of interest is “what is the price we pay in the accuracy?”. We provide a sharp
analysis of the performance of rank-breaking estimators in the finite sample regime, that quantifies
the price of rank-breaking. Similarly, for a practitioner, a core problem of interest is how to choose
the weights in the optimization in order to achieve the best accuracy. Our analysis provides a
data-driven guideline for choosing the optimal weights.
Contributions. In this paper, we provide an upper bound on the error achieved by the rankbreaking estimator of (3) for any choice of the weights in Theorem 8. This explicitly shows how
the error depends on the choice of the weights, and provides a guideline for choosing the optimal
weights λj,a ’s in a data-driven manner. We provide the explicit formula for the optimal choice
of the weights and provide the the error bound in Theorem 2. The analysis shows the explicit
dependence of the error in the problem dimension d and the number of users n that matches the
numerical experiments.
If we are designing surveys and can choose which subset of items to offer to each user and also
can decide which type of ordinal data we can collect, then we want to design such surveys in a
way to maximize the accuracy for a given number of questions asked. Our analysis provides how
the accuracy depends on the topology of the collected data, and provides a guidance when we do
have some control over which questions to ask and which data to collect. One should maximize
the spectral gap of corresponding comparison graph. Further, for some canonical scenarios, we
quantify the price of rank-breaking by comparing the error bound of the proposed data-driven rankbreaking with the lower bound on the MLE, which can have a significantly larger computational
cost (Theorem 4).

JMLR 17(193):1-54

Notations. Following is a summary of all the notations defined above. We use d to denote the
total number of items and index each item by i ∈ {1, 2, . . . , d}. θ ∈ Ωb denotes vector of utilities
7
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associated with each item. θ∗ represents true utility and θb denotes the estimated utility. We use n
to denote the number of users/agents and index each user by j ∈ {1, 2, . . . , n}. Sj ⊆ {1, . . . , d} refer
to the offerings provided to the j-th user and we use κj = |Sj | to denote the size of the offerings.
Gj denote the DAG (Hasse diagram) representing the partial ordering from user j’s preferences.
Pj = {pj,1 , pj,2 , · · · , pj,`j } denotes the set of separators in the DAG Gj , where pj,1 , · · · , pj,`j are
the positions of the separators, and `j is the number of separators. Gj,a = (Sj , Ej,a ) denote the
rank-breaking graph for the a-th separator extracted from the partial ordering Gj of user j.
For any positive integer N , let [N ] = {1, · · · , N }. For a ranking σ over S, i.e., σ is a mapping
from [|S|] to S, let σ −1 denote the inverse mapping.For a vector x, let kxk2 denote the standard
l2 norm. Let 1 denote the all-ones vector and 0 denote the all-zeros vector with the appropriate
dimension. Let S d denote the set of d × d symmetric matrices with real-valued entries. For
X ∈ S d, P
let λ1 (X) ≤ λ2 (X) ≤ · · · ≤ λd (X) denote its eigenvalues sorted in increasing order. Let
d
Tr(X) = i=1
λi (X) denote its trace and kXk = max{|λ1 (X)|, |λd (X)|} denote its spectral norm.
For two matrices X, Y ∈ S d , we write X  Y if X − Y is positive semi-definite, i.e., λ1 (X − Y ) ≥ 0.
Let ei denote a unit vector in Rd along the i-th direction.

2. Comparisons Graph and the Graph Laplacian

In the analysis of the convex program (3), we show that, with high probability, the objective
function is strictly concave with λ2 (H(θ)) q
≤ −Cb γ λ2 (L) < 0 (Lemma 11) for all θ ∈ Ωb and the
P
gradient is bounded by k∇LRB (θ∗ )k2 ≤ Cb0 log d j∈[n] `j (Lemma 10). Shortly, we will define γ

2k∇LRB (θ∗ )k2
≤ Cb00
−λ2 (H(θ))

γ λ2 (L)

and λ2 (L), which captures the dependence on the topology of the data, and Cb0 and Cb are constants
that only depend on b. Putting these together, we will show that there exists a θ ∈ Ωb such that
q
P
log d j∈[n] `j
.
kθb − θ∗ k2 ≤

Here λ2 (H(θ)) denotes the second largest eigenvalue of a negative semi-definite Hessian matrix
H(θ) of the objective function. The reason the second largest eigenvalue shows up is because the
top eigenvector is always the all-ones vector which by the definition of Ωb is infeasible. The accuracy
depends on the topology of the collected data via the comparison graph of given data.

=

X

j∈[n]:i,i0 ∈Sj

`j
,
κj (κj − 1)

Definition 1. (Comparison graph H). We define a graph H([d], E) where each alternative corresponds to a node, and we put an edge (i, i0 ) if there exists an agent j whose offerings is a set Sj
such that i, i0 ∈ Sj . Each edge (i, i0 ) ∈ E has a weight Aii0 defined as
Aii0

where κj = |Sj | is the size of each sampled set and `j is the number of separators in Sj defined by
rank-breaking in Section 1.

i<i ∈Sj

n
X
X
`j
(ei − ei0 )(ei − ei0 )> .
κj (κj − 1) 0
j=1
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(4)

Define a diagonal matrix D = diag(A1), and the corresponding graph Laplacian L = D − A,
such that
L =

8

λ2 (L)(d − 1)
λ2 (L)(d − 1)
Pn
=
.
Tr(L)
j=1 `j

(5)

1−

pj,`j
κj

!d2e2b e−2 )
.

(7)

`j ≥

211 e18b η log(`max + 2)2
d log d ,
α2 γ 2 β

(9)

(11)

j∈[n]

η ≡ max{ηj } ,

where

ηj =
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κj
.
max{`j , κj − pj,`j }

(8)
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s
√
4 2e4b (1 + e2b )2
d log d
Pn
,
αγ
j=1 `j

(10)

9

2

≤

1
,
κj − pj,a

Note that 1 < ηj ≤ κj /`j . A smaller value of η is desired as we require smaller number of samples,
as shown in Theorem 2. This happens, for instance, when all separators are at the top, such that
pj,`j = `j and ηj = κj /(κj − `j ), which is close to one for large κj . On the other hand, when all
separators are at the bottom of the list, then η can be as large as κj .
We discuss the role of the topology of data captures by these parameters in Section 4.

with probability at least 1 − 3e3 d−3 .

1
√ θb − θ∗
d

for all a ∈ [`j ] and j ∈ [n] achieves

λj,a =

where b ≡ maxi |θi∗ | is the dynamic range, `max ≡ maxj∈[n] `j , α is the (rescaled) spectral gap defined
in (5), β is the (rescaled) maximum degree defined in (6), γ and η are defined in Eqs. (7) and (8),
then the rank-breaking estimator in (3) with the choice of

j=1

n
X

Theorem 2. Suppose there are n users, d items parametrized by θ∗ ∈ Ωb , each user j is presented
with a set of offerings
P Sj ⊆ [d], and provides a partial ordering under the PL model. When the
effective sample size nj=1 `j is large enough such that

We present the main result that provides an upper bound on the resulting error and explicitly shows
the dependence on the topology of the data. As explained in Section 1, we assume that each user
provides a partial ranking according to his/her position of the separators. Precisely, we assume the
set of offerings Sj , the number of separators `j , and their respective positions Pj = {pj,1 , . . . , pj,`j }
are predetermined. Each user draws the ranking of items from the PL model, and provides the
partial ranking according to the separators of the form of {a > {b, c, d} > e > f } in the example
in the Figure 1.

3.1 Upper Bound on the Achievable Error

We present the main theoretical results accompanied by corresponding numerical simulations in
this section.

3. Main Results
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Consider an ideal case where the spectral gap is large such that α is a strictly positive constant
and the dynamic range b is finite and maxj∈[n] pj,`j /κj = C for some constant C < 1 such that γ is
also a constant independent of the problem size d. Then the upper bound in (11) implies that we
need the effective sample size to scale as O(d log d), which is only a logarithmic factor larger than
the number of parameters to be estimated. Such a logarithmic gap is also unavoidable and due to
the fact that we require high probability bounds, where we want the tail probability to decrease at
least polynomially in d. We discuss the role of the topology of the data in Section 4.
The upper bound follows from an analysis of the convex program similar to those in (Negahban
et al., 2012; Hajek et al., 2014; Shah et al., 2015a). However, unlike the traditional data collection
scenarios, the main technical challenge is in analyzing the probability that a particular pair of items
appear in the rank-breaking. We provide a proof in Section 8.1.

Note that γ is between zero and one, and a larger value is desired as the objective function becomes
more concave and a better accuracy follows. When we are collecting data where the size of the
offerings κj ’s are increasing with d but the position of the separators are close to the top, such that
κj = ω(d) and pj,`j = O(1), then for b = O(1) the above quantity γ can be made arbitrarily close to
one, for large enough problem size d. On the other hand, when pj,`j is close to κj , the accuracy can
degrade significantly as stronger alternatives might have small chance of showing up in the rank
breaking. The value of γ is quite sensitive to b. The reason we have such a inferior dependence on
b is because we wanted to give a universal bound on the Hessian that is simple. It is not difficult
to get a tighter bound with a larger value of γ, but will inevitably depend on the structure of the
data in a complicated fashion.
To ensure that the (second) largest eigenvalue of the Hessian is small enough, we need enough
samples. This is captured by η defined as

j∈[n]

γ ≡ min

(

We will show that the performance of rank breaking estimator depends on the topology of the
graph through these two parameters. The larger the spectral gap α the smaller error we get with
the same effective sample size. The degree imbalance β ∈ [0, 1] determines how many samples are
required for the analysis to hold. We need smaller number of samples if the weighted degrees are
balanced, which happens if β is large (close to one).
The following quantity also determines the convexity of the objective function.

The accuracy also depends
P on the topology via the maximum weighted degree definedPas Dmax ≡
maxi∈[d] Dii = maxi∈[d] { j:i∈Sj `j /κj }. Note that the average weighted degree is
i Dii /d =
Tr(L)/d, and we rescale it by Dmax such that
Pn
Tr(L)
j=1 `j
β ≡
=
.
(6)
dDmax
dDmax

α ≡

Let 0 = λ1 (L) ≤ λ2 (L) ≤ · · · ≤ λd (L) denote the (sorted) eigenvalues of L. Of special interest is
λ2 (L), also called the spectral gap, which measured how well-connected the graph is. Intuitively,
one can expect better accuracy when the spectral gap is larger, as evidenced in previous learning to
rank results in simpler settings (Negahban et al., 2014; Shah et al., 2015a; Hajek et al., 2014). This
is made precise in (4), and in the main result of Theorem 2, we appropriately rescale the spectral
gap and use α ∈ [0, 1] defined as
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b 2 ∝ 1/(` n), and smaller error is achieved for separators that
Figure 2: Simulation confirms kθ∗ − θk
2
are well spread out.
In Figure 2 , we verify the scaling of the resulting error via numerical simulations. We fix
d = 1024 and κj = κ = 128, and vary the number of separators `j = ` for fixed n = 128000 (left),
and vary the number of samples n for fixed `j = ` = 16 (middle). Each point is average over 100
instances. The plot confirms that the mean squared error scales as 1/(` n). Each sample is a partial
ranking from a set of κ alternatives chosen uniformly at random, where the partial ranking is from
a PL model with weights θ∗ chosen i.i.d. uniformly over [−b, b] with b = 2. To investigate the
role of the position of the separators, we compare three scenarios. The top-`-separators choose the
top ` positions for separators, the random-`-separators among top-half choose ` positions uniformly
random from the top half, and the random-`-separators choose the positions uniformly at random.
We observe that when the positions of the separators are well spread out among the κ offerings,
which happens for random-`-separators, we get better accuracy.
The figure on the right provides an insight into this trend for ` = 16 and n = 16000. The
absolute error |θi∗ − θbi | is roughly same for each item i ∈ [d] when breaking positions are chosen
uniformly at random between 1 to κ − 1 whereas it is significantly higher for weak preference score
items when breaking positions are restricted between 1 to κ/2 or are top-`. This is due to the fact
that the probability of each item being ranked at different positions is different, and in particular
probability of the low preference score items being ranked in top-` is very small. The third figure
is averaged over 1000 instances. Normalization constant C is n/d2 and 103 `/d2 for the first and
second figures respectively. For the first figure n is chosen relatively large such that n` is large
enough even for ` = 1.
3.2 The Price of Rank Breaking for the Special Case of Position-p Ranking

JMLR 17(193):1-54

Rank-breaking achieves computational efficiency at the cost of estimation accuracy. In this section,
we quantify this tradeoff for a canonical example of position-p ranking, where each sample provides
the following information: an unordered set of p − 1 items that are ranked high, one item that
is ranked at the p-th position, and the rest of κj − p items that are ranked on the bottom. An
example of a sample with position-4 ranking six items {a, b, c, d, e, f } might be a partial ranking of
({a, b, d} > {e} > {c, f }). Since each sample has only one separator for 2 < p, Theorem 2 simplifies
to the following Corollary.
11
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2

≤

c
αγ

r

d log d
.
n

(12)

Corollary 3. Under the hypotheses of Theorem 2, there exist positive constants C and c that only
depend on b such that if n ≥ C(ηd log d)/(α2 γ 2 β) then
1
√ θb − θ∗
d

Note that the error only depends on the position p through γ and η, and is not sensitive. To
quantify the price of rank-breaking, we compare this result to a fundamental lower bound on the
minimax rate in Theorem 4. We can compute a sharp lower bound on the minimax rate, using the
Cramér-Rao bound, and a proof is provided in Section 8.3.

i=2

d
X
1
1
(d − 1)2
1
≥
,
2p log(κmax )2
λi (L)
2p log(κmax )2
n

Theorem 4. Let U denote the set of all unbiased estimators of θ∗ and suppose b > 0, then
inf sup E[kθb − θ∗ k2 ] ≥

b
θ∗ ∈Ωb
θ∈U

where κmax = maxj∈[n] |Sj | and the second inequality follows from the Jensen’s inequality.

Note that the second inequality is tight up to a constant factor, when the graph is an expander
with a large spectral gap. For expanders, α in the bound (12) is also a strictly positive constant.
This suggests that rank-breaking gains in computational efficiency by a super-exponential factor of
(p − 1)!, at the price of increased error by a factor of p, ignoring poly-logarithmic factors.

3.3 Tighter Analysis for the Special Case of Top-` Separators Scenario

The main result in Theorem 2 is general in the sense that it applies to any partial ranking data that
is represented by positions of the separators. However, the bound can be quite loose, especially
when γ is small, i.e. pj,`j is close to κj . For some special cases, we can tighten the analysis to get a
sharper bound. One caveat is that we use a slightly sub-optimal choice of parameters λj,a = 1/κj
instead of 1/(κj − a), to simplify the analysis and still get the order optimal error bound we want.
Concretely, we consider a special case of top-` separators scenario, where each agent gives a ranked
list of her most preferred `j alternatives among κj offered set of items. Precisely, the locations of
the separators are (pj,1 , pj,2 , . . . , pj,`j ) = (1, 2, . . . , `j ).

`j ≥

212 e6b
d log d ,
βα2

(13)

Theorem 5. Under the PL model, n partial orderings are sampled over d items parametrized by
θ∗ ∈ Ωb , where the j-th sample is a ranked list of the top-`j items among the κj items offered to
the agent. If
n
X
j=1

2

≤

16(1 + e2b )2
α

d log d
Pn
,
j=1 `j
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(14)

where b ≡ maxi,i0 |θi∗ − θi∗0 | and α, β are defined in (5) and (6), then the rank-breaking estimator in
(3) with the choice of λj,a = 1/κj for all a ∈ [`j ] and j ∈ [n] achieves
s
1
√ θb − θ∗
d

with probability at least 1 − 3e3 d−3 .

12

j=1 m=1

h

i
θσj (m) − log exp(θσj (m) ) + exp(θσj (m+1) ) + · · · + exp(θσj (κj ) ) ,
(15)
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Figure 3: The proposed data-driven rank-breaking achieves performance identical to the MLE, and
improves over naive rank-breaking with uniform weights.
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C kθb − θ∗ k22

0.1

Top-` separators

where σj (a) is the alternative ranked at the a-th position by agent j. The Maximum Likelihood
Estimator (MLE) for this traditional data set is efficient. Hence, there is no computational gain in
rank-breaking. Consequently, there is no loss in accuracy either, when we use the optimal weights
proposed in the above theorem. Figure 3 illustrates that the MLE and the data-driven rankbreaking estimator achieve performance that is identical, and improve over naive rank-breaking
that uses uniform weights. We also compare performance of Generalized Method-of-Moments
(GMM) proposed by Azari Soufiani et al. (2013) with our algorithm. In addition, we show that
performance of GMM can be improved by optimally weighing pairwise comparisons with λj,a . MSE
of GMM in both the cases, uniform weights and optimal weights, is larger than our rank-breaking
estimator. However, GMM is on average about four times faster than our algorithm. We choose
λj,a = 1/(κj − a) in the simulations, as opposed to the 1/κj assumed in the above theorem. This
settles the question raised in Hajek et al. (2014) on whether it is possible to achieve optimal accuracy
using rank-breaking under the top-` separators scenario. Analytically, it was proved in (Hajek et al.,
2014) that under the top-` separators scenario, naive rank-breaking with uniform weights achieves
the same error bound as the MLE, up to a constant factor. However, we show that this constant
factor gap is not a weakness of the analyses, but the choice of the weights. Theorem 5 provides a
guideline for choosing the optimal weights, and the numerical simulation results in Figure 3 show
that there is in fact no gap in practice, if we use the optimal weights. We use the same settings as
that of the first figure of Figure 2 for the figure below.

L(θ) =

`j
n X
X

To prove the order-optimality of the rank-breaking approach up to a constant factor, we can
compare the upper bound to a Cramér-Rao lower bound on any unbiased estimators, in the following
theorem. A proof is provided in Section 8.5.

A proof is provided in Section 8.4. In comparison to the general bound in Theorem 2, this is
tighter since there is no dependence in γ or η. This gain is significant when, for example, pj,`j is
close to κj . As an extreme example, if all agents are offered the entire set of alternatives and are
asked to rank all of them, such that κj = d and `j = d − 1 for all j ∈ [n], then the generic bound
√
2b
in (11) is loose by a factor of (e4b /2 2)dd2e e−2 , compared to the above bound.
In the top-` separators scenario, the data set consists of the ranking among top-`j items of the
set Sj , i.e., [σj (1), σj (2), · · · , σj (`j )]. The corresponding log-likelihood of the PL model is
1−
`max

1
i=1

`X
max

1
κmax − i + 1

!−1
i=2

d
X

1
(d − 1)2
≥ Pn
,
λi (L)
j=1 `j

(16)

0.1

10000

sample size n

Naive rank-breaking
data-driven rank-breaking

100000

14

JMLR 17(193):1-54

Figure 4 illustrates that a naive choice of rank-breakings can result in inconsistency. We create
partial orderings data set by fixing κ = 128 and select ` = 8 random positions in {1, . . . , 127}.
Each data set consists of partial orderings with separators at those 8 random positions, over 128
randomly chosen subset of items. We vary the sample size n and plot the resulting mean squared
error for the two approaches. The data-driven rank-breaking, which uses the optimal choice of
the weights, achieves error scaling as 1/n as predicted by Theorem 2, which implies consistency.
For fair comparisons, we feed the same number of pairwise orderings to a naive rank-breaking
estimator. This estimator uses randomly chosen pairwise orderings with uniform weights, and is

Figure 4: Data-driven rank-breaking is consistent, while a random rank-breaking results in inconsistency.
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1

We propose the optimal choice of the weights λj,a ’s in Theorem 2. In this section, we show numerical
simulations results comparing the proposed approach to other naive choices of the weights under
various scenarios. We fix d = 1024 items and the underlying preference vector θ∗ is uniformly
distributed over [−b, b] for b = 2. We generate n rankings over sets Sj of size κ for j ∈ [n] according
to the PL model with parameter θ∗ . The comparison sets Sj ’s are chosen independently and
uniformly at random from [d].

3.4 Optimality of the Choice of the Weights

Consider a case when the comparison graph is an expander such that α is a strictly positive
constant, and b = O(1) is also finite. Then, the Cramér-Rao lower bound show that the upper
bound in (14) is optimal up to a logarithmic factor.

where `max = maxj∈[n] `j and κmax = maxj∈[n] κj . The second inequality follows from the Jensen’s
inequality.

b
θ∗ ∈Ωb
θ∈U

inf sup E[kθb − θ∗ k2 ] ≥

Theorem 6. Consider ranking {σj (i)}i∈[`j ] revealed for the set of items Sj , for j ∈ [n]. Let U
denote the set of all unbiased estimators of θ∗ ∈ Ωb . If b > 0, then
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Data-driven Rank Breaking

Data-driven Rank Breaking

generally inconsistent. However, when sample size is small, inconsistent estimators can achieve
smaller variance leading to smaller error. Normalization constant C is 103 `/d2 , and each point is
averaged over 100 trials. We use the minorization-maximization algorithm from Hunter (2004) for
computing the estimates from the rank-breakings.
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Even if we use the consistent rank-breakings first proposed in Azari Soufiani et al. (2014), there
is ambiguity in the choice of the weights. We next study how much we gain by using the proposed
optimal choice of the weights. The optimal choice, λj,a = 1/(κj − pj,a ), depends on two parameters:
the size of the offerings κj and the position of the separators pj,a . To distinguish the effect of these
two parameters, we first experiment with fixed κj = κ and illustrate the gain of the optimal choice
of λj,a ’s.

C kθb − θ∗ k22
0.01
2

Figure 5: There is a constant factor gain of choosing optimal λj,a ’s when the size of offerings are
fixed, i.e. κj = κ (left). We choose a particular set of separators where one separators is at position
one and the rest are at the bottom. An example for ` = 3 and κ = 10 is shown, where the separators
are indicated by blue (right).
Figure 5 illustrates that the optimal choice of the weights improves over consistent rank-breaking
with uniform weights by a constant factor. We fix κ = 128 and n = 128000. As illustrated by a
figure on the right, the position of the separators are chosen such that there is one separator at
position one, and the rest of ` − 1 separators are at the bottom. Precisely, (pj,1 , pj,2 , pj,3 , . . . , pj,` ) =
(1, 128 − ` + 1, 128 − ` + 2, . . . , 127). We consider this scenario to emphasize the gain of optimal
weights. Observe that the MSE does not decrease at a rate of 1/` in this case. The parameter γ
which appears in the bound of Theorem 2 is very small when the breaking positions pj,a are of the
order κj as is the case here, when ` is small. Normalization constant C is n/d2 .
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The gain of optimal weights is significant when the size of Sj ’s are highly heterogeneous. Figure
6 compares performance of the proposed algorithm, for the optimal choice and uniform choice of
weights λj,a when the comparison sets Sj ’s are of different sizes. We consider the case when n1
agents provide their top-`1 choices over the sets of size κ1 , and n2 agents provide their top-1 choice
over the sets of size κ2 . We take n1 = 1024, `1 = 8, and n2 = 10n1 `1 . Figure 6 shows MSE
for the two choice of weights, when we fix κ1 = 128, and vary κ2 from 2 to 128. As predicted
from our bounds, when optimal choice of λj,a is used MSE is not sensitive to sample set sizes
κ2 . The error decays at the rate proportional to the inverse of the effective sample size, which is
n1 `1 + n2 `2 = 11n1 `1 . However, with λj,a = 1 when κ2 = 2, the MSE is roughly 10 times worse.
Which reflects that the effective sample size is approximately n1 `1 , i.e. pairwise comparisons coming
15
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Figure 6: The gain of choosing optimal λj,a ’s is significant when κj ’s are highly heterogeneous.

from small set size do not contribute without proper normalization. This gap in MSE corroborates
bounds of Theorem 8. Normalization constant C is 103 /d2 .

4. The Role of the Topology of the Data

We study the role of topology of the data that provides a guideline for designing the collection
of data when we do have some control, as in recommendation systems, designing surveys, and
crowdsourcing. The core optimization problem of interest to the designer of such a system is to
achieve the best accuracy while minimizing the number of questions.
4.1 The Role of the Graph Laplacian

Using the same number of samples, comparison graphs with larger spectral gap achieve better
accuracy, compared to those with smaller spectral gaps. To illustrate how graph topology effects
the accuracy, we reproduce known spectral properties of canonical graphs, and numerically compare
the performance of data-driven rank-breaking for several graph topologies. We follow the examples
and experimental setup from Shah et al. (2015a) for a similar result with pairwise comparisons.
Spectral properties of graphs have been a topic of wide interest for decades. We consider a scenario
where we fix the size of offerings as κj = κ = O(1) and each agent provides partial ranking with
` separators, positions of which are chosen uniformly at random. The resulting spectral gap α of
different choices of the set Sj ’s are provided below. The total number
 edges in the comparisons
graph (counting hyper-edges as multiple edges) is defined as |E| ≡ κ2 n.


• Complete graph: when |E| is larger than d2 , we can design the comparison graph to be a
complete graph over d nodes. The weight Aii0 on each edge is n `/(d(d − 1)), which is the
effective number of samples divided by twice the number of edges. Resulting spectral gap
is one, which is the maximum possible value. Hence, complete graph is optimal for rank
aggregation.

JMLR 17(193):1-54

• Sparse random graph: when we have limited resources we might not be able to afford a
dense graph. When |E| is of order o(d2 ), we have a sparse graph. Consider a scenario where
each set Sj is chosen uniformly at random. To ensure connectivity, we need n = Ω(log d).
Following standard spectral analysis of random graphs, we have α = Θ(1). Hence, sparse
random graphs are near-optimal for rank-aggregation.

16

4

513

graph size d

2049

1
129

20

40

60

80

100

513

graph size d

Chain graph
Barbell-like graph
Star-like graph
Sparse random graph

Worst-case θ∗

2049

17

JMLR 17(193):1-54

Figure 7: For randomly chosen θ∗ the error does not change with d (left). However, for particular
worst-case θ∗ the error increases with d for the Chain graph and the Barbell-like graph as predicted
by the analysis of the spectral gap (right).
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Figure 7 illustrates how graph topology effects the accuracy. When θ∗ is chosen uniformly at
random, the accuracy does not change with d (left), and the accuracy is better for those graphs
with larger spectral gap. However, for a certain worst-case θ∗ , the error increases with d for the
chain graph and the barbell-like graph, as predicted by the above analysis of the spectral gap. We
use ` = 4, κ = 17 and vary d from 129 to 2049. κ is kept small to make the resulting graphs more
like the above discussed graphs. Figure on left shows accuracy when θ∗ is chosen i.i.d. uniformly
over [−b, b] with b = 2. Error in this case is roughly same for each of the graph topologies with chain
graph being the worst. However, when θ∗ is chosen carefully error for chain graph and barbell-like
graph increases with d as shown in the figure right. We chose θ∗ such that all the items of a set
have same weight, either θi = 0 or θi = b for chain graph and barbell-like graph. We divide all the
sets equally between the two types for chain graph. For barbell-like graph, we keep the two types
of sets on the two different sides of the connector set and equally divide items of the connector set
into two types. Number of samples n is 100(d − 1)/(κ − 1) and each point is averaged over 100
instances. Normalization constant C is n`/d2 .

• Barbell-like graph: We select an offering S = {S 0 , i, j}, |S 0 | = κ − 2 uniformly at random
and divide rest of the items into two groups V1 and V2 . We offer set S nκ/d times. For each
offering of set S, we offer d/κ − 1 sets chosen uniformly at random from the two groups {V1 , i}
and {V2 , j}. The resulting graph is a barbell-like graph, and standard spectral analysis shows
that α = Θ(1/d2 ). Hence, a chain graph is strictly sub-optimal for rank aggregation.

• Star-like graph: We choose one item to be the center, and every offer set consists of this
center node and a set of κ − 1 other nodes chosen uniformly at random without replacement.
For example, center node = {1}, S1 = {1, 2, . . . , κ} and S2 = {1, κ + 1, κ + 2, . . . , 2κ − 1}, etc.
n is chosen in the way similar to that of the Chain graph. Standard spectral analysis shows
that α = Θ(1) and star-like graphs are near-optimal for rank-aggregation.

• Chain graph: we consider a chain of sets of size κ overlapping only by one item. For example,
S1 = {1, . . . , κ} and S2 = {κ, κ + 1, . . . , 2κ − 1}, etc. We choose n to be a multiple of
τ ≡ (d − 1)/(κ − 1) and offer each set n/τ times. The resulting graph is a chain of size κ
cliques, and standard spectral analysis shows that α = Θ(1/d2 ). Hence, a chain graph is
strictly sub-optimal for rank aggregation.
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We make this observation precise in the following theorem. Applying rank-breaking to only
to those weakest de items, we prove an upper bound on the achieved error rate that depends
e Without loss of generality, we suppose the items are sorted such that
on the choice of the d.
e
θ1∗ ≤ θ2∗ ≤ · · · ≤ θd∗ . For a choice of de = `d/(2κ), we denote the weakest de items by θe∗ ∈ Rd such
Pde
e
∗
∗
∗
∗
∗
d
e
e
e
e
that θi = θi − (1/d) i0 =1 θi0 , for i ∈ [d]. Since θ ∈ Ωb , θ ∈ [−2b, 2b] . The space of all possible
e items is given by Ω
e = {θe ∈ Rde : Pde θei = 0} and Ω
e 2b = Ω
e ∩ [−2b, 2b]de.
preference vectors for [d]
i=1
Although the analysis can be easily generalized, to simplify notations, we fix κj = κ and `j = `
and assume that the comparison sets Sj , |Sj | = κ, are chosen uniformly at random from the set of

Figure 8: Under the bottom-` separators scenario, accuracy is good only for the bottom 400 items
(left). As predicted by Theorem 7, the mean squared error on the bottom 400 items scale as 1/n,
where as the overall mean squared error does not decay (right).
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As predicted by theorem 2, rank-breaking fails when γ is small, i.e. the position of the separators
are very close to the bottom. An extreme example is the bottom-` separators scenario, where each
person is offered κ randomly chosen alternatives, and is asked to give a ranked list of bottom `
alternatives. In other words, the ` separators are placed at (pj,1 , . . . , pj,` ) = (κj − `, . . . , κ − 1).
In this case, γ ' 0 and the error bound is large. This is not a weakness of the analysis. In fact
we observe large errors under this scenario. The reason is that many alternatives that have large
weights θi ’s will rarely be even compared once, making any reasonable estimation infeasible.
Figure 8 illustrates this scenario. We choose ` = 8, κ = 128, and d = 1024. The other settings
are same as that of the first figure of Figure 2. The left figure plots the magnitude of the estimation
error for each item. For about 200 strong items among 1024, we do not even get a single comparison,
hence we omit any estimation error. It clearly shows the trend: we get good estimates for about
400 items in the bottom, and we get large errors for the rest. Consequently, even if we only take
those items that have at least one comparison into account, we still get large errors. This is shown
in the figure right. The error barely decays with the sample size. However, if we focus on the
error for the bottom 400 items, we get good error rate decaying inversely with the sample size.
Normalization constant C in the second figure is 102 x d/` and 102 (400)d/` for the first and second
lines respectively, where x is the number of items that appeared in rank-breaking at least once. We
solve convex program (3) for θ restricted to the items that appear in rank-breaking at least once.
The second figure of Figure 8 is averaged over 1000 instances.

4.2 The Role of the Position of the Separators
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θi0 − log eθi + eθi0
.

(18)

(17)

e for the set of items [d]
e is
d items for all j ∈ [n]. The rank-breaking log likelihood function LRB (θ)
given by
e =
LRB (θ)

We analyze the rank-breaking estimator
be
θ ≡ max

e Ω
e 2b
θ∈

We further simplify notations by fixing λj,a = 1, since from Equation (24), we know that the error
increases by at most a factor of 4 due to this sub-optimal choice of the weights, under the special
scenario studied in this theorem.

1
1 − exp
4



d log d
,
n`

,

!
r

2
9(κ − 2)

128(1 + e4b )2 κ3/2
≤
χ
`3/2

−

(21)

(20)

Theorem 7. Under the bottom-` separators scenario and the PL model, Sj ’s are chosen uniformly
at random of size κ and n partial orderings are sampled over d items parametrized by θ∗ ∈ Ωb . For
de = `d/(2κ) and any ` ≥ 4, if the effective sample size is large enough such that


214 e8b κ3
d log d ,
(19)
n` ≥
χ2 `3
where
χ ≡

2

then the rank-breaking estimator in (18) achieves
1 b
p θe − θe∗
de

with probability at least 1 − 3e3 d−3 .

Consider a scenario where κ = O(1) and ` = Θ(κ). Then, χ is a strictly positive constant,
and also κ/` is s finite constant. It follows that rank-breaking requires the effective sample size
n` = O(d log d/ε2 ) in order to achieve arbitrarily small error of ε > 0, on the weakest de = ` d/(2κ)
items.

5. Real-World Data Sets
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On real-world data sets on sushi preferences (Kamishima, 2003), we show that the data-driven
rank-breaking improves over Generalized Method-of-Moments (GMM) proposed by Azari Soufiani
et al. (2013). This is a widely used data set for rank aggregation, for instance in Azari Soufiani et al.
(2013, 2012); Maystre and Grossglauser (2015b); Le Van et al. (2015); Lu and Boutilier (2011a,b).
The data set consists of complete rankings over 10 types of sushi from n = 5000 individuals. Below,
we follow the experimental scenarios of the GMM approach in Azari Soufiani et al. (2013) for fair
comparisons.
19

1

500 1000

3000

Khetan and Oh

4000

data-driven rank-breaking
GMM

Top-6 separators

2000

sample size n

5000

10

1

0.1

0.01

3

4

5

6

7

8

data-driven rank-breaking
GMM

Top-` separators

2

9

number of separators `

1

To validate our approach, we first take the estimated PL weights of the 10 types of sushi, using
Hunter (2004) implementation of the ML estimator, over the entire input data of 5000 complete
rankings. We take thus created output as the ground truth θ∗ . To create partial rankings and
compare the performance of the data-driven rank-breaking to the state-of-the-art GMM approach
in Figure 9, we first fix ` = 6 and vary n to simulate top-`-separators scenario by removing the
known ordering among bottom 10 − ` alternatives for each sample in the data set (left). We next
fix n = 1000 and vary ` and simulate top-`-separators scenarios (right). Each point is averaged
over 1000 instances. The mean squared error is plotted for both algorithms.

kθb − θ∗ k22
0.1

Figure 9: The data-driven rank-breaking achieves smaller error compared to the state-of-the-art
GMM approach.
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Figure 10 illustrates the Kendall rank correlation of the rankings estimated by the two algorithms and the ground truth. Larger value indicates that the estimate is closer to the ground truth,
and the data-driven rank-breaking outperforms the state-of-the-art GMM approach.

Kendall Correlation
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Figure 10: The data-driven rank-breaking achieves larger Kendall rank correlation compared to the
state-of-the-art GMM approach.
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To validate whether PL model is the right model to explain the sushi data set, we compare
the data-driven rank-breaking, MLE for the PL model, GMM for the PL model, Borda count and
Spearman’s footrule optimal aggregation. We measure the Kendall rank correlation between the
estimates and the samples and show the result in Table 1. In particular, if σ1 , σ2 , · · · , P
σn denote
n
sample rankings and σ
b denote the aggregated ranking then the correlation value is (1/n) i=1
1−
P
where K(σ1 , σ2 ) =
i<j∈[κ] I{(σ −1 (i)−σ −1 (j))(σ −1 (i)−σ −1 (j))<0} . The results are reported
4K(b
σ ,σi ) 
κ(κ−1) ,
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22

21

Similar to the settings of sushi data experiments, we take the estimated PL weights of the
100 jokes over all the rankings as ground truth. Figure 11 shows comparative performance of the
data-driven rank-breaking and the GMM for the two scenarios. We first fix ` = 10 and vary n to
simulate random-10 separators scenario (left). We next take all the rankings n = 73421 and vary
` to simulate random-` separators scenario (rights). Since sets have different sizes, while varying `
we use full breaking if the setsize is smaller than `. Each point is averaged over 100 instances. The
mean squared error is plotted for both algorithms.

We perform similar experiments on American Psychological Association (APA) data-set (Diaconis, 1989). The APA elects a president each year by asking each member to rank order a slate of
five candidates. The data-set represents full rankings given by 5738 members of the association in
1980’s election. The mean squared error is plotted for both algorithms under the settings similar
to that of jester data-set.

6. Related Work

Figure 12: APA data set: The data-driven rank-breaking achieves smaller error compared to the
state-of-the-art GMM approach.

kθb − θ∗ k22

0.1

Figure 11: jester data set: The data-driven rank-breaking achieves smaller error compared to the
state-of-the-art GMM approach.
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Initially motivated by elections and voting, rank aggregation has been a topic of mathematical
interest dating back to Condorcet and Borda (De Condorcet, 1785; de Borda, 1781). Using probabilistic models to infer preferences has been popularized in operations research community for
applications such as assortment optimization and revenue management. The PL model studied in
this paper is a special case of MultiNomial Logit (MNL) models commonly used in discrete choice
modeling, which has a long history in operations research (McFadden, 1980). Efficient inference
algorithms has been proposed to either find the MLE efficiently or approximately, such as the iterative approaches in Ford Jr. (1957); Dykstra (1960), minorization-maximization approach in Hunter
(2004), and Markov chain approaches in Negahban et al. (2012); Maystre and Grossglauser (2015a).
These approaches are shown to achieve minimax optimal error rate in the traditional comparisons
scenarios. Under the pairwise comparisons scenario, Negahban et al. (2012) provided Rank Centrality that provably achieves minimax optimal error rate for randomly chosen pairs, which was
later generalized to arbitrary pairwise comparisons in Negahban et al. (2014). The analysis shows
the explicit dependence on the topology of data shows that the spectral gap of comparisons graph
similar to the one presented in this paper. This analysis was generalized to k-way comparisons in
Hajek et al. (2014) and generalized to best-out-of-k comparisons with sharper bounds in Shah et al.
(2015a). In an effort to give a guarantee for exact recovery of the top-` items in the ranking, Chen

We compare our algorithm with the GMM algorithm on two other real-world data-sets as well.
We use jester data set (Goldberg et al., 2001) that consists of over 4.1 million continuous ratings
between −10 to +10 of 100 jokes from 48, 483 users. The average number of jokes rated by an user
is 72.6 with minimum and maximum being 36 and 100 respectively. We convert continuous ratings
into ordinal rankings. This data-set has been used by Miyahara and Pazzani (2000); Polat and
Du (2005); Cortes et al. (2007); Lebanon and Mao (2007) for rank aggregation and collaborative
filtering.

Table 1: Kendall rank correlation on sushi data set.

n = 500, ` = 9
n = 5000,
`=9
n = 5000,
`=2
n = 5000,
`=5

data-driven
RB

MLE
under
PL
0.306

for different number of samples n and different values of ` under the top-` separators scenarios.
When ` = 9, we are using all the complete rankings, and all algorithms are efficient. When ` < 9,
we have partial orderings, and Spearman’s footrule optimal aggregation is NP-hard. We instead
use scaled footrule aggregation (SFO) given in Dwork et al. (2001). Most approaches achieve
similar performance, except for the Spearman’s footrule. The proposed data-driven rank-breaking
achieves a slightly worse correlation compared to other approaches. However, note that none of
the algorithms are necessarily maximizing the Kendall correlation, and are not expected to be
particularly good in this metric.

Data-driven Rank Breaking

and Suh (2015) proposed a new algorithm based on Rank Centrality that provides a tighter error
bound for L∞ norm, as opposed to the existing L2 error bounds. Another interesting direction
in learning to rank is non-parametric learning from paired comparisons, initiated in several recent
papers such as Duchi et al. (2010); Rajkumar and Agarwal (2014); Shah et al. (2015b); Shah and
Wainwright (2015).
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(κj −pj,a +1)
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,

(22)

(23)

(24)

where λj,a = 1/(κj − pj,a + 1) achieves the universal lower bound on the right-hand side with
Pn P`j
Pn
(κj −pj,a )
an equality. Since j=1
a=1 (κj −pj,a +1) ≥
j=1 `j , substituting this into (22) gives the desired
error bound in (11). Although we have identified the optimal choice of λj,a ’s, we choose a slightly
different value of λ = 1/(κj − pj,a ) for the analysis. This achieves the same desired error bound in
(11), and significantly simplifies the notations of the sufficient conditions.

Pn

We first claim that λj,a = 1/(κj − pj,a + 1) is the optimal choice for minimizing the above upper
bound on the error. From Cauchy-Schwartz inequality and the fact that all terms are non-negative,
we have that
q

where γ, η, τ , δ, α, β, are now functions of λj,a ’s and defined in (7), (8), (25), (27) and (30).

j=1 a=1

`j
n X
X

with probability at least 1 − 3e3 d−3 , if

1
√ θb − θ∗
d

Theorem 8. Under the hypotheses of Theorem 2 and any λj,a ’s, the rank-breaking estimator
achieves

We prove a more general result for an arbitrary choice of the parameter λj,a > 0 for all j ∈ [n]
and a ∈ [`j ]. The following theorem proves the (near)-optimality of the choice of λj,a ’s proposed in
(10), and implies the corresponding error bound as a corollary.

8.1 Proof of Theorem 2

8. Proofs

weights in the estimator to achieve optimal performance, and also explicitly shows how the accuracy
depends on the topology of the data.
This paper provides the first analytical result in the sample complexity of rank-breaking estimators, and quantifies the price we pay in accuracy for the computational gain. In general, more
complex higher-order rank-breaking can also be considered, where instead of breaking a partial
ordering into a collection of paired comparisons, we break it into a collection of higher-order comparisons. The resulting higher-order rank-breakings will enable us to traverse the whole spectrum
of computational complexity between the pairwise rank-breaking and the MLE. We believe this
paper opens an interesting new direction towards understanding the whole spectrum of such approaches. However, analyzing the Hessian of the corresponding objective function is significantly
more involved and requires new technical innovations.

More recently, a more general problem of learning personal preferences from ordinal data has
been studied (Yi et al., 2013; Lu and Boutilier, 2011b; Ding et al., 2015). The MNL model provides
a natural generalization of the PL model to this problem. When users are classified into a small
number of groups with same preferences, mixed MNL model can be learned from data as studied
in Ammar et al. (2014); Oh and Shah (2014); Wu et al. (2015). A more general scenario is when
each user has his/her individual preferences, but inherently represented by a lower dimensional
feature. This problem was first posed as an inference problem in Lu and Negahban (2014) where
convex relaxation of nuclear norm minimization was proposed with provably optimal guarantees.
This was later generalized to k-way comparisons in Oh et al. (2015). A similar approach was
studied with a different guarantees and assumptions in Park et al. (2015). Our algorithm and ideas
of rank-breaking can be directly applied to this collaborative ranking under MNL, with the same
guarantees for consistency in the asymptotic regime where sample size grows to infinity. However,
the analysis techniques for MNL rely on stronger assumptions on how the data is collected, and
especially on the independence of the samples. It is not immediate how the analysis techniques
developed in this paper can be applied to learn MNL.
In an orthogonal direction, new discrete choice models with sparse structures has been proposed
recently in Farias et al. (2009) and optimization algorithms for revenue management has been
proposed Farias et al. (2013). In a similar direction, new discrete choice models based on Markov
chains has been introduced in Blanchet et al. (2013), and corresponding revenue management
algorithms has been studied in Feldman and Topaloglu (2014). However, typically these models
are analyzed in the asymptotic regime with infinite samples, with the exception of Ammar and
Shah (2011). A non-parametric choice models for pairwise comparisons also have been studied in
Rajkumar and Agarwal (2014); Shah et al. (2015b). This provides an interesting opportunities to
studying learning to rank for these new choice models.
We consider a fixed design setting, where inference is separate from data collection. There is
a parallel line of research which focuses on adaptive ranking, mainly based on pairwise comparisons. When performing sorting from noisy pairwise comparisons, Braverman and Mossel (2009)
proposed efficient approaches and provided performance guarantees. Following this work, there has
been recent advances in adaptive ranking Ailon (2011); Jamieson and Nowak (2011); Maystre and
Grossglauser (2015b).

7. Discussion

JMLR 17(193):1-54

We study the problem of learning the PL model from ordinal data. Under the traditional data
collection scenarios, several efficient algorithms find the maximum likelihood estimates and at the
same time provably achieve minimax optimal performance. However, for some non-traditional
scenarios, computational complexity of finding the maximum likelihood estimate can scale superexponentially in the problem size. We provide the first finite-sample analysis of computationally
efficient estimators known as rank-breaking estimators. This provides guidelines for choosing the
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For the proposed choice of λj,a = 1/(κj − pj,a ), we have τj = 1 and the definitions of H, L,
α, and β reduce to those defined in Definition 1. We are left to prove an upper bound, δ ≤
32(log(`max + 2))2 , which implies the sufficient condition in (9) and finishes the proof of Theorem
2. We have,

Let
= λ1 (L) ≤ λ2 (L)P≤ · · · ≤ λd (L) denote the sorted eigenvalues of L. Note that Tr(L) =
Pd 0 P
n
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Define graph Laplacian L as L = D − A, i.e.,
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Let A denote the weighted adjacency matrix, and let D = diag(A1). Define,
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Definition 9. (Comparison graph H). Each item i ∈ [d] corresponds to a vertex i. For any pair
of vertices i, i0 , there is a weighted edge between them if there exists a set Sj such that i, i0 ∈ Sj ;
P
τ `j
.
the weight equals j:i,i0 ∈Sj κj (κjj −1)

Note that δ ≥
≥
≥
and for the choice of λj,a = 1/(κj −pj,a ) it simplifies
as τ = τj = 1. We next define a comparison graph H for general λj,a , which recovers the proposed
comparison graph for the optimal choice of λj,a ’s
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derivative of LRB (θ), we get
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LRB (θ) =

We first introduce two key technical lemmas. In the following lemma we show that Eθ∗ [∇LRB (θ∗ )] =
0 and provide a bound on the deviation of ∇LRB (θ∗ ) from its mean. The expectation Eθ∗ [·] is with
respect to the randomness in the samples drawn according to θ∗ . The log likelihood Equation (2)
can be rewritten as

8.2 Proof of Theorem 8

where the first inequality follows from the definition of ηj , Equation (8). From (31), (32), and the
fact that δj,2 ≤ log(`j + 2), we have
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where in the first inequality follows from taking the worst case for the positions, i.e. pj,a =
P
κj − `j + a − 1 Using the fact that for any integer x, `−1
a=0 1/(x + a) ≤ log((x + ` − 1)/(x − 1)), we
also have

We first define all the parameters in the above theorem for general λj,a . With a slight abuse
of notations, we use the same notations for H, L, α and β for both the general λj,a ’s and also the
specific choice of λj,a = 1/(κj − pj,a ). It should be clear from the context what we mean in each
case. Define
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Define event E ≡ {(i, i0 ) ∈ Gp }. Observe that
n
 
o
I{(σ−1 (i)=p} + I{σ−1 (i0 ))=p} = 1 ∧ σ −1 (i), σ −1 (i0 ) ≥ p
.

8.2.2 Proof of Lemma 12

2
2
k∇LGj,a (θ∗ )k22 ≤ λj,a
(kj − pj,a )2 + λj,a
(kj − pj,a ) .

(42)

(43)

P[kXn k2 ≥ δ] ≤ 2e3 e 2 i=1 ci .
(44)

It follows from the upper bound on k∇LGj,a (θ∗ )k22 ≤ ci2 with ci2 = λ2 (kj − pj,a )2 + (kj − pj,a ) .
In the expression (41), ∇LGj,a (θ∗ ) has one entry at pj,a -th position that is compared to (kj − pj,a )
other items and (kj − pj,a ) entries that is compared only once, giving the bound

−

Lemma 13. Let (X1 , X2 , · · · , Xn ) be real-valued martingale taking values in Rd such that X0 = 0
and for every 1 ≤ i ≤ n, kXi − Xi−1 k2 ≤ ci , for some non-negative constant ci . Then for every
δ > 0,

which implies the result.


P ∇LRB (θ∗ )

This is one of the key technical lemmas since it implies that the proposed rank-breaking is
consistent, i.e. Eθ∗ [∇LRB (θ∗ )] = 0. Throughout the proof of Theorem 2, this is the only place where
the assumption on the proposed (consistent) rank-breaking is used. According to a companion
theorem in Azari Soufiani et al. (2014, Theorem 2), it also follows that any rank-breaking that
is not union of position-p rank-breakings results in inconsistency, i.e. Eθ∗ [∇LRB (θ∗ )] 6= 0. We
claim that for each rank-breaking graph Gj,a , k∇LGj,a (θ∗ )k22 ≤ (λj,a )2 (κj − pj,a )(κj − pj,a + 1). By
Lemma 13 which is a generalization of the vector version of the Azuma-Hoeffding inequality found
in (Hayes, 2005, Theorem 1.8), we have

for all i, i0 ∈ S and also
h
P σ −1 (i) < σ −1 (i0 )

h
P σ −1 (i) < σ −1 (i0 )

Lemma 12. For a position-p rank breaking graph Gp , defined over a set of items S, where p ∈
[|S| − 1],

Data-driven Rank Breaking

(37)

(36)

It follows from the definition that −H(θ) is positive semi-definite for any θ ∈ Rd . The smallest
eigenvalue of −H(θ) is equal to zero and the corresponding eigenvector is all-ones vector. The
following lemma lower bounds its second smallest eigenvalue λ2 (−H(θ)).

ηδ
d log d
α2 βγ 2 τ

{Gj,a0 }a0 <a . Therefore, using the assumption that the rankings {σj }j∈[n] are mutually independent, we have that the conditional expectation of ∇LGj,a (θ∗ ) conditioned on {Gj 0 ,a00 }j 0 <j,a00 ∈[`j 0 ] is
zero. Further, the conditional expectation of ∇LGj,a (θ∗ ) is zero even when conditioned on the rank
breaking due to previous separators {Gj,a0 }a0 <a that are ranked higher (i.e. a0 < a), which follows
from the next lemma.

λj,a (κj − pj,a ) ≥ 26 e18b

Lemma 11. Under the hypotheses of Theorem 2, if
`j
n X
X
j=1 a=1

`j

then with probability at least 1 − d−3 , the following holds for any θ ∈ Ωb :
n

αγ X X
e−4b
λ2 (−H(θ)) ≥
λj,a (κj − pj,a ) .
(1 + e2b )2 d − 1
j=1 a=1

(38)

Define ∆ = θb− θ∗ . It follows from the definition that ∆ is orthogonal to the all-ones vector. By
b ≥ LRB (θ∗ )
the definition of θ̂ as the optimal solution of the optimization (3), we know that LRB (θ)
and thus
b − LRB (θ∗ ) − h∇LRB (θ∗ ), ∆i ≥ −h∇LRB (θ∗ ), ∆i ≥ −k∇LRB (θ∗ )k2 k∆k2 ,
LRB (θ)

1
1 >
∆ H(θ)∆ ≤ − λ2 (−H(θ))k∆k22 ,
2
2

where the last inequality follows from the Cauchy-Schwartz inequality. By the mean value theorem,
there exists a θ = aθb + (1 − a)θ∗ for some a ∈ [0, 1] such that θ ∈ Ωb and
b − LRB (θ∗ ) − h∇LRB (θ∗ ), ∆i =
LRB (θ)

2k∇LRB (θ∗ )k2
.
λ2 (−H(θ))

where the last inequality holds because the Hessian matrix −H(θ) is positive semi-definite with
H(θ)1 = 0 and ∆> 1 = 0. Combining (38) and (39),
k∆k2 ≤

!

Note that θ ∈ Ωb by definition. Theorem 8 follows by combining Equation (40) with Lemma 10
and Lemma 11.
8.2.1 Proof of Lemma 10

(θ∗ ) ≡

i0 ∈Sj
i0 6=i

(i,i0 )∈Gj,a

The idea of the proof is to view ∇LRB (θ∗ ) as the final value of a discrete time vector-valued
martingale with values in Rd . Define ∇LGj,a (θ∗ ) as the gradient vector arising out of each rankbreaking graph {Gj,a }j∈[n],a∈[`j ] that is
∇i L

Gj,a
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P
Consider ∇LGj,a (θ∗ ) as the incremental random vector in a martingale of
j=1 `j time steps.
Lemma 12 shows that the expectation of each incremental vector is zero. Observe that the conditioning event {i00 ∈ S : σ −1 (i00 ) < pj,a } given in (43) is equivalent to conditioning on the history
27

a=1

`j
X

λj,a

i<i0 ∈Sj

X

(i,i0 ) ∈ Gj,a

I

(ei − ei0 )(ei − ei0 )> ,
(45)

i

e2b
M
(1+e2b )2

Again from Weyl’s inequality, it follows that

(46)

j=1

29

j=1 τj `j

Pn

j=1

where the last inequality follows from the assumption that
proves the desired claim.

λ2 (M ) ≥

(47)
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ηδ
≥ 26 e18b α2 βγ
2 τ d log d. This

j=1

v
u
n
n
n
X
u
2e−6b αγ X
e−6b αγ X
3b t ηδ log d
τj `j − 8e
τj `j ≥
τj `j ,
d−1
βτ d
d−1

where k · k denotes the spectral norm. We will show
that λ2 (E[M ]) ≥ 2γe−6b (α/(d −
q in (51)
Pn
ηδ log d Pn
3b
1)) j=1 τj `j , and in (63) that kM − E[M ]k ≤ 8e
j=1 τj `j .
βτ d

λ2 (M ) ≥ λ2 (E[M ]) − kM − E[M ]k ,

e2b
λ (M ).
(1+e2b )2 2

for θ ∈ Ωb . Since, −H(θ) and M are symmetric matrices, from Weyl’s

inequality we have, λ2 (−H(θ)) ≥

that −H(θ) 

Pn
(j) . Observe that M is positive semi-definite and the smallest eigenvalue
and let M ≡
j=1 M
of M is zero with the corresponding eigenvector given by the all-ones vector. If |θi | ≤ b, for all
exp(θi +θi0 )
e2b
≥ (1+e
i ∈ [d], [exp(θi )+exp(θ
2b )2 . Recall the definition of H(θ) from Equation (35). It follows
0 )]2

M (j) ≡

The Hessian H(θ) is given in (35). For all j ∈ [n], define M (j) ∈ S d as

8.2.4 Proof of Lemma 11

It follows exactly along the lines of proof of Theorem 1.8 in (Hayes, 2005).

8.2.3 Proof of Lemma 13

Since M is any particular ordering of the set Ω and Ω is any subset of S \{i, i0 } such that |Ω| = p−1,
conditioned on event E probabilities of all the possible events M over all the possible choices of set
Ω sum to 1.

Consider any set Ω ⊂ S \ {i, i0 } such that |Ω| = p − 1. Let M denote an event that items of the set
Ω are ranked in top-(p − 1) positions in a particular order. It is easy to verify the following:
h
i

h
i
P σ −1 (i) < σ −1 (i0 ) , E, M
h
i
P σ −1 (i) < σ −1 (i0 ) E, M =
P E, M
h
i

P σ −1 (i) = p , M
h
i
h
i
=


P σ −1 (i) = p , M + P σ −1 (i0 ) = p , M
h
i
exp(θi∗ )
=
= P σ −1 (i) < σ −1 (i0 ) .
exp(θi∗ ) + exp(θi∗0 )

Data-driven Rank Breaking

j=1 a=1

`j
n X
X

λj,a
i<i0 ∈Sj

X

h
i
P (i, i0 ) ∈ Gj,a (i, i0 ∈ Sj ) (ei − ei0 )(ei − ei0 )> .

(48)

a=1

`j
X

λj,a (κj − pj,a )

i<i ∈Sj

i<i0 ∈Sj

X

(ei − ei0 )(ei − ei0 )>

2(κj − pj,a ) X
(ei − ei0 )(ei − ei0 )>
κj (κj − 1)
0

1
κj (κj − 1)

λj,a

(51)

Ω∈S\{i}
:|Ω|=κ−`0 +1

min

(

exp(θi )

j∈Ω exp(θj ) /|Ω|

P

)

.

30
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In the worst case, e−2b ≤ α
ei,`,θ ≤ e2b . Note that αi,`,θ = 0 gives the worst upper bound.

`0 ∈[`]

α
ei,`,θ ≡ min

where 0 ≤ αi,`,θ = be
αi,`,θ c, and α
ei,`,θ is,

Lemma 15. Under the hypotheses of Lemma 14,

αi,`,θ −1
h
i
e6b
`
e6b
Pθ σ −1 (i) = ` ≤
1−
≤
,
κ
κ + αi,`,θ
κ−`

(53)

(52)

where we used γ ≤ (1 − pj,`j /κj )α1 −2 which follows for the definition in (7). (51) follows from
the definition
Pλ2 (L) =
P of Laplacian L, defined for the comparison graph H in Definition 9. Using
(α/(d − 1)) nj=1 τj `j from (30), we get the desired bound λ2 (E[M ]) ≥ 2γe−6b (α/(d − 1)) nj=1 τj `j .
P
Next we need to upper bound k nj=1 E[(M j )2 ]k to bound the deviation of M from its expectation. To this end, we prove an upper bound on P[σj−1 (i) = pj,a | i ∈ Sj ] in the following
lemma.

= 2γe−6b L,

j=1

n
X

j=1 a=1

`j
n X
X

 2γe−6b

E[M ]  γe−6b

Note that we do not need max`0 ∈[`] in the above equation as the expression achieves its maxima at
`0 = `, but we keep the definition to avoid any confusion. In the worst case, 2e−2b ≤ α
ei,i0 ,`,θ ≤ 2e2b .
Therefore, using definition of rank breaking graph Gj,a , and Equations (48) and (49) we have,

:|Ω|=κ−`0

where the probability Pθ is with respect to the sampled ranking resulting from PL weights θ ∈ Ωb ,
and αi,i0 ,`,θ is defined as 1 ≤ αi,i0 ,`,θ = α
ei,i0 ,`,θ , and α
ei,i0 ,`,θ is,
(
)
exp(θi ) + exp(θi0 )

P
α
ei,i0 ,`,θ ≡ max max 0
.
(50)
`0 ∈[`] Ω⊆S\{i,i }
j∈Ω exp(θj ) /|Ω|

Lemma 14. Consider a ranking σ over a set S ⊆ [d] such that |S| = κ. For any two items i, i0 ∈ S,
θ ∈ Ωb , and 1 ≤ ` ≤ κ − 1,


h
i
` αi,i0 ,`,θ −2
e−6b (κ − `)
1−
,
(49)
Pθ σ −1 (i) = `, σ −1 (i0 ) > ` ≥
κ(κ − 1)
κ

The following lemma provides a lower bound on P[(i, i0 ) ∈ Gj,a |(i, i0 ∈ Sj )].

E[M ] =

To prove the lower bound on λ2 (E[M ]), notice that

Khetan and Oh

Data-driven Rank Breaking

e6b `j
κj − pj,`j

)
≤

e6b `j
e6b η`j
,
≤
max{`j , κj − pj,`j }
κj

Therefore using Equation (52), for all i ∈ [d], we have,
(
h
i
P σj−1 (i) ∈ Pj ≤ min 1,

(j)

I

≡ I
i,i0 ∈Sj

`j
X

`j
X
a=1

λj,a I

λj,a deg
Gj,a

(i,i0 )∈Gj,a

(σj−1 (i0 ))


δj,2 ,

, for all i, i0 ∈ [d] ,

a=1

!
+ I

σj−1 (i)∈P
/ j

Observe that M (j) = D(j) − A(j) . For all i ∈ [d], we have,

Aii0

κj
X
a=1

σj−1 (i)∈P
/ j

`j
n
o X
max λj,a (κj − pj,a ) +
λj,a

a∈[`j ]

δj,1 + I

σj−1 (i)=i0

σj−1 (i)∈Pj

σj−1 (i)∈Pj

I

i0 =1



I

`j
X
a=1

λj,a

(54)

(56)

!)

(55)

where we used η defined in Equation (8). Define a diagonal matrix D(j) ∈ S d and a matrix
A(j) ∈ S d ,

(j)

i∈Sj

i∈Sj

i∈Sj

(

P
(j)
i0 6=i Aii0 .

= I

and Dii =
(j)
Dii

≤ I

= I

#

≤ E

max

X
d

(j)
Aii0

#

(57)



i∈[d]

(

)
e6b η`j
δj,2 κj
δj,1 +
.
κj
η`j

d
X

(j)
Aii0

i0 =1

(58)

"

i∈Sj

i∈Sj

h
i
(j)
E Dii
≤ I

2 

i0 =1

(
)


e6b η`j 2
δj,1 δj,2 κj
δj,1 +
.
κj
η`j
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(59)

)
(

2 κ 
δj,2
e6b η`j 2
j
δj,1 +
κj
η`j

where the last equality follows from the definition of δj,1 and δj,2 in Equation (26). Note that
maxi∈[d] {Dii } = δj,1 . Using (54) and (56), we have,

Similarly we have,

A(j)

ii0

h
i
(j) 2
E Dii
≤ I

d
X

For all i ∈ [d], we have,
"
E

i0 =1

i∈Sj



(j)
≤ E Dii δj,1
≤ I

31

d
X

i0 =1

d
X

i0 =1

i0 =1



,

Khetan and Oh

)
(


2 κ 
2 δj,1 δj,2 + δj,2
e6b η`j
j
2
4δj,1
+
κj
η`j



e6b δη`j
κj

(

)

h
h
h
h
2  i
 i
 i
2  i
E D(j) ii0 − E D(j) A(j) ii0 − E A(j) D(j) ii0 + E A(j) ii0

h
2  i
E M (j) ii0

Using (58) and (59), we have, for all i ∈ [d],

=

i∈Sj

i∈Sj


d  h
h
i X
h
 i
2  i
(j) 2
≤ 2E Dii
+
E δj,1 A(j) ii0 + E A(j) ii0
≤ I
= I

i∈[d]

≤ e6b δη max

j=1

X `j
κj

j:i∈Sj

e6b ηδ
Dmax
τ
n
e6b ηδ X
τj `j ,
βτ d

(60)

(62)

(61)

where the last equality follows from the definition of δ, Equation (27).
Pn
P
E[(M (j) )2 ]k, we use the fact that for J ∈ Rd×d , kJk ≤ maxi∈[d] id0 =1 |Jii0 |.
To bound k j=1
Therefore, we have
n
h
i
X
E (M (j) )2
j=1

=

=

i
h
M − E[M ] ≥ t ≤ d exp

e6b ηδ
βτ d

!
−t2 /2
.
√
+ 4 δt/3

j=1 τj `j

Pn

j=1

(63)

where (61) follows from the definition of Dmax in Equation(28) and√(62) follows from the definition
of β in (30). Observe that from Equation (56), kM (j) k ≤ 2δj,1 ≤ 2 δ. Applying matrix Bernstein
inequality, we have,
P

Therefore, with probability at least 1 − d−3 , we have,

j=1

v
v
√
u
u
n
n
u ηδ log d X
u
64 δ log d
ηδ log d X
M − E[M ] ≤ 4e3b t
τj `j +
≤ 8e3b t
τj `j ,
βτ d
3
βτ d
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Pn
where the second inequality uses j=1
τj `j ≥ 26 (βτ /η)d log d which follows from the assumption
Pn
that j=1
τj `j ≥ 26 e18b τ γ 2ηδα2 β d log d and the fact that α, β ≤ 1, γ ≤ 1, η ≥ 1, and δ > τ 2 .
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=

log(e
αi,i0 ,`,θ /2)
0

for j = i or
otherwise .

=

=

−1

j`−1 ∈S
j`−1 6=i,i0 ,
j1 ,··· ,j`−2

X

exp(θj1 )
W − exp(θj1 )

!

···

X

!!

j2 ∈S
j2 6=i,i0 ,j1

33

exp(θj`−1 )
Pj`−1
W − k=j
exp(θk )
1

j1 ∈S
j1 6=i,i0

exp(θi ) X
W

j`−1 ∈S
j`−1 6=i,i0 ,
j1 ,··· ,j`−2

j2 ∈S
j2 6=i,i0 ,j1

exp(θj2 )
···
W − exp(θj1 )

i
(i ) > `

0

X

−1

i0

!

,

···

!!
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exp(θj2 )
···
W − exp(θj1 ) − exp(θj2 )

exp(θj`−1 )
exp(θi )
Pj`−2
Pj`−1
W − k=j
exp(θ
)
W
−
k
k=j1 exp(θk )
1

exp(θj1 )
W

(i) = `, σ

X

j1 ∈S
j1 6=i,i0

X

Pθ σ

h

e
f≡P
ei,i0 ,`,θ . We have,
Similarly define W
j∈S exp(θj ) = κ − 2 + α

θej



(65)

(64)



Since providing a lower bound on Pθ σ −1 (i) = `, σ −1 (i0 ) > ` for arbitrary θ is challenging, we construct a new set of parameters {θej }j∈[d] from the original θ. These new parameters are constructed
such that it is both easy to compute the probability and alsoP
provides a lower bound on the original
distribution. We denote the sum of the weights by W ≡ j∈S exp(θj ). We define a new set of
parameters {θej }j∈S :

8.2.5 Proof of Lemma 14
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W−
P

exp(θk ) − exp(θj`−1 )

exp(θj`−1 )

k=j1

Pj`−2

exp(θj`−1 )
Pj`−1
k=j1 exp(θk )

Pj`−2

j`−1 ∈Ω`

exp(θj`−1 )

P
W − k=j1 exp(θk ) −
j`−1 ∈Ω` exp(θj`−1 ) /|Ω` |
P
j`−1 ∈Ω` exp(θj`−1 )

P
P
exp(θi ) + exp(θi0 ) + j`−1 ∈Ω` exp(θj`−1 ) −
j`−1 ∈Ω` exp(θj`−1 ) /|Ω` |
!−1
exp(θi ) + exp(θi0 )
1
P
+1−
κ−`
j`−1 ∈Ω` exp(θj`−1 )
!−1
α
e1
1
+1−
κ−`
κ−`

j`−1 ∈Ω`

X

W−

(68)

(67)

(66)

Observe that

è

exp(θ
P i )+exp(θi0 )
j∈Ω exp(θj )

34
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≤α
ei,i0 ,`,θ /|Ωè|. Therefore, each summation term in equation (65) can

Consider {Ωè}2≤è≤`−1 , |Ωè| = κ − è, corresponding to the subsequent summation terms in (65).

x
is
where (66) follows from the Jensen’s inequality and the fact that for any c > 0, 0 < x < c, c−x
0
convex in x. Equation (67) follows from the definition of α
ei,i ,`,θ , (50), and the fact that |Ω` | = κ−`.
Equation (68) uses the definition of {θej }j∈S .

=

κ−`
α
e1 + κ − ` − 1
X
exp(θej`−1 )
,
=
f − Pj`−2 exp(θek ) − exp(θej )
W
`−1
j`−1 ∈Ω`
k=j1

≥

=

=

≥

=

j`−1 ∈Ω`

X

j∈Ω`

Consider the last summation term in the above equation and let Ω` = S \ {i, i0 , j1 , . . . , j`−2 }.
α
e 0 ,`,θ
exp(θ )+exp(θ )
Observe that, |Ω` | = κ − ` and from equation (50), P i exp(θji)0 ≤ i,i
κ−` . We have,
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Pθ
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X

!!!

j2 ∈S
j2 6=i,i0 ,j1

exp(θej2 )
···
f − exp(θej ) − exp(θej )
W
2
1

exp(θej2 )
···
f − exp(θej ) − exp(θej )
W
2
1

X

j2 ∈S
j2 6=i,i0 ,j1

!!!

exp(θej1 )
f − exp(θej )
W
1

exp(θj )
`−1
Pj`−1
exp(θek )
− k=j
1

e

exp(θej1 )
f − exp(θej )
W
1

h
i
σ −1 (i) = `, σ −1 (i0 ) > `

f
W

j1 ∈S
j1 6=i,i0

exp(θi ) X
W
X

j`−1 ∈S
j`−1 6=i,i0 ,
j1 ,··· ,j`−2

j1 6=i,i0

exp(θej`−1 )
f − Pj`−1 exp(θek )
W
k=j1

e−4b exp(θei ) X
f
W
j1 ∈S
X

j`−1 ∈S
j`−1 6=i,i0 ,
j1 ,··· ,j`−2

i
 h
e−4b Pθe σ −1 (i) = `, σ −1 (i0 ) > ` .

(69)

be lower bounded by the corresponding term where {θj }j∈S is replaced by {θej }j∈S . Hence, we have
≥

≥

=
e

h
i
Pθe σ −1 (i) = `, σ −1 (i0 ) > `


(e
αi,i0 ,`,θ /2)(` − 1)!
κ−2
` − 1 (κ − 2 + α
ei,i0 ,`,θ )(κ − 2 + α
ei,i0 ,`,θ − 1) · · · (κ − 2 + α
ei,i0 ,`,θ − (` − 1))

(κ − 2)!
e−2b
(κ − ` − 1)! (κ + αi,i0 ,`,θ − 2)(κ + αi,i0 ,`,θ − 3) · · · (κ + αi,i0 ,`,θ − (` + 1))

e−2b (κ − ` + αi,i0 ,`,θ − 2)(κ − ` + αi,i0 ,`,θ − 3) · · · (κ − `)
(κ + αi,i0 ,`,θ − 2)(κ + αi,i0 ,`,θ − 3) · · · (κ − 1)

e−2b (κ − ` + αi,i0 ,`,θ − 2)(κ − ` + αi,i0 ,`,θ − 3) · · · (κ − `)
(κ − 1)
(κ + αi,i0 ,`,θ − 2)(κ + αi,i0 ,`,θ − 3) · · · (κ)


` αi,i0 ,`,θ −1
e−2b
1−
(κ − 1)
κ


e−2b (κ − `)
` αi,i0 ,`,θ −2
,
1−
κ(κ − 1)
κ

(71)

(70)

θi )
≤ e2b /κ. Observe that exp(θej ) = 1 for all
The second inequality uses exp(θi ) ≥ e−2b /κ and exp(
W
f

W
j 6= i, i0 and exp(θei ) + exp(θei0 ) = α
ei,i0 ,`,θ ≤ α
ei,i0 ,`,θ = αi,i0 ,`,θ ≥ 1. Therefore, we have

=
≥
=
=
≥
=
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where (70) follows from the fact that α
ei,i0 ,`,θ ≥ 2e−2b . Claim (49) follows by combining Equations
(69) and (71).
35

8.2.6 Proof of Lemma 15

exp(θj1 ) X
W

j2 ∈S
j2 6=i,j1

θej

=
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log(e
αi,`,θ )
0

exp(θj2 )
···
W − exp(θj1 )
exp(θj2 )
···
W − exp(θj1 )

X

j`−1 ∈S
j`−1 6=i,
j1 ,··· ,j`−2

X

j`−1 ∈S
j`−1 6=i,
j1 ,··· ,j`−2

for j = i ,
otherwise .

W−

exp(θ
)
exp(θi )
j
`−1
Pj`−2
Pj`−1
k=j1 exp(θk ) W −
k=j1 exp(θk )

e2b
κ−`+1

exp(θj`−1 )
Pj`−2
k=j1 exp(θk )

!!!

(73)

!!!

(72)

e
Analogous to the proof of Lemma 14, we construct a new
P set of parameters {θj }j∈[d] from the
original θ. We denote the sum of the weights by W ≡
j∈S exp(θj ). We define a new set of
parameters {θej }j∈S :

h
i
σ −1 (i) = `

X

j1 ∈S
j1 6=i

X

exp(θj1 ) X
W

j2 ∈S
j2 6=i,j1

W−

e
f≡P
Similarly define W
ei,`,θ . We have,
j∈S exp(θj ) = κ − 1 + α
Pθ

=

≤

j1 ∈S
j1 6=i

W−

exp(θj`−1 )
Pj`−2
k=j1 exp(θk )

j∈Ω`

exp(θej`−1 )
,
f − Pj`−2 exp(θek )
W
k=j1

(74)

Consider the last summation term in the equation (73), and let Ω` = S \ {i, j1 , . . . , j`−2 }, such that
α
ei,`,θ
i)
|Ω` | = κ − ` + 1. Observe that from equation (53), P exp(θ
exp(θj ) ≥ κ−`+1 . We have,
X

j`−1 ∈Ω`

j`−1 ∈Ω`

P
j`−1 ∈Ω` exp(θj`−1 )
P
=
exp(θi ) + j`−1 ∈Ω` exp(θj`−1 )

−1
α
ei,`,θ
≤
+1
κ−`+1
κ−`+1
=
α
ei,`,θ + κ − ` + 1
X

=

α
ei,`,θ /|Ωè|. Therefore, each summation term in equation (65)

e j∈S .
where (74) follows from the definition of {θ}
Consider
− è + 1, corresponding to the subsequent summation terms in

è

{Ωè} è
, |Ωè| = κ
2≤
≤`−1
P exp(θi )
≥
j∈Ω exp(θj )

(73). Observe that
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can be lower bounded by the corresponding term where {θj }j∈S is replaced by {θej }j∈S . Hence, we

36

j2 ∈S
j2 6=i,j1

X

j`−1 ∈S
j`−1 6=i,
j1 ,··· ,j`−2

exp(θej2 )
···
f
W − exp(θej1 )

exp(θej2 )
···
f − exp(θej )
W
1

exp(θej`−1 )
exp(θei )
P
P
j
j`−1
`−2
e f
e
f−
W
k=j1 exp(θk ) W −
k=j1 exp(θk )

h
i
≤ e4b Pθe σ −1 (i) = `

j`−1 ∈S
j`−1 6=i,
j1 ,··· ,j`−2

X

j1 ∈S
j1 6=i

exp(θej1 ) X
f
W

j2 ∈S
j2 6=i,j1

exp(θej1 ) X
f
W

X

j1 ∈S
j1 6=i

X

≤ e4b

≤

h
i
Pθ σ −1 (i) = `

!!!

exp(θej`−1 )
f − Pj`−2 exp(θek )
W
k=j1

!!!

(75)

e2b
κ−`+1

(76)

∂ 2 L(θ)
∂θi ∂θi0 .

θ

i=2

d
X

i=2

d

X
1
1
≥
.
λi (I(θ))
λi (I(0))

Eθ [H(0)]  −

j=1

37

κj (κj − 1)

i0 <i∈Sj

n
X
2p log(κj )2 X

Lemma 16. Under the hypotheses of Theorem 4,
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(ei − ei0 )(ei − ei0 ) .

>

(77)

The following lemma provides a lower bound on Eθ [H(0)], where 0 indicates the all-zeros vector.

θ

sup E[kθb − θk2 ] ≥ sup

The Fisher information matrix
b
is defined as I(θ) = −Eθ [H(θ)]. Fix any unbiased estimator θb of θ ∈ Ωb . Since, θb
P∈ U, θ1− θ
is orthogonal to 1. The Cramér-Rao lower bound then implies that E[kθb − θ∗ k2 ] ≥ di=2 λi (I(θ))
.
Taking the supremum over both sides gives

Let H(θ) ∈ S d be Hessian matrix such that Hii0 (θ) =

8.3 Proof of Theorem 4

Note that equation (76) holds for all values of αi,`,θ ≥ 0. Claim 52 follows by combining Equations
(75) and (76).

≤

≤

(κ − 1)!
e2b
(κ − `)! (κ − 1 + αi,`,θ )(κ − 2 + αi,`,θ ) · · · (κ − ` + αi,`,θ )

αi,`,θ −1
`
e2b
1−
,
κ
κ + αi,`,θ

The second inequality uses α
e2 /(κ − ` + α
ei,`,θ ) ≥ e−2b /(κ − ` + 1). Observe that exp(θej ) = 1 for all
j 6= i and exp(θei ) = α
ei,`,θ ≥ be
αi,`,θ c = αi,`,θ ≥ 0. Therefore, we have


h
i
α
ei,`,θ (` − 1)!
κ−1
Pθe σ −1 (i) = ` =
` − 1 (κ − 1 + α
ei,`,θ )(κ − 2 + α
ei,`,θ ) · · · (κ − ` + α
ei,`,θ )

have

Data-driven Rank Breaking

j=1

j=1

|

n
X

j

1
{z

}

(ei − ei0 )(ei − ei0 )> ,

=L

i0 <i∈Sj

X

(ei − ei0 )(ei − ei0 )>

κj (κj − 1)

i0 <i∈S

=

−Hii0 (0) =


















We claim that at θ = 0,

38

if i = i0 ,
if i = i0 ,
if i 6= i0 ,
if i 6= i0 ,
if i 6= i0 ,
if i 6= i0 ,

 −1
Ω−1 (i) ≥ p
Ω−1 (i) < p
Ω−1 (i) ≥ p,
Ω−1 (i) ≥ p,
Ω−1 (i) < p,
Ω (i) < p,
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Ω−1 (i0 ) ≥ p
Ω−1 (i0 ) < p
Ω−1 (i0 ) ≥ p
Ω−1 (i0 ) < p .

1 ∂ 2 P(θ) ∇i P(θ)∇i0 P(θ)
−
2
P(θ) ∂θi ∂θi0
P(θ)
C1
C2 + A23 − C3
−B1
−B2
−B2
−(B3 + B4 − A23 )

Hii0 (θ) =

(81)

(80)

In the following, we omit superscript/subscript j for brevity. With a slight abuse of notation, we
use I{Ω−1 (i)=a} = 1 if item i is ranked at the a-th position in all the orderings σ ∈ Ω. Let P[θ] be
the likelihood of observing Ω−1 (p) = i(p) and the set Λ (the set of the items that are ranked before
the p-th position). We have,
!

Pp
X
exp
m=1 θσ(m)


P(θ) =
.
(79)

Qp
Pκ
σ∈Ω
a=1
m0 =a exp θσ(m0 )

i <i∈Sj

(78)

Let H (j) (θ) ∈ S d be the Hessian matrix
2p log(κj )2 X
(ei − ei0 )(ei − ei0 )> .
κj (κj − 1) 0

j=1 Lj (θ).

for i, i0 ∈ Sj . We prove that for all j ∈ [n],

Eθ [H (j) (0)]  −

∂ 2 Lj (θ)
∂θi ∂θi0

For i, i0 ∈ Sj , we have

such that

(j)
Hii0 (θ)

Define Lj (θ) for j ∈ [n] such that L(θ) =

Pn

1
(d − 1)2
(d − 1)2
(d − 1)2
=
≥ Pd
=
.
λi (L)
Tr(L)
n
i=2 λi (L)

8.3.1 Proof of Lemma 16

i=2

d
X

where L is the Laplacian defined for the comparison graph H, Definition 1, as `j = 1 for all j ∈ [n]
in this setting. By Jensen’s inequality, we have

2

κj (κj − 1)

n
X
2p log(κj )2 X

 2p log(κmax )

I(0) 

Observe that I(0) is positive semi-definite. Moreover, λ1 (I(0)) is zero and the corresponding
eigenvector is the all-ones vector. It follows that

Khetan and Oh

X

Data-driven Rank Breaking

H(0) =

i0 <i∈S

where constants A3 , B1 , B2 , B3 , B4 , C1 , C2 and C3 are defined in Equations (88), (90), (91), (92),
(93), (95), (96) and (97) respectively. From this computation of the Hessian, note that we have


(ei − ei0 )(ei − ei0 )> Hii0 (0) .
(82)

(κ − p + 1) log



i <i∈S

κ
κ−p





+ (p − 1) log

2p log(κ)2 X
(ei − ei0 )(ei − ei0 )> ,
κ(κ − 1) 0

κ
κ−p+1



κ
κ−p+1

X I −1 (i)≥a} exp(θi )
{σ

Pκ
m0 =a exp θσ(m0 )

+ log


Pp
m=1 θσ(m)

κ
m0 =a exp θσ(m0 )

p

exp
P
a=1

Qp

a=1

(89)

(88)

(87)

(86)

(85)
.

(84)

(83)

which follows directly from the fact that the diagonal entries are summations of the off-diagonals,
i.e. C1 = B1 (κ−p)+B2 (p−1) and C2 +A32 −C3 = B2 (κ−p+1)+(B3 +B4 −A32 )(p−2). The second
equality follows from the fact that C2 = B2 (κ − p + 1) + B3 (p − 2) and A32 (p − 1) = B4 (p − 2) + C3 .
Note that since θ = 0, all items are exchangeable. Hence, E[Hii0 (0)] = E[Hii (0)]/(κ − 1), and
substituting this into (82) and using Equations (81), we get
h
i
E H(0)

 X




1
= −
P Ω−1 (i) ≥ p C1 + P Ω−1 (i) < p (C2 + A32 − C3 )
(ei − ei0 )(ei − ei0 )>
κ−1
i0 <i∈S
X
1
(ei − ei0 )(ei − ei0 )>
 −
κ(κ − 1) 0
i <i∈S

2 !
 −

X

σ∈Ω

!
1
1
1
+
+ ··· +
,
κ κ−1
κ−p+1
!
.


Pp
κ
1
where (83) uses a=1
κ−a+1 ≤ log κ−p and C3 ≥ 0. Equation (84) follows from the fact that for
any x > 0, log(1 + x) ≤ x. To prove (81), we have the first order partial derivative of P(θ) given by
!!
∇i P(θ) = I{Ω−1 (i)≤p} P(θ) −

{θ=0}

Define constants A1 , A2 and A3 such that
A1 ≡ P(θ)

=

(p − 1)!
=
,
κ(κ − 1) · · · (κ − p + 1)
!
{θ=0}

p
X

exp(θi )

θσ(m0 )

Pκ
m0 =a exp

A2 ≡

a=1

j

(p − 1)(p − 2)! (p − 2)(p − 2)!
(p − 2)!
+
+ ··· +
(p − 1)!(κ)
(p − 1)!(κ − 1)
(p − 1)!(κ − p + 2)

j

j

A3 ≡

{θ=0}
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Observe that, for all i ∈ [d],


= A1 I{Ω−1 (i)=p} (1 − A2 ) + I{Ω−1 (i)<p} (1 − A3 ) − I{Ω−1 (i)>p} A2 .
∇i P(θ)

39

Further
B1 ≡
B2 ≡
B3 ≡
B4 ≡

X

a,b∈[p−1],b6=a

Khetan and Oh

1
1
1
+
+ ··· +
κ κ−1
κ−a+1

define constants B1 , B2 , B3 and B4 such that
!
1
1
1
+
+ ··· +
,
(90)
κ2 (κ − 1)2
(κ − p + 1)2
!
p−1
p−2
1
+
+ ··· +
,
(91)
(p − 1)κ2 (p − 1)(κ − 1)2
(p − 1)(κ − p + 2)2
!
(p − 1)(p − 2)(p − 3)! (p − 2)(p − 3)(p − 3)!
2(p − 3)!
+
+ ··· +
,
(92)
(p − 1)!κ2
(p − 1)!(κ − 1)2
(p − 1)!(κ − p + 3)2


!
1
1
1
(93)
.
+
+ ··· +
κ κ−1
κ−b+1
(p − 3)!
(p − 1)!

Observe that,

Ω−1 (i)<p,Ω−1 (i0 )<p

∂ 2 P(θ)
∂θi ∂θi0 θ=0


= I −1
A1 (−A2 )(−A2 ) + B1
Ω (i),Ω−1 (i0 )>p
 


A1 (−A2 )(1 − A2 ) + B1
+ I −1
+ I −1
Ω (i)>p,Ω−1 (i0 )=p
Ω (i)=p,Ω−1 (i0 )>p

 

A1 (1 − A3 ) + (−A2 )(1 − A3 ) + B2
+ I −1
+ I −1
Ω (i)=p,Ω−1 (i0 )<p
Ω (i)<p,Ω−1 (i0 )=p
 


A1 (−A2 )(1 − A3 ) + B2
+ I
+ I
Ω−1 (i)>p,Ω−1 (i0 )<p
Ω−1 (i)<p,Ω−1 (i0 )>p


A1 (1 − A3 ) + (−A3 ) + B4 + B3 .
(94)
+ I

X

a,b∈[p−1],b=a

1
1
1
+
+ ··· +
κ κ−1
κ−a+1





= I{Ω−1 (i)>p} A1 (−A2 )(−A2 ) − C1 + I{Ω−1 (i)=p} A1 (1 − A2 ) − A2 (1 − A2 ) − C1


+ I{Ω−1 (i)<p} A1 (1 − A3 ) − A3 − C2 + C3 .
(98)

(p − 2)!
(p − 1)!

The claims in (81) are easy to verify by combining Equations (89) and (94) with (80). Also, define
constants C1 , C2 and C3 such that,
!
κ−1
κ−2
κ−p
,
(95)
C1 ≡
+
+ ··· +
(κ)2
(κ − 1)2
(κ − p + 1)2
!
(p − 1)(p − 2)!(κ − 1) (p − 2)(p − 2)!(κ − 2)
(p − 2)!(κ − p + 1)
C2 ≡
+
+ ··· +
,
(96)
(p − 1)!(κ)2
(p − 1)!(κ − 1)2
(p − 1)!(κ − p + 2)2


!
1
1
1
+
+ ··· +
(97)
,
κ κ−1
κ−b+1

C3 ≡

θ=0

such that,
∂ 2 P(θ)
∂θi2
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The claims (81) is easy to verify by combining Equations (89) and (98) with (80).

40

α
1
2(1 + e2b )2 d − 1
j=1

`j .

(99)

=

i<i ∈Sj a=1

j=1

j=1

E[M ] =

j=1

n
X

i<i ∈Sj

a=1

41
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(104)

≥ (212 e6b /βα2 )d log d. This

" `j
#
X
X
1
E
I{(i,i0 )∈Gj,a } (i, i0 ∈ Sj ) (ei − ei0 )(ei − ei0 )> .
κj − 1 0

j=1 `j

Pn

j=1

(103)

and in (112) that kM − E[M ]k ≤

(102)

in the Hessian matrix H(θ),

v
u
n
n
n
u log d X
αe−2b X
αe−2b X
`j − 32eb t
`j ≥
`j ,
d−1
βd
2(d − 1)

j=1 `j

Pn

where the last inequality follows from the assumption that
proves the desired claim.
To prove the lower bound on λ2 (E[M ]), notice that

λ2 (M ) ≥

We will show in (107) that λ2 (E[M ]) ≥ e−2b (α/(d − 1))
q
d Pn
32eb log
j=1 `j .
βd

λ2 (M ) ≥ λ2 (E[M ]) − kM − E[M ]k .

(101)

proof of Lemma 11, we have

X X
1
I{(i,i0 ) ∈ Gj,a } (ei − ei0 )(ei − ei0 )> ,
κj − 1 0

(j) . Similar to the analysis carried out in the
j=1 M
e2b
λ (M ), when λj,a = 1/(κj − 1) is substituted
(1+e2b )2 2

Pn

(j)

`j

λ2 (−H(θ)) ≥
Equation (35). From Weyl’s inequality we have that

and let M =

M

Define M (j) ∈ S d as

8.4.1 Proof of Lemma 17

Theorem 5 follows from Equations (100), (99) and (40).

j=1

Using Lemma 10 that is derived for the general value of λj,a and pj,a , and by substituting
λj,a = 1/(κj − 1) and pj,a = a for each j ∈ [n], we get that with probability at least 1 − 2e3 d−3 ,
v
u
n
X
u
∗
k∇LRB (θ )k2 ≤ t16 log d
`j .
(100)

λ2 (−H(θ)) ≥

n
X

The proof is analogous to the proof of Theorem 8. It differs primarily in the lower bound that is
achieved for the second smallest eigenvalue of the Hessian matrix H(θ), (35).
P
Lemma 17. Under the hypotheses of Theorem 5, if nj=1 `j ≥ (212 e6b /βα2 )d log d then with prob−3
ability at least 1 − d ,

8.4 Proof of Theorem 5

Data-driven Rank Breaking

a=1

`j
X

I{(i,i0 )∈Gj,a } (i, i0 ∈ Sj )

#
j

j

i
≥ P (σ −1 (i) ≤ `j (i, i0 ∈ Sj ) .
h

h
i
= P I{σ−1 (i)≤`j } + I{σ−1 (i0 )≤`j } ≥ 1 (i, i0 ∈ Sj )

`
.
κ

(106)

(105)

i<i ∈Sj

X
`j
(ei − ei0 )(ei − ei0 )> = e−2b L,
κj (κj − 1) 0

(107)


1 
>
>
(κj − `j )diag(e{Ij } ) + `j diag(e{Sj } ) − e{Ij } e>
{Sj } − e{Sj } e{Ij } + e{Ij } e{Ij } , (108)
κj − 1


>
>
>
(κj + `j )(e{Ij } e>
{Sj } + e{Sj } e{Ij } − e{Ij } e{Ij } ) + `j e{Sj } e{Sj } .


1
(κ2j − `2j )diag(e{Ij } ) + `j 2 diag(e{Sj } ) −
(κj − 1)2

42
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Note that P[i ∈ Ij |i ∈ Sj ] ≤ `j e2b /κj for all i ∈ Sj . Its proof is similar
P to the proof of Lemma 18.
Therefore, we have E[diag(e{Ij } )]  `j e2b /κj diag(e{1} ). To bound k nj=1 E[(M (j) )2 ]k, we use the
P
fact that for J ∈ Rd×d , kJk ≤ maxi∈[d] di0 =1 |Jii0 |. Maximum of row sums of E[e{Ij } e>
{Ij } ] is upper

(M (j) )2 =

where e{Sj } , e{Ij } ∈ Rd are zero-one vectors, e{Sj } has support corresponding to the set of items
Sj and e{Ij } has support corresponding to the random top-`j items in the ranking σj . Ij =
{σj (1), σj (2), · · · , σj (`j )} for j ∈ [n]. (M (j) )2 is given by

M (j) =

For top-`j rank breaking, M (j) is also given by

j=1

n
X

where
P L is the Laplacian defined for the comparison graph H, Definition 1. Using
P λ2 (L) = (α/(d −
1)) nj=1 `j from (5), we get the desired bound λ2 (E[M ]) ≥ e−2b (α/(d − 1)) nj=1 `j .

E[M ]  e−2b

Therefore, using the fact that (ei − ei0 )(ei − ei0 )> is positive semi-definite, and Equations (104),
(105) and (106) we have

P[(σ −1 (i) ≤ `] ≥ e−2b

Lemma 18. Consider a ranking σ over a set of items S of size κ. For any item i ∈ S,

The following lemma provides a lower bound on P[(σ −1 (i) ≤ `j |(i, i0 ∈ Sj )].

E

"

Using the fact that pj,a = a for each j ∈ [n], and the definition of rank-breaking graph Gj,a , we
have that

Khetan and Oh

n
X


E (M (j) )2

j=1

Data-driven Rank Breaking


bounded by maxi∈[d] `j P[i ∈ Ij |i ∈ Sj ] ≤ `j 2 e2b /κj . Therefore using triangle inequality, we have,

≤
≤
≤
≤
κj

!

(111)

(110)

!)
(
X
(κj2 − `j 2 )`j e2b
1
+ `j 2 + e2b (κj + `j )(2`j + `j 2 /κj ) + `j κj
max
(κj − 1)2
κj
i∈[d]
j:i∈Sj
(
!)
X `j e2b (κj2 − `j 2 )
κj2
`j κj
2(κj + `j )κj
(κj + `j )`j
max
+
+
+
+
κj
(κj − 1)2
(κj − 1)2
(κj − 1)2
(κj − 1)2
(κj − 1)2
i∈[d]
j:i∈Sj
(
!)
2b
X
(κ2 − 1)
4κ2
κj2
κ
(κ
−
1)
2κ
(κ
−
1)
`
j
j
j
j
j
j
je
max
+
+
+
+
κj
(κj − 1)2
(κj − 1)2
(κj − 1)2
(κj − 1)2
(κj − 1)2
i∈[d]
j:i∈Sj
(
!)
X `j e2b
max
3 + 2 + 16 + 4 + 4
(109)
κj
i∈[d]
j:i∈Sj
 X

`j

≤ 29e2b max
i∈[d]

j:i∈Sj

= 29e2b Dmax
n
29e2b X
`j ,
βd
=

j=1

29e2b
βd

−t2 /2
Pn
j=1 `j

+ 4t/3

.

j=1

(113)

≥ 212 d log d and β ≤ 1.

(112)

where (109) uses the fact that κj ≥ 2 and 1 ≤ `j ≤ κj − 1 for all j ∈ [n]. (110) follows from the
definition of Dmax , Definition 1 and (111) follows from the Equation (6). Also, note that kMj k ≤ 2
for all j ∈ [n]. Applying matrix Bernstien inequality, we have,
h
i
P kM − E[M ]k ≥ t ≤ d exp

j=1

j=1 `j

Pn

Therefore, with probability at least 1 − d−3 , we have,
v
v
u
u
n
n
u
u log d X
64 log d
log d X
≤ 32eb t
kM − E[M ]k ≤ 22eb t
`j +
`j ,
βd
3
βd
where the second inequality follows from the assumption that
8.4.2 Proof of Lemma 18

Define imin ≡ arg mini∈S θi . We claim the following. For all i ∈ S and any 1 ≤ ` ≤ |S| − 1,
P[σ −1 (i) > `] ≤ P[σ −1 (imin ) > `] and P[σ −1 (imin ) = `] ≥ P[σ −1 (imin ) = 1] .
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Therefore P[σ −1 (i) ≤ `] ≥ P[σ −1 (imin ) ≤ `]. Using P[σ −1 (imin ) = 1] > e−2b /κ, we get the desired
bound P[σ −1 (i) ≤ `] > e−2b `/κ.
43
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To prove the claim (113), let σ
b1` denote a ranking of top-` items of the set S and P[b
σ1` ] be the
probability of observing σ
b1` . Let i ∈ (b
σ1` )−1 denote that i = (b
σ1` )−1 (j) for some 1 ≤ j ≤ `. Let
n
o
n
o
Ω1 = σ
b1` : i ∈
/ (b
σ1` )−1 , imin ∈ (b
σ1` )−1 and Ω2 = σ
b1` : i ∈ (b
σ1` )−1 , imin ∈
/ (b
σ1` )−1 .

b1
σ
b1` ∈Ω

P

P[b
σ1` ] −

b2
σ
b1` ∈Ω

P

P[b
σ1` ]. Now, take any

P
P
We have P[σ −1 (i) > `] − P[σ −1 (imin ) > `] = σb` ∈Ω1 P[b
σ1` ] − σb` ∈Ω2 P[b
σ1` ]. Now, take any ranking
1
1
σ
b1` ∈ Ω1 and construct another ranking σ
e1` from σ
b1` by replacing imin with i-th item. Observe that
P[b
σ1` ] ≤ P[e
σ1` ] and σ
e1` ∈ Ω2 . Moreover, such a construction gives a bijective mapping between Ω1
and Ω2 . Hence, the first claim is proved. For the second claim, let
n
o
n
o
b1 = σ
b2 = σ
Ω
b1` : (b
σ1` )−1 (imin ) = 1 and Ω
b1` : (b
σ1` )−1 (imin ) = ` .

We have P[σ −1 (imin ) = 1] − P[σ −1 (imin ) = `] =

b 1 and construct another ranking σ
ranking σ
b1` ∈ Ω
e1` from σ
b1` by swapping items at 1st position and
b 2 . Moreover, such a construction gives a
`-th position. Observe that P[b
σ1` ] ≤ P[e
σ1` ] and σ
e1` ∈ Ω
b 1 and Ω
b 2 . Hence, the claim is proved.
bijective mapping between Ω
8.5 Proof of Theorem 6

j:i∈Sj m=1

j

∇i L(θ)
`j
h
X X
I{σ−1 (i)≥m} I{σj (m)=i} −

(ei − ei0 )(ei − ei0 )>

(ei − ei0 )(ei − ei0 )>

`j
X

`j
X

m=1

E

∂ 2 L(θ)
∂θi ∂θi0

is given by

+

j

j

+ ··· +

exp(θi + θi0 ).

(114)

exp(θσj (κj ) )]2

exp(θi + θi0 )I{σ−1 (i),σ−1 (i0 )≥m}

exp(θσj (m+1) )

j

[exp(θσj (m) ) + · · · + exp(θσj (κj ) )]2

.

i
exp(θi )
, ∀i ∈ [d]
exp(θσj (m) ) + exp(θσj (m+1) ) + · · · + exp(θσj (κj ) )

The first order partial derivative of L(θ), Equation (15), is given by

=

n
X
X

m=1

j

I{σ−1 (i),σ−1 (i0 )≥m}

[exp(θσj (m) )

and the Hessian matrix H(θ) ∈ S d with Hii0 (θ) =
H(θ) = −

j=1 i<i0 ∈Sj

n
X
X

j=1 i<i0 ∈Sj

It follows from the definition that −H(θ) is positive semi-definite for any θ ∈ Rn .
The Fisher information matrix is defined as I(θ) = −Eθ [H(θ)] and given by
#
"
I(θ) =

θ

i=2

d
d
X
X
1
1
≥
.
λi (I(θ))
λi (I(0))

i=2
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Since −H(θ) is positive semi-definite, it follows that I(θ) is positive semi-definite. Moreover,
λ (I(θ)) is zero and the corresponding eigenvector is the all-ones vector. Fix any unbiased estimator
1
b
θb of θ ∈ Ωb . Since,
θb − θ is orthogonal to 1. The Cramér-Rao lower bound then implies that
Pd θ ∈ U,
1
E[kθb − θ∗ k2 ] ≥ i=2
λi (I(θ)) . Taking the supremum over both sides gives
θ

sup E[kθb − θk2 ] ≥ sup

44

j=1 i<i0 ∈Sj

(ei − ei0 )(ei − ei0 )

>

m=1

`j
X

=

(κj − m + 1)(κj − m)
.
κj (κj − 1)

(κj − m)
κj (κj − 1)(κj − m + 1)

κj −m+1
2
κj 
2

(d − 1)2
(d − 1)2
(d − 1)2
1
=
≥ Pd
=
.
λi (L)
Tr(L)
n
i=2 λi (L)

χβ1

≡

n` ≥





(b`β1 c + 1)2 (1 − γβ1 )2
−
2(κ − 2)


212 e8b d2 κ
d log d ,
χ2β1 de2 `

2
1 − b`β1 c /`
1 − exp

e − 2)
d(κ
,
(b`β1 c + 1)(d − 2)

with probability at least 1 − 3e3 d−3 .

45

then the rank-breaking estimator in (18) achieves
r
√
1 b
32 2(1 + e4b )2 d3/2 d log d
p θe − θe∗ 2 ≤
,
χβ1
n`
de3/2
de

If

and for γβ1 ≤ 1,

γ β1 ≡

.

(118)

(117)

(116)
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!

(115)

Theorem 19. Under the bottom-` separators scenario and the PL model, n partial orderings are
sampled over d items parametrized by θ∗ ∈ Ωb . For any β1 with 0 ≤ β1 ≤ `−2
` , define

We prove a slightly more general result that implies the desired theorem. For ` ≥ 4, we can choose
β1 = 1/2. Then, the condition that γβ1 ≤ 1 implies de ≤ (`/2 + 1)(d − 2)/(κ − 2), which implies
de ≤ `d/(2κ). With the choice of de = `d/(2κ), this implies Theorem 7.

8.6 Proof of Theorem 7

i=2

d
X

where L is the Laplacian defined for the comparison graph H, Definition 1. By Jensen’s inequality,
we have

=L

`j
n

X
X
1 X
1
1
 ` 1−
(ei − ei0 )(ei − ei0 )> ,
`j
κmax − m + 1
κj (κj − 1) 0
m=1
j=1
i<i ∈Sj
{z
}
|

I(0) =

n
X
X

It follows from the definition that

Pθ [σj−1 (i), σj−1 (i0 ) ≥ m] =

If θ equals the all-zero vector, then
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n X̀ X
X

j=1 a=1 i<i0 ∈Sj :
e
i,i0 ∈[d]

I
(i,i0 )∈Gj,a

σj−1 (i)>σj−1 (i0 )



e
e
− log eθi + eθi0
,

i0

(119)

(121)

(120)

f(j) =
M

e
i<i0 ∈Sj :i,i0 ∈[d]

X

a=1

X̀

I{(i,i0 )∈Gj,a } (e
ei − eei0 )(e
ei − eei0 )> ,

(123)

≡χβ1

46
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e ≥ e4b4b 2 λ2 (M
f).
f = Pn M
f(j) . Similar to the analysis in Lemma 11, we have λ2 (−H(θ))
and let M
j=1
(1+e )
e 2b . We will show a lower bound on λ2 (E[M
f]) in (129)
Note that we have e4b instead of e2b as θe ∈ Ω
f − E[M
f]k in (133). Therefore using λ2 (M
f) ≥ λ2 (E[M
f]) − kM
f − E[M
f]k,
and an upper bound on kM
!
r


−4b
e2
(b`β1 c + 1)2 (1 − γβ1 )2
nd`
nκ log d
f) ≥ e
λ2 (M
(1 − β1 )2 1 − exp −
− 8`
. (124)
4
2(κ − 2)
d2
d
|
{z
}

f(j) ∈ S de,
Define M

8.6.1 Proof of Lemma 20

Theorem 19 follows from Equations (40), (121) and (122).

e
Observe that although θe∗ ∈ Rd , Lemma 10 can be directly applied to upper bound k∇LRB (θe∗ )k2 .
It might be possible to tighten the upper bound, given that de ≤ d. However, for `  κ, for the
smallest preference score item, imin ≡ arg mini∈[d] θei∗ , the upper bound P[σ −1 (imin ) > κ − `] ≤ 1 is
tight upto constant factor (Lemma 15). Substituting λj,a = 1 and pj,a = κ − ` + a for each j ∈ [n],
a ∈ [`], in Lemma 10, we have that with probability at least 1 − 2e3 d−3 ,
p
k∇LRB (θe∗ )k2 ≤ (` − 1) 8n` log d.
(122)

e ≥
λ2 (−H(θ))

Lemma 20. Under the hypothesis of Theorem 19, with probability at least 1 − d−3 ,
e2
χβ1
nd`
.
8(1 + e4b )2 d2

>

!
exp(θei + θei0 )
.
(e
ei − ee )(e
ei − ee )
[exp(θei ) + exp(θei0 )]2
i0

e
The following lemma gives a lower bound for λ2 (−H(θ)).

e =−
H(θ)

or

+ θei0 I

e ∈ S de with
belong to Ej,a . The Hessian matrix H(θ)

σj−1 (i)<σj−1 (i0 )

(i0 , i)


λj,a θei I

(i, i0 )

(i,i0 )∈Gj,a

n X̀ X
X

I

∈ Gj,a implies either
e
∂ 2 LRB (θ)
is given by
∂ θei ∂ θe 0

i

j=1 a=1 i<i0 ∈Sj
e
:i,i0 ∈[d]

(i, i0 )

where
e =
Hii0 (θ)

e =
LRB (θ)

Proof is very similar to the proof of Theorem 8. It mainly differs in the lower bound that is
e of LRB (θ),
e Equation (17).
achieved for the second smallest eigenvalue of the Hessian matrix H(θ)
Equation (17) can be rewritten as

Khetan and Oh

Data-driven Rank Breaking

212 e8b d2 κ
2
χβ
de2 `
1


d log d, where χβ1 is defined

#
h
i
(i, i0 ∈ Sj ) P i, i0 ∈ Sj (e
ei − eei0 )(e
ei − eei0 )> . (125)

The desired claim follows from the assumption that n` ≥

a=1

(i,i0 )∈Gj,a

f]), notice that
in (117). To prove the lower bound on λ2 (E[M
j=1 i<i0 ∈[d]
e

"
n
X
X
X̀
 
f =
E M
E
I

X̀
a=1

I

(i,i0 )∈Gj,a

#
h
i

(i, i0 ∈ Sj ) = P σj−1 (i), σj−1 (i0 ) > κ − ` (i, i0 ∈ Sj ) .

(126)

Since the sets Sj are chosen uniformly at random, P[i, i0 ∈ Sj ] = κ(κ − 1)/d(d − 1). Using the fact
that pj,a = κ − ` + a for each j ∈ [n], and the definition of rank breaking graph Gj,a , we have that
"

E
The following lemma provides a lower bound on P[(σj−1 (i), σj−1 (i0 )) > κ − `|(i, i0 ∈ Sj )].

(127)

e the following holds:
Lemma 21. Under the hypotheses of Theorem 19, for any two items i, i0 ∈ [d],
h
i
−4b
2
2
2
e
(1
−
β
1 ) (1 − exp(−ηβ1 (1 − γβ1 ) )) `
,
P σ −1 (i), σ −1 (i0 ) > κ − ` i, i0 ∈ S ≥
2
κ2

e − 2)/(b`β1 c + 1)(d − 2) and ηβ ≡ (b`β1 c + 1)2 /2(κ − 2).
where γβ1 ≡ d(κ
1
Therefore, using Equations (125), (126) and (127) we have,

 
f 
E M

n
e−4b (1 − β1 )2 (1 − exp(−ηβ1 (1 − γβ1 )2 )) `2 κ(κ − 1) X X
>
(e
ei − eei0 )(e
ei − eei0 )(128)
.
2
κ2 d(d − 1)

j=1 i<i0 ∈[d]
e

(130)

(129)

>
e Pn P
e
e
e
e
e
e
Define L
=
e
e
i −e
i −e
i0 )(e
i0 ) . We have, λ1 (L) = 0 and λ2 (L) = λ3 (L) = · · · = λde(L).
e (e
j=1
i<i0 ∈[d]
e Using the fact that E[M
e = Tr(L)/(
e de − 1) = nd.
f] and L
e are symmetric
Therefore, using λ2 (L)
matrices, we have,
−4b
2
2
e2
 
f ) ≥ e (1 − β1 ) (1 − exp(−ηβ1 (1 − γβ1 ) )) nd` .
λ2 (E M
4
d2

>
f(j) = ` diag(e
M
e{Ij } ) − ee{Ij } ee{I
,
j}

f − E[M
f]k, notice that M
f(j) is also given by,
To get an upper bound on kM
e

(131)

where ee{Ij } ∈ Rd is a zero-one vector, with support corresponding to the bottom-` subset of items
f(j) )2 is given by
in the ranking σj . Ij = {σj (κ − ` + 1), · · · , σj (κ)} for j ∈ [n]. (M
>
f(j) )2 = `2 diag(e
(M
e{Ij } ) − ` ee{Ij } ee{I
.
j}
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Using the fact that sets {S }
are chosen uniformly at random and P[i ∈ Ij |i ∈ Sj ] ≤ 1, we
j
j∈[n]


>
have E[diag(e
e{Ij } )]  (κ/d)diag(e
e{1} ). Maximum of row sums of E ee{Ij } ee{I
is upper bounded by
j}
47
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−t2 /2
.
2n`2 κ/d + 4`t/3

(133)

(132)

Pn
f(j) )2 ]k ≤ 2n`2 κ/d. Also, note that
`κ/d. Therefore, from triangle inequality we have k j=1
E[(M
f(j) k ≤ 2` for all j ∈ [n]. Applying matrix Bernstien inequality, we have that
kM

h
i

f − E[M
f]k ≥ t ≤ d exp
P kM

Therefore, with probability at least 1 − d−3 , we have,

r
r
2nκ log d 64` log d
nκ log d
+
≤ 8`
,
d
3
d
f − E[M
f]k ≤ 4`
kM

where the second inequality follows from the assumption that n` ≥ 212 d log d.
8.6.2 Proof of Lemma 21

Eβ1 ≡

j∈Ω I{θei∗ >θej∗ }

nP

≤ b`β1 c

o

.

(136)

(135)

(134)

Without loss of generality, assume that i0 < i, i.e., θei∗0 ≤ θei∗ . Define Ω such that Ω = {j : j ∈ S, j 6=
i, i0 }. For any β1 ∈ [0, (` − 2)/`], define event Eβ1 that occurs if in the randomly chosen set S there
are at most b`β1 c items that have preference scores less than θei∗ , i.e.,
We have,

h
i
P σ −1 (i), σ −1 (i0 ) > κ − ` i, i0 ∈ S
h
i h
i
> P σ −1 (i), σ −1 (i0 ) > κ − ` i, i0 ∈ S; Eβ1 P Eβ1 i, i0 ∈ S

The following lemma provides a lower bound on P[σ −1 (i), σ −1 (i0 ) > κ − ` | i, i0 ∈ S; Eβ1 ].

Lemma 22. Under the hypotheses of Lemma 21,

i
h
e−4b (1 − b`β1 c /`)2 `2
.
P σ −1 (i), σ −1 (i0 ) > κ − ` i, i0 ∈ S; Eβ1 ≥
2
κ2

Next, we provide a lower bound on P[Eβ1 | i, i0 ∈ S]. Fix i, i0 such that i, i0 ∈ S. Selecting a
set uniformly at random is probabilistically equivalent to selecting items one at a time uniformly
at random without replacement. Without loss of generality, assume that i, i0 are the 1st and 2nd
pick. Define Bernoulli random variables Yj 0 for 3 ≤ j 0 ≤ κ corresponding to the outcome of the
j 0 -th random pick from the set of (d − j 0 − 1) items to generate the set Ω such that Yj 0 = 1 if and
only if θei∗ > θej∗0 .
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e − 2)/(b`β1 c + 1)(d − 2) and ηβ ≡ (b`β1 c + 1)2 /2(κ − 2). Construct Doob’s
Recall that γβ1 ≡ d(κ
1
P
martingale (Z , · · · , Z ) from {Y 0 } 0 such that Zj 0 = E[ kκ0 =3 Yk0 | Y3 , · · · , Yj 0 ], for 2 ≤ j 0 ≤ κ.
2
κ
3≤k
≤κ
k
P
Observe that, Z2 = E[ kκ0 =3 Yk0 ] ≤ (i−2)(κ−2)
≤ γβ1 (b`β1 c + 1), where the last inequality follows
d−2

48

(137)

i

j

(143)

Acknowledgements

b 1 and construct another ranking σ
Now, take any ranking σ
b∈Ω
e from σ
b as following. If i1 = 2, i2 = 1,
then swap the items at i1 -th and i2 -th position in ranking σ
b to get σ
e. Else, if i1 < i2 , then first:
swap items at i1 -th position and 1st position, and second: swap items at i2 -th position and 2nd
position, to get σ
e; if i2 < i1 , then first: swap items at i2 -th position and 2nd position, and second:
swap items at i1 -th position and 1st position, to get σ
e.
b 2 . Moreover, such a construction gives a bijective mapping
Observe that P[e
σ ] ≤ P[b
σ ] and σ
e1` ∈ Ω
b 1 and Ω
b 2 . Hence, the claim is proved.
between Ω

Let σ
b denote a ranking over the items of the set S and P[b
σ ] be the probability of observing σ
b. Let
n
o
n
o
b1 = σ
b2 = σ
Ω
b:σ
b−1 (imin1 ) = i1 , σ
b−1 (imin2 ) = i2 and Ω
b : σ −1 (imin1 ) = 1, σ −1 (imin2 ) = 2 .

8.6.4 Proof of Lemma 23
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(139)

(142)

Since, the above inequality is true for any fixed i, i0 and j ∈ Ω such that event E holds, it is true
for random indices i, i0 and j ∈ Ω such that event E holds, hence the claim is proved.

h
i e−4b (1 − b`β c /`)2 `2
1
P σ −1 (i), σ −1 (i0 ) > κ − ` ≥
.
2
κ2

49

i

(141)

e 2b .
where the second inequality follows from the definition of the PL model and the fact that θe∗ ∈ Ω
Together with Equation (141) and the fact that there are a total of (` − b`βc)(` − b`βc − 1) ≥
(` − b`βc)2 /2 pair of positions that i, i0 can occupy in order to being ranked in bottom (` − b`βc),
we have,

h
i
h
i
1
P σ −1 (i0 ) = i1 , σ −1 (i) = i2 ≥ P σ −1 (i0 ) = 1, σ −1 (i) = 2 ≥ e−4b 2 ,
κ

N. Ailon. Active learning ranking from pairwise preferences with almost optimal query complexity.
In Advances in Neural Information Processing Systems, pages 810–818, 2011.

≥κ−`

(140)

Using the fact that i0 = arg minj∈Ω2 θej∗ , i = arg minj∈Ω2 \i0 θej∗ , for all 1 ≤ i1 , i2 ≤ κ − b`β1 c,
i1 6= i2 , we have that

i
i
h
h
P σ −1 (imin1 ) = i1 , σ −1 (imin2 ) = i2 ≥ P σ −1 (imin1 ) = 1, σ −1 (imin2 ) = 2 .

Lemma 23. Consider a set of items S and a ranking σ over it. Define imin1 ≡ arg mini∈S θi ,
imin2 ≡ arg mini∈S\imin1 θi . For all 1 ≤ i1 , i2 ≤ |S|, i1 6= i2 , following holds:
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The above inequality follows from the fact that Ω1 ⊆ Ω and |Ω1 | ≥ κ − `. It excludes some of the
rankings over the items of the set S that constitute the event {σ −1 (i), σ −1 (i0 ) > κ − `}. Define
Ω2 = {Ω1 , i, i0 }. Observe that items i, i0 have the least preference scores among all the items in the
set Ω2 . Therefore, the term in Equation (139) is the probability of the least two preference score
items in the set Ω2 , that is of size (κ − b`β1 c), being ranked in bottom (` − b`β1 c) positions.
The following lemma shows that the probability of the least two preference score items in a set
being ranked at any two positions is lower bounded by their probability of being ranked at 1st and
2nd position.

j 0 ∈Ω1

min{Xi ,Xi0 } > Xj 0

min{Xi ,Xi0 } > Xj

h X
> P
I

j∈Ω

and |Ω1 | = κ − b`β1 c − 2. In fact there can be many such sets, and for the purpose of the proof we
can choose one such set arbitrarily. Note that b`β1 c + 2 ≤ ` by assumption on β1 , so |Ω1 | ≥ κ − `.
From the Random Utility Model (RUM) interpretation of the PL model, we know that the PL
model is equivalent to ordering the items as per random cost of each item drawn from exponential
∗
random variable with mean eθ̃i . That is, we rank items according to Xj ’s such that the lower cost
items are ranked higher. From this interpretation, we have that
h
i
hX
i
P σ −1 (i), σ −1 (i0 ) > κ − ` = P
I
≥κ−`

random variables Xj ∼ exp(eθj ) for j ∈ S. Observe that given event Eβ1 holds, there exists a set
Ω1 ⊆ Ω such that
n
o
Ω1 = j ∈ S : θei∗ ≤ θej∗ ,
(138)

e∗

random. Throughout this section, we condition on the random indices i, i0 and the set Ω such that
event Eβ1 holds. To get a lower bound on P[σ −1 (i), σ −1 (i0 ) > κ − `], define independent exponential

0
0
e∗
e∗
Without loss of generality,
P assume that i < i, i.e., θi0 ≤ θi . Define Ω = {j : j ∈ S, j 6= i, i }, and
event Eβ1 = {i, i0 ∈ S; j∈Ω I{θe∗ >θe∗ } ≤ b`β1 c}. Since set S is chosen randomly, i, i0 and j ∈ Ω are

8.6.3 Proof of Lemma 22

where the inequality follows from the Azuma-Hoeffding bound. Since, the above inequality is true
for any fixed i, i0 ∈ S, for random indices i, i0 we have P[Eβ1 | i, i0 ∈ S] ≥ 1 − exp(−ηβ1 (1 − γβ1 )2 ).
Claim (127) follows by combining Equations (135), (136) and (137).

e Also, |Zj 0 − Zj 0 −1 | ≤ 1 for each j 0 . Therefore, we have
from the assumption that i ≤ d.
i
hP
i
hP
κ
P
= P
j 0 =3 Yj 0 ≤ b`β1 c
j∈Ω I{θei∗ >θej∗ } ≤ b`β1 c
hP
i
κ
= 1−P
j 0 =3 Yj 0 ≥ b`β1 c + 1
h
i
≥ 1 − P Zκ−2 − Z2 ≥ (`β1 + 1) − γ(b`β1 c + 1)
 (b`β c + 1)2 (1 − γ )2 
1
1
≥ 1 − exp −
2(κ − 2)


= 1 − exp − ηβ1 (1 − γβ1 )2 ,
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f ∈H

fD,λ ∈ arg min λ kf k2H + RL,D (f ) .
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(1)

Based on a training set D := ((x1 , y1 ), . . . , (xn , yn )) of i.i.d. input/output observations
drawn from an unknown distribution P on X × Y , where X ⊂ Rd and Y ⊂ R, the goal of
non-parametric least squares regression is to find a function fD : X → R that is a good
estimate of the unknown conditional mean f ∗ (x) := E(Y |x), x ∈ X. For this classical
estimation problem various methods have been proposed and studied in the literature, see
e.g., (Simonoff, 1996) and the book (Györfi et al., 2002) for detailed accounts.
In this paper, we consider kernel-based regularized empirical risk minimizers, also known
as support vector machines (SVMs), which solve the regularized problem

1. Introduction

One of the limiting factors of using support vector machines (SVMs) in large scale applications are their super-linear computational requirements in terms of the number of
training samples. To address this issue, several approaches that train SVMs on many small
chunks separately have been proposed in the literature. With the exception of random
chunks, which is also known as divide-and-conquer kernel ridge regression, however, these
approaches have only been empirically investigated. In this work we investigate a spatially oriented method to generate the chunks. For the resulting localized SVM that uses
Gaussian kernels and the least squares loss we derive an oracle inequality, which in turn is
used to deduce learning rates that are essentially minimax optimal under some standard
smoothness assumptions on the regression function. In addition, we derive local learning
rates that are based on the local smoothness of the regression function. We further introduce a data-dependent parameter selection method for our local SVM approach and show
that this method achieves the same almost optimal learning rates. Finally, we present a few
larger scale experiments for our localized SVM showing that it achieves essentially the same
test error as a global SVM for a fraction of the computational requirements. In addition,
it turns out that the computational requirements for the local SVMs are similar to those
of a vanilla random chunk approach, while the achieved test errors are significantly better.
Keywords: least squares regression, support vector machines, localization
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i=1

1X
L (xi , yi , f (xi )) ,
n

2

2α
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sian kernels learns for all ξ > 0 with rate n− 2α+d +ξ with a high probability. In other words,
it learns at least with a rate that is arbitrarily close to the optimal learning rate.
Although these rates are essentially asymptotically optimal, they depend on the order
of smoothness of the regression function on the entire input space X. That is, if the
regression function f ∗ is on some area of X smoother than on another area, the learning
rate is determined by the part of X, where the regression function f ∗ is least smooth. In
contrast to this, it would be desirable to achieve a learning rate on every region of X that
corresponds with the order of smoothness of f ∗ on this region. Therefore, one of our goals
of this paper is to modify the standard SVM approach such that we achieve local learning
rates that are asymptotically optimal.
Our technique to achieve such local learning rates is a special data splitting approach,
which first creates a geometrically well-behaved partition of the input space X and then
finds a separate SVM on each of the resulting cells with the help of the training samples
that fall into these cells. Recall that various other local splitting approaches have already
been extensively investigated in the literature, but mostly to speed-up the training time,
see for instance, the early works (Bottou and Vapnik, 1992; Vapnik and Bottou, 1993).

P
where D is the empirical measure associated to the data D defined by D := n1 ni=1 δ(xi ,yi )
with Dirac measure δ(xi ,yi ) at (xi , yi ). Recall that the empirical SVM solution fD,λ exists
and is unique (cf. Steinwart and Christmann, 2008, Theorem 5.5) whenever the loss L is
convex in its last argument, which is true for the least squares loss and its variants that will
be considered later on. Moreover, an SVM is L-risk consistent under a few assumptions on
the RKHS H and the regularization parameter λ, see (Steinwart and Christmann, 2008,
Section 6.4) for more details.
An essential theoretical task, which has attracted many considerations, is the investigation of learning rates for SVMs. For example, such rates for SVMs using the least
squares loss and generic kernels can be found in (Cucker and Smale, 2002; De Vito et al.,
2005; Smale and Zhou, 2007; Caponnetto and De Vito, 2007; Mendelson and Neeman, 2010;
Steinwart et al., 2009) and the references mentioned therein. At this point, we do not want
to take a closer look at these results, instead we relegate to (Eberts and Steinwart, 2013),
where a detailed discussion can be found. More important for our purposes is the fact that
Eberts and Steinwart (2011, 2013) establish (essentially) asymptotically optimal learning
rates for least squares SVMs (LS-SVMs) using Gaussian RBF kernels. More precisely, for
a domain X ⊂ B`d , Y := [−M, M ] with M > 0, a distribution P on X × Y such that PX
2
has a bounded Lebesgue density on X, and for f ∗ contained in the Sobolev space W2α (PX ),
α (P ), α ≥ 1, respectively, the LS-SVM using Gausα ∈ N, or in the Besov-like space B2,∞
X

RL,D (f ) =

Here, λ > 0 is a fixed real number and H is a reproducing kernel Hilbert space (RKHS)
over X with reproducing kernel k : X × X → R, see e.g., (Aronszajn, 1950; Berlinet and
Thomas-Agnan, 2004; Steinwart and Christmann, 2008). The function L : X × Y × R →
[0, ∞) is a loss function, where in the following we either consider the least squares loss
LLS : Y × R → [0, ∞) defined by (y, t) 7→ (y − t)2 , or variants of it that may depend on
x ∈ X. Besides, RL,D (f ) denotes the empirical risk of a function f : X → R, that is
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X×Y

L(x, y, f (x)) dP(x, y)

∗
RL,P
:= inf {RL,P (f ) | f : X → R measurable} .

4
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and the optimal L-risk, called the Bayes risk with respect to P and L, is given by

RL,P (f ) =

In this section, we introduce some general notations and assumptions. Based on the latter
we modify the standard SVM approach. Let us start with the probability measure P on
X ×Y , where X ⊂ Rd is non-empty, Y := [−M, M ] for some M > 0, and PX is the marginal
distribution of X. Depending on the learning target one chooses a loss function L, i.e., a
function L : X × Y × R → [0, ∞) that is measurable. Then, for a measurable function
f : X → R, the L-risk is defined by

2. Description of the Localized SVM Approach

imply f ∗ ∈ C ∞ , which is usually considered to be too restrictive. For a similar reason the
results by Rudi et al. (2015) for the popular Nyström method require too restrictive assumptions when applied to SVMs with Gaussian kernels. On a side note, we like to mention that
this difference between generic kernels on the one hand and Gaussian kernels on the other
hand already appears for the standard global SVMs. Indeed, in the generic case, one usually
addresses the approximation error by assuming the conditional mean to be contained in the
image of a fractional integral operator, which can in turn be identified as an interpolation
space of the real method, see (Steinwart and Scovel, 2012). For certain kernels, the classical
theory of interpolation spaces then identifies the considered interpolation spaces as Besov
spaces, so that the approximation error assumption has a clear intuitive meaning. On the
other hand, for Gaussian kernels with fixed width it has been shown by Smale and Zhou
(2003) that their interpolation spaces consist of C ∞ -functions, so that the generic theory
would again lead to a too restrictive approximation error assumption. To address this issue,
one considers widths that change with the sample size. However, to make this approach
successful, one requires both a manual estimation of the approximation error, see (Eberts
and Steinwart, 2011), and eigenvalue/entropy number bounds that do depend on the kernel
width. For these reasons, learning rates for SVMs with Gaussian kernels under realistic
assumptions are, in general, harder to obtain. Nonetheless, they are important, since in
practice, Gaussian kernels are by far the most often used kernels.
The rest of this paper is organized as follows: In Section 2 we describe our splitting
approach in detail. Section 3 then presents some theoretical results on RKHSs that enable
the analysis of our method. After that, Section 4 contains the main results, namely an oracle
inequality and learning rates for our localized SVM method. Moreover, a data-dependent
parameter selection method is studied that induces the same rates. Section 5 then presents
some experimental results w.r.t. the localized SVM technique. Finally, Section 6 collects
the proofs for the results of the earlier sections as well as some necessary and important
ancillary findings.

∗
∗ ) = R∗
A measurable function fL,P
: X → R with RL,P (fL,P
L,P is called a Bayes decision
function. For the commonly used losses such as the least squares loss treated in Section 4
∗
the Bayes decision function fL,P
is PX -almost surely [−M, M ]-valued, since Y = [−M, M ].
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Here the basic idea of most other local approaches is to a) split the training data and just
consider a few examples near a testing sample, b) train on this small subset of the training
data, and c) use the solution for a prediction w.r.t. the test sample. Here, many up-todate investigations use SVMs to train on the local data set but, yet there are different
ways to split the whole training data set into smaller, local sets. For example, Chang
et al. (2010); Wu et al. (1999); Bennett and Blue (1998) use decision trees while in (Hable,
2013; Segata and Blanzieri, 2010, 2008; Blanzieri and Melgani, 2008; Blanzieri and Bryl,
2007a,b; Zhang et al., 2006) local subsets are built considering k nearest neighbors. The
latter approaches further vary, for example, Zhang et al. (2006); Blanzieri and Bryl (2007a);
Hable (2013) consider different metrics w.r.t. the input space whereas Segata and Blanzieri
(2008); Blanzieri and Melgani (2008); Blanzieri and Bryl (2007b) consider metrics w.r.t. the
feature space. Nonetheless, the basic idea of all these articles is that an SVM problem
based on k training samples is solved for each test sample. Another approach using k
nearest neighbors is investigated in (Segata and Blanzieri, 2010). Here, k-neighborhoods
consisting of training samples and collectively covering the training data set are constructed
and an SVM is calculated on each neighborhood. The prediction for a test sample is then
made according to the nearest training sample that is a center of a k-neighborhood. As for
the other nearest neighbor approaches, however, the results are mainly experimental. An
exception to this rule is (Hable, 2013), where universal consistency for localized versions of
SVMs, or more precisely, a large class of regularized kernel methods, is proven. Another
article presenting theoretical results for localized versions of learning methods is (Zakai and
Ritov, 2009). Here, the authors show that a consistent learning method behaves locally, i.e.,
the prediction is essentially influenced by close by samples. However, this result is based
on a localization technique considering only training samples contained in a neighborhood
with a fixed radius and center x when an estimate in x is sought. Probably closest to our
approach is the one examined in (Cheng et al., 2010) and (Cheng et al., 2007), where the
training data is split into clusters and then an SVM is trained on each cluster. However,
the presented results are again only of experimental character.
Unlike in the papers mentioned above, our main goal is to theoretically investigate local
SVMs based on local splitting. Namely, we establish both global and local learning rates
for our local splitting approach (VP-SVM) that do match the best existing and essentially
optimal rates for global SVMs derived by Eberts and Steinwart (2013). In addition, we
show that these rates can be obtained without knowing characteristics of P by a simple
and well-known hold-out technique. Furthermore, we empirically compare our VP-SVM
to another data splitting approach known as random chunking (RC-SVM) or divide-andconquer kernel ridge regression for which learning rates, at least for generic kernels, have
been recently established by Zhang et al. (2015); Lin et al. (2016). In these experiments
it turns out that for splittings that lead to comparable training times, our VP-SVM has a
significantly smaller test error than RC-SVMs.
Investigating other speed-up schemes for SVMs theoretically has been in the focus of
research in the last few years. For example, Zhang et al. (2015); Lin et al. (2016) established optimal learning rates in expectation for RC-SVMs under the assumption that the
conditional mean f ∗ is contained in the used RKHS, or in the image of a fractional integral
operator, respectively. Although these results are very interesting they are not very useful
for SVMs with Gaussian kernels, since for these kernels the imposed assumptions on f ∗
3

j = 1, . . . , m ,

j = 1, . . . , m .

5

kfˆkĤj := kf kHj ,

fˆ ∈ Ĥj ,

Then, the space Ĥj := {fˆ : f ∈ Hj } equipped with the norm

(
f (x) , x ∈ Aj ,
ˆ
f (x) :=
0,
x∈
/ Aj .
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where L : X × Y × R → [0, ∞) is the loss that corresponds to our learning problem at hand.
We further assume that Hj is an RKHS over Aj with kernel kj : Aj × Aj → R. Here, every
function f ∈ Hj is only defined on Aj even though a function fD : X → R is finally sought.
To this end, for f ∈ Hj , we define the zero-extension fˆ : X → R by

Lj (x, y, t) := 1Aj (x)L(x, y, t) ,

Moreover, for every j ∈ {1, . . . , m}, we define a (local) loss Lj : X × Y × R → [0, ∞) by

Dj := {(xi , yi ) ∈ D : i ∈ Ij } ,

indicating the samples of D contained in Aj , as well as the corresponding data set


Ij := i ∈ {1, . . . , n} : xi ∈ Aj ,

Obviously, the latter implies RL,P (fÛ ) ≤ RL,P (f ) for all f : X → R. In other words,
restricting the decision function to the interval [−M, M ] containing our labels cannot worsen
the risk, in fact, clipping this function typically reduces the risk. Hence, we consider the
clipped version fÛD of the decision function as well as the risk RL,P (fÛD ) instead of the risk
RL,P (fD ) of the unclipped decision function. Note that this clipping idea does not change
the required solver since it is performed after the training phase.
To modify the standard SVM approach (1), we assume that (Aj )j=1,...,m is a partition
of X such that all its cells have non-empty interior, that is Åj 6= ∅ for every j ∈ {1, . . . , m}.
Now, the basic idea of our approach is to consider for each cell of the partition an individual
SVM. To describe this approach in a mathematically rigorous way, we have to introduce
some more definitions and notations. Let us begin with the index set

L(x, y, tÛ) ≤ L(x, y, t) .

Then, a loss is called clippable at M > 0 if, for all (x, y, t) ∈ X × Y × R, we have

if t < −M
if t ∈ [−M, M ]
if t > M .

n

i=1

1X
Lj (xi , yi , fˆ(xi )) ,
n

(2)

j=1

m
X

fDj ,λj (x) =

j=1

m
X

1Aj (x)fDj ,λj (x) ,

(3)

j ∈ {1, . . . , m} ,

(4)

2

B`d ⊂

6

j=1

m
[

Bj ,
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where k · k2 is the Euclidean norm in Rd . Moreover, we choose r and z1 , . . . , zm such that

Bj := Br (zj ) := {x ∈ Rd : kx − zj k2 ≤ r} ,

2

That is, fDj ,λj as in (2) and hDj ,λ̃j := arg minf ∈Hj λ̃j kf k2Hj + RL,Dj (f ) coincide on Aj .
∗
w.r.t. P and L
Besides, it is easy to show that, whenever a Bayes decision function fL,P
exists, it additionally is a Bayes decision function w.r.t. P and Lj .
Let us now briefly discuss the required computing time of our modified SVM. To this
end, recall that the costs for solving an usual SVM problem are O(nq ) where q ∈ [2, 3]. For
the new approach we consider m working sets of size n1 , . . . , nm where for simplicity we
n
assume ni ≈ m
for all i ∈ {1, . . . , m}. Then for each working set an usual SVM problem
has to be solved
such that, altogether, the modified SVM induces a computational cost of

n q
O m m
. Therefore, if m ≈ nβ for some β > 0, then our approach is computationally
cheaper than a traditional SVM. Note that our strategy using a partition of the input space
is a typical way to speed-up SVMs. Other techniques that possess similar properties are,
e.g., applied in the articles cited in the introduction. Besides, we refer to (Tsang et al.,
2007) and (Tsang et al., 2005) using enclosing ball problems to solve an SVM, to (Graf
et al., 2005) presenting an model of multiple filtering SVMs and to (Collobert et al., 2001)
investigating a mixture of SVMs based on several subsets of the training set.
To describe the above SVM approach (Aj )j=1,...,m only has to be some partition of X.
However, for the theoretical investigations concerning learning rates of our new approach,
we have to further specify the partition. To this end, we denote the closed unit ball of the
d-dimensional Euclidean space `d2 by B`d and we define balls B1 , . . . , Bm with radius r > 0
2
and mutually distinct centers z1 , . . . , zm ∈ B`d by

where λ := (λ1 , . . . , λm ). Since all fDj ,λj in (2) are usual empirical SVM solutions the
/ Aj
common properties hold. Moreover, for arbitrary j ∈ {1, . . . , m}, fDj ,λj (xi ) = 0 if xi ∈
for all i ∈ {1, . . . , n}. Furthermore, note that the SVM optimization problem (2) equals the
SVM optimization problem (1) using Hj , Dj , and the regularization parameter λ̃j := |Inj | λj .

fD,λ (x) :=

where λj > 0 for every j ∈ {1, . . . , m}. Based on these empirical SVM solutions, we then
define the decision function fD,λ : X → R by

fˆ∈Ĥj

j

fDj ,λj = arg min λj kfˆk2Ĥ +

is an RKHS on X (cf. Lemma 2), which is isometrically isomorphic to Hj . With these
preparations we can now formulate our local SVM approach. To this end, for every j ∈
{1, . . . , m}, we consider the local SVM optimization problem

In this case, it seems obvious to consider estimators with values in [−M, M ] on X. To this
end, we introduce the concept of clipping the decision function. Let tÛ be the clipped value
of some t ∈ R at ±M defined by



−M
tÛ := t


M
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i.e., such that the balls B1 , . . . , Bm cover B`d and, simultaneously, any non-empty set X ⊂
2
B`d (cf. Figure 1). The following well-known lemma relates the radius of such a cover with
2
the number of centers.

2

2

Lemma 1 For all c > 0 and r ∈ (0, c], there exist balls (Br (zj ))j=1,...,m with radius r and
Sm
1
centers z1 , . . . , zm ∈ cB`d such that j=1
Br (zj ) covers cB`d and r ≤ 3cm− d .

(5)

For simplicity of notation, we assume in the following that X ⊂ B`d . Thus, according to
2
Lemma 1, there exists a cover (Bj )j=1,...,m of X with
1

r ≤ 3m− d .
Let us finally specify the partition (Aj )j=1,...,m of X by the following assumption.

2

0
0
0
(A) Let r ∈ (0, 1] and (Aj0 )j=1,...,m
e be a partition of B`2d such that Åj 6= ∅ as well as Åj = Aj
for every j ∈ {1, . . . , m}
e and such that there exist balls Bj := Br (zj ) ⊃ Aj0 with radius
r and mutually distinct centers z1 , . . . , zm
e ∈ B`d satisfying (5). In addition, assume
2

that X is a non-empty, closed subset of B`d satisfying X̊ = X. W.l.o.g. we assume

that, for some m ≤ m,
e Aj0 ∩ X̊ 6= ∅ for all j ∈ {1, . . . , m} and Aj0 ∩ X̊ = ∅ for all
j ∈ {m + 1, . . . , m}.
e Then we define Aj00 := Aj0 ∩ X̊ for all j ∈ {1, . . . , m} and assume
that (Aj )j=1,...,m is a partition of X satisfying Aj00 ⊂ Aj ⊂ Aj00 .

Note that the partition (Aj )j=1,...,m of X in Assumption (A) satisfies, for every j ∈
{1, . . . , m}, Aj ⊂ Bj for Bj as in (A) and Åj 6= ∅, where the latter is shown in Lemma 8 in
the Appendix. Obviously, for the partition (Aj )j=1,...,m , r and m fulfill (5).
In Assumption (A) (Aj0 )j=1,...,m
e is a partition of B`2d from which we build a partition
(Aj )j=1,...,m of X ⊂ B`d . However, for the construction of our local SVM approach and the
2
proofs of the belonging learning rates, it will be negligible whether we first consider a par0
0 ,
tition (Aj0 )j=1,...,m
e of B`2d or only a partition (Aj )j=1,...,m of X, since the cells Am+1 , . . . Am
e
which are removed, have zero mass w.r.t. the marginal distribution PX of X if PX (∂X) = 0.
In the remaining sections we will frequently refer to Assumption (A). Thus, let us
illustrate by the following example that (A) is indeed a natural assumption.
`2d

Example 1 For some r ∈ (0, 1], let us consider an r-net z1 , . . . , zm of B , where z1 , . . . , zm



k∈{1,...,m}

x ∈ X : min arg min kx − zk k2 = j



,

(6)

are mutually distinct. Moreover, we assume that X ⊂ B`d satisfies X̊ = X. Based on the
2
r-net z1 , . . . , zm , a Voronoi partition (Aj )j=1,...,m of X is defined by
Aj :=

JMLR 17(194):1-44

cf. Figure 2. That is, Aj contains all x ∈ X such that the center zj is the nearest center to
x, and in the case of ties the center with the smallest index is taken. Obviously, (Aj )j=1,...,m
is a partition of X with Åj 6= ∅ and Aj ⊂ Br (zj ) for all j ∈ {1, . . . , m}, and hence it satisfies
condition (A), if r and m fulfill (5).
7

r

Bj
zj

X

Figure 2: Voronoi partition (Aj )j=1,...,m of X
defined by (6), where Aj ⊂ Bj for
every j ∈ {1, . . . , m}.

Aj
zj
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X

Figure 1: Cover (Bj )j=1,...,m of X, where
B1 , . . . , Bm are balls with radius r
and centers zj (j = 1, . . . , m).

(7)

Motivated by Example 1, we call the learning method producing fD,λ given by (3) a
Voronoi partition support vector machine, in short VP-SVM. Despite this name, however,
we just take a partition (Aj )j=1,...,m satisfying (A) as basis here instead of requesting
(Aj )j=1,...,m to be a Voronoi partition.
Recall that our goal is to derive not only global but also local learning rates for this
VP-SVM approach. To this end, we additionally consider a T ⊂ X with PX (T ) > 0. Then
we examine the learning rate of the VP-SVM on this subset T of X. To formalize this, it is
necessary to introduce some basic notations related to T . Let us define the index set JT by

JT := {j ∈ {1, . . . , m} : Aj ∩ T 6= ∅}

(8)

specifying every set Aj that has at least one common point with T . Note that, for every
non-empty set T ⊂ X, the index set JT is also non-empty, i.e., |JT | ≥ 1. Besides, deriving
local rates on T requires us to investigate the excess risk of the VP-SVM with respect to
the distribution P and the loss LT : X × Y × R → [0, ∞) defined by

LT (x, y, t) := 1T (x)L(x, y, t) .

Aj (x)L(x, y, t) ,

(9)

However, to manage the analysis we additionally need the loss LJT : X × Y × R → [0, ∞)
given by

T

LJT (x, y, t) := 1Sj∈J

[

j∈JT

Aj ⊃ T ,

,P

JMLR 17(194):1-44

which may only be nonzero, if x is contained in some set Aj with j ∈ JT . Note that the
risks RLT ,P (f ) and RLJT ,P (f ) quantify the quality of some function f just on T and

AT :=

respectively. Hence, examining the excess risks

T

∗
∗
RLT ,P (fÛD,λ ) − RL
≤ RLJT ,P (fÛD,λ ) − RL
T ,P
J

8

X (2)

T

X (3)

9
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Then, the space ĤA := {fˆ : f ∈ HA } equipped with the norm kfˆkĤA := kf kHA is an RKHS
on X and its reproducing kernel is given by
(
kA (x, x0 ) , if x, x0 ∈ A ,
0
k̂A (x, x ) :=
(10)
0,
else.

Lemma 2 Let A ⊂ X and HA be an RKHS on A with corresponding kernel kA . Denote
by fˆ the zero-extension of f ∈ HA to X defined by
(
f (x) , for x ∈ A ,
fˆ(x) :=
0,
for x ∈ X\A .

e for every A ⊂ X.
by ν|Xe (A) = ν(A ∩ X)
Our first goal is to show that fD,λ in (3) is actually an ordinary SVM solution. To
this end, we consider an RKHS on some A ( X and extend it to an RKHS on X by the
following lemma, where we omit the obvious proof.

|X

In this section, we first focus on RKHSs and direct sums of RKHSs. Then, we show that a
VP-SVM solution is also the solution of an usual SVM.
Let us begin with some basic notations. For q ∈ [1, ∞] and a measure ν, we denote by
Lq (ν) the Lebesgue spaces of order q w.r.t. ν and for the Lebesgue measure µ on X ⊂ Rd
we write Lq (X) := Lq (µ). In addition, for a measurable space X, the set of all real-valued
measurable functions on X is given by L0 (X) := {f : X → R | f measurable}. Moreover,
e ⊂ X, we define the trace measure ν e of ν in X
e
for a measure ν on X and measurable X

3. Building Weighted Global Kernels

(T) For T ⊂ X, we define an index set JT byS(7), loss functions LT , LJT : X × Y × R →
[0, ∞) by (8) and (9), and the set AT := j∈JT Aj .

leads to learning rates on AT and implicitly on T . Recapitulatory, let us declare a set of
notations that will be frequently used in the remainder of the paper.

Figure 3: The input space X with the corresponding partition (Aj )j=1,...,m and the subset T , where
the local learning rate should be examined.

X (1)

X
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(11)

B

j∈J

j∈J

x, x0 ∈ X ,

(12)

j∈J

X

j

λj kfj k2Ĥ .

(14)

≤

kfD,λ k2H + RL,D (fÛD,λ ) =

j=1

λ j 1Aj f

λj fDj ,λj

10

m 
X

j=1

m 
X

2
Ĥj

2
Ĥj

+ RLj ,D (f )
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+ RLj ,D (fÛD,λ )

If J = {1, . . . , m}, we simply write H := HJ . Note that H contains inter alia fD,λ given by
(3).
P
Let us briefly investigate the regularized empirical risk of fD,λ = m
j=1 1Aj fDj ,λj , where
fDj ,λj , j = 1, . . . , m, are defined by (2). For an arbitrary f ∈ H, we have

kf k2HJ =

is again an RKHS equipped with the norm

To relate Lemmas 2 and 3 with (3), we have to introduce some more notations. For
pairwise disjoint sets A1 , . . . , Am ⊂ X, let Hj be an RKHS on Aj for every j ∈ {1, . . . , m}.
Then, based on RKHSs Ĥ1 , . . . , Ĥm on X defined by Lemma 2, a joined RKHS can be
designed analogously to Lemma 3. That is, for an arbitrary index set J ⊂ {1, . . . , m} and
a vector λ = (λj )j∈J ∈ (0, ∞)|J| , the direct sum




M
X
HJ :=
Ĥj = f =
fj : fj ∈ Ĥj for all j ∈ J
(13)



is the reproducing kernel.

−1
0
0
k(x, x0 ) := λ−1
A k̂A (x, x ) + λB k̂B (x, x ) ,

and H equipped with the norm k · kH is again an RKHS for which

A

kf k2H := λA kfˆA k2Ĥ + λB kfˆB k2Ĥ

exists. For λA , λB > 0 and f ∈ H, let fˆA ∈ ĤA and fˆB ∈ ĤB be the unique functions such
that f = fˆA + fˆB . Then, we define the norm k · kH by

H := ĤA ⊕ ĤB

Lemma 3 For A, B ⊂ X such that A ∩ B = ∅ and A ∪ B ⊂ X, let HA and HB be RKHSs
of the kernels kA and kB over A and B, respectively. Furthermore, let ĤA and ĤB be the
RKHSs of all functions of HA and HB extended to X in the sense of Lemma 2 and let k̂A
and k̂B given by (10) be the associated reproducing kernels. Then, ĤA ∩ ĤB = {0} and
hence the direct sum

Based on this lemma, we are now able to construct an RKHS by a direct sum of RKHSs
ĤA and ĤB with A, B ⊂ X and A ∩ B = ∅. Here, we skip the proof once more, since the
assertion follows immediately using, for example, orthonormal bases of ĤA and ĤB .

Meister and Steinwart
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2
+ RL,D (f ) ,
= kf kH

(15)

Pm
RLj ,D (f ), which immediately follows by Lemma 9 given in
where we used RL,D (f ) = j=1
the appendix. That is, fD,λ is the decision function of an SVM using H and L as well as
the regularization parameter λ̃ = 1. In other words, the latter SVM equals the VP-SVM
given by (3). This will be a key insight used in our analysis.
Subsequently, we only consider RKHSs of Gaussian RBF kernels. For this purpose,
we summarize some assumptions for the Gaussian case of joined RKHSs in the following
assumption set.
(G) For pairwise disjoint subsets A1 , . . . , Am of X, let Hj := Hγj (Aj ), j ∈ {1, . . . , m}, be
the RKHS of the Gaussian kernel kγj with width γj ∈ (0, r] over Aj . Consequently,
Lm
for λ := (λ1 , . . . , λm ) ∈ (0, ∞)m , we define the joined RKHS H := j=1
Ĥγj (Aj ) and
equip it with the norm (14).

m
X
j=1

+

n

1X
Lj (xi , yi , f (xi )) ,
n
i=1

fDj ,λj ,γj

γj (Aj )

2
fDj ,λj ,γj = arg min λj kf kĤ
f ∈Ĥγj (Aj )

In the following we do not consider SVMs with a fixed kernel, thus, we use a more
detailed notation than (2) and (3) specifying the kernel width γj of the RKHS Hγj (Aj ) at
hand. Namely, for all j ∈ {1, . . . , m} and γ := (γ1 , . . . , γm ), we write

and
fD,λ,γ :=

instead of fDj ,λj and fD,λ in the remainder of this work.

4. Learning Rates for Least Squares VP-SVMs

2
L2 (PX )

In this section, the non-parametric least squares regression problem is considered using the
least squares loss L : Y × R → [0, ∞) defined by L(y, t) := (y − t)2 . It is well known that,
∗
∗ (x) = E (Y |x) for
in this case, the Bayes decision function fL,P
: Rd → R is given by fL,P
P
PX -almost all x ∈ Rd . Moreover, this function is unique up to zero-sets. Besides, for the
least squares loss the equality
∗
∗
RL,P (f ) − RL,P
= f − fL,P

JMLR 17(194):1-44

can be shown by some simple, well-known transformations. In the first part of Subsection
∗ , which are then used
4.1 we introduce some tools to describe smoothness properties of fL,P
in the oracle inequalities and learning rates of the second part. In Subsection 4.2 we then
investigate a simple parameter selection strategy for which we will show that it is adaptive.
11
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4.1 Basic Oracle Inequalities for LS-VP-SVMs

f (x + jh)

if x ∈
/ Ωs,h

if x ∈ Ωs,h

t≥0,

To formulate oracle inequalities and derive rates for VP-SVMs using the least squares loss,
∗ is assumed to satisfy certain smoothness conditions. To this end, we
the target function fL,P
initially recall the modulus of smoothness, a device to measure the smoothness of functions,
see e.g., DeVore and Lorentz, 1993, p. 44; DeVore and Popov, 1988, p. 398; as well as Berens
and DeVore, 1978, p. 360. Denote by k · k2 the Euclidean norm and let Ω ⊂ Rd be a subset
with non-empty interior, ν be an arbitrary measure on Ω, p ∈ (0, ∞], and f : Ω → R be
contained in Lp (ν). Then, for s ∈ N, the s-th modulus of smoothness of f is defined by
khk2 ≤t

ωs,Lp (ν) (f, t) = sup k4hs (f, · )kLp (ν) ,

0


Ps
s−j
s
j=0 j (−1)

where 4hs (f, · ) denotes the s-th difference of f given by
(
4hs (f, x) =

t>0

2,∞

. Here, note that we defined Besov-


:= sup t−α ωs,L2 (ν) (f, t)

is given by

for h = (h1 , . . . , hd ) ∈ Rd and Ωs,h := {x ∈ Ω : x + th ∈ Ω f.a. t ∈ [0, s]}. Based on the
modulus of smoothness, we introduce Besov-like spaces, i.e., function spaces that provide
a finer scale of smoothness than the commonly used Sobolev spaces and that will thus be
assumed to contain the target function later on. To this end, let α > 0, s := bαc + 1, and
α
ν be an arbitrary measure. Then, the Besov-like space B2,∞
(ν)
is defined by
n
o
α
B2,∞
(ν) := f ∈ L2 (ν) : |f |B α (ν) < ∞ ,
2,∞ (ν)

where the semi-norm | · |B α

2,∞ (ν)

2,∞ (ν)

:= kf kL2 (ν) + |f |B α

|f |B α
2,∞ (ν)

and the norm by kf kB α

JMLR 17(194):1-44

like spaces for arbitrary measures ν on Ω ⊂ Rd whereas in the literature Besov spaces are
usually defined for the Lebesgue measure. Nevertheless, our definition of Besov-like spaces
is well-defined. Moreover, for the proofs it is important to notice that, if Ω = Rd and ν is a
distribution on Ω with supp ν ( Ω, then Ωs,h still equals Rd , i.e., Ωs,h = Ω. Also note that
for the Lebesgue measure on Ω, where Ω = Rd or Ω is a bounded Lipschitz domain in Rd , our
definition of Besov-like spaces actually coincides, up to equivalent norms, to the definition
of the classical Besov spaces in the literature, see e.g., (Adams and Fournier, 2003, Section
7), (Triebel, 2006, Section 1), (Triebel, 1992, Section 1), and (Triebel, 2010, Sections 2 and
3), where this classical type of Besov spaces is also defined for 1 ≤ p, q ≤ ∞ and α > 0.
For more details on the equivalences of our definition of Besov-like spaces and the classical
definitions, we refer to (Eberts, 2015, Section 3.1). If ν is the Lebesgue measure on Ω, we
α (Ω) := B α (ν). Additionally, let us briefly consider a few embedding properties
write B2,∞
2,∞
α (ν) where the corresponding proofs can be found in (Eberts, 2015,
for Besov-like spaces B2,∞
Section 3.1). To this end, let ν be a finite measure on Rd such that supp ν =: Ω ⊂ Rd has
non-empty interior and ν has a Lebesgue density g on Ω. If g is bounded away from 0

12

n
o
:= f ∈ Lp (ν) : ∂ (β) f ∈ L2 (ν) exists for all β ∈ Nd0 with |β| ≤ α ,

|β|≤α

X

∂ (β) f
L2 (ν)

2

,

j=1

m
X

λj kfDj ,λj ,γj k2Ĥ

γj (Aj )

13

T

+ RLJT ,P (fÛD,λ,γ ) − R∗LJ
,P
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Theorem 4 Let Y := [−M, M ] for M > 0, L : Y × R → [0, ∞) be the least squares loss,
and P be a distribution on Rd ×Y . We denote the marginal distribution of P onto Rd by PX ,
write X := supp PX , and assume PX (∂X) = 0. Furthermore, let (A) and (G) be satisfied.
∗
In addition, for an arbitrary subset T ⊂ X, we assume (T) . Moreover, let fL,P
: Rd → R be
∗
d
d
∗
α (P
a Bayes decision function such that fL,P ∈ L2 (R ) ∩ L∞ (R ) as well as fL,P ∈ B2,∞
X |AT )
for some α ≥ 1. Then, for all p ∈ (0, 1), n ≥ 1, τ ≥ 1, γ = (γ1 , . . . , γm ) ∈ (0, r]m , and
λ = (λ1 , . . . , λm ) > 0, the VP-SVM given by (3) using Ĥγ1 (A1 ), . . . , Ĥγm (Am ), and the loss
LJT satisfies

(cf. Adams and Fournier, 2003, p. 60). We write W20 (ν) = L2 (ν) and, for the Lebesgue
measure µ on Ω ⊂ Rd , we define W2α (Ω) := W2α (µ). It is well-known, see e.g., (Edmunds
and Triebel, 1996, p. 25 and p. 44), that the Sobolev spaces W2α (Rd ) fall into the scale
α (Rd ) for α ∈ N. Furthermore, note that functions
of Besov spaces, e.g., W2α (Rd ) ⊂ B2,∞
f : Ω → Rd can be extended to functions fˆ : Rd → R such that fˆ inherits the smoothness
properties of f , whenever Ω ⊂ Rd is a bounded Lipschitz domain. More precisely, in this
case Stein’s Extension Theorem (cf. Stein, 1970, p. 181) guarantees the existence of a linear
extension operator E mapping functions f : Ω → R to functions Ef : Rd → R such that
Ef|Ω = f and such that E continuously maps W2m (Ω) into W2m (Rd ) for all integers m ≥ 0
α (Ω) into B α (Rd ) for all α ≥ 0 simultaneously. For more details, we refer to Stein
and B2,∞
2,∞
(1970, p. 181), Triebel (2006, Section 1.11.5), and Adams and Fournier (2003, Chapter 5).
In this case, Eberts (2015, Corollary 3.4) shows, for a finite measure ν on Rd such that
e ⊃ Ω and such that ν has a Lebesgue density g on Ω
e with g ∈ L∞ (Ω),
e that
supp ν =: Ω
α (Ω) implies Ef ∈ B α (ν).
f ∈ B2,∞
2,∞
Based on the least squares loss and RKHSs using Gaussian kernels over the partition
sets Aj , the subsequent theorem presents an oracle inequality for VP-SVMs.

2

kf kpW α (ν) :=

(β) is the β-th weak derivative for a multiwhere α ∈ N0 , ν is an arbitrary measure,
P and ∂
index β = (β1 , . . . , βd ) ∈ Nd0 with |β| = di=1 βi . That is, W2α (ν) is the space of all functions
in L2 (ν) whose weak derivatives up to order α exist and are contained in L2 (ν). Moreover,
the Sobolev space is equipped with the Sobolev norm

W2α (ν)

α (ν) ⊂ B α (Ω) for α > 0. Alternatively, for g ∈ L (Ω) and α > 0,
on Ω, then B2,∞
∞
2,∞

α (Rd ) ⊂ B α (ν) and B α (Ω+δ ) ∩ L (Rd ) ⊂ B α (ν), where δ > 0 and
we have B2,∞
∞
2,∞
2,∞
2,∞
Ω+δ := {x ∈ Rd : ∃ x0 ∈ Ω such that kx − x0 k2 ≤ δ}. For the sake of completeness, recall
from, e.g., (Adams and Fournier, 2003, Section 3) and (Triebel, 2010, Sections 2 and 3) the
scale of Sobolev spaces W2α (ν) defined by
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Pn

1 − e−τ ,

j=1



p
d

m
d+2p
X
−
max
γ
j
j∈J
p
T
λj γj−d +
max γ 2α +r2p  λ−1
PX (Aj ) n−1+τ n−1
j γj
minj∈JT γj j∈JT j

2α
d

(18)

,

(17)
1
− 2α+d

e−τ ,

T

14
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In the latter theorem the condition β ≥ 2α
d + 1 is required to ensure γn,j ≤ rn , j =
1, . . . , mn , which in turn is a prerequisite arising from Theorem 12 and the used entropy
1
− βd
and (5) leads
estimate. Let us briefly examine the extreme case β = 2α
d +1. Using rn ≈ n
q 
d
to covering numbers of the form mn ≈ n 2α+d and computational costs of O mn mnn
=
2αq+d 
q
2α+d
O n
which is actually less than the computational cost of order n , q ∈ [2, 3], of
an usual SVM. Note that for increasing β the computational costs of an VP-SVM are
1
1
− βd
increasing as well. However, for β > 2α
, and mn ≈ n β , a VP-SVM has
d + 1, rn ≈ n
1+(β−1)q 
costs of O n β
which still is less that O (nq ).

with probability
not less than 1 −
where λn := (λn,1 , . . . , λn,mn ) as well as γ n :=
(γn,1 , . . . , γn,mn ) and C, c1 , c2 , c3 are positive constants with c3 ≤ c1 .

Pn

for every j ∈ {1, . . . , mn }, we have, for all n ≥ 1 and ξ > 0,


2α
RLJT ,P (fÛD,λn ,γ n ) − R∗LJ ,P ≤ C n− 2α+d +ξ + τ n−1

γn,j = c3 n

(16)

,
λn,j = c2 rd n−1 ,

1
− βd

+ 1. Under the assumptions of Theorem 4 and
rn = c1 n

Theorem 5 Let τ ≥ 1 be fixed and β ≥
with

We like to emphasize that in the theorem above X := supp PX only serves as a notation. Indeed, the partition (A0j )j=1,...,m
e of (A) can be found without knowing supp PX , and
whether we actually remove the cells that do not intersect the interior of supp PX is irrelevant since these cells will neither contain samples nor will they contribute to the overall risk
of our decision function fÛD,λ,γ as we assumed PX (∂X) = 0. Despite from this, the proofs
anyway do not require that X exactly corresponds to the support of the distribution PX .
Instead we can as well assume supp PX ⊂ X ⊂ B`d . Moreover, note for the proofs that the
2
d
α (P
considered Besov-like space B2,∞
X |AT ) is defined w.r.t. Ω = R .
Theorem 4 only focuses on the least squares loss, however, a similar version can be
shown under more general assumptions for generic losses and RKHSs, where we refer the
interested reader to (Eberts, 2015, Theorem 4.4). Moreover, considering a trivial partition
consisting of only one set A1 the oracle inequalities for VP-SVMs are comparable to the
already known ones, see (Eberts, 2015, p. 81) for more details.
Using the oracle inequality of Theorem 4, we derive learning rates w.r.t. the loss LJT
for the learning method described by (2) and (3) in the following theorem.

T

with probability
not less than
where CM,α,p > 0 is a constant only depending on
∗
∗ k
∗
α (P
M , α, p, d, kfL,P
.
L2 (Rd ) , kfL,P kL∞ (Rd ) , and kfL,P kB2,∞
X |A )

X

j∈JT

≤ CM,α,p 
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j

2
λj kfj kĤ
+ RL,D

j=1

m
X

fj .
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m
X

f1 ∈Ĥ1 ,...,fm ∈Ĥm j=1

arg min

Let us finally take a closer look
the VP-SVM given by (3) and the considerations
Lat
m
related to (15), where fD,λ ∈ H = j=1
Ĥj solves the minimization problem
fD,λ =

2α

Choosing λ1 = . . . = λm , the VP-SVM problem can be understood as particular `2 -multiple
kernel learning (MKL) problem using the RKHSs Ĥ , . . . , Ĥ . Learning rates for MKL have
1
m
been treated, for example, in (Suzuki, 2011) and (Kloft and Blanchard, 2012). Assuming
1
∗
fL,P
∈ H, the learning rate achieved in (Suzuki, 2011) is mn− 1+s for dense settings, where
s is the so-called spectral decay coefficient. In addition, Kloft and Blanchard (2012) obtain
essentially the same rates under these assumptions. Let us therefore briefly investigate the
above rate of (Suzuki, 2011). For RKHSs that are continuously embedded in a Sobolev
2α
d
space W2α (X), we have s = 2α
such that the learning rate reduces to mn− 2α+d . Note that

this learning rate is m times the optimal learning rate n− 2α+d , where the number m = mn
of kernels may increase with the sample size n. In particular, if mn → ∞ polynomially,
then the rates obtained in (Suzuki, 2011) become substantially worse than the optimal rate.
In contrast, due to the special choice of the RKHSs, this is not the case for our VP-SVM
problem, provided that mn does not grow faster than n1/β .
Note that the oracle inequalities and learning rates achieved in Theorems 4 and 5 require
∗
α
S
fL,P
∈
B
2,∞ (PX | j∈JT Aj ). However, for an increasing sample size n, the sets Aj shrink and
S
the index set JT , indicating every set Aj suchS
that Aj ∩ T 6= ∅ and T ⊂ j∈JT Aj , increases.
In particular, this also involves that the set j∈JT Aj covering T changes in tandem with
n. Since this is very inconvenient and since it would be desirable to assume a certain level
of smoothness of the target function on a fixed region for all n ∈ N, we consider the set T
enlarged by an δ-tube. To this end, for δ > 0, we define T +δ by

T +δ := x ∈ X ∃t ∈ T : kx − tk2 ≤ δ ,

∃nδ ∈ N ∀n ≥ nδ

:

[

j∈JT

Aj ⊂ T +δ ,
S

j∈JT

−

1

Aj ⊂ T +δ

(19)

which implies T ⊂ T +δ ⊂ X, cf. Figure 4. Note that, for every δ > 0, there exists an nδ ∈ N
such that, for every n ≥ nδ , the union of all partition sets Aj , having at least one common
point with T , is contained in T +δ , i.e.

∀δ > 0

where JT := {j ∈ {1, . . . , mn } : Aj ∩ T 6= ∅}. Collectively, this implies T ⊂

2c
δ

.

for all n ≥ nδ . Furthermore, since every set Aj is contained in a ball with radius rn = cn βd
satisfying (5), the lowest sample size nδ in (19) can be determined by choosing the smallest
nδ ∈ N such that δ ≥ 2rnδ , that is
&  '
βd
nδ =
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This leads to the following corollary, which presents an oracle inequality and learning rates
assuming the smoothness level α of the target function on a fixed region.
15

T +δ

Meister and Steinwart

T

X

Figure 4: An input space X with a Voronoi partition as well as a subset T ⊂ X enlarged by an
δ-tube to T +δ .

∗
α
fL,P
∈ B2,∞
(PX |T +δ )

Corollary 6 Let Y := [−M, M ] for M > 0, L : Y × R → [0, ∞) be the least squares loss,
and P be a distribution on Rd × Y . We denote the marginal distribution of P onto Rd
by PX , write X := supp PX , and assume PX (∂X) = 0. Furthermore, let (A) and (G)
be satisfied. In addition, for an arbitrary subset T ⊂ X, we assume (T) . Moreover, let
∗
∗
fL,P
: Rd → R be a Bayes decision function with fL,P
∈ L2 (Rd ) ∩ L∞ (Rd ) as well as

γj (Aj )

λj γj−d +

2
λj kfDj ,λj ,γj kĤ



X

j∈JT

d

max γj2α +r2p 

j∈JT

∗
+ RLT ,P (fÛD,λ,γ ) − RL
T ,P



maxj∈JT γj
minj∈JT γj

j=1


p

m
X
− d+2p
λj−1 γj p PX (Aj ) n−1+τ n−1

for α ≥ 1 and some δ > 0. Then, for all p ∈ (0, 1), n ≥ nδ , τ ≥ 1, γ = (γ1 , . . . , γm ) ∈
(0, r]m , and λ = (λ1 , . . . , λm ) > 0, the VP-SVM given by (3) using Ĥγ1 (A1 ), . . . , Ĥγm (Am ),
and the loss LT satisfies
m
X
j=1

≤ CM,α,p 

with probability Pn not less than 1 − e−τ , where CM,α,p > 0 is the same constant as in
Theorem 4.
Additionally, let β ≥ 2α
d + 1 as well as, for every j ∈ {1, . . . , mn }, rn , λn,j , and γn,j be
as in (16), (17), and (18), respectively,
c1 , c2 , c3 are user-specified positive constants
l where
βd m
and ξ > 0, we have
with c3 ≤ c1 . Then, for all n ≥ nδ = 2cδ1



2α
∗
RLT ,P (fÛD,λn ,γ n ) − RL
≤ C n− 2α+d +ξ + τ n−1
T ,P
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with probability Pn not less than 1 − e−τ , where λn := (λn,1 , . . . , λn,mn ), γ n := (γn,1 , . . . ,
γn,mn ), and C is a positive constant.

16

2,∞

L,P

2

2,∞

17
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where the constant Kp is independent of γ, λ, τ , and n, and its dependence on p can be
tracked, cf. (Steinwart and Christmann, 2008, p. 267). Note that for the local approach
a structurally identical formula is derived implicitly in the proof of Theorem 4. Now, the
rates in this paper as well as in (Eberts and Steinwart, 2013) are obtained by optimizing
the right hand side with respect to both λ and γ for an arbitrarily large but fixed p. Since
the resulting rates become better the larger we pick p it is tempting to consider p = pn →
∞. Unfortunately, however, this only becomes feasible if we have an explicit expression
describing how cp,d may depend on p. For example, some preliminary considerations suggest
that we could already replace the gap nξ by a logarithmic factor if we had a rough bound
of the form cp,d ≤ cd pcp . Unfortunately, we neither could derive such a bound for cp,d nor
could we find it in the literature. Even worse, we also asked several experts for bounding
entropy numbers of function space embeddings without any success. In addition, we are
unaware of any other technique that has the potential to fill the gap in either the global or
the local case, and therefore we leave this problem as an open question for future research.



d/p
cp,d γ −d
τ
RL,P (fD,λ,γ )−R∗L,P ≤ Kp λγ −d + γ 2α +
+
,
d
n
λ 2p n

where cp,d ≥ 1 is a constant only depending on p ∈ N and d. Note that this estimate is
clearly sub-optimal in i, but it has a significantly better behavior in γ compared to the
above mentioned results. Now, using this entropy estimate, Eberts and Steinwart (2013)
obtain an oracle inequality of the form

Lipschitz domain Te ⊂ Rd such that T +2δ ⊂ Te. Moreover, if this density of PX is even
2α
bounded away from 0, it is well-known that the minmax rate is n− 2α+d for α > d/2 and
∗
α
∗
α
target functions fL,P ∈ W2 (T ) as well as for α > d and fL,P ∈ B2,∞ (T ). Modulo ξ, our
rate is therefore asymptotically optimal in a minmax sense on T .
Although the obtained learning rates are arbitrary close to the optimal rates, it is
needless to say that the results are not fully satisfying. Indeed, an ideal result would not
contain a gap of the form nξ , and a close to ideal result would at least replace the gap
nξ by a logarithmic factor. Unfortunately, even for global SVMs using Gaussian kernels,
such results seem to be currently out of reach, see (Eberts and Steinwart, 2013) for the
latter case. Let us briefly describe the technical obstacles. One key ingredient for both the
local and the global approach are estimates on the entropy numbers ei of the embeddings
id : Hγ → L2 (PX ) or id : Hγ → `∞ (X), see Section 6 for a definition. Several such estimates
do exist. For example, Zhou (2002) and Kühn (2011) proved (optimal) super-polynomial
estimates but unfortunately their bounds have a unfavorable dependence on γ, which makes
it impossible to get arbitrarily close to the optimal rates, see e.g., (Xiang and Zhou, 2009)
for a similar situation in which this problem occurs. For this reason we followed the path
of (Eberts and Steinwart, 2013), in which we employ an entropy estimate of the form

p
ei id : Hγ → L2 (PX ) ≤ cp,d γ −p i− d ,
i ≥ 1, γ ∈ (0, 1] ,

L,P

∗
α (P
Note that the assumption fL,P
∈ B2,∞
X |T +δ ) made in Corollary 6 is satisfied if,
∗
for example, PX has a bounded Lebesgue density on T +δ , fL,P
∈ L∞ (T +δ ), and either
∗
α
+2δ
∗
α
α
+2δ
e
f
∈ B (T
) for α ≥ 1 or f
∈ W (T ) ⊂ B (T
) for α ∈ N and a bounded
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(1)
Dj

= l. For every j ∈

j ,γj

(1)

= 0 if Dj

(λj , γj ) ∈ Λn × Γn .

j


RLj ,D2 fÛD(1) ,λ

D2 ,j ,γD2 ,j



=

j ,γj

.
for all j ∈ {1, . . . , mn }, and defining

j


RLj ,D2 fÛD(1) ,λ

j=1

mn
X

j

fD(1) ,λ

D2 ,j ,γD2 ,j

=

j=1

mn
X

j

1Aj fD(1) ,λ

D2 ,j ,γD2 ,j

,

2

j=1
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 X
RL,D2 fÛD1 ,λD2 ,γ D =
RLj ,D2 fÛD(1) ,λ

D2 ,j ,γD2 ,j
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and we call every learning method that produces these resulting decision functions
fD1 ,λD2 ,γ D a training validation Voronoi partition support vector machine (TV-VP-SVM)
2
w.r.t. Λ × Γ. Moreover, we have, for λ := (λ1 , . . . , λmn ) and γ := (γ1 , . . . , γmn ),

2

fD1 ,λD2 ,γ D :=

λD2 := (λD2 ,1 , . . . , λD2 ,mn ) and γ D2 := (γD2 ,1 , . . . , γD2 ,mn ), we obtain a function

j

D2 ,j ,γD2 ,j

(λj ,γj )∈Λn ×Γn

min



= ∅. Next, for each j, we use D2 in tandem with Lj (or

+ RLj ,D1 (f ) ,

to determine a pair (λD2 ,j , γD2 ,j ) ∈ Λn × Γn such that

j ,γj

γj (Aj )

Finally, combining the decision functions fD(1) ,λ

essentially

(2)
Dj )

j

f ∈Ĥγj (Aj )

2
:= arg min λj kf kĤ

Note that fD(1) ,λ

j

fD(1) ,λ

{1, . . . , mn }, we basically use
as a training set, i.e., based on D1 in combination with
the loss function Lj := 1Aj L we compute SVM decision functions

j=1 lj

Pmn

j ∈ {1, . . . , mn } ,

:= {(xi , yi ) ∈ D2 : xi ∈ Aj } ,
(1)

j ∈ {1, . . . , mn } ,

:= {(xi , yi ) ∈ D1 : xi ∈ Aj } ,

and define lj := |Dj | for all j ∈ {1, . . . , mn } such that

(2)
Dj

Dj

(1)

where l := b n2 c + 1 and n ≥ 4. We further split these sets in data sets

D2 := ((xl+1 , yl+1 ), . . . , (xn , yn )) ,

D1 := ((x1 , y1 ), . . . , (xl , yl )) ,

In the previous theorems the choice of the regularization parameters λn,1 , . . . ,
λn,mn and the kernel widths γn,1 , . . . , γn,mn requires us to know the smoothness parameter
α. Unfortunately, in practice, we usually do know neither this value nor its existence. In this
subsection, we thus show that a training/validation approach similar to the one examined
in (Steinwart and Christmann, 2008, Chapters 6.5, 7.4, 8.2) and (Eberts and Steinwart,
2013) achieves the same rates adaptively, i.e., without knowing α. For this purpose, let
Λ := (Λn ) and Γ := (Γn ) be sequences of finite subsets Λn ⊂ (0, rnd ] and Γn ⊂ (0, rn ]. For a
data set D := ((x1 , y1 ), . . . , (xn , yn )), we define

4.2 Data-Dependent Parameter Selection for VP-SVMs

Meister and Steinwart

where fD1 ,λ,γ :=

=
=

mn
X

min
j


RLj ,D2 fÛD(1) ,λ
j



j ,γj

j ,γj


RLj ,D2 fÛD(1) ,λ



RL,D2 fÛD1 ,λ,γ ,

j=1

mn
X

(λj ,γj )∈Λn ×Γn

min

(λ,γ)∈(Λn ×Γn )mn

min

(λ,γ)∈(Λn ×Γn )mn



with (λj , γj ) ∈ Λn × Γn for all j ∈ {1, . . . , mn }. In

=

j=1
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j=1 fD(1) ,λj ,γj
j

Pmn

2

other words, the function fÛD1 ,λD2 ,γ D really minimizes the empirical risk RL,D2 w.r.t. the

1

validation data set D2 and the loss L, where the minimum is taken over all functions fÛD1 ,λ,γ
with (λ, γ) ∈ (Λn × Γn )mn .
Before we analyze the TV-VP-SVM algorithm, let us briefly discuss the computational
complexity of the hyper-parameter selection step. To this end, we first note that the parameter selection on, e.g., the j-th cell is completely independent of the parameter selection
on all other cells. Maybe the easiest way to visualize this is by thinking of having two cells
and candidates Λ = (λ1 , . . . , λk ), only. Naively, this would give the candidate set Λ × Λ
for the overall hyper-parameter selection procedure. However, inspecting the candidates on
the first cell, we see the same results for the candidates in Λ × {λ1 } and in Λ × {λ2 } since
any decision we make on the second cell does not influence our situation on the first cell.
Consequently, we only need to consider the candidates Λ × {λ1 }, that is the candidates in
Λ, when performing parameter selection on the first cell, and analogously we only need to
consider the candidates {λ1 } × Λ for the parameter selection on the second cell. Together
this gives 2|Λ| many candidates, instead of |Λ|2 many candidates of the naive approach.
Generalizing the reasoning above to m cells and Λ × Γ, we easily see that our parameter
selection strategy leads to the inspection of m × |Λ| × |Γ| many candidates. Moreover,
because of the independence of all cells, we could actually perform parameter selection on
the cells in parallel. Clearly such a parallel approach would be easy to implement and would
have minimal synchronization and communication overhead.
The following theorem presents learning rates for the above described TV-VP-SVM.
−

2

T

,P



2α
≤ c n− 2α+d +ξ + τ n−1
≥ 1 − e−τ ,

Theorem 7 Let rn := cn βd with constants c > 0 and β > 1. Under the assumptions
of Theorem 4 we fix sequences Λ := (Λn ) and Γ := (Γn ) of finite subsets Λn ⊂ (0, rnd ]
and Γn ⊂ (0, rn ] such that Λn is an (rnd εn )-net of (0, rnd ] and Γn is a δn -net of (0, rn ] with
1
εn ≤ n−1 and δn ≤ n− 2+d . Furthermore, assume that the cardinalities |Λn | and |Γn | grow
polynomially in n. Then, for all ξ > 0, τ ≥ 1, and α < β−1
2 d, the TV-VP-SVM producing
the decision functions fD1 ,λD2 ,γ D satisfies

2


∗
Pn RLJT ,P (fÛD1 ,λD2 ,γ D ) − RL
J

where c > 0 is a constant independent of n and τ .
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∗
α (P
∗
α
Once more, we can replace the assumption fL,P
∈ B2,∞
X |AT ) by fL,P ∈ B2,∞ (PX |T +δ )
for some δ > 0 and obtain the same learning rate as in Theorem 7 for all n ≥ nδ although
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∗
α (P
T +δ is fixed for all n ∈ N. Here, recall that fL,P
∈ B2,∞
X |T +δ ) whenever PX has a
∗
+δ
∗
α
+2δ ) for
bounded Lebesgue density on T +δ , fL,P
∈
L
),
and
either
f
∞ (T
L,P ∈ B2,∞ (T
∗
α (T +2δ ) for α ∈ N and a bounded Lipschitz domain T
e ⊂ Rd
α ≥ 1 or fL,P
∈ W2α (Te) ⊂ B2,∞

2α

such that T +2δ ⊂ Te. Moreover, let us assume that Te ⊇ T +δ is a bounded Lipschitz
domain in Rd such that Stein’s extension operator E exists and that P is a distribution
on Rd × Y such that PX has a Lebesgue density g on T +δ with g ∈ L∞ (T +δ ). Then, the
∗
α (T
e) and f ∗ ∈ L∞ (Te) yield Ef ∗ ∈ B α (PX |T +δ ) and Ef ∗ ∈
assumptions fL,P
∈ B2,∞
2,∞
L,P
L,P
L,P
L (Rd )∩L (Rd ), see (Eberts, 2015, Corollary 3.4 and Theorem 3.2) for more details. Thus,
2
∞
P
∗
∗
∗
applying RL
j∈JT 1Aj · (Kj ∗ EfL,P ), we obtain
,P = RLJ ,P (EfL,P ) and choosing f0 :=
J
T
T
the same results as in Corollary 6 and Theorem 7 for n ≥ nδ . Obviously, the same is true,
∗
α e
∗
α
e
if we assume fL,P
∈
W
2 (T ) instead of fL,P ∈ B2,∞ (T ). For all these cases, note that, if
∗
PX has a Lebesgue density that is bounded away from 0 and ∞ and either fL,P
∈ W2α (T )

∗
α (T ) for α > d, the achieved learning rate n− 2α+d is again
for α > d/2 or fL,P
∈ B2,∞
asymptotically optimal modulo ξ on T in a minmax sense. Here, we only derived learning
rates when using the least squares loss. However, similar rates are shown by Eberts (2015,
Section 9) for quantile regression using the pinball loss.
To derive the above learning rates, we need the condition α < β−1
2 d. However, this
condition restricts the set of α-values where we obtain learning rates adaptively. To be
more precise, there is a trade-off between α and β. On the one hand, for small values of β
only a small number of possible values for α is covered. On the other hand, for larger values
of β the set of α-values where we achieve rates adaptively is increasing but the savings in
terms of computing time is decreasing.
Finally, we note that if we have a fixed computational budget in terms of RAM and/or
computing time, this trade-off can be approximately resolved in the following way. First,
we consider a couple of candidates for β, or the resulting number of cells m. Then, we
pick a suitably sized random subset of the entire training set and build Voronoi partitions
of this random subset for the different candidates. For each cell of these partitions we
then estimate the computational costs and finally we pick the largest candidate β for which
the resulting partition still satisfies our computational budget. This procedure has several
benefits: a) it is very cheap compared to the subsequent training and parameter selection
phase, b) the choice of β, or m, has a clear meaning for the user, c) it approximately leads
to widest adaptivity we can afford by our computational budget, and d) our experiments
in the next section show that there is no significant risk for the user by focusing on the
maximal computational resources.

5. Experimental Results

JMLR 17(194):1-44

In this section we report a few experiments for VP-SVMs, which illustrate the influence of
the chosen radius and which compare them to standard global SVMs as well as to RC-SVMs
in terms of both training time and test error.
In the experiments we report here, we consider the classical covtype data set, which
contains 581.012 samples of dimension 54. More experimental results on additional data sets
can be found in (Eberts, 2015) and in the earlier arXiv version (Eberts and Steinwart, 2014)
of this paper. The code we used was an early version of Steinwart (2016), which provides
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highly efficient SVM solvers for different loss functions based on the ideas developed by
(Steinwart et al., 2011). In particular, it is easy to repeat every experiment by the current
version of the code.
In order to prepare the data set for the experiments, we first merged the split raw data
sets so that we obtained one data set. In a next step, we scaled the data component-wise
such that all samples including labels lie in [−1, 1]d+1 , where d is the dimension of the
input data. Finally, we generated random subsets that were afterwards randomly split
into a training and a test data set. In this manner, we obtained training sets consisting
of n = 1 000, 2 500, 5 000, 10 000, 25 000, 50 000, 100 000, 250 000, and 500 000 samples.
The test data sets associated to the various training sets consist of ntest = 50 000 random
samples, apart from the training sets with ntrain ≤ 5 000, for which we took ntest = 10 000
test samples. To minimize random effects, we repeated the experiment for each setting
several times. Since experiments using large data sets entail long run times, we reran every
experiment using a training set of size n ≥ 50 000 only three times while for training sets of
size n = 10 000, 25 000 we performed ten repetitions and for smaller training sets, namely
of size n = 1 000, 2 500, 5 000, even 100 runs.
To train the global SVM for sufficiently large data sets we used a professional compute
server equipped with four INTEL XEON E7-4830 (2.13 GHz) 8-core processor, 256 GB
RAM. In order to have comparable run times, we ran the experiments for the VP-SVMs
and RC-SVMs on this machine, too. In all experiments we used eight cores to pre-compute
the kernel matrix and to evaluate the final decision functions on the test set, but only one
core for the actual solver.
Let us quickly illustrate the routines of the VP- and the RC-SVM implemented around
the LS-solver. For the VP-SVM, we first split the training set by Algorithm 1 in several
working sets representing a Voronoi partition w.r.t. the user-specified radius. For this
purpose, Algorithm 1 initially determines a cover of the input data applying the farthest

Require: Input data set DX = {x1 , . . . , xn } with sample size n ∈ N and some radius r > 0.
Ensure: Working sets indicating a Voronoi partition of DX .
1: Pick an arbitrary z ∈ DX
2: Cover 1 ← z
3: m ← 1
4: while maxx∈DX kx − Coverk2 > r do
5:
z ← arg maxx∈DX kx − Coverk2
6:
m←m+1
7:
Cover m ← z
8:
WorkingSetm ← ∅
9: end while
10: for i = 1 to n do
11:
k ← arg minj∈{1,...,m} kxi − Cover j k2
12:
WorkingSetk ← WorkingSetk ∪ {xi }
13: end for
14: return WorkingSet1 , . . . , WorkingSetm

Algorithm 1 Determine a Voronoi partition of the input data

Optimal Learning Rates for Localized SVMs

j=1

i−1
2[

B(sj , ε) ,

)
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where Bd (s, ε) := {t ∈ T : d(t, s) ≤ ε} and inf ∅ := ∞. Moreover, if S : E → F is a bounded
linear operator between the normed spaces E and F , then its (dyadic) entropy numbers are
defined by ei (S : E → F ) := ei (SBE , k · kF ), where BE denotes the closed unit ball of E.

ei (T, d) := inf ε > 0 : ∃s1 , . . . , s2i−1 ∈ T such that T ⊂

(

This section is dedicated to prove the results of the previous sections.
We begin by recalling the definition of entropy and covering numbers. To this end, let
(T, d) be a metric space. Then, the i-th (dyadic) entropy number of T is

6. Proofs

first traversal algorithm, see (Dasgupta, 2008) and (Gonzalez, 1985) for more details. Note
that this procedure induces working sets whose sizes may be considerably varying. In the
case of an RC-SVM the working sets form a random partition of the training samples,
where their sizes are basically equal and the number of working sets is predefined by the
user. Then, for the VP-SVM- as well as for the RC-SVM-algorithm the implemented LSsolver is applied on every working set. For each working set, we randomly split the respective
training data set of size ntrain in five folds to apply 5-fold cross-validation in order to deal
with the hyper-parameters λ and γ taken from an 10 by 10 grid geometrically generated
−1/d
in [0.001 · n−1
train , 0.1] × [0.5 · ntrain , 10]. Finally, we obtain one decision function for each
working set. To further process these decision functions the VP-SVM-algorithms picks
exactly one decision function depending on the working set affiliation of the input value. On
the contrary, the RC-SVM-algorithm simply takes the average of all the decision functions.
Moreover, the computed decision functions are clipped at ±1. Altogether, note that the
usual LS-SVM-algorithm can be interpreted as special case of both the VP-SVM- and the
RC-SVM-algorithm using one working set.
The results, which are displayed in Figure 5, can be quickly summarized: Not surprisingly, smaller radii for the VP-SVM lead to less crowded cells, which in turn reduces the
training time significantly. In addition, the VP-SVM is, unlike the global SVM, not affected by the amount of available memory, so that runs with more than 100.000 samples,
which would require kernel matrix caching for the global SVM, are still very feasible for the
VP-SVM. Despite these advantages in terms of required computational resources, however,
the test errors of the VP-SVM are only a bit worse than those of the global SVM. Moreover, the test errors become slightly better with increasing radii, so that there is a clear
trade-off between computational resources and test accuracy as discussed in the previous
section. When comparing the RC-SVM with the global SVM, we see, not surprisingly,
the same computational advantages, but the test errors become significantly worse. As a
consequence, the VP-SVM clearly outperforms the RC-SVM in terms of test errors, when
both approaches have about the same training time. In this respect we also like to mention
that in terms of test time, the VP-SVM was significantly faster than the RC-SVM, simply
because for the VP-SVM each decision function evaluation only requires the support vector
of the corresponding cell, whereas the final decision function of the RC-SVM requires all
support vectors. See (Eberts and Steinwart, 2014) for details.
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Figure 5: Average training time and test error of LS-, VP-, and RC-SVMs for the real-world data
covtype depending on the training set size ntrain = 1 000, . . . , 500 000. Subfigures (a)–(c)
show the results for RC-SVMs using different numbers of working sets and Subfigures
(d)–(f) illustrate the results for VP-SVMs using various radii. At the bottom, Subfigures
(g)–(i) contain the average training times and the average test errors of the LS-SVM,
one VP-SVM and two RC-SVMs. Here, the VP-SVM is the one which trains fastest for
ntrain = 500 000 and the two RC-SVMs are those which achieve for ntrain = 500 000 roughly
the same training time as the chosen VP-SVM. Here, note that, for ntrain = 10 000, the
RC-SVM using one working set trains substantially slower than the LS-SVM, even though
this RC-SVM is basically an LS-SVM. As a reason for this phenomenon, we conjecture
that the used compute server was busy because of other influences.
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n ≥ 1 : ∃s1 , . . . , sn ∈ T such that T ⊂

Similarly, the ε-covering number of T is defined by
(
N (T, d, ε) := inf

i≥1

=⇒

ln N (T, d, ε) ≤ ln(4)

n
[

i=1

)

Bd (si , ε)

,

and again, this definition can be applied to bounded linear operators S : E → F by
considering the set SBE . Moreover, every subset S ⊂ T for which for all t ∈ T there exists
an s ∈ S with d(s, t) ≤ ε is called an ε-net of T . Consequently, N (T, d, ε) is the size of the
smallest ε-net of T . Recall that entropy and covering numbers are in some sense inverse to
each other. To be more precise, for all constants a > 0 and q > 0, the implication
 a q
,
∀ ε > 0 (20)
ε
ei (T, d) ≤ ai−1/q ,

ε

 a q

,

ε>0

=⇒

ei (T, d) ≤ 31/q ai−1/q ,

∀ i ≥ 1.

(21)

holds by (Steinwart and Christmann, 2008, Lemma 6.21). Additionally, (Steinwart and
Christmann, 2008, Exercise 6.8) yields the opposite implication, namely
ln N (T, d, ε) <

2

With these preparations, we can now prove Lemma 1, which relates the radius r of a
cover Br (z1 ), . . . , Br (zm ) of B`d ⊃ X defined by (4) with the number m of centers z1 , . . . , zm .



1+

2
r̃

d

,

r̃ ∈ (0, 1].

Proof [of Lemma 1] It is easy to show that N (cB`d , `2d , r) = N (B`d , `2d , rc ) holds for all
2
2
r, c > 0. Moreover, applying Proposition 1.1 of (Temlyakov, 2013) yields

2

r̃−d ≤ N (B`d , `2d , r̃) ≤

≤m≤

1



2c d
1+
.
r

Consequently, we can find a cover (Br (zj ))j=1,...,m of X ⊂ cB`d with centers zj ∈ cB`d and
2
2
radius r ≤ c such that
c

 r −d

1

Since r ≤ c, we thus have r ≤ (r + 2c) m− d ≤ 3cm− d

Next, we consider a lemma that is part of our construction of the partition (Aj )j of X.

2

Lemma 8 Let (Aj0 )j=1,...,m be a partition of B`d such that Åj0 6= ∅ as well as Åj0 = Aj0 for

2

every j ∈ {1, . . . , m}. Let X be some closed subset of B`d such that X̊ 6= ∅ and X̊ = X.
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Without loss of generality we further assume that there is an m0 ≤ m such that Aj0 ∩ X̊ 6= ∅
for all j ∈ {1, . . . , m0 } and Aj0 ∩ X̊ = ∅ for all j ∈ {m0 + 1, . . . , m}. Then, we define
A00 := A0 ∩ X̊ for all j ∈ {1, . . . , m }. Moreover, let (A )
0
j
j=1,...,m
0 be a partition of X with
j
j
˚00 6= ∅, and thus Åj 6= ∅.
Aj00 ⊂ Aj ⊂ Aj00 . Then, for every j ∈ {1, . . . , m0 }, we have A
j

24

j

j



RL,P (f ) − R∗L,P = RLA ,P (fA ) − R∗LA ,P + RLB ,P (fB ) − R∗LB ,P .



1

1

and

−1

−1

L2 (ν|A )

≤ εA ,

− 12

L2 (ν|B )

≤ εB .

(23)

(22)



L2 (ν|A )

+ ĝB −

L2 (ν)
2
ĥiB
L2 (ν|B )

2

25

26
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o
: fˆiA ∈ {fˆ1 , . . . , fˆa } and ĥiB ∈ {ĥ1 , . . . , ĥb }

=: ε .

≤

ε2A + ε2B
2

2

 

ĝA − fˆiA + ĝB − ĥiB

= ĝA − fˆiA

=

JMLR 17(194):1-44

B

L2 (ν)

2

is an ε-net of H w.r.t. k · kL2 (ν) . Concerning the ε-covering number of H, this finally implies




−1/2
−1/2
N (BH , k · kL2 (ν) , ε) ≤ a·b = N λA BĤA , k · kL2 (ν|A ) , εA · N λB BĤB , k · kL2 (ν|B ) , εB .

A

With this, we know that
n
fˆi + ĥi



g − fˆiA + ĥiB

and an ĝB ∈ λB BĤB such that g = ĝA + ĝB . Together with (22) and (23), this implies

Let us now consider an arbitrary function g ∈ BH . Then, there exists an ĝA ∈ λA 2 BĤA

ĝB − ĥiB

and for every function ĝB ∈ λB 2 BĤB , there exists an iB ∈ {1, . . . , b} such that

ĝA − fˆiA

−1

b = N (λB 2 BĤB , k · kL2 (ν|B ) , εB ) .

That is, for every function ĝA ∈ λA 2 BĤA , there exists an iA ∈ {1, . . . , a} such that

−1

a = N (λA 2 BĤA , k · kL2 (ν|A ) , εA )

−1

{ĥ1 , . . . , ĥb } is an εB -cover of λB 2 BĤB w.r.t. k · kL2 (ν|B ) ,

−1

−
−
and ĥ1 , . . . , ĥb ∈ λB 2 BĤB such that {fˆ1 , . . . , fˆa } is an εA -cover of λA 2 BĤA w.r.t. k · kL2 (ν|A ) ,

1

q
ε2A + ε2B .

−
Proof First of all, we assume that there exist a, b ∈ N and functions fˆ1 , . . . , fˆa ∈ λA 2 BĤA

where εA , εB > 0 and ε :=

Lemma 10 Let ν be a distribution on X and A, B ⊂ X with A ∩ B = ∅. Moreover, let HA
and HB be RKHSs on A and B that are embedded into L2 (ν|A ) and L2 (ν|B ), respectively.
Let the extended RKHSs ĤA and ĤB be defined as in Lemma 2 and denote their direct sum
by H as in (11), where the norm is given by (12) with λA , λB > 0. Then, for the ε-covering
number of H w.r.t. k · kL2 (ν) , we have




−1/2
−1/2
N (BH , k · kL2 (ν) , ε) ≤ N λA BĤA , k · kL2 (ν|A ) , εA · N λB BĤB , k · kL2 (ν|B ) , εB ,

Meister and Steinwart

To derive an oracle inequality for VP-SVMs we will have to relate the entropy numbers
of Hj , j ∈ {1, . . . , m}, to those of H. Our first result establishes such a relationship for
covering numbers, instead.

6.1 Some General Estimates on Entropy Numbers

The second assertion follows immediately.

= RLA ,P (fA ) + RLB ,P (fB ) .

X×Y

Proof Simple transformations using A ∪ B = X and A ∩ B = ∅ show
Z
RL,P (f ) =
L (x, y, 1A (x)fA (x) + 1B (x)fB (x)) dP(x, y)
ZX×Y
=
1A (x)L(x, y, fA (x)) + 1B (x)L(x, y, fB (x)) dP(x, y)

as well as

RL,P (f ) = RLA ,P (fA ) + RLB ,P (fB ) .

Lemma 9 Let P be a distribution on X × Y and L : X × Y × R → [0, ∞) be a loss
function. For A, B ⊂ X such that A ∪ B = X and A ∩ B = ∅, define loss functions LA , LB :
X × Y × R → [0, ∞) by LA (x, y, t) = 1A (x)L(x, y, t) and LB (x, y, t) = 1B (x)L(x, y, t),
respectively. Furthermore, let fA : X → R as well as fB : X → R be measurable functions
and f : X → R be defined by f (x) = 1A (x)fA (x) + 1B (x)fB (x) for all x ∈ X. Then, we
have

Next, let us consider a crucial property of the risk of functions contained in a joined
RKHS.

˚00 ⊂ Åj .
second assertion follows from A
j

j

Hence, there exists a sequence (xn )n ⊂ Å0j such that xn −−−→ x. On the other hand,
x ∈ A00j ⊂ X̊ together with the fact that X̊ is open, gives xn ∈ X̊ for all sufficiently large n.
˚00 , which contradicts the assumed A
˚00 = ∅. The
For such an n, we obtain xn ∈ Å0 ∩ X̊ = A

n→∞

where we used the notation interior B := B̊, it immediately follows that x ∈ ∂A0j ⊂ A0j = Å0j .

˚00 = interior(A0 ∩ X̊) = Å0 ∩ interior X̊ = Å0 ∩ X̊ ,
∅=A
j
j
j
j

˚00 = ∅. By our assumption we
Proof Let us assume that there is an j ∈ {1, . . . , m0 } with A
j
then know A00j = A0j ∩ X̊ 6= ∅, i.e., there exists some x ∈ A0j ∩ X̊. Since
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Based on Lemma 10, the following theorem relates entropy numbers of HA and HB to
those of H.

|Aj

1
− 2p

,

2p

1

λj−p aj2p 
,

i ≥ 1.

1
− 2p

i, n ≥ 1 .

i ≥ 1,

(24)

Theorem 11 Let PX be a distribution on X and A1 , . . . , Am ⊂ X be pairwise disjoint.
Moreover, for j ∈ {1, . . . , m}, let
R Hj be a separable RKHS of a measurable kernel kj over
2
Aj such that kkj kL
) := X kj (x, x)dPX |Aj (x) < ∞. Define RKHSs Ĥ1 , . . . , Ĥm by
2 (PX


m
X
√
≤ 2 m 3 ln(4)
j=1

ei (id : Hj → L2 (PX |Aj )) ≤ aj i

L2 (PX ))
i

Lemma 2 and the joined RKHS H by (13) with the norm (14) and weights λ1 , . . . , λm > 0.
In addition, assume that there exist constants p ∈ (0, 1) and aj > 0, j ∈ {1, . . . , m}, such
that for every j ∈ {1, . . . , m}

:H→

Then, we have

ei (id
and, for the average entropy numbers,

j=1


1
2p
m
X
√
−1
n ei (id : H → L2 (DX )) ≤ cp
EDX ∼PX
m
λj−p aj2p  i 2p ,

−1

Proof First of all, note that the restriction operator I : BĤj → BHj with I fˆ = f is
an isometric isomorphism. Together with (Steinwart and Christmann, 2008, (A.36)) and
assumption (24), this yields
−1

−1

ei (λj 2 BĤj , L2 (PX |Aj )) = 2λj 2 ei (BĤj , L2 (PX |Aj ))
1
− 2p

.

≤ 2λj 2 kI : BĤj → BHj kei (BHj , L2 (PX |Aj ))
−1

≤ 2λj 2 aj i



j

N

j
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 1
−
λj 2 BĤj , k · kL2 (PX |A ) , εj 

for every j ∈ {1, . . . , m}, Lemma 10 implies

j=1

m
Y

√ε
m



 1
2p
−
−1
λj 2 BĤj , k · kL2 (PX |A ) , ε ≤ ln(4) 2λj 2 aj
ε−2p

Furthermore, we know by (20) that
ln N

holds for all ε > 0. With this and εj :=

ln N (BH , k · kL2 (PX ) , ε) ≤ ln 

27

m
X

j=1

m
X

j=1



ε
−1
λj 2 BĤj , k · kL2 (PX |A ) , √
j
m

2p  √ 2p

m
−1
ln(4) 2λj 2 aj
ε

ln N

Meister and Steinwart

=
≤

j=1





 1 2p
2p
m
X
1 √


= 2 ln(4) 2p m 
λj−p aj2p   ε−2p .

Using (21), the latter bound for the covering number of BH finally implies the following
entropy estimate

√



m



λj−p aj2p 

j=1

m
X

j=1

1
2p

i

1
− 2p

.


1 


2p
m
X
1 √
1 
 −1
λj−p aj2p   i 2p
ei (id : H → L2 (PX )) ≤ 3 2p 2 ln(4) 2p m 

1

≤ 2 (3 ln(4)) 2p

The second assertion immediately follows by (Steinwart and Christmann, 2008, Corollary
7.31).

In the following subsections, we first focus on RKHSs using Gaussian RBF kernels and
examine the associated entropy numbers to specify (24). Subsequently, we additionally
consider the least squares loss to prove Theorem 4.

6.2 Entropy Estimates for Local Gaussian RKHSs

x, x0 ∈ A ,

In this subsection, we derive an estimate in terms of assumption (24) for the RKHS Hγ (A)
over A of the Gaussian RBF kernel kγ on A ⊂ Rd given by


kγ (x, x0 ) := exp −γ −2 kx − x0 k22 ,

for some width γ > 0. More precisely, in the subsequent theorem we determine an upper
bound for the entropy numbers of the operator id : Hγ (A) → L2 (PX |A ).

p
d+2p
− d+2p − 1
PX (A) r 2p γ 2p i 2p ,
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i ≥ 1.

Theorem 12 Let X ⊂ Rd , PX be a distribution on X and A ⊂ X be such that Å 6= ∅
and such that there exists an Euclidean ball B ⊂ Rd with radius r > 0 containing A, i.e.,
A ⊂ B. Moreover, for 0 < γ ≤ r, let Hγ (A) be the RKHS of the Gaussian RBF kernel kγ
over A. Then, for all p ∈ (0, 1), there exists a constant cp > 0 such that
ei (id : Hγ (A) → L2 (PX |A )) ≤ cp

28



id

id

/ `∞ (B)

id

/ L2 (PX |A )
O

X

X

1
Z
1
p
2
2
1A (x)|f (x)|2 dPX (x) ≤ kf k∞
1A (x)dPX (x) = PX (A) kf k∞ ,

p

m

PX (A) cm,d rm γ −m i− d ≤ cp

p
d+2p
− d+2p − 1
PX (A) r 2p γ 2p i 2p .

Kj : Rd → R ,

,P

`=1

29

2
`2 γj2 π

2

!d

!

,

(26)

(25)
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2kxk2
exp − 2 22
` γj

∗
= kf0 − fL,P
k2L (P
.
2
X |AT )

s  
X
s
x 7→
(−1)1−`
`

Let us begin by writing for fixed γj > 0

T

RLJT ,P (f0 ) − R∗LJ

In this subsection, we prove the results that are linked with the least squares loss, i.e., the
results of Section 4. Before we elaborate on the oracle inequality for VP-SVMs using the
least squares loss as well as RKHSs of Gaussian kernels, we have to examine the excess risk

6.3 Proofs Related to the Least Squares VP-SVMs

ei (id : Hγ (A) → L2 (PX |A )) ≤

wherel mm≥ 1 is an arbitrary integer and cm,d a positive constant. For p ∈ (0, 1), the choice
d
finally yields
m = 2p

−1
◦ IA : Hγ (A) → Hγ (B)k · ei (id : Hγ (B) → `∞ (B)) · kid : `∞ (B) → L2 (PX |A )k
≤ kIB
p
m
≤ PX (A) cm,d rm γ −m i− d ,

ei (id : Hγ (A) → L2 (PX |A ))

p
i.e., kid : `∞ (B) → L2 (PX |A )k ≤ PX (A). Together with (Steinwart and Christmann,
2008, (A.38) and (A.39)) as well as (Steinwart and Christmann, 2008, Theorem 6.27), we
obtain for all i ≥ 1

kf kL2 (PX |A ) =

Z

−1
where the extension operator IA : Hγ (A) → Hγ (Rd ) and the restriction operator IB
:
Hγ (Rd ) → Hγ (B) given by (Steinwart and Christmann, 2008, Corollary 4.43) are isometric
−1
isomorphisms, so that kIB
◦ IA : Hγ (A) → Hγ (B)k = 1. Furthermore, for f ∈ `∞ (B),
where `∞ (B) is the space of all bounded functions on B, we have

Hγ (B)

−1
IB
◦IA

Hγ (A)

Proof First of all, we consider the commutative diagram
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and

γmin := min{γ1 , . . . , γm }

j=1

m
X

 qα
2

1

π − 4 Γ qα +

1
2

2

1

.



γmax
γmin

1Aj · (Kj ∗ f ) − f

Lq (ν)

q

qα
γmax
,

≤ kf kqB α

  qα

1 

d 2 −1
1 2 γmax d qα
4Γ
π
qα
+
γmax ,
q,∞ (ν)
2
2
γmin

d

Rd

Rd

Z

j∈J

X

1Aj · (Kj ∗ f ) − f
Lq (ν)

q

1−`

1
`d

30

`=1
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!d
!
2
2
2kx − tk22
exp −
f (t) dt
(−1)
`
γj2 π
`2 γj2
`=1
!d
!
!
s  
2
X
2
2khk22
s
1−`
exp
−
(−1)
f
(x
+
`h)
dh .
`
γj2 π
γj2

s  
X
s

With this we can derive, for q ≥ 1,

=

Kj ∗ f (x) =

Z

we have to proceed in a similar way as in the proof of (Eberts and Steinwart, 2013, Theorem 2.2). First of all, we use
 the translation invariance of the Lebesgue measure and
exp −kuk22 = exp −k − uk22 (u ∈ Rd ) to obtain, for x ∈ X and j ∈ J,

j∈J

X

Proof In the following, we write J := {1, . . . , m}. To show

d
2

1Aj · (Kj ∗ f ) − f kqLq (ν) ≤ Cα,q

q,∞ (ν)

where Cα,q := kf kqB α

k

Theorem 13 Let us fix some q ∈ [1, ∞). Assume that ν is a finite measure on Rd with
supp ν =: X ⊂ cB`d ⊂ Rd for some c > 0. Let (A0j )j=1,...,m be a partition of cB`d . Then,
2
2
Aj := A0j ∩ X for all j ∈ {1, . . . , m} defines a partition (Aj )j=1,...,m of X. Furthermore, let
d
α
f : R → R be such that f ∈ Bq,∞ (ν) for some α ≥ 1. For the functions Kj : Rd → R,
j ∈ {1, . . . , m}, defined by (26), where s := bαc + 1 and γ1 , . . . , γm > 0, we then have

in the following theorem and the associated proof. For the sake of generality, we do not only
α (ν) in the following theorem but instead the Besov-like
consider the Besov-like space B2,∞
α (ν) for arbitrary q ∈ [1, ∞). These Besov-like spaces are defined analogously to
spaces Bq,∞
α (ν), however, applying the modulus of smoothness for the L (ν)-norm instead of the
B2,∞
q
L2 (ν)-norm. For an explicit definition of these spaces we refer to (Eberts, 2015, Section
3.1)

γmax := max{γ1 , . . . , γm }

P
∗
and choosing f0 := m
j=1 1Aj · (Kj ∗ fL,P ). Then, (25) can be estimated with the help of the
following theorem, which is together with its proof basically a modification of (Eberts and
Steinwart, 2013, Theorem 2.2). Indeed, the proofs proceed mainly identically. Note that
we use the notation

Meister and Steinwart

=

≤
=
=

=

=

≤

Z

q

dν (x)
q

2khk22
γj2
2

!d
!




q

4hs (f, x) dh

dh =

!

d/2

q

dν (x)

q

dν (x)

yield, for q > 1,

 q−1
q
dh

γj2 π
2

|4hs (f, x)| dh dν (x) .

2khk22
γj2

!
!
s  
X
s
(−1)2s+1−` f (x + `h) dh
`

2khk22
γj2

exp −

`=0

∗ f (x) − f (x)| dν (x)

2
γj2 π

exp −

d
2



2

2khk22
γj2

!

 1q q

|4hs (f, x)|q dh  dν (x)

!d
!

exp −

−2γj−2 khk22

exp −

exp
q

2
γj2 π

Lq (ν)

Rd

2

!d

|4hs (f, x)|q dh dν (x)
1Aj (x) |4hs (f, x)|q dν (x) dh

2khk22
γj2

Rd

!Z

exp −

2khk22
γj2
2
γj2 π

exp −
Z

Rd

2khk22
γj2

!
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1Aj (x) |Kj

1Aj (x) (Kj ∗ f ) (x) − f (x)

X

X





X

2

!d

Z
2
γj2 π

Rd

R
Rd

!

Z
2
γj2 π

(−1)s+1

Rd

Rd


Z
1Aj (x) 

1Aj (x)

1Aj (x)

1Aj (x) |Kj ∗ f (x) − f (x)|q dν (x)

1Aj (x) |Kj ∗ f (x) − f (x)|q dν (x)

j∈J

Rd j∈J

Z

Rd

Z
Rd j∈J

Rd

XZ

j∈J

Rd

XZ

j∈J

Rd

XZ

j∈J

Rd

XZ
j∈J

2


Z

1Aj (x) 
2
γj2 π

1Aj (x)

2

!d

exp −

j∈J
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d

Z X
2
2khk2
exp − 2 2
1Aj (x) |4hs (f, x)|q d ν (x) dh
γmax
Rd

2
γj2 π
2
2
πγmin

Rd



!d

1Aj · (Kj ∗ f ) − f

Then, Hölder’s inequality and
X

Rd

XZ

XZ

j∈J

Rd

Z

j∈J

XZ

Rd

Rd


Z


j∈J

j∈J

≤

=

=

≤

31

Rd

2
2
πγmin

·

d
2

Meister and Steinwart

∗ f) − f
2

!d

L1 (ν)

2
γj2 π

exp −

2khk22
γj2

!

|4hs (f, x)| dh dν (x)

d


Z 
2
2
2
2khk
q
exp − 2 2 k4hs (f, ·)kL
dh
=
2
q (ν)
γmax
πγmin
Rd



Z 
2khk2
q
exp − 2 2 ωs,L
(f, khk2 ) dh .
q (ν)
γmax
≤

X

(Kj

Z

Rd

j∈J




2khk2
exp − 2 2 ωs,L1 (ν) (f, khk2 ) dh .
γmax

d
2


d

2 Z
X
2
2khk
1Aj (x) |4hs (f, x)| d ν (x) dh
exp − 2 2
γmax
Rd

1Aj (x)

2
2
πγmin

2
2
πγmin

Rd





XZ

Rd

Z

Rd

Z

j∈J

j∈J

≤
≤
≤

1Aj

Moreover, for q = 1, we have

1Aj

·

(Kj

∗ f) − f
Lq (ν)

q

Consequently, we can proceed in the same way for all q ≥ 1. To this end, note that the
α for t > 0. The latter together
α (ν) implies ω
α (ν) t
assumption f ∈ Bq,∞
s,Lq (ν) (f, t) ≤ kf kBq,∞
with Hölder’s inequality yields
X

j∈J

2
2γmax
4
πγmin

Rd

!

h`2qα

2 π
γmax
2

Rd

d Z
X

`=1

d 
X

`=1

l=1

 d−1
2

R
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Z
2h2
h`2qα exp − 2 `
dh`
γmax



d
Y
2h2
d (h1 , . . . , hd )
exp − 2 l
γmax

d
of `2qα
to `2d , we obtain

dh ≤ dqα−1

qα−1
2qα



d
Z 
2
2
2khk2
q
≤
exp − 2 2 ωs,L
(f, khk2 ) dh
2
q (ν)
γmax
πγmin
Rd


d Z

2
2khk22
2
q
≤ kf kB
khk2qα exp −
dh
α (ν)
2
2
q,∞
γ
πγ
Rd
max
min

 d Z

  21 Z

  21
2
2
2
2
2khk
2khk
q
≤ kf kB
exp − 2 2 dh
khk22qα exp − 2 2 dh
α
2
q,∞ (ν)
γmax
γmax
πγmin
Rd
Rd

 d4 Z
  12

2khk2
khk22qα exp − 2 2 dh
.
γmax
q,∞ (ν)

q
= kf kB
α

khk22qα exp

2 khk2
− 2 2
γmax

Using the embedding constant d
Z

Rd

= dqα−1

32

t

2qα

2t2
exp − 2
γmax









∞



2t2
t2qα exp − 2
dt .
γmax

the functional equation Γ(t + 1) = t Γ(t)
π we further have

0

 d−1
Z
2

2
2γmax
4
πγmin

 d4


  12
2khk22
khk2qα
dh
2 exp − 2
γmax
Rd

 d4 Z

Lq (ν)

q



j=1

m
X

2p

1

2p 
λ−p
j aj

i

1
− 2p

,

i, n ≥ 1 .

EP

33

(28)

(27)
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∀ f : X → [−M, M ]

∀ (x, y) ∈ X × Y, t ∈ [−M, M ]

and the variance bound
2
ϑ
∗
∗
L ◦ f − L ◦ fL,P
≤ V · EP L ◦ f − L ◦ fL,P
,

holds for B =

4M 2

L(x, y, t) ≤ B ,

Note that, for the least squares loss, which can be clipped at M with Y = [−M, M ], the
supremum bound

EDX ∼PnX ei (id : H → L2 (DX )) ≤ cp m 

√

Based on Theorems 11, 12, and 13, we can now show Theorem 4, where we denote by
L ◦ f the function (x, y) 7→ L(x, y, f (x)).
Proof [of Theorem 4] First of all, since H1 , . . . , Hm are RKHSs of Gaussian kernels, the
joined RKHS H is seperable and its kernel is measurable. Moreover, since Theorem 12 prod+2p − d+2p
p
−1
vides ei (id : Hγj (Aj ) → L2 (PX |Aj )) ≤ aj i 2p for i ≥ 1 with aj = c̃p PX (Aj ) r 2p γj 2p ,
Theorem 11 yields

1

! 2
 qα  d−1  12
2
1
2γmax
d
π
q
2qα+d
γmax Γ qα +
≤ kf kB α (ν)
4
q,∞
2
2
2d
πγmin

1 
  qα
d
1 2 γmax
d 2 −1
qα
.
= kf kqB α (ν)
π 4 Γ qα +
γmax
q,∞
2
2
γmin

q,∞ (ν)

2 π
γmax
2

 2 qα Z ∞
1
1 γmax γmax
dt = √
u(qα+ 2 )−1 exp (−u) du
2 2
2
0
 2 qα 

1 γmax γmax
1
.
= √
Γ qα +
2 2
2
2

1Aj · (Kj ∗ f ) − f

≤ kf kqB α

j∈J

X

Altogether, we finally obtain

0

∞

for γ > 0. With the substitution t =

of the Gamma function Γ, and Γ 12 =

Z



2 u) 12 ,
( 12 γmax
√

= 2dqα
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j∈JT

j

(

m
X

2p

!1

,B

)!2p

d
2p

=: a2p ,

j=1

m
X
1−p

j=1

m
X

d+2p
2p

− d+2p
p

λ−1
j γj

max cp c̃p 3 r

(

max cp c̃p m r

1
2p

− d+2p
p

λ−1
j γj

!1

!p
PX (Aj )

+ B 2p

2

!1

,B

PX (Aj )

− d+2p
p
λ−1
PX (Aj )
j γj

j=1

m
X

j=1

,B

)!2p

)!2p

2

+ RLJ ,P (fÛD,λ ) − R∗LJ ,P

Pn

j∈JT

3e−τ ,

(29)

34
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with probability
not less than 1 −
where C > 0 is the constant of (Steinwart
and Christmann, 2008, Theorem 7.23) only depending on p, M , V , ϑ, and B. To continue
estimate (29), we have to choose a function f0 ∈ H. To this end, we define functions
Kj : Rd → R, j ∈ {1, . . . , m}, by (26), where s := bαc + 1 and γj > 0. Then, we define f0
∗ , that is
by convolving each Kj with the Bayes decision function fL,P
X
∗
f0 (x) :=
1Aj (x) · (Kj ∗ fL,P
)(x) ,
x ∈ Rd .

j=1

 1

1


72V τ 2−ϑ 15B0 τ
≤ 9 kf0 k2H + RLJ ,P (f0 ) − R∗LJ ,P + C a2p n−1 2−p−ϑ+ϑp + 3
+
n
n



 1
m
X
1
2−ϑ

15B0 τ
72V τ
≤ 9 λj k1Aj f0 k2Ĥ +RLJ ,P (f0 ) −R∗LJ ,P  +C a2p n−1 2−p−ϑ+ϑp +3
+
j
n
n

=

j

λj kfDj ,λj k2Ĥ + RLJ ,P (fÛD,λ ) − R∗LJ ,P
kfD,λ k2H

j=1

2p d
, mrd ≤ 3d by (5), and Cp := c2p
where we used k · k`m
≤ m p k · k`m
p c̃p 3 . Then, we can
p
1
apply (Steinwart and Christmann, 2008, Theorem 7.23) using the regularization parameter
λ̃ = 1. That is, for λ1 , . . . , λm > 0, all fixed τ > 0, and for an f0 ∈ H and a constant
B0 ≥ B such that kLJ ◦ f0 k∞ ≤ B0 , we obtain
m
X

(

j=1

2p
λ−p
j aj

1
(
)!2p
p ! 2p
m 
√ d+2p X
− d+2p
p
max cp c̃p mr 2p
,
B
λ−1
P
(A
)
γ
j
X
j
j

≤ Cp r2p

≤

≤

=

max cp m

√

for V = 16M 2 and ϑ = 1 (cf. Steinwart and Christmann, 2008, Example 7.3). Actually,
(27) immediately yields the supremum bound for LJT , too. The same holds for the variance bound (28), which can be easily shown by the use of fe(x) := 1Sj∈J Aj (x)f (x) +
T
 (x)f ∗ (x) for all f : X → [−M, M ]. Using the constant B, we now have
1X\S
L,P
A

Meister and Steinwart



γj

Optimal Learning Rates for Localized SVMs

Kj ∗

∗
fL,P
|Aj

∗
Kj ∗ fL,P
|Aj

∗
= 1Aj (Kj ∗ fL,P
)

=

∈Ĥγj (Aj )

Ĥγj (Aj )
Hγj (Aj )

∗
) ∈ HJT .
1Aj (Kj ∗ fL,P
{z
}
|

√
d
∗
≤ (γj π)− 2 (2s − 1)kfL,P
kL2 (Rd ) .

j∈JT

X

j (Aj )

f0 =

k1Aj f0 kĤγ

Now, to show that f0 is indeed a suitable function to bound the approximation error, we
first need to ensure that f0 is contained in H. In addition, we need to derive bounds for
both, the regularization term and the excess risk of f0 . To this end, we apply (Eberts and
Steinwart, 2013, Theorem 2.3) and obtain, for every j ∈ JT ,

∈ H (Aj )
with

This implies

−

fj :=

(
∗ ),
1Aj (Kj ∗ fL,P
0,

∗
RL
JT ,P

j ∈ JT ,
j∈
/ JT .

∗
fL,P
)

d

S

Aj , (25) and Theorem

∗
2
fL,P
kL
2 (PX |AT )

j∈JT

max γj2α ,

= kf − f ∗ k2
0
L,P
L
2 (PX |AT )
X
∗
−
=k

1Aj (Kj



maxj∈JT γj
minj∈JT γj

j∈JT

Besides,
Pmnote that 0 ∈ Ĥγj (Aj ) for every j ∈ {1, . . . , m} such that f0 can be written as
f0 = j=1
fj , where

RLJT ,P (f0 )

≤ Cα,2

j∈JT

Obviously, the latter implies f0 ∈ H. Furthermore, for AT :=
13 yield

X

j∈JT

X

L∞ (Rd )

.
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∗
∗
1Aj (x) Kj ∗ fL,P
(x) ≤ (2s − 1) fL,P

|L(y, f0 (x))|

j∈JT

(x,y)∈X×Y

sup

∗
1Aj (x) · (Kj ∗ fL,P
)(x) ≤

∗ k α
where Cα,2 is a constant only depending on α, d, and kfL,P
B2,∞ (PX |AT ) . Next, we derive a
bound for kL ◦ f0 k∞ using (Eberts and Steinwart, 2013, Theorem 2.3) which provides, for
every x ∈ X, the supremum bound

|f0 (x)| =

The latter implies
kLJT ◦ f0 k∞ =

35

T

,P

(x,y)∈X×Y

sup

M 2 + 2M |f0 (x)| + |f0 (x)|2

Meister and Steinwart

≤

n
o
∗
2
≤ 4s max M 2 , kfL,P
kL
,
d
∞ (R )

γj (Aj )

Û

RLJT ,P (fD,λ,γ )

−

T

∗
+ RLJT ,P (f0 ) − RL
J

+

γj (Aj )

,P





∗
RL
JT ,P

∗ k2
i.e., B0 := 4s max{M 2 , kfL,P
}. Applying (29) then yields
L∞ (Rd )

m
X

2
λj kfDj ,λj ,γj kĤ

∗
RLJT ,P (fÛD,λ,γ ) − RL
J

≤

j=1

j=1


m
X
2
≤ 9
λj k1Aj f0 kĤ



j=1

m
X

λj−1 γj

− d+2p
p

p



maxj∈JT γj
minj∈JT γj

PX (Aj ) n−1 + CB 2p n−1 +

τ
n

λj γj−d + 9Cα,2

p

PX (Aj ) n−1 + 16p CM 4p n−1

j∈JT



d

j∈JT

max γj2α

3456M 2 τ
n


 1
1

72V τ 2−ϑ 15B0 τ
+
+ C a2p n−1 2−p−ϑ+ϑp + 3
n
n



d
X
√
max
j∈JT γj
∗
2
λj (γj π)−d (2s − 1)2 kfL,P
kL
max γj2α 
d + Cα,2
2 (R )
j∈JT
minj∈JT γj
≤ 9

j∈JT

+ CCp r2p 

− d+2p
p

λj−1 γj

X

∗
2
+ 15 · 4s max{M 2 , kfL,P
kL
d }
∞ (R )
d

m
X

j=1

∗
2
≤ 9(2s − 1)2 π − 2 kfL,P
kL
d
2 (R )


+ CCp r2p 


τ
∗
2
+ 3456M 2 + 15 · 4s max{M 2 , kfL,P
kL
d }
∞ (R )
n

X

j∈JT

γj (Aj )

λj γj−d +

2
λj kfDj ,λj ,γj kĤ



maxj∈JT γj
minj∈JT γj

j∈JT

,P

j=1


p

d
m
X
− d+2p
max γj2α +r2p  λj−1 γj p PX (Aj ) n−1 + τ̂ n−1

T

∗
+ RLJT ,P (fÛD,λ,γ ) − RL
J

with probability Pn not less than 1 − 3e−τ . Finally, for τ̂ ≥ 1, a variable transformation
implies
m
X
j=1


≤ CM,α,p 

2,∞ (PX |AT

)

d
2

α
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1
1
1 2
,
π − 4 Γ 2α +
2

with probability Pn not less than 1 − e−τ̂ , where the constant CM,α,p is defined by
(

d

∗
2
∗
2
CM,α,p := max 9(2s − 1)2 π − 2 kfL,P
kL
d , 9kfL,P kB α
2 (R )

36

2p
Cc2p
p c̃p ,

16 CM

p

4p

2

s

+ 3456M + 15 · 4 max{M


2



∗
, kfL,P
k2L∞ (Rd ) }

(1 + ln(3)) .

)

j=1



1
− βd

finally implies

>

0 is a constant and

∈

RLT ,P (fÛD,λ,γ ) − R∗LT ,P

37

T

α
B2,∞
(PX | Sj∈J Aj ) .

With this, Theorems 4 and 5 immediately yield

∗
fL,P
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Proof [of Corollary 6] For simplicity
of notation, we write λ, λj , γ, and γj instead of
S
∗
λn , λn,j , γ n , and γn,j . Since j∈JT Aj ⊂ T +δ for all n ≥ nδ , the assumption fL,P
∈
α (P
B2,∞
X |T +δ ) implies

−τ
with probability Pn not
 less than 1 − e , where C
2
2
ξ ≥ 1 + 2α+d
+ β1 − βd
p > 0.

R∗LJ ,P
T

RLJT ,P (fÛD,λn ,γ n ) −


−(d+2p) (2−d)p −1
≤ 3d CM,α,p λ̃n γ̃n−d + γ̃n2α + λ̃−p
rn
n + τ n−1
n γ̃n


(2−d)p
d+2p
d
2α
−
≤ ĈM,α,p n−1 n 2α+d + n− 2α+d + np n 2α+d n βd n−1 + τ n−1




2
2
2α
2α
− 2α + 1+ 2α+d
+ β1 − βd
p
= ĈM,α,p n− 2α+d + n− 2α+d + n 2α+d
+ τ n−1


2α
≤ C n− 2α+d +ξ + τ n−1

Using the choices λ̃n = c2 n−1 , γ̃n = c3 n− 2α+d , as well as rn = c1 n

1

−(d+2p) (2−d)p −1
≤ 3d CM,α,p λ̃n γ̃n−d + γ̃n2α + λ̃−p
rn
n + τ n−1 .
n γ̃n



RLJT ,P (fÛD,λn ,γ n ) − R∗LJ ,P
T
p




d
mn
d+2p
X
X
−
max
γ
τ
n,j
j∈J
p
−d
T
λn,j γn,j
+
≤ CM,α,p 
max γ 2α +r2p  λ−1
PX (Aj ) n−1 + 
n,j γn,j
minj∈JT γn,j j∈JT n,j n
n
j=1
j∈JT


p

mn
X
−(d+2p) 
= CM,α,p |JT |rnd λ̃n γ̃n−d + γ̃n2α + rn(2−d)p λ̃−p
PX (Aj ) n−1 + τ n−1 
n γ̃n

Next, using the just proven oracle inequality presented in Theorem 4, we show the
learning rates of Theorem 5 in only a few steps.
1
Proof [of Theorem 5] First of all, we define sequences
λ̃n := c2 n−1 and γ̃n := c3 n− 2α+d to
Pmn
simplify the presentation. Then, Theorem 4, j=1 PX (Aj ) = 1, and |JT | ≤ mn ≤ 3d rn−d
together with λn,j = rnd λ̃n and γn,j = γ̃n for all j ∈ {1, . . . , mn } yield

3

d

Optimal Learning Rates for Localized SVMs

j=1

j=1
m
X

m
X

2α
− 2α+d
+ξ

+ τn

−1

maxj∈JT γj
+
minj∈JT γj




d
max γj2α
j∈JT

T

j=1


m
X

2p 

,P

+r

+ RLJT ,P (fÛD,λ,γ ) − R∗LJ

+ RLT ,P (fÛD,λ,γ ) − R∗LT ,P

p
d+2p
−1 − p
λj γj
PX (Aj ) n−1


τ
+
n

1

and

γ (`) − γ (`−1) ≤ 2δn
−

2α+d

(30)

rnd λ∗ ≤ λ(i) ≤ rnd λ∗ + 2rnd εn

38

and

(31)
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γ ∗ ≤ γ (`) ≤ γ ∗ + 2δn .

hold for all i = 1, . . . , u and ` = 1, . . . , v. Furthermore, define λ∗ := n (2α+d)(1+p)+2p and
1
−
γ ∗ := cn (2α+d)(1+p)+2p . Then, there exist indices i ∈ {1, . . . , u} and ` ∈ {1, . . . , v} with
(i−1)
d
∗
λ
≤ rn λ ≤ λ(i) and γ (`−1) ≤ γ ∗ ≤ γ (`) . Together with (30), this yields

λ(i) − λ(i−1) ≤ 2rnd εn

Proof
loss of generality,
we may assume that Λn and Γn are of the form Λn =
 (1) Without

λ , . . . , λ(u) and Γn = γ (1) , . . . , γ (v) with λ(u) = rnd and γ (v) = rn as well as λ(i−1) <
λ(i) and γ (`−1) < γ (`) for all i = 2, . . . , u and ` = 2, . . . , v. With λ(0) := 0 and γ (0) := 0 it is
easy to see that



2α(2α+d+2)
where ξ := (2α+d)((2α+d)(1+p)+2p)
+ max d−2
βd , 0 p and C > 0 is a constant independent of
n, Λn , εn , Γn , and δn .




p 


mn
d+2p
X
X
maxj∈J γj d
−1 − p
−d
2α
2p 
inf
λ j γj +
max γ +rn
λ j γj
PX (Aj ) n−1
n
mn
minj∈J γj j∈J j
(λj ,γj )m
j=1 ∈(Λn ×Γn )
j=1
j∈J


2α
≤ C n− 2α+d +ξ + δn2α ,



Lemma 14 Let d ≥ 1 and rn := cn βd with β > 1 and a constant c > 0. We fix finite
subsets Λn ⊂ (0, rnd ] and Γn ⊂ (0, rn ] such that Λn is an (rnd εn )-net of (0, rnd ] and Γn is
an δn -net of (0, rn ] with 0 < εn ≤ n−1 , δn > 0, rnd ∈ Λn , and rn ∈ Γn . Moreover, let
J ⊂ {1, . . . , mn } be an arbitrary non-empty index set and |J| ≤ mn ≤ 3d rn−d . Then, for all
βd−2α−d
0 < α < β−1
2 d, n ≥ 1, and all p ∈ (0, 1) with p ≤ 2α+d+2 , we have

−

It remains to prove Theorem 7. However, we previously have to consider the following
technical lemma.



2
2
with probability Pn not less than 1 − e−τ , where ξ ≥ 1 + 2α+d
+ β1 − βd
p > 0. Moreover,
the constants CM,α,p > 0 and C > 0 coincide with those of Theorems 4 and 5.

≤C n



λj γj−d

j∈JT

X

γj (Aj )

λj kfDj ,λj ,γj k2Ĥ


γj (Aj )

λj kfDj ,λj ,γj k2Ĥ

≤ CM,α,p 

≤

≤
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n
o
2α
+max d−2
,0 p
− (2α+d)(1+p)+2p
βd

, (32)

Moreover, the definition of λ∗ implies εn ≤ λ∗ and the one of γ ∗ implies γ ∗ ≤ rn for
βd−2α−d
∗
∗
α < β−1
2 d and p ∈ (0, p ], where p := 2α+d+2 . Additionally, it is easy to check that

j=1

λ∗ (γ ∗ )−d + (γ ∗ )2α + (λ∗ )−p (γ ∗ )−(d+2p) rn(2−d)p n−1 ≤ ĉn

j∈J

where ĉ is a positive constant. Using (31), the bound |J| ≤ mn ≤ 3d rn−d , and (32), we
obtain

p 

d

mn
X
X
− d+2p
 λj γ −d + maxj∈J γj max γj2α +rn2p  λ−1 γ p PX (Aj ) n−1
inf
j
j
j
mn
m
j∈J
min
γ
(λj ,γj )j=1
∈(Λ
j
n ×Γn ) n
j∈J
j=1
j∈J

p
mn 
−1 
− d+2p
2α

−d 
X
X
p
+
λ(i)
γ (`)
+ γ (`)
λ(i) γ (`)
PX (Aj ) rn2p n−1
≤


−d 
2α  −p 
−(d+2p)
≤ |J|λ(i) γ (`)
+ γ (`)
+ λ(i)
γ (`)
rn2p n−1



−p
≤ |J| rnd λ∗ + 2rnd εn (γ ∗ )−d + (γ ∗ + 2δn )2α + rnd λ∗
(γ ∗ )−(d+2p) rn2p n−1

2α

+max

n

o

d−2
,0
βd

p

+ c̃δn2α

≤ 3d · 3λ∗ (γ ∗ )−d + (γ ∗ + 2δn )2α + (λ∗ )−p (γ ∗ )−(d+2p) rn(2−d)p n−1


≤ c̃ λ∗ (γ ∗ )−d + (γ ∗ )2α + (λ∗ )−p (γ ∗ )−(d+2p) rn(2−d)p n−1 + c̃δn2α
−

≤ c̃ĉn (2α+d)(1+p)+2p


2α
≤ C n− 2α+d +ξ + δn2α



2α(2α+d+2)
with ξ := (2α+d)((2α+d)(1+p)+2p)
+ max d−2
βd , 0 p and constants c̃ > 0 and C > 0 independent of n, Λn , εn , Γn , and δn .
In the end, we show Theorem 7 using Theorem
  4 as well as Lemma 14.
Proof [of Theorem 7] Let l be defined by l := n2 + 1, i.e., l ≥ n2 . With this, Theorem 4
yields with probability Pl not less than 1 − |Λn × Γn |mn e−τ that

X

λj γj−d +

γj

maxj∈JT γj

minj∈JT

d

j=1


p

mn
X
− d+2p
λj−1 γj p PX (Aj ) n−1 + τ n−1 
max γj2α + rn2p 

j∈JT

∗
RLJT ,P (fÛD1 ,λ,γ ) − RL
JT ,P

p




m
n
X
− d+2p
maxj∈JT γj d
c1 X
2α
2p

≤ 
λj γj−d +
max
γ
λj−1 γj p PX (Aj ) l−1 + τ l−1 
j + rn
j∈JT
2
minj∈JT γj
j=1
j∈JT



≤ c1 

j∈JT

(33)

JMLR 17(194):1-44

for all (λj , γj ) ∈ Λn × Γn , j ∈ {1, . . . , mn }, simultaneously, where c1 > 0 is a constant
independent of n, τ , λ, and γ. Furthermore, the oracle inequality of (Steinwart and
Christmann, 2008, Theorem 7.2) for empirical risk minimization, n − l ≥ n2 − 1 ≥ n4 ,
39
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T

,P

T

∗
RLJT ,P (fÛD1 ,λ,γ ) − RL
J

,P

T

∗
RLJT ,P (fÛD1 ,λ,γ ) − RL
J

,P

and τn := τ + ln(1 + |Λn × Γn |mn ) yield
2

mn
(λj ,γj )j=1
∈(Λn ×Γn )mn

inf

mn
(λj ,γj )j=1
∈(Λn ×Γn )mn

inf

∗
RLJT ,P (fÛD1 ,λD2 ,γ D ) − RL
J

<6
<6

!

!

+ 512M 2

τn
n

τn
n−l

+ 2048M 2

(34)

with probability Pn−l not less than 1−e−τ . With (33), (34), and Lemma 14 we can conclude

j=1

∗
RLJT ,P (fÛD1 ,λD2 ,γ D ) − RL
JT ,P
2
!
τn
∗
<6
inf
RLJT ,P (fÛD1 ,λ,γ ) − RL
+ 2048M 2
JT ,P
n
(λ ,γ )mn ∈(Λ ×Γ )mn
n
n
j
j
j=1



d
X
max
j∈JT γj

λj γj−d +
≤ 6c1 
inf
max γj2α
mn
j∈JT
minj∈JT γj
(λj ,γj )j=1
∈(Λn ×Γn )mn
j∈JT
p



mn
d+2p
X
−
τ
n
+rn2p 
λj−1 γj p PX (Aj ) n−1  + τ n−1  + 2048M 2
n

 


2α
τ
n
≤ 6c1 C n− 2α+d +ξ + δn2α + τ n−1 + 2048M 2
n

2α
≤ 12c1 Cn− 2α+d +ξ + 6c1 τ + 2048M 2 τn n−1

2

T

,P

with probability Pn not less than 1 − (1 + |Λn × Γn |mn ) e−τ . Finally, a variable transformation yields

2α

∗
RLJT ,P (fÛD1 ,λD2 ,γ D ) − RL
J

2α

< 12c1 Cn− 2α+d +ξ + 6c1 (τ + ln (1 + |Λn × Γn |mn ))

+ 2048M 2 (τ + 2 ln (1 + |Λn × Γn |mn )) n−1

β−1
d
2

⇐⇒

n

− β−1
β

2α

< n− 2α+d
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≤ 12c1 Cn− 2α+d +ξ + (6c1 + 2048M 2 ) (τ + 2mn ln (1 + |Λn × Γn |)) n−1


2α
≤ 12c1 Cn− 2α+d +ξ + (6c1 + 2048M 2 ) τ + 2 · 3d rn−d ln (1 + |Λn × Γn |) n−1


2α
− β−1
= 12c1 Cn− 2α+d +ξ + (6c1 + 2048M 2 ) τ n−1 + 2 · 3d c−d ln (1 + |Λn × Γn |) n β


2α
< 12c1 C + 2 · 3d c−d (6c1 + 2048M 2 ) ln (1 + |Λn × Γn |) n− 2α+d +ξ + (6c1 + 2048M 2 )τ n−1
α<

with probability Pn not less than 1 − e−τ , where we used

in the last step.
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Bipartite ranking problems (Freund et al., 2003; Agarwal et al., 2005; Clémençon et al., 2008; Kotlowski
et al., 2011) have received considerable attention from the machine learning community. In such problems,
we have as input a training set of examples, each of which comprises an instance (typically a vector of features
describing some entity) with an associated binary label (typically denoted “positive” or “negative”, describing
whether the instance possesses some attribute). The goal is to learn a scorer, which assigns to each instance
a real number, such that positive instances have a higher score than negative instances. Violations of this
condition are penalised according to some loss 𝓁, and the bipartite ranking risk of a scorer is its expected
penalty according to 𝓁. When 𝓁 corresponds to the 0-1 loss, the bipartite ranking risk is one minus the area
under the ROC curve (AUC) of the scorer (Agarwal and Niyogi, 2005; Clémençon et al., 2008; Krzanowski
and Hand, 2009). Applications of bipartite ranking range from content recommendation, where the goal is to
rank a set of items based on an individual’s preference for them, to epidemiological studies, where the goal is
to a rank a set of individuals based on how likely they are to have a particular disease.
While bipartite ranking has received considerable study, the focus has primarily been on algorithm design.
There has been relatively little theoretical study of issues such as the properties of its statistical risk, and it
is only recently that its relationship to extant supervised learning problems has been formally established
(Narasimhan and Agarwal, 2013b). While the design of computationally and statistically efficient methods
for bipartite ranking is important, we believe there is value in explicating the statistical risk assumed by the
problem, the optimal solutions that result from it, and the implied relationships to other learning problems.
To this end, in this paper,1 we systematically study bipartite ranking through its statistical risk. In brief,
we study the properties of the bipartite risk (and hence the AUC) for an arbitrary scorer, the properties of
the Bayes-optimal bipartite risk and the bipartite regret for an arbitrary scorer, and characterise the set of
the Bayes-optimal scorers. While some of these topics have been touched upon in prior studies, we aim to

1. The Bipartite Ranking Problem

We present a systematic study of the bipartite ranking problem, with the aim of explicating its connections
to the class-probability estimation problem. Our study focuses on the properties of the statistical risk for
bipartite ranking with general losses, which is closely related to a generalised notion of the area under the ROC
curve: we establish alternate representations of this risk, relate the Bayes-optimal risk to a class of probability
divergences, and characterise the set of Bayes-optimal scorers for the risk. We further study properties of a
generalised class of bipartite risks, based on the 𝑝-norm push of Rudin (2009). Our analysis is based on the rich
framework of proper losses, which are the central tool in the study of class-probability estimation. We show
how this analytic tool makes transparent the generalisations of several existing results, such as the equivalence
of the minimisers for four seemingly disparate risks from bipartite ranking and class-probability estimation. A
novel practical implication of our analysis is the design of new families of losses for scenarios where accuracy
at the head of ranked list is paramount, with comparable empirical performance to the 𝑝-norm push.
Keywords: bipartite ranking, class-probability estimation, proper losses, Bayes-optimality, ranking the best
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• We relate bipartite ranking to axiomatic characterisations of ranking relations, and in particular show
how theorems characterising the existence of utility representations describe the class of ranking problems over pairs that it can model (§12.4).

• Based on the corresponding Bayes-optimal solutions, we establish the equivalence between the minimisers of seemingly disparate risks for four popular approaches to bipartite ranking (§11). This further
illustrates the close links between bipartite ranking and class-probability estimation.

• Based on the corresponding Bayes-optimal solutions, we relate bipartite ranking to the learning problems of pairwise ranking, class-probability estimation, and classification (§10.1, §10.2). This formally
elucidates the relative “difficulty” of each of these problems.

• We show how the weight function view of a proper composite loss suggests a strategy for designing
losses suitable for “ranking the best”. We then describe several such new loss functions (§9.6.3). We
evaluate these losses empirically on a number of real-world data sets (§9.7), and demonstrate their
favourable empirical performance compared to the 𝑝-norm push risk.

• We formalise the “ranking the best” extension to bipartite ranking (§9.1), and the study the Bayesoptimal scorers for the 𝑝-norm push risk (§9.5). We show how the risk can be related to a proper
composite loss with asymmetric weight function over misclassification costs (§9.6.1).

• We determine the set of Bayes-optimal scorers for surrogate bipartite ranking risks (§7.3, §7.4, §7.5),
demonstrating how the proper loss framework helps generalise existing results on the topic. We use
these results to derive surrogate regret bounds, and thus AUC-consistency, for algorithms that minimise
a suitable surrogate loss over pairs (§8).

• We relate the Bayes-optimal bipartite risk to an 𝑓 -divergence between product measures for the classconditional distributions (§6.2), generalising a result for the case of 0-1 loss due to Torgersen (1991).
We further relate the bipartite regret to a generative Bregman divergence (§6.3).

• We discuss several interpretation of the AUC, including its relationship to the bipartite risk (§5.5) and
a number of integral representations (§5.6). We show how one of these representations, due to Hand
(2009), is related to the integral representation for proper losses, and discuss its implications for the
coherence of the use of AUC to compare scorers (§5.6.2).

• We study the properties of the ROC curve, such as its connection to the calibration transform (§5.2.5),
and its value in determining thresholds for cost-sensitive classification (§5.2.6). We derive a (to our
knowledge novel) result (Proposition 13) on how dominance of one calibrated scorer over another in
ROC space implies dominance with respect to any proper composite loss, which establishes the coherence of using the ROC curve to compare calibrated scorers.

• We formally define the bipartite ranking problem for a general loss via its statistical risk (§3.3), and
derive its equivalence to a classification problem over pairs (§4).

provide a comprehensive, unified treatment of the material. Our analysis rests heavily upon the framework
of proper losses (Buja et al., 2005; Reid and Williamson, 2010)—the machinery underlying the analysis of
the class-probability estimation problem—which we hope to demonstrate to be the natural lens with which to
study bipartite ranking problems. The proper loss framework has previously been employed in the analysis of
a reduction of bipartite ranking to class-probability estimation (Agarwal, 2014). In this paper, we show how
this framework additionally provides a clean way of generalising existing results on the Bayes-optimal scorers
(§7.3, §9.5), makes transparent the connections between bipartite ranking and class-probability estimation
(§10.2), and immediately establishes the equivalence of minimisers for seemingly disparate risks (§11). A
novel practical implication is a means of designing losses suitable for the task of “ranking the best” (§9.6),
which we show to perform favourably compared with existing approaches (§9.7).
Table 1 provides an overview of the material covered in this paper. In more detail:
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O PTIMAL RISK
O PTIMAL SCORERS
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Reference

A

Description
§4

§3.3

Equivalence to pairwise ranking risk
§5.5

§5.3, §5.4

§D

§5.6

AUC and the Neyman-Pearson problem
§6.2
§6.3

Symbol
J⋅K

∧, ∨
𝜎(⋅)
X
Y
ΔS
𝖷, 𝖸
𝐷
𝑅
𝐷BR
𝑃 , 𝑄, 𝑝, 𝑞
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Bayes-optimal univariate scorers
§8
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Calibration transform
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Risk for loss 𝓁
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Table 2: Glossary of frequently used symbols used in this paper.

AUC, AUC𝓁

Classification regret of scorer for loss 𝓁
regret BR (⋅; 𝐷, 𝓁)

Generative Bregman divergence between distributions

∗
SBR
(𝐷, 𝓁)

𝔹𝑓 (⋅, ⋅)

∗
𝕃BR
(𝐷, 𝓁)

S∗ (𝐷, 𝓁)

𝕃BR (⋅; 𝐷, 𝓁)

𝕃(⋅; 𝐷, 𝓁)

𝐿∗ (⋅; 𝓁)

𝐿(⋅, ⋅; 𝓁)

LDecomp

LSPC (Ψ)

LSPC

𝑤(⋅)

Ψ(⋅)

𝓁symm (⋅, ⋅)

𝓁(⋅, ⋅)

𝖲, 𝑆

Cal(⋅; 𝐷, 𝑠) ∶ X → [0, 1]

Prb(⋅; 𝐷, 𝑠) ∶ ℝ → [0, 1]

SDecomp

Dif f (𝑠) ∶ X × X → ℝ

∶ X×X→ℝ

𝑠∶ X → ℝ

𝜋

𝜂Pair

𝜂

Surrogate regret bounds for pairwise minimisation

§9.1

§9.5

Ranking the best formulation
Bayes-optimal scorers for 𝑝-norm push

§9.7

𝑠Pair

Empirical comparison of algorithms for ranking the best

§10.1, §10.2

Utility representation theorems

Proper composite approach to ranking the best

Reduction to classification and class-probability estimation

§9.6

Bayes-optimal pair-scorers

Relationship between regret and generative Bregman divergences

Relationship between Bayes risk and 𝑓 -divergences

Integral representations of the AUC and 𝓁-AUC

Equivalence of bipartite ranking risk and 𝓁-AUC

AUC and generalisation to a general loss 𝓁

Bipartite ranking risk for general loss 𝓁
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Table 1: Summary of the results on bipartite ranking in this paper.
Before initiating our study with a description of bipartite risk, we fix notation and provide definitions of
key quantities that will be used throughout the paper.

2. Preliminary Definitions and Notation

We define the relevant quantities used in the rest of the paper, and fix some notation. Table 2 provides a
glossary of some frequently used symbols.
2.1 Notation

.

(1)

We use scripted calligraphic fonts e.g. X, Y to denote sets. We use X ⧵ Y to denote set difference, and ∅ to
denote the empty set.
We denote by ℝ the set of real numbers, and ℝ+ = [0, ∞). For a positive integer 𝑛, we write [𝑛] =
{1, 2, … , 𝑛}. For a function 𝑓 ∶ X → ℝ, we denote its image or range by Im(𝑓 ). If 𝑓 is differentiable,
we denote its derivative by 𝑓 ′ . For functions 𝑓 , 𝑔, 𝑓 ◦𝑔 denotes functional composition, so that (𝑓 ◦𝑔)(𝑥) =
𝑓 (𝑔(𝑥)). For a nonincreasing function 𝑓 ∶ ℝ → ℝ, define the pseudo-inverse 𝑓 −1 ∶ ℝ → ℝ by
𝑓 −1 (𝑦) = inf {𝑥 ∈ ℝ ∶ 𝑓 (𝑥) ≤ 𝑦}.

JMLR 17(195):1-102

If 𝑓 is strictly decreasing, this coincides with the standard inverse function. When 𝑓 is nondecreasing, we
replace the inf with a sup in Equation 1. For a constant 𝑐 ∈ ℝ, we write 𝑓 ≡ 𝑐 to mean that 𝑓 (𝑥) = 𝑐 for
every 𝑥 ∈ X.
3
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.

(2)

(3)

𝖷∼𝑀
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(5)

5

It is easy to check that for any scorer 𝑠 ∶ X → ℝ, Cal(⋅ ; 𝐷, 𝑠) is automatically calibrated.
3. The case of 𝑠(𝑥) = 𝑡 can be considered as a tie, thus requiring a tie-breaking scheme. The above definition corresponds to breaking
ties in favour of the positive class.

(4)

(∀𝑥 ∈ X) Cal(𝑥; 𝐷, 𝑠) = Prb(𝑠(𝑥); 𝐷, 𝑠).

.

A scorer must be a class-probability estimator to be calibrated (i.e. it cannot output values outside [0, 1]). The
calibration transform Cal(⋅; 𝐷, 𝑠) ∶ X → [0, 1] converts a scorer into a class-probability estimator via

(∀𝑎 ∈ Im(𝑠)) Prb(𝑎; 𝐷, 𝑠) = 𝑎.

We call a scorer 𝑠 calibrated with respect to 𝐷 if each predicted score equals the probability of 𝖸 = 1 when
that prediction is made (DeGroot and Fienberg, 1983):

(∀𝑎 ∈ Im(𝑠)) Prb(𝑎; 𝐷, 𝑠) = ℙ(𝖷,𝖸)∼𝐷 [𝖸 = 1|𝑠(𝖷) = 𝑎].

.

Given a scorer 𝑠 and distribution 𝐷 ∈ ΔX×{±1} , the score-to-probability transform Prb(⋅; 𝐷, 𝑠) ∶ ℝ → [0, 1]
maps each score to the actual probability when the score is observed:

2.5 Calibration Transform

We call a pair-scorer anti-symmetric if, for every 𝑥, 𝑥′ ∈ X, 𝑠Pair (𝑥, 𝑥′ ) = −𝑠Pair (𝑥′ , 𝑥). Every decomposable scorer is anti-symmetric, but not conversely.

𝑠Pair ∈ SDecomp = {𝑠Pair ∈ VX×X ∶ (∃𝑠 ∶ X → ℝ) 𝑠Pair = Dif f (𝑠)}.

.

We call a pair-scorer 𝑠Pair decomposable if

.

(∀𝑥, 𝑥′ ∈ X) Dif f(𝑠)(𝑥, 𝑥′ ) = 𝑠(𝑥) − 𝑠(𝑥′ ).

We are interested in supervised learning problems involving an instance or feature space X (often ℝ𝑛 ), and a
label space Y. We call an element 𝑥 ∈ X an instance or feature vector, and an element 𝑦 ∈ Y a label. A scorer
𝑠 for the space (X, Y) is some (measurable) function 𝑠 ∶ X → V, where V ⊆ ℝ|Y| is the prediction space of
the scorer. The magnitude of each element of 𝑠 corresponds to the degree of belief in an instance having the
corresponding label. A classifier is a scorer with V = Y, so that an instance is directly annotated with one
of the labels. A class-probability estimator is a scorer with V = Δ[|Y|] , so that an instance is annotated by a
distribution over its possible labels.
This paper focusses on the setting of binary labels, where Y = {±1}. In the case of binary labels, a scorer is
some 𝑠 ∶ X → V, where V ⊆ ℝ. Here, classifier 𝑐 is often derived from a scorer3 𝑠 via 𝑐(𝑥; 𝑡) = 2 J𝑠(𝑥) ≥ 𝑡K−1
for some threshold 𝑡 ∈ ℝ. Similarly, a class-probability estimator 𝑓 is often derived from a scorer 𝑠 via
𝑓 = Ψ−1 ◦𝑠 for some (inverse) link function Ψ−1 ∶ ℝ → [0, 1].
When a scorer is applied to instances drawn from some distribution, one can consider the induced distribution over scores. If 𝖷 is a random variable over instances with distribution 𝑀, we denote by 𝑆 the induced
distribution over the scores. When it exists, we refer to the induced (marginal) distribution of the scorer as
𝑀𝑆 , and the distributions on the positive and negative classes by 𝑃𝑆 and 𝑄𝑆 respectively. We denote the
marginal density of the score distribution by 𝜇𝑆 , and the score densities on the positive and negative classes
by 𝑝𝑆 and 𝑞𝑆 respectively.
A pair-scorer 𝑠Pair for a product space X × X is some function 𝑠Pair ∶ X × X → V. The magnitude of
𝑠Pair corresponds to a degree of belief in the first instance having a “larger” label than the second, according
to some metric. A ranker is a pair-scorer with V = {±1}. A ranker 𝑟 is typically derived from a pair-scorer
𝑠Pair via 𝑟(𝑥, 𝑥′ ; 𝑡) = 2 J𝑠(𝑥, 𝑥′ ) ≥ 𝑡K − 1 for some threshold 𝑡 ∈ ℝ. Given a (standard, or univariate) scorer 𝑠,
we can construct a pair-scorer Dif f (𝑠) ∶ X × X → V − V (where − denotes Minkowski subtraction) via

2.4 Scorers and Pair-Scorers
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2. Strictly, the Dirac delta is defined as a distribution or functional such that 𝛿𝑥0 (𝑓 ) = 𝑓 (𝑥0 ) for every smooth 𝑓 (Rudin, 1973, pg.
156; Strichartz, 1994, pg. 5), or one interprets the integral ∫ℝ 𝛿𝑥0 (𝑥)𝑓 (𝑥) 𝑑𝑥 as ∫ℝ 𝑓 (𝑥) 𝜇𝑥0 (𝑑𝑥) for 𝜇𝑥0 being the Dirac measure.

𝔹𝑓 (𝑃 , 𝑄) = 𝔼 [𝐵(𝑝(𝖷), 𝑞(𝖷))] .

.

The generative Bregman divergence 𝐵𝑓 between distributions 𝑃 , 𝑄 with densities 𝑝, 𝑞 with respect to some
distribution 𝑀 is then the average divergence between the densities (Reid and Williamson, 2011, Section 3.3),

𝐵𝑓 (𝑥, 𝑦) = 𝑓 (𝑥) − 𝑓 (𝑦) − 𝑓 ′ (𝑦) ⋅ (𝑥 − 𝑦).

.

This can be seen as a notion of discrepancy between 𝑃 and 𝑄. For normalisation purposes, one typically
enforces 𝑓 (1) = 0.
A generative Bregman divergence is a distinct notion of discrepancy between two probability distributions.
It relies on the notion of a Bregman divergence (Bregman, 1967). For convex, differentiable 𝑓 ∶ ℝ → ℝ, the
Bregman divergence 𝐵𝑓 between points 𝑥, 𝑦 ∈ ℝ is

For convex 𝑓 ∶ ℝ+ → ℝ, the 𝑓 -divergence (Csiszár, 1963) between distributions 𝑃 , 𝑄 is
)
]
[(
.
𝑑𝑃
𝕀𝑓 (𝑃 , 𝑄) = 𝔼
(𝖷) .
𝖷∼𝑄
𝑑𝑄

2.3 𝑓 - and Bregman-Divergences

𝑑𝑃
Given distributions 𝑃 and 𝑄 such that 𝑃 is absolutely continuous with respect to 𝑄, we use 𝑑𝑄
to denote the
Radon-Nikodym density of 𝑃 with respect to 𝑄. When it exists, we refer to the density of a random variable
with respect to Lebesgue measure (unless noted otherwise) by 𝑝𝖷 . Alternately, when the random variable
is clear from context, we refer to the density of the underlying distribution (e.g. 𝑄) by the corresponding
lowercase letter (e.g. 𝑞).
Given a set S, we denote by ΔS by the set of all probability distributions on S. We denote by Ber(𝜃) the
Bernoulli distribution with parameter 𝜃 ∈ [0, 1].

𝖷∼𝐷

We use sans-serif fonts e.g. 𝖷, 𝖸 to denote random variables. We denote by 𝖷 ∼ 𝐷 that 𝖷 is a random
variable with probability distribution 𝐷. We denote by ℙ𝖷∼𝐷 [𝖷 ∈ A] the probability that a random draw of
𝖷 according to 𝐷 falls in the set A. We denote by 𝔼 [𝖷] the expected value of the random variable 𝖷.

2.2 Probability Distributions and Random Variables

𝑦
.
1−𝑦

1
,
1 + 𝑒−𝑧

(∀𝑦 ∈ (0, 1)) 𝜎 −1 (𝑦) = log

with its inverse 𝜎 −1 (⋅) being the logit function,

(∀𝑧 ∈ ℝ) 𝜎(𝑧) =

.

For any function 𝑓 ∶ X → ℝ, we denote by Argmin𝑥∈X 𝑓 (𝑥) the set of all minimisers i.e. all 𝑥 ∈ X such
that 𝑓 (𝑥) ≤ 𝑓 (𝑥′ ) for all 𝑥′ ∈ X. When the set is a singleton, so that 𝑓 has a unique minimiser, we denote
this minimiser by argmin𝑥∈X 𝑓 (𝑥).
We denote by Dif f(𝑓 ) ∶ X × X → ℝ the function satisfying (Dif f (𝑓 ))(𝑥, 𝑥′ ) = 𝑓 (𝑥) − 𝑓 (𝑥′ ) for every
.
𝑥, 𝑥′ ∈ X. For a set of functions F = {𝑓 ∶ X → ℝ}, we define Dif f(F) = {Dif f(𝑓 ) ∶ 𝑓 ∈ F}.
.
.
Given any 𝑎, 𝑏 ∈ ℝ, we use 𝑎 ∧ 𝑏 = min(𝑎, 𝑏) and 𝑎 ∨ 𝑏 = max(𝑎, 𝑏). We use the Iverson bracket
(Knuth, 1992) J𝑝K to denote the indicator function, whose value is 1 if 𝑝 is true and 0 otherwise. For any
𝑥0 ∈ ℝ, we use 𝛿𝑥0 (⋅) to denote the Dirac delta centred at 𝑥0 , which is a generalised function2 satisfying
∫ℝ 𝛿𝑥0 (𝑥)𝑓 (𝑥) 𝑑𝑥 = 𝑓 (𝑥0 ) for any continuous 𝑓 ∶ ℝ → ℝ.
For any 𝑧 ∈ ℝ, we define sign(𝑧) = J𝑧 ≥ 0K − J𝑧 ≤ 0K. The sigmoid function 𝜎(⋅) is defined by
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2.6 Loss Functions and Conditional Risks

A
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.
1
= J𝑦𝑣 < 0K + ⋅ J𝑣 = 0K .
2

A binary classification loss 𝓁, often just referred to as a loss, is some (measurable) function 𝓁 ∶ {±1} × ℝ →
ℝ+ . An important example is the 0-1 loss,4
𝓁01 (𝑦, 𝑣)

𝔼

𝖸∼Ber(𝜂)

is then the best possible conditional risk,

[𝓁(𝖸, 𝑠)] = 𝜂 ⋅ 𝓁1 (𝑠) + (1 − 𝜂) ⋅ 𝓁−1 (𝑠).

ℝ+

𝑠∈ℝ

(6)

Given a loss 𝓁, we use 𝓁1 (𝑣) = 𝓁(1, 𝑣) and 𝓁−1 (𝑣) = 𝓁(−1, 𝑣) to denote the individual partial losses. We will
sometimes refer to a loss via the tuple 𝓁(𝑣) = (𝓁−1 (𝑣), 𝓁1 (𝑣)).
We define the conditional 𝓁-risk 𝐿(⋅, ⋅; 𝓁) ∶ [0, 1] × ℝ →
to be
.

(∀𝜂 ∈ [0, 1], 𝑠 ∈ ℝ) 𝐿(𝜂, 𝑠; 𝓁) =
The Bayes-optimal conditional 𝓁-risk 𝐿∗ (⋅; 𝓁) ∶ [0, 1] →
ℝ+
.

(∀𝜂 ∈ [0, 1]) 𝐿∗ (𝜂; 𝓁) = inf 𝐿(𝜂, 𝑠; 𝓁).

𝐿(𝜂, 𝑠; 𝓁),

(7)

For the 0-1 loss, the optimal risk is attained for any score with the same sign as 𝜂 − 12 . More generally, we
{ }
1
(Bartlett et al., 2006, Definition 1),
2
inf

call a loss classification calibrated if for every 𝜂 ∈ [0, 1] ⧵

𝐿∗ (𝜂; 𝓁) <
𝑠∶𝑠⋅(2𝜂−1)≤0

. 𝓁(1, 𝑣) + 𝓁(−1, −𝑣)
=
.
2

(8)

i.e. every optimal prediction has the same sign as 2𝜂 − 1.
We call a loss 𝓁 symmetric if, for every 𝑦 ∈ {±1} and 𝑣 ∈ ℝ, 𝓁(𝑦, 𝑣) = 𝓁(−𝑦, −𝑣). We denote the
symmetrised version of an arbitrary loss by
𝓁symm (𝑣)

We call a loss 𝓁 a margin loss if 𝓁(𝑦, 𝑧) = 𝜙(𝑦𝑧) for some function 𝜙 ∶ ℝ → ℝ+ . A loss is symmetric if and
only if it is a margin loss; sufficiency is straightforward, and to see necessity, note that for a symmetric loss,
.
𝓁(𝑦, 𝑣) = J𝑦 = 1K 𝓁1 (𝑣) + J𝑦 = −1K 𝓁1 (−𝑣) = 𝓁1 (𝑦𝑣) = 𝜙(𝑦𝑣) for 𝜙(𝑣) = 𝓁1 (𝑣).
2.7 Proper and Proper-Composite Losses

(9)

A probability estimation loss 𝜆 is some (measurable) function 𝜆 ∶ {±1} × [0, 1] → ℝ+ ∪ {+∞}. We call a
probability estimation loss proper5 if its conditional risk is optimised by predicting the underlying probability
(Buja et al., 2005; Reid and Williamson, 2010),
(∀𝜂, 𝜂 ′ ∈ [0, 1]) 𝐿(𝜂, 𝜂; 𝜆) ≤ 𝐿(𝜂, 𝜂 ′ ; 𝜆).

We call a loss strictly proper if the inequality is strict.
In the following, we assume two mild regularity conditions: that 𝜆1 (1) = 𝜆−1 (0) = 0, and
𝑢→1

lim 𝑢 ⋅ 𝜆1 (𝑢) = lim (1 − 𝑢) ⋅ 𝜆−1 (𝑢) = 0.
𝑢→0

JMLR 17(195):1-102

4. When V = {±1}, so that we are assessing a classifier, the canonical definition of 0-1 loss is 𝓁01 (𝑦, 𝑣) = J𝑦 ≠ 𝑣K. When assessing a
scorer with V = ℝ, we simply derive a classifier from the scores and compute the resulting 0-1 loss. The only mild complication is
that we consider a score of 𝑣 = 0 to be a tie, which thus requires a tie-breaking scheme. In our definition, we break ties uniformly
at random, and thus generate a randomised classifier. This results in the extra second term compared to the classification case.
5. Proper losses are sometimes referred to as proper scoring rules (Gneiting and Raftery, 2007), especially in the statistics literature. A
“scoring rule” is distinct from our notion of a “scorer”: the former is a loss, and the latter is a prediction. In the literature on scoring
rules, our notion of a scorer is sometimes referred to as a (probabilistic) “forecast” (Gneiting and Katzfuss, 2014).
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Name
0-1

Cost-sensitive
Brier

Log

Boosting

𝜆−1 (𝑢)
z
r
𝑢 > 21
r
z
𝑐 ∗ ⋅ 𝑢 > 21
𝑢2

𝑢
1−𝑢

− log(1 − 𝑢)
( )1∕2

Name

𝓁sq

Symbol

𝛿1∕2 (𝑐)

𝑤(𝑐)

𝜂 ⋅ (1 − 𝜂)

((1 − 𝑐 ∗ ) ⋅ 𝜂) ∧ (𝑐 ∗ ⋅ (1 − 𝜂))

𝜂 ∧ (1 − 𝜂)

𝐿∗ (𝜂; 𝜆)

2⋅

−𝜂 ⋅ log 𝜂 − (1 − 𝜂) ⋅ log(1 − 𝜂)
√
𝜂 ⋅ (1 − 𝜂)

𝛿𝑐 ∗ (𝑐)

1
𝑐⋅(1−𝑐)
1
2⋅(𝑐⋅(1−𝑐))3∕2

2
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𝜆1 (𝑢)
r
z
𝑢 < 21
r
z
(1 − 𝑐 ∗ ) ⋅ 𝑢 < 21
1−𝑢
𝑢

(1 − 𝑢)2
− log 𝑢
( )1∕2

⋅ (1 − 𝑦𝑣)2

𝓁(𝑦, 𝑣)
1
4

𝑣2
4

−

𝑦𝑣
2

log(1 + 𝑒−𝑦𝑣 )
𝑒−𝑦𝑣
√
1+

𝜆

2𝑢 − 1

Ψ(𝑢)

Log

Boosting

Boosting

𝑢
log 1−𝑢
1
𝑢
⋅ log 1−𝑢
2
2𝑢−1
√
𝑢⋅(1−𝑢)

Brier

𝑣+1
∨0 ∧1
2
1
1+𝑒−𝑣
1
1+𝑒−2𝑣
(
)
𝑣∕2
1
⋅ 1+ √
2
1+(𝑣∕2)2

Ψ−1 (𝑣)
(
)

Table 3: Examples of proper losses 𝜆 with associated weight functions 𝑤 and conditional Bayes risks 𝐿∗ (⋅; 𝜆).

Square

𝓁exp

𝓁log
Exponential

𝓁mts

Logistic

Matsushita

Table 4: Examples of proper composite losses with associated underlying proper loss 𝜆 and link function Ψ.

∫0

1

𝑤(𝑐) ⋅ 𝜆CS(𝑐) (𝑦, 𝑢) 𝑑𝑐,

(10)

Any proper loss satisfying these conditions admits an integral representation as a weighted combination of
cost-sensitive losses (Shuford Jr. et al., 1966; Schervish, 1989, Theorem 4.2),
𝜆 ∶ (𝑦, 𝑢) ↦

(11)

where 𝑤 ∶ [0, 1] → ℝ+ ∪ {+∞} is called the weight function of the loss, and 𝜆CS(𝑐) is the cost-sensitive loss

.
1
𝜆CS(𝑐) (+1, 𝑢) = (1 − 𝑐) ⋅ J𝑢 < 𝑐K + ⋅ J𝑢 = 𝑐K
2
1
⋅ J𝑢 = 𝑐K .
2

.

𝜆CS(𝑐) (−1, 𝑢) = 𝑐 ⋅ J𝑢 > 𝑐K +

(

1−

𝓁1′ (𝑣)

′ (𝑣)
𝓁−1

)−1

.
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(12)

We call Equation 10 Shuford’s representation. A loss is strictly proper if and only if its weight function is
strictly positive. One can relate the weight function and conditional Bayes risk via (Reid and Williamson,
2010, Corollary 3) 𝑤(𝑐) = −(𝐿∗ (⋅; 𝜆))′′ (𝑐).
We call a loss 𝓁 (strictly) proper composite if there is some invertible link function Ψ ∶ [0, 1] → ℝ∪{±∞}
.
such that the probability estimation loss 𝜆(𝑦, 𝑢) = 𝓁(𝑦, Ψ(𝑢)) is (strictly) proper (Reid and Williamson, 2010).
By Equation 10, this implies that a proper composite loss also admits an integral representation; hence, we
define the weight function of a proper composite loss as that of its underlying proper loss. We denote the
set of strictly proper composite losses with invertible link function Ψ by LSPC (Ψ), and the set of all proper
composite losses by LSPC .
When the proper composite loss 𝓁 is differentiable, we have (Reid and Williamson, 2010, Corollary 12)

(∀𝑣 ∈ ℝ) Ψ−1 (𝑣) =

8

X × X × {±1}

Pairwise ranking

𝑠Pair ∶ X × X → {±1}

𝑠∶ X → ℝ

𝜂̂ ∶ X → Δ[|Y|]

𝑐∶ X → Y

𝔼

[

]
𝓁(𝖹, 𝑠Pair (𝖷, 𝖷′ ))

𝓁symm (𝑠(𝖷) − 𝑠(𝖷′ ))

(𝖷,𝖷′ ,𝖹)∼𝑅

𝔼

[𝓁(𝖸, 𝑠(𝖷))]

𝖷∼𝑃 ,𝖷′ ∼𝑄

(𝖷,𝖸)∼𝐷

𝔼

Risk
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Output

A

(13)

9
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We refer to 𝑃 , 𝑄 as the class conditional distributions, and 𝜋 the base rate; we refer to 𝑀 as the observation
distribution and 𝜂 as the observation-conditional distribution or class-probability function. We will denote
the densities of 𝑃 , 𝑄 with respect to 𝑀 by 𝑝, 𝑞. When 𝑀 possesses a density, we refer to it as 𝜇. When we
wish to refer to these constitutent distributions of 𝐷 and their densities, we will explicitly parameterise 𝐷 as
either 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ or 𝐷 = ⧼𝑀, 𝜂⧽ as appropriate.
We now proceed to formalising the problems considered in this paper.

(∀𝑥 ∈ X) 𝜂(𝑥) = ℙ[𝖸 = 1|𝖷 = 𝑥].

(∀A ⊆ X) 𝑀(A) = ℙ[𝖷 ∈ A, 𝖸 ∈ {±1}]

Equivalently, we may decompose 𝐷 ∈ ΔX×{±1} into

𝜋 = ℙ[𝖷 ∈ X, 𝖸 = 1].

(∀A ⊆ X) 𝑄(A) = ℙ[𝖷 ∈ A|𝖸 = −1]

(∀A ⊆ X) 𝑃 (A) = ℙ[𝖷 ∈ A|𝖸 = 1]

Most problems of interest in this paper concern learning based on samples from some distribution 𝐷 ∈
ΔX×{±1} over binary labels. The precise nature of these problems shall be specified momentarily, but we
first note two decompositions of 𝐷 that shall prove useful. The first involves splitting any 𝐷 ∈ ΔX×{±1} into

3.1 Learning from Binary Labels: Distributions and their Decompositions

We now formally define the problems of interest in this paper. For each problem, we state the nature of their
assumed input, produced output, and measure of statistical performance (or risk). Table 5 provides a summary
of these problems. Our starting point is a general statistical perspective on learning from binary labels.

3. Classification and Ranking: Statistical Setups

The canonical link function is monotone increasing, but is strictly so if and only if the loss 𝜆 is strictly proper.
For a strictly proper loss 𝜆, the proper composite loss 𝓁(𝑦, 𝑣) = 𝜆(𝑦, Ψ−1 (𝑣)) is convex (Reid and Williamson,
2010, Theorem 28).
Table 3 provides some examples of popular proper losses, and Table 4 of popular proper composite losses,
along with their associated underlying proper loss 𝜆 and link function Ψ.

(∀𝑐 ∈ [0, 1]) Ψ′ (𝑐) = 𝑤(𝑐).

Given a proper loss 𝜆, we call a link function Ψ ∶ [0, 1] → ℝ ∪ {±∞} canonical for that loss if

Table 5: Summary of learning problems in terms of input, output, and statistical risk.

X × {±1}

Bipartite ranking

X×Y

X×Y

Classification

Class-probability
estimation

Input space

Problem

B IPARTITE R ANKING:

𝔼

(𝖷,𝖸)∼𝐷

𝖷∼𝑀

[𝓁(𝖸, 𝑠(𝖷))] = 𝔼 [𝐿(𝜂(𝖷), 𝑠(𝖷); 𝓁)] ,

(14)

inf

𝑠 ∶ X→ℝ

𝕃(𝑠; 𝐷, 𝓁).

𝑠∈ℝ

𝑠 ∶ X→ℝ

1
⋅ ℙ(𝖷,𝖸)∼𝐷 [𝑠(𝖷) = 0],
2

(15)

10
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6. A simple example where this is not true is the case of separable data, where 𝜂(𝑥) ∈ {0, 1} for every 𝑥. Under log-loss, which is proper,
𝜂(𝑥)
the optimal scorer 𝑠∗ (𝑥) = 𝜂(𝑥). Under logistic loss, which is proper composite, the optimal scorer is in general 𝑠∗ (𝑥) = log 1−𝜂(𝑥)
.
But for separable data, that would require 𝑠∗ (𝑥) ∈ {±∞}, and so the infimum is not attainable. Working with the extended reals
ℝ ∪ {±∞} is one possible fix, but in the sequel we will always assume the infimum is attainable.

i.e. we want our scorer 𝑠 to achieve low misclassification error on future samples. Observe that the second term
above encodes that ties in the classification are broken uniformly at random. In class probability estimation
on the other hand, the canonical goal is to minimise 𝕃(𝑠; 𝐷, 𝓁) for some proper composite loss 𝓁.

𝕃(𝑠; 𝐷, 𝓁01 ) = ℙ(𝖷,𝖸)∼𝐷 [𝖸 ⋅ 𝑠(𝖷) < 0] +

In binary classification, the canonical goal is to minimise the risk for 𝓁01 ,

regret(𝑠; 𝐷, 𝓁) = 𝕃(𝑠; 𝐷, 𝓁) − 𝕃∗ (𝐷, 𝓁).

.

Under appropriate measurability assumptions, this set may be discerned pointwise, by studying the minimisers
of the conditional risk 𝐿(⋅, ⋅; 𝓁) (Steinwart, 2007). Finally, the 𝓁-regret of a scorer 𝑠 ∶ X → ℝ is its excess
𝓁-classification risk over the Bayes 𝓁-classification risk:

S∗ (𝐷, 𝓁) = Argmin 𝕃(𝑠; 𝐷, 𝓁).

.

When the infimum is
the set of Bayes-optimal scorers for a loss 𝓁 and distribution 𝐷 comprises
scorers that attain the Bayes-optimal 𝓁-classification risk:

achievable,6

𝐿∗ (𝜂; 𝓁) = inf 𝐿(𝜂, 𝑠; 𝓁).

.

Similarly, the Bayes-optimal conditional risk, or simply the conditional Bayes risk is

𝕃∗ (𝐷, 𝓁) =

.

recalling that 𝐿(⋅, ⋅; 𝓁) is the conditional 𝓁-risk (Equation 6). The Bayes-optimal 𝓁-classification risk, or
simply the Bayes risk, is the infimal 𝓁-classification risk:

𝕃(𝑠; 𝐷, 𝓁) =

.

Classification is the canonical supervised machine learning task, and has received several decades’ worth of
study from a theoretical and practical perspective. Classification is often motivated by appealing to several
real-world problems, such as predicting whether an email message is spam based on its contents, predicting
whether or not a person is sick based on test results, or predicting whether or not an individual will enjoy a
movie based on its characteristics.
Formally, in statistical classification (Devroye et al., 1996), we are given samples from some distribution
𝐷 ∈ ΔX×Y , and wish to learn a classifier 𝑐 ∶ X → Y. In class-probability estimation (Buja et al., 2005; Reid
and Williamson, 2010), the input is identical, except we wish to learn a class-probability estimator 𝜂̂ ∶ X →
Δ[|Y|] . In the binary case, classification involves learning some 𝑐 ∶ X → {±1} and class-probability estimation
involves learning some 𝜂̂ ∶ X → [0, 1]. In this setting, one typically first learns a general scorer 𝑠 ∶ X → ℝ,
and performs either thresholding to get a classifier or a monotone transformation to get a class-probability
estimator.
It remains to define how the performance of a candidate scorer 𝑠 ∶ X → ℝ is assessed for the two problems.
Intuitively, as these problems assume examples drawn from a probability distribution, one would like to incur
a small disutility or loss for a randomly drawn example. This notion is captured by the notion of statistical
risk. Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} and loss 𝓁, we define the 𝓁-classification risk for a scorer 𝑠 to be the
average loss incurred on a random sample from 𝐷,

3.2 Classification and Class-Probability Estimation
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The binary classification 𝓁-risk has been extensively studied. Much of the literature has focussed on the
design of losses 𝓁 with favourable computational and statistical properties, with specific focus on margin
losses such as in the support vector machine (which employs the hinge loss 𝓁hinge (𝑦, 𝑣) = max(0, 1 − 𝑦𝑣)),
boosting (which employs the exponential loss 𝓁exp (𝑦, 𝑣) = 𝑒−𝑦𝑣 ), and logistic regression (which employs the
logistic loss 𝓁log (𝑦, 𝑣) = log (1 + 𝑒−𝑦𝑣 )). There has also been theoretical study of how regret with respect to a
loss 𝓁 translates into the regret with respect to the 0-1 loss, via surrogate regret bounds (Zhang, 2004; Bartlett
et al., 2006).
3.3 Instance Ranking

ΔX×{±1}

𝔼

𝖷∼𝑃 ,𝖷′ ∼𝑄

[

𝓁symm (𝑠(𝖷) − 𝑠(𝖷′ ))

]

[
]
1
𝔼
𝜂(𝖷) ⋅ (1 − 𝜂(𝖷′ )) ⋅ 𝓁symm (𝑠(𝖷) − 𝑠(𝖷′ )) .
𝜋 ⋅ (1 − 𝜋) 𝖷∼𝑀,𝖷′ ∼𝑀

(16)

Many applications traditionally used to motivate binary classification are more appropriately cast as ranking
problems. For example, rather than merely predicting an individual’s enjoyment of a single movie, it is potentially more useful to have a system capable of producing a ranked list of movies that the individual may
enjoy. Similarly, in epidemiological studies, rather than merely predicting whether a single individual has a
disease, it is potentially more useful to have a system that can produced a ranked list of individuals deemed
most likely to have a particular disease. Instance ranking is of similar interest in most other settings where
classification is, such as credit fraud detection and clickthrough rate analysis.
Formally, in instance ranking (Fürnkranz and Hüllermeier, 2010, pg. 6; Crammer and Singer, 2001;
Shashua and Levin, 2002), we are given samples from some distribution 𝐷 ∈ ΔX×Y , where each sample
comprises a single 𝑥 ∈ X and a label 𝑦 ∈ Y, where Y is a (finite) totally ordered set. The goal is to learn a scorer
𝑠 ∶ X → ℝ such that the ordering of instances by their scores scores mimics the ordering by their labels. Note
that Y, while ordered, does not necessarily have an associated metric e.g. for Y = {Hate, Indifferent, Like},
there is a natural ordering over the outcomes, but it may not be possible to assign numeric values to the
comparison of two outcomes. When Y does not have an associated metric, instance ranking is identical to
ordinal regression (Agresti, 1984), and thus one can solve ordinal regression problems by ranking methods
(Herbrich et al., 2000). When Y has an associated metric, instance ranking is a hybrid between traditional
multi-class classification (where Y is finite but unordered) and regression (where Y is ordered but not finite)
(Li and Lin, 2006).
When Y = {±1}, the goal of instance ranking can be seen as scoring positive examples higher than negative
examples. This special case is known as the bipartite ranking problem, and has received considerable attention
(Freund et al., 2003; Agarwal and Niyogi, 2005; Clémençon et al., 2008; Kotlowski et al., 2011). Bipartite
ranking is the main focus of this paper.
As per the previous section, to specify the bipartite ranking problem, we begin with its underlying risk.
Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈
and loss 𝓁, we define the 𝓁-bipartite risk for a scorer 𝑠 ∶ X → ℝ to be
.

𝕃BR (𝑠; 𝐷, 𝓁) =
=

𝕃BR (𝑠; 𝐷, 𝓁) =

𝖷∼𝑃 ,𝖷′ ∼𝑄

The first equation indicates that this risk is independent of the base rate 𝜋. When the loss 𝓁 is symmetric, the
equation reduces to
[
]
𝔼
𝓁1 (𝑠(𝖷) − 𝑠(𝖷′ )) .
(17)

=

ℙ𝖷∼𝑃 ,𝖷′ ∼𝑄 [𝑠(𝖷) − 𝑠(𝖷

1
′
) < 0] + ⋅ ℙ𝖷∼𝑃 ,𝖷′ ∼𝑄 [𝑠(𝖷) − 𝑠(𝖷′ ) = 0],
2

A canonical goal is to minimise the bipartite risk for 𝓁01 , which is
𝕃BR (𝑠; 𝐷, 𝓁01 )

JMLR 17(195):1-102

i.e. we want 𝑠 to achieve low pairwise misclassification error, in the sense of scoring a negative higher than a
positive, on future samples. The reader may wonder how, if at all, this relates to the misclassification error of
Equation 15; such discussion shall be deferred to §10.
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(18)

Equipped with a notion of statistical risk, we can define the Bayes-optimal risk, Bayes-optimal scorers,
and regret by analogy with the quantities from the previous section:

.
∗
𝕃BR
(𝐷, 𝓁) = inf 𝕃BR (𝑠; 𝐷, 𝓁)
𝑠 ∶ X→ℝ
.
∗
SBR
(𝐷,
𝓁)
=
Argmin 𝕃BR (𝑠; 𝐷, 𝓁)
𝑠 ∶ X→ℝ
.

∗
regret BR (𝑠; 𝐷, 𝓁) = 𝕃BR (𝑠; 𝐷, 𝓁) − 𝕃BR
(𝐷, 𝓁).

As in binary classification, a large body of literature has focussed on the design of losses 𝓁 with favourable
numerical and statistical properties, again with specific focus on margin losses such as in SVMRank (Joachims,
2002; Herbrich et al., 1998) (corresponding to hinge loss), RankBoost (Freund et al., 2003) (corresponding to
exponential loss), and RankNet (Burges et al., 2005) (corresponding to logistic loss).
3.4 Pairwise Ranking

(𝖷,𝖷′ ,𝖹)∼𝑅

𝔼

(𝖷,𝖷 )∼𝑀pair

Pairwise ranking problems involve labelled pairs of instances, where we only know which of two instances
is more likely to possess some characteristic. For example, in web search click-log data, we can elicit pairwise preferences to determine which of two search results is more likely to be clicked (Joachims, 2002). (In
information retrieval, the problem is sometimes referred to as “average view paper ranking”, Liu, 2009, pg.
203.)
Formally, in pairwise ranking (Cohen et al., 1999; Herbrich et al., 1998; Fürnkranz and Hüllermeier, 2010,
pg. 7) we are given samples from some distribution 𝑅 ∈ ΔX×X×{±1} , where each sample comprises pairs of
instances (𝑥(1) , 𝑥(2) ), and a label {±1}, denoting that 𝑥(1) ranks above or below 𝑥(2) respectively. Following
the notation used for binary classification, we will write 𝑅 as either 𝑅 = ⧼𝑃pair , 𝑄pair , 𝜋pair ⧽ ∈ ΔX×X×{±1} or
𝑅 = ⧼𝑀pair , 𝜂Pair ⧽, where for example (∀A ⊆ X × X) 𝑃pair (A) = ℙ[(𝖷, 𝖷′ ) ∈ A|𝖹 = 1] for random variables
𝖷, 𝖷′ , 𝖹 defined over the instances and label respectively.
The goal in pairwise ranking is to learn a pair-classifier 𝑐Pair ∶ X × X → {±1} that specifies whether or not
the first instance ranks above the second. As with standard classification, this is often done by thresholding a
pair-scorer 𝑠Pair ∶ X × X → ℝ. A pair-scorer is nothing more7 than a scorer defined on X × X, and thus the
notion of risk for pairwise ranking is as expected: given any 𝑅 = ⧼𝑀pair , 𝜂Pair ⧽ ∈ ΔX×X×{±1} and loss 𝓁, we
define the 𝓁-pairwise ranking risk for a pair-scorer 𝑠Pair to be
[
]
[
]
𝐿(𝜂Pair (𝖷, 𝖷′ ), 𝑠Pair (𝖷, 𝖷′ ); 𝓁) .
(19)
𝓁(𝖹, 𝑠Pair (𝖷, 𝖷′ )) =
𝔼
′
.

𝕃(𝑠Pair ; 𝑅, 𝓁) =

A canonical goal is to minimise this risk for the 0-1 loss,

1
𝕃(𝑠Pair ; 𝑅, 𝓁01 ) = ℙ(𝖷,𝖷′ ,𝖹)∼𝑅 [𝖹 ⋅ 𝑠Pair (𝖷, 𝖷′ ) < 0] + ℙ(𝖷,𝖷′ ,𝖹)∼𝑅 [𝑠Pair (𝖷, 𝖷′ ) = 0],
2

inf

Argmin

𝑠Pair ∶ X×X→ℝ

𝑠Pair ∶ X×X→ℝ

𝕃(𝑠Pair ; 𝑅, 𝓁)

𝕃(𝑠Pair ; 𝑅, 𝓁)

JMLR 17(195):1-102

i.e. we want our pair-scorer 𝑠Pair to achieve low pairwise misclassification error on future samples. Observe
that the second term above encodes that ties in the ranking are broken uniformly at random.
As in the previous sections, we may define the Bayes-optimal risk, Bayes-optimal scorers, and regret for
pairwise ranking as:

.

𝕃∗ (𝑅, 𝓁) =

.

S∗ (𝑅, 𝓁) =

.

regret(𝑠Pair ; 𝑅, 𝓁) = 𝕃(𝑠Pair ; 𝑅, 𝓁) − 𝕃∗ (𝑅, 𝓁).

7. Nonetheless, making a distinction with a standard scorer shall be useful in our subsequent analysis.
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𝖷∼𝑃 ,𝖷 ∼𝑄

𝔼′

[
]
𝓁1 (𝑠(𝖷) − 𝑠(𝖷′ )) + 𝓁−1 (𝑠(𝖷′ ) − 𝑠(𝖷))

]
𝓁symm (𝑠(𝖷) − 𝑠(𝖷′ ))

⋅

𝔼′

[
] 1
[
]
𝓁1 (𝑠(𝖷) − 𝑠(𝖷′ )) + ⋅
𝓁 (𝑠(𝖷′ ) − 𝑠(𝖷))
𝔼
𝖷∼𝑃 ,𝖷 ∼𝑄
2 𝖷∼𝑃 ,𝖷′ ∼𝑄 −1
[
] 1
[
]
⋅
𝔼
𝓁1 (𝑠(𝖷) − 𝑠(𝖷′ )) + ⋅
𝔼
𝓁 (𝑠(𝖷′ ) − 𝑠(𝖷))
𝖷∼𝑃 ,𝖷′ ∼𝑄
2 𝖷∼𝑄,𝖷′ ∼𝑃 −1
[
[
] 1
]
⋅
𝔼
𝓁1 (𝑠(𝖷) − 𝑠(𝖷′ )) + ⋅
𝔼
𝓁 (𝑠(𝖷′ ) − 𝑠(𝖷)) ,
(𝖷,𝖷′ )∼(𝑃 ×𝑄)
2 (𝖷,𝖷′ )∼(𝑄×𝑃 ) −1

⋅

[
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The risk equivalence in Lemma 2 has a subtlety that will prove important in our subsequent analysis: the
bipartite risk for a scorer relates to the pairwise risk of a decomposable pair-scorer. Consequently, we cannot
in general equate the Bayes-optimal bipartite risks for the two problems, as the following makes precise.

ℙ[(𝖷, 𝖷′ ) ∈ A × B|𝖹 = −1] = 𝑃 (B) ⋅ 𝑄(A).

ℙ[(𝖷, 𝖷′ ) ∈ A × B|𝖹 = +1] = 𝑃 (A) ⋅ 𝑄(B)

We summarise the conditional and marginal probabilities of 𝐷BR
denotes the random variables distributed according to 𝐷BR , it is not hard to check that

in Appendix B. For example, if (𝖷, 𝖷′ , 𝖹)

where in the penultimate equation we have simply renamed the random variables in the second expression.
By definition of 𝐷BR and the pairwise ranking risk (Equation 19), this is exactly 𝕃(Dif f (𝑠); 𝐷BR , 𝓁).

=

𝔼

𝖷∼𝑃 ,𝖷′ ∼𝑄

1
2
1
=
2
1
=
2
1
=
2

𝕃BR (𝑠; 𝐷, 𝓁) =

Proof By Equation 16,

𝕃BR (𝑠; 𝐷, 𝓁) = 𝕃(Dif f (𝑠); 𝐷BR , 𝓁).

Lemma 2 For any distribution 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} , loss 𝓁 and scorer 𝑠 ∶ X → ℝ,

The following risk equivalence can be easily verified, and is well-known for the case of 𝓁01 (Balcan et al.,
2008; Kotlowski et al., 2011; Agarwal, 2014). (See Proposition 62 for a proof of a more general result).

• If 𝖸 = 𝖸′ , reject and re-sample; else, let 𝖹 = 𝖸.

• Draw (𝖷′ , 𝖸′ ) ∼ 𝐷.

• Draw (𝖷, 𝖸) ∼ 𝐷

An equivalent process is:

• If 𝖹 = −1, draw 𝖷 ∼ 𝑄, 𝖷′ ∼ 𝑃 .

• If 𝖹 = +1, draw 𝖷 ∼ 𝑃 , 𝖷′ ∼ 𝑄

• Draw 𝖹 ∼ Ber(1∕2)

Definition 1 (Derived pairwise ranking distribution) Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} , the derived
pairwise ranking distribution 𝐷BR ∈ ΔX×X×{±1} corresponds to drawing (𝖷, 𝖷′ , 𝖹) ∈ X × X × {±1} via:

Having defined the risks for three seemingly disparate problems, it is worth noting how they relate to each
other. First, the pairwise ranking risk (Equation 19) is clearly equivalent to the classification risk (Equation
14), except that we operate over pairs of instances X × X. Thus, pairwise ranking is equivalent to classification
on pairs; see also §10.1. Further, we may view bipartite ranking as a special case of pairwise ranking in the
following sense: any 𝐷 ∈ ΔX×{±1} may be converted to a pairwise ranking distribution, 𝐷BR ∈ ΔX×X×{±1} ,
such that the risks of the two problems are equivalent. Thus, the methods described above for pairwise ranking
are equally applicable for bipartite ranking.

4. Reducing Bipartite to Pairwise Ranking

B IPARTITE R ANKING:

inf

𝕃∗ (𝐷BR , 𝓁) =
inf

𝑠Pair ∶ X×X→ℝ

𝕃(𝑠Pair ; 𝐷BR , 𝓁).

𝕃(𝑠Pair ; 𝐷BR , 𝓁).

𝕃(Dif f(𝑠); 𝐷BR , 𝓁) by Lemma 2

𝕃BR (𝑠; 𝐷, 𝓁)

𝑠Pair ∈SDecomp

inf

𝑠 ∶ X→ℝ

=
=

inf

𝑠 ∶ X→ℝ

𝕃∗BR (𝐷, 𝓁) =

(20)
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8. Depending on the literature, different terms may be used for these quantities. The true positive rate is sometimes referred to as the
recall or sensitivity, and the true negative rate the specificity. The false positive rate is sometimes referred to as the Type I error rate,
and the false negative rate the Type II error rate.

The goal of bipartite ranking is to produce a scorer 𝑠 ∶ X → ℝ. However, as many practical applications
require a classifier 𝑐 ∶ X → {±1}, it is of interest to convert a scorer into a classifier. The simplest approach
to doing so is to threshold the scorer at some 𝑡 ∈ ℝ, producing a classifier 𝑐(𝑥; 𝑡) = J𝑠(𝑥) ≥ 𝑡K. One may
assess the performance of the resulting classifier based on the true and false positive rates,8 which intuitively
measure the accuracy (error) rates on each of the classes. These are defined below.

5.1 True and False Positive Rates

The canonical performance measure for a scorer in bipartite ranking is the area under the ROC curve (AUC).
In this section, we formally define the ROC curve and AUC, and show how the latter is related to the bipartite
risk defined in Equation 16. We then establish several properties of the ROC curve and AUC, and contrast
them to those of the classification risk for proper composite losses. We also describe a generalisation of the
AUC based on our general bipartite risk. While some of these results are not new, presenting them together
shall further delineate the distinctions between bipartite ranking and class-probability estimation.
Before describing the ROC curve, we must define the true and false positive rates for a scorer.

5. The Area Under the ROC Curve (AUC) and Bipartite Risk

We shall revisit this condition when computing the Bayes-optimal scorers for the bipartite ranking risk. In
particular, Proposition 44 characterises the set of proper composite losses for which 𝓁 ∈ LDecomp , which turns
out to involve a condition on the link function for the loss.

}
. {
LDecomp = 𝓁 ∣ (∀𝐷 ∈ ΔX×{±1} ) S∗ (𝐷BR , 𝓁) ∩ SDecomp ≠ ∅ .

The condition in the right hand side above shall prove important in our subsequent analysis, so much so
that we shall use LDecomp to denote the set of losses satisfying it:

The two Bayes-risks involve minimisation of the same functional, 𝕃(𝑠Pair ; 𝐷BR , 𝓁), but the former requires
the constraint 𝑠Pair ∈ SDecomp . For the results of an unconstrained and constrained minimisation to coincide, at least one solution to the unconstrained minimisation must belong to the constraint set. Thus, the two
Bayes-risks will coincide if and only if there is at least one minimiser of 𝕃(𝑠Pair ; 𝐷BR , 𝓁) that is in SDecomp ,
i.e. 𝓁 ∈ LDecomp .

By contrast,

Proof By definition,

𝕃∗BR (𝐷, 𝓁) = 𝕃∗ (𝐷BR , 𝓁) ⟺ S∗ (𝐷BR , 𝓁) ∩ SDecomp ≠ ∅.

Proposition 3 For any distribution 𝐷 ∈ ΔX×{±1} and loss 𝓁,
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Definition 4 (True and false positive rates) Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} , and a scorer 𝑠 ∶ X → ℝ,
define the true (false) positive (negative) rates of the scorer at a threshold 𝑡 ∈ ℝ ∪ {±∞} to be
.
1
TPR(𝑡; 𝐷, 𝑠) = ℙ𝖷∼𝑃 [𝑠(𝖷) > 𝑡] + ⋅ ℙ𝖷∼𝑃 [𝑠(𝖷) = 𝑡]
2
.
1
FPR(𝑡; 𝐷, 𝑠) = ℙ ′ [𝑠(𝖷′ ) > 𝑡] + ⋅ ℙ ′ [𝑠(𝖷′ ) = 𝑡]
𝖷
∼𝑄
𝖷
∼𝑄
2
.
1
TNR(𝑡; 𝐷, 𝑠) = 1 − FPR(𝑡; 𝐷, 𝑠) = ℙ𝖷′ ∼𝑄 [𝑠(𝖷′ ) < 𝑡] + ⋅ ℙ𝖷′ ∼𝑄 [𝑠(𝖷′ ) = 𝑡]
2
1
⋅ ℙ𝖷∼𝑃 [𝑠(𝖷) = 𝑡].
2
.

FNR(𝑡; 𝐷, 𝑠) = 1 − TPR(𝑡; 𝐷, 𝑠) = ℙ𝖷∼𝑃 [𝑠(𝖷) < 𝑡] +

When the scorer 𝑠 and distribution 𝐷 are clear from context, we use e.g. TPR(𝑡) to denote TPR(𝑡; 𝐷, 𝑠).

1
⋅ ℙ𝖲′ ∼𝑄𝑆 [𝖲′ = 𝑡].
2

1
[𝖲 > 𝑡] + ⋅ ℙ𝖲∼𝑃𝑆 [𝖲 = 𝑡]
2

In order to describe the properties of the true and false positive rates, it will be convenient to express them
in terms of the distribution of the scorer. Denoting by 𝑃𝑆 , 𝑄𝑆 the conditional distribution of scores on the
positive and negative class when applied to instances drawn from 𝐷, we may write the true and false positive
rates as:
TPR(𝑡; 𝐷, 𝑠) = ℙ
𝖲∼𝑃𝑆

FPR(𝑡; 𝐷, 𝑠) = ℙ𝖲′ ∼𝑄𝑆 [𝖲′ > 𝑡] +

The second term in each expression encodes that ties are broken uniformly at random between the positive and
negative classes. Observe that the second term is zero unless there are isolated scores; i.e., the distribution of
scores has a discrete random variable component. It is evident that both rates are non-increasing functions of
𝑡, and thus possess pseudo-inverses (Equation 1).
We are now in a position to describe the ROC curve and its basic properties.
5.2 The ROC Curve and Its Properties

As discussed above, given a scorer 𝑠 ∶ X → ℝ, one may threshold it to produce a classifier. However, it is not
a priori clear how to choose a suitable threshold. The ROC curve (Egan, 1975; Fawcett, 2006) is a graphical
representation of a scorer that spells out the implications of every threshold choice. It is formed by tracing
out the relationship between the true and false positive rates of a scorer across all possible thresholds.

.

(21)

Definition 5 (ROC curve) Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} , and a scorer 𝑠 ∶ X → ℝ, the ROC curve
is defined by the parametric representation9
ROC(𝑠; 𝐷) = {(FPR(𝑡; 𝐷, 𝑠), TPR(𝑡; 𝐷, 𝑠)) ∶ 𝑡 ∈ ℝ ∪ {±∞}} ⊆ [0, 1]2 .
Equivalently, let 𝜌(𝛼; 𝐷, 𝑠) be the power of 𝑠 at a false-positive rate of 𝛼, defined as
.

(∀𝛼 ∈ [0, 1]) 𝜌(𝛼; 𝐷, 𝑠) = TPR(FPR−1 (𝛼)),
where we use the pseudo-inverse (Equation 1) of the false-positive rate. Then,
ROC(𝑠; 𝐷) = {(𝛼, 𝜌(𝛼; 𝐷, 𝑠)) ∶ 𝛼 ∈ Im(FPR)} ⊆ [0, 1]2 .

Put plainly, for all possible thresholds 𝑡 ∈ ℝ, we create a classifier from 𝑠 using the threshold, and assess the
resulting accuracy on the positive and negative classes respectively. Every point on the ROC curve represents
a pair of realisable true and false positive rates, i.e. rates that may be attained by a classifier based on an
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9. At a threshold 𝑡 = +∞, both the FPR and TPR are 0, while at 𝑡 = −∞, the FPR and TPR are both 1. Thus, varying 𝑡 in this way
traces a curve from left to right.
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appropriate thresholding of the scorer. Thus, the ROC curve visually summarises the set of realisable error
rates for various choices of classifier derived from the underlying scorer 𝑠.
In general, two points on the ROC curve represent different tradeoffs in terms of the true and false positive
rates. Thus, there is no clear automated mechanism to pick the “best” threshold for generating a classifier
without additional information as to one’s underlying utility.
5.2.1 BASIC PROPERTIES OF THE ROC CURVE

We make some basic observations about the ROC curve for any scorer 𝑠 ∶ X → ℝ and distribution 𝐷.

(i) we have {(0, 0), (1, 1)} ⊆ ROC(𝑠; 𝐷). This is because lim𝑡→∞ TPR(𝑡) = 0, lim𝑡→−∞ TPR(𝑡) = 1, and
similarly for the FPR.

(ii) the curve does not have self-intersections. This is because FPR and TPR are monotone functions.

(iii) the curve is invariant to strictly monotone increasing transformations of the scorer 𝑠. This is because the
FPR and TPR are invariant to strictly monotone increasing transformations (see also Proposition 15).

(iv) the curve is not necessarily surjective onto [0, 1]2 , and may comprise only a finite number of points in
[0, 1]2 . This is a consequence of the fact that FPR and TPR are not necessarily strictly monotone.

(v) even if the curve is surjective, the set of points below the curve is not necessarily a convex set i.e. 𝜌(⋅) is
not necessarily a concave function.10

Figure 1 gives examples of various properties an ROC curve may possess, and in particular illustrates
points (iv) and (v). We now discuss these last two points further.
5.2.2 INTERPOLATION OF THE ROC CURVE

In practice, one typically only has access to an empirical distribution 𝐷̂ with finite support. The resulting
empirical ROC curve will thus comprise a number of isolated points. In such situations, it is common to
linearly interpolate between these points. To justify this interpolation, recall that each point on the ROC
curve summarises the performance of a classifier derived from a specific threshold. Every interpolated point
is similarly achievable by some randomised classifier derived from 𝑠 (Scott et al., 1998, Theorem 1; Provost
𝑛 , where 𝑓 ≤
and Fawcett, 2001, Theorem 7). To see why this is so, suppose ROC(𝑠; 𝐷) = {(𝑓𝑖 , 𝑡𝑖 )}𝑖=1
𝑖
𝑓𝑖+1 , 𝑡𝑖 ≤ 𝑡𝑖+1 . For any 𝑖 ∈ [𝑛 − 1], pick any 𝛼 ∈ [0, 1], and consider the interpolated point (𝑓 ′ , 𝑡′ ) defined by

(𝑓 ′ , 𝑡′ ) = 𝛼 ⋅ (𝑓𝑖 , 𝑡𝑖 ) + (1 − 𝛼) ⋅ (𝑓𝑖+1 , 𝑡𝑖+1 ).

This corresponds exactly to the false positive and true positive rates of a randomised classifier derived from 𝑠
using a threshold 𝑡𝑖 , where ties are broken in favour of positives with probability 𝛼. Therefore, linear interpolation of the ROC curve summarises the performance of all possible classifiers with randomised tie-breaking
that can be derived from the underlying scorer.
5.2.3 T HE CONVEXIFIED ROC CURVE

To further build upon linear interpolation, one may construct a convexified ROC curve from the convex hull of
ROC(𝑠; 𝐷)11 (Provost and Fawcett, 2001), which we denote by ROCcvx (𝑠; 𝐷). As with the linearly interpolated
ROC curve, every point on this curve is achievable with a suitable randomised classifier derived from the
scorer (Provost and Fawcett, 2001, Theorem 7). It is not hard to justify the use of classifiers derived from
ROCcvx (𝑠; 𝐷), rather than those of ROC(𝑠; 𝐷): for every false positive rate, the classifiers derived from the
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10. Recall a function is convex iff its epigraph is a convex set, and is concave iff its negation is convex.
11. Strictly, if co(⋅) denotes the convex hull of a set, one considers ROCcvx (𝑠; 𝐷) = {(0, 0), (1, 1)} ∪ (co(ROC(𝑠; 𝐷)) ∩ {(𝛼, 𝜌) ∣ 𝜌 > 𝛼}),
so that only the portion of the convex hull strictly above the diagonal line is retained. When the original curve is entirely below the
diagonal line, one just uses the diagonal line itself.
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Figure 1: Illustration of various properties an ROC curve may possess. In each example, we use  = [0, 1],
and in most cases fix 𝜂(𝑥) = 𝑥. For (a), we use the scorer 𝑠 = sign(2 ⋅ 𝜂 − 1), so that the score
distributions 𝑃𝑆 , 𝑄𝑆 are discrete. For (b), we use the scorer 𝑠(𝑥) = 𝜂(𝑥) ∨ 0.75 when 𝜂(𝑥) < 0.5
and 𝑠(𝑥) = 𝜂(𝑥) ∧ 0.25 else, so that the score distributions have isolated areas. For (c), we round 𝜂
to {0, 1} and use the scorer 𝑠 predicting uniformly 0.5 or 1 when 𝜂(𝑥) > 0.5 and 38 ⋅ 𝜂(𝑥) else, so
that the positive score distribution has isolated elements. For (d), we round 𝜂 to {0, 1} and use the
scorer 𝑠 predicting uniformly in [0.25, 0.5]∪[0.9, 1] when 𝜂(𝑥) > 0.5 and [0, 0.25]∪[0.5, 0.75] else,
so that the score distributions have interleaved support. For (e), we use the scorer 𝑠(𝑥) = 𝜂(𝑥) − 0.5
when 𝜂(𝑥) < 0.5 and 𝑠(𝑥) = 4 ⋅ 𝜂(𝑥) − 3 else, so that the score distributions are overlapping. For
(f), we use the scorer 𝑠 = 𝜂, so that the result is the maximal ROC curve.

TPR

TPR

TPR

TPR

(22)
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where 𝑝𝑆 , 𝑞𝑆 are the densities of the class-conditional score distributions. When the ROC curve is differentiable, the derivative turns out to have a well-known form involving the score-to-probability transform of the
scorer, as stated below. (Appendix C gives a proof for completeness.)

FPR′ (𝑡) = −𝑞𝑆 (𝑡),

(∀𝑡 ∈ ℝ) TPR′ (𝑡) = −𝑝𝑆 (𝑡)

While in practice one’s operating 𝑃𝑆 , 𝑄𝑆 may be discrete, it is common to construct continuous approximations to them e.g. the binormal ROC model (Krzanowski and Hand, 2009, Section 2.5). Observe that when
the false and true positive rates are differentiable, we have

Proposition 7 (Clémençon and Vayatis, 2009, Proposition 24) Given a distribution 𝐷 = ⧼𝑀, 𝜂⧽ ∈
ΔX×{±1} with 𝑀 absolutely continuous and scorer 𝑠 ∶ X → ℝ with corresponding induced class-conditional
distributions 𝑃𝑆 , 𝑄𝑆 , the curve ROC(𝑠; 𝐷) is differentiable if and only if 𝑃𝑆 , 𝑄𝑆 are absolutely continuous.

We now consider properties of the derivative of the ROC curve, when it exists. When the curve comprises a
number of isolated points, then the derivatives of the interpolated version of the curve can be easily computed.
More generally, from the definition of the power function (Equation 21), it is apparent that the differentiability
of the ROC curve relies on that of the true- and false-positive rates. The following makes this precise.

5.2.5 D IFFERENTIABILITY AND CONCAVITY OF THE ROC CURVE

We may equally consider the “worst” possible curve for a given 𝐷, that is, a curve that is dominated by
every other one. Since the curve for a scorer 𝑠 has as mirror image the curve for the scorer −𝑠, evidently, such
a curve will correspond to any strictly monotone decreasing function of 𝜂, such as e.g. 𝑠 = −𝜂.
Finally, it is easy to check that a non-informative scorer 𝑠 that uniformly predicts a constant (e.g. 𝑠 ≡ 0)
will induce a ROC curve that is the diagonal, viz. 𝜌(𝛼) = 𝛼. Thus, intuitively, a scorer must induce a ROC
curve significantly away from the diagonal in order to be useful.

Proof By the Neyman-Pearson lemma, the uniformly most powerful test (i.e. the test with maximal 𝜌(⋅) value)
at any 𝛼 is given by the likelihood ratio. For the distribution 𝐷, this is nothing but a strictly monotone transformation of 𝜂. As the ROC curve is invariant to such transformations, the result follows.

where 𝜙 is any strictly monotone increasing function.

(∀𝛼 ∈ [0, 1]) 𝜌(𝛼; 𝐷, 𝑠) ≤ 𝜌(𝛼; 𝐷, 𝜙◦𝜂)

Lemma 6 Given any distribution 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ,

Given a distribution 𝐷, different scorers will induce different ROC curves. It is natural to ask whether there
is a “best” possible curve for a given 𝐷, that is, a curve that dominates every other one. It turns out that there
is such a curve, corresponding to any scorer which is a strictly monotone increasing transformation of the
class-probability function 𝜂. This fact is a consequence of the classical Neyman-Pearson lemma, which plays
an important role in hypothesis testing. Appendix D provides some background on this lemma.

5.2.4 E XTREMAL ROC CURVES

former possess a true positive rate at least as good as that of a classifier derived from the latter. That is, the
curve ROCcvx (𝑠; 𝐷) dominates ROC(𝑠; 𝐷).
When ROC(𝑠; 𝐷) comprises a number of isolated points, ROCcvx (𝑠; 𝐷) is trivially the linear interpolation
of the ROC curve for a scorer whose realisable true and false positive rates are the hull points. Such a scorer
may be derived from 𝑠 by introducing suitable ties. This process can be shown to be equivalent to performing
an isotonic regression (Ayer et al., 1955) on the original scorer 𝑠 (Fawcett and Niculescu-Mizil, 2007).
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(𝛼))

𝑝𝑆 (FPR−1 (𝛼))
𝑞𝑆 (FPR

Prb(FPR−1 (𝛼))
1−𝜋
⋅
.
𝜋
1 − Prb(FPR−1 (𝛼))
(23)

Proposition 8 (Krzanowski and Hand, 2009, pg. 22; Clémençon and Vayatis, 2009b, Lemma 1) Given
a distribution 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ such that ROC(𝑠; 𝐷) is differentiable, the
slope of the ROC curve at a false positive rate 𝛼 ∈ (0, 1) is
𝜌′ (𝛼) =
=
Proposition 8 establishes that the score-to-probability transform Prb(⋅ ; 𝐷, 𝑠), and thus the calibration transform Cal(⋅ ; 𝐷, 𝑠), may be computed based on the derivatives of the ROC curve. The fact that the ROC curve
may be used to obtain a class-probability estimator is well-known (Fawcett and Niculescu-Mizil, 2007; Flach,
2010). Indeed, the relationship implies a characterisation of the monotonicity of the calibration transform
when the ROC curve is differentiable.
Corollary 9 Given a distribution 𝐷 ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ with differentiable ROC curve and
invertible rates, ROC(𝑠; 𝐷) is (strictly) concave if and only if the function Prb(⋅ ; 𝐷, 𝑠) is (strictly) increasing.
Proof By Proposition 8, the derivative of the curve at any point comprises a strictly monotone transform of
Prb composed with the invertible and hence strictly monotone function FPR−1 . As (strict) concavity of the
curve is equivalent to (strict) monotonicity of its derivative, the result follows.

FPR−1 (𝛼)
1−𝜋
⋅
.
𝜋
1 − FPR−1 (𝛼)

(24)

Non-concave regions of the ROC curve thus correspond to regions where the function Prb(⋅ ; 𝐷, 𝑠) is noninvertible. As we have seen, one may compute the convex hull of the ROC curve to remove such regions, which
corresponds to introducing ties in the scorer. We note that the assumption of invertibility of rates in Corollary
9 does not by itself imply invertibility of Prb(⋅ ; 𝐷, 𝑠), as the former relates to the cumulative distributions of
the scores, while latter relates to the densities of the scores. For example, when 𝑃𝑆 = 𝑄𝑆 and thus 𝑝𝑆 = 𝑞𝑆 ,
we might have invertibility of the rates, but we will not have invertibility of Prb(⋅ ; 𝐷, 𝑠).
When the scorer 𝑠 is calibrated (Equation 5), Equation 23 implies that the slope of ROC(𝑠; 𝐷) at a false
positive rate 𝛼 ∈ (0, 1) simplifies to
𝜌′ (𝛼) =

Further, Proposition 8 implies the following useful fact.
Corollary 10 Given a distribution 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} and calibrated scorer 𝑠 ∶ X → ℝ with differentiable ROC curve and invertible rates, ROC(𝑠; 𝐷) is strictly concave.
Proof As 𝑠 is calibrated, by definition Prb(⋅ ; 𝐷, 𝑠) is the identity mapping, and thus strictly monotone. By
Corollary 9 the result follows.
This implies that for the calibrated scorer 𝑠 = 𝜂, the ROC curve is concave (provided that the curve is
additionally differentiable), as noted before in e.g. (Clémençon and Vayatis, 2009, Proposition 8). We note
that Corollary 10 relies crucially on the ROC curve being differentiable: the trivially calibrated scorer 𝑠 ≡ 𝜋
would have an ROC curve comprising isolated points, whose interpolation would not be strictly concave.
5.2.6 T HE ROC CURVE AND COST-SENSITIVE THRESHOLD SELECTION
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The true positive and negative rates measure the accuracy of a classifier on the positive and negative classes
respectively. Observe that the standard 0-1 classification risk (Equation 15) can be expressed in terms of the
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(26)

(25)

false positive and negative rates using a threshold of 0. More generally, given a cost ratio 𝑐 ∈ [0, 1], the
cost-sensitive risk of a scorer 𝑠 ∶ X → ℝ when using a threshold 𝑡 may be written

𝕃(𝑠; 𝐷, 𝓁CS(𝑐,𝑡) ) = 𝜋 ⋅ (1 − 𝑐) ⋅ FNR(𝑡; 𝐷, 𝑠) + (1 − 𝜋) ⋅ 𝑐 ⋅ FPR(𝑡; 𝐷, 𝑠),

where 𝓁CS(𝑐,𝑡) denotes the cost-sensitive loss with cost ratio 𝑐 and threshold choice 𝑡:

.

.

𝓁CS(𝑐,𝑡) (+1, 𝑧) = (1 − 𝑐) ⋅ 𝓁01 (+1, 𝑧 − 𝑡)

𝓁CS(𝑐,𝑡) (−1, 𝑧) = 𝑐 ⋅ 𝓁01 (−1, 𝑧 − 𝑡).

Clearly, 𝓁CS(𝑐,𝑐) = 𝓁CS(𝑐) , and for 𝑡 = 0 and 𝑐 = 21 we recover the (scaled) 0-1 loss. The optimal threshold
function 𝑡∗ ∶ [0, 1] ↦ 2ℝ maps costs to the set of thresholds yielding minimal cost-sensitive risk:

𝑡∈ℝ

(∀𝑐 ∈ [0, 1]) 𝑡∗ (𝑐; 𝐷, 𝑠) = Argmin 𝕃(𝑠; 𝐷, 𝓁CS(𝑐,𝑡) ).

Determining the optimal threshold function for a scorer is intimately related to the gradient of the ROC curve.
(Appendix C provides a proof for completeness.)

𝑐
1−𝜋
⋅
,
1−𝑐
𝜋

Prb(𝑡0 ) = 𝑐.

𝜌′ (FPR(𝑡0 )) =

Proposition 11 (Krzanowski and Hand, 2009, pg. 24) Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} and scorer
𝑠 ∶ X → ℝ with differentiable ROC curve, for any cost ratio 𝑐 ∈ (0, 1), any optimal threshold 𝑡0 ∈ 𝑡∗ (𝑐; 𝐷, 𝑠)
for the cost-sensitive risk 𝕃(𝑠; 𝐷, 𝓁CS(𝑐,𝑡) ) satisfies

or equivalently,

Further, when the score-to-probability mapping Prb(⋅ ; 𝐷, 𝑠) is invertible,

𝑡∗ (𝑐) = {Prb−1 (𝑐)}.

Intuitively, there are multiple optimal thresholds for a given cost 𝑐 when Prb(⋅ ; 𝐷, 𝑠) is not invertible,
which by Corollary 9 occurs when the ROC curve is not strictly concave. The derivative may also have an
image that is a strict subset of ℝ+ . In this case, the risk in Equation 25 is monotone as a function of 𝑡, and so
the optimal threshold is one of ±∞.
The relationship between the slope of the ROC and the optimal threshold is useful in two ways. First,
𝑐
given a particular 𝑐, to find the optimal threshold, we draw a line of slope 1−𝑐
⋅ 1−𝜋
. The point at which it
𝜋
touches the ROC curve corresponds to the optimal threshold. Second, at a given false positive rate 𝛼 achieved
by some threshold, the derivative of the ROC curve gives us the cost for which the given threshold is optimal.
For the case of calibrated scorers, we have a simpler characterisation of the optimal threshold for a costsensitive loss: it is simply the corresponding cost itself.

Corollary 12 Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} and calibrated scorer 𝑠 ∶ X → ℝ with differentiable
ROC curve, for any cost 𝑐 ∈ (0, 1), the optimal threshold function for the cost-sensitive risk is 𝑡∗ (𝑐) = {𝑐}.

𝑡0 (𝑐)
𝑐
=
,
1 − 𝑡0 (𝑐) 1 − 𝑐
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Proof As 𝑠 is calibrated, Prb(⋅ ; 𝐷, 𝑠) is the identity mapping, and thus invertible. Thus, applying Proposition
11, we know there is a unique optimal threshold 𝑡0 (𝑐) for each cost ratio 𝑐. Applying Equation 24, the optimal
threshold satisfies
i.e. the optimal threshold is 𝑡0 (𝑐) = 𝑐.

Corollary 12 is again evident for the trivially calibrated scorer 𝑠 = 𝜂.
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An immediate consequence of the above is that for scorers with strictly monotone calibration transforms
Cal(⋅ ; 𝐷, 𝑠) (in turn relying on strict concavity of the ROC curve, by Corollary 10), ROC dominance implies
dominance with respect to any proper loss. Note also that for the optimal ROC curve, given by 𝑠∗ = 𝜂, the
above is trivially true as any proper loss will have its risk minimised by exactly 𝜂.
Proposition 13 relies on ROC dominance. When the ROC curves for two scorers cross, it is not hard to
construct examples of losses where one scorer is superior to the other. This indicates that in such situations,
caution must be used before declaring one scorer to be superior to another, as is well known (Hand, 2009).

Since 𝑠2 has a lower cost-sensitive risk than 𝑠1 for any cost ratio 𝑐, by Shuford’s representation (Equation 10),
it must also have lower risk with respect to any proper loss.

= 𝕃(𝑠1 ; 𝓁CS(𝑐) ).

≤ 𝕃(𝑠1 ; 𝓁CS(𝑐,𝑐) )

≤ 𝕃(𝑠2 ; 𝓁CS(𝑐,𝑡2 ) )

𝕃(𝑠2 ; 𝓁CS(𝑐) ) = 𝕃(𝑠2 ; 𝓁CS(𝑐,𝑐) )

But since 𝑐 is the optimal threshold for 𝑠2 , we further have

= 𝕃(𝑠1 ; 𝑐, 𝓁CS(𝑐) ).

= 𝜋 ⋅ (1 − 𝑐) ⋅ FNR𝑠1 (𝑐) + (1 − 𝜋) ⋅ 𝑐 ⋅ FPR𝑠1 ((FPR𝑠1 )−1 (𝛼1 ))

≤ 𝜋 ⋅ (1 − 𝑐) ⋅ FNR𝑠1 (𝑐) + (1 − 𝜋) ⋅ 𝑐 ⋅ 𝛼1

𝕃(𝑠2 ; 𝓁CS(𝑐,𝑡2 ) ) = 𝜋 ⋅ (1 − 𝑐) ⋅ FNR𝑠2 (𝑡2 ) + (1 − 𝜋) ⋅ 𝑐 ⋅ FPR𝑠2 (𝑡2 )

This implies that using a threshold of 𝑡2 = (FPR𝑠2 )−1 (𝛼1 ), 𝑠2 achieves a lower cost-sensitive risk than 𝑠1 :

FNR𝑠2 ((FPR𝑠2 )−1 (𝛼1 )) ≤ FNR𝑠1 (𝑐).

Thus, the corresponding false negative rate of 𝑠2 must be smaller than that of 𝑠1 , i.e.

TPR𝑠1 (𝑐) = 𝜌(𝛼1 ; 𝐷, 𝑠1 ) ≤ 𝜌(𝛼1 ; 𝐷, 𝑠2 ) = TPR𝑠2 ((FPR𝑠2 )−1 (𝛼1 )).

Proof Our basic idea will be to show that 𝑠2 has a lower cost-sensitive risk than 𝑠1 for any conceivable
cost-ratio, which by Shuford’s representation (Equation 10) will yield the desired result. For brevity, in the
following we use e.g. TPR𝑠 (𝑐) as a shorthand for TPR(𝑐; 𝐷, 𝑠).
Pick any 𝑐 ∈ (0, 1). Consider the cost-sensitive risk of a scorer 𝑠 using a threshold 𝑡 (Equation 25).
Since 𝑠1 , 𝑠2 are calibrated, by Corollary 12, they both have optimal threshold 𝑡∗ (𝑐; 𝐷, 𝑠) = {𝑐}. With this
.
threshold, scorer 𝑠1 achieves a false-positive rate of 𝛼1 = FPR𝑠1 (𝑐), and true-positive rate TPR𝑠1 (𝑐). By the
ROC domination assumption, we have

𝕃(𝑠2 ; 𝐷, 𝜆) ≤ 𝕃(𝑠1 ; 𝐷, 𝜆).

then any proper loss 𝜆, 𝑠2 must have risk no larger than 𝑠1 :

(∀𝛼 ∈ [0, 1]) 𝜌(𝛼; 𝐷, 𝑠1 ) ≤ 𝜌(𝛼; 𝐷, 𝑠2 ).

Proposition 13 Pick any distribution 𝐷 ∈ ΔX×{±1} , and let 𝑠1 , 𝑠2 ∶ X → ℝ be any scorers that are calibrated
with respect to 𝐷, with differentiable ROC curves. If the ROC curve of 𝑠2 dominates that of 𝑠1 ,

Suppose one scorer dominates another in ROC space. What can one say about the risks of the two scorers
with respect to a proper loss? The following establishes that, for calibrated scorers, dominance in ROC space
implies dominance with respect to any proper composite risk. This supports the use of the ROC curve as a
means of assessing the performance of a scorer. While simple to prove, the result is to our knowledge novel.

5.2.7 ROC DOMINATION AND CLASSIFICATION RISK

B IPARTITE R ANKING:

∫0

1

𝜌(𝛼; 𝐷, 𝑠) 𝑑𝛼,

(27)
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Fourth, the AUC is optimised by any strictly monotone transformation of the underlying 𝜂.

and similarly for TPR. It follows that the power function 𝜌 is unaffected by 𝜙, and thus so is the ROC curve
and the area under it.

= FPR(𝑡; 𝐷, 𝑠),

𝖷∼𝑄

= 𝔼 [𝓁01 (−1, 𝑠(𝖷) − 𝑡)]

𝖷∼𝑄

(∀𝑡 ∈ ℝ) FPR(𝑡; 𝐷, 𝜙◦𝑠) = 𝔼 [𝓁01 (−1, 𝜙(𝑠(𝖷)) − 𝑡)]

Proof This is because the 0-1 loss is invariant to monotone increasing transformations of the scorer:

AUC(𝑠; 𝐷) = AUC(𝜙◦𝑠; 𝐷).

Proposition 15 (Clémençon and Vayatis, 2009, Proposition 24) Given any 𝐷 ∈ ΔX×{±1} and scorer
𝑠 ∶ X → ℝ, for any strictly monotone increasing 𝜙 ∶ ℝ → ℝ,

Some basic properties of the AUC are immediate from the above definition. First, the AUC is in [0, 1]; as we
shall subsequently discuss, higher AUC values indicate a “better” scorer.
Second, the AUC is independent of the base rate 𝜋, and only depends on the class-conditional distributions
𝑃 , 𝑄 for a distribution 𝐷 ∈ ΔX×{±1} . This means that a scorer 𝑠 will have the same AUC with respect to all
distributions in the family {𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽}𝜋∈[0,1] .
Third, the AUC is invariant to strictly monotone increasing transforms of the scorer, as shown below.

5.3.1 BASIC PROPERTIES OF THE AUC

For any 𝛼 ∈ (𝛼1 , 𝛼2 ), we have (FPR)−1 (𝛼) = 𝑡, and so TPR((FPR)−1 (𝛼)) = TPR(𝑡) = 12 (𝛽1 + 𝛽2 ). Thus with
the pseudo-inverse, the corresponding area of this region is that of the corresponding rectangle with height
1
(𝛽 + 𝛽2 ) and width (𝛼2 − 𝛼1 ), which is also exactly 21 ⋅ (𝛼2 − 𝛼1 ) ⋅ (𝛽1 + 𝛽2 ).
2 1

A subtlety in the above definition is that we only defined ROC(𝑠; 𝐷) in terms of the power when 𝛼 ∈
Im(FPR). However, the power itself is defined for every 𝛼 ∈ [0, 1], due to the use of the pseudo-inverse.
Thus, the integral is well-defined even when ROC(𝑠; 𝐷) comprises isolated points.
A further subtlety is that the curve traced out by {(𝛼, TPR(FPR−1 (𝛼))) ∶ 𝛼 ∈ [0, 1]} is not always equivalent to that generated by linear interpolation of ROC(𝑠; 𝐷). Nonetheless, the area under the two curves
will in general be the same. To see this, suppose 𝑃𝑆 , 𝑄𝑆 have an isolated component at some 𝑡 ∈ ℝ, with
FPR(𝑡− ) = 𝛼1 , FPR(𝑡+ ) = 𝛼2 and TPR(𝑡− ) = 𝛽1 , TPR(𝑡+ ) = 𝛽2 , and further TPR(𝑡) = 12 (𝛽1 + 𝛽2 ) due to the
breaking of ties uniformly at random. We will then have two consecutive disconnected points in ROC(𝑠; 𝐷),
(𝛼1 , 𝛽1 ) and (𝛼2 , 𝛽2 ). With linear interpolation, this region of the ROC curve has area 21 ⋅ (𝛼2 − 𝛼1 ) ⋅ (𝛽1 + 𝛽2 ).

where 𝜌(𝛼; 𝐷, 𝑠) is the power of 𝑠 at 𝛼 (Equation 21).

.

AUC(𝑠; 𝐷) =

Definition 14 (Area under the ROC curve (AUC)) Given any 𝐷 ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ, the
area under the ROC curve or AUC of 𝑠 is the area under the curve ROC(𝑠; 𝐷),

The ROC curve is a graphical display of the performance of a scorer. It is often desirable to additionally have
a single numeric summary of performance. One such popular summary statistic is the area under the ROC
curve, or AUC.

5.3 The Area Under the ROC Curve (AUC)

M ENON AND W ILLIAMSON
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Corollary 16 Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} and any strictly monotone increasing 𝜙 ∶ [0, 1] → ℝ,
sup AUC(𝑠; 𝐷) = AUC(𝜙◦𝜂; 𝐷).

𝑠 ∶ X→ℝ

Proof By Lemma 6, the optimal ROC curve is achieved by any 𝜙◦𝜂. Such a scorer must thus have maximal
AUC.
We now show how the AUC can be viewed in terms of loss functions, which makes apparent its connection
to the bipartite ranking risk.
5.3.2 A LOSS REPRESENTATION OF THE AUC

Although not immediately obvious from the above definition, the AUC of a scorer with respect to a distribution
𝐷 ∈ ΔX×{±1} is the probability a randomly drawn positive has a higher score than a randomly drawn negative,
with ties broken uniformly at random. This observation goes back to at least Hanley and McNeil (1982,
Section III), and has been noted in machine learning community in e.g. Cortes and Mohri (2003, Lemma 1),
Clémençon et al. (2008).12

1
⋅ ℙ𝖷∼𝑃 ,𝖷′ ∼𝑄 [𝑠(𝖷) = 𝑠(𝖷′ )].
2

(28)

Proposition 17 (Cortes and Mohri, 2003, Lemma 1) Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} and scorer
𝑠 ∶ X → ℝ,
AUC(𝑠; 𝐷) = ℙ𝖷∼𝑃 ,𝖷′ ∼𝑄 [𝑠(𝖷) > 𝑠(𝖷′ )] +

Equation 28 is often taken as the starting definition of the AUC, due to its convenience to manipulate.
Indeed, on a sample 𝐷̂ =
the empirical AUC is
𝑚 ,
∪ {(𝑥𝑗 , −1)}𝑗=1

𝑛 𝑚
[
∑
∑
q
y
y]
1 q
1
𝑠(𝑥𝑖 ) > 𝑠(𝑥𝑗 ) + ⋅ 𝑠(𝑥𝑖 ) = 𝑠(𝑥𝑗 ) ,
⋅
𝑛⋅𝑚
2

𝑛
{(𝑥𝑖 , +1)}𝑖=1

̂ =
AUC(𝑠; 𝐷)
𝑖=1 𝑗=1

[

(29)

which is equivalent to the Mann-Whitney statistic (Mann and Whitney, 1947). The resulting empirical estimate
can be computed in 𝑂(𝑁 log 𝑁) time for 𝑁 = 𝑛 + 𝑚 with a single sort operation, rather than attempting
numerical integration of the empirical ROC curve (Hand and Till, 2001).
Observe that Proposition 17 may be expressed in terms of a risk involving 0-1 loss as follows.

𝔼

𝔼

𝖷∼𝑃 ,𝖷′ ∼𝑄

[q
y 1q
y]
𝑠(𝖷) − 𝑠(𝖷′ ) < 0 +
𝑠(𝖷) = 𝑠(𝖷′ )
2
]
𝓁01 (1, 𝑠(𝖷) − 𝑠(𝖷′ )) .

Corollary 18 Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ,
AUC(𝑠; 𝐷) = 1 −
=1−

𝖷∼𝑃 ,𝖷′ ∼𝑄

Building on this representation, we now describe a generalisation of the AUC, which will be a useful basis
for further analysis.
5.4 Generalisation: the 𝓁-AUC

We define the following generalisation of the AUC, which uses any loss function 𝓁 ∶ {±1} × ℝ → ℝ+ .

𝔼

𝖷∼𝑃 ,𝖷′ ∼𝑄

[

]
𝓁symm (𝑠(𝖷) − 𝑠(𝖷′ )) ,
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Definition 19 (𝓁-AUC) Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} and a loss 𝓁 ∶ {±1} × ℝ → ℝ+ , define the
𝓁-AUC of a scorer 𝑠 with respect to 𝐷 ∈ ΔX×{±1} as
.

AUC(𝑠; 𝐷, 𝓁) = 1 −

12. Compared to the cited works, we have introduced an extra term that accounts for ties.
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𝓁
𝓁01
𝓁sq
𝓁log
𝓁exp
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AUC(𝑠; 𝐷, 𝓁)
[
]
1 − 𝔼𝖷∼𝑃 ,𝖷′ ∼𝑄 J𝑠(𝖷) < 𝑠(𝖷′ )K + 12 ⋅ J𝑠(𝖷) = 𝑠(𝖷′ )K
[
]
1 − 𝔼𝖷∼𝑃 ,𝖷′ ∼𝑄 (1 − 𝑠(𝖷) + 𝑠(𝖷′ ))2
[ (
)]
′
1 − 𝔼𝖷∼𝑃 ,𝖷′ ∼𝑄 log 1 + 𝑒𝑠(𝖷 )−𝑠(𝖷)
[
]
′
1 − 𝔼𝖷∼𝑃 ,𝖷′ ∼𝑄 𝑒𝑠(𝖷 )−𝑠(𝖷)

Table 6: Examples of 𝓁-AUC for various losses, given some 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} .

𝖷∼𝑃 ,𝖷′ ∼𝑄

𝔼

recalling that 𝓁symm is the symmetrised version of 𝓁 (Equation 8). When 𝓁 is symmetric, this simplifies to
[
]
𝓁1 (𝑠(𝖷) − 𝑠(𝖷′ )) .
AUC(𝑠; 𝐷, 𝓁) = 1 −

Table 6 provides some examples of the 𝓁-AUC. Clearly, AUC(𝑠; 𝐷, 𝓁01 ) is the standard AUC as defined earlier
(see e.g. Equation 28). When we do not explicitly refer to the loss, it is understood that we are referring to the
standard AUC.
When using the cost-sensitive loss 𝓁CS(𝑐,𝑡) of Equation 26 with a threshold of 𝑡 = 0 and any 𝑐 ∈ (0, 1), we
also recover the standard AUC. This is because the symmetrised version of such a loss is

1
𝓁
(1, 𝑣) + 𝓁
(−1, −𝑣) = (1 − 𝑐) ⋅ J𝑣 < 0K + 𝑐 ⋅ J−𝑣 > 0K + ⋅ J𝑣 = 0K
CS(𝑐,0)
CS(𝑐,0)
2
1
⋅ J𝑣 = 0K
2

1
⋅ J𝑣 = 0K
2

= (1 − 𝑐) ⋅ J𝑣 < 0K + 𝑐 ⋅ J𝑣 < 0K +

= J𝑣 < 0K +

= 𝓁01 (1, 𝑣)

This is intuitively because of the symmetry inherent in the bipartite ranking problem: scoring a positive below
a negative is equivalent to scoring a negative above a positive. Therefore, one cannot expect to have different
costs associated with the two errors.
We have assumed the prediction space for the loss 𝓁 above to ℝ because we require the prediction space
to be closed under negation, and for an arbitrary scorer that requires we can compute the loss for any real
valued prediction. This rules out using a proper loss (or indeed any probability estimation loss), which is only
defined on the prediction space [0, 1]. However, we may use a proper composite loss, which operates on a
real-valued prediction space but converts this to [0, 1] via a link function.
5.4.1 T HE 𝓁-AUC AS AN AREA

One property of the AUC that is inherited is that the 𝓁-AUC may be interpreted as the area under a curve
parameterised by the false positive rate, and a smoothed version of the true positive and false positive rates,
defined below.

JMLR 17(195):1-102

Definition 20 Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} , loss 𝓁, and a scorer 𝑠 ∶ X → ℝ, define the 𝓁-true (false)
positive (negative) rates at a threshold 𝑡 ∈ ℝ to be

𝖷∼𝑃

FNR(𝑡; 𝐷, 𝑠, 𝓁) = 𝔼 [𝓁1 (𝑠(𝖷) − 𝑡)]

𝖷∼𝑄

FPR(𝑡; 𝐷, 𝑠, 𝓁) = 𝔼 [𝓁−1 (𝑠(𝖷) − 𝑡)]

TPR(𝑡; 𝐷, 𝑠, 𝓁) = 1 − FNR(𝑡; 𝐷, 𝑠, 𝓁)

24
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∫0

1

𝜌(𝛼; 𝐷, 𝑠, 𝓁) 𝑑𝛼,

∫0

TPR𝓁 (FPR (𝛼)) 𝑑𝛼 =

−1

∫0

1

TNR𝓁 (TPR (𝛼)) 𝑑𝛼.

−1

)
1 (
⋅ TPR𝓁 (FPR−1 (𝛼)) + TNR𝓁 (TPR−1 (𝛼)) .
2
(31)

(30)

1

∫0

1

1

𝔼 [𝓁1 (𝑠(𝖷) − FPR−1 (𝛼))] 𝑑𝛼
[
]

𝖷∼𝑃

𝖷∼𝑃 ,𝖷 ∼𝑄

𝖷∼𝑃

=1− 𝔼

−1

𝓁 (𝑠(𝖷) − FPR (𝛼)) 𝑑𝛼
∫0 1
[
]
∞
=1− 𝔼 −
𝓁1 (𝑠(𝖷) − 𝑡) ⋅ FPR′ (𝑡) 𝑑𝑡 with 𝛼 = FPR(𝑡)
∫−∞
𝖷∼𝑃
[ ∞
]
=1− 𝔼
𝓁1 (𝑠(𝖷) − 𝑡) ⋅ 𝑞𝑆 (𝑡) 𝑑𝑡
𝖷∼𝑃 ∫−∞
[ ∞
]
[
]
𝓁1 (𝑠(𝖷) − 𝑡) ⋅ ′𝔼 𝛿𝑠(𝖷′ ) (𝑡) 𝑑𝑡
=1− 𝔼
𝖷∼𝑃 ∫−∞
𝖷 ∼𝑄
[
]
=1−
𝔼′
𝓁1 (𝑠(𝖷) − 𝑠(𝖷′ )) ,

TPR𝓁 (FPR−1 (𝛼)) 𝑑𝛼 = 1 −

1

∫0

1

∫0

1

𝓁−1 (𝑠(𝖷′ ) − TPR−1 (𝛼)) 𝑑𝛼

25
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𝔼 [𝓁−1 (𝑠(𝖷′ ) − TPR−1 (𝛼))] 𝑑𝛼
[
]

𝖷′ ∼𝑄

𝖷 ∼𝑄

= 1 − ′𝔼

TNR𝓁 (TPR−1 (𝛼)) 𝑑𝛼 = 1 −

13. This restriction ensures that we can employ the integral substitution formula in the proof.

∫0

where the last line follows from the definition of Dirac delta. Similarly,

∫0

Starting from the definition, and by swapping the expectation and integral (which is justified by Tonelli’s
theorem Folland, 1999, pg. 67, since 𝓁1 is nonnegative and measurable):

𝖷∼𝑄

TNR𝓁 (𝑡) = 1 − 𝔼 [𝓁−1 (𝑠(𝖷) − 𝑡)].

𝖷∼𝑃

TPR𝓁 (𝑡) = 1 − 𝔼 [𝓁1 (𝑠(𝖷) − 𝑡)]

Proof The proof is a generalisation of e.g. Cortes and Mohri (2003, Lemma 1); Clémençon et al. (2008,
Proposition B.2) to cover an arbitrary loss 𝓁 ∶ {±1} × ℝ → ℝ+ . Recall that for any 𝑡 ∈ ℝ,

AUC(𝑠; 𝐷, 𝓁) =

1

When 𝓁 is symmetric, this simplifies to

𝜌(𝛼; 𝐷, 𝑠, 𝓁) =

where 𝜌(𝛼; 𝐷, 𝑠, 𝓁) is the 𝓁-power of 𝑠 at 𝛼, defined for 𝛼 ∈ [0, 1] as

AUC(𝑠; 𝐷, 𝓁) =

Proposition 21 Given any 𝐷 ∈ ΔX×{±1} , loss 𝓁, and scorer 𝑠 ∶ X → ℝ with differentiable ROC curve and
invertible false- and true-positive rates13 ,

We then have the following analogue to Equation 27 for a general loss.

When the scorer 𝑠 and distribution 𝐷 are clear from context, we shall use e.g. TPR𝓁 (𝑡) to denote TPR(𝑡; 𝐷, 𝑠, 𝓁).

TNR(𝑡; 𝐷, 𝑠, 𝓁) = 1 − FPR(𝑡; 𝐷, 𝑠, 𝓁).

B IPARTITE R ANKING:

AUC(𝑠; 𝐷, 𝓁) =

1

1
(TPR𝓁 (FPR−1 (𝛼)) + TNR𝓁 (TPR−1 (𝛼))) 𝑑𝛼.
2 ∫0

𝖷 ∼𝑄,𝖷∼𝑃

𝖷∼𝑃 ,𝖷 ∼𝑄

(32)
(33)

AUC∗ (𝐷, 𝓁) =

26

sup AUC(𝑠; 𝐷, 𝓁).
𝑠 ∶ X→ℝ
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We may further relate the Bayes-optimal scorers for AUC and bipartite risk. For a distribution 𝐷 ∈
ΔX×{±1} , define the Bayes-optimal 𝓁-AUC to be the supremal 𝓁-AUC:

so that the 𝓁-AUC can be seen as a linear transform of 𝓁-bipartite ranking risk.

= 1 − 𝕃(Dif f (𝑠); 𝐷BR , 𝓁),

AUC(𝑠; 𝐷, 𝓁) = 1 − 𝕃BR (𝑠; 𝐷, 𝓁)

Lemma 22 For any 𝐷 ∈ ΔX×{±1} , loss 𝓁, and scorer 𝑠 ∶ X → ℝ,

As mentioned, the AUC is a canonical measure of performance for bipartite ranking problems. Thus far,
we have used the bipartite risk (Equation 16) as our measure of performance. In fact, these measures are
equivalent: from the definition of the 𝓁-AUC for a scorer 𝑠 (Definition 19), it is apparent that it is a linear
transformation of the bipartite ranking risk for the pair-scorer Dif f(𝑠). Equivalently, by Lemma 2, the 𝓁-AUC
may be seen as a linear transformation of the pairwise ranking risk over 𝐷BR .

5.5 The 𝓁-AUC and Bipartite Ranking Risk

corresponding to the 𝓁-AUC with non-convex loss 𝓁1 (𝑣) = (1 − 𝑣) ∧ 1.

Like the standard AUC, the 𝓁-AUC does not depend on the base rate 𝜋. However, the 𝓁-AUC does not inherit
all properties of the standard AUC. First, in general the 𝓁-AUC lies in ℝ, not necessarily [0, 1]. Second, the 𝓁AUC is not invariant to strictly monotone increasing transforms of the scoring functions. Indeed, the 𝓁-AUC
penalises the magnitude of differences between predictions. Intuitively, this makes the 𝓁-AUC closer to a
classification or class-probability estimation risk, as it is not sufficient to simply order instances well. Similar
magnitude-sensitive metrics have been explored by Wu and Flach (2005); Ferri et al. (2005); for example, Wu
and Flach (2005, Equation 5) proposed the “scored AUC”,
[
]
.
max(0, 𝑠(𝖷) − 𝑠(𝖷′ )) .
AUCscr (𝑠; 𝐷) =
𝔼′

5.4.2 BASIC PROPERTIES OF THE 𝓁-AUC

For a symmetric loss, we can thus interpret the 𝓁-AUC as being the area under a curve that plots the false
positive rates of a scorer against the 𝓁-true positive rates, or equivalently, the true positive rates against the
𝓁-true negative rates. (These two curves are not equivalent in general, but the area under them is.) Clearly,
when 𝓁 = 𝓁01 , the 𝓁-power is the standard power (Equation 21), and the above is exactly the standard AUC.

Thus,

= 1 − ′𝔼

[
]
∞
−
𝓁−1 (𝑠(𝖷′ ) − 𝑡) ⋅ TPR′ (𝑡) 𝑑𝑡
∫−∞
𝖷 ∼𝑄
[ ∞
]
= 1 − ′𝔼
𝓁−1 (𝑠(𝖷′ ) − 𝑡) ⋅ 𝑝𝑆 (𝑡) 𝑑𝑡
𝖷 ∼𝑄 ∫−∞
[ ∞
]
[
]
= 1 − ′𝔼
𝓁−1 (𝑠(𝖷′ ) − 𝑡) ⋅ 𝔼 𝛿𝑠(𝖷) (𝑡) 𝑑𝑡
∫
𝖷∼𝑃
𝖷 ∼𝑄
−∞
[
]
=1− ′ 𝔼
𝓁−1 (𝑠(𝖷′ ) − 𝑠(𝖷)) .
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1

TPR(FPR−1 (𝛼)) 𝑑𝛼

B IPARTITE R ANKING:

[
]
𝓁01 (1, 𝑠(𝖷) − 𝑠(𝖷′ ))

A

Interpretation
Equation 27

Reference

Equation 29

Equation 28

Average 0-1 accuracy on pairs

Equation 39

Equation 32

Average balanced accuracy

Equation 37

One minus bipartite ranking risk

Average rank of positive examples

Equation 38

Equation 34

Average rank of negative examples

Weighted combination of costsensitive losses

Probability of random positive scoring higher than random negative

Area under ROC curve
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]

1
⋅ ℙ𝖷∼𝑃 ,𝖷′ ∼𝑄 [𝑠(𝖷) = 𝑠(𝖷′ )]
2

Representation of AUC(𝑠; 𝐷)
∫0

𝔼

ℙ𝖷∼𝑃 ,𝖷′ ∼𝑄 [𝑠(𝖷) > 𝑠(𝖷′ )] +
1−
𝖷∼𝑃 ,𝖷′ ∼𝑄

𝜆CS(𝑐) (𝖸, Cal(𝖷; 𝐷, 𝑠)) 𝑑𝑐
[BACC(𝑠(𝖷); 𝐷, 𝑠)] − 12

1 − 𝕃 (Dif f (𝑠); 𝐷, 𝓁 )
BR
01
[
1
1
𝔼
𝜇
(𝑐)⋅
2𝜋(1 − 𝜋) (𝖷,𝖸)∼𝐷 ∫0 Cal(⋅ ;𝐷,𝑠)
1−

2⋅ 𝔼
𝖷∼𝑃

𝔼 [TNR(𝑠(𝖷))]
𝖷∼𝑃
[
]
TPR(𝑠(𝖷′ ))
𝔼

𝖷′ ∼𝑄

Table 7: Various representations for the AUC of a scorer 𝑠 ∶ X → ℝ with respect to a distribution 𝐷 ∈
ΔX×{±1} . Each gives a different interpretation, and possibly means of estimating the AUC.
This supremal AUC is simply one minus the Bayes-optimal bipartite ranking risk; thus, it is a measure of the
inherent difficulty of bipartite ranking with a given distribution 𝐷.
Corollary 23 For any 𝐷 ∈ ΔX×{±1} and loss 𝓁,
∗
AUC∗ (𝐷, 𝓁) = 1 − 𝕃BR
(𝐷, 𝓁).

Proof Take the supremum of both terms in Equation 32.

5.6 Alternate Representations of the AUC

We now outline several equivalent representations of the AUC, summarised in Figure 7. Each gives a different
perspective about how it measures the performance of a scorer, as well as potentially different means of
estimating it from samples. Many of these representations are specific to 𝓁01 , but we begin with two related
representations that hold for general 𝓁.
5.6.1 T HE SHUFORD REPRESENTATION

1

𝑤(𝑐) ⋅ 𝜆CS(𝑐) (𝑦, Ψ−1 (𝑣)) 𝑑𝑐.

Suppose the loss 𝓁 is proper composite with link Ψ. Recall Shuford’s integral representation (Equation 10),
𝓁(𝑦, 𝑣) =

∫0

We can apply this to the definition of pairwise ranking risk (Equation 19) to get a representation of the
bipartite ranking risk in terms of cost-sensitive bipartite ranking risks, assuming Ψ has some symmetry.

∫0

1

𝑤(𝑐) ⋅ 𝕃(Ψ−1 ◦Dif f (𝑠); 𝐷BR , 𝜆symm,CS(𝑐) ) 𝑑𝑐,
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Proposition 24 For any 𝐷 ∈ ΔX×{±1} , 𝓁 ∈ LSPC (Ψ) where Ψ−1 (−𝑣) = 1 − Ψ−1 (𝑣) and scorer 𝑠 ∶ X → ℝ,
𝕃BR (𝑠; 𝐷, 𝓁) =
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2

𝜆CS(𝑐) (+1, 𝑢) + 𝜆CS(𝑐) (−1, 1 − 𝑢)

where 𝑤(⋅) is the weight function corresponding to the proper loss 𝜆 = 𝓁◦Ψ−1 , and

(∀𝑐 ∈ [0, 1]) (∀𝑢 ∈ [0, 1]) 𝜆symm,CS(𝑐) (𝑢) =

𝔼

(𝖷,𝖷′ )∼(𝑃 ×𝑄)

𝔼

(𝖷,𝖷′ )∼(𝑃 ×𝑄)

𝔼

(𝖷,𝖷′ )∼(𝑃 ×𝑄)

𝔼

[

𝓁1 ((Dif f(𝑠))(𝖷, 𝖷′ )) + 𝓁−1 (−(Dif f(𝑠))(𝖷, 𝖷′ ))
2

]

𝜆1 (Ψ−1 ((Dif f(𝑠))(𝖷, 𝖷′ ))) + 𝜆−1 (Ψ−1 (−(Dif f(𝑠))(𝖷, 𝖷′ )))
2

1

𝑤(𝑐) ⋅

2

.

]

]

.

𝜆CS(𝑐) (1, Ψ−1 ((Dif f(𝑠))(𝖷, 𝖷′ ))) + 𝜆CS(𝑐) (−1, 1 − Ψ−1 ((Dif f(𝑠))(𝖷, 𝖷′ )))

𝜆1 (Ψ−1 ((Dif f(𝑠))(𝖷, 𝖷′ ))) + 𝜆−1 (1 − Ψ−1 ((Dif f(𝑠))(𝖷, 𝖷′ )))
2
[

∫0

𝑤(𝑐) ⋅ 𝕃(Ψ−1 ◦Dif f(𝑠); 𝐷BR , 𝜆symm,CS(𝑐) ) 𝑑𝑐,

𝔼

(𝖷,𝖷′ )∼(𝑃 ×𝑄)

1

(𝖷,𝖷′ )∼(𝑃 ×𝑄)

∫0

2

𝜆CS(𝑐) (+1, 𝑢) + 𝜆CS(𝑐) (−1, 1 − 𝑢)

1

]

Proof By the equivalence of bipartite ranking and classification on pairs, the given condition on the link
function, and applying Shuford’s representation to the partial losses 𝓁±1 ,
=

=
=
=
=
=

[

𝕃BR (𝑠; 𝐷, 𝓁) = 𝕃(Dif f(𝑠); 𝐷BR , 𝓁)
[
]
𝓁symm ((Dif f(𝑠))(𝖷, 𝖷′ ))
[

where

𝜆symm,CS(𝑐) (𝑢) =

∫0

𝑤(𝑐) ⋅ AUC(𝑠; 𝐷, 𝜆CS(𝑐) ) 𝑑𝑐.

Without the assumption on Ψ above, one can still obtain an integral representation, but it will not cleanly
relate to weighted combination of probability estimation loss risks.
Given the connection between the 𝓁-AUC and bipartite ranking risk (Lemma 22), one might hope for a
result of the form
AUC(𝑠; 𝐷, 𝓁) =

However, the AUC can only be equated with the pairwise ranking risk when the latter uses a decomposable
scorer (Equation 33). In the above equation, if we require Ψ−1 ◦Dif f(𝑠) to be decomposable, then it must be
that Ψ−1 is the identity function, i.e. the loss 𝓁 must be proper, and not merely proper composite. But recall
that the 𝓁-AUC is not defined for a proper loss, because its prediction space is not closed under negation.
Thus, an integral representation cannot be found here, either.
Interestingly, if we allow the weights to depend on the scorer 𝑠, it is possible to get an expression for the
AUC with strong resemblance to Shuford’s result for proper losses, as we now explore.
5.6.2 H AND’S REPRESENTATION

We now generalise a result of Hand (2009, Section 4) to the case of general 𝓁-AUC. Informally, the result
is a representation of the 𝓁-AUC as a weighted combination of cost-sensitive risks, where the weighting is
distribution and scorer dependent. More specifically, the result states that the AUC of a scorer 𝑠 is a weighted
combination of cost-sensitive risks, where the weighting factor on costs depends on 𝑠, and the threshold for
cost 𝑐 is set to the optimal choice (c.f. Proposition 11) of Prb−1 (𝑐).

1

1
𝑉 (𝑐) ⋅ 𝕃(𝑠; 𝐷, 𝓁trans(𝑐) ) 𝑑𝑐
2𝜋(1 − 𝜋) ∫0 𝑆
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Proposition 25 Given any 𝐷 ∈ ΔX×{±1} , loss 𝓁, and scorer 𝑠 ∶ X → ℝ such that ROC(𝑠; 𝐷) is differentiable
and Prb(; D, s) is differentiable and invertible,
AUC(𝑠; 𝐷, 𝓁) = 1 −

28
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𝑉𝑆 (𝑐) = (Prb−1 )′ (𝑐) ⋅ 𝜇𝑆 (Prb−1 (𝑐))

∞

1
(TNR′ (𝑡) ⋅ FNR𝓁 (𝑡) + FNR′ (𝑡) ⋅ FPR𝓁 (𝑡)) 𝑑𝑡.
2 ∫−∞

1
⋅ 𝜇 (𝑡) ⋅ Prb(𝑡).
𝜋 𝑆

(T(𝓁, 𝑐, 𝑡))(𝑦, 𝑣) = (1 − 𝑐) ⋅ J𝑦 = 1K ⋅ 𝓁1 (𝑣 − 𝑡) + 𝑐 ⋅ J𝑦 = −1K ⋅ 𝓁−1 (𝑣 − 𝑡),

(𝓁trans(𝑐) )(𝑦, 𝑣) = (T(𝓁, 𝑐, Prb−1 (𝑐)))(𝑦, 𝑣)

∞

1
𝑉 (𝑐) ⋅ 𝕃(𝑠; 𝐷, 𝑐) 𝑑𝑐,
2𝜋(1 − 𝜋) ∫0 𝑆

1

1
𝜇 (𝑡) ⋅ 𝕃(𝑠; 𝐷, 𝓁trans(Prb(𝑡)) ) 𝑑𝑡
2𝜋(1 − 𝜋) ∫−∞ 𝑆

29

(T(𝓁, 𝑐, 𝑡))(𝑦, 𝑣) = 𝓁CS(𝑐,𝑡) (𝑦, 𝑣)
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The right hand side above features two seemingly opaque objects: a transformed version of the loss and a
weighting factor, both of which depend on the score-to-probability transformation Prb(⋅ ; 𝐷, 𝑠). Fortunately,
both of these simplify when we consider 𝓁01 (corresponding to the standard AUC), and calibrated scorers.
First, it is easy to check that for 𝓁01 , the transformed loss is the cost-sensitive loss with threshold 𝑡,

.

using the substitution 𝑐 = Prb(𝑡), with 𝑉𝑆 (𝑐) = (Prb−1 )′ (𝑐) ⋅ 𝜇𝑆 (Prb−1 (𝑐)).

=

1 − AUC(𝑠; 𝐷, 𝓁) =

transforms the loss 𝓁 to use a cost weighting 𝑐 and corresponding optimal threshold Prb−1 (𝑐) (c.f. Proposition
11). Thus, returning the original integral,

where

FNR′ (𝑡) =

𝜄(𝑡) = TNR′ (𝑡) ⋅ FNR𝓁 (𝑡) + FNR′ (𝑡) ⋅ FPR𝓁 (𝑡)
(
)
1
⋅ 𝜇 (𝑡) ⋅ 𝜋 ⋅ (1 − Prb(𝑡)) ⋅ FNR𝓁 (𝑡) + (1 − 𝜋) ⋅ Prb(𝑡) ⋅ FPR𝓁 (𝑡)
=
𝜋(1 − 𝜋) 𝑆
1
=
⋅ 𝜇 (𝑡) ⋅ 𝕃(𝑠; 𝐷, 𝓁trans(Prb(𝑡)) ),
𝜋(1 − 𝜋) 𝑆

Thus, the integrand is

and similarly,

TNR′ (𝑡) = 𝑞𝑆 (𝑡)
1
=
⋅ 𝜇 (𝑡) ⋅ (1 − Prb(𝑡)),
1−𝜋 𝑆

Recall from §2.4 that we refer to the marginal density of scores by 𝜇𝑆 , and the class-conditional densities
by 𝑝𝑆 , 𝑞𝑆 . Recall from Equation 22 that for any 𝑡 ∈ ℝ,

1 − AUC(𝑠; 𝐷, 𝓁) =

Proof By the rate-based representation from Equations 30, 31,

for marginal distribution over scores 𝜇𝑆 .

and the weighting factor is

(T(𝓁, 𝑐, 𝑡))(𝑦, 𝑣) = (1 − 𝑐) ⋅ J𝑦 = 1K ⋅ 𝓁1 (𝑣 − 𝑡) + 𝑐 ⋅ J𝑦 = −1K ⋅ 𝓁−1 (𝑣 − 𝑡),

(𝓁trans(𝑐) )(𝑦, 𝑣) = (T(𝓁, 𝑐, Prb (𝑐)))(𝑦, 𝑣)

−1

where the transformed loss 𝓁trans(𝑐) with parameter 𝑐 is

B IPARTITE R ANKING:

[
]
1
1
⋅ 𝔼
𝜇𝑆 (𝑐) ⋅ 𝜆CS(𝑐) (𝖸, 𝑠(𝖷)) 𝑑𝑐 .
2𝜋(1 − 𝜋) (𝖷,𝖸)∼𝐷 ∫0

1
⋅ 𝑐 𝛼−1 ⋅ (1 − 𝑐)𝛽−1 ,
𝐵(𝛼, 𝛽)

1

30
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1

14. By definition ∫0 𝜇𝑆 (𝑐) 𝑑𝑐 = 1, and so this equivalence can only be established to proper losses that satisfy ∫0 𝑤(𝑐) 𝑑𝑐 < ∞. This
rules out, for example, logistic and exponential risk being equivalent to AUC.

We proceed with some rate-based representations for the AUC. From a graphical perspective, these all derive
from the fact that the AUC is the area under the ROC curve, and that this area is invariant to rotation of the
horizontal and vertical axes i.e. instead of plotting the false positive versus true positive rate, we can equally
plot the true negative versus false negative rate.

5.6.3 R ATE-BASED REPRESENTATIONS

where 𝐵(𝛼, 𝛽) is the normaliser for the Beta distribution. From Shuford’s integral representation, it is apparent
that the corresponding risk exactly corresponds to that of a proper composite loss. Indeed, the Beta family was
proposed as a template for generating a proper loss in Buja et al. (2005, Section 11). For another perspective on
this issue from the perspective of threshold selection, see Flach et al. (2011); Hernández-Orallo et al. (2012).
Another perspective on the “incoherence” can be gained from Proposition 13. Suppose we have (calibrated) scorers 𝑠1 , 𝑠2 such that AUC(𝑠1 ; 𝐷) > AUC(𝑠2 ; 𝐷). If it is further true that the ROC curve of 𝑠1
dominates that of 𝑠2 , then we know that 𝑠1 will have lower risk than 𝑠2 with respect to any proper composite
risk, or equivalently any (distribution-independent) weighted combination of cost-sensitive risks. Thus, it is
“coherent” to compare the two scorers based on their AUC in this case, because every other measure will
result in 𝑠1 being adjudged superior. When the ROC curves of the two scorers cross, however, the AUC is an
incomplete measure of performance; with some proper losses, 𝑠1 will be favoured over 𝑠2 , and vice versa.

𝑤(𝑐; 𝛼, 𝛽) =

Equation 34 gives two interesting perspectives on the AUC. First, when it is possible to calibrate a scorer
without losing information, the AUC can be thought of as implicitly calibrating a scorer before computing a
particular risk. Second, by Shuford’s representation (Equation 10), the risk computed is in fact identical to
that for a proper loss, with the caveat that one considers a score- and distribution-dependent weight function14
𝑤(𝑐) = 𝜇𝐶 (𝑐). Thus, the AUC is equivalent to the risk of a score- and distribution-dependent proper loss.
(This is the finding of, for example, Hernández-Orallo et al. (2012, Theorem 34), which equates the AUC to the
squared loss risk under a special case. We illustrate this equivalence empirically in Appendix K.) In particular,
for a fixed distribution 𝐷, the AUC employs a different weighting for different scorers. Consequently, Hand
(2009) calls the AUC an “incoherent” measure of classifier performance. Hand (2009, Section 6) proposes
replacing this scorer dependent weight with one derived from the Beta family:

AUC(𝑠; 𝐷) = 1 −

If in particular 𝑠 is calibrated with respect to 𝐷,

Corollary 26 Given any 𝐷 ∈ ΔX×{±1} , loss 𝓁, and scorer 𝑠 ∶ X → ℝ such that ROC(𝑠; 𝐷) is differentiable
and Cal(⋅ ; 𝐷, 𝑠) is strictly monotone increasing,
[
]
1
1
⋅ 𝔼
𝜇𝐶 (𝑐) ⋅ 𝜆CS(𝑐) (𝖸, Cal(𝖷; 𝐷, 𝑠)) 𝑑𝑐 .
(34)
AUC(𝑠; 𝐷) = 1 −
2𝜋(1 − 𝜋) (𝖷,𝖸)∼𝐷 ∫0

where 𝐶 is the distribution of the calibrated scorer Cal(⋅ ; 𝐷, 𝑠). When the calibration transform is invertible,
we may use this to express the standard AUC as the following, which is also a consequence of Hand (2009,
Equation 6).

(Prb◦Cal)(𝑡) = ℙ[𝖸 = 1|𝑠(𝖷) = Prb−1 (𝑡)] = 𝑡
𝑉Cal(⋅;𝐷,𝑠) (𝑐) = 𝜇𝐶 (𝑐),

where 𝓁CS(𝑐,𝑡) is as in Equation 26. Further, if we calibrate our scorer, we find
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=

=

=

AUC(𝑠; 𝐷) =

∫0

∫0

∫0

∫0

1

1

1

1

TNR(FNR−1 (𝛼)) 𝑑𝛼.

TNR(TPR−1 (𝛼)) 𝑑𝛼

TPR(TNR−1 (𝛼)) 𝑑𝛼

TPR(FPR−1 (𝛼)) 𝑑𝛼

Proposition 27 Given any 𝐷 ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ with differentiable ROC curve and invertible
false- and true-positive rates,

𝑏

𝑔 −1 (𝑥) = 𝑓 −1 (1 − 𝑥).

FPR−1 (𝛼) = TNR−1 (1 − 𝛼)

1

𝑓 (1 − 𝑥) 𝑑𝑥 =

∫0

1

1

∞

𝑏

1

𝑓 (𝑥) 𝑑𝑥.

𝑏

𝑓 (𝑥)𝑔 ′ (𝑥) 𝑑𝑥.

𝑔 ′ (𝑥)𝑓 (𝑥) 𝑑𝑥.

TPR′ (𝑡) ⋅ TNR(𝑡) 𝑑𝑡 by Equation 35

TNR′ (𝑡) ⋅ TPR(𝑡) 𝑑𝑡

𝑓 (𝑔 −1 (𝑡)) 𝑑𝑡 =

∫𝑎

TNR(FNR−1 (𝛼)) 𝑑𝛼.

TPR(TNR−1 (𝛼)) 𝑑𝛼

∫0

TPR−1 (𝛼) = FNR−1 (1 − 𝛼).
∫0

TPR(FPR−1 (𝛼)) 𝑑𝛼 =

∫0

1

1

TNR(TPR−1 (𝛼)) 𝑑𝛼 =

1

∞

∫𝑎

𝑓 ′ (𝑥)𝑔(𝑥) 𝑑𝑥 = 𝑓 (𝑏)𝑔(𝑏) − 𝑓 (𝑎)𝑔(𝑎) −

∫0

TPR(TNR−1 (𝛼)) 𝑑𝛼 =

∫−∞
=−

(36)
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TNR(TPR−1 (𝛼)) 𝑑𝛼 by Equation 36.

∫−∞
1
∫0

(35)

Proof The first equation is simply Equation 27. The subsequent expressions follow from a few simple facts.
First, if 𝑓 (𝑥) = 1 − 𝑔(𝑥) and 𝑓 is invertible with inverse 𝑓 −1 , then
This implies that

Second, for any 𝑓 ,

∫0

∫0

Combined with the above, this implies

∫𝑎

Third, for any 𝑓 , 𝑔, integration by parts implies that

1

Fourth, for any 𝑓 , 𝑔 such that 𝑔(𝑎) = 0, 𝑔(𝑏) = 1,

This implies that:
∫0

=
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1

Now recalling the definition of the AUC (Definition 14) as ∫0 TPR(FPR−1 (𝛼)) 𝑑𝛼, we see that we have
proved the proposition.

From the above proof, we see that one can equivalently express the AUC as a weighted average of individual rates over a range of thresholds.

∞

FPR′ (𝑡) ⋅ TPR(𝑡) 𝑑𝑡

TPR′ (𝑡) ⋅ TNR(𝑡) 𝑑𝑡

TNR′ (𝑡) ⋅ TPR(𝑡) 𝑑𝑡

∫−∞
∞

∞

Corollary 28 Given any 𝐷 ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ with differentiable ROC curve and invertible
false- and true-positive rates,
AUC(𝑠; 𝐷) = −
=

∫−∞

FNR′ (𝑡) ⋅ TNR(𝑡) 𝑑𝑡.

∫−∞
∞

∫−∞

=−
=

The weighting over thresholds as expressed above is not particularly intuitive, but recall from Equation
22 that the derivatives of the rates are the corresponding class-conditional densities of the scores. That means
that we can interpret the above choice as equivalently drawing thresholds from these distributions. This is
explored in the next section.
5.6.4 R ANK REPRESENTATION

(38)

(37)

We now show how the AUC can be interpreted as the average of ranks of the instances, where the average is
over thresholds drawn in accordance with the distribution of scores.

Corollary 29 Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ,

AUC(𝑠; 𝐷) = 𝔼 [TNR(𝑠(𝖷))]
𝖷∼𝑃
[
]
TPR(𝑠(𝖷′ )) .

𝖷 ∼𝑄

= ′𝔼

Proof This follows immediately from Corollary 28 and the definition of the derivatives of the rates. Alternately, by Proposition 17, and rewriting probabilities as expectations,

𝖷′ ∼𝑄

𝔼

1
AUC(𝑠; 𝐷) = ℙ𝖷∼𝑃 ,𝖷′ ∼𝑄 [𝑠(𝖷) > 𝑠(𝖷′ )] + ⋅ ℙ𝖷∼𝑃 ,𝖷′ ∼𝑄 [𝑠(𝖷) = 𝑠(𝖷′ )]
2
]
[
[
y]
q
y 1q
𝑠(𝖷) > 𝑠(𝖷′ ) +
𝑠(𝖷) = 𝑠(𝖷′ )
2
𝖷∼𝑃

= 𝔼

𝖷∼𝑃

= 𝔼 [TNR(𝑠(𝖷))] .

Swapping the order of expectations in the other direction gives Equation 38.
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On a finite training set, the empirical version of TNR(𝑠(𝑥)) is related to the (normalised version of) what
is typically called the “rank” of an instance 𝑥 ∈ X, where a higher rank is better. Specifically, the empirical
TNR(𝑠(𝑥)) counts the fraction of negative instances that 𝑥 is scored higher than. In this sense, the AUC can
be seen as measuring the average rank of the positive examples.
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[

𝖲∼𝑃𝑆
∞

=

=

=

∫0
1
.
2

1

−TPR′ (𝑡) ⋅ TPR(𝑡) 𝑑𝑡

𝑢 𝑑𝑢 with 𝑢 = TPR(𝑡)

∫−∞

(40)

(39)

1

1

(𝖷,𝖸)∼𝐷

𝔼

[

𝜆CS(𝑐) (𝖸, Ψ−1 (𝑠(𝖷)))

]

𝑤(𝑐) ⋅ ((1 − 𝜋) ⋅ 𝑐 ⋅ FPR(Ψ(𝑐); 𝐷, 𝑠) + 𝜋 ⋅ (1 − 𝑐) ⋅ FNR(Ψ(𝑐); 𝐷, 𝑠)) 𝑑𝑐

𝑤(𝑐) ⋅

33
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Compared to Equation 39, we see that the proper composite risk has potentially asymmetric, but distribution
independent, weights on the FPR and FNR. We also observe that the weights on the FPR and FNR are not
equal, and vary with the thresholds. As per Hand’s representation (Equation 34), we may find that for a fixed
distribution, there is a choice of link Ψ and weight 𝑤 such that the two representations agree.

∞
𝑤(Ψ−1 (𝑡))
⋅ ((1 − 𝜋) ⋅ Ψ−1 (𝑡) ⋅ FPR(𝑡; 𝐷, 𝑠) + 𝜋 ⋅ (1 − Ψ−1 (𝑡)) ⋅ FNR(𝑡; 𝐷, 𝑠)) 𝑑𝑡.
∫−∞ Ψ′ (Ψ−1 (𝑡))

∫0

=

=

∫0

=

(𝖷,𝖸)∼𝐷

The representation of Equation 39 can be contrasted with the risk for a proper composite loss. Using
Shuford’s formula (Equation 10), for a proper composite loss 𝓁 with surjective and differentiable link Ψ, we
have (Reid and Williamson, 2011, Proposition 20)
[
]
𝕃(𝑠; 𝐷, 𝓁) = 𝔼
𝜆(𝖸, Ψ−1 (𝑠(𝖷)))

A similar argument yields the second identity.

𝖷∼𝑃

1
2

] 1
BACC(𝑠(𝖷′ ); 𝐷, 𝑠) − .
2

𝔼 [TPR(𝑠(𝖷); 𝐷, 𝑠)] = 𝔼 [TPR(𝖲; 𝐷, 𝑠)]

Proof This is from Corollary 29 and the fact that

𝖷 ∼𝑄

= 2 ⋅ ′𝔼

𝖷∼𝑃

AUC(𝑠; 𝐷) = 2 ⋅ 𝔼 [BACC(𝑠(𝖷); 𝐷, 𝑠)] −

Proposition 30 For any 𝐷 ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ with differentiable ROC curve and invertible
false- and true-positive rates,

Our final representation of the AUC more explicitly relates it to a measure of classification performance: we
show how to rewrite it as the average “balanced accuracy” across a range of thresholds, where the balanced
accuracy is the average of the accuracies on the positive and negative class individually (Chan and Stolfo,
1998),
. TPR(𝑡; 𝐷, 𝑠) + TNR(𝑡; 𝐷, 𝑠)
.
BACC(𝑡; 𝐷, 𝑠) =
2
This suggests that the AUC explicitly considers good performance on both classes simultaneously, which
indicates it is useful for problems with class imbalance (Ling and Li, 1998). For a related representation on a
finite training set, see Flach et al. (2011, Theorem 4, 5), while for a different proof strategy, see Menon et al.
(2015, Proposition 20).

5.6.5 BALANCED ACCURACY REPRESENTATION

B IPARTITE R ANKING:

(41)

A⊆X

∫X

|𝑝(𝑥) − 𝑞(𝑥)| 𝑑𝑥.

= 𝐿∗ (⋅; 𝓁).

34

We now see how these results can be translated to the bipartite ranking setting.

where in an abuse of notation

𝐿∗

regret(𝑠Pair ; 𝑅, 𝓁) = 𝔹−𝐿∗ (𝜂Pair , Ψ−1 ◦𝑠Pair )
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Proposition 32 For any 𝑅 = ⧼𝑀pair , 𝜂Pair ⧽ ∈ ΔX×X×{±1} , 𝓁 ∈ LSPC (Ψ), and pair-scorer 𝑠Pair ∶ X × X → ℝ,

Proposition 31 thus implies that the Bayes pairwise ranking risk is an affine transformation of 𝑉 (𝑃pair , 𝑄pair ).
We similarly have a simple expression for the pairwise ranking regret with a proper loss.

𝑉 (𝑃 , 𝑄) = sup 2 ⋅ |𝑃 (A) − 𝑄(A)| =

.

An important example of the above is for the case of the 0-1 loss 𝓁01 , where the corresponding 𝑓 divergence is the variational divergence (or total variation distance) 𝑉 (⋅, ⋅), given by

Conversely, Equation 41 holds for any 𝑅 = ⧼𝑃pair , 𝑄pair , 𝜋pair ⧽ ∈ ΔX×X×{±1} , loss 𝓁 with concave conditional Bayes risk 𝐿∗ ∶ [0, 1] → ℝ+ , and 𝑓 ∶ ℝ+ → ℝ defined by
(
)
𝜋pair ⋅ 𝑡
.
;𝓁 .
(∀𝑡 ∈ ℝ) 𝑓 (𝑡) = 𝐿∗ (𝜋pair ; 𝓁) − (𝜋pair ⋅ 𝑡 + 1 − 𝜋pair ) ⋅ 𝐿∗
𝜋pair ⋅ 𝑡 + 1 − 𝜋pair

𝕃∗ (𝑅, 𝓁) = 𝐿∗ (𝜋pair ; 𝓁) − 𝕀𝑓 (𝑃pair , 𝑄pair ).

the Bayes pairwise ranking risk can be written

Proposition 31 For any 𝑅 = ⧼𝑃pair , 𝑄pair , 𝜋pair ⧽ ∈ ΔX×X×{±1} , convex 𝑓 ∶ ℝ+ → ℝ, and loss 𝓁 with
conditional Bayes risk
(
)
1 − 𝜋pair
𝜂
1−𝜂
⋅𝑓
⋅
,
(∀𝜂 ∈ (0, 1)) 𝐿∗ (𝜂; 𝓁) = −
1 − 𝜋pair
𝜋pair
1−𝜂

As pairwise ranking is readily shown to be equivalent to binary classification over pairs of instances (see
§10.4), plugging in a pairwise ranking distribution 𝑅 ∈ ΔX×X×{±1} into existing results for classification
immediately implies the following.

6.1 Warm-up: Bayes-Optimal Pairwise Ranking Risk and Regret

The previous sections studied the bipartite risk for an arbitrary scorer. In this section, we study the bipartite
risk for the Bayes-optimal scorer, as well as the regret or excess risk for an arbitrary scorer. These help
understand the inherent difficulty of a bipartite ranking problem, and formalise the sense in which “closeness”
to the optimal scorer relates to the minimisation of the risk. Our characterisations rely on two classes of
divergences between distributions, namely, the 𝑓 - and Bregman-divergences. A review of the role of these
divergences in characterising Bayes-risk and regret for classification is provided in Appendix E.

6. Relating the Bayes Risk and Regret to Divergences

Lemma 22, which relates the AUC with the pairwise ranking (and hence pairwise classification) risk, is well
known for the case of 0-1 loss (Kotlowski et al., 2011; Agarwal, 2014). The extension to an arbitrary loss 𝓁,
while simple, is to our knowledge new. More generally, our definition of the 𝓁-AUC as a generalisation of
the standard AUC appears to be new, although in the special case where 𝓁 is a convex margin loss, the risk
counterpart has been discussed (Clémençon et al., 2008). The study of integral representations of the 𝓁-AUC
is to our knowledge new.
The representations in §5.6 are not new, although several of them only appear to have been stated for a
finite training set.

5.7 Relation to Existing Work
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6.2 Bayes-Optimal Bipartite Risk as an 𝑓 -Divergence

For bipartite ranking, we can hope to exploit the connection between bipartite and pairwise ranking (Lemma
2), and derive analogues of the above for the distribution 𝐷BR . A subtlety is that, as noted in Proposition 3, it
∗ (𝐷, 𝓁) = 𝕃∗ (𝐷 , 𝓁). Therefore, to translate the previous results, we need an
is not necessarily true that 𝕃BR
BR
additional condition ensuring this holds, which is simply that 𝓁 ∈ LDecomp .

𝜂
1−𝜂

(42)

Proposition 33 For any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} , convex 𝑓 ∶ ℝ+ → ℝ, and loss 𝓁 ∈ LDecomp with
conditional Bayes risk
)
(
,
(∀𝜂 ∈ (0, 1)) 𝐿∗ (𝜂; 𝓁) = −2 ⋅ (1 − 𝜂) ⋅ 𝑓

the Bayes-risk can be written
∗
𝕃BR
(𝐷, 𝓁) = 𝐿∗ (1∕2; 𝓁) − 𝕀𝑓 (𝑃 × 𝑄, 𝑄 × 𝑃 ).

Conversely, Equation 42 holds for any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} , loss 𝓁 ∈ LDecomp with concave
conditional Bayes risk 𝐿∗ (⋅; 𝓁) ∶ [0, 1] → ℝ+ , and 𝑓 ∶ ℝ+ → ℝ defined by
(
)
.
𝑡
1+𝑡
⋅ 𝐿∗
;𝓁 .
2
1+𝑡
(∀𝑡 ∈ ℝ) 𝑓 (𝑡) = 𝐿∗ (1∕2; 𝓁) −

Proof By Proposition 3, the assumption on 𝓁 inducing a decomposable Bayes-optimal pair-scorer for 𝐷BR
∗ (𝐷, 𝓁) and 𝕃∗ (𝐷 , 𝓁). We then apply Proposition 31 to 𝐷 , so that
implies we can equate 𝕃BR
BR
BR
∗
𝕃BR
(𝐷, 𝓁) = 𝕃∗ (𝐷BR , 𝓁) by Proposition 3

= 𝐿∗ (𝜋pair ; 𝓁) − 𝕀𝑓 (𝑃pair , 𝑄pair ) by Proposition 31

= 𝐿∗ (1∕2; 𝓁) − 𝕀𝑓 (𝑃 × 𝑄, 𝑄 × 𝑃 ) by Appendix B .

The other direction follows similarly.
As we shall see in Proposition 44, the requirement that 𝓁 ∈ LDecomp for a proper composite loss is
equivalent to a condition on its link function. Importantly, there is no restriction on the underlying proper loss
itself. Therefore, the above holds for a large class of losses. One such example is the 0-1 loss 𝓁 = 𝓁01 , where
we have following relationship between the Bayes-optimal AUC and the variational divergence between the
product measures 𝑃 × 𝑄 and 𝑄 × 𝑃 .

1 1
− ⋅ 𝑉 (𝑃 × 𝑄, 𝑄 × 𝑃 ).
2 4
1 ||
− 𝜂−
2 ||

1 ||
,
2 ||

Corollary 34 Given any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} , the Bayes-optimal bipartite ranking risk is related to
the variational divergence between the product distributions 𝑃 × 𝑄 and 𝑄 × 𝑃 via:
𝕃∗ (𝐷BR , 𝓁01 ) =

Proof This follows from Proposition 33 and the fact that for 𝓁01 ,

(∀𝜂 ∈ [0, 1]) 𝐿∗ (𝜂; 𝓁01 ) = 𝜂 ∧ (1 − 𝜂) =

with 𝐿∗ (1∕2; 𝓁01 ) = 1∕2. It is easy to check that this corresponds to 𝑓 (𝑡) = |𝑡 − 1|∕4 + (1 − 𝑡)∕4, which is a
scaled version of the convex generator for the variational divergence.

1 1
+ ⋅ 𝑉 (𝑃 × 𝑄, 𝑄 × 𝑃 ).
2 4
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By Corollary 23 and Equation 48, Corollary 34 is equivalent to a result of Torgersen (1991, pg. 582),
AUC∗ (𝐷) =

35
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[
]
1
1
+
⋅
𝔼
|𝜂(𝖷) − 𝜂(𝖷′ )| .
2 4𝜋(1 − 𝜋) 𝖷∼𝑀,𝖷′ ∼𝑀

This may be further manipulated to explicitly express the Bayes-optimal AUC in terms of the concentration
of the values of 𝜂 (Clémençon et al., 2008),
AUC∗ (𝐷) =

This expression may be further related to the earth mover’s distance (or 𝐿1 -Wasserstein metric) between the
class-conditional distribution of scores (Clémençon et al., 2009).

6.3 Bipartite Ranking Regret as a Generative Bregman Divergence

The bipartite ranking regret for proper composite losses may similarly be re-expressed by exploiting the reduction to classification on pairs. We again need to restrict ourselves to those proper composite losses that
induce a decomposable Bayes-optimal pair-scorer.

Proposition 35 Pick any 𝐷 ∈ ΔX×{±1} with derived pairwise ranking distribution 𝐷BR = ⧼𝑀pair , 𝜂Pair ⧽, and
any 𝓁 ∈ LSPC (Ψ) ∩ LDecomp . Then, for any scorer 𝑠 ∶ X → ℝ,

.

regret BR (𝑠; 𝐷, 𝓁) = 𝔹−𝐿∗ (𝜂Pair , Ψ−1 ◦Dif f (𝑠))
where in an abuse of notation 𝐿∗ = 𝐿∗ (⋅; 𝓁).

Proof By definition of the bipartite regret (Equation 18),

∗
= 𝕃(Dif f (𝑠); 𝐷BR , 𝓁) − 𝕃BR
(𝐷, 𝓁)

∗
regret BR (𝑠; 𝐷, 𝓁) = 𝕃BR (𝑠; 𝐷, 𝓁) − 𝕃BR
(𝐷, 𝓁)

∗
= regret(Dif f (𝑠); 𝐷BR , 𝓁) + 𝕃∗ (𝐷BR , 𝓁) − 𝕃BR
(𝐷, 𝓁)

∗
= 𝔹−𝐿∗ (𝜂Pair , Ψ−1 ◦Dif f(𝑠)) + 𝕃∗ (𝐷BR , 𝓁) − 𝕃BR
(𝐷, 𝓁),

where the last line is by the standard expression for the regret with respect to a proper composite loss (Propo∗ (𝐷, 𝓁), which by Proposition 3 is true iff 𝓁 ∈ L
sition 78). We thus need 𝕃∗ (𝐷BR , 𝓁) = 𝕃BR
Decomp .

In the case of 𝓁 = 𝓁01 , the regret can be seen to measure the concentration of 𝜂 in the region where the
candidate scorer 𝑠 disagrees with 𝜂, as is well known.

regret BR (𝑠; 𝐷, 𝓁01 ) =

𝖷∼𝑀,𝖷′ ∼𝑀

𝔼

[

|𝜂(𝖷) − 𝜂(𝖷′ )| ⋅ 𝕀(𝑠, 𝜂; 𝖷, 𝖷′ )

Corollary 36 (Clémençon et al., 2008; Agarwal, 2014, Theorem 11) For any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} and
scorer 𝑠 ∶ X → ℝ,
]
where

q
y 1 q
y
𝕀(𝑠, 𝜂; 𝖷, 𝖷′ ) = (𝜂(𝖷) − 𝜂(𝖷′ )) ⋅ (𝑠(𝖷) − 𝑠(𝖷′ )) < 0 + ⋅ 𝜂(𝖷) = 𝜂(𝖷′ ) .
2
6.4 Relation to Existing Work

JMLR 17(195):1-102

As noted above, the connection between Bayes risks and 𝑓 -divergences in classification is well known (Österreicher and Vajda, 1993). For the bipartite ranking problem, the connection between the AUC and variational
divergence has been made by (Torgersen, 1991; Reid and Williamson, 2011). The extension to the case of
general 𝓁-bipartite risk (Proposition 33) is simple in hindsight, as the variational divergence is well known to
correspond to the use of 0-1 loss; however, to our knowledge, the extension is novel.
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S∗BR (𝐷, 𝓁) = {Ψ◦𝜂 + 𝑏 ∶ 𝑏 ∈ ℝ} for Ψ ∈ Σsig

{Ψ◦𝜎◦Dif f (𝜎 −1 ◦𝜂)} ⊆ S∗ (𝐷BR , 𝓁)

{Ψ◦𝜂} ⊆ S∗ (𝐷, 𝓁)

Bayes-optimal (pair-)scorers
}
{
𝜂(𝑥) ≠ 1∕2 ⟹
S∗ (𝐷, 𝓁) ⊆ 𝑠 ∶ X → ℝ ∶
sign(𝑠(𝑥)) = sign(2𝜂(𝑥) − 1)
⎧
𝜂(𝑥) ≠ 𝜂(𝑥′ ) ⟹ ⎫
⎪
⎪
∗
S (𝐷BR , 𝓁) ⊆ ⎨𝑠Pair ∶ X × X → ℝ ∶ sign(𝑠Pair (𝑥, 𝑥′ )) =⎬
⎪
sign(𝜂(𝑥) − 𝜂(𝑥′ )) ⎪
⎩
⎭
{𝜙◦𝜂} ⊆ S∗BR (𝐷, 𝓁01 ) = {𝑠 ∶ X → ℝ ∶ 𝜂 = 𝜙◦𝑠}

Corollary 45

Equation 50

Equation 44

Proposition 42

Equation 49

Equation 43

Reference

(43)

(44)
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Recall from §3.4 that pairwise ranking is identical to binary classification over pairs of instances. Thus, in
the pairwise ranking setting with distribution 𝑅 = ⧼𝑀pair , 𝜂Pair ⧽ ∈ ΔX×X×{±1} , the above results can be

7.2 Pairwise Ranking

This is an equality if and only if 𝓁 is strictly proper composite. Thus, a strictly proper composite loss requires
precise information about 𝜂, unlike 𝓁01 . Observe that Ψ◦𝜂 may be trivially transformed to give an optimal
scorer for 𝓁01 ; thus, exactly solving class-probability estimation also solves binary classification. For an
approximate solution, one can bound the excess 𝓁01 error via a surrogate regret bound (Reid and Williamson,
2009).

{Ψ◦𝜂} ⊆ S∗ (𝐷, 𝓁).

When 𝓁 is the 0-1 loss, the above is an equality (Devroye et al., 1996). Thus, for 𝓁01 , what is of interest is
determining whether or not each instance has a greater than random chance of being labelled positive.
When 𝓁 is a proper composite loss with link Ψ, from the definition of properness (Equation 9) we can
specify one minimiser of the conditional risk, which applied pointwise gives:

S∗ (𝐷, 𝓁) ⊆ {𝑠 ∶ X → ℝ ∶ 𝜂(𝑥) ≠ 1∕2 ⟹ sign(𝑠(𝑥)) = sign(2𝜂(𝑥) − 1)} .

Consider a binary classification problem with distribution 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} . If the loss 𝓁 is classification calibrated (Equation 7), every Bayes-optimal scorer must have the same sign as 𝜂(𝑥) − 1∕2, with the
prediction for 𝜂(𝑥) = 1∕2 being irrelevant (Bartlett et al., 2006):

7.1 Binary Classification

Table 8: Bayes-optimal scorers and pair-scorers for various classification and bipartite ranking risks.

with link Ψ

Proper composite

Classification-calibrated

Loss type

The previous section studied the risk associated with a Bayes-optimal scorer for bipartite ranking. We now
characterise the set of Bayes-optimal scorers itself. Knowledge of the optimal scorers gives further insight
into the problem, and helps relate it to the more familiar tasks of binary classification and class-probability
estimation. As we shall see in the next section, this will also help in establishing the statistical consistency of
the minimisation of surrogate losses on pairs for the task of AUC maximisation.
Before proceeding, we first recall the Bayes-optimal scorers for the latter problems given some 𝐷 =
⧼𝑃 , 𝑄, 𝜋⧽ = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} . Table 8 summarises the findings of this section.

7. Bayes-Optimal Scorers for Bipartite Ranking

B IPARTITE R ANKING:

(47)

ℙ[𝖷 = 𝑥|𝖹 = +1]
𝜋
+ log
.
1−𝜋
ℙ[𝖷 = 𝑥′ |𝖹 = −1]

When 𝓁 is the 0-1 loss, the above is an equality.
38
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{
}
S∗ (𝐷BR , 𝓁) ⊆ 𝑠Pair ∶ X × X → ℝ ∶ 𝜂(𝑥) ≠ 𝜂(𝑥′ ) ⟹ sign(𝑠Pair (𝑥, 𝑥′ )) = sign(𝜂(𝑥) − 𝜂(𝑥′ )) .

Lemma 38 For any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} , and any classification-calibrated 𝓁,

From Lemma 37, the Bayes-optimal scorers for a classification calibrated loss are immediate.

𝜎 −1 (𝜂(𝑥)) = log

The last identity follows because

= 𝜎(𝜎 −1 (𝜂(𝑥)) − 𝜎 −1 (𝜂(𝑥′ ))).

=

ℙ[𝖷 = 𝑥, 𝖷′ = 𝑥′ |𝖹 = +1] ⋅ ℙ[𝖹 = +1]
ℙ[𝖷 = 𝑥, 𝖷′ = 𝑥′ ]
ℙ[𝖷 = 𝑥|𝖹 = +1] ⋅ ℙ[𝖷′ = 𝑥′ |𝖹 = +1] ⋅ ℙ[𝖹 = +1]
=
ℙ[𝖷 = 𝑥, 𝖷′ = 𝑥′ ]
ℙ[𝖷 = 𝑥|𝖹 = +1] ⋅ ℙ[𝖷′ = 𝑥′ |𝖹 = +1]
=
ℙ[𝖷 = 𝑥|𝖹 = +1] ⋅ ℙ[𝖷′ = 𝑥′ |𝖹 = +1] + ℙ[𝖷 = 𝑥|𝖹 = −1] ⋅ ℙ[𝖷′ = 𝑥′ |𝖹 = −1]
1
=
ℙ[𝖷=𝑥|𝖹=−1]⋅ℙ[𝖷′ =𝑥′ |𝖹=−1]
1 + ℙ[𝖷=𝑥|𝖹=+1]⋅ℙ[𝖷
′ =𝑥′ |𝖹=+1]

(∀𝑥, 𝑥′ ∈ X) 𝜂Pair (𝑥, 𝑥′ ) = ℙ[𝖹 = +1|𝖷 = 𝑥, 𝖷′ = 𝑥′ ]

Proof Suppose (𝖷, 𝖷′ , 𝖹) ∼ 𝐷BR . Recall ℙ[𝖹 = +1] = 21 . Then,

where 𝜎(⋅) denotes the sigmoid function (Equation 2).

𝜂Pair = 𝜎◦Dif f (𝜎 −1 ◦𝜂),

Lemma 37 For any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} , 𝐷BR has observation-conditional distribution given by

The relationship between bipartite and pairwise ranking (Lemma 2) suggests we can simply compute the
Bayes-optimal scorers for pairwise ranking with 𝐷BR . Specifically, let 𝐷BR = ⧼𝑀pair , 𝜂Pair ⧽. To determine
S∗ (𝐷BR , 𝓁), we need the following elementary but important property of 𝜂Pair .

7.3 Bipartite Ranking

This is an equality if and only if 𝓁 is strictly proper composite.

translated. For a classification calibrated loss, the Bayes-optimal pair-scorers must have the same sign as
𝜂Pair (𝑥, 𝑥′ ) − 1∕2, with the prediction for 𝜂Pair (𝑥, 𝑥′ ) = 1∕2 being irrelevant:
{
}
S∗ (𝑅, 𝓁) ⊆ 𝑠Pair ∶ X × X → ℝ ∶ 𝜂Pair (𝑥, 𝑥′ ) ≠ 1∕2 ⟹ sign(𝑠Pair (𝑥, 𝑥′ )) = sign(2𝜂Pair (𝑥, 𝑥′ ) − 1) .
(45)
When 𝓁 is the 0-1 loss, the above is an equality.
When 𝓁 is a proper composite loss with link Ψ, by definition we can specify one Bayes-optimal pair-scorer,
though there may be others:
{Ψ◦𝜂Pair } ⊆ S∗ (𝑅, 𝓁).
(46)
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(48)

Proof For a classification calibrated loss 𝓁, for every 𝑥, 𝑥′ ∈ X such that 𝜂(𝑥) ≠ 𝜂(𝑥′ ), any Bayes-optimal
∗
pair-scorer 𝑠Pair
∈ S∗ (𝐷BR , 𝓁) must satisfy
= sign(2𝜎(𝜎 −1 (𝜂(𝑥)) − 𝜎 −1 (𝜂(𝑥′ ))) − 1) by Lemma 37

∗
sign(𝑠Pair
(𝑥, 𝑥′ )) = sign(2𝜂Pair (𝑥, 𝑥′ ) − 1)

= sign(𝜎 −1 (𝜂(𝑥)) − 𝜎 −1 (𝜂(𝑥′ )))

= sign(𝜂(𝑥) − 𝜂(𝑥′ )).

∗ (𝑥, 𝑥′ ) ∈ ℝ. Thus, for all 𝐷 = ⧼𝑀, 𝜂⧽ ∈ Δ
When 𝜂(𝑥) = 𝜂(𝑥′ ), we can pick any 𝑠Pair
X×{±1} and classificationcalibrated losses 𝓁,
{
}
S∗ (𝐷BR , 𝓁) ⊆ 𝑠Pair ∶ X × X → ℝ ∶ 𝜂(𝑥) ≠ 𝜂(𝑥′ ) ⟹ sign(𝑠Pair (𝑥, 𝑥′ )) = sign(𝜂(𝑥) − 𝜂(𝑥′ )) .
(49)

For 𝓁01 , every pair-scorer satisfying the above is optimal, thus yielding an equality.

(50)

When 𝓁 is a proper composite loss with link Ψ, by definition we can specify one Bayes-optimal pair-scorer,
though there may be others:
{Ψ◦𝜂Pair } = {Ψ◦𝜎◦Dif f (𝜎 −1 ◦𝜂)} ⊆ S∗ (𝐷BR , 𝓁).

This is an equality if and only if 𝓁 is strictly proper composite.
Having computed the optimal pair-scorers, when attempting to translate the results to bipartite ranking,
we immediately face a challenge, as

= Argmin 𝕃(𝑠Pair ; 𝐷BR , 𝓁).

𝑠 ∶ X→ℝ

Argmin 𝕃BR (𝑠; 𝐷, 𝓁) = Argmin 𝕃(Dif f (𝑠); 𝐷BR , 𝓁)
𝑠 ∶ X→ℝ

𝑠Pair ∈SDecomp

That is, finding the set of scorers 𝑠 that minimise 𝕃BR (Dif f (𝑠)) is equivalent to finding the set of pair-scorers
𝑠Pair that minimise 𝕃(𝑠Pair ; 𝐷BR , 𝓁), subject to the pair-scorers being decomposable. Formally, in the notation
∗
of Equation 20, we need every such optimal 𝑠Pair
∈ LDecomp . While the latter constraint seems innocuous,
it means we need to reason about a minimiser in a restricted function class. Thus, in general, it is no longer
possible to simply study the conditional risk and make a pointwise analysis.
Of course, we can easily make progress in the special case where the optimal pair-scorer is in fact decomposable. In this case, we can effectively ignore the restricted function class, because the optimal pair-scorer
must be the difference of the optimal univariate scorer. The following makes this precise.
Proposition 39 Given any 𝐷 ∈ ΔX×{±1} and loss 𝓁,
∗
𝓁 ∈ LDecomp ⟺ S∗ (𝐷BR , 𝓁) ∩ SDecomp = Dif f(SBR
(𝐷, 𝓁)).
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∗
(∀𝑡 ∶ X → ℝ) 𝕃BR (𝑠) = 𝕃(𝑠Pair
; 𝐷BR , 𝓁) ≤ 𝕃(Dif f (𝑡); 𝐷BR , 𝓁) = 𝕃BR (𝑡).

∗ (𝐷, 𝓁)) ≠ ∅. We show the
Proof The ( ⟸ ) direction is immediate, since S∗ (𝐷, 𝓁) ≠ ∅ and thus Dif f (SBR
BR
( ⟹ ) direction.
∗
∗
(⊆). Pick any 𝑠Pair
∈ S∗ (𝐷BR , 𝓁) ∩ SDecomp . Then 𝑠Pair
= Dif f (𝑠) for some 𝑠 ∶ X → ℝ. By optimality of

∗ ,
𝑠Pair

∗
∗
∗ (𝐷, 𝓁)).
Thus 𝑠 ∈ SBR
(𝐷,
𝓁),
and
so
𝑠
∈
Dif
f
(S
BR
Pair
∗ (𝐷, 𝓁), and let 𝑠
∗
(⊇). Pick any 𝑠∗ ∈ SBR
Pair = Dif f(𝑠 ). Then, by definition,

𝑡Pair ∈SDecomp

𝑠Pair ∈ Argmin 𝕃(𝑡Pair ; 𝐷BR , 𝓁).
39
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This is a constrained optimisation problem. When 𝓁 ∈ LDecomp , there is at least one solution to the unconstrained
optimisation that lies in SDecomp , call it 𝑡Pair . Clearly 𝑡Pair is a feasible solution for the constrained problem
above. Thus, it must have an identical risk to 𝑠Pair . But then 𝑠Pair is a solution to the unconstrained problem
as well, and so 𝑠Pair ∈ S∗ (𝐷BR , 𝓁) ∩ SDecomp .

The result simplifies somewhat when every Bayes-optimal pair-scorer is decomposable, which occurs
when there is a unique optimal pair-scorer.

Corollary 40 Given any 𝐷 ∈ ΔX×{±1} and loss 𝓁,

∗
S∗ (𝐷BR , 𝓁) ⊆ SDecomp ⟺ S∗ (𝐷BR , 𝓁) = Dif f(SBR
(𝐷, 𝓁)).

Proof ( ⟹ ) follows by Proposition 39, and ( ⟸ ) follows by definition of decomposability.

Simply put, the decomposable Bayes-optimal pair-scorers are exactly the Bayes-optimal scorers passed
∗ (𝐷, 𝓁) ∩ S
through Dif f (⋅). Thus, if we can show that SBR
Decomp ≠ ∅ for a loss 𝓁, we automatically deduce
the Bayes-optimal scorer from the results of the previous section. We determine when this condition holds
below.
7.4 Bipartite ranking: Decomposable Case

We study the Bayes-optimal scorers for losses that induce a decomposable Bayes-optimal pair-scorer. We
begin with the case 𝓁01 .

7.4.1 O PTIMAL UNIVARIATE SCORER FOR 0-1 LOSS

For 𝓁01 , it is not hard to see that our earlier results imply that 𝐷BR has at least one decomposable Bayes-optimal
pair-scorer.
Lemma 41 Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} ,

S∗ (𝐷BR , 𝓁01 ) ∩ SDecomp ≠ ∅.

Proof By Equation 49, we see that {Dif f (𝜂)} ⊆ S∗ (𝐷BR , 𝓁01 ) ∩ SDecomp . That is, 𝓁01 induces at least one
decomposable Bayes-optimal pair-scorer in the pairwise ranking risk.

We can now show that the optimal scorers for the 0-1 bipartite risk are those that preserve the ordering of
the class-probability 𝜂, which includes all strictly monotone transformations of 𝜂.

Proposition 42 Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} ,

∗
SBR
(𝐷, 𝓁01 ) = {𝑠 ∶ X → ℝ ∶ 𝜂 = 𝜙◦𝑠 for 𝜙 ∶ ℝ → [0, 1] non-decreasing}.

∗ (𝐷, 𝓁 )) by
Proof Let A = S∗ (𝐷BR , 𝓁01 ) ∩ SDecomp . Since A is nonempty by Proposition 41, A = Dif f (SBR
01
Proposition 39. Equivalently, by Lemma 38,
{
}
A = 𝑠Pair ∈ SDecomp ∶ 𝜂(𝑥) ≠ 𝜂(𝑥′ ) ⟹ sign(𝑠Pair (𝑥, 𝑥′ )) = sign(𝜂(𝑥) − 𝜂(𝑥′ ))
({
})
= Dif f 𝑠 ∶ X → ℝ ∶ 𝜂(𝑥) ≠ 𝜂(𝑥′ ) ⟹ sign(𝑠(𝑥) − 𝑠(𝑥′ )) = sign(𝜂(𝑥) − 𝜂(𝑥′ ))

= Dif f ({𝑠 ∶ X → ℝ ∶ 𝜂 = 𝜙◦𝑠 for non-decreasing 𝜙}) by Lemma 72.
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We thus have equality of the differences of the sets of interest. But for any sets of scorers S1 , S2 , Dif f (S1 ) =
Dif f (S2 ) ⟹ (∀𝑠1 ∈ S1 ) (∃𝑠2 ∈ S2 , 𝑐 ∈ ℝ) 𝑠1 = 𝑠2 + 𝑐, i.e. the scorers in the two sets must be related by a

40

A

R ISK-T HEORETIC PERSPECTIVE

𝜙◦𝜂 ∈

1
𝑎

𝑣
log 1−𝑣
= 𝑎1 𝜎 −1 (𝑣), and so

(
−1

𝑒𝜎 (𝜂(𝑥))
𝑒𝜎 −1 (𝜂(𝑥′ ))

)

=𝑓

(
−1

𝑒𝜎 (𝜂(𝑥))
𝑒𝜎 −1 (𝜂(𝑥′′ ))

+𝑓

(
−1

′′

𝑒𝜎 (𝜂(𝑥 ))
𝑒𝜎 −1 (𝜂(𝑥′ ))

)
.

Dif f (𝑓 ) = Dif f (𝑔) ⟺ (∃𝑏 ∈ ℝ) 𝑓 = 𝑔 + 𝑏.

1
1+𝑒−2𝑣
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respectively, the Bayes-optimal pair-scorer

42

with inverse link functions Ψ−1 (𝑣) = 1+𝑒1 −𝑣 and Ψ−1 (𝑣) =
is decomposable for any 𝐷 ∈ ΔX×{±1} i.e.

41

𝓁exp (𝑦, 𝑧) = 𝑒−𝑦𝑧 ,

𝓁log (𝑦, 𝑧) = log (1 + 𝑒−𝑦𝑧 )

Corollary 46 For the strictly proper composite logistic and exponential losses,

The admissible family of links Σsig can be easily checked to contain those employed for the logistic and
exponential losses, and thus we can deduce the decomposability of the Bayes-optimal scorers for these losses.

The result follows because

Further, by Equation 50, and letting Ψ−1 ∶ 𝑣 ↦ 𝜎(𝑎 ⋅ 𝑣),
(
)
1 −1
S∗BR (𝐷, 𝓁) = Dif f
⋅ 𝜎 ◦𝜂 = Dif f (Ψ◦𝜂).
𝑎

Dif f(S∗BR (𝐷, 𝓁)) = S∗BR (𝐷, 𝓁).

Proof By Proposition 44 and Corollary 40,

S∗BR (𝐷, 𝓁) ⊆ S∗BR (𝐷, 𝓁01 ).

Consequently, when Ψ is monotone increasing (viz. when 𝑎 ∈ ℝ+ in Equation 51),

S∗BR (𝐷, 𝓁) = {Ψ◦𝜂 + 𝑏 ∶ 𝑏 ∈ ℝ} .

Corollary 45 Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} and 𝓁 ∈ LSPC (Ψ) with inverse link function Ψ−1 ∈ Σsig ,

We emphasise that the class of proper composite losses satisfying the above condition is “large” in the
following sense: one may take any strictly proper loss and compose it with any member of the given link
family. Two specific implications are noteworthy. First, the loss 𝓁 need not be symmetric; Appendix G has an
empirical illustration of this fact. Second, the loss 𝓁 may be non-convex; nonetheless, we can easily determine
the optimal scorers for all such losses, as below.

Note that 𝑓 is continuous by assumed differentiability of Ψ. Thus the only solution to the equation is 𝑓 (𝑧) =
1
⋅ log 𝑧 for some 𝑎 ∈ ℝ (Kannappan, 2009, Corollary 1.43), or equivalently that Ψ−1 (𝑣) = 𝜎(𝑎 ⋅ 𝑣) = 1+𝑒1−𝑎𝑣 .
𝑎
Note that the case 𝑎 = 0 is ruled out by assumed invertibility of Ψ, and thus equivalently of 𝑓 .

(∀𝑎, 𝑏 ∈ ℝ+ ) 𝑓 (𝑎 ⋅ 𝑏) = 𝑓 (𝑎) + 𝑓 (𝑏).

S∗ (𝐷BR , 𝓁) ⊆ SDecomp .
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)

= 𝑔(𝑥) − 𝑔(𝑥′′ ) + 𝑔(𝑥′′ ) − 𝑔(𝑥′ )

We require this to hold for any 𝐷, and thus for any 𝜂. Therefore, equivalently, we have

(∀𝑥, 𝑥′ , 𝑥′′ ∈ X) 𝑓

for some 𝑔 ∶ X → ℝ. Now note that

M ENON AND W ILLIAMSON

15. Combined with the connection between the 0-1 optimal scorer for the bipartite ranking risk and AUC (Corollary 23), this constitutes
an alternate proof of Corollary 16, without an appeal to the Neyman-Pearson lemma.
16. For a non-strict proper composite loss, the following argument holds, but only for one possible optimal pair-scorer. Thus, it may not
be true that all Bayes-optimal pair-scorers are decomposable; however, for the choice of link function above, we can guarantee that
there is at least one that is. Nonetheless, for a strictly proper composite loss, there is a unique Bayes-optimal pair-scorer. Thus, the
above result characterises when this pair-scorer is decomposable.

We wish to determine the nature of Ψ that permits this to hold. Let 𝑓 = Ψ◦𝜎◦ log, so that the above becomes
( 𝜎 −1 (𝜂(𝑥)) )
𝑒
= 𝑔(𝑥) − 𝑔(𝑥′ )
(∀𝑥, 𝑥′ ∈ X) 𝑓
𝑒𝜎 −1 (𝜂(𝑥′ ))

Ψ◦𝜎◦Dif f (𝜎 −1 ◦𝜂) ∈ SDecomp .

Thus 𝑠∗Pair ∈ S∗ (𝐷BR , 𝓁) ∩ SDecomp .
( ⟹ ) The proof here uses a similar idea to Uematsu and Lee (2012, Theorem 7). If 𝓁 ∈ LDecomp ,

𝑠∗Pair =

1
⋅ Dif f (𝜎 −1 ◦𝜂)
𝑎
((
) )
1 −1
= Dif f
⋅𝜎
◦𝜂
𝑎
∈ SDecomp .

Proof ( ⟸ ) Let the link function of 𝓁 have the specified form, so that Ψ(𝑣) =
(Ψ◦𝜎)(𝑣) = 𝑣𝑎 . From Equation 50, the16 Bayes-optimal pair-scorer is

Proposition 44 (Decomposability of Bayes-optimal bipartite pair-scorer.) Given any 𝓁 ∈ LSPC (Ψ) with
Ψ differentiable,
(∀𝐷 ∈ ΔX×{±1} ) S∗ (𝐷BR , 𝓁) ⊆ SDecomp ⟺ Ψ−1 ∈ Σsig .

We now proceed to the case where 𝓁 is a strictly proper composite loss. To apply Corollary 40, we characterise
the subset of proper composite losses for which there exists a decomposable pair-scorer. This shall turn out
to rely on the following set of inverse link functions from the sigmoid family,
}
{
.
1
.
(51)
Σsig = Ψ−1 ∶ ℝ → [0, 1] ∣ (∃𝑎 ∈ ℝ ⧵ {0}) (∀𝑣 ∈ ℝ) Ψ−1 (𝑣) =
1 + 𝑒−𝑎𝑣

7.4.2 O PTIMAL UNIVARIATE SCORER FOR STRICTLY PROPER COMPOSITE LOSSES

We see that like class-probability estimation, bipartite ranking with 𝓁01 aims to find a transformation of 𝜂.
Unlike class-probability estimation, one is satisfied with any strictly monotone transformation, not necessarily
one specified by the loss itself. Loosely, then, bipartite ranking is less “strict” than class-probability estimation.
(See also §10.)

S∗BR (𝐷, 𝓁01 ).

Corollary 43 Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} and any strictly monotone increasing 𝜙 ∶ [0, 1] → ℝ,

𝜂(𝑥′ )

The transform 𝜙 in Proposition 42 is not required to be strictly monotone increasing since if 𝜂(𝑥) =
for some 𝑥 ≠ 𝑥′ ∈ X, it is allowed for 𝑠(𝑥) ≠ 𝑠(𝑥′ ). (In the extreme case where 𝜂(𝑥) ≡ 𝑐 for every 𝑥,
then every scorer will trivially be Bayes-optimal.) Nonetheless, an immediate corollary is that any strictly
monotone increasing transform of 𝜂 is necessarily an optimal univariate scorer.15

linear translation. But if for a scorer 𝑠 we have 𝜂 = 𝜙◦𝑠 for some monotone 𝜙, then it must also be true that
̃
𝜂 = 𝜙◦(𝑠
+ 𝑐) where 𝜙̃ ∶ 𝑥 ↦ 𝜙(𝑥 − 𝑐) is also monotone. Thus, the result follows.
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While Proposition 44 follows easily from the proper loss machinery, the requirement on the link function
is a priori non-obvious. What is special about link functions that are scaled versions of the sigmoid? The
answer is simply that the scorer 𝜂Pair inherently involves a sigmoid link function (Lemma 37). This form of
𝜂Pair in turn can be understood via utility representations for binary relations on sets, as we discuss in §12.
7.4.3 COMMENT ON CONVEXITY

In general, an invertible link function Ψ can be composed with any proper loss to yield a proper composite
loss. For numerical convenience, it is useful to consider only those proper losses which yield a convex proper
composite loss. For a proper loss 𝜆, let 𝓁(𝑦, 𝑣) = 𝜆(𝑦, Ψ−1 (𝑣)) for Ψ−1 (𝑣) ∈ Σsig i.e. Ψ−1 (𝑣) = 1+𝑒1−𝑎𝑣 for
some 𝑎. Such a loss will have Bayes-optimal scorer as given by Proposition 44; but when
( )will such a loss be
additionally convex? Suppose the weight function 𝑤 for 𝜆 is normalised such that 𝑤 12 = 1. Then, 𝓁 is
convex only if the weight function 𝑤 satisfies (Reid and Williamson, 2010, Theorem 29)
[
(
)
(
)]
1
1
1
1
𝑤(𝑐) ∈ min
,
, max
,
.
𝑎 ⋅ 𝑐 2 ⋅ (1 − 𝑐) 𝑎 ⋅ 𝑐 ⋅ (1 − 𝑐)2
𝑎 ⋅ 𝑐 2 ⋅ (1 − 𝑐) 𝑎 ⋅ 𝑐 ⋅ (1 − 𝑐)2
The above gives necessary conditions17 for obtaining a convex proper composite loss with the given link.
As a sanity check, two losses encountered earlier in Corollary 46 will indeed satisfy the above. For the
1
admissible weight function 𝑤(𝑐) = 𝑎⋅(𝑐⋅(1−𝑐))
3∕2 , it is easy to check that with a sigmoidal link we recover a
we have 𝑤(𝑐) =

1
⋅ log(1 + 𝑒−𝑦𝑎𝑣 ),
𝑎

1
,
1+𝑒−𝑎𝑣

1
𝑎

generalised version of the exponential loss, 𝓁(𝑦, 𝑣) = 𝑎1 𝑒−𝑦𝑎𝑣 . (We will revisit these family of losses in a
different context in §9.5.) Recall from Equation 13 that a link Ψ is canonical for a given proper loss 𝜆 with
(
)′
𝑐
1
⋅ log 1−𝑐
= 𝑎⋅𝑐⋅(1−𝑐)
. The

weight function 𝑤 when 𝑤(𝑐) = Ψ′ (𝑐). For Ψ−1 (𝑣) =
resulting proper composite loss is
𝓁(𝑦, 𝑣) = 𝜆(𝑦, Ψ−1 (𝑣)) =

which is a generalised logistic loss. (Masnadi-Shirazi and Vasconcelos (2010) call this the canonical logistic
loss.) Note that lim𝑎→∞ 𝑎1 log(1 + 𝑒−𝑦𝑎𝑣 ) = max(0, −𝑣), which is the perceptron loss.
7.5 Bipartite Ranking: Non-Decomposable Case

We now turn to the case where the loss 𝓁 does not have a decomposable Bayes-optimal pair-scorer. As noted
earlier, we can no longer resort to reasoning solely via the conditional risk. Fortunately, the simple structure of
SDecomp means that we can hope to directly compute the risk minimiser via an appropriate derivative. Under
some assumptions on the loss, it turns out that the Bayes-optimal scorer is still a strictly monotone transform
of 𝜂; however, the transform is now distribution dependent, rather than simply the fixed link function Ψ.

.

𝖷 ∼𝑄

]
[
′ (𝑣 − 𝑠∗ (𝖷))
𝜋 ⋅ 𝔼 𝓁−1
𝖷∼𝑃
]
[
].
[ ′
𝓁−1 (𝑣 − 𝑠∗ (𝖷)) − (1 − 𝜋) ⋅ ′𝔼 𝓁1′ (𝑣 − 𝑠∗ (𝖷′ ))

∗
SBR
(𝐷, 𝓁) = {𝑠∗ ∶ X → ℝ ∣ 𝜂 = 𝑓𝐷,𝑠∗ ◦𝑠∗ },

Proposition 47 Pick any 𝐷 = ⧼𝑀, 𝜂⧽ = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} and a differentiable, convex, symmetric
strictly proper composite loss 𝓁(𝑦, 𝑣) = 𝜙(𝑦𝑣). If 𝜙′ is bounded,18 or the support of 𝐷 is finite,

where
(∀𝑣 ∈ V) 𝑓𝐷,𝑠∗ (𝑣) =

𝖷∼𝑃

𝜋⋅ 𝔼
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17. More complex sufficient conditions may also be derived; see (Reid and Williamson, 2010, Theorem 24).
18. We suspect this requirement may be dropped, but defer to future work investigation of minimal conditions for the result to hold.
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𝖷∼𝑃 ,𝖷′ ∼𝑄

𝔼

Proof The basic proof strategy follows Uematsu and Lee (2012, Theorem 3), although the subsequent steps
and connection to proper loss concepts are novel; we will shortly discuss the connection to the results of that
paper.
Let 𝓁(𝑦, 𝑣) = 𝜙(𝑦𝑣). For fixed 𝐷, let S(𝐷) denote the space of all Lebesgue-measurable scorers 𝑠 ∶ X → ℝ,
with addition and scalar multiplication defined pointwise, such that
[
]
𝜙(𝑠(𝖷) − 𝑠(𝖷′ )) < ∞.
𝕃BR (𝑠; 𝐷, 𝓁) =

=

𝖷∼𝑃 ,𝖷′ ∼𝑄

= 𝕃BR (𝑠 + 𝜖𝑡)
[
]
𝔼
𝜙(𝑠(𝖷) − 𝑠(𝖷′ ) + 𝜖(𝑡(𝖷) − 𝑡(𝖷′ ))) .

Then 𝕃BR ∶ S(𝐷) → ℝ is a convex functional, by virtue of 𝜙 being convex. Thus, its minimisers may
be determined by considering an appropriate notion of functional derivative. We shall employ the Gâteaux
variation.
Pick any 𝑠, 𝑡 ∈ S(𝐷). For any 𝜖 > 0, define
𝐹𝑠,𝑡 (𝜖)

.

𝜖→0

𝕃BR (𝑠 + 𝜖𝑡) − 𝕃BR (𝑠; 𝐷, 𝓁)
𝜖

′
(0),
= 𝐹𝑠,𝑡

= lim

The Gâteaux variation of 𝕃BR at 𝑠 in the direction of 𝑡 is (Troutman, 1996, pg. 45; Giaquinta and Hildebrandt,
2004, pg. 10)
𝛿𝕃BR (𝑠; 𝑡)

′ (0) exists, we will justify interchange of the derivative and expecassuming the latter exists. To show that 𝐹𝑠,𝑡
tation. For any 𝜖 ∈ (0, 1] and 𝑥, 𝑥′ ∈ X, by convexity and nonnegativity of 𝜙,

′
′ |
|
′
′ |
| 𝜙((Dif f (𝑠 + 𝜖𝑡))(𝑥, 𝑥 )) − 𝜙((Dif f(𝑠))(𝑥, 𝑥 )) | |
|
| ≤ |𝜙((Dif f(𝑠 + 𝑡))(𝑥, 𝑥 )) − 𝜙((Dif f(𝑠))(𝑥, 𝑥 ))|
𝜖
|
|
≤ 𝜙((Dif f (𝑠 + 𝑡))(𝑥, 𝑥′ )) + 𝜙((Dif f (𝑠))(𝑥, 𝑥′ )).

𝜙(𝑠(𝑥) − 𝑠(𝑥′ ) + 𝜖(𝑡(𝑥) − 𝑡(𝑥′ ))) − 𝜙(𝑠(𝑥) − 𝑠(𝑥′ ))
= (𝑡(𝑥) − 𝑡(𝑥′ )) ⋅ 𝜙′ (𝑠(𝑥) − 𝑠(𝑥′ )).
𝜖

By assumption, 𝕃BR (𝑠 + 𝑡) and 𝕃BR (𝑠; 𝐷, 𝓁) are both finite. Further,
lim

𝜖→0

=

∫X

𝔼

[

𝑡(𝑥) ⋅ 𝑟(𝑥) 𝑑𝑥,

𝖷∼𝑄,𝖷 ∼𝑃

[
]
[
]
.
(∀𝑥 ∈ X) 𝑟(𝑥) = 𝑝(𝑥) ⋅ 𝔼𝖷′ ∼𝑄 𝜙′ (𝑠(𝑥) − 𝑠(𝖷′ )) − 𝑞(𝑥) ⋅ 𝔼𝖷∼𝑃 𝜙′ (𝑠(𝖷) − 𝑠(𝑥)) .

=

𝖷∼𝑃 ,𝖷′ ∼𝑄

Thus, by the dominated convergence theorem (Folland, 1999, pg. 56), we have
[
]
′
′
′
′
𝐹𝑠,𝑡
(0)
=
𝔼
(𝑡(𝖷)
−
𝑡(𝖷
))
⋅
𝜙
(𝑠(𝖷)
−
𝑠(𝖷
))
′
𝖷∼𝑃
,𝖷
∼𝑄
]
[
]
𝑡(𝖷) ⋅ 𝜙′ (𝑠(𝖷) − 𝑠(𝖷′ )) −
𝔼′
𝑡(𝖷) ⋅ 𝜙′ (𝑠(𝖷′ ) − 𝑠(𝖷))

where

∫X

𝑡(𝑥) ⋅ 𝑟(𝑥) 𝑑𝑥.
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Now suppose 𝑠∗ ∶ X → ℝ minimises the functional 𝕃BR . By convexity of 𝕃BR , it is necessary and sufficient
that the Gâteaux variation is zero for 𝑡 ∈ L(𝐷) (Gelfand and Fomin, 2000, Theorem 2; Troutman, 1996,
Proposition 3.3). That is,

(∀𝑡 ∈ L(𝐷)) 0 =
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.

𝖷∼𝑃

𝜂 = 𝑓𝐷,𝑠∗ ◦𝑠∗ ,

𝖷 ∼𝑄

𝖷∼𝑃

45
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Proof We show that 𝑓𝐷,𝑠∗ strictly monotone, by establishing the strict monotonicity of
[
]
𝔼 𝓁1′ (𝑣 − 𝑠∗ (𝖷′ ))
𝖷′ ∼𝑄
𝑔∶ 𝑣 ↦
[ ′
].
𝔼 𝓁−1
(𝑣 − 𝑠∗ (𝖷))

where 𝑓𝐷,𝑠∗ is defined as in Proposition 47.

S∗BR (𝐷, 𝓁) = {𝑠∗ ∶ X → ℝ ∣ 𝑠∗ = (𝑓𝐷,𝑠∗ )−1 ◦𝜂} ⊆ S∗BR (𝐷, 𝓁01 ),

Then if 𝜙′ is bounded or the support of 𝐷 is finite, 𝑓𝐷,𝑠∗ is invertible and

(∀𝑣 ∈ ℝ) 𝜙′ (𝑣) = 0 ⟺ 𝜙′ (−𝑣) ≠ 0.

Corollary 48 Pick any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} and margin-based strictly proper composite loss 𝓁(𝑦, 𝑣) =
𝜙(𝑦𝑣), where 𝜙 is differentiable, strictly convex, and satisfies

In order to express any optimal scorer 𝑠∗ in terms of 𝜂, as we have done for the previous cases, it remains
to check whether or not the above the function 𝑓𝐷,𝑠∗ defined above is invertible. The following corollary
provides sufficient conditions for this to hold.

𝖷∼𝑃

𝜋⋅ 𝔼

[ ′
]
𝓁−1 (𝑣 − 𝑠∗ (𝖷))
(𝑓𝐷,𝑠∗ )(𝑣) =
[
].
[ ′
]
𝜋 ⋅ 𝔼 𝓁−1
(𝑣 − 𝑠∗ (𝖷)) − (1 − 𝜋) ⋅ ′𝔼 𝓁1′ (𝑣 − 𝑠∗ (𝖷′ ))

where 𝑓𝐷,𝑠∗ is given by

which means

𝖷 ∼𝑄

𝜂(𝑥0 )
𝑝(𝑥0 )
1−𝜋
⋅
=
1 − 𝜂(𝑥0 )
𝜋
𝑞(𝑥0 )
[
]
𝔼 𝜙′ (𝑠∗ (𝖷) − 𝑠∗ (𝑥0 ))
𝖷∼𝑃
=
[
]
𝔼 𝜙′ (𝑠∗ (𝑥0 ) − 𝑠∗ (𝖷′ ))
𝖷′ ∼𝑄
[
]
′ (𝑠∗ (𝑥 ) − 𝑠∗ (𝖷))
𝔼 𝓁1′ (𝑠∗ (𝖷) − 𝑠∗ (𝑥0 )) − 𝓁−1
0
𝖷∼𝑃
=
[ ′
]
′ (𝑠∗ (𝖷) − 𝑠∗ (𝑥 ))
𝔼 −𝓁1 (𝑠∗ (𝑥0 ) − 𝑠∗ (𝖷′ )) + 𝓁−1
0
𝖷′ ∼𝑄
[ ′ ∗
]
(𝑠 (𝑥0 ) − 𝑠∗ (𝖷)) − 𝓁1′ (𝑠∗ (𝖷) − 𝑠∗ (𝑥0 ))
𝔼 𝓁−1
𝖷∼𝑃
=
[
]
′ (𝑠∗ (𝖷) − 𝑠∗ (𝑥 ))
𝔼 𝓁1′ (𝑠∗ (𝑥0 ) − 𝑠∗ (𝖷′ )) − 𝓁−1
0
𝖷′ ∼𝑄
[ ′ ∗
]
𝔼 𝓁−1
(𝑠 (𝑥0 ) − 𝑠∗ (𝖷))
𝖷∼𝑃
=
[
] since 𝓁 is symmetric,
𝔼 𝓁1′ (𝑠∗ (𝑥0 ) − 𝑠∗ (𝖷′ ))
′

which means for (almost) every 𝑥0 ∈ X,

A sufficient condition for this to hold is that 𝑟 is zero (almost) everywhere, and this is in fact necessary as well
(Lemma 71). That is, for (almost) every 𝑥0 ∈ X, we equivalently need
[
]
[
]
𝑝(𝑥0 ) ⋅ 𝔼𝖷′ ∼𝑄 𝜙′ (𝑠∗ (𝑥0 ) − 𝑠∗ (𝖷′ )) = 𝑞(𝑥0 ) ⋅ 𝔼𝖷∼𝑃 𝜙′ (𝑠∗ (𝖷) − 𝑠∗ (𝑥0 )) ,
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𝖷∼𝑃

⋅
[ ′
])2
𝔼 𝓁−1
(𝑣 − 𝑠∗ (𝖷))

1

(

])
′′
𝓁−1
(𝑣 − 𝑠∗ (𝖷))𝓁1′ (𝑣 − 𝑠∗ (𝖷′ )) .

[
′
𝓁−1
(𝑣 − 𝑠∗ (𝖷))𝓁1′′ (𝑣 − 𝑠∗ (𝖷′ ))−

𝖷∼𝑃 ,𝖷 ∼𝑄

𝔼′

′ (𝑣)
𝓁−1
.
′
𝓁−1 (𝑣) − 𝓁1′ (𝑣)

𝔼

𝖷∼𝑀

[

[

∗ (𝖷)

𝜂(𝖷) ⋅ 𝑒𝑠

]

𝖷∼𝑀

]
[
].
𝜂(𝖷) ⋅ 𝑒𝑠∗ (𝖷) + 𝑒−2𝑣 ⋅ 𝔼 (1 − 𝜂(𝖷)) ⋅ 𝑒−𝑠∗ (𝖷)

𝔼

𝖷∼𝑀
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It can be verified that when plugging in 𝑠∗ = Ψ◦𝜂, one finds (𝑓𝐷,𝑠∗ )−1 (𝑣) = Ψ−1 (𝑣) as expected, and therefore
the dependence on the distribution “disappears”. Determining conditions beyond Ψ ∈ Σsig for which 𝑓𝐷,𝑠∗
simplifies would be of interest.
In class-probability estimation with a proper composite loss, there is a separation of concerns between the
underlying proper loss and the link function Ψ, with the latter primarily chosen for computational convenience,
and not affecting statistical properties of the proper loss (Reid and Williamson, 2010). For bipartite ranking,

(𝑓𝐷,𝑠∗ ) (𝑣) =

−1

This is in general not the same as the inverse link function (𝑓𝐷,𝑠∗ )−1 from the above result for a simple reason:
the latter potentially depends on the distribution 𝐷, and the optimal scoring function 𝑠∗ itself. However, the
forms of the two functions are closely related: in (𝑓𝐷,𝑠∗ )−1 , each quantity from the inverse link Ψ−1 is replaced
by its expected value under an appropriate distribution.
In the previous section, we saw that under certain conditions 𝑠∗ = Ψ◦𝜂, where Ψ is the standard link
function associated with 𝓁. In such cases, it is of interest to see whether 𝑓𝐷,𝑠∗ simplifies. For example, for the
case of exponential loss 𝓁(𝑦, 𝑣) = 𝑒−𝑦𝑣 , with inverse link function Ψ−1 (𝑣) = 1+𝑒1−2𝑣 , we get

Ψ−1 (𝑣) =

Recall from Equation 12 that the link function Ψ associated with a proper composite loss 𝓁 satisfies

7.5.1 COMPARISON WITH STANDARD LINK FUNCTION

The link function 𝑓𝐷,𝑠∗ is at first glance peculiar because it depends on the distribution 𝐷, as well as the
optimal scorer 𝑠∗ . From a practical perspective, the result is thus not helpful in terms of helping quickly discover the optimal scorer 𝑠∗ . However, what is of interest to us is simply that this function is strictly monotone.
This means that from an AUC perspective, using a proper composite surrogate loss asymptotically results in
a desirable scorer i.e. if we rank examples according to 𝑠∗ , it is equivalent to ranking them according to 𝜂.
As before, any optimal scorer for such a proper composite loss is also optimal for 𝓁01 , despite the link
function 𝑓𝐷,𝑠∗ depending on the distribution 𝐷. Appendix H provides an empirical illustration that this link
is indeed invertible under the specified conditions, albeit distribution dependent. The results of this section
established that a suitably restricted notion of convexity is sufficient for the optimal scorer to be a strictly
monotone transform of 𝜂, while the previous section established convexity is not necessary, since one can
have a non-convex loss resulting from a suitable link Ψ = 𝑎1 𝜎 −1 .

′′ (𝑣 − 𝑠∗ (𝖷)) are positive. Further, by (Vernet et al., 2011,
By convexity of 𝓁, the terms 𝓁1′′ (𝑣 − 𝑠∗ (𝖷′ )) and 𝓁−1
Proposition 15), 𝓁1 and 𝓁−1 are increasing and decreasing respectively, or vice-versa. By assumption their
derivatives cannot simultaneously be zero. Therefore the expectand is always positive or negative for every
𝑣, and hence 𝑔 ′ (𝑣) is always strictly positive or negative. Thus 𝑔 is strictly monotone, which means 𝑓𝐷,𝑠∗ is
as well. Therefore, 𝑠∗ = (𝑓𝐷,𝑠∗ )−1 ◦𝜂.

𝑔 ′ (𝑣) = (

The derivative of this function is
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however, such a separation of concerns is guaranteed only when one operates with the family of link functions
from Proposition 44. For this family, the Bayes-optimal scorer is any translation of Ψ◦𝜂, while Corollary
48 indicates that outside this family, the optimal scorer may be a distribution-dependent transformation of
𝜂. Thus, changing the link function in bipartite ranking can change the optimal solutions to the risk in a
non-trivial way.
7.6 Relation to Existing Work
The study of Bayes-optimal scorers for pairwise and bipartite ranking problems does not seem as extensive as
for the binary classification setting. The study of the Bayes-optimal scorers for both problems under proper
composite losses appears to be novel, although Agarwal (2014) employs proper losses in theoretical analysis related to the bipartite ranking problem. Even our derivation of the form of 𝜂Pair does not have many
precedents, though Uematsu and Lee (2012) implicitly derive the formula.
This section generalised and unified several earlier results through the theory of proper losses. For 𝓁01 ,
our Corollary 43 is well-known in the context of scorers that maximise the AUC, which is one minus the bipartite 𝓁01 risk. The result is typically established by the Neyman-Pearson lemma (Torgersen, 1991), whereas
we simply use a reduction to binary classification over pairs. For exponential loss with a linear hypothesis
class, Ertekin and Rudin (2011) studied the (empirical) Bayes-optimal solutions. For a convex margin loss,
Uematsu and Lee (2012) and Gao and Zhou (2012, 2015) independently studied conditions for the Bayesoptimal scorers to be transformations of 𝜂. Our Proposition 44 is a generalisation of Uematsu and Lee (2012,
Theorem 7); Gao and Zhou (2012, Lemma 3); Gao and Zhou, 2015, (Corollary 1), where our result holds
for non-symmetric and non-convex proper composite losses; Appendix G has an empirical illustration of this.
Our Corollary 48 is essentially equivalent to Uematsu and Lee (2012, Theorem 3); Gao and Zhou (2012,
Theorem 5); Gao and Zhou (2015, Theorem 2), although we explicitly provide the form of the link function
relating 𝜂 and 𝑠∗ . (We translate these results in terms of proper losses so that the connection is more apparent
in Appendix F.)
Uematsu and Lee (2012, Theorem 5) also showed that for the hinge loss, which is classification calibrated,
there are possibly ties introduced in the ranking, which is not covered by our results as the hinge loss is not
proper. Gao and Zhou (2012, Theorem 2, 3); Gao and Zhou (2015, Lemma 3) similarly show that hinge and
absolute loss do not produce a consistent ranking.

8. Surrogate Regret Bounds for Pairwise Surrogate Minimisation

At this stage, we have established that for suitable 𝓁, minimisers of the 𝓁-bipartite risk will also minimise
the 𝓁01 bipartite risk. Equivalently, these scorers will maximise the AUC. This can be seen as a justification
for the minimisation of a pairwise surrogate to 𝓁01 for the task of maximising the AUC; this is sometimes
referred to as the pairwise approach to bipartite ranking.
In practice, of course, we cannot expect to perfectly minimise 𝕃BR , due to having access to a finite sample,
and (or) using a restricted function class of scorers. Thus, we would ideally like a bound as to how much
worse the AUC can be when using a suboptimal minimiser of 𝕃BR (𝑠; 𝐷, 𝓁). This is the analogue of surrogate
regret bounds for classification, which establish that convex risk minimisation is consistent for the problem
of 0-1 minimisation (Zhang, 2004; Bartlett et al., 2006; Reid and Williamson, 2009).
Surrogate regret bounds have previously been shown for bipartite ranking by Clémençon et al. (2008,
Section 7), under the implicit assumption of decomposable scorers, and for the symmetric exponential and
logistic losses by Gao and Zhou (2012, Corollary 6, 7); Gao and Zhou (2015, Corollary 5). It turns out that
the analysis of the previous section automatically implies the existence of surrogate regret bounds for pairwise
minimisation of suitable (possibly asymmetric) proper composite losses. Formally, we have the following.
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Proposition 49 Pick any 𝐷 ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ. Given any 𝓁 ∈ LSPC (Ψ) with inverse link
function Ψ−1 ∈ Σ+ sig , there exists a convex function 𝐹𝓁 ∶ [0, 1] → ℝ+ with 𝐹 (0) = 0 such that,
(
)
𝐹𝓁 regret BR (𝑠; 𝐷, 𝓁01 ) ≤ regret BR (𝑠; 𝐷, 𝓁).
47
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Proof For any 𝑠 ∶ X → ℝ, 𝑠Pair ∶ X × X → ℝ, recall that

regret(𝑠Pair ; 𝐷BR , 𝓁) = 𝕃(𝑠Pair ; 𝐷BR , 𝓁) −

𝑡∶X→ℝ

regret BR (𝑠; 𝐷, 𝓁) = 𝕃BR (𝑠; 𝐷, 𝓁) − inf 𝕃BR (𝑡).

𝕃(𝑡Pair ; 𝐷BR , 𝓁)

Existing surrogate regret bounds for proper composite losses (Reid and Williamson, 2009) imply that there
exists some convex 𝐹𝓁 ∶ [0, 1] → ℝ+ such that, for any 𝐷 ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ,
(
)
𝐹𝓁 regret(Dif f(𝑠); 𝐷BR , 𝓁01 ) ≤ regret(Dif f (𝑠); 𝐷BR , 𝓁).

𝕃(𝑡Pair ; 𝐷BR , 𝓁)

𝕃(𝑡Pair ; 𝐷BR , 𝓁)

By the reduction of bipartite ranking to classification over pairs (Lemma 2), for any 𝓁 satisfying the
conditions of the proposition,

regret BR (𝑠; 𝐷, 𝓁) = 𝕃BR (𝑠; 𝐷, 𝓁) − inf 𝕃BR (𝑡)

inf

inf

𝑡Pair ∶ X×X→ℝ

𝑡Pair ∈SDecomp

𝑡∶X→ℝ

= 𝕃(Dif f (𝑠); 𝐷BR , 𝓁) −

= 𝕃(Dif f(𝑠); 𝐷BR , 𝓁) −

= regret(Dif f(𝑠); 𝐷BR , 𝓁),

where in the penultimate line we have used the fact that the restriction to SDecomp can be removed by virtue
of the loss 𝓁 inducing a decomposable Bayes-optimal pair-scorer for 𝐷BR (by Proposition 44). We similarly
know that 𝓁01 induces a decomposable pair-scorer (Proposition 41). Thus, we can write the regret bound as
(
)
𝐹𝓁 regret BR (𝑠; 𝐷, 𝓁01 ) ≤ regret BR (𝑠; 𝐷, 𝓁).

The function 𝐹𝓁 ∶ [0, 1] → ℝ+ in Proposition 49 is exactly that which appears in bounds relating 0-1 to 𝓁
classification regret for proper composite losses, and may be specified in terms of the conditional Bayes-risk
of 𝓁 as (Reid and Williamson, 2009, Theorem 3)
( )
1
𝐹𝓁 ∶ 𝑢 ↦ 𝐿∗
+ 𝐺𝓁 (𝑢) ∨ 𝐺𝓁 (−𝑢)
2
(
)
( )
1
1
+ 𝑢 + (𝐿∗ )′
⋅ 𝑢.
2
2

𝐺𝓁 ∶ 𝑢 ↦ −𝐿∗

We make three observations about this result. First, the bound implies the consistency of pairwise surrogate minimisation for losses satisfying the conditions of the proposition, and whose underlying proper loss 𝜆
additionally satisfy the regularity condition 𝐿∗ (0) = 0, as

⟹ regret BR (𝑠; 𝐷, 𝓁01 ) → 0,

regret BR (𝑠; 𝐷, 𝓁) → 0 ⟹ 𝐹𝓁 (regret BR (𝑠; 𝐷, 𝓁01 )) → 0
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where the second line is because 𝐿∗ (𝑢) > 0 on (0, 1∕2] by strict concavity of the conditional Bayes risk (a
consequence of strict properness of the loss), and 𝐿∗ (0) = 0 by assumption.
Second, the bound places no convexity restriction on 𝓁. This is akin to similar regret bounds for classification (Bartlett et al., 2006, Theorem 1), where the surrogate loss need not be convex. Of course, for non-convex
𝓁, guaranteeing regret BR (𝑠; 𝐷, 𝓁) → 0 is more challenging.
Third, when the optimal pair-scorer is not decomposable, the proof breaks when attempting to equate
regret BR (𝑠; 𝐷, 𝓁) and regret(Dif f(𝑠); 𝐷BR , 𝓁), and so more effort is needed to derive a surrogate regret bound.
This further illustrates the value of the decomposability of the Bayes-optimal pair-scorer as studied in the
previous section. Note that while we do not have a regret bound for such losses, Corollary 48 established a
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(∀𝑧 ∈ [0, 1]) Ψ𝑞 (𝑧) ∈

{
{𝑧}
[0, 𝑧)

if 𝑧 ≥ 𝑞
if 𝑧 < 𝑞,

(52)

49

(i) ensuring that most negative instances appear below the positive instances, or
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Most established performance measures encourage focussing on the head of the ranked list in one of two
(related) ways:

9.2 The (Reverse) (𝓁, 𝑔)-Push Framework for Ranking the Best

Such a scorer does not demand accurate estimation of 𝜂 below the fixed threshold 𝑞: all that is required is that
the ordering is preserved relative to those instances with score bigger than 𝑞.
According to Equation 52, any loss for which S∗ (𝐷, 𝓁) = {Ψ◦𝜂} for some invertible Ψ is also a Ψ−1 (𝑞)RTB loss for any 𝑞 ∈ [0, 1]. This simply says that if we accurately model all ranks, then by definition we
accurately model ranks at the head of the list. Indeed, if we could operate on the distribution directly, there
would be no tradeoff to be made between accurately modelling any particular portion of the list: 𝜂 would
be recovered exactly, and thus the entire list could be ranked perfectly. The value of a loss that relaxes the
modelling requirements for 𝜂 < 𝑞 arises when we have either finite samples or a misspecified hypothesis class,
in which case tradeoffs are necessary.
Having defined the goal of the ranking the best problem, we look to review some performance measures
for this task. We then explore alternate risks that have similar characteristics, but are designed using the theory
of proper composite losses. We shall begin with a general framework that follows Clémençon and Vayatis
(2008); Rudin (2009).

where

Corollary 43 shows the AUC is maximised by any strictly monotone increasing transformation of 𝜂, the
observation-conditional distribution. Thus, from the perspective of the AUC, the optimal ranked list in bipartite problems involves ordering instances based on their 𝜂 values. In the ranking the best problem, our
goal is to ensure that instances 𝑥 ∈ X for which 𝜂(𝑥) is large are correctly ordered relative to other instances,
potentially at the expense of incorrectly ordering instances 𝑥′ ∈ X for which 𝜂(𝑥′ ) is small.
Formally, given any 𝑞 ∈ [0, 1], we call a loss 𝓁 a 𝑞-RTB loss (for 𝑞-rank-the-best) if the Bayes-optimal
scorer for 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} is
S∗ (𝐷, 𝓁) = {Ψ𝑞 ◦𝜂},

9.1 Formal Definition of Ranking the Best

In most practical applications of ranking, accuracy at the head of the ranked list is more important than accuracy at the tail. For example, in information retrieval, typically only the first few elements of the ranked result
set for a query are considered by a user of the system. It is thus of interest to consider notions of risk that
focus on accuracy at the head of the list. This problem is sometimes called ranking the best (Clémençon and
Vayatis, 2007) or accuracy at the top (Boyd et al., 2013). We will use the terminology “ranking the best”.
We will now formalise the ranking the best problem, and see how the tools we have developed thus far
may be applied to address it.

9. Ranking the Best Instances

sufficient condition for agreement of the Bayes-optimal scorers. Further, Gao and Zhou (2012, Theorem 2)
showed that for a subset of such losses, one has asymptotic consistency of the surrogate minimisation (even
when a regret bound is elusive).
As a final note, the above is distinct from Agarwal (2014) as the latter bounds the AUC regret in terms of the
regret with respect to a proper composite loss. That is, the result shows the consistency of the class-probability
estimation approach to bipartite ranking. This is distinct to our bound, which shows the consistency of the
surrogate pairwise ranking approach to bipartite ranking.

B IPARTITE R ANKING:

(53)

𝖷 ∼𝑀
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19. This family has also been considered, in a different context, by Xie and Priebe (2002).
20. Our use of the word “reverse” is as per Rudin (2009, Section 7).
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A high AUC thus means that the negative instances, on average, are placed below the positive instances: were
this not the case, then we would achieve only a low true positive rate when thresholding scores around the
negatives. Formally, we have
AUC(𝑠; 𝐷) = Push(Dif f (𝑠); 𝐷, 𝓁01 , 𝑔)

𝖷 ∼𝑄

We first relate the AUC to the (𝓁, 𝑔)-push risk. Recall from Equation 38 that the AUC is
[
]
AUC(𝑠; 𝐷) = ′𝔼 TPR(𝑠(𝖷′ ); 𝐷, 𝑠) .

9.3 The AUC and the (Reverse) (𝓁, 𝑔)-Push Risk

where NRank 𝓁 involves replacing the TPR and FPR in Equation 53 with their TPR𝓁 and FPR𝓁 counterparts.
To gain some intuition for these approaches, we show how the AUC is a special case of each.

𝖷∼𝑃

where 𝑔 ∶ ℝ → ℝ+ is a monotone increasing function, For decomposable pair-scorers,
[ (
)]
RevPush(Dif f (𝑠); 𝐷, 𝓁, 𝑔) = 𝔼 𝑔 NRank 𝓁 (𝑠(𝖷)) ,

𝖷∼𝑃

Compared to the standard bipartite 𝓁-ranking risk (Equation 16), the difference is that the inner expectation
is transformed by the function 𝑔(⋅). Intuitively, if 𝑔(⋅) is convex with a sharply increasing slope, the risk
penalises high false negative rates, or equally encourages high true positive rates when thresholding around
the negatives.
For approach (ii), following Clémençon and Vayatis (2008); Rudin (2009, Section 7), we have an analogous reverse20 (𝓁, 𝑔)-push risk, where the order of expectations is reversed, and one uses the normalised rank
in place of a rate:
)]
[ (
[
]
.
,
RevPush(𝑠Pair ; 𝐷, 𝓁, 𝑔) = 𝔼 𝑔 ′𝔼 𝓁1 (𝑠Pair (𝖷, 𝖷′ ))

𝖷 ∼𝑄

𝖷∼𝑃

where 𝑔 ∶ ℝ → ℝ+ is a monotone increasing function. For decomposable pair-scorers,
[ (
)]
Push(Dif f (𝑠); 𝐷, 𝓁, 𝑔) = ′𝔼 𝑔 FNR𝓁 (𝑠(𝖷′ )) .

𝖷 ∼𝑄

Small normalised ranks are desired for positive examples, and large ranks for negative examples. Our definition of the normalised rank is simply called the “rank” by Rudin (2009, Section 7).
For each of the above approaches, we consider a general family of risks that can be specialised to yield
various performance measures of interest. For approach (i), Rudin (2009); Swamidass et al. (2010) studied a
family of risks parameterised by a monotone increasing function.19 Generalising these proposals to the case
of an arbitrary symmetric loss 𝓁, and a pair-scorer 𝑠Pair ∶ X × X → ℝ, we obtain the (𝓁, 𝑔)-push risk:
[ (
[
])]
.
,
Push(𝑠Pair ; 𝐷, 𝓁, 𝑔) = ′𝔼 𝑔 𝔼 𝓁1 (𝑠Pair (𝖷, 𝖷′ ))

NRank(𝑥; 𝐷, 𝑠) = ℙ𝖷∼𝑀 [𝑠(𝖷) > 𝑠(𝑥)] +

.

1
⋅ ℙ𝖷∼𝑀 [𝑠(𝖷) = 𝑠(𝑥)]
2
= 𝜋 ⋅ TPR(𝑠(𝑥); 𝐷, 𝑠) + (1 − 𝜋) ⋅ FPR(𝑠(𝑥); 𝐷, 𝑠).

(ii) ensuring that most positive instances appear near the head of the list.

The former approach involves ensuring that the false negative rate is small for certain negative instances. The
latter approach relies on minimising the following quantity: given an instance 𝑥 ∈ X, we define its normalised
rank under a scorer 𝑠 ∶ X → ℝ and distribution 𝐷 = ⧼𝑀, 𝜂⧽ to be the fraction of examples that have a higher
score than it:
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where 𝑔 ∶ 𝑥 ↦ 1 − 𝑥.
We next relate the AUC to the reverse (𝓁, 𝑔)-push risk. At first glance, the AUC appears to involve a
different consideration, as
𝖷∼𝑃

AUC(𝑠; 𝐷) = 𝔼 [TNR(𝑠(𝖷); 𝐷, 𝑠)] ,

𝖷∼𝑃

so that the AUC focusses on placing positives ahead of negatives, while when maximising the normalised
rank, we also consider the relationship of positives to other positives. (A similar observation is made by
Rudin (2009, Section 7), where the false positive rate is called the “reverse height”.) However, note that
𝖷∼𝑃

𝖷∼𝑃

𝜋
+ (1 − 𝜋) ⋅ (1 − AUC(𝑠; 𝐷)) following Equation 40 ,
2

2−𝜋
1
AUC(𝑠; 𝐷) =
−
⋅ 𝔼 [NRank(𝖷; 𝐷, 𝑠)] .
2 ⋅ (1 − 𝜋) 1 − 𝜋 𝖷∼𝑃

=

= 𝜋 ⋅ 𝔼 [TPR(𝑠(𝖷); 𝐷, 𝑠)] + (1 − 𝜋) ⋅ (1 − AUC(𝑠; 𝐷)) by Equation 37

𝔼 [NRank(𝖷; 𝐷, 𝑠)] = 𝜋 ⋅ 𝔼 [TPR(𝑠(𝖷); 𝐷, 𝑠)] + (1 − 𝜋) ⋅ 𝔼 [FPR(𝑠(𝖷); 𝐷, 𝑠)]

𝖷∼𝑃

and so

−

1
1−𝜋

⋅ 𝑥.

AUC(𝑠; 𝐷) = RevPush(Dif f(𝑠); 𝐷, 𝑔)

A high AUC thus means that on average, the positive instances have a small normalised rank i.e. they appear
near the head of the list. Formally, we thus have
where 𝑔 ∶ 𝑥 ↦
2−𝜋
2⋅(1−𝜋)

9.4 Established Performance Measures for Ranking the Best

In both the above interpretations of the AUC, one focusses on average case behaviour. This is manifest in the
AUC having a linear dependence on the true positive rate, as well as on the normalised rank. The basic idea
of adapting the measure to focus on the head of the list is to consider a suitable nonlinear transformation 𝑔(⋅)
in the (reverse) (𝓁, 𝑔)-push risk, so as to strongly penalise errors at the head over the tail. We now define some
popular measures21 for ranking the best that do precisely this. Table 9 summarises the measures considered.
9.4.1 PARTIAL AUC

𝑏

TPR((FPR)−1 (𝛼)) 𝑑𝛼
[
]
TPR(𝑠(𝖷)) ⋅ J𝑎 ≤ FPR(𝑠(𝖷)) ≤ 𝑏K .

The partial AUC (PAUC) (McClish, 1989; Dodd and Pepe, 2003; Narasimhan and Agarwal, 2013a) of a scorer
only computes the area under the ROC curve for false positive rates between [𝑎, 𝑏] ⊆ [0, 1]:
PAUC(𝑠; 𝐷, 𝑎, 𝑏) =

∫𝑎

𝖷∼𝑃

= 𝔼

When 𝑎 = 0 and 𝑏 ≪ 1, this intuitively focusses only on performance at the head of the ranked list (as this
corresponds to thresholds with low false positive rate). This measure is evidently related to the special case
of the reverse (𝓁01 , 𝑔)-push risk for 𝑔 ∶ 𝑥 ↦ (𝑥 ∨ 𝑎) ∧ 𝑏, where one uses the true positive rate in place of the
normalised rank.

JMLR 17(195):1-102

21. Most of these measures have their origins in information retrieval. Here, they are typically stated in terms of results for “queries”.
We effectively treat our labelled samples as the set of results for a single query. Measures that average across multiple queries, which
would correspond to a multilabel learning problem, are thus not considered.
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Performance measure

Definition
[
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Symbol

PAUC(𝑠; 𝐷, 𝑏)

𝔼𝖷∼𝑃

[

]

1
lg(1+NRank(𝖷;𝐷,𝑠))

1
NRank(𝖷;𝐷,𝑠)

1
NRank(𝑥;𝐷,𝑠)

[ (
)𝑝 ]
− FNR(𝑠(𝖷′ ); 𝐷, 𝑠)

]

TPR(𝑠(𝖷)) ⋅ JFPR(𝑠(𝖷)) ≤ 𝑏K
[
]
Partial AUC

AP(𝑠; 𝐷)

𝔼𝖷∼𝑃

𝔼
Average precision

DCG(𝑠; 𝐷)

𝔼𝖷∼𝑃

𝖷∼𝑃

Discounted cumulative gain

ARR(𝑠; 𝐷)

sup𝑥∈supp(𝑃 )

TPR(𝑠(𝖷);𝐷,𝑠)
NRank(𝖷;𝐷,𝑠)

Average reciprocal rank

RR(𝑠; 𝐷)

𝔼

inf 𝑥′ ∈supp(𝑄) TPR(𝑠(𝑥′ ); 𝐷, 𝑠)

𝖷′ ∼𝑄

[

Reciprocal rank

Push(𝑠; 𝐷, ⋅𝑝 )

PTop(𝑠; 𝐷)

(Negated) 𝑝-norm push
Positives at top

]

Table 9: Performance measures for ranking the best. For each measure, larger values are desirable.
9.4.2 AVERAGE PRECISION

Our next measure relies on the following two quantities.

.

1
⋅ ℙ[𝑠(𝖷) = 𝑡|𝖸 = 1].
2

Definition 50 Given any distribution 𝐷 ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ, define the precision and recall at
a threshold 𝑡 ∈ ℝ ∪ {±∞} to be

Prec(𝑡; 𝐷, 𝑠) = ℙ[𝖸 = 1|𝑠(𝖷) > 𝑡]
.

Rec(𝑡; 𝐷, 𝑠) = TPR(𝑡; 𝐷, 𝑠) = ℙ[𝑠(𝖷) > 𝑡|𝖸 = 1] +

When the scorer and distribution are clear from context, we shall drop the dependence on them and simply
write Prec(𝑡), Rec(𝑡).

(54)

The precision may be related to the more familiar rates introduced earlier: if the distribution of scores has
no discrete components, then by Bayes’ rule,

=

ℙ[𝑠(𝖷) > 𝑡|𝖸 = 1] ⋅ ℙ[𝖸 = 1]
Prec(𝑡; 𝐷, 𝑠) =
ℙ[𝑠(𝖷) > 𝑡]
𝜋 ⋅ TPR(𝑡)
=
𝜋 ⋅ TPR(𝑡) + (1 − 𝜋) ⋅ FPR(𝑡)
)−1
(
1 − 𝜋 FPR(𝑡)
⋅
.
1+
𝜋
TPR(𝑡)

.
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(55)

Note that if we use as threshold 𝑡 = 𝑠(𝑥) for some 𝑥 ∈ X, then the denominator of Equation 54 is nothing but
NRank(𝑡).
We now define the average precision (AP) of a scorer 𝑠 (Yue et al., 2007; Chakrabarti et al., 2008; Agarwal,
2011; Boyd et al., 2012) to be the average of the precisions obtained using the scores of positive examples as
thresholds:

AP(𝑠; 𝐷) = 𝔼𝖷∼𝑃

[Prec(𝑠(𝖷); 𝐷, 𝑠)]
[
]
TPR(𝑠(𝖷); 𝐷, 𝑠)
,
NRank(𝖷; 𝐷, 𝑠)

= 𝜋 ⋅ 𝔼𝖷∼𝑃
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∫0

1

Prec(Rec−1 (𝛼)) 𝑑𝛼.

1

∞

𝖷∼𝑃

= 𝔼 [Prec(𝑠(𝖷))] .

=

𝑝 (𝑡) ⋅ Prec(𝑡) 𝑑𝑡 by Equation 22
∫−∞ 𝑆
[ ∞
]
𝛿𝑠(𝖷) (𝑡) ⋅ Prec(𝑡) 𝑑𝑡
= 𝔼
𝖷∼𝑃 ∫−∞

∞

TPR′ (𝑡) ⋅ Prec(𝑡) 𝑑𝑡 using 𝛼 = TPR(𝑡)

Prec(Rec−1 (𝛼)) 𝑑𝛼

∫−∞

∫0

=−

AUPRC(𝑠; 𝐷) =

53
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The discounted cumulative gain (DCG) of a scorer 𝑠 (Järvelin and Kekäläinen, 2002; Agarwal, 2011; Boyd
et al., 2012) is the average of the inverse logarithm of the normalised rank for all positive examples:
[
]
.
1
DCG(𝑠; 𝐷) = 𝔼𝖷∼𝑃
.
lg(1 + NRank(𝖷; 𝐷, 𝑠))

9.4.3 D ISCOUNTED CUMULATIVE GAIN

Proof By definition,

Lemma 52 (Boyd et al., 2013) Given any 𝐷 ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ with differentiable ROC
curve and invertible rates,
AUPRC(𝑠; 𝐷) = AP(𝑠; 𝐷).

We immediately see that compared to the ROC curve, the PR curve depends on the base rate 𝜋. We also
see that like the ROC curve, the curve can be computed from the TPR and FPR. Following the NeymanPearson analysis (Corollary 16), we can conclude that the area under the PR curve is optimized by any strictly
monotone increasing transform of 𝜂(𝑥) (Clémençon and Vayatis, 2009a).
In fact, the average precision is exactly equal to the AUPRC.

AUPRC(𝑠; 𝐷) =

.

The area under the precision recall curve (AUPRC) of 𝑠 is the area under the curve PR(𝑠; 𝐷) (Boyd et al.,
2013):

PR(𝑠; 𝐷) = {(Rec(𝑡; 𝐷, 𝑠), Prec(𝑡; 𝐷, 𝑠)) ∶ 𝑡 ∈ ℝ ∪ {±∞}} ⊆ [0, 1]2 .

.

Definition 51 Given any distribution 𝐷 ∈ ΔX×{±1} and scorer 𝑠 ∶ X → ℝ, the precision-recall curve is
defined by the parametric representation

where the second equation follows from Equations 53 and 54.
The average precision can be shown to favour accuracy at the head of the list more than the AUC (Yue
et al., 2007). Intuitively, this is because when there is a spurious negative example high in the ranked list, it
will substantially affect the precision of the nearby positive examples. This may also be seen through Equation
55: we encourage very low normalised ranks for the positive examples, which corresponds to placing them
at the very top of the list. Compared to the AUC, placing a few positives at the very top gives a greater gain
than placing many positives only roughly near the top.
Further intuition for the average precision can be gained by considering the precision-recall curve, a complement to the ROC curve.

B IPARTITE R ANKING:

sup

𝑥∈supp(𝑃 )

1
.
NRank(𝑥; 𝐷, 𝑠)

𝖷 ∼𝑄

𝖷∼𝑃

1≤𝑗≤𝑚

𝑖=1
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The fraction of positives at the top (PTop) of a scorer 𝑠 (Agarwal, 2011; Boyd et al., 2012) is typically defined
on an empirical sample D = {(𝑥𝑖 , 1)}𝑛𝑖=1 ∪ {(𝑥𝑗 , −1)}𝑚
as the number of positive instances ranked above
𝑗=1
the highest negative instance, or equally, the minimum over all negative instances of the number of positives
ranked above that instance,
𝑛
∑
.
PTop(𝑠; D) = min
𝓁01 (𝑠(𝑥𝑗 ) − 𝑠(𝑥𝑖 )).

9.4.7 POSITIVES AT THE TOP

By increasing the value of 𝑝, one strongly penalises high false negative rates.

Rudin (2009) provides a detailed study of the 𝑝-norm push, which the (𝓁, 𝑔)-push risk for the choice 𝑔 ∶ 𝑥 ↦
𝑥𝑝 for 𝑝 ∈ [1, ∞) and symmetric 𝓁, leading to the 𝑝-norm push risk:
[(
)𝑝 ]
Push(Dif f (𝑠); 𝐷, 𝓁, ⋅𝑝 ) = ′𝔼
FNR𝓁 (𝑠(𝖷′ ))
𝖷 ∼𝑄
[(
[
])𝑝 ]
= ′𝔼
𝔼 𝓁1 (𝑠(𝖷) − 𝑠(𝖷′ ))
.
(56)

9.4.6 T HE 𝑝-NORM PUSH

where supp(⋅) denotes the support of a distribution. This measure directly encourages the first element of the
ranked list to be a positive. Compared to average precision (Equation 55), roughly, we replace the average
performance over all positives with simply the performance of the best positive. The RR can be seen as a
limiting case of a family of reverse (𝓁01 , 𝑔)-push risks with 𝑔 = 𝑔𝑝 ∶ 𝑥 ↦ 1∕𝑥𝑝 as 𝑝 → ∞.
Compared to the RR, the ARR considers the ranks of all positives, not just the top one. This intuitively
makes the ARR more suitable when one is interested not just at the very first element of the list, but rather on
the first 𝑘 elements for some small constant 𝑘.

RR(𝑠; 𝐷) =

.

The reciprocal rank (RR) of a scorer 𝑠 (Voorhees, 2001; Chakrabarti et al., 2008) is the inverse of the rank of
the top positive:

9.4.5 R ECIPROCAL RANK

This measure encourages small normalised rank values for the positives, meaning that spurious negatives near
the head of the list will adversely affect the scores for several examples. Compared to the average precision
(Equation 55), one does not additionally weigh this inverse rank by the true positive rate. It is evident that the
ARR is a special case of the reverse (𝓁01 , 𝑔)-push risk with 𝑔 ∶ 𝑥 ↦ 1∕𝑥.

The average reciprocal rank (ARR) of a scorer 𝑠 (Rudin, 2009, Section 7) is the inverse of the harmonic mean
of the normalised ranks for all positive examples:
]
[
1
.
ARR(𝑠; 𝐷) = 𝔼𝖷∼𝑃
NRank(𝖷; 𝐷, 𝑠)

9.4.4 AVERAGE RECIPROCAL RANK

Compared to average precision (Equation 55), the DCG applies a nonlinear decay on the effect of lower
ranked positives. It is evident that the DCG is a special case of the reverse (𝓁01 , 𝑔)-push risk with 𝑔 ∶ 𝑥 ↦
1∕ log(1 + 𝑥). It may also be seen as a limiting case of the family of risks with 𝑔𝑝 ∶ 𝑥 ↦ (1∕𝑝)∕((1 + 𝑥)1∕𝑝 − 1)
as 𝑝 → ∞.
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𝑥′ ∈supp(𝑄)

sup

𝑥′ ∈supp(𝑄)

FNR(𝑠(𝑥′ ); 𝐷, 𝑠).

(57)

Li et al. (2014) provided an efficient algorithm to optimise surrogates to this measure. Evidently, its population
counterpart is
inf
TPR(𝑠(𝑥′ ); 𝐷, 𝑠),
with negation
1 − PTop(𝑠; 𝐷) =

𝑥′ ∈supp(𝑄)

FNR𝓁 (𝑠(𝑥′ )).

Compared to the AUC (Equation 38), which looks to make the average rank of all negative instances small,
the PTop looks to make the worst possible rank over all negative instances small. The PTop can be related to
the 𝑝-norm push risk, as
lim Push(𝑠; 𝐷, 𝓁, ⋅𝑝 )1∕𝑝 = sup
𝑝→∞

For the case of 𝓁01 , this is exactly the negation of the positives at the top measure (Equation 57).
9.5 Bayes-Optimal Scorers for the (𝓁, 𝑔)-Push Risk

Argmin

𝑠Pair ∶ X×X→ℝ

Push(𝑠Pair ; 𝐷, 𝓁, 𝑔)

Having introduced a number of performance measures, we now study why suitable choices of 𝑔 for the (𝓁, 𝑔)push risk can be seen to focus attention at the head of the list. This is done by analysing the Bayes-optimal
scorers for this family of risks, and seeing how they align with Equation 52. Specifically, we aim to determine
the Bayes-optimal pair and univariate scorers for the (𝓁, 𝑔)-push risk, and study them in light of Equation 52.
Unlike bipartite ranking, the risk in this case cannot (obviously) be expressed as a classification risk over pairs
of instances; therefore, we separately consider the optimal pair- and univariate-scorers,
pair,∗

Spush (𝐷, 𝓁, 𝑔) =
𝑠 ∶ X→ℝ

∗
Spush
(𝐷, 𝓁, 𝑔) = Argmin Push(Dif f (𝑠); 𝐷, 𝓁, 𝑔).

We first analyse the case of pair-scorers, and then proceed to univariate scorers. While most of our analysis is
for general 𝓁 and 𝑔, we shall find the 𝑝-norm push risk of Equation 56 to be particularly amenable to analysis
when combined with the exponential loss.
9.5.1 BAYES-OPTIMAL PAIR-SCORERS

As with the standard bipartite risk, determining the Bayes-optimal scorer for the (𝓁, 𝑔) push is challenging
due to the implicit restricted function class SDecomp . In fact, this is difficult even for the pair-scorer case:
the (𝓁, 𝑔) push risk is not easily expressible in terms of a conditional risk. Thus, we explicitly compute the
derivative of the risk, as in the proof of Proposition 47. We end up with the following distribution-dependent
transformation of 𝜂Pair as our optimal scorer.

(58)
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}
{ ∗
pair,∗
∗
∗
)) ,
∶ X × X → ℝ ∶ 𝑠Pair
= Ψ◦𝜎◦(Dif f (𝜎 −1 ◦𝜂) − 𝐺(𝐷, 𝑠Pair
Spush (𝐷, 𝓁, 𝑔) = 𝑠Pair

Proposition 53 Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} , a differentiable function 𝑔 ∶ ℝ → ℝ, and a differentiable
′ are bounded or X is finite,
strictly proper composite loss 𝓁 with link function Ψ, if 𝓁1′ , 𝓁−1

where

(
)
𝑔 ′ 𝐹 (𝑥; 𝐷, 𝑠Pair )
.
𝐺(𝑥, 𝑥′ ; 𝐷, 𝑠Pair ) = log (
)
𝑔 ′ 𝐹 (𝑥′ ; 𝐷, 𝑠Pair )
[
]
𝓁1 (𝑠Pair (𝖷, 𝑥)) + 𝓁−1 (𝑠Pair (𝑥, 𝖷))
.
𝐹 (𝑥; 𝐷, 𝑠Pair ) = 𝔼
.
2
𝖷∼𝑃
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Proof First, in the notation above,

[ (
)]
𝑔 𝐹 (𝖷′ ; 𝐷, 𝑠Pair ) .
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𝖷 ∼𝑄

Push(𝑠Pair ; 𝐷, 𝓁, 𝑔) = ′𝔼

For fixed 𝐷, let S(𝐷) denote the space of all Lebesgue-measurable pair-scorers 𝑠Pair ∶ X × X → ℝ, with addition and scalar multiplication defined pointwise, such that Push(𝑠Pair ; 𝐷, 𝓁, 𝑔) < ∞. As before, we consider
the Gâteaux variation of the functional. Pick any 𝑠Pair , 𝑡Pair ∈ S(𝐷). For any 𝜖 > 0, define

𝖷 ∼𝑄

= ′𝔼

𝑅(𝜖; 𝑠Pair , 𝑡Pair ) = Push(𝑠Pair + 𝜖 ⋅ 𝑡Pair ; 𝐷, 𝓁)
[ (
)]
𝑔 𝐹 (𝖷′ ; 𝐷, 𝑠Pair + 𝜖 ⋅ 𝑡Pair ) .

= 𝔼

(
)
𝑔 ′ 𝐹 (𝖷′ ) ⋅ 𝔼

[

𝖷∼𝑃

[

𝑡Pair (𝖷, 𝖷

′

)⋅

𝑡Pair (𝖷′ , 𝖷) ⋅

𝓁1′ (𝑠Pair (𝖷, 𝖷′ ))

2

2

]]

+

′ (𝑠
′
𝓁−1
Pair (𝖷 , 𝖷))

(
1
𝑡 (𝑥, 𝑥′ ) ⋅ 𝑝(𝑥)𝑞(𝑥′ ) ⋅ 𝑔 ′ (𝐹 (𝑥′ )) ⋅ 𝓁1′ (𝑠Pair (𝑥, 𝑥′ ))+
2 ∫X×X Pair

𝖷′ ∼𝑄

For simplicity, in the following we shall not explicitly write the dependence of 𝐹 and 𝐺 on 𝐷, 𝑠Pair . Now
consider
𝑅′

(0; 𝑠Pair , 𝑡Pair )

=

)
𝑝(𝑥′ )𝑞(𝑥) ⋅ 𝑔 ′ (𝐹 (𝑥)) ⋅ 𝓁1′ (𝑠Pair (𝑥′ , 𝑥) 𝑑𝑥 𝑑𝑥′ ,

where as in the proof of Proposition 47, the interchange of derivative and expectation is justified when X is
′
finite, or when the derivatives 𝓁1′ , 𝓁−1
are
bounded.
∗ , the derivative must be zero for every 𝑡
For the optimal pair-scorer 𝑠Pair
Pair . A sufficient condition for this
to hold is that the second term in the integrand is zero for (almost) every 𝑥, 𝑥′ ∈ X.
Now, since 𝓁 is strictly proper composite, for any 𝜂 ∈ [0, 1], the solution to

′
𝜂 ⋅ 𝓁1′ (𝑠) + (1 − 𝜂) ⋅ 𝓁−1
(𝑠) = 0
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is 𝑠 = Ψ(𝜂), by virtue of the above being the derivative of the conditional risk. Thus, the solution to

𝑎
𝑏
⋅ 𝓁 ′ (𝑠) +
⋅ 𝓁 ′ (𝑠) = 0
𝑎+𝑏 1
𝑎 + 𝑏 −1

𝑏 = 𝑔 ′ (𝐹 (𝑥)) ⋅ 𝑞(𝑥) ⋅ 𝑝(𝑥′ ),

.

for 𝑎, 𝑏 > 0 is 𝑠 = Ψ(𝑎∕(𝑎 + 𝑏)) = Ψ(𝜎(log(𝑎∕𝑏))). Letting
(
)
.
𝑎 = 𝑔 ′ 𝐹 (𝑥′ ) ⋅ 𝑝(𝑥) ⋅ 𝑞(𝑥′ )

the optimal pair-scorer is, for every 𝑥, 𝑥′ ∈ X,

(
)
∗
∗
𝑠Pair
= Ψ◦𝜎◦ Dif f(𝜎 −1 ◦𝜂) − 𝐺(𝐷, 𝑠Pair
) .

𝑝(𝑥)
𝜂(𝑥)
1−𝜋
=
⋅
.
𝑞(𝑥) 1 − 𝜂(𝑥′ )
𝜋

𝑝(𝑥) ⋅ 𝑞(𝑥′ ) ⋅ 𝑔 ′ (𝐹 (𝑥′ ))
𝑠∗ (𝑥, 𝑥′ ) = Ψ◦𝜎◦ log
Pair
𝑝(𝑥′ ) ⋅ 𝑞(𝑥) ⋅ 𝑔 ′ (𝐹 (𝑥))
)
(
∗
) ,
= Ψ◦𝜎◦ 𝜎 −1 (𝜂(𝑥)) − 𝜎 −1 (𝜂(𝑥′ )) − 𝐺(𝐷, 𝑠Pair
where the second line is since
Thus,
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1
⋅ Dif f (𝜎 −1 ◦𝜂).
𝑝+1

𝖷∼𝑃

]
𝓁1 (𝑠Pair (𝖷, 𝑥)) + 𝓁−1 (𝑠Pair (𝑥, 𝖷))
𝖷∼𝑃
2
[ −𝑠 (𝖷,𝑥)
]
𝑒 Pair
+ 𝑒𝑠Pair (𝑥,𝖷)
= 𝔼
𝖷∼𝑃
2
[(
)−1∕(𝑝+1) (
)1∕(𝑝+1) ]
𝜂Pair (𝖷, 𝑥)
𝜂Pair (𝑥, 𝖷)
1
𝔼
+
=
2 𝖷∼𝑃
1 − 𝜂Pair (𝖷, 𝑥)
1 − 𝜂Pair (𝑥, 𝖷)
[
]
−1
−1
= 𝔼 exp((𝜎 (𝜂(𝑥)) − 𝜎 (𝜂(𝖷)))∕(𝑝 + 1))
𝖷∼𝑃
[
]
= exp(𝜎 −1 (𝜂(𝑥))∕(𝑝 + 1)) ⋅ 𝔼 exp(−𝜎 −1 (𝜂(𝖷)))∕(𝑝 + 1)) ,

(∀𝑥 ∈ X) 𝐹 (𝑥; 𝐷, 𝑠Pair ) = 𝔼

[

1
1
⋅ 𝜎 −1 ◦𝜂Pair =
⋅ Dif f (𝜎 −1 ◦𝜂),
𝑝+1
𝑝+1
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with the result now a simple function of 𝜂, and
(
)
𝑔 ′ 𝐹 (𝑥; 𝐷, 𝑠Pair )
𝑝−1
(∀𝑥, 𝑥′ ∈ X) log (
⋅ (𝜎 −1 (𝜂(𝑥)) − 𝜎 −1 (𝜂(𝑥′ )).
)=
𝑝+1
𝑔 ′ 𝐹 (𝑥′ ; 𝐷, 𝑠Pair )

where crucially the dependence on 𝜂 is separated from the dependence on the rest of the distribution.
Thus, for 𝑔 ∶ 𝑥 ↦ 𝑥𝑝 ,
(
)
𝑔 ′ 𝐹 (𝑥; 𝐷, 𝑠Pair )
exp(𝜎 −1 (𝜂(𝑥)) ⋅ (𝑝 − 1)∕(𝑝 + 1))
(∀𝑥, 𝑥′ ∈ X) (
)=
exp(𝜎 −1 (𝜂(𝑥′ )) ⋅ (𝑝 − 1)∕(𝑝 + 1))
𝑔 ′ 𝐹 (𝑥′ ; 𝐷, 𝑠Pair )

we get

𝑠Pair =

1
Proof We establish this by verifying that 𝑠Pair = 𝑝+1
Dif f (𝜎 −1 ◦𝜂) satisfies the implicit equation in Equation
58. We begin with the term 𝐹 (𝑥; 𝐷, 𝑠Pair ) as defined in Proposition 53. Plugging in 𝑔 ∶ 𝑥 ↦ 𝑥𝑝 and

𝑠∗Pair =

Proposition 54 Pick any distribution 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} . Let 𝓁(𝑦, 𝑣) = 𝑒−𝑦𝑣 be the exponential loss
and 𝑔 ∶ 𝑥 ↦ 𝑥𝑝 for any 𝑝 ≥ 1. Then, the optimal pair-scorer 𝑠∗Pair for the (𝓁, 𝑔)-push bipartite ranking risk is

but we defer a formal proof to future work.
When 𝑔 ∶ 𝑥 ↦ 𝑥, which corresponds to the standard 𝓁-bipartite ranking risk, the term 𝐺 above is ≡ 0
and so 𝑠∗Pair = Ψ◦𝜂Pair as expected. For general (𝓁, 𝑔), however, it is unclear how to simplify the term 𝐺 any
further. In general, 𝑠∗Pair appears to be a strictly monotone transform of 𝜂Pair , where the transform is distribution
dependent. However, surprisingly, for the special case of 𝓁 being the exponential loss and 𝑔 ∶ 𝑥 ↦ 𝑥𝑝 , the
optimal scorer is explicitly determinable as a simple transform of the conditional probability.

{
}
pair,∗
Spush (𝐷, 𝓁01 , 𝑔) = 𝑠∗Pair ∶ X × X → ℝ ∶ sign(𝑠∗Pair ) = sign(Dif f (𝜎 −1 ◦𝜂) − 𝐺(𝐷, 𝑠∗Pair )) ,

Requiring differentiability of the loss means that we cannot compute the optimal solution for 𝓁01 . However,
we can compute the Bayes-optimal pair-scorers for a sequence of proper composite losses that approach 𝓁01 .
Consider a sequence of losses {𝓁 (𝑛) }𝑛∈ℕ with corresponding links {Ψ(𝑛) }𝑛∈ℕ , with (∀𝑣 ∈ ℝ) lim𝑛→∞ (Ψ(𝑛) )−1 (𝑣) =
J𝑣 > 0K. This suggests the optimal scorer of

The result follows by dividing through by the numerator.

B IPARTITE R ANKING:

𝖷 ∼𝑄

𝖷∼𝑃
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Proposition 55 Given any 𝐷 ∈ ΔX×{±1} , 𝑔 ∶ ℝ → ℝ, and scorer 𝑠 ∶ X → ℝ with differentiable ROC curve
and invertible rates,
1 (
)
Push(Dif f (𝑠); 𝐷, 𝓁01 , 𝑔) =
𝑔 FNR(FPR−1 (𝛼)) 𝑑𝛼.
∫0

which, compared to the ROC curve ROC(𝑠; 𝐷), transforms the true positive rates (or, equivalently, one minus
the true negative rates) at each corresponding false positive rate. By manipulating the choice of 𝑔, the area
under this curve can thus be focus more attention on certain ranges of false negative rates. The equivalence is
formalised below.

{(FPR(𝑡; 𝐷, 𝑠), 𝑔(FNR(𝑡; 𝐷, 𝑠))) ∶ 𝑡 ∈ ℝ},

We now turn attention to computing S∗push (𝐷, 𝓁, 𝑔). For 𝓁01 , we were unsuccessful in computing the optimal pair-scorer; nonetheless, a different technique lets us establish the optimal univariate scorers. The basic
observation is that the (𝓁01 , 𝑔)-push risk can be interpreted as the area under the parametric curve

9.5.2 BAYES-OPTIMAL UNIVARIATE SCORERS

this is reminiscent of the Neyman-Pearson approach to arguing for the optimal scorers for the AUC (which
incidentally is the strategy we shall employ for proving Proposition 56).
As with Proposition 47, we suspect the finiteness assumption on X can be dropped, although we have been
unsuccessful in establishing this. Nonetheless, for this special case, the optimal scorer can be expressed as
2
⋅ Ψ◦𝜂Pair , where Ψ is the link function corresponding to exponential loss; comparing this to the optimal
𝑝+1
pair-scorer for the standard bipartite risk (Equation 50), we see that the effect of the function 𝑔 ∶ 𝑥 ↦ 𝑥𝑝 is
equivalent to slightly transforming the loss 𝓁; we will explore this more in the next section.
For other losses, the optimal pair-scorer appears to be a genuinely distribution specific transformation of
𝜂Pair , as we illustrate in Appendix I.

𝑠 ∶ X→ℝ 𝖷 ∼𝑄

This decomposition into the product of two expectations simplifies the derivatives considerably. In fact, an
alternate strategy to determine the minimisers of the risk is to consider
[
] (
[
])𝑝
′
≤ 𝐶;
argmax ′𝔼 𝑒𝑝⋅𝑠(𝖷 ) ∶
𝔼 𝑒−𝑠(𝖷)

𝖷∼𝑃

To see why exponential loss simplifies matters, we note that the risk can be decomposed into
(
(
[
])
[
])𝑝
′
Push(Dif f(𝑠); 𝐷, exp, ⋅𝑝 ) = 𝔼 𝑒−𝑠(𝖷)
⋅ ′𝔼 𝑒𝑝⋅𝑠(𝖷 ) .

1
Therefore 𝑠Pair = 𝑝+1
Dif f (𝜎 −1 ◦𝜂) satisfies the implicit equation of Proposition 53, and hence must be an
optimal pair-scorer for exponential loss.

Now recall that the link function for exponential loss is Ψ = 12 𝜎 −1 . Plugging the above into the right hand
side of Equation 58, we get
(
)
𝑝−1
1
Ψ◦𝜎◦(Dif f (𝜎 −1 ◦𝜂) − 𝐺(𝐷, 𝑠∗Pair )) =
−
⋅ Dif f (𝜎 −1 ◦𝜂)
2 2(𝑝 + 1)
1
=
⋅ Dif f (𝜎 −1 ◦𝜂)
𝑝+1
= 𝑠Pair .
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∫−∞

Proof The proof follows how we established the 0-1 bipartite risk to an area under the curve (Proposition 21):
[ (
)]
Push(Dif f(𝑠); 𝐷, 𝓁01 , 𝑔) = ′𝔼 𝑔 FNR(𝑠(𝖷′ ))
𝖷 ∼𝑄
[ ∞
]
𝛿𝑠(𝖷′ ) (𝑡) ⋅ 𝑔 (FNR(𝑡)) 𝑑𝑡
𝖷 ∼𝑄
∞

[
]
𝛿𝑠(𝖷′ ) (𝑡) ⋅ 𝑔 (FNR(𝑡)) 𝑑𝑡

−FPR′ (𝑡) ⋅ 𝑔 (FNR(𝑡)) 𝑑𝑡 by Equation 22

𝑞𝑆 (𝑡) ⋅ 𝑔 (FNR(𝑡)) 𝑑𝑡

𝔼

∫−∞ 𝖷′ ∼𝑄
∞

= ′𝔼

=
=
∫−∞

∫−∞
∞

=
∫0

1 (
)
𝑔 FNR(FPR−1 (𝛼)) 𝑑𝛼.

=

We can now establish the Bayes-optimal univariate scorers. (A similar result for the case of the reverse
(𝓁, 𝑔)-push risk was shown in Clémençon and Vayatis 2008, Proposition 7.)
Proposition 56 Let 𝑔 be a nonnegative, monotone increasing function. Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} ,
∗
𝜙◦𝜂 ∈ Spush
(𝐷, 𝓁01 , 𝑔),

for any strictly monotone increasing 𝜙 ∶ [0, 1] → ℝ.
Proof Recall from Proposition 55 that the 𝑝-norm risk for the case of 0-1 loss is simply an area under the
parametric curve
{(FPR(𝑡), 𝑔(FNR(𝑡))) ∶ 𝑡 ∈ ℝ ∪ {±∞}} .

𝑔(FNR(𝑡; 𝐷, 𝑠)) subject to FPR(𝑡; 𝐷, 𝑠) ≤ 𝛼.

Following the Neyman-Pearson approach to ROC maximisation (Proposition 76), maximisation of the 0-1
risk is thus equivalent to solving, for each 𝛼 ∈ [0, 1]
Argmin

𝑠 ∶ X→ℝ,𝑡∈ℝ∪{±∞}

Since 𝑔 is a monotone increasing function, it preserves the optimal solution of the case of 𝑔(𝑥) = 𝑥 (although potentially introducing new ones), which is the standard Neyman-Pearson problem. This means that
for monotone increasing 𝑔, one family of optimal solutions is given by 𝑠∗ = 𝜙◦𝜂, where 𝜙 is strictly monotone
increasing.
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Proposition 56 says that the (𝓁01 , 𝑔)-push objective is optimised by accurately recovering the entire ranked
list. However, while they share the same optimal solution, the ordering over scorers induced by the (𝓁01 , 𝑔)push risk is different from that induced by the standard bipartite ranking risk. This means that under misspecification or with finite samples, one will likely choose a different scorer by optimising the (𝓁01 , 𝑔)-push
objective rather than the standard bipartite ranking objective. The examples in Rudin (2009) indicate that in
many such cases, the solutions of the (𝓁01 , 𝑔)-push objective are superior to those of bipartite ranking at the
head of the list.
The above trick does not work when we use a general proper composite loss 𝓁, as we need to analyse a
generalised Neyman-Pearson problem. However, for exponential loss and 𝑔 ∶ 𝑥 ↦ 𝑥𝑝 , we can use the results
of the previous section.
59
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Proposition 57 Pick any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} . Let 𝓁 = 𝓁exp and 𝑝 > 0. Then, if X is finite,

}
{
1
∗
⋅ (𝜎 −1 ◦𝜂) + 𝑏 ∶ 𝑏 ∈ ℝ .
Spush
(𝐷, 𝓁exp , ⋅𝑝 ) =
𝑝
+
1
(
)
1
1
∗
Proof By Proposition 54, the unique optimal pair-scorer is 𝑠Pair
= 𝑝+1
⋅ Dif f(𝜎 −1 ◦𝜂) = Dif f 𝑝+1
(𝜎 −1 ◦𝜂) ,
which is decomposable. Corollary 40 may be adapted here to argue that any optimal univariate scorer 𝑠∗ must
1
∗
satisfy 𝑠Pair
= Dif f(𝑠∗ ), and so 𝑠∗ = 𝑝+1
⋅ (𝜎 −1 ◦𝜂) + 𝑏 for some 𝑏 ∈ ℝ.

For other losses, the optimal univariate scorer again appears to be distribution specific, as we illustrate in
Appendix J.
As before, the Bayes-optimal scorers for the 𝑝-norm push are closely related to those for appropriate proper
1
⋅ 𝜎). We now study how the theory of
composite losses (namely, those with link functions given by Ψ = 𝑝+1
proper composite losses suggests a recipe for constructing a family of alternate losses suitable for the ranking
the best tasks.

9.6 Proper Composite Losses for Ranking the Best

Having studied the Bayes-optimality properties of the 𝑝-norm push, we now examine what this implies about
the design of alternate proper composite losses for ranking the best. As shall be made precise, the 𝑝-norm
push can be understood in terms of a suitable weight function over misclassification costs.

9.6.1 A W EIGHT FUNCTION PERSPECTIVE OF THE 𝑝-NORM PUSH

From Proposition 57, we see that changing 𝑝 results in a scaling of the link function Ψ that is composed with
𝜂. Thus, the 𝑝-norm push has equivalent Bayes-optimal solutions, up to translation, as any strictly proper
1
composite loss with the same link function Ψ(𝑝) = 𝑝+1
⋅ 𝜎 −1 . One might then hope to understand the 𝑝-norm

push risk by considering the risks corresponding to a family of proper composite losses {𝓁 (𝑝) }𝑝∈P , where each
member of the family comprises some fixed proper loss 𝜆 composed with an appropriately scaled sigmoidal
link Ψ(𝑝) . However, for any 𝑝 > 0, the resulting proper composite loss is

𝓁 (𝑝) (𝑦, 𝑣) = 𝜆(𝑦, Ψ(𝑝) (𝑣)) = 𝜆(𝑦, 𝜎((𝑝 + 1) ⋅ 𝑣)) = 𝓁 (0) (𝑦, (𝑝 + 1)𝑣).

)
(
1 𝑣𝑝 −𝑣
.
⋅ 𝑒 ,𝑒
𝑝
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(59)

That is, changing 𝑝 simply scales the prediction space, and has no real impact on learning. This means that
even on a finite sample, and with a restricted function class, the family of proper composite losses given by
{𝓁 (𝑝) }𝑝∈P will have risks whose optimal solutions that are scalings of one another.
As with the 𝓁01 case, this is not surprising. It merely indicates that the 𝑝-norm push risk must be understood
in terms of its behaviour under a restricted function class or finite sample. Doing so requires that one move
away from Bayes-optimal scorers, which assume access to infinite samples and an unrestricted function class.
Our standard analysis based on the conditional risk thus cannot be applied.
Remarkably, it is possible to show that the 𝑝-norm push risk is equivalent to a specific proper composite
risk even when minimising over a linear function class: Ertekin and Rudin (2011, Theorem 1) shows that for
a linear function class, the 𝑝-norm push risk with exponential loss is equivalent to the proper composite risk
corresponding to the 𝑝-classification loss, defined by

.

(∀𝑣 ∈ ℝ) 𝓁pcl (𝑣; 𝑝) =
Interestingly, this loss is proper composite.
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𝓁1′ (𝑣)

′ (𝑣)
𝓁−1

1

,

(
1−𝑢
𝑢

)
1
𝑝+1

)
.

𝜆′1 (𝑐)

𝑐

1
1+ 𝑝+1

1
2− 𝑝+1

⋅ (1 − 𝑐)

1
.

(by (Reid and Williamson, 2010, Theorem 1))

61

JMLR 17(195):1-102

This is a generalised version of the weight for the boosting loss (Table 3), which corresponds to 𝑝 = 1.
The above weight function view has at least three benefits. First, given the equivalence of the 𝑝-classification
and 𝑝-norm push risk, we have some insight as to how the latter encourages solutions to maximise accuracy at
the head of the ranked list: as 𝑝 increases, the loss is seen to place relatively more weight on larger values of
𝑐. That is, we pay attention to those instances with high 𝜂 values, as accurate modelling of these is essential
for determining the behaviour about the boundary 𝜂(𝑥) = 𝑐.
Second, we can design normalised versions of the 𝑝-classification loss that have more interpretable behaviour when 𝑝 → ∞. Evidently, 𝑤pcl (𝑐; 𝑝) above tends to the trivial zero weight as 𝑝 → ∞, owing to the
scaling factor of (𝑝 + 1)−1 . Removing this scaling factor ensures that the weights are normalised for every
𝑝 > 0, in the sense that 𝑤(1∕2; 𝑝) = 8. Further, the resulting proper loss is easily verified to be
((
(
))
) (
)1− 1
(
) 1
𝑢
1
1 − 𝑢 𝑝+1
𝑝+1
(∀𝑢 ∈ [0, 1]) 𝜆(𝑢; 𝑝) =
1+
⋅
, (𝑝 + 1) ⋅
−1
,
𝑝
1−𝑢
𝑢

1−𝑐
1
=
⋅
𝑝+1

(∀𝑐 ∈ (0, 1)) 𝑤pcl (𝑐; 𝑝) = −

Given the the loss 𝓁pcl is proper composite, the agreement of the 𝑝-norm and 𝑝-classification risk minimisers is trivial in the unrestricted function class setting; however, it is not obvious in the linear class setting.
The equivalence to 𝑝-classification is valuable, since we can analyse the proper composite loss to understand how it focusses accuracy at the head of the ranked list. We will do this by considering the corresponding
weight function for the proper loss 𝜆 = 𝜆pcl (⋅; 𝑝),

(∀𝑢 ∈ [0, 1]) 𝜆pcl (𝑢; 𝑝) = 𝓁pcl (Ψ (𝑢); 𝑝)
)
(
)1− 1 (
) 1
(
1
𝑢
1 − 𝑢 𝑝+1
𝑝+1
⋅
,
.
=
𝑝
1−𝑢
𝑢

(𝑝)

which is invertible, thus guaranteeing that 𝓁 is proper composite.
It may be checked that the underlying proper loss is

=

1
1 + 𝑒−(𝑝+1)⋅𝑣
= 𝜎((𝑝 + 1) ⋅ 𝑣),

1−

1
1− 𝑝+1

(
)
1
𝑢
⋅
𝑝
1−𝑢

(∀𝑣 ∈ ℝ) Ψ−1 (𝑣) =

Proof We can check that for Ψ = Ψ(𝑝) ,

(∀𝑢 ∈ [0, 1]) 𝜆pcl (𝑢; 𝑝) =

(

Lemma 58 For any 𝑝 > 0, let 𝓁 = 𝓁pcl (⋅; 𝑝) be the 𝑝-classification loss of Equation 59. Then, 𝓁 ∈ LSPC (Ψ(𝑝) ),
where (Ψ(𝑝) )−1 ∶ 𝑣 ↦ 𝜎((𝑝 + 1) ⋅ 𝑣). Further, the underlying proper loss 𝜆pcl (⋅; 𝑝) is

B IPARTITE R ANKING:

(

)
𝑢
𝑢
, − log
.
1−𝑢
1−𝑢

(61)

∫0
∫0

𝜆RTB (−1, 𝑢; 𝑞) =
=

1

1

62

J𝑐 < 𝑢K ⋅ 𝑐 ⋅ 𝑤(𝑐) 𝑑𝑐 −

∫0

1
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J𝑐 < 𝑢K ⋅ J𝑐 < 𝑞K ⋅ 𝑐 ⋅ 𝑤(𝑐) 𝑑𝑐

J𝑐 < 𝑢K ⋅ J𝑐 ≥ 𝑞K ⋅ 𝑐 ⋅ 𝑤(𝑐) 𝑑𝑐

Proof By Shuford’s integral representation (Equation 10),

𝜆RTB (+1, 𝑢; 𝑞) = 𝜆1 (𝑢 ∨ 𝑞).

(∀𝑢 ∈ [0, 1]) 𝜆RTB (−1, 𝑢; 𝑞) = 𝜆−1 (𝑢) − 𝜆−1 (𝑢 ∧ 𝑞)

Lemma 59 Pick any proper loss 𝜆 with weight function 𝑤. For any 𝑞 > 0, let 𝑤RTB (𝑐; 𝑞) be the weight
function given by Equation 61. Then, this weight has corresponding proper loss

This loss is not strictly proper on the interval [0, 𝑞), and is strict on [𝑞, 1]. Therefore, the loss aims to accurately
model instances 𝑥 for which 𝜂(𝑥) ≥ 𝑞. We can explicitly compute the partial losses for 𝜆RTB (⋅; 𝑞) as follows.

.

𝑤RTB (𝑐; 𝑞) = J𝑐 ≥ 𝑞K ⋅ 𝑤(𝑐).

We now study the design of 𝑞-RTB losses based on the theory of proper composite losses. We begin with the
simple observation that any strictly proper composite loss is a 𝑞-RTB loss for every 𝑞 ∈ [0, 1], by virtue of
choosing the corresponding link function Ψ in Equation 52. More generally, the set of 𝑞-RTB losses is exactly
the set of proper composite losses 𝓁 for which 𝜆 = 𝓁◦Ψ−1 is strictly proper on the interval 𝜂 ∈ [𝑞, 1] and (not
necessarily strictly) proper on the interval [0, 𝑞). This suggests a simple recipe for designing 𝑞-RTB losses;
however, as we shall see, not enforcing strict properness poses computational challenges.
A key difficulty in designing 𝑞-RTB losses is the following. Suppose 𝜆 is a proper loss that is not strictly
proper on an interval 𝐼 ⊆ [0, 1]. Then, 𝜆 is non-convex, and more importantly, cannot be made convex via
a link function. To see this, recall that the canonical link function Ψ for a proper loss 𝜆 is the function for
which 𝜆◦Ψ−1 has the largest modulus of convexity. The weight function 𝑤 of 𝜆 is related to the canonical
link function Ψ by 𝑤 = Ψ′ . As 𝜆 is not strictly proper on 𝐼, we must have that 𝑤 ≡ 0 on 𝐼. But then Ψ must
be constant on 𝐼, and hence not invertible. Thus, to maintain convexity, it is essential to maintain strictness
of the proper composite loss.
As a simple example, suppose 𝜆 is some strictly proper loss with weight function 𝑤. Now for some 𝑞 > 0,
consider the loss 𝜆RTB (⋅; 𝑞) with weight function

9.6.2 STRICT PROPERNESS AND 𝑞-RTB LOSSES

Third, the weight function view suggests a scheme of designing new losses for ranking the best, by constructing appropriate weight functions emphasising large values of 𝜂. We now pursue this idea.

(∀𝑣 ∈ ℝ) 𝓁(𝑣; +∞) = (𝑒𝑣 , −𝑣) .

with non-trivial limiting case as 𝑝 → ∞ of

When composed with the sigmoid link 𝜎(⋅), this normalised family of proper losses results in the proper
composite family
)
)
((
𝑝
⋅𝑣
− 𝑣
1
⋅ 𝑒 𝑝+1 , (𝑝 + 1) ⋅ (𝑒 𝑝+1 − 1) ,
(60)
(∀𝑣 ∈ ℝ) 𝓁(𝑣; 𝑝) =
1+
𝑝

(∀𝑢 ∈ [0, 1]) 𝜆(𝑢; +∞) =

with non-trivial limiting case as 𝑝 → ∞ of
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1

A

1

1

J𝑐 < 𝑢 ∧ 𝑞K ⋅ 𝑐 ⋅ 𝑤(𝑐) 𝑑𝑐

J𝑐 > 𝑢 ∨ 𝑞K ⋅ (1 − 𝑐) ⋅ 𝑤(𝑐) 𝑑𝑐

J𝑐 > 𝑢K ⋅ J𝑐 ≥ 𝑞K ⋅ (1 − 𝑐) ⋅ 𝑤(𝑐) 𝑑𝑐

∫0
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J𝑐 < 𝑢K ⋅ 𝑐 ⋅ 𝑤(𝑐) 𝑑𝑐 −

B IPARTITE R ANKING:

=

∫0
∫0

=
𝜆RTB(𝑞) (+1, 𝑢; 𝑞) =
∫0

𝜆−1 (𝑢) − 𝜆−1 (𝑢 ∧ 𝑞).
1

=
= 𝜆1 (𝑢 ∨ 𝑞).
When the prediction 𝑢 ≥ 𝑞, the partial losses of 𝜆RTB (⋅; 𝑞) are unchanged from those of 𝜆, barring a
translation for 𝜆−1 . However, when 𝑢 < 𝑞, the partial loss for the positive class plateaus, whereas the partial
loss for the negative class drops to zero. The resulting loss is clearly non-convex, and further, no invertible
link function can be applied to make it convex: composing 𝜆RTB (⋅; 𝑞) with a invertible link function Ψ yields
a loss 𝓁RTB with partial losses
𝓁RTB (−1, 𝑣; 𝑞) = 𝓁−1 (𝑣) − 𝓁−1 (𝑣 ∧ Ψ(𝑞))

𝓁RTB (+1, 𝑣; 𝑞) = 𝓁1 (𝑣 ∨ Ψ(𝑞)),

𝑤𝜇

which are not convex for any choice of Ψ.
A natural alternative to a loss that is not strictly proper is one that is “nearly” so, i.e. one whose weight
function 𝑤 is close to, but never exactly 0. However, this must be done with the following fact in mind: for any
𝛼 > 0, the proper loss with scaled weight function 𝛼 ⋅ 𝑤 is simply the scaled loss 𝛼 ⋅ 𝜆. Thus, uniformly scaling
a weight function does not affect the strict properness of the underlying loss. Scaling a loss on an interval
𝐼 ⊂ [0, 1] will however induce a qualitatively different loss: minimally, the new loss will be asymmetric, and
have a non-trivially different set of Bayes-optimal scorers compared to the original loss. We now explore how
proper composite losses can be designed to approximate a 𝑞-RTB loss.
9.6.3 PROPER COMPOSITE 𝑞-RTB SURROGATES

𝑤 (𝑐)

Our basic recipe for generating a 𝑞-RTB loss will be to combine the weight functions for two existing losses.
Specifically, let
be weight functions corresponding to proper losses 𝜈, 𝜇. We assume that
grows

𝑤𝜈 , 𝑤𝜇

.

̄ 𝑞) =
(∀𝑐 ∈ (0, 1)) 𝑤(𝑐;

if 𝑐 < 𝑞
if 𝑐 ≥ 𝑞

so that the there is no discontinuity at 𝑐 = 𝑞.

= 𝑤𝜈 (𝑐) ⋅ J𝑐 < 𝑞K + 𝛼(𝑞) ⋅ 𝑤𝜇 (𝑐) ⋅ J𝑐 ≥ 𝑞K ,

𝑤𝜈 (𝑐)
𝛼(𝑞) ⋅ 𝑤𝜇 (𝑐)

(62)

𝜇
faster near 1 than 𝑤𝜈 does near 0, i.e. lim𝑐→1 𝑤 (1−𝑐)
> 1. (We will typically be interested in the case where
𝜈
the limit is +∞.) We now consider a hybrid weight function of the form
{

where 𝛼(𝑞) =

𝑤𝜈 (𝑞)
𝑤𝜇 (𝑞)

̄ 𝑞) is the sum of two weights, we can compute the corresponding proper losses for each comSince 𝑤(⋅;
ponent to get the form of the corresponding proper loss.

Lemma 60 Pick any weight functions 𝑤𝜈 , 𝑤𝜇 ∶ [0, 1] → ℝ+ with corresponding proper losses 𝜈, 𝜇. For any
̄ 𝑞) be as per Equation 62. Then, the proper loss corresponding to this weight is
𝑞 > 0, let 𝑤(⋅;
(63)
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(∀𝑢 ∈ [0, 1]) 𝜆̄ −1 (𝑢; 𝑞) = 𝛼(𝑞) ⋅ 𝜇−1 (𝑢) + 𝜈−1 (𝑢 ∧ 𝑞) − 𝛼(𝑞) ⋅ 𝜇−1 (𝑢 ∧ 𝑞)
𝜆̄ 1 (𝑢; 𝑞) = 𝜈1 (𝑢) + 𝛼(𝑞) ⋅ 𝜇1 (𝑢 ∨ 𝑞) − 𝜈1 (𝑢 ∨ 𝑞),
63

where 𝛼(𝑞) =

𝑤𝜈 (𝑞)
.
𝑤𝜇 (𝑞)

M ENON AND W ILLIAMSON

Proof By Lemma 59, the weight 𝑤𝜈 (𝑐) ⋅ J𝑐 < 𝑞K = 𝑤𝜈 (𝑐) − 𝑤𝜈 (𝑐) ⋅ J𝑐 ≥ 𝑞K corresponds to the proper loss

𝜈(𝑢)
̄ = (𝜈−1 (𝑢 ∧ 𝑞), 𝜈1 (𝑢) − 𝜈1 (𝑢 ∨ 𝑞))

while the weight 𝛼(𝑞) ⋅ 𝑤𝜇 (𝑐) ⋅ J𝑐 ≥ 𝑞K corresponds to the proper loss

𝜇(𝑢)
̄ = (𝛼(𝑞) ⋅ 𝜇−1 (𝑢) − 𝛼(𝑞) ⋅ 𝜇−1 (𝑢 ∧ 𝑞), 𝛼(𝑞) ⋅ 𝜇1 (𝑢 ∨ 𝑞)).

Thus, the weight 𝑤 corresponds to the sum of these losses, which is of the given form.

We may similarly combine proper composite losses corresponding to the underlying weights into a con̄ 𝑞).
tinuous proper composite loss corresponding to the weight 𝑤(⋅;

𝛾(𝑞) =

Ψ′ (𝑞)
.
Φ′ (𝑞)

𝛽(𝑞) = Ψ(𝑞) − 𝛾(𝑞) ⋅ Φ(𝑞)

(
)
𝑣 − 𝛽(𝑞)
𝜅(𝑦,
̄ 𝑣; 𝑞) = 𝛼(𝑞) ⋅ 𝜅 𝑦,
𝛾(𝑞)

𝓁̄1 (𝑣; 𝑞) =

Lemma 61 Suppose that proper losses 𝜈, 𝜇 have corresponding proper composite losses 𝜌, 𝜅 using invertible
̄ 𝑞) be as per Equation 62. Then, 𝑤(⋅;
̄ 𝑞) has corresponding proper
link functions Ψ, Φ. For any 𝑞 > 0, let 𝑤(⋅;
composite loss 𝓁̄ with components
{
𝜌−1 (𝑣)
if 𝑣 < 𝑣0 (𝑞)
(∀𝑣 ∈ ℝ) 𝓁̄ (𝑣; 𝑞) =
−1
𝜅̄ −1 (𝑣; 𝑞) + 𝜌−1 (𝑣0 ) − 𝜅̄ −1 (𝑣0 ; 𝑞) else
{
𝜌1 (𝑣) + 𝜅̄ 1 (𝑣0 ; 𝑞) − 𝜌1 (𝑣0 ) if 𝑣 < 𝑣0 (𝑞)
𝜅̄ 1 (𝑣; 𝑞)
else,
where 𝑣0 (𝑞) = Ψ(𝑞), and

Proof By definition, we have

𝜌(𝑦, 𝑣) = 𝜈(𝑦, Ψ−1 (𝑣))

𝜅(𝑦, 𝑣) = 𝜇(𝑦, Φ−1 (𝑣)).

̄ 𝑞) =. 𝛾(𝑞) ⋅ Φ(𝑐) + 𝛽(𝑞),
Φ(𝑐;
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̄ 𝑞) of Equation 63,
Given any 𝑞 > 0, we will construct a proper composite loss using the proper loss 𝜆(⋅;
composed with a link function Π that is a suitable combination of Ψ and Φ. The technical detail to attend to
is to ensure there are no discontinuities with the resulting loss.
First, to ensure that the link for the two pieces of 𝑤̄ coincide, with the same derivative at the threshold 𝑞,
we modify the link for the second loss to
where

Ψ′ (𝑞)
.
Φ′ (𝑞)

𝛽(𝑞) = Ψ(𝑞) − 𝛾(𝑞) ⋅ Φ(𝑞)
𝛾(𝑞) =

64

A

R ISK-T HEORETIC PERSPECTIVE

.

̄ 𝑞)
Π(𝑐; 𝑞) = J𝑐 < 𝑞K ⋅ Ψ(𝑐) + J𝑐 ≥ 𝑞K ⋅ Φ(𝑐;

̄ (𝑣))
𝜅(𝑦,
̄ 𝑣; 𝑞) = 𝛼(𝑞) ⋅ 𝜇(𝑦, (Φ
)
(
𝑣 − 𝛽(𝑞)
.
= 𝛼(𝑞) ⋅ 𝜅 𝑦,
𝛾(𝑞)

−1

⎧ 1
⎪ 𝑐⋅(1−𝑐)
𝑤(𝑐) = ⎨ 2√𝑞⋅(1−𝑞)
⎪ 𝑐 3∕2 ⋅(1−𝑐)3∕2
⎩

if 𝑐 ≥ 𝑞,

if 𝑐 < 𝑞

√
2 𝑞⋅(1−𝑞)
𝑐 3∕2 ⋅(1−𝑐)3∕2

4
if 𝑐 ≥ 𝑞,

if 𝑐 < 𝑞

{
log (1 + 𝑒−𝑣 ) − log 2 + 1
𝑒−𝑣∕2

)

if 𝑣 < 0
if 𝑣 ≥ 0

)

.

𝓁(𝑣) =

({

1
⋅ (1 + 𝑣)2
2
𝑣∕2
𝑒 − 12

65

if 𝑣 < 0
,
if 𝑣 ≥ 0

{

1
⋅ (1 − 𝑣)2
2
−𝑣∕2
𝑒

+

1
2

.
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if 𝑣 < 0
if 𝑣 ≥ 0

which is a hybrid of the weights for square and exponential loss. Using an appropriate hybrid of the
identity and sigmoid link yields the loss (for 𝑞 = 12 )

{

if 𝑣 < 0
,
if 𝑣 ≥ 0

𝑤(𝑐) =

({
log(1 + 𝑒𝑣 )
𝑒𝑣∕2 + log 2 − 1

• Consider the weight function

𝓁(𝑣) =

which is a hybrid of the weights for logistic and exponential loss. Using the sigmoid link yields the loss
(for 𝑞 = 12 )

• Consider the weight function

The basic idea of the loss 𝓁 in Equation 63 is intuitive: one switches between choosing one of the underlying losses based on some threshold on the scores. The only additional ingredient is that scaling and translating
of one of the losses to ensure continuity of the end result. We provide examples that illustrate the basic idea.

where

̄
𝓁(−1,
𝑣; 𝑞) = 𝜅̄ −1 (𝑣; 𝑞) + 𝜌−1 (𝑣 ∧ 𝑣0 ) − 𝜅̄ −1 (𝑣 ∧ 𝑣0 ; 𝑞)
̄
𝓁(+1,
𝑣; 𝑞) = 𝜌1 (𝑣) + 𝜅̄ 1 (𝑣 ∨ 𝑣0 ; 𝑞) − 𝜌1 (𝑣 ∨ 𝑣0 )),

̄
for 𝑣0 (𝑞) = Ψ(𝑞) = Φ(𝑞;
𝑞). Then, the proper loss corresponding to 𝑤̄ can be made proper composite, with

̄ −1 (𝑣; 𝑞)
Π−1 (𝑣; 𝑞) = J𝑣 < 𝑣0 (𝑞)K ⋅ Ψ−1 (𝑣) + J𝑣 ≥ 𝑣0 (𝑞)K ⋅ Φ

with corresponding inverse

Now define the hybrid link

Note that if Ψ′ (𝑞) = Φ′ (𝑞), this simplifies to the translated link Φ(𝑐) + Ψ(𝑞) − Φ(𝑞). This modified link has
inverse
(
)
̄ −1 (𝑣; 𝑞) = Φ−1 𝑣 − 𝛽(𝑞) .
Φ
𝛾(𝑞)

B IPARTITE R ANKING:

1
2− 𝑝+1

𝑐 ⋅ (1 − 𝑐)

1
,

66

and

about threshold

1
,
𝑝+1
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1
2⋅𝑐 3∕2 ⋅(1−𝑐)3∕2

, and sigmoid link, which we term the “Log-

1
𝑐⋅(1−𝑐)

2− 1
𝑝+1

1

𝑐⋅(1−𝑐)

• The proper composite loss with weight being a hybrid of
and sigmoid link, which we term the “Log-Exp Hybrid”;

𝑝-classification Hybrid”;

• The proper composite loss with weight 𝑤(𝑐) =

We present experiments that assess the efficacy of several proper composite losses proposed in the previous
section for the problem of maximising accuracy at the head of the ranked list. The aim of our experiments is not
to position the new losses as a superior alternative to the existing 𝑝-classification and 𝑝-norm push approaches.
Rather, we wish to demonstrate that the proper composite interpretation gives one way of generating a family
of losses for this problem, with the 𝑝-classification loss being but one example of this family. An attraction
of these losses is that they are simple to optimise using gradient-based methods, with complexity linear in the
number of training examples (as opposed to methods that operate on pairs of examples).
To clarify the effect of the choice of loss and choice of risk, we consider all combinations of the three
risk types considered in this paper—proper composite (Equation 14), bipartite (Equation 17), and 𝑝-norm
push (Equation 56)—and the loss functions of interest. On the one hand, one expects the 𝑝-norm push risk to
perform best when combined with a loss suitable for ranking the best. On the other hand, our analysis in the
previous section indicates that there is promise in the minimisation of a suitable proper composite risk.
For our losses, we experiment with the standard logistic and exponential losses, as well as the 𝑝-classification
loss. Based on our hybrid loss proposal in Lemma 61, we consider the following:

9.7 Experiments with Proper Composite Losses for Ranking the Best

It is clear that the above recipe can be applied for any suitable combination of weight functions, which
we have argued to focus attention at the head of the ranked list. How do we choose amongst several such
candidate weight functions? Put another way, can we characterise which hybrid weight function is the “best”?
Answering such a question requires a precise sense in which one loss is “better” than another. This issue is
only superficially simple, as even in binary classification for example, one cannot expect any given surrogate
to be uniformly superior to all others in terms of resulting misclassification error (Reid and Williamson, 2010,
Appendix A). Nonetheless, relating for example the weight function of a proper loss to generalisation ability
in terms of a performance measure such as PTop would be of interest.
We emphasise also that the above represents just one recipe for generating suitable proper composite
losses. If one can generate a suitable parametrised family of weights and link function generating a convex
loss (e.g. the scaled 𝑝-classification loss of Equation 60), these would also be suitable for ranking the best
problems.

As another example, when 𝑝 = 3, we get
(
)
4
𝓁(𝑣) =
, 2 tanh−1 ((𝜎(−𝑣))1∕4 ) + 2 tan−1 ((𝜎(−𝑣))1∕4 ) .
3𝜎(−𝑣)3∕4

which are similar to those employed by 𝑝-classification, except that the behaviour near 𝑐 = 0 is fixed,
and does not vary with 𝑝. Though not explicitly a hybrid, the weight is asymmetric, and thus the role
of 𝑝 is to tune the degree of focus on large values of 𝜂. For example, when 𝑝 = 1, with the sigmoid link
we have the proper composite loss
)
(
√
2
𝓁(𝑣) = √
, 2 tanh−1 ( 𝜎(−𝑣)) .
𝜎(−𝑣)

𝑤(𝑐; 𝑝) =

• Consider for 𝑝 > 0 the family of weights
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0.2204 ± 0.0050 (8)
0.2207 ± 0.0044 (6)
0.2188 ± 0.0070 (13)
0.2018 ± 0.0031 (14)
0.2207 ± 0.0047 (6)
0.2217 ± 0.0023 (3)

1
1
• The proper composite loss with weight being a hybrid of 4 and 2⋅𝑐 3∕2 ⋅(1−𝑐)
3∕2 about threshold 𝑝+1 , and
link being a hybrid of the identity and sigmoid link, which we term the “Square-Exp Hybrid”.

0.0596 ± 0.0058 (6)
0.0598 ± 0.0053 (5)
0.0575 ± 0.0077 (11)
0.0475 ± 0.0026 (12)
0.0598 ± 0.0055 (5)
0.0612 ± 0.0024 (2)
ARR

We compare these methods on four UCI data sets: ionosphere, housing, german and car. Each method
was trained with a regularised linear model, where the training objective was minimised using L-BFGS (Nocedal and Wright, 2006, pg. 177). For each data set, we created 5 random train-test splits in the ratio 2 ∶ 1.
For each split, we performed 5-fold cross-validation on the training set to tune the strength of regularisation
𝜆 ∈ {10−6 , 10−5 , … , 102 }, and where appropriate the constant22 𝑝 ∈ {1, 2, 4, 8, 16, 32, 64}. We then evaluated performance on the test set, and report the average across all splits. As performance measures, we used
the AUC, ARR, DCG, AP, and PTop (Agarwal, 2011; Boyd et al., 2012). For all measures, a higher score is
better. Parameter tuning was done based on the AP on the test folds.
The results are summarised in Tables 10—13, with the average ranks of each method with respect to each
metric summarised in Table 14. No single method clearly outperforms all others in all metrics. However, we
observe that the candidate proper composite losses are very competitive with the 𝑝-classification loss—the
“Log-exp hybrid” and “Square-exp” hybrid in particular consistently perform comparably, and often better
than 𝑝-classification. We especially find that the newly proposed proper composite losses perform well even
when used as a surrogate loss as part of the bipartite risk. This confirms that the weight function perspective
of the 𝑝-classification loss, and thus the 𝑝-norm push, is potentially practically useful for the design of losses
suitable for ranking the best.
9.8 Existing Work

Clémençon and Vayatis (2007) identified two subproblems in ranking the best instances. The first problem is
determining which instances qualify as the best. The second problem is ranking amongst these identified best
instances. The first problem can be thought of as simply recovering an appropriate level set of 𝜂(𝑥), without
determining the specific 𝜂(𝑥) value, i.e. we simply wish to discover
{𝑥 ∈ X ∶ 𝜂(𝑥) ≥ 𝑞}.

When 𝑞 is fixed, this can be solved by reducing the problem to cost-sensitive classification (Scott and Davenport, 2007). More generally, Clémençon and Vayatis (2007) considered the setting where 𝑞 depends on the
quantile of the scoring function. This poses challenges for analysis and estimation. The quantile version of
the problem has been studied theoretically by (Clémençon and Vayatis, 2007), and (Boyd et al., 2012) gave a
practical convex optimisation solution for the case of hinge loss. In both cases, the threshold 𝑞 was specified
as a quantile of the 𝜂.
The problem of ranking amongst the best instances with a quantile-based threshold was studied theoretically by Clémençon and Vayatis (2007), who proposed that the optimal univariate scoring function here must
satisfy
{

14.0000 ± 11.6833 (7)
12.0000 ± 9.5131 (11)
15.6000 ± 14.6731 (4)
1.2000 ± 1.6432 (14)
13.4000 ± 11.4586 (8)
13.0000 ± 9.6177 (9)

0.9129 ± 0.0182 (13)
0.9154 ± 0.0147 (7)
0.9152 ± 0.0287 (9)
0.7893 ± 0.0618 (17)
0.9167 ± 0.0167 (4)
0.9144 ± 0.0122 (12)

0.0587 ± 0.0057 (8)
0.0590 ± 0.0053 (7)
0.0575 ± 0.0077 (11)
0.0612 ± 0.0027 (2)
0.0596 ± 0.0055 (6)
0.0618 ± 0.0025 (1)

0.9157 ± 0.0195 (6)
0.9149 ± 0.0149 (11)
0.9151 ± 0.0287 (10)
0.9207 ± 0.0131 (3)
0.9166 ± 0.0160 (5)
0.9284 ± 0.0273 (1)
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P-Norm Logistic
P-Norm Exponential
P-Norm P-Classification
P-Norm Log-𝑝-classification Hybrid
P-Norm Log-Exp Hybrid
P-Norm Square-Exp Hybrid

if 𝜂(𝑥) ≥ 𝑞𝜂
if 𝜂(𝑥) < 𝑞𝜂 .

0.9314 ± 0.0292 (11)
0.9354 ± 0.0222 (7)
0.9294 ± 0.0362 (12)
0.8215 ± 0.0589 (17)
0.9358 ± 0.0264 (6)
0.9361 ± 0.0152 (5)

0.9316 ± 0.0315 (10)
0.9292 ± 0.0292 (13)
0.9294 ± 0.0361 (12)
0.9407 ± 0.0172 (3)
0.9341 ± 0.0277 (9)
0.9522 ± 0.0281 (1)

14.8000 ± 15.1228 (5)
13.0000 ± 12.7475 (9)
15.6000 ± 14.6731 (4)
16.8000 ± 14.2373 (2)
14.6000 ± 13.1643 (6)
28.8000 ± 19.8293 (1)

0.2197 ± 0.0049 (10)
0.2198 ± 0.0046 (9)
0.2188 ± 0.0070 (13)
0.2218 ± 0.0028 (2)
0.2205 ± 0.0046 (7)
0.2227 ± 0.0025 (1)

0.2192 ± 0.0050 (12)
0.2193 ± 0.0050 (11)
0.2207 ± 0.0045 (6)
0.2208 ± 0.0020 (5)
0.2211 ± 0.0046 (4)
0.2211 ± 0.0041 (4)

Bipartite Logistic
Bipartite Exponential
Bipartite P-Classification
Bipartite Log-𝑝-classification Hybrid
Bipartite Log-Exp Hybrid
Bipartite Square-Exp Hybrid

{𝜂(𝑥)}
[0, 𝑞𝜂 )

13.0000 ± 17.0880 (9)
12.8000 ± 12.9499 (10)
11.6000 ± 8.8487 (12)
8.4000 ± 5.4129 (13)
16.2000 ± 13.7004 (3)
16.8000 ± 10.5688 (2)
AP

0.0583 ± 0.0056 (10)
0.0585 ± 0.0056 (9)
0.0598 ± 0.0053 (5)
0.0606 ± 0.0021 (3)
0.0601 ± 0.0054 (4)
0.0601 ± 0.0052 (4)
AUC

Proper Logistic
Proper Exponential
Proper P-Classification
Proper Log-𝑝-classification Hybrid
Proper Log-Exp Hybrid
Proper Square-Exp Hybrid

𝑠∗ (𝑥) ∈

Observe that this is identical to our Equation 52, except that 𝑞 is now a function of 𝜂. They showed that
two “local” versions of the AUC criterion, one of which is related to the partial AUC mentioned earlier, are
optimised by this scorer. To our knowledge, our analysis in terms of proper losses for the simpler case where
𝑞 is a fixed constant has not been done before.
Ertekin and Rudin (2011, Theorem 1) showed that for the case of a linear hypothesis class and 𝑝 ≥ 1,
the Bayes optimal scorer for the 𝑝-norm push coincides with the classification risk for the asymmetric 𝑝classification loss function of Equation 59. The optimal scorer for this loss is easily checked to be 𝑠∗ =
1
⋅ (𝜎 −1 ◦𝜂), and so in the unrestricted hypothesis class setting, the result agrees with ours. Our result is
𝑝+1
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22. We have observed that the parameter 𝑝 selected by cross-validation may not necessarily correspond to the one that gives best test
set performance, possibly a result of the limited sizes of the data sets in consideration. Treating each choice of 𝑝 as resulting in a
separate loss might therefore reveal slightly different rankings of the (loss, risk) combinations we consider.
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Table 10: Results of various “ranking the best” methods on ionosphere data set.

PTop

0.9243 ± 0.0339 (15)
0.9262 ± 0.0318 (14)
0.9349 ± 0.0232 (8)
0.9236 ± 0.0194 (16)
0.9430 ± 0.0263 (2)
0.9395 ± 0.0191 (4)
DCG

0.9113 ± 0.0208 (15)
0.9128 ± 0.0166 (14)
0.9152 ± 0.0160 (9)
0.9034 ± 0.0220 (16)
0.9240 ± 0.0180 (2)
0.9153 ± 0.0110 (8)
Method
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0.7597 ± 0.0415 (2)
0.7563 ± 0.0824 (3)
0.7344 ± 0.0964 (10)
0.7254 ± 0.1002 (15)
0.7785 ± 0.0461 (1)
0.7498 ± 0.0729 (5)

ARR

0.0438 ± 0.0179 (10)
0.0625 ± 0.0580 (5)
0.0364 ± 0.0125 (15)
0.0424 ± 0.0190 (11)
0.0402 ± 0.0135 (12)
0.0402 ± 0.0205 (12)

DCG

0.2068 ± 0.0209 (7)
0.2213 ± 0.0441 (2)
0.1991 ± 0.0198 (15)
0.2037 ± 0.0243 (10)
0.2045 ± 0.0172 (9)
0.2021 ± 0.0241 (12)
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0.2187 ± 0.0471 (5)
0.2222 ± 0.0466 (1)
0.2198 ± 0.0471 (3)
0.2170 ± 0.0398 (6)
0.2222 ± 0.0445 (1)
0.2195 ± 0.0486 (4)

0.1913 ± 0.0213 (17)
0.2054 ± 0.0233 (8)
0.1998 ± 0.0195 (13)
0.1970 ± 0.0183 (16)
0.2023 ± 0.0206 (11)
0.1996 ± 0.0215 (14)

AP

0.1490 ± 0.0623 (8)
0.1762 ± 0.0752 (1)
0.1404 ± 0.0628 (13)
0.1423 ± 0.0689 (11)
0.1490 ± 0.0578 (8)
0.1429 ± 0.0682 (10)
0.1707 ± 0.0839 (5)
0.1740 ± 0.0837 (3)
0.1704 ± 0.0841 (6)
0.1645 ± 0.0666 (7)
0.1760 ± 0.0760 (2)
0.1709 ± 0.0874 (4)

0.1190 ± 0.0501 (17)
0.1442 ± 0.0621 (9)
0.1414 ± 0.0609 (12)
0.1354 ± 0.0591 (15)
0.1353 ± 0.0545 (16)
0.1364 ± 0.0657 (14)

PTop

0.0000 ± 0.0000 (3)
0.4000 ± 0.8944 (1)
0.0000 ± 0.0000 (3)
0.0000 ± 0.0000 (3)
0.0000 ± 0.0000 (3)
0.0000 ± 0.0000 (3)
0.4000 ± 0.8944 (1)
0.4000 ± 0.8944 (1)
0.4000 ± 0.8944 (1)
0.2000 ± 0.4472 (2)
0.4000 ± 0.8944 (1)
0.4000 ± 0.8944 (1)
0.0000 ± 0.0000 (3)
0.0000 ± 0.0000 (3)
0.0000 ± 0.0000 (3)
0.0000 ± 0.0000 (3)
0.2000 ± 0.4472 (2)
0.0000 ± 0.0000 (3)

R ISK-T HEORETIC PERSPECTIVE

0.0616 ± 0.0589 (6)
0.0652 ± 0.0578 (1)
0.0627 ± 0.0586 (4)
0.0585 ± 0.0512 (7)
0.0636 ± 0.0578 (2)
0.0632 ± 0.0590 (3)

0.0317 ± 0.0129 (17)
0.0440 ± 0.0185 (9)
0.0368 ± 0.0132 (14)
0.0348 ± 0.0116 (16)
0.0469 ± 0.0316 (8)
0.0400 ± 0.0162 (13)

A

AUC

Method

Proper Logistic
Proper Exponential
Proper P-Classification
Proper Log-𝑝-classification Hybrid
Proper Log-Exp Hybrid
Proper Square-Exp Hybrid

0.6987 ± 0.1159 (17)
0.7377 ± 0.0691 (8)
0.7495 ± 0.0632 (6)
0.7354 ± 0.0834 (9)
0.6875 ± 0.1557 (18)
0.7055 ± 0.1290 (16)

B IPARTITE R ANKING:

0.7280 ± 0.1085 (13)
0.7306 ± 0.0882 (11)
0.7282 ± 0.0889 (12)
0.7382 ± 0.0711 (7)
0.7547 ± 0.0710 (4)
0.7273 ± 0.1094 (14)

Bipartite Logistic
Bipartite Exponential
Bipartite P-Classification
Bipartite Log-𝑝-classification Hybrid
Bipartite Log-Exp Hybrid
Bipartite Square-Exp Hybrid
P-Norm Logistic
P-Norm Exponential
P-Norm P-Classification
P-Norm Log-𝑝-classification Hybrid
P-Norm Log-Exp Hybrid
P-Norm Square-Exp Hybrid

Table 11: Results of various “ranking the best” methods on housing data set.
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AUC

Method

Proper Logistic
Proper Exponential
Proper P-Classification
Proper Log-𝑝-classification Hybrid
Proper Log-Exp Hybrid
Proper Square-Exp Hybrid

0.8121 ± 0.0285 (7)
0.8131 ± 0.0311 (3)
0.8115 ± 0.0282 (9)
0.8103 ± 0.0278 (13)
0.8111 ± 0.0290 (10)
0.8086 ± 0.0322 (16)
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0.8129 ± 0.0296 (4)
0.8105 ± 0.0277 (11)
0.8095 ± 0.0275 (15)
0.8104 ± 0.0294 (12)
0.8104 ± 0.0277 (12)
0.8124 ± 0.0278 (6)

ARR

0.0393 ± 0.0040 (4)
0.0372 ± 0.0047 (13)
0.0389 ± 0.0048 (7)
0.0407 ± 0.0039 (1)
0.0379 ± 0.0040 (12)
0.0391 ± 0.0037 (6)
0.0382 ± 0.0043 (11)
0.0393 ± 0.0037 (4)
0.0393 ± 0.0037 (4)
0.0401 ± 0.0036 (3)
0.0384 ± 0.0048 (10)
0.0387 ± 0.0052 (8)
0.0392 ± 0.0049 (5)
0.0385 ± 0.0044 (9)
0.0382 ± 0.0042 (11)
0.0404 ± 0.0032 (2)
0.0384 ± 0.0044 (10)
0.0389 ± 0.0047 (7)

DCG

0.1870 ± 0.0040 (5)
0.1855 ± 0.0040 (12)
0.1867 ± 0.0038 (7)
0.1883 ± 0.0036 (1)
0.1860 ± 0.0040 (11)
0.1867 ± 0.0040 (7)
0.1863 ± 0.0043 (9)
0.1870 ± 0.0038 (5)
0.1871 ± 0.0038 (4)
0.1878 ± 0.0036 (3)
0.1864 ± 0.0039 (8)
0.1867 ± 0.0042 (7)

0.1870 ± 0.0038 (5)
0.1863 ± 0.0035 (9)
0.1861 ± 0.0033 (10)
0.1880 ± 0.0033 (2)
0.1863 ± 0.0034 (9)
0.1868 ± 0.0035 (6)

AP

0.6236 ± 0.0637 (7)
0.6218 ± 0.0677 (10)
0.6226 ± 0.0621 (9)
0.6285 ± 0.0576 (1)
0.6205 ± 0.0666 (14)
0.6188 ± 0.0661 (15)
0.6233 ± 0.0682 (8)
0.6216 ± 0.0631 (11)
0.6245 ± 0.0657 (4)
0.6279 ± 0.0637 (2)
0.6244 ± 0.0664 (5)
0.6240 ± 0.0640 (6)
0.6240 ± 0.0639 (6)
0.6206 ± 0.0614 (13)
0.6188 ± 0.0604 (15)
0.6270 ± 0.0645 (3)
0.6209 ± 0.0614 (12)
0.6244 ± 0.0602 (5)

PTop

2.4000 ± 1.9494 (4)
1.8000 ± 2.0494 (7)
2.4000 ± 2.3022 (4)
3.4000 ± 2.3022 (1)
2.0000 ± 2.0000 (6)
2.2000 ± 1.7889 (5)
2.6000 ± 2.7019 (3)
2.4000 ± 1.9494 (4)
2.2000 ± 1.6432 (5)
2.2000 ± 1.3038 (5)
2.2000 ± 2.1679 (5)
2.4000 ± 2.0736 (4)
2.8000 ± 2.5884 (2)
2.0000 ± 2.0000 (6)
1.6000 ± 1.3416 (8)
2.2000 ± 1.3038 (5)
2.0000 ± 2.0000 (6)
2.2000 ± 1.9235 (5)

M ENON AND W ILLIAMSON

0.8136 ± 0.0299 (2)
0.8118 ± 0.0268 (8)
0.8131 ± 0.0298 (3)
0.8101 ± 0.0296 (14)
0.8138 ± 0.0311 (1)
0.8127 ± 0.0304 (5)

Bipartite Logistic
Bipartite Exponential
Bipartite P-Classification
Bipartite Log-𝑝-classification Hybrid
Bipartite Log-Exp Hybrid
Bipartite Square-Exp Hybrid
P-Norm Logistic
P-Norm Exponential
P-Norm P-Classification
P-Norm Log-𝑝-classification Hybrid
P-Norm Log-Exp Hybrid
P-Norm Square-Exp Hybrid

Table 12: Results of various “ranking the best” methods on german data set.
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B IPARTITE R ANKING:

PTop

A

R ISK-T HEORETIC PERSPECTIVE

12.8000 ± 3.9623 (3)
12.2000 ± 4.1473 (5)
12.4000 ± 4.1593 (4)
13.0000 ± 4.3589 (2)
12.2000 ± 4.1473 (5)
13.0000 ± 4.4159 (2)

0.9976 ± 0.0012 (2)
0.9976 ± 0.0012 (2)
0.9968 ± 0.0022 (8)
0.9973 ± 0.0014 (5)
0.9973 ± 0.0014 (5)
0.9972 ± 0.0018 (6)

ARR

DCG
0.1706 ± 0.0284 (1)
0.1705 ± 0.0286 (2)
0.1703 ± 0.0290 (4)
0.1705 ± 0.0288 (2)
0.1696 ± 0.0282 (8)
0.1691 ± 0.0277 (9)

0.3411 ± 0.0275 (1)
0.3410 ± 0.0277 (2)
0.3405 ± 0.0283 (6)
0.3409 ± 0.0280 (3)
0.3399 ± 0.0273 (10)
0.3395 ± 0.0269 (11)

0.9391 ± 0.0370 (3)
0.9376 ± 0.0339 (5)
0.9316 ± 0.0394 (13)
0.9356 ± 0.0355 (8)
0.9274 ± 0.0455 (17)
0.9265 ± 0.0597 (18)

13.2000 ± 3.9623 (1)
12.8000 ± 3.9623 (3)
12.8000 ± 3.9623 (3)
13.0000 ± 3.9370 (2)
11.8000 ± 4.3243 (6)
11.8000 ± 5.7184 (6)

0.9976 ± 0.0013 (2)
0.9968 ± 0.0021 (8)
0.9968 ± 0.0020 (8)
0.9969 ± 0.0019 (7)
0.9976 ± 0.0012 (2)
0.9974 ± 0.0015 (4)

0.1706 ± 0.0286 (1)
0.1702 ± 0.0288 (5)
0.1704 ± 0.0291 (3)
0.1698 ± 0.0281 (7)
0.1705 ± 0.0284 (2)
0.1700 ± 0.0280 (6)

0.3411 ± 0.0277 (1)
0.3405 ± 0.0282 (6)
0.3406 ± 0.0285 (5)
0.3400 ± 0.0272 (9)
0.3410 ± 0.0275 (2)
0.3403 ± 0.0270 (7)

0.9392 ± 0.0384 (2)
0.9307 ± 0.0370 (14)
0.9318 ± 0.0358 (12)
0.9278 ± 0.0459 (16)
0.9388 ± 0.0351 (4)
0.9320 ± 0.0498 (11)

13.2000 ± 3.9623 (1)
12.8000 ± 3.9623 (3)
13.0000 ± 3.9370 (2)
12.4000 ± 4.3359 (4)
12.8000 ± 3.9623 (3)
13.2000 ± 3.7683 (1)

0.9371 ± 0.0375 (6)
0.9364 ± 0.0348 (7)
0.9394 ± 0.0340 (1)
0.9354 ± 0.0457 (10)
0.9355 ± 0.0360 (9)
0.9293 ± 0.0523 (15)

0.3409 ± 0.0276 (3)
0.3408 ± 0.0278 (4)
0.3411 ± 0.0281 (1)
0.3406 ± 0.0268 (5)
0.3408 ± 0.0277 (4)
0.3401 ± 0.0275 (8)

0.1704 ± 0.0286 (3)
0.1704 ± 0.0287 (3)
0.1706 ± 0.0290 (1)
0.1702 ± 0.0278 (5)
0.1703 ± 0.0287 (4)
0.1698 ± 0.0284 (7)

0.9976 ± 0.0013 (2)
0.9976 ± 0.0012 (2)
0.9977 ± 0.0012 (1)
0.9975 ± 0.0014 (3)
0.9975 ± 0.0012 (3)
0.9973 ± 0.0017 (5)
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Bipartite Logistic
Bipartite Exponential
Bipartite P-Classification
Bipartite Log-𝑝-classification Hybrid
Bipartite Log-Exp Hybrid
Bipartite Square-Exp Hybrid

P-Norm Logistic
P-Norm Exponential
P-Norm P-Classification
P-Norm Log-𝑝-classification Hybrid
P-Norm Log-Exp Hybrid
P-Norm Square-Exp Hybrid

AP
AUC
Method

Proper Logistic
Proper Exponential
Proper P-Classification
Proper Log-𝑝-classification Hybrid
Proper Log-Exp Hybrid
Proper Square-Exp Hybrid

Table 13: Results of various “ranking the best” methods on car data set.
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M ENON AND W ILLIAMSON

PTop

4.2500
5.2500
5.5000
4.7500
4.5000
4.0000

AP

8.2500
7.5000
10.7500
9.0000
10.2500
11.7500

DCG

6.2500
6.7500
8.5000
4.7500
8.5000
8.5000

ARR

6.2500
7.2500
7.7500
4.2500
9.0000
7.7500

AUC

6.5000
5.5000
9.0000
12.2500
4.5000
8.7500

Method

Proper Logistic
Proper Exponential
Proper P-Classification
Proper Log-𝑝-classification Hybrid
Proper Log-Exp Hybrid
Proper Square-Exp Hybrid

3.0000
4.7500
3.5000
2.7500
4.2500
2.0000

3.2500
5.7500
4.2500
6.5000
4.7500
4.5000

7.2500
8.5000
5.7500
5.5000
6.2500
6.5000

9.0000
10.7500
12.7500
12.7500
9.5000
8.7500

6.7500
4.7500
5.2500
4.0000
5.0000
5.0000

7.7500
7.2500
10.2500
10.2500
7.0000
7.5000

7.0000
3.7500
5.0000
4.2500
5.5000
4.7500

7.2500
7.0000
9.7500
9.2500
6.2500
7.0000

5.7500
8.0000
6.5000
6.7500
3.2500
6.2500

9.0000
8.5000
9.5000
11.2500
9.0000
9.5000

Bipartite Logistic
Bipartite Exponential
Bipartite P-Classification
Bipartite Log-𝑝-classification Hybrid
Bipartite Log-Exp Hybrid
Bipartite Square-Exp Hybrid
P-Norm Logistic
P-Norm Exponential
P-Norm P-Classification
P-Norm Log-𝑝-classification Hybrid
P-Norm Log-Exp Hybrid
P-Norm Square-Exp Hybrid

Table 14: Average ranks of various “ranking the best” methods for each performance measure across all data
sets.

more general in the sense of being for an unrestricted hypothesis class, and uses proper loss techniques. The
result of Ertekin and Rudin (2011) holds for the case of a linear (possibly misspecified) function class.
Variants of the 𝑝-norm push have been proposed, although the focus has been on algorithmic issues (Rudin,
2009; Agarwal, 2011; Li et al., 2014).
Cossock and Zhang (2008) proposed to use an importance weighting approach to the problem of focussing
on the head of the ranked list, and showed that the DCG of a ranking can be bounded by importance weighted
squared error.

10. Exact Compositional Reductions Between Classification and Ranking

We have introduced several seemingly distinct problems above, among them classification, class-probability
estimation, pairwise ranking, and bipartite ranking. We now map out the relationships between these problems.23 Our focus is on whether the Bayes-optimal solution for one of these problems can be transformed to
give the optimal solution for another problem. Formally, for some pair of problems (𝐴, 𝐵)—where we understand a “problem” to mean a specification of a distribution and loss, and hence the Bayes-optimal solutions—
we would like to know if
(∀𝑠 ∈ S𝐵,∗ ) (∃𝑓 ∶ ℝ → ℝ) 𝑓 ◦𝑠 ∈ S𝐴,∗

and vice-versa. When the above is true, we have an exact compositional reduction from 𝐴 to 𝐵, in the sense of
problem 𝐴 providing an optimal solution for problem 𝐵 via a transformation 𝑓 .24 According to our definition,

JMLR 17(195):1-102

23. We will focus on the case of 0-1 loss for bipartite ranking, as this is the canonical performance measure in most studies. Recalling
that the 𝓁-bipartite ranking risk has equivalent Bayes-optimal solutions to class-probability estimation for certain strictly proper
composite 𝓁, the results derived here for class-probability estimation can be translated to the 𝓁-bipartite ranking risk as well.
24. In practice, one must consider the impact misspecified hypothesis classes and finite samples have on transforming the solution of
one problem to another. The recent work of Narasimhan and Agarwal (2013b) considers regret and generalisation bounds to this
end.
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§10.2

Pairwise Ranking

Over Pairs (§10.4)
§10.1

§10.2

Bipartite Ranking

R ISK-T HEORETIC PERSPECTIVE

Probability Estimation

A

1
2

by construction. We have a contradiction, and the result is shown.
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Proposition 62 formalises the intuition that pairwise ranking is more general than bipartite ranking: there
exist instances of the former (even when operating over decomposable pair-scorers) that cannot be solved by
the latter.

possible, since 𝐷BR has base rate

Thus, it must be true that 𝑅 = 𝐷BR . However, if we choose 𝑅 with base rate different from 12 , this cannot be

𝕃(Dif f(𝑠); 𝑅, 𝓁) = 𝕃(Dif f (𝑠); 𝐷BR , 𝓁).

Proof The first statement is immediate by setting 𝑅 = 𝐷BR , from Lemma 2.
For the second statement, suppose there were such a 𝐷. Then by Lemma 2, it must be true that

(∄𝐷 ∈ ΔX×{±1} ) 𝕃BR (𝑠; 𝐷, 𝓁) = 𝕃(Dif f(𝑠); 𝑅, 𝓁).

Further, there exists some 𝑅 ∈ ΔX×X×{±1} such that

Proposition 62 Pick any loss 𝓁 and scorer 𝑠 ∶ X → ℝ. Then, for every 𝐷 ∈ ΔX×{±1} there is some 𝑅 ∈
ΔX×X×{±1} such that
𝕃BR (𝑠; 𝐷, 𝓁) = 𝕃(Dif f (𝑠); 𝑅, 𝓁).

The bipartite ranking risk for a pair-scorer is defined with respect to a classification distribution 𝐷, while
the pairwise ranking risk is defined with respect to a ranking distribution 𝑅. Therefore, in general for the
two quantities to be equal, we need to have some relationship between the distributions 𝐷 ∈ ΔX×{±1} and
𝑅 ∈ ΔX×X×{±1} . The following shows that bipartite ranking is strictly a special case of pairwise ranking.

10.1 Bipartite Ranking ⊂ Pairwise Ranking

the transformation 𝑓 may depend on the distribution specified by 𝐵. When this is so, the reduction is “weak” in
the terminology of Narasimhan and Agarwal (2013b). When 𝑓 is independent of 𝐵, the reduction is “strong”
in the terminology of Narasimhan and Agarwal (2013b).
A sufficient condition for two problems to have the same Bayes-optimal solutions is the equivalence of
the risks for the two problems. In some cases, this equivalence will be apparent from the specifications of the
problem.
Figure 2 summarises the relationships amongst the various classification and ranking problems discussed
in this paper. We now discuss these relationships in more detail.

Figure 2: Relationships amongst various ranking and classification problems. An arrow 𝐴 → 𝐵 denotes that
𝐴 is a special case of 𝐵, with the label on the arrow providing context on the relationship.

Classification

§10.3

B IPARTITE R ANKING:

(∀𝑠 ∈

1
2

or (2𝑎 − 1)(2𝑏 − 1) < 0, i.e. 𝜂 is constant or takes on exactly two values on different sides

𝑠 = Ψ◦𝜂.

where 𝑓 𝐷 (𝑥) = 𝑏 ⋅ J𝑥 > 0K + 𝑎 ⋅ J𝑥 < 0K.
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Ψ◦𝑓 𝐷 ◦𝑠 = Ψ◦𝜂 ∈ S∗ (𝐷, 𝓁)
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Since 2𝜂 − 1 ∈
(Equation 43), we can transform 𝑠 to get an optimal solution for 0-1 loss.
For the second result, suppose that 𝜂 ∈ { 21 , 1}. Then the scorer J𝜂 ≥ 1∕2K ≡ 1 is in S∗ (𝐷, 𝓁01 ) by Equation
43. This scorer takes on exactly one value. Therefore, it cannot be transformed to a function that takes on two
or more values. (Note that there may exist some scorers that can be transformed to give 𝜂, but this is not the
proposition in question.) A similar argument shows that we cannot handle the case where 𝜂 takes on three or
more values.
Now suppose that 𝜂 satisfies the given conditions, and pick any 𝑠 ∈ S∗ (𝐷, 𝓁01 ). We know that sign(𝑠) =
sign(2𝜂 − 1). Supposing without loss of generality that 𝑎 ≤ 𝑏, we have
S∗ (𝐷, 𝓁01 )

Proof For the first result, pick 𝑠 ∈ S∗ (𝐷, 𝓁). By Equation 44, this 𝑠 is unique, and satisfies

where 𝑎 = 𝑏 ≠
of 1∕2.

(∀𝑠 ∈ S∗ (𝐷, 𝓁01 )) (∃𝑓 𝐷 ) 𝑓 𝐷 ◦𝑠 ∈ S∗ (𝐷, 𝓁) ⟺ (∀𝑥 ∈ X) 𝜂(𝑥) ∈ {𝑎, 𝑏},

(∀𝑠 ∈ S∗ (𝐷, 𝓁)) (∃𝑓 ) 𝑓 ◦𝑠 ∈ S∗ (𝐷, 𝓁01 )

Proposition 64 Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} and 𝓁 ∈ LSPC (Ψ),

Class-probability estimation can be shown to be a more general problem than binary classification, in the
sense that an optimal solution for the former can be transformed to one for the latter, but the other direction is
only true for certain classes of distributions.

10.3 Classification ⊂ Class-Probability Estimation

The strict properness of the proper composite loss is essential for these results. Given a non-strictly proper
composite loss, such as 0-1 loss, it is not true that every Bayes-optimal solution is also optimal for bipartite
ranking, as we will now see.

Proof Pick 𝑠 ∈
By Equation 44, this 𝑠 is unique, and satisfies 𝑠 = Ψ◦𝜂. Thus, by Corollary 43,
𝑠 ∈ S∗BR (𝐷, 𝓁01 ).
∗
Now pick 𝑠 ∈ SBR (𝐷, 𝓁01 ). By Proposition 42, 𝜂 = 𝜙◦𝑠 for some non-decreasing 𝜙. Thus, by Lemma 74,
the calibrated version Cal(𝑠; 𝐷) of 𝑠 must equal 𝜂. Letting 𝑓 𝐷 = Ψ◦Cal(⋅; 𝐷) gives the result.
S∗ (𝐷, 𝓁).

(∀𝑠 ∈ S∗ (𝐷, 𝓁)) 𝑠 ∈ S∗BR (𝐷, 𝓁01 )
∗
SBR (𝐷, 𝓁01 )) (∃𝑓 𝐷 )𝑓 𝐷 ◦𝑠 ∈ S∗ (𝐷, 𝓁).

Proposition 63 Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} and 𝓁 ∈ LSPC ,

We show that the Bayes-optimal solutions for bipartite ranking and class-probability estimation (with a strictly
proper composite loss) may be transformed to one another. For bipartite ranking, the Bayes-optimal solution
must be transformed in a distribution dependent manner (specifically, it must be calibrated with respect to the
distribution).

10.2 Bipartite Ranking = Class-Probability Estimation

M ENON AND W ILLIAMSON
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The restriction on 𝜂 above is satisfied by separable or noiseless distributions, where for every 𝑥 ∈ X,
𝜂(𝑥) ∈ {0, 1}. The above thus shows the intuitive fact that in the absence of noise, classification and classprobability estimation are equivalent in terms of their end goals.25
10.4 Classification Over Pairs = Pairwise Ranking

We can confirm that pairwise ranking is equivalent to binary classification over the instance space X × X by
simply comparing the risks for the two problems (Equations 19 and 14). This implies that bipartite ranking is
also a special case of binary classification over X × X, due to the relationship between bipartite and pairwise
ranking established in §10.1.
10.5 Classification Over Singletons ⊂ Bipartite Ranking
While bipartite ranking reduces to classification over pairs, it does not reduce to classification over singletons,
except in special cases. We now present conditions for the equivalence of the Bayes-optimal solutions of the
two problems.

1
2

or (2𝑎 − 1)(2𝑏 − 1) < 0, i.e. 𝜂 is constant or takes on exactly two values on different sides

∗
(∀𝑠 ∈ S∗ (𝐷, 𝓁01 )) (∃𝑓 𝐷 )𝑓 𝐷 ◦𝑠 ∈ SBR
(𝐷, 𝓁01 ) ⟺ (∀𝑥 ∈ X) 𝜂(𝑥) ∈ {𝑎, 𝑏},

∗
(∀𝑠 ∈ SBR
(𝐷, 𝓁01 )) (∃𝑓 )𝑓 ◦𝑠 ∈ S∗ (𝐷, 𝓁01 )

Proposition 65 Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} ,

where 𝑎 = 𝑏 ≠
of 1∕2.

Proof The result follows by the established relationships between classification and class-probability estimation (§10.3), and class-probability estimation and bipartite ranking (§10.2).
As with class-probability estimation, the above shows that for separable distributions, bipartite ranking is
equivalent to binary classification in terms of the end goal.
10.6 Relation to Existing Work

For the case of 0-1 loss, the fact that the bipartite ranking risk exactly equals a specific pairwise classification
risk (and hence a specific pairwise ranking risk) is well known (Clémençon et al., 2008; Kotlowski et al., 2011;
Uematsu and Lee, 2012; Agarwal, 2014). The derived ranking distribution 𝐷BR , which explicitly specifies
the pairwise ranking distribution for which this holds, has been invoked by Balcan et al. (2008); Kotlowski
et al. (2011); Agarwal (2014), among others. Our generalisation to an arbitrary loss 𝓁, while simple, appears
novel.
Our study of the relationship between the bipartite and pairwise ranking problems differs from that of
Balcan et al. (2008); Ailon and Mohri (2007) in at least two aspects. First, those works look at a subset version
of bipartite ranking, where the goal is to rank a given subset of instances. Second, those works consider the
goal of bipartite ranking to produce a univariate scorer rather than a pair-scorer. Therefore, they consider the
question of how one can derive a univariate scoring function suitable for ranking from a classifier over pairs.
The main result of Balcan et al. (2008) is that, given a classifier of pairs that achieves small classification risk,
one can produce a univariate scorer with bipartite ranking risk that is worse by at most a factor of two.

11. Four Bipartite Ranking Risks With Equivalent Minimisers

Consider the following approaches to producing a pair-scorer, given a strictly proper composite 𝓁:
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25. However, as noted earlier, for separable data the infimum in the definition of the Bayes risk may be unattainable for a strictly proper
composite loss.
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𝔼

(4) Dif f

𝑠 ∶ X→ℝ 𝖷 ∼𝑄

𝖷∼𝑃

(
)
[
′ ]
(2) Dif f argmin 𝔼
𝑒−(𝑠(𝖷)−𝑠(𝖷 ))
′ ∼𝑄
( 𝑠 ∶ X→ℝ 𝖷∼𝑃 ,𝖷[(
)𝑝 ])
[
′ ]
argmin ′𝔼
𝔼 𝑒−(𝑠(𝖷)−𝑠(𝖷 ))
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)
[ −𝖸𝑠(𝖷) ]
𝑒
[ −𝑠 (𝖷,𝖷′ ) ]
𝑒 Pair

𝑠 ∶ X→ℝ (𝖷,𝖸)∼𝐷

(
argmin

𝔼

′
𝑠Pair ∶ X×X→ℝ 𝖷∼𝑃 ,𝖷 ∼𝑄

argmin

(1) Dif f
(3)

Table 15: Four approaches for obtaining a pair-scorer in a bipartite ranking problem, using exponential loss.
Our results show that the all approaches have the same theoretical minimiser.

(1) Minimise the 𝓁-classification risk 𝕃(𝑠; 𝐷, 𝓁), and Dif f(⋅) the result.

(2) Minimise the 𝓁-bipartite ranking risk 𝕃BR (𝑠; 𝐷, 𝓁) over all scorers, and Dif f (⋅) the result.

(3) Minimise the 𝓁-pairwise ranking risk 𝕃(𝑠Pair ; 𝐷BR , 𝓁) over all pair-scorers.

(4) Minimise the 𝑝-norm push risk Push(𝑠Pair ; 𝐷, 𝓁exp , 𝑔 𝑝 ) over decomposable pair-scorers.

Superficially, these appear very different: method (4) is the only one that departs from the standard conditional risk framework, method (3) is the only one to use a pair-scorer during minimisation, and method (1)
is the only one to operate on single instances rather than pairs. It is thus surprising that our results provide
conditions under which all methods have the same output; it is further surprising that the condition involves
the choice of link function in the loss 𝓁, which is typically chosen for computational rather than statistical
reasons (Reid and Williamson, 2010).

Proposition 66 Given any 𝐷 ∈ ΔX×{±1} and 𝓁 ∈ LSPC (Ψ) with Ψ ∈ Σsig , methods (1), (2) and (3) produce
the same pair-scorer; if X is finite and 𝑝 = 𝑎 − 1 for 𝑎 > 1, method (4) also produces the same pair-scorer.

Proof By Equation 44 and Corollary 45, methods (1) and (2) produce the same scorer Ψ◦𝜂, up to a translation which is nullified by the Dif f operator. By Equation 50, this pair-scorer is equivalent to that produced by
method (3). Further, if 𝑝 = 𝑎 − 1 for 𝑎 > 1, then by Proposition 57, method (4) returns Ψ◦𝜂 up to a translation
which is nullified by the Dif f operator.

In hindsight, these equivalences are not surprising by virtue of the Bayes-optimal scorer for each type of
risk depending on the observation-conditional distribution 𝜂. They are not however a priori obvious, given
how ostensibly different the risks appear. To illustrate these superficial differences, Table 15 provides a concrete example of the four methods when 𝓁 = 𝓁 exp is the exponential loss, whose link Ψ = 21 𝜎 −1 satisfies the
required condition of Proposition 66.
11.1 Implications of Equivalences
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The above shows the “equivalence” between four seemingly disparate risks, where our definition of “equivalent” is that two methods have the same optimal scorer. This does not imply that the methods are interchangeable in practice. A statistical caveat to these equivalences is that they ignore the issues of finite samples and
a restricted function class. When one or both of these situations hold, it may be that one of these methods is
more preferable. A computational caveat is that methods (2)—(4) rely on minimisation over pairs of examples. On a finite training set, this requires roughly quadratic complexity, compared to the linear complexity
of method (1). These practical issues deserve investigation, but are beyond the scope of this paper.
This caveat in mind, we believe the results at least illuminate similarities between seemingly disparate
approaches. For the problem of minimising the 𝓁-bipartite risk for an appropriate surrogate 𝓁, the above
provides evidence that minimising the 𝓁-classification risk is a suitable proxy. That is, performing classprobability estimation is a suitable proxy for ranking; this can be formalised with surrogate regret bounds
(Agarwal, 2014; Narasimhan and Agarwal, 2013b). Similarly, for the problem of minimising the 𝑝-norm push
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𝑅(𝑥, 𝑥) = +1

Reflexive

Total, Transitive, Anti-symmetric
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Given a set X, a binary relation R on X is some subset of X × X. There are two standard ways of referring
to a relation. The first is the operator ⪰R , with the semantics 𝑥 ⪰R 𝑥′ ⟺ (𝑥, 𝑥′ ) ∈ R. The second is
the function 𝑟 ∶ X × X → {±1}, with the semantics 𝑟(𝑥, 𝑥′ ) = +1 ⟺ (𝑥, 𝑥′ ) ∈ R. We will use these
two representations interchangeably. Table 16 summarises some standard properties of binary relations, and
examples of specific types of binary relations.

12.1 Binary Relations

Our final topic of study is what the theory of utility representations tells us about the bipartite ranking problem.
In particular, we look at how this theory provides insight into the particular form of the observation-conditional
distribution 𝜂Pair of 𝐷BR (Equation 47), which we saw had non-obvious implications for the derivation of
Bayes-optimal scorers (§7.4.2) and surrogate regret bounds (§8).

12. A Utility Representation Perspective of Bipartite Ranking

Subsets of the above equivalences have been observed earlier for special cases. For the specific case of exponential loss and a linear hypothesis class, the equivalence between methods (1) and (2) was made by Ertekin
and Rudin (2011, Theorem 3); Gao and Zhou (2012, Lemma 4); Gao and Zhou (2015, Theorem 7), while the
equivalence between method (1) and (4) was shown by Ertekin and Rudin (2011, Theorem 1); here, method
(1) represents AdaBoost, and method (2) RankBoost. For the special case of convex margin losses, the equivalence between methods (2) and (3) was shown by Uematsu and Lee (2012). Ertekin and Rudin (2011, Section
4.4) conjectured a lack of an equivalence between LogitBoost and logistic regression, based on empirical
findings; this apparent contradiction with our results is because the latter focusses on the case of a linear hypothesis class, which is possibly misspecified, while our results are for an unrestricted hypothesis class, or
equally for a correctly specified one.

11.2 Relation to Existing Work

objective, we have evidence that minimising the 𝓁-classification or bipartite risk is a suitable proxy. As seen
in §9.7, certain proper composite losses do indeed give comparable performance to the 𝑝-norm push.

Table 16: Some common types of binary relation 𝑅, and their defining properties.

Reflexive, Transitive, Anti-symmetric

Total order

Partial order

Total, Transitive

Reflexive, Transitive

Total preorder

𝑛→∞

Preorder

𝑛→∞

for every pair of convergent sequences (𝑥𝑛 ), (𝑦𝑛 ),
(
)
(∀𝑛 ∈ ℕ) 𝑅(𝑥𝑛 , 𝑦𝑛 ) = +1 ⟹ 𝑅 lim 𝑥𝑛 , lim 𝑦𝑛 = +1

Continuous

𝑅(𝑥, 𝑥′ ) = +1 and 𝑅(𝑥′ , 𝑥′′ ) = +1 ⟹ 𝑅(𝑥, 𝑥′′ ) = +1

¬(𝑅(𝑥, 𝑥′ ) = +1 and 𝑅(𝑥′ , 𝑥) = +1)

Transitive

Anti-symmetric

¬(𝑅(𝑥, 𝑥′ ) = −1 and 𝑅(𝑥′ , 𝑥) = −1)

Total
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Property (∀𝑥, 𝑥′ , 𝑥′′ ∈ X)

A

Type

B IPARTITE R ANKING:

1
.
2

(64)
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26. More generally, one may define a family of relations, where each member specifies a different scheme for how ties—corresponding
to 𝑝(𝑥, 𝑥′ ) = 12 —are broken.

A key question is whether one can characterise when a given (probabilistic) binary relation possesses a specific
type of utility representation. This lets us relate the ordering properties of the relation—such as whether it is
symmetric, transitive, et cetera—with its mathematical representation as a function.
A classical result of Debreu (1954) (which generalises a result of Eilenberg (1941)) characterises when
a (non-probabilistic) binary relation may be expressed via a real-valued utility function. Recall that a binary
relation ⪰R is a total preorder if it is total (and hence reflexive) and transitive. The theorem is as follows.

12.3 Existence of Utility Representations

Note that the inclusions above are all strict, except for that of Fechnerian and Strong representations. In fact,
𝑝 has a strong utility representation if and only if it has a restricted Fechnerian utility representation, where
the restriction is that the strictly monotone increasing 𝜙 for the Fechnerian representation is only defined on
the Minkowski self-difference 𝑓 (X) − 𝑓 (X) (Roberts, 1984, pg. 279).

Strict ⊊ Fechnerian ⊆ Strong ⊊ Weak.

where 𝐻 is increasing in its first argument, decreasing in its second argument. In Świtalski (2003), it is
additionally assumed that 𝐻 is concave-convex. In psychometrics, such a model is sometimes also referred
to as a simple scalability assumption (Krantz, 1967).
Table 17 summarises various special cases of the generalised utility representation that have been studied;
see (Roberts, 1984, pg. 273—280) for details. The utility representations are ordered as follows:

(∀𝑥, 𝑥′ ∈ X) 𝑝(𝑥, 𝑥′ ) = 𝐻(𝑠(𝑥), 𝑠(𝑥′ )),

We say that a probabilistic binary relation 𝑝 has a generalised utility representation if there is some function
𝐻 ∶ ℝ × ℝ → [0, 1] and some function 𝑠 ∶ X → ℝ such that

Let ⪰R be a binary relation on X. We say that ⪰R has a utility representation if there is some 𝑠 ∶ X → ℝ such
that
(∀𝑥, 𝑥′ ∈ X) 𝑥 ⪰R 𝑥′ ⟺ 𝑠(𝑥) ≥ 𝑠(𝑥′ ).

12.2 Utility Representations for Binary Relations

Special cases of the function 𝑔 correspond to popular notions of stochastic transitivity: the case 𝑔(𝑥, 𝑦) = 1∕2
is known as weak stochastic transitivity (Roberts, 1984, pg. 283), 𝑔(𝑥, 𝑦) = 𝑥 ∧ 𝑦 as moderate stochastic
transitivity (Roberts, 1984, pg. 284), and 𝑔(𝑥, 𝑦) = 𝑥 ∨ 𝑦 as strong stochastic transitivity (Roberts, 1984,
pg. 284). It is easy to check that weak stochastic transitivity of 𝑝 corresponds to transitivity of the associated
binary relation ⪰P , provided ties are broken in favour of the relation existing.

(∀𝑥, 𝑥′ , 𝑥′′ ∈ X) 𝑥 ⪰P 𝑥′ and 𝑥′ ⪰P 𝑥′′ ⟹ 𝑝(𝑥, 𝑥′′ ) ≥ 𝑔(𝑝(𝑥, 𝑥′ ), 𝑝(𝑥′ , 𝑥′′ )).

] [
]
[
Suppose 𝑔 ∶ 12 , 1 × 12 , 1 → [0, 1] is some function that is commutative (i.e. 𝑔(𝑥, 𝑦) = 𝑔(𝑦, 𝑥) ∀𝑥, 𝑦)
and monotone increasing in both arguments. A probabilistic binary relation 𝑝 is said to be 𝑔-stochastically
transitive (Baets et al., 2005, pg. 419) if

𝑥 ⪰P 𝑥′ ⟺ 𝑝(𝑥, 𝑥′ ) ≥

A probabilistic binary relation (sometimes called a reciprocal or ipsodual binary relation) (Baets et al.,
2005, pg. 419) on a set X is some function 𝑝 ∶ X × X → [0, 1] satisfying 𝑝(𝑥, 𝑥′ ) + 𝑝(𝑥′ , 𝑥) = 1 for every
𝑥, 𝑥′ ∈ X. The pair (X, 𝑝) is sometimes referred to as a forced choice pair comparison system (Roberts, 1984,
pg. 273). Every probabilistic binary relation has an induced binary relation26 ⪰P , with
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Utility type
Weak
Strong

Fechnerian
Strict

Definition
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A

Product rule

Quadruple or bicancellative condition

Quadruple condition (under stochastic continuity)

Weak stochastic transitivity, contour sets closed

Characterisation
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1
⟺ 𝑎≥𝑏
𝐻(𝑎, 𝑏) ≥
2
𝐻(𝑎, 𝑏) ≥ 𝐻(𝑐, 𝑑) ⟺ 𝑎 − 𝑏 ≥ 𝑐 − 𝑑
𝐻(𝑎, 𝑏) = 𝜙(𝑎 − 𝑏), 𝜙 monotone
𝑎
𝑎+𝑏

𝐻(𝑎, 𝑏) =

Table 17: Summary of various types of utility representations for binary probabilistic relations, from most to
least general. By “definition” we mean the conditions required of 𝐻 in the general utility representation of Equation 64. By “characterisation”, we mean necessary and sufficient conditions on a
probabilistic binary relation for the representation to hold. See text for details.

𝑥 ⪰R 𝑥′ ⟺ 𝑠(𝑥) ≥ 𝑠(𝑥′ ).

Proposition 67 (Eilenberg, 1941; Debreu, 1954; Debreu, 1964; Bridges and Mehta, 1995, pg. 46) Let X
be a topological space that is either (a) connected and separable, or (b) second countable. Let ⪰R be a binary
relation on X. Then ⪰R defines a continuous total preorder if and only if there is some 𝑠 ∶ X → ℝ such that

𝑎
, 𝑏′
𝑎+1

=

𝑏
.
𝑏+1

𝐻(𝑎, 𝑏) =

1
𝑎
=
𝑎+𝑏 1+
𝑏
𝑎

= 𝜎(𝜎 −1 (𝑎′ ) − 𝜎 −1 (𝑏′ )),

Thus, if a probabilistic binary relation 𝑝 possesses this representation,
(65)

The result characterises precisely the class of binary relations that may be represented via a utility function
𝑠 ∶ X → ℝ. While the “if” direction is straightforward, the “only if” direction is not: it implies that any
continuous total preorder can be perfectly represented via the standard ordering relation ≥ on the reals, for an
appropriate choice of utility function 𝑠 ∶ X → ℝ.
For probabilistic binary relations, we will focus on the case of a strict utility representation,27 for which

where 𝑎′ =

(∃𝑠 ∶ X → ℝ) (∀𝑥, 𝑥′ ∈ X) 𝑝(𝑥, 𝑥′ ) = 𝜎(𝜎 −1 (𝑠(𝑥)) − 𝜎 −1 (𝑠(𝑥′ ))).
We have the following characterisation of the existence of a strict utility representation.

(66)

Proposition 68 (Luce and Suppes, 1965, Theorem 48, pg. 350) Suppose 𝜂Pair is a binary probabilistic relation. Then, 𝜂Pair has a strict utility representation (Equation 65) if and only if it satisfies the product rule,
(∀𝑥, 𝑥′ , 𝑥′′ ∈ X) 𝜂Pair (𝑥, 𝑥′ ) ⋅ 𝜂Pair (𝑥′ , 𝑥′′ ) ⋅ 𝜂Pair (𝑥′′ , 𝑥) = 𝜂Pair (𝑥, 𝑥′′ ) ⋅ 𝜂Pair (𝑥′′ , 𝑥′ ) ⋅ 𝜂Pair (𝑥′ , 𝑥),

which, when 𝜂Pair ≠ {0, 1}, is equivalently

(∀𝑥, 𝑥′ , 𝑥′′ ∈ X) 𝜂Pair (𝑥, 𝑥′ ) = 𝜎(𝜎 −1 (𝜂Pair (𝑥, 𝑥′′ )) + 𝜎 −1 (𝜂Pair (𝑥′′ , 𝑥′ ))).
The product rule encodes that the probability of an intransitive cycle of relations {𝑥 ⪰P 𝑥′ , 𝑥′ ⪰P
𝑥′′ , 𝑥′′ ⪰P 𝑥} equals the probability of the cycle {𝑥 ⪰P 𝑥′ , 𝑥′ ⪰P 𝑥′′ , 𝑥′′ ⪰P 𝑥}. The product rule necessarily implies the quadruple condition introduced earlier (and hence strong stochastic transitivity), since a
strict utility implies a Fechnerian one.
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27. In psychometrics, the strict utility representation is referred to as the Bradley-Terry-Luce model (Luce, 1959; Bradley and Terry,
1952).
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12.4 Implications for Bipartite Ranking

(∀𝑥, 𝑥′ ∈ X) 𝑟(𝑥, 𝑥′ ) = sign(2𝜂Pair (𝑥, 𝑥′ ) − 1),

Bipartite ranking is fundamentally concerned with learning a scorer 𝑠 ∶ X → ℝ, and using this to rank instances. We can equivalently think of the problem as a special case of pairwise ranking, where we restrict
attention to decomposable pair-scorers (Lemma 2). The pairwise ranking problem can in turn be interpreted
as one of learning a binary relation: if 𝑟 ∶ X × X → {±1} is a binary relation on X × X, then for any
𝑅∈
such that the Bayes-optimal 0-1 pair-scorers match 𝑟 in sign, i.e.
ΔX×X×{±1}

learning a pair-scorer from 𝑅 is equivalent to learning the binary relation 𝑟. Thus, one can then ask what
implications the decomposability restriction has on learning a binary relation. Observe that when thresholded
at 0, the pair-scorer Dif f(𝑠) yields a binary relation 𝑟 over X × X, with

𝑟(𝑥, 𝑥′ ) = +1 ⟺ (Dif f(𝑠))(𝑥, 𝑥′ ) ≥ 0 ⟺ 𝑠(𝑥) ≥ 𝑠(𝑥′ ).

By Proposition 67, the resulting relation 𝑟 is a continuous, total preorder, as can be easily checked by the
properties of Dif f (𝑠). Less obviously, Proposition 67 implies that for any continuous, total preorder ⪰R over
X × X (for X with suitable topological properties), the problem of learning ⪰R can be expressed as a bipartite
ranking problem.

Proposition 69 Let X be a topological space that is either (a) connected and separable, or (b) second countable. Let ⪰R be a continuous, total preorder on X. Then, there is a 𝐷 ∈ ΔX×{±1} for which the Bayes-optimal
bipartite scorer for 0-1 loss induces the same ranking as ⪰R .

Proof For any continuous, total preorder ⪰R , there is a corresponding utility representation 𝑠 ∶ X → ℝ (by
Proposition 67). Pick any strictly monotone increasing 𝜙 ∶ ℝ → [0, 1], and let 𝜂 = 𝜙◦𝑠. Further, pick any
marginal distribution 𝑀 over X. Then, 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} with corresponding 𝐷BR has

(∀𝑥, 𝑥′ ∈ X) sign(2𝜂Pair (𝑥, 𝑥′ ) − 1) = sign(𝜂(𝑥) − 𝜂(𝑥′ )) = sign(𝑠(𝑥) − 𝑠(𝑥′ )) = 𝑟(𝑥, 𝑥′ ),

so that the Bayes-optimal bipartite scorer for 0-1 loss induces an ordering over X × X identical to ⪰R .

One can also consider the implications of utility representation theory for learning a probabilistic binary
relation. As above, it is clear that the problem of learning a probabilistic binary relation 𝑝 that satisfies the
∗ (𝐷, 𝓁) for some suitable 𝐷 and proper composite 𝓁 with deproduct rule can be expressed as finding SBR
composable Bayes-optimal scorer. Equation 47 implies that for any 𝐷 with derived distribution 𝐷BR , the
corresponding 𝜂Pair posses a strict utility representation. Thus, setting 𝜂Pair to coincide with the utility representation of 𝑝 gives a means of learning the relation 𝑝.
Conversely, we can gain some insight as to the form of observation-conditional distribution 𝜂Pair of 𝐷BR
is of the special form given by Equation 47, which in turn explains why the sigmoidal family of links arises
in §7.4.2.

Proposition 70 Given any 𝐷 ∈ ΔX×{±1} , the resulting 𝐷BR = ⧼𝑀pair , 𝜂Pair ⧽ ∈ ΔX×X×{±1} satisfies the
product rule, and has
(∀𝑥, 𝑥′ ∈ X) 𝜂Pair (𝑥, 𝑥′ ) = 𝜎(𝜎 −1 (𝑠(𝑥)) − 𝜎 −1 (𝑠(𝑥′ )))
for some 𝑠 ∶ X → ℝ.

𝑀pair (𝑥, 𝑥′ )

𝑃pair (𝑥, 𝑥′ ) ⋅ 𝜋pair
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Proof For 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽, from the construction of 𝐷BR = ⧼𝑀pair , 𝜂Pair ⧽ = ⧼𝑃pair , 𝑄pair , 𝜋pair ⧽, it is immediate that the probabilistic relation 𝜂Pair it represents satisfies the product rule—this is because Bayes’ rule and
the nature of 𝑃pair implies that

(∀𝑥, 𝑥′ ∈ X) 𝜂Pair (𝑥, 𝑥′ ) =

80
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=

𝑝(𝑥) ⋅ 𝑞(𝑥′ )
,
2𝜇pair (𝑥, 𝑥′ )
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𝑝(𝑥) ⋅ 𝑞(𝑥′ ) 𝑝(𝑥′ ) ⋅ 𝑞(𝑥′′ ) 𝑝(𝑥′′ ) ⋅ 𝑞(𝑥) 𝑝(𝑥) ⋅ 𝑞(𝑥′′ ) 𝑝(𝑥′′ ) ⋅ 𝑞(𝑥′ ) 𝑝(𝑥′ ) ⋅ 𝑞(𝑥)
⋅
⋅
=
⋅
⋅
.
𝜇pair (𝑥, 𝑥′ ) 𝜇pair (𝑥′ , 𝑥′′ ) 𝜇pair (𝑥′′ , 𝑥)
𝜇pair (𝑥, 𝑥′′ ) 𝜇pair (𝑥′′ , 𝑥′ ) 𝜇pair (𝑥′ , 𝑥)
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Our results built upon the rich framework of proper composite losses, which are central to the study of
class-probability estimation. We hope our results illustrate the value of the proper loss machinery in studying
bipartite ranking problems.
We outline several possible areas for future work.

• We showed how theorems of utility representation describe the class of ranking problems over pairs
that can be modelled by bipartite ranking (§12.4).

• We mapped out the relationships between bipartite ranking and other learning problems, such as pairwise ranking, class-probability estimation, and classification (§10.1, §10.2), and the equivalence between several seemingly disparate risks for popular approaches in bipartite ranking (§11).

• We studied Bayes-optimal scorers for the 𝑝-norm push risk (§9.5), and explained the risk in terms of
the weight function for proper losses (§9.6.3). We used this to derive several new loss functions (§9.6),
which demonstrated favourable empirical performance compared to the 𝑝-norm push risk on a number
of real data sets (§9.7).

• We determined the set of Bayes-optimal scorers for bipartite ranking (§7.3, §7.4, §7.5), and thus surrogate regret bounds for the minimisation of pairwise surrogates (§8).

• We related the Bayes-optimal bipartite risk to an 𝑓 -divergence between product measures for the classconditional densities (§6.2), generalising a result for the case of 0-1 loss due to Torgersen (1991).

• We derived a number of integral representations of the AUC (§5.6), relating them to the integral representation for proper losses, (§5.6.2).

• We studied several properties of the ROC curve, including a to our knowledge novel result (Proposition
13) on how dominance in ROC space implies dominance with respect to any proper composite loss.

• We described a fundamental connection between bipartite raking and classification over pairs (§4).

We have provided a systematic study of the bipartite ranking problem through its statistical risk. In particular:

13. Conclusion and Future Work

Thus, we have an explanation for the specific form of Equation 47—it is due to the probabilistic relation
implicitly underlying the bipartite ranking problem satisfying the product rule, in conjunction with the utility
representation theorem (Proposition 68) for all such relations.

for some 𝑠 ∶ X → ℝ.

(∀𝑥, 𝑥′ ∈ X) 𝜂Pair (𝑥, 𝑥′ ) = 𝜎(𝜎 −1 (𝑠(𝑥)) − 𝜎 −1 (𝑠(𝑥′ )))

The numerators are clearly identical, and the denominators can be shown to be identical by explicit multiplication of the form of 𝜇pair in Appendix B. Consequently, Proposition 68 thus implies that 𝜂Pair must possess
a strict utility representation, meaning it is of the form

(∀𝑥, 𝑥′ ∈ X)

so that the condition for the product rule (Equation 66) may be written
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More broadly, by focussing on the statistical risk and abstracting away finite sample and optimisation
issues, we have aimed to perform a problem-oriented rather than method-oriented analysis, as per Platt (1962).
We believe this gives deeper insight into the connections between problems, and disentangles computational
and statistical concerns. For example, akin to the distributional analysis of the probing reduction (Langford
and Zadrozny, 2005) in Reid and Williamson (2009), we have seen in §10 the broad theoretical connections
between bipartite ranking, class-probability estimation and classification, such as the use of a calibration
transform to convert a scorer that ranks instances optimally to a class-probability estimator. We hope our
results demonstrate the value and encourage further pursuit of this style of analysis for other learning problems.

• Applications. We believe there is scope for our analysis to be extended to problems where both classprobability estimation and bipartite ranking are heavily employed. For example, a challenging learning
scenario is where one has access to only positive and unlabelled examples. Recent work has shown
the value of class-probability estimation (Elkan and Noto, 2008) and bipartite ranking methods (Sellamanickam et al., 2011) for this task. We hope that our analysis can offer directions for theoretical and
algorithmic development for this and related problems.

• Converting pair-scorers to a univariate scorer. Given a pair-scorer, it may be desirable to construct
a procedure that converts it to a univariate scorer. Balcan et al. (2008) devises such a procedure and
provides guarantees on its performance for the standard AUC. It is of interest whether this can be generalised.

• Extension to instance ranking. A natural extension of our results would be the study of the more general
instance ranking problem, where the label space Y is not binary. With suitable assumptions on Y, it is
possible to leverage some analysis from bipartite ranking for such problems (Clémençon et al., 2013).
It is possible that tools from multi-class probability estimation (Vernet et al., 2011) may also be a useful
tool in the study of this problem.

• From the AUC to AUPRC. One may hope to extend our analysis to other popular performance metrics for
bipartite ranking, such as the area under the precision-recall curve (AUPRC). While we briefly touched
upon the AUPRC in §9.4.2, we deferred detailed study due to difficulties in expressing it as a risk.
Understanding the properties this broader class of performance measures is of interest.

• Beyond the Bayes-risk. We acknowledge that the study of the risk is only an initial step in the broader
understanding of the bipartite ranking problem. For example, in the study of the Bayes-optimal scorers,
we have assumed no restrictions of the set of allowed scorers and pair-scorers. In practice, we have
access to only a finite number of samples, and typically use a restricted function class. Understanding
the impact this has on the risk equivalences we have established is of interest. For example, can we
characterise when one risk is more preferable from a statistical or computational point of view?
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A

R ISK-T HEORETIC PERSPECTIVE

∫X
𝑠(𝑥) ⋅ 𝑡(𝑥) 𝑑𝑥 = 0,

We collect some assorted lemmas that are employed in proofs, but are not directly related to bipartite ranking.

(∀𝑡 ∶ X → ℝ)

Lemma 71 Let 𝑠 ∶ X → ℝ be any scorer. If

then 𝑠 is zero almost everywhere.
Proof This is in fact a special case of the fundamental lemma of the calculus of variations, which in turn is a
special case of the du Bois-Reymond lemma (Troutman, 1996, pg. 99; Giaquinta and Hildebrandt, 2004, pg.
16), both of which only requires the statement hold for all infinitely differentiable 𝑡. We show the contrapositive. Suppose 𝑠 ≠ 0 on a set of nonzero measure. Then 𝑡 = 𝑠2 ∶ X → ℝ+ is > 0 on this same set of nonzero
measure. Thus,
𝑠(𝑥) ⋅ 𝑠(𝑥) 𝑑𝑥 =
𝑠(𝑥)2 𝑑𝑥 > 0,
∫X
∫X
where the inequality holds by Folland (1999, Proposition 2.16). Thus, the statement holds.
Lemma 72 Let 𝑓 , 𝑔 ∶ X → ℝ. Then,
(∀𝑥, 𝑥′ ∈ X) 𝑓 (𝑥) < 𝑓 (𝑥′ ) ⟹ 𝑔(𝑥) < 𝑔(𝑥′ )
if and only if 𝑓 = 𝜙◦𝑔 for some non-decreasing 𝜙 ∶ ℝ → ℝ.

Proof ( ⟸ ). This is easily verified by the definition of 𝜙 being non-decreasing.
( ⟹ ). We will construct such a non-decreasing 𝜙. For any 𝑦 ∈ Im(𝑔), let
I(𝑦) = {𝑥 ∈ X ∶ 𝑔(𝑥) = 𝑦}

𝜙(𝑦) = min{𝑓 (𝑥) ∶ 𝑥 ∈ I(𝑦)}.

.

be the preimage of 𝑦 under 𝑔. For any 𝑦 ∈ ℝ, let

𝑔(𝑥) ≥ 𝑔(𝑥′ ) ⟹ 𝑓 (𝑥) ≥ 𝑓 (𝑥′ )

We will check that 𝑓 = 𝜙◦𝑔, and that 𝜙 is non-decreasing.
First, note that for any 𝑥, 𝑥′ ∈ I(𝑦), by definition 𝑔(𝑥) = 𝑔(𝑥′ ). By the contrapositive of the assumption,
and by swapping 𝑥, 𝑥′ ,

𝑔(𝑥) ≤ 𝑔(𝑥′ ) ⟹ 𝑓 (𝑥) ≤ 𝑓 (𝑥′ )

Lemma 73 Let 𝑓 , 𝑔 ∶ X → ℝ. Then,

M ENON AND W ILLIAMSON

(∀𝑥, 𝑥′ ∈ X) sign(𝑓 (𝑥) − 𝑓 (𝑥′ )) = sign(𝑔(𝑥) − 𝑔(𝑥′ ))

if and only if 𝑓 = 𝜙◦𝑔 for some strictly monotone increasing 𝜙 ∶ ℝ → ℝ.

Proof We can equivalently write the condition as

(∀𝑥, 𝑥′ ∈ X) 𝑓 (𝑥) < 𝑓 (𝑥′ ) ⟺ 𝑔(𝑥) < 𝑔(𝑥′ ).

Thus, by Lemma 72, 𝑓 = 𝜙1 ◦𝑔 for some monotone increasing 𝜙1 , and 𝑔 = 𝜙2 ◦𝑓 for some monotone increasing 𝜙2 . Thus 𝑓 = 𝜙1 ◦𝜙2 ◦𝑓 , and so 𝜙1 = 𝜙2−1 . This implies that 𝜙1 and 𝜙2 are invertible, or equivalently,
that they both correspond to strictly monotone increasing transforms.

Lemma 74 Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} , and any 𝑠 ∶ X → ℝ such that 𝜂 = 𝜙◦𝑠 for some nondecreasing 𝜙,
(∀𝑥 ∈ X) Cal(𝑥; 𝐷, 𝑠) = 𝜂(𝑥).

In particular, the above equation holds for any 𝑠 such that 𝑠 = 𝜙◦𝜂 for some strictly monotone 𝜙.

Proof Assuming that the distribution of scores is discrete, for every 𝑥 ∈ X,

Cal(𝑥; 𝐷, 𝑠) = ℙ[𝖸 = 1|𝑠(𝖷) = 𝑠(𝑥)]

𝔼

𝖷∼𝑀

𝔼

𝔼

𝖷∼𝑀

𝖷∼𝑀

[

J𝑠(𝖷) = 𝑠(𝑥)K

J𝑠(𝖷) = 𝑠(𝑥)K

]

𝔼 J𝖸 = 1, 𝑠(𝖷) = 𝑠(𝑥)K
(𝖷,𝖸)∼𝐷
=
𝔼 J𝑠(𝖷) = 𝑠(𝑥)K
(𝖷,𝖸)∼𝐷
[
]
𝔼 𝜂(𝖷) ⋅ J𝑠(𝖷) = 𝑠(𝑥)K
𝖷∼𝑀
=
[
]
𝔼 J𝑠(𝖷) = 𝑠(𝑥)K
𝖷∼𝑀
[
]
𝔼 𝜙(𝑠(𝖷)) ⋅ J𝑠(𝖷) = 𝑠(𝑥)K
𝖷∼𝑀
by assumption on 𝜂
=
[
]
𝔼 J𝑠(𝖷) = 𝑠(𝑥)K
𝖷∼𝑀
[
]
𝔼 𝜙(𝑠(𝑥)) ⋅ J𝑠(𝖷) = 𝑠(𝑥)K
𝖷∼𝑀
[
]
J𝑠(𝖷) = 𝑠(𝑥)K
[
]
=

= 𝜙(𝑠(𝑥)) ⋅
𝑔(𝑥) = 𝑔(𝑥′ ) ⟹ 𝑓 (𝑥) = 𝑓 (𝑥′ ).

so that

= 𝜙(𝑠(𝑥))
𝜙(𝑦) = 𝑓 (𝑥).
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Suppose we have a distribution 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} . Assume that 𝑀, 𝑃 , 𝑄 have densities
𝜇, 𝑝, 𝑞. We summarise some properties of the resulting distribution over pairs, 𝐷BR ∈ ΔX×X×{±1} . We will

Appendix B. Properties of the Derived Ranking Distribution 𝐷BR

When the distribution of scores is continuous, we repeat the above, but using Dirac delta instead of indicator
functions.

= 𝜂(𝑥).

Thus for any 𝑥, 𝑥′ ∈ I(𝑦), 𝑓 (𝑥) = 𝑓 (𝑥′ ). Thus, for any 𝑥 ∈ I(𝑦),
Now, for any 𝑥0 ∈ X,

= 𝑓 (𝑥0 ).

𝜙(𝑔(𝑥0 )) = min{𝑓 (𝑥) ∶ 𝑥 ∈ I(𝑔(𝑥0 ))}

JMLR 17(195):1-102

Thus, 𝑓 = 𝜙◦𝑔. To see that 𝜙 is non-decreasing, pick 𝑦 < 𝑦′ , and 𝑥 ∈ I(𝑦), 𝑥′ ∈ I(𝑦′ ). Then 𝑦 = 𝑔(𝑥) <
𝑔(𝑥′ ) = 𝑦′ . Since 𝑔(𝑥) < 𝑔(𝑥′ ) implies 𝑓 (𝑥) = 𝜙(𝑦) < 𝜙(𝑦′ ) = 𝑓 (𝑥′ ), we see that 𝑦 < 𝑦′ ⟹ 𝜙(𝑦) < 𝜙(𝑦′ ).
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⋅

𝑝(𝑥′ )
𝑞(𝑥′ )

𝑝(𝑥)
𝜋
𝜎 −1 (𝜂(𝑥)) = log
+ log
.
1−𝜋
𝑞(𝑥)
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(∀𝛼 ∈ (0, 1)) 𝜌′ (𝛼) = (FPR−1 )′ (𝛼) ⋅ TPR′ (FPR−1 (𝛼))
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For completeness we present two well known results about the derivative of the ROC curve, and its relationship
to the optimal threshold for cost-sensitive learning.
Proof [Proof of Proposition 8] By the chain rule,

Appendix C. Properties of the ROC Curve

𝜋pair =

1
2
𝑃 ×𝑄+𝑄×𝑃
𝑀pair =
2
(∀𝑥, 𝑥′ ∈ X) 𝜂Pair (𝑥, 𝑥′ ) = 𝜎(𝜎 −1 (𝜂(𝑥)) − 𝜎 −1 (𝜂(𝑥′ ))).

𝑄pair = 𝑄 × 𝑃

𝑃pair = 𝑃 × 𝑄

Thus, the distributions of primary interest in the paper are:

The last identity follows because

1+

𝑞(𝑥)
𝑝(𝑥)
−1

𝑝(𝑥) ⋅ 𝑞(𝑥′ )
𝑝(𝑥) ⋅ 𝑞(𝑥′ ) + 𝑝(𝑥′ ) ⋅ 𝑞(𝑥)
1

= 𝜎(𝜎 (𝜂(𝑥)) − 𝜎 −1 (𝜂(𝑥′ ))).

=

ℙ[𝖹 = 1|𝖷 = 𝑥, 𝖷′ = 𝑥′ ] =

= 𝜎(𝜎 −1 (𝜂(𝑥)) − 𝜎 −1 (𝜋))

=

2
1
⋅ 𝜇(𝑥) ⋅ 𝜇(𝑥′ ) ⋅ (𝜂(𝑥) ⋅ (1 − 𝜂(𝑥′ )) + 𝜂(𝑥′ ) ⋅ (1 − 𝜂(𝑥)))
2𝜋(1 − 𝜋)
𝑝(𝑥) + 𝑞(𝑥)
𝑝𝖷 (𝑥) =
2
𝑝(𝑥) ⋅ 𝑞(𝑥′ ) + 𝑝(𝑥′ ) ⋅ 𝑞(𝑥)
𝑝𝖷|𝖷′ =𝑥′ (𝑥) =
𝑝(𝑥) + 𝑞(𝑥)
𝑝(𝑥)
ℙ[𝖹 = 1|𝖷 = 𝑥] =
𝑝(𝑥) + 𝑞(𝑥)

𝑝𝖷,𝖷′ (𝑥, 𝑥′ ) =

𝑝(𝑥) ⋅ 𝑞(𝑥′ ) + 𝑝(𝑥′ ) ⋅ 𝑞(𝑥)

= J𝑧 = 1K ⋅ 𝑝(𝑥) ⋅ 𝑞(𝑥′ ) + J𝑧 = −1K ⋅ 𝑝(𝑥′ ) ⋅ 𝑞(𝑥)

𝑝𝖷,𝖷′ |𝖹=𝑧 (𝑥, 𝑥′ ) = 𝑝𝖷|𝖹=𝑧 (𝑥) ⋅ 𝑝𝖷′ |𝖹=𝑧 (𝑥′ )

From these, we may derive other marginals and conditionals for 𝐷BR , and relate them to those of 𝐷:

𝑝𝖷′ |𝖹=𝑧 (𝑥′ ) = J𝑧 = 1K ⋅ 𝑞(𝑥′ ) + J𝑧 = −1K ⋅ 𝑝(𝑥′ ).

ℙ[𝖹 = 1] =

1
2
𝑝𝖷|𝖹=𝑧 (𝑥) = J𝑧 = 1K ⋅ 𝑝(𝑥) + J𝑧 = −1K ⋅ 𝑞(𝑥)

associate this distribution with the random variable triplet (𝖷, 𝖷′ , 𝖹). By definition, we have

B IPARTITE R ANKING:

TPR′ (FPR−1 (𝛼))

ℙ[𝖸 = 1|𝖲 = 𝑎] ⋅ ℙ[𝖲 = 𝑎]
,
ℙ[𝖸 = 1]

.

𝜌′ (FPR(𝑡0 )) =

𝑐
1−𝜋
⋅
.
1−𝑐
𝜋

TPR′ (𝑡0 )
𝜋
𝑐
⋅
=
.
1 − 𝜋 FPR′ (𝑡0 )
1−𝑐
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The maximal ROC curve is intimately related to the following classical hypothesis testing problem. Suppose
we have (known) probability distributions 𝑃+1 , 𝑃−1 over an instance space X, with densities 𝑝−1 , 𝑝+1 with
respect to some reference measure (this could simply be (𝑃+1 + 𝑃−1 )∕2). We are given a sample 𝑥 drawn from
one of 𝑃{±1} . We wish to determine whether or not 𝑖 = 1, i.e. conduct a hypothesis test between 𝐻0 ∶ 𝑖 = −1
and 𝐻1 ∶ 𝑖 = +1. The Neyman-Pearson problem (Lehmann and Romano, 2005, pg. 59) asks for the test that
has the most power in discriminating between the two alternatives, assuming the false positive rate is fixed at
some value 𝛼 ∈ [0, 1].

Appendix D. Relationship Between the ROC Curve and the Neyman-Pearson
Problem

and since the choice of 𝑡0 was arbitrary from the set of optimal thresholds, we conclude that 𝑡∗ (𝑐) = {(Prb)−1 (𝑐)}.

𝑡0 = Prb−1 (𝑐),

Prb(𝑡0 )
𝑐
=
.
1 − Prb(𝑡0 ) 1 − 𝑐
When Prb(⋅ ; 𝐷, 𝑠) is invertible, we thus have

By Proposition 8, this implies

This is exactly

i.e.

0 = 𝑅′ (𝑡0 ) = 𝜋 ⋅ (1 − 𝑐) ⋅ FNR′ (𝑡0 ) + (1 − 𝜋) ⋅ 𝑐 ⋅ FPR′ (𝑡0 ),

be the risk for a fixed scorer 𝑠 when using a threshold 𝑡. Pick any optimal threshold 𝑡0 ∈ 𝑡∗ (𝑐; 𝐷, 𝑠). This must
satisfy

= 𝜋 ⋅ (1 − 𝑐) ⋅ FNR(𝑡) + (1 − 𝜋) ⋅ 𝑐 ⋅ FPR(𝑡)

(∀𝑡 ∈ ℝ) 𝑅(𝑡) = 𝕃(𝑠 − 𝑡; 𝐷, 𝓁CS(𝑐) )

Proof [Proof of Proposition 11] Let

𝑝𝑆 (𝑎) 1 − 𝜋
ℙ[𝖸 = 1|𝖲 = 𝑎]
=
⋅
,
𝑞𝑆 (𝑎)
𝜋
1 − ℙ[𝖸 = 1|𝖲 = 𝑎]
and by definition, Prb(𝑎; 𝐷, 𝑠) = ℙ[𝖸 = 1|𝖲 = 𝑎].

and similarly for 𝑞𝑆 . Thus

(∀𝑎 ∈ ℝ) 𝑝𝑆 (𝑎) = 𝑝𝖲|𝖸=1 (𝑎) =

By Bayes’ rule, for a random variable 𝖲 ∼ 𝑆 for 𝑆 the distribution of scores,

FPR′ (FPR−1 (𝛼))
𝑝𝑆 (FPR−1 (𝛼))
=
by Equation 22.
𝑞𝑆 (FPR−1 (𝛼))

=
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max TPR(ℎ; 𝐷) ∶ FPR(ℎ; 𝐷) ≤ 𝛼,

ℎ∈{±1}X

Definition 75 (Neyman-Pearson problem) Pick any 𝜋 ∈ (0, 1), and let 𝐷 = ⧼𝑃+1 , 𝑃−1 , 𝜋⧽ ∈ ΔX×{±1} . For
a fixed 𝛼 ∈ [0, 1], the Neyman-Pearson problem is

where in an abuse of notation
TPR(ℎ; 𝐷) = ℙ𝖷∼𝑃+1 [ℎ(𝖷) = +1]
FPR(ℎ; 𝐷) = ℙ𝖷∼𝑃−1 [ℎ(𝖷) = +1] .

The optimal classifier ℎ∗ (𝑥) is called the uniformly most powerful test at 𝛼.
From a learning perspective, a test ℎ is simply a classifier ℎ ∶ X → {±1} that specifies which of the two
hypotheses is preferred. Further, we can view the densities as being class-conditionals 𝑝𝑦 (𝑥) = 𝑝𝖷|𝖸=𝑦 (𝑥).
Thus, given a distribution 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} , the Neyman-Pearson problem arises when we wish to
find a classifier that has maximal true positive rate for a fixed false positive rate.
D.1 The Neyman-Pearson Lemma

The Neyman-Pearson lemma (Lehmann and Romano, 2005, pg. 60) specifies the optimal solution to the
Neyman-Pearson problem.

{
s
𝑝+1 (𝑥)
≥ 𝑡∗ (𝛼; 𝐷)
𝑝−1 (𝑥)

Lemma 76 (Neyman-Pearson lemma) Pick any 𝜋 ∈ (0, 1), and let 𝐷 = ⧼𝑃+1 , 𝑃−1 , 𝜋⧽ ∈ ΔX×{±1} where
𝑃{±1} have densities 𝑝{±1} with respect to some reference measure. For any 𝛼 ∈ [0, 1], the uniformly most
powerful test at 𝛼 is
ℎ∗ (𝑥; 𝛼, 𝐷) =

where 𝑡∗ (𝛼; 𝐷) is such that the classifier achieves desired false positive rate,
FPR(ℎ∗ (𝑥; 𝛼, 𝐷); 𝐷) = 𝛼.

∫𝑥∈A

𝑝− (𝑥) 𝑑𝑥 ≤ 𝛼.

(𝑝+ (𝑥) − 𝜆 ⋅ 𝑝− (𝑥)) 𝑑𝑥 + 𝜆 ⋅ 𝛼.

𝑝+ (𝑥) 𝑑𝑥 subject to

]
[
TPR(ℎ; 𝐷) = ℙ𝖷∼𝑃+ 𝖷 ∈ Aℎ
[
]
FPR(ℎ; 𝐷) = ℙ𝖷∼𝑃− 𝖷 ∈ Aℎ .

For completeness, we present a proof based on Lagrange multipliers, following Hippenstiel (2001, pg.
92).
Proof Given a classifier ℎ, let
.
Aℎ = {𝑥 ∈ X ∶ ℎ(𝑥) = +1}.
Then,

Thus, the problem is equivalent to
max

A⊆X ∫𝑥∈A

Now consider the Lagrangian

(A, 𝜆) =

∫𝑥∈A

JMLR 17(195):1-102

Clearly, the A which maximises  is such that the integrand is always nonnegative:
{
} {
(
)
}
𝑝+ (𝑥)
𝑝+ (𝑥)
𝑥∈X∶
≥ 𝜆∗ = 𝑥 ∈ X ∶ 𝜙
≥ 𝜙(𝜆∗ ) ,
𝑝− (𝑥)
𝑝− (𝑥)
A∗ (𝜆∗ ) =
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𝑝− (𝑥).

𝑝+1 (𝑥)
𝑝−1 (𝑥)

for any 𝜙 strictly monotone increasing. Thus, the optimal test or classifier is based on thresholding a scorer
of the form
)
(

𝑠∗ (𝑥) = 𝜙

∫𝑥∈A∗ (𝜆∗ )

with the threshold 𝜆∗ being the solution to the equation
𝛼=

In practical learning settings, the optimal solution to the Neyman-Pearson problem cannot be computed
as it assumes full knowledge of the underlying distributions. A natural approach is to use empirical versions
of the appropriate distributions. For a fixed false positive rate 𝛼, various optimisation schemes have been
proposed such as neural network based density estimation (Streit, 1990), SVMs (Davenport et al., 2010) and
non-convex optimisation (Gasso et al., 2011).

D.2 Implications of the Neyman-Pearson Lemma

𝑝+1 (𝑥)
.
𝑝−1 (𝑥)

From a hypothesis testing perspective, the optimal scoring function is seen to be a strictly monotone increasing
transform of the likelihood ratio

.

(∀𝑥 ∈ X) Λ(𝑥) =

From an ROC perspective, the Neyman-Pearson problem can be seen as picking a particular point on the
horizontal axis (by virtue of fixing the FPR), and asking for the scoring function that yields the maximum
value along the vertical axis (by virtue of maximising the TPR). The Neyman-Pearson lemma concludes that
this is achieved by a strictly monotone increasing transformation of Λ(𝑥), regardless of the FPR value. Thus,
maximising the AUC can be seen as solving a Neyman-Pearson problem for every possible false positive rate,
as in Corollary 16.

Appendix E. Bayes-Optimal Classification Risk and Regret

A classical result establishes that the Bayes 0-1 risk may be expressed in terms of the variational divergence between the class-conditional distributions 𝑃 and 𝑄 (Devroye et al., 1996, pg. 14). This gives an interpretation
of the Bayes 0-1 risk, which is the inherent “difficulty” of the problem, in terms of amount of overlap between
the distributions for the two classes. In fact, the variational divergence can be replaced by any 𝑓 -divergence,
with the Bayes 0-1 risk being replaced by the Bayes 𝓁-classification risk for suitable 𝓁.

(

𝜂
1−𝜋
⋅
𝜋
1−𝜂

)

,

(67)

Proposition 77 (Österreicher and Vajda, 1993; Reid and Williamson, 2011, Theorem 9) For any 𝐷 =
⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} , convex 𝑓 ∶ ℝ+ → ℝ, and loss 𝓁 with conditional Bayes risk

1−𝜂
⋅𝑓
1−𝜋

𝕃∗ (𝐷, 𝓁) = 𝐿∗ (𝜋; 𝓁) − 𝕀𝑓 (𝑃 , 𝑄).

(∀𝜂 ∈ (0, 1)) 𝐿∗ (𝜂; 𝓁) = −
the Bayes-risk can be written

(

JMLR 17(195):1-102

)
𝜋⋅𝑡
;𝓁 .
𝜋⋅𝑡+1−𝜋

Conversely, Equation 67 holds for any 𝐷 = ⧼𝑃 , 𝑄, 𝜋⧽ ∈ ΔX×{±1} , loss 𝓁 with concave conditional Bayes
risk 𝐿∗ (⋅; 𝓁) ∶ [0, 1] → ℝ+ , and 𝑓 ∶ ℝ+ → ℝ defined by

(∀𝑡 ∈ ℝ) 𝑓 (𝑡) = 𝐿∗ (𝜋; 𝓁) − (𝜋 ⋅ 𝑡 + 1 − 𝜋) ⋅ 𝐿∗
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(∀𝑥, 𝑥′ ∈ X) 𝜂(𝑥) ≠ 𝜂(𝑥′ ) ⟹ sign(Dif f (𝑠∗ )(𝑥, 𝑥′ )) = sign(𝜂(𝑥) − 𝜂(𝑥′ )).
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When 𝜙 is strictly convex, 𝑓 is strictly monotone because the numerator above cannot be 0. Thus, the conditions of Corollary 16 in Vernet et al. (2011) hold, and so 𝓁 is strictly proper composite.

𝑓 (𝑣) =

.

𝜙′ (𝑣)
𝜙′ (−𝑣)
is continuous by differentiability of 𝜙, and monotone by monotonicity and convexity of 𝜙, since
(
)
1
⋅ 𝜙′ (−𝑣)𝜙′′ (𝑣) + 𝜙′′ (−𝑣)𝜙′ (𝑣) ≤ 0.
𝑓 ′ (𝑣) =
(𝜙′ (𝑣))2

Further, the function

Proof Let 𝜙 meet the stated conditions. Since 𝜙 is convex and monotone decreasing with 𝜙′ (0) < 0, then it
must be true that
(∀𝑣 ∈ ℝ)(𝜙′ (𝑣) ≠ 0 ∨ 𝜙′ (−𝑣) ≠ 0).

Proposition 81 Let 𝜙 be differentiable with 𝜙′ (0) < 0, monotone decreasing, and strictly convex. Then,
𝓁(𝑦, 𝑣) = 𝜙(𝑦𝑣) is strictly proper composite.

We show how to interpret these results in terms of proper composite losses. First, we show that the
conditions of their theorems imply that 𝓁 is a proper composite margin loss.

if and only if 𝜙′ (−𝑠)∕𝜙′ (𝑠) = 𝑒𝑎𝑠 for some 𝑎 > 0.

Proposition 80 (Uematsu and Lee, 2012, Theorem 7) Suppose 𝓁(𝑦, 𝑣) = 𝜙(𝑦𝑣) for some 𝜙 ∶ ℝ → ℝ+ ,
′
where 𝜙 is differentiable, strictly monotone decreasing, convex, and 𝑓 ∶ 𝑠 ↦ 𝜙𝜙(−𝑠)
′ (𝑠) is strictly increasing.
Given any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} ,
S∗BR (𝐷, 𝓁) ⊆ SDecomp

If 𝜙 is strictly convex, then the above also holds when 𝜂(𝑥) = 𝜂(𝑥′ ).

Then,

Proposition 79 (Uematsu and Lee, 2012, Theorem 3) Suppose 𝓁(𝑦, 𝑣) = 𝜙(𝑦𝑣) for some 𝜙 ∶ ℝ → ℝ+ ,
where 𝜙 is differentiable, monotone decreasing, convex, and 𝜙′ (0) < 0. For a given distribution 𝐷 =
⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} , let
𝑠∗ ∈ S∗BR (𝐷, 𝓁).

The following are the results shown in Uematsu and Lee (2012).

Appendix F. Interpretation of Uematsu and Lee (2012) in Terms of Proper Losses

Proposition 78 shows that if a scorer has low 𝓁-risk with respect to some proper composite loss, then
𝜂̂ = Ψ−1 ◦𝑠 is a good estimate of 𝜂 in a precise sense: it has low average Bregman divergence to 𝜂.

where in an abuse of notation 𝐿∗ = 𝐿∗ (⋅; 𝓁).

regret(𝑠; 𝐷, 𝓁) = 𝔹−𝐿∗ (𝜂, Ψ ◦𝑠)

−1

Proposition 78 (Buja et al., 2005; Reid and Williamson, 2011) For any 𝐷 = ⧼𝑀, 𝜂⧽ ∈ ΔX×{±1} , 𝓁 ∈
LSPC (Ψ), and scorer 𝑠 ∶ X → ℝ,

Recalling that for a proper composite loss 𝓁 with underlying proper loss 𝜆, the conditional Bayes risks
coincide i.e. 𝐿∗𝓁 = 𝐿∗𝜆 , we see that for a proper loss 𝜆 Proposition 77 holds for any choice of proper composite
𝓁 resulting from the composition of 𝜆 with an invertible link function Ψ.
One can also relate the regret with respect to any proper composite loss to an appropriate generative
Bregman divergence.

B IPARTITE R ANKING:

𝜙′ (−𝑠)
𝜙′ (𝑠)

is

1
⟺ 𝜙′ (−𝑣)∕𝜙′ (𝑣) = 𝑒𝑎𝑣 .
1 + 𝑒−𝑎𝑣

𝜙′ (𝑣)
𝜙′ (−𝑣)

1

′ (𝑣)
𝓁−1

𝓁1′ (𝑣)

1

𝑖=1 𝑗=1
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where 𝑒𝑖 is the 𝑖th standard basis vector in ℝ𝑛 . The Bayes-optimal risk is simply the minimiser of the above
objective, and may be computed by numerical optimisation.
We performed 20 repetitions of the following experiment: for 𝑁 = 10 instances, we draw 𝜂𝑖 ∼ Beta(4, 3),
∑
𝑍𝑖 ∼ Beta(6, 2), and set 𝑀𝑖 = 𝑍𝑖 ∕ 𝑗 𝑍𝑗 . We then scaled the 𝜂’s to lie in [0.01, 0.99], ensuring that the

𝑖=1 𝑗=1

𝑁 ∑
𝑁
∑
[
]
=
𝜂𝑖 ⋅ (1 − 𝜂𝑗 ) ⋅ (𝓁1 (⟨𝑠, 𝑒𝑖 − 𝑒𝑗 ⟩) + 𝓁−1 (⟨𝑠, 𝑒𝑗 − 𝑒𝑖 ⟩) ,

𝑁
𝑁 ∑
∑
[
]
=
𝜂𝑖 ⋅ (1 − 𝜂𝑗 ) ⋅ (𝓁1 (𝑠𝑖 − 𝑠𝑗 ) + 𝓁−1 (𝑠𝑗 − 𝑠𝑖 )

𝖷∼𝑃 ,𝖷 ∼𝑄

We present an empirical illustration of the fact that Corollary 45 holds for an asymmetric proper composite
loss. We work with a discrete distribution over 𝑁 instances, where the instance 𝑖 has probability 𝑀𝑖 of being
drawn, and has an associated probability 𝜂𝑖 of having a positive label. A scorer 𝑠 is then some vector in ℝ𝑛 .
Given a loss 𝓁, the bipartite risk of the scorer 𝑠 is
[
]
𝕃BR (𝑠; 𝐷, 𝓁) =
𝔼′
𝓁symm (𝑠(𝖷) − 𝑠(𝖷′ ))

1
1 + 𝑒−𝑎𝑣

1+

1−

Appendix G. Empirical Illustration of Corollary 45

where the last line is true iff the asserted statement holds.

=

=

(∀𝑣 ∈ ℝ) Ψ−1 (𝑣) =

Proof The link function for a differentiable proper composite loss satisfies

(∀𝑎 ∈ ℝ ⧵ {0}) (∀𝑣 ∈ ℝ) Ψ−1 (𝑣) =

Lemma 83 Let 𝓁 ∈ LSPC (Ψ) be such that 𝓁(𝑦, 𝑣) = 𝜙(𝑦𝑣) for some differentiable 𝜙 ∶ ℝ → ℝ+ . Then,

By Lemma 73, the statement of Uematsu and Lee (2012, Theorem 3) is equivalent to saying that 𝜂 = 𝑔◦𝑠∗
for some non-decreasing 𝑔 when 𝜙 is convex, and 𝑔 is strictly increasing when 𝜙 is strictly convex. Thus, this
strictly convex part of the result is as per Corollary 48, except that the latter explicitly provides the form of
the link function relating 𝜂 and 𝑠∗ .
The following shows that the conditions in their Theorem 7 imply that the inverse link function is of the
form Ψ−1 (𝑣) = 1+𝑒1−𝑎𝑣 , which means the result is a special case of Proposition 44 where 𝓁 is a margin loss.

Proof The proof follows by the conditions of Corollary 16 in Vernet et al. (2011), as before, with invertibility
′
𝑓 ∶ 𝑠 ↦ 𝜙𝜙(−𝑠)
′ (𝑠) directly assumed rather than derived as a consequence of strict convexity.

Lemma 82 Let 𝜙 be differentiable, strictly monotone decreasing, convex, and such that 𝑓 ∶ 𝑠 ↦
strictly increasing. Then, 𝓁(𝑦, 𝑣) = 𝜙(𝑦𝑣) is strictly proper composite.
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minimum and maximum values are attained. Given this distribution, we minimised the bipartite risk using
L-BFGS, obtaining the Bayes-optimal scorer 𝑠∗ . As the risk is invariant to translations, we transformed the
solution so that its minimum value equals Ψ(0.01) (thus agreeing with that of the expected optimal solution).
We collected the corresponding pairs of (𝜂𝑖 , 𝑠𝑖∗ ) values for all 20 repetitions. We then plotted the graph of the
resulting 𝜂 values versus the 𝑠∗ values. If 𝑠∗ is a strictly monotone transform of 𝜂, then the plot will reflect this
(as the different 𝜂 values from the trials represent different sampling points of the domain of this function).
Figure 3 shows the results where 𝓁 is the asymmetric 𝑝-classification loss for 𝑝 = 2,
(
)
1 2𝑣 −𝑣
⋅ 𝑒 ,𝑒
2

𝓁(𝑦, 𝑣) =

𝑦𝑣
+
2

1+

𝑣2
.
4

Squared loss employs the identity link, while the canonical boosting loss uses the link Ψ(𝜂) =

91
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thus neither induce a decomposable pair-scorer according to Proposition 44.
Figure 4 shows that the relationship between 𝜂 and 𝑠∗ for these losses across multiple trials is not monotone,
and significantly deviates from the optimal solution in the class-probability estimation setting, viz. 𝑠∗ = Ψ(𝜂)
for Ψ the identity mapping. This indicates that in general, the relationship between 𝜂 and 𝑠∗ is distribution
dependent.
Figures 5 and 6 further studies the relationship between the two quantities for each individual trial. We
see that, for a given trial (or equivalently for a given distribution), the relationship between 𝜂 and 𝑠∗ is strictly

2𝜂−1
√
,
𝜂(1−𝜂)

We now present an empirical illustration of the facts that for a proper composite loss whose Bayes-optimal
pair-scorer is non-decomposable, (a) the optimal univariate scorer is a strictly monotone transform of 𝜂, and
(b) the transformation is distribution dependent. We repeated the setup of Appendix G, except that we worked
with 𝓁 being the squared loss, 𝓁(𝑦, 𝑣) = (1 − 𝑦𝑣)2 , and the canonical boosting loss (Buja et al., 2005),
√

Appendix H. Empirical Illustration of Corollary 48

We see that the relationship between the two is strictly monotone. Also shown on the graph is the plot of 𝜂
versus Ψ◦𝜂, where Ψ = 21 𝜎 −1 ; this perfectly agrees with the observed 𝑠∗ values, as predicted by the theory.

𝓁(𝑣) =

Figure 3: Results of 20 simulation trials to illustrate Bayes-optimal scorer (Corollary 45) for the case of an
asymmetric loss. Here, the distribution 𝐷 is varied across each trial, and the relationship between
the (𝜂, 𝑠∗ ) pairs across all trials is plotted. The relationship exactly matches that of 𝑠∗ = Ψ(𝜂).
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monotone, as expected. However, across different trials, it is evident that the precise monotone transformation
is different.

Appendix I. Empirical Illustration of Optimal 𝑝-Norm Push Pair-Scorer

We now present an empirical illustration of the fact that for a general proper composite loss, (a) the optimal
𝑝-norm push pair-scorer is a strictly monotone transform of 𝜂Pair , and (b) the transformation is distribution
dependent. We repeated the setup of Appendix G, except that we worked with the 𝑝-norm push risk for 𝑝 = 4,
with 𝓁 being logistic loss, and considered 𝑛 = 5 to reduce the number of 𝜂Pair values.
∗
Figure 7 shows the relationship between 𝜂Pair and 𝑠Pair
across multiple trials is not monotone, and significantly deviates from the optimal solution in the class-probability estimation setting, viz. 𝑠∗ = Ψ(𝜂) for
Ψ = 1 𝜎 −1 . This indicates that in general, the relationship between 𝜂Pair and 𝑠∗ is distribution dependent.
Pair
𝑝
Figure 8 further studies the relationship between the two quantities for each individual trial. We see that,
∗
for a given trial (or equivalently for a given distribution), the relationship between 𝜂Pair and 𝑠Pair
is strictly
monotone, as expected.

Appendix J. Empirical Illustration of Optimal 𝑝-Norm Push Univariate Scorer

We now present an empirical illustration of the fact that for a general proper composite loss, the optimal 𝑝norm push univariate scorer is a distribution dependent transform of 𝜂. We repeat the setup of Appendix G,
except that we worked with the 𝑝-norm push risk for 𝑝 = 4, with 𝓁 being logistic loss, and considered 𝑛 = 5
to reduce the number of 𝜂Pair values.
Figure 9 shows the relationship between 𝜂 and 𝑠∗ across multiple trials is not monotone, and significantly
deviates from the optimal solution in the class-probability estimation setting, viz. 𝑠∗ = Ψ(𝜂) for Ψ = 1𝑝 𝜎 −1 .

Appendix K. Illustration of Hand’s Representation and Proper Loss Equivalence

JMLR 17(195):1-102

We illustrate empirically that the AUC for certain calibrated scorers is equivalent to a suitable risk with respect
to a proper loss, owing to Hand’s representation (Equation 34). For a fixed 𝑛, we consider a finite instance
space X = {0, 1∕𝑛, 2∕𝑛, … , 1}. We consider a distribution 𝐷 over X where the marginal 𝑀 is uniform and
the class-probability function 𝜂 is of a pre-specified form. Specifically, we considered ℙ[𝜂(𝖷) = 𝑐] ∝ 𝑤(𝑐),
where 𝑤(𝑐) is the weight function corresponding
√ to a proper loss. We considered two choices of 𝑤: 𝑤(𝑐) = 1,
corresponding to square loss, and 𝑤(𝑐) = 1∕ 𝑐 ⋅ (1 − 𝑐), corresponding to the arcsin loss of Buja et al. (2005,
Section 11).
For a given 𝑛, we then computed the AUC of the scorer 𝑠∗ = 𝜂, and compared it to the corresponding
proper loss of the scorer. Hand’s representation (Equation 34) suggests that as 𝑛 → ∞, so that the distribution
of the scores is exactly the weight of the proper loss, the two will be equivalent.
Figure 10 shows that for a large 𝑛, one minus the AUC and the appropriate proper risk converge. The
results compare the two over 100 trials, where each trial corresponds to a different random draw of 𝜂 from the
distribution with density given by the appropriately normalised weight 𝑤(⋅).
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Figure 6: Results of 9 simulation trials to illustrate order preserving Bayes-optimal scorer (Corollary 48) for
the case of canonical boosting loss. Here, the distribution 𝐷 is varied across each trial, and each
panel represents the relationship between 𝜂 and 𝑠∗ for a specific trial.
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represents the relationship between 𝜂 and 𝑠∗ for a specific trial.
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Figure 8: Results of 9 simulation trials to illustrate the distribution dependent relationship between 𝜂Pair and
𝑠∗Pair for 𝑝-norm push with logistic loss. Here, the distribution 𝐷 is varied across each trial, and
each panel represents the relationship between 𝜂Pair and 𝑠∗Pair for a specific trial.
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Figure 7: Results of 9 simulation trials to illustrate the relationship between 𝜂Pair and 𝑠∗Pair for 𝑝-norm push
with logistic loss. Here, the distribution 𝐷 is varied across each trial, and the relationship between
the (𝜂Pair , 𝑠∗Pair ) pairs across all trials is plotted.
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Figure 10: Results of 100 simulation trials to illustrate the relationship between the AUC and a proper risk,
for different choices of distribution on the underlying optimal scorer 𝑠∗ = 𝜂 on an instance space
with 𝑛 elements.

0.05
0

10

Figure 9: Results of 20 simulation trials to illustrate the relationship between 𝜂 and 𝑠∗ for 𝑝-norm push with
logistic loss. Here, the 𝜂𝑖 and 𝑀𝑖 values were varied across each trial, and each panel represents
the relationship between 𝜂 and 𝑠∗ for a specific trial.
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Latent factor models are the canonical statistical tool for exploratory analyses of lowdimensional linear structure for a matrix of p features across n samples. We develop a
structured Bayesian group factor analysis model that extends the factor model to multiple
coupled observation matrices; in the case of two observations, this reduces to a Bayesian
model of canonical correlation analysis. Here, we carefully define a structured Bayesian
prior that encourages both element-wise and column-wise shrinkage and leads to desirable
behavior on high-dimensional data. In particular, our model puts a structured prior on the
joint factor loading matrix, regularizing at three levels, which enables element-wise sparsity
and unsupervised recovery of latent factors corresponding to structured variance across
arbitrary subsets of the observations. In addition, our structured prior allows for both
dense and sparse latent factors so that covariation among either all features or only a subset
of features can be recovered. We use fast parameter-expanded expectation-maximization
for parameter estimation in this model. We validate our method on simulated data with
substantial structure. We show results of our method applied to three high-dimensional
data sets, comparing results against a number of state-of-the-art approaches. These results
illustrate useful properties of our model, including i) recovering sparse signal in the presence
of dense effects; ii) the ability to scale naturally to large numbers of observations; iii) flexible
observation- and factor-specific regularization to recover factors with a wide variety of
sparsity levels and percentage of variance explained; and iv) tractable inference that scales
to modern genomic and text data sizes.
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where λ·h is the hth column of Λ. This factorization suggests that each factor contributes
to the covariance of the sample through its corresponding loading. Traditional exploratory
data analysis methods including principal component analysis (PCA) (Hotelling, 1933), independent component analysis (ICA) (Comon, 1994), and canonical correlation analysis
(CCA) (Hotelling, 1936) all have interpretations as latent factor models. Indeed, the field
of latent variable models is extremely broad, and robust unifying frameworks are desirable (Cunningham and Ghahramani, 2015).
Considering latent factor models (Equation 1) as capturing a low-rank estimate of the
feature covariance matrix, we can characterize canonical correlation analysis (CCA) as
(1)
(2)
modeling paired observations yi ∈ Rp1 ×1 and yi ∈ Rp2 ×1 across n samples to identify
a linear latent space for which the correlations between the two observations are maximized (Hotelling, 1936; Bach and Jordan, 2005). The Bayesian CCA (BCCA) model extends this covariance representation to two observations: the combined loading matrix
jointly models covariance structure shared across both observations and covariance local to
each observation (Klami et al., 2013). Group factor analysis (GFA) models further extend
this representation to m coupled observations for the same sample, modeling, in its fullest
generality, the covariance associated with every subset of observations (Virtanen et al.,
2012; Klami et al., 2014b). GFA becomes intractable when m is large due to exponential
explosion of covariance matrices to estimate.
In a latent factor model, the loading matrix Λ plays an important role in the subspace
mapping. In applications where there are fewer samples than features—the n  p scenario (West, 2003)—it is essential to include strong regularization on the loading matrix

Ω = ΛΛT + Σ =

for i = 1, . . . , n. It is often assumed that xi follows a Nk (0, Ik ) distribution, where Ik is the
identity matrix of dimension k, and i ∼ Np (0, Σ), where Σ is a p × p diagonal covariance
matrix with σj2 for j = 1, . . . , p on the diagonal. In many applications of factor analysis, the
number of latent factors k is much smaller than the number of features p and the number
of samples n. Integrating over factor xi , this model produces a low-rank estimation of the
feature covariance matrix. In particular, the covariance of yi , Ω ∈ Rp×p , is estimated as

yi = Λxi + i ,

Factor analysis models have attracted attention recently due to their ability to perform
exploratory analyses of the latent linear structure in high-dimensional data (West, 2003;
Carvalho et al., 2008; Engelhardt and Stephens, 2010). A latent factor model finds a lowdimensional representation xi ∈ Rk×1 of high-dimensional data with p features, yi ∈ Rp×1
in i = 1, . . . , n samples. A sample in the low-dimensional space is linearly projected to the
original high-dimensional space through a loadings matrix Λ ∈ Rp×k with Gaussian noise
i ∈ Rp×1 :

1. Introduction

Keywords: Bayesian structured sparsity, canonical correlation analysis, sparse priors,
sparse and low-rank matrix decomposition, mixture models, parameter expansion
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yi = Λxi + i ,
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Factor analysis has been extensively used for dimension reduction and low-dimensional
covariance matrix estimation. For concreteness, we re-write the basic factor analysis model
here as

2.1 Latent factor models

Here, we review current work in sparse latent factor models and describe our Bayesian group
factor Analysis with Structured Sparsity (BASS) model in the context of related work.

2. Bayesian group factor model

tionally tractable representation as a scale mixture of normals, the three parameter beta
prior (T PB) (Armagan et al., 2011; Gao et al., 2013). Our BASS model i) shrinks the
loading matrix globally, removing factors that are not supported in the data; ii) shrinks
loading columns to decouple latent spaces from arbitrary subsets of observations; iii) allows
factor loadings to have either an element-wise sparse or a non-sparse prior, combining interpretability with dimension reduction. In addition, we developed a parameter-expanded
expectation maximization (PX-EM) method based on rotation augmentation to tractably
find maximum a posteriori estimates of the model parameters (Rocková and George, 2015).
PX-EM has the same computational complexity as the standard EM algorithm, but produces more robust solutions by enabling fast searching over posterior modes.
In Section 2 we review current work in sparse latent factor models and describe our BASS
model. In Sections 3 and 4, we briefly review Bayesian shrinkage priors and introduce the
structured hierarchical prior in BASS. In Section 5, we introduce our PX-EM algorithms
for parameter estimation. In Section 6, we show the behavior of our model for recovering
simulated sparse signals among m observation matrices and compare the results from BASS
with state-of-the-art methods. In Section 7, we present results that illustrate the performance of BASS on three high-dimensional data sets. We first show that the estimates of
shared factors from BASS can be used to perform multi-label learning and prediction in the
Mulan Library data and the 20 Newsgroups data. Then we demonstrate that BASS can be
used to find biologically meaningful structure and construct condition-specific co-regulated
gene networks using the sparse factors specific to observations. We conclude by considering
possible extensions to this model in Section 8.

where yi ∈ Rp×1 is modeled as a linear transformation of a latent vector xi ∈ Rk×1 through
loading matrix Λ ∈ Rp×k (Figure 1A). Here, xi is assumed to follow a Nk (0, Ik ) distribution,
where Ik is the k-dimensional identity matrix, and i ∼ Np (0, Σ), where Σ is a p×p diagonal
matrix. With an isotropic noise assumption, Σ = Iσ 2 , this model has a probabilistic
principal components analysis interpretation (Roweis, 1998; Tipping and Bishop, 1999b).
For factor analysis, and in this work, it is assumed that Σ = diag(σ12 , · · · , σp2 ) representing
independent idiosyncratic noise (Tipping and Bishop, 1999a).
Integrating over the factors xi , we see that the covariance of yi is estimated with a
low-rank matrix factorization: ΛΛT + Σ. We further let Y = [y1 , . . . yn ] be the collection
of n samples yi , and similarly let X = [x1 , . . . , xn ] and E = [1 , . . . , n ]. Then the factor
JMLR 17(196):1-47

because the optimization problem is under-constrained and has many equivalent solutions
that optimize the data likelihood. In the machine learning and statistics literature, priors
or penalties are used to regularize the elements of the loading matrix, occasionally by inducing sparsity. Element-wise sparsity corresponds to feature selection. This has the effect
that a latent factor contributes to variation in only a subset of the observed features, generating interpretable results (West, 2003; Carvalho et al., 2008; Knowles and Ghahramani,
2011). For example, in gene expression analysis, sparse factor loadings are interpreted as
non-disjoint clusters of co-regulated genes (Pournara and Wernisch, 2007; Lucas et al., 2010;
Gao et al., 2013).
Element-wise sparsity has been imposed in latent factor models through regularization
via `1 type penalties (Zou et al., 2006; Witten et al., 2009; Salzmann et al., 2010). More
recently, Bayesian shrinkage methods using sparsity-inducing priors have been introduced
for latent factor models (Archambeau and Bach, 2009; Carvalho et al., 2008; Virtanen
et al., 2012; Bhattacharya and Dunson, 2011; Klami et al., 2013). The spike-and-slab
prior (Mitchell and Beauchamp, 1988), the classic two-groups Bayesian sparsity-inducing
prior, has been used for sparse Bayesian latent factor models (Carvalho et al., 2008). A
computationally tractable one-group prior, the automatic relevance determination (ARD)
prior (Neal, 1995; Tipping, 2001), has also been used to induce sparsity in latent factor
models (Engelhardt and Stephens, 2010; Pruteanu-Malinici et al., 2011). More sophisticated structured regularization approaches for linear models have been studied in classical
statistics (Zou and Hastie, 2005; Kowalski and Torrésani, 2009; Jenatton et al., 2011; Huang
et al., 2011).
Global structured regularization of the loading matrix, in fact, has been used to extend latent factor models to multiple observations. The BCCA model (Klami et al.,
2013) assumes a latent factor model for each observation through a shared latent vector xi ∈ Rk×1 . This BCCA model may be written as a latent factor model by vertical
concatenation of observations, loading matrices, and Gaussian residual errors. By inducing
group-wise sparsity—explicit blocks of zeros—in the combined loading matrix, the covariance shared across the two observations and the covariance local to each observation are
estimated (Klami and Kaski, 2008; Klami et al., 2013). Extensions of this approach to
(1)
(m)
multiple coupled observations yi ∈ Rp1 ×1 , . . . , yi ∈ Rpm ×1 have resulted in group factor
analysis models (GFA) (Archambeau and Bach, 2009; Salzmann et al., 2010; Jia et al.,
2010; Virtanen et al., 2012).
In addition to linear factor models, flexible non-linear latent factor models have been
developed. The Gaussian process latent variable model (GPLVM) (Lawrence, 2005) extends
Equation (1) to non-linear mappings with a Gaussian process prior on latent variables.
Extensions of GPLVM include models that allow multiple observations (Shon et al., 2005;
Ek et al., 2008; Salzmann et al., 2010; Damianou et al., 2012). Although our focus will be
on linear maps, we will keep the non-linear possibility open for model extensions, and we
will include the GPLVM model in our model comparisons.
The primary contribution of this study is that we develop a GFA model using Bayesian
shrinkage with hierarchical structure that encourages both element-wise and column-wise
sparsity; the resulting flexible Bayesian GFA model is called BASS (Bayesian group factor Analysis with Structured Sparsity). The structured sparsity in our model is achieved
with multi-scale application of a hierarchical sparsity-inducing prior that has a computa3
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2.4 Extensions to multiple observations
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The structure in the loading matrix Λ has a specific meaning: the non-zero columns (i.e.,
(1)
A(1) and A(2) ) project the shared latent factors (i.e., the first k0 elements of xi ) to yi and
(2)
yi , respectively; these latent factors represent the covariance shared across the observations. The columns with zero blocks (i.e., [B (1) ; 0] or [0; B (2) ]) relate factors to only one of
the two observations; they model covariance specific to that observation. Under this model,
the block sparse structure of Λ is imposed via observation-wise sparsity on each factor.

Λ=

with i ∼ Np (0, Σ), where

yi = Λxi + i ,

JMLR 17(196):1-47

(2)

(2)

(2)

Classical and Bayesian extensions of the CCA model to allow multiple observations (m > 2)
have been proposed (McDonald, 1970; Browne, 1980; Archambeau and Bach, 2009; Qu and

(1)

(3)

(1)

(2)

with xi ∈ Rk0 ×1 , xi ∈ Rk1 ×1 and xi ∈ Rk2 ×1 (Figure 1B). The latent vector xi is
(1)
(2)
shared by both yi and yi , and captures their common variation through loading matrices
(1)
(2)
(1)
(2)
A and A . Two additional latent vectors, xi and xi , are specific to each observation;
they are multiplied by observation-specific loading matrices B (1) and B (2) . The two residual
(2)
(1)
error terms are i ∼ Np1 (0, Σ(1) ) and i ∼ Np2 (0, Σ(2) ), where Σ(1) and Σ(2) are diagonal
matrices. This model was originally called inter-battery factor analysis (IBFA) (Browne,
1979) and recently has been studied under a full Bayesian inference framework (Klami
et al., 2013). It may be interpreted as the probabilistic CCA model (Equation 3) with an
additional low-rank factorization of the observation-specific error covariance matrices. In
particular, we re-write the residual error term specific to observation w (w = 1, 2) from
(w)
(w)
(w)
the probabilistic CCA model (Equation 3) as ei = B (w) xi + i ; then marginally
(w)
(w)
(w)
(w)
(w)
T
(w)
ei ∼ Npw (0, Ψ ) where Ψ
= B (B ) + Σ .
Recent work has re-written the BCCA model as a factor analysis model with group-wise
sparsity in the loading matrix (Klami et al., 2013). Let yi ∈ Rp×1 (where p = p1 + p2 ) be
(1)
(2)
the vertical concatenation of yi and yi ; let xi ∈ Rk×1 (where k = k0 + k1 + k2 ) be the
(0)
(1)
(2)
vertical concatenation of xi , xi and xi ; and let i ∈ Rp×1 be the vertical concatenation
of the two residual errors. Then, the BCCA model (Equation 4) may be written as a factor
analysis model

(0)

(0)

(1)

= A(2) xi + B (2) xi + i ,

(2)

yi

(1)

= A(1) xi + B (1) xi + i ,

(0)

yi

(1)

Building on the probabilistic CCA model, a Bayesian CCA (BCCA) model has the following
form (Klami et al., 2013)

2.3 Bayesian CCA with group-wise sparsity

Zhao, Gao, Mukherjee, Engelhardt

In this model, the errors are distributed as ei ∼ Np1 (0, Ψ(1) ) and ei ∼ Np2 (0, Ψ(2) ),
where Ψ(1) and Ψ(2) are positive semi-definite matrices, and not necessarily diagonal, allowing dependencies among the residual errors within an observation. The maximum likelihood estimates of the loading matrices in the classical CCA framework, Λ(1) and Λ(2) , are
the first k canonical directions up to orthogonal transformations (Bach and Jordan, 2005).

yi

= Λ(2) xi + ei .

= Λ(1) xi + ei ,

yi

(1)

In the context of two paired observations yi ∈ Rp1 ×1 and yi ∈ Rp2 ×1 on the same n
samples, canonical correlation analysis (CCA) seeks to find linear projections (canonical
directions) such that the sample correlations in the projected space are mutually maximized (Hotelling, 1936). The work of interpreting CCA as a probabilistic model can be
traced back to classical descriptions (Bach and Jordan, 2005). With a common latent factor,
(1)
(2)
xi ∈ Rk×1 , yi and yi are modeled as

(1)

2.2 Probabilistic canonical correlation analysis

Y = ΛX + E.

analysis model for the observation Y is written as

Figure 1: Graphical representation of different latent factor models. Panel A:
Factor analysis model. Panel B: Bayesian canonical correlation analysis model (BCCA).
Panel C: An extension of BCCA model to multiple observations. Panel D: Our Bayesian
group factor analysis model (BASS).
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(w)

+ i

for w = 1, . . . , m.

(w)

or

φ(Λ(w) ) =

h=1

k
X

||λ·h ||∞ .

(w)

(w)
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(w)

k
X
h=1

(w)
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(0)

= A(w) xi + B (w) xi
(w)

(6)

||λ·h ||2

Chen, 2011; Ray et al., 2014). Generally, these approaches partition the latent variables
into those that are shared and those that are observation-specific as follows:
(w)

yi
(w)

for w = 1, . . . , m.
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The column-wise sparse structure of Λ in GFA models belongs to a general class of structured sparsity methods that has drawn attention recently (Zou and Hastie, 2005; Yuan and
Lin, 2006; Jenatton et al., 2011, 2010; Kowalski, 2009; Kowalski and Torrésani, 2009; Zhao
et al., 2009; Huang et al., 2011; Jia et al., 2010). For example, in structured sparse PCA,
the loading matrix is constrained to have specific patterns (Jenatton et al., 2010). Later
work discussed more general structured variable selection methods in a regression framework (Jenatton et al., 2011; Huang et al., 2011). However, there has been little work in
using Bayesian structured sparsity, with some exceptions (Kyung et al., 2010; Engelhardt
and Adams, 2014; Wu et al., 2014). Starting from Bayesian sparse priors, we propose a
structured hierarchical sparse prior that includes three levels of shrinkage, which is conceptually similar to tree structured shrinkage (Romberg et al., 2001), or global-local priors in
the regression framework (Polson and Scott, 2011).

3. Bayesian structured sparsity

The `1 norm penalty achieves observation-specific column-wise shrinkage. Both of these
mixed-norm penalties create a bi-convex problem in Λ and X.
These two approaches of adaptive structured regularization in GFA models capture
covariance uniquely shared among arbitrary subsets of the observations and avoid modeling shared covariance in non-maximal subsets. But neither the ARD approach nor the
mixed-norm penalties encourages element-wise sparsity within loading columns. Adding
element-wise sparsity is important because it results in interpretable latent factors, where
features with non-zero loadings in a specific factor have an interpretation as a cluster (West,
2003; Carvalho et al., 2008). To induce element-wise sparsity, one can either use Bayesian
shrinkage on each loading (Carvalho et al., 2010) or a mixed norm with `1 type penalties
Pk Pp
(w)
on each element (i.e., h=1
j=1 |λjh |).
A more recent GFA model is a step toward both column-wise and element-wise sparsity (Khan et al., 2014). In this model, element-wise sparsity is achieved by putting independent ARD priors on each loading element, and column-wise sparsity is achieved by a
spike-and-slab prior on the loading columns. However, ARD priors do not allow the model
to adjust shrinkage levels within each factor, and this approach does not include sparse and
dense factors. One contribution of our work is to define a carefully structured Bayesian
shrinkage prior on the loading matrix of a GFA model that encourages both element-wise
and column-wise shrinkage, and that includes both sparse and dense factors.

φ(Λ(w) ) =

parameter αh to have large values or values near zero, either pushing elements of λ·h
toward zero or imposing minimal shrinkage, and enabling observation-specific, column-wise
sparsity.
Other work puts alternative structured regularizers on Λ(w) (Jia et al., 2010). To induce
observation-specific, column-wise sparsity, GFA used mixed norms: an `1 norm penalizes
each observation-specific column, and either `2 or `∞ norms penalize the elements in an
observation-specific column:

(w)

By vertical concatenation of yi , xi and i , this model can be viewed as a latent
factor model (Equation 1) with the joint loading matrix Λ having a similar observationwise sparsity pattern as the BCCA model
 (1)

A
B (1) · · ·
0
 (2)

0
·
·
·
0

A
(5)
Λ= .
.
. .
..
 ..
.
..
.. 
A(m)
0
· · · B (m)

= Λ(w) xi + i

(w)

Here, the first column of blocks (A(w) ) is a non-zero loading matrix across the features of
all observations; the remaining columns have a block diagonal structure with observationspecific loading matrices (B (w) ) on the diagonal. However, those extensions are limited
by the strict diagonal structure of the loading matrix. Structuring the loading matrix in
this way prevents this model from capturing covariance structure among arbitrary subsets
of observations. On the other hand, there are an exponential number of possible subsets
of observations, making estimation of covariance structure among all observation subsets
intractable for large m.
The structure on Λ in Equation (5) has been relaxed to model covariance among subsets
of the observations (Jia et al., 2010; Virtanen et al., 2012; Klami et al., 2014b). In the
(w)
relaxed formulation, each observation yi is modeled by its own loading matrix Λ(w) and
a shared latent vector xi (Figure 1D):
(w)

yi

By allowing columns in Λ(w) to be zero, the model decouples certain latent factors from
certain observations. The covariance structure of an arbitrary subset of observations is
modeled by factors with non-zero loading columns corresponding to the observations in
that subset. Factors that correspond to non-zero entries for only one observation capture
covariance specific to that observation. Two different approaches have been proposed to
achieve column-wise shrinkage in this framework: Bayesian shrinkage (Virtanen et al., 2012;
Klami et al., 2014b) and explicit penalties (Jia et al., 2010). The group factor analysis (GFA)
model puts an ARD prior (Tipping, 2001) on the loading column for each observation to
allow column-wise shrinkage (Virtanen et al., 2012; Klami et al., 2014b):
 
 
(w) −1
for j = 1, . . . , pw ,
0, αh
(w)

∼ Ga(a0 , b0 ),

λjh ∼ N

(w)

αh
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for observation w = 1, . . . , m and loading column h = 1, . . . , k. This prior assumes that each
(w)
element of observation-specific loading λ·h is jointly regularized. This prior encourages the
7

9
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A more general class of beta mixtures of normals is the three parameter beta distribution (Armagan et al., 2011). Although these continuous shrinkage priors do not directly
model the probability of feature inclusion, it has been shown in the regression framework
that two layers of regularization—global regularization, across all coefficients, and local
regularization, specific to each coefficient (Polson and Scott, 2011))—has behavior that
is similar to the spike-and-slab prior in effectively modeling signal and noise separately,
but with computational tractability (Carvalho et al., 2009). In this study, we extend and
structure the beta mixture of normals prior to three levels of hierarchy to induce desirable
behavior in the context of GFA models.

Recently, scale mixtures of normal priors have been proposed as a computationally
efficient alternative to the two component spike-and-slab prior (West, 1987; Carvalho et al.,
2010; Polson and Scott, 2011; Armagan et al., 2013, 2011; Bhattacharya et al., 2014). Such
priors generally assume normal distributions with a mixed variance term. The mixing
distribution of the variance allows strong shrinkage near zero but weak regularization away
from zero. For example, an inverse gamma distribution on the variance term results in an
ARD prior (Tipping, 2001), and an exponential distribution on the variance term results
in a Laplace prior (Park and Casella, 2008). The horseshoe prior, with a half Cauchy
distribution on the standard deviation as the mixing density, has become popular due to
its strong shrinkage and heavy tails (Carvalho et al., 2010).

When the goal of regularization is to induce sparsity, the prior distribution should be
chosen so that it has substantial probability mass around zero, which draws small effects
toward zero, and heavy tails, which allows large signals to escape from substantial shrinkage (O’Hagan, 1979; Carvalho et al., 2010; Armagan et al., 2011). The canonical Bayesian
sparsity-inducing prior is the spike-and-slab prior, which is a mixture of a point mass at zero
and a flat distribution across the space of real values, often modeled as a Gaussian with a
large variance term (Mitchell and Beauchamp, 1988; West, 2003). The spike-and-slab prior
has elegant interpretability by estimating the probability that certain loadings are excluded,
modeled by the ‘spike’ distribution, or included, modeled by the ‘slab’ distribution (Carvalho et al., 2008). This interpretability comes at the cost of having exponentially many
possible configurations of model inclusion parameters in the loading matrix.

Bayesian shrinkage priors have been widely used in latent factor models due to their flexible and interpretable solutions (West, 2003; Carvalho et al., 2008; Polson and Scott, 2011;
Knowles and Ghahramani, 2011; Bhattacharya and Dunson, 2011). In Bayesian statistics,
a regularizing term, φ(Λ), may be viewed as a marginal prior proportional to exp(−φ(Λ));
the regularized optimum then becomes the maximum a posteriori (MAP) solution (Polson
and Scott, 2011). For example, the well known `2 penalty for coefficients in linear regression models corresponds to Gaussian priors, also known as ridge regression or Tikhonov
regularization (Hoerl and Kennard, 1970). In contrast, an `1 penalty corresponds to double
exponential or Laplace priors, also known as the Bayesian Lasso (Tibshirani, 1996; Park
and Casella, 2008; Hans, 2009).

3.1 Bayesian sparsity-inducing priors

Bayesian group factor analysis with structured sparsity

Γ(a + b) b b−1
ν z (1 − z)a−1 {1 + (ν − 1)z}−(a+b) ,
Γ(a)Γ(b)

(7)

λ ∼ N (0, θ),

10

θ ∼ Ga(a, δ),

δ ∼ Ga(b, ν).
JMLR 17(196):1-47

where the shrinkage parameter ϕ follows a T PB distribution. With a = b = 1/2 and ν = 1,
this prior becomes the horseshoe prior (Carvalho et al., 2010; Armagan et al., 2011; Gao
et al., 2013). The bimodal property of ϕ induces two distinct shrinkage behaviors: the mode
near one encourages ϕ1 − 1 towards zero and induces strong shrinkage on λ; the mode near
zero encourages ϕ1 − 1 large, creating a diffuse prior on λ. Further decreasing the variance
parameter ν supports stronger shrinkage (Armagan et al., 2011; Gao et al., 2013). If we let
θ = ϕ1 − 1, then this mixture has the following hierarchical representation:

where a, b, φ > 0. We denote this distribution as T PB(a, b, ν). When 0 < a < 1 and
0 < b < 1, the distribution is bimodal, with modes at 0 and 1 (Figure 2). The variance
parameter ν gives the distribution freedom: with fixed a and b, smaller values of ν put
greater probability on z = 1, while larger values of ν move the probability mass towards
z = 0 (Armagan et al., 2011). With ν = 1, this distribution is identical to a beta distribution
(i.e., Be(b, a)).
Let λ denote the parameter to which we are applying sparsity-inducing regularization.
We assign the following T PB normal scale mixture distribution, T PBN , to λ:


1
λ|ϕ ∼ N 0, − 1 ,
with
ϕ ∼ T PB(a, b, ν),
ϕ

f (z; a, b, ν) =

The three parameter beta (T PB) distribution for a random variable Z ∈ (0, 1) has the
following density (Armagan et al., 2011):

3.2 Three parameter beta prior

Figure 2: Density of the three parameter beta (T PB) distribution with different
values of ν. Five different values of ν = {0.01, 0.1, 1, 10, 100} for the three parameter beta
distribution with a = b = 0.5. The x-axis represents the value of random variable z, and
the y-axis represents the density of random variable z.
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Note the difference between the ARD prior and the T PB: the ARD prior induces sparsity
using an inverse gamma prior on θ, whereas the T PB induces sparsity by using a gamma
prior on the θ variable and then regularizing the rate parameter δ using a second gamma
prior. These differences lead to different behavior of ARD and the T PB in theory (Polson
and Scott, 2011) and in practice, as we show below.
3.3 Global-factor-local shrinkage

(Global)
(Factor-specific)
(Local)
(8)

The flexible representation of the T PB prior makes it an ideal choice for latent factor
models. Our recent work extended the T PB prior to three levels of regularization on a
loading matrix (Gao et al., 2013):
% ∼ T PB(e, f, ν),


1
ζh ∼ T PB c, d, − 1 ,
%


1
−1 ,
ϕjh ∼ T PB a, b,
ζh


1
0,
−1 .
ϕjh
λjh ∼ N

(
γ ∼ Ga(f, ν),
η ∼ Ga(e, γ)),
(
τh ∼ Ga(d, η),
φh ∼ Ga(c, τh ),
(
δjh ∼ Ga(b, φh ),
θjh ∼ Ga(a, δjh ),
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(9)

At each of the three levels, a T PB distribution is used to induce sparsity via its estimated
variance parameter (ν in Equation 7), which in turn is regularized using a T PB distribution.
Specifically, the global shrinkage parameter % applies strong shrinkage across the k columns
of the loading matrix and jointly adjusts the support of column-specific parameter ζh , h ∈
{1, . . . , k} close to either zero or one. This can be interpreted as inducing sufficient shrinkage
across loading columns to recover the number of factors supported by the observed data.
In particular, when ζh is close to one, all elements of column h are close to zero, effectively
removing the hth component. When near zero, the factor-specific regularization parameter
ζh adjusts the shrinkage applied to each element of the hth loading column, estimating
the column-wise shrinkage by borrowing strength across all elements (i.e., features) in that
column. The local shrinkage parameter, ϕjh , creates element-wise sparsity in the loading
matrix through a T PBN . Three levels of shrinkage allow us to model both column-wise
and element-wise shrinkage simultaneously, and give the model nonparametric behavior in
the number of factors via model selection.
Equivalently, this global-factor-local shrinkage prior can be written as (Armagan et al.,
2011; Gao et al., 2013):
Global
Factor-specific
Local

λjh ∼ N (0, θjh ).

11
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(10)

We further extend our prior to jointly model sparse and dense components by assigning
to the local shrinkage parameter a two-component mixture distribution (Gao et al., 2013):

θjh ∼ πGa(a, δjh ) + (1 − π)δφh (·),

where δφh (·) is the Dirac delta function centered at φh . The motivation for this two component mixture is that, in real applications such as the analysis of gene expression data,
it has been shown that much of the variation in the observation is due to technical (e.g.,
batch, platform) or biological effects (e.g., sex, ethnicity), which impact a large number of
features (Leek et al., 2010). Therefore, loadings corresponding to these effects will often
not be sparse. A two-component mixture (Equation 10) allows the prior on the loading
(Equation 8) to select between element-wise sparsity or column-wise sparsity. Element-wise
sparsity is encouraged via the T PBN prior. Column-wise sparsity
 jointly
 regularizes each
element of the column with a shared variance term: λjh ∼ N 0, ζ1h − 1 . Modeling each
element in a column using a shared regularized variance term has two possible behaviors:
i) ζh in Equation (8) is close to 1 and the entire column is shrunk towards zero, effectively
removing this factor; ii) ζh is close to zero, and all elements of the column have a shared
Gaussian distribution, inducing only non-zero elements in that loading. We call included
factors that have only non-zero elements dense factors.
Jointly modeling sparse and dense factors effectively combines low-rank covariance factorization with interpretability (Zou et al., 2006; Parkhomenko et al., 2009). The dense
factors capture the broad effects of observation confounders, model a low-rank approximation of the covariance matrix, and usually account for a large proportion of variance
explained (Chandrasekaran et al., 2011). The sparse factors, on the other hand, capture
the small groups of interacting features in a (possibly) high-dimensional sparse space, and
usually account for a small proportion of the variance explained.
We introduce indicator variables zh , h = 1, . . . , k, to indicate which mixture component
each θjh is generated from in Equation (10), where zh = 1 means θjh ∼ Ga(a, δjh ) and
zh = 0 means θjh ∼ δφh (·). Thus, a component is a sparse factor when zh = 1 and either
a dense factor or eliminated when zh = 0. We let z = [z1 , . . . , zk ] and put a Bernoulli
distribution with parameter π on zh . We further let π have a flat beta distribution Be(1, 1).
This construct allows us to quantify the posterior probability that each factor h is generated
from each mixture component type via zh .

4. Bayesian group factor analysis with structured sparsity
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In this work, we use global-factor-local T PB priors in the GFA model to enable both
element-wise and column-wise shrinkage. Specifically, we put a T PB prior independently on
each loading matrix corresponding to the wth observation, Λ(w) . Let Z = [z (1) ; . . . ; z (m) ] ∈
(w)
Rm×k . The indicator variable zh is associated with the hth factor and specific to observa(w)
(w)
tion w. When zh = 1, the hth factor has a sparse loading for observation w; when zh = 0,
then either the hth factor has a dense loading column for observation w, or observation w is
not represented in that loading column. A zero loading column for observation w effectively
decouples the factor from that observation, leading to the column-wise sparse behavior in
previous GFA models (Virtanen et al., 2012; Klami et al., 2014b). In our model, factors

12

=Λ

(w)

xi +

(w)
i ,

for w = 1, . . . , m.

∼

(w)
N (0, θjh ).

(w)

(w)

∼π

(w)

(w)
Ga(a, δjh )

+ (1 − π

(w)
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σj−2 ∼ Ga(aσ , bσ ).

We put a conjugate inverse gamma distribution on the residual variance parameters

14

JMLR 17(196):1-47

5.1 Identifiability

Since X and Z are conditionally independent given Ξ, the expectation may be calculated
using the full conditional distributions of X and Z derived for the MCMC algorithm. The
derivation of the EM algorithm for BASS is then straightforward (Appendix B); note that,
when estimating Λ, the loading columns specific to each observation are estimated jointly.

Q(Ξ|Ξ(s) ) = EX,Z|Ξ(s) ,Y [log (p(Ξ, X, Z|Y ))] .

JMLR 17(196):1-47

)δφ(w) (·),

(w)

In our application of BASS, we set the hyperparameters of the global-factor-local T PB
prior to a = b = c = d = e = f = 0.5, which recapitulates the horseshoe prior at all
three levels of the hierarchy. The hyperparameters for the error variances, aσ and bσ , were
set to 1 and 0.3 respectively to allow a relatively wide support of variances (Bhattacharya
and Dunson, 2011). When there are two coupled observations, the BASS framework is a
Bayesian CCA model (Equation 4) based on its column-wise shrinkage.

(w)

(w)

where Θ = {θjh }, ∆ = {δjh }, Φ = {φh }, T = {τh }, η = {η (w) } and γ = {γ (w) } are
the collections of the global-factor-local T PB prior parameters. The posterior distributions
of model parameters may be either simulated through Markov chain Monte Carlo (MCMC)
methods or approximated using variational Bayes approaches. We derive an MCMC algorithm based on a Gibbs sampler (Appendix A). The MCMC algorithm updates the
joint loading matrix row by row using block updates, enabling relatively fast mixing (Bhattacharya and Dunson, 2011).
In many applications, we are interested in a single point estimate of the parameters
instead of the complete posterior estimate; thus, often an expectation maximization (EM)
algorithm is used to find a maximum a posteriori (MAP) estimate of model parameters using
conjungate gradient optimization (Dempster et al., 1977). In EM, the latent factors X and
the indicator variables Z are treated as missing data and their expectations estimated in
the E-step conditioned on the current values of the parameters; then the model parameters
are optimized in the M-step conditioning on the current expectations of the latent variables.
Let Ξ = {Λ, Θ, ∆, Φ, T , η, γ, π, Σ} be the collection of the parameters optimized in the
M-step. The expected complete log likelihood, denoted Q(·), may be written as

(w)

× p(Σ)p(Z|π)p(π),

× p(Λ|Θ)p(Θ|∆, Z, Φ)p(∆|Φ)p(Φ|T )p(T |η)p(η|γ)

= p(Y |Λ, X, Σ)p(X)

p(Y , X,Λ, Θ, ∆, Φ, T , η, γ, Z, Σ, π)

Given our setup, the full joint distribution of the BASS model factorizes as

5. Parameter estimation
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The latent factor model (Equation 1) is identifiable up to orthonormal rotations: for any
orthogonal matrix P with P T P = I, letting Λ0 = ΛP T and x0 = P x produces the
same estimate of the data covariance matrix and has an identical likelihood. When using
factor analysis for prediction or covariance estimation, rotational invariance is irrelevant.
However, for all applications that interpret the factors or use individual factors or loadings
for downstream analysis, this rotational invariance cannot be ignored. One traditional
solution is to restrict the loading matrix to be lower triangular (West, 2003; Carvalho et al.,
2008). This solution gives a special role to the first k − 1 features in y, namely, that the
hth feature does not contribute to the k − hth through the k th factor. For this reason, the
lower triangular approach does not generalize easily and requires domain knowledge that
may not be available (Carvalho et al., 2008).

π (w) ∼ Be(1, 1).

where the mixture proportion has a beta distribution

(w)
θjh
h

θjh ∼ Ga(a, δjh ),

(w)

φh ∼ Ga(c, τh ),
( (w)
(w)
δjh ∼ Ga(b, φh ),

(w)

(11)

We put independent global-factor-local

(
γ (w) ∼ Ga(f, ν),
η (w) ∼ Ga(e, γ (w) )),
( (w)
τh ∼ Ga(d, η (w) ),

w=1 pw .

We allow local shrinkage to follow a two-component mixture

(w)
λjh

Local

Factor-specific

Global

where Σ = diag(σ12 , . . . , σp2 ) and p =
T PB priors (Equation 9) on Λ(w) :

Pm

i ∼ Np (0, Σ),

xi ∼ Nk (0, Ik ),

yi = Λxi + i ,

This model is written as a latent factor model by concatenating the m feature vectors into
vector yi

(w)
yi

that include no observations in the associated loading column are removed from the model.
We refer to this model as Bayesian group factor Analysis with Structured Sparsity (BASS ).
(w)
We summarize BASS as follows. The generative model for m coupled observations yi
with w = 1, . . . , m and i = 1, . . . , n is

Bayesian group factor analysis with structured sparsity
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In the BASS model, we have rotational invariance when we right multiply the joint
loading matrix by P T and left multiply x by P , producing an identical covariance matrix
and likelihood. This rotation invariance is addressed in BASS because the non-sparse rotations of the loading matrix violates the prior structure induced by the observation-wise
and element-wise sparsity.
Scale invariance is a second identifiability problem inherent in latent factor models. In
particular, scale invariance means that a loading can be multiplied by a non-zero constant
and the corresponding factor by the inverse of that constant, and this will result in the
same data likelihood. This problem we and others have addressed satisfactorily by using
posterior probabilities as optimization objectives instead of likelihoods and by including
regularizing priors on the factors that restrict the magnitude of the constant. We make an
effort to not interpret the relative or absolute scale of the factors or loadings including sign
beyond setting a reasonable threshold for zero.
Finally, factor analysis is identifiable up to label switching, or shuffling the h = 1, . . . , k
indices of the loadings and factors, assuming we do not take the lower triangular approach.
Other approaches put distributions on the loading sparsity or proportion of variance explained in order to address this problem (Bhattacharya and Dunson, 2011). We do not explicitly order or interpret the order of the factors, so we do not address this non-identifiability
in the model. Label switching is handled here and elsewhere by a post-processing step, such
as ordering factors according to proportion of variance explained. In our simulation studies,
we interpret results with this non-identifiability in mind.
5.2 Sparse rotations via PX-EM
Another general problem with latent factor models, including BASS, is the convergence
to local optima and sensitivity to parameter initializations. Once the model parameters
are initialized, the EM algorithm may be stuck in locally optimal but globally suboptimal
regions with undesirable factor orientations. To address this problem, we take advantage of
the rotational invariance of the factor analysis framework. Parameter expansion (PX) has
been shown to reduce the initialization dependence by introducing auxiliary variables that
rotate the current estimate of the loading matrix to best respect the prior while keeping
the likelihood stable (Liu et al., 1998; Dyk and Meng, 2001).
We extend our model (Equation 11) using parameter expansion R, a positive definite
k × k matrix, as
−1
yi = ΛRL
x i + i ,

xi ∼ Nk (0, R),
i ∼ Nk (0, Σ),
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where RL is the lower triangular matrix of the Cholesky decomposition of R. The covariance
of yi is invariant under this expansion, and, correspondingly, the likelihood is stable. Note
−1
RL
is not an orthogonal matrix; however, because it is full rank, it can be transformed
into an orthogonal matrix times a rotation matrix via a polar decomposition (Rocková and
−1
George, 2015). We let Λ? = ΛRL
and assign our BASS T PBN prior to this rotated
loading matrix.
15
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(12)

We let Ξ? = {Λ? , Θ, ∆, Φ, T , η, γ, π, Σ}, and the parameters of our expanded model
are {Ξ? ∪ R}. The EM algorithm in this expanded parameter space generates a sequence
of parameter estimates {Ξ? (1) ∪ R(1) , Ξ? (2) ∪ R(2) , . . . }, which corresponds to a sequence of
parameter estimates in the original space {Ξ(1) , Ξ(2) , . . . }, where Λ is recovered via Λ? RL
(Rocková and George, 2015). We initialize R(0) = Ik . The expected complete log likelihood
of this PX BASS model is


Q(Ξ? , R|Ξ(s) ) = EX,Z|Ξ(s) ,Y ,R0 log p(Ξ? , R, X, Z|Y ) .

In our parameter-expanded EM (PX-EM) for BASS, the conditional distributions of
X and Z still factorize in the expectation. However, the distribution of xi depends on
expansion parameter R. The full joint distribution (Equation 11) has a single change in
p(X), with Λ? in the place of Λ. In the M-step, the R that maximizes Equation (12) is




n
1
R(s) = arg max Q(Ξ? , R|Ξ(s) ) = arg max const − log |R| − tr R−1 S XX ,
2
2
R
R

Pn
1 XX
T
where S XX =
. For the E-step, Λ is first
i=1 hx·i x·i i. The solution is R(s) = n S
calculated and the expectation is taken in the original space (details in Appendix C).
Note that the proposed PX-EM for the BASS model keeps the likelihood invariant but
does not keep the prior invariant after transformation of Λ. This is different from the earlier
PX-EM algorithm (Liu et al., 1998), as discussed in recent work (Rocková and George, 2015).
Because the resulting posterior is not invariant, we run PX-EM only for a few iterations
and then switch to the EM algorithm. The effect is that the BASS model is substantially
less sensitive to initialization (see simulation results). By introducing expansion parameter
R, the posterior modes in the original space are intersected with equal likelihood curves
indexed by R in expanded space. Those curves facilitate traversal between posterior modes
in the original space and encourage initial parameter estimates with appropriate sparse
structure in the loading matrix (Rocková and George, 2015).
5.3 Computational complexity
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The computational complexity of the block Gibbs sampler for the BASS model is demanding. Updating each loading row requires the inversion of a k × k matrix with O(k 3 ) complexity and then calculating means with O(k 2 n) complexity. The complexity of updating
the full loading matrix repeats this calculation p times. Other updates are of lower order
relative to updating the loading. Our Gibbs sampler has O(k 3 p + k 2 pn) complexity per
iteration, which makes MCMC difficult to apply when p is large.
In the BASS EM algorithm, the E-step has complexity O(k 3 ) for a matrix inversion,
complexity O(k 2 p + kpn) for calculating the first moment, and complexity O(k 2 n) for calculating the second moment. Calculations in the M-step are all of a lower order. Thus, the
EM algorithm has complexity O(k 3 + k 2 p + k 2 n + kpn) per iteration.
Our PX-EM algorithm for the BASS model requires an additional Cholesky decomposition with complexity O(k 3 ) and a matrix multiplication with complexity O(k 2 p) above the
EM algorithm. The total complexity is therefore the same as the original EM algorithm,
although in practice we note that the constants have a negative impact on the running time.
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We compared BASS to five available linear models that accept multiple observations: the
Bayesian group factor analysis model with an ARD prior (GFA) (Klami et al., 2013), an
extension of GFA that allows element-wise sparsity with independent ARD priors (sGFA)
(Khan et al., 2014; Suvitaival et al., 2014), a regularized version of CCA (RCCA) (González
et al., 2008), sparse CCA (SCCA) (Witten and Tibshirani, 2009), and Bayesian joint factor

17

6.2 Methods for comparison

We performed two simulations (Sim3 and Sim4 ) including four observations with p1 =
70, p2 = 60, p3 = 50 and p4 = 40. The number of samples, as above, was set to n =
{20, 30, 40, 50}. In Sim3, we let k = 6 and only simulated sparse factors: the first three
factors were specific to y (1) , y (2) and y (3) , respectively, and the last three corresponded to
different subsets of the observations (Table 2). In Sim4 we let k = 8, and, as with Sim2,

To further evaluate BASS on multiple observations, we performed two additional simulations
(Sim5 and Sim6 ) on ten coupled observations with pw = 50 for w = 1, . . . , 10. The number
of samples was set to n = {20, 30, 40, 50}. In Sim5, we let k = 8 and only simulated sparse
factors (Table 3). In Sim6 we let k = 10 and simulated both sparse and dense factors
(Table 3). Samples in these two simulations were generated following the same method as
in the simulations with two observations.

6.1.3 Simulations with ten observations (GFA)

included both sparse and dense factors (Table 2). Samples from these two simulations were
generated following the same procedure as the simulations with two observations.

Table 3: Latent factors in Sim5 and Sim6 with four observation matrices. S
represents a sparse vector; D represents a dense vector; - represents no contribution to that
observation from the factor.

Factors
Y (1)
Y (2)
Y (3)
Y (4)
Y (5)
Y (6)
Y (7)
Y (8)
Y (9)
Y (10)

Table 2: Latent factors in Sim3 and Sim4 with four observation matrices. S
represents a sparse vector; D represents a dense vector; - represents no contribution to that
observation from the factor.

Factors
Y (1)
Y (2)
Y (3)
Y (4)

Zhao, Gao, Mukherjee, Engelhardt

6.1.2 Simulations with four observations (GFA)

Table 1: Latent factors in Sim1 and Sim2 with two observation matrices. S
represents a sparse vector; D represents a dense vector; - represents no contribution to that
observation from the factor.

Factors
Y (1)
Y (2)

We simulated two data sets with p1 = 100, p2 = 120 in order to compare results from our
method to results from state-of-the-art CCA methods. The number of samples in these
simulations was n = {20, 30, 40, 50}, chosen to be smaller than both p1 and p2 to reflect
the large p, small n regime (West, 2003) that motivated our structured approach. We
first simulated observations with only sparse latent factors (Sim1 ). In particular, we set
k = 6, where two sparse factors are shared by both observations (factors 1 and 2; Table
1), two sparse factors are specific to y (1) (factors 3 and 4; Table 1), and two sparse factors
are specific to y (2) (factors 5 and 6; Table 1). The elements in the sparse loading matrix
were randomly generated from a N (0, 4) Gaussian distribution, and sparsity was induced
by setting 90% of the elements in each loading column to zero at random (Figure 3A). We
zeroed values of the sparse loadings for which the absolute values were less than 0.5. Latent
factors x were generated from N6 (0, I6 ). Residual error was generated by first generating
the p = p1 + p2 diagonals on the residual covariance matrix Σ from a uniform distribution
on (0.5, 1.5), and then generating each column of the error matrix from Np (0, Σ).
We performed a second simulation that included both sparse and dense latent factors
(Sim2 ). In particular, we extended Sim1 to k = 8 latent factors, where one of the shared
sparse factors is now dense, and two dense factors, each specific to one observation, were
added. For all dense factors, each loading was generated according to a N (0, 4) Gaussian
distribution (Table 1; Figure 3B).

6.1.1 Simulations with paired observations (CCA)

We describe the details of the three types of simulations here.

6.1 Simulations

We demonstrate the performance of our model on simulated data in three settings: paired
observations, four observations, and ten observations.

6. Simulations and comparisons

Bayesian group factor analysis with structured sparsity
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6 and 8 in Sim1 and Sim2, respectively, representing the true number of latent factors.
RCCA does not apply to multiple coupled observations, and therefore it was not included
in further simulations.
The sparse CCA (SCCA) method (Witten and Tibshirani, 2009) maximizes correlation
between two observations after projecting the original space with a sparsity-inducing penalty
onto the latent components, producing sparse matrices U and V . This method is encoded
in the R package PMA (Witten et al., 2013). For Sim1 and Sim2, as with RCCA, we found an
optimal orthogonal transformation matrix P such that the Frobenius norm between ΛS P T
and simulated Λ was minimized, where ΛS was the vertical concatenation of the recovered
sparse U and V . We chose 6 and 8 sparse projections in Sim1 and Sim2, respectively,
representing the true number of linear factors. Because both RCCA and SCCA are both
deterministic and greedy, the results for k < 6 are all implicitly available by subsetting the
factors in the k = 6 results.
An extension of SCCA allows for multiple observations (Witten and Tibshirani, 2009).
For Sim3 and Sim4, we recovered four sparse projection matrices U (1) , U (2) , U (3) , U (4) ,
and for Sim5 and Sim6, we recovered ten projection matrices. ΛS was calculated with the
concatenation of those projection matrices. Then the orthogonal transformation matrix P
was calculated similarly by minimizing the Frobenius norm between ΛS P T and the true
loading matrix Λ. The number of canonical projections was set to 6 in Sim3, 8 in Sim4
and Sim5, and 10 in Sim6, corresponding to the true number of latent factors.
The Bayesian joint factor analysis model (JFA) (Ray et al., 2014) puts an Indian buffet
process (IBP) prior (Griffiths and Ghahramani, 2011) on the factors, inducing element-wise
sparsity, and an ARD prior on the variance of the loadings. The idea of putting an IBP on
a latent factor model, which gives desirable nonparametric behavior in the number of latent
factors and also produces element-wise sparsity in the loading matrix, was described for the
Nonparametric Sparse Factor Analysis (NSFA) model (Knowles and Ghahramani, 2011).
Similarly, in JFA, element-wise sparsity is encouraged both in the factors and in the loadings.
JFA partitions latent factors into a fixed number of observation-specific factors and factors
shared by all observations, and does not include column-wise sparsity. Its complexity is
O(k 3 + k 2 pn) per iteration of the Gibbs sampler. We ran JFA on our simulations with the
number of factors set to the correct values. Because the JFA model uses a sparsity-inducing
prior instead of an independent Gaussian prior on the latent factors, the resulting model
does not have a closed form posterior predictive distribution (Equation 13); therefore, we
excluded the JFA model from prediction results.
The non-linear manifold relevance determination (MRD) model (Damianou et al., 2012)
extends the notable Gaussian process latent variable (GPLVM) model (Lawrence, 2005) to
include multiple observations. A GPLVM puts a Gaussian process prior on the latent
variable space. GPLVM has an interpretation of a dual probabilistic PCA model that
marginalizes loading columns using Gaussian priors. MRD extends GPLVM by putting
multiple weight vectors on the latent variables using a Gaussian process kernel. Each of
the weight vectors corresponds to one observation, therefore they determine a soft partition
of latent variable space. The complexity of MRD is quadratic in the number of samples
n per iteration using a sparse Gaussian process. Posterior inference and prediction using
the MRD model was performed with Matlab package vargplvm (Damianou et al., 2012).
We used the linear kernel with feature selection (i.e., Linard2 kernel), meaning that we
JMLR 17(196):1-47

analysis (JFA) (Ray et al., 2014). We also included the linear version of a flexible non-linear
model, manifold relevance determination (MRD) (Damianou et al., 2012). To evaluate the
sensitivity of BASS to initialization, we compared three different initialization methods:
random initialization (EM), 50 iterations of MCMC (MCMC-EM), and 20 iterations of
PX-EM (PX-EM); each of these were followed with EM until convergence, reached when
both the number of non-zero loadings do not change for t iterations and the log likelihood
changes < 1 × 10−5 within t iterations. We performed 20 runs for each version of inference
in BASS: EM, MCMC-EM, and PX-EM. In Sim1 and Sim3, we set the initial number of
factors to k = 10. In Sim2, Sim4, Sim5, and Sim6, we set the initial number of factors to
15.
The GFA model (Klami et al., 2013) uses an ARD prior to encourage column-wise
shrinkage of the loading matrix, but not sparsity within the loadings. The computational
complexity of this GFA model with variational updates is O(k 3 m + k 2 p + k 2 n + kpn) per
iteration, which is nearly identical to BASS but includes an additional factor m, the number
of observations, scaling the k 3 term. In our simulations, we ran the GFA model with the
factor number set to the correct value.
The sGFA model (Khan et al., 2014) encourages element-wise sparsity using independent
ARD priors on loading elements. Loading columns are modeled with a spike-and-slab type
mixture to encourage column-wise sparsity. Inference is performed with a Gibbs sampler
without using block updates. Its complexity is O(k 3 + k 2 pn) per iteration, which, when k
is large, will dominate the per-iteration complexity of BASS; furthermore, Gibbs samplers
typically require greater numbers of iterations than EM-based methods. We ran the sGFA
model with the correct number of factors in our six simulations.
We ran the regularized version of classical CCA (RCCA) for comparison in Sim1 and
Sim2 (González et al., 2008). Classical CCA tries to find k canonical projection directions
uh and vh (h = 1, . . . , k) for Y (1) and Y (2) respectively such that i) the correlation between
uhT Y (1) and vhT Y (2) is maximized for h = 1, . . . , k; and ii) uhT0 Y (1) is orthogonal to uhT Y (1)
with h0 6= h, and similarly for vh and Y (2) . Let these two projection matrices be denoted
U = [u1 , . . . , uk ] ∈ Rp1 ×k and V = [v1 , . . . , vk ] ∈ Rp2 ×k . These matrices are the maximum
likelihood estimates of the shared loading matrices in the Bayesian CCA model up to orthogonal transformations (Bach and Jordan, 2005). However, classical CCA requires the
observation covariance matrices to be non-singular and thus is not applicable in the current
simulations where n < p1 , p2 .
Here, we used a regularized version of CCA (RCCA) (González et al., 2008), which
regularizes CCA using an `2 -type penalty by adding λ1 Ip1 and λ2 Ip2 to the two sample
covariance matrices. The effect of this penalty is not to induce sparsity but instead to
allow application to p  n data sets. The two regularization parameters (λ1 and λ2 ) were
chosen according to leave-one-out cross-validation with the search space defined on a 11×11
grid from 0.0001 to 0.01. The projection directions U and V were estimated using the best
regularization parameters. We let Λ0 = [U ; V ]; this matrix was comparable to the simulated
loading matrix up to orthogonal transformations. We calculated the matrix P such that the
Frobenius norm between Λ0 P T and simulated Λ was minimized, with the constraint that
P T P = I. This was done by the constraint-preserving updates of the objective function
(Wen and Yin, 2013). After finding the optimal orthogonal transformation matrix, we
recovered Λ0 P T as the estimated loading matrix. We set the number of projections to
19
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Pk2

k1 
I(ch1 ,h2 > ch1 ,· )ch1 ,h2
1 X
max(ch1 ,· ) − h2 =1
2k1
k2 − 1
h1 =1
Pk1


k
2
I(ch1 ,h2 > c·,h2 )ch1 ,h2
1 X
+
max(c·,h2 ) − h1 =1
.
2k2
k1 − 1

To compare the results of BASS with the alternative methods, we used the sparse and
dense stability indices (Gao et al., 2013) to quantify the distance between the simulated
loadings and the recovered loadings. The sparse stability index (SSI) measures the similarity
between columns of sparse matrices. SSI is invariant to column scale and label switching,
but it penalizes factor splitting and matrix rotation; larger values of SSI indicate better
recovery. Let C ∈ Rk1 ×k2 be the absolute correlation matrix of columns of two sparse
loading matrices. Then SSI is calculated by

6.3 Metrics for comparison

MRD: We used the svargplvm_init function in the GPLVM package to initialize parameters.
The linar2 kernel was chosen for all observations. Latent variables were initialized
by concatenating the observation matrices first (the ‘concatenated’ option) and then
performing PCA. Other parameters were set by svargplvm_init with default options.

JFA: The ARD priors for both the loading and factor scores were set to Ga(10−5 , 10−5 ).
The parameters of the beta process prior were set to α = 0.1 and c = 104 . The
MCMC iterations were set to 1, 000 with 200 iterations of burn-in. As is the default
settings, we did not thin the chain.

SCCA: We used the PMA package with Lasso penalty (the typex and typez parameters in the
function CCA were set to “standard”). This corresponds to setting the `1 bound of the
√
projection vector to 0.3 pw for w = 1, 2.

RCCA: The regularization parameter was chosen using leave-one-out cross-validation on an
11 × 11 grid from 0.0001 to 0.01 using the function estim.regul in the CCA package.

GFA: We used the getDefaultOpts() function in the GFA package to set the default parameters. In particular, the ARD prior for both loading and error variance was set
to Ga(10−14 , 10−14 ). The maximum iteration parameter was set to 105 , and the
“L-BFGS” optimization method was used.

1
tr(M1 M1T − M2 M2T ).
p2

h=1

k
X

(w)

)

(−w) T

λ·h (λ·h

Λ(−w) (Λ(−w) )T + Σ(−w)

−1

(−w)

yi

.

(13)
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We used this conditional distribution to predict specific observations given others. For
the six simulations, we used the simulated data as training data for training sample sizes
nt = {30, 50}, and, additionally, simulated data sets with training sample sizes nt =

=

where Λ(−w) and Σ(−w) are the loading matrix and residual covariance excluding the wth
(w)
observation. Therefore, the conditional distribution of yi is a multivariate response in a
(−w)
multivariate linear regression model, where yi
are the predictors; the mean term takes
the form
−1 (−w)
(w) (−w)
E(yi |yi
) = Λ(w) (Λ(−w) )T Λ(−w) (Λ(−w) )T + Σ(−w)
yi

We extended the stability indices to allow multiple coupled observations as in our simulations. In Sim1, Sim3, and Sim5, all factors are sparse, and SSIs were calculated between
the true sparse loading matrices and recovered sparse loading matrices. In Sim2, Sim4, and
Sim6, because none of the methods other than BASS explicitly distinguished sparse and
dense factors, we categorized each recovered factor as follows. We first selected a global
sparsity threshold on the elements of the combined loading matrix; here we set that value
to 0.15. Elements below this threshold were set to zero in the loading matrix. Then we
chose the first five loading columns with the fewest non-zero elements as the sparse loadings
in Sim2, first four such loadings as the sparse loadings in Sim4, and first six such loadings
as sparse in Sim6. The remaining loading columns were considered dense loadings and were
not zeroed according to the global sparsity threshold. We found that varying the sparsity
threshold did not affect the separation of sparse and dense loadings significantly across
methods. SSIs were then calculated for the true sparse loading matrix and the recovered
sparse loadings across methods.
To calculate DSIs, we treated the loading matrices Λ(w) for each observation separately,
and calculated the DSI for the recovered dense components of each observation. The DSI
for each method was the sum of the m separate DSIs. Because the loading matrix is
marginalized out in MRD (Lawrence, 2005), we excluded MRD from this comparison.
We further evaluated the prediction performance of BASS and other methods. In the
(w)
BASS model (Equation 6), the joint distribution of any one observation yi and all other
(−w)
observations yi
can be written as
!

   (w) (w) T
(w)
yi
0
Λ (Λ ) + Σ(w)
Λ(w) (Λ(−w) )T
,
,
∼
N
(−w)
0
Λ(−w) (Λ(w) )T
Λ(−w) (Λ(−w) )T + Σ(−w)
yi

DSI =

The dense stability index (DSI) quantifies the difference between dense matrix columns,
and is invariant to orthogonal matrix rotation, factor switching, and scale; DSI values closer
to zero indicate better recovery. Let M1 and M2 be the dense matrices. DSI is calculated
by

used the linear version of this model for a fair comparison. We ran the MRD model on our
simulated data with the correct number of factors.
We summarize the parameter choices for all methods here:

sGFA: We used the getDefaultOpts function in the sGFA package to set the default parameters. In particular, the ARD prior was set to Ga(10−3 , 10−3 ). The prior on the
inclusion probabilities was set to beta(1, 1). Total MCMC iterations were set to 105
with sampling iterations set to 1, 000 and thinning steps set to 5.
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EM
79.17%
61.25%
50.00%
62.78%
17.22%
13.64%

MCMC-EM
99.17%
93.75%
78.57%
86.11%
86.67%
60.45%

PX-EM
91.67%
85.62%
73.57%
82.78%
66.67%
62.73%

Bayesian group factor analysis with structured sparsity

Sim1
Sim2
Sim3
Sim4
Sim5
Sim6
Table 4: Percentage of latent factors correctly identified across 20 runs with
n = 40. The columns represent the runs of EM, EM initialized with MCMC (MCMC-EM),
and EM initialized with PX-EM.
{10, 100, 200}. Then, we generated ns = 200 samples as test data using the true model
parameters, simulating the corresponding test data factors X ∼ N (0, 1). For each simulation study, we chose at least one observation in the test data as the response and used
the other observations and model parameters estimated from the training data to perform
prediction. Mean squared error (MSE) was used to evaluate the prediction performance.
(2)
(3)
For Sim1 and Sim2, yi was the response; for Sim3 and Sim4, yi was the response; and
(8)
(9)
(10)
for Sim5 and Sim6, yi , yi and yi
were the responses.
6.4 Results of the simulation comparison
We first evaluated the performance of BASS and the other methods in terms of recovering
the correct number of sparse and dense factors in the six simulations (Figures S3-S8). We
calculated the percentage of correctly identified factors across 20 runs in the simulations
with n = 40 (Table 4). Qualitatively, BASS recovered the closest matches to the simulated
loading matrices across all methods (Figures 3, S1, S2). The correctly estimated loading
matrices by the three different BASS initializations produced similar results; we only plot
matrices from the PX-EM method.
6.4.1 Results on simulations with two observations (CCA)
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Comparing results with two observations (Sim1 and Sim2 ), our model produced the best
SSIs and DSIs among all methods across all sample sizes (Figures 4). sGFA’s performance
was limited for these simulations because the ARD prior does not produce sufficient elementwise sparsity, resulting in low SSIs (Figure 4). As a consequence of not matching sparse
loadings well, sGFA had difficulty recovering dense loadings, especially with small sample
sizes (Figure 4). GFA had difficulty recovering sparse loadings because of column-wise ARD
priors with the same limitation (Figure 3, Figure 4). Its dense loadings were indirectly
affected by the lack of sufficient sparsity for small sample sizes (Figure 4). RCCA also had
difficulty in the two simulations because the recovered loadings were not sufficiently sparse
using the `2 -type penalty (Figure 3).
SCCA recovered shared sparse loadings well in Sim1 (Figure 3). However SCCA does
not model local covariance structure, and therefore was unable to recover the sparse loadings
specific to either of the observations in Sim1 (Figure 3A) resulting in poor SSIs (Figure
23
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Figure 3: Simulation results with two paired observations. We reordered the columns
of the recovered matrices and, where necessary, multiplied columns by −1 for easier visual
comparisons. Horizontal lines separate the two observations. Panel A: Comparison of the
recovered loading matrices using different models on Sim1. Panel B: Comparison of the
recovered loading matrices using different models on Sim2.
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Err
1.00
0.90
0.88
0.88
0.88
0.80
0.72
0.71
0.63
0.65

SD
0.024
0.022
0.011
0.010
0.007
0.161
0.092
0.155
0.066
0.099

EM

BASS
MCMC-EM
Err
SD
1.03
0.024
0.88
0.001
0.87
0.003
0.87
0.001
0.87
0.004
0.82
0.162
0.72
0.097
0.70
0.155
0.61
0.013
0.61
0.012
PX-EM
Err
SD
1.02
0.028
0.88
0.003
0.88
0.014
0.87
0.005
0.87
0.005
0.68
0.003
0.67
0.016
0.65
0.105
0.62
0.013
0.63
0.020

sGFA
Err
SD
1.00
<1e-3
0.92
0.005
0.90
0.004
0.89
0.003
0.88
0.001
0.74
0.043
0.67
0.014
0.63
0.009
0.62
0.005
0.62
0.007
Err
0.98
0.93
0.92
0.89
0.88
0.89
0.66
0.67
0.61
0.61

SD
0.002
0.002
0.002
<1e-3
<1e-3
0.023
0.006
<1e-3
0.001
0.002

GFA

SCCA
Err
0.88
0.88
0.88
0.87
0.87
0.86
0.86
0.85
0.85
0.85

RCCA
Err
1.01
0.97
0.92
0.91
0.95
0.72
0.70
0.72
0.75
0.81

MRD-lin
Err
SD
1.08
0.024
1.00
0.016
0.98
0.028
0.97
0.016
1.16
0.202
1.14
0.002
1.15
0.034
1.17
0.009
1.13
0.013
1.55
0.591

Err
1.03
0.91
0.85
0.85
0.84
1.05
0.97
0.94
0.93
0.91

SD
0.044
0.049
0.019
0.019
0.001
0.095
0.020
0.013
0.015
0.029

EM

BASS
MCMC-EM
Err
SD
1.02
0.019
0.87
0.016
0.85
<1e-3
0.84
0.002
0.84
<1e-3
1.03
0.094
0.95
0.015
0.93
0.005
0.93
0.007
0.92
0.022

PX-EM
Err
SD
1.01
0.010
0.88
0.007
0.87
0.038
0.84
0.003
0.84
0.004
1.10
0.138
0.96
0.013
0.94
0.012
0.93
0.010
0.89
0.047

sGFA
Err
SD
1.00
<1e-3
0.90
0.007
0.87
0.005
0.86
0.004
0.84
0.001
1.00
<1e-3
0.97
0.007
0.95
0.005
0.94
0.003
0.93
0.001

Err
0.97
0.93
0.88
0.87
0.83
1.32
1.03
1.02
0.96
0.89

SD
0.001
0.003
0.002
0.001
0.001
0.029
0.003
0.017
<1e-3
0.001

GFA

SCCA
Err
1.00
1.00
1.01
1.11
1.13
1.35
1.40
1.40
1.51
1.77

MRD-lin
Err
SD
1.00
<1e-3
0.99
0.021
1.04
0.095
0.92
0.014
1.16
0.140
1.98
0.067
1.50
0.090
1.50
0.084
1.47
0.088
1.58
0.132
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6.4.3 Results on simulations with ten observations (GFA)
When we increased the number of observations to ten (Sim5 and Sim6 ), BASS still correctly recovered the sparse and dense factors and their active observations (Figure S2).
sGFA effectively performed column-wise selection although element-wise sparsity remained
inadequate (Figure S2). GFA did not recover sufficient column-wise or element-wise sparsity (Figure S2). SCCA and JFA both failed to recover the true loading matrices (Figure

MCMC-EM and PX-EM. The advantage of BASS relative to the other methods is apparent
in these SSI comparisons, which specifically highlight interpretability and robust recovery
of this type of latent structure (Figure 5).
In the context of prediction using four observation matrices, BASS achieved the best
(3)
prediction performance with yi as the response and the remaining observations as predictors (Table 6). In particular, the MCMC-initialized EM approach had the best overall
prediction performance across methods for these two simulations.

Table 6: Prediction accuracy with four observations on ns = 200 test samples.
(3)
(1)
(2)
(4)
Test samples yi are treated as the response, and training samples yi , yi , and yi
are used to estimate parameters in order to predict the response. Prediction accuracy is
(3)
(3) (1)
(2)
(4)
measured by mean squared error (MSE) between simulated yi and E(yi |yi , yi , yi ).
Values presented are the mean MSE (Err) and standard deviation (SD) across 20 runs
of each method. Standard deviation (SD) is missing for SCCA because the method is
deterministic.

Sim4

Sim3

10
30
50
100
200
10
30
50
100
200

nt

Table 5: Prediction accuracy with two observations on ns = 200 test samples. Test
(2)
(1)
samples yi are treated as the response, and training samples yi are used to estimate
parameters in order to predict the response. Prediction accuracy is measured by mean
(1)
(1) (2)
squared error (MSE) between simulated yi and E(yi |yi ). Values presented are the
mean MSE (Err) and standard deviation (SD) across 20 runs of each method. If SD is
missing for a method, then that method was deterministic.

Sim2

Sim1

10
30
50
100
200
10
30
50
100
200

nt
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For simulations with four observations (Sim3 and Sim4 ), BASS correctly recovered sparse
and dense factors and their active observations (Figure S1). sGFA achieved column-wise
sparsity for two observations; however, sparsity levels within factors were insufficient to
match the simulations. GFA results produced insufficient column-wise sparsity: columns
with zero values were not effectively removed (Figure S1B). Element-wise shrinkage in GFA
was less effective than either BASS or sGFA (Figure S1). The results of SCCA and JFA
did not match the true loading matrices for the same reasons as in Sim1 and Sim2 (Figure
S1). The results using stability indices showed that BASS produced the best SSIs and DSIs
across models and almost all sample sizes (Figure 5). sGFA achieved similar SSI values
in Sim3 with n = 40 compared to BASS EM, but showed worse performance for BASS

6.4.2 Results on simulations with four observations (GFA)

4). Adding dense loadings deteriorated the performance of SCCA (Figures 3B, 4). The
JFA model did not recover the true loadings matrix well because of insufficient sparsity in
the loadings and additional sparsity in the factors (Figure 3). The SSIs and DSIs for JFA
reflect this data-model mismatch (Figure 4).
We next evaluated the predictive performance of these methods for two observations. In
Sim1, SCCA achieved the best prediction accuracy in three training sample sizes (Table 5).
We attribute this to SCCA recovering well the shared sparse loadings (Figure 3) because the
prediction accuracy is only a function of the shared loadings. Note (Equation 13) that zero
columns in either Λ(w) or Λ(−w) decouple the contribution of the corresponding factors to
(w)
the prediction of yi . In Sim2, shared sparse and dense factors contribute to the prediction
performance, and BASS achieved the best prediction accuracy (Table 5).

Figure 4: Comparison of stability indices on recovered loading matrices with
two observations. Each stability index is plotted across 20 runs. For SSI, a larger value
indicates better recovery; for DSI, a smaller value indicates better recovery. The boundaries
of the box are the first and third quartiles. The line extends to the highest and lowest
observations that are within 1.5 times the distance of the first and third quartiles beyond
the box boundaries.
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PX-EM
Err
SD
1.00
0.007
0.87
0.028
0.86
0.022
0.85
0.002
0.84
<1e-3
0.51
0.031
0.38
0.007
0.39
0.004
0.39
0.011
0.38
0.001

sGFA
Err
SD
0.99
0.008
0.89
0.005
0.87
0.003
0.86
0.003
0.84
0.001
0.58
0.012
0.43
0.006
0.41
0.002
0.39
0.002
0.39
0.001

GFA
Err
SD
1.00
0.002
0.90
0.002
0.88
0.001
0.87
0.001
0.83
0.001
0.75
0.011
0.40
0.005
0.40
0.001
0.39
0.001
0.39
0.001

SCCA
Err
0.99
0.99
0.99
1.01
0.96
0.97
0.98
1.01
0.97
1.01

MRD-lin
Err
SD
1.49
0.001
1.01
0.035
0.97
0.020
0.92
0.039
1.06
0.105
1.00
<1e-3
0.46
0.006
0.42
0.009
0.52
0.249
0.40
0.020
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The Mulan Library consists of multiple data sets collected for the purpose of evaluating
multi-label predictions (Tsoumakas et al., 2011). This library was used to test the Bayesian
CCA model (GFA in our simulations) for multi-label prediction vectors converted to multiple binary label vectors (one-hot encoding) (Klami et al., 2013). There are two observations

7.1 Multivariate response prediction: The Mulan Library

In this section we considered three real data applications of BASS. In the first application,
we evaluated the prediction performance for multiple correlated response variables in the
Mulan Library (Tsoumakas et al., 2011). In the second application, we applied BASS to
gene expression data from the Cholesterol and Pharmacogenomic (CAP) study. The data
consist of expression measurements for about ten thousands genes in 480 lymphoblastoid
cell lines (LCLs) under two experimental conditions (Mangravite et al., 2013; Brown et al.,
2013). BASS was used to detect sparse covariance structures specific to each experimental
condition. In the third application, we applied BASS to approximately 20, 000 newsgroup
posts to 20 newsgroups (Joachims, 1997) in order to perform multiclass classification.

7. Applying BASS to Mulan Library, genomics data, and text analysis

Across the three BASS methods, MCMC-EM had the most accurate performance across
nearly all simulation settings. However, this performance boost comes with the price of
running a small number of Gibbs sampling iterations with complexity of O(k 3 p + k 2 pn) per
iteration. When p is large, even a few iterations are computationally infeasible. PX-EM, on
the other hand, has the same complexity as EM, and showed robust and accurate simulation
results relative to EM. In the following real applications, we used BASS EM initialized with
a small number of iterations of PX-EM.
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BASS
MCMC-EM
Err
SD
1.00
0.011
0.86
0.018
0.85
<1e-3
0.85
<1e-3
0.84
<1e-3
0.57
0.116
0.40
0.093
0.39
0.011
0.39
0.004
0.38
0.001
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EM
SD
0.020
0.031
0.023
0.007
0.006
0.164
0.160
0.099
0.033
0.003

Figure 6: Comparison of stability indices on recovered loading matrices with
ten observations. Each stability index is plotted across 20 runs. For SSI, a larger value
indicates better recovery; for DSI, a smaller value indicates better recovery. The boundaries
of the box are the first and third quartiles. The line extends to the highest and lowest value
within 1.5 times the distance of the first and third quartiles beyond the box boundaries.

nt
Err
1.01
0.88
0.86
0.85
0.85
0.61
0.49
0.44
0.39
0.38

Figure 5: Comparison of stability indices on recovered loading matrices with
four observations. Each stability index is plotted across 20 runs. For SSI, a larger
value indicates better recovery; for DSI, a smaller value indicates better recovery. The
boundaries of the box are the first and third quartiles. The line extends to the highest and
lowest values that are within 1.5 times the distance of the first and third quartiles beyond
the box boundaries.

Sim5

Sim6

10
30
50
100
200
10
30
50
100
200

Table 7: Prediction mean squared error with ten observations on ns = 200 test
(8)
(9)
(10)
samples. Test samples yi , yi and yi
are treated as the response and the rest of
the observations are used as the training data to estimate parameters used to predict the
response. Prediction accuracy is measured by mean squared error (MSE) between simulated
responses and predicted responses. Values presented are the mean MSE (Err) and standard
deviation (SD) across 20 runs of each method. Standard deviation (SD) is missing for SCCA
because the method is deterministic.
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S2). For the stability indices, BASS with MCMC-EM and PX-EM produced the best SSIs
in Sim5 across all methods and for almost all sample sizes (Figures 6). Here sGFA achieved
equal or better SSIs than BASS EM, highlighting the sensitivity of BASS EM to initializations. GFA had equivalent or worse SSIs than BASS EM. In this pair of simulations,
the advantages of BASS for flexible and robust column-wise and element-wise shrinkage are
apparent (Figures 6). BASS also achieved the best prediction performance in Sim5 and
Sim6 with ten observations (Table 6).
27

4880
12920
30993
1211
4108
4108
8145
7463
237
196

2515
3185
12914
1196
5017
5017
1658
1503
100
100

ns

sGFA
Err
SD
0.014
0.001
0.016 <1e-3
0.032
0.005
0.123 0.029
0.390
0.008
0.478
0.004
0.225
0.028
0.538 0.006
0.208
0.006
0.537
0.015

GFA
Err
SD
0.014 <1e-3
0.017
<1e-3
0.034
<1e-3
0.130
0.002
0.309
<1e-3
0.427
0.001
0.213
<1e-3
0.720
0.002
0.201
0.001
0.537 0.003

MRD-lin
Err
SD
0.014 0.001
0.020 <1e-3
0.043 <1e-3
0.138 0.026
0.370 0.146
0.438 0.160
0.212 0.163
0.608 0.033
0.219 0.113
0.545 0.049
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7.2 Gene expression data analysis

BASS achieved the best prediction accuracy in five of the ten data sets (Table 8).
For the data sets with a binary response, sGFA produced the best performance compared
with other methods, achieving the smallest MSE in all four data sets. GFA had the most
stable results in terms of SD in the four data sets. For the continuous response, BASS
outperformed the other models in four out of six data sets. GFA again had the most stable
MSE compared with other methods. The good performance of BASS on the data sets with
continuous response variables may be attributed to the structured sparsity on the loading
matrix, achieving the intended gains in generalization error from flexible regularization.
Although the ARD prior used in GFA did not produce consistently sparse loadings, this
model generated the most stable predictive results.

We applied our BASS model to gene expression data from the Cholesterol and Pharmacogenomic (CAP) study, consisting of expression measurements for 10, 195 genes in 480
lymphoblastoid cell lines (LCLs) after 24-hour exposure to either a control buffer (Y (1) ) or
2µM simvastatin acid (Y (2) ) (Mangravite et al., 2013; Brown et al., 2013). In this example,
the number of observations (m = 2) represents gene expression levels on the same samples
and genes after the two different exposures. The expression levels were preprocessed to adjust for experimental traits (batch effects and cell growth rate) and clinical traits of donors
(age, BMI, smoking status, and sex). We projected the adjusted expression levels to the
quantiles of a standard normal within gene to control for outlier effects and applied BASS

Table 8: Multi-variate response prediction in the Mulan library. p1 : the number
of features; p2 : the number of responses; nt : the number of training samples; ns : the
number of test samples. The first four data sets have binary responses, and the final six are
continuous responses. For binary responses, error (Err) is evaluated using Hamming loss
between predicted labels and test labels in test samples. For continuous responses, mean
squared error (MSE) is used to quantify error. Values shown are the minimum Hamming
loss or MSE across 20 runs, and the standard deviation (SD).

159
500
101
6
8
8
16
16
6
6

nt

with the initial number of factors set to k = 2, 000. We performed parameter estimation 100
times on these data with 100 iterations of PX-EM to initialize EM. Across these 100 runs,
the estimated number of recovered factors was approximately 870 (Table S2), with only a
few dense factors (Table S12) likely due to the adjustments made in the preprocessing step.
The total percentage of variance explained (PVE) by the recovered latent structure was
14.73%, leaving 85.27% of the total variance to be captured in the residual error.
We computed the PVE of the sparse factors alone (Figure S9A). The PVE for the
hth factor was calculated as the variance explained by the hth factor divided by the total
variance: tr(λ·h λT·h )/tr(ΛΛT + Σ). Shared sparse factors explained more variance than
observation-specific sparse factors, suggesting that variation in expression levels across genes
was driven by structure shared across the exposures to a greater degree than by exposurespecific structure. Moreover, 87.5% of the observation-specific sparse factors contained
fewer than 100 genes, and 0.7% had more than 500 genes. The shared sparse factors had,
on average, more genes than the observation-specific factors: 72% shared sparse factors had
fewer than 100 genes, and 4.5% had more than 500 genes. (Figure S9B).
The sparse factors specific to each observation characterized the local sparse covariance
estimates. As we pursue more carefully elsewhere (Gao et al., 2014), we used observationspecific sparse factors to a construct a gene co-expression network that is uniquely found
in the samples from that exposure while explicitly controlling for shared covariance across
exposures (Zou et al., 2013). The problem of constructing condition specific co-expression
networks has been studied by both machine learning and computational biology communities (Li, 2002; Ma et al., 2011). BASS provides an alternative approach to solve this problem.
(w)
(w)
We denote Bs as the sparse loadings in B (w) (w ∈ {1, 2}) and Xs as the factors corre(w)
(w)
(w)
(w)
sponding to sparse loadings for observation w. Then, Ωs = Bs V ar(Xs )(Bs )T +Σ(w)
represents the regularized estimate of the covariance matrix specific to each observation after
controlling for the contributions of the dense factors.

We ran BASS, sGFA, GFA, and MRD-lin on the ten data sets, and compared the
results using prediction accuracy. For data sets with binary labels, we quantified prediction
error using the Hamming loss between the predicted labels and true labels. The predicted
labels on the test samples were calculated using the same thresholding rules as in earlier
work (Klami et al., 2013). The value of the threshold was chosen so that the Hamming loss
between the estimated labels and the true labels in the training set was minimized. We
used the R package PresenceAbsence and Matlab function perfcurve to find the thresholds
to produce binary classifications from continuous predictions. In particular, the R package
PresenceAbsence selects the threshold by maximizing the percent correctly classified, which
corresponds to minimizing the Hamming loss. For continuous variables, mean squared error
(MSE) was used to evaluate prediction accuracy. We initialized BASS with 500 factors and
50 PX-EM iterations. The other models were set to the default parameters with the number
of factors set to min(p1 , p2 , 50) (see Simulations for details). All methods were run 20 times,
and minimum errors were reported (Tables S1-S11).

1836
983
120
294
64
576
280
61
370
370

bibtex
delicious
mediamill
scene
rf1
rf2
scm1d
scm20d
atp1d
atp7d

p2

BASS
Err
SD
0.014
0.001
0.016
0.001
0.032 0.001
0.131
0.016
0.292 0.050
0.271 0.027
0.211 0.005
0.650
0.015
0.176 0.032
0.597
0.063

p1

(m = 2): the matrix of labels were treated as one observation (Y (1) ) and the features were
treated as another (Y (2) ). Recently Mulan added multiple regression data sets with continuous variables. We chose ten benchmark data sets from the Mulan Library. Four of them
(bibtex, delicious, mediamill, scene) have binary responses and were studied previously (Klami et al., 2013). Another six data sets (rf1, rf2, scm1d, scm20d, atp1d,
atp7d) have continuous responses (Table 8). For all data sets, we removed features with
identical values for all samples in the training set as uninformative. For the continuous
response data sets, for each value, we subtracted the mean and divided by the standard
deviation of each feature.
Data Set
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(w)
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(w)

(w)

(w)

In our model, V ar(Xs ) = I, and so the covariance matrix becomes Ωs = Bs (Bs )T +
Σ(w) . We inverted this positive definite covariance matrix to get a precision matrix R(w) =
(w)
(Ωs )−1 . The partial correlation between gene j1 and j2 , representing the correlation
between the two features conditioned on the remaining features, is then calculated by normalizing each entry in the precision matrix (Edwards, 2000; Schäfer and Strimmer, 2005):
(w)

rj j
(w)
.
ρj1 j2 = − q 1 2
(w) (w)
rj1 j1 rj2 j2

A partial correlation that is (near) zero for two genes (j1 , j2 ) suggests that they are conditionally independent; non-zero partial correlation implies a direct relationship between two
genes, and a network edge is added between the genes. The resulting undirected network
is an instance of a Gaussian Markov random field, also known as a Gaussian graphical
model (Edwards, 2000; Koller and Friedman, 2009). We note that BASS was the only
method that enables construction of a condition specific network: sGFA could not be applied to data of this magnitude, GFA did not shrink the column selection sufficiently to
recover sparsity in the condition specific covariance matrix, and SCCA only recovers shared
sparse projections.
We used the following method to combine the results of 100 runs to construct a single
observation-specific gene co-expression network for each observation. For each run, we first
constructed a network by connecting genes with partial correlation greater than a threshold
(0.01). Then we combined the 100 run-specific networks to construct a single network by
removing all network edges that appeared in fewer than 50 (50%) of the networks. The
two observation-specific gene co-expression networks contained 160 genes and 1, 244 edges
(buffer treated, Figure 7A), and 154 genes and 1, 030 edges (statin-treated, Figure 7B),
respectively.
7.3 Twenty newgroups analysis
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In this application, we used BASS and related methods for multiclass classification in the
20 Newsgroups data (Joachims, 1997). The documents were processed so that duplicates
and headers were removed, resulting 18, 846 documents. The data were downloaded using
the scikit-learn Python package (Pedregosa et al., 2011). We converted the raw data
into TF-IDF feature vectors and selected 319 words using SVM feature selection from
scikit-learn. One document had a zero vector across the subset of vocabulary words
and was removed. We held out 10 documents at random from each newsgroup as test data
(Table S14).
We applied BASS to the transposed data matrices with the 20 newsgroups as 20 observations. We set the initial number of factors to k = 1, 000 and ran EM 100 times from
random starting points, each with 100 initial PX-EM iterations. There were on average 820
factors recovered across the runs.
To analyze the newsgroup-specific words, we calculated the Pearson correlation of each
estimated loading and newsgroup indicator vectors consisting of ones for all of the documents
in one newsgroup and zeros for documents in the other groups. Then, for each newsgroup,
the loadings with the ten largest absolute value correlation coefficients were used to find the
31
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Figure 7: Observation-specific gene co-expression networks from the CAP data.
The two networks represent the co-expressed genes specific to buffer-treated samples (Panel
A) and statin-treated samples (Panel B). The node size is scaled according to the number
of shortest paths from all vertices to all others that pass through that node (betweenness
centrality).
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ten words with the largest absolute value factor scores. The results from one run include,
for example, the rec.autos newsgroup with ‘car’, ‘dealer’ and ‘oil,’ as top words, and the
rec.sport.baseball newsgroup with ‘baseball’, ‘braves,’ and ‘runs’ as top words (Table
9).
We further partitioned the newsgroups into six classes according to subject matter to
analyze the top words across newsgroups subgroups (Table 10). As above, we calculated
the Pearson correlation with the binary indicator vectors for documents in newsgroup subgroups, and we analyzed the top ten words in the ten factors with largest absolute value
correlation coefficients with these subsets of newsgroups (Table 10). We found, for example,
that the newsgroups talk.religion.misc, alt.atheism and soc.religion.christian
had ‘god’, ‘bible’ and ‘christian’ as top shared words. Examining one of the selected shared
loadings for this newsgroup subgroup (Figure 8A), we noticed that documents outside of
these three newsgroups, for the most part, have negligible loadings. This analysis highlights
the ability of BASS to recover meaningful shared structure among 20 observations.
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comp.graphics
graphics
polygon
3d
gif
tiff
images
image
format
image
pov
misc.forsale
sale
offer
sale
forsale
for
the
sell
shipping
condition
offer
sci.crypt
encryption
crypto
clipper
nsa
chip
nsa
key
pgp
des
tapped
talk.politics.guns
atf
fbi
firearms
stratus
guns
batf
gun
stratus
handheld
waco

comp.os.ms-windows.misc
windows
file
thanks
go
of
dos
cica
microsoft
dos
the
rec.autos
car
dealer
cars
oil
engine
toyota
ford
eliot
cars
cars
sci.electronics
circuit
radio
voltage
copy
amp
battery
electronics
tv
audio
power
talk.politics.mideast
israeli
israeli
jews
armenians
israel
armenian
arab
jake
armenians
jewish

comp.sys.ibm.pc.hardware
ide
drive
scsi
motherboard
controller
thanks
vlb
ide
bios
isa
rec.motorcycles
dod
bmw
bike
riding
motorcycle
bikes
ride
dod
bike
bike
sci.med
geb
msg
medical
doctor
diet
disease
cancer
geb
photography
doctor
talk.politics.misc
cramer
government
optilink
drugs
kaldis
president
clinton
br
cramer
tax

comp.sys.mac.hardware
mac
powerbook
apple
quadra
quadra
iisi
duo
centris
centris
mac
rec.sport.baseball
baseball
hitter
braves
ball
runs
year
phillies
players
sox
players
sci.space
it
people
space
orbit
for
henry
digex
moon
for
shuttle
talk.religion.misc
sandvik
morality
koresh
jesus
sandvik
religion
bible
god
christian
objective

Table 9: Most significant words in the newsgroup-specific factors for 20 newsgroups. For each newsgroup, we include
the top ten words in the newsgroup-specific components.

alt.atheism
islam
atheism
keith
mathew
okcforum
atheists
atheism
livesey
livesey
of
comp.windows.x
window
mit
motif
lcs
server
motif
widget
xterm
lcs
code
rec.sport.hockey
hockey
bruins
nhl
pens
game
detroit
team
season
leafs
espn
soc.religion.christian
god
sin
clh
bible
church
petch
christian
mary
heaven
church
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Top ten shared words
windows
dos
thanks
mac
graphics
go
file
scsi
window
server
dod
baseball
car
ride
bike
cars
motorcycle
bmw
game
team
clipper
henry
encryption
orbit
space
people
chip
circuit
digex
voltage
talk.religion.misc
alt.atheism
soc.religion.christian

talk.politics.misc
talk.politics.guns
talk.politics.mideast

misc.forsale

Newsgroup classes

Top ten shared words
sale
shipping
sell
ca
condition
wanted
offer
thanks
forsale
edu
government
it
israeli
israel
jews
gun
atf
guns
firearms
batf
god
bible
bible
heaven
christian
sandvik
clh
faith
jesus
church
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There exists a rich set of methods to explore latent structure in paired or multiple observations jointly (e.g., Parkhomenko et al., 2009; Witten and Tibshirani, 2009; Zhao and Li,
2012, among others). The multiple trajectories of interpretation of these approaches as
linear factor analysis models includes the original inter-battery and multi-battery models
(Browne, 1979, 1980), the probabilistic CCA model (Bach and Jordan, 2005), the sparse
probabilistic projection (Archambeau and Bach, 2009), and, most recently, the Bayesian
CCA model (Klami et al., 2013) and GFA model (Klami et al., 2014b). Only recently has
the idea of column-wise shrinkage, or group-wise sparsity, been applied to develop useful

8. Discussion

To assess prediction quality, we used the factors estimated from the training set to
classify documents in the test set into one of 20 newsgroups. To estimate the loadings in
the test set, we left-multiplied the test data matrix by the Moore-Penrose pseudoinverse of
factors estimated from training data. This gave a rough estimate of the loading matrix for
test data. Then test labels were predicted using the ten nearest neighbors in the loading
rows estimated for the training documents. For the 200 test documents, BASS achieved
58.3% accuracy (Hamming loss; Figure 8B). Because some of the newsgroups were closely
related to each other with respect to topic, we partitioned the 20 newsgroups into six topics
according to subject matter. Then, the ten nearest neighbors were used to predict the
topic of the test data. In this experiment, BASS achieved approximately 74.12% accuracy
(Hamming loss; Figure 8C; Table S3).

Table 10: Top ten words in the factors shared among specific subgroups of newsgroups. In the shared recovered components corresponding to subsets of newsgroups, we
show the ten most significant words in these shared components for six different subsets of
newsgroups.

sci.crypt
sci.electronics
sci.med
sci.space

rec.autos
rec.motorcycles
rec.sport.baseball
rec.sport.hockey

comp.graphics
comp.os.ms-windows.misc
comp.sys.ibm.pc.hardware
comp.sys.mac.hardware
comp.windows.x

Newsgroup classes
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Figure 8: Newsgroup prediction on 200 test documents. Panel A: One factor
loading selected as shared by three newsgroups (talk.religion.misc, alt.atheism and
soc.religion.christian). Panel B: 20 Newsgroups predictions on 200 test documents
using ten nearest neighbors from loadings estimated from the training data. Panel C: Document subgroup predictions based on six groups of similar newsgroups using ten nearest
neighbors based on loadings estimated from the training data.
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models for this problem. The advantage of column-wise shrinkage is to decouple portions
of the latent space from specific observations and adaptively select the number of factors.
While the innovation of column-wise sparsity is primarily due to the ideas developed
in the Bayesian CCA model (Virtanen et al., 2011), additional layers of shrinkage were
required to create both column-wise and element-wise sparsity as is essential in real data
analyses. The most recent attempt to develop such combined effects is the sGFA model
(Khan et al., 2014) using a combination of an element-wise ARD prior with spike-andslab prior for column selection. In our work here, we developed the necessary Bayesian
prior and methodology framework to realize these advantages for the analysis of large data
sets. In particular, we developed a structured sparse prior using three hierarchical layers
of the three parameter beta (T PB) distribution. This carefully formulated prior combines
both column-wise and element-wise shrinkage with global shrinkage to adapt the level of
sparsity—both column-wise and element-wise—to the underlying data, creating robustness
to parameter settings that cannot be achieved using a single-layer ARD prior. The resulting
BASS model also allows sparse and dense factor loadings, which proved essential for data
scenarios that have this low-rank and sparse structure and has been pursued in classical
statistics (Chandrasekaran et al., 2009; Candès et al., 2011; Zhou et al., 2011). We showed in
the simulations that this regularization is essential for problems in the p  n data scenario,
which motivated this work. With the assumption of full column rank of dense loadings and
one single observation, our model provides a Bayesian solution to the sparse and low-rank
decomposition problem.
35

Zhao, Gao, Mukherjee, Engelhardt

Column-wise shrinkage in BASS was achieved using the observation-specific global and
column-specific T PB priors. With current parameter settings, it is equivalent to the horseshoe prior put on the entire column. The horseshoe prior has been shown to induce better
shrinkage effects compared to the ARD prior, the Laplace prior (Bayesian lasso), and other
similar shrinkage priors while remaining computationally tractable (Carvalho et al., 2010).
In addition, our local shrinkage encourages element-wise sparsity. A two component mixture
allows both dense and sparse factors to be recovered for any subset of observations. These
shared factors have an interpretation as a supervised low-rank projection when one observation is supervised labels (e.g., the Mulan Library data). To the best of our knowledge,
the BASS model is the first model in either the Bayesian or classical statistical literature
that is able to capture low-rank and sparse decompositions among multiple observations.
We developed three algorithms that estimate the posterior distribution of our model or
MAP parameter values. We found that EM with random initialization would occasionally
get stuck in poor local optima. This motivated the development of a fast and robust PXEM algorithm by introducing an auxiliary rotation matrix (Rocková and George, 2015).
Initializing EM with PX-EM enabled EM to escape from poor initializations, illustrated in
simulations. Our PX-EM and EM algorithms have better computational complexity than
two competing approaches, GFA and sGFA, allowing for large-scale data application.
Extending multiple observation linear factor models to non-linear or non-Gaussian models has been studied recently (Salomatin et al., 2009; Damianou et al., 2012; Klami et al.,
2014a; Klami, 2014). The ideas in this paper of inducing structured sparsity in the loadings
has parallels in both of these settings. For example, we may consider structured Gaussian
process kernels in the non-linear setting, where structure corresponds to known shared and
observation-specific structure. A number of issues remain, including robustness of the recovered sparse factors across runs, scaling these methods to current studies in genomics,
neuroscience, or text analysis, allowing for missing data, and developing approaches to
include domain-specific structure across samples or features.
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τh |− ∼ Ga(c + d, φh

(w)

The full conditional distributions of the remaining parameters are

j=1

where GIG is the generalized inverse Gaussian distribution.
(w)
(w)
The full conditional distribution of φh with zh = 0 is


pw
X
(w)
(w)
(w) 2 

φh |− ∼ GIG c − pw /2, 2τh ,
(λjh ) .

j=1
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and wj represents the observation that the j th row belongs to.
(w)
(w)
(w)
(w)
The full conditional distributions of θjh , δjh and φh with zh = 1 are


(w)
(w)
(w)
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for i = 1, . . . , n.
For Λ, we derive the full conditional distributions of its p rows, λj· for j = 1, . . . , p,


T
λTj· |− ∼ Nk (σj−2 XX T + Dj−1 )−1 σj−2 Xyj·
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Φ=
T =
η=
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the collections of global-factor-local T PB prior parameters.
The full conditional distribution for latent factor xi is
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Maximization Step: The log posterior of Λ is written as




k
1
1X T
λ·h Dh λ·h ,
log(p(Λ|−)) ∝ tr Σ−1 ΛS XY − tr ΛT Σ−1 ΛS XX −
2
2
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T
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=
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.
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Expectation Step: Given model parameters, the distribution of latent factor X was
written in Appendix A (Equation 14). The expected sufficient statistics of X is

Appendix B. Variational expectation maximization (EM) algorithm for
MAP estimates

The full conditional distribution of
for j = 1, . . . , p is


1
σj−2 |− ∼ Ga n/2 + aσ , (yj· − λj· X)(yj· − λj· X)T + bσ .
2

(w)

Pr(zh

j=1

(w)

is

h=1

k
X

(w)

τh

N (λjh ; 0, θjh )Ga(θjh ; a, δjh )Ga(δjh ; b, φh ),

= 0|−) ∝ (1 − π (w) )

= 1|−) ∝ π (w)

We further integrate out
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The full conditional distribution of zh

π (w) |− ∼ beta 1 +
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We first derive the MCMC algorithm with Gibbs sampling steps for BASS. We write the
joint distribution of the full model as

h=1
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k
X
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Appendix A. Markov chain Monte Carlo (MCMC) algorithm for
posterior inference
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We take the derivative with respect to the loading column λ·h to get the MAP estimate.
The derivative of first part in the right hand side is
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For the third part, the derivative is Dh λ·h . The MAP estimates for λ·h are found by setting
the derivative to zero:
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XX is the (i, j)th element of S XX , and S Y X is the hth column of S Y X . The matrix
where Sij
·h
inverse is for a diagonal matrix; thus λ̂·h can be calculated efficiently. The MAP estimate
for the other model parameters are found from their full conditional distributions with the
latent variables replaced by their expectations. We list the parameter updates for those
variables here
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(w)

τ̂h

η̂ (w) =
γ̂ (w) =
π̂ (w) =
σ̂j−2 =

Appendix C. Parameter-expanded EM (PX-EM) algorithm for robust
MAP estimates

We introduce a positive semidefinite matrix R in our original model to obtain a parameterexpanded version:

−1
x i + i ,
yi = ΛRL

xi ∼ Nk (0, R),

i ∼ Nk (0, Σ).

Here, RL is the lower triangular part of the Cholesky decomposition of R. Marginally, the
covariance matrix is still Ω = ΛΛT + Σ, as this additional parameter keeps the likelihood
invariant. This additional parameter reduces the coupling effects between the updates of
loading matrix and latent factors (Liu et al., 1998; Dyk and Meng, 2001) and serves to
connect different posterior modes with equal likelihood curves indexed by R (Rocková and
George, 2015).
−1
and Ξ? = {Λ? , Θ, ∆, Φ, T , η, γ, π, Σ}. Then the parameters of our
Let Λ? = ΛRL
expanded model are {Ξ? ∪ R}. We assign our structured prior on Λ? . Thus, the updates of
Ξ? are unchanged given the estimates of the first and second moments of X. The estimates
of hXi and hXX T i are calculated using Equations (15 and 16) in Appendix B after mapping
the loading matrix back to the original matrix: Λ = Λ? RL . It remains to estimate R.
Write the expected complete log likelihood in the expanded model as

Q(Ξ? , R|Ξ(s) ) = EX,Z|Ξ(s) ,Y ,R0 log p(Ξ? , R, X, Z|Y ) .
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The only term involving R is p(X). Therefore, the R that maximizes this function is



n
1
R(s) = arg max Q(Ξ? , R|Ξ(s) ) = arg max const − log |R| − tr R−1 S XX .
2
2
R
R

The solution is R(s) = n1 S XX .
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and George, 2015). We initialize R(0) = Ik .

42

JMLR 17(196):1-47
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1. In addition, Iyer et al. (2014) illustrate that bidders may have an incentive to make a bid equal to
their expected value plus a term proportional to their value of learning about their value if bidders have
uncertainty about their own value. This paper differs from ours in that it considers an environment in
which bidders are attempting to learn their own values rather than an auctioneer attempting to learn
the eCPMs.

due to the fact that the ad is constantly competing in a wide variety of different auctions.
In these settings, there will always be a certain amount of free exploration that takes place
due to the fact that there will be some auctions in which there are no ads with eCPMs that
are known to be high, and one can use these opportunities to explore ads with uncertain
eCPMs. Almost all existing models of multi-armed bandits that can be applied to online
auctions fail to take this possibility into account.
This paper presents a model of repeated auctions in which an ad with an uncertain
click-through rate faces a random distribution of competing bids in each auction and there
is discounting of payoffs in the sense that an auctioneer values a dollar received in the
distant future less highly than a dollar received today. We formulate this problem as a
dynamic programming problem and show that the optimal solution to this problem takes a
remarkably simple form. In each period, the auctioneer should rank the advertisers on the
basis of the sum of an advertiser’s expected eCPM plus a term that represents the value of
learning about the eCPM of a particular ad. One then runs the auction by ranking the ads
by these social values rather than their expected eCPMs.
While there have been previous papers on multi-armed bandits that have proposed
ranking arms by a term equal to the expected value of showing an ad plus an additional term
representing the value of learning about the true value of that arm,1 the value of learning in
the problem that we consider is dramatically different from the value of learning in standard
multi-armed bandit problems. In standard multi-armed bandit problems (Auer et al., 2002)
where there is no discounting of payoffs and no random variation in the competition that
an arm faces, typical solutions involve ranking the ads according to a sum of the expected
value of the arm plus a term proportional to the standard deviation in the arm’s value. By
contrast, we find that the value of learning in our setting is proportional to the variance
in an ad’s expected eCPM divided by the number of impressions that an ad has received.
Thus the incremental increase in the probability that a particular ad is shown varies with
1
, where k denotes the number of impressions this ad has received so far. This is an order
k2
of magnitude smaller than the corresponding incremental increase in standard machine
learning algorithms. In fact, we show that if we attempted to rank the ads on the basis
of the sum of an advertiser’s expected eCPM plus a term equal to a constant times the
standard deviation in the advertiser’s eCPM, the optimal constant would be zero.
Our baseline model considers a simple situation in which there is a single advertiser
with unknown eCPM that competes in each period against an advertiser with known eCPM
whose eCPM bid is a random draw from some distribution. But our conclusions about the
value of learning are not restricted to this simple model. We show that our conclusions about
the optimal bidding strategies extend to a variety of more complicated models including
models in which there are multiple advertisers with unknown eCPMs as well as models in
which there is correlation between the unknown eCPMs of multiple different advertisers
and information from showing one advertiser can help one refine one’s estimate of the
eCPM for some other advertiser. We also illustrate an asymptotic equivalence between
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In standard Internet auctions in which bidders bid by specifying how much they are willing
to pay per click, it is standard to rank the advertisers by a product of their bid and their
click-through rate, or their expected cost-per-1000-impressions (eCPM) bids. While this
is a sensible way to determine the best ad to show for a particular query, it is potentially
a suboptimal approach if one cares about showing the best possible ads in the long run.
In online auctions, new ads are constantly entering the system, and for these ads one will
typically have uncertainty in the true eCPM of the ad due to the fact that one will not know
the click-through rate of a brand new ad with certainty. In this case, it can be desirable to
show an ad where one has a high amount of uncertainty about the true eCPM of the ad so
one can learn more about the ad’s true eCPM by observing whether the ad received a click.
Thus even if one believes that a high uncertainty ad is not the best ad for this particular
query, it may be valuable to show this ad so one can learn more about the eCPM of the ad
and make better decisions about whether to show this ad in the future.
While there is an extensive literature that analyzes strategic experimentation in these
types of multi-armed bandit problems, the online advertising setting differs substantially
from these existing models. In online auctions there is a tremendous amount of random
variation in the quality of competition that an ad with unknown eCPM faces in the auction

1. Introduction

Keywords: Auctions, Explore/exploit, Machine learning, Online advertising

We consider a model of repeated online auctions in which an ad with an uncertain clickthrough rate faces a random distribution of competing bids in each auction and there is
discounting of payoffs. We formulate the optimal solution to this explore/exploit problem
as a dynamic programming problem and show that efficiency is maximized by making a bid
for each advertiser equal to the advertiser’s expected value for the advertising opportunity
plus a term proportional to the variance in this value divided by the number of impressions
the advertiser has received thus far. We then use this result to illustrate that the value of
incorporating active exploration in an auction environment is exceedingly small.
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the theoretically optimal strategies and the strategies that would be selected by a simple
one-step look ahead policy often referred to as “knowledge gradients” (Frazier et al., 2009;
Ryzhov et al., 2010, 2012).
A consequence of these small incremental changes in the probability that an ad is shown
is that the total value from adding active exploration in the online auction setting is exceedingly small. Not only does the incremental increase in the probability that a particular
ad is shown vary with k12 , but on top of that, the expected payoff increase that one obtains conditional on showing a different ad than would be shown without active learning
also varies with k12 . This implies that the total value of adding active exploration in the
setting we consider will vary with k14 for large numbers of impressions k, an exceedingly
small amount.
We further obtain finite sample results illustrating that for realistic amounts of uncertainty in the eCPMs of ads, the maximum total efficiency gain that could ever be achieved
by adding active learning in this auction environment is exceedingly small, typically only a
few hundredths of a percentage point. Finally, we empirically verify these findings through
simulations and illustrate that adding active learning in the auction environment we consider only changes overall efficiency by a few hundredths of a percentage point.
Perhaps the most closely related paper to our work is a paper by Li et al. (2010). This
paper is the only other paper we are aware of that considers questions related to the value
of learning about the eCPMs of ads with uncertain eCPMs in a setting where there is
discounting in payoffs as well as random variation in the quality of the competition that
an ad faces from competing ads in the auction. Li et al. (2010) demonstrate that the value
of showing an ad with an uncertain eCPM will generally exceed the immediate value of
showing that ad because one will learn information about the eCPM of the ad that will
enable one to make better ranking decisions in the future. However, Li et al. (2010) do not
attempt to characterize the optimal solution in this setting, as we do in the present paper.
There is also an extensive literature in statistics and machine learning that addresses
questions related to multi-armed bandits (Audibert and Bubeck, 2010; Auer et al., 2002,
2003; Gittins, 1979; Hazan and Kale, 2011; Lai and Robbins, 1985; Mannor and Tsitsiklis,
2004; May et al., 2012; Slivkins, 2014) as well as some papers that focus specifically on the
auction context (Agarwal et al., 2009; Babaioff et al., 2009; Devanur and Kakade, 2009;
Wortman et al., 2007). However, none of these papers considers appropriate methods for
exploring ads in a context where there is random variation in the quality of the competition
that an ad faces in an auction. The optimal methods for exploring ads in such a scenario turn
out to be completely different from the methods considered in any of these previous papers,
and as such, our work is completely different from existing machine learning literature.
Finally, there is an extensive literature in economics related to questions on strategic
experimentation. Within economics, this literature has considered a variety of questions
including consumers trying to learn about the quality of various products (Bergemann and
Välimäki, 1996, 1997, 2000), firms and sellers trying to learn about demand (Aghion et al.,
1993; Fishman and Rob, 1998; Ghate, 2015; Keller and Rady, 1999; Mirman et al., 1993;
Rusitchini and Wolinsky, 1995), learning to play repeated games (Anthonisen, 2002; Gale
and Rosenthal, 1999), learning about untried policies in political economy (Callander, 2011;
Callander and Hummel, 2014; Strulovici, 2010), learning from the actions of others (Banerjee
and Fudenberg, 2004; Gale, 1996; Vives, 1997), as well as general results on experimentation
3
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(Aghion et al., 1991; Banks and Sundaram, 1992; Bergemann and Välimäki, 2001; Bolton
and Harris, 1999; Brezzi and Lai, 2002; Keller and Rady, 2010; Keller et al., 2005; Moscarini
and Smith, 2001; Rothschild, 1974; Schlag, 1998; Weitzman, 1979). However, the economics
literature has not considered strategic experimentation in auctions, as we do in the present
paper.

2. The Model

2

There is a new ad with an uncertain eCPM that will bid into a second-price auction for
a single advertising opportunity with competing advertisers.2 Throughout we let x denote
the actual unknown but fixed value (or eCPM) for showing the new ad, z denote the eCPM
bid the auctioneer places on behalf of this advertiser,3 and let k denote the number of
impressions the ad has received so far. We also suppose that the highest eCPM bid that this
advertiser competes against may vary from auction to auction, and that in each auction,
this highest competing eCPM bid is a random draw from some cumulative distribution
function F (·) with corresponding continuous and twice differentiable density f (·).
At any given point in time, the auctioneer does not necessarily know the exact value
of x. Instead the auctioneer only knows that x is drawn from some distribution. We let x̃
denote a generic distribution corresponding to the auctioneer’s estimate of the distribution
of possible values of x. This distribution will evolve over time as an ad has received more
impressions and we have a better sense of the underlying eCPM of the ad.
Throughout we also let x denote an unbiased estimate of the true value of x given the
auctioneer’s estimate of the distribution of possible values of x. We also let σk2 denote the
variance in our estimate of the eCPM for the new ad when the 2ad has been shown k times.
In the limit when k is large, σk2 will be well approximated by s k(x) for some constant s2 (x)

+ o( k12 ) for some continuously
that depends only on x, and we assume that σk2 = s k(x) + h(x)
k2
differentiable functions s2 (x) and h(x).4
In addition, we let δ ∈ (0, 1) denote the per-period discount rate so the auctioneer only
values advertising opportunities that take place at time T by a factor of δ T as much as
opportunities that take place at the present time period. Throughout we assume that the
auctioneer wishes to maximize total efficiency; that is, if vt denotes the total valuePof the ad
∞
δ t vt .
displayed in period t (the true eCPM of this ad), then the auctioneer’s payoff is t=0
Since online ad auctions are typically designed to select the efficiency-maximizing allocation,
this is a logical objective to optimize.

2

2. These second-price auctions for a single advertising slot are ubiquitous throughout the display advertising
industry. In such auctions, advertisers have an incentive to make a bid equal to their true value for a
click.
3. Typically advertisers bid by indicating how much they are willing to pay per click, and the auctioneer
then uses this cost-per-click bid as well as an estimate of the probability the ad will be clicked to calculate
an eCPM bid for the advertiser that the auctioneer then places on behalf of the advertiser in the auction.
4. This assumption will hold for most common priors about the distribution from which the uncertain
eCPM of the ad is drawn, such as a beta prior. It is also worth noting that the weaker assumption that
2
σk2 = s k(x) + O( k12 ) for some constant s2 (x) is sufficient to prove our main result about the value of
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learning being O( k12 ). The additional assumption that σk2 = s k(x) + h(x)
+ o( k12 ) is only used to further
k2
v(x)
prove that the value of learning is of the form k(k+1)
+ o( k12 ) for some function v(x).

4

z

L = u(x, x) − u(z, x)

5
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In general placing a bid of z rather than x in a one-shot auction will result in some
inefficiencies in the one-shot auction since it would be optimal for efficiency to place a bid
exactly equal to x on behalf of this advertiser in a one-shot auction. The payoff loss that
arises in a one-shot auction as a result of placing a bid of z instead of x is

In this section, we formulate the value of a particular ad as a dynamic programming problem and use this formulation to derive the optimal bidding strategy. First we derive the
auctioneer’s payoff that arises in a particular period when the auctioneer makes a particular
bid on behalf of the advertiser with uncertain eCPM.
Note that if the auctioneer places a bid of z on behalf of the advertiser with uncertain
eCPM in the auction and the actual value of showing this particular ad is x, then the
auctioneer’s payoff from running the auction once is
Z ∞
Z z
Z ∞
u(z, x) =
yf (y) dy +
xf (y) dy = −y(1 − F (y))|∞
(1 − F (y)) dy + xF (z)
z +
z
0
Z ∞ z
= z(1 − F (z)) +
(1 − F (y)) dy + xF (z).

4. Dynamic Programming Problem

All proofs are in the appendix. The fact that the value for any particular advertisement
is a convex function of the eCPM of the ad if the eCPM of the ad is known indicates that
if there is uncertainty about the eCPM of the ad, then the expected long-term value of this
ad will be greater than the long-term value of the expected eCPM of the ad. From this it
follows that if there is uncertainty about the eCPM of the ad, then it will be optimal to
behave as if this particular ad had a known eCPM that is greater than the expected eCPM
of the ad. The precise additional amount that this advertiser’s bid should be increased
will be pinned down by the solution to the dynamic programming problem governed by the
game described in the model.

Theorem 1 If the eCPM of an ad is known, then the total long-term value of this ad is a
convex function of the eCPM of the ad and a strictly convex function for regions where the
eCPM of the ad is within the support of the distribution of the highest competing eCPM.

Before proceeding to analyze the precise model given above, we first address a closely related
question about the extent to which a particular advertising opportunity increases total
welfare if the eCPM of this advertising opportunity is known. In particular, we consider a
concept that we refer to as the long-term value of a particular advertisement. The longterm value of a particular advertisement gives the total increase in the auctioneer’s payoff
that arises as a result of this ad being in the system from the various auctions that take
place over time. Understanding the long-term value of a particular advertisement when the
eCPM of that ad is known will serve as a useful benchmark for understanding how one
should behave when there is uncertainty about the eCPM of the ad.

3. Preliminaries

Machine Learning in an Auction Environment
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In the previous section, we have given exact expressions for the value of the dynamic program
and the optimal bidding strategy that should be followed under this dynamic programming
problem. In this section, we seek to derive accurate estimates of the value of this dynamic
program in the limit when an ad has already been shown a large number of times.
The main purpose of this section is to illustrate that the value of learning term given in
the previous section will vary with k12 for large k. We prove this by first showing that the
expected efficiency loss arising due to the uncertainty in the eCPM of the ad varies with k1
1
for large k, and then use this to show that the value of learning term varies with k1 − k+1
,
which varies with k12 for large k.
When an ad has already been shown a large number of times, the value of σk that
is estimated for the ad is likely to be very small. For small values of σk , we can use a
Taylor expansion to approximate the value of the above dynamic programming problem.
In particular, we obtain the following result:

5. Value of Dynamic Program for Large Numbers of Impressions

Thus the optimal bidding strategy in this dynamic programming problem can be written
in a form where the bid the auctioneer makes on behalf of the bidder with uncertain eCPM
is equal to the bidder’s expected eCPM plus a term that represents the value of learning
about the true eCPM of that bidder, δ(Ex0 [Vk+1 (x0 )] − Vk (x)). In order to calculate this
value of learning, we need to get a sense of the size of the Vk (x) terms.

Theorem 3 The optimal bidding strategy in the dynamic programming problem when an
ad has been shown k times entails setting z = x + δ(Ex0 [Vk+1 (x0 )] − Vk (x)).

By using the expression for the value of the dynamic programming problem in the
previous lemma, we can derive the bid that the auctioneer should place on behalf of the
advertiser to maximize the auctioneer’s payoff. This is done in the theorem below:

where x0 denotes the uncertain realization of x after an ad receives an additional impression.

Lemma 2 Vk (x) can be expressed as the value of a dynamic programming problem by

 Z z

1
Vk (x) =
F (z) − F (y) dy + δF (z)(Ex0 [Vk+1 (x0 )] − Vk (x)) ,
max E −
z
1−δ
x+σk 

If we define the per-period reward to be the negative of this per-period loss, then the
auctioneer seeks to maximize the discounted sum of these per period rewards. Let Vk (x)
denote the value of this discounted sum when the auctioneer follows the optimal bidding
strategy. Also note that, from the perspective of the auctioneer, x is a random variable that
can be expressed as x = x + σk , where σk denotes the standard deviation in our estimate
of the ad with uncertain eCPM when the ad has been shown k times, and  is a random
variable with mean zero and variance one. We use this notation to prove the following:

x

Z ∞
(1 − F (y)) dy − xF (z)
(1 − F (y)) dy + xF (x) − z(1 − F (z)) −
z
x
Z z
Z z
F (z) − F (y) dy.
(1 − F (y)) dy =
= (x − z)(1 − F (z)) +
= x(1 − F (x)) +
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Rz
Rz
Lemma 4 E [ x+σk  F (z) − F (y) dy] = x F (z) − F (y) dy + 21 σk2 f (x) + a(x)σk4 + o(σk4 ) for
some constant a(x) for large k.
Using the results from the previous lemma, one can immediately illustrate that Vk must
be on the order of k1 for large values of k.
Theorem 5 Vk (x) = Θ( k1 ) for large k.
To understand the intuition behind this result, note that the average error in the estimate
of the eCPM of the ad is proportional to the standard error of this estimate, σk , which
varies with
so the probability that the auctioneer will display the wrong ad as a result
√1 ,
k

of misestimating the eCPM of the ad varies with √1k . At the same time, conditional on
displaying the wrong ad as a result of misestimating the eCPM of the ad, the average
efficiency loss that one suffers varies with √1k . Thus the expected efficiency loss that the

auctioneer incurs varies with 1 , which in turn implies the result in Theorem 5.
k
1
Theorem 5 suggests that we may be able to write Vk (x) = − v(x)
k + o( k ) for large k,
where v is a function that depends only on x. To prove that Vk (x) can be expressed this
way, it is necessary to show that kVk (x) indeed converges to a function of x in the limit as
k → ∞. This is done in the following theorem:
Theorem 6 kVk (x) converges to a function of x in the limit as k → ∞. Furthermore, it
1
must be the case that kVk (x) = − 2(1−δ)
s2 (x)f (x) + O( k1 ) for large k.

v(x)
k(k+1)

+o

1
k2



for large k.

1
From Theorem 6, it follows that we can express Vk (x) by Vk (x) = − v(x)
k + O( k2 ) for
1
large k, where v is a function that satisfies v(x) = 2(1−δ)
s2 (x)f (x). In order to complete
our approximation of the solution the dynamic programming problem for large k, it is
also necessary to bound the expression Ex0 [Vk+1 (x0 )] − Vk (x) that appears in the dynamic
programming problem. This is done in the following theorem:

Theorem 7 Ex0 [Vk+1 (x0 )] − Vk (x) =
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The intuition behind this result is that since the efficiency loss that the auctioneer
incurs due to uncertainty in the eCPM of an ad varies with k1 , the value of learning will
be proportional to the reduction in the future efficiency loss that the auctioneer suffers as
a result of learning more about the eCPM of the ad, meaning the value of learning will
1
vary with k1 − k+1
, which varies with k12 . The fact that Ex0 [Vk+1 (x0 )] − Vk (x) varies with
1
indicates that the incremental increase in an advertiser’s bid also varies with k12 in the
k2
limit when k is large. This in turn implies that the incremental increase in an advertiser’s
probability of winning the auction will also vary with k12 for large k.
The result in Theorem 7 suggests that the optimal method for adding active exploration
will only rarely have an effect on which ad wins the auction, as the probability that this
active exploration changes which ad is shown varies with k12 for large k. This result about
the value of learning varying with k12 for large k stands in marked contrast to algorithms
that have been proposed for active exploration in standard multi-armed bandit problems
with no discounting of payoffs and no random variation in the competition that an arm faces
7
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in a given period (Auer et al., 2002). In these types of algorithms, the value of learning
tends to vary with √1k , which means the value of learning is an order of magnitude smaller
in our setting than in standard multi-armed bandit problems.
Ultimately we seek to use these insights to derive results about the change in payoff that
would result from incorporating active learning in this setting. Before doing this, we first
illustrate how the conclusions of this section about the value of the dynamic programming
problem and the optimal bidding strategy extend to a variety of more complicated scenarios
including settings where there are multiple different ads with uncertain eCPMs whose true
eCPMs may be correlated and we also illustrate a natural correspondence between the
optimal solution to the full dynamic programming problem and a simple one-step lookahead strategy. First we tackle the problem of computing the value of the dynamic program
when an ad with an uncertain eCPM has only received a small number of impressions.

6. Value of Dynamic Program for Small Numbers of Impressions

h

x+σk 

R zk
E − x+σ
F (zk )
k

1 − δ + δF (zk )

i
− F (y) dy + δF (zk )Ex0 [Vk+1 (x0 )]

.

To calculate the value of Vk (x) for small values of k, we apply backwards induction. At
some large value of k, it will necessarily be the case that the incremental value of additional
exploration is so small that the advertiser simply bids z = x because the smallest possible
increment the advertiser would be allowed to adjust its bid exceeds the tiny incremental
value of additional exploration. Thus if K denotes the earliest stage at which an advertiser
always sets z = x, then for hall k ≥ K, it is necessarily

ithe case that the value of learning is
Rx
1
zero, and Vk (x) = 1−δ
E − x+σk  F (x) − F (y) dy ≈ 0.
For values of k < K, we have

 Z zk
F (zk ) − F (y) dy + δF (zk )(Ex0 [Vk+1 (x0 )] − Vk (x))
(1 − δ)Vk (x) = E −
or
Vk (x) =

Thus by empirically measuring the values of σk and F (·), we can apply backward induction to approximate Vk (x) for small values of k. We now address the question of what
these values of Vk (x) will be approximately equal to for an important class of advertisers.
Many ads that have only received a small number of impressions are ads that typically
fail to win auctions because the machine learning system is pessimistic about the ad’s true
eCPM. The estimated eCPMs for these ads may be several orders of magnitude smaller
than the typical eCPMs of the ads that have been shown many times. In these cases, even
if the percentage uncertainty in the eCPMs of these ads is quite high, the absolute amount
of uncertainty in the eCPMs of these ads will be small compared to the typical eCPMs of
the ads that have been shown many times. Thus in these cases, x will be close to zero, and
F (x) and σk2 will be close to zero as well. Under these circumstances, we have the following
result:

JMLR 17(197):1-37

1
Theorem 8 If x (and σk2 ) are close to zero for small values of k, then Vk (x) = − 2(1−δ)
f (x)σk2 +
o(f (x)σk2 ) for small values of k.

8

s2a (xa )
ka

=

s2a (xa )
βa k

for some constant s2a (xa ) that depends only on xa , and

9
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5. Contextual bandit problems in which an arm’s payoff may vary from context to context have appeared
in the literature before in different settings. See, for example, work by May et al. (2012) and Slivkins
(2014).

well approximated by

So far we have restricted attention settings in which we only seek to learn the eCPM of one
advertiser’s ad. However, in many situations we may seek to learn the eCPMs of multiple
advertisers’ ads and the eCPMs of the various advertisers may be correlated. In these
situations, information about one ad’s eCPM may help one learn about the eCPMs of other
related advertisers. On top of this, even if there is only ad for which we are uncertain
about the advertiser’s eCPM, this ad may bid in several different contexts where the ad has
substantially different eCPMs and the ad faces substantially different competing landscapes
of bids.5 In these cases, information about an ad’s eCPM in one context may also help one
learn about the ad’s eCPM in other contexts.
To address how this affects the results, we extend the model to allow for the possibility
that there are multiple different ads that bid in multiple different contexts where we seek
to learn the eCPMs of the ads and these eCPMs may be correlated. In particular, we
suppose that there are m different ad-context pairs where we seek to learn the eCPM of
the ad in that particular context. For the ad-context pair a, we let xa denote the actual,
unknown value of the eCPM of that ad in that context, and we let x = (x1 , . . . , xm ) denote
the actual unknown eCPMs of the ads in all m contexts. We also let k denote the total
number of impressions that these advertisers have received in the various contexts and let
β
Pa mdenote the fraction of these impressions that were received in context a. Thus we have
a=1 βa = 1.
We again assume the auctioneer does not know the exact value of x, and instead the
auctioneer only knows that x is drawn from some distribution. We again let x̃ denote a
generic distribution corresponding to the auctioneer’s estimate of the distribution of possible
values of x. This distribution allows for the possibility that the auctioneer may believe there
is correlation in the unknown eCPMs of the advertisers in the different contexts, and the
distribution will again evolve over time as an ad has received more impressions and we have
a better sense of the underlying eCPM of the ad.
Throughout we also let x denote an unbiased estimate of the true value of x given the
auctioneer’s estimate of the distribution of possible values of x and we let xa denote an
2
unbiased estimate of the true value of xa given this distribution. We also let σa,k
denote
a
the variance in our estimate of the eCPM of the ad-context pair a when there have been a
2
total of ka impressions in this ad-context pair. In the limit when ka is large, σa,k
will be
a

7. Ads with Correlated Values

Theorem 8 indicates that even in small sample environments, it is still frequently rea1
sonable to approximate Vk (x) by writing Vk (x) ≈ − 2(1−δ)
f (x)σk2 , where σk2 denotes the
variance in our estimate of the ad’s eCPM for a particular value of k. This theorem in turn
implies that if a machine learning system is quite pessimistic about the true eCPM of a new
ad, then there will be little value to actively exploring the ad because the value of learning
term, Ex0 [Vk+1 (x0 )] − Vk (x), will be quite small.

Machine Learning in an Auction Environment
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Theorem 10 When there are multiple ads with correlated values, kV~k (x) converges to a
functionP
of x in the limit as k → ∞. Furthermore, it must be the case that kV~k (x) =
m
1 2
1
1
− 2(1−δ)
a=1 πa βa sa (xa )fa (xa ) + O( k ) for large k.

While this result indicates that V~k (x) varies with k1 for large values of k, this alone does
not guarantee the convergence of this function for large values of k. We verify that this
function does indeed converge for large values of k in the following theorem:

Theorem 9 When there are multiple ads with correlated values, V~k (x) = Θ( k1 ).

0 ) is a vector that satisfies k 0 = k for all b 6= a and k 0 = k + 1,
where ~k 0 (a, ~k) ≡ (k10 , . . . , km
a
b
a
b
and x0 (a) denotes the uncertain realization of x if the advertiser-context pair a receives
an additional impression. Furthermore, the optimal bid za if there is an auction involving
the advertiser-context pair a satisfies za = xa + δFa (za )(Ex0 (a) [V~k0 (a,~k) (x0 (a))] − V~k (x)) by
similar logic to that given in Theorem 3, and the result in Lemma 4 is just a general
mathematical result that holds regardless of the model we are considering. Thus natural
analogs of Theorems 1 and 3 and Lemmas 2 and 4 continue to hold in this revised model.
By using these insights, one can further show that V~k (x) must be on the order of k1 for
large k. This is done in the following theorem:

##
"
" Z
za
1
Fa (za ) − Fa (y) dy + δFa (za )(Ex0 (a) [V~k0 (a,~k) (x0 (a))] − V~k (x)) ,
Ea max E −
za
1−δ
xa +σa,ka 

a)
2
we again let σa,k
= saβ(x
+ hβa2(xka2 ) + o( k12 ) for some continuously differentiable functions
a
ak
a
s2a (xa ) and ha (xa ). In addition, we let δ ∈ (0, 1) denote the per-period discount rate so that
the mechanism designer only values advertising opportunities that take place at time T by
a factor of δ T as much as opportunities that take place at the present time period.
In each period t, there is an auction for a single advertising opportunity. The auction
can involve any one of the m possible ad-context pairs for which we do not know the eCPM
of the ad in that context. We let πa denote the probability that there P
will be an auction
involving ad-context pair a in any given time period. Thus we have m
a=1 πa = 1. We
further suppose that if there is an auction involving ad-context pair a, then the distribution
of the values of the competing advertisers is such that the highest eCPM for a competing
ad is a random draw from some cumulative distribution function Fa (·) with corresponding
continuous and twice differentiable density fa (·).
In this setting, the total long-term value of a particular ad-context pair is again a convex
function of the eCPM of the ad for the same reasons as in Theorem 1 and we can again
formulate this problem as a dynamic program. To do this, let ~k ≡ (k1 , . . . , km ) denote
a vector that gives the number of impressions that have been received by the various adcontext pairs 1, . . . , m. Also let Va,~k (x) denote the value of the dynamic program when the
next auction involves the advertiser-context pair a, the eCPMs of the ads are x, and there
have been ~k impressions in each of the various ad-context pairs, and let V~k (x) ≡ Ea [Va,~k (x)]
denote the value of the same dynamic program unconditional on which ad-context pair is
involved in the next auction. By using similar reasoning to that in Lemma 2, we know that
V~k (x) equals

Hummel and McAfee

Theorem 10 indicates that the results about the limiting value of kV~k (x) derived in
Theorem 6 extend naturally to the case where there are multiple ads with possibly correlated
values. When there are multiple ad-context pairs that we must learn about, the value
function corresponding to that in Theorem 6 differs only in that we take a weighted sum over
the various possible advertiser-context pairs, where the weights are a function of the relative
probabilities with which each advertiser-context pair arises. Thus there is a clear analog
between the limiting properties of the value function when there are multiple advertisercontext pairs and the value function in the main model.
By using the results in the previous theorem, one can further derive properties of the
limiting value of Ex0 (a) [V~k0 (a,~k) (x0 (a))] − V~k (x) that is proportional to the additional amount
that one should bid in the auction beyond the expected value that one has for the advertising
opportunity. This is stated below in the following theorem:

Machine Learning in an Auction Environment
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Theorem 11 When there are multiple ads with correlated values, Ex0 (a) [V~k0 (a,~k) (x0 (a))] −
a

πa
1
2
V~k (x) = − 2(1−δ)β
2 k 2 sa (xa )fa (xa ) + o( k 2 ) for large k.

The proof of this result is substantively identical to the proof of Theorem 7 and is
thus omitted. Theorem 11 illustrates that the substantive conclusions of Theorem 7 extend
to this alternative environment in which there are multiple ads with possibly correlated
values. When there are multiple ads, it remains optimal to increase one’s bid by an amount
proportional to the variances in our estimates of the eCPMs of the ads or k12 for large k.

x+σk 

12
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The proof of this result is substantively identical to that in Theorem 3 and is thus
omitted. This result indicates that in the knowledge gradient framework, the incremental
amount that one increases one’s bid beyond the immediate expected reward is again of the

Theorem 12 The optimal bidding strategy in the knowledge gradient framework when an
ad has been shown k times entails setting z = x + δ(Ex0 [Uk+1 (x0 )] − Uk (x)).

There is a clear similarity between this expression and the expression for the expected
payoff from placing a bid of z in the standard dynamic programming approach. The main
difference is that the terms Uk+1 (x0 ) and Uk (x) have replaced the terms Vk+1 (x0 ) and Vk (x)
in the standard dynamic programming approach.
It is worth noting, however, that the payoffs that result from the one-step look ahead
strategies in the model in this paper take a different form than those given in other knowledge gradient papers (Frazier et al., 2009; Ryzhov et al., 2010, 2012). The reason for this
difference is that in the model in our paper, there is a competing ad whose eCPM is known
in each period but is also a random draw from some distribution in each period. No such
random changes in the values of the arms from period to period are present in existing
knowledge gradient papers, so the payoffs and strategies in our paper are formulated differently than those given in existing knowledge gradient papers.
From the equation we’ve derived for the auctioneer’s payoff from bidding z, we can
calculate the optimal bidding strategy under the knowledge gradient formulation. This
bidding strategy is given in the following theorem:

the game when an ad has received k impressions so far, one’s estimate of the eCPM of the
ad is x, and one will not be able to use information that one learns in the future to inform
future bidding decisions. Note that in this case, the optimal bidding strategy will be to
submit a bid of z h= x in every remaining period,
and the auctioneer’s expected per-period
i
Rz
payoff will be E − x+σ  F (z) − F (y) dy in every future period, where  denotes some
k
total value the auctioneer
random variable with mean zero and variance one, and z ≡ x.
h The
i
Rx
1
will obtain for the rest of the game is then Uk (x) = 1−δ
E − x+σk  F (x) − F (y) dy .
Also let Uk+1 (x) denote the value that one would obtain for the rest of the game when
an ad has received k + 1 impressions so far, one’s estimate of the eCPM of the ad is x,
and one will not be able to use information that one learns in the future to inform future
bidding decisions.hThe total value the auctioneer
i will obtain for the rest of the game is then
Rx
1
Uk+1 (x) = 1−δ
E − x+σk+1  F (x) − F (y) dy .
Now consider the bidding strategy that one would employ if one faced an infinite-horizon
game but this period was the last period in which the information one learned could be used
to inform futureRactions. The auctioneer’s payoff from bidding z that arises in the current
z
period equals − x+σk  F (z) − F (y) dy. And the expected value that the auctioneer obtains
from future periods by bidding z in the current period is F (z)Ex0 [Uk+1 (x0 )]+(1−F (z))Uk (x)
by the same reasoning used in the proof of Lemma 2. From this it follows that the expected
payoff from placing a bid of z in a given period is

 Z z
E −
F (z) − F (y) dy + δ(F (z)Ex0 [Uk+1 (x0 )] + (1 − F (z))Uk (x)) .

8. Knowledge Gradients
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Throughout the paper so far, we have considered a standard dynamic programming approach in which the optimal decision at any given point in time is affected in part by how
this decision will affect future decisions when looking at the infinite horizon ahead. While
this is a standard approach to take in these types of problems, recently there has been work
considering an alternative approach often referred to as “knowledge gradients” in which
the decision one takes in a given period is the decision that one would take if one faced
an infinite-horizon game but this period was the last period in which the information one
learned could be used to inform future actions.
The main advantage of these knowledge gradients over the standard dynamic programming approach is that they have the virtue of being much easier to calculate than the
optimal bidding strategy under the standard dynamic programming problem. This simplicity does potentially come at a performance cost. However, various papers have illustrated
that using this simple one-step look-ahead approach can nonetheless achieve a performance
that is competitive with that of other standard methods in contexts unrelated to advertising
(Frazier et al., 2009; Ryzhov et al., 2010, 2012). In this section, we investigate whether this
alternative knowledge gradient approach can indeed achieve a performance comparable to
that of the theoretically optimal dynamic programming approach.
To address this question, for simplicity we consider the baseline model in which there
is one advertisement for which we are seeking to learn the eCPM of the ad, though similar
results can easily be derived under the more general model we have considered with multiple
ads and correlated values. Let Uk (x) denote the value that one would obtain for the rest of
11

13

This result also immediately implies the following corollary:

v(x)
k(k+1) +o

1
k2
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Theorem 14 In the knowledge gradient framework, Ex0 [Uk+1 (x0 )]−Uk (x) =
1
for large k, where v(x) ≡ 2(1−δ)
s2 (x)f (x).

Theorem 13 indicates that the solution to the one-step look ahead problem will generally involve increasing one’s bid beyond the immediate expected value of the advertising
opportunity by a greater amount than one would do so under the full dynamic programming problem. This makes sense intuitively. If the current period were the last period in
which one could ever use information that one learns to inform future actions, then one
would place quite a high premium on being able to learn this information while one still
can. By contrast, in the full dynamic programming problem, there will always be plenty of
opportunities to learn this information later, so there is relatively less incentive to substantially increase one’s bid beyond the immediate expected reward. This explains the result in
Theorem 13.
Theorem 13 requires a technical condition that the expected value of all future learning
is lower if an ad has been shown k + 1 times than if the ad has been shown k times, but this
is just a mild technical constraint that we would expect to hold in virtually any situation.
When an ad has been shown k + 1 times, one has more precise information about the true
eCPM of the ad than when the ad has only been shown k times, so there is less value to
learning more about the true eCPM of the ad.
While Theorem 13 suggests that one might increase one’s bid by too much under the
knowledge gradient framework compared to the strategy that one should follow under the
full dynamic programming problem, these differences in bidding strategies turn out to be
relatively small. We illustrate this by characterizing the value of Ex0 [Uk+1 (x0 )] − Uk (x):

Theorem 13 Suppose the expected value of all future learning is lower after the ad has been
shown k + 1 times than it is after the ad has been shown k times. Then the incremental
amount by which one would increase one’s bid under the knowledge gradient framework is
greater than it is under the full dynamic programming problem.

Corollary 15 The ratio of the incremental amount by which one wants to increase one’s
bid in the knowledge gradient framework and the incremental amount by which one wants to
increase one’s bid in the standard dynamic programming approach becomes arbitrarily close
to 1 in the limit as the amount of uncertainty in an ad’s eCPM becomes arbitrarily small.

form δ(Ex0 [Uk+1 (x0 )] − Uk (x)), the only difference being that Uk (x) corresponds to the value
of the dynamic program under the knowledge gradient framework.
To better understand the incremental amount that one would increase one’s bid, we
present two results that illustrate how the incremental amount that one would increase
one’s bid under the knowledge gradient framework compares to the incremental amount
that one would increase one’s bid under the full dynamic programming problem. First we
present a finite sample result about how these incremental bid increases compare in the two
frameworks.
In our first result, we consider what we refer to as the expected value of all future
learning. To reflect the fact that Vk (x) gives the auctioneer’s payoff from the full dynamic
programming problem when the auctioneer is able to make use of additional information in
future periods, whereas Uk (x) gives the auctioneer’s payoff from the corresponding game in
which the auctioneer is not able to make use of information that he learns, we define this
expected value of all future learning term to be the difference between Vk (x) and Uk (x).
With this definition in mind, we obtain the following result:

14
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Now let ki denote the number of impressions that advertiser i has received so far, let
~k ≡ (k1 , . . . , kn ) denote a vector that gives the number of times each of these ads has been
shown, let xi denote our best estimate of the expected value of the eCPM of advertiser i,

In the analysis so far, we have assumed that in any given auction, there is only one advertiser
whose eCPM is unknown. But in many real-life auctions there may be multiple advertisers
with unknown eCPMs. In these cases, an auctioneer must decide both which advertiser with
unknown eCPM will have the highest bid as well as what bid to submit for this advertiser.
In this setting, it is not clear whether the decision maker’s optimal strategy can simply
be represented by submitting a bid for each advertiser that is equal to the sum of the best
estimate of the advertiser’s eCPM as well as a value of learning term. It may be the case
that the optimal bid for advertiser i if advertiser i submits the highest bid of the advertisers
with unknown eCPMs is higher than the optimal bid for some other advertiser j if advertiser
j submits the highest bid of the advertisers with unknown eCPMs, even though the decision
maker would prefer to submit a higher bid for advertiser j than for advertiser i. We address
whether this possibility can arise in this section.
To address this question, suppose that in each auction, there are n ads with unknown
eCPMs. The actual eCPMs of these ads are x1 , . . . , xn , and we let z1 , . . . , zn denote the
bids placed by these advertisers in the auction. Also let i denote the advertiser who submits
the highest eCPM bid amongst these n bidders and let j denote the advertiser who actually
has the highest eCPM amongst these advertisers. In each auction, these advertisers with
unknown eCPMs compete against other advertisers and the highest such competing eCPM
is drawn from a cumulative distribution function F (·) with corresponding density f (·).
Note that in this case, the utility that the decision maker obtains in a given period from
having advertiser i submit
R ∞ a bid of zi that is the highest eCPM bid amongst these n bidders
is u = zi (1 − F (zi )) + zi (1 − F (y)) dy + xi F (zi ). At the same time, this decision maker
R∞
would obtain a utility of u = xj (1 − F (xj )) + xj (1 − F (y)) dy + xj F (xj ) in a given period
from making the optimal decision in a given period. Thus the loss that this decision maker
obtains in a given period as a result of having advertiser i submit a bid of zi that is the
highest eCPM bid amongst these
between
R z n bidders is the Rdifference
R z these two utilities or
z
L = xj − zi + (zi − xi )F (zi ) + xji (1 − F (y)) dy = xii F (zi ) dy − xji F (y) dy.

9. Learning About Multiple Advertisers in the Same Auction

Thus using the knowledge gradient to formulate one’s bidding strategy will result in payoffs that are asymptotically equivalent to those that would result from using the theoretically
optimal bidding strategy. These results suggest that the knowledge gradient framework is
indeed an appealing framework for computing bidding strategies in an environment where
one wishes to learn about the unknown eCPMs of advertisers, as using this approach will
result in little loss from the theoretically optimal approach.
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F (zi ) dy + δF (zi )(Ex0 (i) [V~k0 (i) (x0 (i))] − V~k (x))

#!
,
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"Z
zi

xj

F (y) dy −

and let x ≡ (x1 , . . . , xn ) denote a vector of these best estimates. Also let V~k (x) denote the
value of the dynamic program as a function of these quantities.
By similar reasoning to that in the proof of Lemma 2, it follows that if i denotes the
advertiser who submits the highest eCPM bid amongst the n bidders with unknown eCPMs,
~k 0 (i) ≡ (k 0 , . . . , k 0 ) is the vector where k 0 = kj for all j 6= i and k 0 = ki +1, and x0 (i) denotes
n
1
j
i
the uncertain realization of x if advertiser i receives an additional impression, then V~k (x)
equals

zi

max Exi ,xj
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6. Similarly, an algorithm such as epsilon-greedy, in which the ad with the highest eCPM is chosen with
probability 1 − , and an ad is chosen uniformly at random with probability , will also lead to lower
payoffs than not doing any active exploration at all for large k. We prove this in Observation 23 in the
appendix.
7. The expected payoff increase that we refer to in this theorem is for the subgame beginning from the
point when the ad with uncertain eCPM has already received k impressions.

Theorem 18 indicates that the performance improvement that can be obtained as a
result of using the approximately optimal bidding strategy is only on the order of k14 , where
k denotes the number of impressions that an ad has received. This follows from the fact
that the incremental increase in the probability that a particular ad is shown varies with k12 ,
and on top of that, the expected payoff increase that one obtains conditional on showing
a different ad than would be shown without active learning also varies with k12 . Since
this represents a fourth-order improvement in performance relative to the purely greedy
approach, this result indicates that the performance improvement that can be obtained by
following our algorithm rather than simply ranking the ads by their eCPMs is small.

Theorem 18 Suppose the auctioneer follows the approximately optimal bidding strategy.
Then the expected payoff that the auctioneer will obtain by using this algorithm will exceed
the expected payoff that the auctioneer would obtain by using the purely greedy approach by
δ2
1 7
4
3
an amount 8(1−δ)
3 k 4 s (x)f (x) + o( k 4 ).

This result immediately implies that standard existing algorithms for exploration which
involve adding a term proportional to the standard deviation to the eCPM of the ad, such as
the UCB algorithm, are actually dominated by the simple greedy approach of always making
a bid equal to the eCPM of the ad. These existing algorithms do too much exploration,
and as a result, lead to lower payoffs than not doing any active exploration at all.6
Next we turn to the question of what guarantees can be made about the size of the
performance improvement that could be obtained by using the approximately optimal bidding strategy rather than the simple greedy algorithm. Our next result illustrates that one
will indeed obtain a performance improvement by using the approximately optimal bidding
strategy, but the size of the performance improvement is likely to be very small.

Theorem 17 Suppose the auctioneer uses a bid for the advertiser with unknown eCPM
1
of the form z = x + c(x)
kα , where α ≤ 2 and c(x) is a bounded non-negative constant that
depends only on x and the distribution of competing bids. Then the optimal constant c(x)
for any such algorithm is c(x) = 0 for sufficiently large k.

First we address questions related to how the algorithms we have considered in this
paper will compare to other plausible algorithms in the machine learning literature. One
other algorithm that is standard for multi-armed bandit problems involves ranking the arms
by a term equal to the expected value of the arm plus a term proportional to the standard
deviation in the arm (Auer et al., 2002). More generally, one can rank advertisers by a
term equal to the eCPM of the advertiser plus a term proportional to k1α for any α ≤ 21 ,
where k denotes the number of impressions that the ad has received so far. However, these
algorithms are not well-suited towards the auction environment, as the following theorem
illustrates:

1
1−δ
where the difference inRthe values of the
R z dynamic programs is due to the fact that the loss in
z
a given period is now xii F (zi ) dy − xji F (y) dy. Similarly, the optimal bid for advertiser i
if advertiser i submits the highest eCPM bid amongst the n bidders with unknown eCPMs
still satisfies zi = xi + δ(Ex0 (i) [V~k0 (i) (x0 (i))] − V~k (x)). We use these insights to prove the
following:
Theorem 16 Suppose the optimal bid for advertiser i if advertiser i submits the highest
bid of the advertisers with unknown eCPMs is higher than the optimal bid for all other
advertisers with unknown eCPMs if one of these other advertisers submits the highest bid
of the advertisers with unknown eCPMs. Then it is also optimal for advertiser i to have
the highest bid of all the advertisers with unknown eCPMs.
Theorem 16 guarantees that if there are multiple ads with unknown eCPMs, then one
can simply compute the optimal bids for each of these ads in the case where the ad in
question was guaranteed to have a higher bid than the other ads with unknown eCPMs.
The ad that has the highest such optimal bid will then be guaranteed to be the ad for
which the mechanism designer would want to submit the highest such bid. Thus even when
there are multiple ads in the same auction with unknown eCPMs, one can continue to make
optimal decisions by computing bids for the advertisers equal to their estimated eCPMs
plus a value of learning term for the ad and then rank the advertisers on this basis.

10. Performance Guarantees
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We now return to the baseline setting in Section 2. The results in the previous sections
suggest a possible algorithm that will approximate the optimal bidding strategies for an
auctioneer who seeks to maximize long-run efficiency. This algorithm would compute the
expected eCPM for an advertiser with unknown eCPM, x, the density for the distribution
of competing eCPM bids at this value of x, f (x), the variance s2 (x) in the eCPM for
an ad with estimated eCPM x that has only received one impression, and the number of
impressions k that the ad has received. One then decides which ad to show by computing
δ
s2 (x)f (x) for each ad, where δ is the auctioneer’s discount
a score equal to x + 2(1−δ)k(k+1)
factor, and showing the ad with the highest such score. We refer to this strategy as the
approximately optimal bidding strategy, and in this section we address questions related to
the size of the performance guarantees that can be obtained by using this algorithm and
related algorithms.
15

where f denotes the supremum of f (·).

5 3

σ2
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)
2
√e
to c(σ
ξω , where ξω is the expected value of the lognormal distribution and c(σ ) ≡ 2πσ 2 is
2
2
a constant that depends only on σ . Furthermore c(σ ) is likely to be close to 1 for realistic
values of σ 2 since c(σ 2 ) ∈ [0.93, 1.09] for values of σ 2 ∈ [0.2, 1]. The lognormal distribution

2

δ γ ω f
theoretically optimal strategy rather than the greedy strategy is roughly 8ξ(1−δ)
2 (1−ω)2 .
Furthermore, if the typical eCPM bids for the highest competing advertisers in an
1
auction are roughly ξω, then f is likely to also be on the order of ξω
. This holds, for
example, if the highest competing eCPM bids are drawn from a lognormal distribution, as
the largest value of the density of a lognormal distribution with parameters µ and σ 2 is equal

2 8

Theorem 20 presents bounds on the maximum performance improvement that can be
achieved over the purely greedy strategy by using active learning, but it is not immediately
clear from this result whether these bounds imply there are significant limitations on the
performance improvement that can be achieved by using active learning. We thus seek to
shed some light on this under empirically realistic values of the parameters.
If the typical eCPM bids for the winning advertisers are roughly ξω, then the auctioneer’s
ξω
total payoff for the game will be roughly 1−δ
, and the result in Theorem 20 indicates that
the maximum fractional increase in expected payoff that one can achieve from using the

δ2 γ 8 ω6 f
,
8(1−δ)3 (1−ω)2

3

Theorem 20 Suppose the bidder with unknown eCPM has a cost-per-click bid of 1 and a
click-through rate drawn from a beta distribution. Also suppose that this bidder’s expected
eCPM is ω and the standard deviation in this bidder’s true eCPM is γω. Then the difference
between the maximum possible payoff the auctioneer could obtain under the theoretically
optimal strategy and the auctioneer’s payoff from the greedy strategy is no greater than

The results in the previous theorems suggest that the maximum possible payoff increase
that can be achieved by incorporating active exploration is quite small for auctions involving
ads that have already received a large number of impressions. However, in many auctions,
there are frequently advertisers that have only received a small number of impressions, so
it is desirable to know whether these conclusions for ads that have received large numbers
of impressions will also hold for ads that have only received a small number of impressions.
Under the mild technical condition discussed in Theorem 13, where the expected value of
future learning is lower after the advertiser with unknown eCPM has been shown once
rather than never having been shown at all, we obtain the following result:

Theorem 19 Suppose the auctioneer uses the approximately optimal bidding strategy. Then
the difference between the auctioneer’s payoff under this strategy and the maximum possible
payoff the auctioneer could obtain under the theoretically optimal strategy becomes vanishingly small compared to the difference between the auctioneer’s payoff under this strategy
and the auctioneer’s payoff under the greedy strategy for large k.

is a realistic representation of the distribution of highest competing bids in online auctions
since both Lahaie and McAfee (2011) and Ostrovsky and Schwarz (2009) have noted that
the distribution of highest bids can be well-represented by a lognormal distribution using
data from sponsored search auctions at Yahoo!.

It is worth noting, however, that the result in Theorem 18 is not due to our algorithm
being a suboptimal implementation of incorporating active exploration. Our next result
illustrates that while the size of the performance improvement that can be obtained by
using our algorithm is small, this algorithm will, in fact, obtain nearly the maximum possible
performance improvement over the purely greedy approach of ranking ads by their eCPMs.
5 3

2
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To do this, we consider a scenario in which there is a repeated auction in which a costper-click (CPC) bidder competes against CPM bidders in each auction. The CPC bidder
has a CPC bid of 1 and a fixed unknown click-through rate. The CPM bidders’ CPM bids
vary from period to period, and in each period, we assume that the highest CPM bid is a
random draw from a distribution with probability density function f (·). Throughout we
assume that payoffs are discounted at a rate of δ = 0.9995 and that there are T = 10000
time periods.

The results of the previous section suggest that the overall benefit that can be obtained by
incorporating active exploration in an auction environment is exceedingly small. We now
seek to empirically verify that the benefit that can be obtained from active exploration is
indeed quite small by conducting simulations under some empirically realistic scenarios.

11. Simulations

ω
By combining the estimates in the previous paragraph, it follows that 8ξ4γ(1−ω)
2 will
−11
−13
almost certainly be less than 10
in search auctions and 10
in display auctions. Now if
δ2
δ2
8
δ ≤ 0.9999, (1−δ)
2 will be no greater than 10 , and if δ ≤ 0.99999, (1−δ)2 will be no greater
than 1010 . Thus even for values of δ that are exceedingly close to 1 (δ = 0.9999 for search
8 ω2
δ2
ads and δ = 0.99999 for display ads), 8ξ4γ(1−ω)
2 (1−δ)2 will be no greater than 0.001. Thus
as long as δ ≤ 0.9999 (or δ ≤ 0.99999 for display auctions), the bound given in Theorem 20
guarantees that under empirically realistic scenarios, the maximum possible performance
improvement that can be achieved by incorporating active learning into a machine learning
system is at most a few hundredths of a percentage point. This is a finite sample result
that does not require a diverging number of impressions in order to hold.

8

There is empirical evidence that indicates that the typical click-through rates for ads
1
1
in online auctions tend to be on the order of 100
or 1000
for search ads and display ads
2
respectively (Bax et al., 2011), so (1 − ω) will be very close to 1 and ω 2 is likely to be
less than 10−4 (for search ads) or 10−6 (for display ads). Furthermore, even for a brand
new ad, the typical errors in a machine learning system’s predictions are unlikely to exceed
30% of the true click-through rate of the ad, so γ ≤ 0.3 is likely to hold in most practical
applications. Finally, ξ is a measure of by how much the highest bid in an auction exceeds
the typical eCPM bid of an average ad in the auction. Since there are normally hundreds of
ads competing in online auctions, it seems that one can conservatively estimate that ξ ≥ 3
is likely to hold in most real-world online auctions.

δ γ ω f
optimal strategy rather than the greedy strategy is roughly 8ξ(1−δ)
2 (1−ω)2 , it then follows
that the maximum fractional increase in expected payoff that one can achieve from using
δ2 γ 8 ω2
the theoretically optimal strategy rather than the greedy strategy is roughly 8ξ4 (1−δ)
2 (1−ω)2 .

2 8

1
By using the facts that the value of f is likely to be on the order of ξω
, and the maximum
fractional increase in expected payoff that one can achieve from using the theoretically
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While we are not aware of any empirical evidence regarding the form of the uncertainty
of an advertiser’s click-through rate, for simplicity we assume that the CPC bidder’s clickthrough rate is initially drawn from a beta distribution with parameters α and β. The
auctioneer may refine this estimate over time. In particular, just before the auction in
period t, the auctioneer believes that the CPC bidder’s true click-through rate is a random
draw from the beta distribution with parameters αt and βt where αt is equal to α plus the
number of clicks the CPC bidder has received so far and βt is equal to β plus the number
of times the CPC bidder’s ad was shown but did not receive a click.
We compare total welfare under two possible scenarios. The first scenario we consider
is a standard ranking algorithm in which the ads are ranked purely on the basis of their
expected eCPM bids. The second scenario we consider is one in which the CPC bidder
T −t )
αt βt
makes a bid of the form xt + δ(1−δ
2(1−δ) (αt +βt )2 (αt +βt +1)2 f (xt ) in each period t, where xt
denotes the CPC bidder’s expected click-through rate just before the auction in period t.
This second scenario corresponds to adding a term equal to the value of learning to the
CPC bidder’s expected eCPM bid in the game with finite time horizons.
Throughout we focus on scenarios that are motivated by empirical evidence on the
likely expected click-through rates for ads in online auctions. In particular, since empirical
evidence indicates that the typical click-through rates for ads in online auctions tend to be
1
1
on the order of 100
or 1000
(Bax et al., 2011), we focus on situations in which the expected
1
click-through rate of the CPC bidder is on the order of 100
.
Similarly, since it is unlikely that there will be substantial errors in the estimate of a new
ad’s predicted click-through rate, we focus on situations in which there is only moderate
uncertainty in the click-through rate of a new ad. In particular, we consider distributions
of the CPC bidder’s bid such that the standard deviation in the advertiser’s click-through
rate is no greater than 20 or 30% of the expected value. We thus consider values of α and β
satisfying (α, β) = (10, 1000) and (20, 2000) (for 30% and 20% standard errors respectively).
Finally, since there is evidence that the distribution of highest bids is well modeled
by a lognormal distribution (Lahaie and McAfee, 2011; Ostrovsky and Schwarz, 2009),
we assume throughout that the CPM bidder’s bid is drawn from a lognormal distribution
with parameters µ and σ 2 . We use a value of σ 2 = log(2) to match the variance in the
lognormal distribution estimated by Ostrovsky and Schwarz (2009). And Varian (2009) has
noted that the total value enjoyed by advertisers is typically about 2 − 2.3 times their total
expenditure. If the auction consisted of only two advertisers, this would suggest that the
appropriate value of µ would be such that the highest competing bidder had a CPM bid
that is roughly double that of the CPC bidder in expectation. However, since there are
more than two bidders in most real auctions, the appropriate value of µ will be larger than
this. We thus consider a range of values of µ from −4.25 (for the case in which the highest
competing CPM bid is roughly double that of the CPC bidder in expectation) to −3.5 (for
the case in which the highest competing CPM bid is roughly four times that of the CPC
bidder in expectation).
Table 1 reports the results our simulations. The conclusions from these simulations are
striking. While we have conducted enough simulations to estimate the efficiency gain that
can be obtained from adding active exploration to within a few hundredths of a percentage
point, none of the resulting estimated efficiency gains in Table 1 are statistically significant.
Indeed one can conclude from these simulations that the maximum possible efficiency gain
19

Conditions

Percentage increase in efficiency
0.021%
(0.017%)
-0.016%
(0.011%)
-0.008%
(0.007%)
0.003%
(0.004%)
0.003%
(0.009%)
0.001%
(0.006%)
0.001%
(0.004%)
-0.002%
(0.002%)

Hummel and McAfee

α = 10, β = 1000, µ = −4.25, σ 2 = log(2)

α = 10, β = 1000, µ = −4, σ 2 = log(2)

α = 10, β = 1000, µ = −3.75, σ 2 = log(2)

α = 10, β = 1000, µ = −3.5, σ 2 = log(2)

α = 20, β = 2000, µ = −4.25, σ 2 = log(2)

α = 20, β = 2000, µ = −4, σ 2 = log(2)

α = 20, β = 2000, µ = −3.75, σ 2 = log(2)

α = 20, β = 2000, µ = −3.5, σ 2 = log(2)

Table 1: Average percentage increase in efficiency from incorporating active learning (with
standard errors in parentheses) after 2500 simulations. None of these results are
statistically significant at the p < .05 level.
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that could be achieved in these settings is at most a few hundredths of a percentage point.
These empirical results provide further support for our theoretical conclusions that the value
of adding active exploration in an auction setting is exceedingly small.
The reason for the results observed in Table 1 is that an optimal exploration algorithm
will only do a tiny additional amount of exploration compared to the greedy strategy of
always submitting a bid for the CPC bidder equal to the CPC bidder’s estimated eCPM.
For instance, for the first simulation considered in Table 1, the incremental increase in an
advertiser’s bid in the first period of the game as a result of active exploration is only 4.2%,
implying only a 1.8% increase in the probability that the CPC bidder will be shown as well
as only a 2.1% increase in expected payoff conditional on the auctioneer showing a different
ad under active exploration than under the purely greedy strategy. Thus the incremental
expected payoff increase that can be achieved by incorporating active exploration in this
auction setting is at most a few hundredths of a percentage point.
The results in Table 1 make use of distributions that we regard as empirically realistic
in the sense that there is a realistic amount of uncertainty in the click-through rate of the
CPC bidder as well as a realistic amount of variation in the distribution of competing CPM
bids. It is worth noting that if one relaxes the requirement that there be a realistic amount
of uncertainty about these variances, then it is possible for the algorithm we have proposed
to substantially outperform the purely greedy strategy of making a bid for the CPC bidder
that always equals the CPC bidder’s expected eCPM. In particular, if we instead assume
that there is substantially more uncertainty about the CPC bidder’s click-through rate than

20

= log(2)/4

Percentage increase in efficiency
0.15%
(0.05%)
0.17%
(0.05%)

t

t
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while only declining with √α 1+β under UCB.
t
t
In this setting, we found that using the UCB algorithm rather than the purely greedy
strategy resulted in an average efficiency loss of 1.04% (with a standard error of 0.07%).
Thus while we were able to achieve an improvement by using the new algorithm we have
proposed, using the UCB algorithm instead resulted in significant efficiency losses. The fact
that UCB performed worse than the purely greedy strategy is not surprising since we know
from Theorem 17 that UCB performs worse than the purely greedy strategy once an ad has
received enough impressions.

)
αt βt
equal xt + δ(1−δ
2(1−δ) (αt +βt )2 (αt +βt +1)2 f (xt ) in time period t = 1. Thus our implementation
of UCB performed the same amount of exploration as the main algorithm we considered in
the very first period of the game, while performing more exploration in later periods due to
1
the fact that the rate of exploration declines with (αt +β
2 under our proposed algorithm,
t)

T −t

bid of the form xt + c(xt ) √α 1+β , where the constant c(xt ) was chosen so that this bid would

Table 2 reports the results of simulations that were conducted using distributions in
which there is substantially more uncertainty about the CPC bidder’s click-through rate and
substantially less variance in the CPM bidder’s competing CPM bid than in the distributions
considered in Table 1. These simulations indeed reveal statistically significant efficiency
gains as a result of active exploration. Nonetheless it is worth noting that the efficiency
gains reported in Table 2 are still fairly small. Even when we make assumptions that bias
the case in favor of active exploration being important, none of the efficiency gains reported
in Table 2 are greater than a few tenths of a percentage point.
Finally, while the gains achieved through active exploration in Table 2 are small, one
would not achieve greater gains by using a standard algorithm such as UCB. To test this,
we considered the same setting in the first row of this table, but instead of making a bid for
T −t )
αt βt
the CPC bidder of the form xt + δ(1−δ
2(1−δ) (αt +βt )2 (αt +βt +1)2 f (xt ) in each period t, we made a

Table 2: Average percentage increase in efficiency from incorporating active learning (with
standard errors in parentheses) after 10000 simulations. These results are both
statistically significant at the p < .005 level.

α = 2, β = 200, µ = −3.75, σ 2 = log(2)/4

α = 2, β = 200, µ =

−4, σ 2

Conditions

we have assumed in the simulations in Table 1 and we also assume that there is substantially
less variance in the distribution of competing CPM bids than we have allowed for in Table 1,
then there will be considerably greater benefits to adding active exploration because there
is both more to learn about the CPC bidder’s true eCPM bid as well as less exploration
that will take place for free solely due to random variation in the competing bids. In this
case, there may well be significant benefits to adding active exploration.
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8. A similar point has been previously noted by Li et al. (2010) and McAfee (2011).

JMLR 17(197):1-37

We especially thank Martin Zinkevich for numerous helpful discussions. We are also grateful
to Joshua Dillon, Pierre Grinspan, Chris Harris, Tim Lipus, Mohammad Mahdian, Hal
Varian, and the anonymous referees for helpful comments and discussions.
This work is based on an earlier work: “Machine Learning in an Auction Environment”,
in Proceedings of the 23rd International Conference on the World Wide Web (WWW) (2014)
c ACM, 2014. http://doi.acm.org/10.1145/2566486.2567974.

Acknowledgments

In online auctions, there may be value to exploring ads with uncertain eCPMs to learn
about the true eCPM of the ad and be able to make better ranking decisions in the future.
But the online auction setting is very different from standard multi-armed bandit problems
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with unknown eCPM faces in an auction, and as a result there will typically be plenty of
free opportunities to explore an ad with uncertain eCPM in auctions where there simply
are no ads with eCPM bids that are known to be high.
We have presented a model of the explore/exploit problem in online auctions that explicitly considers this random variation in competing bids that is present in real auctions.
We find that the optimal solution for ranking the ads is dramatically different than the
optimal solution in standard multi-armed bandit problems, and in particular, that the optimal amount of active exploration is considerably smaller than in standard multi-armed
bandit problems. This in turn implies that the improvement in the auctioneer’s payoff that
can be achieved by adding active learning in online auctions is also exceedingly small. Thus
while it is theoretically possible to improve efficiency by incorporating active learning, in
a practical exchange environment, a purely greedy strategy of simply ranking the ads by
their expected eCPMs is likely to perform nearly as well as any other strategy.
We conclude by discussing one other point. Throughout our analysis we have focused
on the problem of an auctioneer who wants to maximize efficiency. Although this is a sensible objective, one might also envision scenarios in which the mechanism designer wishes to
maximize a weighted average of efficiency and revenue. While incorporating active exploration in online auctions can only have a small effect on efficiency, this active exploration
may significantly improve revenue. The reason for this is that if we rank the ads by the sum
of their expected eCPMs and a value of learning term, the value of learning term may be
larger for ads that typically lose the auctions, and incorporating this value of learning term
may increase pricing pressure for the winning ads and thereby increase revenue.8 In fact,
in several of the simulations considered in the previous section in which incorporating active exploration failed to show significant efficiency gains, the algorithm that we considered
still showed significant revenue gains over the purely greedy strategy of ranking the ads by
their expected eCPMs. But while it is still possible to achieve significant revenue gains by
incorporating active exploration in the type of environment considered in this paper, the
maximum possible efficiency gains are likely to be exceedingly small.

12. Conclusion
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Appendix A. Proofs of Theorems
Proof of Theorem 1: Suppose it is known that the eCPM of the ad is x. If the highest
eCPM for a competing ad is p, then the presence of this ad with eCPM x increases total
welfare by x − p if x > p and 0 otherwise. Thus the expected
R x increase in total welfare
from this ad with eCPM of x competing in the auction is 0 (x − p)f (p) dp. The total
long-term value from having this advertisement is then the discounted sum of this expected
R
x
total increase in welfare or 1
(x − p)f (p) dp.
R x 1−δ 0
Rx
1
1
1
0
00
Now if V (x) ≡ 1−δ
0 (x−p)f (p) dp, then V (x) = 1−δ 0 f (p) dp and V (x) = 1−δ f (x).
From this it follows that V 00 (x) ≥ 0 for all x and V 00 (x) > 0 if x is contained in the support
of F . Thus the long-term value of the advertisement is a convex function of the eCPM of
the ad and a strictly convex function if the eCPM of the ad is contained within the support
of the distribution of the highest competing eCPM. 

z

x+σk 

Proof of Lemma 2: Suppose an ad has been shown k times. The value of the dynamic
program that arises from placing the optimal bid z in the current period, Vk (x), equals the
immediate reward from bidding z (or the negative of the loss function) in the current period
plus δ times the expected value of the dynamic program that arises in the next period.
Now if the new advertiser places a bid of z, then the probability the advertiser wins the
auction is F (z), in which case the expected value of the dynamic program that arises next
period is Ex0 [Vk+1 (x0 )], where the expectation is taken over the randomness in the changes
in the estimates of the eCPM of the ad x0 that arise as a result of showing this ad. The
probability the advertiser does not win the auction is 1 − F (z), in which case the value of
the dynamic program remains at Vk (x). Thus the expected value of the dynamic program
that arises in the next period is F (z)Ex0 [Vk+1 (x0 )] + (1 − F (z))Vk (x).
At the same time, we have
R z already seen that the reward from bidding z that arises in
the current period equals −
F (z) − F (y) dy. By combining this with the insights in
x+σ
k
the previous paragraphs, it follows that
 Z

z
Vk (x) = max E −
F (z) − F (y) dy + δ(F (z)Ex0 [Vk+1 (x0 )] + (1 − F (z))Vk (x)) .
1
1−δ

z

x+σk 

By subtracting δVk (x) from both sides and dividing by 1 − δ, it follows that



Z
z
max E −
F (z) − F (y) dy + δF (z)(Ex0 [Vk+1 (x0 )] − Vk (x)) . 

Vk (x) =

= f (z)(x − z + δ(Ex0 [Vk+1 (x0 )] − Vk (x)))

Proof of Theorem 3: By differentiating the expression in Lemma 2 with respect to z, we
see that the first order condition for z to be an optimal bid is
 Z z

0 = E −
f (z) dy + δf (z)(Ex0 [Vk+1 (x0 )] − Vk (x))
x+σk 


= E −f (z)(z − x − σk ) + δf (z)(Ex0 [Vk+1 (x0 )] − Vk (x))
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From this it follows that z = x + δ(Ex0 [Vk+1 (x0 )] − Vk (x)) satisfies the first order conditions. Moreover, at this value of z, the second order conditions are also satisfied. Thus
optimal bidding entails setting z = x + δ(Ex0 [Vk+1 (x0 )] − Vk (x)). 
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d
E
dΦ

z

x+σk 

Z


F (z) − F (y) dy| ∼ Φ(·|σk )

Proof of Lemma 4: Let Φ(·|σk ) denote the distribution from which  is drawn for any
given value of σk . For any given σk , we know that Φ(·|σk ) has mean zero and variance
one. We also know from the Bayesian central limit theorem that as σk → 0 (and k → ∞)
thatR Φ(·|σk ) converges to the standard normal
R z distribution. For any given σk , we can write
z
E [ x+σk  F (z) − F (y) dy] as J(σk ) = E [ x+σk  F (z) − F (y) dy| ∼ Φ(·|σk )]. We seek to
show that J(σk ) is of the form given in the statement of the lemma.
First note that

J 0 (σk ) = −E [(F (z) − F (x + σk ))| ∼ Φ(σk )] +

d
where dΦ
E [Z(, σk )| ∼ Φ(·|σk )] denotes the derivative of the expectation of Z(, σk ) arising
through the changes in Φ(·|σ ) induced by changes in σ (that is, if φ(; σ ) denotes the denk
k
k
R
∞
∂φ
d
sity corresponding to Φ(·|σk ), then dΦ
(; σk )d).
E [Z(, σk )| ∼ Φ(·|σk )] ≡ −∞ Z(, σk ) ∂σ
k
R∞
∂mφ
dm
dΦm E [Z(, σk )| ∼ Φ(·|σk )] ≡ −∞ Z(, σk ) ∂σkm (; σk )d for all m, we have

Similarly, letting

d2
E
dΦ2

+

x+σk 

d
J 000 (σ ) = E [3 f 0 (x + σk )| ∼ Φ(·|σk )] + 3 E [2 f (x + σk )| ∼ Φ(·|σk )]

k
dΦ
d2
−3 2 E [(F (z) − F (x + σk ))| ∼ Φ(·|σk )]
dΦ
Z

z
d3
E
F (z) − F (y) dy| ∼ Φ(·|σk ) ,
dΦ3
x+σk 

+

d
J 00 (σk ) = E [2 f (x + σk )| ∼ Φ(·|σk )] − 2 E [(F (z) − F (x + σk ))| ∼ Φ(·|σk )]
dΦ

Z z
F (z) − F (y) dy| ∼ Φ(·|σk ) ,

and
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d
J 0000 (σk ) = E [4 f 00 (x + σk )| ∼ Φ(·|σk )] + 4 E [3 f 0 (x + σk )| ∼ Φ(·|σk )]
dΦ
d2
E [2 f (x + σk )| ∼ Φ(·|σk )]
+6
dΦ2
d3
−4 3 E [(F (z) − F (x + σk ))| ∼ Φ(·|σk )]
dΦ
Z

z
d4
E
+
F (z) − F (y) dy| ∼ Φ(·|σk ) ,
dΦ4
x+σk 
Rz
Rz
Note that when σk = 0, we have E [ x+σk  F (z) − F (y) dy| ∼ Φ(·|σk )] = x F (z) −
F (y) dy for any distribution Φ(·|σk ), E [(F (z) − F (x + σk ))| ∼ Φ(·|σk )] = E [(F (z) −
F (x))| ∼ Φ(·|σ )] = 0 for any distribution Φ(·|σ ) with mean zero, and E [2 f (x + σk )| ∼
k
k
Φ(·|σk )] = E [2 f (x)| ∼ Φ(·|σk )] = f (x) for any distribution Φ(·|σk ) with mean zero and
R
z
dm
dm
variance one. Thus dΦ
m E [ x+σ  F (z) − F (y) dy| ∼ Φ(·|σk )] = 0, dΦm E [(F (z) − F (x +
k
dm
2
σk ))| ∼ Φ(·|σk )] = 0, and dΦ
m E [ f (x + σk )| ∼ Φ(·|σk )] = 0 for all m when evaluated
at σk = 0.

24

1
4 00
24 [E [ f (x)|

d
E [3 f 0 (x)| ∼ Φ(·|σk )]|σk =0 ]. 
∼ Φ(·|0)] + 4 dΦ
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we know from analogy to Theorem 3 that the optimal bid z satisfies z = x+δ(Ex0 [Vk+1,T −1
Vk,T −1 (x)). From the induction hypothesis, we thus know that the optimal bid zk (x) is twice
differentiable in x and that limk→∞ zk0 (x) = 1 and limk→∞ zk00 (x) = 0.
R zk (x)
This in turn implies that E [− x+σ
F (zk (x)) − F (y) dy] is twice differentiable in x and
k
R
R zk (x) 0
zk (x)
d
that dx
E [− x+σ
F
(z
(x))−F
(y)
dy]
=
E [F (zk (x))−F (x+σk )− x+σ
z (x)f (zk (x)) dy],
k
k
k k
which tends to zero as k → ∞ since limk→∞ zk (x) = x. This also further implies that
R zk (x)
d2
E [− x+σ
F (zk (x))−F (y) dy] = E [zk0 (x)f (zk (x))−f (x+σk )−(zk0 (x)−1)zk0 (x)f (zk (x))−
d2 x 
k

(x0 ))]−

Proof We prove this result by induction on T . The base case, T = 0, holds because
the fact that f (·) is continuously differentiable implies F (·) is twice differentiable and
Rx
Vk,T (x) = −E [ x+σk  F (x) − F (y) dy] is also twice differentiable in x. Furthermore,
R
0 (x) = E [F (x) − F (x + σ ) − x
00
Vk,T

k
x+σk  f (x) dy] = E [F (x) − F (x + σk )] and Vk,T (x) =
E [f (x) − f (x + σk )], which both tend to zero as k → ∞. Thus the result holds for T = 0.
Now suppose the result is true for T − 1 and use this to prove the result must also hold
for T . Since

 Z z

1
Vk,T (x) =
max E −
F (z) − F (y) dy + δF (z)(Ex0 [Vk+1,T −1 (x0 ))] − Vk,T −1 (x)) ,
z
1−δ
x+σk 

0 (x) =
Lemma 21 Vk,T (x) is twice differentiable in x for all k and T . Furthermore, limk→∞ Vk,T
00 (x) = 0 for all T .
0 and limk→∞ Vk,T

Rx
when T > 0 and Vk,T (x) = −E [ x+σk  F (x) − F (y) dy] when T = 0. Also note that
limT →∞ Vk,T (x) = Vk (x), where Vk (x) is the value of the dynamic program for the original
infinite-horizon game. Finally note that

Before proving Theorem 7, we first introduce some notation for the finite-horizon version
of this game. If the game has a finite time horizon and will last an additional T periods,
we let Vk,T (x) denote the value of the dynamic program that arises when the auctioneer
follows the optimal strategy. By analogy to Lemma 2, we know that

 Z z

1
Vk,T (x) =
max E −
F (z) − F (y) dy + δF (z)(Ex0 [Vk+1,T −1 (x0 )] − Vk,T −1 (x))
z
1−δ
x+σk 

Proof of Theorems 5 and 6: Since these results are special cases of Theorems 9 and 10
respectively, the proofs of these results are omitted.

where a(x) ≡

By using these facts, the fact that Φ(·|0) is standard
R z normal, and the above expressions
for J(σk ) and its derivatives, it follows that J(0) = x F (z) − F (y) dy, J 0 (0) = 0, J 00 (0) =
d
f (x), J 000 (0) = 0, and J 0000 (0) = E [4 f 00 (x)| ∼ Φ(·|0)] + 4 dΦ
E [3 f 0R(x)| ∼ Φ(·|σk )]|σk =0 .
z
This in turn implies that the fourth-order Taylor approximation to E [ x+σk  F (z)−F (y) dy]
is
Z z
 Z z
1
E
F (z) − F (y) dy =
F (z) − F (y) dy + σk2 f (x) + a(x)σk4 + o(σk4 ),
2
x+σk 
x
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1 00
0
Vk+1,T (xn ) = Vk+1,T (x) + Vk+1,T
(x)(xn − x) + Vk+1,T
(x)(xn − x)2 + o(xn − x)2 .
2
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If c denotes the number of clicks that an ad has received so far, then the predicted
click-through rate for an ad that has received a large number of impressions, k, will be
approximately kc . Thus if b denotes the bid per click that the ad places, then the eCPM
for an ad that has received c clicks and has been shown k times will be x ≈ bc
k . From
b(k−c)
bc
bc
this it follows that xc ≈ b(c+1)
,
x
≈
,
x
−
x
≈
,
and
x
−
x
≈
−
n
c
n
k+1
k+1
k(k+1)
k(k+1) . Thus

1 00
E[Vk+1,T (x0 )−Vk,T (x)] = Vk+1,T (x)−Vk,T (x)+ Vk+1,T
(x)E[(x0 −x)2 ]+o(E[(x0 −x)2 ]). (1)
2

From this it follows that

E[Vk+1,T (x0 )] = pVk+1,T (xc ) + (1 − p)Vk+1,T (xn )
1 00
= Vk+1,T (x) + Vk+1,T
(x)E[(x0 − x)2 ] + o(E[(x0 − x)2 ]).
2

Thus if x0 denotes the actual realization of the estimated eCPM after the ad has been
shown k + 1 times (x0 will equal xc with probability p and xn with probability 1 − p), then
by using the fact that pxc + (1 − p)xn = x and by taking a weighted average of the two
previous equations, we find that

and

1 00
0
(x)(xc − x)2 + o(xc − x)2
Vk+1,T (xc ) = Vk+1,T (x) + Vk+1,T
(x)(xc − x) + Vk+1,T
2

Proof Note that if an ad is displayed, then one of two possible things will happen to the
ad—either the ad will receive a click or the ad will not receive a click. Let p denote the
probability that the ad will receive a click, let xc denote the estimated eCPM of the ad if
the ad receives a click, and let xn denote the estimated eCPM of the ad if the ad does not
receive a click. Note that pxc + (1 − p)xn = x.
From Lemma 21 we know that Vk,T (x) is twice differentiable in x for all k and T . Thus
the second-order Taylor approximations for Vk+1,T (xc ) and Vk+1,T (xn ) are

Lemma 22 E[Vk+1 (x0 ) − Vk (x)] = O( k12 ) for large k.

We use these observations about the finite-horizon game to first prove that E[Vk+1 (x0 ) −
Vk (x)] = O( k12 ) in Lemma 22. Then we use this preliminary result to prove Theorem 7.

00
0
2 0
x+σk  zk (x)f (zk (x))+(zk (x)) f (zk (x)) dy], which tends to zero as k → ∞ since limk→∞ zk (x) =
x and limk→∞ zk0 (x) = 1.
From the induction hypothesis, we also know that F (zk (x))(Ex0 [Vk+1,T −1 (x0 )]−Vk,T −1 (x))
is twice differentiable in x and that the first and second derivatives of this expression with
respect to x tend to zero as k → ∞. By combining this with the results in the previous two
0 (x) = 0 and
paragraphs, it follows that Vk,T (x) is twice differentiable in x and limk→∞ Vk,T
00 (x) = 0 for all T . The result follows by induction.
limk→∞ Vk,T

R zk (x)
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v(x)
v(x)
−
+O
k
k+1
 


1
k2


.

x0 − x = O( k1 ) for all possible realizations of x0 , and (x0 − x)2 = O( k12 ). Furthermore, from
00
Lemma 21 we know that limk→∞ Vk+1,T
(x) = 0. Thus we can rewrite equation (1) as

=

1
k2

E[Vk+1,T (x0 ) − Vk,T (x)] = Vk+1,T (x) − Vk,T (x) + o

w(x)
k2

.

+ o( k12 ). Thus we first seek to show that we can write Vk (x) as

+ o( k12 ) for some function w(x), it will then follow that

= O

By using the fact that limT →∞ Vk,T (x) = Vk (x), where Vk (x) denotes the value of the
dynamic program in the original infinite horizon game, we then know that
 
1
E[Vk+1 (x0 ) − Vk (x)] = Vk+1 (x) − Vk (x) + o
k2
 
1
k2

Vk+1 (x) − Vk (x) =

Proof of Theorem 7: We have seen in the proof of Lemma 22 that E[Vk+1 (x0 ) − Vk (x)] =

v(x)
1
Vk+1 (x) − Vk (x) + o k12 . When combined with the fact
 that Vk (x) = − k + O( k2 ), this
immediately implied that E[Vk+1 (x0 ) − Vk (x)] = O k12 . If we are able to further prove that

v(x)
k(k+1)

we can write Vk (x) = − v(x)
k +

2

1
Vk (x) = − v(x) + w(x)
2 + o( 2 ).
k
k
k
Since E[Vk+1 (x0 ) − Vk (x)] = O( k12 ) for large k and the optimal bidding strategy entails
1
0
setting z = x + δ(E[Vk+1 (x
R z) − Vk (x)]), it must be1 the case that z = x + O( k2 ) for large k.
From this it follows that
F (z) − F (y) dy = o( ) under the optimal bidding strategy z
x
k2
for large k.
Rz
R
z
Now we have seen in Lemma 4 that E [ x+σk  F (z) − F (y) dy] = x F (z) − F (y) dy +
Rz
for some constant a(x) for large k. Since x F (z)−F (y) dy = o( k12 )

1 2
4
4
2 σk f (x)+a(x)σk +o(σk )

+o( k12 ) for large k, it then follows
under the optimal bidding strategy z and σk2 = s k(x) + h(x)
k2
Rz
that E [
F (z) − F (y) dy] = 1 s2 (x)f (x) + 1 [ h(x)f (x) + a(x)s4 (x)] + o( k12 ) for large k,

2k
2
x+σ
k2
k
Rz
1 2
which we can rewrite as E [ x+σk  F (z) − F (y) dy] = 2k
s (x)f (x) + k12 u(x) + o( k12 ), where

1 2 0
1
1
s (x )f (x0 ) − 0 2 u(x0 ) + s2 (x)f (x) + o
2k 0
2k
2k



1
k2
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(x)
4
u(x) ≡ h(x)f
2 R + a(x)s (x).
z
But −E [ x+σk  F (z)−F (y) dy] represents the auctioneer’s per-period payoff in the next
auction. Thus if x0 denotes the estimated eCPM of the ad after an additional j periods have
passed and k 0 denotes the number of impressions the ad has received after an additional j
periods have passed, then the auctioneer’s per-period payoff in the period after an additional
j periods have passed is − 2k1 0 s2 (x0 )f (x0 ) − 2k10 2 u(x0 ) + o( k10 2 ). The difference between this
1 2
and − 2k
s (x)f (x) is

−
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k 0 s2 (x)f (x) − ks2 (x0 )f (x0 )
1
1
1
1
−
u(x) +
u(x) −
u(x0 ) + o
2kk 0
2k 2
2k 2
k2
2k 0 2
 
1
k 0 s2 (x)f (x) − ks2 (x0 )f (x0 )
1
k 0 2 u(x) − k 2 u(x0 )
+o
−
u(x) +
2kk 0
2k 2
k2
2k 2 k 0 2
k 0 s2 (x)f (x) − k[s2 (x)f (x) + (x0 − x)d(x) + o(x0 − x)]
1
− 2 u(x)
2kk 0
2k
 
k 0 2 u(x) − k 2 [u(x) + O(x0 − x)]
1
,
+o
k2
2k 2 k 0 2
+

(k 0 2 − k 2 )u(x)
(k 0 − k)s2 (x)f (x) − k(x0 − x)d(x)
1
− 2 u(x) +
+o
2kk 0
2k
2k 2 k 0 2
 
(k 0 − k)s2 (x)f (x) − k(x0 − x)d(x)
1
1
− 2 u(x) + o
.
2kk 0
2k
k2

1
k2

(2)

(3)

where d(x) denotes the derivative of the function s2 (x)f (x) with respect to x. By the
same reasoning as in the proof of Lemma 22, we know that x0 − x = O( k1 ) for all possible
realizations of x0 . Thus we can rewrite the expression in equation (2) as
 
=

Now note that E[x0 ] = x, where the expectation is taken over the uncertain realization
of x0 in another j periods. Thus the expectation of the expression in equation (3) is

 

(k 0 − k)s2 (x)f (x)
1
1
− 2 u(x) + o
,
(4)
2kk 0
2k
k2
E

1
k2

where the expectation is taken over the uncertain realization of k 0 . This expression can in
turn be written as
 
,
(5)

mj (x)s2 (x)f (x) − u(x)
+o
2k 2

where mj (x) denotes the expected number of additional impressions that the ad with uncertain eCPM receives after an additional j periods have passed (which will equal 0 when
j = 0 and vary approximately linearly with j for large k).
The expression in equation (5) gives the difference between the auctioneer’s actual ex1 2
pected payoff in the period after an additional j periods have passed and − 2k
s (x)f (x).
From this it follows that the difference between the auctioneer’s actual payoff Vk (x) and the
payoff the auctioneer would receive if the auctioneer obtained a payoff of − 1 s2 (x)f (x) in
2k

P∞ j mj (x)s2 (x)f (x)−u(x)
+o k12 , which can be written as w(x)
+o( k12 )
j=0 δ
2k2
k2

every future period is



w(x)
1
for some function w(x). Thus we can write Vk (x) as Vk (x) = − v(x)
k + k2 + o( k2 ) for some
function w(x).
But we have seen in the proof of Lemma 22 that E[Vk+1 (x0 ) − Vk (x)] = Vk+1 (x) −

w(x)
1
Since Vk (x) = − v(x)
k + k2 + o( k2 ), it then follows that Vk+1 (x) − Vk (x) =

Vk (x) + o k12 .
v(x)
1
k(k+1) + o( k2 ).

1
1−δ

z

x+σk 
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Proof of Theorem 8: Recall that


 Z z
max E −
F (z) − F (y) dy + δF (z)(Ex0 [Vk+1 (x0 )] − Vk (x))
Vk (x) =

28

z

x+σk 

Z

x

 Z
F (z) − F (y) dy =

z

1
F (z) − F (y) dy + σk2 f (x) + o(σk2 )
2
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2
the optimal bidding strategy za and σa,k
= sak(xa a ) + O( k12 ) for large k, it then follows that
a
Rz
E [ xaa+σa,k  Fa (za ) − Fa (y) dy] = 2k1a s2a (xa )fa (xa ) + O( k12 ) for large k.
a R
z
But −E [ xaa+σa,k  Fa (za )−Fa (y) dy] represents the auctioneer’s per-period payoff if the
a
next auction is an auction for the advertiser-context pair a. Thus the auctioneer’s expected
per-period
payoff unconditional on what
pair appears in the next auction is
Pm
Pm ad-context
1 2
1
1
2 (x )f (x ) + O( 1 ) for large k. From
)f
(x
)
+
O(
)
=
π
π
s
(x
s
a
a
a
a
a
a a
a
2
a
a
a=1
a=1
2ka
2βa k
k2
Pk
1 2
this it follows that if g(x) ≡ m
a=1 πa 2βa sa (xa )fa (xa ), then the expected per-period utility
that one obtains at each point in the game unconditional on what ad-context pair appears
in the next auction is k1 g(x) + O( k12 ).
Since V~k (x) can alternatively be expressed as the discounted sum of the per-period
utility that one can obtain at each point in the game, it then follows that |kV~k (x)| ≤
P∞ j−k
P
1
j−k [ k g(x)]+
[g(x)]+O( k1 ), meaning |kV~k (x)| ≤ 1−δ
g(x)+O( k1 ) and |kV~k (x)| ≥ ∞
j=k δ
j=k δ
j

2

V~k (x) = O( k1 ) for large k. Thus since the optimal bidding strategy entails setting za =
xa + δ(Ex0 (a) [V~k0 (a,~k) (x0 (a))] − V~k (x)), it must be the case that za = xa + O( k1 ) for large k.
Rz
From this it follows that xaa Fa (za ) − Fa (y) dy = O( k12 ) under the optimal bidding strategy
za for large k.
Rz
Rz
Now we have seen in Lemma 4 that E [ xaa+σa,k  Fa (za ) − Fa (y) dy] = xaa Fa (za ) −
aR
z
a
1 2
1
4 ) for large k. Since
Fa (y) dy + 2 σa,ka fa (xa ) + O(σa,k
xa Fa (za ) − Fa (y) dy = O( k2 ) under
a

Proof of Theorem 10: Since V~k (x) = Θ( k1 ) for large k, we have Ex0 (a) [V~k0 (a,~k) (x0 (a))] −

Proof of Theorem 9: First note that it must be the case that V~k (x) = Ω( k1 ) for large k.
2
We know that σa,k
= Θ( k1a ) = Θ( βa1k ) = Θ( k1 ) for large k, so the immediate reward in any
a
given period is at least on the same order as k1 regardless of which ad-context pair a arises
in the auction. Thus we know that V~k (x) = Ω( k1 ) for large k.
We also know that V~k (x) = O( k1 ) for large k. To see this, note that the auctioneer can
ensure that his loss in an auction involving the ad-context pair a in any given period is
O( k1a ) = O( k1 ) by bidding za = xa , so the auctioneer can thus ensure that his expected
loss in any given period is O( k1 ) unconditional on the precise ad-context pair that arises.
And if the auctioneer’s loss in any given period is O( k1 ), then the player’s total loss from
the game will also be no greater than O( k1 ) because the present value of the sum of losses
P
P∞ j−k k P∞ j−k
1
j−k 1 , is also Θ( 1 ) since 1 <
= 1−δ
that are Θ( k1 ), ∞
implies
j=k δ
j=k δ
j=k δ
j
k
j <
P
∞
1
1
1
1
j−k
δ
<
<
.
Thus
V
(x)
=
Θ(
)
for
large
k.

~
j=k
k
j
k
(1−δ)k
k

0
2
Now z = x + δ(Ex0 [Vk+1
R z(x )] − Vk (x)), so z − x ≤ −δVk (x), a term which is O(f (x)σk ).
From this it follows that x F (z) − F (y) dy = O(F (x)f (x)σk2 ) = o(f (x)σk2 ). And we also
2
2
know that δF (z)(Ex0 [Vk+1 (x0 )] − Vk (x))
R z ≤ −δF (z)Vk (x) = O(F (x)f (x)σk ) = o(f (x)σk ).
Combining these results gives E [ x+σk  F (z) − F (y) dy] = 12 σk2 f (x) + o(f (x)σk2 ) and
F (z)(Ex0 [Vk+1 (x0 )] − Vk (x)) = o(f (x)σk2 ). Substituting this in to our expression for Vk (x)
1
then gives Vk (x) = − 2(1−δ)
f (x)σk2 + o(f (x)σk2 ). 

E

Rz
and a second-order Taylor approximation for E [ x+σk  F (z) − F (y) dy] is
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Proof of Theorem 16: Since the optimal bid for advertiser i if advertiser i submits
the highest eCPM bid amongst the bidders with
R z unknown eCPMs satisfies zi = xi +
δ(Ex0 (i) [V~k0 (i) (x0 (i))]−V~k (x)), it follows that Exi [− xii F (zi ) dy+δF (zi )(Ex0 (i) [V~k0 (i) (x0 (i))]−
V~k (x))] = 0 when advertiser i submits the optimal bid zi . By substituting this into the equation for the value of the dynamic programming problem V~kR(x), it follows that the value of
zi
1
this dynamic programming problem is always equal to 1−δ
xj F (y) dy, which is an increasing function of zi . From this it follows that if the optimal bid for advertiser i if advertiser
i submits the highest bid of the advertisers with unknown eCPMs is higher than the optimal bid for all other advertisers with unknown eCPMs if one of these other advertisers
submits the highest bid of the advertisers with unknown eCPMs, then the decision maker’s

1
But we have seen in Theorem 7 that when Vk (x) = − 2(1−δ)k
s2 (x)f (x) + O( k12 ) and
the per-period payoff from making the optimal bid is − 12 σk2 f (x) − a(x)σk4 + o(σk4 ), then it

v(x)
must be the case that Ex0 [Vk+1 (x0 ))] − Vk (x) = k(k+1)
+ o k12 for large k, where v(x) ≡
1
1
2
2
2(1−δ) s (x)f (x). An identical argument illustrates that when Uk (x) = − 2(1−δ)k s (x)f (x) +
O( k12 ) and the per-period payoff from making the optimal bid is − 12 σk2 f (x) − a(x)σk4 + o(σk4 ),

v(x)
then it must be the case that Ex0 [Uk+1 (x0 ))] − Uk (x) = k(k+1)
+ o k12 for large k, where
1
v(x) ≡ 2(1−δ) s2 (x)f (x). The result then follows. 

Proof of Theorem 14: In the knowledge gradient framework, Uk (x) is just the discounted
sum of the value of simply bidding z = x in each period when an ad has received k impressions so far and one’s best estimate for the eCPM of the ad is x. Now we know from
applying Lemma 4 to the special case in which z = x that the per-period payoff from bidding
z = x in each period when an ad has received k impressions so far and one’s best estimate
1 2
for the eCPM of the ad is x is − 12 σk2 f (x) − a(x)σk4 + o(σk4 ) = − 2k
s (x)f (x) + O( k12 ). Thus
1
Uk (x) = − 2(1−δ)k
s2 (x)f (x) + O( k12 ).

Proof of Theorem 13: Under the knowledge gradient framework, the incremental amount
that one increases one’s bid by beyond the expected value of the advertising opportunity is
δ(Ex0 [Uk+1 (x0 )]−Uk (x)). And under the full dynamic programming problem, the incremental amount that one increases one’s bid is δ(Ex0 [Vk+1 (x0 )] − Vk (x)). Thus if ∆Vk+1 denotes
the difference between the values of Ex0 [Vk+1 (x0 )] and Ex0 [Uk+1 (x0 )] and ∆Vk denotes the
difference between the values of Vk (x) and Uk (x), then the difference between the incremental amount that one increases one’s bid under the full dynamic programming problem and
under the knowledge gradient framework is δ(∆Vk+1 − ∆Vk ).
But a condition of the theorem is that ∆Vk+1 < ∆Vk . Thus δ(∆Vk+1 − ∆Vk ) < 0,
and the difference between the incremental amount that one increases one’s bid under the
full dynamic programming problem and the incremental amount that one increases one’s
bid under the knowledge gradient framework is negative. From this it follows that the
incremental amount by which one would increase one’s bid under the knowledge gradient
framework is indeed greater than it is under the full dynamic programming problem. 

1
O( k1 ) = 1−δ
g(x) + O( k1 ) in the limit as k → ∞. From this it follows that |kV~k (x)| =
Pm
1 2
1
1
1
1
1
1
a=1 πa βa sa (xa )fa (xa ) + O( k ).
1−δ g(x) + O( k ) and kV~k (x) = − 1−δ g(x) + O( k ) = − 2(1−δ)
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achieves a larger per-period payoff by setting  = 0 than by using any positive value of ,
so the optimal constant for this algorithm is  = 0.

Hummel and McAfee

is

v(x)
Proof of Theorem 18: We know from Theorem 7 that Ex0 [Vk+1 (x0 )] − Vk (x) = k(k+1)
+

1
o k12 for large k, where v(x) = 2(1−δ)
s2 (x)f (x), and we also know from the proof of
Theorem 3 that the derivative of the seller’s expected payoff from making a bid of z with
respect to z is f (z)(x − z + δ(Ex0 [Vk+1 (x0 )] − Vk (x)). Thus if ∆V ≡ Ex0 [Vk+1 (x0 )] − Vk (x),
then the difference between the auctioneer’s expected payoff from making a bid of x and a
δ
bid of x + 2(1−δ)k(k+1)
s2 (x)f (x) is

payoff from the game is maximized by having advertiser i submit the highest bid of all the
advertisers with unknown eCPMs. 

2

for some constant c(x) 6= 0, then

Proof of Theorem 17: Recall from Lemma 4 that the auctioneer’s per-period payoff
if theR auctioneer uses a bid for the
R z advertiser with unknown eCPM that is equal to z is
z
−E [ x+σk  F (z) − F (y) dy] = − x F (z) − F (y) dy − 21 σk2 f (x) + o(σk2 ) for large k. Now
Rz
R x+ c(x)
kα
f (x)(x +
x F (z) − F (y) dy = x
c(x)
kα

c(x)
kα

1
1
− y) dy + o( k2α
) = f (x) c2k(x)
Thus the auctioneer’s per-period payoff if
2α + o( k 2α ).

if z = x +

c(x)
kα

2

the auctioneer uses a bid for the ad with unknown eCPM of the form z = x +

Z

x

x+δ∆V +o(∆V )

f (x)δ 2 (∆V )2
2(1−δ)

2

2

+o((∆V )2 ). Since the auctioneer’s payoff from using the approximately
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Proof of Theorem 20: A consequence of Theorem 13 is that the difference between the
auctioneer’s payoff under the theoretically optimal strategy and the auctioneer’s payoff from
the greedy strategy is no greater than the difference between the auctioneer’s payoff from the
theoretically optimal strategy and the auctioneer’s payoff under the greedy strategy when
no learning is possible in future periods. Thus we seek to bound the difference between
the auctioneer’s payoff from the theoretically optimal strategy and the auctioneer’s payoff
under the greedy strategy when no learning is possible in future periods.
Let α and β denote the parameters of the beta distribution. If no learning ever took
place and the auctioneer followed the greedy strategy, then in all periods the auctioneer
would show the highest competing bidder if this bidder had an eCPM bid p satisfying
α
p > α+β
and show the bidder with unknown eCPM otherwise. If the auctioneer showed
the ad with unknown eCPM in the first period, this ad received a click, and no learning

Vk (x)) is

Proof of Theorem 19: The theoretically optimal strategy for the auctioneer would entail
submitting a bid of z = x + δ(Ex0 [Vk+1 (x0 )] − Vk (x)) in each time period. By the same
reasoning as in the proof of Theorem 18, we know the difference between the auctioneer’s
expected payoff from making a bid of x and making a bid of z = x + δ(Eθ̃k+1 [Vk+1 (x)] −



v(x)
s2 (x)f (x)
And since ∆V = Ex0 [Vk+1 (x0 )] − Vk (x) = k(k+1)
+ o k12 = 2(1−δ)k(k+1)
+ o k12 , it
follows that the difference between the auctioneer’s payoff from making a bid of x and a
δ
δ2
1
4
3
bid of x + 2(1−δ)k(k+1)
s2 (x)f (x) is 8(1−δ)
3 k 4 s (x)f (x) + o( k 4 ). 

f (x)δ 2 (∆V )2
+ o((∆V )2 ).
2(1 − δ)

(∆V )
optimal bidding strategy is also f (x)δ
+o((∆V )2 ), it follows that the difference between
2(1−δ)
the auctioneer’s payoff under the approximately optimal bidding strategy and the maximum
possible payoff the auctioneer could obtain theoretically is o((∆V )2 ) = o( k14 ).
But we know from Theorem 18 that the difference between the auctioneer’s payoff under
δ2
4
2
the approximately optimal bidding strategy and the greedy strategy is 8(1−δ)
3 k 4 s (x)f (x)+

f (z)(x − z + δ(∆V ) + o(∆V )) dz =

1 2
1
1 2
2
− c2k(x)
2α f (x) − 2 σk f (x) + o( k 2α ) if c(x) 6= 0 and − 2 σk f (x) + o(σk ) if c(x) = 0.
1 2
s (x)f (x) + o( k1 ). We then
Thus if c(x) = 0, the auctioneer’s per-period payoff is − 2k
know from similar reasoning to that in the proof of Theorem 10 that if this is the auctioneer’s
1
per-period payoff, then the auctioneer’s total payoff from the game is − 2(1−δ)k
s2 (x)f (x) +
o( k1 ) regardless of the learning rate. Similarly, if c(x) 6= 0 and α = 21 , then the auctioneer’s
per-period payoff is − 1 f (x)(s2 (x) + c2 (x)) + o( k1 ), and we know from identical reasoning
2k
1
f (x)(s2 (x) + c2 (x)) + o( k1 ), which is strictly less
that the auctioneer’s total payoff is − 2(1−δ)k
than the auctioneer’s total payoff from the game when c(x) = 0 for sufficiently large k.
2
1
Finally, if c(x) 6= 0 and α < 21 , the auctioneer’s per-period payoff is − c2k(x)
2α f (x) + o( k 2α ).
Since the auctioneer’s total payoff is the discounted sum of the auctioneer’s per-period
payoffs, it follows that if Vk (x) denotes the auctioneer’s total payoff from using this strategy,
P
∞
1
then k 2α Vk (x) ≤ j=k
δ j−k [− 12 ( kj )2α c2 (x)f (x)]+o(1) = − 2(1−δ)
c2 (x)f (x)+o(1) in the limit
as k → ∞. Thus if c(x) 6= 0 and α < 21 , the auctioneer’s total payoff is no greater than
1
1
1 2
1
2
− 2(1−δ)k
2α c (x)f (x)+o( k 2α ), which is less than − 2k s (x)f (x)+o( k ), the auctioneer’s payoff
from using the constant c(x) = 0 for sufficiently large k. From this and the result in the
previous paragraph it follows that if the auctioneer uses the strategy in the statement of
this theorem, the auctioneer’s payoff will be maximized when c(x) = 0 for sufficiently large
k. 

o( k14 ). Thus the difference between the auctioneer’s payoff under this strategy and the maximum possible payoff the auctioneer could obtain under the theoretically optimal strategy
becomes vanishingly small compared to the difference between the auctioneer’s payoff under
this strategy and the auctioneer’s payoff under the greedy strategy for large k. 

1
1−δ

Observation 23 Suppose the auctioneer displays the ad with the highest eCPM bid with
probability 1 −  and displays an ad uniformly at random with probability  > 0. Then the
optimal constant  for such an algorithm is  = 0 for sufficiently large k.

JMLR 17(197):1-37

Proof Recall from Lemma 4 that the auctioneer’s per-period payoffR if the auctioneer uses a
z
bid for the advertiser with unknown eCPM that is equal to z is −E [ x+σk  F (z)−F (y) dy] =
Rz
− x F (z) − F (y) dy − 21 σk2 f (x) + o(σk2 ) for large k. Note that displaying an ad uniformly at
random is equivalent to making a bid of 0 for the ad with unknown eCPM with probability
1
1
R2 z and making a bid of ∞ for the ad with unknown eCPM with probability 2 . Since
x F (z) − F (y) dy > 0 for either z = 0 or z = ∞, it follows that the auctioneer’s expected
per-period payoff if the auctioneer follows the strategy in the statement of the observation
is no greater than −c for some constant c > 0 for large k.
However, if the auctioneer always uses a bid of z = x (as would be the case when
 = 0), then we know from the proof of Theorem 17 that the auctioneer’s per-period payoff
1 2
is − 2k
s (x)f (x) + o( k1 ) for large k. Thus for sufficiently large k, the auctioneer always
31

+

αβ
.
(α+β)2 (α+β+1)

α
α+β

and the variance in a beta dis-

γ 4ω4.

α+β
1 α+β
1
α = ω , β = 1−ω , and
(α+β)2 α2 β 2
δf
δf γ 4 ω 3
2(1−δ) αβ(α+β)4 (α+β+1)2 = 2(1−δ) 1−ω . Thus
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Now if ∆V denotes the change in payoff that one obtains from future periods as a result
of showing the ad with uncertain eCPM in the first period, then the value of showing the ad
with uncertain eCPM in the first period is ω + ∆V . Thus the theoretically optimal strategy
will specify a bid of ω+∆V for the bidder with uncertain eCPM, whereas the greedy strategy
will specify a bid of ω, so the theoretically optimal strategy will only show a different ad
when the highest competing eCPM bid, p, satisfies p ∈ [ω, ω + ∆V ]. Furthermore, in the
cases where the theoretically optimal strategy specifies a different bid, the theoretically
optimal strategy achieves a payoff that exceeds that of the greedy strategy by an amount
ω + ∆V − p, where p denotes the highest competing eCPM bid. From this it follows that the

=
From this it follows that
the maximum additional payoff increase that one can obtain from future periods as a result
δf γ 4 ω 3
of showing the ad with uncertain eCPM in the first period is no greater than 2(1−δ)
1−ω .

α2 β 2
(α+β)4 (α+β+1)2

=

−

Thus since the bidder’s expected eCPM is ω and the standard

deviation in the bidder’s expected eCPM is γω, it follows that

tribution is

Now the expected value for a beta distribution is

δf
β
α
α
2
2
α+β+1 ) ] = 2(1−δ) [ α+β ( (α+β)(α+β+1) )
(α+β)2 α2 β 2
δf
2(1−δ) αβ(α+β)4 (α+β+1)2 .

α+β+1

β
δf
α+1
α 2
α
α
2(1−δ) [ α+β ( α+β+1 − α+β ) + α+β ( α+β
αβ(α+β)
β
δf
α
2
α+β ( (α+β)(α+β+1) ) ] = 2(1−δ) (α+β)3 (α+β+1)2

where f ≡ supp f (p). This payoff difference equals

α+β

β
first period if this ad is shown is α+β
. By combining this with the result in the previous paragraph, it follows that the maximum possible expected payoff difference that the
auctioneer can obtain from future periods as a result of showing the ad with unknown
α+1
α
R α+β+1
β R α+β
δ
α
α+1
α
eCPM in the first period is 1−δ
[ α+β
( α+β+1
− p)f dp + α+β
(p − α+β+1
)f dp],
α
α

Now the probability the ad with unknown eCPM receives a click in the first period
α
if this ad is shown is α+β
and the probability this ad does not receive a click in the

From this it follows that if no learning takes place in future periods, then the auctioneer’s
payoff in any given period in the future is guaranteed to be the same regardless of whether
α+1
α
the ad with unknown eCPM was shown in the first period if either p > α+β+1
or p < α+β+1
in that particular period. The only circumstances under which the auctioneer’s expected
payoff in a future period t will differ as a result of showing the ad with unknown eCPM
α
α+1
in the first period is if this ad receives a click in the first period and p ∈ ( α+β
, α+β+1
) in
α
α
period t or if the ad does not receive a click in the first period and p ∈ ( α+β+1
, α+β
) in
period t. In the first case, the auctioneer’s payoff in period t as a result of showing the
ad with unknown eCPM in the first period exceeds the auctioneer’s payoff under normal
α+1
circumstances by α+β+1
− p, and in the second case the auctioneer’s payoff in period t as
a result of showing the ad with unknown eCPM in the first period exceeds the auctioneer’s
α
payoff under normal circumstances by an amount p − α+β+1
.

2

difference in expected payoff that one obtains as a result of using
the theoretically optimal
R ω+∆V
1
strategy rather than the greedy strategy is no greater than 1−δ
(ω + ∆V − p)f (p) dp.
ω
f R ω+∆V
Thus if f ≡ supp f (p), this payoff difference is no greater than 1−δ
(ω + ∆V −
ω

took place in future periods, then in future periods the auctioneer would show the highest
α+1
competing bidder if and only if this bidder had an eCPM bid p satisfying p > α+β+1
. And
if the auctioneer showed the ad with unknown eCPM, this ad did not receive a click, and no
learning took place in future periods, then in future periods the auctioneer would show the
α
highest competing bidder if and only if this bidder had an eCPM bid p satisfying p > α+β+1
.

3

δ2 γ 8 ω6 f
.
8(1−δ)3 (1−ω)2
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underlying function and establishes an order of the RF nodes from ‘important’ components

Random Forest, Wavelets, Besov spaces, adaptive approximation, feature

construction of (Gavish et. al. 2010). First, since our wavelet decomposition is built on
the solid foundations of RFs, it leverages on the well-known fact that over-complete representations/ensembles outperform the critical sampled representations/single decision trees
JMLR 17(198):1-38

video) as functions in certain Besov spaces (DeVore 1998), (DeVore et. al. 1992). When

representing the signal using time-frequency localized dictionaries, this theory characterizes
JMLR 17(198):1-38

2

the adaptive representation. Also, our work significantly improves upon the ‘wavelet-type’

processing, there is a complete theory that models structured datasets (e.g audio, images,

c 2016 Oren Elisha and Shai Dekel.

supervised learning tasks, the response variable should be used during the construction of

ing for the analysis of high dimensional big data. In the field of (low-dimensional) signal

two correlated variables generates a new node in a tree. Our method is different, since for

a bottom-up construction in the feature space, where at each step, a local PCA among

functions that enable a sparse representation of smooth signals. This method performs

by (Lee et. al. 2008). Treelets provide a decomposition of the domain into localized basis

Applying a ‘wavelet-type’ machinery for learning tasks, using ‘Treelets’, was introduced

as compression.

the correspondence between the smoothness of the underlying function and properties such

We prove the first part of the characterization and demonstrate, using several examples,

smoothness index of the underlying regression or classification function overcoming noise.

Using the wavelet decomposition of a RF, we can actually numerically compute a ‘weak-type’

algorithms (DeVore 1998), (Devore and Lorentz 1993), to a typical machine learning setup.

Our second contribution is to generalize the function space characterization of adaptive

complexity through adaptive wavelet approximation.

Thus, instead of controlling complexity by restricting trees’ depth or node size, one controls

nodes of a huge and complex ensemble of models can be quickly and efficiently extracted.

Sinha 2012), (Yang et. al. 2012), (Joly et. al. 2012) where the most important decision

as an alternative method for pruning of ensembles (Chen et. al. 2009), (Kulkarni and

trees), to remove noise or provide compression. Our approach could also be considered

structed RF. This helps to avoid over-fitting in certain scenarios (e.g. small number of

Our work brings together Function Space theory, Harmonic Analysis and Machine Learn-

1. Introduction

Keywords:
importance.

In this paper we introduce, in the setting of machine learning, a generalization of wavelet
analysis which is a popular approach to low dimensional structured signal analysis. The
wavelet decomposition of a Random Forest provides a sparse approximation of any regression or classification high dimensional function at various levels of detail, with a concrete
ordering of the Random Forest nodes: from ‘significant’ elements to nodes capturing only
‘insignificant’ noise. Motivated by function space theory, we use the wavelet decomposition to compute numerically a ‘weak-type’ smoothness index that captures the complexity
of the underlying function. As we show through extensive experimentation, this sparse
representation facilitates a variety of applications such as improved regression for difficult
datasets, a novel approach to feature importance, resilience to noisy or irrelevant features,
compression of ensembles, etc.

Abstract

tree. When combined, the wavelet decomposition of the RF unravels the sparsity of the

Israel

to ‘negligible’ noise. Therefore, the method provides a better understanding of any con-

considered as a way to overcome the ‘greedy’ nature and high variance of a single decision

and GE Global Research
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(Breiman 2001), (Breiman 1996), is a very effective machine learning method that can be
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and Scornet 2016), (Criminisi et. al. 2011), (Hastie et. al. 2009) introduced by Breiman

structing sparse representations of ‘complex’ functions. The Random Forest (RF) (Biau

(Alani et. al 2007), (Dekel and Gershtansky 2012), are a powerful yet simple tool for con-

(Daubechies 1992), (Mallat 2009) and geometric wavelets (Dekel and Leviatan 2005),

dom Forests (Breiman 2001), (Biau and Scornet 2016), (Denil et. al. 2014). Wavelets

The first contribution of this work is a construction of wavelet decomposition of Ran-

denoising, compression, feature extraction, etc. using very simple algorithms.

the performance of adaptive approximation and is used in a variety of applications, such as
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in problems such as regression, estimation, etc. Secondly, from the theoretical perspective,
the Lipschitz space analysis of (Gavish et. al. 2010) is generalized by our Besov space
analysis, which is the right mathematical setup for adaptive approximation using wavelets.
The paper is organized as follows: In Section 2 we review Random Forests. In Section
3 we present our main wavelet construction and list some of its key properties. In section
4 we present some theoretical aspects of function space theory and its connection to sparsity. This characterization quantifies the sparsity of the data with respect to the response
variable. In Section 5 we review how a novel form of Variable Importance (VI) is computed
using our approach. Section 6 provides extensive experimental results that demonstrate the
applicative added value of our method in terms of regression, classification, compression
and variable importance quantification.

2. Overview of Random Forests
We begin with an overview of single trees. In statistics and machine learning (Breiman
et. al. 1984), (Alpaydin 2004), (Biau and Scornet 2016), (Denil et. al. 2014), (Hastie
et. al. 2009) the construction is called a Decision Tree or the Classification and Regression
Tree (CART) while in image processing and computer graphics (Radha et. al. 1996),

|g (x)|p dx

Elisha and Dekel

Ω̃

Z

Here, for 1 ≤ p < ∞, we used the definition
kgkLp (Ω̃) :=

xi ∈Ω00

X

1/p

,

|f (xi ) − QΩ00 (xi )|p ,

f (xi ), then a discrete functional is minimized

|f (xi ) − QΩ0 (xi )|p +

Ω0 ∪ Ω00 = Ω.

(2)

If the dataset is discrete, consisting of feature vectors xi ∈ Rn , i ∈ I , with response values
X

xi ∈Ω0

Figure 1: Illustration of a subdivision by an hyperplane of a parent domain Ω into two
children Ω0 , Ω00 .

QΩ0 (x) = CΩ0

xi ∈Ω

QΩ00 (x) = CΩ00

xi ∈Ω

(3)

X
1
=
f (xi ).
# {xi ∈ Ω00 }
00

Random Forest (RF) is a popular machine learning tool that collects decision trees into

can support in principle all of these forms.

certain hyper-surface form, such as conic-sections. Our paradigm of wavelet decompositions

cases where one would like to consider more advanced form of subdivisions, where they take

subdivisions to the class of hyperplanes aligned with the main axes. In contrast, there are

search through all possible subdivisions. As in our experimental results, one may restrict the

In many applications of decision trees, the high-dimensionality of the data does not allow to

X
1
f (xi ),
=
# {xi ∈ Ω0 }
0

are nothing but the mean of the function values over each of the subdomains

survey of local polynomial regression). For the order r = 1, the approximating polynomials

Observe that for any given subdividing hyperplane, the approximating polynomials in
(xi )}i∈I ,

(Salembier and Garrido 2000) it is coined as the Binary Space Partition (BSP) tree. We are
∈

Ω0 , f

(2) can be uniquely determined for p = 2 by least square minimization (see (Avery)) for a

or a discrete dataset

{xi

in some

L2 (Ω0 )

⊂ Rn . The goal is to find an efficient representation of the

given a real-valued function f ∈
convex bounded domain

Ω0

into two subdomains,

underlying function, overcoming the complexity, geometry and possibly non-smooth nature

of the function values. To this end, we subdivide the initial domain

Ω0

e.g. by intersecting it with a hyper-plane. The subdivision is performed to minimize a given
cost function. This subdivision process then continues recursively on the subdomains until
some stopping criterion is met, which in turn, determines the leaves of the tree. We now
describe one instance of the cost function which is related to minimizing variance. At each
stage of the subdivision process, at a certain node of the tree, the algorithm finds, for the
convex domain Ω ⊂ Rn associated with the node:
(i) A partition by an hyper-plane into two convex subdomains Ω0 , Ω00 (see Figure 1),
(ii) Two multivariate polynomials QΩ0 , QΩ00 ∈ Πr−1 (Rn ), of fixed (typically low) total

an ensemble model (Breiman 2001), (Bernard et. al 2012), (Biau 2012), (Biau and Scornet

4
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diversity between the trees reduces the ensemble’s variance. There are many RFs variations

by a voting mechanism among all trees. A key element (Breiman 2001), is that large

degree r − 1.
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(1)

2016). The trees are constructed independently in a diverse fashion and prediction is done
Ω0 ∪ Ω00 = Ω.

The subdomains and the polynomials are chosen to minimize the following quantity
p
p
kf − QΩ0 kL
0 + kf − QΩ00 kL (Ω00 ) ,
p (Ω )
p

3

In this case, if we choose approximation using constants (r = 1), then the calculated mean
~ Ω ∈ RL−1 , inside the simplex. Obviously, any
over any subdomain Ω is in fact a point E

that differ in the way randomness is injected into the model, e.g bagging, random feature

j=1

wj f˜j (x).

5


{xi , Cl (xi )}i∈I ∈ Rn , RL−1 .

that the input data is in the form

JMLR 17(198):1-38

consisting of L vertices in RL−1 (all with equal pairwise distances). Thus, we may assume

described above one assigns to each class Cl the value of a node on the regular simplex

xi ∈ Rn is assigned with a class Cl (xi ). To convert the problem to the ‘functional’ setting

value, but rather are labeled by one of L classes. In this scenario, each input training point

Typically, in classification problems, the response variables does not have a numeric

f˜ (x) =

J
X

choice of uniform weights wj = 1/J. One then assigns a value to any point x ∈ Ω0 by

polynomial associated with the decision node Ω. One then assigns a weight wj > 0 to each
P
tree Tj , such that Jj=1 wj = 1. For simplicity, we will mostly consider in this paper the

which x is contained and then evaluating f˜j (xi ) := QΩ (x), where QΩ is the corresponding

to evaluate the performance of Tj . We note that for any point x ∈ Ω0 , the approximation
associated with the j th tree, denoted by f˜j (x), is computed by finding the leaf Ω ∈ Tj in

the tree. In the supervised learning, one typically uses the remaining data points xi ∈
/ Xj

then provides a weight (score) wj to the tree Tj , based on the estimated performance of

For j = 1, ..., J, one creates a decision tree Tj , based on a subset of the data, X j . One

and random feature selections are not mutually exclusive and could be used together.

amount of computations when searching the appropriate partition for each node. Bagging

parameter values (hyper-parameter). A typical selection is to search for a partition from a
√
random subset of n features (Breiman 2001). This technique is also useful for reducing the

For each node, we may restrict the partition criteria to a small random subset of the

Additional methods to inject randomness can be achieved at the node partitioning level.

the ‘greedy’ nature of a single tree .

over-complete representation (Christensen 2002) of the underlying function that overcomes

2009). From an approximation theoretical perspective, this form of RF allows to create an

the training set (e.g. 80%) or to randomly select samples with repetitions (Hastie et. al.

for each tree. A typical approach is to randomly select for each tree a certain percentage of

(4)
and the function f , or the

ψΩ0 := ψΩ0 (f ) := 1Ω0 (QΩ0 − QΩ ) ,
Ω0

Ω∈T

X

ψΩ ,

ψΩ0 := QΩ0 .

(5)

6

l→∞
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of domains Ωl ∈ T , each on a level l with x ∈ Ωl , we have that lim diam (Ωl ) = 0.

For example, (5) holds in Lp -sense, 1 ≤ p < ∞, if f ∈ Lp (Ω0 ) and for any x ∈ Ω0 and series

f=

Under certain mild conditions on the tree T and the function f , we have by the nature
of the wavelets, the ‘telescopic’ sum of differences

and therefore ψΩ0 = 0.

of degree r−1 over Ω, then our local scheme will compute QΩ0 (x) = QΩ (x) = f (x), ∀x ∈ Ω,

have the ‘zero moments’ property, i.e., if the response variable is sampled from a polynomial

associated with Ω and a ‘high resolution’ level associated with Ω0 . Also, the wavelets (4)

that belongs to the detail space between two levels in the tree, a ‘low resolution’ level

given discrete dataset {xi , f (xi )}i∈I . Each wavelet ψΩ0 , is a ‘local difference’ component

as the geometric wavelet associated with the subdomain

and define

polynomial approximations QΩ0 , QΩ ∈ Πr−1 (Rn ), computed by the local minimization (1)

over the child domain Ω0 , i.e. 1Ω0 (x) = 1, if x ∈ Ω0 and 1Ω0 (x) = 0, if x ∈
/ Ω0 . We use the

and Ω0 was created by a partition of Ω as in Figure 1. Denote by 1Ω0 , the indicator function

construction are covered in the next section. Let Ω0 be a child of Ω in a tree T , i.e. Ω0 ⊂ Ω

of a wavelet decomposition of a forest. Some aspects of the theoretical justification for the

(Dekel and Leviatan 2005), (Karaivanov and Petrushev 2003), we present a construction

1992), (DeVore 1998), (Mallat 2009) and the geometric function space theory presented in

Following the classic paradigm of nonlinear approximation using wavelets (Daubechies

is to limit the levels of the tree, so as not to over-fit and contaminate the decisions by noise.

information than the others. Furthermore, in the presence of noise, one popular approach

In some applications, there is a need to understand which nodes of a forest encapsulate more

3. Wavelet decomposition of a random forest

receiving multidimensional values in the simplex.

become obvious, these mappings can be applied to any wavelet approximation of functions

estimated certainty level, by calculating the closest vertex of the simplex to it. As will

the RF versions known from the literature.

Bagging (Breiman 1996) is a method that produces partial replicates of the training data

value inside the multidimensional simplex, can be mapped back to a class, along with an

2011), (Hastie et. al. 2009). Our wavelet decomposition paradigm is applicable to most of

subset selection and the partition criterion (Boulesteix et. al. 2012), (Criminisi et. al.

Elisha and Dekel
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Z
Ω0

X

xi ∈Ω0

|QΩ0 (xi ) − QΩ (xi )|2 ,

(QΩ0 (x) − QΩ (x))2 dx,

In the setting of a real-valued function, the norm of a wavelet is computed by
=

kψΩ0 k22 =

kψΩ0 k22
and in the discrete case by,

where Ω0 is a child of Ω.

(6)

Observe that for r = 1, the subdivision process for partitioning a node by minimizing

|f (xi ) − CΩ0 |2 +
xi ∈Ω00

X

|f (xi ) − CΩ00 |2 ,

(1) is equivalent to maximizing the sum of squared norms of the wavelets that are formed
in that partition

X

xi ∈Ω0

are defined in (3) and

VΩ :=

Lemma 1 For any partition Ω = Ω0 ∪ Ω00 denote

where

CΩ0 , CΩ00

WΩ := kψΩ0 k22 + kψΩ00 k22 .
Then, the minimization (2) of VΩ is equivalent to maximization of WΩ over all choices of
subdomains Ω0 , Ω00 , Ω = Ω0 ∪ Ω00 and constants CΩ0 , CΩ00 .

Recall that our approach is to convert classification problems into a ‘functional’ setting

Proof See Appendix.

2
l2

~ Ω0 − E
~Ω
= E



~ Ω0 − E
~Ω ,
ψΩ0 = 1Ω0 E

~ Ω0 − E
~Ω
E
vi2 .

2
l2

(7)
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# xi ∈ Ω0 .,

by assigning the L class labels to vertices of a simplex in RL−1 . In such cases of multi-valued

X

functions, choosing r = 1, the wavelet ψΩ0 : Rn → RL−1 is

and its norm is given by
kψΩ0 k22 =

i=1

qP
L−1

xi ∈Ω0

where for ~v ∈ RL−1 ,k~v kl2 :=

7

Elisha and Dekel

j=1 Ω∈Tj

J X
X

wj ψΩ (x).

(8)

Using any given weights assigned to the trees, we obtain a wavelet representation of the
entire RF
f˜ (x) =

≥ wj (Ωk ) ψΩk2
2

2

≥ wj (Ωk ) ψΩk3
3

2

···

(9)

The theory (see Theorem 4 below) tells us that sparse approximation is achieved by ordering

2

the wavelet components based on their norm
wj (Ωk ) ψΩk1
1

m=1

M
X

wj(Ωkm ) ψΩkm (x).

(10)

with the notation Ω ∈ Tj ⇒ j (Ω) = j. Thus, the adaptive M-term approximation of a RF
is

fM (x) :=

Observe that, contrary to existing tree pruning techniques, where each tree is pruned sep-

arately, the above approximation process applies a ‘global’ pruning strategy where the sig-

m=1

M
1 X
ψΩkm (x).
J

(11)

nificant components can come from any node of any of the trees at any level. For simplicity,
one could choose wj = 1/J, and obtain
fM (x) =

Figure 2 below depicts an M-term (11) selected from an RF ensemble. The red colored

nodes illustrate the selection of the M wavelets with the highest norm values from the entire

forest. Observe that they can be selected from any tree at any level, with no connectivity
restrictions.

Figure 2: Selection of an M-term approximation from the entire forest.

Figure 3 depicts how the parameter M is selected for the challenging “Red Wine Quality”

dataset from the UCI repository (UCI repository). The generation of 10 decision trees on

the training set creates approximately 3500 wavelets. The parameter M is then selected by

JMLR 17(198):1-38

minimization of the approximation error on a validation set. In contrast with other pruning

8

9

along the jth axis, [0, 1]n = Ω0 ∪ Ω00 , and given δ ∈ (0, 1), w.p. ≥ 1 − δ,

JMLR 17(198):1-38

Rn with xik = yi and xij , j 6= k, uniformly distributed in [0, 1]. Then, for a subdivision

m
n
Example 1 Let {yi }m
i=1 , where yi ∼ Ber(1/2) i.i.d. and {xi }i=1 ⊂ [0, 1] , xi = (xi1 , . . . , xik , . . . , xin ) ∈

the wavelet based criterion will choose, with high probability the correct variable.

have relatively higher norms than wavelets associated with non-descriptive variables. Hence

exactly this, that with high probability, the wavelets associated with the correct variables

can be pruned out of the sparse representation (11). The following example demonstrates

Nevertheless, in these cases, the corresponding wavelet norms are controlled and these nodes

descriptive and even noisy, leading to the creation of problematic nodes in the decision trees.

In some cases, as presented in (Strobl et. al. 2006) explanatory attributes may be non-

terms with norm (6) greater than ε.

(see for example Section 6.2). One then creates a wavelet approximation using all wavelet

the parameter M in (11), with a threshold parameter ε > 0, chosen suitably for the problem

quantization in the image compression standard JPEG), one may replace the selection of

In a similar manner to certain successful applications in signal processing (e.g. coefficient

Figure 3: : “Red Wine Quality” dataset - Numeric computation of M for optimal regression.

of significant wavelet components.

predetermine the maximal depth of the trees and over-fitting is controlled by the selection

components from any tree and any level in the forest. By this method, one does not need to

methods (Loh 2011), using (9), the wavelet approximation method may select significant

Wavelet decompositions of Random Forests

m
−
2

r
log(2/δ)
2m

!3 ,
m2 .

0

k

r

!

otherwise,

f (x + kh) [x, x + rh] ⊂ Ω,

10



diam (Ω)
ωr (f, Ω)τ := ωr f,
.
r
τ

where for h ∈ Rn , |h| denotes the norm of h. We also denote

ωr (f, t)τ := sup|h|≤t k∆rh (f, Ω, ·)kLτ (Ω) ,

of smoothness of order r over Ω is defined by

t > 0,

JMLR 17(198):1-38

where [x, y] denotes the line segment connecting any two points x, y ∈ Rn . The modulus


r

 P (−1)r+k
∆rh (f, x) := ∆rh (f, Ω, x) :=
k=0



difference operator

For a function f ∈ Lτ (Ω), 0 < τ ≤ ∞, h ∈ Rn and r ∈ N, we recall the r-th order

of RFs.

show, this index correlates well with the performance of RFs and wavelet decompositions

to the underlying function of a dataset. As the theory below and the experimental results

context of machine learning to associate a Besov-index, which is roughly a ‘complexity’ score,

is not even continuous. Our motivation is to provide additional tools that can be used in the

sparsity of a function to its Besov smoothness index and supports cases where the function

a robust computational framework (Elad 2010(@). Approximation Theory relates the

The ‘sparsity’ of a function in some representation is an important property that provides

data is well structured and of low dimension (DeVore 1998), (DeVore et. al. 1992).

theoretical framework that has been applied in the context of signal processing, where the

In this section, we generalize to unstructured and possibly high dimensional datasets, a

4. ‘Weak-Type’ Smoothness and Sparse Representations of the response
variable

Proof See Appendix.

kψΩ0 k22 , kψΩ00 k22 ≥

2. If j = k and the subdivision minimizes (1), then

1. If j 6= k, then kψΩ0 k22 , kψΩ00 k22 ≤ 2 log(2/δ),

Elisha and Dekel
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X
|Ω|−α
ωr

(f, Ω)τ

τ

!1/τ
,

(12)

Definition 2 For 0 < p < ∞ and α > 0, we set τ = τ (α, p), to be 1/τ := α + 1/p.

(T ), r ∈ N, by

:=
Ω∈T

For a given function f ∈ Lp (Ω0 ), Ω0 ⊂ Rn , and tree T , we define the associated B-space
smoothness in

Bτα,r

|f |Bτα,r (T )
where, |Ω| denotes the volume of Ω.
We now show that a ‘well clustered’ function is in fact infinitely smooth in the right

K
P

Πr−1 .

We further assume that

Bk ∩ Bj = ∅, whenever j 6=
∈ Bαα,r (T ), for any α > 0.

k.

Pk (x) 1Bk (x), where each Bk ⊂ Ω0 is a box with sides parallel

∈

k=

adaptively chosen Besov space.

Lemma 3 Let f (x) =
to the main axes and

Pk

Then, there exists an adaptive tree partition T , such that f
Proof See Appendix.

j=1


1/τ
J
1 X τ
|f |Bτα,r (Tj )  .
J

(13)

J
For a given forest F = {Tj }j=1
and weights wj = 1/J, the α Besov semi-norm associated

with the forest is
|f |Bτα,r (F ) :=

The Besov index of f is determined by the maximal index α for which (13) is finite. The
above definition generalizes the classical function space theory of Besov spaces, where the
tree partitions are non-adaptive. That is, classical Besov spaces may be defined by the
special case of partitioning into dyadic cubes, each time using n levels of the tree.
Remark An active research area of approximation theory is the characterization of more

by
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X

Ω∈T

kψΩ kpτ

!1/τ

.

lim Nτ (f, T )τ = {#Ω ∈ T : ψΩ 6= 0} .

Nτ (f, T ) =

(14)

Next, for a given tree T and parameter 0 < τ < p we denote the τ -strength of the tree

Observe that
τ →0

j=1

1/τ

J
1 X
Nτ (f, Tj )τ  .
J

j=1 Ω∈Tj

1/τ

J
1 X X
kψΩ kpτ 
J

Let us further denote the τ -strength of a forest F, by
Nτ (f, F) :=

=

In the setting of a single tree constructed to represent a real-valued function, under mild

(15)

conditions on the partitions (see remark after (5) and condition (17)) , the theory of (Dekel

and Leviatan 2005) proves the equivalence

|f |Bτα,r (T ) ∼ Nτ (f, T ) .

This implies that there are constants 0 < C1 < C2 < ∞, that depend on parameters such

as α, p, n, r and ρ in condition (17) below, such that

C1 |f |Bτα,r (T ) ≤ Nτ (f, T ) ≤ C2 |f |Bτα,r (T ) .

Therefore, we also have for the forest model

(16)

We now present a “Jackson-type estimate” for the degree of the adaptive wavelet forest

|f |Bτα,r (F ) ∼ Nτ (f, F) .

approximation. Its proof is in the Appendix.

geometrically adaptive approximation algorithms by generalizations of the classic ‘isotropic’
Besov space to more ‘geometric’ Besov-type spaces (Dahmen et. al. 2001), (Dekel and

Ω ∩ Ω0 6= ∅, we have

12

Ω0 ≤ ρ |Ω| ,
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(17)

that for any domain Ω ∈ F on a level l and any domain Ω0 ∈ F, on the level l + 1, with

J
Theorem 4 Let F = {Tj }j=1
be a forest. Assume there exists a constant 0 < ρ < 1, such

Leviatan 2005), (Karaivanov and Petrushev 2003). It is known that different geometric
approximation schemes are characterized by different flavors of Besov-type smoothness. In
this work, for example, we assume all trees are created using partitions along the main n
axes. This restriction may lead in general to potentially lower Besov smoothness of the
underlying function and the sparsity of the wavelet representation. Yet, the theoretical
definitions and results of this paper can also apply to more generalized schemes where for

JMLR 17(198):1-38

example the tree partitions are by arbitrary hyper-planes. In such a case, the smoothness
index of a given function may increase.
11

1
1
=α+ .
τ
p

P

Ω∈F

.

(18)

wj(Ω) ψΩ , and assume

(b) “Airfoil”

minαj

−1
σj,1 −
1 − αj

M 1−αj

m=1

M
−1
X

σj,m .
(19)

13
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ary. Then, f ∈ Bτα,r (TI ), for α < 1/p (n − 1), τ −1 = α + 1/p, and any r ≥ 1, where TI

Lemma 5 Let f (x) = 1Ω̃ (x), where Ω̃ ⊂ [0, 1]n is a compact domain with a smooth bound-

higher depth.

to the practitioners, that such a function can be learnt but with more effort, e.g. trees with

the general case and suffers from the curse of dimensionality. Again, it should make sense

transition of values across the boundary of two domains, then the Besov index is limited in

Next, we show that when an underlying function is not ‘well clustered’ and has a sharp

two target functions using (19) stabilizes after a relatively small number of trees are added.

how this works in practice. As can be seen in Figure 4, the estimate of the Besov index of

the error on the Out Of Bag (OOB) samples (see Figure 3). Let us see some examples of

tail of the exponential expression. This is done by discarding wavelets that are overfitting

Similarly to (DeVore et. al. 1992), we select only M significant terms, to avoid fitting the

estimate αj by

approximation error when using the m most significant wavelets of the jth tree. First,

RM
notice that we can estimate cj ∼ σj,1 . Then, using 1 m−u dm = M 1−u − 1 (1 − u), we

(18), we model the error function by σj,m ∼ cj m−αj for unknown cj , αj , where σj,m is the

index αj and then average to obtain the estimated forest smoothness α. Thus, based on

somewhat more robust to fit each decision tree in the forest with an estimated smoothness

critical index α using a numeric exponential fit of the error σM in (18). We found that it is

we choose to generalize the numeric algorithm of (DeVore et. al. 1992) and estimate the

(a) 5,000 sampled points

(b) 250 sampled points

14
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Figure 5: Dataset created by random sampling points of the indicator function of a unit
sphere

unit sphere.

from a uniform distribution taking a response value of f (x) = 1Ω̃ (x), where Ω̃ ⊂ R2 , is the

axes. In Figure 5(a) we see 5000 random points and in (b) 250 random points, sampled

significantly higher smoothness index using an adaptive tree with subdivisions along main

adaptive tree of the above lemma is almost best possible. That is, one cannot hope for

We note that in the general case, when subdivisions along main axes are used, the non-

Proof See Appendix.

level nk.

and then search for a transient value of τ for which Nτ (f, F) becomes ‘infinite’. However,

is the tree with isotropic dyadic partitions, creating dyadic cubes of side lengths 2−k on the

outliers if exist within the given dataset. One potential method is to use the equivalence (16)

Figure 4: Estimation of the Besov critical smoothness index

(a) “Red Wine”

Elisha and Dekel

estimate the true smoothness of the underlying function, removing influences of noise and

given data. That is, the maximal α for which the Besov norm is finite. Our goal is to

numeric methods to estimate the critical ‘weak-type’ Besov smoothness index α from the

machine learning, the function space theoretical perspective. There are several candidate

One important contribution of this work is the attempt to generalize to the setting of

σM (f ) := kf − fM kp ≤ C (p, α, ρ) JM −α |f |Bτα,r (F )

Then, for the M -term approximation (10) we have

that |f |Bτα,r (F ) < ∞, where

where |E| denotes the volume of E ⊂ Rn . Denote formally f =

Wavelet decompositions of Random Forests

Elisha and Dekel

There are several existing Variable Importance (VI) quantification methods that use

Wavelet decompositions of Random Forests

RF. A popular approach for measuring the importance of a variable is summing the total

it is measured by the residual sum of squares”. Although not stated specifically in (RF in

By Lemma 4.3, the lower bound for the critical Besov exponent of f is α = 0.5, for p = 2.

R), it is common practice to multiply the information gain of each node by its size (Raileanu

decrease in node impurities when splitting on the variable, averaged over all trees (RF in R),

In Figure 6 we see a plot of the numeric calculation of the α Besov index for given number

and Stoffel 2004), (Du and Zhan 2002), (Rokach and Maimon 2005). Additional methods

This should correlate with the intuition of machine learning practitioners: the dataset does

of sampling points of f . We see relatively fast convergence to α = 0.51. As discussed, our

for variable importance measure are the ‘Permutation Importance’ measure (Genuer et.

(Hastie et. al. 2009). As suggested in the RF package documentation of the R language (RF

method attempts to capture the geometric properties of the ‘true’ underlying function that

al. 2010), or similarly ‘OOB randomization’ (Hastie et. al. 2009). With these latter

have two well defined clusters, but the boundary between the clusters (boundary of the

is potentially buried in the noisy input data. To show this, we constructed from a dataset

two methods, sequential predictions of RF are done, when each time one feature is being

in R): “For classification, the node impurity is measured by the Gini Index. For regression;

of 10k samples of f , a ten dimensional dataset, by adding additional eight noisy features,

permuted as the rest of the features remain. Then, the measure for variable importance is

sphere) is a non-trivial curve and any classification algorithm will need to learn the geometry

with uniform distribution in [0,1] and no bearing on the response variable. The numeric

the difference in prediction accuracy before and after a feature is permuted in MSE terms.

of the curve.

computation in this example was again,α = 0.51, which demonstrates that the method is

X

j=1 Ω∈Tj ∩Vi

J
1X
J

kψΩ k2τ ,

i = 1, . . . , n,

as in (8). We evaluate the importance of the i-th feature by

Siτ :=

16
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suitable choice in (20) is τ = 1, since with this choice, the ordering is related to ordering

It is crucial to observe that from an approximation theoretical perspective, the more

by (7) which implies that we provide a unified approach to VI.

regular simplex. Therefore, in classification problems, the wavelet norms in (20) are given

Siτ2 ≥ · · · . Recall that our wavelet-based approach transforms classification problems into
the functional setting (see section 2) by mapping each label lk to a vertex ~lk ∈ RL−1 of a

along the ith variable. This allows us to score the variables, using the ordering Siτ1 ≥

where, τ > 0 and Vi is the set of child domains formed by partitioning their parent domain

(20)

make this precise, let {x ∈ Rn , f (x)} be a dataset and let f˜ represent the RF decomposition,

of the wavelet components (11), such that they must appear in ‘feature related blocks’. To

The wavelet-based VI is derived by imposing a restriction on the adaptive re-ordering

correlated variables.

(Strobl et. al. 2008), ‘Permutation’ tends to overestimate the variable importance of highly

‘Impurity gain’ tends to be in favor of variables with more varying values. As shown in

considered, when used for variable importance. As shown by (Strobl et. al. 2006), the

However, both ‘Impurity gain’ and ‘Permutation’ have some pitfalls that should be

stable under this noisy embedding in Rn as well.

Figure 6: Numeric calculation of the α Besov index for given number of sampling points of
the indicator function of a unit sphere.

5. Wavelet-based variable importance
In many cases, there is a need to understand in greater detail in what way the different
variables influence the response variable (Guyon and Elisseff 2003). Which of the possibly
hundreds of parameters is more critical? What are the interactions between the significant
variables? Also, the property of obtaining fewer features that provide equivalent prediction
could be used for feature engineering and for ‘feature budget algorithms’ such as in (Feng

JMLR 17(198):1-38

et. al. 2015), (Vens and Costa 2011). As described in (Genuer et. al. 2010), the use of
RF for variable importance detection has several advantages.
15

j=1 Ω∈Tj ∩Vi

X

ψΩ

2

k6=i j=1 Ω∈Tj ∩Vk

X
ψΩ
2

=

1≤k≤n

Sk1 − max1≤i≤n Si1 .

k6=i

J
1 XX X
≤ min1≤i≤n
kψΩ k2
J
k6=i j=1 Ω∈Tj ∩Vk
X
= min1≤i≤n
Sk1

X

= min1≤i≤n

J
1 XX
J

,

 
Var Ω̃ =
X

2

n
o
f (xi ) − CΩ̃ .
# xi ∈ Ω̃ xi ∈Ω̃

1

Ω00

K
K
Var Ω −
Var Ω
KΩ
KΩ

Ω0


00
.

j=1

children of Ω in Tj ∩Vi

X
KΩ ∆ (Ω).

(21)

xi ∈Ω0


0


00



= kψΩ0 k22 + kψΩ00 k22 .

xi ∈Ω

17

xi ∈Ω00
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KΩ0
KΩ00
KΩ ∆ (Ω) = KΩ Var (Ω) −
Var Ω −
Var Ω
KΩ
KΩ
X
X
X
=
(f (xi ) − CΩ )2 −
(f (xi ) − CΩ0 )2 −
(f (xi ) − CΩ00 )2



Proof For any domain Ω and its two children Ω0 , Ω00 ,

Theorem 6 The variable importance methods of (20) and (21) are identical for τ = 2.

J
1X
J

in (Louppe et. al. 2013) by

The importance of the variable i (up to normalization by the size of the dataset) is defined

∆ (Ω) :=Var (Ω) −


0

For any domain Ω of a RF, with children Ω0 , Ω00 , the variance impurity measure is

n
o
KΩ̃ := # xi ∈ Ω̃

and domain Ω̃ of an RF, denote briefly

when variance is used as the impurity measure. To see this, for any dataset {x ∈ Rn , f (x)}

mation in (1),(4), the VI score (20) with τ = 2, is in fact exactly as in (Louppe et. al. 2013)

What is interesting is that, in regression problems, when using piecewise constant approxi-

min1≤i≤n

J
1X
f˜ −
J

the variables by the approximation error of their corresponding wavelet subset

Wavelet decompositions of Random Forests

X

♦

j=1 children of Ω in Tj ∩Vi

J
1X
J

KΩ ∆ (Ω) = Si2 .

X

j=1 Ω∈Tj ∩Vi , kψΩ k≥ε

J
X

kψΩ k2 .

(22)

y∼

(

Ber(0.3),

Ber(0.7),

x2 = 1.

x2 = 0,

)

(23)

18
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from the VI scoring process, we choose the threshold as norm of the M -th wavelet, where

We now address the choice of  in (22). So as to remove the noisy wavelet components

such a case.

olding strategy (22) as part of the feature importance estimation could be advantageous in

that there exists a long tail of wavelet norms relating to x1 . Therefore, applying the thresh-

example (23). We see that the wavelet norms of the important variable x2 are larger, but

Figure 7 we see a histogram of the wavelet norms (taken from one of the RF trees) for the

the noise, with high probability their wavelet norm is controlled, and relatively small. In

lated feature x1 . As shown in Example 1, while we may obtain many false partitions along

in R), (Hastie et. al. 2009) we observe that the important variable is the ‘noisy’ uncorre-

In accordance with the point made in (Strobl et. al. 2006), when applying the VI of (RF

and x2 is established by:

dependent variables: x1 ∼ N (0, 1) and x2 ∼ Ber(0.5). A correlation between y = f (x1 , x2 )

2006). We set a number of samples to m = 120, where each sample has two explanatory in-

To demonstrate this problem, we follow the experiment suggested in (Strobl et. al.

(or noise) may vary with many values.

cases binary variables such as ‘Gender’ are very descriptive where less descriptive variables

categories (Strobl et. al. 2006). This restriction is very limiting in practice, as in many

where potential predictor variables vary in their scale of measurement or their number of

(RF in R), (Hastie et. al. 2009). However, this method may not be reliable in situations

total decrease in node impurities when splitting on the variable, averaged over all trees

As pointed out, a popular RF approach for identifying important variables is summing the

Si1 (ε) :=

out wavelet components with norm below some ε > 0

various degrees of approximation, using only subsets of ‘significant’ nodes, by thresholding

approach is targeted at difficult noisy datasets. In these cases, one should compute VI at

Further to the choice of τ = 1 over τ = 2 in (20), the novelty of the wavelet-based VI

Therefore,

Elisha and Dekel
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Figure 7: wavelets norms taken from one of the RF trees constructed for the example (23)

by

m=1

(24)

M is the selected using the M -term wavelet that minimizes the approximation error on the
validation set

{xi , f (xi )}i=1,..k

ε = kψM k2 ,

i=1



!
2
M

 k
X
X
1
ψΩkm (xi )
.
s.t minM
f (xi ) −


J

The calculation of  for the “Pima diabetes” dataset using a validation set is depicted in
Figure 8. In Section 6.2 we demonstrate the advantage of the wavelet-based thresholding
technique in VI on several datasets.

6. Applications and Experimental Results

Elisha and Dekel

Figure 8: “Pima diabetes” - Choice of  in (22) using the validation set

6.1 Ensemble Compression

In applications, constructed predictive models, such as RF, need to be stored, transmitted

and applied to new data. In such cases the size of the model becomes a consideration,

especially when using many trees to predict large amounts of incoming new data over

distributed architectures. Furthermore, as presented in (Geurts and Gilles 2011), the

number of total nodes of the RF and the average tree depth impact the memory requirements

and evaluation performance of the ensemble.

In order to demonstrate the correlation between the Besov index of the underlying

function and the ‘complexity’ of these datasets we need to compare on the same scale

different datasets of different sizes and dimensions. Therefore, we replaced the commonly

used metrics in machine learning such as MSE (Mean Square Error) by the normalized

PSNR (Peak Signal To Noise Ratio) metric which is commonly used in the context of signal

1
#{xi }

i (f

P

(xi ) − fA (xi ))2

n
o
maxi,j |f (xi ) − f (xj )|2

.

processing. For a given dataset {xi , f (xi )} and an approximation {xi , fA (xi )} PSNR is
defined by

PSNR:=10 · log10

Observe that higher PSNR implies smaller error. In Figure 9 we observe the rate-distortion

For our experimental results, we implemented C# code that supports RF construction,

performance measured on validation points in a fivefold cross validation of M −term wavelet

approximation and standard RF, as trees are added. It can be seen that for functions that

Besov index analysis, wavelet decompositions of RF and applications such as wavelet-based

are smoother in ‘weak-type’ sense (e.g. higher α), wavelet approximation outperforms the

VI, etc. (source code is available, see link in (Wavelet RF code)). The algorithms are
executed on the Amazon Web Services cloud, using up to 120 CPUs. Most datasets are

JMLR 17(198):1-38

standard RF. Table 1 below shows an extensive list of more datasets.

20

taken from the UCI repository (UCI repository), which allows us to compare our results

JMLR 17(198):1-38

to previous work.
19
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(d) “Red Wine quality” dataset , α = 0.07

(b) “CT Slice” dataset, α = 0.51

Figure 9: PSNR of four UCI data sets.

(c) “Parkinson” dataset , α = 0.11

(a) “Record linkage” dataset, α = 0.99

Wavelet decompositions of Random Forests

identified by our wavelet-based method.
22
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the triple ‘Alcohol’, ‘Volatile acidity’ and ‘Sulphates’ (index 81) has the smallest error, as

bagging. In Figure 10(b), we can see the MSE of each of these RFs. One can verify that

of the UCI repository ‘Wine Quality’ dataset (165 simulations) using 100 trees and 80%

‘Sulphates’. We then constructed RFs for all the possible triple combinations of features

As can be seen, the top three features in the histogram are ‘Alcohol’, ‘Volatile acidity’ and

histogram of VI scores for the “Red Wine” dataset using the wavelet-based approach (20).

the features with the highest impact on the prediction. In Figure 10 (a), we show an

We first demonstrate how the wavelet-based method (20) with τ = 1, succeeds in identifying

6.2 Variable Importance

of J connected subtrees.

ponents. Thus, the wavelet compression appearing in Table 1 is in the form of a collection

all wavelet components along the tree paths leading to the selected significant wavelet com-

Therefore, we enforce connectivity on any wavelet approximation we compute, by adding

tion would need to encode the nodal data associated with these unconnected components.

unconnected as depicted in Figure 2. Obviously, any compression of the wavelet approxima-

Note that when computing an M -term wavelet approximation, some components may be

the function smoothness. That is, the compression is more effective for smoother functions.

as expected, there is significant correlation between the performance of compression and

Table 1 that the wavelet-based method performs better than conventional pruning. Also,

1. The datasets for classification are marked (C) and regression (R). One may observe from

collected the results of the experiment described above applied to 12 UCI datasets in Table

on the correspondence of the margins in classification and MSE in regression). We have

recursively omitted according to their correspondence with the rest of the ensemble (based

‘leave one out’ strategy as presented in (Yang et. al. 2012). In this approach trees are

set of fivefold cross validation. To this end, we have generated RF with 100 decision trees
√
with 80% bagging and n hyper-parameter. The two pruning strategies are based on a

the pruning methods that aim for a minimal number of nodes to achieve it on a validation

set. We then used this target error pre-saturation point for both wavelet shrinkage and

which the graph of wavelet approximation error begins to ‘flatten out’ on the validation

Muoz et. al. 2009), (Yang et. al. 2012). For each dataset we first computed a point at

and then only a subset of these trees are chosen by a ‘leave one out strategy’ as in (Martinez-

‘Over-produce-and-Choose’ strategy, where the forest is grown to a fixed number of trees,

stated by (Kulkarni and Sinha 2012), most of the current efforts in pruning RF are based on

We now compare wavelet-based compression with existing RF pruning strategies. As

Elisha and Dekel

Wavelet decompositions of Random Forests

Pruning
Min-D
(Yang
et.
al. 2012)
#trees #nodes
1
123
2
10
1

966
14961

76396
2248
185

3
4

3
3

2
1
1

12808
20947
29089

1929
7292

64
1657

5141
34
55

0.02

0.15
0.11
0.07

0.23
0.2

0.32
0.25

0.51
0.42
0.34

α

77042
711
185
8
5

7487
149863

6
12
12

9300284

Wavelet subtrees

2%
2
3
1
2297
26793
3
9

28355
110187
36439

19

error

2.9 MSE
17%
22%
19
9
4533
65436

11
19
13

12201588

0.99

15 MSE
13%
5
4

17845
103822
39350

24

#trees #nodes
1
6

3.2 MSE
0.5 MSE
7
18
14

10657799

Pruning
Mean-D
(Yang et. al.
2012)
#trees #nodes
1
123

8%
3.2 MSE
0.4 MSE
21
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88 MSE

Table 1: Compression - number of nodes required to reach the error pre-saturation point
Dataset

Record linkage
(C)
CT Slice (R)
Titanic (C)
Balanced scale
(C)
Concrete (R)
Magic Gamma
(C)
Airfoil (R)
California
Housing (R)
EEG (C)
Parkinson (R)
Wine
quality
(R)
Year Prediction
(R)

23
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(a) Wavelet-based feature importance histogram

(b) Error of RFs constructed over all possible 3 feature subsets

JMLR 17(198):1-38

Figure 10: Wavelet-based variable importance of the UCI Red wine data set
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thus outperforms the standard RF method. Observe that the added value of the wavelet

wavelet approach selects the right significant components from any tree and any level and

underlying function, while too many levels can lead to overfitting. As seen in Table 2, the

set is reduced. Trying to restrict the tree depth, can potentially miss the geometry of the

When the training dataset contains ‘false labeling’, the correspondence with the testing

validation.

as in (Denil et. al. 2014). We perform RF construction with 1000 trees and 5 fold cross

to a minimal node size restriction as in (Biau and Scornet 2016), setting this value to 5,

computed automatically as depicted in Figure 3. We also compare the M-term performance

the standard RF and the M -term wavelet approximation (11), where optimal M values are

noisy datasets are rendered in Figure 12. We then compare the predictive performance of

labeling by randomly replacing 20% of the values of the response variable. The original and

benchmark “Spirals” (Spiral dataset). From the given dataset we create a dataset with mis-

We begin with a demonstration of a case of ‘false labeling’ using the R machine learning

approach provides smaller predictive errors.

samples with 8 attributes in Figure 11(c)) and show that in such cases the wavelet-based

features, mis-labeling and outliers (see for example “Pima Diabetes” dataset with only 768

In this Section we focus on difficult datasets, such as small sets or with high bias, bad

6.3 Classification and regression tasks

method selected different features (‘Age’, ‘Time’ and ‘Gender’) than the other methods.

prediction using the first three features it selected. This is due to fact that the wavelet-based

11(a), we see that on the “Parkinson” dataset, the wavelet-based method reaches better

The results of fivefold cross validation are presented in Figure 11. For example, in Figure

methods, we used their choice of k most important features as the input for an R based RF.

k most important features to construct a wavelet-based best prediction, while for the other

selected first k features are used for prediction. Here also, we used wavelet-based choice of

importance, we iterate by adding features one-by-one, where at the k-th iteration, only the

methods were applied using R. After each method ‘decides’ on the order of the features by

using our implementation, based on (22) while the Permutation and Information Gain based

RF with 100 trees and 80% bagging. However, the wavelet-based method was computed

method we first calculate a corresponding VI score of the features. Each method uses an

To this end we employ a test methodology used in (Feng et. al. 2015). Using each VI

problems as well, competing with, for example, the standard Gini-based algorithm of R.

methods in R (RF in R). Note that we apply the wavelet-based VI method in classification

variant using (22) with  > 0, can provide a better estimation of VI than the existing

Next, we show that the wavelet-based VI approach, in particular, the noise-removal

Wavelet decompositions of Random Forests
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Figure 11: Comparisons of performance of standard VI methods used in R, with the waveletbased method (22)

(c) “Pima Diabetes” dataset, = 0.93.

(b) “Magic gamma” dataset,  = 0.57.

(a) “Parkinson” dataset,  = 1.74.

Elisha and Dekel

(b) Set with amplified mis-labeling

Wavelet decompositions of Random Forests

(a) Original set
Figure 12: ‘Spirals’ dataset (Spiral dataset)

approach is more significant in the second case with more ‘false labeling’ in the training set.

Table 2: ‘Spirals’ dataset - Classification results.
Wavelet error
RF error
Pruned RF error
12.2 ± 0.9%
14.4 ± 1.1%
15.9 ± 0.8%
13.9 ± 1.2%
17.8 ± 1.3%
22.7 ± 1.6%

Original spiral set
Set with amplified
mis-labeling

Next, we compare the performance of wavelet-based regression with state-of-the-art
method on a challenging problem. The authors of (Denil et. al. 2014) provide comparative
results of different pruning strategies for the difficult “Wine Quality” dataset. Learning this
dataset is challenging since the data is very biased and depends on the personal taste of the
wine experts. In Table 3 below, we collect the results of (Biau 2012), (Biau et. al. 2008),
(Breiman 2001) and (Denil et. al. 2014) (as listed in (Denil et. al. 2014)). The RFs are
all constructed of 1000 trees and fivefold cross validation is applied. We follow the notation
presented in (Denil et. al. 2014) and use the abbreviation that was provided for each
method variation (‘+’,’F’,’S’,’NB’, ‘T’). In our RF implementation, we used bootstrapping
√
with 80% and randomized n features at each node. M was selected automatically using 10
percent of the training set.
Another form of a challenging dataset is when some of the features are extremely noisy
or uncorrelated with the response variable. As shown in (Strobl et. al. 2006) (see the
discussion in Section 5), in such cases, RF partitions sometimes are influenced by these
variables and the constructed ensemble is of lower quality. To explore the impact of our
approach on such datasets, we used the “Poker Hand” dataset from the UCI repository
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(UCI repository) in two modes: with and without a very non-descriptive feature “instance
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Denil+S

Denil+F

Denil

Biau12+S

Biau12+T

Biau12

0.4

0.41

0.48

0.48

0.57

0.57

0.59

Table 3: Performance comparison on the “Wine Quality”
Algorithm
MSE
Biau08
0.53

Breiman

Breiman+NB 0.39
Wavelets
0.36

id”. As can be seen from Figure 13, the wavelet method significantly outperforms the

(b) ‘Bad’ feature included

standard RF regression, especially in the second scenario with the ‘bad’ feature included.

(a) ‘Bad’ feature excluded
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Figure 13: The impact of a bad feature on the regression of the “Poker Hand” dataset
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Thus, using (25) we get w.p. ≥ 1 − δ
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and m2 := m − m1 . Hence, for

any δ ∈ (0, 1), applying the Hoeffding bound gives w.p. ≥ 1 − δ

1. For any attribute j 6= k we denote m1 := # {xi ∈

Proof of Example 1

♦

WΩ is always positive, the search for minimizing VΩ is equivalent to maximizing WΩ .
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Indeed, using (17), recursively for all domains on lower levels intersecting with Ω0 we have

Ω∈Λ

X  |Ω0 | 1/p

Λ := {Ω ∈ F : x ∈ Ω, |Ω| ≥ |Ω0 |}, we have

need to show two essential properties. First, for any Ω0 ∈ F and any x ∈ Ω0 , denoting

k22

log(2/δ)
2m

Proof of Theorem 4 We prove the case 1 < p < ∞ (the case 0 < p ≤ 1 is easier). We

kψ

Ω0

r
m
−
2

Plugging into the bound above we conclude that w.p. ≥ 1 − δ,


m1 2
.
m

yi = 1}. Applying the Hoeffding bound with δ ∈ (0, 1) yields w.p.

If Ω0 is the subset of [0, 1]n where xk > 1/2, then CΩ0 = 1 and kψΩ0 k22 = m1 1 −

≥1−δ

m1 = # {xi ∈ Ω :

2. Observe that for the case j = k, a subdivision that minimizes (1) is xk = 1/2. Denote

Therefore, w.p. ≥ 1 − δ,
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,

∀Ω ∈ F.
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Secondly, we need the property that
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wj(Ωi ) ψΩi (x), Ωi ∈ F, where wj(Ωi ) ψΩi

the general case of r ≥ 1 and convex domains (see e.g (Dekel and Leviatan 2005)). This

It is easy to see property (27) for the case r = 1, where ψΩ = 1Ω CΩ , but it is also known for

I
P

i=1

allows us to prove the following Lemma
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We now proceed with the proof of the Theorem. Observe that we may use (16), that is,

|f |Bτα,r (F ) ∼ Nτ (f, F). For ν = 1, 2, · · · , denote

n
o
Ξν := Ω ∈ F : 2−ν Nτ (f, F) ≤ wj(Ω) kψΩ kp < 2−ν+1 Nτ (f, F) .
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is defined as the infimum (if exists) over all A > 0, for which

∞
, the weak-lτ norm kβkwlτ ,
Recall that for any non-negative discrete sequence β = {βk }k=1
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Since kβkwlτ ≤ kβklτ , this implies that

Let Fν (x) :=

kf − fM kp ≤
≤
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≤ cJNτ (f, F)

≤ cJNτ (f, F) M −(1/τ −1/p) = cJNτ (f, F) M −α .

♦

Extending this result for any M ≥ 1 is standard (using a larger leading constant). This
completes the proof.

Proof of Lemma 3 Since there are a finite number of boxes, there exists a, possibly

unbalanced, binary tree that after at most K2n partitions, has also the boxes {Bk } as

nodes of the tree. Since the modulus of smoothness of order r of polynomials of degree r − 1

ωr (f, Bk )τ = ωr (Pk , Bk )τ = 0.

JMLR 17(198):1-38

is zero (DeVore 1998), (Devore and Lorentz 1993), for any of these box nodes we have

that

36
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≤ 2−kn/τ , Ω ∩ ∂ Ω̃ 6= ∅,

ωr f, Ω0

Next, observe that for any Ω ∈ Dk

Ω0
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Ω0 ⊂ Ω ⇒ ωr (f, Ω0 )τ ≤ ωr (f, Ω)τ . Combining these two observations gives

Ω ∈ T ∩ Dk at the level nk. Also, from the properties of the modulus of smoothness,

that any domain Ω0 ∈ TI , at a level nk < l < n (k + 1), is contained in some dyadic cube

dyadic cubes of [0, 1]n , where Dk is the collection of cubes with side lengths 2−k . Observe

cubes of side lengths 2−k at the level nk. Let us denote by D := {Dk }∞
k=0 , the collection of

Proof of Lemma 5 As stated, the tree TI with isotropic dyadic partitions, creates dyadic

♦
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n
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manner to an hyperplane of dimension n − 1 with surface area ≤ c2−k(n−1) . Therefore, for

one connected component of the boundary ∂ Ω̃ intersects a dyadic cube Ω ∈ Dk , in similar

This gives
,

2

kn(ατ −1)

|Ω|−α ωr (f, Ω)τ

can intersect a smooth boundary of a domain Ω̃ ⊂ [0, 1]n . For sufficiently large k, only
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∞
X
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where ∂ Ω̃ is the boundary of Ω̃. Therefore,

!1/τ

τ

τ
|Ω|−α ωr (f, Ω)

ωr (f, Ω)τ ≤ 2r kf kLτ (Ω) ≤ 2r kf kLτ (Ω0 ) .

where we have used the inequality

≤ 2 kf kτ

=

|f |Bτα,r =

X

nodes, each strictly containing at least one Bk . Therefore, for any α > 0,

We may then conclude that ωr (f, Ω)τ 6= 0, for only a finite low-level subset Λ of the tree

ωr (f, Ω)τ = ωr (0, Ω)τ = 0.

For any node Ω such that Ω ∩ Bk = ∅, 1 ≤ k ≤ K, we have

ωr f, Ω0

Similarly, for any descendant node Ω0 ⊂ Bk , for some 1 ≤ k ≤ K,
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While some optimization methods have already been employed for the methodological
developments in causal inference with observational data (Hansen, 2004), the use of mathematical programming techniques for statistics-oriented applications is still rare. One such
notable contribution is due to Bertsimas and Shioda (2007) who re-framed the classification and regression problems using integer programming. Similar to their efforts, this paper
motivates the use of non-linear integer programming techniques in causal inference research.

MI has been used to formulate various problems involving feature selection (Estévez
et al., 2009), dependency analysis (Kraskov et al., 2004) and chaotic data identification
(Fraser and Swinney, 1986). It measures the level of dependence between random variables;
e.g., when evaluated for two variables, it takes a high value when one random variable contains much information about the other, signifying high dependence, while zero MI implies
that the variables are independent. We show that the difference between the covariate distributions among the treated and untreated units can be directly evaluated MI, exploiting
the fact that randomization in treatment assignment implies zero MI between covariates
and the treatment variable. To the best of the authors’ knowledge, no MI based method has
yet been employed for grouping observations (units) to achieve a particular group property
– most likely due to the non-linearity in the expression defining MI. This paper tackles this
challenge and offers the models and algorithms that make theoretical and practical advances
in subset selection, or simply, matching for treatment effect estimation.

This paper frames matching as an optimization problem with a mutual information
(MI) based objective. The presented methods are non-parametric, and hence, do not suffer
from human bias in model selection. The value of information theory in empirical statistics
research and computer science has been emphasized over the past decade (Burnham and
Anderson, 2002). However, while this thrust has been successful in facilitating hypothesis
testing, optimization problems with information measures have proven to be difficult, mainly
due to the inherent non-linearity of entropy and MI functions (Shannon, 1948). This paper
presents a way to treat such non-linearity in subset selection problems, which arise in
applying information theory logic for making causal inference with observational data.

Note, however, that improving balance, expressed via some metric(s) capturing the difference between the distributions of covariates in the compared groups, is just one approach
that defines a matching procedure objective. It is as good as any other approach that would
achieve the reduction of the dependence between the covariates and the treatment variable
in the matched groups. This observation is exploited in the present paper, as it explores a
new form of covariate balance and an alternative approach to doing matching.

The most widely adopted conventional matching methods employ various distance metrics (e.g., Mahalanobis distance) and propensity scores (see Section 2 for a detailed review);
the success of a matching venture is typically assessed by checking if the compared groups
are “well-balanced”, i.e., if the distributions of covariates within them are similar. The
methods introduced more recently strive to directly optimize balance (Zubizarreta, 2012).
In particular, Nikolaev et al. (2013) re-cast matching as a subset selection problem with
the objective to optimize a measure of covariate balance across groups (as opposed to individual unit pairs). The approach was coined Balance Optimization Subset Selection, with
its applicability illustrated by employing linear programming models (Nikolaev et al., 2013)
and simulated annealing heuristics (Tam Cho et al., 2013).
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The tools for making inference based on observational data are useful for estimating the
effects of binary treatments that are non-randomly assigned to the units of a studied population (Cochran, 1965). Causal investigations are of importance in various domains of
science including economics (Abadie and Imbens, 2006), medical research (da Veiga and
Wilder, 2008), political science (Ho et al., 2007), sociology (Morgan and Harding, 2006),
law (Rubin, 2001), etc. As a conventional recipe, matching of treated and untreated units
allows one to compare them and distill the effect of the treatment, while blocking the effects
of confounding unit covariates.

1. Introduction

This paper presents an information theory-driven matching methodology for making causal
inference from observational data. The paper adopts a “potential outcomes framework”
view on evaluating the strength of cause-effect relationships: the population-wide average
effects of binary treatments are estimated by comparing two groups of units – the treated
and untreated (control). To reduce the bias in such treatment effect estimation, one has to
compose a control group in such a way that across the compared groups of units, treatment
is independent of the units’ covariates. This requirement gives rise to a subset selection /
matching problem. This paper presents the models and algorithms that solve the matching problem by minimizing the mutual information (MI) between the covariates and the
treatment variable. Such a formulation becomes tractable thanks to the derived optimality
conditions that tackle the non-linearity of the sample-based MI function. Computational
experiments with mixed integer-programming formulations and four matching algorithms
demonstrate the utility of MI based matching for causal inference studies. The algorithmic
developments culminate in a matching heuristic that allows for balancing the compared
groups in polynomial (close to linear) time, thus allowing for treatment effect estimation
with large data sets.
Keywords: Observational Causal Inference, Mutual Information, Matching, Subset Selection, Optimization

Editor: Peter Spirtes

Department of Industrial and Systems Engineering
University at Buffalo, 312 Bell Hall, Buffalo, NY 14260, USA
Department of Computer Science and Information Systems
University of Jyvaskyla, Jyvaskyla, FIN-40014, Finland

Alexander G. Nikolaev

Department of Industrial and Systems Engineering
University at Buffalo, Buffalo, NY 14260, USA

Lei Sun

Mutual Information Based Matching for Causal Inference
with Observational Data

Journal of Machine Learning Research 17 (2016) 1-31

Mutual Information Based Matching

Among different types of matching recipes, the first proposed and well-used one is the
nearest neighbor matching (Rubin, 1973). It prescribes to pair up each observed treatment
unit with a control unit so as to minimize a weighted distance between the units’ covariate
vectors in each such pair. Mahalanobis distance is widely used for this purpose (Rubin,
1980), however, as a measure of divergence, it relies on elliptical distributions of covariates
(Sekhon, 2008). Another widely-used recipe prescribes to match units on propensity score
(Rosenbaum and Rubin, 1983) defined as the probability of a unit to receive treatment.
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This section begins by presenting several matching problems, using illustrative examples,
and explains how mutual information can guide a matching process. Then, relying on the
mutual information function, nonlinear integer optimization problems are formally stated.

3. Problem Definition

Methodologies for direct optimization of balance have been proposed by researchers just
recently. Rosenbaum et al. (2007) introduce a fine balance method, where exact balance is
sought on several categorized nominal covariates and approximate matching is conducted on
the remaining ones. For the exact matching part, a matrix of Mahalanobis distance values
across all pairs of treatment and control units is defined, and then the classic assignment
algorithm is used to minimize the total distance. Nikolaev et al. (2013) introduce Balance
Optimization Subset Selection (BOSS) approach, optimizing explicit measures of balance
and treating several models with exact and heuristic methods. Zubizarreta (2012) builds
mixed integer programming models to optimize covariate balance directly by minimizing the
total sum of the distances between the treated units and matched control units. The latter
two lines of research work to measure the difference between the covariate distributions
in the treatment group and control pool by employing chi-square, correlations, quantiles
and Kolmogorov-Smirnov statistics, which are fundamentally different from the information
theory-driven approach developed in the present paper.

Both the Mahalanobis distance and propensity score based matching methods are applied with the objective to minimize the differences between the units in the treatment group
and the control group of the same size. In contrast, Iacus et al. (2012) introduce a new class
of matching methods, the Monotonic Imbalance Bounding (MIB) matching, which looks to
assemble matched control groups consisting of a sufficiently large number of observations
with a fixed pre-set level of maximum allowed imbalance. Based on the imbalance level, an
algorithm is designed to split the range of each covariate into several coarse categories, so
that any exact matching algorithm can be applied to solve this discretized problem.

The Mahalanobis distance and propensity score based matching methods can be combined in various ways (Rubin, 2001; Diamond and Sekhon, 2013). However, such methods
require assumptions on model and/or data structure. As such, true units’ propensity score
values are generally unknown, and must be estimated via regression on covariates, which
makes room for the researcher’s bias in data analysis (when one can “tinker with” with an
analysis tool to make it output the result that one anticipates, perhaps subconsciously).
This weakness has led to controversial exchanges between the authors analyzing the same
data and reaching conflicting conclusions (Dehejia and Wahba, 1999, 2002; Smith and Todd,
2005b; Dehejia, 2005; Smith and Todd, 2005a).

First, this paper identifies pathways for the effective use of information theoretic measures (namely, MI) in optimization problems. The presented theoretical analysis techniques
for treating non-linearity are generic, and hence, can be adopted in other applications, where
making assumptions on model/data structures is undesirable. More generally, this paper
may open up venues for the application of mathematical programming and optimization
techniques in information theory itself.
Second, this paper explains how MI can serve as the basis of a new form of covariate
balance. The resulting MI-based matching method for selecting control groups for causal
inference is flexible in that it can achieve solutions of pre-specified quality, with pre-set
control group size, – moreover, it can optimize the latter. The presented algorithmic developments produce a matching heuristic that runs in polynomial (close to linear) time: it thus
allows for causal effect estimation with large data sets that are nowadays becoming available
through mining social networks, health records, etc. While this work is not the first effort to
employ the information theoretic tools for the needs of causal inference Hainmueller (2012),
it appears to be the first where mutual information is used as an optimization objective.
The paper is organized as follows. Section 2 explains the problem of causal inference
with observational data, and motivates optimization-driven subset selection approaches to
attacking it. Section 3 introduces a class of MI-based matching problems with different objectives. Section 4 derives optimality conditions for matched groups using MI, and presents
the mixed integer programming-based and sequential selection-based matching algorithms
that work to balance the covariate distributions across the treatment and control groups.
Section 5 showcases the practical value of the MI-based matching approach by comparing
the designed algorithms’ performance against the best previously existing matching methods. Section 6 discusses the MIM limitations and future research directions. Section 7
provides concluding remarks and discusses the promising extensions of this line of work.

2. Causal Inference with Observation Data
Observational studies are often the only source of information about a program, policy, or
treatment. For example, people non-randomly choose to participate in economy-boosting
programs, political movements, online activities such as post re-tweeting, question answering, service subscription, etc. In estimating any causal effect with such data, the researchers
resort to the nonparametric data preprocessing, commonly referred to as matching (Ho et al.,
2011).
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In a real-world causal inference problem instance, a treatment group (a group of treated
units) is typically smaller than the size of a pool of available control (untreated) units; a
control group can then be selected by a researcher from this pool. When a matching procedure is performed (Rubin, 2006), a control group is designed to contain the units that are
similar in covariate values to those in the treatment group (differing only on the treatment
indicators). A rule-of-thumb for evaluating the success of a matching procedure posits that
better balance on covariates leads to smaller bias in the treatment effect estimation (Rosenbaum and Rubin, 1985); here, balance is understood as similarity between the empirical
covariate distributions in the treatment and control groups. Note that theoretically, if an
optimal matching does not exist, no guarantee as to the bias reduction amount can be given.
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3.2 Nonlinear Integer Optimization Problems
The objective of our matching problem is to select such a subset S ⊆ C that minimizes the
MI between the treatment indicator and covariate vector over set S ∪ T . The MI between
t and X (or all the Xk ) is denoted by I(t;
P X) if the computation is based on the full joint
distribution of the covariates, and by k∈K I(t; Xk ) if the computation is based on the
marginal distributions of individual covariates. Since these expressions have similar mathematical forms, only I(t, X) will be used for notation in the following discussion, with X
representing either X or Xk , depending on the context. Note that I(t, X) is an unambiguous
notation for MI in a problem with a single covariate. Meanwhile, for a problem with multiple covariates, the units in the joint or marginal bins can be thought of as being projected

Note that the matching problem is trivial if there exists a control group that perfectly
matches the treatment group (i.e., the empirical covariate distributions in the groups are
identical). Consider the treatment group in Figure 1a, where the two-dimensional grid
(built for two covariates) contains in its cells, termed bins, the number of units found in
each bin. If a perfect matching of the control units to the treated ones does not exist,
then the selection of a good control group becomes challenging. When a joint distribution
is used to capture the dependence between the treatment variable and the covariates, the
joint bins can be viewed as being independent and all equally important for representing
the distribution. A good matching method should select some control units to form a group
with a minimum loss in the joint distribution (Figure 1b). On the other hand, since the
joint bins are formed as the intersections of |K| multiple marginal bins, the assumption
of the independence between the bins may not be well justified. Then, one can take an
alternative approach and select the control group that achieves the best matching in all
the marginal distributions (Figure 1c), albeit sacrificing some information captured in the
copula. In summary, the problems of matching on the joint or marginal distributions each
have their pros and cons, which is why the ensuing computational studies use and compare
them both for treatment effect estimation (see Section 5).

Figure 1: Different control groups selected when the perfect matching cannot be achieved
due to the lack of control units in bin (*).

(a) Treatment group

15
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Let K be the set of covariates. For an observed unit, the |K|-dimensional covariate
vector is denoted by X = {X1 , X2 , ..., X|K| }. Assume that every covariate is or can be made
categorical. The discretization of continuous covariates can be accomplished by applying
a binning scheme (Iacus et al., 2012; Nikolaev et al., 2013) to divide the range of values
for each such covariate into a fixed set of intervals. These categorical or interval bounds
partition the covariate hyperspace into subspaces. Define a marginal bin as the largest
subspace associated with an interval from a covariate’s range, and a joint bin as a covariate
subspace that is not further subdivided into any smaller subspaces. Then, by design, a joint
bin is an intersection of |K| marginal bins, and every observed unit is contained in one such
bin. Let b denote a joint bin, B denote the set of all joint bins, m denote a marginal bin
and M denote the set of all marginal bins. With the binning scheme, units with covariate
values falling into the same joint bin can no longer be distinguished from each other.

The goal of a matching procedure is to ensure that the covariate distributions in the
treatment and control groups are as similar as possible. The key insight this paper exploits
is that, if a matching procedure is successful, then it should make it impossible to distinguish
the treatment units from the control units based on the covariates, or, in other words, learn
the treatment status of an observation based on the information captured by its covariate
values. For example, randomization guarantees that the treated and control units are indistinguishable by making the covariate distributions in both groups be identical to that in the
whole population; in other words, randomization tends to balance covariates on expectation. The information about the treatment captured in the covariates can be quantified as
the MI between the covariates and the treatment variable, and more specifically, expressed
using either the joint covariate distribution or the marginal covariate distributions. This
paper considers both these formulations, separately.

Assume that a treatment group, T : |T | < |C|, is given (randomly selected from a
treatment pool), so E(Y 1 |t = 1) can be estimated directly. A decision has to be made
about selecting a control subset S ⊂ C so that the units in T and S can be compared. If the
two groups have the same distribution of covariates, one can use the value E(Y 0 |t = 0) over
S as an estimate of E(Y 0 |t = 1) over the entire population (refer Rosenbaum and Rubin
(1983) for more statistical fundamental work), and then, obtain an estimate of ATT.

Given a set of observed units that have been treated, termed a treatment pool, and a set of
observed untreated units, termed a control pool C, the causal inference problem objective
is to evaluate the degree of influence of the treatment on the population units, termed
treatment effect. For an observable unit u, let Yu1 (Yu0 ) denote a treated (untreated) response
and tu a treatment indicator (1 means treated, 0 means not treated). Per Rubin’s model
of causal inference, these responses are referred to as potential outcomes, reflecting the fact
that it is impossible to observe both Yu1 and Yu0 on the same unit u (Holland, 1986). For this
reason, in estimating the population-wide effects of a treatment, researchers have to resort
to comparing the averages across the treatment and control groups (Holland, 1986). One
commonly targeted quantity of interest in causal inference studies, and the one this paper
focuses on, is the average treatment effect for the treated (ATT), E(Y 1 |t = 1)−E(Y 0 |t = 1),
i.e., the average effect of treatment on the units that actually receive it.

3.1 Motivating the Use of Matching for Causal Inference: Problem Statements

Mutual Information Based Matching

Mutual Information Based Matching

X X

b∈B t∈{0,1}

p(Xb , t) log

p(Xb , t)
.
p(Xb )p(t)
(1)

into a one-dimensional range, and hence, can also be treated as a single-covariate problem,
albeit possibly with the additional constraints capturing the copula-based dependencies.
In order to express I(t; X) using the empirical covariate distribution for the units in a
given problem, denote the covariate value for any unit contained in bin b by the same variable
Xb . Let p(t) be the probability that aPunit is treated, and p(Xb ) be the probability that its
covariate value falls into bin b, with b∈B p(Xb ) = 1. Also, let p(Xb , t) be the probability
that the covariate value of a unit with treatment indicator t falls into bin b. Then, the
empirical MI between the treatment indicator t and covariate X can be expressed as
I(t; X) =
Let Sb (or Tb , Cb ) denote the number of units in group S (or T , C) with covariate
values falling into bin b. From the characteristics of the units in S ∪ T , the probabilities
|S|
Sb
in equation (1) can be estimated. If t = 0, p(Xb , t) = |S|+|T
| and p(t) = |S|+|T | ; if t = 1,

(2)

|T |
Tb
Tb +Sb
p(Xb , t) = |S|+|T
| and p(t) = |S|+|T | ; also, p(Xb ) = |S|+|T | .
In general, an MI estimation bias (which is different from the causal estimation bias
discussed above) arises when the MI estimation is done based on a fixed limited number of
observations (1) (Panzeri and Treves, 1996; Roulston, 1999). However, this paper analyzes
the empirical distributions of the variables defined for the units in the control and treatment
groups, which are available in their entirety, and hence, by (1), the MI is exactly given,

X
1
I(t; X) = log (|S| + |T |) +
(
Sb [log Sb − log(Tb + Sb ) − log |S|]
|S| + |T |
b∈B
X
Tb [log Tb − log(Tb + Sb ) − log |T |]).
+

b∈B

P Two alternative MI-based objective functions are analyzed in this paper: I(t; X) and
k∈K I(t; Xk ). Formally, a problem from the class of Mutual Information based
Matching (MIM) problems is stated:
Given: |K| covariates; treatment group T ; control pool C with |C| > |T |; for each observed
unit u ∈ T ∪ C, the covariate vectors X = {X1 , X2 , ..., X|K| }; segmented covariate space
with joint bins b ∈ B and marginal bins m ∈ M ; a fixed integer N as the target control
group size.
Objective: find a subset S ⊆ C such that
• |S| = N and I(t; X) is minimized (MIM-Joint problem), or
P
k∈K I(t; Xk ) is minimized (MIM-Marginal problem).

• |S| = N and
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A matching problem based on either joint or marginal covariate distribution(s) is designed with the decision variables returning the number of control units to be selected from
each joint bin. Complete enumeration of feasible solutions in a problem with any of these
two objective types would take an exponentially growing number of computing operations
in the size of the control pool. Another challenge lies in the nonlinearity of the objective
functions, further analysis of which is required in order to arrive at tractable mathematical
programming formulations for MIM.
7
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Theorem 1 The decision version of the MIM-Marginal problem, minS⊂C
subject to |S| = N , is NP-complete.
Proof See Appendix A.

4. Solution Approaches

k∈K

P

I(t; Xk )

This section investigates the properties of solutions with the minimum MI, with the goal of
developing a method for treating the nonlinearity in the objective function of MIM problems.
The derivations presented in this section unfold from the problem of minimizing I(t; X)
under the assumption that the contents of the bins capturing the distribution of covariate
X are independent. The obtained insights are next extended to the MIM-Joint and MIMMarginal problems. The mixed integer programming models and matching algorithms are
then developed for selecting control subsets for MIM-Joint and MIM-Marginal problems.

4.1 Analyses of Optimality Conditions

u∈S,X u ∈b

Sb
Tb + Sb

u∈T ,X u ∈b

Tb
.
Tb + Sb

Consider the expression of MI in (2); observe that since the treatment group is given,
and the target P
control group sizePis known, |S| = N , several terms in equation (2) are
constant. Also, b∈B Sb log |S| +P b∈B Tb log |T | = |T | log |T | + |S| log |S|. Then, the term
P
b∈B Tb [log Tb − log(Tb + Sb )] remains the only one to be
b∈B Sb [log Sb − log(Tb + Sb )] +
considered for MI minimization. For the ease of presentation, this term can now be rewritten
based not on the bins’ aggregate contents but on the individual units’ locations in the bins.
Because all the observed units, whose covariate values X u are contained in the same bin,
have the same values of Tb and Sb , the minimization of (2) is equivalent to that of
Y
Y
(3)
R≡

Consider the MIM problem instance illustrated by Figure 2, where N − 1 control units
have been selected from the control pool into a control group (not necessarily optimally).
In order to complete the selection of units into the control group, one last unit has to be
selected from any of the bins with Sb < Cb . All such bins can be partitioned into three
subsets: B 1 = {b : Sb < Tb }, B 2 = {b : Sb ≥ Tb , Tb 6= 0}, B 3 = {b : Tb = 0}. Given that
the last unit added to the control group is contained in bin b, let Ib denote the resulting MI
between t and X, and Rb denote the resulting objective function value in (3).
The following two lemmas provide the guidelines for the optimal selection of the last
unit to be included into the control group.

Lemma 2 Consider an instance where an incomplete control group has N − 1 units in it,
and three candidate units (that could complete it) are contained in bins b1 ∈ B 1 , b2 ∈ B 2
and b3 ∈ B 3 , respectively. Then, I1 < I2 < I3 .

1

1

1

1

2

2

2

JMLR 17(199):1-31

2

Proof If the candidate unit from bin b1 ∈ B 1 is selected, then the value of Sb1 increases
by 1, while all the other S and T values stay unchanged. Thus, the objective funcb
b
T
Sb2
Tb2
Sb1 +1
)Sb1 +1 ( Tb +Sb1b +1 )Tb1 ( Tb +S
)Sb2 ( Tb +S
)Tb2 ,
tion value in (3) becomes R1 = R̂( Tb +S
b +1
b
b

8

b3

b4

1

1

1

2

2

2

2

2

2

2

2

Sb2
Tb2
Sb2
( Tb +S
)Tb2 , where R̂ represents the terms unrelated to b2 or b3 , respec+Sb2 )
b2
2
R2
< 1.
the definition of B 2 , observe that Sb2 + 1 > Sb2 ≥ Tb2 , and hence, 0.5 < R
3

2

2

1

1

1

2

2

2

(1+ S1 )

}/{

b2
Sb
2
b2
Tb
T +S
1
(1+ T +S
) b2 b2 (1+ S 2+1 )
b2
b2
b2

(1+ S1 )

Tb +Sb +1
2
2

2

}. Observe that both the nu-

= (1 +
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merator and denominator in this expression have the same form. Therefore, the prop-

= {

b1

1

Sb
1
b1
Tb
T +S
1
(1+ T +S
) b1 b1 (1+ S 1+1 )
b1
b1
b1

b1

1 Sb1
S b1 )
(1+ T

and R2 = R̂( Tb

Sb1
Tb1
Sb2 +1
T
Sb1
1
)Tb1 ( Tb +S
)Sb2 +1 ( Tb +Sb2b +1 )Tb2 , and hence, R
( Tb +S
+Sb1 )
R2
b1
b2 +1
1
2
2
2
S
+1
b1
1
1
1
1
(1 + Tb +S
)Tb2 +Sb2
Sb +1
S
T +S
1
b2
2
) b1 b1 Tb1 +Sb1 +1
(1+ S1 ) b2
2
+S

1

Proof First, consider the case where b1 ∈ B 1 and b2 ∈ B 1 . Similarly to the proof
Sb1 +1
T
Sb2
Tb2
of Lemma 2, one obtains R1 = R̂( Tb +S
)Sb1 +1 ( Tb +Sb1b +1 )Tb1 ( Tb +S
)Sb2 ( Tb +S
)Tb2 ,
b +1
b
b

1

Lemma 3 Consider an instance where an incomplete control group has N − 1 units in
it, and two candidate units (that could complete it) are contained in bins b1 , b2 ∈ B 1 (or
S −A
S −A
b1 , b2 ∈ B 2 ), respectively. Then, I1 < I2 if and only if bT1b < bT2b , where A ≈ −0.47.

tively. By
Consequently, one has I2 < I3 .

R3 = R̂( Tb

1
observe that Tb1 ≥ Sb1 + 1 > Sb1 and Sb2 + 1 > Sb2 ≥ Tb2 . Therefore, R
R2 < 1, and hence,
I1 < I2 .
If a unit from b2 ∈ B 2 or b3 ∈ B 3 is selected to complete the control group, then the correSb2 +1
T
sponding objective function value in (3) is given by R2 = R̂( Tb +S
)Sb2 +1 ( Tb +Sb2b +1 )Tb2 or
b +1

1

where R̂ represents the terms unrelated to b1 or b2 . Similarly, if the candidate unit
from bin b2 ∈ B 2 is selected, then the objective function value in (3) becomes R2 =
Sb1
Tb1
Sb2 +1
T
)Sb1 ( Tb +S
)Tb1 ( Tb +S
)Sb2 +1 ( Tb +Sb2b +1 )Tb2 . By the definitions of B 1 and B 2 ,
R̂( Tb +S
b
b
b +1

Figure 2: A selection process illustration. Treated units in T , selected control units in S
and unselected control pool units are represented by triangles, full circles and
dashed circles, respectively.

b2

……

……

t=1

b1

……

……

t=0
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can be analyzed by studying the properties of function f (x, y) =

<

Sb2 −A
Tb2 ,

where A ≈ −0.47.

1

2

1

2

(S −1)−A

S −A

(4)

1

2

S −A
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If b1Tb
< bT2b , then according to Lemma 3, if a unit is removed from b1 and
1
2
another unit is added into b2 for S, then one can obtain a group with a greater value of

S −1−A

obtained by removing a control unit from bin b1 in S. Because b1Tb
> bT2b
and
1
2
according to Lemma 3, one can obtain a group with a smaller value of I(t; X) by adding
the last unit into bin b2 . Thus, S is not optimal, and one arrives at a contradiction.
Second, consider the sufficient condition for optimality: if a group is not an improvable
group, then it is optimal. Suppose that S is not an improvable group, S ∗ is an optimal
group with the minimum I(t; X), and S ∗ 6= S. Then, there must exist some bin(s) where
S ∗ has fewer units than S, and some other bin(s) where S ∗ has more units than S. Without
loss of generality, assume that b1 and b2 are two such bins, respectively. Since S ∗ has more
units in bin b2 than S, this implies |Cb2 − Sb2 | ≥ 1. Because S is not an improvable group,
S −1−A
S −A
≤ bT2b .
one has b1Tb

Proof The proof will proceed by contradiction. For convenience, in the following narrative,
any group violating the theorem’s condition is termed an improvable group. For an improvable group, one can identify at least one pair of bins, b1 and b2 , such that |Cb2 − Sb2 | ≥ 1
S −1−A
S −A
and b1Tb
> bT2b . Any such pair is termed an improvable pair.
1
2
First, consider the necessary condition for optimality: if a group is optimal, then it is
not an improvable group. Suppose that S is an optimal group with the minimum I(t; X),
and S is also an improvable group. Without loss of generality, assume that b1 and b2 are an
S −1−A
S −A
improvable pair and b1Tb
> bT2b . Consider an incomplete control group of size N − 1,

where A ≈ −0.47.

Sb1 − 1 − A
Sb − A
≤ 2
,
Tb1
Tb2

Theorem 4 (Necessary and Sufficient Condition for Optimality) Consider an instance of
minimizing I(t; X). A control group S of size N is optimal if and only if for any pair of
bins b1 and b2 with |Cb2 − Sb2 | ≥ 1 it holds that

= +∞. Therefore, Lemma 2 can be viewed as a special case of Lemma 3. Having
considered the problem of optimally adding a single unit to the existing (incomplete) control
group, the obtained results are now generalized to the problem of selecting a whole control
group of a given size.

Sb3 −A
Tb3

Given the arbitrary bins b1 ∈ B 1 , b2 ∈ B 2 and b3 ∈ B 3 , I1 < I2 < I3 , by Lemma 2
S −A
S −A
and by the definition of the subsets B 1 , B 2 and B 3 , one has bT1b
< 1, bT2b
> 1, and

The proof for the case with b1 ∈ B 2 and b2 ∈ B 2 is constructed in the same manner.

Sb1 −A
Tb1

< 1 and I1 < I2 , and vice versa. Per the properties of f (x, y) (see Appendix B),

; more specifically, if one can show that f (Sb1 , Tb1 ) < f (Sb2 , Tb2 ), then

R1
R2

it is concluded that f (Sb1 , Tb1 ) < f (Sb2 , Tb2 ) if and only if

one has

(1+ x1 )x
y
1
(1+ y+x
)(y+x) (1+ x+1
)
R1
R2

erties of the ratio
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S −1−∆−A

S −A

S +∆−A
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S −1−A

I(t; X), with b1 Tb
< b1Tb
< bT2b < b2 Tb
holding for ∀∆ > 0. Note again
1
1
2
2
that b1 and b2 were arbitrarily picked. Such unit shuffling (i.e., removal and addition)
operations can repeat until S is modified to become identical to S ∗ . Since in this process,
I(t; X) increases with every shuffle, then S ∗ could not be optimal, which is a contradiction.
S −1−A
S −A
If b1Tb
= bT2b , then as a result of removing a unit from b1 and adding one into b2 ,
1
2
I(t; X) will not change. In such a case, if the updated S becomes identical to S ∗ , then this
means that S is an alternative optimal solution with the minimum I(t; X). Otherwise, one
S −1−∆−A
S −1−A
S −A
S +∆−A
can continue shuffling units, with b1 Tb
< b1Tb
= bT2b < b2 Tb
holding for
1
1
2
2
∀∆ > 0. Similarly, I(t; X) will continue increasing, leading to S ∗ not being optimal, i.e., to
a contradiction.
Theorem 4 provides the necessary and sufficient optimality conditions for the control
groups with the minimum I(t; X). Its value lies in condition (4) being linear in Sb , unlike
the minimization problem objective (2). Note, however, that Theorem 4 only works to
determine whether a control group is optimal or not; it cannot be used to assess or compare
the quality of suboptimal control groups.
In order to effectively apply Theorem 4 in practice, one would like to avoid the exhaustive
traversal of bin pairs. Corollaries 5 and 6 allow for tackling this problem and provide a means
for efficient optimal control group selection.
P
Corollary 5 Consider an instance of minimizing I(t; X) where N > b∈{b:Tb ≥1} Cb . Then,
a control group S is optimal if it includes all the control units in all b ∈ {b : Tb ≥ 1}.
Proof Follows directly from Lemma 2.

Sb1 −1−A
T
b1

≤

Sb2 −A
,
T
b2

Sb − 1 − A
}
Tb

Sb − A
: |Cb − Sb | ≥ 1},
Tb

b∈B

b1 ∈ argmax{

b∈B

b2 ∈ argmin{

where A ≈ −0.47.

b1
Tb1

b3
Tb3

(6)

P
Corollary 6 Consider an instance of minimizing I(t; X), where N ≤
b∈{b:Tb ≥1} Cb .
Then, a control group S is optimal if and only if for every pair of bins b1 and b2 such
that
(5)
and

one has

≤

≤

Sb1 −1−A
Tb1

≤

Sb2 −A
Tb2

holds for bins
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bins b1 and b2 , then it also
S −A
≤ bT4b , and vice versa.
4

bins b3 and b4 . By the statement of this corollary,
Sb4 −A
Tb4 . Then, if inequality (4) holds for

Proof Consider any pair of bins, b3 and b4 , with |Cb4 − Sb4 | ≥ 1. In order to determine if S
is optimal, Theorem 4 prescribes to compare the left-hand and right-hand sides of inequality
S −1−A
S −1−A
(4) for
one has
≥
and
Sb2 −A
Tb2

B3 and B4 , because

Sb3 −1−A
Tb3
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4.2 Mixed Integer Programming-Based Matching Algorithms

The optimality conditions in Theorem 4 and Corollary 6 allow one to
Pconstruct an alternative formulation for the problem of minimizing I(t; X) with N ≤ b∈{b:Tb ≥1} Cb , using

b∈B

Sb − 1 − A
},
max{Tb , α}

(7)

the expression Sb −1−A
. Note that this ratio is undefined for bins with Tb = 0; however,
Tb
per Lemma 2, an optimal solution can contain control units from such bins only if all the
available control units from other bins have been exhausted. In order to reformulate the objective function of minimizing I(t; X), the expression Sb −1−A
should first be revised so that
Tb
its denominator evaluates to a fixed number, α ∈ (0, 1), small enough to make the selection
of control units from bins with Tb = 0 very costly. In order to search for a control group
satisfying the condition in Corollary 6, the following optimization problem is formulated:
S⊂C

min{max
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(10)

(9)

(8)

where α is a positive parameter small enough to distinguish Tb = 0 from other positive
values of Tb , e.g., α = 0.01.
By solving (7), one can work to construct an optimal control group through minimizing
the maximum value of the function in (5). Having found an optimal solution to (7), one
can check if (for this solution) the set in (5) is a singleton. If it is, then the condition in
Corollary 6 holds. Otherwise, satisfying (7) may not be sufficient for satisfying Corollary
6, since it requires one to check every pair of bins in both the set in (5) and the set in (6).
As an example of this situation, suppose that there exist two bins, b1 and b3 , in the set
S −1−A
S −1−A
S −A
in (5), and a bin b2 in the set in (6) such that b1Tb
= b3Tb
> bT2b . If a unit is
1
3
2
removed from b1 while another unit is added into b2 , the objective value of (7) does not
S −1−A
improve because b3Tb
does not decrease. Thus, the optimization process based purely
3
on solving (7) would terminate early without guaranteeing an optimal matching.
To handle the situation where the set in (5) is not a singleton for a solution of (7), an
algorithm is developed to iteratively solve for the optimal number of units to be selected
from each bin. In any iteration, if solving (7) returns multiple bins with values of Sb −1−A
Tb
equal to the maximum (over all the bins), then one of these bins is added to a “forbidden
bin set”, denoted by B F and initialized at an empty set before the first iteration. Every
time B F is updated, problem (7) is reformulated, with all the bins that are not in B F , and
solved again in the next iteration. After several such iterations, once the set in (5) is found
to be a singleton for a solution to (7), one can be sure that an optimal control group has
been found. In order to ensure that the unit picking in a given iteration does not mess up
the optimality achieved within any bin in the previous iteration(s), a bin with the smallest
number of the treatment units in the non-singleton set (5) is always fixed first. In every
iteration, (7) is solved as a mixed integer programming (MIP) model,

min q

Sb − 1 − A
s.t. q ≥
∀b ∈
/ BF ,
max{Tb , α}
X
Sb = N,

b∈B

12

(14)

B = {b : Cb + Tb ≥ 1}.

Sm =

13

Sb ∀m ∈ {m : Cm + Tm ≥ 1}

Sm − 1 − A
∀m ∈
/ MF ,
max{Tm , α}

b;Xm ∈b

X

q≥
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(16)

Proof Let S + denote a control group obtained from S by adding to it a single unit from
bin b ∈ argminb∈B { SbT−A
: |Cb − Sb | ≥ 1}. According to Lemma 3, the MI between T and
b
X over set T ∪ S + is minimal among all the groups that can be built on S. The following
proof will show S + is also globally optimal.

|Cb − Sb | ≥ 1} (removing from it a single unit from bin b ∈ argmaxb∈B { Sb −1−A
}).
Tb

Theorem 7 If control group S has the minimum I(t; X) among all the control groups of
size N , then a group with the minimum I(t; X) among all the control groups of size N + 1
(N − 1) can be obtained from S by adding to it a single unit from bin b ∈ argminb∈B { SbT−A
:
b

Based on the optimality conditions in Theorem 4, Algorithms 1 and 2 are guaranteed to
achieve best matched control groups for MIM-fixed and MIM-marginal problem instances.
However, their MIPs may become difficult to solve for problems of large size, which, however,
can be avoided by utilizing the result captured in Theorem 7, presented for the problem of
minimizing I(t; X).

4.3 Sequential Selection Matching Algorithms

1:

Initialize the joint bin set {b : Cb + Tb ≥ 1} and the marginal bin set {m : Cm + Tm ≥ 1}
consisting of all the bins occupied by the units in T ∪ C; compute Tb , Cb , Tm and Cm ;
forbidden bin set M F = ∅.
2: Update and solve the corresponding instantiation of formulation (8), (10)-(16) to obtain
Sb for every joint bin b.
Sm −1−A
3: If argmaxm∈M
} is a singleton for every covariate, go to step 4. Otherwise, add
/ F{
Tm
Sm −1−A
}
the marginal bin with the smallest number of treatment units in argmaxm∈M
/ F{
Tm
into set M F , record and fix the optimal number of control units to be selected in it,
and go to step 2.
4: Construct a control group complying with the obtained values of Sb over all the initialized bins b. Stop.

Algorithm 2 MIP-based matching for MIM-Marginal problem

(15)

However, for solving an MIM-Marginal problem, modifications to the above formulation
and the algorithm are necessary due to the fact that the marginal bins cannot be assumed
independent. The decision variables of an MIP-Marginal model are the numbers of control
units to be selected into S for every joint bin (b still denotes a joint bin), and constraints
(10)-(14) remain a part of the optimization problem. Let m denote a marginal bin, M F
denote the forbidden marginal bin set, and Tm , Cm and Sm denote the number of all the
treatment units, number of all the control units and number of the selected control units in
m, respectively. Equation (9) is then replaced by (15). Also, an additional constraint (16)
is added to the formulation to ensure that the number of units in any marginal bin equals
the summed total number of units in all the corresponding joint bins.

Sb −1−A
smallest number of treatment units in argmaxb∈B
} into set B F , record and
/ F{
Tb
fix the optimal number of control units to be selected in it, and go to step 2.
4: Construct a control group complying with the obtained values of Sb over all the initialized bins b. Stop.

1:

Initialize the bin set {b : Cb + Tb ≥ 1} consisting of all the bins occupied by the units
in T ∪ C; compute Tb and Cb ; forbidden bin set B F = ∅.
2: Update and solve the corresponding instantiation of formulation (8)-(14) to obtain Sb
for every bin b.
Sb −1−A
3: If argmaxb∈B
} is a singleton, go to step 4. Otherwise, add the bin with the
/ F{
Tb

Algorithm 1 MIP-based matching for MIM-Joint problem

The decision variables in this MIP are the numbers of the control units, Sb , to be selected
from each bin. Since it is only necessary to consider the bins in {b : Cb + Tb ≥ 1}, then
despite the fact that the total number of joint bins grows exponentially with the binning
partition granularity, the number of the decision variables is bounded by |T | + |C|. The
contents of the forbidden bin set B F are updated iteratively in the described algorithm.
The minimax optimization problem (7) is formulated with the objective function (8) and
the constraint set (9). Constraint (10) ensures that the total number of units in the control
group is equal to N . Constraints (11), (12) and (13) restrict the range of Sb to nonnegative
integers not exceeding the number of available control units in each respective bin.
Note that for solving any MIM-Joint problem, since the bins’ contents can be treated
as being independent from each other, the described procedure for minimizing I(t; X) can
be exactly followed to minimize I(t; X), with bins b in (8)-(14) being the joint bins.

(12)
(13)

Sb ≥ 0 ∀b ∈ B,

Sb : integer ∀b ∈ B,

Recall that in every iteration of solving MIM-Joint using Algorithm 1, one checks
whether the set of bins with the maximum value of SmT−1−A
is a singleton. Because of
m
the dependence between the contents of marginal bins, this condition by itself does not
guarantees optimality for MIM-Marginal problem. Specifically, given a feasible solution to
an MIM-Marginal problem, if exactly one marginal bin is found to achieve the maximum
value of SmT−1−A
and this marginal bin is associated with covariate k, then because the bins
m
in the same covariate are independent and according to Corollary 6, I(t; Xk ) is minimized.
But the MI in other covariates might still be improved without changing I(t; Xk ), e.g., by
adding and removing the same number of control units to/from the same marginal bin in
covariate k. Thus, while solving for the optimal number of units in each marginal bin, and
adding the marginal bins one-by-one to a forbidden bin set, one should not stop until the
sets of bins with the maximum values of SmT−1−A
in all the |K| covariates become singletons.
m

Sb ≤ Cb ∀b ∈ B,
(11)
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Sb1 −A
Tb1

≤

≤

Mutual Information Based Matching

=

Sb+ −A
2
Tb2 .

=

Note that by Theorem 4, because S is optimal, one

+

If b2 is the bin where S + has one more unit than S, then Sb+2 −1 = Sb2

Sb2 −A
Tb2

Sb2 −A
Tb2 .
Sb+ −1−A
1
Tb1

S + −1−A

Let Sb+ denote the number of control units selected into S + in bin b. Let b1 and

=

b2 be two bins such that b1 ∈ argmaxb∈B { b Tb } and |Cb2 − Sb+2 | ≥ 1. If b1 is the
bin where S + has one more unit than S, then Sb+1 − 1 = Sb1 and Sb+2 = Sb2 , and then
Sb+ −1−A
1
Tb1

has

Sb1 −1−A
Tb1

and Sb+1 = Sb1 , and then

S −A
Sb1 −1−A
S −A
≤ bT2b < bT2b . If S and S + have the same
Tb1
2
2
Sb+ −1−A
S + −A
S −1−A
S −A
1
= b1Tb
≤ bT2b = bT2b . Therefore,
Tb1
1
2
2

numbers of units in both b1 and b2 , then

Sb −1−A
}.
Tb

Sb−

S − −1−A

by Corollary 6, S + is a group with the minimum I(t; X) among all the control groups of
size N + 1.
Let S − denote a control group obtained from S by removing a single unit from bin
Let
denote the number of control units selected into S − in

b∈

argmaxb∈B {

≤

Sb2 −1−A
Tb2

=

Sb− −A
2
Tb2 .

Sb−1

Note that due to the optimality of S,

bin b. Let b1 and b2 be two bins such that b1 ∈ argmaxb∈B { b Tb } and |Cb2 − Sb−2 | ≥ 1.
If b2 is the bin where S has one more unit than S − , then Sb2 − 1 = Sb−2 and Sb+1 = Sb1 ,
S −1−A
Tb1

b1

b1

=
−

and

<

If b1 is the bin where S has one more unit than S − , then S − 1 =

S − −1−A
then b1Tb
1
S −A
≤ bT2b .
2

Sb− −1−A
1
Tb1

Sb1 −1−A
Tb1

and Sb+2 = Sb2 , and then

S −A
Sb1 −1−A
S −A
≤ bT2b = bT2b . If S and S + have the same
Tb1
2
2
S − −A
Sb− −1−A
S −1−A
S −A
1
= b1Tb
≤ bT2b = bT2b . Therefore,
Tb1
1
2
2

numbers of units in both b1 and b2 , then

by Corollary 6, S − is a group with the minimum I(t; X) among all the control groups of
size N − 1.
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Theorem 7 provides a method for finding optimal control groups for MIM problems,
without solving any programming models. One can iteratively build control groups of
increasing sizes until an optimal solution of the desired size N is obtained. Each control
group in this process results in the minimum value of MI among all the groups of the same
size. Also, Theorem 7 provides establishes a relationship between the optimal subsets for
problems with different target control group sizes. This result will be important for seeking
the minimum MI in the problems with an unrestricted (flexible) control group size.
For the MIM-Joint problem, since its bins are treated as independent from each other,
Theorem 7 directly applies, and Algorithm 3 guarantees to return an optimal solution. Note
that Algorithm 3 is polynomial. In the worst case, it needs to make comparisons of SbT−A
b
for N multiples of the number of bins occupied by treatment units.
With the MIM-Marginal problem, a challenge arises due to the dependence between the
−A
, one can identify the marginal bin
marginal bins’ contents. By comparing the terms SmTm
to which a control unit should be added, but one still needs to pick some joint bin. Even
further, since the marginal bins on the same covariate are independent from each other,
−A
the comparison of SmTm
can reveal the most favorable marginal bin for each covariate,
but the bin that lies at the intersection of those |K| marginal bins may not contain any
control unit that could be added to the control group. Algorithm 4 offers an organized way
15
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Algorithm 3 Sequential selection matching for MIM-Joint problem

1: Initialize the joint bin set {b : Cb + Tb ≥ 1} consisting of all the bins occupied by the
units in T ∪ C; compute Tb and Cb ; set Sb = 0 for all b.
S −A
2: Select a bin b ∈ argminb∈B { bT
: |Cb − Sb | ≥ 1}, update Sb by adding 1.
b
3: If N units are selected, go to step 4. Otherwise, go to step 2.
Construct a control group complying with the obtained values of Sb over all the initialized bins b. Stop.
4:

to achieve good (but not necessarily optimal) solutions to MIM-Marginal instances in the
−A
are evaluated (one per
following manner. For each joint unit, |K| ratios of the form SmTm
covariate); these |K| ratios are organized in a descending order; then, the joint bin with
the lexicographically minimal ratio gets one more unit added to it. Again, the resulting
Algorithm 4 is an approximate method, but it is polynomial, and in practice, is found to
return solutions of high quality for diverse matching problem instances (see Section 5).

1:

Initialize the joint bin set {b : Cb + Tb ≥ 1} consisting of all the bins occupied by the
units in T ∪ C; compute Tb and Cb ; set Sb = 0 for all b.
−A
−A
Update SmTm
for each marginal bin, and order all associated SmTm
by values in descend
sequence for each joint bin.
−A
Find a bin b in set {b : |Cb −Sb | ≥ 1} such that its ordered set of SmTm
is lexicographically
minimal; increase the value of the decision variable, Sb , corresponding to this bin, by 1.
If N units are selected, go to step 5. Otherwise, go to step 2.
Construct a control group complying with the obtained values of Sb over all the initialized bins b. Stop.

Algorithm 4 Sequential selection matching for MIM-Marginal problem

2:
3:
4:
5:

The complexity of Algorithm 4 depends on the number of covariates |K|, the number of
marginal bins |M |, treatment group size |T |, control pool size |C| and target control group
size N . In the worst case, every unit (treated or control) occupies one unique joint bin, with
each joint bin contributing to |K| marginal bins. The storage of these data requires a space
of size O(|K|(|T | + |C|)). In the binning step, both the treatment group and control pool
are traversed, with each unit being assigned to the appropriate marginal and joint bins:
this operation takes O(|M |(|T | + |C|)) time. In the matching step, all the occupied joint
bins are traversed for the lexicographic comparison, which takes O(N (|T | + |C|)|K|2 ) time.

5. Computational Analyses

JMLR 17(199):1-31

This section presents the results of the computational experiments with synthetic and realworld (LaLonde, 1986) data sets, evaluating the performance of the MIM method in estimating causal effects, and comparing it to the BOSS method (Nikolaev et al., 2013) and
the widely used propensity score based matching method (Rosenbaum and Rubin, 1983).

16

17
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1. The data set, named 25c10k, features a highly nonlinear response function and is available in full in the
online supplement of Sauppe et al. (2014). The response function in it is y = 0.8x1 (1.0−x1 )+0.5x2 (0.7+
x1 ) + 0.27x3 x2 − 0.9x24 + 0.7x5 (0.5 + x5 )x2 − 0.6x6 x1 + 0.4x7 − 0.8x8 + 0.6x9 (0.9 − x9 ) + 0.2x21 0(0.3 − x7 ) +
0.5x211 − 1.4x12 − 0.8x13 − 0.9x214 + 0.5x215 (0.1 + x15 ) + 0.8x16 − 0.9x17 (0.2 − x13 ) + 1.5x18 − 1.2x19 (1.0 +
x11 )+0.7x220 (0.8−x20 )−0.5x21 −1.3x22 (1.0+x22 )+1.1x23 −1.2x24 (1.0+x23 )+0.4x225 (0.6−x25 )+N (0, 1).

In order to evaluate the performance of the MIM algorithms, a series of tests is first conducted with the data set designed by Sauppe et al. (2014), which was found challenging
for the existing matching methods1 . This synthetic data set with 25 covariates contains
100 treatment units and 10,000 control units. All the covariate values are drawn from normal distributions with mean 0. All the treatment and control units have the same, highly
nonlinear response function. Thus, by design, the average treatment effect for the treated
(ATT) for the created population is zero.
The experiments were conducted with the number of the considered covariates varied in
the range from 1 to 25. In optimizing the covariate balance, Sauppe et al. (2014) uniformly
partitioned the range of the observed unit values in each covariate into 20 bins, and used
Balance Optimization Subset Selection (BOSS) for control group selection. In order to treat
the instances resulting in large MIP formulations, Sauppe et al. (2014) adopted a time limit
heuristic. They achieved quite well balanced control groups; however, the limited computational efficiency remains the key challenge for the existing BOSS methods, especially when
the data sets to make inference from are very large.
With the same settings as in Sauppe et al. (2014), this section compares the performance
of the following matching methods: the Mahalanobis distance-based one, the propensity
score-based one, the BOSS methods from Sauppe et al. (2014), and three MIM methods –
MIM-Joint, MIM-Marginal MIP, and MIM-Marginal sequential selection. Note that the first
two of these methods are widely used and included in several existing matching packages,
e.g., MatchIt (Ho et al., 2011) and optmatch (Hansen and Klopfer, 2012). We also used
Coarsened Exact Matching (CEM) in MatchIt (Ho et al., 2011) and fullmatch method in
optmatch (Hansen and Klopfer, 2012). However, CEM excluded many treatment units from
the matched treatment group in the experiments with five or more covariates, and thus,
was not found suitable for ATT estimation. Also, under the pre-set control group size, the
results of fullmatch were no different from those of the standard Mahalanobis distance or
propensity score matching (depending on the selected parameter settings).
The MIP models for MIM were solved using CPLEX. To reduce the runtime in solving
some large-size problems, a heuristic was applied that utilized the solution of sequential
selection to covert MIP to an integer program. Generally, MIP-based methods (be it for
BOSS or MIM) are time-consuming. However, the sequential selection algorithm always
runs very quickly: it took about 7 seconds on average to find solutions for the instances
with 25 covariates on a desktop with an Intel Xeon E5-2420 1.9GHz CPU and 16G RAM.
Table 1 presents the ATT estimates obtained with the considered methods for the instances with the varied number of covariates; Figure 3 provides a graphical illustration of
the results. Recall that by design, the ATT is zero, so the closer an estimate is to zero, the
better. Table 2, Figure 4a and Figure 4b report the Kolmogorov-Smirnov (KS) test statistic
scores and associated p-values for checking whether the underlying covariate distributions
differ in the treated and control groups. In Table 2, column “Avg” reports the average

5.1 Algorithm Performance Assessment

Mutual Information Based Matching
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5

10

Mahalanobis metric
Propensity score
BOSS
MIM−Joint
MIM−Marginal (MIP)
MIM−Marginal (Sequential)

# Covariates

15

20

25

MIM-Marginal
(Sequential)
0.006
1.721
0.517
2.403
8.084
8.448
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KS distance or p-value over all the covariates, and columns “Max” and “Min” report the
maximum KS test statistic and minimum p-values, respectively. The smaller the KS score
and the larger the p-value, the better balance is achieved.
In general, the MIM-Joint does not output accurate treatment effect estimates in the
multi-covariate cases. If an exact or almost-exact matching solution exists, the MIM-joint
performs well, e.g., as in the one-covariate case. However, it is too sensitive to imbalance.
As the number of the covariates grows, there remain fewer and fewer bins in which exact
matching is possible, making the MIM-Joint formulation not-so-useful for most practical
cases. At the same time, the marginal bin-based matching methods succeed in obtaining
rather accurate ATT estimates.
Because of the high non-linearity of the response function, propensity score matching
does not produce good ATT estimates, and there is no clear trend in its performance as it
degrades. Mahalanobis metric matching, BOSS and two MIM-Marginal methods all produce
similar estimates, with the MIM-Marginal MIP performing slightly better than the other
methods. For the instances with fewer than 15 covariates, the estimates produced by these
four methods are close zero (the true ATT value 0), but MIM-Marginal methods achieve
much better balance in covariates judging by the KS test scores and p-values. For the

Figure 3: Trends for estimated treatment effects with different matching methods.
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Table 1: Estimated treatment effects with different matching methods.
Mahalanobis Propensity
MIM-Marginal
# Covariates
metric
score
BOSS MIM-Joint
(MIP)
1
-0.133
-0.117
0.218
0.006
0.006
5
0.626
-1.223
0.045
6.361
0.005
10
0.39
5.437
-2.646
16.646
-1.123
15
6.261
19.126
3.074
30.593
2.590
20
10.164
-11.849
7.782
35.306
5.927
25
16.074
-14.753
6.618
50.643
12.170

Estimated treatment effect
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The next set of experiments reveals that the MI function, employed as the objective in MIM,
can be viewed as a surrogate measure of covariate balance. In order to trace the dependence
between the MI values, obtained with different control groups, and the corresponding ATT
estimates, an additional set of results is reported with the data set of Section 5.1 with
10 covariates. This set is also used to help us assess the impact of the MIM algorithm
parameter settings on the matching quality
For a large number of randomly generated control groups, the MI values were recorded
together with the resulting treatment effect estimates (see Figure 5). Among these, four
groups were found to have the MI less than 0.002 and at least 100 groups fell in each of the
other intervals, into which the MI range was divided. Observe that, as the MI grows, the
average of the ATT estimates tends to increase, and the standard deviation of the estimate
values over the intervals grows as well. This confirms the premise that minimizing MI is a
valid approach to guiding the matching process.
Another benefit of using MI lies in the ability to directly compare the matching problem
solutions (control groups) of different sizes. Indeed, with the empirical covariate distribution
in a given treatment group being fixed, the decision-maker has the freedom of selecting the
target control group size. With the same binning scheme, the MI values obtained with

5.2 The Experiences with Using Mutual Information as a Measure of Balance

instances with more than 15 covariates, the large number of bins makes for a large variance
in the ATT estimates; comparing only the 100 treatment units and the 100 matched control
units, one observes significant divergence between the ATT and its estimates obtained with
all the methods, even though BOSS achieves the smallest KS scores. Considering both the
matching quality and runtime performance, the MIM-Marginal with sequential selection
algorithm comes out as the most efficient matching method for practical purposes.

Figure 4: Trends for marginal balance quality for matching solutions.

KS test p value
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Max
0.060
0.070
0.090
0.100
0.150
0.190
Avg
0.060
0.058
0.067
0.068
0.087
0.098
19

MIM-Marginal (Sequential)
KS
pVal
Avg
Max
Avg
Min
0.000 0.000 1.000 1.000
0.003 0.010 1.000 1.000
0.029 0.040 1.000 1.000
0.069 0.140 0.914 0.281
0.109 0.190 0.605 0.054
0.119 0.240 0.556 0.006
MIM-Marginal (MIP)
KS
pVal
Avg
Max
Avg
Min
0.000 0.000 1.000 1.000
0.006 0.010 1.000 1.000
0.034 0.050 0.999 0.998
0.070 0.120 0.891 0.475
0.106 0.190 0.614 0.080
0.131 0.220 0.471 0.026

pVal
Avg
Min
0.994 0.994
0.991 0.967
0.947 0.813
0.942 0.699
0.790 0.211
0.708 0.054
KS

BOSS
Table 2: Marginal balance quality for matching solutions.
Mahalanobis metric
Propensity score
KS
pVal
KS
pVal
# Covariates Avg
Max
Avg
Min
Avg
Max
Avg
Min
1
0.010 0.010 1.000 1.000 0.020 0.020 1.000 1.000
5
0.062 0.070 0.984 0.967 0.158 0.180 0.190 0.078
10
0.112 0.160 0.588 0.155 0.154 0.200 0.271 0.037
15
0.127 0.180 0.452 0.078 0.162 0.200 0.190 0.037
20
0.140 0.230 0.413 0.010 0.166 0.230 0.193 0.010
25
0.140 0.230 0.393 0.010 0.155 0.230 0.252 0.010
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The NSW data set is the most famous one in the matching literature, because an
ATT benchmark of 1,794 has been separately obtained for the problem that it addresses
(LaLonde, 1986). Dehejia and Wahba (1999) reported the estimate based on propensity
score method was 1,691. Tam Cho et al. (2013) used BOSS and obtained the best individual
matched solution resulting in the estimate of 1,741, as well as a set of alternative solutions,
with mean 1,595 and standard deviation 281.

Excellent computational efficiency of the MIM-Marginal method is unparalleled by any
other matching method, making it highly practical for data mining; its runtime requirement
grows polynomially with the problem size. For example, the “US citizenship” test instance
features a very large data set: compared to the training data set, it has 11.6 times more
control units, 72.4 times more treated units, significantly larger target control group size,
and 5 times more covariates. Yet, the MIM-Marginal runtime with the the “US citizenship”
is only 38,040 times larger.

Overall, the MIM-marginal method achieves very good balance across all the covariates.
The average KS scores in all the tests are below 0.01 and the average p-values are all greater
than 0.05. Note that since the treated and control data sets in every test are distinct, the
results cannot be meaningfully compared across the test instances. For example, the best
balance metric values were achieved in the experiment the “Business ownership” data set,
even though it had more units and covariates than some other data sets. In the experiment
with the “US citizenship” data set, the matching algorithm performed the worst. Indeed,
this was a challenging test instance with the target control group size of 13,401, amounting
to about 7.2% of the control pool: in such a case, the method is forced to pick non-optimal
units to reach the target size, and hence, increases the imbalance. Note, however, that
selecting such a large size control group might not be a good idea in practice anyway.

In order to test the performance of the presented MIM methods with large data sets, three
suitable real-world data sets were identified. The first one contains weighted census data
extracted from the 1994 and 1995 Current Population Surveys conducted by the U.S. Census
Bureau (Lichman, 2013): it contains 199,523 records with 41 demographic and employment
related variables. The second one was extracted from the 1994 Census database (Lichman,
2013): it contains 32,561 records with 14 variables. The third one was collected in a study
focusing on the National Supported Work Demonstration Program (NSW) (LaLonde, 1986),
where the randomized job training experiment benchmark was obtained for the treatment
effect: it contains 16,177 records with 8 variables. Of the three data sets, only the third one
was originally created for a matching purpose. The aim of its creator was to examine how
well the statistical methods would perform in trying to replicate the result of a randomized
experiment (LaLonde, 1986). To design the test instances with the different number of
covariates and varied control pool and treatment group sizes, the first data set was split
into a treatment group and a control pool by “US citizenship” and “Business ownership”
indicators, respectively; and the second data set was split by “US native” and “Doctorate
degree” indicators, respectively. To apply the MIM-Marginal method, each continuous
covariate’s range was partitioned into 20 bins, while all the categorical covariates kept their
original categories. The target control group size was set equal to the treatment group size.
Table 3 gives an aggregate view of the data sets’ specifics, and MIM results and runtimes.

5.3 Experiences with Large Data Sets
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the control groups of different sizes can be compared on the same scale, and hence, the
optimization of the control group size becomes possible.
Figure 6 shows the MI values and MIM-based ATT estimates as functions of the control
group size in the range from 20 to 200 (of control units). Despite the noise, it is clear that for
some control group sizes, the MIM method achieves lower MI values, and simultaneously,
higher quality estimates. Most importantly, the group size range, over which the MI is
consistently low, coincides with the range, for which the estimates are closest to the truth.
As such, in the considered example, the MI gets closer to zero with the lowest noise for the
control group of sizes of about 130; a control group of this size returns the ATT estimate
value of 0.099.

Figure 6: Trends for estimated treatment effects with different control group sizes.
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Figure 5: Trends for estimated treatment effects with different mutual information ranges.
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0.032
0.049
0.995
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0.002
1.74
1.76
Data
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Table 3: Performance of the MIM-Marginal method on practical data sets.
Census 94-95
Census 94-95
Extracted 94 Extracted 94
(US Citizenship) (Business Ownership) (US Native)
(Doctorate)
# Control Units
186,122
196,825
29,170
32,148
# Treated Units
13,401
2,698
3,391
413
# Continuous Covariates
8
8
6
6
# Categorical Covariates
32
32
7
7
# Marginal Bins
645
647
180
206
Avg KS
0.064
0.001
0.020
0.095
Max KS
0.412
0.002
0.133
0.200
Avg p-value
0.524
1.000
0.769
0.746
Min p-value
0.109
1.000
0.518
0.459
Avg MI
0.020
0.001
0.004
0.085
Binning (seconds)
4,410.84
4,319.71
46.23
47.62
Matching (seconds)
66,950.58
14,235.49
399.70
49.83
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The runs of MIM-Marginal with the NSW data set produce a solution set with mean
1,851.5 and standard deviation 92.1. The average MI over this set is 0.002383; see the
achieved balance metrics in Table 3. Importantly, if one removes the target control group
size restriction and allows the MIM-Marginal to optimize over it, then a solution with 169
control units is obtained, with the MI of 0.001824 and ATT estimate set with mean 1,818.2
and standard deviation 91.2.

6. MIM Limitations and Future Research Directions

While the presented computational investigations demonstrate the utility of the MIM
methodology, this work has its limitations and desirable directions for further improvement.
First, this paper does not offer an approach to the calculated selection of a binning
scheme. The discretization of the covariate space affects the MI-based estimation outputs,
however, the present MIM algorithms take the binning scheme as an input and do not work
to perturb it to account for the differences in the shapes of the distributions of different
covariates or the distances between bins. Intuitively, if the binning is coarse then the
MIM cannot be expected to produce high quality solutions. While binning has been a
point of research in multiple branches of optimization-based matching literature, the design
of binning structures is still an open question. Another point, relevant to the MI based
methods specifically, is that mutual information could be employed in its continuous form,
in which case the accuracy of matching might be improved without the use of bins.
Second, in its current form as a non-parametric matching methodology, MIM does not
differentiate the covariates by relative importance. Moreover, if there is any indispensable information of the form of the response function, covariate relationships, or covariate
distributions that is not captured via binning, MIM may underperform. There may even
exist circumstances where MIM would be consistently unsuccessful in producing accurate
treatment effect estimates: such circumstances, as those exposed by Sauppe et al. (2014)
with propensity score-based matching, are yet to be explored with MIM. In any case, prior
to using MIM, the researcher must be careful about selecting the covariates to work with.
Indeed, data preprocessing has been a topic of research worth much attention. Distancebased matching methods employ weights to emphasize the importance of balancing certain
some covariates over others. The developments in propensity score-based methods led to
the introduction of the concept of “fine balance”. Expanding the MIM research in a similar
direction would add to its value.
Finally, by relaxing the integrality constraints of the MIM problems’ decision variables,
one could produce linear (non necessarily integer) solutions allowing for insightful interpretations. The research in this direction might remedy the MIM dependence on binning.

7. Conclusion
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The problem of causal inference based on observational data lies in selecting control units
from a large unit pool to achieve control groups that are similar in covariate distributions to
a given treatment group. To address this problem, this paper presents a set of methods with
the objective of minimizing the mutual information between the treatment and covariates
over the merged set of selected control and treatment units. Optimal conditions are derived
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for matching on a single covariate and on the joint distribution of multiple covariates,
allowing one to remove non-linear terms from the original mutual information formula and
leading to a mixed integer programming formulation of the problem. A sequential selection
algorithm is presented that runs in polynomial time and obtains optimal solutions for the
problems of matching on a single covariate and matching on a joint distribution of multiple
covariates.
Matching problems formulated in this paper for both joint distribution and marginal
covariate distributions are analyzed theoretically, and the resulting solution methods tested
computationally. The problem of group matching with marginal covariate distributions is
proven to be NP-complete, and a fast sub-optimal algorithm is presented. The reported
computational study shows that the matching problem formulation with marginal covariate distributions is more valuable than that based on the joint covariate distribution for
obtaining accurate causal effect estimates in practice.

Mutual Information Based Matching

u=1

|C|
X

ηu = N,

δum ηu = Tm ∀m,

(18)

(17)

u=1

|C|
X

ηu ≤ N,
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Now, the set cover (SC) problem can be reduced to MIM-Marginal problem. The SC
problem is known to be NP-Hard (Garey and Johnson, 1979), and can be stated as follows.
Given: an element set J, a collection I of finite subsets of J, and a fixed number n. Question:
does I contain a subcollection of sets such that the total number of sets in this subcollection
is at most n, and each element of I is included in at least one of the selected sets?

ηu ∈ {0, 1} ∀u.

u=1

where ηu is the decision variable. Constraint (17) ensures that a perfect matching is achieved
in each covariate. Constraint (18) limits the size of a control group that can be selected.
Note that, since N = |T | and each unit belongs to exactly |K| marginal bins, then converting
the constraints (17) and (18) into inequalities does not affect the optimal set of the problem,
which can now be stated as
|C|
X
δum ηu ≥ Tm ∀m,

ηu ∈ {0, 1} ∀u,

u=1

|C|
X

The decision version of the matching problem on marginal covariate distributions with a
fixed target control group size (MIM-Marginal) can be stated as follows. Given a treatment
group T , a control pool C and a set of covariates Xk , k ∈ K. Let m be a marginal bin.
(In this proof, it is not necessary to indicate which covariate this marginal
bin partitions.)
P
Given parameters γ and N , do there exist subsets S ⊂ C such that k∈K I(T ; Xk ) ≤ γ and
|S| = N ?
First, it has to be proven that MIM-Marginal belongs to the NP class. For any given
subset, one can check that the subset contains exactly N units, and then, calculate the
mutual information value as in 2 to check if it is smaller or equal to γ. This can be
completed in polynomial time, thus MIM-Marginal belongs to NP.
Second, it has to be proven that MIM-Marginal is NP-hard. Let δum be a binary variable,
with δum = 1 if unit u belongs to m, and 0 otherwise; let ηu be another binary variable,
with ηu = 1 if unit u is selected into S, and 0 otherwise. Let Tm denote the number of
units in group T with the values of covariates falling into bin m. If let γ = 0 and N = |T |,
then problem’s objective is to check whether a perfect matching exists, i.e., whether the
following constraints can be simultaneously satisfied:

Appendix A. Proof of Theorem 1
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Mutual Information Based Matching

ηi0 ≤ n,

0 0
δij
ηi ≥ 1 ∀j ∈ J,

0 be a binary variable, with δ 0 = 1 if element j is included in set I ∈ I, and 0
Let δij
i
ij
otherwise; let ηi0 be another binary variable, with ηi0 = 1 if set Ii is selected, and 0 otherwise.
The objective of the SC problem is to find η 0 such that
|I|
X
i=1
|I|
X
i=1

ηi0 ∈ {0, 1} ∀i.

can be

0 and η = η 0 .
Define the following mapping: Tm = 1, N = n, u = i, m = j, δum = δij
u
i
Thus, the SC problem has a feasible solution if and only if the corresponding MIM-Marginal
has a solution. The transformation required to execute the described mapping can be
completed in polynomial time in the size of problem inputs. This completes the proof.

(1+ x1 )x
y
1
(1+ x+y
)(x+y) (1+ x+1
)

Appendix B. Properties of the Ratio Function f (x, y) in Lemma 3
This Appendix analyzes how the values of function f (x, y) =

compared for arbitrary inputs (x, y), with x > 0 and y > 0.
y
1
Define function g(x, y) ≡ log f (x, y) = x log(1 + x1 ) − (x + y) log(1 + x+y
) − log(1 + 1+x
)
= x(log(1 + x) − log(x)) − (x + y)(log(1 + x + y) − log(x + y)) − (log(1 + x + y) − log(1 + x))
= (1 + x) log (1 + x) − x log(x) − (1 + x + y) log(1 + x + y) + (x + y) log(x + y).
∂g
∂g
Then, ∂x
= log(1+x)−log(x)+log(x+y)−log(1+x+y) and ∂y
= log(x+y)−log(1+x+y).

dy
dx

∂y

∂y

∂g
∂x
= − ∂f
= − ∂x
∂g =

∂f

log(1+x)−log(x)
log(1+x+y)−log(x+y)

− 1. Let h(x, y) ≡

dy
dx .

For arbitrary

∂g
∂g
1 ∂f
Also, ∂x
= f1 ∂f
∂x and ∂y = f ∂y .
Because x > 0 and y > 0, one has 1 + x + y > 1 + x > 0. Also, the logarithm is a
monotonically increasing function with the monotonically decreasing slope, and hence, one
∂g
has log(1 + x) − log(x) > log(1 + x + y) − log(x + y) > 0, which implies that ∂x
> 0 and
∂g
∂f
∂f
∂y < 0. Moreover, since f > 0, then ∂x > 0 and ∂y < 0.
To sum up, the function of interest is monotonic along both x and y directions. This
prompts one to study its contour lines over the feasible range of inputs (x, y) (Figure 7).
Unfortunately, even though the contours look linear, it does not seem possible to produce
a closed-form expression for them, of the form f (x, y) = C, with constant C.
Since f (x, y) = C is approximately a straight line for every specific C, then the values of
f (x, y) under different inputs can be compared by evaluating the slopes of the corresponding

contour lines:
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−y0
(x0 , y0 ) and (x1 , y1 ) such that f (x0 , y0 ) = f (x1 , y1 ), one has h(x0 , y0 ) = h(x1 , y1 ) = xy11 −x
;
0
thus, one can study the linearization h(x, y) of f (x, y). Since these contour lines are straight
and do not intersect in the first quadrant, they must have a unique, common intersection
y−A2
point. Thus, one can write h(x, y) = x−A
, where (A1 , A2 ) are the coordinates of that
1
unknown intersection point. By numerical approximation, one can derive that (A1 , A2 ) ≈
(−0.47, 0).
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T : Treatment group.
C: Control pool.
S: Control group.
N : A given integer as the target control group size, i.e. |S| = N for an eligible matched
control group.
u: An observable unit, u ∈ T ∪ C.
t: Treatment indicator (1 means treated; 0 means not treated).
Yu1 (or Yu0 ): Treated (or untreated) response of unit u.
b: Joint bin. b1 , b2 and b3 are different bins used in proofs.
B: Set of joint bins. B 1 , B 2 and B 3 are different bin sets used in proofs. B F is particular
bin set in the MIP-based algorithm.
m: Marginal bin.
M : Set of marginal bins. M F is particular bin set in the MIP-based algorithm.
k: A covariate.
K: Set of covariates.
Xk : Value of covariate k.
X: Covariate vector {X1 , X2 , ..., X|K| }.
X: A generalized covariate value to represent X and Xk for writing convenience.
X u : Covariate value of unit u.
Xb : Covariate value for any unit contained in bin b.
Xm : Covariate value for any unit contained in marginal bin m.
p(t): Probability that a unit is treated.
p(Xb ): Probability that a unit’s covariate value falls into bin b.
p(Xb , t): Probability that the covariate value of a unit with treatment indicator t falls into

Appendix C. A Complete List of Notations Used

Due to the monotonicity of f (x, y), the greater the slope of a contour line that the point
(x, y) lies on, the smaller its corresponding function value. In other words, the smaller
1
h−1 (x, y) = x−A
y−A2 , the smaller f (x, y), and vice versa.

Figure 7: A sketch of the contour lines of f (x, y) on (x, y) plane.
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Recent years have witnessed an increasing population of online peer production communities, such
as Wikipedia, Stack Overflow and OpenStreetMap, which rely on contributions from volunteers to
build knowledge, software artifacts and navigational tools, respectively. The growing popularity
and importance of these communities requires a better understanding and characterisation of user
behaviour so that the communities can be better managed, new services delivered, challenges and
opportunities detected. For instance, by understanding the general lifecycles that users go through
and the key features that distinguish different user groups and different life stages, we can develop

1. Introduction

Keywords: Mixture Models, von Mises-Fisher, Bayesian Nonparametric, Temporal Evolution,
User Modelling

The proliferation of online communities has attracted much attention to modelling user behaviour
in terms of social interaction, language adoption and contribution activity. Nevertheless, when
applied to large-scale and cross-platform behavioural data, existing approaches generally suffer
from expressiveness, scalability and generality issues. This paper proposes trans-dimensional von
Mises-Fisher (TvMF) mixture models for L2 normalised behavioural data, which encapsulate: (1)
a Bayesian framework for vMF mixtures that enables prior knowledge and information sharing
among clusters, (2) an extended version of reversible jump MCMC algorithm that allows adaptive
changes in the number of clusters for vMF mixtures when the model parameters are updated, and (3)
an online TvMF mixture model that accommodates the dynamics of clusters for time-varying user
behavioural data. We develop efficient collapsed Gibbs sampling techniques for posterior inference,
which facilitates parallelism for parameter updates. Empirical results on simulated and real-world
data show that the proposed TvMF mixture models can discover more interpretable and intuitive
clusters than other widely-used models, such as k-means, non-negative matrix factorization (NMF),
Dirichlet process Gaussian mixture models (DP-GMM), and dynamic topic models (DTM). We
further evaluate the performance of proposed models in real-world applications, such as the churn
prediction task, that shows the usefulness of the features generated.
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We develop efficient collapsed Gibbs sampling techniques for the proposed models, which allows parallelism for parameter updates. The empirical comparison on synthetic and real-world data
demonstrates that the proposed model can generate a more intuitive and interpretable clustering than
other popular tools, such as k-means (Hartigan and Wong, 1979), non-negative matrix factorization

• Apply the model to analyse time-varying user behaviour data in online communities, in particular Wikipedia. Compared with previous works in this direction (Danescu-Niculescu-Mizil
et al., 2013; Rowe, 2013; Furtado et al., 2013; Chan et al., 2010), the proposed model is more
general and can be applied to model user behaviour in online communities (e.g. Wikipedia,
Stack Overflow, Twitter, and Facebook) whenever user behavioural data are available.

• Enhance the Bayesian and temporal vMF mixture models by Gopal and Yang (2014) by
integrating with our extended version of RJMCMC algorithm, which empowers both models
with the ability to change the number of clusters automatically and to refine an inappropriate
initialization of model parameters.

• Extend the reversible jump Markov Chain Monte Carlo (RJMCMC) algorithm (Richardson
and Green, 1997) for directional distribution (i.e. vMF mixtures).

techniques for the following applications (Qin et al., 2014): (i) predict whether a user is likely to
abandon the community; (ii) develop intelligent software to recommend tasks for users within the
same life-stage. Moreover, social interaction and contribution behaviour of contributors plays a
significant role in shaping the health and sustainability of online communities.
Different from text documents, which are commonly represented as term-frequency vectors,
user behavioural data derived from online communities are generally represented as unit vectors.
For instance, the level of linguistic change for online users in beer rating websites is denoted as a
numeric feature (Danescu-Niculescu-Mizil et al., 2013). The measures used to quantify the centrality of members’ positions in social networks are naturally numeric measurements (Rowe, 2013;
Chan et al., 2010). The quality of questions, answers, and comments posted by users on Q&A sites
are also numeric measures (Furtado et al., 2013). Existing approaches to identify patterns of user
behaviour include principle component analysis, clustering analysis and entropy-based methods.
However, these studies tend to be application-specific and suffer from scalability and generality
issues due to the constrained feature set and the inherent limitations of the approaches employed.
Additionally, the existing approaches fail to capture a mixture of user interests over time.
On the other hand, over the last decade, there have been significant advances in topic models
which develop automatic text analysis techniques to discover latent structures from time-varying
document collections (e.g. Blei and Lafferty (2006); Ahmed and Xing (2010); Gopal and Yang
(2014)) and from time-varying user activity data in computational advertising (Ahmed et al., 2011).
Topic models generally work well in document collections and user activity data where the data are
represented in term-frequency format. However, many traditional topic models are not applicable to
scenarios where the data are represented as unit vectors, e.g. the term frequency-inverse document
frequency (tf-idf) representation of documents. Based on von Mises-Fisher (vMF) distributions,
Gopal and Yang (2014) proposed dynamic clustering models which combine the success of normalised representation and flexibility of graphical models, and found that their proposed models can
discover more intuitive clusters than existing approaches. Nevertheless, the vMF clustering models
by Gopal and Yang (2014) did not take into consideration the dynamic evolution in the number of
clusters and the birth/death of clusters over time. This work makes the following contributions:

Q IN , C UNNINGHAM AND S ALTER -T OWNSHEND

(NMF) (Lee and Seung, 1999), Dirichlet process Gaussian mixture models (DP-GMM) (Chang and
Fisher III, 2013), and dynamic topic models (DTM) (Blei and Lafferty, 2006).
The rest of the paper is organised as follows. Section 2 provides an overview of related work,
followed by an introduction to the von Mises-Fisher (vMF) distribution in Section 3. In Section
4, we present posterior inference for Bayesian von Mises-Fisher mixture models using collapsed
Gibbs sampling techniques, model exploration using our extension of the reversible jump MCMC
algorithm, and an online trans-dimensional von Mises-Fisher mixture model for time-varying user
behavioural data. We demonstrate the empirical performance of the proposed models using synthetic and real-world data in Section 5. We then present an application of the features generated by
the models for user clustering and churn prediction tasks, followed by discussion and concluding
remarks in Section 6. The appendix includes detailed derivations for model inference and additional
detailed analysis of the models.
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2. Related Work
In this section, we provide an overview of the main lines of research underpinning this work, and
discuss how our work leverages and advances the state-of-the-art techniques.
2.1 Modelling User Behaviour

4
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• Dynamics of cluster parameters. For example, in Gaussian mixture models, the mean and
covariance for a mixture of Gaussians should be able to evolve according to a given time
series model, such as Kalman filter that is used in the dynamic topic model (DTM) by Blei
and Lafferty (2006). One principle for choosing a time series model for cluster parameters is
to guarantee the smoothness of cluster parameters over time. One common strategy for this
is to draw the cluster parameters at time epoch t from the corresponding distribution at the
previous time t − 1 by leveraging the smoothness assumption over cluster parameters (Blei
and Lafferty, 2006; Ahmed and Xing, 2008; Ahmed and Xing, 2010; Ahmed et al., 2011;
Gopal and Yang, 2014).

parison using model selection criteria such as penalised log-likelihoods (AIC and BIC) in order to
choose an appropriate number of topics for a given dataset. While log-likelihood related criteria
have shown success in static settings, it is obvious that doing model selection for each time period
may lead to a sub-optimal solution as it ignores the role of context in model selection, or alternatively, local optima problems in model selection at each epoch may accumulate and result in a
globally suboptimal solution (Wang et al., 2007; Ahmed and Xing, 2008). Nonparametric models
have been suggested in order to relax the assumption of a fixed number of topics for stationary and
time-varying data.
There are two major lines of research for non-parametric models: (1) hierarchical Dirichlet process (HDP, Teh et al. (2006)), and (2) trans-dimensional (split/merge) approaches. The hierarchical
Dirichlet process is a Bayesian nonparametric model that can be used to cluster groups of data with
a potentially infinite number of components. In HDP based nonparametric models, each observation within a group is a draw from a Dirichlet process (DP) (or mixture model), the group-specific
DPs can be linked together via another DP to ensure the sharing of mixture components between
groups; the well-known clustering property of the DP can provide a nonparametric prior for the
number of mixture components within each group (Teh et al., 2006). HDP has been widely used
to learn recurring patterns (or “topics”) from document collections (e.g. the nonparametric Topics
over Time (npTOT) model by Dubey et al. (2013)) and time-varying user activity data in computational advertising (the Time-Varying User Model (TVUM) by Ahmed et al. (2011)). In contrast,
trans-dimension nonparametric models adapt the number of components by using a split-merge or
birth-death mechanism while preserving certain properties (e.g. the zeroth, first and second moments) of the components. One well-known example of trans-dimensional models in this direction
is the reversible jump MCMC algorithm by Richardson and Green (1997). Recently, Chang and
Fisher III (2013) proposed a novel parallel restricted Gibbs sampling algorithm for Dirichlet process Gaussian mixture models (DP-GMM) with sub-cluster split/merge moves, and showed that
their proposed sampler is orders of magnitude faster than other exact MCMC methods. In addition, based on the small-variance limit of Bayesian nonparametric von-Mises Fisher (vMF) mixture
distributions (i.e. the birth-death strategy), Straub et al. (2015a) proposed two novel flexible and efficient k-means-like clustering algorithms for directional data such as surface normals in computer
vision applications.
The evolving nature of data in different scenarios, such as scientific publications, news stories,
and user query logs for search engines, has motivated research about temporal models to cope with
the challenges of learning coherent and interpretable clusters over time (Ahmed and Xing, 2008).
A good evolutionary model should be able to accommodate the dynamics of different aspects of the
evolving clusters (Ahmed and Xing, 2008; Ahmed and Xing, 2010), specifically:

Recently, researchers have approached the issue of modelling online user behaviour from different
perspectives. They have so far focused on a separate set or combination of user properties, such
as information exchange behaviour in discussion forums (Chan et al., 2010), social and/or lexical
dynamics in online platforms (Danescu-Niculescu-Mizil et al., 2013; Rowe, 2013), and diversity
of contribution behaviour on Q&A sites (Furtado et al., 2013). These studies generally employed
either principle component analysis and clustering analysis to identify user profiles (Chan et al.,
2010; Furtado et al., 2013) or entropy measures to track social and/or linguistic changes throughout
user lifecycles (Danescu-Niculescu-Mizil et al., 2013; Rowe, 2013). While previous studies provide
insights into community composition, user profiles and their dynamics, they have limitations either
in their definition of lifecycle periods (e.g. dividing each user’s lifetime using a fixed time-slicing
approach (Danescu-Niculescu-Mizil et al., 2013) or a fixed activity-slicing approach (Rowe, 2013))
or in the expressiveness of user lifecycles in terms of the evolution of expertise and user activity for
users and online communities over time. Specifically, previous studies failed to capture a mixture of
user interests over time. Different from previous works, Qin et al. (2014) employed topic modelling
to study the evolving patterns of editor behaviour in Wikipedia. They found that a number of
editor roles (e.g. Technical Experts, Social Networkers) prevail in the temporal Wikipedia editor
activity data, and that the features inspired by latent space representation are beneficial for the
churn prediction task. However, two major limitations exist in the topic model used by Qin et al.
(2014): (1) the inability to deal with numeric behavioural data, and (2) the inability to capture the
birth/death of topics over time.
2.2 Parametric and Nonparametric Temporal Models

JMLR 17(200):1-51

Parametric models, such as Latent Dirichlet Allocation (LDA) by Blei et al. (2003) and non-negative
matrix factorization (NMF) by Lee and Seung (1999), generally assume a fixed pre-specified number of topics a priori. This assumption inevitably involves computationally expensive model com3
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The existence of directional data in many applications has attracted much attention from researchers
to build models for clustering on the hypersphere. There are three lines of research related to
clustering directional data: (1) Euclidean geometry based algorithms, which ignore the geometric
properties of the data and usually use Euclidean distance to measure similarity or distance between
data points (e.g. k-means by Hartigan and Wong (1979), the Dirichlet process Gaussian mixture
model (DPGMM) by Rasmussen (2000)); (2) spherical geometry based models, which consider the
inherent geometry of the data and use cosine similarity to measure similarity between data points
with standardized length (e.g. the von Mises-Fisher mixture model (vMFMM) by Banerjee et al.
(2005), the Spherical Topic Model (SAM) for documents by Reisinger et al. (2010), the Dirichlet
process vMFMM for radiation therapy data by Bangert et al. (2010), the temporal vMF mixture
model (Temporal vMFMM) for time-varying document collections by Gopal and Yang (2014));
and (3) models that consider spherical geometry and anisotropic covariance of directional data,
which capture the geometric properties and different variances in each dimension of the data (e.g.
the Dirichlet process tangential Gaussian mixture model (DP-TGMM) by Straub et al. (2015b)).
Essentially, the vMF distribution can be considered as a variant of the multivariate Gaussian
with spherical covariance on SD−1 , parameterized by cosine distance rather than Euclidean distance
(Reisinger et al., 2010). Cosine distance belongs to the normalized correlation coefficient and takes
into consideration the directions of the L2 -normalized feature vectors when computing the similarity. Empirical studies have suggested the advantages of such type of directional measure over
Euclidean distance in high-dimensional data particularly in information retrieval (Banerjee et al.,
2005; Zhong and Ghosh, 2005; Reisinger et al., 2010; Gopal and Yang, 2014). The vMF distribution can capture the absence/presence of words, which the Multinomial distribution cannot. For
instance, let θ = [1/3, 1/3, 1/3] be a Multinomial parameter (i.e. topic-word) vector, d = [n1 , n2 , n3 ]
denote the number of occurrences of word w1 , w2 and w3 in document d. Assume we have two documents: d1 = [1, 1, 1] and d2 = [3, 0, 0]. The two docments are more likely to be clustered together
under Multi(·|θ), whereas d1 and d2 have different densities under a corresponding vMF(·|θ). The
von Mises-Fisher mixture models have been shown to model sparse data (e.g. text) more accurately

2.3 Models for Directional Data

To the authors’ knowledge, while many aforementioned models have focused on categorical
data, only the models by Gopal and Yang (2014) are designed for L2 normalised data. However,
their models are parametric which require using model selection criteria to choose the appropriate
number of clusters. In this work, based on the smoothness assumption and the idea of reversible
jump MCMC algorithm, we extend their Bayesian vMF mixture model and propose an online transdimensional von Mises-Fisher mixture model (OTvMFMM) for time-varying user behavioural data.
The proposed model not only allows us to explore the model space for clusters, but more importantly, it can model time-varying clusters that are consistent.

• Automatic change in the number of clusters over time. Non-parametric models allow the
clusters to remain, die out or emerge over time (Ahmed and Xing, 2008; Ahmed and Xing,
2010; Ahmed et al., 2011; Dubey et al., 2013).

• Popularity of clusters over time. The popularity of clusters can change over time due to the
evolving nature of data. Existing models have relied on the rich gets richer assumption to
capture the trends of clusters over time (Ahmed and Xing, 2008; Ahmed and Xing, 2010;
Ahmed et al., 2011).
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Spherical
Geometry
·
·
·
·
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·
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·
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·
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C D (κ) =

D/2−1 (κ)

κ D/2−1
(2π)D/2 I

(1)
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where kµk = 1, κ ≥ 0, D ≥ 2; C D (κ) is the normalising constant, ID/2−1 (κ) denotes the modified
Bessel function of the first kind with order D/2 − 1 and argument κ. The concentration parameter,



f (x | µ, κ) = C D (κ)exp κµT x ;

A random D-dimensional unit vector x (i.e. x ∈ RD and kxk=1) is said to follow the D-variate von
Mises-Fisher (vMF) distribution if its probability density function is given by

3.1 Von Mises-Fisher Distribution

This section provides a brief review of the finite von Mises-Fisher mixture models that facilitates a
better understanding of the proposed models.

3. Preliminaries

Notation. In this work, random variables are denoted by capital letters (e.g. X, Y, Z), the observations of random variables (or vectors) are represented by the corresponding lower-case letters
(e.g. x, y, z, µ). The set of N observations corresponding to random variable X is denoted by
N . The probability of a set of events A is denoted by P(A), the probability of A given B (i.e.
X={xi }i=1
conditional probability) is written as P(A|B). Probability density functions (for continuous random
variables) and probability mass functions (for discrete random variables) are denoted by lower-case
letters, e.g. f (x), f (x|θ), p or q, where θ is the set of parameters for a specific distribution. p(·) and
q(·) are frequently used to represent the distributions of random variables. The set of observations
or prior parameters is denoted by a calligraphic letter (e.g. X, Z, B). The set of real numbers is
denoted by R; the norm k · k denotes the L2 norm.

DTM (Blei and Lafferty, 2006)
npTOT (Dubey et al., 2013)
TVUM (Ahmed et al., 2011)
vMFMM (Banerjee et al., 2005)
Temporal vMFMM
(Gopal and Yang, 2014)
DP-GMM (Chang and Fisher III, 2013)
DP-TGMM (Straub et al., 2015b)
OTvMFMM (proposed)

Models (Authors)

Table 1: Capabilities of different models

than their Multinomial counterparts (Banerjee et al., 2005; Zhong and Ghosh, 2005; Reisinger et al.,
2010; Gopal and Yang, 2014).
In this work, we employ the von Mises-Fisher distribution to deal with L2 normalised user
behavioural data. Table 1 compares the capabilities of the proposed model and previous approaches.
Although it is possible to make the proposed OTvMFMM aiming for anisotropic covariance using
Fisher-Bingham distribution as in (Kent, 1982; Peel et al., 2001), extensions to high-dimensional
data are difficult due to the normaliser of the probability density function (Straub et al., 2015b).
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κ1 µ1 + κ2 µ2
, κ = kκ1 µ1 + κ2 µ2 k
kκ1 µ1 + κ2 µ2 k

(2)

κ, quantifies how tightly the distribution is concentrated around the mean direction µ. Note that
µT x is the cosine similarity between x and µ and that κ plays the role of the inverse of variances
(precision). The vMF distribution is used for clustering data on the unit hypersphere, whereas the
Gaussian distribution is used for modelling data with a multivariate Normal distribution. A very
useful property of the vMF distribution that we will use in this work is the preservation of the
functional form under multiplication (Chiuso and Picci, 1998)
f (x | µ1 , κ1 ) f (x | µ2 , κ2 ) = f (x | µ, κ), where µ =

(3)

N ,
Following Mardia and Jupp (2000), the sample covariance matrix of directional data, X={xi }i=1
about µ is defined by:
N

1 X
S =
(xi − µ)(xi − µ)T
N − 1 i=1

which is an unbiased estimator of the covariance matrix (i.e. Σ = S ).
3.2 Finite von Mises-Fisher Mixture

H
X
h=1

πh f (x|θh )

(4)

Let f (x|θh ) denote a vMF distribution with parameters θh =(µh , κh ) for h ∈ [1, H]. Banerjee et al.
(2005) proposed a simple vMF mixture model with the density of vMF mixtures given by
H
f (x | {πh , θh }h=1
)=

H are the set of parameters to be estimated, π are the mixing proportions which
where Θ = {πh , θh }h=1
h
P
are non-negative and sum to 1 (i.e. 0 ≤ πh ≤ 1, h πh =1). To sample a point from this mixture
distribution, we randomly choose the h-th component with probability πh , and then sample a point x
N be a set of N data points that are sampled independently following
following f (x|θh ). Let X={xi }i=1
Eq. (4). The mixture model in Eq. (4) can be interpreted as a missing data model if we introduce a
N , for the data points (Celeux
set of membership variables (a.k.a. latent/hidden variables), Z={zi }i=1
et al., 2006), indicating the specific vMF distribution from which the points are sampled. Each
membership variable is a H-dimensional indicator vector, denoted by zi =(zi1 , · · · , ziH ), zih ∈ {0, 1},
H ), conditioning
so that zih = 1 if and only if xi is generated from the vMF distribution f (·|{πh , θh }h=1
on zi . The zih are assumed to be drawn independently from the following distributions

h=1

H
Y

{πh f (xi | θh )}zih

(6)

P(zih = 1) = πh , i ∈ [1, N], h ∈ [1, H]
(5)
QH zih
where P(zi ) = h=1
πh . The density of the corresponding vMF mixture model with latent variables
is given by (Celeux et al., 2006)
H
H
f (xi , zi | {πh , θh }h=1
) = P(zi ) f (xi |zi , {πh , θh }h=1
) =

4. Proposed Trans-dimensional vMF Mixture Models

JMLR 17(200):1-51

In this section, we first describe the Bayesian von Mises-Fisher mixture model (BvMFMM) by
Gopal and Yang (2014), including inference via efficient collapsed Gibbs sampling. We then present
7
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our extension of the reversible jump MCMC algorithm for model exploration of Bayesian vMF
mixtures, and introduce the proposed online trans-dimensional von Mises-Fisher mixture model for
temporal user behavioural data.

4.1 Formulation of Bayesian vMF Mixture Model

The Bayesian vMF mixture model views the vMF mixture model parameters as random variables
and introduces prior distributions on them. This brings advantages, such as sharing statistical
strength among mean directions and flexibility for parameter estimation (Gopal and Yang, 2014).
The Bayesian vMF mixture model is very similar to the Spherical Topic Model (Reisinger et al.,
2010), the only difference lies in the fact that the former allows learning cluster-specific concentration parameters while the latter keeps the concentration parameters fixed. The generative process of
BvMFMM proceeds as follows:

1. Draw topic proportions, π ∼ Dirichlet(.|α), from a Dirichlet with hyperparameter α.

2. Draw topics, µh ∼ vMF(.|µ0 , C0 ), on the unit hypersphere for h ∈ [1, H].

3. Draw concentration parameters, κh ∼ logNormal(.|m, σ2 ), from a log-normal distribution with
mean m and variance σ2 for h ∈ [1, H].

N :
4. For each L2 normalised data point xi ∈ {xi }i=1

(a) Draw topic indicator zi ∼ Multi(.|π).
(b) Draw the data point xi ∼ vMF(.|µzi , κzi ).

(topics, mean directions)

(topic proportions)

where Multi(.|π) denotes a Multinomial distribution. The plate notation1 of BvMFMM is given in
Figure 1.

π ∼ Dirichlet(.|α)

(data points)

(latent cluster variables)

κh ∼ logNormal(.|m, σ2 ) (concentration parameters)

µh ∼ vMF(.|µ0 , C0 )
zi ∼ Multi(.|π)
h ∈ [1, H], i ∈ [1, N]

xi ∼ vMF(.|µzi , κzi )

Figure 1: A graphical model representation of BvMFMM, in which nodes represent random variables, arrows denote dependency among variables, and plates denote replication. Shaded nodes
correspond to observed variables, unshaded nodes represent hidden variables, and solid nodes represent the hyperparameters.

For a fully Bayesian vMF mixture model, the number of components H is considered as a
random variable for which a posterior distribution should be found. Nobile (2005) suggested that
compared with a uniform prior, Poisson(1) prior is strongly biased towards low H and removes

JMLR 17(200):1-51

1. All the plate notations for graphical models used in this work were drawn using the Daft software provided by Dan
Foreman-Mackey and David W. Hogg, available at: http://daft-pgm.org/
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h=1

H
Y

f (µh |µ0 , C0 ) f (κh |m, σ2 )
i=1

N
Y

P(zi |π) f (xi |µzi , κzi )

(7)

µ

κ

i=1

N
Y

f (xi |m, σ2 , µ0 , C0 , α)
(9)

(10)
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2. We defer the detailed derivations to Appendix A. The γ(zih ) can also be seen as the responsibility of component h for
P
explaining the i-th data point, subject to 0 ≤ γ(zih ) ≤ 1, h γ(zih )=1.

γ(zih ) ≡ P(zih = 1|Z−i , {x j }Nj=1 , κ, m, σ2 , µ0 , C0 , α)
P
C D (kκh j,i z jh x j + C0 µ0 k)
P
∝ (α + nh,−i )C D (κh )
C D (kκh (xi + j,i z jh x j ) + C0 µ0 k)

Because the likelihood of xi in Eq. (8) is not a closed form distribution, the exact inference of
the high dimensional vMF mean parameter µh is generally intractable. Following Gopal and Yang
(2014), we make use of the fact that the vMF distributions are conjugate and employ this fact to
completely integrate out the mean parameters µ and the mixing proportions π. Therefore we need
to infer only two sets of parameters {Z, κ}. The conditional distribution for zi is given by2

4.2 Inference via Collapsed Gibbs Sampling

N
f ({xi }i=1
|m, σ2 , µ0 , C0 , α) =

N is given by:
Finally, the corresponding likelihood of the complete data {xi }i=1

π

where P(H) is the prior probability for H, f (π|α) is the prior probability for π, f (µh |µ0 , C0 ) and
f (κh |m, σ2 ) are the prior probabilities for µ and κ respectively. P(zi |π) are the mixed membership
priors for each data point, f (xi |µzi , κzi ) are the pdfs of each observation given its mixed membership
and model parameters.
In Eq. (7), the global variables are the topics µh , the concentration parameters κh and the topic
proportions π, while the local variables are the per-data point topic indicators zi . The user specified
prior parameters are B={α, µ0 , C0 , m, σ2 }. We can learn these prior parameters using empirical
Bayes and do not rely on the user to set any prior parameters. Alternatively, to avoid potential
problems such as overfitting caused by estimating too many parameters, we can specify the values
for certain prior parameters with empirical knowledge and update other parameters using empirical
Bayes method. The empirical Bayes estimate for prior parameters are given in Appendix B.
Following Heinrich (2009), we can obtain the likelihood of xi as one of its marginal distributions
by integrating out the distributions π, µ and κ and summing over zi :
Z
Z Z
f (xi |m, σ2 , µ0 , C0 , α) = Mult(zi |π) f (π|α) ×
f (xi |µzi , κzi ) f (µ|µ0 , C0 ) f (κ| m, σ2 )
(8)

H
P(H, X, Z, {πh , θh }h=1
|B) = P(H) f (π|α)

(11)

f (xi |µh , κh )P(µh |µ0 , C0 )

(12)

(13)
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H α )
Γ( h=1
h

1
−
B(→
α)

h=1

QH

παh h −1 ,
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−π |→
−
3. The Dirichlet distribution of order H ≥ 2 with parameters α1 , · · · , αH > 0 is given by: Dir(→
α) =
QH
Γ(α
)
h
→
−
→
−
P
where B( α ) is the multinomial Beta function defined as B( α ) = h=1
.

This section presents our extension of the reversible jump MCMC algorithm for directional distribution (i.e. vMF distribution), and then ensembles the new algorithm with the Bayesian vMF mixture
model to allow adaptive change in the number of components, leading to trans-dimensional von
Mises-Fisher mixture model (TvMFMM). Compared with BvMFMM, the proposed TvMFMM has
the ability to explore multiple models simultaneously, which brings additional benefit - refining an
inappropriate initialization of model parameters which parametric models are incapable of.

4.3 Reversible Jump MCMC Algorithm

Empirical Bayes estimate for prior parameters. When the user does not have enough information to specify the prior parameters, a general approach is to estimate them directly from the data.
The prior parameters can be estimated by maximising the summation of the marginal likelihood of
the data. The details are discussed in Appendix B.

H

1 1 Y (αh +nh −1)
−π |→
−
−
=
π
= Dir(→
α +→
nh )
−
Zπ B(→
α ) h=1 h

QN
H
N H
−
f (π|→
α )P(zi |π)
1 1 Y (αh −1) Y Y zih
N
N →
f (π|{xi }i=1
, {zi }i=1
,−
α ) = R QNi=1
πh
=
πh
→
−
→
−
Z
π B( α ) h=1
i=1 h=1
i=1 f (π| α )P(zi |π)dπ

where the updates for concentration parameter
and mean direction of the posterior distribution are
P
P
0 µ0
given by kκh zih xi + C0 µ0 k and kκκhh P zzihih xxii +C
+C0 µ0 k , respectively. The update for the mean parameter
µh is drawn from the von Mises-Fisher distribution in Eq. (12). Similarly, according to their usual
definitions as Multinomial distributions with Dirichlet3 priors, applying Bayes’ rule in Eq. (9) yields
the posterior distribution for π:

z =1 f (xi |µh , κh )P(µh |µ0 , C 0 )dµ
n ih
o
QN
T
T
n X
 o
zih =1 C D (κh )C D (C 0 )exp κh µh xi + C 0 µ0 µh
∝ exp κh
=
zih xiT + C0 µT0 µh
Zµ

N
N
f (µh |{xi }i=1
, {zi }i=1
, µ0 , C0 ) = R QNih

z =1

QN

P
where nh is the number of observations assigned to the h-th component, nh = i zih . Since the
conditional distribution for κh is not a closed form, we need to use a step of MCMC sampling (with
appropriate distribution) to draw κh .
Sampling for µ and π. Finally, we need to estimate (π, µ). According to their usual definitions
as directional distributions with vMF priors, applying Bayes’ rule on the component zih =1 in Eq.
(9) gives the full conditional posterior density function for µ as follows:

C D (κh )nh C D (C0 )
P
logNormal(κh |m, σ2 )
C D (kκh j:z jh =1 z jh x j + C0 µ0 k)

where Z−i indicates excluding the contribution of the i-th data point. Similarly, the conditional
distribution for κh is given by2

empty clusters. In other words, to some extent, the Poisson(1) prior acts as a penalty term that favors
simpler models (i.e., ones with fewer components or factors), which is similar to the idea of AIC
or BIC styled model comparison metrics (McLachlan and Peel, 2000; Gershman and Blei, 2012).
Therefore, we use Poisson(1) as the prior distribution for H. From the topology of the Bayesian
network, the likelihood of the complete-data, i.e., the joint distribution of all known and hidden
variables that corresponds to the above generative process and the graphical model of BvMFMM in
Figure 1 is given by
f (κh |X, Z, κ, m, σ2 , µ0 , C0 ) ∝

Q IN , C UNNINGHAM AND S ALTER -T OWNSHEND

O NLINE T RANS - DIMENSIONAL VON M ISES -F ISHER M IXTURE M ODELS

O NLINE T RANS - DIMENSIONAL VON M ISES -F ISHER M IXTURE M ODELS

4.3.1 R EVERSIBLE J UMP M OVE T YPES
Richardson and Green (1997) developed a methodology to perform Bayesian inference and model
exploration for the univariate Gaussian mixture model by using the reversible jump MCMC algorithm, one sweep of which consists of six types of moves:
1. Updating the weights, π, following Eq. (13);
2. Updating the parameters, (µ, κ) , following Eq. (12) for µ and Eq. (11) for κ using MCMC
sampling;
3. Updating the allocation, z, following Eq. (10);
4. Updating the hyperparameters, B;
5. Splitting one mixture component into two, or combining two into one;
6. The birth or death of an empty component.

(14)

Moves (5) and (6) involve changing H by 1 and making necessary corresponding changes to
(µ, κ, π, z), and are used for model exploration via the Metropolis-Hastings algorithm (Metropolis
et al., 1953; Hastings, 1970). Assume that a proposed move type t, from s=(Z, Θ, H) to s̃=(Z0 , Θ0 , H+
1)= f (s, u), where f (s, u) is an invertible deterministic function (Richardson and Green, 1997). The
reverse of the move (from s̃ to s) can be accomplished by using the inverse transformation, so that
the proposal is deterministic. The acceptance probabilities from s to s̃ and from s̃ to s are min{1, A}
and min{1, A−1 } respectively, where

A = likelihood ratio × prior ratio × proposal ratio × Jacobian
f (X|Z0 , Θ0 , B, H + 1) P(H + 1)P(Z0 , Θ0 |B, H + 1)
rt ( s̃)
∂ s̃
=
×
×
×
f (X|Z, Θ, B, H)
P(H)P(Z, Θ|B, H)
rt (s)q(u)
∂(s, u)
f ( s̃|X)
rt ( s̃)
∂ s̃
×
×
f (s|X) rt (s)q(u)
∂(s, u)
=

where rt (s) is the probability of choosing move type t when in state s, q(u) is the density function of
the auxiliary random variables u, the final term is the Jacobian determinant arising from the change
of variables from (s, u) to s̃. The birth-death moves in (6) are supplements to the split-merge moves
in (5) in a sense that the former are used for empty components, whereas the latter are used for
non-empty components.
4.3.2 S PLIT AND M ERGE M OVES
In the split-merge move in (5), the RJMCMC algorithm makes a random choice between splitting
or merging existing component(s) with probabilities bh and dh =1-bh respectively, depending on h.
Generally, d1 =0, bHmax =0, and bh =dh =0.5 for h ∈ [2, Hmax -1]. The merging proposal works by
choosing two random components j1 and j2 , subject to the following constraint (adjacency condition)
µ j1 < µ j2 , with no other µ s ∈ [µ j1 , µ j2 ], s , j1 , j2
(15)
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In the univariate setting, Richardson and Green (1997) proposed the constraints of preserving
the zeroth, first and second moments of components before and after the split-merge move. In
the multivariate setting, previous works (Dellaportas and Papageorgiou, 2006; Zhang et al., 2004)
11
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(16)

generally preserved the mean vectors and covariance matrices of components via spectral decomposition of the covariance matrices. The first two moments of vMF distribution are mean direction
and concentration parameter. However, a direct extension of the RJMCMC algorithm (i.e. preserving the first two moments) for vMF mixture model would be impractical for the split-merge move.
Recall that the concentration parameter controls how tightly the distribution is concentrated around
the mean direction, which resembles the idea behind covariance matrices - groups of similar data
points would result in high (variance) values in the diagonal of the matrices. In other words, to some
extent, preserving the concentration parameter is similar to preserving the statistical properties of
the covariance matrices. In this work, we make use of the spectral decomposition of the covariance
matrices for the split-merge moves of vMF mixtures.
Let Σh = Vh Λh VhT be the spectral decomposition of the covariance matrix, Σh , of the components in Eq. (6), where Λh is a diagonal matrix Λh = diag(λh1 , · · · , λhD ) with the eigenvalues of
Σh in increasing order, and Vh is an orthogonal matrix with the eigenvectors of Σh in order corresponding to the eigenvalues in Λh . Let λhd denote the d-th largest eigenvalue of Σh . Let j∗
be one of the H components to be considered to split, j1 , j2 be the two proposed components,
π j∗ , π j1 , π j2 the corresponding weights, µ j∗ , µ j1 , µ j2 the corresponding mean vectors, κ j∗ , κ j1 , κ j2 the
corresponding concentration parameters, and Σ j∗ , Σ j1 , Σ j2 the corresponding variance matrices. Let
u1 , u2 = (u21 , · · · , u2D )T , u3 = (u31 , · · · , u3D )T be the 2D + 1 random variables needed to construct
weights, means and eigenvalues for the split move. They are generated from beta and uniform
distributions

u1 ∼ Beta(2, 2), u21 ∼ Beta(1, 2D), u2d ∼ U(−1, 1)

u31 ∼ Beta(1, D), u3d ∼ U(0, 1), d ∈ [2, D]

(17)

Let P be D×D rotation matrix with columns orthonormal unit vectors which has D(D−1)/2 free
parameters. The elements in the lower triangular are randomly generated from uniform distribution
U(0, 1), and the elements in other positions are determined by the fact that P is an orthonormal
matrix. Then, the proposed split moves are given by

d=1

π j∗
π j1

π j∗
π j2

π j = u1 π j , π j = (1 − u1 )π j
1
∗
2
∗

 D
r
p

π j2 X
 u2d λ j d V j d 
µj = µj −
1
∗
∗
∗
π j1  d=1
 D

r
p
X

µ j2 = µ j∗ +
 u2d λ j∗ d V j∗ d 
π j1
π j2

2
λ j1 d = u3d (1 − u2d
)λ j∗ d

2
λ j2 d = (1 − u3d )(1 − u2d
)λ j∗ d

V j = PV j , V j = PT V j , d ∈ [1, D]
1
∗
2
∗
µ
µ j2
j
1
, µ j2 =
(Normalized mean directions)
kµ j1 k
kµ j2 k
µ j1 =
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It can be readily shown that these are indeed valid, with weights positive and covariance matrices
positive-definite. Now we need to check whether the adjacency condition in Eq. (15) is satisfied. If
the condition is satisfied, we reallocate those with arg maxh γ(zih ) = j∗ to j1 or j2 using the formula

12

r
πj
λ j∗ d 2 )
π j1
(19)

(18)

13
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∂Σ
term is the Jacobian of the transformation from the Σ of the components to the eigenThe ∂(λ,V)
values and eigenvectors (Dellaportas and Papageorgiou, 2006); J is the Jacobian of the parameter
N )
transformation. The calculation of the Jacobian terms and the factorization of P(H, Z, θ, B|{xi }i=1
are given in Appendix C and Appendix D.
It is worth
noting that it can be computationally inefficient to calculate the Jacobian term

∂Σ
det ∂(λ,V)
particularly for high-dimensional data. To solve this issue, Zhang et al. (2004) proposed
a simplified multivariate Gaussian mixture model (GMM) with reversible jump MCMC algorithm,
which imposed a common eigenvector matrix for the covariance matrices of all components. Their
experiments showed that their proposed simplified GMM obtains good estimates on general GMMs,
especially on their model exploration. In this work, we follow Zhang et al. (2004) and use a common
eigenvector matrix for the covariance matrices of all the vMF components when splitting/merging
the components.

where Palloc is the probability of making this particular allocation of data to j1 and j2 given by
(Bouguila and Elguebaly, 2012)
Q
Q
zi j1 =1 π j1 f (xi |µ j1 , κ j1 )
zi j2 =1 π j2 f (xi |µ j2 , κ j2 )
(21)
Palloc = Q
zi j∗ =1 π j1 f (xi |µ j1 , κ j1 ) + π j2 f (xi |µ j2 , κ j2 )

For successful merge move, we have to reallocate those observations xi with arg maxh γ(zih ) = j1
or arg maxh γ(zih ) = j2 to j∗ . At this point, we calculate the acceptance probabilities of split and
merge moves: min{1, A} and min{1, A−1 } according to Eq. (14), where
!
∂Σ
P(H + 1, Z0 , Θ0 , B|X)dH+1
A=
× det
× | det(J)|
(20)
P(H, Z, Θ, B|X)bH Palloc q(u)
∂(λ, V)

1
V j∗ = (PT V j1 + PV j2 ), d ∈ [1, D]
2

u3d = π j1 λ j1 d /[π j∗ λ j∗ d (1 − u22d )]
n
o
T
2
T
2
T
2
λ j∗ d = π−1
j∗ π j1 [(µ j1 V j1 d ) + λ j1 d ] + π j2 [(µ j2 V j2 d ) + λ j2 d ] − (µ j∗ V j∗ d )

u2d = (µTj∗ V j∗ d − µTj1 V j∗ d )/(

u1 = π j1 /π j∗

The solutions of u1 , u2 , u3 , λ j∗ d , V j∗ and P are as follows:

π j∗ [(µTj∗ V j∗ d )2 + λ j∗ d ] = π j1 [(µTj1 V j1 d )2 + λ j1 d ] + π j2 [(µTj2 V j2 d )2 + λ j2 d ]
µ j∗
(Normalized mean directions)
µ j∗ =
kµ j∗ k

π j∗ µ j∗ = π j1 µ j1 + π j2 µ j2

π j∗ = π j1 + π j2

H ). If the test is not passed, then the move is rejected in order to
P(zih = 1| · · · ) ∝ πh f (xi |{πh , θh }h=1
preserve the reversibility of the split/merge move.
The corresponding merge move is specified by the following expressions
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(22)
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It is necessary to rescale the existing weights in order to ‘make space’ for the new component using
P
π j0 = π j (1 − π j∗ ), so that πh = 1.0. The acceptance probabilities for birth and death moves are

π j∗ ∼ Beta(1, H), µ j∗ ∼ vMF(.|µ0 , C0 ), κ j∗ ∼ logNormal(.|m, σ2 )

Our birth-death move can be adopted straightforwardly from the one used in (Richardson and Green,
1997; Zhang et al., 2004). We first make a random choice between birth or death of an empty component with the same probabilities bk and dk as above. For a birth, a mixing weight and parameters
of the proposed component are drawn using the following distributions

4.3.3 B IRTH AND D EATH M OVES

Algorithm 1: Collapsed Gibbs sampling for TvMFMM
Input:
N (Unit vectors on the hypersphere)
Data points: X = {xi }i=1
Prior parameters: B={α, µ0 , C0 , m, σ2 }
Initial number of components: H
Output:
Estimation of model parameters
H , µ = {µ }H , κ = {κ }H ;
1 Initialise parameters: π = {πh }h=1
h h=1
h h=1
H }N arbitrarily;
2 Initialise latent variables Z = {{zih }h=1
i=1
3 n ← 0;
4 while NotConverged do
5
Sample a random variable u from Uniform(0,1): u ← U(0, 1);
6
if u 6 bbirth-death then
7
Create or delete an empty component;
8
else if u 6 bbirth-death + bsplit-merge then
9
Split one nonempty component into two, or merge two into one;
10
else
11
Sample latent variables, zih , following the parallel sampling in Algorithm 2;
12
end
13
if Accept the birth-death/split-merge move or Update latent variables then
14
Sample the weights, πn , following Eq. (13);
15
Sample the mean directions, µn , following Eq. (12);
16
Sample the concentration parameters, κn , using MCMC sampling;
17
Sample hyperparameters;
18
end
19
n ← n + 1;
20
Check for convergence;
21 end
22 Employ the k!-means style algorithm by Celeux et al. (2000) to solve label switching
problem for RJMCMC chains for mixture model estimation;
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rt ( s̃)

×

∂ s̃

min{1, A} and min{1, A−1 } respectively, where
P(H + 1) P(π0 |H + 1, α)
×
×
A=
P(H)
1
× (1 − π j∗ )H−1
g1,H (π j∗ )

P(H + 1)
×
P(H)
×

=
dH+1
P(H + 1)
1
1
N+Hα−H
×
× πα−1
×
× (1 − π j∗ )H−1
× (H + 1) ×
j∗ × (1 − π j∗ )
P(H)
B(α, Hα)
(H0 + 1)bH g1,H (π j∗ )

P(π|H, α)
rt (s)q(u)
∂(s, u)
Γ((H+1)α) Q
0n +α−1
H+1
h
dH+1
h=1 πh
(Γ(α))H+1
×
Γ(Hα) QH
nh +α−1
(H0 + 1)bH
h=1 πh
(Γ(α))H

=

(23)

In Eq. (23), H0 is the number of empty components, g1,H (·) is the probability density function of
Beta(1, H) distribution.
In our implementation of the reversible jump MCMC algorithm, rather than passing through
each of the six moves deterministically, following (Andrieu et al., 2003; Dellaportas and Papageorgiou, 2006), we choose to randomly select one of the three moves (i.e. Moves (3), (5) and (6)) with
fixed probabilities in each iteration. We have used (.1, .4, .5) as probabilities to choose the three
moves respectively. This allows some extra tuning which can potentially speed up the convergence
and improve the mixing of the RJMCMC chain. The resulting collapsed Gibbs sampling procedure
of TvMFMM is summarised in Algorithm 1. Note that we employ parallel sampling to update the
latent variables in Algorithm 2, which is very similar to state synchronization in the parallel topic
models proposed by Smola and Narayanamurthy (2010).

ij

H globally.
Lock {nh }h=1
Update nh = nh + [γ(zih ) − γold (zih )] for every h ∈ [1, H].
H globally.
Release {nh }h=1
end

j=1

function Inference(X, Z, α, µ0 , C0 , m, σ2 )
Initialise γold (z ) = γ(z ) for all i, h;
ih
ih
while Sampling do
H
Read global stats {nh }h=1
for every component h ∈ [1, H] do
Sample a latent, zih , conditioned on all other labels following Eq. (10).
end
Normalise local latent variables for data point xi :
ih )
γ(zih ) = PHγ(zγ(z
for every h ∈ [1, H]
)

Algorithm 2: Parallel sampling for latent variables Z

1
3

2
4
5
6
7
8
9
10
11
12
13

4.4 Online Trans-dimensional vMF Mixture Model
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This section presents the procedures of collapsed Gibbs sampling for the proposed online transNt T
dimensional von Mises-Fisher mixture model (OTvMFMM). Given data, X={{xt,i }i=1
}t=1 , where
xt,i ∈ RD , OTvMFMM assumes the generative model for the data given in Figure 2.
The user specified prior parameters are B={α, µ0,0 , C0 , m, σ2 }. To some extent, the prior parameter C0 acts as a smoothing term to ensure that the parameters of the next time epoch to be similar
to the previous one. Following Gopal and Yang (2014), the concentration parameters of the clusters at time t (kt,h ) are drawn from a log-Normal distribution with mean m and variance σ2 . The
15

πt ∼ Dirichlet(.|α)
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µ1,h ∼ vMF(.|µ0,0 , C0 ), h ∈ [1, H]

µt,h ∼ vMF(.|µt−1,h , C0 ), for t ∈ [2, T ], h ∈ [1, H]

µt,h ∼ vMF(.|µt,0 , C0 ), t ∈ [2, T ], h = H + 1

kt,h ∼ logNormal(.|m, σ2 )

xt,i ∼ vMF(.|µzt,i , kzt,i )

zt,i |πt ∼ Multi(.|πt )

where t ∈ [1, T ], h ∈ [1, H], i = 1, 2, · · · Nt

Figure 2: A graphical model representation of OTvMFMM, in which nodes represent random variables, arrows denote dependency among variables, and plates denote replication.

cluster-specific mean parameters at time t (µt,h ) are drawn from a vMF distribution centered around
the corresponding clusters at the previous time t − 1 or centered around µt,0 with concentration C0 .
This evolutionary change of the cluster parameters introduces flexibility and enables OTvMFMM
to accommodate smooth changes in the mean parameter within a given cluster over time.

Nt
Y

i=1

P(zt,i |π) f (xt,i |µzt,i , κzt,i )

(24)

The inference and reversible jump MCMC algorithm for OTvMFMM can be adapted straightforwardly from those of TvMFMM introduced in Section 4.2, 4.3. The likelihood of the completedata is given by
Nt
Nt
H
P(H,{xi,t }i=1
, {zi,t }i=1
, {πt,h , θt,h }h=1
|B)

H
Y

h=1

f (µt,h |µt−1,h , C0 ) f (κt,h |m, σ2 )

Nt
Nt
Nt
H
= P(H) f (πt |α) P({zi,t }i=1
|πt ) f (µt |µt,0 , C0 ) f (κt |m, σ2 ) f ({xi,t }i=1
, {zi,t }i=1
|{πt,h , θt,h }h=1
)

= P(H) f (πt |α)

κt

H
Y

h=1

h=1

P(zt,i,h = 1)

f (πt |α)

f (πt |α)

µt

κt h=1

Z Z Y
H

f (xi |µt,h , κt,h ) f (µt,h |µt−1,h , C0 ) f (κt,h | m, σ2 )

P(zt,i,h = 1) f (xt,i |µt,h , κt,h ) f (µt,h |µt−1,h , C0 ) f (κt,h | m, σ2 )

(25)

The likelihood of xt,i can be defined as one of its marginal distributions by integrating out the
distributions πt , µt and κt and summing over zt,i :

πt

µt

f (xt,i |m, σ2 , µt−1,h , C0 , α) =
Z Z Z
H
Y
Z

πt

=
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Similarly to Section 4.2, we obtain the following updates for the posterior parameters.

16

P

H
H
1 X
1 X
log(κt,h ), σ2 =
log(κt,h )2 − m2
H h=1
H h=1

(27)

i zt,i,h .

(26)

H ,B | X )
P(H, Zt , {πt,h , θt,h }h=1
t

0 }H , B | X )
P(H + 1, Z0t , {π0t,h , θt,h
t
h=1

×

∂Σ
dH+1
×
× | det(J)|
bH Palloc q(u)
∂(λ, V)
(28)

4. http://suvrit.de/work/soft/movmf/
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In this section, we evaluate the proposed models on synthetic and real-world data. We used the
movMF software4 provided by Banerjee et al. (2005) to generate synthetic data with: a) 4 wellseparated components; b) 5 well-separated components; c) 7 not well-separated components. Each
of the synthetic datasets has a training size of 10000 and held-out test data size of 2500. The
visualisation of synthetic dataset is presented in Figure 3.

5. Empirical Evaluation

In Eq. (29), H0 is the number of empty components, g1,H (·) is the probability density function of
Beta(1, H) distribution.

The acceptance probabilities for birth and death moves are min{1, A} and min{1, A−1 } respectively,
where
P(H + 1)
1
N+Hα−M
A=
×
× πα−1
× (H + 1)
t, j∗ (1 − πt, j∗ )
P(H)
B(α, Hα)
(29)
1
dH+1
×
×
× (1 − πt, j∗ )H
(H0 + 1)bH g1,H (πt, j∗ )

A=

Similarly, the move (5) and (6) of the RJMCMC algorithm for OTvMFMM can be straightforwardly derived following the strategy for TvMFMM in Section 4.3. The acceptance probabilities of
split and merge moves are min{1, A} and min{1, A−1 } respectively, where

m=

where nt,h is the number of observations assigned to the h-th component at time t, nt,h =
The empirical updates for the prior parameters are given as follows
PH
PH
k h=1
µt,h k
µt,h
rD − r3
, C0 =
, where, r =
, t ∈ [2, T ]
µt,0 = Ph=1
H
2
H
k h=1 µt,h k
1−r


H
X
 Γ(Hα) 
πt,h
arg max −log  QH
 + (α − 1)
α>0
h=1 Γ(α)
h=1


Nt
Nt
f (πt,h |{xi,t }i=1
, {zi,t }i=1
, α) ∝ nt,h + α

i

Nt
γ(zt,i,h ) ≡ P(zt,i,h = 1|Zt,−i , {xi,t }i=1
, κt , m, σ2 , µt−1,h , C0 , α)
P
C D (kκt,h j,i zt, j,h xt, j + C0 µt−1,h k)

P
∝ nt,h + α C D (κt,h )
C D (kκt,h (xt, j + j,i zt, j,h xt, j ) + C0 µt−1,h k)
n
t,h
C D (κt,h ) C D (C0 )
P
logNormal(κt,h |m, σ2 )
f (κt,h |Xt , Zt , κt , m, σ2 ,µt−1,h , C0 ) ∝
C D (kκt,h j zt, j,h xt, j + C0 µt−1,h k)








 X


f (µt,h |Xt , Zt ,µt−1,h , C0 ) ∝ exp 
κ
z
x
+
C
µ
µ
 t,h
t,i,h t,i
0 t−1,h 
t,h 
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(b) 5 well-separated components

(c) 7 not well-separated components
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5. http://en.wikipedia.org/wiki/Wikipedia:Namespace
6. At the time we collected data for this work, there were 22 macro-categories: http://en.wikipedia.org/
wiki/Category:Main_topic_classifications
7. http://dbpedia.org
8. The category graph is a directed one due to the nature of category-subcategory structure.

Preprocessing of Wikipedia data. In Wikipedia, pages are subdivided into ‘namespaces’5
which represent general categories of pages based on their function. For instance, the article (or
main) namespace is the most common namespace and is used to organise encyclopedia articles.
In many practical applications, we might be more interested in how the actual interests of editors
(in terms of the categories of Wikipedia articles they have edited) change over time. For this reason, rather than using the main namespace as one feature, we further group Wikipedia articles into
clusters based on their macro-categories6 . Because the categories for articles given by Wikipedia
are generally not fine-grained, we infer the macro-categories for articles by identifying candidate
categories from the DBpedia7 category graph. DBpedia is one of the best known multi-domain
knowledge bases which extracts structure information from Wikipedia Categorization system and
forms a semantic graph of concepts and relations. The association between Wikipedia categories
and DBpedia concepts is defined using the subject property of the DCIM terms vocabulary (prefixed by dcterms:) (Hulpus et al., 2013). A category’s parent and child categories can be extracted
by querying for properties skos:broader and skos:broaderof, these category-subcategory relationships create connections between DBpedia concepts. We can obtain a DBpedia category graph8 by
merging all the connections among DBpedia concepts together. With the category graph available,
we can identify the macro-categories for Wikipedia articles by searching for the shortest paths from
the categories associated with the articles to the macro-categories in the category graph. If multiple
shortest paths exist, then the article is assigned to multiple macro-categories with weights proportional to the number of paths leading to a specific macro-category. For other complex methods of
labelling topics, we recommend the readers refer to Hulpus et al. (2013).
Users can make edits to any namespace or article based on their interests and expertise. The
amount of edits across all the 28 namespaces and 22 macro-categories can be considered as work
archetypes. A namespace or macro-category can be considered as a ‘term’ in the vector space
for document collections, the number of edits to that namespace/category is analogous to word
frequency. A user’s edit activity across different namespaces/categories in a time period can be
regarded as a ‘document’. The main motivation of this work is to apply topic models on the evolving
user behavioural data in order to identify and characterise the patterns of change in user edit activity

Figure 3: Visualisation of synthetic data on 3-d unit sphere.

(a) 4 well-separated components
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Training

Held-out

20
Quarter

25

30

Uname
User A

Wikipedia dataset

Dataset Statistics.
#Features
#Quarters
50
21

#True clusters
unknown

An example of a simple entry in the dataset.
Quarter
Mathematics
Science Article talk
10
233
650
2
Wikipedia
Wikipedia talk user
user talk
299
33
2
81

(i.e. common work archetypes) over time in Wikipedia. For this purpose, we parsed the May 2014
dump of English Wikipedia9 , collected the edit activity of all registered users, then aggregated the
edit activity of each user on a quarterly basis. In this way, we obtained a time-varying dataset
consisting of the quarterly editing activity of all users from the inception of Wikipedia till May 2nd,
2014. There is an overwhelming number of users who stayed active for only one quarter. To avoid
a bias towards behaviours most dominant in dataset with larger user bases, following Furtado et al.
(2013), we randomly selected 20% of users who stayed active for only one quarter, included these
users and those who were active for at least two quarters as our training dataset; the remaining 80%
of short-term users were used as held-out dataset. The statistics and an example of the dataset are
given in Figure 4. The size of the quarterly datasets range from several hundreds to about 200,000.
2.51e5

1.5

2.0

15

Observations of quarterly datasets.
Figure 4: Statistics and an example of Wikipedia dataset.

9. http://dumps.wikimedia.org/enwiki/20140502/
10. https://docs.python.org/2/library/multiprocessing.html

19

JMLR 17(200):1-51

• Non-negative matrix factorization (NMF) model (Lee and Seung, 1999). We used the Nonnegative Double Singular Value Decomposition (NNDSVD) strategy (Boutsidis and Gallopoulos, 2008) to choose initial factors for NMF, which can produce deterministic results
and avoid a poor local minimum.

• K-means (Hartigan and Wong, 1979) and MiniBatchKMeans (Sculley, 2010) algorithms with
random and k-means++ (Arthur and Vassilvitskii, 2007) initialisation for the centroids. Different initialisation of the centroids for k-means can affect its convergence and may lead to
a local minimum. The k-means++ initialisation scheme selects initial cluster centers in a
heuristic way which can speed up convergence and lead to better results than random initialisation.

We implement the models in Python, and parallelize the models wherever possible by using
the parallel functionality of Python. Specifically, we make use of the multiprocessing10 package to
implement parallelism for parameter updates, and use Value and Array data structures provided by
the package to enable data sharing among multiprocessors.
Experimental settings. All our experiments were run on 32 core AMD Opteron 6134 @
2.25Ghz with 252GB RAM. The main computational bottleneck in our collapsed Gibbs sampling
algorithm is the computation of z and κ. We compared the proposed models with the following
algorithms and models that are widely-used in the literature:

0.010

0.5

1.0

#Examples
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• Dynamic topic model (DTM)11 (Blei and Lafferty, 2006), designed for clustering of temporal
document collections represented in term-frequency style format.

• Bayesian von Mises-Fisher mixture model (BvMFMM) (Gopal and Yang, 2014), designed for
clustering of static numeric (and directional) data. The model is initialised with k-means++
(Arthur and Vassilvitskii, 2007) method.

• Dirichlet process Gaussian mixture model (DP-GMM) with sub-cluster split/merge moves12
(Chang and Fisher III, 2013).

The generated synthetic data is L2 normalised. For Wikipedia datasets, we used the tf-idf normalised representation for NMF, BvMFMM, DP-GMM and OTvMFMM, and feature count representation (without normalisation) for DTM. For k-means, MiniBatchKMeans and NMF, we used
the implementation in the scikit-learn package. If not specified, we run the models with their default parameters. If not explained specifically, TvMFMM is initialised with k-means++ strategy, and
OTvMFMM is initialised with posterior estimation from the previous time point. To determine the
number of clusters for parametric models (i.e. NMF, BvMFMM, and DTM) on real-world data, we
experimented with different number of clusters k ∈ [5, 45] with steps of 5 on the quarterly Wikipedia
editor datasets using Non-negative Matrix Factorization (NMF) clustering, and then employed measures such as normalised pairwise mutual information (NPMI) as suggested by O’Callaghan et al.
(2015) to assess model coherence for different ks. We found that overall, the run with 10 clusters
generates more coherent clusters, so we set H = 10 for parametric models. Detailed analysis is
given in Appendix F.
Chaining of clusters13 . Label switching of the components (stemming from the posterior distribution being invariant with respect to the permutation of the component labels) is an issue which
needs to be solved when analyzing MCMC samples. Briefly, label switching can be solved by
imposing certain ordering constraints on component parameters. Celeux et al. (2000) proposed a
k!-means style clustering algorithm to deal with label switching problem for MCMC chains, and
showed the advantages and justification of k!-means clustering over loss functions for label switching problem in terms of avoiding storage of the complete MCMC chain. In this work, we employ
their k!-means style algorithm for two purposes: (1) to solve label switching problem for RJMCMC
chains for mixture model estimation, and (2) to chain the clusters in different quarters together in
order to visualise the popularity and dynamics of clusters over time.
To evaluate the influence of the two different strategies for split-merge moves, we compared the
performance of TvMF mixture model with/without common eigenvectors for split-merge moves on
synthetic data. The results suggest that TvMFMM with two different strategies for the split-merge
moves show similar performance and mixing properties on synthetic data. Therefore, for the results
presented in the following sections, we ran TvMFMM and OTvMFMM with common eigenvectors
for split-merge moves. The detailed results are provided in Appendix E.
The prior parameters for all the vMF mixtures are {α, µ0 , C0 , m, σ2 }. Although we provide an
empirical Bayes step to estimate the priors from data, estimating too many parameters is prone to
problems such as overfitting. The acceptance rate of the birth-death move in Eq. (23, 29) is sensitive
to the value of α, larger value of α tends to result in lower acceptance rate for the move. We set
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11. Available at: https://www.cs.princeton.edu/˜blei/topicmodelling.html
12. Available at: http://people.csail.mit.edu/jchang7/code.php
13. Throughout the paper, we use the terms topic, component, cluster, mixture, and common user role interchangeably
to denote the same concept.
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14. http://scikit-learn.org/stable/modules/clustering.html#clustering-performance-evaluation

Table 2 presents the comparison of clustering performance. The results are the average of 10
runs for each method. K-means and MiniBatchKMeans algorithms are run with the true number
of components and hard assignments for each dataset but with 2 different strategies to initialise the
centroids. BvMFMM is also run with the true number of components. The posterior estimation of
the number of components for TvMFmix are 4, 5, and 7 for the three synthetic datasets, respectively, based on the results in Appendix E. To further verify our findings, we conducted two-way
significance tests using paired t-tests between TvMFMM and other models for every metric. The
null hypothesis is that there is no significant difference between the performance of TvMFMM and
other models.
The results show that TvMFMM performs statistically significantly better than BvMFMM on
synthetic datasets with 7 not well-separated components, but both models have similar performance
on datasets with 4 and 5 well-separated components; TvMFMM performs statistically significantly
better than DP-GMM on all the three synthetic datasets; TvMFMM has similar Homogeneity scores
as k-means and MiniBatchKMeans, but performs statistically significantly better than k-means and
MiniBatchKMeans on the other four performance metrics. Note that the clustering performance of
BvMFMM relies on setting the optimal number of clusters and reasonable initialisation of cluster
centres, while TvMFMM solves the two issues via the use of RJMCMC algorithm. For BvMFMM,
even if the number of clusters could be tuned carefully to be the optimal number for a specific
dataset, a reasonable initialisation of the cluster parameters (i.e. mean directions) would still be
difficult particularly for not well-separated datasets. This explains why TvMFMM performs better
than BvMFMM on the synthetic dataset with 7 components. Overall, the results suggest that the
proposed TvMF mixture model performs significantly better than other widely-used models such
as, k-means, BvMFMM, and DP-GMM on synthetic data, i.e. points on the unit sphere.

• Purity-related metrics14 : Homogeneity, quantifies the extent to which each cluster contains
only members of a single class; Completeness, quantifies the extent to which all members of
a given class are assigned to the same cluster.

• Adjusted Mutual Information (AMI)14 .

• Normalised Mutual Information (NMI)14 .

• Adjusted Rand Index (ARI)14 .

This section compares the clustering performance of TvMF mixture model with other models on
synthetic data. Following Gopal and Yang (2014), we compared the clustering performance of
TvMFMM with other models on synthetic datasets using the following performance metrics:

5.1 Clustering Performance on Synthetic Data
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In this section, we evaluate the performance of the proposed online trans-dimensional von MisesFishes mixture model (OTvMFMM) on Wikipedia editor activity data over 21 quarters. Because
the first 9 quarters had a small number of user activity records (generally less than 1000), we choose
to analyse the editor activity from the 10-th quarter to the 30-th quarter.

5.2 Performance on Real-world Data

0.585**
0.723**
0.771**

0.582**
0.715**
0.765**

0.577**
0.711**
0.767**

0.578**
0.711**
0.767**

0.811**
0.847**
0.767*

0.861
0.932
0.765*

0.899
0.944
0.832

Completeness

Table 2: Comparison of clustering performance for different models on synthetic data. Bold face
numbers indicate best performing method for the corresponding metric. The results of the paired
t-test against TvMFMM are denoted by: * for significance at 5% level, ** for significance at 1%
level.

α = 1.0 for all models. The prior parameter µ0 is estimated using empirical Bayes. Gopal and Yang
(2014) suggested setting the prior parameter manually with relative low values (typically smaller
than 10) rather than directly learning it from data. Following the suggestion, we set C0 = 2.0 for all
the vMF mixtures. The prior parameters m and σ2 control the range of the concentration parameters
κ, which can affect the mixing property / convergence of the RJMCMC chain. More details about
this effect are discussed in Appendix H. In the following analyses (excluding those in Appendix H),
we used the trace plot of the number of components and log likelihood over sweeps to assist setting
appropriate values for m and σ2 .
True H
ARI
AMI
NMI
Homogeneity
TvMFMM
4
0.925
0.898
0.899
0.898
0.947
0.941
0.945
0.947
5
7
0.809
0.821
0.829
0.827
BvMFMM
4
0.881
0.858
0.86
0.859
5
0.94
0.931
0.931
0.931
7
0.612** 0.676** 0.719**
0.677**
DPGMM
4
0.662** 0.652** 0.726**
0.652**
5
0.599** 0.626** 0.727**
0.626**
7
0.436** 0.494** 0.614**
0.495**
Kmeans with kmeans++ initialization
4
0.517** 0.577** 0.726**
0.911
5
0.675** 0.710** 0.825**
0.958
7
0.769* 0.766** 0.808*
0.853
Kmeans with random initialization
4
0.516** 0.576** 0.724**
0.909
5
0.674** 0.710** 0.825**
0.958
0.770* 0.766** 0.809*
0.854
7
MiniBatchKMeans with kmeans++ initialization
4
0.540** 0.581** 0.726**
0.906
5
0.692** 0.714** 0.826**
0.954
7
0.765* 0.764** 0.807*
0.85
MiniBatchKMeans with random initialization
4
0.544** 0.584** 0.729**
0.909
5
0.710** 0.722** 0.833**
0.959
7
0.775* 0.770** 0.811*
0.853
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5.2.1 C ONVERGENCE D IAGNOSTICS OF OT V MFMM
Before proceeding to model exploration, we diagnose the convergence of the OTvMFMMs. We
follow the methodology of Brooks and Giudici (2000) which monitors particular functions of parameters (e.g. log likelihood). The method requires running I independent chains with 2T iterations,
and then divides the I sequences into batches of length b, which gives a series of sequences of chains
with length 2kb (where k ∈ [1, T/b]). With sequences of chains ready, we then calculate the total
variations of log likelihood both between chains and between models to diagnose the convergence
of the RJMCMC chain. Following Brooks and Giudici (2000), six quantities are computed:
• The total variation V̂ and the within-chain variance Wc . Essentially, the ratio V̂/Wc is analogous to the potential scale reduction factor (PSRF, denoted by R̂) of Gelman and Rubin
(1992).
• The within-model variance Wm , the variance within both chains and models Wm Wc . The
comparison of Wm and Wm Wc , which should well approximate the true mean of within-model
variance, tells us how well the chains are mixing within models.

4

5
k

V_hat
Wc

4

5

V_hat
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7
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WmWc
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WmWc

8

8

9
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Bm
BmWc

Bm
BmWc

9

(d) Posterior parameter initialisation (Log likelihood)

(b) k-means++ initialisation (Log likelihood)

• The between-model variance Bm , and the within-chain variation split between and averaged
over models Bm Wc . The comparison of Bm and Bm Wc , which should well approximate the
true between-model variance, tells us how well the chains are mixing between models.
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Figure 5: Diagnostic plots for convergence analysis and trace of the log likelihood on Wikipedia
data: (a)-(b) models started with k-means++ initial means; (c)-(d) models started with the posterior
mean of the previous quarter.

(c) Posterior parameter initialisation (Anova)
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For details of the quantities readers can refer to Brooks and Giudici (2000). Three independent
chains (each chain running 20000 iterations) were used to diagnose the convergence of OTvMFMMs
started with k-means++ initial mean parameters (the initial number of components was set to 10)
and started with the posterior mean of the previous quarter, respectively. We use log likelihood as
the scalar parameter for convergence diagnostics which has also been used by (Brooks and Giudici,
2000; Zhong and Girolami, 2009). Figure 5 gives the diagnostic plots of convergence analysis on
the 15th quarter of Wikipedia editor activity data.
The results showed that in general, OTvMFMMs started with k-means++ initial mean parameters have higher level of variations in log likelihood than those started with posterior parameter
initialisation. OTvMFMMs started with k-means++ initial mean parameters became convergent after k=4, as evidenced in the corresponding trace plot for log likelihood; the overall variations of log
likelihood for OTvMFMMs started with posterior mean initialisation were relatively stable throughout the range of ks, the chains were mixing very well after 3000 iterations. The results suggested
that, OTvMFMM started with posterior mean initialisation converges faster than that started with kmeans++ initial mean parameters. When analysing the massive temporal Wikipedia data, we notice
that OTvMFMMs started with posterior mean initialisation tend to converge within 3000 iterations;
we generally determine the convergence of OTvMFMM by checking the trace of the log likelihood.
5.2.2 Q UALITATIVE A NALYSIS

To show how the OTvMFMM can generate more coherent, interpretable and intuitive clusters (or
common user roles) than existing models for time-varying user behavioural data, we compare the
popularity of clusters over time and the evolution of top terms for selected similar clusters identified by different models. Figure 6 presents the trends of clusters over time for different models15 .
We hand-labelled the clusters generated by different models according to the top terms for each
cluster. We observe that clusters generated by DTM and OTvMFMM evolve relatively smoothly
in their trends over time; NMF tends to generate many clusters that appear in less than 4 quarters,
indicating smoothness issues in the clusters; DTM fails to capture the birth/death of clusters over
time, while OTvMFMM can capture the birth/death of clusters over time; BvMFMM generates the
least smooth clusters in terms of popularity over time. Comparing the cluster labels for DP-GMM
and OTvMFMM in Figure 6, we notice that DP-GMM tends to generate fewer clusters that are relatively general, whereas OTvMFMM tends to generate a larger number of clusters that are specific,
interpretable and intuitive.
Figure 7 visualises the evolution of top terms for selected common user roles identified by different models. We observe that user roles generated by DTM and OTvMFMM generally contain a few
most dominant terms, indicating interpretable and intuitive clusters; NMF also generates a few interpretable clusters; BvMFMM and DP-GMM tends to generate clusters with many dominant terms,
indicating general and less interpretable clusters. The visualisation of more common user roles are
provided in Figure 18 of Appendix I. Overall, the results suggest that DTM and OTvMFMM tend
to generate interpretable and intuitive clusters, NMF tends to generate many clusters that appear in
less than 4 quarters, BvMFMM and DP-GMM tend to generate general clusters that lack of most
dominant terms.
Appendix G presents a discriminative analysis of of the topical representations by different
models on the 18th quarter of Wikipedia Editor dataset.

JMLR 17(200):1-51

15. To improve readability, we only visualise the trends for clusters that appear at least 4 quarters.
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Figure 6: Popularity of common user roles over time for different models and birth-death of user
roles over time for OTvMFMM. Quarter corresponds to the index of quarter. Intensity indicates the
weight of user roles in each quarter, and is calculated as the percentage of user profiles assigned
to that user role in a quarter. Each curve represents the trend of one user role over time. Chain id
indicates the corresponding user role for OTvMFMM. NB: in (e), we make use of a discontinuity in
the y-axis to better visualise the detail in the bottom of the plot.
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We evaluate the performance of OTvMFMM and its counterparts quantitatively from two aspects:
the coherence of the clusters generated, and the perplexity (equivalently, held-out log likelihood) of
the models. Traditional predictive metrics, such as perplexity, are commonly used in the literature
to evaluate topic models; these metrics capture the model’s predictive ability over a test set of un-

5.2.3 Q UANTITATIVE A NALYSIS

30
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30

Figure 7: Evolution of top terms for similar common user roles (Misc Maintenance) identified by
different models. Weight indicates the weight of features for the user roles, and is available from
the model parameters.
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seen documents based on the parameters learned from a training set (Chang et al., 2009). Following
Rthese authors, the predictive likelihood of data point x can be approximated using P(x | Xtrain ) =
P(x, Θ|Xtrain ) ≈ P(x|Θ̂) P(Θ̂|Xtrain ), where Θ̂ are the posterior estimation of model parameters
Θ
learned from the training set. Chang et al. (2009) showed that perplexity was often negatively correlated with human judgements of topic quality, and suggested alternative measures such as topic
coherence or focusing upon real-world task performance that includes human knowledge to evaluate
topic quality. Topic coherence can capture the semantic interpretability of discovered topics based
on their corresponding descriptor terms using measures such as normalised Pointwise Mutual Information (NPMI) (Chang et al., 2009; O’Callaghan et al., 2015). Higher coherence scores indicate
better semantic interpretability, thus more coherent and interpretable topics. Figure 8 compares the
coherence of clusters, and held-out log likelihood for different models16 .

15

(b) Held-out log likelihood

Figure 8: Mean normalised PMI and held-out log likelihood.

(a) Cluster coherence (NPMI)

Held-out Loglikelihood
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16. We did not compare with the perplexity of DTM because DTM inferred model parameters using variational Bayes,
and gave a lower bound of held-out log likelihood.

Table 3 compares the learning time of different models on the 13th to 16th quarter of Wikipedia
datasets. For DTM, the time reported was the total learning time on the 4 datasets. It is obvious
from the table that NMF took the least time to learn the model, DTM took the second least time
to learn the model, DP-GMM and BvMFMM took about the same amount of time to train the

5.2.4 T IME A NALYSIS

We observe that the NPMI values of OTvMFMM are constantly higher than those of NMF and
DTM in the range of quarters considered; the NPMI values of OTvMFMM are higher than those
of BvMFMM and DP-GMM in most quarters. The NPMI values of BvMFMM and DP-GMM
experience certain level of fluctuation compared with those of the other three models. The heldout log likelihood of OTvMFMM is constantly higher than that of BvMFMM in all the quarters
considered; the held-out log likelihood of OTvMFMM is higher than that of DP-GMM from quarter
10 to 23, after which the measures of the two models are approximately at the same level. To
summarise, the results suggest that OTvMFMM presents better predictive ability on unseen data
than BvMFMM and DP-GMM, and that OTvMFMM generates more interpretable and coherent
clusters than other models.

0.4510
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0.55

Normalized PMI

30

Q IN , C UNNINGHAM AND S ALTER -T OWNSHEND

model. Comparing with the other four models, OTvMFMM took the maximum amount of time to
learn the model on all the datasets considered. This is due to two reasons: (i) it generally takes a
substantial amount of time for reversible jump MCMC styled algorithms (e.g. Richardson and Green
(1997); Zhang et al. (2004); Dellaportas and Papageorgiou (2006); Zhong and Girolami (2009)) to
generate convergent MCMC chains; (ii) compared with other models, updating the latent variables
in OTvMFMM involves calculating the normalising constants of von Mises-Fisher distributions,
which is computationally expensive, particularly for large datasets.

5000

40

BvMFMM

10000

OTvMFMM

–

#Obs

7344
10217
14829
20129

DP-GMM

53333.33
69504.62
119349.18
108577.73

200

735.66
1503.28
1742.40
2032.45

DTM

6217.0

867.95
1170.56
1722.03
2215.67

–
12.65
15.83
32.34
27.92

NMF

Table 3: Learning time in seconds for number of iterations (#Iterations) after which the algorithms
converged for different models.

#Iterations
Quarter 13
Quarter 14
Quarter 15
Quarter 16

6. Applications of User Profiles

In this section, we explore: (1) how discriminative are the generated features in distinguishing
different groups of users, and (2) how useful are the features generated from patterns of change in
editor activities by different models for the churn prediction task. Identifying the key features that
distinguish different user groups and different life stages makes it possible to develop techniques for
important applications, such as churn prediction and task recommendation. Churners present a great
challenge for community management and maintenance as the turnover of established members can
have a detrimental effect on the community in terms of creating communication gaps, knowledge
gaps or other gaps. Qin et al. (2014) presented similar applications of user profiles. This work
replicates their application scenarios in order to provide insights into the usefulness of the features
generated by the proposed models in real-world applications.
6.1 Group Level Change in User Profiles

x

X

p(x) logq(x)
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(30)

Different users are more likely to follow slightly or totally different trajectories in their lifecycle.
In this analysis, we examine how different groups of users evolve throughout their lifecycle periods
by comparing how each user’s profile in one period is different from that in the previous periods.
The historical comparison of the distribution of user profiles toward user roles is a useful indicator
of how the user changes edit activity relative to past behaviour. Cross-period entropy can be used
to gauge the cross-period variation in user’s edit activity throughout lifecycle periods. The crossentropy of one probability distribution P (from a given lifecycle period) with respect to another
distribution Q from an earlier period (e.g. the previous quarter) is defined as follows (Rowe, 2013):
C(P, Q) = −
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17. In Wikipedia, bots are generally programs or scripts that make repetitive automated or semi-automated edits without
the necessity of human decision-making: http://en.wikipedia.org/wiki/Wikipedia:Bot_policy

We observe from Figure 9 that there is an obvious separation between the curves corresponding
to the evolution of cross-period entropies of different groups of users using features generated from
both models. Because DTM generates relatively general topics and tends to predict a mixture of
topics (common user roles) for user profiles (a.k.a. soft clustering), whereas OTvMFMM tends to
generate more specific, interpretable and intuitive topics, and then predicts a unique topic for user
profiles (a.k.a. hard clustering). Special care should be taken when interpreting the trends in the
evolution of cross-period entropies for the two models. For DTM, the cross-period entropies of
groups with short-term users (i.e. 4) are much higher than those of groups with long-term users (i.e.
40, 30–35, and Admins), suggesting that short-term users generally experience more fluctuation in
their historical edit activity and thus distribute their edit contribution among multiple namespaces
and categories of articles over the course of their career. For OTvMFMM, the cross-period entropies
of all groups increase over time and the cross-period entropies of groups with long-term users are
much higher than those of groups with short-term users, indicating that long-term users are more

Figure 9: Evolution of cross-period entropy for different groups of users using features generated
from DTM and OTvMFMM.
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Table 4: Groups of Editors
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Figure 10 provides sample individual user lifecycles for two groups of users: short-term and
long-term users in terms of the evolution of profile distribution over time. We observe that there are
certain level of fluctuations in the profile distributions of short-term users, signifying that short-term
users generally do not develop long-term edit interests and tend to distribute their edit contribution
among multiple namespaces and categories of articles over the course of their career in the community. In contrast, long-term users generally experience gradual and soft evolution in their profile
distributions, and have more diversified edit preference than short-term users; these users tend to
have focused/dominant long-term edit interests in one or more namespaces/categories of articles
throughout their contributory lifespans. These user lifecycles provide further supports for the arguments we make in the previous paragraph.
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Definition of churn prediction. Following Danescu-Niculescu-Mizil et al. (2013), we define the
churn prediction task as predicting whether an editor is among the ‘departed’ or the ‘staying’ class.
Considering that our dataset spans more than 5 years (i.e. 21 quarters), and that studies about churn
prediction generally follow the paradigm of predicting the churn status of users in the prediction
period based on user exhibited behaviour in the observation period (e.g. Weia and Chiub (2002);
Danescu-Niculescu-Mizil et al. (2013)), we employed a sliding-window based method for churn

6.2 Churn Prediction
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Figure 10: The dynamic of profile distribution for selected long-term and short-term users for DTM
(a-c) and OTvMFMM (d-f). Probability represents the probability of assigning user profile to a
specific user role, and is predicted by DTM. Chain id indicates the corresponding user role for
OTvMFMM.
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likely to grow gradually in their expertise (i.e. changing from one user role to another) than shortterm users. Overall, the results suggest the features generated by both DTM and OTvMFMM can
capture change in editor activity over time.
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0.6

1.0
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Chain id

We are interested in questions such as: what are the differences between the changes in edit activity for different groups of users (e.g. short-term vs. long-term users, admin vs. bot17 users)
over time? For this purpose, we divide the users into several groups according to the number
of active quarters as in Table 4. We calculated the cross-period entropy of each user throughout
their lifestages based on the distributions of their profiles toward the common user roles, and then
recorded the mean of the entropy measures for each group within each period. Plotting the mean
entropy values over lifecycle periods provides an overview of the general changes that each group
experiences. Figure 9 visualises the cross-period entropies for different groups of editors over time.
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prediction. Specifically, we make predictions based on features generated from editor profile distributions in a sliding window with w=4 quarters. An editor is in the ‘departed’ class if she leaved
the community before being active for less than m=1 quarter after the sliding window, denote the
interval [w, w+m] as the departed range. Similarly, an editor is in the ‘staying’ class if she was
active in the community long enough for a relatively large n ≥ 3 quarters after the sliding-window,
term the interval [w + n, +∞] as the staying range.
6.2.1 F EATURES FOR THE TASK
Our features are generated based on the findings reported in the previous section. For simplicity, we
assume the w quarters included in the i-th sliding-window being i = [ j, · · · , j + w − 1] ( j ∈ [10, 30]),
and denote the Probability Of Activity Profile of an editor in quarter j assigned to the k-th user role
as POAPi, j,k . We use the following features to characterise the patterns of change in editor profile
distributions:
• First active quarter: the quarter in which an editor began edits in Wikipedia. The timestamp
a user joined the community may affect her decision about whether to stay for longer.
• Cumulative active quarters: the total number of quarters an editor had been active in the
community till the last quarter in the sliding window.
• Fraction of active quarters in lifespan: the proportion of quarters a user was active till the
sliding window.
• Fraction of active quarters in sliding window: the fraction of quarters a user was active in
current sliding window.
• Similarity of profile distribution in sliding window: quantifies the similarity of user profile
distributions in any two successive quarters using cosine similarity.
• Diversity of edit activity: denotes the entropy of POAPi, j,k for each quarter j in window i.
This measure captures the extent to which an editor diversified her edits toward multiple
namespaces and categories of articles.
• Cross-entropy of edit activity: denotes the historical variation in POAPi, j,k compared to the
same measure in previous quarters, calculated using Eq. (30). This measure captures the
extent to which an editor changed her edit activity compared to her past behaviour.
• mean POAPi, j,k : denotes the average of POAPi, j,k for each user role k in window i, and captures whether an editor focused her edits on certain namespaces and categories of articles in
window i.
• ∆POAPi, j,k : denotes the change in POAPi, j,k between the quarter j − 1 and j, measured by
∆POAPi, j,k =(POAPi, j,k − POAPi, j−1,k + δ)/(POAPi, j−1,k + δ), where δ is a small positive real
number (i.e. 0.001) to avoid the case when POAPi, j−1,k is 0. This measure also captures the
fluctuation of POAPi, j,k for each user role k in window i.

JMLR 17(200):1-51

For each editor, the first three features are global-level features which may be updated with the
sliding window, the remaining features are window-level features and are recalculated within each
sliding window. The intuition behind the last four features is to approximate the evolution of editor
lifecycle we sought to characterise in the previous section. The dataset is of the following form:
D=(xi , yi ), where yi denotes the churn status of the editor, yi ∈ {Churner, Non-churner}; xi denotes
the feature vector for the editor.
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6.2.2 TASK P ERFORMANCE

BvMFMM

NMF

OTvMFMM

DTM

Models

0.45±0.04

0.48±0.03

0.45±0.02

0.47±0.03

0.40±0.02

FP Rate

0.70±0.01

0.69±0.01

0.70±0.01

0.69±0.01

0.72±0.01

Precision

0.71±0.01

0.71±0.01

0.71±0.01

0.71±0.01

0.73±0.01

Recall

0.69±0.02

0.68±0.01

0.69±0.01

0.69±0.01

0.72±0.01

F-Measure

0.72±0.04

0.70±0.03

0.73±0.02

0.72±0.02

0.77±0.01

ROC Area

Table 5: Performance of sliding-window based churn prediction using features generated from different models. The measures are averaged over all sliding windows for each model.

DP-GMM
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30%
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% of Editors Selected
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90%

100%

Baseline
DTM
OTvMFMM
NMF
BvMFMM
DP-GMM

Table 5 gives the averaged performance of sliding-window based churn prediction using features generated from different models. We observe that the best performance is obtained using
features generated from DTM; churn prediction using features generated from the other four models presents similar performance. Notice that DTM and NMF generally generate a mixture of topics
for user profiles, while the other three models tend to generate unique topics for user profiles. This
suggests that different models may be applied to applications with different requirements. Alternatively, models such as DTM and NMF may be better at capturing change in user behaviour for
churn prediction, while discriminative models such as DP-GMM and OTvMFMM may be better at
identifying user expertise for task recommendation. Our results suggest that sudden changes in user
behaviour can be a signal that the user is likely to abandon the community, and that features inspired
by topic models are useful for churn prediction.
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Figure 11: Lift chart of churn prediction using features generated from different models. The
measures are averaged over all sliding windows.
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This work proposed an online trans-dimensional von Mises-Fisher mixture model (OTvMFMM)
for temporal user behavioural data, which (a) enables information sharing among clusters via a
Bayesian framework, (b) allows adaptive change in the number of clusters by using our extended
version of the reversible jump MCMC algorithm, and (c) accommodates the dynamics of clusters
for time-varying user behavioural data based on the smoothness assumption. Our efficient collapsed Gibbs sampling algorithms make the models applicable to large-scale real-world data such
as Wikipedia dataset. Empirical results on synthetic and real-world data show that the proposed
models can discover more interpretable and intuitive clusters than other widely-used models, such
as k-means, Non-negative Matrix Factorization (NMF), Dirichlet process Gaussian mixture models
(DP-GMM), and dynamic topic models (DTM). We further evaluated the performance of proposed
models in real-world applications, such as churn prediction task, that shows the usefulness of the
features generated.
The results show that the proposed OTvMFMM can discover more interpretable and intuitive
clusters for evolving user behavioural data than DP-GMM with sub-cluster split/merge moves by
Chang and Fisher III (2013), whereas the latter is found to converge much faster than the former.
An interesting and promising future direction is to replace the reversible jump MCMC algorithm
(Richardson and Green, 1997) with the subcluster split-merge strategy (Chang and Fisher III, 2013)
in order to allow adaptive change in the number of clusters for the Bayesian von Mises-Fisher
mixture models. The new integration would lead to more efficient and interpretable non-parametric
models for L2 normalised data that combine the advantages of both OTvMFMM and DP-GMM. In
addition, heterogeneous user behavioural data are ubiquitous in the sense of multiplicity of features
and multiple data sources available. We would like to handle heterogeneous data and apply the
models to analyse user behavioural data in other online communities.

7. Conclusion

Lift factors have been widely used by researchers to evaluate the performance of churn-prediction
models (Weia and Chiub, 2002). The lift factors achieved by different models are shown in Figure 11. In a lift chart, the diagonal line represents a baseline which randomly selects a subset of
editors as potential churners, i.e., it selects s% of the editors that will contain s% of the true churners, resulting in a lift factor of 1. For instance, in Figure 11, on average, all models (except Baseline)
was capable of identifying 10% of editors that contained at least 20% of true churners (i.e. a lift
factor of 2.0). DTM was capable of identifying 20% of editors that contained 39.3% of true churners (i.e. a lift factor of 1.966), and 30% of editors that contained 53.9% of true churners (i.e. a lift
factor of 1.799). Evidently, DTM achieved slightly higher lift factors than the other four models, all
models achieved higher lift factors than the baseline. Thus if the objective of the lift analysis is to
identify a small subset of likely churners for an intervention that might persuade them not to churn,
then this analysis suggests that all models can identify a set of 10% of users where the probability
of churning is more than twice the baseline figure.
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Derek O’Callaghan, Derek Greene, Joe Carthy, and Pádraig Cunningham. An analysis of the coherence of descriptors in topic modeling. Expert Systems with Applications (ESA), 42(13):5645–
5657, 2015.

David Peel, William J. Whiten, and Geoffrey J. McLachlan. Fitting Mixtures of Kent Distributions
to Aid in Joint Set Identification. Journal of the American Statistical Association, 96(453):56–63,
2001.
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18. In the calculation, following Heinrich (2009), the Dirichlet integral of the first kind for summation function,
R QH α −1
R1
P
Γ(α)H
h
is used, analogous to the identity of the beta integral: B(α1 , α2 )= 0 xα1 −1 (1 − x)α2 −1 dx.
h πh =1, Γ(Hα) = π
h=1 πh
The identity Γ(x + 1)=xΓ(x) is used in the last line.

Similarly, expanding out the probabilities f (xi |µzi , κzi ), f (x j |µh , κh ) and f (µh |µ0 , C0 ) according to
their usual definitions, f (xi |µzi , κzi ) = C D (κzi )exp{κzi µTzi xi } and f (µh |µ0 , C0 ) = C D (C0 )exp{C0 µT0 µh }

Z

where the description of each term in Eq. (A-1) can be referred to Eq. (7). Expanding out the
Dirichlet priors and the discrete distributions according to their usual definitions, i.e., P(π|α) ∼
Dirichlet(H, α), P(zi |π) ∼ Multi(.|π), yields18 :

j,i



H Z 

Y
Y

 f (xi |µzi , κzi )
f (x j |µh , κh ) f (µh |µ0 , C0 ) f (κh | m, σ2 )

j,i,z jh =1
h=1 µh


Z
H Z 

Y
Y
Y

 f (µ |µ , C )
 f (xi |µzi , κzi )
∝
P(zi |π) f (π|α)
P(z j |π) ×
f
(x
|µ
,
κ
)
h 0
0
j h h 


π
µ

∝

π

γ(zih ) ≡ P(zih = 1|Z−i , {x j }Nj=1 , κ, m, σ2 , µ0 , C0 , α) ∝
Z Z
H
Y
Y
f (xi |µzi , κzi )P(zi |π) f (π|α)
P(z j |π) f (x j |µz j , κz j )
f (µh |µ0 , C0 ) f (κh | m, σ2 )

Updates for zi . The conditional distribution for zi is given by
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yields19 :

C D (κh )nh,−i +zih C D (C0 )

µh
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h=1

h=1

Y
C D (κh )nh,−i +zih C D (C0 )


P
C D (kκh xi + j,i z jh x j + C0 µ0 k)

H



H Z


Y
Y

f (x j |µh , κh ) f (µh |µ0 , C0 ) =
 f (xi |µzi , κzi )
j,i,z jh =1
h=1 µh





H Z


Y
X





T
T 
C D (κh )nh,−i +zih C D (C0 )exp 
=
z jh x j 
C0 µ0 µh + κh µh  xi +





j,i
h=1 µh

 
Z


H
 

Y
X








T
T

exp 
z jh xTj  µh 
C0 µ0 + κh xi + κh





j,i
=

=

Y

P(z j |π)

h=1

µh

j,i,z jh =1



f (x j |µh , κh ) f (µh |µ0 , C0 )

Substituting Eq. (A-2)-(A-3) in Eq. (A-1) yields the following:

P(zi |π) f (π|α)

j,i

P(zih = 1|Z−i , {x j }Nj=1 , κ, m, σ2 , µ0 , C0 , α)
Z
Z 
H
Y
Y

 f (xi |µzi , κzi )
∝

π

H

nh,−i +zih C (C )
Y
C
D (κh )
D 0


∝ (α + nh,−i )
P
j,i z jh x j + C 0 µ0 k)
h=1 C D (kκh xi +
P
C D (kκh j,i z jh x j + C0 µ0 k)


P
C D (kκh xi + j,i z jh x j + C0 µ0 k)

∝ (α + nh,−i )C D (κh )

Y

µh z =1
ih

f (xi |µh , κh ) f (µh |µ0 , C0 ) f (κh | m, σ2 )

n
o
C D (κh )C D (C0 )exp κh µhT xi + C0 µ0T µh logNormal(κh |m, σ2 )

µh z =1
ih

Updates for κ. Similarly, the conditional distribution for κh is given by
Z Y
Z

f (κh |Z, {x j }Nj=1 , κ, m, σ2 , µ0 , C0 ) ∝

∝

C D (κh )

C D (C0 )

logNormal(κh |m, σ2 )

µh

C D (κh )nh C D (C0 )
P
logNormal(κh |m, σ2 )
C D (kκh j:z jh =1 z jh x j + C0 µ0 k)

zih =1



Z




X




xi + C0 µ0T µh  logNormal(κh |m, σ2 )
∝
C D (κh )nh C D (C0 )exp κh µT





 h
µh
zih =1


Z




X




nh
T
∝
exp 
xi + C0 µ0T µh 
κh µh





∝

where nh is the number of observations assigned to the h-th component.

(A-3)

(A-4)

(A-5)
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19. In this calculation, the identity of the von Mises-Fisher integral (Mardia and Jupp (2000), page 168; Chiuso and Picci
n
o
 1−D/2
R
D
(1998)) is used, RD−1 exp κµT x dx = (2π) 2 2κ̂
ID/2−1 (κ̂) = C D1(κ̂) , where κ̂ = kκµk.
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Appendix B Empirical Bayes Estimates for Prior Parameters

The joint likelihood function of the prior parameters (µ0 , C0 , m, σ2 , α) is given by:

h=1

h=1

H
H
Y
n
oY
C D (C0 )exp C0 µ0T µh

N
N
L(µ0 , C0 , m, σ2 , α|{xi }i=1
, µ, κ, π) = f ({xi }i=1
|µ, κ, π) f (µ|µ0 , C0 ) f (κ|m, σ2 ) f (π|α)
(
)
H
Γ(Hα) Y α−1
(logκh − m)2
1
πh
√ exp −
QH
2σ2
κh σ 2π
h=1 Γ(α) h=1

∝

0

h=1

h=1

(B-1)

(B-5)

(B-4)

(B-3)

(B-2)

Since the prior parameters are assumed to be independent, we have the following log-likelihood
functions according to Eq. (B-1)
H

X

N
logL(C0 , µ0 |{xi }i=1
, µ) = H logC D (C0 ) + C0 µ0T  µh 

H


1 X
H
N
log(κh )2 − 2mlog(κh ) + m2
logL(m, σ2 |{xi }i=1
, κ) = − log(σ2 ) −
2
2σ2 h=1


H
Y
 Γ(Hα) 
N
 + (α − 1)
, π) = −log  QH
πh
logL(α|{xi }i=1
h=1 Γ(α)
h=1

0

Following Gopal and Yang (2014), the empirical Bayes estimate for C0 , µ0 is given by:
H

X 
arg max H logC D (C0 ) + C0 µ0T  µh 
µ ,C

which suggests the following updates (Gopal and Yang, 2014)
P
P
H
H
µ
k h=1
µh k
rD
− r3
h
, C0 =
µ0 = Ph=1
, where, r =
H
H
k h=1
µh k
1 − r2

Similarly, the empirical Bayes estimate for α is given by Gopal and Yang (2014):


H
X
 Γ(Hα) 
πh
arg max −log  QH
 + (α − 1)
α>0
h=1 Γ(α)
h=1

(B-6)

Since there exists no closed-form solution for Eq. (B-5), we rely on numerical optimization such as
gradient descent to find the Maximum Likelihood Estimate for α.
The empirical Bayes estimate for m, σ2 can be obtained in a similar way by taking the partial
derivative on Eq. (B-2) w. r. t. m and σ2 , respectively, which gives:

H

∂logL(m, σ2 |X, κ)
1 X
=− 2
−2log(κh ) + 2m = 0
∂m
2σ h=1

H
H
1 X
1 X
log(κh ), x = σ2 =
log(κh )2 − m2
H h=1
H h=1

H

H
1 X
∂logL(m, σ2 |X, κ)
=− + 2
log(κh )2 − 2mlog(κh ) + m2 = 0 (Let x=σ2 )
∂x
2x 2x h=1

⇒m=
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Alternatively, we can use the Monte Carlo Expectation-Maximum (MCEM) algorithm (Wei and
Tanner, 1990) to estimate the prior parameters m and σ2 .

40

L H
L H
1 XX
1 XX
log(κh(i) ), σ2 =
log(κh(i) )2 − m2
LH i=1 h=1
LH i=1 h=1

N |Z, µ, κ)
P(H) f (π|α)P(Z|π) f (µ|C0 , µ0 ) f (κ|m, σ2 ) f ({xi }i=1

=

=

N |π)
P({z0i }i=1
N
P({zi }i=1 |π)

nj nj
π j1 1 π j2 2
n
π j∗j∗

∗

P(H + 1) f (π0 |α) P(Z0 |π0 ) f (µ0 |µ0 , C0 )
×
×
×
×
P(H)
f (π|α)
P(Z|π)
f (µ|µ0 , C0 )

N
0 0 0
f (κ0 |m, σ2 ) f ({xi }i=1 |Z , µ , κ )
×
N
2
f (κ|m, σ )
f ({xi }i=1 |Z, µ, κ)

=

h=1

h

i=1

(C-3)

(C-2)

(C-1)

(B-7)
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where B(·, ·) is the Beta function, the (H + 1)-factor in the third line being the ratio (H + 1)!/H! from
the order statistics densities for the parameters (π, µ, κ) (i.e. label switching for the parameters). The
calculation of the Jacobian matrix J and its determinant is similar to that in Zhang et al. (2004) and
given in Appendix D.

i=1

f (κ j1 |m, σ2 ) f (κ j2 |m, σ2 )
f (κ0 |m, σ2 )
=
f (κ|m, σ2 )
f (κ j∗ |m, σ2 )
QN
N
N
0
0
0
0
0
f ({xi }i=1 |{zi }i=1 , µ , κ )
i=1 f (xi |µzi , κzi )
=
(likelihood
ratio)
=
QN
N
N
f ({xi }i=1 |{zi }i=1 , µ, κ)
i=1 f (xi |µzi , κzi )
N
N
X
X
where n j1 =
z i j1 , n j 2 =
zi j2 , n j∗ = n j1 + n j1

f (µ j1 |C0 , µ0 ) f (µ j2 |C0 , µ0 )
f (µ0 |C0 , µ0 )
= (H + 1)
f (µ|C0 , µ0 )
f (µ j∗ |C0 , µ0 )

(Γ(α))

P(H + 1)
f (H + 1; 1)
=
,
=
P(H)
f (H; 1)
Γ((H+1)α) QH+1 α−1
α−1
πα−1
f (π0 |α)
1
h=1 πh
j1 π j2
(Γ(α))H+1
= Γ(Hα) QH
=
f (π|α)
B(α, Hα) πα−1
πα−1
H
j

N )
P(H, Z, Θ, B|{xi }i=1

N )
P(H + 1, Z0 , Θ0 , B|{xi }i=1

N )
P({xi }i=1

N )
P({xi }i=1

N )
P(H, Z, π, µ, κ, m, σ2 , µ0 , C0 , α, {xi }i=1

where each term in Eq. (C-2) can be specified as follows:

H
N
P(H, Z, {πh , θh }h=1
, B|{xi }i=1
)

H , B|{x }N ) below:
We can factorize P(H, Z, {πh , θh }h=1
i i=1

Appendix C Factorization of Acceptance Probability

m=

• M-step: Estimate m and σ2 by maximising the log-likelihood:

H , i ∈ [1, L]. Note that previously,
• E-step: Randomly sample L times the value for κh , {κh(i) }h=1
we use MCMC sampling to estimate κk s. Here, we can reuse the set of generated κh s in the
MCMC step.
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∂Σ
∂(λ,V)

(A)+

(C-4)

can be computed by

∂(λ,V)
0
∂(vec Σ)

∂Σ
∂(λ, V)
=
0
∂(λ, V)
∂(vec Σ)

is non-zero, then we can have
−1

(C-8)

(C-7)








∂s0
J=
= 
∂(s, u) 





∂π j1
∂π j∗
∂π j2
∂π j∗
∂µ j1
∂π j∗
∂µ j2
∂π j∗
∂g j1
∂π j∗
∂g j2
∂π j∗

∂π j1
∂u1
∂π j2
∂u1
∂µ j1
∂u1
∂µ j2
∂u1
∂g j1
∂u1
∂g j2
∂u1
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∂π j1
∂µ j∗
∂π j2
∂µ j∗
∂µ j1
∂µ j∗
∂µ j2
∂µ j∗
∂g j1
∂µ j∗
∂g j2
∂µ j∗

∂π j1
∂u2
∂π j2
∂u2
∂µ j1
∂u2
∂µ j2
∂u2
∂g j1
∂u2
∂g j2
∂u2

∂π j1
∂g j∗
∂π j2
∂g j∗
∂µ j1
∂g j∗
∂µ j2
∂g j∗
∂g j1
∂g j∗
∂g j2
∂g j∗

∂π j1
∂u3
∂π j2
∂u3
∂µ j1
∂u3
∂µ j2
∂u3
∂g j1
∂u3
∂g j2
∂u3
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(D-1)

Let s = {π j∗ , µ j∗ , g j∗ } and s0 = {π j1 , π j2 , µ j1 , µ j2 , g j1 , g j2 } denote the state of Markov chain before
and after the split move, respectively, where g j∗ = (λ j∗ 1 , · · · , λ j∗ D )T , g j1 = (λ j1 1 , · · · , λ j1 D )T , g j2 =
(λ j2 1 , · · · , λ j2 D )T . Denote the set of continuous random variables needed for the split move as
u = {u1 , u2 , u3 }, where u2 = (u21 , · · · , u2D )T , u3 = (u31 , · · · , u3D )T . Thus, from the transformation
defined by Eq. (17), we can obtain the Jacobian matrix J for the split move (from (s, u) to s0 ) as
follows (Zhang et al., 2004)

Appendix D Calculation of Jacobian Matrix

Thus, if

JF −1 (F(p)) = (JF (p))−1

According to the inverse function theorem (Spivak, 1965), the inverse of the Jacobian matrix of
an invertible function is equivalent to the Jacobian matrix of the inverse function. Specifically, if the
Jacobian of the function F : Rn → Rn is continuous and non-singular at the point p ∈ Rn , then F is
invertible in some neighbourhood of p and we have

where D is the duplication matrix (see Magnus and Neudecker (1988) Chapter 3). From Eq. (C-5),
we obtain the derivatives
0
0
∂λ
0 = Vd ⊗ Vd
∂(vec Σ)
(C-6)
0
∂V
+
0 = Vd ⊗ (λd I D − Σ)
∂(vec Σ)

where λd and Vd , d=1, · · · , D, are the specific eigenvalue-eigenvector pairs of Σ;
denotes the
Moore-Penrose pesudo-inverse matrix of A (See Magnus and Neudecker (1988) p.179). For symmetric perturbations, Magnus and Neudecker (1988) (p.181) suggested that applying the properties
0
of vec operator (i.e. vec ABC = (C ⊗ A) vec B) and the chain rule, Eq. (C-4) can be rewritten as
follows
0
0
0
(C-5)
∂λ = (Vd ⊗ Vd )D∂v(Σ), ∂V = (Vd ⊗ (λd ID − Σ)+ )D∂v(Σ)

∂λ = Vd (∂Σ)Vd , ∂V = (λd ID − Σ)+ (∂Σ)Vd

0

Following Dellaportas and Papageorgiou (2006), the Jacobian term
using the following formulae
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= u1 ,
= 01×D ,
= 1 − u1 ,
= 01×D ,
= 0D×1 ,
= 0D×1 ,
= 0D×1 ,
= 0D×1 ,

∂π j1
∂u1
∂π j1
∂u3
∂π j2
∂u1
∂π j2
∂u3
∂µ j1
∂u1
∂µ j2
∂u1
∂g j1
∂u1
∂g j2
∂u1

= 0D×1 ,

= 0D×1 ,

= 0D×1 ,

= 0D×1 ,

= 01×D

= −π j∗ ,

= 01×D

= π j∗ ,

∂µ j1
∂µ j∗
∂µ j2
∂µ j∗
∂g j1
∂µ j∗
∂g j2
∂µ j∗

∂π j2
∂µ j∗

∂π j1
∂µ j∗

=
=
=
=

πj
−1
− 21 π j2 V j∗ Λ j∗2 U2
qπ 1
− 21
j
1
1
2
π j2 V j∗ Λ j∗ U 2
π j∗
2
π j1 U 3 (1 − U 2 ),
π j∗
2
π j2 (I − U 3 )(I − U 2 ),

∂π j1
∂u2

∂π j2
∂u2

∂µ j1
∂u3
∂µ j2
∂u3

∂g j1
∂u3
∂g j2
∂u3

=
=

= 01×D
= 01×D
= 0D×D
= 0D×D

(D-2)

(D-3)

(D-4)
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π j∗
2
π j1 Λ j∗ (I − U 2 )
π j∗
2
π j2 Λ j∗ (U 2 − I)

r
∂µ j1
1 π j2 − 12
=
−
λ u2d V j∗ d
∂λ j∗ d
2 π j1 j∗ d
r
∂µ j2
1 π j1 − 12
=
λ u2d V j∗ d
∂λ j∗ d 2 π j2 j∗ d

= 0D×D

= 0D×D

= I,

= I,

= 01×D ,

= 01×D ,

From the transformation in Eq. (17), we calculate the partial derivatives:
∂π j1
∂π j∗
∂π j1
∂g j∗
∂π j2
∂π j∗
∂π j2
∂g j∗
∂µ j1
∂π j∗
∂µ j2
∂π j∗
∂g j1
∂π j∗
∂g j2
∂π j∗

q

1
πj
− π 2 V j∗ Λ j2∗ ,
q π j1
1
j1
2
π j2 V j∗ Λ j∗ ,
π

j∗
Λ j∗ U 3 U 2 ,

π j1

2

q

The other partial derivatives can be calculated as:
r
∂µ j1
π j2 21
=−
λ V j d,
∂u2d
π j1 j∗ d ∗
r
∂µ
π j1 21
j
2
=
λ V j d,
∂u2d
π j j∗ d ∗
 2

 −2u3d u2d λ j∗ d ππ j∗ l = d,
∂λ j1 d 
j1
=


∂u
0
l
,
d
2l

π j∗

∂λ j2 d 
−2(1
−
u
l = d,
3d )u2d λ j∗ d π j

2
=
 0

∂u2l
l,d

2 ) π j∗

 u3d (1 − u2d
∂λ j1 d 
l = d,
π j1
=


∂λ
0
l
,
d
j
l
∗

2 π j∗

∂λ j2 d 
(1
−
u
l
= d,
3d )(1 − u2d ) π j

2
=

∂λ j∗ l 
0
l,d

2 π j∗


∂λ j1 d 
λ
l
=
d,
j
∗ d (1 − u2d ) π j
1
=


∂u
0
l
,
d
3l

2 π j∗


∂λ j2 d 
−λ
l
= d,
j∗ d (1 − u2d ) π j
2
=
 0

∂u3l
l , d, d ∈ [1, D]
=
=

= −2

π

= 2 π jj∗ Λ j∗ (U3 − I)U2 ,

∂µ j1
∂g j∗
∂µ j2
∂g j∗
∂g j1
∂g j∗
∂g j2
∂g j∗

Therefore, we have the following expressions

∂µ j1
∂u2
∂µ j2
∂u2
∂g j1
∂u2
∂g j2
∂u2
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u1

π

j∗
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01×D

01×D

π

01×D
I

−π j∗

0D×1

I

1 − u1
0D×1

0D×1

j1

−2 π j∗ Λ j∗ U3 U2

01×D
qπ
1
j
2
V Λ j2∗
−
j
∗
π
q π j1
1
j1
2
π j2 V j∗ Λ j∗
0D×1

0D×1 0D×D

2

0D×1 0D×D 2 π jj∗ Λ j∗ (U3 − I)U2

0D×1
0D×1

π

01×D

01×D

01×D

01×D

q

πj
∗
2
π j1 Λ j∗ (I − U 2 )
π j∗
2
π j2 Λ j∗ (U 2 − I)

0D×D

0D×D

π j2
−1
−1
V Λ j∗ 2 U 2
j
∗
2
π
q π j1
− 21
j1
1
2
π j2 V j∗ Λ j∗ U 2
πj
∗
2
π j1 U 3 (I − U 2 )
π j∗
2
π j2 (I − U 3 )(I − U 2 )
















(D-5)

where U2 = diag(u2d , · · · , u2D ) and U3 = diag(u31 , · · · , u3D ) are diagonal matrices. Substituting
Eq. (D-2) and (D-4) into Eq. (D-1) yields the Jacobian matrix, J, as follows:







J = 







(D-6)

where 0D×1 is the D × 1 zero vector, 01×D is the 1 × D zero vector, 0D×D the D × D zero matrix,
U2 =diag{u21 , u22 , · · · , u2D } and U3 =diag{u31 , u32 , · · · , u3D } are diagonal matrices.
By blocking the Jacobian matrix J defined by Eq. (D-5), we have

|det(J)| = π j∗ · |det(J1 )|

(D-8)

where


qπ
qπ
1


−1
j
j
− 21 π j2 V j∗ Λ j∗2 U2
0D×D
− π j2 V j∗ Λ j2∗

 I
1
1


q
q
1
1


π j1
π
−
j1

1
2
2
0
D×D

 I
π j2 V j ∗ Λ j ∗
2
π j2 V j∗ Λ j∗ U 2
(D-7)
J1 = 

π j∗
π j∗
π j∗

2
2 
0
−2
π j1 Λ j∗ U 3 U 2
π j1 U 3 (I − U 2 )
π j1 Λ j∗ (I − U 2 ) 
 D×D



π
π
π
0D×D 2 π jj∗ Λ j∗ (U3 − I)U2 π jj∗ (I − U3 )(I − U22 ) π jj∗ Λ j∗ (U22 − I) 
2
2
2
"
#
J11 J12
We partitioned J1 into J1 =
as indicated by the vertical and horizontal lines in Eq.
J21 J22
(D-7). When J11 is invertible, according to Theorem by Brualdi and Schneider (1983), we have

−1
|det(J1 )| = |det(J11 )| · |det(J22 − J21 J11
J12 )|

(π j1 π j2 )

π3D+1
j∗

3D
2

d=1

D
Y

2
λ3/2
j∗ d (1 − u2d )

(D-9)

Calculating each determinant in Eq. (D-8) and substituting them into Eq. (D-6) yields the absolute
of determinant of J, det(J), as follows
|det(J)| =

Appendix E Comparison of Different Split-merge Moves
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In this appendix, we compared the performance of TvMF mixture model with common eigenvectors (i.e. simplified RJMCMC move) and without common eigenvectors (i.e. original RJMCMC
move) for split-merge moves on synthetic data from three aspects: (1) clustering performance, (2)
acceptance rate for the moves and posterior estimation for the number of components H, and (3) the
trace plot of the log likelihood and number of components over sweeps (in Figure 12). Table 6 compares the clustering performance and posterior estimation of H for TvMFMM with two different
strategies for split-merge moves.
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(d) #Components for the original RJMCMC move

(b) #Components for simplified RJMCMC move
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We perform further analysis of the log likelihood and cluster coherence of Bayesian vMF mixture model on selected Wikipedia quarterly datasets for varying number of clusters, which are given
in Figure 14. As the number of clusters increase from 5 to 20, the log likelihood of the model
on the training and held-out datasets also increases, after which the log likelihood becomes relatively stable for any increase in #clusters. On the other hand, as #clusters increases from 5 to 10,
the NPMI scores also go up, after which the NPMI scores reduce slightly and become relatively
stable. This suggests that larger numbers of clusters does not indicate improved cluster coherence

To choose the optimal number of clusters for parametric models, we used NMF model with different
number of clusters to analyse Wikipedia quarterly datasets, and measured cluster coherence using
normalised pairwise mutual information (NPMI). The results are presented in Figure 13. Recall that
the NPMI metric captures the semantic interpretability of discovered clusters based on the corresponding descriptor terms. Higher coherence scores indicate better semantic interpretability, thus
more coherent and interpretable topics. One obvious trend in Figure 13 is that NMF models running
with larger number of clusters result in lower values of NPMI scores, indicating less coherent and
interpretable clusters; whereas models running with smaller number of clusters have higher values
of NPMI scores, suggesting more coherent and interpretable clusters. Moreover, NMF models running with 5, 10 and 15 clusters generate very close NPMI scores on all the quarterly datasets, of
which models with 10 clusters output the best overall NPMI scores. Therefore, we choose H = 10
for parametric models.

Appendix F Model Parameter Analysis

Figure 12: Trace plot of the log likelihood and estimated number of components for TvMFMM with
simplified RJMCMC move and with original RJMCMC move on synthetic data.

(c) Log likelihood for the original RJMCMC move

(a) Log likelihood for simplified RJMCMC move
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Figure 12 shows that TvMFMM with/without common eigenvectors for split-merge moves
present similar mixing properties for the RJMCMC chains in terms of the smoothness of the log
likelihood and number of components over sweeps. It is obvious that the RJMCMC chain becomes
stable gradually in terms of the number of components and log likelihood after 5000 sweeps. We actually choose to use a burn-in period of 10000 sweeps for comparison of clustering performance on
synthetic data. Overall, the results suggest that TvMFMM with/without common eigenvectors for
the split-merge moves show similar performance and mixing rates on synthetic data. Therefore, for
the results presented in the empirical evaluation, we ran TvMFMM and OTvMFMM with common
eigenvectors for split-merge moves.

We observe from Table 6 that TvMFMM with and without common eigenvectors for split-merge
moves present very similar clustering performance on the three datasets; TvMFMM with common
eigenvectors for split-merge move achieves relatively better clustering performance. Both versions
of TvMFMM give an accurate estimation of the number of components with the highest posterior
probability for the true value of H. In addition, TvMFMM with both settings show very low acceptance rate for the split-merge and birth-death moves. This is one of the characteristics of the
RJMCMC algorithm, which generally has very low acceptance rate for the moves, as observed by
other researchers (Richardson and Green, 1997; Zhang et al., 2004; Dellaportas and Papageorgiou,
2006).

True H

Portion of moves accepted (%)
Posterior estimation for H
Split-merge Birth-death
TvMFMM with common eigenvectors for split-merge move
4
0.89
0.15
P(4)=0.997, P(5)=0.002, P(6)=0.001
5
0.25
0.16
P(5)=0.999, P(6)=0.001
0.69
0.3
P(7)=0.977, P(8)=0.020, P(9)=0.002, P(10)=0.001
7
TvMFMM without common eigenvectors for split-merge move
4
0.08
0.05
P(4)=1.000
5
0.02
0.1
P(5)=0.999, P(6)=0.001
7
0.42
0.11
P(7)=0.855, P(8)=0.143, P(9)=0.001

True H ARI
AMI NMI Homogeneity Completeness
TvMFMM with common eigenvectors for split-merge move
4
0.925 0.898 0.899
0.898
0.899
5
0.947 0.941 0.945
0.947
0.944
7
0.809 0.821 0.829
0.827
0.832
TvMFMM without common eigenvectors for split-merge move
4
0.931 0.904 0.904
0.904
0.904
5
0.936 0.931 0.935
0.936
0.934
7
0.792 0.812 0.82
0.814
0.826

Table 6: Clustering performance and posterior estimation of H for TvMFMM with/without common
eigenvectors for split-merge moves on synthetic data.
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components. The number of components increases with the iterations in the beginning, and then
experiences some fluctuations with more iterations. By checking the output of model statistics at
these points, we notice that the fluctuation points correspond to the accepted split-merge / birthdeath moves where the model explores alternative models. In addition, the statistics of TvMFMM
on Wikipedia data and synthetic data with 5 components shows better mixing property (i.e. less
fluctuations) than those on synthetic data with 7 components. The results are consistent with our
statement about the advantage of RJMCMC.
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(a) Wikipedia data

Figure 15: Trace plot of log likelihood and estimated number of components for TvMFMM after
each 100 iterations on the 15th (Q15) and 16th (Q16) quarter of Wikipedia editor datasets, and
synthetic datasets with 5 (S5) and 7 (S7) components. Where the left yaxis corresponds to log
likelihood and the right yaxis represents #components.

Appendix G Discriminative Analysis for Different Models
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Embedding methods, such as t-distributed stochastic neighbourhood embedding (t-SNE; van der
Maaten and Hinton (2008)) can be used to visualise high-dimensional data in a two or threedimensional map. This visualisation provides a unique insight into the discriminative ability of
mixture models in terms of separating data points in low-dimensional representation.
Figure 16 presents a 2D embedding of the inferred topic estimation by five models, using the
t-SNE method, where each dot represents an entry of user behavioural data and each color-shape
represents a topic. Visually, the proposed OTvMFMM produces a relatively better separation of
data points than NMF, DTM and BvMFMM, while DP-GMM does not produce a well-separated
embedding, and data points assigned to different clusters tend to mix together. This is consistent
with our qualitative analysis in Section 5.2.2 that OTvMFMM can produce more interpretable and
intuitive topics than other models. Intuitively, a well-separated representation is more discriminative
for data separation.
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Figure 13: Cluster coherence (NPMI) of NMF model for varied number of clusters (k ∈ [5, 45]) on
Wikipedia quarterly training datasets.
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/ interpretability. The analysis provides further support for our choice of H = 10 for parametric
models.
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Figure 14: Log likelihood and cluster coherence for Bayesian vMFMM with varied number of
clusters (k ∈ [5, 50]) on the 18th (Q18), 19th (Q19) and 20th (Q20) quarter of Wikipedia editor
dataset.

JMLR 17(200):1-51

One main advantage of the reversible jump MCMC algorithm is the ability to explore multiple
models simultaneously, which brings side-benefit that can refine the inappropriate initialization of
model parameters. To explore this point, we present a plot of log likelihood and estimated number
of components of TvMFMM on selected Wikipedia and synthetic datasets after every 100 iterations. The results are presented in Figure 15, from which we observe that: the log likelihood of
the model increases in the beginning, but then becomes relatively stable as more iterations proceed;
there are some fluctuations in the log likelihood corresponding to synthetic training dataset with 7
47
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Figure 16: t-SNE 2D embedding of the topical representations by different models on the 18th
quarter of Wikipedia Editor dataset.

(d) OTvMFMM (Quarter 18)

(c) BvMFMM (Quarter 18)

(e) DP-GMM (Quarter 18)

(b) DTM (Quarter 18)

(a) NMF (Quarter 18)
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(d) Log likelihood - inappropriate prior: m = 28.0, σ2 =
1.035, CI for κ is (25.0, 31.4)

(b) Log likelihood - appropriate prior: m = 21.0, σ2 =
1.025, CI for κ is (19.4, 22.8)

50
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Figure 17: Trace plot of log likelihood and the number of components over iterations for TvMFMM
with appropriate/inappropriate values for the prior parameters m and σ2 on synthetic data, including
99.9% confidence interval (CI) for κ.

(c) #Components - inappropriate prior: m = 28.0, σ2 =
1.035, CI for κ is (25.0, 31.4)

(a) #Components - appropriate prior: m = 21.0, σ2 =
1.025, CI for κ is (19.4, 22.8)

The prior parameters m and σ2 control the range of the concentration parameters κ, where the value
of κ affects the mixing property / convergence of the RJMCMC chain. Figure 17 presents the trace
plot of the number of components and log likelihood for TvMFMM with different values for m
and σ2 on synthetic data with 5 and 7 components. The values of m and σ2 are chosen so that the
corresponding ranges of κ are able to illustrate the effects of appropriate and inappropriate priors
on the convergence of the chain. If the priors m and σ2 are appropriately set, the convergence of
RJMCMC algorithm can be sped up, leading to well mixing chain, as observed in in Figure 17 (a-b)
that the chains begin converging from around the 5000th sweep onwards. On the other hand, when
the priors m and σ2 are inappropriately set, the convergence of RJMCMC algorithm can be slowed
down, resulting in poor mixing chain, as obvious in Figure 17 (c-d) that the chains experience more
fluctuations in the number of components and log likelihood over sweeps. The observations suggest
that the trace plot can be used to diagnose whether the priors are appropriately set.

Appendix H Effects of Prior Parameters
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Figure 18: Evolution of top terms for common user roles (Content Editors) identified by different
models.
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1.1 Our Contributions
We theoretically justify why the above least squares problem provides a meaningful way to
weight experts. We show that the geometric mean of a set of normalised ranks maximises

where we minimise the weights ω1 , . . . , ωd corresponding to the d experts. It turns out that
the appropriate transformation to learn weights between experts is to use logarithmic scaled
ranks. In the above equation, l(x) and r(x) denote the logarithm of the labels and individual
expert ranks respectively, with all ranks normalised uniformly to the interval (0, 1). Since it
is a least squares problem, there is a closed form solution for the optimal weights. This is
in contrast to previous approaches to rank aggregation that involve complex optimisation
methods or sampling.

ω

We review the concept of copulas in section 2 and derive our generalisation of concordance
in section 3. While the mathematical machinery to derive our proposed algorithm relies on
constructions that may not be familiar to some machine learners, the resulting algorithm for
rank aggregation is straightforward. We solve a least squares problem for n items,

2
n
d
X
X
l(x) −
min
ωd rd (x) ,

ρ ∝ Q(C, π).

Measures of association such as Spearman’s ρ capture the concordance between random
variables (Nelsen, 2006). Informally, random variables are concordant if large values of
one tend to be associated with large values of the other. Let (xi , yi ) and (xj , yj ) be two
observations of a pair of continuous random variables. We say that (xi , yi ) and (xj , yj ) are
concordant if xi < xj and yi < yj or if xi > xj and yi > yj . If the inequalities disagree, we
say that the samples are discordant. The concept of concordance captures only the order of
the random variables, and is invariant to their values, and therefore is ideal for analysing
ranks. As will be described in section 3.3, Spearman’s ρ is based on the difference between
the concordance and discordance of the samples.
In short, Spearman’s correlation can be defined as the concordance Q between the copula
C corresponding to the data and the independent copula π

R

R∗ = arg max ρ(R, R1 , R2 , . . . , Rd ).

This paper considers a novel formulation of rank aggregation based on multivariate
extensions to Spearman’s ρ. For a set of n objects from the domain Ω, we are given a set of
d experts that rank these objects providing rankings R1 , . . . , Rd . Each rank is a permutation
of the n objects, and can be represented as a vector of unique integers from 1 to n. The
problem of rank aggregation is to construct a new vector R that is most similar to the
set of d ranks provided by the experts. In this paper we use Spearman’s correlation ρ, a
widely used correlation measure for ranks Spearman (1904). Instead of decomposing the
association into a combination of pairwise similarities, ρ(R, R1 ), ρ(R, R2 ), . . . , ρ(R, Rd ), we
directly maximise the multivariate correlation

Bedő and Ong

Ranking is a central task in many applications such as information retrieval, recommender
systems and bioinformatics. It may also be a subtask of other learning problems such as
feature selection, where features are scored according to their predictiveness, and then the
most significant ones are selected. One major advantage of ranks over scores is that the
resulting predicted ranks are automatically normalised and hence can be used to combine
diverse sources of information. However, unlike many other supervised learning problems,
the problem of learning to rank (Lebanon and Mao, 2008; Liu, 2011) does not have the
simple one example one label paradigm. This has led to many formulations of learning
tasks, depending on what label information is available, including pairwise ranking, listwise
ranking and rank aggregation.

1. Introduction

We study the problem of rank aggregation: given a set of ranked lists, we want to form a
consensus ranking. Furthermore, we consider the case of extreme lists: i.e., only the rank of
the best or worst elements are known. We impute missing ranks and generalise Spearman’s
ρ to extreme ranks. Our main contribution is the derivation of a non-parametric estimator
for rank aggregation based on multivariate extensions of Spearman’s ρ, which measures
correlation between a set of ranked lists. Multivariate Spearman’s ρ is defined using copulas,
and we show that the geometric mean of normalised ranks maximises multivariate correlation.
Motivated by this, we propose a weighted geometric mean approach for learning to rank
which has a closed form least squares solution. When only the best (top-k) or worst (bottomk) elements of a ranked list are known, we impute the missing ranks by the average value,
allowing us to apply Spearman’s ρ. We discuss an optimistic and pessimistic imputation of
missing values, which respectively maximise and minimise correlation, and show its effect
on aggregating university rankings. Finally, we demonstrate good performance on the rank
aggregation benchmarks MQ2007 and MQ2008.
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Multivariate Spearman’s ρ for Aggregating Ranks Using
Copulas

Journal of Machine Learning Research 17 (2016) 1-30

multivariate Spearman’s ρ. This motivates our method which finds a setting of weights that
maximise multivariate Spearman’s ρ for a specific target (supervised rank aggregation).

Multivariate Spearman’s ρ for Aggregating Ranks Using Copulas

Bedő and Ong

As previously mentioned, in many applications of rank aggregation, only extreme ranks
are available, whereas the standard definitions of Spearman’s ρ require full ranks. For
practical problems, the expert may only rank the most liked (top-k) or most disliked
(bottom-k) objects where k can be different for each expert. We propose a method for
estimating Spearman’s ρ for extreme ranks by imputing the remaining ranks. We describe
this method and show that it is an unbiased estimator in section 4.
This results in a non-parametric approach for rank aggregation that learns the weights
of experts by solving a least squares problem. The weights in this case model dependencies
between the rankings, i.e., the rankings are not independent. This is different to much prior
work (see section 1.3) in that we explicitly learn the dependencies between experts simultaneously and not in a pairwise fashion. Our method thus offers significant computational
benefits, modelling flexibility in the presence of dependencies between experts, and also
interpretability due to the simplicity of the model. In section 6 we describe our empirical
results for rank aggregation and show that our simple algorithm performs better than current
state of the art results.
1.2 Multiple Representations of Ranks

4
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Intuitively, for continuous random variables copulas model the dependence component of a
multivariate distribution after discounting for univariate marginal effects. We let R denote
the ordinary real line (−∞, ∞), and R denote the extended real line [−∞, ∞]. The following
algebraic definition of bivariate copulas is generalised to the multivariate setting in section 3.

2.1 Definition of Copulas

Copulas are functions from the unit hypercube to the unit interval (Elidan, 2013). In this
section we briefly review the bivariate setting, in preparation for the multivariate setting in
the next section. The expert reader may skip directly to section 3 to see the definition of
multivariate Spearman’s ρ in terms of the multivariate copula.

2. Copulas

good ranking from given features. A good review of probability and statistics applied to
permutations is Diaconis (1988).
Spearman’s ρ is a natural measure of similarity for distributions of permutations (Mallows,
1957; Fligner and Verducci, 1986). Interestingly, there has not been much work using
Spearman’s ρ for dealing with ranked data, but instead the focus has been on Kendall’s τ .
One difficulty of inference with the Mallows model (Mallows, 1957) for Spearman’s ρ is that
it involves estimating the permanent of a matrix. Our model is derived from the copula form
of Spearman’s ρ and allows a simple formulation for aggregation that does not require any
computationally complex operations, thus providing a significant computational advantage.
Other previous approaches (Klementiev et al., 2008; Iyer and Bilmes, 2012) to rank
aggregation considers pairwise comparisons between ranked lists. In contrast, our approach
does not consider pairwise combinations and operates over all lists. We prove a result saying
that the geometric mean of normalised ranks maximise Spearman’s ρ (theorem 17), which is
similar in spirit to the result in Iyer and Bilmes (2012) that shows that for Lovász–Bregman
divergences the best aggregator is the arithmetic mean. This provides a computational
advantage over pairwise methods as the number of lists grows.
Our work builds heavily on copula theory, and we use results from Nelsen (2006). Brief
introductions to copulas can be found in Trivedi and Zimmer (2005), Genest and Favre
(2007), and Elidan (2013). Further details on copula modeling are available in a recent
book (Joe, 2014). Many of these results are presented for bivariate copulas only. There
are fewer results on multivariate copulas (Joe, 1990; Nelsen, 1996) and their relation to
Spearman’s ρ (Úbeda Flores, 2005; Schmid et al., 2010), which we shall discuss later in this
paper.
Finally, other well known measures of bivariate dependence have forms under the copula
framework and have multivariate extensions. In particular, multivariate extensions of
Kendall’s τ have been proposed (Joe, 2014). It is possible investigations into these copula
formulations results in other efficient aggregation methods with different tradeoffs, however
in this work we focus on Spearman’s ρ.
The work on partial ranks goes back to at least Critchlow (1985), who describes the
rank aggregation task in terms of distances between rankings. We have applied the results
of this paper to rank aggregation (Macintyre et al., 2014) and stability estimation (Bedő
et al., 2014) in the domain of life sciences.

There are a wide range of applications which benefit from rank analysis, resulting in various
equivalent ways to represent ranks and orderings. The basic representation often used in
introductory texts is to provide the list of objects, for example [a, b, c, d, e, f ], denoting the
fact that a is the most highly ranked object and f is the lowest ranked. It is often more
convenient to numerically represent the rank for computational purposes, that is to keep a
list of integers 1, . . . , n corresponding to the rank of a particular object. For the example
above, by maintaining the set of objects as is, the ranks are then [1, 2, 3, 4, 5, 6]. It turns
out for empirical copula modeling, it is important that the numerical values are in the
interval (0, 1), and therefore we normalise the numerical representation by n + 1, that is
[ 71 , 72 , 73 , 74 , 75 , 76 ]. However, note that the numerical representation is actually dependent on
the fact that we have maintained the set of objects in a particular fashion. In fact, by the
above numerical list, we are saying that object a has rank 71 , and object f has rank 76 . In
other words, we are defining a permutation mapping R : Ω → (0, 1) from the space of objects
Ω to the interval (0, 1).
1.3 Related Work

JMLR 17(201):1-30

There are two related rank aggregation tasks: score based rank aggregation and order based
rank aggregation. For score based rank aggregation objects are associated with scores, while
for order based rank aggregation only the relative order of objects are available. There has
been recent work on combining both scores and ranks (Sculley, 2010; Iyer and Bilmes, 2013).
We consider the learning task referred to as the listwise approach in Liu (2011), where the
input is a set of ranked lists of documents from multiple experts, and the learner has to
predict the final ranks. Numerous proposals for solving the problem of combining multiple
lists into a single list are surveyed in Liu (2011). Niu et al. (2012) has focused on learning a
3

and

C(1, v) = v

C(u, 0) = 0 = C(0, v)

C(u, 1) = u

5
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Let R and S be ranking functions, which are bijections mapping elements x in the domain
U to [1, 2, . . . , n]. The domain U represents the space of objects that we are interested
in ranking, such as documents retrieved in response to a query or the biomarkers most

3.1 Empirical bivariate Spearman’s ρ

We briefly review the bivariate model to lay out the approach for estimating the copula
using data, the so-called empirical copula.

3. Spearman’s ρ

If F (·) and G(·) are continuous then C(·, ·) is unique; otherwise C(·, ·) is uniquely determined
on the ranges of F (·) and G(·).
Conversely, if C(·, ·) is a copula and F (·) and G(·) are cumulative distribution functions
then the function H(·, ·) is a bivariate cumulative distribution function with marginals F (·)
and G(·).

Theorem 4 (Sklar’s theorem) Let H(·, ·) be a cumulative distribution function with
marginals F (·) and G(·). Then there exists a copula C : [0, 1]2 → [0, 1] such that for
all x, y in R,
H(x, y) = C(F (x), G(y)).

Sklar’s theorem is central to the theory of copulas and is the foundation of many applications
in statistics. Indeed, Sklar’s theorem can be defined for general distribution functions outside
of probabilistic settings. However, since we are interested in statistical applications we will
consider cumulative distribution functions.

2.2 Relation Between Bivariate Cumulative Density Functions and Copulas

2. C is 2-increasing.

1. For every u, v ∈ [0, 1],

Definition 3 A copula is a function C : [0, 1]2 → [0, 1] with the following properties:

Definition 2 A real function H(·, ·) is 2-increasing if its H-volume is non-negative, that is
VH (B) > 0 for all rectangles B whose vertices lie in the domain of H.

VH (B) = H(x1 , y1 ) + H(x2 , y2 ) − H(x1 , y2 ) − H(x2 , y1 ).

6

VHd (B) = ∆badd . . . ∆ba11 Hd (~t),
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Definition 5 Let Aj be nonempty subsets of R for j = 1, . . . , d, and let Hd : A1 ×· · ·×Ad →
R. Let B = [a1 , b1 ] × · · · × [ad , bd ] be the d-box where all vertices are contained in Dom Hd .
Then the Hd -volume of B is the dth order difference:

We now generalise the definitions in section 2.1 to the multivariate case. The concepts are
essentially the same, constraining the copula to be “monotonically increasing” in the interval
[0, 1] and also towards the center of the volume (Durante and Sempi, 2010).

3.2 Multivariate Copulas

where C is the population version of Cn .

[0,1]2

It can be shown (Nelsen, 2006; Genest and Favre, 2007) that ρn is an asymptotically unbiased
estimator of
Z
ρ = 12
C(u, v) du dv − 3,

where 1 is the indicator function. This allows us to re-express the form of ρn above in terms
of an integral over the unit square,
# 
#

" X
" Z
n+1
12
n+1
R(x) S(x)
12
uvCn (u, v) − 3 .
ρn =
−3 =
n−1
n x n+1n+1
n−1
[0,1]2

The constants 12 and 3 seem strange, but are a natural consequence of the mean and variance
of a list of ranks. As we will see later, these constants are dependent only on the dimension
of the copula. Similar to the definition of an empirical CDF, we define an empirical copula
as:


1X
R(x)
S(x)
Cn (u, v) =
1
6 u,
6v ,
n x
n+1
n+1

P
P
where R̄ := n1 x R(x) and S̄ := n1 x S(x) are the empirical means of the respective
random variables. This is equivalent to applying Pearson’s correlation to the ranks instead
of the values of the score function itself. There is no direct way to generalise this expression
to more than two ranking functions, but as we shall see in section 3.3 we can obtain an
expression via the copula.
By substituting the definitions of the empirical means and rearranging the terms, we
obtain
#
" X

12
R(x) S(x)
n+1
−3 .
ρn =
n−1
n x n+1n+1

associated with a disease. Since we consider only the ranks of the object R(x) and S(x),
the actual domain U does not affect the analysis. The sums below are over the n objects x.
Similar to the approach of Pearson’s correlation for the measure of dependence, Spearman’s
ρ is a measure of correlation between ranks, empirically given by:
P
(R(x) − R̄)(S(x) − S̄)
ρn = qP x
,
(1)
2P
2
x (R(x) − R̄)
x (S(x) − S̄)

It essentially constrains copulas to be functions that are monotonically increasing along each
dimension as well as towards the diagonal of the volume.

Definition 1 Let A1 and A2 be nonempty subsets of R, and let H(·, ·) be a real function
such that the domain of H = A1 × A2 . Let B = [x1 , x2 ] × [y1 , y2 ] be a rectangle all of whose
vertices are in the domain of H. Then the H-volume of B is given by:
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− Hd (t1 , . . . , ti−1 , ai , ti+1 , . . . , td ).

∆abii H(~t) =Hd (t1 , . . . , ti−1 , bi , ti+1 , . . . , td )
Definition 6 A real function Hd is grounded if Hd (~t) = 0 for all t ∈ Dom Hd such that
tj = aj for at least one j ∈ {1, . . . , d}.
Definition 7 A real function Hd is d-increasing if VHd (B) > 0 for all n-boxes B whose
vertices lie in the domain of H.
Definition 8 A multivariate copula has the following properties:
1. Dom C = [0, 1]d
2. C has margins Cj (u) = C(1, . . . , 1, u, 1, . . . , 1) = u for all j and u ∈ I
3. C is grounded
4. C is d-increasing.
There is an alternative probabilistic definition that may be more familiar to readers with
a statistical background.
Definition 9 Let U1 , . . . , Ud be real uniformly distributed random variables on the unit
interval ∼ U ([0, 1]). A copula function C : [0, 1]d −→ [0, 1] is a joint distribution
C(u1 , . . . , ud ) = P (U1 6 u1 , . . . , Ud 6 ud ).
Let X ∼ F be a continuous random variable such that the inverse of the CDF F −1 exists.
What is the distribution of F (x) = P (X 6 x)?
P (F (X) 6 u) = P (F −1 (F (X)) 6 F −1 (u))
= P (X 6 F −1 (u))
= F (F −1 (u)) = u
The above calculation shows that the distribution is uniform, i.e. F (x) ∼ U ([0, 1]). This
can be considered to be the copula trick, as the user has the freedom to choose the copula
independently of the marginal distributions.
3.3 Multivariate Extension of Spearman’s ρ

JMLR 17(201):1-30

We generalise the concept of concordance to the multivariate setting such that we can define
multivariate Spearman’s ρ in an analogous way to the bivariate ρ as defined in Nelsen (2006).
Recall that two random variables are concordant if they tend to be in the same order,
that is (xi , yi ) and (xj , yj ) are concordant if (xi − xj )(yi − yj ) > 0, and are discordant if
(xi − xj )(yi − yj ) < 0. The concordance function Q denotes the difference between the
probabilities of concordance and discordance, and as the following theorem shows, can be
expressed in terms of the copulas. The proof is in Nelsen (2006).
7
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Theorem 10 (Concordance function) Let (X1 , Y1 ) and (X2 , Y2 ) be two independent
vectors with joint distributions H1 (x, y) = C1 (F (x), G(y)) and H2 (x, y) = C2 (F (x), G(y))
respectively. Then the concordance function Q is given by

[0,1]2

Q(C1 , C2 ) :=P [(X1 − X2 )(Y1 − Y2 ) > 0] − P [(X1 − X2 )(Y1 − Y2 ) < 0]
Z
C2 (u, v) dC1 (u, v) − 1
=4

We now state the generalisation of concordance to the multivariate case (Nelsen, 1996;
Joe, 1990). Further details of multivariate concordance can be found in Taylor (2007) and
Schmid et al. (2010).

[0,1]d

Definition 11 (Multivariate concordance) Let (X1 , . . . , Xd ) and (Y1 , . . . , Yd ) be two
independent d-vectors with joint distributions CX (F (x)) and CY (F (y)) where F (x) =
F1 (x1 ), . . . , Fd (xd ) and F (y) = F1 (y1 ), . . . , Fd (yd ) are the marginal distributions, and CX , CY
are the respective d copulas. Then the concordance function Q is given by
Z
CX (u) dCY (u) − 1.
Q(CX , CY ) :=2d

Note that although the integral is a straight forward generalisation of theorem 10, it is
no-longer equal to the difference between the probability of concordance and discordance.
Consequently, the properties possessed by Q are different for d > 2.
Q There are three copulas that are of particular interest: the independent copula π(u) :=
i ui , and the upper and lower Fréchet–Hoeffding bounds, M (u) = min{u1 , u2 , . . . , ud } and
W (u) ≥ max{u1 + u2 + · · · + ud − (d − 1), 0} respectively (Joe, 2014, pg. 48). Note that that
while W is point-wise sharp, this lower bound is not itself a copula, and hence the lower
bound is not tight (Úbeda Flores, 2005).

1. Q is symmetric in its arguments if C = C 0 .

Theorem 12 Let C, C 0 , and Q be given as in definition 11, M and W be the upper and
lower Fréchet–Hoeffding bounds respectively, and assume d > 2. Then

3. −1 ≤ Q(W, W ) ≤ Q(C, C) ≤ Q(M, M ) = 2d−1 − 1.

2. Q is non-decreasing in the first argument, and both arguments if C = C 0 .

4. Q(π, π) = 0.
Proof

Property 1 The first property is clear from the definition of Q(C, C 0 ) and the properties
of integration.

JMLR 17(201):1-30

Property 2 Q is non-decreasing in the first argument by properties of integration. For
the second part, notice that
Z
Z
C(u) dC(u) =C 2 (u) − C(u) dC(u)
Z
1
⇒ C(u) dC(u) = C 2 (u)
2
by applying integration by parts. The property now follows.

8

0

0 du − 1

W (u) dW (u) − 1

− 1,

[0,1]d
Z 1

Z

= − 1.

≥2d

Q(W, W ) =2

d

=2

M (u) dM (u) − 1

u du − 1

[0,1]d
1

Z

Z

0
d−1

=2d

Q(M, M ) =2d

It follows that

[0,1]d

[0,1]d

Z

=

2d
−1
2d
=0

=2d

Q(π, π) =2d

Z

u du − 1

π(u) dπ(u) − 1

=2d

Q(M, π) =2d

Proof To show the symmetry,

9

[0,1]d

[0,1]d

Z

Z

u1 u2 · · · ud du − 1

M (u) dπ(u) − 1

2d − (d + 1)
Q(M, π) = Q(π, M ) =
.
d+1

JMLR 17(201):1-30

(2)

Proposition 13 Let Q be given as in definition 11, and M and π be the upper Fréchet–
Hoeffding bound and the independent copula respectively, then

It is clear from this theorem that Q is well calibrated at Q(W, W ) and Q(π, π), however
not for Q(M, M ). Consequently, with this multidimensional extension it becomes increasingly
difficult to estimate discordance as d increases.

Property 4

Property 3 now follows from the first two properties.

and

Property 3
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[0,1]

d

=2d

Q(π, M ) =2d

[0,1]d

[0,1]d

Z

Z

ud du

0

1

d+1
2d −(d+1)

[0,1]d

Z

is the normalisation factor.

"

d
ρ+
d = h(d)Q(C, π) = h(d) 2

#

π(u) dC(u) − 1 ,

#
C(u) du − 1

(4)

(3)

10

h(d) = 1/Q(M, π) =

d+1
.
2d − (d + 1)
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(5)

The scaling factor h(d) is derived such that the maximum correlation is 1. Thus, for
Spearman’s ρ, this is the concordance between the maximum copula M and the independent
copula π, which we obtain by proposition 13:

where h(d) =

and

[0,1]d

Definition 14 (Multivariate Spearman’s ρ)
" Z
ρ−
=
h(d)Q(π,
C)
=
h(d)
2d
d

In terms of the concordance function, Spearman’sQ
ρ is given by the concordance between
the copula C and the independent copula π(u) := i ui . However, unlike the symmetry
in proposition 13, the concordance function is in general not symmetric with respect to
its arguments. This gives us two possible ways of defining multivariate Spearman’s ρ,
corresponding to Q(C, π) and Q(π, C). Both generalisations are equivalent in the bivariate
+
case, and has been called ρ−
d and ρd by Nelsen (1996) and ρ1 and ρ2 by Schmid and Schmidt
(2007) respectively. Naturally, there is a third symmetric generalisation which is the average
of them.

and therefore the expression for Q(M, π) follows.

=

1
ud+1
d+1
1
,
=
d+1

0

1

u1 u2 · · · ud du − 1.

π(u) dM (u) − 1

To obtain the second equality, we observe that
Z
Z
u1 u2 · · · ud du =

and
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i=1

d
Y

P (Xi > xi ),

Spearman’s correlation can equivalently be seen as measuring average orthant dependence,
and the two versions ρd+ and ρd− correspond to whether we look at the upper or lower
orthant (Nelsen, 1996). Positive upper orthant dependence is defined as
P (X > x) ≥

d
Y
i=1

P (Xi ≤ xi ).

and positive lower orthant dependence is defined as
P (X ≤ x) ≥

When d = 2, the two definitions are the same and are called positive quadrant dependence (Lehmann, 1966), as we have already observed for the concordance function:

≥ 1 − P (X1 ≤ x1 ) − P (X2 ≤ x2 ) + P (X1 ≤ x1 )P (X2 ≤ x2 ).

≥ [1 − P (X1 ≤ x1 )][1 − P (X2 ≤ x2 )]

P (X1 > x1 , X2 > x2 ) ≥ P (X1 > x1 )P (X2 > x2 )

Rearranging gives
P (X1 > x1 , X2 > x2 ) + P (X1 ≤ x1 ) + P (X2 ≤ x2 ) − 1 ≥ P (X1 ≤ x1 )P (X2 ≤ x2 ).

" Z
#
d+1
2d
π(u) dC(u) − 1 .
2d − (d + 1)
[0,1]d

(6)

The left hand side is P (X1 ≤ x1 , X2 ≤ x2 ).
Observe that the scaling factor h(d) is the same for both ρd− and ρd+ due to proposition 13.
Furthermore, since P (Xi > xi ) = 1 − P (Xi ≤ xi ) for each random variable, the two versions
of Spearman’s ρ correspond to looking at whether we interpret the ranks as top down or
bottom up. Converting from one version to the other can be done by reinterpreting the data.
For a particular application, the choice of which version to use depends on the ranks that
are available. We will focus on ρd+ henceforth.
Recall that for a set of n objects from the domain Ω, we are given a set of d experts
that rank these objects providing ranks R1 , . . . , Rd , where each Rj is a bijection to (0, 1).
Putting (4) and (5) together, we obtain the following expression for multivariate Spearman’s
correlation:
ρ(R1 , . . . , Rd ) = h(d)Q(C, π) =

JMLR 17(201):1-30

In practice, we do not have access to the population version of the copula C(u) but have
the empirical copula Cn (u). We discuss this further in section 5.
Unlike the bivariate case, as the number of dimensions increases, the lower bound of
Spearman’s ρ tends to zero. This counterintuitive fact can be understood by considering
the three dimensional case. Consider three rankings R1 , R2 , and R3 . If R1 and R2 are
anti-correlated (ρ=-1), and at the same time R1 and R3 are also anti-correlated, this implies
that R2 and R3 must be perfectly correlated (ρ=1). Hence, the overall 3 dimensional
11
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correlation is no longer -1. This can be made precise by considering the inclusion-exclusion
principle, which results in the following relation from Nelsen (1996):

1 −
1
(ρ (R1 , R2 , R3 ) + ρd+ (R1 , R2 , R3 )) = (ρ(R1 , R2 ) + ρ(R1 , R3 ) + ρ(R2 , R3 )).
2 d
3
The following corollary defines the lower bound as the number of dimensions increases.

2n − (n + 1)!
.
n!(2n − (n + 1))

lim ρ(R1 , . . . , Rd ) > h(d)Q(W, π) = 0.

Corollary 15 Under the minimum Fréchet–Hoeffding bound W , Q(W, π) ≥ −1 and
d→∞

In particular, for dimension d,

ρ(R1 , . . . , Rd ) >

Proof This follows immediately from the bound −1 ≤ Q(W, π) ≤ 0 (from theorem 12)
since h(d) goes to zero as d → ∞. The lower bound has also been observed in Nelsen (1996)
and Schmid et al. (2010).

In summary, the multivariate extension of Spearman’s correlation is still calibrated under
maximum correlation as it achieves a value of 1, but it becomes increasingly difficult to
observe anti-correlated sets of ranks as the number of lists to be aggregated increases. In
the next section, we investigate an aggregation algorithm that maximises correlation. The
effect of the lower bound is discussed with respect to imputing missing values in section 5.

4. Optimal Aggregation with Spearman’s ρ

x∈Ω

The empirical copula requires R and S to comprise of ranks for the same set of elements,
that is Dom R = Dom S. Recall from section 3.1 that ranks map to the range {1, . . . , n},
but the empirical copula is expressed in terms of fractional ranks (divided by n + 1). In
the following it is convenient to work with normalised ranks, that is to consider R and S as
bijections to (0, 1). The expression for the empirical copula then simplifies to
1 X
1 (R(x) 6 u, S(x) 6 v) ,
(7)
|Ω|
Cn (u, v) =

j=1

1 XY
1 (Rj (x) 6 uj ) ,
n x

d

(8)

where is the domain of the objects we are interested in ranking. Correspondingly, the d
dimensional empirical copula for n objects given by

Cn (u) =

JMLR 17(201):1-30

(9)

where R1 (x), . . . , Rd (x) is the rankings of the d experts. Plugging the empirical copula (8)
expression into Spearman’s ρ (6), and observing that integrating the product over the copula
is the product of the ranks Schmid and Schmidt (2007), we obtain an empirical expression
for multivariate Spearman’s correlation:

j=1



d
2d X Y
Rj (x) − 1 .
n x

ρn (R1 , . . . , Rd ) = h(d) 

12

→ [0, 1]

|Ω|

is a rank generator if:

j=1

P0

x∈U

j

x∈U

Rj . Suppose there exists an
such that
X
X
σ ◦ P 0 (x)P (x) >
σ ◦ P (x)P (x).

x∈U

x∈U

x∈U

X

x∈U

X

x∈U

13

>

=
σ ◦ P (x)P (x).

ξ ◦ σ ◦ P (x)P (x)

By definition of σ, there exists a permutation ξ such that
X
X
σ ◦ P 0 (x)P (x) =
σ ◦ ξ ◦ P (x)P (x)

is maximal, where P :=

Q

Focusing on the terms in the sum, showing that the best possible R(x) is
to showing
X
σ ◦ P (x)P (x)

j=1

reduces
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j=1 Rj (x)

Qd

Proof Consider the expression for Spearman’s ρn (9):




d
Y
2d+1 X 


ρn (R, R1 , R2 , . . . , Rd ) = h(d + 1)
R(x)
Rj (x) − 1 .
n x

R∈codom σ

Theorem 17 Let {R1 , R2 , . . . , Rd } be a set of rankings with common domain Ω and σ be a
rank generator. Then


d
Y

arg max ρn (R, R1 , R2 , . . . , Rd ) = σ
Rj  .

A rank generator formalises the idea of generating a rank: the ranks it generates must
be invariant to scale and only dependent on the ordering of elements. The standard ranking
functions from statistics such as fractional ranking and dense ranking fit into this framework.

• for any permutation ξ, ξ ◦ σ = σ ◦ ξ.

• for any rankings R, R0 with domain Ω there exists a permutation ξ such that σ ◦ R0 =
σ ◦ ξ ◦ R;

• for all x, y ∈ Ω and R with domain Ω, R(x) < R(y) ⇐⇒ σ ◦ R(x) < σ ◦ R(y);

Definition 16 (Rank generator) σ :

R|Ω|

We are now in a position to derive the deceptively simple result: the ranking R that
maximises correlation with a given set of rankings {R1 , . . . , Rd } is given by the geometric
mean of R1 , . . . , Rd . The following definition is needed to capture the notion that ranks only
depend on the order.

4.1 Geometric Mean is Optimal

Multivariate Spearman’s ρ for Aggregating Ranks Using Copulas

min

R∈codom σ

(1 − Rj ) .



(

| Dom R|
| Dom R0 | R(x)
| Dom R|+| Dom R0 |
2| Dom R0 |

otherwise

x ∈ Dom R

(10)

14
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We call this the non-informative extension since it assumes that all items that are not
ranked have the same rank (the mean of the missing ranks). Note that the two experts Ri
and Rj may have ranked different numbers of objects. An advantage of this extension is that
it can easily deal with the case of more than two experts. Consider d experts R1 , . . . , Rd , each
of which may have ranked a different subset of the objects. Hence the extension has to impute
values on the union of items from all experts. Denote Dom R0 := Dom R1 ∪ . . . ∪ Dom Rd ,
then we can apply definition 19 to complete each ranking operator Rj . An additional
advantage to the non-informative extension is that it results in a consistent ranking.

∀x ∈ Dom R0 .

R (x) =

0

Definition 19 (non-informative extension) Let R be a ranking operator and R0 be its
extension to domain Dom R0 . Then,

In many applications it is prohibitive to obtain complete annotations of the object ranks.
For example, in the document retrieval setting, this amounts to providing ranks for all
documents. The empirical copula requires the set of rankings {R1 , . . . , Rd } to comprise of
ranks for the same set of elements, that is Dom R1 = · · · = Dom Rd . Hence, a key challenge
in applying Spearman’s ρ to rank aggregation is to estimate the statistic on incompletely
labelled lists.
Recall the definition of the empirical copula (7). We now consider the case where
Dom R 6= Dom S, but R and S are generated from two top ranked lists. We define extended
rankings R0 , S 0 with codomain [0, 1] such that Dom R0 = Dom R ∪ Dom S = Dom S 0 . One
way to impute the missing values is to set them to a constant value for all the ranks below
the top-k ranks. This value is chosen to be the mid point between the start and end of the
missing section. The values in the top-k are retained to be the original values in the extension.
The definition below formally defines this notion. Note that we have to renormalise the
values.

5. Empirical Copulas with Partial Lists

d
Y
j=1



ρn (R, R1 , R2 , . . . , Rd ) = σ 

Proof Proof follows from a similar argument.

arg

Corollary 18 The converse applies, that is:

This is a contradiction for any permutation ξ as σ is order preserving.

Bedő and Ong

Multivariate Spearman’s ρ for Aggregating Ranks Using Copulas

1
2

then (10) produces a

Definition 20 An extended ranking R0 of R is called consistent if the following axioms
hold:
1. R0 (x) < R0 (y) ∀x, y ∈ Dom R with R(x) < R(y)
2. R0 (x) = R0 (y) ∀x, y ∈ Dom R with R(x) = R(y)
3. R0 (y) > R0 (x) ∀x ∈ Dom R, y ∈ Dom R0
If E[R] = E[R0 ] also holds, then R0 is called strictly consistent.
Lemma 21 Definition 19 produces a consistent ranking. If E[R] =
strictly consistent ranking.

R0 (x) +

X

x∈Dom R0 \Dom R


R0 (x)
!

r + r0
r + r0
2R(y)r
r
6 2R(y)
6
= 0 R(y) = R0 (y)
2r0
2r0
2r0
r

Proof The notation | Dom R| can become unwieldly in following proof. We therefore adopt
the shorthand notations r := | Dom R| and r0 := | Dom R0 | for the size of the respective sets.
Axioms 1 and 2 are satisfied by definition as the map x 7→ rr0 x is monotonic. For all
x ∈ Dom R0 \ Dom R,
R0 (x) =

x∈Dom R


1 X
r0

for any y ∈ Dom R, satisfying axiom 3.
Furthermore, as
E[R0 ] =

r + r0
1 r X
R(x) + (r0 − r)
=
r0 r0
2r0
x∈Dom R


1 r2
r + r0
= 0
E[R] + (r0 − r)
r r0
2r0
r2 (2E[R] − 1) + r0
,
2r02
=

R0 is strictly consistent if E[R] = 21 .
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Definition 19 is called a non-informative extension as it uses no additional information
and does not bias the imputed elements in anyway: imputed values are all considered tied and
mapped to the same value. Furthermore, the strictly consistent property that definition 19
satisfied is important when using fractional ranking as it guarantees no introduction of bias.
Note also that there is a dual imputation whereby missing values are assigned to the top
of the list rather than the bottom. This is equivalent to the above imputation applied to
reverse rankings. The choice of top or bottom imputation is application dependent.
15
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5.1 Empirical Upper and Lower Bounds





+k



j=1

d

 
k

.

d

(k − i + n + 1) 2

i=k+1 i

Pn

i=k+1 i

+

Pn

Rj (i)
j=1 k+1

Rj (i)
k Qd
i=1
j=1 k+1

 P

ρn (R1 , R2 , . . . , Rd ) = ρk (R1 , R2 , . . . , Rd ) + C,

k (k + 1)d − n (n + 1)d


i=1

n (n + 1)d k
≤C≤
 P Q
d
k

k (k + 1)d − n (n + 1)d

d
2



Proposition 22 For top-k lists where k of n items are ranked by all d experts with codomain
{1, . . . , n} (i.e., unnormalised ranks), the Spearman’s ρ is bounded by

where
2d h (d)

2d h (d)

n (n + 1)d k

Proof Proof sketch: the definition of ρ for unnormalised rankings is

i=1





n
d
2d+1 X  Y Rj (i) 
− 1.
n
n+1

ρn (R1 , R2 , . . . , Rd ) = h(d + 1) 

i=1

Rj (i)
n+1



−

can be bounded above by



(2d − d − 1) k n

 P Q
n
d
(d + 1) 2d k
i=1
j=1
Rj (i)
j=1 n+1

Pn Qd

C=

Pk Qd Rj (i)
j=1 k+1
i=1

 

n

.

By considering the difference ρn (R1 , R2 , . . . , Rd ) − ρk (R1 , R2 , . . . , Rd ) and factorising out
the common terms, we obtain

The term

d

i=1 j=1

k

d

i=1+k j=1

n

d

i=1 j=1

i=1+k

d
n Y
d
k Y
d
n
d
k Y
d
n 
X
X
X
Y
X
X
R
R
R
R
i
j (i)
j (i)
j (i)
j (i)
=
+
≤
+
,
n+1
n+1
n+1
n+1
n+1
i=1 j=1

and below by
n

i=1 j=1

i=k+1

j=i

j=d 2 e
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X Y Rj (i)
X Y Rj (i) X Y Rj (i)
=
+
n+1
n+1
n+1
i=1 j=1
i=1 j=1
i=1+k j=1


d d2 e
k
d
n
d
X
Y
X
Y
Y
R (i)
i
n
−
i+1+k
j


+
,
n+1
n+1
n+1
d
≥

giving us the bounds in the proposition.
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j=1

i=1

j=1

i=1

j=1






d
n
n
d
d
Y
X
X
Y
X
R
(i)
R
(i)
R
(i)
j
j
j

=
=
.
exp log
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Analogously, we can consider the problem of minimising Spearman’s ρ.

5.2.2 Imputing to Minimise Correlation
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(15)

Constraint (11) ensures an item is only assigned one rank per expert, and constraint (12)
ensures a rank is only assigned once per expert. Finally, the third constraint (13) ensures
known ranks are assigned.

such that

xi,j,k

max

n
X

We can maximise Spearman’s ρ by introducing binary indicators xi,j,k indexed over I ×
{1, . . . , n} to denote a rank of k for item i in list j.

5.2.1 Imputing to Maximise Correlation

i=1

n
X

An alternative to the previously presented imputation method is to impute such that ρ is
maximised or minimised. In general this is a NP-hard problem as it involves searching all
permutations. In this section, we formulate this as an optimisation problem.
Let I = {1, . . . , n} × {1, . . . , d} be indices over n items and d experts. Let O ⊂ I be
the observed indices (for which we have a rank) and define U := I \ O. We then have a
rank function R : O → {1, . . . , n}. Recall that Spearman’s ρ is determined by a sum of the
products over ranks. By introducing a log transformation, we convert the product into a
sum using the logarithm rule:

5.2 Optimal Imputation
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k
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∀i, j, k
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∀(i, j) ∈ O

xi,j,k = 1

xi,j,k = 1

xi,j,k k = R(i, j)

X

X

1. http://uni.cua0.org

18

JMLR 17(201):1-30

The optimal imputation algorithm presented in section 5.2 is difficult to solve due to the
integer constraints. We evaluated the performance of a relaxed version of the program,
whereby the constraints are relaxed such that the variables may take a value in the range
[0, 1]. To solve the relaxed problem, we used a BFGS based optimiser by shifting the equality
constraints into the objective function withP
high penalties. Final ranks were determined by
ranking item i in list j based on the score k xi,j,k k.
We evaluated this relaxed solution on imputing rankings for universities. To this end,
the top-200 universities ranked by QS in 2014, Shanghai in 2014, and Times in 2015 were
obtained. In aggregating these three lists, there are a total of 266 ranks that need to be
imputed.
Measuring multivariate Spearman’s ρ on all three lists imputing the missing elements
using the non-informative extension gives ρ = 0.632. In comparison, the relaxed optimal
imputation found a solution that obtained ρ = 0.683, a modest increase in the correlation.
We also developed an interactive website1 showing the detailed results for all universities,
which also allows the user to alter the weights of each of the original experts. The top 36
aggregate rankings for the universities are given in appendix B.

5.3 Experiments on University Ranking

However, as a consequence of corollary 15, as d → ∞ we know that ρ ≥ 0, hence
the minimum ρ will approach the ρ when using the non-informative extension (the noninformative extension has ρ = 0), thus there is little need to solve the optimisation problem
after a sufficient number of dimensions is reached.




 nd
P
1
n
Proof The objective has the form i exp(hxi , ωi) with ω ∈ [log n+1
, . . . , log n+1
] .
Thus, as each term in the sum is convex, and as the sum of convex functions is convex, the objective is convex. The constraints are all linear, hence this is a convex optimisation problem.

Proposition 23 The relaxation of optimisation problem (15) such that xi,j,k is in the
interval [0, 1] is a convex optimisation problem.

By considering the relaxation of xi,j,k ∈ {0, 1} to xi,j,k ∈ [0, 1], we obtain a convex optimisation problem.

such that
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We tested our method on the MQ2007-agg and MQ2008-agg list aggregation benchmarks Qin
et al. (2010b). The goal in these challenges is to aggregate 21 and 25 different rankers respec-

6.3 Benchmarking on LETOR 4.0

A log transformation of the ranks is used as it naturally encodes the weights as a
power scaling in the framework of theorem 17, i.e., the weighted consensus rank is given by
Q
ωi
0
i ri (x) . Note that this is still solving (16) as we are optimising Spearman’s ρ, which is
sensitive only to ordering, and therefore though the final weights are different ρ is maximised
via (1).
In the following experiments we also included a bias/offset term in the least squares
problem, which can be interpreted as adding a ranking that is constant (gives all objects the
same rank). It is interesting to note that the final step in this procedure is closely related to
Borda Count, except our consensus rank is the geometric mean instead of the arithmetic
mean. Since this is a least squares estimation problem, we directly use the closed form
solution.

where the outer sum is over the n examples x.

2. Convert to log-ranks ri0 = log ◦Ri0 and l = log ◦L;

Figure 1: Results on MQ2007-agg (a, left) and MQ2008-agg (b, right): NDCG@k. Our
method is labelled RAGS- and RAGS- corresponding to top and bottom non-informative
imputation respectively. The results for CPS-S was the best reported in Qin et al. (2010a).
The results of θ-MPM was the best among the reported results in Volkovs and Zemel (2012)
from BordaCount, CPS, SVP, Bradley-Terry model, and Plackett-Luce model. The results
of St.Agg was the best among the reported results in Niu et al. (2013) and was the best
among MCLK, SVP, Plackett-Luce model, θ-MPM, BordaCount and RRF.

(a) MQ2007

NDCG
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6. Supervised Learning to Rank
We now consider the task of learning rank aggregation from extreme ranks. Theorem 17
and definition 19 provide the core of our algorithm. Using theorem 17, we can find an
average rank that aggregates a set of ranks, and by extending top-k and bottom-k ranks to
a common domain, we can apply it to partially labelled data.
6.1 Weighted Mixture of Experts
As a result of theorem 17 we have a way of finding the ranking (according to some rank
generator) that is closest to a set of ranks. Consider the learning problem where we have
a ranking L which comprise our labels, and a set of d experts {Rj }. During training, we
would like to find a weighting of the input rankings such that it gives the label. Given a
target ranking L, we would like to optimise the weights ω,
ω

max ρn (L, R1ω1 , R2ω1 , . . . , Rnωd ).

ρn (L(x),

Here we have introduced weights ω over each rank to control the influence of each rank over
the final consensus rank; the intuition here is that ranks with ωi > 1 are replicated with
more influence, which is easy to see when ωi are natural numbers. For example, a weight of
2 would mean the ranked list has appeared twice in the calculation of the consensus rank.
While it is convenient to have integer weights for interpretability, the weights ω could be
any real number in general. In the following, we consider ω ∈ Rn . Instead of performing
this high-dimensional optimisation, we decompose it into a pairwise (bivariate) comparison
between the label L and the weighted geometric mean, where we now explicitly show the
fact that the ranks are a function of the n objects x
X
⊗
⊗ ··· ⊗
max

ω

x

x

where the notation ⊗ indicates the product operator. Observe that we have used theorem 17
to convert the d dimensional problem into the product of ranks Rj and the Spearman’s
correlation above is only two dimensional. For bivariate Spearman’s ρ, this can be expressed
in terms of the squared difference (1). We further assume that σ is the identity mapping to
simplify the problem, giving us:
X
2
L(x) − R1ω1 (x)R2ω2 (x) . . . Rdωn (x) .
(16)
ω

min

The objective (16) minimises the distance between the label ranks and the weighted expert
ranks.
6.2 Least Squares Method on Logarithm of Ranks
Recall that we consider normalised ranks (divided by n + 1). By using the logarithm identity,
we convert the power scaling in (16) into a multiplicative scaling. Our algorithm is:
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1. Extend incomplete ranks {Ri } to {Ri0 } by imputing the average missing value such
that Dom Ri0 = Dom L;
19

NDCG
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0.46512
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0.38458
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0.45216

0.352
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@2

0.46078
0.3448

21

@1

0.45986
0.32804

2. http://research.microsoft.com/letor

Fold

RAGSRAGS-

0.4279
0.4195
0.42886

One issue with the benchmark aggregation data set is that the labels are only {0,1,2}
relevance scores, and hence it is unclear exactly what the rankings are within the relevance
classes. We create a new data set which is formed by taking the intersection between the
documents retrieved by a particular query between MQ2007-agg and MQ2007-list. This new
data set contains the strictly ordered labels from MQ2007-list, but uses the aggregation data
from MQ2007-agg. The same procedure is used to create the corresponding data set for
MQ2008-agg and MQ2008-list. These data sets are available for download at the LETOR
website. We maintain exactly the same 5-fold cross validation splits and report our results
in table 3.
Considering the results for Spearman’s ρ, we observe that our learning method performs
well. Note that the geometric mean outperforms Borda count on both data sets, which
confirms that our theoretically justified model performs better than the heuristic model.
It is interesting to observe that optimising for Spearman’s ρ could result in a decrease
in Kendall’s τ . This demonstrates the importance of choosing the appropriate objective
function for learning.

Bedő and Ong

CPS-S
-MPM
St.Agg
GeoMean

6.4 Strictly Ordered Labels

tively over a set of query-document pairs. Each data set has 5 pre-defined cross-validation
folds with each fold providing a training, testing and validation data set (60%/20%/20%).
We trained our model on the training set and tested on the testing set, leaving the validation
set unused since we have no hyperparameters.
In the following we consider two types of experts: either experts {Rj } are top-k experts,
that is they only rank the best k samples from Ω, or experts are bottom-k experts, that is
they identify the worst k samples from Ω. We call our proposed method RAGS- and RAGSrespectively. We assume that the ranked documents in the benchmark data sets are either
top-k or bottom-k respectively, with potentially different numbers of documents k labelled
by each expert. Ties are given the average rank of tied documents.
To evaluate the agreement, we use the standard evaluation tool from the LETOR website2 ,
which implements the Normalised Discounted Cumulative Gain (NDCG). In fig. 1a, we
see that our approach RAGS- performs better than all other methods at any selection
size on the MQ2007-agg data set. Indeed, we also perform better than Qin et al. (2010a)
where the best result uses a coset-permutation distance based stagewise (CPS) model with
Spearman’s ρ in a probabilistic model. Recall that our approach considers the multivariate
Spearman’s ρ whereas Qin et al. (2010a) uses bivariate Spearman’s ρ in a pairwise fashion.
For MQ2008-agg (fig. 1b), again our approach performs better than all other methods.
To tease apart the effect of imputing missing ranks and the effect of weighting the experts,
we compared our proposed method with and without training (uniform weights). GeoMean
denotes the results for the geometric mean (uniform weights on the experts) after performing
imputation assuming top-k ranking by the experts. First we observe that our proposed
approach outperforms the geometric mean, which is a good sanity check. It is surprising
that the geometric mean performs quite well in MQ2007. The major difference is that we
are imputing the missing ranks, and the other methods suffer from assigning them to an
arbitrary value. This demonstrates the importance of imputation.
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Table 1: Results on MQ2007-agg: NDCG. Our method is labelled RAGS- and RAGS- corresponding to top and bottom non
informative imputation respectively. The results for CPS-S was the best reported in Qin et al. (2010a). The results of θ-MPM
was the best among the reported results in Volkovs and Zemel (2012) from BordaCount, CPS, SVP, Bradley-Terry model, and
Plackett-Luce model. The results of St.Agg was the best among the reported results in Niu et al. (2013) and was the best among
MCLK, SVP, Plackett-Luce model, θ-MPM, BordaCount and RRF.
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Table 2: Results on MQ2008-agg: NDCG

0.419

0.46108
0.49986
0.49042
0.4399
0.4515
0.47938

CPS-S
-MPM
St.Agg
GeoMean

Bedő and Ong

Table 3: Results on MQ2007-agglist and MQ2008-agglist. The left column shows the results
for multivariate Spearman’s ρ and the right column shows the result for Kendall’s τ .

ρ

0.6201
0.2488

τ

0.5777
0.5519

0.7235
0.6349

ρ

0.6578
0.5869

0.6931
0.5560

τ

MQ2008-agglist
0.4394
0.2992

0.3011
0.1790

MQ2007-agglist
RAGSRAGS-

0.2457
0.2217

Method

GeoMean
Borda

7. Discussion and Conclusion
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We propose an approach for learning weights between experts for the task of rank aggregation. By generalising the derivation of concordance functions, we obtain an expression for
multivariate Spearman’s ρ. Furthermore, we show that the geometric mean of the expert
ranks is the optimal aggregator under Spearman’s correlation. Motivated by this, our method
solves a least squares estimation problem for logarithmic normalised ranks to find optimal
weights.
One possible extension of our work is to compute the correlation for all possible subsets
of rankings. While corollary 15 shows that the overall correlation cannot be negative as
the number of rankings increase, there may be subgroups which are positively correlated
within groups but negatively correlated between groups. By computing the correlation on
the power set, we could use a clustering method to find such subgroups.
Though we have focused on ρd+ , our results are equally applicable to ρd− ; indeed it is
a simple reversal of ranks that give ρd− . The choice between ρd+ and ρd− is thus problem
dependent: for tasks where being ranked highly is more informative ρd+ is a better choice;
conversely ρd− is more suitable for tasks where being ranked lowly is more informative.
In contrast to other rank aggregation approaches, our method is very computationally
efficient. However, the core of our method requires a complete set of rankings and hence
does not handle missing variables. To resolve this, we propose three imputation methods
(unbiased, optimistic, pessimistic) for completing top-k ranked lists that allows us to apply
Spearman’s ρ to aggregate ranks from partial lists. Our method is thus applicable for
large scale applications with top-k rankings that arise in areas such as text mining and
bioinformatics. One subtlety is that imputation from top-k should not be confused with the
choice of using ρd+ , which is an separate design choice.
Surprisingly, our weighted geometric mean shows state of the art results on benchmark
data sets, without the need for tuning hyperparameters or expensive computation. The
simplicity of our model makes it easier to interpret, and the weights give a direct estimate
of the influence of each expert. This problem has wide applications to ensemble learning,
voting, text mining, recommender systems and bioinformatics.
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3. http://en.wikipedia.org/wiki/Spearman’s_rank_correlation_coefficient accessed on 20 May
2014

x

s
X

Therefore, the denominator can be expressed as a function of n:

R̄ = S̄ =

Since there are no ties, both R(x) and S(x) consist of integers from 1 to n inclusive, and
the two squared sums in the denominator are the same. Recall that the mean rank is

P
(R(x) − R̄)(S(x) − S̄)
.
ρn = qP x
2
2P
x (S(x) − S̄)
x (R(x) − R̄)

Recall that Spearman’s ρ is defined (1) as:

k=1

n
X

This well known result3 shows that Spearman’s ρ can be expressed in terms of the squared
distance between ranks.
In the following derivation, we use the expressions for the sum of integers and the sum
of squares of integers:

Appendix A. Bivariate Spearman’s ρ and Squared Distance
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Since both R(x) and S(x) consists of the same integers, we can express the squared
difference in terms of the product.
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where the first term is a function of n.
We express the product of the means, which appears in the numerator later, to match
the denominator:
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where the last term in the sum is the expression for the sum of squares. We can now derive
the expression for the numerator:
X
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where the last line uses the expression of the sum of squared differences above. Putting
together the expressions for the numerator and denominator together gives the desired result:
ρn = 1 −

27
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A further advantage is seen in the computational complexity of the model. Under a
stochastic blockmodel with M nodes and K clusters, the computational cost of evaluating
the likelihood of the ith node belonging to the kth cluster grows as O(M ), meaning that
the overall computational cost of inferring the cluster allocations, without resorting to
approximations, scales as O(M 2 K). Conversely, under the proposed model, the cluster
likelihood for a link involves only the two nodes associated with the interaction, yielding
O(N ) computational complexity where N is the number of links. If N grows significantly
slower than M 2 —as is the case if we assume sparsity—this will lead to computational
savings as our data set grows.

Another advantage is that our model is explicitly designed for the prediction task. In
many scenarios, we might be interested in what the next interaction will be: who will email
whom, for example. Stochastic blockmodels aim to model a fully observed network, where
the absence of an observed edge is interpreted as an explicitly observed zero. In this setting, any predictions must directly contradict these observed zeros. While it is possible to
explicitly mark edges as “missing”, we can only do this for a small subset of unobserved
edges—if we assume all zero edges in a stochastic blockmodel are in fact unobserved, the
maximum likelihood network will have all the edges equal to one. Conversely, by constructing an integer-valued network via an exchangeable sequence of links, we frame our problem
in a manner that directly provides a predictive distribution over the location of the next
link, and allows us to continuously update our posterior predictive distribution in the face
of new data. Further, by choosing to place a nonparametric distribution over the sequence
of links, we can easily incorporate previously unseen nodes, without any prior knowledge of
the number of such nodes.

This approach has a number of advantages. Unlike the stochastic blockmodel family,
the approach described in this paper allows us to model sparse graphs, where the number of
non-zero entries grows as O(M ), where M is the number of nodes. Sparsity is a property of
many real-life networks, which tend to exhibit small-world behavior (Caron and Fox, 2015;
Orbanz and Roy, 2014).

In this paper we follow a different approach: we treat the interactions, rather than the
nodes, as data points, and construct an exchangeable sequence of directed binary links.
Each link corresponds to a single interaction—such as “friending” or “liking” in a social
network, or sending a single email—and is characterized in terms of an ordered pair of
nodes. We may observe multiple links between two nodes; this corresponds to repeated
interactions (for example, sending multiple emails).

and Wong, 1987; Snijders and Nowicki, 1997), where each node is assumed to belong to
one of K latent groups, and the interaction between two nodes depends only on their group
assignments. This basic model can be extended by allowing the number of latent groups to
be unbounded, as in the infinite relational model (IRM, Kemp et al., 2006), or by allowing
each node to exhibit membership in multiple latent groups, as in the mixed membership
stochastic blockmodel (MMSB, Airoldi et al., 2008). One thing that these models have in
common is that they treat nodes as exchangeable, and assume that there exists a fixed,
stationary network between these nodes. Each node is represented by the totality of its
interactions with other nodes, and we use this information to cluster (or, in the case of the
MMSB, co-cluster) the data into distinct groups.

Williamson

We are often interested in characterizing and predicting the interactions between objects,
be they individuals within an organization, proteins within a cell, or transportation hubs
within a region. We can represent these objects as nodes in a network, with the nonzero edges of the network describing the interactions between nodes. For example, we
can represent a social network as a binary network, where each node corresponds to an
individual, and an edge between nodes corresponds to a friendship between individuals.
Patterns of email communication can be modeled using an integer-valued network, with
integer-valued edges representing the number of emails sent from one individual to another.
Interactions between proteins can be represented using a real-valued network, where the
nodes correspond to proteins and the edges correspond to interaction strength.
A number of statistical models for such networks have been proposed. Many of these
models fall under the stochastic blockmodel (SB) framework (Holland et al., 1983; Wang

1. Introduction

Many data sets can be represented as a sequence of interactions between entities—for
example communications between individuals in a social network, protein-protein interactions or DNA-protein interactions in a biological context, or vehicles’ journeys between
cities. In these contexts, there is often interest in making predictions about future interactions, such as who will message whom.
A popular approach to network modeling in a Bayesian context is to assume that the
observed interactions can be explained in terms of some latent structure. For example,
traffic patterns might be explained by the size and importance of cities, and social network
interactions might be explained by the social groups and interests of individuals. Unfortunately, while elucidating this structure can be useful, it often does not directly translate
into an effective predictive tool. Further, many existing approaches are not appropriate for
sparse networks, a class that includes many interesting real-world situations.
In this paper, we develop models for sparse networks that combine structure elucidation
with predictive performance. We use a Bayesian nonparametric approach, which allows
us to predict interactions with entities outside our training set, and allows the both the
latent dimensionality of the model and the number of nodes in the network to grow in
expectation as we see more data. We demonstrate that we can capture latent structure
while maintaining predictive power, and discuss possible extensions.
Keywords: Dirichlet process, networks, Bayesian nonparametrics, Gibbs sampling, hierarchical modeling
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This paper begins by examining existing Bayesian network models in Section 2, before
going on to present our model in Section 3. We begin by introducing the Dirichlet network
distribution in Section 3.1, before proceeding to describe how a mixture of such distributions can create a flexible network model with interesting latent structure in Section 3.2.
While the focus of this paper is on integer-valued networks, we also consider extensions
to the binary case in Section 3.3. While the primary method we consider does not exhibit exchangeable links, we can sample an auxiliary integer-value network and leverage
its exchangeability to obtain predictive distributions. In Section 4, we describe an MCMC
sampler for the mixture of Dirichlet network distributions, before presenting experimental
results in Section 5.
1.1 Notation
We will use the notation Z to represent an M ×M network, with elements zsr ∈ N indicating
the relationship between nodes s and r. If zsr ∈ {0, 1}, then a non-zero value indicates the
presence of a relationship. If zsr is allowed to take on arbitrary non-negative integer values,
we take this to indicate the number of interactions (for example, emails in a social network,
packages in a computer network) between nodes s and r. Unless otherwise specified, we
will assume Z to be a directed network, where Z 6= Z T .
It will sometimes be more convenient to represent the matrix Z as a sequence of interactions Y = y1 , y2 , . . . , where each interaction yP
i consists of an ordered pair of nodes. We
can reconstruct the matrix Z by setting zsr = i I(yi = (s, r)), where I(·) represents an
indicator function, that returns one iff the statement it refers to is true.

2. Related Work
A number of models have been proposed for modeling interactions within a network. In
a Bayesian context, most of these models fall under the general category of stochastic
blockmodels (SBs), a class of clustering-based models that generate dense networks. We
discuss stochastic blockmodels in Section 2.1.
Recently, there has been growing interest in models for sparse networks, where the
number of edges grows linearly (rather than quadratically) with the number of nodes. We
discuss relevant work in this area in Section 2.2.
2.1 Stochastic Blockmodels and Related Models

JMLR 17(202):1-21

The basic stochastic blockmodel (Holland et al., 1983; Wang and Wong, 1987) posits that
each node belongs to one of K latent clusters. For each pair (i, j) of clusters there is a
cluster-specific distribution over interactions governed by some parameter θi,j ; conditioned
on their cluster allocations cs and cr , interactions between nodes s and r are i.i.d. samples
from the distribution parametrized by θcs ,cr . Typically, this is a Bernoulli distribution,
giving rise to a binary matrix; however Mariadassou et al. (2010) show that the basic idea
can be extended to real- or integer-valued networks by using different choices of distribution
(for example, Gaussian or Poisson).
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Figure 1: A stochastic blockmodel with 5 clusters.

To position SBs in a Bayesian context (Snijders and Nowicki, 1997), we can place appropriate conjugate priors on the cluster parameters θi,j and the cluster proportions. For
example, a Bayesian version of the standard Bernoulli stochastic blockmodel takes the form

∼ Beta(α, β), i, j ∈ {1, . . . , K}

π ∼ Dirichlet(φ)

cs ∼ Discrete(π), s ∈ {1, . . . , M }

θi,j

zsr ∼ Bernoulli(θcs ,cr ).

JMLR 17(202):1-21

Figure 1a shows the underlying partitioning of the nodes, with the color of each partition
indicating the corresponding value of θcs ,cr in a binary SB. Figure 1b shows an instantiation
of a network generated from this structure.
The basic stochastic blockmodel can be extended in a number of ways. The infinite
relational model (IRM, Kemp et al., 2006) allows an unbounded number of latent clusters by
placing a Dirichlet process prior over the cluster probabilities; this removes the need to prespecify a latent dimensionality and allows the number of clusters to grow (in expectation)
with the number of nodes. A more general class of models is obtained if we associate each
pair of nodes with a location in some metric space, and place a continuous or piecewisecontinuous parameter function over this space (Lloyd et al., 2012); this class of model
includes the SB and the IRM.
The SB and the IRM both assume that each node belongs to a single cluster. The mixedmembership stochastic blockmodel (MMSB, Airoldi et al., 2008) relaxes this assumption by
associating each node with a distribution over latent clusters. To generate the interaction
between nodes s and r, each node selects a cluster from their individual distributions over
clusters; the interaction is then generated according to the distribution associated with this
pair. This extension allows the model to capture the fact that individuals may perform
multiple “roles” leading to different patterns of interaction: Ian may be friends with Jamel
because they both play tennis, and friends with Keira because they both study computer
science.

4

r=1

M
Y

P (zsr |θk,cr )P (zrs |θcr ,k ).

5
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A limitation of stochastic blockmodel-type approaches—and indeed the more general class
of models discussed in Lloyd et al. (2012)—is that they yield dense models almost surely
(Orbanz and Roy, 2014). In other words, the number of non-zero entries in the resulting
network grows as O(M 2 ). This follows from the structure shown in Figure 1a: each partition
is a simple Erdös-Rényi G(n, p) model, with all possible relationships being equally likely,
and the number of non-zero relationships growing in expectation with the number of pairs
of nodes in that partition.
This contrasts with the sparse nature of many real-life social networks, where the number
of non-zero entries grows as O(M ), since the number of interactions a person makes does
not grow proportionately with the size of the network. In general, an individual will only
interact with a small subset of the total population. Caron and Fox (2015) have shown that

2.2 Statistical Models for Sparse Networks

Therefore, resampling the cluster allocations of all M cluster allocations scales quadratically with M (and linearly with K). As M grows, Gibbs sampling (Snijders and Nowicki,
1997) quickly becomes computationally infeasible. Variational methods (Mariadassou et al.,
2010; Airoldi et al., 2008) generally give faster inference (albeit at the cost of lower estimate
quality); however they still scale quadratically in the number of nodes. A number of approximate methods have been proposed that reduce the computational cost by approximating
the full likelihood (Amini et al., 2013; Ho et al., 2012); however as with variational methods
these approaches are no longer asymptotically guaranteed to sample from the true model.

P (cs = k|c−s , Z, π, {θi,j }) ∝ πk

(1)

6
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As we saw in Section 2, stochastic blockmodels assume a fixed, fully observed network,
where zero-valued entries are taken to represent the observed absence of an interaction, and
model the network by clustering these nodes. We take a different approach: We model a
network as a sequence of observed interactions, and aim to predict the locations of future
interactions by explicitly clustering the interactions, rather than the nodes.
To do so, we consider distributions over a sequence of links connecting a set of nodes.
Each link, therefore, is associated with an (ordered) pair of nodes sampled from some
distribution over such pairs; we may have multiple links associated with a given pair. To
allow the network to expand over time, and to facilitate out-of-sample prediction, we let
this set of nodes be countably infinite and use a Bayesian nonparametric distribution to
assign probabilities to potential pairs.
The main focus of this paper is on integer-valued networks—we will use the running
example of an email network—where there can be multiple links between the same pair of
nodes. While not explored in as much depth, we also suggest modifications that allow us
to model binary networks in Section 3.3.

3. Nonparametric Models for Networks

This construction can also be used to generate a binary network, by thresholding the
integer-valued network N . Caron and Fox (2015) demonstrate that the construction in
Equation 1 can be used to generate networks that are sparse in terms of the number of edges,
and exhibit power-law degree distribution. These are both properties that are commonly
found in real world networks.
A link between the sparse binary models of Caron and Fox (2015) and the stochastic
blockmodel family has recently been made explicit by Veitch and Roy (2015). Under their
“graphex” construction for random binary networks, a candidate set of nodes, and associated node-specific parameters, is selected via a Poisson process on R2 . As with the SB,
the probability of a link between two nodes is governed by the nodes’ parameter values via
an appropriate link function, meaning that the SB is a member of this graphex-based class
of models. However, different choices of link models can yield sparse graphs including the
binary model of Caron and Fox (2015).

Z ∼ PP(W × W ).

∼ GGP(ρ, λ)

several real-world networks, including the ENRON data set explored in this paper, have a
very high probability of exhibiting this form of sparsity.
Caron and Fox (2015) presented a construction for sparse networks basedPon a Poisson
process. An integer-valued network is represented as a discrete measure Z = ∞
n=1 zn δsn ,rn
on R2 , where each atom’s size zn indicates the edge value, and the location (sn , rn ) specifies a
pair of nodes. The atoms are distributed according to a Poisson process, with base measure
given by the outer product of two generalized gamma process (GGP)-distributed random
measures (Brix, 1999), i.e.

While SBs are well-suited to community detection, they are less appropriate for the task
of predicting unseen interactions, i.e., asking questions such as “who will Ian interact with
next?”. Stochastic blockmodels, and related models, explicitly model the entire network,
with the likelihood for a data point’s cluster allocation(s) depending on its interactions
with all M nodes in the network. Unless explicitly marked as missing, zeros in the network
indicate the observed absence of a relationship, and affect the likelihood. As a result,
predictions about the locations of unseen interactions must directly contradict the zeros
present in the training set. This cannot be avoided by marking all zeros as unobserved,
since in this case the maximum likelihood network is maximally connected.
Further, if we explicitly model the absence of interactions, the model likelihood is
changed if we discover the existence of an (M + 1)st node who hasn’t yet interacted with
anyone—since we must explicitly cluster this node and include its interactions in other
nodes’ likelihood terms. Therefore, if we want to allow prediction of links to or from individuals not included in our training set, we must know in advance the number of such
individuals. This is not realistic in many settings: we do not know how many people will
join a social network in the future.
Another consequence of modeling both non-zero- and zero-valued edges is that the computational cost of evaluating the conditional probability that node i belongs to cluster k
scales linearly with the number of nodes, since
W
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3.1 Dirichlet Network Distributions

∼
DP(τ, Θ)

n=1

I(sn = i, rn = j).

G, n = 1, . . . , N

i.i.d.

=

N
X

∼

(2)

A simple way of constructing an integer-valued network with an unbounded number of
nodes is to place a probability distribution G over a countably infinite number of actors.
We can represent such a network as a sequence of (sender, receiver) pairs; each pair might,
for example, correspond to a single email from a sender to a receiver, or a single journey
between two cities. The value of a (directed) edge from a “sender” s to a “receiver” r is the
number of times we have seen the pair (s, r). We call each individual pair in the sequence
a link; the value of an edge between two nodes is the number of links between them.
To generate such a pair, we simply sample a sender and a receiver according to G. Let
N be the total number of links in our network—that is, the total sum of the edge values.
An appropriate prior over G might be the Dirichlet process, so that
G
sn , rn
(N )

zij

(3)

In other words, we generate a sequence of links by sampling with replacement from the
distribution implied by the product measure G × G. We will refer to this construction as
a symmetric Dirichlet network distribution (DND). Figure 2a shows a network constructed
in this manner.
This model is related to the sparse network model proposed by Caron and Fox (2015)
and described in Section 2.2. As we described in Equation 1, Caron and Fox generate a
directed, integer-valued graph Z by sampling interactions according to a Poisson process,
with rate given by the product measure W × W where W ∼ GGP . If W has finite total
mass W (Ω), then this can equivalently be described as:
W ∼GGP(ρ, λ)

N
X

δ(sn ,rn ) .

N ∼Poisson(W (Ω)2 )
W
, n = 1, . . . , N
W (Ω)
i.i.d.

sn , rn ∼

Z=

n=1

JMLR 17(202):1-21

If we choose a standard gamma process as the random measure W in Equation 3 then,
conditioned on the total number of links N , we recover the symmetric nonparametric model
described in Equation 2. In this paper, we focus on the gamma process/Dirichlet process
case in order to achieve simple inference strategies; however the models proposed in this
section can easily be extended to use a normalized generalized gamma process (Lijoi et al.,
2008), or some other random probability measure such as a Pitman-Yor process (Pitman
and Yor, 1997), in place of the Dirichlet process.
This basic model assumes that the probability of a node being the “sender” of a link is
the same as the probability of being a “receiver”. In practice, this is often not a reasonable
7

(a) Sample from a symmetric Dirichlet network distribution (τ = 10, N =
500).

Williamson

(b) Sample from an asymmetric Dirichlet network distribution (γ = 50, τ =
10, N = 500).

(c) Sample from an asymmetric mixture of Dirichlet network distributions
(γ = 20, τ = 5, α =
5, N = 1000).

Figure 2: Samples from Dirichlet network distributions and mixtures of Dirichlet network
distributions.

∞
X
i=1

∞
X

i=1

∞
X

i=1

hi δθi

∼ DP(γ, Θ)

∼ DP(τ, H)

∼ DP(τ, H)
bi δθi

ai δθi

sn ∼ A, n = 1, . . . , N

=

n=1

N
X

I(sn = i, rn = j).

rn ∼ B, n = 1, . . . , N

(N )

zij

(4)

assumption. For example, in a university’s email network, administrators may send out a
large number of group emails—that is, they often operate in the “sender” role—but receive
a relatively small number of emails. When modeling human migration patterns, the United
States had over 13 times as many immigrants as emigrants in 2015, whereas Micronesia had
around twice as many emigrants as immigrants (United Nations, Department of Economic
and Social Affairs, Population Division, 2015). We can capture this form of asymmetry by
replacing the single distribution G over nodes (Equation 2) with a pair of distributions, A
and B. To ensure the two distributions have the same support (meaning that any node can
have both incoming and outgoing links), we couple these two distributions via a shared,
discrete base measure H. The generalized process becomes
H :=
A :=
B :=

JMLR 17(202):1-21

Figure 2b shows a network constructed in this manner; note the nodes that “send” a
large number of links are not necessarily those that “receiver” a large number of links.
The concentration parameter τ governs how similar the two distributions are to the base
measure, and hence to each other.
On their own, like the sparse models explored by Caron and Fox (2015), the symmetric
and asymmetric Dirichlet network distributions allow very little internal structure. While
we do see some preferential attachment due to the discrete nature of the underlying random
measures, there is no clustering structure—if we know that an email was sent by a given

8

i=1

=
n=1

I(sn = i, rn = j),

k

Nk ∼ Poisson(µk )
X
N :=
Nk

(N )

yij

(N )

zij

> 0),

k=1 n=1
(N )

(k)
I(s(k)
n = i, rn = j)

n = 1, . . . , Nk
Nk
∞ X
X

= I(zij

=

rn(k) ∼ Gk

s(k)
n ∼ Gk ,

(6)

9
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∼ DP(τ, H)

(N )

zij

N
X

(5)

G0 ∼ DP(γ, H0 )

Gk ∼ DP(τ, G0 ), k = 1, 2, . . .

µk δθk ∼ GP(αD0 , β)

JMLR 17(202):1-21

bk,i δθi

∼ DP(τ, H), k = 1, 2, . . .

k=1

∞
X

where GP indicates a gamma process. This approach is a form of restricted exchangeable
distribution, as described by Williamson et al. (2013). As in the unrestricted, integer-valued
network, the distribution over edge events is exchangeable. We note that this truncation
technique is the same as that used by Caron and Fox (2015) to generate binary networks,
and indeed if Z is the symmetric version of the DND given by Equation 3, and if we obtain
a symmetric network by mirroring the link counts, then this construction corresponds to
the binary network described in Caron and Fox (2015), itself a special case of the class of
binary network models described by Veitch and Roy (2015).
If our observations are explicitly ordered, and we believe that ordering to be important,
we can modify the DND or the MDND to sample without replacement from the set of
possible links, giving a non-exchangeable model. This form of non-exchangeability mimics
behavior found in many naturally-occurring networks. For example, in a social network, a
user will add their close friends first, and then over time add more distant acquaintances.
In integer-valued networks exchangeability can represent the fact that close friends will
communicate both early and often, but in an exchangeable binary setting all relationships
appear identical.
The resulting binary network model is mathematically equivalent to a censored DND or
MDND, where we only observe the first instance of a link between nodes i and j:

i=1

∞
X

ak,i δθi

rn ∼ Bcn

sn ∼ Acn

cn ∼ D, n = 1, . . . , N

Γ :=

Many real-world networks exhibit binary, rather than real-valued, edges. One way of capturing this behavior is to threshold the integer-valued edges generated by the DND or the
MDND. The most straightforward version of this is simply to sample a network Z = (zij )
according to the DND or the MDND, and then generate a binary network Y P
= (yij ) by
letting yij = 1 iff zij > 0. If we place a negative binomial distribution over N = i,j zij , so
that N ∼ NB(α, 1/(1 + β)) for some β > 0, we can represent this thresholded model as

where GEM(α) is the distribution over the size-biased atom sizes of a Dirichlet process
with concentration parameter α. Figure 2c shows a network constructed in this manner. A
symmetric version of the MDND is recovered if we replace the sender- and receiver-specific
distributions Ak and Bk with a shared distribution Gk ∼ DP(τ, H), and is appropriate
when we believe the distribution over edges originating from a given node is similar to the
distribution over edges ending at that node. For the remainder of this paper, we will focus
on the asymmetric setting.
We can verbalize the generative process of the asymmetric MDND as follows. To generate the nth link, we first select a cluster cn . We then select a “sender” sn and a “receiver”
rn —identifying a link (sn , rn )—according to the cluster-specific distributions Acn and Bcn .
The concentration parameters α, τ and γ can be manipulated to obtain differing network
properties. The parameter α controls the number of clusters, with the total number of clusters used to model N links growing approximately as O(γ log N ). The parameter τ controls
the degree of similarity between the clusters: As τ decreases, the overlap between clusters
will tend to decrease. Increasing γ increases the overall number of nodes represented in the
network.
Since the pairs are sampled i.i.d. given the random measures, the resulting sequence is
exchangeable, meaning the construction is appropriate for sequences of links where there

Bk :=

Ak :=

∞
X

i=1

D :=(dk , k ∈ N) ∼ GEM(α)
∞
X
H :=
hi δθi
∼ DP(γ, Θ)

Rather than use a single Dirichlet network distribution over integer-valued networks, as
described by Equations 2 and 4, we can use a mixture of such distributions, which we will
refer to as a mixture of Dirichlet network distributions, or MDND. By ensuring both sender
and receiver belong to a common mixture component, we break the independence between
sender and receiver, allowing us to identify communication patterns that cannot be captured
using the DND or the related Caron and Fox (2015) model.. To allow links between the
subgraphs associated with each mixture component, we couple the networks using a shared,
discrete base measure H. Concretely, in the asymmetric case, let

3.3 Extension: Binary-valued Networks

is no specific ordering of the links, or where the order is believed to be irrelevant. This
has useful implications for inference: It means we can easily construct a Gibbs sampler,
as described in Section 4. However, in many networks the order in which links are formed
does carry information. In Section 3.3, we discuss an extension for explicitly ordered binary
links, and in Section 6, we will discuss possible extensions of the integer-valued network
model to explicitly ordered links.

sender, this tells us nothing about the receiver. This makes it a poor model for real-world
networks, where we observe cliques of users who are strongly interconnected, or groups
that interact with other groups in characterizable manners. While we cannot capture such
behavior with the basic symmetric or asymmetric Dirichlet network distributions described
above, we can use them as a component of more complex and flexible models.

3.2 Mixtures of Dirichlet Network Distributions

Williamson
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i=1

∞
X

i=1

∞
X
i=1

hi δθi

ak,i δ
∼ DP(τ, H)

∼ DP(τ, H), k = 1, 2, . . .

∼ DP(γ, Θ)

ct ∼D,

yij =I

(t)


I(st0 = i, rt0 = j) > 0 .

t = 1, 2, . . .

t0 =1

X
t

rt ∼Bct

st ∼Act
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bk,i δθi

θi

D :=(dk , k ∈ N) ∼ GEM(α)
∞
X

H :=
Ak :=
Bk :=

(t)

Due to the finite probability of sampling an existing (s, r) pair, Y (t+1) may be the
same as Y ; instead we would likely work with the corresponding 
non-repeating sequence

Pt0
0
(Z (n) , n ∈ N), where Z (n) = mint0 Y (t ) : t=1
I(Y t 6= Y t−1 ) = n . While this censored

model is no longer exchangeable, we can make use of the underlying exchangeable sequence
of interactions to make predictions.

3.4 Relationship to Other Models
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As we described in Section 3.1, the Dirichlet network distribution is strongly related to the
sparse network models of Caron and Fox (2015)—in fact, conditioned on the total number of
links, the integer-valued model of Caron and Fox (2015) is a special case of the symmetric
DND, and the truncated model of Equation 6 describes the binary model of Caron and
Fox (2015) as a special case. However, the DND on its own lacks the flexibility to model
structured networks, where nodes tend to belong to locally connected sub-networks, and
where knowing who sent a message tells us something about the intended recipient. The
mixture of Dirichlet network distributions allows us to capture multiple sub-networks, while
allowing interaction between sub-networks via a common Dirichlet process-distributed base
measure H.
A related integer-valued network model is described by Crane and Dempsey (2016). This
model is explicitly designed for multi-way interactions, such as collaborations or actors costarring in movies, but can be modified to give two-way interactions. The number of “roles”
in an interaction is sampled from an appropriate distribution, and for each role, nodes are
sampled from a (single) Pitman-Yor process. The two-way interaction setting corresponds to
a Pitman-Yor variant of the symmetric Dirichlet network distribution obtained by replacing
the Dirichlet process in Equation 2 with a Pitman-Yor process; as such it is unable to capture
the clustering behavior obtained using the mixture of Dirichlet network distributions.
The models described in this paper also bear some similarity to stochastic blockmodels,
which were described in Section 2. The main difference between the stochastic blockmodel
family and the models proposed in this paper is that, under the blockmodel paradigm,
nodes are clustered into a (potentially infinite, in the case of the IRM) number of clusters.
Conversely, the MDND directly clusters links, rather than nodes, and represents a network
as a (potentially infinite) sequence of pairs of nodes. This creates a natural framework
for questions of prediction. For the basic symmetric DND described in Section 3.1, the
predictive distribution over the next pair of nodes is available in analytic form via an urn
11
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representation. For the mixture models proposed in Sections 3.2 and 3.3, the predictive
distribution depends on the values of latent variables, but we can easily sample from this
distribution, as we will see in Section 4.
While the MDND does not explicitly cluster the nodes, we can obtain a similar mixedmembership interpretation to that found in the MMSB. We can think of each cluster of
links representing a latent topic of conversation between nodes. Each topic of conversation
is described by distributions over the nodes likely to take part in such a conversation. If we
condition on the fact that the sth node is sending an email, we can use these distributions
to infer the probability of that email belonging to a given discussion. Since the hierarchical
construction of Equation 5 ensures that the topics of conversation have overlapping participants, the node will be associated with a conditional distribution over an unbounded
number of conversations.
In Section 2.2, we discussed how the graphex construction for binary exchangeable networks by Veitch and Roy (2015) allows us to represent the stochastic blockmodel and the
sparse binary model of Caron and Fox (2015) using a common framework. While the
integer-valued MDND, and the non-exchangeable binary network described in Section 3.3,
do not fall under the graphex framework, it suggests an alternative way to describe the exchangeable binary network obtained by thresholding a MDND (as described in Equation 6).

4. Fully Nonparametric Inference via an Urn Scheme

 mi (mj +I(i=j))


 (2n−2+τ )(2n−1+τ )

mi τ

(2n−2+τ )(2n−1+τ )

if mi = 0, mj = 0,

if mi = 0, mj 6= 0

if mi 6= 0, mj = 0

if mi 6= 0, mj 6= 0

In the simple symmetric network model of Equation 2, we can directly evaluate the predictive distribution over the nth link, given the previous n − 1 links, via a straightforward
extension of the Pölya urn sampler for the Chinese restaurant process Neal (1998), where
the probability of seeing a link between two nodes is proportional to the product of those
nodes’ degrees (excluding the link in question):

P (yn = (s, r)|y1 , . . . , yn−1 ) =

(2n−2+τ )(2n−1+τ )

mj τ


 (2n−2+τ )(2n−1+τ )


τ 1+I(i=j)

P
where mi = n−1
n0 =1 (I(sn0 = i) + I(rn0 = i)) is the sum of the links to or from node i.
The MDND is based on a mixture of coupled hierarchical Dirichlet processes, allowing us
to construct a collapsed Gibbs sampler by modifying the direct assignment sampler for the
hierarchical Dirichlet process introduced by Teh et al. (2006). Recall that associated with
each cluster k we have a sender-specific distribution Ak and a receiver-specific distribution
P
(1)
B .1 Let η = N I
be the number of links associated with cluster k; let mk,i be the
k
k
c
i =k
i=1
number of edges associated with cluster k that originate from node i (that is, edges where
(2)
node i is the “sender”); and let mk,i be the number of edges associated with cluster k that
end at node i (that is, edges where node i is the “receiver”). We also introduce auxiliary
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1. In this section, we focus on the asymmetric MDND, where there are separate distributions over senders
and receivers; extension to the symmetric case is straightforward.

12

(2)

(·)

(·)

ατ 2 β

sn βrn

(
(1)¬n
(2)¬n
ηk¬n (mk,sn + τ βsn )(mk,rn + τ βrn )
if ηk¬n = 0.

if ηk¬n > 0
(7)

(2)

(2)

if r, s > J.

if r ≤ J, s > J

if s ≤ J, r > J

if s, r ≤ J

(b) 60-node network generated according to a
stochastic
blockmodel;
nodes are colored according to ground-truth
labels.

(c) Clusterings
recovered
using
MDND.
Edges
are colored according
to their most common
label. Nodes are colored
according to the most
common label out of their
incoming and outgoing
edges.
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(2)

3. The visualization layouts in this section (Figures 3b, 3c, 4b and 4c) were generated using the Python
package NetworkX with a Fruchterman-Reingold force-directed algorithm.

(1)

2. In the Chinese franchise interpretation of Teh et al. (2006), ρk,i and ρk,i correspond to the number of
tables in a given restaurant serving dish i.

5.2 Real Network Data
We compared the mixture of Dirichlet network distributions to the infinite relational model,
the mixed membership stochastic blockmodel, and several baselines, in three real-world
scenarios: A small network representing character interactions in Shakespeare’s ‘Macbeth’;

node s. The raw matrix of link counts is shown in Figure 3a, and a visualization of the
matrix is shown in Figure 3b, where the edge color indicates the number of nodes and the
node color indicates the ground-truth cluster labels.3
Figure 3c shows the structure recovered by the MDND. Each edge in the MDND representation has multiple cluster labels, one per link; the edges are colored according to their
most common cluster label. The nodes are colored according to the most common cluster
label amongst their incoming and outgoing edges. As we can see from Figure 3c, all but
one node is most commonly associated with its ground-truth label.
Figure 4 evaluates the MDND on a 50-node with manually constructed overlapping
blocks. The network shown in Figure 4a was generated from 5 equiprobable clusters; each
cluster puts 95% of its probability mass on one of five overlapping blocks, and the remaining
mass is uniformly distributed over the entire population. Figure 4b shows a visualization
of this matrix, where the edge color indicates the number of nodes and the node color
indicates most common ground-truth label amongst the incoming and outgoing edges, as in
Figure 3b. Figure 4c shows the structure recovered by the MDND; as before, the edges are
colored according to their most common cluster label, and the nodes are colored according
to the most common cluster label amongst their incoming and outgoing edges. Again, we
have very high agreement between the ground-truth labels and the recovered clustering.

Figure 3: Structure recovery: stochastic blockmodel.

(a) 60-node network generated according to a
stochastic
blockmodel;
color indicates number of
links.

Williamson

In Figure 3, we show the performance of the MDND evaluated on a 60-node network
generated according to a stochastic blockmodel. A distribution over cluster memberships
was drawn from a Dirichlet(5, 5, 5, 5, 5, 5) distribution. Intra-cluster link parameters θi,i
were distributed according to θi,i ∼ Gamma(5, 1), and inter-cluster link parameters θi,j
were distributed according to θi,j ∼ Gamma(0.5, 1). Link counts zsr for each pair (s, r)
were Poisson-distributed given the appropriate parameter θcs ,cr , where cs is the cluster of

5.1 Synthetic Data

We begin by demonstrating the ability of the MDND to recover latent network structure in
a two synthetically-generated data sets, before performing a quantitative analysis on three
real-world networks.

5. Experimental Evaluation

To improve mixing, we augmented the sampler with split/merge moves, proposed using
the Restricted Gibbs method of Jain and Neal (2004).

P (yN +1 = (s, r)|c1:N , y1:N , β) =

(1)

ηk mk,s +τ βs mk,r +τ βr
+ N α+α βs βr
N +α ηk +τ
ηk +τ
(1)
m
+τ
β
s
ηk
k,s
α
k=1 N +α ηk +τ βu + N +α βs βu
(2)

P
m
+τ
β
r
K+ ηk

k,r

+ N α+α βu βr

k=1 N +α βu ηk +τ


 2
βu


PK+



k=1


PK

+

the partitioning of mk,i (mk,i ) according to a Chinese restaurant process with parameter
τ βk .
Conditioned on the cluster assignments for the first N links, and the probability vector
(β1 , . . . , βJ , βu ), we can evaluate the predictive distribution over the N + 1st link as:

(1)

P
(1)¬n
where we use c¬n to indicate the sequence (cn0 : n0 6= n) and mk,i = n0 6=n Icn0 =k,sn0 =i ,
i.e., the ¬n notation is used to exclude the value associated with the current observation.
(1)
(2)
Following Fox et al. (2007) we can sample the “dish counts” ρk,i (ρk,i ) by simulating

P (cn = k|sn , rn , c¬n , β) ∝

count variables ρk,i and ρk,i 2 and a probability vector (β1 , . . . , βJ , βu ) ∼ Dir(ρ·1 , . . . , ρ·J , γ),
P (1)
(2)
where ρ··i = k ρk,i + ρk,i ; here β1 ,P
. . . , βJ correspond to the atoms of H that are associated
with represented nodes, and βu = ∞
j=J+1 hj .
The distribution over the cluster assignment of the nth link, given β and all other N − 1
links, is given by:

(1)
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(a) 50-node network generated from manually
constructed overlapping
blocks; color indicates
number of links.

(b) 50-node network generated from manually
constructed overlapping
blocks; nodes are colored
according to ground-truth
labels.

(c) Clusterings
recovered
using
MDND.
Edges
are colored according
to their most common
label. Nodes are colored
according to the most
common label out of their
incoming and outgoing
edges.

Figure 4: Structure recovery: Overlapping blocks.
a medium-sized network representing political interactions; and a large network representing
email interactions. In Section 5.2.1 we describe the comparison methods, and in Section 5.2.2
we describe the three networks and present our results.
5.2.1 Comparison Methods
We compare the mixture of Dirichlet network distributions to a single symmetric Dirichlet
network distribution; to integer-valued variants of the mixed-membership stochastic blockmodel (MMSB, Airoldi et al., 2008) and the infinite relational model (IRM, Kemp et al.,
2006); and to two baseline methods.
1. Symmetric Dirichlet network distribution. We modeled the data using a single
symmetric DND as described in Section 3.1, with Dirichlet process concentration
parameter τ = 1.
2. Infinite relational model. Kemp et al. (2006) describe a variant of the IRM appropriate for integer-valued data. Each pair of clusters (i, j) is associated with a
positive real-valued parameter θij , and the N links are assigned to clusters according to a multinomial distribution parametrized by the θij . Inference in this model is
performed using existing C code released by the authors of Kemp et al. (2006). This
code was not able to handle the number of nodes present in the Enron data sets.
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3. Mixed-membership stochastic blockmodel. While the MMSB is designed for
binary-valued networks, it can trivially be extended to integer-valued networks by
replacing the Bernoulli distributions with Poisson distributions, and placing gamma
priors on the Poisson parameters. While, to the best of our knowledge, this extensions
has not yet been explored in the literature, it is a natural, and easily implementable,
15
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extension. We perform inference in this model, with K = 50 clusters, using Gibbs
sampling, via an existing R package (Chang, 2012) that was modified to replace the
beta/Bernoulli pairs with gamma/Poisson pairs. Since inference in this model was
significantly slower than inference in the IRM and the DNM, we only compared with
the gamma/Poisson MMSB on our smallest data set.

4. Baseline 1: equiprobable links. Our first baseline assumed that all (sender, receiver) pairs are equally likely, provided the sender and receiver are different—so if
we have M nodes, the probability of a given link is 1/M (M − 1).

= i, rn = j) + αij
.
M (M − 1) + N

PN
n=1 I(sn

5. Baseline 2: Dirichlet-multinomial distribution over links. Here we assumed
an M (M − 1)-dimensional Dirichlet prior over the potential links, and looked at the
conditional distribution given the N observed links,

P ((sN +1 , rN +1 ) = (i, j)) =

We note that this corresponds to an IRM where each pair of nodes is in its own cluster.

5.2.2 Evaluation on Three Real Networks

We compared the mixture of Dirichlet network distributions to the comparison methods described above, on three real data sets. We describe the data sets below; Table 1 summarizes
the networks’ statistics.

1. Macbeth. This data set represents the implied social network in Shakespeare’s ‘Macbeth’. We constructed a directed network where each link indicates an uninterrupted
block of speech from the speaker to all other characters presently on stage. To evaluate
predictive performance, we split the play into 5 contiguous subsets, each containing
(approximately) N/5 consecutive edges. We used these subsets to generate a 5-fold
split into training data (4 of the 5 subsets) and a test set (the remaining one subset),
and evaluated the joint predictive likelihood on the test set.

2. Militarized disputes. Next, we evaluated our model on a network representing
militarized disputes between 188 countries (Maoz, 2005). The data set contains 8650
disputes between 1816 and 1976. We split this data set into 10 subsets, and used
these subsets to generate 10 train/test splits, where 9 subsets were used for training
and 1 for evaluation.

3. ENRON email network. Finally, we looked at subsets of the ENRON email data
set (Klimmt and Yang, 2004). We looked at five training sets, corresponding to the
total set of emails sent and received in each of the first 5 months of 2000. For each
data set, we evaluated predictive performance on the first 1000 emails sent in the
subsequent month.
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Table 2 shows the log predictive likelihoods obtained on the above data sets. In each
case, we condition on the latent structure obtained on the training set, and consider the
joint conditional distribution over the test set. For the MMSB and the IRM, our training
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Number of links (N )
2153
8650
13994
8692–20464

Number of nodes (M )
39
188
3883.8
3006–4652

N/M 2
1.42
0.245
9.14e-4
7.55e-4–1.03e-3

ENRON
−15030.77 ± 208.71
−9053.68 ± 235.02
−16509.75 ± 125.47
−15800.01 ± 138.84
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For the IRM and the MMSB, we already have cluster assignments for each pair of nodes,
and can use the cluster parameters to directly obtain a probability distribution over pairs
of nodes. We use this probability distribution to directly calculate the joint predictive log
likelihood. For the MDND, we do not yet have cluster assignments for the test set links. It
is analytically intractable to sum over all possible test set cluster assignments. Instead, we
estimate the predictive log likelihood using our Gibbs sampler to generate 100 samples of
the test cluster assignments, conditioned on the training set assignments and the test set
links. We then use the harmonic mean of the likelihoods given these cluster assignments as
an estimator for the overall joint predictive likelihoods.

set explicitly included those nodes with interactions present in the test set but not in the
training set. We note that this is an unrealistic setting that gives an advantage to the
MMSB and the IRM: In most situations, the number of new nodes is unknown. However,
without including at least the correct number of unseen nodes, we would be unable to obtain
an estimate for the predictive performance on the data sets used.

18
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Military Disputes
−5019.35 ± 38.70
−5000.74 ± 54.64
−6984.25 ± 16.49
−5748.78 ± 40.59
−5433.24 ± 38.76
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Macbeth
−2900.56 ± 193.06
−1769.74 ± 71.60
−1941.50 ± 102.69
−3077.22 ± 65.42
−2723.33 ± 0
−2462.94 ± 70.05

Table 2: Test set log likelihood (mean ± standard error).

Symmetric DND
MDND
IRM
MMSB
Baseline 1
Baseline 2

The MMSB code was unable to run on the Disputes and ENRON data sets, and the
IRM code was unable to run on the ENRON data set. By looking at the ratio M/N 2
in Table 1, we see that the Disputes data set is much sparser than Macbeth, and the
ENRON data set is much sparser than Macbeth. This means that the blockmodel-based
approaches, which scale quadraticaly with the number of nodes, are unable to run. We note
that our experiments were based on of existing implementations of the MMSB and IRM;
while different implementations may be able to process the entire data set, it is likely to be
much slower than the MDND, due to the density of the network.

6. Discussion and Future Work

We see that, in each case, the MDND out-performs the comparison methods—even
though we have included more information in the MMSB and the IRM by making use of
the number of unseen nodes.

Williamson

We have presented a new Bayesian nonparametric model, the mixture of Dirichlet network
distributions, for integer-valued networks where the number of nodes is unbounded and
grows in expectation with the number of binary links. This model allows us to capture
sparse networks with latent structure. Existing network models focus either on latent
structure—capturing the fact that each node will have a different pattern over which nodes
it connects with—or on capturing sparsity; this is, to our knowledge, the first model that
combines these two goals. Further, unlike most existing Bayesian network models, this
model is explicitly designed for prediction. We can use the mixture of Dirichlet network
distributions to obtain an explicit predictive distribution over the nodes associated with an
as-yet unseen observation, even if we have not observed these nodes in our training set; we
have shown good predictive and qualitative performance on a variety of data sets.
The mixture of Dirichlet network distributions is based on a simpler network model that
we refer to as a Dirichlet network distribution. In the symmetric setting—where a common
distribution is used for both senders and receivers—this corresponds to a special case of the
integer-valued network models of Caron and Fox (2015) and Crane and Dempsey (2016).
While these models can be used to obtain desirable properties such as network sparsity
and power law degree distribution, they are unable to capture community-type structure in
the network. By using a mixture of these networks, we can capture multiple modalities of
interaction between nodes; by using a nonparametric hierarchical framework we ensure that
both the number of nodes is unbounded, and that nodes can interact as part of multiple
clusters. The MDND therefore increases the modeling flexibility of this class of models,
while retaining desirable sparsity properties.
The mixture of Dirichlet network distributions is an exchangeable model: It is invariant to permutations of the order in which we observe links. While this is computationally
appealing and leads to a straightforward predictive distribution, it does not allow us to
capture network dynamics in integer-valued networks. In practice, such dynamics may be
important: an individual’s level of activity within a topic may vary over time, and the overall popularity of topics may change. A number of authors have found that adding temporal
dynamics to network models improves performance (Ishiguro et al., 2010; Xing et al., 2010;
Xu and Hero III, 2013). In the case of Dirichlet network distributions, similar temporal dynamics could be incorporated by replacing some or all of the component Dirichlet processes
with dependent Dirichlet processes (MacEachern, 2000; Lin et al., 2010; Ren et al., 2008);
we intend to explore this in a future work.
In addition to the base model for integer-valued networks, we also discussed extensions
to binary networks. The methods considered involve truncating the exchangeable integervalued network; while it is possible to obtain exchangeable binary networks related to those
considered by Caron and Fox (2015) and Veitch and Roy (2015), we argued that a dynamic truncation, yielding a non-exchangeable model, is more appropriate for a temporally
expanding binary network. Unfortunately, inference in such truncated models is trickier

Table 1: Network statistics. Note that the Macbeth and Military Disputes data sets were
split into equally sized subsets, while the Enron data set was split according to
month. We therefore report both the average and the range of the Enron monthly
statistics.

Network
Macbeth
Military Disputes
Enron (average)
Enron (range)

Nonparametric Network Models for Link Prediction
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than the integer-valued case. While we can analytically sample the censored observations
as auxiliary variables and recover the integer network, the number of censored observations
grows according to a coupon-collector problem with the number of observed links, making
this approach infeasible for large data sets. An interesting avenue for future research is to
develop scalable inference methods for this setting.

Acknowledgments
Sinead Williamson is supported by NSF grant 1447721.

References
E.M. Airoldi, D.M. Blei, S.E. Fienberg, and E.P. Xing. Mixed membership stochastic
blockmodels. Journal of Machine Learning Research, 9:1981–2014, 2008.
A.A. Amini, A. Chen, P.J. Bickel, and E. Levina. Pseudo-likelihood methods for community
detection in large sparse networks. The Annals of Statistics, 41(4):2097–2122, 2013.
A. Brix. Generalized gamma measures and shot-noise Cox processes. Advances in Applied
Probability, 31(4):929–953, 1999.
F. Caron and E.B. Fox.
Sparse graphs using exchangeable random measures.
arXiv:1401.1137 [stat.ME], 2015.
J. Chang. lda: Collapsed Gibbs sampling methods for topic models., 2012. URL http:
//CRAN.R-project.org/package=lda. R package version 1.3.2.
H. Crane and W. Dempsey. Edge exchangeable models for network data. arXiv:1603.04571
[math.ST], 2016.
E.B. Fox, E.B. Sudderth, M.I. Jordan, and A.S. Willsky. The sticky HDP-HMM: Bayesian
nonparametric hidden Markov models with persistent states. Technical Report P-2777,
Massachusetts Institute of Technology, 2007.
Q. Ho, J. Yin, and E.P. Xing. On triangular versus edge representations—towards scalable
modeling of networks. In Advances in Neural Information Processing Systems (NIPS),
pages 2132–2140, 2012.
P.W. Holland, K.B. Laskey, and S. Leinhardt. Stochastic blockmodels: First steps. Social
networks, 5(2):109–137, 1983.

Williamson

C. Kemp, J.B. Tenenbaum, T.L. Griffiths, T. Yamada, and N. Ueda. Learning systems of
concepts with an infinite relational model. In National Conference on Artificial Intelligence (AAAI), pages 381–388, 2006.

B. Klimmt and Y. Yang. Introducing the Enron corpus. In Conference on Email and
Anti-Spam (CEAS), 2004.

A. Lijoi, I. Prünster, and S.G. Walker. Investigating nonparametric priors with Gibbs
structure. Statistica Sinica, 18(4):1653–1668, 2008.

D. Lin, E. Grimson, and J.W. Fisher III. Construction of dependent Dirichlet processes
based on Poisson processes. In Advances in Neural Information Processing Systems
(NIPS), pages 1396–1404, 2010.

J. Lloyd, P. Orbanz, Z. Ghahramani, and D.M. Roy. Random function priors for exchangeable arrays with applications to graphs and relational data. In Advances in Neural
Information Processing Systems (NIPS), pages 1007–1015, 2012.

Maoz.
Dyadic militarized interstate dispute
http://psfaculty.ucdavis.edu/zmaoz/dyadmid.html, 2005.

dataset,

version

2.0.

S.N. MacEachern. Dependent Dirichlet processes. Unpublished manuscript, Department of
Statistics, The Ohio State University, 2000.
Z.

M. Mariadassou, S. Robin, and C. Vacher. Uncovering latent structure in valued graphs: A
variational approach. Annals of Applied Statistics, 4(2):715–742, 2010.

R.M. Neal. Markov chain sampling methods for Dirichlet process mixture models. Technical
Report 9815, Dept. of Statistics, University of Toronto, 1998.

P. Orbanz and D. Roy. Bayesian models of graphs, arrays and other exchangeable random
structures. IEEE Transactions on Pattern Analysis and Machine Intelligence, 37(2):
437–461, 2014.

J. Pitman and M. Yor. The two-parameter Poisson-Dirichlet distribution derived from a
stable subordinator. The Annals of Probability, 25(2):855–900, 1997.

L. Ren, D.B. Dunson, and L. Carin. The dynamic hierarchical Dirichlet process. In International Conference on Machine Learning (ICML), pages 824–831, 2008.

T.A.B. Snijders and T. Nowicki. Estimation and prediction for stochastic blockmodels for
graphs with latent block structure. Journal of Classification, 14(1):75–100, 1997.

Y.W. Teh, M.I. Jordan, M.J. Beal, and D.M. Blei. Hierarchical Dirichlet processes. Journal
of the American Statistical Association, 101(476):1566–1581, 2006.

JMLR 17(202):1-21

K. Ishiguro, T. Iwata, N. Ueda, and J.B. Tenenbaum. Dynamic infinite relational model
for time-varying relational data analysis. In Advances in Neural Information Processing
Systems (NIPS), pages 919–927, 2010.

20

United Nations, Department of Economic and Social Affairs, Population Division.
Trends in international migrant stock: The 2015 revision. United Nations database,
POP/DB/MIG/Stock/Rev.2015, 2015.
JMLR 17(202):1-21

S. Jain and R.M. Neal. A split-merge Markov chain Monte Carlo procedure for the Dirichlet
process mixture model. Journal of Computational and Graphical Statistics, 13(1):158–
182, 2004.
19

21

JMLR 17(202):1-21

K.S. Xu and A.O. Hero III. Dynamic stochastic blockmodels: Statistical models for timeevolving networks. In International Conference on Social Computing, Behavioral-Cultural
Modeling and Prediction, pages 201–210. Springer, 2013.

E.P. Xing, W. Fu, and L. Song. A state-space mixed membership blockmodel for dynamic
network tomography. The Annals of Applied Statistics, 4(2):535–566, 2010.

S.A. Williamson, S.N. MacEachern, and E.P. Xing. Restricting nonparametric distributions.
In Advances in Neural Information Processing Systems (NIPS), pages 2598–2606, 2013.

Y.J. Wang and G.Y. Wong. Stochastic blockmodels for directed graphs. Journal of the
American Statistical Association, 82(397):8–19, 1987.

V. Veitch and D. Roy. The class of random graphs arising from exchangeable random
measures. arXiv:1512.03099 [math.ST], 2015.

Nonparametric Network Models for Link Prediction

c 2016 Jianqing Fan and Wen-Xin Zhou.

1. Introduction

Keywords: Bootstrap, Gaussian approximation, generalized linear models, L1 regression,
model selection, sparsity, spurious correlation, spurious fit

2

JMLR 17(203):1-34

Abstract

wenxinz@princeton.edu

jqfan@princeton.edu

Many data mining and statistical machine learning algorithms have been developed to
select a subset of covariates to associate with a response variable. Spurious discoveries
can easily arise in high-dimensional data analysis due to enormous possibilities of such
selections. How can we know statistically our discoveries better than those by chance?
In this paper, we define a measure of goodness of spurious fit, which shows how good a
response variable can be fitted by an optimally selected subset of covariates under the null
model, and propose a simple and effective LAMM algorithm to compute it. It coincides with
the maximum spurious correlation for linear models and can be regarded as a generalized
maximum spurious correlation. We derive the asymptotic distribution of such goodness of
spurious fit for generalized linear models and L1 regression. Such an asymptotic distribution
depends on the sample size, ambient dimension, the number of variables used in the fit, and
the covariance information. It can be consistently estimated by multiplier bootstrapping
and used as a benchmark to guard against spurious discoveries. It can also be applied to
model selection, which considers only candidate models with goodness of fits better than
those by spurious fits. The theory and method are convincingly illustrated by simulated
examples and an application to the binary outcomes from German Neuroblastoma Trials.
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Fan and Zhou

Technological developments in science and engineering lead to collections of massive amounts
of high-dimensional data. Scientific advances have become more and more data-driven, and
researchers have been making efforts to understand the contemporary large-scale and complex data. Among these efforts, variable selection plays a pivotal role in high-dimensional
statistical modeling, where the goal is to extract a small set of explanatory variables that are
associated with given responses such as biological, clinical, and societal outcomes. Toward
this end, in the past two decades, statisticians have developed many data learning methods and algorithms, and have applied them to solve problems arising from diverse fields
of sciences, engineering and humanities, ranging from genomics, neurosciences and health
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sciences to economics, finance and machine learning. For an overview, see Bühlmann and
van de Geer (2011) and Hastie, Tibshirani and Wainwright (2015).
Linear regression is often used to investigate the relationship between a response variable
Y and explanatory variables X = (X1 , . . . , Xp )T . In the high-dimensional linear model
Y = X T β ∗ + ε, the coefficient β ∗ is assumed to be sparse with support S0 = supp(β ∗ ).
Variable selection techniques such as the forward stepwise regression, the Lasso (Tibshirani,
1996) and folded concave penalized least squares (Fan and Li, 2001; Zou and Li, 2008) are
frequently used. However, it has been recently noted in Fan, Guo and Hao (2012) that
high dimensionality introduces large spurious correlations between response and unrelated
covariates, which may lead to wrong statistical inference and false scientific discoveries. As
an illustration, Fan, Shao and Zhou (2015) considered a real data example using the gene
expression data from the international ‘HapMap’ project (Thorisson et al., 2005). There,
the sample correlation between the observed and post-Lasso fitted responses is as large as
0.92. While conventionally it is a common belief that a correlation of 0.92 between the
response and a fit is noteworthy, in high-dimensional scenarios, this intuition may no longer
be true. In fact, even if the response and all the covariates are scientifically independent in
the sense that β ∗ = 0, simply by chance, some covariates will appear to be highly correlated
with the response. As a result, the findings obtained via any variable selection techniques
are hardly impressive unless they are proven to be better than by chance. To simplify
terminology, in this paper we say that the discovery (by a variable selection method) is
spurious if it is no better than by chance.
To guard against spurious discoveries, one naturally asks how good a response can be
fitted by optimally selected subsets of covariates, even when the response variable and the
covariates are not causally related to each other, that is, when they are independent. Such
a measure of the goodness of spurious fit (GOSF) is a random variable whose distribution
can provide a benchmark to gauge whether the discoveries by statistical machine learning
methods any better than a spurious fit (chance). Measuring such a goodness of spurious fit
and estimating its theoretical distributions are the aims of this paper. This problem arises
from not only high-dimensional linear models and generalized linear models, but also robust
regression and other statistical model fitting. To formally measure the degree of spurious
fit, Fan, Shao and Zhou (2015) derived the distributions of maximum spurious correlations,
which provide a benchmark to assess the strength of the spurious associations (between
response and independent covariates) and to judge whether discoveries by a certain variable
selection technique are any better than by chance.
The response, however, is not always a quantitative value. Instead, it is often binary;
for example, positive or negative, presence or absence and success or failure. In this regard,
generalized linear models (GLIM) serve as a flexible parametric approach to modeling the
relationship between explanatory and response variables (McCullagh and Nelder, 1989).
Prototypical examples include linear, logistic and Poisson regression models which are frequently encountered in practice.
In GLIM, the relationship between the response and covariates is more complicated and
cannot be effectively measured via Pearson correlation coefficient, which is essentially a
measure of the linear correlation between two variables. We need to extend the concept
of spurious correlation or the measure of goodness of spurious fit to more general models
and study its null distribution. A natural measure of goodness of fit is the likelihood
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ratio statistic, denoted by LRn (s, p), where n is the sample size and s is size of optimally
fitted model. It measures the goodness of spurious fit when X and Y are independent.
This generalization is consistent with the spurious correlation studied in Fan, Shao and
Zhou (2015), that is, applying LRn (s, p) to linear regression yields the maximum spurious
correlation. We plan to study the limiting null distribution of 2LRn (s, p) under various
scenarios. This reference distribution then serves as a benchmark to determine whether the
discoveries are spurious.

Guarding against Spurious Discoveries in High Dimensions

1.2 Notations

The above result shows that the 10-fold cross-validation chooses a too large model with
40 variables. This prompts us to reduce the model sizes along the Lasso path such that
their fits are better than GOSF. The results are reported in Table 2. The largest model
along the LASSO path that fits better than GOSF has model size 17. We can use the
cross-validation to select a model with model size no more than 17 or to select a best model
among all models that fit better than GOSF. This is another important application of our
method.
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X = (X1 , . . . , Xp )T , X = (X1 , . . . , Xn )T ∈ Rn×p and Xi = (Xi1 , . . . , Xip )T , i = 1, . . . , n.

Let Y, Y1 , . . . , Yn be independent and identically distributed (i.i.d.) random variables with
mean zero and variance σ 2 > 0, and X, X1 , . . . , Xn be i.i.d. p-dimensional random vectors.
We write

2. Goodness of spurious fit

We collect standard pieces of notation here for readers’ convenience. For two sequences {an }
and {bn } of positive numbers, we write an = O(bn ) or an . bn if there exists a constant
C > 0 such that an /bn ≤ C for all sufficiently large n; we write an  bn if there exist
constants C1 , C2 > 0 such that, for all n large enough, C1 ≤ an /bn ≤ C2 ; and we write
an = o(bn ) if limn→∞ an /bn = 0, respectively. For a, b ∈ R, we write a ∨ b = max(a, b).
For every positive integer `, we write [`] = {1, 2, . . . , `}, and for any set S, we use S c
to denote its complement and |S| for its cardinality. For any real-valued random variable
X, its sub-Gaussian norm is defined by kXkψ2 = sup`≥1 `−1/2 (E|X|` )1/` . We say that a
random variable X is sub-Gaussian if kXkψ2 < ∞.
Let p, q be two positive integers. For every p-vector u = (u1 , . . . , up )T , we define its `q 
Pp
Pp
p−1 = {u ∈ Rp :
q 1/q , and set kuk =
norm to be kukq =
0
i=1 |ui |
i=1 I{ui 6= 0}. Let S
kuk2 = 1} be the unit sphere in Rp . Moreover, for each subset S ⊆ [p] with |S| = s ∈ [p],
we denote by uS the s-variate sub-vector of u containing only the coordinates indexed by
S. We use kMk to denote the spectral norm of a matrix M.

In Section 2, we introduce a general measure of spurious fit via generalized likelihood ratios,
which extends the concept of spurious correlation in the linear model to more general
models, including generalized linear models and robust linear regression. We also introduce
a local adaptive majorization-minimization (LAMM) algorithm to compute the GOSF.
Section 3 presents the main results on the limiting laws of goodness of spurious fit and
their bootstrap approximations. For conducting inference, we use the proposed LAMM
algorithm to compute the bootstrap statistic. In Section 4, we discuss an application of our
theoretical findings to high-dimensional statistical inference and model selection. Section 5
presents numerical studies. Proofs of the main results, Theorems 2 and 6, are provided
in Section 6; in each case, we break down the key steps in a series of lemmas with proofs
deferred to the appendix.

1.1 Structure of the paper

To gain further insights, let us illustrate the issue by using the gene expression profiles
for 10, 707 genes from 251 patients in the German Neuroblastoma Trials NB90-NB2004
(Oberthuer et al., 2006). The response labeled as “3-year event-free survival” (3-year EFS)
is a binary outcome indicating whether each patient survived 3 years after the diagnosis
of neuroblastoma. Excluding five outlier arrays, there are 246 subjects (101 females and
145 males) with 3-year EFS information available. Among them, 56 are positives and 190
are negatives. We apply Lasso using the logistic regression model with tuning parameter
selected via ten-fold cross validation (40 genes are selected). The fitted likelihood ratio
d = 211.96. To judge the credibility of the finding of these 40 genes, we should compare
2LR
the value 211.96 with the distribution of the Goodness Of Spurious Fit (GOSF) 2LRn (s, p)
when X and Y are indeed independent, where n = 246, p = 10, 707 and s = 40. This
requires some new methodology and technical work. Figure 1 shows the distribution of
the GOSF estimated by our proposed method below and indicates how abnormal the value
211.96 is. It can be concluded that the goodness of fit to the binary outcome is not statistically significantly better than GOSF.

JMLR 17(203):1-34

d in comparison to the distribution of GOSF
Figure 1: Lasso fitted likelihood ratio 2LR
2LRn (s, p) with n = 246, p = 10, 707 and s = 40.
3

max

α∈Rp :kαk0 ≤s

corr
d n (Y, αT X),

(1)

θ∈R

= maxs

corr
d 2n (Y, XST θ).

(2)

max

S⊆[p]:|S|=s

RS2 .

(3)

β∈Rp :kβk0 ≤s

min

Ln (β).

(4)

5
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When X and Y are independent, it becomes the Goodness OF Spurious Fit (GOSF).
According to (2) and (3), this definition is consistent with the maximum spurious correlation
when it is applied to the linear model with Gaussian quasi-likelihood, where Ln (β; β0 , σ) =
1
1
2
2
2
T
2 log(2πσ ) + 2 kY − β0 − Xβk2 /σ and Y = (Y1 , . . . , Yn ) .
Throughout, we refer to Ln (·) as the loss function which is assumed to be convex.
This setup
Pencompasses the generalized linear models (McCullagh and Nelder, 1989) with
Ln (β) = ni=1 {b(XiT β)−Yi XiT β} under the canonical link where b(·) is a model-dependent
convex function (we take the dispersion parameter
as one, as we don’t consider the dispersion
P
P
issue), robust regression with Ln (β) = ni=1 |Yi − XiT β|, the hinge loss Ln (β) = ni=1 (1 −
Yi XiT β)+ in the support vector machine (Vapnik, 1995) and exponential loss Ln (β) =

b
LRn (s, p) := Ln (0) − Ln (β(s))
= Ln (0) −

The concept of R2 can be extended to more general models. For binary response models,
b − `(0)},
Maddala (1983) suggested the following generalization: − log(1 − R2 ) = n2 {`(β)
b = log L(β)
b and `(0) = log L(0) denote the log-likelihoods of the fitted and the
where `(β)
null model, respectively. This motivates us to use the likelihood ratio as a generalization of
the goodness of fit beyond the linear model.
Let Ln (β), β ∈ Rp be the negative logarithm of a quasi-likelihood process of the
b
sample {(Yi , Xi )}ni=1 . For a given model size s ∈ [p], the best subset fit is β(s)
:=
argminβ∈Rp :kβk0 ≤s Ln (β). The goodness of such a fit, in comparison with the baseline fit
Ln (0), can be measured by

bn2 (s, p) =
R

bn (s, p) can be expressed as the maximum R2
Then, the maximum s-multiple correlation R
statistic:

RS2

where corr
d n (·, ·) denotes the sample Pearson correlation coefficient. When Y and X are
bn (s, p) as the maximum spurious (multiple) correlation. The
independent, we regard R
bn (s, p) is studied in Cai and Jiang (2012) and Fan, Guo and Hao
limiting distribution of R
(2012) when s = 1 and X ∼ N (0, Ip ) (the standard normal distribution in Rp ), and later
in Fan, Shao and Zhou (2015) under a general setting where s ≥ 1 and X is sub-Gaussian
with an arbitrary covariance matrix.
For binary data, the sample Pearson correlation is not effective for measuring the regression effect. We need a new metric. In classical regression analysis, the multiple correlation
coefficient, also known as the R2 , is the proportion of variance explained by the regression
model. For each submodel S ⊆ [p], its R2 statistic can be computed as

bn (s, p) =
R

For s ∈ [p], the maximum s-multiple correlation between Y and X is given by
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min

β∈Rp :kβk0 ≤s

Ln (β).

(6)

)T

or Yi = XiT β ∗ + εi , i = 1, . . . , n,

(7)

min

β∈Rp :kβk0 ≤s

Ln (β).

6

The limiting distribution of GOSF LRn (s, p) is studied in Section 3.4.

LRn (s, p) = kY k1 −
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(8)

where Y = (Y1 , . . . , Yn is the response vector and ε = (ε1 , . . . , εn is the n-vector of
measurement errors. Robustness considerations lead to least absolute deviation (LAD) regression and more generally
quantile regression (Koenker, 2005). For simplicity, we consider
P
the `1 -loss Ln (β) = ni=1 |Yi − XiT β|, β ∈ Rp . The generalized measure of goodness of fit
(4) now becomes

)T

Y = Xβ ∗ + ε

In this section, we revisit the high-dimensional linear model

2.2 L1 regression

In Section 3, we derive under mild regularity conditions the limiting distribution of GOSF
LRn (s, p) in the null model. This extends the classical Wilks theorem (Wilks, 1938). Here,
we interpret LRn (s, p) as the degree of spuriousness caused by the high-dimensionality.

LRn (s, p) = nb(0) −

2. Poisson regression: b(u) = eu , u ∈ R and φ = 1.
P
In GLIM, the loss function is Ln (β) = ni=1 {b(XiT β)−Yi XiT β}. By (4), the generalized
measure of goodness of fit for GLIM is

1. Logistic regression: b(u) = log(1 + eu ), u ∈ R and φ = 1.

where β ∗ = (β1∗ , . . . , βp∗ )T is the unknown p-dimensional vector of regression coefficients,
and φ > 0 is the dispersionPparameter. The log-likelihood
function with respect to the
P
given data {(Yi , Xi )}ni=1 is ni=1 c(Yi , φ) + φ−1 ni=1 {Yi XiT β − b(XiT β)}. For simplicity,
we take φ = 1 with the exception that in the linear model with Gaussian noise, φ = σ 2 is
the variance. Two other showcases are

Recall that (Y1 , X1 ), . . . , (Yn , Xn ) are i.i.d. copies of (Y, X). Assume that the conditional
distribution of Y given X = x ∈ Rp belongs to the canonical exponential family with the
probability density function taking the form (McCullagh and Nelder, 1989)


f (y; x, β ∗ ) = exp {y xT β ∗ − b(xT β ∗ )}/φ + c(y, φ) ,
(5)

2.1 Generalized linear models

T
i=1 exp(−Yi Xi β) in AdaBoost (Freund and Schapire, 1997) in classification with Y
taking values ±1.
The prime goal of this paper is to derive the limiting laws of GOSF LRn (s, p) in the
null setting where the response Y and the explanatory variables X are independent. Here,
both s and p can depend on n, as we shall use double-array asymptotics. We will mainly
focus on the GLIM and robust linear regression that are of particular interest in statistics.

Pn
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g(β (k+1) | β (k) )
≤

minimization

g(β (k) | β (k) )

=

initialization

f (β (k) ).

(9)

(10)

3.1 Preliminaries
Define p × p covariance matrices

and

b = n−1
Σ

i=1

n
X

Xi XiT .

3. Asymptotic distribution of goodness of spurious fit

In particular, if ε1 , . . . , εn in (7) are i.i.d. from the double exponential distribution
with the density fε (u) = 21 e−|u| , u ∈ R, the `1 -loss Ln (·) corresponds to the negative loglikelihood function. In general, we assume that the regression error εi has median zero,
that is, P(εi ≤ 0) = 12 . Hence, the conditional median of Yi given Xi is XiT β ∗ for i ∈ [n],
and β ∗ = argminβ∈Rp EX {Ln (β)}, where EX (·) = E(· |X1 , . . . , Xn ) denotes the conditional
n .
expectation given {Xi }i=1
2.3 An LAMM algorithm

≤

majorization

b in (4) requires solving a comThe computation of the best subset regression coefficient β(s)
binatorial optimization problem with a cardinality constraint, and therefore is NP-hard. In
the following, we suggest a fast and easily implementable method, which combines the forward selection (stepwise addition) algorithm and a local adaptive majorization-minimization
(LAMM) algorithm (Lange, Hunter and Yang, 2000; Fan et al., 2015) to provide an approximate solution.
Our optimization problem is minβ∈Rp :kβk0 ≤s f (β), where f (β) = Ln (β). We say that a
function g(β | β (k) ) majorizes f (β) at the point β (k) if f (β (k) ) = g(β (k) | β (k) ) and f (β) ≤
g(β | β (k) ) for all β ∈ Rp . An majorization-minimization (MM) algorithm initializes at β (0)
and then iteratively computes β (k+1) = argminβ∈Rp :kβk0 ≤s g(β | β (k) ). The target value of
such an algorithm is non-increasing since
f (β (k+1) )

We now majorize f (β) at βb(k) by an isotropic quadratic function

.

Σ = E(XX T )

b SS = n−1
Σ

8

n
X

i=1

T
XiS XiS
.

(12)
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Condition 3.1 The covariates are standardized to have unit second moment, that is,
E(Xj2 ) = 1 for j = 1, . . . , p. There exits a random vector U ∈ Rp satisfying E(U U T ) = Ip ,
such that X = Σ1/2 U and A0 := supv∈Sp−1 kv T U kψ2 < ∞.

ΣSS = E(XS XST ),

For s ∈ [p], we say that S ⊆ [p] is an s-subset if |S| = s. For every s-subset S ⊆ [p], let ΣSS
b SS be the s × s sub-matrices of Σ and Σ
b containing the entries indexed by S × S,
and Σ
that is,

(11)

We propose to use the stepwise forward selection algorithm to compute an initial estimator βb(0) . As the MM algorithm decreases the target value as shown in (9), the resulting
target value is no larger than that produced by the stepwise forward selection algorithm.
To properly choose the isotropic parameter λ > 0 without computing the maximum
eigenvalue, we use the local adaptive procedure as in Fan et al. (2015). Note that, in order
to have a non-increasing target value, the majorization is not actually required. As long
as f (β (k+1) ) ≤ g(β (k+1) | β (k) ), arguments in (9) hold. Starting from a prespecified value
λ = λ0 , we successfully inflate λ by a factor ρ > 1. After the `th iteration, λ = λ` = ρ`−1 λ0 .
(k+1)
(k+1) b(k)
(k+1)
We take the first ` such that f (βbλ` ) ≤ gλ` (βbλ`
| β ) and set βb(k+1) = βbλ` . Such an
` always exists as a large ` will major the function f . We then continue with the iteration in
the MM part. A simple criteria for stopping the iteration is that |f (βb(k+1) ) − f (βb(k) )| ≤ 
for a sufficiently small , say 10−5 . We refer to Fan et al. (2015) for a detailed computational
complexity analysis of the LAMM algorithm.
b
While the LAMM algorithm can be applied to compute β(s)
in a general setting, in our
application, the algorithm is mainly applied to compute GOSF under the null model (see
Figure 1 and Section 3.5). From our simulation experiences, our algorithm delivers a good
enough solution under the null model. It always provides an upper certificate f (βb0 ) to the
problem minkβk0 ≤s f (β), where βb0 is the output of the LAMM algorithm. As in Bertsimas,
King and Mazumder (2016), if needed to verify the accuracy of our method, a lower certificate is f (βb ), where βb is the solution to the convex problem minkβk1 ≤Bs f (β), and Bs is a
1
1
b
sufficient large constant so that the L0 -solution satisfies
p kβ(s)k1 ≤ Bs . For example, under
b
the null model,
it is well known that kβ(s)k
1 = OP {s (log p)/n}. Therefore, we can take
p
Bs = Cs s (log p)/n for a sufficiently large constant Cs . A data-driven heuristic approach
is to take Bs = 2kβb1 (s)k1 along the Lasso path such that kβb1 (s)k0 = s.
Note that the minimum target value falls in the interval [f (βb1 ), f (βb0 )]. If this interval
is very tight, we have certified that βb0 is an accurate solution.

D
E
λ
gλ (β | βb(k) ) = f (β) + ∇f (βb(k) ), β − βb(k) + kβ − βb(k) k22 , β ∈ Rp .
2

[1:s]

This is a valid majorization as long as λ ≥ maxβ k∇2 f (β)k (this will be relaxed below).
The isotropic form on the right-hand side of (10) allows a simple analytic solution given by

(k+1)
βbλ
= argminβ∈Rp :kβk0 ≤s g(β | β (k) ) = βb(k) − λ−1 ∇f (βb(k) )

Here, we used the notation that for any β ∈ Rp , β[1:s] ∈ Rp retains the s largest (in
magnitude) entries of β and assigns the rest to zero.



Remark 1 To implement the MM algorithm, we need to compute the gradient
Pn of the
objective function of interest. In the L1 regression, the loss function Ln (β) = i=1
|Yi −
XiT β|, β ∈ Rp is not differentiable everywhere. Recall that the subdifferential of the
absolute function h(x) = |x|, x ∈ R is given by

if x > 0,
 {1},
[−1, 1], if x = 0,
{−1}, if x < 0.
∂h(x) =
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With slight abuse of notation,
we suggest a randomized algorithm using the stochastic
Pn
subgradient ∇Ln (β) = i=1
I(Yi − XiT β > 0) − I(Yi − XiT β > 0) + Ui I(Yi − XiT β = 0),
where U1 , . . . , Un are i.i.d. random variables uniformly distributed on [−1, 1].
7

(13)

max

S⊆[p]:|S|=s

−1/2

kΣSS GS k2 ,
(14)

and

max |b000 (u)| ≤ A1

u:|u|≤1

(15)



≤ C {s log(γs pn)}7/8 n−1/8 + γs1/2 {s log(γs pn)}2 n−1/2 ,

≤ C{s log(γs pn)}7/8 n−1/8 ,

. {s log(γs pn)}7/8 n−1/8 ,

−1 T
Y T XS (XT
S XS ) XS Y =

max

α∈Rp :kαk0 ≤s

min kY − XS θk22
(Y T Xα)2 /kXαk22 .

9

10
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max

S⊆[p]:|S|=s

min

S⊆[p]:|S|=s θ∈Rs
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=

2LRn (s, p) = kY k22 −

which is in line with Theorem 3.1 in Fan, Shao and Zhou (2015). To see this, note that

t≥0


 2 2
sup P 2LRn (s, p) ≤ t − P σ
b0 R0 (s, p) ≤ t

2
Remark
5 Under the null model, the
b02 =
P
P variance σ can be consistently estimated by σ
n−1 ni=1 (Yi − Ȳ )2 , where Ȳ = n−1 ni=1 Yi . Under the same conditions of Corollary 4, it
can be proved that

where C > 0 is a constant depending only on A0 and K0 in Conditions 3.1 and 3.3.

t≥0



sup P 2LRn (s, p) ≤ t − P σ 2 R02 (s, p) ≤ t

Corollary 4 Let Conditions 3.1 and 3.3 hold. Assume that p, n ≥ 3 and 1 ≤ s ≤ min(p, n).
Then, under the null model (7) with β ∗ = 0,

1 2
2u ,

The following corollary is a particular case of the general result Theorem 2 with b(u) =
u ∈ R and φ = σ 2 . By examining the proof of Theorem 2 and noting that b000 ≡ 0,
it can be easily shown that the second term on the right-side of (16) vanishes. Hence, the
proof is omitted.

Condition 3.3 ε is a centered, sub-Gaussian random variable with Var(ε) = σ 2 > 0 and
K0 := kεkψ2 < ∞. Moreover, write v` = E(|ε|` ) for ` ≥ 3.

The estimator σ
b02 , used in computing the maximum spurious correlation, can be seriously
biased beyond the null model and hence adversely affect the power. Thus, we suggest using
either the refitted cross-validation procedure (Fan, Guo and Hao, 2012) or the scaled Lasso
estimator (Sun and Zhang, 2012) to estimate σ 2 .

(16)

(17)

then coincides with that in (6) with b(u) = 12 u2 . We state the null limiting distribution
of LRn (s, p) in a general case, where ε1 , . . . , εn are i.i.d. copies of a sub-Gaussian random
variable ε. Specifically, we assume that

1
min
Ln (β)
LRn (s, p) = kY k22 −
2
β∈Rp :kβk0 ≤s

As a specific case of GLIM, we consider the linear regression model (7) with the loss function
Ln (β) = 12 kY − Xβk22 . The corresponding likelihood ratio statistic

3.3 Linear least squares regression

Fan and Zhou

Remark 3 We regard Theorem 2 as a nonasymptotic, high-dimensional version of the
celebrated Wilks theorem. In the low-dimensional setting where s = p is fixed, Theorem 2
reduces to the conventional Wilks theorem, which asserts that the generalized likelihood
ratio statistic converges in distribution to χ2p . In addition, we also provide a Berry-Esseen
bound in (16).

where C > 0 is a constant depending only on a0 , a1 , A0 , A1 in Conditions 3.1 and 3.2.

t≥0

Theorem 2 Let Conditions 3.1 and 3.2 be satisfied. Assume that φ = 1 in (5), p, n ≥ 3
and 1 ≤ s ≤ min(p, n). Then, under the null model (7) with β ∗ = 0,

sup P 2LRn (s, p) ≤ t − P{R02 (s, p) ≤ t}

Condition 3.2 is satisfied by a wide class of GLIMs, including the logistic and Poisson
regression models. The following theorem shows that, under certain moment and regularity
conditions, the distribution of the generalized likelihood ratio statistic 2LRn (s, p) can be
consistently approximated by that of R02 (s, p) given in (14).

for some constants a1 , A1 > 0.

u:|u|≤1

min b00 (u) ≥ a1

Condition 3.2 There exists a0 > 0 such that E exp{uσY−1 (Y − µY )} ≤ exp(a0 u2 /2) holds
for all u ∈ R. The function b(·) in (5) satisfies

For i.i.d. observations {(Yi , Xi )}ni=1 from the distribution in (5), define individual residuals
εi = Yi − EX (Yi ) = Yi − b0 (XiT β ∗ ) with conditional variance VarX (εi ) = φb00 (XiT β ∗ ), where
VarX (·) = EX {· − EX (·)}2 . In particular, under the null model, Y is independent of X
with mean µY := E(Y ) = b0 (0) and variance σY2 := Var(Y ) = φb00 (0).

3.2 Generalized linear models

which is the maximum of the `2 -norms of a sequence of dependent chi-squared random
variables with s degrees of freedom. The distribution of R0 (s, p) depends on the unknown
Σ and can be estimated by the multiplier bootstrap in Section 3.5. It will be shown that
this distribution is the asymptotic distribution of GOSF. In particular, for the isotropic
case where Σ = Ip , R0 (s, p) = G2(1) + · · · + G2(s) , the sum of the largest s order statistics of
p independent χ21 random variables.

R0 (s, p) =

where λmax (s) = maxu∈Sp−1 :kuk0 ≤s uT Σu and λmin (s) = minu∈Sp−1 :kuk0 ≤s uT Σu denote the
s-sparse largest and smallest eigenvalues of Σ, respectively.
Let G = (G1 , . . . , Gp )T ∼ N (0, Σ) be a centered Gaussian random vector with covariance matrix Σ. For any s-subset S ⊆ [p], GS ∼ N (0, ΣSS ). Define the random variable

For 1 ≤ s ≤ p, the s-sparse condition number of Σ is given by
p
γs = γs (Σ) = λmax (s)/λmin (s),
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3.4 Linear median regression
We now state an analogous result to Theorem 2 regarding the `1 -loss considered in Section 2.2.

u:|u|≤1

2 max{1 − Fε (u), Fε (−u)} ≤ (1 + a2 u)−1 for all u ≥ 0,

and
max max |fε0 (u+)|, |fε0 (u−)| ≤ A3 .

max fε (u) ≤ A2
u∈R

(19)

(18)

Condition 3.4 The noise ε1 , . . . , εn in (7) are i.i.d. copies of a random variable ε satisfying
E|ε|κ < ∞ for some 1 < κ ≤ 2. There exist positive constants a2 < (E|ε|)−1 , A2 and A3
such that the distribution function Fε (·) and the density function fε (·) of ε satisfy

t≥0

Theorem 6 If p, n ≥ 3 and 1 ≤ s ≤ min(p, n), then under the null model (7) with β ∗ = 0
and Conditions 3.1 and 3.4, we have


sup P 2LRn (s, p) ≤ t − P R02 (s, p)/{2fε (0)} ≤ t



≤ C1 n1−κ + C2 {s log(γs pn)}7/8 n−1/8 + γs1/4 {s log(γs pn)}3/2 n−1/4 ,
(20)

where LRn (s, p) is given by (8), C1 > 0 is a constant depending on a2 , κ, E|ε|, E|ε|κ and
C2 > 0 is a constant depending on a2 , A0 , A2 and A3 in Conditions 3.1 and 3.4.
Remark 7 Under the null model, the unknown parameter
fε (0) can be consistently estiPn
K(Yi /h), where K(·) is a kernel
mated by the kernel density estimator fbε (0) = (nh)−1 i=1
function and h = hn > 0 is the bandwidth. For simplicity, we may use the Epanechnikov
kernel function KEpa (u) = 43 (1 − u2 )I(|u| ≤ 1) along with the rule-of-thumb bandwidth
Pn
(Yi − Ȳ )2 .
hROT = 2.34 σ
b0 n−1/5 , where σ
b02 = n−1 i=1
3.5 Multiplier bootstrap procedure

max

S⊆[p]:|S|=s

b −1/2 G
b S k2 ,
kΣ
SS

(21)

The distribution of the random variable R0 (s, p) given by (14) depends on the
unknown
b = n−1 Pn Xi X T
covariance matrix Σ. In practice, it is natural to replace Σ by Σ
i
i=1
b ∼ N (0, Σ)
b in the definition of R0 (s, p). With this substituand G ∼ N (0, Σ) by G
b
tion, the
Pn distribution of R0 (s, p) can be simulated. In particular, G can be simulated as
n−1/2 i=1
e
i Xi , where e1 , . . . , en are i.i.d. standard normal random variables that are
n . The resulting estimator is
independent of {Xi }i=1
Rn (s, p) =

which is a multiplier bootstrap version of R0 (s, p). The following proposition follows directly
from Theorem 3.2 in Fan, Shao and Zhou (2015).
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Proposition 8 Assume that Condition (3.1) holds, 1 ≤ s ≤ min(p, n) and s log(γs pn) =
o(n1/5 ) as n → ∞. Then supt≥0 |P{R0 (s, p) ≤ t} − P{Rn (s, p) ≤ t |X1 , . . . , Xn }| → 0 in
probability.
11

max

S⊆[p]:|S|=s

Fan and Zhou

eT XS (XST XS )−1 XST e = kek22 −

min

β∈Rp :kβk0 ≤s

ke − Xβk22 ,

The computation of Rn (s, p) requires solving a combinatorial optimization. This can be
alleviated by using the LAMM algorithm in Section 2.3. To begin with, by Remark 5, we
write Rn (s, p) in (21) as
Rn2 (s, p) =

where e = (e1 , . . . , en )T and XS = (X1S , . . . , XnS )T for every subset S ⊆ [p]. This can be
computed approximately by the LAMM algorithm in Section 2.3, resulting in the solution
2
b
b
β(s).
Finally, we set Rn2 (s, p) = kek22 − ke − Xβ(s)k
2.
The numerical performance may be improved by employing mixed integer optimization
formulations (Bertsimas, King and Mazumder, 2016). Such an attempt, however, is beyond
the scope of the paper and we leave it for future research.

4. Spurious discoveries and model selection

Based on the theoretical developments in Section 3, here we address the question whether
discoveries by machine learning and data mining techniques for GLIM are any better than
by chance. For simplicity, we focus on the Lasso. Let qα (s, p) be the upper α-quantile of
the random variable R0 (s, p) defined by (14). Assume that the dispersion parameter φ in
(5) equals 1. By Theorem 2, we see that for any prespecified α ∈ (0, 1),

P 2LRn (s, p) ≤ qα2 (s, p) → 1 − α,
(22)

where LRn (s, p) is as in (6).
Let βbλ = argminβ {Ln (β) + λkβk1 } be the `1 -penalized maximum likelihood estimator
with sbλ = |Sbλ | = |supp(βbλ )|, where λ > 0 is the regularization parameter. The goodness of
fit is likelihood ratio Ln (0)−Ln (βbλ ). Since sbλ covariates are selected, it should be compared
with the distribution of GOSF LRn (s, p) by taking s = sbλ . In view of (22), if

Ln (βbλ ) ≥ Ln (0) − qα2 (b
sλ , p)/2 = nb(0) − qα2 (b
sλ , p)/2,

(23)

then we may regard the discovery of variables Sbλ as unimpressive, no better than fitting by
chance, or simply spurious.
In practice, the unknown quantile qα (s, p) should be replaced by its bootstrap version
qn,α (s, p), the upper α-quantile of Rn (s, p) defined by (21). This leads to the following
b
data-driven criteria for judging where the discovery S(λ)
is spurious:

2
Ln (βbλ ) ≥ nb(0) − qn,α
(b
sλ , p)/2.
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The theoretical justification is given by Theorem 2 and Proposition 8. In particular, when
the loss is quadratic, this reduces to the case studied by Fan, Shao and Zhou (2015).
The concept of GOSF and its theoretical quantile provide important guidelines for model
selection. Let βbcv be a cross-validated Lasso estimator, which selects sbcv = kβbcv k0 important
variables. Due to the bias of the `1 penalty, the Lasso typically selects far larger model size
since the visible bias in Lasso forces the cross-validation procedure to choose a smaller
value of λ. This phenomenon is documented in the simulations studies. See Table 1 in

12

|j − k| + 1

2ρ

+ |j − k| − 1

2ρ


− 2|i − j|2ρ /2, 1 ≤ j, k ≤ p.

Dep.

n = 200
Ind.

13

0.595
32.0
(13.43)

Power
sbcv

24.5
(11.94)

0.750

14

40.0
(13.81)

0.925

25.5
(12.69)

0.980

42.0
(14.18)

1.000

29.0
(14.18)

1.000
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Dep.

n = 160
Ind.
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Dep.

As reflected by Table 1, the empirical power, which is one minus the empirical SDP,
increases rapidly as the sample size n grows. This is in line with our intuition that the
more data we have, the less likely that the discovery by a variable selection method is
spurious. When the sample size is small, the SDP can be high and hence the discovery

Ind.

n = 120

Table 1: The empirical power and the median size of the selected models with its robust
standard deviation (RSD) in the parenthesis based on 200 simulations when p = 400 and
α = 10%. RSD is the interquantile range divided by 1.34.

which is basically the probability of the type II error since the simulated model is not null.
We take α = 0.1 and compute the empirical SDP based on 200 simulations. For each
simulated data set, qn,α (s, p)|s=bscv , p=400 is computed based on 1000 bootstrap replications.
The results are depicted in Table 1 below.

n,α

Let βbcv be the five-fold cross-validated Lasso estimator, which selects a model of size
sbcv = kβbcv k0 . For a given α ∈ (0, 1), consider the spurious discovery probability (SDP)

P n log(2) − Ln (βbcv ) ≤ q 2 (b
scv , p)/2 ,

Figure 2: Distributions of generalized likelihood ratios (red) and Gaussian approximations
(blue) based on 5000 simulations for n = 400, p = 1000 and s = 1, 2, 5, 10 when Σ is equal
to Σ1 (upper panel) or Σ2 (lower panel).

Fan and Zhou

In this section, we conduct a moderate scale simulation study to examine how effective
the multiplier bootstrap quantile qn,α (s, p) serves as a benchmark for judging whether the
discovery is spurious. To illustrate the main idea, again we restrict our attention to the
logistic regression model and the Lasso procedure.
The results reported here are based on 200 simulations with the ambient dimension
p = 400 and the sample size n taken values in {120, 160, 200}. The true regression coefficient
vector β ∗ ∈ Rp is (3, −1, 3, −1, 3, 0, . . . , 0)T . We consider two random designs: Σ = Ip
(independent) and Σ = (0.5|j−k| )1≤j,k≤p (dependent).

5.2 Detection of spurious discoveries

The first design has an AR(1) correlation structure (a short-memory process), whereas the
second design reflects strong long memory dependence. We take ρ = 0.8 in both cases.
Figure 2 reports the distributions of generalized likelihood ratios (GLRs) and their
Gaussian approximations (GARs) when n = 400, p = 1000 and s ∈ {1, 2, 5, 10}. The results
show that the accuracy of Gaussian approximation is fairly reasonable and is affected by
the size of s as well as the dependence between the coordinates of X.

σ2,jk =

First we ran a simulation study to examine how accurate the Gaussian approximation
R02 (s, p) is to the generalized likelihood ratio statistic 2LRn (s, p) in the null model. To illustrate the method, we focus on the logistic regression model: P(Y = 1|X) = exp(X T β ∗ )/{1+
exp(X T β ∗ )}. Under the null model β ∗ = 0, Y1 , . . . , Yn are i.i.d. Bernoulli random variables
with success probability 1/2. Independent of Yi ’s, we generate Xi ∼ N (0, Σ) with two
different covariance matrices: Σ1 = (ρ|j−k| )1≤j,k≤p and Σ2 = (σ2,jk )1≤j,k≤p , where

5.1 Accuracy of the Gaussian approximation

5. Numerical studies

d λ = Ln (0) − Ln (βbλ )
Section 5.2. With an over-selected model, both the goodness of fit LR
and the spurious fit can be very large, and so is the finite sample Wilks approximation
error. To avoid over-selecting, we suggest an alternative procedure that uses the quantity
qn,α (s, p) as a guidance to choose the tuning parameter, which guards us from spurious
d λ and
discoveries. More specifically, for each λ in the Lasso solution path, we compute LR
qn,α (s, p)|s=bsλ with a prespecified α. Starting from the largest λ, we stop the Lasso path the
2 (b
bfit
d λ −qn,α
first time that the sign of 2LR
sλ , p) is changed from positive to negative, and let λ
2
d
be the smallest λ satisfying 2LRλ ≥ qn,α (b
sλ , p). Denote by sbfit the corresponding selected
model size. This value can be regarded as the maximum model size for Lasso (or any other
variable selection technique such as SCAD) to choose from. Another viable alternative is
to only select the best cross-validated model among those whose fit are better than GOSF.
We will show in Section 5.2 by simulation studies that this procedure selects much smaller
model size which is closer to the truth.
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0.0761

0.0875

0.0960

0.1006

0.1104

0.1211

0.1269

0.1329

0.1459

0.1601

0.1678

0.1841

0.1929

40

31

25

20

17

15

14

13

12

11

9

8

7

6

4

14.5588

13.8675

12.9535

12.4788

12.2096

12.0756

11.7764

11.4330

11.2376

11.0739

10.7263

10.3675

10.1670

9.7273

9.4753

14.9712

14.1407

13.3824

12.5543

11.9664

11.5084

11.2576

10.9875

10.7042

10.3954

9.7115

9.3121

8.8959

8.4241

7.2464

6.4898

qn,0.1 (b
sλ , p)

15.2099

14.3703

13.6022

12.7891

12.2000

11.7407

11.4849

11.2085

10.9207

10.6071

9.9097

9.5102

9.0750

8.6061

7.4353

6.6519

qn,0.05 (b
sλ , p)

0.8255

0.8361

0.8651

0.8815

0.8934

0.9006

0.9186

0.9359

0.9452

0.9543

0.9751

0.9974

1.0092

1.0346

1.0450

1.0641

Mean Cross-Validated Error
9.1389

0.0575

β∈Rp

β∈Rp

n
X

i=1

16

EX {Yi XiT β − b(XiT β)} = 0.
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∗
To this see, note that in model
) = b0 (0) and Var(Y ) = φb00 (0). This
Pn (5) 0with βT = 0, E(Y
implies that EX {Ln (β)} = i=1
{b (0)Xi β − b(XiT β)}. This function is strictly concave
with respect to β and β = 0 satisfies its first order condition, and hence is its maximizer.
Pn
T θ−
For each s-subset S ⊆ [p], define the S-restricted
LnS (θ) = i=1
{Yi XiS
Pn log-likelihood
s
0
T
T θ)} and the score function ∇LS (θ) =
b(XiS
n
i=1 {Yi − b (XiS θ)}XiS , θ ∈ R . In this

arg max EX {Ln (β)} = arg max

Step 1: Wilks approximation. In the null model where Y and X are independent,
the true parameter β ∗ in (5) is zero, and thus the density function of Y has the form
f (y) = exp{−φ−1 b(0) + c(y, φ)}. Moreover, we have

included. Specifically, we show that the square root deviation of the S-restricted maximum
log-likelihood from its baseline value under the null model can be well approximated by the
`2 -norm of the normalized score vector. Second, based on a high-dimensional invariance
principle, we prove the Gaussian/chi-squared approximation for the maximum of the `2 norms of normalized score vectors. Finally, we apply an anti-concentration argument to
construct non-asymptotic Wilks approximation for 2{Qn (s, p) − Qn∗ }.

0.2117

0.0456

d λ )1/2
(2LR

Fan and Zhou

Qn∗ = Ln (0).

sbλ

Guarding against Spurious Discoveries in High Dimensions

and

λ

Table 2: Lasso fitted square-root likelihood ratio statistic, the mean cross-validated error,
and upper 0.1- and 0.05-quantiles of the multiplier bootstrap approximation based on 2000
bootstrap samples.

Ln (β)

3

Sbcv = supp(βbcv ) should be interpreted with caution. We need either more samples or more
powerful variable selection methods.
We see from Table 1 that the Lasso with cross-validation selects far larger model size
than the true one, which is 5. This is because the intrinsic bias in Lasso forces the crossvalidation procedure to choose a smaller value of λ. We now use our procedure in Section 4
to choose the tuning parameter from the Lasso solution path. As before, we take α = 0.1 in
qn,α (s, p) to provide an upper bound on the model size from perspective of guarding against
spurious discoveries. The empirical median of sbfit and its robust standard deviation are
9 and 1.87 over 200 simulations when (n, p) = (200, 400) and Σ = (0.5|j−k| )1≤j,k≤p . The
feature over-selection phenomenon is considerably alleviated.
5.3 Neuroblastoma data
In this section, we apply the idea of detecting spurious discoveries to the neuroblastoma data
reported in Oberthuer et al. (2006). This data set consists of 251 patients of the German
Neuroblastoma Trials NB90-NB2004, diagnosed between 1989 and 2004. The complete data
set, obtained via the MicroArray Quality Control phase-II (MAQC-II) project (Shi et al.,
2010), includes gene expression over 10,707 probe sites. There are 246 subjects with 3-year
event-free survival information available (56 positive and 190 negative). See Oberthuer et
al. (2006) for more details about the data sets.
For each λ > 0, we apply Lasso using the logistic regression model to select sbλ genes.
In particular, ten-fold cross-validated Lasso selects sbcv = 40 genes. Then we calculate
d λ := Ln (0) − Ln (βbλ ) = n log(2) − Ln (βbλ ). Along the Lasso path,
the goodness of fit LR
we record in Table 2 the number of selected probes, the corresponding square-root the
d λ )1/2 and upper α-quantiles of the multiplier bootstrap approximations
goodness of fit (2LR
R0 (s, p)|s=bsλ , p=10,707 with α = 10% and 5% based on 2000 bootstrap replications. For
illustrative purposes, we only display partial Lasso solutions with selected model size sbλ
lying between 20 and 40. From Table 2, we observe that only the discovery of 17 probes
has a generalized measure of the goodness of fit better than GOSF at α = 5%, whereas the
finding (of the 40 probes) via the cross-validation procedure is likely to over-select.

6. Proofs
We now turn to the proofs of Theorems 2 and 6. In each proof, we provide the primary
steps, with more technical details stated as lemmas and proved in the appendix.

max

β∈Rp :kβk0 ≤s

6.1 Proof of Theorem 2
Pn
T
Throughout, we work with the quasi-likelihood Ln (β) = −Ln (β) =
i=1 {Yi Xi β −
b(XiT β)} and consider the general case where the dispersion parameter φ in (5) is specified
(not necessarily equals 1 to facilitate the derivations for the normal case). For a given
s ∈ [p], define
Qn (s, p) =
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We divide the proof into three steps. First, for each s-subset S ⊆ [p], we prove Wilks’s
result for the S-restricted model where only a subset of the covariates indexed by S are
15

max

S⊆[p]:|S|=s

θ∈Rs

max LSn (θ) =

LSn (θbS ),

θbS = (θbS,1 , . . . , θbS,s )T = arg max LSn (θ)

max

S⊆[p]:|S|=s θ∈Rs

(25)

(24)

i=1

n
X

εi XiS ,

εi = Yi − b0 (0).
(27)

(26)

(29)

(28)

1≤i≤n

17
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whenever n ≥ C2 φτ s log(pn), where C1 and C2 are positive constants depending only on
a0 , a1 , A1 and b00 (0).

Lemma 10 Assume that Conditions 3.1 and 3.2 hold. Then, on the event E0 (τ ), for any
τ > 0,


s log(pn)
PX
≤ 5n−1
(31)
max
[2{LSn (θbS ) − Ln (0)}]1/2 − kξbS k2 ≤ C1 φτ 1/2 √
n
S⊆[p]:|S|=s

S⊆[p]:|S|=s

The following lemma characterizes the Wilks phenomenon from a non-asymptotic perspective. Recall that θbS at (25) is the S-restricted maximum likelihood estimator, and in
the null model, LSn (0) = Ln (0) = −nb(0), σY2 = Var(Y ) = φb00 (0). For every τ > 0, define
the event


\
b SS  0, max X T Σ
b −1
E0 (τ ) =
Σ
(30)
iS SS XiS ≤ τ .

b SS  0}, where
holds almost surely on the event {Σ
(
1
s + (8ts)1/2 , if 0 ≤ t ≤ 18
(2s)1/2 ,
∆(s, t) :=
1
1/2
s + 6t,
if t > 18 (2s) .

Lemma 9 Assume that Conditions 3.1 and 3.2 hold. Then, for every t ≥ 0,

PX kξbS k22 ≥ a0 φ∆(s, t) ≤ 2e−t

The following result is a conditional analogue of Corollary 1.12 in the supplement of
Spokoiny (2012), which provides an exponential inequality for the `2 -norm of ξbS given
{Xi }ni=1 . The proofs of this Lemma and other lemmas can be found in the appendix.

∗−1/2
b −1/2
ξbS = HS
∇LSn (0) = {nb00 (0)}−1/2 Σ
SS

for ΣSS as in (12). Further, define the S-restricted normalized score

b SS
H∗S := HS (0) = nb00 (0) Σ

denotes the maximum likelihood estimate of the target parameter for the S-restricted model,
which is given by θS∗ := arg maxθ∈Rs EX {LSn (θ)} = 0.
Pn
n , ∇E {LS (θ)} =
0
0
T
Given the i.i.d. observations {(Y
X
n
i=1
i=1 {b (0) − b (XiS θ)}XiS
Pi ,nXi )}
2
S
00
T
T
and HS (θ) := −∇ EX {Ln (θ)} = i=1 b (XiS θ)XiS XiS for θ ∈ Rs . In particular, write

where

Qn (s, p) =

notation, it can be seen from (6) that
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t)1/2 n−1/2 ,

(32)

(34)

i=1 j=1

max

T b −1
XiS
ΣSS XiS ≤ 2λ−1
min (s){1 + 2C4 s log(pn)}.

(35)

−1/2

[2{LSn (θbS ) − Ln (0)}]1/2 − kξbS k2 ≤ C5 φλmin (s){s log(pn)}3/2 n−1/2

(36)

ξ = n−1/2

i=1

n
X

Zi

and
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ξS = n−1/2

i=1

n
X

ΣSS ZiS .

−1/2
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(37)

Step 2: Gaussian approximation. For any i = 1, . . . , n and S ⊆ [p], define Zi =
P
b −1/2 ZiS . More{b00 (0)}−1/2 εi Xi and ZiS = {b00 (0)}−1/2 εi XiS such that ξbS = n−1/2 ni=1 Σ
SS
over, define

2
whenever n ≥ C6 (1 ∨ φ)λ−1
min (s){s log(pn)} , where C5 , C6 > 0 are constants depending only
on a0 , a1 , A0 , A1 and b00 (0).

S⊆[p]:|S|=s

max

Now, by (30) and (35), we take τ0 = 2λ−1
min (s){1 + 2C4 s log(pn)} such that the event
E0 (τ0 ) occurs with probability greater than 1 − 3n−1 as long as n ≥ 4C32 (s log ep
s + log n).
This, together with Lemma 10 yields that with probability at least 1 − 8n−1 ,

1≤i≤n S⊆[p]:|S|=s

max

where C4 > 0 is a constant depending only on A0 . This, together with (34) implies by
taking t = 2C4 log(pn) that, with probability at least 1 − 3n−1 ,

1≤i≤n 1≤j≤p



p
n X
X
P max max Xij2 ≥ t ≤ 2
exp(−C4−1 t) ≤ 2 exp{log(pn) − C4−1 t},

For the last term on the right-hand side of (34), let ej = (0, . . . , 0, 1, 0, . . . , 0)T be the
T 1/2
unit vector in Rp with 1 at the jth position and note that Xij = eT
j Xi = ej ΣSS Ui with
T
1/2
kej Σ k2 = 1, where U1 , . . . , Un are i.i.d. p-dimensional random vectors with covariance
1/2 U k
matrix Ip . By Condition 3.1, kXij kψ2 = keT
i ψ2 ≤ A0 and hence for every t ≥ 0,
j Σ

j∈S

−1
2
2
T b −1
XiS
ΣSS XiS ≤ 2λ−1
min (ΣSS )kXiS k2 ≤ 2sλmin (ΣSS ) max Xij .

whenever n ≥ 4C32 (s log ep
s + log n). Providing (33) holds, the smallest eigenvalue of
−1/2 b
−1/2
b SS ) ≥ 1 λmin (ΣSS ). MoreΣSS Σ
is bounded from below by 12 so that λmin (Σ
SS ΣSS
2
over,

holds with probability at least 1 −
where δ = C3 (s ∨
and C3 > 0 is a
constant depending only on A0 . This, together with Boole’s inequality implies by taking
−1
t = s log ep
s + log n that, with probability at least 1 − 2n ,

1/2
s log ep
1
−1/2 b
−1/2
s + log n
ΣSS Σ
≤
max
(33)
SS ΣSS − Is ≤ C3
n
2
S⊆[p]:|S|=s

2e−t ,

−1/2 b
−1/2
−1/2
−1 −1/2 T
2
ΣSS Σ
SS ΣSS − Is = n ΣSS XS XS ΣSS − Is ≤ max(δ, δ )

To apply Lemma 10, we need to show first that for properly chosen τ , the event E0 (τ )
occurs with high probability. First, applying Theorem 5.39 in Vershynin (2012) to the
−1/2
−1/2
random vectors ΣSS X1S , . . . , ΣSS XnS yields that, for every t ≥ 0,

Fan and Zhou

Fan and Zhou

(39)

(41)

u≥0
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(uT GS )2
(uT G)2
= max
,
uT ΣSS u u∈F (s,p) uT Σu

u≥0

The following result shows that for each s-subset S ⊆ [p], the `2 -norm of the S-restricted
normalized score ξbS is close to that of ξS with overwhelmingly high probability.

(38)

Lemma 11 Assume that Condition 3.1 holds. Then, for every s-subset S ⊆ [p] and for
every 0 ≤ t ≤
− 2s),

max
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n
X

i=1

max

1/2

b θbS k2 ≤ C1 a−1 {s log(pn)}1/2 n−1/2
kΣ
2
SS

wiS (θ)XiS ,

∇EX LnS (θ) = −

20

HS (θ) := −∇2 EX LnS (θ) = 2

n
X

i=1

i=1

n
X

T
{2PX (Yi ≤ XiS
θ) − 1}XiS ,

T
T
fε (XiS
θ)XiS XiS
.

(43)

(44)

(45)
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(46)

S
T
T
S
where
Pn wi (θ) := I(Yi ≤ XiS θ) − PX (Yi ≤ XiS θ). In particular, we have ∇ζ (0) =
− i=1
{2I(εi ≤ 0) − 1}XiS . Recall that fε and Fε denote, respectively, the density
function and theP
cumulative distribution function of ε. By the second expression in (45),
n
T θ) − 1}X
∇EX LnS (θ) = − i=1
{2Fε (XiS
iS and

∇ζ S (θ) = −2

Based on Lemma 13, we further study the concentration property of the Wilks expansion
for the excess LnS (θbS ) − LnS (0). Since the function LnS (·) is concave, we use ∇LnS (·) to denote
its subgradient. For θ ∈ Rs , let ζ S (θ) = LnS (θ) − EX LnS (θ) be the stochastic component of
LnS (θ). Then, it is easy to see that

n ) greater than 1−c n−1 −c n1−κ ,
with conditional probability (over the randomness of {εi }i=1
1
2
where C1 , c1 > 0 are absolute constants and c2 > 0 is a constant depending only on a2 , κ,
E|ε| and E|ε|κ .

S⊆[p]:|S|=s

Lemma 13 Assume that (18) holds and that E|ε|κ < ∞ for some 1 < κ ≤ 2. Then, on the
event E0 (τ ) for τ > 0, the sequence of LAD estimators {θbS : S ⊆ [p], |S| = s} satisfies

We first establish in Lemma 13 an upper bound for the maximum `2 -risks of θbS .

θ∈Rs

θbS = arg max LnS (θ).

The main strategy of the proof is similar to that of Theorem 2 but technical P
details are
n
substantially different. As before, we define the quasi-likelihood Ln (β) = − i=1
|Yi −
X T β|, β ∈ Rp , and observe that maxβ∈Rp :kβk0 ≤s Ln (β) = maxS⊆[p]:|S|=s maxθ∈Rs LnS (θ),
i
Pn
T θ|. In the null model (7) with β ∗ = 0, we have for each
|Yi − XiS
where LnS (θ) = − i=1
s-subset S ⊆ [p], arg maxθ EX {LnS (θ)} = 0 by the first order condition and concavity, and
the S-restricted least absolute deviation estimator can be written as

6.2 Proof of Theorem 6

where C13 > 0 is an absolute constant. Combining (42) with the preceding results (36),
(39) and (41) proves (16).

where G ∼ N (0, Σ) and F(s, p) := {x 7→ uT x : u ∈ Sp−1 , kuk0 ≤ s} is a class of linear
functions Rp 7→ R. Hence, it follows from Lemma 7.3 in Fan, Shao and Zhou (2015) with
slight modification and Lemma A.1 in the supplement of Chernozhukov, Chetverikov and
Kato (2014) that, for every t > 0,

1/2
sup P(|T0 − u| ≤ t) = sup P |R0 (s, p) − u| ≤ t ≤ C13 s log γssep
t,
(42)

3
4 (n

h
i
P kξbS k2 − kξS k2 > C7 {(s + t)φ∆(s, t)}1/2 n−1/2 ≤ 12.4 e−t ,

provided that n ≥ C8 (s + t), where ∆(s, t) is as in (29) and C7 , C8 > 0 are constants
depending only on a0 and A0 .

−1/2
kξbS k2 − kξS k2 ≤ C7 φ1/2 (s log ep
s + log n) n

Using the union bound and taking t = s log ep
s + log n in Lemma 11, we see that with
probability at least 1 − 12.4 n−1 ,
max

S⊆[p]:|S|=s

whenever n ≥ C9 (s log ep
s + log n).
Note that, the random vectors ξ and ξS , S ⊆ [p] defined in (37) satisfy E(ξ) = 0,
E(ξξ T ) = φΣ, E(ξS ) = 0 and E(ξS ξST ) = φIs . The following lemma provides a coupling inequality, showing that the random variable maxS⊆[p]:|S|=s kφ−1/2 ξS k2 can be well
approximated, with high probability, by some random variable which is distributed as the
maximum of the `2 -norms of a sequence of normalized Gaussian random vectors, that is,
−1/2
{kΣSS GS k2 : S ⊆ [p], |S| = s}.
d



kφ−1/2 ξS k2 − T0 ≤ C10 δ + {s log(γs pn)}1/2 n−1/2 + {s log(γs pn)}2 n−3/2 (40)

Lemma 12 Assume that Condition 3.1 holds. Then, there exists a random variable T0 =
R0 (s, p) such that for any δ ∈ (0, 1],
max

S⊆[p]:|S|=s



holds with probability greater than 1−C11 δ −3 n−1/2 {s log(γs pn)}2 ∨ δ −4 n−1 {s log(γs pn)}5 ,
where C10 , C11 > 0 are constants depending only on a0 and A0

kφ−1/2 ξS k2 − T0 ≤ C12 {s log(γs pn)}3/8 n−1/8

Step 3: Completion of the proof. We now apply an anti-concentration argument to
construct the Berry-Esseen bound for the square root of the excess 2φ−1 {Qn (s, p) − Qn∗ }.
To this end, taking δ = {s log(γs pn)}3/8 n−1/8 in Lemma 12 leads to that, with probability
at least 1 − C11 {s log(γs pn)}7/8 n−1/8 ,
max

S⊆[p]:|S|=s

max

S⊆[p]:|S|=s u∈Ss−1

whenever n ≥ {s log(γs pn)}3 . Further, for R0 (s, p) in (14), note that
R02 (s, p) =

19

i=1

n
X

{2I(εi ≤ 0) − 1}XiS .
(47)

 −1/2

−1/4
≤ C2 {fε (0)}−1/2 λmin (s){s log(pn)}3/2 n−1/2 + λmin (s)s log(pn)n−1/4

[2{LSn (θbS ) − LSn (0)}]1/2 − kξbS k2
(48)

i=1

n
X

−1/2

ΣSS XiS .

kξbS k2 − kξS k2 ≤ C4 {fε (0)}−1/2 s log(pn) n−1/2

d

(49)

21

22
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holds with probability at least 1 − C7 δ −3 n−1/2 {s log(γs pn)}2 ∨ δ −4 n−1 {s log(γs pn)}5 ,
where C6 , C7 > 0 are constants depending only on A0 .
Finally, combining (48), (49), (50) and (42) proves (20).

p
2fε (0)

Hence, it follows from Lemma 12 that there exists a random variable T0 = R0 (s, p) such
that for any δ ∈ (0, 1],

for all n ≥ C5 s log(pn), where c4 > 0 is an absolute constant and C4 , C5 > 0 are constants
depending only on A0 .
fi ) = E[Xi {2P(εi ≤ 0|Xi ) − 1}] = 0 and E(X
fi X
fT ) = E(Xi X T ) = Σ.
Observe that E(X
i
i

S⊆[p]:|S|=s

max

Then, applying Lemma 11 with slight modification and the union bound we obtain that,
with probability at least 1 − c4 n−1 ,

ξS = {2nfε (0)}−1/2

fi = εei Xi . Note that εe1 , . . . , εen are i.i.d.
Further, write εei = 2I(εi ≤ 0) − 1 and X
f1 , . . . , X
fn are sub-exponential random vectors.
Rademacher random variables and thus X
Pn b
−1/2 f
−1/2
b
In this notation, we have ξS = {2nfε (0)}
i=1 ΣSS XiS . For each S ⊆ [p], define

2
holds with probability greater than 1 − c2 n1−κ − c3 n−1 whenever n ≥ C3 λ−1
min (s){s log(pn)} ,
where C2 > 0 is a constant depending only on a2 , A2 and A3 , c2 is as in Lemma 13, c3 > 0
is an absolute constant and C3 > 0 is a constant depending only on a2 and A2 .

S⊆[p]:|S|=s

max

Lemma 14 Assume that Conditions 3.1 and 3.4 are satisfied. Then

The following result is a non-asymptotic, conditional version of the Wilks theorem,
saying that with high probability, the square root of the excess maxθ LSn (θ) − LSn (0) and
the `2 -norm of the normalized score ξbS are sufficiently close uniformly over all s-subsets
S ⊆ [p].

∗−1/2
b −1/2
ξbS = HS
∇LSn (0) = {2nfε (0)}−1/2 Σ
SS

b SS , which is the negative Hessian of
In line with (26), we have H∗S = HS (0) = 2nfε (0) Σ
EX LSn (0). As in (27), define the normalized score
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In this appendix we prove the technical lemmas appeared in Section 6.
A.1 Proof of Lemma 9

Define the loss function `(y, z) = yz − b(z) for y, z ∈ R. For each s-subset S ⊆ [p] and
P
n
T θ) −
θ ∈ Rs , define ζ S (θ) = LnS (θ) − EX LnS (θ) = i=1
ζiS (θ), where ζiS (θ) = `(Yi , XiS
T
S
0
EX `(Yi , XiS
θ).
Note
that
∇ζ
i (θ)|θ=0 = εi XiS with εi = Yi − b (0). Thus, we have
b SS .
V02 := VarX {∇ζ S (0)} = nφb00 (0) Σ
For every u ∈ Rs \ {0} and u ∈ R,

i=1



n
1
1 X (uT XiS )2
a0 u2 ×
= exp(a0 u2 /2).
Tb
2
n
i=1 u ΣSS u

 Y


 T S
n
uT XiS
u ∇ζ (0)
=
EX exp u
εi
EX exp u
kV0 uk2
kV0 uk2
i=1


n
TX
Y
u
u
εi
iS
EX exp √ ×
×
b SS u)1/2 (Var εi )1/2
n (uT Σ
=

≤ exp

(
1
s + (8ts)1/2 , if 0 ≤ t ≤ 18
(2s)1/2 ,
1
s + 6t,
if 18
(2s)1/2 < t ≤ xc .

This verifies condition (ED ) with ν 2 = a in Theorem B.3 from the supplement of
0
0
0
∗−1/2 2 ∗−1/2
Spokoiny and Zhilova (2015). Consequently, taking B2 = HS
V0 HS
= φIs and
g = {Ctr(B2 )}1/2 for some C ≥ 2 there, we have λmax (B2 ) = φ, tr(B2 ) = φs, tr(B4 ) = φ2 s
and xc = 21 ( 23 C − 1 − log 3)s ≥ 43 (C − 2)s. This implies that almost surely on the event
b SS  0}, with conditional probability at least 1 − 2e−t − 8.4 e−xc ,
{Σ
kξbS k22 ≤ a0 φ ×

Finally, letting C → ∞ proves (28).
A.2 Proof of Lemma 10

i=1

n
X

T
T
b00 (XiS
θ)XiS XiS
,

b SS .
D02 = D2 (0) = nb00 (0) Σ

We prove this lemma by applying the conditional version of Theorem 2.3 in Spokoiny (2013).
To this end, we need to verify conditions (ED0 ), (ED2 ), (L0 ), (I) and (L). In line with
the notation used therein, we fix S ⊆ [p] and write
D2 (θ) = −∇2 EX {LnS (θ)} =

JMLR 17(203):1-34

The validity of (ED0 ) is guaranteed from the proof of Lemma 9, and (ED2 ) is automatically satisfied with ω ≡ 0 since ∇2 ζ S (θ) vanishes for all θ ∈ Rs . Turning to (L0 ), observe

24

= D−1
0

i=1

i=1

n
X

T
T −1
b000 (ηi )XiS
θ XiS XiS
D0 ,

−1
2
D−1
0 D (θ)D0 − Is
n
X
T
T −1
= D−1
{b00 (XiS
θ) − b00 (0)}XiS XiS
D0
0

(51)

− Is ≤

{b00 (0)}3/2

n1/2

max|t|≤{nb00 (0)}−1/2 τ 1/2 r |b000 (t)| τ 1/2 r
:= δ(τ, r).

(53)

(52)

i=1

n
X

T
{g(XiS
θ) − g(0)}

i=1

(54)

00

−1

|t|≤{nb00 (0)}−1/2 τ 1/2 r

min

b (t).

00

25

−2EX {LSn (θ) − LSn (0)}
≥ b(r).
kD0 θk22

(57)

−1/2

|kξbS k22 − kξS k22 |
kξbS k2 + kξS k2

(59)

i=1

n
X

≤ (4eA00 A0 )2 φ

26
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−1/2

(u/kuk2 )T ΣSS ZiS
kuk22
.
2

i=1

n
X

−1/2

log E exp(n−1/2 uT ΣSS ZiS )
≤ 2e2 kuk22 n−1

log E exp(uT ξS ) =

JMLR 17(203):1-34

2
ψ1

a constant depending only on a0 in Condition 3.1. Following the proof of Lemma 5.15 in
√
Vershynin (2012), we derive that for every u ∈ Rs satisfying kuk2 ≤ φ−1/2 (4eA00 A0 )−1 n,

−1/2
Next we upper bound the quadratic term kξS k2 . First we show that ΣSS ZiS =
−1/2
φ1/2 ΣSS εei Xi are sub-exponential random vectors, where εei := εi /(Var εi )1/2 . In fact, for
−1/2
−1/2
every u ∈ Ss−1 , kuT ΣSS ZiS kψ1 ≤ 2ke
εi kψ2 kuT ΣSS XiS kψ2 ≤ 2A00 A0 , where A00 > 0 is

2
1/2 −1/2
b 2
≤ kξS k−1
n
× kξS k2 .
2 × |kξS k2 − kξS k2 | ≤ 2C3 (s ∨ t)

|kξbS k2 − kξS k2 | =

Write XS = (X1S , . . . , XnS )T ∈ Rn×s , then XS ΣSS is an n × s matrix whose rows are
independent sub-Gaussian random vectors in Rs . Further, observe that XiS = PS Xi
s×p is a projection matrix. Under Condition 3.1,
and ΣSS = PS ΣPT
S , where PS ∈ R
−1/2
−1/2
1/2
1/2
−1/2
T
T
s−1 .
ku ΣSS XiS kψ2 = ku ΣSS PS ΣSS U kψ2 ≤ A0 kΣSS PT
S ΣSS uk2 = A0 for u ∈ S
1/2 b −1 1/2
1
Then, it follows from (32) that for all sufficient large n so that δ ≤ 2 , kΣSS ΣSS ΣSS −Is k ≤
2δ and hence,

To begin with, note that for each s-subset S ⊆ [p], Z1S , . . . , ZnS are i.i.d. s-dimensional
random vectors with mean zero and covariance matrix φΣSS . By (27) and (37),

1/2 b −1 1/2
kξbS k22 − kξS k22 = ξST ΣSS Σ
SS ΣSS − Is ξS .

A.3 Proof of Lemma 11

where δ(τ, r) and r0 are as in (53) and (57), respectively. This proves (31) by properly
choosing C1 and C2 .

S⊆[p]:|S|=s

such that Condition 2.3 there is satisfied on E0 (τ ) whenever n ≥ {b00 (0)}−1 r02 τ . Hence, it
follows from Theorem 2.3 in Spokoiny (2013) and the union bound that, conditional on the
event E0 (τ ),


PX
max
(58)
[2{LSn (θbS ) − LSn (0)}]1/2 − kξbS k2 ≤ 5δ(τ, r0 )r0 ≤ 5n−1 ,


1/2
ep
r0 = 2(φa0 )1/2 a−1
,
1 s + 6 s log s + log n

With the above preparations, we apply Theorem 2.3 in Spokoiny (2013) with slight
modification on the constant. In view of (29) and (55), set

Fan and Zhou

(56)

By definition, rb(r) is non-decreasing in r ≥ 0 and for θ ∈ Rs satisfying kD0 θk2 = r,

When kD0 θk2 = r ≤ {nb00 (0)/τ }1/2 , −2{EX LSn (θ) − EX LSn (0)} is bounded from below by
a1 r2 for a1 as in (15). Further, from the convexity of the function θ 7→ −EX {LSn (θ)−LSn (0)},
we see that −EX {LSn (θ) − LSn (0)} ≥ a1 r{nb00 (0)/τ }1/2 , for all θ satisfying kD0 θk2 = r ≥
{nb00 (0)/τ }1/2 . Define the function r 7→ b(r) as
(
a1
if 0 ≤ r ≤ {nb00 (0)/τ }1/2 ,
b(r) =
(55)
−1
00
1/2
a1 r {nb (0)/τ }
if r > {nb00 (0)/τ }1/2 .

r {b (0)}

2

T θ. On the event E (τ ), the right-hand side of
where ηi is a point lying between 0 and XiS
0
(54) is further bounded from below by

i=1

n
n
X
X
 0
T
T
T
= −2
g (0)XiS
θ + 21 g 00 (ηi )(XiS
θ)2 =
b00 (ηi )(XiS
θ)2 ,

− 2{EX LSn (θ) − EX LSn (0)} = −2

Recalling that V02 = VarX {ζ S (0)} = φD20 , (I) is satisfied with a = φ1/2 .
To verify (Lr), define g(t) = b0 (0)t − b(t) so that g 0 (t) = b0 (0) − b0 (t) and g 00 (t) = −b00 (t).
Then, for any θ ∈ Rs satisfying kD0 θk2 = r > 0, it follows from the second-order Taylor
expansion that

−1
2
D−1
0 D (θ)D0

This together with (51) implies that

−1
T
00
−1/2 1/2
|XiS
θ| = |θ T D0 D−1
τ r.
0 XiS | ≤ kD0 XiS k2 ≤ {nb (0)}

T θ. For r > 0, define Θ (r) = {θ ∈ Rs : kD θk ≤ r}. On
where ηi lies between 0 and XiS
0
2
0
the event E0 (τ ) for some τ > 0 and for θ ∈ Θ0 (r),

that
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√
Consequently, applying Corollary 1.12 in the supplement of Spokoiny (2012) with g = n,
B = Is and xc = 34 n − 21 (1 + log 3)s ≥ 43 n − 23 s to the random vector (4eA00 A0 )−1 φ−1/2 ξS
yields that, for every 0 ≤ t ≤ xc ,


P kξS k2 ≥ 4eA00 A0 {φ∆(s, t)}1/2 ≤ 2e−t + 8.4 e−xc .
(60)

u∈F (s,p)

kξS k2 = max n−1/2

n

i=1

X uT Zi
,
(uT Σu)1/2

Finally, combining (59) and (60) completes the proof of (38).

A.4 Proof of Lemma 12
First, observe that
max

S⊆[p]:|S|=s

≤
2kεi /(Var εi )

1/2

kψ2

kuT Σ1/2
Ui kψ2

≤

2A00 A0 (uT Σu)1/2 .

where F(s, p) = {x 7→ uT x : u ∈ Sp−1 , kuk0 ≤ s}. Recall that Z1 , . . . , Zn are i.i.d. pdimensional centered random vectors with covariance matrix E(Zi ZiT ) = φΣ. As in the
proof of Lemma 11, we have for any u ∈ Sp−1 ,
kφ−1/2 uT
Zi kψ1
d

kφ−1/2 ξS k2 − T0

uT G
(uT Σu)1/2

for G ∼ N (0, Σ) such that, for any

Consequently, it follows from Lemma 7.5 in Fan, Shao and Zhou (2015) that there exists a

max

S⊆[p]:|S|=s

random variable T0 = R0 (s, p) = maxu∈F (s,p)
δ ∈ (0, 1],

P



1/2
2
γs,p,n γs,p,n
≥ C1 A00 A0 δ + √ + 3/2
n
n


{s log(γs pn)}2 {s log(γs pn)}5
√
+
,
δ4n
δ3 n
≤ C2

where γs,p,n = s log γssep + log n and C1 , C2 > 0 are absolute constants. This proves (40).
A.5 Proof of Lemma 13
The proof employs techniques from empirical process theory which modify the arguments
used in Wang (2013). To begin with, note that
θ∈R

θ∈R

θbS = arg mins f (θ) := arg mins kY − XS θk1 .

(61)
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Under the null model, Y = Xβ ∗ + ε = XS θ ∗ + ε with θ ∗ = 0. Then the sub-differential of
f (θ) at θ = 0 can be written as ∇f (0) = −XST sgn(ε), where sgn(ε) = (sgn(ε1 ), . . . , sgn(εn ))T
with sgn(u) := I(u > 0) − I(u < 0). Define z = (z1 , . . . , zn )T = sgn(ε), and note that
z1 , . . . , zn are i.i.d. random variables satisfying P(zi = 1) = P(zi = −1) = 1/2.
Since θbS minimizes kY − XS θk1 over Rs , we have the following basic inequality
kY − XS θbS k1 = kXS θbS − εk1 ≤ kεk1 .
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i=1

n
X


T
|XiS
θ − εi | − |εi | .

Further, define a random process {Q(θ)} indexed by θ ∈ Rs :
Q(θ) = n−1/2

(62)


b 1/2 θk2 ≤ α` δ1 ,
G` (δ1 ) = θ ∈ Rs : α`−1 δ1 ≤ kΣ
SS
(63)

In what follows, we prove that with overwhelmingly high probability , Q(θ) is concentrated
around its expectation QX (θ) := EX {Q(θ)} uniformly over θ ∈ Rs via a straightforward
adaptation of the peeling argument.
For δ1 > 0 and ` = 1, 2, . . ., consider the following sequence of events

b 1/2 θk2 ≥ δ1 ,
G(δ1 ) = θ ∈ Rs : kΣ
SS

e − QX (Σ
e .
b −1/2 θ)
b −1/2 θ)
Q(Σ
SS
SS

(64)

√
where α = 2. Here, δ can be regarded as a tolerance parameter, and it is easy to see
1
∞ G (δ ). For R > 0, set V(R) = {θ ∈ G(δ ) : kΣ
b 1/2 θk2 ≤ R} and let ∆(R)
that G(δ1 ) = ∪`=1
1
` 1
SS
be the maximum deviation over the elliptic vicinity V(R):

θ∈V(R)

∆(R) = max |Q(θ) − QX (θ)|.

e 2 ≤R
δ1 ≤kθk

max

b 1/2 θ such that
For every θ ∈ Rs , define the rescaled vector θe = Σ
SS
∆(R) =

≤ n1/2 .

T b −1/2 e
XiS
ΣSS (θ1 − θe2 )

2

(65)

For every 0 <  ≤ R, there exists an -net N of the Euclidean ball B2s (R) with cardinality
s
. For θe1 , θe2 ∈ B2s (R) satisfying kθe1 − θe2 k2 ≤ , observe that
bounded by 1 + 2R


n
X

i=1
−1/2

e
e
b
≤ XS Σ
SS (θ1 − θ2 )

b −1/2 θe1 ) − Q(Σ
b −1/2 θe2 ) ≤ n−1/2
Q(Σ
SS
SS

Then, it is easy to see that
e 
θ∈N

−1/2

e + 2n1/2 .
e − QX (Σ
b −1/2 θ)
b −1/2 θ)
∆(R) ≤ max Q(Σ
SS
SS

−1/2
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e − QX (Σ
e is a sum of independent random
b
b
For each θe ∈ Bs (R) fixed, Q(Σ
θ)
θ)
2
SS
SS
TΣ
b −1/2 θe − εi | − |εi || ≤ |X T Σ
b −1/2 e
variables with zero means and for i = 1, . . . , n, ||XiS
iS SS θ|.
SS
Therefore, it follows from Hoeffding’s inequality that for every t > 0,
o
n
e − QX (Σ
e ≥t
b −1/2 θ)
b −1/2 θ)
PX Q(Σ
SS
SS
)
(


t2
nt2
= 2 exp −
.
≤ 2 exp − P
n
e 2
TΣ
e2
b −1/2 θ)
2kθk
2 i=1
(XiS
2
SS

28

`=1

∞
X

exp{−2c` log(α)nδ12 } ≤

2 exp(−c0 nδ12 )
,
1 − exp(−c0 nδ12 )

2

i=1

EX



T
|XiS
θ − εi | − |εi | = n−1/2 EX kXS θ − εk1 − Ekεk1 ,

SS

(69)

(68)

S⊆[p]:|S|=s

29

i=1
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where a2 is as in Condition 3.4. For the sequence of LAD estimators {θbS : S ⊆ [p], |S| = s},
from (61) it can be seen that kXS θbS k1 ≤ kXS θbS − εk1 + kεk1 ≤ 2kεk1 , and hence


n
X
max kn−1 XS θbS k1 ≤ 2 E|ε| + n−1
(|εi | − E|εi |) .

applying Lemmas 5 and 6 in Wang (2013) with slight modifications gives
√
( 1
√ kXS θk1 = n kn−1 XS θk1
if kXS θk1 ≥ 2n
4√
a2 ,
QX (θ) ≥ 4a n
1/2
a
n
2n
2
2
2
2
b
√ kXS θk =
k
Σ
θk
if
kX
θk
<
1
S
2
2
SS
8
a2 ,
8 n

QX (θ) = n−1/2

n
X

holds for all θ ∈ G(δ1 ) whenever n ≥ c−1 δ1−2 .
For the (conditional) expectation

SS

where c0 = c log 2. This implies that with probability at least 1 − 4 exp(−c0 nδ12 ),

√
b 1/2 θk2 + 23/2 kΣ
b 1/2 θk2 (s log n)1/2 + n−1/2
|Q(θ) − QX (θ)| ≤ 23/2 c kΣ

`=1

exp{−cn(α` δ1 )2 } ≤ 2

h
i

PX ∆(α` δ1 ) ≥ (α` δ1 )2 (2cn)1/2 + 2α` δ1 (s log n)1/2 + n−1/2

h
i

PX ∃ θ ∈ G` (δ1 ), s.t. |Q(θ) − QX (θ)| ≥ (α` δ1 )2 (2cn)1/2 + 2α` δ1 (s log n)1/2 + n−1/2

`=1
∞
X

∞
X

`=1

∞
X

≤2

≤

≤

holds almost surely on the event E0 (τ ) for any τ > 0.
In particular, by taking t = cnR2 in (67) for some c > 0 to be specified below (72) and
the union bound, we have
h
i

e 2 kθk
e 2 (cn)1/2 + (s log n)1/2 + n−1/2
PX ∃ θ ∈ G(δ1 ), s.t. |Q(θ) − QX (θ)| ≥ 23/2 kθk

In particular, by taking  = Rn−1 in (65) and δ = s log(1 + 2R
 ) + t ≤ 2s log n + t in (66) we
conclude that

PX ∆(R) ≥ R(2t)1/2 + 2R(s log n)1/2 + 2Rn−1/2 ≤ 2e−t
(67)

e 
θ∈N

holds with probability at least 1 − 2e−δ . This, together with the union bound yields




e − QX (Σ
e ≥ (2δ)1/2 R ≤ exp s log 1 + 2R − δ .
b −1/2 θ)
b −1/2 θ)
PX max Q(Σ
(66)
SS
SS


e ≤ (2δ)1/2 kθk
e 2 ≤ (2δ)1/2 R
e − QX (Σ
b −1/2 θ)
b −1/2 θ)
Q(Σ
SS
SS

In other words, for every θe ∈ Bs2 (R) and δ > 0,
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i=1

i=1

E1 :=



S⊆[p]:|S|=s

max

kn−1 XS θbS k1 ≤ 2a−1
2



(71)

30

(73)
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S
2
S
= D−1
0 {U (θ) + ∇EX Ln (θ) − ∇EX Ln (0) + D0 θ},

S
S
2
χS1 (θ) = D−1
0 {∇Ln (θ) − ∇Ln (0) + D0 θ}

Step 1: Local linear approximation of ∇LSn (θ). Let χS1 (θ) be the normalized residual
of the local linear approximation of ∇LSn (θ) given by

We prove this lemma by employing the arguments similar to those used in Spokoiny (2013),
where the likelihood function L(θ) is assumed to be twice differentiable with respect to θ. It
is worth noticing that both Conditions (L) and (ED2 ) in Spokoiny (2013) are not satisfied
in the current situation. We provide here a self-contained proof in which Lemma 13 also
plays an important role.

A.6 Proof of Lemma 14

in (72) proves (44).

occurs with probability at least 1 − δ2 .
Now, by (61), we have Q(θbS ) ≤ 0 and thus −{Q(θbS ) − QX (θbS )} ≥ QX (θbS ) holds for
every s-subset S ⊆ [p]. Together with (68)–(71) and the union bound, this implies that on
the event E0 (τ ) ∩ E1 for any τ > 0,




√
s log n 1/2 1
b 1/2 θbS k2 ≤ min δ1 , 32 2 a−1
max kΣ
+
(72)
2
SS
n
n
S⊆[p]:|S|=s

holds with (conditional) probability 1 − 4 ps exp(−c0 nδ12 ) − δ2 , provided that the sample
2
−2
size n satisfies n ≥ 2 · 32 (a2 δ1 ) and (70).
Finally, taking
s

1/2
s log ep
32
42−q aκ2 E|ε|κ 1
2
s + log n
δ1 =
and δ2 =
a2 log(2)
n
(1 − a2 E|ε|)κ nκ−1

the event

By Condition 3.4, we have a2 E|ε| < 1. Therefore, as long as the sample size n satisfies

 2−q κ
4 a2 E|ε|κ 1/(κ−1) −1/(κ−1)
δ2
,
(70)
n≥
κ
(1 − a2 E|ε|)

S⊆[p]:|S|=s

where we used the inequality |1 + x|κ ≤ 1 + κx + 22−κ |x|κ for 1 < κ ≤ 2 and x ∈ R. The
last two displays together imply that, with probability at least 1 − δ2 ,

−1/κ −1+1/κ
max kn−1 XS θbS k1 ≤ 2E|ε| 1 + 4(2−κ)/κ (E|ε|)−1 (E|ε|κ )1/κ δ2
n
.

For every t > 0 and 1 < κ ≤ 2, by Markov’s inequality we have
X

n
n
κ
X
P
(|εi | − E|εi |) ≥ t ≤ t−κ E
(|εi | − E|εi |) ≤ 42−κ t−κ n E|ε|κ ,
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Pn
T
i=1 XiS XiS .
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where U (θ) = ∇ζ S (θ) − ∇ζ S (0) and D02 = −∇2 EX {LnS (0)} = 2fε (0)
it follows from the mean value theorem that
e −1 }D0 θ,
EX {χ1S (θ)} = {Is − D0−1 D2 (θ)D
0

Θ0 (r) = {θ ∈ Rs : kD0 θk2 ≤ r}.

for some τ > 0,

τ 1/2 r
:= δ(τ, r).
n1/2

v T U (θ).

Fan and Zhou

T θ ≥ 0, ε
(i) conditional on XiS
i,θ = 1 with probability Pi,θ − 1/2 and εi,θ = 0 with
probability 3/2 − Pi,θ ;

− EX )εi,θ XiS .

Then

=

=

i=1

n h
Y


iS (3/2−Pi,θ )

TX

iS (Pi,θ −1/2)

TX

(Pi,θ − 1/2) + e2λu

T
(3/2 − Pi,θ ) I(XiS
θ ≥ 0)

i

T
T
T
+ e2λu XiS (1/2+Pi,θ ) (1/2 − Pi,θ ) + e2λu XiS (Pi,θ −1/2) (1/2 + Pi,θ ) I(XiS
θ < 0) .

1 + 2λ2 (uT XiS )2 |Pi,θ − 1/2|e2λ|u

iS |

TX

i

T
T
+ 1 + 2λ2 (uT XiS )2 (1/2 − Pi,θ )(1/2 + Pi,θ )e2λ|u XiS | I(XiS
θ < 0)

n h
Y

T
T
1 + 2λ2 (uT XiS )2 (Pi,θ − 1/2)(3/2 − Pi,θ )e2λ|u XiS | I(XiS
θ ≥ 0)

i=1

n
Y

i=1


T
exp 2λ2 (uT XiS )2 |Pi,θ − 1/2|e2λ|u XiS | .

n
Y


i=1

≤
≤

Consequently, for every θ̄ = (v T , θ T )T ∈ Θ̄0 (2r),





v T {ζ S (θ) − ζ S (0)}
Ū (θ̄) − Ū (0)
= log EX exp λ
log EX exp λ
kD̄0 θ̄k2
kD̄0 θ̄k2


n
X
2λ2
2λ|v T XiS |
(v T XiS )2 |Pi,θ − 1/2| exp
.
kD0 vk22 + kD0 θk22 i=1
kD̄0 θ̄k2
≤

32



r
λ2 4e2 A2 r
τ
Ū (θ̄) − Ū (0)
≤
.
log EX exp λ
2 fε (0)
2nfε (0)
kD̄0 θ̄k2
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(81)

On the event E0 (τ ) for some τ > 0, we have |Pi,θ − 1/2| ≤ 2A2 {2nfε (0)}−1/2 τ 1/2 r and
|v T XiS | ≤ kD0 vk2 kD0−1 XiS k2 ≤ kD0 vk2 {2nfε (0)}−1/2 τ 1/2 . Together with (80), this yields
that for all |λ| ≤ {2nfε (0)/τ }1/2 ,

(80)

Further, using the inequalities |eu − 1 − u| ≤ 12 u2 eu∨0 and 1 + u ≤ eu which hold for all
u ∈ R, the last term above can be bounded by

i=1

e−2λu

EX exp[λuT {∇ζ S (θ) − ∇ζ S (0)}]
n h
i
Y
T
T
T
T
θ < 0)
θ ≥ 0) + EX {e−2λu XiS (I−EX )εi,θ }I(XiS
EX {e−2λu XiS (I−EX )εi,θ }I(XiS

i=1 (Id

Pn

T θ < 0, ε
(ii) conditional on XiS
i,θ = −1 with probability 1/2 − Pi,θ and εi,θ = 0 with
probability 1/2 + Pi,θ ,

(76)

(77)

(78)

T θ). In this notation, ∇ζ S (θ) − ∇ζ S (0) = −2
where Pi,θ = Fε (XiS
For every λ ∈ R and u ∈ Rs , we have

(74)

(75)

Pn
T θ)X X T and θ
e = λθ for some 0 ≤ λ ≤
fε (XiS
where D2 (θ) = −∇2 EX {LnS (θ)} = 2 i=1
iS iS
1. As before, for every r ≥ 0, define the local elliptic neighborhood of 0 as
On the event

E0 (τ )
T
|XiS
θ| ≤ kD0 θk2 kD0−1 XiS k2 ≤ {2nfε (0)}−1/2 τ 1/2 r

A3
√ 3/2
2fε (0)

for all θ ∈ Θ0 (r). Thus it follows from the Taylor expansion that for r ≤ {2nfε (0)/τ }1/2 ,
e −1
Is − D0−1 D2 (θ)D
0
n
X
T e
T −1
{fε (XiS
θ) − fε (0)}XiS XiS
D0 ≤

= 2 D0−1
i=1

Together, (74) and (76) imply that under the same constraint for (76),
kEX {χ1S (θ)}k2 ≤ δ(τ, r)r.

max

∈ R(2s)×(2s) ,

u,θ∈Θ0 (r)

D0 0
0 D0

uT D0−1 U (θ) = r−1

Turning to the stochastic component D0−1 U (θ) = χ1S (θ)−EX {χ1S (θ)}, we aim to bound
which can be written as

maxθ∈Θ0 (r) kD0−1 U (θ)k2 ,
max

θ∈Θ0 (r),kuk2 ≤1

D̄0 =

Θ̄0 (r) = {θ̄ ∈ R2s : kD̄0 θ̄k2 ≤ r}.

(79)

Note that {v T U (θ) : v, θ ∈ Rs } is a bivariate process indexed by (v T , θ T )T ∈ R2s . Define


θ̄ = (v T , θ T )T ∈ R2s ,

Ū (θ̄) = v T U (θ),

In this notation, from (78) and the identity D̄0 θ̄ = D0 v + D0 θ, it is easy to see that
θ̄∈Θ̄0 (2r)

max kD0−1 U (θ)k2 ≤ r−1 max Ū (θ̄).
θ∈Θ0 (r)

Pn
T θ)−I(Y ≤ 0)+1/2−F (X T θ)}X ,
Recall that ∇ζ S (θ)−∇ζ S (0) = −2 i=1
{I(Yi ≤ XiS
i
ε
iS
iS
where for i = 1, . . . , n, I(Yi ≤ X T θ) − I(Yi ≤ 0) + 1/2 − Fε (X T θ) is equal to
iS
iS
(
T
T
T
I(0 < Yi ≤ XiS
θ)
−
P
if
X
X (0 < Yi ≤ XiS θ)
iS θ ≥ 0,
T θ < 0.
T θ < Y ≤ 0) + P (X T θ < Y ≤ 0)
if XiS
−I(XiS
i
i
X
iS
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T θ) − I(X T θ < Y ≤ 0) satisfying
For θ ∈ Rs , define random variables εi,θ = I(0 < Yi ≤ XiS
i
iS

31

w0 (τ ) = 2e

s

A2 r0
fε (0)


τ
2nfε (0)

1/4
(82)

A2 r0
fε (0)



2nfε (0)
τ

1/4
:= g0 (τ ).

(84)

1/2

b θbS k2 ≤ C1 a−1 {2fε (0)s log(pn)}1/2 := r0
kΣ
2
SS

(88)

(87)

whenever n ≥ {2fε (0)}−1 τ r02 .

33

kD0 θbS − ξbS k2 ≤ δ(τ, r0 )r0 + 6w0 (τ )(2t + 4s)1/2
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(89)

holds with probability at least 1 − c1 n−1 − c2 n1−κ . Moreover, since θbS maximizes LSn (θ)
b = D0 θbS − ξbS . This,
over θ ∈ Rs for each s-subset S ⊆ [p], we have ∇LSn (θbS ) = 0 and χS1 (θ)
together with (87) implies that on the event {θbS ∈ Θ0 (r0 )} ∩ ΩS0 (τ, r0 , t),

max

S⊆[p]:|S|=s

kD0 θbS k2

= {2nfε (0)}1/2

S⊆[p]:|S|=s

max

Step 2: Fisher approximation. By Lemma 13,

θ∈Θ0 (r)

almost surely on E0 (τ ). For a given triplet (τ, r, t), define the event


ΩS0 (τ, r, t) =
max kχS1 (θ)k2 ≤ δ(τ, r)r + 6w0 (τ )(2t + 4s)1/2 .

θ∈Θ0 (r)

holds almost surely on E0 (τ ), where g0 is given at (84).
Combining (74) and (85) we obtain that for any τ > 0, 0 ≤ r ≤ r0 ≤ {2nfε (0)/τ }1/2
and 0 < t ≤ 12 g02 (τ ) − 2s,


PX
max kχS1 (θ)k2 ≥ δ(τ, r)r + 6w0 (τ )(2t + 4s)1/2 ≤ e−t
(86)

θ∈Θ0 (r)

By (83), it follows from Corollary 2.2 in the supplement of Spokoiny (2012) and (79) that,
for any τ > 0, 0 ≤ r ≤ r0 and 0 < t ≤ 12 g02 (τ ) − 2s,


1/2
≤ e−t
(85)
PX
max kD−1
0 U (θ)k2 ≥ 6w0 (τ )(2t + 4s)

|λ| ≤ 2e

holds almost surely on E0 (τ ) for all
s

for some r0 > 0 to be specified (see (88) below), such that for any θ̄ = (v T , θ T )T ∈ Θ̄0 (2r)
with 0 ≤ r ≤ r0 ,


λ Ū (θ̄) − Ū (0)
EX exp
≤ exp(λ2 /2)
(83)
w0 (τ ) kD̄0 θ̄k2

In view of (81), define
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(90)

(91)

|χS2 (θ1 , θ2 )|
≤ 2δ(τ, r0 )r0 + 12w0 (τ )(2t + 4s)1/2 .
kD0 (θ1 − θ2 )k2


2|χS2 (0, θbS )|
|2{LSn (θbS ) − LSn (0)} − kD0 θbS k22 |
≤
≤ 4 δ(τ, r0 )r0 + 6w0 (τ )(2t + 4s)1/2 ,
b
kD0 θS k2
kD0 θbS k2


[2{LSn (θbS ) − LSn (0)}]1/2 − kξbS k2 ≤ 5 δ(τ, r0 )r0 + 6w0 (τ )(2t + 4s)1/2

(92)

34
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whenever n ≥ {2fε (0)}−1 r02 τ , where δ(τ, r), r0 and w0 (τ ) are as in (76), (88) and (82).
ep
Finally, taking τ = τ0  λ−1
min (s)s log(pn) as in (36) and setting t = s log s + log n in
the concentration bound (86) prove (48) using Boole’s inequality.

S⊆[p]:|S|=s

max

provided that n ≥ {2fε (0)}−1 τ r02 . Together with (89), this implies that conditional on the
event ∩S⊆[p]:|S|=s {θbS ∈ Θ0 (r0 )} ∩ ΩS0 (τ, r0 , t),

≤

[2{LSn (θbS ) − LSn (0)}]1/2 − kD0 θbS k2

In view of (90), LSn (θbS ) − LSn (0) − 21 kD0 θbS k22 = −χS2 (0, θbS ). Therefore, on the event
b
{θS ∈ Θ0 (r0 )} ∩ ΩS0 (τ, r0 , t) we have

max

θ1 ,θ2 ∈Θ0 (r0 )

where θe = λθ for some 0 ≤ λ ≤ 1. Let r0 > 0 be as in (88). Then, it follows from (91) that
on ΩS0 (τ, r0 , t) with n ≥ {2fε (0)}−1 τ r02 ,

u∈Θ0 (r)

|χS2 (θ1 , θ2 )| = |χS2 (θ1 , θ2 ) − χS2 (θ2 , θ2 )| ≤ 2kD0 (θ1 − θ2 )k2 max kχS1 (u)k2 ,

Noting that ∇θ1 χS2 (θ1 , θ2 ) = ∇LSn (θ1 ) − ∇LSn (θ2 ) + D20 (θ1 − θ2 ) = D0 {χS1 (θ1 ) − χS1 (θ2 )},
we have

1
χS2 (θ1 , θ2 ) = LSn (θ) − LSn (θ2 ) − (θ1 − θ2 )T ∇LSn (θ2 ) + kD0 (θ1 − θ2 )k22 .
2

Step 3: Wilks approximation. For θ1 , θ2 ∈ Θ0 (r), define

Fan and Zhou

c 2016 Hongxiao Zhu, Nate Strawn, and David B. Dunson.

1. Introduction

Keywords: graphical model, functional data analysis, gaussian process, model uncertainty, stochastic search

2

JMLR 17(204):1-27

Abstract

dunson@duke.edu

nate.strawn@georgetown.edu

hongxiao@vt.edu

Graphical models express conditional independence relationships among variables. Although methods for vector-valued data are well established, functional data graphical models remain underdeveloped. By functional data, we refer to data that are realizations of
random functions varying over a continuum (e.g., images, signals). We introduce a notion
of conditional independence between random functions, and construct a framework for
Bayesian inference of undirected, decomposable graphs in the multivariate functional data
context. This framework is based on extending Markov distributions and hyper Markov
laws from random variables to random processes, providing a principled alternative to naive
application of multivariate methods to discretized functional data. Markov properties facilitate the composition of likelihoods and priors according to the decomposition of a graph.
Our focus is on Gaussian process graphical models using orthogonal basis expansions. We
propose a hyper-inverse-Wishart-process prior for the covariance kernels of the infinite coefficient sequences of the basis expansion, and establish its existence and uniqueness. We
also prove the strong hyper Markov property and the conjugacy of this prior under a finite
rank condition of the prior kernel parameter. Stochastic search Markov chain Monte Carlo
algorithms are developed for posterior inference, assessed through simulations, and applied
to a study of brain activity and alcoholism.
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Zhu, Strawn, and Dunson

Graphical models provide a powerful tool for describing conditional independence structures between random variables. In the multivariate data case, Dawid and Lauritzen (1993)
defined Markov distributions (distributions with Markov property over a graph) of random
vectors which can be factorized according to the structure of a graph. They also introduced
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hyper-Markov laws serving as prior distributions in Bayesian analysis. The special case of
Gaussian graphical models, in which a multivariate Gaussian distribution is assumed and
the graph structure corresponds to the zero pattern of the precision matrix (Dempster,
1972; Lauritzen, 1996), is well studied. Computational algorithms, such as Markov chain
Monte Carlo (MCMC) and stochastic search, are developed to estimate the graph based
on the conjugate hyper-inverse-Wishart prior and its extensions (Giudici and Green, 1999;
Roverato, 2002; Jones et al., 2005; Scott and Carvalho, 2008; Carvalho and Scott, 2009).
In the frequentist literature, notable works on graphical models include the graphical
LASSO (Yuan and Lin, 2007; Friedman et al., 2008; Mazumder and Hastie, 2012a,b) and
the neighborhood selection approach (Meinshausen and Bühlmann, 2006; Ravikumar et al.,
2010). The graphical LASSO induces sparse estimation of the precision matrix of the
Gaussian likelihood through l1 regularization. The neighborhood selection approach relies
on estimating the neighborhood of each node separately by regressing each variable on all the
remaining variables, sparsifying with l1 regularization, and then stitching the neighborhoods
together to form the global graph estimate. Various extensions, computational methods, and
theoretical properties have been developed in these frameworks (Lam and Fan, 2009; Höfling
and Tibshirani, 2009; Cai et al., 2011; Witten et al., 2011; Yang et al., 2012; Mazumder and
Hastie, 2012a,b; Anandkumar et al., 2012; Loh and Wainwright, 2013).
The graphical modeling literature focuses primarily on vector-valued data with each
node corresponding to one variable. Many applications, however, involve functional data—
data that are realizations of random functions varying over a continuum such as a time
interval or a spatial domain. Common types of functional data include signals, images,
and many emerging high-throughput digital measurements. The dependence structure of
functional data is of interest in a wide range of applications. For example, in neuroimaging,
we are often interested in the dependence network across brain regions, where data from
each region are of functional form (e.g., EEG/ERP signals, MRI/fMRI regions). In bioinformatics, we often need to model gene networks based on time-course gene expression data
(Ma et al., 2006), treating each time-course as a continuous process. In epigenetics, it is of
interest to study how cells are differentiated into organs (cell lineage and differentiation) by
exploring the dependence structure of genome-wide methylation levels across different cell
types, and for each cell type, the methylation level can be considered as a function of the
genomic locations.
Although there is increasingly rich literature on generalizations to accommodate matrixvariate graphical models (Wang and West, 2009), time varying graphical models (Zhou et al.,
2010; Kolar and Xing, 2011), and dynamic linear models (Carvalho and West, 2007), the
generalization to functional data has not received much attention in the literature. In recent work, Qiao et al. (2015) extended the graphical LASSO of Yuan and Lin (2007) to
the functional data case. They estimate the graph by maximizing a penalized log-Gaussian
likelihood constructed through truncated basis expansion, and prove the consistency of the
estimated edges. In this paper, we propose Bayesian graphical models for functional data
following a fundamentally different approach. In particular, we construct the graphical
model directly in the space of infinite dimensional random functions through establishing the Markov distributions and hyper Markov laws for random processes, and propose a
Bayesian framework that generally holds for all random processes. We then demonstrate
the special case of a multivariate Gaussian process in the space of square integrable func-
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tions. Through representing the random functions with orthogonal basis expansions, we
transform functional data from the function space to the isometrically isomorphic space of
basis coefficients, where Markov distributions and hyper Markov laws can be conveniently
constructed. We further propose a hyper-inverse-Wishart-process prior for the covariance
kernels of the coefficient sequences, and study theoretical properties of the proposed prior
such as existence and uniqueness. We also establish the strong hyper Markov property and
conjugacy of this prior under a finite rank condition for the prior kernel parameter, which
implies that the covariance kernel of the coefficient sequences is a priori finite dimensional.
To perform posterior inference, we introduce a regularity condition which allows us to write
the likelihood and prior density and design stochastic search MCMC algorithms for posterior sampling. Performance of the proposed approach is demonstrated through simulation
studies and analysis of brain activity and alcoholism data.
To our knowledge, the proposed approach is the first considering functional data graphical models from a Bayesian perspective. It extends the theory of Dawid and Lauritzen
(1993) from multivariate data to multivariate functional data. Most existing graphical
model approaches often naively apply multivariate methods to functional data after performing discretization or feature extraction. Such approaches may not take full advantage
of the fact that data arise from a function and can lack reasonable limiting behavior. Our
graphical model framework guarantees proper theoretical behavior as well as computational
convenience.

2. Graphical Models for Multivariate Functional Data
In this section, we first review graphical models for multivariate data in Section 2.1,
then introduce graphical models for multivariate functional data in Section 2.2, and finally
present the specific case of Gaussian process graphical models in Section 2.3.
2.1 Review of Graph Theory and Gaussian Graphical Models
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We follow Dawid and Lauritzen (1993), Lauritzen (1996), and Jones et al. (2005). Let
G = (V, E) denote an undirected graph with a vertex set V and a set of edge pairs E =
{(i, j)}. Each vertex corresponds to one variable. Two variables a and b are conditionally
independent if and only if (a, b) ∈
/ E. A graph or a subgraph is complete if all possible
pairs of vertices are joined by edges. A complete subgraph is maximal if it is not contained
within another complete subgraph. A maximal subgraph is called a clique. If A, B, C
are subsets of V with V = A ∪ B, C = A ∩ B, then C is said to separate A from B if
every path from a vertex in A to a vertex in B goes through C. C is called a separator
and the pair (A, B) forms a decomposition of G. The separator is minimal if it does not
contain a proper subgraph which also separates A from B. While keeping the separators
minimal, we can iteratively decompose a graph into a sequence of prime components – a
sequentially defined collection of subgraphs that cannot be further decomposed (Jones et al.,
2005). If all the prime components of a connected graph are complete, the graph is called
decomposable. All the prime components of a decomposable graph are cliques. Iteratively
decomposing a decomposable graph G produces a perfectly ordered sequence of cliques and
separators (C1 , S2 , C2 , . . . , Sm , Cm ) such that Si = Hi−1 ∩ Ci and Hi−1 = C1 ∪ · · · ∪ Ci−1 .
Let C = {C1 , . . . , Cm } denote the set of cliques and S = {S2 , . . . , Sm } denote the set of
3
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separators. The perfect ordering means that for every i = 2, . . . , m, there is a j < i with
Si ⊂ Cj (Lauritzen, 1996, page 15).
If the components of a random vector X = (X1 , . . . , Xp )T obey conditional independence
according to a decomposable graph G, the joint density can be factorized as
Q
p(XC )
p(X | G) = QC∈C
,
S∈S p(XS )

where XA = {Xi , i ∈ A}. If X is Gaussian with zero mean and precision matrix Ω = Σ−1 ,
then Xi is conditionally independent of Xj given XV \{i,j} , denoted by Xi ⊥
⊥ Xj | XV \{i,j} ,
if and only if the (i, j)th element of Ω is zero. In this case p(X | G) is uniquely determined
by marginal covariances {ΣC , ΣS , C ∈ C, S ∈ S}, which are sub-diagonal blocks of Σ
according to the clique and separator sets. For a given G, a convenient conjugate prior for
Σ is hyper-inverse-Wishart (HIW) with density
Q
p(ΣC | δ, UC )
p(Σ | G, δ, U) = QC∈C
,
S∈S p(ΣS | δ, US )

where p(ΣC | δ, UC ) and p(ΣS | δ, US ) are densities of inverse-Wishart (IW) distributions.
In this paper, the inverse-Wishart follows the parameterization of Dawid (1981), i.e., Σ ∼
IW(δ, U) if and only if Σ−1 has a Wishart distribution W(δ + p − 1, U−1 ), where δ > 0 and
Σ is a p by p matrix.

2.2 Graphical Models for Multivariate Functional Data

p
Let f = {fj }j=1
denote a collection of random processes where each component fj is
in L2F
(Tj ) and each F
Tj is a closed subset of the real line. F
The domain
Spof f is denoted by
p
p
T = j=1
T
denotes
the disjoint union defined by j=1
Tj = j=1
{(t, j) : t ∈ Tj }.
j , where
∞
For each j, let {φjk }k=1
denote an orthonormal basis of L2 (Tj ). The extended basis
functions ψjk = (0, . . . , 0, φjk , 0, . . . , 0), with φjk in the jth component and 0 functions
elsewhere for j = 1, . . . , p and k = 1, . . . , ∞, form an orthonormal basis of L2 (T ). Let
(L2 (T ), B(L2 (T )), P ) be a probability space, where B(L2 (T )) is the Borel σ-algebra on
L2 (T ).F For V = {1, 2, . . . , p} and A ⊂ V , denote by f A the subset of f with domain
TA = j∈A Tj . We define the conditional independence relationships for components of f
in Definition 1.

Definition 1 Let A, B, and C be subsets of V. Then f A is conditionally independent of
f B given f C under P , written as f A ⊥
⊥ f B | f C [P ], if for any f A ∈ DA , where DA is a
measurable set in L2 (TA ), there exists a version of the conditional probability P (f A ∈ DA |
f B , f C ) which is B(L2 (TC )) measurable, and hence one may write P (f A ∈ DA | f B , f C ) =
P (f A ∈ DA | f C ). Here, B(L2 (TC )) denotes the Borel σ-algebra on L2 (TC ). Note that this
implies P (f A ∈ DA , f B ∈ DB | f C ) = P (f A ∈ DA | f C ) P (f B ∈ DB | f C ).
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We would like to use a decomposable graph G = (V, E) to describe the conditional
independence relationships of components in f , whereby a Bayesian framework can be constructed and G can be inferred through posterior inference. To this end, we link the probability measure P of f with G by assuming that P is Markov over G, as defined in Definition
2.

4

= PHi ? MCi+1 ,

= MC 1 ,
i = 1, . . . , m − 1.
(2)

(1)

5
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According to the theory of hyper Markov laws, one can construct a prior law for PG
using a sequence of consistent marginal laws {LC , C ∈ C} in a similar fashion as (1) - (2).

Proposition 1 The theory of hyper Markov laws over undirected decomposable graphs, as
described in Section 3 of Dawid and Lauritzen (1993), holds for random processes.

One can show that the probability measure constructed this way is the unique Markov
probability measure over G with marginals {MCi }, and the proof follows that of Theorem
2.6 in Dawid and Lauritzen (1993). We call the probability distribution induced by the
probability measure constructed above the Markov distribution of f over G.
Denote the Markov distribution of f constructed in (1) - (2) by PG , and denote the
space of all Markov distributions over G by M(G). A prior law for PG is then supported
on M(G). We follow Dawid and Lauritzen (1993) to define hyper Markov laws and use
them as prior laws for PG . A prior law L of PG is called hyper Markov over G if for any
decomposition (A, B) of G, (PG )A ⊥
⊥ (PG )B | (PG )A∩B [L], where (PG )A takes values in
M(GA ) which is the space of all Markov distributions over subgraph GA . Here, we have
assumed that G is collapsible onto A, therefore φ ∈ M(GA ) if and only if φ = (PG )A for
some (PG ) ∈ M(G). The following Proposition 1 states that the theory of hyper Markov
laws of Dawid and Lauritzen (1993) applies to our random process setup.

PHi+1

P C1

We provide a proof of Lemma 1 through construction in Appendix B. The main idea
is to first construct the conditional probability P1 {·
F | πA∩B (f A )} from P1 , where πA∩B :
L2 (TA ) → L2 (TA∩B ) is a projection map and TA = j∈A Tj . We then define P { · | πB (f )}
based upon P1 {· | πA∩B (f A )} using disintegration theory (Chang and Pollard, 1997), and
finally construct the joint measure P that satisfies conditions (i)–(iii). With Lemma 1, we
can construct a joint probability measure for f that is Markov over G. The construction
is based on the perfectly ordered decomposition (C1 , S2 , C2 , . . . , Sm , Cm ) of G with Si =
Hi−1 ∩ Ci and Hi−1 = C1 ∪ · · · ∪ Ci−1 . Let {MCi , i = 1, . . . , m} be a sequence of pairwise
consistent probability measures for {f Ci , i = 1, . . . , m}. We construct a Markov probability
measure P over G through the following recursive procedure

Lemma 1 Let f = (f1 , . . . , fp ) be a collection of random processes in L2 (T ). For subsets
A, B ⊂ V = {1, . . . , p} with A ∩ B 6= ∅, suppose that P1 and P2 are probability measures
of f A and f B , respectively. If P1 and P2 are consistent, meaning that they induce the same
measure for f A∩B , then there exists a unique probability measure P for f A∪B such that (i)
PA = P1 , (ii) PB = P2 , and (iii) f A ⊥
⊥ f B | f A∩B [P ]. The measure P is called a Markov
combination of P1 and P2 , denoted as P = P1 ? P2 .

PG ∼ L G ;

G ∼ Π.

(3)

cik cjl

Tj

Z

Ti

Z

kij (s, t)φik (s)φjl (t)dsdt ≥ 0

Ti

kjj (s, t)φjl (s)φjl (t)dsdt < ∞.
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isomorphic for each j, once an orthonormal basis of L2 (T ) has been chosen, we have an
identification between the Borel probability measures defined on `2 and L2 (T ); therefore we
can construct statistical models on `2 without loss of generality. Let c = (c1 , . . . , cp ) denote

Tj

Z

Then f 0 and K uniquely determine a Gaussian process on L2 (T ) (Prato, 2006), which we
call a multivariate Gaussian process, and write MGP(f 0 , K). The definition of multivariate
Gaussian process implies that for A ⊂ V , f A ∼ MGP(f 0A , KA ) where KA = {kij , i, j ∈ A}.
Furthermore, on a sequence of cliques C = {C1 , . . . , Cm }, the marginal Gaussian process
measures for {f C , C ∈ C} are automatically consistent because they are induced from the
same joint distribution. Therefore, we can construct a Markov distribution for f over G
through procedure (1) - (2). We denote the resulting distribution of f by MGPG (f 0 , KC ),
where KC = {kij : i, j ∈ C, C ∈ C}. It is clear from this construction that the distribution
MGPG is Markov over G whereas MGP is not.
For the convenience of both theoretical analysis and computation, we represent elements in L2 (T ) using orthonormal basis expansions and construct a Bayesian graphical
model in the dual space of basis coefficients. Let {φjk }∞
k=1 denote an orthonormal ba∞
sis of L2 (Tj ). For
R basis. We have the represenP∞example, {φjk }k=1 could be a wavelet
tation fj (t) =
k=1 cjk φjk (t) where cjk = hfj , φjk i = Tj fj (t)φjk (t)dt. The coefficient
sequencencj = {cjk , k = 1, . . .o
, ∞} lies in the space of square-summable sequences, denoted
P
Qp
2 < ∞ . Denote `2 =
2
2
2
by `2j = cjk : ∞
c
k=1 jk
j=1 `j . Since `j and L (Tj ) are isometrically

j=1 l=1

p X
∞ Z
X

for any square summable sequence {cik , i = 1, . . . , p, k = 1, . . . , ∞}; trace class means that

i,j=1 k,l=1

p
∞
X
X

Let f 0 = (f01 , . . . , f0p ) be an element in L2 (T ). Denote by K = {kij : Ti × Tj → R}
a collection of covariance kernels such that cov{fi (s), fj (t)} = kij (s, t), s ∈ Ti , t ∈ Tj . We
assume that K is positive semidefinite and trace class. Positive semidefinite means that

2.3 Gaussian Process Graphical Models for Multivariate Functional Data

As we have yet to specify a concrete example for the probability measure PG , the above
Bayesian framework remains abstract at the moment. In Section 2.3, we construct PG
using Gaussian processes and propose a hyper-inverse-Wishart-process law as the prior for
PG . The prior distribution Π is supported on the finite dimensional space of decomposable
graphs with p nodes.

f ∼ PG ;

Denote by LG the constructed hyper Markov prior for PG and by Π a prior distribution for
the graph G. A Bayesian graphical model for the collection of random processes f can be
described as

Definition 2 Let G = (V, E) denote a decomposable graph. A probability measure P of f
is called Markov over G if for any decomposition (A, B) of G, f A ⊥
⊥ f B | f A∩B [P ].

Given a decomposable graph G, a probability measure of f with Markov property may
be constructed. To enable the construction, we first state Lemma 1, which generalizes
Lemma 2.5 of Dawid and Lauritzen (1993) from the random variable to the random process
case.
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the coefficient sequence of f . Then f ∼ MGP(f 0 , K) corresponds to c ∼ dMGP(c0 , Q), where
dMGP denotes the infinite dimensional discrete multivariate Gaussian processes, c0 is the
coefficient sequence of f 0 and Q = {qij (·, ·), i, j ∈ V }. Here, qij is the covariance kernel so
that cov(cik , cjl ) = qij (k, l) for k, l ∈ {1, 2, 3, . . .}. Similarly, f ∼ MGPG (f 0 , KC ) corresponds
to c ∼ dMGP (c , Q ) where Q = {q (·, ·), i, j ∈ C, C ∈ C}. The collection Q is also
0
ij
G
C
C
P
P
p
∞
cik cjl qP
positive semidefinite and trace class, so that i,j=1
ij (k, l) ≥ 0 for any square
k,l=1P
p
∞
summable sequence {cik , i = 1, . . . , p, k = 1, . . . , ∞}, and
P∞ j=1 k=1 qjj (k, k) < ∞. Furqij (k, l)φik (s)φjl (t). Denote
thermore, K relates to Q through equation kij (s, t) = k,l=1
by P c and P f the probability measures of c and f respectively, then f A ⊥⊥ f B | f C [P f ]
implies cA ⊥
⊥ cB | cC [P c ] and vice versa. Thus, the distribution dMGPG (c0 , QC ) of c is
again Markov.
Assume that c ∼ dMGPG (c0 , QC ). The parameters involved in this distribution include
c0 and QC . In this study, we assume that c0 is fixed (e.g., a zero sequence) so that the
distribution of c is uniquely determined by QC . As indicated in Section 2.2, we would like
to construct a hyper Markov law for the dMGPG distribution. Since dMGPG is uniquely
determined by QC , it is equivalent to construct a hyper Markov law for QC . Given a positive
integer δ and a collection U = {uij : N × N → R, i, j ∈ V } which is symmetric, positive
semidefinite, and trace class, we construct a hyper-inverse-Wishart-process (HIWP) prior
for QC following Theorem 1.

QC ∼ HIWPG (δ, UC ),

G ∼ Π.

(4)

Based on Theorem 1, a Bayesian Gaussian process graphical model can be written as

Theorem 1 Assume that c ∼ dMGPG (c0 , QC ). Suppose that δ is a positive integer, and
U is a collection of kernels that is symmetric, positive semidefinite and trace class. Then
there exists a sequence of pairwise consistent inverse-Wishart processes determined by δ
and UC = {uij , i, j ∈ C}, C ∈ C, based on which one can construct a unique hyper Markov
law for QC , which we call a hyper-inverse-Wishart-process, and write QC ∼ HIWPG (δ, UC ),
where UC = {uij , i, j ∈ C, C ∈ C}.
c ∼ dMGPG (c0 , QC ),

It is of interest to investigate the properties of the HIWP prior and the corresponding
posterior distribution. As shown in Dawid and Lauritzen (1993), one nice property of the
HIW law is the strong hyper Markov property, which leads to conjugacy as well as convenient
posterior computation at each clique. In case of the HIWP prior, the strong hyper Markov
property is defined such that for any decomposition (A, B) of G in model (4), QB|A ⊥
⊥ QA ,
where QB|A denotes the conditional distribution (i.e., conditional covariance) of cB given
cA . In the following proposition, we show that the HIWPG prior constructed in Theorem 1
is strong hyper Markov when rank(uij ) < ∞ for i, j ∈ V .
Proposition 2 Suppose that the collection of kernels U satisfies that rank(uij ) < ∞ for
i, j ∈ V , then the hyper-inverse-Wishart-process prior constructed in Theorem 1 satisfies the
strong hyper Markov property. That is, if QC ∼ HIWPG (δ, UC ), then for any decomposition
(A, B) of G, QB|A ⊥
⊥ QA , where QB|A denotes the conditional distribution (e.g., conditional
covariance) of cB given cA .
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The finite rank condition for the prior parameters {uij } in Proposition 2 is a relatively
strong condition under which the HIWPG satisfies the strong hyper Markov property. It
7
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implies that the covariance kernel QC , thus the sequence c, is a priori finite dimensional.
Whether the strong hyper Markov property still holds without this condition remains a
challenging open problem. In the online appendix, we have included several interesting
results made through our preliminary study, which may provide useful insights into further
investigations of this problem. The strong hyper Markov property of HIWPG ensures that
the joint posterior of QC (conditional on G) can be constructed from the marginal posterior
of QC (conditional on G) at each clique C, as stated in Theorem 2. Therefore one essentially transforms the Bayesian analysis to a sequence of sub-analyses at the cliques, which
substantially reduces the size of the problem.

Theorem 2 Suppose that ci ∼ dMGPG (c0 , QC ), i = 1, . . . , n are independent and identically distributed. Further assume that the prior of QC is HIWPG (δ, UC ) where the collection
of kernels U satisfies that rank(uij ) < ∞ for i, j ∈ V . Then the conditional posterior of
e e
e
e
QC given {cP
uij , i, j ∈ C, C ∈ C} and
i } and G is HIWPG (δ, UC ), where δ = δ + n, UC = {e
n
u
eij = uij + i=1
(ci − c0i ) ⊗ (cj − c0j ). Here ⊗ denotes the outer product. Furthermore,
the marginal distribution of {ci } given {G, c0 , δ, UeC } is again Markov over G.

Theorem 2 implies that when rank(uij ) < ∞ for i, j ∈ V , the HIWPG (δ, UC ) prior is
a conjugate prior for QC in the dMGPG (c0 , QC ) likelihood. Note that here the likelihood,
the prior, and the posterior are all conditional on G, which makes Bayesian inference of
G tractable. Model (4) and results in Theorem 2 provide the theoretical foundation for
practical Bayesian inference under a reasonable regularity condition, as discussed in Section
3.

3. Bayesian Posterior Inference

JMLR 17(204):1-27

Despite the fact that functional data are realizations of inherently infinite-dimensional
random processes, data can only be collected at a finite number of measurement points.
Essentially, estimating the conditional independence structure of infinite-dimensional random processes based on a finite number of measurement points is an inverse problem and
therefore requires regularization. Müller and Yao (2008) reviewed two main approaches
for regularization in functional data analysis—finite approximation through, e.g., suitably
truncating the basis expansion representation and penalized likelihood. In this paper, we
suggest performing posterior inference based on approximating the underlying random processes with orthogonal basis functions. In particular, we assume the following regularity
condition:
F
Condition 1 The functional data f are observed discretely on a dense grid t = tj
with tj = (tj1 , . . . , tjmj (n) ) and mj (n) → ∞ as n → ∞. One can find Mj (n) so that
the underlying random process fj can be approximated with an Mj -term orthogonal basis
PM
expansion fbj = l=1j cjl φjl , with approximation error ||fj − fbj ||L2 = Op (n−β ) with β ≥ 1/2
for all j ∈ V .
Essentially, Condition 1 requires that the discretely-measured functional data capture
sufficient information about the underlying random processes, so that we can approximate
each fj with a negligible approximation error. This condition provides the consistency of
the basis representation, i.e., the approximation error converges to zero with order Op (n−β )

8

where p(G) is the density function corresponding to the prior distribution G ∼ Π, which
is a discrete distribution supported on all decomposable graphs with p nodes. Giudici and
Green (1999) used the discrete uniform prior Pr(G = G0 ) = 1/d for any fixed p-node
decomposable graph G0 , where d is the total number of such graphs; Jones et al. (2005)
used the independent Bernoulli prior with probability 2/(p − 1) for each edge, which favors
sparser graphs (Giudici, 1996). The following MCMC algorithm describes the steps to
generate posterior samples based on (8).

when Mj increases with the sample size n. We need such a condition in order to guarantee
that the behavior of {fj } is not too outrageous. Certain assumptions, such as the decay rate
of the eigenvalues of fj , the smoothness property of fj , or the characteristics of the basis
functions, will determine the specific rate β (De Boor, 2001; Jansen and Oonincx, 2015).
However, under our generic setup, since we prefer not to specify particular assumptions, we
only require a mild range for the convergence rate. Condition 1 is a basic assumption in
the functional setting, and a similar regularity condition has been adopted by Qiao et al.
(2015) in a functional graphical model based on the group LASSO penalty.

S∈S

M
p(cM
S | c0,S , QS )

M
p(cM
C | c0,C , QC )

,

(5)

eU
e C)
h(δ,

Mi ) h(δ, UC )

,

( δ+d2c −1 ) −1 1
1
Γdc { 2 (δ + dc − 1)}
C∈C | 2 UC |
,
( δ+d2s −1 ) −1 1
1
U
|
|
Γds { 2 (δ + ds − 1)}
S
S∈S 2

Q

h(δ, UC ) = Q

i

(7)

9

M
M
M
p(G | {cM
i }, c0 ) ∝ p({ci } | c0 , G) p(G),
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(8)

Q
and dc and ds are the dimensions of UC and US respectively, and Γb (a) = π b(b−1)/4 b−1
i=0 Γ(a−
eU
e C ) in (7) is defined in the same way. Based on these results,
i/2). The denominator h(δ,
posterior inference can be done through sampling from the posterior density

where

P

M
−2(
p({cM
i } | c0 , G) = (2π)

n

where p(QC | δ, UC ) is the density of inverse-Wishart defined in Dawid (1981), UC is a
submatrix of UC corresponding to clique C, and UC is a block-wise matrix formed by {uij }
in the same way as QC is formed by {qij }. The p(QS | δ, US ) component in the denominator
is defined similarly. Based on (5) and (6), and assuming that {ci , i = 1, . . . , n} is a random
sample of c, one can further integrate out QC to get the marginal density

where QC is a block-wise covariance matrix with the (i, j)th block formed by {qij (k, l), k =
1, . . . , Mi , l = 1, . . . , Mj }, and QC , QS are submatrices of QC corresponding to clique C
and separator S, respectively. The HIWPG prior of QC induces a hyper inverse-Wishart
prior with density
Q
p(QC | δ, UC )
p(QC | G) = QC∈C
,
(6)
S∈S p(QS | δ, US )

p(cM | cM
0 , QC , G) = Q

C∈C

0
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i = 1, . . . , n,

j = 1, . . . , p,

(9)
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t ∈ tj ,

where {yijt , t ∈ tj } are noisy observations measured on a dense grid tj = (tj1 , . . . , tjmj ),
{fij } are the underlying true functions, and {εijt , t ∈ tj } are measurement errors. We
assume that {fij } and {εijt , t ∈ tj } are mutually independent of each other. The inference
of model (9) involves both smoothing (i.e., estimating fij ) and estimation of the underlying
graph G. We achieve these goals simultaneously through fitting a Bayesian hierarchical
model.
In particular, we assume that {fij } are Gaussian processes in L2 (Tj ), and denote {cijk }
their basis coefficients correspondingPan orthonormal basis {φjk }∞
k=1 . With this representation, model (9) has the form yijt = ∞
k=1 cijk φjk (t) + εijt , and {cijk } is a discrete Gaussian

yijt = fij (t) + εijt ,

The theory in Section 2 and the posterior inference in Section 3.1 relies on the assumption
that the distribution of f (and c) is Markov over G. In many situations, it is more desirable
to make such an assumption in a hierarchical model. For example, when functional data
are subject to measurement error, one might wish to incorporate an additive error term and
consider the following model

3.2 Bayesian Posterior Inference for Noisy Functional Data

Repeat Step 1 for a large number of iterations until convergence is achieved.
Detailed derivations are available in the online appendix. The above algorithm is a
Metropolis-Hastings sampler with a mixture of local and heavier-tailed proposals, also called
a small-world sampler. The “local” move involves randomly adding or deleting one edge
based on the current graph, and the “global” move is achieved through the discrete uniform
proposal. Guan et al. (2006) and Guan and Krone (2007) have shown that the small-world
sampler leads to much faster convergence especially when the posterior distribution is either
multi-modal or spiky.

i

e by randomly adding or deleting an edge from G
Step 1. With probability 1 − q, propose G
(each with probability 0.5) within the space of decomposable graphs; with probabile from a discrete uniform distribution supported on the set of all
ity q, propose G
e with probability
decomposable graphs. Accept the new G
(
)
e | {cM }, cM ) p(G | G)
e
p(G
0
i
α = min 1,
.
e | G)
p(G | {cM }, cM ) p(G

The regularity from Condition 1 enables us to write the density functions of the Markov
distributions and hyper Markov laws so that posterior inference can be practically implemented. Denoting M = (M1 , . . . , Mp ), we can explicitly write the density function for the
Mp
1
truncated process cM = (cM
1 , . . . , cp ), and an MCMC algorithm can then be designed for
the posterior inference of the underlying graph G. The density function of cM is

Q

Step 0. Set an initial decomposable graph G and set the prior parameters c0 , δ, and UC .

3.1 Bayesian Posterior Inference under the Regularization Condition

Algorithm 1
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k=1

Mj
X

cijk φjk (t) + εeijt ,

t ∈ tj
(10)

process. We further assume that the measurement error εij = {εijt , t ∈ tj } is Gaussian
white noise with variance σj2 , i.e., εijt ∼ N (0, σj2 ) independently across all t for t ∈ tj .
Truncating at the Mj th basis element, we can reparameterize the model as
yijt =
where εe is a new residual term that consists of the approximation error of the truncated
ijt
P
∞
c φ (t)) and the measurement error. If we concatenate the noisy
series (e.g., k=M
j +1 ijk jk
observations to form a vector
yi = (yi1t11 , . . . , yi1t1m1 , . . . , yiptp1 , . . . , yiptpmp )T

i=1

n
Y

p(yi | ciM , Λ) p(ciM | c0M , QC , G) p(QC | G) p(G).

(11)

and denote ciM the vector formed by the basis coefficients {cijk , j = 1, . . . , p, k = 1, . . . , Mj },
M
e
then
P modelP(10) can be written as yi = Φci + εi , where Φ = diag{φ1 , . . . , φp } is a
j mj by
j Mj block-diagonal matrix with the jth diagonal block containing φj =
[φj1 (tj ), . . . , φjMj (tj )], and e
εi denote the concatenated vector of the new residual terms. We
T , . . . , s2 1T ). Notice that if Q = cov(cM ),
assume that e
εi ∼ N (0, Λ) where Λ = diag(s12 1m
C
p mp
i
1
then cov(yiM ) = ΦQC ΦT + Λ. The diagonals of ΦQC ΦT and Λ can not be separately
identifiable. Therefore, we treat Λ as a fixed model parameter, whose quantity can be
pre-determined by the approximation sj2 ≈ σ
bj2 , where σ
bj2 is the estimation of σj2 using local
smoothing on {εijt }.
Applying a prior for ciM in the form of (5) (conditional on G) and the HIWPG prior for
the covariance matrix QC in the form of (6), we obtain the density function for the joint
posterior
p({ciM }, QC , G | {yi }) ∝

From (11), we can integrate out QC to obtain the marginal posterior distribution of {ciM }
and G. The MCMC algorithm for generating posterior samples based on (11) is listed in
Algorithm 2.
Algorithm 2
Step 0 Set initial values for {ciM }, G and set the model parameters δ, c0M , U and Λ.
Step 1 Conditional on {ciM }, update G ∼ p(G | {ciM }, c0M ) using the small-world sampler
as described in Step 1 of Algorithm 1, where p(G | {ciM }, c0M ) is computed based on
(11).
Step 2 Given G, update QC ∼ p(QC | {ciM }, G), which takes the same form as (6) except
e respectively using the formulae in Theorem
that δ and U are replaced by δe and U
2.
Step 3 Conditional on G and QC , update ciM ∼ N (µi , V), where V = (ΦT Λ−1 Φ+QC−1 )−1
and µi = V(ΦT Λ−1 yi + QC−1 c0M ).

JMLR 17(204):1-27

Repeat Step 1 ∼ 3 for a large number of iterations until convergence is achieved.
11
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3.3 Other Practical Computational Issues

Calculating the coefficient sequences {ci } from the functional observations {f i } requires
the selection of an orthonormal basis {φjk , j = 1, . . . , p, k = 1, . . . , ∞}. If a known basis is
chosen (e.g., Fourier), the coefficient sequences can be estimated by cijk = hfij , φjk i using
numerical integration. Another convenient choice is the eigenbasis of the autocovariance
operators of {f i }, in which case the coefficient sequences are called functional principal
component (FPC) scores. The corresponding basis representation is called Karhunen-Loève
expansion. The eigenbasis can be estimated using the method of Ramsay and Silverman
(2005) or the Principal Analysis by Conditional Expectation (PACE) algorithm of Yao
et al. (2005). Owing to the rapid decay of the eigenvalues, the eigenbasis provides a more
parsimonious and efficient representation compared with other bases. Furthermore, the
FPC scores within a curve are mutually uncorrelated, so one may set the prior parameter
UC to be a matrix with blocks of diagonal sub-matrices, or simply a diagonal matrix.
In addition to the estimation of coefficient sequences, a suitable truncation of the infinite sequences {ci } is needed to facilitate practical posterior inference. We suggest to
pre-determine the truncation parameters using approximation criteria, following Rice and
Silverman (1991) or Yao et al. (2005). This includes cross-validation (Rice and Silverman,
1991), applying the pseudo Akaike information criterion (Yao et al., 2005), or controlling
the fraction-of-variance-explained (FVE) in the FPC analysis (Lei et al., 2014).

4. Simulation Study

Three simulation studies were conducted to assess the performance of posterior inference using the Gaussian process graphical models outlined in Section 2.3 and Section 3.
Simulation 1 corresponds to the smooth functional data case (without measurement error),
and Simulation 2 corresponds to the noisy data case when measurement error is considered.
Both simulations are based on a true underlying graph with 6 nodes, demonstrated in Figure 1 (a). In simulation 3, we show the performance of the proposed Bayesian inference in
a p > n case, with the number of nodes p = 60 and the sample size n = 50.

4.1 Simulation 1: Graph Estimation for Smooth Functional Data

JMLR 17(204):1-27

Multivariate functional data are generated on the domain [0, 1] using Fourier basis with
p
the number of basis functions {Mj }j=1
varying from 3 to 7. The true eigenvalues are
generated from Gamma distributions and are subject to exponential decay. The conditional
independence structure is determined by a p × p correlation matrix R0 , with the inverse
R0−1 containing a zero pattern corresponding to the graph in Figure 1 (a). We then generate
principal component scores from a multivariate normal distribution
with zero mean and a
Pp
block-wise covariance matrix Q = ZRZ, which has dimension j=1
Mj . Here R is a blockwise correlation matrix that has a diagonal form in each block. In particular, the (i, j)th
block of R, denoted by Rij , satisfies that Rij = (R0 )i,j I where I is a rectangular identity
matrix with size Mi × Mj . An image plot of R is shown in Figure 1(d), with its datadomain counterpart (the correlation of f evaluated on a grid t) shown in Figure 1(c). The
multivariate functional data are finally generated through linearly combining the eigenbasis
using the principal component scores. A common mean function is added to each curve.
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Method
FDGM-S
GGM-MH
GLASSO
MNGM
FDGM-N
GGM-MH
GLASSO
MNGM

nFPC
3-5
1
1
5
3-5
1
1
5

Time
38
0.15
4067.73
64
0.39
4086.38

nEdge
7.66
9.55
5.83
7.86
9.62
6.33

nUnique
3
63
36
5
59
18

MisR
0.02
0.10
0.13
0.21
0.01
0.11
0.13
0.26

Sen
0.96
1.0
0.66
0.98
1.0
0.65

Spec
1.0
0.78
0.93
1.0
0.77
0.85
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We add Gaussian white noise to the functional data generated in Simulation 1 to demonstrate the performance of posterior inference for noisy data. The variances of the additive
Gaussian white noise {εijt , t ∈ tj } are generated from a gamma distribution with mean 2.5
and variance 0.25, resulting in a signal-to-noise ratio around 9, where the signal-to-noise
ratio is defined by fij (t)/var{εijt } and is averaged across the grid points and the samples.
We apply model (11) and generate posterior samples using Algorithm 2. The eigenbasis
and the variance of the noise are estimated simultaneously using the PACE algorithm. The
parameter Λ is determined using the estimated variance of the Gaussian white noise, and
the other model parameters are set to be the same as in Simulation 1. The posterior infer14

4.2 Simulation 2: Graph Estimation for Noisy Functional Data

In Table 1, the mis-estimation rate is defined as the proportion of mis-estimated edges,
obtained by averaging across all posterior samples. The sensitivity is the proportion of
missed edges among the true edges, and the specificity is the proportion of over-estimated
edges among the true non-edge pairs. The top panel of Table 1 shows that the proposed
functional data graphical model provides the smallest mis-estimation rate as well as the
highest sensitivity and specificity. We also observe that, although relying on excessive dimension reduction, the Gaussian graphical model and the GLASSO still provide reasonably
good estimates. This suggests that for problems involving more nodes (>50), we can use
these methods to obtain an initial estimate before applying our approach.

Table 1: Summary statistics of simulation 1 and 2. nFPC: number of FPCs used to approximate each curve; Time: running time (in seconds) based on 5000 MCMC
iterations; nEdge: total number of edges of the graph averaged across all posterior
samples; nUnique: number of unique graphs visited after the burnin period; MisR:
mean mis-estimation rate with respect to the true graph; Sen: sensitivity; Spec:
specificity; FDGM-S: the proposed functional data graphical model for smooth
data, based on Algorithm 1; FDGM-N: the proposed functional data graphical
model for noisy data, based on Algorithm 2; GGM-MH: Gaussian graphical model;
GLASSO: graphical LASSO; MNGM: matrix-normal graphical model.

Noisy

Smooth

Data

graph. When the true graph is unknown, the tuning procedure can be time-consuming.
The MNGM is much slower to implement, perhaps due to the numerical approximation of
the marginal density in the MCMC algorithm.
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bjk } are the estimated eigenvalues and R
b is set to be the identity marix. A
1, . . . , p}, {λ
total of 5, 000 MCMC iterations are performed. Starting from the empty graph, the chain
reaches the true underlying graph in around 500 iterations. We have also tried implementing
Algorithm 1 with different initial graphs; all implementations resulted in the same posterior
mode at the true underlying graph.
We compare the performance of our approach with three other related methods: the
Gaussian graphical model of Jones et al. (2005) based on Metropolis-Hastings (GGM-MH),
the graphical LASSO (GLASSO) of Friedman et al. (2008), and the matrix-normal graphical
model (MNGM) of Wang and West (2009). As both GGM-MH and GLASSO assume that
each node is associated with one variable, we reduce the dimension of the functional data
by retaining only the first principal component score. The MNGM method assumes matrix
data, so we take the first five principal component scores and stack them up to form a
6 × 5 matrix for each sample. In the MNGM method, graph estimates across the rows and
columns are obtained simultaneously, and only that across the rows is of interest to us.
The simulation results are demonstrated in the top panel of Table 1. Summary statistics,
such as running-time, mis-estimation rate, sensitivity and specificity are calculated for each
method. The running-time was obtained using a laptop with Intel(R) Core(TM) i5 CPU,
M430 with 2.27 GHZ processor and 4GB RAM. The comparison of running-time shows that
the GLASSO method is the fastest. This is because GLASSO does not require posterior
sampling. However, GLASSO relies on a penalized optimization approach which requires
determination of the tuning parameter. In this simulation, we have selected the tuning
parameter that results in the lowest mis-estimation rate with respect to the underlying true

jk

The generated data contain n = 200 independent samples, and each sample contains six
curves measured on six different grids. We display the first 10 samples in Figure 1(b).
Based on the data generated above, we estimate the principal component scores {ci }
using the PACE algorithm of Yao et al. (2005) and determine the truncation parameter
{Mj } using the FVE criterion with a 90% threshold, resulting in {Mj } values around 5. We
b1/2 , k = 1, . . . , Mj , j =
bR
b Z,
b where Z
b = diag{λ
apply Algorithm 1 and set δ = 5 and U = Z

Figure 1: Plots of Simulation 1. (a) The true underlying graph; (b) The first 10 samples of
{fij , j = 1, . . . , 6}; (c) The image plot of the underlying data-domain correlation
matrix; (d) The image plot of the underlying correlation matrix R.

f1

f2

f4

(a)
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Figure 2: Plot of Simulation 3. The estimated graph based on the marginal inclusion probability for each edge.

ence results are compared with the other three methods in the bottom panel of Table 1.
Similar patterns are observed as in Simulation 1. In particular, the proposed functional data
graphical model shows a clear advantage in accurately estimating the graph. Estimates of
the functions {fij } and their time-domain correlations are provided in the online appendix.
4.3 Simulation 3: Graph Estimation When p is Greater than n

JMLR 17(204):1-27

To further investigate the performance of the proposed approach when the number of
nodes p is greater than the sample size n, we design another simulation study with p = 60
and n = 55. The true graph contains 60 nodes, among which 2 are singletons and 58
are connected with edges. The total number of edges in the true graph is 121. Smooth
functional data are simulated following the procedure described in Section 4.1. With the
simulated data, we apply the PACE algorithm to estimate {ci } and determine the truncation
parameters using the FVE criterion with a 95% threshod. We then apply Algorithm 1 and
set prior parameters δ and U following Simulation 1. Posterior samples of the graph are
obtained for 30, 000 MCMC iterations after removing 10, 000 burn-in samples.
The posterior inference results are summarized in a circular graph plot in Figure 2,
where we show an estimated graph by thresholding the marginal inclusion probability for
each edge—the proportion that each edge is included in the posterior samples—to be greater
than 0.03. In Figure 2, the colors indicate the levels of the marginal inclusion probabilities,
the colored dashed lines indicate edges that are mistakenly estimated, and the gray dashed
lines indicate edges that are missed. This gives 105 estimated edges, among which 98 are
correctly estimated, and 7 are mistakenly estimated. Additionally, 23 edges in the true
graph are missed. We have also calculated the summary statistics similarly as in previous
15
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simulations, resulting in mean mis-estimation rate 0.02, sensitivity 0.77, and specificity
0.99. Extra simulation runs show that the sensitivity level is improved when we increase
the sample size n.

5. Analysis of Event-related Potential Data in an Alcoholism Study

JMLR 17(204):1-27

We apply the proposed method to event-related potential data from an alcoholism study.
Data were initially obtained from 64 electrodes placed on subjects’ scalps that captured
EEG signals at 256 Hz during a one-second period. The measurements were taken from
122 subjects, of which 77 belonged to the alcoholism group and 45 to the control group.
Each subject completed 120 trials. During each trial, the subject was exposed to either a
single stimulus (a single picture) or two stimuli (a pair of pictures) shown on a computer
monitor. We band-pass filtered the EEG signals to extract the α frequency band in the
range of 8–12.5 Hz. The filtering was performed by applying the eegfilt function in the
EEGLAB toolbox of Matlab. The α-band signal is known to be associated with inhibitory
control (Knyazev, 2007). Research has shown that, relative to control subjects, alcoholic
subjects demonstrate unstable or poor rhythm and lower signal power in the α-band signal
(Porjesz et al., 2005; Finn and Justus, 1999), indicating decreased inhibitory control (Sher
et al., 2005). Moreover, regional asymmetric patterns have been found in alcoholics—
alcoholics exhibit lower left α-band activities in anterior regions relative to right (Hayden
et al., 2006). In this study, we aim to estimate the conditional independence relationships
of α-band signals from different locations of the scalp, and expect to find evidence that
reflects differences in brain connectivity and asymmetric pattern between the two groups.
Since multiple trials were measured over time for each subject, the EEG measurements
may not be treated as independent due to the time dependence of the trials. Furthermore,
since the measurements were taken under different stimuli, the signals could be influenced by
different stimulus effects. To remove the potential dependence between the measurements
and the influence of different stimulus types, for each subject, we averaged the band-filtered
EEG signals across all trials under the single stimulus, resulting in one Event-related potential (ERP) curve per electrode per subject. ERP is a type of electrophysiological signal
generated by averaging EEG segments recorded under repeated applications of a stimulus, with the averaging serving to reduce biological noise levels and enhance the stimulus
evoked neurological signal (Brandeis and Lehmann, 1986; Bressler, 2002). Based on the
preprocessed ERP curves, we further removed subjects with missing nodes, and balanced
the sample size across the two groups, producing multivariate functional data with n = 44
and p = 64 for both the alcoholic and the control group. We applied model (4) using coefficients of the eigenbasis expansion. The number of eigenbasis {Mj } was determined through
retaining 90% of the total variation; this resulted in 4–7 coefficients per fj . We collected
30, 000 posterior samples using Algorithm 1, in which the first 10, 000 were treated as the
burn-in period. The model was fitted for both the alcoholic and the control group, and
convergence of the MCMC was justified by running multiple chains starting with various
initial values.
The posterior results are summarized in Figure 3. The plots in (a) and (b) show the
marginal inclusion probabilities for edges in the alcoholic and the control group respectively,
where the edge color indicates the proportion that each edge is included in the posterior
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samples. To distinguish different regions, we used light blue to highlight nodes in the
frontal region, used dark green to highlight nodes in the parietal region, and used green to
indicate nodes in the central and occipital regions. Comparing (a) with (b), we see that
the alcoholic group contains more edges connecting the left frontal-central, right central,
and right parietal regions than the control group. The control group, on the other hand,
contains more edges connecting the middle and right frontal regions, as well as the left
parietal region than the alcoholic group.

One concern is whether it is possible to perform exact posterior inference without the
regularity condition on approximation, i.e., inferring the graph directly from the joint posterior p(G|{ci }) ∝ p({ci }|G)p(G) based on model (4), where p({ci }|G) is the marginal
likelihood (with the covariance kernel QC integrated out) and p(G) is the prior distribution
for G. Although the above joint posterior is theoretically well-defined according to Theorem 2, exact posterior sampling is difficult due to the fact that the density function for the
marginal likelihood can only be calculated on a finite dimensional projection of {ci }.

We have constructed a theoretical framework for graphical models of multivariate functional data and proposed a HIWP prior for the special case of Gaussian process graphical
models. For practical implementation, we have suggested a posterior inference approach
based on a regularization condition, which enables posterior sampling through MCMC algorithms.

6. Discussion

To further compare with established results, we calculated two summary statistics for
connectivity: the number of edges connected with nodes in a specific region, and the overall
total number of edges. We also calculated two additional summary statistics for asymmetry:
the number of asymmetric edges for all nodes in a specific region, and the overall total
number of asymmetric edges. We summarized these summary statistics across the two
groups using boxplots in Figure 3 (c)–(f), and calculated the posterior probability that the
alcoholic group is greater than, equal to, or less than the control group for each statistic.
Results show that, with probability ≈ 1, the alcoholic group has fewer edges than the control
group in the frontal and the parietal region, and has fewer overall total number of edges;
with probability 0.95, the alcoholic group has more asymmetric edges than the control
group in the frontal region; and with probability ≈ 1, the alcoholic group has higher overall
total number of asymmetric edges than the control group. These results indicate that the
alcoholic group exhibits decreased regional and overall connectivity, increased asymmetry in
the frontal region, and increased overall asymmetry. These observations are consistent with
the findings of Hayden et al. (2006), who studied the asymmetric patterns at two frontal
electrodes (F3, F4) and two parietal electrodes (P3, P4) using the analysis of variance
method based on the resting-state α-band power. In comparison, our analysis provides
connectivity and asymmetric pattern of all 64 electrodes simultaneously whereas Hayden
et al. (2006) only focuses on the four representative electrodes.
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In posterior inference, the influence of the approximation error on the posterior distribution can be quantified empirically. Assuming that the functional data are pre-smoothed, the
approximation error can be quantified by calculating the difference of the `2 norms between
the full sequence and the truncated sequence. The influence on the posterior distribution
can be quantified by measuring the sensitivity of the posterior distribution to the change
of truncation (Saltelli et al., 2000). For example, based on model (4) one may calculate
the Kullback-Leibler divergence for two different truncation parameters M and M 0 . An
alternative method for pre-determining the truncation parameter is to choose a prior for M
in a Bayesian hierarchical model, in which case hybrid MCMC algorithms are needed for
fitting both models (4) and (11). The posterior sampling in these models would become

Figure 3: Summary of posterior inference: the marginal inclusion probabilities for edges in
the alcoholic group (a) and the control group (b); the boxplots of connectivity
measures: the number of edges connecting with nodes in the frontal and parietal
regions (c), and the overall total number of edges (d); the boxplots of asymmetry
measures: the number of asymmetric edges for nodes in the frontal and the
parietal regions (e), and the overall total number of asymmetric edges (f). In
(a) and (b), the edge color indicates the magnitude of the posterior inclusion
probability. In (c)–(f), the alcoholic group is abbreviated as “al”, and the control
group is abbreviated as “ct”.
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more complicated because the dimension of the truncated sequences and the size of the
covariance matrix QC would change whenever M is updated.
We have demonstrated the application of the proposed approach through an ERP data
set. By treating ERPs as functional data, we are estimating the systematic brain connectivity that is common across a group of subjects and a time interval. For other modeling
purposes, such as estimating the individual level or dynamic brain connectivity, one could
use multivariate graphical models described in Carvalho and West (2007) or Bilmes (2010).
We have focused on decomposable graphs. In case of non-decomposable graphs, the
proposed HIWP prior may still apply if we replace the inverse-Wishart process prior for
each clique with that for a prime component of the graph. For a non-complete prime
component P , the inverse-Wishart processes prior for QP is subject to extra constraint
induced by missing edges.
We have applied the proposed method to graphs of small to moderate size, with number
of nodes as large as 60. To deal with larger scale problems (e.g, multivariate functional data
with hundreds or thousands of functional components), more efficient large-scale computational techniques such as the fast Cholesky factorization (Li et al., 2012) can be readily
combined with our MCMC algorithms. Furthermore, non-MCMC algorithms may be more
computationally efficient in case of large graphs. For example, based on the posterior distribution of G in (8), a fast search algorithm may be developed to search for the maximum
a posteriori (MAP) solution following ideas similar to Daumé III (2007) and Jalali et al.
(2011).
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Appendix A. Definitions
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Definitions used in the lemmas, theorems and their proofs are listed as follows: (I)
Projection map. Let R be the
Q real line and T be an index set. Consider the Cartesian product space RT ×T = (α,β)∈T ×T R(α,β) . For a fixed point (α, β) ∈ T × T , we

define the projection map π(α,β) : RT ×T → R(α,β) as π(α,β) {x(l,m) : (l, m) ∈ T × T } =
x(α,β) . For a subset B ⊂ T × T , we define the partial projection πB : RT ×T → RB as
πB {x(l,m) : (l, m) ∈ T × T } = {x(s,t) : (s, t) ∈ B}. More generally, for subsets B1 , B2 ,
such that B2 ⊂ B1 ⊂ T × T , we define the partial sub-projections πB2 ←B1 : RB1 → RB2 ,
by πB2 ←B1 ( {x(l,m) : (l, m) ∈ B1 } ) = {x(s,t) : (s, t) ∈ B2 }. (II) The pullback of a σalgebra. Let B(α,β) be a σ-algebra on R(α,β) . We can create a σ-algebra on RT ×T by
∗
pulling back the B(α,β) using the inverse of the projection map and define π(α,β)
(B(α,β) ) =

−1
∗
{π(α,β)
(A) : A ∈ B(α,β) }. One can verify that π(α,β)
(B(α,β) ) is a σ-algebra. (III) ProdQ
uct σ-algebra. We define the product σ-algebra as B(RT ×T ) = (α,β)∈T ×T B(α,β) , where
S

Q
∗
(B(α,β) ) . (IV) Pushforward measure. Given a
(α,β)∈T ×T B(α,β) = σ
(α,β)∈T ×T π
(α,β)
measure µT ×T on the product σ-algebra, and a subset B of T × T , we define the push−1
B
forward measure
Q µB = (πB )∗ µT ×T on R as µB (A) = µT ×T {πB (A)} for all A ∈ BB ,
where BB = (α,β)∈B B(α,β) . (V) Compatibility. Given subsets B1 , B2 of T × T such that
B2 ⊂ B1 ⊂ T × T , the pushforward measures µB1 and µB2 are said to obey compatibility
relation if (πB2 ←B1 )∗ µB1 = µB2 .

Appendix B. Proof of Lemma 1

This proof involves some measure-theoretic arguments. The essential idea is to use
disintegration theory Chang and Pollard (1997) to first construct the conditional probability
measure P1 {· | πA∩B (f A )} on B(L2 (TA )), extend this to P { · | πB (f )} on B(L2 (TA∪B )), and
finally construct the
F joint measure P which satisfies conditions (i)–(iii).
Denote TA = j∈A Tj . Since P1 is a finite Radon measure and the projection πA∩B :
L2 (TA ) → L2 (TA∩B ) is measurable, we invoke the disintegration theorem to obtain measures
P1 {· | πA∩B (f A )} on B(L2 (TA )) satisfying:

(a.1) P1 (X | f A∩B ) = P1

X ∩ [L2 (TA\B ) × {πA∩B (f A )}] | πA∩B (f A ) for all X ∈ B(L2 (TA )),
Z
H(f A )dP1 (f A | f A∩B ) is measurable for all non(b.1) the map f A∩B 7→ (P1 )f A∩B H : =

negative measurable H : L2 (TA ) → R,

(c.1) P1 H = ((πA∩B )∗ P1 )(P1 )f A∩B H for all nonnegative measurable H : L2 (TA ) → R,
where (πA∩B )∗ P1 is the push-forward measure of P1 .
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Now, we define the measure P {· | πB (f )} by setting P {A | πB (f )} = P1 {πA (A∩[L2 (TA\B )×
{πB (f )}]) | πA∩B (f )}. Note that this is well defined for all measurable A ∈ B(L2 (TA∪B ))
since the sections πA (A ∩ [L2 (TA\B ) × {πB (f )}]) are always measurable, and also that (a)
P {A | πB (f )} = P {A ∩ [L2 (TA\B ) × {πB (f )}] | πB (f )} holds by construction. Now, let M
denote the set of measurable functions from L2 (TA∪B ) to R satisfying (b) f B 7−→ Pf B H
is a measurable function on L2 (TB ). We shall argue that M is a monotone class. First,
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Lemma 2 Let N be the set of positive integers and I an arbitrary finite subset of it.
Suppose that δ > 4 is a positive integer and that u : N × N → R is a symmetric positive
semidefinite and trace class kernel so that the matrix UI×I formed by {u(i, j), i, j ∈ I}
is symmetric positive semidefinite. Then there exists a unique probability measure µ on
(RN×N , B(RN×N )) satisfying
i. (πI×I )∗ µ = µI×I , where µI×I is the law of IW(δ, UI×I ) defined in Dawid (1981);
ii. if B = {(αi , βi )}ni=1 ⊂ N × N and g = {αi }ni=1 ∪ {βi }ni=1 , then (πB )∗ µ = µB , where
µB = (πB←g×g )∗ µg×g .

Appendix D. Lemma 2 and Proof

Proof. The Properties 1 - 4 in Dawid and Lauritzen (1993) are treated as axioms;
they are universal properties thus also hold when X, Y, Z are random processes. Since the
graph G is undirected and decomposable, the results on graphical theory in Appendix A of
Dawid and Lauritzen (1993) continue to hold. Properties 1 - 4 and results in Appendix A
imply that results in B1- B7 of Dawid and Lauritzen (1993) continue to hold when P is a
Markov distribution constructed in Lemma 1. Theorem 2.6 and Corollary 2.7 of Dawid and
Lauritzen (1993) are also implied. These results, combined with the definition of marginal
distribution defined by pushforward measure and the definition of conditional probability
measure based on disintegration theory, prove that Lemmas 3.1, 3.3, Theorems 3.9 - 3.10
as well as Propositions 3.11, 3.13, 3.15, 3.16, 3.18 from Dawid and Lauritzen (1993) hold.


Appendix C. Proof of Proposition 1

Setting µ = IWP(δ, U) so that (U)ij = u(i, j), we further have that if Q ∼ IWP(δ, U) and
δ > 4, the countably infinite array Q is a positive semidefinite trace class operator on `2 (N)
almost surely.
Proof. Let UI×I be a matrix with the law µI×I . We will prove following Tao (2011,
Theorem 2.4.3) as follows: (1) we verify the compatibility of µB for all finite B ⊂ N × N.
There are two successive cases we shall consider. Case 1: Suppose I2 ⊂ I1 are two finite
subsets of N, then QI2 ×I2 is the sub-matrix of QI1 ×I1 obtained by deleting the rows and
columns with indices in I1 \ I2 . If QI1 ×I1 has law µI1 ×I1 = IW(δ, UI1 ×I1 ), then QI2 ×I2
has law IW(δ, UI2 ×I2 ) due to the consistency property of the inverse-Wishart distribution
(Dawid and Lauritzen, 1993, Lemma 7.4). Consequently, (πI2 ×I2 ←I1 ×I1 )∗ µI1 ×I1 = µI2 ×I2 .
Case 2: Let B1 = {(αi , βi )}ni=1 ⊂ N × N and suppose B2 = {(e
αi , βei )}m
i=1 ⊂ B1 . Set
n
n
m
m
e
g1 = {αi }i=1 ∪ {βi }i=1 and g2 = {e
αi }i=1 ∪ {βi }i=1 so that g2 × g2 ⊂ g1 × g1 . It is clear that
πB2 ←B1 ◦ πB1 ←g1 ×g1 = πB2 ←g1 ×g1 = πB2 ←g2 ×g2 ◦ πg2 ×g2 ←g1 ×g1 . Thus,

suppose Hn is a sequence of positive measurable functions in M increasing pointwise to
a bounded measurable function H. For each fixed f B in L2 (TB ), we then have that
Hn is a sequence of positive measurable functions increasing pointwise to H, and hence
the monotone convergence theorem implies Pf B Hn −→ Pf B H in an increasing manner.
Since this holds for each f B , we conclude that Pf B H is the point-wise increasing limit of
measurable functions on L2 (TB ), and hence it is measurable. Moreover, it is simple to
see that Pf B 1X ×Y = P1 (X | f A∩B )1Y (f B\A ) is a measurable function on L2 (TB ) for all
X ∈ B(L2 (TA )) and Y ∈ B(L2 (TB\A )), and hence 1X ×Y ∈ M. By the Monotone Class Theorem, we then have that all bounded measurable functions on L2 (TA∪B ) satisfy (b), and
hence it will hold for all positive measurable functions on L2 (TA∪B ). Since (b) is satisfied
for all positive measurable functions, we may define the measure P H = P2 Pf B H. By construction, we have that P 1L2 (TA\B )×Y = P2 P1 (L2 (TA\B ) × {f A∩B } | f A∩B )1Y (f B ) = P2 (Y)
and P 1X ×L2 (TB\A ) = P2 P1 (X | f A∩B ) = ((πA∩B )∗ P2 )P1 (X | f A∩B ) = ((πA∩B )∗ P1 )P1 (X |
f A∩B ) = P1 (X ). Thus, we also have that P H = P2 Pf B H = ((πB )∗ P )PπB (f ) H for all measurable H, and this is the final property establishing that P ( · | f B ) is a disintegration of P
with respect to the map πB . By the disintegration theorem, this disintegration is a version
of the regular conditional probability of f A given f B . Since this version only depends upon
f A∩B , we conclude that (iii) holds. Finally, we note that any other measure satisfying these
properties must agree with the measure we have constructed on π-system, and therefore
the uniqueness of P immediately follows.
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where the second to last equality holds because of our demonstration in Case 1. (2) Second,
we claim that the finite dimensional measure µI×I = IW(δ, UI×I ) is an inner regular probability measure on the product σ-algebra BI×I . We will show that µI×I is a finite Borel
measure on a Polish space, which then implies that µI×I is regular, hence inner regular by
Bauer (2001, Lemma 26.2). This is done through (a)–(c) as follows: (a) For finite I, QI×I
takes values in the space of symmetric and positive semidefinite matrices, denoted by Ψ|I|
where |N | denotes the number of elements in I. Since the subset of symmetric matrices is
closed in RI×I , it is Polish. Furthermore, the space of symmetric positive semidefinite matrices is an open convex cone in the space of symmetric matrices, hence it is Polish as well.
Therefore the space Ψ|I| is Polish. (b) Since µI×I , the law of QI×I ∼ IW(δ, UI×I ), has an
almost everywhere continuous density function, µI×I is a measure defined by Lebesgue integration against an almost everywhere continuous function. Therefore µI×I is Borel on Ψ|I| .
As Ψ|I| ⊂ RI×I , we may extend the measure µI×I from Ψ|I| to RI×I via the Carathéodory
theorem (Tao, 2011, Theorem 1.7.3). In particular, define µ
eI×I (A) = µI×I (A ∩ Ψ|I| ) for
I×I , and the σ-algebra associated is
A ∈ B(RI×I ). With
extension,
µ
is
Borel
on
R
I×I
Q
B(RI×I ) = BI×I = (α,β)∈I×I B(α,β) . (c) The measure µI×I is certainly finite since it is a
probability measure.
The compatibility and regularity conditions in (1) and (2) ensure that the Kolmogorov
extension theorem holds. Therefore there exists a unique probability measure µ on the
product σ-algebra B(RN×N ) that satisfies (i) and (ii).
We now prove that if Q ∼ IWP(δ, U), then the countably infinite array Q is a welldefined positive semidefinite trace class operator on `2 (N) almost surely. First, we note that
the spectral theorem ensures the existence of an orthonormal basis of `2 (N) that diagonalizes
U . Thus, without loss of generality, we may assume that Q is drawn from IWP(δ, U) where
U is a diagonal positive semidefinite trace class operator on `2 (N).
First, we show each row of Qx is finite almost surely hence is well-defined for all x ∈
`2 (N). It is sufficient to show that E[ |(Qx)i | ] < ∞. We note that for arbitrary i 6= j,

= (πB2 ←g2 ×g2 )∗ µg2 ×g2 = µB2 ,

= (πB2 ←g2 ×g2 ◦ πg2 ×g2 ←g1 ×g1 )∗ µg1 ×g1 = (πB2 ←g2 ×g2 )∗ (πg2 ×g2 ←g1 ×g1 )∗ µg1 ×g1

(πB2 ←B1 )∗ µB1 = (πB2 ←B1 )∗ (πB1 ←g1 ×g1 )∗ µg1 ×g1 = (πB2 ←B1 ◦ πB1 ←g1 ×g1 )∗ µg1 ×g1
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qii qij
uii
0
∼
IW δ,
and
hence
using
the
moments
of
finite
dimensional
qij qjj
0 ujj
2
−1
−1
2
−1
−1
−1
inverse-Wishart, E(qii2 ) = uii
(δ
−
2)
(δ
−
4)
,
E(q
=
u
ii ujj (δ − 1) (δ − 2) (δ − 4) ,
ij )P
P
P
2 =
2
for δP> 4. By Tonelli’s theorem, we have that E j qij
j Eqij ≤ C
j uii ujj =
Cuii j ujj , where C is the maximum of the above constants. Thus
s X
2 < ∞.
E
qij
E[ |(Qx)i | ] ≤ kxk

j

Because there are only countably many rows, we have that Qx is finite almost surely for all
rows simultaneously. Consequently, we have that Qx is well-defined for all x ∈ `2 (N). Now
we P
show that Qx P
∈ `2 (N) almost surely. By similar P
considerations, let qi = (Qx)i , then
E( i kqi k2 ) ≤ C ( i uii )2 < ∞ and kQxk2 ≤ Ckxk2 i kqi k2 ; this implies that kQxk < ∞
almost surely hence Qx ∈ `2 (N) almost surely, and it also implies that the operator norm
kQkop is finite almost surely.
By construction, we must have that Q is positive semidefinite almost surely since
hQx, xi = limn→∞ hQn x, xi ≥ 0, where Qn is the restriction of Q to its n by
P n leading
principal P
minor. Finally, Q is trace class almost surely since E[ |tr(Q)| ] = i E(qii ) =
(δ − 2)−1
< ∞.

i uii

Appendix E. Proof of Theorem 1

Proof. Based on Lemma 2, we can define a sequence of inverse-Wishart process prior for
QC , denoted by QC ∼ IWP(δ, UC ), C ∈ C. These sequences are pairwise consistent due to
the consistency of inverse-Wishart processes and the fact that UC is a common collection of
kernels. Therefore, we can construct a unique hyper Markov law for QC following procedure
(12) - (13) of Dawid and Lauritzen (1993). And Theorem 3.9 of Dawid and Lauritzen (1993)
guarantees that the constructed hyper Markov law is unique.


Appendix F. Proof of Proposition 2
Proof. Note that an operator drawn from a hyper-inverse-Wishart process with the
parameter U satisfies rank(uij ) < ∞ for i, j ∈ V will have finite-rank almost surely. This
follows by noting that if Q ∼ HIWP(δ, U) and W is a fixed unitary transformation on `2 ,
T
then W T QW
 ∼ HIWP
 (δ, W UW). Thus, choosing W so that the block representation
U 0
W T UW =
holds (here, U is a finite matrix and 0’s represent infinite arrays of
0 0


Q 0
zeros), we see that the block representation W T QW =
holds almost surely, and
0 0
that Q ∼ IW(δ, U ). Consequently, we have reduced to the finite-dimensional setting where
the result is well-known.


Appendix G. Proof of Theorem 2

JMLR 17(204):1-27

Proof. By the result of Proposition 1, the HIWPG prior is a strong hyper Markov law.
So by Corollary 5.5 of Dawid and Lauritzen (1993), the posterior law of QC is the unique
23
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hyper Markov law specified by the marginal posterior laws at each clique. In other words,
we just need to find the posterior law for the model: ci,C ∼ dMGP(c0,C , QC ) with prior
QC ∼ IWP(δ, UC ) for each QC , and use them to construct the posterior law of QC following
(12) - (13) of Dawid and Lauritzen (1993). As in the last proof, choosing an appropriate
transformation reduces this to the finite-dimensional case which is well-known. Finally,
by Proposition 5.6 of Dawid and Lauritzen (1993), the marginal distribution of {ci } given
G, c0 , δ, UeC is again Markov over G.


Online Appendix

The online appendix contains more detailed derivations, discussions, and simulation
results.
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Distribution estimation is one of the most general problems addressed by machine learning.
From a good and flexible distribution estimator, in principle it is possible to solve a variety
of types of inference problem, such as classification, regression, missing value imputation,
and many other predictive tasks.
Currently, one of the most common forms of distribution estimation is based on directed
graphical models. In general these models describe the data generation process as sampling

We consider the problem of modeling the distribution p(x) of input vector observations x.
For now, we will assume that the dimensions of x are binary, that is xd ∈ {0, 1} ∀d. The
model generalizes to other data types, which is explored later (Section 3) and in other work
(Section 8).
NADE begins with the observation that any D-dimensional distribution p(x) can be
factored into a product of one-dimensional distributions, in any order o (a permutation of
the integers 1, . . . , D):
D
Y
p(x) =
p(xod | xo<d ).
(1)

2. NADE

a latent state h from some prior p(h), followed by sampling the observed data x from some
conditional p(x | h). Unfortunately, this approach quickly becomes intractable and requires
approximations when the latent state h increases
in complexity. Specifically, computing
P
the marginal probability of the data, p(x) = h p(x | h) p(h), is only tractable under fairly
constraining assumptions on p(x | h) and p(h).
Another popular approach, based on undirected graphical models, gives probabilities of
the form p(x) = exp {φ(x)} /Z, where φ is a tractable function and Z is a normalizing constant. A popular choice for such a model is the restricted Boltzmann machine (RBM), which
substantially out-performs mixture models on a variety of binary data sets (Salakhutdinov
and Murray, 2008). Unfortunately, we often cannot compute probabilities p(x) exactly in
undirected models either, due to the normalizing constant Z.
In this paper, we advocate a third approach to distribution estimation, based on autoregressive models and feed-forward neural networks. We refer to our particular approach as
Neural Autoregressive Distribution Estimation (NADE). Its main distinguishing property
is that computing p(x) under a NADE model is tractable and can be computed efficiently,
given an arbitrary ordering of the dimensions of x.
The NADE framework was first introduced for binary variables by Larochelle and
Murray (2011), and concurrent work by Gregor and LeCun (2011). The framework was
then generalized to real-valued observations (Uria et al., 2013), and to versions based on
deep neural networks that can model the observations in any order (Uria et al., 2014).
This paper pulls together an extended treatement of these papers, with more experimental
results, including some by Uria (2015). We also report new work on modeling 2D images by
incorporating convolutional neural networks into the NADE framework. For each type of
data, we’re able to reach competitive results, compared to popular directed and undirected
graphical model alternatives.

Uria, Côté, Gregor, Murray, and Larochelle

Here o<d contains the first d − 1 dimensions in ordering o and xo<d is the corresponding
subvector for these dimensions. Thus, one can define an ‘autoregressive’ generative model of
the data simply by specifying a parameterization of all D conditionals p(xod | xo<d ).
Frey et al. (1996) followed this approach and proposed using simple (log-)linear logistic
regression models for these conditionals. This choice yields surprisingly competitive results,
but are not competitive with non-linear models such as an RBM. Bengio and Bengio (2000)
proposed a more flexible approach, with a single-layer feed-forward neural network for each

1. Introduction

Keywords: deep learning, neural networks, density modeling, unsupervised learning

We present Neural Autoregressive Distribution Estimation (NADE) models, which are
neural network architectures applied to the problem of unsupervised distribution and
density estimation. They leverage the probability product rule and a weight sharing
scheme inspired from restricted Boltzmann machines, to yield an estimator that is both
tractable and has good generalization performance. We discuss how they achieve competitive
performance in modeling both binary and real-valued observations. We also present how
deep NADE models can be trained to be agnostic to the ordering of input dimensions used
by the autoregressive product rule decomposition. Finally, we also show how to exploit the
topological structure of pixels in images using a deep convolutional architecture for NADE.

Editor: Ruslan Salakhutdinov

Twitter
141 Portland St, Floor 6
Cambridge MA 02139, USA

Hugo Larochelle

School of Informatics
University of Edinburgh
Edinburgh EH8 9AB, UK

Iain Murray

Google DeepMind
London, UK

Karol Gregor

Department of Computer Science
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computing all conditionals
p(xod | xo<d ) =

x

...
...
500 units

X

X

X

∈{0,1}D−d h∈{0,1}H

X

784 units

exp {−E(x, h)}

exp {−E(x, h)} /Z(xo<d )

xo≥d ∈{0,1}D−d+1 h∈{0,1}H

τk (d)hk (1 − τk (d))1−hk ,

q(xod , xo>d , h | xo<d ) = µi (d)xod (1 − µd (d))1−xod

Y

4

(9)

(10)

(11)

(12)
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where µj (d) is the marginal probability of xoj being equal to 1, given xo<d . Similarly, τk (d)
is the marginal for hidden variable hk . The dependence on d comes from conditioning on
xo<d , that is on the first d−1 dimensions of x in ordering o.
For some d, a mean-field approximation is obtained by finding the parameters µj (d) for
j ∈ {d, . . . , D} and τk (d) for k ∈ {1, . . . , H} which minimize the KL divergence between
q(xod , xo>d , h | xo<d ) and p(xod , xo>d , h | xo<d ). This is usually done by finding message

k

j>d

A mean-field approach could first approximate this conditional with a factorized distribution
Y
µj (d)xoj (1 − µj (d))1−xoj

p(xod , xo>d , h | xo<d ) = exp {−E(x, h)} /Z(xo<d ).

is intractable. However, these could be approximated using mean-field variational inference.
Specifically, consider the conditional over xod , xo>d and h instead:

Z(xo<d ) =

o>d

Figure 1: Illustration of a NADE model. In this example, in the input layer, units with
value 0 are shown in black while units with value 1 are shown in white. The
dashed border represents a layer pre-activation.The outputs x̂O give predictive
probabilities for each dimension of a vector xO , given elements earlier in some
ordering. There is no path of connections between an output and the value being
predicted, or elements of xO later in the ordering. Arrows connected together
correspond to connections with shared (tied) parameters.

784 units

...

=c

(5)

...

where

a1

where ad = W ·,o<d xo<d + c = W ·,od−1 xod−1 + ad−1

...

p(xod = 1 | xo<d ) = sigm (V od ,· hd + bod )

hd = sigm W ·,o<d xo<d + c ,

conditional. Moreover, they allowed connections between the output of each network and
the hidden layer of networks for the conditionals appearing earlier in the autoregressive
ordering. Using neural networks led to some improvements in modeling performance, though
at the cost of a really large model for very high-dimensional data.
In NADE, we also model each conditional using a feed-forward neural network. Specifically, each conditional p(xod | x<d ) is parameterized as follows:

= sigm (a1 ) ,

for d ∈ {2, . . . , D},

where sigm (a) = 1/(1 + e−a ) is the logistic sigmoid, and with H as the number of hidden
units, V ∈ RD×H , b ∈ RD , W ∈ RH×D , c ∈ RH are the parameters of the NADE model.
The hidden layer matrix W and bias c are shared by each hidden layer hd (which are all
of the same size). This parameter sharing scheme (illustrated in Figure 1) means that NADE
has O(HD) parameters, rather than O(HD2 ) required if the neural networks were separate.
Limiting the number of parameters can reduce the risk of over-fitting. Another advantage is
that all D hidden layers hd can be computed in O(HD) time instead of O(HD2 ). Denoting
the pre-activation of the dth hidden layer as ad = W ·,o<d xo<d + c, this complexity is achieved
by using the recurrence
h1
hd = sigm (ad ) ,

n=1 d=1

(6)

where Equation 5 given vector ad−1 can be computed in O(H). Moreover, the computation
of Equation 2 given h is also O(H). Thus, computing p(x) from D conditional distributions
(Equation 1) costs O(HD) for NADE. This complexity is comparable to that of regular
feed-forward neural network models.
NADE can be trained by maximum likelihood, or equivalently by minimizing the average
negative log-likelihood,

n=1

N
N D
1 X
1 XX
− log p(xo(n)
| xo(n)
),
− log p(x(n) ) =
d
<d
N
N

usually by stochastic (minibatch) gradient descent. As probabilities p(x) cost O(HD),
gradients of the negative log-probability of training examples can also be computed in
O(HD). Algorithm 1 describes the computation of both p(x) and the gradients of − log p(x)
with respect to NADE’s parameters.
2.1 Relationship with the RBM
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(8)

(7)

The proposed weight-tying for NADE isn’t simply motivated by computational reasons. It
also reflects the computations of approximation inference in the RBM.
Denoting the energy function and distribution under an RBM as
E(x, h) = −h> W x − b> x − c> h
p(x, h) = exp {−E(x, h)} /Z ,

3

xod ,xo>d ,h

+

+

k

X

j≥d

X

k

τk (d)Wk,oj µj (d) −
j

X
boj µj (d) −

5

(τk (d) log τk (d) + (1 − τk (d)) log(1 − τk (d))) .

(µj (d) log µj (d) + (1 − µj (d)) log(1 − µj (d)))

j

XX
k

ck τk (d)
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X

q(xod , xo>d , h | xo<d ) log q(xod , xo>d , h | xo<d )

= log Z(xo<d ) −

+

X

xod ,xo>d ,h

KL(q(xod , xo>d , h | xo<d ) || p(xod , xo>d , h | xo<d ))
X
= −
q(xod , xo>d , h | xo<d ) log p(xod , xo>d , h | xo<d )

passing updates that each set the derivatives of the KL divergence to 0 for some of the
parameters of q(xod , xo>d , h | xo<d ) given others.
For some d, let us fix µj (d) = xod for j < d, leaving only µj (d) for j > d to be found.
The KL-divergence develops as follows:

# Computing gradients of − log p(x)
δaD ← 0
δc ← 0
for d from D to 1 do

δbod ← p(xod = 1 | xo<d ) − xod

δV od ,· ← p(xod = 1 | xo<d ) − xod h>
 >d
δhd ← p(xod = 1 | xo<d ) − xod V od ,·
δc ← δc + δhd hd (1 − hd )
δW ·,od ← δad xod
δad−1 ← δad + δhd hd (1 − hd )
end for
return p(x), δb, δV , δc, δW

# Computing p(x)
a1 ← c
p(x) ← 1
for d from 1 to D do
hd ← sigm (ad )
p(xod = 1 | xo<d ) ← sigm (V od ,· hd + bod )

p(x) ← p(x) p(xod = 1 | xo<d )xod + (1 − p(xod = 1 | xo<d ))1−xod
ad+1 ← ad + W ·,od xod
end for

Algorithm 1 Computation of p(x) and learning gradients for NADE.
Input: training observation vector x and ordering o of the input dimensions.
Output: p(x) and gradients of − log p(x) on parameters.
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=

j≥d

j<d

∂KL(q(xod , xo>d , h | xo<d ) || p(xod , xo>d , h | xo<d ))
∂τk (d)


X
τk (d)
−ck −
Wk,oj µj (d) + log
1 − τk (d)
j




X
exp ck +
Wk,oj µj (d)


j
n
o
P
exp ck + j Wk,oj µj (d)
n
o
P
1 + exp ck + j Wk,oj µj (d)


X
X

Wk,oj xoj  .
sigm ck +
Wk,oj µj (d) +

(14)

(13)

k

(15)
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Equation 15 would correspond to the message passing updates of the input marginals µj (d)
given the hidden layer marginals τk (d). The complete mean-field algorithm would thus
alternate between applying the updates of Equations 14 and 15, right to left.
We now notice that Equation 14 corresponds to NADE’s hidden layer computation
(Equation 3) where µj (d) = 0 ∀j ≥ d. Also, Equation 15 corresponds to NADE’s output
layer computation (Equation 2) where j = d, τk (d) = hd,k and W > = V . Thus, in short,
NADE’s forward pass is equivalent to applying a single pass of mean-field inference to
approximate all the conditionals p(xod | xo<d ) of an RBM, where initially µj (d) = 0 and
where a separate matrix V is used for the hidden-to-input messages. A generalization of
NADE based on this connection to mean field inference has been further explored by Raiko
et al. (2014).

0 =

∂KL(q(xod , xo>d , h | xo<d ) || p(xod , xo>d , h | xo<d ))
∂µj (d)


X
µj (d)
0 = −bod −
τk (d)Wk,oj + log
1 − µj (d)
k
(
)
X
µj (d)
= exp boj +
τk (d)Wk,oj
1 − µj (d)
k

P
exp boj + k τk (d)Wk,oj

P
µj (d) =
1 + exp boj + k τk (d)Wk,oj
!
X
µj (d) = sigm boj +
τk (d)Wk,oj .

where in the last step we have used the fact that µj (d) = xoj for j < d. Equation 14 would
correspond to the message passing updates of the hidden unit marginals τk (d) given the
marginals of input µj (d).
Similarly, we can set the derivative with respect to µj (d) for j ≥ d to 0 and obtain:

τk (d) =

τk (d) =

τk (d)
1 − τk (d)

0 =

0 =

Then, we can take the derivative with respect to τk (d) and set it to 0, to obtain:
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3. NADE for Non-Binary Observations
So far we have only considered the case of binary observations xi . However, the framework
of NADE naturally extends to distributions over other types of observations.
In the next section, we discuss the case of real-valued observations, which is one of the
most general cases of non-binary observations and provides an illustrative example of the
technical considerations one faces when extending NADE to new observations.
3.1 RNADE: Real-Valued NADE

c=1

C
X

πod ,c N (xod ; µod ,c , σo2d ,c ),

(16)

A NADE model for real-valued data could be obtained by applying the derivations shown
in Section 2.1 to the Gaussian-RBM (Welling et al., 2005). The resulting neural network
would output the mean of a Gaussian with fixed variance for each of the conditionals in
Equation 1. Such a model is not competitive with mixture models, for example on perceptual
data sets (Uria, 2015). However, we can explore alternative models by making the neural
network for each conditional distribution output the parameters of a distribution that’s not
a fixed-variance Gaussian.
In particular, a mixture of one-dimensional Gaussians for each autoregressive conditional
provides a flexible model. Given enough components, a mixture of Gaussians can model any
continuous distribution to arbitrary precision. The resulting model can be interpreted as a
sequence of mixture density networks (Bishop, 1994) with shared parameters. We call this
model RNADE-MoG. In RNADE-MoG, each of the conditionals is modeled by a mixture of
Gaussians:
p(xod | xo<d ) =

(17)
(18)

(20)

(19)
Vod ,k,c hd,k

(21)
(σ)

(µ)

Vod ,k,c hd,k

(22)

(π)

(π)
zod ,c

where the parameters are set by the outputs of a neural network:
n
o
(π)
exp zod ,c
n
o
πod ,c =

PC
c=1 exp

H
X

k=1

H
X

k=1

H
X
k=1

Vod ,k,c hd,k

µod ,c =zo(µ)
d ,c
n
o
σod ,c = exp zo(σ)
d ,c

zo(π)
=bo(π)
+
d ,c
d ,c
zo(µ)
=bo(µ)
+
d ,c
d ,c
zo(σ)
=bo(σ)
+
d ,c
d ,c

JMLR 17(205):1-37

Parameter sharing conveys the same computational and statistical advantages as it does
in the binary NADE.
7
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Different one dimensional conditional forms may be preferred, for example due to limited
data set size or domain knowledge about the form of the conditional distributions. Other
choices, like single variable-variance Gaussians, sinh-arcsinh distributions, and mixtures of
Laplace distributions, have been examined by Uria (2015).

Training an RNADE can still be done by stochastic gradient descent on the parameters
of the model with respect to the negative log-density of the training set. It was found
empirically (Uria et al., 2013) that stochastic gradient
descent leads to better parameter

configurations when the gradient of the mean ∂µ∂J
was multiplied by the standard
od ,c
deviation (σod ,c ).

4. Orderless and Deep NADE

The fixed ordering of the variables in a NADE model makes the exact calculation of arbitrary
conditional probabilities computationally intractable. Only a small subset of conditional
distributions, those where the conditioned variables are at the beginning of the ordering and
marginalized variables at the end, are computationally tractable.

Another limitation of NADE is that a naive extension to a deep version, with multiple
layers of hidden units, is computationally expensive. Deep neural networks (Bengio, 2009;
LeCun et al., 2015) are at the core of state-of-the-art models for supervised tasks like image
recognition (Krizhevsky et al., 2012) and speech recognition (Dahl et al., 2013). The same
inductive bias should also provide better unsupervised models. However, extending the
NADE framework to network architectures with several hidden layers, by introducing extra
non-linear calculations between Equations 3 and 2, increases its complexity to cubic in the
number of units per layer. Specifically, the cost becomes O(DH 2 L), where L stands for the
number of hidden layers and can be assumed to be a small constant, D is the number of
variables modeled, and H is the number of hidden units, which we assumed to be of the
same order as D. This increase in complexity is caused by no longer being able to share
hidden layer computations across the conditionals in Equation 1, after the non-linearity in
the first layer.

JMLR 17(205):1-37

In this section we describe an order-agnostic training procedure, DeepNADE (Uria et al.,
2014), which will address both of the issues above. This procedure trains a single deep
neural network that can assign a conditional distribution to any variable given any subset of
the others. This network can then provide the conditionals in Equation 1 for any ordering
of the input observations. Therefore, the network defines a factorial number of different
models with shared parameters, one for each of the D! orderings of the inputs. At test time,
given an inference task, the most convenient ordering of variables can be used. The models
for different orderings will not be consistent with each other: they will assign different
probabilities to a given test vector. However, we can use the models’ differences to our
advantage by creating ensembles of NADE models (Section 4.1), which results in better
estimators than any single NADE. Moreover, the training complexity of our procedure
increases linearly with the number of hidden layers O(H 2 L), while remaining quadratic in
the size of the network’s layers.

8

(24)

=x

mo<d

(28)

(27)

(26)

(25)

E − log p(x | θ, o),

o∈D! x∈X

(29)

E

d=1

D
X

− log p(xod | xo<d , θ, o),

(30)

x∈X

J (θ) = E

d=1

D
X
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E E E − log p(xod | xo<d , θ, o<d , od , o>d ).

o<d od o>d

where d indexes the elements in the ordering, o, of the variables. By moving the expectation
over orderings inside the sum over the elements of the ordering, the ordering can be split in
three parts: o<d (the indices of the d−1 first dimensions in the ordering), od (the index of
the d-th variable) and o>d (the indices of the remaining dimensions). Therefore, the loss
function can be rewritten as:

o∈D! x∈X

J (θ) = E

where we’ve made the dependence on the ordering o and the network’s parameters θ explicit,
D! stands for the set of all orderings (the permutations of D elements) and x is a uniformly
sampled data point from the training set X . Using NADE’s expression for the density of a
data point in Equation 1 we have

o∈D!

J (θ) = E − log p(X | θ, o) ∝ E

The network is specified by a free choice of the activation function σ (·), and learnable
(`)
(`−1)
(`)
parameters W (`) ∈ RH ×H
and b(`) ∈ RH , where H (l) is the number of units in the
`-th layer. As layer zero is the masked input, H (0) = D. The final L-th layer needs to be
able to provide predictions for any element (Equation 23) and so also has D units.
To train a DeepNADE, the ordering of the variables is treated as a stochastic variable
with a uniform distribution. Moreover, since we wish DeepNADE to provide good predictions
for any ordering, we optimize the expected likelihood over the ordering of variables:

a(`) = W (`) h(`−1) + b(`)


h(`) = σ a(`)


h(L) = sigm a(L) .

h

(0)

which is element-wise multiplied with the inputs before computing the remaining layers as
in a standard neural network:

mo<d = [11∈o<d , 12∈o<d , . . . , 1D∈o<d ],

This hidden unit is computed from previous layers, all of which can only depend on the xo<d
variables that are currently being conditioned on. We remove the other variables from the
computation using a binary mask,

(23)
d=1

D
X

E E − log p(xod | xo<d , θ, o<d , od ).

o<d od

(32)

J (x) =

d

X
D
− log p(xod | xo<d , θ, o<d , od ),
D−d+1 o

(34)

(33)



log h(L) + (1 − x)



log 1 − h(L) .

mo<d , mo<d ).

(35)
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As mentioned, the DeepNADE parameter fitting procedure effectively produces a factorial
number of different NADE models, one for each ordering of the variables. These models will
not, in general, assign the same probability to any particular data point. This disagreement
is undesirable if we require consistent inferences for different inference problems, as it will
preclude the use of the most convenient ordering of variables for each inference task.

4.1 Ensembles of NADE Models

We found this modification to be important in order to obtain competitive statistical
performance (see Table 3). The resulting neural network is illustrated in Figure 2.

h(0) = concat(x

Differentiating this cost involves backpropagating the gradients of the cross-entropy only
D
from the outputs in o≥d and rescaling them by D−d+1
.
The resulting training procedure resembles that of a denoising autoencoder (Vincent
et al., 2008). Like the autoencoder, D outputs are used to predict D inputs corrupted by a
(L)
random masking process (mo<d in Equation 25). A single forward pass can compute ho≥d ,
which provides a prediction p(xod = 1 | xo<d , θ, o<d , od ) for every masked variable, which
could be used next in an ordering starting with o<d . Unlike the autoencoder, the outputs
for variables corresponding to those provided in the input (not masked out) are ignored.
In this order-agnostic framework, missing variables and zero-valued observations are
indistinguishable by the network. This shortcoming can be alleviated by concatenating the
inputs to the network (masked variables x mo<d ) with the mask mo<d . Therefore we
advise substituting the input described in Equation 25 with


D
m>
x
D − d + 1 o≥d

which is an unbiased estimator of Equation 29. Therefore, training can be done by descent
on the gradient of Jb(θ).
D
For binary observations, we use the cross-entropy scaled by a factor of D−d+1
as the
b
training loss which corresponds to minimizing J :

Jb(θ) =

In practice, this loss function will have a very high number of terms and will have to
be approximated by sampling x, d and o<d . The innermost expectation over values of od
can be calculated cheaply, because all of the neural network computations depend only on
the masked input xo<d , and can be reused for each possible od . Assuming all orderings are
equally probable, we will estimate J (θ) by:

x∈X

J (θ) = E

The value of each of these terms does not depend on o>d . Therefore, it can be simplified as:

We first describe the model for an L-layer neural network modeling binary variables. A
conditional distribution is obtained directly from a hidden unit in the final layer:

p(xod = 1 | xo<d , θ, o<d , od ) = h(L)
od .
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Neural Autoregressive Distribution Estimation

784 units

...
784 units

...
...

...

...
500 units

...
784 units

...
784 units

...

1568 units

500 units

Neural Autoregressive Distribution Estimation

...

784 units

Figure 2: Illustration of a DeepNADE model with two hidden layers. The dashed border
represents a layer pre-activation. Units with value 0 are shown in black while
units with value 1 are shown in white. A mask mo<d specifies a subset of variables
to condition on. A conditional or predictive probability of the remaining variables
is given in the final layer. The output units with a corresponding input mask of
value 1 (shown with dotted contour) are not involved in DeepNADE’s training
loss (Equation 34).

However, it is possible to use this variability across the different orderings to our
advantage by combining several models. A usual approach to improve on a particular
estimator is to construct an ensemble of multiple, strong but different estimators, e.g.
using bagging (Ormoneit and Tresp, 1995) or stacking (Smyth and Wolpert, 1999). The
DeepNADE training procedure suggests a way of generating ensembles of NADE models:
K
take a set of uniformly distributed orderings {o(k) }k=1
over the input variables and use the
PK
p(x | θ, o(k) ) as an estimator.
average probability K1 k=1
The use of an ensemble increases the test-time cost of density estimation linearly with
the number of orderings used. The complexity of sampling does not change however: after
one of the K orderings is chosen at random, the single corresponding NADE is sampled.
Importantly, the cost of training also remains the same, unlike other ensemble methods such
as bagging. Furthermore, the number of components can be chosen after training and even
adapted to a computational budget on the fly.

5. ConvNADE: Convolutional NADE

JMLR 17(205):1-37

One drawback of NADE (and its variants so far) is the lack of a mechanism for truly
exploiting the high-dimensional structure of the data. For example, when using NADE
on binarized MNIST, we first need to flatten the 2D images before providing them to the
model as a vector. As the spatial topology is not provided to the network, it can’t use this
information to share parameters and may learn less quickly.
11
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(`)

(`)

×NW

(`)

(`−1)

connecting two feature maps H i

and H j

(`)

also

Recently, convolutional neural networks (CNN) have achieved state-of-the-art performance on many supervised tasks related to images Krizhevsky et al. (2012). Briefly, CNNs
are composed of convolutional layers, each one having multiple learnable filters. The outputs
of a convolutional layer are feature maps and are obtained by the convolution on the input
image (or previous feature maps) of a linear filter, followed by the addition of a bias and
the application of a non-linear activation function. Thanks to the convolution, spatial
structure in the input is preserved and can be exploited. Moreover, as per the definition of
a convolution the same filter is reused across all sub-regions of the entire image (or previous
feature maps), yielding a parameter sharing that is natural and sensible for images.
The success of CNNs raises the question: can we exploit the spatial topology of the
inputs while keeping NADE’s autoregressive property? It turns out we can, simply by
replacing the fully connected hidden layers of a DeepNADE model with convolutional layers.
We thus refer to this variant as Convolutional NADE (ConvNADE).
First we establish some notation that we will use throughout this section. Without loss
of generality, let the input X ∈ {0, 1}NX ×NX be a square binary image of size NX and every
(`)

convolution filter W ij ∈ RNW

M o<d

(`−1)
HX

i=1

(`−1)

Hi

(`)

~ W ij

od



(L)
p(xod = 1 | xo<d , θ, o<d , od ) = vec H 1
,

(40)

(39)

(38)

(37)

(36)

be square with their size NW varying for each layer `. We also define the following mask
M o<d ∈ {0, 1}NX ×NX , which is 1 for the locations of the first d − 1 pixels in the ordering o.
Formally, Equation 26 is modified to use convolutions instead of dot products. Specifically
for an L-layer convolutional neural network that preserves the input shape (explained below)
we have

with

(0)

(`)

H1 = X
(`)



(`)
= σ Aj


(L)
= sigm Aj
,

Aj = bj +
(`)

Hj

(L)

Hj

(l)
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where H (`) is the number of feature maps output by the `-th layer and b(l) ∈ RH ,
(`−1) ×H (`) ×N (`) ×N (`)
W
W , with
W (`) ∈ RH
denoting the element-wise multiplication, σ (·) being
any activation function and vec (X) → x is the concatenation of every row in X. Note that
H (0) corresponds to the number of channels the input images have.
For notational convenience, we use ~ to denote both “valid” convolutions and “full”
convolutions, instead of introducing bulky notations to differentiate these cases. The “valid”
convolutions only apply a filter to complete patches of the image, resulting in a smaller image
(`)
(its shape is decreased to NX − NW + 1). Alternatively, “full” convolutions zero-pad the
contour of the image before applying the convolution, thus expanding the image (its shape
(`)
is increased to NX + NW − 1). Which one is used should be self-explanatory depending on
the context. Note that we only use convolutions with a stride of 1.
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(L)



.

(42)

(41)
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As we mentioned earlier, the development of NADE and its extensions was motivated by
the question of whether a tractable distribution estimator could be designed to match a
powerful but intractable model such as the restricted Boltzmann machine.
The original inspiration came from the autoregressive approach taken by fully visible
sigmoid belief networks (FVSBN), which were shown by Frey et al. (1996) to be surprisingly

6. Related Work

The same training procedure as for DeepNADE model can also be used for ConvNADE.
For binary observations, the training loss is similar to Equation 34, with h(L) being substituted for g as defined in Equation 42.
As for the DeepNADE model, we found that providing the mask M o<d as an input
to the model improves performance (see Table 4). For the ‘convnet’ part, the mask was
provided as an additional channel to the input layer. For the ‘fullnet’ part, the inputs were
concatenated with the mask as shown in Equation 35.
The final architecture is shown in Figure 3. In our experiments, we found that this type
of hybrid model works better than only using convolutional layers (see Table 4). Certainly,
more complex architectures could be employed but this is a topic left for future work.

g = sigm vec



28 pixels
1568 units

...

(L)
A1

28 pixels

...



28 pixels

28 pixels

28 pixels

24 pixels

1@5x5 (full)

500 units

18 pixels

4@7x7 (full)

500 units

24 pixels

8@7x7 (valid)

24 pixels

4@5x5 (valid)

18 pixels

...



28 pixels

...

28 pixels

784 units

28 pixels

784 units
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competitive, despite the simplicity of the distribution family for its conditionals. Bengio
and Bengio (2000) later proposed using more powerful conditionals, modeled as single layer
neural networks. Moreover, they proposed connecting the output of each dth conditional to
all of the hidden layers of the d − 1 neural networks for the preceding conditionals. More
recently, Germain et al. (2015) generalized this model by deriving a simple procedure for
making it deep and orderless (akin to DeepNADE, in Section 4). We compare with all of
these approaches in Section 7.1.
There exists, of course, more classical and non-autoregressive approaches to tractable
distribution estimation, such as mixture models and Chow–Liu trees (Chow and Liu, 1968).
We compare with these as well in Section 7.1.
This work also relates directly to the recently growing literature on generative neural
networks. In addition to the autoregressive approach described in this paper, there exists
three other types of such models: directed generative networks, undirected generative
networks and hybrid networks.
Work on directed generative networks dates back to the original work on sigmoid belief
networks (Neal, 1992) and the Helmholtz machine (Hinton et al., 1995; Dayan et al., 1995).
Helmholtz machines are equivalent to a multilayer sigmoid belief network, with each using
binary stochastic units. Originally they were trained using Gibbs sampling and gradient
descent (Neal, 1992), or with the so-called wake sleep algorithm (Hinton et al., 1995). More
recently, many alternative directed models and training procedures have been proposed.
Kingma and Welling (2014); Rezende et al. (2014) proposed the variational autoencoder
(VAE), where the model is the same as the Helmholtz machine, but with real-valued
(usually Gaussian) stochastic units. Importantly, Kingma and Welling (2014) identified
a reparameterization trick making it possible to train the VAE in a way that resembles
the training of an autoencoder. This approach falls in the family of stochastic variational
inference methods, where the encoder network corresponds to the approximate variational

Figure 3: Illustration of a ConvNADE that combines a convolutional neural network with
three hidden layers and a fully connected feed-forward neural network with two
hidden layers. The dashed border represents a layer pre-activation. Units with
a dotted contour are not valid conditionals since they depend on themselves i.e.
they were given in the input.

28 pixels

28 pixels

...

p(xod = 1 | xo<d , θ, o<d , od ) = g od

Moreover, in order for ConvNADE to output conditional probabilities as shown in
(L)
Equation 36, the output layer must have only one feature map H 1 , whose dimension
matches the dimension of the input X. This can be achieved by carefully combining layers
that use either “valid” or “full” convolutions.
To explore different model architectures respecting that constraint, we opted for the
following strategy. Given a network, we ensured the first half of its layers was using “valid”
convolutions while the other half would use “full” convolutions. In addition to that, we
made sure the network was symmetric with respect to its filter shapes (i.e. the filter shape
used in layer ` matched the one used in layer L − `).
For completeness, we wish to mention that ConvNADE can also include pooling and
upsampling layers, but we did not see much improvement when using them. In fact, recent
research suggests that these types of layers are not essential to obtain state-of-the-art
results (Springenberg et al., 2015).
The flexibility of DeepNADE allows us to easily combine both convolutional and fully
connected layers. To create such hybrid models, we used the simple strategy of having two
separate networks, with their last layer fused together at the end. The ‘convnet’ part is
only composed of convolutional layers whereas the ‘fullnet’ part is only composed of fully
connected layers. The forward pass of both networks follows respectively Equations 37–39
and Equations 25–27. Note that in the ‘fullnet’ network case, x corresponds to the input
image having been flattened.
In the end, the output layer g of the hybrid model corresponds to the aggregation of
the last layer pre-activation of both ‘convnet’ and ‘fullnet’ networks. The conditionals are
slightly modified as follows:
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posterior. The VAE optimizes a bound on the likelihood which is estimated using a single
sample from the variational posterior, though recent work has shown that a better bound
can be obtained using an importance sampling approach (Burda et al., 2016). Gregor
et al. (2015) later exploited the VAE approach to develop DRAW, a directed generative
model for images based on a read-write attentional mechanism. Goodfellow et al. (2014)
proposed an adversarial approach to training directed generative networks, that relies on
a discriminator network simultaneously trained to distinguish between data and model
samples. Generative networks trained this way are referred to as Generative Adversarial
Networks (GAN). While the VAE optimizes a bound of the likelihood (which is the KL
divergence between the empirical and model distributions), it can be shown that the earliest
versions of GANs optimize the Jensen–Shannon (JS) divergence between the empirical and
model distributions. Li et al. (2015) instead propose a training objective derived from
Maximum Mean Discrepancy (MMD; Gretton et al., 2007). Recently, the directed generative
model approach has been very successfully applied to model images (Denton et al., 2015;
Sohl-Dickstein et al., 2011).
The undirected paradigm has also been explored extensively for developing powerful generative networks. These include the restricted Boltzmann machine (Smolensky, 1986; Freund
and Haussler, 1992) and its multilayer extension, the deep Boltzmann machine (Salakhutdinov and Hinton, 2009), which dominate the literature on undirected neural networks.
Salakhutdinov and Murray (2008) provided one of the first quantitative evidence of the
generative modeling power of RBMs, which motivated the original parameterization for
NADE (Larochelle and Murray, 2011). Efforts to train better undirected models can vary in
nature. One has been to develop alternative objectives to maximum likelihood. The proposal
of Contrastive Divergence (CD; Hinton, 2002) was instrumental in the popularization of the
RBM. Other proposals include pseudo-likelihood (Besag, 1975; Marlin et al., 2010), score
matching (Hyvärinen, 2005; Hyvärinen, 2007a,b), noise contrastive estimation (Gutmann
and Hyvärinen, 2010) and probability flow minimization (Sohl-Dickstein et al., 2011). Another line of development has been to optimize likelihood using Robbins–Monro stochastic
approximation (Younes, 1989), also known as Persistent CD (Tieleman, 2008), and develop
good MCMC samplers for deep undirected models (Salakhutdinov, 2009, 2010; Desjardins
et al., 2010; Cho et al., 2010). Work has also been directed towards proposing improved
update rules or parameterization of the model’s energy function (Tieleman and Hinton, 2009;
Cho et al., 2013; Montavon and Müller, 2012) as well as improved approximate inference of
the hidden layers (Salakhutdinov and Larochelle, 2010). The work of Ngiam et al. (2011)
also proposed an undirected model that distinguishes itself from deep Boltzmann machines
by having deterministic hidden units, instead of stochastic.
Finally, hybrids of directed and undirected networks are also possible, though much less
common. The most notable case is the Deep Belief Network (DBN; Hinton et al., 2006),
which corresponds to a sigmoid belief network for which the prior over its top hidden layer
is an RBM (whose hidden layer counts as an additional hidden layer). The DBN revived
interest in RBMs, as they were required to successfully initialize the DBN.
NADE thus substantially differs from this literature focusing on directed and undirected
models, benefiting from a few properties that these approaches lack. Mainly, NADE does not
rely on latent stochastic hidden units, making it possible to tractably compute its associated
data likelihood for some given ordering. This in turn makes it possible to efficiently produce
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123
126
180
112
500
128
150
300

# Inputs

5000
16000
1400
2000
400
32152
40000
14000

Train

1414
4000
600
500
100
10000
10000
3188

Valid.

26147
47557
1186
5624
1240
10000
150000
32561

Test
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Name
Adult
Connect4
DNA
Mushrooms
NIPS-0-12
OCR-letters
RCV1
Web

Table 1: Statistics on the binary vector data sets of Section 7.1.

exact samples from the model (unlike in undirected models) and get an unbiased gradient
for maximum likelihood training (unlike in directed graphical models).

7. Results

In this section, we evaluate the performance of our different NADE models on a variety of
data sets. The code to reproduce the experiments of the paper is available on GitHub1 . Our
implementation is done using Theano (Team et al., 2016).
7.1 Binary Vectors Data Sets

http://github.com/MarcCote/NADE
http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
http://ai.stanford.edu/~btaskar/ocr/
http://www.cs.nyu.edu/~roweis/data.html
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• RBM: A restricted Boltzmann machine made tractable by using only 23 hidden units,
trained by contrastive divergence with up to 25 steps of Gibbs sampling. The validation
set performance was used to select the learning rate from {0.005, 0.0005, 0.00005}, and
the number of iterations over the training set from {100, 500, 1000}.

• MoB: A mixture of multivariate Bernoullis, trained using the EM algorithm. The
number of mixture components was chosen from {32, 64, 128, 256, 512, 1024} based on
validation set performance, and early stopping was used to determine the number of
EM iterations.

We start by evaluating the performance of NADE models on a set of benchmark data sets
where the observations correspond to binary vectors. These data sets were mostly taken
from the LIBSVM data sets web site2 , except for OCR-letters3 and NIPS-0-12 4 . Code to
download these data sets is available here: http://info.usherbrooke.ca/hlarochelle/
code/nade.tar.gz. Table 1 summarizes the main statistics for these data sets.
For these experiments, we only consider tractable distribution estimators, where we can
evaluate p(x) on test items exactly. We consider the following baselines:

1.
2.
3.
4.

16

(43)

-11.99
-12.58

-23.41
-22.66
-12.39
-20.57
-11.90
-11.90

Connect4

-84.81
-82.31

-98.19
-96.74
-83.64
-87.72
-83.63
-79.66

DNA

-9.81
-9.69

-14.46
-15.15
-10.27
-20.99
-9.68
-9.69
-273.08
-272.39

-290.02
-277.37
-276.88
-281.01
-280.25
-277.28
-27.22
-27.32

-40.56
-43.05
-39.30
-48.87
-28.34
-30.04

-46.66
-46.12

-47.59
-48.88
-49.84
-55.60
-47.10
-46.74

Mushrooms NIPS-0-12 OCR-letters RCV1

-28.39
-27.87

-30.16
-29.38
-29.35
-33.92
-28.53
-28.25

Web
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• DARN (Gregor et al., 2014): This deep generative autoencoder has two hidden
layers, one deterministic and one with binary stochastic units. Both layers have 500
units (denoted as nh = 500). Adaptive weight noise (adaNoise) was either used or
not to avoid the need for early stopping (Graves, 2011). Evaluation of exact test
probabilities is intractable for large latent representations. Hence, Monte Carlo was
used to approximate the expected description length, which corresponds to an upper
bound on the negative log-likelihood.

For these experiments, in addition to the baselines already described in Section 7.1, we
consider the following:

2. Does the use of a convolutional architecture improve the performance of NADE?

1. How does NADE compare to intractable generative models?

We now consider the case of an image data set, constructed by binarizing the MNIST digit
data set. Each image has been stochastically binarized according to their pixel intensity as
generated by Salakhutdinov and Murray (2008). This benchmark has been a popular choice
for the evaluation of generative neural network models. Here, we investigate two questions:

7.2 Binary Image Data Set

Table 2 presents the results. We observe that NADE restricted to a fixed ordering of
the inputs achieves very competitive performance compared to the baselines. However, the
order-agnostic version of NADE is overall the best method, being among the top performing
model for 5 data sets out of 8.
The performance of fixed-order NADE is surprisingly robust to variations of the chosen
input ordering. The standard deviation on the average log-likelihood when varying the
ordering was small: on Mushrooms, DNA and NIPS-0-12, we observed standard deviations
of 0.045, 0.05 and 0.15, respectively. However, models with different orders can do well on
different test examples, which explains why ensembling can still help.

Table 2: Average log-likelihood performance of tractable distribution baselines and NADE
models, on binary vector data sets. The best result is shown in bold, along with
any other result with an overlapping confidence interval.

-13.19
-13.19

-20.44
-16.26
-13.17
-18.51
-13.12
-13.13

MoB
RBM
FVSBN
Chow–Liu
MADE
MADE-E
NADE
NADE-E

Adult

Model

Uria, Côté, Gregor, Murray, and Larochelle

• NADE-E: Single layer NADE trained according to the order-agnostic procedure
described in Section 4. The rectified linear activation function was used for the
hidden layer, also of size 500. Minibatch gradient descent was used for training, with
minibatches of size 100. The initial learning rate, chosen among {0.016, 0.004, 0.001,
0.00025, 0.0000675}, was linearly decayed to zero over the course of 100, 000 parameter
updates. Early stopping was used, using Equation 34 to get a stochastic estimate of
the validation set average log-likelihood. An ensemble using 16 orderings was used to
compute the test-time log-likelihood.

• NADE (fixed order): Single layer NADE model, trained on a single (fixed) randomly
generated order, as described in Section 2. The sigmoid activation function was used
for the hidden layer, of size 500. Much like for FVSBN, training relied on stochastic
gradient descent and the validation set was used for early stopping, as well as for
choosing the learning rate from {0.05, 0.005, 0.0005}, and the decreasing schedule
constant γ from {0,0.001,0.000001}.

We compare these baselines with the two following NADE variants:

• MADE (Germain et al., 2015): Generalization of the neural network approach of
Bengio and Bengio (2000), to multiple layers. We consider a version using a single
(fixed) input ordering and another trained on multiple orderings from which an ensemble
was constructed (which was inspired from the order-agnostic approach of Section 4)
that we refer to as MADE-E. See Germain et al. (2015) for more details.

selecting α for each data set from {10−20 , 0.001, 0.01, 0.1} based on performance on
the validation set.

count(xd = 1 | xparent = z) + α
p(xd = 1 | xparent = z) =
,
count(xparent = z) + 2α

The maximum likelihood parameters are not defined when conditioning on events that
haven’t occurred in the training set. Moreover, conditional probabilities of zero are
possible, which could give infinitely bad test set performance. We re-estimated the
conditional probabilities on the Chow–Liu tree using Lidstone or “add-α” smoothing:

• Chow–Liu: A Chow–Liu tree is a graph over the observed variables, where the
distribution of each variable, except the root, depends on a single parent node. There
is an O(D2 ) fitting algorithm to find the maximum likelihood tree and conditional
distributions (Chow and Liu, 1968). We adapted an implementation provided by
Harmeling and Williams (2011), who found Chow–Liu to be a strong baseline.

• FVSBN: Fully visible sigmoid belief network, that models each conditional p(xod | xo<d )
with logistic regression. The ordering of inputs was selected randomly. Training was by
stochastic gradient descent. The validation set was used for early stopping, as well as
for choosing the base learning rate η ∈ {0.05, 0.005, 0.0005}, and a decreasing schedule
constant γ from {0, 0.001, 0.000001} for the learning rate schedule η/(1 + γt) for the
tth update.

Neural Autoregressive Distribution Estimation

− log p

86.34
84.55
84.71
84.13

≈

Neural Autoregressive Distribution Estimation

Model
168.95
137.64
134.99
86.64

90.69
87.71
87.96
85.10

99.37
95.33
92.17
89.17
89.38
89.60

88.33

MoBernoullis K=10
MoBernoullis K=500
Chow–Liu tree
MADE 2hl (32 masks)
RBM (500 h, 25 CD steps)
DBN 2hl
DARN nh = 500
DARN nh = 500 (adaNoise)
NADE (fixed order)

(2 orderings)
(128 orderings)
(2 orderings)
(128 orderings)

1hl (no input masks)
2hl (no input masks)
1hl
2hl
3hl
4hl

1hl
1hl
2hl
2hl

DeepNADE
DeepNADE
DeepNADE
DeepNADE
DeepNADE
DeepNADE
EoNADE
EoNADE
EoNADE
EoNADE

Table 3: Negative log-likelihood test results of models ignorant of the 2D topology on the
binarized MNIST data set.

• DRAW (Gregor et al., 2015): Similar to a variational autoencoder where both the
encoder and the decoder are LSTMs, guided (or not) by an attention mechanism. In
this model, both LSTMs (encoder and decoder) are composed of 256 recurrent hidden
units and always perform 64 timesteps. When the attention mechanism is enabled,
patches (2 × 2 pixels) are provided as inputs to the encoder instead of the whole image
and the decoder also produces patches (5 × 5 pixels) instead of a whole image.
• Pixel RNN (Oord et al., 2016): NADE-like model for natural images that is based
on convolutional and LSTM hidden units. This model has 7 hidden layers, each
composed of 16 units. Oord et al. (2016) proposed a novel two-dimensional LSTM,
named Diagonal BiLSTM, which is used in this model. Unlike our ConvNADE, the
ordering is fixed before training and at test time, and corresponds to a scan of the
image in a diagonal fashion starting from a corner at the top and reaching the opposite
corner at the bottom.
We compare these baselines with some NADE variants. The performance of a basic
(fixed-order, single hidden layer) NADE model is provided in Table 3 and samples are
illustrated in Figure 4. More importantly, we will focus on whether the following variants
achieve better test set performance:
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• DeepNADE: Multiple layers (1hl, 2hl, 3hl or 4hl) trained according to the orderagnostic procedure described in Section 4. Information about which inputs are masked
19
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was either provided or not (no input masks) to the model. The rectified linear
activation function was used for all hidden layers. Minibatch gradient descent was
used for training, with minibatches of size 1000. Training consisted of 200 iterations of
1000 parameter updates. Each hidden layer was pre-trained according to Algorithm 2.
We report an average of the average test log-likelihoods over ten different random
orderings.

• EoNADE: This variant is similar to DeepNADE except for the log-likelihood on
the test set, which is instead computed from an ensemble that averages predictive
probabilities over 2 or 128 orderings. To clarify, the DeepNADE results report the
typical performance of one ordering, by averaging results after taking the log, and so
do not combine the predictions of the models like EoNADE does.

• ConvNADE: Multiple convolutional layers trained according to the order-agnostic
procedure described in Section 4. The exact architecture is shown in Figure 5(a).
Information about which inputs are masked was either provided or not (no input
masks). The rectified linear activation function was used for all hidden layers. The
Adam optimizer (Kingma and Ba, 2015) was used with a learning rate of 10−4 . Early
stopping was used with a look ahead of 10 epochs, using Equation 34 to get a stochastic
estimate of the validation set average log-likelihood. An ensemble using 128 orderings
was used to compute the log-likelihood on the test set.

• ConvNADE + DeepNADE: This variant is similar to ConvNADE except for the
aggregation of a separate DeepNADE model at the end of the network. The exact
architecture is shown in Figure 5(b). The training procedure is the same as with
ConvNADE.

Algorithm 2 Pre-training of a NADE with n hidden layers on data set X.
procedure PRETRAIN(n, X)
if n = 1 then
return RANDOM-ONE-HIDDEN-LAYER-NADE
else
nade ← PRETRAIN(n − 1, X)
nade ← REMOVE-OUTPUT-LAYER(nade)
nade ← ADD-A-NEW-HIDDEN-LAYER(nade)
nade ← ADD-A-NEW-OUTPUT-LAYER(nade)
nade ← TRAIN-ALL(nade,X,iters=20)
. Train for 20 iterations.
return nade
end if
end procedure

JMLR 17(205):1-37

Table 3 presents the results obtained by models ignorant of the 2D topology, such as
the basic NADE model. Addressing the first question, we observe that the order-agnostic
version of NADE with two hidden layers is competitive with intractable generative models.
Moreover, examples of the ability of DeepNADE to solve inference tasks by marginalization
and conditional sampling are shown in Figure 6.
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Figure 6: Example of marginalization and sampling. The first column shows five examples
from the test set of the MNIST data set. The second column shows the density of
these examples when a random 10×10 pixel region is marginalized. The right-most
five columns show samples for the hollowed region. Both tasks can be done easily
with a NADE where the pixels to marginalize are at the end of the ordering.
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Figure 7: Left: samples from ConvNADE+DeepNADE trained on binarized MNIST. Right:
probabilities from which each pixel was sampled. Ancestral sampling was used
with a different random ordering for each sample.

23
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7.3.1 Low-dimensional data

We start by considering three UCI data sets (Bache and Lichman, 2013), previously used
to study the performance of other density estimators (Silva et al., 2011; Tang et al., 2012),
namely: red wine, white wine and parkinsons. These are low dimensional data sets (see
Table 5) with hard thresholds and non-linear dependencies that make it difficult to fit
mixtures of Gaussians or factor analyzers.

Following Tang et al. (2012), we eliminated discrete-valued attributes and an attribute
from every pair with a Pearson correlation coefficient greater than 0.98. We normalized each
dimension of the data by subtracting its training-subset sample mean and dividing by its
standard deviation. All results are reported on the normalized data.

We use full-covariance Gaussians and mixtures of factor analysers as baselines. Models
were compared on their log-likelihood on held-out test data. Due to the small size of the
data sets (see Table 5), we used 10-folds, using 90% of the data for training, and 10% for
testing.

We chose the hyperparameter values for each model by doing per-fold cross-validation,
using a ninth of the training data as validation data. Once the hyperparameter values
have been chosen, we train each model using all the training data (including the validation
data) and measure its performance on the 10% of held-out testing data. In order to avoid
overfitting, we stopped the training after reaching a training likelihood higher than the one
obtained on the best validation-wise iteration of the best validation run. Early stopping
was important to avoid overfitting the RNADE models. It also improved the results of the
MFAs, but to a lesser degree.

The MFA models were trained using the EM algorithm (Ghahramani and Hinton, 1996;
Verbeek, 2005). We cross-validated the number of components and factors. We also selected
the number of factors from 2, 4, . . . D, where choosing D results in a mixture of Gaussians,
and the number of components was chosen among 2, 4, . . . 50. Cross-validation selected fewer
than 50 components in every case.

We report the performance of several RNADE models using different parametric forms for
the one-dimensional conditionals: Gaussian with fixed variance (RNADE-FV), Gaussian with
variable variance (RNADE-Gaussian), sinh-arcsinh distribution (RNADE-SAS), mixture
of Gaussians (RNADE-MoG), and mixture of Laplace distributions (RNADE-MoL). All
RNADE models were trained by stochastic gradient descent, using minibatches of size 100, for
500 epochs, each epoch comprising 10 minibatches. We fixed the number of hidden units to 50,
and the non-linear activation function of the hidden units to ReLU. Three hyperparameters
were cross-validated using grid-search: the number of components on each one-dimensional
conditional (only applicable to the RNADE-MoG and RNADE-MoL models) was chosen from
{2, 5, 10, 20}, the weight-decay (used only to regularize the input to hidden weights) from
{2.0, 1.0, 0.1, 0.01, 0.001, 0}, and the learning rate from {0.1, 0.05, 0.025, 0.0125}. Learning
rates were decreased linearly to reach 0 after the last epoch.
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The results are shown in Table 6. RNADE with mixture of Gaussian conditionals was
among the statistically significant group of best models on all data sets. As shown in
Figure 8, RNADE-SAS and RNADE-MoG models are able to capture hard thresholds and
heteroscedasticity.
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Parkinsons

White wine
−13.20
−10.73
−12.50
−12.20
−11.22
−10.23
−10.38

Red wine
−13.18
−10.19
−12.29
−11.99
−9.86
−9.36
−9.46

−10.85
−1.99
−8.87
−3.47
−3.07
−0.90
−2.63

Parkinsons

7.3.2 Natural image patches

Table 6: Average test set log-likelihoods per data point for seven models on three UCI data
sets. Performances not in bold can be shown to be significantly worse than at
least one of the results in bold as per a paired t-test on the ten mean-likelihoods
(obtained from each data fold), with significance level 0.05.

Gaussian
MFA
RNADE-FV
RNADE-Gaussian
RNADE-SAS
RNADE-MoG
RNADE-MoL
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Table 5: Dimensionality and size of the UCI data sets used in Section 7.3.1
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Uria, Côté, Gregor, Murray, and Larochelle

Figure 8: Scatter plot of dimensions x7 vs x6 of the red wine data set. A thousand data
points from the data set are shown in black in all subfigures. As can be observed,
this conditional distribution p(x7 | x6 ) is heteroscedastic, skewed and has hard
thresholds. In red, a thousand samples from four RNADE models with different
one-dimensional conditional forms are shown. Top-left: In red, one thousand
samples from a RNADE-FV model. Top-right: In red, one thousand samples
from a RNADE-Gaussian model. Bottom-left: In red, one thousand samples
from a RNADE-SAS (sinh-arcsinh distribution) model. Bottom-right: In red,
one thousand samples from a RNADE-MoG model with 20 components per onedimensional conditional. The RNADE-SAS and RNADE-MoG models successfully
capture all the characteristics of the data.
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We also measured the ability of RNADE to model small patches of natural images. Following
the work of Zoran and Weiss (2011), we use 8-by-8-pixel patches of monochrome natural
images, obtained from the BSDS300 data set (Martin et al., 2001; Figure 9 gives examples).
Pixels in this data set can take a finite number of brightness values ranging from 0 to 255.
We added uniformly distributed noise between 0 and 1 to the brightness of each pixel. We
then divided by 256, making the pixels take continuous values in the range [0, 1]. Adding
noise prevents deceivingly high-likelihood solutions that assign narrow high-density spikes
around some of the possible discrete values.
We subtracted the mean pixel value from each patch. Effectively reducing the dimensionality of the data. Therefore we discarded the 64th (bottom-right) pixel, which would be
perfectly predictable and models could fit arbitrarily high densities to it. All of the results
in this section were obtained by fitting the pixels in a raster-scan order.
Experimental details follow. We trained our models by using patches randomly drawn
from 180 images in the training subset of BSDS300. We used the remaining 20 images in the
training subset as validation data. We used 1000 random patches from the validation subset
to early-stop training of RNADE. We measured the performance of each model by their
log-likelihood on one million patches drawn randomly from the test subset of 100 images
not present in the training data. Given the larger scale of this data set, hyperparameters of
the RNADE and MoG models were chosen manually using the performance of preliminary
runs on the validation data, rather than by grid search.

x7

x7

x7
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All RNADE models reported use ReLU activations for the hidden units. The RNADE
models were trained by stochastic gradient descent, using 25 data points per minibatch, for
a total of 1,000 epochs, each comprising 1,000 minibatches. The learning rate was initialized
to 0.001, and linearly decreased to reach 0 after the last epoch. Gradient momentum with
factor 0.9 was used, but initiated after the first epoch. A weight decay rate of 0.001 was
applied to the input-to-hidden weight matrix only. We found that multiplying the gradient of
the mean output parameters by the standard deviation improves results of the models with
mixture outputs5 . RNADE training was early stopped but didn’t show signs of overfitting.
Even larger models might perform better.
The MoG models were trained using 1,000 iterations of minibatch EM. At each iteration
20,000 randomly sampled data points were used in an EM update. A step was taken
from the previous parameters’ value towards the parameters resulting from the M-step:
θt = (1 − η)θt−1 + ηθEM . The step size, η, was scheduled to start at 0.1 and linearly
decreased to reach 0 after the last update. The training of the MoG was early-stopped and
also showed no signs of overfitting.
The results are shown in Table 7. We report the average log-likelihood of each model for
a million image patches from the test set. The ranking of RNADE models is maintained
when ordered by validation likelihood: the model with best test-likelihood would have been
chosen using crossvalidation across all the RNADE models shown in the table. We also
compared RNADE with a MoG trained by Zoran and Weiss (downloaded from Daniel
Zoran’s website) from which we removed the 64th row and column of each covariance matrix.
There are two differences in the set-up of our experiments and those of Zoran and Weiss.
First, we learned the means of the MoG components, while Zoran and Weiss (2011) fixed
them to zero. Second, we held-out 20 images from the training set to do early-stopping and
hyperparameter optimisation, while they used the 200 images for training.
The RNADE-FV model with fixed conditional variances obtained very low statistical
performance. Adding an output parameter per dimension to have variable standard deviations
made our models competitive with MoG with 100 full-covariance components. However, in
order to obtain results superior to the mixture of Gaussians model trained by Zoran and
Weiss, we had to use richer conditional distributions: one-dimensional mixtures of Gaussians
(RNADE-MoG). On average, the best RNADE model obtained 3.3 nats per patch higher
log-density than a MoG fitted with the same training data.
In Figure 9, we show one hundred examples from the test set, one hundred examples from
Zoran and Weiss’ mixture of Gaussians, and a hundred samples from our best RNADE-MoG
model. Similar patterns can be observed in the three cases: uniform patches, edges, and
locally smooth noisy patches.
7.3.3 Speech acoustics
We also measured the ability of RNADE to model small patches of speech spectrograms,
extracted from the TIMIT data set (Garofolo et al., 1993). The patches contained 11 frames
of 20 filter-banks plus energy; totalling 231 dimensions per data point. A good generative
model of speech acoustics could be used, for example, in denoising, or speech detection tasks.
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5. Empirically, we found this to work better than regular gradients and also better than multiplying by the
variances, which would provide a step with the right units.
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Test log-likelihood
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Model

152.8
144.7
150.4
150.4

K = 200 (Zoran and Weiss, 2012)a
K = 100
K = 200
K = 300

149.5
150.3
152.4
152.7
153.5
153.7

MoG
MoG
MoG
MoG

K = 2 h = 512
K = 2 h = 1024
K = 5 h = 512
K = 5 h = 1024
K = 10 h = 512
K = 10 h = 1024

149.3
150.1
151.5
151.4
152.3
152.5

100.3
143.9
145.9
148.5
RNADE-MoG
RNADE-MoG
RNADE-MoG
RNADE-MoG
RNADE-MoG
RNADE-MoG

K = 2 h = 512
K = 2 h = 1024
K = 5 h = 512
K = 5 h = 1024
K = 10 h = 512
K = 10 h = 1024

RNADE-FV h = 512
RNADE-Gaussian h = 512
RNADE-Laplace h = 512
RNADE-SASb h = 512

RNADE-MoL
RNADE-MoL
RNADE-MoL
RNADE-MoL
RNADE-MoL
RNADE-MoL

Table 7: Average per-example log-likelihood of several mixture of Gaussian and RNADE
models on 8×8 pixel patches of natural images. These results are reported in nats
and were calculated using one million patches. Standard errors due to the finite test
sample size are lower than 0.1 nats in every case. h indicates the number of hidden
units in the RNADE models, and K the number of one-dimensional components for
each conditional in RNADE or the number of full-covariance components for MoG.
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a. This model was trained using the full 200 images in the BSDS training data set, the rest of the models
were trained using 180, reserving 20 for hyperparameter crossvalidation and early-stopping.
b. Training an RNADE with sinh-arcsinh conditionals required the use of a starting learning rate 20 times
smaller to avoid divergence during training. For this reason, this model was trained for 2000 epochs.
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Figure 9: Top: 100 8×8 patches from the BSDS test set. Center: 100 samples from
a mixture of Gaussians with 200 full-covariance components. Bottom: 100
samples from an RNADE with 1024 hidden units and 10 Gaussian components
per conditional. All data and samples were drawn randomly and sorted by their
density under the RNADE.
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110.4
112.0
112.5
112.5
110.6
108.6
119.2
121.1
124.3
127.8
116.3
120.5
123.3

N = 50
N = 100
N = 200
N = 300

MoG
MoG
MoG
MoG
RNADE-Gaussian
RNADE-Laplace
RNADE-SAS
RNADE-MoG K = 2
RNADE-MoG K = 5
RNADE-MoG K = 10
RNADE-MoL K = 2
RNADE-MoL K = 5
RNADE-MoL K = 10
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We fitted the models using the standard TIMIT training subset, which includes recordings
from 605 speakers of American English. We compare RNADE with a mixture of Gaussians
by measuring their log-likelihood on the complete TIMIT core-test data set: a held-out set
of 25 speakers.
The RNADE models have 512 hidden units, ReLU activations, and a mixture of 20
one-dimensional Gaussian components per output. Given the large scale of this data set,
hyperparameter choices were again made manually using validation data. The same training
procedures for RNADE and mixture of Gaussians were used as for natural image patches.
The RNADE models were trained by stochastic gradient descent, with 25 data points
per minibatch, for a total of 200 epochs, each comprising 1,000 minibatches. The learning
rate was initialized to 0.001 and linearly decreased to reach 0 after the last epoch. Gradient
momentum with momentum factor 0.9 was used, but initiated after the first epoch. A weight
decay rate of 0.001 was applied to the input-to-hidden weight matrix only. Again, we found
that multiplying the gradient of the mean output parameters by the standard deviation
improved results. RNADE training was early stopped but didn’t show signs of overfitting.
As for the MoG model, it was trained exactly as in Section 7.3.2.
The results are shown in Table 8. The best RNADE (which would have been selected
based on validation results) has 15 nats higher likelihood per test example than the best
mixture of Gaussians. Examples from the test set, and samples from the MoG and RNADEMoG models are shown in Figure 10. In contrast with the log-likelihood measure, there are
no marked differences between the samples from each model. Both sets of samples look like
blurred spectrograms, but RNADE seems to capture sharper formant structures (peaks of
energy at the lower frequency bands characteristic of vowel sounds).

Table 8: Log-likelihood of several MoG and RNADE models on the core-test set of TIMIT
measured in nats. Standard errors due to the finite test sample size are lower than
0.4 nats in every case. RNADE obtained a higher (better) log-likelihood.

Test LogL

Model
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Figure 10: Top: 60 data points from the TIMIT core-test set. Center: 60 samples from a
MoG model with 200 components. Bottom: 60 samples from an RNADE with
10 Gaussian output components per dimension. For each data point displayed,
time is shown on the horizontal axis, the bottom row displays the energy feature,
while the others display the Mel filter bank features (in ascending frequency
order from the bottom). All data and samples were drawn randomly and sorted
by density under the RNADE model.
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8. Conclusion
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We’ve described the Neural Autoregressive Distribution Estimator, a tractable, flexible
and competitive alternative to directed and undirected graphical models for unsupervised
distribution estimation.
Since the publication of the first formulation of NADE (Larochelle and Murray, 2011),
it has been extended to many more settings, other than those described in this paper.
Larochelle and Lauly (2012); Zheng et al. (2015b) adapted NADE for topic modeling of
documents and images, while Boulanger-Lewandowski et al. (2012) used NADE for modeling
music sequential data. Theis and Bethge (2015) and Oord et al. (2016) proposed different
NADE models for images than the one we presented, applied to natural images and based
on convolutional and LSTM hidden units. Zheng et al. (2015a) used a NADE model to
integrate an attention mechanism into an image classifier. Bornschein and Bengio (2015)
showed that NADE could serve as a powerful prior over the latent state of directed graphical
model. These are just a few examples of many possible ways one can leverage the flexibility
and effectiveness of NADE models.
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Uria, Côté, Gregor, Murray, and Larochelle

36

JMLR 17(205):1-37

The Theano Development Team, Rami Al-Rfou, Guillaume Alain, Amjad Almahairi, Christof
Angermueller, Dzmitry Bahdanau, Nicolas Ballas, Frédéric Bastien, Justin Bayer, Anatoly
Belikov, et al. Theano: A python framework for fast computation of mathematical
expressions. arXiv preprint arXiv:1605.02688, 2016.

Yichuan Tang, Ruslan Salakhutdinov, and Geoffrey E. Hinton. Deep mixtures of factor
analysers. In Proceedings of the 29th International Conference on Machine Learning,
pages 505–512. Omnipress, 2012.

Jost Tobias Springenberg, Alexey Dosovitskiy, Thomas Brox, and Martin Riedmiller. Striving
for simplicity: the all convolutional net. In Proceedings of the 3rd International Conference
on Learning Representations. arXiv:1412.6806v3, 2015.

Jascha Sohl-Dickstein, Peter Battaglino, and Michael R. DeWeese. Minimum probability
flow learning. In Proceedings of the 28th International Conference on Machine Learning,
pages 905–912. Omnipress, 2011.

Padhraic Smyth and David Wolpert. Linearly combining density estimators via stacking.
Machine Learning, 36(1-2):59–83, 1999.

Paul Smolensky. Information processing in dynamical systems: Foundations of harmony
theory. In D.E. Rumelhart and J.L. McClelland, editors, Parallel Distributed Processing:
Volume 1: Foundations, volume 1, chapter 6, pages 194–281. MIT Press, Cambridge, 1986.

Ricardo Silva, Charles Blundell, and Yee Whye Teh. Mixed cumulative distribution networks.
Proceedings of the 14th International Conference on Artificial Intelligence and Statistics,
JMLR W&CP, 15:670–678, 2011.

Ruslan Salakhutdinov and Iain Murray. On the quantitative analysis of deep belief networks.
In Proceedings of the 25th International Conference on Machine Learning, pages 872–879.
Omnipress, 2008.

Ruslan Salakhutdinov and Hugo Larochelle. Efficient learning of deep Boltzmann machines.
Proceedings of the 13th International Conference on Artificial Intelligence and Statistics,
JMLR W&CP, 9:693–700, 2010.

Ruslan Salakhutdinov and Geoffrey E. Hinton. Deep Boltzmann machines. Proceedings
of the Twelfth International Conference on Artificial Intelligence and Statistics, JMLR
W&CP, 5:448–455, 2009.

Hugo Larochelle and Iain Murray. The neural autoregressive distribution estimator. Proceedings of the 14th International Conference on Artificial Intelligence and Statistics, JMLR
W&CP, 15:29–37, 2011.
Yann LeCun, Yoshua Bengio, and Geoffrey E. Hinton. Deep learning. Nature, 521(7553):
436–444, 2015.
Yujia Li, Kevin Swersky, and Richard S. Zemel. Generative moment matching networks.
Proceedings of the 32nd International Conference on Machine Learning, JMLR W&CP,
37:1718–1727, 2015.
Benjamin Marlin, Kevin Swersky, Bo Chen, and Nando de Freitas. Inductive principles for
restricted Boltzmann machine learning. In Proceedings of the Thirteenth International
Conference on Artificial Intelligence and Statistics, 2010.
D. Martin, C. Fowlkes, D. Tal, and J. Malik. A database of human segmented natural
images and its application to evaluating segmentation algorithms and measuring ecological
statistics. In International Conference on Computer Vision, volume 2, pages 416–423.
IEEE, July 2001.
Grégoire Montavon and Klaus-Robert Müller. Deep Boltzmann machines and the centering
trick. In Neural Networks: Tricks of the Trade, Second Edition, pages 621–637. Springer,
2012.
Radford M. Neal. Connectionist learning of belief networks. Artificial Intelligence, 56:71–113,
1992.
Jiquan Ngiam, Zhenghao Chen, Pang Wei Koh, and Andrew Y. Ng. Learning deep energy
models. In Proceedings of the 28th International Conference on Machine Learning, pages
1105–1112. Omnipress, 2011.
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Theorem 1 Let f be a function of class C 3 . Let (x(t) : t ≥ 0) denote the flow line of f
starting at x0 and ending at an isolated local maximum x? of f . Let (x` ) be the sequence
defined in (6) starting at x0 . Then there exists A = A(x0 , f ) > 0 such that, whenever

Our recent work (Arias-Castro et al., 2016) established the convergence of the mean
shift algorithm under relatively general conditions. After the publication of this article,
Prof. Jose E. Chacón — who has worked on the topic (Chacón and Monfort, 2013; Chacón
and Duong, 2013) — alerted us of a mistake in the proof of the first part of our Theorem 1.
The mistake is in the display following Eq. (32), where we applied the triangle inequality
to the squared Euclidean distance, which of course is incorrect in general.
It turns out that the mistake has a simple and short fix, which we detail below. This
relatively minor mistake would not warrant an errata, except that the same mistake has
been made before by others also working on the convergence of the mean shift algorithm,
including Comaniciu and Meer (2002), as revealed in (Li et al., 2007; Ghassabeh, 2015).
(Prof. Chacón also provided these last two references.)
Below is a slightly modified statement of our Theorem 1 with the additional assumption
that the end point x? of the flow line is an isolated local maximum, meaning that for all
 > 0 small enough B (x? , ) contains no local maximum other than x? . Since f is also
assumed of class C 3 , this is equivalent to assuming that for all  > 0 small enough, B (x? , )
contains only one critical point of f , namely x? , and f (x? ) > f (x) for all x ∈ B (x? , ) such
that x 6= x? .
The equations numbered (xx) refers to the original paper, while equations numbered
(R.xx) are new to this note.
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lim x` = x? .

`→+∞

∀t ∈ [(` − 1)a, `a).

δ :=

ν
.
ν+ν

C(η) = C (x∗ , η) ,

2

c (η) = {y : f (y) = f (x∗ ) − η, y ∈ C (x∗ , η)} .

To see this, for any η > 0 small, denote the contour set

C (x∗ , η) ⊂ B (x∗ , ) .
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(R.2)

that contains x∗ .
Claim A. Let y ∗ be such that f (y ∗ ) = f (x∗ ), but y ∗ 6= x∗ . For all η > 0 small
enough y ∗ ∈C
/ (x∗ , η). Choose such a y ∗ . Since x∗ is an isolated local maximum, for all
 > 0 small enough, y ∗ ∈
/ B (x∗ , ) and for some η > 0, f (y) < f (x∗ ) − η for all y ∈
B (x∗ , ) − B (x∗ , /2) . Note that η > 0 can be chosen as small as desired by choosing  > 0
small enough. Suppose y ∗ ∈ C (x∗ , η ), then since C (x∗ , η ) is connected and x∗ ∈ C (x∗ , η )
∗
there is a continuous path lying inside C (x∗ , η ) joining x∗ and
 y . Such a path would have
to pass through a point y ∈ C (x∗ , η )∩ B (x∗ , ) − B (x∗ , /2) for which f (y) < f (x∗ )−η .
This cannot happen, since y ∈ C (x∗ , η ) forces f (x∗ ) − η ≤ f (y). Hence for all for all η > 0
small enough y ∗ ∈
/ C (x∗ , η) .
Claim B. For all η > 0 small enough C (x∗ , η) contains only one critical point of f .
Towards proving this we shall first show that for all  > 0 there exists an η > 0 such that

{y : f (x∗ ) − η ≤ f (y) ≤ f (x∗ )}

(R.1)

For any η > 0, denote by C(η) the connected component of Lf (f (x? ) − η) that contains
Notice that since x? is a local maximum, for all η > 0 small enough

where C (x∗ , η) be the connected component of

x? .

The rest of this note is dedicated to a corrected proof of the first part of this theorem.
Claims 1 and 2 refer to the first two claims in the original published proof of Theorem 1.
(Note that in the proof of Claim 1, we can assume without loss of generality that f (x) > 0
over B(x0 , 3r0 ). Also notice that x0 is not a global minimum of f since x0 is not a critical
point of f and f is C 3 .) In the published proof of Theorem 1, the second claim on page 15
should be removed.
Now replace the claim on page 16 by the following definition, observation and Claims
A, B and C:

t≥0

sup kxa (t) − x(t)k ≤ Caδ ,

Assume Hf
has all eigenvalues in (−ν, −ν) for some 0 < ν < ν. Then, there exists a
C = C(x0 , f, ν, ν) > 0 such that, for any 0 < a < A,

(x? )

xa (t) = x`−1 + (t/a − ` + 1)(x` − x`−1 ),

Denote by xa (t) the following polygonal line

0 < a < A,

Arias-Castro, Mason and Pelletier
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Note that each contour set c (η) is closed and hence is compact. (To see this, by Claim
1, we may assume that L(f (x0 )) is bounded and thus compact. Therefore, since c (η) ⊂
C (x∗ , η) ⊂ L(f (x0 )), c (η) is compact.)
Since c 2−k is compact, for each k ≥ 1 large

enough there exists a xk ∈ c 2−k such that
n

o
rk := sup ky − x∗ k : y ∈ c 2−k
= kxk − x∗ k .

Observe that since f (xk ) → f (x∗ ) and x∗ is isolated, necessarily by a compactness argument, xk → x∗ . To see this, suppose that for some subsequence yj of xk we have yj → y ∗ .
Necessarily f (y ∗ ) = f (x∗ ) and y ∗ ∈ C (x∗ , η) for all η > 0. However by Claim A, necessarily
y ∗ = x∗ . Thus xk → x∗ , which implies rk → 0. Noting that for all large k


C x∗ , 2−k ⊂ B (x∗ , rk ) ,
we see that for all  > 0 there exists an η > 0 such that (R.2) holds. Therefore, since for all
small enough  > 0, B (x∗ , ) contains only one critical point of f , we get that for all η > 0
small enough C (x∗ , η) contains only one critical point of f .
Claim C. (x` ) converges to x? . By Claim B and (R.1), there exists η0 > 0 small enough
such that C(η0 ) contains no critical point of f other than x? . Moreover since f is C 3 , there
exists  > 0 such that B̄(x? , ) ⊂ C(η0 ). Let ` be such that kx(t` ) − x? k ≤ /2 and let a
be such that
h
i
√
e` a κ2 d − 1 κ1 a = /2.
Assume now that a ≤ A1 ∧ a , where A1 is defined in (31). Then, by (33) and the triangle
inequality,
kx` − x? k ≤ kx` − x(t` )k + kx(t` ) − x? k ≤ .

a
k∇f (x` )k2 ,
2
lim k∇f (x` )k = 0.

f (x`+1 ) − f (x` ) ≥

Thus, x` belongs to B̄(x? , ), and so to C(η0 ). By Claim 2 the values of f are increasing
along the polygonal curve xa , so x` belongs to C(η0 ) for all ` ≥ ` .
Since the sequence (f (x` ) : ` ≥ 0) is increasing and bounded, it is convergent and since

we deduce that
`→∞

Recall that by Claim 1 we can assume that L(f (x0 )) is bounded in which case C(η0 ) is
compact. Then we conclude that (x` ) is convergent with x` → x? by continuity of the
gradient of f and the fact that x? is the only critical point of f in C(η0 ).
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where 1 is an n-vector of ones and the regularisation parameter λ controls the relative
contribution of the penalty term to the objective. The many extensions of the Lasso allow
most familiar models from classical (low-dimensional) statistics to now be fitted in situations
where the number of variables p may be tens of thousands and even greatly exceed the
number of observations n (see the monograph Bühlmann and van de Geer (2011b) and
references therein).

(µ,β)∈R×Rp

1
kY − µ1 − Xβk22 + λkβk1 },
(µ̂, β̂) := arg min { 2n

In recent years, there has been a lot of progress in the field of high-dimensional regression.
Much of the development has centred around the Lasso (Tibshirani, 1996), which given a
vector of responses Y ∈ Rn and design matrix X ∈ Rn×p , solves

1. Introduction

We study the problem of high-dimensional regression when there may be interacting variables. Approaches using sparsity-inducing penalty functions such as the Lasso can be
useful for producing interpretable models. However, when the number variables runs into
the thousands, and so even two-way interactions number in the millions, these methods
may become computationally infeasible. Typically variable screening based on model fits
using only main effects must be performed first. One problem with screening is that important variables may be missed if they are only useful for prediction when certain interaction
terms are also present in the model.
To tackle this issue, we introduce a new method we call Backtracking. It can be
incorporated into many existing high-dimensional methods based on penalty functions,
and works by building increasing sets of candidate interactions iteratively. Models fitted
on the main effects and interactions selected early on in this process guide the selection
of future interactions. By also making use of previous fits for computation, as well as
performing calculations is parallel, the overall run-time of the algorithm can be greatly
reduced.
The effectiveness of our method when applied to regression and classification problems
is demonstrated on simulated and real data sets. In the case of using Backtracking with
the Lasso, we also give some theoretical support for our procedure.
Keywords: high-dimensional data, interactions, Lasso, path algorithm
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For situations where p < 1000 or thereabouts and the case of two-way interactions, a lot
of work has been done in recent years to address this need. To tackle (i), many of the
proposals use penalty functions and constraints designed to enforce that if an interaction
term is in the fitted model, one or both main effects are also present (Lin and Zhang, 2006;
Zhao et al., 2009; Yuan et al., 2009; Radchenko and James, 2010; Jenatton et al., 2011;
Bach et al., 2012a,b; Bien et al., 2013; Lim and Hastie, 2015; Haris et al., 2015). See also
Turlach (2004) and Yuan et al. (2007), which consider modifications of the LAR algorithm
Efron et al. (2004) that impose this type of condition.
In the moderate-dimensional setting that these methods are designed for, the computational issue (ii) is just about manageable. However, when p is larger—the situation of
interest in this paper—it typically becomes necessary to narrow the search for interactions.
Comparatively little work has been done on fitting models with interactions to data of
this sort of dimension. An exception is the method of Random Intersection Trees (Shah
and Meinshausen, 2014), which does not explicitly restrict the search space of interactions.
However this is designed for a classification setting with a binary predictor matrix and does
not fit a model but rather tries to find interactions that are marginally informative.
One option is to screen for important variables and only consider interactions involving
the selected set. Wu et al. (2010) and others take this approach: the Lasso is first used
to select main effects; then interactions between the selected main effects are added to the
design matrix, and the Lasso is run once more to give the final model.
The success of this method relies on all main effects involved in interactions being selected in the initial screening stage. However, this may well not happen. Certain interactions
may need to be included in the model before some main effects can be selected. To address
this issue, Bickel et al. (2010) propose a procedure involving sequential Lasso fits which, for
some predefined number K, selects K variables from each fit and then adds all interactions
between those variables as candidate variables for the following fit. The process continues
until all interactions to be added are already present. However, it is not clear how one
should choose K: a large K may result in a large number of spurious interactions being
added at each stage, whereas a small K could cause the procedure to terminate before it
has had a chance to include important interactions.
Rather than adding interactions in one or more distinct stages, when variables are
selected in a greedy fashion, the set of candidate interactions can be updated after each
selection. This dynamic updating of interactions available for selection is present in the
popular MARS procedure of Friedman (1991). One potential problem with this approach

1.1 Related Work

(ii) Monitoring the coefficients of all the interaction terms quickly becomes infeasible as p
runs into the thousands.

(i) Since there are p(p − 1)/2 possible first-order interactions, the main effects can be
swamped by the vastly more numerous interaction terms and without proper regularisation, stand little chance of being selected in the final model (see Figure 1b).

However, despite the advances, fitting models with interactions remains a challenge.
Two issues that arise are:

Shah
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is that particularly in high-dimensional situations, overly greedy selection can sometimes
produce unstable final models and predictive performance can suffer as a consequence.
The iFORT method of Hao and Zhang (2014) applies forward selection to a dynamically
updated set of candidate interactions and main effects, for the purposes of variable screening.
In this work, we propose a new method we call Backtracking, for incorporating a similar
model building strategy to that of MARS and iFORT into methods based on sparsityinducing penalty functions. Though greedy forward selection methods often work well,
penalty function-based methods such as the Lasso can be more stable (see Efron et al.
(2004)) and offer a useful alternative.
1.2 Outline of the Idea
When used with the Lasso, Backtracking begins by computing the Lasso solution path,
decreasing λ from ∞. A second solution path, P2 , is then produced, where the design matrix
contains all main effects, and also the interaction between the first two active variables in
the initial path. Continuing iteratively, subsequent solution paths P3 , . . . , PT are computed
where the set of main effects and interactions in the design matrix for the kth path is
determined based on the previous path Pk−1 . Thus if in the third path, a key interaction
was included and so variable selection was then more accurate, the selection of interactions
for all future paths would benefit. In this way information is used as soon as it is available,
rather than at discrete stages as with the method of Bickel et al. (2010). In addition,
if all important interactions have already been included by P3 , we have a solution path
unhindered by the addition of further spurious interactions.
It may seem that a drawback of our proposed approach is that the computational cost
of producing all T solution paths will usually be unacceptably large. However, computation
of the full collection of solution paths is typically very fast. This is because rather than
computing each of the solution paths from scratch, for each new solution path Pk+1 , we first
track along the previous path Pk to find where Pk+1 departs from Pk . This is the origin of
the name Backtracking. Typically, checking whether a given trial solution is on a solution
path requires much less computation than calculating the solution path itself, and so this
Backtracking step is rather quick. Furthermore, when the solution paths do separate, the
tail portions of the paths can be computed in parallel.
An R (R Development Core Team, 2005) package for the method is available on the
author’s website.

2. Motivation

j=1

6
X

Shah

βj Xij + β7 Xi1 Xi2 + β8 Xi3 Xi4 + β9 Xi5 Xi6 + εi ,

εi ∼ N (0, σ 2 ),

i = 1, . . . , n. (2)

In this section we introduce a toy example where approaches that select candidate interactions based on selected main effects will tend to perform poorly. We consider a linear model
with interactions involving a design matrix X ∈ Rn×p with n = 200, p = 500 and where
Yi =

We take X with i.i.d. rows having a distribution such that Xi5 is uncorrelated with {Xij :
j 6= 5}. We then choose β1 , . . . , β9 in such a way that Xi5 is also uncorrelated with the
response yet β5 6= 0. The precise construction is detailed in the appendix.
In order to select variable 5 using that Lasso, we would need to have already selected
some important interactions. Thus if we first select important main effects using the Lasso,
for example, it is very unlikely that variable 5 will be selected. Then if we add all two-way
interactions between the selected variables and fit the Lasso once more, the interaction
between variables 5 and 6 will not be included. Of course, one can again add interactions
between selected variables and compute another Lasso fit, and then there is a chance the
interaction will be selected. Thus it is very likely that at least three Lasso fits will be needed
in order to select the right variables.
Figure 1a shows the result of applying the Lasso to data generated according to (2), σ
chosen to give a signal-to-noise ratio (SNR) of 4, and

β = (−1.25, −0.75, 0.75, −0.5, −2, 1.5, 2, 2, 1)T .

As expected, we see variable 5 is nowhere to be seen and instead many unwanted variables
are selected as λ is decreased. Figure 1b illustrates the effect of including all p(p − 1)/2
possible interactions in the design matrix. Even in our rather moderate-dimensional situation, we are not able to recover the true signal. Though all the true interaction terms are
selected, now neither variable 4 nor variable 5 are present in the solution paths and many
false interactions are selected.
Although this example is rather contrived, it illustrates how sometimes the right interactions need to be augmented to the design matrix in order for certain variables to be
selected. Even when interactions are only present if the corresponding main effects are too,
main effects can be missed by a procedure that does not consider interactions. In fact, we
can see the same phenomenon occurring when the design matrix has i.i.d. Gaussian entries
(see Section 5.1). Thus multiple Lasso fits might be needed to have any chance of selecting
the right model.
This raises the question of which tuning parameters to use in the multiple Lasso fits.
One option, which we shall refer to as the iterated Lasso, is to select tuning parameters
by cross-validation each time. A drawback of this approach, though, is that the number of
interactions to add can be quite large if cross-validation chooses a large active set. This is
often the case when the presence of interactions makes some important main effects hard to
distinguish from noise variables in the initial Lasso fit. Then cross-validation may choose a
low λ in order to try to select those variables, but this would result in many noise variables
also being included in the active set.
1.3 Organisation of the Paper
The rest of the paper is organised as follows. In Section 2 we describe an example which
provides some motivation for our Backtracking method. In Section 3 we develop our method
in the context of the Lasso for the linear model. In Section 4, we describe how our method
can be extended beyond the case of the Lasso for the linear model. In Section 5 we report
the results of some simulation experiments and real data analyses that demonstrate the
effectiveness of Backtracking. Finally, in Section 6, we present some theoretical results
which aim to give a deeper understanding of the way in which Backtracking works. Proofs
are collected in the appendix.
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As well as a base regression procedure, the other key ingredient that Backtracking requires is
a way of suggesting candidate interactions based on selected main effects, or more generally
a way of suggesting higher-order interactions based on lower-order interactions. In order
to discuss this and present our algorithm, we first introduce some notation concerning
interactions.
Let X be the original n × p design matrix, with no interactions. In order to consider
interactions in our models, rather than indexing variables by a single number j, we use
subsets of {1, . . . , p}. Thus by variable {1, 2}, we mean the interaction between variables 1
and 2, or in our new notation, variables {1} and {2}. When referring to main effects {j}
however, we will often omit the braces. As we are using the Lasso as the base regression
procedure here, interaction {1, 2} will be the componentwise product of the first two columns
of X. We will write Xv ∈ Rn for variable v.
The choice of whether and how to scale and centre interactions and main effects can be
a rather delicate one, where domain knowledge may play a key role. In this work, we will
√
centre all main effects, and scale them to have `2 -norm n. The interactions will be created
using these centred and scaled main effects, and they themselves will also be centred and
√
scaled to have `2 -norm n.
For C a set of subsets of {1, . . . , p} we can form a modified design matrix XC , where
the columns of XC are given by the variables in C, centred and scaled as described above.
Thus C is the set of candidate variables available for selection when design matrix XC is
used. This subsetting operation will always be taken to have been performed before any
further operations on the matrix, so in particular XTC means (XC )T .
We will consider all associated vectors and matrices as indexed by variables, so we may
speak of component {1, 2} of β, denoted β{1,2} , if β were multiplying a design matrix which
included {1, 2}. Further, for any collection of variables A, we will write β A for the subvector
whose components are those indexed by A. To represent an arbitrary variable which may
be an interaction, we shall often use v or u and reserve j to index main effects.

3.1 A Naive Algorithm

In this section we introduce a version of the Backtracking algorithm applied to the Lasso (1).
First, we present a naive version of the algorithm, which is easy to understand. Later in Section 3.2, we show that this algorithm performs a large number of unnecessary calculations,
and we give a far more efficient version.

3. Backtracking with the Lasso

We take an alternative approach here and include suspected interactions in the design
matrix as soon as possible. That is, if we progress along the solution path from λ = ∞, and
two variables enter the model, we immediately add their interaction to the design matrix
and start computing the Lasso again. We could now disregard the original path, but there
is little to lose, and possibly much to gain, in continuing the original path in parallel with
the new one. We can then repeat this process, adding new interactions when necessary, and
restarting the Lasso, whilst still continuing all previous paths in parallel. We show in the
next section how computation can be made very fast since many of these solution paths
will share the same initial portions.
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1
2
3
4

(d) Step 4: {1, 3}, {2, 3}, {3, 6}.
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Figure 1: For data generated as described in Section 2, the coefficient paths against λ
of the Lasso with main effects only, (a); the Lasso with all interactions added,
(b); and Backtracking with k = 3, . . . , 6, ((c)–(d)); when applied to the example
in Section 2. Below the Backtracking solution paths we give Ck \ Ck−1 : the
interactions which have been added in the current step. The solid red, green,
yellow, blue, cyan and magenta lines trace the coefficients of variables 1, . . . , 6
respectively, with the alternately coloured lines representing the corresponding
interactions. The dotted blue and red coefficient paths indicate noise main effect
(‘NM’) and interaction (‘NI’) terms respectively. Vertical dotted black and dashed
grey lines give the values of λstart
and λadd
respectively.
k
k

(e) Step 5: {1, 4}, {2, 4}, {3, 4}, {4, 6}.

1
2
3
4

(c) Step 3: {1, 2}, {2, 6}. {1, 6} added in step 2.

(a) Main effects only

1
2
3
4

Modelling Interactions

We include it at this stage though to aid with the presentation of an improved version of
the algorithm where λkstart in general takes values other than λ1 . We note that the final step
of completing the solution paths can be carried out as the initial paths are being created,
rather than once all initial paths have been created. Though here the algorithm can include
three-way or even higher order interactions, it is straightforward to restrict the possible
interactions to be added to first-order interactions, for example.
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T
1
n kXCk+1 \Ck (Y

for β̂v 6= 0

for β̂v = 0.

= λsgn(β̂v )

≤λ

β̂ Ck (λ, Ck+1 ) = β̂(λ, Ck ).

− XCk β̂(λ, Ck ))k∞ ≤ λ,

β̂ Ck+1 \Ck (λ, Ck+1 ) = 0,

(4)

(3)

(5)

3a. Find the smallest λ1 ≥ λl ≥ λkadd such that (5) holds with λ = λl and set this to be
start . If no such λ exists, set λstart to be λ .
λk+1
1
l
k+1

Thus given solution path Pk , we can attempt to find the smallest λl such that (5) holds.
Up to that point then, path Pk+1 will coincide with Pk and so those Lasso solutions need
not be re-computed. Note that verifying (5) is a computationally simple task requiring only
O(|Ck+1 \ Ck |n) operations.
Our final Backtracking algorithm therefore replaces step 3 of Algorithm 1 with the
following:

then

Note the µ̂XvT 1 term vanishes as the columns of XC are centred.
We see that if for some λ

1 T
n Xv (Y − XC β̂)
T
1
n |Xv (Y − XC β̂)|

The process of performing multiple Lasso fits is computationally cumbersome, and an immediate gain in efficiency can be realised by noticing that the final collection of solution
paths is in fact a tree of solutions: many of the solution paths computed will share the same
initial portions.
To discuss this, we first recall the KKT conditions for the Lasso dictate that β̂ is a
solution to (1) when the design matrix is XC if and only if

3.2 An Improved Algorithm

We will often need to express the dependence of the Lasso solution β̂ (1) on the tuning
parameter λ and the design matrix used. We shall write β̂(λ, C) when XC is the design
matrix. We will denote the set of active components of a solution β̂ by A(β̂) = {v : β̂v 6= 0}.
We now introduce a function I that given a set of variables A, suggests a set of interactions to add to the design matrix. The choice of I we use here is as follows:
I(A) = {v ⊆ {1, . . . , p} : for all u ( v, u 6= ∅, u ∈ A}.
In other words, I(A) is the set of variables not in A, all of whose corresponding lower
order interactions are present in A. To ease notation, when A contains only main effects j1 , . . . , js , we will write I(j1 , . . . , js ) = I(A). For example, I(1, 2) = {{1, 2}}, and
I(1, 2, 3) = {{1, 2}, {2, 3}, {1, 3}}. Note {1, 2, 3} ∈
/ I(1, 2, 3) as the lower order interaction
{1, 2} of {1, 2, 3} is not in {{1}, {2}, {3}}, for example. Other choices for I can be made,
and we discuss some further possibilities in Section 4.
Backtracking relies on a path algorithm for computing the Lasso on a grid of λ values
λ1 > · · · λL . Several algorithms are available and coordinate descent methods (Friedman
et al., 2010) appears to work well in practice.
We are now in a position to introduce a naive version of our Backtracking algorithm
applied to the Lasso (Algorithm 1). We will assume that the response Y is centred in
addition to the design matrix, so no intercept term is necessary.
Algorithm 1 A naive version of Backtracking with the Lasso
Set T to be the (given) maximum number of candidate interaction sets to generate. Let the
initial candidate set consist of just main effects: C1 = {{1}, . . . , {p}}. Set the index for the
candidate sets k = 1. Let λ1start = λ1 , the largest λ value on the grid. In the steps which
follow, we maintain a record of the set of variables which have been non-zero at any point
in the algorithm up to the current point (an “ever active set”, A).
1. Compute the solution path of the Lasso with candidate set Ck from λkstart onwards
until the ever active set A has I(A) * Ck (if the smallest λ value on the grid is reached
then go to 5). Let the λ value where this occurs be λkadd . We will refer to this solution
path as Pk .
2. Set Ck+1 = Ck ∪ I(A) so the next candidate set contains all interactions between
variables in the ever active set.
start = λ .
3. Set λk+1
1

4. Increment k. If k > T go to 5, otherwise go back to 1.

Figures 1c–1f show steps 3–6 (i.e. k = 3, . . . , 6) of Backtracking applied to the example
described in Section 2. Note that Figure 1a is in fact step 1. Step 2 is not shown as the
plot looks identical to that in Figure 1a. We see that when k = 6, we have a solution path
where all the true variable and interaction terms are active before any noise variables enter
the coefficient plots.
We can further speed up the algorithm by first checking if Pk coincides with Pk+1 at
λkadd . If not, we can perform a bisection search to find any point where Pk and Pk+1 agree,
but after which they disagree. This avoids checking (5) for every λl up to λkadd . We will
work with the simpler version of Backtracking here using step 3a, but use this faster version
in our implementation.
5. For each k complete the solution path Pk by continuing it until λ = λL . Computing
these final pieces of the solution paths can be done in parallel.
The algorithm computes Lasso solution paths whose corresponding design matrices include interactions chosen based on previous paths. The quantity λkadd records the value
of λ at which interaction terms were added to the set of candidates Ck . Here λkstart is a
redundant quantity and can be replaced everywhere with λ1 to give the same algorithm.
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j=1

J
X

YjT (µj 1+XC β j )− n1 1T
j=1

v∈C



J
X
X

log
k(β T )v k2 .
exp(µj 1 + XC β j +λ

T

v∈∂l (I)

X

kβ {v}∪(∂u ({v})∩I) kγ + λkβ I k1 ,

4.3 Nonlinear Models

The form of this penalty forces interactions to enter the active set only after or with their
corresponding main effects.
The KKT conditions for this optimisation take a more complicated form than those
for the Lasso. Nevertheless, checking they hold for a trial solution is an easier task than
computing a solution.

|β4 | + k(β1 , β{1,2} )T kγ + k(β2 , β{1,2} , β{2,3} )T kγ + k(β3 , β{2,3} )T kγ + |β{1,2} | + |β{2,3} |.

T

− ΠT (µ̂, β̂; XC )}Xv k2 ≤ λ

v∈D\C

T
1
n k{Y

T

for (β̂ )v = 0.

k(β̂ )v k2

T

T
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T

for (β̂ )v 6= 0,

− µ1 − XC βk22 + λkβ C1 \∂l (I) k1 + λ

9

T

(β̂ )v

1
2n kY

where γ > 1. For example, if C = {{1}, . . . , {4}, {1, 2}, {2, 3}}, then omitting the factor of
λ, the penalty terms in Q are

Q(µ, β) =

Thus, analogously to (5), for D ) C, (β̂ (λ, D))D\C = 0 and (β̂ (λ, D))C = β̂ (λ, C) if
and only if
max n1 k{YT − ΠT (µ̂(λ, C), β̂(λ, C); XC )}Xv k2 ≤ λ.

− ΠT (µ̂, β̂; XC )}Xv = −λ

− ΠT (µ̂, β̂; XC )}1 = 0,

: v ⊂ u for some u ∈ A}

: v ⊂ u for some u ∈ A}

These are known as the lower shadow and upper shadow respectively (Bollobás, 1986).
Our objective function Q is given by

∂u (A) = {v ∈

(r+1)
C1

∂l (A) = {v ∈ C1

If a high-dimensional additive modelling method (Ravikumar et al., 2009; Meier et al., 2009)
is used as the base procedure, it is possible to fit nonlinear models with interactions. Here
each variable is a collection of basis functions, and to add an interaction between variables,
one adds the tensor product of the two collections of basis functions, penalizing the new
interaction basis functions appropriately. Structural sparsity approaches can also be used
here. The VANISH method of Radchenko and James (2010) uses a CAP-type penalty in
nonlinear regression, and this can be used as a base procedure in a similar way to that
sketched above.

T
1
n {Y

T
1
n {Y

The functions log and exp are to be understood as applied componentwise and the rows of
β are indexed by elements of C. To derive the Backtracking step for this situation, we turn
to the KKT conditions which characterise the minima of Q:

Q(µ, β; λ) :=

1
n

µ,β

Here µ∗ is a vector of intercept terms and β ∗ is a |S ∗ | × J matrix of coefficients; β ∗j denotes
the jth column of β ∗ . This model is over-parametrised, but regularisation still allows us
produce estimates of µ∗ and β ∗ and hence also of Π (see Friedman et al. (2010)). When
our design matrix is XC , these estimates are given by (µ̂, β̂) := arg min Q(µ, β; λ) where

An example, which we apply to real data in Section 5.2, is multinomial regression with a
group Lasso (Yuan and Lin, 2006) penalty. Consider n observations of a categorical response
that takes J levels, and p associated covariates. Let Y be the indicator response matrix,
with ijth entry equal to 1 if the ith observation takes the jth level, and 0 otherwise. We
model


exp µ∗j + XS ∗ β ∗j i

P(Yij = 1) := Πij (µ∗ , β ∗ ; XS ∗ ) := P
 .
J
∗
∗
j 0 =1 exp µj 0 + XS ∗ β j 0 i
(r−1)

Although in our Backtracking algorithm, interaction terms are only added as candidates for
selection when all their lower order interactions and main effects are active, this hierarchy
in the selection of candidates does not necessarily follow through to the final model: one can
have first-order interactions present in the final model without one or more of their main
effects, for example. One way to enforce the hierarchy constraint in the final model is to
use a base procedure which obeys the constraint itself. Examples of such base procedures
are provided by the Composite Absolute Penalties (CAP) family (Zhao et al., 2009).
Consider the linear regression setup with interactions. For simplicity we only describe
Backtracking with first-order interactions. Let C be the candidate set and let I = C \ C1
be the (first-order) interaction terms in C. In order to present the penalty, we borrow some
(r)
(r)
notation from Combinatorics. Let C1 denote the set of r-subsets of C1 . For A ⊆ C1 and
r ≥ 1, define

4.1 Multinomial Regression

4.2 Structural Sparsity

Our Backtracking algorithm has been presented in the context of the Lasso for the linear
model. However, the real power of the idea is that it can be incorporated into any method
that produces a path of increasingly complex sparse solutions by solving a family of convex
optimisation problems parametrised by a tuning parameter. For the Backtracking step,
the KKT conditions for these optimisation problems provide a way of checking whether a
given trial solution is an optimum. As in the case of the Lasso, checking whether the KKT
conditions are satisfied typically requires much less computational effort than computing a
solution from scratch. Below we briefly sketch some applications of Backtracking to a few
of the many possible methods with which it can be used.

Shah

4. Further Applications of Backtracking

Modelling Interactions

Modelling Interactions

4.4 Introducing more Candidates
In our description of the Backtracking algorithm, we only introduce an interaction term
when all of its lower order interactions and main effects are active. Another possibility, in
the spirit of MARS (Friedman, 1991), is to add interaction terms when any of their lower
order interactions or main effects are active. As at the kth step of Backtracking, there will
be roughly kp extra candidates, an approach that can enforce the hierarchical constraint
may be necessary to allow main effects to be selected from amongst the more numerous
interaction candidates. The key point to note is that if the algorithm is terminated after
T steps, we are having to deal with roughly at most T p variables rather than O(p2 ), the
latter coming from including all first-order interactions.
Another option proposed by a referee is to augment the initial set of candidates with
interactions selected through a simple marginal screening step. If only pairwise interactions
are considered here, then this would require O(p2 n) operations. Though this would be
infeasible for very large p, for moderate p this would allow important interactions whose
corresponding main effects are not strong to be selected.

5. Numerical Results
In this section we evaluate the performance of Backtracking on both simulated and real
data sets.
5.1 Simulations
Here we consider five numerical studies designed to demonstrate the effectiveness of Backtracking with the Lasso and also highlight some of the drawbacks of using the Lasso with
main effects only, when interactions are present. In each of the five scenarios, we generated
200 design matrices with n = 250 observations and p = 1000 covariates. The rows of the
design matrices were sampled independently from Np (0, Σ) distributions. The covariance
matrix Σ was chosen to be the identity in all scenarios except scenario 2, where
Σij = 0.75−||i−j|−p/2|+p/2 .

εi ∼ N (0, σ 2 ).

i.i.d.

(6)

Thus in this case, the correlation between the components decays exponentially with the
distance between them in Z/pZ.
We created the responses according to the linear model with interactions and set the
intercept to 0:
Y = XS ∗ β S∗ ∗ + ε,

The error variance σ 2 was chosen to achieve a signal-to-noise ratio (SNR) of either 2 or
3. The set of main effects in S ∗ , S1∗ , was 1, . . . , 10. The subset of variables involved in
interactions was 1, . . . , 6. The set of first-order interactions in S ∗ chosen in the different
scenarios, S2∗ , is displayed in Table 1, and we took S ∗ = S1∗ ∪ S2∗ so S ∗ contained no higher
order interactions. In each simulation run, β S∗ 1∗ was fixed and given by
(2, −1.5, 1.25, −1, 1, −1, 1, 1, 1, 1)T .
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Scenario
1
2
3
4
5

Shah

S2∗
∅
∅
{{1, 2}, {3, 4}, {5, 6}}
{{1, 2}, {1, 3}, . . . , {1, 6}}
I(1, 2, 3) ∪ I(4, 5, 6)

Table 1: Simulation settings.

q
Each component of β S∗ 2∗ was chosen to be kβ S∗ 1∗ k22 / |S1∗ |. Thus the squared magnitude of
the interactions was equal to average of the squared magnitudes of the main effects.

In all of the scenarios, we applied four methods: the Lasso using only the main effects;
iterated Lasso fits; marginal screening for interactions followed by the Lasso; and the Lasso
with Backtracking. Note that due to the size of p in these examples, most of the methods for
finding interactions in lower-dimensional data discussed in Section 1, are computationally
impractical here.

For the iterated Lasso fits, we repeated the following process. Given a design matrix,
first fit the Lasso. Then apply 5-fold cross-validation to give a λ value and associated active
set. Finally add all interactions between variables in this active set to the design matrix,
ready for the next iteration. For computational feasibility, the procedure was terminated
when the number of variables in the design matrix exceeded p + 250 × 249/2.

With the marginal screening approach, we selected the 2p interactions with the largest
marginal correlation with the response and added them to the design matrix. Then a regular
Lasso was performed on the augmented matrix of predictors.

Additionally, in scenarios 3–5, we applied the Lasso with all main effects and only the
true interactions. This theoretical Oracle approach provided a gold standard against which
to test the performance of Backtracking.

We used the procedures mentioned to yield active sets on which we applied OLS to
give a final estimator. To select the tuning parameters of the methods we used crossvalidation randomly selection 5 folds but repeating this a total of 5 times to reduce the
variance of the cross-validation scores. Thus for each λ value we obtained an estimate of
the expected prediction error that was an average over the observed prediction errors on
25 (overlapping) validation sets of size n/5 = 50. Note that for both Backtracking and the
iterated Lasso, this form of cross-validation chose not just a λ value but also a path rank.
When using Backtracking, the size of the active set was restricted to 50 and the size of Ck
to p + 50 × 49/2 = 1225, so T was at most 50.

In scenarios 1 and 2, the results of the methods were almost indistinguishable except
that the screening approach performed far worse in scenario 1 where it tended to select
several false interactions which in turn hampered the selection of main effects and resulted
in a much larger prediction error.

The results of scenarios 3–5, where the signal contains interactions, are more interesting
and given in Table 2. For each scenario, method and SNR level, we report 5 statistics. ‘L2 sq’ is the expected squared distance of the signal f ∗ and our prediction functions f̂ based
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2

L2 -sq
FP Main
FN Main
FP Inter
FN Inter
L2 -sq
FP Main
FN Main
FP Inter
FN Inter
L2 -sq
FP Main
FN Main
FP Inter
FN Inter

Statistic
6.95
3.18
1.26
0.00
3.00
12.05
2.22
3.12
0.00
5.00
14.12
3.07
3.20
0.00
6.00

BackScreentracking
ing
12.87
1.21
0.01
2.89
7.24
0.24
11.05
0.45
2.06
0.14
17.68
2.72
0.02
5.34
8.13
0.61
12.33
0.77
4.07
0.51
19.96
4.52
0.02
5.87
8.26
0.98
17.97
0.87
5.00
1.23
0.82
3.19
0.14
0.00
0.01
1.68
7.05
0.26
0.00
0.08
2.14
8.57
0.33
0.00
0.14

Oracle

Table 2: Simulation results.

1.40
2.43
0.38
0.93
0.18
3.25
3.88
0.90
2.50
0.66
5.08
4.75
1.26
3.28
1.34

Main
5.67
1.91
0.52
0.00
3.00
10.44
2.58
1.77
0.00
5.00
12.84
3.43
2.35
0.00
6.00

Main
0.27
0.65
0.05
0.27
0.03
0.63
1.80
0.11
1.77
0.08
1.56
3.01
0.25
3.05
0.39

Iterate

BackScreentracking
ing
9.24
0.27
0.00
0.73
5.14
0.04
13.57
0.12
1.39
0.04
15.19
0.41
0.04
2.08
6.94
0.04
17.90
0.28
3.39
0.03
16.99
1.17
0.05
3.23
7.00
0.19
21.92
0.55
4.14
0.30

SNR = 3
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5.2.2 ISOLET
This data set consists of p = 617 features based on the speech waveforms generated from
utterances of each letter of the English alphabet. The task is to learn a classifier which
can determine the letter spoken based on these features. The data set is available from
http://archive.ics.uci.edu/ml/datasets/ISOLET; see Fanty and Cole (1991) for more
background on the data. We consider classification on the notoriously challenging E-set
consisting of the letters ‘B’, ‘C’, ‘D’, ‘E’, ‘G’, ‘P’, ‘T’, ‘V’ and ‘Z’ (pronounced ‘zee’). As
there were 150 subjects and each spoke each letter twice, we have n = 2700 observations
spread equally among 9 classes. The dimension of this data is such that MARS and hierNet
could not be applied.

This data set available at http://archive.ics.uci.edu/ml/datasets/Communities+and+
Crime+Unnormalized contains crime statistics for the year 1995 obtained from FBI data,
and national census data from 1990, for various towns and communities around the USA.
We took violent crimes per capita as our response: violent crime being defined as murder,
rape, robbery, or assault. The data set contains two different estimates of the populations
of the communities: those from the 1990 census and those from the FBI database in 1995.
The latter was used to calculate our desired response using the number of cases of violent
crimes. However, in several cases, the FBI population data seemed suspect and we discarded
all observations where the maximum of the ratios of the two available population estimates
differed by more than 1.25. In addition, we removed all observations that were missing a
response and several variables for which the majority of values were missing. This resulted
in a data set with n = 1903 observations and p = 101 covariates. The response was scaled
to have empirical variance 1.

5.2.1 Communities and Crime

5

4

3

Scenario

Iterate

Shah
SNR = 2

In this section, we look at the performance of Backtracking using two base procedures,
the Lasso for the linear model and the Lasso for multinomial regression, on a regression
and a classification data set. As competing methods, we consider simply using the base
procedures (‘Main’), iterated Lasso fits (‘Iterated’), Lasso following marginal screening for
interactions (‘Screening’), Random Forests (Breiman, 2001), hierNet (Bien et al., 2013)
and MARS (Friedman, 1991) (implemented using Hastie et al. (2013)). Note that we do
not view the latter two methods as competitors of Backtracking, as they are designed for
use on lower dimensional data sets than Backtracking is capable of handling. However, it
is still interesting to see how the methods perform on data of dimension that is perhaps
approaching the upper end of what is easily manageable for methods such as hierNet and
MARS, but at the lower end of what one might use Backtracking on.
Below we describe the data sets used which are both from the UCI machine learning
repository (Asuncion and Newman, 2007).

5.2 Data Analyses

‘FP Main’ and ‘FP Inter’ are the numbers of noise main effects and noise interaction terms
respectively, incorrectly included in the final active set. ‘FN Main’ and ‘FN Inter’ are the
numbers of true main effects and interaction terms respectively, incorrectly excluded from
the final active set.
For all the statistics presented, lower numbers are to be preferred. However, the higher
number of false selections incurred by both Backtracking and the Oracle procedure compared to using the main effects only or iterated Lasso fits, is due to the model selection
criterion being the expected prediction error. It should not be taken as an indication that
the latter procedures are performing better in these cases.
Backtracking performs best out of the four methods compared here. Note that under all
of the settings, iterated Lasso fits incorrectly selects more interaction terms than Backtracking. We see that the more careful way in which Backtracking adds candidate interactions,
helps here. Unsurprisingly, fitting the Lasso on just the main effects performs rather poorly
in terms of predictive performance. However, it also fails to select important main effects;
Backtracking and Iterates have much lower main effect false negatives. The screening approach appears to perform worst here. This is partly because it is not making use of the
fact that in all of the examples considered, the main effects involved in interactions are
also informative. However, its poor performance is also due the fact that too many false
interactions are added to the design matrix after the screening stage. Reducing the number
added may help to improve results, but choosing the number of interactions to include via
cross-validation, for example, would be computationally costly, unless a Backtracking-type
strategy of the sort introduced in this paper were used. We also note that for very large
p, marginal screening of interactions would be infeasible due to the quadratic scaling in
complexity with p.

Exnew ,Ytrain ,Xtrain (f {xnew ) − f̂ (xnew ; Ytrain , Xtrain )} .

∗

on training data (Ytrain , Xtrain ), evaluated at a random independent test observation xnew :

Modelling Interactions

0.18
0.79
0.01
0.00
0.00
0.31
2.21
0.00
0.00
0.00
0.44
3.77
0.02
0.00
0.00

Oracle

5.3 Methods and Results

Modelling Interactions
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Communities and crime
000000.414 (6.5 × 10−3 )
000000.384 (5.9 × 10−3
000000.390 (7.8 × 10−3 )
000000.365 (3.7 × 10−3 )
000000.356 (2.4 × 10−3 )
000000.373 (4.7 × 10−3 )
005580.586 (3.1 × 103 )

Error
ISOLET
00000.0641 (4.7 × 10−4 )
00000.0641 (4.7 × 10−4 )
00000.0563 (4.5 × 10−4 )
00000.0837 (6.0 × 10−4 )
-

where εi ∼ N (0, σ 2 ), and to ensure identifiability, XS ∗ has full column rank. We will
assume that S ∗ = S1∗ ∪ S2∗ , where S1∗ and S2∗ are main effects and two-way interactions
respectively. Let the interacting main effects be I ∗ ; formally, I ∗ is the smallest set of main
effects such that I(I ∗ ) ⊇ S2∗ . Assume I ∗ ⊆ S1∗ so interactions only involve important main
effects. Let sl = |Sl∗ |, l = 1, 2 and set s = s1 + s2 . Define C ∗ = C1 ∪ I(S1∗ ). Note that C ∗
contains S ∗ but not additional interactions from any variables from C1 \ S1∗ .
Although the Backtracking algorithm was presented for a base path algorithm that
computed solutions at only discrete values, for the following results, we need to imagine
an idealised algorithm which computes the entire path of solutions. In addition, we will
assume that we only allow first-order interactions in the Backtracking algorithm, and that
T ≥ s1 .
We first consider the special case where the design matrix is derived from a random
matrix with i.i.d. multivariate normal rows, before describing a result for fixed design.

Method
Main
Iterate
Screening
Backtracking
Random Forest
hierNet
MARS

For the Communities and crime data set, we used the Lasso for the linear model as the
base regression procedure for Backtracking and Iterates. Since the per capita violent crime
response was always non-negative, the positive part of the fitted values was taken. For
Main, Backtracking, Iterates, Screening and hierNet, we employed 5-fold cross-validation
with squared error loss to select tuning parameters. For MARS we used the default settings
for pruning the final fits using generalised cross-validation. With Random Forests, we used
the default settings on both data sets. For the classification example, penalised multinomial
regression was used (see Section 4.1) as the base procedure for Backtracking and Iterates,
and the deviance was used as the loss function for 5-fold cross-validation. In all of the
methods except Random Forests, we only included first-order interactions. When using
Backtracking, we also restricted the size of Ck to p + 50 × 49/2 = p + 1225.
To evaluate the procedures, we randomly selected 2/3 for training and the remaining
1/3 was used for testing. This was repeated 200 times for each of the data sets. Note that
we have specifically chosen data sets with n large as well as p large. This is to ensure that
comparisons between the performances of the methods can be made with more accuracy.
For the regression example, out-of-sample squared prediction error was used as a measure
of error; for the classification example, we used out-of-sample misclassification error with
0–1 loss. The results are given in Table 3.
Random Forests has the lowest prediction error on the regression data set, with Backtracking not far behind, whilst Backtracking wins in the classification task, and in fact
achieves strictly lower misclassification error than all the other methods on 90% of all test
samples. Note that a direct comparison with Random Forests is perhaps unfair, as the latter
is a black-box procedure whereas Backtracking is aiming for a more interpretable model.
MARS performs very poorly indeed on the regression data set. The enormous prediction
error is caused by the fact that whenever observations corresponding to either New York
or Los Angeles were in the test set, MARS predicted their responses to be far larger than
they were. However, even with these observations removed, the instability of MARS meant
that it was unable to give much better predictions than an intercept-only model.
HierNet performs well on this data set, though it is worth noting that we had to scale the
interactions to have the same `2 -norm as the main effects to get such good results (the default
scaling produced error rates worse than that of an intercept-only model). Backtracking does
better here. One reason for this is that the because the main effects are reasonably strong
in this case, a low amount of penalisation works well. However, because with hierNet, the
penalty on the interactions is coupled with the penalty on the main effects, the final model
tended to include close to two hundred interaction terms. The Screening approach similarly
suffers from including too many interactions and performs only a little better than a main
effects only fit.
The way that Backtracking creates several solution paths with varying numbers of interaction terms means that it is possible to fit main effects and a few interactions using
a low penalty without this low penalisation opening the door to many other interaction
terms. The iterated Lasso approach also has this advantage, but as the number of interactions are increased in discrete stages, it can miss a candidate set with the right number
of interactions that may be picked up by the more continuous model building process used
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(7)

Our goal in this section is to understand under what circumstances Backtracking with the
Lasso can arrive at a set of candidates, C ∗ , that contains all of the true interactions, and
only a few false interactions. On the event on which this occurs, we can then apply many
of the existing results on the Lasso, to show that the solution path β̂(λ, C ∗ ) has certain
properties. As an example, in Section 6.2 we give sufficient conditions for the existence of
a λ∗ such that {v : β̂v (λ∗ , C ∗ ) 6= 0} equals the true set of variables.
We work with the normal linear model with interactions,

6. Theoretical Properties

by Backtracking. This occurs in a rather extreme way with the ISOLET data set where,
since in the first stage of the iterated Lasso, cross-validation selected far too many variables
(> 250), the second and subsequent steps could not be performed. This is why the results
are identical to using the main effects alone.

Table 3: Real data analyses results. Average error rates over 200 training–testing
splits are
√
given, with standard deviations of the results divided by 200 in parentheses.
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j∈I

min∗ |βj∗ | 

p
√
√
s31 log(s1 )
s1 (σ log p + s1 + log p)
√
+
.
n
n1/3
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Theorem 1 Assuming A1–A5, the probability that there exists a k ∗ such that C ∗ ⊇ Ck∗ ⊇
S ∗ tends to 1 as n → ∞.

A1 is a standard assumption in high-dimensional regression and is, for example, implied by
the compatibility constant of Bühlmann and van de Geer (2011a) being bounded away from
zero. A2 is closely related to irrepresentable conditions (see Meinshausen and Bühlmann
(2006), Zhao and Yu (2006), Zou (2006), Bühlmann and van de Geer (2011a), Wainwright
(2009)), which are used for proving variable selection consistency of the Lasso. Note that
although here the signal may contain interactions, our irrepresentable-type condition only
involves main effects.
A3 places restrictions on the rates at which s1 and p can increase with n. The first condition involving log(p) is somewhat natural as s21 log(p)/n → 0 would typically be required
in order to show `1 estimation consistency of β where only s1 main effects are present; here
our effective number of variables is s1 ≤ s ≤ s21 . The second condition restricts the size of
s1 more stringently but is nevertheless weaker than equivalent conditions in Hao and Zhang
(2014).
A4 is a minimal signal strength condition. The term involving σ is the usual bound
on the signal strength required in results on variable selection consistency with the Lasso
when there are s21 non-zero variables. Due to the presence of interactions, the terms not
involving σ place additional restrictions on the sizes of non-zero components of β ∗ even
when σ = 0. A5 ensures that the model is not too heavily misspecified in the initial stages
of the algorithm, where we are regressing on only main effects.
The following theorem states that given the assumptions above, with probability tending
to 1 we are guaranteed a candidate set will be produced by our algorithm which contains
all true interactions and no interactions involving a noise variable.

A4.

(

1
n

−1

−1

1 − kΣ̂S,S Σ̂S,{u} k1

XTu (I − PS )f ∗ + 2η

+η

)

−1

k(Σ̂S,S )v k1 .

kΣ̂M,S Σ̂S,S τ S k∞ < 1,

(9)

(8)
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In Lemma 4 given in the appendix, we show that this condition is sufficient for variable
v to enter the active set before any variable in M , when the set of candidates is C and
kXTC εk∞ ≤ η. In addition, we show that v will remain in the active set at least until some
variable from M enters the active set.
The second part of the entry condition (9) asserts that coefficient v of the regression
of f ∗ on XS must exceed a certain quantity that we now examine in more detail. The

u∈M

|βvS | > max

τ S ∈R|S| :kτ S k∞ ≤1

sup

Now given a set of candidates, C, let v ∈ S ⊂ C and write M = C \ S. For η > 0, we shall
say that the Ent(v, S, C; η) condition holds if, XS has full column rank, and the following
holds,

Σ̂S,M = n1 XTS XM .

Let PS = XS (XTS XS )−1 XTS denote orthogonal projection on to the space spanned by
the columns of XS . Further, for any two candidate sets S, M that are sets of subsets
of {1, . . . , p}, define

6.2.1 The Entry Condition

Intuitively what should matter are the sizes of the appropriate coefficients of β S for suitable
choices of S. In the next section, we give a sufficient condition based on β S for a variable
v ∈ S to enter the solution path before any variable outside S.

A5. kβ ∗S2∗ k2 is bounded as n → ∞ and cmax (ΣS1∗ ,S1∗ ) ≤ c∗ < ∞.

1

A3. s41 log(p)/n → 0 and s81 log(s1 )2 /n → 0.

A2. supτ ∈Rs1 :kτ k∞ ≤1 kΣN,S1∗ Σ−1
S ∗ ,S ∗ τ k∞ ≤ δ < 1.

1

The result for a random normal design above is based on a corresponding result for fixed
design which we present here. In order for Backtracking not to add any interactions involving
noise variables, to begin with, one pair of interacting signal variables must enter the solution
path before any noise variables. Other interacting signal variables need only become active
after the interaction between this first pair has become active. Thus we need that there
is some ordering of the interacting variables where each variable only requires interactions
between those variables earlier in the order to be present before it can become active.
Variables early on in the order must have the ability to be selected when there is serious
model misspecification as few interaction terms will be available for selection. Variables later
in the order only need to have the ability to be selected when the model is approximately
correct.
Note that a signal variable having a coefficient large in absolute value does not necessarily
ensure that it becomes active before any noise variable. Indeed, in our example in Section 2,
variable 5 did not enter the solution path at all when only main effects were present, but
had the largest coefficient. Write f ∗ for XS ∗ β S ∗ , and for a set S such that XS has full
column rank, define
β S := (XTS XS )−1 XTS f ∗ .

A1. cmin (ΣS1∗ ,S1∗ ) ≥ c∗ > 0.

6.2 Fixed Design

Let the random matrix Z have independent rows distributed as Np (0, Σ). Suppose that XC1 ,
the matrix of main effects, is formed by scaling and centring Z. We consider an asymptotic
regime where X, f ∗ , S ∗ , σ 2 and p can all change as n → ∞, though we will suppress
their dependence on n in the notation. Furthermore, for sets of indices S, M ⊆ {1, . . . , p},
let ΣS,M ∈ R|S|×|M | denote the submatrix of Σ formed from those rows and columns of
Σ indexed by S and M respectively. For any positive semi-definite matrix A, we will
let cmin (A) and cmax (A) denote its minimal and maximal eigenvalues respectively. For
sequences an , bn , by an  bn we mean bn = o(an ). We make the following assumptions.

Shah

6.1 Random Normal Design

Modelling Interactions

Modelling Interactions

Shah

1

1 T
S ∗
n Xu (I − P )f term is the sample covariance between Xu , which is one of the columns of
XM , and the residual from regressing f ∗ on XS . Note that the more of S ∗ that S contains,
the closer this will be to 0.
−1
To understand the k(Σ̂S,S )v k1 term, without loss of generality take v as {1} and write
b = Σ̂S\{v},{v} and D = Σ̂S\{v},S\{v} . For any square matrix Σ̂, let cmin (Σ̂) denote its
minimal eigenvalue. Using the formula for the inverse of a block matrix and writing s for
|S|, we have

cmin (Σ̂S,S )

kbk22 +



−1
1 + bT (D − bbT )−1 b
k(Σ̂S,S )v k1 =
−(D − bbT )−1 b
√
s − 1kbk2
.

≤1+

2

.

and that for all v ∈ S ∗ ,

where

−1

s

+ ξ,

ncmin (Σ̂S ∗ ,S ∗ )

t2 + 2 log(s)

1 − kΣ̂N,S ∗ Σ̂S ∗ ,S ∗ sgn(β S∗ ∗ )k∞

−1

η sgn(β S∗ ∗ )T (Σ̂S ∗ ,S ∗ )v

−1

kΣ̂N,S ∗ Σ̂S ∗ ,S ∗ sgn(β S∗ ∗ )k∞ < 1;

|βv∗ | >

ξ = ξ(t; n, s, σ, cmin (Σ̂S ∗ ,S ∗ )) = σ
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where N all = C all \ S ∗ . Thus we would need O(p2 ) inequalities to hold, rather than our
O(p). Of course, we had to introduce many additional assumptions to reach this stage
and no set of assumptions is uniformly stronger or weaker than the other. However, our
proposed method is computationally feasible.

kΣ̂N all ,S ∗ Σ̂S ∗ ,S ∗ sgn(β S∗ ∗ )k∞ < 1,

−1

Note that if we were to simply apply the Lasso to the set of candidates C all := C1 ∪
I(C1 ) (i.e. all possible main effects and their first-order interactions), we would require an
irrepresentable condition of the form

A(β̃(λ∗ , Ck∗ )) = S ∗ .

Then with probability at least 1 − 3 exp(−t2 /2), there exist k ∗ and λ∗ such that

.

Corollary 3 Assume the entry order condition holds. Writing N = C ∗ \S ∗ , further assume

The following corollary establishes variable selection consistency under some additional
conditions.

Theorem 2 Assume the entry order condition holds. With probability at least 1−exp(−t2 /2),
there exists a k ∗ such that C ∗ ⊇ Ck∗ ⊇ S ∗ .

First we discuss the implications for variable 1. The condition ensures that whenever the
candidate set is enlarged from C1 to also include any set of interactions built from S1∗ ,
variable 1 enters the active set before any variable outside I(S1∗ ), and moreover, it remains
in the active set at least until a variable outside I(S1∗ ) enters.
For j > 2, we see that the enlarged candidate sets for which we require the entry
conditions to hold, are fewer in number. Variable |I ∗ | only requires the entry condition to
hold for candidate sets that at least include I(1, . . . , |I ∗ | − 1) and thus include almost all of
S ∗ . What this means is that we require some ‘strong’ interacting variables, for which when
f ∗ is regressed onto a variety of sets of variables containing them (some of which contain only
a few of the true interaction variables), always have large coefficients. Given the existence of
such strong variables, other interacting variables need only have large coefficients when f ∗ is
regressed onto sets containing them that also include many true interaction terms. Note that
the equivalent result for the success of the strategy that simply adds interactions between
selected main effects would essentially require all main effect involved in interactions to
satisfy the conditions imposed on the variables 1 and 2 here. Going back to the example
in Section 2, variable 5 has |β5S | ≈ 0 for all S ⊆ {1, . . . , 6}, but |β5S | > 0 once {1, 2} ∈ S or
{3, 4} ∈ S.

−bT w∗
w∗

In the final line we have used the Cauchy–Schwarz inequality and the fact that if w∗ is a
unit eigenvector of D − bbT with minimal eigenvalue, then


q
≥ cmin (Σ̂S,S ) 1 + |bT w∗ |2 ≥ cmin (Σ̂S,S ).
cmin (D − bbT ) = Σ̂S,S

cmin (Σ̂S,S )

Thus when variable v is not too correlated with the other variables in S, and so kbk2 is
−1
small, k(Σ̂S,S )v k1 will not be too large. Even when this is not the case, we still have the
bound
p
|S|
−1
k(Σ̂S,S )v k1 ≤

−1

Turning now to the denominator, kΣ̂ Σ̂
k is the ` -norm of the coefficient of
1
1
S,{u}
S,S
regression of Xu on XS , and the maximum of this quantity over u ∈ M gives the left-hand
−1
side of (8). Thus when u is highly correlated with many of the variables in S, kΣ̂S,S Σ̂S,{u} k1
will be large. On the other hand, in this case one would expect k(I − PS )Xu k2 to be small,
and so to some extent the numerator and denominator compensate for each other.
6.2.2 Statement of Results
Without loss of generality assume I ∗ = {1, . . . , |I ∗ |}. Also let J = {I(A) : A ⊆ S1∗ }.
Our formal assumption corresponding to the discussion at the beginning of Section 6 is the
following.

r

t2 + 2 log(p + s12 )
.
n

Ent(j, S1∗ ∪ B, C1 ∪ A; η) holds for some A ∩ S2∗ ⊆ B ⊆ A.

For all A ∈ J with I(1, . . . , j − 1) ⊆ A ⊆ I(S1∗ )

The entry order condition. There is some ordering of the variables in I ∗ ,
which without loss of generality we take to simply be 1, . . . , |I ∗ |, such that for
each j ∈ I ∗ , we have,

Here
η = η(t; n, p, s1 , σ) = σ
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First, consider (Zi1 , Zi2 , Zi3 ) generated from a mean zero multivariate normal distribution
with Var(Zij ) = 1, j = 1, 2, 3, Cov(Zi1 , Zi2 ) = 0 and Cov(Zi1 , Zi3 ) = Cov(Zi2 , Zi3 ) = 1/2.
Independently generate Ri1 and Ri2 each of which takes only the values {−1, 1}, each with

Appendix A. Construction of X in Section 2
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Though in this paper, we have largely focussed on Backtracking used with the Lasso,
the method is very general and can be used with many procedures that involve sparsityinducing penalty functions. These methods tend to be some of the most useful for dealing
with high-dimensional data, as they can produce stable, interpretable models. Combined
with Backtracking, the methods become much more flexible, and it would be very interesting to explore to what extent using non-linear base procedures could yield interpretable
models with predictive power comparable to black-box procedures such as Random Forests
(Breiman, 2001). In addition, we believe integrating Backtracking with some of the penaltybased methods for fitting interactions to moderate-dimensional data, will prove to be a
fruitful direction for future research.

From a theoretical point of view we have shown that when used with the Lasso, rather
than requiring all main effects involved in interactions to be highly correlated with the
signal, Backtracking only needs there to exist some ordering of these variables where those
early on in the order are important for predicting the response by themselves. Variables
later in the order only need to be helpful for predicting the response when interactions
between variables early on in the order are present.

The Backtracking method proposed in this paper allows interactions to be added in a
more natural gradual fashion, so there is a better chance of having a model which contains
the right interactions. The method is computationally efficient, and our numerical results
demonstrate its effectiveness for both variable selection and prediction.

Typically, the search for interactions must be restricted by first fitting a model using only
main effects, and then including interactions between those selected main effects, as well
as the original main effects, as candidates in a final fit. This approach has the drawbacks
that important main effects may not be selected in the initial stage as they require certain
interactions to be present in order for them to be useful for prediction. In addition, the
initial model may contain too many main effects when, without the relevant interactions,
the model selection procedure cannot find a good sparse approximation to the true model.

While several methods now exist for fitting interactions in moderate-dimensional situations
where p is in the order of hundreds, the problem of fitting interactions when the data is of
truly high dimension has received less attention.

7. Discussion

Modelling Interactions

u∈M

λ > max

(

−1

− PS )f ∗ | + 2η
1 − kΣ̂S,S Σ̂S,{u} k1

1
T
n |Xu (I

)

,

λent = sup{λ : λ ≥ 0 and for some Lasso solution β̂ M (λ, C) 6= 0},

(10)
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there exists a λ > λent such that the solution β̂(λ, C) is unique, and for all λ0 ∈ (λent , λ]
and all Lasso solutions β̂(λ0 , C), we have β̂v (λ0 , C) 6= 0.

where we take sup ∅ = 0. If for v ∈ S,
(
)
1
|XT (I − PS )f ∗ | + 2η
−1
|βvS | > max n u
+
η
k(Σ̂S,S )v k1 ,
−1
u∈M
1 − kΣ̂S,S Σ̂S,{u} k1

(iii) Let

then for all Lasso solutions, β̂v (λ, C) 6= 0.

|βvS | > k(Σ̂S,S )v k1 (λ + η),

−1

(ii) If λ is such that for some Lasso solution β̂ M (λ, C) = 0, and for v ∈ S,

then the Lasso solution is unique and β̂ M (λ, C) = 0.

(i) If

the following hold:

Lemma 4 Let S ⊆ C be such that XS has full column rank and let M = C \ S. On the
event
ΩC,η := { n1 kXTC εk∞ ≤ η},

In this subsection we use many ideas from Section B of Wainwright (2009) and Section 6 of
Bühlmann and van de Geer (2011a).

Appendix B. Proofs of Theorem 2 and Corollory 3

The remaining Xij , j = 6, . . . , p are independently generated from a standard normal distribution. Note that the random signs Ri1 and Ri2 ensure that Xi5 is uncorrelated with
each of Xi1 , . . . , Xi4 . Furthermore, the fact that Xi1 Xi2 = Zi1 and Xi3 Xi4 = Zi2 , means
that when β5 = − 21 (β7 + β8 ), Xi5 is uncorrelated with the response.

Xi5 =Zi3 .

Xi4 =Ri2 |Zi2 |3/4 ,

Xi3 =Ri2 sgn(Zi2 )|Zi2 |1/4 ,

Xi2 =Ri1 |Zi1 |3/4 ,

Xi1 =Ri1 sgn(Zi1 )|Zi1 |1/4 ,

probability 1/2. We form the ith row of the design matrix as follows:

Shah

Shah

+

XuT (I

− PS )f ∗ +

1
n

XuT ε

(13)
(14)

(15)

(16)
(17)

Further,

1 −1
T
n Σ̂S ∗ ,S ∗ XS ∗ ε

Ω1

=

− PS

−1 T

∗

≤ η},

≤ ξ}

)εk∞

−1
{ n1 kΣ̂S ∗ ,S ∗ XST ∗ εk∞

T
{ n1 kXN
(I

Ω2 =

P( n1 |Xv T (I

∗

− PS )ε| ≤ η) ≥ P( n1 |Xv T ε| ≤ η).

−1

∼ N|S ∗ | (0, n1 σ 2 Σ̂S ∗ ,S ∗ ). Thus

P(Ω3 ) ≥ |S ∗ |P(|Z| ≤ ξ)
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In all that follows, we work on the event Ω1 ∩ Ω2 ∩ ΩC ∗ ,η . As I − PS is a projection,

∗

Proof of Corollary 3. Let ΩC ∗ ,η be defined as in Lemma 4. Also define the events

By the entry order condition, we know that j will enter the active set before any variable
in N , and before a perfect fit is reached. Thus k + 1 ≤ T̃ and Ck+1 contains only additional
interactions not involving any variables from N , so Ck+1 ⊆ C ∗ .

I(1, . . . , j − 1) ⊆ A ⊆ C ∗ \ C1 = I(S1∗ ).

with j maximal. Since I(1) = ∅, such a j exists. Let A = Ck \ C1 . Note that A ∈ J and

I(1, . . . , j − 1) ⊆ Ck ,

Proof of Theorem 2. In all that follows, we work on the event ΩC ∗ ,η defined in Lemma 4.
Using standard bounds for the tails of Gaussian random variables and the union bound, it
is easy to show that P(Ω1 ∩ ΩC ∗ ,η ) ≥ 1 − exp(−t2 /2). Let N = {1, . . . , p} \ S1∗ .
Let T̃ be the number of steps taken by the algorithm: this would typically be T , but
may be smaller if a perfect fit is reached or if p < T for example. Let Ck be the largest
member of {C1 , . . . , CT̃ } satisfying Ck ⊆ C ∗ . Such a Ck exists since C1 ⊆ C ∗ .
Now suppose for a contradiction that Ck + S ∗ . Let j be such that

whence β̂v 6= 0.
(iii) follows easily from (i) and (ii).

|βvS | > k(Σ̂S,S )v k1 (λ + η) ≥ (Σ̂S,S )v (λτ̂ S − n1 XST ε) ,

−1

β̂ S = β S − Σ̂S,S (λτ̂ S − n1 XST ε).

−1
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1
n

But by assumption

Proof We begin by proving (i). Suppressing the dependence of β̂ on λ and C, we can
write the KKT conditions ((3), (4)) as
1 T
X (Y − XC β̂) = λτ̂ ,
n C

(12)

(11)

where the final inequality follows from (10). We have shown that there exists a solution, β̂,
to the Lasso optimisation problem with β̂ M = 0. The uniqueness of this solution follows
from noting that kτ̂ M k∞ < 1, XS has full column rank and appealing to Lemma 1 of
Wainwright (2009).
For (ii), note that from (13), provided β̂ M = 0, we have that

where τ̂ is an element of the subdifferential ∂kβ̂k1 and thus satisfies
kτ̂ k∞ ≤ 1,

β̂v 6= 0 ⇒ τ̂v = sgn(β̂v ).

= λτ̂ M .

By decomposing Y as PS f ∗ +(I−PS )f ∗ +ε, XC as (XS XM ), and noting that XST (I−PS ) =
0, we can rewrite the KKT conditions in the following way:
S ∗
1 T
1 T
n XS (P f − XS β̂ S ) + n XS ε − Σ̂S,M β̂ J ∗ = λτ̂ S ,
S ∗
S ∗
1 T
1 T
n XM (P f − XS β̂ S ) + n XM {(I − P )f + ε} − Σ̂M,M β̂ M

Now let β̆ S be a solution to the restricted Lasso problem,
1
2
2n kY − µ1 − XS β S k + λkβ S k1 .
µ,β S

(µ̂, β̆ S ) = arg min

The KKT conditions give that β̆ S satisfies
1 T
X (Y − XS β̆ S ) = λτ̆ S ,
n S
where τ̆ S ∈ ∂kβ̆ S k1 . We now claim that
(β̂ S , β̂ M ) = (β̆ S , 0)


−1
T
(τ̂ S , τ̂ M ) = τ̆ S , Σ̂M,S Σ̂S,S (τ̆ S − n1 λ−1 XST ε) + n1 λ−1 XM
{(I − PS )f ∗ + ε}

(18)

is the unique solution to (13), (14), (11) and (12). Indeed, as β̆ S solves the reduced Lasso
−1
problem, we must have that (13) and (12) are satisfied. Multiplying (13) by XS Σ̂S,S , setting
β̂ M = 0 and rearranging gives us that
−1

PS f ∗ − XS β̂ S = XS Σ̂S,S (λτ̂ S − n1 XST ε),

k n1 XST εk∞

XuT (I − PS )f ∗ + 2η

λkτ̆ S k∞ +
1
n

and substituting this into (14) shows that our choice of τ̂ M satisfies (14). It remains to
check that we have kτ̂ M k∞ ≤ 1. In fact, we shall show that kτ̂ M k∞ < 1. Since we are on
ΩC,η and kτ̆ S k∞ ≤ 1, for u ∈ M we have
λ|τ̂ u | ≤

−1
kΣ̂S,S Σ̂S,{u} k1
−1

< λkΣ̂S,S Σ̂S,{u} k1 +
< λ,
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Note that

P(Ω1 ∩ Ω2 ∩ ΩC ∗ ,η ) ≥ 1 − P(ΩcC ∗ ,η ) − P(Ωc1 ) − P(Ωc2 ).

− β̂ S ∗ ) +

1 T
n XM ε

− Σ̂M,M β̂ M = λτ̂ M ,
(20)

(19)

(ii)

T
1
n kXJ ∗ XS k∞

25

p
= OP ( log(s1 )n−1/3 )
p
cmin (Σ̂S,S ) ≥ c∗ − s1 OP ( log(s1 )/n)
p
cmin (Σ̂M,M ) ≥ c2∗ + s21 OP ( log(s1 )n−1/4 )
p
cmax (Σ̂J ∗ ,J ∗ ) ≤ 2c∗2 + s21 OP ( log(s1 )n−1/4 ).

{j,k}∈M
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(26)

(25)

(24)

(23)

(i) Let D be the diagonal matrix indexed by C ∗ used to scale transformations of Z in
2 = Var (z ) and D 2 = Var (z −
order to create XC ∗ i.e. with entries such that Djj
n j
n j
vv
En zj )(zk − En zk ) when v = {j, k}. Then
p
2
max |Djj
− 1| = OP ( log(p)/n)
(21)
j∈C1
p
2
max |D{j,k},{j,k}
(22)
− 1 − Σ2jk | = OP ( log(s1 )n−1/4 )

Lemma 5 Consider the setup of Theorem 1. Let En and VarP
n denote empirical expectation
and variance with respect to Z so that, for example En zj = ni=1 Zij /n.

In the following, we make use of notation defined in Section 6.2. In addition, for convenience
we write S = S1∗ , M = S ∪ J ∗ . Also, we will write main effects variables {j} as simply j.
For any matrix M, kMk∞ will denote maxjk |Mjk |. First we collect together various results
concerning Σ̂C ∗ ,C ∗ .

Appendix C. Proof of Theorem 1

is the unique solution to (19), (20), (11) and (12).

−1
−1
(β̂ S ∗ , β̂ M ) = (β ∗S ∗ − λΣ̂S ∗ ,S ∗ sgn(β ∗S ∗ ) + n1 Σ̂S ∗ ,S ∗ XTS ∗ ε, 0)


∗
−1
(τ̂ S ∗ , τ̂ M ) = sgn(β ∗S ∗ ), Σ̂M,S ∗ Σ̂S ∗ ,S ∗ sgn(β ∗S ∗ ) + n1 λ−1 XTM (I − PS )ε

It is straightforward to check that

with τ̂ also satisfying (11) and (12) as before. Now let λ be such that


−1
η
−1
∗
∗ T
<
λ
<
min
(|β
|
−
ξ)
.
sgn(β
)
(
Σ̂
)
∗
∗
∗
v
S
S ,S v
−1
v∈S ∗
1 − kΣ̂M,S ∗ Σ̂S ∗ ,S ∗ sgn(β ∗S ∗ )k∞

Σ̂M,S ∗ (β ∗S ∗

Σ̂S ∗ ,S ∗ (β ∗S ∗ − β̂ S ∗ ) + n1 XTS ∗ ε − Σ̂S ∗ ,M β̂ M = λτ̂ S ∗ ,

Using this, it is straightforward to show that P(Ω1 ∩ Ω2 ∩ ΩC ∗ ,η ) ≥ 1 − 3 exp(−t2 /2).
Since we are on ΩC ∗ ,η , we can assume the existence of a k ∗ from Theorem 2. We now
follow the proof of Lemma 4 taking S = S ∗ and M = Ck∗ \ S ∗ ⊆ N . The KKT conditions
become

where Z ∼
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N (0, σ 2 /(ncmin (Σ̂S ∗ ,S ∗ ))).


−1
−1
≤ max∗ Dvv
max Dkk
max |Covn (zj − En zj )(zk − En zk ), zl |
v∈J
k∈S
j,k,l∈S
p
≤ OP ( log(s1 )n−1/3 ),

min

τ ∈Rs1 :kτ k2 =1

τ {ΣS,S − (ΣS,S − Σ̂S,S )}τ

τ DM,M Σ̂M,M DM,M τ

∗

max

τ ∈R|J | :kDJ ∗ ,J ∗ τ k2 =1

τ DJ ∗ ,J ∗ Σ̂J ∗ ,J ∗ DJ ∗ ,J ∗ τ
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p
≤ {1 − OP ( log(s1 )n−1/4 )}cmax (DJ ∗ ,J ∗ Σ̂J ∗ ,J ∗ DJ ∗ ,J ∗ )
p
≤ {1 − OP ( log(s1 )n−1/4 )}{2c∗2 + s21 kΣ̃ − DJ ∗ ,J ∗ Σ̂J ∗ ,J ∗ DJ ∗ ,J ∗ )k∞ }
p
≤ 2c∗2 + s21 OP ( log(s1 )n−1/4 ).

cmax (Σ̂J ∗ ,J ∗ ) =

Similarly

min

τ ∈R|M | :kDM,M τ k2 =1

≥ kDM,M k−1
∞ cmin (DM,M Σ̂M,M DM,M )
p
p
≥ {1 + OP ( log(s1 )n−1/4 )}[c2∗ − s21 {kΣ̃ − DM,M Σ̂M,M DM,M )k∞ + OP ( log(s1 )n−1/3 )}]
p
≥ c2∗ + s21 OP ( log(s1 )n−1/4 ).

cmin (Σ̂M,M ) =

when u = {j, k} and v = {l, m}. Lemma A.4 of Hao and Zhang (2014) shows that cmin (Σ̃) ≥
2cmin (ΣS,S )2 and cmax (Σ̃) ≤ 2cmax (ΣS,S )2 . Thus we have

Σ̃uv = Σjl Σkm + Σjm Σkl

Now let Σ̃ be a matrix with entries indexed by M with

≥ cmin (ΣS,S ) −
max
kτ k21 kΣS,S − Σ̂S,S k∞
τ ∈Rs1 :kτ k2 =1
p
= c∗ − s1 OP ( log(s1 )/n).

cmin (Σ̂S,S ) =

the rate being driven by the size of En (zj zk zl ). Also

T
1
n kXJ ∗ XS k∞

Now we consider (ii). We have

j,k,l,m∈S


max |Covn (zj − En zj )(zk − En zk ), (zl − En zl )(zm − En zm ) − Σjl Σkm − Σjm Σkl |
p
= max |En (zj zk zl zm ) − En (zj zk )En (zl zk ) − Σjl Σkm − Σjm Σkl | + OP ( log(s1 )/n)
j,k,l,m∈S
p
= OP ( log(s1 )n−1/4 ).

Also,

max |Covn (zj , zk ) − Σjk | = max |En (zj zk ) − En zj En zk − Σjk |
j,k
j,k
p
= OP ( log(p)/n).

Proof We use bounds on the tails of products of normal random variables from Hao and
Zhang (2014) (equation B.9). We have
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≤

OP (

s13 log(s1 )n−1/3 ).
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−

β S∗ k∞

Lemma 6 Working with the assumptions of Theorem 1, we have
q
max kβ S∪A
S

A∈J

XS β S∗

S∪A
A
Proof For A ∈ J let ∆A ∈ R|S∪A| with ∆SA = β S∪A
− β S∗ and ∆A
= βA
. Define
S
g∗ = XS2∗ β S∗ 2∗ . Note that
f∗ =
+ g∗ ,

so
T
∆A = (XS∪A
XS∪A )−1 XS∪A g∗ .

p
A
T
A 2 1
|A||S|k n1 XST XA k∞ k∆A
k2 k∆SA k2 +cmin ( n1 XA
XA )k∆A
k2 − n kg∗ k22 ≤ 0.

A
A 2
kXS∪A ∆A k22 = kXS ∆SA k22 + 2∆SA XST XA ∆A
+ kXA ∆A
k2 ≤ kg∗ k22 .

T

A 2
First we bound k∆A
k2 in terms of kg∗ k22 . We have that

Thus
cmin ( n1 XST XS )k∆SA k22 −2

Thinking of this as a quadratic in k∆SA k2 and considering the discriminant yields

1
1 T
∗ 2
A 2
n cmin ( n XS XS )kg k2
.
k∆A
k2 ≤
T X ) − k 1 XT X k2 |A||S|
cmin ( n1 XST XS )cmin ( n1 XA
A
n S A ∞
√1 kg∗ k2 OP (1).
n

q
cmax (Σ̂J ∗ ,J ∗ )kβ ∗ k2 = OP (1)
S2∗

A
Thus by Lemma 5 (ii) and condition A2, maxA∈J k∆A
k2 =
But

1
√ kg∗ k2 ≤
n

A
kXS∪A ∆A − g∗ k22 ≤ kXA ∆A
− g∗ k22 ,

A
by Lemma 5 (ii) and A5, so maxA∈J k∆A
k2 = OP (1).
Next observe that

so
k∆SA k22 cmin ( n1 XST XS ) ≤ n1 kXS ∆SA k22

T

A
≤ 2| 1 ∆SA XST (XA ∆A
− g∗ )|
n
p
A
|A||S|k∆SA k2 k n1 XST XA k∞ k∆A
k2 + 2k∆SA k2 k n1 XST g∗ k2 .

≤2

Therefore
p
A
k∆SA k∞ ≤ 2{cmin ( n1 XST XS )}−1 ( |A||S|k n1 XST XA k∞ k∆A
k2 + k n1 XST g∗ k2 ),
so

A∈J

p
max k∆SA k∞ ≤ 2{cmin ( n1 XST XS )}−1 ( |S||J ∗ |k n1 XST XJ ∗ k∞ OP (1) + k n1 XST g∗ k2 ).
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Now

Thus

√
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s1 k n1 XST XS2∗ k∞ kβ S∗ 2∗ k1
p
log(s1 )n−1/3 ).

q
s13 log(s1 )n−1/3 ).

≤ OP (s1

k n1 XST g∗ k2 ≤

A∈J

max k∆SA k∞ ≤ OP (

T
+ n1 kXC
∗ εk∞



(27)

|M |

(28)

cmin (Σ̂M,M )

p

Proof of Theorem 1. In view of Theorem 2 and its proof, it is enough to show that with
probability tending to 1, we have

−1

1 − kΣ̂S∪A,S∪A Σ̂S∪A,j k1

−1

T εk
− PS∪A )f ∗ | + 2 n1 kXC
∗
∞

max sup kΣ̂N,S∪A Σ̂S∪A,S∪A τ k∞ < 1,
A∈J τ ∈Rs1
1 T
n |Xj (I

A∈J j∈N

min min |βjS∪A | > max max
j∈I ∗ A∈J

−1
ΣS,j + Ej − 1Ēj ,
Xj Djj = XS DS,S ΣS,S

A∈J

−1

−1
ΣS,j + Ej where Ej is independent of ZS and
First note that for j ∈ N , Zj = ZS ΣS,S
−1
Ej ∼ Nn (0, (1 − Σj,S ΣS,S
ΣS,j )I). Thus

and
A∈J

s12 oP (1)
.
c∗2 + oP (1)

cmin (Σ̂M,M )
p
|M |
p
.
c∗2 + s12 OP ( log(s1 )n−1/4 )

p
|M |

T
Ej k2 .
kΣ̂S∪A,S∪A τ k1 k n1 XM

−1

−1
−1
T
T
T
ΣS,j k1 + max kΣ̂S∪A,S∪A n1 XS∪A
kDS,S ΣS,S
max k(XS∪A
XS∪A )−1 XS∪A
Xj k1 ≤ Dkk
Ej k 1 .

max

−1

≤

kΣ̂S∪A,S∪A τ k1 ≤

A∈J τ ∈R|S∪A| :kτ k2 ≤1

max

Now the second term above is at most

But
max

A∈J τ ∈R|S∪A| :kτ k∞ ≤1

max

j∈N

−1

T
max k n1 XM
Ej k22 ≤ |M |OP (log(p)/n).

Also since for v ∈ M and j ∈ N , XvT Ej /n ∼ N (0, 1) we have

Therefore
A∈J τ ∈Rs1

max sup kΣ̂N,S∪A Σ̂S∪A,S∪A τ k∞ ≤ (1 + oP (1))δ +
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.

log(2s1 p) 1
√ kXS2∗ β ∗S ∗ k2 OP (1).
2
n
n

p
1
√ kXS2∗ β ∗S ∗ k2 ≤ {2c∗2 + s21 log(s1 )n−1/4 OP (1)}kβ S ∗ k2 .
2
2
n
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Cross-validation methods are widely used in machine learning and statistics, for estimating
the risk of a given statistical estimator (Stone, 1974; Allen, 1974; Geisser, 1975) and for
selecting among a family of estimators. For instance, cross-validation can be used for model
selection, where a collection of linear spaces is given (the models) and the problem is to
choose the best least-squares estimator over one of these models. Cross-validation is also
often used for choosing hyperparameters of a given learning algorithm. We refer to Arlot
and Celisse (2010) for more references about cross-validation for model selection.
Model selection can target two different goals: (i) estimation, that is, minimizing the risk
of the final estimator, which is the goal of AIC and related methods, or (ii) identification,
that is, identifying the smallest true model in the family considered, assuming it exists and

1. Introduction

This paper studies V -fold cross-validation for model selection in least-squares density estimation. The goal is to provide theoretical grounds for choosing V in order to minimize
the least-squares loss of the selected estimator. We first prove a non-asymptotic oracle
inequality for V -fold cross-validation and its bias-corrected version (V -fold penalization).
In particular, this result implies that V -fold penalization is asymptotically optimal in the
nonparametric case. Then, we compute the variance of V -fold cross-validation and related
criteria, as well as the variance of key quantities for model selection performance. We
show that these variances depend on V like 1 + 4/(V − 1), at least in some particular
cases, suggesting that the performance increases much from V = 2 to V = 5 or 10, and
then is almost constant. Overall, this can explain the common advice to take V = 5 —at
least in our setting and when the computational power is limited—, as supported by some
simulation experiments. An oracle inequality and exact formulas for the variance are also
proved for Monte-Carlo cross-validation, also known as repeated cross-validation, where
the parameter V is replaced by the number B of random splits of the data.
Keywords: V -fold cross-validation, Monte-Carlo cross-validation, leave-one-out, leave-pout, resampling penalties, density estimation, model selection, penalization
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This paper aims at providing theoretical grounds for the choice of V by two means: a
non-asymptotic oracle inequality valid for any V (Section 3) and exact variance computations shedding light on the influence of V on the variance (Section 5). In particular, we
would like to understand why the common advice in the literature is to take V = 5 or
10, based on simulation experiments (Breiman and Spector, 1992; Hastie et al., 2009, for
instance).
The results of the paper are proved in the least-squares density estimation framework,
because we can then benefit from explicit closed-form formulas and simplifications for the V fold criteria. In particular, we show that V -fold cross-validation and all leave-p-out methods
are particular cases of V -fold penalties in least-squares density estimation (Lemma 1).
The first main contribution of the paper (Theorem 5) is an oracle inequality with leading
constant 1 + εn , with εn → 0 as n → ∞ for unbiased V -fold methods, which holds for any
value of V . To the best of our knowledge, Theorem 5 is the first non-asymptotic oracle
inequality for V -fold methods enjoying such properties: the leading constant 1 + εn is new
in density estimation, and the fact that it holds whatever the value of V had never been
obtained in any framework. Theorem 5 relies on a new concentration inequality for the
V -fold penalty (Proposition 4). Note that Theorem 5 implicitly assumes that the oracle
loss is of order n−α for some α ∈ (0, 1), that is, the setting is nonparametric; otherwise,

Then, a natural question arises: which cross-validation method should be used for minimizing the risk of the final estimator? For instance, a popular family of cross-validation
methods is V -fold cross-validation (Geisser, 1975, often called k-fold cross-validation), which
depends on an integer parameter V , and enjoys a smaller computational cost than other
classical cross-validation methods. The question becomes (1) which V is optimal, and (2)
can we do almost as well as the optimal V with a small computational cost, that is, a
small V ? Answering the second question is particularly useful for practical applications
where the computational power is limited.
Surprisingly, few theoretical results exist for answering these two questions, especially
with a non-asymptotic point of view (Arlot and Celisse, 2010). In short, it is proved in
least-squares regression that at first order, V -fold cross-validation is suboptimal for model
selection (with an estimation goal) if V stays bounded, because V -fold cross-validation is
biased (Arlot, 2008). When correcting for the bias (Burman, 1989; Arlot, 2008), we recover
asymptotic optimality whatever V , but without any theoretical result distinguishing among
values of V in second order terms in the risk bounds (Arlot, 2008).
Intuitively, if there is no bias, increasing V should reduce the variance of the V -fold crossvalidation estimator of the risk, hence reduce the risk of the final estimator, as supported
by some simulation experiments (Arlot, 2008, for instance). But variance computations for
unbiased V -fold methods have only been made in the asymptotic framework for a fixed
estimator, and they focus on risk estimation instead of model selection (Burman, 1989).

it is unique, which is the goal of BIC for instance; see the survey by Arlot and Celisse (2010)
for more details about this distinction. These two goals cannot be attained simultaneously
in general (Yang, 2005).
We assume throughout the paper that the goal of model selection is estimation. We refer
to Yang (2006, 2007) and Celisse (2014) for some results and references on cross-validation
methods with an identification goal.
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Theorem 5 may not imply the asymptotic optimality of V -fold penalization. Let us also
emphasize that the leading constant is 1+εn whatever V for unbiased V -fold methods, with
εn independent from V in Theorem 5. So, second-order terms must be taken into account
for understanding how the model selection performance depends on V . Section 4 proposes
a heuristic for comparing these second order terms thanks to variance comparisons. This
motivates our next result.
The second main contribution of the paper (Theorem 6) is the first non-asymptotic
variance computation for V -fold criteria that allows to understand precisely how the model
selection performance of V -fold cross-validation or penalization depends on V . Previous
results only focused on the variance of the V -fold criterion (Burman, 1989; Bengio and
Grandvalet, 2005; Celisse, 2008, 2014; Celisse and Robin, 2008), which is not sufficient for
our purpose, as explained in Section 4. In our setting, we can explain, partly from theoretical
results, partly from a heuristic argument, why taking, say, V > 10 is not necessary for
getting a performance close to the optimum, as supported by experiments on synthetic
data in Section 6.
An oracle inequality and exact formulas for the variance are also proved for other crossvalidation methods: Monte-Carlo cross-validation, also known as repeated cross-validation,
where the parameter V is replaced by the number B of random splits of the data (Section 8.1), and hold-out penalization (Section 8.2).
Notation. For any integer k > 1, JkK denotes {1, . . . , k}.
For any vector ξJnK := (ξ1 , . . . , ξn ) and any B ⊂ JnK, ξB denotes (ξi )i∈B , |B| denotes the
cardinality of B and B c = JnK \ B.
For any real numbers t, u, we define t ∨ u := max{t, u}, u+ := u ∨ 0 and u− := (−u) ∨ 0.
All asymptotic results and notation o(·) or O(·) are for the regime when the number n
of observations tends to infinity.

2. Least-Squares Density Estimation and Definition of V -Fold Procedures
This section introduces the framework of the paper, the main procedures studied, and some
useful notation.
2.1 General Statistical Framework
Let ξ, ξ1 , ..., ξn be independent random variables taking value in a Polish space X , with
common distribution P and density s with respect to some known measure µ. Suppose that
s ∈ L∞ (µ), which implies that s ∈ L2 (µ). The goal is to estimate s from ξJnK = (ξ1 , . . . , ξn ),
that is, to build an estimator sb = sb(ξJnK ) ∈R L2 (µ) such that its loss kb
s − sk2 is as small as
possible, where for any t ∈ L2 (µ), ktk2 := X t2 dµ.
Projection estimators are among the most classical estimators in this framework (see, for
example, DeVore and Lorentz, 1993 and Massart, 2007). Given a separable linear subspace
Sm of L2 (µ) (called a model), the projection estimator of s onto Sm is defined by

sbm := argmin ktk2 − 2Pn (t) ,
(1)
t∈Sm
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R
Pn
where Pn is the empirical measure; for any t ∈ L2 (µ), Pn (t) = tdPn = n1 i=1
t(ξi ). The
quantity minimized in the definition of sbm is often called the empirical risk, and can be

3

denoted by
Pn γ(t) = ktk2 − 2Pn (t)

∀x ∈ X , ∀t ∈ L2 (µ),

Arlot and Lerasle

where

γ(t; x) = ktk2 − 2t(x) .

The function γ is called the least-squares contrast. Note that Sm ⊂ L1 (P ) since s ∈ L2 (µ).
2.2 Model Selection

When a finite collection of models (Sm )m∈Mn is given, following Massart (2007), we want
to choose from data one among the corresponding projection estimators (b
sm )m∈Mn . The
goal is to design a model selection procedure m
b : X n 7→ Mn so that the final estimator
se := sbm
b has a quadratic loss as small as possible, that is, comparable to the oracle loss
inf m∈Mn kb
sm − sk2 . This goal is what is called the estimation goal in the Introduction.
More precisely, we aim at proving that an oracle inequality of the form

kb
sm − sk2 + Rn

m∈Mn

2
kb
sm
b − sk 6 Cn inf

holds with a large probability. The procedure m
b is called asymptotically optimal when Rn
is much smaller than the oracle loss and Cn → 1, as n → +∞. In order to avoid trivial
cases, we will always assume that |Mn | > 2.

m∈Mn

In this paper, we focus on model selection procedures of the form

m
b := argmin crit(m) ,

where crit : Mn 7→ R is some data-driven criterion. Since our goal is to satisfy an oracle
inequality, an ideal criterion is

critid (m) = kb
sm − sk2 − ksk2 = −2P (b
sm ) + kb
sm k2 = P γ(b
sm ) .

Penalization is a popular way of designing a model selection criterion (Barron et al.,
1999; Massart, 2007)
crit(m) = Pn γ(b
sm ) + pen(m)

(2)

for some penalty function pen : Mn → R, possibly data-driven. From the ideal criterion
critid , we get the ideal penalty

t∈Sm

t∈Sm

= 2(Pn − P )(b
sm − sm ) + 2(Pn − P )(sm ) = 2kb
sm − sm k2 + 2(Pn − P )(sm ) ,


sm := argmin P γ(t) = argmin kt − sk2

sm ) = (P − Pn )γ(b
sm ) = 2(Pn − P )(b
sm )
penid (m) := critid (m) − Pn γ(b
where

λ∈Λm

X
2
(Pn − P )(ψλ )

(3)

is the orthogonal projection of s onto Sm in L2 (µ). Let us finally recall some useful and
classical reformulations of the main term in the ideal penalty (2), that proves in particular
the last equality in Eq. (2): If Bm = {t ∈ Sm s.t. ktk 6 1} and (ψλ )λ∈Λm denotes an
orthonormal basis of Sm in L2 (µ), then
(Pn − P )(b
sm − sm ) =

t∈Bm
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2
= kb
sm − sm k2 = sup (Pn − P )(t) ,

where the last equality follows from Eq. (30) in Appendix A.

4

i∈A

1 X
δξi
|A|

n
o
2
(A)
.
and sb(A)
m := argmin ktk − 2Pn (t)

t∈Sm

2

,

(4)

K=1

V
1 X
c
critHO (m, BK
) .
V

K=1

V
 c 
1 X
(B )
Pn γ sbm K
.
V

i=1

5

1X
Wi = 1 ,
n

n
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Another approach for building general data-driven model selection criteria is penalization
with a resampling-based estimator of the expectation of the ideal penalty, as proposed by
Efron (1983) with the bootstrap and later generalized to all resampling schemes (Arlot,
2009). Let W ∼ W be some random vector of Rn independent from ξJnK with

2.4 Resampling-Based and V -Fold Penalties

In the particular case where V = n, this criterion is studied by Massart (2007, Section 7.2.1,
p. 204–205) under the name cross-validation estimator.

critcorr,VFCV (m, B) := critVFCV (m, B) + Pn γ(b
sm ) −

Compared to the hold-out, one expects cross-validation to be less variable thanks to the
c .
averaging over V splits of the sample into ξBK and ξBK
Since critVFCV (m, B) is known to be a biased estimator of E[critid (m)], Burman (1989)
proposed the bias-corrected V -fold cross-validation criterion

critVFCV (m, B) :=

and all cross-validation criteria are defined as averages of hold-out criteria with various
subsets T .
Let V ∈ {2, . . . , n} be a positive integer and let B = BJV K = (B1 , . . . , BV ) be some
partition of JnK. The V -fold cross-validation criterion is defined by





c
c
)
)
)
critHO (m, T ) := Pn(T ) γ sb(T
= −2Pn(T ) sb(T
+ sb(T
m
m
m

The main idea of cross-validation is data splitting: some T ⊂ JnK is chosen, one first trains
sbm (·) with ξT , then test the trained estimator on the remaining data ξT c . The hold-out
criterion is the estimator of critid (m) obtained with this principle, that is,

Pn(A) :=

A standard approach for model selection is cross-validation. We refer the reader to Arlot and
Celisse (2010) for references and a complete survey on cross-validation for model selection.
This section only provides the minimal definitions and notation necessary for the remainder
of the paper.
For any subset A ⊂ JnK, let

2.3 V -Fold Cross-Validation

Choice of V for V -fold Cross-Validation in Least-Squares Density Estimation

K=1

V 
  c 
x X 
(Bc )
(B )
Pn − Pn K γ sbm K
V

6

critcorr,VFCV (m, B) = Pn γ(b
sm ) + penVF (m, B, V − 1)
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(7)

Lemma 1 For least-squares density estimation with projection estimators, under assumption (Reg),

Then, we get the following connection between V -fold penalization and cross-validation
methods.

In this paper, we focus our study on V -fold penalties because Lemma 1 below shows that
formula (6) covers all V -fold and resampling-based procedures mentioned in Sections 2.3
and 2.4.
First, when V = n, the only possible partition is BLOO = {{1}, . . . , {n}}, and the
V -fold penalty is called the leave-one-out penalty penLOO (m, x) := penVF (m, BLOO , x).
The associated weight vector W is exchangeable, hence Eq. (6) leads to all exchangeable
resampling penalties since they are all equal up to a deterministic
multiplicative factor in
P
the least-squares density estimation framework when ni=1 Wi = n, as proved by Lerasle
(2012).
For V -fold methods, let us assume B is a regular partition of JnK, that is,
n
.
(Reg)
V = |B| > 2 divides n and ∀K ∈ JV K , |BK | =
V

2.5 Links Between V -Fold Penalties, Resampling Penalties and (Corrected)
V -Fold Cross-Validation

where x > 0 is left free for flexibility, which is quite useful according to Lemma 1 below.

K=1

(6)

so that the associated resampling penalty, called

V
 c 
c )
2x X  (BK
(B )
Pn
=
− Pn sbm K
V

penVF (m, B, x) :=

(BJc )

distribution over JV K. Then, PnW = Pn
V -fold penalty, is defined by

W ∈ argmin
W
where sbm
t∈Sm {Pn γ(t)}, EW [·] denotes the expectation with respect to W only
(that is, conditionally to the sample ξJnK ), and CW is some positive constant. Resamplingbased penalties have been studied recently in the least-squares density estimation framework
(Lerasle, 2012), assuming that W is exchangeable, that is, its distribution is invariant by
any permutation of its coordinates.
Since computing exactly penW (m) has a large computational cost in general for exchangeable W , some non-exchangeable resampling schemes were introduced by Arlot (2008),
inspired by V -fold cross-validation: given some partition B = BJV K of JnK, the weight vector
W is defined by Wi = (1 − Card(BJ )/n)−1 1i∈B
/ J for some random variable J with uniform

P
and denote by PnW = n−1 ni=1 Wi δξi the weighted empirical distribution of the sample.
Then, the resampling-based penalty associated with W is defined as
h

i
W
penW (m) := CW EW Pn − PnW γ sbm
,
(5)

Arlot and Lerasle

with

A∈Ep


Ep := A ⊂ JnK s.t. |A| = p

  c
x X
c
(A )
Pn − Pn(A ) γ sbm
.
|Ep |

(8)
(9)
(10)

Choice of V for V -fold Cross-Validation in Least-Squares Density Estimation



1
crit
(m, B) = P γ(b
s ) + pen
m, B, V −
n
m
VFCV
VF
2


n 1
critLPO (m, p) = Pn γ(b
sm ) + penLPO m, p, −
p
2


n/p − 1/2
= Pn γ(b
sm ) + penLOO m, (n − 1)
n/p − 1


n/p − 1/2
= Pn γ(b
sm ) + penVF m, BLOO , (n − 1)
n/p − 1

A∈Ep

1 X (A)  (Ac ) 
Pn γ sbm
|Ep |

where for any p ∈ Jn − 1K, the leave-p-out cross-validation criterion is defined by
critLPO (m, p) :=

penLPO (m, p, x) :=

and the leave-p-out penalty is defined by
∀x > 0,
Lemma 1 is proved in Section A.1.

Remark 2 Eq. (7) was first proved by Arlot (2008) in a general framework that includes
least-squares density estimation, assuming only (Reg). Eq. (10) follows from Lerasle (2012,
Lemma A.11) since penLPO belongs to the family of exchangeable resampling penalties, with
weights
Wi := (1 − p/n)−1 1i∈A
and A is randomly chosen uniformly over Ep ; note that
/
Pn
i=1 Wi = n for these weights. It can also be deduced from Proposition 3.1 by Celisse
(2014), see Section A.1.
Remark 3 It is worth mentioning here the cross-validation estimators studied by Massart
(2007, Chapter 7). First, the unbiased cross-validation criterion defined by Rudemo (1982)
is exactly critcorr,VFCV (m, BLOO ) (see also Massart, 2007, Section 7.2.1). Second, the penalized estimator of Massart (2007, Theorem 7.6) is the estimator selected by the penalty
!
(1 + )6 (n − 1)2

penLOO m, 
2 n − (1 + )6

for some  > 0 such that (1 + )6 < n (see Section A.1 for details).
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So, in the least-squares density estimation framework and assuming only (Reg), Lemma 1
shows that it is sufficient to study V -fold penalization with a free multiplicative factor x in
front of the penalty for studying also V -fold cross-validation (x = V −1/2), corrected V -fold
cross-validation (x = V − 1), the leave-p-out (V = n and x = (n − 1)(n/p − 1/2)/(n/p − 1))
and all exchangeable resampling penalties. For any C > 0 and B some partition of JnK into
V pieces, taking x = C(V − 1), the V -fold penalization criterion is denoted by

C(C,B) (m) := Pn γ(b
sm ) + penVF m, B, C(V − 1) .
(11)
7

Arlot and Lerasle

(13)

A key quantity in our results is the bias E[C(C,B) (m) − critid (m)]. From Lemma 13 in
Section A.2, we have






E penVF (m, B, V − 1) = E penid (m) = 2E kb
sm − sm k2 ,
(12)

so that for any C > 0,




E C(C,B) (m) − critid (m) = 2(C − 1)E kb
sm − sm k2 .

m∈Mn

In Sections 3–7, we focus our study on V -fold methods, that is, we study the performance
of the V -fold penalized estimators sb , defined by
m
b


m
b =m
b C(C,B) = argmin C(C,B) (m) ,
(14)

for all values of V and C > 1/2. Additional results on hold-out (penalization) are given in
Section 8.2 to complete the picture.

3. Oracle Inequalities

In this section, we state our first main result, that is, a non-asymptotic oracle inequality
satisfied by V -fold procedures. This result holds for any divisor V > 2 of n, any constant
x = C(V − 1) in front of the penalty with C > 1/2, and provides an asymptotically optimal
oracle inequality for the selected estimator when C → 1 (assuming the setting is non
parametric). In addition, as proved by Section 2.5, it implies oracle inequalities satisfied by
leave-p-out procedures for all p.

3.1 Concentration of V -Fold Penalties

Concentration is the key property to establish oracle inequalities. Let us start with some
new concentration results for V -fold penalties.

λ∈Λm

t∈Bm

Proposition 4 Let ξJnK be i.i.d. real-valued random variables with density s ∈ L∞ (µ),
B some partition of JnK into V pieces satisfying (Reg), Sm a separable linear space of
measurable functions and (ψλ )λ∈Λm an orthonormal basis of Sm . Define
X
p

bm := k Ψm k∞
Bm = t ∈ Sm s.t. ktk 6 1
Ψm =
ψλ2 = sup t2

h
i
Dm := P (Ψm ) − ksm k2 = nE ksm − sbm k2 ,

where sbm is defined by Eq. (1), and for any x,  > 0,

b2 + ksk2 x2
ksk∞ x
+ m 3 2
.
n
 n

ρ1 (m, , s, x, n) :=

2Dm
n

(15)

Then, an absolute constant κ exists such that for any x > 0, with probability at least 1−8e−x ,
for any  ∈ (0, 1], the following two inequalities hold true

penVF (m, B, V − 1) −

(16)
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Dm
6
+ κρ1 (m, , s, x, n)
n
Dm
+ κρ1 (m, , s, x, n) .
n

penVF (m, B, V − 1) − 2ksm − sbm k2 6 

8

where

∀h ∈ JnK ,

mh =




λ λ+1
,
,λ ∈ Z .
h
h

i=1


hi P ξ ∈ [xi−1 , xi ) − ksm k2 .

9

In order to state the main result, we introduce the following hypotheses:

3.3 Oracle Inequality for V -Fold Procedures

Dm =

k+1
X

JMLR 17(208):1-50

In Example 2, the function Ψm is constant on each interval [xi−1 , xi ), equal to hi , therefore,

In other words, mhJk+1K ,xJkK splits [0, 1] into k + 1 pieces (at the xi ), and then splits the i-th
piece into hi pieces of equal size.

i∈JkK


[  xi−1 (xi − xi−1 )(λ − 1) xi−1 (xi − xi−1 )λ 
+
,
+
, λ ∈ Jhi K .
n
nhi
n
nhi

where x0 = 0, xk+1 = n and for any x1 , . . . , xk ∈ Jn − 1K such that x1 < · · · < xk and any
hJk+1K ∈ Nk+1 , mhJk+1K ,xJkK is defined as the union

n
o
Mn = mhJk+1K ,xJkK s.t. x1 < · · · < xk ∈ Jn − 1K and ∀i ∈ Jk + 1K , hi ∈ Jxi − xi−1 K ,

Example 2 (k-rupture points on X = [0, 1])

In Example 1, defining dmh = h for every h ∈ JnK, for every m ∈ Mn , Dm = dm −ksm k2 since
Ψm is constant and equal to dm . Therefore, Proposition 4 shows that penVF (m, B, V − 1)
is asymptotically equivalent to pendim (m) := 2dm /n when dm → ∞. Penalties of the form
of pendim are classical and have been studied for instance by Barron et al. (1999).


Mn = mh , h ∈ JnK

Example 1 (Regular histograms on X = R)

Histograms on R provide some classical examples of collections of models. Let X be a
measurable subset of R, µ denote the Lebesgue measure on X and m be some countable
partition of X such that µ(λ) > 0 for any λ ∈ m. The histogram space Sm based on m is the
linear span of the functions (ψλ )λ∈Λm where Λm = m and for every λ ∈ m, ψλ = µ(λ)−1/2 1λ .
More precisely, we illustrate our results with the following examples.

3.2 Example: Histogram Models

Proposition 4 is proved in Section A.2. Eq. (15) gives the concentration of the V -fold
penalty around its expectation 2Dm /n = E[penid (m)], see Eq. (12). Eq. (16) gives the
concentration of the V -fold penalty around the ideal penalty, see Eq. (2). Optimizing over
,
√ the first order of the deviations of penVF (m, B, V − 1) around penid (m) is driven by
Dm /n. The deviation term in Proposition 4 does not depend on V and cannot therefore
help to discriminate between different values of this parameter.

Choice of V for V -fold Cross-Validation in Least-Squares Density Estimation

(H20 )

(H2)

(H1)

(17)

a0

0

|Mn | 6 na .
a0

(H3)

10
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For instance, (H3) holds in Example 1 with = 1 and in Example 2 with = k. Under
(H3), the remainder term in Eq. (17) is bounded by L(log n)2 /(3 n) for some L > 0, which
is much smaller than the oracle loss in the nonparametric case.
The leading constant in the oracle inequality (17) is (1 + δ+ )/(1 − δ− ) + o(1) by choosing
 = o(1), so the first-order behaviour of the upper bound on the loss is driven by δ. An
asymptotic optimality result can be derived from Eq. (17) only if δ = o(1). The meaning of

∃a0 > 0, ∀n ∈ N? ,

Theorem 5 is proved in Section A.3.
Taking  > 0 small enough in Eq. (17), Theorem 5 proves that V -fold model selection
procedures satisfy an oracle inequality with large probability. The remainder term can be
bounded under the following classical hypothesis

1 − δ− − 
ke
s − sk2 6 inf kb
sm − sk2 + κρ2 (, s, xn , n) .
m∈Mn
1 + δ+ + 

is defined by Eq. (14). Then, an absolute constant κ exists such that, for any x > 0, with
probability at least 1 − e−x , for any  ∈ (0, 1],

For every m ∈ Mn , let sbm be the estimator defined by Eq. (1) and se = sbm
b where

m
b =m
b C(C,B)

Theorem 5 Let ξJnK be i.i.d. real-valued random variables with common density s ∈ L∞ (µ),
B some partition of JnK into V pieces satisfying (Reg) and (Sm )m∈Mn be a collection of
separable linear spaces satisfying (H1). Assume that either (H2) or (H20 ) holds true. Let
C ∈ (1/2, 2], δ := 2(C − 1) and, for any x,  > 0,


Ax
ksk2 x2
ρ2 (, s, x, n) :=
+ 1+
and
xn = x + log |Mn | .
n
n
3 n

Hereafter, we define A := a ∨ ksk∞ when (H2) holds and A := ksk∞ when (H20 ) holds. On
histogram spaces, (H1) holds if and only if inf m∈Mn inf λ∈m µ(λ) > n−1 , and (H2) holds
with a = ksk∞ .

∀(m, m0 ) ∈ M2n ,

ksm k∞ 6 a ,

Sm ∪ Sm0 ∈ {Sm , Sm0 }

∀m ∈ Mn ,

• The collection of models is nested.

∃a > 0,

• The family of the projections of s is uniformly bounded.

where we recall that bm := supt∈Bm ktk∞ and Bm := {t ∈ Sm , ktk 6 1}.

• A uniform bound on the L∞ norm of the L2 ball of the models
√
∀m ∈ Mn ,
bm 6 n

Arlot and Lerasle
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Theorem 5 considers the strongest possible oracle, that is, trained with n data. Optimal
oracle inequalities were proved by Celisse (2014) for leave-p-out estimators with p  n, a
case also treated in Theorem 5 by taking V = n and C = (n/p − 1/2)/(n/p − 1) as shown
by Lemma 1. If p  n, C ∼ 1, hence δ = o(1) and we recover the result of Celisse (2014).
Concerning V -fold penalization, previous results were either valid for V = n only—by
Massart (2007, Theorem 7.6) and Lerasle (2012) for least-squares density estimation, by
Arlot (2009) for regressogram estimators—, or for V bounded when n tends to infinity—by
Arlot (2008) for regressogram estimators. In comparison, Theorem 5 provides a result valid
for all V , except for the assumption that V divides n, which can be removed (Arlot and
Lerasle, 2012). In particular, the loss bound by Arlot (2008) deteriorates when V grows,
while it remains stable in our result. Our result is therefore much closer to the typical
behavior of the loss ratio ke
s − sk2 / inf m∈Mn kb
sm − sk2 of V -fold penalization, which usually
decreases as a function of V in simulation experiments, see Section 6 and the experiments
by Arlot (2008), for instance.
Theorem 5 may not satisfactorily address the parametric setting, that is, when the
collection (Sm )m∈Mn contains some fixed true model. In such a case, the usual way to
obtain asymptotic optimality is to use a model selection procedure targetting identification,
that is, taking C → +∞ when n → +∞. For instance, Celisse (2014, Theorem 3.3) shows
that log(n)  C  n is a sufficient condition for such a result.

Arlot and Lerasle

(Reg0 )

sbm(C
b 1) − s

2

< (1 − εn ) sbm(C
b 2) − s

2

(19)

Ideal comparison. Ideally, for proving that C1 is a better method than C2 in some setting,
we would like to prove that

From now on, in this section, C is assumed to be a cross-validation estimator of the risk,
but the heuristic developed here applies to the general case.

m∈Mn

For some data-driven function C : Mn → R, the goal is to understand how kb
sm(C)
− sk2
b
depends on C when the selected model is

m(C)
b
∈ argmin C(m) .
(18)

The main goal of the paper is to compare the model selection performances of several (V fold) cross-validation methods, when the goal is estimation, that is, minimizing the loss
2
kb
sm
b − sk of the final estimator. In this section, we discuss how such a comparison can be
made on theoretical grounds, in a general setting.

4. How to Compare Theoretically the Performances of Model Selection
Procedures for Estimation?

δ = 2(C −1) is the amount of bias of the V -fold penalization criterion, as shown by Eq. (13).
Given this interpretation of δ, the model selection literature suggests that no asymptotic
optimality result can be obtained in general when δ 6= o(1) in the nonparametric case (see,
for instance, Shao, 1997). Therefore, even if the leading constant (1 + δ+ )/(1 − δ− ) is only
an upper bound, we conjecture that it cannot be taken as small as 1 + o(1) unless δ = o(1);
such a result can be proved in our setting using similar arguments and assumptions as the
ones of Arlot (2008) for instance.
For bias-corrected V -fold cross-validation, that is, C = 1 hence δ = 0, Theorem 5
shows a first-order optimal non-asymptotic oracle inequality, since the leading constant
(1 + )/(1 − ) can be taken equal to 1 + o(1), and the remainder term is small enough in
the nonparametric case, under assumption (H3), for instance. Such a result valid with no
upper bound on V had never been obtained before in any setting.
V -fold cross-validation is also analyzed by Theorem 5, since by Lemma 1 it corresponds
to C = 1 + 1/(2(V − 1)), hence δ = 1/(V − 1). When V is fixed, the oracle inequality is
asymptotically sub-optimal, which is consistent with the result proved in regression by Arlot
(2008). On the contrary, if B = Bn has Vn blocs, with Vn → ∞, Theorem 5 implies under
assumption (H3) the asymptotic optimality of Vn -fold cross-validation in the nonparametric
case.
The bound obtained in Theorem 5 can be integrated and we get
i
h
i


1 − δ− −  h
sm − sk2 + κ0 ρ2 , s, log |Mn |
E ke
s − sk2 6 E inf kb
m∈Mn
1 + δ+ + 

n
61 ,
V

for some absolute constant κ0 > 0.
Assuming C > 1/2 is necessary, according to minimal penalty results proved by Lerasle
(2012). Assuming C 6 2 only simplifies the presentation; if C > 2, the same proof shows
that Theorem 5 holds with κ replaced by Cκ.
An oracle inequality similar to Theorem 5 holds in a more general setting, as proved
in a previous version of this paper (Arlot and Lerasle, 2012, Theorem 1); we state a less
general result here for simplifying the exposition, since it does not change the message of
the paper. First, assumption (Reg) can be relaxed into assuming the partition B is close
to regular, that is,
k∈JV K

B is a partition of JnK of size V and sup Card(Bk ) −

which can hold for any V ∈ JnK. Second, data ξ1 , . . . , ξn can belong to a general Polish
space X , at the price of some additional technical assumption.

m∈Mn

− inf

n
o
kb
sm − sk2

12

or

Rn (C) :=

.
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sbm(C)
−s
b

sm − sk2
inf m∈Mn kb

2

with a large probability, for some εn > 0.

2

3.4 Comparison with Previous Works on V -Fold Procedures

sbm(C)
−s
b

Previous works and their limits. When the goal is estimation, the classical way to
analyze the performance of a model selection procedure is to prove an oracle inequality,
that is, to upper bound (with a large probability or in expectation)

JMLR 17(208):1-50

Few non-asymptotic oracle inequalities have been proved for V -fold penalization or crossvalidation procedures.
Concerning cross-validation, previous oracle inequalities are listed in the survey by Arlot
and Celisse (2010). In the least-squares density estimation framework, oracle inequalities
were proved by van der Laan et al. (2004) in the V -fold case, but compared the risk of the
selected estimator with the risk of an oracle trained with n(V − 1)/V data. In comparison,
11

13




sign C(m1 ) − C(m2 ) = sign kb
sm1 − sk2 − kb
sm2 − sk2
JMLR 17(208):1-50

The variance of the cross-validation criteria is not the correct quantity to
look
at. If we were only comparing cross-validation methods C1 , C2 as estimators of

E kb
sm − sk2 for every single m ∈ Mn , we could naturally compare them through their
mean squared errors. Under assumption (SameBias), this would mean to compare their
variances. This can be done from Eq. (23) below, but it is not sufficient to solve our problem,
since it is known that the best cross-validation estimator of the risk does not necessarily
yield the best model selection procedure (Breiman and Spector, 1992). More precisely, the
selected model m(C)
b
defined by Eq. (18) is unchanged when C(m) is translated by any
random quantity, but such a translation does change Var(C(m)) and can make it as large
as desired. For model selection, what really matters is that

as defined by Eq. (11), with different partitions Bi satisfying (Reg) with different V = Vi ,
but the same constant C > 0; C = 1 corresponds to the unbiased case.

Ci = C(C,Bi )

In least-squares density estimation, given Lemma 1, this means that for i ∈ {1, 2},

Beyond first-order. So, we must go beyond the first-order of Rn (C) and take into account the variance of C(m). Nevertheless, proving a lower bound on Rn (C) is already
challenging at first order—probably the reason why only one has been proved up to now, in
a specific setting only—so the challenge of computing a precise lower bound on the second
order term of Rn (C) seems too high for the present paper. We propose instead a heuristic
showing that the variances of some quantities—depending on (Ci )i=1,2 and on Mn —can be
used as a proxy to a proper comparison of Rn (C1 ) and Rn (C2 ) at second order. Since we
focus on second-order terms, from now on, we assume that C1 and C2 have the same bias,
that is,




∀m ∈ Mn , E C1 (m) = E C2 (m) .
(SameBias)

as often as possible for every (m1 , m2 ) ∈ M2n , and that most mistakes in the ranking of
sm(C)
− sk2 cannot be much
sm2 − sk2 is small, so that kb
models occur when kb
sm1 − sk2 − kb
b
larger than inf m∈Mn {kb
sm − sk2 }.

Alternatively, asymptotic results show that when n tends to infinity, Rn (C) → 1 (asymptotic
optimality of C) or Rn (C1 ) ∼ Rn (C2 ) (asymptotic equivalence of C1 and C2 ); see Arlot
and Celisse (2010, Section 6) for a review of such results. Nevertheless, proving Eq. (19)
requires a lower bound on Rn (C) (asymptotic or not), which has been done only once
for some cross-validation method, to the best of our knowledge. In some least-squares
regression setting, V -fold cross-validation (C VF ) performs (asymptotically) worse than all
asymptotically optimal model selection procedures since Rn (C VF ) > κ(V ) > 1 with a large
probability (Arlot, 2008).
The major limitation of all these previous results is that they can only compare C1 to C2
at first order, that is, according to limn→∞ Rn (C1 )/Rn (C2 ), which only depends on the bias
of Ci (m) (i = 1, 2) as an estimator of E[kb
sm − sk2 ], hence, on the asymptotic ratio between
the training set size and the sample size (Arlot and Celisse, 2010, Section 6). For instance,
the leave-p-out and the hold-out with a training set of size (n − p) cannot be distinguished
at first order, while the leave-p-out performs much better in practice, certainly because its
“variance” is much smaller.

(21)

(20)

(22)

(SameMin)



Var ∆C1 (m, m0 ) < Var ∆C2 (m, m0 ) ⇒ C1 better than C2 .

m∈Mn

14
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• Assumptions (SameBias) and (SameMin) hold true in particular in the unbiased
case, that is, when E[Ci (m)] = E[kb
sm − sk2 ] for all m ∈ Mn and i ∈ {1, 2}.

• The quantity ∆C (m, m0 ) appears in relative bounds (Catoni, 2007, Section 1.4) which
can be used as a tool for model selection (Audibert, 2004).

Indeed, for every m 6= m0 , assumption (SameMin) implies that SNR Ci (m) > 0 for i = 1, 2,
hence we can restrict the max in the definition of SNR Ci to all m0 such that E[∆Ci (m, m0 )]
is positive. By assumption (SameBias), the numerator in the definition of SNR Ci does not
depend on i, hence the ratio is maximal when the denominator is minimal, which leads to
Eq. (22). Let us make some remarks.

∀m 6= m0 ,

this leads to the following heuristic

m∈Mn





{m? } = argmin E C1 (m) = argmin E C2 (m) ,

So, if SNR C1 (m) > SNR C2 (m) for all m “sufficiently far from m? ”, C1 should be better than
C2 . Assuming (SameBias) holds true and that



P m(C)
b
= m = P ∀m0 6= m, ∆C (m, m0 ) < 0

0
 min
P ∆C (m, m ) < 0
m0 6=m

 
p

≈ min
P E ∆C (m, m0 ) + N Var(∆C (m, m0 )) < 0
m0 6=m



E ∆C (m, m0 )
q
= Φ SNR C (m) where SNR C (m) := max
 .
m0 6=m
Var ∆C (m, m0 )

Heuristic. The heuristic we propose goes as follows. For simplicity, we assume that
m? = argminm∈Mn E[kb
sm − sk2 ] is uniquely defined. If the goal was identification, we could
directly state that for any C, the smaller is P(m = m(C))
b
for all m 6= m? , the better should
be the performance of m(C).
b
In this paper, our goal is estimation, but a similar claim can
be conjectured by considering “all m ∈ Mn sufficiently far from m? in terms of risk”, that
is, all m ∈ Mn such that E[kb
sm − sk2 ] is significantly worse than E[kb
sm? − sk2 ]. Indeed,
for any m “close to m? ” in terms of risk, selecting m instead of m? does not significantly
change the performance of m(C);
b
on the contrary, for any m “far from m? ” in terms of risk,
selecting m instead of m? does increase significantly the risk E[kb
sm(C)
− sk2 ].
b
Then, our idea is to find a proxy for P(m = m(C)),
b
that is, a quantity that should
behave similarly as a function of C and its “variance” properties. For all m, m0 ∈ Mn , let
∆C (m, m0 ) := C(m) − C(m0 ), N some standard Gaussian random variable and, for all t ∈ R,
Φ(t) = P(N > t). Then, for every m ∈ Mn

Arlot and Lerasle
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• Assumption (SameMin) is necessary: Figure 3 shows an example where a larger
variance corresponds to better performance under assumption (SameBias) alone.
• As noticed above, the heuristic (22) should apply when the goal is estimation and
when the goal is identification, provided that (SameBias) and (SameMin) hold
true. What should depend on the goal is the suitable amount of bias for Ci (m) as an
estimator of the risk E[kb
sm − sk2 ].
• Approximation (20) is the strongest one. Clearly, inequality 6 holds true. The equality case occurs is for a very particular dependence setting, that is, when one among
the events ({∆C (m, m0 ) < 0}), m0 ∈ Mn , is included into all the others. In general,
the left-hand side is significantly smaller than the right-hand side; we conjecture that
they vary similarly as a function of C.
• The Gaussian approximation (21) for ∆C (m, m0 ) does not hold exactly, but it seems
reasonable to make it, at first order at least.
• The validity of approximations (20) and (21) is supported by the numerical experiments of Section 6.
In the heuristic (22), all (m, m0 ) do not matter equally for explaining a quantitative difference in the performances of C. First, we can fix m0 = m? , since intuitively, the strongest
candidate against any m 6= m? is m? , which clearly holds in all our experiments, see Figures 18 and 24 in Section G of the Online Appendix. Second, as mentioned above, if m
and m? are very close, that is, kb
sm − sk2 /kb
sm? − sk2 is smaller than the minimal order of
magnitude we can expect for Rn (C) with a data-driven C, taking m instead of m? does not
decrease the performance significantly. Third, if Φ(SNR C (m)) is very small, increasing it
even by an order of magnitude will not affect the performance of m(C)
b
significantly; hence,
all m such that, say, SNR C (m)  (log(n))α for all α > 0, can also be discarded. Overall,
pairs (m, m0 ) that really matter in (22) are pairs (m, m? ) that are at a “moderate distance”,
in terms of E[kb
sm − sk2 − kb
sm? − sk2 ].

5. Dependence on V of V -Fold Penalization and Cross-Validation
Let us now come back to the least-squares density estimation setting. Our goal is to compare
the performance of cross-validation methods having the same bias, that is, according to
Section 2.5, m(C
b (C,B) ) with the same constant C but different partitions B, where m(C
b (C,B) )
is defined by Eq. (14).
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X  h
i 2

E ψλ (ξ1 ) − P ψλ ψλ0 (ξ1 ) − P ψλ0

B(m1 , m2 ) := β(m1 , m1 ) + β(m2 , m2 ) − 2β(m1 , m2 ) .

λ∈Λm λ0 ∈Λm0

X

β m, m0 :=

Theorem 6 Let ξJnK be i.i.d. random variables with common density s ∈ L∞ (µ), B some
partition of JnK into V pieces satisfying (Reg), and (ψλ )λ∈Λm1 , (ψλ )λ∈Λm2 two orthonormal
families in L2 (µ). For any m, m0 ∈ {m1 , m2 }, we define Sm the linear span of (ψλ )λ∈Λm ,
sm the orthogonal projection of s onto Sm in L2 (µ), Ψm := supt∈Sm s.t. ktk61 t2 ,

and
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4
1
−
b
V −1 n

Then, for every C > 0,



4C 2
2
(2C − 1)2
1+
Var C(C,B) (m1 ) =
−
β(m1 , m1 )
2
n
V
−
1
n



4
2C − 1
2C − 1
+ Var 1 +
sm1 (ξ1 ) −
Ψm1 (ξ1 )
n
n
2n



4C 2
2
(2C − 1)2
B(m1 , m2 )
and Var C(C,B) (m1 ) − C(C,B) (m2 ) = 2 1 +
−
n
V −1
n



2C − 1
4
2C − 1
(sm1 − sm2 )(ξ1 ) −
Var 1 +
(Ψm1 − Ψm2 )(ξ1 )
n
n
2n
+

where C(C,B) is defined by Eq. (11).
Theorem 6 is proved in Section A.4.

Unbiased case. When C = 1, Theorem 6 shows that


Var C(1,B) (m1 ) − C(1,B) (m2 ) = a + 1 +

(23)

(24)

for some a, b > 0 depending on n, m1 , m2 but not on V . If we admit that the heuristic
(22) holds true, this implies that the model selection performance of bias-corrected V -fold
cross-validation improves when V increases, but the improvement is at most in a second
order term as soon as V is large. In particular, even if a  b, the improvement from V = 2
to 5 or 10 is much larger than from V = 10 to V = n, which can justify the commonly used
principle that taking V = 5 or V = 10 is large enough.
Assuming in addition that Sm1 and Sm2 are regular histogram models (Example 1 in
Section 3.2) with dm1 that divides dm2 , then, by Lemma 19 in Section B.2 of the Online
Appendix,






4
1 2
1
a=
1+
Var sm1 (ξ) − sm2 (ξ) ≈ O
ksm1 − sm2 k2
n
n
n
dm
2
B(m1 , m2 )  ksm2 k2 22 .
n2
n
and b =

When dm2 /n is at least as large as ksm1 − sm2 k2 , we obtain that the first-order term in the
variance is of the form α + β/(V − 1) where α, β > 0 do not depend on V and are of the
same order of magnitude, as supported by the numerical experiments of Section 6. Then,
increasing V from 2 to n does reduce significantly the variance, by a constant multiplicative
factor.
Let Cid (m) := Pn γ(b
sm ) + E[penid (m)] be the criterion we could use if we knew the
expectation of the ideal penalty. From Proposition 17 in Section B of the Online Appendix,
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2
1
Var Cid (m1 ) − Cid (m2 ) = 2 1 −
B(m1 , m2 )
n
n



1
1
4
Var 1 −
(sm1 − sm2 )(ξ1 ) +
(Ψm1 − Ψm2 )(ξ1 )
n
n
2n
+
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Remark 7 The term B(m1 , m2 ) does not depend on the choice of particular bases of Sm1
and Sm2 : as proved by Proposition 18 in Section B of the Online Appendix


B(m1 , m2 ) = n Var (b
sm1 − sbm2 )(ξ) − (n + 1) Var (sm1 − sm2 )(ξ) .

which illustrates again why computing the former quantity might not help for understanding
the model selection properties of C(C,B) , as explained in Section 4. For instance, comparing
Eq. (23) and (24), changing sm1 into sm1 − sm2 in the second term can reduce dramatically
the variance when sm1 and sm2 are close, which happens for the pairs (m1 , m2 ) that matter
for model selection according to Section 4.
The variance of other criteria and their increments are computed in subsequent sections
of the paper and in the Online Appendix: Monte-Carlo cross-validation (Theorem 10 in
Section 8.1 and Theorem 24 in Section C.4) and hold-out penalization (Proposition 28 in
Section D.2).

A major novelty in Eq. (23) is also to cover a larger set of criteria, such as bias-corrected
V -fold cross-validation. Note that Var(C(C,B) (m1 )) is generally much larger than

Var C(C,B) (m1 ) − C(C,B) (m2 ) ,

Cross-validation criteria. V -fold cross-validation and the leave-p-out are also covered
by Theorem 6, according to Lemma 1, respectively with C = 1 + 1/(2(V − 1)) and with
V = n and C = 1 + 1/(2(n/p − 1)). As in the unbiased case, increasing V decreases the
variance, and if we admit that the heuristic (22) holds true, V -fold cross-validation performs
almost as well as the leave-(n/V )-out as soon as V is larger than 5 or 10.
Similarly, the variances of the V -fold cross-validation and leave-p-out criteria, for instance, can be derived from Eq. (23). In the leave-p-out case, we recover formulas obtained
by Celisse (2014) and Celisse and Robin (2008), with a different grouping of the variance
components; Eq. (23) clearly emphasizes the influence of the bias—through (C − 1)—on the
variance. For V -fold cross-validation, we believe that Eq. (23) shows in a simpler way how
the variance depends on V , compared to the result of Celisse and Robin (2008) which was
focusing on the difference between V -fold cross-validation and the leave-(n/V )-out; here
the difference can be written


2
8
1
1
1
−
1+
β(m1 , m1 ) .
2
n V −1 n−1
2(V − 1)

with γ0 , γ1 , γ2 that depend on m1 and γ1 > 0. Here, putting C = 1 in Eq. (23) yields a
result with a similar flavour, valid for all n > 1, even if Eq. (23) computes the variance of
a slightly different quantity.

which easily compares to formula (24) obtained for the V -fold criterion when C = 1. Up
to smaller order terms, the difference lies in the first term, where (1 + 4/(V − 1) − 1/n) is
replaced by (1 − 1/n) when using the expectation of the ideal penalty instead of a V -fold
penalty. In other words, the leave-one-out penalty—that is, taking V = n—behaves like
the expectation of the ideal penalty.
We can also compare Eq. (23) with the asymptotic results obtained by Burman (1989),
which imply that for any fixed model m1


 
 γ0
1
V
1
Var C(1,B) (m1 ) − P γ(b
sm1 ) =
+
γ1 + γ2 2 + o 2
n
V −1
n
n
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Figure 1: The two densities considered. Left: setting L. Right: setting S.
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m
b ? ∈ argmin kb
sm − sk2 .
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The difference between “Regu” and “Dya2” can be visualized on Figure 2, on which the
corresponding oracle estimators sbm
b ? have been plotted for one sample in setting S, where

where n
e = bn/ log(n)c and for every (k, i, j) ∈ Mn , Λ(k,i,j) is the union of the regular
partition of [0, k/e
n) into 2i pieces and the regular partition of [k/e
n, 1] into 2j pieces.

k∈{1,...,e
n}

• “Dya2” for dyadic regular histograms with two bin sizes and a variable change-point:
n
[

o n

o
Mn =
{k} × 0, . . . , log2 (k) × 0, . . . , log2 (e
n − k)

• “Regu” for regular histograms: Mn = {1, . . . , n} where for every m ∈ Mn , Λm is the
regular partition of [0, 1] into m bins.

Two collections of models are considered, both leading to histogram estimators: for
every m ∈ Mn , Sm is the set of piecewise constant functions on some partition Λm of X .

• Setting S: s is the mixture of the piecewise linear density x →
7
(8x − 4)11>x>1/2
(with weight 0.8) and four truncated Gaussian densities with means (k/10)k=1,...,4
and standard deviation 1/60 (each with weight 0.05).

• Setting L: s(x) =

In this section, we take X = [0, 1] and µ is the Lebesgue measure on X . Two examples are
considered for the target density s and for the collection of models (Sm )m∈Mn .
Two density functions s are considered, see Figure 1:

6.1 Setting

This section illustrates the main theoretical results of the paper with some experiments on
synthetic data.

6. Simulation Study
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13.4 ± 0.1
62.4 ± 0.1

Oracle(Regu)
5.46 ± 0.02
43.9 ± 0.1

Oracle(Dya2)
25.8 ± 0.1
100.9 ± 0.2

Best(Regu)

19.4 ± 0.1
83.4 ± 0.2

Best(Dya2)

1

Figure 2: Oracle estimator for one sample of size n = 500, in setting S. Left: Regu. Right:
Dya2.

Setting
L
S

2
Table 1: Comparison of Regu and Dya2: quadratic risks E[kb
sm
b −sk ] of “Oracle” and “Best”
estimators (multiplied by 103 ) with the two collections of models. “Best” means
2
that m
b is the data-driven procedure minimizing E[kb
sm
b − sk ] among all the datadriven procedures we considered in our experiments (see Section 6.2). “Oracle”
means that m
b ∈ argminm∈Mn kb
sm − sk2 is the oracle model for each sample.
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While “Regu” is one of the simplest and most classical collections for density estimation, the
flexibility of “Dya2” allows to adapt to the variability of the smoothness of s. Intuitively,
in settings L and S, the optimal bin size is smaller on [0, 1/2] (where s is varying fastly)
than on [1/2, 1] (where |s0 | is much smaller).
Another point of comparison of Regu and Dya2 is given by Table 1, that reports values
of the quadratic risks obtained depending on the collection of models considered. Table 1
shows that in settings L and S, the collection Dya2 helps reducing the quadratic risk by
approximately 20% (when comparing the best data-driven procedures of our experiment),
and even more when comparing oracle estimators (30% in setting S, 59% in setting L).
Therefore, in settings L and S, it is worth considering more complex collections of models
(such as Dya2) than regular histograms.
Let us finally remark that Dya2 does not reduce the quadratic risk in all settings as
significantly as in settings L and S. We performed similar experiments with a few other
density functions, sometimes leading to less important differences between Regu and Dya2
in terms of risk (results not shown). The oracle model was always better with Dya2, but in
19
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two cases, the risk of the best data-driven procedure with Dya2 was larger than with Regu
by 6 to 8%.
6.2 Procedures Compared

In each setting, we consider the following model selection procedures:

• pendim (Barron et al., 1999): penalization with pen(m) = 2 Card(Λm )/n.

• V -fold cross-validation with V ∈ {2, 5, 10, n}, see Section 2.3.

• V -fold penalties (with leading constant x = V − 1, that is, bias-corrected V -fold
cross-validation), for V ∈ {2, 5, 10, n}, see Section 2.4.

• for comparison, penalization with E[penid (m)], that is, m(C
b id ).

Since it is often suggested to multiply the usual penalties by some factor larger than one
(Arlot, 2008), we consider all penalties above multiplied by a factor C ∈ [0, 10]. Complete
results can be found in Section G of the Online Appendix.
6.3 Model Selection Performances

In each setting, all procedures are compared on N = 10 000 independent synthetic data
sets of size n = 500. For measuring their respective model selection performances, for each
procedure m(C)
b
we estimate
"
#
2


sbm(C)
−s
b
Cor (C) := E Rn (C) = E
inf m∈Mn kb
sm − sk2

by the corresponding average over the N simulated data sets; Cor (C) represents the constant
that would appear in front of an oracle inequality. The uncertainty of √
estimation of Cor (C)
is measured by the empirical standard deviation of Rn (C) divided by N . The results are
reported in Table 2 for settings L and S, with the collection Dya2.
Results for Regu are not reported here since dimensionality-based penalties are already
known to work well with Regu (Lerasle, 2012), so V -fold methods cannot improve significantly their performance, with a larger computational cost. Complete results (including
Regu, with n = 100 and n = 500) are given in Tables 3 and 4 in Section G of the Online
Appendix, showing that the performances of pendim and V -fold methods indeed are very
close.
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Performance as a function of V . Let us first consider V -fold penalization. In both
settings L and S, as suggested by our theoretical results, Cor decreases when V increases.
The improvement is large when V goes from 2 to 5 (27% for L, 10% for S) and small when
V goes from 5 to 10 and when V goes from 10 to n = 500 (each time, 8% for L, 2% for S).
Since the main influence of V is on the variance of the V -fold penalty, these experiments
support our interpretation of Theorem 6 in Section 5: increasing V helps much more from
2 to 5 or 10 than from 10 to n.
The picture is less clear for V -fold cross-validation, for which almost no difference is
observed among V ∈ {2, 5, 10, n}—less than 2%—, and Cor is minimized for V ∈ {5, 10}.

20

6.52 ± 0.05

2.07 ± 0.01

2.05 ± 0.01
2.05 ± 0.01
2.05 ± 0.01
2.06 ± 0.01

1
2(V − 1)
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according to Lemma 1, this mostly means that C VF (V ) is not close to Cn? in these settings.
In addition, when C ≈ Cn? is fixed, increasing V always improves the performance of V fold penalization, as predicted by the heuristic of Section 4 and the theoretical results
of Section 5. Let us emphasize that this fact does not depend on the parametricness of
the setting: although the value of Cn? is quite different for S-Dya2 and L-Dya2, in both
cases, we observe qualitatively the same relationship between V and the performance of the
procedure.

C = C VF (V ) := 1 +

Overpenalization. In all settings considered in this paper, V -fold penalization performs
much better when multiplying the penalty by C > 1, as illustrated by Figure 3. In particular, the best overpenalization factor for penLOO is Cn? ≈ 2.5 for L-Dya2 and Cn? ≈ 1.4
for S-Dya2, when n = 500. Such a phenomenon, which can also be observed in regression
(Arlot, 2008), is related to the fact that some nonparametric model selection problems are
“practically parametric”, using the terminology of Liu and Yang (2011), that is, BIC beats
AIC and the optimal C is closer to log(n)/2 than to 1. For instance, Figure 3 shows that
L-Dya2 is practically parametric, while S-Dya2 is practically nonparametric since AIC beats
BIC and the optimal C is close to 1.
Given an overpenalization factor C close to its optimal value Cn? , V -fold penalization
performs significantly better than V -fold cross-validation in settings S-Dya2 and L-Dya2
(Figure 3). Since V -fold cross-validation corresponds to taking

Indeed, increasing V simultaneously decreases the bias and the variance of the V -fold crossvalidation criterion, leading to various possible behaviours of Cor as a function of V , depending on the setting. The same phenomenon has been observed in regression (Arlot,
2008).

Table 2: Estimated model selection performances, see text. ‘LOO’ is a shortcut for ‘leaveone-out’, that is, V -fold with V = n = 500.

6.41 ± 0.05
6.27 ± 0.05
6.24 ± 0.05
6.34 ± 0.05

E[penid ]

2FCV
5FCV
10FCV
LOO

2.39 ± 0.01
2.16 ± 0.01
2.11 ± 0.01
2.06 ± 0.01

3.21 ± 0.01

8.27 ± 0.07

10.21 ± 0.08
7.47 ± 0.06
6.89 ± 0.06
6.35 ± 0.05

S–Dya2

L–Dya2

pen2F
pen5F
pen10F
penLOO

pendim

Procedure

Choice of V for V -fold Cross-Validation in Least-Squares Density Estimation

Risk Ratio (Cor)

1

2
3
overpenalization factor C

2FCV

5FCV

10FCV

LOO

V=n (LOO)
V=10
V=5
V=2

4

5

8

3.5

4

4.5

5

5.5

6

6.5

7

7.5

1

10FCV

2
3
4
overpenalization factor C

LOO

5FCV

2FCV

V=n (LOO)
V=10
V=5
V=2

5

6

22

JMLR 17(208):1-50

Figure 3: Overpenalization in settings S-Dya2 (left) and L-Dya2 (right), with n = 500
in both cases. Each plot represents the estimated model selection performance
Cor (C(C,B) ) of several penalization procedures, as a function of the overpenalization constant C; unbiased risk estimation (C = 1) is materialized by a vertical
red line. For each value of V , the estimated optimal value of C is shown on the
graph; some arrows also show the performance of V -fold cross-validation, that
is, C = 1 + 1/[2(V − 1)]. Error bars are not shown for clarity; Table 2 shows
their order of magnitude, which is smaller than visible differences in the above
graph. The performance obtained with the penalty E[penid (m)] (not shown on
the graph) is almost the same as with the leave-one-out penalty.
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The results reported in Section G of the Online Appendix lead to similar conclusions
in several other settings, as well as unshown results in a truly parametric setting, with a
true model of dimension 2. Although a wider simulation study would be necessary to get
general conclusions, this suggests at least that the heuristic of Section 4 and the theoretical
results of Section 5 can be applied to both parametric and nonparametric settings.
Figure 3 also helps understanding how the performance of V -fold cross-validation depends on V in Table 2. Indeed, the performance of V -fold cross-validation for each value of
V can be visualized on Figure 3 by taking the point of abscissa C = C VF (V ) on the curve
associated with V -fold penalization. Two phenomena are coupled when C 6 Cn? , which always holds in our simulations for V -fold cross-validation since maxV C VF (V ) = 1.5 and the
estimated value of Cn? is always larger. (i) The performance improves when V is fixed and
C gets closer to Cn? . (ii) The performance improves when C is fixed and V increases. Even
if both phenomena (i) and (ii) seem quite universal, their coupling can result in various
behaviours for V -fold cross-validation as a function of V , as shown by Table 3 in Section G
of the Online Appendix for instance.
Other comments.
• pendim performs much worse than V -fold penalization (except V = 2 in setting L)
with the collection Dya2. On the contrary, pendim does well with Regu (see Table 3
in Section G of the Online Appendix), but V -fold penalization then performs as well.
• In other settings considered in a preliminary phase of our experiments, for V -fold
penalization, differences between V = 2 and V = 5 were sometimes smaller or not
significant, but always with the same ordering (that is, the worse performance for
V = 2 when C is fixed). In a few settings, for which the “change-point” in the
smoothness of s was close to the median of sdµ, we found pendim among the best
procedures with collection Dya2; then, V -fold penalization and cross-validation always
had a performance very close to pendim . Both phenomena lead us to discard all settings
for which there were no significant difference to comment.
6.4 Variance as a Function of V
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We now illustrate the results of Section 5 about the variance of V -fold penalization and
the heuristic of Section 4 about its influence on model selection. We focus on the unbiased
case, that is, criteria C(1,B) with partitions B satisfying (Reg). Since the distribution of
(C(1,B) (m))m∈Mn then only depends on V = |B|, we write CV instead of C(1,B) by abuse
of notation. All results presented in this subsection have been obtained from N = 10 000
independent samples in setting S with a sample size n = 100 and the collection Regu—for
which models are naturally indexed by their dimension.
First, Figure 4 shows the variance of ∆CV (m, m? ) = CV (m) − CV (m? ) as a function of
the dimension m of Sm , illustrating the conclusions of Theorem 6: the variance decreases
when V increases. More precisely, the variance decrease is significant between V = 2 and
V = 5, an order of magnitude smaller between V = 5 and V = 10 and between V = 10 and
V = n, while the leave-one-out Cn is hard to distinguish from the ideal penalized criterion
23
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Figure 4: Illustration of the variance heuristic: Var(∆C (m, m? )) as a function of m for five
different C. Setting S-Regu, n = 100. The black diamond shows m? = 7. The
3.8
?
black lines show the linear approximation n−2 [29(1+ V0.81
−1 )+3.7(1+ V −1 )(m−m )]
for m > m? .
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Input: B some partition of {1, . . . , n} satisfying (Reg), ξ1 , . . . , ξn ∈ X and (ψλ )λ∈Λm
a finite orthonormal family of L2 (µ).

Algorithm 1

Since the use of V -fold algorithms is motivated by computational reasons, it is important to
discuss the actual computational cost of V -fold penalization and cross-validation as a function of V . In the least-squares density estimation framework, two approaches are possible:
a naive one—valid for all other frameworks—, and a faster one—specific to least-squares
density estimation. For clarifying the exposition, we assume in this section that (Reg)
holds true—so, V divides n. The general algorithm for computing the V -fold penalized
criterion and/or the V -fold cross-validation criterion consists in training the estimator with
data sets (ξi )i∈B
/ j for j = 1, . . . , V and then testing each trained estimator on the data sets
(ξi )i∈Bj and/or (ξi )i∈B
/ j . In the least-squares density estimation framework, for any model
Sm given through an orthonormal family (ψλ )λ∈Λm of elements of L2 (µ), we get the “naive”
algorithm described and analysed more precisely in Section E.1 of the Online Appendix,
whose complexity is of order nV Card(Λm ).
Several simplifications occur in the least-squares density estimation framework, that
allow to avoid a significant part of the computations made in the naive algorithm.

7. Fast Algorithm for Computing V-Fold Penalties for Least-Squares
Density Estimation

with K1 ≈ 29, K2 ≈ 0.81, K3 ≈ 3.7 and K4 ≈ 3.8. The shape of the dependence on V
already appears in Theorem 6, the above formula clarifies the relative importance of the
terms called a and b in Section 5, and their dependence on the dimension m of Sm . Remark
that the same behaviour holds when n = 500 with very close values for K3 and K4 (see
Figure 25 in Section G of the Online Appendix), as well as in setting L with n = 100
or n = 500 with K3 ≈ 2.1 and K4 ≈ 4.2 (see Figures 19 and 30 in Section G of the
Online Appendix). The fact that K4 is close to 4 in both settings supports that the term
1 + 4/(V − 1) appearing Theorem 6 indeed drives how Var(∆CV (m, m? )) depends on V .
Figures 5 and 6 respectively show P(m(C)
b
= m) and its proxy Φ(SNR C (m)) as a function of m for C = CV with V ∈ {2, 5, 10, n} and for C = Cid . First, we remark that both
quantities behave similarly as a function of m and C—see also Figure 16 in Section G of the
Online Appendix—supporting empirically the heuristic of Section 4. The decrease of the
variance observed on Figure 4 when V increases here translates into a better concentration
of the distribution of m(C
b V ) around m? , which can explain the performance improvement
observed in Section 6.3. Figures 5–6 actually show how the decrease of the variance quantitatively influences the distribution of m(C
b V ): m(C
b 5 ) is significantly more concentrated than
m(C
b 2 ), while the difference between V = 10 and V = 5 is much smaller and comparable to
the difference between V = n and V = 10; Cn is hard to distinguish from Cid . Similar experiments with n = 500 and in setting L are reported in Section G of the Online Appendix,
leading to similar conclusions.

Cid . On Figure 4, we can remark that for m > m?

 



K2
K4
1
+ K3 1 +
(m − m? )
Var(∆CV (m, m? )) ≈ 2 K1 1 +
n
V −1
V −1

Choice of V for V -fold Cross-Validation in Least-Squares Density Estimation
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Figure 6: Illustration of the variance heuristic: Φ(SNR C (m)) as a function of m for five
different C. Setting S-Regu, n = 100. The black diamond shows m? = 7.
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Figure 5: P(m(C)
b
= m) as a function of m for five different C. Setting S-Regu, n = 100.
The black diamond shows m? = 7.

P(m is selected)

Choice of V for V -fold Cross-Validation in Least-Squares Density Estimation

P
1. For i ∈ {1, . . . , V } and λ ∈ Λm , compute Ai,λ := Vn j∈Bi ψλ (ξj ).
P
2. For i, j ∈ {1, . . . , V }, compute Ci,j := λ∈Λm Ai,λ Aj,λ .
P
16i,j6V Ci,j and T := tr(C).

3. Compute S :=

Output:
−S
;
Empirical risk : Pn γ(b
sm ) =
V2
T
S −T
V -fold cross-validation criterion: critVFCV (m) =
;
−
V (V − 1) (V − 1)2
 V − 1/2
V -fold penalty: penVF (m) = critVFCV (m) − Pn γ(b
sm )
.
V −1
To the best of our knowledge, Algorithm 1 is new, even for computing the V -fold crossvalidation criterion. Its correctness and complexity are analyzed with the following proposition.
Proposition 8 Algorithm 1 is correct and has a computational complexity of order

n + V 2 Card(Λm ) .

In the histogram case, that is, when Λm is a partition of X and ∀λ ∈ Λm , ψλ = µ(λ)−1/2 1λ ,
the computational complexity of Algorithm 1 can be reduced to the order of n+V 2 Card(Λm ).

1
V
+
V
n

Proposition 8 is proved in Section E.2 of the Online Appendix. It shows that Algorithm 1
is significantly faster than the “naive” algorithm, by a factor of order

−1
1
if
1  V  n.
nV
=
n+V2

Note that closed-form formulas are available for the leave-p-out criterion in least-squares
density estimation (Celisse, 2014), allowing to compute it with a complexity of order
n Card(Λm ) in general, and smaller in some particular cases—for instance, n for histograms.

8. Discussion
Before discussing how to choose V when using V -fold methods for model selection—or
more generally for choosing among a given family of estimators—, we state some additional
results and we discuss the model selection literature in least-squares density estimation.
8.1 Monte-Carlo Cross-Validation

JMLR 17(208):1-50

(25)

Our analysis of V -fold procedures for model selection can be extended to some other crossvalidation procedures. We here present results for Monte-Carlo cross-validation (MCCV,
Picard and Cook, 1984), also known as repeated cross-validation, where B training samples
of the same size n − p are chosen independently and uniformly (see also Arlot and Celisse,
2010, Section 4.3.2). Formally, we consider the criterion

K=1

B

1 X
critHO (m, TK ) ,
critCV m, (TK )16K6B :=
B

27
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Dn ,

|Tj | = n − p = nτn ,

is independent from

are independent with uniform distribution over En−p ,

(TK )16K6B

∀j ∈ JBK ,

(MCCV)

(Ind)

(SameSize)

where T1 , . . . , TB are subsets of JnK and we recall that the hold-out criterion is defined by
Eq. (4). We make the following three assumptions throughout this subsection
∃p ∈ Jn − 1K ,

T1 , . . . , TB

where we recall that En−p = {A ⊂ JnK s.t. |A| = n − p}. Under these assumptions, we write
C MCCV (m) as a shortcut for critCV (m, (TK )16K6B ).

Similarly to Theorem 5, we prove in Section C.3 of the Online Appendix the following
oracle inequality for MCCV.

m∈Mn

n
o
m
b ∈ argmin critCV m, (TK )16K6B

Theorem 9 Let ξJnK be i.i.d. real-valued random variables with common density s ∈ L∞ (µ),
(TK )16K6B some sequence of subsets of JnK satisfying (SameSize), (Ind) and (MCCV)
and (Sm )m∈Mn be a collection of separable linear spaces satisfying (H1). Assume that
either (H2) or (H20 ) holds true. For every m ∈ Mn , let sbm be the estimator defined by
Eq. (1), and se = sbm
b where
and critCV

is defined by Eq. (25). Let us define, for any x, y,  > 0, xn = x + log |Mn | and

 

1
B ∧ (log n + y) α Ax (A ∨ 1)x2
1+
+
nτn2
B(1 − τn )
τn 
3
ρ3 (, x, y, n, τn , B, A) :=

with α = 1 under assumption (H2) and α = 2 under assumption (H20 ). Then, an absolute
constant κ > 0 exists such that, for any x, y > 0, with probability at least 1 − e−x − e−y , for
any  ∈ (0, κ−1 ),


n
o

1+
1−
sm − sk2 + κρ3 (, xn , y, n, τn , B, A) .
(26)
ke
s − sk2 6
inf kb
τn
τn m∈Mn
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Theorem 9 actually is a corollary of a more general result (Theorem 23 in Section C.3 of
the Online Appendix), which is valid without assumption (MCCV) and extends therefore
our previous results on V -fold cross-validation).
Very few results exist in the literature about the model selection performance of MCCV
with an estimation goal. Some asymptotic optimality result has been obtained by Burman
(1990) for spline regression, and some oracle inequalities comparing the risk of the selected
estimator with the risk of an oracle trained with τn n < n data have been proved by van
der Laan and Dudoit (2003) in a general framework and by van der Laan et al. (2004) for
density estimation with the Kullback-Leibler loss. In comparison, Theorem 9 provides a
precise non-asymptotic comparison to an oracle trained with n data.
As in Theorem 5, the leading constant of the oracle inequality (26) is directly related
to the bias, which is here quantified by τn−1 − 1 > 0 instead of δ. The remainder term ρ3 is
also comparable to ρ2 in Theorem 5: they differ by a factor between τn−2 (when B is large
enough) and τn−2 (1 − τn )−α (when B is small). In particular, let V > 2 and assume that

28

1
B



C1MC (∞, n, τn ) → 1
and

1
>1
1 − τn

C2MC (∞, n, τn ) → 1

C2MC (1, n, τn ) ∼

1
,
2(V − 1)

29

and

30





1
3
Vn − 1
C2MCVF (Vn , n) := C2MC Vn , n,
∼2−
∈
,2
Vn
Vn
2


1
penVF
VF
→1 .
C2 (Vn , n) := C2
Vn , n, 1 +
2(Vn − 1)
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C1MCVF (Vn , n)
−−−−−−−→ 3 ,
C1VF (Vn , n) n,Vn →+∞
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C1MCVF (Vn , ∞)
> 1 if Vn > 3 ,
C1VF (Vn , ∞)

Overall, we get that V -fold cross-validation has a smaller variance than “Monte-Carlo V fold” for V > 3, at least for n large enough, and that the improvement is by a constant factor
between 3/2 and 3. Since increasing V cannot decrease the variance of (bias-corrected)
VFCV by more than a small constant factor, the above difference between two methods
with the same computational complexity is quite important. This supports strongly the
use of V -fold CV methods instead of “Monte-Carlo V -fold”. Such an improvement was
previously noticed in the asymptotic computations of Burman (1989); here we show that it
holds in a non-asymptotic framework, where the models m1 , m2 can depend on n.

hence

with MCCV with B = V and τn = (V − 1)/V , which can be named “Monte-Carlo V fold” cross-validation. The only difference between the two methods is that the V splits are
chosen independently for “Monte-Carlo V -fold”, whereas the usual V -fold makes a balanced
use of each observation—putting it exactly (V − 1) times in the training set. Let us assume
for simplicity that n → +∞ while V = Vn can vary with n. Then, we have


Vn − 1
1
2Vn + 1
C1MCVF (Vn , n) := C1MC Vn , n,
∼3+
+
Vn
Vn (Vn − 1) (Vn − 1)2


1
4
4
1
C1VF (Vn , n) := C1penVF Vn , n, 1 +
∼1+
+
+
2(Vn − 1)
Vn − 1 (Vn − 1)2 (Vn − 1)3

C =1+

which shows an improvement at least by a constant factor in general. When τn tends to
zero—leave-most-out—or 1—such as for the leave-one-out—, the improvement is by an order
of magnitude. The fact that the leave-p-out has a smaller variance than the hold-out is not
surprising at all—it holds in full generality, as a consequence of Jensen’s inequality—, but
the exact quantification of the improvement given by Theorem 10 is new and can be useful
in practice for choosing the number of splits B when using Monte-Carlo cross-validation.
Eq. (27) also allows to compare V -fold cross-validation, given by Theorem 6 with

whereas

and

Theorem 10 is proved in Section C.4 of the Online Appendix, as a corollary of a more general
result, called Theorem 24, which holds for all models m1 , m2 —not only regular histograms—
and provides a formula for the variance of the criterion itself—not its increments. Let us
make a few comments.
Eq. (27) is similar to the formula obtained for bias-corrected V -fold and V -fold penalization, see Eq. (24) in Theorem 6. In the particular case of regular histogram models,
Eq. (24) even fits the general form of Eq. (27), with constants CipenVF (V, n, C) instead of
CiMC (B, n, τn ).
Assuming the heuristics of Section 4 is valid, for m1 , m2 which matter for model selection,
the two terms 2n−2 B(m1 , m2 ) and 4n−1 Var(sm1 (ξ1 ) − sm2 (ξ1 )) are of the same order of
magnitude (see Section 5). Then, we can compare model selection performance of several
cross-validation methods by comparing the values of the constants Ci only.
In order to get a variance of the same order of magnitude as the one of bias-corrected
V -fold CV—that is, constants Ci of order 1—, MCCV requires to take τn far enough from
0 and 1, hence training and sample sets of comparable sizes, unless B is large enough.

and we recall that τn = |TK |/n = 1 − (p/n).

C1MC (B, n, τn ) =

#
 
"

2
1
2
1
1
1
1
1
+
−
+
1
−
1
+
+
1
−
τn2 τn (1 − τn ) nτn3
B
n − 1 τn
nτn2

 

2
1
1
1
1
1
+
+ 1−
1+
C2MC (B, n, τn ) =
B n2 τn3 1 − τn
B
nτn

where


2
Var C MCCV (m1 ) − C MCCV (m2 ) = C1MC (B, n, τn ) 2 B(m1 , m2 )
(27)
n

4
+ C2MC (B, n, τn ) Var sm1 (ξ1 ) − sm2 (ξ1 )
n

Theorem 10 We consider the setting and notation of Theorem 6, and we assume that
(SameSize), (MCCV) and (Ind) hold true. We recall that C MCCV (m) is defined above
at the beginning of Section 8.1. Then, for regular histogram models m1 , m2 (Example 1 in
Section 3.2), we have

The above comparison of remainder terms suggests a hierarchy between several crossvalidation methods with a common training sample size n−p = nτn : from the (presumably)
worse to the (presumably) best procedure, the hold-out, Monte-Carlo CV with B = V , V fold CV, Monte-Carlo CV with B large and the leave-p-out. Nevertheless, upper bounds
comparison can be misleading, so, following the heuristics (22) presented in Section 4, we
compute below the variance of ∆C (m, m0 ) when C is a Monte-Carlo CV criterion.

1
2
+
> 11
τn2 τn (1 − τn )

Eq. (27) allows to compare the hold-out (B = 1) with the leave-p-out (B → +∞), for
a given value nτn = n − p of the training sample size. Let us assume for simplicity that
n → +∞ and τn  n−1/2 . Then,

p = n/V in Theorem 9, hence τn = 1 − V −1 ∈ [1/2, 1). Then, for the hold-out (B = 1), ρ3
is larger than ρ2 by a factor V α with α ∈ {1, 2}. For B = V , MCCV with τn = 1 − V −1 can
be called “Monte-Carlo V -fold” (MCVF); then, with y ≈ log n, we loose a factor at most
log n for MCVF compared to V -fold cross-validation. Finally, when B is large enough, that
is, larger than V log n, ρ3 and ρ2 are of the same order.
C1MC (1, n, τn ) ∼

Arlot and Lerasle
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Theorem 12 is proved in Section D.1 of the Online Appendix.

Choice of V for V -fold Cross-Validation in Least-Squares Density Estimation

8.2 Hold-Out Criteria

(28)

Theorem 12 extends Theorem 5 to hold-out penalties, under similar assumptions. As
in Theorem 5, δ quantifies the bias of the hold-out penalized criterion, and plays the same
role in the leading constant of the oracle inequality (29).




(T )
penHO (m, T, x) := 2x Pn(T ) − Pn sbm
− sbm ,

(T c )

32
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Let us finally mention that Birgé and Rozenholc (2006) propose a precise evaluation of
the penalty term in the case of regular histogram models and the log-likelihood contrast.
Their final penalty is a function of the dimension, only slightly modified compared to pendim ,
performing very well on regular histograms. These performances are likely to become much
worse on the collection Dya2 presented in Section 6. This can be seen, for example, in
Table 3 in Section G of the Online Appendix, where we present the performances of pendim
with different over-penalizing constants.

Although the primary topic of the paper is the study of V -fold procedures, let us compare
briefly our results to other oracle inequalities that have been proved in the least-squares
density estimation setting. For projection estimators, Massart (2007, Section 7.2) proves
an oracle inequality for some penalization procedures, which are suboptimal since the leading constant Cn does not tend to 1 as n goes to +∞. Oracle inequalities have also been
proved for other estimators: blockwise Stein estimators (Rigollet, 2006), linear estimators
(Goldenshluger and Lepski, 2011) and some T -estimators (Birgé, 2013). The models considered by Birgé (2013) are more general than ours, but the corresponding estimators are
not computable in practice, and the oracle inequality by Birgé (2013) also has a suboptimal constant Cn . Some aggregation procedures also satisfy oracle inequalities (Rigollet and
Tsybakov, 2007; Bunea et al., 2010). Overall, under our assumptions, none of these results
imply strictly better bounds than ours.

8.3 Other Oracle Inequalities for Least-Squares Density Estimation

Similarly to Theorems 6 and 10, the variance terms can be computed for the hold-out
penalty in order to understand separately the roles of the training sample size and of averaging over the V splits, in the V -fold criteria. Detailed results are given by Proposition 28
in Section D.2 of the Online Appendix.

We can compare the results obtained for hold-out and V -fold penalization in Theorems 5
and 12. For this comparison, let V be some divisor of n, T ⊂ JnK such that |T | = n − n/V
and choose the same C so that both criteria have the same bias δ. Then, the only difference
lies in the remainder term, the one in Eq. (29) is larger than the one of Eq. (17) in Theorem 5
by a factor of order V when V is large. These only are upper bounds, but at least they are
consistent with the common intuition about the stabilizing effect of averaging over V folds.
We can also compare the results obtained for hold-out penalization in Theorem 12 and for
the hold-out criterion in Theorem 9. First, hold-out penalization gives a flexibility to choose
an unbiased criterion and therefore to obtain asymptotically optimal oracle inequalities
while hold-out criteria are always biased for fixed τn , hence a leading constant τn−1 > 1 in
the oracle inequality. The loss in the remainder term is also smaller in Eq. (29) than in
Eq. (26) by a factor of order τn−1 (1 − τn )−1 under assumption (H20 ).

Our analysis of cross-validation procedures for model selection can also be extended to
hold-out criteria. First, let us emphasize that the hold-out criterion defined by Eq. (4)
corresponds to taking B = 1 in the results of Section 8.1, since choosing T uniformly over
En−p , independently from Dn , is equivalent to choosing some arbitrary T of size n − p before
seeing the data Dn .
Second, similarly to the definition of the hold-out criterion in Eq. (4), we can define the
hold-out penalty by
∀x > 0,
that is, the hold-out estimator of E[2(Pn − P )(b
sm − sm )] which is equal to the expectation
of the ideal penalty, see Eq. (2). We do not define penHO by Eq. (6) with V = 1 and
T = B1c —that is, the hold-out estimator of E[(P − Pn )γ(b
sm )], which amounts to removing
the centering term −b
sm in Eq. (28)—because this would dramatically increase its variability.
Note that adding such a term −b
sm in Eq. (6) does not change the value of the V -fold penalty
PV
(Bc )
under (Reg) since K=1
(Pn K − Pn ) = 0.
Denoting by τn = |T |/n as in Section 8.1, it comes from Lemma 26 in Section D.1 of
the Online Appendix that



1 − τn 
E penHO (m, T, x) = x
E penid (m) .
τn
(T )

In the following, we choose x = Cτn /(1 − τn ) so that C = 1 corresponds to the unbiased
case, as in the previous sections for the V -fold penalty.

Remark 11 Since P = τ P
+ (1 − τ )P
, by linearity of the estimator sbm ,
n
n
n
n
n



c
(T )
(T c )
− sbm
penHO (m, T, x) := 2x(1 − τn )2 Pn(T ) − Pn(T ) sbm


penVF m, {T, T c }, x = penHO (m, T, x) .

which is symmetric in T and T c , hence penHO (m, T c , x) = penHO (m, T, x). In particular,
if |T | = n/2, the 2-fold penalty computed on the partition B = {T, T c } and the hold-out
penalty coincide
∀x > 0,

Theorem 12 Let ξJnK be i.i.d. real-valued random variables, s ∈ L∞ (µ) their common
density, T ⊂ JnK with τn = |T |/n ∈ (0, 1) and (Sm )m∈Mn be a collection of separable linear
spaces satisfying (H1). Assume that either (H2) or (H20 ) holds true. Let C ∈ (1/2, 2] and
δ := 2(C − 1). For every m ∈ Mn , let sbm be the projection estimator onto Sm defined by
Eq. (1), and seHO = sbm
b HO where



Cτn
m
b HO = argmin Pn γ(b
sm ) + penHO m, T,
.
1 − τn
m∈Mn
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Then, an absolute constant κ exists such that, for any x > 0, defining xn = x + log |Mn |,
with probability at least 1 − e−x , for any  ∈ (0, 1],


Axn τn2 + (1 − τn )2 xn2
1 − δ− − 
ke
sHO − sk2 6 inf kb
sm − sk2 + κ
+
.
(29)
m∈Mn
1 + δ+ + 
n
τn (1 − τn ) 3 n
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Data-driven overpenalization factor C. Although the paper shows that choosing
well C is a key practical problem, making an optimal data-driven choice of C remains an
open question which deserves to be studied, even independently from the analysis of crossvalidation procedures. We postpone such a study to future works, but we can already make
two suggestions. First, an external cross-validation loop can be used for choosing C, if the
computational power is not a limitation. Second, a procedure built for choosing between
AIC and BIC can be used in order to detect whether C should be close to 1 or significantly
larger (see, for instance, Liu and Yang, 2011 and references therein).

V -fold penalization. Lemma 1 shows that a natural way to solve this difficulty is to
pen
consider instead a V -fold penalization procedure C(C,VVF
) , with overpenalization factor C > 0.
VF
The value C = C (V ) corresponds to V -fold cross-validation, but any other value of C
can also be considered, making it easier to understand. Indeed, the overpenalization factor
pen
is directly given by C, while the variance and computational complexity of C(C,VVF
) vary with
V —independently from C—exactly as for V -fold cross-validation. So, V should be taken
as large as possible—depending on the maximal computational budget available—, while C
should be taken as close as possible to Cn? .
Compared to V -fold cross-validation, another interest of V -fold penalization is the improvement of the performance for a given computational cost, that is, a given value of V ,
because it is then possible to take C closer to Cn? than C VF (V ). This is especially true in
(practically) parametric settings for which Cn? > 3/2 > C VF (V ) for all V > 2.

its computational complexity is proportional to V in general; in the least-squares density
estimation setting, it can be reduced to (n + V 2 ) Card(Λm ) .
These three results can explain why the most common advices for choosing V in the
literature (for instance Breiman and Spector, 1992; Hastie et al., 2009, Section 7.10.1)
are between V = 5 and V = 10. Indeed, taking V larger does not reduce the variance
significantly—with almost no impact on the risk of the final estimator—, and it reduces the
overpenalization factor although Cn? is often larger than C VF (10) = 19/18 or C VF (5) = 9/8.
So, if Cn? is not much larger than 1 + 1/8, which is likely to occur in many nonparametric
settings, taking V = 5 or 10 can be close to be optimal.
Nevertheless, other situations can occur, for instance in (practically) parametric settings
where Cn? is much larger, possibly leading to the failure of the heuristic “5 6 V 6 10 is almost
optimal”. More generally, understanding precisely how CVVFCV performs as a function of V
seems to be a difficult question: V influences the performance in two opposite directions
simultaneously, through the bias and the variance, so that various behaviours can result
from this coupling of bias and variance, as shown in the simulation experiments.
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V -fold cross-validation. The paper analyzes how the aboves three terms depend on V
when C = CVVFCV is a V -fold cross-validation procedure, under assumption (Reg). First,
by Lemma 1, its overpenalization factor is C VF (V ) = 1 + 1/[2(V − 1)] ∈ [1, 3/2], which
decreases to 1 as V increases to +∞. Second, by Theorem 6, its variance decreases as V
increases. Theoretical and empirical arguments in Sections 5 and 6 show that the variance
almost reaches its minimal value by taking, say, V = 5 or V = 10. Third, by Section 7,

• the computational complexity of the procedure m(C),
b
that we want to minimize—for a
given statistical performance—, or on which some upper bound is given—fixed budget.

• the variance of increments C(m)−C(m0 ) drives the performance m(C)
b
at second order,
according to the heuristic of Section 4, which suggests that this variance should be
minimized, at least for a given “good enough” value of the overpenalization factor C.

Note that Cn? strongly depends on the setting, and can also vary with V when using
V -fold penalization (in particular from V = 2 to V > 5). In the nonparametric case,
when n → +∞, Theorem 5 shows that Cn? ∼ 1. On the contrary, in the parametric
case, when n → +∞, it is known that a BIC-type penalty performs better, hence
Cn? → +∞. For a finite sample size, Section 6 and Liu and Yang (2011) show that
some nonparametric settings can be “practically parametric”, that is, Cn? can be much
larger than 1.

• the bias of C(m) as an estimator of the risk of sbm for every m ∈ Mn , or equivalently,
the overpenalization factor C, which usually drives the performance at first order
when n → +∞, as in Theorem 5. The simulation experiments of Section 6 also show
that varying C can strongly change the performance of the procedure. In all settings
considered in the paper, some Cn? exists (the optimal overpenalization constant) such
that the performance decreases for C ∈ [0, Cn? ] and increases for C > Cn? (Figure 3).

Choice of a model selection procedure. Choosing among procedures of the form m(C),
b
as defined by Eq. (18), requires to take into account three quantities:

Generality of the results. The results of the paper only hold for projection estimators
in least-squares density estimation, but we conjecture that most of the statements below are
valid much more generally. At least, they have been observed experimentally for projection
estimators in least-squares regression (Arlot, 2008) and they are supported by theoretical
results for kernel density estimators (Magalhães, 2015, Chapters 3–4). Nevertheless, it is
reported in the literature that V -fold cross-validation can behave differently in other settings
(Arlot and Celisse, 2010), so we must keep in mind that the statements below may not be
universal.
Let us also recall that we focus here on model selection with an estimation goal, that
is, minimizing the risk of the final estimator; see Yang (2006, 2007) and Celisse (2014) for
results when the goal is identification.

This section summarizes the results of the paper in order to address the main question we
would like to answer: How to choose a V -fold procedure for model selection?

8.4 Conclusion on the Choice of V
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λ∈Λm

aλ bλ

=

λ∈Λm

bλ2 .

(30)

results (Section 8.1, Section C of the Online Appendix) and some aspects of the proofs (for
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Études Scientifiques (IHES, Le Bois-Marie, 35, route de Chartres, 91440 Bures-Sur-Yvette,
France) during the last days of writing of this paper.

Appendix A. Proofs

2 61
aλ

sup

λ∈Λm

Before proving the main results stated in the paper, let us recall two simple results that
we use repeatedly in the paper. First, if (bλ )λ∈Λm is a family of real numbers such that
P
< ∞, then
!2
X
X
2
λ∈Λm bλ

P

t∈Sm

The left-hand side is P
smaller than the right-hand side by Cauchy-Schwarz inequality, and
considering aλ = bλ /( λ0 ∈Λm bλ2 0 )1/2 shows that the converse inequality holds true. Second,
for any probability distribution Q on X ,
X

(Qψλ )ψλ ∈ argmin Qγ(t) ,
(31)
λ∈Λm

a result which provides in particular a formula for sbm and for sm , by taking Q = Pn and
Q = P , respectively.
A.1 Proof of Lemma 1


1  (BK )
(Bc )
=
Pn
− Pn K
V

and


V − 1  (BK )
(Bc )
Pn
− Pn K
Pn(BK ) − Pn =
,
V

Let us first recall here the proof of Eq. (7)—coming from Arlot (2008)—for the sake of
completeness. By (Reg),
c )
(BK

Pn − Pn
so that

K=1

K=1

V
  c i
1 X h (BK )
(B )
− Pn γ sbm K
Pn
V
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V
  c i
V − 1 X h (BK )
(Bc )
(B )
Pn
− Pn K γ sbm K
V2

C1,B (m) := Pn γ(b
sm ) + penVF (m, B, V − 1)
= Pn γ(b
sm ) +
= Pn γ(b
sm ) +

35
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= critcorr,VFCV (m, B) .

|A| = p

and

A∈E

1 X (Ac )
Pn
= Pn .
|E|

A∈E

(32)

Eq. (8) and (9) follow simultaneously from Eq. (35) below. Let E be a set of subsets of
JnK such that
∀A ∈ E,

A∈E

Let us consider the associated penalty
 

 c 
X
2C
C X
c
c
(Ac )
(A )
Pn − Pn(A ) γ sbm
=
Pn(A ) − Pn sbm
|E|
|E|
penE (m, C) =

A∈E

and the associated cross-validation criterion
1 X (A)  (Ac ) 
Pn γ sbm
.
|E|

critE (m) =

A∈E

 c 
2C X  (Ac )
(A )
Pn − Pn sbm
|E|

λ∈Λm A∈E

= np Pn −

by Eq. (32),

(33)

When E = B, we get the V -fold penalty penVF = penE and the V -fold cross-validation
criterion critVFCV = critE , and Eq. (32) holds true with p = n/V under assumption (Reg).
When E = Ep := {A ⊂ JnK s.t. |A| = p}, Eq. (32) always holds true and we get the leave-pout penalty penLPO = penE and the leave-p-out cross-validation criterion critLPO = critE .
Let (ψλ )λ∈Λm be some orthonormal basis of Sm in L2 (µ). On the one hand, using
Eq. (32), we get

=

(A)

n−p (Ac )
p Pn


i
2C X X h (Ac )
c
=
P
(ψ ) − P (ψ ) P (A ) (ψ )
n
λ
λ
λ
n
n
|E|
A∈E λ∈Λm
"
#
2
X
2C X X  (Ac )
c
=
P
(ψ ) − Pn (ψ )
Pn(A ) (ψλ )
λ
λ
n
|E|
A∈E
λ∈Λm A∈E


2
2C X X  (Ac )
Pn (ψλ ) − (Pn (ψλ ))2 .
|E|

penE (m, C) =

A∈E

critE (m) − Pn γ(b
sm )
i
1 X h (A)  (Ac ) 
Pn γ sbm
− Pn γ(b
sm )
|E|

On the other hand, using that Pn

=

λ∈Λm A∈E
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 c
i
1 X h (Ac ) 2
(A )
− kb
sm k2 + 2Pn (b
sm )
sbm
− 2Pn(A) sbm
=
|E|
A∈E


2
2
1 X X  (Ac )
c
=
P
(ψ ) − 2P (A) (ψ )P (A ) (ψ ) + P (ψ )
n
λ
λ
λ
λ
n
n
n
|E|
A∈E λ∈Λm




2
2
2n
1 X X 2n
c
c
− 1 Pn(A ) (ψλ ) −
Pn (ψλ )Pn(A ) (ψλ ) + Pn (ψλ )
|E|
p
p
=

36



λ∈Λm A∈E




2
2
2n
1 X X  (Ac )
,
−1
Pn (ψλ ) − Pn (ψλ )
p
|E|

(35)

(34)

i=1

λ∈Λm

i=1

ψλ (ξi )ψλ (ξj ) (36)



kb
sm k2 −

X

16i6=j6n λ∈Λm

X

λ∈Λm

i=1

ψλ (ξi )ψλ (ξj )

37


n
2 X X
1
= Pn γ(b
sm ) + 2
ψλ (ξi )2 −
n
n−1

2
n(n − 1)

16i6=j6n

X
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ψλ (ξi )ψλ (ξj ) . (37)



Proof of Remark 3 Note first that the CV estimator of Massart (2007, Sec. 7.2.1, p.
204–205) is defined as the minimizer of

In particular, when p0 = 1, from Eq. (9), since penLPO (m, 1, C) = penLOO (m, C),




n 1
n/p − 1/2 n − 1
1
penLPO m, p, −
=
penLPO m, 1, n −
p 2
n/p − 1 n − 1/2
2


n/p − 1/2
.
= penLOO m, (n − 1)
n/p − 1




n/p − 1
n/p0 − 1
critLPO (m, p) − Pn γ(b
sm ) =
critLPO m, p0 − Pn γ(b
sm ) .
n/p − 1/2
n/p0 − 1/2

hence for any p, p0 ∈ JnK,

16i6=j6n

X

16i6=j6n


n
1
2n − p X X
ψλ (ξi )2 −
= 2
n (n − p)
n−1

critLPO (m, p) − Pn γ(b
sm )

Elementary algebraic computations then show that

λ∈Λm

Proof of Remark 2 We first note that Eq. (10) can also be deduced from Celisse (2014,
Proposition 2.1), which proves


n
X X
X
1
n
−
p
+
1
2

critLPO (m, p) =
ψλ (ξi ) −
ψλ (ξi )ψλ (ξj ) .
n(n − p)
n−1

We now prove the statements made in Remarks 2–3 below Lemma 1.

which implies Eq. (8) and (9). Eq. (10) follows by Lemma A.11 of Lerasle (2012).

where we used again Eq. (32). Comparing Eq. (33) and (34) gives


n 1
critE (m) = Pn γ(b
sm ) + penE m, −
p 2

=
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i=1

16i6=j6n

ψλ (ξi )ψλ (ξj ) .



i=1 λ∈Λm

n
C X X
ψλ (ξi )2 ,
n2

(38)

1
n2

16k6=k0 6V

X

and



ψλ (ξi ) − P ψλ ψλ (ξj ) − P ψλ .

(41)

(40)

(39)

JMLR 17(208):1-50

2C
2V C
penVF (m, B, C) =
ksm − sbm k2 −
U (m)
V −1
(V − 1)2




 Dm
V −1
E penVF m, B,
= E ksm − sbm k2 =
.
2
2n
38

i∈Bk j∈Bk0 λ∈Λm

X X X

Then, the V -fold penalty is equal to

U (m) :=

Lemma 13 Let ξJnK denote i.i.d. random variables taking value in a Polish space X , BJV K
some partition of JnK satisfying (Reg), Sm some separable linear subspace of L2 (µ) with
orthonormal basis (ψλ )λ∈Λm and

Note that the two formulas given for Ψm in the statement of Proposition 4 coincide by
Eq. (30). The proof is decomposed into 3 lemmas.

A.2 Proof of Proposition 4

(1 − α)Pn γ(b
sm ) +

n
C −α X X
α X X
ψλ (ξi )ψλ (ξj )
ψλ (ξi )2 − 2
n2
n
λ∈Λm i=1
λ∈Λm 16i6=j6n


n
X X
C − α X X
1
2
= (1 − α)Pn γ(b
sm ) +
ψλ (ξi ) −
ψλ (ξi )ψλ (ξj )
n2
n−1
λ∈Λm i=1
λ∈Λm 16i6=j6n


C −α
= (1 − α) Pn γ(b
sm ) +
penLOO (m, n − 1)
2(1 − α)



C(n − 1)2
.
= (1 − α) Pn γ(b
sm ) + penLOO m,
2(n − C)

where C = (1 + )6 for any  > 0. Let α = C/n, so that α = (C − α)/(n − 1). Then, the
criterion (38) is equal to

Pn γ(b
sm ) +

Hence, from Eq. (37), the CV estimator is the minimizer of critcorr,VFCV (m, BLOO ). Massart
(2007, Theorem 7.6) studies the minimizers of the criterion

λ∈Λm

On the other hand, from Eq. (36) and (9) with p = 1, we have

n
X
1
2 X X
ψλ (ξi )2 −
penLOO (m, n − 1) = 2
n
n−1
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= 2C

λ∈Λm

X

λ∈Λm

EW

EW



X

λ∈Λm 16i,j6n

2C X
n2

= 2C
=

if i ∈ BJ0



and j ∈ BJ1 ,
= −(V − 1)−2



ψλ (ξi ) − P ψλ ψλ (ξj ) − P ψλ

2

PnW − Pn (ψλ − P ψλ )

(VF)

ei,j

1J ∈{J
/ 0 ,J1 }

:= E[(Wi − 1)(Wj − 1)]. Since E[Wi ] = 1 by (Reg) and

2
V
V −1

(VF)

2C
U (m)
(V − 1)2

= (V − 1)−1 if i and j belong to the same block and ei,j



ψλ (ξi ) − P ψλ ψλ (ξj ) − P ψλ −

(42)

Proof Let Wi = V V−1 1i∈B
/ J and use the formulation (5) of the V -fold penalty as a resampling
penalty. Then,
h

i
W
pen (m, B, C) = C EW Pn − P W γ sbm
VF
n
h
 W i
= 2C EW PnW − Pn sbm
h
 W
i
= 2C EW PnW − Pn sbm
−
s
b
by (Reg)
m

2 
X

PnW − Pn (ψλ )

(VF)

where ei,j
Wi Wj =

(VF)

λ∈Λm

2
2C X
2CV
(Pn − P )ψλ −
U (m)
V −1
(V − 1)2

λ∈Λm k=1 (i,j)∈Bk

V
X X
X
2C
n2 (V − 1)

penVF (m, B, C)

we get that ei,j
otherwise. So,

=
=

and Eq. (40) follows by Eq. (3). Eq. (41) directly follows from Eq. (40).

Lemma 14 Let ξJnK be i.i.d. random variables taking values in a Polish space X with common density s ∈ L∞ (µ), Sm a separable linear subspace of L2 (µ) and
 λ )λ∈Λm
P denote by (ψ
an orthonormal basis of Sm . Let Bm = {t ∈ Sm s.t. ktk 6 1}, Dm = λ∈Λm P ψλ2 − ksm k2
and assume that bm = supt∈Bm ktk∞ < ∞. An absolute constant κ exists such that, for any
x > 0, with probability larger than 1 − 2e−x , we have for every  > 0,


2 x2
Dm
ksk∞ x
bm
Dm
6
+κ
+
.
n
n
( ∧ 1)n ( ∧ 1)3 n2
ksm − sbm k2 −

R

t2 s dµ 6 ksk∞ ktk2 6 ksk∞ ,
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(43)

Proof By Eq. (3), ksm −b
sm k2 = supt∈Bm [(Pn − P )(t)]2 has expectation Dm /n. In addition,
for any t ∈ Bm ,
Z

Var t(ξ1 ) 6

39
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which gives the conclusion thanks to a result by Lerasle (2011, Theorem 4.1 of the supplementary material), which is recalled in the Online Appendix (Proposition 29 in Section F).

bm :=

ktk∞ < +∞ .

t∈Sm ,ktk61

sup

Lemma 15 Assume that ξJnK is a sequence of i.i.d. real-valued random variables with common density s ∈ L∞ (µ) and BJV K is some partition of JnK satisfying (Reg). Let Sm denote
a separable subspace of L2 (µ) with orthonormal basis (ψλ )λ∈Λm such that

3

Let U (m) be the U -statistics defined by Eq. (39). Using the notations of Lemma 14, an
absolute constant κ exists such that, with probability larger than 1 − 6e−x ,
p
 !
b2 + ksk2 x2
(V − 1)ksk∞ Dm x
ksk∞ x
√
+ m
.
+κ
n
n2
Vn
U (m) 6

 !
b2 + ksk2 x2
Dm
ksk∞ x
+ κ0
+ m
.
n
θn
n2

i=2 j=1

s.t. k6=k0 , i∈Bk , j∈Bk0 }

X

k=2 k =1 i∈Bk ,j∈Bk0

n i−1
V k−1
2 XX
2 XX
gi,j (ξi , ξj ) = 2
n2
n
0

Um (ξi , ξj ) .

Hence, an absolute constant κ0 exists such that, for any x > 0, with probability larger than
1 − 6e−x , for any θ ∈ (0, 1],
U (m) 6 θ

Um (x, y) =

U (m) =

gi,j (x, y) = Um (x, y)1{∃k,k0 ∈JV K

λ∈Λm

Proof For any x, y ∈ R and i, j ∈ JnK, let us define
X


ψλ (x) − P ψλ ψλ (y) − P ψλ
and

so that

P |U (m)| >

i−1
n X
X


E gi,j (ξi , ξj )2 ,

i=2 j=1

n
X

i=1

#

ai2 (ξi ) 6 1

i=1

" n
X

and E

#

)

,
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bi2 (ξi ) 6 1

From Houdré and Reynaud-Bouret (2003, Theorem 3.4), an absolute constant κ exists such
that, for any x > 0 and  ∈ (0, 1],
"
!#!
√
Bx Cx3/2 Dx2
1
+
(4 + )A x + κ
+ 3
6 6e−x .
(44)
n2

3

2

A =

i=2 j=1

"

E

 

n X
i−1
 X
B = sup E
ai (ξi )bj (ξj )gi,j (ξi , ξj )

such that

40

x∈R

i=2

x,y

t∈Bm

k=2 k0 =1 i∈Bk ,j∈Bk0

V X
k−1
X

X

t∈Bm

6 ksk∞ Dm

A =

2

ψλ (ξ1 ) − P ψλ
λ0 ∈Λm

 X

aλ0 ψλ0 (ξ1 ) − P ψλ0

i n2 (V − 1)
h
E Um (ξi , ξj )2 6
× ksk∞ Dm .
2V

by Eq. (43)

i=1



(45)



#2

λ∈Λm

X

h
i h
i
E ai (ξi ) ψλ (ξi ) − P ψλ E bj (ξj ) ψλ (ξj ) − P ψλ

2

(46)

λ∈Λm

X

λ∈Λm

Eai (ξi )
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h
i 2
E ai (ξi ) ψλ (ξi ) − P ψλ
= P sup
λ∈Λm

X
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tλ ψλ (ξi ) − P (tλ ψλ )

Now, we have, for every i ∈ JnK, using Eq. (30), Cauchy-Schwarz inequality and the fact
that for every t ∈ L2 (µ), Var(t(ξ1 )) 6 ksk∞ ktk2 ,

λ∈Λm

 h

h
i2
i2
1 X
6
+ E bj (ξj ) ψλ (ξj ) − P ψλ
.
E ai (ξi ) ψλ (ξi ) − P ψλ
2

=



E ai (ξi )bj (ξj )Um (ξi , ξj )

Using successively the independence of the ξi and that αβ 6 (α2 + β 2 )/2 for every α, β ∈ R,
for every i 6= j,

i=1

Second, let a1 , . . . , an , b1 , . . . , bn be functions in L2 (µ) such that
" n
#
" n
#
X
X
E
a2i (ξi ) 6 1
and
E
b2i (ξi ) 6 1 .

so that

E

h
2 i
sup E t(ξ1 ) − P (t)

λ∈Λm
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sup

λ0 ∈Λm

"

h

i 2
E ψλ (ξ1 ) − P ψλ ψλ0 (ξ1 ) − P ψλ0


h

i 2
sup E ψλ (ξ1 ) − P ψλ t(ξ1 ) − P (t)

P





X

λ∈Λm

X

X

λ∈Λm ,λ0 ∈Λm

6 Dm

=

=

h
i
E Um (ξ1 , ξ2 )2 =

It remains to upper bound these different terms for proving the first inequality, and the
second inequality follows. First,

2

( n
)
X 

2
C = sup
E gi,1 (ξi , x)
and D = sup gi,j (x, y) .
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λ∈Λm

t∈Bm

2

λ∈Λm






E Um (ξi , x)2 = Var gx (ξ1 ) 6 kgx k2 ksk∞ 6 2 b2m + ksm k2 ksk∞



D 6 2 b2m + ksm k2

m

(49)

(48)

(47)

 !
b2 + ksk2 x2
2V
Dm
ksk∞ x
U (m) 6 
+κ
+ m
.
V −1
n
n
n2

(50)

which implies Eq. (15) and (16).
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Using in addition Lemma 14, we get that an absolute constant κ0 exists such that with
probability larger than 1 − 8e−x , for every  ∈ (0, 1], Eq. (50) holds true and
 !
b2m −3 + ksk2 x2
2Dm
Dm
ksk∞ x
penVF (m, V, V − 1) −
6
+κ
+
,
n
n
n
n2

=

penVF (m, V, V − 1) − 2ksm − sbm k2

Let us conclude the proof of Proposition 4. From Lemmas 13 and 15, an absolute
constant κ exists such that, with probability larger than 1 − 6e−x , for every  ∈ (0, 1],

and we get the desired result.

Hence,

x∈R λ∈Λ

2

C 6


2n(V − 1)  2
bm + ksm k2 ksk∞ .
V
Fourth, from Cauchy-Schwarz inequality, for every x, y ∈ X ,


X
2
Um (x, y) 6 sup
ψλ (x) − P ψλ 6 2 b2m + ksm k2 .

and, using (Reg), we get that

Then,

2



= 2Ψm (x) + 2ksm k 6 2 b2m + ksm k2 .

λ∈Λm

Plugging this bound in (46) yields





ksk∞  
E ai (ξi )bj (ξj )Um (ξi , ξj ) 6
E ai (ξi )2 + E bj (ξj )2
2
hence
B 6 nksk∞ .
P
Third, for every x, y ∈ R, let gx (y) = λ∈Λm (ψλ (x) − P ψλ )ψλ (y) so that
X
X
X
2
2
(P ψλ )2
kgx k2 =
ψλ (x) − P ψλ 6 2
ψλ (x) + 2


 h
i 2
= sup E ai (ξi ) t(ξi ) − P (t)
t∈Bm





6 E ai (ξi )2 sup Var t(ξ1 ) 6 E ai (ξi )2 ksk∞ .
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A.3 Proof of Theorem 5
By construction, the penalized estimator satisfies, for any m ∈ Mn ,


2
kb
sm
b
−
pen
b
V, C(V − 1)
b − sk − penid (m)
VF m,



6 kb
sm − sk2 + penVF m, V, C(V − 1) − penid (m) .

Now, by Eq. (2) and (3), penid (m) = 2kb
sm − sm k2 + 2(Pn − P )(sm ), hence

e−xn = 2e−x .

m∈Mn

(53)

(52)

h
i

2
kb
sm
sm − sk2 + penVF m, V, C(V − 1) − 2ksm − sbm k2
b − sk 6 kb
h
i

2
− penVF m,
b V, C(V − 1) − 2ksm
bm
+ 2(Pn − P )(sm − sm
b −s
bk
b)
h
i

= kb
sm − sk2 + penVF m, V, C(V − 1) − 2Cksm − sbm k2
i
h

2
+ 2(Pn − P )(sm − sm
− pen
m,
b V, C(V − 1) − 2Cksm
bm
b)
b −s
bk
VF


2
.
(51)
+ 2(C − 1) kb
sm − sm k2 − kb
sm
b − sm
bk

Let x > 0 and xn = log(|Mn |) + x. A union bound in Proposition 4 gives

m∈Mn


P ∃m ∈ Mn ,  ∈ (0, 1] s.t. penVF (m, V, V − 1) − 2ksm − sbm k2

X
X
Dm
1
e−xn = 8e−x
+ κρ1 (m, , s, xn , n) 6 8
= 8e−x
n
|Mn |

>

m∈Mn

and a union bound in Lemma 14 gives


Dm
Dm
P ∃m ∈ Mn ,  ∈ (0, 1] s.t. kb
+ κρ1 (m, , s, xn , n)
sm − sm k2 −
>
n
n
X
62

It remains to bound 2(Pn − P )(sm − sm0 ) uniformly over m and m0 in Mn . In order to
apply Bernstein’s inequality, we first bound the variance and the sup norm of sm − sm0 for
some m, m0 ∈ Mn . Since s ∈ L∞ (µ),

Var (sm − sm0 )(ξ1 ) 6 ksk∞ ksm − sm0 k2 .

Under assumption (H2)

ksm − sm0 k∞ 6 ksm k∞ + ksm0 k∞ 6 2a .
√

nksm − sm0 k .
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Under assumption (H20 ), sm − sm0 ∈ Sm00 for some m00 ∈ {m, m0 }, hence by (H1) we have
ksm − sm0 k∞ 6 bm00 ksm − sm0 k 6
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s

2x Var (sm − sm0 )(ξ1 )
n

κ Ax + x2
n

+


.

ksm − sm0 k∞ x
3n

Therefore, by Bernstein’s inequality, for any x > 0, for any m, m0 , with probability larger
than 1 − e−x , for any  ∈ (0, 1],
(Pn − P )(sm − sm0 ) 6

6 ksm − sm0 k2 +

κ Ax + x2
n



(54)

for some absolute constant κ, where the last inequality is obtained by considering separately
the cases (H2) and (H20 ), and by using that for every α, β,  > 0, αβ 6 α2 + (β 2 )/(4).
A union bound gives that for any x > 0, with probability at least 1 − |Mn |2 e−x , for every
m, m0 ∈ Mn and every  ∈ (0, 1],

(Pn − P )(sm − sm0 ) 6 ksm − sm0 k2 +

for some absolute constant κ. Plugging Eq. (52), (53) and (54) into Eq. (51) and using that
C ∈ (1/2, 2] yields that, with probability 1 − (|Mn |2 + 10)e−x , for any  ∈ (0, 1/2],

Dm
Db
2
(1 − 4)kb
sm
sm − sk2 + (δ+ + 4)
+ (δ− + 3) m
b − sk 6 (1 + 4)kb
n
n

Ax + x2
b , s, x, n) +
+ κ ρ1 (m, , s, x, n) + ρ1 (m,
n

2
6 (1 + δ+ + 16)kb
sm − sk2 + (δ− + 8)kb
sm
b − sm k


Ax + x2
+ κ0 ρ1 (m, , s, x, n) + ρ1 (m,
b , s, x, n) +
n
√
for some absolute constants κ, κ0 > 0. Since bm 6 n for all m ∈ Mn , we get



2ksk∞ + A x
2ksk2 x2
Ax + x2
6
+ 3+
n
n
n
3 n
m∈Mn

2 sup ρ1 (m, , s, x, n) +

(55)

for every  ∈ (0, 1]. Hence, with probability larger than 1 − (|Mn |2 + 10)e−x , for any
 ∈ (0, 1],

"
#



ksk∞ + A x
1 − δ− − 
ksk2 x2
2
kb
sm
sm − sk2 + κ
+ 1+
b − sk 6 kb
1 + δ+ + 
n
n
3 n

for some absolute constant κ > 0. To conclude, we remark that Eq. (17) clearly holds true
when |Mn | = 1, so we can assume that |Mn | > 2. Therefore, for every x > 0, Eq. (55)
holds true with probability at least


1 − |Mn |2 + 10 e−x > 1 − |Mn |4 e−x > 1 − e−x+4 log |Mn | .
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So, if we replace x by 4xn > x + 4 log |Mn | in Eq. (55), we get that Eq. (17) holds true with
probability at least 1 − e−x for some absolute constant κ > 0, slightly larger than the one
appearing in Eq. (55).

44

λ∈Λm

P

(56)

λ∈Λm ,λ0 ∈Λm0

h

i 2

E ψλ (ξ1 ) − P ψλ ψλ0 (ξ1 ) − P ψλ0
= β m, m0 ,

1
n2

16i,j6n

1
n2

16i,j6n

n2

Um (ξi , ξj ) +
i=1

=1−

(57)

n

+ ksm k2 .
(58)

V 1I6=J
(VF)
= (V − 1)ei,j .
V −1

Um (ξi , ξj )

n
X
−2sm (ξi )

(VF)

Ei,j

(VF)

sm (ξi ) + ksm k2 .

Ei,j

i=1

16i,j6n

X

2
n

Km (ξi , ξj )

(VF)

n2

2CEi,j

−1

,

fm =

−2sm
n
and

σi = 1 .

i=1
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It remains to evaluate the quantities appearing in Lemma 16 for these weights and function.
First,
n
n 

X
X
(VF)
(VF) 2
Ei,i = n
and
Ei,i
=n .

ω i,j =

Hence, up to the deterministic term ksm k2 , CC,B (m) has the form of a function Cm defined
in Lemma 16 below with

CC,B (m) =

(VF)
X 2CEi,j
−1

∀I, J ∈ {1, . . . , V }, ∀i ∈ BI , ∀j ∈ BJ ,

It follows that

where

 2C
penVF m, B, C(V − 1) = 2
n

X

16i,j6n
n
X

Um (ξi , ξj ) −

(Pn ψλ )2 = −

X

λ∈Λm

X

Moreover, by Eq. (42) in the proof of Lemma 13,

=−

Pn γ(b
sm ) = −

hence, Var(Um1 (ξ1 , ξ2 ) − Um2 (ξ1 , ξ2 )) = B(m1 , m2 ). For every m ∈ {m1 , m2 }, by Eq. (56),

=

X

λ∈Λm ,λ0 ∈Λm0

For every x ∈ X , Km (x, x) = Ψm (x) by Eq. (30), Um (x, x) = Ψm (x) − 2sm (x) + ksm k2 and,
by independence, for every m, m0 ∈ {m1 , m2 }

Cov Um (ξ1 , ξ2 ), Um0 (ξ1 , ξ2 )
h
X



i
=
E ψλ (ξ1 ) − P ψλ ψλ (ξ2 ) − P ψλ ψλ0 (ξ1 ) − P ψλ0 ψλ0 (ξ2 ) − P ψλ0

= Km (x, y) − sm (x) − sm (y) + ksm k2 .

For every x, y ∈ X and m ∈ {m1 , m2 }, let Km (x, y) := λ∈Λm ψλ (x)ψλ (y) and remark that
X


ψλ (x) − P ψλ ψλ (y) − P ψλ
Um (x, y) =

A.4 Proof of Theorem 6
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(VF)

Ei,j

16i6=j6n

ω 2i,i =

=n

V

n

16i6=j6n

X
ω 2i,j

i=1

ω i,i σ i =

2C − 1
n



1
4C 2
(2C − 1)2
= 2 1+
.
−
n
V −1
n

n
X


−1 +

(2C − 1)2
,
n3

ω i,j ω j,i =

16i6n

X

X

16i6=j6n



−1
n2 (V − 1)
×
= −n
(V − 1)
V
16i6=j6n



n
X  (VF) 2
n2
n
=
Ei,j
=n
−1 +
−n .
V
V (V − 1)
V −1

X 
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2
4C 2
(2C − 1)2
Var CC,B (m1 ) = 2 1 +
−
β(m1 , m1 )
n
V −1
n


1
2C − 1
+ Var
Um1 (ξ, ξ) − 2sm1 (ξ)
n
n


4C 2
(2C − 1)2
2
−
B(m1 , m2 )
Var(CC,B (m1 ) − CC,B (m2 )) = 2 1 +
n
V −1
n



1
2C − 1
+ Var 2(sm1 − sm2 )(ξ) −
Um1 (ξ, ξ) − Um2 (ξ, ξ)
n
n



2
4C 2
(2C − 1)2
= 2 1+
−
Var Um1 (ξ, ξ) − Um2 (ξ1 , ξ2 )
n
V −1
n




4
2C − 1
2C − 1
+ Var 1 +
(sm1 − sm2 )(ξ) −
Ψm1 (ξ) − Ψm2 (ξ)
,
n
n
2n
which concludes the proof.

and

Therefore,

Hence, from Lemma 16, for every m, m0 ∈ {m1 , m2 },




2
4C 2
(2C − 1)2
Cov CC,B (m), CC,B (m0 ) = 2 1 +
−
β m, m0
n
V −1
n
 4

(2C − 1)2
+
Cov Um (ξ, ξ), Um0 (ξ, ξ) + Cov sm (ξ), sm0 (ξ)
n3
n

i
2(2C − 1) h
Cov Um (ξ, ξ), sm0 (ξ) + Cov Um0 (ξ, ξ), sm (ξ)
−
2
 n


4C 2
(2C − 1)2
2
−
β m, m0
= 2 1+
n
V −1
n


1
2C − 1
2C − 1
+ Cov
Um (ξ, ξ) − 2sm (ξ),
Um0 (ξ, ξ) − 2sm0 (ξ) .
n
n
n

and

It follows that

and

Second, by (Reg),
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!

!

X



2
ω i,j
+ ω i,j ω j,i  Cov Um (ξ1 , ξ2 ), Um0 (ξ1 , ξ2 )


Cov fm (ξ1 ), fm0 (ξ1 ) .





!
h

i
Cov Um (ξ1 , ξ1 ), fm0 (ξ1 ) + Cov Um0 (ξ1 , ξ1 ), fm (ξ1 )

Cov Um (ξ1 , ξ1 ), Um0 (ξ1 , ξ1 )

16i6=j6n
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σ i2

ω i,i σ i

2
ω i,i

Pn
P
Lemma 16 Let Cm =
i=1 σ i fm (ξi ), where Um is defined by
16i,j6n ω i,j Um (ξi , ξj ) +
Eq. (56) and fm ∈ L2 (µ). For every m, m0 , we have



i=1

n
X

i=1

n
X

i=1

n
X

Cov(Cm , Cm0 ) = 

+
+
+

ω i,j σ k Cov Um (ξi , ξj ), fm0 (ξk )

ω i,j σ k Cov Um0 (ξi , ξj ), fm (ξk )

σ i σ j Cov fm (ξi ), fm0 (ξj ) .




ω i,j ω k,` Cov Um (ξi , ξj ), Um0 (ξk , ξ` )

Proof We develop the covariance to get
X
Cov(Cm , Cm0 ) =

X

X

16i,j6n

16i,j,k6n

16i,j,k6n

X

16i,j,k,`6n

+
+
+


σ i σ j Cov fm (ξi ), fm0 (ξj ) =

i=1

n
X

σ i2

!


Cov fm (ξ1 ), fm0 (ξ1 ) .

The proof is then concluded with the following remarks, which rely on the fact that the
random variables ξJnK are independent and identically distributed.

1. Cov fm (ξi ), fm0 (ξj ) = 0 unless i 6= j, therefore
X

16i,j6n

!


Cov Um (ξ1 , ξ1 ), fm0 (ξ1 ) .

= 0 unless i = j = k, hence
ω i,i σ i


n
X
i=1

Um (ξi , ξj ), fm0 (ξk )


ω i,j σ k Cov Um (ξi , ξj ), fm0 (ξk ) =

2. By definition (56) of Um , Cov
X

16i,j,k6n

ω i,j ω k,` Cov Um (ξi , ξj ), Um0 (ξk , ξ` )
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3. By definition (56) of Um , Cov Um (ξi , ξj ), Um (ξk , ξl ) = 0 unless i = j = k = ` or
i = k 6= j = ` or i = ` 6= j = k. It follows that
X

16i,j,k,`6n
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With limited computational and storage resource, machine-precision inversion and decompositions of large and dense matrix are prohibitive. In the past decade matrix approximation
techniques have been extensively studied by the theoretical computer science community

1. Introduction

Keywords: Kernel approximation, matrix factorization, the Nyström method, CUR
matrix decomposition

Symmetric positive semi-definite (SPSD) matrix approximation methods have been
extensively used to speed up large-scale eigenvalue computation and kernel learning
methods. The standard sketch based method, which we call the prototype model, produces
relatively accurate approximations, but is inefficient on large square matrices. The Nyström
method is highly efficient, but can only achieve low accuracy. In this paper we propose a
novel model that we call the fast SPSD matrix approximation model. The fast model is
nearly as efficient as the Nyström method and as accurate as the prototype model. We
show that the fast model can potentially solve eigenvalue problems and kernel learning
problems in linear time with respect to the matrix size n to achieve 1 +  relative-error,
whereas both the prototype model and the Nyström method cost at least quadratic time
to attain comparable error bound. Empirical comparisons among the prototype model,
the Nyström method, and our fast model demonstrate the superiority of the fast model.
We also contribute new understandings of the Nyström method. The Nyström method is
a special instance of our fast model and is approximation to the prototype model. Our
technique can be straightforwardly applied to make the CUR matrix decomposition more
efficiently computed without much affecting the accuracy.
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1. The Õ notation hides the logarithm factors.
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(Woodruff, 2014), the machine learning community (Mahoney, 2011), and the numerical
linear algebra community (Halko et al., 2011).
In machine learning, many graph analysis techniques and kernel methods require
expensive matrix computations on symmetric matrices. The truncated eigenvalue decomposition (that is to find a few eigenvectors corresponding to the greatest eigenvalues)
is widely used in graph analysis such as spectral clustering, link prediction in social
networks (Shin et al., 2012), graph matching (Patro and Kingsford, 2012), etc. Kernel
methods (Schölkopf and Smola, 2002) such as kernel PCA and manifold learning require the
truncated eigenvalue decomposition. Some other kernel methods such as Gaussian process
regression/classification require solving n × n matrix inversion, where n is the number of
training samples. The rank k (k  n) truncated eigenvalue decomposition (k-eigenvalue
decomposition for short) of an n × n matrix costs time Õ(n2 k)1 ; the matrix inversion costs
time O(n3 ). Thus, the standard matrix computation approaches are infeasible when n is
large.
For kernel methods, we are typically given n data samples of dimension d, while the
n × n kernel matrix K is unknown beforehand and should be computed. This adds to the
additional O(n2 d) time cost. When n and d are both large, computing the kernel matrix
is prohibitively expensive. Thus, a good kernel approximation method should avoid the
computation of the entire kernel matrix.
Typical SPSD matrix approximation methods speed up matrix computation by efficiently forming a low-rank decomposition K ≈ CUCT where C ∈ Rn×c is a sketch of
K (e.g., randomly sampled c columns of K) and U ∈ Rc×c can be computed in different
ways. With such a low-rank approximation at hand, it takes only O(nc2 ) additional time to
approximately compute the rank k (k ≤ c) eigenvalue decomposition or the matrix inversion.
Therefore, if C and U are obtained in linear time (w.r.t. n) and c is independent of n, then
the aforementioned eigenvalue decomposition and matrix inversion can be approximately
solved in linear time.
The Nyström method is perhaps the most widely used kernel approximation method.
Let P be an n × c sketching matrix such as uniform sampling (Williams and Seeger, 2001;
Gittens, 2011), adaptive sampling (Kumar et al., 2012), leverage score sampling (Gittens
and Mahoney, 2016), etc. The Nyström method computes C by C = KP ∈ Rn×c and U
by U = (PT C)† ∈ Rc×c . This way of computing U is very efficient, but it incurs relatively
large approximation error even if C is a good sketch of K. As a result, the Nyström method
is reported to have low approximation accuracy in real-world applications (Dai et al., 2014;
Hsieh et al., 2014; Si et al., 2014b). In fact,pthe Nyström
is impossible to attain 1 + 

bound relative to kK − Kk k2F unless c ≥ Ω nk/ (Wang and Zhang, 2013). Here Kk
denotes the best rank-k approximation of K. The requirement that c grows at least linearly
√
with n is a very pessimistic result. It implies that in order to attain 1 +  relative-error
bound, the time cost of the Nyström method is of order nc2 = Ω(n2 k/) for solving the
k-eigenvalue decomposition or matrix inversion, which is quadratic in n. Therefore, under
the 1 +  relative-error requirement, the Nyström method is not a linear time method.
The main reason for the low accuracy of the Nyström method is due to the way that the
U matrix is calculated. In fact, much higher accuracy can be obtained if U is calculated
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matrices. Given any m×n fixed matrix A, the CUR matrix decomposition selects c columns
of A to form C ∈ Rm×c and r rows of A to form R ∈ Rr×n , and computes matrix U ∈ Rc×r
such that kA − CURkF2 is small. Traditionally, it costs time
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The remainder of this paper is organized as follows. Section 2 defines the notation used
in this paper. Section 3 introduces the related work of matrix sketching and SPSD matrix

1.2 Paper Organization

while the approximation quality is nearly the same.

The time complexity for computing Ufast is linear in n, which is far less than the time
complexity O(n2 c) of the prototype model. Our method also avoids computing the entire
√
√
kernel matrix K; instead, it computes a block of K of size nc × nc , which is substantially
√
smaller than n × n. The lower bound in Theorem 7 indicates that the n factor here is
optimal, but the dependence on c and  are suboptimal and can be potentially improved.
This paper provides a new perspective on the Nyström method. We show that, as well as
our fast model, the Nyström method is approximate solution to the problem minU kCUCT −
KkF2 . Unfortunately, the approximation is so rough that the quality of the Nyström method
is low.
Our method can also be applied to improve the CUR matrix decomposition of the general
matrices which are not necessarily square. Given any matrices A ∈ Rm×n , C ∈ Rm×c , and
R ∈ Rr×n , it costs time O(mn · min{c, r}) to compute the matrix U = C† AR† . Applying
our technique, the time cost drops to only

O cr−1 · min{m, n} · min{c, r} ,

U

kK − CUfast CT kF2 ≤ (1 + ) min kK − CUCT kF2 .

Here Time(C) is defined in Question 1.
The fast SPSD matrix approximation model achieves the desired properties in Question 1
by solving minU kK − CUCT kF approximately rather than exactly while ensuring

This work is motivated by an intrinsic connection between the Nyström method and the
prototype model. Based on a generalization of this observation, we propose the fast SPSD
matrix approximation model for approximating any symmetric matrix. We show that the
fast model satisfies the requirements in Question 1. Given n data points of dimension d,
the fast model computes C and Ufast and approximately solves the truncated eigenvalue
decomposition or matrix inversion in time

O nc3 / + nc2 d/ + Time(C).

1.1 Main Results

to compute the optimal U? = C† AR† (Stewart, 1999; Wang and Zhang, 2013; Boutsidis and
Woodruff, 2014). How to efficiently compute a high-quality U matrix for CUR is unsolved.

O(mn · min{c, r})

by solving the minimization problem minU kK − CUCT kF2 , which is a standard way to
approximate symmetric matrices (Halko et al., 2011; Gittens and Mahoney, 2016; Wang and
Zhang, 2013; Wang et al., 2016). This is the randomized SVD for symmetric matrices (Halko
et al., 2011). Wang et al. (2016) called this approach the prototype model and provided
an algorithm that samples c = O(k/) columns of K to form C such that minU kK −
CUCT kF2 ≤ (1 + )kK − Kk kF2 . Unlike the Nyström method, the prototype model does not
require c to grow with n. The downside of the prototype model is the high computational
cost. It requires the full observation of K and O(n2 c) time to compute U. Therefore when
applied to kernel approximation, the time cost cannot be less than O(n2 d + n2 c). To reduce
the computational cost, this paper considers the problem of efficient calculation of U with
fixed C while achieving an accuracy comparable to the prototype model.
More specifically, the key question we try to answer in this paper can be described as
follows.
Question 1 For any fixed n × n symmetric matrix K, target rank k, and parameter γ,
assume that
A1 We are given a sketch matrix C ∈ Rn×c of K, which is obtained in time Time(C);

2
2
≤ (1 + γ)kK − Kk kF
.
A2 The matrix C is a good sketch of K in that minU kK − CUCT kF

R1 The matrix Ũ has the following error bound:

Then we would like to know whether for an arbitrary , it is possible to compute C and
Ũ such that the following two requirements are satisfied:
2
2
kK − CŨCT kF
≤ (1 + )(1 + γ)kK − Kk kF
.

R2 The procedure of computing C and Ũ and approximately solving the aforementioned keigenvalue decomposition or the matrix inversion run in time O n · poly(k, γ −1 , −1 ) +
Time(C).

Unfortunately, the following theorem shows that neither the Nyström method nor the
prototype model enjoys such desirable properties. We prove the theorem in Appendix B.
Theorem 1 Neither the Nyström method nor the prototype model satisfies the two
requirements in Question 1. To make requirement R1 hold, both the
 Nyström method and
the prototype model cost time no less than O n2 · poly(k, γ −1 , −1 ) + Time(C) which is at
least quadratic in n.
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In this paper we give an affirmative answer to the above question. In particular, it has
the following consequences. First, the overall approximation has high accuracy in the sense
that kK − CŨCT kF2 is comparable to minU kK − CUCT kF2 , and is thereby comparable to
the best rank k approximation. Second, with C at hand, the matrix Ũ is obtained efficiently
(linear in n). Third, with C and Ũ at hand, it takes extra time which is also linear in n
to compute the aforementioned eigenvalue decomposition or linear system. Therefore, with
a good C, we can use linear time to obtain desired U matrix such that the accuracy is
comparable to the best possible low-rank approximation.
The CUR matrix decomposition (Mahoney and Drineas, 2009) is closely related to the
prototype model and troubled by the same computational problem. The CUR matrix
decomposition is an extension of the prototype model from symmetric matrices to general
3

Description
number of data points
dimension of the data point
n × n kernel matrix
sketching matrices
n × c sketch computed by C = KP
C† K(C† )T ∈ Rc×c —the U matrix of the prototype model
(PT K)† ∈ Rc×c —the U matrix of the Nyström method
(ST C)† (ST KS)(CT S)† ∈ Rc×c —the U matrix of the fast model

i=1

5
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We also list some frequently used notation in Table 1. Given the decomposition K̃ =
CUCT ≈ K which has rank at most c, it takes O(nc2 ) time to compute the eigenvalue
decomposition of K̃ and O(nc2 ) time to solve the linear system (K̃ + αIn )w = y to obtain
w (see Appendix A for more discussions). The truncated eigenvalue decomposition and
linear system are the bottleneck of many kernel methods, and thus an accurate and efficient
low-rank approximation can help to accelerate the computation of kernel learning.

where σ1 , · · · , σr are the positive singular values in the descending order. We also use
σi (A) to denote the i-th largest singular value of A.PUnless otherwise specified, in this
paper “SVD” means the condensed SVD. Let Ak = ki=1 σi ui viT be the top k principal
components of A for any positive integer k less than ρ. In fact, Ak is the closest to A
among all the rank k matrices. Let A† = VΣ−1 UT be the Moore-Penrose inverse of A.
Assume that ρ = rank(A) < n. The column leverage scores of A are li = kvi: k22 for
i = 1 to n. Obviously, l1 + · · · + ln = ρ. The column coherence is defined by ν(A) =
n
2
ρ maxj∈[n] kvj: k2 . If ρ = rank(A) < m, the row leverage scores and coherence are similarly
defined. The row leverage scores are ku1: k22 , · · · , kum: k22 and the row coherence is µ(A) =
m
2
ρ maxi∈[m] kui: k2 .

The notation used in this paper are defined as follows. Let [n] = {1, . . . , n}, In be the
n×n identity matrix, and 1n be the n × 1 vector of all ones. We let x ∈ y ± z denote
y − z ≤ x ≤ y + z. For an m×n matrix A = [Aij ], we let ai: be its i-th
P row, a:j be its
j-th column, nnz(A) be the number of nonzero entries of A, kAkF = ( i,j A2ij )1/2 be its
Frobenius norm, and kAk2 = maxx6=0 kAxk2 /kxk2 be its spectral norm.
Let ρ = rank(A). The condensed singular value decomposition (SVD) of A is defined
as
ρ
X
A = UΣVT =
σi ui viT

2. Notation

approximation. Section 4 describes our fast model and analyze the time complexity and
error bound. Section 5 applies the technique of the fast model to compute the CUR matrix
decomposition more efficiently. Section 6 conducts empirical comparisons to show the effect
of the U matrix. The proofs of the theorems are in the appendix.

Notation
n
d
K
P, S
C
U?
Unys
Ufast

Table 1: A summary of the notation.
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1

s̃

1
.
spij

(1)

6
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Let G ∈ Rn×s be a standard Gaussian matrix, namely each entry is sampled independently
from N (0, 1). The matrix S = √1s G is a Gaussian projection matrix. Gaussian projection is
also well known as the Johnson-Lindenstrauss (JL) transform (Johnson and Lindenstrauss,
1984); its theoretical property is well established. It takes O(mns) time to apply S ∈ Rn×s
to any m × n dense matrix, which makes Gaussian projection inefficient.
The subsampled randomized Hadamard transform (SRHT) is usually a more efficient
alternative of Gaussian projection. Let Hn ∈ Rn×n be the Walsh-Hadamard matrix with
+1 and −1 entries, D ∈ Rn×n be a diagonal matrix with diagonal entries sampled uniformly
from {+1, −1}, and P ∈ Rn×s be the uniform sampling matrix defined above. The matrix
S = √1n DHn P ∈ Rn×s is an SRHT matrix, and it can be applied to any m × n matrix in
O(mn log s) time.
Count sketch stems from the data stream literature (Charikar et al., 2004; Thorup and
Zhang, 2012) and has been applied to speedup matrix computation. The count sketch

3.1.2 Random Projection

The expectation E[s̃] equals to s, and s̃ = Θ(s) with high probability. For the sake of
simplicity and clarity, in the rest of this paper we will not distinguish s̃ and s.

Sij ,j = √

sampling means that the sampling probabilities are p1 = · · · = pn = n1 . Leverage score
sampling means that the sampling probabilities are proportional to the leverage scores
l1 , · · · , ln of a certain matrix.
We can equivalently characterize column selection by the matrix S ∈ Rn×s̃ . Each column
of S has exactly one nonzero entry; let (ij , j) be the position of the nonzero entry in the
j-th column for j ∈ [s̃]. For j = 1 to s̃, we set

P
Let p1 , · · · , pn ∈ (0, 1) with ni=1 pi = 1 be the sampling probabilities. Let each integer
in [n] be independently sampled with probabilities sp1 , · · · , spn , where s ∈ [n] is integer.
Assume that s̃ integers are sampled from [n]. Let i1 , · · · , is̃ denote the selected integers,
1
1
and let E[s̃] = s. We scale each selected column by √sp
, · · · , √sp
, respectively. Uniform
i
i

3.1.1 Column Sampling

Popular matrix sketching methods include uniform sampling, leverage score sampling
(Drineas et al., 2006, 2008; Woodruff, 2014), Gaussian projection (Johnson and Lindenstrauss, 1984), subsampled randomized Hadamard transform (SRHT) (Drineas et al., 2011;
Lu et al., 2013; Tropp, 2011), count sketch (Charikar et al., 2004; Clarkson and Woodruff,
2013; Meng and Mahoney, 2013; Nelson and Nguyên, 2013; Pham and Pagh, 2013; Thorup
and Zhang, 2012; Weinberger et al., 2009), etc.

3.1 Matrix Sketching

In Section 3.1 we introduce matrix sketching. In Section 3.2 we describe two SPSD matrix
approximation methods.

3. Related Work
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matrix S ∈ Rn×s can be applied to any matrix A in O(nnz(A)) time where nnz denotes
the number of non-zero entries. The readers can refer to (Woodruff, 2014) for detailed
descriptions of count sketch.
3.1.3 Theories

n

P
2

≥η

≥ kBkF2

UT SST U − Ik
2
F

o

o

≤ δ1

(Property 2),

(Property 1),

(Property 3).

≤ δ2

o
0
≥ 0 kBk22 + kBkF2 ≤ δ3
k

UT B − UT SST B

UT B − UT SST B

P

n

The following lemma shows important properties of the matrix sketching methods. In the
lemma, leverage score sampling means that the sampling probabilities are proportional to
the row leverage scores of the column orthogonal matrix U ∈ Rn×k . (Here U is different
from the notation elsewhere in the paper.) We prove the lemma in Appendix C.

n

Lemma 2 Let U ∈ Rn×k be any fixed matrix with orthonormal columns and B ∈ Rn×d be
any fixed matrix. Let S ∈ Rn×s be any sketching matrix considered in this section; the order
of s (with the O-notation omitted) is listed in Table 2. Then

P

2
2

k
log δk1
η2
µ(U)k
log δk1
η2
k+log(1/δ1 )
η2
k+log n
log δk1
η2
k2
δ1 η 2

Property 1

k
δ2
µ(U)k
δ2
k
δ2
k+log n
δ2
k
δ2

Property 2

1
0

—

—

d
1
0 k + log kδ
3 d
nd
k + log kδ
log δ3
1

Property 3
—

Table 2: The leverage score sampling is w.r.t. the row leverage scores of U. For uniform
sampling, the notation µ(U) ∈ [1, n] is the row coherence of U.
Sketching
Leverage Sampling
Uniform Sampling
Gaussian Projection
SRHT
Count Sketch
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Property 1 is known as the subspace embedding property (Woodruff, 2014). It shows
that all the singular values of ST U are close to one. Properties 2 and 3 show that sketching
preserves the multiplication of a row orthogonal matrix and an arbitrary matrix.
For the SPSD/CUR matrix approximation problems, the three properties are all we need
to capture the randomness in the sketching methods. Leverage score sampling, uniform
sampling, and count sketch do not enjoy Property 3, but it is fine— Frobenius norm
(Property 2) will be used as a loose upper bound on the spectral norm (Property 3).
Gaussian projection and SRHT satisfy all the three properties; when applied to the
SPSD/CUR problems, their error bounds are stronger than the leverage score sampling,
uniform sampling, and count sketch.
7
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3.2 SPSD Matrix Approximation Models

We first describe the prototype model and the Nyström method, which are most relevant
to this work. We then introduce several other SPSD matrix approximation methods.
3.2.1 Most Relevant Work

(3)

(2)

Given an n × n matrix K and an n × c sketching matrix P, we let C = KP and W =
PT C = PT KP. The prototype model (Wang and Zhang, 2013) is defined by

K̃cproto , CU? CT = CC† K(C† )T CT ,

, CUnys CT = CW† CT
†

†
= C PT C PT KP CT P CT .

and the Nyström method is defined by
K̃cnys

The only difference between the two models is their U matrices, and the difference leads to
big difference in their approximation accuracies. Wang and Zhang (2013) provided a lower
error
p bound of the Nyström method, which shows that no algorithm can select less than
Ω( nk/) columns of K to form C such that

kK − CUnys CT kF2 ≤ (1 + )kK − Kk kF2 .

In contrast, the prototype model can attain the 1 +  relative-error bound with c = O(k/)
(Wang et al., 2016), which is optimal up to a constant factor.
While we have mainly discussed the time complexity of kernel approximation in the
previous sections, the memory cost is often a more important issue in large scale problems
due to the limitation of computer memory. The Nyström method and the prototype
model require O(nc) memory to hold C and U to approximately solve the aforementioned
eigenvalue decomposition or the linear system.2 Therefore, we hope to make c as small as
possible while achieving a low approximation error. There are two elements: (1) a good
sketch C = KP, and (2) a high-quality U matrix. We focus on the latter in this paper.
3.2.2 Less Relevant Work

We note that there are many other kernel approximation approaches in the literature.
However, these approaches do not directly address the issue we consider here, so they are
complementary to our work. These studies are either less effective or inherently rely on the
Nyström method.
The Nyström-like models such as MEKA (Si et al., 2014a) and the ensemble Nyström
method (Kumar et al., 2012) are reported to significantly outperform the Nyström method
in terms of approximation accuracy, but their key components are still the Nyström method
and the component can be replaced by any other methods such as the method studied in
this work. The spectral shifting Nyström method (Wang et al., 2014) also outperforms the

JMLR 17(210):1-49

2. The memory costs of the prototype model is O(nc + nd) rather than O(n2 ). This is because we can hold
the n × d data matrix and the c × n matrix C† in memory, compute a small block of K each time, and
then compute C† K block by block.

8

9
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where S is n × s sketching matrix.
From (2) and (3) we can see that the Nyström method is a special case of the fast model
where S is defined as P and that the prototype model is a special case where S is defined
as In .
The fast model allows us to trade off the accuracy and the computational cost—larger
s leads to higher accuracy and higher time cost, and vice versa. Setting s as small as c

Let P ∈ Rn×c be sketching matrix and C = KP ∈ Rn×c . The fast SPSD matrix
approximation model is defined by
†

†
K̃fast
, C ST C ST KS CT S CT ,
c,s

4.1 Motivation

In Section 4.1 we present the motivation behind the fast model. In Section 4.2 we provide
an alternative perspective on our fast model and the Nyström method by formulating them
as approximate solutions to an optimization problem. In Section 4.3 we analyze the error
bound of the fast model. Theorem 3 is the main theorem, which shows that in terms
of the Frobenius norm approximation, the fast model is almost as good as the prototype
model. In Section 4.4 we describe the implementation of the fast model and analyze the
time complexity. In Section 4.5 we give some implementation details that help to improve
the approximation quality. In Section 4.6 we show that our fast model exactly recovers K
under certain conditions, and we provide a lower error bound of the fast model.

4. The Fast SPSD Matrix Approximation Model

From Lemma 2 we can see that it is a typical sketch based approximation to the matrix
multiplication. Unfortunately, the approximate matrix multiplication is effective only when
K has much more rows than columns, which is not true for the kernel matrix. The columnbased model does not have good error bound and is not empirically as good as the Nyström
method (Kumar et al., 2009).
The random feature mapping (Rahimi and Recht, 2007) is a family of kernel approximation methods. Each random feature mapping method is applicable to certain kernel rather
than arbitrary SPSD matrix. Furthermore, they are known to be noticeably less effective
than the Nyström method (Yang et al., 2012).

KT K ≈ CCT = KT PPT K.

Nyström method in certain situations, but the spectral shifting strategy can be used for
any other kernel approximation models beyond the prototype model. We do not compare
with these methods in this paper because MEKA, the ensemble Nyström method, and the
spectral shifting Nyström method can all be improved if we replace the underlying Nyström
method or the prototype model by the new method developed here.
The column-based low-rank approximation model (Kumar et al., 2009) is another SPSD
matrix approximation approach different from the Nyström-like methods. Let P ∈ Rn×c
be any sketching matrix and C = KP. The column-based model approximates K by
C(CT C)−1/2 CT = (CCT )1/2 . Equivalently, it approximates K2 by

Towards More Efficient SPSD Matrix Approximation and CUR Matrix Decomposition

c

Nyström

Prototype

n

Time
O(c3 )

O nnz(K)c + nc2
2
2
O(nc + s c)

s

c

s

Fast

#Entries
nc
n2
nc + (s − c)2
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With the sketch C = KP ∈ Rn×c at hand, we want to find the U matrix such that
CUCT ≈ K. It is very intuitive to solve the following problem to make the approximation

4.2 Optimization Perspective

sacrifices too much accuracy, whereas p
setting s as large as n is unnecessarily expensive.
Later on, we will show that s = O(c n/)  n is a good choice. The setting s  n
makes the fast model much cheaper to compute than the prototype model. When applied
to kernel methods, the fast model avoids computing the entire kernel matrix. We summarize
the time complexities of the three matrix approximation methods in Table 3; the middle
column lists the time cost for computing the U matrices given C and K; the right column
lists the number of entry of K which much be observed. We show a very intuitive comparison
in Figure 1.

Figure 1: The yellow blocks denote the submatrices of K that must be seen by the kernel
approximation models. The Nyström method computes an n × c block of K,
provided that P is column selection matrix; the prototype model computes the
entire n×n matrix K; the fast model computes an n×c block and an (s−c)×(s−c)
block of K (due to the symmetry of K), provided that P and S are column
selection matrices.

n

Nyström
Prototype
Fast

Table 3: Summary of the time cost of the models for computing the U matrices and the
number of entries of K required to be observed in order to compute the U matrices.
As for the fast model, assume that S is column selection matrix. The notation is
defined previously in Table 1.
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2
F

= C† K(C† )T .
(4)
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tight:
U

U? = argmin CUCT − K

2
F
2
F

(5)

This is the prototype model. Since solving this system is time expensive, we propose to
draw a sketching matrix S ∈ Rn×s and solve the following problem instead:
Ufast = argmin ST (CUCT − K)S
U

U

= argmin (ST C)U(ST C)T − ST KS
= (ST C)† (ST KS)(CT S)† ,

2
F

= (PT KP)† = W† .

which results in the fast model. Similar ideas have been exploited to efficiently solve the
least squares regression problem (Drineas et al., 2006, 2011; Clarkson and Woodruff, 2013),
but their analysis can not be directly applied to the more complicated system (5).
This approximate linear system interpretation offers a new perspective on the Nyström
method. The U matrix of the Nyström method is in fact an approximate solution to the
problem minU kCUCT − KkF2 . The Nyström method uses S = P as the sketching matrix,
which leads to the solution
U

Unys = argmin PT (CUCT − K)P
4.3 Error Analysis

Let Ufast correspond to the fast model (5). Any of the five sketching methods in Lemma 2
can be used to compute Ufast , although column selection is more useful than random
projection in this application. In the following we show that Ufast is nearly as good as
U? in terms of the objective function value. The proof is in Appendix D.

2
F

U

≤ (1 + ) min K − CUCT

2
F

(6)

Theorem 3 (Main Result) Let K be any n × n fixed symmetric matrix, C be any n × c
fixed matrix, kc = rank(C), and Ufast be the c×c matrix defined in (5). Let S ∈ Rn×s be any
of the five sketching matrices defined in Table 4. Assume that −1 = o(n) or −1 = o(n/c).
The inequality
K − CUfast CT

holds with probability at least 0.8.
In the theorem, Gaussian projection and SRHT require smaller sketch size than the other
three methods. It is because Gaussian projection and SRHT enjoys all of Properties 1, 2,
3 in Lemma 2, whereas leverage score sampling, uniform sampling, and count sketch does
not enjoy Property 3.

2
F

≤ (1 + ) K − Kk

2
F
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Remark 4 Wang et al. (2016) showed that there exists an algorithm (though not lineartime algorithm) attaining the error bound
K − CC† K(C† )T CT
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Order
p of s
c n/
p
n/

n/

p µ(C)c

c

n
n
p n c c + log c
(c +p
log n) log(n)
c

Assumption
 = o(n)
 = o(n)
 = o(n/c)
 = o(n/c)
 = o(n)

2

Tsketch
O(nc2 + s2 )

O(s ) 
O nnz(K)s
O(n2 log s)

O nnz(K)

#Entries
nc + (s − c)2
nc + (s − c)2
n2
n2
n2

Table 4: Leverage score sampling means sampling according to the row leverage scores of
C. For uniform sampling, the parameter µ(C) ∈ [1, n] is the row coherence of C.
Sketching
Leverage Score Sampling
Uniform Sampling
Gaussian Projection
SRHT
Count Sketch

Algorithm 1 The Fast SPSD Matrix Approximation Model.

1: Input: an n × n symmetric matrix K and the number of selected columns or target dimension
of projection c (< n).
Sketching: C = KP using an arbitrary n × c sketching matrix P (not studied in this work);
Optional: replace C by any orthonormal bases of the columns of C;
Compute another n × s sketching matrix S, e.g. the leverage score sampling in Algorithm 2;
Compute the sketches ST C ∈ Rs×c and ST KS ∈ Rs×s ;
Compute Ufast = (ST C)† (ST KS)(CT S)† ∈ Rc×c ;
Output: C and Ufast such that K ≈ CUfast CT .
2:
3:
4:
5:
6:
7:

K − CUfast CT

2
F

≤ (1 + ) K − Kk

2
F

with high probability by sampling c = O(k/) columns of K to form C. Let C ∈ Rn×c
be formed by this algorithm and S ∈ Rn×s be the leverage score sampling matrix. With
c = O(k/) and s = Õ(n1/2 k−3/2 ), the fast model satisfies

with high probability.

4.4 Algorithm and Time Complexity

We describe the whole procedure of the fast model in Algorithm 1, where S ∈ Rn×s can be
one of the five sketching matrices described in Table 4. Given C and (the whole or a part
of) K, it takes time

O s2 c + Tsketch

JMLR 17(210):1-49

to compute Ufast , where Tsketch is the time cost of forming the sketches ST C and ST KS
and is described in Table 4. In Table 4 we also show the number of entries of K that must
be observed. From Table 4 we can see that column selection is much more efficient than
random projection, and column selection does not require the full observation of K.
We are particularly interested in the column selection matrix S corresponding to the row
leverage scores of C. The leverage score sampling described in Algorithm 2 can be efficiently
performed. Using the leverage score sampling, it takes time O(nc3 /) (excluding the time
of computing C = KP) to compute Ufast . For the kernel approximation problem, suppose
that we are given n data points of dimension d and that the kernel matrix K is unknown
beforehand. Then it takes O(nc2 d/) additional time to evaluate the kernel function values.

12
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Theorem 6 (Exact Recovery) Let K be any n × n symmetric matrix, P ∈ Rn×c and
S ∈ Rn×s be any sketching matrices, C = KP, and W = PT C. Assume that rank(ST C) ≥
rank(W). Then K = C(ST C)† (ST KS)(CT S)† CT if and only if rank(K) = rank(C).

When K is a low-rank matrix, the Nyström method and the prototype model are guaranteed
to exactly recover K (Kumar et al., 2009; Talwalkar and Rostamizadeh, 2010; Wang et al.,
2016). We show in the following theorem that the fast model has the same property. We
prove the theorem in Appendix E.

4.6 Additional Properties

If S is the leverage score sampling matrix, we find it better not to scale the entries of
S, although the scaling is necessary for theoretical analysis. According to our observation,
the scaling sometimes makes the approximation numerically unstable.

The column sampling with restriction P ⊂ S amounts to sampling columns according to
p̃1 , · · · , p̃n . Since p̃i ≥ pi for all i ∈ [n], it follows from Remark 14 that the error bound will
not get worse if pi is replaced by p̃i .

Proof Let p1 , · · · , pn be the original sampling probabilities without the restriction P ⊂ S.
We define the modified sampling probabilities by

1 if i ∈ P;
p̃i =
pi otherwise .

Corollary 5 Theorem 3 still holds when we restrict P ⊂ S.

In practice, the approximation accuracy and numerical stability can be significantly
improved by the following techniques and tricks.
If P and S are both random sampling matrices, then empirically speaking, enforcing
P ⊂ S significantly improves the approximation accuracy. Here P and S are the subsets
of [n] selected by P and S, respectively. Instead of directly sampling s indices from [n] by
Algorithm 2, it is better to sample s indices from [n] \ P to form S 0 and let S = S 0 ∪ P.
In this way, s + c columns are sampled. Whether the requirement P ⊂ S improves the
accuracy is unknown to us.

4.5 Implementation Details

7: end for
8: Output: S, whose expected number of columns is s.

2
3: Compute the sampling probabilities pi = s`i /ρ, where `i = keT
i UC k2 is the i-th leverage score;
4: Initialize S to be an matrices of size n × 0;
5: for i = 1 to n do
q
6:
With probability pi , add s`ci ei to be a new column of S, where ei is the i-th standard basis;

orthonormal bases UC ∈ Rn×ρ , where ρ = rank(C) ≤ c;

1: Input: an n × c matrix C, an integer s.
2: Compute the condensed SVD of C (by discarding the zero singular values) to obtain the

Algorithm 2 The Leverage Score Sampling Algorithm.
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≥

n − c
2k  n − s k(n − s)
1+
+
,
n−k
c
n−k
s2

(7)

U

14

U? = argmin kA − CURk2F = C† AR† ,
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(8)

Given any m × n matrix A, the CUR matrix decomposition is computed by selecting c
columns of A to form C ∈ Rm×c and r rows of A to form R ∈ Rr×n and computing the U
matrix such that kA − CURk2F is small. CUR preserves the sparsity and non-negativity
properties of A; it is thus more attractive than SVD in certain applications (Mahoney and
Drineas, 2009). In addition, with the CUR of A at hand, the truncated SVD of A can be
very efficiently computed.
A standard way to finding the U matrix is by minimizing kA − CURk2F to obtain the
optimal U matrix

5.1 The CUR Matrix Decomposition

In Section 5.1 we describe the CUR matrix decomposition and establish an improved error
bound of CUR in Theorem 8. In Section 5.2 we use sketching to more efficiently compute
the U matrix of CUR. Theorem 8 and Theorem 9 together show that our fast CUR method
satisfies 1 +  error bound relative to the best rank k approximation. In Section 5.3 we
provide empirical results to intuitively illustrate the effectiveness of our fast CUR. In
Section 5.4 we discuss the application of our results beyond the CUR decomposition.

5. Extension to CUR Matrix Decomposition

Interestingly, Theorem 7 matches the lower bounds of the Nyström method and the
prototype model. When s = c, the right-hand side of (7) becomes Ω(1 + kn/c2 ), which is
the lower error bound of the Nyström method given by Wang and Zhang (2013). When
s = n, the right-hand side of (7) becomes Ω(1 + k/c), which is the lower error bound of the
prototype model given by Wang et al. (2016).

is the fast model.

T
† T
T
† T
K̃fast
c,s = C(S C) (S KS)(C S) C

where k is arbitrary positive integer smaller than n, C = KP ∈ Rn×c , and

2
kK − K̃fast
c,s kF
2
kK − Kk kF

Theorem 7 (Lower Bound) Let P ∈ Rn×c and S ∈ Rn×s be any two column selection
matrices such that P ⊂ S ⊂ [n], where P and S are the index sets formed by P and S,
respectively. There exists an n × n symmetric matrix K such that

Notice that the theorem only holds for column selection matrices P and S. We prove the
theorem in Appendix F.

In the following we establish a lower error bound of the fast model, which implies that
to attain the 1 +  Frobenius norm bound relative to the best rank k approximation, the
fast model must satisfy
p


c ≥ Ω k/
and s ≥ Ω nk/ .

Wang, Zhang, and Zhang
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which has been used by Stewart (1999); Wang and Zhang (2013); Boutsidis and Woodruff
(2014). This approach costs time O(mc2 + nr2 ) to compute the Moore-Penrose inverse and
O(mn·min{c, r}) to compute the matrix product. Therefore, even if C and R are uniformly
sampled from A, the time cost of CUR is O(mn · min{c, r}).
At present the strongest theoretical guarantee is by Boutsidis and Woodruff (2014).
They use the adaptive sampling algorithm to select c = O(k/) column and r = O(k/)
rows to form C and R, respectively, and form U? = C† AR† . The approximation error is
bounded by
kA − CU? RkF2 ≤ (1 + )kA − Ak kF2 .
This result matches the theoretical lower bound up to a constant factor. Therefore this
CUR algorithm is near optimal. We establish in Theorem 8 an improved error bound of
the adaptive sampling based CUR algorithm, and the constants in the theorem are better
than the those in (Boutsidis and Woodruff, 2014). Theorem 8 is obtained by following the
idea of Boutsidis and Woodruff (2014) and slightly changing the proof of Wang and Zhang
(2013). The proof is in Appendix G.

Theorem 8 Let A be any given m × n matrix, k be any positive integer less than m and
n, and  ∈ (0, 1) be an arbitrary error parameter. Let C ∈ Rm×c and R ∈ Rr×n be columns
and rows of A selected by the near-optimal column selection
 algorithm of Boutsidis et al.
(2014). When c and r are both greater than 4k−1 1 + o(1) , the following inequality holds:
E A − CC† AR† RkF2 ≤ (1 + )kA − Ak kF2 ,

where the expectation is taken w.r.t. the random column and row selection.
5.2 Fast CUR Decomposition

U

T
T
Ũ = argmin kSC
ASR − (SC
C)U(RSR )kF2

sc ×sr

sr ×r

T
= (SC
C)† (ST AS ) (RS )† ,
| {z } | C {z R} | {zR }

c×sc

(9)

Analogous to the fast SPSD matrix approximation model, the CUR decomposition can
be sped up while preserving its accuracy. Let SC ∈ Rm×sc and SR ∈ Rn×sr be any
sketching matrices satisfying the approximate matrix multiplication properties. We propose
to compute U more efficiently by

which costs time

O(sr r2 + sc c2 + sc sr · min{c, r}) + Tsketch ,
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T AS , ST C, and RS . As for
where Tsketch denotes the time for forming the sketches SC
R
R
C

Gaussian projection, SRHT,
and count sketch,
Tsketch are respectively O nnz(A) min{sc , sr } ,


O mn log(min{sc , sr }) , and O nnz(A) . As for leverage score sampling and uniform
sampling, Tsketch are respectively O(mc2 + nr2 + sc sr ) and O(sc sr ). Forming the sketches
by column selection is more efficient than by random projection.
The following theorem shows that when sc and sr are sufficiently large, Ũ is nearly as
good as the best possible U matrix. In the theorem, leverage score sampling means that
SC and SR sample columns according to the row leverage scores of C and RT , respectively.
The proof is in Appendix H.
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U

≤ (1 + ) min kA − CURkF2

Theorem 9 Let A ∈ Rm×n , C ∈ Rm×c , R ∈ Rr×n be any fixed matrices with c  n and
r  m. Let q = min{m, n} and q̃ = min{m/c, n/r}. The sketching matrices SC ∈ Rm×sc
and SR ∈ Rn×sr are described in Table 5. Assume that −1 = o(q) or −1 = o(q̃), as shown
in the table. The matrix Ũ is defined in (9). Then the inequality
kA − CŨRkF2
holds with probability at least 0.7.

c

pm

Order
p of sc
c q/
p
µ(C)c q/ 
pm
c + log nc
c
mn
c + log
p c log(m)
c q/

Order
p of sr
r q/
p
q/ 
pν(R)r
n
logm
r
p n r r + mn
r +p
log r log(n)
r
r q/

Assumption
−1 = o(q)
−1 = o(q)
−1 = o(q̃)
−1 = o(q̃)
−1 = o(q)

Table 5: Leverage score sampling means sampling according to the row leverage scores of
C and the column leverage scores of R, respectively. For uniform sampling, the
parameter µ(C) is the row coherence of C and ν(R) is the column coherence of
R.
Sketching
Leverage Score Sampling
Uniform Sampling
Gaussian Projection
SRHT
Count Sketch

As for p
leverage score sampling,
p uniform sampling, and count sketch, the sketch sizes
sc = O(c q/) and sr = O(r q/) suffice, where q = min{m, n}. As p
for Gaussian
projection
p and SRHT, much smaller sketch sizes are required: sc = Õ( mc/) and
sr = Õ( nr/) suffice. However, these random projection methods are inefficient choices
in this application and only have theoretical interest. Only column sampling methods have
linear time complexities. If SC and SR are leverage score sampling matrices (according to
the row leverage scores of C and RT , respectively), it follows from Theorem 9 that Ũ with
1 +  bound can be computed in time


O sr r2 + sc c2 + sc sr · min{c, r} + Tsketch = O cr−1 · min{m, n} · min{c, r} ,
which is linear in O(min{m, n}).

5.3 Empirical Comparisons

JMLR 17(210):1-49

To intuitively demonstrate the effectiveness of our method, we conduct a simple experiment
on a 1920 × 1168 natural image obtained from the internet. We first uniformly sample
c = 100 columns to form C and r = 100 rows to form R, and then compute the U matrix
by varying sc and sr . We show the image Ã = CUR in Figure 2.
Figure 2(b) is obtained by computing the U matrix according to (8), which is the best
possible result when C and R are fixed. The U matrix of Figure 2(c) is computed according
to Drineas et al. (2008):
T
U = (PR
APC )† ,

16

(d) sc = 2r, sr = 2c.

(e) sc = 4r, sr = 4c.

2
F

17
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for all i ∈ [b], j ∈ [b], and i 6= j. Since W(i) and W(j) have much more rows than columns,
Si et al. (2014a) proposed to approximately solve the linear system by uniformly sampling
rows from W(i) and K(i,j) and columns from (W(j) )T and K(i,j) , and they noted that this
heuristic works pretty well. The basic ideas of our fast CUR and their MEKA are the
same; their experiments demonstrate the effectiveness and efficiency of this approach, and

L

L(i,j) = argmin W(i) LW(j) − K(i,j)

T

We note that we are not the first to use row and column sampling to solve the CUR problem
more efficiently, though we are the first to provide rigorous error analysis. Previous work
has exploited similar ideas as heuristics to speed up computation and to avoid visiting every
entry of A. For example, the MEKA method (Si et al., 2014a) partitions the kernel matrix
K into b2 blocks K(i,j) (i = 1, · · · , b and j = 1, · · · , b), and requires solving

5.4 Discussions
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Figure 3: The plot of ns against the approximation error kK − CUCT k2F /kKk2F , where C
contains c = dn/100e column of K ∈ Rn×n selected by uniform sampling.
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our analysis answers why this approach is correct. This also implies that our algorithms
and analysis may have broad applications and impacts beyond the CUR decomposition and
SPSD matrix approximation.

Error Ratio
Error Ratio

(b) sc = m, sr = n.

Figure 2: (a): the original 1920 × 1168 image. (b) to (e): CUR decomposition with c = r =
100 and different settings of sc and sr .

(c) sc = r, sr = c.

(a) Original.
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Table 6: A summary of the datasets for kernel approximation.
Dataset
#Instance
#Attribute
σ (when η = 0.90)
σ (when η = 0.99)

Error Ratio
Error Ratio

where PC and PR are column selection matrices such that C = APC and R = PTR A. This
is equivalently to (9) by setting SC = PR and SR = PC . Obviously, this setting leads to
very poor quality. In Figures 2(c) and (d) the sketching matrices SC and SR are uniform
sampling matrices. The figures show that when sc and sr are moderately greater than r
and c, respectively, the approximation quality is significantly improved. Especially, when
sc = 4r and sr = 4c, the approximation quality is nearly as good as using the optimal U
matrix defined in (8).

Error Ratio

Error Ratio
Error Ratio
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Let X = [x1 , . . . , xn ] be the d × n data matrix, and K be the RBF kernel matrix with each
kx −x k2 
entry computed by Kij = exp − i2σ2j 2 where σ is the scaling parameter.
When comparing the kernel approximation error kK − CUCT kF2 , we set the scaling
parameter σ in the following way. We let k = dn/100e and define

6.1 Setup

In this section we conduct several sets of illustrative experiments to show the effect of the
U matrix. We compare the three methods with different settings of c and s. We do not
compare with other kernel approximation methods for the reasons stated in Section 3.2.2.

6. Experiments

Figure 4: The plot of ns against the approximation error kK − CUCT kF2 /kKkF2 , where C
contains c = dn/100e column of K ∈ Rn×n selected by the uniform+adaptive2
sampling algorithm (Wang et al., 2016).

Error Ratio

Error Ratio
Error Ratio
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which indicate the importance of the top one percent singular values of K. In general η
grows with σ. We set σ such that η = 0.9 or 0.99.
All the methods are implemented in MATLAB and run on a laptop with Intel i5 2.5GHz
CUP and 8GB RAM. To compare the running time, we set MATLAB in the single thread
mode.

6.2 Kernel Approximation Accuracy

We conduct experiments on several datasets available at the LIBSVM site. The datasets are
summarized in Table 6. In this set of experiments, we study the effect of the U matrices.
We use two methods to form C ∈ Rn×c : uniform sampling and the uniform+adaptive2
sampling (Wang et al., 2016); we fix c = dn/100e. For our fast model, we use two kinds of
sketching matrices S ∈ Rn×s : uniform sampling and leverage score sampling; we vary s from
2c to 40c. We plot ns against the approximation error kK − CUCT kF2 /kKkF2 in Figures 3
and 4. The Nyström method and the prototype model are included for comparison.
Figures 3 and 4 show that the fast SPSD matrix approximation model is significantly
better than the Nyström method when s is slightly larger than c, e.g., s = 2c. Recall that
the prototype model is a special case of the fast model where s = n. We can see that the
fast model is nearly as accurate as the prototype model when s is far smaller than n, e.g.,
s = 0.2n.
The results also show that using uniform sampling and leverage score sampling to
generate S does not make much difference. Thus, in practice, one can simply compute
S by uniform sampling.
By comparing the results in Figures 3 and 4, we can see that computing C by
uniform+adaptive2 sampling is substantially better than uniform sampling. However,
adaptive sampling requires the full observation of K; thus with uniform+adaptive2
sampling, our fast model does not have much advantage over the prototype model in terms
of time efficiency. Our main focus of this work is the U matrix, so in the rest of the
experiments we simply use uniform sampling to compute C.

6.3 Approximate Kernel Principal Component Analysis

We apply the three methods to approximately compute kernel principal component analysis
(KPCA), and contrast with the exact solution. The experiment setting follows Zhang and
Kwok (2010). We fix k and vary c. For our fast model, we set s = 2c, 4c, or 8c. Since
computing S by uniform sampling or leverage score sampling yields the same empirical
performance, we use only uniform sampling. Let CUCT be the low-rank approximation
formed by the three methods. Let ṼΛ̃ṼT be the k-eigenvalue decomposition of CUCT .

6.3.1 Quality of the Approximate Eigenvectors

1
UK,k − ṼṼT UK,k
k

2
F

(∈ [0, 1]).
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(10)

Let UK,k ∈ Rn×k contain the top k eigenvectors of K. In the first set of experiments, we
measure the distance between UK,k and the approximate eigenvectors Ṽ by
Misalignment =

Small misalignment indicates high approximation quality. We fix k = 3.
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6.3.2 Quality of the Generalization

22

experiment also shows that with fixed c, the fast model is nearly as accuracy as the prototype
model when s = 8c  n.
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USPS
9, 298
256
10
15

150
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Pendigit
10, 992
16
10
0.7

Table 7: A summary of the datasets for clustering and classification.
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In the second set of experiments, we test the generalization performance of the kernel
approximation methods on classification tasks. The classification datasets are described in
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We conduct experiments on the datasets summarized in Table 6. We record the elapsed
time of the entire procedure—computing (part of) the kernel matrix, computing C and
U by the kernel approximation methods, computing the k-eigenvalue decomposition of
CUCT . We plot the elapsed time against the misalignment defined in Figure 5. Results
on the Letters dataset are not reported because the exact k-eigenvalue decomposition on
MATLAB ran out of memory, making it impossible to calculate the misalignment.
At the end of Section 3.2.1 we have mentioned the importance of memory cost of
the kernel approximation methods and that all three compared methods cost O(nc + nd)
memory. Since n and d are fixed, we plot c against the misalignment in Figure 6 to show
the memory efficiency.
The results show that using the same amount of time or memory, the misalignment
incurred by the Nyström method is usually tens of times higher than our fast model. The

Figure 5: The plot of (log-scale) elapsed time against the (log-scale) misalignment defined
in (10).
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Λ̃ ∈ Rk×k and Ṽ ∈ Rn1 ×k . The feature vector (extracted by KPCA) of the i-th training
0.5
data point is the i-th column of Λ̃ ṼT . In the test step, the feature vector of test data
−0.5 T
Ṽ k(x). Then we put the training labels and training and test features into the
x is Λ̃
MATLAB K-nearest-neighbor classifier knnclassify to classify the test data. We fix the
number of nearest neighbors to be 10. The scaling parameters of each dataset are listed in

Classification Error (%)

60

55

50
0

65

60

55

50
90

Time (s)

(a) MNIST
32
31
30
29
28
27
26
6.5

Time (s)

(e) Gisette

Figure 8: The plot of elapsed time against the classification error. Here k = 3.
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Table 7. For each dataset, we randomly sample n1 = 50%n data points for training and the
rest 50%n for test. In this set of experiments, we set k = 3 and k = 10.
We let K ∈ Rn1 ×n1 be the RBF kernel matrix of the training data and k(x) ∈ Rn1
kx−x k2 
be defined by [k(x)]i = exp − 2σ2i 2 , where xi is the i-th training data point. In the
training step, we approximately compute the top k eigenvalues and eigenvectors, and denote
23

Classification Error (%)

Classification Error (%)

Classification Error (%)
Classification Error (%)

Classification Error (%)

Classification Error (%)

Classification Error (%)
Classification Error (%)

Classification Error (%)
Classification Error (%)

Classification Error (%)
Classification Error (%)

Classification Error (%)
Classification Error (%)

Classification Error (%)
Classification Error (%)

Classification Error (%)
Classification Error (%)

Classification Error (%)
Classification Error (%)

Classification Error (%)
Classification Error (%)

0.32
0

0.34

0.36

0.38

0.4

0.42

0.44

0.46

40

c

60

0.08
0

0.085

0.09

0.095

0.1

0.105

0.11

0.115

0.12

(a) MNIST

20

80

40

c

60

0.6
0

0.61

0.62

0.63

0.64

0.65

0.66

0.67

0.68

40

c

60

80

100

0.05
0

0.1

0.15

0.2

0.25

0.3

(b) PenDigit

20

80

20

40

c

60

0.52
0

0.54

0.56

0.58

0.6

0.62

0.64

0.66

(f) DNA

100

NMI

40

c

60

80

100

(c) USPS

20

80

Figure 11: The plot of c against NMI.

(e) Gisette

20

100

NMI

40

c

60

80

(d) Mushrooms

20

Nystrom
Prototype
Fast (s=2c)
Fast (s=4c)
Fast (s=8c)

0.45
0

0.47

(g) Legend

100

0.49

0.51

0.53

0.55

0.57

100

1

1.2

Time (s)

1.4

0.12

0.08
0.2

0.085

0.09

0.095

0.1

0.105

0.11

0.115

0.4

1.8

Time (s)

0.6

0.6
0

0.61
0.2

Time (s)

0.3

0.8

1

0.05
0

0.1

0.15

0.2

0.25

0.3

(b) PenDigit

0.1

0.01

Time (s)

0.03

0.12

Time (s)

0.09

0.15

0.06

(c) USPS

0.06

0.05

0.03

0.04

0.5
0

(f) DNA

0.02

0.4

0.55

0.6

0.18

0.2

Time (s)

0.3

(d) Mushrooms

0.1

Nystrom
Prototype
Fast (s=2c)
Fast (s=4c)
Fast (s=8c)

0.44
0

0.46

(g) Legend

0.21

0.48

0.5

0.52

0.54

0.56

Figure 12: The plot of elapsed time against NMI.

(e) Gisette

1.6

0.7

0.65

0.4

25

26

JMLR 17(210):1-49

In this paper we have studied the fast SPSD matrix approximation model for approximating
large-scale SPSD matrix. We have shown that our fast model potentially costs time linear
in n, while it is nearly as accurate as the best possible approximation. The fast model is
theoretically better than the Nyström method and the prototype model because the latter
two methods cost time quadratic in n to attain the same theoretical guarantee. Experiments
show that our fast model is nearly as accurate as the prototype model and nearly as efficient
as the Nyström method.
The technique of the fast model can be straightforwardly applied to speed up the CUR
matrix decomposition, and theoretical analysis shows that the accuracy is almost unaffected.
In this way, for any m × n large-scale matrix, the time cost of computing the U matrix
drops from O(mn) to O(min{m, n}).

7. Concluding Remarks
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3. NMI is a standard metric of clustering. NMI is between 0 and 1. Big NMI indicates good clustering
performance.

c×c

NMI

of Ṽ as the input of the k-means clustering. Since the matrix approximation methods are
randomized, we repeat this procedure 20 times and record the average elapsed time and the
average normalized mutual information (NMI)3 of clustering.
We plot c against NMI in Figure 11 and the elapsed time (excluding the time cost
of k-means) against NMI in Figure 12. Figure 11 shows that using the same amount of
memory, the performance of the fast model is better than the Nyström method. Using
the same amount of time, the fast model and the Nyström method have almost the same
performance, and they are both better than the prototype model.

0.32
0.4

0.34

0.36

0.38

0.4

0.42
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NMI

which can be efficiently computed according to Appendix A. We denote the top k
eigenvectors by Ṽ ∈ Rn×k . We normalize the rows of Ṽ and take the normalized rows

n×c

(D−1/2 C) U (D−1/2 C)T ,
| {z } |{z} |
{z
}

Following the work of Fowlkes et al. (2004), we evaluate the performance of the kernel
approximation methods on the spectral clustering task. We conduct experiments on the
datasets summarized in Table 7.
We describe the approximate spectral clustering in the following. The target is to
cluster n data points into k classes. We use the RBF kernel matrix K as the weigh matrix
and let CUCT ≈ K be the low-rank approximation. The degree matrix D = diag(d)
is a diagonal matrix with d = CUCT 1n , and the normalized graph Laplacian is L =
In − D−1/2 (CUCT )D−1/2 . The bottom k eigenvectors of L are the top k eigenvectors of

6.4 Approximate Spectral Clustering

NMI

0.48

NMI

0.48

NMI

Table 7. Since the kernel approximation methods are randomized, we repeat the training
and test procedure 20 times and record the average elapsed time and average classification
error.
We plot c against the classification error in Figures 7 and 9, and plot the elapsed time
(excluding the time cost of KNN) against the classification error in Figures 8 and 10. Using
the same amount of memory, the fast model is significantly better than the Nyström method,
especially when c is small. Using the same amount of time, the fast model outperforms the
Nyström method by one to two percent of classification error in many cases, and it is at
least as good as the Nyström method in the rest cases. This set of experiments also indicate
that the fast model with s = 4c or 8c has the best empirical performance.
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Appendix A. Approximately Solving the Eigenvalue Decomposition and
Matrix Inversion
In this section we show how to use the SPSD matrix approximation methods to speed up
eigenvalue decomposition and linear system. The two lemmas are well known results. We
show them here for the sake of self-containing.
Lemma 10 (Approximate Eigenvalue Decomposition) Given C ∈ Rn×c and U ∈
Rc×c . Then the eigenvalue decomposition of K̃ = CUCT can be computed in time O(nc2 ).
Proof It cost O(nc2 ) time to compute the SVD
T
C = UC ΣC VC
|{z} |{z} |{z}

n×c c×c c×c

T
= UC ZUC
= (UC VZ )ΛZ (UC VZ )T .

T
T T
= (UC ΣC VC
)U(UC ΣC VC
)

T )U(Σ VT )T ∈ Rc×c . It costs O(c3 ) time to
and O(c3 ) time to compute Z = (ΣC VC
C C
T . Combining the results above, we
compute the eigenvalue decomposition Z = VZ ΛZ VZ
obtain

CUCT

It then cost time O(nc2 ) to compute the matrix product UC VZ . Since (UC VZ ) has
orthonormal columns and ΛZ is diagonal matrix, the eigenvalue decomposition of CUCT
is solved. The total time cost is O(nc2 ) + O(c3 ) = O(nc2 ).
Lemma 11 (Approximately Solving Matrix Inversion) Given C ∈ Rn×c , SPDS
matrix U ∈ Rc×c , vector y ∈ Rn , and arbitrary positive real number α. Then it costs
time O(nc2 ) to solve the n × n linear system (CUCT + αIn )w = y to obtain w ∈ Rn .
In addition, if the SVD of C is given, then it takes only O(c3 + nc) time to solve the
linear system.

JMLR 17(210):1-49

Proof Since the matrix (CUCT + αIn ) is nonsingular when α > 0 and U is SPSD, the
solution is w? = (CUCT + αIn )−1 y. Instead of directly computing the matrix inversion,
we can expand the matrix inversion by the Sherman-Morrison-Woodbury matrix identity
and obtain
(CUCT + αIn )−1 = α−1 In − α−1 C(αU−1 + CT C)−1 CT .
27
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Thus the solution to the linear system is

n×c

c×c

c×n

w? = α−1 y − α−1 |{z}
C (αU−1 + CT C)−1 |{z}
CT y.
|
{z
}

Suppose we are given only C and U. The matrix multiplication CT C costs time O(nc2 ),
the matrix inversions cost time O(c3 ), and multiplying matrix with vector costs time O(nc).
Thus the total time cost is O(nc2 ) + O(c3 ) + O(nc) = O(nc2 ).
T . The matrix product
Suppose we are given U and the SVD C = UC ΣC VC

T
2
CT C = VC ΣC UC
UC ΣC VC = VC ΣC
VC

can be computed in time O(c3 ). Thus the total time cost is merely O(c3 + nc).

Appendix B. Proof of Theorem 1

The prototype model trivially satisfies requirement R1 with  = 0. However, it violates
requirement R2 because computing the U matrix by solving minU kK − CUCT kF2 costs
time O(n2 c).
For the Nyström method, we provide such an adversarial case that assumptions A1 and
A2 can both be satisfied and that requirements R1 and R2 cannot hold simultaneously. The
adversarial case is the block diagonal matrix

k blocks

K = diag(B, · · · , B),
| {z }

where
n
B = (1 − a)Ip + a1p 1pT ,
a < 1,
and p = ,
k

and let a → 1. Wang et al. (2016) showed that sampling c = 3kγ −1 1 + o(1) columns
of K to form C makes assumptions A1 and A2 in Question 1 be satisfied. This indicates
that C is a good sketch of K. The problem is caused by the way the Unys matrix is
computed. Wang and Zhang (2013, Theorem 12)
p showed that to make requirement R1 in
Question 1 satisfied, c must be greater than Ω( nk/( + γ)). Thus it takes time O(nc2 ) =
Ω(n2 k/( + γ)) to compute the rank-k eigenvalue decomposition of CUnys CT or the linear
system (CUnys CT + αIn )w = y. Thus, requirement R2 is violated.

Appendix C. Proof of Lemma 2

JMLR 17(210):1-49

Lemma 2 is a simplified version of Lemma 12. We prove Lemma 12 in the subsequent
subsections. In the lemma, leverage score sampling means that the sampling probabilities
are proportional to the row leverage scores of U ∈ Rn×k . For uniform sampling, µ(U) is
the row coherence of U.
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k
δ1
k
λk 6+2η
log
2
3η
δ1 −0.01
2
√
√
9
k+ 2 log(2/δ1 )
2
η
k2 +k
δ1 η 2

Property 1
k
k 6+2η
3η 2 log δ1
µ(U)k 6+2η
log
3η 2
18k
δ2
2k
δ2

k
δ2
µ(U)k
δ2
λk
(δ2 −0.01)

Property 2

λ
36k
0

0



1+
—

2d
log δ3 −0.01
q
2
2d
k −1 log kδ
3

√
20
k 24+4
30

Property 3
—
—

α
δ2 ,

it holds that

P

n

UB − UT SST B

2
F

≥ η

o

kui: k22
pi

≤ k.

o

Uniform sampling satisfies

≤ δ2 .

≤ δ1 .

≥ kBk2F

2
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≤ µ(U)k, where µ(U) is the row coherence of U. Then Property 1 and
Property 2 of the two column sampling methods follow from Lemma 13.

ku k2
maxi∈[n] pi:i 2

Leverage score sampling satisfies maxi∈[n]

If s ≥

If s ≥ α 6+2η
log(k/δ1 ), it holds that
3η 2
n
P Ik − UT SST U

Lemma 13 Let U ∈
be any fixed matrix with orthonormal columns. The column selection matrix S ∈ Rn×s samples s columns according to arbitrary probabilities p1 , p2 , · · · , pn .
Assume α ≥ k and
kui: k22
max
≤ α.
pi
i∈[n]

Rn×k

In this subsection we prove Property 1 and Property 2 of leverage score sampling and
uniform sampling. We cite the following lemma from (Wang et al., 2016); the lemma was
firstly proved by the work Drineas et al. (2008); Gittens (2011); Woodruff (2014).

C.1 Column Selection

Count Sketch

Gaussian Projection

SRHT

Sketching
Leverage Sampling
Uniform Sampling

Table 8: The sketch size s for satisfying the three
q properties. 2For SRHT, we define λ =

p
2
nd
.
1 + 8k −1 log(100n) and λ0 = 1 + 4k −1 log kδ
1

Remark 14 Let p1 , · · · , pn be the sampling probabilities corresponding to the leverage score
sampling or uniform sampling, and let p̃i ∈ [pi , 1] for all i ∈ [n] be arbitrary. For all i ∈ [n],
1
if the i-th column is sampled with probability sp̃i and scaled by √sp̃
if it gets sampled, then
i
Lemma 2 still holds. This can be easily seen from the proof of the above lemma (in (Wang
et al., 2016)). Intuitively, it indicates that if we increase the sampling probabilities, the
resulting error bound will not get worse.

Lemma 12 Let U ∈ Rn×k be any fixed matrix with orthonormal columns and B ∈ Rn×d
be any fixed matrix. Let S ∈ Rn×s be any sketching matrix described in Table 8. Then
o
n
(Property 1),
P UT SST U − Ik 2 ≥ η ≤ δ1
n
o
2
T
T
T
2
P U B − U SS B F ≥ kBkF ≤ δ2
(Property 2),
n
o
0

2
P UT B − UT SST B 2 ≥ 0 kBk22 + kBk2F ≤ δ3
(Property 3).
k

n
max
k i∈[n]


1
√ (DHn )T U i:
n

2

2

√1 (DHn )T U
n

satisfies

≤



1+

r

8 log(n/δ)
k

2

T

T

VT PPT V = UT SST U,
T

30
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V B̄ = U B, V PP B̄ = UT SST B, kB̄kF = kBkF ,
n
p
2 o
P µ > 1 + 8k −1 log(100n)
≤ 0.01.

T

VT V = UT U = Ik ,

In the following, we use the properties of uniform sampling and the bound on the
coherence µ to analyze SRHT. Let V , √1n (DHn )T U ∈ Rn×k , B̄ , √1n (DHn )T B ∈ Rn×d ,
and µ be the row coherence of V. It holds that

with probability at least 1 − δ. In other words, the randomized Hadamard transform
flats out the leverage scores. Consequently uniform sampling can be safely applied to
form a sketch.

µ ,

showed that the row coherence of

• For any fixed matrix U ∈ Rn×k (k  n) with orthonormal columns, the matrix
√1 (DHn )T U ∈ Rn×k has low row coherence with high probability. Tropp (2011)
n

has orthonormal columns.

√1 (DHn )T U
n

and the diagonal matrix D are both
is also orthogonal. If U has orthonormal columns, the matrix

orthogonal, so

√1 Hn
n
√1 DHn
n

• The scaled Walsh-Hadamard matrix

The properties of SRHT were established in the previous work (Drineas et al., 2011; Lu et al.,
2013; Tropp, 2011). Following (Tropp, 2011), we show a simple proof of the properties of
SRHT. Our analysis is based on the following two key observations.

C.3 Property 1 and Property 2 of SRHT

Count sketch stems from the data stream literature (Charikar et al., 2004; Thorup and
Zhang, 2012). Theoretical guarantees were first shown by Weinberger et al. (2009); Pham
and Pagh (2013); Clarkson and Woodruff (2013). Meng and Mahoney (2013); Nelson and
Nguyên (2013) strengthened and simplified the proofs. Because the proof is involved, we
will not show the proof here. The readers can refer to (Meng and Mahoney, 2013; Nelson
and Nguyên, 2013; Woodruff, 2014) for the proof.

C.2 Count Sketch

Wang, Zhang, and Zhang
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≥ η

2

Ik − VT PPT V

o

≤ δ1 − 0.01,
o

≤ δ2 − 0.01.
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n

2
F

≥ kB̄kF2

VB̄ − VT PPT B̄

Therefore it suffices to prove that
n
P

P

The above inequalities follows from the two properties of uniform sampling.
C.4 Property 1 and Property 2 of Gaussian Projection
The two properties of Gaussian projection can be found in (Woodruff, 2014). In the following
we prove Property 1 in a much simpler way than (Woodruff, 2014).
The concentration of the singular values of standard Gaussian matrix is very well known.
Let G be an n × s (n > s) standard Gaussian matrix. For any fixed matrix U ∈ Rn×k
with orthonormal columns, the matrix N = GT U ∈ Rs×k is also standard Gaussian matrix.
Vershynin (2010) showed that for every t ≥ 0, the following holds with probability at least
2
1 − 2e−t /2 :

for all i ∈ [n]

√
√
√
√
s − k − t ≤ σk (N) ≤ σ1 (N) ≤ s + k + t.
p
√
2
k + 2 log(2/δ1 ) , then

Therefore, for any η ∈ (0, 1), if s = 9η −2
σi (UT SST U) = σi2 (ST U) ∈ 1 ± η
hold simultaneously with probability at least 1 − δ1 . Hence
o
n
P Ik − UT SST U 2 ≥ η ≤ δ1 .

This concludes Property 1 of Gaussian projection.

C.5 Property 3 of SRHT and Gaussian Projection
The following lemma is the main result of (Cohen et al., 2015). If a sketching method
satisfies Property 1 for arbitrary column orthogonal matrix U, then it satisfies Property 3
due to the following lemma. Notice that the lemma does not apply to the leverage score
and uniform sampling because they depends on the leverage scores or matrix coherence
of specific column orthogonal matrix U. The lemma is inappropriate for count sketch
because Property 1 of count sketch holds with constant probability rather than arbitrary
high probability.
Lemma 15 Let A ∈ Rn×k and B ∈ Rn×d be any fixed matrices and r be any fixed integer.
Let k̃ ≥ k and d˜ ≥ d be the least integer divisible by r. Let S ∈ Rn×s be a certain dataindependent sketching matrix satisfying
n
o
2δ
r
2
3
P UT SST U − I 2 ≥ η ≤
k̃ d˜
2
2
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for any fixed matrix U ∈ Rn×2r with orthonormal columns. Then



kAkF2 − kAk22
kBkF2 − kBk22
≤ η kAk22 +
kBk22 +
r
r

AT SST B − AT B

holds with probability at least 1 − δ3 .
31

Wang, Zhang, and Zhang

SRHT and Gaussian projection enjoys Property 1 with high probability for arbitrary
column orthogonal matrix U. Thus Property 3 can be immediately obtained by applying
the above lemma with the setting r = k.

Appendix D. Proof of Theorem 3

2
F

2
F

= (ST C)† (ST KS)(CT S)† .

= C† K(CT )† ,

Let K ∈ Rn×n be any fixed SPSD matrix, C ∈ Rn×c be any fixed matrix, S ∈ Rn×s be a
sketching matrix, and
U? = argmin K − CUCT
U

U

Ũ = argmin ST (K − CUCT )S

Lemma 16 is a direct consequence of Lemma 24.

2
,
F

T
T
gF = UC
SST (In − UC UC
)K1−α

T
T
SST (K − UC UC
K)
h = UC
2
,
2

2
.
F

Lemma 16 Let K ∈ Rn×n be any fixed SPSD matrix, C ∈ Rn×c be any fixed matrix, and
T be the SVD. Assume that ST U has full column rank. Let U? and Ũ be
C = UC ΣC VC
C
defined in the above. Then the following inequality holds:
 √
2
√
≤ kA − CU? CT kF2 + 2f h + f 2 g2 gF ,
kK − CŨCT kF2

where α ∈ [0, 1] is arbitrary and

−1
T
f = σmin
(UC
SST UC ),

T
T
g2 = UC
SST (In − UC UC
)Kα

The following lemma shows that X̃ is nearly as good as X? in terms of objective function
value if S satisfies Assumption 1.

n

T
T
UC
SST B − UC
B

2
F

≥ kBkF2

≤ δ2

1o
≤ δ1
≥
10 o

T be the SVD.
Assumption 1 Let B be any fixed matrix. Let C ∈ Rm×c and C = UC ΣC VC
Assume that the sketching matrix S ∈ Rm×s satisfies
n
P UC SST UC − I 2

P

for any δ1 , δ2 ∈ (0, 1/3).

2

2

Lemma 17 Let K ∈ Rn×n be any fixed SPSD matrix, C ∈ Rn×c be any fixed matrix,
T be the SVD. Let U? and Ũ be defined in the above, respectively. Let
and C = UC ΣC VC
S ∈ Rn×s be certain sketching matrix satisfying Assumption 1. Assume that −1 = o(n).
Then

JMLR 17(210):1-49

K − CŨCT F − A − CU? CT F
 √
2
100
20

T
A − CU? CT F +
(In − UC UC
)K ∗
≤
9
81
2
≤ 42 n A − CU? CT F .

holds with probability at least 1 − δ1 − 2δ2 .

32

g2 ≤ gF

≤  (In − UC UTC )K ∗ .

2

2

2
.
F

UTC SST B

−

2
UTC B 2

≥

kBk22

o

+ kBk2F
≤ δ3
kc

≤

A − CU

?

2
CT F

33

holds with probability at least 1 − δ1 − δ2 − δ3 .

K−

2
CŨCT F

?

+ 4 n/kc A − CU

2
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2
CT F

Lemma 18 Let K ∈ Rn×n be any fixed SPSD matrix, C ∈ Rn×c be any fixed matrix,
T be the SVD. Let U? and Ũ be defined in the beginning
kc = rank(C), and C = UC ΣC VC
of this section. Let S ∈ Rn×s be certain sketching matrix satisfying both Assumption 1 and
Assumption 2. Assume that  = o(n/kc ). Then

for any δ3 ∈ (0, 1/3).

P

n

Assumption 2 Let B be any fixed matrix. Let C ∈ Rm×c , kc = rank(C), and C =
T be the SVD. Assume that the sketching matrix S ∈ Rm×s satisfies
UC ΣC VC

Under both Assumption 1 and Assumption 2, the error bound can be further improved.
We show the improved bound in Lemma 18.

by which the lemma follows.

K − CŨCT F − A − CU? CT F
2
 20√
102 
A − CU? CT F + 2 (In − UC UTC )K ∗
≤
9√
9 √
 20 
2
102  n
≤
A − CU? CT F +
(In − UC UTC )K F
9
92

104 2 n
2
=
1 + o(1) A − CU? CT F ,
94

∗

g2 ≤ gF ≤  (In − UC UTC )K1/2

=  (In − UC UTC )K(In − UC UTC )

2
,
F



≤  · tr (In − UC UTC )K1/2 K1/2 (In − UC UTC )


≤  · tr (In − UC UTC )K(In − UC UTC )

h ≤  (In − UC UTC )K

It follows from Lemma 16 and the assumption −1 = o(n) that

It follows that

10
,
9

10
,
9
h = gF ≤  (In − UC UTC )K

2
.
F

+

=0


In − UC UTC
kc
2
F

≤ +

2

2

2

(11)

34

K = XT WX.
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and thus rank(W) = rank(ST C) = rank(C) = rank(K). It follows from K = CX and
C = XT W that

CT = PT K = PT CX = WX,

If rank(C) = rank(K), there exists a matrix X such that K = CX. By left multiplying
both sides by PT , it follows that

rank(K) ≥ rank(C) ≥ rank(ST C) ≥ rank(W).

Since C = KP ∈ Rn×c , W = PT C ∈ Rc×c , and rank(ST C) ≥ rank(W), we have that

Appendix E. Proof of Theorem 6

Finally, we prove Theorem 3 using Lemma 17 and Lemma 18. Leverage score sampling,
uniformpsampling, and count sketch satisfy Assumption 1, and the bounds follow by setting
 = 0.5 0 /n and applying Lemma 17. For the three sketching methods, we set δ1 = 0.01
and δ2 = 0.095.
Gaussian projection and SRHT
p satisfy Assumption 1 and Assumption 2, and their
bounds follow by setting  = 0.5 0 kc /n and applying Lemma 18. For Gaussian projection,
we set δ1 = 0.01, δ2 = 0.09, and δ3 = 0.1. For SRHT, we set δ1 = 0.02, δ2 = 0.08, and
δ3 = 0.1.

by which the lemma follows.

K − CŨCT F − A − CU? CT F
 20√
102  p
≤
n/kc A − CU? CT
A − CU? CT F + 2
9
9
2
≤ 42 n/kc A − CU? CT F ,

F


n
(n − kc ) =
.
kc
kc

2
2

It follows from Lemma 16 and the assumption −1 = o(n/kc ) that

2
2

UTC SST (In − UC UTC ) + UTC (Im − UC UTC )
|
{z
}

≤  In − UC UTC

g2 =

Under Assumption 2, it holds with probability at least 1 − δ3 that

f≤

Proof Let f , h, g2 , gF , α be defined in Lemma 16 and fix α = 0. Under Assumption 1 it
holds simultaneously with probability at least 1 − δ1 − δ2 that

Proof Let f , h, g2 , gF , α be defined in Lemma 16 and fix α = 1/2. Under Assumption 1
it holds simultaneously with probability at least 1 − δ1 − 2δ2 that

f≤
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We let Φ = XS, and it holds that

= XT W(ST XT W)† (ST XT WXS)(WXS)† WX

fast
K̃c,s
= C(ST C)† (ST KS)(CT S)† CT

= XT W(ΦT W)† (ΦT WΦ)(WΦ)† WX.
Let rank(W) = rank(C) = rank(ST C) = rank(K) = ρ. Since W is symmetric, we denote
the rank-ρ eigenvalue decomposition of W by

c×ρ ρ×ρ ρ×c

T
W = UW ΛW UW
.
|{z} |{z} |{z}

ρ×n

n×ρ

T †
T †
(ΦT W)† = (ΦT UW ΛW UW
) = (ΛW UW
) (ΦT UW )† .

Since ST C = ΦT W and rank(ST C) = rank(W) = ρ, we have that rank(ΦT W) =
rank(W) = ρ. The n × ρ matrix ΦT UW must have full column rank, otherwise
rank(ΦT W) < ρ. Thus we have

It follows that
fast
K̃c,s
c×ρ

T †
T
T
= XT W (ΛW UW
) (ΦT UW )† (ΦT UW ) ΛW (UW
Φ)(UW
Φ)† (UW ΛW )† WX
|
{z
} | {z } | {z }

= XT UW ΛW UW X = XT WX = K.

This shows that the fast model is exact. To this end, we have shown that if rank(C) =
rank(K), then the fast model is exact.
Conversely, if the fast model is exact, that is, K = C(ST C)† (ST KS)(CT S)† CT , we have
that rank(K) ≤ rank(C). It follows from (11) that rank(K) = rank(C).

Appendix F. Proof of Theorem 7
We prove Theorem 7 by constructing an adversarial case. Theorem 7 is a direct consequence
of the following theorem.

≥

n − c
2k  n − s k(n − s)
1+
+
.
n−k
c
n−k
s2

Theorem 19 Let A be the n × n symmetric matrix defined in Lemma 21 with α → 1 and
k be any positive integer smaller than n. Let P be any subset of [n] with cardinality c and
C ∈ Rn×c contain c columns of A indexed by P. Let S be any n × s column selection matrix
satisfying P ⊂ S, where S ⊂ [n] is the index set formed by S. Then the following inequality
holds:
kA − C(ST C)† (ST AS)(CT S)† CT kF2
kA − Ak kF2

JMLR 17(210):1-49

Proof Let A and B be defined in Lemma 21. We prove the theorem using Lemma 21
and Lemma 23. Let n = pk. Let C consist of c column sampled from A and Ĉi consist
of ci columns sampled from the i-th diagonal block of A. Thus C = diag(Ĉ1 , · · · , Ĉk ).
Without loss of generality, we assume Ĉi consists of the first ci columns of B. Let Ŝ =
35
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diag Ŝ1 , · · · , Ŝk be an n × s column selection matrix, where Ŝi is a p × si column selection
matrix and s1 + · · · sk = s. Then the U matrix is computed by




†
†
U = ST C ST AS CT S

†

†
= diag ŜT Ĉ , · · · , ŜT Ĉ
diag ŜT BŜ , · · · , ŜT BŜ diag ĈT Ŝ , · · · , ĈkT Ŝk
1
1
1
k
k
1
1
1
k
k

†

†
†

† 
Ŝ1T Ĉ1 Ŝ1T BŜ1 Ĉ1T Ŝ1 , · · · , ŜkT Ĉk ŜkT BŜk ĈkT Ŝk
.

= diag

fast
Ãc,s

ii



= Ĉi ŜiT Ĉi

†

lim

α→1

i=1

 fast  2
k
X
kB − Ãc,s
k
ii F
(1 − α)2

 fast  2


kB − Ãc,s
k
2
(p
−
si )2
ii F
= (p − ci ) 1 +
+
.
(1 − α)2
ci
si2


†
ŜiT BŜi ĈiT Ŝi ĈiT .

The approximation formed by the fast model is the block-diagonal matrix whose the i-th
(i ∈ [k]) diagonal block is the p × p matrix


=

α→1

lim

It follows from Lemma 23 that for any i ∈ [k],

fast k2
kA − Ãc,s
F
(1 − α)2

Thus
lim

α→1

k

i=1

i=1

i=1

i=1



X
2
(p
−
si )2
=
(p − ci ) 1 +
+
ci
si2
i=1
X
  X
  X
  X

k
k
k
k
1
1
1
p − ci − 2 + 2p
+ p2
− 2p
+k
ci
si
si2
=

2nk kn2 2nk
+
−
+k
≥ n − c − 2k +
c
s2
s


2k
k(n
− s)2
= (n − c) 1 +
+
.
c
s2

fast k2
kA − Ãc,s
F
kA − Ak kF2

≥

n − c
2k  n − s k(n − s)
1+
+
.
n−k
c
n−k
s2

Here the inequality
follows by minimizing over c1 , · · · , ck and s1 , · · · , sk with constraints
P
P
i ci = c and
i si = s. Finally, it follows from Lemma 21 that
lim

α→1

F.1 Key Lemmas
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Lemma 20 provides a useful tool for expanding the Moore-Penrose inverse of partitioned
matrices.

36

Ic
TT



Ic + TTT

−1

−1 

T
Ic HT P,
X−1
11 Ic + H H

−1

= a−1 Ic −

b
1c 1Tc .
a(a + bc)

(12)

lim

37


kB − B̃k2F
2  (n − s)2
≥ (n − c) 1 +
+
.
2
α→1 (1 − α)
c
s2
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Lemma 23 Let B be any n × n matrix with diagonal entries equal to one and off-diagonal
entries equal to α. Let C = BP ∈ Rn×c ; let B̃ = C(ST C)† (ST KS)(CT S)† CT be the fast
SPSD matrix approximation model of B. Let P and S be the index sets formed by P and
S, respectively. If P ⊂ S, the error incurred by the fast model satisfies

(X + YZR)−1 = X−1 − X−1 Y(Z−1 + RX−1 Y)−1 RX−1 .

Proof The lemma directly follows from the Sherman-Morrison-Woodbury matrix identity

aIc + b1c 1Tc

Lemma 22 The following equality holds for any nonzero real number a:

kA − Ak k2F = (1 − α)2 (n − k).

Let Ak be the best rank-k approximation to the matrix A, then we have that

k blocks

A = diag(B, · · · , B).
| {z }

Lemma 21 (Lemma 19 of Wang and Zhang (2013)) Given n and k, we let B be an
n
n
k × k matrix whose diagonal entries equal to one and off-diagonal entries equal to α ∈ [0, 1).
We let A be an n × n block-diagonal matrix

Lemmas 21 and 23 will be used to prove Theorem 19.

−1
where T = X−1
11 X12 and H = X21 X11 .

X† = Q


C12 = α1s−c 1Tc


,

B12 = (1 − α)Is−c + α1s−c 1Ts−c .

W CT12
C12 B12



where

Then we obtain

−1

γ3 =

γ2 =

γ3
,
1−α

38

α
,
(1 − α)(1 − α + cα)
2
(s − c)α
.
c(s − c)α2 + (1 − α + cα)2

γ1 = cγ2 γ3 − γ2 −

(13)
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(s − c)α2
1c 1Tc .
c(s − c)α2 + (1 − α + cα)2
−1 

Ic HT
C†1 = W−1 Ic + HT H
 1


Ic H T ,
=
Ic + γ1 1c 1Tc
1−α

(Ic + HT H)−1 = Ic −

2
α
1−α+cα (s

− c)1c 1Tc . It follows from Lemma 22 that

1
α
Ic −
1c 1Tc
1−α
(1 − α)(1 − α + cα)
α
1s−c 1Tc .
1 − α + cα

=

H = C12 W−1 =

(1 − α)Ic + α1c 1Tc

It is easily verified that HT H =

and

W−1 =

It is not hard to see that C1 contains the first c rows of B1 .
We expand the Moore-Penrose inverse of C1 by Lemma 20 and obtain
−1 

Ic HT ,
C†1 = W−1 Ic + HT H
where

and



U = (ST C)† (ST BS)(CT S)† = C†1 B1 (C†1 )T .

The U matrix is computed by

where

B1 =

We further partition B1 ∈ Rs×s by

Proof Let B1 = ST BS ∈ Rs×s and C1 = ST C = ST BP ∈ Rs×c . Without loss of
generality, we assume that P selects the first c columns and S selects the first s columns.
We partition B and C by:






W
B1 BT3
C1
B=
and
C=
=  C12  .
B3 B2
C2
C2

Lemma 20 (Page 179 of Ben-Israel and Greville (2003)) Given a matrix X ∈ Rm×n
of rank c which has a nonsingular c × c submatrix X11 . By rearrangement of columns and
rows by permutation matrices P and Q, the submatrix X11 can be bought to the top left
corner of X, that is,


X11 X12
PXQ =
.
X21 X22

Then the Moore-Penrose inverse of X is
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[Ic , HT ]B1 [Ic , HT ]T
= (1 − α)Ic + γ4 1c 1cT ,

T
= W + B13
H + HT B13 + HT B12 H

(14)
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Then

where
α(3αs − αc − 2α + α2 c − 3α2 s + α2 + α2 s2 + 1)
.
γ4 =
(αc − α + 1)2

It follows from (13) (14) that

= (1 − α +
αc)γ5

α
.
+
1−α

γ4 
1 
cγ1 γ4 + γ1 (1 − α) +
.
1−α
1−α



 1

1
=
Ic + γ1 1c 1cT (1 − α)Ic + γ4 1c 1cT
Ic + γ1 1c 1cT
1−α
1−α
1
Ic + γ5 1c 1cT ,
1−α

=

γ6

WU = Ic + γ6 1c 1cT ,


γ5 = γ1 + cγ1 +

U = C1† B1 (C1† )T

where

Then we have

B − B̃
=

2
F

=

B̃ =

W − W̃
(1 − α + cα)γ6 1c 1cT

T
W̃ B̃21
B̃21 B̃22

2
F

+ 2 B21 −

2
B̃21 F

+ B22 −
= c2 (1 − α + cα)2 γ62 ,

off-diagonal

2
B̃22 F ,

diagonal
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T
2 3
2
=
αcγ6 1c 1n−c
=
α
c
(n
−
c)γ
6,
F

 2
2

2
α
c
αc
+ αc2 γ5 − 1 + (n − c)
+ α 2 c2 γ 5 − 1 .
= (n − c)(n − c − 1)α2
1−α
1−α
|
{z
} |
{z
}

2

2
F


= WUW = (1 − α)Ic + α + (1 − α + cα)γ6 1c 1cT ,

T
T
= WU α1c 1n−c
=
α(1
+
cγ
6 )1c 1n−c ,

 1


T
T
+ γ5 c 1c 1n−c
α1n−c 1cT U α1c 1n−c
= α2 c
1−α

B̃22 =

B̃21

B̃11

We partition the fast SPSD matrix approximation model by


,
where

2
F
2
F

The approximate error is

where
W − W̃
B21 − B̃21
B22 −

2
B̃22 F

39

We let

kB − B̃kF2
,
(1 − α)2
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η,

which is a symbolic expression of α, n, s, and c. We then simplify the expression using
MATLAB and substitute the α in η by 1, and we obtain

lim η = (n − c)(1 + 2/c) + (n − s)2 /s2 ,
α→1

by which the lemma follows.

Appendix G. Proof of Theorem 8

A − CX

2
.
F

We define the projection operation PC,k (A) = CX where X is defined by

rank(X)≤k

X = argmin

2
F

≤ (1 + ) A − Ak

2
.
F


By sampling c = 2k−1 1 + o(1) columns of A by the near-optimal algorithm of
Boutsidis et al. (2014) to form C ∈ Rm×c1 , we have that
E A − PC,k (A)

2
F

≤ E A − ZZT A

2
F

≤

A − PC,k (A)

2
.
F

Applying Lemma 3.11 of Boutsidis and Woodruff (2014), there exists a much smaller column
orthogonal matrix Z ∈ Rm×k such that range(Z) ⊂ range(C) and
E A − CC† A

2
F

≤ 2(1 + o(1))kA − Ak kF2 .

Notice that the algorithm does not compute Z.
Let R1T ∈ Rn×r1 be columns of AT selected by the randomized dual-set sparsification
algorithm of Boutsidis et al. (2014). When r1 = O(k), it holds that
E A − R1 R1T A

2
F

≤ E A − ZZT A

≤ (1 + ) K −

2
F

2
F

k
E A − AR1† R1T
r2

+  K − Kk

2
.
F

+

2
Kk F

≤ (1 + 2) K − Kk


r = r1 + r2 = 2k−1 1 + o(1)

2
F
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(15)

Let R2T ∈ Rn×r2 be columns of AT selected by adaptive
sampling according to the residual

AT − R1T (R1T )† AT . Set r2 = 2k−1 1 + o(1) . Let RT = [R1T , R2T ]. By the adaptive
sampling theorem of Wang and Zhang (2013), we obtain
E A − ZZT AR† R

Obviously RT contains

40

†

Rk2F

=

=

≤

=

†

†

†

Rk2F
†

kA(In −
+ k(Im − CC )AR Rk2F
kA(In −
+ k(Im − ZZT )AR† Rk2F
kA(In − R R) + (Im − ZZT )AR† Rk2F
kA − ZZT AR† Rk2F .

R R)k2F
R† R)k2F
†

†

†

= kA − AR R + AR R − CC AR

†

(16)

Rm×c ,

Rr×n

0
gR
= Σ1−α
A VA (In −

gR = Σ1−α
A VA (In −

2
,
F
2
T
VR VR
)SR STR VR F ,
2
T
VR VR
)SR STR VR 2 .

T
hR = (A − AVR VR
)SC STC VR

−1
T
fR = σmin
(VR
SR STR VR ),

Z? = UTC AVR ,

41

T
Z̃ = (STC UC )† (STC ASR )(VR
SR )† .

JMLR 17(210):1-49

Proof Let kc = rank(C) ≤ c and kr = rank(R) ≤ r. Let UC ∈ Rm×kc be the left singular
vectors of C and VR ∈ Rn×kr be the right singular vectors of R. Define Z? , Z̃ ∈ Rkc ×kr by

0
gC
=

gC =

hC = UTC SC STC (A − UC UTC A)

2
,
F
2
UTC SC STC (Im − UC UTC )UA ΣαA F ,
2
UTC SC STC (Im − UC UTC )UA ΣαA 2 ,

−1
fC = σmin
(UTC SC STC UC ),

where α ∈ [0, 1] is arbitrary, and

kA − CŨRk2F

kA − CŨRk2F



q
2
p
p
0 g
≤ kA − CU? Rk2F + fR hR + fC hC + fC fR gC
R ,
q
 p
2
p
0
≤ kA − CU? Rk2F + fR hR + fC hC + fC fR gC gR
,

Lemma 24 Let A ∈
C∈
and R ∈
be any fixed matrices, and A =
T , C = U Σ VT , R = U Σ VT be the SVD. Assume that ST U and ST V
UA ΣA VA
C C C
R R R
C C
R R
have full column rank. Let U? and Ũ be defined in (8) and (9), respectively. Then the
following inequalities hold:

Rm×n ,

We establish the following lemma for decomposing the error of the approximate solution.

H.1 Key Lemma

In Section H.1 we establish a key lemma to decompose the error incurred by the
approximation. In Section H.2 we prove Theorem 9 using the key lemma.

Appendix H. Proof of Theorem 9

The theorem follows from (15) and (16) and by setting 0 = 2.

kA − CC AR

†

T = U Z? VT . By definition, it holds
We have that CU? R = CC† AR† R = UC UTC AVR VR
C
R
that that

columns of AT .
It remains to show kA − CC† AR† Rk2F ≤ kA − ZZT AR† Rk2F . Since the columns of Z
are contained in the column space of C, for any matrix Y the inequality k(Im −CC† )Yk2F ≤
(Im − ZZT )Yk2F holds. Then we obtain

2
F

2
F
2
F

2
F

T
+ UC UTC A(In − VR VR
)

2
F

(18)

42
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T
(UTC SC STC UC )(Z̃ − Z? )(VR
SR STR VR ) = UTC SC STC A⊥ SR STR VR .

Here the second equality follows from that YT YY† = YT and Y† YYT = YT for any Y,
T . It follows that
and the last equality follows by defining A⊥ = A − UC Z? VR

T
= UTC SC STC (A⊥ + UC Z? VR
)SR STR VR .

T
= (STC UC )T (STC ASR )(VR
SR )T

T
T
T
= (STC UC )T (STC UC )(STC UC )† (STC ASR )(VR
SR )† (VR
SR )(VR
SR )T

T
(UTC SC STC UC )Z̃(VR
SR STR VR )

2
F

(STC UC )T (STC UC )

T 2
Z̃)VR
F

by

UC (Z −

?

T S )†
(STC UC )† (STC ASR )(VR
R

We left multiply both sides of Z̃ =
T S )(VT S )T . We obtain
and right multiply by (VR
R
R R

2
F
T
+ UC (Z? − Z̃)VR

T
T
+ UC UTC A(In − VR VR
) + UC (Z? − Z̃)VR

T
T
+ UC UTC A(In − VR VR
) + UC (Z? − Z̃)VR

2
T
(Im −
+ UC UTC A(In − VR VR
) F+
T 2
T 2
A − UC UTC AVR VR
+ UC (Z? − Z̃)VR
.
F
F

UC UTC )A

(Im − UC UTC )A

(Im − UC UTC )A

(Im −

T
T
(A − UC Z? VR
) + UC (Z? − Z̃)VR

From (17) we can see that it suffices to prove the two inequalities:
q
p
p
0 ,
Z? − Z̃ F ≤ fR hR + fC hC + fC fR gC gR
q
p
p
0 g .
Z? − Z̃ F ≤ fR hR + fC hC + fC fR gC
R

=

=

=

=

=

T
A − UC Z̃VR

2
=
F
T
UC UC )A

The left-hand side can be expressed as

T and CŨR = U Z̃VT , it suffices to prove the two inequalities:
Since CU? R = UC Z? VR
C
R
q
2
 p
p
T 2
T 2
0
,
kA − UC Z̃VR
kF ≤ kA − UC Z? VR
kF + fR hR + fC hC + fC fR gC gR
q
 p
2
p
T 2
T 2
0 g
kA − UC Z̃VR
kF ≤ kA − UC Z? VR
kF + fR hR + fC hC + fC fR gC
R .(17)

T
T †
T
T
CŨR = UC ΣC VC
(ΣC VC
) Z̃(UR ΣR )† UR ΣR VR
= UC Z̃VR
.

where the third equality follows from that STC UC and STR VR have full column rank and
T and VT S have full row rank. It follows that
that ΣC VC
R R

T †
= (ΣC VC
) Z̃(UR ΣR )† ,

T † T
T
= (ΣC VC
) (SC UC )† (STC ASR )(VR
SR )† (UR ΣR )†

T † T
T
= (STC UC ΣC VC
) (SC ASR )(UR ΣR VR
SR )†

Ũ = (STC C)† (STC ASR )(RSR )†
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We decompose A⊥ by

T
T
T
T
(UC
SC SC
UC )(Z̃ − Z? )(VR
SR SR
VR )

T
T
T
T
T
+ UC
SC SC
(Im − UC UC
)A(In − VR VR
)SR SR
VR ,

T
T
T
T
T
+ UC
SC SC
(Im − UC UC
)AVR VR
SR SR
VR

T
T
T
T
T
= UC
SC SC
UC UC
A(In − VR VR
)SR SR
VR

T
T
T
T
T
T
= UC UC
A(In − VR VR
) + (Im − UC UC
)AVR VR
+ (Im − UC UC
)A(In − VR VR
).

T
T
T
T
A⊥ = A − UC UC
A + UC UC
A − UC UC
AVR VR

It follows that

and thus

T
T
T
T
T
+ (UC
SC SC
UC )−1 UC
SC SC
(Im − UC UC
)AVR

T
T
T
T
T
A(In − VR VR
)SR SR
VR (VR
SR SR
VR )−1
Z̃ − Z? = UC

F

.

T
T
T
T
T
T
T
T
T
+ (UC
SC SC
UC )−1 UC
SC SC
(Im − UC UC
)A(I − VR VR
)SR SR
VR (VR
SR SR
VR )−1 .

It follows that
T
T
T
T
)SR SR
VR F
kZ̃ − Z? kF ≤ σ −1 (VR
SR SR
VR ) A(In − VR VR
min
−1
T
T
T
T
T
SC SC
(Im − UC UC
)AVR F
+ σmin
(UC
SC SC
UC ) UC

−1
−1
T
T
T
T
T
T
T
T
T
SC SC
(Im − UC UC
)A(I − VR VR
)SR SR
VR
+ σmin
(UC
SC SC
UC )σmin
(VR
SR SR
V R ) UC

This proves (18) and thereby concludes the proof.

H.2 Proof of the Theorem
Assumption 3 assumes that the sketching matrices SC and SR satisfy the first two
approximate matrix multiplication properties. Under the assumption, we obtain Lemma 25,
which shows that Ũ is nearly as good as U? in terms of objective function value.

n

2
F

2

≥

1o

10 o

≥ kBkF2

T
T
VR − I
VR
SR SR
T
T
T
VR
SR SR
B − VR
B

P

≤ δ2 .

≤ δ1

T be the SVD.
Assumption 3 Let B be any fixed matrix. Let C ∈ Rm×c and C = UC ΣC VC
Assume that a certain sketching matrix SC ∈ Rm×sc satisfies
n
1o
T
P UC SC SC
UC − I 2 ≥
≤ δ1
10
n
o
2
T
T
T
P UC
SC SC
B − UC
B F ≥ kBkF2
≤ δ2

n
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T be the SVD. Similarly, assume
for any δ1 , δ2 ∈ (0, 0.2). Let R ∈ Rr×n and R = UR ΣR VR
SR ∈ Rn×sr satisfies

P
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≤ (1 + 42 q) kA − CU? RkF2

Lemma 25 Let A ∈ Rm×n , C ∈ Rm×c , and R ∈ Rr×n be any fixed matrices. Let U? and
Ũ be defined in (8) and (9), respectively. Let kc = rank(C), kr = rank(R), q = min{m, n},
and  ∈ (0, 1) be the error parameter. Assume that the sketching matrices SC and SR satisfy
Assumption 3 and that −1 = o(q). Then
kA − CŨRkF2

holds with probability at least 1 − 2δ1 − 3δ2 .

2
.
2

F

Under Assumption 3,

T 2
hR ≤ kA − AVR VR
kF ≤ kA − CU? RT kF2 ,

T
hC ≤ kA − UC UC
AkF2 ≤ kA − CU? RT kF2 ,

0 , g 0 be defined Lemma 24. Under Assumption 3, we
Proof Let fC , fR , hC , hR , gC , gR , gC
R
have that

10
fC ≤ ,
9
10
,
9
fR ≤

hold simultaneously with probability at least 1 − 2δ1 − 2δ2 .
0 ≤ (I −V VT )S ST V
We fix α = 1, then gC = hC , and gR
n
R R R R R
we have that
q
0
gR

T
T
T
≤ (In − VR VR
)SR SR
VR − (In − VR VR
)VR
√
√
T
 (In − VR VR
) F ≤ n

≤

holds with probability at least 1 − δ2 . It follows from Lemma 24 that

kA − CŨRk2 − kA − CU? Rk2
F
F
q
 p
2
p
0
fR hR + fC hC + fC fR gC gR

≤


2
2 √
√
20
10
≤
kA − CU? RT kF + 2  nkA − CU? RT kF
9
9

104 2
 n 1 + o(1) kA − CU? RT kF2 ≤ 42 nkA − CU? RT kF2
94

=

holds with probability at least 1 − 2δ1 − 3δ2 . Here the equality follows from that −1 = o(n).
Alternatively, if we fix α = 0, we will obtain that

kA − CŨRkF2 ≤ kA − CU? RkF2 + 42 mkA − CU? RT kF2

with probability 1 − 2δ1 − 3δ2 . Therefore, if n ≤ m, we fix α = 1; otherwise we fix α = 0.
This concludes the proof.
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In the following we further assume that the sketching matrices SC and SR satisfy the
third approximate matrix multiplication property. Under Assumption 3 and Assumption 4,
we obtain Lemma 26 which is stronger than Lemma 25.

44

≤ (1 + 42 q̃) kA − CX? Rk2F

hR ≤ kA − CU? RT k2F ,

hC ≤ kA − CU? RT k2F ,

2
F

=0


T
In − VR VR
+
kr

≤ +

Under Assumption 4,

(n − kr )
n
=
kr
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2
2

2
.
2
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1. Introduction

We present new methodology based on Multi-Objective Markov Decision Processes for
developing sequential decision support systems from data. Our approach uses sequential
decision-making data to provide support that is useful to many different decision-makers,
each with different, potentially time-varying preference. To accomplish this, we develop an
extension of fitted-Q iteration for multiple objectives that computes policies for all scalarization functions, i.e. preference functions, simultaneously from continuous-state, finitehorizon data. We identify and address several conceptual and computational challenges
along the way, and we introduce a new solution concept that is appropriate when different
actions have similar expected outcomes. Finally, we demonstrate an application of our
method using data from the Clinical Antipsychotic Trials of Intervention Effectiveness and
show that our approach offers decision-makers increased choice by a larger class of optimal
policies.
Keywords: multi-objective optimization, reinforcement learning, Markov decision processes, clinical decision support, evidence-based medicine

Abstract
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2. Existing Methods and Our Contributions

Markov Decision Processes (MDPs) (Bertsekas and Tsitsiklis, 1996) provide a framework
for reasoning about the actions of an autonomous decision-making agent in an environment
as it strives to achieve long-term success. Operating within this framework, reinforcement
learning (RL) methods for finding optimal actions in MDPs hold great promise for using vast
amounts of accumulating longitudinal data to help humans make better-informed decisions.
Batch reinforcement learning methods, including fitted Q-learning (Ernst et al., 2005), Alearning (Blatt et al., 2004), and regret regression (Henderson et al., 2010), are already
being used to aid decision-making in diverse areas including medicine (Alagoz et al., 2010;
Shortreed et al., 2011; Burnside et al., 2012), ecology (Păduraru et al., 2012), intelligent

laber@stat.ncsu.edu

dlizotte@uwo.ca

tutoring systems (Brunskill and Russell, 2011), and water reservoir control (Castelletti et al.,
2010). Although headway has been made in these application areas, progress is hampered
by the fact that many sequential decision support problems are not modelled well by MDPs.
One reason for this is that in most cases, human action selection is driven by multiple
competing objectives; for example, a medical decision will be based not only on the effectiveness of a treatment, but also on its potential side-effects, cost, and other considerations.
Because the relative importance of these objectives varies from user to user, the quality of a
policy is not well captured by a universal single scalar “reward” or “value.” Multi-Objective
Markov Decision Processes (MOMDPs) accommodate this by allowing vector-valued rewards (Roijers et al., 2013) and proposing an application-dependent solution concept. A
solution concept is essentially a partial order on policies; the set of policies that are maximal according to the partial order are considered “optimal” and are indistinguishable under
that solution concept. Depending on the application, a single policy may be selected from
among these, or a set of policies may be presented in some way. Computing and presenting
a set of policies is termed the decision support setting by Roijers et al. and is the setting we
consider here.

Lizotte and Laber

Roijers et al. (2013) note that, “...there are currently no methods for learning multiple policies with non-linear [preferences] using a value-function approach.” We present a method
that fills this gap, and that additionally uses value function approximation to accommodate continuous state features, thus allowing us to use the MOMDP framework to analyze
continuous-valued sequential data. Previous work (Lizotte et al., 2012) on this problem
computes a set of policies based on the assumptions that i) end-users have a “true reward
function” that is linear in the objectives and ii) all future actions will be chosen optimally
with respect to the same “true reward function” over time. Our new method relaxes both of
these assumptions as it allows the decision-maker to revisit action selection at each decision
point in light of new information, both about state and about their own preferences and
priorities over different outcomes of interest. Therefore, the proposed method can accommodate changes in preference over time while still making optimal decisions according to
our new solution concepts by introducing the non-deterministic multi-objective fitted-Q algorithm, which computes policies for all scalarization functions, i.e., preference functions, simultaneously from continuous-state, finite-horizon data. This allows us to present a greater
variety of action choices by acknowledging that preference functions may be non-linear.
We then present the vector-valued expected returns associated with the different policies
in order to provide decision support without having to refer to any particular scalarization
function. Showing the expected returns in the original reward space allows us to more easily
understand the qualitative differences between action choices. Although decision support is
important in many application areas, we are motivated by clinical decision-making; therefore we demonstrate the use of our algorithm using data from the Clinical Antipsychotic
Trials of Intervention Effectiveness (CATIE).
Simplified versions of some of our ideas were presented in a shorter paper by Laber et al.
(2014a), but we treat the problem in its full generality here. In particular, our work goes
beyond “Set-Valued Dynamic Treatment Regimes” in four significant ways:
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• We introduce a complete non-deterministic fitted-Q algorithm that is applicable to
arbitrary numbers of actions and arbitrary time horizons. (Previous work was limited
to binary actions and maximum two decision points.) This allows us to perform fittedQ backups in general settings using multiple reward functions over continuous-valued
state features.
• We prove that our algorithm finds all policies that are optimal for some scalarization
function by considering a collection of policies at the next time step that is only
polynomial in the data set size.
• We formalize a solution concept, practical domination, that is more flexible than
Pareto domination for identifying whether an action is not desirable. A similar concept
was introduced in previous work (Laber et al., 2014a), but we show that using practical
domination, while useful, is problematic for more than two decision points because it
is does not induce a partial order on actions. However, we show that a modification
of practical domination leads to a partial ordering for any number of actions or time
points.
• We demonstrate the use of our algorithm on the Clinical Antipsychotic Trials of
Intervention Effectiveness (CATIE) and we compare our approach quantitatively and
qualitatively with a competing approach derived from previous work of Lizotte et al.
(2010, 2012).

3. Motivation
Our work is motivated by a clear opportunity for reinforcement learning methods to provide
novel ways of analyzing data to produce high-quality, evidence-based decision support.
We briefly review some specific applications here where we believe our approach could be
particularly relevant.
3.1 Intelligent Tutorial Systems
Brunskill and Russell (2011), and Rafferty et al. (2011) study the automatic construction
of adaptive pedagogical strategies for intelligent tutoring systems. They employ POMDP
models to capture the partially observable and sequential aspect of this problem, using
hidden state to represent a student’s knowledge. Their approach uses time taken to learn
all skills as a cost, i.e., negative reward, that drives teaching action selection. Chi et al.
(2011) use an MDP formulation and use “Normalized Learning Gain,” a quantification of
skill acquisition, as a reward; however, they do not explicitly consider time spent. The
ability to consider both of these rewards simultaneously would empower the learner or the
teacher to emphasize one or the other over the course of their interaction with the system.
The method we present could offer a selection of teaching actions that are all optimal for
different preferences over these rewards, and possibly others as well.
3.2 Computational Sustainability
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Păduraru et al. (2012) identify an application within the domain of sustainable wildlife
management where the MDP framework is particularly appropriate. They investigate the
3
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efficacy of several off-policy methods for developing control policies for mallard duck populations. Their output, rather than providing autonomous control, is intended to provide
decision support for public environmental policy-makers. They use “number of birds harvested per year” as the reward. However, in practical management plans, several outcomes
may be of interest including minimum population size, program cost, and so on. Because
formulating a (e.g. linear) trade-off among these rewards would be difficult, our method is
relevant to this problem.
3.3 Treating Chronic Disease

Reinforcement learning has also been used as a means of analyzing sequential medical data
to inform clinical decision-makers of the comparative effectiveness of different treatments
(Shortreed et al., 2011). RL methods are suited to decision support for treating chronic
illness where a good policy for choosing treatments over time is crucial for success. Indeed,
optimal policies—known as “Dynamic Treatment Regimes” in statistics and the behavioral
sciences—have been learned for the management of chronic conditions including attention
deficit hyperactivity disorder (Laber et al., 2014b), HIV infection (Moodie et al., 2007),
and smoking addiction (Strecher et al., 2006). They have also been applied to sequences of
diagnostics as well, for example in breast cancer (Burnside et al., 2012). We present a case
study in this domain in Section 7.

4. Background

We introduce a new approach for solving Multi-Objective Markov Decision Processes with
the goal of providing data-driven decision support. Our approach uses non-deterministic
policies to encode the set of all non-dominated policies. In this section, we review the most
relevant existing literature on MOMDPs and NDPs.

4.1 Multi-objective Optimization and MOMDPs

Rpst , at q|s1 “ ss

The most basic definition of a Markov Decision Process is as a 4-tuple xS, A, P, Ry where
S is a set of states, A is a set of actions, P ps, a, s1 q “ Prps1 |s, aq gives the probability of a
state transition given action and current state, and Rps, aq is the immediate scalar reward
obtained in state s when taking action a. One common goal of “solving” an MDP, if we
assume a finite time horizon of T steps, is to find a policy π : S Ñ A that maximizes

T
ÿ

t“1

V π psq “ Eπ r
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pointwise for all states. In the preceding, Eπ indicates that the expectation is taken assuming
the state-action trajectories are obtained by following policy π. Because in the finite-horizon
setting that the optimal π is in general non-stationary (Bertsekas, 2007), we define π to be
a sequence of functions πt for t P t1, ..., T u, where πt : St Ñ At .
Like previous work by Lizotte et al. (2010, 2012) and by many others (Roijers et al.,
2013), we focus on the setting where the definition of an MDP is augmented by assuming
a D-dimensional reward vector Rpst , at q is observed at each time step. We define a finitehorizon MOMDP with finite time horizon T as a tuple of state spaces St , action spaces At ,

4

Rt pst , at q|s1 “ ss
(1)

5
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the scalar optimization defined by composing the vector-valued outcome function with the
scalarization function. If a specific “correct” scalarization function is fixed and known, we
can simply apply it to all outcome vectors and reduce our MOO problem to a scalar optimization problem (and arguably we never had a MOO problem to begin with.) Otherwise,
we may seek solutions to scalarized problems for all ρ belonging to some function class. We
assume that any ρ of interest is non-decreasing along each dimension, that is, it is always
preferable to increase a reward dimension, all else being equal. It is well-known (Miettinen,
1999) that the set of Pareto-optimal solutions corresponds to the set of all solutions that
are optimal for some scalarization function; we will use these two views of optimality as we
construct our algorithm.
Previous work by Lizotte et al. (2012) uses dynamic programming to compute policies
for all possible scalar rewards that are a convex combination of the basis rewards, using
Q-functions learned by linear regression.
ř Thus the output produces the optimal policies for
all ρ such that ρprq “ r| w, wd ą 0, d wd “ 1. Each convex combination is interpreted

xPX

max ρ pf pxqq ,

A common goal in MOO is to find all of the non-dominated solutions (Miettinen, 1999;
Ehrgott, 2005). Some work on MOMDPs has this same goal (Perny and Weng, 2010).
One approach to finding non-dominated solutions of a MOO problem is to solve a set of
optimization problems that are scalarized versions of the MOO. A scalarization function ρ
is chosen which maps vector-valued outcomes scalars and then one solves

Definition 1 (Non-dominated a.k.a. Pareto optimal solutions) Let X be the set of
all feasible inputs to a multi-objective optimization problem with objective f pxq. Let Y be the
range of f on X . (In the RL context, one can think of X as the set of all possible policies
starting from a given state, and Y as their corresponding values, which are vectors in this
case.) A solution vector y P Y is non-dominated if Ey1 P Y s.t. @i yi1 ě yi and Di yi1 ą yi . A
preimage x P X of such a y is sometimes called an efficient solution, but we will also refer
to such inputs as non-dominated.

which is the expected sum of (vector-valued) rewards we achieve by following policy π.
Just as “solving” an MDP is an optimization problem (i.e. we want the optimal value
function or policy), “solving” a MOMDP is a multi-objective optimization (MOO) problem.
Whereas in typical scalar optimization problems having a unique solution is viewed as
typical or at least desirable, in the MOO setting, the most common goal is to produce a set
of solutions that are non-dominated.

t“1

T
ÿ

6
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Milani Fard and Pineau (2011) describe non-deterministic policies for Markov Decision
Processes (MDPs) with a finite state space and a single reward function. The term nondeterministic is used as in the study of non-deterministic finite automata and indicates
that there are choices made as the system evolves about which we assume we have no

4.2 Non-Deterministic Policies

Rather than use the method of Lizotte et al., we will instead base our method on
assessing actions and policies using a partial order on their vector of Q-values. Perhaps
the most common partial order on vectors comes from the notion of Pareto-optimality
(Vamplew et al., 2011). For example, an action a is Pareto-optimal at a state sT if
@pd, a1 q QT rds psT , aq ě QT rds psT , a1 q. We will show in Section 5 that for t ă T , the problem
of deciding which actions are optimal is more complex, but we will still leverage the idea of a
partial order. The problem of identifying Pareto-optimal policies is of significant interest in
RL (Perny and Weng, 2010; Vamplew et al., 2009) and is closely related to what we wish to
accomplish. Basing our work on the Pareto-optimal approach rather than on the previous
work of Lizotte et al. avoids assuming that preferences are fixed over time, and it avoids
the problem of “extreme” actions eliminating “moderate” ones. Furthermore, our approach
works with a larger class of regression models, including ordinary least squares, the lasso,
support vector regression, and logistic regression. While our Pareto-based approach makes
these three improvements, using Pareto-optimality can still result actions being eliminated
unnecessarily; this is illustrated in Figure 1(b). We address this problem by introducing an
alternative notion of domination in Section 6. Each of these contributions leads to increased
action choice for the decision-maker by considering a larger class of preferences over reward
vectors.

as a preference describing the relative importance of the the different basis rewards, and
the method is used to show how preference relates to optimal action choice. This gives
a new and potentially useful way of visualizing the connection between preference and
action choice, but there are drawbacks to the approach. First, one must assume that
the convex combination is fixed for all time points—that is, preferences do not change
over time. This assumption enables dynamic programming to work, but is not reasonable
for some applications, particularly in clinical decision-making where a patient’s first-hand
experience with a treatment may influence subsequent preferences for symptom versus sideeffect reduction. Second, the method is overly eager to eliminate actions. Consider two
actions a1 and a2 that are extreme, e.g., a1 has excellent efficacy but terrible side-effects
and a2 has no side-effects but poor efficacy. These could eliminate a third action a3 that is
moderately good according to both rewards. An example of this situation is illustrated in
Figure 1 (a), which shows that the actions chosen by this method are restricted to the convex
hull of the Pareto frontier, rather than the entire frontier. In this circumstance where a3 is
qualitatively very different from both a1 and a2 , we argue that a decision support system
should suggest all three treatments and thereby allow the decision-maker to make the final
choice based on her expertise. The third drawback of using this approach is that it is limited
to ordinary least squares regression, which may not work well for data with non-Gaussian
errors, e.g., a binary terminal reward.

state transition functions Pt : St ˆ At Ñ PpSt`1 q where PpSt`1 q is the space of probability
measures on St`1 , and reward functions Rt : St ˆ At Ñ RD for t P t1, ..., T u. In keeping
with the Markov assumption, both Rt and Pt depend only on the current state and action.
In this work we assume finite action sets, but we do not assume that state spaces are finite.
The value of a policy π is then given by

Vπ psq “ Eπ r

Lizotte and Laber
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Figure 1: Comparison of existing approaches to eliminating actions at time T . The problems illustrated here have analogs for t ă T where the picture is more complicated. In this simple example, we suppose the vector-valued expected rewards pQT r1s psT , aq, QT r2s psT , aqq are p1, 9q, p9, 1q, p4.9, 4.9q, p4.6, 4.6q for actions
a1 , a2 , a3 , a4 , respectively. Figure 1(a): Using the method of Lizotte et al. (2010,
2012) based on convex combinations of rewards, actions a3 and a4 would be eliminated, and we would have ΠT pst q “ ta1 , a2 u. (Any action whose expected rewards
fall in the shaded region would be eliminated.) However, we would prefer to at
least include a3 since it offers a more “moderate” outcome that may be important to some decision-makers. Figure 1(b): Using the Pareto partial order, only
action a4 is eliminated, and we have ΠT psT q “ ta1 , a2 , a3 u. However, we may
prefer to include a4 since its performance is very close to that of a3 , and may be
preferable for reasons we cannot infer from our data—e.g. cost, or allergy to a3 .

QT r2s psT , aq

Lizotte and Laber

information.1 Given an MDP with state space S and an action set A, an NDP Π is a
map from the state space to the set 2A ztHu. Milani Fard and Pineau assume that a user
operating the MDP will, at each timestep, choose an action from the set Πpsq. They are
motivated by the same considerations that we are in the sense that they wish to provide
choice to the user while still achieving good performance; thus, they only eliminate actions
that are clearly sub-optimal. Because they consider only a single reward function, they can
measure performance using the expected discounted infinite sum of future (scalar) rewards
in the usual way, and they can produce an NDP Π that has near-optimal performance even
if the user chooses the “worst” actions from Πpsq in each state.
One can view the NDP as a compact way of expressing a set of policies that might be
executed. Suppose that #A “ |Πpsq|, the number of actions provided by the NDP Π, is
the same at all states. Then the number of policies that are consistent with Π, that is,
the policies for which πpsq P Πpsq, is #A|S| . So the NDP Π is a compact encoding of an
exponential number of policies. We will make use of this property to encode our policies.
The two most important differences between our work and that of Milani Fard and Pineau
are that our motivation for learning non-deterministic policies is driven explicitly by having
more than one basis reward of interest, and that we use more general value function models
rather than a tabular representation. Having multiple basis rewards combined with value
function approximation leads us to a different, novel algorithm for learning NDPs.

5. Fitted-Q for MOMDPs

Our non-deterministic fitted-Q algorithm for multiple objectives uses finite-horizon, batch
data. We present a version that uses linear value function approximation because this model
is commonly used by statisticians working in clinical decision support (Strecher et al., 2006;
Lizotte et al., 2010, 2012; Laber et al., 2014b), and because available data often contain
continuous-valued features, e.g., symptom and side-effect levels, laboratory values, etc., and
outcomes, e.g., symptom scores, body mass index. It is a flexible model because we will
not restrict the state features one might use. For learning, we assume a batch of n data
trajectories of the form

i
i
i
i
s1i , a1i , r1r1s
, ..., r1rDs
, s2i , a2i , r2r1s
, ..., r2rDs
, ..., sTi , aTi , rTi r1s , ..., rTi rDs for i “ 1, ..., n.

In the following exposition, we begin by specifying how the algorithm works for the
last time point t “ T . This would be the only step needed in a “non-sequential” decision
problem. We then describe the steps analogous to the fitted-Q “backup” operation for
earlier timepoints t ă T , which are more complex.
5.1 Final time point, t “ T

i

¯2
ÿ´
|
φT psTi , aTi q w ´ rTi rds

(2)

At time T , we define the approximate Q-function for reward dimension d as the linear least
squares fit

w

Q̂T rds psT , aT q “ φT psT , aT q| ŵT rds , ŵT rds “ argmin

JMLR 17(211):1-28

1. Note that non-deterministic does not mean “stochastic”; i.e., we do not suppose a known stationary
random policy will be followed.

8

(3)

a

ΠT psT q “ targ max Q̂T r0s psT , aqu

w

JMLR 17(211):1-28
10
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9

includes precisely those actions whose expected reward is on the (weak) Pareto frontier; this is a superset of those included by the method of Lizotte et al. (2012). It
includes the actions that are optimal for some scalarization function, which is our
action set of interest.

ΠT psq “ ta : Ea1 p@d Q̂T rds psT , aq ă Q̂T rds psT , a1 qqu

Pareto-optimal Fitted-Q: Defining

We now describe the “backup” step that constructs Πt and Qt from Πt`1 and Qt`1 . A
member of Qt is constructed from data using equation (4) by choosing two components:
An element of Qt`1 (with its implicit choice of πt`2 through πT ) and a policy πt`1 . When
considering different possible πt`1 , we restrict our attention to policies that i) are consistent
with Πt`1 , and ii) are representable using the approximation space chosen for Q̂t`1 . In the
following, we define these notions of consistency and representability, argue that this subset
of policies contains all those we need to consider, and show how the set of consistent and
representable policies can be efficiently enumerated using mixed integer linear programming.
To construct Qt , we will only consider future policies that are consistent with the NDPs
we have already learned for later time points. As described above, each Πpsq contains each
action for which some scalarization function (i.e. preference) prefers that action.

5.3 Constructing Πt from Πt`1

(4)
We say an expected return is achievable if it can be obtained by taking some immediate
action in the current state and following it with a fixed sequence of policies until we reach
the last time point.
We use Qt to denote a set of partially-evaluated Q-functions; each member of Qt is a
function of st and at only and assumes a particular fixed sequence πt`1 , ..., πT of future
policies. Precisely which future policies should be considered is the subject of the next
section. For the last time point, we define QT “ tQ̂T u, the set containing the single
(multivariate) Q-function for the last time point. Figure 2 is a visualization of an example
QT ´1 where each function in the set is evaluated at the same given state and for each of the
five available actions, tİ, ‚, Ĳ, §, đu. Thus, each element of the example QT ´1 corresponds to
a collection of five markers on the plot, one for the expected return for each action, assuming
we follow a particular πT . The question of what collection of πT we should consider is the
subject of the next section.

i“1

n ”
!
)ı2
ÿ
|
i
.
φt psit , ait q w ´ rtrds
` Q̂t`1rds psit`1 , πt`1 psit`1 q; πt`2 , ..., πT q

for d “ 1, . . . , D, Q̂trds pst , at ; πt`1 , ..., πT q “ φt pst , at q| ŵtrdsπt`1 ,...,πT ,

ŵtrdsπt`1 ,...,πT “ argmin

and

where

For t ă T , it is only possible to define the expected return of taking an action in a given
state by also deciding which particular policy will be followed to choose future actions.
In standard fitted-Q, for example, one assumes that the future policy is given by πj psq “
arg maxa Q̂j ps, aq for all j ą t. In the non-deterministic setting, we may know that the
future policy belongs to some set of possible policies derived from Πj for j ą t, but in
general we do not know which among that set will be chosen; therefore, we explicitly
include the dependence of Q̂t on the choice of future policies πj , t ă j ď T :
!
)|
Q̂t pst , at ; πt`1 , ..., πT q “ Q̂tr1s pst , at ; πt`1 , ..., πT q, ..., Q̂trDs pst , at ; πt`1 , ..., πT q

5.2 Earlier time points, t ă T

Lizotte and Laber

includes those actions whose expected reward is on the convex hull of the Pareto
frontier; these are the actions that would be included by the previous method of
Lizotte et al. (2012).

ΠT psq “ ta : Dθ pθ ě 0 ^ θ | 1 “ 1 ^ @a1 Q̂T psT , aq| θ ě Q̂T psT , a1 q| θqu

Convex Pareto-optimal Fitted-Q: Defining

gives standard fitted-Q applied to reward dimension 0.

Scalar Fitted-Q: Defining

Here, φT psT , aT q is a feature vector of state and action. As discussed by Lizotte et al.
(2012), φT psT , aT q would typically include: a constant component for the intercept, features
describing sT , dummy variables encoding the discrete action aT , and the product of the
dummy variables with the features describing sT (Cook and Weisberg, 1999). One could
also include other non-linear functions of sT and aT as features if desired. We present our
method assuming that ŵT rds are found by least squares regression, but one could for example
add an L1 penalty, or use support vector regression (Hastie et al., 2001). Furthermore,
unlike previous work by Lizotte et al. (2012), any Generalized Linear Model (GLM) with
a monotonic increasing link function (e.g. logistic regression, Poisson regression, and so
on) can also be used (Cook and Weisberg, 1999). Note that we can recover a “tabular”
representation if the states are discrete and we assign mutually orthogonal feature vectors
to each one.
Having obtained the Q̂T from (2), we construct an NDP ΠT that will give, for each state,
the actions one might take at the last time point. For each state sT at the last time point,
each action aT is associated with a unique vector-valued estimated expected reward given by
Q̂T psT , aT q. Thus, we decide which among these vectors is a desirable outcome, and include
their associated actions in ΠT psT q. Our main focus will be to construct ΠT psT q for each
state based on the multi-objective criterion of Pareto optimality; however, an important
advantage of our algorithm is that it can use other definitions of ΠT as well; we discuss an
extension in Section 6. For example, different definitions of ΠT allow us to recover other
varieties of Q-learning:

Q̂T psT , aT q “ pQ̂T r1s psT , aT q, ..., Q̂T rDs psT , aT qq| .

giving the estimated vector-valued expected reward function
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Figure 2: Partial visualization of the members of an example QT ´1 . We fix a state sT ´1 “
p50.1, 48.6q in this example, and we plot Q̂T ´1 psT , aT q for each Q̂T ´1 P QT ´1 and
for each aT ´1 P tİ, ‚, Ĳ, §, đu. For example, the İ markers near the top of the plot
correspond to expected returns for each Q̂ P QT that is achievable by taking the
İ action at the current time point and then following a particular future policy.
This example QT ´1 contains 20 Q̂T ´1 functions, each assuming a different πT .

Definition 2 (Policy consistency) A policy π is consistent with an NDP Π, denoted
π Ă Π, if and only if πpsq P Πpsq @s P S. We denote the set of all policies consistent with
Π by CpΠq.

JMLR 17(211):1-28

This restriction is analogous to fitted-Q in the scalar reward setting, where we estimate the
current Q function assuming we will follow the greedy policy of the estimated optimal Q
function at later time points. In our setting, there are likely to be multiple different policies
whose values, pointwise at each state, are considered “optimal,” e.g. that are Pareto nondominated. Although we cannot pare down the possible future policies to a single unique
choice as in scalar fitted-Q, we can still make significant computational savings. Note that
in the batch RL setting, two policies are distinguishable only if they differ in action choice
on states observed in our data set. In the following, when we talk about the properties of
policies, we mean in particular over the observed states in our data set. Where clarification
is needed, we write Stn to mean the n states observed in our data set at time t. Note that
|CpΠt q| “ ˆst PStn |Πt pst q|, the product of the cardinalities of the sets produced by Πt over
the observed data. Because |Πt pst q| ď |A|, we have |CpΠt q| ď |A|n . If Πt screens out enough
actions from enough observed states, restriction to consistent policies can result in a much
smaller Qt . Unfortunately, in the worst case where @st Πt pst q “ At , we have |CpΠt q| “ |A|n ,
11
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In NDP settings where dim φt pst , at q ! n, most of the policies that are consistent with
Πt pst q are not representable in the form πpst q “ argmaxa Qt pst , aq, and therefore would
never be learned by fitted-Q iteration using any scalar reward signal. Figure 3 illustrates
this. The top panel shows a non-deterministic policy on a one-dimensional continuous
state-space with two possible actions. The middle panel shows a policy that is consistent
with the NDP. Though it is consistent, this policy is a complex function of the 1D state
and is difficult to justify if the state is a continuous patient measurement and the action
is a treatment. Furthermore, there is no Q-function linear in the given feature space that
produces this consistent policy as its greedy policy. In other words, given the feature space,
there is no scalar reward signal that would cause us to learn this policy with fitted-Q and

We therefore impose a further restriction on possible future policies, again only eliminating policies we do not wish to consider. In scalar fitted-Q, the learned optimal policy
is given by argmaxa Qps, aq. If the learned Q-functions are linear in some feature space,
then the learned optimal policy can be represented by a collection of linear separators that
divide feature space into regions where different actions are chosen. This is true for any
scalar reward signal. Therefore, in the scalar reward case for a given feature space, any
future policy that cannot be represented in this way will never considered when computing
Q̂ for earlier timepoints no matter what the observed rewards are.

and if for some fraction η of the n trajectories (0 ă η ď 1) we have |Πt pst q| ě 2, then we
have |CpΠt q| P Ωp2n q. Therefore in many interesting cases, computing a Qt that includes
even just the consistent future policies is computationally intractable.

Figure 3: An NDP on a one-dimensional continuous state-space, a consistent policy, and a
φ-consistent policy.
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Theorem 1 shows that for fixed |A| and dimpφq there are only polynomially many φconsistent future policies, rather than a potentially exponential number of consistent policies
as a function of n. Therefore, by considering only φ-consistent future policies, we can ensure
that the size of QT ´1 is polynomial in n. The restriction to φ-consistent policies applies to
Q-functions based on Generalized Linear Models with monotonic increasing link functions
(such as logistic regression) as well. Such models have output of the form gpφpst , aq| wq for
monotonic increasing g. For these models, argmaxa gpφpsi , aq| wq “ argmaxa φpst , aq| w, so
all of our results and algorithms for φ-consistency immediately apply.
We note that even if we prune using φ-consistency, the number of policies is exponential
in dim φ, the feature space. Hence, this approach is tractable only for relatively simple
Q-models. In this work we demonstrate that it is practical in a proof-of-concept setting
(the CATIE study) but we acknowledge this limitation and defer it to future work.

has Natarajan dimension NdimpHφ q “ dimpφq (Shalev-Shwartz and Ben-David, 2014).
Combining Equations (5) and (6) and completes our proof.

i

Hφ “ tx ÞÑ argmax φpx, iq| w : w P Rdim φ u

Furthermore, the hypothesis class given by

|Hn | ď nNdimpHq ¨ k 2 NdimpHq .

Proof The space of φ-consistent policies is exactly analogous to the space of linear multiclass predictors with φ as their feature map. We therefore port two results from learning
theory to analyze the number of φ-consistent policies in terms of the dimension of φ, the
size of the data set n, and the size of the action set. The Natarajan dimension (Natarajan,
1989; Shalev-Shwartz and Ben-David, 2014) is an extension of VC-dimension to the multiclass setting. For a supervised learning data set of size n, k classes, and a hypothesis class
H with Natarajan dimension NdimpHq, the number |Hn | of hypotheses restricted to the n
datapoints is subject to the following upper bound due to Natarajan (1989):

Theorem 1 Given a data set of size n, a feature map φ, and an action set A, there are at
most Opndimpφq ¨ |A|2 dimpφq q feature-consistent policies.

A φ-consistent policy is an element of CpΠt q that is the argmax policy for some (scalar)
Q-function over the feature map φ. The form of such a policy is much like that of the
function learned by a structured-output SVM (Tsochantaridis et al., 2005).
We now show that the number of φ-optimal policies for any given time point is polynomial in the data set size n.

(7)

(9)

(8)

14
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ΠDă pst q “ ta : DQ̂ P Qt pEpa1 ‰ a, Q̂1 P Qt q pQ̂pst , aq ă Q̂1 pst , a1 qqqu.

Π@ă pst q “ ta : @Q̂ P Qt pEpa1 ‰ a, Q̂1 P Qt q pQ̂pst , aq ă Q̂1 pst , a1 qqqu

Constraints (10) ensure that the indicator that turns on for the ith example in the data
must be one that indicates an action that belongs to the set Πpsi q.
Note that we have not specified an objective for this MIP: for the problem of generating
φ-consistent policies, we are only interested in generating feasible solutions and interpreting
the label variables as a potential future policy. Software such as CPLEX can enumerate all
possible discrete feasible solutions to the constraints we have formulated. To do so, we give
the constraints to the solver and ask for solutions given an objective that is identically zero.
Note that if we instead minimized the quadratic objective }w}2 subject to these constraints,
we would recover the consistent policy with the largest margin between action choices in
the feature space. The output would be equivalent to exact transductive learning of a
hard-margin multiclass SVM using the actions as class labels (Tsochantaridis et al., 2005).
Given Qt , our final task is to define Πt pst q for all st . While QT is a singleton, for t ă T
this is not the case in general, and we must take this into account when defining Πt pst q. We
present two definitions for Πt pst q based on a strict partial order ă. (For example ă may be
the Pareto partial order.)

jPΠpsi q

Constraints (7) ensure that the indicator variables for the actions are binary. Constraints
(8) ensure that, for each example in our data set, exactly one action indicator variable
is on. The indicator constraints in (9) ensure that if the indicator for action j is on for
the ith example, then weights must satisfy j “ argmaxa φpsi , aq| w. Note that the margin
condition (i.e., having the constraint be ě 1 rather than ě 0) avoids a degenerate solution
with w “ 0.
The above constraints ensure that any feasible αi,j define a policy that can be represented
as an argmax of linear functions over the given feature space. Imposing the additional
constraint that the policy defined is consistent with a given NDP Π is now trivial:
ÿ
@i P 1, ..., n,
αi,j “ 1.
(10)

@i P 1, . . . , n, @j P 1, . . . , |A|, αi,j “ 1 ùñ @k ‰ j, pφpsi , jq ´ φpsi , kqq| w ě 1.

j

@i P 1, . . . , n, j P 1, . . . , |A|, αi,j P t0, 1u
ÿ
αi,j “ 1
@i P 1, . . . , n,

We now express Cφ pΠq in a way that allows us to enumerate it using a Mixed Integer Program (MIP). To formulate the constraints describing Cφ pΠq, we take advantage of
indicator constraints, a mathematical programming formalism offered by modern solvers;
e.g. the CPLEX optimization software package as of version 10.0, which was released in
2006 (CPLEX). Each indicator constraint is associated with a binary variable, and is only
enforced when that variable takes the value 1. To construct the MIP, we introduce n ˆ |A|
indicator variables αi,j that indicate whether πpsi q “ j or not. We then impose the following
constraints:

linear regression. We therefore will “prune away” these consistent but un-representable
policies in order to reduce the size of Qt by introducing the notion of policy φ-consistency.

Definition 3 (Policy φ-consistency) Given a feature map φ : S ˆ A Ñ Rp , we say a
policy πt is φ-consistent with a non-deterministic policy Πt over a data set with n trajectories, if and only if Dw p@i P 1, ..., n πt psit q P Πt psit q ^ πt psit q “ argmaxa φpsit , aq| wq. We write
πt Ăφ Πt , and we denote the set of all policies that are φ-consistent with Πt by Cφ pΠt q.
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Figure 4: Comparison of rules for eliminating actions. In this simple example, we suppose
the Q-vectors pQT r1s psT , aq, QT r2s psT , aqq are p4.9, 4.9q, p3, 5.2q, p1.8, 5.6q, p4.6, 4.6q
for a1 , a2 , a3 , a4 , respectively, and suppose ∆1 “ ∆2 “ 0.5. Figure 4(a): Using
the Practical Domination rule, action a4 is not eliminated by a3 because it is not
much worse according to either basis reward, as judged by ∆1 and ∆2 . Action a2 is
eliminated because although it is slightly better than a1 according to basis reward
2, it is much worse according to basis reward 1. Similarly, a3 is eliminated by a2 .
Note the small solid rectangle to the left of a2 : points in this region (including a3 )
are dominated by a2 , but not by a1 . This illustrates the non-transitivity of the
Practical Domination relation, and in turn shows that it is not a partial order.
Figure 4(b): Using Strong Practical Domination, which is a partial order, no
actions are eliminated, and there are no regions of non-transitivity.

QT r1s psT , aq

QT r2s psT , aq

Algorithm 1 Non-deterministic fitted-Q
Learn Q̂T “ pQ̂T r1s , ..., Q̂T rDs q, set QT “ tQ̂T u
for t “ T ´ 1, T ´ 2, ..., 1 do
for all sti in the data do
D psi q using Q
Generate Πă
t`1
t
Qt Ð H
D q do
for all πt P Cφ pΠă
for all Q̂t`1 P Qt`1 do
Learn pQ̂tr1s p¨, ¨, πt , ...q, ..., Q̂trDs p¨, ¨, πt , ...qq using Q̂t`1 , add to Qt

@ , action a is included if for all fixed sequences of policies we might follow
Under Πă
after choosing a, no other choice of current action and future policy is preferable according
@ is appealing in cases where we wish to guard against a naı̈ve decision maker
to ă. Πă
choosing poor sequences of future actions. For the QT ´1 shown in Figure 2, we would have
@ ps
Πă
T ´1 q “ tİ, đu. The ‚ action is obviously eliminated because any İ point dominates
every single ‚ point. The Ĳ and § actions eliminate each other: There are Ĳ points that
are dominated by § points, and § points that are dominated by Ĳ points. Note that this
@ ps q could be empty: if our example only contained the § and Ĳ actions,
illustrates how Πă
t
@
@ ps
we would have Πă
T ´1 q “ H. In practice we find that Πă can be very restrictive; we
D as an alternative. Under ΠD , action a is included if there is at least
therefore present Πă
ă
one fixed future policy for which a is not dominated by a value achievable by another pa1 , Q̂1 q
D
@
1
pair. Note that Πă
Ě
Π
ă , and that because the relation Q̂ ă Q̂ is a partial order on a
D ps q ‰ H. In the
finite set, there must exist at least one maximal element; therefore Πă
t
D ps
Figure 2 example, we have Πă
T ´1 q “ tİ, đ, §, Ĳu; note that ‚ is not included because there
is always another action that can dominate it if we choose an appropriate future policy. In
order to provide increased choice and to ensure we do not generate NDPs with empty action
D
sets, we will use Πă
in
our
complete
non-deterministic
multiple-reward
fitted-Q algorithm,
@ instead.
but in our examples we will investigate the effect of choosing Πă

5.4 Time Complexity

JMLR 17(211):1-28

Pseudocode is given in Algorithm 1. The time cost of Algorithm 1 is dominated by the
construction of Qt , whose size may increase by a factor of Opn|A| dim φ q at each timestep;
therefore in the worst case |Q1 | is exponential in T . This can be mitigated somewhat by
pruning Qt at each step, essentially removing from consideration future policy sequences
that are dominated no matter what current action is chosen. Again, this pruning has no
impact on solution quality because we are only eliminating future policy sequences that
will never be executed. Despite the exponential dependence on T , we will show that our
method can be successfully applied to real data in Section 7, and we defer the development
of approximations to future work.
15

QT r2s psT , aq

(12)

(11)
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2. Note that for binary actions, the non-transitivity is not an issue and that this is common in some medical
applications (e.g. treatment vs. watchful waiting, high-intensity vs. low-intensity treatment, etc.)

Intuitively, an action a1 practically dominates a2 if a2 is “not practically better” than
a1 for any basis reward (property 11), and if a2 is “practically worse” than a1 for some basis
reward (property 12). “Practically better” and “practically worse” are determined by the
elicited differences ∆d ě 0. Note that we could have ∆d depend on the current state if that
were appropriate for the application at hand; for simplicity we assume a uniform ∆d . We
might consider using the relation ăp as the ordering that produces our NDP according to one
of the mappings from Section 5. Unfortunately, ăp is not transitive. Suppose that the Qvectors pQT r1s psT , aq, QT r2s psT , aqq are p4.9, 4.9q, p3, 5.2q, p1.8, 5.6q, p4.6, 4.6q for a1 , a2 , a3 , a4 ,
respectively, and suppose ∆1 “ ∆2 “ 0.5. Then a2 ăp a1 and a3 ăp a2 but a3 ćp a1 . This
non-transitivity causes undesirable behavior: if we consider only actions a1 and a3 , we get
ΠDă psT q “ ta1 , a3 u. However, if we consider a1 , a2 and a3 , we get ΠDă psT q “ ta1 u! Thus by
considering more actions, we get a smaller ΠDă psT q. This is unacceptable in our domain, so
we introduce an alternative.2

If either of the above do not hold, we write a2 ćp a1 .

Dd P 1, . . . , D Qtrds psT , a2 q ă Qtrds psT , a1 q ´ ∆d .

@d P 1, . . . , D Qtrds psT , a2 q ď Qtrds psT , a1 q ` ∆d ,

Definition 4 (Practical Domination) We say that an action a2 is practically dominated by a1 at state sT , and we write a2 ăp a1 , if both of the following hold

So far we have presented our algorithm assuming we will use Pareto dominance to define ă.
However, there are two ways in which Pareto dominance does not reflect the reasoning of a
physician when she determines whether one action is superior to another. First, an action
that has a slightly lower value along a single dimension, but is otherwise equivalent, will
be Pareto-dominated (and eliminated) even if this difference is clinically meaningless. A
physician with this knowledge would consider both actions in light of other “tie-breaking”
factors not known to the RL policy, e.g., cost, allergies, etc. Second, an action that is slightly
better for one reward but much worse for another would not be dominated, even though
it may realistically be a very poor choice, and perhaps even unethical. Chatterjee et al.
(2006) introduced ε-dominance which would partially address the first issue, but not the
second. We wish to eliminate only actions that are “obviously” inferior while maintaining
as much freedom of choice as possible. To accomplish this, we use the idea of practical
significance (Kirk, 1996) to develop a definition of domination based on the idea that in
real-world applications, small enough differences in expected reward simply do not matter.
Differences that fall below a threshold of importance are termed “practically insignificant.”
We introduce two notions of domination that are modifications of Pareto domination.
The first, Practical Domination, most accurately describes our intuition about the set of
actions that should be recommended. However, we show that it has an undesirable nontransitivity property. We then describe an alternative strategy based on what we call Strong
Practical Domination.

6. Practical domination

MOMDPs for Data-Driven Decision Support

(14)

(13)
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3. Throughout the text we will suffix each treatment name with its corresponding plot-marker.

We illustrate the output of non-deterministic fitted-Q using data from the Clinical Antipsychotic Trials of Intervention Effectiveness (CATIE) study. The CATIE study was
designed to compare sequences of antipsychotic drug treatments for the care of schizophrenia patients. The full study design is quite complex (Stroup and al, 2003; Swartz et al.,
2003); we use a simplified subset of the CATIE data in order to more clearly illustrate
the proposed methodology. CATIE was an 18-month study of n “ 1460 patients that
was divided into two main phases of treatment. Upon entry, most patients began “Phase
1,” and were randomized to one of five treatments3 with equal probability: olanzapineđ,
risperidone§, quetiapineĲ, ziprasidoneİ, or perphenazine‚. As time passed, patients were
given the opportunity to discontinue their Phase 1 treatment and begin “Phase 2” on a
new treatment. The possible Phase 2 treatments depended on the reason for discontinuing Phase 1 treatment. If the Phase 1 treatment was ineffective at reducing symptoms,
then patients entered the “Efficacy” arm of Phase 2, and their Phase 2 treatment was
chosen randomly as: {clozapine˛} with probability 1{2, or uniformly randomly from the
set {olanzapineđ, risperidone§, quetiapineĲ} with probability 1{2. Because relatively few
patients entered this arm, and because of the uneven action probabilities, it is reasonable
to combine {olanzapineđ, risperidone§, quetiapineĲ} into one “not-clozapine” action, and
we will do so here. If the Phase 1 treatment produced unacceptable side-effects, they entered the “Tolerability” arm of Phase 2, and their Phase 2 treatment was chosen uniformly
randomly from {olanzapineđ, risperidone§, quetiapineĲ, ziprasidoneİ}.
The goal of analyzing CATIE is to develop a two-time point policy (T “ 2), choosing the
intial treatment at t “ 1 and possibly a follow-up treatment at t “ 2. From a methodological
perspective, the t “ 1 policy is most interesting as it requires the computation of Q1 using
Algorithm 1. Previous authors have used batch RL to analyze data from this study using

7. Empirical Example: CATIE

The relation ăsp is transitive, and will not cause the unintuitive results of ăp . However, it
does not eliminate actions that are slightly better for one basis reward but much worse for
another. (Note that Dd P 1...D, QT rds psT , a2 q ą QT rds psT , a1 q ùñ a2 ćsp a1 .) We propose
a compromise: we will use ăsp as our partial order for producing NDPs as in Section 5.
However, if an action a would have been eliminated according to ăp but not according to
ăsp , we may “warn” that it may be a bad choice. This has no impact on computation
of Π and Q̂ at earlier time points, but can warn the user that choosing a entails taking a
practically significant loss on one basis reward to achieve a practically insignificant gain on
another.

If either of the above do not hold, we write a2 ćsp a1 .

Dd P 1, . . . , D QT rds psT , a2 q ă QT rds psT , a1 q ´ ∆d

@d P 1, . . . , D QT rds psT , a2 q ď QT rds psT , a1 q

Definition 5 (Strong Practical Domination) We say an action a2 is strongly practically dominated by a1 at state sT , and we write a2 ăsp a1 , if both of the following hold.

Lizotte and Laber
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indicate the “site type,” which is the type of facility at which the patient is being treated
(e.g. hospital, specialist clinic, etc.)
For Phase 2 patients in the Tolerability arm, the possible actions are A2TOL “ tđ, Ĳ, §, İu,
and the feature vectors we use are given by

Lizotte and Laber

1EX ,

1ST1 ,

1ST2 ,

1ST3 ,

s2:P , s2:B ,
1a2 “˛ , s2:P ¨ 1a2 “˛ , s2:B ¨ 1a2 “˛ s| .

1ST4 ,
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5. Note that Figure 2 is in fact a plot of the Q-function for Phase 1 at a state where pPANSS, BMIq “
p50.1, 48.6q, limited to a Qt of size of 20 for clarity.

The purpose of our empirical study is to demonstrate that our non-deterministic fitted-Q
algorithm is feasible to use on real clinical trial data, and that it can offer increased choice
over other approaches in a real-world setting. We will discuss several plots of different
NDPs. Each point on a plot represents one value of s1 in our data set, and at each point
is placed a marker for each action recommended by an NDP5 . To use the plots to make
a decision for Phase 1, one would find the point on the plot corresponding to a current
patient’s state, and see what actions are recommended for that state. One would then
decide among them using expert knowledge, knowing that according to the data and the
chosen solution concept, any of those actions would be optimal. Then the process would be
repeated should the patient move on to Phase 2, using the corresponding plots for T “ 2
(not shown.) It is important to note that the axes in Figures 5 through 8 represent state,
even though the same features (measured after treatment) are also used as reward values.
One can think of all of the learned NDPs that we present in the following experiments as
transformations of the raw trajectory data into recommended actions, made under different
solution concepts. The choice of solution concept is subjective and tied an application at

7.3 Results

We have four indicator features for different treatments at Phase 2, 1a1 “đ , 1a1 “‚ , 1a1 “Ĳ , and
1a1 “§ , with ziprasidone represented by turning all of these indicators off. We include the
product of each of these indicators with the PANSS percentile s1 at entry to the study, and
the remainder of the features are the same as for the Phase 2 feature vectors. (These are
collected before the study begins and are therefore available at Phase 1 as well.)

1a2 “Ĳ , s1:P ¨ 1a2 “Ĳ , s1:B ¨ 1a2 “Ĳ , 1a2 “§ , s1:P ¨ 1a2 “§ , s1:B ¨ 1a2 “§ s| .

1a2 “đ , s1:P ¨ 1a2 “đ , s1:B ¨ 1a2 “đ , 1a2 “‚ , s1:P ¨ 1a2 “‚ , s1:B ¨ 1a2 “‚ ,

φEFF ps2 , a2 q “ r1, 1TD , 1EX , 1ST1 , 1ST2 , 1ST3 , 1ST4 , s1:P , s1:B ,

Here we have three indicator features for different treatments at Phase 2, 1a2 “đ , 1a2 “§ ,
1a2 “Ĳ , with ziprasidone represented by turning all of these indicators off. Again we include
the product of each of these indicators with the PANSS percentile s2 . The remainder of the
features are the same as for the Phase 2 Efficacy patients.
For Phase 1 patients, the possible actions are A1 “ tđ, ‚, Ĳ, §, İu, and the feature vectors
we use are given by

1a2 “§ , s2:P ¨ 1a2 “§ , s2:B ¨ 1a2 “§ s| .

1a2 “đ , s2:P ¨ 1a2 “đ , s2:B ¨ 1a2 “đ , 1a2 “Ĳ , s2:P ¨ 1a2 “Ĳ , s2:B ¨ 1a2 “Ĳ ,

φTOL ps2 , a2 q “ r1, 1TD , 1EX , 1ST1 , 1ST2 , 1ST3 , 1ST4 , s2:P , s2:B ,

a single basis reward (Shortreed et al., 2011) and examining convex combinations of basis
rewards (Lizotte et al., 2012). In the following, we present the treatment recommendations
of a non-deterministic fitted-Q analysis that considers both symptom relief and side-effects,
and we compare with the output of a method by Lizotte et al. (2010, 2012). We begin by
describing our basis rewards and our state spaces for t “ 2 and t “ 1, and we then present
our results, paying particular attention to how much action choice is available using the
different methods.
7.1 Basis Rewards
We will use ordinary least squares to learn Q functions for two basis rewards. For our
first basis reward, we use the Positive and Negative Syndrome Scale (PANSS) which is a
numerical representation of the severity of psychotic symptoms experienced by a patient
(Kay et al., 1987). PANSS has been used in previous work on the CATIE study (Shortreed
et al., 2011; Lizotte et al., 2012; Swartz et al., 2003), and is measured for each patient at
the beginning of the study and at several times over the course of the study. Larger PANSS
scores are worse, so for our first basis reward rr1s we use 100 minus the percentile of a
patient’s PANSS at their exit from the study. We use the distribution of PANSS at intake
as the reference distribution for the percentile.
For our second basis reward, we use Body Mass Index (BMI), a measure of obesity.
Weight gain is an important and problematic side-effect of many antipsychotic drugs (Allison
et al., 1999), and has been studied in the multiple-reward context (Lizotte et al., 2012).
Because having a larger BMI is worse, for our second basis reward, rr2s , we use 100 minus
the percentile of a patient’s BMI at the end of the study, using the distribution of BMI at
intake as the reference distribution.
7.2 State Space

“ r1,

1TD ,

For our state space, we use the patient’s most recently recorded PANSS score, which experts
consider for decision making (Shortreed et al., 2011). We also include their most recent BMI,
and several baseline characteristics.
Because the patients who entered Phase 2 had different possible action sets based on
whether they entered the Tolerability or Efficacy arm, we learn separate Q-functions for
these two cases. The feature vectors we use for Stage 2 Efficacy patients are given by
φEFF
ps2 , a2 q

Here, s2:P and s2:B are the PANSS and BMI percentiles at entry to Phase 2, respectively.
Feature 1a2 “˛ indicates that the action at the second stage was clozapine˛ and not one
of the other treatments. We also have other features that do not influence the optimal
action choice but that are chosen by experts to reduce variance in the value estimates.4
1TD indicates whether the patient has had tardive dyskinesia (a motor-control side-effect),
1EX indicates whether the patient has been recently hospitalized, and 1ST1 through 1ST4

JMLR 17(211):1-28

4. See Section 4.2 of the paper by Shortreed et al. (2011) for an explanation of these kinds of features.
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Figure 6: NDP produced by ΠDă with Pareto Domination.
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Figure 5 serves as our baseline. It shows the NDP at Phase 1 produced using the
convex combination technique of Lizotte et al. (2012), which assumes a linear scalarization
function (equivalent to the convex Pareto partial order) and assumes that preferences are
fixed over time. One can see that for a large part of the state space, only ziprasidoneİ and
olanzapineđ are recommended. This occurs because for much of the state space, ziprasidoneİ
and olanzapineđ have Q values similar to those in Figure 2: olanzapineđ performs better on
PANSS than on BMI, and ziprasidoneİ has the opposite effect. These two treatments tend
to eliminate the more “moderate” actions by the mechanism we described in Figure 1. In

0

olan
perp

Non-Deterministic Policy
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hand; hence we will not argue that one result is necessarily “better” than another, but
rather illustrate some of the differences between them. Indeed, the ability to accommodate
different solution concepts is a strength of our approach. That said, we argue that if two
solution concepts are both acceptable for a given application, we should prefer the one that
offers more action choice to the decision-maker. Therefore, as we discuss the appropriateness
of different solution concepts for the CATIE data, and we will examine how the amount of
action choice varies for different solution concepts.

Figure 5: NDP produced by taking the union over actions recommended by Lizotte et al.
(2010, 2012)
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In our opinion, the convex Pareto domination solution criterion is overly eager to eliminate actions in this context, and the assumption of a fixed scalarization function is unrealistic. Figure 6 shows the NDP learned for Phase 1 using Algorithm 1 with Pareto domination
D , which relaxes these two assumptions. As expected, the recommended action sets
and Πă

this NDP, the mean number of choices per state is 2.26, and 100% of states have had one
or more actions eliminated.

D ; “warning” actions that would have been
Figure 7: CATIE NDP for Phase 1 made using Πă
eliminated by Practical Domination but not by Strong Practical Domination have
been removed.
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We now examine the actions that would be recommended if the decision-maker used the
Strong Practical Domination solution concept. Figure 7 shows the NDP learned for Phase
D , and
1 using our algorithm with Strong Practical Domination (∆1 “ ∆2 “ 2.5) and Πă
actions that receive a “warning” according to Practical Domination have been removed.
In this example, choice is further increased by requiring an action to be practically better

are larger. Despite the increased choice available, a user following these recommendations
can still achieve a value on the Pareto frontier even if their preferences change in Phase 2.
In this NDP, the mean number of choices per state is 4.14, and 68% of states have had at
least one eliminated.

BMI
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Our overarching goal is to expand the toolbox of data analysts by developing new, useful
methods for producing decision support systems in very challenging settings. To have
maximum impact, decision support must appropriately take into account the sequential
aspects of the problem at hand and at the same time acknowledge the fact that different
decision makers have different preferences. Working toward this goal, we have presented a
suite of novel ideas for learning non-deterministic policies for MDPs with multiple objectives.
We gave a formulation of fitted-Q iteration for multiple basis rewards, we discussed ways
of producing an NDP from a set Qt of Q-functions that depend on different future policies,
we introduced the idea of φ-consistent policies to control computational complexity, and
we introduced “practical domination” to help users express their preference over actions
without explicitly eliciting a preference over basis rewards. Finally, we showed using clinical
trial data how our method could be used, and we showed that the NDPs we are able to
learn offer more optimal action choice than previous approaches.
One of our next steps will be to augment the definition of practical dominance to incorporate our estimation uncertainty in the Q-values. We will also investigate more aggressive
“pruning” of the Qt to control computational complexity—one could even consider using a
single consistent policy per timestep, for example, by adding a margin-based objective to
the MIP as described in Section 3.

8. Discussion

Rather than restrict ourselves by trying to identify a single “best approach” for all
decision support systems, we have developed an algorithm that is modular: One could
substitute another notion of domination for the ones we proposed if another notion is
more appropriate for a given problem domain. Regardless of this choice, our algorithm
will suggest sets of actions that are optimal in the sense we have described. For some
applications, ΠDă may be appropriate; for other more conservative applications Π@ă may be
the only responsible choice. Note that we are not dictating how the output from the NDP is
used; one could imagine an interface that accepted patient state information and displayed
richer information based on ΠDă , Π@ă , and perhaps plots like Figure 2 to convey to the user
what the pros and cons are for the different actions. Our contributions make a wide variety
of new decision support systems possible.

than another action in order to dominate it, and although we have removed actions that
were warned to have a bad trade-off—those that were slightly better for one reward but
practically worse for another—we still provide increased choice over using the Pareto frontier
alone. In this NDP, the mean number of choices per state is 4.30, and 55% of states have
had one or more actions eliminated.
We now consider using the same solution concept but the more strict Π@ă definition for
constructing the NDP. Figure 8 shows the NDP learned for Phase 1 using our algorithm
with Strong Practical Domination (∆1 “ ∆2 “ 2.5) and Π@ă . Again, an action must be
practically better than another action in order to dominate it, which tends to increase action
choices. However, recall that for Π@ă we only recommend actions that are not dominated
by another action for any future policy. Hence, these actions are extremely “safe” in the
sense that they achieve an expected value on the ăsp -frontier as long as the user selects
from our recommended actions in the future. In this NDP, the mean number of choices
per state is 2.56, and 100% of states have had one or more actions eliminated. Hence, we
have a trade-off here: Relative to ΠDă , this approach reduces choice, yet increases safety;
whether or not this is preferable will depend on the application at hand. That said, using
Π@ă in this way provides more choice than recommending actions based on convex Pareto
optimality and a fixed future policy, while at the same time providing a guarantee that the
recommended actions are safe choices even if preferences change.
Using φ-consistency to reduce the size of Qt was critical for all of our analyses. In the
Phase 2 Tolerability NDP there are over 10124 consistent policies but only 1213 φ-consistent
policies, and in the Phase 2 Efficacy NDP there are 1 048 576 consistent policies but only
98 φ-consistent policies. Finding the φ-consistent policies took less than one minute on an
Intel Core i7 at 3.4 GHz using Python and CPLEX.

Acknowledgments

Lizotte and Laber

MOMDPs for Data-Driven Decision Support

MOMDPs for Data-Driven Decision Support

E. E. M. Moodie, T. S. Richardson, and D. A. Stephens. Demystifying optimal dynamic
treatment regimes. Biometrics, 63(2):447–455, 2007.

Lizotte and Laber

28

JMLR 17(211):1-28

P. Vamplew, R. Dazeley, A. Berry, R. Issabekov, and E. Dekker. Empirical evaluation
methods for multiobjective reinforcement learning algorithms. Machine Learning, 84:
51–80, 2011.

P. Vamplew, R. Dazeley, E. Barker, and A. Kelarev. Constructing stochastic mixture policies
for episodic multiobjective reinforcement learning tasks. In The 22nd Australasian Conf.
on AI, 2009.

I. Tsochantaridis, T. Joachims, T. Hoffmann, and Y. Altun. Large margin methods for
structured and independent output variables. Journal of Machine Learning Research, 6:
1453–1484, 2005.

M. S. Swartz, D. O. Perkins, T. S. Stroup, J. P. McEvoy, J. M. Nieri, and D. D. Haal.
Assessing clinical and functional outcomes in the clinical antipsychotic of intervention
effectiveness (CATIE) schizophrenia trial. Schizophrenia Bulletin, 29(1), 2003.

T. S. Stroup and al. The national institute of mental health clinical antipsychotic trials
of intervention effectiveness (CATIE) project: Schizophrenia trial design and protocol
development. Schizophrenia Bulletin, 29(1), 2003.

V. J. Strecher, S. Shiffman, and R. West. Moderators and mediators of a web-based
computer-tailored smoking cessation program among nicotine patch users. Nicotine &
tobacco research, 8(S. 1):S95, 2006.

S. Shortreed, E. B. Laber, D. J. Lizotte, T. S. Stroup, J. Pineau, and S. A. Murphy. Informing sequential clinical decision-making through reinforcement learning: an empirical
study. Machine Learning, 84(1–2):109–136, 2011.

S. Shalev-Shwartz and S. Ben-David. Understanding Machine Learning. Cambridge University Press, 2014. Cambridge Books Online.

D. M. Roijers, P. Vamplew, S. Whiteson, and R. Dazeley. A survey of multi-objective
sequential decision-making. Journal of Artificial Intelligence Research, 48:67–113, 2013.

A. N. Rafferty, E. Brunskill, T. L. Griffiths, and P. Shafto. Faster teaching by POMDP
planning. In International Conference on Artificial Intelligence in Education (AIED),
pages 280–287, Berlin, Heidelberg, 2011. Springer-Verlag. ISBN 978-3-642-21868-2.
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Given a high-dimensional data set, we often wish to find the strongest relationships within
it. A common strategy is to evaluate a measure of dependence on every variable pair and
retain the highest-scoring pairs for follow-up. This strategy works well if the statistic used
(a) has good power to detect non-trivial relationships, and (b) is equitable, meaning that
for some measure of noise it assigns similar scores to equally noisy relationships regardless
of relationship type (e.g., linear, exponential, periodic). In this paper, we define and
theoretically characterize two new statistics that together yield an efficient approach for
obtaining both power and equitability. To do this, we first introduce a new population
measure of dependence and show three equivalent ways that it can be viewed, including as a
canonical “smoothing” of mutual information. We then introduce an efficiently computable
consistent estimator of our population measure of dependence, and we empirically establish
its equitability on a large class of noisy functional relationships. This new statistic has
better bias/variance properties and better runtime complexity than a previous heuristic
approach. Next, we derive a second, related statistic whose computation is a trivial side-
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The growing dimensionality of today’s data sets has popularized the idea of hypothesisgenerating science, whereby a data set is used not to test existing hypotheses but rather
to help a researcher formulate new ones. A common approach among practitioners is to
evaluate some statistic on many candidate variable pairs in a data set, sort the variable
pairs from highest-scoring to lowest, and manually examine all the pairs above a threshold
score (Storey and Tibshirani, 2003; Emilsson et al., 2008).
A popular class of statistics used for such analyses is measures of dependence, i.e., statistics whose population value is zero in cases of statistical independence and non-zero otherwise. Measures of dependence are attractive because they guarantee that asymptotically
no non-trivial relationship will erroneously be declared trivial. In the setting of continuousvalued data, which is our focus, there is a long line of fruitful research on such statistics
including, e.g., Hoeffding (1948); Rényi (1959); Breiman and Friedman (1985); Paninski
(2003); Székely et al. (2007); Gretton et al. (2005); Reshef et al. (2011); Gretton et al.
(2012); Lopez-Paz et al. (2013); Heller et al. (2013); Jiang et al. (2015); Heller et al. (2016).
One way to measure the utility of a measure of dependence ϕ̂ is power against independence, i.e., the power of independence testing based on ϕ̂ to detect various types of non-trivial
relationships. This is an important goal for data sets that have very few non-trivial relationships, or only very weak relationships that are difficult to detect. Often, however, the number
of relationships declared statistically significant by a measure of dependence greatly exceeds
the number of relationships that can then be explored further. For example, biological data
sets often contain many non-trivial relationships, but further corroborating any one of them
may take extensive manual lab work or a study on human or animal subjects. In this case,
it is tempting to restrict follow-up to a few relationships with the highest values of ϕ̂, but
this can skew the direction of follow-up work: if ϕ̂ systematically assigns higher scores to,
say, linear relationships than to non-linear ones, relatively noisy linear relationships might
crowd out strong non-linear relationships from the top-scoring set.
Motivated by this problem, we previously introduced a second way of assessing a measure
of dependence, called equitability (Reshef et al., 2011). Informally, an equitable statistic is
one that, for some measure of relationship strength, assigns similar scores to equally strong
relationships regardless of relationship type. For instance, we may want our measure of
dependence to also have the property that on noisy functional relationships it assigns similar
scores to relationships with the same R2 , i.e., the squared Pearson correlation between
the observed y-values and the x-values passed through the underlying function in question
(Reshef et al., 2011). Or, alternatively, we may want the value of our statistic to tell us about
the proportion of points coming from the deterministic component of a mixture containing
part signal and part uniform noise (Ding and Li, 2013). Defining measures of dependence
that achieve good equitability with respect to interesting measures of relationship strength

1. Introduction

product of our algorithm and whose goal is powerful independence testing rather than
equitability. We prove that this statistic yields a consistent independence test and show in
simulations that the test has good power against independence. Taken together, our results
suggest that these two statistics are a valuable pair of tools for exploratory data analysis.
Keywords: maximal information coefficient, total information coefficient, equitability,
statistical power, mutual information
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then demonstrate via simulation that it outperforms currently available methods in terms
of equitability with respect to R2 on a broad set of noisy functional relationships. We show
this performance advantage both on the set of functional relationships analyzed in Reshef
et al. (2011) as well as on a large set of randomly chosen noisy functional relationships.

Reshef, Reshef, Finucane, Sabeti, and Mitzenmacher

4

JMLR 17(212):1-63

In addition to the companion paper Reshef et al. (2015b), which focuses on the theory
behind equitability, this paper is accompanied by a second companion work (Reshef et al.,
2015a) that explores in detail the empirical performance of the methods introduced here.
That paper compares MICe and TICe to several leading measures of dependence (Kraskov
et al., 2004; Székely and Rizzo, 2009; Heller et al., 2013, 2016; Gretton et al., 2005; Breiman
and Friedman, 1985; Lopez-Paz et al., 2013) on a broad range of relationship types under
many different sampling and noise models, finding that the equitability with respect to R2
of MICe and the power of independence testing using TICe are both state-of-the-art on the
relationships examined. It also shows that these methods can be computed very fast in
practice.

The main strength of MICe is equitability rather than power to reject a null hypothesis of
independence. In some settings, though, it may be more important to focus on good power
against independence. We therefore introduce here a statistic closely related to MICe called
the total information coefficient and denoted TICe . We prove the consistency of testing
for independence using TICe , and show via simulations that it achieves excellent power in
practice, performing comparably to or better than current methods on an index suite of
relationships from Simon and Tibshirani (2012). Because TICe arises naturally as a sideproduct of the computation of MICe , it is available “for free” once MICe has been computed.
This leads us to propose a data analysis strategy consisting of first using TICe to filter out
non-significant relationships, and then ranking the remaining ones using the simultaneously
computed values of MICe .

Importantly, we note that although there are methods for directly estimating the R2 of a
noisy functional relationship via nonparametric regression (see, e.g., Cleveland and Devlin,
1988; Stone, 1977), those methods are not applicable in the context of equitability because
they are not measures of dependence. That is, because non-parametric regression methods
assume a functional form for the relationship in question, they can give trivial scores to
non-functional relationships, even in the large-sample limit. (A simple example of this is
a uniform distribution over a circle, whose regression function is constant.) In contrast, a
measure of dependence is guaranteed never to make this “mistake”. A measure of dependence
that is equitable with respect to R2 can therefore be viewed either as an “upgraded” measure
of dependence that also comes with some of the interpretability properties of non-parametric
regression, or as an “upgraded” approximate non-parametric regression method that also has
the robustness properties of a measure of dependence.

We choose in this paper to analyze equitability specifically with respect to R2 , rather
than some other notion of relationship strength, because R2 on noisy functional relationships
is a simple measure with broad familiarity and intuitive interpretation among practitioners.
Of course, it is also important to develop measures of dependence that are equitable with
respect to notions of relationship strength besides R2 or on families of relationships besides
noisy functional relationships; however, our focus here remains on the “simple” case of R2
on noisy functional relationships.

is a new and challenging problem, with a number of different formalizations. (See, e.g.,
Reshef et al., 2015b and Ding and Li, 2013 cited above, as well as Kinney and Atwal, 2014
along with associated technical comments Reshef et al., 2014 and Murrell et al., 2014.) A
companion paper to this work (Reshef et al., 2015b) presents a general formalization that
unifies these.
In this paper, we introduce and theoretically characterize two new measures of dependence that we empirically show to have good equitability with respect to R2 and power
against independence, respectively. We begin by introducing a new population measure
of dependence called MIC∗ . Given a pair of jointly distributed random variables (X, Y ),
MIC∗ (X, Y ) is the supremum, over all finite grids G imposed on the support of (X, Y ), of
the mutual information of the discrete distribution induced by (X, Y ) on the cells of G,
subject to a regularization based on the resolution of G. We prove three results, each of
which gives a different way that this population quantity can be viewed.
1. MIC∗ is the population value of the maximal information coefficient (MIC), a statistic
introduced in Reshef et al. (2011) that is empirically highly equitable with respect to
R2 on a large class of noisy functional relationships. Simple corollaries of this result
simplify and strengthen many of the theoretical results proven in Reshef et al. (2011)
about MIC.
2. MIC∗ is a minimal smoothing of mutual information, in the sense that the regularization in the definition of MIC∗ renders it uniformly continuous as a function of random
variables with respect to statistical distance, and no “smaller” regularization achieves
continuity. This result yields as a corollary that mutual information by itself is not
continuous with respect to statistical distance.
3. MIC∗ is the supremum of an infinite sequence defined in terms of optimal (onedimensional) partitions of the marginal distributions of (X, Y ) rather than optimal
(two-dimensional) grids imposed on the joint distribution. This characterization greatly
simplifies computation.

JMLR 17(212):1-63

After proving these three results, we leverage them to introduce efficient algorithms both
for approximating MIC∗ in practice and for estimating it consistently from a finite sample.
We first provide an efficient algorithm that in many cases allows for computation to arbitrary
precision of the MIC∗ of a pair of random variables whose joint density is known. We then
introduce a statistic, called MICe , that we prove is a consistent estimator of MIC∗ . In
contrast to the MIC statistic from Reshef et al. (2011), for which no efficient algorithm is
known and a heuristic algorithm is used in practice, MICe is efficiently computable. It has
a better runtime complexity than the heuristic algorithm currently in use for computing the
original MIC statistic, and is orders of magnitude faster in practice.
With a consistent and fast estimator for MIC∗ in hand, we turn to empirical analysis of its
performance. Specifically, we show through simulation that MICe has better bias/variance
properties than the heuristic algorithm used in Reshef et al. (2011) for computing MIC,
which has no theoretical convergence guarantees. Our analysis also reveals that the main
parameter of MICe can be used to tune statistical performance toward either stronger or
weaker relationships in general. After studying the bias/variance properties of MICe , we
3



Ak,`
0

k` ≤ i
.
k` > i

I((X, Y )|G )
log kGk

I ∗ ((X, Y ), k, `)
log min{k, `}
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where M (X, Y ) is the population characteristic matrix of (X, Y ).
The population characteristic matrix is so named because just as MIC∗ , the supremum of
this matrix, captures a sense of relationship strength, other properties of this matrix correspond to different properties of relationships. For instance, later in this paper we introduce
an additional property of the characteristic matrix, the total information coefficient, that
is useful for testing for the presence or absence of a relationship rather than quantifying
relationship strength.

MIC∗ (X, Y ) = sup M (X, Y )

Proposition 3 Let (X, Y ) be jointly distributed random variables. We have

It is easy to see the following:

for k, ` > 1.

M (X, Y )k,` =

The population characteristic matrix of (X, Y ), denoted by M (X, Y ), is defined by

G∈G(k,`)

I ∗ ((X, Y ), k, `) = max I((X, Y )|G ).

Definition 2 Let (X, Y ) be jointly distributed random variables. Let

Given that I(X, Y ) = supG I((X, Y )|G ) (see, e.g., Chapter 8 of Cover and Thomas 2006),
this can be viewed as a regularized version of mutual information that penalizes complicated
grids and ensures that the result falls between zero and one.
Before we continue, we state one simple equivalent definition of MIC∗ that is useful for
the results in this section. This definition views MIC∗ as the supremum of a matrix called
the population characteristic matrix, defined below.

where kGk denotes the minimum of the number of rows of G and the number of columns of
G.

G

MIC∗ (X, Y ) = sup

Definition 1 Let (X, Y ) be jointly distributed random variables. The population maximal
information coefficient (MIC∗ ) of (X, Y ) is defined by

The population maximal information coefficient can be defined in several equivalent ways,
as we will see later. For now, we begin with the simplest definition.

3.1 Defining MIC∗

Reshef, Reshef, Finucane, Sabeti, and Mitzenmacher

In this section, we define and characterize the population maximal information coefficient
MIC∗ . We begin by defining the population quantity MIC∗ (X, Y ) for a pair of jointly
distributed random variables (X, Y ). We then show three different ways to characterize this
population quantity: first, as the large-sample limit of the statistic MIC from Reshef et al.
(2011); second, as a minimally smoothed version of mutual information; and third, as the
supremum of an infinite sequence defined in terms of optimal one-dimensional partitions of
the marginal distributions of (X, Y ). We conclude the section by showing how the third
characterization leads to an efficient approach for approximating MIC∗ in practice from the
density of (X, Y ).

3. The Population Maximal Information Coefficient MIC∗

Unless noted otherwise, all logarithms are to base 2.

ri (A)k,` =

We work extensively in this paper with grids and discrete distributions over their cells.
Given a grid G and a point (x, y), we define the function rowG (y) to be the row of G
containing y and we define colG (x) analogously. For a pair (X, Y ) of jointly distributed
random variables, we write (X, Y )|G to denote (colG (X), rowG (Y )), and we use I((X, Y )|G )
to denote the discrete mutual information (Cover and Thomas, 2006; Csiszár and Shields,
2004; Csiszár, 2008) between colG (X) and rowG (Y ). Given a finite sample D from the
distribution of (X, Y ), we sometimes use D to refer both to the set of points in the sample
as well as to a point chosen uniformly at random from D. In the latter case, it will then
make sense to talk about, e.g., D|G and I(D|G ).
For natural numbers k and `, we use G(k, `) to denote the set of all k-by-` grids (possibly
with empty rows/columns). A grid G is an equipartition of (X, Y ) if all the rows of (X, Y )|G
have the same probability mass, and all the columns do as well. We also use the term
equipartition in the analogous way for one-dimensional partitions into just rows or columns.
For a one-dimensional partition P into rows and a one-dimensional partition Q into columns,
we write (P, Q) to refer to the grid constructed from these two partitions. When a partition
P can be obtained from a partition P 0 by addition of separators alone, we write P 0 ⊂ P .
Finally, let us establish some notation for infinite matrices. We use m∞ to denote the
space of infinite matrices equipped with the supremum norm. Given a matrix A ∈ m∞ , we
often examine only the k, `-th entries of A for which k` ≤ i for some i. Thus, for i ∈ Z+ ,
we define the projection ri : m∞ → m∞ via

2. Preliminaries

Taken together, our results shed significant light on the theory behind the maximal
information coefficient, and suggest that TICe and MICe are a useful pair of methods for
data exploration. Specifically, they point to joint use of these two statistics to filter and
then rank relationships as a fast, practical way to explore large data sets by measuring
dependence both powerfully and equitably.
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3.2 First Alternate Characterization: MIC∗ Is the Population Value of MIC

With MIC∗ defined, we now state our first alternate characterization of it, as the largesample limit of the statistic MIC introduced in Reshef et al. (2011). We begin by first
reproducing a description of MIC from Reshef et al. (2011), via the two definitions below.
Definition 4 (Reshef et al., 2011) Let D ⊂ R2 be a set of ordered pairs. The sample
c(D) of D is defined by
characteristic matrix M
∗
c(D)k,` = I (D, k, `) .
M
log min{k, `}

k`≤B(n)

Definition 5 (Reshef et al., 2011) Let D ⊂ R2 be a set of n ordered pairs, and let B :
Z+ → Z+ . We define
c(D)k,` .
MICB (D) = max M

where the function B(n) is specified by the user. In Reshef et al. (2011), it was suggested
that B(n) be chosen to be nα for some constant α in the range of 0.5 to 0.8. (The statistics
we introduce later will have an analogous parameter; see Section 4.4.1.)
We show the following result about convergence of functions of the sample characteristic
matrix to their population counterparts, a consequence of which is the convergence of MIC
to MIC∗ . (In the theorem statement below, recall that m∞ is the space of infinite matrices
equipped with the supremum norm, and given a matrix A the projection ri zeros out all the
entries Ak,` for which k` > i.)
Theorem 6 Let f : m∞ → R be uniformly continuous, and assume that f ◦ ri → f pointwise. Then for every random variable (X, Y ), we have


c(Dn ) → f (M (X, Y ))
M
f ◦ rB(n)

in probability where Dn is a sample of size n from the distribution of (X, Y ), provided
ω(1) < B(n) ≤ O(n1−ε ) for some ε > 0.

Proof See Appendix A.
Since the supremum of a matrix is uniformly continuous as a function on m∞ and can
be realized as the limit of maxima of larger and larger segments of the matrix, this theorem
yields our claim about MIC∗ as a corollary.
Corollary 7 MICB is a consistent estimator of MIC∗ provided ω(1) < B(n) ≤ O(n1−ε ) for
some ε > 0.

JMLR 17(212):1-63

Though Theorem 6 is proven in Appendix A, we provide here some intuition for why it
should hold as well as a description of the obstacles that must be overcome in the proof.
For concreteness, suppose f is the supremum function. To see why the theorem should
hold, fix a random variable (X, Y ) and let D be a sample of size n from its distribution. It
is known that for a fixed grid G I(D|G ) is a consistent estimator of I((X, Y )|G ) (Roulston,
7
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1999; Paninski, 2003). We might therefore expect I ∗ (D, k, `) to be a consistent estimator of
I ∗ ((X, Y ), k, `) as well. And if I ∗ (D, k, `) is a consistent estimator of I ∗ ((X, Y ), k, `), then
we might expect the maximum of the sample characteristic matrix (which just consists of
normalized I ∗ terms) to be a consistent estimator of the supremum of the true characteristic
matrix.
These intuitions turn out to be true, but there are two reasons they are non-trivial
to prove. First, consistency for I ∗ does not follow from abstract considerations since the
supremum of an infinite set of estimators is not necessarily a consistent estimator of the
supremum of the estimands.1 Second, consistency of I ∗ alone does not suffice to show that
the maximum of the sample characteristic matrix converges to MIC∗ . In particular, if B(n)
grows too quickly, and the convergence of I ∗ (D, k, `) to I ∗ ((X, Y ), k, `) is slow, inflated
values of MIC can result. To see this, notice that if B(n) = ∞ then MIC = 1 for uniformly
generated noise at any finite sample size, even though each individual entry of the sample
characteristic matrix converges to its true value eventually.
The technical heart of the proof is overcoming these obstacles by using the dependencies
between the quantities I(D|G ) for different grids G to not only show the consistency of
I ∗ (D, k, `) but then to quantify how quickly I ∗ (D, k, `) converges to I ∗ ((X, Y ), k, `).

3.3 Second Alternate Characterization: MIC∗ Is a Minimally Smoothed
Mutual Information

I((X, Y )|G )
log kGk

We now describe a second equivalent view of MIC∗ . Recall that for a pair of jointly distributed random variables (X, Y ), we defined MIC∗ (X, Y ) as

G

MIC∗ (X, Y ) = sup

where kGk denotes the minimum of the number of rows of G and the number of columns
of G. As we discussed in Section 3.1, the mutual information I(X, Y ) is also a supremum,
namely

G

I(X, Y ) = sup I((X, Y )|G ).

and so MIC∗ can be viewed as a regularized version of I. It is natural to ask whether the
regularization in the definition of MIC∗ has any smoothing effect on I. In this sub-section
we show first that it does, in the sense that MIC∗ is uniformly continuous as a function
of random variables with respect to the metric of statistical distance,2 and second that the
regularization by log kGk is in some sense the minimal one necessary for achieving any sort
of continuity. As a corollary, we obtain that I by itself is not continuous as a function of

JMLR 17(212):1-63

1. If θ̂1 , . . . , θ̂k is a finite set of estimators, then a union bound shows that the random variable
(θ̂1 (D), . . . , θ̂k (D)) converges in probability to (θ1 , . . . , θk ) with respect to the supremum metric. The
continuous mapping theorem then gives the desired result. However, if the set of estimators is infinite, the union bound cannot be employed. And indeed, if we let θ1 = · · · = θk = 0, and
let θ̂i (Dn ) = i/n deterministically, then each θ̂i is a consistent estimator of θi , but since the set
{θ̂1 (Dn ), θ̂2 (Dn ), . . .} = {1/n, 2/n, . . .} is unbounded, supi θ̂i (Dn ) = ∞ for every n.
2. Recall that the statistical distance between random variables A and B is defined as
supT |P (A ∈ T ) − P (B ∈ T )|. When A and B have probability density functions or probability mass
functions, this equals one-half of the L1 distance between those functions.

8

3.4 Third Alternate Characterization: MIC∗ Is the Supremum of the
Boundary of the Characteristic Matrix

Theorem 8 The map from P(R2 ) to m∞ defined by (X, Y ) 7→ M (X, Y ) is uniformly
continuous.

9
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The same result can also be shown for the squared Linfoot correlation (Speed, 2011; Linfoot,
1957), which equals 1 − 2−2I where I represents mutual information. Thus, though the
Linfoot correlation smoothes the mutual information enough to cause it to lie in the unit
interval, it does not smooth the mutual information sufficiently to cause it to be continuous.

Proof Mutual information is the supremum of M N with N ≡ 1.

Corollary 11 Mutual information is not continuous on P([0, 1] × [0, 1]) ⊂ P(R2 ).

The above proposition implies that the “smoothing” that MIC∗ applies to mutual information is necessary in some sense. In particular, one corollary of the proposition is that
mutual information with no smoothing will contain a disconuity.

Proof See Appendix C.

If N (k, `) = o(log min{k, `}) along some infinite path in N × N, then M N and sup M N are
not continuous as functions of P([0, 1] × [0, 1]) ⊂ P(R2 ).

Proposition 10 For some function N (k, `), let M N be the characteristic matrix with normalization N , i.e.,
I ∗ ((X, Y ), k, `)
M N (X, Y )k,` =
.
N (k, `)

Similar corollaries exist for any uniformly continuous function of the characteristic matrix.
Interestingly, Theorem 8 relies crucially on the normalization in the definition of the
characteristic matrix. This is not a coincidence: as the following proposition shows, any
normalization that is meaningfully smaller than the one in the definition of the characteristic
matrix will cause the matrix to contain a discontinuity as a function on P(R2 ).

Corollary 9 The map (X, Y ) 7→ MIC∗ (X, Y ) is uniformly continuous.

Since the supremum is a uniformly continuous function on m∞ , Theorem 8 yields the
following corollary.

10

where M (X, Y ) is the population characteristic matrix of (X, Y ).

MIC∗ (X, Y ) = sup ∂M (X, Y )

Theorem 15 Let (X, Y ) be a random variable. We have
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The theorem below then gives a relationship between the boundary of the characteristic
matrix and MIC∗ .

Definition 14 Let M be a population characteristic matrix. The boundary of M is the set
[
∂M = {Mk,↑ : 1 < k < ∞} {M↑,` : 1 < ` < ∞}.

The above corollary allows us to define the boundary of the characteristic matrix.

Corollary 13 Let M be a population characteristic matrix. Then Mk,↑ exists, is finite, and
equals sup`≥k Mk,` . The same is true for M↑,` .

Since the entries of the characteristic matrix are bounded, the monotone convergence
theorem then gives the following corollary. In the corollary and henceforth, we let Mk,↑ =
lim`→∞ Mk,` and define M↑,` similarly.

Proof Let (X, Y ) be the random variable in question. Since we can always let a row/column
be empty, we know that I ∗ ((X, Y ), k, `) ≤ I ∗ ((X, Y ), k, ` + 1). And since `, ` + 1 ≥ k, we
know that Mk,` = I ∗ ((X, Y ), k, `)/ log k ≤ I ∗ ((X, Y ), k, ` + 1)/ log k = Mk,`+1 .

Proposition 12 Let M be a population characteristic matrix. Then for ` ≥ k, Mk,` ≤
Mk,`+1 .

We now show the third alternate view of MIC∗ : that it can be equivalently defined as the
supremum over a boundary of the characteristic matrix rather than as a supremum over all
of the entries of the matrix. This characterization of MIC∗ will serve as the foundation both
for our approach to approximating MIC∗ (X, Y ) as well as the new estimator of MIC∗ that
we introduce later in this paper.
We begin by defining what we mean by the boundary of the characteristic matrix. Our
definition rests on the following observation.

As we remarked previously, these results, when contrasted with the uniform continuity
of MIC∗ , allow us to view the latter as a canonical “minimally smoothed” version of mutual
information that is uniformly continuous. This view gives a meaningful interpretation to
the normalization used in MIC∗ . Understanding MIC∗ as having smoothness properties
not shared by mutual information also suggests that estimators of MIC∗ may have better
statistical properties than estimators of ordinary mutual information. This is consistent
with a recent hardness-of-estimation result for mutual information in Ding and Li (2013)
and is also borne out empirically in Reshef et al. (2015a).

random variables with respect to the metric of statistical distance. This provides a view of
MIC∗ as a canonical smoothing of I that yields continuity.
Formally, let P(R2 ) denote the space of random variables supported on R2 equipped with
the metric of statistical distance. Our first claim is that as a function defined on P(R2 ),
MIC∗ is uniformly continuous. We prove this claim by establishing a stronger result: the
uniform continuity of the characteristic matrix M (X, Y ). Specifically, by showing that
the family of maps corresponding to each individual entry of the characteristic matrix is
uniformly equicontinuous, we obtain the following result.

Proof See Appendix B.
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in Practice

Proof The following argument shows that every entry of M is at most sup ∂M : fix a pair
(k, `) and notice that either k ≤ `, in which case Mk,` ≤ Mk,↑ , or ` ≤ k, in which case
Mk,` ≤ M↑,` . Thus, MIC∗ ≤ sup{M↑,` } ∪ {Mk,↑ } = sup ∂M .
On the other hand, Corollary 13 shows that each element of ∂M is a supremum over
some elements of M . Therefore, sup ∂M , being a supremum over suprema of elements of
M , cannot exceed sup M = MIC∗ .

3.5 Approximating

12

JMLR 17(212):1-63

As we have shown, MIC∗ is the population value of the statistic MIC introduced in Reshef
et al. (2011). However, though consistent, the statistic MIC is not known to be efficiently
computable and in Reshef et al. (2011) a heuristic approximation algorithm called ApproxMIC was computed instead. In this section, we leverage the theory we have developed here

4. Estimating MIC∗ with MICe

The algorithm proposed in Theorem 18 gives us a polynomial-time method for computing
any finite subset of the boundary ∂M of the population characteristic matrix M (X, Y ) of
a random variable (X, Y ). Thus, if we have some k0 , `0 such that the maximum of the
finite subset {Mk,↑ , M↑,` : k ≤ k0 , ` ≤ `0 } of ∂M will be ε-close to the supremum of the
entire set ∂M , we can compute MIC∗ (X, Y ) to within an error of ε. Though we usually
do not have precise knowledge of k0 and `0 , for many distributions it is often easy to make
very conservative educated guesses for them, in which case this algorithm allows us to
approximate MIC∗ (X, Y ) very well in practice.
Being able to compute MIC∗ (X, Y ) to arbitrary precision in some cases has two main
advantages. The first advantage is that it allows us to assess in simulations the large-sample
properties of MIC∗ independent of any estimator. This is done in the companion paper
(Reshef et al., 2015a), which shows that MIC∗ achieves high equitability with respect to
R2 on a set of noisy functional relationships thereby confirming that statistically efficient
estimation of MIC∗ is a worthwhile goal.
The second advantage is that we can empirically assess the bias, variance, and expected
squared error of estimators of MIC∗ by taking a distribution, computing MIC∗ , and then
comparing the result to estimates of it based on finite samples. In the next section, we
introduce a new estimator MICe of MIC∗ and carry out such an analysis to compare its
statistical properties to those of the statistic MIC from Reshef et al. (2011).

Proof See Appendix E.

Theorem 18 Given a random variable (X, Y ), Mk,↑ (resp. M↑,` ) is computable to within an
additive error of O(kε log(1/(kε))) + E (resp. O(`ε log(1/(`ε))) + E) in time O(kT (E)/ε)
(resp. O(`T (E)/ε)), where T (E) is the time required to numerically compute the mutual
information of a continuous distribution to within an additive error of E.

2 ≤ i ≤ k, the partition into rows Pi ⊂ Π that maximizes the mutual information of D|(Pi ,Q)
among all sub-partitions of Π of size at most i. The algorithm works by exploiting the fact
that, conditioned on the location y of the top-most line of Pi , the optimization of the rest of
Pi can be formulated as a sub-problem that depends only on the data points below y. The
algorithm uses dynamic programming to store and reuse solutions to these subproblems, resulting in a runtime of O(|Π|2 k`). If a black-box algorithm is used to compute each required
mutual information in time at most T , then the runtime of the algorithm can be shown to
be O(T k|Π|).
The following theorem shows that the theory developed about the boundary of the characteristic matrix, together with OptimizeXAxis, yields an efficient algorithm for computing
entries of the boundary to arbitrary precision.

MIC∗

The importance of the characterization in Theorem 15 from the previous sub-section is
computational. Specifically, elements of the boundary of the characteristic matrix can be
expressed in terms of a maximization over (one-dimensional) partitions rather than (twodimensional) grids, the former being much quicker to compute exactly. This is stated in the
theorem below.

I(X, Y |P )
log k

Theorem 16 Let M be a population characteristic matrix. Then Mk,↑ equals
max

P ∈P (k)

where P (k) denotes the set of all partitions of size at most k.
Proof See Appendix D.
To formally state how this will help us from an algorithmic standpoint, we note that
Theorems 15 and 16 above together give the following corollary.
Corollary 17 Let (X, Y ) be a random variable, and let P be the set of finite-size partitions.
Then

 

[
I(X, Y |P )
I(X|P , Y )
:P ∈P
:P ∈P
log |P |
log |P |

MIC∗ (X, Y ) = sup

where |P | is the number of bins in the partition P .

We can exploit the fact that the expressions in the above corollary involve maximization
only over one-dimensional partitions rather than two-dimensional grids to give an algorithm
for computing elements of the boundary of the characteristic matrix to arbitrary precision,
and by extension an approach to approximating MIC∗ in practice. To do so, we utilize as a
subroutine a dynamic programming algorithm from Reshef et al. (2011) called OptimizeXAxis. Before continuing, we therefore give a brief overview of that algorithm.
Overview of OptimizeXAxis algorithm from Reshef et al. (2011). The OptimizeXAxis algorithm takes as input a set D of n data points, a fixed partition into columns3 Q
of size `, a “master” partition into rows Π, and a number k. The algorithm returns, for
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3. Despite its name, the OptimizeXAxis algorithm can be used to optimize a partition of either axis. In
our description of the algorithm here, we choose to describe the algorithm as it would work for optimizing
a partition of the y-axis rather than the x-axis. This is for notational coherence of this paper only.

11

max

G∈G(k,[`])

I ((X, Y )|G )

for k, ` > 1.

I [∗] ((X, Y ), k, `)
log min{k, `}

13

[M ](X, Y )k,` =
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Definition 20 Let (X, Y ) be jointly distributed random variables. The population equicharacteristic matrix of (X, Y ), denoted by [M ](X, Y ), is defined by

We now define the equicharacteristic matrix in terms of I [∗] . In the definition below, we
continue our convention of using brackets to denote the presence of equipartitions.

where G(k, [`]) is the set of k-by-` grids whose y-axis partition is an equipartition of size `.
Define I ∗ ((X, Y ), [k], `) analogously.
Define I [∗] ((X, Y ), k, `) to equal I ∗ ((X, Y ), k, [`]) if k < ` and I ∗ ((X, Y ), [k], `) otherwise.

I ∗ ((X, Y ), k, [`]) =

Definition 19 Let (X, Y ) be jointly distributed random variables. Define

We now define the equicharacteristic matrix and show that its supremum is indeed MIC∗ .
To do so, we first define a version of I ∗ that equipartitions the dimension with more
rows/columns. Note that in the definition, brackets are used to indicate the presence of
an equipartition.

4.1 The Equicharacteristic Matrix

to introduce a new estimator of MIC∗ that is both consistent and efficiently computable.
The new estimator, called MICe , has better runtime complexity even than the heuristic
Approx-MIC algorithm, and runs orders of magnitude faster in practice.
The estimator MICe is based on one of the alternate characterizations of MIC∗ proven in
the previous section. Namely, if MIC∗ can be viewed as the supremum of the boundary of the
characteristic matrix rather than of the entire matrix, then only the boundary of the matrix
must be accurately estimated in order to estimate MIC∗ . This has the advantage that,
whereas computing individual entries of the sample characteristic matrix involves finding
optimal (two-dimensional) grids, estimating entries of the boundary requires us only to
find optimal (one-dimensional) partitions. While the former problem is computationally
difficult, the latter can be solved using the dynamic programming algorithm from Reshef
et al. (2011) that we also employed in Section 3.5 to compute MIC∗ to arbitrary precision
in the large-sample limit.
We formalize this idea via a new object called the equicharacteristic matrix, which we denote by [M ]. The difference between [M ] and the characteristic matrix M is as follows: while
the k, `-th entry of M is computed from the maximal achievable mutual information using
any k-by-` grid, the k, `-th entry of [M ] is computed from the maximal achievable mutual information using any k-by-` grid that equipartitions the dimension with more rows/columns.
(See Figure 1.) Despite this difference, as the equipartition in question gets finer and finer
it becomes indistinguishable from an optimal partition of the same size. This intuition can
be formalized to show that the boundary of [M ] equals the boundary of M , and therefore
that sup[M ] = sup M = MIC∗ . It will then follow that estimating [M ] and taking the
supremum—as we did with M in the case of MIC—yields a consistent estimate of MIC∗ .

Measuring Dependence Powerfully and Equitably

[M ](X, Y )2,9
I [∗] = 0.918

M (X, Y )2,9
I ∗ = 0.918
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Corollary 22 Let (X, Y ) be jointly distributed random variables. Then sup[M ](X, Y ) =
MIC∗ (X, Y ).

Since every entry of the equicharacteristic matrix is dominated by some entry on its
boundary, the equivalence of ∂[M ] and ∂M yields the following corollary as a simple consequence.

Proof See Appendix F.

Theorem 21 Let (X, Y ) be jointly distributed random variables. Then ∂[M ] = ∂M .

The boundary of the equicharacteristic matrix can be defined via a limit in the same
way as the characteristic matrix. We then have the following theorem.

Figure 1: A schematic illustrating the difference between the characteristic matrix M and
the equicharacteristic matrix [M ]. (Top) When restricted to 2 rows and 3 columns,
the characteristic matrix M is computed from the optimal 2-by-3 grid. In contrast,
the equicharacteristic matrix [M ] still optimizes the smaller partition of size 2 but
is restricted to have the larger partition be an equipartition of size 3. This results
in a lower mutual information of 0.613. (Bottom) When 9 columns are allowed
instead of 3, the grid found by the characteristic matrix does not change, since
the grid with 3 columns was already optimal. However, now the equicharacteristic
matrix uses an equipartition into columns of size 9, whose resolution is able to
fully capture the dependence between X and Y .

[M ](X, Y )2,3
I [∗] = 0.613

M (X, Y )2,3
I ∗ = 0.918
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4.2 The Estimator MICe
With the equicharacteristic matrix defined, we can now define our new estimator MICe in
terms of the sample equicharacteristic matrix, analogously to the way we defined MIC in
terms of the sample characteristic matrix.
Definition 23 Let D ⊂ R2 be a set of ordered pairs. The sample equicharacteristic matrix
d](D) of D is defined by
[M
[∗]
d](D)k,` = I (D, k, `) .
[M
log min{k, `}

Definition 24 Let D ⊂ R2 be a set of n ordered pairs, and let B : Z+ → Z+ . We define
k`≤B(n)

d](D)k,` .
MICe,B (D) = max [M

With the equivalence between the boundary of the characteristic matrix and that of the
equicharacteristic matrix established, it is straightforward to show that MICe is a consistent
estimator of MIC∗ via arguments similar to those we applied in the case of MIC. (See
Appendix G.) Specifically, we show the following theorem, an analogue of Theorem 6.


 d
[M ](Dn ) → f ([M ](X, Y ))

Theorem 25 Let f : m∞ → R be uniformly continuous, and assume that f ◦ ri → f
pointwise. Then for every random variable (X, Y ), we have
f ◦ rB(n)

in probability where Dn is a sample of size n from the distribution of (X, Y ), provided
ω(1) < B(n) ≤ O(n1−ε ) for some ε > 0.
By setting f ([M ]) = sup[M ], we then obtain as a corollary the consistency of MICe .
Corollary 26 MICe,B is a consistent estimator of MIC∗ provided ω(1) < B(n) ≤ O(n1−ε )
for some ε > 0.
As with the statistic MIC, the statistic MICe requires the user to specify a function B(n)
to use. While the theory suggests that any function of the form B(n) = nα suffices provided
0 < α < 1, different values of α may yield different finite-sample properties. We study the
empirical performance of MICe for different choices of B(n) in Section 4.4 and point the
reader to specific recommendations for practical use in Section 4.4.1.
4.3 Computing MICe

JMLR 17(212):1-63

Both MIC and MICe are consistent estimators of MIC∗ . The difference between them is
that while MIC can currently be computed efficiently only via a heuristic approximation,
MICe can be computed exactly, very efficiently, via an approach similar to the one used
for approximating MIC∗ involving the OptimizeXAxis subroutine. We now describe the
details of this approach.
Recall that, given a fixed x-axis partition Q into ` columns, a set of n data points, a
“master” y-axis partition Π, and a number k, the OptimizeXAxis subroutine finds, for
15
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every 2 ≤ i ≤ k, a y-axis partition Pi ⊂ Π of size at most i that maximizes the mutual
information induced by the grid (Pi , Q). The algorithm does this in time O(|Π|2 k`). (For
more discussion of OptimizeXAxis, see Section 3.5)
In the pair of theorems below, we show two ways that OptimizeXAxis can be used to
compute MICe efficiently. In the proofs of both theorems, we neglect issues of divisibility,
e.g., we often write B/2 rather than bB/2c. This does not affect the results.

Theorem 27 There exists an algorithm Equichar that, given a sample D of size n and
d](D)) of the sample equicharacteristic matrix
some B ∈ Z+ , computes the portion rB(n) ([M
in time O(n2 B 2 ), which equals O(n4−2ε ) for B(n) = O(n1−ε ) with ε > 0.

Proof We describe the algorithm and simultaneously bound its runtime. We do so only
d](D) satisfying k ≤ `, k` ≤ B. This suffices, since by symmetry
for the k, `-th entries of [M
computing the rest of the required entries at most doubles the runtime.
d](D)k,` with k ≤ `, we must fix an equipartition into ` columns on
To compute [M
the x-axis and then find the optimal partition of the y-axis of size at most k. If we set
the master partition Π of the OptimizeXAxis algorithm to be an equipartition into rows
of size n, then it performs precisely the required optimization. Moreover, for fixed ` it
can carry out the optimization simultaneously for all of the pairs {(2, `), . . . , (B/`, `)} in
time O(|Π|2 (B/`)`) = O(n2 B). For fixed `, this set contains all the pairs (k, `) satisfying
d](D) we need only apply
k ≤ `, kl ≤ B. Therefore, to compute all the required entries of [M
this algorithm for each ` = 2, . . . , B/2. Doing so gives a runtime of O(n2 B 2 ).

The algorithm above, while polynomial-time, is nonetheless not efficient enough for use
in practice. However, a simple modification solves this problem without affecting the consistency of the resulting estimates. The modification hinges on the fact that OptimizeXAxis
can use master partitions Π besides the equipartition of size n that we used above. Spefically, setting Π in the above algorithm to be an equipartition into ck “clumps”, where k is the
size of the largest optimal partition being sought, speeds up the computation significantly.
This modification gives a slightly different statistic, but one that has all of the theoretical
properties of MICe —namely, consistent estimation of MIC∗ and efficient exact computation.
These properties are formalized in the following theorem.

Theorem 28 Let (X, Y ) be a pair of jointly distributed random variables, and let Dn be
a sample of size n from the distribution of (X, Y ). For every c ≥ 1, there exists a matrix
c}c (Dn ) such that
{M
1. The function

k`≤B(n)

c}c (·)k,`
^e,B (·) = max {M
MIC

is a consistent estimator of MIC∗ provided ω(1) < B(n) ≤ O(n1−ε ) for some ε > 0.
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c}c (Dn )) in time
2. There exists an algorithm EquicharClump for computing rB ({M
O(n + B 5/2 ), which equals O(n + n5(1−ε)/2 ) when B(n) = O(n1−ε ).
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4.5 Equitability of MICe
As mentioned previously, one of the main motivations for the introduction of MIC was
equitability, the extent to which a measure of dependence usefully captures some notion
of relationship strength on some set of standard relationships. We therefore carried out
an empirical analysis of the equitability of MICe with respect to R2 and compared its
performance to distance correlation (Székely et al., 2007; Székely and Rizzo, 2009), mutual

We remark that if the goal of the user is only detection of non-trivial relationships rather
discovery of the strongest such relationships, α can also be chosen in a more straightforward
manner: the user can subsample a small random set of relationships on which to compare
the power of MICe for different values of α. Those relationships can then be discarded and
the rest of the relationships analyzed with the optimal value of α. However, if the user’s
primary goal is power against independence, the statistic TICe introduced in Section 5 of
this paper should be used with this strategy rather than MICe .

Reshef et al. (2015a) provides simple, empirical recommendations about appropriate
values of α for different settings. Those recommendations are formulated by choosing a
set of representative relationships (e.g., a set of noisy functional relationships), as well as a
“ground truth” population quantity Φ (e.g., R2 ) that can be used to quantify the strength of
each of those relationships, and then assessing which values of α maximize the equitability
of MICe with respect to Φ at a given sample size. This approach is applied to an analysis of
real data from the World Health Organization in Reshef et al. (2015a), and the parameters
chosen for that analysis are the ones used for all subsequent analyses in this paper.

Large values of α lead to increased expected error in lower-signal regimes (low R2 ) through
both a positive bias in those regimes and a general increase in variance that predominantly
affects those regimes. On the other hand, small values of α lead to an increased expected
error in higher-signal regimes (high R2 ) by leading to a negative bias in those regimes and
by shifting the variance of the estimator toward those regimes. In other words, lower values
of α are better suited for detecting weaker signals, while higher values of α are better suited
for distinguishing among stronger signals. This is consistent with the results seen in our
companion paper (Reshef et al., 2015a), which show that low values of α cause MICe to
yield better powered independence tests while high values of α cause MICe to have better
equitability.

4.4.1 Choosing B(n)

Second, the results show that different values of the exponent in B(n) = nα give good
performance in different signal-to-noise regimes due to a bias-variance trade-off represented
by this parameter. We expand on this phenomenon and discuss its implications for choosing
α in practice below.

across the set F of functions is uniformly lower across R2 values than that of Approx-MIC.
When average expected squared error is used instead of median, MICe still performs better
on all but the strongest of relationships (R2 above ∼0.9). The superior performance of MICe
is consistent with the fact that we have theoretical guarantees about its statistical properties
whereas Approx-MIC is a heuristic.
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where εσ and ε0σ are i.i.d., F is the set of 16 functions analyzed in Reshef et al. (2011), and
Xf is the set of n x-values that result in the points (xi , f (xi )) being equally spaced along
the graph of f .
For each relationship Z ∈ Q that we examined, we used the algorithm from Theorem 18
with very conservative values of k0 and `0 to compute MIC∗ . We then simulated 500 independent samples from Z, each of size n = 500, and computed both Approx-MIC and
MICe on each one to obtain estimates of the sampling distributions of the two statistics.
From each of the two sampling distributions, we estimated the bias and variance of either
statistic on Z. We then analyzed the bias, variance, and expected squared error of the two
statistics as a function of relationship strength, which we quantified using the coefficient of
determination (R2 ) with respect to the generating function.
The results, presented in Figure 2, are interesting for two reasons. First, they demonstrate that for a typical usage parameter of B(n) = n0.6 , MICe performs substantially better
than Approx-MIC overall. Specifically, the median of the expected squared error of MICe

Q = {(x + εσ , f (x) + ε0σ ) : x ∈ Xf , εσ , ε0σ ∼ N (0, σ 2 ), f ∈ F, σ ∈ R≥0 }

The algorithm we presented in Section 3.5 for computing MIC∗ to arbitrary precision in some
cases allows us to examine the bias/variance properties of estimators of MIC∗ . Here, we use
it to examine the bias and variance of both MIC as computed by the heuristic ApproxMIC algorithm from Reshef et al. (2011), and MICe as computed by the EquicharClump
algorithm given above. To do this, we performed a simulation analysis on the following set
of relationships

4.4 Bias/Variance Characterization of MICe

Of course, at low sample sizes, setting ε = 0.6 would be undesirable. However, our companion paper (Reshef et al., 2015a) shows empirically that at large sample sizes this strategy
works very well on typical relationships.
We remark that the EquicharClump algorithm given above is asymptotically faster
even than the heuristic Approx-MIC algorithm used to calculate MIC in practice, which
runs in time O(B(n)4 ). As demonstrated in our companion paper (Reshef et al., 2015a),
this difference translates into a substantial difference in runtimes for similar performance
at a range of realistic sample sizes, ranging from a 30-fold speedup at n = 500 to over a
350-fold speedup at n = 10, 000.
For readability, in the rest of this paper we do not distinguish between the two versions
of MICe computed by the Equichar and EquicharClump algorithms described above.
Wherever we present simulation data about MICe in simulations though, we use the version
of the statistic computed by EquicharClump.

Corollary 29 MIC∗ can be estimated consistently in linear time.

For an analysis of the effect of the parameter c in the above theorem on the results of
the EquicharClump algorithm, see Appendix H.3.
Setting ε = 0.6 in the above theorem yields the following corollary.

Proof See Appendix H.
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Figure 2: Bias/variance characterization of Approx-MIC and MICe . Each plot shows expected squared error, bias, or variance across the set of noisy functional relationships described in Section 4.4 as a function of the R2 of the relationships. The
results are aggregated across the 16 function types analyzed by either the average,
median, or worst result at every value of R2 . (a) A comparison between MICe
(light purple) and MIC as computed via the heuristic Approx-MIC algorithm
(black), at a typical usage parameter. (b) Performance of MICe with B(n) = nα
for various values of α.
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information estimation (Kraskov et al., 2004), and maximal correlation estimation (Breiman
and Friedman, 1985).
We began by assessing equitability on the set of relationships Q defined above, a set that
has been analyzed in previous work (Reshef et al., 2011, 2015a; Kinney and Atwal, 2014).
The results, shown in Figure 3, confirm the superior equitability of the new estimator MICe
on this set of relationships.
To assess equitability more objectively without relying on a manually curated set of
functions, we then analyzed 160 random functions drawn from a Gaussian process distribution with a radial basis function kernel with one of eight possible bandwidths in the set
{0.01, 0.025, 0.05, 0.1, 0.2, 0.25, 0.5, 1} to represent a range of possible relationship complexities. The results, shown in Figure 4, show that MICe outperforms existing methods in terms
of equitability with respect to R2 on these functions as well. Appendix Figure J1 shows a
version of this analysis under a different noise model that yields the same conclusion. We also
examined the effect of outlier relationships on our results by repeatedly subsampling random
subsets of 20 functions from this large set of relationships and measuring the equitability of
each method on average over the subsets; results were similar.
One feature of the performance of MICe on these randomly chosen relationships that
is demonstrated in Figure 4 is that it appears minimally sensitive to the bandwidth of the
Gaussian process from which a given relationship is drawn. This puts it in contrast to, e.g.,
mutual information estimation, which shows a pronounced sensitivity to this parameter
that prevents it from being highly equitable when relationships with different bandwidths
are present in the same data set.
In our companion paper (Reshef et al., 2015a), we perform more in-depth analyses of
the equitability with respect to R2 of MICe , MIC, and the four measures of dependence described above as well as the Hilbert-Schmidt independence criterion (HSIC) (Gretton et al.,
2005, 2007), the Heller-Heller-Gorfine (HHG) test (Heller et al., 2013), the data-derived partitions (DDP) test (Heller et al., 2016), and the randomized dependence coefficient (RDC)
(Lopez-Paz et al., 2013). These analyses consider a range of sample sizes, noise models,
marginal distributions, and parameter settings. They conclude that, in terms of equitability
with respect to R2 on the sets of noisy functional relationships studied, a) MICe uniformly
outperforms MIC, and b) MICe outperforms all the methods tested in the large majority of settings examined. Appendix Figure I1 contains a reproduction of a representative
equitability analysis from that paper for the reader’s reference.

5. The Total Information Coefficient
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So far we have presented results about estimators of the population maximal information
coefficient, a quantity for which equitability is the primary motivation. We now introduce
and analyze a new measure of dependence, the total information coefficient (TIC). In contrast to the maximal information coefficient, the total information coefficient is designed not
for equitability but rather as a test statistic for testing a null hypothesis of independence.
We begin by giving some intuition. Recall that the maximal information coefficient is
the supremum of the characteristic matrix. While estimating the supremum of this matrix
has many advantages, this estimation involves taking a maximum over many estimates of
individual entries of the characteristic matrix. Since maxima of sets of random variables
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Figure 4: Equitability of methods examined on functions randomly drawn from a Gaussian
process distribution. Each method is assessed as in Figure 3, with a red interval
indicating the widest range of R2 values corresponding to any one value of the
statistic; the narrower the red interval, the higher the equitability. Each shaded region corresponds to one relationship, and the regions are colored by the bandwidth
of the Gaussian process from which they were sampled. Sample relationships for
each bandwidth are shown in the top right with matching colors.
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Figure 3: Equitability with respect to R2 on a set of noisy functional relationships of (a) the
Pearson correlation coefficient, (b) a hypothetical measure of dependence ϕ with
perfect equitability, (c) distance correlation, (d) MICe , (e) maximal correlation estimation, and (f) mutual information estimation. For each relationship, a shaded
region denotes estimated 5th and 95th percentile values of the sampling distribution of the statistic in question on that relationship at every R2 . The resulting
plot shows which values of R2 correspond to a given value of each statistic. The
red interval on each plot indicates the widest range of R2 values corresponding to
any one value of the statistic; the narrower the red interval, the higher the equitability. A red interval with width 0, as in (b), means that the statistic reflects
only R2 with no dependence on relationship type, as demonstrated by the pairs
of thumbnails of relationships of different types with identical R2 values.
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tend to become large as the number of variables grows, one can imagine that this procedure
may lead to an undesirable positive bias in the case of statistical independence, when the
population characteristic matrix equals 0. This might be detrimental for independence
testing, when the sampling distribution of a statistic under a null hypothesis of independence
is crucial.
The intuition behind the total information coefficient is that if we instead consider a
more stable property, such as the sum of the entries in the characteristic matrix, we might
expect to obtain a statistic with a smaller bias in the case of independence and therefore
better power. Stated differently, if our only goal is to distinguish any dependence at all
from complete noise, then disregarding all of the sample characteristic matrix except for its
maximal value may throw away useful signal, and the total information coefficient avoids
this by summing all the entries.
We remark that in Reshef et al. (2011) it is suggested that other properties of the
characteristic matrix may allow us to measure other aspects of a given relationship besides
its strength, and several such properties were defined. The total information coefficient fits
within this conceptual framework.
In this section we define the total information coefficient in the case of both the characteristic matrix (TIC) and the equicharacteristic matrix (TICe ). We then prove that both TIC
and TICe yield independence tests that are consistent against all dependent alternatives.
(As in the case of MIC and MICe , TICe is more easily computable than TIC.) Finally, we
present a simulation study of the power of independence testing based on TICe on an index
set of relationships chosen in Simon and Tibshirani (2012), showing that TICe outperforms
other common measures of dependence on many of the relationships and closely matches
their performance on the rest.
5.1 Definition and Consistency of the Total Information Coefficient
We begin by defining the two versions of the total information coefficient. In the definition
d] denotes a sample
c denotes a sample characteristic matrix whereas [M
below, recall that M
equicharacteristic matrix.

TICe,B (D) =

TICB (D) =

X

k`≤B(n)

d](D)k,` .
[M

c(D)k,`
M

Definition 30 Let D ⊂ R2 be a set of n ordered pairs, and let B : Z+ → Z+ . We define
X

and

k`≤B(n)

To show that these two statistics lead to consistent independence tests, we must take a
step back and analyze the behavior of the analogous population quantities.

k`≤B

Ak,` .
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Definition 31 For a matrix A and a positive number B, the B-partial sum of A, denoted
by SB (A), is
X
SB (A) =

23
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When A is an (equi)characteristic matrix, SB (A) is the sum over all entries corresponding
c(D) is a sample characteristic matrix of a
to grids with at most B total cells. Thus, if M
d](D)) and TICe,B (D).
c(D)) = TICB (D), and the same holds for SB ([M
sample D, SB (M
It is clear that if X and Y are statistically independent random variables, then both the
characteristic matrix M (X, Y ) and the equicharacteristic matrix [M ](X, Y ) are identically
0, so that SB (M (X, Y )) = SB ([M ](X, Y )) = 0 for all B. However, we are also interested in
how these quantities behave when X and Y are dependent. The following pair of propositions
helps us understand this. The first proposition shows a lower bound on the values of entries
in both M (X, Y ) and [M ](X, Y ). The second proposition translates this into an asymptotic
characterization of how quickly SB (M ) and SB ([M ]) grow as functions of B. These two
propositions are the technical heart of why the total information coefficient yields a consistent
independence test.

a
log min{k, `}

Proposition 32 Let (X, Y ) be a pair of jointly distributed random variables. If X and Y
are statistically independent, then M (X, Y ) ≡ [M ](X, Y ) ≡ 0. If not, then there exists some
a > 0 and some integer `0 ≥ 2 such that

M (X, Y )k,` , [M ](X, Y )k,` ≥

either for all k ≥ ` ≥ `0 , or for all ` ≥ k ≥ `0 .
Proof See Appendix K.1

Proposition 33 Let (X, Y ) be a pair of jointly distributed random variables. If X and Y
are statistically independent, then SB (M (X, Y )) = SB ([M ](X, Y )) = 0 for all B > 0. If
not, then SB (M (X, Y )) and SB ([M ](X, Y )) are both Ω(B log log B).
Proof See Appendix K.2

The propositions above, together with reasoning analogous to the convergence arguments
presented earlier, can be used to show the main result of this section, namely that the
statistics TIC and TICe yield consistent independence tests.

Theorem 34 The statistics TICB and TICe,B yield consistent right-tailed tests of independence, provided ω(1) < B(n) ≤ O(n1−ε ) for some ε > 0.
Proof See Appendix K.3.
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In practice, we often use the EquicharClump algorithm (see Section 4.3) to compute
the equicharacteristic matrix from which we calculate TICe . This algorithm does not compute the sample equicharacteristic matrix exactly. However, as in the case of MICe , the use
of the algorithm does not affect the theoretical properties of the statistic. This is proven in
Appendix H.
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where F is a set of functions specified in Simon and Tibshirani (2012). (NB: one of the
relationships is a circle, which we treat as a union of two half-circles.)
For each relationship Z in this set that we examined, we simulated a null hypothesis
of independence with the same marginal distributions, and generated 1, 000 independent
samples, each with a sample size of n = 500, from both Z and from the null distribution.
These were used to estimate the power of the size-α right-tailed independence test based on
each statistic being evaluated. Following Simon and Tibshirani, we compared TICe to the
distance correlation (Székely et al., 2007; Székely and Rizzo, 2009), the original maximal
information coefficient (Reshef et al., 2011) as approximated using Approx-MIC, and to
the Pearson correlation. (Though it is not a measure of dependence, the Pearson correlation
was presumably included by Simon and Tibshirani as an intuitive benchmark for what is
achievable under a linear model.) We also compared to MICe using identical parameters
to those of TICe to examine whether the summation performed by TICe is better than
maximization when all other things are equal. Note that we do not compare to methods of
analyzing contingency tables, such as Pearson’s chi-squared test. This is because our data
are real-valued rather than discrete, and so contingency-based methods are not applicable.
However, when data are discrete, those methods can be very well powered.
The results of our analysis are presented in Figure 5. First, the figure shows that TICe
compares quite favorably with distance correlation, a method considered to have state-of-theart power (Simon and Tibshirani, 2012). Specifically, TICe uniformly outperforms distance
correlation on 5 of the 8 relationship types examined, and performs comparably to it on the
other three relationship types. We remark that distance correlation has many advantages
over TICe , including the fact that it easily generalizes to higher-dimensional relationships
and comes with an elegant and comprehensive theoretical framework.
The analysis also shows that TICe outperforms the original maximal information coefficient by a very large margin, and outperforms MICe as well, supporting the intuition
that the summation performed by the former can indeed lead to substantial gains in power
against independence over the maximization performed by the latter. (We note that in
both Simon and Tibshirani’s analysis and in this one, the original maximal information
coefficient was run with default parameters that were optimized for equitability rather than
power against independence. When run with different parameters, its power improves substantially, though it still does not match the power of MICe . See Appendix Figure I2 and
the discussion in Reshef et al., 2015a.)
Our companion paper (Reshef et al., 2015a) expands on this analysis, conducting an indepth evaluation of the the power against independence of the tests described above as well


Q = (X, f (X) + ε0 ) : X ∼ Unif, f ∈ F, ε0 ∼ N (0, σ 2 ), σ ∈ R≥0 .

With the consistency of independence tests based on TIC and TICe established, we turn now
to empirical evaluation of the power of independence testing based on TICe as computed
using the EquicharClump algorithm.
To evaluate the power of TICe -based tests, we reproduced the analysis performed in
Simon and Tibshirani (2012). Namely, we considered the set of relationships they analyzed,
defined by

5.2 Power of Independence Tests Based on TICe
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Figure 5: Comparison of power of independence testing based on TICe (blue) to MIC with
default parameters (gray), MICe with the same parameters as TICe (black), distance correlation (purple), and the Pearson correlation coefficient (green) across
several alternative hypothesis relationship types chosen by Simon and Tibshirani
(2012). The relationships analyzed are described in Section 5.2.
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as tests based on mutual information estimation (Kraskov et al., 2004), maximal correlation
estimation (Breiman and Friedman, 1985), HSIC (Gretton et al., 2005, 2007), HHG (Heller
et al., 2013), DDP (Heller et al., 2016), and RDC (Lopez-Paz et al., 2013). These analyses
consider a range of sample sizes and parameter settings, as well as a variety of ways of
quantifying power across different alternative hypothesis relationship types and noise levels.
They conclude that in most settings TICe either outperforms all the methods tested or
performs comparably to the best ones. Appendix Figure I2 contains a reproduction of one
detailed set of power curves from the main analysis in that paper for the reader’s reference.

6. Conclusion
As high-dimensional data sets become increasingly common, data exploration requires not
only statistics that can accurately detect a large number of non-trivial relationships in a
data set, but also ones that can identify a smaller number of strongest relationships. The
former property is achieved by measures of dependence that yield independence tests with
high power; the latter is achieved by measures of dependence that are equitable with respect
to some measure of relationship strength. In this paper, we introduced two related measures
of dependence that achieve these two goals, respectively, through the following theoretical
contributions.
• A new population measure of dependence, MIC∗ , that we proved can be viewed in
three different ways: as the population value of the maximal information coefficient
(MIC) from Reshef et al. (2011), as a “minimal smoothing” of mutual information that
makes it uniformly continuous, or as the supremum of an infinite sequence defined in
terms of optimal partitions of one marginal at a time of a given joint distribution.
• An efficient approach for approximating the MIC∗ of a given joint distribution.
• A statistic MICe that is a consistent estimator of MIC∗ , is efficiently computable,
and has good equitability with respect to R2 both on a manually chosen set of noisy
functional relationships as well as on a set of randomly chosen noisy functional relationships.
• The total information coefficient (TICe ), a statistic that arises as a trivial side-product
of the computation of MICe and yields a consistent and powerful independence test.
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Our contributions are of both theoretical and practical importance for several reasons.
First, our characterization of MIC∗ as the large-sample limit of MIC sheds light on the
latter statistic. For example, while MIC is parametrized, MIC∗ is not. Knowing that MIC
converges in probability to MIC∗ tells us that this parametrization is statistical only: it
controls the bias/variance properties of the statistic, but not its asymptotic behavior.
Second, the normalization in the definition of MIC, while empirically seen to yield good
performance, had previously not been theoretically understood. Our result that this normalization is the minimal smoothing necessary to make mutual information uniformly continuous provides for the first time a lens through which the normalization is canonical. In
doing so, it constitutes an initial step toward understanding the role of the normalization
in the performance of MIC∗ and MIC. The uniform continuity of MIC∗ and the lack of
continuity of ordinary mutual information also suggest that estimation of the former may
be easier in some sense than estimation of the latter. This is consonant with a recent result
concerning difficulty of estimation of mutual information shown in Ding and Li (2013). It
is also borne out empirically by the substantial finite-sample bias and variance observed in
Reshef et al. (2015a) of the Kraskov mutual information estimator (Kraskov et al., 2004)
compared to MICe .
Third, our alternate characterization of MIC∗ in terms of one-dimensional optimization
over partitions rather than two-dimensional optimization over grids enhances our understanding of how to efficiently compute it in the large-sample limit and estimate it from finite
samples using MICe . This is a significant improvement over the previous state of affairs, in
which the statistic MIC could only be approximated heuristically, with even the heuristic
approximation being orders of magnitude slower than the results in this paper now allow.
Finally, the introduction of the total information coefficient provides evidence that the
basic approach of considering the set of normalized mutual information values achievable
by applying different grids to a joint distribution is of fundamental value in characterizing
dependence. Interestingly, a statistic introduced in Heller et al. (2016) follows a similar
approach by considering the (non-normalized) sum of the mutual information values achieved
by all possible finite grids. Consistent with our demonstration here that an aggregative gridbased approach works well, that statistic also achieves excellent power. (TICe is compared
to the statistic from Heller et al. 2016 in our companion paper, Reshef et al., 2015a.)
Taken together, our results point to joint use of the statistics MICe and TICe as a
theoretically grounded, computationally efficient, and highly practical approach to data exploration. Specifically, since the two statistics can be computed simultaneously with little
extra cost beyond that of computing either individually, we propose computing both of
them on all variable pairs in a data set, using TICe to filter out non-significant associations, and then using MICe to rank the remaining variable pairs. Such a strategy would
have the advantage of leveraging the state-of-the-art power of TICe to substantially reduce
the multiple-testing burden on MICe , while utilizing the latter statistic’s state-of-the-art
equitability to effectively rank relationships for follow-up by the practitioner.
Our results, while useful, nevertheless have limitations that warrant exploration in future
work. First, for a sample D from the distribution of some random (X, Y ), all of the sample
quantities we define here use the naive estimate I(D|G ) of the quantity I((X, Y )|G ) for
various grids G. There is a long and fruitful line of work on more sophisticated estimators of
the discrete mutual information Paninski (2003) whose use instead of I(D|G ) could improve
JMLR 17(212):1-63

Though we presented here some empirical results for MIC∗ , MICe , and TICe , our focus
was on theoretical considerations; the performance of these methods is analyzed in detail
in our companion paper (Reshef et al., 2015a). That paper shows that on a large set of
noisy functional relationships with varying noise and sampling properties, the asymptotic
equitability with respect to R2 of MIC∗ is quite high and the equitability with respect
to R2 of MICe is state-of-the-art. It also shows that the power of the independence test
based on TICe is state-of-the-art across a wide variety of dependent alternative hypotheses.
Finally, it demonstrates that the algorithms presented here allow for MICe and TICe to be
computed simultaneously very quickly, enabling analysis of extremely large data sets using
both statistics together.
27




c(Dn ) → f (M (X, Y ))
M
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We prove the theorem by a sequence of lemmas that build on each other to bound the
bias of I ∗ (D, k, `). The general strategy is to capture the dependencies between different
k-by-` grids G by considering a “master grid” Γ that contains many more than k` cells.
Given this master grid, we first bound the difference between I(D|G ) and I((X, Y )|G ) only
for sub-grids G of Γ. The bound is in terms of the difference between D|Γ and (X, Y )|Γ .
We then show that this bound can be extended without too much loss to all k-by-` grids.
This gives what we seek, because then the difference between I(D|G ) and I((X, Y )|G ) is
uniformly bounded for all grids G in terms of the same random variable: D|Γ . Once this is
done, standard arguments give the consistency we seek.

in probability where Dn is a sample of size n from the distribution of (X, Y ), provided
ω(1) < B(n) ≤ O(n1−ε ) for some ε > 0.

f ◦ rB(n)

Theorem Let f : m∞ → R be uniformly continuous, and assume that f ◦ ri → f pointwise.
Then for every random variable (X, Y ), we have

This appendix is devoted to proving Theorem 6, restated below.

Appendix A. Proof of Theorem 6
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In our argument we occasionally require technical facts about entropy and mutual information that are self-contained and unrelated to the central ideas. These lemmas are
consolidated in Appendix L.
We begin by using one of these technical lemmas to prove a bound on the difference
between I(D|G ) and I((X, Y )|G ) that is uniform over all grids G that are sub-grids of a
much denser grid Γ. The common structure imposed by Γ will allow us to capture the
dependence between the quantities |I(D|G ) − I((X, Y )|G )| for different grids G.

the statistics introduced here. Second, our approach to approximating the MIC∗ of a given
joint density consists of computing a finite subset of an infinite set whose supremum we
seek to calculate. However, the choice of how large a finite set we should compute in
order to approximate the supremum to a given precision remains heuristic. Finally, though
empirical characterization of the equitability of MICe on representative sets of relationships is
important and promising, we are still missing a theoretical characterization of its equitability
in the large-sample limit. A clear theoretical demarcation of the set of relationships on which
MIC∗ achieves good equitability with respect to R2 , and an understanding of why that is,
would greatly advance our understanding of both MIC∗ and equitability.

when |εi,j | ≤ 1 − a for all i and j.

ψi,j − πi,j
.
πi,j

i,j

P

εi,∗ =

− πi,j )
j πi,j

P

j (ψi,j

P

j

j

i,j

j
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πi,j ≤ 1, and the analogous bound holds for |ε∗,j |.

and ε∗,j is defined analogously.
To obtain the result, we observe that
P
P
X
j πi,j εi,j
j πi,j |εi,j |
≤ P
|εi,∗ | = P
≤
|εi,j |
j πi,j
j πi,j
since πi,j /

where

i
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where QX and PX denote the marginal distributions on the columns of G and QY and
PY denote the marginal distributions on the rows. We can bound each of the terms on the
right-hand side of the equation above using a Taylor expansion argument given in Lemma 51,
whose proof is found in Appendix L. Doing so gives


X
X
X
|I(Q) − I(P )| ≤ (ln B) 
O (|εi,∗ |) +
O (|ε∗,j |) +
O (|εi,j |)

|I(Q) − I(P )| ≤ |H(QX ) − H(PX )| + |H(QY ) − H(PY )| + |H(Q) − H(P )|

Proof Let P = Π|G and Q = Ψ|G be the random variables induced by Π and Ψ respectively
on the cells of G. Using the fact that I(X, Y ) = H(X) + H(Y ) − H(X, Y ), we write

Let G be a sub-grid of Γ with B cells. Then for every fixed 0 < a < 1 we have


X

|I(Ψ|G ) − I(Π|G )| ≤ O (log B)
|εi,j |

εi,j =

Lemma 35 Let Π = (ΠX , ΠY ) and Ψ = (ΨX , ΨY ) be random variables distributed over the
cells of a grid Γ, and let (πi,j ) and (ψi,j ) be their respective distributions. Define
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|εi,j | + δ + d log(k`) + δ log(1/δ) + d log(1/d)
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i,j

X

Proof Fix n, and let Γ be an equipartition of (X, Y ) into knε/4 rows and `nε/4 columns.
C(n) is now the number of cells in Γ. Lemma 36, with Π = (X, Y ) and Ψ = D, shows that
|I(D|G ) − I((X, Y )|G )| is at most




|εi,j | + δ + d log B + δ log(1/δ) + d log(1/d)


ψi,j ≤ πi,j 1 +

√

X

i

C(n)1/2+α

πi,j

√

πi,j

C(n)1/2+α



2)



1+2α )

≤ e−Ω(n/C(n)

X√
1
πi,j
C(n)1/2+α i,j

3/2

πi,j

C(n)1/2+α
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πi,j
≤ 2πi,j
C(n)1/2+α

p
1
≤
C(n)
C(n)1/2+α
1
≤
C(n)α
P√
where the second line follows from the fact that the function
πi,j is symmetric and
P
concave and therefore, when restricted to the hyperplane
πi,j = 1, must achieve its
maximum when πi,j = 1/C(n) for all i, j.
Bounding d in terms of δ: We use our bound on the εi,j to bound d. We do so by
observing that it implies

|εi,j | ≤

A union bound over the pairs (i, j) then gives that, with the desired probability, the above
bound on |εi,j | holds for all i, j.
P
Bounding
|εi,j |: The bound on the εi,j implies that


P |εi,j | ≥

since ψi,j is a sum of n i.i.d. Bernoulli random variables and E (ψi,j ) = nπi,j . (See, e.g.,
√
Mitzenmacher and Upfal 2005.) Setting δ = πi,j /C(n)1/2+α yields

≤ e−Ω(nπi,j δ

P (|εi,j | ≥ δ) = P (πi,j (1 − δ) ≤ ψi,j ≤ πi,j (1 + δ))

provided the εi,j have absolute value bounded away from 1, and provided that d, δ ≤ 1/2.
The remainder of the proof proceeds as follows. We first show that the εi,j are small
with high probability. This will both show that the lemma’s requirement on the εi,j holds
and allow us to bound the sum in the inequality above. We will then use our bound on the
εi,j to bound d in terms of δ. Finally, we will bound δ using the fact that the number of
rows and columns in Γ increases with n. This will give us that d, δ ≤ 1/2 and allow us to
bound the rest of the terms in the expression above.
Bounding the εi,j : We bound the εi,j using a multiplicative Chernoff bound. Let πi,j
and ψi,j represent the probability mass functions of (X, Y )|Γ and D|Γ respectively. We write

O 

We now extend Lemma 35 to all grids with B cells rather than just those that are
sub-grids of the master grid Γ. The proof of this lemma relies on an information-theoretic
result proven in Appendix B that bounds the difference in mutual information between two
distributions that can be obtained from each other by moving a small amount of probability
mass.

X

i,j

Lemma 36 Let Π = (ΠX , ΠY ) and Ψ = (ΨX , ΨY ) be random variables, and let Γ be a grid.
Define εi,j on Π|Γ and Ψ|Γ as in Lemma 35. Let G be any grid with B cells, and let δ (resp.
d) represent the total probability mass of Π|Γ (resp. Ψ|Γ ) falling in cells of Γ that are not
contained in individual cells of G. We have that



|I(Ψ|G ) − I(Π|G )| ≤ O 

provided that the |εi,j | are bounded away from 1 and that d, δ ≤ 1/2.

and ∆Ψ (G0 , G) ≤ O (d log(1/d) + d log B) .

Proof In the proof below, we use the convention that for any two grids G and G0 and any
random variable Z, the expression ∆Z (G, G0 ) denotes |I(Z|G ) − I(Z|G0 )|.
Consider the grid G0 obtained by replacing every horizontal or vertical line in G that is
not in Γ with a closest line in Γ. The grid G0 is clearly a sub-grid of Γ. Moreover, Π|G0 (resp.
Ψ|G0 ) can be obtained from Π|G (resp. Π|G ) by moving at most δ (resp. d) probability mass.
This can be shown to imply that
∆Π (G, G0 ) ≤ O (δ log(1/δ) + δ log B)

The proof of this information-theoretic fact is self-contained and so we defer it to Proposition 40 in Appendix B, as it is more central to the arguments presented there.
With ∆Φ (G, G0 ) and ∆Ψ (G0 , G) bounded in terms of δ and d, we can bound |I(Ψ|G ) −
I(Φ|G )| using the triangle inequality by comparing it with
∆Π (G, G0 ) + |I (Π|G0 ) − I (Ψ|G0 )| + ∆Ψ (G0 , G)
and bounding the middle term using Lemma 35, since G0 ⊂ Γ.
We now use the fact that the variables εi,j defined in Lemma 35 are small with high
probability to give a concrete bound on the bias of I(D|G ) that is uniform over all k-by-`
grids G and that holds with high probability. It is useful at this point to recall that, given a
distribution (X, Y ), an equipartition of (X, Y ) is a grid G such that all the rows of (X, Y )|G
have the same probability mass, and all the columns do as well.
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, where C(n) = k`nε/2 .

log(k`) log(k`n)
+
C(n)α
nε/4

Lemma 37 Let Dn be a sample of size n from the distribution of a pair (X, Y ) of jointly
distributed random variables. For any α ≥ 0, any ε > 0, and any integers k, ` > 1, we have
that for all n


|I(Dn |G ) − I((X, Y )|G )| ≤ O

1+2α )

for every k-by-` grid G with probability at least 1−C(n)e−Ω(n/C(n)
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where the first inequality comes from k` ≤ B(n) and second is because C(n) = k`nε/2 ≥ nε/2 .
This bound is at most O (1/na ) for every a < min{αε/2, ε/4}, as desired. It remains only
to show that the bound holds with high probability across all k` ≤ B(n).

Proof Fix k, `, and any α satisfying 0 < α < ε/(4 − 2ε). Lemma 37 implies that with high
c(Dn )k,` − Mk,` | is at most
probability the difference |M




log(k`) log(k`n)
log n
log n
O
+
≤ O
+ ε/4
α
α
ε/4
C(n)
C(n)
n
n


log n
log n
≤ O
+
nαε/2
nε/4

c(Dn )k,` is the k, `-th entry
holds for all k` ≤ B(n) with probability P (n) = 1 − o(1), where M
of the sample characteristic matrix and M (X, Y )k,` is the k, `-th entry of the population
characteristic matrix of (X, Y ).

Lemma 38 Let Dn be a sample of size n from the distribution
of a pair (X, Y ) of jointly

distributed random variables. For every B(n) = O n1−ε , there exists an a > 0 such that
for sufficiently large n,
 
c(Dn )k,` − M (X, Y )k,` ≤ O 1
M
na

Our final lemma shows that as long as B(n) doesn’t grow too fast, the bound from the
previous lemma yields a uniform bound on the entire sample characteristic matrix. This is
done by specifying an error threshold for which Lemma 37 yields a bound that holds with
high probability, and then invoking a union bound.

Combining all of the bounds gives the desired result.

This bound on δ allows us to bound the terms involving d and δ by
 



 

1
log n
1
1
δ+d≤O
, δ log
+ d log
≤O
.
ε/4
ε/4
δ
d
n
n

`
k
2
δ ≤ ε/4 + ε/4 ≤ ε/4 .
`n
kn
n

This also applies to the sums across rows. Since d is a sum of terms of the form ψ∗,j and
ψi,∗ for j in some index set J and i in an index set I, and δ is a sum of terms of the form
π∗,j and πi,∗ with the same index sets, we therefore get that d ≤ 2δ.
Bounding δ and obtaining the result: To bound δ, we observe that because G has at
most ` − 1 vertical lines and k − 1 horizontal lines, we have

i

since πi,j ≤ 1 and C(n) ≥ 1.
The connection to d comes from the fact that for any column j of Γ, this means that
X
X
ψ∗,j =
ψi,j ≤ 2
πi,j = 2π∗,j .
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≥ 1 − O (n) e−Ω(n

u)

in probability, as desired.
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This is the set of matrices A ∈ m∞ for which it is possible to find, within a δ-neighborhood
of A, a second matrix that f maps to more than z away from f (A). Because f is uniformly
continuous, there exists a δ ∗ sufficiently small so that Cδ∗ = ∅.
cN (Dn ))−f (MN )| > z. This means that either kM
cN (Dn )−MN k > δ ∗ ,
Suppose that |f (M
or MN ∈ Cδ∗ . The latter 
option is impossible since Cδ∗ = ∅, and Lemma 38 tells us that
cN (Dn ) − MN k > δ ∗ → 0 as n grows. We therefore have that
P kM


cN (Dn ) − f (MN ) → 0
f M

and observing that as n → ∞, the second term vanishes by the pointwise convergence of f ◦ri
and the fact that B(n) > ω(1). It therefore suffices to show that the first term converges
to zero in probability. Since f is uniformly continuous, we can establish this via a simple
adaptation of the continuous mapping theorem, which says that if the sequence of random
variables Rn → R in probability, and g is continuous, then g(Rn ) → g(R) in probability.
We replace R with a second sequence, and replace continuity with uniform continuity.
Let k · k denote the supremum norm on m∞ , and fix any z > 0. Then, for any δ > 0,
define

Cδ = A ∈ m∞ : ∃A0 ∈ m∞ s.t. kA − A0 k < δ, f (A) − f A0 ) > z .

cN (Dn ) = rN (M
c(Dn )). We begin
Proof Let N denote B(n), let MN = rN (M ), and let M
by writing




cN (Dn ) − f (M ) ≤ f M
cN (Dn ) − f (MN ) + |f (MN ) − f (M )|
f M


cN (Dn ) − f (MN ) + |(f ◦ rN ) (M ) − f (M )|
= f M

in probability where Dn is a sample of size n from the distribution of (X, Y ), provided
ω(1) < B(n) ≤ O(n1−ε ) for some ε > 0.

Theorem Let f : m∞ → R be uniformly continuous, and assume that f ◦ ri → f pointwise.
Then for every random variable (X, Y ), we have


c(Dn ) → f (M (X, Y ))
f ◦ rB(n) M

We are now ready to prove the main result.


ε/2 ≤ O n1−ε/2 for large n, and so our
for some positive u. This is because C(n) ≤ B(n)n

1+2α
1−u
choice of α ensures that C(n)
=O n
for some u > 0.
We can then perform a union bound over all pairs k` ≤ B(n): since the number of such
pairs can be bounded by a polynomial in n, we have that the desired condition is satisfied
for all k` ≤ B(n) with probability approaching 1.

1 − C(n)e−Ω(n/C(n)

1+2α )

Lemma 37 states that the probability our bound holds for one fixed pair (k, `) is at least

Reshef, Reshef, Finucane, Sabeti, and Mitzenmacher
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Appendix B. Proof of Theorem 8

Reshef, Reshef, Finucane, Sabeti, and Mitzenmacher

Proposition 40 Let Ik,` : P({1, . . . , k} × {1, . . . , `}) → R denote the discrete mutual information function on k-by-` grids. For 0 < δ ≤ 1/4, the maximal change in Ik,` over any
subset of P({1, . . . , k} × {1, . . . , `}) of diameter δ (in statistical distance) is



 
1
+ δ log min{k, `} .
O δ log
δ

In this appendix we prove Theorem 8, reproduced below.
Theorem Let P(R2 ) denote the space of random variables supported on R2 equipped with
the metric of statistical distance. The map from P(R2 ) to m∞ defined by (X, Y ) 7→ M (X, Y )
is uniformly continuous.

Proof Without loss of generality, assume k ≤ `, so that log min{k, `} = log k. Let (X, Y )
and (X 0 , Y 0 ) be two random variables distributed over {1, . . . , k} × {1, . . . , `} that are at
most δ apart in statistical distance. Using I(X, Y ) = H(Y ) − H(Y |X), we can express the
difference between the mutual information of these two pairs of random variables as

H(Y |X) − H(Y 0 |X 0 )

=
≤

=

X
x

X
x

X
x

X

x

px H(Y |X = x) − px0 H(Y 0 |X 0 = x)

−

px

(1)

(2)


H(Y 0 |X 0 = x)
X
px0 − px log k

px H(Y |X = x) − H(Y 0 |X 0 = x) +

px0

px H(Y |X = x) − H(Y 0 |X 0 = x) +

px H(Y |X = x) − H(Y 0 |X 0 = x) + δ log k
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= 2

≤ 2

X

x

X

x

px Hb

px Hb



2δx
px

2δx
px





≤ 2Hb (2δ) + 3δ log k



x
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+ 3δ log k

+3

P
where the last line is because x |px − px0 | ≤ δ and H(Y 0 |X 0 = x) ≤ log k.
Now let δx+ be the magnitude of all the probability mass entering any cell in column x,
let δx− be the magnitude of all the probability mass leaving any cell in column x, and let
δx = δx+ + δx− . Using this notation, we can again apply Lemma 55 to obtain



X
X 
2δx
δx
px H(Y |X = x) − H(Y 0 |X 0 = x) ≤
px 2Hb
+ 3 log k
px
px
x
x
X
δx log k

≤

x

We now use Lemma 55, which relates movement of probability mass to changes in entropy
and is proven in Appendix L, to separately bound each of the terms on the right hand
side. Straightforward application of the lemma to |H(Y ) − H(Y 0 )| shows that it is at most
2Hb (2δ) + 3δ log k, where Hb (·) is the binary entropy function. Since Hb (x) ≤ O(x log(1/x))
for x small, this is O(δ log(1/δ) + δ log k).
Bounding the term with the conditional entropies is more involved. Let px = P (X = x),
and let px0 = P (X 0 = x). We have

I(X, Y ) − I(X 0 , Y 0 ) ≤ H(Y ) − H(Y 0 ) + H(Y |X) − H(Y 0 |X 0 ) .

The proposition below begins our argument with the simple observation that the family
of maps consisting of applying any finite grid to some (X, Y ) ∈ P(R2 ) is uniformly equicontinuous. The reason this holds is that (X, Y )|G is a deterministic function of (X, Y ), and
deterministic functions cannot increase statistical distance.
Proposition 39 Let G be the set of all finite grids. The family {(X, Y ) 7→ (X, Y )|G : G ∈
G} is uniformly equicontinuous on P(R2 ).
Proof To establish uniform equicontinuity, we need to show that, given some (X, Y ) ∈
P(R2 ) and some ε > 0, we can choose δ to satisfy the continuity condition in a way that
does not depend on G or on (X, Y ). But because deterministic functions cannot increase
statistical distance, we have that if (X, Y ), (X 0 , Y 0 ) ∈ P are at most ε apart then


∆ (X, Y )|G , (X 0 , Y 0 )|G ≤ ∆ (X, Y ), (X 0 , Y 0 ) = ε

where ∆ denotes statistical distance. Choosing δ = ε therefore gives the result.
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At this point it is tempting to try to use continuity properties of discrete mutual information to obtain uniform continuity of the characteristic matrix. And indeed, this strategy
does yield that each individual entry of the characteristic matrix is a uniformly continuous
function. However, to obtain continuity of the entire (infinite) characteristic matrix we need
to make a statement about all grid resolutions simultaneously. This is not straightforward
because mutual information is only uniformly continuous for a fixed grid resolution, and the
family {(X, Y ) 7→ I((X, Y )|G ) : G ∈ G} is in fact not even equicontinuous.
The normalization in the definition of MIC∗ is what allows us to establish the uniform
continuity of the characteristic matrix despite this problem. To see why, suppose we have
a distribution over a k-by-` grid and we are allowed to move at most δ away in statistical
distance for some small δ. The largest change in discrete mutual information that this can
cause indeed increases as we increase k and `. However, it turns out that we can bound the
extent of this “non-uniformity”: the proposition below shows that as we move away from a
distribution, the discrete mutual information can change only proportionally to the amount
of mass we move, with the proportionality constant bounded by log min{k, `}. Because
log min{k, `} is the quantity by which we regularize the entries of the characteristic matrix,
this is exactly enough to make the normalized matrix continuous. This proposition is the
technical heart of our continuity result. And as we show in Corollary 11 when we demonstrate the non-continuity of the non-normalized characteristic matrix mutual information,
our bound is tight.
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Each map in F 0 is of the form supg∈A g for some A ⊂ F . Therefore, for a given ε > 0,
whatever δ establishes the uniform equicontinuity for F can be used to establish continuity
of all the functions in F 0 . (To see this: supg∈A g can’t increase by more than ε if no g
increases by more than ε, and supg∈A g is also lower bounded by any of the g’s, so it can’t
decrease by more than ε either.) Since we can use the same δ for all of the maps in F 0 , they
therefore form a uniformly equicontinuous family.
Finally, the δ provided by the uniform equicontinuity of F 0 also ensures that M (X 0 , Y 0 )
is within ε of M (X, Y ) in the supremum norm, thus giving the uniform continuity of
(X, Y ) 7→ M (X, Y ).

After the normalization, this becomes at most O(ε(log(1/ε) + 1)), which goes to zero (uniformly with respect to (X, Y )) as ε approaches zero, as desired.
Next, define
F 0 = {(X, Y ) 7→ M (X, Y )k,` : k, ` ∈ Z>1 } .

O (ε log(1/ε) + ε log min{k, `}) .

F is uniformly equicontinuous by the following argument. Given some ε > 0, we know
(Proposition 39) that for any (X 0 , Y 0 ) in an ε-ball around (X, Y ), (X 0 , Y 0 )|G will remain
within ε of (X, Y )|G for any G. Proposition 40 then tells us that if ε is sufficiently small
then the distance between Ik,` ((X 0 , Y 0 )|G ) and Ik,` ((X, Y )|G ) will be at most

Proof We complete the proof in three steps. First, we show that a certain family of
functions F is uniformly equicontinuous. Second, we use this to show that a different family
F 0 consisting of functions of the form supg∈A g with A ⊂ F is uniformly equicontinuous.
Finally, we argue that since the entries of M (X, Y ) consist of the functions in F 0 , this is
sufficient to establish the result.
Define


Ik,` ((X, Y )|G )
F = (X, Y ) 7→
: k, ` ∈ Z>1 , G ∈ G(k, `) .
log min{k, `}

Theorem Let P(R2 ) denote the space of random variables supported on R2 equipped with
the metric of statistical distance. The map from P(R2 ) to m∞ defined by (X, Y ) 7→ M (X, Y )
is uniformly continuous.

Having bounded the extent to which variation in mutual information depends on grid
resolution, we are now ready to show the uniform continuity of the characteristic matrix.

which, together with the bound on |H(Y ) − H(Y 0 )| and the fact that Hb (X) ≤ O(x log(1/x))
for x small, gives the result.

H(Y |X) − H(Y 0 |X 0 ) ≤ 2Hb (2δ) + 4δ log k

where the last line is by application of Lemma 52 from the appendix, which bounds weighted
sums of binary entropies.
Combining this with Line (2) gives that
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I(X, Y |P )
log k

P ∈P (k)

∗
Mk,↑
= max

I(X, Y |P )
.
log k

∗
Mk,`,P
=

38

I(X|Q` , Y |P )
.
log k
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∗ ≤ M . To do this, we let P be any partition into k rows,
It remains to show that Mk,↑
k,↑
and we define Q` to be an equipartition into ` columns. We let

`→∞

∗
Mk,↑ = lim Mk,` ≤ Mk,↑
.

∗ is in fact equal to M . To show that M
∗
We wish to show that Mk,↑
k,↑
k,↑ ≤ Mk,↑ , we
observe that for every k-by-` grid G = (P, Q), where P is a partition into rows and Q is a
partition into columns, the data processing inequality gives I((X, Y )|G ) ≤ I(X, Y |P ). Thus
∗ for ` ≥ k, implying that
Mk,` ≤ Mk,↑

Proof Define

where P (k) denotes the set of all partitions of size at most k.

P ∈P (k)

max

Theorem Let M be a population characteristic matrix. Then Mk,↑ equals

Appendix D. Proof of Theorem 16

This implies that the limit of M N (Zε ) along P is ∞, and so the distance between M N (Z)
and M N (Zε ) in the supremum norm is infinite.

Proof Consider a random variable Z uniformly distributed on [0, 1/2]2 . Because Z exhibits statistical independence, I ∗ (Z, k, `) is zero for all k, `. Now define Zε to be uniformly
distributed on [0, 1/2]2 with probability 1 − ε and uniformly distributed on the line from
(1/2, 1/2) to (1, 1) with probability ε.
We lower-bound I ∗ (Zε , k, `). Without loss of generality suppose that k ≤ `, and consider
a grid that places all of [0, 1/2]2 into one cell and uniformly partitions the set [1/2, 1]2 into
k − 1 rows and k − 1 columns. By considering just the rows/columns in the set [1/2, 1]2 we
see that this grid gives a mutual information of at least ε log(k − 1). Thus, we have that for
all k, `,
I ∗ (Zε , k, `) ≥ ε log min{k − 1, ` − 1}.

If N (k, `) = o(log min{k, `}) along some infinite path in N × N, then M N and sup M N are
not continuous as functions of P([0, 1] × [0, 1]) ⊂ P(R2 ).

Theorem For some function N (k, `), let M N be the characteristic matrix with normalization N , i.e.,
I ∗ ((X, Y ), k, `)
M N (X, Y ) =
.
N (k, `)

Appendix C. Proof of Proposition 10

Reshef, Reshef, Finucane, Sabeti, and Mitzenmacher
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P

∗
Mk,↑
= sup

I(X, Y |P )
≤ Mk,↑
log k

I(X, Y |P )
∗
= lim Mk,`,P
≤ lim Mk,` = Mk,↑
`→∞
`→∞
log k

∗
Since Mk,`,P
≤ Mk,` when ` ≥ k, we have that for all P

which gives that

as desired.

Appendix E. Proof of Theorem 18
Theorem Given a random variable (X, Y ), Mk,↑ (resp. M↑,` ) is computable to within an
additive error of O(kε log(1/(kε))) + E (resp. O(`ε log(1/(`ε))) + E) in time O(kT (E)/ε)
(resp. O(`T (E)/ε)), where T (E) is the time required to numerically compute the mutual
information of a continuous distribution to within an additive error of E.
Proof Without loss of generality we prove the claim only for Mk,↑ . Given 0 < ε < 1,
we would like a partition into rows P of size at most k such that I(X, Y |P ) is maximized.
We would like to use OptimizeXAxis for this purpose, but while our search problem is
continuous, OptimizeXAxis can only perform a discrete search over sub-partitions of some
master partition Π. We therefore set Π to be an equipartition into 1/ε rows and show that
this gets us close enough to achieve the desired result.
With Π as described, the OptimizeXAxis provides in time O(kT (E)/ε) a partition
P0 into at most k rows such that I (X, Y |P0 ) is maximized, subject to P0 ⊂ Π, to within
an additive error of E. To prove the claim then, we must show that the loss we incur by
restricting to sub-partitions of Π costs us at most O(kε log(1/(kε))). In other words, we
must show that
I (X, Y |P ) − I (X, Y |P0 ) ≤ O(kε)
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where P is an optimal partition into rows. Note that we have omitted the absolute value
above, since by the optimality of P , I (X, Y |P ) ≥ I (X, Y |P0 ) always.
We prove the desired bound by showing that there exists some P 0 ⊂ Π such that the
mutual information of (X, Y |P 0 ) is O(kε log(1/(kε)))-close to that achieved with (X, Y |P ).
Since P 0 ⊂ Π gives us that I (X, Y |P0 ) ≥ I (X, Y |P 0 ), we may then conclude that I (X, Y |P )−
I (X, Y |P0 ) is at most O(kε log(1/(kε))).
We construct P 0 by simply replacing every horizontal line in P with a horizontal line in
Π closest to it. Since there are at most k − 1 horizontal lines in P , and each such line is
contained in a row of Π containing 1/ε probability mass, performing this operation moves
at most (k − 1)ε probability mass. In other words, the statistical distance between (X, Y |P 0 )
and (X, Y |P ) is at most (k − 1)ε ≤ kε. Thus, for sufficiently small ε, Proposition 40, proven
in Appendix B, can be used to show that
 

 
1
1
|I (X, Y |P 0 ) − I (X, Y |P )| ≤ O kε log
+ kε log
kε
ε
39
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which yields the desired result.

Remark 41 We do not explore here the details of the numerical integration associated with
the above theorem, since the error introduced by the numerical integration is independent of
the algorithm being proposed. However, standard numerical integration methods can be used
to make this error arbitrarily small with an understood complexity tradeoff (see, e.g., Stoer
and Bulirsch 1980).

Appendix F. Proof of Theorem 21

Theorem Let (X, Y ) be jointly distributed random variables. Then ∂[M ] = ∂M .

Proof Without loss of generality, we show that [M ]k,↑ = Mk,↑ . Fix any partition into rows
P . If Q` is an equipartition into ` columns then

lim I(X|Q` , Y |P ) = I(X, Y |P ),
`→∞

I(X, Y |P )
= Mk,↑
log k

because the continuous mutual information equals the limit of the discrete mutual information with increasingly fine partitions. (See, e.g., Chapter 8 of Cover and Thomas 2006 for a
proof of this.) This means that, letting P (k) denote the set of all partitions of size at most
k, we have

P ∈P (k)

[M ]k,↑ = max

where the second equality follows from Proposition 16.

Appendix G. Consistency of MICe in Estimating MIC∗

The consistency of MICe for estimating MIC∗ can be established using the same technical
lemmas that we used to show that MIC → MIC∗ . Specifically, we can use Lemma 37, which
bounds the difference, for all k-by-` grids G, between the sample quantity I(Dn |G ) and the
population quantity I((X, Y )|G ) with high probability, where Dn is a sample of size n from
(X, Y ). That lemma yields the following fact about the sample equicharacteristic matrix,
whose proof is similar to that of Lemma 38.

1
na

Lemma 42 Let Dn be a sample of size n from the distribution
of a pair (X, Y ) of jointly

distributed random variables. For every B(n) = O n1−ε , there exists an a > 0 such that
for sufficiently large n,
 

d](Dn )k,` − [M ](X, Y )k,` ≤ O
[M
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d](Dn )k,` is the k, `-th
holds for all k` ≤ B(n) with probability P (n) = 1 − o(1), where [M
entry of the sample equicharacteristic matrix and [M ](X, Y )k,` is the k, `-th entry of the
population equicharacteristic matrix of (X, Y ).

40


 d
[M ](Dn ) → f ([M ](X, Y ))

k`≤B(n)

c}c (·)k,`
^e,B (·) = max {M
MIC

]e,B (·) =
TIC
c}c (·)k,`
{M

k`≤B(n)

X

We will prove these results in order.

41
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yields a consistent right-tailed test of independence provided ω(1) < B(n) ≤ O(n1−ε )
for some ε > 0

3. The function

is a consistent estimator of MIC∗ provided ω(1) < B(n) ≤ O(n1−ε ) for some ε > 0.

2. The function

c}c (Dn )) in time
1. There exists an algorithm EquicharClump for computing rB ({M
O(n + B 5/2 ), which equals O(n + n5(1−ε)/2 ) when B(n) = O(n1−ε ).

In Theorem 28, we sketched an algorithm called EquicharClump for approximating the
sample equicharacteristic matrix that is more efficient than the naive computation. In
this appendix, we describe the algorithm in detail, bound its runtime, and show that it
indeed yields a consistent estimator of MIC∗ from finite samples as well as a consistent
independence test when used to compute the total information coefficient. We then present
some empirical results characterizing the sensitivity of the algorithm to its speed-versusoptimality parameter c.
The results in this section can be summarized as follows: let (X, Y ) be a pair of jointly
distributed random variables, and let Dn be a sample of size n from the distribution of
c}c (Dn ) such that
(X, Y ). For every c ≥ 1, there exists a matrix {M

Appendix H. The EquicharClump Algorithm

in probability where Dn is a sample of size n from the distribution of (X, Y ), provided
ω(1) < B(n) ≤ O(n1−ε ) for some ε > 0.

f ◦ rB(n)

Theorem Let f : m∞ → R be uniformly continuous, and assume that f ◦ ri → f pointwise.
Then for every random variable (X, Y ), we have

In the case of MIC, we proceeded to apply abstract continuity considerations to obtain
our consistency theorem (Theorem 6) from a result analogous to the above lemma. A
similar argument shows us that, in the case of the equicharacteristic matrix as well, we can
estimate a large class of functions of the matrix in the same way. This is stated formally in
the theorem below. As before, we let m∞ be the space of infinite matrices equipped with
the supremum norm, and given a matrix A the projection ri zeros out all the entries Ak,`
for which k` > i.
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`= B

= O(c2 B 5/2 )



B/2
X

1
1
2 3
√
=
O
c
B
O
2
√ `
B

42

G

I {c∗} ((X, Y ), k, `) = max I((X, Y )|G )
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Definition 43 Let (X, Y ) be jointly distributed random variables and fix some c ≥ 1. Let

Let (X, Y ) be a pair of jointly distributed random variables. For a sample Dn of size
n from the distribution of (X, Y ) and a speed-versus-optimality parameter c ≥ 1, let
c}c (Dn ) denote the matrix computed by EquicharClump. (Notice the use of curly
{M
d].) We show here
braces to differentiate this from the sample equicharacteristic matrix [M
c
c
that maxk`≤B(n) {M } (Dn )k,` is a consistent estimator of MIC∗ (X, Y ), and correspondingly
P
c}c (Dn )k,` yields a consistent independence test.
that k`≤B(n) {M
The key to both consistency results is that, though in calculating the k, `-th entry of
c}c (Dn ) the algorithm only searches for optimal partitions that are sub-partitions of
{M
some equipartition, the size of the equipartition used always grows as n, k, and ` grow large.
Therefore, in the limit this additional restriction does not hinder the optimization. We
present this argument by introducing a population object called the clumped equicharacteristic matrix. We observe that this matrix is the limit of the EquicharClump procedure as
sample size grows, and then show that the supremum and partial sums of this matrix have
the necessary properties.

H.2 Consistency

√
For the case of ` < B, we can simultaneously compute using OptimizeXAxis the
entries corresponding to all the pairs {(2, `), . . . , (`, `)} in time O(|Π|2 `2 ) which equals
O(c√2 `4 ) ≤ O(c2 B 2 ) when we set Π to
√ be an equipartition of size c`. Summing over the
O( B) possible values of ` with ` < B gives an upper bound of O(c2 B 5/2 ).

O(c2 B 3 )

We begin by describing the algorithm and bounding its runtime simultaneously. As in the
proof of Theorem 27, we bound the runtime required to approximately compute only the
c}c (Dn ) satisfying k ≤ `, k` ≤ B. To do this, we analyze two portions
k, `-th entries of {M
√
c}c (Dn ) separately: we first consider the case ` ≥ B, in which we must compute
of {M
√
the entries corresponding to all the pairs {(2, `), . . . , (B/`, `)}. We then consider ` < B,
in which case we need only compute the entries {(2, `), . . . , (`, `)} since the additional pairs
would all have k > `.
√
For the case of ` ≥ B, as in the previous theorem we can simultaneously compute
using OptimizeXAxis the entries corresponding to all the pairs {(2, `), . . . , (B/`, `)} in time
2 3 2
O(|Π|2 (B/`)`) = O(|Π|2 B), which
√ equals O(c B /` ) when we set Π to be an equipartition
of size cB/`. Doing this for ` = B, . . . , B/2 gives a contribution of the following order to
the runtime.

H.1 Algorithm Description and Analysis of Runtime
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I {c∗} ((X, Y ), k, `)
log min{k, `}

≤ε

|Akj − a| ≤ |Akj − ak | + |ak − a|
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Proof Let a = sup{ai }. We give the proof for the case that a < ∞. However, it is easily
adapted to the infinite case. We must show that for every ε > 0 and every 0 < p ≤ 1,
there exists some N such that P(|Aj0 − a| < ε) > p for all j ≥ N . By the definition of a, we
know that there exists some k such that |ak − a| < ε/2. Also, by the convergence of Akj to
ak , there exists some m such that P(|Akj − ak | < ε/2) > 1 − p for all j ≥ m. Thus, with
probability at least 1 − p, we have

Then Aj0 = maxi≤j Aij converges in probability to sup{ai } as well.

3. Bj0 = maxi≤j Bij satisfies Bj0 → sup{ai } in probability

2. For every i, Aij → ai in probability

1. Aij ≤ Bij almost surely

∞
∞
∞
Lemma 47 Let {Aij }i,j=1
and {Bij }i,j=1
be sequences of random variables, and let {ai }i=1
be a non-stochastic sequence. Assume that the following conditions hold.

c}c (Dn ) to {M }c , suffices to
This fact, together with the pointwise convergence of {M
establish the consistency we seek via standard continuity arguments, which we give in the
abstract lemma below. The lemma applies to a double-indexed sequence indexed by i and
j; in our argument, the index i corresponds to position in the equicharacteristic matrix, and
the index j corresponds to sample size. The sequence A corresponds to the output of the
EquicharClump algorithm, the sequence a corresponds to the clumped equicharacteristic
matrix, and the sequence B corresponds to the sample equicharacteristic matrix.

On the other hand, {M }c ≤ M element-wise since the optimization for the k, `-th entry
of {M }c is performed over a subset of the grids searched for the k, `-th entry of M . This
means that sup{M }c ≤ sup M = MIC∗ (X, Y ).

where P (k) denotes the set of all partitions of size at most k. Therefore, the boundary ∂{M }c
of {M }c equals the boundary ∂M of M . Since MIC∗ (X, Y ) = sup ∂M (Theorem 15), this
implies that
sup{M }c ≥ sup ∂{M }c = sup ∂M = MIC∗ (X, Y ).

`→∞

where the maximum is over k-by-` grids whose larger partition is an equipartition and whose
smaller partition must be contained in an equipartition of size c · max{k, `}. The clumped
equicharacteristic matrix of (X, Y ), denoted by {M }c (X, Y ), is defined by
{M }c (X, Y )k,` =



c
c
{M }k,↑
= lim {M }k,`
= max

Proof (Sketch) Let {M }c = {M }c (X, Y ), and let M = M (X, Y ) be the characteristic
c as ` grows. The grid chosen for the k, `-th
matrix. Fix k, and consider the limit {M }k,`
entry when ` > k will contain an equipartition P` of size ` on the x-axis, and a partition Q`
of size k on the y-axis that is optimal subject to the restriction that Q` be contained in an
equipartition of size c`. As ` grows large, the equipartition P` on the first axis will become
finer and finer until in the limit X|P` → X. And the partition Q` will be chosen from a
finer and finer equipartition, so that in the limit it approaches an unconditionally optimal
partition Q of size k. The convergence of Q` to the optimal partition Q of size k can be
shown to be uniform using Proposition 40. This implies that

Notice that curly braces differentiate the quantities I {c∗} and {M }c defined above from the
corresponding equicharacteristic matrix quantities I [∗] and [M ].
The following two results, which we state without proof, characterize the convergence of
the output of EquicharClump to the clumped equicharacteristic matrix. These lemmas
can be shown using Lemma 37, which simultaneously bounds the difference, for all k-by-`
grids G, between the sample quantity I(Dn |G ) and the population quantity I((X, Y )|G )
with high probability over the sample Dn of size n from (X, Y ).


1
na

Lemma 44 Let Dn be a sample of size n from the distribution
of a pair (X, Y ) of jointly

distributed random variables. For every B(n) = O n1−ε , there exists an a > 0 such that
for sufficiently large n,
c}c (Dn )k,` − {M }c (X, Y )k,` ≤ O
{M

p
c}c (Dn ) denotes the
holds for all k, ` ≤ B(n) with probability P (n) = 1 − o(1), where {M
matrix computed by the EquicharClump algorithm with parameter c on the sample Dn .
Notice that the error bound provided by the above lemma holds not for k` ≤ B(n) as
in the p
analogous Lemma 38 and Lemma 42, but rather for the smaller region defined by
k, ` ≤ p B(n). However, though we do not have uniform convergence outside the region
k, ` ≤ B(n), we do nevertheless have pointwise convergence there, as stated below.

Lemma 45 Fix k, ` ≥ 2. Let Dn be a sample of size n from the distribution of a pair (X, Y )
of jointly distributed random variables. For every B(n) > ω(1), we have that

c}c (Dn )k,` → {M }c (X, Y )k,`
{M

c}c (Dn ) denotes the matrix computed by the Equicharin probability as n grows, where {M
Clump algorithm with parameter c on the sample Dn .
H.2.1 Consistency for Estimating MIC∗

c}c (Dn ) for estimating MIC∗ follows from the following property of
The consistency of {M
the clumped equicharacteristic matrix {M }c , for which we state a proof sketch.

JMLR 17(212):1-63

Proposition 46 Let (X, Y ) be a pair of jointly distributed random variables. Then we have
sup{M }c (X, Y ) = MIC∗ (X, Y ).
43

k`≤B(n)

k`≤B(n)

c}c (Dq(B(n)) )k,`
c}c (Dq(B(n)) )k ,` = max {M
max {M
i i

i≤q(B(n))

45

either for all k ≥ ` ≥ `0 , or for all ` ≥ k ≥ `0 .
JMLR 17(212):1-63

Proposition 49 Let (X, Y ) be a pair of jointly distributed random variables. If X and Y
are statistically independent, then {M }c (X, Y ) ≡ 0. If not, then there exists some a > 0
and some integer `0 ≥ 2 such that
a
{M }c (X, Y )k,` ≥
log min{k, `}

Similarly to the consistency argument for MIC∗ , we begin by exhibiting the relevant property
of the population clumped equicharacteristic matrix.

H.2.2 Consistency for Total Information Coefficient

converges in probability to MIC∗ (X, Y ), which implies the result since the sequence A0j is
monotone.

A0q(B(n)) =

d](Dj )k ,` , i.e., Bij is the ki , `i -th entry of the sample characteristic
We define Bij = [M
i i
c}c (Dj )k ,` , and we
matrix evaluated on a sample of size j. We analogously define Aij = {M
i i
define ai = {M }c (X, Y )ki ,`i . We observe that by Proposition 46, sup ai = sup{M }c (X, Y ) =
MIC∗ .
It is straightforward to see that Aij ≤ Bij . Additionally, Lemma 45 shows that Aij → ai
in probability, and Corollary 26, which states that MICe is a consistent estimator of MIC∗ ,
shows that Bj0 = maxi≤j Bij → MIC∗ (X, Y ). In the notation of the lemma, it therefore
follows that A0j = maxi≤j Aij converges in probability to MIC∗ (X, Y ) as well. But this
means that the sub-sequence

{(ki , `i ) : i ≤ q(B)} = {(k, `) : k` ≤ B} .

Proof Let (X, Y ) be a pair of jointly distributed random variables, and let Dn be a sample
+
+
of size n from the distribution of (X, Y ). Let {(ki , `i )}∞
i=1 ⊂ Z × Z be a sequence of
coordinates with the property that for every number B there exists an index q(B) such that

is a consistent estimator of MIC∗ provided ω(1) < B(n) ≤ O(n1−ε ) for some ε > 0, where
c}c (·) is the output of the the EquicharClump algorithm.
{M

c}c (·)k,`
^e,B (·) = max {M
MIC

c}c (·)k,`
{M
k`≤B(n)

X



c}c (Dn )k,` ≥
{M
k`≤B(n)

X

k,`≤

√

c}c (Dn )k,` .
{M
B(n)

X

√

B(n)

X
k,`≤

log B(n) 

B(n)
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c}c (X, Y )k,` − TIC
]e,B (Dn )
{M
≤O





#n log B(n)
B(n)na





log B(n)
na
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=O

It can then be shown, following the argument from Appendix K, that there exists some
a > 0 depending only on B such that, with probability 1 − o(1),

]e,B (Dn ) =
TIC

Proof Let (X, Y ) a pair of jointly distributed random variables, and let Dn be a sample
of size n from the distribution of (X, Y ). It suffices to show consistency for any deterministic monotonic function of the statistic in question. We therefore choose to analyze
]e,B (Dn ) log(B(n))/B(n).
TIC
For the null hypothesis in which X and Y are independent, we observe that since
d](Dn ) element-wise, 0 ≤ TIC
c}c (Dn ) ≤ [M
]e,B (Dn ) ≤ TICe,B (Dn ) as well. Moreover, the
{M
argument given in Appendix K, which shows that TICe,B (Dn )/B(n) converges to 0 in probability under the null hypothesis, can be adapted to show that TICe,B (Dn ) log(B(n))/B(n) →
]e,B (Dn ) log(B(n))/B(n) converges to zero in probability, as required.
0 as well. Thus, TIC
For the case that X and Y are dependent, the proof is analogous to the argument given
in Appendix K for TICe . The only difference is that Lemma 44, which guarantees the
c}c (Dn ) to {M }c (X, Y ), applies only to the k, `-th entries for
uniform convergence
of {M
p
which k, ` ≤ B(n), rather than the entries over which we are summing, which are those
]e,B (Dn ), we may
for which k` ≤ B(n). However, since we require only a lower bound on TIC
neglect these entries because

yields a consistent right-tailed test of independence provided ω(1) < B(n) ≤ O(n1−ε ) for
c}c (·) is the output of the the EquicharClump algorithm.
some ε > 0, where {M

]e,B (·) =
TIC

Proposition 50 The function

c}c (Dn )
We now show that the above result, together with the uniform convergence of {M
c
to {M } (X, Y ), implies the consistency we seek.

c}c (X, Y ). Under independence, every entry of {M }c is zero
Proof (Sketch) Let {M }c = {M
since I((X, Y )|G ) = 0 for any grid G. For the case of dependence, the argument is identical
to that given in the proof of Proposition 32. Specifically, it can be shown that there exists
some index `0 , taken without loss of generality to be a column index, and some r > 0 such
that all but finitely many of the entries in the `0 -column are at least r. It can then be shown
that for large k, the entries (k, `0 ), (k, `0 + 1), . . . , (k, k) have non-decreasing values of I [c∗] .
This establishes the claim for a = r log `0 .

for all j ≥ m.
Next, we observe that since A0j ≥ Akj for j ≥ k, the above inequality implies that for
j ≥ max{m, k} we have P(A0j > a − ε) > 1 − p. It remains only to show that A0j doesn’t get
too large, but this follows from the fact that A0j ≤ Bj0 and Bj0 → a in probability. Specifically,
we are guaranteed some N ≥ max{m, k} such that P(Bj0 < a + ε) > 1 − p for j ≥ N . Since
Bj0 < a + ε implies A0j < a + ε, we have that P(|A0j − a| < ε) > 1 − p for j ≥ N , as desired.

Proposition 48 The function

Reshef, Reshef, Finucane, Sabeti, and Mitzenmacher

Measuring Dependence Powerfully and Equitably

.


log B(n)
na



p
B(n). To obtain
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c}c (X, Y )k,` − O
{M

B(n)

X

√

k,`≤

where #n = B(n) represents the number of pairs (k, `) such that k, ` ≤
the result, we note that this means that
log B(n) ]
log B(n)
TICe,B (Dn ) ≥
B(n)
B(n)


B(n)
log B(n)

and then invoke Proposition 49, which implies that for large n
{M }c (X, Y ) ≥ Ω

B(n)

√

X

k,`≤

H.3 Empirical Characterization of the Performance of EquicharClump
The EquicharClump algorithm has a parameter c that controls the fineness of the equipartition whose sub-partitions are searched over by the algorithm. To gain an empirical understanding of the effect of c on performance, we computed MICe on the set of relationships described in Section 4.4 using EquicharClump with different values of c. For each
relationship, we compared the average MICe across all 500 independent samples from that
relationship with different values of c. We performed this analysis at sample sizes of n = 250
(Figure H1), n = 500 (Figure H2), and 5, 000 (Figure H3).
We summarize our findings as follows.
• At low (n = 250) and medium (n = 500) sample sizes, using c = 1 introduces a
downward bias for more complex relationships when B(n) = n0.6 is used but not when
B(n) = n0.8 is used. This makes sense since the low sample size and low setting of
B(n) mean that the algorithm is searching over grids with relatively few cells, and so
setting c = 1 hinders its ability to find good grids in this limited search space. This
bias is almost entirely alleviated by setting c ≥ 2.
• At high sample size (n = 5, 000), this effect is still observable but much reduced. This
makes sense since when n is large, B(n) is large as well, and so the number of cells
allowed in the grids being searched over is already large regardless of the exponent α
used in B(n) = nα . Thus, there is less need for the robustness provided by searching
for an optimal grid.

Appendix I. Equitability and Power Analyses from Reshef et al. (2015a)

JMLR 17(212):1-63

Figure I1 contains a representative equitability analysis from Reshef et al. (2015a). Figure I2
contains power curves from Reshef et al. (2015a) for a large set of leading methods.
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Figure H1: The effect of the parameter c on the performance of EquicharClump, at n =
250. See Section H.3 for details.
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Figure H3: The effect of the parameter c on the performance of EquicharClump, at n =
5, 000. See Section H.3 for details.

Figure H2: The effect of the parameter c on the performance of EquicharClump, at n =
500. See Section H.3 for details.
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Figure I1: (Reproduced from Reshef et al., 2015a.) The equitability of measures of dependence on a set of noisy functional relationships, reproduced from Reshef et al.
(2015a). [Narrower is more equitable.] The plots were constructed as in Figure 3.
Mutual information, estimated using the Kraskov estimator, is represented using
the squared Linfoot correlation.
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Figure I2: (Reproduced from Reshef et al., 2015a.) Power of independence testing using
several leading measures of dependence, on the relationships chosen by Simon
and Tibshirani (2012), at 50 noise levels with linearly increasing magnitude for
each relationship and n = 500. To enable comparison of power regimes across
relationships, the x-axis of each plot lists R2 rather than noise magnitude.
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a
log min{k, `}
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I [∗] ((X, Y ), k, `) ≥ I [∗] ((X, Y ), k, `0 ).
JMLR 17(212):1-63

Proof We give the proof only for [M ] = [M ](X, Y ), with the understanding that all parts of
the argument are either identical or similar for M (X, Y ). When X and Y are independent,
then for any grid G, (X, Y )|G exhibits independence as well. Therefore I((X, Y )|G ) = 0 for
all grids G, and so every entry of [M ], being a supremum over such quantities, is 0.
For the case that X and Y are dependent, our strategy is to first find, without loss of
generality, a column of [M ] almost all of whose values are bounded away from zero, and
then argue that this suffices.
The dependence of X and Y implies that MIC∗ (X, Y ) > 0. By Corollary 22, which
states that sup ∂[M ] = MIC∗ (X, Y ), we therefore know that there is at least one non-zero
element of the boundary of [M ], as defined in Definition 14. Without loss of generality,
suppose that this element is [M ]↑,`0 = limk→∞ [M ]k,`0 . The fact that this limit is strictly
positive implies that there exists some k0 ≥ `0 and some r > 0 such that [M ]k,`0 ≥ r for all
k ≥ k0 . That is, all but finitely many of the entries in the `0 -th column of [M ] are at least
r.
We now show that the existence of such a column suffices to prove the claim. Fix some
k > k0 and note that this implies that k > `0 . We argue that for all ` in {`0 , . . . , k}, the
desired condition holds. Since k > `0 , the term I [∗] ((X, Y ), k, `0 ) in the definition of [M ]k,`0
is a maximization over grids that have an equipartition of size k on one axis and an optimal
partition of size `0 on the other. Since we allow empty rows/columns in the maximization,
substituting any ` satisfying `0 ≤ ` ≤ k therefore does not constrain the maximization in
any way and so it cannot decrease I [∗] . In other words, for ` satisfying `0 ≤ ` ≤ k, we have

either for all k ≥ ` ≥ `0 , or for all ` ≥ k ≥ `0 .

M (X, Y )k,` , [M ](X, Y )k,` ≥

Proposition Let (X, Y ) be a pair of jointly distributed random variables. If X and Y are
statistically independent, then M (X, Y ) ≡ [M ](X, Y ) ≡ 0. If not, then there exists some
a > 0 and some integer `0 ≥ 2 such that

K.1 Proof of Proposition 32

Here we prove Propositions 32 and 33 and then use those propositions to prove Theorem 34,
which shows that TICe can be used for independence testing.

Appendix K. Consistency of Independence Testing Based on TICe

Figure J1 contains a version of the main text Figure 4, but where noise has been added only
to the dependent variable in each functional relationship, rather to both the independent
and dependent variables.

Appendix J. Equitability Analysis of Randomly Chosen Functions with
Additional Noise Model
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Figure J1: Equitability of methods examined on functions randomly drawn from a Gaussian process distribution, using a different noise model. This figure is identical
to Figure 4, but with noise added only to the dependent variable in each relationship. Each method is assessed as in Figure 4, with a red interval indicating
the widest range of R2 values corresponding to any one value of the statistic;
the narrower the red interval, the higher the equitability. Sample relationships
for each Gaussian process bandwidth are shown in the top right with matching
colors.
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εi =

ψi − πi
.
πi

|H(Q) − H(P )| ≤ (log B) A

i

Then for every 0 < a < 1 there exists some A > 0 such that
X
when |εi | ≤ 1 − a for all i.
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Lemma 51 Let Π and Ψ be random variables distributed over a discrete set of states Γ,
and let (πi ) and (ψi ) be their respective distributions. Let P = f (Π) and Q = f (Ψ) for some
function f whose image is of size B. Define

Appendix L. Information-Theoretic Lemmas

for all k` ≤ B(n) with probability 1 − o(1). This means that with probability 1 − o(1) we
have


#n
1
TICB (Dn ) − SB(n) (M ) ≤ O
B(n)
B(n)na
where #n is the number of pairs (k, `) such that k` ≤ B(n). It can be shown by taking the
integral of B/x with respect to x that #n = O(B(n) log B(n)). Therefore, the error in the
above bound is at most O(log B(n)/na ) = O(1/poly(n)) for our choice of B(n).
We now use Proposition 33 to show that this bound gives the desired result. Under the
null hypothesis of independence, the proposition says that SB(n) (M ) = 0 always, and so
since B is a growing function the bound implies that TICB (Dn )/B(n) → 0 in probability.
Under the alternative hypothesis in which (X, Y ) exhibit a dependence, the proposition implies that SB(n) (M )/B(n) > ω(1). Since B is a growing function of n, this means that for
any r > 0, the probability that SB(n) (M )/B(n) > r goes to 1 as n grows. In other words,
TICB (Dn )/B(n) → ∞ in probability.

1
na

Since k ≥ `, `0 , the normalizations in the definition of [M ]k,` and [M ]k,`0 are log ` and log `0
respectively. Therefore, we have that
r log `0
log `0
[M ]k,` ≥ [M ]k,`0
≥
log `
log `
where the last inequality is because k > k0 . Setting a = r log `0 then gives the result.

K.2 Proof of Proposition 33
Proposition Let (X, Y ) be a pair of jointly distributed random variables. If X and Y are
statistically independent, then SB (M (X, Y )) = SB ([M ](X, Y )) = 0 for all B > 0. If not,
then SB (M (X, Y )) and SB ([M ](X, Y )) are both Ω(B log log B).

B



B
− (` − 1)
`
√

c(Dn )k,` − Mk,` ≤ O
M

Proof We give the proof for TIC only; however, the argument holds as stated for TICe as
well.
Let (X, Y ) be jointly distributed random variables, and let Dn be a sample of size n from
the distribution of (X, Y ). Let M = M (X, Y ) be the characteristic matrix of (X, Y ) and let
c(Dn ) be the sample characteristic matrix. It suffices to establish the result for a determinM
istic monotonic function of TICB (Dn ). We therefore show convergence of TICB (Dn )/B(n)
to zero under the null hypothesis of independence and to ∞ under any alternative. Our
general strategy for doing so is to translate known bounds on our error at estimating enc(Dn ))/B(n)
tries of M into bounds on the difference between TICB (Dn )/B(n) = SB(n) (M
and SB (M )/B(n). We then obtain the result by invoking Proposition 33, which implies
that SB (M )/B(n) is zero under the null hypothesis but grows without bound under the
alternative.
We know from Lemma 38 (Lemma 42 for the equicharacteristic matrix) that there exists
some a > 0 depending only on B such that
 

√

B
X
`=`0

B

a
log `

Proof We give the argument for M = M (X, Y ) only, but the argument holds as stated for
[M ](X, Y ) as well.
The result follows from the guarantee given by the Proposition 32 above. In the case of
independence, the proposition tells us that M ≡ 0, which immediately gives that SB (M ) = 0
for all B > 0. For the case of dependence, the proposition implies that there is some
a > 0 and some integer `0 ≥ 2 such that, without loss of generality, Mk,` ≥ a/ log ` for all
k ≥ ` ≥ `0 . We convert this into a lower bound on SB (M ).
The key is to write the sum one column at a time, counting how many√entries in each
column both satisfy k ≥ ` ≥ `0 and k` ≤ B. For any ` satisfying `0 ≤ ` ≤ B, the entries
(`, `), . . . , (B/`, `) meet this criterion, and there are B/`0 − (`0 − 1) of them. Moreover, since
the guarantee of Proposition 32 tells us that all of these entries are at least a/ log `, we can
lower-bound SB (M ) as follows.
SB (A) ≥
√

`=`0

B
X

X 1
X `−1
−a
= aB
` log `
log `
`=`0
`=`0
 √

1
− O(B)
` log `
= a B

= Ω(B log log B)

where the second-to-last equality is because (`−1)/ log ` ≤ `, and the last equality is because
P
n
i=i0 1/(i log i) grows like log log n.
K.3 Proof of Theorem 34
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Theorem The statistics TICB and TICe,B yield consistent right-tailed tests of independence, provided ω(1) < B(n) ≤ O(n1−ε ) for some ε > 0.
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X
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The second inequality is because each ei is a weighted average of a set of εi and each εi
enters into the expression of exactly one ei .
To bound the second term, we use the fact that pi ≤ 1 for all i, and so
X
X
e2i pi ≤
e2i .

i

since πj /pi ≤ 1. Together, these two facts give
X
X
−
|ei |pi ln pi ≤ (ln B)
|ei |

|ei | ≤

P
We then note that − i pi ln pi ≤ ln B, and since each of the summands has the same sign
this means that −pi ln pi ≤ ln B. We also observe that

i

X

P
P
P
where the final equality is because i ei pi = i qi − i pi = 0. We proceed by bounding
each of the terms in Equation 5 separately.
To bound the first term, we write

=

≤

|H(Q) − H(P )| ≤

We now proceed with the argument. We have from Roulston (1999) that

j∈f

analogously to εi . Before proceeding, we observe that
X πj
ei =
εj .
pi
−1

ei =

Proof We prove the claim with entropy measured in nats. A rescaling then gives the
general result.
Let (pi ) and (qi ) be the distributions of P and Q respectively, and define
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completing the proof.
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The function we wish to bound equals H(Y |X) ≤ H(Y ). We therefore observe that
 
n
X
ui
wi Hb
≤ H(Y ).
wi

Proof ConsiderPthe random variable X taking values in {0, . . . , n} that equals zero with
probability 1 − i wi and equals i with probability wi for 0 < i ≤ n. Define the random
variable Y taking values in {0, 1} by

0
i=0
P (Y = 0|X = i) =
.
ui /wi
0<i≤n

where Hb is the binary entropy function.

i=1

P
Lemma 52 Let {wi } ⊂ [0, 1] be P
a set of size n with i wi ≤ 1, and let {ui } be a set of n
non-negative numbers satisfying i ui = a and ui ≤ wi . Then
n
X

i

and then proceed as we did with the second term, using the fact that f (x) = x3 is convex
for x ≥ 0. This gives
X
 X
 X
O |ei |3 ≤
O |εi |3 =
O (|εi |)

X

where the second line is a consequence of the convexity of f (x) = x2 and the third line is
because the sets f −1 (i) partition Γ.
To bound the third term, we write

We then write
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P (X = i)
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X
ui
=
ui ≤ a.
wi
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P (Y = 0) =

The result follows from the observation that
X

αx )/(1

Lemma 53 Let X be a random
variable distributed over k states, with P (X = x) = px .
P
Let αx ≥ 0 be such that
αx = δ, and define the random variable X 0 by P (X 0 = x) =
+
+ δ). We have
(px


αx
P Z = 1|X 0 = x =
.
p x + αx

H(X 0 ) − H(X) ≤ Hb (δ) + δ log k
where Hb is the binary entropy function.
Proof Define a new random variable Z by

px
P Z = 0|X 0 = x =
,
px + αx

We will use the fact that H(X 0 |Z = 0) = H(X) to obtain the required bound.
To upper bound H(X 0 ) − H(X), we write
H(X 0 ) − H(X) ≤ H(X 0 , Z) − H(X)

≤ Hb (δ) + (1 − δ)H(X) + δH(X 0 |Z = 1) − H(X)
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= H(Z) + P (Z = 0) H(X 0 |Z = 0) + P (Z = 1) H(X 0 |Z = 1) − H(X)

≤ Hb (δ) + δ log k

= Hb (δ) − δH(X) + δ log k

H(X 0 ) ≥ (1 − δ)H(X) − Hb (δ)

= (1 − δ)H(X)

≥ P (Z = 0) H(X 0 |Z = 0)

H(X 0 ) + H(Z) ≥ H(X 0 , Z)

where in the fourth line we have used that H(X 0 |Z = 1) ≤ log k.
To upper bound H(X) − H(X 0 ), we write

which yields
since H(Z) = Hb (δ). Thus, we have
H(X) − H(X 0 ) ≤ δH(X) + Hb (δ) ≤ δ log k + Hb (δ).
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δ
1−δ

+

δ
log k
1−δ

Lemma 54 Let X be a P
random variable distributed over k states, with P (X = x) = px .
Let αx ≤ 0 be such that
|αx | = δ, and define the random variable X 0 by P (X 0 = x) =
(px + αx )/(1 − δ). We have



H(X 0 ) − H(X) ≤ Hb

where Hb is the binary entropy function. In particular, when δ ≤ 1/3 we have

H(X 0 ) − H(X) ≤ Hb (2δ) + 2δ log k.

Proof We observe that we can get from X 0 to X by adding δ/(1 − δ) probability mass and
rescaling. The previous lemma then gives the result.

Lemma 55 Let X P
be a random variable distributed over k states, with P (X = x) = px .
Let αx be P
such that
|αx | = δ, and define the random variable X 0 by P (X 0 = x) = (px +
αx )/(1 − αx ). That is, X 0 is the result of changing the probability of state x by αx and
then re-normalizing to obtain a valid distribution. If δ ≤ 1/4, we have

H(X 0 ) − H(X) ≤ 2Hb (2δ) + 3δ log k
where Hb is the binary entropy function.

Proof Let δ+ be the total magnitude of all the positive αx , and let δ− be the total magnitude
of all the negative αx . We first add all the mass we’re going to add, and apply the first of
the previous two lemmas. Then we remove all the mass we are going to remove, and apply
the second of the two previous lemmas. This yields a bound of


δ−
δ−
log k
Hb (δ+ ) + δ+ log k + Hb 2
+2
1 + δ+
1 + δ+
≤ Hb (δ+ ) + δ+ log k + Hb (2δ− ) + 2δ− log k

≤ Hb (2δ) + δ log k + Hb (2δ) + 2δ log k

≤ 2Hb (2δ) + 3δ log k
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where the first inequality is because 1 + δ+ ≤ 1 + δ < 2 and 2δ− ≤ 2δ ≤ 1/2, and the second
inequality is because δ+ ≤ δ < 2δ ≤ 1/2.
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2

IP(Y = 1)  IP(Y = 0) ,
minimizing the overall risk (1.1) might yield classifiers with small overall risk R (as a result
of small R1 ) yet large R0 — a situation quite undesirable in practice given flagging a healthy

Most existing binary classification methods target on the optimization of the overall risk
(1.1) and may fail to serve the purpose when users’ relative priorities over type I/II errors
differ significantly from those implied by the marginal probabilities of the two classes. A
representative example of such scenario is the diagnosis of serious disease. Let 1 code the
healthy class and 0 code the diseased class. Given that usually

1.1 Asymmetrical priorities on errors

With the advent of high-throughput technologies, classification tasks have experienced
an exponential growth in the feature dimensions throughout the past decade. The fundamental challenge of “high dimension, low sample size” has motivated the development of
a plethora of classification algorithms for various applications. While dependencies among
features are usually considered a crucial characteristic of the data (Ackermann and Strimmer, 2009), and can effectively reduce classification errors under suitable models and relative
data abundance (Shao et al., 2011; Cai and Liu, 2011; Fan et al., 2012; Mai et al., 2012;
Witten and Tibshirani, 2012), independence rules, with their superb scalability, become a
rule of thumb when the feature dimension grows faster than the sample size (Hastie et al.,
2009; James et al., 2013). Despite Naive Bayes models’ reputation of being “simplistic”
by ignoring all dependency structure among features, they lead to simple classifiers that
have proven worthy on high-dimensional data with remarkably good performances in numerous real-life applications. Taking the classical model setting of two-class Gaussian with
a common covariance matrix, Bickel and Levina (2004) showed the superior performance of
Naive Bayes models over (naive implementation of) the Fisher linear discriminant rule under broad conditions in high-dimensional settings. Fan and Fan (2008) further established
the necessity of feature selection for high-dimensional classification problems by showing
that even independence rules can be as poor as random guessing due to noise accumulation.
Featuring both independence rule and feature selection, the (sparse) Naive Bayes model
remains a good choice for classification when the sample size is fairly limited.

R(φ) = IP(Y = 0)R0 (φ) + IP(Y = 1)R1 (φ) .

A few common notations are introduced to facilitate our discussion. Let (X, Y ) be a random
pair where X ∈ X ⊂ IRd is a vector of features and Y ∈ {0, 1} indicates X’s class label. A
classifier φ : X → {0, 1} is a mapping from X to {0, 1} that assigns X to one of the classes. A
classification loss function is defined to assign a “cost” to each misclassified instance φ(X) 6=
Y , and the classification error is defined as the expectation of this loss function with respect
to the joint distribution of (X, Y ). We will focus our discussion on the 0-1 loss function
1I{φ(X) 6= Y } throughout the paper, where 1I(·) denotes the indicator function. Denote by
IP and IE the generic probability distribution and expectation, whose meaning depends on
specific contexts. The classification error is R(φ) = IE1I{φ(X) 6= Y } = IP {φ(X) 6= Y }. The
law of total probability allows us to decompose it into a weighted average of type I error
R0 (φ) = IP {φ(X) 6= Y |Y = 0} and type II error R1 (φ) = IP {φ(X) 6= Y |Y = 1} as

Zhao, Feng, Wang and Tong

Classification plays an important role in many aspects of our society. In medical research,
identifying pathogenically distinct tumor types is central to advances in cancer treatments
(Golub et al., 1999; Alderton, 2014). In cyber security, spam messages and virus make
automatic categorical decisions a necessity. Binary classification is arguably the simplest
and most important form of classification problems, and can serve as a building block for
more complicated applications. We focus our attention on binary classification in this work.

1. Introduction

Most existing binary classification methods target on the optimization of the overall classification risk and may fail to serve some real-world applications such as cancer diagnosis,
where users are more concerned with the risk of misclassifying one specific class than the
other. Neyman-Pearson (NP) paradigm was introduced in this context as a novel statistical framework for handling asymmetric type I/II error priorities. It seeks classifiers
with a minimal type II error and a constrained type I error under a user specified level.
This article is the first attempt to construct classifiers with guaranteed theoretical performance under the NP paradigm in high-dimensional settings. Based on the fundamental
Neyman-Pearson Lemma, we used a plug-in approach to construct NP-type classifiers for
Naive Bayes models. The proposed classifiers satisfy the NP oracle inequalities, which are
natural NP paradigm counterparts of the oracle inequalities in classical binary classification. Besides their desirable theoretical properties, we also demonstrated their numerical
advantages in prioritized error control via both simulation and real data studies.
Keywords: classification, high-dimension, Naive Bayes, Neyman-Pearson (NP) paradigm,
NP oracle inequality, plug-in approach, screening

Editor: Hui Zou

Department of Data Sciences and Operations
Marshall Business School
University of Southern California

Xin Tong

Department of Mathematics
Massachusetts Institute of Technology

Lie Wang

Department of Statistics
Columbia University

Yang Feng

Department of Statistics
Harvard University

Anqi Zhao

Neyman-Pearson Classification under High-Dimensional
Settings

Journal of Machine Learning Research 17 (2016) 1-39

Neyman-Pearson Classification

Zhao, Feng, Wang and Tong

R̂1 (φ) ,

Nowak (2005) derived several results for traditional statistical learning such as PAC bounds
or oracle inequalities. By combining type I and type II errors in sensible ways, Scott (2007)
proposed a performance measure for NP classification. More recently, Blanchard et al.
(2010) developed a general solution to semi-supervised novelty detection by reducing it to
NP classification. Other related works include Casasent and Chen (2003) and Han et al.
(2008). A common issue with methods in this line of literature is that they all follow an
empirical risk minimization (ERM) approach, and use some forms of relaxed empirical type
I error constraint in the optimization program. As a result, all type I errors can only be
proven to satisfy some relaxed upper bound. Take the framework set up by Cannon et al.
(2002) for example. Given ε0 > 0, they proposed the program

4

(1.3)
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where h∗ (x) = 1I(η(x) ≥ 1/2) is the Bayes classifier, in which η(x) = E[Y |X = x] = IP(Y =
1|X = x) is the regression function of Y on X (see Koltchinskii (2008) and references
within). The two NP oracle inequalities defined above can be thought of as a generalization
of (1.3) that provides a novel characterization of classifiers’ theoretical performances under
the NP paradigm.
Using a more stringent empirical type I error constraint (than the level α), Rigollet
and Tong (2011) established NP oracle inequalities for its proposed classifiers under convex
loss functions (as opposed to the indicator loss). They also proved an interesting negative
result: under the binary loss, ERM approaches (convexification or not) cannot guarantee
diminishing excess type II error as long as one insists type I error of the proposed classifier
be bounded from above by α with high probability. This negative result motivated a plug-in
approach to NP classification in Tong (2013).

the excess risk R(ĥ) − R(h∗ ) diminishes with explicit rates,

Recall that, for a classifier ĥ, the classical oracle inequality insists that with high probability

(II) the excess type II error R1 (φ̂) − R1 (φ∗ ) diminishes with explicit rates (w.r.t. sample
size).

(I) the type I error constraint is respected, i.e., R0 (φ̂) ≤ α.

where H is a set of classifiers with finite Vapnik-Chervonenkis dimension, and R̂0 , R̂1 are
the empirical type I and type II errors respectively. It is shown that with high probability,
the solution φ̂ to the above program satisfies simultaneously: i) the type I error R0 (φ̂) is
bounded from above by α + ε0 , and ii) the type II error R1 (φ̂) is bounded from above by
R1 (φ∗ ) + ε1 for some ε1 > 0.
Rigollet and Tong (2011) is a significant departure from the previous NP classification
literature. This paper argues that a good classifier φ̂ under the NP paradigm should respect
the chosen significance level α, rather than some relaxation of it. More precisely, two NP
oracle inequalities should be satisfied simultaneously with high probability:

φ∈H,R̂0 (φ)≤α+ε0 /2

min

case incurs only extra cost of additional tests while failing to detect the disease endangers
a life.
The neuroblastoma dataset introduced by Oberthuer et al. (2006) provides a perfect
illustration of such intuition. The dataset contains gene expression profiles on d = 10707
genes from 246 patients in a German neuroblastoma trial, among which 56 are high-risk
(labeled as 0) and 190 are low-risk (labeled as 1). We randomly selected 41 ‘0’s and 123
‘1’s as our training sample (such that the proportion of ‘0’s is about the same as that in
the entire dataset), and tested the resulting classifiers on the rest 15 ‘0’s and 67 ‘1’s. The
average error rates of PSN2 (to be proposed; implemented here at significance level 0.05),
Gaussian Naive Bayes (nb), penalized logistic regression (pen-log), and Support Vector
Machine (svm) over 1000 random splits are summarized in Table 1. All procedures except
Table 1: Average error rates over 1000 random splits for neuroblastoma dataset.
Error Type
PSN2
nb pen-log svm
type I (0 as 1)
.038 .304
.529 .375
type II (1 as 0)
.761 .162
.103 .092
PSN2 led to high type I errors, and are thus considered unsatisfactory given the more severe
consequences of missing a diseased instance than vice versa.
One existing solution to asymmetric error control is cost-sensitive learning, which assigns
two different costs as weights of the type I/II errors (Elkan, 2001; Lin et al., 2002; Zadrozny
et al., 2003). Despite many merits and practical values of this framework, limitations arise
in applications when there is no consensus over how much costs to be assigned to each class,
or more fundamentally, whether it is morally acceptable to assign costs in the first place.
Also, when users have a specific target for type I/II error control, cost-sensitive learning
does not fit. Other methods aiming for small type I error include the Asymmetric Support
Vector Machine (Wu et al., 2008), and the p-value for classification (Dümbgen et al., 2008).
However, the former has no theoretical guarantee on errors, while the latter treats all classes
as of equal importance.
1.2 Neyman-Pearson (NP) paradigm and NP oracle inequalities
Neyman-Pearson (NP) paradigm was introduced as a novel statistical framework for targeted type I/II error control. Assume type I error R0 as the prioritized error type, this
paradigm seeks to control R0 under a user specified level α with R1 as small as possible.
The oracle is thus
(1.2)
R0 (φ)≤α

φ∗ ∈ argmin R1 (φ) ,
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where the significance level α reflects the level of conservativeness towards type I error.
Given φ∗ is unattainable in the learning paradigm, the best within our capability is to
construct a data dependent classifier φ̂ that mimics it.
Despite its practical importance, NP classification has not received much attention in the
statistics and machine learning communities. Cannon et al. (2002) initiated the theoretical
treatment of NP classification. Under the same framework, Scott (2005) and Scott and
3

(1.4)

5
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as our plug-in target for NP classification. With kernel density estimates p̂, q̂, and a
bα , Tong (2013) constructed a plug-in classifier
proper estimate of the threshold level C
bα } that satisfies both NP oracle inequalities with high probability when
1I{p̂(x)/q̂(x) ≥ C
the dimensionality is small, leaving the high-dimensional case an unchartered territory.

φ∗ (x) = φ∗α (x) = 1I{p(x)/q(x) ≥ Cα } = 1I{r(x) ≥ Cα } .

Under mild continuity assumption, we take the NP oracle

Lemma 1.1 (Neyman-Pearson Lemma). Let P1 and P0 be two probability measures with
densities p and q respectively, and denote the density ratio as r(x) = p(x)/q(x). For a given
significance level α, let Cα be such that P0 {r(X) > Cα } ≤ α and P0 {r(X) ≥ Cα } ≥ α.
Then, the most powerful test of level α is


if r(X) > Cα ,
 1
0
if r(X) < Cα ,
φ∗ (X) =

 α−P0 {r(X)>Cα } if r(X) = Cα .
P0 {r(X)=Cα }

where α ∈ (0, 1) is the significance level of the test. A solution to this constrained optimization problem is called a most powerful test of level α. The Neyman-Pearson Lemma
gives mild sufficient conditions for the existence of such a test.

6
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Definition 2.1. Let K(·) be a real-valued
function
function
R
R onv R with support [−1, 1].
R The
β |K(t)|dt <
K(·) is a β-valid kernel if it satisfies K
=
1,
|K|
<
∞
for
any
v
≥
1,
|t|
R
∞, and in the case bβc ≥ 1, it satisfies tl K(t)dt = 0 for any l ∈ N such that 1 ≤ l ≤ bβc.

We will use β-valid kernels (kernels of order β, Tsybakov (2009)) for all the kernel
estimation throughout the theoretical discussion, the definition of which is as follows.

We introduce here several notations adapted from Audibert and Tsybakov (2007). For
β > 0, denote by bβc the largest integer strictly less than β. For any x, x0 ∈ R and any
bβc times continuously differentiable real-valued function g(·) on R, we denote by gx its
Taylor polynomial of degree bβc at point x. For L > 0, the (β, L, [−1, 1])-Hölder class
of functions, denoted by Σ(β, L, [−1, 1]), is the set of functions g : [−1, 1] → R that are
bβc times continuously differentiable and satisfy, for any x, x0 ∈ [−1, 1], the inequality
|g(x0 ) − gx (x0 )| ≤ L|x − x0 |β . The (β, L, [−1, 1])-Hölder class of density is defined as


Z
PΣ (β, L, [−1, 1]) = f : f ≥ 0, f = 1, f ∈ Σ(β, L, [−1, 1]) .

2.1 Notations and definitions

In this section, we first introduce several notations and definitions, with a focus on the
detection condition. Then we present the plug-in procedure, together with its theoretical
properties.

2. Methods

In the big data era, NP classification framework faces the same curse of dimensionality as its
classical counterpart. Despite its wide potential applications, this paper is the first attempt
to construct performance-guaranteed classifiers under the NP paradigm in high-dimensional
settings. Based on the Neyman-Pearson Lemma, we employ Naive Bayes models and propose a computationally feasible plug-in approach to construct classifiers that satisfy the NP
oracle inequalities. We also improve the detection condition, a critical theoretical assumption first introduced in Tong (2013), for effective threshold level estimation that grounds
the good NP properties of these classifiers. Necessity of the new detection condition is also
discussed. Note that classifiers proposed in this work are not straightforward extensions of
Tong (2013): kernel density estimation is now applied in combination with feature selection,
and the threshold level is estimated in a more precise way by order statistics that require
only moderate sample size — while Tong (2013) resorted to the Vapnik-Chervonenkis theory and required sample size much bigger than what is available in most high-dimensional
applications.
The rest of the paper is organized as follows. Two screening based plug-in NP-type
classifiers are presented in Section 2, where theoretical properties are also discussed. Performance of the proposed classifiers is demonstrated in Section 3 by both simulation studies
and real data analysis. We conclude in Section 4 with a short discussion. The technical
proofs are relegated to the Appendix.

Plug-in methods in classical binary classification have been well studied in the literature,
where the usual plug-in target is the Bayes classifier 1I(η(x) ≥ 1/2). Earlier works gave
rise to pessimism of the plug-in approach to classification. For example, under certain
assumptions, Yang (1999) showed plug-in estimators cannot achieve excess risk with rates
√
faster than O(1/ n), while direct methods can achieve rates up to O(1/n) under margin
assumption (Mammen and Tsybakov, 1999; Tsybakov, 2004; Tsybakov and van de Geer,
2005; Tarigan and van de Geer, 2006). However, it was shown in Audibert and Tsybakov
(2007) that plug-in classifiers 1I(η̂n ≥ 1/2) based on local polynomial estimators can achieve
rates faster than O(1/n), with a smoothness condition on η and the margin assumption.
The oracle classifier under the NP paradigm arises from its close connection to the
Neyman-Pearson Lemma in statistical hypothesis testing. Hypothesis testing bears strong
resemblance to binary classification if we assume the following model. Let P1 and P0 be two
known probability distributions on X ⊂ IRd . Assume that Y ∼ Bern(ζ) for some ζ ∈ (0, 1),
and the conditional distribution of X given Y is PY . Given such a model, the goal of
statistical hypothesis testing is to determine if we should reject the null hypothesis that X
was generated from P0 . To this end, we construct a randomized test φ : X → [0, 1] that
rejects the null with probability φ(X). Two types of errors arise: type I error occurs when
P0 is rejected yet X ∼ P0 , and type II error occurs when P0 is not rejected yet X ∼ P1 .
The Neyman-Pearson paradigm in hypothesis testing amounts to choosing φ that solves the
following constrained optimization problem

maximize IE[φ(X)|Y = 1] , subject to IE[φ(X)|Y = 0] ≤ α ,

1.4 Contribution
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1.3 Plug-in approaches
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We assume that all the β-valid kernels considered in the theoretical part of this paper
are constructed from Legendre polynomials, and are thus Lipschitz and bounded, satisfying
the kernel conditions for the important technical Lemma A.6.
Definition 2.2 (margin assumption). A function f (·) is said to satisfy margin assumption
of order γ̄ with respect to probability distribution P at the level C ∗ if there exists a positive
constant M0 , such that for any δ ≥ 0,
P {|f (X) − C ∗ | ≤ δ} ≤ M0 δ γ̄ .
This assumption was first introduced in Polonik (1995). In the classical binary classification framework, Mammen and Tsybakov (1999) proposed a similar condition named
“margin condition” by requiring most data to be away from the optimal decision boundary.
In the classical classification paradigm, definition 2.2 reduces to the “margin condition” by
taking f = η and C ∗ = 1/2, with {x : |f (x) − C ∗ | = 0} = {x : η(x) = 1/2} giving the
decision boundary of the Bayes classifier. On the other hand, unlike the classical paradigm
where the optimal threshold level is known and does not need an estimate, the optimal
threshold level Cα in the NP paradigm is unknown and needs to be estimated, suggesting
the necessity of having sufficient data around the decision boundary to detect it well. This
concern motivated the following condition improved from Tong (2013).

such that for any δ ∈ (0, δ ∗ ),

γ

Definition 2.3 (detection condition). A function f (·) is said to satisfy detection condition
of order γ− with respect to P (i.e., X ∼ P ) at level (C ∗ , δ ∗ ) if there exists a positive constant
M1 ,

−

P {C ∗ ≤ f (X) ≤ C ∗ + δ} ≥ M1 δ .

(2.1)

A detection condition works as an opposite force to the margin assumption, and is
basically an assumption on the lower bound of probability. Though we take here a power
function of δ as the lower bound, so that it is simple and aesthetically similar to the margin
assumption, any increasing function u(·) of δ on R+ with limx→0+ u(x) = 0 should be able
to serve the purpose. The version of detection condition we would use to establish the NP
inequalities for the (to be) proposed classifiers takes f = r, C ∗ = Cα , and P = P0 (recall
that P0 is the conditional distribution of X given Y = 0).
Now we argue why such a condition is necessary to achieve the NP oracle inequalities.
Consider the simpler case where the density ratio r is known, and we only need a proper
bα . If there is nothing like the detection condition (Definition
estimate of the threshold level C
2.3 involves a power function, but the idea is just to have any kind of lower bound), we
would have, for some δ > 0,
P0 {Cα ≤ r(X) ≤ Cα + δ} = 0 .
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bα }, we can not distinguish any
bα of φ̂(x) = 1I{r(x) ≥ C
In getting the threshold estimate C
threshold level between Cα and Cα + δ. In particular, it is possible that
bα > Cα + δ/2 .
C

But then the excess type II error is bounded from below as follows
7
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bα } > P1 {Cα < r(X) < Cα + δ/2} ,
R1 (φ̂) − R1 (φ∗ ) = P1 {Cα < r(X) < C

γ

where the last quantity can be positive. Therefore, the second NP oracle inequality (diminishing excess type II error) does not hold for φ̂. Since some detection condition is necessary
in this simpler case, it is certainly necessary in our real setup.
Note that Definition 2.3 is a significant improvement of the detection condition formulated in Tong (2013), which requires

P {C ∗ − δ ≤ f (X) ≤ C ∗ } ∧ P {C ∗ ≤ f (X) ≤ C ∗ + δ} ≥ M1 δ − .

We are able to drop the lower bound for the first piece due to an improved layout of the
bα . But we do
proofs. Intuitively, our new detection condition ensures an upper bound on C
bα , because of the type I error bound
not need an extra condition to get a lower bound of C
requirement (see the proof of Proposition 2.4 for details). One example that satisfies the
current condition but violate that in Tong (2013) is cited in the Appendix.

2.2 Neyman-Pearson plug-in procedure

Suppose the sampling scheme is fixed as follows.

Assumption 1. Assume the training sample contains n i.i.d. observations S 1 = {U1 , · · · , Un }
from class 1 with density p, and m i.i.d. observations S 0 = {V1 , · · · , Vm } from class 0 with
density q. Given fixed n1 , n2 , m1 , m2 and m3 such that n1 + n2 = n, m1 + m2 + m3 = m,
we further decompose S 1 and S 0 into independent subsamples as: S 1 = S11 ∪ S21 , and
S 0 = S10 ∪ S20 ∪ S30 , where |S11 | = n1 , |S21 | = n2 , |S10 | = m1 , |S20 | = m2 , |S30 | = m3 .

The sample splitting idea has been considered in the literature, such as in Meinshausen
and Bühlmann (2010) and Robins et al. (2006). Given these samples, we introduce the
following plug-in procedure.

Definition 2.4. Neyman-Pearson plug-in procedure

Step 1 Use S11 , S21 , S10 , and S20 to construct a density ratio estimate r̂. The specific use of
each subsample will be introduced in Section 2.4.

bα from the set r̂(S 0 ) = {r̂(Vi+m +m )}m3 .
Step 2 Given r̂, choose a threshold estimate C
1
2
3
i=1

(2.2)

Denote by r̂ (S 0 ) the k-th order statistic of r̂(S30 ), k ∈ {1, · · · , m3 }. The corresponding
(k)
3
bα = r̂(k) (S 0 ) is
plug-in classifier by setting C
3

φ̂k (x) = 1I{r̂(x) ≥ r̂(k) (S30 )} .

A generic procedure for choosing the optimal k will be given in Section 2.3.
bα
2.3 Threshold estimate C

JMLR 17(213):1-39

For any arbitrary density ratio estimate r̂, we employ a proper order statistic r̂(k) (S30 ) to
estimate the threshold Cα , and establish a probabilistic upper bound for the type I error of
φ̂k for each k ∈ {1, · · · , m3 }.

8

(2.3)

(2.4)

m3 + 1 − k
g(δ3 , m3 , k) =
+
m3 + 1

s
k(m3 + 1 − k)
.
δ3 (m3 + 2)(m3 + 1)2
(2.6)

(2.5)

(2.7)

9
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2. r̂(kmin (α,δ3 ,m3 )) (S30 ) is asymptotically the empirical (1 − α)-th quantile of F0,r̂ in the
sense that
kmin (α, δ3 , m3 )
lim
= lim Aα,δ3 (m3 ) = 1 − α .
m3 →∞
m3 →∞
m3

1. Aα,δ3 (m3 ) ∈ (1 − α, 1).

Moreover,

where dze denotes the smallest integer larger than or equal to z, and
p
1 + 2δ3 (m3 + 2)(1 − α) + 1 + 4δ3 (1 − α)α(m3 + 2)
.
Aα,δ3 (m3 ) =
2 {δ3 (m3 + 2) + 1}

kmin (α, δ3 , m3 ) = d(m3 + 1)Aα,δ3 (m3 )e ,

Proposition 2.3. The minimum k ∈ {1, · · · , m3 + 1} that satisfies g(δ3 , m3 , k) ≤ α is

Let K = K(α, δ3 , m3 ) = {k ∈ {1, · · · , m3 } : g(δ3 , m3 , k) ≤ α}. Proposition 2.2 implies
that k ∈ K(α, δ3 , m3 ) is a sufficient condition for the classifier φ̂k to satisfy NP Oracle
Inequality (I). The next step is to characterize K and choose some k ∈ K, so that φ̂k has
small excess type II error. Clearly, we would like to find the smallest element in K.

where

IP{R0 (φ̂k ) > g(δ3 , m3 , k)} ≤ δ3 ,

Proposition 2.2. For any arbitrary density ratio estimate r̂, let φ̂k (x) = 1I{r̂(x) ≥ r̂(k) (S30 )}.
It holds for any δ3 ∈ (0, 1) and k ∈ {1, · · · , m3 } that

Despite the potential tightness of (2.3), we are not able to derive an explicit formula for the
minimum k that satisfies (2.4). To get an explicit choice for k, we resort to concentration
inequalities for an alternative.

Beta.cdfk, m3 +1−k (1 − α) ≤ δ3 .

In view of the above proposition, a sufficient condition for the classifier φ̂k to satisfy NP
Oracle Inequality (I) at tolerance level δ3 ∈ (0, 1) is thus

where Beta.cdfk, m3 +1−k (·) is the cdf of Beta(k, m3 +1−k). The inequality becomes equality
when F0,r̂ (t) = P0 {r̂(X) ≤ t} is continuous almost surely.

IP{R0 (φ̂k ) > δ} ≤ Beta.cdfk, m3 +1−k (1 − δ) ,

Proposition 2.1. For any arbitrary density ratio estimate r̂, let φ̂k (x) = 1I{r̂(x) ≥ r̂(k) (S30 )}.
It holds for any δ ∈ (0, 1) and k ∈ {1, · · · , m3 } that

Neyman-Pearson Classification

ξα,δ3 ,m3 (δ4 ) =

s

10
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R1 (φ̂) − R1 (φ∗ )
(
1+γ̄
)1/γ
−
∗ )|
|R
(
φ̂)
−
R
(φ
0
0
≤ 2M0 
+ 2kr̂ − rk∞ 
+ Cα |R0 (φ̂) − R0 (φ∗ )|
M1
"
#1+γ̄
−1/γ


−
2 1/4
2 1/4 −1
≤ 2M0
m3 M1
+ 2kr̂ − rk∞
+ Cα
m3
.
5
5

−

to distribution P0 . If m3 ≥ max{4/(αδ3 ), δ3−2 , δ4−2 , ( 52 M1 δ ∗ )−4 }, the excess type II error of
the classifier φ̂ defined in (2.8) satisfies with probability at least 1 − δ3 − δ4 ,

γ

.

(2.9)

Proposition 2.4. Let α, δ3 , δ4 ∈ (0, 1). In addition to assumptions of Lemma 2.1, assume
that the density ratio r satisfies the margin assumption of order γ̄ at level Cα (with constant
M0 ) and detection condition of order γ− at level (Cα , δ ∗ ) (with constant M1 ), both with respect

−1/4

kmin (m3 + 1 − kmin )
1
+ Aα,δ3 (m3 ) − (1 − α) +
.
(m3 + 2)(m3 + 1)2 δ4
m3 + 1
If m3 ≥ max(δ3−2 , δ4−2 ), we have ξα,δ3 ,m3 (δ4 ) ≤ (5/2)m3

where

IP{|R0 (φ̂) − R0 (φ∗ )| > ξα,δ3 ,m3 (δ4 )} ≤ δ4 ,

Lemma 2.1. Let α, δ3 ∈ (0, 1). In addition to Assumption 1, suppose r̂ be such that F0,r̂ is
continuous almost surely. Then for any δ4 ∈ (0, 1) and m3 ≥ 4/(αδ3 ), the distance between
R0 (φ̂) (φ̂ as defined in (2.8)) and R0 (φ∗ ) can be bounded as

Remark 2.1. Note that limm3 →∞ kmin /dm3 (1 − α)e = 1. Thus, choosing the kmin -th order
statistic of r̂(S30 ) as the threshold can be viewed as a modification to the classical approach
of estimating the 1 − α quantile of F0,r̂ by the dm3 (1 − α)e-th order statistic of r̂(S30 ). Recall
that the oracle Cα is actually the 1 − α quantile of distribution F0,r , so the intuition is that
bα is asymptotically (when m3 → ∞) equivalent to the 1 − α quantile of F0,r̂ , which in turn
C
converges (when n1 , n2 , m1 , m2 → ∞) to Cα as the 1 − α quantile of F0,r under moderate
conditions.

as the default NP plug-in classifier for any arbitrary r̂. An alternative threshold estimate
that also guarantees type I error bound is derived in the Appendix C. Assume m3 ≥ 4/(αδ3 )
for the rest of the theoretical discussion. It follows from Proposition 2.3 that kmin ≤ m3 ,
bα = r̂(k ) , φ̂ = φ̂(k ) with guaranteed type I error control.
and thus C
min
min

bα = r̂(min{k ,m }) .
Introduce shorthand notations kmin = kmin (α, δ3 , m3 ), r̂(k) = r̂(k) (S30 ), and C
3
min
We will take

1I{r̂(x) ≥ r̂(kmin ) } , if kmin ≤ m3 ,
bα } =
φ̂(x) = 1I{r̂(x) ≥ C
(2.8)
1I{r̂(x) ≥ r̂(m3 ) } , if kmin = m3 + 1

K(α, δ3 , m3 ) = {kmin (α, δ3 , m3 ), kmin (α, δ3 , m3 ) + 1, . . . , m3 } .

3. For any m3 ≥ 4/(αδ3 ), we have kmin (α, δ3 , m3 ) ≤ m3 , and thus
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Given the above proposition, we can control the excess type II error as long as the uniform deviation of density ratio estimate kr̂ − rk∞ is controlled. In the following subsection,
we will introduce estimates r̂ and provide bounds for kr̂ − rk∞ .
2.4 Density ratio estimate r̂

where

xj

is the j-th component of x .

Denote the marginal densities of class 1 and 0 as pj and qj (j = 1, · · · , d) respectively, Naive
Bayes models for the density ratio take the form
d
Y
pj (xj )
r(x) =
,
qj (xj )
j=1

m2
n2
m1
n1
, S10 = {Vi }i=1
and S20 = {Vi+m1 }i=1
The subsamples S11 = {Ui }i=1
, S21 = {Ui+n1 }i=1
are used to construct (nonparametric/parametric) estimates of pj and qj for j = 1, · · · , d.

r̂N (x) =
j=1

q̂j (xj )

d
Y
p̂j (xj )

.

(2.10)

Nonparametric estimate of the density ratio. For marginal densities pj and qj ,
Pn1 +n2  Ui,j −xj 
K
we apply kernel estimates p̂j (xj ) = {(n1 + n2 )h1 }−1 i=1
, and q̂j (xj ) =
h1
P 1 +m2  Vi,j −xj 
K
{(m1 + m2 )h0 }−1 m
, where K(·) is the kernel function, h1 , h0 are the
i=1
h0
bandwidths, and Vi,j and Ui,j denote the j-th component of Vi and Ui respectively. The
resulting nonparametric estimate is



0
1
1
µ1 − µ0 Σ−1 x + (µ0 )0 Σ−1 µ0 − (µ1 )0 Σ−1 µ1
2
2



,



.

(2.11)

Parametric estimate of the density ratio. Assume the two-class Gaussian model
X|Y = 0 ∼ N (µ0 , Σ) and X|Y = 1 ∼ N (µ1 , Σ), where Σ = diag(σ12 , · · · , σd2 ). We estimate
µ0 , µ1 and Σ using their sample versions µ̂0 , µ̂1 and Σ̂. Under this model, the density ratio
function is given by
rP (x) = exp

0
1
1
µ̂1 − µ̂0 Σ̂−1 x + (µ̂0 )0 Σ̂−1 µ̂0 − (µ̂1 )0 Σ̂−1 µ̂1
2
2

and the corresponding parametric estimate is

r̂P (x) = exp

2.5 Screening-based density ratio estimate and plug-in procedures
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For “high dimension, low sample size” applications, complex models that take into account
all features usually fail; even Naive Bayes models that ignore feature dependency might
lead to poor performance due to noise accumulation (Fan and Fan, 2008). A common
solution in these scenarios is to first study marginal relations between the response and
each of the features (Fan and Lv, 2008; Li et al., 2012). By selecting the most important
individual features, we greatly reduce the model size, and other models can be applied after
this screening step. We now introduce screening based variants of r̂N and r̂P . Let Fj0 and
Fj1 denote the cdfs of qj and pj respectively, for j = 1, · · · , d. Step 1 of Procedure 2.4
11
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i=1

(2.13)

(2.12)

introduced in Section 2.1 is now decomposed into a screening substep and an estimation
substep.

Nonparametric Screening-based NP Naive Bayes (NSN2 ) classifier

Step 1.1 Select features using S10 and S11 as follows:
n
o
1 ≤ j ≤ d : kF̂j0 − F̂j1 k∞ ≥ τ ,
Abτ =

i=1

m1
n1
1 X
1 X
1I(Vi,j ≤ xj ) , F̂j1 (xj ) =
1I(Ui,j ≤ xj )
m1
n1

where τ > 0 is some threshold level, and

F̂j0 (xj ) =

are the empirical cdfs.

Y j (xj )
p̂
.
q̂j (xj )

bτ
j∈A

(2.14)

Step 1.2 Use S20 and S21 to construct kernel estimates of qj and pj for j ∈ Abτ . The density
ratio estimate is given by

S
r̂N
(x) =

S , use S 0 to get a threshold estimate (r̂ S )
Step 2 Given r̂N
3
N (kmin ) as in (2.8).

The resulting NSN2 classifier is
 S
S
(x) ≥ (r̂N
)(kmin ) .
φ̂NSN2 (x) = 1I r̂N

Y j (xj )
p̃
.
q̃j (xj )

eτ
j∈A

(2.15)

Parametric Screening-based NP Naive Bayes (PSN2 ) classifier
The PSN2 procedure is similar to NSN2 , except the following two differences. In Step 1.1,
features are now selected based on t-statistics (Aeτ represent the index set of the selected
features). In Step 1.2, pj , qj for j ∈ Aeτ follow two-class Gaussian model, and the resulting
parametric screening-based density ratio estimate is

S
r̂P
(x) =

The corresponding PSN2 classifier is thus given by
 S
S
φ̂PSN2 (x) = 1I r̂P
(x) ≥ (r̂P
)(kmin ) .

We assume the domains of all pj and qj to be [−1, 1] for all the following theoretical
discussion. We will prove NP oracle inequalities for φ̂NSN2 , and those for φ̂PSN2 can be
S − rk .
developed similarly. Recall that by Proposition 2.4, we need an upper bound for kr̂N
∞
Necessarily, performance of the screening step should be studied. To this end, we assume
that only a small fraction of the d features have marginal differentiating power.

JMLR 17(213):1-39

Assumption 2. There exists a signal set A ⊂ {1, · · · , d} with size |A| = s  d such that
inf j∈A kFj0 − Fj1 k∞ ≥ D for some positive constant D, and Fj0 = Fj1 for j ∈
/ A.

12

+

log(4d/δ1 )
,
2m1

IP(Abτ = A) ≥ 1 − δ1 .

the screening substep Step 1.1 (2.12) satisfies

(l)



µ − C1

C1

log(2n2 s/δ2 )
n2 h1

log(2n2 s/δ2 )
n2 h1

q

q

+
µ − C0

C0




β

log(2m2 s/δ2 ) 
m2 h0

log(2m2 s/δ2 )
m2 h0

q

q
.

IP

"

S
kr̂N

− rk∞ ≤ C2 s

(

log n2
n2



13

β
2β+1

+


log m2
m2


β
2β+1

)#
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≥ 1 − δ1 − δ2 .

Moreover, assume that n2 ∧ m2 ≥ 1/δ2 , |A| = s ≤ (n2 ∧ m2 ) 2(β+1) , and the bandwidths
1
1
h1 = (log n2 /n2 ) 2β+1 and h0 = (log m2 /m2 ) 2β+1 , then there exists an absolute constant
C2 > 0 such that

B = s




where T = BeB krk∞ with

Proposition 2.6 (uniform deviation of density ratio estimate).
Under Assumptions 1 q
log(2n2 s/δ2 )
3, for any δ1 , δ2 ∈ (0, 1), if n1 ∧ m1 ≥ 8D−2 log(4d/δ1 ),
≤ min(1, µ/C 1 ),
n2 h1
q
log(2m2 s/δ2 )
≤ min(1, µ/C 0 ), and the screening threshold τ is specified as in Proposition
m2 h0
2.5, we have

S
IP kr̂N
− rk∞ ≤ T ≥ 1 − δ1 − δ2 ,
(2.16)

Smoothness conditions (Assumption 3) and the margin assumption were used together in
the classical classification literature. However, it is not entirely obvious why Assumption 3
does not render the detection condition redundant. We refer interested readers to Appendix
B for more detailed discussion.
Let Cj1 and Cj0 be the constants C in Lemma A.6 when applied to pj and qj respectively. Assumption 3 ensures the existence of absolute constants C 1 ≥ supj∈A Cj1 and
C 0 ≥ supj∈A Cj0 .

such that krk∞ ≤ C̄, and there is a uniform absolute upper bound for kpj k∞ and kqj k∞
for j ∈ A and l ∈ [0, bβc]. Moreover, the kernel K in the nonparametric density estimates
is β-valid and L0 -Lipschitz.

(l)

Assumption 3. The marginal densities pj , qj ∈ PΣ (β, L, [−1, 1]) for all j = 1, · · · , d, and
there exists µ
> 0 such that pj , qj ≥ µ
for all j ∈ A. There exists some constant C̄ > 0,
−
−

Now we are ready to control the uniform deviation of density ratio estimate given in
Step 1.2.

log(4d/δ1 )
2n1

Proposition 2.5 (exact recovery). Let δ1 ∈ (0, 1). In addition to Assumptions 1 and
−2
2,
q suppose n1q∧ m1 ≥ 8D log(4d/δ1 ). Then for any τ ∈ [∆0 , D − ∆0 ] , where ∆0 =

The following proposition shows that Step 1.1 achieves exact recovery (Abτ = A) with
high probability for some properly chosen τ .

Neyman-Pearson Classification

γ

2(β+1)
β

},
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In this section, we analyze two simulated examples and two real datasets to demonstrate the
performance of our newly proposed NSN2 and PSN2 classifiers, in comparison with their
corresponding non-screening counterparts (denoted as NN2 and PN2 respectively) as well as
three popular methods under the classical framework: Gaussian Naive Bayes (nb), penalized
logistic regression (pen-log), and Support Vector Machine (svm). We use R package “e1071”
for nb and svm, and the R package “glmnet” for pen-log. Note that for fair comparison, we
also include a pre-screening step for nb and svm under the high-dimensional settings. To
facilitate the presentation, we summarize the four Neyman-Pearson Naive Bayes classifiers
in Table 2.
To train the classifiers in Table 2, we set α = 0.05, δ1 = 0.05, and δ3 = 0.05 throughout
this section unless specified otherwise. In Assumption 1, motivated by Proposition 2.5, we

3. Numerical investigation

Theorem 2.1 establishes the NP oracle inequalities for φ̂NSN2 . To help understand the
conditions of this theorem, recall that Assumption 1 is about sample splitting, Assumption
2 is on minimal signal strength for active feature set, Assumption 3 is on marginal densities
and kernels in nonparametric estimates, and the margin assumption and detection condition
describe the neighbourhood of the oracle decision boundary. Note that the subsample sizes
n1 and m1 do not enter the upper bound for the excess type II error explicitly. Instead, we
have size requirements on them so that the important features are kept with high probability
1 − δ1 in the screening substep. The tolerance parameter δ2 arises from the nonparametric
estimation of densities, the parameter δ3 is for the tolerance on violation of type I error
bound, and δ4 arises from controlling |R0 (φ̂NSN2 ) − R0 (φ∗ )|.




 β(1+γ̄)
 β(1+γ̄) 

)
 −( 41 ∧ 1+γ̄
4−
γ
2β+1
2β+1
log
n
log
m
2
2
(II) R1 (φ̂NSN2 ) − R1 (φ∗ ) ≤ C̃ m3
+ s1+γ̄
+ s1+γ̄
.


n2
m2

(I ) R0 (φ̂NSN2 ) ≤ α ,

and m3 ≥ max{4/(αδ3 ), δ3−2 , δ4−2 , ( 25 M1 δ ∗ )−4 }, there exists an absolute constant C̃ > 0
such that with probability at least 1 − δ1 − δ2 − δ3 − δ4 ,
−

−1
−2
For
qn1 ∧ m1 ≥ 8D log(4d/δ1 ), n2 ∧ m2 ≥ max{δ2 , s
q subsample sizes that satisfy
log(2n2 s/δ2 )
log(2m2 s/δ2 )
1
0
≤ min(1, µ/C ),
≤ min(1, µ/C ),
n2 h1
m2 h0

N

τ specified as in Proposition 2.5 and kernel bandwidths h1 = (log n2 /n2 ) 2β+1 and h0 =
1
S be such that F
S
(log m2 /m2 ) 2β+1 , and r̂N
0,r̂S = P0 {r̂N ≤ t} is continuous almost surely.

1

(0, 1), let the NSN2 classifier φ̂NSN2 be defined as in (2.14), with the screening threshold

Theorem 2.1 (NP Oracle Inequalities for φ̂NSN2 ). In addition to Assumptions 1 - 3, assume
the density ratio r satisfies the margin assumption of order γ̄ at level Cα and detection
condition of order γ− at level (Cα , δ ∗ ), both with respect to P0 . For any given δ1 , δ2 , δ3 , δ4 ∈

The condition |A| = s ≤ (n2 ∧ m2 ) 2(β+1) in the above proposition ensures that the upper
bound of the uniform deviation diminishes as sample sizes n2 , m2 go to infinity. Now we
are in a position to present the theorem finale of NSN2 .

β
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Neyman-Pearson Classification

Screening-based
 S
S)
φ̂NSN2 (x) = 1I r̂N
(x) ≥ (r̂N
(kmin )
 S
S)
φ̂PSN2 (x) = 1I r̂P
(x) ≥ (r̂P
(kmin )

Non-screening

φ̂NN2 (x) = 1I r̂N (x) ≥ (r̂N )(kmin )

φ̂PN2 (x) = 1I r̂P (x) ≥ (r̂P )(kmin )

Table 2: A summary of the four Neyman-Pearson Naive Bayes classifiers.
Non-parametric
Parametric
take m1 = min{10 log(4d/δ1 ), m/4}1I(screening), n1 = min{10 log(4d/δ1 ), n/2}1I(screening),
m2 = bm/2c − m1 , n2 = n − n1 , and m3 = m − bm/2c.
Due to the absence of information with respect to the true p and q, the theoretical
screening cutoff that achieves exact recovery is not feasible in practice. We resort to an
empirical permutation-based approach (Fan et al., 2011) as a substitute. Specifically, the
screening substep in NSN2 is executed as follows:

≤ xj ).

m1 +n1
1. Combine S10 and S11 into {(Xi , Yi )}i=1
, where Xi ∈ S10 ∪ S11 , and Yi is Xi ’s class
label.

i:Yi =1 1I(Xi,j

P

j = 1, 2, · · · , d ,

≤ xj ) and F̂j1 (x) =

Dj = kF̂j0 − F̂j1 k∞ ,

i:Yi =0 1I(Xi,j

P

2. Calculate the marginal D-statistic for each feature:

where F̂j0 (x) =

3. Let π = {π(1), · · · , π(m1 + n1 )} be a random permutation of {1, · · · , (m1 + n1 )}. For
P
j = 1, · · · , d, compute Djnull = kF̂j0,null −F̂j1,null k∞ , where F̂j0,null (xj ) = i:Yπ(i) =0 1I(Xi,j ≤
P
i:Yπ(i) =1 1I(Xi,j ≤ xj ).

xj ), F̂j1,null (xj ) =

4. For some pre-specified Q ∈ [0, 1], let ω(Q) be the Q-th quantile of {Djnull : j =
1, · · · , d} and select Ab = {j : Dj ≥ ω(Q)}. Here, Q is a tuning parameter that keeps
the percentage of noise features that pass the screening around 1 − Q.

The same permutation idea is applied to the screening substep of PSN2 . Q is set at 0.95
throughout this section.
3.1 Simulation

d
Y

j=1

pj (xj ),

q(x) =

j=1

d
Y

qj (xj )

Samples in both simulated examples are generated from the model
p(x) =

JMLR 17(213):1-39

at 3 different dimensions: d ∈ {10, 100, 1000}. Sparsity for d = 100 and 1000 is imposed by
setting pj = qj for all j > 10. Seven different training sample sizes: m = n ∈ {200, 400,
800, 1600, 3200, 6400, 12800} are considered. The number of replications for each scenario
is 1000. Test errors are estimated using the average of 1000 independent observations from
each class for each replication.
15
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3.1.1 Example 1: normals with different means

0 , 00
0
Assume the two-class conditional densities p ∼ N (0.5(110
d−10 ) , Id ) and q ∼ N (0d , Id )
where Id is the identity matrix. At significance level α = 0.05, the oracle type I/II risks are
R0 (φα∗ ) = 0.05 and R1 (φα∗ ) = 0.53 respectively.

We first evaluate the screening performance of PSN2 and NSN2 with results presented
in Table 3. Both t-statistic (in PSN2 ) and D-statistic (in NSN2 ) are able to pick up most
of the true signals while keeping the false positive rates at around 1 − Q.

# of selected features
t-stat
D-stat
9.11 (1.14)
8.11 (1.63)
14.64 (3.46)
12.43 (3.38)
59.99 (9.77)
58.82 (9.87)

# of missed signals
t-stat
D-stat
0.89 (1.14)
1.89 (1.63)
0.78 (0.90)
2.00 (1.39)
0.48 (0.66)
1.14 (1.05)

# of false positive
t-stat
D-stat
0 (0)
0 (0)
5.43 (3.17)
4.43 (2.77)
50.47 (9.71)
49.96 (9.78)

Table 3: Average screening performance summarized over 1000 independent replications at
sample sizes m = n = 400 and Q = 0.95 with standard errors in parentheses.
d
10
100
1000

JMLR 17(213):1-39

Figure 1: Average errors of φ̂’s over 1000 independent replications for each combination of
(d, m, n).
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3.2 Real data analysis
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From the two simulation examples, it is clear that the screening-based NSN2 and PSN2
exhibit advantages over their non-screening counterparts under high-dimensional settings.
When the normality assumption is violated, and the sample sizes are reasonably large
for efficient kernel estimates, NSN2 prevails over PSN2 . As a rule of thumb, for highdimensional classification problems that emphasize type I error control, we recommend
NSN2 if the sample size is relatively large and PSN2 otherwise.

JMLR 17(213):1-39

# of false positive
t-stat
D-stat
0 (0)
0 (0)
5.31 (3.17)
4.29 (2.68)
50.19 (9.51)
50.04 (9.62)

In addition to the neuroblastoma dataset analyzed in the introduction, we now demonstrate
the performance of PSN2 and NSN2 for targeted asymmetric error control on two additional
real datasets.

# of missed signals
t-stat
D-stat
8.24 (1.53)
1.87 (1.83)
9.38 (0.80)
2.34 (1.59)
9.50 (0.69)
1.26 (1.04)

well on non-normal data. Their difference in type II error performances are similar as in
Example 1.

Figure 2: Average error rates of φ̂’s over 1000 independent replications for each combination
of (d, m, n). Error rates are computed as the average of 1000 independent testing
data points from each class in each replication, and then average over replications.

Zhao, Feng, Wang and Tong

Figure 2 presents the average error rates. The same reason that causes the above fiasco
of t-statistic screening reduces PSN2 and PN2 to nothing more than, if not less than, two
unfair random coins with probability 0.05 of landing 1, while the behaviors of nb and penlog bear more resemblance to that of fair random coins. This fundamental difference is
due to that the classical framework aims to minimize the overall risk, and therefore tends
to distribute errors evenly when the sample size for the two classes are about the same.
The NSN2 and NN2 based on nonparametric assumptions, on the other hand, perform very

d
10
100
1000

# of selected features
t-stat
D-stat
1.76 (1.53)
8.13 (1.83)
5.93 (3.44)
11.96 (3.57)
50.69 (9.60)
58.78 (9.87)

Table 4: Average screening performance summarized over 1000 independent replications at
sample sizes m = n = 400 and Q = 0.95 with standard errors in parentheses.

( √310 1010 , 00d−10 )0 ,

Normality assumption is violated in the second example.

Assume
p ∼ 0.5N (a,Σ) +
 −1
10 I10
0
0.5N (−a, Σ) and q ∼ N (0d , Id ), where a =
Σ=
. At
0
Id−10
∗
∗
significance level α = 0.05, the oracle type I/II risks are R0 (φα ) = 0.05 and R1 (φα ) = 0.027
respectively.
The performance of the screening substep of PSN2 and NSN2 is shown in Table 4. While
both screening methods keep the false positive rates at around 1 − Q, the parametric
screening method (PSN2 ) with t-statistic misses almost all signals. This is not surprising
since t-statistics rank features by differences in means and the two groups have exactly the
same marginal mean and variance across all dimensions.

3.1.2 Example 2: normal vs. mixture normal

We then move on to evaluate the trend of type I and type II errors as the sample
size increases in Figure 1. All the Neyman-Pearson based classifiers have type I error
approaching α from below as sample size increases and they have similar type I errors at
each sample size. However, nb, pen-log and svm all lead to a type I error larger than α.
By enlarging the second row of Figure 1, one would observe the differences in type
II errors among PN2 , PSN2 , NN2 , NSN2 . In the case of d = 10 when all features are
signals, PN2 performs the best throughout all sample sizes since it assumes the correct model
without the unnecessary screening substep. When sample size is small, PSN2 outperforms
NN2 , but NN2 gradually catches up on larger samples. In the case of d = 100, screening
helps PSN2 to take the lead at low sample sizes. The advantage of screening fades off as the
sample size increases. In the case of d = 1000, PSN2 dominates all other three classifiers
throughout the sample size range we investigate.
Overall, the advantage of PSN2 over NSN2 , and PN2 over NN2 are uniform across all
dimensions and sample sizes. This is consistent with the intuition that when the data are
from a two-class Gaussian model, the parametric methods lead to more efficient estimators
than nonparametric counterparts.

Neyman-Pearson Classification

Neyman-Pearson Classification

3.2.1 p53 mutants dataset
The p53 mutants dataset (Danziger et al., 2006) contains d = 5407 attributes extracted from
biophysical experiments for 16772 mutant p53 proteins, among which 143 are determined
as “active” and the rest as “inactive” via in vivo assays.
All 143 active samples and the first 1500 inactive samples are included in our analysis.
We treat the active class as class 0 and aimed to control the error of missing an active under
α = 0.05. This dataset is split into a training set with 100 observations from the active
class and 1000 observations from the inactive class, and a testing set with the remaining
observations. PSN2 is used as the representative of our proposed methods, as the class 0
sample size is small for nonparametric methods. The average type I and type II errors
over 1000 random splits are shown in Table 5. Compared with pen-log, nb and svm,
PSN2 performs much better in controlling the type I error.

type I
.461 (.291)

.019 (.028)

PSN2

.010 (.004)

.162 (.060)

pen-log

.384 (.427)

.054 (.035)

nb

.344 (.457)

.275 (.189)

svm

Table 5: Average errors over 1000 random splits with standard errors in parentheses. α =
0.05, δ1 = 0.05, Q = 0.95, and δ3 = 0.1.

type II

3.2.2 Email spam dataset
Now, we consider an e-mail spam dataset available at https://archive.ics.uci.edu/ml/
datasets/Spambase, which contains 4601 observations with 57 features, among which 2788
are class 0 (non-spam) and 1813 are class 1 (spam). We first standardize each feature and
add 5000 synthetic features consisting of independent N (0, 1) variables to make the problem
more challenging. The augmented data has n = 4601 observations with d = 5057 features.
This augmented dataset is split into a training set with 1000 observations from each class
and a testing set with the remaining observations. We use NSN2 since the sample size is
relatively large. The average type I and type II errors over 1000 random splits are shown
in Table 6.
To evaluate the flexibility of NSN2 in terms of prioritized error control, we also report
the performance when the priority is switched to control the type II error below α = 0.05.
The results in Table 6 demonstrate that NSN2 is able to control either type I or type II
error depending on the specific need of the practitioner.

4. Discussion

JMLR 17(213):1-39

The Neyman-Pearson classification framework is an important and interesting paradigm to
explore beyond the Naive Bayes models considered in this work. For example, we can relax
the independence assumption on PSN2 , and consider a general covariance matrix. Also,
we can consider NP-type classifiers with decision boundaries involving feature interactions.
19
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Table 6: Average errors over 1000 random splits with standard errors in parentheses. α =
0.05, δ1 = 0.05, Q = 0.95, and δ3 = 0.05. The suffix after NSN2 indicates the type
of error it targets to control under α.

.019 (.007)

-R0

.020 (.009)

.488 (.078)

-R1

.133 (.015)

.064 (.007)

pen-log

.058 (.010)

.423 (.024)

nb

.174 (.016)

.099 (.012)

svm

NSN2
type I

.439 (.057)

NSN2

type II

It is also worthwhile to study the non-probabilistic approaches under high-dimensional NP
paradigm. Methods of potential interest include the k nearest neighbor (Weiss et al., 2010)
and the centroid based classifiers (Tibshirani et al., 2002; Hall et al., 2010). However, the
NP oracle inequalities are likely to be replaced by a new theoretical formulation for these
methods.
A benefit of the present approach is that, for any given estimator r̂, we have a uniform
method to determine the proper threshold level in the plug-in classifiers. However, it would
be interesting to develop new ways to estimate the threshold level Cα that is adaptive to
the particular method used to approximate the density ratio r. Another future work is to
study the theoretical properties of the permutation based choice of the threshold for the
screening step.
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Appendix A. Technical Lemmas and Proofs

Let Bin.cdfn, p (·) denote the cdf of Bin(n, p), and Beta.cdfa, b (·) denote the cdf of Beta(a, b).
The following lemma proves a duality between the beta and binomial distributions.

Lemma A.1 (Beta-binomial duality). For any p ∈ [0, 1] and k ∈ {1, . . . , n}, it holds that

1 − Bin.cdfn, p (k − 1) = Beta.cdfk, n+1−k (p) .

1I{Ui ≤ p} ∼ Bern(p)

∀i ,

Proof of Lemma A.1. Let U1 , . . . , Un be n i.i.d. Uniform[0, 1]. For any p ∈ [0, 1], let Np =
P
n
i=1 1I{Ui ≤ p} denote the number of Ui ’s that are less or equal to p. Given

IP(1I{Ui ≤ p} = 1) = IP(Ui ≤ p) = p ,

we have Np ∼ Bin(n, p), and therefore

(A.1)
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IP (Np ≥ k) = 1 − IP (Np ≤ k − 1) = 1 − Bin.cdfn,p (k − 1) .
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= Beta.cdfk, n+1−k (p) ,

PF {F (Z) > δ} ≥ 1 − δ

PF {F (Z) > δ} = 1 − δ

∀δ ∈ [0, 1] .

∀δ ∈ [0, 1] .

(A.4)

(A.3)
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(A.7)
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Proof of Lemma A.3. Rewrite the left-hand side of (A.5) as




IP PF Z > Z(k) | S > δ = IP 1 − PF Z ≤ Z(k) | S > δ


= IP 1 − F (Z(k) ) > δ = IP F (Z(k) ) < 1 − δ .

The inequalities become equalities if F is continuous.

Lemma A.3. Let S = {Zi }ni=1 be a set n i.i.d. random variables from distribution F , and
let Z(k) denote its k-th order statistic (k = 1, . . . , n). For any δ ∈ (0, 1), the probability of
a new, independent realization Z from F to be greater than Z(k) satisfies


IP PF Z > Z(k) | S > δ ≤ 1 − Bin.cdfn,1−δ (k − 1) ,
(A.5)


IP PF Z > Z(k) | S < δ ≥ 1 − Bin.cdfn,δ (n − k) = Bin.cdfn,1−δ (k − 1) . (A.6)

This completes the proof.

PF {F (Z) > δ} = PF {Z ≥ t2 } = 1 − PF {Z < t2 } ≥ 1 − δ .

Likewise, let t2 = inf {t : F (t) > δ}. We have i) F (t2 −) = F (t2 ) = δ if F is continuous at
t2 , and ii) F (t2 −) < δ ≤ F (t2 ) if F is discontinuous at t2 . As a result,

PF {F (Z) < δ} = PF (Z < t1 ) = F (t1 −) ≤ δ .

Proof. Let t1 = min {t : F (t) ≥ δ}. Given the right continuity of F , it can be easily proved
by contradiction that i) F (t1 −) = F (t1 ) = δ if F is continuous at t1 , and ii) F (t1 −) < δ ≤
F (t1 ) if F is discontinuous at t1 . Thus,

.

PF {F (Z) < δ} = δ ,

For continuous F , the inequality becomes equality as

PF {F (Z) < δ} ≤ δ ,

Lemma A.2. Let Z be a random variable from cdf F . We have

where the last equality follows from U(k) ∼ Beta(k, n + 1 − k) (k = 1, . . . , n) as a direct
implication of Rényi’s representation. This completes the proof.

1 − Bin.cdfn,p (k − 1) = IP (Np ≥ k) = IP U(k) ≤ p

Combining (A.1) with (A.2) yields

On the other hand, let U(k) denote the k-th order statistic of {Ui }ni=1 . It follows from the
definition of order statistics that

{Np ≥ k} = {at least k of U1 , . . . , Un are less or equal to p} = U(k) ≤ p . (A.2)

Neyman-Pearson Classification

(A.9)

≤ 1 − Bin.cdfn, 1−δ (k − 1) .

IP(|Z − IEZ| > IEZ) ≤

22

var(Z)
ab
=
(IEZ)2
(a + b)2 (a + b + 1)

Proof of Lemma A.4. By Chebyshev inequality,


−2

=

(A.11)

(A.10)
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b−2
.
(a + b + 1)a

b−2
.
(a + b + 1)a

a
a+b

IP{Z > (1 + )IEZ} < IP(|Z − IEZ| > IEZ) <

Lemma A.4. For random variable Z ∼ Beta(a, b), and any  > 0, we have

This, together with Lemma A.1, completes the proof.

IP{R0 (φ̂k ) > δ} ≤ 1 − Bin.cdfm3 , 1−δ (k − 1) .

Proof of Proposition 2.1. Letting Zi = r̂i , n = m3 in Lemma (A.3) yields

This completes the proof.

≥ 1 − Bin.cdfn, δ (n − k).

= 1 − IP {M1−δ ≤ n − k} = 1 − Bin.cdfn,τ 0 (n − k)

Likewise, let M1−δ =
i=1 1I{F (Zi )>1−δ} be a binomial random variable with size n and
success rate τ 0 = PF {F (Zi ) > 1 − δ} ≥ δ that represents the number of F (Zi )’s that are
greater than 1 − δ. The left-hand side of (A.6) can be rewritten as



IP PF Z > Z(k) | S < δ = IP F (Z(k) ) > 1 − δ

= IP F (Z(i) ) > 1 − δ , i = k, . . . , n = IP {M1−δ ≥ n + 1 − k}

Pn

as a result of The equalities hold for continuous F . Connecting (A.7), (A.8), and (A.9)
together yields



IP PF Z > Z(k) | S > δ
= IP F (Z(k) ) < 1 − δ = IP (N1−δ ≥ k)

IP (N1−δ ≥ k) = 1 − Bin.cdfn,τ (k − 1) ≤ 1 − Bin.cdfn, 1−δ (k − 1)

Let τ = PF {F (Z1 ) < 1 − δ} denote the success probability of N1−δ as a binomial. It follows
from (A.3) that τ ≤ 1 − δ. Given Bin.cdfn,p (k − 1) being decreasing in p for any fixed n
and k, we have

Pn
To bound the probability of {F (Z(k) ) < 1 − δ}, let N1−δ =
i=1 1I{F (Zi )<1−δ} denote the
number of F (Zi )’s that are less than 1−δ. It follows from F (Z(1) ) ≤ F (Z(2) ) ≤ . . . ≤ F (Z(n) )
that


F (Z(k) ) < 1 − δ = F (Z(i) ) < 1 − δ , i = 1, . . . , k = {N1−δ ≥ k} ,

IP F (Z(k) ) < 1 − δ = IP (N1−δ ≥ k) .
(A.8)
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>
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g(δ3 , m3 , k)}

≤

{1 −

g(δ3 , m3 , k)}

= IP{B ≤ 1 − g(δ3 , m3 , k)} = IP{1 − B ≥ g(δ3 , m3 , k)}

Beta.cdfk,m3 +1−k

Proof of Proposition 2.2. Let B be a realization from Beta(k, m3 + 1 − k). It follows from
Proposition 2.1 that
IP{R0 (φ̂k )


=

m3 + 1 − k
+
m3 + 1

IP{R0 (φ̂k ) > g(δ3 , m3 , k)} ≤ δ3 ,

m3 + 1 − k
m3 + 1

s
k(m3 + 1 − k)
.
δ3 (m3 + 2)(m3 + 1)2

for any k ∈ {1, · · · , m3 } and r̂, with 1 − B ∼ Beta(m3 + 1 − k, k). Letting a = m3 + 1 − k,
b = k, and  = k 1/2 {δ3 (m3 + 2)(m3 + 1 − k)}−1/2 in Lemma A.4 yields

where
g(δ3 , m3 , k) = (1 + )
This completes the proof.

Aα,δ3 (m3 )

⇔ k≥

(m3

+

1)Aα,δ3 (m3 ) .

(m3 )e

⇔ k ≥ (m3 + 1) max {1 − α, Aα,δ3 (m3 )}

s
k(m3 + 1 − k)
m3 + 1 − k
+
≤α
g(δ3 , m3 , k) =
m3 + 1
δ3 (m3 + 2)(m3 + 1)2

 k − (1 − α)(m3 + 1) ≥ 0,




2


⇔
k
k

 {δ3 (m3 + 2) + 1} m3 +1 − {1 + 2δ3 (m3 + 2)(1 − α)} m3 +1


+δ3 (m3 + 2)(1 − α)2 ≥ 0

Proof of Proposition 2.3. By some basic algebra we have
p
−1 + 2α + 1 + 4δ3 (1 − α)α(m3 + 2)
Aα,δ3 (m3 ) − (1 − α) =
> 0,
2 {δ3 (m3 + 2) + 1}
p
−1 − 2δ3 (m3 + 2)α + 1 + 4δ3 (1 − α)α(m3 + 2)
−1=
< 0,
2 {δ3 (m3 + 2) + 1}
and

Thus,
kmin (α, δ3 , m3 ) = d(m3 + 1)A

α,δ3

lim Aα,δ3 (m3 ) = 1 − α .
m3 →∞
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∈ [(m3 + 1)Aα,δ3 (m3 ), (m3 + 1)Aα,δ3 (m3 ) + 1] .

kmin (α, δ3 , m3 )
=
m3

Since Aα,δ3 (m3 ) → 1 − α, as m3 → ∞, it follows from sandwich rule that
lim

m3 →∞
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⇔

(1 − α ≤ ) Aα,δ3 (m3 ) ≤

m3 − 1
.
m3 + 1

We have kmin (α, δ3 , m3 ) ∈ K(α, δ3 , m3 ) (⇔ kmin (α, δ3 , m3 ) ≤ m3 ) as long as
(m3 + 1)Aα,δ3 (m3 ) + 1 ≤ m3

m3 ≥ x∗ − 2 ,

Aα,δ3 (m3 ) ≤ 1 − ∆ ,

For any ∆ ∈ (0, α), a sufficient condition for (A.12) is
m3 − 1
≥ 1 − ∆,
m3 + 1

2
− 1,
∆

∆(1 − ∆)
−2∆2 − α2 + 2α∆ + ∆ + (1 − 2α)∆ + α2
=
2(α − ∆)2 δ3
(α − ∆)2 δ3

m3 ≥

which can be further simplified as

where
x∗ =

is the positive root of the quadratic equation

(α − ∆)2 δ32 x2 + δ3 2∆2 + α2 − 2α∆ − ∆ x − ∆(1 − ∆) = 0 .

Thus, a sufficient condition for (A.12) is


∆(1 − ∆)
2
−1 .
− 2,
(α − ∆)2 δ3
∆

m3 ≥ max

Setting ∆ = α/2 yields




∆(1 − ∆) 1
2
2−α
4
4
·
− 2, − 1 = max
− 2, − 1 ≤
.
(α − ∆)2 δ3
∆
αδ3
α
αδ3
max

(A.12)

Therefore, m3 ≥ 4/(αδ3 ) guarantees (A.12) and kmin (α, δ3 , m3 ) ∈ K(α, δ3 , m3 ). This completes the proof.

{|R0 (φ̂) − α| > B1 + B2 } ⊂ {|R0 (φ̂) − α1 | > B1 } ∪ {|α1 − α| > B2 } ,
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(A.13)

Proof of Lemma 2.1. Introduce shorthand notation let A = Aα,δ3 (m3 ) (defined in Proposition 2.3) and α1 = (m3 +1−kmin )/(m3 +1) for simplicity of exposition. For any B1 , B2 ∈ IR+ ,
we have

and thus

IP{|R0 (φ̂) − α| > B1 + B2 | r̂}

≤ IP{|R0 (φ̂) − α1 | > B1 | r̂} + IP (|α1 − α| > B2 | r̂)
kmin (m3 + 1 − kmin ) −2
B + 1I {|α1 − α| > B2 } ,
(m3 + 2)(m3 + 1)2 1
≤
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q

and B2 = A − (1 − α) +

= δ4

in (A.13) yields

1
}
m3 + 1

1
m3 +1

≤ δ4 + 1I{|α1 − α| > A − (1 − α) +

IP{|R0 (φ̂) − α| > ξα,δ3 ,m3 (δ4 ) | r̂}

kmin (m3 +1−kmin )
(m3 +2)(m3 +1)2 δ4

This completes the proof.

=

ξα,δ3 ,m3 (δ4 ) <

When m3 ≥

1

1/4

1

m3

1

+

1/4

2m3

1

1/2
2m3

1+

+

we have

1/4
2m3

max(δ3−2 , δ4−2 ),
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+

<

1
+
m3
!

3/4

m3

1

1/4
2m3

1

1/4

5/2
m3

=



.

JMLR 17(213):1-39

2 1/4
m
5 3

−1

ξα,δ3 ,m3 (δ4 )
s
p
−1 + 2α + 1 + 4δ3 (1 − α)α(m3 + 2)
1
kmin (m3 + 1 − kmin )
+
+
=
(m3 + 2)(m3 + 1)2 δ4
2 {δ3 (m3 + 2) + 1}
m3 + 1
s
p
1 + δ3 (m3 + 2)
(m3 + 1)2 /4
1
1
≤
+
+
+
(m3 + 2)(m3 + 1)2 δ4 2 {δ3 (m3 + 2) + 1} 2 {δ3 (m3 + 2) + 1} m3 + 1
1
1
1
1
< √
+
+
+ √
.
2 m3 δ4 2m3 δ3 2 m3 δ3 m3

To establish an upper bound for ξα,δ3 ,m3 (δ4 ), note that

IP{|R0 (φ̂) − α| > ξα,δ3 ,m3 (δ4 )} ≤ δ4 .

for any arbitrary r̂. This, together with the independence between S30 and r̂ (as a function
of (S10 , S11 , S20 , S21 )) yields

Letting B1 =

(A.14)

b
G∗ \G

γ



ξα,δ3 ,m3 (δ4 )
M1

−

1/γ

≤ δ∗ .

(A.15)

1/γ
−

1/γ
−

+ T , and

1/γ
−

26

≤ M0 {(∆R0 /M1 )

1/γ
−

}
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bα }
+ T } ∩ {r̂ < C

+ 2T ≥ r ≥ Cα }
+ 2T }γ̄ .

b ∗ ) ≤ P0 {Cα + (∆R0 /M1 )
P0 (G\G
1/γ
−

+ 2T ≥ r ≥ Cα } .
Therefore, the margin assumption implies

⊂ {Cα + (∆R0 /M1 )

1/γ
−

1/γ
−

bα }
+ T } ∩ {r̂ < C
+ 2T ≥ r ≥ Cα , r̂ < Cα + (∆R0 /M1 )

1/γ
−

b ∗ = {r ≥ Cα , r̂ < C
bα } = {r ≥ Cα , r̂ < Cα + (∆R0 /M1 )
G\G
= {Cα + (∆R0 /M1 )

1/γ
−

bα }
≤ R0 (φ̂) = P0 {r̂(X) > C
bα } = P0 {r(X) ≥ C
bα − T } .
≤ P0 {r(X) + T ≥ C

≤ R0 (φ∗ ) − ∆R0

}.
} = R0 (φ∗ ) − P0 {Cα < r(X) < Cα + (∆R0 /M1 )

bα ≤ Cα + (∆R0 /M1 )
Thus, we have C

P0 {r(X) ≥ Cα + (∆R0 /M1 )

Note that

1/γ
−

∆R0 ≤ P0 {Cα < r(X) < Cα + (∆R0 /M1 )

By the detection condition, we have

Introduce shorthand notations ∆R0 = |R0 (φ∗ ) − R0 (φ̂)|, E0 = {∆R0 < ξα,δ3 ,m3 (δ4 )}, and
T = kr̂ − rk∞ . On the event E0 ,




ξα,δ3 ,m3 (δ4 ) 1/γ−
∆R0 1/γ−
≤
≤ δ∗ .
M1
M1

γ
5 −1/4
ξα,δ3 ,m3 (δ4 ) ≤ m3
≤ M1 (δ ∗ )− ,
2

It follows from Lemma 2.1 that when m3 ≥ max{ αδ4 3 , δ3−2 , δ4−2 , ( 25 M1 δ ∗ − )−4 },

b ∗
G\G

b − P1 (G∗ )
P1 (G)
Z
Z
Z
Z
p
p
=
dP1 −
dP1 =
dP0 −
dP0
∗
∗ q
b
b q
G
G
G
G
Z
Z
b −
= (r − Cα )dP0 + Cα P0 (G)
(r − Cα )dP0 − Cα P0 (G∗ )
b
G∗
Z
ZG
b − P0 (G∗ )}
(r − Cα )dP0 + Cα {P0 (G)
=
(r − Cα )dP0 −
b
b ∗
G∗ \G
G\G
Z
Z
=
|r − Cα | dP0 +
|r − Cα | dP0 + Cα {R0 (φ∗ ) − R0 (φ̂)} .

b = {r̂ < C
bα }, the excess type II error
Proof of Proposition 2.4. Let G∗ = {r < Cα } and G
can be decomposed as:

where the last inequality follows from applying Lemma A.4 to R0 (φ̂) which follows Beta(m3 +
1 − kmin , kmin ) for m3 ≥ 4/(αδ3 ) and continuous Fr̂ due to Lemma A.3. It follows from
Proposition 2.3 that

1
|α − α1 | ≤ A − (1 − α) +
.
m3 + 1
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b ∗
G\G

b
G∗ \G

R

Hence on the event E0 ,
Z

We will bound

+ 2T }1+γ̄ .

Neyman-Pearson Classification

1/γ
−

−
b ∗)
+ 2T }P0 (G\G

1/γ

|r − Cα | dP0 ≤ {(∆R0 /M1 )
≤ M0 {(∆R0 /M1 )
|r − Cα | dP0 on the event E1 = {R0 (φ̂) ≤ α}. Note that

bα ) ≥ P0 (r ≥ C
bα + kr̂ − rk∞ ) = P0 (r ≥ C
bα + T ) .
P0 (r ≥ Cα ) = α ≥ R0 (φ̂) = P0 (r̂ ≥ C

bα ≥ Cα − T . Therefore,
The above chain implies that C
b = {r < Cα , r̂ ≥ C
bα }
G ∗ \G

⊂ {Cα − 2T ≤ r ≤ Cα } .

bα }
= {r < C , r ≥ r − r̂ + C
α
bα − T }
⊂ {r < Cα , r ≥ C

Hence on the event E1 ,
Z
|r − Cα | dP0 ≤ 2T · P0 (Cα − 2T ≤ r ≤ Cα ) ≤ M0 (2T )1+γ̄ ,
b
G∗ \G

where the last inequality follows from the margin assumption. Then it follows from (A.15)
that on the event E0 ∩ E1 ,

α,δ3 ,m3

"
#1+γ̄

|∆R| 1/γ−
R1 (φ̂) − R1 (φ∗ ) ≤ M0
+ 2T
+ M0 (2T )1+γ̄ + Cα |R0 (φ̂) − R0 (φ∗ )|
M1
#1+γ̄
"

ξα,δ3 ,m3 (δ4 ) 1/γ−
+ Cα · ξ
(δ4 ) .
+ 2T

≤ 2M0
M1

From Lemma 2.1, we know that the event E0 occurs with probability at least 1 − δ4 . By
Proposition 2.2 and Proposition 2.3 we know event E1 occurs with probability at least 1−δ3 ,
so E0 ∩ E1 occurs with probability at least 1 − δ3 − δ4 . This completes the proof.

q

d
\

≥

kFj0

q

−

Fj1 k∞

log(4d/δ1 )
.
2m1

−

kFj0

−

F̂j0 k∞

−

kFj1

−
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F̂j1 k∞

On the event Eδ1 , for any j ∈ A,

{kF̂j1 − Fj1 k∞ < δ11 } ∩ {kF̂j0 − Fj0 k∞ < δ10 } ,

F̂j1 k∞

and δ10 =

Eδ 1 =
log(4d/δ1 )
2n1

−

j=1

Proof of Proposition 2.5. Define event

where δ11 =

kF̂j0

≥ D − kFj0 − F̂j0 k∞ − kFj1 − F̂j1 k∞
> D − δ10 − δ11 .

27

For any j 6∈ A,
kF̂j0

−

F̂j1 k∞
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≤ kFj0 − F̂j0 k∞ + kFj0 − Fj1 k∞ + kFj1 − F̂j1 k∞

= kFj0 − F̂j0 k∞ + kFj1 − F̂j1 k∞

< δ10 + δ11 .

Since n1 ≥ 8D−2 log(4d/δ1 ) and m1 ≥ 8D−2 log(4d/δ1 ), δ10 + δ11 ≤ D − δ10 − δ11 . As a


result, on the event Eδ1 , any τ ∈ δ10 + δ11 , D − δ10 − δ11 would lead to Abτ = A. Therefore,

j=1

d n
o
X
IP(kF̂j1 − Fj1 k∞ ≥ δ11 ) + IP(kF̂j0 − Fj0 k∞ ≥ δ10 )

IP(Abτ = A) ≥ IP(Eδ1 )

≥ 1−

≥ 1 − δ1 ,

where the last inequality follows from applying Lemma A.5 to Fj0 and Fj1 for j = 1, · · · , d.
This completes the proof.

E=

j∈A

Cj1

q
µ − Cj1

log(2n2 s/δ2 )
n2 h1

log(2n2 s/δ2 )
n2 h1

q

,

Bj0 =

log(2m2 s/δ2 )
m2 h0

log(2m2 s/δ2 )
m2 h0

q

q

µ − Cj0

Cj0

.

Proof of Proposition 2.6. Define event
\
{k log p̂j − log pj k∞ < Bj1 } ∩ {k log q̂j − log qj k∞ < Bj0 } ,
where
Bj1 =

S
log r̂N
(x) =

X

b
j∈A

log

j∈A

X

j∈A

log q̂j −

X

j∈A

j∈A

log pj +

j∈A

X

log qj k∞

X
X
p̂j (xj )
=
log p̂j (xj ) −
log q̂j (xj ) .
q̂j (xj )

Let B 1 = supj∈A Bj1 and B 0 = supj∈A Bj0 , we have B ≥ s(B 0 + B 1 ). On the event
{Abτ = A} ∩ E, we have
Therefore,

X

log p̂j −

(B 1 + B 0 ) ≤ B .

(k log p̂j − log pj k∞ + k log q̂j − log qj k∞ )

j∈A

X

j∈A

j∈A

X

S
k log r̂N
− log rk∞ = k

≤
≤

≤ ek log rk∞ +B B = BeB krk∞ = T ,
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S
(x) − log r(x)|
− r(x)| = |elog r̂N (x) − elog r(x) | = ewx | log r̂N

S

On the event {Abτ = A} ∩ E, it follows from Lagrange’s mean value theorem that for any x,
S (x) and log r(x) such that
there exists some wx between log r̂N
S
|r̂N
(x)

28



IP(Abτ = A) ≥ 1 − δ1 .

≥ IP({Abτ = A} ∩ E) ≥ IP(Abτ = A) + IP(E) − 1
= IP(Abτ = A) − IP(E c ) .

IP(E c ) ≤ (2s)δ2 /(2s) = δ2 .
(A.18)

(A.17)

(A.16)

"

29
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(
−1/γ
 β

 β )#1+γ̄
−
2 1/4
log n2 2β+1
log m2 2β+1
m3 M 1
+ 2C2 s
+
5
n2
m2


2 1/4 −1
+ Cα
m
.
5 3

W = 2M0

This completes the proof.

where

Proof of Theorem 2.1. Combining Propositions 2.2, 2.3, 2.4 and 2.6,


IP R0 (φ̂NSN2 ) ≤ α, R1 (φ̂NSN2 ) ≤ R1 (φ∗ ) + W ≥ 1 − δ1 − δ2 − δ3 − δ4 ,

This completes the proof.

Moreover, since s ≤ (n2 ∧ m2 )
, the above bound implies that B is bounded from above
by some absolute constant. Also note that krk∞ is bounded from above, so there exists an
absolute constant C2 > 0, such that
(

 β
 β )
log n2 2β+1
log m2 2β+1
B
T = Be krk∞ ≤ C2 s
+
.
n2
m2

β
2(β+1)

Plugging (A.17) and (A.18) back to (A.16) yields (2.16). Moreover, because s ≤ n2 ∧ m2 ,
it follows from Lemma A.6 that there exists some C̄2 > 0, such that
(
 β

 β )
log m2 2β+1
log n2 2β+1
.
B ≤ C̄2 s
+
n2
m2

Therefore,

Also, it follows from Lemma A.6 that


IP k log p̂j − log pj k∞ > Bj1 ∨ IP k log q̂j − log qj k∞ > Bj0 ≤ δ2 /(2s) .

By Proposition 2.5, we have

S
IP kr̂N
− rk∞ ≤ T

S − rk
Thus, kr̂N
∞ ≤ T , and we have

S
S
wx ≤ max(log r(x), log r̂N
(x)) ≤ max(k log rk∞ , k log r̂N
k∞ ) ≤ k log rk∞ + B .

where the last inequality follows from the fact that
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r

1

β

(A.20)

log(n/δ)
nh }.

On the event E1 , since

q

log(n/δ)
nh

< min(1, µ/C),

r

log(n/δ)
nh

log(n/δ)
nh

q

q
µ−C

C

β

≤ C1 (log n/n) 2β+1 for some

= U,

kp̂ − pk∞
.
µ − kp̂ − pk∞

30

absolute constant C1 . This completes the proof.

d = 1). Finally when n ≥ 1/δ, we have U =

µ−C

C

q

log(n/δ)
nh
log(n/δ)
nh

IP(k log p̂ − log pk∞ ≤ U ) ≥ IP(kp̂ − pk∞ ≤ C
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log(n/δ)
) ≥ 1−δ,
nh
where the last inequality follows from Lemma A.1
in Tong (2013) (the special case of
q

and

k log p̂ − log pk∞ ≤

As a result, it holds on event E1 that

≤ [min{p̂(x0 ), p(x0 )}]−1 |p̂(x0 ) − p(x0 )| ≤

| log p̂(x0 ) − log p(x0 )| = wx−1
|p̂(x0 ) − p(x0 )|
0

It then follows from Lagrange’s mean value theorem that for any fixed x0 , there exists some
wx0 between p̂(x0 ) and p(x0 ),

min(p(x0 ), p̂(x0 )) ≥ min(p(x0 ), p(x0 ) − kp̂ − pk∞ ) ≥ µ − kp̂ − pk∞ > 0 .

q

. When n ≥ 1/δ, we have U ≤ C1 (log n/n) 2β+1 for some absolute

IP (k log p̂ − log pk∞ ≥ U ) ≤ δ ,

Proof. Let E1 = {kp̂ − pk∞ ≤ C
we have

constant C1 .

where U =

log(n/δ)
C
q nh
log(n/δ)
µ−C
nh

q

and L0 -Lipschitz, and the bandwidth
h = (log n/n) 2β+1 . For any δ ∈ (0, 1), as long as the
q
√
log(n/δ)
< min(1, µ/C), where C = 48c1 + 32c2 + 2Lc3 +
sample size n is such that
nh
R
P
1
2
0
L + L + C̃ 1≤|l|≤bβc l! , in which c1 = kpk∞ kKk2 , c2 = kKk∞ + kpk∞ + |K||t|β dt,
R
c3 = |K||t|β dt, and C̃ is such that C̃ ≥ sup1≤|l|≤bβc supx∈[−1,1] |p(l) (x)|, and µ(> 0) is a
lower bound of p, we have

IP(kF̂n − F k∞ ≥

log(2/δ)
) ≤ δ.
(A.19)
2n
Lemma A.6. Given a density
 function p ∈ PΣ (β, L, [−1, 1]), construct its kernel estimate
P
p̂(x) = (nh)−1 ni=1 K Xih−x from i.i.d. sample {Xi }ni=1 , where the kernel K is β-valid

Or, for any given δ ∈ (0, 1),

2

IP(kF̂n − F k∞ ≥ t) ≤ 2e−2nt .

Lemma A.5 (Dvoretzky-Kiefer-Wolfowitz inequality(Dvoretzky et al., 1956)). Let
P X1 , X2 ,
· · · , Xn be real-valued i.i.d. random variables with cdf F (·), and let F̂n (x) = n−1 ni=1 1I(Xi ≤
x). For any t > 0, it holds that
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Appendix C. An alternative threshold estimate
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Appendix B. About detection condition and Assumption 3

{x∈[−1,1]: r(x)≥2u−1 (1)}

Z



q(x)dx =

X ∈ [0, 1], 2u−1 (αX) ≤ k −1

q(x)dx = α

α−1 u(0.5k−1 )

q(x)dx




X ∈ 0, α−1 u(0.5k −1 ) ,

[0,1]

Z

=

Z



2 /(4k)

,

IP(Gk ≤ k − τ ) ≤ e−τ

2 /(2k)

≤ e−τ

Letting t = argminx∈(0,1) (1 − x)−k e−x(1+)k = /(1 + ) in (C.1) yields

2 /(4k)

2 /4

IP {Gk ≥ (1 + )k} ≤ (1 + )k e−k = ek{log(1+)−} ≤ e−k
Likewise, for any  ∈ (0, 1) and s < 0,

,

2 /2

,

n
o
IP {Gk ≤ (1 − )k} = IP esGk ≥ es(1−)k = (1 − s)−k e−s(1−)k .

Letting s = argminx<0 (1 − x)−k e−x(1−)k = −/(1 − ) in (C.2) yields

i=2

∀0 <  < 1 .

IP {Gk ≤ (1 − )k} ≤ (1 − )k ek = ek{log(1−)+} ≤ e−k

i=1

∞
∞
X
X
i
2
i
− =
>
,
i
i
2

where the last inequality follows from Taylor expansion
log(1 − ) +  =

Take  = τ /k, the conclusion of the lemma follows.

"

IP {B > µ + t} ≤ 2 exp −4−1

B =

Ga
,
Ga + Gb



(a + b)t
√
b(µ + t) + a(1 − µ − t)

32

2 #

.
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where Ga ∼ Γ(a, 1), Gb ∼ Γ(b, 1) are independent.

Proof of Lemma C.2. By properties of beta distribution, we can represent B as

√

Lemma C.2. Let B ∼ Beta(a, b), and µ = IE(B) = a/(a + b). For any t ∈ (0, 1 − µ),

(C.2)

n
o
tGk )
IE(e
IP {Gk ≥ (1 + )k} = IP etGk ≥ et(1+)k ≤ t(1+)k = (1 − t)−k e−t(1+)k .(C.1)
e

Proof of Lemma C.1. For any  ∈ (0, 1) and t ∈ (0, 1), it follows from Chernoff inequality
that

IP(Gk ≥ k + τ ) ≤ e−τ

Lemma C.1. If Gk ∼ Gamma(k, 1), k > 0, then for any τ ∈ (0, k), we have

This part contains an alternative estimate of threshold Cα that guarantees type I error
bound. Based on Chernoff inequality, the following Proposition gives an alternative version
of Proposition 2.2. First, we introduce two technical lemmas.

=




= P0 X ∈ 0, α−1 u(0.5k −1 )

0

< u k −1

.

We show that it is possible for densities satisfying Assumption 3 to violate a generalized
version of the detection condition defined in Definition 2.3. While the generalized detection condition applies to general (P, f, C ∗ ) as the original one, we narrow its definition to
(P0 , r, Cα ) which we actually use in the main text.

(B.2)

(B.1)

Definition B.1 (Generalized detection condition). Let u(·) be a strictly increasing differentiable function on R+ with limx→0+ u(x) = 0, a function r(·) is said to satisfy the generalized
detection condition with respect to P0 and u(·) at level (Cα , δ ∗ ) if for any δ ∈ (0, δ ∗ ),

k = 1, 2, . . . .

P0 {Cα ≤ r(X) ≤ Cα + δ} ≥ u(δ) .

< u(k −1 ) ,

The following conditions suffice to make (B.1) fail

P0 Cα ≤ r(X) ≤ Cα + k −1

(B.3)

A 1-dimensional toy example that satisfies Assumption 3 and (B.2) (thus violating the
generalized detection condition) is given as follows. Assume P0 and P1 have the same
support [−1, 1]. Given u(·) as a strictly increasing differentiable function on R+ with
limx→0+ u(x) = 0, let q(x) = α for all x ∈ [0, 1], and set p(x) accordingly such that
r(x) =


 2u−1 (1) + 2u−1 (αx) , x ∈ (0, 1] ,
p(x)
2u−1 (1) ,
x = 0,
=

q(x)
2u−1 (1) − v(x) ,
x ∈ [−1, 0) ,

=

where v(·) is some positive differentiable function that makes r(·) differentiable at x = 0.
It follows from (B.3) that x ∈ [−1, 1] : r(x) ≥ 2u−1 (1) = [0, 1], and identity

P0 r(X) ≥ 2u−1 (1)

Cα ≤ r(X) ≤ Cα + k −1

implies Cα = 2u−1 (1). As a result, for any k ∈ {1, 2, . . .} we have


and


P0 Cα ≤ r(X) ≤ Cα + k −1

=


= α · α−1 u(0.5k −1 ) = u 0.5k −1
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satisfies (B.2). Note that the above construction makes no assumption
aboutR the behavior
R
of q(·) and p(·) on [−1, 0) except the normalization constraints [−1,1] pdx = [−1,1] qdx = 1
and r(·) being differentiable on [−1, 1]. Thus, there exist p, q, and r that satisfy Assumption
3.
31

(C.3)

C =

√
√
(1 − µ − t)(µ + t)(a b + ab)
√
√
b(µ + t) + a(1 − µ − t)



"

2

−1

C
−a
1−µ−t


2
C
− b− µ+t
(4b)−1

(a + b)t
√
√
b(µ + t) + a(1 − µ − t)

+e
.


+ IP Gb >

2 #



p
√
m3 + 1 − k + 2 log (2/δ3 ) m3 − k + 1
√
p
√ .
m3 + 1 + 2 log (2/δ3 )
m3 − k + 1 − k



(4a)−1

C
1−µ−t

C
µ+t



where

h(δ3 , m3 , k) =

33
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Proposition C.1. Let r̂(·) be any estimate of the density ratio function. For any δ3 ∈ (0, 1)
and k ∈ {1, · · · , m3 }, the type I error of classifier φ̂k defined in (2.1) satisfies
n
o
IP R0 (φ̂k ) > h(δ3 , m3 , k) ≤ δ3 ,

This completes the proof.

= 2 exp −4

≤ e

−


IP(B > µ + t) = 1 − IP(B ≤ µ + t) ≤ IP Ga >

yields

in (C.3) such that the two exponents in (C.4) equal

2

2

2
C
(a + b)t
C
− a (4a)−1 = b −
(4b)−1 = 4−1 √
√
1−µ−t
µ+t
b(µ + t) + a(1 − µ − t)

Letting

where by Lemma C.1






2
C
C
C
−
−a (4a)−1
≤ IP Ga > a +
−a
≤ e 1−µ−t
IP Ga >
,
1−µ−t
1−µ−t






2
C
C
C
− b− µ+t
(4b)−1
IP Gb <
≤ IP Gb < b − b −
≤ e
.
(C.4)
µ+t
µ+t

= IP {(1 − µ − t)Ga ≤ C} IP {C ≤ (µ + t)Gb }

 

C
C
= IP Ga ≤
IP Gb ≥
1−µ−t
µ+t
 




C
C
=
1 − IP Ga >
1 − IP Gb >
1−µ−t
µ+t




C
C
≥ 1 − IP Ga >
− IP Gb >
,
1−µ−t
µ+t

IP(B ≤ µ + t) = IP {(1 − µ − t)Ga ≤ (µ + t)Gb } ≥ IP {(1 − µ − t)Ga ≤ C ≤ (µ + t)Gb }

For any t > 0 and constant C such that a(1 − µ − t) < C < b(µ + t), we have
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n
o
IP R0 (φ̂k ) > h(δ3 , m3 , k) ≤ δ3 .

0.01
83

0.02
70

0.03
49

0.04
4

0.05
0

0.06
0

0.07
0

0.08
0

0.09
0

0.10
0

γ

−

for any δ ∈ (0, δ ∗ );

γ

34

P0 {C ∗ ≤ f (X) ≤ C ∗ + δ} ≥ M1 δ −

1. there exists some positive constant M1 such that
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γ

−

P {C ∗ − δ ≤ f (X) ≤ C ∗ } ≥ M δ .
Our target is to construct an f (·) = p(·)/q(·) function, such that

P {C ∗ ≤ f (X) ≤ C ∗ + δ} ≥ M δ ,

M , such that for any δ ∈ (0, δ ∗ ),

Definition D.1. A function f (·) is said to satisfy ‘detection condition Tong (2013)’ of
order γ− with respect to P (i.e., X ∼ P ) at level (C ∗ , δ ∗ ) if there exists a positive constant

Appendix D. An example violating detection condition in Tong (2013)

δ3
#{kchern < kmin }

Proposition C.1 implies that h(δ3 , m3 , k) ≤ α is a sufficient condition for the classifier
φ̂k (defined in (2.2)) to satisfy NP Oracle Inequality (I) (k = 1, . . . , m3 ). Let Kchern =
{k ∈ {1, · · · , m3 } : h(δ3 , m3 , k) ≤ α}. Similar to Proposition 2.3 we can prove Kchern to be
non-empty as long as m3 is greater than some threshold.
Numerical investigation shows that for most combinations of (α, δ3 , m3 ) with non-empty
K and Kchern , kmin = mink K as defined in (2.7) is better than kchern = mink Kchern in the
sense that φ̂kmin has a lower type II error than φ̂kchern as a result of kmin < kchern . Specifically,
for each δ3 ∈ {0.01 · i}10
i=1 , the number of {kchern < kmin } out of 100 combinations of
10
(α, m3 ) ∈ {0.01 · i}10
i=1 × {100 · i}i=1 is reported as follows. Only when δ3 gets very close to
0 is kchern preferred to kmin .

This completes the proof.

in Lemma C.2 yields

for any k ∈ {1, · · · , m3 } and r̂, with 1 − B ∼ Beta(m3 + 1 − k, k). Letting a = m3 + 1 − k,
b = k, and
n
o
p
√
√
2 log(2/δ3 ) (m3 + 1 − k) k + k m3 + 1 − k
n
√
t=
p
√ o .
(m3 + 1) m3 + 1 + 2 log(2/δ3 )
m3 + 1 − k − k

= IP{B ≤ 1 − h(δ3 , m3 , k)} = IP{1 − B ≥ h(δ3 , m3 , k)}

IP{R0 (φ̂k ) > h(δ3 , m3 , k)} ≤ Beta.cdfk,m3 +1−k {1 − h(δ3 , m3 , k)}

Proof. Let B be a realization from Beta(k, m3 + 1 − k). It follows from Proposition 2.1 that
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Z
1

5
8

,

x ∈ [−1, 0) ,

!−1

γ

−

≈ 0.165 .

x ∈ [0, 1] .

, x ∈ [−1, 0) ,

, x ∈ [0, 1] ,

C
log(− x2 )

x
2

∗
− δ ≤ f (X) ≤ C ∗ } ≥



−

0

,

+

5
8


9
16






Z
1
 dx
log − x2

9
10

,

8C
5 log(− x2 )

+
9
10−8x

, x ∈ [−1, 0)
x ∈ [0, 1]

8C

(D.1)
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8C
5
5e− 5δ
· 2e− 5δ =
.
8
4

,

#
"
C
9
 dx = 1 .
+ I{x∈[−1,0)} ·
16
log − x2

−1

M2 δ

Neyman-Pearson Classification

q(x) =

p(x) =
9
16

1

−1

Z

1
C = −
8

p(x)dx =




p(x)
=

q(x)


we have {x : f (x) ≤ C ∗ } ⊂ [−1, 0] and thus

f (x) =

−1

P0 {C

2. there exists no M2 such that

9
10 and

for any δ ∈ (0, δ ∗ ).
Let

where

such that

We have

Let C ∗ =

8C

P0 (C ∗ − δ ≤ f (X) ≤ C ∗ ) = P0 (−2e− 5δ ≤ X ≤ 0) =
35

For any constant γ−, we have
8C

δ−

γ

e− 5δ

=

lim

κ=δ −1 →∞

e−

8C
κ
5

κ− = 0 .

γ
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lim

δ→0+

Therefore, no such M2 could possibly satisfy (b).
On the other hand, assume δ < 1 without loss of generality. It follows from {x : f (x) ≥
25δ
C ∗ } ⊂ [0, 1] and 18+20δ
≥ 2δ that



δ
2

0

=

5δ
δ2
5δ
δ
δ
−
≥
−
= ,
16 16
16 16
4

25δ
18 + 20δ



9
P0 (C ∗ ≤ f (X) ≤ C ∗ + δ) = P0 C ∗ ≤
≤ C∗ + δ
10 − 8X




Z δ/2 
δ
5 x
≥ P0 0 ≤ X ≤
=
dx
−
2
8 2
0



5x x2
−
8
4


= P0 0 ≤ X ≤

=

satisfying (a) for constant M = 1/4 and γ̄ = 1.
This completes the construction of the density functions p and q such that the current
detection condition is met but that in Tong (2013) is violated.
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Abstract

c 2016 Garvesh Raskutti and Michael W. Mahoney.
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1. A preliminary version of this paper appeared as Raskutti and Mahoney (2014, 2015).

Recent work in large-scale data analysis has focused on developing so-called sketching algorithms: given a data set and an objective function of interest, construct a small “sketch”

1. Introduction

Keywords: algorithmic leveraging, randomized linear algebra, sketching, random projection, statistical leverage, statistical efficiency

We consider statistical as well as algorithmic aspects of solving large-scale least-squares
(LS) problems using randomized sketching algorithms. For a LS problem with input data
(X, Y ) ∈ Rn×p × Rn , sketching algorithms use a “sketching matrix,” S ∈ Rr×n , where
r  n. Then, rather than solving the LS problem using the full data (X, Y ), sketching
algorithms solve the LS problem using only the “sketched data” (SX, SY ). Prior work has
typically adopted an algorithmic perspective, in that it has made no statistical assumptions
on the input X and Y , and instead it has been assumed that the data (X, Y ) are fixed and
worst-case (WC). Prior results show that, when using sketching matrices such as random
projections and leverage-score sampling algorithms, with p . r  n, the WC error is the
same as solving the original problem, up to a small constant. From a statistical perspective,
we typically consider the mean-squared error performance of randomized sketching algorithms, when data (X, Y ) are generated according to a statistical linear model Y = Xβ + ,
where  is a noise process. In this paper, we provide a rigorous comparison of both perspectives leading to insights on how they differ. To do this, we first develop a framework for
assessing, in a unified manner, algorithmic and statistical aspects of randomized sketching
methods. We then consider the statistical prediction efficiency (PE) and the statistical
residual efficiency (RE) of the sketched LS estimator; and we use our framework to provide
upper bounds for several types of random projection and random sampling sketching algorithms. Among other results, we show that the RE can be upper bounded when p . r  n
while the PE typically requires the sample size r to be substantially larger. Lower bounds
developed in subsequent results show that our upper bounds on PE can not be improved.1
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2. That is, O(np2 ) time suffices to compute the LS solution from Problem (1) for arbitrary or worst-case
input, with, e.g., the Cholesky Decomposition on the normal equations, with a QR decomposition, or
with the Singular Value Decomposition (Golub and Loan, 1996).

β∈R

βS ∈ arg minp kSY − SXβk22 .

We will assume that n and p are both very large, with n  p, and for simplicity we will
assume rank(X) = p, e.g., to ensure a unique full-dimensional solution. The OLS solution,
βOLS = (X T X)−1 X T Y , has a number of well-known desirable statistical properties (Chatterjee and Hadi, 1988); and it is also well-known that the running time or computational
complexity for this problem is O(np2 ) (Golub and Loan, 1996).2 For many modern applications, however, n may be on the order of 106 − 109 and p may be on the order of 103 − 104 ,
and thus computing the exact LS solution with traditional O(np2 ) methods can be computationally challenging. This, coupled with the observation that approximate answers often
suffice for downstream applications, has led to a large body of work on developing fast
approximation algorithms to the LS problem (Mahoney, 2011).
One very popular approach to reducing computation is to perform LS on a carefullyconstructed “sketch” of the full data set. That is, rather than computing a LS estimator
from Problem (1) from the full data (X, Y ), generate “sketched data” (SX, SY ) where
S ∈ Rr×n , with r  n, is a “sketching matrix,” and then compute a LS estimator from the
following sketched problem:

β∈R

βOLS = arg minp kY − Xβk22 .

The problem we consider in this paper is the ordinary least-squares (LS or OLS) problem:
given as input a matrix X ∈ Rn×p of observed features or covariates and a vector Y ∈ Rn of
observed responses, return as output a vector βOLS that solves the following optimization
problem:

1.1 Overview of the Problem

of the full data set, e.g., by using random sampling or random projection methods, and use
that sketch as a surrogate to perform computations of interest for the full data set (see Mahoney (2011) for a review). Most effort in this area has adopted an algorithmic perspective,
whereby one shows that, when the sketches are constructed appropriately, one can obtain
answers that are approximately as good as the exact answer for the input data at hand,
in less time than would be required to compute an exact answer for the data at hand. In
statistics, however, one is often more interested in how well a procedure performs relative
to an hypothesized model than how well it performs on the particular data set at hand.
Thus an important to question to consider is whether the insights from the algorithmic
perspective of sketching carry over to the statistical setting.
Thus, in this paper, we develop a unified approach that considers both the statistical
perspective as well as algorithmic perspective on recently-developed randomized sketching
algorithms, and we provide bounds on two statistical objectives for several types of random
projection and random sampling sketching algorithms.

Raskutti and Mahoney

Once the sketching operation has been performed, the additional computational complexity
of βS is O(rp2 ), i.e., simply call a traditional LS solver on the sketched problem. Thus,
when using a sketching algorithm, two criteria are important: first, ensure the accuracy of
the sketched LS estimator is comparable to, e.g., not much worse, than the performance of
the original LS estimator; and second, ensure that computing and applying the sketching
matrix S is not too computationally intensive, e.g., that is faster than solving the original
problem exactly.

Statistical Perspective on Randomized Sketching Algorithms

Raskutti and Mahoney

1.2 Prior Results

4
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4. The quantity kβS − βOLS k22 is also bounded by Drineas et al. (2011) and Drineas et al. (2012).
5. The nonstandard parameter κ is used here for the error parameter since  is used below to refer to the
noise or error process.

In this paper, we adopt a statistical perspective on these randomized sketching algorithms,
and we address the following fundamental questions. First, under a standard linear model,
e.g., as given in Eqn. (4), what properties of a sketching matrix S are sufficient to ensure

1.3 Our Approach and Main Results

where β ∈ Rp is the true parameter and  ∈ Rn is a standardized noise vector, with E[] = 0
and E[T ] = In×n , in Drineas et al. (2011) and Drineas et al. (2012) no statistical model
is assumed on X and Y , and thus the running time and quality-of-approximation bounds
apply to any arbitrary (X, Y ) input data.

with high probability for some pre-specified error parameter κ ∈ (0, 1).4 This 1 + κ relativeerror guarantee5 is extremely strong, and it is applicable to arbitrary or worst-case input.
That is, whereas in statistics one typically assumes a model, e.g., a standard linear model
on Y ,
Y = Xβ + ,
(4)

Leverage scores have a long history in robust statistics and experimental design. In
the robust statistics community, samples with high leverage scores are typically flagged as
potential outliers (see, e.g., Chatterjee and Hadi (2006, 1988); Hampel et al. (1986); Hoaglin
and Welsch (1978); Huber and Ronchetti (1981)). In the experimental design community,
samples with high leverage have been shown to improve overall efficiency, provided that the
underlying statistical model is accurate (see, e.g., Royall (1970); Zavlavsky et al. (2008)).
This should be contrasted with their use in theoretical computer science. From the algorithmic perspective of worst-case analysis, that was adopted by Drineas et al. (2011)
and Drineas et al. (2012), samples with high leverage tend to contain the most important
information for subsampling/sketching, and thus it is beneficial for worst-case analysis to
bias the random sample to include samples with large statistical leverage scores or to rotate
to a random basis where the leverage scores are approximately uniformized.
The running-time bottleneck for this leverage-based random sampling algorithm is the
computation of the leverage scores of the input data; and the obvious well-known algorithm
for this involves O(np2 ) time to perform a QR decomposition to compute an orthogonal basis
for X (Golub and Loan, 1996). By using fast Hadamard-based random projections, however,
Drineas et al. (2012) showed that one can compute approximate QR decompositions and
thus approximate leverage scores in o(np2 ) time, and (based on previous work (Drineas et al.,
2006b)) this immediately implies a leverage-based random sampling algorithm that runs on
arbitrary or worst-case input in o(np2 ) time (Drineas et al., 2012). Readers interested in the
practical performance of these randomized algorithms should consult Bendenpik (Avron
et al., 2010) or LSRN (Meng et al., 2014).
In terms of accuracy guarantees, both Drineas et al. (2011) and Drineas et al. (2012)
prove that their respective random projection and leverage-based random sampling LS
sketching algorithms each achieve the following worst-case (WC) error guarantee: for any
arbitrary (X, Y ),
kY − XβS k22 ≤ (1 + κ)kY − XβOLS k22 ,
(3)

Random sampling and random projections provide two approaches to construct sketching
matrices S that satisfy both of these criteria and that have received attention recently in
the computer science community. Very loosely speaking, a random projection matrix S is a
dense matrix,3 where each entry is a mean-zero bounded-variance Gaussian or Rademacher
random variable, although other constructions based on randomized Hadamard transformations are also of interest; and a random sampling matrix S is a very sparse matrix that
has exactly 1 non-zero entry (which typically equals one multiplied by a rescaling factor)
in each row, where that one non-zero can be chosen uniformly, non-uniformly based on
hypotheses about the data, or non-uniformly based on empirical statistics of the data such
as the leverage scores of the matrix X. In particular, note that a sketch constructed from
an r × n random projection matrix S consists of r linear combinations of most or all of the
rows of (X, Y ), and a sketch constructed from a random sampling matrix S consists of r
typically-rescaled rows of (X, Y ). Random projection algorithms have received a great deal
of attention more generally, largely due to their connections with the Johnson-Lindenstrauss
lemma (Johnson and Lindenstrauss, 1984) and its extensions; and random sampling algorithms have received a great deal of attention, largely due to their applications in large-scale
data analysis applications (Mahoney and Drineas, 2009). A detailed overview of random
projection and random sampling algorithms for matrix problems may be found in the recent
monograph of Mahoney (2011). Here, we briefly summarize the most relevant aspects of
the theory.
In terms of running time guarantees, the running time bottleneck for random projection algorithms for the LS problem is the application of the projection to the input data,
i.e., actually performing the matrix-matrix multiplication to implement the projection and
compute the sketch. By using fast Hadamard-based random projections, however, Drineas
et al. (2011) developed a random projection algorithm that runs on arbitrary or worst-case
input in o(np2 ) time. (See Drineas et al. (2011) for a precise statement of the running time.)
As for random sampling, it is trivial to implement uniform random sampling, but it is very
easy to show examples of input data on which uniform sampling performs very poorly. On
the other hand, Drineas et al. (2006b, 2012) have shown that if the random sampling is
performed with respect to nonuniform importance sampling probabilities that depend on
the empirical statistical leverage scores of the input matrix X, i.e., the diagonal entries of
the hat matrix H = X(X T X)−1 X T , then one obtains a random sampling algorithm that
achieves much better results for arbitrary or worst-case input.

JMLR 17(214):1-31

3. The reader should, however, be aware of recently-developed input-sparsity time random projection methods (Clarkson and Woodruff, 2013; Meng and Mahoney, 2013; Nelson and Huy, 2013).
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versus random projection methods. Our empirical results support our theoretical results,
and they also show that for r larger than p but much closer to p than n, projection-based
methods tend to out-perform sampling-based methods, while for r significantly larger than
p, our leverage-based sampling methods perform slightly better. In Section 5, we will
provide a brief discussion and conclusion and we provide proofs of our main results in the
Appendix.

low statistical error, e.g., mean-squared, error? Second, how do existing random projection algorithms and leverage-based random sampling algorithms perform by this statistical
measure? Third, how does this relate to the properties of a sketching matrix S that are
sufficient to ensure low worst-case error, e.g., of the form of Eqn. (3), as has been established previously in Drineas et al. (2011, 2012); Mahoney (2011)? We address these related
questions in a number of steps.
In Section 2, we will present a framework for evaluating the algorithmic and statistical
properties of randomized sketching methods in a unified manner; and we will show that
providing worst-case error bounds of the form of Eqn. (3) and providing bounds on two
related statistical objectives boil down to controlling different structural properties of how
the sketching matrix S interacts with the left singular subspace of the design matrix. In
†
†
particular, we will consider the oblique projection matrix, ΠU
S = U (SU ) S, where (·)
denotes the Moore-Penrose pseudo-inverse of a matrix and U is the left singular matrix of
X. This framework will allow us to draw a comparison between the worst-case error and
two related statistical efficiency criteria, the statistical prediction efficiency (PE) (which is
based on the prediction error E[kX(βb − β)k22 ] and which is given in Eqn. (7) below) and
b 2 ] and
the statistical residual efficiency (RE) (which is based on residual error E[kY − X βk
2
which is given in Eqn. (8) below); and it will allow us to provide sufficient conditions that
any sketching matrix S must satisfy in order to achieve performance guarantees for these
two statistical objectives.
In Section 3, we will present our main theoretical results, which consist of bounds for
these two statistical quantities for variants of random sampling and random projection
sketching algorithms. In particular, we provide upper bounds on the PE and RE (as well as
the worst-case WC) for four sketching schemes: (1) an approximate leverage-based random
sampling algorithm, as is analyzed by Drineas et al. (2012); (2) a variant of leverage-based
random sampling, where the random samples are not re-scaled prior to their inclusion in the
sketch, as is considered by Ma et al. (2014, 2015); (3) a vanilla random projection algorithm,
where S is a random matrix containing i.i.d. Gaussian or Rademacher random variables,
as is popular in statistics and scientific computing; and (4) a random projection algorithm,
where S is a random Hadamard-based random projection, as analyzed in Boutsidis and
Gittens (2013). For sketching schemes (1), (3), and (4), our upper bounds for each of
the two measures of statistical efficiency are identical up to constants; and they show that
the RE scales as 1 + pr , while the PE scales as nr . In particular, this means that it is
possible to obtain good bounds for the RE when p . r  n (in a manner similar to the
sampling complexity of the WC bounds); but in order to obtain even near-constant bounds
for PE, r must be at least of constant order compared to n. We then present a lower
bound developed in subsequent work by Pilanci and Wainwright (2014) which shows that
under general conditions on S, our upper bound of nr for PE can not be improved. For the
sketching scheme (2), we show, on the other hand, that under the strong assumption that
there are k “large” leverage scores and the remaining n − k are “small,” then the WC scales
pk
as 1 + pr , the RE scales as 1 + rn
, and the PE scales as kr . That is, sharper bounds are
possible for leverage-score sampling without re-scaling in the statistical setting, but much
stronger assumptions are needed on the input data.
In Section 4, we will supplement our theoretical results by presenting our main empirical
results, which consist of an evaluation of the complementary properties of random sampling
6

βOLS = X † Y = (X T X)−1 X T Y,
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(5)

Recall that we are given as input a data set, (X, Y ) ∈ Rn×p ×Rn , and the objective function
of interest is the standard LS objective, as given in Eqn. (1). Since we are assuming, without
loss of generality, that rank(X) = p, we have that

2.1 A Statistical-Algorithmic Framework

In this section, we develop a framework that allows us to view the algorithmic and statistical
perspectives on LS problems from a common perspective. We then use this framework to
show that existing worst-case bounds as well as our novel statistical bounds for the meansquared errors can be expressed in terms of different structural conditions on how the
sketching matrix S interacts with the data (X, Y ).

2. General Framework and Structural Results

Very recently Ma et al. (2014) considered statistical aspects of leverage-based sampling algorithms (called algorithmic leveraging in Ma et al. (2014)). Assuming a standard linear model
on Y of the form of Eqn. (4), the authors developed first-order Taylor approximations to the
statistical relative efficiency of different estimators computed with leverage-based sampling
algorithms, and they verified the quality of those approximations with computations on real
and synthetic data. Taken as a whole, their results suggest that, if one is interested in the
statistical performance of these randomized sketching algorithms, then there are nontrivial
trade-offs that are not taken into account by standard worst-case analysis. Their approach,
however, does not immediately apply to random projections or other more general sketching
matrices. Further, the realm of applicability of the first-order Taylor approximation was
not precisely quantified, and they left open the question of structural characterizations of
random sketching matrices that were sufficient to ensure good statistical properties on the
sketched data. We address these issues in this paper.
After the appearance of the original technical report version of this paper (Raskutti and
Mahoney, 2014), we were made aware of subsequent work by Pilanci and Wainwright (2014),
who also consider a statistical perspective on sketching. Amongst other results, they develop
a lower bound which confirms that using a single randomized sketching matrix S can not
achieve a PE better than nr . This lower bound complements our upper bounds developed in
this paper. Their main focus is to use this insight to develop an iterative sketching scheme
which yields bounds on the PE when an r × n sketch is applied repeatedly.

1.4 Additional Related Work

Raskutti and Mahoney
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(7)

(8)

sup

Y

kY − XβS k22
.
kY − XβOLS k22

Y =Xβ+, X T =0

8

kY − XβS k22
.
kY − XβOLS k22

(9)
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6. The rank-nullity theorem asserts that given any matrix X ∈ Rn×p and vector Y ∈ Rn , there exists a
unique decomposition Y = Xβ + , where β is the projection of Y on to the range space of X T and
 = Y − Xβ lies in the null-space of X T (Meyer, 2000).

• CRE (S) is a statistical analogue of the worst-case algorithmic objective CW C (S), since
kY −Xβ k2
both consider the ratio of the metrics kY −Xβ S 2k2 . The difference is that a sup over Y
OLS 2
in the algorithmic setting is replaced by an expectation over noise  in the statistical

• From the perspective of our two linear models, we have that βOLS = β+(X T X)−1 X T .
In the statistical setting, since E[T ] = In×n , it follows that βOLS is a random variable
with E[βOLS ] = β and E[(β − βOLS )(β − βOLS )T ] = (X T X)−1 . In the algorithmic
setting, on the other hand, since X T  = 0, it follows that βOLS = β.

• The most important distinction between the algorithmic approach and the statistical
approach is how the data is assumed to be generated. For the statistical approach,
(X, Y ) are assumed to be generated by a standard Gaussian linear model and the
goal is to estimate a true paramter β while for the algorithmic approach (X, Y ) are
not assumed to follow any statistical model and the goal is to do prediction on Y
rather than estimate a true parameter β. Since ordinary least-squares is often run
in the context of solving a statistical inference problem, we believe this distrinction
is important and focus in this article more on the implications for the statistical
perpsective.

Hence, in the worst-case algorithmic setup, we take a supremum over , where X T  = 0,
whereas in the statistical setup, we take an expectation over  where E[] = 0.
Before proceeding, several other comments about this algorithmic-statistical framework
and our objectives are worth mentioning.

CW C (S) =

This criterion is worst-case since we take a supremum Y , and it is the performance criterion
that is analyzed in Drineas et al. (2011) and Drineas et al. (2012), as bounded in Eqn. (3).
Writing Y as Xβ + , where X T  = 0, the WC error can be re-expressed as:

CW C (S) = sup

• The algorithmic criterion we consider is the worst-case (WC) error, defined as follows:

a “true parameter” that is observed through a noisy Y , here in the algorithmic setting,
we will take advantage of the rank-nullity theorem in linear algebra to relate X and Y .6
To define a “worst case model” Y = Xβ +  for the algorithmic setting, one can view the
“noise” process  to consist of any vector that lies in the null-space of X T . Then, since the
choice of β ∈ Rp is arbitrary, one can construct any arbitrary or worst-case input data Y .
From this algorithmic case, we will consider the following criterion.

(6)

where (·)† denotes the Moore-Penrose pseudo-inverse of a matrix, and where the second
equality follows since rank(X) = p.
To present our framework and objectives, let S ∈ Rr×n denote an arbitrary sketching
matrix. That is, although we will be most interested in sketches constructed from random
sampling or random projection operations, for now we let S be any r × n matrix. Then,
we are interested in analyzing the performance of objectives characterizing the quality of a
“sketched” LS objective, as given in Eqn (2), where again we are interested in solutions of
the form
βS = (SX)† SY.
(We emphasize that this does not in general equal ((SX)T SX)−1 (SX)T SY , since the inverse
will not exist if the sketching process does not preserve rank.) Our goal here is to compare
the performance of βS to βOLS . We will do so by considering three related performance
criteria, two of a statistical flavor, and one of a more algorithmic or worst-case flavor.
From a statistical perspective, it is common to assume a standard linear model on Y ,
Y = Xβ + ,
where we remind the reader that β ∈ Rp is the true parameter and  ∈ Rn is a standardized
noise vector, with E[] = 0 and E[T ] = In×n . From this statistical perspective, we will
consider the following two criteria.

E[kX(β − βS )k22 ]
,
E[kX(β − βOLS )k22 ]

• The first statistical criterion we consider is the prediction efficiency (PE), defined as
follows:
CP E (S) =

where the expectation E[·] is taken over the random noise .

E[kY − XβS k22 ]
,
E[kY − XβOLS k22 ]

• The second statistical criterion we consider is the residual efficiency (RE), defined as
follows:
CRE (S) =

where, again, the expectation E[·] is taken over the random noise .
Recall that the standard relative statistical efficiency for two estimators β1 and β2 is de(β1 )
fined as eff(β1 , β2 ) = Var
Var(β2 ) , where Var(·) denotes the variance of the estimator (see e.g.,
Lehmann (1998)). For the PE, we have replaced the variance of each estimator by the meanb
squared prediction error. For the RE, we use the term residual since for any estimator β,
Y − X βb are the residuals for estimating Y .
From an algorithmic perspective, there is no noise process . Instead, X and Y are
arbitrary, and β is simply computed from Eqn (5). To draw a parallel with the usual
statistical generative process, however, and to understand better the relationship between
various objectives, consider “defining” Y in terms of X by the following “linear model”:
Y = Xβ + ,
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where β ∈ Rp and  ∈ Rn . Importantly, β and  here represent different quantities than in
the usual statistical setting. Rather than  representing a noise process and β representing
7

kX(β − βS )k22
,
kX(β − βOLS )k22
(10)

CRE (S) = 1 +

2
k(Ip×p − (SU )† SU )ΣV T βk22 kΠU
CP E (S) − 1
S kF − p
+
=1+
.
n−p
n−p
n/p − 1

2
k(Ip×p − (SU )† SU )ΣV T βk22 kΠU
S kF
+
,
p
p

2
kΠU
S k2
kk22

is the relevant quan-
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In this section, we provide upper bounds for CW C (S), CP E (S), and CRE (S), where S correspond to random sampling and random projection matrices. In particular, we provide upper
bounds for 4 sketching matrices: (1) a vanilla leverage-based random sampling algorithm

9

3. Main Theoretical Results

U
T T
−1 T T
Note that if rank(SX) = p, then ΠU
S can be expressed as ΠS = U (U S SU ) U S S,
since U T S T SU is invertible. Importantly however, depending on the properties of X and
how S is constructed, it can easily happen that rank(SX) < p, even if rank(X) = p.

2
tity, whereas in the statistical setting kΠU
S kF is the relevant quantity. The Frobenius norm enters in the statistical setting because we are taking an average over homoscedastic noise, and so the `2 norm of the eigenvalues of ΠU
S need to be controlled.
On the other hand, in the algorithmic or worst-case setting, the worst direction in the
null-space of U T needs to be controlled, and thus the spectral norm enters.

• In the algorithmic or worst-case setting, sup∈Rn /{0},ΠU =0

E (S)−1
• The final equality CRE (S) = 1 + CPn/p−1
shows that in general it is much more
difficult (in terms of the number of samples needed) to obtain bounds on CP E (S)
than CRE (S)—since CRE (S) re-scales CP E (S) by p/n, which is much less than 1.
This will be reflected in the main results below, where the scaling of CRE (S) will be
a factor of p/n smaller than CP E (S). In general, it is significantly more difficult to
bound CP E (S), since kX(β − βOLS )k22 is p, whereas kY − XβOLS k22 is n − p, and so
there is much less margin for error in approximating CP E (S).

• For all 3 criteria, the term which involves (SU )† SU is a “bias” term that is non-zero in
the case that rank(SU ) < p. For CP E (S) and CRE (S), the term corresponds exactly
to the statistical bias; and if rank(SU ) = p, meaning that S is a rank-preserving
sketching matrix, then the bias term equals 0, since (SU )† SU = Ip×p . In practice,
if r is chosen smaller than p or larger than but very close to p, it may happen that
rank(SU ) < p, in which case this bias is incurred.

Several points are worth making about Lemma 1.

and

CP E (S) =

For the statistical setting,

Lemma 1 For the algorithmic setting,

2
k(Ip×p − (SU )† (SU ))δk22 kΠU
S k2
.
+
CW C (S) = 1 +
sup
kk22
kk22
δ∈Rp ,U T =0

Given this setup, we can now state the following lemma, the proof of which may be found
in Section A.1. This lemma characterizes how CW C (S), CP E (S), and CRE (S) depend on
different structural properties of ΠU
S and SU .

Raskutti and Mahoney

We are now ready to develop structural conditions characterizing how the sketching matrix
S interacts with the data matrix X that will allow us to provide upper bounds for the
quantities CW C (S), CP E (S), and CRE (S). To do so, recall that given the data matrix X,
we can express the singular value decomposition of X as X = U ΣV T , where U ∈ Rn×p is
an orthogonal matrix, i.e., U T U = Ip×p . In addition, we can define the oblique projection
matrix
†
ΠU
(11)
S := U (SU ) S.

2.2 Structural Results on Sketching Matrices

• Both CP E (S) and CRE (S) are qualitatively related to quantities analyzed by Ma
b ) in Ma
et al. (2014, 2015). In addition, CW C (S) is qualitatively similar to Cov(β|Y
et al. (2014, 2015), since in the algorithmic setting Y is treated as fixed; and CRE (S)
b in Ma et al. (2014, 2015), since in the statistical
is qualitatively similar to Cov(β)
setting Y is treated as random and coming from a linear model. That being said, the
metrics and results we present in this paper are not directly comparable to those of
Ma et al. (2014, 2015) since, e.g., they had a slightly different setup than we have
here, and since they used a first-order Taylor approximation while we do not.

• In the algorithmic setting, the sketching matrix S and the objective CW C (S) can depend on X and Y in any arbitrary way, but in the following we consider only sketching
matrices that are either independent of both X and Y or depend only on X (e.g., via
the statistical leverage scores of X). In the statistical setting, S is allowed to depend
on X, but not on Y , as any dependence of S on Y might introduce correlation between
the sketching matrix and the noise variable . Removing this restriction is of interest,
especially since one can obtain WC bounds of the form Eqn. (3) by constructing S by
randomly sampling according to an importance sampling distribution that depends
on the influence scores—essentially the leverage scores of the matrix X augmented
with −Y as an additional column—of the (X, Y ) pair.

where β is the projection of Y on to the range space of X T . However, since βOLS =
β + (X T X)−1 X T  and since X T  = 0, βOLS = β in the algorithmic setting, the
denominator of Eqn. (10) equals zero, and thus the objective in Eqn. (10) is not welldefined. The “difficulty” of computing or approximating this objective parallels our
results below that show that approximating CP E (S) is much more challenging (in
terms of the number of samples needed) than approximating CRE (S).

Y

sup

setting. A natural question is whether there is an algorithmic analogue of CP E (S).
Such a performance metric would be:

Statistical Perspective on Randomized Sketching Algorithms

from Drineas et al. (2012); (2) a variant of leverage-based random sampling, where the random samples are not re-scaled prior to their inclusion in the sketch; (3) a vanilla random
projection algorithm, where S is a random matrix containing i.i.d. sub-Gaussian random
variables; and (4) a random projection algorithm, where S is a random Hadamard-based
random projection, as analyzed in Boutsidis and Gittens (2013).

Statistical Perspective on Randomized Sketching Algorithms

Raskutti and Mahoney

3.1 Random Sampling Methods

log

C0p 
(1−θ) ,

44C 2 p
CW C (SN R ) ≤ 1 + 2
c r
44C 4 k
CP E (SN R ) ≤
c2 r
44C 4 pk
,
c2 nr

CRE (SN R ) ≤ 1 +

12
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Notice that when k  n, bounds in Theorem 2 on CP E (SN R ) and CRE (SN R ) are significantly sharper than bounds in Theorem 1 on CP E (SR ) and CRE (SR ). Hence not re-scaling
has the potential to provide sharper bound in the statistical setting. However a stronger
assumption on X is needed for this result.

with probability at least 0.6.

Theorem 2 For S = SN R , with θ = 0 and assuming
a k-heavy hitter leverage distribution

and, there exist constants c1 and r ≥ c1 p log c2 p , such that rank(SN R ) = p and:

The interpretation of a k-heavy hitter leverage distribution is one in which only k samples
in X contain the majority of the leverage score mass. In the simulations below, we provide
examples of synthetic matrices X where the majority of the mass is in the largest leverage
scores. The parameter k acts as a measure of non-uniformity, in that the smaller the k, the
more non-uniform are the leverage scores. The k-heavy hitter leverage distribution allows
us to model highly non-uniform leverage scores. In this case, we have the following result,
the proof of which may be found in Section B.2.

n
Definition 1 (k-heavy hitter leverage distribution) A sequence of leverage scores (`i )i=1
is a k-heavy hitter leverage score distribution if there exist constants c,
PCp > 0 such 3that for
Cp
1 ≤ i ≤ k, cp
i=k+1 `i ≤ 4 .
k ≤ `i ≤ k and for the remaining n − k leverage scores,

n
An important practical point is the following: the distribution {qi }i=1
does not enter
the results. This allows us to consider different distributions. An obvious choice is uniform,
i.e., qi = n1 (see e.g., Ma et al. (2014, 2015)). Another important example is that of approximate leverage-score sampling, as developed in Drineas et al. (2012). (The running time of
the main algorithm of Drineas et al. (2012) is o(np2 ), and thus this reduces computation
compared with the use of exact leverage scores, which take O(np2 ) time to compute). Let
(`˜i )n denote the approximate leverage scores developed by the procedure in Drineas et al.
i=1
(2012). Based on Theorem 2 in Drineas et al. (2012), |`i − `˜i | ≤  where 0 <  < 1 for r
˜
appropriately chosen. Now, using pi = `pi , pi can be re-expressed as pi = (1−) `pi +qi where
n
(qi )i=1
is a distribution (unknown since we only have a bound on the approximate leverage
scores). Hence, the performance bounds achieved by approximate leveraging are analogous
to those achieved by adding  multiplied by a uniform or other arbitrary distribution.
Next, we consider the leverage-score estimator without re-scaling SN R . In order to
develop nontrivial bounds on CW C (SN R ), CP E (SN R ), and CRE (SN R ), we need to make a
strong assumption on the leverage-score distribution on X. To do so, we define the following.

Here, we consider random sampling algorithms. To do so,
Pnfirst define a random sampling
matrix S̃ ∈ Rn as follows: S̃ij ∈ {0, 1} for all (i, j) and j=1
S̃
ij = 1, where each row has
n . The matrix of crossan independent multinomial distribution with probabilities (pi )i=1
leverage scores is defined as L = U U T ∈ Rn×n , and `i = Lii denotes
Pnthe leverage score
corresponding to the ith sample. Note that the leverage scores satisfy i=1
`i = trace(L) =
p and 0 ≤ `i ≤ 1.
n
The sampling probability distribution we consider
Pn (pi )i=1 is of the form pi = (1 −
n
θ) `pi + θqi , where {qi }i=1
qi = 1 is an arbitrary probability
satisfies 0 ≤ qi ≤ 1 and i=1
distribution, and 0 ≤ θ < 1. In other words, it is a convex combination of a leverage-based
distribution and another arbitrary distribution. Note that for θ = 0, the probabilities are
n .
proportional to the leverage scores, whereas for θ = 1, the probabilities follow {qi }i=1
We consider two sampling matrices, one where the random sampling matrix is re-scaled,
as in Drineas et al. (2011), and one in which no re-scaling takes place. In particular, let
SN R = S̃ denote the random sampling matrix (where the subscript N R denotes the fact
r×n = S̃W , where
that no re-scaling takes place). The re-scaled sampling matrix
q is SR ∈ R
W ∈ Rn×n is a diagonal re-scaling matrix, where [W ]jj = rp1j and Wji = 0 for j 6= i. The
Cp
(1−θ)

quantity p1j is the re-scaling factor. In this case, we have the following result, the proof of
which may be found in Section B.1.

p
CW C (SR ) ≤ 1 + 12
r
n
CP E (SR ) ≤ 44
r
p
CRE (SR ) ≤ 1 + 44 ,
r

Theorem 1 For S = SR , there exists constants C and C such that if r ≥
rank(SR U ) = p and:

with probability at least 0.7.
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Several things are worth noting about this result. First, note that both CW C (SR ) − 1 and
CRE (SR )−1 scale as pr ; thus, it is possible to obtain high-quality performance guarantees for
ordinary least squares, as long as pr → 0, e.g., if r is only slightly larger than p. On the other
hand, CP E (SR ) scales as nr , meaning r needs to be close to n to provide similar performance
guarantees. Next, note that all of the upper bounds apply to any data matrix X, without
assuming any additional structure on X. Finally, note that when θ = 1, which corresponds
n , all the upper bounds are ∞. Our simulations also
to sampling the rows based on {qi }i=1
reveal that uniform sampling generally performs more poorly than leverage-score based
approaches under the linear models we consider.
11
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Notice that the bounds in Theorem 4 for SHad are equivalent to the bounds in Theorem 1
for SR , up to a constant and log(np) factor. As discussed in Drineas et al. (2011), the
Hadamard transformation makes the leverage scores of X approximately uniform (up to
a log(np) factor), which is why the performance is similar to the sub-Gaussian projection
(which also tends to make the leverage scores of X approximately uniform). We suspect
that the additional log(np) factor is an artifact of the analysis since we use an entry-wise
concentration bound; using more sophisticated techniques, we believe that the log(np) can
be removed. The probabilities of 0.6, 0.7, and 0.8 for which the upper bounds hold in the
four Theorems above is an artifact of the concentration bounds used the proof and can be
improved at the expense of weaker constants (e.g. 40) in front of the efficiency bounds. As

CW C (SHad ) ≤ 1 + 40 log(np)

p
r
n
CRE (SHad ) ≤ 40 log(np)(1 + )
r
p
CP E (SHad ) ≤ 1 + 40 log(np)(1 + ).
r

Theorem 4 For any matrix X, there exists a constant c such that if r ≥ cp log n(log p +
log log n), then with probability greater than 0.8, it holds that rank(SHad ) = p and that:

Notice that the bounds in Theorem 3 for SSGP are equivalent to the bounds in Theorem 1
for SR , except that r is required only to be larger than O(log n) rather than O(p log p). Hence
for smaller values of p, random sub-Gaussian projections are more stable than leveragescore sampling based approaches. This reflects the fact that to a first-order approximation,
leverage-score sampling performs as well as performing a smooth projection.
Next, we consider the randomized Hadamard projection matrix. In particular, SHad =
SU nif HD, where H ∈ Rn×n is the standard Hadamard matrix (see e.g., Hedayat and Wallis
(1978)), SU nif ∈ Rr×n is an r × n uniform sampling matrix, and D ∈ Rn×n is a diagonal
matrix with random equiprobable ±1 entries. In this case, we have the following result, the
proof of which may be found in Section B.4.

CW C (SSGP ) ≤ 1 + 11

p
r
n
CP E (SSGP ) ≤ 44(1 + )
r
p
CRE (SSGP ) ≤ 1 + 44 .
r

Theorem 3 For any matrix X, there exists a constant c such that if r ≥ c log n, then with
probability greater than 0.7, it holds that rank(SSGP ) = p and that:

Here, we consider two random projection algorithms, one based on a sub-Gaussian projection matrix and the other based on a Hadamard projection matrix. To do so, define
[SSGP ]ij = √1r Xij , where (Xij )1≤i≤r,1≤j≤n are i.i.d. sub-Gaussian random variables with
E[Xij ] = 0, variance E[Xij2 ] = σ 2 and sub-Gaussian paramater 1. In this case, we have the
following result, the proof of which may be found in Section B.3.

3.2 Random Projection Methods

Statistical Perspective on Randomized Sketching Algorithms

n
.
128ηr

14

(1) S = SR - random leverage-score sampling with re-scaling.
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In this section, we present the results of an empirical evaluation, illustrating the results of
our theory. We will compare the following 6 sketching matrices.

4. Empirical Results

Pilanci and Wainwright (2014) show that for S = SR , SSGP and SHad , kE[S T (SS T )−1 S]kop ≤
c nr where c is a constant and hence η = c and the lower bound matches our upper bounds
up to constant. On the other hand, for S = SN R , it is straightforward to show that
kE[S T (SS T )−1 S]kop ≤ c kr for some constant c and hence η = c nk and the lower bound scales
as kr , to match the upper bound on CP E (SN R ) from Theorem 2. This is why we are able
to prove a tighter upper bound when the matrix X has highly non-uniform leverage scores.
Importantly, this proves that CP E (S) is a quantity that is more challenging to control
than CRE (S) and CW C (S) when only a single sketch is used. Using this insight, Pilanci
and Wainwright (2014) show that by using a particular iterative Hessian sketch, CP E (S)
can be controlled up to constant. In addition to providing a lower bound on the PE
using a sketching matrix just once, Pilanci and Wainwright (2014) also develop a new
iterative sketching scheme where sketching matrices are used repeatedly can reduce the PE
significantly. Once again the probability of 0.5 can be improved by making the constant of
1
128 less tight.
Finally in prior related work, Lu and Foster (2014); Lu et al. (2013) show that the
rate 1 + pr may be achieved for the PE using the estimator β̃ = ((SX)T (SX))−1 X T Y . This
estimator is related to the ridge regression estimator since sketches or random projections are
applied only in the computation of the X T X matrix and not X T Y . Since both X T Y and
(SX)T (SX) have small dimension, this estimator has significant computational benefits.
However this estimator does not violate the lower bound in Pilanci and Wainwright (2014)
since it is not based on the sketches (SX, SY ) but instead uses (SX, X T Y ).

CP E (S) ≥

Theorem 5 (Theorem 1 in Pilanci and Wainwright (2014)) For any sketching matrix satisfying kE[S T (SS T )−1 S]kop ≤ η nr , any estimator based on (SX, SY ) satisfies the
lower bound with probability greater than 1/2:

Subsequent to the dissemination of the original version of this paper (Raskutti and Mahoney,
2014), Pilanci and Wainwright (2014) amongst other results develop lower bounds on the
numerator in CP E (S). This proves that our upper bounds on CP E (S) can not be improved.
We re-state Theorem 1 (Example 1) in Pilanci and Wainwright (2014) in a way that makes
it most comparable to our results.

3.3 Lower Bounds

we show in the next section, the upper bound of nr on CP E (S) for S = SR , SSGP and SHad
can not be improved up to constant while for S = SN R the upper bound of kr can not be
improved.

Raskutti and Mahoney
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(2) S = SN R - random leverage-score sampling without re-scaling.
(3) S = SU nif - random uniform sampling (each sample drawn independently with probability 1/n).
(4) S = SShr - random leverage-score sampling with re-scaling and with θ = 0.1.
- Gaussian projection matrices.
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SN R
3.1 × 104
7.0 × 103
3.6 × 103
34.0

600

R

S=S

8

6

500

S = SNR

14

12

10

4

2

0
300

400

16

S = SUnif

GP

S = SShr

S=S

S = SHad

900
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NR
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We first compare the sketching methods in the statistical setting by comparing CP E (S).
In Figure 2, we plot the average CP E (S) for the 6 subsampling approaches outlined above,
averaged over 100 samples for larger values of r between 300 and 1000. In addition, in
Figure 3, we include a table for results on smaller values of r between 80 and 200, to get a
sense of the performance when r is close to p. Observe that in the large r setting, SN R is
clearly the best approach, out-performing SR , especially for ν = 1. For small r, projectionbased methods work better, especially for ν = 1, since they tend to uniformize the leverage
scores. In addition, SShr is superior compared to SN R , when r is small, especially when
ν = 1. We do not plot CRE (S) as it is simply a re-scaled CP E (S) to Lemma 1.
5.5
5
4.5
4

3

3.5

2.5
2
1.5
300

r

r
80
90
100
200
r
80
90
100
200

SR
4.4 × 104
1.5 × 104
1.8 × 104
2.0 × 102
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Overall, SN R , SR , and SShr compare very favorably to SU nif , which is consistent with
Theorem 2, since samples with higher leverage scores tend to reduce the mean-squared

Figure 3: Relative prediction efficiency CP E (S) for small r.

r
80
90
100
200

Figure 2: Relative prediction efficiency CP E (S) for large r.

(a) ν = 10

CRPE(S)

(5) S =

200

CRPE(S)

SGP

40
35
30
25
20
15
10
5
0
0
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over both the randomness in the sampling, and in the statistical setting, the randomness
over y.
Note that a natural comparison can be drawn between the parameter ν and the parameter k in the k-heavy hitter definition. If we want to find the value k such that 90% of the
leverage mass is captured, for ν = 1, k ≈ 100, for ν = 2, k ≈ 700 and for ν = 10, k ≈ 900,
according to Figure 1 (b). Hence the smaller ν, the smaller k since the leverage-scores are
more non-uniform.
15

CRPE(S)

(6) S = SHad - Hadamard projections.

1000

Index

To compare the methods and see how they perform on inputs with different leverage scores,
we generate test matrices using a method outlined in Ma et al. (2014, 2015). Set n = 1024
(to ensure, for simplicity, an integer power of 2 for the Hadamard transform) and p = 50,
and let the number of samples drawn with replacement, r, be varied. X is then generated
based on a t-distribution with different choices of ν to reflect different uniformity of leverage
scores. Each row of X is selected independently with distribution Xi ∼ tν (Σ), where Σ
corresponds to an auto-regressive model with ν the degrees of freedom. The 3 values of
ν presented here are ν = 1 (highly non-uniform), ν = 2 (moderately non-uniform), and
ν = 10 (very uniform). See Figure 1 for a plot to see how ν influences the uniformity of the
leverage scores. For each setting, the simulation is repeated 100 times in order to average

ν = 10
ν=2
ν=1
Uniform
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400
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200
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0.8
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0.6
0.5
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0.3
0.2

0
0

0.1

Index

Cumulative leverage mass

Figure 1: Ordered leverage scores for different values of ν (a) and cumulative sum of ordered
leverage scores for different values of ν (b).
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(c) ν = 1
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Figure 4: Worst-case relative error CW C (S) for large r.
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2
S
supU T =0 kk
, since in that case the data may be arbitrary and worst-case, whereas the
2
two statistical criteria (RE and PE) depends on kΠU
S kF , since in that case the data follow
a linear model with homogenous noise variance.

kΠU k

In this paper, we developed a framework for analyzing algorithmic and statistical criteria for
general sketching matrices S ∈ Rr×n applied to the least-squares objective. As our analysis
makes clear, our framework reveals that the algorithmic and statistical criteria depend on
†
different properties of the oblique projection matrix ΠU
S = U (SU ) U , where U is the left
singular matrix for X. In particular, the algorithmic criteria (WC) depends on the quantity

5. Discussion and Conclusion

Finally, Figures 4 and 5 provide a comparison of the worst-case relative error CW CE (S)
for large and small (r > 200 and r ≤ 200, respectively) values of r. Observe that, in general,
CW C (S) are much closer to 1 than CP E (S) for all choices of S. This reflects the scaling of
p
n difference between the bounds. Interestingly, Figures 4 and 5 indicates that SN R still
tends to out-perform SR in general, however the difference is not as significant as in the
statistical setting.

1
300

1.05

1.1

1.15

1.2

1.25

(S)

The theoretical upper bound in Theorems 1- 4 suggests that CP E (S) is of the order nr ,
independent of the leverage scores of X, for S = SR as well as S = SHad and SGP . On the
other hand, the simulations suggest that for highly non-uniform leverage scores, CP E (SR )
is higher than when the leverage scores are uniform, whereas for S = SHad and SGP , the
non-uniformity of the leverage scores does not significantly affect the bounds. The reason
that SHad and SGP are not significantly affected by the leverage-score distribution is that
the Hadamard and Gaussian projection has the effect of making the leverage scores of any
matrix uniform Drineas et al. (2011). The reason for the apparent disparity when S = SR is
that the theoretical bounds use Markov’s inequality which is a crude concentration bound.
We suspect that a more refined analysis involving the bounded difference inequality would
reflect that non-uniform leverage scores result in a larger CP E (SR ).

error. Furthermore, SR (which recall involves re-scaling) only increases the mean-squared
error, which is again consistent with the theoretical results. The effects are more apparent
as the leverage score distiribution is more non-uniform (i.e., for ν = 1).
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Figure 5: Worst-case relative error CW C (S) for large r.
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There are numerous ways in which the framework and results from this paper can be extended. Firstly, there is a large literature that presents a number of different approaches to
sketching. Since our framework provides general conditions to assess the statistical and algorithmic performance for sketching matrices, a natural and straightforward extension would
be to use our framework to compare other sketching matrices. Another natural extension is
to determine whether aspects of the framework can be adapted to other statistical models
and problems of interest (e.g., generalized linear models, covariance estimation, PCA, etc.).
Finally, another important direction is to compare the stability and robustness properties
of different sketching matrices. Our current analysis assumes a known linear model, and it
is unclear how the sketching matrices behave under model mis-specification.

Using our framework, we develop upper bounds for 3 performance criteria applied to
4 sketching schemes. Our upper bounds reveal that in the regime where p < r  n, our
sketching schemes achieve optimal performance up to constants, in terms of WC and RE.
On the other hand, the PE scales as nr meaning r needs to be close to (or greater than) n for
good performance. Subsequent lower bounds in Pilanci and Wainwright (2014) show that
this upper bound can not be improved, but subsequent work by Pilanci and Wainwright
(2014) as well as Lu and Foster (2014); Lu et al. (2013) provide alternate more sophisticated
sketching approaches to deal with these challenges. Our simulation results reveal that for
when r is very close to p, projection-based approaches tend to out-perform sampling-based
approaches since projection-based approaches tend to be more stable in that regime.

r
80
90
100
200

SR
2.82
2.34
2.04
1.33

r
80
90
100
200
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Appendix A. Auxiliary Results
In this section, we provide proofs of Lemma 1 and an intermediate result we will later use
to prove the main theorems.
A.1 Proof of Lemma 1
Recall that X = U ΣV T , where U ∈ Rn×p , Σ ∈ Rp×p and V ∈ Rp×p denote the left singular
matrix, diagonal singular value matrix and right singular matrix respectively.
First we show that kY − XβOLS k22 = kk22 . To do so, observe that
kY − XβOLS k22 = kY − U ΣV T βOLS k22 ,
and set δOLS = ΣV T βOLS . It follows that δOLS = U T Y . Hence
kY − XβOLS k22 = kY − ΠU Y k22 ,
where ΠU = U U T . For every Y ∈ Rn , there exists a unique δ ∈ Rp and  ∈ Rn such that
U T  = 0 and Y = U δ + . Hence
kY − XβOLS k22 = k(In×n − ΠU )k22 = kk22 ,
where the final equality holds since ΠU  = 0.
Now we analyze kY − XβS k22 . Observe that
S
kY − XβS k22 = kY − ΠU
Y k22 ,

where ΠSU = U (SU )† S. Since Y = U δ + , it follows that

= k(Ip×p −

= k(Ip×p −

S
+ (In×n − ΠU
)k22
+ k(In×n − ΠS )k22
U
S 2
+ kk22 + kΠU
k2 .

k(Ip×p − (SU )† SU )δk22 + kΠSU k22
kY − XβS k22
=1+
,
kY − XβOLS k22
kk22

(SU )† SU )δk22
(SU )† SU )δk22

kY − XβS k22 = kU (Ip×p − (SU )† SU )δ

Therefore for all Y :
CW C (S) =
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where U T  = 0. Taking a supremum over Y and consequently over  and δ completes the
proof for CW C (S).
Now we turn to the proof for CP E (S). First note that
E[kX(βOLS − β)k22 ] = E[kU U T Y − U ΣV T βk22 ].
Under the linear model Y = U ΣV T β + ,
E[kX(βOLS − β)k22 ] = E[kΠU k22 ].
19

=

E[kΠSU Y
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− U ΣV

T
βk22 ]

= k(Ip×p − (SU )† SU )ΣV T βk22 + kΠSU kF2 .

= k(Ip×p − (SU )† SU )ΣV T βk22 + E[kΠSU k22 ]

= E[k(U (I − (SU )† SU )ΣV T β + ΠSU k22 ]

E[kX(βOLS − β)k22 ] = E[kΠU k22 ] = kΠU kF2 = p.

Since E[T ] = In×n , it follows that

−

β)k22 ]

For βS , we have that
E[kX(βS

XβS k22 ]

E[kY −

= E[k(I − ΠU )k22 ]

= kI − ΠU kF2 = n − p,

= k(Ip×p − (SU )† SU )ΣV T βk22 + n − p + kΠS kF2 − p.

= k(Ip×p − (SU )† SU )ΣV T βk22 + n − 2p + kΠS kF2

= k(Ip×p − (SU )† SU )ΣV T βk22 + trace(I) − 2trace(ΠS ) + kΠS kF2

= k(Ip×p − (SU )† SU )ΣV T βk22 + trace((I − ΠS )T (I − ΠS ))

= k(Ip×p − (SU )† SU )ΣV T βk22 + E[k(I − ΠSU )k22 ]

XβOLS k22 ]

Hence CP E (S) = 1/p(k(Ip×p − (SU )† SU )ΣV T βk22 + kΠSU kF2 ) as stated.
For CRE (S), the mean-sqaured error for δOLS and δS are

and
E[kY −

Hence,
CRE (S) =

CP E (S) − 1
.
n/p − 1

n − p + k(Ip×p − (SU )† SU )ΣV T βk22 + kΠS kF2 − p
n−p
k(Ip×p − (SU )† SU )ΣV T βk22 + kΠS kF2 − p
n−p
= 1+

= 1+
A.2 Intermediate Result
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(13)

(12)

In order to provide a convenient way to parameterize our upper bounds for CW C (S),
CP E (S), and CRE (S), we introduce the following three structural conditions on S. Let
σ̃min (A) denote the minimum non-zero singular value of a matrix A.

• The first condition is that there exists an α(S) > 0 such that

σ̃min (SU ) ≥ α(S).

kU T S T Sk2
≤ β(S).
kk2

• The second condition is that there exists a β(S) such that
sup
, U T =0

20

(14)



p k(Ip×p − (SU )† SU )ΣV T βk22
γ 2 (S)
CRE (S) ≤ 1 +
+ 4
.
n
p
α (S)

k(Ip×p − (SU )† SU )ΣV T βk22
γ 2 (S)
+ 4
.
p
α (S)

2
kΠU
kU (SU )† Sk22
S k2
=
kk22
kk22

21

=

=

=

kṼ Σ̃−2 Ṽ T Ṽ Σ̃Ũ T Sk22
,
kk22

kṼ Σ̃−1 Ũ T Sk22
kk22

k(SU )† Sk22
kk22
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†
Note that ΠU
S = U (SU ) S. Let rank(SU ) = k < p, and the singular value decomposition
is SU = Ũ Σ̃Ṽ T , where Σ̃ ∈ Rk×k is a diagonal matrix with non-zero singular values of SU .
Then,

A.3 Proof of Lemma 2

Again, the terms involving (SU )† SU are a “bias” that equal zero for rank-preserving sketching matrices. In addition, we emphasize that the results of Lemma 1 and Lemma 2 hold
for arbitrary sketching matrices S. In Appendix A.3, we bound α(S), β(S) and γ(S) for
several different randomized sketching matrices, and this will permit us to obtain bounds
on CW C (S), CP E (S), and CRE (S). For the sketching matrices we analyze, we prove that
the bias term is 0 with high probability.

Furthermore,

CP E (S) ≤

For α(S) and γ(S), as defined in Eqn. (12) and (14),

k(Ip×p − (SU )† (SU ))δk22 β 2 (S)
CW C (S) ≤ 1 +
sup
+ 4
.
α (S)
kk22
p
T
δ∈R ,U =0

Lemma 2 For α(S) and β(S), as defined in Eqn. (12) and (13),

Note that the structural conditions defined by α(S) and β(S) have been defined previously
as Eqn. (8) and Eqn. (9) in Drineas et al. (2011).
Given these quantities, we can state the following lemma, the proof of which may be
found in Section A.2. This lemma provides upper bounds for CW C (S), CP E (S), and CRE (S)
in terms of the parameters α(S), β(S), and γ(S).

kU T S T SkF ≤ γ(S).

• The third condition is that there exists a γ(S) such that
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=

≤

=
kU T S T Sk22
α4 (S)kk22
β 2 (S)
,
α4 (S)kk22

kṼ Σ̃−2 Ṽ T Ṽ Σ̃Ũ T Sk22
kk22

with probability at least 0.9.

Applying Markov’s inequality,

22

11p
kk22 ,
(1 − θ)r

1
p
kU T k2F kk22 =
kk22 .
(1 − θ)r
(1 − θ)r

T
kU T SR
SR k22 ≤

T
E[kU T SR
SR k22 ] ≤
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To upper bound β(SR ), we first upper bound its expectation, then apply Markov’s
inequality. Using the result of Table 1 (second row) of Drineas et al. (2006a) with β = 1 − θ:

First we bound α2 (SR ) by using existing results in Drineas et al. (2011). In particular
applying Theorem 4 in Drineas et al. (2011) with β = 1 − θ, A = U T ,  = √12 and δ = 0.1
provides the desired lower bound on α(SR ) and ensures that the ”bias” term in Lemma 2
is 0 since rank(SR U ) = p.

B.1 Proof of Theorem 1

The proof techniques for all of four theorems are similar, in that we use the intermediate
result Lemma 2 and bound the expectations of α(S), β(S), and γ(S) for each S, then apply
Markov’s inequality to develop high probability bounds.

Appendix B. Proof of Main Theorems

and the upper bound on CP E (S) follows.

2
†
2
†
2
−2 T
T
2
−4
T T
2
kΠU
S kF = kU (SU ) SkF = k(SU ) SkF = kṼ Σ̃ Ṽ Ṽ Σ̃Ũ SkF ≤ α (S)kU S SkF

Similarly,

and the upper bound on CW C (S) follows.

2
kΠU
S k2
2
kk2

where we have ignored the bias term which remains unchanged. Note that Ṽ Σ̃−2 Ṽ T 
α−2 (S)Ip×p and Ṽ Σ̃Ũ T = (SU )T = U T S T . Hence,
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n

n

j=1 i=1 k=1
p
n

1X
T
2
`i [SR
SR ]ii
,
p

j=1 i=1
n

1 XX 2 T
2
Uij [SR SR ]ii
p

1 XXX
T
Uij Ukj [(SR
SR )2 ]ki
p

p

1
T
[trace(U T (SR
SR )2 U )]
p
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Finally we bound γ(SR ):
1
T
[kU T SR
SR kF2 ] =
p
=

=
=
i=1

i=1

i=1

m=1 `=1

m=1 `=1

i=1

1 X `i
1
+
.
r rp
pi

n

1 X
`i
(`i (r2 − r) + r )]
r2 p
pi

i=1
n

1 X `i 2
[(r − r)pi2 + rpi ]
r2 p
pi2

i=1
n

n
r
r
1 X `i X X
E[σmi σ`i ]
r2 p
pi2

n
r
r
1 X `i X X
2
2
]
E[σmi
σ`i
r2 p
pi2

T S ]2 = 0 for k 6= i and the final equality
where the second last
follows since [SR
R ki
Ppequality
2
follows since `i =
j=1 Uij . First we upper bound E[γ(SR )] and then apply Markov’s
1
σki where P(σki = +1) = pi . Then,
inequality. Recall that [SR ]ki = √rp
i
n

i=1

1X
T
2
`i E([SR
SR ]ii
]) =
p
=
=
=

= 1−

n

n
1
1 X
`i
= 1− +
r rp
(1 − θ) `pi + θqi
i=1

i=1

1 1X 1
+
r r
1−θ
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Substituting pi = (1 − θ) `pi + θqi completes the upper bound on E[γ(SR )]:

i=1

n
1 X `i
1
1− +
r rp
pi

≤ 1−

n
1
≤ 1− +
r (1 − θ)r
n
≤ 1+
.
(1 − θ)r

Using Markov’s inequality,

P |γ(SR ) − E[γ(SR )]| ≥ 10E[γ(SR )] ≤ 0.1,
23
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n
) with probability greater than 0.9. The final
and consequently γ(SR ) ≤ 11(1 + (1−θ)r
probability of 0.7 arises since we simultaneously require all three bounds to hold which hold
with probability 0.93 > 0.7. Applying Lemma 2 in combination with our high probability
bounds for α(SR ), β(SR ) and γ(SR ) completes the proof for Theorem 1.

(1 −

1 r
1
) ≥1−
= 0.9.
10r
10

B.2 Proof of Theorem 2
q
k
Define S =
S
N R where SN R is the sampling matrix without re-scaling. Recall the
r
Pn
Pn
p
1
k-heavy hitter leverage-score assumption. Since i=k+1
`i ≤ 10r
pi ≤ 10r
, i=k+1
(recall
pi = `pi ). Hence the probability that a sample only contains the k samples with high leverage
score is:

T

For the remainder of the proof, we condition on the event A that only the rows with the k
largest leverage scores are selected. Let Ũ ∈ Rk×p be the sub-matrix of U corresponding to
the top k leverage scores.

c
,
2C

Let W = E[S S] ∈ Rk×k . Since kc ≤ pi ≤ Ck for all 1 ≤ i ≤ k, cIk×k  W  CIk×k .
Pn
p
`i ≤ 10r
, 0.9Ip×p  Ũ T Ũ  Ip×p .
Furthermore since i=k+1
First we lower bound α2 (SN R ). Applying Theorem 4 in Drineas et al. (2011) with β = C,
A = Ũ T W 1/2 ,  = 2c and δ = 0.1 ensures that as long as r ≥ c0 p log(p) for sufficiently large
c0 ,

T

T

Ũ T S S Ũ  4c . Therefore with probability

k
r SN R ,

if we condition on A, only the leading k

cr
.
4Ck

3c
4,

kŨ T W Ũ − Ũ T S S Ũ kop ≤

with probability at least 0.9. Since Ũ T W Ũ 
at least 0.9,

q

α2 (SN R ) ≥
Next we bound β(SN R ). Since S =

11pr2
kk22 ,
k2

r2
r2
pr2
r2
T
T
E[kU T S Sk22 ] = 2 E[kŨ T S Sk22 ] ≤ 2 kŨ T k22 kk22 ≤ 2 kk22 .
k2
k
k
k

leverage scores are selected and let Ũ ∈ Rk×p be the sub-matrix of U corresponding to the
top k leverage scores. Using the result of Table 1 (second row) of Drineas et al. (2006a)
with β = 1:
T
2
E[kU T SN
R SN R k2 ] =

Applying Markov’s inequality,

T
2
kU T SN
R SN R k2 ≤
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with probability at least 0.9 which completes the upper bound for β(SN R ).
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T

q

k
r S,

m=1

r

r

i=1

k
C 2 X r2 − r
r
( 2 + )
r
k
k

i=1 `=1 m=1

k

1 XX X
E[σ`i σmi ]
r

= C 2(

r−1
+ 1)
k
r
≤ C 2 ( + 1).
k

≤

i=1

r

1 X 2 2
(
σmi ) ,
r

for 1 ≤ i ≤ k and 0 otherwise. Now taking

Ck
r

i=1
k
X

k
T
2
2
trace(U T (SN
R SN R ) U )/p ≤ 11C (1 + ),
r

k
T S
2
2
E[trace(U T (SN
R N R ) U )/p] ≤ C (1 + r ). Applying Markov’s inequal-

i=1 m=1

j=1

p

1X
T
`i [S S]2ii
p

k

i=1

n

1X T 2X 2
Ũij
[S S]ii
p

1
α(SSGP ) ≥ √ ,
2

25

with probability greater than 1 − c exp(−c0 r).

Hence, provided cr ≥ 2 log n,

1
1
P( inf √ kAxk22 ≤ √ ) ≤ n exp(−cr).
r
kxk2 =1
2
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First we bound the smallest singular value of SSGP (U ). Using standard results for bounds
on the eigenvalues of sub-Gaussian matrices (see Proposition 2.4 in Rudelson and Vershynin
(2009)), each entry of A ∈ Rr×n is an i.i.d. zero-mean sub-Gaussian matrix:

B.3 Proof of Theorem 3

with probability at least 0.9. The probability of 0.6 arises since 0.94 > 0.6. Again, using
Lemma 2 completes the proof for Theorem 2.

Since SN R =
ity,

r

Cp
k

1 X X
E[ (
σmi )2 ] =
r

k

where the last step follows since `i ≤
expectations:

≤

=

trace(Ũ T (S S)2 Ũ )/p =

Finally we bound γ(SN R ):
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j=1

i=1 k=1

j=1 i=1 k=1 m=1 `=1

j=1 i=1 k=1 m=1 `=1

p X
n X
n X
n X
n
X

T
T
Uij Umj E[(SSGP
SSGP −In×n )ik (SSGP
SSGP −In×n )m` ]k ` .
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p X
n X
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X

Uij Umj i m = 0,
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p

2X 2
Uij kk22
r

j=1 i=1
p
n

n

2 XX 2 2
Uij i
r

p

1 XX 2 2
Uij i (1 + E[Xi4 ])
r

When i = k and ` = m but k 6= `, I(i = k)I(` = m) + E[Xi Xk X` Xm ] = 2 and

j=1 i=1 k=1 m=1 `=1

1 XXX X X
Uij Umj (I(i = k)I(` = m) + E[Xi Xk X` Xm ])k ` =
r

p

First note that I(i = k)I(` = m) + E[Xi Xk X` Xm ] = 0 unless i = k and ` = m, or i = `
and k = ` or any other combination of two pairs of variables have the same index. When
i = k = ` = m, I(i = k)I(` = m) + E[Xi Xk X` Xm ] = 1 + E[Xi4 ] ≤ 2, since for sub-Gaussian
random variables with parameter 1, E[Xi4 ] ≤ 1 and

T
E[kU T SSGP
SSGP k22 ] =

where Xi , Xk , X` and Xm are i.i.d . sub-Gaussian random variables. Therefore

T
T
E[(SSGP
SSGP − In×n )ik (SSGP
SSGP − In×n )m` ] =

√si where Xsi are i.i.d. sub-Gaussian random variRecall that SSGP ∈ Rr×n , [SSGP ]si = X
r
ables with mean 0 and sub-Gaussian parameter 1. Hence

T
E[kU T SSGP
SSGP k22 ] =

2

T
T
Uij Umj (SSGP
SSGP − In×n )ik (SSGP
SSGP − In×n )m` k ` .

T
Uij (SSGP
SSGP − In×n )ik k

p X
n X
n X
n X
n
X

p X
n X
n
X

T
First we bound E[kU T SSGP
SSGP k22 ].

=

T
kU T SSGP
SSGP k22 =

T
T
Next we bound β(SSGP ). Since U T  = 0, kU T SSGP
SSGP k22 = kU T (SSGP
SSGP − In×n )k22 .
Therefore
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2p
kk22 ,
r

22p
r

with probability at least 0.9.

since U T  = 0. Using similar logic when the two pairs of variables are not identical, the
sum is 0, and hence
T
E[kU T SSGP
SSGP k22 ] ≤

q

22p
kk22 ,
r

for all  such that U T  = 0. Applying Markov’s inequality,
T
kU T SSGP
SSGP k22 ≤

with probability greater than 0.9. Therefore β(SSGP ) ≤
n

n

T
T
Now we bound γ(SSGP ) = kU T SSGP
SSGP kF2 = trace(U T (SSGP
SSGP )2 U )/p:
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j=1 i=1 v=1

p
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n
n
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rUij E[Xv2 Xi2 ]
pr2
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= 1+

(n + 1)
),
r

µ4
n−1
1
= 1− + 4 +
r σ r
r
3 n−2
≤ 1+ +
r
r
(n + 1)
.
r

=

=

=

=

=

T
trace(U T (SSGP
SSGP )2 U )/p =

First we bound the expectation:
T
E[trace(U T (SSGP
SSGP )2 U )/p]

Applying Markov’s inequality,
γ(SSGP ) ≤ 11(1 +

with probability at least 0.9. This completes the proof for Theorem 3.
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B.4 Proof of Theorem 4
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20d log(40nd)kk22
,
r

For S = SHad we use existing results in Drineas et al. (2011) to lower bound α2 (SHad ) and
β(SHad ) and then upper bound γ(SHad ). Using Lemma 4 in Drineas et al. (2011) provides
the desired lower bound on α2 (SHad ).
To upper bound β(SHad ), we use Lemma 5 in Drineas et al. (2011) which states that:

T
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n
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with probability at least 0.9.
Finally to bound γ(SHad ) recall that SHad = SU nif HD, where SU nif is the uniform
sampling matrix, D is a diagonal matrix with ±1 entries and H is the Hadamard matrix:
1
T
SHad kF2 ] =
[kU T SHad
p
=
=
=
=

=

j=1

n

j=1 i=1

n

i=1

2 log(40np) X T
2
[SU nif SU nif ]ii
.
n

JMLR 17(214):1-31

1 XX
2
2
[HDU ]ij
[SUT nif SU nif ]ii
p

p

1X
2 log(40np)
2
[HDU ]ij
≤
.
p
n

p

Using Lemma 3 in Drineas et al. (2011), with probability greater than 0.95,

In addition, we have that

≤
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Now we bound E[
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2. Preliminaries
We develop our notation and briefly review the necessary background theory on graph
estimation, Ising models and exact inference in planar graphs.

In contrast to existing approaches, this paper explores planarity as an alternative restriction on the model class, instead of low treewidth, to make learning tractable while
maintaining a tractable model for inference, unlike unrestricted regularized approaches,
while still providing a solution in which the number of edges learned is linear in the number
of variables.

There has been a great deal of work on learning graphical models. Much of these have
focused on learning over the class of thin graphical models (Deshpande et al., 2001; Bach
and Jordan, 2001; Karger and Srebro, 2001; Shahaf et al., 2009) for which inference is
tractable by converting the model to a junction tree. The simplest case of this is learning
tree models (treewidth one graphs) for which it is tractable to find the best tree model
by reduction to a max-weight spanning tree problem (Chow and Liu, 1968). However, the
problem of finding the best bounded-treewidth model is NP-hard for treewidths greater
than two (Karger and Srebro, 2001), and so heuristic methods are used to select the graph
structure (Deshpande et al., 2001; Karger and Srebro, 2001). Another popular method is
to use convex optimization of the log-likelihood penalized by the `1 norm of parameters of
the graphical model so as to promote sparsity (Banerjee et al., 2008; Lee et al., 2006). To
go beyond low-treewidth graphs, such methods either focus on Gaussian graphical models or adopt a tractable approximation of the likelihood. Other methods learn only the
graph structure itself (Ravikumar et al., 2010; Abbeel et al., 2006) and are often able to
demonstrate asymptotic correctness of this estimate under appropriate conditions.

We address the problem of approximating a collection of binary random variables (given
their pairwise marginal distributions) by a zero-mean planar Ising model. We also consider
the related problem of selecting a non-zero mean Ising model defined on an outer-planar
graph (these models are also tractable, being essentially equivalent to a zero-field model on
a related planar graph).

The Ising model, a class of binary-variable graphical models with pairwise interactions,
has been studied by physicists as a simple model of order-disorder transitions in magnetic
materials (Onsager, 1944). Remarkably, it was found that in the special case of an Ising
model with zero-mean {−1, +1} binary random variables and pairwise interactions defined
on a planar graph, calculation of the partition function (which is closely tied to inference)
is tractable, essentially reducing to calculation of a matrix determinant (Kac and Ward,
1952; Sherman, 1960; Kasteleyn, 1963; Fisher, 1966). Planar graph inference methods have
been used in machine learning for efficient inference on planar graphs (Schraudolph and
Kamenetsky, 2008; Gómez et al., 2010), in approximating inference for general graphs with
planar graph decomposition (Jaakkola and T., 2007); and applied to problems such as
computer vision (Batra et al., 2010; Yarkony et al., 2012) and financial forecasting (Pozzi
et al., 2013), usually as an approximation method for problems with non-binary data.
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Graphical models are widely used to represent the statistical relations among a set of random variables (Lauritzen, 1996; MacKay, 2003). Nodes of the graph correspond to random
variables and edges of the graph represent statistical interactions among the variables. The
problems of inference and learning on graphical models arise in many practical applications.
The problem of inference is to deduce certain statistical properties (such as marginal probabilities, modes etc.) of a given set of random variables whose graphical model is known.
Inference has wide applications in areas such as error correcting codes, statistical physics
and so on. The problem of learning on the other hand is to deduce the graphical model of
a set of random variables given statistics (possibly from samples) of the random variables.
Learning is also a widely encountered problem in areas such as biology, neuroscience and
so on (Barabasi and Oltvai, 2004; Smith et al., 2011).

1. Introduction

Inference and learning of graphical models are both well-studied problems in statistics and
machine learning that have found many applications in science and engineering. However,
exact inference is intractable in general graphical models, which suggests the problem of
seeking the best approximation to a collection of random variables within some tractable
family of graphical models. In this paper, we focus on the class of planar Ising models, for
which exact inference is tractable using techniques of statistical physics. Based on these
techniques and recent methods for planarity testing and planar embedding, we propose
a greedy algorithm for learning the best planar Ising model to approximate an arbitrary
collection of binary random variables (possibly from sample data). Given the set of all
pairwise correlations among variables, we select a planar graph and optimal planar Ising
model defined on this graph to best approximate that set of correlations. We demonstrate
our method in simulations and for two applications: modeling senate voting records and
identifying geo-chemical depth trends from Mars rover data.
Keywords: Ising models, graphical models
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2.1 Divergence and Likelihood

(1)

A graph represents a joint probability distribution over a collection of variables. Suppose we
want to calculate how well a probability distribution Q approximates another probability
distribution P (on the same sample space χ). For any two probability distributions P and Q
on some sample space χ, we denote by D(P, Q) the Kullback-Leibler divergence (or relative
P
P (x)
entropy) between P and Q as D(P, Q) = x∈χ P (x) log Q(x)
. The log-likelihood function
P
is defined as LL(P, Q) = x∈χ P (x) log Q(x). The probability distribution in a family F
that maximizes the log-likelihood of a probability distribution P is called the maximumlikelihood estimate of P in F, and this is equivalent to the minimum-divergence projection
of P to F, so that PF = arg maxQ∈F LL(P, Q) = arg minQ∈F D(P, Q).
2.2 Graphical Models and The Ising Model

exp

i∈V

ψi (xi )

i∈V


X





fij (xi , xj ) ,


ψij (xi , xj )

X

{i,j}∈E

fi (xi ) +

{i,j}∈E

We will be dealing with binary random variables throughout the paper. We write P (x)
to denote the probability distribution of a collection of random variables x = (x1 , . . . , xn ).
Unless otherwise stated, we work
 with undirected graphs G = (V, E) with vertex (or node)
set V and edges {i, j} ∈ E ⊂ V2 . For vertices i, j ∈ V we write G + ij to denote the graph
(V, E ∪{i, j}). A pairwise graphical model is a probability distribution P (x) = P (x1 , . . . , xn )
that is defined on a graph G = (V, E) with vertices V = {1, .., n} as
Y
Y
P (x) ∝

∝

exp

i∈V

{i,j}∈E



where ψi , ψij ≥ 0 are non-negative node and edge compatibility functions. For positive
ψ’s, we may also represent P (x) as a Gibbs distribution with potentials fi = log ψi and
fij = log ψij .

X



Definition 1 An Ising model on binary random variables x = (x1 , . . . , xn ) and graph G =
(V, E) is the probability distribution defined by


X

X
1
P (x) =
exp
θi x i +
θij xi xj ,


Z(θ)
i∈V
{i,j}∈E


X

X
θ i xi +
θij xi xj ,
Z(θ) =

x

where xi ∈ {−1, 1}. The partition function Z(θ) serves to normalize the probability distribution.
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Formally, this defines an exponential family Pθ (x) = exp{θT φ(x) − Φ(θ)} (BarndorffNielsen, 1979; Wainwright and Jordan, 2008) based on sufficient statistics (φi (x) = xi , i ∈ V )
and (φij (x) = xi xj , {i, j} ∈ E), parameters (θi , i ∈ V ) and (θij , {i, j} ∈ E) and moment
3
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θi =

1
4

1
2

X

xi

X

1
4

X X

xi fij (xi , xj ),

xi P (xi ) and µij =

{i,j}∈E xi ,xj

xi xj fij (xi , xj ).

xi fi (xi ) +

xi ,xj

xi

P

xi ,xj

P

xi xj P (xi , xj ).

parameters (µi = E[xi ], i ∈ V ) and (µij = E[xi xj ], {i, j} ∈ E). The function Φ(θ) = log Z(θ)
is a convex function of θ and has the moment generating properties: ∇Φ(θ) = Eθ [φ(x)] = µ
and ∇2 Φ(θ) = Eθ [(φ(x) − µ)(φ(x) − µ)T ].
In fact, any pairwise graphical model among binary variables can be represented as an
Ising model:

θij =

The moments can be computed as: µi =
Inversely, the marginals are computed by:

P (xi ) = 12 (1 + µi xi ),

P (xi , xj ) = 41 (1 + µi xi + µj xj + µij xi xj ).

We will be especially concerned with the following sub-family of Ising models:

Definition 2 An Ising model is said to be zero-field if θi = 0 for all i ∈ V . It is zero-mean
if µi = 0 (P (xi = ±1) = 21 ) for all i ∈ V .

The Ising model is zero-field if and only if it is zero-mean. Although the zero-field assumption appears very restrictive, a general Ising model can be represented as a zero-field model
by adding one auxiliary variable node connected to every other node of the graph (Jaakkola
and T., 2007). The parameters and moments of the two models are then related as follows:

θbij =





µi if j = n + 1
.
µij otherwise

θi if j = n + 1
,
θij otherwise

Proposition 1 Consider the Ising model on G = (V, E) with V = {1, . . . , n}, parameters
b = (Vb , E)
b denote
{θi } and {θij }, moments {µi } and {µij } and partition function Z. Let G
b = E ∪ {{i, n + 1}, i ∈ V }).
the extended graph based on nodes Vb = V ∪ {n + 1} with edges E
b with parameters {θbij }, moments {b
We define a zero-field Ising model on G
µij } and partition
b If we set the parameters according to
function Z.

then Zb = 2Z and

µ
bij =
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b is
Thus, inference on the corresponding zero-field Ising model on the extended graph G
equivalent to inference on the (non-zero-field) Ising model defined on G. Proof given in
Appendix A.

4

W )−1 A

5

2
µij = wij − 21 (1 − wij
)(Sij,ij + Sji,ji )

2
1 − µij ,
ij = kl
Hij,kl =
2 )T
2
− 12 (1 − wij
ij,kl (1 − wkl ), otherwise.
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Proposition 2 Let µ = ∇Φ(θ), H =
Let S = (I −
and T = (I + P )(S ◦
S T )(I + P T ) where A and W are defined as in Theorem 1, ◦ denotes the element-wise
product and P is the permutation matrix swapping the indices of the directed edges (i, j)
and (j, i). Then,

∇2 Φ(θ).

Another related method for computing the Ising model partition function is based on counting perfect matchings of planar graphs (Kasteleyn, 1963; Fisher, 1966). Thus, calculating
the partition function reduces to calculating the determinant of a matrix; therefore, using
the generalized nested dissection algorithm to exploit sparsity of the matrix, the complexity of these calculations is O(n3/2 ) (Lipton et al., 1979; Lipton and Tarjan, 1979; Galluccio
et al., 2000). Thus, inference of the zero-field planar Ising model is tractable and scales well
with problem size.
The gradient and Hessian of the log-partition function Φ(θ) = log Z(θ) can also be
calculated efficiently from the Kac-Ward determinant formula. Derivatives of Φ(θ) recover
the moment parameters of the exponential family model as ∇Φ(θ) = Eθ [φ] = µ (BarndorffNielsen, 1979; Wainwright and Jordan, 2008). Thus, inference of moments (and node and
edge marginals) is tractable for the zero-field planar Ising model.

{i,j}∈E

Then, the partition function of the zero-field planar Ising model is given by the Kac-Ward
determinant formula:


Y
1
n
Z=2
cosh θij  det(I − W ) 2 .

Theorem 1 (Kac and Ward, 1952; Sherman, 1960; Loebl, 2010) Let G be a planar graph
with specified straight-line embedding in the plane and let φijk ∈ [−π, +π] denote the clockwise rotation between the directed edges (i, j) and (j, k). We define the matrix W ∈
C2|E|×2|E| indexed by directed edges of the graph as follows: W = AD where D is the
diagonal matrix with Dij,ij = tanh θij , wij and

√
exp( 12 −1φijl ), j = k and i 6= l
Aij,kl =
0,
otherwise.

Moreover, it is known that any planar graph can be embedded such that all edges are drawn
as straight lines.

Definition 3 A graph is planar if it may be embedded in the plane without any edge crossings.

The motivation for our paper is the following result on tractability of inference for the
planar zero-field Ising model.

2.3 Inference for Planar Ising Models
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Maximum-likelihood estimation over an exponential family is a convex optimization problem
based on the log-partition function Φ(θ). In the case of the zero-field Ising model defined on
a given planar graph it is tractable to compute Φ(θ) via a matrix determinant described in

3.1 Maximum-Likelihood Parameter Estimation

We address these problems in the following two subsections. The solution of the first
problem is an integral part of our approach to the second. Both solutions are easily adapted
to the context of learning outer-planar graphical models of (possibly non-zero mean) binary
random variables.

2. Selecting heuristically the planar graph to obtain the best approximation.

1. Solving for the maximum-likelihood Ising model on a given planar graph to best
approximate a collection of zero-mean random variables.

This section addresses the main goals of the paper, which are two-fold:

3. Learning Planar Ising Models

This motivates the problem of learning outer-planar graphical models for a collection of
(possibly non-zero mean) binary random variables.

Proposition 3 (Jaakkola and T., 2007) The partition function and moments of any outerplanar Ising graphical model (not necessarily zero-field) can be calculated efficiently. Hence,
inference is tractable for any binary-variable graphical model with pairwise interactions defined on an outer-planar graph.

b (defined by PropoIn other words, the graph G is outer-planar if the extended graph G
sition 1) is planar. Then, from Proposition 1 and Theorem 1 it follows that:

Definition 4 A graph G is said to be outer-planar if there exists an embedding of G in the
plane where all the nodes are on the outer face.

We emphasize that the above calculations require both a planar graph G and a zero-field
Ising model. Using the graphical transformation of Proposition 1, the latter zero-field
condition may be relaxed but at the expense of adding an auxiliary node connected to all
b may not be planar and hence
the other nodes. In general planar graphs G, the new graph G
may not admit tractable inference calculations. However, for the subset of planar graphs
where this transformation does preserve planarity inference is still tractable.

2.3.1 Inference for Outer-Planar Graphical Models

Calculating the full matrix S requires O(n3 ) calculations. However, to compute just the
moments µ only the diagonal elements of S are needed. Then, using the generalized nested
dissection method, inference of moments (edge-wise marginals) of the zero-field Ising model
can be achieved with complexity O(n3/2 ). Computing the full Hessian is more expensive,
requiring O(n3 ) calculations.

Johnson, Oyen, Chertkov and Netrapalli
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ij

Q∈FG

5:

4:

6:

e∈∆

θG = PlanarIsing(G, P )
end for

. Compute maximum-likelihood parameters for G
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1. Euler’s formula states that for a planar graph, n − e + f = 2, where f is the number of faces and e is the
number of edges (Richeson, 2012). The faces of a planar graph are simple polygons, so each face has at
least 3 edges and each edge is part of at most 2 faces, 2e ≤ 3f . Combining these two properties, gives
e ≤ 3n − 6 for planar graphs. A maximal planar graph is triangulated, meaning that all faces have three
sides, and therefore e = 3n − 6 (if any face has more than 3 sides, an edge can be added as a chord of
that face polygon without breaking planarity).

• Line 5. Once we have these moments, which specify the corresponding pairwise
marginals of the current Ising model, we compare these moments (pairwise marginals)
to those of the input distribution P by evaluating the pairwise KL-divergence between
the Ising model and P . As seen by the following proposition, this gives us a lower-

• Line 4. Next, we perform tractable inference calculations with respect to the Ising
model on G to calculate the pairwise correlations µ̃ij for all pairs {i, j} ∈ ∆. This is
accomplished using O(n3/2 ) inference calculations on augmented versions of the graph
G. For computational efficiency instead of calculating the addition of each proposed
edge individually, moments of proposed edges are calculated in batches as follows.
For each inference calculation we add as many edges to G from ∆ as possible (setting
θ = 0 on these edges) while preserving planarity and then calculate all the edge-wise
moments of this graph using Proposition 2 (including the zero-edges). This requires at
most O(n) iterations to cover all pairs of ∆, so the worst-case complexity to compute
all required pairwise moments is O(n5/2 ).

• Line 3. First, we enumerate the set ∆ of all edges one might add (individually) to
the graph while preserving planarity. This is accomplished by an O(n3 ) algorithm in
which we iterate over all pairs {i, j} 6∈ G and for each such pair we form the graph
G + ij and test planarity of this graph using known O(n) algorithms (Chrobak and
Payne, 1995).

The algorithm starts with an empty graph and then sequentially adds edges to the graph
one at a time so as to greedily increase the log-likelihood (decrease the divergence) relative
to P as much as possible at each step. Here is a more detailed description of the algorithm
along with estimates of the computational complexity of each step:

7:

arg max D(Pe , P̃e )

1: G = ∅, θG = 0
2: for k = 1 : 3n − 6 do
. Add edges until maximal planar graph reached
3:
∆ = {{i, j} ⊂ V |{i, j} ∈
/ G, G + ij ∈ PV }
. Set of edges that preserve planarity
µ̃∆ = {µ̃ij = EθG [xi xj ], {i, j} ∈ ∆}
. Compute pairwise correlations
G←G∪
. Select edge that maximizes gain in log-likelihood

Algorithm 1 GreedyPlanarGraphSelect(P )

maximal planar graph G and the maximum-likelihood approximation θG to P in the family
of zero-field Ising models defined on this graph. Note that a maximal planar graph is a
planar graph for which no new edge can be added that would maintain planarity. Planar
graphs are inherently sparse. All maximal planar graphs with n > 2 have 3n − 6 edges1 .

θ∈R|E| 





X
(µij θij − log cosh θij ) − 12 log det(I − W (θ)) .


Theorem 1. Thus, we obtain an unconstrained, tractable, convex optimization problem for
the maximum-likelihood zero-field Ising model on the planar graph G to best approximate
a probability distribution P (x):

θ

max{µT θ − Φ(θ)} = max

P (s) (s)
s xi xj .

Here, µij = EP [xi xj ] for all edges {i, j} ∈ G and the matrix W (θ) is as defined in Theorem 1.
If P represents the empirical distribution of a set of independent identically-distributed
(iid) samples {x(s) , s = 1, . . . , S} then {µij } are the corresponding empirical moments µij =
1
S

3.1.1 Newton’s Method
We solve this unconstrained convex optimization problem using Newton’s method with stepsize chosen by back-tracking line search (Boyd and Vandenberghe, 2004). This produces a
sequence of estimates θ(t) calculated as follows:
θ(t+1) = θ(t) + λt H(θ(t) )−1 (µ(θ(t) ) − µ),
where µ(θ(t) ) and H(θ(t) ) are calculated using Proposition 2 and λt ∈ (0, 1] is a stepsize parameter chosen by backtracking line search (see Boyd and Vandenberghe (2004):
Chapter 9, Section 2 for details). The per iteration complexity of this optimization is O(n3 )
using explicit computation of the Hessian at each iteration. This complexity can be offset
somewhat by only re-computing the Hessian a few times (reusing the same Hessian for
a number of iterations), to take advantage of the fact that the gradient computation only
3
requires O(n 2 ) calculations. As Newton’s method has quadratic convergence, the number of
iterations required to achieve a high-accuracy solution is typically 8-16 iterations (essentially
independent of problem size). We estimate the computational complexity of solving this
convex optimization problem as roughly O(n3 ).
3.2 Greedy Planar Graph Selection

G∈PV

We now consider the problem of selection of the planar graph G to best approximate a
probability distribution P (x) with pairwise moments µij = EP [xi xj ] given for all i, j ∈
V . Formally, we seek the planar graph that maximizes the log-likelihood (minimizes the
divergence) relative to P :
G∈PV

b = arg max LL(P, PG ) = arg max max LL(P, Q),
G

JMLR 17(215):1-26

where PV is the set of planar graphs on the vertex set V , FG denotes the family of zerofield Ising models defined on graph G and PG = arg maxQ∈FG LL(P, Q) is the maximumlikelihood (minimum-divergence) approximation to P over this family.
We obtain a heuristic solution to this graph selection problem using the following greedy
edge-selection procedure. The input to the algorithm is a probability distribution P (which
could be empirical) on n binary {−1, 1} random variables. In fact, it is sufficient to summarize P by its pairwise correlations µij = EP [xi xj ] on all pairs i, j ∈ V . The output is a
7
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The greedy algorithm returns a zero-field Ising model (which has zero mean for all the
random variables) defined on a planar graph. If the actual random variables are non-zero
mean, this may not be desirable. For this case we may prefer to exactly model the means of
each random variable but still retain tractability by restricting the greedy learning algorithm
to select outer-planar graphs. This model faithfully represents the marginals of each random
variable but at the cost of modeling fewer pairwise interactions among the variables.
This is equivalent to the following procedure. First, given the sample moments {µi }
and {µij } we convert these to an equivalent set of zero-mean moments µ
b on the extended

3.2.2 Outer-Planar Graphs and Non-Zero Means

Since adding an edge always improves the log-likelihood, the greedy algorithm always outputs a maximal planar graph. However, this might lead to over-fitting of the data especially
when the input probability distribution is an empirical distribution. Note that at 3n − 6
edges, the maximal planar graph is sparse and our empirical work indicates that over-fitting
is often not an issue. In the case that over-fitting is a concern, we could terminate the algorithm when adding an edge to the graph would only improve the log-likelihood by less
than some threshold γ. A data-driven search can be performed for a suitable value of this
threshold so as to minimize some estimate of the generalization, such as in cross validation
methods (Zhang, 1993). Or, one could use some heuristic value for γ based on the number
of samples such as Akaike’s information criterion (AIC) or Schwarz’s Bayesian information
criterion (BIC) (Akaike, 1974; Schwarz, 1978).

3.2.1 Non-Maximal Planar Graphs

We continue adding one edge at a time until a maximal planar graph (with 3n−6 edges)
is obtained. Thus, the total complexity of our greedy algorithm for planar graph selection
is O(n4 ).

• Line 6. Finally, we calculate the new maximum-likelihood parameters θG on the new
graph G ← G + ij. This involves solving the convex optimization problem discussed
in the preceding subsection, which requires O(n3 ) complexity. This step is necessary
in order to subsequently calculate the pairwise moments µ̃ which guide further edgeselection steps, and also to provide the final estimate.

Thus, we greedily select the next edge {i, j} to add so as to maximize this lower-bound
on the improvement measured by the increase on log-likelihood (this being equal to
the decrease in KL-divergence).

where P (xi , xj ) and PG (xi , xj ) represent the marginal distributions on xi , xj of probabilities P and PG respectively.

Proposition 4 Let PG and PG+ij be projections of P on G and G + ij respectively.
Then,
D(P, PG ) − D(P, PG+ij ) ≥ D (P (xi , xj ), PG (xi , xj )) ,

bound on the improvement obtained by adding edge {i, j} (see Appendix A for proof):
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We remark that it is not essential to choose between the zero-field planar Ising model
and the outer-planar Ising model. The greedy algorithm may instead select something in
between—a partial outer-planar Ising model where only nodes of the outer-face are allowed
to have non-zero means. This is accomplished simply by omitting the initialization step of
adding edges {i, n + 1} for all i ∈ V .

vertex set Vb = V ∪ {n + 1} according to Proposition 1. Then, we select a zero-mean planar
Ising model for these moments using our greedy algorithm. However, to fit the means of
each of the original n variables, we initialize this graph to include all the edges {i, n + 1}
b After
for all i ∈ V (requiring that these are present in our final estimate of the graph G).
this initialization step, we use the same greedy edge-selection procedure as before. This
b and parameters θ b . Lastly, we convert back to a (non-zero field) Ising
yields the graph G
G
b defined on nodes V , as prescribed by Proposition 1. The
model on the subgraph of G
resulting graph G and parameters θG is our heuristic solution for the maximum-likelihood
outer-planar Ising model.

Figure 1: Results on known models, (top row): 7×7 grid; and (bottom row): outer planar.
Left column (a,d): true graph. Middle column (b,e): likelihood of learned planar graphs
as edges are added; the true number of edges is marked with a vertical dashed line. Right
column (c,f): likelihood of test data for various algorithms; x-axis values are perturbed
horizontally so that overlapping errorbars are visible.

(d) Outer planar

(a) 7 × 7 grid

Log likelihood of test data
Log likelihood of test data

Log likelihood of test data

Log likelihood of test data

4. Experiments
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We present the results of experiments evaluating our algorithm on known models with
simulated data to evaluate the correctness of the learned models. We generate two styles of
known Ising models: a 7 × 7 grid (n = 49) with zero-field; and a 12-node outer planar model
where nodes have non-zero mean; shown in Figures 1a and 1d. The edge parameters are
chosen uniformly randomly between −1 and 1 with the condition that the absolute value be
greater than a threshold (chosen to be 0.05) so as to avoid edges with negligible interactions.
We use Gibbs sampling to obtain samples from this model and calculate empirical moments
from these samples which are then passed as input to our algorithm. We run 10 trials of
randomly generated edge parameters and data samples. Though our algorithm can run
on graphs with many more nodes, we choose small examples here to illustrate the result
effectively. On the outer planar model, we ensure that the first moments of all the nodes
are satisfied by starting our algorithm with the auxiliary node connected to all other nodes.
As the planar learning algorithm adds edges to the model, the likelihood of the training
data is guaranteed to increase. We assess how adding edges affects the likelihood of outof-sample test data. Figures 1b and 1e demonstrate that likelihood on test sets generally
increases as edges are added up to the maximal planar graph. The true number of edges
in each synthetic graph is marked with a vertical dotted line. On the smallest data sets
(100 samples) the out-of-sample performance begins to degrade, a sign of over-fitting the
training data; yet the likelihood of the maximal graph is not significantly worse than the
best likelihood obtained (with fewer edges).
We also compare against a Markov random field (MRF) learning algorithm for binary
data (Schmidt et al., 2008), as implemented in the undirected graphical model learning
Matlab package, UGMLearn2 . UGM is not restricted to learning planar graphs. The objective is optimized via projected gradient descent. We try two versions of the objective
function, one using pseudo-likelihood and the other using loopy belief propagation for inference. UGM employs a regularization parameter which we set using two different methods.
First, we used the tuning method on validation data as detailed in Schmidt et al. (2008).
That is, we split the data into two parts, train on half the data using 7 different values for
the parameter, measure the data likelihood of the other half of the data and vice-versa, then
select the parameter value that maximizes the validation data likelihood across both folds.
The learned model is trained on the full training data with the tuned regularization parameter value. The second method for setting the regularization parameter we call the oracle
method, where we select the learned model at the true number of edges, k, in our known
models. For UGM, we set the regularization parameter via linear search until k edges are
learned. The likelihood of test data for the learned UGM model is calculated exactly when
n ≤ 25; in this case, the outer planar example. For larger graphs, e.g. the grid example,
the likelihood of test data for UGM is approximated via loopy belief propagation, which we
observed to converge well therefore providing a reasonable estimate.
We compare the likelihood of test data from the various learned models in Figures 1c
and 1f. For comparison, we selected the maximal planar graph that our algorithm learns,
Planar maximal; as well as the planar graph learned if the algorithm were stopped when
the true number of edges are learned, Planar oracle. We compare against UGM pseudo
2. http://www.cs.ubc.ca/∼murphyk/Software/L1CRF
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tuned and UGM loopy tuned, both of which tune the regularization parameter on validation
data; but the former uses pseudo-likelihood in learning and the latter uses loopy belief
propagation. The tuning method is the most common way of selecting the regularization
parameter, but tends to produce relatively dense graphs. For fair comparison, we also show
the likelihood of UGM pseudo oracle and UGM loopy oracle; that is, the model with the
known true number of edges.
Figures 1c and 1f show that our greedy planar Ising model learning algorithm is at
least as accurate and often better than the UGM learning algorithms on these inputs. As
mentioned earlier, we see that Planar maximal and Planar oracle fit test data nearly
equally well. On the outer planar model, UGM pseudo tuned performs nearly as well as
our planar algorithm, yet on the larger grid model it performs quite poorly at the smaller
sample sizes. UGM loopy tuned performs more consistently close to our planar algorithm,
but it seems that loopy belief propagation performs worse at large sample sizes.
On the largest data set (105 samples) of the 7 × 7 grid model, UGM was aborted after
running for 40 hours without reaching convergence on a single run, and so results are not
available.

5. Applications

We apply our planar graph learning algorithm to real-world data in which there is no guarantee that the data is generated according to our model assumptions. The first application
models voting patterns of the United States senate, while the second application models
geological layers in rocks on Mars. We compare our learned planar graphs against the nonplanar graph learning algorithm UGM, as described in the previous section. For the UGM
learned graphs, the likelihood of test data is approximated via loopy belief propagation,
which we observed to converge well therefore providing a reasonable estimate. Quantitative
comparisons indicate that the learned planar models better predict held-out test data with
sparser graphs than the non-planar graphs. We also discuss qualitative comparisons of the
learned graphs.

5.1 Modeling Correlations of Senator Voting

JMLR 17(215):1-26

We consider an interesting application of our algorithm to model correlations of senator
voting following Banerjee et al. (2008). We use senator voting data from the years 2009 and
2010 to calculate correlations in the voting patterns among senators. A Yea vote is treated
as +1 and a Nay vote is treated as −1. We also treat non-votes as −1, but only consider
senators who voted in at least 43 of the votes per year to limit bias. The data includes
n = 108 variables and 645 samples. To accommodate the non-zero mean data we add an
auxiliary node and allow the algorithm to select the connections between it and other nodes.
We run a 10-fold cross-validation, training on 90% of the data and measuring likelihood on
the held-out 10% of data. Figure 3 shows that the likelihood of test data increases as edges
are added. We also show the likelihood of cross-validation test data for the UGM pseudo and
UGM loopy algorithms for two different methods of choosing the value of the regularization
parameter: (1) the value that produces the same number of edges as the maximal planar
graph (at 318 edges); and (2) the value selected by tuning with validation data (at a variable
number of edges, typically a dense graph). The likelihood of the sparse UGM models are
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Our second real-world data set consists of geological observations from the Mars rover
Curiosity. We are interested in identifying correlations in chemical composition among
spatially-related rock samples as taken from the Mars rover Curiosity. The ChemCam instrument onboard Curiosity collects observations of the chemical composition of rock targets
using Laser-Induced Breakdown Spectrometry (LIBS) (Wiens et al., 2012). With each laser

5.2 Discovering Depth Trends in Rocks on Mars from Sample Correlations

Figure 4: The ChemCam LIBS instrument fires a laser at a target, creating a plasma.
Depending on its chemical composition, the plasma gives off different wavelengths of light
which are measured by the spectrometer, producing an observed spectrum. Each shot
ablates the target surface, leaving a small pit. Typically, sequences of 30 or more shots are
fired in several locations on a single target.

300

Spectrometer&

Laser&

Figure 3: Senator voting results: Comparison of algorithms by likelihood of holdout data
versus the number of edges in the learned graph. Note the break in the x-axis, due to tuned
UGM learning dense graphs. On the tuned UGM models, we indicate standard error on
number of edges learned.
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The maximal planar graph learned from the full data set, shown in Figure 2, conveys
many facts that are already known to us. For instance, the graph shows Sanders with
edges only to Democrats which makes sense because he caucuses with Democrats. Same
is the case with Lieberman. The graph also shows the senate minority leader McConnell
well connected to other Republicans though the same is not true of the senate majority
leader Reid. The learned UGM models can be seen in Appendix B, and they show that
the non-planar models are qualitatively different, learning one or two densely connected
components.

significantly worse than the planar model. Only the UGM loopy algorithm at a very dense
(nearly fully connected) graph has better fit to test data.

Figure 2: Senator voting results: Learned planar graphical model representing the senator
voting pattern. Blue nodes represent Democrats, red nodes represent Republicans and
black nodes represents Independents. We use a force-directed graph drawing algorithm
(Fruchterman and Reingold, 1991).
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3. NASA data is archived and available at http://pds-geosciences.wustl.edu/missions/msl/chemcam.htm.

shot, the rock surface is ablated and therefore ChemCam produces a sequence of samples
at increasing depth; potentially revealing compositional trends such as coatings, weathering
rinds and thin stratigraphic layers that could give clues about the past atmospheric and
aqueous conditions of Mars (Lanza et al., 2014).
We expect spatial correlations to exist among observations (samples), yet do not expect
that the correlations will necessarily correspond to a fixed (known) grid; therefore, our
planar model is a reasonable assumption to make. To test this, we compare against the
non-planar UGM algorithm.
As shown in Figure 4, each LIBS shot produces a spectral observation consisting of 5810
wavelength bands between 224nm and 840nm. The spectral response is given as a table of
intensity values for each wavelength band for each shot. A typical sequence of shots includes
30 - 150 shots on a fixed location. We model the correlations of rock chemistry among these
shots, as measured by the set of wavelength bands that show non-zero response (above a
noise threshold) in the observed spectra. More precisely, each spectrum is normalized, then
thresholded so that 50% of the values are +1. To investigate shot-to-shot correlations, shots
are the nodes in the graph while the 5810 wavelength bands are treated as samples. We
add an auxiliary node and allow the algorithm to select the connections between it and
other nodes. For comparison, we run a 10-fold cross validation using our planar model, the
UGM model with pseudolikelihood and loopy belief propagation. Model selection for UGM
is done by tuning with validation data and by comparing at the same number of edges
learned by the planar algorithm.
We look at 30-shot depth sequences taken at one location at a time to find depth
trends of interest. The rock is named Bell Island, and there are three locations that we
investigated3 . The graphs learned by our planar algorithm are quantitatively better than
those learned by UGM, as shown in Figure 5. We compare the log-likelihood of 10-fold
cross validation data for Planar, UGM pseudo and UGM loopy. With the number of edges
in the graph fixed at 3n − 6 (the number of edges in a maximal planar graph), we see that
Planar achieves a significantly better fit to holdout data than UGM with either objective
function. When we use the standard tuning method for UGM, it selects dense graphs that

Figure 5: Comparison of algorithms on ChemCam data. Likelihood of holdout data versus
the number of edges in the learned graph.
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21

30

24

(a) Bell Island, Location 1

3

2

1

Figure 6: Learned planar graphs from ChemCam data. Nodes are numbered by LIBS laser
shot number and color-coded by number starting with dark red at shot 1 and fading to
light yellow at shot 30. We use a force-directed graph drawing algorithm (Fruchterman and
Reingold, 1991).

are nearly fully-connected. While these tuned graphs learned by UGM do fit the data with
higher log-likelihood, they provide no insight into the nature of depth trends.
Figure 6 shows the planar graphs learned from the Bell Island ChemCam data. Bell
Island, Location 1 shows an interesting pattern of the first 10 or so shots being related to
each other in ascending order, while the last 20 shots are more arbitrarily dependent. This
pattern is consistent with the observation that the rock is covered in a layer of dust. As the
laser ablates through the dust, each shot is conditionally dependent on the next shot. Once
the rock itself is being sampled, the composition is more homogenous. At Locations 2 and
3, there is less dust cover, and so there is less of a ”tail” formed by the first few shots than
seen at Location 1. However, in all of these graphs, we see that the graphs generally link
earlier shots with early shots and later shots with late shots, despite not being given this
ordering information. This indicates that the chemical composition of the rock is changing
with depth.

6. Conclusion and Future Work

JMLR 17(215):1-26

We provide a greedy heuristic to obtain the maximum-likelihood planar Ising model approximation to a collection of binary random variables with known pairwise marginals. The
algorithm is simple to implement with the help of known methods for tractable exact inference in planar Ising models, efficient methods for planarity testing and embedding of
planar graphs. While limiting the search to planar graphs, our learning model provides key
advantages over arbitrary (non-planar) graph learning. Namely, the planar graph is sparse
without necessitating a regularization term or tuning parameter. Also, the learned planar
graph can be used for efficient inference of hidden values in future partially observed data.
Further validating this approach, our empirical results on synthetic data and on real data
indicate that our planar graph learning finds solutions that it are competitive with arbitrary
(non-planar) graph learning in terms of fitting the distribution well.
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where the fourth equality follows from the symmetry between −1 and 1 in an Ising model.
For the second part, since Pb is zero-field, we have that
b i ] = 0 ∀ i ∈ Vb .
E[x

= 2Z,

=2

xV





X
X
X
X
X
X
θi x i +
θij xi xj  +
exp −
θ i xi +
θij xi xj 
=
exp 

=

X

xVb

b be P
Proof [Proposition 1] Let the probability distributions corresponding to G and G
b respectively. For the
and Pb respectively and the corresponding expectations be E and E
partition function, we have that


X
X
b
b

Z=
exp
θij xi xj 

Appendix A. Proofs

This work is approved for unlimited release as LA-UR-15-20740.

Acknowledgments

Now consider any {i, j} ∈ E. If xn+1 is fixed to a value of 1, then the model is the same as
the original one on V and we have

Directions for further work are suggested by the methods and results of this paper.
Firstly, we know that the greedy algorithm is not guaranteed to find the best planar graph.
In Appendix C, we provide an enlightening counterexample in which the combination of
the planarity restriction and greedy method prevent the correct model from being learned,
because a strong indirect correlation exists that masks the correct combination of weaker
direct correlations. That counterexample suggests strategies one might consider to further
refine the estimate. One strategy would be to allow the greedy algorithm to prune edges
which turn out to be less important once later edges are added. It would also be feasible
to implement a multi-step greedy look-ahead search technique for selection of which edge
to add (or prune) next.
Currently, our framework only allows learning planar graphical models on the set of
observed random variables and requires that all variables are observed in each sample. One
could imagine extensions of our approach to handle missing samples or to try to identify
hidden variables that were not seen in the data. This concept offers another avenue to
achieve a better fit to data that is not well-approximated by a planar graph among just
the set of observed nodes, but might be well-approximated as the marginal distribution of
a planar model with more nodes.
b i | xn+1 = −1] = −E[xi ] ∀ i ∈ V.
E[x

ij

= 1 − µ2ij .
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2 ) (S
2
= − 12 (1 − wij
ij,kl Skl,ij + Sji,kl Skl,ji + Sij,lk Slk,ij + Sji,lk Slk,ji ) (1 − wkl ).

For {i, j} =
6 {k, l}, following Boyd and Vandenberghe (2004), we have


∂ 2 Φ(θ)
1
0
0
∂θij ∂θkl = − 2 Tr SDij SDkl

ij

0 is the derivative of the matrix D with respect to θ . The first equality follows
where Dij
ij
from the chain rule and the fact that ∇ ln |K| = K −1 for any matrix K. Please refer to
Boyd and Vandenberghe (2004) for details.
For the Hessian, we have

2
∂ 2 Φ(θ)
∂Z(θ)
1 ∂ 2 Z(θ)
1
= Z(θ)
− Z(θ)
2
∂θij
∂θ2
∂θ2

= wij − 12 (1 − wij )2 (Sij,ij + Sji,ji ) ,

where A and D are as given in Theorem 1. For the derivatives, we have


∂Φ(θ)
= tanh θij + 12 Tr (I − AD)−1 ∂(I−AD)
∂θij
∂θ
ij


0
= tanh θij − 12 Tr (I − AD)−1 ADij

{i,j}∈E

Proof [Proposition 2] From Theorem 1, we see that the log partition function can be
written as
X
1
Φ(θ) = n log 2 +
log cosh θij + log det(I − AD),
2

b i xn+1 ] = E[x
b i | xn+1 = 1]Pb(xn+1 = 1) + E[−x
b
b
E[x
i | xn+1 = −1]P (xn+1 = −1)
= E[xi ].

Combining the two equations above, we have

and by symmetry

b i | xn+1 = 1] = E[xi ] ∀ i ∈ V,
E[x

Fixing xn+1 to a value of 1, we have

b i xj ] = E[x
b i xj | xn+1 = 1]Pb(xn+1 = 1) + E[x
b i xj | xn+1 = −1]Pb(xn+1 = −1)
E[x
= E[xi xj ].

By symmetry (between −1 and 1) in the model, the same is true for xn+1 = −1 and so

b i xj | xn+1 = 1] = E[xi xj ] ∀ {i, j} ∈ E.
E[x
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On the other hand, we also have
Tij,kl

T (I + P )(S ◦ S T )(I + P )e
= eij
kl
= (eij + eji )T (S ◦ S T )(ekl + elk )
= (S ◦ S T )ij,kl + (S ◦ S T )ij,lk + (S ◦ S T )ji,kl + (S ◦ S T )ji,lk
= Sij,kl Skl,ij + Sji,kl Skl,ji + Sij,lk Slk,ij + Sji,lk Slk,ji ,

where eij is the unit vector with 1 in the ij th position and 0 everywhere else. Using the
above two equations, we obtain
1
2
2
Hij,kl = − (1 − wij
)Tij,kl (1 − wkl
).
2

=

D(P, PG+ij )

+

D(PG+ij , PG ).

Proof [Proposition 4] The proof follows from the following steps of inequalities. The
Pythagorean law of information projection (Amari et al., 1992) gives
D(P, PG )

The conditional rule of relative entropy (Cover and Thomas, 2006) gives
D(PG+ij , PG ) = D(PG+ij (xi , xj ), PG (xi , xj )) + D(PG+ij (xV −ij |xi , xj ), PG (xV −ij |xi , xj )),
where PG+ij (xi , xj ) and PG (xi , xj ) represent the marginal distributions on xi , xj of probabiliities PG+ij and PG respectively. Information inequality (Cover and Thomas, 2006) gives
us:
D(PG+ij (xV −ij |xi , xj ), PG (xV −ij |xi , xj )) ≥ 0.
Plugging the above two properties into the first equation leads to the inequality
D(P, PG ) ≥ D(P, PG+ij ) + D(PG+ij (xi , xj ), PG (xi , xj )).
Finally, the property of information projection to G + ij (Wainwright and Jordan, 2008)
gives us D(PG+ij (xi , xj ), PG (xi , xj )) ≥ D(P (xi , xj ), PG (xi , xj )) leading to
D(P, PG ) ≥ D(P, PG+ij ) + D(P (xi , xj ), PG (xi , xj )).

Appendix B. Applications: UGM Learned Models

JMLR 17(215):1-26

For comparison to our planar learning algorithm, we provide the results of using the UGM
MRF learning algorithm on the senate voting data and the ChemCam data. For all figures,
we use a force-directed graph drawing algorithm (Fruchterman and Reingold, 1991). Figure 7 presents the graph learned using pseudolikelihood, UGM pseudo, from the full data set
with the regularization parameter set to obtain the same number of edges as learned in the
planar case (3n − 6 edges).
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Figure 7: Senate voting graph learned by UGM pseudo with 318 edges. Blue nodes represent
Democrats, red nodes represent Republicans and black nodes represent Independents.
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Figure 8: Senate voting graph learned by UGM loopy with 318 edges. Blue nodes represent
Democrats, red nodes represent Republicans and black nodes represent Independents.
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The result presented in Figure 11 illustrates the fact that our algorithm does not always
recover the exact structure even when the underlying graph is planar and the algorithm
is given exact moments as inputs. This counterexample gives insight into how the greedy
algorithm works. The basic idea is that graphical models can have nodes which are not
neighbors but are more correlated than some other nodes which are neighbors. If the
spurious edges corresponding to these highly correlated nodes are added early on in the
algorithm, then the actual edges may have to be left out because of the planarity restriction.

Appendix C. Discussion: Counter Example

UGM graphs learned from the ChemCam data from the Bell Island target are given in
Figures 9 – 10. Figure 9 presents the graph learned using pseudolikelihood, UGM pseudo,
from the full data set with the regularization parameter set to obtain 84 edges. Figure 10
presents the graph learning using loopy belief propagation, UGM loopy, from the full data
set with the regularization parameter set to obtain 84 edges. Graphs learned from this
data using the tuning method to select the number of edges are nearly fully connected, and
therefore provide little visual information.

UGM graphs learned from the senate voting data are given in Figures 7 – 8. Figure 7
presents the graph learned using pseudolikelihood, UGM pseudo, from the full data set with
the regularization parameter set to obtain 318 edges. Figure 8 presents the graph learned
using loopy belief propagation, UGM loopy, from the full data set with the regularization
parameter set to obtain 318 edges. The graphs learned using the tuning method are not
displayed because they are nearly fully-connected graphs providing little visual information.

Figure 9: Learned UGM Pseudo graphs from ChemCam data. Nodes are numbered by LIBS
laser shot number and color-coded by number starting with dark red at shot 1 and fading
to light yellow at shot 30. We use a force-directed graph drawing algorithm (Fruchterman
and Reingold, 1991).

2
1
4

5

6

7

9

9

23

29

Johnson, Oyen, Chertkov and Netrapalli

24
28
8
7
6
5
4

29

30
23

25
20

15

18
21
27

19

22

26

3

17

14
16

11
13 12

2

10

1

(a) Bell Island, Location 1

c

27

29

24
22
26

18

16

19

20
23

6

15

21

9

7

8

3

4

10

5

14

12

13

Learning Planar Ising Models

9

25
28
30

17

11
2
1

(b) Bell Island, Location 2

5

1

27
20
24

14
16

25

28

29

22

30

26
23

21

13

17

15
19

12
9

4
7

11

18

10

8

6

(c) Bell Island, Location 3

d

d

c

e

a

(b) Recovered model

e

b

b

2

3

Figure 10: Learned UGM Loopy graphs from ChemCam data. Nodes are numbered by LIBS
laser shot number and color-coded by number starting with dark red at shot 1 and fading
to light yellow at shot 30. We use a force-directed graph drawing algorithm (Fruchterman
and Reingold, 1991).
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Figure 11: Example graphical models. (a) Counter example. (b) The recovered graphical
model has one spurious edge {a, e} and one missing edge {c, d}.
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We define a zero-field Ising model on the graph in Figure 11a with the edge parameters
as follows: θbc = θcd = θbd = 0.1 and θij = 1 for all the other edges. Figure 11a shows the
edge parameters in the graph pictorially using the intensity of the edges - the higher the
intensity of an edge, higher the corresponding edge parameter. With these edge parameters,
the correlation between nodes a and e is greater than the correlation between any other
pair of nodes. This leads to the edge between a and e to be the first edge added in the
algorithm. However, since K5 (the complete graph on 5 nodes) is not planar, one of the
actual edges is missed in the output graph as shown in Figure 11b.
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where γ is the step size and Q is a scaling matrix which provides curvature information.

β ← β − γQ∇β `(β) ,

Generalized Linear Models (GLMs) play a crucial role in numerous statistical and machine
learning problems. GLMs formulate the natural parameter in exponential families as a linear
model and provide a miscellaneous framework for statistical methodology and supervised
learning tasks. Celebrated examples include linear, logistic, multinomial regressions and
applications to graphical models (Nelder and Baker, 1972; McCullagh and Nelder, 1989;
Koller and Friedman, 2009).
In this paper, we focus on how to solve the maximum likelihood problem efficiently in
the GLM setting when the number of observations n is much larger than the dimension
of the coefficient vector p, i.e., n  p  1. GLM optimization task is typically expressed
as a minimization problem where the objective function is the negative log-likelihood that
is denoted by `(β) where β ∈ Rp is the coefficient vector. Many optimization algorithms
are available for such minimization problems (Bishop, 1995; Boyd and Vandenberghe, 2004;
Nesterov, 2004). However, only a few uses the special structure of GLMs. In this paper, we
consider updates that are specifically designed for GLMs, which are of the from

1. Introduction

We consider the problem of efficiently computing the maximum likelihood estimator in
Generalized Linear Models (GLMs) when the number of observations is much larger than
the number of coefficients (n  p  1). In this regime, optimization algorithms can
immensely benefit from approximate second order information. We propose an alternative
way of constructing the curvature information by formulating it as an estimation problem
and applying a Stein-type lemma, which allows further improvements through sub-sampling
and eigenvalue thresholding. Our algorithm enjoys fast convergence rates, resembling that
of second order methods, with modest per-iteration cost. We provide its convergence
analysis for the general case where the rows of the design matrix are samples from a subGaussian distribution. We show that the convergence has two phases, a quadratic phase
followed by a linear phase. Finally, we empirically demonstrate that our algorithm achieves
the highest performance compared to various optimization algorithms on several data sets.
Keywords: Optimization, Generalized Linear Models, Newton’s method, Sub-sampling
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2

≤ τ1 β̂ t − β∗

2

+ τ2 β̂ t − β∗

2
,
2

(2)

2
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• We demonstrate the performance of Newton-Stein method on real and synthetic data
sets by comparing it to commonly used optimization algorithms.

where β∗ is the true minimizer and τ1 , τ2 are the convergence coefficients. The above
bound implies that the local convergence starts with a quadratic phase and transitions
into linear as the iterate gets closer to the true minimizer. We further establish a global
convergence result of Newton-Stein method coupled with a line search algorithm.

β̂ t+1 − β∗

• Assuming that the rows of the design matrix are i.i.d. and have bounded support (or
sub-Gaussian), and denoting the iterates of Newton-Stein method by {β̂ t }t , we prove
a bound of the form

• Excessive per-iteration cost of O(np2 + p3 ) of Newton’s method is replaced by O(np +
p2 ) per-iteration cost and a one-time O(|S|p2 ) cost, where |S| is the sub-sample size.

• Newton-Stein method allows further improvements through eigenvalue shrinkage, eigenvalue thresholding, sub-sampling and various other techniques that are available for
covariance estimation.

• We recast the problem of constructing a scaling matrix as an estimation problem and
apply a Stein-type lemma along with the sub-sampling technique to form a computationally feasible Q.

For the updates of the form Equation 1, the performance of the algorithm is mainly
determined by the scaling matrix Q. Classical Newton’s method and natural gradient descent
can be recovered by simply taking Q to be the inverse Hessian and the inverse Fisher’s
information at the current iterate, respectively (Amari, 1998; Nesterov, 2004). Second
order methods may achieve quadratic convergence rate, yet they suffer from excessive cost
of computing the scaling matrix at every iteration. On the other hand, if we take Q to be the
identity matrix, we recover the standard gradient descent which has a linear convergence
rate. Although the convergence rate of gradient descent is considered slow compared to
that of second order methods such as Newton’s method, modest per-iteration cost makes it
practical for large-scale optimization.
The trade-off between convergence rate and per-iteration cost has been extensively studied (Bishop, 1995; Boyd and Vandenberghe, 2004; Nesterov, 2004). In n  p  1 regime,
the main objective is to construct a scaling matrix Q that is computational feasible which
also provides sufficient curvature information. For this purpose, several Quasi-Newton methods have been proposed (Bishop, 1995; Nesterov, 2004). Updates given by Quasi-Newton
methods satisfy an equation which is often called the Quasi-Newton relation. A well-known
member of this class of algorithms is the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm (Broyden, 1970; Fletcher, 1970; Goldfarb, 1970; Shanno, 1970).
In this paper, we propose a Newton-type algorithm that utilizes the special structure of
GLMs by relying on a Stein-type lemma (Stein, 1981). It attains fast convergence rates with
low per-iteration cost. We call our algorithm Newton-Stein method which we abbreviate as
NewSt . Our contributions can be summarized as follows:

Erdogdu

Newton-Stein Method

The rest of the paper is organized as follows: Section 1.1 surveys the related work
and Section 1.2 introduces the notations we use throughout the paper. Section 2 briefly
discusses the GLM framework and its relevant properties. In Section 3, we introduce
Newton-Stein method, develop its intuition, and discuss the computational aspects. Section
4 covers the theoretical results and in Section 4.4 we discuss how to choose the algorithm
parameters. Section 5 provides the empirical results where we compare the proposed algorithm with several other methods on four data sets. Finally, in Section 6, we conclude with
a brief discussion along with a few future research directions.
1.1 Related Work
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There are numerous optimization techniques that can be used to find the maximum likelihood estimator in GLMs. For moderate values of n and p, the classical second order
methods such as Newton’s method (also referred to as Newton-Raphson) are commonly
used. In large-scale problems, data dimensionality is the main factor while determining
the optimization method, which typically falls into one of two major categories: online and
batch methods. Online methods use a gradient (or sub-gradient) of a single, randomly
selected observation to update the current iterate (Robbins and Monro, 1951). Their periteration cost is independent of n, but the convergence rate might be extremely slow. There
are several extensions of the classical stochastic descent algorithms, providing significant
improvement and improved stability (Bottou, 2010; Duchi et al., 2011; Schmidt et al., 2013;
Kolte et al., 2015).
On the other hand, batch algorithms enjoy faster convergence rates, though their periteration cost may be prohibitive. In particular, second order methods enjoy quadratic
convergence, but constructing the Hessian matrix generally requires excessive amount of
computation. To remedy this issue, most research is focused on designing an approximate
and cost-efficient scaling matrix. This idea lies at the core of Quasi-Newton methods such
as BFGS (Bishop, 1995; Nesterov, 2004).
Another approach to construct an approximate Hessian makes use of sub-sampling techniques (Martens, 2010; Byrd et al., 2011; Vinyals and Povey, 2011; Erdogdu and Montanari,
2015; Roosta-Khorasani and Mahoney, 2016a,b). Many contemporary learning methods rely
on sub-sampling as it is simple and it provides significant boost over the first order methods. Further improvements through conjugate gradient methods and Krylov sub-spaces are
available. Sub-sampling can also be used to obtain an approximate solution, with certain
large deviation guarantees (Dhillon et al., 2013).
There are many composite variants of the aforementioned methods, that mostly combine two or more techniques. Well-known composite algorithms are the combinations of
sub-sampling and Quasi-Newton (Schraudolph et al., 2007; Byrd et al., 2016), stochastic
and deterministic gradient descent (Friedlander and Schmidt, 2012), natural gradient and
Newton’s method (Le Roux and Fitzgibbon, 2010), natural gradient and low-rank approximation (Le Roux et al., 2008), sub-sampling and eigenvalue thresholding (Erdogdu and
Montanari, 2015).
Lastly, algorithms that specialize on certain types of GLMs include coordinate descent
methods for the penalized GLMs (Friedman et al., 2010), trust region Newton-type methods
(Lin et al., 2008), and approximation methods (Erdogdu et al., 2016b,a).
3

1.2 Notation

Erdogdu

Let [n] = {1, 2, ..., n} and denote by |S|, the size of a set S. The gradient and the Hessian
of f with respect to β are denoted by ∇β f and ∇β2 f , respectively. The j-th derivative of
a function f (w) is denoted by f (j) (w). For a vector x and a symmetric matrix X, kxk2
and kXk2 denote the `2 and spectral norms of x and X, respectively. kxkψ2 denotes the
sub-Gaussian norm, which will be defined later. S p−1 denotes the p-dimensional sphere.
PC denotes the projections onto the set C, and Bp (R) ⊂ Rp denotes the p-dimensional ball
of radius R. For a random variable x and density f , x ∼ f means that the distribution
of x follows the density f . Multivariate Gaussian density with mean µ ∈ Rp and covariance Σ ∈ Rp×p is denoted as Np (µ, Σ). For random variables x, y, d(x, y) and D(x, y)
denote probability metrics (will be explicitly defined) measuring the distance between the
distributions of x and y. N[] (· · · ) and T denote the bracketing number and -net.

2. Generalized Linear Models

Distribution of a random variable y ∈ R belongs to an exponential family with natural
parameter η ∈ R if its density can be written as

f (y|η) = eηy−φ(η) h(y),

( n
X

i=1

)

[yi ηi − φ(ηi )]

i=1

n
Y

h(yi ).

(3)

where φ is the cumulant generating function and h is the carrier density. Let y1 , y2 , ..., yn
be independent observations such that ∀i ∈ [n], yi ∼ f (yi |ηi ). Denoting η = (η1 , ..., ηn )T ,
the joint likelihood can be written as

f (y1 , y2 , ..., yn |η) = exp

η = Xβ,

We consider the problem of learning the maximum likelihood estimator in the above exponential family framework, where the vector η ∈ Rn is modeled through the linear relation,

i=1

1X
[φ(hxi , βi) − yi hxi , βi] ,
n

n

(4)

for some design matrix X ∈ Rn×p with rows xi ∈ Rp , and a coefficient vector β ∈ Rp .
This formulation is known as Generalized Linear Models (GLMs) with canonical links. The
cumulant generating function φ determines the class of GLMs, i.e., for ordinary least squares
(OLS) φ(z) = z 2 /2, for logistic regression (LR) φ(z) = log(1+ez ), and for Poisson regression
(PR) φ(z) = ez .
Finding the maximum likelihood estimator in the above formulation is equivalent to
minimizing the negative log-likelihood function `(β),
`(β) =

JMLR 17(216):1-52

where hx, βi is the inner product between the vectors x and β. The relation to OLS and LR
can be seen much easier by plugging in the corresponding φ(z) in Equation 4. The gradient

4

∇2β `(β)
i=1

n

1 X (2)
=
φ (hxi , βi)xi xTi .
n
(5)

−1
Qt

i=1

5
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Proof The proof will follow from integration by parts. Let g(x|Σ) denote the density of a
multivariate normal random variable x with mean 0 and covariance Σ. We recall the basic

Lemma 1 (Stein-type lemma) Assume that x ∼ Np (0, Σ) and β ∈ Rp is a constant
vector. Then for any function f : R → R that is twice “weakly” differentiable, we have
h
i


E xxT f (hx, βi) = E [f (hx, βi)] Σ + E f (2) (hx, βi) Σββ T Σ .
(6)

We observe that
is just a sum of i.i.d. matrices. Hence, the true Hessian is nothing
but a sample mean estimator to its expectation. Another natural estimator would be the
sub-sampled Hessian method which is extensively studied by Martens, 2010; Byrd et al.,
2011; Erdogdu and Montanari, 2015; Roosta-Khorasani and Mahoney, 2016a. Therefore, our
goal is to propose an estimator for the population level Hessian that is also computationally
efficient. Since n is large, the proposed estimator will be close to the true Hessian.
We use the following Stein-type lemma to find a more efficient estimator to the expectation of the Hessian.



n
 t −1
1X
Q
=
xi xTi φ(2) (hxi , βi) ≈ E[xxT φ(2) (hx, βi)] .
n

Classical Newton-Raphson (or simply Newton’s) method is the standard approach for training GLMs for moderately large date sets. However, its per-iteration cost makes it impractical for large-scale optimization. The main bottleneck is the computation of the Hessian
matrix that requires O(np2 ) flops which is prohibitive when n  p  1. Numerous methods
have been proposed to achieve the fast convergence rate of Newton’s method while keeping
the per-iteration cost manageable. To this end, a popular approach is to construct a scaling
matrix Qt , which approximates the inverse Hessian at every iteration t.
The task of constructing an approximate Hessian can be viewed as an estimation problem. Assuming that the rows of X are i.i.d. random vectors, the Hessian of the negative
log-likelihood of GLMs with a cumulant generating function φ has the following sample
average form

3. Newton-Stein Method

where γt is the step size. The above iteration is our main focus, but with a new approach
on how to compute the sequence of matrices {Qt }t>0 . We will formulate the problem of
finding a scalable Qt as an estimation problem and apply a Stein-type lemma that provides
us with a computationally efficient update rule.

β̂ t+1 = β̂ t − γt Qt ∇β `(β̂ t )

For a sequence of scaling matrices {Qt }t>0 ∈ Rp×p , we consider iterations of the form

i=1

n

i
1 X h (1)
∇β `(β) =
φ (hxi , βi)xi − yi xi ,
n

and the Hessian of `(β) can be written as:

Newton-Stein Method

and µ4 (β) = E[φ(4) (hx, βi)].

6
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Note that µ2 (β) and µ4 (β) are scalar quantities and they can be estimated by their corresponding sample means µ̂2 (β) and µ̂4 (β) (explicitly defined at Step 2 of Algorithm 1)
respectively, with only O(np) computation.
To complete the estimation task suggested by Equation 6, we need an estimator for
the covariance matrix Σ. A natural estimator is the sample mean where, we only use a
2 ) from O(np2 ).
sub-sample of the indices S ⊂ [n] so that the cost is reduced to O(|S|p
T
bS = 1 P
Sub-sampling based sample mean estimator is denoted by Σ
i∈S xi xi , which is
|S|

µ2 (β) = E[φ(2) (hx, βi)],

The right hand side of Equation 6 is a rank-1 update to the first term. Hence, its inverse
can be computed with O(p2 ) cost. Quantities that change at each iteration are the ones
that depend on β, i.e.,

identity xg(x|Σ)dx = −Σdg(x|Σ) and write
Z
E[xxT f (hx, βi)] = xxT f (hx, βi)g(x)dx,
Z

Z
=Σ
f (hx, βi)g(x|Σ)dx + βxT f (1) (hx, βi)g(x|Σ)dx ,


Z
=Σ E[f (hx, βi)] + ββ T f (2) (hx, βi)g(x|Σ)dxΣ ,
h
i
=E[f (hx, βi)]Σ + E f (2) (hx, βi) Σββ T Σ.

Output: β̂ t .

3. end while

t ← t + 1.

β̂ t+1 = β̂ t − γt Qt ∇β `(β̂ t ),

2. while β̂ t+1 − β̂ t 2 >  do
P
P
µ̂4 (β̂ t ) = n1 ni=1 φ(4) (hxi , β̂ t i),
µ̂2 (β̂ t ) = n1 ni=1 φ(2) (hxi , β̂ t i),
"
#
1
β̂ t [β̂ t ]T
b −1 −
Qt =
Σ
,
S
b S β̂ t , β̂ t i
µ̂2 (β̂ t )
µ̂2 (β̂ t )/µ̂4 (β̂ t ) + hΣ

1. Estimate the covariance using a random sub-sample S ⊂ [n]:
T
bS = 1 P
Σ
i∈S xi xi .
|S|

Input: β̂ 0 , |S|, , {γt }t≥0 .

Algorithm 1 Newton-Stein Method
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We emphasize that any covariance estimation method can be applied in the first step of
the algorithm. There are various estimation techniques most of which rely on the concept
of shrinkage (Cai et al., 2010; Donoho et al., 2013). This is because, important curvature
information is generally contained in the largest few spectral features (Erdogdu and Montanari, 2015). In particular, for a given threshold r, we suggest to use the largest r eigenvalues
b S , and setting rest of them to (r + 1)-th eigenof the sub-sampled covariance estimator Σ
value. This operation helps denoising and provides additional computational benefits when
inverting the covariance estimator (Erdogdu and Montanari, 2015).
Inverting the constructed Hessian estimator can make use of the low-rank structure.
First, notice that the updates in Equation 7 are based on rank-1 matrix additions. Hence, we
can simply apply Sherman–Morrison inversion formula to Equation 7 and obtain an explicit
equation for the scaling matrix Qt (Step 2 of Algorithm 1). This formulation would impose
another inverse operation on the covariance estimator. We emphasize that this operation is
performed once. Therefore, instead of O(p3 ) per-iteration cost of Newton’s method due to
inversion, Newton-Stein method (NewSt) requires O(p2 ) per-iteration and a one-time cost of
O(p3 ). Assuming that Newton-Stein and Newton methods converge in T1 and T2 iterations

respectively, the overall complexity of Newton-Stein is O npT1 + p2 T1 + (|S| + p)p2 ≈

∈ Rp×p

z }| {
 t −1
b S + µ̂4 (β) Σ
b S ββ T Σ
bS
Q
= µ̂2 (β) Σ
| {z } | {z }
| {z } |{z}
| {z }

∈ Rp×p

widely used in large-scale problems (Vershynin, 2010). We highlight the fact that Lemma 1
replaces O(np2 ) per-iteration cost of Newton’s method with a one-time cost of O(np2 ). We
further use sub-sampling to reduce this one-time cost to O(|S|p2 ), and obtain the following
Hessian estimator at β

Figure 1: The left plot demonstrates the accuracy of proposed Hessian estimation
over different distributions.
Number of observations is set to be n =
O(p log(p)). The right plot shows the phase transition in the convergence rate
of Newton-Stein method (NewSt ). Convergence starts with a quadratic rate and
transitions into linear. Plots are obtained using Covertype data set.

log10(Estimation error)
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O npT1 + p2 T1 + |S|p2 whereas that of Newton is O(np2 T2 + p3 T2 ). We show both empirically and theoretically that the quantities T1 and T2 are close to each other.
The convergence rate of Newton-Stein method has two phases. Convergence starts
quadratically and transitions into linear rate when it gets close to the true minimizer.
The phase transition behavior can be observed through the right plot in Figure 1. This is a
consequence of the bound provided in Equation 2, which is the main result of our theorems
on the local convergence (given in Section 4).
Even though Lemma 1 assumes that the covariates are multivariate Gaussian random
vectors, in Section 4, the only assumption we make on the covariates is either bounded
support or sub-Gaussianity, both of which cover a wide class of random variables including
Bernoulli, elliptical distributions, bounded variables etc. The left plot of Figure 1 shows
that the estimation is accurate for many distributions. This is a consequence of the fact
that the proposed estimator in Equation 7 relies on the distribution of x only through inner
products of the form hx, vi, which in turn results in an approximate normal distribution
due to the central limit theorem. To provide more intuition, we explain this through zerobiased transformations which is a general version of Stein’s lemma for arbitrary distributions
(Goldstein and Reinert, 1997).

Definition 2 Let z be a random variable with mean 0 and variance σ 2 . Then, there exists
a random variable z ∗ that satisfies E[zf (z)] = σ 2 E[f (1) (z ∗ )], for all differentiable functions
f . The distribution of z ∗ is said to be the z-zero-bias distribution.

k6=i




 βi βj E f (2) (βi xi∗ + βj xj∗ + Σ xk βk )

k6=i,j

k6=i

if i 6= j,

The normal distribution is the unique distribution whose zero-bias transformation is itself
(i.e. the normal distribution is a fixed point of the operation mapping the distribution of z
to that of z ∗ ). The distribution of z ∗ is referred to as z-zero-bias distribution and is entirely
determined by the distribution of z. Properties such as existence can be found, for example,
in Chen et al., 2010.
To provide some intuition behind the usefulness of Lemma 1 even for arbitrary distributions, we use zero-bias transformations. For simplicity, assume that the covariate vector
x has i.i.d. entries from an arbitrary distribution with mean 0, and variance 1. Then the
zero-bias transformation applied twice to the entry (i, j) of matrix E[xxT f (hx, βi)] yields

 (2)

∗
2
∗∗

 E[f (βi xi + Σ xk βk )] + βi E f (βi xi + Σ xk βk ) if i = j,
E[xi xj f (hx, βi)] =

where xi∗ and xi∗∗ have xi -zero-bias and xi∗ -zero-bias distributions, respectively. For each
entry (i, j) at most two summands of hx, βi = Σk xk βk change their distributions. Therefore,
if β is well spread and p is sufficiently large, the sums inside the expectations will behave
similar to the inner product hx, βi. Correspondingly, the above equations will be close to
their Gaussian counterpart as given in Equation 6.

4. Theoretical Results

JMLR 17(216):1-52

We start by introducing the terms that will appear in the theorems. Then we will provide
two technical results on bounded and sub-Gaussian covariates. The proofs of the theorems
are technical and provided in Appendix.

8

where

dh (x, y) = E [h(x)] − E [h(y)] .

for H and any

kuk2 =1

9
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Further assume that the cumulant generating
 function φ has bounded 2nd-5th derivatives
and that the set C is bounded by R. For β̂ t t>0 given by the Newton-Stein method for
γ = 1, define the event


E=
inf µ2 (β̂ t )hu, Σui + µ4 (β̂ t )hu, Σβ̂ t i2 > 2κ−1 ∀t, β∗ ∈ C
(8)

Theorem 4 (Local convergence) Assume
√ that the covariates x1 , x2 , ..., xn are i.i.d. random vectors supported on a ball of radius K with


E[xi ] = 0
and
E xi xTi = Σ.

We have the following per-step bound for the iterates generated by the Newton-Stein
method, when the covariates are supported on a ball.

4.2 Bounded Covariates

where the projection is defined as PCt (β) = argminw∈C 21 kw − βk2 t−1 , with C bounded by
Q
R. This is a special case of proximal Newton-type algorithms and further generalization is
straightforward (See Lee et al., 2014). We will further assume that the covariance matrix
has full rank and its smallest eigenvalue is lower bounded by a positive constant.

where C ∈ Rp is a closed, convex set that is bounded by the radius R. Exact calculation
of such probability metrics are often difficult. The general approach is to upper bound the
distance by a more intuitive metric. In our case, we observe that dHj (x, y) for j = 1, 2, 3,
can be easily upper bounded by dTV (x, y) up to a scaling constant, when the covariates
have bounded support.
In our theoretical results, we rely on projected updates onto a closed convex set C, which
are of the form


β̂ t+1 = PCt β̂ t − γQt ∇β `(β̂ t )

Many probability metrics can be expressed as above by choosing a suitable function
class H. Examples include Total Variation (TV), Kolmogorov and Wasserstein metrics
(Gibbs and Su, 2002; Chen et al., 2010). Based on the second and the fourth derivatives of
the cumulant generating function, we define the following function classes:
n
o
n
o
H1 = h(x) = φ(2) (hx, βi) : β ∈ C ,
H2 = h(x) = φ(4) (hx, βi) : β ∈ C ,
n
o
H3 = h(x) = hv, xi2 φ(2) (hx, βi) : β ∈ C, kvk2 = 1 ,

h∈H

dH (x, y) = sup dh (x, y)

Definition 3 Given a family of functions H, and random vectors x, y ∈
h ∈ H, define

Rp ,

Hessian estimation described in the previous section relies on a Gaussian approximation.
For theoretical purposes, we use the following probability metric to quantify the gap between
the distribution of xi ’s and that of a normal vector.

4.1 Preliminaries

Newton-Stein Method

2

≤ τ1 β̂ t − β∗
2

+ τ2 β̂ t − β∗

2
,
2

(11)

(10)

(9)

10
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The bound stated in the above corollary is an analogue of composite convergence (given
in Equation 9) in expectation. Note that our results make strong assumptions on the
derivatives of the cumulant generating function φ. We emphasize that these assumptions

where τ̃1 = τ1 + 0.1 and τ1 , τ2 are as in Theorem 4.



and for an iterate satisfying E kβ̂ t − β∗ k2 > , the following inequality holds for the iterates
of Newton-Stein method,
h
i
h
i
h
i
E kβ̂ t+1 − β∗ k2 ≤ τ̃1 E kβ̂ t − β∗ k2 + τ2 E kβ̂ t − β∗ k22 ,

The bound in Equation 9 holds with high probability, and the coefficients τ1 and τ2 are
deterministic constants which will describe the convergence behavior of the Newton-Stein
method. Observe that the coefficient τ1 is sum of two terms: D(x, z) measures how accurate
the Hessian estimation is, and the second term depends on the sub-sampling size |S| and
the data dimensions n, p.
Theorem 4 shows that the convergence of Newton-Stein method can be upper bounded
by a compositely converging sequence, that is, the squared term will dominate at first providing us with a quadratic rate, then the convergence will transition into a linear phase as
the iterate gets close to the optimal value. The coefficients τ1 and τ2 govern the linear and
quadratic terms, respectively. The effect of sub-sampling appears in the coefficient of linear
term. In theory, there is a threshold for the sub-sampling size |S|, namely O(n/ log(n)), beyond which further sub-sampling has no effect. The transition point between the quadratic
and the linear phases is determined by the sub-sampling size and the properties of the data.
The phase transition behavior can be observed through the right plot in Figure 1.
Using the above theorem, we state the following corollary.

Corollary 5 Assume that the assumptions of Theorem 4 hold. For a constant δ ≥ P E C ,
and a tolerance  satisfying

 ≥ 20R c/p2 + δ ,

for a multivariate Gaussian random variable z with the same mean and covariance as xi ’s.

D(x, z) = kΣk2 dH1 (x, z) + kΣk22 R2 dH2 (x, z) + dH3 (x, z),

and D(x, z) is defined as

where the coefficients τ1 and τ2 are deterministic constants defined as
r
p
,
τ2 = c2 κ,
τ1 = κD(x, z) + c1 κ
min {p/ log(p)|S|, n/ log(n)}

β̂ t+1 − β∗

for some positive constant κ, and the optimal value β∗ . If n, |S| and p are sufficiently large,
then there exist constants c, c1 , c2 depending on the radii K, R, P(E) and the bounds on φ(2)
and |φ(4) | such that conditioned on the event E, with probability at least 1 − c/p2 , we have
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are valid for linear and logistic regressions. An example that does not fit in our scheme is
Poisson regression with φ(z) = ez . However, we observed empirically that the algorithm
still provides significant improvement.
The following theorem characterizes the local convergence behavior of a compositely
converging sequence.

2

define the interval Ξ =

τ1 ϑ
1−τ2 ϑ , ϑ

0
Theorem 6 Assume that theassumptions
 of Theorem 4 hold with τ1 < 1and for ϑ = β̂ −
. Conditioned on the event E ∩ ϑ < (1 − τ1 )/τ2 ,

β∗

log (τ1 + τ2 ξ)
log ((τ1 /ξ + τ2 )(1 − τ1 )/τ2 )

+

log(/ξ)
,
log(τ1 + τ2 ξ)

there exists a constant c such that with probability at least 1 − c/p2 , the number of iterations
to reach a tolerance of  cannot exceed


(12)

inf J (ξ) := log2

ξ∈Ξ

where the constants τ1 and τ2 are as in Theorem 4.

The expression in Equation 12 has two terms: the first one is due to the quadratic phase
whereas the second one is due to the linear phase. To obtain the properties of local convergence, a locality constraint is required. We note that τ1 < 1 is a necessary assumption,
which is satisfied for sufficiently large n and |S|.
In the following, we establish the global convergence of the Newton-Stein method coupled
with a backtracking line search—which is explicitly given in Section 4.4.
Theorem 7 (Global Convergence) Assume that the assumptions of Theorem 4 hold and
at each step, the step size γt of the Newton-Stein method is determined by the backtracking
line search with parameters a and b. Then conditioned on the event E, there exists a constant
c such that with probability at least 1 − c/p2 , the sequence of iterates {β̂ t }t>0 generated by
the Newton-Stein method converges globally.
4.3 Sub-Gaussian Covariates
In this section, we carry our analysis to the more general case, where the covariates are
sub-Gaussian vectors.

E[kxi k2 ] = µ

and



E xi xiT = Σ.

Theorem 8 (Local convergence) Assume that x1 , x2 , ..., xn are i.i.d. sub-Gaussian random vectors with sub-Gaussian norm K such that
E[xi ] = 0,

n0.2 / log(n) & p,

Further assume that the cumulant generating function φ is uniformly bounded and has
bounded 2nd-5th derivatives and that C is bounded by R. For β̂ t t>0 given by the NewtonStein method and the event E in Equation 8, if we have n, |S| and p sufficiently large and
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then there exist constants c1 , c2 , c3 , c4 depending on the eigenvalues of Σ, the radius R, µ,
P(E) and the bounds on φ(2) and |φ(4) | such that conditioned on the event E, with probability
at least 1 − c1 e−c2 p , the bound given in Equation 9 holds for constants
r
p
τ1 = κD(x, z) + c3 κ
,
τ2 = c4 κp1.5 ,
(13)
min {|S|, n0.2 / log(n)}
where D(x, z) defined as in Equation 11.

11
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The above theorem is more restrictive than Theorem 4. We require n to be much larger than
the dimension p. Also note that a factor of p1.5 appears in the coefficient of the quadratic
term. We also notice that the threshold for the sub-sample size reduces to n0.2 / log(n).
We have the following analogue of Corrolary 5.

p
c1 e−c2 p + δ,


Corollary 9 Assume that the assumptions of Theorem 8 hold. For a constant δ ≥ P E C ,
and a tolerance  satisfying

 ≥ 20R



and for an iterate satisfying E kβ̂ t − β∗ k2 > , the iterates of Newton-Stein method will
satisfy,

h
i
h
i
h
i
E kβ̂ t+1 − β∗ k2 ≤ τ̃1 E kβ̂ t − β∗ k2 + τ2 E kβ̂ t − β∗ k22 ,

where τ̃1 = τ1 + 0.1 and τ1 , τ2 are as in Theorem 8.

When the covariates are in fact multivariate normal, we have D(x, z) = 0 which implies that
the coefficient τ1 is smaller. Correspondingly, the quadratic phase lasts longer providing
better performance.
We conclude this section by noting that the global convergence properties of the subGaussian case is very similar to the previous section where we had bounded covariates.
4.4 Algorithm Parameters

Newton-Stein method takes two input parameters and for those, we suggest near-optimal
choices based on our theoretical results. We further discuss the choice of a covariance
estimation method which provides additional improvements to the proposed algorithm.

• Sub-sample size: Newton-Stein method uses a subset of indices to approximate the
covariance matrix Σ. Corollary 5.50 of Vershynin, 2010 proves that a sample size of
O(p) is sufficient for sub-Gaussian covariates and that of O(p log(p)) is sufficient for
arbitrary distributions supported in some ball to estimate a covariance matrix by its
sample mean estimator. In the regime we consider, n  p, we suggest to use a sample
size of |S| = O(p log(p)) for this task.

JMLR 17(216):1-52

• Covariance estimation method: Many methods have been suggested to improve the
estimation of the covariance matrix and almost all of them rely on the concept of
shrinkage (Cai et al., 2010; Donoho et al., 2013). Therefore, we suggest to use a
thresholding based approach suggested by Erdogdu and Montanari, 2015. For a given
threshold r, we take the largest r eigenvalues of the sub-sampled covariance estimator, setting rest of them to (r + 1)-th eigenvalue. Eigenvalue thresholding can be
considered as a shrinkage operation which will retain only the important second order
information. Choosing the rank threshold r can be simply done on the sample mean
estimator of Σ. After obtaining the sub-sampled estimate of the mean, one can either
plot the spectrum and choose manually or use an optimal technique from Donoho

12

γ ← γb.
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13

Synthetic data sets, S3, S10, and S20 are generated through a multivariate Gaussian distribution where the covariance matrix follows r-spiked model, i.e., r = 3 for S3 and r = 20

5.1 Simulations With Synthetic Data Sets

For all the algorithms, we use a constant step size that provides the fastest convergence.
We use the Newton-Stein method with eigenvalue thresholding as described in Section
4.4. The parameters such as sub-sample size |S|, and rank r are selected by following
the guidelines described in Section 4.4. The rank threshold r (which is an input to the
eigenvalue thresholding) is specified at the title of each plot.

• Accelerated Gradient Descent (AGD) is proposed by Nesterov (Nesterov, 1983), which
improves over the gradient descent by using a momentum term. Performance of AGD
strongly depends of the smoothness of the function.

• Gradient Descent (GD) update is proportional to the negative of the full gradient
evaluated at the current iterate. Under smoothness assumptions, GD achieves a locally
linear convergence rate, with O(np) per-iteration cost.

Figure 2: Performance of various optimization methods on two different simulated data
sets. Red straight line represents the Newton-Stein method (NewSt ). y and x
axes denote log10 (kβ̂ t − β∗ k2 ) and time elapsed in seconds, respectively.
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• Limited Memory BFGS (L-BFGS) is similar to BFGS, and uses only the recent few
iterates to construct the curvature matrix, gaining significant performance in terms
of memory usage.

• Broyden-Fletcher-Goldfarb-Shanno (BFGS) forms a curvature matrix by cultivating
the information from the iterates and the gradients at each iteration. Under certain
assumptions, the convergence rate is locally super-linear and the per-iteration cost is
comparable to that of first order methods.

• Newton’s Method (NM) uses the inverse Hessian evaluated at the current iterate, and
may achieve local quadratic convergence. NM steps require O(np2 + p3 ) computation
which makes it impractical for large-scale data sets.

In this section, we validate the performance of Newton-Stein method through extensive
numerical studies. We experimented on two commonly used GLM optimization problems,
namely, Logistic Regression (LR) and Linear Regression (OLS). LR minimizes Equation 4
for the logistic function φ(z) = log(1 + ez ), whereas OLS minimizes the same equation
for φ(z) = z 2 /2. In the following, we briefly describe the algorithms that are used in the
experiments:

5. Experiments

The step size choice for the local phase depends on the use of eigenvalue thresholding.
If no shrinkage method is applied, line search algorithm should be initialized with
γ̄ = 1. If a shrinkage method (e.g. eigenvalue thresholding) is applied, then choosing
a larger local step size may provide faster convergence. If the data follows the r-spiked
model, the optimal step size will be close to 1 if there is no sub-sampling. However,
due to fluctuations resulting from sub-sampling, starting with γ̄ = 1.2 will provide
faster local rates. This case has been explicitly studied in a preliminary version of
this work (Erdogdu, 2015). A heuristic derivation and a detailed discussion can also
be found in Section E in the Appendix.

The above line search algorithm leads to global convergence with high probability as
stated in Theorem 7.



γ = γ̄; while: ` β̂ t − γDγ (β̂ t ) > `(β̂ t ) − aγh∇`(β̂ t ), Dγ (β̂ t )i,

• Step size: Step size choices for the Newton-Stein method are quite similar to those
of Newton-type methods (i.e., see Boyd and Vandenberghe, 2004). In the damped
phase, one should use a line search algorithm such as backtracking with parameters
a ∈ (0, 0.5) and b ∈ (0, 1).
 Defining the modified gradient (or composite gradient Lee
et al., 2014) Dγ (β̂ t ) = γ1 β̂ t − PCt (β̂ t − γQt ∇`(β̂ t )) , we compute the step size via

et al., 2013. The suggested method requires a single time O(rp2 ) computation and reduces the cost of inversion from O(p3 ) to O(rp2 ). We highlight that the Newton-Stein
method was originally presented with the eigenvalue thresholding in an early version
of this paper (Erdogdu, 2015).
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Observe that the convergence rate of NewSt has a clear phase transition point in the
top left plot in Figure 2. As argued earlier, this point depends on various factors including
sub-sampling size |S| and data dimensions n, p, the rank threshold r and structure of the
covariance matrix. The prediction of the phase transition point is an interesting line of
research. However, our convergence guarantees are conservative and we believe that they
cannot be used for this purpose.

The simulation results are summarized in Figure 2. Further details regarding the experiments can be found in Table 1. We observe that Newton-Stein method (NewSt) provides
a significant improvement over the classical techniques.

for S20. To generate the covariance matrix, we first generate a random orthogonal matrix,
say M. Next, we generate a diagonal matrix Λ that contains the eigenvalues, i.e., the first
r diagonal entries are chosen to be large, and rest of them are equal to 1. Then, we let
Σ = MΛMT . For dimensions of the data sets, see Table 2. We also emphasize that the
data dimensions are chosen so that Newton’s method still does well.

Figure 3: Performance of various optimization methods on two different real data sets obtained from Lichman, 2013. Red straight line represents the Newton-Stein method
(NewSt ). y and x axes denote log10 (kβ̂ t − β∗ k2 ) and time elapsed in seconds,
respectively.
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5.2 Experiments With Real Data Sets

Iter
2
8
19
2
493
82

Iter
11
37
180
1
721
518

Iter
4
6
11
1
100
42

LR
Time(sec)
16.113
21.916
30.765
122.158
194.473
80.874

LR
Time(sec)
23.158
40.258
51.888
47.955
1204.01
182.031

Iter
31
48
69
40
446
186

Covertype
LS
Time(sec)
2.080
2.238
2.321
2.164
22.738
32.563

Iter
4
17
26
2
245
83

Iter
5
3
3
1
60
77

Iter
10
37
20
1
100
38

We experimented on two real data sets where the data sets are downloaded from UCI
repository (Lichman, 2013). Both data sets satisfy n  p, but we highlight the difference
between the proportions of dimensions n/p. See Table 2 for details.
We observe that Newton-Stein method performs better than classical methods on real
data sets as well. More specifically, the methods that come closer to NewSt is Newton’s
method for moderate n and p and BFGS when n is large.
The optimal step-size for Newton-Stein method will typically be larger than 1 which is
mainly due to eigenvalue thresholding operation. This feature is desirable if one is able to
obtain a large step-size that provides convergence. In such cases, the convergence is likely
to be faster, yet more unstable compared to the smaller step size choices. We observed
that similar to other second order algorithms, Newton-Stein method is also susceptible to
the step size selection. If the data is not well-conditioned, and the sub-sample size is not
sufficiently large, algorithm might have poor performance. This is mainly because the subsampling operation is performed only once at the beginning. Therefore, it might be good
in practice to sub-sample once in every few iterations.

CT Slices
LS
Time(sec)
1.799
4.525
22.679
1.937
61.526
45.864

S3
LR
Time(sec)
10.637
22.885
46.763
55.328
865.119
169.473

Iter
32
35
217
3
1156
880

S20
LS
Time(sec)
16.475
54.294
33.107
39.328
145.987
56.257

Data set
Type
Method
NewSt
BFGS
LBFGS
Newton
GD
AGD

LR
Time(sec)
4.191
4.638
26.838
5.730
96.142
96.142

LS
Time(sec)
8.763
13.149
19.952
38.150
155.155
65.396
Data set
Type
Method
NewSt
BFGS
LBFGS
Newton
GD
AGD

n
53500
581012
500000
500000
500000

p
386
54
300
300
300

JMLR 17(216):1-52

Reference, UCI repo (Lichman, 2013)
Graf et al., 2011
Blackard and Dean, 1999
3-spiked model, (Donoho et al., 2013)
10-spiked model, (Donoho et al., 2013)
20-spiked model, (Donoho et al., 2013)

Table 1: Details of the experiments presented in Figures 2 and 3.

Data set
CT slices
Covertype
S3
S10
S20

Table 2: Data sets used in the experiments.
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In this paper, we proposed an efficient algorithm for training GLMs. We call our algorithm
Newton-Stein method (NewSt ) as it takes a Newton-type step at each iteration relying on
a Stein-type lemma. The algorithm requires a one time O(|S|p2 ) cost to estimate the covariance structure and O(np) per-iteration cost to form the update equations. We observe
that the convergence of Newton-Stein method has a phase transition from quadratic rate
to linear rate. This observation is justified theoretically along with several other guarantees for the bounded as well as the sub-Gaussian covariates such as per-step convergence
bounds, conditions for local rates and global convergence with line search, etc. Parameter selection guidelines of Newton-Stein method are based on our theoretical results. Our
experiments show that Newton-Stein method provides significant improvement over the
classical optimization methods.
Relaxing some of the theoretical constraints is an interesting line of research. In particular, strong assumptions on the cumulant generating functions might be loosened. Another
interesting direction is to determine when the phase transition point occurs, which would
provide a better understanding of the effects of sub-sampling and eigenvalue thresholding.

6. Discussion

We observe from the plots that Newton’s method enjoys the fastest convergence rate as
expected. The one that is closest to Newton’s method is the Newton-Stein method. This
is because the Hessian estimator used by Newton-Stein method better approximates the
true Hessian as opposed to Quasi-Newton methods. We emphasize that x axes in Figure 4
denote the number of iterations whereas in figures shown previously in this section x axes
were the time elapsed.

Figure 4: Figure shows the convergence behavior over the number of iterations. y and x
axes denote log10 (kβ̂ t − β∗ k2 ) and the number iterations, respectively.

log(Error)
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log(Error)

We provide additional plots to better understand the convergence behavior of the algorithms. Plots in Figure 4 show the decrease in log10 (kβ̂ t − β0 k2 ) error over iterations
(instead of time elapsed).

5.3 Analysis of Number of Iterations

Newton-Stein Method

log(Error)

E[xi xTi ] = Σ,

kxi kψ2 ≤ K.

18
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Remark 13 We are interested in the case where δ < 1, hence the right hand side becomes
√
max δ, δ 2 = δ. In most cases, we will simply let t = p and obtain a bound of order
p
p/|S| on the right hand side. For this, we need |S| = O(C 2 p) which is a reasonable
assumption in the regime we consider.

There exists constants c, C depending only on the sub-Gaussian norm K such that with
2
probability 1 − 2e−ct ,
r

p
t
b S − Σ ≤ max δ, δ 2
Σ
where δ = C
+p .
|S|
2
|S|

E[xi ] = 0,

Lemma 12 (Vershynin, 2010) Let S be an index set and xi ∈ Rp for i ∈ S be i.i.d.
sub-Gaussian random vectors with

We state the following Lemmas from Vershynin, 2010 for the convenience of the reader
(i.e., See Theorem 5.39 and the following remark for sub-Gaussian distributions, and Theorem 5.44 for distributions with arbitrary support):

v∈S p−1

sup khy, vikψ1 ≤ K 0 .

for some finite constant K. The smallest such K is the sub-exponential norm of x and it
is denoted by kxkψ1 . Similarly, a random vector y ∈ Rp is called sub-exponential if there
exists a constant K 0 > 0 such that

Definition 11 (Sub-exponential) A random variable x ∈ R is called sub-exponential if
it satisfies
E[|x|m ]1/m ≤ Km,
m ≥ 1,

sup khy, vikψ2 ≤ K 0 .
v∈S p−1

for some finite constant K. The smallest such K is the sub-Gaussian norm of x and it is
denoted by kxkψ2 . Similarly, a random vector y ∈ Rp is called sub-Gaussian if there exists
a constant K 0 > 0 such that

Definition 10 (Sub-Gaussian) A random variable x ∈ R is called sub-Gaussian if it
satisfies
√
E[|x|m ]1/m ≤ K m,
m ≥ 1,

In this section, we provide several concentration bounds that will be useful throughout the
proofs. We start by defining a special class of random variables.

Appendix A. Preliminary Concentration Inequalities
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The following lemma is an analogue of Lemma 12 for covariates sampled from arbitrary
distributions with bounded support.



E xi xiT = Σ,



1/2
≤ max kΣk2 δ, δ 2

where

√
K a.s.

K
.
|S|

, we have
s

δ=t

2

kxi k2 ≤

Lemma 14 (Vershynin, 2010) Let S be an index set and xi ∈ Rp for i ∈ S be i.i.d.
random vectors with
E[xi ] = 0,

2

Then, for some absolute constant c, with probability 1 − pe−ct
bS − Σ
Σ

|S| ≥

bS − Σ
Σ

2

≤ c0

log(p)
,
|S|

3K log(p)
= O(K log(p)/kΣk2 ),
ckΣk2

p
Remark 15 We will choose t = 3 log(p)/c which will provide us with a probability of
1 − 1/p2 . Therefore, if the sample size is sufficiently large, i.e.,

p
3KkΣk2 /c.

we can estimate the true covariance matrix quite well for arbitrary distributions with bounded
support. In particular, with probability 1 − 1/p2 , we obtain
s
where c0 =

In the following, we will focus on empirical processes and obtain uniform bounds for
proposed Hessian approximation. To that extent, we provide a few basic definitions which
will be useful later in the proofs. For a more detailed discussion on the machinery used
throughout the next section, we refer reader to Van der Vaart, 2000.

Definition 16 On a metric space (X, d), for  > 0, T ⊂ X is called an -net over X if
∀x ∈ X, ∃t ∈ T such that d(x, t) ≤ .
R In the following, we will use L1 distance between two functions f and g, namely d(f, g) =
|f − g|. Note that the same distance definition can be carried to random variables as they
are simply real measurable functions. The integral takes the form of expectation.
Definition 17 Given a function class F, and any two functions l and u (not necessarily
in F), the Rbracket [l, u] is the set of all f ∈ F such that l ≤ f ≤ u. A bracket satisfying
l ≤ u and |u − l| ≤  is called an -bracket in L1 . The bracketing number N[] (, F, L1 ) is
the minimum number of different -brackets needed to cover F.
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The preliminary tools presented in this section will be utilized to obtain the concentration results in Section B.
19

Appendix B. Main Lemmas
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B.1 Concentration of Covariates With Bounded Support

β∈Bp (R)

sup

n

i=1

1X
f (hxi , βi) − E[f (hx, βi)] > c1
n

p log(n)
n

≤ c2 e−c3 p ,

p
Lemma 18
√ Let xi ∈ R , for i = 1, 2, ..., n, be i.i.d. random vectors supported on a ball
of radius K, with mean 0, and covariance matrix Σ. Further, let f : R → R be a
uniformly bounded function such that for some B > 0, we have kf k∞ < B and f is Lipschitz
continuous with constant L. Then, for sufficiently large n, there exist constants c1 , c2 , c3
such that
!
r

P

where the constants depend only on the bound B.

Proof We start by using the Lipschitz property of the function f , i.e., ∀β, β 0 ∈ Bp (R),

f (hx, βi) − f (hx, β 0 i) ≤Lkxk2 kβ − β 0 k2 ,
√
≤L Kkβ − β 0 k2 ,

i=1

(14)

where the first inequality follows from Cauchy-Schwartz. Now let T∆ be a ∆-net over Bp (R).
Then ∀β √
∈ Bp (R), ∃β 0 ∈ T∆ such that the right hand side of the above inequality is smaller
than ∆L K. Then, we can write

i=1

n
n
√
1X
1X
f (hxi , βi) − E[f (hx, βi)] ≤
f (hxi , β 0 i) − E[f (hx, β 0 i)] + 2∆L K.
n
n

i=1

i=1

n
n
1X
1X

f (hxi , βi) − E[f (hx, βi)] ≤ max
f (hxi , βi) − E[f (hx, βi)] + .
β∈T∆ n
n
2

By choosing

√ ,
∆=
4L K
and taking supremum over the corresponding β sets on both sides, we obtain the following
inequality
sup
β∈Bn (R)

i=1

Now, since we have kf k∞ ≤ B and for a fixed β and i = 1, 2, ..., n, the random variables
f (hxi , βi) are i.i.d., by the Hoeffding’s concentration inequality, we have
!


n
n2
1X
f (hxi , βi) − E[f (hx, βi)] > /2 ≤ 2 exp − 2 .
n
8B
P

max

β∈T∆

i=1
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Combining Equation 14 with the above result and a union bound, we easily obtain
!
n
1X
P
sup
f (hxi , βi) − E[f (hx, βi)] > 
β∈Bn (R) n
i=1
!


n
1X
n2
f (hxi , βi) − E[f (hx, βi)] > /2 ≤ 2|T∆ | exp − 2 ,
n
8B
≤P

20


√ √ 
8B 2 p
log 4eLR K p/ .
n

β∈Bn (R)

sup

i=1

r
p log(n)
n

!
≤2e−p .

√
K.

21

≤LK 1.5 kβ − β 0 k2 .

kf (hx, βi)hx, vi2 − f (hx, β 0 i)hx, vi2 k2 ≤Lkxk32 kβ − β 0 k2 ,
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Proof As in the proof of Lemma 18, we start by using the Lipschitz property of the
function f , i.e., ∀β, β 0 ∈ Bp (R),

where the constants depend only on the bound B and the radius

i=1

p
Lemma
√ 19 Let xi ∈ R , for i = 1, ..., n, be i.i.d. random vectors supported on a ball of
radius K, with mean 0, and covariance matrix Σ. Also let f : R → R be a uniformly
bounded function such that for some B > 0, we have kf k∞ < B and f is Lipschitz continuous with constant L. Then, for v ∈ S p−1 and sufficiently large n, there exist constants
c1 , c2 , c3 such that
!
r
n
1X
p log (n)
P
sup
f (hxi , βi)hxi , vi2 − E[f (hx, βi)hx, vi2 ] > c1
≤ c2 e−c3 p ,
n
β∈Bp (R) n

which appear in the summation that form the Hessian matrix.

x → f (hx, βi)hx, vi2 ,

In the following, we state similar bounds on functions of the following form

P

n
1X
f (hxi , βi) − E[f (hx, βi)] > 3B
n

When n > 30L2 R2 K/B 2 , we obtain

2
Assuming
√ that n is sufficiently large, and using Lemma 34 with a = 8B p/n and b =
4eLR Kp, we obtain that  should be
s
!
r


4B 2 p
30L2 R2 Kn
p log(n)
=
log
=
O
.
n
B2
n

2 ≥

We require that the probability of the desired event is bounded by a quantity that
attains an exponential decay with rate O(p). This can be attained if

√
where ∆ = /4L K.
Next, we apply Lemma 33 and obtain that
 √ p 
√ p
R p
R p
√
|T∆ | ≤
=
.
∆
/4L K

Newton-Stein Method

n

i=1

i=1

∆=

(15)

i=1
n

i=1

22

JMLR 17(216):1-52

As before, we require that the right hand side of above inequality gets a decay with
√
rate O(p). Using Lemma 34 with a = 8B 2 K 2 p/n and b = 100LRK 1.5 p, we obtain that 
should be
s
!
r
 2 2 2

4B 2 K 2 p
50 L R Kn
p log(n)
=
log
=O
.
n
B2
n

where ∆ = /4LK 1.5 . Using Lemma 33, we have
 √ p 
p
√
R p
R p
|T∆ | ≤
=
.
1.5
∆
/4LK

Using Equation 15 and the above result combined with the union bound, we easily obtain
!
n
1X
2
2
P
sup
f (hxi , βi)hxi , vi − E[f (hx, βi)hx, vi ] > 
β∈Bp (R) n i=1
!
n
1X
2
2
≤ P max
f (hxi , βi)hxi , vi − E[f (hx, βi)hx, vi ] > /2
β∈T∆ n
i=1


n2
≤ 2|T∆ | exp − 2 2 ,
8B K

Now, since we have kf k∞ ≤ B and for fixed β and v, i = 1, 2, ..., n, f (hxi , βi)hxi , vi2 are
i.i.d. random variables. By the Hoeffding’s concentration inequality, we write
!


n
n2
1X
P
f (hxi , βi)hxi , vi2 − E[f (hx, βi)hx, vi2 ] > /2 ≤ 2 exp − 2 2 .
n
8B K
i=1

n

1X
f (hxi , βi)hxi , vi2 − E[f (hx, βi)hx, vi2 ]
n

1X

≤ max
f (hxi , βi)hxi , vi2 − E[f (hx, βi)hx, vi2 ] + .
β∈T∆ n
2

β∈Bp (R)

sup


,
4LK 1.5
and take the supremum over the corresponding feasible β-sets on both sides,

This time, we choose

+ 2∆LK 1.5 .

1X
1X
f (hxi , βi)hxi , vi2−E[f (hx, βi)hx, vi2 ] ≤
f (hxi , β 0 i)hxi , vi2− E[f (hx, β 0 i)hx, vi2 ]
n
n

n

For a net T∆ , ∀β ∈ Bp (R), ∃β 0 ∈ T∆ such that right hand side of the above inequality
is smaller than ∆LK 1.5 . Then, we can write

Erdogdu

sup

n

i=1

Newton-Stein Method

1X
f (hxi , βi)hxi , vi2 − E[f (hx, βi)hx, vi2 ] > 4BK
n

When n > 50LRK 1/2 /B, we obtain
P
β∈Bp (R)

The rate −3.2p will be important later.

B.2 Concentration of Sub-Gaussian Covariates

r
p log(n)
n

!
≤ 2e−3.2p .

In this section, we derive the analogues of the Lemmas 18 and 19 for sub-Gaussian covariates.
Note that the Lemmas in this section are more general in the sense that they also cover
the case where the covariates have bounded support. As a result, the resulting convergence
coefficients are worse compared to the previous section.

sup

n

i=1

1X
f (hxi , βi) − E[f (hx, βi)] > c1
n

r

p log(n)
n

!

≤ c2 e−c3 p ,

Lemma 20 Let xi ∈ Rp , for i = 1, ..., n, be i.i.d. sub-Gaussian random vectors with mean
0, covariance matrix Σ and sub-Gaussian norm K. Also let f : R → R be a uniformly
bounded function such that for some B > 0, we have kf k∞ < B and f is Lipschitz continuous with constant L. Then, there exists absolute constants c1 , c2 , c3 such that
P
β∈Bn (R)

where the constants depend only on the eigenvalues of Σ, bound B and radius R and subGaussian norm K.
Proof We start by defining the brackets of the form
kxk2
lβ (x) =f (hx, βi) − 
,
4E [kxk2 ]
kxk2
.
4E [kxk2 ]
uβ (x) =f (hx, βi) + 

Observe that the size of bracket [`β , uβ ] is /2, i.e., E[uβ − `β ] = /2. Now let T∆ be a
∆-net over Bp (R) where we use ∆ = /(4LE [kxk2 ]). Then ∀β ∈ Bp (R), ∃β 0 ∈ T∆ such
that f (h·, βi) falls into the bracket [`β 0 , uβ 0 ]. This can be seen by writing out the Lipschitz
property of the function f . That is,
|f (hx, βi) − f (hx, β 0 i)| ≤Lkxk2 kβ − β 0 k2 ,
≤∆Lkxk2 ,
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where the first inequality follows from Cauchy-Schwartz. Therefore, we conclude that
N[] (/2, F, L1 ) ≤ |T∆ |
23

Erdogdu

for the function class F = {f (h·, βi) : β ∈ Bp (R)}. We further have ∀β ∈ Bp (R), ∃β 0 ∈ T∆
such that

i=1

i=1

n
n
1X
1X

f (hxi , βi) − E[f (hx, βi)] ≤
uβ 0 (xi ) − E[uβ 0 (x)] + ,
n
n
2

i=1

i=1

n
n
1X
1X

f (hxi , βi) − E[f (hx, βi)] ≥
lβ 0 (xi ) − E[lβ 0 (x)] − .
n
n
2

Using the above inequalities, we have, ∀β ∈ Bp (R), ∃β 0 ∈ T∆

i=1

i=1

"
#
!
n
1X
uβ (xi ) − E[uβ (x)] > /2 + P
n

i=1

i=1

(16)

"
#
!
n
1X
lβ (xi ) + E[lβ (x)] > /2
n

max −

!
n
1X
f (hxi , βi) − E[f (hx, βi)] >  .
n

β∈T∆

("
#
) ("
#
)
n
n
1X
1X
uβ 0 (xi ) − E[uβ 0 (x)] > /2 ∪
−
lβ 0 (xi ) + E[lβ 0 (x)] > /2 ⊃
n
n
i=1
i=1
(
)
n
1X
f (hxi , βi) − E[f (hx, βi)] >  .
n

max

sup
β∈Bp (R)

β∈T∆

By the union bound, we obtain
P

≥P

In order to complete the proof, we need concentration inequalities for uβ and lβ . We state
the following lemma.

P
P

n

c

2
√
2K
√
4µ/ p

2

≤ 2e−Cn ,

2

≤ 2e−Cn ,

!

!

1X
uβ (xi ) − E[uβ (x)] > /2
n
i=1
n

i=1

B+

1X
lβ (xi ) − E[lβ (x)] > /2
n

C=
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Lemma 21 There exists a constant C depending on the eigenvalues of Σ and B such that,
for each β ∈ Bp (R) and for some 0 <  < 1, we have

where

for an absolute constant c.

√
√
Remark 22 Note that µ = E[kxk2 ] = O( p) and hence µ/ p = O(1).

24

(17)

√

gβ (x) = uβ (x) − E[uβ (x)].

2K/4K 0 is a constant and we also assumed  < 1. Now, define the function

i=1

!
n
1X
2
0 2
gβ (xi ) > /2 ≤2e−cn /(B+C )
n

P

β∈Bp (R)

sup

1
n

i=1

n
X

25

f (hxi , βi) − E[f (hx, βi)] > 

!
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2

≤ 4|T∆ |e−Cn .

Using the above lemma with the union bound over the set T∆ , we can write

where c is an absolute constant. The same argument also holds for lβ (x).

P

Then, by the Hoeffding-type inequality for the sub-Gaussian random variables, we obtain

kgβ (x)kψ2 ≤ 2B + 2C .

0

Note that gβ (x) is a centered sub-Gaussian random variable with sub-Gaussian norm

where C 0 =

≤ B + C0

kuβ (x)kψ2 ≤B +


kkxk2 kψ2
4E [kxk2 ]
p

≤ B + √ 0 K 2p
4 pK

√
Note that µ is actually of order p. Assuming that the left hand side of the above equality
√ 0
is equal to pK for some constant K 0 > 0, we can conclude that the random variable
kxk2
uβ (x) = f (hx, βi) +  4E[kxk
is also sub-Gaussian with
2]

E[kxk2 ] = µ.

Therefore kxk2 − E[kxk2 ] is a centered sub-Gaussian random variable with sub-Gaussian
√
norm bounded above by 2K 2p. We have,

≤2K p.

i=1
2

kxi k2ψ2 ,

kx2i kψ1 ,

i=1
p
X

p
X

≤2

kkxk2 k2ψ2 ≤ kkxk22 kψ1 ≤

Proof By the relation between sub-Gaussian and sub-exponential norms, we have

Newton-Stein Method

1
log(c0 /h).
Cnp

n

2c

2K
Tr(Σ)/p−16K 2

√

2

,

r

p log(n)
n

!

c2 =4,
1
1
c3 = log(7) ≤ log(log(64R2 L2 K 2 C) + 6 log(p)).
2
2

4


3 B+ √

i=1

1X
f (hxi , βi) − E[f (hx, βi)] > c1
n

c1 =

β∈Bn (R)

sup

≤ c2 e−c3 p ,

26
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Functions of this type form the summands of the Hessian matrix in GLMs.

In the following, we state the concentration results on the unbounded functions of the
form
x → f (hx, βi)hx, vi2 .

when p > e and 64R2 L2 K 2 C > e.

where

P

we obtain that there exists constants c1 , c2 , c3 such that

By the Lemma 34, choosing h2 = log(2c02 Cnp)/(2Cnp), we satisfy the above requirement.
Note that for n large enough, the condition of the lemma is easily satisfied. Hence, for


p log(2c02 Cnp)
p log(n)
2 =
=O
,
2Cn
n

h2 ≥

We will obtain an exponential decay of order p on the right hand side. For some constant
h depending on n and p, if we choose  = hp, we need

i=1

!p
√
4 2RLKp
2
e−Cn ,


= 4 exp p log(c0 p/) − Cn2 .

√
and we observe that, for the constant c0 = 4 2RLK,
!
n
1X
P
sup
f (hxi , βi) − E[f (hx, βi)] >  ≤ 4
β∈Bn (R) n

Since we can also write, by Lemma 33
 √ p 
√ 
4RLE[kxk2 ] p p
R p
≤
,
|T∆ | ≤
∆

!
√
p
4 2RLKp
≤
,


Erdogdu

Newton-Stein Method

Next, we will upper bound the target probability using the bracketing functions uβ , lβ .
We have ∀β ∈ Bp (R), ∃β 0 ∈ T∆ such that

Erdogdu

n

i=1

1X
f (hxi , βi)hxi , vi2 − E[f (hx, βi)hx, vi2 ] > c1
n

(18)

!
r
p
log (n) ≤ c2 e−p .
n0.2

kxk23

,
4E kxk23
kxk23

,
4E kxk23

,

and

sup

β∈Bp (R)

n

i=1

3K 4 p2 4/3 −α/3
 n
c2 Tr(Σ)2

1X
uβ (xi ) − E[uβ (x)] > /2
n

n

i=1

28

i=1

i=1

exp −c



Tr(Σ)(nα /)2/3
2K 2 p

.
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2 exp −c00 n2α/3 −2/3 + exp −c000 n1−2α 2 .


≤2 exp −c0 nα /p +




+ 2 exp −c00 n2α/3 −2/3 + exp −c000 n1−2α 2 ,

≤2 exp −c0 nα /p

!

!

1X
lβ (xi ) + E[lβ (x)] > /2
n

i=1

P −

P

Then, there exists constants c0 , c00 , c000 depending on the eigenvalues of Σ, B and K such
that ∀β, we have,

+

Lemma 24 For given α,  > 0, and n sufficiently large such that, ν(nα , p, , B, K, Σ) < /4
where
(




6BK 2 p
nα
3K 2 p α/3 2/3
ν(nα , p, , B, K, Σ) =:2 nα +
exp −c
+ 2 nα +
n 
c
6BK 2 p
cTr(Σ)
)
!

In order to complete the proof, we need one-sided concentration inequalities for uβ and lβ .
Handling these functions is somewhat tedious since kxk23 terms do not concentrate nicely.
We state the following lemma.

≥P

Hence, by the union bound, we obtain
"
#
!
"
#
!
n
n
1X
1X
uβ (xi ) − E[uβ (x)] > /2 + P max −
lβ (xi ) + E[lβ (x)] > /2
P max
β∈T∆ n
β∈T∆
n
i=1
i=1
!
n
1X
(19)
f (hxi , βi)hxi , vi2 − E[f (hx, βi)hx, vi2 ] >  .
n

i=1

Using the above inequalities, ∀β ∈ Bp (R), ∃β 0 ∈ T∆ , we can write
("
#
) ("
#
)
n
n
1X
1X
u 0 (x ) − E[u 0 (x)] > /2 ∪
−
lβ 0 (xi ) + E[lβ 0 (x)] > /2 ⊃
i
β
β
n
n
i=1
i=1
(
)
n
1X
f (hxi , βi)hxi , vi2 − E[f (hx, βi)hx, vi2 ] >  .
n

i=1

n
n
1X
1X

f (hxi , βi)hxi , vi2 − E[f (hx, βi)hx, vi2 ] ≥
lβ 0 (xi ) − E[lβ 0 (x)] − .
n
n
2

i=1

n
n
1X
1X

f (hxi , βi)hxi , vi2 − E[f (hx, βi)hx, vi2 ] ≤
uβ 0 (xi ) − E[uβ 0 (x)] + ,
n
n
2

Lemma 23 Let xi , for i = 1, ..., n, be i.i.d sub-Gaussian random variables with mean 0,
covariance matrix Σ and sub-Gaussian norm K. Also let f : R → R be a uniformly bounded
function such that for some B > 0, we have kf k∞ < B and f is Lipschitz continuous with
constant L. Further, let v ∈ Rp such that kvk2 = 1. Then, for n, p sufficiently large
satisfying
n0.2 / log(n) & p,

β∈Bp (R)

sup

there exist constants c1 , c2 depending on L, B, R and the eigenvalues of Σ such that, we
have
P

Proof We define the brackets of the form
lβ (x) =f (hx, βi)hx, vi2 − 
uβ (x) =f (hx, βi)hx, vi2 + 
and we observe that the bracket [`β , uβ ] has size /2 in L1 , that is,



,
4LE kxk23

E [|uβ (x) − lβ (x)|] = /2.
Next, for the following constant
∆=


f (hx, βi) − f (hx, β 0 i)

we define a ∆-net over Bp (R) and call it T∆ . Then, ∀β ∈ Bp (R), ∃β 0 ∈ T∆ such that
f (h·, βi)h·, vi2 belongs to the bracket [`β 0 , uβ 0 ]. This can be seen by writing the Lipschitz
continuity of the function f , i.e.,
f (hx, βi)hx, vi2 − f (hx, β 0 i)hx, vi2 =hx, vi2

≤Lkxk22 kvk22 hx, β − β 0 i ,

≤Lkxk23 kβ − β 0 k2 ,

≤∆Lkxk23 ,

where we used Cauchy-Schwartz to obtain the above inequalities. Hence, we may conclude
that for the bracketing functions given in Equation 18, the corresponding bracketing number
of the function class
F = {f (h·, βi)h·, vi2 : β ∈ Bp (R)}
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is bounded
by the covering number of the ball of radius R for the given scale ∆ =
 above

/(4LE kxk23 ), i.e.,
N[] (/2, F, L1 ) ≤ |T∆ |.

27

≤Bkxk22 + 

|ũβ (x)| ≤Bkxk22 + 

1≤i≤n

kxk32

 + Bλmax (Σ) + /4.
4E kxk32

kxk32
 + E[uβ (x)],

4E kxk32

≤nP (|ũβ (x)| ≥ nα ) .

=1 − (1 − P (|ũβ (x)| ≥ nα ))n ,

=1 − P (|ũβ (x)| < nα )n ,

(21)

29



cs2
P (kxk2 > s) ≤ 2 exp −
,
2
2pK
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(22)

Using this and the relation between sub-Gaussian and sub-exponential norms as in Equation 17, we have kkxk2 k2ψ2 ≤ 2K 2 p. This provides the following tail bound for kxk2 ,

w∈S p−1

K = sup khw, xikψ2 = kxkψ2 .

Since x is a sub-Gaussian random variable with kxkψ2 = K, we have

Therefore, if t > 3Bλmax (Σ) and for  small, we can write
)
(

kxk3
{|ũβ (x)| > t} ⊂ Bkxk22 > t/3 ∪   2 3  > t/3 .
4E kxk2

Also, note that

1≤i≤n

We need to bound the right hand side of the above equation. For the second term, since
ũβ (xi )’s are i.i.d. centered random variables, we have




P max |ũβ (xi )| ≥ nα =1 − P max |ũβ (xi )| < nα ,

1≤i≤n

We will derive the result for the upper bracket, ũ, and skip the proof for the lower bracket
˜l as it follows from the same steps. We write,
!
!
n
n
1X
1X
ũβ (xi ) > /2 ≤P
ũβ (xi ) > /2, max |ũβ (xi )| < nα
P
1≤i≤n
n
n
i=1
i=1


(20)
+ P max |ũβ (xi )| ≥ nα .

ũβ (w) = uβ (w) − E[uβ (x)],
˜lβ (w) = lβ (w) − E[lβ (x)].

Proof For the sake of simplicity, we define the functions

Newton-Stein Method

30

∞
nα

By Lemma 30, we can write
Z
h
i
|µ| = E ũβ (x)I{|ũβ (x)|>nα } ≤nα P(|ũβ (x)| > nα ) +
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P(|ũβ (x)| > t)dt.

where we used the Hoeffding’s concentration inequality for the bounded random variables.
Further, note that
h
i
0 = E[ũβ (x)] = µ + E ũβ (x)I{|ũβ (x)|>nα } .

Next, we focus on the first term in Equation 20. Let µ = E[ũβ (x)I{|ũβ (x)|<nα } ], and
write
!
!
n
n
1X
1X


P
ũβ (xi ) > ; max |ũβ (xi )| < nα ≤P
ũβ (xi )I{|ũβ (xi )|<nα } >
,
n
2 1≤i≤n
n
2
i=1
i=1
!
n
1X

=P
ũβ (xi )I{|ũβ (xi )|<nα } − µ > − µ
n
2
i=1
 1−2α 


2
n

≤ exp −
−µ
,
2
2

where c is the same absolute constant as in Equation 22.
Now for α > 0 such that t = nα > 3Bλmax (Σ) (we will justify this assumption for a
particular choice of α later), we combine the above results,
!


t
Tr(Σ)(t/)2/3
P (|ũβ (x)| > t) ≤ 2 exp −c
+
2
exp
−c
.
(23)
6BK 2 p
2K 2 p

Using the above inequality, we can write
!


kxk3
4
P   2 3  > t/3 ≤P kxk32 > Tr(Σ)3/2 t ,
3
4E kxk2
!
 1/3
4t
Tr(Σ)1/2 ,
=P kxk2 >
3
!
Tr(Σ)(t/)2/3
≤2 exp −c
,
2K 2 p




3/2
E kxk32 ≥ E kxk22
= Tr(Σ)3/2 .

where c is an absolute constant. Using the above tail bound, we can write,




1
t
.
P kxk22 >
t ≤ 2 exp −c
2
3B
6BK p


For the next term in Equation 21, we need a lower bound for E kxk32 . We use a modified
version of the Hölder’s inequality and obtain

Erdogdu

Newton-Stein Method

nα
6BK 2 p


+ 2nα exp −c

Tr(Σ)(nα /)2/3
2K 2 p

!
.

The first term on the right hand side can be easily bounded by using Equation 23, i.e.,

nα P(|ũβ (x)| > nα ) ≤ 2nα exp −c
For the second term, using Equation 23 once again, we obtain
!


Z ∞
Z ∞
Z ∞
2/3
t
Tr(Σ)(t/)
P(|ũβ (x)| > t)dt ≤2
exp −c
dt + 2
exp −c
dt,
6BK 2 p
2K 2 p
nα
nα
nα
!


Z
∞
Tr(Σ)(t/)2/3
12BK 2 p
nα
exp −c
+2
dt.
exp −c
c
6BK 2 p
2K 2 p
nα
=

Next, we apply Lemma 31 to bound the second term on the right hand side. That is, we
have
!
Z ∞
Tr(Σ)(t/)2/3
exp −c
dt
2K 2 p
nα
!


3K 2 p α/3 2/3
3K 4 p2 4/3 −α/3
Tr(Σ)(nα /)2/3
n  + 2
 n
exp −c
.
cTr(Σ)
c Tr(Σ)2
2K 2 p
≤

Combining the above results, we can write




6BK 2 p
nα
|µ| ≤2 nα +
exp −c
c
6BK 2 p
!


3K 2 p α/3 2/3
3K 4 p2 4/3 −α/3
Tr(Σ)(nα /)2/3
+ 2 nα +
n  + 2
 n
exp −c
,
cTr(Σ)
c Tr(Σ)2
2K 2 p
=:ν(nα , p, , B, K, Σ).

Notice that, the upper bound on |µ|, namely ν(nα , p, , B, K, Σ), is close to 0 when n is
large. This is because of exponentially decaying functions that dominates the other terms.
We assume that n is sufficiently large that the upper bound for |µ| is less than /4. For the
value of α, we will choose α = 0.4 later in the proof.
Applying this bounds in Equation 20, we obtain
P
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!


n
nα
1X
ũβ (xi ) > /2 ≤2 exp −c
n
6BK 2 p
i=1
!


Tr(Σ)(nα /)2/3
n1−2α 2
+ 2 exp −c
+ exp −
 ,
2K 2 p
32




=2 exp −c0 nα /p + 2 exp −c00 n2α/3 −2/3 + exp −c000 n1−2α 2 ,
31

where

Erdogdu

c
,
c0 =
6BK 2
cTr(Σ)/p
cλmin (Σ)
c00 =
≥
,
2K 2
2K 2
1
.
32
c000 =

Hence, the proof is completed for the upper bracket.
The proof for the lower brackets lβ (x) follows from exactly the same steps and omitted
here.

Applying the above lemma on Equation 19, for α > 0, we obtain
!
n
1X
sup
P
f (hx , βi)hx , vi2 − E[f (hx, βi)hx, vi2 ] > 
(24)
i
i
β∈Bn (R) n i=1




≤ 4|T∆ | exp −c0 nα /p + 4|T∆ | exp −c00 n2α/3 −2/3 + 2|T∆ | exp −c000 n1−2α 2 .

Observe that we can write, by Lemma 33
 √ p  √
p
4 pRLE[kxk23 ]
R p
=
.
|T∆ | ≤
∆

√
Also, recall that kxk2 was a sub-Gaussian random variable with kkxk2 kψ2 ≤ K 2p. Using
the definition of sub-Gaussian norm, we have

p
1
√ E[kxk23 ]1/3 ≤kkxk2 kψ2 ≤ 2p K, =⇒ E[kxk23 ] ≤ 15K 3 p3/2 .
3

60RLK 3 p2


=

K 0 p2


Therefore, we have E[kxk23 ] = O(p3/2 ) (recall that we had a lower bound of the same order).
We define a constant K 0 , and as  is small, we have

p 
p
,
|T∆ | ≤

(25)

where we let K 0 = 60RLK 3 . We will show that each term on the right hand side of
Equation 24 decays exponentially with a rate of order p. For the first term, for s > 0, we
write



|T∆ | exp −c0 nα /p = exp −c0 nα /p + p log(K 0 ) + 2p log(p) + p log(−1 ) ,

≤ exp −c0 nα /p + 2p log(K 0 p/) .

(26)
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Similarly for the second and third terms, we write




|T∆ | exp −c00 n2α/3 −2/3 ≤ exp −c00 n2α/3 −2/3 + 2p log(K 0 p/) ,


|T∆ | exp −c000 n1−2α 2 ≤ exp −c000 n1−2α 2 + 2p log(K 0 p/) .

32

00

 ≥2p log(K 00 p/),

(29)

(28)

(27)
0

(31)

Qt−1

0

≤ β̂ t − β∗ − γQt ∇β `(β̂ t ) t−1
Q
Z 1
t −1/2
t 1/2
≤ [Q ]
− γ[Q ]
∇2β `(β∗ + ξ(β̂ t − β∗ ))dξ

2

β̂ t − β∗

2

.

(32)

2

≤ Qt

2

[Qt ]−1 −

0

Z

1

∇2β `(β∗ + ξ(β̂ t − β∗ ))dξ

2

β̂ t − β∗

2

,

1

∇2β `(β∗ + ξ(β̂ t − β∗ ))dξ

2

≤ [Qt ]−1 − E(β̂ t )

2

0

2
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33

Lemma 25 When the covariates are sub-Gaussian, there exist constants C1 , C2 such that,
with probability at least 1 − C1 /p2 ,

2

(33)
+ [E[xxT φ(2) (hx, β̂ t i)] − E(β̂ t )
2


Z 1
Z 1
2
t
+
∇β `(β∗ + ξ(β̂ − β∗ ))dξ − E xxT
φ(2) (hx, β∗ + ξ(β̂ t − β∗ )i)dξ
0
0


Z 1
+ E[xxT φ(2) (hx, β̂ t i)] − E xxT
φ(2) (hx, β∗ + ξ(β̂ t − β∗ )i)dξ
.

0

Z

For the first term on the right hand side, we state the following lemma.

[Qt ]−1 −

Note that for a function f and fixed β, E[f (hx, βi)] = h(β) is a function of β. With a slight
abuse of notation, we write E[f (hx, β̂i)] = h(β̂) as a random variable. We have

where we have set step size γ = 1. First, we will bound the second term on the right hand
side. We define the following,
h
i
h
i
E(β) = E φ(2) (hx, βi) Σ + E φ(4) (hx, βi) Σββ T Σ .

β̂ t+1 − β∗

The coefficient of kβ̂ t − β∗ k2 in Equation 32 determines the convergence behavior of the
algorithm. Switching back to `2 norm, we obtain an upper bounded of the form

β̂ t+1 − β∗

b S is invertible and that [Qt ]−1 is positive
In the following, we will work on the event that Σ
definite. We later show that conditioned on E, this event holds with very high probability
when |S| is sufficiently large.
We use the nonexpensiveness of the projection PCt , i.e., for any u, u0 ∈ Rp and v = PCt (u),
v 0 = PCt (u0 ) we have hu − u0 , [Qt ]−1 (u − u0 )i ≥ hv − v 0 , [Qt ]−1 (v − v 0 )i. This simply means
that the projection decreases the distance. Therefore, we can write

Z 1
∇2β `(β∗ + ξ(β̂ t − β∗ ))dξ(β̂ t − β∗ ),
β̂ t − β∗ − γQt ∇β `(β̂ t ) = β̂ t − β∗ − γQt
0


Z 1
∇2β `(β∗ + ξ(β̂ t − β∗ ))dξ (β̂ t − β∗ ) .
= I − γQt

sections. On the event E, we write,

Erdogdu

We will provide the proofs of Theorems 4 and 8 in parallel as they follow from similar steps.
The only difference is the application of the lemmas that are provided in the previous

Appendix C. Proofs of Theorems 4 and 8

i=1

For n sufficiently large, due to exponential decay in n0.2 , the above quantity can be made
arbitrarily small. Hence, for some constants c1 , c2 , we obtain
!
r
n
1X
p
P
sup
f (hxi , βi)hxi , vi2 − E[f (hx, βi)hx, vi2 ] > c1
log
(n)
≤ c2 e−p .
n0.2
β∈Bp (R) n

which provides  < 1. Note that this choice of α also justifies the assumption used to
derive Equation 23. One can easily check that α = 0.4 implies that the first and the second
statements in Equation 27 are satisfied for sufficiently large n.
It remains to check whether ν(nα , p, , B, K, Σ) < /4 (in Lemma 24) for this particular
choice of α and . It suffices to consider only the dominant terms in the definition of ν. We
use the assumption on n, p and write
!


cn0.4
cTr(Σ)/p n0.8/3
0.4
0.4
0.4
ν(n , p, , B, K, Σ) .n exp −
,
(30)
+ n exp −
6BK 2 p
2K 2




c
cλmin (Σ) 0.8/3
.n0.4 exp −
n0.2 + n0.4 exp −
n
.
6BK 2
2K 2

n0.2 / log(n) & p,

where we assume that n is sufficiently large. The above statement holds for α < 1/2.
In the following, we choose α = 0.4 and use the assumption that

where K 00 = eK 0 .
We apply Lemma 34 for the last inequality in Equation 27. That is,


p
2
2 = 000 1−2α log c000 K 00 pn1−2α ,
c n

p
=O
log (n) .
n1−2α

c n

000 1−2α 2

c00 n2α/3 ≥2p log(K 00 p/)2/3 ,

c n /p ≥2p log(K p/),

0 α

We will seek values for  and α to obtain an exponential decay with rate p on the right sides
of Equations 25 and 26. That is, we need

Newton-Stein Method

≤ C2

r

≤ C30

p
,
min {|S|, n/ log(n)}

p
.
min {|S|p/ log(p), n/ log(n)}

Newton-Stein Method

[Qt ]−1 − E(β̂ t )
2

2

Similarly, when the covariates are sampled from a distribution with bounded support, there
0
exist constants C10 , C20 , C30 such that, with probability 1 − C10 e−C2 p ,
r
[Qt ]−1 − E(β̂ t )

where the constants depend on K, B and the radius R.

2

.

Proof In the following, we will only provide the proof for the bounded support case. The
proof for the sub-Gaussian covariates follows from the same steps, by only replacing Lemma
14 with Lemma 12, and Lemma 18 with Lemma 20.
Using a uniform bound on the feasible set, we write
[Qt ]−1 − E(β̂ t )
2

b S + µ̂4 (β)Σ
b S β(Σ
b S β)T − E[φ(2) (hx, βi)]Σ − E[φ(4) (hx, βi)]Σββ T Σ
≤ sup µ̂2 (β)Σ

β∈C

b S β(Σ
b S β)T − µ4 (β)Σβ(Σβ)T
+ µ̂4 (β)Σ

2

.

2

We will find an upper bound for the quantity inside the supremum. By denoting the
expectations of µ̂2 (β) and µ̂4 (β), with µ2 (β) and µ4 (β) respectively, we write

2

+ kΣk2 |µ̂2 (β) − µ2 (β)| ,
+ K |µ̂2 (β) − µ2 (β)| .

bS − Σ
≤|µ̂2 (β)| Σ
2

2

b S + µ̂4 (β)Σ
b S β(Σ
b S β)T − E[φ(2) (hx, βi)]Σ − E[φ(4) (hx, βi)]Σβ(Σβ)T
µ̂2 (β)Σ

b S − µ2 (β)Σ
≤ µ̂2 (β)Σ
2

For the first term on the right hand side, we have
b S − µ2 (β)Σ
µ̂2 (β)Σ

bS − Σ
≤B2 Σ
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By the Lemmas 14 and 18, for an absolute constant c, we have with probability 1 − 1/p2 ,
s
r
p
b S ) − µ2 (β)Σ ≤B2 c KkΣk2 log(p) + 3B2 K p log(n) ,
sup µ̂2 (β)ζr (Σ
|S|
n
2
β∈C
r
p
≤3cB2 K
,
min {p/ log(p)|S|, n/ log(n)}
r

p
.
min {p/ log(p)|S|, n/ log(n)}
=O

35

For the second term, we have

Erdogdu

b S β(Σ
b S β)T − µ4 (β)Σβ(Σβ)T
µ̂4 (β)Σ

2

2

b S ββ T Σ
b S − Σββ T Σ + |µ̂4 (β) − µ4 (β)| Σββ T Σ ,
≤ |µ̂4 (β)| Σ
2
2
n
o
b S k2 + kΣk2 Σ
b S − Σ + R2 kΣk2 |µ̂4 (β) − µ4 (β)|,
≤ B4 R2 kΣ
2
2
n
o
b S k2 + K Σ
b S − Σ + R2 K 2 |µ̂4 (β) − µ4 (β)|.
≤ B4 R2 kΣ

2

n

b

kΣS k2

+K

o

b −Σ
ΣS

2

≤cKB4 R

2

s

2K + cK

(

2

s

r

log(p)
|S|

p log(n)
n

)s

!

.

log(p)
,
|S|

log(p)
,
|S|

log(p)
log(p)
+ c2 K 2 B4 R2
,
|S|
|S|
s
!s

1+c

,

log(p)
,
|S|

!

s

log(p)
|S|

Again, by the Lemmas 14 and 18, for an absolute constant c, we have with probability
1 − 1/p2 ,
B4 R

≤2cK 2

B4 R

≤2cK 2 B4 R2

s

log(p)
|S|

≤4cK 2 B4 R2

=O

r

p log(n)
=O
n

for sufficiently large |S|, i.e., |S| ≥ c2 log(p).
Further, by Lemma 18, we have with probability 1 − 2e−p ,

β∈C

sup |µ̂4 (β) − µ4 (β)| ≤ 3B4

b

µ̂2 (β)ζr (ΣS )

−

µ2 (β)Σ

2

+ sup
β∈C

b

b

T

s

µ̂4 (β)ΣS β(ΣS β)

p
+ 4cK 2 B4 R2
min {p/ log(p)|S|, n/ log(n)}

−

µ4 (β)Σβ(Σβ)T

log(p)
+ 3B4 R2 K 2
|S|

2

r
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p log(n)
,
n

Combining the above results, for sufficiently large p, |S|, we have with probability at least
1 − 1/p2 − 2e−p ,
sup
β∈C

r
≤ 3B2 Kc

36

2

≤ C2

r

p
,
min {|S|p/ log(p), n/ log(n)}

2

2
2

+ E[zz T φ(2) (hz, β̂ t i)] − E(β̂ t )

≤ dH3 (x, z).

β∈C kvk2 =1

37
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E[xxT φ(2) (hx, β̂ t i)] − E[zz T φ(2) (hz, β̂ t i)]
h
i
h 2
i
≤ sup sup E hv, xi2 φ(2) (hx, βi) − E hv, zi2 φ(2) (hz, βi) ,

For the first term on the right hand side, we have

≤ E[xxT φ(2) (hx, β̂ t i)] − E[zz T φ(2) (hz, β̂ t i)]

E[xxT φ(2) (hx, β̂ t i)] − E(β̂ t )

Proof For a random variable z ∼ Np (0, Σ), by the triangle inequality, we write

2

≤ dH3 (x, z) + kΣk2 dH1 (x, z) + kΣk22 R2 dH2 (x, z),

for both sub-Gaussian and bounded support cases.

E[xxT φ(2) (hx, β̂ t i)] − E(β̂ t )

Lemma 26 The bias term can be upper bounded by

where the constants depend on K, B = max{B2 , B4 } and the radius R.

[Qt ]−1 − E(β̂ t )

Hence, for some constants C1 , C2 , with probability 1 − C1 /p2 , we have

r
p
p
+ 4cK 2 B4 R2
,
min {p/ log(p)|S|, n/ log(n)}
min {p/ log(p)|S|, n/ log(n)}
r
p
≤ CK max{B2 , B4 KR2 }
,
min {p/ log(p)|S|, n/ log(n)}

r
p
.
=O
min {|S|p/ log(p), n/ log(n)}

r
≤ 3B2 Kc

Newton-Stein Method

h
i
(hz, βi)]Σ + E φ(4) (hz, βi) Σββ T Σ

2

2

2

2

,

≤ dH3 (x, z) + kΣk2 dH1 (x, z) + kΣk22 R2 dH2 (x, z).

2

2

≤ δ,

38
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Proof We provide the proof for bounded support case. The proof for sub-Gaussian case
can be carried by replacing Lemma 19 with Lemma 23.
By the Fubini’s theorem, we have

q
q
p
where δ = c1 n0.2
log (n) for sub-Gaussian covariates, and δ = c1 np log (n) for covariates
with bounded support.

i=1



Z 1
Z 1
n
1X
xi xTi φ(2) (hxi , β∗ + ξ(β̂ t − β∗ )i)dξ − E xxT φ(2) (hx, β∗ + ξ(β̂ t − β∗ )i)dξ
n
0
0

Lemma 27 There exists constants c1 , c2 , c3 depending on the eigenvalues of Σ, B, L and
R such that, with probability at least 1 − c2 e−c3 p

E[xxT φ(2) (hx, β̂ t i)] − E(β̂ t )

Hence, we conclude that

≤ kΣk2 dH1 (x, z) + kΣk22 R2 dH2 (x, z).

β∈C

+ kΣk22 R2 sup E[φ(4) (hz, βi)] − E[φ(4) (hx, βi)] ,

β∈C

≤ kΣk2 sup E[φ(2) (hz, βi)] − E[φ(2) (hx, βi)]

β∈C

h
i
h
i
+ sup E φ(4) (hz, βi) Σββ T Σ − E φ(4) (hx, βi) Σββ T Σ

,

h
i
− E[φ(2) (hx, βi)]Σ − E φ(4) (hx, βi) Σββ T Σ ,

(2)

≤ sup E[φ(2) (hz, βi)]Σ − E[φ(2) (hx, βi)]Σ
β∈C

β∈C

≤ sup E[φ

β∈C

2
h
i
≤ sup E[zz T φ(2) (hz, βi)] − E[φ(2) (hx, βi)]Σ + E φ(4) (hx, βi) Σββ T Σ ,

[E[zz T φ(2) (hz, β̂ t i)] − E(β̂ t )

For the second term, we write

Erdogdu

Z

0

0

1

(

Newton-Stein Method

.

h
i
1X
xi xiT φ(2) (hxi , β∗ + ξ(β̂ t − β∗ )i)−E xxT φ(2) (hx, β∗ + ξ(β̂ t − β∗ )i)
n

2

2

dξ,



Z 1
Z 1
n
1X
φ(2) (hx, β∗ + ξ(β̂ t − β∗ )i)dξ
xi xT
φ(2) (hxi , β∗ + ξ(β̂ t − β∗ )i)dξ −E xxT
,
i
n
0
0
i=1
) 2
Z 1( X
n
h
i
1
xi xiT φ(2) (hxi , β∗ + ξ(β̂ t − β∗ )i)−E xxT φ(2) (hx, β∗ + ξ(β̂ t − β∗ )i) dξ ,
=
n
i=1
2
)
n

≤
i=1
n

h
i
1X
≤ sup
xi xiT φ(2) (hxi , βi)−E xxT φ(2) (hx, βi)
n
β∈C

i=1

n

2

Using the properties of operator norm, the above bound can be written as
n

i=1

i=1

i
h
1 X (2)
φ (hxi , βi)hxi , vi2 − E φ(2) (hx, βi)hx, vi2 ,
n

h
i
1X
sup
xi xiT φ(2) (hxi , βi) − E xxT φ(2) (hx, βi)
n
β∈C

β∈C v∈S p−1

= sup sup

where S p−1 denotes the p-dimensional unit sphere.
For ∆ = 0.25, let T∆ be an ∆-net over S p−1 . Using Lemma 32, we obtain

i=1
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!
r
p
log (n) ≤ 2e−3.2p .
n

!
n
i
h
1X
P sup sup
φ(2) (hxi , βi)hxi , vi2 − E φ(2) (hx, βi)hx, vi2 >  ,
β∈C v∈S p−1 n i=1
!
n
i
h
1X
≤ P sup sup
φ(2) (hxi , βi)hxi , vi2 − E φ(2) (hx, βi)hx, vi2 > /2 ,
β∈C v∈T∆ n i=1
!
n
h
i
1 X (2)
≤ |T |P sup
φ (hx , βi)hx , vi2 − E φ(2) (hx, βi)hx, vi2 > /2 ,
i
i
∆
β∈C n i=1
!
n
h
i
1 X (2)
φ (hxi , βi)hxi , vi2 − E φ(2) (hx, βi)hx, vi2 > /2 .
n
β∈C

= 9p P sup

n

1 X (2)
φ (hxi , βi)hxi , vi2 − E[φ(2) (hx, βi)hx, vi2 ] > 4B2 K
n

By applying Lemma 19 to the last line above, we obtain

β∈C

P sup

i=1

39

n

i=1
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h
i
1X
xi xiT φ(2) (hxi , βi) − E xxT φ(2) (hx, βi)
n

2

≤ 8B2 K

r

p
log (n).
n

Notice that 3.2 − log(9) > 1. Therefore, by choosing n large enough, on the set E, we
obtain that with probability at least 1 − 2e−p

β∈C

sup

1

φ(2) (hx, β∗ + ξ(β̂ t − β∗ )i)dξ



2

≤ C̃kβ̂ t − β∗ k2 ,

Lemma 28 There exists a constant C depending on K and L such that,

0


Z
E[xxT φ(2) (hx, β̂ t i)] − E xxT

0

1

φ(2) (hx, β∗ + ξ(β̂ t − β∗ )i)dξ



2

.

2

,

where C̃ = C for the bounded support case and C̃ = Cp1.5 for the sub-Gaussian case.

Proof By the Fubini’s theorem, we write

0

Z 1 h
n
oi
E xxT φ(2) (hx, β̂ t i) − φ(2) (hx, β∗ + ξ(β̂ t − β∗ )i) dξ


Z
E[xxT φ(2) (hx, β̂ t i)] − E xxT
=

Z

0

1

h
i
E xxT L|hx, (1 − ξ)(β̂ t − β∗ )i|

2

dξ,

2

Moving the integration out, right hand side of the above equation is smaller than
Z 1
h
n
oi
E xxT φ(2) (hx, β̂ t i) − φ(2) (hx, β∗ + ξ(β̂ t − β∗ )i)
dξ,
0

≤

0

h
i Z 1
(1 − ξ)dξ,
≤ E kxk23 kβ̂ t − β∗ k2 L

LE[kxk23 ] t
=
k
β̂
−
β
∗ k2 .
2
√
We observe that, when the covariates are supported in the ball of radius K, we have
E[kxk23 ] ≤ K 3/2 . When they are sub-Gaussian random variables with norm K, we have
E[kxk23 ] ≤ K 3 61.5 p1.5 .

0

2
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p
+ c2 kβ̂ t − β∗ k2 ,
min {|S|p/ log(p), n/ log(n)}

∇β2 `(β∗ + ξ(β̂ t − β∗ ))dξ
r

By combining the above results, for bounded covariates we obtain
Z 1
[Qt ]−1 −

≤ D(x, z) + c1

40

1

D(x, z) = dH3 (x, z) + kΣk2 dH1 (x, z) + kΣk22 R2 dH2 (x, z) .

2

, with

41
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Finally, we take into account the conditioning on the event E. Since we worked on the event
E, the probability of a desired outcome is at least P(E) − δ, where δ is either c/p2 or ce−p
depending on the distribution of the covariates. Hence, conditioned on the event E, the
probability becomes 1 − δ/P(E), which completes the proof.

kQ k2 ≤ κ.

t

This proves that, with high probability, on the event E, [Qt ]−1 is positive definite and
consequently we obtain


λmin [Qt ]−1 ≥ κ−1 .


with probability 1 − 2e−cp . When |S| > 4pC 2 max 1, 2C(B2 + 3B4 R2 λmax (Σ))κ
−cp
probability 1 − 2e , we obtain

n
o

b S − Σk2 B2 + B4 R2 kΣ
b S − Σk2 + 2B4 R2 kΣk2 ,
λmin [Qt ]−1 ≤2κ−1 − kΣ


r
r
p
p
≤2κ−1 − C
B2 + B4 R 2 C
+ 2B4 R2 kΣk2
|S|
|S|

On the event E, the first term on the right hand side is lower bounded by κ−1 . For the
other terms, we use Lemma 12 and write

b S − Σk2 − B4 R2 kΣ
b S − Σk2 kΣ
b S + Σk2 .
− B2 kΣ

kuk2 =1

n
o

b S ui + µ̂4 (β̂ t )hu, Σ
b S β̂ t i2 ,
λmin [Qt ]−1 = inf
µ̂2 (β̂ t )hu, Σ
kuk2 =1
o
n
≥ inf
µ̂2 (β̂ t )hu, Σui + µ̂4 (β̂ t )hu, Σβ̂ t i2

In the following, we will derive an upper bound for Qt 2 , which is equivalent to proving
the positive definiteness of [Qt ]−1 and finding a lower bound for k[Qt ]−1 k2 . The subGaussian case is more restrictive than the bounded support case. Therefore we derive the
bound for the sub-Gaussian case. We have

where

Z

∇2β `(β∗ + ξ(β̂ t − β∗ ))dξ
2
0
r
p
≤ D(x, z) + c1
+ c2 p1.5 kβ̂ t − β∗ k2 ,
min {|S|, n0.2 / log(n)}

[Qt ]−1 −

and for sub-Gaussian covariates, we obtain

Newton-Stein Method

(34)

 h
i
E kβ̂ t − β∗ k2
h
i
+κc2 E kβ̂ t − β∗ k22

Hence the proof follows.
42
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 h
r
h
i 
i
p
E kβ̂ t+1 − β∗ k2 ≤ 0.1 + κD(x, z) + c1 κ
E kβ̂ t − β∗ k2
min {p/ log(p)|S|, n/ log(n)}
h
i
+ c2 κE kβ̂ t − β∗ k22 .

Combining these two inequalities, we obtain

i
h
i
h
i
h
E kβ̂ t+1 − β∗ k2 =E kβ̂ t+1 − β∗ k2 ; Q + E kβ̂ t+1 − β∗ k2 ; QC ,
h
i
≤E kβ̂ t+1 − β∗ k2 ; Q + 2RP(QC ),


h
i
c
≤E kβ̂ t+1 − β∗ k2 ; Q + 2R P(E C ) + 2 ,
p
h
i

≤E kβ̂ t+1 − β∗ k2 ; Q + ,
10h
i
h
i E kβ̂ t − β∗ k2
≤E kβ̂ t+1 − β∗ k2 ; Q +
.
10

l = 1, 2.

p
min {p/ log(p)|S|, n/ log(n)}

h
i
h
i
E kβ̂ t − β∗ kl2 ; Q ≤ E kβ̂ t − β∗ kl2 ,
Similarly for the iterate β̂ t+1 , we write

where we used


r
h
i
E kβ̂ t+1 − β∗ k2 ; Q ≤ κ D(x, z) + c1

This suggests that the difference between Q and E is small. By taking expectations on both
sides over the set Q, we obtain,

P(E) ≥ P(Q) ≥ P(E) − c/p2 .

In the following, we provide the proof for Corollary 5. The proof for Corollary 9 follows
from the exact same steps.
The statement of Theorem 4 holds on the probability space with a probability lower
bounded by P(E) − c/p2 for some constant c (See previous section). Let Q denote this set,
on which the statement of the theorem holds without the conditioning on the event E. Note
that Q ⊂ E and we also have

C.1 Proof of Corollaries 5 and 9

Erdogdu

C.2 Proof of Theorem 6

Newton-Stein Method

The iterates generated by the Newton-Stein method satisfy the following inequality,


kβ̂ t+1 − β∗ k2 ≤ τ1 + τ2 kβ̂ t − β∗ k2 kβ̂ t − β∗ k2 ,

(35)

on the event Q where Q is defined in the previous section. We have observed that P(Q) ≥
P(E) − c/p2 in Equation 34. Since the coefficients τ1 and τ2 are obtained by uniform bounds
on the feasible set, the above inequality holds for every t on Q. On the event we consider,
Q ∩ {ϑ < (1 − τ1 )/τ2 }, the starting point satisfies the following

τ1 + τ2 kβ̂ 0 − β∗ k2 < 1,

≤ (τ1 + τ2 ξ) kβ̂ t − β∗ k2 .



≤ τ1 + τ2 kβ̂ t − β∗ k2 kβ̂ t − β∗ k2 ,

which implies that the sequence of iterates converges. Let ξ ∈ (, ϑ) and tξ be the last
iteration that kβ̂ t − β∗ k2 > ξ. Then, for t > tξ
kβ̂ t+1 −
β∗ k2

This convergence behavior describes a linear rate and requires at most

we have

log(/ξ)
log(τ1 + τ2 ξ)
iterations to reach a tolerance of . For t ≤
tξ ,



kβ̂ t+1 − β∗ k2 ≤ τ1 + τ2 kβ̂ t − β∗ k2 kβ̂ t − β∗ k2 ,

≤ (τ1 /ξ + τ2 ) kβ̂ t − β∗ k22 .

log (τ1 /ξ + τ2 ) kβ̂ 0 − β∗ k2

log (ξ (τ1 /ξ + τ2 ))

!

≤ log2



log (τ1 + τ2 ξ)
log ((τ1 /ξ + τ2 )(1 − τ1 )/τ2 )



.

This describes a quadratic rate and the number of iterations to reach a tolerance of ξ can
be upper bounded by
log2

log (τ1 + τ2 ξ)
log ((τ1 /ξ + τ2 )(1 − τ1 )/τ2 )

+

log(/ξ)
log(τ1 + τ2 ξ)

Therefore, the overall number of iterations to reach a tolerance of  is upper bounded by


log2
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which is a function of ξ. Therefore, we take the minimum over the feasible set and conclude
that on E ∩ {ϑ < (1 − τ1 )/τ2 }, the number of iterations to reach a tolerance of  is upper
bounded by inf ξ J (ξ) with a bad event probability of c/p2 . By conditioning on the event
E ∩ {ϑ < (1 − τ1 )/τ2 }, we conclude that with probability at least 1 − c0 /p2 , the statement
of the theorem holds for c0 = c/P(E ∩ {ϑ < (1 − τ1 )/τ2 }).
43
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Appendix D. Proof of Theorem 7


1 t
β̂ − PC (β̂ t − γQt ∇`(β̂ t ); Qt ) .
γ

We have the following projected updates


β̂ t+1 =PC β̂ t − γt Qt ∇`(β̂ t ); Qt = β̂ t − γt Dγt (β̂ t ),
where we define

Dγ (β̂ t ) =

For simplicity, we only consider the projection onto a convex set, i.e.,

1
2
PCt (β + ) = PC (β + ; Qt ) =argmin kw − β + kQ
t−1 ,
w∈C 2
1
2
=argmin kw − β + kQ
t−1 + IC (w),
w∈Rp 2

where IC (w) is the indicator function for the convex set C, i.e.
(
0
if w ∈ C,
∞
otherwise.
IC (w) =

(36)

We note that other projection methods (such as proximal mappings) are also applicable to
our update rule.
Defining the decrement λt = h∇`(β̂ t ), Dγ (β̂ t )i, we consider the following form of backtracking line search with update parameters a ∈ (0, 0.5) and b ∈ (0, 1):


while: ` β̂ t − γDγ (β̂ t ) > `(β̂ t ) − aγλt , γ ← γb.
γ = γ̄;

Depending on the projection choice, there are various other search methods that can be
applied. Before we move on to the convergence analysis, we first establish some properties
of the modified gradient Dγ .
For a given point w ∈ C, the sub-differential of the indicator function is the normal cone.
This together with Equation 36 implies that

β̂ t − γQt ∇`(β̂ t ) − PCt (β̂ t − γQt ∇`(β̂ t )) ∈ Qt ∂IC (PCt (β̂ t − γQt ∇`(β̂ t ))),

which in turn implies
n
o
γ[Qt ]−1 Dγ (β̂ t ) − Qt ∇`(β̂ t ), ∈ ∂IC (PCt (β̂ t − γQt ∇`(β̂ t ))),
and correspondingly for any β ∈ C

h[Qt ]−1 Dγ (β̂ t ) − ∇`(β̂ t ), PCt (β̂ t − γQt ∇`(β̂ t )) − βi ≥ 0.
For β = β̂ t ∈ C, this yields

(37)
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κ−1 kDγ (β̂ t )k22 ≤ hDγ (β̂ t ), [Qt ]−1 Dγ (β̂ t )i ≤ h∇`(β̂ t ), Dγt (β̂ t )i,

44

2

≤ B2
i=1

n

1X
xi xTi
n
2

≤ B2 K.

and we write the governing term as

0

Z

1

45

2

.

∇2β `(β∗ + ξ(β̂ t − β∗ ))dξ,

˜ β̂ t )
I − γQt ∇2β `(

˜ β̂ t ) =
∇2β `(

Defining the following matrix,

0

2
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This section provides a heuristic calculation for choosing a local step size when eigenvalue
thresholding is applied to the Newton-Stein method. We carry our analysis from Equation 32. The optimal local step size would be
Z 1
γ∗ = argminγ I − γQt
∇2β `(β∗ + ξ(β̂ t − β∗ ))dξ .

Appendix E. Local Step Size Selection

with probability at least P(E) − c/p2 which implies that the sequence {`(β̂ t )}t is decreasing.
We note that this event is independent of the iteration number due to uniform positive
definite condition given in E. Since ` is continuous and C is closed, ` is a closed function.
Hence, the sequence {`(β̂ t )}t must converge to a limit. This implies that aγt λt → 0. But
we have a > 0 and γt > min{γ̄, b/(κB2 K)} > 0. Therefore, we conclude that λt → 0. Using
the inequality provided in Equation 37, we conclude that kDγ (β̂ t )k2 converges to 0 which
c
implies that the algorithm converges with probability at least 1 − P(E)
p−2 , where in the last
step we conditioned on E.

Using the line search condition, we have


` β̂ t − γt Dγt (β̂ t ) − `(β̂ t ) ≤ − aγt λt ,

γt ≥ min{γ̄, b/(κB2 K)}.

and notice that the exit condition for the backtracking line search algorithm is satisfied
when γ ≤ (κB2 K)−1 . Hence, the line search returns a step size satisfying

γ 2 B2 K
`(β̂ t − γDγ (β̂ t )) ≤`(β̂ t ) − γh∇`(β̂ t ), Dγ (β̂ t )i +
kDγ (β̂ t )k22 ,
2
n
o
γ
≤`(β̂ t ) − γh∇`(β̂ t ), Dγ (β̂ t )i 1 − B2 Kκ
2

Now we move to the convergence analysis. For a step size γ, by the convexity of the
negative log-likelihood, we can write almost surely

i=1

1X
xi xTi φ(2) (hxi , β̂ t )
n

n

with probability at least P (E) − c/p2 . Also note that the Hessian of the GLM problem can
be upper bounded by

Newton-Stein Method

2



.
˜ β̂ t ) + λp Qt ∇2 `(
˜ t
λ1 Qt ∇2β `(
β β̂ )

2
,
1 + σ 2 /σ̂ 2

1+

2

√

σ̂ 2 −O( p/|S|)
σ̂ 2

,

Γ(z + 1)
< (1 + z)1−r .
Γ(z + r)

Proof We write,
E[ZI{|Z|>t} ] =

t

Z

∞

46

zf (z)dz +

t

−t
−∞

Z

zf (z)dz.
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Lemma 30 Let Z be a random variable with a density function f and cumulative distribution function F . If F C = 1 − F , then,
Z ∞
E[ZI{|Z|>t} ] ≤ tP(|Z| > t) +
P(|Z| > z)dz.

z 1−r <

Lemma 29 Let Γ denote the Gamma function. Then, for r ∈ (0, 1), we have

Appendix F. Useful Lemmas

if σ 2 is unknown.

γ=

with high probability. Whenever r is less than p/2, we suggest to use

if σ 2 were known. We also have, by the Weyl’s inequality,
r
p
b −Σ ≤C
σ̂ 2 − σ 2 ≤ Σ
,
|S|
2

γ=

The crucial observation is that the eigenvalue thresholding suggested in Erdogdu and
Montanari, 2015 estimates the smallest eigenvalue with (r + 1)-th eigenvalue (say σ̂ 2 )
which overestimates true value (say σ 2 ) in general. Even though the largest eigenvalue
˜ β̂ t ) will be close to 1, the smallest value will be σ 2 /σ̂ 2 . This will make the
of Qt ∇2β `(
optimal step size larger than 1. Hence, we suggest

Since we don’t have access to the optimal value β∗ , we cannot determine the exact value
˜ β̂ t ). Hence, we will assume that ∇2 `(
˜ t
of ∇2β `(
β β̂ ) and the current estimate are close.
In the regime n  p, and by our construction of the scaling matrix Qt , we have
h
i−1
Qt ≈ E[xxT φ(2) (hx, β̂ t i)]
and ∇2β `(β̂ t ) ≈ E[xxT φ(2) (hx, β̂ t i)].

γ∗ =

The above function is piecewise linear in γ and it can be minimized by setting
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∞

−t

Z

∞

t

−t

Z−∞
∞

Z
F (−z)dz.

F (z)dz,

F C (z)dz,

F (z)dz.

t

zf (z)dz = − tF (−t) −

zf (z)dz =tF C (t) +

F C (z)dz,

Newton-Stein Method

=zF (z) −

zf (z)dz = − zF C (z) +
Z

Using integration by parts, we obtain
Z

t

Since limz→∞ zF C (z) = limz→−∞ zF (z) = 0, we have
Z
Z
Z

−∞

= − tF (−t) −

2/3

e−c2 t

dt = 3

1/3

t

3
1/3

4c22 c1

1/3

c1

2

c1 e−c2 c1 +

Z

)

∞
1/3

c1

2/3

e−c2 c1

2

)
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Hence, we obtain the following bound,
Z ∞
Z ∞
E[ZI{|Z|>t} ] = tF C (t) +
F C (z)dz − tF (−t) −
F (−z)dz ,
t
t
Z ∞

F C (z) + F (−z)dz ,

+

P(|Z| > z)dz.

1/3

3c1

t


≤t F C (t) + F (−t) +
Z ∞

dt ≤

≤tP(|Z| > t) +

2/3

e−c2 t

2c2

Lemma 31 For positive constants c1 , c2 , we have
(
Z
∞

c1

∞

c1

2

3
2c2

2/3

de−c2 x = −2c2 xe−c2 x dx.

dt =

e−c2 x dx .

Proof By the change of variables t2/3 = x2 , we get
Z
Z ∞
2
x2 e−c2 x dx.
Next, we notice that

∞

2/3

e−c2 t

Hence, using the integration by parts, we have
(
Z

c1

47

∞

2
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e−c2 x dx =

0

Z

∞

.

0

Z

∞

dy,

1/3

e−2c2 yc1 dy,



1/3 2
−c2 y+c1

2/3

e

1/3

We will find an upper bound on the second term. Using the change of variables, x = y+c1 ,
we obtain
Z

1/3
c1

2c2 c1

1/3

e−c2 c1

2/3

≤e−c2 c1
=

Combining the above results, we complete the proof.

1
sup |hXv, vi| .
1 − 2 v∈T

Lemma 32 (Vershynin, 2010) Let X be a symmetric p×p matrix, and let T be an -net
over S p−1 . Then,
kXk2 ≤

 √ 
R p p
.


Lemma 33 Let Bp (R) ⊂ Rp be the ball of radius R centered at the origin and T be an
-net over Bp (R). Then,

|T | ≤



2b2
a

2R
√
2/ p

1/2

and

2 2
b > e,
a

Proof A similar proof appears in (Van der Vaart, 2000). The set Bp (R) can be contained
√
in a p-dimensional cube of size 2R. Consider a grid over this cube with mesh width 2/ p.
√
√
Then Bp (R) can be covered with at most (2R/(2/ p))p many cubes of edge length 2/ p.
If ones takes the projection of the centers of such cubes onto Bp (R) and considers the
circumscribed balls of radius , we may conclude that Bp (R) can be covered with at most

p
many balls of radius .



a
log
2

Lemma 34 For a, b > 0, and  satisfying
=

a
log log
2

2b2
a
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we have 2 ≥ a log(b/). Moreover, the gap in the inequality can be written as


.

2 − a log(b/) =

48
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22 22
2b2
e a ≥
.
a
a

a
log
2



2b2
a



(y) ≤ log(y).
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Inferring the ranking over a set of items, such as documents, images, movies, or URL links,
is an important learning problem with many applications in areas like web search, recommendation systems, online games, etc. An interesting problem related to rank inference is
estimating a score for each item based on a certain criterion that the items can be ranked,

1. Introduction

Rank aggregation based on pairwise comparisons over a set of items has a wide range of
applications. Although considerable research has been devoted to the development of rank
aggregation algorithms, one basic question is how to efficiently collect a large amount of
high-quality pairwise comparisons for the ranking purpose. Because of the advent of many
crowdsourcing services, a crowd of workers are often hired to conduct pairwise comparisons
with a small monetary reward for each pair they compare. Since different workers have
different levels of reliability and different pairs have different levels of ambiguity, it is
desirable to wisely allocate the limited budget for comparisons among the pairs of items and
workers so that the global ranking can be accurately inferred from the comparison results.
To this end, we model the active sampling problem in crowdsourced ranking as a Bayesian
Markov decision process, which dynamically selects item pairs and workers to improve the
ranking accuracy under a budget constraint. We further develop a computationally efficient
sampling policy based on knowledge gradient as well as a moment matching technique for
posterior approximation. Experimental evaluations on both synthetic and real data show
that the proposed policy achieves high ranking accuracy with a lower labeling cost.
Keywords: crowdsourced ranking, Bayesian, Markov decision process, dynamic programming, knowledge gradient, moment matching
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such as the score of relevance or the score of quality. Typically, both the ranking and
the scores of items can be inferred from a collection of high-quality labels on the items.
There are mainly two different types of labels. The label of the first type is associated with
each individual item in order to characterize the property of the item itself, for example,
a binary or an ordinal score (e.g., 5-point grade). The label of the second type is instead
associated with a subset of items that reveal their relative properties, for example, a partial
ranking that covers only this subset. Labels of both types can be obtained by soliciting
the knowledge of human workers, depending on whether the worker is employed to evaluate
a single item or to compare a subset of items according to a given criterion. In practice,
a binary score usually cannot fully distinguish all items and ordinal scores from different
workers are often inconsistent due to the difference in their understandings of the grades
in the ordinal scoring scheme. Therefore, the second type of labels has been more widely
adopted, which can effectively reduce the impact of misunderstanding among workers and
is more appropriate for ranking fine-grained items with a large number of graduations (e.g.,
in our real data experiment on accessing reading difficulty of an article into one of twelve
American grade levels). Moreover, empirical evidences show that the ranking accuracy of
a human worker typically decreases when he or she has to compare many items at a time.
For this reason, in this paper, we only consider the relative comparisons over pairs of items
and the label from a human worker indicates which item is preferred to the other.
The traditional approach of conducting pairwise comparisons by a small group of experts
is usually time consuming and expensive. It fails to meet the growing need of labeled data
for ranking tasks. Because of the advent of online crowdsourcing services (Howe, 2006) such
as Amazon Mechanical Turk, a more efficient and more economic approach has emerged:
a large amount of unlabeled pairs of items are posted to a crowdsourcing platform, where
a crowd of workers are hired to perform pairwise comparisons and provide labels of the
assigned pairs. Given the labels from crowd workers, we can infer a global ranking over all
items. We refer to the process of collecting pairwise labels and ranking items as crowdsourced
ranking.
Despite its availability and scalability, challenges remain in crowdsourced ranking. A
certain amount of monetary reward is paid to a worker for each pair of items he or she
compares while there is usually only a fixed amount of budget available, limiting the total number of pairwise labels we can collect. Hence, there is a need for a budget-efficient
decision process for allocating the budget over item pairs and workers. In particular, on
crowdsourcing platforms, there are unreliable workers who submit their answers quickly but
carelessly in order to obtain more monetary reward with less effort. Hence, the comparison
results provided by crowd workers often contain non-negligible noise. As a remedy, multiple
workers are hired to compare the same pair of items independently in the hope that the
correct ranking can be recovered, and that the unreliable workers can be identified by comparing their answers with the rest of workers. However, each pairwise comparison will incur
a pre-specified monetary cost. Without a careful control, such a repetitive labeling strategy
often results in too many labels on the same pair by different workers, leading to a high
cost. Furthermore, because of the diversity of their backgrounds and expertise, workers do
not always agree with each other in the results of pairwise comparisons, especially when
the two items in comparison are competitive to each other. We refer to such a competitive
pair as an ambiguous pair since the ordering of them is more difficult to be determined.
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Presumably, a greater budget should be spent on ambiguous pairs, but identifying ambiguous pairs under the budget constraint itself is a challenging problem, which requires some
effective learning scheme. Given the trade-off between the labeling cost and the quality of
ranking results, there are two fundamental challenges in crowdsourced ranking:
1. Given the inconsistent pairwise labels from crowd workers with different reliability,
how to aggregate these labels into a global ranking over items.
2. With both unreliable workers and ambiguous pairs initially unidentified, how to incorporate a learning scheme with an efficient sampling procedure (over both pairs
of items and workers) under the budget constraint to achieve the highest ranking
accuracy.
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To address these challenges, we need to first model the reliability of workers and the
ambiguity of item pairs and analyze how they influence the pairwise label. To this end, we
adopt a combination of the Bradley-Terry-Luce ranking model (Bradley and Terry, 1952;
Luce, 1959) for modeling the comparison results and the Dawid-Skene model (Dawid and
Skene, 1979) for workers’ reliability. The reason why we adopt the Bradley-Terry-Luce
model is that learning such a model will not only provide a ranking over items but also
give a score to each item, which can be useful in many applications (e.g., providing player’s
rating in chess games). We measure the quality of the ranking inferred from the collected
labels using the Kendall’s tau rank correlation coefficient (Kendall’s tau for short) with
respect to the underlying true ranking.
Under such a model and a quality measure, we propose a dynamic sampling and ranking
procedure which addresses the aforementioned two challenges in a unified framework. In
particular, we first introduce the priors for items’ latent true scores and workers’ reliability
and formulate the crowdsourced ranking problem into a finite-horizon Bayesian Markov
decision problem (MDP), whose state variables correspond to the posterior distributions
given the observed labels. Here, the number of stages is determined by the total budget, i.e.,
the total number of pairs that can be requested for labeling. As the budget level increases,
the size of the state space grows at an exponential rate, which makes the exact solving
of such a MDP problem intractable. To address the computational difficulty, we propose
an efficient sampling strategy called approximated knowledge gradient (AKG) policy based
on the popular knowledge gradient policy (Powell, 2010; Frazier, 2009; Frazier et al., 2008;
Ryzhov et al., 2012). The proposed policy dynamically chooses the next pair of items and
the worker that together lead to a maximum expected improvement in Kendall’s tau rank
correlation coefficient. Finally, to determine the global ranking that maximizes the expected
Kendall’s tau, one needs to solve a maximum linear ordering problem (Grötschel et al.,
1984), which is a NP-hard problem (and in fact, APX-hard (approximable-hard) (Mishra
and Sikdar, 2004)). To address this challenge, we propose a moment matching technique to
approximate the posteriors in parametric forms so that the linear ordering problem under
the approximated posterior can be easily solved by a simple sorting procedure.
The rest of the paper is organized as follows. In Section 2, we review the related
literature. In Section 3, we introduce the model and the proposed policy under the simplified
case where all workers are homogeneous and perfectly reliable. In Section 4, we extend our
policy to the case where the crowd workers have heterogeneous reliability. In Section 5, we
3
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present numerical results on both simulated and real datasets, followed by conclusions in
Section 6. The detailed proofs and derivations are provided in the appendix.

2. Related Work
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The dataset of partial rankings over items can be generated from a variety of sources including crowdsourcing services (Shah et al., 2016b), online competition games (e.g., Microsoft’s
TrueSkill system (Herbrich et al., 2007)), and online users’ activities such as browsing,
clicking and transactions that reveal certain preferences. Learning a global ranking of a
large set of items by aggregating a collection of partial rankings/preferences has been an
active research area for the past ten years (see, e.g., Gleich and Lim (2011); Negahban
et al. (2012); Yi et al. (2013); Shah et al. (2016a,b); Rajkumar and Agarwal (2014); Lu
and Boutilier (2014); Volkovs and Zemel (2014)). However, most work on rank aggregation
considers a static estimation problem — inferring a global ranking based on a pre-existing
dataset. The problem we consider here is related to but significantly different from these
works because we model crowdsourced ranking as a dynamic procedure where the inference
of ranking and collection of data proceed concurrently and influence each other.
The crowdsourced ranking problem we considered has a close connection with the dynamic sorting problem using noisy pairwise comparisons, which has been studied by several
authors (Ailon, 2012; Braverman and Mossel, 2008; Radinsky and Ailon, 2011; Wauthier
et al., 2013; Jamieson and Nowak, 2011). However, these papers assume the noise of pairwise comparison results has the same distribution for all pairs, which is not reasonable in
crowdsourced ranking because workers usually rank significantly different items more correctly than they do for similar items. The approaches proposed by Pfeiffer et al. (2012)
and Qian et al. (2015) assume that the labeling noise depends on the latent qualities or
features of the items. However, their approaches do not model the reliability of workers in
the decision process. In contrast, our approach allows a label’s noise to depend not only
on the items themselves, but also on the reliability of the worker who provides the label.
The ranking model adopted in this paper, which combines the Bradley-Terry-Luce model
and the Dawid-Skene model, was originally proposed in (Chen et al., 2013), which also considers a similar problem of Bayesian statistical decision-making for crowdsourced ranking.
However, the sampling strategy developed in Chen et al. (2013), which prioritizes the pair
of items and the worker with the highest information gain, is a simple heuristic without a
well-defined objective function to be optimized. In contrast, our work chooses the expected
Kendall’s tau as the objective function to maximize, which guides the development of the
knowledge gradient policy.
In addition to crowdsourced ranking, the problem of crowdsourced categorical labeling/classification has been extensively studied in the past five years. Most work aims at
solving a static problem, which infers the categorical labels and workers’ reliability based
on a static problem (see, e.g., Dawid and Skene (1979); Raykar et al. (2010); Welinder
et al. (2010); Whitehill et al. (2009); Liu et al. (2012); Gao and Zhou (2013); Zhang et al.
(2014)). Recently, some research has been devoted to dynamic sampling in crowdsourced
classification (Karger et al., 2013b,a; Bachrach et al., 2012; Ertekin et al., 2012; Kamar
et al., 2012; Ho et al., 2013; Chen et al., 2015). In particular, both Kamar et al. (2012) and
Chen et al. (2015) utilized the Markov decision process to model the budget allocation (i.e.,
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(1)


1
−1

if item i is preferred to item j by the randomly selected worker
if item j is preferred to item i by the randomly selected worker.

(2)

θi
θi + θj

and

Pr(Yij = −1) =

θj
θi + θ j

for i, j = 1, 2, . . . , K.

(3)
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5

The problem can still be formulated using a Bayesian decision process framework. However,
there are several reasons why the BTL model is favored in this paper. First of all, moment

The probabilistic model we used in (3) is the well-known Bradley-Terry-Luce (BTL)
model (Bradley and Terry, 1952; Luce, 1959). We choose this model for the distribution of
Yij because it admits a simple structure and well fits our framework of dynamic sampling.
Furthermore, our method developed for the BTL model can be easily extended to the case
of heterogeneous workers which will be studied in Section 4.
It is worthwhile to mention that other comparison models can potentially be implemented here. Considering a simplified version of the Thurstone model (Thurstone, 1927) in
which each object i has a score following N (θi , 1), then we have




θi − θj
θj − θi
√
√
Pr(Yij = 1) = Φ
and Pr(Yij = −1) = Φ
.
2
2

Pr(Yij = 1) =

The setting of homogeneous workers means the probability distribution of Yij takes the
following form

Yij =

We assume that there are K items (denoted by {1, . . . , K}) to be ranked and each item i has
an unknown latent score θi > 0 for i = 1, 2, . . . , K. Let θ = (θ1 , θ2 , . . . , θK )T , where each

3.1 Model Setup

In this section, we first consider a simplified setting where workers are homogeneous (we will
clarify the meaning of “homogeneous workers” shortly). In Section 4, we further extend the
developed method for homogeneous workers to heterogeneous workers with different levels
of reliability.

3. Crowdsourced Ranking by Homogeneous Workers

θi > θj .

We note that the latent scores naturally provide a characterization of ambiguity for a pair
of items: when the values of θi and θj are closer, the pair of item i and j is more ambiguous
in the sense that the true ordering of them is less obvious.
The way we explore the ranking of θi ’s is through the collection of workers’ preferences on
different pairs of items. Specifically, we will present only two items at a time to a worker,
who will be asked to compare these two items according to the given ranking criterion.
Each worker will not be asked to compare the same pair more than once. The results of
comparisons will be collected over time and become our historical data, based on which,
our task is to infer the true ranking π ∗ .
In this section, we consider a basic setup where the crowd workers are assumed to be
homogeneous, meaning that the probabilistic outcomes of their comparisons are only affected
by the ambiguities of pairs. More specifically, suppose a worker is randomly selected from
the crowd to compare a pair of items i and j with i < j and the comparison result is denoted
by a random variable Yij :

if and only if

latent score θi models the intensity of preference to item i under some criterion. A ranking over K items {1, 2, . . . , K} is a permutation/one-to-one mapping π : {1, 2, . . . , K} →
{1, 2, . . . , K} and π(i) is the rank of item i under π. We follow the convention that θi > θj
means item i is preferred to item j and thus item i should have a higher rank than item
j. Therefore, the underlying true ranking π ∗ over K items is determined by the ranking of
their latent scores, i.e.,

sampling over items and workers) process. Since we also adopt a Bayesian Markov decision
process with a variant of knowledge gradient policy, the spirit of our method is similar to
that in Chen et al. (2015). However, since the statistical model for a ranking problem is
fundamentally different from that of a classification problem, the Markov decision process
in this paper is significantly different from the one introduced by Chen et al. (2015) in many
aspects such as the objective function, stage-wise rewards, transition probabilities, optimal
policy, etc. For example, the policy by Chen et al. (2015) is designed to maximize the expected classification accuracy while our policy aims at maximizing the expected Kendall’s
tau with respective to the true ranking. In fact, even for a static problem with a given set of
collected data, inferring the ranking with the maximum expected Kendall’s tau is equivalent
to a NP-hard maximum linear ordering problem while classifying items with a maximum
expected accuracy can be done in closed-form by Bayesian decision rule. In this paper, we
avoid this computational challenge by exploiting the structure of the expected Kendall’s
tau and approximating the posteriors using moment matching. We also note that, although
one can view the problem of ranking K items as a problem of classifying K(K − 1)/2 pairs
(each pair is treated as an item in Chen et al. (2015)), such an approach increases the size
of the problem and ignores the dependency between pairwise labels.
In addition, it is worth to note that the problem we consider here is different from the
typical tasks in machine-learned ranking or learning to rank (Liu, 2009; Acharyya, 2013)
where some feature information is available for each item and training data is used to
calibrate some statistical models for ranking new items. In contrast to these problems,
the feature information is not necessary in our crowdsourced ranking problem. Moreover,
besides being applied to ranking items directly, our methods can be utilized to collect
training labels for learning to rank problems. According to the type of training data utilized,
statistical ranking methods can be classified into three categories (Liu, 2009; Acharyya,
2013): pointwise method, pairwise method and listwise method. The pointwise methods (Li
et al., 2008; Cooper et al., 1992; Crammer and Singer, 2001) learn a ranking model based
on the data of scores or ratings of items. The pairwise methods (Freund et al., 2003; Burges
et al., 2005; Zheng et al., 2008; Cao et al., 2006) and the listwise methods (Xu and Li,
2007; Cao et al., 2007; Taylor et al., 2008; Kuo et al., 2009) learn a ranking model using
pairwise comparison results or partial rankings over a subset of items. For the pairwise
or listwise methods, the crowdsourced ranking technique we proposed can be used as an
upstream procedure that provides high-quality pairwise/listwise comparison data which
helps increase the accuracy of the models in the aforementioned papers.
π ∗ (i) > π ∗ (j)
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(4)
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for t = 0, 1, . . . , T − 1,

Cost-Efficient Dynamic Crowdsourced Ranking

M t+1 = M t + ∆t

matching under the Thurstone model does not have closed-form solutions and hence we must
rely on numerical scheme to compute the first and second moments of the posterior. Second,
using moment matching approach, because the posterior is an n-dimensional multivariate
Gaussian distribution, we need to update n(n + 1)/2 parameters (the number of mean
parameters plus the number of off-diagonal elements of the covariance matrix) during each
iteration of the algorithm whereas with Dirichlet posterior there are only n parameters. Last
but not least, with Thurstone model the ranking is no longer a simple sorting of parameters,
which is a feature of the BTL model as shown in Theorem 2.

τ (π, π ∗ ) ≡

i6=j

K

i=1

1 Y αi −1
θi
,
B(α0 )

8

(5)

(6)
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1. In this paper, the notation Aij represents the entry in the i-th row and j-th column of matrix A.

θ ∼ Dir(α0 ) =

It is natural to assume that θ is drawn from a Dirichlet prior distribution parameterized
0 )T with α0 > 0 for all i (note that Dirichlet distribution of order K is
by α0 = (α10 , . . . , αK
i
supported on ∆). Namely,

i=1

K
n
o
X
∆ ≡ θ ∈ Rk
θi = 1, θi > 0 .

where 1{·} denotes the indicator function. Here, the numerator counts the number of pairs
that π and π ∗ agree with each other and the denominator is the total number of pairs over
K items. Hence, τ (π, π ∗ ) ∈ [0, 1] and represents the percentage of agreements between π
and π ∗ . The ranking accuracy of π is higher when τ (π, π ∗ ) is closer to one and π = π ∗ if
and only if τ (π, π ∗ ) = 1.
However, we cannot infer a ranking based on the collected data by directly maximizing
τ (π, π ∗ ) because π ∗ and θ are unknown. To address this challenge, we adopt a Bayesian
framework by proposing a prior distribution on θ and infer a ranking π that maximizes the
posterior expectation of τ (π, π ∗ ). Recall that the vector of latent scores θ is assumed to lie
in the simplex

=

|{(i, j) : i < j, (π(i) − π(j)) (π ∗ (i) − π ∗ (j)) > 0}|
K(K − 1)/2
X
2
1{π(i)>π(j)} 1{θi >θj } ,
K(K − 1)

where 0 denotes the K × K all-zero matrix.
We denote an adaptive dynamic budget allocation/sampling policy by A = {(it , jt )}t=0,1,...,T −1
where (it , jt ) = (it (M t ), jt (M t )) depends on the previous comparison results through M t .
Our goal is to find the best A so that the inferred ranking based on all the historical
comparisons (represented by M T ) achieves the highest accuracy.
To measure the accuracy of an inferred ranking π, we adopt the popular evaluation
criterion — normalized Kendall’s tau rank correlation coefficient (Kendall, 1938) between
π and π ∗ (Kendall’s tau for short):

M 0 = 0,

method allows the budget to be adaptively shifted towards the ambiguous pairs so that the
final ranking accuracy can be improved.
In particular, given the total budget T , the dynamic decision process consists of T
stages and, in stage t = 0, 1, . . . , T − 1, a pair of items (it , jt ) with it < jt is presented to a
randomly selected worker and we receive the comparison result Yit jt defined in (2) and (3).
The historical comparison results up to stage t can be summarized by a K × K matrix M t
with its entry1 Mijt equal to the number of times item i is preferred to item j up to stage
t. For each stage t where the pair (it , jt ) is compared, we define ∆t to be a sparse K × K
matrix with only one non-zero element: ∆itt jt = 1 if Yit jt = 1 and ∆jt t it = 1 if Yit jt = −1.
By its definition, M t can be updated iteratively as follows

Since each worker can compare the same pair at most once, we assume the size of
the crowd workers is large enough so that the distribution of Yij stays the same after
PK
sampling workers without replacement. Note that we can assume i=1
θi = 1 without loss
of generality since the distribution of Y in (3) remains unchanged if we multiply each θi
ij
θi
by the same positive constant. The probability θi +θ
in (3) can also be interpreted as the
j
percentage of workers in the crowd who prefer item i to item j.
Since the probabilistic model (3) does not incorporate or reveal the quality of each
worker in the comparison result, in the subsequent study of this section, we only need to
focus on how to dynamically select pairs of items to compare. The worker will be selected
randomly from the crowd. A dynamic choice over workers will be incorporated into our
method in Section 4 where the performance of workers is modeled heterogeneously.
3.2 Bayesian Decision Process
In a typical crowdsourcing marketplace, a monetary cost must be paid to a worker every
time this worker completes a task such as comparing a pair of items. We assume the cost
for each comparison is one unit and the total budget available is T units so that at most
T pairs (repetition allowed) can be compared in total. Since comparing different pairs will
generate different historical data and reveal different information about the true ranking,
it is critical to dynamically determine the right sequence of pairs to compare in order to
maximize the final ranking accuracy, especially when the budget T is small.
In the traditional offline setting, one needs to determine T pairs at a time beforehand and
request the comparisons on those pairs in a batch. The potential problem of such a static
approach is that the budget T is not spent in an efficient way to discover the true ranking.
In fact, the distribution in (3) implies that, when two items have similar latent scores,
workers will provide highly inconsistent preferences and it is hard to reach an agreement
on such a pair. In this case, the comparison results will be very noisy and one needs to
spend more budget on this pair in order to rank them correctly. In contrast, when two
items have significantly different latent scores, workers will provide consistent answers so
that the additional information we can obtain is little from repeatedly comparing the same
two items. In this case, one might want to reduce the budget on such a pair. Unfortunately,
without any prior knowledge of the latent scores, it is impossible to decide how much budget
should be spent on each pair before observing some comparison results.
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In order to efficiently allocate the limited total budget over all pairs, we consider a
dynamic crowdsourced ranking policy (Algorithm 1) where only one pair of items is selected
and presented to a worker at each time based on historical comparison results. This online
7

 and Γ(x) ≡

i=1 Γ(αi )
PK
i=1 αi

QK

Γ

0

R∞

λx−1 e−λ dλ is the gamma function. Given the

9
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where Z≥0 denotes the set of non-negative integers. The state variable makes a transition
according to (4) given the observed comparison result Yit jt , where the sampled pair (it , jt )
is determined by the policy A. The expected transition probabilities take the form of,




θi
E Pr(Yij = 1)|M t , α0 = E
M t , α0
(12)
θ i + θj




θj
E Pr(Yij = −1)|M t , α0 = E
M t , α0
(13)
θ i + θj

i,j

where EA represents the expectation over the sample paths (i.e., the sampled pairs and
outcomes) generated by the policy A.
The maximization problem in (10) can be formulated as a T -stage Bayesian Markov
decision process (MDP), where the state variable is the posterior distribution in (7) or
simply the matrix M t . The state space at each stage t denoted by S t takes the form of
n
o
X
S t = M t ∈ ZK×K
:
Mijt = t ,
(11)
≥0

A

where the dependence of h on the prior α0 is suppressed for notational simplicity. We
are interested in finding a dynamic budget allocation policy A = {(it , jt )}t=0,1,...,T −1 that
maximizes h(M T ), i.e., the final expected ranking accuracy when the budget is exhausted.
This problem can be stated as


max EA h(M T )|α0 ,
(10)

π

where the expectation is taken with respect to the posterior distribution p(θ|M t , α0 ) in (7).
We denote the corresponding maximum posterior expected accuracy by h(M t ), i.e.,


h(M t ) ≡ max E τ (π, π ∗ )|M t , α0 ,
(9)

π

is the normalization constant.
With this posterior distribution in place and with M t at any stage t, we can infer a
ranking π
bt to maximize the posterior expected ranking accuracy measured by its Kendall’s
tau with respect to π ∗ , namely, to find


π
bt ∈ arg max E τ (π, π ∗ )|M t , α0 ,
(8)

comparison data M t up to stage t and the probability distribution of each comparison result
in (3), the density function of the posterior distribution of θ takes the following form,
QK βit +α0i −1
Y  θi Mijt Y α0 −1
1
1
t
0
i=1 θi
i
p(θ|M , α ) =
θi
=
Q
t +M t , (7)
Mij
H(M t , α0 )
θi + θj
H(M t , α0 )
ji
(θ
i
i6=j
i<j i + θj )
P
t )T with β t ≡
t
where β t = (β1t , β2t , . . . , βK
i
j6=i Mij , i.e., the number of times item i is
preferred to another item up to stage t, and
QK βit +α0i −1
Z
i=1 θi
H(M t , α0 ) ≡
Q
t +M t dθ,
Mij
ji
∆
(θ
i<j i + θj )

where B(α) =
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t=0,1,...,T −1

X
R(M t , it , jt , Yit jt );

R(M t , it , jt , Yit jt ) ≡ h(M t+1 ) − h(M t ), (14)

"

t=0

0

#

#



E R(M t , it , jt , Yit jt ) M t , α0 α0 .

R(M , it , jt , Yit jt ) α

t

(15)

10
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In this section, we describe an approximated policy to solve (10), which is computationally
efficient and still provides an inferred ranking with high quality. The proposed approximation policy belongs to the family of knowledge gradient (KG) policies (Gupta and Miescke,
1996; Frazier et al., 2008; Powell, 2010; Ryzhov et al., 2012), which is essentially a singlestep look-ahead policy. In our problem, the KG policy will sample the next pair of items
with the highest expected stage-wise reward in each stage, i.e., choosing the pair (it , jt )
such that

3.3 Approximated Knowledge Gradient Policy

To address these challenges, we propose an approximated knowledge gradient policy (AKG)
in the next Section.

3. The size of the state space S t grows exponentially in t according to (11), which is
known as the curse of dimensionality that prevents us from solving (15) exactly with
the standard techniques such value iteration, policy iteration and linear programming.

2. The maximization problem (9) for solving the optimal posterior expected ranking
accuracy is essentially a linear ordering problem (Grötschel et al., 1984), which is
NP-hard in general (see Section 3.3 for more details).

1. The sophisticated form of the posterior distribution
in (7) makes

 it difficult to evaluate
the posterior expected ranking accuracy E τ (π, π ∗ )|M t , α0 in (9) and the expected
transition probabilities in (12) and (13).

From (15), it is clear that R(M t , it , jt , Yit jt ) is the stage-wise reward, which can be interpreted as the improvement of the expected ranking accuracy after receiving the comparison
result Yit jt at stage t for t = 0, 1, . . . , T − 1.
Given the Bayesian MDP in place, we can apply the dynamic programming (DP) algorithm (a.k.a. backward induction) (Puterman, 2005) to compute the optimal policy.
Although DP finds the optimal policy, its computation is intractable because:

A

t=0

T
−1
X

"T −1
X

h(M ) +

0

= h(M 0 ) + max EA

A

max E

A

and note that R(M t , it , jt , Yit jt ) = h(M t+1 )−h(M t ) only depends on M t , it , jt , Yit jt . Given
(14), the maximization problem (10) is equivalent to

h(M T ) =

for 1 ≤ i < j ≤ K and the expectation is taken over the posterior of θ in (7). To complete
the definition of our Bayesian MDP for crowdsourced ranking, we still need to define the
stage-wise reward. To this end, we rewrite h(M T ) in (10) as a telescopic sum,
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E R(M t , it , jt , Yit jt ) M t , α0


E Pr(Yij = 1)|M t , α0 R(M t , it , jt , 1)


+E Pr(Yij = −1)|M t , α0 R(M t , it , jt , −1).
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=

(it , jt ) ∈ arg maxi<j
arg maxi<j

2

2

P

i6=j

K(K − 1)

K(K − 1)

1π(i)>π(j) Pr θi > θj |M t , α0
.

(16)

(17)

Despite its simplicity and wide applicability, the implementation of the KG policy for our
problem in (16) is still
since we have to evaluate the expected

 computationally intractable
stage-wise reward E R(M t , it , jt , Yit jt ) M t , α0 , where two main challenges will arise.
First, we have to evaluate the transition probabilities (12) and (13) as well as the ranking
accuracy (9), which can be written as


h(M t ) = max E τ (π, π ∗ )|M t , α0
π
h
i
P
t
0
i6=j E 1{π(i)>π(j)} 1{θi >θj } |M , α
π

= max

π

= max
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However, due to the complicated structure of the posterior distribution p(θ|M t , α0 ) in (7),

the expected transition probabilities (12) and (13) and the posterior probability Pr θi > θj |M t , α0
in (17) do not admit a closed form so that one needs to use multidimensional numerical integral or sampling techniques to compute their
 values. Note that for each stage t, we need to
evaluate (12), (13) and Pr θi > θj |M t , α0 for all K(K − 1)/2 pairs. When these quantities
cannot be easily computed, the overall computational cost will beextremely expensive.
Second, even if the posterior probabilities Pr θi > θj |M t , α0 for all pairs are given,
the maximization problem (17) with respect to a global ranking π is still very challenging.
In fact, this problem is equivalent to the maximum linear ordering problem (MAX-LOP)
described as follows. Let G = (V, E, w) be a completed directed graph defined on a set V
of K nodes, where the edge set E contains the directed arcs between all pairs of nodes and
w(i, j) refers to the weight associated with the arc from node i to node j. A tournament
D is a sub-graph of G such that, for any pair of nodes i and j, D contains either the arc
from i to j or the arc from j to i but not both. The MAX-LOP aims to find an acyclic
tournament D with a maximum total weight on its arcs. If we interpret the arc from
node i and node j as the preference of node i to node j under a ranking criterion, each
acyclic tournament in G corresponds one-to-one to a global ranking of the
P nodes. Hence,
MAX-LOP is equivalent to finding a ranking π such that the total weight π(i)>π(j) w(i, j)
is maximized. In problem (17), the nodes correspond to the K items and the weight
w(i, j) = Pr θi > θj |M t , α0 . Unfortunately, the MAX-LOP is known to be a NP-hard
problem and in fact, APX (approximable)-complete and thus no PTAS (Polynomial Time
Approximation Scheme) under P 6= NP (Mishra
 and Sikdar, 2004).

Given these two challenges, evaluating E R(M t , it , jt , Yit jt ) M t , α0 and solving (16)
repeatedly at each stage are computationally intractable. To address this problem, we propose an approximated knowledge gradient (AKG) policy, which first replaces the stage-wise
reward (14) by an approximated but computable reward and then chooses the pair that
11

k=1
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θk2 |θ ∼ Dir(α0 )

= E

k=1

maximizes this approximated reward. Our approximation scheme starts with approximating the posterior distribution p(θ|M t , α0 ) in (7) recursively using a sequence of Dirichlet
distributions Dir(αt ) for t = 1, 2, . . . , T based on moment matching. One key benefit of
such an approximation is that, at each stage t, the approximated posterior distribution of θ
is still a Dirichlet distribution so that the NP-hard MAX-LOP problem in (17) will admit
a simple solution via a sorting procedure (see Theorem 2).
Although there exist other methods for posterior approximation, these methods cannot
be implemented as efficiently as moment matching in our application. For example, some
methods such as variational inference (e.g., Beal, 2003; Paisley et al., 2012) minimize the
KL-divergence between the exact posterior and the variational posterior, which requires an
iterative optimization algorithm as a subroutine. Other methods like Gibbs sampler are
computationally expensive in our case because the full conditional distribution does not
have a closed form to allow easy sampling. In contrast, the proposed (algorithmic) moment
matching admits a closed-form solution for approximating the posterior, which is computationally very efficient, and further provides a Dirichlet distribution as the approximated
posterior, which facilitates solving the MAX-LOP. We note that the close-form update is
critical for online crowdsourcing applications to reduce the computation time between two
stages. In practice, since the crowd workers want to maximize their return in a short period
of time, they may quit the current task if we let them wait for too long before we determine the next pair. Finally, we note that, although providing the theoretical guarantee for
such an iterative approximation is hard in the Bayesian setup, we empirically show that
the resulting AKG policy will generate a final ranking of a high accuracy with the limited
budget.
Now we formally introduce the posterior approximation and AKG policy. Suppose
θ ∼ Dir(α) for some parameters α ∈ RK . We consider a basic case where only one
comparison result Yij for a pair (i, j) with i < j has been observed. In this case, we
approximate the posterior p(θ|Yij , α) by another Dirichlet distribution Dir(α0 ) such that


E θk |θ ∼ Dir(α0 ) = E[θk |Yij , α] for k = 1, 2, . . . , K
(18)
#
#
"
"
K
K
X
X
(19)
θk2 |Yij , α .
E

This system of equations has the following explicit characterization.

αi0
α00
αj0
α00
αk0
α00

αk0 (αk0 +1)
α00 (α00 +1)

=
=
=
=



1+Y
αi + 2 ij (αi +αj )

(αi +αj +1)
 α01−Y
αj + 2 ij (αi +αj )

α0 (α0 +1)(αi +αj +2)

(α0 +1)(α
j +2)
 α01−Y
 i +α
3−Y
αj + 2 ij
αj + 2 ij (αi +αj )

α0 (αi +αj +1)
αk
for k 6= i, j
α0



3+Y
1+Y
αi + 2 ij
αi + 2 ij (αi +αj )

+

+

P

(20)
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αk (αk +1)
k6=i,j α0 (α0 +1) .

Proposition 1 Suppose θ ∼ Dir(α) and Yij is the only comparison result for i < j. Let
PK
PK
α0 = k=1
αk and α00 = k=1
αk0 . The equations (18) and (19) can be represented as


















PK




k=1







12

and

αk0 = Ck α00 for k = 1, 2, . . . , K.
(22)

t

(23)

Z

1
2

1

t

2

tαi −1 (1 − t)αj −1 dt = I 1 (αjt , αit ), (26)

π

13

π
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B(x; a, b)
where Ix (a, b) =
is known as the regularized incomplete beta function with
B(a, b)
R x a−1
R1
B(x; a, b) = 0 λ
(1 − λ)b−1 dλ and B(a, b) = 0 λa−1 (1 − λ)b−1 dλ. Note that the approximated quantities in (24), (25) and (26) are much easier to compute than the original
ones.
More importantly, the approximation (26) simplifies the NP-hard MAX-LOP in (17):




max E τ (π, π ∗ )|M t , α0 ≈ max E τ (π, π ∗ )|θ ∼ Dir(αt ) .



Pr θi > θj |M t , α0 ≈ Pr θi > θj |θ ∼ Dir(αt ) =

for t = 1, 2, . . . , T . By doing so, we approximate the posterior distribution p(θ|M t , α0 ) by
the Dirichlet distribution Dir(αt ) for t = 1, 2, . . . , T .
With p(θ|M t , α0 ) approximated by Dir(αt ), we can mitigate the two challenges mentioned at the beginning of this subsection. First, we can approximate (12) and (13) as




θi
αit
E Pr(Yij = 1) M t , α0 ≈ E
θ ∼ Dir(αt ) =
(24)
t
θi + θj
αi + αjt


αjt


θi
E Pr(Yij = −1) M t , α0 ≈ E
θ ∼ Dir(αt ) =
(25)
t
θi + θj
αi + αjt

and approximate Pr θi > θj |M t , α0 in (7) as

αt+1 = MM(αt , it , jt , Yit jt )

Although the above approximation scheme is established for only one comparison result,
it produces a Dirichlet distribution Dir(α0 ) which has the same type as the prior distribution
Dir(α). Therefore, as more comparison results are generated sequentially, we can apply this
approximation scheme iteratively after each comparison result. In particular, given a policy
A = {(it , jt )}t=0,1,...,T −1 with it < jt and the comparison results {Yit jt }t=0,1,...,T −1 , we define
αt recursively as

D−1
α00 = PK
2
k=1 Ck − D

Note that, given α, i, j and Yij , the right-hand sides of (20) are all constants so that we can
solve α0 = MM(α, i, j, Yij ) in a closed form. In fact, we denote the constants on the right
hand sides of (20) as Ci , Cj , Ck (for k 6= i, j) and D, respectively. It is easy to show that
PK
α0 = Ck α00 for k = 1, 2, . . . , K
k=1 Ck = 1. The first three equalities in (20) imply that
P k
0
0
so that the fourth equality in (20) can be represented as K
k=1 Ck (Ck α0 + 1) = D(α0 + 1).
Solving α00 from this equation leads to a closed-form for α0 = MM(α, i, j, Yij ) as follows

(21)

(27)

S

s∈S

s∈S

s∈S

2

s∈S

2

2

s∈S

2

s∈S

2

2

Pr (θi > θj |θ ∼ Dir(α)) = I 1 (αj , αi ) =

14
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1
= I 1 (αi , αj ) = Pr (θj > θi |θ ∼ Dir(α)) .
2
2

which implies E [τ (π̂ 0 , π ∗ )|θ ∼ Dir(α)] > E [τ (π̂, π ∗ )|θ ∼ Dir(α)], contradicting with the
optimality of π̂. Hence, we can have π̂(i) > π̂(j) only if αi ≥ αj , meaning that π̂ ∈ Πα .
We then show arg maxπ E [τ (π, π ∗ )|θ ∼ Dir(α)] = Πα by showing that E [τ (π, π ∗ )|θ ∼ Dir(α)]
has the same value for any π ∈ Πα . Suppose π̂ and π̂ 0 both belong to Πα and there exists
a pair i and j with i 6= j such that π̂(i) > π̂(j) and π̂ 0 (j) > π̂ 0 (i). By the definition of Πα ,
we have αi = αj so that

2

Using the fact that I 1 (a, b) is monotonically decreasing in a and monotonically increasing
2
in b and noticing that αi > αj , we have
X
X
X
X
I 1 (αj , αi ) +
I 1 (αj , αs ) +
I 1 (αs , αi ) > I 1 (αi , αj ) +
I 1 (αs , αj ) +
I 1 (αi , αs ),

s∈S

where C is the summation of the remaining terms like I 1 (αi0 , αj 0 ) which have either at least
2
one of i0 and j 0 not in S ∪ {i, j} or both i0 and j 0 in S.
Note that switching the ranks of i and j does not change the values of the terms in C.
In fact, after such a switch, we obtain a new ranking π̂ 0 whose objective value in (27) is
"
#
X
X


2
E τ (π̂ 0 , π ∗ )|θ ∼ Dir(α) =
I 1 (αj , αi ) +
I 1 (αj , αs ) +
I 1 (αs , αi ) + C .
2
2
K(K − 1) 2

s∈S

where X represents some item different from i and j and S represents the set of items
ranked between i and j. We will show that the objective value of (27) can be increased by
switching the ranks of i and j.
Recall that the expected accuracy of π̂ can be represented as
X

2
0 Pr θi0 > θj 0 |θ ∼ Dir(α)
E [τ (π̂, π ∗ )|θ ∼ Dir(α)] =
1 0
(28)
K(K − 1) 0 0 π̂(i )>π̂(j )
i 6=j
"
#
X
X
2
=
I 1 (αs , αj ) +
I 1 (αi , αs ) + C ,
I 1 (αi , αj ) +
2
2
K(K − 1) 2

Proof We first show that arg maxπ E [τ (π, π ∗ )|θ ∼ Dir(α)] ⊂ Πα . Suppose π̂ is the optimal
solution of (27) where π̂(j) > π̂(i) for a pair i and j with αi > αj . We put all items in a
row with their ranks given by π̂ decreasing from the left to the right and obtain a pattern
like
X · · · Xj X
· · X} iX · · · X,
| ·{z

π

= arg max E [τ (π, π ∗ )|θ ∼ Dir(α)]

Πα ≡ {π|π is a ranking of {1, 2, . . . , K} such that π(i) > π(j) only if αi ≥ αj for all i, j}

Theorem 2 Suppose θ ∼ Dir(α). We have

The right-hand side is still a MAX-LOP but has a special structure so that it can be solved
easily by a simple sorting procedure. In particular, the following theorem shows that when
θ ∼ Dir(α), the optimal ranking in (16) can be obtained by sorting the components of α.

The proof of Proposition 1 is provided in the Appendix. We denote any α0 that satisfies
(18) and (19), and thus (20), by

α0 = MM(α, i, j, Yij ).
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This means
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1π̂(i)>π̂(j) Pr (θi > θj |θ ∼ Dir(α)) + 1π̂(j)>π̂(i) Pr (θj > θi |θ ∼ Dir(α))

= 1π̂0 (i)>π̂0 (j) Pr (θi > θj |θ ∼ Dir(α)) + 1π̂0 (j)>π̂0 (i) Pr (θj > θi |θ ∼ Dir(α))
for any pair i and j so that E [τ (π̂, π ∗ )|θ ∼ Dir(α)] = E [τ (π̂ 0 , π ∗ )|θ ∼ Dir(α)] by the formulation (28), which completes the proof.

2

I 1 (α̂j 0 , α̂i0 ) −

X

i0 ,j 0 : παt (i0 )>παt (j 0 )

2

!
(29)

I 1 (αjt 0 , αit0 )

Given a parameter vector α, we denote any ranking in Πα by πα . Using moment
matching and Theorem 2, we can approximate the stage-wise reward R(M t , i, j, Yij ) by

X

R(M t , i, j, Yij ) = h(M t+1 ) − h(M t )




= max E τ (π, π ∗ )|M t+1 , α0 − max E τ (π, π ∗ )|M t , α0
π
π


≈ max E [τ (π, π ∗ )|θ ∼ Dir(α̂)] − max E τ (π, π ∗ )|θ ∼ Dir(αt )
π
π


= E [τ (πα̂ , π ∗ )|θ ∼ Dir(α̂)] − E τ (πα̂ , π ∗ )|θ ∼ Dir(αt )
=

2
K(K − 1)

i0 ,j 0 : πα̂ (i0 )>πα̂ (j 0 )

≡ R̃(αt , i, j, Yij )

(30)

where α̂ = MM(αt , i, j, Yij ), the third equality is from Theorem 2 and the fourth equality
is due to (26). Putting
 (16), (24), (25), and (29) together, we can approximate the expected
stage-wise reward E R(M t , i, j, Yij ) M t , α0 as

αit
αt
R̃(αt , i, j, 1) + t i t R̃(αt , i, j, −1).
αit + αjt
αi + αj



E R(M t , i, j, Yij ) M t , α0




= E Pr(Yij = 1)|M t , α0 R(αt , i, j, 1) + E Pr(Yij = −1)|M t , α0 R(M t , i, j, −1)

≈
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The proposed AKG policy will choose the pair (it , jt ) that maximizes the approximated
expected stage-wise reward in (30). As a summary, we describe the AKG policy as Algorithm 1.
It is noteworthy that it is easy to implement a batch version of Algorithm 1. In fact,
the AKG policy in Algorithm 1 is known as an index policy where the right-hand side of
(31), which calculates the marginal improvement on the ranking accuracy, can be treated
as the index for each pair of items. The AKG policy selects the pair with the highest index
at each stage. In the batch version, instead of selecting only one pair, one heuristics is to
select the top B pairs and distribute to workers simultaneously, where B is a pre-defined
batch size. Such a batch implementation can reduce the waiting time of crowd workers and
thus accelerate the ranking procedure. Moreover, the AKG policy can be combined with
some other batch optimization techniques (Wu and Frazier, 2016) to determine the optimal
set of pairs to evaluate next.
15
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Algorithm 1 Approximated Knowledge Gradient Policy with Homogeneous Workers

i<j

"
#
αit
αt
R̃(αt , i, j, 1) + t i t R̃(αt , i, j, −1)
αit + αjt
αi + αj

(31)

(32)

and present item it and item jt to a randomly selected worker and receive the comparison
result Yit jt .
According to (21) and (22), compute

(it , jt ) ∈ arg max

Initialization: Choose α0 for the prior distribution. Let M 0 be a K × K all-zero matrix.
For t = 0, . . . , T − 1 do
1: For each pair (i, j) with i < j, compute R̃(αt , i, j, 1) and R̃(αt , i, j, −1) according to
(29).
Select (it , jt ) such that
2:

3:

αt+1 = MM(αt , it , jt , Yit jt )

End For
Return: The aggregated ranking παT obtained by sorting the components of αT .

4. Crowdsourced Ranking by Heterogeneous Workers

In the previous section, we considered the setting of homogeneous workers, where the comparison results are determined only by the intrinsic latent scores of items but not by the
characteristics of workers. However, on crowdsourcing platforms, the quality of the workers
varies a lot. Some workers are less reliable or lack of the domain knowledge; some workers
are spammers, who either do not actually take a look at the assigned pairs or are robots
pretending to be human workers, and thus provide random comparison results in order to
quickly receive payment; some workers may be poorly informed (or even malicious), misunderstand the ranking criteria and thus always flip the comparison results. To identify the
reliability of a worker, one can assign the same pair of items to multiple workers and hope to
identify the unreliable ones whose labels are often different from the majority. However, the
abuse of this strategy will result in hiring too many workers and lead to a quick growth of
the monetary cost. In order to maximize the accuracy of the final ranking under the limited
amount of budget, it is critical to balance the budget spent on estimating the reliability
of the workers and learning the true ranking of the items. To formalize such trade-off, we
incorporate the reliability of each worker to our previous Bayesian MDP and generalize the
AKG policy to the heterogeneity of workers.
4.1 Model Setup

JMLR 17(217):1-40

Similar to the previous setting, we assume that each item i has an unknown latent score
θi > 0 for i = 1, 2, . . . , K which determines its true ranking π ∗ (see (1)) and θ ∼ Dir(α0 ).
In the setting of heterogeneous workers, we assume that there are M crowd workers in total,
denoted by w = 1, 2, . . . , M . If a pair of items i and j with i < j is presented to the worker

16



1
−1

if item i is preferred to item j by worker w
if item j is preferred to item i by worker w.
(33)

(35)

(34)

17
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2. We note that the full reliability does not imply that the worker is capable of identifying the latent
scores of items and always give the correct comparison result, i.e., preferring the item with a higher
latent score. Instead, being fully reliable only means the worker tries her best to provide the preference
after a careful consideration, and the inconsistency of comparisons among workers is mainly because the
intrinsic ambiguity of the pair of items.

In this section, we model the sequential decision problem with a finite budget of T in the
setting of heterogeneous workers. Since the workers now have different levels of reliability,
we can no longer randomly select a worker from the crowd in each stage. Instead, we need
to adaptively determine not only which pair of items to be compared but also who should
perform this comparison task according to the historical results so that the budget can be
gradually shifted towards more reliable workers.

4.2 Bayesian Decision Process

for 1 ≤ i < j ≤ K and w = 1, 2, . . . , M . This model can be viewed as a combination of
Dawid-Skene model for categorical labeling tasks (Dawid and Skene, 1979; Raykar et al.,
2010; Karger et al., 2013a) and Bradley-Terry-Luce (BTL) model, which was first introduced
in Chen et al. (2013). Such a mixture of BTL model is flexible and capable of modeling
various types of workers. When ρw = 1, the distribution in (34) and (35) reduces to (3), and
we refer to worker w with ρw = 1 as a “fully reliable” worker2 . Therefore, the reliability
parameter ρw can be interpreted as the probability that worker w behaves as a random
fully reliable workers in the previous section, namely, the one whose preference over a pair
i and j follows a distribution in accordance with the BTL model (3). The worker with ρw
closer to 1 is considered to be more reliable while a worker with ρw closer to 0 tends to
be a poorly informed (or malicious) one who intentionally gives answers oppositive to the
majority (truth). Also, a worker is known as a spammer if the associated ρw is near 0.5
since this worker prefers i or j in any pair i and j with an equal probability regardless of
their latent scores.
The reliability of each worker is unknown for the ranking task, which needs to be gradually identified during the comparison process. In the Bayesian framework, since the reliability parameter ρw is supported on [0, 1], it can be naturally modeled to follow a Beta prior
distribution, i.e., ρw ∼ Beta(µ0w , νw0 ), for w = 1, 2, . . . , M , where µ0 = (µ01 , µ02 , . . . , µ0M ) and
0 ) are positive parameters.
ν 0 = (ν10 , ν20 , . . . , νM

Pr(Yijw

Pr(Yijw = 1) = ρw

θj
θi
+ (1 − ρw )
θi + θj
θi + θj
θj
θi
= −1) = ρw
+ (1 − ρw )
θi + θj
θi + θj

To model the reliability for workers, we introduce M latent parameters ρ = (ρ1 , ρ2 , . . . , ρM )T
of reliability with ρw ∈ [0, 1] for worker w and assume Yijw has the following distribution

Yijw =

w, we denote the returned comparison result by a random variable Yijw such that
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Mt+1 = Mt + ∆t

for t = 0, 1, . . . , T − 1,

(36)

(37)

t
R(Mt , it , jt , wt , Yiw
) ≡ h(Mt+1 ) − h(Mt ),
t jt

t=0

#
"T −1
i
X h
0
0
0
t
0
0
0
t
E R(Mt , it , jt , wt , Yiw
)
M
,
α
,
µ
,
ν
α
,
µ
,
ν
,
t jt

(40)

(39)

(38)
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i,j,w

o
n
X
S t = M ∈ {0, 1}K×K×M :
Mijw = t .
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t
is the stage-wise reward depending on Mt ,it ,jt ,wt and Yiw
. It can be interpreted as the
t jt
improvement of the expected ranking accuracy after receiving the comparison result at stage
t. The state variable of the MDP (38) or (39) is the tensor Mt which evolves according to
(36) and the state space at each t is

where

A

h(M0 ) + max E

This maximization problem can be further reformulated in a telescopic sum

A



max EA h(MT )|α0 , µ0 , ν 0 .

The maximizer in (37) is the optimal ranking inferred from the historical comparison results
up to the stage t. Our goal is to search for the optimal policy A that maximizes the final
expected ranking accuracy h(MT ), i.e.,



h(Mt ) ≡ max E τ (π, π ∗ )|Mt , α0 , µ0 , ν 0
π

P
2 i6=j 1π(i)>π(j) Pr θi > θj |Mt , α0 , µ0 , ν 0
.
= max
π
K(K − 1)

where 0 is a K × K × M all-zero tensor. In contrast to the matrix M t in (4), each element
in the tensor Mt takes the value either zero or one because each worker is not allowed to
compare the same pair more than once. The dynamic budget allocation policy is denoted
by A = {(it , jt , wt )}t=0,1,...,T −1 where (it , jt , wt ) = (it (Mt ), jt (Mt ), wt (Mt )) depends on the
previous comparison results through Mt . The posterior distributions of θ and ρ in stage t
are denoted by p(θ|Mt , α0 , µ0 , ν 0 ) and p(ρ|Mt , α0 , µ0 , ν 0 ), respectively.
Similar to the homogeneous worker setup, we adopt the Kendall’s tau (5) to measure
the ranking accuracy. At each stage t, we denote the maximum posterior expected ranking
accuracy by (with a slight abuse of notation)

M0 = 0,

Suppose a pair of items (it , jt ) with it < jt is compared by a worker wt in stage t and
t
defined in (33). The historical comparison results up to stage
the comparison result is Yiw
t jt
t can be summarized by a K × K × M tensor Mt , which is updated iteratively as follows.
In particular, at each stage t, we define ∆t to be a sparse K × K × M tensor with only
t
t
= −1, ∆tjt it wt = 1. Let
= 1, ∆tit jt wt = 1 and if Yiw
non-zero element: if Yiw
t jt
t jt
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The expected transition probabilities of MDP (38) are




θj
θ
i
(41)
+ (1 − ρw )
Mt , α0 , µ0 , ν 0
E Pr(Yijw = 1)|Mt , α0 , µ0 , ν 0 = E ρw
θi + θj
θi + θj




θj
θi
E Pr(Yijw = −1)|Mt , α0 , µ0 , ν 0 = E ρw
Mt , α0 , µ0 , ν 0
(42)
+ (1 − ρw )
θi + θj
θi + θj
for i, j = 1, 2, . . . , K and w = 1, 2, . . . , M . So far, we have modeled the sequential budget
allocation in the heterogeneous worker setting as a Bayesian MDP. Due to the similar reasons
that have been explained in Section 3.2, although the dynamic programming can be directly
applied to solve the Bayesian MDP and obtain the optimal policy, it is computationally
intractable. In fact, the Bayesian MDP (39) is even more challenging to solve than that
for the homogeneous worker setting due to a much larger state space after introducing the
reliability of workers. In the next subsection, we will propose a computationally efficient
approximated knowledge gradient policy for (39).
4.3 Approximated Knowledge Gradient Policy
To solve the Bayesian MDP (39), we still consider the family of knowledge gradient (KG)
policies. In our problem, the KG policy will select the pair of items and the worker that
together give the highest expected stage-wise reward. In particular, at the t-stage, the KG
policy for (39) will choose the pair (it , jt ) and the worker wt such that


(it , jt , wt ) ∈ arg max E R(Mt , i, j, w, Yijw ) Mt , α0 , µ0 , ν 0
(43)
i<j,w



= arg max E Pr(Yijw = 1)|Mt , α0 , µ0 , ν 0 R(Mt , i, j, w, 1)
i<j,w



+E Pr(Yijw = −1)|Mt , α0 , µ0 , ν 0 R(Mt , i, j, w, −1) .
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To implement the KG policy (43), we encounter the same difficulties as when we
implemented (16). Specifically, since the posterior distributions p(θ|Mt , α0 , µ0 , ν 0 ) and
p(ρ|Mt , α0 , µ0 , ν 0 ) are sophisticated and the MAX-LOP problem (37) is NP-hard, we cannot efficiently evaluate the stage-wise reward (40) and the transition probabilities (41) and
(42). To obtain a computationally efficient policy, we follow the techniques in Section
3.3 to approximate the posterior distributions p(θ|Mt , α0 , µ0 , ν 0 ) and p(ρw |Mt , α0 , µ0 , ν 0 )
recursively using a sequence of Dirichlet distributions Dir(αt ) and a sequence of beta distrit , ν t ), respectively, for w = 1, 2, . . . , M and t = 1, 2, . . . , T . The parameters
butions Beta(µw
w
t ), µt = (µt , µt , . . . , µt ) and ν t = (ν t , ν t , . . . , ν t ) will be chosen recurαt (α1t , α2t , . . . , αK
1 2
1 2
M
M
sively based on moment matching.
Suppose θ ∼ Dir(α) for some parameter vector α ∈ RK and ρw ∼ Beta(µw , νw ) for each
w with µ = (µ1 , µ2 , . . . , µM ) and ν = (ν1 , ν2 , . . . , νM ). We consider a basic scenario where
only one comparison result Yijw from worker w for a pair (i, j) has been observed. We can
approximate p(θ|Yijw , α, µ, ν) by a Dirichlet distribution Dir(α0 ) and p(ρw |Yijw , α, µ, ν) by
19
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K
X

θk2 |θ ∼ Dir(α0 )

= E

k=1

K
X

θk2 |Yijw , α, µ, ν

(47)

(46)

(45)



E θk |θ ∼ Dir(α0 ) = E[θk |Yijw , α, µ, ν] for k = 1, 2, . . . , K (44)
#
"
#

0 , ν 0 ) such that
a Beta distribution Beta(µw
w

E

k=1





E ρ |ρ ∼ Beta(µ0 , ν 0 ) = E ρ |Yijw , α, µ, ν
w
w
w
w
w
 2

 2

0
E ρw
+ (1 − ρw )2 |ρw ∼ Beta(µw
, νw0 ) = E ρw
+ (1 − ρw )2 |Yijw , α, µ, ν .

Note that we do not need to approximate p(ρw0 |Yijw , α, µ, ν) for w0 6= w since the worker w0
has not performed any comparison so that p(ρw0 |Yijw , α, µ, ν) is still the prior distribution
Beta(µw0 , νw0 ). This system of equations has the following explicit characterization.

αi0
α00
αj0
α00
αk0
α00
αk0 (αk0 +1)
k=1 α00 (α00 +1)

PK

0
µw
0 +ν 0
µw
w
0 (µ0 +1)+ν 0 (ν 0 +1)
µw
w
w w
0 +ν 0 )(µ0 +ν 0 +1)
(µw
w
w
w

=
=
=
=

=
=

[(1+Yijw )µw +(1−Yijw )νw ]αi
[(1+Yijw )µw +(1−Yijw )νw ]αi +[(1+Yijw )νw +(1−Yijw )µw ]αj .

+(1 − ηijw )

(α +1)(αi +αj )
αi (αi +αj )
ηijw i
+ (1 − ηijw ) α0 (α
α
0 (αi +αj +1)
i +αj +1)
αj (αi +αj )
(α +1)(α +α )
ηijw α0 (α
+ (1 − ηijw ) α0j (αi +αij +1)j
i +αj +1)
αk
for
k
=
6
i,
j
α0
(αi +1)(αi +2)(αi +αj )
α (α +1)(αi +αj )
η
+ (1 − η ) i i
ijw
ijw
α
α
0 (α0 +1)(αi +αj +2)
0 (α0 +1)(αi +αj +2)
(α +1)(αj +2)(αi +αj )
αj (αj +1)(αi +αj )
+ηijw α0 (α
+ (1 − ηijw ) α0j (α0 +1)(α
0 +1)(αi +αj +2)
i +αj +2)
P
(α
k +1)
+ k6=i,j ααk (α
+1)
0
0
µw +(1+Yijw )/2
µw +(1−Yijw )/2
ηijw µw +νw +1
+ (1 − ηijw ) µw +νw +1
(µw +(1+Yijw )/2)(µw +(3+Yijw )/2)
ηijw
(µ +ν +1)(µw +νw +2)
w
w
(µw +(1−Yijw )/2)(µw +(3−Yijw )/2)
+(1 − ηijw )
(µw +νw +1)(µw +νw +2)
(νw +(1−Yijw )/2)(νw +(3−Yijw )/2)
+ηijw
(µw +νw +1)(µw +νw +2)
(νw +(1+Yijw )/2)(νw +(3+Yijw )/2)
.
(µw +νw +1)(µw +νw +2)

(48)

Proposition 3 Suppose θ ∼ Dir(α) and ρ ∼ Beta(µ , ν ) for worker w and Yijw is the
w
w
w
PK
PK
αk0 . The equations (44), (45),
only comparison result. Let α0 = k=1
αk and α00 = k=1
(46) and (47) can be represented as























































where ηijw =

and

0
(µw
, νw0 ) = MMµν (α, i, j, w, Yijw ).

(49)

0 and ν 0 that
The proof of Proposition 3 is given in Appendix. We denote any α0 , µw
w
satisfy (44), (45), (46) and (47), and thus (48), by

α0 = MMα (α, i, j, w, Yijw )
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Although the equations in Proposition 3 are more complicated than those in Proposition 1,
the right-hand sides of (48) are still constants for any given i, j, w, Yijw , α, µw and νw so
0 , ν 0 ) = MM (α, i, j, w, Y w ) can be solved in
that both α0 = MMα (α, i, j, w, Yijw ) and (µw
µν
w
ij
a closed form. In fact, we denote the constants on the right-hand sides of (20) as Ci , Cj ,
PK
Ck (for k 6= i, j), D, E and F , respectively. It is easy to see that k=1
Ck = 1. By the

20

and

αk0 = Ck α00 for k = 1, 2, . . . , K,
(50)

and

(F − 1)(1 − E)
νw0 = 2
.
E + (1 − E)2 − F
(51)

if w = wt
if w =
6 wt
(53)

(52)

21

2

, i, j, w, Yijw )

πα̂ (i )>πα̂ (j )

παt (i )>παt (j )

(57)

(58)
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5. Experiment

When the workers have various levels of reliability, our AKG policy will choose the pair
(it , jt ) and present it to worker wt so that (58) is maximized. The AKG policy for the
setting of heterogeneous workers is formally presented as Algorithm 2. Note that when
ρw = 1 for all w, we do not need to solve (46) and (47) anymore and thus the rest of the
problem reduces to the homogeneous setting.



E R(Mt , i, j, w, Yijw ) M t , α0 , µ0 , ν 0


= E Pr(Yijw = 1) Mt , α0 , µ0 , ν 0 R(αt , i, j, w, 1)


+E Pr(Yijw = −1) Mt , α0 , µ0 , ν 0 R(αt , i, j, w, −1)
!
αjt
µtw
αit
νwt
≈
+ t
R̃(αt , i, j, w, 1)
µtw + νwt αit + αjt
µw + νwt αit + αjt
!
αjt
µtw
νwt
αit
+
+
R̃(αt , i, j, w, −1).
µtw + νwt αit + αjt
µtw + νwt αit + αjt

where α̂ = MMα (αt , i, j, w, Yijw ). Putting (54), (55), (56) and (57) together, we can aph
i
proximate the expected stage-wise reward E R(Mt , i, j, w, Yijw ) M t , α0 , µ0 , ν 0 as

≡ R̃(α

t





R(Mt , i, j, w, Yijw ) = max E τ (π, π ∗ )|Mt+1 , α0 , µ0 , ν 0 − max E τ (π, π ∗ )|Mt , α0 , µ0 , ν 0
π
π


≈ max E [τ (π, π ∗ )|θ ∼ Dir(α̂)] − max E τ (π, π ∗ )|θ ∼ Dir(αt )
π
π


X
X
2
t
t

=
I 1 (αj 0 , αi0 )
I 1 (α̂j 0 , α̂i0 ) −
2
2
K(K − 1)
0
0
0
0

(56)

(55)

π

where the right-hand side can be solved easily by sorting of the components of αt according
to Theorem 2.
Similar to (29), the stage-wise reward is approximated as

π





max E τ (π, π ∗ )|Mt , α0 , µ0 , ν 0 ≈ max E τ (π, π ∗ )|θ ∼ Dir(αt ) ,

The approximation (56) helps to simplify the NP-hard MAX-LOP in (37) as
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In this section, we conduct empirical studies using both simulated and real data. We compare the proposed AKG algorithms to some existing methods in terms of ranking accuracy
versus different levels of budget as well as computation time. We also show some interesting
properties of the proposed AKG policies, e.g., how budget will be allocated over pairs of
items with different levels of ambiguity and workers with different levels of reliability. The
ranking accuracy is evaluated using the Kendall’s tau as defined in (5).



E Pr(Yijw = −1) Mt , α0 , µ0 , ν 0


θj
θi
≈ E ρw
+ (1 − ρw )
θ ∼ Dir(αt ), ρw ∼ Beta(µtw , νwt )
θ i + θj
θi + θj
t
t
t
α
µw
ν
αt
j
=
+ t w t t i t
µtw + νwt αit + αjt
µw + νw αi + αj


and approximate Pr θi > θj |Mt , α0 , µ0 , ν 0 in (37) as


Pr θi > θj |Mt , α0 , µ0 , ν 0 ≈ Pr θi > θj |θ ∼ Dir(αt ) = I 1 (αjt , αit ).

and

for t = 1, 2, . . . , T . The posterior distributions p(θ|Mt , α0 , µ0 , ν 0 ) and p(ρ|Mt , α0 , µ0 , ν 0 )
can be approximated by Dir(αt ) and Πw=1,...,M Beta(µtw , νwt ), respectively.
Following the same strategy as in (24) and (25), we can approximate (41) and (42) as


E Pr(Yijw = 1) Mt , α0 , µ0 , ν 0
(54)


θj
θi
t
t
t
≈ E ρw
+ (1 − ρw )
θ ∼ Dir(α ), ρw ∼ Beta(µw , νw )
θ i + θj
θi + θj
αjt
νwt
µtw
αit
+
=
t
t
t
µtw + νwt αi + αj
µtw + νwt αi + αjt

t
αt+1 = MMα (αt , it , jt , wt , Yiw
)
t jt

t , i , j , w , Y wt )
MM
(α
µν
t t
t it jt
t+1
(µt+1
w , νw ) =
(µtw , νwt )

Although the approximate scheme above is derived when there is only one comparison result, it generates a Dirichlet distribution Dir(α0 ) for θ and a Beta distribution Beta(µ0w , νw0 )
for ρw and does not change the Beta distribution Beta(µw0 , νw0 ) for w0 6= w. The fact that the
approximated posteriors take the same form as the priors suggests that we can apply this approximation scheme iteratively to approximate p(θ|Mt , α0 , µ0 , ν 0 ) and p(ρ|Mt , α0 , µ0 , ν 0 )
for any given policy A = {(it , jt , wt )}t=0,1,...,T −1 . In particular, let αt , µt and ν t be the
sequences of parameters generated recursively as follows

(F − 1)E
µ0w = 2
E + (1 − E)2 − F

which takes the same form as (22) but with the constants Ck for k = 1, 2, . . . , K defined
differently (which involve the information of worker w, i.e., µw and νw ). Similarly, solving
µ0w and νw0 from the last two equations in (48), we obtain the following closed form for
(µ0w , νw0 ) = MMµν (α, i, j, w, Yijw )

D−1
α00 = PK
2
k=1 Ck − D

same derivation for (22), we obtain the following closed form for α0 = MMα (α, i, j, w, Yijw )
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Algorithm 2 Approximated Knowledge Gradient Policy with Heterogeneous Workers

i<j, w

arg max

"

!
!
R̃(αt , i, j, w, −1)

R̃(αt , i, j, w, 1)

t
αt
νt
µw
αt
j
+ t w t t i t
t + ν t αt + αt
µw
µw + νw αi + αj
w i
j

t
αjt
νt
µw
αit
+ t w t t
t + ν t αt + αt
µw
µw + νw αi + αjt
w i
j

+

αt+1
=

=

t
)
MMα (αt , it , jt , wt , Yiw
t jt

t
MMµν (αt , it , jt , wt , Yiw
)
t jt
t
t
)
, νw
(µw

if w = wt
if w 6= wt

#

(59)

(61)

(60)

t
.
and present item it and item jt to worker wt and receive the comparison result Yiw
t jt
According to (49), (50) and (51), compute

(it , jt ) ∈

Initialization: Choose α0 , µ0 and ν 0 for the prior distributions.
For t = 0, . . . , T − 1 do
1: For each pair (i, j) with i < j, compute R̃(αt , i, j, w, 1) and R̃(αt , i, j, w, −1) according
to (57).
Select (it , jt , wt ) such that
2:

3:

t+1
t+1
(µw
, νw
)

End For
Return: The aggregated ranking παT obtained by sorting the components of αT .

5.1 Simulated Study under the Homogeneous Workers Setting
In this section, we assume that all workers are fully reliable and investigate the performance
of the AKG policy (Algorithm 1). Two scenarios are designed: 10 items with a total budget
of 100, and 100 items with a total budget of 1000. Each scenario consists of 100 independent
trials and the average ranking accuracy is reported. For each trial, the latent item scores θ
is sampled uniformly from the simplex in (6), which determines the true ranking π ∗ . Given
θ, the comparison results are generated according to the Bradley-Terry-Luce model (3).
We compare several different methods, including the proposed AKG, random sampling
(uniformly random sampling), distance-based sampling, adaptive polling (Pfeiffer et al.,
2012) and rank centrality with uniform sampling or knowledge gradient sampling (Negahban
et al., 2012). The details of the methods are provided as follows.
1. AKG (see Algorithm 1): We set the prior of θ to be the uniform distribution on the
simplex (i.e., α0 is set to be an all-one vector).
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2. Random Sampling: The random sampling algorithm is similar to Algorithm 1 in
terms of the posterior approximation (by moment matching) and rank inference (by
sorting the approximated posterior parameters αt ) after receiving each label. The
only difference is that this algorithm replaces Step 2 of Algorithm 1 by a random
sampling policy, which selects (it , jt ) randomly at each stage. We also choose the
uniform distribution on the simplex as the prior.
23
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3. Distance-Based Sampling: This algorithm is also the same as Algorithm 1 in terms
of the posterior approximation. However, in the sampling phase, this algorithm simply
selects the pair of items (it , jt ) with the closest posterior parameters αit and αjt . We
choose the uniform distribution on the simplex as the prior.

4. Adaptive Polling: This is a greedy policy proposed by Pfeiffer et al. (2012), which
chooses the pair of items to maximize the KL-divergence between the posterior and
prior. The initial K × K matrix M used in adaptive polling is set to 0 on the diagonal
and 0.15 everywhere else.

5. Rank Centrality: This is a static rank aggregation algorithm recently proposed by
Negahban et al. (2012). We combine it with both the random sampling policy and the
knowledge gradient policy. Specifically, for Centrality + RS, we randomly select
a pair of items at each stage and infer the true ranking using rank centrality. For
Centrality + KG, we select the next pair of items using AKG policy, but estimate
the ranking using rank centrality.

JMLR 17(217):1-40

It is worthwhile to point out that we are able to compute the optimal policy exactly
only up to the 4-item case, which is not interesting from the ranking perspective and thus
is left out from the experiment.
As we can see from Figure 1, the AKG policy has higher accuracy than other methods
at all budget levels. Note that the average accuracy of AKG surpasses the level of 70% with
only 20 pairs in the case of 10 items. In general, random sampling has similar performance
as AKG at the beginning, but eventually AKG will outperform random sampling as it will
spend more budget on the ambiguous pairs. This will be verified in the next experiment.
Meanwhile, if we combine rank centrality with knowledge gradient sampling, the performance of the algorithm can be boosted significantly. Furthermore, the curves of ranking
accuracy of AKG are in general monotonically increasing and have fewer “bumps” than
other algorithms. This implies that the sequence of posterior parameters αt is quite stable
when the budget level becomes larger. We also note that due to the high computational
cost of adaptive polling, it takes extremely long time when the number of items is 100 and
thus we omit its performance in Figure 1b.
It is worthwhile to note that AKG runs significantly faster than the adaptive polling
method. It enjoys the advantage of closed-form updating rule during each iteration/stage
without using a numerical algorithm as a subroutine, which is a good feature for online
applications. In contrast, adaptive polling is much slower because it requires inverting a
K × K matrix for all O(K 2 ) possible pairs and all possible comparison results in each
iteration. Table 1 gives the computation time of a single iteration for both AKG and
adaptive polling. Note that in the 25-item case, the computation time for adaptive polling
of a single iteration has already exceeded 40 minutes. Therefore, we omit to present the
computation time of adaptive polling when the number of items is 100 in Table 1 since each
iteration/stage would take hours to run.
Next, we study the allocation of labeling budget over pairs of items with different levels of
ambiguity when using the AKG policy. Again, we consider two scenarios: K = 10, T = 100
and K = 100, T = 1000, each with 100 independent trials. We report the averaged labeling
frequency of each pair. The results are presented in Figure 2 in the form of heat maps.
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Adaptive Polling
20 sec
42 min
-
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25

AKG
0.023 sec
0.75 sec
22 sec

In Figure 2, each small block represents a pair of items. Items are sorted based on their
true latent scores, from lowest to highest along both y-axis and x-axis, so that the item
pairs along the back-diagonal are more ambiguous than those around the corner. Figure

No. of Items
10
25
100

2 presents the normalized number of comparisons over different pairs in total T stages.
It can be seen from Figure 2 that the back-diagonal pairs in general have higher labeling
frequency than other pairs. Some adjacent pairs are labeled 10 times more frequently than
the distant pairs. To further demonstrate this property, we design a scenario in which out of
10 items, the two worst items and the two best items have very close true scores respectively.
Although the main goal of the algorithm is to achieve higher ranking accuracy, we are still
curious to see whether our policy can spend the budget on these two pairs. As we can see
from Figure 3, it is clear that the algorithm concentrates on the 1-2 pair and the 9-10 pair.
This implies that our policy can identify and explore more ambiguous pairs to improve the
learning of the true ranks.

Table 1: Comparison in computation time under the homogeneous workers setting.

Figure 2: Heat map of labeling frequency for item pairs with different levels of ambiguity
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Figure 1: Performance comparison under the homogeneous workers setting. The x-axis is
the budget level and y-axis is the averaged ranking accuracy.

200

20

1

2

3

4

5

6

7

0.07

0.08

9
8

0.09

10

(b) 100 Items

100

10

AKG
Random Sampling
Adaptive Polling
Centrality + RS
Centrality + KG
Distance-Based Sampling

Xi Chen and Kevin Jiao and Qihang Lin

(b) 100 Items

0.4

0.5

0.6

0.7

0.8

0.9

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Cost-Efficient Dynamic Crowdsourced Ranking

Accuracy

Accuracy

6

7

8

9

10

Cost-Efficient Dynamic Crowdsourced Ranking

5

1

2

3

4

5

6

7

8

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.09

4

10

3

0.08

2

9

1

Figure 3: Heat map of labeling frequency for pairs with very close scores
5.2 Simulated Study under the Heterogeneous Workers Setting
In this section we bring worker quality ρw into consideration, which is assumed to be drawn
from the Beta(4,1) distribution. We choose the Beta(4,1) to generate ρw since the average
reliability measure of workers in this case is 4/5 = 80%. This assumption is in line with the
practice in that there are usually more reliable workers than unreliable ones. Similar to the
homogeneous worker setting, we consider two scenarios: 10 items with 10 heterogeneous
workers (K = 10, M = 10); 100 items with 50 heterogeneous workers (K = 100, M = 50)
and we note that each worker is allowed to label any pair at most once. We compare the
following three methods.
1. AKG (see Algorithm 2): We set the prior of θ to be the uniform distribution on the
0 = 4, ν 0 = 1 for each
simplex (i.e., α0 is set to be an all-one vector) and choose µw
w
worker w = 1, 2, . . . , M .
2. Random Sampling: It is implemented simply by replacing Step 2 of Algorithm 2 by
a random sampling policy, which selects a triplet {item i, item j, worker w} uniformly
randomly at each stage. The choices of priors are the same as in AKG. Like the AKG
method, the random sampling algorithm also maintains a Dirichlet distribution for
the scores of items and a beta distribution for the reliability parameter of each worker
using moment matching.
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3. Crowd-BT: This is an adaptive algorithm recently proposed by Chen et al. (2013),
which chooses the triplet {item i, item j, worker w} at each iteration to maximize the
information gain. This can be viewed as an extension of the adaptive polling (Pfeiffer
et al., 2012) by incorporating the workers’ reliability. Unlike adaptive polling which
computes the relative entropy for each pair exactly, Crowd-BT uses moment matching
to approximate the posterior and hence runs significantly faster than adaptive polling.
The parameter γ, which balances the exploitation-exploration trade-off in Chen et al.
(2013), is set to 1 in this experiment.
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The comparison results are presented in Figure 4, where AKG outperforms the other
two methods, especially when the budget level is low. The performance of random sampling
is comparable to AKG at the beginning. As we gather more information, AKG can learn
the reliability of workers so that the budget will be gradually shifted towards those reliable
workers (as shown later in Figure 7). In fact, it can be seen from Figure 4 that the ranking
accuracy of AKG increases more quickly than that of other methods. In this experiment,
even if there is a small amount of budget (e.g. T = K), the AKG policy is still able to
achieve reasonably good performance. We notice that in the 100-item case Crowd-BT is
beaten by random sampling. The main reason is that when the reliability of workers varies
and the pool is large, it is difficult to balance exploration and exploitation for Crowd-BT,

Figure 4: Performance comparison under the heterogeneous workers setting. The x-axis is
the budget level and y-axis is the averaged ranking accuracy.
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Figure 5: Density plots of different Beta distributions for generating ρw

(a) Beta(10, 1)

0.2

Accuracy

100

1

No. of Workers
10
20
50

AKG
0.038 sec
0.82 sec
41 sec

29

JMLR 17(217):1-40

In order to investigate how sensitive the prior for workers’ reliability ρw is, we generate the workers’ true reliability parameters from three different distributions, Beta(10, 1),
Beta(2, 1), and Beta(5, 2), and compare the performances of AKG between using the true
generating distribution as the prior and using the generic Beta(4, 1) as the prior. The results
are plotted in Figure 6. As one can see from Figure 6, using the true generating distribution
and generic Beta(4, 1) prior lead to very similar performance in all three cases. Although
there are some small differences between the two groups of curves, they are not significant
as to the overall performance of the algorithm. This result shows that when there is no

which has already been acknowledged in Chen et al. (2013). Similar to the previous setting,
we also give the table of the computation time of a single iteration for AKG in Table 2. As
we can see from the table, even with another dimension of uncertainty — the reliability of
workers, AKG is still quite fast, and thus is suitable for online implementation.

No. of Items
10
25
100

Table 2: Computation time under the heterogeneous workers setting.

Figure 6: Comparisons between AKG using Beta(4,1) prior and AKG using the true generating distribution as prior.
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We now apply the proposed AKG policy (Algorithm 2) to a real dataset on reading difficulty levels (Collins-Thompson and Callan, 2004). The dataset comprises K = 491 different paragraphs, each assigned an integer-valued true reading difficulty score ranging from
1, 2, . . . , 12. Here, a higher score means the paragraph is more difficult to read. A total
number of M = 217 different workers from Canada and the United States performed the
comparison tasks on an online crowdsourcing platform called CrowdFlower3 . Each worker
was presented a pair of paragraphs every time and the worker identified which paragraph
is more difficult to read. To overcome the issue of an imbalanced judgemental pool, each
worker was allowed to compare at most 40 different pairs. There are 7,898 pairwise comparison results available in this dataset. Using these pairwise labels, we apply the AKG
policy to recover the ranking by difficulty of these 491 paragraphs. We note that since the
underlying truth is given as a difficulty level (1–12) for each paragraph (denoted by si for
i = 1, . . . , K) instead of a global ranking, we measure the accuracy of a ranking π as

5.3 Real Data Study

exact information on the quality of all workers, Beta(4, 1) is a reasonable prior for workers’
reliability and the proposed AKG policy is quite robust to the prior distribution in use.
Finally, we investigate whether good workers are indeed assigned more comparison tasks
by our AKG policy in the setting of heterogeneous workers. In particular, we consider
K = 10 items and M = 15 workers with the workers’ true reliability parameters ρw , w =
1, 2, . . . , M ranging from 0.4 to 1 with an equal space in between. This crowd of workers
is fixed and the total budget in each trial T = 250. We report the averaged number of
pairs assigned to workers with different levels of reliability in Figure 7. As one can see from
Figure 7, there is a clear trend that more reliable workers receive more pairs on average.

Figure 7: Averaged number of comparisons (a.k.a., labeling frequency) made by workers
with different levels of reliability ρw .
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In the above definition of ranking accuracy, when two paragraphs have the same reading
difficulty level, any ranking between this pair will be treated as correct. It is also worth
noting that, in the knowledge gradient step in (59), it is possible that the selected triplet
(it , jt , wt ) does not exist in the dataset (i.e., the worker wt did not compare it and jt in
this data). Hence, in our implementation of AKG, we select the triplet in the dataset that
maximizes the right-hand side of (59). We set the prior of θ to be the uniform distribution
on the simplex. This dataset also comes with a rating for each worker which measures
the long-run performance of this worker on CrowdFlower. A higher rating implies a higher
reliability of the worker. This dataset shows the averaged workers’ rating is above 0.75.
Thus, we still use Beta(4,1) as the prior on workers’ reliability.

Figure 8: Performance comparison on the real dataset
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We run experiments in two different settings. The first one assumes that all workers
are homogeneous and fully reliable. In this setting, we only need to select the next pair of
paragraphs to compare but can randomly choose a worker to perform the comparison task.
In this case, four algorithms are implemented (AKG policy (Algorithm 1), random sampling,
rank centrality with the random sampling policy, and rank centrality with the knowledge
gradient policy) and we report the averaged accuracy over 100 independent trials in Figure
8a to minimize the sampling effect of randomly selecting the next worker. The second
experiment incorporates the heterogeneous reliability of workers so that the algorithms
have to select both the pair to compare and the worker to perform the comparison task. In
this case, three algorithms, AKG policy (Algorithm 2), random sampling and Crowd-BT,
are implemented and the result is shown in Figure 8b. As one can see from these two
plots, AKG outperforms the other methods in both settings, especially when the amount of
budget is relatively low. As the budget level increases, the performance of Crowd-BT and
rank centrality will eventually improve and achieve a similar accuracy as AKG.

6. Conclusion

In this paper, we address the dynamic budget allocation problem in crowdsourced ranking.
Using the Kendall’s tau with respect to the true ranking as the measure of ranking accuracy,
we formulate the problem of maximizing expected Kendall’s tau by sequential comparisons
into a Bayesian Markov decision process. To further address the computational challenges
(especially, solving the NP-hard MAX-LOP) involved in the decision process, we propose
an approximated knowledge gradient policy, which is not only computationally efficient but
also achieves good performance as shown in the experimental sections.
We note that although this paper focuses on the Bradley-Terry-Luce model (Bradley
and Terry, 1952; Luce, 1959), it will be interesting to study the dynamic sampling in crowdsourced ranking for other ranking models such as permutation-based models (e.g., Mallows
(Mallows, 1957) and CPS (Qin et al., 2010) models) or stochastically transitive models
(Fishburn, 1973; Shah et al., 2016b)). Meanwhile, theoretical bounds on posterior approximation errors are difficult to obtain and error propagation does exist during each iteration
of the algorithm. In our future analysis we would like to quantify this error. Another
interesting future direction is to incorporate the feature information of each item into the
probabilistic model of the pairwise comparison results and develop a dynamic sampling
policy that can further improve the ranking accuracy via modeling the feature information.
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p(θ|Yij = 1, α) =

k=1

k=1

K
θi
1 Y αk −1
αi
θk
dθ =
θi + θj B(α)
αi + αj

K
p(θ, Yij = 1|α)
αi + αj θ i
1 Y αk −1
=
θk
.
Pr(Yij = 1|α)
αi θi + θj B(α)

∆

Z

k=1

(64)

(63)

(62)

αj αi + αj
α0 αi + αj + 1
αk
for k 6= i, j
α0
αi + 1 αi + 2 αi + αj
α0 α0 + 1 αi + αj + 2
αj αj + 1 αi + αj
α0 α0 + 1 αi + αj + 2
αk αk + 1
for k 6= i, j.
α0 α0 + 1
(69)

(68)

(67)

(66)

(65)
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Note that, when Yij = 1, the right-hand sides of (18) and (19) can be represented as the
right-hand side of (20) using (64)∼(69)



E θk2 |Yij = 1, α =



E θj2 |Yij = 1, α =



E θi2 |Yij = 1, α =

E[θk |Yij = 1, α] =

E[θj |Yij = 1, α] =

where the first and the third equalities are due to (62) and (63) and the second equality
is by the definition of β and the property Γ(x + 1) = xΓ(x) of Gamma function. Using a
similar argument, we can show that

=

αi + 1 αi + αj
,
α0 αi + αj + 1

Let β = (β1 , . . . , βK ) with βi = αi + 1 and βk = αk for k 6= i. Then, we can show that
#
"Z
K
αi + αj
1 Y αk −1
θi2
dθ
E[θi |Yij = 1, α] =
θk
αi
∆ θi + θj B(α) k=1
#
"Z
K
αi + αj
θi
1 Y βk −1
=
θk
dθ
α0
∆ θi + θj B(β)

so that

Pr(Yij = 1|α) =

Proof (of Proposition 1)
We will only show that (18) and (19) can be represented as (20) when Yij = 1. The
proof for Yij = −1 is similar.


α0
α0 (α0 +1)
It is known that E [θk |θ ∼ Dir(α0 )] = αk0 and E θk2 |θ ∼ Dir(α0 ) = αk0 (αk0 +1) for k =
0
0
0
1, 2, . . . , K, which characterize the left-hand sides of (18) and (19).
With elementary calculus, we can show

In this section, we provide detailed proofs of some propositions in the paper.
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µw αi
µw αi +νw αj .

α0

We will first show (44) and (45) can

=

µw
αi
µw +νw αi +αj

+

αj
νw
µw +νw αi +αj

p(θ, ρw |Yijw = 1, α, µw , νw )


QK αk −1 µw −1
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θi
1
ρw (1 − ρw )νw −1
ρw θi +θ
+ (1 − ρw ) θi +θ
k=1 θk
B(α)B(µw ,νw )
j
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αi
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+
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µw +νw αi +αj

∆

34
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+ (1 − ηijw )
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θi2
θj θi
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µw +νw θi +θj + µw +νw θi +θj B(α)
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R 

= ηijw

=
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=
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(71)
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(72)

E[θi |Yijw = 1, α, µw , νw ]

R1R 
QK αk −1 µw −1
θi2
θj θi
1
ρw (1 − ρw )νw −1 dθdρw
k=1 θk
0 ∆ ρw θi +θj + (1 − ρw ) θi +θj B(α)B(µw ,νw )

The equations (70) and (71), together with (64), imply

so that

=


θj
θi
+ (1 − ρw )
θ ∼ Dir(α), ρw ∼ Beta(µw , νw )
θi + θ j
θ i + θj
αj
αi
νw
µw
+
(70)
µw + νw αi + αj
µw + νw αi + αj


Pr(Yijw = 1|α, µw , νw ) = E ρw

With (62) and some basic properties of the Beta distribution, we can show

be represented as the first four equations in (48). Since E [θk |θ ∼ Dir(α0 )] = αk0 and
0


α0 (α0 +1)
E θk2 |θ ∼ Dir(α0 ) = αk0 (αk0 +1) for k = 1, 2, . . . , K, the left-hand sides of the first four
0
0
equations in (48) and those of (44) and (45) are identical.

When Yijw = 1, we have ηijw =

We will only show the conclusion when Yijw = 1. The proof for Yijw = −1 is similar.

Proof (of Proposition 3)
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Using a similar argument, we can show that

1, α, µw , νw

for k 6= i, j.

(77)

αj (αi + αj )
(αj + 1)(αi + αj )
E[θj |Yijw = 1, α, µw , νw ] = ηijw
+ (1 − ηijw )
(73)
α (α + α + 1)
α (α + α + 1)
0
i
j
0
i
j
αk
for k 6= i, j
(74)
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α
0
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E θ2 |Y w = 1, α, µw , νw =
+
i
ij
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(76)
θj2 |Yijw
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.
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(78)

In the next, we will show (46) and (47) can be represented as the last two equations in
(48). When Yijw = 1, the last two equations in (48) become








 2

0 (µ0 +1)
0
µw
µw
0
0
0 , ν 0 )] =
w
It is known that E [ρw |ρw ∼ Beta(µw
0 , E ρw |ρw ∼ Beta(µw , νw ) = (µ0 +ν 0 )(µ0 +ν 0 +1)
w
µ0w +νw
w
w
w
w


0 (ν 0 +1)
νw
0 , ν0 ) =
w
and E (1 − ρw )2 |ρw ∼ Beta(µw
0 +ν 0 )(µ0 +ν 0 +1) , indicating that the left-hand
w
(µw
w
w
w
sides of (46) and (47) match those of (78).
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(79)
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ρw ) θi +θ
ρw (1
k=1 θk
B(α)B(µw ,νw )
j
αj
µw
αi
νw
µw +νw αi +αj + µw +νw αi +αj

To characterize the right-hand sides of (46) and (47), we first derive from (71) that

=

=

=

= ηijw

35

Xi Chen and Kevin Jiao and Qihang Lin

Following a similar procedure, we can show

=

2
E[ρw
+ (1 − ρw )2 |oi w oj , θ ∼ Dir(α), ρw ∼ Beta(µw , νw )]
αj
µw
µw +1
µw +2
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µw +1
αi
νw
µw +νw µw +νw +1 µw +νw +2 αi +αj
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+
α
α
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α
j
j
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i
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(80)
(µ + ν + 1)(µ + ν + 2)
(µ + ν + 1)(µ + ν + 2)
w
w
w
w
w
w
w
w
(νw )(νw + 1)
(νw + 1)(νw + 2)
+ (1 − ηijw )
.
(µw + νw + 1)(µw + νw + 2)
(µw + νw + 1)(µw + νw + 2)
+ηijw

Putting (79) and (80) together, we have shown that the right-hand sides of (78) are exactly
the right-hand sides of (70) and (71), which completes the proof.
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Figure 2 shows the average misclassification rates of these two classifiers along with the
Bayes risks for different values of d. These classifiers were trained on a sample of size 100
from each class, and the misclassification rates were computed based on 250 independent
observations from each class. This procedure was repeated 500 times to calculate the average
misclassification rates. Smoothing parameters associated with k-NN and KDE (i.e., the
number of neighbors k in k-NN and the bandwidth in KDE) were chosen by minimizing
leave-one-out cross-validation estimates of misclassification rates (see, e.g., Hastie et al.,
2009). Figure 2 shows that in E1, the Bayes risk decreases to zero as d grows. Since the
class distributions in E2 have disjoint supports, the Bayes risk is zero for all values of d. But
in both examples, the misclassification rates of these two nonparametric classifiers increased
to almost 50% as d increased.

To demonstrate this, let us consider two examples denoted by E1 and E2. E1 involves
a classification problem with two classes in Rd , where the distribution of the first class is
an equal mixture of Nd (0d , Id ) and Nd (0d , 10Id ), and that of the second class is Nd (0d , 5Id ).
Here Nd denotes the d-variate normal distribution, 0d = (0, . . . , 0)T ∈ Rd and Id is the d × d
identity matrix. In E2, each class distribution is an equal mixture of two uniform distributions. For the first (respectively, the second) class, it is a mixture of Ud (0, 1) and Ud (2, 3)
(respectively, Ud (1, 2) and Ud (3, 4)), where Ud (r1 , r2 ) denotes the uniform distribution over
the region {x ∈ Rd : r1 ≤ kxk ≤ r2 } with 0 ≤ r1 < r2 < ∞ and k · k being the Euclidean
norm. Figure 1 shows the class boundaries of the Bayes classifier for these two examples
when d = 2 and π1 = π2 = 1/2. The regions colored grey (respectively, black) correspond
to observations classified to the first (respectively, the second) class by the Bayes classifier.
It is clear that classifiers like LDA and QDA, or any other classifier with linear or quadratic
class boundaries will deviate significantly from the Bayes classifier in both examples. A
natural question then is how standard nonparametric classifiers like those based on k-NN
and KDE perform in such examples.

density estimates (KDE) (see, e.g., Scott, 2015) are more flexible and free from such model
assumptions. But, they suffer from the curse of dimensionality and are often not suitable
for high-dimensional data.

−10
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In a supervised classification problem with J competing classes, we have nj labeled observations xj1 , . . . , xjnj from the j-th class (1 ≤ j ≤ J). We use this training sample consisting
P
of n = Jj=1 nj observations to construct a decision rule for classifying an unlabeled observation x to one of these J classes. If πj , fj and p(j|·) denote the prior probability,
the probability density function and the posterior probability of the j-th class, respectively, then the Bayes classifier assigns x to the class j0 , where j0 = argmax1≤j≤J p(j|x) =
argmax1≤j≤J πj fj (x). However, the fj ’s or the p(j|·)’s are usually unknown in practice, and
one needs to estimate them from the training sample. Popular parametric classifiers like
linear discriminant analysis (LDA) and quadratic discriminant analysis (QDA) (see, e.g.,
Hastie et al., 2009) are motivated by parametric model assumptions on the fj ’s. So, they
may lead to poor classification when these assumptions fail to hold, and the class boundaries
of the Bayes classifier have complex geometry. On the other hand, nonparametric classifiers
like those based on k-nearest neighbors (k-NN) (see, e.g., Cover and Hart, 1967) and kernel

1. Introduction

Keywords: Bayes classifier, elliptic distributions, generalized additive models, HDLSS
asymptotics, uniform strong consistency, weighted aggregation of posteriors.

In this article, we develop and investigate a new classifier based on features extracted using
spatial depth. Our construction is based on fitting a generalized additive model to posterior
probabilities of different competing classes. To cope with possible multi-modal as well as
non-elliptic nature of the population distribution, we also develop a localized version of
spatial depth and use that with varying degrees of localization to build the classifier. Final
classification is done by aggregating several posterior probability estimates, each of which is
obtained using this localized spatial depth with a fixed scale of localization. The proposed
classifier can be conveniently used even when the dimension of the data is larger than the
sample size, and its good discriminatory power for such data has been established using
theoretical as well as numerical results.
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In Section 2, we develop a modified classifier based on SPD to overcome this limitation of
maximum depth classifiers. In the literature, most of the modified depth based classifiers are
developed mainly for two class problems (see, e.g., Ghosh and Chaudhuri, 2005b; Dutta and
Ghosh, 2012; Li et al., 2012; Lange
et al., 2014). For classification problems involving J(> 2)

classes, one usually solves J2 binary classification problems taking one pair of classes at a
time and then uses either majority voting (see, e.g., Friedman, 1996) or pairwise coupling
(see, e.g., Hastie and Tibshirani, 1998) to make the final classification. Unlike those existing
methods, our proposed classifier directly addresses the J class problem.

In E1 and E2, since the class distributions are spherically symmetric, SPD∗ coincides
with SPD◦ , and they become a monotonically decreasing function of the Euclidean norm
of x (see Lemma 7). In Figure 3, we have plotted SPD(x, F1 ) and SPD(x, F2 ) for different
values of kxk in E1 and E2, where F1 and F2 are the distributions of the two classes and
x ∈ R2 . It is transparent from Figure 3 that the maximum depth classifier based on SPD
will fail in both examples. In E1, for all values of kxk smaller (respectively, greater) than a
constant close to 4, the observations will be classified to the first (respectively, the second)
class by the maximum SPD classifier. On the other hand, this classifier will classify all
observations to the second class in E2. Most of the popular depth functions turn out to
be monotonically decreasing functions of the Euclidean norm in the case of a spherically
symmetric distribution. So, the maximum depth classifiers based on those depth functions
will have similar problems as well.

Figure 3: SPD(x, F1 ) and SPD(x, F2 ) for different values of kxk when x ∈ R2 .

0

pair of probability distributions F1 and F2 , if SPD(x, F1 ) is larger than SPD(x, F2 ), one
would expect x to come from F1 instead of F2 . Based on this simple idea, the maximum
depth classifier was developed by Jornsten (2004); Ghosh and Chaudhuri (2005b). For a
J class problem involving distributions F1 , . . . , FJ , the maximum depth classifier based on
SPD assigns an observation x to the j0 -th class, where j0 = argmax1≤j≤J SPD(x, Fj ).

0

0.0

(a) Example E1

0.8

Multi-scale Classification using Localized Spatial Depth

Bayes
KDE
k−NN

2

(a) Example E1

Figure 2: Average misclassification rates of nonparametric classifiers and the Bayes classifier
for d = 2, 5, 10, 20, 50 and 100.

These two examples clearly show the necessity to develop new classifiers to cope with
such situations. We use the idea of data depth for this purpose. Over the last three decades,
data depth (see, e.g., Liu et al., 1999; Zuo and Serfling, 2000) has emerged as a powerful
tool for multivariate data analysis with applications in many areas including supervised
and unsupervised classification (see, e.g., Jornsten, 2004; Ghosh and Chaudhuri, 2005a,b;
Hoberg and Mosler, 2006; Xia et al., 2008; Dutta and Ghosh, 2012; Li et al., 2012; Lange
et al., 2014; Paindaveine and Van Bever, 2015). Spatial depth (also known as the L1 depth)
is a popular notion of data depth that was introduced and studied by Vardi and Zhang
(2000) and Serfling (2002). The spatial depth (SPD) of an observation x ∈ Rd with respect to
(w.r.t.) a distribution function F on Rd is defined as SPD(x, F ) = 1− EF [u(x−X)] , where
X ∼ F , and u(·) is the multivariate sign function given by u(x) = kxk−1 x if x 6= 0d ∈ Rd ,
and u(0d ) = 0d . This version of SPD is invariant w.r.t. location shift, orthogonal, and
homogeneous scale transformations. SPD is often computed on the standardized version of
X as well. In that case, it is defined as
SPD(x, F ) = 1− EF [u(Σ−1/2 (x − X))] ,
where Σ is a scatter matrix associated with F . One can check that if Σ has the affine
equivariance property (see, e.g., Zuo and Serfling, 2000), this version of SPD is affine invariant. To differentiate between these two versions of SPD, we will denote them by SPD◦
and SPD∗ , respectively. If Σ = λId for some λ > 0 (e.g., if F is spherically symmetric, see
Fang et al., 1990), then SPD◦ and SPD∗ coincide. Throughout this article, the term SPD
will be used in a generic sense.
Like other depth functions, SPD provides a center-outward ordering of multivariate
data. An observation has higher (respectively, lower) depth if it lies close to (respectively,
away from) the center of the distribution. In other words, given an observation x and a
JMLR 17(218):1-30
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Corollary 2 If the densities of J competing classes are spherically symmetric (i.e., fj (x) =
gj (kx − µj k) for 1 ≤ j ≤ J), then the posterior probabilities of these classes satisfy the
logistic regression model given in Theorem 1 with z∗ (x) replaced by z◦ (x) = (SPD◦ (x, F1 ),
. . ., SPD◦ (x, FJ ))T .

Theorem 1 shows that the Bayes classifier is based on a nonparametric multinomial
additive logistic regression model for the posterior probabilities, which is a special case of
generalized additive models (GAM) (Hastie and Tibshirani, 1990). If the prior probabilities
of J classes are equal, and f1 , . . . , fJ are all elliptic and unimodal differing only in their
locations, this Bayes classifier reduces to the maximum depth classifier (Ghosh and Chaudhuri, 2005b) (see Remark 8 after the proof of Theorem 1 in Appendix A). A special case of
Theorem 1 with Σj = λj Id , where λj > 0 for 1 ≤ j ≤ J is stated below.

Here Φj (z∗ (x)) = ϕj1 (z1∗ (x)) + · · · + ϕjJ (zJ∗ (x)), and ϕji s are appropriate real-valued functions of πj and fj for 1 ≤ j ≤ J. Consequently, the Bayes rule assigns an observation x to
the class j0 , where j0 = argmax1≤j≤J p̃(j|z∗ (x)).

[1 +

P(J−1)

exp(Φj (z∗ (x)))
for 1 ≤ j ≤ (J − 1)
P(J−1)
[1 + k=1 exp(Φk (z∗ (x)))]

and p(J|x) = p̃(J|z∗ (x)) =

p(j|x) = p̃(j|z∗ (x)) =

Theorem 1 If the densities of J competing classes are elliptically symmetric, the posterior
probabilities of these classes satisfy the logistic regression model given by

Let us assume that f1 , . . . , fJ are density functions of J elliptically symmetric distributions
−1/2
(Fang et al., 1990) on Rd , where fj (x) = |Σj |−1/2 gj (kΣj (x − µj )k) for 1 ≤ j ≤ J.
d
Here µj ∈ R , Σj is a d × d symmetric and positive definite matrix, and gj (ktk) is a
probability density function of a spherically symmetric distribution on Rd for 1 ≤ j ≤ J.
For such classification problems involving general elliptic populations with equal or unequal
priors, the next theorem establishes the Bayes optimality of a classifier, which is based on
z∗ (x) = (z1∗ (x), . . . , zJ∗ (x))T = (SPD∗ (x, F1 ), . . . , SPD∗ (x, FJ ))T .

n

i=1

1X
u(x − xi )
n

and SPD∗ (x, Fn ) = 1 −

i=1

n

1 X b −1/2
u(Σ
(x − xi )) ,
n

6

Γ◦h (x, F ) = EF [Kh (t)] − kEF [Kh (t)u(t)]k,
JMLR 17(218):1-30

Under elliptic symmetry, the density function of a class can be expressed as a function of
SPD∗ , and hence the depth contours coincide with the density contours. This is the main
mathematical argument used in the proof of Theorem 1. For non-elliptic distributions,
where the density function cannot be expressed as a function of SPD, such mathematical
arguments are no longer valid. Consider an equal mixture of Nd (0d , 0.25Id ), Nd (21d , 0.25Id )
and Nd (41d , 0.25Id ), where 1d = (1, . . . , 1)T denotes a d-dimensional vector with all elements
equal to 1. We have plotted the density contours in Figure 4(a) and SPD◦ contours in
Figure 4(b) when d = 2. In this trimodal distribution, the SPD◦ contours failed to match
the density contours. As a second example, we consider a d-dimensional distribution with
independent components, where the i-th component is exponential with the scale parameter
d/(d − i + 1) for 1 ≤ i ≤ d. Figures 5(a) and 5(b) show the density contours and the SPD◦
contours, respectively, when d = 2. Even in this example, SPD◦ and density contours
differed significantly. We observed a similar picture for contours based on SPD∗ as well.
To cope with this issue, we suggest a localization of SPD. Note that SPD◦ (x, F ) =
1−kEF [u(x−X)]k is constructed by assigning the same weight to each unit vector u(x−X)
and ignoring the significance of the distance between x and X. By introducing a weight
function, which takes account of this distance, one can extract important features related
to the local geometry of the data. To capture these local features, we use a kernel function
K(·) and define

3. Extraction of Small Scale Distributional Features by Localization of
Spatial Depth

b is an estimate of Σ, and Fn is the empirical distribution of the data
respectively, where Σ
b has the affine equivariance property. The
x1 , . . . , xn . Clearly, SPD∗ is affine invariant if Σ
resulting classifier worked quite well in examples E1 and E2, and we shall see the numerical
results later in Section 5.1.

SPD◦ (x, Fn ) = 1 −

For any fixed i and j, one can calculate the J-dimensional vector z◦ (xji ) (or, z∗ (xji )), where
xji is the i-th labeled observation from the j-th class for 1 ≤ i ≤ nj and 1 ≤ j ≤ J. These
z◦ (xji )s (or, z∗ (xji )s) can be viewed as realizations of the vector of covariates in a nonparametric multinomial additive logistic regression model, where the response corresponds
to the class label that belongs to {1, . . . , J}. Now, a classifier based on SPD can be constructed by fitting a GAM with the logistic link function. This procedure can be viewed as
a multinomial logistic regression in the J-dimensional depth plot. Lange et al. (2014); Li
et al. (2012); Mozharovskyi et al. (2015) used such plots for nonparametric classification.
Recently, Cuesta-Albertos et al. also considered GAM to construct a depth based classifier
for functional data. In practice, we use a random sample x1 , . . . , xn generated from F to
compute the empirical versions of SPD◦ and SPD∗ , which are given by

Almost all existing depth based classifiers require ellipticity of class distributions to
achieve Bayes optimality. To cope with possible multi-modal as well as non-elliptic population distributions, we construct a localized version of spatial depth (LSPD) in Section 3.
In Section 4, we develop a multi-scale classifier based on LSPD. Relevant theoretical results
on SPD, LSPD and the resulting classifiers are studied in these sections. In Sections 5 and
6, some simulated and benchmark data sets are analyzed to demonstrate the usefulness of
these proposed classifiers. An advantage of SPD over other depth functions is its computational simplicity. Classifiers based on SPD and LSPD can be constructed even when the
dimension exceeds the sample size. We deal with such high dimension, low sample size
(HDLSS) cases in Section 7, and show that both classifiers turn out to be optimal under a
fairly general framework. Several high-dimensional data sets are also analyzed to evaluate
their empirical performance. All proofs and mathematical details are given in Appendix A.

2. Bayes Optimality of a Classifier Based on Spatial Depth
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(K2) K(t) has bounded first derivatives, and
R
(K3) Rd ktkK(t)dt < ∞.
√
The Gaussian kernel K(t) = ( 2π)−d exp(−ktk2 /2) is a possible choice. It is desirable
that localized spatial depth (LSPD) approximates the class density, or a monotone function
of it for small values of h. This will ensure that the class densities and hence the class
posterior probabilities become functions of LSPD as h → 0. On the other hand, one should
expect that as h → ∞, LSPD should tend to SPD, or a monotone function of it. However,

(K1) K(t) = g0 (ktk), where g0 is a decreasing function with g0 (0) < ∞ and g0 (ktk) → 0
as ktk → ∞,

where t = (x − X) and Kh (t) = h−d K(t/h). For our theoretical investigation, we will
assume K to be a continuous probability density function on Rd that satisfies the following
properties:

Figure 5: Contours of density, SPD◦ and LSPDh◦ (with h = 0.25) functions for the density
function f (x1 , x2 ) = 0.5 exp{−(x1 + 0.5x2 )}I{x1 > 0, x2 > 0}.

X2

Figure 4: Contours of density, SPD◦ and LSPDh◦ (with h = 0.4) functions for a symmetric,
trimodal density function.
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Γh◦ (x, F )
if h ≤ 1,
hd Γh◦ (x, F ) if h > 1.

Γh◦ (x, F ) → 0 as h → ∞. So, we re-scale Γh◦ (x, F ) by an appropriate factor of h to define
LSPD◦ as follows:

(3)

LSPDh◦ (x, F ) =

LSPDh◦ defined in this way is a continuous function of h. For d = 2, Figures 4(c) and 5(c)
show that unlike SPD◦ contours, LSPDh◦ contours matched the density contours in both
examples. Using t = Σ−1/2 (x − X) in the definition of Γh◦ (x, F ), one gets Γh∗ (x, F ), and
LSPDh∗ is defined using Γh∗ (x, F ) in the same way. Clearly, LSPDh∗ is affine invariant if√ Σ
is affine equivariant. When Σ = λId , we obtain Γh∗ (x, F ) = λd/2 Γh◦ 0 (x, F ) with h0 = h λ,
and using this expression, one can derive the relation between LSPDh∗ and LSPDh◦ . The
vector zh∗ (x) = (LSPDh∗ (x, F1 ), . . . ,LSPDh∗ (x, FJ ))T has the desired behavior as shown in
Theorem 3.

Theorem 3 If f1 , . . . , fJ are continuous density functions with bounded first derivatives,
and Σj is the scatter matrix corresponding to the j-th class (1 ≤ j ≤ J), then
(a) zh∗ (x) → (|Σ1 |1/2 f1 (x), . . . , |ΣJ |1/2 fJ (x))T as h → 0, and
(b) zh∗ (x) → (K(0)SPD∗ (x, F1 ), . . . , K(0)SPD∗ (x, FJ ))T as h → ∞.

[1 +

[1 +

k=1

P(J−1)

exp(Φk (zh∗ (x)))]

1

.

exp(Φj (zh∗ (x)))
, for 1 ≤ j ≤ (J − 1),
P(J−1)
∗
k=1 exp(Φk (zh (x)))]

(5)

(4)

Now, we construct a classifier by plugging in LSPDh instead of SPD in the GAM framework discussed in equations (1) and (2) of Section 2. Consider the following model for the
posterior probabilities:
p(j|x) = p̃(j|zh∗ (x)) =

and p(J|x) = p̃(J|zh∗ (x)) =

The main implication of part (a) of Theorem 3 is that the classifier constructed using GAM
and zh∗ (x) as the covariate tends to the Bayes classifier in a general nonparametric setup as
h → 0. On the other hand, part (b) of Theorem 3 implies that for elliptic class distributions,
the same classifier tends to the Bayes classifier when h → ∞. When we fit a GAM, the
unknown functions Φj s are estimated nonparametrically. Flexibility of such nonparametric
estimates also takes care of the unknown constants |Σj |1/2 for 1 ≤ j ≤ J and K(0) in the
expressions of the limiting values of zh∗ (x) in parts (a) and (b) of Theorem 3, respectively.
A special case of Theorem 3 follows by taking Σj = λj Id with λj > 0 for all 1 ≤ j ≤ J.

Corollary 4 If f1 , . . . , fJ are continuous density functions with bounded first derivatives,
then
(a) zh◦ (x) = (LSPDh◦ (x, F1 ), . . ., LSPDh◦ (x, FJ ))T → (f1 (x), . . . , fJ (x))T as h → 0, and
(b) zh◦ (x) → (K(0)SPD◦ (x, F1 ), . . . , K(0)SPD◦ (x, FJ ))T as h → ∞.

i=1

i=1

n
n
1X
1X
Kh (ti ) −
Kh (ti )u(ti ) ,
n
n
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If x1 , . . . , xn is a random sample of size n from F , the empirical version of Γh◦ (x, F ) is given
by
Γh◦ (x, Fn ) =

8

9
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When the class distributions are elliptic, part (b) of Theorem 3 implies that LSPDh with
large values of h will lead to good classifiers. These large values may not be appropriate for
non-elliptic class distributions, but part (a) of Theorem 3 implies that LSPDh with small
values of h will lead to good classifiers for general nonparametric models for class densities.
However, the empirical version of LSPDh with small h and the resulting classifier may have
their statistical limitations for high-dimensional data.

4. Multi-scale Classification using Localized Spatial Depth

From the proof of Theorem 5 (see Appendix A), it is easy to check that this a.s. uniform
convergence also holds when h → ∞. Under additional moment conditions on F , we obtain
this convergence when h → 0 in such a way that nh2d / log n → ∞ as n → ∞ (see Remarks 9
and 10 after the proof of Theorem 5 in Appendix A).
The fact that LSPD tends to a constant multiple of the probability density function
as h → 0 is a crucial requirement for limiting Bayes optimality of classifiers based on
this local depth function. Agostinelli and Romanazzi (2010) proposed localized versions
of simplicial depth and half-space depth, but the relationship between the local depth and
the probability density function was established only for d = 1. A depth function based
on inter-point distances was developed by Lok and Lee (2011) to capture multi-modality
in a data set. Chen et al. (2009) defined kernelized spatial depth using a reproducing
kernel Hilbert space. Hu et al. (2011) also considered a generalized notion of Mahalanobis
depth in reproducing kernel Hilbert spaces. However, there is no result connecting them
to the probability density function.
√ In fact, the kernelized spatial depth function becomes
degenerate at the value (1 − 1/ 2) as the tuning parameter goes to zero. Consequently, it
becomes non-informative for small values of the tuning parameter. It will be appropriate
to note here that none of the preceding authors used their proposed depth functions for
constructing classifiers.
Recently, Paindaveine and Van Bever (2013, 2015) proposed a notion of local depth
and used it for supervised classification along with other applications. Their version of
local depth does not relate to the underlying density function either. At this point, one
should note that convergence of local depth function to the underlying density function is
an advantageous property for classification. However, this may not always be a desirable
property for other applications of data depth (see Paindaveine and Van Bever, 2013, for a
detailed discussion).

Theorem 5 Assume the density corresponding to the distribution function F to be bounded.
a.s.
Then, for any fixed h > 0, supx∈Rd |LSPD◦h (x, Fn ) − LSPD◦h (x, F )| → 0 as n → ∞.

where ti = (x − xi ) for 1 ≤ i ≤ n. Then LSPD◦h (x, Fn ) is defined using (3) with Γ◦h (x, F )
replaced by Γ◦h (x, Fn ). Similarly, we obtain Γ∗h (x, Fn ) and LSPD∗h (x, Fn ) by using ti =
b −1/2 (x − xi ) in the expression stated above. Here Σ
b is an estimate of Σ, and Fn is the
Σ
empirical distribution of the data x1 , . . . , xn .
We know that supx∈Rd |SP D◦ (x, Fn ) − SP D◦ (x, F )| goes to 0 almost surely (a.s.) as n
goes to infinity (see Gao, 2003). Theorem 5 establishes a similar a.s. uniform convergence
of LSPD◦h (x, Fn ) to its population counterpart LSPD◦h (x, F ) for a fixed value of h.
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A popular way of aggregation is to consider a weighted average of the estimated posterior
probabilities computed for different values of h. There are various proposals for the choice
of the weight function in the literature. Following Ghosh et al. (2005, 2006), we compute
b h , a cross-validation estimate of the misclassification rate of the classifier based on LSPD◦
∆
h

Figure 6: Misclassification rates of the Bayes classifier (indicated by dotted lines) and the
classifier based on LSPD◦h (indicated by solid curves) in examples E3 and E4 for
varying choices of h.
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We now consider two examples to demonstrate the above points. The first example
(we call it E3) involves two multivariate normal distributions Nd (0d , Id ) and Nd (1d , 4Id ).
In the second example (we call it E4), both the competing classes have trimodal distributions. The first class has the same density as in Figure 4(a) (i.e., an equal mixture of
Nd (0d , 0.25Id ), Nd (21d , 0.25Id ) and Nd (41d , 0.25Id )), while the second class is an equal mixture of Nd (1d , 0.25Id ), Nd (31d , 0.25Id ) and Nd (51d , 0.25Id ). In each of these examples, we
considered d = 5 and generated a training sample of size 100 from each class. The misclassification rate for the classifier based on LSPD◦h was computed based on a test sample of size
500 (250 observations from each class). This procedure was repeated 100 times to calculate
the average misclassification rates for different values of h. Small values of h extracted local
distributional features and yielded low misclassification rates in E4 (see Figure 6(b)). However, those small values of h led to relatively higher misclassification rates in E3, while the
underlying global elliptic structure was captured well by the proposed classifier for larger
values of h (see Figure 6(a)). This provides a strong motivation for adapting a multi-scale
approach in constructing the final classifier so that one can harness the strength of different
classifiers corresponding to different scales of localization. One would expect that when
aggregated judiciously, the multi-scale classifier will lead to an improved misclassification
rate. Usefulness of the multi-scale approach in combining different classifiers has been discussed in the classification literature (see, e.g., Kittler et al., 1998; Dzeroski and Zenko,
2004; Ghosh et al., 2005, 2006).

Misclassification rate
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(or, LSPDh∗ ) and use
W (h) ∝ exp −

hL

ZhU

W (h)g̃(h)p̃(j|zh∗ (x))dh.

b 0 = minh ∆
b h . The exponential function helps to approas the weight function, where ∆
priately weigh up (respectively, weigh down) the promising (respectively, the unsatisfacfrom different choices of the smoothing parameter h. We compute
Rtory) classifier resulting
W (h)g̃(h)p̃(j|zh∗ (x))dh for the j-th class (1 ≤ j ≤ J), where a probability density function
g̃ is used to make the integral finite. Here p̃(j|zh∗ (x)) is as defined in equations (4) and (5)
of Section 3. If we use very small values of h to classify a test case, then the kernel function
used in LSPDh will put almost zero weights on all observations. Clearly, those small values
of h will not be useful for classification. On the other hand, LSPDh behaves like SPD for
large values of h. So, after a certain threshold value, increasing the value of h will not
provide any additional information about the distributional features. Therefore, one needs
to find suitable lower and upper limits of h to compute the weighted posterior probabilities
of different classes. Following Ghosh et al. (2006), we compute the pairwise distances (standardized pairwise distances in the case of LSPDh∗ ) among the observations in a class and
compute the quantiles of these distances. Let λj,α denote the α-th quantile (0 < α < 1) of
the pairwise distances for the j-th class with 1 ≤ j ≤ J. We use hL = minj {λj,0.05 }/3 as the
lower limit of h, and hU = 2r hL as the upper limit of h. Here r is the smallest integer for
which we have kzh∗ (xji )−z∗ (xji )k/kz∗ (xji )k < 0.05 (or, kzh◦ (xji )−z◦ (xji )k/kz◦ (xji )k < 0.05
in case of LSPDh◦ ) for 1 ≤ i ≤ nj and 1 ≤ j ≤ J. Our final classifier, which we call the
LSPD classifier, assigns an observation x to the class j0 , where

1≤j≤J

j0 = argmax

One can choose g̃ to be the uniform distribution on the interval [hL , hU ]. Since we are
dealing with a scale parameter h, we take the uniform distribution in the logarithmic scale.
In practice, we generate M independent
observations h1 , . . . , hM from the distribution g̃.
Rh
For any given 1 ≤ j ≤ J and x, hLU W (h)g̃(h)p̃(j|zh∗ (x))dh is approximated by the average
PM
∗
i=1 W (hi )p̃(j|zhi (x))/M .

5. Analysis of Simulated Data Sets
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We have analyzed several data sets simulated from elliptic as well as non-elliptic distributions in R5 . In each example, taking an equal number of observations from each of the two
competing classes, we generated training and test sets of sizes 200 and 500, respectively.
This procedure was repeated 500 times, and the average test set misclassification rates of
different classifiers are reported in Tables 1 and 2 along with their corresponding standard
errors. To facilitate comparison, the corresponding Bayes risks are reported as well. In all
the tables in this article, the best misclassification rate in a data set is indicated by ‘∗’. The
other figures in bold (if any) are the misclassification rates whose differences from the best
misclassification rate were found to be statistically insignificant at the 5% level when the
usual large sample test for equality of proportions was used.
11
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For the classifiers based on SPD and LSPD, we wrote our own R codes and they are
available at the link goo.gl/E5tmd6. Throughout this article, we have used 50 different
values of h for multi-scale classification based on LSPD, and the weight function is computed
using 5-fold cross-validation method. In this section and in Section 6, we have used SPD∗
and LSPDh∗ for classification with the usual sample covariance matrix of the j-th class as
Σ̂j for 1 ≤ j ≤ J. Any other choice of Σ̂j has been mentioned at appropriate places.
We compared our proposed classifiers with a pool of classifiers that include parametric
classifiers like LDA and QDA, and nonparametric classifiers like those based on k-NN (with
the Euclidean metric as the distance function) and KDE (with the Gaussian kernel). For
k-NN and KDE, we have used the pooled sample covariance matrix for standardization.
Tables 1 and 2 show misclassification rates for the multi-scale versions of k-NN (Ghosh
et al., 2005) and KDE (Ghosh et al., 2006) based on the same weight function described in
Section 4. For the multi-scale method based on KDE, we have considered 50 equi-spaced
values of the bandwidth in the range suggested by Ghosh et al. (2006). For the multi-scale
version of k-NN, we considered all possible values of k (see Ghosh et al., 2005, for more
details). These multi-scale versions usually had better performance then their single scale
analogs with the smoothing parameters chosen by the method of cross-validation.
We also considered support vector machines (SVM) (Hastie et al., 2009) based on the
linear kernel (i.e., K(x, y) = hx, yi) and the radial basis function (RBF) kernel (i.e.,
Kγ (x, y) = exp(−γkx − yk2 )) to facilitate comparison. We used the codes available at
the R library e1071 (Dimitriadou et al., 2011). For the RBF kernel, it has been suggested
in the literature to use γ = 1/d (see http://www.csie.ntu.edu.tw/~cjlin/libsvm/).
However, for our numerical work, we considered γ = i/10d for 1 ≤ i ≤ 50. We also used
25 different values for the box constraint in the interval [0.1, 100], which were equi-spaced
in the logarithmic scale. Misclassification rates were computed for these different choices of
the tuning parameters, and the best result is reported in the tables for both classifiers.
Misclassification rates are also reported for classification tree (TREE), and a boosted
version of TREE known as random forest (RF) (see, e.g., Hastie et al., 2009). For the
implementation of TREE and RF, we used the R codes available in the libraries tree
(Ripley, 2011) and randomForest (Liaw and Wiener, 2002), respectively. For classification
tree, the deviance function was used as a measure of impurity, and the maximum height of
the tree was restricted to 31. Nodes with less than 5 observations were never considered for
splitting. We have combined the results of 500 trees in RF, where each tree was generated
based on 63.2% randomly
√ chosen observations from the training sample. At any stage, only
a random subset of b dc out of d variables were considered for splitting. Here btc denotes
the largest integer less than, or equal to t.
In addition, we also compared the performance of our classifiers with two depth based
classification methods: the classifier based on depth-depth (DD) plot (Li et al., 2012) and
the maximum depth classifier based on local depth (LD) (Paindaveine and Van Bever, 2013).
The DD classifier fits a polynomial on the depth values corresponding to the two competing
classes to construct a separating surface. Three notions of depth were used: Mahalanobis
depth, half-space depth and projection depth, where the last two depths were computed
based on 500 random projections. For each of these depth functions, we used polynomials
of degrees 1, 2 and 3. The best result obtained among all these nine possibilities is reported
in Tables 1 and 2. For the maximum LD classifier, we used the R library DepthProc
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39.16
(0.12)
34.29
(0.15)
16.95
(0.08)

KDE
36.90
(0.13)
39.10
(0.13)
19.18
(0.13)

TREE
31.32
(0.11)
34.26
(0.11)
13.77
(0.08)

RF

SPD

LSPD

27.92 ∗ 28.32 28.54
(0.12) (0.10) (0.11)
26.68
8.23 ∗ 8.26
(0.13) (0.11) (0.10)
11.37
11.49 11.64
(0.08) (0.07) (0.07)

DD

42.41
(0.11)
5.97
(0.05)
25.77
(0.12)
50.48
(0.22)

QDA

SVM
(linear)
36.16
(0.12)
32.14
(0.34)
47.77
(0.15)
49.77
(0.07)

SVM
(RBF)
3.28
(0.04)
7.12
(0.07)
29.33
(0.11)
46.01
(0.23)

2.70 ∗
(0.03)
9.55
(0.08)
27.44
(0.12)
35.29
(0.22)

k-NN

2.75
(0.03)
9.32
(0.07)
27.59
(0.11)
38.88
(0.24)

KDE

15.52
(0.10)
4.82
(0.08)
38.39
(0.14)
34.45
(0.13)

TREE

4.98
(0.07)
2.04 ∗
(0.03)
29.73
(0.11)
27.62
(0.11)

RF

SPD
30.14
10.07
(0.12) (0.10)
5.92
5.53
(0.05) (0.06)
28.86 24.15
(0.14) (0.10)
26.48 ∗ 38.39
(0.12) (0.20)

DD

3.25
(0.04)
5.42
(0.06)
24.09 ∗
(0.10)
40.64
(0.28)

LSPD
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5.2 Examples Involving Non-elliptic Distributions
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SVM k-NN
(RBF)
33.03 39.99
(0.12) (0.13)
34.06 36.98
(0.12) (0.13)
11.74 17.86
(0.07) (0.09)
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SVM
(linear)
45.46
(0.12)
43.92
(0.11)
∗ 22.09
(0.09)

We now consider some examples involving non-elliptic class distributions. Recall the trimodal example E4 discussed in Section 4. In this example, when the classifiers based on
k-NN and KDE were used after standardizing the data set by the pooled sample covariance
matrix, they yielded misclassification rates higher than 40%. For KDE, we used a common
bandwidth in all directions after standardization. This lead to the use of a large bandwidth
in the principal component direction √1d 1d (this can be observed from Figure 4(a)). Since
the difference between the posterior probabilities of the two classes changes its sign frequently along this direction, use of this large bandwidth makes it difficult to discriminate
between the two competing classes. In the k-NN classifier, this standardization leads to the
use of a neighborhood which was also elongated along the direction √1d 1d , and this affected
the performance of this classifier. So, we did not standardize the data for these two classifiers, and they outperformed all other classifiers considered here (see Table 2). Classifiers
based on SPD∗ and LSPD∗ also had poor performance because of this issue with standard-

51.58
(0.19)
42.08
(0.12)
11.09
(0.07)

QDA

Ex Bayes LDA
risk
E4 2.10 40.45
(0.12)
E5 2.04 41.17
(0.15)
E6 13.16 49.67
(0.12)
E7 19.96 50.78
(0.23)

In example E6, each class is an equal mixture of four elliptic distributions. The
first class constitutes of Nd (1d , S0.6 ), t3,d (β d , S0.7 ), Nd (−1d , S0.8 ) and t3,d (−β d , S0.9 ), while
the second class is an equal mixture of t3,d (1d , S−0.9 ), Nd (β d , 3S−0.8 ), t3,d (−1d , S−0.7 ) and
Nd (−β d , 3S−0.6 ). Here t3,d (µ, Σ) denotes the d-variate t distribution with 3 degrees of freedom (df), location parameter µ and scatter matrix Σ. The vector β d is a d-dimensional vector with the i-th element equal to (−1)i+1 for 1 ≤ i ≤ d and the matrix Sα = ((α|i−j| ))d×d
for α ∈ (−1, 1) and 1 ≤ i, j ≤ J. This example has a complex structure for the class
distributions, and both SPD and LSPD classifiers significantly outperformed all their competitors. As the Bayes classifier was far from being linear, LDA and linear SVM did not
have satisfactory performance.
Finally, we consider a classification problem between a Cauchy distribution and a skewed
Cauchy distribution (Azzalini, 2014) (we call it E7). The Cauchy distribution had location
parameter 1d and scatter matrix 0.5Id + 0.51d 1Td ; while the skewed Cauchy distribution
had location parameter 0d , scatter matrix Id and asymmetry vector 1d . The DD classifier
and RF performed better than other classifiers, but SPD∗ and LSPD∗ classifiers yielded

Ex Bayes LDA
risk
E1 26.50 50.22
(0.11)
E2 0.00 47.43
(0.11)
E3 10.14 21.56
(0.09)

Table 1: Misclassification rates (in %) of different classifiers in elliptic data sets.

Recall examples E1 and E2 in Section 2, and example E3 in Section 4 involving elliptic
class distributions. In E1, the DD classifier led to the lowest misclassification rate closely
followed by SPD and LSPD classifiers (see Table 1), but it did not perform well in E2. In
this example, SPD and LSPD classifiers significantly outperformed all their competitors.
Since the class distributions were elliptic, the SPD classifier had a slight edge over the
LSPD classifier in these examples. In view of normality of the class distributions, QDA
was expected to have the best performance in E3. The DD classifier ranked second here,
while SPD and LSPD classifiers performed satisfactorily. In all these examples, the Bayes
classifier had non-linear class boundaries. So, LDA and SVM with the linear kernel did
not perform well. The performance of SVM with the RBF kernel was relatively better,
and it had competitive misclassification rates in E3. In all these examples, nonparametric
classifiers based on k-NN and KDE yielded much higher misclassification rates compared
to SPD and LSPD classifiers.

Table 2: Misclassification rates (in %) of different classifiers in non-elliptic data sets.

ization. So we used classifiers based on SPD◦ and LSPD◦ in this example. The LSPD◦
classifier had the third best performance. SVM with the RBF kernel also performed well.
All other classifiers had relatively higher misclassification rates. The DD classifier, LDA,
QDA and SVM with the linear kernel all misclassified more than 25% of the observations.
The next example (we call it E5) is with exponential distributions, where the component variables are independently distributed in both classes. The i-th variable in the
first (respectively, the second) class is exponential with scale parameter d/(d − i + 1) (respectively, d/2i) for 1 ≤ i ≤ d. Further, the second class has a location shift such that
the difference between the mean vectors of the two classes is d1 1d . Recall that Figure 5(a)
shows the density contours of the first class when d = 2. In this example, the RF classifier had the best performance followed by TREE. Here all the measurement variables were
independent, and there was significant separation between the two classes in some of the
co-ordinate directions. This is one of the main reasons behind the superior performance of
both TREE and RF. Classifiers based on DD, SPD∗ and LSPD∗ also performed quite well,
and their misclassification rates were significantly lower than all other classifiers. The two
linear classifiers performed poorly, but QDA had a reasonably good performance in this
example. Good performance of QDA was not surprising as the two competing classes are
unimodal, while they differ widely in their dispersion structures.

(Kosiorowski and Zawadzki, 2016) and considered the best result obtained for different
choices of depth and a range of values for the localization parameter. The misclassification
rates of the maximum LD classifier was higher than those of the DD classifier in almost all
cases, and we do not report those results in this article.
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relatively higher misclassification rates. Both half-space depth and projection depth used
in the DD classifier are robust against outliers generated from heavy-tailed distributions,
while the moment based estimates used in both SPD∗ and LSPD∗ are non-robust. So, it is
better to use robust estimates of Σj s here. When we used MCD estimates based on 75% of
the observations (Rousseeuw and Van Driessen, 1999), the misclassification rates of SPD∗
and LSPD∗ classifiers dropped to 31.90% and 32.05%, respectively, with corresponding
standard errors of 0.18% and 0.20%.
All these examples clearly demonstrate that the LSPD classifier performs as good as
(if not better) popular nonparametric classifiers for non-elliptic, or multi-modal data. This
adjustment of the LSPD classifier is automatic in view of the multi-scale approach developed
in Section 4.

Multi-scale Classification using Localized Spatial Depth
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5.3 Computing Time for SPD and LSPD Classifiers

Data set
d
J
Train
Test

SVM
(linear)
21.90
(0.13)
14.83
(0.12)
10.20
(0.19)
3.64
(0.09)
18.89
(0.07)
20.59
(0.07)
12.95
(0.75)

Parkinson’s
22
2
97
98

12.57
(0.13)
xxxx
xxxx
8.51
(0.13)
2.46
(0.09)
20.78
(0.15)
16.38
(0.07)
14.11
(0.78)

QDA

Biomed
4
2
100
94
Data
LDA
set
Biomed
15.66
(0.14)
Parkinson’s 30.93
(0.12)
Diabetes
13.86
(0.16)
Wine
2.00
(0.06)
Waveform 19.74
(0.15)
Vehicle
22.49
(0.07)
16.02
(0.82)

Wine
13
3
100
78

KDE

Waveform
21
3
300
501

TREE

17.74 16.67
17.69
(0.15) (0.14) (0.18)
14.42 11.24 * 16.63
(0.16) (0.12) (0.20)
11.20 11.96 3.78 *
(0.13) (0.14) (0.09)
1.98 1.40 * 10.99
(0.06) (0.05) (0.22)
21.23 21.04
28.81
(0.11) (0.11) (0.12)
21.80 21.21
31.41
(0.08) (0.07) (0.10)
18.00 21.40
18.60
(0.86) (0.92) (0.87)

k-NN

Diabetes
3
3
73
72

SVM
(RBF)
12.76
(0.13)
13.29
(0.10)
14.93
(0.15)
1.86
(0.06)
16.28
(0.07)
25.37
(0.08)
8.97
(0.64)
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Vehicle
18
4
423
423

Satimage
36
6
4435
2000

LSPD

SPD

13.23
12.53 12.49 *
(0.14)
(0.21)
(0.15)
11.68
15.44
14.23
(0.15)
(0.15)
(0.11)
4.29
9.36
7.93
(0.10)
(0.15)
(0.14)
2.12
2.34
1.85
(0.06)
(0.08)
(0.07)
16.45
15.12 * 15.36
(0.08)
(0.06)
(0.06)
25.52
16.35 * 17.15
(0.07)
(0.08)
(0.08)
8.24 * 12.58
12.58
(0.61)
(0.74)
(0.74)
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In Parkinson’s data, we could not use QDA because of singularity of the estimated class
dispersion matrices. So, we used the pooled sample covariance matrix for computation

‘xxxx’: QDA could not be used because of singularity of the estimated class dispersion matrices.

Satimage

RF

Table 3: Descriptions of the real data sets, and misclassification rates (in %) of different classifiers.

dard errors. Sizes of training and test sets in each partition are also reported in this table.
For all classifiers, we used the same tuning procedures as described in Section 5. Codes for
the DD classifier are available only for two class problems. In biomedical and Parkinson’s
data sets, the DD classifier yielded misclassification rates of 12.54% and 14.48%, respectively, with corresponding standard errors of 0.18% and 0.15%. We also used the maximum
LD classifier on these real data sets. However, its performance was not satisfactory for most
data sets and we do not report those misclassification rates in Table 3.
In biomedical and vehicle data, covariance matrices of the competing classes were different. So, QDA led to significant improvement over LDA, and its misclassification rates were
close to the best rate. In both these data sets, the competing classes were nearly elliptic
(this can be verified using the diagnostic plots suggested by Li et al., 1997). The SPD
classifier utilized this ellipticity of the class distributions to outperform the nonparametric
classifiers. The LSPD classifier competed well with the SPD classifier in biomedical data.
But, the evidence of ellipticity was much stronger in vehicle data and LSPD had a slightly
higher misclassification rate. In diabetes data also, the three competing classes had widely
varying covariance structures. As expected, QDA performed better than LDA. Since the
class distributions were not elliptic, the SPD classifier yielded a higher misclassification rate
than the LSPD classifier, while both TREE and RF outperformed all other classifiers in
this data set.

For a training sample of size n, computation of z(xji ) for 1 ≤ i ≤ nj and 1 ≤ j ≤ J requires
O(n2 ) calculations. Fitting a GAM involves an iterative algorithm, and it is quite difficult
to calculate its exact computational complexity. Each iteration requires computations of
the order O(n2 ) (Wood, 2006). So, the algorithm takes no more than O(n2 ) computations
to fit a GAM for a finite number of iterations. For the multi-scale classifier based on LSPD,
we need to repeat this procedure for M different values of h and then compute the weight
function W (h) based on V -fold cross-validation. The overall order of computation remains
O(n2 ) although the associated constant increases linearly with d, J, M and V . However,
one should note that these are offline calculations. Both SPD and LSPD classifiers require
O(n) calculations to classify a test case.
Throughout this article, we have used M = 50 and V = 5 and the R library VGAM (Yee,
2008) was used to fit GAM. In a single iteration, the average CPU time to determine the
weight function W (h) based on cross-validation for the LSPD classifier was 21.83 seconds,
while 0.55 seconds were required to fit a GAM using the full training data. The average
CPU time to classify the 500 test observations was about 0.01 seconds. All the calculations
were done on a desktop computer with an Intel i7 (2.2 GHz) processor having 8 GB RAM.

6. Analysis of Benchmark Data Sets

JMLR 17(218):1-30

We have analyzed seven benchmark data sets for further evaluation of our proposed classifiers. The biomedical data set is taken from the CMU data archive (http://lib.stat.
cmu.edu/datasets/). In this data set, we ignored the observations with missing values. The diabetes data set is available in the R library mclust (also analyzed in Reaven
and Miller, 1979). All other data are taken from the UCI machine learning repository
(http://archive.ics.uci.edu/ml/). Descriptions of these data sets are available at these
sources. Satellite image (satimage) data set has specific training and test samples. For
this data set, we report misclassification rates of different classifiers based on this fixed
test set. If a classifier had misclassification rate ε, its standard error was computed as
p
ε(1 − ε)/(size of the test set). For all other data sets, we formed the training and the
test sets by randomly partitioning the data, and this random partitioning was repeated 500
times. Average test set misclassification rates of different classifiers were computed over
these 500 partitions, and they are reported in Table 3 along with their corresponding stan15
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One of our primary motivations behind using SPD is its computational tractability
(especially when the dimension is large). If the dimension exceeds the sample size, then the
sample covariance matrices become singular, and we cannot use these estimates to define
the empirical versions of SPD∗ and LSPD∗h . So, we use classifiers based on SPD◦ and
LSPD◦h . We now assume the following regularity conditions to investigate the behavior of
these classifiers for such high-dimensional data.

A serious practical limitation of many existing depth based classifiers is their computational
complexity in high dimensions, and this makes such classifiers impossible to use even for
moderately large dimensional data. Besides, depth functions that are based on random
simplices formed by the data points (see, e.g., Liu et al., 1999; Zuo and Serfling, 2000)
cannot be defined in a meaningful way if the dimension of the data exceeds the sample size.
Tukey’s half-space depth and projection depth both become degenerate at zero for such
high-dimensional data (see, e.g., Dutta et al., 2011). Classification of high-dimensional
data presents a substantial challenge to many nonparametric classification tools as well.
We have seen in examples E1 and E2 (recall Figure 2) that nonparametric classifiers like
those based on k-NN and KDE can yield poor performance when the data dimension is
large. Some limitations of SVM for classification of high-dimensional data has been noted
by Marron et al. (2007); Dutta and Ghosh (2016).

7. Classification of High-dimensional Data

In satimage data, recall that the results are based on a single training and a single test
set. So, the standard errors of the misclassification rates were high for all classifiers, and it
is quite difficult to compare the performance of different classifiers. Both RF and SVM with
the RBF kernel had lower misclassification rates than other classifiers, while the classifiers
based on SPD and LSPD had the next best performance.

In waveform data, the competing class distributions were nearly elliptic and the SPD
classifier was expected to perform well. The LSPD classifier is quite flexible, and it yielded a
competitive misclassification rate. The class distributions were not normal (can be checked
using the method proposed in Royston, 1983) for this data, and did not have low intrinsic
dimensions. As a result, LDA, QDA and the nonparametric classifiers had relatively higher
misclassification rates.

of SPD∗ and LSPD∗ . In this data set, all the nonparametric classifiers had significantly
lower misclassification rates than LDA, and the classifier based on KDE had the lowest
misclassification rate. The performance of the LSPD classifier was also competitive. Since
the underlying distributions were non-elliptic, LSPD outperformed the SPD classifier. We
observed a similar phenomena in wine data as well. The sample covariance matrices of
different classes were nearly singular, and we used the pooled sample covariance matrix for
computing SPD∗ and LSPD∗ . The classifier based on KDE yielded the lowest misclassification rate, while the LSPD classifier had the second best performance. Although the
data dimension was quite high in both data sets, all the competing classes had low intrinsic
dimensions (can be estimated using the method described by Levina and Bickel, 2004). So,
nonparametric methods like KDE were not affected much by the curse of dimensionality.
TREE was the only classifier with a somewhat higher misclassification rate.
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j

i

ji
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The cj s as well as the c0j s in the statement of Theorem 6 are distinct for all 1 ≤ j ≤ J
whenever either σj2 6= σi2 or νji 6= 0 for all 1 ≤ j 6= i ≤ J (see Lemma 11 in Appendix A).
In such a case, part (a) of Theorem 6 implies that for large d, z◦ (x) becomes degenerate at
points depending on the class distributions. So, z◦ (x) has good discriminatory power, and
our classifier based on SPD◦ can discriminate well among the J populations. Further,
it
√
follows from part (b) that when both d and h grow to infinity in such a way that d/h → 0
or to a positive constant, z◦h (x) has good discriminatory power and the classifier √
based on
LSPD◦h can yield low misclassification probability. However, part (c) shows that if d grows

for 1 ≤ j 6= i ≤ J.
√
(b) Assume that h → ∞ and d → ∞ in such a way that d/h → 0 or A0 (> 0).√ Then,
a.s.
z◦h (X) → g0 (0)cj or c0j = (g0 (ej1 A0 )cj1 , . . . , g0 (ejJ A0 )cjJ )T depending on whether d/h →
q
√
0 or A0 , respectively. Here K(t) = g0 (ktk), ejj = 2σj and eji = σj2 + σi2 + νji for j 6= i.
√
a.s.
(c) Assume that h > 1, and d/h → ∞ as d → ∞. Then, z◦h (X) → 0J .

Theorem 6 Suppose that the conditions (C1)-(C2) hold, and X ∼ Fj for 1 ≤ jr≤ J.
q
σj2 +νji
a.s.
(a) z◦ (X) → (cj1 , . . . , cjJ )T = cj as d → ∞, where cjj = 1 − 12 and cji = 1 − σ2 +σ
2 +ν

It is not difficult to verify that for X1 ∼ Fj (1 ≤ j ≤ J), if we assume that the sequence
(k)
(k)
of variables {X1 − E(X1 ) : k = 1, 2, . . .} centered at their means are independent with
uniformly bounded eighth moments (see Theorem 1 (2) in Jung and Marron, 2009, p. 4110),
or they are m-dependent processes with some appropriate conditions (see Theorem 2 in
de Jong, 1995, p. 350), then the convergence results in (C1) and (C2) hold. Also, if the
observations are generated from discrete time ARMA processes, all these conditions are
satisfied. Stationarity of such time series is not required here. These assumptions continue
(k)
(k)
(k) (k)
(k) (k)
to hold if the sequences {(X1 )2 − E(X1 )2 : k = 1, 2, . . .} and {X1 X2 − E(X1 X2 ) :
k = 1, 2, . . .}, where X1 ∼ Fj and X2 ∼ Fi for all 1 ≤ j, i ≤ J, are mixingales satisfying
some appropriate conditions (see, e.g., Theorem 2 in de Jong, 1995, p. 350).
Define σj2 = aj − bjj and νji = bjj − 2bji + bii . For the random vector X1 ∼ Fj , σj2 is the
P
(k)
limit of d−1 dk=1 V ar(X1 ) as d → ∞. If we consider a second independent random vector
P
(k)
(k)
X2 ∼ Fi with i 6= j, then νji is the limit of d−1 dk=1 {E(X1 ) − E(X2 )}2 as d → ∞.
Hall et al. (2005) assumed a similar set of conditions to study the performance of support
vector machines (SVM) with the linear kernel and the 1-NN classifier as the data dimension
grows to infinity. Similar conditions on observation vectors were also considered by Jung
and Marron (2009) to study consistency of principal components of the empirical covariance
matrix for high-dimensional data. Under (C1) and (C2), the following theorem describes
the behavior of z◦ (x) = (SPD◦ (x, F1 ), . . ., SPD◦ (x, FJ ))T and z◦h (x) = (LSPD◦h (x, F1 ), . . .,
LSPD◦h (x, FJ ))T as d grows to infinity.

(C) Consider two independent random vectors X1 = (X1 , . . . , X1 )T ∼ Fj and X2 =
(1)
(d)
(X2 , . . . , X2 )T ∼ Fi for 1 ≤ j, i ≤ J.
Further, assume that
P
P
a.s.
(k)
(k)
(C1) aj = limd→∞ d−1 dk=1 E(X1 )2 exists, and d−1 dk=1 (X1 )2 → aj as d → ∞,
P
P
(k)
(k)
(k)
(k) a.s.
d
d
(C2) bji = limd→∞ d−1 k=1 E(X1 X2 ) exists, and d−1 k=1 X1 X2 → bji as d → ∞.

(1)
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TREE

41.95
(0.14)
39.36
(0.12)
0.28
(0.17)
23.57
(0.45)
0.00 ∗
(0.00)
45.00
(0.17)
22.36
(0.19)

RF

0.27 ∗
(0.03)
0.08 ∗
(0.03)
0.00 ∗
(0.00)
0.68
(0.12)
0.84
(0.04)
30.98
(0.20)
26.33
(0.26)

SPD◦

0.31
(0.03)
0.09
(0.03)
0.00 ∗
(0.00)
0.13 ∗
(0.06)
0.80
(0.04)
29.76 ∗
(0.19)
25.96
(0.27)

LSPD◦

KDE

k-NN

45.72
(0.15)
43.70
(0.17)
27.46
(0.12)
38.55
(0.24)
18.93
(0.03)
48.20
(0.13)
36.82
(0.19)

31

31

Data
d J Sample size LDA
set
Train Test
Lightning-2 637 2 60
61
2000 2

31.86
(0.25)
14.47
(0.21)

†

SVM
SVM k-NN KDE TREE
RF
SPD
(linear) (RBF)
35.64
28.73 29.89 28.11 33.69 22.08 * 27.70
(0.35) (0.32) (0.20) (0.30) (0.34) (0.34) (0.30)
16.38
21.48 22.47 23.20 28.78
19.28 19.66
(0.23) (0.25) (0.27) (0.28) (0.35) (0.24) (0.31)

Table 5: Misclassification rates (in %) of different classifiers in real data sets.

at a rate faster than h, zh◦ (x) converges to the same value 0J and it becomes non-informative.
Consequently, the classifier based on LSPDh◦ will lead to a high misclassification probability
in this case.
To evaluate the performance of our depth based classifiers for high-dimensional data, we
considered examples E1-E7 with d = 200. In each example, we generated 20 observations
from each class to constitute the training sample, while 250 observations from each class
were used to form the test set. We generated 500 training and test sets, and the average test
set misclassification rates of the different classifiers along with their corresponding standard
errors are reported in Table 4. The Bayes risks were almost zero in all these examples, and
we have not stated them in Table 4. We did not standardize the data for KDE and k-NN.
QDA could not be used in these examples, and we used Id instead of the pooled sample
covariance matrix for LDA. When the competing classes have equal priors (which is the case
in simulated examples), this leads to the Euclidean distance based classifier which classifies
an observation to the class having the nearest centroid.
As we have mentioned before, we use SPD◦ and LSPD◦ for classification of these highdimensional data sets. For a single iteration, the LSPD classifier required an average CPU
time of 8.82 seconds to compute the weight function W (h), 0.39 seconds for fitting GAM
using the full training data, and 0.06 seconds for classification of 500 test cases.

Example LDA
49.71
49.99
(0.06)
(0.06)
49.96
49.92
(0.01)
(0.01)
49.99
49.98
(0.01)
(0.01)
0.19
0.20
(0.08)
(0.08)
49.98
49.93
(0.01)
(0.01)
46.52
47.03
(0.18)
(0.14)
18.92 ∗ 22.91
(0.22)
(0.32)

Table 4: Misclassification rates (in %) of different classifiers in simulated data sets.

E1
E2
E3
E4

SVM
(RBF)
28.97
(0.38)
32.70
(0.18)
0.00 ∗
(0.00)
10.43
(0.43)
13.69
(0.15)
31.03
(0.26)
31.82
(0.48)

Colon

Id was used instead of the pooled sample covariance matrix.

20

27.16
(0.30)
19.05
(0.30)
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Lightning-2 data consist of observations that are realizations of a time series. In this data
set, RF had the best performance followed by the LSPD classifier. The SPD classifier also
worked well and yielded the third best performance. The class distributions for this data
set turn out to be non-elliptic (can be verified using the method proposed by Li et al., 1997)
with low intrinsic dimensions (Levina and Bickel, 2004). As a consequence, the classifier
based on KDE and k-NN yielded reasonably good performances.

†

LSPD

distribution from the first class and one from the second class differ only in their scales,
the k-NN classifier gives a decision in favor of the distribution with a smaller spread (also
see Hall et al., 2005). This was the main reason behind the poor performance of the k-NN
classifier. Similar arguments can be given for the poor performance of the classifier based on
KDE. In these two examples, splitting based on a single variable failed to yield significant
reduction in the impurity function (one can see this in Figure 1). So, TREE and RF had
relatively higher misclassification rates. In E3, the two Gaussian distributions differed in
their locations and scales. Barring TREE, k-NN and the classifier based on KDE, all other
classifiers yielded misclassification rates close to zero. Since the scale difference between
the two classes dominates the location difference, such a poor performance of the classifier
based on KDE and k-NN was expected (see the results in Hall et al., 2005; Dutta and
Ghosh, 2016). The same explanation holds for E5 as well. These nonparametric classifiers
yielded excellent performance in E4, where the component distribution differ only in their
locations. However, TREE and RF failed to have satisfactory performance here. Splitting
based on linear combinations of the variables may be helpful in E4 (see Figure 4).
Examples E6 and E7 were difficult to deal with. Unlike E1-E5, none of the classifiers
could achieve misclassification rates close to zero in these two examples. Conditions (C1)
and (C2) do not hold here, and Theorem 6 is not applicable. The LSPD classifier had
the best performance in E6 (just like the case with d = 5 in Section 5). SVM with the
RBF kernel and the SPD classifier also led to competitive misclassification rates. Their
performance was much better than all other classifiers. In E7, the linear classifiers and
SVM with the RBF kernel could not perform well. This is also consistent with what we
observed in Section 5. Barring TREE, all other classifiers yielded competitive performances
in this example. Among them the k-NN classifier led to the lowest misclassification rate.
We also analyzed two high-dimensional benchmark data sets, namely, lightning-2 data
and colon data (Alon et al., 1999). The first data set is from the UCR time series classification archive (http://www.cs.ucr.edu/~eamonn/time_series_data/), while the other
one is taken from the R library rda. In each case, we formed 500 training and test sets
by randomly partitioning each data into two almost equal parts. The average test set
misclassification rates of different classifiers are reported in Table 5.

E5
E6
E7

SVM
(linear)
47.57
(0.09)
45.69
(0.07)
0.29
(0.01)
44.28
(0.15)
44.61
(0.11)
48.16
(0.14)
35.06
(0.24)

Id was used instead of the pooled sample covariance matrix.

50.93
(0.13)
45.84
(0.08)
0.20
(0.01)
34.87
(0.26)
40.83
(0.07)
50.11
(0.12)
44.74
(0.45)
†
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In the first five examples, the two competing classes had separation between either in
their locations and/or scales. So, good performance of the SPD◦ and LSPD◦ classifiers was
expected in view of Theorem 6 and Lemma 11 (see Appendix A). In E1 and E2, recall that
the component distributions of the two classes differed only in scales. The SPD◦ and LSPD◦
classifiers performed well in these examples, and the former had an edge due to ellipticity
of the class distributions. Surprisingly, all other classifiers failed to extract this separability
information properly, and had misclassification rates higher than 25%. Since the Bayes class
boundaries were highly nonlinear in these two examples, poor performance of linear SVM
and LDA was quite expected. Dutta and Ghosh (2016) showed that when one component
19
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(x−µj ))]k is affine invariant, it
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1/2

Rd

(X − µj ) has a spherically symmetric distribution

−1/2

distance for 1 ≤ j ≤ J. Since SPD∗ (x, Fj ) = 1−kE[u(Σj

is a function of δ(x, Fj ). Again, as Σj

Rd

|Σj |1/2 fj (x) → 0 as h → 0 for 1 ≤ j ≤ J.
For the second term in the expression of LSPD∗h (x, Fj ), a similar argument yields
Z
1/2
EFj [Kh (t)u(t)] = |Σj |1/2
K(y)u(y)fj (x − hΣj y)dy
Rd Z
Z
1/2
= −h|Σj |1/2
K(y)u(y) (Σj y)T ∇fj (ξ)dy (as
K(y)u(y)dy = 0).

one gets
R
MK = kykK(y)dy, and λj is the largest eigenvalue of Σj . This implies EFj [Kh (t)] −

where ξ

Rd

1/2
lies on the line joining x and (x − hΣj v). Using the Cauchy-Schwartz inequality,
1/2
EFj [Kh (t)]−|Σj |1/2 fj (x) ≤ h|Σj |1/2 λj Mj◦ MK , where Mj◦ = supx∈Rd k∇fj (x)k,

(x − v). So, using Taylor’s expansion of fj (x), we get
Z
1/2
EFj [Kh (t)] = |Σj |1/2 fj (x) − h|Σj |1/2
K(y) (Σj y)T ∇fj (ξ)dy,

where y = h−1 Σj

−1/2

Proof of Theorem 3(a) : Let h < 1. For any fixed x ∈ Rd and the distribution function
Fj , we have LSPD∗h (x, Fj ) = EFj [Kh (t)] − kEFj [Kh (t)u(t)]k, where t = Σj −1/2 (x − X) for
1 ≤ j ≤ J. For the first term in the expression of LSPD∗h (x, Fj ) above, we have
Z
Z
1
−1/2
1/2
1/2
EFj [Kh (t)] =
K
(Σ
(x
−
v))f
(v)dv
=
|Σ
|
K(y)fj (x − hΣj y)dy,
j
j
h
j
d
Rd h
Rd

Remark 8 If fj (x) is unimodal, ψj (z) is monotonically increasing for 1 ≤ j ≤ J. Moreover, if the distributions differ only in their locations, then the ψj s are same for all classes.
In that case, fj (x) > fi (x) ⇔ δ(x, Fj ) < δ(x, Fi ) ⇔ SPD∗ (x, Fj ) > SPD∗ (x, Fi ) for
1 ≤ i 6= j ≤ J, and hence the classifier turns out to be the maximum SPD classifier.

for 1 ≤ j ≤ (J − 1). Now, if we define ϕjj (z) = log πj + log ψj (z) and ϕij (z) = 0 for
1 ≤ j 6= i ≤ (J − 1); and ϕ1J (z) = · · · = ϕ(J−1)J (z) = − log πJ − log ψJ (z), then the proof
is complete.

where ψj is an appropriate real-valued function that depends on gj . Now, one can check
that
h p(j|x) i
log
= log(πj /πJ ) + log ψj (SPD∗ (x, Fj )) − log ψJ (SPD∗ (x, FJ )).
p(J|x)

Now, kEFj [Kh (t)u(t)]k ≤ h|Σj |1/2 λj Mj◦ MK → 0 and this implies that LSPD∗h (x, Fj ) →
|Σj |1/2 fj (x), as h → 0. Consequently, we have z∗h (x) → (|Σ1 |1/2 f1 (x), . . . , |ΣJ |1/2 fJ (x))T
as h → 0.

Proof of Theorem 1 : If the population distribution fj (x) is elliptically symmetric, we
−1/2
have fj (x) = |Σj |−1/2 gj (δ(x, Fj )), where δ(x, Fj ) = kΣj (x − µj )k is the Mahalanobis

due to spherical symmetry of f (x). For any x ∈ Rd with d > 1, EF [kx − Xk] is a strictly
convex function of x in this case. Consequently, it is a strictly convex function of t. Observe
now that S(x) with this choice of x is the absolute value of the derivative of EF [kx − Xk]
w.r.t. t. This derivative is a symmetric function of t that vanishes at t = 0. Hence, S(x) is
an increasing function of |t|, and this proves that η(kx1 k) < η(kx2 k).

Proof of Lemma 7 : In view of spherical symmetry of f (x), S(x) = kEF [u(x − X)]k is
invariant under orthogonal transformations of x. Consequently, S(x) = η(kxk) for some
non-negative function η. Consider now x1 and x2 such that kx1 k < kx2 k. Using spherical
symmetry of f (x), without loss of generality, we can assume xi = (ti , 0, . . . , 0)T for i = 1, 2
such that |t1 | < |t2 |. For any x = (t, 0, . . . , 0)T , we have


(t − X1 )
S(x) = EF q
,
(t − X1 )2 + X22 + . . . + Xd2

Lemma 7 If F has a spherically symmetric density f (x) = g(kxk) on Rd with d > 1, then
kEF [u(x − X)]k is a non-negative monotonically increasing function of kxk.
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with its center at the origin, from Lemma 7 it follows that SPD∗ (x, Fj ) is a monotonically
decreasing function of δ(x, Fj ). Therefore, δ(x, Fj ) is also a function of SPD∗ (x, Fj ) and
using this fact fj (x) can also be expressed as

Colon data contain micro-array expression levels of 2000 genes for ‘normal’ and ‘colon
cancer’ tissues. There was a good linear separation among the observations from the two
competing classes, and the linear classifiers lead to low misclassification rates. Among
the other classifiers, the LSPD classifier yielded the minimum misclassification rate closely
followed by RF and the SPD classifier. These three classifiers were less affected by the curse
of dimensionality.
In these high-dimensional benchmark data sets, the data had low intrinsic dimensions
due to high correlation among the the measurement variables (Levina and Bickel, 2004).
Moreover, data from the competing classes differed mainly in their locations. As a consequence, though the proposed LSPD classifier had a good overall performance, its superiority
over the nonparametric methods was not as prominent as it was in the simulated examples.
fj (x) = ψj (SPD∗ (x, Fj )) for all 1 ≤ j ≤ J,
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i=1

h x − X
i
1 h  x − X i
1
= dE K
− d E K
u(x − X) .
h
h
h
h

i=1

n
n
1 X  x − Xi 
1 X  x − Xi 
=
−
u(x − Xi ) , and
K
K
h
h
nhd
nhd

Proof of Theorem 3(b) : Here we consider the case h > 1. Take any fixed x ∈ Rd
and a j with 1 ≤ j ≤ J. For any fixed t, since K(t/h) → K(0) as h → ∞
and K is bounded, using Dominated Convergence Theorem (DCT), one can show that
LSPDh∗ (x, Fj ) → K(0)SPD∗ (x, Fj ) as h → ∞. So, zh∗ (x) → (K(0)SPD∗ (x, F1 ), . . . , K(0)
SPD∗ (x, FJ ))T as h → ∞.
√
Proof of Theorem 5 : Define the sets Bn = {x = (x1 , . . . , xd ) : kxk ≤ dn}, and
An = {x : n2 xi is an integer and |xi | ≤ n for all 1 ≤ i ≤ d}. Clearly An ⊂ Bn ⊂ Rd , the
set Bn is a closed ball and the set An has cardinality (2n3 + 1)d . We will prove almost sure
(a.s.) uniform convergence on three disjoint sets: (i) An , (ii) Bn \ An and (iii) Bnc .
Consider any fixed h ∈ (0, 1]. Recall that for this choice of h, LSPDh◦ (x, F ) (see equation
(3)) and LSPDh◦ (x, Fn ) are defined as follows:
LSPDh◦ (x, Fn )

i=1

LSPDh◦ (x, F )

n

(i) Define Zi = K(h−1 (x − Xi ))u(x − Xi ) − E[K(h−1 (x − X))u(x − X)] for 1 ≤ i ≤ n.
Note that Zi s are independent and identically distributed (i.i.d.) with E(Zi ) = 0 and
kZi k ≤ 2K(0). Fix an  > 0. Using the exponential
for sums
 of i.i.d. random
 inequality
Pn
2
Zi k ≥  ≤ 2e−C0 n . Here
vectors (see Yurinskii, 1976, p. 491), we obtain P kn−1 i=1
C0 is a positive constant that depends on K(0) and . This now implies that


n
i
1 X  x − Xi 
1 h x − X
P
u(x − Xi ) −
E K
u(x − X) ≥ 
K
h
h
nhd
hd
i=1


n
i
1 h x − X
1 X  x − Xi 
u(x − Xi ) − d E K
u(x − X) ≥ 
≤P
K
h
h
nhd
h

i=1

(7)

 1X

2d 2
=P
Zi ≥ hd  ≤ 2e−C0 nh  .
(6)
n
i=1
Pn
For a fixed value of h, i=1
K(h−1 (x − Xi )) is a sum of i.i.d. bounded random variables.
Using Bernstein’s inequality, we obtain


n
h 
x
−
X i
1 X  x − Xi 
2
≥  ≤ 2e−C1 n ,
K
−E K
n
h
h
P

i=1

for some suitable positive constant C1 . This implies


n
1 X  x − Xi 
1 h  x − X i
2d 2
K
− dE K
≥  ≤ 2e−C1 nh  .
h
h
nhd
h
P

2d 2
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Combining (6) and (7), we get P (|LSPD◦ (x, Fn ) − LSPD◦ (x, F )| ≥ ) ≤ C3 e−C4 nh  for
some suitable constants C3 and C4 . Since the cardinality of An is (2n3 + 1)d , we have


2d 2
(8)
sup |LSPD◦ (x, Fn ) − LSPD◦ (x, F )| ≥  ≤ C3 (2n3 + 1)d e−C4 nh  .
x∈An
P

23
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P
2d 2
Now, n≥1 (2n3 + 1)d e−C4 nh  < ∞. So, an application of Borel-Cantelli lemma implies
a.s.
that supx∈An |LSPDh◦ (x, Fn ) − LSPDh◦ (x, F )| → 0 as n → ∞.

(ii) Consider
An such that
√ the set Bn \ An . Given any x in Bn \ An , there exists y ∈
a.s.
kx − yk ≤ 2/n2 . First we will show that |LSPD◦ (y, Fn ) − LSPD◦ (x, Fn )| → 0 as n → ∞.
Using the mean-value theorem, one obtains
n

n

i=1

n

(9)


1 X  x − Xi 
1 X  y − Xi 
1 X
ξ
−
Xi 
K
−
K
≤
(x − y)T ∇K
,
h
h
h
nhd
nhd
nhd+1
i=1
i=1
i=1
0 √
MK 2
,
hd+1 n2
0
and MK = supt k∇K(t)k. This upper bound is free of x, and goes to 0 as n → ∞. Now,

where ξ lies on the line joining x and y. Note that the right hand side is less than

i=1

i=1

n
n
 y − X i
1 X
1 X h  x − Xi 
i
K
−K
+ K(0)
[u(x − Xi ) − u(y − Xi )] .
h
h
nhd
nhd

i=1

n

i
1 X h  x − Xi 
y
−
Xi 
K
u(x − Xi ) − K
u(y − Xi )
h
h
nhd

i=1

n
n
1 X  x − Xi 
1 X  y − Xi 
K
u(x − Xi ) −
K
u(y − Xi )
h
h
nhd
nhd

≤
≤

We have proved above that the first part converges to 0 in a.s. sense.
For the second part, consider a ball of radius 1/n around x (say, B(x, 1/n)). Now,

i=1

i=1
n

n
n
1 X
2 X
2n
[u(x − Xi ) − u(y − Xi )] ≤
I[Xi ∈ B(x, 1/n)] + d kx − yk
nhd
nhd
h

2 1X
≤
I[X ∈ B(x, 1/n)] − P [X1 ∈ B(x, 1/n)]
i
hd n
i=1
√
2n 2
2
P [X1 ∈ B(x, 1/n)] + 2 d .
hd
n h
+

Note that I[Xi ∈ B(x, 1/n)]s are i.i.d. bounded random variables with expectation
P [X ∈ B(x, 1/n)]. Therefore, a.s. convergence of the first term follows from Bernstein’s
inequality. Since P [X ∈ B(x, 1/n)] ≤ Mf n−d (where Mf = supx f (x) < ∞), the second
term converges to 0. For any fixed h, the third term also converges to 0 as n → ∞. So, we
a.s.
have |LSPDh◦ (x, Fn ) − LSPDh◦ (y, Fn )| → 0 as n → ∞.
a.s.
Similarly, one can prove that |LSPDh◦ (x, F ) − LSPDh◦ (y, F )| → 0 as n → ∞. In
the arguments above, all the bounds are free from x and y. We have also proved that
a.s.
supy∈An |LSPDh◦ (y, Fn ) − LSPDh◦ (y, F )| → 0 as n → ∞. Combining all these results, we
a.s.
have supx∈Bn \An |LSPDh◦ (x, Fn ) − LSPDh◦ (x, F )| → 0 as n → ∞.

(iii) Now, consider the region outside Bn (i.e., the set Bnc ). First note that
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n
1 h  x − X i
1 X  x − Xi 
K
+ sup d E K
.
sup |LSPDh◦ (x, Fn )−LSPDh◦ (x, F )| ≤ sup
h
h
x∈Bnc h
x∈Bnc
x∈Bnc nhd i=1

24

i=1

i=1

n
1
1X
I(kXi k > M1 ) − P (kXk > M1 ) .
≤  + d K(0)
n
h

25
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Next, consider two independent random vectors q
X ∼ Fj and X1 ∼ Fi for 1 ≤ i 6= j ≤ J.
√ a.s.
Using (C1) and (C2), we get kX − X1 k/ d → σj2 + σi2 + νji as d → ∞. Consequently,
for almost every realization x of X ∼ Fj
√ a.s. q
kx − X1 k/ d → σj2 + σi2 + νji as d → ∞.
(11)

Proof of Theorem 6(a) : Consider two independent random vectors X = (X (1) , . . .,
(1)
(d)
X (d) )T ∼ Fj and X1 = (X1 q
, . . . , X1 )T ∼ Fj , where 1 ≤ j ≤ J. It follows from (C1) and
√ a.s.
(C2) that kX − X1 k/ d → 2σj2 as d → ∞. So, for almost every realization x of X ∼ Fj ,
√ a.s. q
kx − X1 k/ d → 2σi2 as d → ∞.
(10)

Remark 10 The result continues to hold when h → 0 as well. However, for a.s. convergence in part (i) (to use the Borel-Cantelli lemma) we require nh2d / log n → ∞ as n → ∞.
In part (iii), we need M1 and M2 to vary
with n. Assume the first moment of the density
R
corresponding to F to be finite, and ktkK(t)dt < ∞ (which implies that ktkK(t) → 0
as ktk → ∞). Also, assume that nh2d / log n → ∞ as n → ∞. We can now choose
√
M1 = M2 = n to ensure that both P (kXk ≥ M1 ) ≤ hd /2K(0) and K(t) ≤ hd /2 for
ktk ≥ M2 hold for a sufficiently large n.

Remark 9 Following the proof of Theorem 5, it is easy to check that a.s. convergence holds
when h diverges to infinity with n.

The Glivenko-Cantelli theorem implies that the last term on the right hand side converges
a.s.
to 0 as n → ∞. So, we have supx∈Bnc |LSPD◦h (x, Fn ) − LSPD◦h (x, F )| → 0 as n → ∞.
Combining the arguments in parts (i), (ii) and (iii) and for a fixed h ∈ (0, 1], we get
a.s.
supx |LSPD◦h (x, Fn )−LSPD◦h (x, F )| → 0 as n → ∞. If we have h > 1, then this convergence
result can be proved in a similar way. For this case, recall that the definition of LSPD◦ (x, F )
does not involve the hd term in the denominator (see equation (3)).

i=1

a.s.

σ12

26

σ12 + ν12
σ 2 + ν12
= 1/2 and 2 2 2
= 1/2.
2
+ σ2 + ν12
σ1 + σ2 + ν12
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Proof of Lemma 11 : The ‘if’ part is easy to check in both cases. So, it is enough to prove
the ‘only if’ part and that too for the case of J = 2. If c1 = (c11 , c12 )T and c2 = (c21 , c22 )T
are equal, then we have

Lemma 11 Recall cj and c0j for 1 ≤ j ≤ J defined in Theorem 6(a) and (b), respectively.
For any 1 ≤ j 6= i ≤ J, cj = ci if and only if σj = σi and νji = νij = 0. Similarly, c0j = c0i
if and only if σj = σi and νji = νij = 0.

The proof now follows from a simple application of DCT.

Proof of Theorem 6(c) : Since g0 (s) → 0 as s → ∞, using the same argument as used in
the proof of Theorem 6(b), for Xi ∼ Fi and almost every realization x of X ∼ Fj , we have
√ 

√
kx − Xi k d a.s.
√
g0
→ 0 as d/h → ∞.
h
d

= EF [hd Kh (t)] −
Proof of Theorem 6(b) : Recall that for h > 1,
d
kEF [h Kh (t)u(t)]k. Since we have assumed Xs to be standardized, here we get hd Kh (t) =
K((x − X)/h) = g0 (kx − Xk/h). Let X ∼ Fj and Xi ∼ Fi with 1 ≤ i, j ≤ J. Using (10) and
(11) above, and the continuity of g0 , for almost every realization x of X ∼ Fj , one obtains
the following
√ 

kx − Xi k d a.s.
√
g0
→ g0 (0) or g0 (eji A0 ),
h
d
√
depending on whether d/h → 0 or A0 . The proof follows from an application of DCT,
and the arguments used in the proof of Theorem 6(a).

LSPD◦h (x, F )

Thus, for X ∼ Fj , we get z ◦ (X) = (SPD◦ (X, F1 ), . . . , SPD◦ (X, FJ ))T → cj as d → ∞.

Observe now that kEFj [u(x − X)]k2 = hEFj [u(x − X1 )], EFj [u(x − X2 )]i = EFj [hu(x −
X1 ), u(x − X2 )i], where X1 , X2 ∼ Fj are independent random vectors for 1 ≤ j ≤ J.
Since we are dealing with expectations of random vectors with bounded norm, a simple
application of DCT implies that for almost every realization x of X ∼ Fj (1 ≤ j ≤ J), as
d → ∞,
s
r
σj2 + νji
1
a.s.
a.s.
◦
◦
SPD (x, Fj ) → 1 −
and SPD (x, Fi ) → 1 −
for i 6= j.
(14)
2
2
σj + σi2 + νji

(13)

(12)

Let us next consider hx − X1 , x − X2 i, where X ∼ Fj , X1 , X2 ∼ Fi are independent
random vectors, and h·, ·i denotes the inner product in Rd . Therefore, for almost every
realization x of X, arguments similar to those used in (10) and (11) yield

We will show that both of these terms become sufficiently small as n → ∞.
Fix an  > 0. We can choose two constants M1 and M2 such that P (kXk ≥ M1 ) ≤
hd /2K(0) and K(t) ≤ hd /2 when ktk ≥ M2 . Now, one can check that
i
1 h  x − X i
1 h x − X
1
E K
≤ dE K
I(kXk ≤ M1 ) + d K(0)P (kXk > M1 ).
h
h
hd
h
h
√
If x ∈√Bnc and kXk ≤ M1 , then h−1 kx − Xk ≥ h−1 | dn − M1 |. Choose n large enough so
that | dn − M1 | ≥ M2 h, and this implies K(h−1 (x − X)) ≤ hd /2. So, we obtain
1 h  x − X i 
1
E K
≤ + d K(0)P (kXk > M1 ) ≤ , and
h
2 h
hd
n
n
1
1X
1 X  x − Xi  
K
≤ + d K(0)
I(kXi k > M1 )
h
2 h
n
nhd
hx − X1 , x − X2 i a.s. 2
→ σj as d → ∞ if 1 ≤ i = j ≤ J, and
d
hx − X1 , x − X2 i a.s. 2
→ σj + νji as d → ∞ if 1 ≤ i 6= j ≤ J.
d
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(since g0 is monotonically decreasing).

(15)

These two equations hold simultaneously only if σ12 = σ22 and
= 0.
√ ν12 = ν21
√
0 = g (A
0
Considerp
the case c10 = c20 . Recall that c11
p 0 0 2σ1 )c11 , c22 = g0 (A0 2σ2 )c22 ,
0
0 = g (A
2
2
2
2
c12
0
0 σ1 + σ2 + ν12 )c12 and
p c21 = g0 (A0 σ2 +√σ1 + ν21 )c21 . If possible, assume
that σ1 > σ2 . This implies that A0 σ12 + σ22 + ν12 > A0 2σ1 and hence we obtain
q
√
g0 (A0 2σ1 ) > g0 (A0 σ12 + σ22 + ν12 )

(16)

s
σ12 + ν12
.
σ12 + σ22 + ν12

p
σ12
σ 2 + ν12
< 1 ⇔ 1 − 1/2 > 1 −
< 2 1 2
σ12 + σ22
σ1 + σ2 + ν12

Also, if σ1 > σ2 , we must have
1/2 <
0
0
0
0
Combining (15) and (16), we have c11
>
c
21 , and this implies c1 6= c2 . Similarly, if σ1 < σ2 ,
0 > c0 and hence c0 6= c0 . Again, if σ = σ but ν
we get c12
1
2
12 = ν21 > 0, similar arguments
22
1
2
lead to c10 6= c20 . This completes the proof.
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Throughout this paper, when the loss function L and the parameter space Θ are clear from
the context, we simply denote the Bayes risk by RBayes (w). When the prior w is also clear,
the notation is further simplified to R.

3. As we will show, they have an important application in establishing the minimax
lower bound under the smoothed analysis framework.

2. They automatically provide lower bounds for the minimax risk and, because the minimax regret is always larger than or equal to the minimax risk (see, for example,
Rakhlin et al. (2013)), they also yield lower bounds for the minimax regret.

1. They provide an idea of the difficulty of the problem under a specific prior w.

If the prior distribution w is known to the learner, then the Bayes estimator attains the
Bayes risk (Berger, 2013). But in general, the Bayes estimator is computationally hard to
evaluate, and the Bayes risk has no closed-form expression. It is thus unclear what is the
fundamental limit of estimators when the prior knowledge is available.
In this paper, we present a technique for establishing lower bounds on the Bayes risk
for a general prior distribution w. When the lower bound matches the risk of any existing
algorithm, it captures the convergence rate of the Bayes risk. The Bayes risk lower bounds
are useful for three main reasons:

d

(1)

The minimax risk has been determined up to multiplicative constants for many important problems. Examples include sparse linear regression (Raskutti et al., 2011), classification (Yang, 1999), additive models over kernel classes (Raskutti et al., 2012), and
crowdsourcing (Zhang et al., 2016).
The assumption that the adversary is capable of choosing a worst-case parameter is
sometimes over-pessimistic. In practice, the parameter that incurs a worst-case risk may
appear with very small probability. To capture the hardness of the problem with this prior
knowledge, it is reasonable to assume that the true parameter is sampled from an underlying
prior distribution w. In this case, we are interested in the Bayes risk of the problem. That
is, the lowest possible risk when the true parameter is sampled from the prior distribution:
Z
RBayes (w, L; Θ) := inf
Eθ L(θ, d(X))w(dθ).
(2)

d θ∈Θ

Rminimax (L; Θ) := inf sup Eθ L(θ, d(X)).

Θ × A 7→ [0, ∞) is a non-negative loss function. This framework applies to a broad scope
of machine learning problems. Taking sparse linear regression as a concrete example, the
data X represents the design matrix and the response vector; the parameter space is the
set of sparse vectors; the loss function can be chosen as a squared loss.
Given an estimation problem, we are interested in the lowest possible risk achievable
by any estimator, which will be useful in justifying the potential of improving existing
algorithms. The classical notion of optimality is formalized by the so-called minimax risk.
More specifically, we assume that the statistician chooses an optimal estimator d, then the
adversary chooses the worst parameter θ by knowing the choice of d. The minimax risk is
defined as:

Chen and Guntuboyina and Zhang

Consider a standard setting where we observe data points X taking values in a sample
space X . The distribution of X depends on an unknown parameter θ ∈ Θ and is denoted
by Pθ . The goal is to compute an estimate of θ based on the observed samples. Formally,
we denote the estimator by d(X), where d : X → Θ is a mapping from the sample space
to the parameter space. The risk of the estimator is defined by Eθ L(θ, d(X)) where L :

1. Introduction

This paper provides a general technique for lower bounding the Bayes risk of statistical
estimation, applicable to arbitrary loss functions and arbitrary prior distributions. A lower
bound on the Bayes risk not only serves as a lower bound on the minimax risk, but also
characterizes the fundamental limit of any estimator given the prior knowledge. Our bounds
are based on the notion of f -informativity (Csiszár, 1972), which is a function of the
underlying class of probability measures and the prior. Application of our bounds requires
upper bounds on the f -informativity, thus we derive new upper bounds on f -informativity
which often lead to tight Bayes risk lower bounds. Our technique leads to generalizations of
a variety of classical minimax bounds (e.g., generalized Fano’s inequality). Our Bayes risk
lower bounds can be directly applied to several concrete estimation problems, including
Gaussian location models, generalized linear models, and principal component analysis
for spiked covariance models. To further demonstrate the applications of our Bayes risk
lower bounds to machine learning problems, we present two new theoretical results: (1) a
precise characterization of the minimax risk of learning spherical Gaussian mixture models
under the smoothed analysis framework, and (2) lower bounds for the Bayes risk under
a natural prior for both the prediction and estimation errors for high-dimensional sparse
linear regression under an improper learning setting.
Keywords: Bayes risk, Minimax risk, f -divergence, f -informativity, Fano’s inequality,
Smoothed analysis
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1.1 Our Main Results

On Bayes risk lower bounds

I(w, P) + log 2
log N
(3)

In order to give the reader a flavor of the kind of results proved in this paper, let us consider
Fano’s classical inequality (Han and Verdú, 1994; Cover and Thomas, 2006; Yu, 1997) which
is one of the most widely used Bayes risk lower bounds in statistics and information theory.
The standard version of Fano’s inequality applies to the case when Θ = A = {1, . . . , N }
for some positive integer N with the indicator loss L(θ, a) := I{θ 6= a} (I stands for the
zero-one valued indicator function) and the prior w being the discrete uniform distribution
on Θ. In this setting, Fano’s inequality states that
RBayes (w) ≥ 1 −

I(w, P) + log 2
.
log (supa∈A w{θ ∈ Θ : kθ − ak2 < })

(4)

where I(w, P) is the mutual information between the random variables θ ∼ w and X with
X|θ ∼ Pθ (note that this mutual information only depends on w and P = {Pθ : θ ∈ Θ}
which is why we denote it by I(w, P)). Fano’s inequality implies that when I(w; P) is large
i.e., when the information that X has about θ is large, then the risk of estimation is small.
A natural question regarding Fano’s inequality, which does not seem to have been asked
until very recently, is the following: does there exist an analogue of (3) when w is not
necessarily the uniform prior and/or when Θ and A are arbitrary sets, and/or when the loss
function is not necessarily I{θ 6= a}? An interesting result in this direction is the following
inequality which has been recently proved by Duchi and Wainwright (2013) who termed it
the continuum Fano inequality. This inequality applies to the case when Θ = A is a subset
of Euclidean space with finite strictly positive Lebesgue measure, L(θ, a) = I{kθ − ak2 ≥ }
for a fixed  > 0 (k · k2 is the usual Euclidean metric) and the prior w being the uniform
probability measure (i.e., normalized Lebesgue measure) on Θ. In this setting, Duchi and
Wainwright (2013) proved that
RBayes (w) ≥ 1 +

I(w, P) + log 2
log (supa∈A w{θ ∈ Θ : L(θ, a) = 0})

(5)

It turns out that there is a very clean connection between inequalities (3) and (4).
Indeed, both these inequalities are special instances of the following inequality:
RBayes (w) ≥ 1 +
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Indeed, the term w{θ ∈ Θ : L(θ, a) = 0} equal to 1/N in the setting of (3) and it is equal
to w{θ ∈ Θ : kθ − ak2 < } in the setting of (4).
Since both (3) and (4) are special instances of (5), one might reasonably conjecture that
inequality (5) might hold more generally. In Section 3, we give an affirmative answer by
proving that inequality (5) holds for any zero-one valued loss function L and any prior w.
No assumptions on Θ, A and w are needed. We refer to this result as generalized Fano’s
inequality. Our proof of (5) is quite succinct and is based on the data processing inequality
(Cover and Thomas, 2006; Liese, 2012) for Kullback-Leibler (KL) divergence. The use of the
data processing inequality for proving Fano-type inequalities was introduced by Gushchin
(2003).
3
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The data processing inequality is not only available for the KL divergence. It can
be generalized to any divergence belonging to a general family known as f -divergences
(Csiszár, 1963; Ali and Silvey, 1966). This family includes the KL divergence, chi-squared
divergence, squared Hellinger distance, total variation distance and power divergences as
special cases. The usefulness of f -divergences in machine learning has been illustrated in
Reid and Williamson (2011); Garcıa-Garcıa and Williamson (2012); Reid and Williamson
(2009).
For every f -divergence, one can define a quantity called f -informativity (Csiszár, 1972)
which plays the same role as the mutual information for KL divergence. The precise definitions of f -divergences and f -informativities are given in Section 2. Utilizing the data
processing inequality for f -divergence, we prove general Bayes risk lower bounds which
hold for every zero-one valued loss L and for arbitrary Θ, A and w (Theorem 2). The generalized Fano’s inequality (5) is a special case by choosing the f -divergence to be KL. The
proposed Bayes risk lower bounds can also be specialized to other f -divergences and have
a variety of interesting connections to existing lower bounds in the literature such as Le
Cam’s inequality, Assouad’s lemma (see Theorem 2.12 in Tsybakov (2010)), Birgé-Gushchin
inequality (Gushchin, 2003; Birgé, 2005). These results are provided in Section 3.
In Section 4, we deal with nonnegative valued loss functions L which are not necessarily
zero-one valued. Basically, we use the standard method of lower bounding the general
loss function L by a zero-one valued function and then use our results from Section 3 for
lower bounding the Bayes risk. This technique, in conjunction with the generalized Fano’s
inequality, gives the following lower bound (proved in Corollary 12)


1
1
sup t > 0 : sup w{θ : L(θ, a) < t} ≤ e−2I(w,P) .
(6)
2
4
a∈A
RBayes (w, L; Θ) ≥

A special case of the above inequality has appeared previously in Zhang (2006, Theorem 6.1)
(please refer to Remark 13 for a detailed explanation of the connection between inequality
(6) and (Zhang, 2006, Theorem 6.1)).
We also prove analogues of the above inequality for different f divergences. Specifically,
using our f -divergence inequalities from Section 3, we prove, in Theorem 9, the following
inequality which holds for every f divergence:


1
sup t > 0 : sup w{θ : L(θ, a) < t} < 1 − uf (If (w, P))
(7)
2
a∈A
RBayes (w, L; Θ) ≥

where If (w, P) represents the f -informativity and uf (·) is a non-decreasing [0, 1]-valued
function that depends only on f . This function uf (·) (see its definition from (31)) can be
explicitly computed for many f -divergences of interest, which gives useful lower bounds in
terms of f -informativity. For example, for the case of KL divergence and chi-squared divergence, inequality (7) gives the lower bound in (6) and the following inequality respectively,


1
1
sup t > 0 : sup w{θ : L(θ, a) < t} ≤
.
(8)
2
4(1 + Iχ2 (w, P))
a∈A
RBayes (w, L; Θ) ≥
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where Iχ2 (w, P) is the chi-squared informativity.
Intuitively, inequality (7) shows that the Bayes risk is lower bounded by half of the largest
possible t such that the maximum prior mass of any t-radius “ball” (w{θ : L(θ, a) < t}) is

4

that usually attain these minimax lower bounds have zero probability under any continuous
prior, so that their average effects might be negligible. The fundamental limits of sparse
linear regression under a realistic prior is, to the best of the our knowledge, unknown. The
developed tool of lower bounding Bayes risks can be directly applied to characterize these
limits. Moreover, our Bayes risk lower bound is flexible in the sense that by tuning the
variance of the prior of non-zero elements of θ, it provides a wide spectrum of lower bounds.
For one particular choice of the variance, our Bayes risk lower bounds match the minimax
risk lower bounds. This gives a natural least favorable prior for sparse linear regression,
while the known least favorable prior in Raskutti et al. (2011) is a non-constructive discrete
prior over a packing set of the parameter space that cannot be sampled from. We also
work under the improper learning setting where we allow non-sparse estimators for the true
regression vector (even though the true regression vector is assumed to be sparse).

less than some function of f -informativity. To apply (7), one needs to obtain upper bounds
on the following two quantities:
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5

The rest of the paper is organized in the following way. In Section 2, we describe notations
and review preliminaries such as f -divergences, f -informativity, data processing inequality,
etc. Section 3 deals with inequalities for zero-one valued loss functions. These inequalities
have many connections to existing lower bound techniques. Section 4 deals with nonnegative
loss functions and we provide inequality (7) and its special cases. Section 5 presents upper
bounds on the f -informativity for power divergences for α ∈
/ [0, 1). Some examples are also
given in this section. Section 6 studies smoothed analysis for learning mixtures of spherical
Gaussians with uniform weights using our technique. We conclude the paper in Section
1.3. Due to space constraints, we have relegated some proofs and additional examples and
results to the appendix.

1.3 Outline of the Paper

6

Before finishing this introduction section, we briefly describe related work on Bayes risk
lower bounds. There are a few results dealing with special cases of finite dimensional
estimation problems under (weighted/truncated) quadratic losses. The first results of this
kind were established by Van Trees (1968), and Borovkov and Sakhanienko (1980) with
extensions by Brown and Gajek (1990); Brown (1993); Gill and Levit (1995); Sato and
Akahira (1996); Takada (1999). A few additional papers dealt with even more specialized
problems e.g., Gaussian white noise model (Brown and Liu, 1993), scale models (Gajek and
Kaluszka, 1994) and estimating Gaussian variance (Vidakovi and DasGupta, 1995). Most of
these results are based on the van Trees inequality (see Gill and Levit (1995) and Theorem
2.13 in Tsybakov (2010)). Although the van Trees inequality usually leads to sharp constant
in the Bayes risk lower bounds, it only applies to weighted quadratic loss functions (as its
proof relies on Cauchy-Schwarz inequality) and requires the underlying Fisher information
to be easily computable, which limits its applicability. There is also a vast body of literature
on minimax lower bounds (see, e.g., Tsybakov (2010)) which can be viewed as Bayes risk
lower bounds for certain priors. These priors are usually discrete and specially constructed
so that the lower bounds do not apply to more general (continuous) priors. Another related
area of work involves finding lower bounds on posterior contraction rates (see, e.g., Castillo
(2008)).

1.2 Related Works

We note that a nice feature of (7) is that L and P play separately roles. One may first
obtain an upper bound Ifup for the f -informativity If (w, P), then choose t so that the small
ball probability w{θ : L(θ, a) < t} can be bounded from above by 1 − uf (Ifup ). The Bayes
risk will be bounded from below by t/2. It is noteworthy that the terminology “small ball
probability” was used by Xu and Raginsky (2014) (this paper proved information-theoretic
lower bounds on the minimum time in a distributed function computation problem).
We do not have a general guideline for bounding the small ball probability. It needs to be
dealt with case by case based on the prior and the loss function. But for upper bounding the
f -informativity, we offer a general recipe in Section 5 for a subclass of divergences of interest
(power divergences for α ∈
/ [0, 1)), which covers the chi-squared divergence as one of the
most important divergences in our applications. These bounds generalize results of Haussler
and Opper (1997) and Yang and Barron (1999) for mutual information to f -informativities
involving power divergences. As an illustration of our techniques (inequality (7) combined
with the f -informativity upper bounds), we apply them to a concrete estimation problem in
Section 5. We further apply our results to several popular machine learning and statistics
problems (e.g., generalized linear model, spiked covariance model, and Gaussian model with
general loss) in Appendix C.
In Section 6 and Section 7, we present non-trivial applications of our Bayes risk lower
bounds to two learning problems: the first one is a unsupervised learning problem, while
the second one is a supervised learning problem. Section 6 studies smoothed analysis for
learning mixtures of spherical Gaussians with uniform weights. Although learning mixtures
of Gaussians is a computationally hard problem, it has been shown recently by Hsu and
Kakade (2013) that under the assumptions that the Gaussian means are linearly independent, it can be learnt in polynomial time by a spectral method. We perform a smoothed
analysis on a variant of the algorithm (Hsu and Kakade, 2013), showing that the linear
independence assumption can be replaced by perturbing the true parameters by a small
random noise. The method described in Section 6 achieves a better convergence rate than
the original algorithm of Hsu and Kakade (2013). Furthermore, we apply the Bayes risk
lower bound techniques to show that the algorithm’s convergence rate is unimprovable, even
under smoothed analysis (i.e. when the true parameters are randomly perturbed). Section 6
highlights the usefulness of our techniques in proving lower bounds for smoothed analysis,
which appears to be challenging using traditional techniques of the minimax theory.
In Section 7, we consider the high-dimensional sparse linear regression problem and
we provide Bayes risk lower bounds for both prediction error and estimation error under a
natural prior on the regression parameter belonging to the set of k-sparse vectors. Although
lower bounds for sparse linear regression have been well-studied (see, e.g., Raskutti et al.
(2011); Zhang et al. (2014) and references therein), these bounds only focus on the minimax
or the worst-case scenario and thus are too pessimistic in practice. Indeed, the parameters

2. The f -informativity If (w, P), which does not depend on the loss function L.

1. The “small ball probability” supa∈A w{θ : L(θ, a) < t}, which does not depend of the
family of probability measures P.
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2. Preliminaries and Notations

Z

f

p
q
qdµ + f 0 (∞)P {q = 0}.

(9)

We first review the notions of f -divergence (Csiszár, 1963; Ali and Silvey, 1966) and f informativity (Csiszár, 1972). Let C denote the class of all convex functions f : (0, ∞) → R
which satisfy f (1) = 0. Because of convexity, the limits f (0) := limx↓0 f (x) and f 0 (∞) :=
limx↑∞ f (x)/x exist (even though they may be +∞) for each f ∈ C. Each function f ∈ C
defines a divergence between probability measures which is referred to as f -divergence. For
two probability measures P and Q on a sample space having densities p and q with respect
to a common measure µ, the f -divergence Df (P ||Q) between P and Q is defined as follows:
Df (P ||Q) :=

α 6∈ [0, 1];
α ∈ (0, 1);
α = 1;
α = 0.

We note that the convention 0 · ∞ = 0 is adopted here so that f 0 (∞)P {q = 0} = 0 when
f 0 (∞) = ∞ and P {q = 0} = 0. Note that Df (P kQ) = +∞ when f 0 (∞) = +∞ and
P {q = 0} > 0. Also note that f (1) = 0 implies that Df (P kQ) = 0 when P = Q.
Certain divergences are commonly used because they can be easily computed or bounded
when P and Q are product measures. These divergences are the power divergences corresponding to the functions fα defined by

α

x − 1 for



1 − xα for
fα (x) =

x log x for



− log x for
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(10)

Popular examples of power divergences include:
R
1) Kullback-Leibler (KL) divergence: α = 1, Df1 (P ||Q) = p log(p/q)dµ if P is absolutely continuous with respect to Q (and it is infinite if P is not absolutely continuous
with respect to Q). Following the conventional notation, we denote the KL divergence by
D(P ||Q) (instead of Df1 (P ||Q)).
R
2) Chi-squared divergence: α = 2, Df2 (P ||Q) = (p2 /q)dµ − 1 if P is absolutely
continuous with respect to Q (and it is infinite if P is not absolutely continuous with
respect to Q). We denote the chi-squared divergence by χ2 (P ||Q) following the conventional
notation.
R
√
pqdµ which is a half of the squared
3) When α = 1/2, one has Df1/2 (P ||Q) = 1 −
R √ √
Hellinger distance. That is, Df1/2 (P ||Q) = H 2 (P ||Q)/2, where H 2 (P ||Q) = ( p− q)2 dµ
is the squared Hellinger distance between P and Q.
The total variation distance kP − QkT V is another f -divergence (with f (x) = |x − 1|/2)
but not a power divergence.
One of the most important properties of f -divergences is the “data processing inequality”
(Csiszár (1972) and Liese (2012, Theorem 3.1)) which states the following: let X and Y be
two measurable spaces and let Γ : X → Y be a measurable function. For every f ∈ C and
every pair of probability measures P and Q on X , we have
Df (P Γ−1 ||QΓ−1 ) ≤ Df (P ||Q),
7
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where P Γ−1 and QΓ−1 denote the induced measures of Γ on Y, i.e., for any measurable set
B on the space Y, P Γ−1 (B) := P (Γ−1 (B)), QΓ−1 (B) := Q(Γ−1 (B)) (see the definition of
induced measure from Definition 2.2.1. in Athreya and Lahiri (2006)).
Next, we introduce the notion of f -informativity (Csiszár, 1972). Let P = {Pθ : θ ∈ Θ}
be a family of probability measures on a space X and w be a probability measure on Θ.
For each f ∈ C, the f -informativity, If (w, P), is defined as
Z
Df (Pθ ||Q)w(dθ),
(11)
Q

If (w, P) = inf

where the infimum is taken over all possible probability measures Q on X . When f (x) =
x log x (so that the corresponding f -divergence is the KL divergence), the f -informativity
is equal to the mutual information and is denoted by I(w, P). We denote the informativity
corresponding to the power divergence Dfα by Ifα (w, P). For the special case α = 2, we
use the more suggestive notation Iχ2 (w, P). The informativity corresponding to the total
variation distance will be denoted by IT V (w, P).
Additional notations and definitions are described as follows. Recall the Bayes risk (2)
and the minimax risk (1). When the loss function L and parameter space Θ are clear from
the context, we drop the dependence on L and Θ. When the prior w is also clear from
the context, we denote the Bayes risk by R and the minimax risk by Rminimax . We need
certain notation for covering numbers. For a given f -divergence and a subset S ⊂ Θ, let
Mf (, S) denote any upper bound on the smallest number M for which there exist probability measures Q1 , . . . , QM that form an 2 -cover of {Pθ , θ ∈ S} under the f -divergence
i.e.,
(12)

θ∈S 1≤j≤M

sup min Df (Pθ ||Qj ) ≤ 2 .

We write the covering number as MKL (, S) when f (x) = x log x and Mχ2 (, S) when
f (x) = x2 − 1. We write Mα (, S) when f = fα for other α ∈ R. We note that log Mf (, S)
is an upper bound on the metric entropy. The quantity Mf (, S) can be infinite if S is
arbitrary. For a vector x = (x1 , . . . , xd ) and a real number p ≥ 1, denote by kxkp the `p norm of x. In particular, kxk2 denotes the Euclidean norm of x. I(A) denotes the indicator
function which takes value 1 when A is true and 0 otherwise. We use C, c, etc. to denote
generic constants whose values might change from place to place.

3. Bayes Risk Lower Bounds for Zero-one Valued Loss Functions and
Their Applications
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In this section, we consider zero-one loss functions L and present a principled approach
to derive Bayes risk lower bounds involving f -informativity for every f ∈ C. Our results
hold for any given prior w and zero-one loss L. By specializing the f -divergence to KL
divergence, we obtain the generalized Fano’s inequality (5). When specializing to other
f -divergences, our bounds lead to some classical minimax bounds of Le Cam and Assouad
(Assouad, 1983), more recent minimax results of Gushchin (2003); Birgé (2005) and also
results in Tsybakov (2010, Chapter 2). Bayes risk lower bounds for general nonnegative
loss functions will be presented in the next section.
We need additional notations to state the main results of this section. For each f ∈ C, let
φf : [0, 1]2 → R be the function defined in the following way: for a, b ∈ [0, 1]2 , φf (a, b) is the

8

0 < b < 1;

for b = 0;
for b = 1.

for
(13)

and Q on {0, 1} given by P {1} = a
see that φf (a, b) has the following

Z

a∈A Θ

R0 := inf

L(θ, a)w(dθ),

(14)

B(a) := {θ ∈ Θ : L(θ, a) = 0} ,

a∈A

(16)

(15)

9

where φf and R0 are defined (13) and (14) respectively.

If (w, P) ≥ φf (RBayes (w), R0 )
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(17)

Theorem 2 Suppose that the loss function L is zero-one valued. For any f ∈ C, we have

and w(B(a)) is the prior mass of the “ball” B(a). It will be important in the sequel to
observe that the Bayes risk, RBayes (w) is bounded from above by R0 . This is obvious
because the risk with some data cannot be greater than the risk in the no data problem
(which can be viewed as an application of the data processing inequality). Formally, if
D = {d : ∃a ∈ A such
that d(x) = a ∀x ∈ X } is the class of the constant decision rules,
R
then R0 = inf d∈D Θ Eθ L(θ, d(X))w(dθ) ≥ RBayes (w). Because 0 ≤ RBayes (w) ≤ R0 , we
have RBayes (w) = 0 when R0 = 0. We shall therefore assume throughout this section that
R0 > 0.
The main result of this section is presented next. It provides an implicit lower bound
for the Bayes risk in terms of R0 and the f -informativity If (w, P) for every f ∈ C. The
only assumption is that L is zero-one valued and we do not assume the existence of the
Bayes decision rule.

where

R0 = 1 − sup w(B(a)),

where the decision a does not depend on data X. Note that R0 represents the Bayes risk with
respect to w in the “no data” problem i.e., when one only has information on Θ, A, L and the
prior w but not the data X. For simplicity, our notation for R0 suppresses its dependence
on w. Because the loss function is zero-one valued so that L(θ, a) = 1 − I(L(θ, a) = 0), the
quantity R0 has the following alternative expression:

We also define the quantity

Lemma 1 For each f ∈ C, for every fixed b, the map g(a) : a 7→ φf (a, b) is non-increasing
for a ∈ [0, b] and g(a) is convex and continuous in a. Further, for every fixed a, the map
h(b) : b 7→ φf (a, b) is non-decreasing for b ∈ [a, 1].

The convexity of f implies monotonicity and convexity properties of φf , which is stated in
the following lemma.

f -divergence between the two probability measures P
and Q{1} = b. By the definition (9), it is easy to
expression (recall that f 0 (∞) := limx↑∞ f (x)/x):




1−a
a


bf b + (1 − b)f 1−b
φf (a, b) = f (1 − a) + af 0 (∞)


f (a) + (1 − a)f 0 (∞)

On Bayes risk lower bounds

(18)

for every 0 < r ≤ R0

φf (R, R0 ) − φf (r, R0 )
φ0f (r−, R0 )

for every 0 < r ≤ R0 .

10
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Inequality (17) If (w, P) ≥ φf (R, R0 ) can now be used to deduce that (note that φ0f (r−, R0 ) ≤
0)
If (w, P) − φf (r, R0 )
R≥r+
for every 0 < r ≤ R0 .
(19)
φ0f (r−, R0 )

R≥r+

where φ0f (r−, R0 ) denotes the left derivative of x 7→ φf (x, R0 ) at x = r. The monotonicity
of φf (r, R0 ) in r (Lemma 1) gives φ0f (r−, R0 ) ≤ 0 and we thus have,

φf (R, R0 ) ≥ φf (r, R0 ) + φ0f (r−, R0 )(R − r)

where g −1 (x) := inf{0 ≤ r ≤ R0 , g(r) ≤ x} is the generalized inverse function of the
non-increasing g(r). As an illustration, we plot φf (r, R0 ) for f (x) = x log x and the corresponding Bayes risk lower bound g −1 (If (w, P)) in Figure 1. The lower bound (18) can
be immediately applied to obtain Bayes risk lower bounds when the f -divergence in (17)
is chi-squared divergence, total variation distance, or Hellinger distance (see Corollary 7).
However, for the KL divergence, there is no simple form of g −1 (x). To obtain the corresponding Bayes risk lower bound, we can invert (17) by utilizing the convexity of g(r), which
will give a generalized Fano’s inequality (see Corollary 5). In particular, since r 7→ φf (r, R0 )
is convex (see Lemma 1),

RBayes (w) ≥ g −1 (If (w, P)),

Before we prove Theorem 2, we first show that the inequality (17) indeed provides an
implicit lower bound for the Bayes risk R := RBayes (w) since R ≤ R0 and r 7→ φf (r, R0 ) is
non-increasing in r for r ∈ [0, R0 ] (Lemma 1). Therefore, let g(r) := φf (r, R0 ). We have

Figure 1: Illustration on why (17) leads to a lower bound on RBayes (w). Recall that R ≤ R0
and r 7→ φf (r, R0 ) is non-increasing in r for r ∈ [0, R0 ]. Given If (w, P) as an upper bound
of φf (RBayes (w), R0 ), we have RBayes (w) ≥ RL = g −1 (If (w, P)) and thus RL serves as a
Bayes risk lower bound.
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(21)

(22)

Θ

L(θ, d(x))w(dθ)Q(dx) ≥

Z

Θ

X

a∈A Θ

d
Df (Pθ kQ)w(dθ) ≥ φf (Rd , RQ
).

d
φf (R + , RQ
) ≥ φf (R + , R0 ).

12

(24)
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In the next result, we derive the generalized Fano’s ienquality (5) using Theorem 2. The
inequality proved here is in fact slightly stronger than (5); see Remark 6 for the clarification.

3.1 Generalized Fano’s Inequality

Similarly, this inequality can be converted to an explicit lower bound on minimax risk. We
will show an application of this inequality in deriving Birgé-Gushchin inequality (Gushchin,
2003; Birgé, 2005) in Section 3.3.

d
Df (Pθ ||Q)w(dθ) ≥ φf (Rminimax , RQ
).

Remark 4 Lemma 3 can also be used to derive minimax lower bounds in a different way.
For example, when the minimax decision rule d exists (e.g., for finite space Θ and A (Ferguson, 1967)), we have Rd ≤ Rminimax . If the probability measure Q is chosen so that
d , then, by Lemma 1, the right hand side of (17) can be lower bounded by
Rminimax ≤ RQ
replacing Rd with Rminimax which yields

The proof of (23) completes by letting  ↓ 0 and using the continuity of φf (·, R0 ) (continuity
was noted in Lemma 1). This completes the proof of Theorem 2.

Combining the above three inequalities, we have
Z
d
d
Df (Pθ kQ)w(dθ) ≥ φf (Rd , RQ
) ≥ φf (R + , RQ
) ≥ φf (R + , R0 ).
Θ

Because x 7→ φf (R + , x) is non-decreasing on x ∈ [R + , 1], we have

d
d
φf (Rd , RQ
) ≥ φf (R + , RQ
).

d ) is non-increasing on x ∈ [0, Rd ], we have
Because x 7→ φf (x, RQ
Q

Θ

Z

d . By Lemma 3, we have
We thus have R ≤ Rd < R +  < R0 ≤ RQ

X

Chen and Guntuboyina and Zhang

QΓ−1 {1} =

d
RQ
=
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L(θ, d(x))w(dθ)Q(dx).

(20)

for every probability measure Q.
Notice that R ≤ R0 . If R = R0 , then the right hand side of (17) is zero and hence the
inequality immediately holds. Assume that R < R0 . Let  > 0 be small enough so that
R +  < R0 . Let d denote any decision rule for which R ≤ Rd < R +  and note that such a
rule exists since R = inf d Rd . It is easy to see that

Z
Z 
Z Z
L(θ, a)w(dθ) Q(dx) = R0 .
inf

Θ

Z Z
X

d
Df (Pθ ||Q)w(dθ) ≥ φf (Rd , RQ
)

d
Eθ L(θ, d(X))w(dθ) , RQ
:=

Θ

The inequalities (18) and (19) provide general approaches to convert (17) to an explicit
lower bound on R.
Theorem 2 is new, but its special case Θ = A = {1, . . . , N }, L(θ, a) := I{θ 6= a} and
the uniform prior w is known (see Gushchin (2003) and Guntuboyina (2011b)). In such
a discrete setting, w(B(a)) = 1/N for any a ∈ A and thus R0 = 1 − 1/N . The proof
of Theorem 2 heavily relies on the following lemma, which is a consequence of the data
processing inequality for f -divergences (see (10) in Section 2).

Z
Θ

Lemma 3 Suppose that the loss function L is zero-one valued. For every f ∈ C, every
probability measure Q on X and every decision rule d, we have
Z
where
Rd :=

d
ΓdQ = RQ
.

We note that Lemma 3 is of independent interest, which can be applied to establish minimax
lower bound as shown in the following remark.
Proof [Proof of Lemma 3]
Let P denote the joint distribution of θ and X under the prior w i.e., θ ∼ w and
X|θ ∼ Pθ . For any decision rule d, Rd in (21) can be written as Rd = EP L(θ, d(X)). Let
Q denote the joint distribution of θ and X under which they are independently distributed
d in (21) can then be written
according to θ ∼ w and X ∼ Q respectively. The quantity RQ
d = E L (θ, d(X)).
as RQ
Q
Because the loss function is zero-one valued, the function Γ(θ, x) := L(θ, d(x)) maps
Θ × X into {0, 1}. Our strategy is to fix f ∈ C and apply the data processing inequality (10)
to the probability measures P, Q and the mapping Γ. This gives
Df (P||Q) ≥ Df (PΓ−1 ||QΓ−1 ),

ΓdP = EP L(θ, d(X)) = Rd ,

where PΓ−1 and QΓ−1 are induced measures on the space {0, 1} of Γ. In other words, since
L is zero-one valued, both PΓ−1 and QΓ−1 are two-point distributions on {0, 1} with
Z
Z
PΓ−1 {1} =

d ). It
By the definition of the function φf (·, ·), it follows that Df (PΓ−1 ||QΓ−1 ) = φf (Rd , RQ
R
is also easy to see Df (P||Q) = Θ Df (Pθ ||Q)w(dθ). Combining this equation with inequality (22) establishes inequality (20).
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(23)

With Lemma 3 in place, we are ready to prove Theorem 2.
Proof [Proof of Theorem 2]
We write R as a shorthand notation of RBayes (w). By the definition (11) of If (w, P), it
suffices to prove that
Z
Df (Pθ kQ)w(dθ) ≥ φf (R, R0 )

11

R≥1+

I(w, P) + log(1 + R0 )
log(1 − R0 )

φ0f (r−, R0 )
= log(1 − R0 ),

(i) Chi-squared divergence:

R ≥ R0 −

13

q
R0 (1 − R0 )Iχ2 (w, P).
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(26)

Corollary 7 Let L be zero-one valued, w be any prior on Θ and R = RBayes (w, L, Θ). We
then have the following inequalities

In addition to the generalized Fano’s inequality, Theorem 2 allows us to derive a class of
lower bounds on Bayes risk for zero-one losses by plugging other f -divergences. In the next
corollary, we consider some widely used f -divergences and provide the corresponding Bayes
risk lower bounds by inverting (17) in Theorem 2.

3.2 Specialization of Theorem 2 to Different f -divergences and Their
Applications

As mentioned in the introduction, the classical Fano inequality (3) and the recent continuum Fano inequality (4) are both special cases (restricted to uniform priors) of Corollary
5. The proof of (4) given in Duchi and Wainwright (2013) is rather complicated with a
stronger assumption and a discretization-approximation argument. Our proof based on
Theorem 2 is much simpler. Lemma 3 also has its independent interest. Using Lemma 3,
we are able to recover another recently proposed variant of Fano’s inequality in Braun and
Pokutta (2014, Proposition 2.2). Details of this argument are provided in Appendix A.2.

Remark 6 This inequality is slightly stronger than (5) because R0 ≤ 1 (thus log(1 + R0 ) ≤
log 2). For example, when Θ = A = {0, 1}, L(θ, a) := I{θ 6= a} and w{0} = w{1} = 1/2,
the inequality (5) leads to a trivial bound since the right hand side of (5) is negative.
However, since R0 = 1/2, the inequality (25) still provides a useful lower bound when
I(w, P) is strictly smaller than log 2 − log(3/2).

which proves (25).

Inequality (19) then gives

1
φf (r, R0 ) = − log(1 + R0 ) −
log(1 − R0 ),
1 + R0

Proof [Proof of Corollary 5]
We simply apply (19) to f (x) = x log x and r = R0 /(1 + R0 ), it can then be checked
that

where B(a) is defined in (16).

Corollary 5 (Generalized Fano’s inequality) For any given prior w and zero-one loss
L, we have
I(w, P) + log(1 + R0 )
RBayes (w, L; Θ) ≥ 1 +
,
(25)
log (supa∈A w(B(a)))

On Bayes risk lower bounds

R ≥ R0 − IT V (w, P).

(28)

(27)

PN

i=1

i=1

N
N
X
1 X
1
Eθ0 L(θi , d(X)) = Eθ0
I{θi 6= d(X)}.
N
N

14

d
RQ
≥ 1 − Rminimax /N.

JMLR 17(219):1-58

(30)

d =
It is easy to verify that i=1 I{θi 6= d(X)} = N − I{θ0 6= d(X)}. We thus have RQ
1 − Eθ0 L(θ0 , d(X))/N . Because d is minimax, Eθ0 L(θ0 , d(X)) ≤ Rminimax and thus

d
RQ
=

Proof [Proof of Proposition 8]
P
To prove Proposition 8, it is enough to prove that N1 i:i6=j Df (Pθi ||Pθj ) ≥ φf (Rminimax , 1−
Rminimax /N ) for every j ∈ {0, . . . , N }. Without loss of generality, we assume that j = 0.
We apply (20) with the uniform distribution on Θ \ {θ0 } = {θ1 , . . . , θN } as w, Q = Pθ0 and
the minimax rule for the problem as d. Because d is the minimax rule, Rd ≤ Rminimax . Also

i:i6=j

Proposition 8 (Gushchin, 2003; Birgé, 2005) Consider the finite parameter and action
space Θ = A = {θ0 , θ1 , . . . , θN } and the zero-one valued indicator loss L(θ, a) = I{θ 6= a},
for any f -divergence,

1 X
φf (Rminimax , 1 − Rminimax /N ) ≤ min
(29)
Df Pθi ||Pθj .
0≤j≤N N

In this section, we expand (24) in Remark 4 to obtain a minimax risk lower bound due to
Gushchin (2003) and Birgé (2005), which presents an improvement of the classical Fano’s
inequality when specializing to KL divergence.

3.3 Birgé-Gushchin’s Inequality

See Appendix A.3 for the proof of the corollary. The special case of Corollary 7 for
Θ = A = {1, . . . , N }, L(θ, a) = I{θ 6= a} and w being the uniform prior has been discovered
previously in Guntuboyina (2011b). It is clear from Corollary 7 that the choice of f divergence will affect the tightness of the lower bound for R. In Appendix A.5, we provide
a qualitative comparison of the lower bounds (25), (26) and (28). In particular, we show
that in the discrete setting with Θ = A = {1, . . . , N }, the lower bounds induced by the
KL divergence and the chi-squared divergence are much stronger than the bounds given by
the Hellinger distance. Therefore, in most applications in this paper, we shall only use the
bounds involving the KL divergence and the chi-squared divergence.
Corollary 7 can be used to recover classical inequalities of Le Cam (for two point hypotheses) and Assouad (Theorem 2.12 in Tsybakov (2010) with both total variation distance and
Hellinger distance) and Theorem 2.15 in Tsybakov (2010) that involves fuzzy hypotheses.
The details are presented in Appendix A.4.

h2 p
R ≥ R0 − (2R0 − 1) − R0 (1 − R0 )h2 (2 − h2 ).
2
R R
provided h2 ≤ 2R0 . Here h2 = Θ Θ H 2 (Pθ kPθ0 )w(dθ)w(dθ0 ).

(iii) Hellinger distance:

(ii) Total variation distance:
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(b) uf (x)

On Bayes risk lower bounds

(a) φf (1/2, b)

Figure 2: Illustration of φf (1/2, b) and uf (x) for f (x) = x log x.
On the other hand, we have Rminimax ≤ N/(N + 1). To see this, note that the minimax
risk is upper bounded by the maximum risk of a random decision rule, which chooses among
the N + 1 hypotheses uniformly at random. For this random decision rule, its risk is NN+1
no matter what the true hypothesis is. Thus, NN+1 is an upper bound on the minimax risk.
d ≥ 1−R
We thus have, from (30), that RQ
minimax /N ≥ Rminimax . We can thus apply (24)
to obtain
N
1 X
Df (Pθi ||Pθ0 ) ≥ φf (Rminimax , 1 − Rminimax /N ).
N

i=1

which completes the proof Proposition 8.

4. Bayes Risk Lower Bounds for Nonnegative Loss Functions

(31)

In the previous section, we discussed Bayes risk lower bounds for zero-one valued loss
functions. We deal with general nonnegative loss functions in this section. The main result
of this section, Theorem 9, provides lower bounds for RBayes (w, L; Θ) for any given loss L
and prior w. To state this result, we need the following notion. Fix f ∈ C and recall the
definition of φf in (13). We define uf : [0, ∞) 7→ [1/2, 1] by
uf (x) := inf {1/2 ≤ b ≤ 1 : φf (1/2, b) > x}

for a ∈ A and t > 0.

(33)

(32)

and if φf (1/2, b) ≤ x for every b ∈ [1/2, 1], then we take uf (x) to be 1. By Lemma 1, it is
easy to see that uf (x) is a non-decreasing function of x. For example, for √
KL-divergence
1
with f (x) = x log x, we have φf (1/2, b) = 12 log 4b(1−b)
and uf (x) = 21 + 21 1 − e−2x (see
Figure 2). We are now ready to state the main theorem of this paper.

RBayes (w, L; Θ) ≥

Bt (a, L) := {θ ∈ Θ : L(θ, a) < t}
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Theorem 9 For every Θ, A, L, w and f ∈ C, we have


1
sup t > 0 : sup w(Bt (a, L)) < 1 − uf (If (w, P)) ,
2
a∈A
where

15
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(34)

Proof [Proof of Theorem 9]
Fix Θ, A, L, w and f . Let I := If (w, P) be a shorthand notation. Suppose t > 0 is such
that

sup w (Bt (a, L)) < 1 − uf (I).
a∈A

a∈A

where R0 = 1 − sup w (Bt (a, L)).

(35)

We prove below that RBayes (w, L; Θ) ≥ t/2 and this would complete the proof. Let Lt
denote the zero-one valued loss function Lt (θ, a) := I {L(θ, a) ≥ t}. It is obvious that
L ≥ tLt and hence the proof will be complete if we establish that RBayes (w, Lt ; Θ) ≥ 1/2.
Let R := RBayes (w, Lt ; Θ) for a shorthand notation.
Because Lt is a zero-one valued loss function, Theorem 2 gives
I ≥ φf (R, R0 )

By (34), it then follows that R0 > uf (I). By definition of uf (·), it is clear that there exists
b∗ ∈ [1/2, R0 ) such that φ(1/2, b∗ ) > I (this in particular implies that R0 ≥ 1/2). Lemma
1 implies that b 7→ φf (1/2, b) is non-decreasing for b ∈ [1/2, 1], which yields φf (1/2, b∗ ) ≤
φf (1/2, R0 ). The above two inequalities imply I < φf (1/2, R0 ). Combining this inequality
with (35), we have
φf (1/2, R0 ) > I ≥ φf (R, R0 ).

Lemma 1 shows that a 7→ φf (a, R0 ) is non-increasing for a ∈ [0, R0 ]. Thus, we have R ≥ 1/2.



1
sup t > 0 : sup w(Bt (a, L)) < 1 − uf (Ifup ) .
2
a∈A

(36)

We further note that because uf (x) is non-decreasing in x, one can replace If (w, P) in
(32) by any upper bound Ifup i.e., for any Ifup ≥ If (w, P), we have
RBayes (w, L; Θ) ≥

This is useful since If (w, P) is often difficult to calculate exactly. When f (x) = x log x,
Haussler and Opper (1997) provided a useful upper bound on the mutual information
I(w, P). We describe this result in Section 5 where we also extend it to power divergences
fα for α 6∈ [0, 1] (which covers the case of chi-squared divergence).

a∈A




c sup t > 0 : sup w (Bt (a, L)) < 1 − uf,c (If (w, P))
,

Remark 10 From the proof of Theorem 9, it can be observed that the constant 1/2 in the
right hand side of (32) and in the definition of uf (·) can be replaced by any c ∈ (0, 1]. This
gives the sharper lower bound:

c∈(0,1]

RBayes (w, L; Θ) ≥ sup

JMLR 17(219):1-58

where uf,c (x) = inf{c ≤ b ≤ 1 : φf (c, b) ≥ x}. Since obtaining exact constants is not our
main concern, the inequality (32) is usually sufficient to provide Bayes risk lower bounds
with correct dependence on the model and prior.

16

(37)

≥

i=1

∞
X

d

w(Θi ) inf Rd (wi , L; Θi ) =
i=1

∞
X

w(Θi )RBayes (wi , L; Θi )

17
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Note that w(B1 \B ) is lower bounded by a universal constant. Then we can lower bound
RBayes (w2 , L; B1 \B ) using Theorem 9 and obtain a tight lower bound up to a constant factor
that is independent of  (see an example of deriving Bayes risk lower bound for estimating
the mean of a Gaussian model with uniform prior on a ball in Section 5).

≥w(B1 \B )RBayes (w2 , L; B1 \B )

RBayes (w, L; Θ) ≥w(B )RBayes (w1 , L; B ) + w(B1 \B )RBayes (w2 , L; B1 \B )

One can lower bound each Bayes risk RBayes (wi , L; Θi ) for all i using Theorem 9. Since the
density of wi differs by a factor at most 2, the spiking prior problem will no longer exist
while applying Theorem 9 for wi . We also note that another useful application of such a
partitioning technique is presented in Corollary 17.
Now take the concrete example of the mixture of the uniform priors over B1 := B1 (0, L)
and B := B (0, L). It is clear from (37) that Θ0 = B and Θk = B1 \B for some k > 0
and the rest of Θi ’s are empty sets. Applying (38), we have

d

RBayes (w, L; Θ) = inf Rd (w, L; Θ)

R
where RBayes (wi , L; Θi ) = inf d Θi Eθ L(θ, d(X))wi (dθ). To see this, for any decision rule d,
P
d
we have Rd (w, L; Θ) = ∞
i=1 w(Θi )R (wi , L; Θi ); then take infimum over all possible d on
both sides,

i

Then, we apply Theorem 9 to w restricted to each Θi . More specifically, let wi denote the
probability measure w restricted to Θi i.e., wi (S) := w(S ∩ Θi )/w(Θi ) for any measurable
set S ⊆ Θi . we have
X
RBayes (w, L; Θ) ≥
w(Θi )RBayes (wi , L; Θi ),
(38)

Θi := {θ ∈ Θ : 2−(i+1) ϕmax < ϕ(θ) ≤ 2−i ϕmax }.

For specific f ∈ C, the right hand side of (36) can be explicitly evaluated as shown in
the next corollary.

Remark 11 We note that the lower bound presented in Theorem 9 might not be tight for
some special priors, e.g., when the prior w has extremely large density in some small region
of the parameter space. We call such regions with unbounded density as spikes in the prior
distribution. As a concrete example, let Θ = A be a subset of a finite dimensional Euclidean
space containing the origin with L being the Euclidean distance and let w denote the mixture
of the uniform priors over the balls B1 (0, L) and B (0, L) for some very small 0 <   1.
In this case, the mixture component B (0, L) is a spike. If  is very small, then the term
supa∈A w(Bt (a, L)) might be too big for Theorem 9 to establish a tight lower bound.
Even in such extreme cases, the tight lower bound can be salvaged by partitioning the
parameter space Θ into finite or countably many disjoint subsets Θi , i ≥ 0 and to apply
Theorem 9 to w restricted to each Θi . To illustrate this technique, suppose that w has a
Lebesgue density ϕ that is bounded from above. Let ϕmax denote the supremum of ϕ. We
partition the parameter space Θ into disjoint subsets Θ0 , Θ1 , . . . with


up
1
1
sup t > 0 : sup w (Bt (a, L)) < e−2If .
2
4
a∈A



1
1
sup t > 0 : sup w (Bt (a, L)) < − Ifup .
2
2
a∈A

(
)
r


1
1 
Ifup 2 − Ifup
. (42)
sup t > 0 : sup w (Bt (a, L)) < − 1 − Ifup
2
2
a∈A

(41)

(40)

(39)

18
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The proof of the Bayes risk lower bounds for the other three f -divergences are similar
and thus we only present the form of uf (x). Inequality (40) involves chi-squared divergence
with f (x) = x2 − 1. Therefore, we have for all x > 0,
r


(1 − 2b)2
1 1
x
1
uf (x) = inf 1/2 ≤ b ≤ 1 :
>x = +
≤1−
.
4b(1 − b)
2 2 1+x
4(1 + x)

Inequality (32) reduces to the desired inequality (39):


up
1
1
RBayes (w, L; Θ) ≥ sup t > 0 : sup w (Bt (a, L)) < e−2If .
2
4
a∈A

1
uf (x) ≤ 1 − e−2x .
4

Proof [Proof of Corollary 12]
Inequality (39) involving KL divergence: Suppose f (x) = x log x so that Df (P ||Q) =
D(P ||Q) equals the KL divergence. Then the function uf (x) in (31) has the expression for
all x > 0,

1 1p
uf (x) = inf 1/2 ≤ b ≤ 1 : b(1 − b) < e−2x /4 = +
1 − e−2x .
2 2
√
The elementary inequality 1 − a ≤ 1 − a/2 gives for all x > 0,

RBayes (w, L; Θ) ≥

√
(iv) Hellinger distance: If Ifup < 1 − 1/ 2, then we have

RBayes (w, L; Θ) ≥

(iii) Total variation distance:





1
1
 .
RBayes (w, L; Θ) ≥ sup t > 0 : sup w (Bt (a, L)) < 
up 

2
a∈A
4 1 + If

(ii) Chi-squared divergence:

RBayes (w, L; Θ) ≥

(i) KL divergence:

Corollary 12 Fix Θ, A, L, w and P. The Bayes risk RBayes (w, L; Θ) satisfies each of the
following inequalities (the quantity Ifup represents an upper bound on the corresponding f informativity):

Chen and Guntuboyina and Zhang

On Bayes risk lower bounds

On Bayes risk lower bounds

Inequality (41) involves total variation distance with f (x) = |x − 1|/2. Then
1
uf (x) = inf {1/2 ≤ b ≤ 1 : |1 − 2b| > 2x} = + x.
2
√
Inequality (42) involves Hellinger divergence with f (x) = 1 − x and thus
o
n
p
p
uf (x) = inf 1/2 ≤ b ≤ 1 : 1 − b/2 − (1 − b)/2 > x
(
√
1
if x ≥ 1 − 1/ 2
p
√
1
2 + (1 − x) x(2 − x) if x < 1 − 1/ 2.
=



1
1
sup t > 0 : inf
> 2I up + log 4 .
a∈A w(Bt (a, L))
2

(44)

(43)

Remark 13 A special case of Corollary 12(i) appeared as Zhang (2006, Theorem 6.1). To
see that Zhang (2006, Theorem 6.1) is indeed a special case of (39), note first that (39) is
equivalent to
RBayes (w, L; Θ) ≥

Θ

Θ

D(Pθ kPξ )w(dξ)w(dθ)

Here I up is any upper bound on the mutual information. One such upper bound on the
mutual information is
Z Z
I up =

That I up is an upper bound on the mutual information can be seen for example by using
concavity of the logarithm (46) when the family {Qξ , ξ ∈ Ξ} is chosen to be the same as
{Pθ , θ ∈ Θ}. Using (44) in (43), we obtain


Z Z
1
1
sup t > 0 : inf
>2
D(Pθ kPξ )w(dξ)w(dθ) + log 4 .
a∈A w(Bt (a, L))
2
Θ Θ
RBayes (w, L; Θ) ≥

If we now specialize to the setting when the probability measures {Pθ , θ ∈ Θ} are all nfold product measures i.e., when each Pθ is of the form Pθn for some class of probabilities
{Pθ , θ ∈ Θ}, then the inequality becomes


Z
Z
1
1
sup t > 0 : inf
> 2n
D(Pθ kPξ )w(dξ)w(dθ) + log 4 .
a∈A w(Bt (a, L))
2
Θ Θ
RBayes (w, L; Θ) ≥

This inequality is precisely Zhang (2006, Theorem 6.1).

5. Upper Bounds on f -informativity and Examples
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Application of Theorem 9 requires upper bounds on the f -informativity If (w; P). This
is the subject of this section. We focus on the power divergence fα for α ≥ 1 which
includes the KL divergence and chi-squared divergence as special cases. Recall that in the
comment/paragraph below Corollary 7 (see also Section A.5 in the appendix), we provided
19
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motivation for restricting our attention to such divergences as opposed to e.g., Hellinger
distance.
We assume that there is a measure µ on X that dominates Pθ for every θ ∈ Θ. None of
our results depend on the choice of the dominating measure µ.
When the f -informativity is the mutual information, Haussler and Opper (1997) have
proved useful upper bounds which we briefly review here. Let P and {Qξ , ξ ∈ Ξ} be
probability measures on X having densities p and {qξ , ξ ∈ Ξ} respectively with respect to

Ξ

Z


exp (−D(P ||Qξ )) ν(dξ) .

(45)

µ. Let ν be an arbitrary
R probability measure on Ξ and Q̄ be the probability measure on
X having density q̄ = Ξ qξ ν(dξ) with respect to µ. Haussler and Opper (1997) proved the
following inequality


D P ||Q̄ ≤ − log

Z

Θ

log

Z

Ξ


exp (−D(Pθ ||Qξ )) ν(dξ) w(dθ).

(46)

Now given a class of probability measures {Pθ , θ ∈ Θ}, applying the above inequality for
each Pθ and integrating the resulting inequalities with respect to a probability measure w
on Θ, Haussler and Opper (1997, Theorem 2) obtained the following mutual information
upper bound:
I(w, P) ≤ −

(47)

In the special case when Ξ = {1, . . . , M } and ν is the uniform probability measure
on Ξ,we have Q̄ = (Q1 + . . . +QM ) /M and inequality (45) then becomes D(P ||Q̄) ≤
PM
1 PM
− log M
j=1 exp(−D(P kQj )) ≥ exp (− minj D(P kQj )),
j=1 exp (−D(P ||Qj )) . Because
we obtain

1≤j≤M

D(P kQ̄) ≤ log M + min D(P kQj ).

min D(Pθ ||Qj )w(dθ).

Θ 1≤j≤M

Inequality (46) can be further simplified to
Z
I(w, P) ≤ log M +

>0

This inequality can be used to give an upper bound for f -informativity in terms of the KL
covering numbers. Recall the definition of MKL (, Θ) from (12). Applying (47) to any fixed
 > 0 and choosing {Q1 , . . . , QM } to be an 2 -covering, we have

I(w, P) ≤ inf log MKL (, Θ) + 2 .
(48)
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When w is the uniform prior on a finite subset of Θ, the above inequality has been proved
by Yang and Barron (1999, Page 1571). If MKL (, Θ) is infinity for all , then (48) gives
∞ as the upper bound on I(w, P) and thus (39) will lead to a trivial lower bound 0 for
RBayes . In such a case, one may find a subset Θ̃ ⊂ Θ for which MKL (, Θ̃) is bounded and
contains most prior mass. If w̃ denotes the prior w restricted in Θ̃, then it is easy to see
that RBayes (w, L; Θ) ≥ w(Θ̃)RBayes (w̃, L; Θ̃). Then we can use (39) and (48) to lower bound
RBayes (w̃, L; Θ̃) .
In the next theorem, we extend inequalities (45) and (46) to power divergences corresponding to fα for α ∈
/ [0, 1]. We also note that in Appendix B.2, we demonstrate the
tightness of the bound (49) in Theorem 14 by a simple example.

20

Ifα (w, P) ≤

Θ

Ξ

Z Z

(Dfα (Pθ ||Qξ ) + 1)1/(1−α) ν(dξ)

Ξ

1−α
w(dθ) − 1.
(50)

1
1−α

21
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For α > 1, one can deduce an upper bound analogous to (48) for the fα -informativity
which is described in the next corollary. Recall the notion of the covering numbers Mα (, Θ)
from Section 2.

This completes the proof of (49) because Df1−α (Qξ ||P ) = Dfα (P ||Qξ ). The proof of (50)
follows by applying (49) for P = Pθ and then integrating the resulting bound with respect
to w(dθ).

Ξ

Let u(ξ, x) =
< 1 when α 6∈ [0, 1], Lemma 15 implies that u(ξ, x) 7→
. Since

R
1/(1−α) ν(dξ) 1−α is concave in u. Applying Jensen’s inequality,
u(ξ,
x)
Ξ
1−α
 "
 1−α #1/(1−α)
Z Z
qξ

Dfα (P ||Q̄) ≤
p
dµ
ν(dξ)
−1
p
Ξ
X
Z
1−α

1/(1−α)
− 1.
ν(dξ)
=
Df1−α (Qξ ||P )

qξ
p

 1−α

function of u ∈ RM
+ when r < 1.
1
In fact, since we will apply this lemma to prove Theorem 14 with r = 1−α
, the condition
r < 1 in Lemma 15 translates into α 6∈ [0, 1] in Theorem 14. We are now ready to prove
Theorem 14.
Proof [Proof of Theorem 14]
By the identity that Dfα (P ||Q) = Df1−α (Q||P ), we have
Z
1−α
Z
qξ
p
Dfα (P ||Q̄) = Df1−α (Q̄||P ) =
ν(dξ)dµ
−1
X
Ξ p
 "
1−α
#
Z
Z  1−α 1/(1−α)
qξ

ν(dξ)dµ
−1
=
p
p
X
Ξ

Lemma 15 Fix r < 1. Let µ be a probability measure on the space T and let S := {u :
1/r
R
T → R+ : u ∈ Lrµ (T )}. Then the map f : S → R defined by f (u) := T u(t)r µ(dt)
is
concave in u.
1/r
P
M
r
is a concave
Note that the discrete version of Lemma 15 states that f (u) =
i=1 ui /M

To prove Theorem 14, the following lemma is critical (the proof of this lemma in given
in Appendix B.1).

and

Theorem 14 Fix α ∈
/ [0, 1] and let fα ∈ C be as defined in Section 2. Under the setting of
inequalities (45) and (46), we have
Z
1−α
Dfα (P ||Q̄) ≤
(Dfα (P ||Qξ ) + 1)1/(1−α) ν(dξ)
− 1.
(49)

On Bayes risk lower bounds

(52)

(51)

max1≤j≤M (1 + Dfα (Pθ kQj ))1/(1−α)

1≤j≤M



Dfα (Pθ kQ̄) ≤ M α−1 1 + min Dfα (Pθ kQj ) − 1.

= (1 + min1≤j≤M Dfα (Pθ kQj ))1/(1−α) .

(1 + Dfα (Pθ kQj ))1/(1−α) ≥

j=1

22
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Example 1 (Gaussian model with uniform priors on large balls) Fix d ≥ 1. Suppose Θ = A ⊆ Rd and let L(θ, a) := kθ − ak22 . For each θ ∈ Rd , let Pθ denote the Gaussian
distribution with mean θ and covariance matrix σ 2 Id×d (σ 2 > 0 is a constant). Let w√be
the uniform distribution on the closed ball of radius Γ centered at the origin. Let Γ ≥ σ d.

We now turn to applications of the Bayes risk lower bounds in Corollary 12 and the informativity upper bounds in this section. We present a toy example here and postpone more
complicated examples (e.g., generalized linear model, spiked covariance model, Gaussian
model with general prior and loss) to Appendix C.

The proof is complete by integrating the above inequality with respect to w(dθ).

>0

Dfα (Pθ kQ̄) ≤ inf (1 + 2 )Mα (, Θ)α−1 − 1.

We now fix  > 0 and apply the above with {Q1 , . . . , QM } taken to be an 2 -cover of Θ
under the fα -divergence. We then obtain

This gives

j=1

M
X

We now use (note that α > 1)

Dfα (Pθ kQ̄) ≤ M

α−1 


1−α
M
X
1/(1−α) 
−1
(1 + Dfα (Pθ kQj ))

Note that Corollary 16 gives trivial bound when Mα (, Θ) equals ∞ for all  > 0. This can
be handled in a way similar to that outlined in the discussion after (48).
Proof [Proof of Corollary 16]
Let Q1 , . . . , QM be probability measures on X and fix θ ∈ Θ. Inequality (49) applied to
P = Pθ , Ξ := {1, . . . , M } and the uniform probability measure on Ξ as ν gives

>0

Iχ2 (w, P) ≤ inf (1 + 2 )Mχ2 (, Θ) − 1.

In particular, when Dfα is the chi-square divergence, Corollary 16 implies

>0

Ifα (w, P) ≤ inf (1 + 2 )Mα (, Θ)α−1 − 1.

Corollary 16 For every α > 1, we have
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On Bayes risk lower bounds

d
+ .
2

(53)

We will show below how to obtain the tight Bayes risk lower bound using Corollary 12 along
with the f -informativity upper bound in Corollary 16.
We can assume that Θ (and A) is the closed ball of radius Γ centered at the origin as w
puts zero probability outside this ball. We use the inequality (40) induced by the chi-squared
divergence. To establish the lower bound, we need to upper bound supa∈A w(Bt (a, L)) and the
chi-squared informativity. The former can be easily controlled because supa∈A w(Bt (a, L)) ≤
√ d
t/Γ . For the latter, we use (52),
 which requires an upper bound on Mχ2 (, Θ). Note
that χ2 (Pθ kPθ0 ) = exp kθ − θ0 k2 /σ 2 −1 for θ, θ0 ∈ Θ. As a consequence, χ2 (Pθ kPθ0 ) ≤ 2 if
p
and only if kθ − θk2 ≤ 0 := σ log(1 + 2 ). Therefore, by a standard volumetric argument,
we have
!d


 d
Γ + 0 /2 d
3Γ
3Γ
p
Mχ2 (, Θ) ≤
≤
=
0
0

/2

σ log(1 + 2 )
√
√
provided 0 ≤ Γ. In particular, if we take  := ed − 1, then 0 = σ d ≤ Γ, we will obtain

d
√
√
Mχ2 (, Θ) ≤ (3Γ/(σ d))d . Inequality (52) then gives Iχ2 (w, P) ≤ σ3eΓ
− 1. Let Ifup be
d
Ifup )−1 .

= d log

3Γ
√
σ d

the right hand side. If we choose t = cdσ 2 for a sufficiently small constant c > 0, then we
have supa∈A w(Bt (a, L)) <
+
Inequality (40) then gives

1
4 (1

RBayes (w, L; Θ) ≥ cdσ 2 .



d log

3Γ
√
2σ



+ 2



1
4



exp −2Ifup

This lower bound is tight due to the trivial upper bound RBayes (w, L; Θ) ≤ d min(σ 2 , Γ2 )
since RBayes (w, L; Θ) is smaller than the risk of the constant estimator 0 as well as the
trivial estimator of the observation itself.
This example allows us to compare the bound given by Theorem 9 for different f ∈ C.
We argue below that using KL divergence and applying (39) along with inequality (48) for
controlling the mutual information will not yield a tight lower bound for this example. In
other words, the same strategy that works for f (x) = x2 −1 does not work for f (x) = x log x.
0 2
2
0
2
To see this, notice that D(P
√θ kPθ0 ) = kθ − θ k /σ for θ, θ ∈ Θ. As a result, D(Pθ kPθ0 ) ≤ 
if and only if kθ − θ0 k ≤ 2σ. The same volumetric argument again gives MKL (, Θ) ≤

d
√
√3Γ
provided 2σ ≤ Γ. The bound (48) implies that the mutual information I(w, P)
2σ
is bounded by


I(w, P) ≤

inf√
0<≤Γ/( 2σ)

√
Let Ifup be the right hand side above. The maximum t > 0 for which ( t/Γ)d <

is on the order of d2 σ 4 /Γ2 . This means that inequality (39) implies a weaker lower bound
Ω(d2 σ 4 /Γ2 ), which is suboptimal when dσ 2 is small or when Γ is large. This is in contrast
with the optimal bound (53).
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In the above example, a direct application of Theorem 9 with f (x) = x log x does not produce a tight lower bound. This is mainly because, when the prior is over a large parameter
space (e.g., a ball of a constant radius), the upper bound of mutual information over the entire parameter space Θ in (48) could be too loose. This can be corrected by partitioning the
23
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parameter space Θ into small hypercubes, and applying our bounds for the prior restricted
to each hypercube separately so that the mutual information inside the partition can be
appropriately upper bounded using (48). This is another illustration of the idea described
in Remark 11. We first describe this method in a more general setting in the following
corollary and then apply it to the setting of Example 1. We use the following notation. For
measurable subsets S of a Euclidean space, Vol(S) denotes the volume (Lebesgue measure)
of S.

Corollary 17 Let Θ = A ⊆ Rd . Suppose that the prior w has a Lebesgue density fw that
is positive over Θ. For each θ ∈ Θ and δ > 0, let


√
fw (θ1 )
: θi ∈ Θ and kθi − θk2 ≤ dδ for i = 1, 2 .
fw (θ2 )
rδ (θ) := sup

"
#


Z
p/d
1
1
sup
e−2p δ p (8V )−p/d
w(dθ) .
2 0<δ≤A−1/2
Θ rδ (θ)

(54)

Suppose also the existence of A > 0 such that D(Pθ1 kPθ2 ) ≤ Akθ1 − θ2 k22 for all θ1 , θ2 ∈ Θ
and the existence of V > 0 (which may depend on d) and p > 0 such that supa∈A Vol(Bt (a, L)) ≤
V td/p for every t > 0. Then
RBayes (w, L; Θ) ≥

The proof of Corollary is quite technically involved and thus is deferred to Appendix
B.3.
We demonstrate below that this corollary yields the correct rate in Example 1. More
examples (e.g., estimation problem in generalized linear model, spiked covariance model,
and Gaussian model with a general loss) are given in Appendix C.



1
e−4 8−2/d δ 2 Vol(B)−2/d .
sup
2 0<δ≤√2σ

Example 2 (Gaussian model with uniform priors on large balls (continued)) Consider
the same setting as in Example 1. Because D(Pθ kPθ0 ) = kθ − θ0 k22 /(2σ 2 ), we can take
A = (2σ 2 )−1 in Corollary 17. Moreover, because L(θ, a) = kθ − ak22 , it is easy to see that
supa∈A Vol(Bt (a, L)) ≤ td/2 Vol(B) which means that we can take p = 2 and V = Vol(B) in
Corollary 17 where B is the unit ball in Rd . Finally, because w is the uniform prior, we
have rδ (θ) = 1 for all θ ∈ Θ. Corollary 17 therefore gives
RBayes (w, L; Θ) ≥

This matches the tight lower bound (53) by noting that Vol(B)1/d  d−1/2 .

6. Smoothed Analysis for Spherical Gaussian Mixture Models with
Uniform Weights

JMLR 17(219):1-58

Smoothed analysis is a useful technique for analyzing algorithms that fail in the worst case
but succeed with high probability in the average case. For parameter estimation problems,
smoothed analysis assumes that the parameter to be estimated is randomly perturbed

24
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1. For simplicity, we focus on the case when all mixture components have equal weights, but our argument
can be easily generalized to the case of non-uniform weights.

We study estimating the parameter of a Gaussian mixture model (GMM). The parameter
of a GMM is a d-by-k matrix θ := (θ1 , . . . , θk ). Each θi ∈ Rd represents the mean of the
i-th mixture component. We assume that the number of components k is much less than
the dimensionality d. Suppose that n i.i.d. instances {xi }ni=1 are sampled from the GMM
with each xi ∈ Rd . Equivalently, it is generated by the following procedure: First, an
integer zi is uniformly sampled from {1, . . . , k}. This integer is called the membership of
the i-th instance1 . Then, the vector xi is drawn from the spherical Gaussian distribution
N (θzi ; Id×d ). The goal is to estimate the parameters θ.
Information theoretically, the GMM model is learnable if the Gaussian means are well
seperated. Let D represent the minimum distance between two distinct component means.
Vempala and Wang (2004) show that, as long as D > C for C being a sufficiently large
constant, the estimation error on θ scales as O(n−1/2 ). However, the algorithm achieving
this rate has O(k k ) time complexity. When the mutual distance D is large enough, there
are poly(n, d, k)-time algorithms to estimate
√ the model parameters. In particular, Dasgupta
(1999) presents an algorithm for D = Ω( d). Arora and Kannan (2005) and Dasgupta and
Schulman (2000) present algorithms for D = Ω(d1/4 ). Vempala and Wang (2004) reduce
this distance lower bound to Ω(k 1/4 ). However, designing poly(n, d, k)-time algorithm for
e
Ω(1)-separated
GMMs is a long-standing open problem.
Hsu and Kakade (2013) proposed a method that does not need the well-separation
condition. The only assumption is that {θ1 , . . . , θk } are linearly independent. Let σmin > 0
be the smallest singular value of the matrix θ. Their algorithm runs in poly(n, d, k)-time

6.1 Learning Mixture of Gaussians

by a small noise, and the data is generated with respect to the perturbed parameter as
well. Under this setting, if the set of “bad” parameters that fail the estimator has zero
measure, then the estimator will succeed almost surely after the perturbation. Smoothed
analysis has been successfully applied to analyze linear programming (Blum and Dunagan,
2002; Dunagan et al., 2011; Hsu and Kakade, 2013; Spielman and Teng, 2003), integer
programming (Röglin and Vöcking, 2007), binary search trees (Manthey and Reischuk,
2007), and other combinatorial problems (Banderier et al., 2003). See the paper by Spielman
and Teng (2003) for a survey of existing works.
In this section, we use smoothed analysis to study an important problem in statistical
estimation: learning mixture of spherical Gaussians. The problem of computing the maximum log-likelihood estimator is NP-hard (Arora and Kannan, 2005). However, if the true
parameters are perturbed by a random noise, then we demonstrate that a variant of the
polynomial-time algorithm proposed by Hsu and Kakade (2013) succeeds in estimating the
Gaussian means. We present an upper bound on the algorithm’s mean-squared error using
smoothed analysis, which achieves a better rate than the original algorithm of Hsu and
Kakade (2013). Furthermore, we apply the Bayes risk lower bound developed in this paper
to show that, the mean squared-error achieved by this algorithm is unimprovable, even under smoothed analysis. To the best of our knowledge, the lower bound cannot be established
by traditional information-theoretic techniques for lower bounding minimax risks.

On Bayes risk lower bounds

(55)
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According to Lemma 19, with high probability we have zbi = zi for any i ∈ [n]. Given the
membership, we refine the mean estimates by:
P
i:b
zi =j xi
θbj ←
.
|{i : zbi = j}|

j∈[k]

The proof of this technical lemma is relegated to Appendix D. Lemma 19 shows that
with high probability, the distance of a random sample to its true component mean is
significantly less than the distance to any other means. Let θbj represent the j-th column
b When the sample size n is sufficiently large, the method of Hsu and Kakade (2013)
of θ.
guarantees that kθbj − θj k2 < o((d log(nk/δ))−1/2 ) for any j ∈ [k]. Thus, Lemma 19 implies
that the distance of xi to θbzi is smaller than the distance to any other estimated centers.
As a consequence, we may recover the membership of instances by computing the center
that is the closest to them.
zbi = arg min kxi − θbj k2 .

p
Lemma 19 Let the mutual distance satisfy D ≥ c1 log(nk/δ) ≥ 3 for a sufficiently
large constant c1 . With probability at least 1 − δ, the inequality kxi − θj k2 − kxi − θzi k2 ≥
c2 (d log(nk/δ))−1/2 holds for a constant c2 > 0, for any i ∈ [n] and any j ∈ [k]\{zi }.

We choose , ρ ∼ n−c√for a sufficiently small c > 0, then the perturbation diminishes to
zero, and if σmin > ρ d holds, then the right-hand side of equation (55) converges to zero
at a polynomial rate as n → ∞. Lemma 18 implies that the probability of this event is
at least 1 − O(n−cd ). Thus, with high probability, the estimator θb is consistent under the
smoothed analysis.
The convergence
rate of the estimator θb can be improved if we add a mild assumption
p
e log(nk)). Although the main focus of the paper is on lower bounds, the upper
that D = O(
bound result on the estimation of θb in learning mixture of Gaussians is of its independent
interest. To obtain the upper bound on E[kθb − θk2F ], we first establish the following lemma:

Here, c1 , c2 are universal constants.

Lemma 18 (Ge et al. (2015), Lemma G.16) Let θ∗ ∈ Rd×k and suppose that d ≥ 3k.
If all entries of θ∗ are independently perturbed by N (0, ρ2 ) to yield matrix θ. For any  > 0,
with probability at least 1 − c1 (c2 )d , the smallest singular value of matrix θ is lower bounded
by:
√
σmin > ρ d.

Here, k · kF denotes the matrix Frobenius norm. In general, we cannot guarantee that
σmin > 0. However, if we add a small perturbation on the true component means, then
the assumption is satisfied almost surely. More precisely, we assume that there is a matrix
∗ ; ρ2 ). The following
θ∗ ∈ Rd×k so that each entry of matrix θ is sampled from θij ∼ N (θij
lemma lower bounds the smallest singular value.

b
and achieves the following bound for estimator θ:


poly(d, k, 1/σmin ) log(1/δ)
kθb − θk2F = O
with probability at least 1 − δ.
n
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j=1

θbj

k
h
i
X
E inf Eθj ∼wj [L(θbj (Sj ), θj )|nj ] (57)

Since the membership is uniformly assigned, with high probability the sample size of the
n
j-th Gaussian component is lower bounded by 2k
. Thus, with high probability the squared
error of θbj will be upper bounded by O(dk/n). Since there are k components, the overall
squared error is bounded by O(dk 2 /n). Putting pieces together, we have an upper bound
on the mean-squared error of parameter estimation.

k
X

inf Eθj ∼wj [L(θbj (Sj ), θj )] ≥

b
j=1 θj

θbj

wj (x)/c1 if kx − Dej k2 ≤ Γ
0
otherwise.

RBayes (wj , nj ) ≥ c1 · RBayes (w, nj ).

sup w(Bt (a, L)) = w(Bt (Dej , L)) ≤

28

cd
.
nj
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Thus, it suffices to lower bound the second term on the right-hand side.
We follow the similar steps of Example 1 to establish the lower bound. We start by
upper bounding the terms supa∈A w(Bt (a, L)) and the chi-squared informativity Iχ2 (w, P).
Using definition of the multivariate normal distribution, it is easy to see that
√
V ( t)
c1 (2π(1 + ρ2 ))d/2
a∈A

The normalization factor c1 is equal to the total mass of w in the ball {x : kx − Dej k2 ≤ Γ}.
It is straightforward to verify that the radius Γ is sufficiently large so that c1 is lower bounded
by a universal constant. The prior w can be viewed as restricting the original prior in a
finite radius. According to Remark 11, we may lower bound the Bayes risk by

w(x) =

Proof [Proof of Lemma 21]
We denote the distribution of instances in Sj by Pθj and let P be the set of such
distributions. Since the support √
of wj is Rd , we start by defining a prior whose support is
an Euclidean ball of radius Γ := 2d. Let w be the truncated prior satisfying:


RBayes (wj , nj ) := inf Eθj ∼wj [L(θbj (Sj ), θj )|nj ] ≥

Lemma 21 Suppose that the standard deviation of normal perturbation ρ ≤ 1 and nj ≥ 1.
For a universal constant c, the Bayes risk is lower bounded by

where wj is the prior distribution N (Dej ; (1 + ρ2 )Id×d ) and nj is the cardinality of Sj .
We focus on the inner term on the right-hand side, namely inf θbj Eθj ∼wj [L(θbj (Sj ), θj )|nj ],
and find that it is the Bayes risk of Gaussian mean estimation with nj i.i.d. samples, with
the true parameter θj satisfying a Gaussian prior wj . This Bayes risk can be easily lower
bounded by the techniques that we develop in this paper.

RBayes (w, L; Θ) ≥

where ej is the unit vector of the j-th coordinate. As a consequence, the prior distribution
w samples the j-th column of θ from the normal distribution N (Dej ; (1 + ρ2 )Id×d ).
In the GMM setting, the membership variables zi are unknown to the estimator. If we
assume that the memberships are given to the estimator, it makes the problem easier so
that the associated Bayes risk is a smaller than or equal to the original Bayes risk. Since
we want to derive a lower bound, we make the assumption that the memberships are given,
then partition the instances into k disjoint subsets according to their memberships. Let the
j-th subset Sj be defined as Sj := {xi : zi = j}. Conditioning on the memberships, the
k
distributions of {(θj , Sj )}j=1
are mutually independent. Thus, we have

Cdk 2
.
n

Proposition 20 Suppose that d ≥ 3k and n is greater than a fixed polynomial function of
(d, k, 1/ρ). Let the true parameter θ be ρ-perturbed from an arbitrary matrix θ∗ ∈p
Rd×k . In
addition, assume that the distances between the columns of θ∗ are at least D = c log(nk)
for some universal constant c. Then there is a universal constant C such that the estimator
θb described above achieves mean-square error:
E[kθb − θkF2 ] ≤

6.2 Minimax Risk of Smoothed Analysis

(56)

In this section, we formalize the notion of minimax risk under smoothed analysis. Similar to
the classical statistical setting, the minimax risk under smoothed analysis can be defined in
b then the adversary chooses
a game theoretic way. The learner first chooses an estimator θ,
a parameter θ∗ from the parameter space Θ, which is randomly perturbed to form the true
parameter θ. The data X is generated with respect to θ. Under this random perturbation
framework, the minimax risk is defined as:
θb θ∗ ∈Θ

b
Rminimax := inf sup Eθ [L(θ(X),
θ)]

where L(·, ·) is the loss function. In our GMM application, the parameters are the means of
mixture components. The parameter space is the set of means whose mutual distances are
lower bounded by D. The true parameter is generated by a random Gaussian perturbation
with variance ρ2 . The loss is the Frobenius norm of the difference of matrices.
We note that the minimax risk (56) differs from the classical notion of minimax risk in
that the adversary is not able to explicitly choose the true parameter θ. Instead, the true
parameter is sampled from a prior distribution parametrized by θ∗ . This Bayes nature makes
it hard to lower bound the minimax risk (56) using the traditional Le Cam’s or the Fano’s
method. In particular, both the Le Cam’s method and the Fano’s method lower bound
the minimax risk by assuming a uniform prior over a carefully constructed discrete set.
However, in our GMM setting, the prior distribution of parameter θ is always continuous.
Our Bayes risk lower bound naturally fits into the setting of smoothed analysis. Let
w∗ be an arbitrary prior distribution over θ∗ . Since θ is perturbed from θ∗ , the prior w∗
induces a prior w over θ. It is easy to see that the Bayes risk with respect to w is a lower
bound on the minimax risk (56). Thus, it suffices to lower bound the Bayes risk:
θb

b
RBayes (w, L; Θ) := inf Eθ∼w [L(θ(X),
θ)].
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For the GMM example, we construct the prior distribution w∗ as follow: the j-th column
of θ∗ , namely the vector θj∗ ∈ Rd , is sampled from the normal distribution N (Dej ; Id×d ),
27

j=1

2n

k
X
cdk

P(nj ≤ 2n/k).

30

for any (2k)-sparse vector β ∈ Rd .

(58)
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kXβk2
√
≤ κu kβk2
n
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29

does not need to be k-sparse. Hence, our theoretical framework includes improper learners
which are allowed to output non-sparse estimates whenever they achieve small risks.

κ` kβk2 ≤

Here, both κu and κ` are positive constants. As a concrete example, if entries of the matrix X are i.i.d. sampled from a normal distribution, then the matrix is called a Gaussian
random design. This type of matrices have been extensively studied for sparse linear regression (Candes et al., 2006; Guédon et al., 2008), and proved to satisfy condition (58)
with κu /κ` = O(1) (Raskutti et al., 2010). For the rest of this section, we assume that the
design matrix X satisfies the condition (58).

Given an index set K, we use θK as a shorthand notation to denote the coordinates of
the vector θ ∈ Rd whose indices belong to the set K. Similarly, we use θ−K to denote the
subvector whose indices are not in K. Then the the second step of the above generative
process can be rephrased as generating θK ∼ N (0, τ 2 Ik×k ) and
 defining θ−K = 0. It is clear
that the sampled θ belongs to the k-sparse `0 -ball B0 (k) := θ ∈ Rd : kθk0 ≤ k .
One may consider variants of the the prior defined above. For example, one can assume
that the number of non-zero entries of the vector θ is not exactly equal to k, but random
sampled from a Poisson distribution with mean k. One may also redefine the prior of nonzero entries to be a non-Gaussian distribution. However, these variants don’t add essential
technical challenge to the analysis, thus we focus on the the prior w as a concrete example
for illustrating the general idea.
We make an additional assumption on the design matrix X that is important for characterizing the minimax risk (see, e.g. Raskutti et al., 2011), and in this section, we study their
effects on the Bayes risk. Specifically, the design matrix X satisfies the sparse eigenvalue
conditions with parameter (κu , κ` ) if:

2. For every index i ∈ K, the coordinate θi is generated by sampling from the normal
distribution N (0, τ 2 ). For any i ∈
/ K, define θi := 0.

1. Uniformly sample a subset of k indices from the integer set {1, 2, . . . , d}, naming this
subset by K.

We define a prior over k-sparse d-dimensional vectors for the true parameter θ ∈ Rd , referred
to as distribution w, as follows:

7.1 Prior Definition and Assumptions

The minimax risks of sparse linear regression have been well-studied. Under the same
problem setting, Raskutti et al. (2011) proved information theoretic lower bounds on both
the estimation error and the prediction error. Certain lower bounds have also been proved
under the computation tractability constraint Zhang et al. (2014), or proved for the family
of regularized M-estimators Zhang et al. (2015). All these lower bounds handle the worstcase scenario — given an arbitrary estimator, they prove the existence of a parameter θ
that attains the lower bound. This setting might be too pessimistic in practice. The goal
of this section is to study the Bayes risk of sparse linear regression under a natural prior,
whose construction is described in the next subsection.
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Linear regression is a canonical problem in machine learning and statistics. For a fixed
design matrix X ∈ Rn×d and an unknown parameter θ ∈ Rd , the learner observes a noisecorrupted response vector y = Xθ + ε, where ε satisfies an isotropic normal distribution
N (0, σ 2 Id×d ). The goal is to take the response vector as input and find an estimator
θb ∈ Rd for the true parameter θ. The risk is measured either by the estimation error
b := kθb − θk2 , or by the prediction error Lpre (θ, θ)
b := kX θb − Xθk2 . Both errors will
Lest (θ, θ)
2
2
be studied in this section.
For high-dimensional linear regression, the dimension d can be much greater than the
sample size n. In order to prevent over-fitting, one needs to impose structural assumptions
on the true parameter, for example, assuming that the the number of non-zero entries in
vector θ is at most k (k  d). Formally, we use B0 (k) to represent the set of k-sparse vectors
in Rd , and assume that θ ∈ B0 (k). Under this setting, we want to compute an estimator
θb ∈ Rd to minimize the estimation error or the prediction error. Note that the estimator θb

7. Bayes Risk Lower Bounds for Sparse Linear Regression

Comparing proposition 20 and proposition 22, we find that both the upper bound and
the lower bound are tight. More precisely, under the assumptions of proposition 20, the
minimax risk of smoothed analysis is precisely on the order of dk 2 /n.

Proposition 22 Assume that the standard deviation of normal perturbation ρ ≤ 1, then
for some universal constant c the minimax risk of smoothed analysis is lower bounded by
2
Rminimax ≥ c dkn .

Recall that every nj satisfies a binomial distribution B(n, 1/k), which has median bn/kc or
dn/ke, thus the probability P(nj ≤ 2n/k) will be at least 1/2. It implies that the Bayes risk
is lower bounded by Ω(dk 2 /n). Putting pieces together, we have the following lower bound
on the minimax risk.

RBayes (w, L; Θ) ≥

Combining inequality (57) and Lemma 21, we have

√
√
where V ( t) represents the volumn of the Euclidean ball√of radius t. Thus, there is a
d
universal constant c2 such that supa∈A w(Bt (a, L)) ≤ (c2 t/Γ) . On the other hand, we
follow the same steps of Example 1 to upper bound the chi-square informativity. Note that
our setup has nj i.i.d. observations, but in Example 1 there is only one observation. In this

generalized setup, the chi-square distance χ2 (Pθ kPθ0 ) is equal to exp nj kθ − θ0 k22 /σ 2 −
1. Plugging thispformula into the argument of Example 1, we obtain the upper bound
Iχ2 (w, P) ≤ (3eΓ nj /d)d − 1.
Let Ifup be the obtained informativity upper bound. If we choose t = cd/nj for a sufficiently small constant c > 0, then we have supa∈A w(Bt (a, L)) < 14 (1 + Ifup )−1 . Corollary 12
then gives RBayes (w, nj ) ≥ cd/nj .

On Bayes risk lower bounds

On Bayes risk lower bounds

7.2 Bayes Risk Lower Bounds
For sparse linear regression, we denote the parameter space and action space by Θ = B0 (k)
and A = Rd , respectively. We present a Bayes risk lower bound with respect to the prior
distribution defined in Section 7.1, then demonstrate its consequences.

n
1
16κu2 n

 4κ2 n h
σ 2 log(d/k) i o
, exp − u2 τ 2 −
.
σ
+
(59)

Theorem 23 Assume that the design matrix X satisfies the sparse eigenvalue condition (58),
and that d > k 3 . There are universal constants c0 , c00 > 0 such that for any τ > 0, we have
Bayes risk lower bounds: RBayes (w, Lest ; Θ) ≥ c0 T (τ ) and RBayes (w, Lpre ; Θ) ≥ c00 κ`2 T (τ ),
where T (τ ) is a term defined by
T (τ ) := kτ 2 max
1+

κu2 τ 2 n/σ 2

The proof of Theorem 23 follows the general strategy that we sketched in earlier sections:
first, we bound the mutual informativity using the techniques described in Section 5, then
we upper bound the probability supa∈A w(Bt (a, L)) for a specific scalar t > 0. Combining
the two upper bounds with Corollary 12 establishes the theorem. See Appendix E for the
proof. We make a few important remarks of this result in the below.
Estimation versus prediction By Theorem 23, the lower bounds on the estimator error
and the prediction error differ by a factor κ`2 . As a consequence, if we multiply a constant
to the design matrix, then the term κ`2 will also be scaled. If the scalar is very small,
then the lower bound on the prediction error will be close to zero, but the lower on the
estimation error won’t. These are the right scaling for both risks. Indeed, when the design
matrix converges to an all-zero matrix, the true parameters will be hard to identify, but the
constant estimator θb ≡ 0 will be able to achieve a small prediction error.

and

2 2
b ≥ c00 κ` σ k log(d/k) ,
inf max E[Lpre (θ, θ)]
κu2 n
(60)
θb θ∈B0 (k)

Comparison with minimax risk lower bounds It is worth comparing Theorem 23
with the well-studied minimax risk lower bound. Under the sparse eigenvalue condition (58),
Raskutti et al. (2011) proved the follow minimax risk lower bound:

2
b ≥ c0 σ k log(d/k)
inf max E[Lest (θ, θ)]
κu2 n
θb θ∈B0 (k)

τ∗2 :=

σ 2 log(d/k)
16κu2 n

and RBayes (w, Lpre ; Θ) ≥ c00

κ2 σ 2 k log(d/k)
`
,
κu2 n

(62)

where c0 and c00 are universal constants. These bounds are matched by Theorem 23. In
particular, if we assume d > k 3 and consider the prior distribution with variance:


,
(61)
τ2 =

σ 2 k log(d/k)
κu2 n

then expression (59) implies T (τ ) = kτ 2 , and as a consequence, we have
RBayes (w, Lest ; Θ) ≥ c0
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where c0 and c00 are universal constants. The minimax risk lower bounds (60) and the Bayes
risk lower bounds (62) thus match by a universal constant factor. Therefore, using our
31
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technique, we can directly obtain this classical minimax result on sparse linear regression.
It is worth noting that the lower bounds of Raskutti et al. (2011) were proved by constructing
a uniform prior over a discrete packing set over the parameter space. The existence of the
proper packing set was proved in a non-constructive, worst-case fashion, which might be
too pessimistic in practice. In contrast, our lower bound was established for a realistic and
flexible prior which admits a simple closed-form definition and allows for different levels of
variance. The theorem also shows that the prior w with the variance level (61) is in fact a
least favorable prior for sparse linear regression.

and RBayes (w, Lpre ; Θ) ≥ c00 κ`2 kτ 2 .

(64)

(63)

and RBayes (w, Lpre ; Θ) ≥ c00

κ`2 kσ 2
.
κu2 n

Bayes risk on the spectrum of priors Besides the least-favorable setting (61), let us
consider the Bayes risk under other choices of the parameter τ 2 . When τ 2 < τ∗2 , Theorem 23
implies
RBayes (w, Lest ; Θ) ≥ c0 kτ 2
kσ 2
κu2 n

When τ 2 → +∞, Theorem 23 implies
RBayes (w, Lest ; Θ) ≥ c0

b ≤ κ2 kτ 2 .
and Eθ∼w [Lest (θ, θ)]
u

In both cases, the Bayes risk lower bounds can be significantly smaller than the minimax
risk. We argue that these lower bounds are essentially tight under specific assumptions.
That is, when taking the prior information into account, we can indeed achieve better rates
than the minimax rate.
First, notice that the upper bound:
b ≤ kτ 2
Eθ∼w [Lest (θ, θ)]

kXβ − yk22 .

`0 -norm

β∈B0 (k)

inf

(65)

can always be achieved using the constant estimator θb ≡ 0. It means that for the case of
τ 2 < τ∗2 , the lower bounds (63) are tight under the assumption κu /κ` = O(1).
For the case of τ 2 → +∞, we consider the
constrained estimator:
θb := arg

Whenever κ /κ = O(1), Raskutti et al. (2011) showed that the estimator (65) achieves an
u
`
error bound kθb − θk22 ≤ c k log(d)
with high probability for a constant c > 0. Suppose that
n
with a scaling factor C > c. For any i ∈ K, the expectation of θi2 is equal
τ 2 = C k log(d)
n
to τ 2 , so that the probability of θi2 ≤ c k log(d) is bounded by O(c/C). It means that by
n
choosing a large enough C (specifically, choosing C  ck), the lower bound θi2 > c k log(d)
n
will hold for every i ∈ K with a probability close to 1. Combining this fact with the bound
kθb − θk22 ≤ c k log(d)
, we find that the support of θb must agree with K, so that the estimator
n
must satisfy:
and θb−K = 0,
β∈Rk

θbK = arg inf kXK β − yk22
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where XK is a submatrix of X consisting of columns indexed by K. In other words, the
vector θbK is the least-square estimator for a k-dimensional linear regression problem. For
estimators taking this form, both the estimation error and the prediction error are known
to match the lower bound (64) with high probability.
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In this paper, we presented lower bounds for the Bayes risk in abstract decision-theoretic
problems. Our bounds are quite general and only require upper bounds on supa∈A w(Bt (a, L))
and the f -informativity If (w, P) for their application. Because of the generality, the bounds
are not always tight however. For example, the bounds involve supa∈A w(Bt (a, L)) and this
quantity becomes large when the prior w has a spike. In such situations, our main Bayes
risk lower bound in Theorem 9 will not be tight. In specific examples, this looseness can
be remedied by adhoc fixes such as the one described in Remark 11. Obtaining tight lower
bounds for the Bayes risk in the generality considered in this paper is a challenging open
problem.

8. Conclusions

On Bayes risk lower bounds

(67)

Rd ≥

34

−I(w, P) − H(Rd ) − log wmax
,
log [(1 − wmin )/wmax ]
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(68)

One of the main results in Braun and Pokutta (2014) (Proposition 2.2) establishes the
following variant of Fano’s inequality. Consider the setting of Lemma 3. In particular,
d from (21) and also the sets B(a), a ∈ A from (16). (Braun
recall the quantities Rd and RQ
and Pokutta, 2014, Proposition 2.2) proved the following: for any decision rule d,

A.2 A Variant of Fano’s Inequality from Braun and Pokutta (2014)

where the last inequality is because that ab ≤ 1−a
1−b for every 0 ≤ a ≤ b and f is convex. The
non-negativity of h0R (b) implies that h(b) is non-decreasing on [a, 1].

Combining (66) with (67), we obtain that,
 

 a  a   1 − a 
 a 
a
1−a
h0R (b) ≥
fR0
− fL0
≥
fL0
− fL0
≥ 0,
b
1−b
b
b
1−b
b

where h0R represents the right derivative of h. By the convexity of f ,





a
1−a
1−a
a 1−a
f
−f
≥ fR0
−
.
b
1−b
1−b
b
1−b

for every a ∈ (0, b] which implies that g(a) is non-increasing on [0, b].
When b = 1, we have gL0 (a) = fL0 (a) − f 0 (∞) which is always ≤ 0 because f is convex
(note that f 0 (∞) = limx↑∞ f (x)/x = limx↑∞ (f (x) − f (1))/(x − 1)).
The convexity and continuity of g follow from the convexity of f and the expression for
φf .
Next, we fix a and show that h(b) : b 7→ φf (a, b) is non-decreasing for b ∈ [a, 1]. For
every b ∈ [a, 1), we have,




a a a
1−a
1−a 0 1−a
h0R (b) = f
− fL0
−f
+
fR
,
(66)
b
b
b
1−b
1−b
1−b

where gL0 and fL0 represent left derivatives and fR0 represents right derivative (note that fL0
and fR0 exist because of the convexity of f ). Because ab ≤ 1−a
1−b for every 0 ≤ a ≤ b and f is
convex, we see that


a
1−a
gL0 (a) ≤ fR0
− fR0
≤0
b
1−b

Recall the expression (13) of φf (a, b). We first fix b and show that g(a) : a 7→ φf (a, b) is a
non-increasing for a ∈ [0, b]. There is nothing to prove if b = 0 so let us assume that b > 0.
We will consider the cases 0 < b < 1 and b = 1 separately. For 0 < b < 1, note that for
every a ∈ (0, b], we have,


a
1−a
gL0 (a) = fL0
,
− fR0
b
1−b

A.1 Proof of Lemma 1

Appendix A. Proofs and Additional Results for Section 3 on Bayes Risk
Lower Bound for Zero-one Loss
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On Bayes risk lower bounds

Rd
1 − Rd
Df (Pθ kQ)w(dθ) ≥ Rd log d + (1 − Rd ) log
d .
RQ
1 − RQ

(70)

(69)

where H(x) := −x log x−(1−x) log(1−x), wmin := inf a∈A w(B(a)) and wmax := supa∈A w(B(a)).
Below we provide a proof of this inequality using Lemma 3. The proof given in Braun
and Pokutta (2014) is quite different proof. Using (20) from Lemma 3 with f (x) = x log x,
we have for any decision rule
Z
Θ

We can rewrite this as
Z
d
d
Df (Pθ kQ)w(dθ) ≥ −H(Rd ) − Rd log RQ
− (1 − Rd ) log(1 − RQ
)
Θ

where H(x) := −x log x − (1 − x) log(1 − x). Since L in Lemma 3 is zero-one valued.
d
= 1 − EQ w(B(d(X)))
RQ

a∈A

(71)

where EQ denotes expectation taken under X ∼ Q and and B(d(X)) is defined in (16). As
a result, we have
a∈A

d
1 − max w(B(a)) ≤ RQ
≤ 1 − min w(B(a)).

Using the bounds in (71) on the right hand side of (69), we deduce
Z
Df (Pθ kQ)w(dθ) ≥ −H(Rd ) − Rd log (1 − wmin ) − (1 − Rd ) log wmax .
Θ

− (1 − Rd

) log (wmax ) .

where wmin := inf a∈A w(B(a)) and wmax := supa∈A w(B(a)) for notational simplicity. Taking the infimum on the left hand side above over all probability measures Q, we obtain
I(w, P) ≥ −H(Rd ) − Rd log (1 −

wmin )

Provided wmin + wmax < 1, one can rewrite the above inequality as (68). This completes
the proof of (68).
A.3 Proof of Corollary 7

(R0 − R)2
R0 (1 − R0 )

1. Proof of inequality (26): Applying Theorem 2 with f (x) = x2 − 1, we obtain
Iχ2 (w, P) ≥

Because R ≤ R0 , we can invert the above to obtain (26).
1 − R0 1 − R
R0 R
−1 +
− 1 = R0 − R,
2 R0
2
1 − R0

2. Proof of inequality (27): Theorem 2 with f (x) = |x − 1|/2 gives
IT V (w, P) ≥
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where the last equality uses the fact that R ≤ R0 . Inverting the above inequality, we
obtain (27).
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p
p
RR0 − (1 − R)(1 − R0 ).

3. Proof of inequality (28): Theorem 2 with f (x) = f1/2 (x) = 1 −

If1/2 (w, P) ≥ 1 −

sZ

X

√

q

Θ

√

u2 dµ where u :=

Θ

Z

√

√
x gives

pθ w(dθ).

(72)

(73)

Assume that Pθ has density pθ with respect to a common dominating measure µ. We
shall show below that
If1/2 (w, P) = 1 −

Df1/2 (Pθ kQ)w(dθ) = 1 −

X

Z p

X

qu2 dµ ≥ 1 −

X

sZ

u2 dµ,

X


Z p
pθ w(dθ) dµ = 1 −
qu2 dµ

To see this, fix a probability measure Q that has a density q with respect to µ. We
can then write
Z
Z
Z
Θ

Df1/2 (Pθ ||Q)w(dθ) = 1 −

It follows then from the Cauchy-Schwarz inequality that
Z

Θ

u2 dµ =

Θ

X

Z Z Z
Θ

1
√ √
pθ pθ0 dµ w(dθ)w(dθ0 ) = 1 − h2
2

(74)

1−

(76)

(75)
Θ

Z Z
Θ

p
(1 − R)(1 − R0 ) ≥

h2
2

H 2 (Pθ kPθ0 )w(dθ)w(dθ0 ).

with equality holding when q is proportional to u2 . This proves (73). We now see
that
Z

X

where h2 is defined as
h2 =

RR0 +

This, together with (72) and (73), gives the inequality
r
p
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p
p
R0 (1 − R0 ) h2 (2 − h2 )

2
Now under
√ the assumption h ≤ 2R0 , the right hand side of the inequality (76) lies
that, as a function
between 1 − R0 and 1. On the other hand, it can be checked
√
in R, the left hand side of (76) is strictly increasing from 1 − R0 (at R = 0) to 1
b where R
b ∈ [0, R0 ] is the
at (R = R0 ). Therefore, from (76), we know that R ≥ R
solution to the equation obtained by replacing the inequality (76) with an equality.
One can solve this equation and obtain two solutions. One of two solutions can be
discarded by the fact that R ≤ R0 . The other solution is given by:

2

b = R0 − (2R0 − 1) h −
R
2

b which proves inequality (28).
and thus we have R ≥ R

36

θ6=θ

1
N − 2 h2
−
−
N
N 2

N − 1p 2
h (2 − h2 ).
N

(77)

37

τ =0,1

38
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We provide some qualitative comparisons of Bayes risk lower bounds given by Theorem
2 for different power divergences. In particular, let us consider the discrete setting where
Θ = A = {θ1 , . . . , θN }, L(θ, a) = I{θ 6= a}, and w is the discrete uniform. Note that in such
a “multiple testing problem” setup, R0 is equal to 1−(1/N ). We take N sufficiently large so
that R0 is close to 1. To establish minimax lower bounds, a typical approach is to reduce the
estimation problem to a multiple hypotheses testing problem in the aforementioned setup,
then try to prove that the Bayes risk R ≥ c > 0 (see Section 2.2. in Tsybakov (2010)).
Without loss of generality, we take c = 1/2 and we shall see how the three inequalities (25),
(26) and (28) work to establish R ≥ 1/2.
Let us start with (25) corresponding to KL divergence, which is equivalent to the classical
Fano’s inequality (3) in the discrete setting. To establish R ≥ 1/2, the following condition
should hold:
 
1
N
I(w, P) ≤ log
.
(83)
2
4

A.5 Comparison of the Bounds for Different Divergences

the inequality in (81) further implies the Hellinger distance version of Assouad’s inequality
in the book Tsybakov (2010, Theorem 2.12), i.e.,
s
(

)
d
1
Rminimax ≥
min
1 − H 2 (Pθ kPθ0 ) 1 − H 2 (Pθ kPθ0 )
.
(82)
2 L(θ,θ0 )=1
4
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(78)

(81)

We remark that I(w, P) is at most log N even if every the pairwise KL divergence D(Pθi kPθj )
equals ∞ for i 6= j. This fact will be clear from the inequality (47) from Section 5 (let M = N

1
(1 − kPθ0 − Pθ1 kT V ) .
2

d
min (1 − kPθ − Pθ0 kT V ) .
2 L(θ,θ0 )=1

This inequality is also a consequence of (27): let w be the uniform probability measure on
Θ and L1 (θ, a) = I(θ1 6= a1 ). Under P
w, the marginal distribution of the first coordinate is
w1 {0} = w1 {1} = 1/2. Let mτ (x) := θ:θ1 =τ pθ (x)/2d−1 for τ ∈ {0, 1} be the corresponding
marginal density of X and let Q(x) = 21 (m0 (x) + m1 (x)). Applying the same argument
as for proving (78), we obtain that the minimax risk for the zero-one valued loss function
L1 (θ, a) is bounded below by 12 (1 − km0 − m1 kT V ) ≥ 12 minL(θ,θ0 )=1 (1 − kPθ − Pθ0 kT V ).
Repeating this argument for Li (θ, a) := I{θi 6= ai } for i = 2, . . . , d and adding up the
resulting bounds, we obtain (81).
By using Le Cam’s inequality (see, e.g., Lemma 2.3 in (Tsybakov, 2010)) which states
that:
s


1
kPθ − Pθ0 kT V ≤ H 2 (Pθ kPθ0 ) 1 − H 2 (Pθ kPθ0 ) ,
4

Rminimax ≥

which has the same form as the Bayes risk in the earlier binary testing problem. Applying
the same argument as for proving (78), we obtain the lower bound on the Bayes risk in
(80), RBayes (w, L; Θ) ≥ 12 (1 − km0 − m1 kT V ), which further implies (79).
Another classical minimax inequality involving the total variation distance is Assouad’s
inequality (Assouad, 1983) which states that if ΘP
= A = {0, 1}d and the loss function L is
defined by the Hamming distance, i.e., L(θ, a) = di=1 I(θi 6= ai ), then
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The more involved Le Cam’s inequality considers Θ = A = Θ0 ∪ Θ1 for two disjoint subsets
Θ0 and Θ1 and loss function L(θ, a) = I{θ ∈ Θ1 , a ∈ Θ2 } + I{θ ∈ Θ2 , a ∈ Θ1 }. The
inequality states that for every pair of probability measures w0 and w1 concentrated on Θ0
and Θ1 respectively,
1
(79)
Rminimax ≥ (1 − km0 − m1 kT V )
2
R
where m0 and m1 are marginal densities given by mτ (x) = pθ (x)wτ (dθ) for τ = 0, 1. To
prove (79), consider the prior w = (w0 + w1 )/2. Under this prior, the problem is easily
converted to the previous binary testing problem. In particular, the data generating process
under the prior w can be viewed as first sampling τ ∼ Uniform {0, 1} and then X ∼ mτ .
The decision a ∈ A can be converted into the binary decision τ̂ = I(a ∈ Θ1 ). The loss
function is L(τ, τ̂ ) = I(τ 6= τ̂ ). The Bayes risk under the prior w can be re-written as,
X Z
1
RBayes (w, L; Θ) = inf
I(τ 6= τ̂ (x))mτ (x)µ(dx),
(80)
2 τ̂
X

Rminimax ≥

To demonstrate the application of Corollary 7, we apply it to derive the two hypotheses
version of Le Cam’s inequality (with total variation distance) and Assouad’s lemma (see
Theorem 2.12 in (Tsybakov, 2010)).
The simplest version of the Le Cam’s inequality, the so-called two-point argument, is
an easy corollary of (27). Indeed, applying (27) with Θ = A = {θ0 , θ1 }, L(θ, a) = I{θ 6= a}
and w{0} = w{1} = 1/2 (and note that R0 = 1/2), we obtain that for any distribution Q
on X ,
1
(kPθ0 − QkT V + kPθ1 − QkT V ) ≥ IT V (w, P) ≥ 1/2 − R.
2
Taking Q = (Pθ0 + Pθ1 )/2, we obtain Le Cam’s inequality:

A.4 Derivations of Le Cam’s Inequality (Two Hypotheses) and Assouad’s
Lemma and other Results from Corollary 7

This recovers the result in Example II.6 in Guntuboyina (2011b).

R≥1−

√

1 X 2
N (N − 1)
H (Pθ kPθ0 ) ≤ 2
= 2RQ∗ .
N2
N2
0

Inequality (28) therefore is equivalent to

h2 =

We note that the lower bound on R in (28) only holds under the condition h2 ≤ 2R0 .
When h2 > 2R0 , inequality (28) holds for every R ∈ [0, RQ∗ ] and thus cannot provide
a non-trivial lower bound on R. As an example, when Θ = A = {1, . . . , N }, L(θ, a) =
I{θ 6= a} and w is the uniform prior on Θ, it is easy to see that R0 = 1 − (1/N ) and

On Bayes risk lower bounds

2

.

(84)
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1
1
−
2 N

On Bayes risk lower bounds

N2
N −1

and Qj = Pθj for 1 ≤ j ≤ M ). The upper bound on I(w, P) in (47) further provides a
sufficient condition to verify (83).
Now we turn to (26) corresponding to the chi-squared divergence. Since R0 = 1−(1/N ),
inequality (26) implies a sufficient condition for R ≥ 1/2:
Iχ2 (w, P) ≤

1 (1−r)/r
.
rt

T

f (u) = ϕ

h(s) = ϕ

Z

T


φ(u(t))µ(dt) .

To prove the concavity of f (u), considering the scalar function
Z

φ(u(t) + sv(t))µ(dt) ,

1−r
f (u)

h00 (s) =ϕ00 (g(s))

+ ϕ0 (g(s))

T



f (u)
u(t)

T

−r/2

ZT

T

and b(t) = v(t)
h00 (0) ≤ 0, which completes the proof.

with a(t) =

φ00 (u(t) + sv(t))v 2 (t)µ(dt)

f (u)
u(t)

T



40

1−r/2
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and noticing that r < 1, we have

T

Applying the Cauchy-Schwarz inequality
Z
2 Z
 Z

a(t)b(t)µ(dt) ≤
a(t)2 µ(dt)
b(t)2 µ(dt)

T

By plugging in the definitions of φ(t), ϕ(t), g(s) and setting s = 0, we have
!

2
Z
Z
f (u)1−r
u(t)r−1 v(t)µ(dt) − f (u)2−r
u(t)r−2 v 2 (t)µ(dt)
h00 (0) =

for arbitrary u, v ∈ Lµr (T ). We notice that concavity of f is equivalent to concavity at zero
for all functions of the form h, and we therefore only have to show that h00 (0) ≤ 0. Let
R
g(s) = T φ(u(t) + sv(t))µ(dt),
Z
h0 (s) =ϕ0 (g(s)) φ0 (u(t) + sv(t))v(t)µ(dt)
T
Z
2
φ0 (u(t) + sv(t))v(t)µ(dt)

(85)

Let φ(t) ≡ tr with φ0 (t) = rtr−1 and φ00 (t) = r(r − 1)tr−2 and ϕ(t) = t1/r with ϕ0 (t) =
Then

B.1 Proof of Lemma 15

Appendix B. Proofs and Additional Results for Section 5 on Upper
Bounds on f -informativity

In contrast, the mutual information, I(w, P), cannot be written in terms of D(Pθi kPθj ) for
i 6= j (recall that I(w, P) is always at most log N even when D(Pθi kPθj ) = ∞ for all i 6= j).
The same holds for Iχ2 (w, P) as well (which is always at most N −1 even if χ2 (Pθi kPθj ) = ∞
for all i 6= j).
If the eventual goal of obtaining Bayes risk lower bounds is to obtain lower bounds up to
multiplicative constants on the minimax risk, then the bound in (28) gives no more useful
bounds than those obtained by the simple two point argument. In this sense, inequality
(28) induced by Hellinger distance is not as useful as inequalities (25) and (26). In fact, the
Hellinger distance is seldom used in lower bounding minimax risk involving many hypotheses
(for example, none of the minimax rates in the examples of Tsybakov (2010) involving
multiple hypotheses testing are established via Hellinger distance).

When N is large, the above condition is equivalent to Iχ2 (w, P) ≤ N/4. Note that the maximum possible value of Iχ2 (w, P) in this discrete setting is N −1 (even when χ2 (Pθi kPθj ) = ∞
for every i 6= j) and this follows from our upper bounds on f -informativity for a class of
power divergences in (50) (see Section 5).
The conditions (83) and (84) don’t imply each other. The chi-squared divergence is
always greater than the KL divergence (see Lemma 2.7 in Tsybakov (2010)), but the upper
bound required by (84) is also weaker than that required by (83). For both divergences,
constructing more hypotheses (i.e., choosing N > 2) is often helpful for showing R ≥ 1/2.
For the Hellinger distance (inequality (28)), we claim that it gives no more useful bounds
than those obtained by a simple two point argument. To see this, since R0 = 1 − (1/N ),
inequality (28) implies
√
N − 2 h2
1
N − 1p 2
R≥1−
−
−
h (2 − h2 )
N
N 2
N
P
where h2 = i,j H 2 (Pθi ||Pθj )/N 2 . When N is large, the above inequality reduces to effectively R ≥ 1 − (h2 /2). Therefore a sufficient condition for R ≥ 1/2 is h2 ≤ 1, which is
equivalent to,
i<j

X
1
N
.
H 2 (Pθi ||Pθj ) ≤
N (N − 1)/2
N −1

When N is large, the above displayed condition implies the existence of i < j for which
H 2 (Pθi ||Pθj ) ≤ 1. Let w̃ denote the prior w̃{i} = w̃{j} = 1/2. It is easy to see that the

Bayes risk for w̃ equals RBayes (w̃) = 12 1 − kPθi − Pθj kT V . By Le Cam’s inequality (see
Lemma 2.3 in Tsybakov (2010)), we have,


s
H 2 (Pθi ||Pθj )
1

1 − H(Pθi ||Pθj ) 1 −
2
4
RBayes (w̃) ≥

i,j

1/2
1 X 2
H (Pθi ||Pθj )
.
2N 2
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Since H(Pθi ||Pθj ) ≤ 1, it is easy to verify from the above that RBayes (w̃) ≥ 1/8. Therefore
in this discrete setting, if inequality (28) implies RBayes (w) ≥ 1/2, then there is a much
simpler two point prior w̃ for which RBayes (w̃) ≥ 1/8. It shows that for Hellinger distance,
considering N > 2 hypotheses is not more useful than using a pair of hypotheses. The
reason is that the Hellinger informativity can be written as an expression involving pairwise
Hellinger distances. In particular, it can be seen from the proof of inequality (28) that


If1/2 (w, P) = 1 − 1 −

39

√

S

S

2n + 1 − 1 in (49) is quite tight and χ2 (P ||Q̄) is on the

2

S

X

S

Z 

p/d
πS (dθ)

(86)

Q

inf

S

Z

D(Pθ ||Q)π(dθ) ≤

S

S

Z Z

41

θ∈S,θ ∈S
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≤ A max
kθ − θ0 k22 ≤ Adδ 2 =: Ifup . (87)
0

D(Pθ ||Pθ0 )π(dθ)π(dθ0 )

for every fixed hypercube S. So let us fix S and, for notational simplicity, let π := πS . We
will use (39) to prove a lower bound on RBayes (πS , L; S). Note first that

1
RBayes (πS , L; S) ≥ e−2p 8−p/d δ p V −p/d
2
1
rδ (θ)

w(S)RBayes (πS , L; S).

The proof will therefore be completed if we show that

RBayes (w, L; Θ) ≥

where the sum above is over all hypercubes S in the partition. This implies therefore that

Θ

Fix 0 < δ ≤ A−1/2 . Partition the entire parameter space Θ into small hypercubes each
with side length δ. For each such hypercube S and let πS denote the probability measure
w conditioned to be in S i.e., πS (C) := w(C)/w(S) for measurable set C ⊆ S.
For every decision rule d(X), clearly
Z
Z
X
EΘ L(θ, d(X))w(dθ) =
w(S) Eθ L(θ, d(X))dπS (θ)

B.3 Proof of Corollary 17

√



n + 1 − 1 ≤ exp D(P ||Q̄) − 1 ≤ χ (P ||Q̄)

As we can see, the upper bound
√
order of n.

e

−1/2

In this example, we show the tightness of the upper bound in (49) in terms of chi-squared
divergence (α = 2). In particular, let the distribution P be the n-fold product of N (0, 1)
and Qξ be the n-fold product of N (ξ, 1) where ξ ∼ N (0, 1). It is straightforward to show
that the marginal distribution Q̄ is a n-dimensional Gaussian distribution with mean 0 and
covariance matrix In + 1n 1Tn , where 1n denotes the n-dimensional all one vector and In the
n × n identity matrix.
√
Since χ2 (P ||Qξ ) = exp(nξ 2 ) − 1, the right hand side of (49) equals to 2n + 1 − 1. The
2
term χ (P ||Q̄) on the left hand side of (49) is difficult to evaluate. However,
we can lower

bound χ2 (P ||Q̄) using the following standard inequality exp D(P ||Q̄) − 1 ≤ χ2 (P ||Q̄) (see
Lemma 2.7 in Tsybakov (2010)). By the closed-form expression for KL divergence between
two multivariate Gaussian distributions, we have D(P ||Q̄) = 21 (log(n + 1) − n/(n + 1)) and
thus

B.2 Example Demonstrating the Effectiveness of Theorem 14

On Bayes risk lower bounds

fwmax
f max V td/p
Vol(Bt (a, L)) ≤ w min d .
w(S)
fw δ

t=e
up

δ

−2pAδ 2 p

e
8V rδ (θ)

1

!p/d

,

e
8V rδ (θ)

1

!p/d

1
≥ e−2p δ p
2

e
8V rδ (θ)

1

!p/d

p/d

1 −2p p
1
e δ (8V )−p/d sup
2
rδ (θ̃)
θ̃∈S
p/d
Z 
1 −2p p
1
e δ (8V )−p/d
π(dθ).
2
rδ (θ)
S
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Fix d ≥ 1 and let Θ = A = Rd with L(θ, a) = kθ − akp2 for a fixed p > 0. Also fix n ≥ 1
and an n × d matrix X whose rows are written as xT1 , . . . , xTn . As in the last example, λmax
denotes the maximum eigenvalue of X T X/n.
For θ ∈ Θ, let Pθ denote the joint distribution of independent random variables Y1 , . . . , Yn
where Yi has the density


yβi − b(βi )
exp
+ c(y, φ)
for y ∈ R
(88)
a(φ)

C.1 Generalized Linear Model

In this section, we provide more examples on the applications of derived Bayes risk lower
bound in Theorem 9 and Corollary 12. For the clarity of the presentation, in each example,
we will first present the Bayes risk lower bound and then provide the proof.

Appendix C. More Examples on Bayes Risk Lower Bounds

This proves (86).

≥

RBayes (π, L; S) ≥

where we used the fact that δ 2 ≤ 1/A. Because θ̃ ∈ S is arbitrary, we can write

1
2
RBayes (π, L; S) ≥ e−2pAδ δ p
2

leads to supa∈S π(Bt (a, L)) < 14 e−2If . Employing (39), we deduce

Thus, by (87), the choice

a∈S

sup π(Bt (a, L)) ≤ rδ (θ̃)V δ −d td/p .

√
e2≤
Let θe be an arbitrary point in the set S. Since S has diameter dδ, the set {θ : kθ − θk
√
dδ} contains S. We obtain from the definition of rδ (θ) that fwmax /fwmin ≤ rδ (θ̃) so that

a∈S

sup π(Bt (a, L)) ≤

Also, letting fwmax and fwmin be the maximum and minimum values of fw in S, we have

Chen and Guntuboyina and Zhang

On Bayes risk lower bounds

a(φ) 2
,τ
nK

p/2
(89)

with βi = xiT θ for i = 1, . . . , n. The parameter φ is taken to be a constant and the functions
a(·), c(·, ·) and b(·) are assumed to be known. We assume the existence of a constant K > 0
such that b00 (β) ≤ K for all β where b00 (·) is the second derivative of b(·). This assumption
indeed holds for many generalized linear models (e.g., binomial, Gaussian) and we will
discuss the case (i.e., Poisson) where this assumption fails at the end of this example.
Let w denote the Gaussian prior with mean zero and covariance matrix τ 2 Id . Using
Corollary 17, we can prove that


RBayes (w, L; Θ) ≥ C d min

n

i=1

(1)

 

1 X  0 (1)  (1)
(2)
(1)
(2)
b (βi ) βi − βi
− b(βi ) − b(βi )
a(φ)

for a constant C that depends only on p. Let us illustrate this lower bound by considering
a simple case of p = 2. We note that the term da(φ)
nK is the well-known minimax risk
of generalized linear model under the squared loss. The parameter τ characterizes the
strength of the prior information. In fact, since τ 2 I is the variance of the Gaussian prior
distribution, a small value of τ provides strong prior information that each θj should be
concentrated around 0. When τ is large, i.e., with less prior information, the lower bound
of the Bayes risk in (89) is the same as the minimax risk up to a constant factor. On the
other hand, when τ is small, i.e., with strong prior information, the lower bound of the
Bayes risk becomes dτ 2 , which is smaller than the minimax risk.
The proof of (89) will involve Corollary 17 for which we need to determine A, V and
rδ (θ). As before, it is easy to check that V = Vol(B). To determine A, fix a pair θ1 , θ2 and,
(j)
letting βi = xiT θj for j = 1, 2 and i = 1, . . . , n, observe that
D(Pθ1 ||Pθ2 ) =
(2)

i=1

(1)

(2)

1 X b00 (β̃i ) (1)
(2)
(βi − βi )2
a(φ)
2

n

By the second order Taylor expansion of b(βi ) at the point βi , we obtain

(2)

D(Pθ1 ||Pθ2 ) =
(1)

where β̃i lies between min(βi , βi ) and max(βi , βi ). Now because of our assumption
that b00 (·) is bounded from above by K, we get
K
K
kβ (1) − β (2) k22 =
(θ1 − θ2 )T X T X(θ1 − θ2 )
D(Pθ1 kPθ2 ) ≤
2a(φ)
2a(φ)
nKλmax
kθ1 − θ2 k2 .
2a(φ)
≤

We can thus take A = nKλmax /(2a(φ)) in Corollary 17. Next we control rδ (θ). For given
θ and δ,
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√

1
rδ (θ) = sup exp − 2 kθ1 k22 − kθ2 k22
: kθi − θk2 ≤ dδ .
2τ
43

For

with

kθi

−

θk2
kθ1 k22 − kθ2 k22

θ1 , θ2

dδ, i = 1, 2, we have

kθ1 − θk22 + 2θT (θ1 − θ) − kθ2 − θk22 − 2θT (θ2 − θ)

√

Chen and Guntuboyina and Zhang

≤
=

p/d

w(dθ) ≥

Z

Θ

1
kθk22 w(dθ) = .
4



whenever δ 2 ≤ 1/A.

 

3
pδ 2
4pδ
exp −
+
.
4
2τ 2
τ

1
4τ 2 d

≤ kθ1 − θk22 − kθ2 − θk22 + 2kθk2 (kθ1 − θk2 + kθ2 − θk2 )
√
≤ dδ 2 + 4 dδkθk2 .
√
As a result rδ (θ)−p/d ≥ exp(−pδ 2 /(2τ 2 )) exp(−2pδkθk2 /(τ 2 d)) and hence
p/d

Z


Z 
1
pδ 2
2pδ kθk
√ 2 w(dθ)
w(dθ) ≥ exp − 2
exp −
2τ
τ τ d
Θ rδ (θ)
Θ


Z
n
√ o
4pδ
pδ 2
I kθk2 < 2τ d w(dθ).
≥ exp − 2 −
2τ
τ
Θ

Θ

1
rδ (θ)

By Chebyshev’s inequality, we have
Z n
√ o
I kθk2 ≥ 2τ d w(dθ) ≤

Consequently,

Z 

Θ



2a(φ)
, τ2
nKλmax

Corollary 17 therefore gives


pδ 2
4pδ
3
RBayes (w, L; Θ) ≥ e−2p (8V )−p/d δ p exp − 2 −
8
2τ
τ
We make the choice


δ 2 := min 1/A, τ 2 = min

(90)

(91)

which implies that the exponential term in the right hand side of (91) is bounded from
below by exp(−9p/2). We thus have


p/2
3
2a(φ)
RBayes (w, L; Θ) ≥ e−13p/2 (8V )−p/d min
, τ2
.
8
nKλmax
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The inequality (89) now follows because V 1/d  d−1/2 .
The assumption that b00 (β) ≤ K which was used for the proof of (89) holds under some
2
widely used densities of Yi in (88). For Gaussian distribution in (88), we have b(β) = β2
so that b00 (β) = 1 for β ∈ R. For binomial distribution, b(β) = log(1 + exp(β)) and
exp(β)
1
b00 (β) = (1+exp(β))
2 ≤ 4 for all β ∈ R. However, for Poisson distribution, b(β) = exp(β)
and thus b00 (β) = exp(β) is unbounded
√ on R. To address this issue, we restrict the prior to
e
e
the subset Θ
=
{θ
∈
Θ
:
kθk
2 ≤ 2τ d} and define the re-scaled prior distribution π on Θ
e for any measurable set S ⊆ Θ.
e Let B = maxi=1,...,n kxi k2 . For any
as π(S) = w(S)/w(Θ)
√
e we have b00 (β) ≤ exp(2τ dB) := K. We note
β = xiT θ for some i = 1, . . . , n and θ ∈ Θ,
that such a restriction of the parameter space will not affect the order of the Bayes risk
e applying the same argument,
lower bound. In particular, since now b00 (β) ≤ K when θ ∈ Θ,
e
e ≥ 3/4 and the
we obtain the lower bound on RBayes (π, L; Θ).
By (90), we have w(Θ)
lower bound on RBayes (w, L; Θ) can be easily established by noticing that RBayes (w, L; Θ) ≥
e Bayes (π, L; Θ)
e ≥ 3 RBayes (π, L; Θ).
e
w(Θ)R
4

44

(92)



−1
2
2Σ−1
θ1 − Σθ2 is positive definite and kΣθ1 − Σθ2 kF ≤ 1/2.

(95)

Mχ2 (, Θ) ≤



36n
log(1 + 2 )

45

d/2
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provided log(1 + 2 ) ≤ 4n.

It follows therefore that the p
2 -covering number in the chi-squared divergence can be
√
bounded from above by the log(1 + 2 )/(2 n)-covering number of B under the usual
Euclidean norm. Consequently

kΣθ1 − Σθ2 k2F = kθ1 θ1T − θ2 θ2T k2F = kθ1 θ1T − θ1 θ2T + θ1 θ2T − θ2 θ2T k2F

≤ 2 kθ1 k22 + kθ2 k22 kθ1 − θ2 k22 ≤ 4kθ1 − θ2 k22 .

In the sequel, whenever we employ (94), the conditions (95) hold. But, for ease of presentation, instead of verifying (95) for every application of (94), we will simply assume (94)
and verify the necessary conditions at the end of the proof. Assuming (94), we see that
χ2 (Pθ1 kPθ2 ) ≤ 2 provided kΣθ1 − Σθ2 k2F ≤ log(1 + 2 )/n. Now for θ1 , θ2 ∈ Θ

provided

χ2 (Nd (0, Σ1 )||Nd (0, Σ2 )) ≤ exp

kΣ1 − Σ2 k2F
− 1.
(93)
λmin (Σ2 )2
P
Here k · kF denotes the Frobenius norm defined as kAk2F := i,j a2ij where A = (aij ) and
λmin denotes the smallest eigenvalue.
Using this result, we get that for θ1 , θ2 ∈ Θ (note that λmin (Σθ ) = 1 for all θ),

χ2 (Pθ1 ||Pθ2 ) ≤ exp nkΣθ1 − Σθ2 k2F − 1,
(94)



where C only depends on p.
The proof is based on the application of (32) with f (x) = x2 − 1, i.e., on inequality (40).
For this, we need to bound the term supa∈A w(Bt (a, L)) and the f -informativity corresponding to the chi-squared divergence. It is easy to see that supa∈A w(Bt (a, L)) ≤ td/p .
For the f -informativity, we will use the bound (51) with α = 2 which requires bounding
Mχ2 (, Θ). According to (Guntuboyina, 2011a, Theorem 4.6.1), for two Gaussian distribu−1
tions with mean zero and covariance matrices Σ1 and Σ2 such that 2Σ−1
1 − Σ2 is positive
definite and kΣ1 − Σ2 k2F ≤ 21 λ2min (Σ2 ), we have




1 d p/2
RBayes (w, L; Θ) ≥ C min
,
2 n

Fix Θ = A = B where B is the unit Euclidean closed ball of radius one and let L(θ, a) :=
kθ − akp2 for a fixed p > 0. Also fix n ≥ d/2. For θ ∈ Θ, let Pθ denote the joint distribution
of independent and identically distributed observations X1 , . . . , Xn satisfying the Gaussian
distribution with zero mean and covariance matrix Σθ := Id + θθT . This is the problem of
estimating the principal component for a rank-one spiked covariance model. Let w denote
the uniform distribution on B. We shall prove that

C.2 Spiked Covariance Model

On Bayes risk lower bounds




−p/d 1
1
1 d p/2
4(1 + Ifup )
≥ (24e)−p min
,
2
2
2 n

log(1 + 2 )
= min
n



1 d
,
2 n



.

(96)

2
− 1 ≥ 0.
1 + kθ1 k22

θ2 θ2T
.
1 + θ2T θ2
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In this example, we consider Gaussian location model with continuous prior with a bounded
Lebesgue density and general loss functions. Here, we do not specify the form of the prior
and loss. We only present this example to illustrate applications of Theorem 9 and Corollary
12. Our main bound is inequality (97). This bound however might be suboptimal for specific
priors w because we do not use knowledge about the specific form of w. However, when
the specific form of w is available, the argument can often be easily modified to improve
inequality (97). We provide examples of this at the end of this subsection.

C.3 Gaussian Model with General Loss

when kθ1 k2 = 1 and θ2 is orthogonal to θ1 , kΣθ1 − Σθ2 k2F = kθ1 k22 + kθ2 k22 > 1, which
−1
contradicts (96). Therefore 2Σ−1
θ1 − Σθ2 is positive definite and this completes the proof
of (92).



−1
It is then easy to check that λmin 2Σ−1
= 0 only if θ2 is orthogonal to θ1 . However,
θ1 − Σ θ2

−1
T
2Σ−1
θ2 − Σθ1 = Id − θ1 θ1 +

−1
This implies that 2Σ−1
is positive semi-definite and kθ1 k2 = 1 is a necessary condition
θ1 −Σ

 θ2
−1
−1
for λmin 2Σθ1 − Σθ2
= 0. Under the condition that kθ1 k2 = 1, by Sherman-Morrison
formula,







−1
λmin 2Σ−1
≥ λmin 2Σ−1
− λmax Σ−1
=
θ1 − Σθ2
θ1
θ2

−1
We only need to check that 2Σ−1
θ1 − Σθ2 is positive definite under the above condition. For
this, observe that by Weyl’s inequality,

kΣθ1 − Σθ2 k2F ≤

which implies (92).
It remains to justify the conditions (95) when we used (94). It should be clear that for
this, we only need to verify (95) when

RBayes (w, L; Θ) ≥

It follows that supa∈A w(Bt (a, L)) < 14 (1 + Ifup )−1 provided t = (4(1 + Ifup ))−p/d . Inequality (40) then proves

Iχ2 (w, P) ≤ Mχ2 ()(1 + 2 ) − 1

 n  h
 n id/2
− 1 =: Ifup .
≤ exp min
,d
36 max 2,
2
d

We now set  to satisfy log(1 + 2 ) = min (n/2, d) so that Corollary 16 gives

Chen and Guntuboyina and Zhang

On Bayes risk lower bounds

C.3.1 Gaussian Model with Squared Loss

Z
Θ
i=1

dσ 4 W −2/d
(σ 2 + V )2

1X
(θi − si )2 w(dθ).
d

d

RBayes (w, L; Θ) &

(98)

(97)

Fix d ≥ 1. Suppose Θ = A = Rd and let L(θ, a) := kθ − ak22 where k · k2 is the usual
Euclidean norm on Rd . For each θ ∈ Rd , let Pθ denote the Gaussian distribution with
mean θ and covariance matrix σ 2 Id (σ 2 > 0 is a constant). For every prior w on Rd with a
Lebesgue density bounded by W > 0, we have

where
s∈Rd

V := min

Θ

To prove (97), we shall apply (32) with f (x) = x log x, i.e., we apply (39). The resulting
f -informativity
(a.k.a mutual information) can be bounded in the following way. Because
R
I(w, P) ≤ D(Pθ kQ)w(dθ) for every Q. In particular, we take Q to be the Gaussian distriR 1 Pd
2
bution with mean t and
R covariance matrix (σ + V )Id , where t = argmins∈Rd Θ d i=1 (θi −
si )2 w(dθ), i.e., ti =
θi w(dθ) is “center” of the prior. Then, we obtain
Θ
Z

 
D N θ, σ 2 Id ||N t, σ 2 + V Id w(dθ).
I(w, P) ≤

1
2

Θ

P
d
2
i=1 ((θi − ti )
σ2 + V
−V)

+ d log

σ2 + V
σ2

Using the standard formula for the KL divergence between two Gaussians, we deduce that
#
Z "
w(dθ)

I(w, P) ≤

(100)

which by (98) implies that
σ2 + V
d
.
(99)
I(w, P) ≤ log
2
σ2
Let Ifup denote the right hand side above. To apply (39), we also need an upper bound on
supa∈A w (Bt (a, L)). Because of the assumption that the Lebesgue density of w is bounded
from above by W , we get
sup w (Bt (a, L)) ≤ W td/2 Vol(B)
a∈A

σ4
,
(σ 2 + V )2

where B is the Euclidean ball with unit radius. Thus the choice
t = cW −2/d Vol(B)−2/d

up
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for a small enough universal positive constant c, ensures supa∈A w{Bt (a)} < 41 e−2If (recall
that Ifup is the right hand side of(99)). Consequently, inequality (39) implies that RBayes ≥
t/2. The proof of (97) is now completed using the standard fact: Vol(B)1/d  d−1/2 .
However, since the form of the prior w is unspecified in this example, the simple upper
bound on supa∈A w (Bt (a, L)) in (100) could be loose. But this can be easily fixed when
47
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the concrete form of the prior is available. For example, for a spiked model with a large W
(see an example of mixture prior in Remark 11 in the main text), the lower bound in (97)
could be sub-optimal but can be easily tightened using the proposed chaining technique
in Remark 11 in the main text. For another example, let w be the uniform prior on the
hyper-rectangle H = [−, ] × [−1, 1]d−1 for some very small . Here inequality (100) is
equivalent to
sup w (Bt (a, L)) ≤ W td/2 Vol(B).
a∈A

When  → 0, we have W → ∞ so that the upper bound is fairly loose. However, since H
is the support of w, we can also use the following upper bound:

sup w (Bt (a, L)) ≤ W td/2 Vol(B ∩ H).
a∈A

When  → 0, we have W → ∞ but Vol(B ∩ H) → 0. In particular, the product limit
lim→0 W Vol(B ∩H) → 0 is finite. It converges to the maximum value of w (Bt (a, L)) where
w is restricted in a (d − 1)-dimensional subspace of Rd . Once we replace inequality (100)
by the above upper bound, the associated Bayes risk lower bound will be tight.

C.3.2 Gaussian Model with General Loss

σ 4 W −2/d
d2
.
(σ 2 + V )2 (EkZk∗ )2

(101)

Consider the same setup as in the previous example but now allow the loss function to be
L(θ, a) = kθ − ak2 for an arbitrary norm k · k (not necessarily the Euclidean norm) on Rd .
In this case, we obtain the following Bayes risk lower bound:
RBayes (w, L; Θ) &

where Z is a standard Gaussian vector and k · k∗ is the dual norm corresponding to k · k
defined by kxk∗ := sup{hx, yi : kyk ≤ 1}. The quantities W and V are as defined in the
previous example.
The proof of (101) is largely similar to that of (97). We use (39) along with (99) for
controlling I(w, P). To control supa∈A w(Bt (a, L)), we again use the fact that the Lebesgue
density of w is bounded from above by W to obtain
n
√o
sup w (Bt (a, L)) ≤ W Vol θ ∈ Rd : kθk < t .
(102)
a∈A



EkZk∗
√
d

d

.
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To deal with the volume term above, we use Urysohn’s inequality to obtain an upper bound
in terms of the volume of the unit Euclidean unit ball B. The original reference for Urysohn’s
inequality is Urysohn (1924) but it has been recently used in a statistical context by Ma
and Wu (2015). Urysohn’s inequality gives
√ ! d1

√
Vol θ ∈ Rd : kθk < t
t
≤ √ EkZk∗ with Z ∼ N (0, Id ).
(103)
Vol(B)
d

Inequalities (102) and (103) together give

sup w (Bt (a, L)) ≤ W td/2 Vol(B)
a∈A

48

t = cVol(B)

−2/d

d
W −2/d σ 4
(σ 2 + V )2 (EkZk∗ )2
−2Ifup

(107)

(106)

(105)

we have
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We start with a simplified case where the random index set K is given to the estimator.
Knowing this information makes the problem easier, and makes the Bayes risk lower. In
addition, it reduces the d-dimensional regression problem to a k-dimensional problem where
a closed-form of the Bayes risk can be derived, which establishes the following lower bound:

Appendix E. Proof of Theorem 23 in Section 7

kxi − θj k2 − kxi − θzi k2 =

kxi − θj k22 − kxi − θzi k22
kθj − θzi k2
3
√
√
≥
≥
kxi − θj k2 + kxi − θzi k2
2kθj − θzi k2 + βd
6 + βd
p
d
with probability at least Φ( D−1
2 )−exp( 2 (1−β +log β)). By choosing D = c log(nk/δ) and
β = c log(nk/δ)/d for a sufficiently large constant c, this probability is lower bounded by
1 − δ/(nk). Applying union bound, the inequality holds for any (i, j) pair with probability
at least 1 − δ.

The random variable kxi − θzi k22 satisfies a chi-square distribution with d degrees of freedom.
It is upper bounded by βd with probability at least 1 − exp( d2 (1 − β + log β)) for any
β > 1 (Dasgupta and Gupta, 2003). Putting (106) and (107) together, we have

kxi − θj k2 + kxi − θzi k2 ≤ 2kxi − θzi k2 + kθj − θzi k2 .

On the other hand, the triangular inequality implies

kθj −θzi k2 −1
),
2

kθj − θzi k2 − 1
.
2

kxi − θj k22 − kxi − θzi k22 ≥ kθj − θzi k2 .

Combining (104) and (105), we have

hθj − θzi , xi − θzi i ≤ kθj − θzi k2 ·

CDF of the standard normal distribution. Then with probability Φ(

The random variable hθj − θzi , xi − θzi i satisfies distribution N (0; kθj − θzi k22 ). Let Φ be the

Consider the i-th instance xi ∈ Rd sampled from N (θzi ; Id×d ), where zi is the membership.
Note that for any j ∈ [k]\{zi }, the distance between θzi and θj is lower bounded by D. We
have
kxi − θj k22 − kxi − θzi k22 = kθj − θzi k22 − 2hθj − θzi , xi − θzi i.
(104)

Appendix D. Proof of Lemma 19 in Section 6

for a small enough universal positive constant c ensures supa∈A w{Bt (a)} < 14 e
(Ifup
is the right hand side of (99)). The proof of (101) is then completed by noting that
Vol(B)1/d  d−1/2 .

The choice

On Bayes risk lower bounds

1
· kτ 2 ,
1 + κ2u τ 2 n/σ 2
and

RBayes (w, Lpre ; Θ) ≥

1
· κ2 kτ 2 .
1 + κ2` τ 2 n/σ 2 `

(108)

(109)

(110)

See Section E.3 for the proof.

a∈A

sup w(B(a, r)) ≤

50

 r k
ck
√
.
(d/k 2 )k/4
kτ
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Claim 3√ For any point a ∈ Rd , let B(a, r) be the Euclidean ball of radius r centering at a.
If r ≤ 18 kτ , then there is a universal constant c > 0 such that

Next, we upper bound the quantity supa∈A w(Bt (a, L)). We begin by claiming a property of all Euclidean balls of small enough radius.

See Section E.2 for the proof.

Iχ2 (w, P) + 1 ≤ exp(2κ2u τ 2 kn/σ 2 )

Claim 2 For any τ > 0, the chi-square informativity is bounded by:

Hence it suffices to focus on the Bayes risk for the marginal prior w.
Let the action space A := Rd and let the loss function be either the estimation error Lest
or the prediction error Lpre . In order to lower bound the Bayes risk, it suffices to bounded
the chi-square informativity Iχ2 (w, P) and the quantity supa∈A w(Bt (a, L)), then applying
Corollary 12. We begin with an upper bound on the chi-square informativity.

1
RBayes (w, L; Θ) ≥ w(Θ) · RBayes (w, L; Θ) ≥ RBayes (w, L; Θ).
4

For a random vector θ sampled from the prior distribution w, the quantity kθk22 /τ 2 satisfies
a chi-square distribution with k degrees of freedom. For any k ≥ 1, the event kθk22 ≤ 2kτ 2
happens with probability at least 0.84. Given an index set K, for any i ∈ K the random
variable I[|θi | ≥ τP
/2] satisfies the Bernoulli distribution with parameter greater than 1/2,
so that the event di=1 I[|θi | ≥ τ /2 happens with probability at least 1/2. Combining these
two lower bounds and applying union bound, we obtain w(Θ) ≥ 1/2 − (1 − 0.84) > 1/4. As
a consequence, if we define a distribution w over the subset Θ by w(A) := w(A ∩ Θ)/w(Θ),
then Remark 11 implies that

i=1

d
n
o
X
Θ := θ ∈ Θ : kθk22 ≤ 2kτ 2 and
I[|θi | ≥ τ /2] ≥ k/2 .

For the rest of this proof, we establish stronger lower bounds using the fact that the
index set K is unknown. It is easy to verify that for any random variable X sampled from
N (0, 1), the probability of |X| ≥ 1/2 is greater than 1/2. Consider a subset of the parameter
space Θ:

See Section E.1 for the proof.

RBayes (w, Lest ; Θ) ≥

Claim 1 For any τ > 0, the Bayes risk is lower bounded by:
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κ` ,
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(111)

a∈A

 2 √ t k
ck
√
(d/k 2 )k/4 κ` kτ

for any

√

t≤

κ` √
kτ.
16

(115)

√
 2 √ t k
2 t
ck
√
.
≤ sup w(B(θ0 ,
)) ≤ sup w(B (a, L )) ≤
t
est
κ`
(d/k 2 )k/4 κ` kτ
a∈A
(114)

Lower bound on estimation error For the estimation error, we obtain by Claim 3 that
for any t ≤
the following upper bound holds:
 √ t k
ck
√
.
(d/k 2 )k/4
kτ

sup w(Bt (a, Lpre ))

sup w(Bt (a, Lpre )) ≤

(116)

n

2 h
2 log(d/k) i o
1
4κ
n
σ
, exp − u2 τ 2 −
,
σ
16κu2 n
+
1 + κ`2 τ 2 n/σ 2
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σ2
· kτ 2 ,
κu2 τ 2 n + σ 2
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where the last inequality uses the sparse eigenvalue condition — it guarantees that all
eigenvalues of the matrix Σ are less than or equal to nκu2 + σ 2 /τ 2 .

RBayes (w, Lest ; Θ) = E[kΣ−1 (X 0 )> y − θ0 k22 ] = σ 2 tr(Σ−1 ) ≥

where Σ := (X 0 )> X 0 + στ 2 I is a shorthand notation. As a consequence, the Bayes estimator
θb is given by θbK = Σ−1 (X 0 )> y and θb−K = 0. The Bayes risk on the estimation error is
lower bounded by:

2

The Bayes risk of the original problem is lower bounded by that of the following simplified
problem: estimating θ when the index set K is known, and without loss of generality, we
assume that K = [k]. For this case, let X 0 be the submatrix consisting of the first k columns
of matrix X, and let θ0 be the subvectors consisting of the first k coordinate of vectors θ.
Given the response vector y, the posterior distribution of θ0 is equal to


p(θ0 |y) ∝ p(θ0 )p(y|θ0 ) = N (θ0 ; 0, τ 2 I) N (y; Xθ0 , σ 2 I) ∝ N θ0 ; Σ−1 (X 0 )> y, σ 2 Σ−1 ,

E.1 Proof of Claim 1

which completes the proof.

RBayes (w, Lpre ; Θ) ≥ c00 κ`2 kτ 2 max

Combining inequality (116) with Claim 1 yields:


i 
2 h
2
n
4κ
σ
log(d/k)
RBayes (w, Lpre ; Θ) ≥ c00 κ`2 kτ 2 exp − u2 τ 2 −
σ
16κu2 n
+

Comparing inequalities (111) and (115), we find that they differ by a factor of (2/κ` )k . Thus,
following the same steps for deriving inequality (112), we can find a universal constant c00 > 0
such that:

a∈A

Combining equation (113) and inequality (114) we obtain

a∈A

It means that B (a, L ) ⊆ B (θ0 , Lpre ). Since the vector θ0 is k-sparse, the the sparse
t
pre
4t
eigenvalue condition implies that for
any vector θ ∈ Θ, if Lpre (θ, θ0 ) ≤ 4t, then kθ − θ0 k2 ≤
√
so that B4t (θ0 , Lpre ) ⊆ B(θ0 , 2κ` t ). Using Claim 3, we have

1
2
64 kτ ,

a∈A

√
sup w(Bt (a, Lest )) = sup w(B(a, t)) ≤

a∈A

(112)

Combining Claim 3 with inequality (111), and applying inequality (40) in Corollary 12, we
obtain the lower bound:
(
)
√
(d/k 2 )k/4 1
1
kτ 2  t k
≤
RBayes (w, Lest ; Θ) ≥ sup 0 < t ≤
: √
· exp(−2κu2 τ 2 kn/σ 2 ) .
2
64
4
ck
kτ
The right-hand side is lower bounded by any scalar t satisfying:
√
(d/k 2 )1/4
1
t
and √ ≤
· 1/k exp(−2κu2 τ 2 n/σ 2 )
c
4
kτ
1
t ≤ kτ 2
64

It implies that for some universal constant c0 > 0, we have:
n
o
1
RBayes (w, Lest ; Θ) ≥ c0 kτ 2 min 1, exp( log(d/k 2 ) − 4κu2 τ 2 n/σ 2 )
2

n
2 τ 2 n o
1
4κ
= c0 kτ 2 exp min 0, log(d/k 2 ) − u 2
2
σ
 4κ2 n h
σ 2 log(d/k 2 ) i 
= c0 kτ 2 exp − u2 τ 2 −
σ
8κ2 n
+
u
i 

2
2 h
4κ
n
σ
log(d/k)
,
≥ c0 kτ 2 exp − u2 τ 2 −
σ
16κu2 n
+

n

i o
2 h
2
1
4κ
n
σ
log(d/k)
, exp − u2 τ 2 −
,
1 + κu2 τ 2 n/σ 2
σ
16κu2 n
+

where the last inequality uses the assumption d > k 3 and its implication log(d/k 2 ) >
log(d/k).
Combining inequality (112) with Claim 1 yields the lower bound:
1
2

RBayes (w, Lest ; Θ) ≥ c0 kτ 2 max
which completes the proof.

(113)

Lower bound on prediction error For the prediction
error, we consider an arbitrary
√
√
vector a ∈ Rd and an arbitrary scalar t satisfying t ≤ κ16` kτ . Let θ0 be the vector in Θ
which minimizes the term n1 kX(a − θ0 )k22 . If the inequality n1 kX(a − θ0 )k22 > t is true, then
we have
sup w(Bt (a, Lpre )) = 0.
a∈A

Otherwise, we assume that n1 kX(a − θ0 )k22 ≤ t. Then for any vector θ ∈ Θ satisfying
− a)k22 ≤ t, we have the upper bound
1
n kX(θ
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√
√
1
kX(θ − θ0 )k22 ≤ (n−1/2 kX(θ − a)k2 + n−1/2 kX(a − θ0 )k2 )2 ≤ ( t + t)2 ≤ 4t.
n
51



2k
k/4

d−k/4
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d
k
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.
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 d−k/4 
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2k k!(d − k/4)!
2k
k!
1
k/4
3k/4
=
≤

d
k/4
k/4
(3k/4)!d!
k/4
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d
k
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where the last equation holds because wK represents an isotropic normal distribution in Rk ,
so that the maximum probability is achieved by centering at the origin. The right-hand side
of inequality (118) the probability a k-dimension normal random variable X ∼ N (0, τ 2 Ik×k )
satisfying kXk2 ≤ r. As we showed in the proof of Lemma 21, this probability is bounded
r k
by ( √ckτ
) for a universal constant c > 0. Putting pieces together, we have

wK (B(a, r)) ≤ 4wK (B(a, r)) ≤ 4wK (B(0, r)),

For any set K satisfying the above constraint, we have:
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If |Ia | > 2k, then for any θ ∈ Θ, there √
are at least k + 1√coordinates such that θi = 0 but
|ai | ≥ τ /4. It means that ka − θk2 > 14 kτ . Since r ≤ 18 kτ , we have w(B(a, r)) = 0.
Otherwise, we assume that |Ia | ≤ 2k. Given an index set K, let wK and wK be the
conditional version of the prior distribution w and w, conditioning on the fact that the
k-sparse index set is K. Recall that for any θ in the support of wK , there are at least k/2
coordinates such that |θi | ≥ τ /2. If |Ia ∩ K| < k/4, then there
√ at least k/4 coordinates such
that |θi | ≥ τ /2 but |ai | < τ /4. It means that ka − θk2 > 18 kτ for any θ in the support of
wK , and as a consequence, we have wK (B(a, r)) = 0.
Thus, a necessary condition for wK (B(a, r)) > 0 to hold is |Ia ∩ K| ≥ k/4. Given
 d−k/4
2k
|Ia | ≤ 2k, the number of index set K satisfying this constraint is bounded by k/4
.
3k/4
To prove this bound, notice that every set K satisfying |Ia ∩ K| ≥ k/4 can be generated
by the following two-step procedure: first, generate k/4 element from Ia ; second, generate
the remaining 3k/4 elements from the remaining d − k/4 integers of {1, . . . , d}. There are
 d−k/4
2k
totally k/4
ways of generating the set. We note that the same K can have multiple
3k/4
ways to generate, so that the above combinatorial number is a strict upper bound on the
number of sets.

Ia = {i ∈ [d] : |ai | ≥ τ /4}.

Consider an arbitrary vector a ∈ Rd , and let Ia be the set of indices defined by:

E.3 Proof of Claim 3

Iχ2 (w, P) + 1 ≤ (1 + 2 )Mχ2 (, Θ) = exp(2κ2u τ 2 kn/σ 2 ).

It means that if we choose 2 = exp(2κ2u τ 2 kn/σ 2 ) − 1, then Mχ2 (, Θ) = 1, so that the
chi-square informativity is bounded by

χ2 (Pθ0 kPθ ) ≤ exp(κ2u nkθk22 /σ 2 ) − 1 ≤ exp(2κ2u τ 2 kn/σ 2 ) − 1.

Corollary 16 shows that the chi-square informativity can be bounded using the covering
number Mχ2 (, Θ). Consider the zero vector θ0 := 0 and an arbitrary vector θ ∈ Θ. Their
response vectors are generated from Pθ0 := N (0, σ 2 I) and Pθ := N (Xθ, σ 2 I), so that the
chi-square divergence between Pθ0 and Pθ is equal to χ2 (Pθ0 kPθ ) = exp(kXθk22 /σ 2 ) − 1. By
the sparse eigenvalue condition and the fact that kθk22 ≤ 2kτ 2 , we have

E.2 Proof of Claim 2

`

where the last inequality uses the sparse eigenvalue condition — it guarantees that all
nκ2
eigenvalues of the matrix X 0 Σ−1 (X 0 )> are greater than or equal to nκ2 +σ`2 /τ 2 .

RBayes (w, Lpre ; Θ) =

1
σ2
E[kX 0 (Σ−1 (X 0 )> y − θ0 )k22 ] =
tr(X 0 Σ−1 (X 0 )> )
n
n
σ2
≥ 2 2
· κ2 kτ 2 ,
κ` τ n + σ 2 `

The Bayes estimator for minimizing the prediction error is also given by θbK = Σ−1 (X 0 )> y
and θb−K = 0. Thus, the Bayes risk is lower bounded by:
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We consider discounted finite state and action Markov decision processes (MDPs) and
the problem of learning an approximate value function for a given policy from off-policy
data, that is, from data due to a different policy. The first policy is called the target
policy and the second the behavior policy. The case of on-policy learning, where the target
and behavior policies are the same, has been well-studied and widely applied (see e.g.,

Sutton, 1988; Tsitsiklis and Van Roy, 1997; and the books Bertsekas and Tsitsiklis, 1996;
Sutton and Barto, 1998). Off-policy learning provides additional flexibilities and is useful
in many contexts. For example, one may want to avoid executing the target policy before
estimating the potential risk for safety concerns, or one may want to learn value functions
for many target policies in parallel from one exploratory behavior. These require off-policy
learning. In addition, insofar as value functions (with respect to different reward/cost
assignments) reflect statistical properties of future outcomes, off-policy learning can be
used by an autonomous agent to build an experience-based internal model of the world
in artificial intelligence applications (Sutton, 2009). Algorithms for off-policy learning are
thus not only useful as model-free computational methods for solving MDPs, but can also
potentially be a step toward the goal of making autonomous agents capable of learning over
a long life-time, facing a sequence of diverse tasks.
In this paper we focus on a new off-policy learning algorithm proposed recently by
Sutton, Mahmood, and White (2016): the emphatic temporal-difference (TD) learning algorithm, or ETD(λ). The algorithm is similar to the standard TD(λ) algorithm with linear
function approximation (Sutton, 1988), but uses a novel scheme to resolve a long-standing
divergence problem in TD(λ) when applied to off-policy data. Regarding the divergence
problem, while TD(λ) was proved to converge for the on-policy case (Tsitsiklis and Van
Roy, 1997), it was known quite early that the algorithm can diverge in other cases (Baird,
1995; Tsitsiklis and Van Roy, 1997).1 The difficulty is intrinsic to sampling states according
to an arbitrary distribution. Since then alternative algorithms without convergence issues
have been sought for off-policy learning. In particular, in the off-policy LSTD(λ) algorithm
(Bertsekas and Yu, 2009; Yu, 2012), which is an extension of the on-policy least-squares
version of TD(λ) proposed by Bradtke and Barto (1996) and Boyan (1999), with higher
computational complexity than TD(λ), the linear equation associated with TD(λ) is estimated from data and then solved.2 In the gradient-TD algorithms (Sutton et al., 2008,
2009; Maei, 2011) and the proximal gradient-TD algorithms (Liu et al., 2009; Mahadevan
and Liu, 2012; see also Mahadevan et al., 2014; Liu et al., 2015), the difficulty in TD(λ) is
overcome by reformulating the approximate policy evaluation problem TD(λ) attempts to
solve as optimization problems and then tackle them with optimization techniques. (See
the surveys Geist and Scherrer, 2014 and Dann et al., 2014 for other algorithm examples.)
Compared to the algorithms just mentioned, ETD(λ) is closer to the standard TD(λ)
algorithm and addresses the issue in TD(λ) more directly. It introduces a novel weighting
scheme to re-weight the states when forming the eligibility traces in TD(λ), so that the
weights reflect the occupation frequencies of the target policy rather than the behavior
policy. An important result of this weighting scheme is that under natural conditions on
the function approximation architecture, the average dynamics of ETD(λ) can be described
by an affine function involving a negative definite matrix (Sutton et al., 2016; Yu, 2015a),3
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1. For related discussions, see also Bertsekas and Tsitsiklis (1996); Sutton and Barto (1998); and Sutton
et al. (2016).
2. An efficient algorithm for solving the estimated equations is the one given by Yao and Liu (2008) based
on the line search method. It can also be applied to finding approximate solutions under additional
penalty terms suggested by Pires and Szepesv́ari (2012).
3. Sutton et al. (2016) work with the negation of the matrix that we associate with ETD(λ) in this paper.
The negative definiteness property we discuss here corresponds to the positive definiteness property
discussed in their work.

1. Introduction

We consider the emphatic temporal-difference (TD) algorithm, ETD(λ), for learning the
value functions of stationary policies in a discounted, finite state and action Markov decision process. The ETD(λ) algorithm was recently proposed by Sutton, Mahmood, and
White (2016) to solve a long-standing divergence problem of the standard TD algorithm
when it is applied to off-policy training, where data from an exploratory policy are used
to evaluate other policies of interest. The almost sure convergence of ETD(λ) has been
proved in our recent work under general off-policy training conditions, but for a narrow
range of diminishing stepsize. In this paper we present convergence results for constrained
versions of ETD(λ) with constant stepsize and with diminishing stepsize from a broad
range. Our results characterize the asymptotic behavior of the trajectory of iterates produced by those algorithms, and are derived by combining key properties of ETD(λ) with
powerful convergence theorems from the weak convergence methods in stochastic approximation theory. For the case of constant stepsize, in addition to analyzing the behavior
of the algorithms in the limit as the stepsize parameter approaches zero, we also analyze
their behavior for a fixed stepsize and bound the deviations of their averaged iterates from
the desired solution. These results are obtained by exploiting the weak Feller property of
the Markov chains associated with the algorithms, and by using ergodic theorems for weak
Feller Markov chains, in conjunction with the convergence results we get from the weak
convergence methods. Besides ETD(λ), our analysis also applies to the off-policy TD(λ)
algorithm, when the divergence issue is avoided by setting λ sufficiently large. It yields, for
that case, new results on the asymptotic convergence properties of constrained off-policy
TD(λ) with constant or slowly diminishing stepsize.
Keywords: Markov decision processes, approximate policy evaluation, reinforcement
learning, temporal-difference methods, importance sampling, stochastic approximation,
convergence
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(iii) For any given stepsize parameter, asymptotically, the expected maximal deviation
of multiple consecutive averaged iterates from the desired solution can be bounded
in terms of the masses that the invariant probability measures of certain associated
Markov chains assign to a small neighborhood of the desired solution. Those probability masses approach one when the stepsize parameter approaches zero and, in the
case of the biased variants, also when their biases are sufficiently small (Theorems 8
and 9).
(iv) For a perturbed version of the unbiased algorithm and its biased variants, the maximal
deviation of averaged iterates from the desired solution, under a given stepsize parameter, can be bounded almost surely in terms of those probability masses mentioned in
(iii), for each initial condition (Theorems 10 and 11).
To derive the first group of results, we use powerful convergence theorems from the
weak convergence methods in stochastic approximation theory (Kushner and Clark, 1978;
Kushner and Shwartz, 1984; Kushner and Yin, 2003). This theory builds on the ordinary
differential equation (ODE) based proof method, treats the trajectory of iterates as a whole,
and studies its asymptotic behavior through the continuous-time processes corresponding
to left-shifted and interpolated iterates. The probability distributions of these continuoustime interpolated processes are analyzed (as probability measures on a function space) by
the weak convergence methods, leading to a characterization of their limiting distributions,
from which asymptotic properties of the trajectory of iterates can be obtained.
Most of our efforts in the first part of our analysis are to prove that the constrained
ETD(λ) algorithms satisfy the conditions required by the general convergence theorems just
mentioned. We prove this by using key properties of ETD(λ) iterates, most importantly,
the ergodicity and uniform integrability properties of the trace iterates, and the convergence
of certain averaged processes which, intuitively speaking, describe the averaged dynamics
of ETD(λ). Some of these properties were established earlier in our work (2015a) when
analyzing the almost sure convergence of ETD(λ). Building upon that work, we prove the
remaining properties needed in the analysis.
To derive the second group of results, we exploit the fact that in the case of constant
stepsize, the iterates together with other random variables involved in the algorithms form
weak Feller Markov chains, and such Markov chains have nice ergodicity properties. We use
ergodic theorems for weak Feller Markov chains (Meyn, 1989; Meyn and Tweedie, 2009),
together with the properties of ETD(λ) iterates and the convergence results we get from
the weak convergence methods, in this second part of our analysis.
Besides ETD(λ), the analysis we give in the paper also applies to off-policy TD(λ), when
the divergence issue mentioned earlier is avoided by setting λ sufficiently close to 1. The
reason is that in that case the off-policy TD(λ) iterates have the same properties as the ones
used in our analysis of ETD(λ) and therefore, the same conclusions hold for constrained
versions of off-policy TD(λ), regarding their asymptotic convergence properties for constant
or slowly diminishing stepsize (these results are new, to our knowledge). Similarly, our
analysis also applies directly to the ETD(λ, β) algorithm, a variation of ETD(λ) recently
proposed by Hallak et al. (2016).
Regarding practical performance of the algorithms, the biased ETD variant algorithms
are much more robust than the unbiased algorithm despite the latter’s superior asymptotic
convergence properties. (This is not a surprise, for the biased algorithms are in fact defined
JMLR 17(220):1-58

which provides a desired stability property, similar to the case of convergent on-policy TD
algorithms.
The almost sure convergence of ETD(λ), under general off-policy training conditions,
has been shown in our recent work (Yu, 2015a) for diminishing stepsize. That result,
however, requires the stepsize to diminish at the rate of O(1/t), with t being the time index
of the iterate sequence. This range of stepsize is too narrow for applications. In practice,
algorithms tend to make progress too slowly if the stepsize becomes too small, and the
environment may be non-stationary, so it is often preferred to use a much larger stepsize or
constant stepsize.
The purpose of this paper is to provide an analysis of ETD(λ) for a broad range of
stepsizes. Specifically, we consider constant stepsize and stepsize that can decrease at a
rate much slower than O(1/t). We will maintain general off-policy training conditions,
without placing restrictions on the behavior policy. However, we will consider constrained
versions of ETD(λ), which constrain the iterates to be in a bounded set, and a mode of
convergence that is weaker than almost sure convergence. Constraining the ETD(λ) iterates
is not only needed in analysis, but also a means to control the variances of the iterates, which
is important in practice since off-policy learning algorithms generally have high variances.
Almost sure convergence is no longer guaranteed for algorithms using large stepsizes; hence
we analyze their behavior with respect to a weaker convergence mode.
We study a simple, basic version of constrained ETD(λ) and several variations of it,
some of which are biased but can mitigate the variance issue better. To give an overview
of our results, we shall refer to the first algorithm as the unbiased algorithm, and its biased
variations as the biased variants. Two groups of results will be given to characterize the
asymptotic behavior of the trajectory of iterates produced by these algorithms. The first
group of results are derived by combining key properties of ETD(λ) with powerful convergence theorems from the weak convergence methods in stochastic approximation theory.
The results show (roughly speaking) that:
(i) In the case of diminishing stepsize, under mild conditions, the trajectory of iterates
produced by the unbiased algorithm eventually spends nearly all its time in an arbitrarily small neighborhood of the desired solution, with an arbitrarily high probability
(Theorem 4); and the trajectory produced by the biased algorithms has a similar behavior, when the algorithmic parameters are set to make the biases sufficiently small
(Theorem 6). These results entail the convergence in mean to the desired solution
for the unbiased algorithm (Corollary 2), and the convergence in probability to some
vicinity of the desired solution for the biased variants.
(ii) In the case of constant stepsize, imagine that we run the algorithms for all stepsizes;
then conclusions similar to those in (i) hold in the limit as the stepsize parameter
approaches zero (Theorems 5 and 7). In particular, a smaller stepsize parameter
results in an increasingly longer segment of the trajectory to spend, with an increasing
probability, nearly all its time in some neighborhood of the desired solution. The size of
the neighborhood can be made arbitrarily small as the stepsize parameter approaches
zero and, in the case of the biased variants, also as their biases are reduced.
The next group of results are for the constant-stepsize case and complement the results in
(ii) by focusing on the asymptotic behavior of the algorithms for a fixed stepsize. Among
others, they show (roughly speaking) that:
3

vπ (s) := E

π

"

R0 +

t=1

∞
X

#

5

(1)
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γ(S1 ) γ(S2 ) · · · γ(St ) · Rt S0 = s ,

Let S = {1, . . . , N } be a finite set of states, and let A be a finite set of actions. Without
loss of generality we assume that for all states, every action in A can be applied. If a ∈ A
is applied at state s ∈ S, the system moves to state s0 with probability p(s0 | s, a) and yields
a random reward with mean r(s, a, s0 ) and bounded variance, according to a probability
distribution q(· | s, a, s0 ). These are the parameters of the MDP model we consider; they
are unknown to the learning algorithms to be introduced.
A stationary policy is a time-invariant decision rule that specifies the probability of
taking an action at each state. When actions are taken according to such a policy, the
states and actions (St , At ) at times t ≥ 0 form a (time-homogeneous) Markov chain on the
space S × A, with the marginal state process {St } being also a Markov chain.
Let π and π o be two given stationary policies, with π(a | s) and π o (a | s) denoting the
probability of taking action a at state s under π and π o , respectively. While the system
evolves under the policy π o , generating a stream of state transitions and rewards, we wish
to use these observations to evaluate the performance of the policy π, with respect to a
discounted reward criterion, the definition of which will be given shortly. Here π is the target
policy and π o the behavior policy. It is allowed that π o 6= π (the off-policy case), provided
that at each state, all actions taken by π can also be taken by π o (cf. Assumption 1(ii)
below).
Let γ(s) ∈ [0, 1], s ∈ S, be state-dependent discount factors, with γ(s) < 1 for at least
one state. We measure the performance of π in terms of the expected discounted total
rewards attained under π as follows: for each state s ∈ S,

2.1 Off-policy Policy Evaluation

In this section we describe the policy evaluation problem in the off-policy case, the ETD(λ)
algorithm and its constrained version. We also review the results from our prior work
(2015a) that are needed in this paper.

2. Preliminaries

where Rt is the random reward received at time t, and Eπ denotes expectation with respect to
the probability distribution of the states, actions and rewards, (St , At , Rt ), t ≥ 0, generated
under the policy π. The function vπ on S is called the value function of π. The special
case of γ being
less than 1 corresponds to the γ-discounted reward criterion:
P∞ a constant
t
vπ (s) = Eπ
t=0 γ Rt | S0 = s . In the general case, by letting γ depend on the state, the
formulation is able to also cover certain undiscounted total reward MDPs with termination;4
however, for vπ to be well-defined (i.e., to have the right-hand side of Equation 1 well-defined
for each state), a condition on the target policy is needed, which is stated below and will
be assumed throughout the paper.
Let Pπ denote the transition matrix of the Markov chain on S induced by π. Let Γ
denote the N × N diagonal matrix with diagonal entries γ(s), s ∈ S.

by using a well-known robustifying approach from stochastic approximation theory.) Their
behavior is demonstrated by experiments in (Mahmood et al., 2015; Yu, 2016). In particular,
the report (Yu, 2016) is our companion note for this paper and includes several simulation
results to illustrate some of the theorems we give here regarding the behavior of multiple
consecutive iterates of the biased algorithms.
The paper is organized as follows. In Section 2 we provide the background for the
ETD(λ) algorithm. In Section 3 we present our convergence results on constrained ETD(λ)
and several variants of it, and we give the proofs in Section 4. We conclude the paper in
Section 5 with a brief discussion on direct applications of our convergence results to the offpolicy TD(λ) algorithm and the ETD(λ, β) algorithm, as well as to ETD(λ) under relaxed
conditions, followed by a discussion on several open issues. In Appendix A we include the
key properties of the ETD(λ) trace iterates that are used in the analysis.

i.e.,

vπ = (I − Pπ Γ)−1 rπ ,

6

JMLR 17(220):1-58

4. We may view vπ (s) as the expected (undiscounted) total rewards attained under π starting from the
state s and up to a random termination time τ ≥ 1 that depends on the states in a Markovian way. In
particular, if at time t ≥ 1, the state is s and termination has not occurred yet, the probability
 Pτof−1τ = t
(terminating
at time t) is 1 − γ(s). Then vπ (s) can be equivalently written as vπ (s) = Eπ
t=0 Rt |

S0 = s .
5. One can verify this Bellman equation directly. It also follows from the standard MDP theory, as by
definition vπ here can be related to a value function in a discounted MDP where the discount factors
depend on state transitions, similar to discounted semi-Markov decision processes (see e.g., Puterman,
1994).

Like the standard TD(λ) algorithm (Sutton, 1988; Tsitsiklis and Van Roy, 1997), the
ETD(λ) algorithm (Sutton et al., 2016) approximates the value function vπ by a function of the form v(s) = φ(s)> θ, s ∈ S, using a parameter vector θ ∈ Rn and n-dimensional
feature representations φ(s) for the states. (Here φ(s) is a column vector and > stands for
transpose.) In matrix notation, denote by Φ the N × n matrix with φ(s)> , s ∈ S, as its
rows. Then the columns of Φ span the subspace of approximate value functions, and the
approximation problem is to find in that subspace a function v = Φθ ≈ vπ .
We focus on a general form of the ETD(λ) algorithm, which uses state-dependent λ
values specified by a function λ : S → [0, 1]. Inputs to the algorithm are the states, actions
and rewards, {(St , At , Rt )}, generated under the behavior policy π o , where Rt is the random
reward received upon the transition from state St to St+1 with action At . The algorithm
can access the following functions, in addition to the features φ(s):

2.2 The ETD(λ) Algorithm

where rπ is the expected one-stage reward function under π (i.e., rπ (s) = Eπ [R0 | S0 = s]
for s ∈ S).

vπ = rπ + Pπ Γ vπ ,

Under Assumption 1(i), the value function vπ in (1) is well-defined, and furthermore, vπ
satisfies uniquely the Bellman equation5

Assumption 1 (conditions on the target and behavior policies)
(i) The target policy π is such that (I − Pπ Γ)−1 exists.
(ii) The behavior policy π o induces an irreducible Markov chain on S, and moreover, for
all (s, a) ∈ S × A, π o (a | s) > 0 if π(a | s) > 0.
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γt = γ(St ),

λt = λ(St ).

(2)

(i) the state-dependent discount factor γ(s) that defines vπ , as described earlier;
(ii) λ : S → [0, 1], which determines the single or multi-step Bellman equation for the
algorithm (cf. the subsequent Equations 6-7 and Footnote 7);
(iii) ρ : S × A → R+ given by ρ(s, a) = π(a | s)/π o (a | s) (with 0/0 = 0), which gives the
likelihood ratios for action probabilities that can be used to compensate for sampling
states and actions according to the behavior policy π o instead of the target policy π;
(iv) i : S → R+ , which gives the algorithm additional flexibility to weigh states according
to the degree of “interest” indicated by i(s).
The algorithm also uses a sequence αt > 0, t ≥ 0, as stepsize parameters. We shall consider
only deterministic {αt }.
To simplify notation, let
ρt = ρ(St , At ),
ETD(λ) calculates recursively θt ∈ Rn , t ≥ 0, according to

θt+1 = θt + αt et · ρt Rt + γt+1 φ(St+1 )> θt − φ(St )> θt ,

(3)

where et ∈ Rn , called the “eligibility trace,” is calculated together with two nonnegative
scalar iterates (Ft , Mt ) according to6

Ft = γt ρt−1 Ft−1 + i(St ),

(5)

(4)

et = λt γt ρt−1 et−1 + Mt φ(St ).

Mt = λt i(St ) + (1 − λt ) Ft ,

For t = 0, (e0 , F0 , θ0 ) are given as an initial condition of the algorithm.
We recognize that the iteration (2) has the same form as TD(λ), but the trace et
is calculated differently, involving an “emphasis” weight Mt on the state St , which itself
evolves along with the iterate Ft , called the “follow-on” trace. If Mt is always set to 1
regardless of Ft and i(·), then the iteration (2) reduces to the off-policy TD(λ) algorithm
in the case where γ and λ are constants.
2.3 Associated Bellman Equations and Approximation and Convergence
Properties of ETD(λ)
Let Λ denote the diagonal matrix with diagonal entries λ(s), s ∈ S. Associated with ETD(λ)
is a generalized multistep Bellman equation of which vπ is the unique solution (Sutton,
1995):7
λ
λ
v = rπ,γ
+ Pπ,γ
v.
(6)
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6. The definition (5) we use here differs slightly from the original definition of et used by Sutton et al.
(2016), but the two are equivalent and (5) appears to be more convenient for our analysis.
7. For the details of this Bellman equation, we refer the readers to the early work (Sutton, 1995; Sutton and
Barto, 1998) and the recent work (Sutton et al., 2016). We remark that similar to the standard one-step
Bellman equation, which is a recursive relation that expresses vπ in terms of the expected one-stage
reward and the expected total future rewards given by vπ itself, one can use the strong Markov property
to derive other recursive relations satisfied by vπ , in which the expected one-stage reward is replaced
by the expected rewards attained by π up to some random stopping time. This gives rise to a general
class of Bellman equations, of which (6) is one example. Earlier works on using such equations in TD

7

rπ

Yu

λ
rπ,γ
= (I − Pπ ΓΛ)−1 rπ .

(7)

λ is an N × N substochastic matrix, r λ ∈ RN is a vector of expected discounted
Here Pπ,γ
π,γ
total rewards attained by π up to some random time depending on the function λ, and they
can be expressed in terms of
and
as

Pπ

λ
Pπ,γ
= I − (I − Pπ ΓΛ)−1 (I − Pπ Γ),

ETD(λ) aims to solve a projected version of the Bellman equation (6) (Sutton et al.,
2016), which takes the following forms in the space of approximate value functions and in
the space of the θ-parameters, respectively:

λ
λ
v = Π rπ,γ
+ Pπ,γ
v , v ∈ column-space(Φ),
⇐⇒
Cθ + b = 0, θ ∈ Rn . (8)

with dπo ,i ∈ RN , dπo ,i (s) = dπo (s) · i(s), s ∈ S,

(9)

Here Π is a projection onto the approximation subspace with respect to a weighted Euclidean norm or seminorm, under a condition on the approximation architecture that will
be explained shortly. The weights that define this norm also define the diagonal entries
M̄ss , s ∈ S, of a diagonal matrix M̄ , which are given by

λ −1
diag(M̄ ) = dπ>o ,i (I − Pπ,γ
) ,

λ
b = Φ> M̄ rπ,γ
.

(10)

where dπo (s) > 0 denotes the steady state probability of state s for the behavior policy π o ,
under Assumption 1(ii). For the corresponding linear equation in the θ-space in (8),

λ
) Φ,
C = −Φ> M̄ (I − Pπ,γ

From the expression (9) of the diagonal matrix M̄ , the most important difference between the earlier TD algorithms and ETD(λ) can be seen. For on-policy TD(λ), in stead
of (9), the diagonal matrix M̄ is determined by the steady state probabilities of the states
under the target policy π under an ergodicity assumption (Tsitsiklis and Van Roy, 1997),
and for off-policy TD(λ), it is determined by the steady state probabilities dπo (s) under the
behavior policy π o . Here, due to the emphatic weighting scheme (3)-(5), the diagonals of
λ ) of the target policy
M̄ given by (9) reflect the occupation frequencies (with respect to Pπ,γ
rather than the behavior policy.
Let | · | denote the (unweighted) Euclidean norm. The matrix C is said to be negative
definite if there exists c > 0 such that θ> Cθ ≤ −c|θ|2 for all θ ∈ Rn ; and negative semidefinite if in the preceding inequality c = 0. A salient property of ETD(λ) is that the matrix C
is always negative semidefinite (Sutton et al., 2016), and under natural and mild conditions,
C is negative definite. This is proved in our work (2015a) and summarized below.
Call those states s with M̄ss > 0 emphasized states (define this set of states to be empty
if M̄ given by Equation 9 is ill-defined, a case we will not encounter).

Assumption 2 (condition on the approximation architecture)
The set of feature vectors of emphasized states, {φ(s) | s ∈ S, M̄ss > 0}, contains n linearly
independent vectors.
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learning include the paper (Sutton, 1995) and Chap. 5.3 of the book (Bertsekas and Tsitsiklis, 1996).
Recently, Ueno et al. (2011) considered an even broader class of Bellman equations using the concept of
estimating equations from statistics, and Yu and Bertsekas (2012) focused on a special class of generalized
Bellman equations and discussed their potential advantages from an approximation viewpoint. But an
in-depth study of the application of such equations is still lacking currently. Because generalized Bellman
equations offer flexible ways to address the bias vs. variance problem in learning the value functions of
a policy, they are especially important and deserve further study, in our opinion.

8
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Lemma 1 Let c > 0 be such that x> Cx ≤ −c|x|2 for all x ∈ Rn . Suppose B has a radius
rB > |b|/c. Then θ∗ lies in the interior of B; a solution x(τ ), τ ∈ [0, ∞), to the projected
ODE (12) for an initial condition x(0) ∈ B coincides with the unique solution to ẋ = h̄(x),
with the boundary reflection term being z(·) ≡ 0; and the only solution x(τ ), τ ∈ (−∞, +∞),
of (12) in B is x(·) ≡ θ∗ .
Informally speaking, suppose we have proved that (12) is the mean ODE for the algorithm (11) under stepsizes of our interest. Then applying powerful convergence theorems
from stochastic approximation theory (Kushner and Yin, 2003), we can assert that the iterates θt will eventually “follow closely” a solution of the mean ODE. This together with the
solution property of the mean ODE given in Lemma 1 will then give us a characterization
of the asymptotic behavior of the algorithm (11) for a constraint set B with sufficiently
large radius.

NB (x) is the normal cone of B at x (i.e., NB (x) = {0} for x in the interior of B and
NB (x) = {ax | a ≥ 0} for x on the boundary of B); and z is the boundary reflection term
that cancels out the component of h̄(x) in NB (x) (i.e., z = −y where y is the projection of
h̄(x) on NB (x)), and it is the “minimal force” needed to keep the solution x(·) of (12) in B
(Kushner and Yin, 2003, Chap. 4.3).
The negative definiteness of the matrix C ensures that when the radius of B is sufficiently
large, the boundary reflection term is zero for all x ∈ B and the projected ODE (12) has
no stationary points other than θ∗ (see Yu 2015a, Sec. 4.1 for a simple proof):

h̄(x) = Cx + b;

where the function h̄ is the left-hand side of the equation Cx + b = 0 we want to solve:

where ΠB is the Euclidean projection onto a closed ball B ⊂ Rn at the origin with radius
rB : B = {θ ∈ Rn | |θ| ≤ rB }. Under Assumptions 1 and 2, when the radius rB is sufficiently
large (greater than the threshold given in Lemma 1 below), from any given initial (e0 , F0 , θ0 ),
the algorithm (11) converges almost surely to θ∗ , for diminishing stepsize αt = O(1/t) (Yu,
2015a, Theorem 4.1).
Our interest in this paper is to apply (11) with a much larger range of stepsize, in
particular, constant stepsize or stepsize that diminishes much more slowly than O(1/t). In
Sections 3 and 4, we will analyze the algorithm (11) and its two variants for such stepsizes.
To prepare for the analysis, in the rest of this section, we review several results from our
prior work (2015a) that will be needed.
First, we discuss about the “mean ODE” that we wish to associate with (11). It is the
projected ODE
ẋ = h̄(x) + z,
z ∈ −NB (x),
(12)

We consider first a constrained version of ETD(λ) that simply scales the θ-iterates, if
necessary, to keep them bounded:


θt+1 = ΠB θt + αt et · ρt Rt + γt+1 φ(St+1 )> θt − φ(St )> θt ,
(11)

2.4 Constrained ETD(λ), Averaged Processes and Mean ODE

Yu

P
λ
λ
k
8. This follows from the definition (9) of the diagonals M̄ss . Since (I − Pπ,γ
)−1 = I + ∞
k=1 (Pπ,γ ) ≥ I,
>
λ
−1
>
o
o
o
we have diag(M̄ ) = dπ ,i (I − Pπ,γ ) ≥ dπ ,i . Hence i(s) > 0 implies M̄ss ≥ dπ (s) · i(s) > 0.
9. There is another way to verify Assumption 2 without calculating M̄ . Suppose ETD(λ) starts from a
state S0 with i(S0 ) > 0. Then it can be shown that if St = s and Mt > 0, we must have M̄ss > 0. This
means that as soon as we find among states St with emphasis weights Mt > 0 n states that have linearly
independent feature vectors, we can be sure that Assumption 2 is satisfied.
10. Briefly speaking, Scherrer (2010) showed that the solutions of projected Bellman equations are oblique
projections of vπ on the approximation subspace. An oblique projection is defined by two nonorthogonal
subspaces of equal dimensions and is the projection onto the first subspace orthogonally to the second
(Saad, 2003). In the special case of ETD(λ), the first of these two subspaces is the approximation
subspace {v ∈ RN | v = Φθ for some θ ∈ Rn }, and the second is the image of the approximation
λ
subspace under the linear transformation (I − Pπ,γ
)> M̄ . Essentially it is the angle between the two
subspaces that determines the approximation bias Φθ∗ − Πvπ in the worst case, for a worst-case choice of
λ
rπ,γ
. (For details, see also Yu and Bertsekas 2012, Sec. 2.2.) Recently, for the case of constant λ, i and γ,
Hallak et al. (2016) derived bounds on the approximation bias that are based on contraction arguments
and are comparable to the bound for on-policy TD(λ) (Tsitsiklis and Van Roy, 1997). These bounds lie
above the bounds given by the oblique projection view (cf. Yu and Bertsekas, 2010; Yu and Bertsekas,
2012, Sec. 2.2); however, they are expressed in terms of λ and γ, so they give us explicit numbers instead
of analytical expressions to bound the approximation bias.

(which is a norm if M̄ss > 0 for all s ∈ S). The relation between the approximate value
function v = Φθ∗ and the desired value function vπ , in particular, the approximation error,
can be characterized by using the oblique projection viewpoint (Scherrer, 2010) for projected
Bellman equations.10
The almost sure convergence of ETD(λ) to θ∗ is proved in (Yu, 2015a, Theorem 2.2)
t+1
under Assumptions 1 and 2, for diminishing stepsize satisfying αt = O(1/t) and αt −α
=
αt
O(1/t). Despite this convergence guarantee, the stepsize range is too narrow for applications, as we discussed in the introduction. In this paper we will focus on constrained
ETD(λ) algorithms that restrict the θ-iterates in a bounded set, but can operate with much
larger stepsizes and also suffer less from the issue of high variance in off-policy learning.
We will analyze their behavior under Assumptions 1 and 2, although our analysis extends
to the case without Assumption 2 (see the discussion in Section 5.1).

where Π is a well-defined projection operator that projects a vector in RN onto the approximation subspace with respect to the seminorm on RN given by
qP
2
∀ v ∈ RN
s∈S M̄ss · v(s) ,

Assumption 2, which implies the linear independence of the columns of Φ, is satisfied
in particular if the set of feature vectors, {φ(s) | s ∈ S, i(s) > 0}, contains n linearly
independent vectors, since states with positive interest i(s) are among the emphasized
states.8 So this assumption can be easily satisfied in reinforcement learning without model
knowledge.9
In view of Theorem 1, under Assumptions 1-2, the equation Cθ + b = 0 has a unique
solution θ∗ ; equivalently, Φθ∗ is the unique solution to the projected Bellman equation (7):

λ
λ
Φθ∗ = Π rπ,γ
+ Pπ,γ
Φθ∗ ,

Theorem 1 (Yu, 2015a, Prop. C.2) Under Assumption 1, the matrix C is negative definite if and only if Assumption 2 holds.
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∀ (s, a, s0 ) ∈ S × A × S.

h̄(θ) = Cθ + b, this convergence for each fixed θ can be identified with the convergence
of the matrix and vector iterates calculated by ELSTD(λ)—the least-squares version of
ETD(λ)—to approximate the left-hand side of the equation Cθ + b = 0. It was proved in
our work (2015a) as a special case of the convergence of averaged sequences for a larger set
of functions including h(θ, ·). Since this general result will be needed in analyzing variants
of (11), we give its formulation here.
Throughout the rest of the paper, we let k · k denote the infinity norm of a Euclidean
space, and we use this notation for both vectors and matrices (viewed as vectors). For
Rm -valued random variables Xt , we say {Xt } converges to a random variable X in mean if
E[kXt − Xk] → 0 as t → ∞.
Consider a vector-valued function g : Ξ → Rm such that with ξ = (e, F, s, a, s0 ), g(ξ) is
Lipschitz continuous in (e, F ) uniformly in (s, a, s0 ). That is, there exists a finite constant
Lg such that for any (e, F ), (ê, F̂ ) ∈ Rn+1 ,
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In this section we present the convergence properties of the constrained ETD(λ) algorithm
(11) and several variants of it, for constant stepsize and for stepsize that diminishes slowly.
We will explain briefly how the results are obtained, leaving the detailed analyses to Section 4. The first set of results about the algorithm (11) will be given first in Section 3.1,
followed by similar results in Section 3.2 for two variant algorithms that have biases but
can mitigate the variance issue in off-policy learning better. These results are obtained
through applying two general convergence theorems from (Kushner and Yin, 2003), which
concern weak convergence of stochastic approximation algorithms for diminishing and constant stepsize. Finally, the constant-stepsize case will be analyzed further in Section 3.3,
in order to refine some results of Sections 3.1-3.2 so that the asymptotic behavior of the
algorithms for a fixed stepsize can be characterized explicitly. In that subsection, besides
the three algorithms just mentioned, we will also discuss another variant algorithm with
perturbation.

3. Convergence Results for Constrained ETD(λ)

Corollary 1 (Yu, 2015a, Theorem 2.1) Under Assumption 1, for
h̄, h
 the functions

given in (13), (14) respectively, the following hold: For each θ ∈ Rn , Eζ kh(θ, ξ0 )k < ∞ and


Pt−1
h̄(θ) = Eζ h(θ, ξ0 ) ; and for any given initial (e0 , F0 ) ∈ Rn+1 , as t → ∞, 1t k=0
h(θ, ξk )
converges to h̄(θ) in mean and almost surely.

Theorem 3 (convergence of averaged sequences; Yu, 2015a, Theorems 3.1-3.3)
Let g be a vector-valued function satisfying the Lipschitz condition (16). Then under As

sumption 1, Eζ kg(ξ0 )k < ∞ and for any given initial (e0 , F0 ) ∈ Rn+1 , as t → ∞,


1 Pt−1
k=0 g(ξk ) converges to ḡ = Eζ g(ξ0 ) in mean and almost surely.
t

For each θ ∈ Rn , theP
function h(θ, ·) in (14) is a special case of g. The convergence of the
t−1
averaged sequence 1t k=0
g(ξ
k ) is given in the theorem below; the part on convergence in
Pt−1
mean will be used frequently later in this paper. The convergence of 1t k=0
h(θ, ξk ) then
follows as a special case.

g(e, F, s, a, s0 ) − g(ê, F̂ , s, a, s0 ) ≤ Lg (e, F ) − (ê, F̂ ) ,

Several properties of the ETD(λ) iterates will be important in proving that (12) is
indeed the mean ODE for (11) and reflects its average dynamics. We now discuss two such
properties (other key properties will be given in Appendix A). They concern the ergodicity
of the Markov chain {(St , At , et , Ft )} on the joint space of states, actions and traces, and
the convergence of certain averaged sequences associated with the algorithm (11). They
will also be useful in analyzing variants of (11).
Let Zt = (St , At , et , Ft ), t ≥ 0. It was shown in (Yu, 2015a) that under Assumption 1,
{Zt } is a weak Feller Markov chain11 on the infinite state space S × A × Rn+1 and is
ergodic. Specifically, on a metric space, a sequence of probability measures {µt } is said
Rto convergeR weakly to a probability measure µ if for any bounded continuous function f ,
f dµt → f dµ as t → ∞ (Dudley, 2002, Chap. 9.3). We are interested in the weak
convergence of the occupation probability measures of the process {Zt }, where for each
initial condition
Z0 = z, the occupation probability measures µz,t , t ≥ 0, are defined by
1 Pt
n+1 , with 1(·) denoting
µz,t (D) = t+1
k=0 1(Zk ∈ D) for any Borel subset D of S × A × R
the indicator function.
Theorem 2 (ergodicity of {Zt }; Yu, 2015a, Theorem 3.2) Under Assumption 1, the
Markov chain {Zt } has a unique invariant probability measure ζ, and for each initial condition Z0 = z, the sequence {µz,t } of occupation probability measures converges weakly to ζ,
almost surely.

ξ = (e, F, s, a, s0 ) ∈ Ξ := Rn+1 × S × A × S.

Let Eζ denote expectation with respect to the stationary process {Zt } with ζ as its initial
distribution. By the definition of weak convergence, the weak convergence of P
{µz,t } given
t−1
in Theorem 2 implies that for each given initial condition of Z0 , the averages 1t k=0
f (Zk )
converge almost surely to Eζ {f (Z0 )} for any bounded continuous function f .12 To study
the average dynamics of the algorithm (11), however, we need to also consider unbounded
functions. In particular, the function related to both (11) and the unconstrained ETD(λ)
is h : Rn × Ξ → Rn ,

h(θ, ξ) = e · ρ(s, a) r(s, a, s0 ) + γ(s0 ) φ(s0 )> θ − φ(s)> θ ,
(14)
where

Writing ξt for the traces and transition at time t: ξt = (et , Ft , St , At , St+1 ), we can express
the recursion (11) equivalently as

θt+1 = ΠB θt + αt h(θt , ξt ) + αt et · ω̃t+1 ,
(15)

where ω̃t+1 = ρt (Rt − r(St , At , St+1 )) is the noise part of the
observed reward.
Pt−1
The convergence to h̄(θ) of the averaged sequence 1t k=0
h(θ, ξk ), with θ held fixed
and t going to infinity, will be needed to prove that (12) is the mean ODE of (11). Since
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11. See Section 4.3.1 or the book by Meyn and Tweedie (2009, Chap. 6) for the definition and properties of
weak Feller Markov chains.
12. With the usual discrete topology for the finite space S × A and the usual topology for the Euclidean
space Rn+1 , the space S × A × Rn+1 equipped with the product topology is metrizable. A continuous
function f (s, a, e, F ) on this space is a function that is continuous in (e, F ) for each (s, a) ∈ S × A.

11

13
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Corollary 2 (convergence in mean) In the setting of Theorem 4, E kθt − θ∗ k → 0 as
t → ∞.

This theorem implies θt → θ∗ in probability. Since {θt } is bounded, by (Dudley, 2002,
Theorem 10.3.6), θt must also converge to θ∗ in mean:

k→∞

Theorem 4 (convergence of constrained ETD with diminishing stepsize)
Suppose Assumptions 1-2 hold and the radius of B exceeds the threshold given in Lemma 1.
Let {θt } be generated by the algorithm (11) with stepsize {αt } satisfying Assumption 3, from
any given initial condition (e0 , F0 ). Then there exists a sequence Tk → ∞ such that for any
δ > 0,



lim sup P θt 6∈ Nδ (θ∗ ), some t ∈ k, m(k, Tk ) = 0.

The condition (17) is the condition A.8.2.8 in (Kushner and Yin, 2003, Chap. 8) and
allows stepsizes much larger than O(1/t). We can have αt = O(t−β ), β ∈ (0, 1], and
even larger stepsizes are possible. For example, partition the time interval [0, ∞) into
increasingly longer intervals Ik , k ≥ 0, and set αt to be constant within each interval Ik .
Then the condition (17) can be fulfilled by letting the constants for each Ik decrease as
O(k −β ), β ∈ (0, 1].
We now state the convergence result. For any T > 0, let m(k, T ) = min{t ≥ k |
Pt+1
j=k αj > T }. If we draw a continuous timeline and put each iteration of the algorithm at
a specific moment, with the stepsize αj being the length of time between iterations j and
j + 1, then m(k, T ) is the latest iteration before time T has elapsed since the k-th iteration.
If αt = O(t−β ), β ∈ (0, 1], for example, then for fixed T , there are O(k β ) iterates between
the k-th and m(k, T )-th iteration.
Recall that Assumption 1, Assumption 2, and Lemma 1 are given in Sections 2.1, 2.3,
and 2.4, respectively.

Assumption 3 (condition P
on diminishing stepsize) The (deterministic) nonnegative
sequence {αt } satisfies that t≥0 αt = ∞, αt → 0 as t → ∞, and for some sequence of
integers mt → ∞,
αt+j
lim sup
− 1 = 0.
(17)
t→∞ 0≤j≤mt
αt

We consider first the algorithm (11) for diminishing stepsize. Let the stepsize change slowly
in the following sense.

1
T /α

t=kα

X

kα +bT /αc


1 θtα ∈ Nδ (θ∗ ) = 1

in probability.

14
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Part (ii) above is similar to Theorem 4. Here as α → 0, an increasingly longer segment
[kα , kα + Tα /α] of the tail of the trajectory {θtα } is considered, and it is concluded that
the probability of that entire segment being inside an arbitrarily small neighborhood of
θ∗ approaches 1. Part (i) above, roughly speaking, says that as α diminishes, within the
segment [kα , kα + T /α], the fraction of iterates θtα that lie in a small δ-neighborhood of θ∗
approaches 1 for sufficiently large T .
We give the proofs of Theorems 4-5 in Section 4.1. As mentioned earlier, most of
our efforts will be to use the properties of ETD iterates to show that the conditions of
two general convergence theorems from stochastic approximation theory (Kushner and Yin,
2003, Theorems 8.2.2, 8.2.3) are satisfied by the algorithm (11). After that we can specialize
the conclusions of those theorems to obtain Theorems 4-5. Specifically, after furnishing their
conditions, applying (Kushner and Yin, 2003, Theorems 8.2.2, 8.2.3) will give us directly
the desired conclusions in Theorems 4-5 with Nδ (LB ) in place of Nδ (θ∗ ), where Nδ (LB ) is
the δ-neighborhood of the limit set LB for the projected ODE (12). This limit set is defined
as follows:
LB := ∩τ̄ >0 ∪x(0)∈B {x(τ ), τ ≥ τ̄ }

α→0

(ii) Let αkα → ∞ as α → 0. Then there exists a sequence {Tα | α > 0} with Tα → ∞ as
α → 0, such that for any δ > 0,



lim sup P θtα 6∈ Nδ (θ∗ ), some t ∈ kα , kα + Tα /α = 0.

T →∞ α→0

lim lim

Theorem 5 (convergence of constrained ETD with constant stepsize)
Suppose Assumptions 1-2 hold and the radius of B exceeds the threshold given in Lemma 1.
For each α > 0, let {θtα } be generated by the algorithm (11) with constant stepsize α, from
any given initial condition (e0 , F0 ). Let {kα | α > 0} be any sequence of nonnegative integers
that are nondecreasing as α → 0. Then the following hold:
(i) For any δ > 0,

Another important note is that the conclusion of Theorem 4 is much stronger than
that θt → θ∗ in probability. Here as k → ∞, we consider an increasingly longer segment
[k, m(k, Tk )] of iterates, and are able to conclude that the probability of that entire segment
being inside an arbitrarily small neighborhood of θ∗ approaches 1. This is the power of the
weak convergence methods (Kushner and Clark, 1978; Kushner and Shwartz, 1984; Kushner
and Yin, 2003), by which our conclusion is obtained.
In the case of constant stepsize, we consider all the trajectories that can be produced by
the algorithm (11) using some constant stepsize, and we ask what the properties of these
trajectories are in the limit as the stepsize parameter approaches 0. Here there is a common
timeline used in relating trajectories generated with different stepsizes (and it comes from
the ODE-based analysis): we imagine again a continuous timeline, along which we put the
iterations at moments that are evenly separated in time by α, if the stepsize parameter is
α. The scalars T, Tα in the theorem below represent amounts of time with respect to this
continuous timeline.

Regarding notation, recall that 1(·) is the indicator function, | · | stands for the usual
(unweighted) Euclidean norm and k · k the infinity norm for Rm . We denote by Nδ (D) the
δ-neighborhood of a set D ⊂ Rm : Nδ (D) = {x ∈ Rm | inf y∈D |x − y| ≤ δ}, and we write
Nδ (θ∗ ) for the δ-neighborhood of θ∗ . For the iteration index t, the notation t ∈ [k1 , k2 ] or
t ∈ [k1 , k2 ) will be used to mean that the range of t is the set of integers in the interval
[k1 , k2 ] or [k1 , k2 ). More definitions and notation will be introduced later where they are
needed.

3.1 Main Results

Yu

Weak Convergence Properties of Constrained ETD Learning

where x(τ ) is a solution of the projected ODE (12) with initial condition x(0), the union is
over all the solutions with initial x(0) ∈ B, and D for a set D denotes taking the closure
of D. It can be shown that LB = {θ∗ } under our assumptions, so Theorems 4-5 will then
follow as special cases of (Kushner and Yin, 2003, Theorems 8.2.2, 8.2.3).

Weak Convergence Properties of Constrained ETD Learning

Yu
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Theorem 7 (constrained ETD variants with constant stepsize)
In the setting of Theorem 5, let {θtα } be generated instead by the algorithm (19) or (20),
with a bounded Lipschitz continuous function ψK satisfying (18) and with constant stepsize
α > 0. Let {kα | α > 0} be any sequence of nonnegative integers that are nondecreasing as
α → 0. Then for each δ > 0, there exists Kδ > 0 such that the following hold if K ≥ Kδ :

k→∞

Theorem 6 (constrained ETD variants with diminishing stepsize)
In the setting of Theorem 4, let {θt } be generated instead by the algorithm (19) or (20),
with a bounded Lipschitz continuous function ψK satisfying (18), and with stepsize {αt }
satisfying Assumption 3. Then for each δ > 0, there exists Kδ > 0 such that if K ≥ Kδ ,
then it holds for some sequence Tk → ∞ that



lim sup P θt 6∈ Nδ (θ∗ ), some t ∈ k, m(k, Tk ) = 0.

where h̄K : Rn → Rn is determined by each algorithm and deviates from the function
h̄(x) = Cx + b due to the alterations introduced by ψK . This ODE is similar to the
projected ODE (12), except that since h̄K is an approximation of h̄, θ∗ is no longer a
stable or stationary point for the mean ODE (21). The two variant algorithms thus have a
bias in their θ-iterates, and the bias can be made smaller by choosing a larger K. This is
reflected in the two convergence theorems given below. They are similar to the previous two
theorems for the algorithm (11), except that now given a desired small neighborhood of θ∗ ,
a sufficiently large K needs to be used in order for the θ-iterates to reach that neighborhood
of θ∗ and exhibit properties similar to those shown in the previous case.

As will be proved later, these two algorithms are associated with mean ODEs of the
form,
ẋ = h̄K (x) + z,
z ∈ −NB (x),
(21)

θt+1 = ΠB (θt + αt ψK (Yt )) ,

For the second variant, we apply ψK to bound the entire increment in (11) before it is
multiplied by the stepsize αt and added to θt :

where Yt = et · ρt Rt + γt+1 φ(St+1 )> θt − φ(St )> θt . (20)

kψK (x)k ≤ kxk ∀ x ∈ Rn , and ψK (x) = x if kxk ≤ K.
(18)
√
(For instance, let ψK (x) = r̄x/|x| if |x| ≥ r̄ and ψK (x) = x otherwise, for r̄ = nK; or let
ψK (x) be the result of truncating each component of x to be within [−K, K].) For the first
variant of the algorithm (11), we replace et in (11) by ψK (et ):


θt+1 = ΠB θt + αt ψK (et ) · ρt Rt + γt+1 φ(St+1 )> θt − φ(St )> θt .
(19)

common off-policy situations (see discussions in Yu, 2012, Prop. 3.1 and Footnote 3, p. 33203322 and Yu, 2015a, Remark A.1, p. 23), these variant algorithms have the advantage that
they make the θ-iterates more robust against the drastic changes that can occur to the
trace iterates. Indeed our definition of the variant algorithms below follows a well-known
approach to “robustifying” algorithms in stochastic approximation theory (see discussions
in Kushner and Yin, 2003, p. 23 and p. 141).
The two variant algorithms are defined as follows. For each K > 0, let ψK : Rn → Rn
be a bounded Lipschitz continuous function such that

Remark 1 (on weak convergence methods) The theorems from the book (Kushner
and Yin, 2003) which we will apply are based on the weak convergence methods. While
it is beyond the scope of this paper to explain these powerful methods, let us mention
here a few basic facts about them to elucidate the origin of the convergence theorems
we gave above. In the framework of (Kushner and Yin, 2003), one studies a trajectory
of iterates produced by an algorithm by working with continuous-time processes that are
piecewise constant or linear interpolations of the iterates. (Often one also left-shifts a
trajectory of iterates to bring the “asymptotic part” of the trajectory closer to the origin
of the continuous time axis.) In the case of our problem, for example, for diminishing
stepsize, these continuous-time processes are xk (τ ), τ ∈ [0, ∞), indexed by k ≥ 0, where
for each k, xk is a piecewise constant interpolation
ofP
θk+t , t ≥ 0, given by xk (τ ) = θk
Pt−1
t
αk+m ), t ≥ 1. Similarly, for
αk+m , m=0
for τ ∈ [0, αk ) and xk (τ ) = θk+t for τ ∈ [ m=0
constant stepsize, the continuous-time processes involved are xα (τ ), τ ∈ [0, ∞), indexed by
α > 0, and for each α, xα is a piecewise constant interpolation of θkαα +t , t ≥ 0, given by
xα (τ ) = θkα +t for τ ∈ [tα, (t + 1)α). The behavior of the sequence {xk } or {xα } as k → ∞
or α → 0, tells us the asymptotic properties of the algorithm as the number of iterations
grows to infinity or as the stepsize parameter approaches 0. With the weak convergence
methods, one considers the probability distributions of the continuous-time processes in such
sequences, and analyze the convergence of these probability distributions and their limiting
distributions along any subsequences. Here each continuous-time process takes values in a
space of vector-valued functions on [0, ∞) or (−∞, ∞) that are right-continuous and have
left-hand limits, and this function space equipped with an appropriate metric, known as
the Skorohod metric, is a complete separable metric space (Kushner and Yin, 2003, p. 238240). On this space, one analyzes the weak convergence of the probability distributions
of the continuous-time processes. Under certain conditions on the algorithm, the general
conclusions from (Kushner and Yin, 2003, Theorems 8.2.2, 8.2.3) are that any subsequence
of these probability distributions contains a further subsequence which is convergent, and
that all the limiting probability distributions must assign the full measure 1 to the set of
solutions of the mean ODE associated with the algorithm. This general weak convergence
property then yields various conclusions about the asymptotic behavior of the algorithm
and its relation with the mean ODE solutions. When further combined with the solution
properties of the mean ODE, it leads to specific results such as the theorems we give in this
section.
3.2 Two Variants of Constrained ETD(λ) with Biases

JMLR 17(220):1-58

We now consider two simple variants of (11). They constrain the ETD iterates even more,
at a price of introducing biases in this process, so that unlike (11), they can no longer
get to θ∗ arbitrarily closely. Instead they aim at a small neighborhood of θ∗ , the size of
which depends on how they modify the ETD iterates. On the other hand, because the
trace iterates {(et , Ft )} can have unbounded variances and are also naturally unbounded in
15

lim lim

T →∞ α→0

1
T /α

t=kα

X

kα +bT /αc


1 θtα ∈ Nδ (θ∗ ) = 1
in probability.
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For the constant-stepsize case, the results given in Theorems 5 and 7 bear similarities to their
counterparts for the diminishing stepsize case given in Theorems 4 and 6. However, they
characterize the behavior of the iterates in the limit as the stepsize parameter approaches
0, and deal with only a finite segment of the iterates for each stepsize (although in their
part (ii) both the segment’s length Tα /α → ∞ and its starting position kα → ∞ as α → 0).
So unlike in the diminishing stepsize case, these results do not tell us explicitly about the
behavior of θtα for a fixed stepsize α as we take t to infinity.
The purpose of the present subsection is to analyze further the case of a fixed stepsize
just mentioned. We observe that for a fixed stepsize α, the iterates θtα together with
Zt = (St , At , et , Ft ) form a weak Feller Markov chain {(Zt , θtα )} (see Lemma 4, Section 4.3.1).
Thus we can apply several ergodic theorems for weak Feller Markov chains (Meyn, 1989;
Meyn and Tweedie, 2009) to analyze the constant-stepsize case and combine the implications
from these theorems with the results we obtained previously using the weak convergence
methods from stochastic approximation theory.
We now present our results using this approach. Let Mα denote the set of invariant
probability measures of the Markov chain {(Zt , θtα )}. This set depends on the particular

3.3 More about the Constant-stepsize Case

We give the proofs of the above two theorems in Section 4.2. Because the proofs are
similar for the two variant algorithms, we include in this paper only the proofs for the first
variant—the proofs for the second variant can be found in the arXiv version of this paper
(Yu, 2015b).
The proof arguments are largely the same as those that we will use first in Section 4.1
to prove Theorems 4-5 for the algorithm (11). Indeed, for all the three algorithms, the main
proof step is the same, which is to apply the general conclusions of (Kushner and Yin, 2003,
Theorems 8.2.2, 8.2.3) to establish the connection between the iterates of an algorithm and
the solutions of an associated mean ODE, and this step does not concern what the solutions
of the ODE are actually. (For the two variant algorithms, verifying that the conditions of
Theorems 8.2.2, 8.2.3 in Kushner and Yin, 2003 are met is, in fact, easier because various
functions involved in the analysis become bounded due to the use of the bounded function
ψK .) For the two variant algorithms, the result of this step is that the same conclusions
given in Theorems 4-5 hold with Nδ (LB ) in place of Nδ (θ∗ ), where LB is the limit set of the
projected mean ODE (21) associated with each variant algorithm. To attain Theorems 6-7,
we then combine this with the fact that by choosing K sufficiently large, one can make the
limit set LB ⊂ Nδ (θ∗ ) for an arbitrarily small δ.

α→0

(ii) Let αkα → ∞ as α → 0. Then there exists a sequence {Tα | α > 0} with Tα → ∞ as
α → 0, such that



lim sup P θtα 6∈ Nδ (θ∗ ), some t ∈ kα , kα + Tα /α = 0.

(i)

Weak Convergence Properties of Constrained ETD Learning



t≥0

k=0
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and we shall refer to
as the averaged sequence corresponding to {θtα }. This iterative
averaging is also known as “Polyak-averaging” when it is applied to accelerate the convergence of the θ-iterates (see Polyak and Juditsky, 1992; Kushner and Yin, 2003, Chap. 10;
and the references therein). This is not the role of the averaging operation here, however.
The purpose here is to bring to bear the ergodic theorems for weak Feller Markov chains,
in particular, the weak convergence of certain averaged probability measures or occupation probability measures to the invariant probability measures of the m-step version of
{(Zt , θtα )}. (For the details see Section 4.3, where the proofs of the results of this subsection
will be given.) It can also be seen that for a sequence {βt } with βt ∈ [0, 1), βt → 0 as
t → ∞, if we drop a fraction βt of the terms in (22) when averaging the θ’s at each time
t, the resulting differences in the averaged iterates θ̄tα are asymptotically negligible. Therefore, although our results below will be stated for (22), they apply to a variety of averaging
schemes.
Recall that Nδ (θ∗ ) denotes the closed δ-neighborhood of θ∗ . In what follows, Nδ0 (θ∗ )
denotes the open δ-neighborhood of θ∗ , i.e., the open ball around θ∗ with radius δ. We
write [Nδ (θ∗ )]m or [Nδ0 (θ∗ )]m for the Cartesian product of m copies of Nδ (θ∗ ) or Nδ0 (θ∗ ).
Recall also that rB is the radius of the constraint set B.

{θ̄tα }

(i.e., each state now consists of m consecutive states of the chain {(Zt , θtα )}). We shall refer
to this chain as the m-step version of {(Zt , θtα )}. Similar to Mα , denote by Mm
α the set
of invariant probability measures of the m-step version of {(Zt , θtα )}, and correspondingly
m for all µ ∈ Mm . The set Mm is, of
define M̄m
α to be the set of marginals of µ on B
α
α
course, determined by Mα , since each invariant probability measure in Mm
α is just the
α
m-dimensional distribution of a stationary Markov chain {(Zt , θt )}.
Our first result, given in Theorem 8 below, says that for the algorithm (11), as the
stepsize α approaches zero, the invariant probability measures in Mm
α will concentrate their
masses on an arbitrarily small neighborhood of (θ∗ , . . . , θ∗ ) (m copies of θ∗ ). Moreover, for a
fixed stepsize, as the number of iterations grows to infinity, the expected maximal deviation
of the m consecutive averaged iterates from θ∗ can be bounded in terms of the masses those
invariant probability measures assign to the vicinities of (θ∗ , . . . , θ∗ ). Here by averaged
iterates, we mean
t−1
1X α
θ̄tα =
θk ,
∀ t ≥ 1,
(22)
t


α
α
(Zt , θtα ), (Zt+1 , θt+1
), . . . , (Zt+m−1 , θt+m−1
)

algorithm used to generate the θ-iterates, but we shall use the notation Mα for all the
algorithms we discuss here, for notational simplicity. We know that {Zt } has a unique
invariant probability measure (Theorem 2, Section 2.4), but it need not be so for the Markov
chain {(Zt , θtα )} when {θtα } is generated by the algorithm (11) or its two variants. The set
Mα can therefore have multiple elements (it is nonempty; see Prop. 6, Section 4.3.2). We
denote by M̄α the set that consists of the marginal of µ on B (the space of the θ’s), for all
the invariant probability measures µ ∈ Mα .
As in the previous analysis, we are interested in the behavior of multiple consecutive
θ-iterates. In order to characterize that, we consider for each m ≥ 1, the Markov chain

Yu

µ

)]

∗ mα

Yu

inf
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lim inf

[Nδ (θ

Theorem 8 In the setting of Theorem 5, let {θtα } be generated by the algorithm (11) with
constant stepsize α > 0, and let {θ̄tα } be the corresponding averaged sequence. Then the
following hold for any δ > 0 and m ≥ 1:

µ [Nδ (θ∗ )]m = 1, and more strongly, with mα = d m
(i)
α e,

= 1.
lim inf α→0 inf µ∈M̄αm

θ̄tα − θ∗

≤ δ κα,m + 2rB (1 − κα,m ),

and

t→∞

lim inf

t→∞

k=0


with κα = µ̄α Nδ0 (θ∗ ) ,

t−1


1X 
1
sup
θjα − θ∗ < δ ≥ µ̄α(m) [Nδ0 (θ∗ )]m
t
k≤j<k+m

lim sup θ̄tα − θ∗ ≤ δ κα + 2rB (1 − κα ),

is the unique element in M̄αm , and µ̄α is the marginal of µα on B.

20

(23)
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13. We adopt these conditions for simplicity. They are not the weakest possible for our purpose, and our proof
techniques can be applied to other types of perturbations as well. For related discussions, see Remark 2
at the end of this section, as well as Remark 3 and the discussion before Prop. 8 in Section 4.3.3.


(m)
Note that in the second part of Theorem 10, both µ̄α [Nδ0 (θ∗ )]m and κα approach 1
as α → 0, since by the first part of the theorem, the conclusions of Theorem 8 hold. For the
second part of Theorem 11, the same is true provided that K is sufficiently large (so that
Nδ (LB ) ⊂ Nδ (θ∗ ) where LB is the limit set of the ODE associated with the algorithm),

Theorem 11 In the setting of Theorem 5, let {θtα } be generated instead by the perturbed
version (23) of the algorithm (19) or (20), with a constant stepsize α > 0 and with a
bounded Lipschitz continuous function ψK satisfying (18). Let {θ̄tα } be the corresponding
averaged sequence. Then the conclusions of Theorems 7 and 9 hold. Furthermore, for any
given stepsize α, the conclusions of the second part of Theorem 10 also hold.

where µ̄α

(m)

Theorem 10 In the setting of Theorem 5, let {θtα } be generated instead by the perturbed
version (23) of the algorithm (11) for a constant stepsize α > 0, and let {θ̄tα } be the corresponding averaged sequence. Then the conclusions of Theorems 5 and 8 hold. Furthermore,
let the stepsize α be given. Then the Markov chain {(Zt , θtα )} has a unique invariant probability measure µα , and for any δ > 0, m ≥ 1 and initial condition of (e0 , F0 , θ0α ), almost
surely,

α , t ≥ 0, are Rn -valued random variables such that13
where for each α > 0, ∆θ,t
(i) they are independent of each other and also independent of the process {Zt };
(ii) they are identically distributed with zero mean and finite variance, where the variance
can be bounded uniformly for all α; and
(iii) they have a positive continuous density function with respect to the Lebesgue measure.
Below we refer to (23) as the perturbed version of the algorithm (11), (19) or (20).


α
α
,
θt+1
= ΠB θtα + αYtα + α∆θ,t

α as follows. Let
we now modify this recursion formula by adding a perturbation term α∆θ,t

Finally, we consider a simple modification of the preceding algorithms, for which the
conclusions of Theorems 8(ii) and 9(ii) can be strengthened. This is our motivation for
introducing the modification, but we shall postpone the discussion till Remark 2 at the end
of this subsection.
For any of the algorithms (11), (19) or (20), if the original recursion under a constant
stepsize α can be written as

α
θt+1
= ΠB θtα + αYtα ,

mα
α→0 µ∈M̄α

k≤t<k+m

sup

(ii) For each stepsize α and any initial condition of (e0 , F0 , θ0α ),
h
i

k→∞

lim sup E

where κα,m = inf µ∈M̄αm µ([Nδ0 (θ∗ )]m ).

α→0 µ∈M̄α

µ∈M̄α


for κα = inf µ Nδ0 (θ∗ ) .

Note that in part (ii) above, κα,m → 1 as α → 0 by part (i). Note also that for m = 1,
the conclusions from the preceding theorem take the simplest form:

lim inf inf µ Nδ (θ∗ ) = 1,
t→∞



lim sup E θ̄tα − θ∗ ≤ δ κα + 2rB (1 − κα ),

The conclusions for m > 1 are, however, much stronger. They also suggest that in practice,
instead of simply choosing the last iterate of the algorithm as its final output at the end of
its run, one can base that choice on the behavior of multiple consecutive θ̄tα during the run.
For the two variant algorithms (19) and (20), we have a similar result given in Theorem 9
below. Here the neighborhood of (θ∗ , . . . , θ∗ ) around which the masses of the invariant
probability measures are concentrated, depends not only on the stepsize α but also on the
biases of these algorithms. The proofs of Theorems 8-9 are given in Section 4.3.2.

m
α→0 µ∈M̄α

∀ m ≥ 1.

Theorem 9 In the setting of Theorem 5, let {θtα } be generated instead by the algorithm
(19) or (20), with constant stepsize α > 0 and with a bounded Lipschitz continuous function
ψK satisfying (18). Let {θ̄tα } be the corresponding averaged sequence. Then the following
hold:
(i) For any given δ > 0, there exists Kδ > 0 such that for all K ≥ Kδ ,

lim inf inf µ [Nδ (θ∗ )]m = 1,
∀ m ≥ 1,
and more strongly, with mα = d m
α e,

µ [Nδ (θ∗ )]mα = 1,

inf

mα
α→0 µ∈M̄α

lim inf

k≤t<k+m
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(ii) Regardless of the choice of K, given any δ > 0, m ≥ 1 and stepsize α, for each initial
condition of (e0 , F0 , θ0α ),
h
i
sup
θ̄tα − θ∗ ≤ δ κα,m + 2rB (1 − κα,m ),
k→∞

lim sup E

where κα,m = inf µ∈M̄m
µ([Nδ0 (θ∗ )]m ).
α

19

inf P(Xk ∈ Dδ ) ≥ 1 − δ.

k∈K

21

JMLR 17(220):1-58

We need some definitions and notation, before describing the conditions required. For some
index set K, let {Xk }k∈K be a set of random variables taking values in a metric space X
(in our context X will be Rm or Ξ). The set {Xk }k∈K is said to be tight or bounded in
probability, if there exists for each δ > 0 a compact set Dδ ⊂ X such that

4.1.1 Conditions to Verify

In this subsection we prove Theorems 4 and 5 (Section 3.1) on convergence properties of
the constrained ETD(λ) algorithm (11). We will apply two theorems from (KY), Theorems
8.2.2 and 8.2.3, which concern weak convergence of stochastic approximation algorithms for
constant and diminishing stepsize, respectively. This requires us to show that the conditions
of those theorems are satisfied by our algorithm. The major conditions concern the uniform
integrability, tightness, and convergence in mean of certain sequences of random variables
involved in the algorithm. Our proofs will rely on many properties of the ETD iterates
that we have established in (2015a) when analyzing the almost sure convergence of the
algorithm.

4.1 Proofs for Theorems 4 and 5

We now prove the theorems given in the preceding section. We shall use KY as an abbreviation for the book (Kushner and Yin, 2003), which we will refer to frequently below.

4. Proofs for Section 3

and this can be seen from the conclusions of Theorem 9(i), which holds for the perturbed
version (23) of the two variant algorithms, as the first part of Theorem 11 says. The proofs
of Theorems 10-11 are given in Section 4.3.3.
Remark 2 (on the role of perturbation) At first sight it may seem counter-productive
to add noise to the θ-iterates in the algorithm (23). Our motivation for such random
perturbations of the θ-iterates is that this can ensure that the Markov chain {(Zt , θtα )}
has a unique invariant probability measure (see Prop. 9, Section 4.3.3). The uniqueness
allows us to invoke a result of Meyn (1989) on the convergence of the occupation probability
measures of a weak Feller Markov chain, so that we can bound the deviation of the averaged
iterates from θ∗ not only in an expected sense as before, but also for almost all sample paths
under each initial condition, as in the second part of Theorems 10-11. For the unperturbed
algorithms, we can only prove such pathwise bounds on lim supt→∞ |θ̄tα − θ∗ | for a subset
of the initial conditions of (Z0 , θ0α ). A more detailed discussion of this is given in Remark 3
at the end of Section 4.3.3, after the proofs of the preceding theorems.
Regarding other effects of the perturbation, intuitively, larger noise terms may help the
Markov chain “mix” faster, but they can also result in less probability mass µ̄α Nδ0 (θ∗ )
around θ∗ than in the case without perturbation. What is a suitable amount of noise to
add to achieve a desired balance? We do not yet have an answer. It seems reasonable to us
to let the magnitude of the variance of the perturbation terms ∆αθ,t be approximately α2
for some  ∈ (0, 1], so that a typical perturbation α∆αθ,t is at a smaller scale relative to the
“signal part” αYtα in an iteration. Further investigation is needed.
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a→∞ k∈K


where Yt := et · ρt Rt + γt+1 φ(St+1 )> θt − φ(St )> θt ,

t+k−1



1 X
Et h(θ, ξm ) − h̄(θ) 1 ξt ∈ D = 0
k m=t

in mean,

22
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where k and t are taken to ∞ in any way possible. In other words, if we denote
the average on the left-hand side by Xk,t , then the requirement “limk→∞,t→∞ Xk,t =
0 in mean” means that along any subsequences kj → ∞, tj → ∞, we must have
limj→∞ E[kXkj ,tj k] = 0. (This condition corresponds to the condition A.8.2.7 in KY.)
For the case of constant stepsize, we consider the iterates that could be generated by
the algorithm for all stepsizes. To distinguish between the iterates associated with different
stepsizes, in the conditions below, the superscript α is attached to the variables involved in
the algorithm with stepsize α, and similarly, the conditional expectation Et is denoted by
Eαt instead.
Conditions for the case of constant stepsize:
In addition to the condition (ii) above (which corresponds to the condition A.8.1.6 in KY
for the case of constant stepsize), the following conditions are required.

k→∞,t→∞

lim

In other words, h(θt , ξt ) = Et [Yt ] and et · ω̃t+1 = Yt − Et [Yt ], a noise term that satisfies
Et [et · ω̃t+1 ] = 0.
This algorithm belongs to the class of stochastic approximation algorithms with “exogenous noises” studied in the book (KY) – the term “exogenous noises” reflects the fact
that the evolution of {ξt } is not driven by the θ-iterates. Theorems 4 and 5 will follow as
special cases from Theorems 8.2.3 and 8.2.2 of (KY, Chap. 8), respectively, if we can show
that the algorithm (11) satisfies the following conditions.
Conditions for the case of diminishing stepsize:
(i) The sequence {Yt } = {h(θt , ξt ) + et · ω̃t+1 } is u.i. (This corresponds to the condition
A.8.2.1 in KY.)
(ii) The function h(θ, ξ) is continuous in θ uniformly in ξ ∈ D, for each compact set
D ⊂ Ξ. (This corresponds to the condition A.8.2.3 in KY.)
(iii) The sequence {ξt } is tight. (This corresponds to the condition A.8.2.4 in KY.)
(iv) The sequence {h(θt , ξt )} is u.i., and so is {h(θ, ξt )} for each fixed θ ∈ B. (This
corresponds to the condition A.8.2.5 in KY.)
(v) There is a continuous function h̄(·) such that for each θ ∈ B and each compact set
D ⊂ Ξ,

θt+1 = ΠB (θt + αt h(θt , ξt ) + αt et · ω̃t+1 ) .

let Et denote expectation conditioned on Ft , the sigma-algebra generated by θm , ξm , m ≤ t,
where we recall ξm = (em , Fm , Sm , Am , Sm+1 ) and its space Rn+1 × S × A × S is denoted by
Ξ. By writing Yt = Et [Yt ] + (Yt − Et [Yt ]), we have the equivalent form of (11) given in (15):

θt+1 = ΠB (θt + αt Yt ),

To analyze the constrained ETD(λ) algorithm (11), which is given by

For Rm -valued Xk , the set {Xk }k∈K is said to be uniformly integrable (u.i.) if


lim sup E kXk k 1 kXk k ≥ a = 0.

Yu
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t+k−1


1 X α
α
E h(θ, ξm
) − h̄(θ) 1 ξtα ∈ D = 0
k m=t t

in mean,

α
(i0 ) The set {Ytα | t ≥ 0, α > 0} := {h(θtα , ξtα ) + etα · ω̃t+1
| t ≥ 0, α > 0} is u.i. (This
corresponds to the condition A.8.1.1 in KY.)
(iii0 ) The set {ξtα | t ≥ 0, α > 0} is tight. (This corresponds to the condition A.8.1.7 in
KY.)
(iv0 ) The set {h(θtα , ξtα ) | t ≥ 0, α > 0} is u.i., in addition to the uniform integrability of
{h(θ, ξtα ) | t ≥ 0, α > 0} for each θ ∈ B. (This corresponds to the condition A.8.1.8
in KY.)
(v0 ) There is a continuous function h̄(·) such that for each θ ∈ B and each compact set
D ⊂ Ξ,

lim

k→∞,t→∞,α→0

where α is taken to 0 and k, t are taken to ∞ in any way possible. (This condition
corresponds to the condition A.8.1.9 in KY, and it is in fact stronger than the latter
condition but is satisfied by our algorithms as we will show.)
The preceding conditions allow ξtα and θtα to be generated under different initial conditions for different α. While we will need this generality later in Section 4.3, here we will
focus on a common initial condition for all stepsizes, for simplicity. Then, the preceding
conditions for the constant-stepsize case are essentially the same as those for the diminishing
stepsize case, because except for the θ-iterates, all the other variables (such as ξt and ω̃t )
involved in the algorithm have identical probability distributions for all stepsizes α and are
not affected by the θ-iterates. For this reason, in the proofs below, except for the θ-iterates,
we simply omit the superscript α for other variables in the case of constant stepsize, and to
verify the two sets of conditions above, we shall treat the case of diminishing stepsize and
the case of constant stepsize simultaneously.
As mentioned in Section 2.4, these conditions are to ensure that the projected ODE (12),
ẋ = h̄(x) + z, z ∈ −NB (x), is the mean ODE for the algorithm (11) and reflects its average
dynamics. Among the proofs for these conditions given next, the proof for the convergence
in mean condition (v) and (v0 ) will be the most involved.
4.1.2 Proofs
The condition (ii) is clearly satisfied. In what follows, we prove that the rest of the conditions
are satisfied as well. We start with the tightness conditions (iii) and (iii0 ), as they are
immediately implied by a property of the trace iterates we already know. We then tackle
the uniform integrability conditions (i), (i0 ), (iv) and (iv0 ), before we address the convergence
in mean required in (v) and (v0 ). The proofs build upon several key properties of the ETD
iterates we have established in (2015a) and recounted in Section 2.4 and Appendix A.
0
First, we show that the tightness conditions
 (iii) and
 (iii ) are satisfied. This is implied
by the following property of traces: supt≥0 E (et , Ft ) < ∞ for any given initial condition
(e0 , F0 ) (see Prop. 11, Appendix A).
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Proposition 1 Under Assumption 1, for each given initial (e0 , F0 ) ∈ Rn+1 , {(et , Ft )} is
tight and hence {ξt } is tight.
23

Yu



Proof By Prop. 11, c := supt≥0 E (et , Ft ) < ∞. Then, by the Markov inequality, for
a > 0, supt≥0 P (et , Ft ) ≥ a ≤ c/a → 0 as a → ∞. This implies that {(et , Ft )} is tight.
Since the space S × A × S is finite and ξt = (et , Ft , St , At , St+1 ), {ξt } is also tight.

We now handle the uniform integrability conditions (i), (i0 ), (iv) and (iv0 ). The uniform
integrability of the trace sequence {et }, as we will prove, is important here.

Proposition 2 Under Assumption 1, for each given initial (e0 , F0 ) ∈ Rn+1 , the following
sets of random variables are u.i.:
(i) {et };
(ii) {h(θ, ξt )} for each fixed θ ∈ B;
(iii) {h(θt , ξt )} in the case of diminishing stepsize; and {h(θtα , ξt ) | t ≥ 0, α > 0} in the
case of constant stepsize;
(iv) {h(θt , ξt ) + et ω̃t+1 } in the case of diminishing stepsize; and {h(θtα , ξt ) + et ω̃t+1 | t ≥
0, α > 0} in the case of constant stepsize.

The proof of Prop. 2 will use facts about u.i. sequences of random variables given in the
lemma below. This lemma basically follows from the definition of uniform integrability. We
therefore omit its proof, which can be found in the arXiv version of this paper (Yu, 2015b).

Lemma 2 Let Xk , Yk , k ∈ K (some index set) be real-valued random variables with Xk and
Yk defined on a common probability space for each k.
(i) If {Xk }k∈K , {Yk }k∈K are u.i., then {Xk + Yk }k∈K is u.i.
(ii) If {Xk }k∈K is u.i. and for all k, |Yk | ≤ |Xk | a.s., then {Yk }k∈K is u.i.
(iii) If {Xk }k∈K , {Yk }k∈K are u.i. and for some c ≥ 0, E[|Yk | | Xk ] ≤ c a.s. for all k, then
{Xk Yk }k∈K is u.i.

for t ≤ K,


i(Sk ) · ρk γk+1 · · · ρt−1 γt ,


M̃k,K · φ(Sk ) · βk+1 · · · βt .
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(26)

(25)

(24)

We now proceed to prove Prop. 2. The proof will involve auxiliary variables, which we
call truncated traces. They are defined similarly to the trace iterates (et , Ft ), but instead
of depending on all the past states and actions, they only depend on a certain number of
the most recent states and actions. Specifically, for each integer K ≥ 1, we define truncated
traces (ẽt,K , F̃t,K ) as follows:

(ẽt,K , F̃t,K ) = (et , Ft )

t
X

and for t ≥ K + 1, with the shorthand βt := ρt−1 γt λt ,
F̃t,K =

k=t−K

k=t−K

t
X

M̃t,K = λt i(St ) + (1 − λt )F̃t,K ,
ẽt,K =

24

(28)

a→∞ t≥0

25

so for fixed K, by taking a → ∞, we obtain


lim sup E ket k 1 ket k ≥ a ≤ LK .

t≥0

From (27)-(29) it follows that


sup E ket k 1 ket k ≥ a ≤ LK + aK · LK /(a − aK ),
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where in the last inequality LK is a constant that depends on K (and the initial (e0 , F0 ))
and has the property that LK ↓ 0 as K → ∞, and this inequality is derived by combing
the Markov inequality P(ket − ẽt,K k ≥ ā) ≤ E[ket − ẽt,K k]/ā with Prop. 13, which bounds
supt≥0 E[ket − ẽt,K k] by LK . Similarly, for the first term on the right-hand side of (27),
using Prop. 13, we can bound its expectation by LK :


E ket − ẽt,K k 1 ket − ẽt,K k ≥ ā ≤ E[ket − ẽt,K k] ≤ LK ,
∀ t.
(29)

For the second term on the right-hand side, we can bound its expectation by


E aK 1 ket − ẽt,K k ≥ ā = aK P(ket − ẽt,K k ≥ ā) ≤ aK · LK /ā,
∀ t,

Proof of Prop. 2 First, we prove {et } is u.i. We then use this to show the uniform
integrability of the other sets required in parts (ii)-(iv).
(i) To prove {et } is u.i., we shall exploit its relation with the truncated traces, ẽt,K , t ≥ 0 for
integers K ≥ 1. Note that since the state and action spaces are finite, the truncated traces
{ẽt,K } lie in a bounded set (this set depends on K and the initial (e0 , F0 )), so there exists
a constant aK such that kẽt,K k ≤ aK for all t. This fact will greatly simplify the analysis.
Let us first fix K and consider a ≥ ak . Denote ā = a − aK ≥ 0. Then


ket k 1 ket k ≥ a ≤ ket k 1 ket − ẽt,K k ≥ ā


≤ ket − ẽt,K k 1 ket − ẽt,K k ≥ ā + kẽt,K k 1 ket − ẽt,K k ≥ ā


≤ ket − ẽt,K k 1 ket − ẽt,K k ≥ ā + aK 1 ket − ẽt,K k ≥ ā .
(27)

We will use this property in the following analysis.

where LK is a finite constant that depends on K and E and decreases monotonically to 0
as K increases:
LK ↓ 0 as K → ∞.

t≥0

Note that when t ≥ 2K + 1, the traces (ẽt,K , F̃t,K ) no longer depend on the initial (e0 , F0 );
being functions of the states and actions between time t − 2K and t only, they lie in a
bounded set determined by K, since the state and action spaces are finite. For t = 0, . . . , 2K,
(ẽt,K , F̃t,K ) also lie in a bounded set, which is determined by K and the initial (e0 , F0 ). We
will use these bounded truncated traces to approximate the original traces {(et , Ft )} in the
analysis.
An important approximation property, given in Prop. 13 (Appendix A), is that for each
K and any initial (e0 , F0 ) from a given bounded set E,
i
h
sup E (et , Ft ) − (ẽt,K , F̃t,K ) ≤ LK ,
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t+k−1



1 X
Et h(θ, ξm ) − h̄(θ) 1 ξt ∈ D = 0
k m=t

in mean.

k,t

lim

26

t+k−1


1 X
h(θ, ξm ) − h̄(θ) 1 ξt ∈ D = 0
k m=t

(30)
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in mean.





P
Proof Denote Xk,t = k1 t+k−1
h(θ,
≤
m=t
 ξm ) − h̄(θ) 1 ξt ∈ D . Since E Et {Xk,t }
E[kXk,t k], to prove limk,t E Et {Xk,t } = 0 (here and in what follows we simply write “k, t”
under a limit symbol for “k → ∞, t → ∞”), it is sufficient to prove limk,t E[kXk,t k] = 0,
that is, to prove

k→∞,t→∞

lim

Proposition 3 Let Assumption 1 hold. For each θ ∈ B and each compact set D ⊂ Ξ,

Finally, we handle the conditions (v) and (v0 ) stated in Section 4.1.1. The two conditions
are the same condition in the case here, because they concern each fixed θ, whereas {ξt } is
not affected by the stepsize and the θ-iterates. So we can focus just on the condition (v)
in presenting the proof, for notational simplicity. For the algorithm (11), the continuous
function h̄ required in the condition is the function h̄(θ) = Cθ+b associated with the desired
mean ODE (12). We now prove the required convergence in mean by using the properties of
trace iterates and the convergence results given in Theorem 3 and Corollary 1 (Section 2.4).

(iv) Consider first the case of diminishing stepsize. We prove that {h(θt , ξt ) + et ω̃t+1 } is
u.i. (recall ω̃t+1 = ρt (Rt − r(St , At , St+1 )) is the noise part of the observed reward). Since
we already showed that {h(θt , ξt )} is u.i., by Lemma 2(i), it is sufficient to prove that
{et ω̃t+1 } is u.i. Now {et } is u.i. by part (i). Since the random rewards Rt in our model
have bounded variances, the noise variables ω̃t+1 , t ≥ 0, also have bounded variances. This
implies that {ω̃t+1 } is u.i. (Billingsley, 1968, p. 32) and that E[|ω̃t+1 | | et ] < c for some
constant c (independent of t). It then follows from Lemma 2(iii) that {et ω̃t+1 } is u.i., and
hence {h(θt , ξt ) + et ω̃t+1 } is u.i.
Similarly, in the case of constant stepsize, it follows from Lemma 2(i) that the set
{h(θtα , ξt ) + et ω̃t+1 | t ≥ 0, α > 0} is u.i., because {h(θtα , ξt ) | t ≥ 0, α > 0} is u.i. by part
(iii) proved earlier and {et ω̃t+1 } is u.i. as we just proved.

(iii) The uniform integrability of {h(θt , ξt )} in the case of diminishing stepsize or {h(θtα , ξt ) |
t ≥ 0, α > 0} in the case of constant stepsize follows from the same argument given for (ii)
above, because θt or θtα for all t ≥ 0 and α > 0 lie in the bounded set B by the definition
of the constrained ETD(λ) algorithm.

(ii) We now prove for each θ, {h(θ, ξt )} is u.i. Since the state and action spaces are finite
and θ is given, using the expression of h(θ, ξt ), we can bound it as kh(θ, ξt )k ≤ Lket k for
some constant L. As just proved, {et } is u.i. (equivalently {ket k} is u.i.) and thus {Lket k} is
u.i., so by Lemma 2(ii), {h(θ, ξt )} is u.i. (since this is by definition equivalent to {kh(θ, ξt )k}
being u.i., which is true by Lemma 2(ii)).



Since LK ↓ 0 as K → ∞ (Prop. 13), this implies lima→∞ supt≥0 E ket k 1 ket k ≥ a = 0,
which proves the uniform integrability of {et }.

Yu
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k,t



lim sup E kXk,t k 1 ξt ∈ D, (St , At , St+1 ) = (s, a, s0 ) ,



Furthermore, since lim supk,t E kXk,t k 1 ξt ∈ D is upper-bounded by
X

(s,a,s0 )∈S×A×S

m=tj

X

tj +kj −1
tj



h(θ, ξm ) − h̄(θ) 1 ξ ∈ D = 0
in mean.

(31)

it is sufficient in the proof to consider only those compact sets D of the form D = E ×
{(s, a, s0 )}, for each compact set E ⊂ Rn+1 and each (s, a, s0 ) ∈ S × A × S. Henceforth, let
us fix a compact set E together with a triplet (s, a, s0 ) as the set D under consideration,
and for this set D, we proceed to prove (30).
To show (30), what we need to show is that for two arbitrary subsequences of integers
kj → ∞, tj → ∞,
1
lim
kj

j→∞

To this end, we first define auxiliary trace variables to decompose each difference term
h(θ, ξm ) − h̄(θ) into two difference terms as follows:
(a) Fix a point (ē, F̄ ) ∈ E.
j
j
(b) For each j ≥ 1, define a sequence of trace pairs, (em
, Fm
), m ≥ tj , by using the
same recursion (3)-(5) that defines the traces {(et , Ft )}, based on the same trajectory
{(St , At )}, but starting at time m = tj with the initial (etjj , Ftjj ) = (ē, F̄ ).

X

tj +kj −1
m=tj


1
h(θ, ξm ) − h̄(θ) =
kj

X

tj +kj −1
m=tj

 1
j
h(θ, ξm
) − h̄(θ) +
kj

in mean.

in mean,

m=tj

X

tj +kj −1



j
h(θ, ξm
) − h̄(θ) 1 ξtj ∈ D = 0

(33)

(32)


j
h(θ, ξm ) − h(θ, ξm
) .

j
j
j
Denote ξm
=
(e
m , Fm , Sm , Am , Sm+1 ) for m ≥ tj ; it differs from ξm only in the two trace
j
) − h̄(θ)) + (h(θ, ξm ) −
components. Next, for each m, we write h(θ, ξm ) − h̄(θ) = (h(θ, ξm
j
h(θ, ξm
)) and correspondingly, we write

1
kj

X



j
h(θ, ξm ) − h(θ, ξm
) 1 ξtj ∈ D = 0

tj +kj −1
m=tj

m=tj

X

tj +kj −1

1
kj

1
kj

lim

lim

j→∞

j→∞

We see that for (31) to hold, it is sufficient that

and

1
kj

X

tj +kj −1

m=tj



j
) − h̄(θ) 1 (Stj , Atj , Stj +1 ) = (s, a, s0 ) = 0
h(θ, ξm

(34)
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in mean,

Let us now prove these two statements.

Proof of (32): Since the set D = E × {(s, a, s0 )} and 1 ξtj ∈ D ≤ 1 (Stj , Atj , Stj +1 ) =
(s, a, s0 ) , we can remove ξtj from consideration and show instead
lim

j→∞
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in mean.

(35)

j
which will imply (32). By definition ξm
, m ≥ tj , are generated from the initial trace pairs
(ē, F̄ ) and initial transition (Stj , Atj , Stj +1 ) at time m = tj . So if (Stj , Atj , Stj +1 ) = (s, a, s0 ),
j
then conditioned on this transition at tj , the sequence {ξm
, m ≥ tj } has the same probability
distribution as a sequence ξˆm , m ≥ 0, where ξˆm = (êm , F̂m , Ŝm , Âm , Ŝm+1 ) is generated
from the initial condition ξˆ0 = (ē, F̄ , s, a, s0 ) by the same recursion (3)-(5) and a trajectory
{(Ŝm , Âm )} of states and actions under the behavior policy. This shows that

m=0



tj +kj −1
 

1 X 
E
h(θ, ξ j ) − h̄(θ) 1 (Stj , Atj , Stj +1 ) = (s, a, s0 ) 
m
kj
m=t
j


k −1
j

1 X
h(θ, ξˆm ) − h̄(θ)  ,
kj

≤ E

m=0

k−1

1 X
h(θ, ξˆm ) − h̄(θ) = 0
k

from which we see that the convergence in mean stated by (34) holds if we have
lim

k→∞

Now since for each θ, the function h(θ, ·) is Lipschitz continuous in e uniformly in the
other arguments, (35) holds by Theorem 3 and its implication Corollary 1 (Section 2.4).
Consequently, (34) holds, and this implies (32).

j
j
h(θ, ξm ) − h(θ, ξm
) ≤ c · em − em

X

tj +kj −1
m=tj


j
1 ξtj ∈ D = 0
em − em

in mean,

(36)

Proof of (33): Using the expression of h and the finiteness of the state and action spaces,
j
we can bound the difference h(θ, ξm ) − h(θ, ξm
) by

1
kj

for some constant c (independent of m, j). Let us show

lim

j→∞

which will imply (33).
To prove (36), similarly to the preceding proof, we first decompose each difference term
j
em − em
in
(36)
into several difference terms, by using truncated traces {(ẽm,K , F̃m,K )} and
j
j
{(ẽm,K
, F̃m,K
) | m ≥ tj }, j ≥ 1, K ≥ 1, which we now introduce. Specifically, for each
K ≥ 1, {(ẽ
, F̃m,K )} are defined by (24)-(26). For each j ≥ 1 and K ≥ 1, the truncated
m,K
j
j
traces {(ẽm,K
, F̃m,K
) | m ≥ tj } are also defined by (24)-(26), except that the initial time is

JMLR 17(220):1-58

j
j
j
j
set to be tj (instead of 0) and for m ≤ tj + K, (ẽm,K
, F̃m,K
) is set to be (em
, Fm
) (instead
of (em , Fm )).
j
Let us fix K for now. We bound the difference em − em
by the sum of three difference
terms as
j
j
j
j
em − em
≤ em − ẽm,K + em
− ẽm,K
+ ẽm,K − ẽm,K
,
(37)

28

j

1
kj

m=tj

X

tj +kj −1


ẽm,K − ẽjm,K 1 ξtj ∈ D .

j

(39)

(41)

and kẽm,K k ≤ cK if (etj , Ftj ) ∈ E.

∀ m ≥ tj + 2K + 1.

j

29

From these two arguments it follows that


tj +kj −1
X

1
(2K + 1) · 2cK
j
ẽm,K − ẽm,K 1 ξtj ∈ D  ≤
→0
E
kj m=t
kj

ẽjm,K = ẽm,K ,

(42)

JMLR 17(220):1-58

as j → ∞.

Also by their definition, once m is sufficiently large, the truncated traces do not depend on
the initial trace pairs; in particular,

kẽjm,K k ≤ cK ,

where LK is some constant that can be chosen to be the same constant in (40) (because
j
the point (ē, F̄ ), which is the initial trace pair for (ejm , Fm
) at time m = tj , lies in E).
Consider now the sequence in (39). As discussed after the definition (24)-(26) of truncated traces, because of truncation, these traces lie in a bounded set determined by K and
the set in which the initial trace pair lies. Therefore, there exists a finite constant cK which
depends on K and E, such that for all m ≥ tj ,

j

Similarly, for the second sequence in (38), by Prop. 13 we have


tj +kj −1
X
1
j
j
E
em − ẽm,K  ≤ LK ,
∀ j ≥ 1,
kj m=t

j

where LK is a constant that depends on K and the set E, and has the property that LK ↓ 0
as K → ∞. From this bound, we obtain


tj +kj −1

1 X

E
em − ẽm,K 1 ξtj ∈ D  ≤ LK ,
∀ j ≥ 1.
(40)
kj m=t

m≥tj

In what follows, we will bound their expected values as j → ∞ and then take K → ∞; this
will lead to (36).
The analyses for the two sequences in (38) are similar. Recall D = E × {(s, a, s0 )}, so
ξtj ∈ D implies (etj , Ftj ) ∈ E. Since the set E is bounded, if (etj , Ftj ) ∈ E, then we can use
Prop. 13 (Appendix A) to bound the expectation of kem − ẽm,K k for m ≥ tj conditioned
on Ftj , and this gives us the bound



sup Etj em − ẽm,K 1 ξtj ∈ D ≤ LK

and

and correspondingly, we consider the following three sequences of variables, as j tends to
∞:
tj +kj −1
tj +kj −1

1 X
1 X
em − ẽm,K 1 ξtj ∈ D ,
ejm − ẽjm,K ,
(38)
kj m=t
kj m=t
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≤ 2LK .

j

m=tj

X

tj +kj −1

ejm

−

ẽjm,K
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14. The details for this statement are as follows. Since h̄ is bounded on B and the boundary reflection term
z(·) ≡ 0 under our assumptions (Lemma 1, Section 2.4), a solution x(·) of (12) is Lipschitz continuous on
[0, ∞). We calculate V̇ (τ ) for the Lyapunov function V (τ ) = |x(τ ) − θ∗ |2 . By the negative definiteness
of the matrix C, for some c > 0, x> Cx ≤ −c|x|2 for all x ∈ Rn . Then, since h̄(x) = Cx + b = C(x − θ∗ ),
2
we have V̇ (τ ) = 2 x(τ ) − θ∗ , h̄(x(τ )) ≤ −2c x(τ ) − θ∗ , and hence for any δ > 0, there exists  > 0
such that V̇ (τ ) ≤ − if V (τ ) = |x(τ ) − θ∗ |2 ≥ δ 2 . This together with the continuity of the solution x(·)
2
implies that for any x(0) ∈ B, within time τ̄ = rB
/, the trajectory x(τ ) must reach Nδ (θ∗ ) and stay in
that set thereafter. By the definition of the limit set and the arbitrariness of δ, this implies LB = {θ∗ }.

where x(τ ) is a solution of the projected ODE (12) with initial condition x(0), the union is
over all the solutions with initial x(0) ∈ B, and D for a set D denotes the closure of D.
Now when the matrix C is negative definite (as implied by Assumptions 1-2) and when
the radius of B exceeds the threshold given in Lemma 1, by the latter lemma, the solutions
x(τ ), τ ∈ [0, ∞), of the ODE (12) coincide with the solutions of ẋ = h̄(x) = Cx + b for
all initial x(0) ∈ B. Then from the negative definiteness of C (Theorem 1, Section 2.3),
it follows that as τ → ∞, x(τ ) → θ∗ uniformly in the initial condition, and consequently,
LB = {θ∗ }.14 Thus Nδ (LB ) = Nδ (θ∗ ) and we obtain Theorems 4 and 5.

LB = ∩τ̄ >0 ∪x(0)∈B {x(τ ), τ ≥ τ̄ }

With Props. 1-3, we have furnished all the conditions required in order to apply (KY,
Theorems 8.2.2, 8.2.3) to the constrained ETD algorithm (11), so we can now specialize
the conclusions of these two theorems to our problem. In particular, they tell us that the
projected ODE (12) is the mean ODE for (11), and furthermore, by (KY, Theorem 8.2.3)
(respectively, KY, Theorem 8.2.2), the conclusions of Theorem 4 (respectively, Theorem 5)
hold with Nδ (LB ) in place of Nδ (θ∗ ), where Nδ (LB ) is the δ-neighborhood of the limit set
LB for the projected ODE (12). Recall that this limit set is given by

This proves (36), which implies (33).

j

Since LK ↓ 0 as K → ∞ (Prop. 13, Appendix A), by taking K → ∞, we obtain


tj +kj −1

1 X
j

lim E
em − em 1 ξtj ∈ D  = 0.
j→∞
kj m=t

Finally, combining (40)-(42) with (37), we obtain


tj +kj −1

1 X
j

em − em 1 ξtj ∈ D 
lim sup E
kj m=t
j→∞
j



tj +kj −1

1 X
1


≤ lim sup E
em − ẽm,K 1 ξtj ∈ D + lim sup E 
kj m=t
kj
j→∞
j→∞
j


tj +kj −1
X

1
j
+ lim E 
ẽm,K − ẽm,K 1 ξtj ∈ D 
j→∞
kj m=t

Yu
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4.2 Proofs for Theorems 6 and 7

for ξ = (e, F, s, a, s0 ), (43)

In this subsection we prove the part of Theorems 6-7 for the first variant of the constrained
ETD(λ) algorithm given in (19), Section 3.2. The proof for the second variant algorithm
(20) is similar and can be found in the arXiv version of this paper (Yu, 2015b). Like in the
previous subsection, we will apply (KY, Theorems 8.2.2, 8.2.3) and show that the required
conditions are met. Using the properties of the mean ODE of the variant algorithm, we will
then specialize the conclusions of those theorems to obtain the desired results.
Consider the first variant algorithm (19):


θt+1 = ΠB θt + αt ψK (et ) · ρt Rt + γt+1 φ(St+1 )> θt − φ(St )> θt .

We define a function hK : Rn × Ξ → Rn by

hK (θ, ξ) = ψK (e) · ρ(s, a) r(s, a, s0 ) + γ(s0 ) φ(s0 )> θ − φ(s)> θ ,
and write (19) equivalently as


θt+1 = ΠB θt + αt hK (θt , ξt ) + αt ψK (et ) · ω̃t+1

∀ (s, a, s0 ) ∈ S × A × S.

(44)

with ω̃t+1 = ρt (Rt − r(St , At , St+1 )) as before. Note that Et [ψK (e) ω̃t+1 ] = 0, and the
algorithm is similar to the algorithm (11)—equivalently (15)—except that we have hK and
ψK (et ) in place of h and et , respectively.
We note two properties of the function hK . They follow from direct calculations and
will be useful in our analysis shortly:
(a) Using the Lipschitz continuity of the function ψK (cf. Equation 18, Section 3.2), we
have that for each θ ∈ Rn , there exists a finite c > 0 such that with ξ = (e, F, s, a, s0 )
and ξ 0 = (e0 , F 0 , s, a, s0 ),
khK (θ, ξ) − hK (θ, ξ 0 )k ≤ c ke − e0 k,

∀ θ ∈ B,

(45)

Thus hK (θ, ·) is Lipschitz continuous in (e, F ) uniformly in (s, a, s0 ).
(b) Since the set B is bounded, we can bound the difference hK (θ, ξ) − h(θ, ξ) for all θ in
B as follows. For some finite constant c > 0,
khK (θ, ξ) − h(θ, ξ)k ≤ c kψK (e) − ek ≤ 2c kek · 1(kek ≥ K),

and ψK (x) = x if kxk ≤ K.

where the last inequality follows from the property (18) of ψK :
kψK (x)k ≤ kxk ∀ x ∈ Rn ,
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We now apply (KY, Theorems 8.2.2, 8.2.3) to obtain the desired conclusions in Theorems 6-7 for the algorithm (19). This requires us to show that the conditions (i)-(v) and
(i0 )-(v0 ) given in Section 4.1.1 are still satisfied when we replace et by ψK (et ) and h by hK .
The uniform integrability conditions (i), (i0 ), (iv) and (iv0 ) require the following sets to be
u.i.: {hK (θt , ξt ) + ψK (et ) · ω̃t+1 } and {hK (θtα , ξt ) + ψK (et ) · ω̃t+1 | t ≥ 0, α > 0}, {hK (θt , ξt )}
and {hK (θtα , ξt ) | t ≥ 0, α > 0}, and {hK (θ, ξt )} for each θ. These conditions are evidently
31
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t+k−1



1 X
Et hK (θ, ξm ) − h̄K (θ) 1 ξt ∈ D = 0
k m=t

in mean.

(46)

satisfied, in view of the boundedness of the functions ψK and hK (θ, ·) for each θ, the boundedness of the θ-iterates due to constraints, and the finite variances of {ω̃t }. The condition
(ii) on the continuity of hK (·, ξ) uniformly in ξ ∈ D, for each compact set D ⊂ Ξ, is also
clearly satisfied, whereas the condition (iii) (equivalently (iii0 )) on the tightness of {ξt } was
already verified earlier in Prop. 1 (Section 4.1.2).
What remains is the condition (v) (which is equivalent to (v0 ), for the same reason
as discussed immediately before Prop. 3, Section 4.1.2). It requires the existence of a
continuous function h̄K : Rn → Rn such that for each θ ∈ B and each compact set D ⊂ Ξ,
lim

k→∞,t→∞

z ∈ −NB (x).

(47)

If this condition is satisfied as well, then the mean ODE for the algorithm (19) is given by

ẋ = h̄K (x) + z,

To furnish the condition (v), we first identify the function h̄K (θ) to be Eζ [hK (θ, ξ0 )],
the expectation of hK (θ, ξ0 ) under the stationary distribution of the process {Zt } with the
invariant probability measure ζ as its initial distribution. We relate the functions h̄K , K > 0,
to h̄ in the proposition below, and we will use it to characterize the bias of the algorithm
(19) later.

Proposition 4 Let Assumption 1 hold. Consider the setting of the algorithm (19), and for
each θ ∈ Rn , let h̄K (θ) = Eζ [hK (θ, ξ0 )]. Then the function h̄K is Lipschitz continuous on
Rn , and
sup kh̄K (θ) − h̄(θ)k → 0 as K → ∞.
(48)
θ∈B

Proof For each θ, the function hK (θ, ·) is by definition bounded. Under Assumption 1, the
Markov chain {(St , At , et , Ft )} has a unique invariant probability measure ζ (Theorem 2,
Section 2.4). Therefore, h̄K (θ) is well-defined and finite. Let c1 = supe∈Rn kψK (e)k < ∞
(since ψK is bounded). For any θ, θ0 , using the definition of hK , a direct calculation shows
that for some c2 > 0, khK (θ, ξ) − hK (θ0 , ξ)k ≤ c1 c2 kθ − θ0 k for all ξ ∈ Ξ, from which it
follows that



kh̄K (θ) − h̄K (θ0 )k ≤ Eζ khK (θ, ξ0 ) − hK (θ0 , ξ0 )k ≤ c1 c2 kθ − θ0 k.



hK (θ, ξ0 ) − h(θ, ξ0 )



(49)
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∀ θ ∈ B,

→ 0 as K → ∞.

This shows that h̄K is Lipschitz continuous. We now prove (48). Since h̄K (θ) = Eζ [hK (θ, ξ0 )]
by definition and h̄(θ) = Eζ [h(θ, ξ0 )] by Corollary 1 (Section 2.4), it is sufficient to prove
the following statement, which entails (48):
sup Eζ
θ∈B

By (45), for some constant c > 0,

khK (θ, ξ0 ) − h(θ, ξ0 )k ≤ 2c ke0 k · 1(ke0 k ≥ K),

32

sup Eζ

θ∈B



hK (θ, ξ0 ) − h(θ, ξ0 )





≤ 2c Eζ ke0 k · 1(ke0 k ≥ K) .

+ 2 x(τ ) − θ∗ · h̄K (x(τ )) − h̄(x(τ )) .

34
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∀ x ∈ X, D ∈ B(X),
and for t = 0, P 0 is defined as P 0 (x, ·) = δx , the Dirac measure that assigns probability 1
to the point x, for each x ∈ X. Define averaged probability measures P̄k (x, ·) for k ≥ 1 and

P t (x, D) = Px (Xt ∈ D),

where B(X) denotes the Borel sigma-algebra on X, and Px denotes the probability distribution of {Xt } conditioned on X0 = x. Multiple-step transition kernels will also be needed.
For t ≥ 1, the t-step transition kernel P t (·, ·) : X × B(X) → [0, 1] is given by

By (48) in Prop. 4, hx, h̄K (x) − h̄(x)i → 0 uniformly on B as K → ∞. Thus when K is
sufficiently large, at all boundary points x of B, hx, h̄K (x)i < 0; i.e., h̄K (x) points inside B

hx, h̄K (x)i = hx, h̄(x)i + hx, h̄K (x) − h̄(x)i < − + hx, h̄K (x) − h̄(x)i.

Proof Under Assumptions 1-2, the matrix C is negative definite (Theorem 1, Section 2.3),
and when the radius of the set B exceeds the threshold given in Lemma 1, there exists a
constant  > 0 such that for all boundary points x of B, hx, h̄(x)i < −. At such points x,
the normal cone NB (x) = {ax | a ≥ 0}, and

We shall focus on Markov chains on complete separable metric spaces. For such a Markov
chain {Xt } with state space X, let P (·, ·) denote its transition kernel, that is, P : X×B(X) →
[0, 1],
P (x, D) = Px (X1 ∈ D),
∀ x ∈ X, D ∈ B(X),

4.3.1 Weak Feller Markov Chains

Lemma 3 Let Assumptions 1-2 hold, and let the radius of the set B exceed the threshold
given in Lemma 1. Then for all K sufficiently large, given any initial condition x(0) ∈ B,
a solution to the projected ODE (47) coincides with the unique solution to ẋ = h̄K (x), with
the boundary reflection term being z(·) ≡ 0. Given δ > 0, there exists Kδ such that for
K ≥ Kδ , the limit set LB of (47) satisfies LB ⊂ Nδ (θ∗ ).

4.3 Further Analysis of the Constant-stepsize Case

This completes the proofs of Theorems 6 and 7 for the first variant algorithm (19).

We now consider again the case of constant stepsize, and prove Theorems 8-11 given in
Section 3.3. The proofs will be based on combining the results we obtained earlier by using
stochastic approximation theory, with the ergodic theorems of weak Feller Markov chains.
As before the proofs will also rely on the key properties of the ETD iterates.

z ∈ −NB (x).

2

By (48) in Prop. 4, supx∈B |hK (x) − h̄(x)| → 0 as K → ∞. It then follows that for
any δ > 0, there exist  > 0 and Kδ > 0 such that for all K ≥ Kδ , V̇ (τ ) ≤ − if
V (τ ) = |x(τ ) − θ∗ |2 ≥ δ 2 . This together with the continuity of the solution x(·) shows that
2 / (where r is the radius of B), the trajectory x(τ )
for any x(0) ∈ B, within time τ̄ = rB
B
must reach Nδ (θ∗ ) and stay in that set thereafter. Consequently, for all K ≥ Kδ , the limit
set LB = ∩τ̄ ≥0 ∪x(0)∈B {x(τ ), τ ≥ τ̄ } ⊂ Nδ (θ∗ ).

≤ −2c x(τ ) − θ∗

= 2 x(τ ) − θ∗ , h̄(x(τ )) + 2 x(τ ) − θ∗ , h̄K (x(τ )) − h̄(x(τ ))

V̇ (τ ) = 2 x(τ ) − θ∗ , h̄K (x(τ ))

and the boundary reflection term z = 0. It then follows that for such K, given an initial
condition x(0) ∈ B, a solution to (47) coincides with the unique solution to ẋ = h̄K (x),
where the uniqueness is ensured by the Lipschitz continuity of h̄K proved in Prop. 4 (cf.
Borkar, 2008, Chap. 11.2).
To prove the second statement concerning the limit set of the projected ODE, let K
be large enough so that the conclusion of the first part holds. Let x(τ ), τ ∈ [0, ∞), be the
solution of (47) for a given initial x(0) ∈ B. Since h̄K is bounded on B, x(·) is Lipschitz
continuous on [0, ∞). Let V (τ ) = |x(τ ) − θ∗ |2 , and we calculate V̇ (τ ). Since for all x,
h̄(x) = Cx + b = C(x − θ∗ ) and x> Cx ≤ −c|x|2 for some c > 0 by the negative definiteness
of C, a direct calculation shows that

Yu

To finish the proof for Theorems 6-7, it is now sufficient to show that for any given δ > 0, we
can choose a number Kδ large enough so that LB ⊂ Nδ (θ∗ ) for all K ≥ Kδ . We prove this
below, using Prop. 4. Note that the set LB reflects the bias of the constrained algorithm
(19), so what we are showing now is that this bias decreases as K increases.

ẋ = h̄K (x) + z,

Thus we have furnished all the conditions required by (KY, Theorems 8.2.2, 8.2.3). As
in the case of the algorithm (11), by these two theorems, the assertions of Theorems 4-5
hold for the variant algorithm (19) with Nδ (LB ) in place of Nδ (θ∗ ), where LB is the limit
set of the projected mean ODE associated with (19):

Proof The same arguments given in the proof of Prop. 3 apply here, with the functions
hK , h̄K in place of h, h̄, respectively. Only two details are worth noting here. The proof
relies on the Lipschitz continuity property of hK given in (44). As mentioned earlier, this
property implies that for each θ, with ξ = (e, F, s, a, s0 ), hK (θ, ξ) is Lipschitz continuous in
(e, F ) uniformly in (s, a, s0 ), so we can apply Theorem 3 to conclude that (35) and hence
(32) hold in this case (for hK , h̄K instead of h, h̄). The property (44) also allows us to obtain
(33) in this case, by exactly the same proof given earlier.

Proposition 5 Under Assumption 1, the conclusion of Prop. 3 (Section 4.1.2) holds in the
setting of the algorithm (19), with the functions hK and h̄K in place of h and h̄, respectively.

We now show that the convergence in mean required in (46) is satisfied.

By Theorem 3 (Section 2.4), Eζ [ke0 k] < ∞ and hence Eζ [ke0 k·1(ke0 k ≥ K)] → 0 as K → ∞.
Together with the preceding inequality, this implies (49), which in turn implies (48).

and therefore,
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x ∈ X, as
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t=0

k−1
1X t
P̄k (x, ·) =
P (x, ·).
k

The Markov chain {Xt } has the weak Feller property if for every bounded continuous
function f on X,
Z


P f (x) := f (y)P (x, dy) = E f (X1 ) | X0 = x
is a continuous function of x (Meyn and Tweedie, 2009, Prop. 6.1.1). Weak Feller Markov
chains have nice properties. In our analysis, we will use in particular several properties
relating to the invariant probability measures of these chains and convergence of certain
probability measures to the invariant probability measures.
Recall that Rif µ and µRt , t ≥ 0, are probability measures on X, {µt } is said to converge
weakly to µ if f dµt → f dµ for every bounded continuous function f on X. For {µt }
that is not necessarily convergent, we shall call the limiting probability measure of any of
its convergent subsequence, in the sense of weak convergence, a weak limit of {µt }. For an
(arbitrary) index set K, a set of probability measures {µk }k∈K on X is said to be tight if
for every δ > 0, there exists a compact set Dδ ⊂ X such that µk (Dδ ) ≥ 1 − δ for all k ∈ K.
An important fact is that on a complete separable metric space, any tight sequence of
probability measures has a further subsequence that converges weakly to some probability
measure (Dudley, 2002, Theorem 11.5.4).
For weak Feller Markov chains, their averaged probability measures {P̄k (x, ·)}k≥1 are
known to have the following property; see e.g., the proof of Lemma 4.1 in (Meyn, 1989). It
will be needed in our proofs of Theorems 8-9.

Lemma 4 Let {Xt } be a weak Feller Markov chain with transition kernel P (·, ·) on a metric
space X. For each x ∈ X, any weak limit of {P̄k (x, ·)}k≥1 is an invariant probability measure
of {Xt }.

t−1

k=0

1X
1(Xk ∈ D),
t

∀ D ∈ B(X),

Recall that the occupation probability measures of {Xt }, denoted {µx,t } for each initial
condition x ∈ X, are defined as follows:
µx,t (D) :=

where the chain {Xt } starts from X0 = x, and each µx,t is a random variable taking values in
the space of probability measures on X. Let “Px -a.s.” stand for “almost surely with respect
to Px .” The next lemma concerns the convergence of occupation probability measures of a
weak Feller Markov chain. It is a result of Meyn (1989) and will be needed in our proofs of
Theorems 10-11.
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Lemma 5 (Meyn, 1989, Prop. 4.2) Let {Xt } be a weak Feller Markov chain with transition kernel P (·, ·) on a complete separable metric space X. Suppose that
(i) {Xt } has a unique invariant probability measure µ;
(ii) for each compact set E ⊂ X, the set {P̄k (x, ·) | x ∈ E, k ≥ 1} is tight; and
35
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Px -a.s.

(iii) for all initial conditions x ∈ X, there exists a sequence of compact sets Ek ↑ X (that
is Ek ⊂ Ek+1 for all k and ∪k Ek = X) such that

lim lim inf µx,t (Ek ) = 1,
k→∞ t→∞

Then, for each initial condition x ∈ X, the sequence {µx,t } of occupation probability measures converges weakly to µ, Px -almost surely.

The condition (iii) above is equivalent to that the sequence {µx,t } of occupation probability measures is almost surely tight for each initial condition.
4.3.2 Proofs of Theorems 8 and 9

In this subsection we prove Theorem 8 for the algorithm (11) and Theorem 9 for its two
variants (19) and (20). We also show that the conclusions of Theorems 8-9 hold for the
perturbed version (23) of these algorithms as well. The proof arguments are largely the
same for all the algorithms we consider here. So except where noted otherwise, it will be
taken for granted through out this subsection that {θtα } is generated by either of the six
algorithms just mentioned, for a constant stepsize α > 0.
We start with some preliminary analysis given in the next two lemmas. Recall Zt =
(St , At , et , Ft ) and {Zt } is a weak Feller Markov chain on Z := S × A × Rn+1 (Yu, 2015a,
Sec. 3.1), and its evolution is not affected by the θ-iterates. We consider the Markov chain
{(Zt , θtα )} on the state space Z × B (note that this is a complete separable metric space).
This chain also has the weak Feller property:

Lemma 6 Let Assumption 1(ii) hold. The process {(Zt , θtα )} is a weak Feller Markov
chain.

The proof of the preceding lemma is a straightforward verification using the definition
of the weak Feller property. It is included in the arXiv version of this paper (Yu, 2015b)
but omitted here due to space limit.
In order to study the behavior of multiple consecutive θ-iterates, we consider for m ≥ 1,
the m-step version of {(Zt , θtα )}, that is, the Markov chain {Xt } on (Z × B)m where each
state Xt consists of m consecutive states of the original chain {(Zt , θtα )}:

α
Xt = (Zt , θtα ), . . . , (Zt+m−1 , θt+m−1
) .
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Similarly to Lemma 6, it is straightforward to show that the m-step version of a weak
Feller Markov chain is a weak Feller chain as well. Thus the m-step version of {(Zt , θtα )}
is also a weak Feller Markov chain, and we can apply the ergodic theorems for weak Feller
Markov chains to analyze it. In particular, in this subsection we will use Lemma 4 to prove
Theorems 8-9; in the next subsection we will also use Lemma 5.
In analyzing the m-step version of {(Zt , θtα )}, sometimes it will be more convenient for
us to take as its initial condition the condition of just (Z0 , θ0α )—instead of (Z0 , θ0α ), . . .,
α
α
(Zm−1
, θm−1
)—and to work with the following objects that are essentially equivalent to the
averaged probability measures {P̄k (x, ·)} and the occupation probability measures {µx,t }
defined earlier for a general Markov chain {Xt }. Specifically, with {Xt } denoting the m-step

36

(m,k)

t=0

k−1

1X
P(z,θ) Xt ∈ D ,
k
(m)

∀ D ∈ B(X).
(50)

t−1

k=0


1X
1 Xk ∈ D ,
t

∀ D ∈ B(X),
(51)

Px -a.s.

k→∞ t→∞
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Since the θ-iterates do not affect the evolution of Zt , they can be neglected in the proof. It
is sufficient to consider instead the m-step version of {Zt } and show that for the compact
sets Êk = (S × A × Dk )m , it holds for any initial condition z ∈ Z of Z0 that

(m)
lim lim inf µ̂z,t Êk = 1,
Pz -a.s.,
(52)

k→∞ t→∞

lim lim inf µx,t (Ek ) = 1,

Proof To show that the condition (ii) of Lemma 5 is satisfied, fix a compact set E ⊂ X
and let us first show that the set {P t (x, ·) | x ∈ E, t ≥ 0} is tight. Since the set B
is compact and the state and action spaces are finite, of concern here is just the tightness of the marginals of these probability measures on the space of the trace components
(et , Ft , . . . , et+m−1 , Ft+m−1 ) of the state Xt . By Prop. 11 (Appendix A), for all initial conditions of (e0 , F0 ) in a given bounded subset of Rn+1 , supt≥0 E[k(et , Ft )k] ≤ L for a constant
L (that depends on the subset). So for the set E, applying the Markov inequality together
with the union bound, we have that there exists a constant L > 0 such that for all x ∈ E
and a > 0, Px supk≤t<k+m k(et , Ft )k ≥ a ≤ mL/a for all k ≥ 0. Now for any given δ > 0,
let a be large enough so that mL/a < δ and let Da be the closed ball in Rn+1 centered
at the origin with radius a. Then for the compact set D = (S × A × Da × B)m , we have
P k (x, D) = Px supk≤t<k+m k(et , Ft )k ≤ a ≥ 1 − δ for all x ∈ E and all k ≥ 0. This shows
that the set {P t (x, ·) | x ∈ E, t ≥ 0} is tight. Consequently, the averages of the probability
measures in this set must also form a tight set; in particular, the set {P̄k (x, ·) | x ∈ E, k ≥ 1}
must be tight. Hence {Xt } satisfies the condition (ii) of Lemma 5.
Consider now the condition (iii) of Lemma 5. For positive integers k, let Ek in that
condition be the compact set (S × A × Dk × B)m , where Dk is the closed ball of radius k
in Rn+1 centered at the origin. We wish to show that for each initial condition x ∈ X,

Lemma 7 Let Assumption 1 hold. For m ≥ 1, let {Xt } be the m-step version of {(Zt , θtα )}
on X = (Z ×B)m , with transition kernel P (·, ·). Then {Xt } satisfies the conditions (ii)-(iii)
of Lemma 5.

where the initial (Z0 , θ0α ) = (z, θ). Compared with the definitions of {P̄k (x, ·)} and {µx,t }
for {Xt }, apparently, all the previous conclusions given in Section 4.3.1 for {P̄k (x, ·)} and
 (m)
 (m,k)
 (m,k)
{µx,t } hold for P̄(z,θ) and µ(z,θ),t as well; therefore we can use the objects P̄(z,θ)
 (m)
and {P̄k (x, ·)}, and µ(z,θ),t and {µx,t }, interchangeably in our analysis.

µ(z,θ),t (D) :=

(m)

Similarly, we define occupation probability measures {µ(z,θ),t } for each (z, θ) ∈ Z × B by

P̄(z,θ) (D) :=

(m,k)

version of {(Zt , θtα )}, for each (z, θ) ∈ Z × B, we define probability measures P̄(z,θ) , k ≥ 1,
on the space X = (Z × B)m , by
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(m)

t→∞

k→∞ t→∞

j =0

j=0

(54)

j=0
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We are now ready to prove Theorems 8-9. The idea is to use the conclusions on the
θ-iterates that we can obtain by applying (KY, Theorem 8.2.2), to infer the concentration
of the mass around a small neighborhood of (θ∗ , . . . , θ∗ ) (m copies of θ∗ ) for the marginals

Proposition 6 Under Assumption 1, consider the m-step version of {(Zt , θtα )} for m ≥ 1.
 (m,k)
For each (z, θ) ∈ Z × B, the sequence P̄(z,θ) k≥1 of probability measures is tight, and
any weak limit of this sequence is an invariant probability measure of the m-step version of
{(Zt , θtα )}. (Thus Mm
α 6= ∅.)

Recall that Mm
α is the set of invariant probability measures of the m-step version of
{(Zt , θtα )}. By Lemma 7 the latter Markov chain satisfies the condition (ii) of Lemma 5,
 (m,k)
and this implies that the set P̄(z,θ) k≥1 is tight for each initial condition (Z0 , θ0α ) = (z, θ).
Recall that any subsequence of a tight sequence has a further convergent subsequence (Dud (m,k)
ley, 2002, Theorem 11.5.4). For P̄(z,θ) k≥1 , all the weak limits (i.e., the limits of its
convergent subsequences) must be invariant probability measures in Mm
α , by the property
of weak Feller Markov chains given in Lemma 4:

almost surely. The desired equality (52) then follows, since [D̃k ]m ⊂ Êk .

j =0

m−1
t−1
X


1X
(m)
lim inf lim inf µ̂z,t [D̃k ]m ≥ 1 −
lim sup lim sup
1 Zj+j 0 6∈ D̃k = 1
t→∞
k→∞
t
t→∞
k→∞
0


P
For each j 0 < m, by the definition of µ̂z,t , we have lim supt→∞ 1t t−1
j=0 1 Zj+j 0 6∈ D̃k =

lim supt→∞ µ̂z,t D̃kc , where D̃kc denotes the complement of D̃k in S × A × Rn+1 . By

(53), limk→∞ lim supt→∞ µ̂z,t D̃kc = 0 almost surely. Hence for each j 0 < m, we have

P
t−1
limk→∞ lim supt→∞ 1t j=0 1 Zj+j 0 6∈ D̃k = 0 almost surely. We then obtain from (54), by
taking the limits as t → ∞ and k → ∞, that

j=0

t−1
t−1
m−1
X 1X



1X
(m)
µ̂z,t [D̃k ]m :=
1 Zj+j 0 ∈ D̃k , 0 ≤ j 0 < m ≥ 1 −
1 Zj+j 0 6∈ D̃k .
t
t
0

Now for the m-step version of {Zt }, with [D̃k ]m denoting the Cartesian product of m copies
of D̃k , we have

where {µ̂z,t } are the occupation probability measures of the m-step version of {Zt }, defined
analogously to (51) with (Zt , . . . , Zt+m−1 ) in place of Xt .
To prove (52), consider {Zt } first and its occupation probability measures {µ̂z,t } for
each initial condition Z0 = z ∈ Z. By Theorem 2 (Section 2.4), Pz -almost surely, {µ̂z,t }
converges weakly to ζ (the unique invariant probability measure of {Zt }). So by (Dudley,
2002, Theorem 11.1.1), for the open set D̃k = S × A × Dko , where Dko denotes the interior
of Dk (i.e., Dko is the open ball with radius k), almost surely,


lim inf µ̂z,t D̃k ≥ ζ(D̃k ),
and hence lim lim inf µ̂z,t D̃k = 1.
(53)

Yu
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of all the invariant probability measures in the set Mαm , when α is sufficiently small. This
can then be combined with Prop. 6 above to prove the desired conclusions on the θ-iterates
for a given stepsize.
Recall that Mα is the set of invariant probability measures of {(Zt , θtα )}. Recall also
that M̄αm denotes the set of marginals of the invariant probability measures in Mαm , on the
space of the θ’s.
Proposition 7 In the setting of Theorem 5, for each α > 0, let {θtα } be generated instead
by the algorithm (11) or its perturbed version (23), with constant stepsize α and under
the condition that the initial (Z0 , θ0α ) is distributed according to some invariant probability
measure in Mα . Then the conclusions of Theorem 5 continue to hold.
Proof The proof arguments are the same as those for Theorem 5 given in Section 4.1. We
only need to show that the conditions (ii) and (i0 )-(v0 ) given in Section 4.1.1 for applying
(KY, Theorem 8.2.2) are still satisfied under our present assumptions.
For the algorithm (11), the only difference from the previous assumptions in Theorem 5
is that here for each stepsize α, the initial (Z0 , θ0α ) has a distribution µα ∈ Mα . The
condition (ii) does not depend on such initial conditions, so it continues to hold. For
the other conditions, note that since {Zt } has a unique invariant probability measure ζ
(Theorem 2), regardless of the choice of µα , for all α, {Zt } is stationary and has the
same distribution. Then the tightness condition (iii0 ) trivially holds because as {ξt } is
also stationary and unaffected by the stepsize, each ξtα in (iii0 ) has the same distribution.
Similarly, since {et } is stationary and unaffected by the stepsize, and each et has the same
distribution with the mean of ket k given by Eζ [ket k] < ∞ (Theorem 3), we obtain that {et }
is u.i. From this the uniform integrability required in the conditions (i0 ) and (iv0 ) follows as
a consequence, as shown in the proof of Prop. 2(ii)-(iv). Lastly, the convergence in mean
condition (v0 ) continues to hold (by the same proof given for Prop. 3). This is because {ξt }
has the same distribution regardless of the stepsize, and because the condition (v0 ) is for
each compact set D and concerns tails of a trajectory starting at instants t with ξt ∈ D,
which renders any initial condition on Z0 ineffective. Thus all the required conditions are
met, and we obtain the same conclusions on the θ-iterates as given in Theorem 5.
For the perturbed version (23) of the algorithm (11), the only difference to (11) under
α involved in each iteration. But
the present assumptions is the perturbation variables ∆θ,t
α ] = 0, so the only condition
by definition these variables have conditional zero mean: Etα [∆θ,t
in which they appear is the uniform integrability condition (i0 ): {Ytα | t ≥ 0, α > 0} is u.i.,
α . By definition ∆α for all α
where Ytα is now given by Ytα = h(θtα , ξt ) + et · ω̃t+1 + ∆θ,t
θ,t
α } is u.i. (Billingsley, 1968, p. 32). The set
and t have bounded variance, and hence {∆θ,t
{h(θtα , ξt ) + et · ω̃t+1 | t ≥ 0, α > 0} is u.i., which follows from the u.i. of {et }, as we just
verified in the case of the algorithm (11). Therefore, by Lemma 2(i), {Ytα | t ≥ 0, α > 0}
is u.i. and the condition (i0 ) is satisfied. Since the perturbed version (23) meets all the
required conditions, and shares with (11) the same mean ODE, the same conclusions given
in Theorem 5 hold for this algorithm as well.
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We now prove Theorem 8 for the algorithm (11). We prove its part (i) and part (ii)
separately, as the arguments are different. Our proofs below also apply to the perturbed
39
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version (23) of the algorithm (11), and together with the preceding proposition, they establish the first part of Theorem 10 (which says that the conclusions of both Theorem 5 and
Theorem 8 hold for the perturbed algorithm).

inf

mα
α→0 µ∈M̄α

lim inf

Proof of Theorem 8(i) Proof by contradiction. Consider the statement of Theorem 8(i):

µ [Nδ (θ∗ )]mα = 1,
where mα = d m
α e.

∀ δ > 0,

µαk ([Nδ (θ∗ )]mk ) ≤ 1 − ,

∀ k ≥ 0.

(55)

Suppose it is not true. Then there exist δ,  > 0, m ≥ 1, a sequence αk → 0, and a sequence
µαk ∈ M̄ , where mk = mαk , such that
mk
αk

α→0

(56)

Each µαk corresponds to an invariant probability measure of {(Zt , θtαk )} in Mαk , which
we denote by µ̂αk . For each k ≥ 0, generate the iterates {θtαk } using µ̂αk as the initial
distribution of (Z0 , θ0αk ). For other values of α, generate the iterates {θtα } using some
µ̂α ∈ Mα as the initial distribution of (Z0 , θ0α ). By Prop. 7, the conclusions of Theorem 5
hold:



lim sup P θtα 6∈ Nδ (θ∗ ), some t ∈ kα , kα + Tα /α = 0,

α→0

where Tα → ∞ as α → 0, and this implies for the given m,



lim sup P θtα 6∈ Nδ (θ∗ ), some t ∈ kα , kα + d m
= 0.
αe

But for each α > 0, the process {(Zt , θtα )} with the initial distribution µ̂α is stationary,
so the probability in the left-hand side of (56) is just 1 − µα ([Nδ (θ∗ )]mα ), for the marginal
probability measure µα ∈ M̄αmα that corresponds to the invariant probability measure
µ̂α . Therefore, by (56), lim inf α→0 µα ([Nδ (θ∗ )]mα ) = 1. On the other hand, by (55),
lim inf α→0 µα ([Nδ (θ∗ )]mα ) ≤ lim inf k→∞ µαk ([Nδ (θ∗ )]mk ) < 1, a contradiction. Thus the
statement of Theorem 8(i) recounted at the beginning of this proof must hold.

This also proves the other statement of Theorem 8(i), lim inf α→0 inf µ∈M̄αm µ [Nδ (θ∗ )]m =
1, because for α < 1, by the correspondences between
those invariant probability
 measures

in Mαm and those in Mαmα , inf µ∈M̄αm µ [Nδ (θ∗ )]m ≥ inf µ∈M̄αmα µ [Nδ (θ∗ )]mα . This completes the proof.

"

sup

#

≤

θ̄t − θ∗ ≤

θ̄t − θ∗

k≤t<k+m

sup
k≤t<k+m

sup

"

|θt − θ∗ | .

|θt − θ∗ |,

j≤t<j+m

sup

j=0 j≤t<j+m

k−1
1X
k

j=0

k−1
1X
E
k

#
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(58)

(57)

Proof of Theorem 8(ii) We suppress the superscript α of θtα in the proof. The statement
is trivially true if δ ≥ 2rB , so consider the case δ < 2rB . Let (z, θ) ∈ ZP
× B be the initial
t−1
condition of (Z0 , θ0 ). By convexity of the Euclidean norm, θ̄t − θ∗ ≤ 1t j=0
|θj − θ∗ |, and
therefore, for all k ≥ 1,

and
E

40

"

j≤t<j+m

sup

#

|θt − θ∗ |




z 1 , θ1 , . . . , z m , θm ∈ (Z × B)m

(m,k)

sup1≤j≤m θj − θ∗ < δ , and the second

(59)

µ∈Mα

µ∈M̄m
α

(60)

"

θ̄t − θ∗

#


≤ δ κα,m + 2rB 1 − κα,m .


µ [Nδ (LB )]mα = 1,

k≤t<k+m

sup

inf

α
α→0 µ∈M̄m
α

lim inf
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where mα = d m
α e.

We prove Theorem 9 in exactly the same way as we proved Theorem 8, so we omit
the details and only outline the proof here. First, for the variant algorithms (19) and (20)
as well as their perturbed version (23), we consider fixed K and ψK . Similar to Prop. 7,
we show that if for each stepsize α, the initial (Z0 , θ0α ) is distributed according to some
invariant probability measure in Mα , then the algorithms continue to satisfy the conditions
given in Section 4.1.1, so we can apply (KY, Theorem 8.2.2) to assert that the conclusions
of Theorem 5 continue to hold with Nδ (θ∗ ) replaced by the limit set Nδ (LB ) of the mean
ODE associated with each algorithm. (Recall Theorem 7 is also obtained in this way.)
Subsequently, with Nδ (LB ) in place of Nδ (θ∗ ) again, and with K and ψK still held fixed,
we use the same proof for Theorem 8(i) to obtain that for any δ > 0 and m ≥ 1,

This complete the proof.

k→∞

lim sup E

Combining the three inequalities (58)-(60), and using also the relation δ < 2rB , we obtain

k→∞


(m,k)
lim inf P̄(z,θ) (Dδ ) ≥ inf m µ(Dδ ) = inf µ [Nδ0 (θ∗ )]m =: κα,m .

inequality follows from the definition (50) of the averaged probability measure P̄(z,θ) .
 (m,k)
By Prop. 6, P̄(z,θ) k≥1 is tight and all its weak limits are in Mm
α , the set of invariant
probability measure of the m-step version of {(Zt , θt )}. There is also the fact that on a metric
space, if a sequence of probability measures µk converges to some probability measure µ
weakly, then lim inf k→∞ µk (D) ≥ µ(D) for any open set D (Dudley, 2002, Theorem 11.1.1).
From these two arguments we have that for the set Dδ , which is open with respect to the
topology on (Z × B)m ,

where Dδ =

"
#
k−1



1X
E
≤
sup |θt − θ∗ | · 1 θt ∈ Nδ0 (θ∗ ), j ≤ t < j + m
k
j≤t<j+m
j=0
"
#
k−1



1X
E
+
sup |θt − θ∗ | · 1 θt 6∈ Nδ0 (θ∗ ), some t ∈ [j, j + m)
k
j≤t<j+m
j=0

(m,k)
(m,k)
≤ δ · P̄(z,θ) (Dδ ) + 2rB · 1 − P̄(z,θ) (Dδ ) ,

j=0

k−1
1X
E
k

With Nδ0 (θ∗ ) denoting the open δ-neighborhood of θ∗ , we have
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α→0 µ∈M̄α α
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The next two lemmas are the intermediate steps to prove Prop. 8. We need the notion
of a stochastic kernel, of which the transition kernel of a Markov chain is one example. For
two topological spaces X and Y, a function Q : B(X) × Y → [0, 1] is a (Borel measurable)
stochastic kernel on X given Y, if for each y ∈ Y, Q(· | y) is a probability measure

Proposition 8 Under Assumption 1, {(Zt , θtα )} has a unique invariant probability measure.

In this subsection we establish completely Theorems 10 and 11 regarding the perturbed
version (23) of the algorithms (11), (19) and (20). We have already proved the first part
of both of these theorems in the previous subsection. Below we tackle their second part,
which, as we recall, is stronger than the corresponding part of Theorems 8 and 9 in that for
a fixed stepsize α, the deviation of the averaged iterates {θ̄tα } from θ∗ in the limit as t → ∞
is now characterized not in an expected sense but for almost all sample paths.
To simplify the presentation, except where noted otherwise, it will be taken for granted
throughout this subsection that {θtα } is generated by the perturbed version (23) of any of the
α , the perturbed
three algorithms (11), (19) and (20). Recall that when updating θtα to θt+1
algorithm (23) adds the perturbation term α∆θ,t to the iterate before the projection ΠB ,
where ∆θ,t , t ≥ 0, are assumed to be i.i.d. Rn -valued random variables that have zero mean
and bounded variances and have a positive continuous density function with respect to
the Lebesgue measure. (Here and in what follows, we omit the superscript α of the noise
terms ∆θ,t since we deal with a fixed stepsize α in this part of the analysis.) As mentioned
in Section 3.3, these conditions are not as weak as possible. Indeed, the purpose of the
perturbation is to make the invariant probability measure of {(Zt , θtα )} unique so that we can
invoke the ergodic theorem for weak Feller Markov chains given in Lemma 5, Section 4.3.1.
Therefore, any conditions that can guarantee the uniqueness of the invariant probability
measure can be used. In the present paper, for simplicity, we focus on the conditions we
assumed earlier on ∆θ,t , and prove the uniqueness just mentioned under these conditions,
although our proof arguments can be useful for weaker conditions as well.

4.3.3 Proofs of Theorems 10 and 11

The proof for Theorem 9(ii) is exactly the same as that for Theorem 8(ii) given earlier. In
particular, this proof relies solely on the weak Feller property of the Markov chain {(Zt , θtα )}
and the convergence property of the averaged probability measures of the m-step version
of {(Zt , θtα )}, all of which have shown to hold for the algorithms (19) and (20) and their
perturbed version (23) in this subsection.
The preceding arguments also show that the first part of Theorem 11 holds; that is,
the conclusions of Theorem 7 and Theorem 9 hold for the perturbed version (23) of the
algorithm (19) or (20) as well.

Finally, we combine this with the fact that given any δ > 0, the limit set Nδ (LB ) ⊂ Nδ (θ∗ )
for all K sufficiently large (see Lemma 3 in Section 4.2, which holds for (19) and (20), as
well as their perturbed version (23) since the latter has the same mean ODE as the original
algorithm). Theorem 9(i) then follows: given δ > 0, for all K sufficiently large,

lim inf infm µ [Nδ (θ∗ )]mα = 1.

Yu
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Q(D | ξ, θ) ≥

To finish the proof, define the probability measure Q1 on B by Q1 (D) = `( α1 D ∩
B )/`(B ) for all D ∈ B(B). Then for all ξ ∈ E and θ ∈ B, using (62) and (63) and
our choice of r̄, we have
Z
c0 `(B ) · Q1 (D) q(dr | s, a, s0 ) ≥ c · c0 `(B ) · Q1 (D),
D ∈ B(B),

(61)

∀ D ∈ B(B),

t−1

k=0


1X
1 (Zk , θ̃k ) ∈ D ,
t

µ̃x0 ,t (D) =

44

t−1

k=0


1X
1 (Zk , θ̃k0 ) ∈ D ,
t

∀ D ∈ B(Z × B).
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¯ θ̄) = β Q1 (·) + (1 − β) Q0 (· | ξ,
¯ θ̄),
Q(· | ξ,
∀ ξ¯ ∈ E, θ̄ ∈ B,
(64)


¯ θ̄) = Q(· | ξ,
¯ θ̄) − β Q1 (·) /(1 − β) and Q0 is a stochastic kernel on B given
where Q0 (· | ξ,
E × B.

We now define {(Zt , θ̃t , θ̃t0 )}. First, let {Zt } be generated as before with Z0 = z. Denote
ξt = (et , Ft , St , At , St+1 ) as before, and let Q be the stochastic kernel that describes the
evolution of θt+1 given (ξt , θt ). By Lemma 7, the occupation probability measures of {Zt }
is almost surely tight for each initial condition. This implies the existence of a compact
set Ē ⊂ Rn+1 such that for the compact set E = Ē × S × A × S ⊂ Ξ, the sequence {ξt }
visits E infinitely often with probability one. For this set E, by Lemma 8, there exist some
¯ θ̄) ≥ βQ1 (·) for all ξ¯ ∈ E and
β ∈ (0, 1] and probability measure Q1 on B such that Q(· | ξ,
¯ θ̄) as the convex combination of Q1 and
θ̄ ∈ B. Therefore, on E × B, we can write Q(· | ξ,
another stochastic kernel Q0 as follows:

µ̃x,t (D) =

in such a way that the two marginal processes {(Zt , θ̃t )} and {(Zt , θ̃t0 )} have the same
probability distributions as {Xt } and {Xt0 }, respectively. We then relate the occupation
probability measures {µx,t }, {µx0 ,t } to those of the marginal processes, {µ̃x,t }, {µ̃x0 ,t }, which
are defined as

{(Zt , θ̃t , θ̃t0 )} with (Z0 , θ̃0 , θ̃00 ) = (z, θ, θ0 ),

Proof We use a coupling argument to prove the statement. In the proof, we suppress the
superscript α of θtα . Let {Xt } denote the process {(Zt , θt )} with initial condition x = (z, θ),
and let {Xt0 } denote the process {(Zt , θt )} with initial condition x0 = (z, θ0 ), for an arbitrary
θ0 ∈ B. In what follows, we first define a sequence

Lemma 9 Let Assumption 1 hold. Let {µx,t } be the sequence of occupation probability
measures of {(Zt , θtα )} for each initial condition x ∈ Z × B. Suppose that for some x =
(z, θ) ∈ Z × B and µ ∈ Mα , {µx,t } converges weakly to µ, Px -almost surely. Then for each
θ0 ∈ B and x0 = (z, θ0 ), {µx0 ,t } also converges weakly to µ, Px0 -almost surely.

We will use the preceding result in the proof of the next lemma.

and the desired inequality (61) then follows by letting β = cc0 `(B ) > 0 (we must have
β ≤ 1 since we can choose D = B in the inequality above).

on B(X) and for each D ∈ B(X), Q(D | y) is a Borel measurable function on Y. For
α ) from (Z , θ α ) can be
the algorithms we consider, the iteration that generates (Zt+1 , θt+1
t t
equivalently described in terms of stochastic kernels. In particular, the transition from Zt
to Zt+1 is described by the transition kernel of the Markov chain {Zt }, and the probability
α given θ α and ξ = (e , F , S , A , S
distribution of θt+1
t
t
t
t
t
t+1 ) is described by another stochastic
t
kernel, which will be our focus in the analysis below.

∀ ξ ∈ E, θ ∈ B.

Lemma 8 Let Assumption 1(ii) hold. Let Q(dθ0 | ξ, θ) be the stochastic kernel (on B given
α
Ξ × B) that describes the probability distribution of θt+1
given ξt = ξ, θtα = θ. Then for each
bounded set E ⊂ Ξ, there exist β ∈ (0, 1] and a probability measure Q1 on B such that
Q(dθ0 | ξ, θ) ≥ β Q1 (dθ0 ),

Z Z 


1 ΠB θ + αf (ξ, θ, r) + α∆ ∈ D p(d∆) q(dr | s, a, s0 ),

Proof We consider only the case where {θtα } is generated by the perturbed version of the
algorithm (11); the proof for the perturbed version of the two other algorithms (19) and
(20) follows exactly the same arguments. In the proof below we use the notation that for a
scalar c and a set D ⊂ Rn , the set cD = {cx | x ∈ D}.
By the definitions of the algorithms (11) and (23), for ξ = (e, F, s, a, s0 ) ∈ Ξ and θ ∈ B,
we can express Q(· | ξ, θ) as
Q(D | ξ, θ) =


1 αy + α∆ ∈ D p(d∆)


1 αy + α∆ ∈ D `(d∆)

B ,

(63)

(62)

where f (ξ, θ, r) = e · ρ(s, a) r + γ(s0 )φ(s0 )> θ − φ(s)> θ , and p(·) is the common distribution
of the perturbation variables ∆θ,t . Let r̄ > 0 be large enough so that for some c > 0,
q([−r̄, r̄] | s̄, ā, s̄0 ) ≥ c for all (s̄, ā, s̄0 ) ∈ S × A × S. Let E be an arbitrary bounded subset
of Ξ. For all ξ ∈ E, θ ∈ B and r ∈ [−r̄, r̄], since E and B are bounded, g(ξ, θ, r) :=
(θ + αf (ξ, θ, r))/α lies in a compact subset of Rn , which we denote by D̄. Let  ∈ (0, rB /α]
and let D̄ be the -neighborhood of D̄. By our assumption on the perturbation variables
involved in the algorithm (23), p(·) has a positive continuous density function with respect
to the Lebesgue measure `(·). Therefore, there exists some c0 > 0 such that for any Borel
subset D of the compact set −D̄ := {−x | x ∈ D̄ }, p(D) ≥ c0 `(D).
Now consider an arbitrary ξ ∈ E, θ ∈ B, and r ∈ [−r̄, r̄]. We have y := g(ξ, θ, r) ∈ D̄.
Let B (−y) be the -neighborhood of −y, and let B denote the closed ball in Rn centered
at the origin with radius . If ∆ ∈ B (−y), then θ + αf (ξ, θ, r) + α∆ = αy + α∆ ∈ αB ⊂ B
(since α ≤ rB ). Therefore, for any D ∈ B(B),
Z

B (−y)
1
αD ∩

B (−y)

Z 
Z


1 ΠB θ + αf (ξ, θ, r) + α∆ ∈ D p(d∆) ≥

≥ c0

= c0 `
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where in the second inequality we used the fact that B (−y) ⊂ −D̄ and restricted to
B(−D̄ ), p(d∆) ≥ c0 `(d∆), as discussed earlier.
43

45

JMLR 17(220):1-58

On the other hand, since µ is an invariant probability measure of {Xt }, applying a
strong law of large numbers for stationary processes (Doob, 1953, Chap. X, Theorem 2.1;
see also Meyn and Tweedie, 2009, Lemma 17.1.1 and Theorem 17.1.2) to the stationary
Markov chain {Xt } with initial distribution µ, we have that there exist a set D1 ⊂ Z × B
with µ(D1 ) = 1 and a measurable function gf on Z × B such that
P
(i) for each x ∈ D1 , with the initial condition X0 = x, limt→∞ 1t t−1
k=0 f (Xk ) = gf (x),
Px -a.s.;
R
R
(ii) Eµ [gf (X0 )] = Eµ [f (X0 )] (i.e., gf dµ = f dµ).

Proof of Prop. 8 We suppress the superscript α of θtα in the proof. Let {Xt } = {(Zt , θt )}.
By Prop. 6, the set Mα of invariant probability measures of {Xt } is nonempty. Recall also
that since the evolution of {Zt } is not affected by the θ-iterates, the marginal of any µ ∈ Mα
on the space Z must equal ζ, the unique invariant probability measure of {Zt } (Theorem 2).
Suppose {Xt } has multiple invariant probability measures; i.e., there exist µ, µ0 ∈ Mα
with µ 6= µ0 . Then by (Dudley, 2002, Theorem 11.3.2) there exists a bounded continuous
function f on Z × B such that
Z
Z
f dµ 6= f dµ0 .
(65)

0
(iii) In the case t ≥ tY , generate θ̃t+1 according to Q(· | ξt , θ̃t ) and let θ̃t+1
= θ̃t+1 .
In view of (64), it can be verified directly by induction on t that the marginal process
{(Zt , θ̃t )} (resp. {(Zt , θ̃t0 )}) in the preceding construction has the same probability distribution as {Xt } (resp. {Xt0 }). This implies that {µx,t } (resp. {µx0 ,t }) converges weakly to µ with
probability one if and only if {µ̃x,t } (resp. {µ̃x0 ,t }) converges weakly to µ with probability
one. On the other hand, by construction θ̃t = θ̃t0 for t ≥ tY , where tY < ∞ with probability
one, so except on a null set, {µ̃x,t } and {µ̃x0 ,t } have the same weak limits. Combining these
two arguments with the assumption that {µx,t } converges weakly to µ with probability one,
it follows that the three sequences {µ̃x,t }, {µ̃x0 ,t }, and {µx0 ,t } must all converge weakly to
µ with probability one.

D1,z

E

D2,z

D1,z

R

D2,z

gf0 dµ0 .

(E×B)∩D2

E

D2,z

46

(69)

(68)
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We now calculate gf dµ and
We have
Z
Z
Z Z
gf dµ =
gf dµ =
gf (z, θ) µ(dθ | z) ζ(dz),
(E×B)∩D1
E D
Z
Z
Z Z 1,z
gf0 dµ0 =
gf0 dµ0 =
gf0 (z, θ) µ0 (dθ | z) ζ(dz),

R

where the equality for the iterated integral in each relation follows from (Dudley, 2002,
Theorem 10.2.1(ii)). These relations imply that for some set E0 ⊂ E with ζ(E0 ) = 0,
Z
Z
µ(dθ | z) =
µ0 (dθ | z) = 1,
∀ z ∈ E \ E0 .
(67)

E

Certainly we must have gf (x) = gf0 (x) on D1 ∩ D2 . We now relate the values of these
two functions at points that share the same z-component. In particular, let proj(D1 ) denote
the projection of D1 on Z: proj(D1 ) = {z ∈ Z | ∃ θ with (z, θ) ∈ D1 }, and let D1,z be the
vertical section of D1 at z: D1,z = {θ | (z, θ) ∈ D1 }. Define proj(D2 ) and D2,z similarly. If
x = (z, θ) ∈ D1 ∪ D2 and x0 = (z, θ0 ) ∈ D1 ∪ D2 , then in view of Lemma 9 and the weak
convergence of {µx,t } and {µx0 ,t }, we must have µ̃x = µ̃x0 . Consequently, by (66), for each
z ∈ proj(D1 ), gf (z, ·) is constant on D1,z ; for each z ∈ proj(D2 ), gf0 (z, ·) is constant on D2,z ;
and for each z ∈ proj(D1 ) ∩ proj(D2 ), the constants that gf (z, ·), gf0 (z, ·) take on D1,z , D2,z ,
respectively, are the
R same. R
We now show f dµ = f dµ0 to contradict (65) and finish the proof. Since µ(D1 ) =
µ0 (D2 ) = 1 and by Theorem 2 (Section 2.4) µ, µ0 have the same marginal distribution on Z,
which is ζ, there exists a Borel set E ⊂ proj(D1 ) ∩ proj(D2 ) with ζ(E) = 1. Consider the
sets (E × B) ∩ D1 and (E × B) ∩ D2 , which have µ-measure 1 and µ0 -measure 1, respectively.
By (Dudley, 2002, Prop. 10.2.8), we can decompose µ, µ0 into the marginal ζ on Z and the
conditional distributions µ(dθ | z), µ0 (dθ | z) for z ∈ Z. Then
Z Z
Z Z


1 = µ (E×B)∩D1 =
µ(dθ | z) ζ(dz), 1 = µ0 (E×B)∩D2 =
µ0 (dθ | z) ζ(dz),

Also, since {Xt } is a weak Feller Markov chain (Lemma 6), by (Meyn, 1989, Prop. 4.1),
for a set of initial conditions x with µ-measure 1, the occupation probability measures {µx,t }
of {Xt } converge weakly, Px -almost surely, to some (nonrandom) µ̃x ∈ Mα that depends
on the initial x. The same is true for µ0 . So by excluding from D1 a µ-null set and from
D2 a µ0 -null set if necessary, we can assume that the sets D1 , D2 above also satisfy that
for each x ∈ D1 ∪ D2 , the occupation probability measures {µP
x,t } converge weakly to an
t−1
1
invariant
probability
measure
µ̃
almost
surely.
Then
since
x
k=0 f (Xk ) is the same as
t
R
f dµx,t for X0 = x, we have, by the weak convergence of {µx,t } just discussed, that
Z
Z
(66)
gf (x) = f dµ̃x for each x ∈ D1 ,
gf0 (x) = f dµ̃x for each x ∈ D2 .

The same is true for the invariant probability measure µ0 : there exist a set D2 ⊂ Z × B
with µ0 (D2 ) = 1 and a measurable function gf0 (x) such that
P
0
(i) for each x ∈ D2 , with the initial condition X0 = x, limt→∞ 1t t−1
k=0 f (Xk ) = gf (x),
Px -a.s.;
R
R
(ii) Eµ0 [gf0 (X0 )] = Eµ0 [f (X0 )] (i.e., gf0 dµ0 = f dµ0 ).

Next, independently of {Zt }, generate a sequence {Yt }t≥1 of i.i.d., {0, 1}-valued random
variables such that Yt = 1 with probability β and Yt = 0 with probability 1 − β. Set Y0 = 0.
Let
tY = min{t ≥ 1 | Yt = 1, ξt−1 ∈ E}.

Then tY < ∞ with probability one. (Since {ξt } visits E infinitely often and the process
{Yt } is independent of {ξt }, this follows easily from applying the Borel-Cantelli lemma to
{(ξtk , Ytk +1 )}k≥1 , where tk is when the k-th visit to E by {ξt } occurs.)
0 ) according to the following rule,
Now for each t ≥ 0, let us define the pair (θ̃t+1 , θ̃t+1
based on the values of (ξ0 , θ̃0 , θ̃00 ), . . . , (ξt , θ̃t , θ̃t0 ) and (Y0 , . . . , Yt , Yt+1 ):
0
(i) In the case t < tY and ξt 6∈ E, generate θ̃t+1 and θ̃t+1
according to Q(· | ξt , θ̃t ) and
0
Q(· | ξt , θ̃t ) respectively.
0
(ii) In the case t < tY and ξt ∈ E, if Yt+1 = 0, generate θ̃t+1 and θ̃t+1
according to
Q0 (· | ξt , θ̃t ) and Q0 (· | ξt , θ̃t0 ) respectively; if Yt+1 = 1, generate θ̃t+1 according to
0
Q1 (·) and let θ̃t+1
= θ̃t+1 .

Yu
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D2,z

gf0 (z, θ) µ0 (dθ | z),

∀ z ∈ E \ E0 .
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gf (z, θ) µ(dθ | z) =

(70)

where the equality for the iterated integral in each relation also follows from (Dudley, 2002,
Theorem 10.2.1(ii)). As discussed earlier, for each z ∈ E ⊂ proj(D1 ) ∩ proj(D2 ), the two
constant functions, gf (z, ·) on D1,z and gf0 (z, ·) on D2,z , have the same value. Using this
together with (67), we conclude that
Z
Z
D1,z

R
R
R
R
Since ζ(E0 ) = 0, we obtain from (68)-(70) that gf dµ = gf0 dµ0 . But gf dµ = f dµ
R
R
R
R
and gf0 dµ0 = f dµ0 (as we obtained at the beginning of the proof), so f dµ = f dµ0 ,
a contradiction to (65). This proves that {Xt } must have a unique invariant probability
measure.

Proposition 8 implies that for every m ≥ 1, the m-step version of {(Zt , θtα )} has a unique
invariant probability measure. This together with Lemma 7 (Section 4.3.2) furnishes the
conditions (A1)-(A3) of (Meyn, 1989, Prop. 4.2) for weak Feller Markov chains (these conditions are the conditions (i)-(iii) of our Lemma 5). We can therefore apply the conclusions
of (Meyn, 1989, Prop. 4.2) (see Lemma 5 in our Section 4.3.1) to the m-step version of
{(Zt , θtα )} here, and the result is the following proposition:
Proposition 9 Under Assumption 1, for each m ≥ 1, the m-step version of {(Zt , θtα )}
has a unique invariant probability measure µ(m) , and the occupation probability measures
(m)
µ(z,θ),t , t ≥ 1, as defined by (51), converge weakly to µ(m) almost surely, for each initial
condition (z, θ) ∈ Z × B of (Z0 , θ0α ).
With Prop. 9 we can proceed to prove the second part of Theorems 10 and 11. Given
that we have already established their first part in the previous subsection, the arguments
for their second part are the same for both theorems and are given below. The proof is
similar to that for Theorem 8(ii) in Section 4.3.2, except that here, instead of working with
 (m,k)
the averaged probability measures P̄(z,θ) , Prop. 9 allows us to work with the occupation
probability measures.

t→∞

lim inf

k=0

t−1


1X 
1
sup
θj − θ∗ < δ ≥ µ̄α(m) [Nδ0 (θ∗ )]m ,
t
k≤j<k+m

(71)

Proof of the second part of both Theorem 10 and Theorem 11 We suppress the
superscript α of θtα in the proof. By Prop. 9, {(Zt , θt )} has a unique invariant probability
measure µα , and its m-step version has a corresponding unique invariant probability measure
(m)
µα . We prove first the statement that for each initial condition (z, θ) ∈ Z × B, almost
surely,

(m)

(m)
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sup1≤j≤m θj − θ∗ < δ . By Prop. 9, P(z,θ) -almost surely, {µ(z,θ),t } converges

(m)
µ(z,θ),t (Dδ ),

where µ̄α is the unique element in M̄αm , and Nδ0 (θ∗ ) is the open δ-neighborhood of θ∗ .
(m)
For each t, by the definition (51) of the occupation probability measure µ(z,θ),t , the average


in the left-hand side above is the same as
where Dδ = z 1 , θ1 , . . . , z m , θm ∈
(Z × B)m
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(m)
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weakly to µα , and therefore, except on a null set of sample paths, we have by (Dudley,
2002, Theorem 11.1.1) that for the open set Dδ ,
t→∞


(m)
lim inf µ(z,θ),t (Dδ ) ≥ µα(m) (Dδ ) = µ̄α(m) [Nδ0 (θ∗ )]m .


where κα = µ̄α Nδ0 (θ∗ ) ,

(72)

This proves (71).
We now prove the statement that for each initial condition (z, θ) ∈ Z × B, almost surely,
t→∞

lim sup θ̄t − θ∗ ≤ δ κα + 2rB (1 − κα ),

θ̄t − θ∗ ≤

k=0

1X
|θk − θ∗ |.
t

t−1

(73)

and µ̄α is the marginal of µα on B. The statement is trivially true if δ ≥ 2rB , so consider
the case δ < 2rB . Fix an initial condition (z, θ) ∈ Z × B for (Z0 , θ0 ), and let {µ(z,θ),t } be
the corresponding occupation probability measures of {(Zt , θt )}. For the averaged sequence
{θ̄t }, by convexity of the norm | · |,

We have

t→∞

t−1
t−1
t−1


1X
1X
1X
|θk − θ∗ | ≤
|θk − θ∗ | · 1 θk ∈ Nδ0 (θ∗ ) +
|θt − θ∗ | · 1 θk 6∈ Nδ0 (θ∗ )
t
t
t
k=0
k=0
k=0

≤ δ · µ(z,θ),t (Dδ ) + 2rB · 1 − µ(z,θ),t (Dδ ) ,
(74)

where Dδ = (z 1 , θ1 ) ∈ Z × B |θ1 − θ∗ | < δ . By Prop. 9, P(z,θ) -almost surely, {µ(z,θ),t }
converges weakly to µα . Therefore, except on a null set of sample paths, we have by (Dudley,
2002, Theorem 11.1.1) that for the open set Dδ ,

(75)
lim inf µ(z,θ),t (Dδ ) ≥ µα (Dδ ) = µ̄α Nδ0 (θ∗ ) .

Combining the three inequalities (73)-(75), and using also the relation δ < 2rB , we obtain
that (72) holds almost surely for each initial condition (z, θ) ∈ Z × B.
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Remark 3 (on the role of perturbation again) As mentioned before Prop. 8, our purpose of perturbing the constrained ETD algorithms is to guarantee that the Markov chain
{(Zt , θtα )} has a unique invariant probability measure. Without the perturbation, this cannot be ensured, so we cannot apply the ergodic theorem given in Lemma 5 to exploit the
convergence of occupation probability measures, as we did in the preceding proof, even
though {(Zt , θtα )} satisfies the remaining two conditions required by that ergodic theorem
(cf. Lemma 7, Section 4.3.2).
In connection with this discussion, let us clarify a point. We know that the occupation
probability measures of {Zt } converge weakly to its unique invariant probability measure ζ
almost surely for each initial condition of Z0 (Theorem 2). But this fact alone cannot rule
out the possibility that {(Zt , θtα )} has multiple invariant probability measures and that its
occupation probability measures do not converge for some initial condition (z, θ).

48

C = −Φ> G Φ
λ
with G = M̄ (I − Pπ,γ
).

J1 = {s ∈ S | M̄ss > 0},

49

J0 = {s ∈ S | M̄ss = 0}.
JMLR 17(220):1-58

In this paper we have focused on the case where Assumption 2 holds and C is negative
definite (Theorem 1, Section 2.3). If Assumption 2 does not hold, then either there are less
than n emphasized states (i.e., states s with M̄ss > 0), or the feature vectors of emphasized
states are not rich enough to contain n linearly independent vectors. In either case the
function approximation capacity is not fully utilized. It is hence desirable to fulfill Assumption 2 by adding more states with positive interest weights i(s) or by enriching the feature
representation.
Nevertheless, suppose Assumption 2 does not hold (in which case C is negative semidefinite as shown by Sutton et al., 2016). This essentially has no effects on the convergence
properties of the constrained or unconstrained ETD(λ) algorithms, because of the emphatic
weighting scheme (3)-(5), as we explain now.
Let there be at least one state s with interest weight i(s) > 0 (the case is vacuous
otherwise). Partition the state space into the set of emphasized states and the set of nonemphasized states:

λ
b = Φ> M̄ rπ,γ
,

Let Assumption 1 hold. Recall from Section 2.3 that ETD(λ) aims to solve the equation
Cθ + b = 0, where

5.1 The Case without Assumption 2

In this section we discuss direct applications of our convergence results to ETD(λ) under
relaxed conditions and to two other algorithms, the off-policy TD(λ) algorithm and the
ETD(λ, β) algorithm (Hallak et al., 2016). We then discuss several open issues to conclude
the paper.

5. Discussion

where κα =
The limitation of this result, however, is that the set of
initial conditions involved is unknown and can be small.

inf µ∈M̄α µ(Nδ0 (θ∗ )).

t→∞

lim sup θ̄tα − θ∗ ≤ δ κα + 2rB (1 − κα ) P(z,θ) -a.s.,

Corresponding to the partition, by rearranging the indices of states if necessary, we can
write
 
 


Φ1
r
M̂
0|J1 |×|J0 |
λ
Φ=
,
rπ,γ
= 1 ,
M̄ =
,
Φ0
r0
0|J0 |×|J1 | 0|J0 |×|J0 |

Finally, another property of weak Feller Markov chains and its implication for our problem are worth noting here. By (Meyn, 1989, Prop. 4.1), for a weak Feller Markov chain
{Xt }, provided that an invariant probability measure µ exists, we have that for a set of
initial conditions x with µ-measure 1, the occupation probability measures {µx,t } converge
weakly, Px -almost surely, to an invariant probability measure µx that depends on the initial
condition. Thus, for the unperturbed algorithms (11), (19) and (20), despite the possibility
of {(Zt , θtα )} having multiple invariant probability measures, the preceding proof can be
applied to those initial conditions from which the occupation probability measures converge
almost surely. In particular, this argument leads to the following conclusion. In the case of
the algorithm (11), (19) or (20), under the same conditions as in Theorem 8 or 9, it holds
for any invariant probability measure µ of {(Zt , θtα )} that for each initial condition (z, θ)
from some set of initial conditions with µ-measure 1,

d1πo ,i ∈ R|J1 | , d1πo ,i (s) = dπo (s) · i(s), s ∈ J1 .

(77)

(76)

where Ĝ = M̂ (I − Q̂) is positive definite.
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λ
15. From the structures of G, Pπ,γ
, Q̂ and M̂ shown in (Yu, 2015a, Appendix C.2, p. 41-44), which give
rise to (76)-(77), we also have the following facts. The approximate value function v = Φ1 θ∗ for the
emphasized states J1 is the unique solution of the projected Bellman equation v = Π(r1 + Q̂v), where Π is
the projection onto the column space of Φ1 with respect to the weighted Euclidean norm on R|J1 | defined
by the weights M̄ss , s ∈ J1 (the diagonals of M̂ ). The equation v = r1 + Q̂v is indeed a generalized
Bellman equation for the emphasized states only, and has vπ (s), s ∈ J1 , as its unique solution. Then
for the emphasized states, the relation between the approximate value function Φ1 θ∗ and vπ on J1 , in
particular the approximation error, can again be characterized using the oblique projection viewpoint
(Scherrer, 2010), similar to the case with Assumption 2 discussed in Section 2.3.

Two observations then follow immediately:
(i) Since b = Φ>
1 M̂ r1 ∈ span{φ(s)|s ∈ J1 }, Prop. 10(i) shows that the equation Cθ+b = 0
admits a solution, and a unique one in span{φ(s) | s ∈ J1 }, which we denote by θ∗ .15

Proposition 10 Let Assumption 1 hold, and let i(s) > 0 for at least one state s ∈ S. Then
the matrix C satisfies that
(i) range(C) = range(C > ) = span{φ(s) | s ∈ J1 }; and
(ii) there exists c > 0 such that for all x ∈ span{φ(s) | s ∈ J1 }, x> Cx ≤ −c |x|2 .

Let range(A) denote the range space of a matrix A. By the positive definiteness of the
matrix Ĝ given in the preceding theorem, the negative semidefinite matrix C possesses the
following properties (we omit the straightforward proof):

C = −Φ>
1 ĜΦ1 ,

Theorem 12 (structure of the matrix C; Yu, 2015a, Appendix C.2, p. 41-44) Let
Assumption 1 hold, and let i(s) > 0 for at least one state s ∈ S. Then

Thus the matrix C has a special structure:

>

diag(M̂ ) = d1πo ,i (I − Q̂)−1 ,

and M̂ can be expressed explicitly as

Ĝ = M̂ (I − Q̂),

where the block corresponding to J0 is a zero matrix as shown above, and the block Ĝ
corresponding to J1 is a positive definite matrix given by

where 0m×m0 denotes an m×m0 zero matrix, M̂ is a diagonal matrix with M̄ss , s ∈ J1 , as its
λ that consists of the entries whose row/column
diagonals. Let Q̂ be the sub-matrix of Pπ,γ
indices are in J1 . For the equation Cθ + b = 0, clearly b = Φ>
1 M̂ r1 . Consider now the
matrix C. It is shown in the proof of Prop. C.2 in (Yu, 2015a) that G has a block-diagonal
structure with respect to the partition {J1 , J0 },


Ĝ
0|J1 |×|J0 |
,
G=
0|J0 |×|J1 | 0|J0 |×|J0 |
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(ii) Prop. 10(ii) shows that C acts like a negative definite matrix on the space of feature
vectors, span{φ(s)|s ∈ J1 }, that the ETD(λ) algorithms naturally operate on.16
We remark that for an arbitrary negative semidefinite matrix C, neither of these conclusions
holds. They hold here as direct consequences of the positive definiteness of the matrix Ĝ
that underlies C, and this positive definiteness property is due to the emphatic weighting
scheme (3)-(5) employed by ETD(λ).
Now let us discuss the behavior of the constrained ETD(λ) algorithms starting from
some state S0 of interest (i.e., i(S0 ) > 0), in the absence of Assumption 2. Recall that
earlier we did not need Assumption 2 when applying the two general convergence theorems from (Kushner and Yin, 2003), and we used the negative definiteness of C implied
by this assumption only near the end of our proofs to get the solution properties of the
mean ODE associated with each algorithm. In the absence of Assumption 2, for the unperturbed algorithms (11), (19) and (20), we can simply restrict attention to the subspace
span{φ(s)|s ∈ J1 } and use the property in Prop. 10(ii) in lieu of negative definiteness. After
all, the θ-iterates of these algorithms always lie in the span of the feature vectors if the initial θ0 , e0 ∈ span{φ(s)|s ∈ J1 } and in the case of the two biased algorithms (19) and (20), if
the function ψK (x) does not change the direction of x. On the subspace span{φ(s)|s ∈ J1 },
in view of Prop. 10(ii), the function |θ − θ∗ |2 serves again as a Lyapunov function for analyzing the ODE solutions in exactly the same way as before. Thus, in the absence of
Assumption 2, for the algorithms (11), (19) and (20) that set θ0 , e0 and ψK as just described, and for rB > |b|/c where c is as in Prop. 10(ii), the conclusions of Theorems 4-9 in
Section 3 continue to hold with Nδ (θ∗ ) or Nδ0 (θ∗ ) replaced by Nδ (θ∗ ) ∩ span{φ(s)|s ∈ J1 }
or Nδ0 (θ∗ ) ∩ span{φ(s)|s ∈ J1 }.
The same is true for the almost sure convergence of the unconstrained ETD(λ) algorithm (2) under diminishing stepsize: with i(S ) > 0 and θ0 , e0 ∈ span{φ(s)|s ∈ J1 }, the
0
conclusion of (Yu, 2015a, Theorem 2.2) continues to hold in the absence of Assumption 2;
a.s.
t+1
that is, for αt = O(1/t) with αt −α
= O(1/t), θt → θ∗ .
αt
It can be seen now that without Assumption 2, complications can only arise through
initializing the algorithms outside the desired subspace. We discussed such situations in
the arXiv version of this paper (Yu, 2015b, Sec. 5.1), but we shall omit them here in part
because it does not seem natural to initialize θ0 , e0 with a component perpendicular to
span{φ(s)|s ∈ J1 } in the first place.
As a final note, in the absence of Assumption 2, any solution θ̄ of Cθ + b = 0 gives the
same approximate value function for emphasized states, but the approximate values Φ0 θ̄ for
non-emphasized states in J0 are different for different solutions θ̄. Thus one needs to be
cautious in using the approximate values Φ0 θ̄. They correspond to different extrapolations
from the approximate values Φ1 θ∗ for the emphasized states, whereas Φ1 θ∗ is not defined to
take into account approximation errors for those states in J0 , although its approximation
error for emphasized states can be well characterized (cf. Footnote 15).

JMLR 17(220):1-58

16. Start ETD(λ) from a state S0 with i(S0 ) > 0. It can be verified that the emphatic weighting scheme
dictates that if St ∈ J0 , then the emphasis weight Mt for that state must be zero. Consequently,
et is a linear combination of the features of the emphasized states and the initial e0 . So when e0 ∈
span{φ(s)|s ∈ J1 }, et ∈ span{φ(s)|s ∈ J1 } always, and if in addition θ0 ∈ span{φ(s)|s ∈ J1 }, then
θt ∈ span{φ(s)|s ∈ J1 } always. This is very similar to the case of TD(λ) with possibly linearly dependent
features discussed in (Tsitsiklis and Van Roy, 1997).

51

5.2 Off-policy TD(λ) and ETD(λ, β)

Yu

et = λγρt−1 et−1 + φ(St ).


θt+1 = θt + αt et · ρt Rt + γφ(St+1 )> θt − φ(St )> θt ,

Applying TD(λ) to off-policy learning by using importance sampling techniques was first
proposed in (Precup et al., 2000, 2001), and the focus there was on episodic data. The
analysis we gave in this paper applies directly to the (non-episodic) off-policy TD(λ) algorithm studied in (Bertsekas and Yu, 2009; Yu, 2012; Dann et al., 2014), when its divergence
issue is avoided by setting λ sufficiently large. Specifically, we consider constant γ ∈ [0, 1)
and constant λ ∈ [0, 1], and an infinitely long trajectory generated by the behavior policy
as before. The algorithm is the same as TD(λ) except for incorporating the importance
sampling weight ρt :17

where

The constrained versions of the algorithm are defined similarly to those for ETD(λ).
Under Assumption 1(ii), the associated projected Bellman equation is the same as that
for on-policy TD(λ) (Tsitsiklis and Van Roy, 1997) except that the projection norm is the
weighted Euclidean norm with weights given by the steady state probabilities dπo (s), s ∈ S.
Assuming Φ has full column rank, the corresponding equation in the θ-space, Cθ + b = 0,
has the desired property that the matrix C is negative definite, if λ is sufficiently large (in
particular if λ = 1) (Bertsekas and Yu, 2009). For that case, the conclusions given in this
paper for constrained ETD(λ) all hold for the corresponding versions of off-policy TD(λ).
(Similarly, for the case of C being negative semidefinite due to Φ having rank less than n,
the discussion given in the previous subsection for ETD(λ) also applies.) The reason is that
besides the property of C, the other properties of the iterates that we used in our analysis,
which are given in Section 2 and Appendix A, all hold for off-policy TD(λ). In fact, some
of these properties were first derived for off-policy LSTD(λ) and TD(λ) in (Yu, 2012) and
extended later in (Yu, 2015a) to ETD(λ).
For the same reason, the convergence analyses we gave in (2015a) and this paper for ETD
also apply to a variation of the ETD algorithm, ETD(λ, β), proposed recently by Hallak
et al. (2016), when the parameter β is set in an appropriate range.
5.3 Open Issues

A major difficulty in applying off-policy TD learning, especially with λ > 0, is the high
variances of the iterates. For ETD(λ), off-policy TD(λ) and their least-squares versions,
because of the growing variances of products of the importance sampling weights ρt ρt+1 · · ·
along a trajectory, and because of the amplifying effects these weights can have on the traces,
the variances of the traces iterates can grow unboundedly with time, severely affecting the
behavior of the algorithms in practice. (The problem of growing variances when applying
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17. It is not necessary to multiply the term φ(St )> θt by ρt , and that version of the algorithm was the one
given in (Bertsekas and Yu, 2009; Yu, 2012). The experimental results in (Dann et al., 2014) suggest
to us that each version can have less variance than the other in some occasions, however. As far as
convergence analysis is concerned, the two versions are essentially the same and the analyses given in
(Yu, 2012, 2015a) and this paper indeed apply simultaneously to both versions of the algorithm.
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The preceding proposition is the same as (Yu, 2015a, Prop. A.1) except that the conclusion is for all the initial (e0 , F0 ) from the set E, instead of a fixed initial (e0 , F0 ). By
making explicit the dependence of the constant L on the initial (e0 , F0 ), the same proof
of (Yu, 2015a, Prop. A.1) (which is a relatively straightforward calculation) applies to the
preceding proposition.
We note that Prop. 11 does not imply the uniform integrability of {(et , Ft )}—this
stronger property does hold for the trace iterates, as we proved in Prop. 2(i), Section 4.1.2.
(The latter and its proof focus on {et } only, but the same argument applies to {(et , Ft )}.)

Proposition 11 Under Assumption 1, given a bounded set E ⊂ Rn+1 , there
exists a con
stant L < ∞ such that if the initial (e0 , F0 ) ∈ E, then supt≥0 E (et , Ft ) < L.

In this appendix we list four key properties of trace iterates {(et , Ft )} generated by the
ETD(λ) algorithm. Three of them were derived in (Yu, 2015a, Appendix A), and used in
the convergence analysis of ETD(λ) in both (Yu, 2015a) and the present paper.
As discussed in Section 3.2, {(et , Ft )} can have unbounded variances and is naturally
unbounded in common off-policy situations. However, as the proposition below shows,
{(et , Ft )} is bounded in a stochastic sense.

Appendix A. Key Properties of Trace Iterates
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The next proposition concerns the change in the trace iterates due to the change in
its initial condition. It is the same as (Yu, 2015a, Prop. A.2); its proof is more involved
than the proofs of the two other properties of the trace iterates and uses, among others, a
theorem for nonnegative random processes (Neveu, 1975). We did not use this proposition
directly in the analysis of the present paper, but it is important in establishing that the
Markov chain {Zt } has a unique invariant probability measure (Theorem 2, Section 2.4),
which the results of the present paper rely on. In addition, it is helpful for understanding
the behavior of the trace iterates.
Let (êt , F̂t ), t ≥ 1, be defined by the same recursion (3)-(5) that defines (et , Ft ), using
the same state and action random variables {(St , At )}, but with a different initial condition
(ê0 , F̂0 ). We write a zero vector in any Euclidean space as 0.

importance sampling to simulate Markov systems was also known earlier and discussed
in prior works; see e.g., Glynn and Iglehart, 1989; Randhawa and Juneja, 2004.) The two
biased constrained algorithms discussed in this paper were motivated by the need to mitigate
the variance problem, and their robust behavior has been observed in our experiments
(Mahmood et al., 2015; Yu, 2016). However, beyond simply constraining the iterates, more
variance reduction techniques are needed, such as control variates (Randhawa and Juneja,
2004; Ahamed et al., 2006) and weighted importance sampling (Precup et al., 2000, 2001;
Mahmood et al., 2014; Mahmood and Sutton, 2015). To overcome the variance problem in
off-policy learning, further research is required.
Regarding convergence analysis of ETD(λ), the results we gave in (2015a) and this paper
concern only the convergence properties and not the rates of convergence. For on-policy
TD(λ) and LSTD(λ), convergence rate analyses are available (Konda, 2002, Chap. 6). Such
analyses in the off-policy case will give us better understanding of the asymptotic behavior
of the off-policy algorithms. Finally, besides asymptotic behavior of the algorithms, their
finite-time or finite-sample properties (such as those considered by Munos and Szepesv́ari,
2008; Antos et al., 2008; Lazaric et al., 2012; Liu et al., 2015), and their large deviations
properties are also worth studying.

Mk = λk i(Sk ) + (1 − λk ) Fk .

(79)

(78)

k=t−K

t
X

ẽt,K =

k=t−K

t
X

M̃k,K · φ(Sk ) · βk+1 · · · βt .




i(Sk ) · ρk γk+1 · · · ρt−1 γt ,
M̃t,K = λt i(St ) + (1 − λt )F̃t,K ,

F̃t,K =

for t ≤ K,

(82)

(81)

(80)
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We have the following approximation property for truncated traces, in which the notation
“LK ↓ 0” means that LK decreases monotonically to 0 as K → ∞.

and for t ≥ K + 1,

(ẽt,K , F̃t,K ) = (et , Ft )

For each integer K ≥ 1, the truncated traces (ẽt,K , F̃t,K ) are defined by limiting the summations in (78)-(79) to be over K + 1 terms only as follows:

where βk = ρk−1 γk λk and

k=1

t
 X

et = e0 · β1 · · · βt +
Mk · φ(Sk ) · βk+1 · · · βt ,

k=1

t
 X

Ft = F0 · ρ0 γ1 · · · ρt−1 γt +
i(Sk ) · ρk γk+1 · · · ρt−1 γt ,

The third proposition below concerns approximating the trace iterates (et , Ft ) by truncated traces that depend on a fixed number of the most recent states and actions only.
First, let us express the traces (et , Ft ), by using their definitions (cf. Equations 3-5), as

Proposition 12 Under Assumption 1, for any two given initial conditions (e0 , F0 ) and
(ê0 , F̂0 ),
a.s.
a.s.
Ft − F̂t → 0,
et − êt → 0.
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Proposition 13 Let Assumption 1 hold. Given a bounded set E ⊂ Rn+1 , there exist constants LK , K ≥ 1, with LK ↓ 0 as K → ∞, such that if the initial (e0 , F0 ) ∈ E, then
h
i
(et , Ft ) − (ẽt,K , F̃t,K ) ≤ LK .
t≥0

sup E

The preceding proposition is the same as (Yu, 2015a, Prop. A.3(i)), except that the initial
(e0 , F0 ) can be from a bounded set E instead of being fixed. The proof given in (Yu, 2015a)
applies here as well, similar to the case of Prop. 11. This proposition about truncated traces
was used in (Yu, 2015a) to obtain the convergence in mean given in Theorem 3 (Section 2.4)
and allowed us to work with simple finite-space Markov chains, instead of working with
the infinite-space Markov chain {Zt } directly, in that proof. In the present paper, it has
expedited our proofs of Props. 2-3 (Section 4.1.2) regarding the uniform integrability and
convergence in mean conditions for constrained ETD(λ).
Finally, the uniform integrability of {(et , Ft )} (proved in Prop. 2(i) in this paper, as
already mentioned) is important both for convergence analysis and for understanding the
behavior of the trace iterates.
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where f is the learned predictor, H a reproducing kernel Hilbert space of functions, R(f )
the empirical risk, kf k2 the regularizer, and λ > 0 a regularization parameter.
1 (RLS) is the classical method resulting from the choice R(f ) =
PnRegularized least-squares
2 . The method admits a closed form solution, leading to efficient algorithms
(f
(x
)−y
)
i
i
i=1
for leave-one-out cross-validation (LOO), multi-target learning, and fast selection of regularization parameter (Rifkin and Lippert, 2007). For example, the LOO predictions can
be obtained essentially for free as the sideproduct of computations needed for training the
method once. Previously, these methods have been implemented in libraries such as GURLS
(Tacchetti et al., 2013) and Python scikit-learn (Pedregosa et al., 2011).
In the recent years, research in RLS methods has lead to the development of a large
variety of new efficient algorithms, that analogously to the classical RLS methods offer
unique computational benefits both for training and model selection. These include leavepair-out and leave-group-out cross-validation, methods for feature selection, ranking and
unsupervised classification, as well as pair-input learning methods with applications to
interaction prediction, cold start recommendations and zero-shot learning. RLScore is a
Python module that provides a simple high-level interface to a library of highly optimized
implementations of these methods.

f ∈H

argmin R(f ) + λkf k2 ,

RLScore implements learning algorithms based on minimizing the regularized risk functional

1. Introduction

RLScore is a Python open source module for kernel based machine learning. The library
provides implementations of several regularized least-squares (RLS) type of learners. RLS
methods for regression and classification, ranking, greedy feature selection, multi-task and
zero-shot learning, and unsupervised classification are included. Matrix algebra based
computational short-cuts are used to ensure efficiency of both training and cross-validation.
A simple API and extensive tutorials allow for easy use of RLScore.
Keywords: cross-validation, feature selection, kernel methods, Kronecker product kernel,
pair-input learning, python, regularized least-squares
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RLScore is implemented as a Python module that depends on NumPy (van der Walt et al.,
2011) for basic data structures and linear algebra, SciPy (Jones et al., 2001–) for sparse
matrices and optimization methods, and Cython (Behnel et al., 2011) for implementing
low-level routines in C-language. The aim of the software is to provide high quality implementations of algorithms developed by the authors that combine efficient training with
automated performance evaluation and model selection methods.
RLScore implements a modular design, where data representation, learning algorithms,
and prediction are separated from each other where possible. The most basic kernel-based
learning methods operate on a singular value decomposition of the data produced by an

3. Software Package

RLScore implements a large variety of fast holdout and CV algorithms. A fast leavegroup-out (LGO) CV (Pahikkala et al., 2012b), where folds containing multiple instances
are left out, is provided, complementing the classical fast RLS LOO algorithm (also included) (Rifkin and Lippert, 2007). The approach allows implementing fast K-fold CV,
and more importantly, implementing CV for non i.i.d. data with natural group structure.
Typical examples include leave-query-out CV for learning to rank, leave-sentence-out or
leave-document out CV in text mining, leave-image-out CV for object recognition etc. Further, a leave-pair-out (LPO) algorithm (Pahikkala et al., 2009), that corresponds to leaving
each combination of two instances (or a subset of these) from the data out in turn, is provided. LPO can be used to compute an almost unbiased estimate of area under ROC curve
(Airola et al., 2011) and its generalization, the pairwise ranking accuracy.
RankRLS method implements efficient algorithms for both minimizing pairwise ranking
losses and computing cross-validation estimates for ranking. The method has been shown to
be highly competitive compared to ranking support vector machines (Pahikkala et al., 2009).
Unsupervised variants of RLS classification inspired by the maximum margin clustering
approach have also been developed (Pahikkala et al., 2012a).
Greedy RLS extends the basic RLS to learning sparse linear models in linear time, combining fast update formulas for feature addition and LOO with a greedy search (Naula et al.,
2014). The computational short cuts allow scaling the approach to genome wide studies
with hundreds of thousands of features. The method produced the winning submission of
sub-challenge 3 of 2014 Broad-DREAM Gene Essentiality Prediction Challenge due to its
ability to select a minimal accurate subset of features for multi-task learning problems.
RLS methods allow also fast learning from pair-input data. Applications include proteinprotein and drug-target interaction prediction (Pahikkala et al., 2015), forecasting winners
of two-player games, collaborative filtering, learning to rank for information retrieval etc.
When making predictions for new pairs unseen in training set, the setting has natural
applications in transfer and zero-shot learning. In the kernel methods framework this can
be expressed as a learning problem where objects from two domains have their own kernel
functions, and their joint kernel is the Kronecker product kernel. Efficient training and
cross-validation algorithms for this setting have been recently derived (see e.g. Pahikkala
et al. 2013; Stock et al. 2016).

2. Implemented Algorithms
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RLScore scales to orders of magnitude larger problem sizes than the baselines on all but
the LOO experiment. With the exception of LOO, none of the considered fast algorithms
are available in other software implementations. RLScore contains also a large variety of
other methods, with new ones being added with each release.

(e) Learning sparse models. We consider greedy forward selection, where on each iteration
one selects the feature whose addition provides the lowest RLS LOO error. GreedyRLS
implements this procedure in linear time, with scikit-learn we use the fast LOO algorithm, baseline is a pure wrapper implementation. Data matrix X contains 10000
instances and 1000 features, and the number of outputs in Y is 10.

(d) Kronecker product kernel K ⊗ G is a popular choice in pair-input learning. KronRLS
allows learning with the kernel without explicitly forming the pairwise kernel matrix.
We generate two kernel matrices of size n × n, the label vector Y contains n2 entries,
one label for each pair. Baseline explicitly constructs the n2 × n2 -sized kernel matrix.

(c) Leave-pair-out CV, Gaussian kernel, 500 features.

(b) Leave-group-out CV, 10 instances per fold, Gaussian kernel, 500 features.

(a) Leave-one-out CV and regularization parameter selection (parameter grid {2−15 , ..., 215 },
linear kernel, equal number of instances and features). Both scikit-learn and GURLS
also implement fast LOO and regularization.

CPU seconds

adapter object. The hypothesis space used depends on the adapter, choices include both
linear and kernel feature spaces, as well as Nyström type of reduced-set approximation.
After training, the adapter creates a suitable type of linear or kernel predictor. The predictor
object can be used or saved to disk independently of the algorithm used to train it.
The API design has been influenced by common Python data analysis environments such
as NumPy, SciPy and scikit-learn, making it easy to combine RLScore with existing data
analysis pipelines. The most fundamental classes in RLScore are learner objects in module
rlscore.learner. At initialization, a learner is trained, and function predict is used for
prediction. The predictor object can also be directly accessed and used independently of
the learner. The majority of the learners also implement fast holdout and cross-validation
functions, and support kernels, and fast multi-target learning. Unit tests are used to verify the implementations. Extensive tutorials describe how RLScore can be used to solve
different types of problems. Listing 1 presents a simple demonstration of the interface.
Listing 1: feature selection with greedy RLS algorithm
import numpy a s np
from r l s c o r e . l e a r n e r import GreedyRLS
from s c i p y . s t a t s import k e n d a l l t a u
#r e g r e s s i o n problem w i t h 3 i m p o r t a n t f e a t u r e s
X = np . random . randn ( 1 0 0 , 2 0 )
y = X [ : , 0 ] + X [ : , 2 ] − X [ : , 5 ] + 0 . 1 ∗ np . random . randn ( 1 0 0 )
#s e l e c t 3 f e a t u r e s w i t h g r e e d y RLS
r l s = GreedyRLS (X [ : 5 0 ] , y [ : 5 0 ] , regparam =1, s u b s e t s i z e =3)
#Did we s e l e c t t h e r i g h t f e a t u r e s ?
print ( r l s . s e l e c t e d )
#Compute t e s t s e t p r e d i c t i o n s
p = r l s . p r e d i c t (X [ 5 0 : ] )
print ( k e n d a l l t a u ( y [ 5 0 : ] , p ) )

4. Benchmarks
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Here we demonstrate the advantages of RLScore solvers on five benchmark tasks. Each of
the considered tasks can be expressed either as a single or a sequence of RLS problems with
closed form solutions. The baseline method solves each resulting system (K + λI)A = Y or
(XT X + λI)W = XT Y with Python numpy.linalg.solve that calls the LAPACK gesv
routine. Further we compare to two existing RLS solvers implemented in Python scikitlearn (version 0.18) (Pedregosa et al., 2011) and the MATLAB GURLS package (Tacchetti
et al., 2013). The RLScore algorithms produce exactly the same results as the compared
methods, but make use of a number of computational short-cuts resulting in substantial
increases in efficiency. GURLS results were not included for LPO and feature selection
as the runtimes were impractically long. Benchmark codes for comparing RLScore and
scikit-learn RLS implementations are included in the RLScore code repository.
3
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This probabilistic notion of stability lends itself nicely to the PAC-Bayes framework,
in which prediction proceeds by drawing a random hypothesis from a distribution on the
hypothesis class. For this and other technical reasons, we use PAC-Bayesian analysis to
derive our generalization bounds. When certain conditions are met by the distributions on
√
the data and hypothesis class, our bounds can be as tight as Õ (1/ mn), where m is the
number of examples, and n is the size of each example. Note that this expression decreases
as either m or n increase. This rate is much tighter than previous results, which only

We therefore have two obstacles: the dependence in the data distribution and the dependence induced by the the predictor. We characterize the former dependence using concepts
from measure concentration theory (Kontorovich and Ramanan, 2008), and we view the
latter dependence through the lens of algorithmic stability. Unlike previous literature (e.g.,
Bousquet and Elisseeff, 2002), we are not interested in the stability of the learning algorithm; rather, we examine the stability of inference (more specifically, a functional of the
predictions) with respect to perturbations of the input. In prior work (London et al., 2013,
2014), we used the term collective stability to describe the stability of the predictions, guaranteeing collective stability for predictors whose inference objectives are strongly convex.
In this work, we propose a form of stability that generalizes collective stability by analyzing
the loss function directly. Our new definition accommodates a broader range of loss functions and predictors, and eliminates our previous reliance on strong convexity. Moreover,
we support functions that are locally stable over some subset of their domain, and random
functions that are stable with high probability.

Part of the difficulty when formalizing this intuition is that the micro examples are
interdependent. Like all statistical arguments, generalization bounds must show that the
empirical error concentrates around the expected error, and analyzing the concentration of
functions of dependent random variables is nontrivial. Moreover, inference in a structured
predictor is typically formulated as a global optimization over all outputs simultaneously.
Due to model-induced dependencies, changes to one input may affect many of the outputs,
which affects the loss differently than in binary or multiclass prediction. Thus, this problem
cannot be viewed as simply learning from interdependent data, which has been studied
extensively (e.g., Usunier et al., 2006; Mohri and Rostamizadeh, 2010; Ralaivola et al.,
2010).

The intuition behind our analysis is motivated by a common practice known alternatively as templating or parameter-tying. At a high level, templating shares parameters
across substructures (e.g., nodes, edges, etc.) with identical local structure. (Templating
is explained in detail in Section 2.2.2.) Originally proposed for relational learning as a way
of dealing with non-uniformly-structured examples, templating has an additional benefit in
that it effectively limits the complexity of the hypothesis class by reducing the number of
parameters to be learned. Each instance of a substructure within an example acts as a kind
of “micro example” of a template. Since each example may contain many micro examples,
it is plausible that generalization could occur from even a single example.

we address the question of when generalization is possible in this setting. We derive new
generalization bounds for structured prediction that are far more optimistic than previous
results. When sufficient conditions hold, our bounds guarantee generalization from a few
large examples—even just one.

London, Huang and Getoor

Many important applications of machine learning require making multiple interdependent
predictions whose dependence relationships form a graph. In some cases, the number of
inputs and outputs can be enormous. For instance, in natural language processing, a document may contain thousands of words to be assigned a part-of-speech tag; in computer
vision, a digital image may contain millions of pixels to be segmented; and in social network
analysis, a relational graph may contain millions of users to be categorized. Obtaining fully
annotated examples can be time-consuming and expensive, due to the number of variables.
It is therefore common to train a structured predictor on far fewer examples than are used
in the unstructured setting. In the extreme (yet not atypical) case, the training set consists
of a single example, with large internal structure. A central question in statistical learning
theory is generalization; that is, whether the expected error at test time will be reasonably
close to the empirical error measured during training. Canonical learning-theoretic results
for structured prediction (e.g., Taskar et al., 2004; Bartlett et al., 2005; McAllester, 2007)
only guarantee generalization when the number of training examples is high. Yet, this pessimism contradicts a wealth of experimental results (e.g., Taskar et al., 2002; Tsochantaridis
et al., 2005), which indicate that training on a few large examples is sufficient. In this work,

1. Introduction

Keywords: structured prediction, learning theory, PAC-Bayes, generalization bounds

Structured prediction models have been found to learn effectively from a few large examples—
sometimes even just one. Despite empirical evidence, canonical learning theory cannot
guarantee generalization in this setting because the error bounds decrease as a function of
the number of examples. We therefore propose new PAC-Bayesian generalization bounds
for structured prediction that decrease as a function of both the number of examples and
the size of each example. Our analysis hinges on the stability of joint inference and the
smoothness of the data distribution. We apply our bounds to several common learning
scenarios, including max-margin and soft-max training of Markov random fields. Under
certain conditions, the resulting error bounds can be far more optimistic than previous
results and can even guarantee generalization from a single large example.
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√
guarantee Õ (1/ m). From our bounds, we conclude that it is indeed possible to generalize
from a few large examples—potentially even just one.
1.1 Related Work
One of the earliest explorations of generalization in structured prediction is by Collins
(2001), who developed risk bounds for language parsers using various classical tools, such as
the Vapnik-Chervonenkis dimension and margin theory. In Taskar et al.’s (2004) landmark
paper on max-margin Markov networks, the authors use covering numbers to derive risk
bounds for their proposed class of models. Bartlett et al. (2005) improved this result using
PAC-Bayesian analysis.1 McAllester (2007; 2011) provided a comprehensive PAC-Bayesian
study of various structured losses and learning algorithms. Recently, Hazan et al. (2013)
proposed a PAC-Bayes bound with a form often attributed to Catoni (2007), which can be
minimized directly using gradient descent. Giguère et al. (2013) used PAC-Bayesian analysis
to derive risk bounds for the kernel regression approach to structured prediction. In a similar
vein as the above literature, yet taking a significantly different approach, Bradley and
Guestrin (2012) derived finite sample complexity bounds for learning conditional random
fields using the composite likelihood estimator.
All of the above works have approached the problem from the traditional viewpoint,
that the generalization error should decrease proportionally to the number of examples. In
a previous publication (London et al., 2013), we proposed the first bounds that decrease
with both the number of examples and the size of each example (given suitably weak dependence within each example). We later refined these results using PAC-Bayesian analysis
(London et al., 2014). Our current work builds upon this foundation to derive similarly
optimistic generalization bounds, while accommodating a broader range of loss functions
and hypothesis classes.
From a certain perspective, our work fits into a large body of literature on learning from
various types of interdependent data. Most of this is devoted to “unstructured” prediction.
Usunier et al. (2006) and Ralaivola et al. (2010) used concepts from graph coloring to analyze generalization in learning problems that induce a dependency graph, such as bipartite
ranking. In this case, the training data contains dependencies, but prediction is localized
to each input-output pair. Similarly, Mohri and Rostamizadeh (2009, 2010) derived risk
bounds for φ-mixing and β-mixing temporal data, using an “independent blocking” technique due to Yu (1994). The hypotheses they consider predict each time step independently,
which makes independent blocking possible. Since we are interested in hypotheses (and loss
functions) that perform joint inference, which may not decompose over the outputs, we
cannot employ techniques such as graph coloring and independent blocking.
A related area of research is learning to forecast time series data. In this setting, the
goal is to predict the next (or, some future) value in the series, given (a moving window of)
previous observations. The generalization error of time series forecasting has been studied
extensively by McDonald et al. (e.g., 2012) in the β-mixing regime. Similarly, Alquier and
Wintenburger (2012) derived oracle inequalities for φ-mixing conditions.

JMLR 17(222):1-52

1. PAC-Bayesian analysis is often accredited to McAllester (1998, 1999), and has been refined by a number
of authors (e.g., Herbrich and Graepel, 2001; Langford and Shawe-Taylor, 2002; Seeger, 2002; Ambroladze
et al., 2006; Catoni, 2007; Germain et al., 2009; Lever et al., 2010; Seldin et al., 2012).
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The idea of learning from one example is related to the “one-network” learning paradigm,
in which data is generated by a (possibly infinite) random field, with certain labels observed
for training. The underlying model is estimated from the partially observed network, and
the learned model is used to predict the missing labels, typically with some form of joint
inference. Xiang and Neville (2011) examined maximum likelihood and pseudo-likelihood
estimation in this setting, proving that are asymptotically consistent. Note that this is
a transductive setting, in that the network data is fixed (i.e., realized), so the learned
hypothesis is not expected to generalize to other network data. In contrast, we analyze
inductive learning, wherein the model is applied to future draws from a distribution over
network data.
Connections between stability and generalization have been explored in various forms.
Bousquet and Elisseeff (2002) proposed the stability of a learning algorithm as a tool for
analyzing generalization error. Wainwright (2006) analyzed the stability of marginal probabilities in variational inference, identifying the relationship between stability and strong
convexity (similar to our work in London et al., 2013, 2014). He used this result to show that
an inconsistent estimator, which uses approximate inference during training, can asymptotically yield lower regret (relative to the optimal Bayes least squares estimator) than using
the true model with approximate inference. Honorio (2011) showed that the Bayes error
rate of various graphical models is related to the stability of their log-likelihood functions
with respect to changes in the model parameters.
1.2 Our Contributions

JMLR 17(222):1-52

Our primary contribution is a new PAC-Bayesian analysis of structured prediction, producing generalization bounds that decrease when either the number of examples, m, or the
size of each example, n, increase. Under suitable conditions, our bounds can be as tight as
√
Õ (1/ mn). Our results apply to any composition of loss function and hypothesis class that
satisfies our local stability conditions, which includes a broad range of modeling regimes
used in practice. We also propose a novel view of PAC-Bayesian “derandomization,” based
on the principle of stability, which provides a general proof technique for converting a generalization bound for a randomized structured predictor into a bound for a deterministic
structured predictor.
As part of our analysis, we derive a new bound on the moment-generating function of
a locally stable functional. The tightness of this bound (hence, our generalization bounds)
hinges on a measure of the aggregate dependence between the random variables within each
example. Our bounds are meaningful when the dependence is sub-logarithmic in the number
of variables. We provide two examples of stochastic processes for which this condition holds.
These results, and their implications for measure concentration, are of independent interest.
We apply our PAC-Bayes bounds to several common learning scenarios, including maxmargin and soft-max training of (conditional) Markov random fields. To demonstrate the
benefit of local stability analysis, we also consider a specific generative process that induces
unbounded stability in certain predictors, given certain inputs. These examples suggest
several factors to be considered when modeling structured data, in order to obtain the fast
generalization rate: (1) templating is crucial; (2) the norm of the parameters contributes
to the stability of inference, and should be controlled via regularization; and (3) limiting
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is a normalizing function known as the log-partition.
For convenience, we represent the label space, Y, by the set of |Y| standard basis (i.e.,
“one-hot”) vectors, e1 , . . . , e|Y| . Thus, the joint state of a clique, c, is represented by a

where

2. To minimize bookkeeping, we have assumed a one-to-one correspondence between input and output
variables, and that the Zi variables have identical domains, but these assumptions can be relaxed.

To better understand structured prediction, it will help to consider a specific hypothesis
class. One popular class is that of Markov random fields (MRFs), a broad family of undirected graphical models that generalizes many models used in practice, such as relational
Markov networks (Taskar et al., 2002), conditional random fields (Lafferty et al., 2001), and
Markov logic networks (Richardson and Domingos, 2006). In this section, we review some
background on MRFs.
Recall that each example is associated with a dependency graph, G , (V, E). We
assume that the edge set is undirected. This does not limit the applicability of our analysis,
since there exists a straightforward conversion from directed models (Koller and Friedman,
2009). The parameters of an MRF are organized according to the cliques (i.e., complete
subgraphs), C, contained in G. For each clique, c ∈ C, we associate a real-valued potential
function, θc (y | x; w), parameterized by a vector of weights, w ∈ Rd , for some d ≥ 1. This
function indicates the score for Yc being in state yc , conditioned on the observation X = x.
The potentials define a log-linear conditional probability distribution,
!
X
p (Y = y | X = x; w) , exp
θc (y | x; w) − Φ(x; w) ,

2.2.1 Markov Random Fields

At its core, structured prediction (sometimes referred to as structured output prediction or
structured learning) is about learning concepts that have a natural internal structure. In
the framework we consider, each example of a concept contains n interdependent random
variables, Z , (Zi )ni=1 , with joint distribution D. Each Zi , (Xi , Yi ) is an input-output
pair, taking values in Z = X × Y.2 Each example is associated with an implicit dependency
graph, G , (V, E), where V , {1, . . . , n} indexes Z, and E captures the dependencies in
Z. Unless otherwise stated, assume that the edge structure is given a priori. The edge
structure may be obvious from context, or may be inferred beforehand. To simplify our
analysis, we assume that each example uses the same structure.
The prediction task is to infer Y , (Yi )ni=1 , conditioned on X , (Xi )ni=1 . A hypothesis, h, maps X n to Y n , using some internal parametric representation that incorporates
the structure of the problem (an example of which is given in Section 2.2.1). We are interested in hypotheses that perform joint reasoning over all variables simultaneously. We
therefore assume that computing h(X) implicitly involves a global optimization that does
not decompose over the outputs, due to dependencies.

2.2 Structured Prediction

London, Huang and Getoor

Let X ⊆ Rk denote a domain of observations, and let Y denote a finite set of discrete labels.
Let Z , X × Y denote the cross product of the two, representing input-output pairs.
Let Z , (Zi )ni=1 denote a set of n random variables, with joint distribution D on a
sample space Z n . We denote realizations of Z by z ∈ Z n . We use PrZ∼D { · } to denote
the probability of an event over realizations of Z, distributed according to D. Similarly,
we use EZ∼D [ · ] to specify an expectation over Z. When it is clear from context which
variable(s) and distribution the probability (or expectation) is taken over, we may omit the
subscript notation. We will occasionally employ the shorthand D(S) to denote the measure
of a subset S ⊆ Z n under D; i.e., D(S) = PrZ∼D {Z ∈ S}. With a slight abuse of notation,
which should be clear from context, we also use D(Zi:j | E) to denote the distribution of
some subset of the variables, (Zi , . . . , Zj ), conditioned on an event, E.
For a graph G , (V, E), with nodes V and edges E, we use |G| , |V| + |E| to denote the
total number of nodes and edges in G.

2.1 Notational Conventions

This section introduces the notation and background used in this paper. We begin with
notational conventions. We then formally define structured prediction and review some
background on templated Markov random fields, a general class of probabilistic graphical
models commonly used in structured prediction. Finally, we review the concept of generalization and discuss the PAC-Bayes framework, which we use to state our main results.

2. Preliminaries

The remainder of this paper is organized as follows. Section 2 introduces the notation used
throughout the paper and reviews some background in structured prediction, templated
Markov random fields, generalization error and PAC-Bayesian analysis. In Section 3, we
propose general properties that characterize the local stability of a generic functional (e.g.,
the composition of a loss function and hypothesis). In Section 4, we introduce the statistical quantities and inequalities used in our analysis, as well as some examples of “nice”
dependence conditions. Section 5 presents our main results: new PAC-Bayes bounds for
structured prediction. We also propose a general proof technique for derandomizing the
bounds using stability. In Section 6, we apply our bounds to a number of common learning
scenarios. Specifically, we examine learning templated Markov random fields in the maxmargin and soft-max frameworks, under various assumptions about the data distribution.
Section 7 concludes our study with a discussion of the results and their implications for
practitioners of structured prediction.

1.3 Organization

local interactions in the model can improve stability, hence, generalization. All of these
considerations can be summarized by the classic tension between representational power
and overfitting, applied to the structured setting. Most importantly, these examples confirm
that generalization from limited training examples is indeed possible for many structured
prediction techniques used in practice.
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X

and ŷ , (yc )c∈C ,

θc (y | x; w) = θ(x; w) · ŷ.

θ(x; w) , (θ c (x; w))c∈C

θc (y | x; w) = θ c (x; w) · yc .

N
vector, yc = i∈c yi , of length |Yc | , |Y||c| . With a slight abuse of notation, we overload
the potential functions so that θ c (x; w) ∈ R|Yc | denotes a vector of potentials, and

Thus, with
we have that
c∈C

We refer to ŷ as the full representation of y.
The canonical inference problems for MRFs are maximum a posteriori (MAP) inference,
which computes the mode of the distribution,
y∈Y n

arg max p (Y = y | X = x; w) ,
and marginal inference, which computes the marginal distribution of a subset of the variables. In general, both tasks are intractable—MAP inference is NP-hard and marginal
inference is #P-hard (Roth, 1996)—though there are some useful special cases for which
inference is tractable, and many approximation algorithms for the general case. In this
work, we assume that an efficient (approximate) inference algorithm is given.
2.2.2 Templating
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An important property of the above construction is that the same vector of weights, w, is
used to parameterize all of the potential functions. One could imagine that w contains a
unique subvector, wc , for every clique. However, one could also bin the cliques by a set
of templates—such as singletons (nodes), pairs (edges) or triangles (hyperedges)—then use
the same weights for each template. This technique is alternatively referred to as templating
or parameter-tying.
With templating, one can define general inductive rules to reason about datasets of
arbitrary size and structure. Because of this flexibility, templating is used in many relational
models, such as relational Markov networks (Taskar et al., 2002), relational dependency
networks (Neville and Jensen, 2004), and Markov logic networks (Richardson and Domingos,
2006).
A templated model implicitly assumes that all groundings (i.e., instances) of a template should be modeled identically, meaning location within the graph is irrelevant. A
non-templated model is location-aware and therefore has higher representational power.
However, without templating, the dimensionality of w scales with the number of cliques;
whereas, with templating, the dimensionality of w is constant. Thus, we find the classic
tension between representational power and overfitting. To mitigate overfitting, one must
restrict model complexity. Yet, too little expressivity will hamper predictive performance.
This consideration is critical to the application of our generalization bounds.
In practice, templated models typically consist of unary and pairwise templates. We
refer to these as pairwise models. Higher-order templates (i.e., cliques of three or more)
7
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can capture certain inductive rules that pairwise models cannot. For example, for a binary
relation r, the transitive closure r(A, B) ∧ r(B, C) =⇒ r(A, C) requires triadic templates.
Rules like this are sometimes used for link prediction and entity resolution. Of course, this
additional expressivity comes at a cost, as will become apparent later.

2.2.3 Defining the Potential Functions

In many applications of MRFs, the potentials are defined as multilinear functions of (w, x, y).
For example, assuming each node i has local observations xi ∈ X and label yi ∈ Y, we can
define a vector of local features,
fi (x, y) , xi ⊗ yi ,

fij (x, y) ,

 
1 xi
⊗ (yi ⊗ yj ).
2 xj

using the Kronecker product (since yi is a standard basis vector). Similarly, for each edge
{i, j} ∈ E, let

w,



ws
wp



θ(x; w) · ŷ = w · f (x, y).

 P

fi (x, y)
and f (x, y) , P i∈V
,
{i,j}∈E fij (x, y)

Here, we have defined the edge features using a concatenation of the local observations,
though this need not be the case. In general, the edge features can be arbitrary functions of the observations, such as kernels or similarity functions. Or, we could eschew the
observations altogether and just use yi ⊗ yj , which is typical in practice.
The potential functions are then defined as weighted feature functions. For the following,
we will assume that the weights are templated, as described in Section 2.2.2. For each node,
we associate a set of singleton weights, ws ∈ Rds , and for each edge, a set of pairwise weights,
wp ∈ Rdp , where ds and dp denote the respective lengths of the node and edge features.
Then,
θi (y | x; w) , ws · fi (x, y) and θij (y | x; w) , wp · fij (x, y);
and, with

we have that

In Section 6, we apply our generalization bounds to the above construction of a templated MRF, consisting of singleton and pairwise linear potentials (with or without edge
features).
2.3 Learning and Generalization
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m , drawn independently and identically
Given a set of m training examples, Ẑ , (Z(l) )l=1
from D, the goal of learning is to produce a hypothesis from a specified class, denoted
H ⊆ {h : X n → Y n }. We do not assume that the data is generated according to some
target concept in H, so H may be misspecified.
Hypotheses are evaluated using a loss function of the form L : H × Z n → R+ , which
may have access to the internal representation of the hypothesis. For a given loss function,

8

h∼Q

h∼Q
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3. Our definition of generalization error differs from some literature, in which the term is used to refer to
the expected loss.

A key component of our analysis is the stability of the loss function. In this section, we
introduce some definitions of stability and relate them to other forms found in the literature.
Broadly speaking, stability ensures that changes to the input result in proportional changes
in the output. In structured prediction, where inference is typically a global optimization
over many interdependent variables, changing any single observation may affect many of
the inferred values. The structured loss functions we consider implicitly require some form

3. Stability

The goal of PAC-Bayesian analysis is to upper-bound some measure of discrepancy between
these quantities. The discrepancy is sometimes defined as the KL divergence between error
rates, or the squared difference. In this work, we upper-bound the difference, L(Q)−L̂(Q, Ẑ),
which is the PAC-Bayesian analog of the generalization error.

PAC-Bayes is a framework for analyzing the risk of a randomized predictor. One begins by
fixing a prior distribution, P, on the hypothesis space, H. Then, given some training data,
one constructs a posterior distribution, Q, the parameters of which are typically learned
from the training data. For example, when H is a subset of Euclidean space, a common
PAC-Bayesian construction is a standard multivariate Gaussian prior with an isotropic
Gaussian posterior, centered at the learned hypothesis. To make a prediction on an input,
x, one draws a hypothesis, h ∈ H, according to Q, then computes h(x).
Since prediction is randomized, the risk quantities are defined over draws of h, which
we denote by




L̂(Q, Ẑ) , E L̂(h, Ẑ) and L(Q) , E L(h) .

2.3.1 PAC-Bayes

denote the average loss on the training set, Ẑ. Most learning algorithms minimize (an upper
bound on) L̂(h, Ẑ), since it is an empirical estimate of the risk.
The goal of our analysis is to upper-bound the difference of the expected and empirical
risks, L(h) − L̂(h, Ẑ)—which we refer to as the generalization error 3 —thereby yielding
an upper bound on the risk. As is typically done in generalization analysis, we show
that, with high probability over draws of a training set, the generalization error is upperbounded by a function of certain properties of the domain, hypothesis class and learning
algorithm, which decreases as the (effective) size of the training set increases. Note that
small generalization error does not necessarily imply small risk, since the empirical risk may
be large. Nonetheless, small generalization error implies that the empirical risk will be a
good estimate of the risk, thus motivating empirical risk minimization.

l=1

1 X
L(h, Z(l) )
m

m

i=1

n
X

1{zi 6= zi0 }.
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Definition 2 has an alternate probabilistic interpretation. If D is a distribution on Z n ,
then Equation 1 holds with some probability over draws of z, z0 ∼ D. If the bad set BZ
has measure D(BZ ) ≤ ν, then (β, BZ )-local stability is similar to, though slightly weaker
than, the strongly difference-bounded property proposed by Kutin (2002). If ϕ is strongly
difference-bounded, then Equation 1 must hold for any z ∈
/ BZ and z0 ∈ Z n (which could
be in BZ ). All functions that are strongly difference-bounded are locally stable, but the
converse is not true.
The notion of probabilistic stability can be extended to distributions on the function
class. For any stability parameter β (and bad inputs BZ ), the function class is partitioned
into functions that satisfy Equation 1, and those that do not. Therefore, for any distribution
Q on F, uniform (or local) stability holds with some probability over draws of ϕ ∼ Q. This
idea motivates the following definition.

Definition 2. For a subset BZ ⊆ Z n , we say that a function ϕ ∈ F is (β, BZ )-locally stable
if Equation 1 holds for all z, z0 ∈
/ BZ . The class F is (β, BZ )-locally stable if every ϕ ∈ F
is (β, BZ )-locally stable.

Equation 1 means that the change in the output should be proportional to the Hamming
distance between the inputs. Put differently, a uniformly stable function is Lipschitz under
the Hamming norm.
Uniform stability over the entire domain can be a strong requirement. Sometimes,
stability only holds for a certain subset of inputs, such as points contained in a Euclidean
ball of a certain radius. We refer to the set of inputs for which stability holds as the
“good” set; all other inputs are “bad.” The precise meaning of good and bad depends on
the hypothesis class. Given some delineation of good and bad, we obtain the following
localized notion of stability.

Similarly, the class F is β-uniformly stable if every ϕ ∈ F is β-uniformly stable.

Definition 1. We say that a function ϕ ∈ F is β-uniformly stable if, for any inputs
z, z0 ∈ Z n ,
ϕ(z) − ϕ(z0 ) ≤ β Dh (z, z0 ).
(1)

Throughout this section, let F , {ϕ : Z n → R} denote an arbitrary class of functionals; e.g.,
F could be a structured loss function composed with a class of hypotheses. The definitions
in this section describe notions of stability that hold either uniformly over the domain of
F (for each ϕ ∈ F), or locally over some subset of the domain (for some subset of F).

3.1 Uniform and Local Stability

Dh (z, z0 ) ,

of joint inference; therefore, their stability is nontrivial. In this chapter, we introduce some
definitions of stability and relate them to other forms found in the literature.
The following definitions will make use of the Hamming distance. For vectors z, z0 ∈ Z n ,
denote their Hamming distance by

L, let L(h) , EZ∼D [L(h, Z)] denote the expected loss over realizations of an example. This
quantity, known as the risk, corresponds to the error h will incur on future predictions. Let

L̂(h, Ẑ) ,
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Definition 3. Fix some β ≥ 0 and BZ ⊆ Z n , and let BF ⊆ F denote the subset of functions
that are not (β, BZ )-locally stable. We say that a distribution Q on F is (β, BZ , η)-locally
stable if Q(BF ) ≤ η.
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A∈Σ

kP − Qktv , sup |P(A) − Q(A)| .

ω∈Ω

1X
|P(ω) − Q(ω)| .
2

As a special case, when the sample space, Ω, is finite,
kP − Qktv =

4. See (London et al., 2013, 2014) for a precise definition of loss admissibility.
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For probability measures P and Q on a σ-algebra (i.e., event space) Σ, the total variation
distance is

4.1 Quantifying Dependence

Reasoning about the concentration of functions of dependent random variables requires
sophisticated statistical machinery. In this section, we review some supporting definitions
and introduce a quantity to summarize the amount of dependence in the data distribution.
We use this quantity in a new moment-generating function inequality for locally stable
functions of dependent random variables. We then provide some example conditions under
which dependence is suitably bounded, thereby supporting improved generalization bounds.

4. Statistical Tools

We later relaxed this requirement to various non-uniform definitions of collective stability
(London et al., 2014). Because collective stability implicitly involves the maximizing argument of a high-dimensional global optimization (i.e., a vector of predictions), we restricted
our previous analyses to predictors with strongly convex inference objectives. Strong convexity let us bound the collective stability of a predictor, hence, the stability of its output
composed with an admissible 4 loss function. Our new definitions involve the output of a
functional (i.e., a scalar-valued function of multiple inputs), which essentially means that we
are interested in the stability of the loss, instead of the collective stability of the predictions.
In our new analysis, the loss function has access to the model and may use it for inference.
However, the loss function may not require the same inference used for prediction. (For
example, the losses considered in Section 6 use the maximum of the inference objective
instead of the maximizing argument.) This framework lets us analyze a broad range of
structured losses, without requiring strongly convex inference. Further, it can be shown
that any predictor with “good” collective stability (such as one with a strongly convex inference objective), composed with an admissible loss function, satisfies our new definitions
of stability. Therefore, our new definitions are strictly more general than collective stability.

the most likely assignment does not change (Chan and Darwiche, 2005, 2006). Stability
measures how much the likelihood or most likely assignment changes.
Our first generalization bounds for structured prediction (London et al., 2013) crucially
relied on a property
we referred to as uniform collective stability. A class of vector-valued

functions, G , g : Z n → RN , has β-uniform collective stability if, for any g ∈ G, and any
z, z0 ∈ Z n ,
g(z) − g(z0 ) 1 ≤ β Dh (z, z0 ).

Note the taxonomical relationship between these definitions. Definition 1 is the strongest
condition, since it implies Definitions 2 and 3. Clearly, if F is β-uniformly stable, then it is
(β, ∅)-locally and (β, ∅, 0)-locally stable. Definition 2 extends Definition 1 by accommodating broader domains. Definition 3 extends this even further, by accommodating classes in
which only some functions satisfy local stability.
Definition 3 is particularly interesting in the PAC-Bayes framework, in which a predictor
is selected at random according to a (learned) posterior distribution. With prior knowledge
of the hypothesis class (and data distribution), a posterior can be constructed so as to
place low mass on predictors that do not satisfy uniform or local stability. As we show in
Section 6, this technique lets us relax certain restrictions on the hypothesis class.
Stability measures the change in the output relative to the change in the inputs. A
related property is that the change in the output is bounded—i.e., the function has bounded
range.
Definition 4. We say that ϕ ∈ F is α-uniformly range-bounded if, for any z, z0 ∈ Z n ,
ϕ(z) − ϕ(z0 ) ≤ α.
Range-boundedness is implied by stability, but the range constant, α, may be smaller than
the upper bound implied by stability. Our analysis uses range-boundedness as a fall-back
property when “good” stability does not hold.
3.2 Connections to Other Notions of Stability

JMLR 17(222):1-52

In the learning theory literature, the word “stability” has traditionally been associated with
a learning algorithm, rather than an inference algorithm. A learning algorithm is said to be
stable with respect to a loss function if the loss of a learned hypothesis varies by a bounded
amount upon replacing (or deleting) examples from the training set. This property has
been used to derive generalization bounds (e.g., Bousquet and Elisseeff, 2002), similar to
the way we use stability of inference. The key idea is that stability enables concentration
of measure, which is central to generalization. That said, learning stability is distinct from
inference stability, and neither property implies the other. Indeed, a learning algorithm
might return hypotheses with drastically different losses for slightly different training sets,
even if each hypothesis, composed with the loss function, is uniformly stable. Likewise, a
stable learning algorithm might produce hypotheses with unstable loss.
Our definition of stability should also be contrasted with sensitivity analysis. Since the
terms are often used interchangeably, we distinguish the two as follows: stability measures
the amount of change induced in the output of a function upon perturbing its input within
a certain range, and sensitivity analysis measures the amount of perturbation one can apply
to the input such that its output remains within a certain range. By these definitions, one
is the dual of the other. In the context of probabilistic inference, sensitivity analysis has
been used to determine the maximum amount one can perturb the model parameters (or
evidence) such that the likelihood of a query stays within a given tolerance, or such that
11

tv

.

∞

i∈[n]

, max

j=1

n
X
π
γij
,
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5. The ϑ-mixing coefficients were introduced by Kontorovich and Ramanan (2008) as η-mixing and are
related to the maximal coupling coefficients used by Chazottes et al. (2007).

which effectively measures the maximal aggregate influence of any single variable, given
the filtration. Observe that, if (Z1 , . . . , Zn ) are mutually independent, then Γπ
B is the
identity matrix and Γπ
B ∞ = 1. At the other extreme, if (Z1 , . . . , Zn ) are deterministically
dependent, then the top row of ΓBπ is n, so Γπ
B ∞ = n.

Γπ
B

Each ϑ-mixing coefficient measures the influence of some variable, Zπi (i) , on some subset,
Zπi (j:n) , given some assignment to the variables, Zπi (1:i−1) , that preceded Zπi (i) in the
π measures the maximal influence of Z
filtration; γij
πi (i) conditioned on any assignment to
Zπi (1:i−1) . Thus, to summarize the amount of dependence in the data distribution, we use
the induced matrix infinity norm of Γπ
B , denoted

When BZ = ∅, we simply omit the subscript notation.

n×n , with entries
We use these to define the upper-triangular dependency matrix, Γπ
B ∈ R


for i = j,

1
π (z, z, z 0 ) for i < j,
π
sup
ϑ
i−1
γij ,
ij
z∈Z
, z,z 0 ∈Z i (z)
π,B
π,B


0
for i > j.



0
0
ϑπ
ij (z, z, z ) , D Zπi (j:n) | B, Zπi (1:i) = (z, z) − D Zπi (j:n) | B, Zπi (1:i) = (z, z )

Definition 6. Let Z , (Zi )ni=1 denote random variables with joint distribution D on Z n .
Fix a filtration, π ∈ Π(n), and a set of inputs, BZ ⊆ Z n . Let B denote the event Z ∈
/ BZ .
i
i , Z
For i ∈ [n], let Zπ,
denote the subset of Z i such that, for every z ∈ Zπ,
πi (1:i) = z is
B
B
i−1
i (z) denote the
, let Zπ,
consistent with B. With a slight abuse of notation, for z ∈ Zπ,
B
B
i
subset of Z such that, for any z ∈ Zπ,B (z), Zπi (1:i) = (z, z) is consistent with B. Then, for
i−1
i (z), we define the ϑ-mixing coefficients 5 as
i ∈ [n], j > i, z ∈ Zπ,
and z, z 0 ∈ Zπ,
B
B

The following data structure quantifies the dependence between subsets of variables
defined by a filtration.

Let Π(n) denote the set of all filtrations for a given n.
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This bound yields a novel concentration inequality for uniformly stable functions of dependent random variables, which we discuss in Appendix A.4. Though we will not use this
corollary in our analysis, it may be of independent interest.
Proposition 1 builds on work by Samson (2000), Chazottes et al. (2007) and Kontorovich
and Ramanan (2008). Our analysis differs from theirs in that we accommodate functions
that are not uniformly stable. In this respect, our analysis is similar to that of Kutin (2002)
and Vu (2002), though these works assume independence between variables. Because we

Proposition 1. Let Z , (Zi )ni=1 denote random variables with joint distribution D on Z n .
Fix a set of “bad” inputs, BZ ⊆ Z n , and let B denote the event Z ∈
/ BZ . Let ϕ : Z n → R
denote a measurable function with (β, BZ )-local stability. Then, for any τ ∈ R and filtration
π ∈ Π(n),
 2

h
i
τ
2
E eτ (ϕ(Z)−E[ϕ(Z) | B]) | B ≤ exp
nβ 2 Γπ
.
B ∞
Z∼D
8

With the supporting definitions in mind, we now present a new moment-generating function
inequality for locally stable functions of dependent random variables. The proof is provided
in Appendix A.3.

4.2 A Moment-Generating Function Inequality for Local Stability

Viewed through the lens of stability, ΓBπ ∞ can be interpreted as measuring the stability of the data distribution. From this perspective, distributions with strong, long-range
dependencies (when Γπ
B ∞ is big) are unstable, whereas distributions with weak, localized dependence (when Γπ
B ∞ is small) are stable. Intuitively, the same can be said for
inference in MRFs; potentials that emphasize interactions between adjacent variables create long-range dependencies, which causes instability, whereas potentials that emphasize
local signal make adjacent variables more independent, which promotes stability. Thus,
dependence and stability are two sides of the same coin.
The filtration used to define Γπ
Γπ
B can have a strong impact on
B ∞ . Since we do not
assume that Z corresponds to a temporal process, there may not be an obvious ordering of
the variables. However, the types of stochastic processes we are interested in are typically
endowed with a topology. If the topology is a graph, the filtration can be determined by
traversing the graph. For instance, for a Markov tree process, Kontorovich (2012) ordered
the variables via a breadth-first traversal from the root; for an Ising model on a lattice,
Chazottes et al. (2007) ordered the variables with a spiraling traversal from the origin.
(Both of these examples used a static permutation of the variables, not a filtration.) If
the filtration is determined by graph traversal, the ϑ-mixing coefficients can be viewed as
measuring the strength of dependence as a function of graph distance. Viewed as such,
Γπ
B ∞ effectively captures the slowest decay of dependence along any traversal from a
given set of traversals.
The aforementioned works (Kontorovich, 2012; Chazottes et al., 2007) showed that,
for Markov trees and grids, under suitable contraction or temperature regimes, ΓBπ ∞ is
bounded independently of n (i.e., Γπ
B ∞ = O(1)). By exploiting filtrations, we can show
that the same holds for Markov random fields of any bounded-degree structure, provided
the distribution exhibits suitable mixing. We discuss these conditions in Section 4.3.

Let π be a permutation of [n] , {1, . . . , n}, where π(i) denotes the ith element in the
sequence and π(i : j) denotes a subsequence of elements i through j. Used to index variables
Z , (Zi )ni=1 , denote by Zπ(i) the ith variable in the permutation and Zπ(i:j) the subsequence
(Zπ(i) , . . . , Zπ(j) ).

Definition 5. We say that a sequence of permutations, π , (πi )ni=1 , is a filtration if, for
i = 1, . . . , n − 1,
πi (1 : i) = πi+1 (1 : i).

London, Huang and Getoor
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allow interdependence—as well as other technical challenges, related to our definitions of
local stability—we do not use the same proof techniques as the aforementioned works.
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4.3 Bounded Dependence Conditions

D (ZT | ZS = z, Zi = z) − D ZT | ZS = z, Zi = z 0

tv

,

j=1 j

P∞

−p

kΓπ k∞ ≤

is the Riemann zeta function.
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We now present some new PAC-Bayes generalization bounds using the stability definitions
from Section 3. The first theorem is stated for a given stability parameter, β. We then
generalize this result to hold for all β simultaneously, meaning β can depend on the posterior.
We conclude this section with a general technique for derandomizing the bounds based on
stability.
It will help to begin with a high-level sketch of the analysis, which we specialize to
various settings in Sections 5.1 and 5.2. It will help to view the composition of the loss
function, L, and the hypothesis class, H, as a family of functions, L ◦ H = {L(h, ·) : h ∈ H}.
If Q is a distribution on H, it is also a distribution on L ◦ H. Each member of L ◦ H is a
random function, determined by the draw of h ∼ Q. Further, when L(h, ·) is composed with
a training set Ẑ ∼ Dm in L̂(h, ·), the generalization error, L(h)− L̂(h, Ẑ), becomes a centered
random variable. Part of our analysis involves bounding the moment-generating function
of this random variable, and to do so requires the notions of stability from Section 3. The
stability of L(h, ·) is determined by h, so the “bad” members of L ◦ H are in fact the “bad”
hypotheses (for the given loss function).
m denote a training set of m structured examples, distributed according
Let Ẑ , (Z(l) )l=1
to Dm . Fix some β ≥ 0 and a set of bad inputs BZ , with measure ν , D(BZ ). Implicitly, the

5. PAC-Bayes Bounds

The proof is provided in Appendix A.6.
For p > 1, the Riemann function converges to a constant. For example, ζ(2) = π 2 /6 ≈
1.645. However, even p = 1 yields a sufficiently low growth rate. In the following section, we
√
prove generalization bounds of the form O (kΓπ k∞ / mn), which still converges if kΓπ k∞ =
O(ln n), albeit at a slower rate.

where ζ(p) ,

Proposition 3. Suppose D is an undirected Markov chain (i.e., chain-structured MRF)
of length n. For any constants  > 0 and p ≥ 1, if D admits a distance-based ϑ-mixing
sequence such that, for all k ≥ 1, ϑ(k) ≤ k −p , then there exists a filtration, π, such that
(
1 +  (1 + ln(n − 1)) if p = 1,
1 +  ζ(p)
if p > 1,

ϑ-mixing coefficient must be less than 1/∆G . This loosely means that the combination of all
incoming influence must be less than 1, implying that there is sufficiently strong influence
from local observations.
Another important setting is when the graph is a chain. Chain-structured stochastic
processes (usually temporal) under various mixing assumptions have been well-studied (see
Bradley, 2005 for a comprehensive survey). It can be shown that any contracting Markov
chain has kΓπ k∞ = O(1) (Kontorovich, 2012). Here, we provide an alternate condition,
using distance-based ϑ-mixing, under which the dependency matrix of a Markov chain has
suitably low norm. The key property of a chain graph is that the number of nodes at
distance k from any starting node is constant. We can therefore relax the assumption of
geometric decay used in the previous result.

The infinity norm of the dependency matrix has a trivial upper bound, Γπ
B ∞ ≤ n. However, we are interested in bounds that are sub-logarithmic in (or, even better, independent
of) n. In this section, we describe some general settings in which ΓBπ ∞ has a nontrivial
upper bound.
n
For the remainder of this section, let Z , (Zi )i=1
denote random variables with joint
distribution D on Z n . Assume that D is associated with a graph, G , (V, E), where V , [n]
indexes Z.
We use the following notion of distance-based dependence. For simplicity of exposition,
we assume that BZ = ∅, so we can omit B from the following notation.

sup

Definition 7. For any two subsets, S, T ⊆ V, we define their graph distance, Dg (S, T ), as
the length of the shortest path from any node in S to any node in T . We then define the
distance-based ϑ-mixing coefficients as

ϑ(k) ,

S⊆V, i∈S
T ⊆V\S:Dg (i,T )≥k
z∈Z |S|−1 , z,z 0 ∈Z

where ϑ(0) , 1.
The distance-based ϑ-mixing coefficients upper-bound the maximum influence exerted
by any subset of the variables on any other subset that is separated by graph distance at
least k. The sequence (ϑ(0), ϑ(1), ϑ(2), . . .) roughly measures how dependence decays with
π when D (π (i), π (j : n)) ≥ k.
graph distance. Note that ϑ(k) uniformly upper-bounds ϑij
g i
i
Therefore, for each upper-triangular entry of Γπ , we have that
π
γij
≤ ϑ (Dg (πi (i), πi (j : n))) .

Using the distance-based ϑ-mixing coefficients, we now show that, for certain Markov
random fields, it is possible to upper-bound ΓBπ ∞ independently of n.
Proposition 2. Suppose D is defined by an MRF, such that its graph, G, has maximum
degree ∆G . For any positive constant  > 0, if D admits a distance-based ϑ-mixing sequence
such that, for all k ≥ 1, ϑ(k) ≤ (∆G + )−k , then there exists a filtration π such that

kΓπ k∞ ≤ 1 + ∆G /.
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The proof is provided in Appendix A.5.
Uniformly geometric distance-based ϑ-mixing may seem like a restrictive condition.
However, our analysis is overly pessimistic, in that it ignores the structure of the MRF
beyond simply the maximum degree of the graph. Further, it does not take advantage of
the actual conditional independencies present in the distribution. Nevertheless, there is a
natural interpretation of the above conditions that follows from considering the mixing coefficients at distance 1: for the immediate neighbors of a node—i.e., its Markov blanket—its
15

h∼Q


φ̃(h, Ẑ) , we use Donsker and Varadhan’s (1975) change of measure

ω∼Q

i
h
euφ̃(h,Ẑ) .

5.1 Fixed Stability Bounds

17



The remainder of the analysis concerns how to bound Eh∼P euφ̃(h,Ẑ) and how to optimize
u. For the first task, we combine Markov’s inequality with the moment-generating function
bound from Section 4.2. Optimizing u takes some care, since we would like the bounds to
hold simultaneously for all posteriors. We therefore adopt a discretization technique (Seldin
et al., 2012) that approximately optimizes the bound for all posteriors. We use a similar
technique to obtain bounds that hold for all β.

L(Q) − L̂(Q, Ẑ) ≤ αη + αν +
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h∼P

Dkl (QkP) + ln E

Corollary 1. Suppose L ◦ H is (β/n)-uniformly stable. Then, with probability at least 1 − δ
over realizations of Ẑ, for all Q,
s
Dkl (QkP) + ln 2δ
π
L(Q) ≤ L̂(Q, Ẑ) + 2β kΓ k∞
.
(3)
2mn
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(2)

In the following theorem, we derive a new PAC-Bayes bound for posteriors with local
stability, with β fixed. Fixing β means that the set of “bad” hypotheses is determined by
the characteristics of the hypothesis class independently of the posterior.

1
u

Dkl (QkP) + ln 2δ
.
2mn

To interpret the bound, suppose α = O(1), β = O(1), and that the data distribution is
weakly dependent, with kΓπ k∞ = O(1). We
 would then have that the generalization error
decreases at a rate of O η + ν + (mn)−1/2 . Since η is a function of the posterior, we can

reasonably assume that η = O (mn)−1/2 . (Section 6 provides examples of this.) However,
while ν may be proportional to n, it is unreasonable to believe that ν will decrease with m,
since D is almost certainly agnostic to the number of training examples. Thus, Theorem 1
is interesting when either ν is negligible, or when m is a small constant.
It can be shown that any hypothesis class with collective stability, composed with a
suitable loss function, satisfies the conditions of the bound. Thus, Theorem 1 is strictly
more general than our prior PAC-Bayes bounds (London et al., 2014). Moreover, Theorem 1
easily applies to compositions with uniform stability, since Q(BH ) = 0 for all posteriors.
This insight yields the following corollary.

∞

s

As we show in Section 6.1.2, Corollary 1 is useful when the hypothesis class and instance
space are uniformly bounded. Even when this property does not hold, we obtain an identical
bound for all posteriors with (β/n, ∅, 0)-local stability, meaning the support of the posterior
is (β/n)-uniformly stable. However, this condition is less useful, since it is assumed that the
posterior construction puts nonzero density on a learned hypothesis, which may not satisfy
uniform stability for a fixed β.
It is worth noting that, if the hypothesis class does not use joint inference—for example, if a global prediction, h(X), is in fact a set of independent, local predictions,
(h(X1 ), . . . , h(Xn ))—and the loss function decomposes over the labels, then uniform stability is trivially satisfied. In this case, Corollary 1 produces a PAC-Bayes bound for learning
traditional predictors from interdependent data. If we further have that (Z1 , . . . , Zn ) are
independent and identically distributed (i.i.d.)—for instance, if they represent “micro examples” drawn independently from some target distribution—then Corollary 1 reduces to
standard PAC-Bayes bounds for learning from i.i.d. data (e.g., McAllester, 1999).
We now prove Theorem 1.

Combining the above inequalities yields

(McAllester (2003) provides a straightforward proof.) Using Lemma 1, for any free parameter u ≥ 0, we have that
i
h
i 1
h
E φ̃(h, Ẑ) ≤
Dkl (QkP) + ln E euφ̃(h,Ẑ) .
h∼Q
h∼P
u

ω∼P

Lemma 1. For any measurable function ϕ : Ω → R, and any two distributions, P and Q,
on Ω,
i
h
E [ϕ(ω)] ≤ Dkl (PkQ) + ln E eϕ(ω) .

To bound the Eh∼Q
inequality.



We use this identity to show that, if L ◦ H is α-uniformly range-bounded, and Q is
(β/n, BZ , η)-locally stable, then
h
i
L(Q) − L̂(Q, Ẑ) ≤ αη + αν + E φ̃(h, Ẑ) .

E [X] = E [X 1{E}] + E [X 1{¬E}] ≤ b Pr{E} + E [X 1{¬E}] .

L(Q) ≤ L̂(Q, Ẑ) + α(η + ν) + 2β ΓB

π

Theorem 1. Fix m ≥ 1, n ≥ 1, π ∈ Π(n), δ ∈ (0, 1), α ≥ 0 and β ≥ 0. Fix a distribution,
D, on Z n . Fix a set of bad inputs, BZ , with ν , D(BZ ). Let ΓBπ denote the dependency
matrix induced by D, π and BZ . Fix a prior, P, on a hypothesis class, H. Fix a loss
function, L, such that L ◦ H is α-uniformly range-bounded. Then, with probability at least
m
1 − δ − mν over realizations of a training set, Ẑ , (Z(l) )m
l=1 , drawn according to D , the
(l)
following hold: 1) for all l ∈ [m], Z ∈
/ BZ ; 2) for all η ∈ [0, 1] and posteriors Q with
(β/n, BZ , η)-local stability,

pair (β, BZ ) fixes a set of hypotheses BH ⊆ H for which L(h, ·) does not satisfy Equation 1
with β 0 , β/n and BZ . For the time being, BH is independent of Q. Fix a prior P and
posterior Q on H. (We will later consider all posteriors.) We define a convenience function,
(


EZ∼D L(h, Z) | B − L̂(h, Ẑ) if h ∈
/ BH ,
φ̃(h, Ẑ) ,
0
otherwise,

where B denotes the event Z ∈
/ BZ . First, for any uniformly bounded random variable, with
|X| ≤ b, and some event, E,
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Proof (Theorem 1) We begin by defining two convenience functions,
φ(h, Ẑ) , L(h) − L̂(h, Ẑ)
(


EZ∼D L(h, Z) | B − L̂(h, Ẑ) if h ∈
/ BH ,
and φ̃(h, Ẑ) ,
0
otherwise,
1 X
L(h) − L(h, Z(l) )
m

m

If L ◦ H is α-uniformly range-bounded (Definition 4), then, for any h ∈ H,
φ(h, Ẑ) =
l=1
m

l=1
m

1 X
≤
sup L(h, z) − L(h, Z(l) )
m
z∈Z n
l=1

1 X
≤
α = α.
m

(4)
(5)

(6)

(8)

It follows that
h
i
φ(h, Ẑ) = E L(h, Z) − L̂(h, Ẑ)
Z∼D
h

i
h

i
= E
L(h, Z) − L̂(h, Ẑ) 1{Z ∈
/ BZ } + E
L(h, Z) − L̂(h, Ẑ) 1{Z ∈ BZ }
Z∼D
Z∼D
h

i
≤ E
L(h, Z) − L̂(h, Ẑ) 1{Z ∈
/ BZ } + α E [1{Z ∈ BZ }]
Z∼D
Z∼D
h

i
≤ E
L(h, Z) − L̂(h, Ẑ) 1{Z ∈
/ BZ } + αν
Z∼D




= Pr {Z ∈
/ BZ } E L(h, Z) | B − L̂(h, Ẑ) + αν
Z∼D
Z∼D


(7)
L(h, Z) | B − L̂(h, Ẑ) + αν.
Z∼D

≤ E

Moreover, for any posterior Q with (β/n, BZ , η)-local stability,
h
i
L(Q) − L̂(Q, Ẑ) = E φ(h, Ẑ)
h∼Q
h
i
h
i
= E φ(h, Ẑ) 1{h ∈ BH } + E φ(h, Ẑ) 1{h ∈
/ BH }
h∼Q
h∼Q
h
i
≤ α E [1{h ∈ BH }] + E φ(h, Ẑ) 1{h ∈
/ BH }
h∼Q
h∼Q
h
i
≤ αη + E φ(h, Ẑ) 1{h ∈
/ BH }
h∼Q
h
i
φ̃(h, Ẑ) .

≤ αη + αν + E

h∼Q

Then, for any u ∈ R, using Lemma 1, we have that

(9)
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h
i
1
L(Q) − L̂(Q, Ẑ) ≤ αη + αν +
E u φ̃(h, Ẑ)
u h∼Q

h
i
1
Dkl (QkP) + ln E euφ̃(h,Ẑ) .
h∼P
u
≤ αη + αν +
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E

h∼P

h

uj2 β 2 ΓBπ
8mn

v
u
u 8mn ln 2δ
uj , 2j t
2 ,
β 2 ΓBπ ∞

i
1
euj φ̃(h,Ẑ) ≥
exp
δj

n
o
1 Z(l) ∈ BZ ,

2 !)
∞

.

(10)

(11)

(12)

j=0 Ej

S∞

Since u cannot depend on (η, Q), we define it in terms of fixed quantities. For j =
0, 1, 2, . . ., let δj , δ2−(j+1) , let

and define an event,

Ej , 1

m
[

l=1

Note that uj and Ej are independent of (η, Q), since β (hence, BH ) is fixed. Let E ,
denote the event that any Ej occurs. We also define an event
B,

Ẑ∼Dm

m

∞
X

m

Pr {Ej | ¬B}

j=0 Ẑ∼D

Pr {Ej | ¬B}.

Pr {Z(l) ∈ BZ } +

Z(l) ∼D

∞
X

j=0 Ẑ∼D

(13)

which indicates that at least one of the training examples is “bad.” Using the law of total
probability and the union bound, we then have that

Ẑ∼Dm

Ẑ∼Dm

Pr {B ∪ E} = Pr {B} + Pr {E ∩ ¬B}
Ẑ∼Dm

Ẑ∼Dm

m
X
l=1

≤ Pr {B} + Pr {E | ¬B}
≤

≤ mν +

uj2 β 2 ΓBπ
8mn

2 !
∞

E

E

h∼P Ẑ∼Dm




EZ0 ∼D L(h, Z0 ) | B − L(h, Z)

Pr {Ej | ¬B} ≤ δj exp −
Ẑ∼Dm

(

1
m

0

(14)

i
euj φ̃(h,Ẑ) | ¬B .

h

(15)

JMLR 17(222):1-52

if h ∈
/ BH ,
otherwise,

The last inequality follows from the definition of ν. Then, using Markov’s inequality, and
rearranging the expectations, we have that

Let
ϕ(h, Z) ,

20

h

=

=

l=1

l=1

l=1
m
Y

m
Y

m
i Y
euj φ̃(h,Ẑ) | ¬B =

∼D

∼D

E

(l)

Z

Z

E

(l)

Z(l) ∼D

E

i
h
(l)
euj ϕ(h,Z ) | B .

h
i
(l)
euj ϕ(h,Z ) | Z(l) ∈
/ BZ

h
i
(l)
euj ϕ(h,Z ) | ¬B

(16)

(18)

j=0

∞
X

δj = mν + δ
j=0

∞
X

2−(j+1) = mν + δ.
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We now show how to select j for any particular posterior Q. Let



1
Dkl (QkP)
j? ,
ln
+1 ,
2 ln 2
ln(2/δ)

2
1
= Dkl (QkP) + ln
δj ?
δ
2
≤ Dkl (QkP) + ln
δ
2
= Dkl (QkP) + ln
δ
2
≤ Dkl (QkP) + ln
δ



ln 2
Dkl (QkP)
ln
+1
2 ln 2
ln(2/δ)


1
2
1
2
+ ln Dkl (QkP) + ln
− ln ln
2
δ
2
δ


1
2
+
Dkl (QkP) + ln
.
2
δ
+

(22)

(21)
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In Theorem 1, we required β to be fixed a priori, meaning we required the user to pre-specify
a desired stability. In this section, we prove bounds that hold for all β ≥ 1 simultaneously,

5.2 Posterior-Dependent Stability

The first inequality substitutes uj ? into Equation 9; the second uses Equation 19; the third
is from Equation 22; and the last uses the lower and upper bounds from Equation 21.

The last inequality uses the identity v − ln ln(2/δ) ≤ v + 1 ≤ ev , for all v ∈ R and δ ∈ (0, 1).
It can be shown that this bound is approximately optimal, in that it is at most twice what
it would be for a fixed posterior.
Putting it all together, we now have that, with probability at least 1 − δ − mν, the
approximately optimal (uj ? , δj ? ) for any posterior Q satisfies

h
i
1
L(Q) − L̂(Q, Ẑ) ≤ α(η + ν) +
Dkl (QkP) + ln E euj ? φ̃(h,Ẑ)
h∼P
uj ?
2 !
u2j ? β 2 Γπ
1
1
B ∞
≤ α(η + ν) +
Dkl (QkP) + ln
+
uj ?
δj ?
8mn

2
2
2
uj ? β Γπ
3 Dkl (QkP) + ln δ
B ∞
+
≤ α(η + ν) +
2uj ?
8mn
s
Dkl (QkP) + ln 2δ
≤ α(η + ν) + 2β Γπ
.
B ∞
2mn

Dkl (QkP) + ln

+ j ? ln 2

v
v


u
u
u 8mn Dkl (QkP) + ln 2δ
u 2mn Dkl (QkP) + ln 2δ
t
? ≤ t
≤
u
.
j
2
2
β 2 Γπ
β 2 Γπ
B ∞
B ∞

Further, by definition of δj ? ,

implying

and note that j ? ≥ 0. For all v ∈ R, we have that v − 1 ≤ bvc ≤ v, and 2ln v = v ln 2 . We
apply these identities to Equation 20 to show that
s
s
Dkl (QkP)
1 Dkl (QkP)
?
+ 1 ≤ 2j ≤
+ 1,
2
ln(2/δ)
ln(2/δ)
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(20)

Thus, with probability at least 1 − δ − mν over realizations of Ẑ, every l ∈ [m] satisfies
Z(l) ∈
/ BZ , and every uj satisfies
2 !
h
i
u2j β 2 Γπ
1
B ∞
exp
.
(19)
E euj φ̃(h,Ẑ) ≤
h∼P
δj
8mn

Ẑ∼Dm

Pr {B ∪ E} ≤ mν +

Then, combining Equations 13 and 18, and using the geometric series identity, we have that

Combining Equations 14, 16 and 17, we have that
"m
#
2 !
h
i
Y
u2j β 2 Γπ
(l)
B ∞
Pr {Ej | ¬B} ≤ δj exp −
E
E
euj ϕ(h,Z ) | B
h∼P
8mn
Z(l) ∼D
Ẑ∼Dm
l=1
!
"m
2
2 !#
Y
u2j β 2 Γπ
u2j β 2 ΓBπ ∞
B ∞
≤ δj exp −
E
exp
h∼P
8mn
8m2 n
l=1
!
!
2
2
π
π
u2j β 2 ΓB ∞
u2j β 2 ΓB ∞
= δj exp −
exp
= δj .
8mn
8mn

By construction, ϕ(h, ·) outputs zero whenever h ∈ BH . In these cases, ϕ(h, ·) trivially
satisfies uniform stability, which implies local stability. Further, if Q is (β/n, BZ , η)-locally
stable, then every L(h, ·) : h ∈
/ BH is (β/n, BZ )-locally stable, and it is easily verified that
ϕ(h, ·) : h ∈
/ BH is (β/(mn), BZ )-locally stable. Thus, ϕ(h, ·) : h ∈ H is (β/(mn), BZ )locally stable. Since EZ∼D [ϕ(h, Z) | B] = 0, we therefore apply Proposition 1 and have, for
all h ∈ H,
2 !
h
i
u2j β 2 Γπ
B ∞
uj ϕ(h,Z(l) )
E
e
| B ≤ exp
.
(17)
8m2 n
Z(l) ∼D

Ẑ∼Dm

E

P
(l)
(1)
(m)
are independent and
and note that φ̃(h, Ẑ) = m
l=1 ϕ(h, Z ). Then, since Z , . . . , Z
identically distributed, we can write the inner expectation over Ẑ as
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This form of stability is a slightly weaker condition than the previous definitions, in that
each input, (h, z), has its own “bad” set, BH (h, z). This distinction means that “badness”
is relative, whereas, in Definitions 2 and 3, it is absolute.

London, Huang and Getoor

(23)

m such that, ∀l ∈ [m], z(l) ∈
and, for all ẑ , (z(l) )l=1
/ BZ ,

L̂(h, ẑ) − L̂(Qh , ẑ) ≤ αη + λ.

ϕ(h, h0 , z) , L(h, z) − L(h0 , z) .

Proof Define a convenience function

E

h0 ∼Qh

h ∼Qh

For any z ∈
/ BZ , using the range-boundedness and stability assumptions, we have that


E ϕ(h, h0 , z)
h0 ∼Q
h




ϕ(h, h0 , z) 1{h0 ∈ BH (h, z)} + 0 E ϕ(h, h0 , z) 1{h0 ∈
/ BH (h, z)}
=

≤ αη + λ.

≤

m

l=1
m

l=1

h
i
1 X
E ϕ h, h0 , z(l)
h0 ∼Qh
m

≤ αη + λ.

thus proving Equation 27. Furthermore,

E

Z∼D h0 ∼Qh



L(h) − L(Qh ) = E 0 E L(h, Z) − L(h0 , Z)
Z∼D h ∼Qh


≤ E E ϕ(h, h0 , Z)
Z∼D h0 ∼Qh


ϕ(h, h0 , Z) 1{Z ∈ BZ } + E
E

Z∼D h0 ∼Qh

= E

≤ αν + αη + λ,

which proves Equation 26.
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Proposition 4 can easily be combined with the PAC-Bayes bounds from the previous
sections to obtain derandomized generalization bounds. We analyze some examples in
Section 6.



ϕ(h, h0 , Z) 1{Z ∈
/ BZ }

h

i
1 X
L̂(h, ẑ) − L̂(Qh , ẑ) =
E L h, z(l) − L h0 , z(l)
h0 ∼Qh
m

Therefore, if, ∀l ∈ [m], z(l) ∈
/ BZ , by linearity of expectation and the triangle inequality,

(27)

Proposition 4. Fix a hypothesis class, H, a set of inputs, BZ ⊆ Z n , with ν , D(BZ ),
and a loss function, L, such that, for any z ∈ Z n , L(·, z) is α-uniformly range-bounded.
Let Q denote a posterior function on H. If (L, Q) has (λ, BZ , η)-local stability, then, for all
h ∈ H,
(26)
L(h) − L(Qh ) ≤ α(η + ν) + λ,

meaning the value of β can depend on the learned posterior. (The requirement of nonnegativity is not restrictive, since stability with β ≤ 1 implies stability with β = 1.)

∞

Theorem 2. Fix m ≥ 1, n ≥ 1, π ∈ Π(n), δ ∈ (0, 1) and α ≥ 0. Fix a distribution, D, on
Z n . Fix a set of bad inputs, BZ , with ν , D(BZ ). Let ΓBπ denote the dependency matrix
induced by D, π and BZ . Fix a prior, P, on a hypothesis class, H. Fix a loss function, L,
such that L◦H is α-uniformly range-bounded. Then, with probability at least 1−δ −mν over
m , drawn according to Dm , the following hold: 1) for all l ∈ [m],
realizations of Ẑ , (Z(l) )l=1
Z(l) ∈
/
2) for all β ≥ 1, η ∈ [0, 1] and posteriors Q with (β/n, BZ , η)-local stability,
s
BZ ;

L(Q) ≤ L̂(Q, Ẑ) + α(η + ν) + 4β ΓBπ

Dkl (QkP) + ln 4δ + ln β
.
2mn

The proof is similar to that of Theorem 1, so we defer it to Appendix B.1.
Theorem 2 immediately yields the following corollary by taking BZ , ∅.

(24)

Corollary 2. With probability at least 1 − δ over realizations of Ẑ, for all β ≥ 1, η ∈ [0, 1]
and Q with (β/n, ∅, η)-local stability,
s
L(Q) ≤ L̂(Q, Ẑ) + αη + 4β kΓπ k∞

Dkl (QkP) + ln 4δ + ln β
.
2mn

In Section 6, we apply this corollary to unbounded hypothesis classes, with bounded instance
spaces. Corollary 2 trivially implies a bound for posteriors with (β/n, ∅, 0)-local stability,
such as those with bounded support on an unbounded hypothesis class, where β may depend
on a learned model.
5.3 Derandomizing the Loss using Stability
PAC-Bayes bounds are stated in terms of a randomized predictor. Yet, in practice, one
is usually interested in the loss of a learned, deterministic predictor. Given a properly
constructed posterior distribution, it is possible to convert a PAC-Bayes bound to a generalization bound for the learned hypothesis. There are various ways to go about this for
unstructured hypotheses; however, many of these methods fail for structured predictors,
since the output is not simply a scalar, but a high-dimensional vector. In this section, we
present a generic technique for derandomizing PAC-Bayes bounds for structured prediction
based on the idea of stability. An attractive feature of this technique is that it obviates
margin-based arguments, which often require a free-parameter for the margin.
We first define a specialized notion of local stability that measures the difference in loss
induced by perturbing a given hypothesis. For the following, we view the posterior Q as a
function that, given a hypothesis h ∈ H, returns a distribution Qh on H.
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Definition 8. Fix a hypothesis class, H, a set of inputs, BZ ⊆ Z n , a loss function, L,
and a posterior, Q. We say that the pair (L, Q) has (λ, BZ , η)-local stability if, for any
h ∈ H and z ∈
/ BZ , there exists a set BH (h, z) ⊆ H such that Qh (BH (h, z)) ≤ η and, for all
h0 ∈
/ BH (h, z),
L(h, z) − L(h0 , z) ≤ λ.
(25)
23

(29)

y∈Y n

(30)
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25

26

Lh (h, x, y) ≤ Lr (h, x, y) ≤ Lh (h, x, y).

(32)

where h(x, y) is defined in Equation 29. The ramp loss is 1-uniformly range-bounded.
Further, when h(x) performs MAP inference (Equation 30),
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Applying our generalization bounds requires a uniformly range-bounded loss function. Since
the hinge loss is not uniformly range-bounded for certain hypothesis classes, we therefore
introduce the structured ramp loss:


1
00
0
0
D
(y,
y
)
+
h(x,
y
)
−
max
h(x,
y
)
,
max
Lr (h, x, y) ,
h
y00 ∈Y n
n y0 ∈Y n

6.1.1 Structured Ramp Loss

computing the hinge loss is equivalent to performing loss-augmented MAP inference with
θ̃(x, y; w). Provided inference can be computed efficiently with the given class of models,
so too can the hinge loss.6

The term θ(x; w)·ŷ is constant with respect to y0 , and is thus irrelevant to the maximization.
Therefore, letting
θ̃(x, y; w) , θ(x; w) + δ(y),
(31)

(i.e., MAP inference), the hinge loss upper-bounds the Hamming
 loss. Another benefit is
that it decomposes along the unary cliques. Indeed, with δ(y) , 1−y
(i.e., one minus the
0
unary clique states, then zero-padded to be the same length as ŷ), observe that Dh (y, y0 ) =
δ(y) · ŷ0 . This identity yields a convenient equivalence:


1
Lh (h, x, y) =
max
(θ(x; w) + δ(y)) · ŷ0 − θ(x; w) · ŷ .
0
n
n y ∈Y

y∈Y n

h(x) , arg max h(x, y) = arg max p (Y = y | X = x; w)

6. The results in this section are easily extended to approximate MAP inference algorithms, such as linear
programming relaxations. The bounds are the same, but the semantics of the loss functions change,
since approximate MAP solutions might be fractional.

1
Dh (y, h(x)) .
n

h(x, y) , θ(x; w) · ŷ

is the unnormalized log-likelihood. The Hamming distance, Dh (y, y0 ), implies that the
margin, h(x, y) − h(x, y0 ), should scale linearly with the distance between y and y0 .
In theory, the structured hinge loss can be defined with any distance function; though, in
practice, the Hamming distance is commonly used. One attractive property of the Hamming
distance is that, when

where

Structured predictors learned with a max-margin objective are alternatively referred to
as max-margin Markov networks (Taskar et al., 2004) or StructSVM (Tsochantaridis et al.,
2005), depending on the form of the hinge loss. In this section, we consider the former
formulation, defining the structured hinge loss as


1
Lh (h, x, y) ,
max
Dh (y, y0 ) + h(x, y0 ) − h(x, y) ,
(28)
0
n
n y ∈Y
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The Hamming loss can be considered the structured equivalent of the 0-1 loss. Unfortunately, the Hamming loss is not convex, making it difficult to minimize directly. Thus,
many learning algorithms minimize a convex upper bound.
One such method is max-margin learning. Max-margin learning aims to find the “simplest” model that scores the correct outputs higher than all incorrect outputs by a specified
margin. Though typically formulated as a quadratic program, the learning objective can
also be stated as minimizing a hinge loss, with model regularization.

Lh (h, x, y) ,

For classification tasks, the goal is to output the labeling that is closest to the true labeling,
by some measure of closeness. This is usually measured by the Hamming loss,

6.1 Max-Margin Learning

To illustrate how various learning algorithms and modeling decisions affect the generalization error, we now apply our PAC-Bayes bounds to the class of pairwise MRFs with
templated, linear potentials (described in Section 2.2.3). We derive generalization bounds
for two popular training regimes, max-margin and soft-max learning, under various assumptions about the instance space and feature functions. The bounds in this section are
stated in terms of a deterministic predictor, meaning we use the PAC-Bayes framework as
an analytic tool only. That said, one could easily adapt our analysis to obtain bounds for
a randomized predictor by skipping the derandomization step.

6. Example Applications

The proof is provided in Appendix B.2.

Proposition 5. Fix a hypothesis class, H, equipped with a norm, k · k. Fix a set of inputs,
BZ ⊆ Z n . If a loss function, L, has (λ, BZ )-local hypothesis stability, and a posterior, Q,
has (β, η)-local hypothesis stability, then (L, Q) has (λβ, BZ , η)-local stability.

When both of these properties hold, we have the following.

Definition 10. Fix a hypothesis class, H, equipped with a norm, k · k. We say that
a posterior, Q, has (β, η)-local hypothesis stability if, for any h ∈ H, there exists a set
BH (h) ⊆ H such that Qh (BH (h)) ≤ η and, for all h0 ∈
/ BH (h), kh − h0 k ≤ β.

Definition 9. Fix a hypothesis class, H, equipped with a norm, k · k. Fix a set of inputs,
BZ ⊆ Z n . We say that a loss function, L, has (λ, BZ )-local hypothesis stability if, for all
h, h0 ∈ H and z ∈
/ BZ ,
L(h, z) − L(h0 , z) ≤ λ h − h0 .

When the hypothesis class is a normed vector space (as is the case in all of the examples in
Section 6), Definition 8 can be decomposed into properties of the loss function and posterior
separately.

5.3.1 Normed Vector Spaces
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ln (2d(m |G|)2 ln(2dmn)) + ln 4βδ h
,
2mn

1
m |G|

d
2

London, Huang and Getoor

≤

1

2

p(h) , (2π)−d/2 e− 2 kwk2
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i

1h
d σ 2 − 1 + kwk22 − d ln σ 2
Dkl (Qh kP) =
2 



1
1
d
− 1 + kwk22 + d ln 2d(m |G|)2 ln(2dmn)
=
2
2d(m |G|)2 ln(2dmn)
i
1h
kwk22 + d ln 2d(m |G|)2 ln(2dmn) .
2

Note that the support of both distributions is Rd , which is unbounded.
Our proof technique involves four steps. First, we upper-bound the KL divergence
between Qh and P. Then, we identify a βh and η such that Qh is (βh /n, ∅, η)-locally stable.
Combining the first two steps with Corollary 2 yields a PAC-Bayes bound for the randomized
predictor. The final step is to derandomize this bound using Proposition 4.
The KL divergence between Gaussians is well known. Thus, it is easily verified that

qh (h0 ) , (2πσ 2 )−d/2 e− 2σ2 kw −wk2 .

1

denote the density of P. Given a (learned) hypothesis, h, we construct the posterior, Qh ,
as an isotropic Gaussian, centered at w, with variance
−1
σ 2 , 2d(m |G|)2 ln(2dmn)
in all dimensions. Its density is

Proof (Example 2) Define the prior, P, as a standard multivariate Gaussian, with zero
mean and unit variance. More precisely, let

For p = 2 and small σ 2 , this bound can be significantly sharper than Chebyshev’s inequality.

d
Lemma 4. Let X , (Xi )i=1
be independent Gaussian random variables, with mean vector
µ , (µ1 , . . . , µd ) and variance σ 2 . Then, for any p ≥ 1 and  > 0,


n
o
2
Pr kX − µkp ≥  ≤ 2d exp − 2 2/p .
2σ d

Example 2 is only slightly worse than Example 1, incurring a O (ln ln(mn)) term for the
Gaussian construction. Both bounds guarantee generalization when either m or n is large.
The proof of Example 2 uses a concentration inequality for vectors of Gaussian random
variables, the proof of which is given Appendix C.4.


βh , (2∆G + 4) kwk2 +

7
+ 4βh kΓπ k∞
mn
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Lh (h) ≤ L̂h (h, Ẑ) +

Example 2. Fix any m ≥ 1, n ≥ 1, π ∈ Π(n) and δ ∈ (0, 1). Fix a graph, G , (V, E),
with maximum degree ∆G . Assume that supx∈X kxk2 ≤ 1. Then, with probability at least
m , for all h ∈ H
1 − δ over realizations of Ẑ , (Z(l) )l=1
m3n ,
s

(33)

d ln(2m |G|) + ln 2δ
.
2mn

where

Thus, we can analyze the generalization properties of the ramp loss to obtain bounds for the
difference of the expected Hamming loss and empirical hinge loss. To distinguish quantities
of different loss functions, we will use a subscript notation; e.g., Lh is the expected Hamming
loss, and L̂h is the empirical hinge loss.
Using the templated, linear potentials defined in Section 2.2.3, we obtain two technical
lemmas for the structured ramp loss. Proofs are provided in Appendices C.1 and C.2.


1
(2∆G + 4)R kwkq + 1 Dh (z, z0 ).
n

Lemma 2. Fix any p, q ≥ 1 such that 1/p + 1/q = 1. Fix a graph, G , (V, E), with
maximum degree ∆G . Assume that supx∈X kxkp ≤ R. Then, for any MRF h with weights
w, and any z, z ∈ Z n , where z = (x, y) and z0 = (x0 , y0 ),
Lr (h, z) − Lr (h, z0 ) ≤

(34)

Further, if the model does not use edge observations (i.e., fij (x, y) , yi ⊗ yj ), then

1
4R kwkq + 1 Dh (z, z0 ).
n

Lr (h, z) − Lr (h, z0 ) ≤

Lemma 3. Fix any p, q ≥ 1 such that 1/p + 1/q = 1. Fix a graph, G , (V, E). Assume that
supx∈X kxkp ≤ R. Then, for any example z ∈ Z n , and any two MRFs, h, h0 with weights
w, w0 ,
2 |G| R
Lr (h, z) − Lr (h0 , z) ≤
w − w0 q .
n
Lemma 3 implies that Lr has (2 |G| R/n, ∅)-local hypothesis stability.
6.1.2 Generalization Bounds for Max-Margin Learning
We now apply our PAC-Bayes bounds to the class of max-margin Markov networks that
perform MAP inference, with the templated, linear potentials defined in Section 2.2.3. We
denote this class by Hm3n . As a warm-up, we first assume that both the observations and
weights are uniformly bounded by the 2-norm unit ball. By Lemma 2, this means that the
ramp loss satisfies uniform stability, meaning we can apply Corollary 1.

4
+ (4∆G + 10) kΓπ k∞
mn

Example 1. Fix any m ≥ 1, n ≥ 1, π ∈ Π(n) and δ ∈ (0, 1). Fix a graph, G , (V, E),
with maximum degree ∆G . Assume that supx∈X kxk2 ≤ 1. Then, with probability at least
m , for all h ∈ H
1 − δ over realizations of Ẑ , (Z(l) )l=1
m3n with kwk2 ≤ 1,
s
Lh (h) ≤ L̂h (h, Ẑ) +

JMLR 17(222):1-52

The proof is given in Appendix C.3. Note that, with the bounded degree assumption,
|G| ≤ n∆G = O(n).
We now relax the assumption that the hypothesis class is bounded. One approach
is to apply a covering argument directly to Example 1. However, it is interesting to see
how other prior/posterior constructions behave. Of particular interest are Gaussian constructions, which correspond to 2-norm regularization. Since the support of a Gaussian
is unbounded, this construction requires a non-uniform notion of stability. The following
example illustrates how to use posterior-dependent, local stability.
27

2

− kwk2 ≤ w0 − w
2

≤

1
.
m |G|

1
mn

π

s

1
2

kwk22 +

d
2

ln (2d(m |G|)2 ln(2dmn)) + ln 4βδ h
.
2mn

(36)

29

Lr (h, z) − Lr (h0 , z) ≤

2 |G|
w − w0
n
2

,

(41)

(40)
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(42)
7. We omit some details of the conjugate function for simplicity of exposition. See Wainwright and Jordan
(2008) for a precise definition.

µ∈M

= max (θ(x, y; w) + δ(y)) · µ −  Φ∗ (µ).

µ∈M

Φ (x, y; w) = max θ̃(x, y; w) · µ −  Φ∗ (µ)

is the soft-max function. We purposefully overload the notation of the log-partition function
due to its relationship to the soft-max. Observe that, for  = 1, the soft-max becomes the
log-partition of the distribution induced by the loss-augmented potentials, and Equation 40
is the corresponding negative log-likelihood, scaled by 1/n. Further, as  → 0, the soft-max
approaches the max operator and Equation 40 becomes the hinge loss (Equation 28).
The latter equivalence can be illustrated by convex conjugacy. This requires some
2
additional notation. Let µ ∈ [0, 1]|V||Y|+|E||Y| denote a vector of marginal probabilities for
all cliques and clique states. Let M denote the set of all consistent marginal vectors, often
called the marginal polytope. For every µ ∈ M, there is a corresponding distribution, pµ ,
such that µc · yc = pµ (Yc = yc ) for every clique, c ∈ C, and clique state, yc . Let Φ∗ (µ)
denote the convex conjugate of the log-partition, which, for µ ∈ M, is equal to the negative
entropy of pµ .7 With these definitions, the soft-max, like the log-partition, has the following
variational form:

y ∈Y

Lsm (h, x, y) ,

1
(Φ (x, y; w) − h(x, y)) ,
n
where h(x, y) is the unnormalized log-likelihood (Equation 29) and


X

1
Φ (x, y; w) ,  ln
exp
Dh (y, y0 ) + h(x, y0 )

y0 ∈Y n


X
1
=  ln
exp
θ̃(x, y; w) · ŷ0 .

0
n

A drawback of max-margin learning is that the learning objective is not differentiable everywhere, due to the hinge loss. Thus, researchers (Gimpel and Smith, 2010; Hazan and
Urtasun, 2010) have proposed a smooth alternative, based on the soft-max function. This
form of learning has been popularized for learning conditional random fields (CRFs).
The soft-max loss, for a given temperature parameter,  ∈ [0, 1], is defined as

(37)

We now derandomize the loss terms in Equation 36. Observe that Hm3n is a normed
vector space, since it consists of weight vectors in Rd . In this case, we will use the 2norm. By Equation 35, it is clear that Q has (1/(m |G|), 1/(mn))-local hypothesis stability
(Definition 10), since every h ∈ Hm3n results in the same probability bound. Further, by
Lemma 3, with R = 1,

+ 4βh kΓ k∞

Lr (Qh ) ≤ L̂r (Qh , Ẑ) +

Thus, every Qh is (βh /n, ∅, 1/(mn))-locally stable.
Having established an upper bound on the KL divergence and local stability of all
posteriors, we can now apply one of our PAC-Bayes bounds. Since the definition of βh
depends on the posterior via w, we must use a bound from Section 5.2. In this case, there
are no “bad” inputs, since the observations are bounded in the unit ball, so we can invoke
Corollary 2. Recalling that the ramp loss is 1-uniformly difference bounded, we then have
that, with probability at least 1 − δ, every Qh : h ∈ Hm3n satisfies

When combined with Lemma 2, with R = 1, we have that

1
Lr (h, z) − Lr (h, z0 ) ≤
(2∆G + 4) w0 2 + 1 Dh (z, z0 )
n



1
1
≤
(2∆G + 4) kwk2 +
+ 1 Dh (z, z0 )
n
m |G|
βh
0
=
Dh (z, z ).
n

w0

Further, for every h0 ∈
/ BHm3n (h),

meaning Lr has (2 |G| /n, ∅)-local hypothesis stability (Definition 9). Therefore, by Proposition 5, (Lr , Q) has (2/(mn), ∅, 1/(mn))-local stability. It then follows, via Proposition 4
and Equation 32, that
3
Lh (h) ≤ Lr (h) ≤ Lr (Qh ) +
,
(38)
mn
and
3
3
L̂r (Qh , Ẑ) ≤ L̂r (h, Ẑ) +
≤ L̂h (h, Ẑ) +
.
(39)
mn
mn
Combining Equations 36, 38 and 39 completes the proof.

The inequality follows from the fact that σ 2 ≤ 1 for all d ≥ 1, m ≥ 1 and n ≥ 1 (implying
|G| ≥ 1).
To determine the local stability of Qh , for any h ∈ Hm3n , we define a “bad” set of
hypotheses,


1
.
BHm3n (h) , h0 ∈ Hm3n : w0 − w 2 ≥
m |G|
Using Lemma 4,


1
w0 − w 2 ≥
Qh (BHm3n (h)) = 0Pr
h ∼Qh
m |G|


2d(m |G|)2 ln(2dmn)
≤ 2d exp −
2d(m |G|)2
1
=
.
(35)
mn
6.2 Soft-Max Learning
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(44)

(43)
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1
ky − µu k1 , D1 (y, µ).
2

This maximization is equivalent to marginal inference with loss-augmented potentials.8 Let
µu denote the marginals of the unary cliques, and observe that
δ(y) · µ =
With a slight abuse of notation, we define an alternate scoring function for marginals:

µ∈M

µ∈M

µ ∈M

1 − pµ (Yi = yi | X = x) .

7
+ 4βh kΓπ k∞
mn

1
2

1
m |G|

kwk22 +


βh , 4 kwk2 +
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ln (2d(m |G|)2 ln(2dmn)) + ln 4βδ h
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2mn
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Example 4. Fix any m ≥ 1, n ≥ 1, π ∈ Π(n), δ ∈ (0, 1) and G , (V, E). Suppose the data
generating process, D, is defined as follows. For each y ∈ Y, assume there is an associated
isotropic Gaussian over X ⊆ Rk , with mean µy ∈ X : kµy k2 ≤ 1 and variance σy2 ≤
−1
2k ln(2kn2 ) . First, Y is sampled according to some arbitrary distribution, conditioned
on G. Then, for each i ∈ [n], conditioned on Yi = yi , a vector of observations, xi ∈ X , is
sampled according to (µyi , σy2i ).
Note that, conditioned on the labels, (y1 , . . . , yn ), the observations, (x1 , . . . , xn ), are
mutually independent. It therefore does not make sense to model edge observations, so we
use fij (x, y) , yi ⊗ yj . For the following, we abuse our previous notation and let Hm3n
denote the class of max-margin Markov networks that use these edge features.

Until now, we have assumed that the observations are uniformly bounded in the unit ball.
This assumption is common in the literature, but it does not quite match what happens in
practice. Typically, one will rescale each dimension of the input space using the minimum
and maximum values found in the training data. While this procedure guarantees a bound
on the observations at training time, the bound may not hold at test time when one rescales
by the limits estimated from the training set. This outcome would violate the preconditions
of the stability guarantees used to prove the previous examples.
Now, suppose we knew that the observations were bounded with high probability. In
the following example, we construct a hypothetical data distribution under which this assumption holds. We combine this with Theorem 2 to derive a variant of Example 2.

6.3 Possibly Unbounded Domains

We omit the proof, since it is almost identical to Example 2. The key difference worth noting
is that, since the model does not use edge observations, the graph’s maximum degree does
not appear in βh .

where

L1 (h) ≤ L̂sm (h, Ẑ) +

Example 3. Fix any m ≥ 1, n ≥ 1, π ∈ Π(n), δ ∈ (0, 1) and G , (V, E). Assume that
m ,
supx∈X kxk2 ≤ 1. Then, with probability at least 1 − δ over realizations of Ẑ , (Z(l) )l=1
for all h ∈ Hcrf ,
s

Marginal inference, h (x), can be decoded by selecting the labels with the highest
marginal probabilities. This technique is sometimes referred to as posterior decoding. Conveniently, because the marginals sum to one, it can be shown that the Hamming loss of the
posterior decoding is at most twice L1 .
In the following example, we consider the class of soft-max CRFs, Hcrf . For historical
reasons, these models typically do not use edge observations, which is a common modeling
decision in, e.g., sequence models. We therefore assume that the edge features are simply
fij (x, y) , yi ⊗ yj .

h (x, µ) , θ(x; w) · µ −  Φ∗ (µ).

1
n

Note that each full labeling, ŷ, corresponds to a vertex of the marginal polytope, so ŷ ∈ M.
Further, h (x, ŷ) = h(x, y), since Φ∗ (ŷ) = 0. Thus, combining Equations 42 to 44, we have
that the soft-max loss (Equation 40) is equivalent to


max D1 (y, µ) + h (x, µ) − h (x, ŷ) ,
Lsm (h, x, y) =

1
n

which resembles a smoothed hinge loss for  ∈ (0, 1).
Like the regular hinge loss, Lsm (h, x, y) is not uniformly range-bounded for certain
hypothesis classes, so it cannot be used with our PAC-Bayes bounds. However, we can use
the ramp loss, with a slight modification:


max D1 (y, µ) + h (x, µ) − max
h (x, µ0 ) .
0
Lsr (h, x, y) ,

i=1

n
X

We have essentially just replaced the maxes over Z n with maxes over M and used Equation 44 instead of Equation 29. We refer to this loss as the soft ramp loss. The stability
properties of the regular ramp loss carry over to the soft ramp loss; it is straightforward to
show that Lemmas 2 and 3 hold when Lr (h, x, y) is replaced with Lsr (h, x, y).9
The distance function, D1 (y, µ), has a probabilistic interpretation:
D1 (y, µ) =

µ∈M

h (x) , arg max h (x, µ),

i=1

n
1
1X
D1 (y, h (x)) =
1 − p (Yi = yi | X = x; w) .
n
n

L1 (h, x, y) ≤ Lsr (h, x, y) ≤ Lsm (h, x, y).

L1 (h, x, y) ,

This identity motivates another loss function; with

let

Note that
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8. Since marginal inference is often intractable, exact inference could be replaced with a tractable surrogate,
such as the Bethe approximation.
9. The additional  Φ∗ (·) term in Equation 44 is canceled out in Equations 55, 56, 58 and 59.
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10. We believe that this dependence is unavoidable when derandomizing PAC-Bayes bounds for structured
prediction. Evidence to support this conjecture is given by McAllester’s (2007) bound, which depends
on the number templates, and the number of parameters is roughly linear in the number of templates.
11. It may be possible to achieve a fast rate without templating if one imposes a sparsity assumption on the
optimal weight vector, but it seems likely that the sparsity would depend on n.

We have proposed new PAC-Bayes bounds for structured prediction that can decrease with
both the number of examples, m, and the size of each example, n, thus proving that generalization is indeed possible from a few large examples. Under suitable conditions, our bounds
√
can be as tight as Õ (1/ mn). The bounds reveal the connection between generalization
and the stability of a structured loss function, as well as the role of dependence in the generating distribution. The stability conditions used in this work generalize our previous work,
thereby accommodating a broader range of structured loss functions, including max-margin
and soft-max learning. We also provide bounds on the norm of the dependency matrix,
which is a result that may be useful outside of this context.
The examples in Section 6 identify several take-aways for practitioners. Primarily, they
indicate the importance of templating (or, parameter-tying). Observe that all of the bounds
depend on d, the number of parameters10 , via a term that is Õ(d/n). Clearly, if d scales
linearly with n, the number of nodes, then this term is bounded away from zero as n → ∞.
Consequently, one cannot hope to generalize from one example. Though we do not prove
this formally, the intuition is fairly simple: if there is a different wi for each node i, and wij
for each edge {i, j}, then one example provides exactly one “micro example” from which
√
one can estimate {wi }i∈V and {wij }{i,j}∈E . In this setting, our bounds become Õ(1/ m),
which is no better (and no worse) than previous bounds. Thus, templating is crucial to
achieving the fast generalization rate.11
Another observation is that Examples 2 to 4 depend on the norm of the weight vector,
w. Specifically, we used the 2-norm, for its relationship to Gaussian priors; though, one
could substitute any norm, due to the equivalence of norms in finite dimension. Dependence

7. Discussion

The proof is provided in Appendix C.5.
Note that the dominating term is 2/n, meaning the bound is meaningful for large n
and small m. This rate follows intuition, since one should not expect η to depend on the
number of training examples; moreover, the probability of drawing a “bad” example should
increase proportionally to the number of independent draws.

where

∞

s

Acknowledgments
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on the norm of the weights is a standard feature of most generalization bounds. This term is
commonly interpreted as a measure of hypothesis complexity. Weight regularization during
training controls the norm of the weights, thereby effectively limiting the complexity of the
learned model.
We also find that the structure of the the model influences the bounds via ∆G , the
maximum degree of the graph, and |G|, the total number of nodes and edges. (Since the
bounds are sub-logarithmic in G, and n1 ln |G| ≤ n2 ln n, one could reasonably argue that ∆G
is the only important structural term.) It is important to note that the edges in the model
need not necessarily correspond to concrete relationships in the data. For example, there
are many ways to define the “influential” neighbors of a user in a social network, though
the user may be connected to nearly everyone in the network; the adjacencies one models
may be a subset of the true adjacencies. Therefore, ∆G and |G| are quantities that one can
control; they become part of the trade-off between representational power and overfitting.
In light of this trade-off, recall that the stability term, βh , partially depends on whether one
conditions on the observations in the edge features; as shown in Examples 3 and 4, βh can
be reduced to O(kwk2 ) if one does not. On the other hand, if observations are modeled in
√
√
the edge features, and ∆G = O( n), then the bounds become Õ(1/ m). Thus, under this
modeling assumption, controlling the maximum degree is critical.
Our improved generalization rate critically relies on the dependency matrix, Γπ
B , having
low infinity norm. If this condition does not hold—for instance, suppose every variable
has some non-negligible dependence on every other variable, and Γπ
B ∞ = O(n)—then
our bounds are no more optimistic than previous results and may in fact be slightly looser
than some. However, if the dependence is sub-logarithmic, i.e., Γπ
B ∞ = O(ln n), then our
bounds are much more optimistic. In Section 4.3, we examined two settings in which this
assumption holds; these settings can be characterized by the following conditions: strong
local signal, bounded interactions (i.e., degree), and dependence that decays with graph
distance. Since the data distribution is determined by nature, it is not a variable one can
control. There may be situations in which the mixing coefficients can be estimated from
data, as done by McDonald et al. (2011) for β-mixing time series. We leave this as a question
for future research. Identifying weaker sufficient dependence conditions is also of interest.
There are several ways in which our analysis can be refined and extended. In Lemma 2,
which we use to establish the stability of the ramp loss, we used a rather course application of
Hölder’s inequality to isolate the influence of the weights. This technique ignores the relative
magnitudes of the node and edge weights. Indeed, it may be the case that the edge weights
are significantly lower than the node weights. A finer analysis of the weights could improve
Equation 33 and might yield new insights for weight regularization. One could also abstract
the desirable properties of the potential functions to accommodate a broader class than the
linear potentials used in our examples. Finally, we conjecture that our bounds could be
2
tightened by adapting Germain et al.’s (2009) analysis to bound φ2 (h, Ẑ) , L(h)−L̂(h, Ẑ)
instead of φ(h, Ẑ) , L(Q)−L̂(Q, Ẑ). The primary challenge would be bounding the moment

2
generating function, EẐ∼Dm eu φ (h,Ẑ) , since our martingale-based method would not work.
If successful, this analysis could yield bounds that tighten when the empirical loss is small.

Let BZ , {∃i : kXi k2 ≥ 2} denote a set of “bad” inputs, and let Γπ
B denote the
dependency matrix induced by D, π and BZ . Then, with probability at least 1 − δ − m/n
over realizations of Ẑ , (Z(l) )m
l=1 , for all h ∈ Hm3n ,

11
2
Lh (h) ≤ L̂h (h, Ẑ) +
+ + 4βh Γπ
B
mn n
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sequence of σ-algebras generated by the conditioned variables are nested (McDiarmid (1998)
called this a filter ), which is guaranteed by the construction of (V1 , . . . , Vn ).
One can then use Hoeffding’s lemma (Hoeffding, 1963) to bound each term in the above
product.
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Note that the requirement of strictly positive densities is not restrictive, since one can
always construct a positive density from a simply nonnegative one. We defer to Samson
(2000) for details.
We are now equipped with the tools to prove Proposition 1.

(1)

n
n
Lemma 6. Let Z(1) , (Zi )i=1
and Z(2) , (Zi )i=1
be random variables with respective
distributions D1 and D2 over a sample space Z n . Then there exists a coupling D̂, with
marginal distributions D̂(Z(1) ) = D1 (Z(1) ) and D̂(Z(2) ) = D2 (Z(2) ), such that, for any i ∈
[n],
,

Pr

To analyze interdependent random variables, we use a theoretical construction known as
coupling. For random variables Z1 and Z2 , with respective distributions D1 and D2 over a
common sample space Z, a coupling is any joint distribution D̂ over Z × Z such that the
marginal distributions, D̂(Z1 ) and D̂(Z2 ), are equal to D1 (Z1 ) and D2 (Z2 ) respectively.
Using a construction due to Fiebig (1993), one can create a coupling of two sequences
of random variables, such that the probability that any two corresponding variables are
different is upper-bounded by the ϑ-mixing coefficients in Definition 6. The following is an
adaptation of this result (due to Samson, 2000) for continuous domains.

A.2 Coupling

When Z1 , . . . , Zn are mutually independent, and ϕ has β-uniformly stability, upper-bounding
ci is straightforward; it becomes complicated when we relax the independence assumption,
or when ϕ is not uniformly stable. The following section addresses the former challenge.

n
τ2 X 2
ci
8

Clearly, E[Vi | Z1:i−1 ] = 0. Thus, if, for all i ∈ [n], there exists a value ci ≥ 0 such that


= sup E [ϕ(Z) | Z1:i = (z, z)] − E ϕ(Z) | Z1:i = (z, z 0 ) ≤ ci ,



h i
τ 2 (b − a)2
E eτ ξ ≤ exp
.
8

Lemma 5. If ξ is a random variable, such that E[ξ] = 0 and a ≤ ξ ≤ b almost surely, then
for any τ ∈ R,
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Appendix A. Proofs from Section 4
This appendix contains the deferred proofs from Section 6. We begin with some supplemental background in measure concentration. We then prove Proposition 1, and derive a
concentration inequality implied by the result. We conclude with the proofs of Propositions 2 and 3.
A.1 The Method of Bounded Differences
Our proof of Proposition 1 follows McDiarmid’s method of bounded differences (McDiarmid,
1989), which uses a construction known as a Doob martingale difference sequence. Let
n
ϕ : Z n → R denote a measurable function. Let Z , (Zi )i=1
denote a set of random
variables with joint distribution D, and let µ , E[ϕ(Z)] denote the mean of ϕ. For i ∈ [n],
let
Vi , E[ϕ(Z) | Z1:i ] − E[ϕ(Z) | Z1:i−1 ],

Vi = ϕ(Z) − µ.

i=1
n−1
Y



sup E eτ Vn | Z1:n−1 = z

(45)

where V1 , E[ϕ(Z) | Z1 ] − µ. The sequence (V1 , . . . , Vn ) has the convenient property that

n
X
i=1

"

Therefore, using the law of total expectation, we have that, for any τ ∈ R,
#
" n
i
h
Y
eτ Vi
E eτ (ϕ(Z)−µ) = E
=E

e

z∈Z n−1



sup E eτ Vi | Z1:i−1 = z .

i=1

i=1
"n−1
#
Y
τ Vi
n
Y

i−1
i=1 z∈Z

≤E
.
..
≤

JMLR 17(222):1-52

Note that the order in which we condition on variables is arbitrary, and does not necessarily
need to correspond to any spatio-temporal process. The important property is that the
35

Viπ = ϕ(Z) − E[ϕ(Z) | B].

sup

=

sup

π,B
z,z 0 ∈Z i (z)
π,B

z∈Z i−1

z 0 ∈Z i (z)
π,B

inf

i (z)
Zπ,
B




= (z, z) − E ϕ(Z) | B, Zπi (1:i) = (z, z 0 )

(Viπ )

E ϕ(Z) | B, Zπi (1:i)



(Viπ ) −
(46)

(2)

(47)
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Put simply, ψ inverts the permutation applied to its input, so as to ensure ψ(zπi (1:n) ) = ϕ(z).
For convenience, let


∆ψ , ψ z, z, ξ (1) − ψ z, z 0 , ξ (2)

i

In other words, the marginal distributions of ξ
and ξ
are equal to the conditional
distributions of Zπi (i+1:n) given B and, respectively, Zπi (1:i) = (z, z) or Zπi (1:i) = (z, z 0 ).
Note that we have renumbered the coupled variables according to πi . This does not affect
the distribution, but it does affect how we later apply Lemma 6. Denote by πi−1 the inverse
of πi (i.e., πi−1 (πi (1 : n)) = [n]), and let

ψ(z) = ϕ zπ−1 (1:n) .

(1)

and ξ (2) , (ξj )N
j=1 , with coupling distribution D̂ such that


D̂ ξ (1) , D Zπi (i+1:n) | B, Zπi (1:i) = (z, z)


and D̂ ξ (2) , D Zπi (i+1:n) | B, Zπi (1:i) = (z, z 0 ) .

(2)

is bounded, so as to apply Lemma 5. (Again, the suprema over
stem from conditioning on B.) To do so, we will use the coupling construction from Lemma 6. Fix any
i−1
i (z), and let N , n − i. Define random variables ξ (1) , (ξ (1) )N
z ∈ Zπ,
and z, z 0 ∈ Zπ,
j=1
j
B
B

π,B

i
(z)
z∈Z i−1 z∈Zπ,B

sup

i−1
where the supremum over Zπ,
comes from the fact that the expectations are conditioned
B
on B. Recall that each permutation in π has the same prefix, thus preserving the order of
conditioned variables, and ensuring that the sequence of σ-algebras is nested.
What remains is to show that, for all i ∈ [n],

i−1
i=1 z∈Zπ,B

n
h
i Y


π
E eτ (ϕ(Z)−E[ϕ(Z) | B]) | B ≤
sup E eτ Vi | B, Zπi (1:i−1) = z ,

We therefore have, via Equation 45, that

i=1

n
X

/ BZ ,
where V1π , E[ϕ(Z) | B, Zπi (1) ] − E[ϕ(Z) | B]. Note that E[Viπ | B] = 0 and, for Z ∈

Conditioned on B, every realization of Z is in the “good” set. We define a Doob martingale
difference sequence, using the filtration π:




Viπ , E ϕ(Z) | B, Zπi (1:i) − E ϕ(Z) | B, Zπi (1:i−1) ,

A.3 Proof of Proposition 1
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j=1 (Z

(1)

,Z(2) )∼D̂

(1)

j=1

j=1 (Z

N
X

Pr

,Z(2) )∼D̂


n
o
(1)
(2) 
ξj 6= ξj
.

j=i+1

j=i+1
n
X

j=i+1
n
X

n
X

π
γij
=

j=i

n
X

π
γij
.

0
ϑπ
ij (z, z, z )



D Zπi (j:n) | B, Zπi (1:i) = (z, z) − D Zπi (j:n) | B, Zπi (1:i) = (z, z 0 )

sup

(Viπ ) −

inf

z 0 ∈Z i (z)
π,B

(Viπ ) ≤ β

j=i

n
X

π
γij
.

tv

which completes the proof.
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Then, since we have identified a uniform upper bound for Equation 46, we apply Lemma 5
and obtain

2 

n
n
i
h
τ 2 X  X π 
τ (ϕ(Z)−E[ϕ(Z) | B])

β
γij
| B ≤ exp
E e
8
i=1
j=i


2 
n
X
τ2
2
π 


≤ exp
nβ max
γij
8
i∈[n]
j=i
 2

τ
2
= exp
nβ 2 Γπ
,
B ∞
8

π,B

i
(z)
z∈Z i−1 z∈Zπ,B

sup

i−1
i (z); thus,
The above inequalities hold uniformly for all z ∈ Zπ,
and z, z 0 ∈ Zπ,
B
B

≤1+

=1+

≤1+

In the second inequality, we assumed that z 6= z 0 . Recall from Lemma 6 and Definition 6
that
N
n
o
X
(1)
(2)
1+
Pr
ξj 6= ξj

= β 1 +



Because the expectations are conditioned on B, both realizations, (z, z, ξ (1) ) and (z, z 0 , ξ (2) ),
are “good,” in the sense that Equation 1 holds. We therefore have that
h
h
i

i
E ψ z, z, ξ (1) − ψ z, z 0 , ξ (2) ≤ β E Dh ((z, z, ξ (1) ), (z, z 0 , ξ (2) ))



N
X
(1)
(2) 


≤β 1+E
1{ξj 6= ξj }

denote the difference. Using these definitions, we have the following equivalence:
h





i
E ϕ(Z) | B, Zπi (1:i) = (z, z) −E ϕ(Z) | B, Zπi (1:i) = (z, z 0 ) = E ψ z, z, ξ (1) − ψ z, z 0 , ξ (2) .
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A.4 A New Concentration Inequality

.

Proposition 1, implies the following concentration inequality, which may be of independent
interest.

−22
2
nβ 2 kΓπ k∞

n
Corollary 3. Let Z , (Zi )i=1
denote random variables with joint distribution D on Z n ,
and let ϕ : Z n → R denote a measurable function. If ϕ is β-uniformly stable, then, for any
 > 0 and π ∈ Π(n),
!

Pr {ϕ(Z) − E[ϕ(Z)] ≥ } ≤ exp

Proof First, note that, for any τ ∈ R,
n
o
Pr {ϕ(Z) − E[ϕ(Z)] ≥ } = Pr eτ (ϕ(Z)−E[ϕ(Z)]) ≥ eτ  ,

due to the monotonicity of exponentiation. We then apply Markov’s inequality and obtain
o
n
i
1 h
Pr eτ (ϕ(Z)−E[ϕ(Z)]) ≥ eτ  ≤ τ  E eτ (ϕ(Z)−E[ϕ(Z)]) .
e

4
2
nβ 2 kΓπ k∞

to complete the proof.

Since ϕ has β-uniform stability, we can apply Proposition 1 by taking BZ , ∅. Thus,


o
n
1
τ2
2
Pr eτ (ϕ(Z)−E[ϕ(Z)]) ≥ eτ  ≤ τ  exp
n β 2 kΓπ k∞
.
e
8
Optimizing with respect to τ , we take τ ,

Corollary 3 extends some current state-of-the-art results (e.g., Kontorovich and Ramanan, 2008, Theorem 1.1) by supporting filtrations of the mixing coefficients. Further,
when Z1 , . . . , Zn are mutually independent (i.e., kΓπ k∞ = 1), we recover McDiarmid’s
inequality.
A.5 Proof of Proposition 2

π
γij
≤

∞
X

k=0

k
∆G
ϑ(k) ≤

∞ 
X

k=0

∆G
∆G + 

k

.
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We construct the filtration π recursively. We initialize π1 using a breadth-first traversal of
the graph, starting from any node. Then, for i = 2, . . . , n, we set πi (1 : i − 1) , πi−1 (1 :
i − 1), and determine πi (i : n) using a breadth-first traversal over the induced subgraph
of πi−1 (i : n), starting from πi−1 (i − 1). This ensures that nodes closer to πi (i) appear
earlier in the permutation, so that the higher mixing coefficients are not incurred for all
j = i + 1, . . . , n.
The degree of any node in this induced subgraph is at most the maximum degree of the
k.
whole graph, ∆G , so the number of nodes at distance k from node πi (i) is at most ∆G
k.
Hence, the number of subsets, πi (j : n) : j > i, at distance k from πi (i) is at most ∆G
Therefore,
n
X

j=i
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1
= 1 + ∆G /,
1 − ∆G /(∆G + )

Since ∆G /(∆G + ) < 1 for  > 0, this geometric series converges to

which completes the proof.

A.6 Proof of Proposition 3

π
γij
≤1+

n−i
X

k=1

ϑ(k) ≤ 1 + 

k=1

n−i
X

k −p .

For a chain graph, we define each permutation uniformly as πi , [n]. Each upper-triangular
π ≤ ϑ(j − i). The number of unconditioned variables at distance
entry of Γπ then satisfies γij
k = j − i is exactly one. Thus, for any row i,
n
X

j=i

1+

n−i
X
k=1

k −p ≤ 1 + 

k=1

∞
X

k −p = 1 + ζ(p),

Pn−i −p
th
∞ is a Harmonic series. Thus, the partial sum,
For p = 1, (k −p )k=1
k=1 k , is the (n − i)
Harmonic number, which is upper-bounded by ln(n − i) + 1, and maximized at row i = 1.
For p > 1,

by definition.

Appendix B. Proofs from Section 5

This appendix contains the deferred proofs from Section 5.
B.1 Proof of Theorem 2

For i = 0, 1, 2, . . ., let βi , 2i+1 . Since Equation 2 fails with probability δ + mν, we could
−1
simply invoke Theorem 1 for
 each βi with δi , βi (δ +mν). This approach would introduce
an additional O ln(mν)−1 term in the numerator of Equation 23. We therefore choose
instead to cover β and u simultaneously. Accordingly, for j = 0, 1, 2, . . ., let
v
u
u 8mn ln 2βδ i
uij , 2j t
2 .
βi2 ΓBπ ∞

E

h∼P

h
i
1
exp
euij φ̃i (h,Ẑ) ≥
δij

π
2 2
β
uij
i ΓB
8mn

2 !)
∞

.

i , which we use in Equation 5 to define a
Each βi defines a set of “bad” hypotheses, BH
function φ̃i . Let δij , δβi−1 2−(j+1) , and define an event
(

Eij , 1

ΓBπ
8mn
2 β2
uij
i

2 !
∞

E

E

h∼P Ẑ∼Dm
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i
h
euij φ̃i (h,Ẑ) | ¬B ≤ δij .

Note that none of the above depend on (β, η, Q). Using the event B defined in Equation 12,
we have, via Proposition 1, that
Pr {Eij | ¬B} ≤ δij exp −
Ẑ∼Dm

40

δij

= mν + δ.

i=0

2

j=0

2

i=0 j=0
∞
∞
X
X
δ
βi−1
2−(j+1)
i=0
j=0
∞
∞
X
X
−(i+1)
−(j+1)

= mν + δ

= mν +

≤ mν +

m

j=0 Eij ,

Pr {Eij | ¬B}

i=0 j=0 Ẑ∼D
∞ X
∞
X

∞ X
∞
X

i=0

S∞ S∞

Dkl (QkP) + ln

Moreover,

δi? j ?

1

41

(50)

(49)
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2βi?
1
Dkl (QkP)
+ ln
+1
δ
2
ln(2βi? /δ)


2βi?
1
2βi?
≤ Dkl (QkP) + ln
+
Dkl (QkP) + ln
.
δ
2
δ

≤ Dkl (QkP) + ln

v
v




u
u
u 8mn D (QkP) + ln 2βi?
u 8mn D (QkP) + ln 2βi?
kl
kl
u
δ
δ
1u
t
≤ ui? j ? ≤ t
.
2
2
2
βi2? ΓBπ ∞
βi2? Γπ
B ∞

we have that

Observe that (β/n, BZ , η)-local stability implies (βj /n, BZ , η)-local stability for all βj ≥
β. Therefore,
(β, η, Q) such that Q is (β/n, BZ , η)-locally stable, we
 for any particular

select i? , (ln 2)−1 ln β . This ensures that β ≤ βi? , so Q also satisfies (βi? /n, BZ , η)-local
stability. Then, letting



1
Dkl (QkP)
j? ,
ln
+1 ,
2 ln 2
ln(2βi? /δ)

Therefore, with probability at least 1 − δ − mν, every l ∈ [m] satisfies Z(l) ∈
/ BZ , and every
(i, j) satisfies
2 !
i
h
u2ij βi2 Γπ
1
B ∞
uij φ̃i (h,Ẑ)
exp
.
(48)
≤
E e
h∼P
δij
8mn

Ẑ∼Dm

Pr {B ∪ E} ≤ mν +

Then, using the same reasoning as Equation 13, with E ,
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1

u2i? j ? βi2? Γπ
B
+
8mn
2
∞

2 !
∞

p

≤ 2R Dh (x, x0 ).

(52)

42

j:{i,j}∈E
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Proof We start by considering a pair, x, x0 ∈ X n : Dh (x, x0 ) = 1, that differ at a single
coordinate, corresponding to a node i. This means that the aggregate features differ at one
local feature, and any edge involving i. Thus, using the triangle inequality, we have that


fi (x, y) − fi (x0 , y)
f (x, y) − f (x0 , y) p = P
0
j:{i,j}∈E fij (x, y) − fij (x , y) p
X
≤ fi (x, y) − fi (x0 , y) p +
fij (x, y) − fij (x0 , y) p . (53)

f (x, y) − f (x0 , y)

Further, if the model does not use edge observations (i.e., fij (x, y) , yi ⊗ yj ), then

Lemma 7. Fix a graph, G , (V, E), with maximum degree ∆G . Suppose X is uniformly
bounded by the p-norm ball with radius R; i.e., supx∈X kxkp ≤ R. Then, for any x, x0 ∈ X n
and y ∈ Y n ,
f (x, y) − f (x0 , y) p ≤ (∆G + 2)R Dh (x, x0 ).
(51)

This appendix contains the deferred proofs from Section 6. Certain proofs require the following technical lemmas, which apply to the linear feature functions defined in Section 2.2.3.

Appendix C. Proofs from Section 6

which completes the proof.

L(h, z) − L(h0 , z) ≤ λ h − h0 ≤ λβ,

Fix any h ∈ H and z ∈
/ BZ . By Definition 10, there exists a set BH (h) with measure
Qh (BH (h)) ≤ η. For any z ∈
/ BZ , let BH (h, z) , BH (h), and note that Qh (BH (h, z)) ≤ η as
well. Further, for any h0 ∈
/ BH (h, z), kh − h0 k ≤ β. Thus, by Definition 9,

B.2 Proof of Proposition 5

The first inequality uses Equation 9; the second uses Equation 48; the third and fourth use
Equations 49 and 50. Noting that βi? ≤ 2β completes the proof.

Dkl (QkP) + ln
ui? j ?
δ i? j ?


2βi?
3 Dkl (QkP) + ln δ
ui? j ? βi2? Γπ
B
+
≤ α(η + ν) +
?
?
2ui j
8mn
s
Dkl (QkP) + ln 2βδi?
π
≤ α(η + ν) + 2βi? ΓB ∞
.
2mn

≤ α(η + ν) +

1

Thus, with probability at least 1 − δ − mν,

i
h
1
L(Q) − L̂(Q, Ẑ) ≤ α(η + ν) +
Dkl (QkP) + ln E eui? j ? φ̃i? (h,Ẑ)
h∼P
ui? j ?
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Note that the second term disappears when the model does not use edge observations.

=

fi (x, y) − fi (x0 , y)

p

p

1
2

= (xi − xi0 ) ⊗ yi

p

= xi − xi0 p kyi kp


≤ kxi kp + xi0 p × 1

≤ 2R,

   0 
xi
x
− i
⊗ (yi ⊗ yj )
xj
xj

1
xi − xi0 p kyi kp kyj kp
=
2

1
kxi kp + xi0 p × 1 × 1
≤
2
≤ R.

p

Recall that the features are defined using a Kronecker product. For any vectors u, v,
ku ⊗ vkp = kukp kvkp . Using this identity, and the fact that each y ∈ Y has kyk1 = 1, we
have that

and

fij (x, y) − fij (x0 , y)

p

≤ 2R +

X

j:{i,j}∈E

R ≤ (2 + ∆G )R.

Combining these inequalities with Equation 53, and using the fact that i participates in at
most ∆G edges, we have that
f (x, y) − f (x0 , y)

For no edge observations, the righthand side is simply 2R. Thus, since the bounds hold for
any single coordinate perturbation, Equations 51 and 52 follow from the triangle inequality.

JMLR 17(222):1-52

Lemma 8. Fix a graph, G , (V, E), and recall that |G| , |V| + |E|. Suppose X is uniformly
bounded by the p-norm ball with radius R; i.e., supx∈X kxkp ≤ R. Then, for all x ∈ X n and
y ∈ Y n,
kf (x, y)kp ≤ |G| R.
43

i∈V

London, Huang and Getoor

X

kfi (x, y)kp +

{i,j}∈E

Proof Invoking the triangle inequality, we have that
 P

fi (x, y)
kf (x, y)kp = P i∈V
{i,j}∈E fij (x, y) p
X
kfij (x, y)kp

≤

X

kxi kp kyi kp +

i∈V

X

i∈V

R×1+

{i,j}∈E

X 1
(R + R) × 1 × 1
2

{i,j}∈E

 
X
X
1
x
i
=
kxi ⊗ yi kp +
⊗ (yi ⊗ yj )
2 xj
p
i∈V
{i,j}∈E
X
X 1  xi 
kyi kp kyj kp
=
kxi kp kyi kp +
x
2
j
p
i∈V
{i,j}∈E

X 1
kxi kp + kxj kp kyi kp kyj kp
2
≤

≤

= (|V| + |E|)R = |G| R,
which completes the proof.

−

Dh (y

0
, y10 )


+ h(x0 , y10 ) − h(x0 , y20 )

+ h(x, y2 ) − h(x0 , y20 ) , (54)

u∈Y n

y20 , arg max h(x0 , u).

u∈Y n

y2 , arg max h(x, u);

Note that Lemmas 7 and 8 hold when discrete labels are replaced with marginals, since
each clique’s marginals sum to one. This adaptation enables the proof of Example 3.
C.1 Proof of Lemma 2
To simplify notation, let:
u∈Y n

y1 , arg max Dh (y, u) + h(x, u);
u∈Y n

−

h(x, y2 ))

y10 , arg max Dh (y0 , u) + h(x0 , u);

+

h(x, y1 )

Using this notation, we have that
=

n Lr (h, z) − Lr (h, z0 )
(Dh (y, y1 )

≤ (Dh (y, y1 ) + h(x, y1 )) − Dh (y0 , y10 ) + h(x0 , y10 )

− f (x0



, y2 ) p
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(55)

using the triangle inequality.
Focusing on the second absolute difference, we can assume, without loss of generality,
that h(x, y2 ) ≥ h(x0 , y20 ), meaning

h(x, y2 ) − h(x0 , y20 ) = h(x, y2 ) − h(x0 , y20 )

≤ h(x, y2 ) − h(x0 , y2 )

f (x, y2 )

= w · f (x, y2 ) − f (x0 , y2 )

≤

kwkq

≤ kwkq (∆G + 2)R Dh (x, x0 ).

44

0

0

0

≤ (Dh (y, y1 ) + h(x, y1 )) −

n Lr (h, z) − Lr (h0 , z)

Using this notation, we have that

u∈Y n

45

Dh (y, y01 )

+h

0

(x, y01 )



0

(x, y02 )

, (57)
JMLR 17(222):1-52

+ h(x, y2 ) − h

u∈Y n

y02 , arg max h0 (x, u).

y01 , arg max Dh (y, u) + h0 (x, u);

u∈Y n

y2 , arg max h(x, u);

u∈Y n

y1 , arg max Dh (y, u) + h(x, u);

The proof proceeds similarly to that of Lemma 2. Let

C.2 Proof of Lemma 3

Dividing both sides by n yields Equation 33. To obtain Equation 34, we use Lemma 7’s
Equation 52 in Equations 55 and 56, which reduces the term (∆G + 2) to just 2.

≤ 2(∆G + 2)R kwkq Dh (z, z0 ) + Dh (z, z0 ).

n Lr (h, z) − Lr (h, z ) ≤ 2(∆G + 2)R kwkq Dh (x, x ) + Dh (y, y )

0

The upper bound in Equation 56 also holds when θ̃(x0 , y0 ; w) · ŷ01 ≥ θ̃(x, y; w) · ŷ1 .
Combining Equations 55 to 57, we then have that

The first inequality uses the optimality of y01 ; the second inequality uses Hölder’s inequality
and Lemma 7 again; the last inequality uses the fact that

δ(y) − δ(y0 ) · ŷ1 = Dh (y, y1 ) − Dh (y0 , ŷ1 ) ≤ Dh (y, y0 ).

≤ kwkq (∆G + 2)R Dh (x, x ) + Dh (y, y ).

0


= θ(x; w) + δ(y) − θ(x0 ; w) − δ(y0 ) · ŷ1


= w · f (x, y1 ) − f (x0 , y1 ) + δ(y) − δ(y0 ) · ŷ1

≤ kwkq (∆G + 2)R Dh (x, x0 ) + δ(y) − δ(y0 ) · ŷ1

≤ θ̃(x, y; w) · ŷ1 − θ̃(x0 , y0 ; w) · ŷ1

θ̃(x, y; w) · ŷ1 − θ̃(x0 , y0 ; w) · ŷ01 = θ̃(x, y; w) · ŷ1 − θ̃(x0 , y0 ; w) · ŷ01

(56)

= θ̃(x, y; w) · ŷ1 − θ̃(x0 , y0 ; w) · ŷ01 .

If we assume (without loss of generality) that θ̃(x, y; w) · ŷ1 ≥ θ̃(x0 , y0 ; w) · ŷ01 , then

(Dh (y, y1 ) + h(x, y1 )) − Dh (y0 , y01 ) + h(x0 , y01 )



The first inequality uses the optimality of y02 , implying −h(x0 , y02 ) ≤ −h(x0 , y2 ); the second
inequality uses Hölder’s inequality; the third inequality uses Lemma 7 (Equation 51). Note
that we obtain the same upper bound if we assume that h(x, y2 ) ≤ h(x0 , y02 ), since we can
reverse the terms inside the absolute value and proceed with y02 instead of y2 .
We now return to the first absolute difference. To reduce clutter, it will help to use the
loss-augmented potentials, θ̃(x, y; w), from Equation 31. Recall that δ(y) denotes the loss
augmentation vector for y. We then have that
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q

q

|G| R,

kf (x, y2 )kp
(58)



≤ w−w

0

≤ w − w0

q

q

|G| R.

kf (x, y1 )kp

= (w − w0 ) · f (x, y1 )

H

Z

1{h ∈ supp(U)} dh.
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12. We withhold the precise definitions for simplicity of exposition. It will suffice to recognize their relative
proportions, since the withheld constant depends only on d, and is thereby canceled out in the KL
divergence.

The probability density function of U is the inverse of its volume. The volume of P is the
volume of a unit ball, which is proportional to 1. Similarly, the volume of Qh is at least
the volume of a d-dimensional ball with radius /2 (due to the intersection with the unit
ball), which is proportional to (/2)d .12 Therefore, using p and qh to denote their respective

vol(U) ,

Since the weights are uniformly bounded, we define the prior, P, as a uniform distribution on
the d-dimensional unit ball. Given a (learned) hypothesis, h, with weights w, we construct
a posterior, Qh , as a uniform distribution on a d-dimensional ball with radius , centered at
w, and clipped at the boundary of the unit ball; i.e., its support is {w0 ∈ Rd : kw0 − wk2 ≤
, kw0 k2 ≤ 1}. We let  , (m |G|)−1 , meaning the radius of the ball should decrease as the
size of the training set increases.
For a uniform distribution, U, with support supp(U) ⊆ H, we denote its volume by

C.3 Proof of Example 1

(59)

≤ θ̃(x, y; w) · ŷ1 − θ̃(x, y; w0 ) · ŷ1

= θ(x; w) + δ(y) − θ(x; w0 ) − δ(y) · ŷ1

= θ̃(x, y; w) · ŷ1 − θ̃(x, y; w0 ) · ŷ01

Combining the inequalities and dividing by n completes the proof.

(Dh (y, y1 ) + h(x, y1 )) − Dh (y, y01 ) + h0 (x, y01 )

via Lemma 8. Further, using the loss-augmented potentials, and assuming θ̃(x, y; w) · ŷ1 ≥
θ̃(x, y; w0 ) · ŷ01 , we have that

≤ w − w0

≤ w − w0

= (w − w0 ) · f (x, y2 )

≤ h(x, y2 ) − h0 (x, y2 )

h(x, y2 ) − h0 (x, y02 ) = h(x, y2 ) − h0 (x, y02 )

via the triangle inequality. Assuming h(x, y2 ) ≥ h0 (x, y02 ), we have that
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qh (h0 ) ln
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densities, we have that

ZH

qh (h0 ) ln(2/)d dh0

Z
qh (h0 )
dh0
Dkl (Qh kP) =
qh (h0 ) ln
p(h0 )
ZH
vol(P)
dh0
vol(Qh )
=

≤
H

= d ln(2m |G|).

s

d ln(2m |G|) + ln 2δ
.
2mn

(60)

By assumption, every allowable hypothesis has a weight vector w with kwk2 ≤ 1. We
also assume that supx∈X kxk2 ≤ 1. Therefore, with R = 1 and β , (2∆G + 4) + 1, Lemma 2
immediately proves that Lr ◦ {h ∈ Hm3n : kwk2 ≤ 1} is (β/n)-uniformly stable. Invoking
Corollary 1, we then have that, with probability at least 1 − δ, every Qh : kwk2 ≤ 1 satisfies
Lr (Qh ) ≤ L̂r (Qh , Ẑ) + 2 ((2∆G + 4) + 1) kΓπ k∞

Lh (h) ≤ Lr (h) ≤ Lr (Qh ) +

2
,
mn

(62)

(61)

By construction, every h0 ∼ Qh satisfies kw0 − wk2 ≤ (m |G|)−1 , so Q has (1/(m |G|), 0)local hypothesis stability. As demonstrated in Equation 37, Lr has (2 |G| /n, ∅)-local hypothesis stability. Thus, via Proposition 5, (Lr , Q) has (2/(mn), ∅, 0)-local stability. Then,
via Proposition 4 and Equation 32, we have that

and

2
2
L̂r (Qh , Ẑ) ≤ L̂r (h, Ẑ) +
≤ L̂h (h, Ẑ) +
.
mn
mn

Combining Equations 60 to 62 completes the proof.
C.4 Proof of Lemma 4
We begin with a fundamental property of the normal distribution, which is used to prove
the concentration inequality.

(63)

Fact 1. If X is a Gaussian random variable, with mean µ and variance σ 2 , then, for any
 > 0,


2
Pr {|X − µ| ≥ } ≤ 2 exp − 2 .
2σ

d
X
i=1

|Xi − µi |p

!1/p

   p 1/p
< d 1/p
= .
d
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Observe that, if kX − µkp ≥ , then there must exist at least one coordinate i ∈ [d] such
that |Xi − µi | ≥ /d1/p ; otherwise, we would have
kX − µkp =

47

We therefore have that
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d

n
o
n
Pr kX − µkp ≥  ≤ Pr ∃i : |Xi − µi | ≥

d
X

i=1


2 exp −

2
2σ 2 d2/p

 o
d1/p

X n
 o
≤
Pr |Xi − µi | ≥ 1/p
d
i=1

.

≤

The second inequality uses the union bound; the last uses Fact 1. Summing over i = 1, . . . , d
completes the proof.
C.5 Proof of Example 4

We first show that D(BZ ) ≤ 1/n. Then, the rest of the proof is a simple modification of the
previous analyses.
Observe that, for any x and µy ,

kxk2 − 1 ≤ kxk2 − kµy k2 ≤ kx − µy k2 .

So, if kxk2 ≥ 2, then kx − µy k2 ≥ 1. Therefore, using the union bound, and Lemma 4, we
can upper-bound the measure of BZ as follows:
Z∼D

D(BZ ) = Pr {∃i : kXi k2 ≥ 2}
y∈Y n X∼D


kXi − µyi k2 ≥ 1 | Yi = yi

Pr {kXi k2 ≥ 2 | Yi = yi }

≤ sup Pr {∃i : kXi k2 ≥ 2 | Y = y}
n
X

Pr

y∈Y n i=1 Xi ∼D

= sup

n
X

y∈Y n i=1 Xi ∼D

≤ sup

i=1

n
X



n
X
1
≤ sup
2k exp −
2kσy2i
y∈Y n
i=1


2k ln(2kn2 )
1
2k exp −
= .
2k
n
≤

JMLR 17(222):1-52

Conditioned on Z ∈
/ BZ , we have that Lemmas 7 and 8 hold for R = 2; hence, so do
Lemmas 2 and 3. With P, Qh and BHm3n (h) constructed identically to Example 2, this means
that Qh is (βh /n, BZ , 1/(mn))-locally stable. Further, Lr has (4 |G| /n, BZ )-local hypothesis
stability, and Q has (1/(m |G|), 1/(mn))-local hypothesis stability; by Proposition 5, this
means that (Lr , Q) has (4/(mn), BZ , 1/(mn))-local stability. Thus, invoking Theorem 2
and Proposition 4, with ν = 1/n, we have that, with probability at least 1 − δ − m/n, all

48

+ 4βh Γπ
B

∞

s

1
2

kwk22 +
d
2

ln (2d(m |G|)2 ln(2dmn)) + ln 4βδ h
.
2mn

5
5
≤ L̂h (h, Ẑ) +
.
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mn
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With some exceptions, existing work on multiclass loss functions attempts to work directly with
` : V → Rn+ . As we shall show this conflates two seperate concerns—the design of the statistical properties of the loss, those that affect statistical performance, with the aspects that affect
the computational properties that control the ease with which empirical averages of the loss are
minimized. The proper composite representation is not new—in hindsight the observation of
Grünwald and Dawid (2004) that every loss induces a proper scoring rule is tantamount to the
proper composite representation. Furthermore, its components (link functions and proper losses)
have a long history. The novelty of the present work is to systematically use these two components as a canonical parametrisation of loss functions. Key differences between the present paper
and previous work are tabulated in Table 1.

c 2016 Robert C. Williamson, Elodie Vernet, and Mark D. Reid.

1.1 Previous Work

Machine learning is done for a purpose. The performance of a machine learning solution is
judged by means of a loss function. Different choices of loss function will lead to different
solutions. The theory of binary losses (i.e. losses suitable for binary prediction problems) is
well understood. This paper extends that understanding to multiclass losses and aids the choice
of a suitable loss function by exploring the parametrisations available and the implications of
different choices. It does so by systematically exploring a decomposition of a multiclass loss
into two components, one which affects the statistical performance, and one which affects the
computational optimisation of models.
The problem setting is where one is given a bag *(xi , yi )+i of pairs of points xi and their
accompanying labels yi ∈ [n] := {1, . . . , n}, drawn from a finite set of size n. The task can

be either predict a label for an unseen instance, or predict the probability that a label takes
on a particular value. These two problems are called multiclass classification and probability
estimation respectively.
Proper composite losses are the composition of a proper loss and and invertible link (both
defined formally below). This representation makes the understanding of multiclass losses easier because, crucially, it seperates two distinct concerns: the statistical and the computational.
The statistical properties are controlled by the proper loss, while the link function is essentially
just a parametrisation. Choice of a suitable link can help—for example, a nonconvex proper loss
can be made convex (and thus more amenable to numerical optimisation) by choice of the appropriate link. For prediction purposes it is desirable to use an admissible loss (one where every
possible prediction is uniquely optimal for some underlying distribution). It turns out that every
proper composite loss is admissible; in fact proper composite losses satisfy a stronger adequacy
property than admissibility.
We characterise when a multiclass loss has a proper composite representation and when such
representations are unique. We consider integral representations (whereby the proper component
can be expressed as a weighted combination of elementary proper losses). We show the suprising
result that there is a fundamental difference between n = 2 and n > 2 in terms of the simplicitly
of the parametrisation of the class of elementary proper losses. It has been known for some
time that proper losses are characterised by their conditional Bayes risks (or entropy functions).
It has already been shown how important properties of a loss that control the performance of
certain learning tasks can be expressed directly in terms of the Bayes risk. In this paper we
extend results due to Reid and Williamson (2010) (for n = 2) to general n and characterise the
convexity of a proper loss in terms of the associated Bayes risk.
We also illuminate the connection between classification and probability estimation by characterising the relationship between the cruicial property that a loss should have for each of these:
classification calibrated (which we first generalise to make sense in the more general setting we
consider) and properness. We explain the relationship between these two concepts, which captures the idea behind the probing reduction from classification to class probability estimation.
We also show how the results of the paper can provide tools to help with the design of
multiclass losses, putting this on firmer ground than in the past.

W ILLIAMSON , V ERNET AND R EID

1. Introduction

We consider loss functions for multiclass prediction problems. We show when a multiclass loss
can be expressed as a “proper composite loss”, which is the composition of a proper loss and
a link function. We extend existing results for binary losses to multiclass losses. We subsume
results on “classification calibration” by relating it to properness. We determine the stationarity
condition, Bregman representation, order-sensitivity, and quasi-convexity of multiclass proper
losses. We then characterise the existence and uniqueness of the composite representation for
multiclass losses. We show how the composite representation is related to other core properties
of a loss: mixability, admissibility and (strong) convexity of multiclass losses which we characterise in terms of the Hessian of the Bayes risk. We show that the simple integral representation
for binary proper losses can not be extended to multiclass losses but offer concrete guidance regarding how to design different loss functions. The conclusion drawn from these results is that
the proper composite representation is a natural and convenient tool for the design of multiclass
loss functions.
Keywords: Proper losses, Multiclass losses, Link Functions, Convexity and quasi-convexity
of losses, Margin losses, Classification calibration, Parametrisations and representations of loss
functions, Admissibility, Mixability, Minimaxity, Superprediction set
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Previous Work

Present Paper
Fig. 1

Ref.

C OMPOSITE M ULTICLASS L OSSES

Attribute
Clear seperation of concerns and
meaning for λ and ψ. Gives
meaning to predictions v as transformed probabilities.

§9

§8.3

§6.4

§6.4

§6.2

§6.1

§3

None—just a function; possibly
convex in parameters

Mixability and Stochastic Mixability. Characterisation in online setting. Both online worstcase and statistical batch settings.
Parametrisation ψ automatically
ignored.

Clear connection via a characterisation relating classification calibrated, prediction calibrated and
proper losses

Structure and
Semantics

Classification
versus probability estimation

Effect of choice
of loss function
on performance

Not considered explicitly. Ensured however by assuming ` is
convex.

Little insight in the multiclass
case; confer recent works such
as (Reid and Williamson, 2010,
2011; Narasimhan and Agarwal,
2013; Menon and Williamson,
2014) for the binary case
Margin based. Only a sufficient condition and only for
statistical batch setting. Mixes
up statistical fundamentals
(L) with parametrization (ψ).
Strong convexity for speed of
convergence in online setting;
cf. (Abernethy et al., 2009).

Admissibility

Guaranteed by assumimg ` is
convex.

Many to one for margin losses
in binary case. (Nguyen et al.,
2009)

No principled way to convexify
a loss; can make convex surrogate approximations.
No guidance; choose ` or margin function φ , in which case
symmetry imposed.

Quasi-convexity
and Minimaxity

Convexifiability
Design principles
and parametrisation
Connections to
divergences

All proper composite losses admissible. All continuous Bayes
losses have a proper composite
representation.
Quasi-convexity guaranteed for
all continuous proper losses; minimaxity for all continuous proper
composite losses.
All continuous proper losses convexifiable (using the canonical
link).
Principled; general asymmetric
losses possible; parametrise via
(Λ, Ψ); separation of concerns.
Explicit 1:1 correspondence for
binary and multiclass case (Reid
and Williamson, 2011; Garcı́aGarcı́a and Williamson, 2012).
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2014). Classification calibrated losses are an analog of proper losses for the problem of classification (Bartlett et al., 2006). The relationship between classification calibration and properness
was determined by Reid and Williamson (2010) for n = 2. Most of these results have had no
multiclass analogue until now. Whilst there is much work on classification problems, it is now
widely understood that there are often advantages in being able to predict probabilities, rather
than just labels (Bennett, 2003; Cohen and Goldszmidt, 2004).
The theory of loss functions makes it clear how one ideally chooses a loss—one takes account of one’s utility concerning various incorrect predictions (Kiefer, 1987), (Berger, 1985,
Section 2.4). The practice rarely involves such a step, primarily, we conjecture, because there
is no adequate understanding of the way one can parametrise losses effectively, especially in
the multiclass case. There is little guidance in the literature concerning how to choose a loss
function; typically heuristic arguments are used for the choice—confer e.g. (Ighodaro et al.,
1982; Nayak and Naik, 1989). An early approach to multiclass losses is simply reduction to binary (Allwein et al., 2001; Beygelzimer et al., 2007; Crammer and Singer, 2001; Dietterich and
Bakiri, 1995; Zadrozny and Elkan, 2002). Related approaches are pairwise coupling or BradleyTerry models (Hastie and Tibshirani, 1998; Wu and Weng, 2004; Huang et al., 2006) where
certain relationships are assumed to hold between the pairwise probabilities and the multivariate
probability of interest.
The design of losses for multiclass prediction has received recent attention (Zhang, 2004;
Hill and Doucet, 2007; Tewari and Bartlett, 2007; Liu, 2007; Santos-Rodrı́guez et al., 2009;
Zou et al., 2008; Zhang et al., 2009) although none of these papers developed the connection to
proper losses, and most restrict consideration to margin losses (which imply certain symmetry
conditions). Zou et al. (2005) proposed a multiclass generalisation of “admissible losses” (their
name for classification calibration) for multiclass margin classification. Liu (2007) considered
several multiclass generalisations of hinge loss (suitable for multiclass SVMs) and showed some
of them were and others were not Fisher consistent, and when they were not it was shown how
the training algorithm could be modified to make the losses behave consistently. Shi et al.
(2010) have investigated the relationship between classification calibration of multiclass losses
and losses for structure prediction, and have proposed an extension of classification calibration
which they call parametric consistency, which attempts to take account of the function class used
(classification calibration is, like all the results in this paper, concerned with behaviour per point;
in practice one typically optimises over restricted classes of functions). Multiclass losses have
also been considered in the development of multiclass boosting (e.g. Zhu et al., 2009; Mukherjee
and Schapire, 2013; Wu and Lange, 2010).
1.2 Outline

The rest of the paper is organised as follows. In §2: we set up the problem formally and state
some purely mathematical results we will need; §3: we relate properness, classification calibration, and the notion used by Tewari and Bartlett (2007) which we rename “prediction calibrated”;
§4: we provide a novel characterization of multiclass properness; §5: we study composite proper
losses (the composition of a proper loss with an invertible link) and characterise when a given
loss has such a representation and when the representation is unique; §6: we develop a number of interesting implications of the representation and the characterisation results in terms of

Table 1: Comparison of present paper to previous works on loss functions.
Proper losses are the natural losses to use for probability estimation. They have been studied
in detail when n = 2 (the “binary case”) where there is a nice integral representation (Buja et al.,
2005; Gneiting and Raftery, 2007; Reid and Williamson, 2011), and characterization (Reid and
Williamson, 2010) when differentiable. The proper composite representation for binary losses
has proved very illuminating in the study of bipartite ranking problems (Menon and Williamson,
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∑ pi `i (q) ∈ R+ ,

i∈[n]

5

q∈∆

L : ∆n 3 p 7→ infn L(p, q).
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where Y ∼ p means Y is drawn according to a multinomial distribution with parameter p ∈
∆n . In a typical learning problem one will construct an estimate q : X → ∆n . The full risk is
L(q) = EX EY |X `Y (q(X)). Minimizing L(q) over q : X → ∆n is equivalent to minimizing
L(p(x), q(x)) over q(x) ∈ ∆n for all x ∈ X where p(x) = (p1 (x), . . . , pn (x))0 , and pi (x) = P(Y =
i|X = x). Thus it suffices to only consider the conditional risk; confer (Reid and Williamson,
2011).
If one is interested in estimating probabilities (` : ∆n → Rn+ ) it is natural to require the associated conditional risk is minimized when estimating the true underlying probability. Such a loss
is called proper (formally: if L(p, p) ≤ L(p, q), ∀p, q ∈ ∆n ). It is strictly proper if the inequality
is strict when p 6= q (so it is uniquely minimised by predicting the correct probability). The
conditional Bayes risk is defined by

L : ∆n × ∆n 3 (p, q) 7→ L(p, q) = EY∼p `Y (q) = p0 · `(q) =

Suppose X is some set and Y = [n] = {1, . . . , n} is a set of labels. (Throughout the paper n
is an integer greater than or equal to 2.) We suppose we are given data S = *(xi , yi )+i∈[m] such
that yi ∈ Y is the label corresponding to xi ∈ X . These data follow a joint distribution PX ,Y
on X × [n]. We denote by EX ,Y and EY |X respectively, the expectation and the conditional
expectation with respect to PX ,Y . Given a new observation x we want to predict the probability
pi := P(Y = i|X = x) of x belonging to class i, for i ∈ [n]. Multiclass classification requires the
learner to predict the most likely class of x; that is to find ŷ ∈ arg maxi∈[n] pi .
A loss measures the quality of prediction. Let ∆n := {(p1 , . . . , pn ) : ∑i∈[n] pi = 1, and 0 ≤
pi ≤ 1, ∀i ∈ [n]} denote the n-simplex. For multiclass probability estimation, ` : ∆n → Rn+ . The
partial losses `i are the components of `(q) = (`1 (q), . . . , `n (q))0 and `i (q) is the loss incurred
by predicting q ∈ ∆n when y = i. A commonly used loss for probability estimation is the log
log
loss `log defined by `i (q) := − log qi for i ∈ [n]. Other examples of multiclass losses we will
sq
refer to in this paper include the square loss `i (q) := ∑ j∈[n] (Ji = jK − q j )2 , the absolute loss
01 (q) := Ji ∈ arg max
`abs
(q)
:=
|Ji
=
jK
−
q
|
and
the
0-1
loss
`
∑
j
j∈[n]
j∈[n] q j K. Here, JPK denotes
i
i
the function that is 1 when P is true and 0 otherwise.
Throughout the paper, A0 denotes transpose of the matrix or vector A, except when applied
to a real-valued function where it denotes derivative. We denote matrix multiplication of compatible matrices A and B by A · B, so the inner product of two vectors x, y ∈ Rn is x0 · y. The
conditional risk L associated with a loss ` is the function

2. Formal Setup

mixability (§6.1), admissibility (§6.2) and convexity (§6.4), where we give a complete characterisation of the (strong) convexity of composite multiclass proper losses in terms of the Bayes
risk; §7: we present a (somewhat surprising) negative result concerning the integral representation of proper multiclass losses; §8: we outline how the above results can aid in the design of
proper losses, especially by use of a (new) multiclass extension of the “canonical link”; finally,
§9 summarises the key contributions and outlines some future directions.
link

λ

proper loss
Controls statistical properties

proper composite loss `

probabilities

Figure 1: The idea of a proper composite loss.

λ is parametrised by a concave Bayes risk Λ : ∆n → R

ψ is a monotone function ∆n → V

Controls convexity

x

loss values

i=1

n−1

6

JMLR 17(223):1-52

its inverse. For convenience, we will often use ñ := n − 1 to denote the dimension of the set ∆˜ n .

i=1

0
0
n
˜n
Π−1
∆ : ∆ 3 p̃ = ( p̃1 , . . . , p̃n−1 ) 7→ p = ( p̃1 , . . . , p̃n−1 , 1 − ∑ p̃i ) ∈ ∆

the projection of the ∆n , and

Π∆ : ∆n 3 p = (p1 , . . . , pn )0 7→ p̃ = (p1 , . . . , pn−1 )0 ∈ ∆˜ n ,

denote the “bottom” of the n-simplex. We denote by

This function is always concave (Gneiting and Raftery, 2007). If ` is proper, then L(p) =
L(p, p) = p0 · `(p). Strictly proper losses induce Fisher consistent estimators of probabilities:
if ` is strictly proper, p = arg minq L(p, q). By considering when the derivatives ∂∂qi L(p, q) are
zero it is straight-forward to show that, of the example losses introduced above, the log loss,
square loss, and 0-1 loss are proper, while absolute loss is not. Furthermore, both log loss and
square loss are strictly proper while 0-1 loss is proper but not strictly proper. Using the fact
that, for proper losses, the Bayes risk L(p) = L(p, p) we see that Llog (p) = − ∑i∈[n] pi log pi (i.e.,
Shannon entropy); Lsq (p) = 1 − ∑i∈[n] p2i ; and L01 (p) = mini {1 − pi }.
The losses above are defined on the simplex ∆n since the argument (a predictor) represents
a probability vector. However it is sometimes desirable to use another set V of predictions. For
example if one wishes to use linear predictors, their natural range is Rn . One can consider losses
` : V → Rn+ . Suppose there exists an invertible function ψ : ∆n → V . Then ` can be written as a
composition of a loss λ defined on the simplex with ψ −1 . That is, `(v) = λ ψ (v) := λ (ψ −1 (v)).
Such a function λ ψ is a composite loss. If λ is proper, we say ` is a proper composite loss, with
associated proper loss λ and link ψ; see Figure 1. Many commonly used multiclass losses are
composite losses, even though they are not often expressed as such; see the example in §8.4.
Throughout the paper, ` is a general loss defined on V , where V may equal ∆n , and λ is always a loss defined on ∆n , which may be proper. For such a loss λ : ∆n → Rn+ , its corresponding
conditional risk is denoted Λ(p, q) and its conditional Bayes risk is Λ(p).
In order to differentiate the losses we project the n-simplex into a subset of Rn−1 . Let
(
)
n−1
∆˜ n := (p1 , . . . , pn−1 )0 : pi ≥ 0, ∀i ∈ [n], ∑ pi ≤ 1

predictions

p

∈
v

Rn+

∆n

V
ψ −1
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∈

C OMPOSITE M ULTICLASS L OSSES

∈

e1

e3

T3 (c)

c
T2 (c)

C OMPOSITE M ULTICLASS L OSSES

T1 (c)

e2

Figure 2: A partitioning of the 3-simplex by regions Ti (c), i = 1, 2, 3, where c = (.35, .2, .45)
as viewed from the direction (1, 1, 1).

We use the following notation. The kth unit vector ek is the n vector with all components zero
except the kth which is 1. The n-vector 1n := (1, . . . , 1)0 . The (relative) interior of the simplex is
∆˚ n := {(p1 , . . . , pn ) : ∑i∈[n] pi = 1, and 0 < pi < 1, ∀i ∈ [n]} and the boundary is ∂ ∆n := ∆n \ ∆˚ n .
We also adopt notation from Magnus and Neudecker (1999). For the reader’s convenience we
list the essential notations and conventions in Appendix A.

3. Relating Properness to Classification Calibration
Properness is an attractive property of a loss for the task of class probability estimation. However
if one is merely interested in classifying (predicting ŷ ∈ [n] given x ∈ X ) then it is stronger than
one needs. In this section we relate classification calibration (the analog of properness for
classification problems) to properness.
Suppose c ∈ ∆˚ n . We cover ∆n with n subsets each representing one class:
Ti (c) := {p ∈ ∆n : ∀ j 6= i pi c j ≥ p j ci }, i ∈ [n].

Observe that for i 6= j, the sets Ri j (c) := {p ∈ ∆n : pi c j = p j ci } are subsets of dimension n − 2
through c and all ek such that k 6= i and k 6= j. These subsets partition Rn into two parts. The set
Ri j (c) is the intersection of ∆n and the subspaces delimited by the precedent (n − 2)-subspace
and in the same side as ei . An example of this partition is shown graphically in Figure 2. We
will make use of the following properties of Ti (c).
Lemma 1 Suppose c ∈ ∆˚ n , i ∈ [n]. Then the following hold:
1. For all p ∈ ∆n , there exists i such that p ∈ Ti (c).

2. Suppose p ∈ ∆n . Ti (c) ∩ T j (c) ⊆ {p ∈ ∆n : pi c j = p j ci }, a subset of a subspace of dimension n − 2.
7
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3. Suppose p ∈ ∆n . If p ∈

then p = c.

W ILLIAMSON , V ERNET AND R EID

i=1 Ti (c)

Tn

4. For all p, q ∈ ∆n , p 6= q, there exists c ∈ ∆˚ n , and i ∈ [n] such that p ∈ Ti (c) and q ∈
/ Ti (c).

The proof is deferred to Appendix B.1.
Classification calibrated losses have been developed and studied under some different definitions and names (Zhang, 2004; Bartlett et al., 2006). Below we generalise the notion of
c-calibration which was proposed for n = 2 by Reid and Williamson (2010) and developed by
Scott (2011, 2012) as a generalisation of the notion of classification calibration of Bartlett et al.
(2006); confer also Steinwart (2007).

n is a loss and c ∈ ∆
˚ n . We say ` is c-calibrated at p ∈ ∆n if for
Definition 2 Suppose ` : ∆n → R+
all i ∈ [n] such that p ∈
/ Ti (c) then ∀q ∈ Ti (c), L(p) < L(p, q). We say that ` is c-calibrated if
∀p ∈ ∆n , ` is c-calibrated at p.

Definition 2 means that if the probability vector q one predicts doesn’t belong to the same subset
(i.e. doesn’t predict the same class) as the real probability vector p, then the loss might be larger
than L(p).
Classification calibration in the sense used by Bartlett et al. (2006) corresponds to 12 -calibrated
losses when n = 2. If cmid := ( n1 , . . . , n1 )0 , cmid -calibration induces Fisher-consistent estimates in
the case of classification. Furthermore “` is cmid -calibrated and for all i ∈ [n], and `i is continuous and bounded below” is equivalent to “` is infinite sample consistent” as defined by Zhang
(2004). This is because if ` is continuous and Ti (c) is closed, then ∀q ∈ Ti (c), L(p) < L(p, q) if
and only if L(p) < infq∈Ti (c) L(p, q).
The following result generalises the correspondence between binary classification calibration and properness (Reid and Williamson, 2010, Theorem 16) to multiclass losses (n > 2).

n is strictly proper if and only if it is c-calibrated
Proposition 3 A continuous loss ` : ∆n → R+
for all c ∈ ∆˚ n .

Proof (⇒) Suppose that ` is strictly proper. Then for all c ∈ ∆˚ n , for all i ∈ [n] such that p ∈
/ Ti (c)
and for all q ∈ Ti (c) then p 6= q and thus L(p) < L(p, q) since ` is strictly proper.
(⇐) Suppose that ` is c-calibrated for all c ∈ ∆˚ n . Suppose p, q ∈ ∆n and p 6= q. By Lemma 1
(part 4) one can partition p and q into two different classes: there exists c ∈ ∆˚ n and i ∈ [n] such
that q ∈ Ti (c) and p ∈
/ Ti (c). Hence L(p) < L(p, q) since ` is c-calibrated. Since ` is continuous
and ∆n is closed, the infimum in the definition of L(p) is attained. Since L(p) < L(p, q) for all
q 6= p, we conclude L(p) = L(p, p). Thus ` is strictly proper.

g

g

In particular, a continuous strictly proper loss is cmid -calibrated. Thus for any estimator q̂n
of the conditional probability vector one constructs by minimizing the empirical average of a
continuous strictly proper loss, one can build an estimator of the label (corresponding to the
largest probability of q̂n ) which is Fisher consistent for the problem of classification.
In the binary case, ` is classification calibrated if and only if the following implication holds
(Bartlett et al., 2006):

 

L( fn ) → min L(g) ⇒ PX ,Y (Y 6= fn (X)) → min PX ,Y (Y 6= g(X)) .
(1)

8
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z∈C` : ppred(z) <maxi∈[n] pi

inf
z∈C`

p0 · z > inf p0 · z = L(p).

v

q∈∆

9

( f (x) − f (y))0 · (x − y) ≥ 0 resp. ( f (x) − f (y))0 · (x − y) > 0;
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(2)

We now present some simple (but new) consequences of properness in the multiclass case
(Proposition 6). We also build some connections between the properness of multiclass losses
and the properness of binary losses that can be derived from them via a restriction of the multiclass loss to a line connecting two points in the n-simplex (Proposition 7). Finally, we show that
multiclass proper losses are effectively characterised by their Bayes risks (Proposition 8) and the
continuity of losses is intimately tied to the differentiability of their Bayes risks (Proposition 9).
An important implication of these last results is that we are able to study the class of multiclass
proper losses by focusing our attention on concave functions defined over probabilities.
To state our propositions we need to introduce monotone functions, directional derivatives,
and superdifferentials (cf. (Hiriart-Urruty and Lemaréchal, 2001)). We say f : C ⊂ Rn → Rn is
monotone (resp. strictly monotone) on C when for all x and y in C,

4. Characterizing Properness

Thus λ is proper and L(p) = Λ(p). We now assume that ` is prediction calibrated. Suppose that
pred(z = λ (p)) ∈
/ arg maxi pi . Then ppred(λ (p)) < maxi pi , thus p0 · z = Λ(p, p) > L(p) = Λ(p)
which contradicts the properness of λ .

v

Λ(p, p) = L(p, ψ̄(p)) = L(p, arg min L(p, v)) = min L(p, v) ≤ minn Λ(p, q).

Proof We show first that λ is proper. Let p ∈ ∆n . Then

Proposition 5 Suppose ` : V → Rn+ is a loss. Let ψ̄ : ∆n → V satisfy ψ̄(p) ∈ arg minv∈V L(p, v)
and λ = ` ◦ ψ̄. Then λ is proper. If ` is prediction calibrated then pred(λ (p)) ∈ arg maxi∈[n] pi .

Suppose that ` : ∆n → Rn+ is such that ` is prediction calibrated and pred(`(p)) ∈ arg maxi pi .
Then ` is cmid -calibrated almost everywhere.
By introducing a reference link ψ̄ (which corresponds to the actual link ψ if ` is a proper
composite loss ` = λ ◦ ψ −1 ) we now show how the pred function can be canonically expressed
in terms of arg maxi pi .

∀p ∈ ∆n :



−1

`˜1p,q (η)
`˜p,q (η)



=



 
q0 · ` p + η(q − p) 
.
p0 · ` p + η(q − p)
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3. ∀p, q ∈ ∆n , ∀0 ≤ h1 ≤ h2 , L(p, p + h1 (q − p)) ≤ L(p, p + h2 (q − p)); and

2. `˜p,q is proper for all p, q ∈ ∂ ∆n ;

1. ` is proper;

The following statements are equivalent:

`˜p,q : [0, 1] 3 η 7→

Proposition 7 Suppose ` : ∆n → Rn+ is a loss. We define the binary loss

The following proposition presents several characterisations of multiclass properness. It
shows how the characterisation of properness in the general (not necessarily differentiable) multiclass case can be reduced to the binary case. We also show this is equivalent to testing the
properness condition for the loss on all possible line segments joining two distributions within
the simplex. This latter characterisation can be viewed as a statement connecting “order sensitivity” and properness: the true class probability minimizes the risk and if the prediction moves
away from the true class probability in a line then the risk increases. This property appears convenient for optimisation purposes: if one reaches a local minimum in the second argument of
the risk and the loss is strictly proper then it is a global minimum. If the loss is proper, such a
local minimum is a global minimum or a constant in an open set. But observe that typically one
is minimising the full risk L(q(·)) over functions q : X → ∆n . We note that order sensitivity of
` does not imply this optimisation problem is well behaved; one needs convexity of q 7→ L(p, q)
for all p ∈ ∆n to ensure convexity of the functional optimisation problem; we characterise when
that holds in section 6.4.

Proof For all p, q ∈ ∆n , (`(p) − `(q))0 · (p − q) = p0 · `(p) − q0 · `(p) + q0 · `(q) − p0 · `(q) ≤ 0
since p0 · `(p) ≤ p0 · `(q). For the strictly proper case, we just have to check that ` is injective. By
way of contradiction assume ` is not invertible. Then there exists p 6= q such that `(p) = `(q).
which means L(p, p) = L(p, q), contradicting the supposed strict properness of `.

Proposition 6 Suppose ` : ∆n → Rn+ is a loss. If ` is proper, then −` is monotone on ∆n . Furthermore, if ` is strictly proper then it is also invertible.

Similarly, a vector s ∈ ∂ f (x) is called a supergradient of f at x.

confer (Hiriart-Urruty and Lemaréchal, 2001; Rockafellar and Wets, 2004). If a function f :
f (x)
Rn → R is concave then limt↓0 f (x+td)−
exists, and is called the directional derivative of f at x
t
in the direction d and is denoted D f (x, d). By analogy with the usual definition of subdifferential
for convex functions, we introduce the superdifferential ∂ f (x) for concave f at x is

∂ f (x) := s ∈ Rn : s0 · y ≥ D f (x, y), ∀y ∈ Rn

= s ∈ Rn : f (y) ≤ f (x) + s0 · (y − x), ∀y ∈ Rn .

Tewari and Bartlett (2007) have characterised when (1) holds in the multiclass case. Since there
is no reason to assume the equivalence between classification calibration and (1) still holds for
n > 2, we give different names for these two notions. We use classification calibration for the
notion (Definition 2) linked to Fisher consistency and use prediction calibrated (defined below)
for the notion of Tewari and Bartlett (equivalent to (1)).

Definition 4 Suppose ` : V → Rn+ is a loss. Let C` := co({`(v) : v ∈ V }), the convex hull
of the image of V . ` is said to be prediction calibrated if there exists a prediction function
pred : Rn → [n] such that

W ILLIAMSON , V ERNET AND R EID
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4. there exists a concave function f : ∆n → R and ∀q ∈ ∆n , there exists a supergradient
A(q) ∈ ∂ f (q) such that ∀p, q ∈ ∆n , p0 · `(q) = L(p, q) = f (q) + (p − q)0 · A(q).

i=1

n
R+
,

The proof is deferred to Appendix B.3.
Characterisation (2) shows that in order to check if a loss is proper one need only check the
properness in each line. One could use the easy characterization of properness for differentiable
0
0
2 is proper if and only if ∀η ∈ [0, 1], −`1 (η) = `−1 (η) ≥ 0, (Reid and
binary losses (` : [0, 1] → R+
1−η
η
Williamson, 2010)). However this needs to be checked for all lines defined by p, q ∈ ∂ ∆n . The
above result can also been seen as a generalisation of a result by Lambert (2010) who proved
that properness is equivalent to the fact that the further your prediction is from reality, the larger
the loss (hence the name “order sensitivity”); also confer the results on monotonicity due to Nau
(1985). His result relied upon on the total order of R. In the multiclass case, there does not exist
such a total order. Yet, as the above result shows, one can compare two predictions if they are in
the same line as the true real class probability.
Characterisation (4) is a restatement of the well known Bregman representation of proper
losses; Cid-Sueiro and Figueiras-Vidal (2001) presented the differentiable case, and Gneiting
and Raftery (2007, Theorem 3.2) the general case. This last property gives us the form of the
proper losses associated with a given Bayes risk. Suppose L : ∆n → R+ is concave. The proper
losses whose Bayes risk is equal to L are

n
∈
∀A(q) ∈ ∂ L(q).
(3)
` : ∆n 3 q 7→

L(q) + (ei − q)0 · A(q)

This result suggests that some information is lost by representing a proper loss via its Bayes risk
(when the last is not differentiable). The next proposition elucidates this by showing that proper
losses which have the same Bayes risk are equal almost everywhere.

n have the same conditional Bayes risk function
Proposition 8 Two proper losses `1 , `2 : ∆n → R+
L if and only if `1 = `2 almost everywhere. If L is differentiable, `1 = `2 everywhere.

Proof A concave function is differentiable almost everywhere (Hiriart-Urruty and Lemaréchal,
2001, theorem 4.2.3). Thus (3) proves that two proper losses `1 and `2 which have the same
Bayes risk are equal almost everywhere. Suppose now that two proper losses are equal almost
everywhere. Then their associated Bayes risks L1 and L2 are equal almost everywhere and continuous (since they are concave). If there exists p such that L1 (p) 6= L2 (p), then since L1 and
L2 are continuous, there exists ε > 0 such that ∀q ∈ B(p, ε) ∩ ∆n , L1 (q) 6= L2 (q), where B(p, ε)
is a ball of radius ε centred at p. Yet this contradicts the fact that L1 and L2 are equal almost
everywhere. Hence the Bayes risks are equal everywhere.
While the previous proposition shows that losses are closely related to their Bayes risks the
next proposition also shows how the continuity of a loss is related to the differentiability of its
Bayes risk.
n is a proper loss. Then ` is continuous in ∆
˚ n if and only if L
Proposition 9 Suppose ` : ∆n → R+
is differentiable on ∆˚ n ; ` is continuous at p ∈ ∆˚ n if and only if L is differentiable at p ∈ ∆˚ n .

11
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The proof of this result can be found in Appendix B.2. This type of relationship is further
explored in Section 6.4 where the convexity of a composite loss is related to properties of its
Bayes risk.

5. The Proper Composite Representation: Uniqueness and Existence

Many natural predictors have a range other than the simplex (for example those induced by linear
functions). It is thus sometimes convenient to define a loss on some set V rather than ∆n ; confer
(Reid and Williamson, 2010). The link function explicates the result of Grünwald and Dawid
(2004) that every decision problem induces a decision problem expressed in terms of proper
losses; (see van Erven et al., 2011, section 6, for further explanation).
Traditionally (McCullagh and Nelder, 1989) links are defined only for binary problems
(where one is using univariate probabilities). However there is scattered (but seemingly unsystematic) work on multivariate links (Glonek and McCullagh, 1995; Glonek, 1996), primarily
from the perspective of probabilistic modelling (as opposed to the design of loss functions).
Sometimes multivariate links are constructed from univariate links (Molenberghs and Lesaffre,
1999).
Composite losses (see the definition in §2) are a way of constructing losses on sets other than
n
n
∆n : given a proper loss λ : ∆n → R+
and
an
invertible
link
ψ
:
∆
→
V
,
one
defines
λψ : V →
n as λ ψ := λ ◦ ψ −1 . We now consider the question: given a loss ` : V → Rn , when does `
R+
+
have a proper composite representation (whereby ` can be written as ` = λ ◦ ψ −1 ), and is this
representation unique? We first consider the binary case. Here the prediction space V ⊆ R is
assumed to be either an interval or the entire real line.
5.1 The Binary Case

Our first result shows that if you can write a binary loss as a proper composite loss, the proper
loss defined on the simplex is unique. Furthermore, as soon as the loss is not constant the link
function is also unique. If the loss is constant on an interval, then you can choose any value
of the link function on this interval which keeps the link function continuous and invertible and
still obtain a composite proper loss. The proof can be found in Appendix B.4. As is common in
the literature, we write the binary labels as {−1, +1} and so the partial losses are `−1 and `+1 .

2 is a proper composite loss and that the proper
Proposition 10 Suppose ` = λ ◦ ψ −1 : V → R+
loss λ is differentiable and the link function ψ is differentiable and invertible. Then the proper
0
loss λ is unique. Furthermore ψ is unique if ∀v1 , v2 ∈ V , ∃v ∈ [v1 , v2 ], `10 (v) 6= 0 or `−1
(v)
6= 0.
0 (v) = 0 ∀v ∈ [v̄ , v̄ ], one can choose any ψ|
If there exists v̄1 , v̄2 ∈ V such that `10 (v) = `−1
1 2
[v̄1 ,v̄2 ]
such that ψ is differentiable, invertible and continuous in [v̄1 , v̄2 ] and obtain ` = λ ◦ ψ −1 , and ψ
is uniquely defined where ` is invertible.

We now determine necessary and sufficient conditions for a binary loss to be expressed as a
proper composite loss. Once again, the proof is deferred to Section B.5.

2 is a differentiable binary loss such that ∀v ∈ V , `0 (v) 6= 0
Proposition 11 Suppose ` : V → R+
−1
or `10 (v) 6= 0. Then ` can be expressed as a proper composite loss if and only if the following
three conditions hold:

12
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`01 (v)
`0−1 (v)

is strictly increasing (decreasing) and continuous.

13
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Proof Λ(p) = infq p0 · λ (q) = infq p0 · `(ψ(q)) = infv L(p, v) (since ψ is invertible)
= infv L(p, v) = infv L(p, φ (q)) = M(p).
Then λ and µ are two proper losses which have the same Bayes risk, so these two losses are
equal almost everywhere.
If moreover ` is continuous, λ = ` ◦ ψ and µ = ` ◦ φ are continuous. So λ = µ everywhere.
If moreover ` is invertible, ψ = λ ◦ `−1 and φ = µ ◦ `−1 . So ψ and φ are also equal almost
everywhere and as they are continuous, they are equal everywhere. So λ = ` ◦ ψ = ` ◦ φ = µ.

Proposition 13 Suppose a loss ` : V → Rn+ has two proper composite representations ` =
λ ◦ ψ −1 = µ ◦ φ −1 where λ and µ are proper losses with corresponding Bayes risks Λ and
M respectively, and ψ and φ are continuous invertible link functions. Then λ = µ almost everywhere.
If ` is continuous and has a composite representation, then the proper loss (in the decomposition) is unique (λ = µ everywhere).
If ` is invertible and has a composite representation, then the representation is unique.

Uniqueness of the composite representation remains straightfoward in the multiclass case.

5.3 The Multiclass Case

which is not invertible. This loss is illustrated in Figure 5, after some additional concepts
are introduced.

x2 +2x+2
x2 −2x+2

If ϕ is convex or concave then f defined above is monotonic. However not all binary margin
losses are composite proper losses. One can even build a smooth margin loss which cannot
0 (v)
be expressed as a proper composite loss. Consider ϕ(x) = 1−arctan(x−1)
. Then f (v) = ϕϕ0 (−v)
=
π

Corollary 12 Suppose ϕ : R → R+ is differentiable and ∀v ∈ R, ϕ 0 (v) 6= 0 or ϕ 0 (−v) 6= 0. Then
0 (v)
`ϕ can be expressed as a proper composite loss if and only if f : R 3 v 7→ − ϕϕ0 (−v)
is strictly
monotonic continuous and ϕ is monotonic.

Suppose ϕ : R → R+ is a function. The loss `ϕ : V 3 v 7→ (`−1 (v), `1 (v))0 = (ϕ(−v), ϕ(v))0 ∈
R2+ is called a binary margin loss. Binary margin losses are often used for classification problems. We will now show how the previous proposition applies to them.

5.2 Binary Margin Losses

Observe that the last condition is alway satisfied if both `1 and `−1 are convex.

3. f : V 3 v 7→

2. `−1 is increasing (decreasing); and

1. `1 is decreasing (increasing);

C OMPOSITE M ULTICLASS L OSSES

Yes

No

No

Yes

∆n -smooth ∀x ∈ `(V ) ∃!p ∈ ∆n

W ILLIAMSON , V ERNET AND R EID

β

β
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This definition is illustrated in Figure 3. Dropping the uniqueness requirement in these definitions would drastically change things: since we will require ` is continuous, `(V ) is always
closed. Since by assumption `(V ) ⊂ [0, ∞)n every such loss satisfies the weakened version of
∆n -strict convexity: for all p ∈ ∆n there exists x ∈ `(V ) such that S(p, x). The weakened version of ∆n -smoothness requires that for all x ∈ `(V ) there exists p ∈ ∆n such that S(p, x) is

2. A loss image `(V ) is ∆n -smooth if for all x ∈ `(V ) there exists a unique p ∈ ∆n such that
S(p, x).

1. A loss image `(V ) is ∆n -strictly convex if for all p ∈ ∆n there exists a unique x ∈ `(V )
such that S(p, x).

Definition 14 Let S(p, x) := “`(V ) is supported by h p at x for some β ∈ R.”.

β

A hyperplane h p supports a set A at x ∈ A when x ∈ h p and for all a ∈ A, a0 · p ≥ β or for all
a ∈ A, a0 · p ≤ β . Given a loss ` : V → Rn+ , the loss image `(V ) := {`(v) : v ∈ V }.

Characterising the existence of a composite representation is more complex in the multiclass
case. We need to introduce some definitions: We make use of a set of hyperplanes for p ∈ ∆n
and β ∈ R,
hβp := {x ∈ Rn : x0 · p = β }.

Figure 3: Illustration of ∆n -smoothness and ∆n -strict convexity. The hyperplanes witness the
possession or non-possession of the respective properrties.

∆n -strictly convex ∀p ∈ ∆n ∃!x ∈ `(V )

hq
q)
L(

=
{x
:x
·q
=

`(V )

S`

C OMPOSITE M ULTICLASS L OSSES

q

x = `(v)

}
q)
L(

`1 (v)

Proposition 16 Every continuous proper loss has a convex superprediction set.
15
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One can characterise the existence of proper composite representations in terms of properties
the superprediction set. We start with an old result; confer (Dawid, 2007).

the superprediction set of ` (Kalnishkan and Vyugin, 2008).

n
S` := `(V ) + [0, ∞)n = {x ∈ R+
: ∃v ∈ V , ∀i ∈ [n], xi ≥ `i (v)}

n , we denote by
Definition 15 Given a loss ` : V → R+

a convexity-like requirement. (Confer the following result (Schneider, 1993, Theorem 1.3.3):
Suppose A is closed set such that Å 6= ∅ and through each boundary point of A there is a support
plane to A; then A is convex.)
The name “∆n -strictly convex” is justified by the observation that replacing ∆n by Bl1n (the l1n
unit ball) gives a natural definition of strict convexity of a general set in Rn . We also observe that
both ∆n -strict convexity and ∆n -smoothness are closely related to the curvature of the Bayes risk
L by way of the fact that the support function of the set `(V ) (restricted to ∆n ) is the Bayes risk;
confer (Williamson, 2014). Specifically, ∆n -strict convexity is equivalent to the Hessian HL(p)
being non-singular for all p ∈ ∆n while ∆n -smoothness is implied whenever L(p) is continuously
differentiable.
Suppose A, B ⊂ Rn . Then the Minkowski sum A + B := {a + b : a ∈ A, b ∈ B}.

Figure 4: Illustration of geometry of loss functions. The locus of the vector valued loss ` is
plotted as v varies over V . The superprediction set S` is the region to the “northL(q)
east” of the loss image `(V ). The hyperplane hq has normal vector q and offset
L(q). It supports S` at the point x = `(v) indicating the Bayes risk is achieved at v for
the true probability q.

`2 (v)

W ILLIAMSON , V ERNET AND R EID

S`

`1 (v)
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1. It turns out that by starting with the superprediction set, and defining the loss in terms of the (super-) gradient of
the (concave) support function of the superprediction set, these difficulties can be avoided (Williamson, 2014).

The proof is in Appendix B.6. Some (but not all) proper losses are in addition convex; this is
studied in more detail in Section 6.4 below.
Working with S` is problematic for characterising the existence of strictly proper composite
representations (essentially because while for a strictly proper loss `, `(∆n ) is ∆n -strictly convex,
S` is not strictly convex (because of the flat spots at the extremes—bounded losses have superprediction sets with flats parallel to the axes by construction)1 . We will thus characterise proper
and strictly proper composite representations in terms of properties of `(V ) rather than S` .

n is a continuous proper loss. Then its superprediction
Proposition 17 Suppose ` : ∆n → R+
set S` is convex and, for all p ∈ ∆n , the function f p (q) := L(p, q) = p0 · `(q) is quasi-convex.
Conversely, suppose f p (q) := p0 · `(q) is quasi-convex in q for all p ∈ ∆n . Then there is a unique
convex set S such that T` = S and ` is necessarily proper.

The geometry of continuous proper losses is illustrated (for n = 2) in Figure 4. The superprediction set of the margin loss discussed following Corollary 12 is not convex as can be seen in
Figure 5.
Continuous proper losses are quasiconvex, canonically so, as the following result shows.

Proof Suppose ` is proper but S` is not convex. Then there exists x0 ∈ `(∆n ) such that `(∆n ) is
not supported at x0 by any hyperplane h p with normal vector p ∈ ∆n . Let q0 ∈ ∆n be such that
`(q0 ) = x0 . Then there is a hyperplane hq0 (with normal q0 ) that supports `(∆n ) at some x1 6= x0 .
Thus q00 `(q) is minimised at q1 and not minimised at q0 and thus ` is can not be proper—a contradiction.

Figure 5: Superprediction set of a binary margin loss which is a not a composite proper loss;
See text following Corollary 12.

`−1 (v)
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2. An extension of this notion of mixability can be related to a natural convex duality (Reid et al., 2015).

Mixability is a fundamental property of a loss function in the study of “prediction with expert
advice.” In this setting learning takes place in fixed number of sequential rounds. Each round
a learner is presented with predictions some finite number of experts. The learner then makes a
prediction and the outcome for that round is revealed. The learner’s and experts’ predictions are
assessed using some predefined loss function and the aim of the learner is to incur a total loss
not much worse than the best expert – i.e., the one with the smallest total loss. The difference
between the learner’s total loss and that of the best expert is known as the regret. In his seminal
work, Vovk (1995) showed that no matter how the experts behave, there exists a strategy for the
learner (called the “aggregating algorithm”) that guarantees a regret bounded by lnηK where K is
the number of experts and η is a positive number called the mixability constant (defined below)
that only depends on the loss. Losses for which this constant is defined are called mixable.
Furthermore, this constant characterises when such a constant regret bound is possible. That is,
if a loss is not mixable then there is no strategy the learner can use to guarantee a constant regret
bound.
Formally, mixability of a loss ` is defined in terms of the convexity of a transformation of
the loss’s superprediction set S` (see Definition 15). We say that for η > 0 the η-exponentiated
superprediction set is the image of S` ⊂ Rn under the mapping Eη : Rn → Rn+ defined by
Eη (x) := (e−ηxi )ni=1 . A loss ` is said to be η-mixable if its η-exponentiated superprediction
set is convex. The mixability of ` is the smallest value of η for which ` is η-mixable. For further
details, the reader is referred to papers by Vovk (1995); Kalnishkan and Vyugin (2008); Vovk
and Zhdanov (2009).
Recently, van Erven et al. (2012b)2 have shown that the mixability of a loss is related to the
curvature of the loss’s Bayes risk relative to the curvature of the Bayes risk for log loss. The
main result here builds on some of the insights from that work and shows that mixable losses
(under mild conditions) always have proper composite representations.
For α ∈ (0, 1) we write ᾱ := 1 − α. For x, y ∈ Rn , x ≤ y ⇔ (xi ≤ yi , ∀i ∈ [n]). We now give
a necessary condition for mixability.

6.1 Mixability

We now consider some of the implications that the proper composite representation has for
several previously studied properties of loss functions.

6. Implications: Mixability, Admissibility, Minimaxity and Convexity

The proof is in Section B.7.

(4)
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Since `(V ) ⊂ [0, ∞)n and ` is continuous (and hence `(V ) is closed), for all p ∈ ∆n there alβ
ways exists x ∈ `(V ) such that h p supports `(V ) at x. Thus under the hypothesis, case 2 must
always hold. Then by continuity of ` and the definition of a supporting hyperplane, there exists
α ∈ (0, 1) such that (4) holds and so ` is not mixable.

2. There exists p ∈ ∆n such that there exists v0 , v1 ∈ V , v0 6= v1 , x0 = `(v0 ), x1 = `(v1 ), ∃β ∈
β
R, h p supports `(V ) at x1 and x2 .

1. There exists p ∈ ∆n such that there is no x ∈ `(V ) such that `(V ) is supported by h p at x
for some β ∈ R; or

β

Proof We prove the contrapositive. Lack of a strictly proper composite representation is equivalent then to `(V ) being not ∆n -strictly convex. Suppose then that `(V ) is indeed not ∆n -strictly
convex. There are two possibilities to consider:

Proposition 20 Suppose ` : V → Rn+ is a ∆n -smooth continuous loss. If ` is mixable then ` has
a strictly proper composite representation.

van Erven et al. (2012b) showed that (under some mild conditions) a proper loss λ and
the composite loss λ ψ obtained via the reference link ψ̄ (see Proposition 5) share the same
mixability constant. We now show that mixable losses always have strictly proper composite
representations.

and thus ` is not mixable since we have witnessed the non-convexity of the η-exponentiated
superprediction set for `.

⇔ ᾱEη (`(v0 )) + αEη (`(v1 )) > Eη (`(ᾱv0 + αv1 ))

⇒ ᾱ fη (x0,i ) + α fη (x1,i ) > fη (`i (ᾱv0 + αv1 )), ∀i ∈ [n]

and hence by strict convexity

⇒ fη (ᾱx0,i + αx1,i ) ≥ fη (`i (ᾱv0 + αv1 )), ∀i ∈ [n],

which by strict monotonicity

ᾱx0,i + αx1,i ≤ `i (ᾱv0 + αv1 ), ∀i ∈ [n],

Proof Pick some η > 0. Let fη (a) = e−ηa for a ∈ R so that for x ∈ Rn we have Eη (x) =
( fη (xi ))ni=1 . Observe that the function fη is strictly monotone decreasing (a < b ⇒ fη (a) >
fη (b)) and strictly convex (ᾱ fη (a) + α fη (b) > fη (ᾱa + αb)). For i ∈ [n] set x0,i = `i (v0 ) and
x1,i = `i (v1 ). By assumption, we have

xα ≤ `(vα )

Lemma 19 Suppose ` : V → Rn+ , x0 = `(v0 ), x1 = `(v1 ) with x0 6= x1 . For α ∈ (0, 1), define
xα := ᾱx0 + αx1 and vα = ᾱv0 + αv1 . If for some α

Proposition 18 Suppose ` : V → Rn+ is a continuous loss. ` has a proper composite representation if and only if `(V ) is ∆n -smooth. Additionally, ` is strictly proper composite if and only if
`(V ) is also ∆n -strictly convex.
then ` is not mixable.
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The above results are strongly related to the classical notion of admissibility (Ferguson, 1967;
Chernoff and Moses, 1986; Kiefer, 1987), which is particularly simple in our situation. We adapt
the terminology of Ferguson (1967) to be consistent with elsewhere in the present paper.
n is a loss. A prediction v ∈ V is better than v ∈ V if `(v ) ≤
Definition 21 Suppose ` : V → R+
1
2
1
`(v2 ) and for some i ∈ [n], `i (v1 ) < `i (v2 ). A prediction v1 is equivalent to v2 if `(v1 ) = `(v2 ).
A prediction v ∈ V is admissible if there is no prediction better than v. If a prediction v ∈ V
is the Bayes-optimal for some distribution p, that is for all v ∈ V there exists p ∈ ∆n such that
v ∈ arg minv̄∈V p0 · `(v̄), then we say v is strongly admissible.

Ferguson (1967, Theorem 1, page 60) states the following (which we present for invertible
losses, so that `(v1 ) = `(v2 ) ⇒ v1 = v2 ).

n is invertible and p ∈ ∆n . If v ∈ V is the unique prediction
Proposition 22 Suppose ` : V → R+
such that L(p, v) = L(p), then v is admissible.

Proposition 18 then implies the following.
n is continuous and invertible. If ` has a strictly proper comCorollary 23 Suppose ` : V → R+
posite representation then all v ∈ V are admissible and strongly admissible.

Proof If ` has a strictly proper composite representation, then `(V ) is ∆n -strictly convex and
L(p)
thus for all p ∈ ∆n there exists a unique x ∈ `(V ) such that h p supports `(V ) at x. Thus
by Proposition 22, v such that `(v) = x is an admissible prediction. Furthermore, since `(V )
is ∆n -smooth, this previous argument actually holds for all v ∈ V and thus ` is admissible.
Furthermore, it follows directly from the definition of ∆n -smoothness that all v are strongly
admissible.

n is continuous and has a proper composite representation then
Proposition 24 If ` : V → R+
every prediction is admissible.

x0 ”

∀i ∈ [n], ei0 · (x0 − x1 ) ≥ 0

n is such that there
Proof We will prove the contrapositive: Suppose a continuous loss ` : V → R+
exist x0 , x1 ∈ `(V ) with x1 better than x0 . Then ` can not have a proper composite representation.
Observe that
is better than
is equivalent to

“x1

∃i ∈ [n], ei0 · (x0 − x1 ) > 0.
Consider two mutually exclusive and exhaustive cases:



= 0,
> 0,

i ∈ I ⊂ [n]
i ∈ [n] \ I

1. ei0 · (x0 − x1 ) > 0, ∀i ∈ [n]. Then for all p ∈ ∆n , p0 · (x0 − x1 ) > 0 ⇒ p0 · x0 > p0 · x1 and thus
β
`(V ) can not be supported at x0 by h p for any p ∈ ∆n and thus `(V ) is not ∆n -smooth.
2. Alternatively suppose
ei0 · (x0 − x1 )

with 1 ≤ |I| < n. Consider the two mutually exclusive subcases over p ∈ ∆n :
19
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(a) pi > 0 for some i ∈ [n] \ I. Then p0 · (x0 − x1 ) > 0 and `(V ) can not be supported at
β
x0 by h p for any β ∈ R.

(b) pi − 0 for all i ∈ [n] \ I. Then p0 · (x0 − x1 ) = 0 in which case `(V ) is supported by
β
h p for some β at both x0 and x1 .

In either of these subcases, the ∆n -smoothness condition is violated.

Thus in both cases we have shown `(V ) can not be ∆n -smooth and by Proposition 18 can not
have a proper composite representation.

(5)

As can be seen in Figure 6, there can be no hope of a converse: mere admissibility of every
prediction x ∈ `(V ) can not imply that ` has a proper composite representation.
However strong admissibility of every prediction implies `(V ) is ∆n -smooth and so if ` is
continuous, strong admissibility of every prediciton implies (via Proposition 18) that ` has a
proper composite representation.
The relationship between strict convexity of S` and admissibility is not new (Brown, 1981);
but the connection with our characterisation of composite proper losses is new.
We conclude that if ` is continuous and invertible and we desire that all predictions are
admissible, then it suffices to only consider losses with a proper composite representation. Continuous invertible losses that do not have a proper composite representation are “redundant” in
the sense that there are guaranteed to exist predictions that are not Bayes optimal for any true
distribution.
6.3 Minimaxity

v∈V p∈∆

n is minimax if its conditional risk L(p, v) = p0 · `(v) satisfies
We say a loss ` : V → R+
p∈∆ v∈V

maxn min L(p, v) = min maxn L(p, v).

q∈∆ p∈∆

(6)

Minimaxity of proper losses has been studied in a very general setting by Grünwald and Dawid
(2004) who showed the connection between robust Bayes procedures and maximum entropy;
confer classical results presented, for example, by Ferguson (1967). In this brief subsection we
point out some simple implications of our earlier results. Setting V = ∆n , oberve that for all
n , p 7→ Λ(p, q) = p0 · λ (q) is linear for all q ∈ ∆n , and if λ is also
proper losses λ : ∆n → R+
continuous, by Proposition 17 q 7→ Λ(p, q) is quasi-convex for all p ∈ ∆n . It thus follows from
the minimax theorem of Sion (1958) that all continuous proper losses satisfy
p∈∆ q∈∆

maxn minn Λ(p, q) = minn maxn Λ(p, q)

p∈∆ q∈∆

(7)

and are thus minimax.
n is a proper composite loss, with conditional risk
Suppose ` = λ ψ = λ ◦ ψ −1 : V → R+
L(p, v) = Λ(p, ψ −1 (v)). Since ψ −1 is invertible,
p∈∆ v∈V

maxn min L(p, v) = maxn minn Λ(p, q),
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=

)

`1 (v)

hq L(v

{x

:x

q

·q

=

x1 = `(v1 )

`(V )

L(
v)
}

x3 = `(v3 )

x2 = `(v2 )

S`

=

)

x·

q
{x
:

`1 (v)

hq L(v

x4
q=

x1 = `(v1 )

`(V )

L(
v)
}

x3 = `(v3 )

x2 = `(v2 )

S`

q∈∆ p∈∆

q∈∆n

(8)
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Note that this alone does not imply that all continuous proper composite losses are quasi-convex,
which would follow if ψ mapped convex sets to convex sets; however this can not be true in

Proposition 25 Every continuous proper composite loss is minimax.

Since λ is proper, Λ satisfies (6) which combined with (7) and (8) proves the following.

v∈V p∈∆

min maxn L(p, v) = minn maxn Λ(p, q).

v∈V

where by the relationship between q and v, arg min L(p, v) = ψ arg min Λ(p, q) . Similarly,

!

Figure 6: Left: Illustration of a continuous loss ` (which can be presumed invertible) with a nonconvex superprediction set. For true probability q, v1 and v2 both are Bayes optimal
L(v )
L(v )
since q0 · `(v1 ) = q0 · `(v2 ) = L(v); thus hq 1 = hq 3 supports `(V ) at both x1 and x3 .
The point x2 is never a member of a supporting hyperplane of `(V ) and is thus never
the Bayes optimal prediction for any q and so not strongly admissible. The green line
indicates the set of predictions that are not strongly admissible—they will never be
Bayes optimal for any q ∈ ∆n . Such predictions are, however, admissible, as can be
seen by the grey translated negative orthants centred at x1 , x2 and x3 (each orthant
does not contain any other predictions “better than” them). All the other predictions
whose image lies in the black line are both admissible and strongly admissible. The
loss image `(V ) is not ∆n -smooth because there exist no p ∈ ∆n that supports `(V ) at
x2 . Hence by Proposition 18, ` can not have a proper composite representation. Right:
Similar to the figure on the left, except there are now some predictions, such as x2 ,
which are not admissible: x4 is better than x2 as can be seen since x4 is contained in
the interior of the shifted negative orthant centred at x2 . Note in this case the boundary
of the super-prediction set S` does not equal `(V ) (see the part of S` cross-hatched
in red). This loss can not have a proper composite representation by Proposition 24.

`2 (v)
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`2 (v)
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Dλn ( p̃) = y( p̃) · Dλ̃ ( p̃)

0

Dλ̃ ( p̃) = W ( p̃) · HL̃( p̃)
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(12)

(11)

Furthermore, since λ is proper, Lemma 6 of (van Erven et al., 2012b) means we can use the
relationship between a proper loss and its projected Bayes risk L̃ := L ◦ Π−1
∆ to write

We use eni to denote the ith n-dimensional unit vector, eni = (0, . . . , 0, 1, 0, . . . , 0)0 when
i ∈ [n], and define eni = 0n when i > n. We can now write Dλi ( p̃) in terms of the n × ñ matrix Dλ ( p̃) using Dλi ( p̃) = (eni )0 · Dλ ( p̃). Now Dλ ( p̃) = (Dλ̃ ( p̃)0 , Dλn ( p̃)0 )0 , where λ̃ ( p̃) =
(λ1 ( p̃), . . . , λñ ( p̃))0 , and so


Dλ̃ ( p̃)
Dλi ( p̃) = (eni )0 · Dλ ( p̃) = (eni )0 ·
.
(10)
Dλn ( p̃)

Suppose ` = λ ◦ ψ −1 is composed of the proper loss λ : ∆n → Rn+ and the inverse of the link
ψ : ∆n → V . In order to simplify the calculation of derivatives for the function ` : V → Rn+
we will assume the set V is a flat, (n − 1)-dimensional, convex subset of Rn+ . We do so since
if V were some arbitrary manifold the extra definitions required to make sense of convexity
(e.g., in terms of geodesics) and derivatives on manifolds would obscure the gist of the results
below. Furthermore, little is lost either practically or theoretically by assuming a simple V .
In practice, predictions are usually vectors in Rn+ , and in theory one could always choose a
parametrisation of V in terms of some simpler space U and redefine the link via composition
with that parametrisation. Alternatively, since links must be invertible, a composite loss could
be defined by a choice of loss and choice of inverse link ψ −1 : V → ∆n for a V assumed to be
flat, etc.
Recalling the convention that ñ := n − 1, let v ∈ V fixed but arbitrary with corresponding
p̃ = ψ̃ −1 (v) where ψ̃( p̃) := ψ(( p̃1 , . . . , p̃ñ , pn )0 ) with pn := ∑ñi=1 p̃i is the induced function from
∆˜ n to V . By the chain rule and the inverse function theorem, the derivatives for each of the
partial losses `i satisfy


D`i (v) = D λi (ψ̃ −1 (v)) = Dλi ( p̃) · [Dψ̃( p̃)]−1 .
(9)

6.4.1 T ECHNICAL P RELIMINARIES

In order to computationally optimise models with respect to a loss function it is convenient if
the loss is convex. In this subsection we develop conditions for the convexity of multiclass
composite proper losses. We assume throughout this section that the loss and link are twice
differentiable. We start by proving some identities for their first and second derivatives.

6.4 Convexity

general in Rn because convexity preserving mappings must be affine (Webster, 1994, Theorem
7.3.7); confer (Meyer and Kay, 1973). Recall Proposition 17 showed the quasi-convexity of all
proper losses.
Proposition 25 means that the use of the classical minimax theorem by Abernethy et al.
(2009) in order to prove their main result for convex losses can be foregone; their result also
holds for arbitrary continuous proper composite losses.
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= (eiñ − p̃)0 · HL̃( p̃)

= ((eiñ )0 − (eiñ )0 · 1ñ · p̃0 ) · HL̃( p̃)

Dλi ( p̃) = (eiñ )0 ·W ( p̃) · HL̃( p̃)

where W ( p̃) := Iñ − 1ñ · p̃0 and where y( p̃) := − p̃/pn ( p̃) and pn ( p̃) := 1 − ∑i∈[ñ] pi .
Thus, combining (10–12) we have for all i ∈ [ñ]

and
Dλn ( p̃) = y( p̃)0 ·W ( p̃) · HL̃( p̃)
−1 0
=
p̃ · (Iñ − 1ñ · p̃0 ) · HL̃( p̃)
pn ( p̃)
−1
( p̃0 − (1 − pn ( p̃)) p̃0 ) · HL̃( p̃)
=
pn ( p̃)
= − p̃0 · HL̃( p̃).

(13)

(14)

(16)

(15)

Finally, noting that by definition enñ = 0, (14) and (13) can be merged and combined with (9)
to obtain the following proposition.

κ( p̃) := −HL̃( p̃) · [Dψ̃( p̃)]−1 .

Proposition 26 For all i ∈ [n], p̃ ∈ ∆˚˜ n (the relative interior of ∆˜ n ), and v = ψ̃( p̃),
0
D`i (v) = − eiñ − p̃ · κ( p̃)

where

g( p̃)

Using the definition of the Hessian H`i = D[(D`i )0 ] and the product rule (31) gives
f ( p̃)

z
}|
{ z }| {



−1

D (D`i (v))0 =Dv [ Dψ̃( p̃)0
· HL̃( p̃)0 · eiñ − p̃ ]




0
= eiñ − p̃ ⊗Iñ · Dv [ f ( p̃)0 + (I1 ⊗ f ( p̃)) · D eiñ − ψ̃ −1 (v)

i 

h

0
−1
eiñ − p̃ ⊗Iñ · Dv HL̃( p̃) · [Dψ̃( p̃)]−1 − Dψ̃( p̃)0
HL̃( p̃)0 · [Dψ̃( p̃)]−1 ,
=

where Dv is used to indicate that the derivative is with respect to v even when the terms inside
the derivative are expressed using p̃. We have now established the following proposition.

Proposition 27 For all i ∈ [n], p̃ ∈ ∆˚˜ n , and v = ψ̃( p̃),

 
0


eiñ − p̃ ⊗Iñ · D κ ψ̃ −1 (v) + κ( p̃)0 · [Dψ̃( p̃)]−1 ,
H`i (v) = −

where κ( p̃) is defined in (16).
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(19)

(18)

(17)

The product κ( p̃) := −HL̃( p̃) [Dψ̃( p̃)]−1 that appears in both propositions above can be
interpreted as the curvature of the Bayes risk function L̃ relative to the rate of change of the link
function ψ̃. When the link function is the identity ψ̃( p̃) = p̃ (i.e. when we have a proper loss
directly) the expressions for the derivative and Hessian of each `i simplify to

D`i ( p̃) = (eiñ − p̃)0 · HL̃( p̃)

 
0

eiñ − p̃ ⊗Iñ · D HL̃( p̃) − HL̃( p̃)0 .

H`i ( p̃) =

The form of κ as the product of HL̃ and Dψ̃ suggests another simplification.

Definition 28 The canonical link function for a loss λ with Bayes risk L is defined via

ψ̃λ ( p̃) := −DL̃( p̃)0 .

We will show in section 8.1 that (19) is indeed guaranteed to be a legitimate link. The term κ
simplifies to κ( p̃) = Iñ since Dψ̃( p̃) = −D(DL̃( p̃)0 ) = −HL̃( p̃). For this choice of link function,
the first and second derivatives become considerably simpler.

(21)

(20)

n is a proper loss and ψ̃ is its associated canonical link then, for
Proposition 29 If λ : ∆n → R+
λ

D` (v) = (eñ − p̃)
i
i

−1
H`i (v) = HL̃( p̃)
.

all i ∈ [n], p̃ ∈ ∆˜˚ n , and v = ψ̃λ ( p̃), the composite loss ` = λ ◦ ψ̃ satisfies

`200 (v) =

d
−1
dv κ(ψ̃ (v))

=

`20 (v) = p̃κ( p̃)

κ 0 ( p̃)
ψ̃ 0 ( p̃) .

−(1 − p̃)κ 0 ( p̃) + κ( p̃)
`100 (v) =
ψ̃ 0 ( p̃)
p̃κ 0 ( p̃) + κ( p̃)
ψ̃ 0 ( p̃)

`10 (v) = −(1 − p̃)κ( p̃) ;

(24)

(23)

(22)

The simplified form of the Hessian above is established by noting that since κ( p̃) = Iñ we have
D[κ(ψ̃ −1 (v))] = 0 for all v ∈ V in Proposition 27.
The above propositions hold for any number of classes n. It is instructive (both here and
later in the paper) to examine the binary case where n = 2. In this case, Proposition 26 and
Proposition 27 reduce to

00

where κ( p̃) = − ψ̃L̃ 0 (( p̃)
p̃) ≥ 0 and so

6.4.2 C ONDITIONS FOR CONVEXITY OF MULTICLASS COMPOSITE PROPER LOSSES

We will now consider when multiclass proper losses are convex, and give a characterisation in
terms of the corresponding Bayes risk which as we have seen is the natural way to parametrise
a loss. The results below are the multiclass generalisation of the characterisation of convexity
of binary composite losses (Reid and Williamson, 2010). In fact we obtain more general results
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3. There are problems associated with the domain of definition of such link functions than need to be dealt with
(Kamalaruban et al., 2015).

MI < H f (x) < mI

An immediate consequence of this result is obtained by observing that the definiteness constraint
is always met when c = 0 since L̃ is always a concave function. Thus, using a canonical link
guarantees a proper composite loss is convex.
There is an upper definiteness condition analogous to that for strong convexity that has implications for rates of convergence in numerical optimisation. Boyd and Vandenberghe (2004,
§9.1.2) show that if a twice differentiable function f : X → R satisfies

Corollary 32 If ` = λ ◦ ψ −1 is defined so that ψ̃ = −DL̃ then each map v 7→ `i (v) is c-strongly

−1
convex if and only if −HL̃( p̃)
< cIñ , or equivalently −HL̃( p̃) 4 1c Iñ .

0

We now consider the implications of Proposition 31 in two special cases: in the multiclass
case with canonical link, and in the binary case with the identity link.
Recall that the canonical link ψ̃` is chosen so that ψ̃( p̃) = −DL̃( p̃)0 . This simplifies κ( p̃) to
the identity matrix Iñ so Dκ( p̃) = 0. In this case the above proposition reduces to the following
corollary.

Proposition 31 A proper composite loss ` = λ ◦ ψ −1 is strongly convex with modulus c ≥ 0 if
and only if for all p̃ ∈ ∆˚˜ n and for all i ∈ [n]



eñi − p̃ ⊗Iñ · D κ ψ̃ −1 (v) 4 κ( p̃)0 · [Dψ̃( p̃)]−1 − cIñ .
(25)

When c = 0 in the above definition, f is convex. The function f is strongly convex on C with
modulus c if and only if x 7→ f (x) − 2c kxk2 is convex on C (Hiriart-Urruty and Lemaréchal, 2001,
page 73). Therefore, the maps v 7→ `i (v) are c-strongly convex if and only if H`i (v) < cIñ . By
applying Proposition 27 we obtain the following characterisation of the c-strong convexity of
the loss `.

1
f (αx + (1 − α)x0 ) ≤ α f (x) + (1 − α) f (x0 ) − cα(1 − α)kx − x0 k2 .
2

)

, ∀ p̃ ∈ (0, 1)
1
≤
≤
, ∀ p̃ ∈ (0, 1).
p̃
w( p̃) − c
1 − p̃

1
1− p̃ (w( p̃) − c))
−1
p̃ (w( p̃) − c)
0
w ( p̃)
1

(26)

(27)
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which gives the following proposition purely in terms of w( p̃), rather than w( p̃) and its derivative.

Q − log(2) − log(1 − q), ∀q ∈ (0, 1)
1
1
⇔
Q eg(q)−log(1−c) Q
, ∀q ∈ (0, 1)
2q
2(1 − q)

⇔ − log(q) − log(2) Q g(q) − log(1 − c)

1
1
≤ g0 ( p̃) ≤
, ∀ p̃ ∈ (0, 1)
p̃
1 − p̃
Z q
Z q
Z q
1
1
d p̃, ∀q ∈ (0, 1)
⇒ 1 − d p̃ Q 1 g0 ( p̃)d p̃ Q 1
p̃
1 − p̃
2
2
2
−

allows a simplification of the inequality. Specifically, if we assume w( 12 ) = 1 then

The last equivalence is achieved by dividing through by w( p̃) − c which must necessarily be
positive since if it were not the final pair of inequalities would imply − 1p̃ ≥ 1−1 p̃ , a contradiction
given that p̃ ∈ [0, 1]. Note that (26) reduces to (Reid and Williamson, 2010, Corollary 26) for
c = 0.
0 ( p̃)
Observe that if g( p̃) := log(w( p̃) − c) then g0 ( p̃) = w(wp̃)−c
is the middle term in (26). This

⇔−

w0 ( p̃) ≤
w0 ( p̃) ≥

Further assuming that ψ̃ is the identity link (ψ̃(v) = v) and letting w( p̃) := −L̃ ( p̃) gives

00

for all x ∈ X ⊂ Rn then the value M
m is an upper bound on the condition number of H f , that is,
the ratio of maximum to minimum eigenvalue of H f . This value measures the eccentricity of
the sublevel sets of f and controls the rate at which optima of f are approached.
Applying this result to the Hessian of a composite loss ` with a canonical link shows that
the condition number bound is controlled by the Hessian of the Bayes risk of `. Specifically, if
the condition number is to be no more than M/m then M1 < −HL̃( p̃) < m1 for all p̃. In the case
that M = m and the condition number is 1, the only Hessian that satisfies these conditions is
HL̃( p̃) = −Iñ which is easily shown to be the Bayes risk for square loss. Thus, square loss is the
only canonical composite loss for which a condition number of 1 is possible.
In the binary case, when n = 2, (23) and (24) and the positivity of ψ̃ 0 simplify (25) to the
two conditions:

(1 − p̃)κ 0 ( p̃) ≤ κ( p̃) − cψ̃ 0 ( p̃)
, ∀ p̃ ∈ (0, 1).
0
0
− p̃κ ( p̃) ≤ κ( p̃) − cψ̃ ( p̃)

even in the binary case because here we consider strongly convex losses. We will also show
how any non-convex proper loss can be made convex by suitable choice of a link function (the
canonical link)3 .
For a convex set C ⊆ Rn , a loss ` : C → Rn+ is said to be convex if for all p ∈ ∆n , the map
C 3 v 7→ L(p, v) = p0 · `(v) is convex. That is, a loss is convex if, under any distribution p over
outcomes i ∈ [n], the expected loss Ei∼p [`i (v)] is convex in v. It is easy to see that ` is convex
if and only if `i : C → R+ is convex for all i ∈ [n]. (The “if” part follows since a sum of convex
functions is convex; the “only if” follows by considering p = ei , for i ∈ [n].)

Definition 30 Suppose C ⊆ Rn is convex. A function f : C → R is strongly convex on C with
modulus c ≥ 0 if for all x, x0 ∈ C, ∀α ∈ (0, 1),

W ILLIAMSON , V ERNET AND R EID

C OMPOSITE M ULTICLASS L OSSES

4

3

2

1

0

0.25

0.5

C OMPOSITE M ULTICLASS L OSSES

00

0.75

1

Figure 7: Graph of w( p̃) = −L̃ ( p̃) as a function of p̃ necessary for a suitably normalised binary
proper loss to be strongly convex with modulus c ∈ {0, 51 , 52 , 35 , 54 , 1}. The regions Rc
are nested by subsethood so that R0 ⊃ R1/5 ⊃ R2/5 ⊃ R3/5 ⊃ R4/5 ⊃ R1 , where R1 is
simply the dotted line (containing only the function w(c) = 1, ∀c ∈ [0, 1], which is the
weight function corresponding to squared loss). The palest shaded region corresponds
to R0 , the allowable range of w(c) necessary for the corresponding proper loss to be
convex, and the darkest corresponds to R4/5 .

00

and denotes ≥ for p̃ ≤ 12 .

(28)

Proposition 33 Let w( p̃) = −HL̃( p̃) = −L̃ ( p̃) and assume w(1/2) = 1. A proper binary loss
2 is strongly convex with modulus c ∈ [0, 1] only if
` : ∆2 → R+

1
2

1
w( p̃) − c
1
Q
Q
, ∀ p̃ ∈ (0, 1),
2 p̃
1−c
2(1 − p̃)
where Q denotes ≤ for p̃ ≥

When c = 0 (corresponding to ` being convex) this is equivalent to an expression by Reid and
Williamson (2010, Equation 31), where it was incorrectly claimed this condition was also sufficient. Inequation 28 is illustrated in Figure 7.
27

JMLR 17(223):1-52

W ILLIAMSON , V ERNET AND R EID

1/2

The above proposition only gives a necessary condition for strong convexity. (In addition
to w belonging to the specified region, w0 ( p̃) also needs to be suitably controlled). A sufficient
condition is useful for designing strongly convex proper losses. Observe that if
Z p̃

u(t)dt + K + c

w( p̃) = exp

Z

p̃

1/2


u(t)dt + c

1
1
≤ u( p̃) ≤
, ∀ p̃ ∈ (0, 1),
p̃
1 − p̃

w( p̃) = (1 − c) exp

(30)

(29)

where u : [0, 1] → R and K, c ∈ R, then ∂∂p̃ log(w( p̃) − c) = u( p̃). We require w(1/2) = 1 and so
R

1/2
K
1/2 u(t)dt + K + c = 1 and so e = 1 − c and
exp

satisfies (26) if
−

and hence the loss with weight function w is strongly convex with modulus c. Thus by choosing
u to satisfy (30) and constructing w via (29) one can design strongly convex proper binary losses.
One can ask whether equation (25) can be simplified in the n > 2 case by using a matrix
version of the logarithmic derivative trick in a manner similar to that used above when n = 2.
Such a result does exist (Horn and Johnson, 1991, Section 6.6.19) but it requires that (HL̃( p̃))−1
and D(HL̃( p̃)) commute for all p̃ ∈ ∆˜ n , which is not generally the case.

7. Integral Representations of Proper Losses

0

Z 1

`c w(c) dc + constant

Binary proper losses have an attractive integral representation that provides substantial insight
and is a useful tool for both designing losses and understanding the implications of different
choices of loss. Specifically, there exists a family of “extremal” loss functions (cost-weighted
generalisations of the 0-1 loss) parametrised by c ∈ [0, 1] and defined for all η ∈ [0, 1] by
c (η) := cJη ≥ cK and `c := (1 − c)Jη < cK. As shown by Buja et al. (2005) and Reid and
`−1
1
Williamson (2011), given these extremal functions, any proper binary loss ` can be expressed as
the weighted integral
`=
00

with “weight function” w(c) = −L̃ (c). This representation is a special case of a representation
from Choquet theory (Phelps, 2001; Simon, 2011) which characterises when every point in some
set can be expressed as a weighted combination of the “extremal points” of the set. Although
there is such a representation when n > 2, the difficulty is that the set of extremal points is
much larger and this rules out the existence of a nice small set of “primitive” proper losses
when n > 2, and consequently rules out an easy-to-work-with weight function parameterizing
all possible multiclass lossses in a manner analogous to the binary case. The rest of this section
makes this statement precise.
A convex cone K is a set of points closed under positive linear combinations. That is,
K = αK + β K for any α, β ≥ 0. A point f ∈ K is extremal if f = 21 (g + h) for g, h ∈ K
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Proof We require two facts from convex analysis; confer (Hiriart-Urruty and Lemaréchal, 2001,
Theorems B.3.1.4 and D.6.2.7). If a sequence ( f i )i of convex functions f i converges pointwise to f then: 1) the sequence converges uniformly on any compact domain; and 2) ∀ε > 0,
∂ f i (x) ⊂ ∂ f (x) + B(0, ε) for i large enough. Then the reverse implication of the lemma is a
direct consequence of the first result and the forward implication is obtained by considering the
set {x : ∀n, Li and L are differentiable at x} which is of measure 1.

Proof We suppose that ` ∈ ex Ln and denote its Bayes risk by L(p) = p0 · `(p). Let F, G ∈ Fn
so that L = 12 (F + G). Suppose f and g are proper losses whose Bayes risks are respectively
equal to F and G, then ∀p ∈ ∆n and almost everywhere in q (more precisely where L, F and G
are differentiable), L(p, q) = 12 (G(p, q) + F(p, q)). Then ` = 12 (g + f ) almost everywhere, so
there exists α such as g = α` almost everywhere, hence G = αL almost everywhere and then
everywhere by continuity. So L is extremal in Fn .
Now suppose that the concave function L is extremal and let ` be a proper loss whose Bayes
risk is L. Then L(p, q) = p0 · `(q) = L(q) + (p − q)0 · A(q) where A(q) ∈ ∂ L(q). Suppose that
there exist f , g ∈ Ln so that ` = 12 ( f + g) almost everywhere, and have associated Bayes risks F
and G, respectively. Then L(p) = p0 · `(p) = p0 · 12 ( f (p) + g(p)) = 12 (F + G) almost everywhere
so L = 12 (F + G) everywhere by continuity. Since L is extremal we must have F = αL and so
f = α` where L is differentiable (and so almost everywhere). Thus ` is extremal in Ln .
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Proof (Proposition 34) When n > 2 the simplex ∆n is isomorphic to a subset of Rd for d > 1.
Since Fn is a convex cone associated with the set of bounded concave functions (i.e., the fair
Bayes risks), (Bronshtein, 1978, Theorem 2.2) guarantees (with an appropriate change from
concavity to convexity) that ex Fn is dense in Fn w.r.t. the topology of uniform convergence.
Therefore, if ` ∈ Ln there exists a sequence ( f i )i with f i ∈ ex Fn which converges uniformly to
the Bayes risk L of ` and so by Lemma 36 there is a corresponding sequence (`i )i of fair proper

Lemma 36 Suppose L, Li ∈ Fn for i ∈ N and suppose ` and `i , i ∈ N are associated proper
losses. Then (Li )i converges uniformly to L if and only if (`i )i converges almost everywhere to `.

We also need a correspondence between the uniform convergence of a sequence of Bayes
risk functions and the convergence of their associated proper losses.

Figure 8: Complexity of extremal concave functions in two dimensions (corresponds to n = 3).
The figure shows the graph of an extremal concave function in two dimensions. The
lines below indicate where the slope changes. The pattern of these lines can be made
arbitrarily complex. This illustrates the fact (Proposition 34) that the set of extremal
concave functions is very large.
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Lemma 35 If ` ∈ ex Ln then its corresponding Bayes risk L is extremal in Fn . Conversely, if
L ∈ ex Fn then all the proper losses ` with Bayes risk equal to L are extremal in Ln .

The implication of this proposition is that the set of extremal multiclas proper losses is very
large. Some intuition can be gleaned from Figure 8 from which it is apparent that there is a
qualitative difference between the complexity of the set of extremal concave functions in one
dimension (corresponding to n = 2) and higher dimensions (n > 2). The proof of Proposition 34
requires the following lemma which relies upon the correspondence between a proper loss and
its Bayes risk (Proposition 8) and the fact that two continuous functions equal almost everywhere
are equal everywhere.

Proposition 34 Suppose n > 2. Then for any fair proper loss ` ∈ Ln there exists a sequence
(`i )i of extremal fair proper losses (`i ∈ ex Ln ) which converges almost everywhere to `.

implies ∃α ∈ R+ such that g = α f . That is, f cannot be represented as a non-trivial combination
of other points in K . The set of extremal points for K will be denoted ex K . Suppose U is a
bounded closed convex set in Rd , and Kb (U) is the set of convex functions on U bounded by 1,
then Kb (U) is compact with respect to the topology of uniform convergence. Bronshtein (1978,
Theorem 2.2) showed that the extremal points of the convex cone K (U) = {α f + β g : f , g ∈
Kb (U), α, β ≥ 0} are dense (w.r.t. the topology of uniform convergence) in K (U) when d > 1.
This means for any function f ∈ K (U) there is a sequence of functions (gi )i such that for all
i gi ∈ ex K (U) and limi→∞ k f − gi k∞ = 0, where k f k∞ := supu∈U | f (u)|. We use this result to
show that the set of extremal Bayes risks is dense in the set of Bayes risks when n > 2.
In order to simplify our analysis, we restrict attention to fair proper losses. A loss is fair
if each partial loss is zero on its corresponding vertex of the simplex (`i (ei ) = 0, ∀i ∈ [n]). A
proper loss is fair if and only if its Bayes risk is zero at each vertex of the simplex (in this case
the Bayes risk is also called fair). One does not lose generality by studying fair proper losses
since any proper loss is a sum of a fair proper loss and a constant vector.
The set of fair proper losses defined on ∆n form a closed convex cone, denoted Ln . The set
of concave functions which are zero on all the vertices of the simplex ∆n is denoted Fn and is
also a closed convex cone.

C OMPOSITE M ULTICLASS L OSSES

losses that converges almost everywhere to `. Lemma 35 guarantees that each `i is extremal in
Ln since each f i ∈ ex Fn and so we have shown there exists a sequence (`i )i with `i ∈ ex Ln
which converges to an ` which was arbitrary.
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8. Tools for Designing Losses
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affect the minimal achievable risk. The interaction between the hypothesis class and the loss function is complex
(van Erven et al., 2015).

concave
We now build a family of conditional Bayes risks. Suppose we are given n(n−1)
2
functions {Li1 ,i2 : ∆2 → R}1≤i1 <i2 ≤n on ∆2 , and we want to build a concave function L on ∆n

8.2 Piecewise Linear Multiclass Losses

This result means that a set of basis links can be defined via a choice of strictly concave
Bayes risk functions. As an example, the class of Fisher-consistent margin losses proposed
by Zou et al. (2008) provides a flexible starting point for designing sets of link functions as
described above. They give explicit formulae for the inverse link for a composite loss defined by
a choice of convex function φ : R → R. Specifically, if the loss for predicting v ∈ V = {v ∈ Rn :
n
∑i vi = 0} is given by `(v) = φ (v j ) then its inverse link is ψφ−1 (v) = Zφ1(v) [φ 0 (vi )]−1 i=1 where
Zφ (v) normalises the vector to lie in ∆n . Each choice of strictly convex φ gives a valid inverse
link which can be used as a basis function.

Proposition 38 If λ is a strictly proper loss then its canonical link ψ̃λ = −DL̃ has a strictly
monotone inverse.

This result is a consequence of: 1) strict monotonicity being preserved under convex combination; and 2) strict monotonicity implies invertibility. The first claim is established by considering strictly monotone f and g and some α ∈ [0, 1] and noting that if h = α f + (1 − α)g then
(h(u) − h(v))0 (u − v) = α( f (u) − f (v))0 (u − v) + (1 − α)(g(u) − g(v))0 (u − v) > 0. A strictly
monotone function f that is not invertible is impossible since if we have ( f (u)− f (v))0 (u−v) > 0
for all u, v then a u 6= v such that f (u) = f (v) would lead to a contradiction.
Strictly monotone basis functions are easily obtained via canonical links for strictly proper
losses. By definition, a canonical link satisfies ψ̃ = −DL̃ for some Bayes risk function. Strict
properness guarantees L̃ is strictly concave (van Erven et al., 2012b, Lemma 1). Kachurovskii’s
theorem (Hiriart-Urruty and Lemaréchal, 2001, Theorem 4.1.4) states that the derivative of a
function is (strictly) monotone if and only if the function is (strictly) convex. Since ( f ( f −1 (u))−
f ( f −1 (v)))0 ( f −1 (u) − f −1 (v)) = (u − v)0 ( f −1 (u) − f −1 (v)) we see that strictly monotone functions have strictly monotone inverses and we have established the following proposition.

Proposition 37 Every function ψ −1 in the set Ψ−1 = co(I ) is invertible whenever each basis
function in I is strictly monotone.

In order to construct a parametric family of links we first choose some set of inverse link
functions I = {ψ1−1 , . . . , ψB−1 } with a common domain, that is, ψb−1 : V → ∆n for a common n
and V . This collection will be called the basis set of link functions. We then take the convex hull
of I to form a set of inverse link functions Ψ−1 = co(I ). Each ψ −1 ∈ Ψ−1 is then identified
B
with the unique α ∈ A = ∆B such that ∑b=1
αb ψb−1 = ψ −1 . For this construction to be valid, it
it necessary to show that every such ψ −1 ∈ Ψ−1 is indeed an inverse link function, that is, it is
invertible.
The following proposition shows that it suffices to assume that all of the basis functions are
strictly monotone (see Equation 2).

In this section we show how the results developed above could be used to design losses for
particular purposes. There is no question about how this should be done “in principle” (Berger,
1985, Section 2.4). And even when not made explicit at the outset, all inference ultimately has
an implicit loss function that captures what matters to the end user, even if the original purpose
was to merely “gather information”, simply because in the end the “information” is acted upon
(DeGroot, 1962). Until now, the lack of convenient and canonical parametrisations of multiclass loss functions has made the comparison of different loss functions, and their tuning for
specific applications, difficult.
In subsection 8.1, we show how to construct a parametric family of valid link functions from
a finite number of “base” links by effectively taking their convex combination. By composing
each link with a fixed proper loss, this immediately allows for the specification of a family of
losses with a fixed Bayes risk. This construction enables the creation of losses with a range of
optimisation characteristics (e.g., convexity, robustness) but a common statistical basis (i.e., the
same Bayes risk).
In subsection 8.2 we show how it is possible to build losses by building them up from constraints on their Bayes risk curves on the edges of the simplex. This allows a loss to be constructed by effectively specifying its behaviour on pairs of outcomes. We show how this observation can be used to create piecewise linear, proper losses for cost-sensitive misclassification.
Finally (subsection 8.3) we observe how link functions are in fact themselves very similar to
loss functions, and (subsection 8.4) we present some examples of proper composite losses from
the literature (where they were not expressed in the proper composite parametrisation)
8.1 Families of Losses with Fixed Bayes Risk
The theory developed above suggests that each choice of proper loss λ and link function ψ
results in an overall loss function with properties (e.g., convexity) that depend entirely on their
relationship to each other. Given these two “knobs” for parameterising a loss function, we can
begin to ask what kind of practical trade-offs are involved when selecting a composite loss as a
surrogate loss for a particular problem.
We now propose a simple scheme for constructing families of losses with the same Bayes
risk. This is achieved by fixing a choice of proper loss λ and creating a parameterised family
(described below) of link functions ψα for parameters α ∈ A. Since the Bayes risk is entirely
determined by λ any composite loss λ ◦ ψα−1 for α ∈ A will have Bayes risk L(p) = p0 · λ (p).
Thus, we are able to examine the effect different choices of composite loss can have on a problem
without changing the essential underlying problem.4
4. Of course, this argument only holds in a point-wise analysis. That is, where choices for estimates p(x) can be
made independently. Once a restricted hypothesis class for the functions p is introduced the choice of link can
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Observe that it is much easier to work at first with the Bayes risk and then using the correspondence between Bayes risks and proper losses.
We have already seen (Section 7) that it is not possible to parametrise all extremal concave
functions in a tractable manner. However, for the sake of offering a range of knobs to the
designer to design losses, it could often suffice to use a subset of extremal losses. These will
all have polyhedral forms. A convex polytope is a compact convex intersection of a finite set of
half-spaces and is therefore the convex hull of its vertices. Let {ai }i be a finite family of affine
functions defined on ∆n . Now define the convex polyhedral function f by f (x) := maxi ai (x).
The set K := {Pi = {x ∈ ∆n : f (x) = ai (x)}} is a covering of ∆n by polytopes. Bronshtein (1978,
Theorem 2.1) shows that for f , Pi and K so defined, f is extremal if the following two conditions

Proof Use the correspondence between Bayes risk and proper losses and Lemma 39.

 i1 ,i2
 `1 (pi1 ) i = i1
`i ((0, . . . , 0, pi1 , 0, . . . , 0, pi2 , 0, . . . , 0) ) =
.
`i1 ,i2 (p ) i = i2
 −1 i1
0
otherwise

is a proper n-class loss such that

j=1

Lemma 40 Suppose we have a family of binary proper losses `i1 ,i2 : ∆2 → R2 . Then



!n
j−1
n
pj
pi
i, j
+ ∑ `i,1 j
` : ∆n 3 p 7→ `(p) = ∑ `−1
∈ Rn+
pi + p j
pi + p j
i=1
i= j+1

Using this family of Bayes risks, one can build a family of proper losses.

1

2
Proof In order to show 
that L is concave
 it suffices to show that for g : ∆ → R concave, f : p ∈
p1
p2
n
∆ → f (p) = (p1 + p2 )g p1 +p2 , p1 +p2 is concave, since a sum of concave functions is concave.

α
p + q1−α
q ≥
Let γ ∈ [0, 1], p, q ∈ ∆n . Since g is concave, ∀α ∈ [0, 1], ∀p, q ∈ ∆2 , g p1 +p
2
1 +q2


q
p
1 +p2 )
αg p1 +p
+ (1 − α)g q1 +q
. Then with α = γ(p1 +p2γ(p
)+(1−γ)(q1 +q2 ) , we get f (γ p + (1 − γ)q) ≥
2
2
γ f (p) + (1 − γ) f (q).
Moreover, L((0, . . . , 0, pi1 , 0, . . . , 0, pi2 , 0, . . . , 0)0 ) = ∑i∈{i
/ 1 ,i2 } (pi1 × 0 + pi2 × 0)

0 
pi1
pi2
i1 ,i2
0 ), (p ∈ ∆n , so p + p = 1).
+ (pi1 + pi2 )Li1 ,i2
,
=
L
((p
,
p
)
i1 i2
i1
i2
pi +pi pi +pi

is concave and ∀1 ≤ i1 < i2 ≤ n, L((0, . . . , 0, pi1 , 0, . . . , 0, pi2 , 0, . . . , 0)0 ) = Li1 ,i2 ((pi1 , pi2 )0 ).

Lc (p) =

i
i

≤

1−ci .

^ 1−p
i

j6=i

∏J cp

i∈[n]

pi
ci

pj
cj K

1/φ 0 ( f )

i6=y
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is ∑ 1/φ 0 (jfi ) . As their examples of this class show, it is not always possible to write the link in
i
closed form, even if the inverse link can be (e.g., logit loss φ (t) = log(1 + et )).
The coherence functions of Zhang et al. (2009) are a separate class of surrogate functions
that emphasise the margin of a prediction:
"
#

`y (v) = T log 1 + ∑ exp T −1 (1 + vi − vy .

In this subsection we look at some existing candidate multiclass losses from the perspective of
proper composite representations. Not all such losses as the generalisation of hinge loss are so
representable, a prominent example being those introduced by Crammer and Singer (2001).
Zou et al. (2008) presented multi-category losses of the form `y ( f ) = φ ( fy ) for f such that
∑y fy = 0 and φ 0 (0) < 0 and φ 00 (t) ≥ 0 so that we have Fisher consistency and the inverse link

8.4 Examples from Related Work

A composite loss ` = λ ◦ ψ −1 : V → Rn+ is directly parametrised by the proper loss λ : ∆n → Rn+
and the invertible link ψ : ∆n → Rn . However we have seen (Section 4) that proper losses λ are
more nicely parametrised by their concave conditional Bayes risk Λ : ∆n → R, which being
scalar valued, are simpler objects to work with than λ . Although not every invertible function ψ
can be written as the gradient of an analogous convex function Ψ : ∆n → R, by Kachurovskii’s
theorem (see Section 8.1) if for some Ψ : ∆n → R, ψ = DΨ, then ψ is monotone (resp. strictly
monotone) if and only if Ψ is convex (resp. strictly convex). A link ψ is a gradient if and only
if Dψ is symmetric (so that HΨ is symmetric) as a Hessian needs to be.
Thus if one were willing to restrict oneself to links such that Dψ is symmetric, then a composite loss ` can be parametrised by (Λ, Ψ), which are concave (resp. strictly convex) functions
from ∆n to R. The parametrisation of ψ via Ψ allows the specification of the canonical link as
that satisfying Ψ = −Λ.

8.3 Parametrisation of Composite Losses

Any convex combination of either of these families will be the Bayes risk of a proper fair
multiclass loss. Thus the convex combination of the elementary losses induced by such Lc (p)
will also be proper fair multiclass losses.

or

i=1

Lc (p) = ∑

n

are satisfied: 1) for all polytopes Pi in K and for every face F of Pi , F ∩ ∆n 6= ∅ implies F has a
vertex in ∆n ; 2) every vertex of Pi in ∆n belongs to n distinct polytopes of K. The set of all such
f is dense in K (U).
Using this result it is straightforward to exhibit some sets of extremal fair Bayes risks
{Lc (p) : c ∈ ∆n }. Two examples are when

which is equal to one of the given functions on each edge of the simplex (∀1 ≤ i1 < i2 ≤ n,
L(0, . . . , 0, pi1 , 0, . . . , 0, pi2 , 0, . . . , 0) = Li1 ,i2 (pi1 , pi2 )). This is equivalent to choosing a binary
loss function, knowing that the observation is in the class i1 or i2 . The result below gives one
possible construction. (There exists an infinite number of solutions—one can simply add any
concave function equal to zero in each edge).

Lemma 39 Suppose we have a family of concave functions {Li1 ,i2 : ∆2 → R}1≤i1 <i2 ≤n , then

0 
pi1
pi2
L : ∆n 3 p 7→ L((p1 , . . . , pn )0 ) = ∑ (pi1 + pi2 )Li1 ,i2
,
pi1 + pi2 pi1 + pi2
1≤i1 <i2 ≤n
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Figure 9: Illustration of the link function in the proper composite representation of the binary
coherence loss for T ∈ [0.1, 4]. Blue corresponds to T = 0.1 and red to T = 4, with
there being 80 equal increments of T plotted.

We will illustrate some aspects of the present paper with reference to this parametrised family
of losses. For ease of calculation, we consider only n = 2 below, but the conclusions we draw
below hold for n > 2 also. In the binary case, this corresponds to a parametric family of margin
losses with margin function



1−z
φT (z) := T log 1 + exp
,
T
φ 0 (v)

W ILLIAMSON , V ERNET AND R EID

Figure 10: Illustration of the conditional Bayes risk corresponding to the the binary coherence
loss for T ∈ [0.02, 4] with blue corresponding to T = 0.02 and red to T = 4.

given p the v that minimises L(p, v) by solving

∂
L(p, v) = (1 − p)φT0 (−v) + pφT0 (v) = 0
∂v

and obtain 1−p
p = −gT (v). Solving this for v (using Maple) we find the link function component
of the proper composite representation:
 


q
−1
−1
1
−1
−1
−1
ln
2 peT − eT + 4 e2 T p2 − 4 pe2 T − 4 p2 + e2 T + 4 p
.
2(1 − p)
ψT (p) = T

This is illustrated in Figure 9. Zou et al. (2008, Theorem 1) effectively compute ψT−1 for general
n. One can determine the proper component as

LT (p) = p φT (ψT (p)) + (1 − p) φT (−ψT (p))

which is plotted in Figure 10. One can glean further insight by considering the corresponding
weight function wT (p) := −LT00 (p), which is plotted in Figure 11.

(1−z)/T

e
T
and thus φT0 (z) = 1+e
(1−z)/T and one can check that gT (v) := − φ 0 (−v) is strictly monotone conT
tinuous and φT is monotone for all T > 0 and thus by Corollary 12 there is a strictly proper
composite representation. Identifying `−1 (v) with φ (−v) and `1 (v) with φ (v) we can find for a
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wT (p) ≈ T

1
p
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1
+ 1−p
+ 4. An alternative to this class of losses, would be to fix a link, and then

The weight function view makes it clear how the proper component of the loss approaches
0-1 loss as T → 0. (The weight function for 0/1 loss is w(c) = δ (c − 21 ); note the convergence in
Figure 11 is not uniform, given the behaviour at 0 and 1.) Observe too that as well as the proper
loss varying with T , the associated link also varies (in a complex way—see Figure 9). Thus not
only is one varying the statistical properties of the loss (in a substantial way—when T is small,
1
the weight is
 centered near p = 2 , whereas for large T , a series expansion of wT (p) shows that

Figure 11: Weight function of the proper loss component of the proper composite representation
of the binary coherence loss for T ∈ [0.02, 4], where blue corresponds to T = 0.02
and red to T = 4.
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These results suggest that in order to design losses for multiclass prediction problems it is helpful
to use the composite representation, and design the proper part via the Bayes risk as suggested for
the binary case by Buja et al. (2005). The link function can be tuned to control the optimisation
properties of the loss. Merely requiring the loss to be convex confounds two seperate aspects of

• The attractive (simply parametrised) integral representation for binary proper losses can
not be extended to the multiclass case (Section 7) ;

• Canonical links always convexify proper losses, and outline how this can help in the design
of losses (Proposition 32);

• Necessary conditions for strong convexity of multiclass proper losses in terms of their
corresponding Bayes risks (Proposition 31);

• Relationship between the proper composite representation, mixability and admissibility
(Sections 6.1 and 6.2);

• Characterisation of when a multiclass loss has a proper composite representation and when
the representation is unique (Section 5.3);

• Characterisation of which binary margin losses have a proper composite representation
(Corollary 12);

• Every (multiclass) proper loss is quasi-convex (Proposition 17);

• Characterisation of multiclass proper losses in terms of their binary restrictions (Proposition 7);

• Relationship between prediction calibration and classification calibration, showing that
the latter can be seen as a “pointwise” version of the former (Section 3);

We have systematically studied multiclass composite losses. The results of the paper (summarised below) show that this is an attractive parametrisation of multiclass losses. If one desires
all predictions be strongly admissible, then there is nothing lost in using the proper composite
representation. Since the link is only a reparametrisation, this means one still has the relationship
between losses and divergences as described by Garcı́a-Garcı́a and Williamson (2012).
The proper composite representation leads to a desirable separation of concerns, where the
inferential properties of the loss (such as its mixability) are governed by the proper loss, and
the convexity (necessary for numerical optimisation) is controlled by the link function. It thus
seems to be the best way to parametrise loss functions.
The key technical contributions of the paper are as follows.

9. Conclusions

vary the proper component. For a given model or hypothesis class F this has the advantage that
the effective hypothesis class {ψ −1 ◦ f : f ∈ F } remains fixed, and only the (proper) loss varies.
The (Λ, Ψ) parametrisation of section 8.3 offers a convenient way to do this.
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a loss: the shape of `(V ) which controls the predictive performance, and the parametrization of
`(V ) which affects the numerical optimisation of a loss.
There remain open questions. Perhaps the most practically important is the interaction between the loss and restricted hypothesis classes: typically one does not optimise conditionally,
one optimises the full expected risk with respect to a restricted function class F ⊂ Y X . The
question of how knowledge of F should influence the design of a loss remains open; some
initial work along these lines is the notion of “stochastic mixability” (van Erven et al., 2012a,
2015).
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Appendix A. Matrix Calculus
If A = [ai j ] is an n × m matrix, vec A is the vector of columns of A stacked on top of each other.
The Kronecker product of an m×n matrix A with a p×q matrix B is the mp×nq matrix


A1,1 B · · · A1,n B
.
. 
..
.
..
..  .
Am,1 B · · · Am,n B

A⊗B := 

We use the following properties of Kronecker products (Magnus and Neudecker, 1999, Chapter
2): (A⊗B)(C⊗D) = (AC⊗BD) for all appropriately sized A, B,C, D, and I1 ⊗A = A.
If f : Rn → Rm is differentiable at c then the partial derivative of fi with respect to the jth
coordinate at c is denoted D j fi (c). The m × n matrix of partial derivatives of f is the Jacobian
of f and denoted
(D f (c))i, j := D j fi (c) for i ∈ [m], j ∈ [n].

(31)

If F is a matrix valued function DF(X) := D f (vec X) where f (X) = vec F(X).
We will require the product rule for matrix valued functions (Vetter, 1970; Fackler, 2005):
Suppose f : Rn → Rm×p , g : Rn → R p×q so that ( f × g) : Rn → Rm×q . Then

D( f × g)(x) = (g(x)0 ⊗Im ) · D f (x) + (Iq ⊗ f (x)) · Dg(x).

∂2 f
.
∂ xk ∂ x j

The Hessian at x ∈ X ⊆ Rn of a real-valued function f : X → R is the n × n real, symmetric
matrix of second derivatives at x
(H f (x)) j,k := Dk, j f (x) =
39
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Note that the derivative Dk, j is in row j, column k. It is easy to establish that the Jacobian of the
transpose of the Jacobian of f is the Hessian of f . That is,

(32)

H f (x) = D (D f (x))0


H f (x) := 



H f1 (x)

... 
.
H fm (x)

(Magnus and Neudecker, 1999, Chapter 10). If X ⊂ Rn and f : X → Rm is a vector-valued
function, then the Hessian of f at x ∈ X is the mn × n matrix that consists of the Hessians of
the functions fi stacked vertically:

Appendix B. Deferred Proofs

This appendix contains proofs of results in the main text that, due to their length or technicality,
are better presented outside the flow of the main text.
B.1 Proof of Lemma 1

p∈
/ T j2 (c) ⇒ ∃ j3 6= j2 such that

p∈
/ T jn (c) ⇒ ∃ jn+1 6= jn such that

pj
p jn
< n+1 .
c jn
c jn+1

pj
pj
p∈
/ T (c) ⇒ ∃ j 6= j such that 1 < 2
j
2
1
1
c j1
c j2
p j2
pj
< 3
c j2
c j3

1. We prove this by contradiction. Suppose p ∈ ∆n such that for all i ∈ [n], p ∈
/ Ti (c). Then

k

and hence by repeating this argument

k

then for all j ∈ [n], c j = ∑i pi c j = ∑i p j ci = p j . Thus p = c.

Thus we have n + 1 indices j1 , . . . , jn+1 belonging to [n] and therefore one is repeated ( jk )
pj
pj
and c j k < c j k which is a contradiction.

i=1 Ti (c),

Tn

2. Obvious.
3. If p ∈

(33)

4. We prove this by contradiction. Suppose p 6= q such that for all c if p ∈ Ti (c) then q ∈
T
Ti (c). Observe that ∀ j ∈ [n], p ∈ T j (p), and so q ∈ nj=1 T j (q), and hence q = p, a
contradiction.

∂ L(p) = {(s0 , 0)0 + α 1, s ∈ ∂ L̃( p̃), α ∈ R}.

B.2 Proof of Proposition 9
Observe that
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(34)

0

0

i∈[n]

(35)
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Since p ∈ ∆˚ n we can choose q̃1 and q̃2 ∈ ∆˜ n such that q̃1 − p̃ = p̃ − q̃2 and so the only way (36)
can hold is if
(q̃ − p̃)0 · A( p̃) = (q̃ − p̃)0 · B( p̃).

⇔ (q − p)0 · ((A( p̃)0 , 0)0 + α1 1) ≤ (q − p)0 · ((B( p̃)0 , 0)0 + α2 1), ∀q ∈ ∆n , α1 , α2 ∈ R
⇔ (q̃ − p̃)0 · A( p̃) ≤ (q̃ − p̃)0 · B( p̃), ∀q̃ ∈ ∆˜ n .
(36)

i∈[n]

∑ qi (ei − p)0 · ((A( p̃)0 , 0)0 + α1 1) ≤ ∑ qi (ei − p)0 · ((B( p̃)0 , 0)0 + α2 1), ∀q ∈ ∆n , α1 , α2 ∈ R

Thus

(ei − p)0 · ((A( p̃)0 , 0)0 + α1 1) ≤ (ei − p)0 · ((B( p̃)0 , 0)0 + α2 1), α1 , α2 ∈ R.

By continuity of L, ||L(q) − L(p)|| < ε for small enough δ . Furthermore by (34), ||A(q̃) −
DL̃( p̃)|| ≤ 0 and || p̃ − q̃|| ≤ ε. Hence ||`i (q) − `i (p)|| ≤ ε + ε + δ which can be made arbitrarily
small by suitable choice of ε. Thus `i is continuous for all i ∈ [n] and so ` is continuous.
(⇒) Assume that L is not differentiable at p ∈ ∆˚ n . Thus there exists two different supergradients at p: A( p̃) and B( p̃). Assume that one of these supergradients, A( p̃), is the one associated
to the loss ` in the sense that for all i ∈ [n] `i (p) = L(p) + (ẽi − p̃)0 · A( p̃).
Suppose that ∀i ∈ [n],

`i (q) − `i (p) = L(q) − L(p) + (ẽi − q̃) · (A(q̃) − DL( p̃)) + ( p̃ − q̃) · DL( p̃).

and so

= −α1 + α1 + α2 − α2 = 0

γ = −(ei − q)0 · α1 1 + (ei − p)0 · α2 1 = −α1 + α1 q0 · 1 + α2 − α2 p0 · 1

where A(q̃) ∈ ∂ L̃(q̃), and

= L(q) − L(p) + (ẽi − q̃)0 · A(q̃) − (ẽi − p̃)0 · DL( p̃) + γ, ∀A(q̃) ∈ ∂ L̃(q̃),

(L(p) + (ei − p)0 · ((DL( p̃)0 , 0)0 + α2 1)),

`i (q) − `i (p) = L(q) + (ei − q)0 · ((A(q̃)0 , 0)0 + α1 1)−

Then there exists δ such that q ∈ B(p, δ ) implies p̃ ∈ B( p̃, δ̃ ). Thus using (3) and (34), ∀i ∈ [n],
∀q ∈ B(p, δ ), for α1 , α2 ∈ R,

∀q̃ ∈ B( p̃, δ̃ ), ∀A(q̃) ∈ ∂ L̃(q̃), ||A(q̃) − DL̃( p̃)|| ≤ ε.

∃i ∈ [n], (ẽi − p̃)0 · A( p̃) > (ẽi − p̃)0 · B( p̃).

(37)

⇒ C(pη )0 · ( p̃η − p̃)0 ≤ B( p̃)0 · ( p̃η − p̃)0 .

L(pη ) ≤ L(pη ) +C( p̃η )0 · ( p̃ − p̃η ) + B( p̃)0 · ( p̃η − p̃)

= `i (p) by (37).

< L(p) + (ẽi − p̃)0 · A( p̃)

(38)

Hence `˜p,q is proper.
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The proof shows the equivalence of statements 1 and 2 and, separately the equivalence of 1 and
3 and 1 and 4.
1 ⇒ 2: Suppose that ` is proper and p, q ∈ ∂ ∆n . Let L̃ p,q denote the conditional risk associated with `˜p,q . Then
0


L̃ p,q (η, η̂) = ηq + (1 − η)p · ` p + η̂(q − p) = L p + η(q − p), p + η̂(q − p)

≥L p + η(q − p), p + η(q − p) = L̃ p,q (η, η).

B.3 Proof of Proposition 7

Thus limη&0 `i (pη ) < `i (p) and so `i is not continuous at p and thus ` is not continuous at p.

η&0

lim L(pη ) + (ẽi − p̃)0 · B( p̃) = L(p) + (ẽi − p̃)0 · B( p̃)

However limη&0 pη = p and by continuity of L,

`i (pη ) ≤ L(pη ) + (ẽi − p̃)0 · B( p̃).

Now `i (pη ) = L(pη ) + (ẽi − p̃η )0 ·C( p̃η ). Hence (38) implies

C( p̃η )0 · (ẽi − p̃) ≤ B( p̃)0 · ( p̃ − ẽi ).

But by definition of pη , p̃η − p̃ = p̃ + η(ẽi − p̃) − p̃ = η(ẽi − p̃). Thus for η > 0,

Thus

L(pη ) ≤ L(p) + ( p̃η − p̃)0 · B( p̃) and L(p) ≤ L(pη ) + ( p̃ − p̃η )0 ·C( p̃η ).

Let pη := p + η(ei − p) and denote by C( p̃η ) the supergradient associated with ` at pη (that is,
`i (pη ) = L(pη ) + (ẽi − p̃η )0 ·C) p̃η )). By definition of the supergradient,

Thus

Since p ∈ ∆˚ n is arbitrary, we obtain that A( p̃) = B( p̃), a contradiction and so (35) must be false.
Thus there exists i ∈ [n] such that

Indeed (q̃ − p̃)0 · s = (q − p)0 · ((s0 , 0)0 + α 1).
(⇐) We first assume that L is differentiable at p. We use the following result (Hiriart-Urruty
and Lemaréchal, 2001, page 203): If f is a convex function, then ∀ε > 0, ∃δ > 0, y ∈ B(x, δ ) ⇒
∂ f (y) ⊂ ∂ f (x) + B(0, ε).
Assume ε > 0, then since L is differentiable at p̃, ∃δ̃ > 0, such that
(ei − p)0 · ((A( p̃)0 , 0)0 + α1 1) > (ei − p)0 · ((B( p̃)0 , 0)0 + α2 1), α1 , α2 ∈ R.
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1 ⇐ 2: Suppose that `˜p,q is proper ∀p, q ∈ ∂ ∆n . Suppose
p, q ∈ ∆n . Then there exists p̃ and q̃ ∈ ∂ ∆n such that p = p̃ +
η(q̃ − p̃) and q = p̃ + η̂(q̃ − p̃), where η, η̂ ∈ [0, 1] (the line
passing through p and q cuts ∂ ∆n at p̃ and q̃; see Figure 12).
Then
L(p, q) = L̃ p̃,q̃ (η, η̂) ≥ L̃ p̃,q̃ (η, η) = L(p, p).

p̃

p

q q̃
∆n

Figure 12: Illustration

of

proof of ProposiHence ` is proper.
tion 7.
One can easily prove that 3 ⇒ 1 by taking h1 = 0.
For 3 ⇐ 1 we use a result of Lambert (2010, Proposition 1),
which tells us a binary probability estimation loss `b is proper
if and only if ∀η ≤ η1 ≤ η2 or η ≥ η1 ≥ η2 , Lb (η, η1 ) ≤ Lb (η, η2 ) (the assumptions on the
statistic are checked in the binary case with the statistic function Γ : ∆2 3 p 7→ E(p) ∈ [0, 1]).
We also know that if ` is proper then ∀p, q ∈ ∂ ∆n , `˜p,q (introduced in Proposition 7) is proper.
We assume that ` is proper, ∀p, q ∈ ∆n , ∀0 ≤ h1 ≤ h2 , we introduce the projections p̃, q̃ ∈ ∂ ∆n
of p and q, then there exists η and µ such that p = p̃ + η(q̃ − p̃) and q = p̃ + µ(q̃ − p̃). We
denote η1 = η + h1 (µ − η) and η2 = η + h2 (µ − η). Then the result of Lambert applied to `˜p,q
gives us L(p, p + h1 (q − p)) ≤ L(p, p + h2 (q − p)). One can adapt the proof in the case of strict
properness.
1 ⇒ 4: If ` is proper, p0 · `(q) = q0 · `(q) + (p − q)0 · `(q) = L(q) + (p − q)0 · `(q). Thus
∀q ∈ ∆n there exists A(q) such as L(p, q) = L(q) + (p − q)0 · A(q). Since ` is proper, ∀p ∈ ∆n ,
0 ≤ L(p, p) − L(p, q) = L(q) − L(p) + (p − q)0 · A(q). Then A(q) is a supergradient of L = f
(which is concave) at q, and p0 · `(q) = f (q) + (p − q)0 · A(q).
4 ⇒ 1: If there exists a function f concave and ∀q ∈ ∆n , there exists a supergradient A(q) ∈
∂ f (q) such that ∀p, q ∈ ∆n , p0 · `(q) = f (q) + (p − q)0 · A(q). Then, L(p, p) − L(p, q) = f (p) −
f (q) + (p − q)0 · A(q) ≥ 0. Hence ` is proper.
B.4 Proof of Proposition 10
The proposition is a direct consequence of the characterization of differentiable binary proper
losses (Reid and Williamson, 2010). A differentiable binary loss λ is proper if and only if
λ 0 (η)
= −1η ≥ 0, ∀η ∈ (0, 1).

−λ10 (η)
1−η

0
`−1
(v)
0 (v) − `0 (v) , ∀v ∈ V .
`−1
1

(40)

(39)

Suppose the loss ` can be expressed as a proper composite loss: ` = λ ψ = λ ◦ ψ −1 and so
λ = ` ◦ ψ. Therefore for y ∈ {−1, 1}, λy0 (η) = ψ 0 (η)`y0 (ψ(η)). Then λ is proper and thus

0 (η)
−λ10 (η) λ−1
=
, ∀η ∈ (0, 1)
1−η
η
ψ 0 (ψ −1 (v)) 0
ψ 0 (ψ −1 (v)) 0
` (v) =
` (v), ∀v ∈ V
1 − ψ −1 (v) 1
ψ −1 (v) −1

⇔−

0
⇔ ψ 0 (ψ −1 (v)) = 0 or `−1
(v) = `10 (v) = 0 or ψ −1 (v) =
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Since ψ is differentiable and invertible, ψ 0 cannot equal zero on an interval. By continuity, ψ −1
0 (v) 6= 0. If
is uniquely defined on an interval I when ∀v1 , v2 ∈ I, ∃v ∈ [v1 , v2 ], `10 (v) 6= 0 or `−1
I = V then ψ is unique and thus λ = ` ◦ ψ is unique.
0 (v) = 0, ∀v ∈ [v , v ] then one can choose any ψ|
If `10 (v) = `−1
1 2
[v1 ,v2 ] which is differentiable,
invertible and such that ψ is continuous in v1 and v2 and as `1 and `−1 are constant on [v1 , v2 ],
λ (η) = `(ψ(η)) does not depend on ψ and so in any case λ is unique.
B.5 Proof of Proposition 11

(41)

0 (η) ≥ 0. This is equivalent to
The loss λ is proper if and only if (39) and −λ10 (η) ≥ 0 and λ−1
there exists an invertible ψ such that (40) holds and

0
− ψ 0 (ψ −1 (v))`10 (v) ≥ 0 and ψ 0 (ψ −1 (v))`−1
(v) ≥ 0, ∀v ∈ V .

`0 (v)

(⇒) Suppose ` has a composite representation with ψ strictly increasing and thus ψ 0 (v) > 0 for
0 (v) ≥ 0. Hence ` is decreasing and `
all v ∈ V and thus −`10 (v) ≥ 0 and `−1
1
−1 is increasing.
0 (v) 6= 0 or `0 (v) 6= 0. Furthermore ψ 0 (v) can not equal zero except at isolated
By hypothesis, `−1
1

−1
points. Thus (40) implies ψ −1 (v) = `0 (v)−`
= 1−1f (v) and thus f is strictly increasing. (If
0
−1
1 (v)
instead ψ was strictly decreasing, we can run the same argument to conclude `1 is increasing,
`−1 is decreasing and f is strictly decreasing.)
(⇐) Suppose `1 is decreasing, `−1 is increasing and f is strictly increasing. By setting ψ −1 (v) =
1
−1 is invertible and (41) holds. The other case is analogous.
1− f (v) , ψ

B.6 Proof of Proposition 17

Fix an arbitrary p ∈ ∆n . The function f p is quasi-convex if its α sublevel sets

Fpα := {q ∈ ∆n : p0 `(q) ≤ α}

are convex for all α ∈ R (Greenberg and Pierskalla, 1971). Fix an arbitrary α > L(p)i, and thus
Fpα 6= 0.
/ Let
Qαp := {x ∈ Rn : p0 x ≤ α}

so Fpα = {q ∈ ∆n : `(q) ∈ Qαp }. Denote by

hqβ := {x : x0 · q = β }

the hyperplane in direction q ∈ ∆n with offset β ∈ R and by

Hqβ := {x : x0 · q ≥ β }

x∈`(∆n )∩Qαp

H`−1 (x)

=

q∈Fpα

the corresponding half-space. Since ` is proper, S` is supported at x = `(q) by the hyperplane
T
L(q)
L(q)
hq and furthermore since S` is convex, S` = q∈∆n Hq .
Let
\
\ L(q)
L(`−1 (x))
Hq
Vpα :=
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q)
L(

=

{x

}
q)
L(

Qαp

q=

`1 (q)

p

q

z = `(q)

S`

`(∆n )
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Vpα

L(q)

x∈Vp
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we have shown that Fpα is convex. Since p ∈ ∆n and α ∈ R were arbitrary we have thus shown
that f p is quasi-convex for all p ∈ ∆n .
For the converse, the convexity of S comes from the contruction in the first part of this proof.
All that needs to be shown is uniqueness. Suppose then, for the sake of a contradiction, that

Gαp = {p ∈ ∆n : `(p) ∈ `(∆n ) ∩ Qαp } = Fpα

Observe that σVpα (u) = −sVpα (−u) where sC (u) = supx∈C u0 · x is the support function of a set C.
It is known (Valentine, 1964, Theorem 5.1) that the “domain of definition” of a support function
{u ∈ Rn : sC (u) < +∞} for a convex set C is always convex. Thus Gαp := {u ∈ ∆n : σVpα (u) >
−∞} = {u ∈ Rn : σVpα (u) > −∞} ∩ ∆n is always convex because it is the intersection of convex
sets. Finally by observing that

whereas if u 6∈ Fpα then for all β ∈ R,
does not support Vpα and hence σVpα (u) = −∞. Thus
we have shown

 
u 6∈ Wpα ⇔ σVpα (u) = −∞ .

β
hu

0

σVpα (u) := infα u · x = L(p) > −∞

space Hq is supported by exactly one hyperplane, namely hq . Thus the set of hyperplanes
L(q)
that support Vpα is {hq : q ∈ Fpα } If u ∈ Fpα then there is a hyperplane in direction u that
supports Vpα and its offset is given by

L(q)

(see figure 13). Since Vpα is the intersection of halfspaces it is convex. Note that a given half-

Figure 13: Illustration of proof of quasi-convexity of continuous proper losses (see text).

`2 (q)

hq

·
:x
q∈∆

v∈V
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By ∆n -smoothness of `(V ) for all v ∈ V there is a unique p∗ ∈ ∆n such that h p∗ supports `(V )
at `(v). By continuity of ` and ∆n -strict convexity of `(V ), ψ is continuous. Let λ := ` ◦ ψ.

which we have shown above equals p0 · λ (p). Thus λ is proper and ` has a proper composite
representation.
Proper composite ` ⇒ ∆n -smooth: Suppose ` = λ ◦ ψ −1 , where λ is proper. We need to
β
show that for all x ∈ `(V ) there is a unique p ∈ ∆n such that `(V ) is supported by h p at x for
some β ∈ R.
Now pick an arbitrary v ∈ V which induces an arbitrary x = `(v) ∈ `(V ). Let p = ψ −1 (v).
L(p)
Then h p supports `(V ) at x since λ is proper. Suppose there was another q 6= p, q ∈ ∆n such
L(q)
that hq supports `(V ) at x. But that would require that v = ψ(q) which is impossible since
v = ψ(p) and ψ is invertible. Thus p is unique and hence `(V ) is ∆n -smooth.
∆n -strict convexity ⇒ strict proper composite `: Let p ∈ ∆n . By invertibility of ` and
β
∆n -strict convexity of `(V ) there exists a unique v ∈ V such that there exists a hyperplane h p
β
supporting `(V ) at `(v). Define ψ such that for all p ∈ ∆n , ψ(p) is this unique v. Since h p
supports `(V ),
β = inf{b : hbp ∩ `(V ) 6= 0}
/ = p0 · `(v) = p0 · `(ψ(p)).

v∈V

β

∩ `(V ) 6= 0,
/ v ∈ V }.

inf p0 · `(v) = inf p0 · (λ ◦ ψ −1 )(v) = infn p0 · λ (q)

Thus p0 · λ (p) = p0 · (` ◦ ψ)(p) = infv∈V p0 · `(v).
Since ψ : ∆n → V is invertible,

inf{b : hbp ∩ `(V ) 6= 0}
/ = inf{p0 · `(v) : h p

p0 ·`(v)

Let λ := ` ◦ ψ. We will show λ is proper. Observe that for each p ∈ ∆n

/ = p0 · `(v) = p0 · `(ψ(p)) = p0 · λ (p).
β = inf{b ∈ R : hbp ∩ `(V ) 6= 0}

∆n -smooth ⇒ proper composite `: Suppose `(V ) is ∆n -smooth. Pick some x ∈ `(V ) with
x = `(v) for some v ∈ V (not necessarily unique because we have not assumed ` is invertible).
β
By assumption, there exists a unique p ∈ ∆n such that h p supports `(V ) at x for some β ∈ R.
Define ψ to be the function such that ψ(p) = v. Since the corresponding p is unique, ψ is
invertible. Now

B.7 Proof of Proposition 18

a given quasi-convex f p corresponds to two distinct S1 , S2 . Then the corresponding support
functions sS1 6= sS2 and thus there exists u such that sS1 (u) 6= sS2 (u). Let xi be the point of
support of Si by a hyperplane with normal u. By assumption x1 6= x2 . Suppose x1 and x2 do
not lie on a single hyperplane with normal p. Then there exists α such that hαp seperates x1
and x2 . Thus u ∈ dom sS1 ∩Qαp but u 6∈ dom sS2 ∩Qαp (or vice versa). Since Fpα = − dom sS1 ∩Qαp and
∗
Fpα = − dom sS2 ∩Qαp we have a contradiction. In case x1 , x2 do lie on a single hyperplane hαp ,
∗
one can argue (by the continuity of sS that there must exist a u , a convex combination of u and
p which induces support points that can be seperated as above.

W ILLIAMSON , V ERNET AND R EID

Observe that
∩ `(V ) 6= 0,
/ v ∈ V }.
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p0 ·`(v)

inf{β : hβp ∩ `(V ) 6= 0}
/ = inf{p0 · `(v) : h p
Thus p0 · λ (p) = p0 · (` ◦ ψ)(p) = infv∈V p0 · `(v). By ∆n -smoothness of `(V ), for all v ∈ V
there exists a unique p ∈ ∆n such that ψ(p) = v and thus ψ is invertible. Hence p0 · λ (p) =
infq∈∆n p0 · λ (q) and thus λ is proper. Since `(V ) is ∆n -strictly convex there exists a unique
Λ(p)
point where h p supports `(V ). Hence λ is strictly proper and we have shown that ` has a
strictly proper composite representation.
Strictly proper composite ` ⇒ ∆n -strictly convex: Suppose ` has a strictly proper composite representation `(v) = λ (ψ −1 (v)). Pick p ∈ ∆n . By assumption, there exists v ∈ V such that
ψ −1 (v) = p. Since λ is strictly proper, there is a unique q ∈ ∆n which minimises q 7→ p0 · λ (q).
By invertibility of ψ, there thus exists a unique v ∈ V that minimises v 7→ p0 · `(v) and so there
β
is a unique x at which h p supports `(V ) for some β ∈ R. Thus `(V ) is ∆n -strictly convex.
Now pick an arbitrary v ∈ V which induces an arbitrary x = `(v) ∈ `(V ). Let p = ψ −1 (v).
L(p)
Then h p supports `(V ) at x since λ is proper. Suppose there was another q 6= p, q ∈ ∆n such
L(q)
that hq supports `(V ) at x. But that would require that v = ψ(q) which is impossible since
v = ψ(p) and ψ is invertible. Thus p is unique and `(V ) is ∆n -smooth.
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Latent (unmeasured, hidden, unrecorded) variables, as opposed to observed (measured,
manifest, recorded) variables, cannot usually be observed directly in a domain but only
inferred from other observed variables or indicators (Spirtes, 2013). Concepts such as
“quality of life,” “economic stability,” “gravitational fields,” and “psychological stress”

1. Introduction

Keywords: causal discovery, clustering, learning latent variable model, multiple indicator model, pure measurement model

Identification of latent variables that govern a problem and the relationships among them,
given measurements in the observed world, are important for causal discovery. This identification can be accomplished by analyzing the constraints imposed by the latents in the
measurements. We introduce the concept of pairwise cluster comparison (PCC) to identify
causal relationships from clusters of data points and provide a two-stage algorithm called
learning PCC (LPCC) that learns a latent variable model (LVM) using PCC. First, LPCC
learns exogenous latents and latent colliders, as well as their observed descendants, by
using pairwise comparisons between data clusters in the measurement space that may
explain latent causes. Since in this first stage LPCC cannot distinguish endogenous latent non-colliders from their exogenous ancestors, a second stage is needed to extract
the former, with their observed children, from the latter. If the true graph has no serial
connections, LPCC returns the true graph, and if the true graph has a serial connection,
LPCC returns a pattern of the true graph. LPCC’s most important advantage is that it is
not limited to linear or latent-tree models and makes only mild assumptions about the
distribution. The paper is divided in two parts: Part I (this paper) provides the necessary
preliminaries, theoretical foundation to PCC, and an overview of LPCC; Part II formally
introduces the LPCC algorithm and experimentally evaluates its merit in different synthetic and real domains. The code for the LPCC algorithm and data sets used in the
experiments reported in Part II are available online.
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1 A pure measurement model contains all graph variables and all and only edges directed from latent
variables to observed variables, where each observed variable has only one latent parent and no observed
parent.

play a key role in scientific theories and models, and yet such entities are latent (Klee,
1997).
Sometimes, latent variables correspond to aspects of physical reality that could, in
principle, be measured but may not be for practical reasons, for example, “quarks”. In
this situation, the term hidden variables is commonly used, reflecting the fact that the
variables are “really there”, but hidden. On the other hand, latent variables may not be
physically real but instead correspond to abstract concepts such as “psychological stress”
or “mental states”. The terms hypothetical variables or hypothetical constructs may be
used in these situations.
Latent variable models (LVMs) represent latent variables and the causal relationships
among them to explain observed variables that have been measured in the domain. These
models are common and essential in diverse areas, such as in economics, social sciences,
psychology, natural language processing, and machine learning. Thus, they have recently
become the focus of an increasing number of studies. LVMs reduce dimensionality by
aggregating (many) observed variables into a few latent variables, each of which represents
a “concept” explaining some aspects of the domain that can be interpreted from the data.
Latent variable modeling is a century-old enterprise in statistics. It originated with the
work of Spearman (1904), who developed factor analytic models for continuous variables
in the context of intelligence testing.
Learning an LVM exploits values of the measured variables as manifested in the data
to make an inference about the causal relationships among the latent variables and to predict the value of these variables. Statistical methods for learning an LVM, such as factor
analysis, are most commonly used to reveal the existence and influence of latent variables.
Although these methods effectively reduce dimensionality and may fit the data reasonably
well, the resulting models might not have any correspondence to real causal mechanisms
(Silva et al., 2006). On the other hand, the focus of learning Bayesian networks (BNs) is on
causal relations among observed variables, whereas the detection of latent variables and
the interrelations among themselves and with the observed variables has received little attention. Learning an LVM using Inductive Causation* (IC*) (Pearl, 2000; Pearl and Verma,
1991) and Fast Causal Inference (FCI) (Spirtes et al., 2000) returns partial ancestral graphs,
which indicate for each link whether it is a (potential) manifestation of a hidden common
cause for the two linked variables. The structural EM algorithm (Friedman, 1998) learns
a structure using a fixed set of previously given latents. By searching for “structural signatures” of latents, the FindHidden algorithm (Elidan et al., 2000) detects substructures
that suggest the presence of latents in the form of dense subnetworks. Elidan and Friedman (2001) give a fast algorithm for determining the cardinality – the number of possible
states – of latent variables introduced this way. However, Silva et al. (2006) suspected that
FindHidden cannot always find a pure measurement sub-model,1 which is a flaw in causal
analysis. Also, the recovery of latent trees of binary and Gaussian variables has been suggested (Pearl, 2000). Hierarchical latent class (HLC) models, which are rooted trees where
the leaf nodes are observed while all other nodes are latent, were proposed for the clustering of categorical data (Zhang, 2004). Two greedy algorithms are suggested (Harmeling
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and Williams, 2011) to expedite learning of both the structure of a binary HLC and the
cardinalities of the latents. The BIN-G algorithm determines both the structure of the tree
and the cardinality of the latent variables in a bottom-up fashion. The BIN-A algorithm
first determines the tree structure using agglomerative hierarchical clustering and then
determines the cardinality of the latent variables in the same manner as the BIN-G algorithm. Latent-tree models are also used to speed approximate inference in BN, trading the
approximation accuracy with inferential complexity (Wang et al., 2008).
Models in which multiple latents may have multiple indicators (observed children),
also known as multiple indicator models (MIMs) (Bartholomew et al., 2002; Spirtes, 2013),
are a very important subclass of structural equation models (SEM), which are widely used,
together with BNs, in applied and social sciences to analyze causal relations (Pearl, 2000;
Shimizu et al., 2011). For these models, and others that are not tree-constrained, most
of the mentioned algorithms may lead to unsatisfactory results. This is one of the most
difficult problems in machine learning and statistics since, in general, a joint distribution
can be generated by an infinite number of different LVMs. However, an algorithm that
fills the gap between learning latent-tree models and learning MIMs is BuildPureClusters
(BPC; Silva et al., 2006). BPC searches for the set (an equivalence class) of MIMs that best
matches the set of vanishing tetrad differences (Scheines et al., 1995), but is limited to
linear models (Spirtes, 2013).
In this study, we make another attempt in this direction and target the goal of Silva
et al. (2006), but concentrate on the discrete case, rather than on the continuous case dealt
with BPC. Towards this mission, we borrow ideas and principles of clustering and unsupervised learning. Interestingly, the same difficulty in learning MIMs is also faced in the
domain of unsupervised learning that confronts similar questions such as: (1) How many
clusters are there in the observed data? and (2) Which classes do the clusters really represent? Due to this similarity, our study suggests linking the two domains – learning a causal
graphical model with latent variables and clustering analysis. We propose a concept and
an algorithm that combine learning causal graphical models with clustering. According to
the pairwise cluster comparison (PCC) concept, we compare pairwise clusters of data points
representing instantiations of the observed variables to identify those pairs of clusters that
exhibit major changes in the observed variables due to changes in their ancestor latent
variables. Changes in a latent variable that are manifested in changes in the observed variables reveal this latent variable and its causal paths of influence in the domain. Using the
learning PCC (LPCC) algorithm, we learn an LVM. We identify PCCs and use them to learn
latent variables – exogenous and endogenous (the latter may be either colliders or noncolliders) – and their causal interrelationships as well as their children (latent variables
and observed variables) and causal paths from latent variables to observed variables.
This paper is the first of two parts that introduce, describe, and evaluate LPCC. In this
paper (Part I), we provide its foundations and theoretical infrastructure, from preliminaries to a broad overview of the PCC concept and LPCC algorithm. In the second paper (Part
II), we formally introduce the two-stage LPCC algorithm, which implements the PCC concept, and evaluate LPCC, in comparison to state-of-the-art algorithms, using simulated
and real-world data sets. The outline of the two papers is as follows:
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Part I:
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• Section 2: Preliminaries to LVM learning describes the assumptions of our approach and basic definitions of essential concepts of graphical models and SEM;

• Section 3: Preliminaries to LPCC formalizes our ideas and builds the theoretical
basis for LPCC;

• Section 4: Overview of LPCC starts with an illustrative example and a broad description of the LPCC algorithm and then describes each step of LPCC in detail;

• Section 5: Discussion and future research summarizes and discusses the contribution of LPCC and suggests several new avenues of research;

• Appendix A provides proofs to all propositions, lemmas, and theorems for which
the proof is either too detailed, lengthy, or impedes the flow of reading. All other
proofs are given in the body of the paper;

• Appendix B sets a method to calculate a threshold in support of Section 4.4; and

• Appendix C supplies a detailed list of assumptions LPCC makes and the meaning
of their violation.
Part II:

• Section 2: The LPCC algorithm introduces and formally describes a two-stage algorithm that implements the PCC concept;

• Section 3: LPCC evaluation evaluates LPCC, in comparison to state-of-the-art algorithms, using simulated and real-world data sets;

• Section 4: Related works compares LPCC to state-of-the-art LVM learning algorithms;

• Section 5: Discussion summarizes the theoretical advantages (from Part I) and the
practical benefits (from this part) of using LPCC;

• Appendix A brings assumptions, definitions, propositions, and theorems from Part
I that are essential to Part II;
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• Appendix B supplies additional results for the experiments with the simulated data
sets; and

• Appendix C provides PCC analysis for two example databases.
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2 P. Spirtes, private communication.
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When each model variable is a linear function of its parents in the graph plus an additive error term of positive finite variance, the latent variable model is linear; this is also
known as SEM. Great interest has been shown in linear LVMs and their applications in
social science, econometrics, and psychometrics (Bollen, 1989), as well as in their learning
(Silva et al., 2006). The motivation to use linear models usually comes from social and
related sciences. For example,2 researchers give subjects a questionnaire with questions
like: “On a scale of 1 to 5, how much do you agree with the statement: ‘I feel sad every
day’.” The answer is measured by an observed variable, and the linearity of the influence
of an unknown cause (say depression in this case) on the answer (value) to the question
is assumed. By using other questions, which researchers assume also measure depression,
they expect to discover a latent depression variable that is a parent of several observed
variables (each measuring a question), together indicating depression. It is common to require several questions/observed variables for the identification of each latent variable and
to consider the information revealed through only a single question as noise, which cannot
guarantee the identification of the latent. Researchers expect that other questions will be
clustered by another latent variable that measures another aspect in the domain, and thus

Definition 3 Given an LVM G, the subgraph containing all and only G’s latent nodes and their
respective edges is called the structural model of G.

Definition 2 Given an LVM G with a variable set V, the subgraph containing all variables in
V and all and only those edges directed into variables in O is called the measurement model of
G.

Definition 1 A model satisfying Assumptions 1 and 2 is a latent variable model.

Before we present additional assumptions about the learned LVM, we need Definitions
1–4 (following Silva et al., 2006), which are specific to LVM:

Assumption 2 No observed variable in O is an ancestor of any latent variable in L. This property is called the measurement assumption (Spirtes et al., 2000).

Assumption 1 The underlying model is a Bayesian network, BN=<G,Θ>, encoding a discrete
joint probability distribution P for a set of random variables V=L∪O, where G=<V,E> is a
directed acyclic graph (DAG) whose nodes V correspond to latents L and observed variables O,
and E is the set of edges between nodes in G. Θ is the set of parameters, i.e., the conditional
probabilities of variables in V given their parents.

The goal of our study is to reconstruct an LVM from i.i.d. data sampled from the observed
variables in an unknown model. To accomplish this, we propose learning from pairwise
cluster comparison using LPCC. First, we present the assumptions that LPCC makes and
the constraints it applies on LVM and compare them to those required by other state-ofthe-art methods.

2. Preliminaries to LVM learning

Learning by Pairwise Cluster Comparison − Theory & Overview
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As a principled way of testing conditional independence among latents, Silva et al.
(2006) focus on MIMs, which are pure measurement models. Practically, these models
have a smaller equivalence class of the latent structure than that of non-pure models and
thus are easier to unambiguously learn. Consider, for example, that we are interested in
learning the topic of a document (e.g., the first page in a newspaper) from anchor word
(key phrase) distributions and that this document may cover several topics (e.g., politics,
sports, and finance). Simplification of this topic modeling problem, following the representation of a topic using a latent variable in LVM, can be achieved by assuming and
learning a pure measurement model representing a pure topic model for which each specific document covers only a single topic, which is reasonable in some cases, such as a
sports or financial newspaper.
LPCC does not assume that the true measurement model is linear (which is a parametric assumption that, e.g., BPC makes), but rather assumes that the model is pure (a
structural assumption). When the true causal model is pure, LPCC will identify it correctly (or find its pattern that represents the equivalence class of the true graph). When
it is not pure, LPCC – similarly to BPC (Silva et al., 2006) – will learn a pure sub-model
of the true model using two indicators for each latent (compared to three indicators per
latent that are required by BPC). Part II of this paper presents several examples of realworld problems from different domains for which LPCC learns a pure (sometimes sub-)
model, never less accurately than other methods.
That is, LPCC assumes that:

Assumption 3 The measurement model of G is pure.

Definition 4 A pure measurement model is a measurement model in which each observed variable has only one latent parent and no observed parent.

questions of one cluster will be independent of questions of another cluster conditioned
on the latent variables. They also attribute unconditional independence that is detected
between observed variables of different clusters to errors in the learning algorithm.
Adding the linearity assumption to Assumptions 1 and 2 allows for the transformation of Definition 1 into that of a linear LVM. Since assuming linearity means linearity is
assumed in the measurement model, a key to learning a linear LVM is learning the measurement model and only then the structural model. In learning the measurement model
of MIM, the linearity assumption entails constraints on the covariance matrix of the observed variables and thereby eliminates learning co-variants (dependences) between pairs
of observed variables that “should” not be connected in the learned model (Silva et al.,
2006; Spirtes, 2013). If, however, the linearity assumption does not hold, the algorithms
suggested in Silva et al. (2006) may not find a model and would output a “can’t tell” answer, which is, nevertheless, a better result than learning an incorrect model.
In this study, we dispense with the linearity assumption and apply the above concepts to learn not necessarily linear MIMs or latent-tree models. Our suggested algorithm,
LPCC, is not limited by the linearity assumption and learns a model as long as it is MIM.
In addition, we are interested in discrete LVMs.
Another important definition we need is:
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Assumption 4 The true model G is MIM, in which each latent has at least two observed children and may have latent parents.
Causal structure discovery – learning the number of latent variables in the model, their
interconnections and connections to the observed variables, as well as the interconnections
among the observed variables – is very difficult and thus requires making some assumptions about the problem. Particularly, MIMs, in which multiple observed variables are
assumed to be affected by latent variables and perhaps by each other (Spirtes, 2013), are
reasonable models but have attracted scant attention in the machine-learning community.
As Silva et al. (2006) pointed out, factor analysis, principal component analysis, and regression analysis adapted to learning LVMs are well understood but have not been proven,
under any general assumptions, to learn the true causal LVM, calling for better learning
methods. By assuming that the true model manifests local influence of each latent variable
on at least a small number of observed variables, Silva et al. (2006) showed that learning
the complete Markov equivalence class of MIM is feasible. Similar to Silva et al. (2006),
we assume that the true model is MIM; thus, this is where we place our focus on learning.
Note also that based on Assumptions 3 and 4, the observed variables in G are d-separated,
given the latents.

3. Preliminaries to LPCC
Figure 1 sketches a range of MIMs, which all exhibit pure measurement models, from basic to more complex models. Compared to G1, which is a basic MIM of two unconnected
latents, G2 shows a structural model that is characterized by a latent collider. Note that
such an LVM cannot be learned by latent-tree algorithms such as in Zhang (2004). G3 and
G4 demonstrate serial and diverging structural models, respectively, that together with
G2 cover the three basic structural models. G5 and G6 manifest more complex structural
models comprising a latent collider and a combination of serial and diverging connections.
As the structural model becomes more complicated, the learning task becomes more challenging; hence, G1–G6 present a spectrum of such challenges to an LVM learning algorithm. 3
In Section 3.1, we build the infrastructure to pairwise cluster comparison that relies on
understanding the influence of the exogenous latent variables on the observed variables in
the LVM. This influence is divided into major and minor effects that are introduced and
explained in Section 3.2. In Section 3.3, we link this structural influence to data clustering
and introduce the pairwise cluster comparison concept for learning an LVM.
3.1 The influence of exogenous latents on observed variables is fundamental to
learning an LVM
We distinguish between observed (O) and latent (L) variables and between exogenous (EX)
and endogenous (EN) variables. EX have zero in-degree, are autonomous, and unaffected
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3 In Part II of the paper, we compare LPCC with BPC and exploratory factor analysis using these six LVMs.
Since BPC requires three indicators per latent to identify a latent, we determined from the beginning three
indicators per latent for all true models to recover. Nevertheless, in Part II, we evaluate the learning algorithms
for increasing numbers of indicators.
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Figure 1: Example LVMs that are all MIMs. Each is based on a pure measurement model
and a structural model of different complexity, posing a different challenge to a
learning algorithm.

by the values of the other variables (e.g., L1 in all graphs but G4 in Figure 1), whereas
EN are all non-exogenous variables in G (e.g., L2 in all graphs but G1 and G4, and X1
in all graphs in Figure 1). We identify three types of variables: (1) Exogenous latents,
EX⊂(L∩NC) [all exogenous variables are latent non-colliders (NC)]; (2) Endogenous latents, EL⊂(L∩EN), which are divided into latent colliders C⊂EL (e.g., L2 in G2 and G5;
note that all latent colliders are endogenous) and latent non-colliders (in serial and diverging connections) S⊂(EL∩NC) (e.g., L3 in G3, G4, and G6), thus NC= (EX∪S); and (3)
Observed variables, O⊂EN, which are always endogenous and childless, that are divided
into children of exogenous latents OEX⊂O (e.g., X1 and X9 in G2), children of latent colliders OC⊂O (e.g., X4, X5, and X6 in G2), and children of endogenous latent non-colliders
OS⊂O (e.g., X4, X5, and X6 in G3). We denote value configurations of EX, EN (when we
do not know whether the endogenous variables are latent or observed), EL, C, NC (when
we do not know whether the non-collider variables are exogenous or endogenous), S, O,
OEX, OC, and OS by ex, en, el, c, nc, s, o, oex, oc, and os, respectively.

Vi ∈V

Y

P (Vi |Pai )
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(1)

Since the underlying model is a BN, the joint probability over V, which is represented
by the BN, is factored according to the local Markov assumption for G. That is, any variable
in V is independent of its non-descendants in G conditioned on its parents in G:

P (V) =

8

P (OEXm |EXm )

Cj ∈C

St ∈S

OCk ∈OC

Y

P (OCk |Ck )
OSv ∈OS

Y
P (OSv |Sv )

(2)
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While BPC (Silva et al., 2006) needs to make a parametric assumption about the linearity of the model, LPCC makes assumptions about the model structure (Assumption
3 above and Assumption 5 below). This is also the approach of latent-tree algorithms
(Zhang, 2004; Harmeling and Williams, 2011; Wang et al., 2008) that restrict the learned
structure to a tree (note that LPCC is not limited to a tree because it allows latent variables

Definition 7 A directed path TVn from V1 to Vn in a graph G is a path between these two nodes,
such that for every pair of consecutive nodes Vi and Vi+1 , 1≤i<n on the path, there is an edge
from Vi into Vi+1 in E. V1 is the source, and Vn is the sink of the path. A directed path has no
colliders.

Definition 6 A collider on a path {V1 , ..., Vn } is a node Vi , 1 < i < n, such that Vi−1 and Vi+1 are
parents of Vi .

Note that a unique set of edges is associated with each given path. Paths are assumed to
be simple by definition; in other words, no node appears in a path more than once, and an
empty path consists of a single node.

Definition 5 A path between two nodes V1 and Vn in a graph G is a sequence of nodes {V1 ,
..., Vn }, such that Vi and Vi +1 are adjacent in G, 1≤i<n, i.e., {Vi , Vi+1 } ∈ E.

where Paj are the latent parents of the latent collider Cj , P at is the latent parent of the
latent non-collider St (in other words, Paj , P at ⊂NC), Ck ∈C and Sv ∈S are the latent collider and latent non-collider parents of observed variables OC k and OS v , respectively, and
EXm ∈EX is the exogenous latent parent of observed variable OEX m .
In this paper, we claim and demonstrate that the influence of exogenous (latent) variables on observed variables is fundamental to learning an LVM and introduce LPCC that
identifies and exploits this influence to learn an MIM. In this section, we prove that changes
in values of the observed variables are due to changes in values of the exogenous variables
and thus the identification of the former indicates the existence of the latter. To do that,
we analyze the propagation of influence along paths connecting both variables, remembering that the paths may contain latent colliders and latent non-colliders. First, however,
we should analyze paths among the latents and only then paths ending in their sinks (i.e.,
the observed variables). To prove that all changes in the graph, and specifically those
measured in the observed variables, are the result of changes in the exogenous latent variables, we will need to first provide some definitions (following Spirtes et al., 2000; Pearl,
1988, 2000) of paths and some assumptions about the possible paths between latents in
the structural model.

OEXm ∈OEX

Y

EXi ∈EX

P (V) = P (EX, C, S, OEX, OC, OS) =
Y
Y
Y
P (EXi )
P (Cj |Paj )
P (St |P at )

where Pai are the parents of Vi . It can be factorized under our assumptions as:
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2. Each latent collider Cj is connected to a set of exogenous latent ancestors
EXCj via a set of directed paths TCj from EXCj (sources) to Cj (sink).

1. Each latent non-collider N C t has only one exogenous latent ancestor EX N C t ,
and there is only one directed path TN C t from EX N C t (source) to N C t (sink).
(Note that we use the notation N C t , rather than St , since the lemma applies to both exogenous and endogenous latent non-colliders.)

where

OEXm ∈OEX

Y

EXi ∈EX

P (OEXm = oexm |EXm = exm )

Cj ∈C

exCk

P (OCk = ock |Ck = ck

10

OCk ∈OC

Y

St ∈S

)

exSv

P (OSv = osv |Sv = sv

(3)
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OSv ∈OS

Y

P (V|EX = ex) = P (EX, C, S, OEX, OC, OS|EX = ex) =
Y
Y
exCj Y
exS
P (EXi = exi )
P (Cj = cj |Paj = paj )
P (St = nct |P at = pat t )

Proof The first product in (2) for assignment ex is of ex’s priors. In the other five products, the probabilities are of endogenous latents or observed variables conditioned on their
parents, which, based on Lemma 1, are either on the directed paths from EX to the latents/observed variables or exogenous themselves. Either way, any assignment of endogenous latents or observed variables is a result of the assignment ex to EX that is mediated
to the endogenous latents/observed variables by the BN probabilities:

Proposition 1 The joint probability over V due to value assignment ex to exogenous set EX is
determined only by this assignment and the BN conditional probabilities.

Lemma 1 allows us to separate the influence of all exogenous variables to separate paths of
influence, each from exogenous to observed variables. Proposition 1 quantifies the propagation of this influence along the paths through the joint probability distribution.

Lemma 1

To distinguish between latent colliders and latent non-colliders, their observed children, and their connectivity patterns to their exogenous variables, we use Lemma 1. Latent colliders and their observed children are connected to several exogenous variables via
several directed paths, whereas latent non-colliders and their observed children are connected only to a single exogenous variable via a single directed path. Use of these different
connectivity patterns – from exogenous latents through endogenous latents (both colliders
and non-colliders) to observed variables – simplifies (2) and the analysis of the influence
of latents on observed variables.

Assumption 5 A latent collider does not have any latent descendants (and thus cannot be a
parent of another latent collider).

to be colliders). This shows a tradeoff between the structural and parametric assumptions
that an algorithm for learning an LVM usually has to make; the fewer parametric assumptions the algorithm makes, the more structural assumptions it has to make and vice versa.
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3. A major local value is the eni corresponding to MAE EN i (pai ), i.e., the most probable value
of EN i due to pai , MAVEN i (pai ) = argmaxeni0 P (ENi = eni0 |Pai = pai ).

ex

• exi and exm are the values of EXi and EXm (the latter is the parent of the mth observed
child of the exogenous latents), respectively, in the assignment ex to EX;

of

4. A minor local value is an eni corresponding to a minor local effect, and MIV S EN i (pai ) is
the set of all minor values that correspond to MIES EN i (pai ).

Cj

parent due to the value

St ’s

• paj is the configuration of Cj ’s parents due to configuration exCj of Cj ’s exogenous
ancestors in ex;
is the value of
exSt

exogenous ancestor in ex;

•

St ’s
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Assumption 7 First, for every EN i that is an observed variable
non oran endogenous
 latent

collider and for every two values pai0 and pai00 of P ai , MAV EN i pai0 , MAV EN i pai0 . Second,
for every Cj that is a latent collider and for every P aj ∈ Paj , there are at least two configu 
rations paj0 and paj00 of P aj in which only the value of P aj is different and MAV Cj paj0 ,


MAV Cj paj00 .

We need one additional assumption about the model parameters that reflects parentchild influence in the causal model. Specifically, to identify parent-child relations, LPCC
needs for each observed variable or endogenous latent non-collider to get different MAVs
for different values of their latent parent. Similarly, LPCC needs a collider to get different
values for each of its parents in at least two parent configurations in which this parent
changes, whereas the other parents do not.

Proof Assumption 6 guarantees that given a certain configuration pai0 of Pai , there exists
a certain value eni0 of EN i , such that P (ENi = eni0 |Pai = pai0 ) > P (ENi = eni00 |Pai = pai0 )for every other value eni00 of EN i . From the definition of a major local value, MAV EN i pai0 = eni0 .

 
Proposition 2 The major local value MAV EN i pai0 of an endogenous variable EN i given a
certain configuration of its parents pai0 is also certain.

Note that in the case that Assumption 6 is violated, in other words, if more than one value
of EN i gets the maximum probability value given a configuration of parents, LPCC still
learns a model because the implementation will randomly choose a value that maximizes
the probability as the most probable. However, the correctness of the algorithm is guaranteed only if all assumptions are valid; in other words, given the assumptions are valid, all
causal claims made by the output graph are correct.

Assumption 6 For every endogenous variable EN i in G and every configuration pai0 of EN i ’s
parents Pai , there exists a certain value eni0 of EN i , such that P (ENi = eni0 |Pai = pai0 ) > P (ENi =
eni00 |Pai = pai0 ) for every other value en00 i of EN i . This assumption is related to the most
probable explanation of a hypothesis given the data (Pearl, 1988).

So far, we have listed our assumptions about the structure of the model. Following is a
parametric assumption:

When EN i is an observed variable or an endogenous latent non-collider, and thus
has only a single parent P ai , the configuration pai is actually the value pai of P ai .

exS
pat t
exC

exS

• ck k is the value of OC k ’s collider parent due to the configuration exCk of Ck ’s exogenous ancestors in ex; and
• sv v is the value of OS v ’s non-collider parent due to the value exSv of Sv ’s exogenous
ancestor in ex.

Proposition 1 along with Lemma 1 are a key in our analysis because they show paths of
hierarchical influence of latents on observed variables – from exogenous latents through
endogenous latents (both colliders and non-colliders) to observed variables. Recognition
and use of these paths of influence guides LPCC in learning LVMs.
To formalize our ideas, we introduce several concepts in Section 3.2. First, we define
local influence on a single EN of its direct parents. Second, we use local influences and the
BN Markov property to generalize the influence of EX on EN. Third, exploiting the connectivity between the exogenous ancestors and their endogenous descendants, as described by
Lemma 1, we focus on the influence of a specific (partial) set of exogenous variables on the
values of their endogenous descendants. Analysis of the influence of all configurations exs
on all ens and that of the configurations of specific exogenous ancestors in these exs on
their endogenous descendants enable learning the structure and parameters of the model
and causal discovery. Finally, in Section 3.3, we show how these concepts can be exploited
to learn an LVM from data clustering.
3.2 Major and minor effects and values
So far, we have analyzed the structural influences (path of hierarchies) of the latents on
the observed variables. In this section, we complement this analysis with the parametric
influences, which we divide into major and minor effects.
Definition 8 A local effect on an endogenous variable EN is the influence of a configuration of
EN’s direct latent parents on any of EN’s values.
1. A major local effect is the largest local effect on ENi , and it is identified by the maximal
conditional probability of a specific value eni of ENi given a configuration pai of EN i ’s
latent parents Pai , which is MAEEN i (pai ) = maxeni0 P (ENi = eni0 |Pai = pai ).
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2. A minor local effect is any non-major local effect on ENi , and it is identified by a conditional probability of any other value of EN i given pai that is smaller than MAE EN i (pai ).
The minor local effect set, MIES EN i (pai ), comprises all such probabilities.
11

(4)

1. The partial effect of a value of exogenous ancestor EX N C v to non-collider N C v on
any configuration of the set of variables {T S N C v \EX N C v , ON C v }, where ON C v is an
observed child of latent non-collider N C v , and T S N C v is the set of variables in the
directed path (recall Definition 7) TN C v from EX N C v to N C v . The corresponding




MAE {T S N C \EX N C v ,ON C v } exN C v and MAV {T S N C v \EX N C v ,ON C v } exN C v are partial mav
jor effect and partial major value configuration, respectively. For example, we may
be interested in the partial effect of a value of EX N C v = EX L5 = L3 in G5 (Figure 1)
on {T S N C v \EX N C v , ON C v }= {T S L5 \L3, X13}={L4, L5, X13}. Note that we use here
the notation N C v since we are interested in both exogenous and endogenous latent
non-colliders. When we are interested in the partial effect on an observed variable
in OEX, its exogenous ancestor (which is also its direct parent) is also the latent noncollider, N C v , and the effect is not measured on any other variable but this observed
variable. This is Case 1, which is analyzed below;

We are interested in representing the influence of exogenous variables on their observed descendants and all the variables in the directed paths connecting them. To do
this, we separately analyze the (partial) effect of each exogenous variable on each observed
variable for which the exogenous is its ancestor and all the latent variables along the path
connecting these two. We distinguish between two cases (both are represented in Lemma
1): (1) Observed descendants in OEX and OS that are, respectively, children of exogenous
latents and children of latent non-colliders that are linked to their exogenous ancestors,
each via a single directed path; and (2) Observed descendants in OC that are children of
latent colliders and linked to their exogenous ancestors via a set of directed paths through
their latent collider parents. Thus, we are interested in:

JMLR 17(224):1-52
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2. The partial effect of a configuration of exogenous variables EXCk to collider Ck on any
configuration of the set of variables {TSCk \EXCk , OC k }, where OC k is an observed
child of latent collider Ck , 4 and TSCk is the set of variables in the set of directed


paths TCk from EXCk to Ck . The corresponding MAE {TSC \EXC ,OC k } exCk and
k
k


MAV {TSC \EXC ,OC k } exCk are partial major effect and partial major value configk
k
uration, respectively. For example, we may be interested in the partial effect of
a configuration of EXCk = EXL4 = {L1, L5} in G6 (Figure 1) on {TSCk \EXCk , OC k }=
{{{L1, L2, L3, L4}\{L1}, {L5}\{L5}}, X11}={L2, L3, L4, X11}. This is Case 2, which is analyzed below.
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)

0

13

).

maxock0 P (OCk = ock0 |Ck = ck

0

4 Throughout the paper, we use a child index also for its parent, e.g., OC ’s parent is C , although generally,
k
k
we use the index j for a collider, such as Cj .

exSv

maxosv0 P (OSv = osv0 |Sv = sv

OCk ∈OC

)

exCk

exSt

maxst0 P (St = st0 |P at = pat

)=

0

able en dueto ex , and a partial minor value configuration is an en corresponding to any
0
MIE EN0 ex .

A configuration en of EN in which each variable in EN takes on the major local value
is major or a MAV. Any effect in which at least one EN takes on a minor local effect is
minor, and any configuration in which at least one EN takes on a minor local value is
minor. We denote the set of all minor effects for ex with MIES(ex) (with correspondence
to MIES EN i ) and the set of all minor configurations with MIV S(ex) (with correspondence
to MIV S EN i ).
Motivated by Lemma 1 and Proposition 1, we are interested in representing the influence on a subset of the endogenous variables of the subset of the exogenous variables that
impact these endogenous variables. This partial representation of MAE will enable LPCC
to recover the relationships between exogenous ancestors and only the descendants that
are affected by these exogenous variables. To achieve this, we first extend the concept of
effect to the concept of partial effect of specific exogenous variables and then quantify it.
Later, we shall formalize all of this in Lemma 2.

OSv ∈OS

Y

OEXm ∈OEX

)

exSv

MAEOSv (sv

exSt

MAESt (pat

St ∈S

Y

)

St ∈S

Y

Y

)

OSv ∈OS
exCj Y

)

maxcj0 P (Cj = cj0 |Paj = paj

OCk ∈OC

MAEOCk (ck

exCk

exCj

MAECj (paj

0
|EXm = exm )
maxoexm0 P (OEXm = oexm

Cj ∈C

Y

Y

Cj ∈C

Y

P (EXi = exi )

MAEOEXm (exm )

EXi ∈EX

Y

P (EXi = exi )

Y

EXi ∈EX

Y

OEXm ∈OEX

Y

MAE(ex) =

Based on the proof of Proposition 1, we can quantify the effect of ex on EN. For example, a major effect of ex on EN can be factorized according to the product of major local
effects on EN (weighted by the product of priors, P (EXi =exi )):

[Note the difference between a major effect, MAE, and a major local effect, MAE EN i , and
between a major value configuration, MAV, and a major local value, MAV EN i (and similarly for the “minors”).]

Definition 9 An effect on EN is the influence of a configuration ex of EX on EN. The effect
is measured by a value configuration en of EN due to ex. A major effect (MAE) is the largest
effect of ex on EN and a minor effect (MIE) is any non-MAE effect of ex on EN. Also, a major
value configuration (MAV) is the configuration en of EN corresponding to MAE (i.e., the most
probable en due to ex), and a minor value configuration is a configuration en corresponding to
any MIE.

Definition 10 A partial effect on a subset of endogenous variables EN ⊆EN is the influence of a
0
0
0
0
configuration
⊆EX on EN . We define a partial major effect
 0 ex of EN ’s exogenous ancestors EX
 0
0
0
MAE EN0 ex as the largest partial effect of ex on EN and a partial minor effect MIE EN0 ex
 0
0
0
as any non-MAE EN0 ex partial effect of ex on EN . A partial major value configuration
 0
 0
0
0
MAV EN0 ex is the en of EN corresponding to MAE EN0 ex ; in other words, the most prob-

By aggregation over all local influences, we can now generalize these concepts through
the BN parameters and Markov property from local influences on specific endogenous
variables to influence on all endogenous variables in the graph.

0
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Following, we provide detailed descriptions for these partial effects and partial values for observed children of latent non-colliders (Case 1) and observed children of latent
colliders (Case 2) and formalize their properties in Propositions 3–7 to set the stage for
Lemma 2.
Case 1: Observed children of latent non-colliders
If the latent non-collider N C v is exogenous, N C v = EX v and ON C v =OEX v , then,
{T S N C v \EX N C v , ON C v } = OEX v . Thus, the partial effect is simply the local effect, and the
partial major effect is the major local effect MAE OEX v (exv ). If the latent non-collider N C v
is endogenous, then N C v = Sv and ON C v =OS v . Then, all variables in {T S Sv \EX Sv , OS v }
are d-separated by EX Sv from EX\EX Sv . For example, {L4, L5, X13} in G5 (Figure 1) are
d-separated by L3 from L2 and its children. Thus, the effect of ex on the joint probability
distribution (3) can be factored to the: a) joint probability over EX=ex; b) conditional
probabilities of the influenced variables along a specific directed path that ends at OS v on
EX Sv = exSv (note that the value exSt for all St ∈T S Sv is the same because EX St = EX v is the
same exogenous ancestor of all latent non-colliders on the path to Sv ); and c) conditional
probabilities of all the remaining variables in the graph on EX=ex:
P (V|EX = ex) = P (EX = ex)P ({T S Sv \EX Sv , OS v }|EX Sv = exSv )
P (V\{T S Sv \EX Sv , OS v }|EX = ex)

)P (OSv = osv |Sv = sv

exSv

)

(6)

in which the second factor corresponds to the partial effect of EX Sv = exSv on T S Sv \EX Sv
(the latent non-colliders on the path from EX Sv to Sv ) and Sv ’s observed child, OS v , and the
third factor corresponds to the influence of EX=ex on all the other (latent and observed)
variables in the graph. We can write the second factor describing the partial effect of the
value exSv on the values of the variables T S Sv \EX Sv in the directed path from EX Sv to OS v
(including) as:

P (St = st |P at = pat

P ({T S Sv \EX Sv , OS v }|EX Sv = exSv ) =
Y
exSt
St ∈{T S Sv \EX Sv }

)=
(7)

The partial major effect in (4) for this directed path can be written as (note again that
exSt = exSv ):
exSv

MAE{T S \EX Sv ,OS v } (exSv ) = MAE{T S Sv \EX Sv } (exSv ) · MAEOSv (sv
Y Sv
exS
exS
MAESt (pat v ) · MAEOSv (sv v )
St ∈{T S Sv \EX Sv }



Proposition 3 The MAV {T S N C v \EX N C v ,ON C v } exN C v corresponding to


MAE {T S N C v \EX N C v ,ON C v } exN C v is a certain value configuration for each certain value exN C v .
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(Note that here we use the notation N C v rather than Sv since the proposition applies to
both exogenous and endogenous latent non-colliders.)
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0
Proposition 4 All corresponding values in MAV {T S N C v \EX N C v ,ON C v } exN
C v and


00
0
00
MAV {T S N C v \EX N C v ,ON C v } exN
C v , for two values exN C v and exN C v of EX N C v , are different.

(Here also we use the notation N C v , since the proposition applies to both exogenous and
endogenous latent non-colliders.)

So far, we have analyzed the impact of an exogenous variable on a latent non-collider
by “propagating” the exogenous (source) impact along the path to the latent non-collider
(sink). Propositions 3 and 4, respectively, guarantee that a certain value of the exogenous
variable is responsible for a certain value of the latent non-collider and different values of
the exogenous are echoed through different values of the latent non-collider. Proposition
4 is based on the correspondence between changes in values of a latent non-collider and
changes in values of its parent; a correspondence that is guaranteed by Assumption 7 (first
part). Propositions 3 and 4, respectively, ensure the existence and uniqueness of the value
a latent non-collider gets under the influence of an exogenous ancestor; one (Proposition
3) and only one (Proposition 4) value of the latent non-collider changes with a change in
the value of the exogenous. We formalize this in the following Proposition 5.

00
Proposition 5 EX N C changes values (i.e., has two values ex0
and exN
N
C
C v ) if and only if
v
v
N C v changes values in the
major value configurations:
 two corresponding



0
00
MAV {T S N C v \EX N C v ,ON C v } exN
C v and MAV {T S N C v \EX N C v ,ON C v } exN C v .

(8)

Case 2: Observed children of latent colliders
In the case of an observed variable OC k that is a child of a latent collider Ck , all variables
in {TSCk \EXCk , OC k } are d-separated by EXCk from EX\EXCk . Thus, the effect of ex on
the joint probability distribution (3) can be factored (similarly to Case 1) to the: a) joint
probability over EX=ex; b) conditional probabilities of the influenced variables along all
directed paths that end at OC k on EXCk = exCk (note that all variables along each directed
path TCk are influenced by the same exCk ); and c) conditional probabilities of all the remaining variables in the graph on EX=ex:

P (V|EX = ex) = P (EX = ex)P ({TSCk \EXCk , OC k }|EXCk = exCk )

P (V\{TSCk \EXCk , OC k }|EX = ex)

in which the second factor corresponds to the partial effect on {TSCk \EXCk , OC k } of EXCk ,
and the third factor corresponds to the partial effect on all variables other than
{TSCk \EXCk , OC k }. We can decompose the second factor into a product of: a) a product
over all directed paths into Ck of a product of partial effects over all variables (excluding
Ck ) in such a path; b) the partial effect on Ck ; and c) the partial effect on its child OC k :

JMLR 17(224):1-52

(9)

P ({TSC \EXCk , OC k }|EXCk = exCk ) =
Yk
Y
exC
exC
exC
P (St = st |P at = pat k )P (Ck = ck |Pak = pak k )P (OCk = ock |Ck = ck k ).
T SCk ∈TSCk St ∈T S Ck \{EX Ck ,Ck }
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(10)

k

T SCk ∈TSCk

k

k

(11)

2. A latent collider Ck and its observed child OC k , both descendants of a set of
exogenous variables EXCk , change their values in any two major configurations
only if at least one of the exogenous variables in EXCk has changed its value in
the corresponding two configurations of EX.

1. A latent non-collider N C v and its observed child ON C v , both descendants of
an exogenous variable EX N C v , change their values in any two major configurations if and only if EX N C v has changed its value in the corresponding two
configurations of EX.

k
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Definition 13 A k-order minor effect is a minor effect in which exactly k endogenous variables
in EN correspond to minor local effects. An en corresponding to a k-order minor effect is a
k-order minor value configuration.

To resolve between different types of minor effects/clusters, we make two definitions.

Definition 12 The single cluster that corresponds to the observed major value configuration,
and thus also represents the major effect MAE (ex) due to configuration ex of EX, is the major
cluster for ex, and all the clusters that correspond to the observed minor value configurations
due to minor effects in MIES (ex) are minor clusters.

Due to the probabilistic nature of BN, each observed value configuration due to ex may
be represented by several data points. Clustering these data points may produce several
clusters for each ex and each cluster corresponds to another observed value configuration.
Based on Propositions 8 and 9, one and only one of the clusters corresponds to each of the
observed major value configurations, whereas the other clusters correspond to observed
minor value configurations. We distinguish between these clusters using Definition 12.

Proof Assume for the sake of contradiction that two different value configurations ex1 and
ex2 led to the same observed major value configuration. Because the two configurations
are different, there is at least one exogenous variable EX 0 that has different values in ex1
and ex2 . Since based on Assumption 4, EX 0 has at least two observed children, then, based
on Assumption 7, each of these children has different values in the two observed major
value configurations due to the different value of EX 0 in ex1 and ex2 . This is contrary to
our assumption that there is only one observed major value configuration.

Proposition 9 There are different observed major value configurations to different exogenous
configurations exs.

Proof Based on Lemma 2, different observed major value configurations can be obtained
if and only if there is more than a single exogenous configuration ex of EX. Thus, an exogenous configuration ex can only lead to a single observed major value configuration.

Proposition 8 There is only a single observed major value configuration to each exogenous
configuration ex of EX.

The following two propositions formalize the relationships between the observed major value configurations and the set of possible ex.

Definition 11 An observed value configuration, observed major value configuration, and observed minor value configuration due to ex are the parts in en, MAV, and a minor value configuration, respectively, that correspond to the observed variables.

of observed variables (which is part of a configuration of the endogenous variables) and
their joint probability is a result of the assignment of a configuration ex to the exogenous
variables EX. Therefore, we define:

Asbeh and Lerner

Practically, we use observational data that were generated from an unknown LVM and
measured over the observed variables. Proposition 1 showed us that each configuration

3.3 PCC by clustering observational data

Lemma 2

k



when Ck changes values in the two corresponding major value configurations MAV {TSC \EXC ,OC k } ex0Ck
k
k


and MAV {TSC \EXC ,OC k } ex00Ck .

Proposition 7 For every exogenous ancestor EX Ck ∈ EXCk of a latent collider Ck , there are at
least two configurations ex0Ck and ex00Ck of EXCk in which only EX Ck of all EXCk changes values

We wish to apply the same mechanism as in Case 1 to analyze the impact of more than
a single exogenous ancestor on a latent collider, but here the impact is propagated toward
the collider along more than a single path. To accomplish this, the following Proposition 7
analyzes the effect on a collider of each of its exogenous ancestors by considering the effect
of such an exogenous on the corresponding collider’s parent (using Proposition 5, similar
to Case 1 for a latent non-collider) and then the effect of this parent on the collider itself
(using the second part of Assumption 7).





Proposition 6 The MAV {TSC \EXC ,OCk } exCk corresponding to MAE {TSC \EXC ,OCk } exCk is
k
k
k
k
a certain value configuration for each certain value configuration exCk .

k

It reflects the partial effects of a configuration exCk on the values of the variables in {TSCk \EXCk }
and the values Ck and OC k get, and thus the partial major effect of the second factor can
be represented as:
Y
exC
exC
MAE{TSC \EXC ,OC k } (exCk ) =
MAE{T S C \EX C ,Ck } (exCk )MAECk (pak k )MAEOCk (ck k ).

T SCk ∈TSCk

P ({TSCk \EXCk , OC k }|EXCk = exCk ) =
Y
exC
exC
P ({T S Ck \EX Ck , Ck }|EX Ck = exCk )P (Ck = ck |Pak = pak k )P (OCk = ock |Ck = ck k ).

This factor can be rewritten as:
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X4
1
1
0
0

X5
1
1
0
0

X6
1
1
0
0

PCC
PCC1,2
PCC1,3
PCC1,4
PCC2,3
PCC2,4
PCC3,4

δX1
1
0
1
1
0
1

δX2
1
0
1
1
0
1

(b)

δX3
1
0
1
1
0
1

δX4
0
1
1
1
1
0

δX5
0
1
1
1
1
0

δX6
0
1
1
1
1
0
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X3
0
1
0
1
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X2
0
1
0
1

Definition 14 Minor clusters that correspond to k-order minor effects are k-order minor clusters.
Based on Proposition 9 and Definition 12, the set of all major clusters (corresponding
to all observed major value configurations) reflects the effect of all possible exs, and thus
the number of major clusters is expected to be equal to the number of EX configurations.
Therefore, the identification of all major clusters is a key to the discovery of exogenous
variables and their causal interrelations. For this purpose, we introduce the concept of
pairwise cluster comparison (PCC). PCC measures the differences between two clusters; each
represents the response of LVM to another ex.
Definition 15 Pairwise cluster comparison is a procedure by which pairs of clusters are compared, for example through a comparison of their centroids. The result of PCC between a pair of
cluster centroids of dimension |O|, where O is the set of observed variables, can be represented
by a binary vector of size |O| in which each element is 1 or 0 depending, respectively, on whether
or not there is a difference between the corresponding elements in the compared centroids.

X1
0
1
0
1

(a)

20

JMLR 17(224):1-52

6 We remind that we determined three indicators per latent in all true models we demonstrate their learning (Figure 1) because BPC requires three indicators per latent to identify that latent; which makes the experimental evaluation we did in Part II of the paper fair.
7 This is only for demonstration purposes. Part II of the paper shows evaluation results also for ternary
latent variables and observed variables of different dimensions.

LPCC is fed by data that is sampled from the observed variables in the unknown model.
LPCC clusters the data using SOM (although any other clustering algorithm is good as
well), and selects an initial set of major clusters (Section 4.3). Then, LPCC learns LVM in
two stages. In the first stage, LPCC first identifies exogenous latent variables and latent
colliders (without distinguishing them yet) and their corresponding observed descendants
(Section 4.1) before distinguishing them (Section 4.2). LPCC iteratively improves the selection of the major clusters (Section 4.3), and the entire stage is repeated until convergence.
In the second stage, LPCC identifies endogenous latent non-colliders with their children.
Because this stage cannot distinguish from the outset between latent non-colliders and
their latent ancestors, LPCC also needs to apply a mechanism to split these two types of
latent variables from each other and to find the links between them after the split (Section
4.4). A flowchart of the LPCC algorithm is given in Figure 2.

Table 1: (a) Centroids of major clusters for G1 and (b) PCCs between these major clusters

Centroid
C1
C2
C3
C4

L1 and L2, each having three children X1, X2, X3 and X4, X5, X6, respectively. 6 For the
example, let us assume that all variables are binary, 7 i.e., L1 and L2 have four possible exs
(L1L2= 00, 01, 10, 11). First, we generated a synthetic data set of 1,000 patterns from G1
over the six observed variables. We used a uniform distribution over L1 and L2 and set the
probabilities of an observed child, Xi , i = 1, . . ., 6, given its latent parent, Lk , k = 1, 2 (only if
Lk is a direct parent of Xi , e.g., L1 and X1), to be P (Xi = v | Lk = v) = 0.8, v = 0, 1. Second,
using the self-organizing map (SOM) (Kohonen, 1997), we clustered the data set and found
16 clusters, of which four were major (see Section 4.3 for details on how to identify major
clusters). This meets our expectation of four major clusters corresponding to the four
possible exs. These clusters are presented in Table 1a by their centroids, which are the most
prevalent patterns in the clusters, and in Table 1b by their PCCs. For example, PCC1,2,
comparing clusters C1 and C2, shows that when moving from C1 to C2, only the values
corresponding to variables X1, X2, and X3 have been changed (i.e., δX 1 = δX 2 = δX 3 = 1
in Table 1b). Lemma 2 guarantees that the three variables are descendants of the same EX
that changed its value between two exs represented by C1 and C2. PCC1,4, PCC2,3, and
PCC3,4 reinforce this conclusion. Indeed, we know from the true graph, G1, that this EX
is latent L1. A similar conclusion can be deduced about X4, X5, and X6 as descendants of
an exogenous latent, which we know, based on the true graph, is L2.

When PCC is between clusters that represent observed major value configurations (i.e.,
PCC between major clusters), an element of 1 identifies an observed variable that has
changed its value between the compared clusters due to a change in ex. Thus, the 1s in a
major–major PCC provide evidence of causal relationships between EX and O. Practically,
LPCC always identifies all observed variables that are represented by 1s together in all
PCCs as the observed descendants of the same exogenous variable (Section 4.1). However,
due to the probabilistic nature of BN and the existence of endogenous latents (mediating
the connections from EX to O), some of the clusters are k-order minor clusters (in different orders), representing k-order minor configurations/effects. Minor clusters are more
difficult to identify than major clusters because the latter reflect the major effects of EX
on EN and, therefore, are considerably more populated by data points than the former.
Nevertheless, minor clusters are important in causal discovery by LPCC even though a
major–minor PCC cannot tell the effect of EX on EN because an observed variable in two
compared (major and minor) clusters should not necessarily change its value as a result of
a change in ex. Their importance is because a major cluster, which is a zero-order minor
value configuration and thus has zero minor values, cannot indicate (when compared with
another major cluster) the existence of minor values. On the contrary, PCC between major
and minor clusters shows (through the number of 1s) the number of minor values represented in the minor cluster, and this is exploited by LPCC for identifying the endogenous
latents and interrelations among them (Section 4.4). That is, PCC is the source to identify
causal relationships in the unknown LVM; major–major PCCs are used for identifying the
exogenous variables and their descendants, and major–minor PCCs are used for identifying the endogenous latents, their interrelations, and their observed children.

4. Overview of the LPCC concept5
Let us demonstrate the relations between clustering results and learning an LVM using
LPCC through an example. G1 in Figure 1 shows a model having two exogenous variables,
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5 Preliminary versions of the PCC concept and LPCC algorithm are given in Asbeh and Lerner (2012).
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Figure 2: An overview of the LPCC algorithm.

Identification of latent non-colliders and their children
and the links between these latents (Section 4.4)

Selection of new major clusters (Section 4.3)

Distinguishing latent colliders (Section 4.2)

Identification of exogenous latents and latent
colliders and their descendants (Section 4.1)

Selection of initial major clusters

Clustering (with SOM)

Input data sampled from the unknown model
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Second stage

First stage
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Definition 17 A given binary relation (i.e., between two elements) ∼ on a set A is said to be
an equivalence relation if and only if it is reflexive (a ∼ a), symmetric (if a ∼ b then b ∼ a), and

That is, there is a particular interest in identifying the MSOs that always change their
values together in each major–major PCC in which at least one of the variables changes
value. For example, X1 (Table 1) changes its value in PCC1,2, PCC1,4, PCC2,3, and PCC3,4
and always together with X2 and X3 (and vice versa). Thus {X1, X2, X3} (and similarly
{X4, X5, X6}) is an MSO. Each MSO includes descendants of the same exogenous latent
variable L, and after considering all PCCs, LPCC identifies an MSO for each exogenous
latent variable.
Based on any identified MSO, LPCC introduces to the learned graph a new latent variable L together with all the observed variables that are included in this MSO as its children.
At this stage, LPCC cannot yet distinguish between exogenous latents and latent colliders
since the main goal at this stage is to identify latent variables. For now, LPCC focuses
on the identification of the relations between the latents and the observed variables, but
not on the identification of the interrelations between the latents. The latter task that is
needed for distinguishing the latent colliders from the exogenous latents is performed in
a further step (Section 4.2). Note, however, that the identification of endogenous latent
non-colliders needs a different analysis that is based on major–minor PCCs and not on
major–major PCCs, and thus it is described separately in Section 4.4.
The following Theorem 1 helps us formalize this identification step. For this theorem,
we also need Definition 17 of equivalence relation/classes from set theory and Lemma 3,
which is important by itself and for better understanding of LPCC, but also for proving
Theorem 1.

Definition 16 A maximal set of observed (MSO) variables is the set of variables that always
changes its values together in each major–major PCC in which at least one of the variables
changes value.

Table 1b shows that PCC1,2 (and PCC3,4) provides evidence that X1, X2, and X3 may be
descendants of the same exogenous latent (L1, as we know) that has changed its value
between the two exs represented by C1 and C2 (and C3 and C4). Relying only on one
PCC may be inadequate when concluding that these variables are descendants of the same
exogenous latent because there may be other exogenous latents that have changed their
values too. Table 1b shows that PCC2,3 (and PCC1,4) provides the same evidence about
X1, X2, and X3. But, PCC2,3 and PCC1,4 also show that the values corresponding to X4,
X5, and X6 have been changed together too, whereas these values did not change in PCC1,2
and PCC3,4. Does this mean that X4, X5, and X6 are also descendants of the same latent
ancestor of X1, X2, and X3? If we combine the two pieces of evidence provided by, e.g.,
PCC1,2 and PCC2,3, we can answer this question with a “no”. This is because X4, X5,
and X6 changed their values only in PCC2,3 but not in PCC1,2, and thus they cannot be
descendants of L1. This insight strengthens the evidence that X1, X2, and X3 are the only
descendants of L1. A similar analysis using PCC1,3 and PCC2,4 will identify that X4, X5,
and X6 are descendants of another latent variable (L2, as we know). Therefore, we define:

4.1 Identification of exogenous latent variables and latent colliders and their
descendants

Asbeh and Lerner

transitive (if a ∼ b and b ∼ c, then a ∼ c) for all a, b, and c in A. The equivalence class of a under
∼, denoted [a], is defined as: [a] = {b ∈ A | b z a} (Enderton, 1977).

Learning by Pairwise Cluster Comparison − Theory & Overview

Asbeh and Lerner

Note that every two equivalence classes are either equal or disjoint. Therefore, the set
of all equivalence classes of A forms a partition of A; every element of A belongs to one
and only one equivalence class. It follows from the properties of an equivalence relation
that: a ∼ b if and only if [a] = [b]. The following Lemma 3 is important since it shows that
each MSO is an equivalence class, and thus MSOs corresponding to the learned latents are
disjoint. At this stage, LPCC learns a set of at least two observed variables corresponding
to a specific MSO for each latent where none of the observed variables is shared with other
MSOs for other latents; in other words, a pure measurement model.
Lemma 3 The relation “always changes together with” on the set O of all observed variables,
such as “variable Oi ∈O always changes together with variable Oj ∈O in each PCC in which
either Oi or Oj has changed” is an equivalence relation. Each equivalence class for this relation
comprises an MSO.
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In this problem of unsupervised identification of latent variables given only observational
data, LPCC has to deal with a lack of prior information regarding the distribution of each
latent variable. Therefore, in its first iteration, LPCC assumes a uniform distribution over
the latents and selects the major clusters based only on cluster size, which is the number
of patterns clustered by the cluster. Clusters that are larger than the average cluster size
are selected as majors. However, this initial selection may generate false negative errors
(i.e., deciding a major cluster is minor). This may happen when a latent variable L has a
skewed distribution over its values due to a low probability of L to take on any of its rare
values. Then, the value configuration ex for which L=v, where v is a rare value, will be
represented only by small clusters that could not be chosen as majors, although at least
one of them should be major in representing v.
In addition, the initial selection may perform a false positive error (i.e., deciding a minor cluster is major), e.g., as a result of a very weak influence of L on any of its children
(observed variables) Xi . In the discrete case, this weak influence can be represented as
(almost) equal conditional probabilities of an observed variable to take on two different
values v1 ,v2 given the same value v of its latent parent, P (Xi =v1 | L=v) P (Xi =v2 | L=v).
This may lead to splitting a data cluster that represents a configuration in which L=v into

4.3 Strategy for choosing major clusters

2. The values of the children of L do not change in any PCC unless the values of descendants
of at least one of the variables in LA change too.

1. The values of the children of L change in different parts of some major–major PCCs each
time with the values of descendants of another latent ancestor in LA; and

Theorem 2 A latent variable L is a collider of a set of latent ancestors LA⊂EX only if:

(L2), and X7, X8, and X9 (L3). Having two exogenous binary variables, we expect to find
four major clusters in the data generated from G2. Each cluster will correspond to one of
the four possible exs (L1L3= 00, 01, 10, 11). In this case, as for G1 that was analyzed in
the introduction to Section 4, we expect the values of X1, X2, and X3 to change together
in all the PCCs following a change in the value of L1 , and the values of X7, X8, and X9 to
change together in all the PCCs following a change in the value of L3. However, the values
of X4, X5, and X6 will change together with those of X1, X2, and X3 in part of the PCCs
and together with those of X7, X8, and X9 in the remaining PCCs, but always together in
all of the PCCs. This will be evidence that X4, X5, and X6 are descendants of the same
latent variable (L2, as we know), which is a collider of L1 and L3.
So far, LPCC learned latent variables but could not distinguish between exogenous
latents and latent colliders (learning latent non-colliders will be described in Section 4.4).
To learn that an already learned latent variable L is a collider for a set of other already
learned (exogenous) latent ancestor variables LA⊂EX, LPCC requires that: (1) The values
of the children of L will change with the values of descendants of different latent variables
in LA in different parts of major–major PCCs; and (2) The values of the children of L will
not change in any PCC unless the values of descendants of at least one of the variables in
LA change. This insures that L does not change independently of latents in LA that are L’s
ancestors. We formalize this identification step in Theorem 2:

Proof All three conditions that are required for a binary relation to become equivalence
are met:
1. Oi always changes with Oi (trivial).
2. If Oi always changes with Oj , then Oj always changes with Oi .
3. If Oi always changes with Oj , and Oj always changes with Ok , then Oi always changes
with
Ok .

Thus, the set of observed variables in a model can be represented by a set of equivalence
classes for this relation, where each equivalence class includes all the variables that have
the same equivalence relation, such as an MSO.

Theorem 1 Variables of a particular MSO are children of a particular exogenous latent variable
EX or its latent non-collider descendant or children of a particular latent collider C.
Note that Theorem 1 guarantees that each of multiple latent variables (either an exogenous
or any of its non-collider descendants or a collider) is identified by its own MSO, regardless
of the latent cardinality.
4.2 Distinguishing latent collider variables
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After identifying the exogenous latents and latent colliders together (Section 4.1), we need
now to separate them. To demonstrate our concept for distinguishing latent colliders, we
use graph G2 in Figure 1, which shows two exogenous latent variables, L1 and L3, that
collide in one endogenous latent variable, L2. We assume that all latent variables are
binary, 8 and each has three binary observed children X1, X2, and X3 (L1), X4, X5, and X6
8 See footnote 7.
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X5
1
0
1
0
0
1
0
1
0
0
0
0
1
1
0
1
0

X6
1
0
1
0
0
1
0
1
0
0
0
0
1
1
0
1
1

X7
1
0
1
0
0
0
0
1
1
0
0
1
1
1
0
0
0

X8
1
0
1
1
0
0
0
1
1
0
0
0
1
1
0
1
0

X9
1
0
0
0
0
0
0
1
1
0
0
0
1
1
0
1
0

size
49
47
28
24
22
22
21
19
18
16
14
14
14
14
13
12
12
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Table 2: The seventeen largest clusters for G3 represented by their centroids and sizes
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X4
1
0
1
0
0
1
0
1
0
0
1
0
1
0
0
1
0
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X3
1
0
1
0
0
1
1
0
0
1
0
0
1
1
0
1
0

A 1-MC is a cluster that corresponds to a 1-order minor value configuration (Definitions 13 and 14), which exists when exactly one endogenous variable in EN (either latent
or observed) has a minor local value (Definition 13) as a response to a value ex∈ex that
EX∈EX has obtained. By analyzing, for each exogenous EX, PCCs between 1-MCs and the
major clusters that identified EX, LPCC reveals the existence of the latent non-colliders
that were previously combined with EX (Section 4.1). Following that, LPCC splits these
non-colliders from EX. We will show that if only one observed variable changes in such
PCCs (e.g., X9 in PCC1,3 in Table 3; C1 is major and C3 is 1-MC) as a response to ex, then
the minor value in the 1-MC is of an observed descendant of EX. And, if two or more observed variables change in such PCCs (e.g., X7-X9 in PCC1,6 in Table 4; C1 is major and C6
is 1-MC) as a response to ex, then the minor value in the 1-MC is due to a minor value of a

X2
1
0
1
0
1
1
0
0
0
1
0
0
0
1
0
1
0

So far (Section 4.1), based on major–major PCCs, all the endogenous latent non-colliders
that are descendants of an exogenous variable EX were temporarily combined with EX,
and all the observed children of these latent non-colliders were temporarily combined
with the direct children of EX. Thus, to identify latent non-colliders, LPCC needs to split
them from their previously learned ancestor together with their observed children. We
suggest that this identification stage be based on major–minor PCCs (recall that latent
colliders were already identified separately, as described in Section 4.2).
To exemplify this need, let us observe G3 in Figure 1, which shows a serial connection
of three latent variables L1, L2, and L3. Assume each of the latents is binary and has three
binary observed children. L1 is the only EX with two possible exs (L1= 0, 1), and L2 and L3
are NCs; L2 is a child of L1 and a parent of L3. We synthetically generated a random data
set of 1,000 patterns from G3 over the nine observed variables. We set the probabilities
of: 1) L1 uniformly; 2) an observed child Xi , i= 1,. . ., 9, given its latent parent Lk , k= 1, 2, 3
(only if Lk is a direct parent of Xi , e.g., L1 and X1), as P (Xi =v | Lk =v) = 0.8,v= 0, 1; and 3) an
endogenous latent Lj , j= 2, 3, given its latent parent Lk , k= 1, 2 (only if Lk is a direct parent


of Lj , e.g., L1 and L2), as P Lj =v Lk =v = 0.8,v= 0, 1. Table 2 presents the seventeen largest
clusters using their centroids and sizes, from which C1 and C2 were selected as major
clusters (initially, C1–C6 were selected, because they are larger than the average cluster
size of 21, but then the iterative strategy described in Section 4.3 left only C1 and C2 as

4.4 Identification of latent non-collider variables

X1
1
0
1
0
0
1
0
0
0
1
0
0
1
1
1
1
0

major clusters). This meets our expectation of two major clusters corresponding to the two
possible exs of L1. However, because all the elements in PCC1,2 are 1s (compare C1 and
C2 in Table 2), the nine observed variables establish a single MSO and by Theorem 1 are
considered descendants of the same exogenous variable. That is, the model G0 learned in
the first phase of LPCC has only one exogenous latent variable (i.e., L1), and all of the nine
observed descendants are learned as its direct children, which is contrary to G3. Since L2
and L3, which are latent non-colliders that are descendants of L1 in G3, were combined in
G0 with L1, LPCC should split them from L1 along with their observed children in order
to learn the true graph.
Thus, in the second phase, LPCC tests the assumption that G0 is true. If the assumption
is rejected, LPCC infers that an exogenous latent EX has latent non-collider descendants,
which were temporarily joined to EX in the first phase, and hence splits them from EX.
To be able to reject the assumption about the correctness of G0, and thereby identify a
possible split of an exogenous latent EX, we first define a first-order minor cluster (1-MC).

two clusters with almost the same size, and, when enough samples exist in both clusters, accepting both as major clusters instead of only one. For example, consider G1 in
Figure 1, where all the variables are binary. Suppose that P (X2 = 0 | L1 = 0) = 0.6 and
P (X2 = 1 | L1 = 0) = 0.4. This may split the cluster representing the configuration L1L2=00
into two clusters; in the first cluster X2 = 0 and in the second cluster X2 = 1. Due to the
similar probabilities, both clusters may have approximately the same size, and if enough
samples exist for L1L2=00 these two clusters may be larger than the average cluster size.
Therefore, both may be accepted as major clusters in the initial selection. Recall that each
ex should be represented by a single major cluster, which is the cluster that reflects the
major effect of ex on the observed variables. In the example, only the cluster in which
X2 = 0 should be a major cluster, but due to the similar probabilities a false positive error
could occur by also accepting the cluster in which X2 = 1 as major.
To avoid these possible errors due to skewed data and circumstances that undermine
identifiability, LPCC decides on major clusters iteratively. After learning a graph based on
the initial selection of major clusters based on their sizes, it becomes possible to learn the
cardinalities of the latent variables and consequently to find all possible exs (Section 4.1).
Then, for each ex, we can select the most probable cluster given the data and use it as an
update to the major cluster that represents this ex. Using an EM-style procedure (Dempster et al., 1977), the set of major clusters can be updated iteratively and probabilistically
and augment LPCC to learn more accurate graphs (see Section 2.1 in Part II for more details). This process can be repeated until convergence to a final graph (Figure 2). Since the
final graph depends on the initial graph, the iterative approach cannot guarantee finding
the optimal model, but only improving the initial graph.
Centroid
C1
C2
C3
C4
C5
C6
C7
C8
C9
C10
C11
C12
C13
C14
C15
C16
C17
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δX1 δX2 δX3 δX4 δX5 δX6 δX7 δX8 δX9
0
0
0
0
0
0
0
0
1
1
1
1
1
1
1
1
1
0

latent non-collider descendant of EX. Thus, PCCs between 1-MCs and major clusters that
show a change in the values of two or more observed variables provide evidence of the existence of an NC that should be split from its exogenous ancestor. Following, we describe
how LPCC finds the set of 1-MCs. Then, we elaborate why and how the analysis of the
PCCs between 1-MCs and major clusters is used to identify and split latent non-colliders
from their exogenous ancestor.
PCC
PCC1,3
PCC2,3

δX2
0
1
1
0
1
0
0
1

δX3
0
1
1
0
1
0
0
1

δX4
0
1
0
1
1
0
1
0

δX5
0
1
0
1
1
0
1
0

δX6
0
1
0
1
1
0
1
0

δX7
1
0
0
1
0
1
1
0

δX8
1
0
0
1
0
1
1
0

δX9
1
0
0
1
0
1
1
0

Table 3: PCCs for C3 with C1 and C2 (Table 2) in learning G3
δX1
0
1
1
0
1
0
0
1
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Thus, a PCC – between the centroid of such 1-MC and a centroid of any of the major
clusters – that shows the same value for all but one (i.e., O) of the observed descendants of
EX (i.e., either 1 if EX changes values in the corresponding exs or 0 if it does not) identifies
a minor value in O. For example, in Table 3, PCC1,3 and PCC2,3 of C3, which is a 1-MC,
with the two major clusters C1 and C2 (Table 2) show the set of observed variables X1–X8
that either do or do not change values together, whereas the single observed variable X9
acts contrariwise. This is evidence that C3 is a 1-MC due to exactly a single minor value of
an observed variable descendent (X9) of L1 in G3. Such an analysis helps LPCC ignore, on
the one hand, observed descendants of L1 that cannot reflect minor values in L1’s latent
(non-collider) descendants, and focus, on the other hand, on the latent descendants that
should be split from L1, as part of Case 2.
Case 2: A minor value of a latent non-collider
The minor value of a latent non-collider NC, which is a descendent of EX, can be reflected
only via the values of its observed descendants in an observed minor value configuration
that is represented by a certain 1-MC. By definition, all of these observed descendants

2. EX does not change values between two exs that correspond to the compared clusters, the only observed descendant of EX that changes value is O.

and when

1. EX changes values between two exs that correspond to the compared clusters, all
observed descendants of EX, except O, change values together,

these two cases is that in the former, the minor value in O is reflected only in this value,
whereas in the latter, the minor value in NC may affect the values of all descendant latents of NC together with those of all the direct children (observed variables) of NC and
its descendant latents. A minor value in O is identified based on the probability of this
value conditioned on a certain value of O’s direct parent that is smaller than the maximal
probability achieved for another value of O (i.e., the major value) conditioned on the same
value of O’s direct parent. This happens for each value of the direct parent and does not
require a change in EX to happen. From definition, a minor value in O in a 1-order minor
value configuration can only happen when all EX’s descendants, except O, obtain major
values. Although the mechanism of obtaining a minor value in a latent descendant NC
of EX is similar to that in O, the impact of such a minor value is not locally restricted to
NC, as for O, but it simultaneously affects all the descendants (latent and observed) of NC,
which again, from definition, obtain major values.
We are only interested in the second case of minor values of NC, because their identification helps split this NC from its ancestor EX to which it was initially combined (Section
4.1). Since the observed variables in both cases are among EX’s descendants, which were
already used to identify EX, it is a challenge to distinguish between them. Following, we
analyze 1-MCs to identify these two cases and concentrate on the second case.
Case 1: A minor value of an observed variable
When comparing, for a specific EX, two centroids – one of a major cluster and the other
of a 1-MC that corresponds to an observed minor value configuration (Definition 11) in
which an observed variable O, which is a descendant of EX, has a minor value – we can
observe that when:

PCC
PCC1,6
PCC2,6
PCC1,8
PCC2,8
PCC1,9
PCC2,9
PCC1,10
PCC2,10

Table 4: All 2S-PCCs for G3
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To find the set of 1-MCs, LPCC first calculates a threshold on the maximal size of
2-order minor clusters (2-MCs). This threshold represents the maximal size of a minor
cluster that corresponds to a 2-order minor value configuration, i.e., a minor cluster that
represents exactly two endogenous variables in EN that have minor values (Definition 13).
This threshold is an approximation for the maximal probability of having minor values as
a response to any ex in exactly two descendants of EX, where all other descendants of EX
in EN have major values. This approximation is derived from the product of the maximal
minor local effects (Definition B.1 in Appendix B) of two observed descendants of EX and
the maximal major local effects (Definition B.1) of the other observed descendants in EN
(Appendix B). Thus, the sizes of all 1-MCs lie between the maximal size of a 2-MC (i.e.,
the threshold) and the minimal size of a major cluster (note that a major cluster is also a
zero-order minor cluster corresponding to a zero-order minor value configuration). For
example, based on the analysis above, C2 is the minimal major cluster in learning G3, and
all the fifteen clusters (Table 2) that are smaller than C2 and larger than the threshold
(calculated as 11), i.e., C3-C17, are 1-MCs. Note that this procedure is separately applied
to each EX∈EX. That is, for each EX, there is a different set of 1-MCs, each representing
a single minor value of a descendant of EX and used to identify this descendant, whereas
the other descendants of EX have major values.
Recall that every 1-MC corresponds to a 1-order minor value configuration that is due
to exactly a single minor value of either an observed variable O or a latent non-collider
NC, where both O and NC are descendants of EX in EN. The main difference between
27
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Definition 18 2S-PCC is PCC between 1-MC and a major cluster that shows two sets of two
or more elements corresponding to the observed variables. Elements in each set have the same
value, which is different than that of the other set. Accordingly, this 1-MC is defined as 2S-MC.

Thus, a PCC – between the centroid of such 1-MC and a centroid of any of the major
clusters – that shows two sets of two or more observed variables, each set having a different
value, identifies a minor value in NC. The first set in such a PCC comprises the descendants
of NC (with a value of 0 if EX changes values in the corresponding exs or 1 if it does not),
and the second set comprises all other observed variables that are descendants of EX, but
not NC (with a value of 1 if EX changes values in the corresponding exs or 0 if it does
not). For example, PCC1,6 and PCC2,6 (Table 4) of C6, which is a 1-MC, with the two
major clusters C1 and C2 (Table 2), show two sets of observed variables for G3. The first
set consists of X1–X6 and the second of X7–X9. This is evidence that C6 is a 1-MC due to
a minor value of a latent non-collider descendant of L1, and L1 should be split into two
latents (each is responsible for one of the two sets). One latent (which we know is L3) is a
parent of X7, X8, and X9, and the other latent is a parent of X1–X6 (which we will show is
also split to L1 and L2, each with its three children).
Distinguishing between Case 1 and Case 2 gives us an instrument to identify latent
non-colliders. We are interested in PCCs between 1-MCs and major clusters that show two
sets of two or more elements corresponding to the observed variables. Variables in each
set have the same value, which is different than that of the other set. Following, we infer
that each set is of a different latent than the one that was expected to be sole. We denote
such PCC by 2S-PCC (i.e., PCC of “two sets”) and the corresponding 1-MC by 2S-MC
(Definition 18). Thus, to identify a latent non-collider that was combined to an exogenous
latent EX, we consider only the 2S-PCCs; these PCCs are the result of comparing all the 2SMCs among the 1-MCs for EX with the major clusters that revealed EX. Table 4 represents
all 2S-PCCs for G3.

2. EX does not change values between two exs that correspond to the compared clusters, the only observed descendants of EX that change values are those of NC.

and when
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9 All other first-order minor value configurations (due to other latent variables, which are also EX’s descendants) or k-order minor value configurations (Definition 13) due to EX are irrelevant to the identification
of NC, although the former – as will be shown in Theorem 3 – play a role in determining the direct observed
children of NC among its observed descendants.
10 Any 2S-PCC, which is detected for EX, will point to the NC that corresponds to the 2S-MC that is compared by this 2S-PCC.

2. EX changes values between ex0 and ex00 , all the elements in 2S-PCC corresponding to the
observed descendants of the latent ancestors of NC (including EX) show a change (i.e., are
1), whereas the elements corresponding to the observed descendants of NC show no change
(i.e., are 0).

and when

1. EX does not change values between ex0 and ex00 , all the elements in 2S-PCC corresponding
to the observed descendants of the latent ancestors of NC (including EX) show no change
(i.e., are 0), whereas the elements corresponding to the observed descendants of NC show
a change (i.e., are 1),

Lemma 4 Let a latent non-collider NC be a descendant of an exogenous latent variable EX.
2S-PCC is a PCC between a “two-set” first-order minor cluster 2S-MC due to a minor value in
NC and a major cluster that identified EX. ex0 and ex00 are two value configurations of EX that
correspond to the compared clusters by 2S-PCC. When:

The following Theorem 3 helps formalize this identification step, but to prove this
theorem, we first need Lemma 4. Recall that the challenge here is to identify a latent noncollider NC that is a descendant of an exogenous latent EX, but was wrongly combined
with this exogenous ancestor. To face this challenge, we need to find a circumstance in
which EX and NC are involved that is different than that which led to the inability to
distinguish between them. NC could not be distinguished from EX when we analyzed
major value configurations. But, although a major value configuration is the most probable
configuration (Definition 9), minor value configurations are possible too – according to the
probability tables of the latents, each given its direct parent – albeit less likely. A minor
value configuration in which only NC takes a minor value (i.e., a first-order minor value
configuration) is exactly what we need.9 This is because all NC’s latent ancestors, in the
first-order minor value configuration, take the same major values they took in the major
value configuration and thus influence their descendants the same. But, the minor value
NC takes influences its (latent and observed) descendants differently than the major value
NC took in the major value configuration. This influence is revealed in the different values
the observed children of NC and its descendants take compared to the values they took
when NC had a major value. Since the two value configurations are represented in two
corresponding clusters – a major cluster and a 2S-MC for NC – the signature of NC can
uniquely be detected by comparing the two clusters using 2S-PCC.10
Lemma 4 shows that it is possible to identify NC because: 1) Even when EX leads to
major values in all NC’s ancestors (and in most cases also in NC), NC can still take a minor
value; and 2) even when EX changes values, leading all NC’s ancestors to change values as
well, NC can still keep the same (minor) value. Thereby, minor value configurations for
NC demonstrate its autonomy, enabling its identification and its split from EX.

have major values in this 1-order minor configuration since only NC has a minor value in
this configuration. The major value of each of these observed descendants is certain given
the minor value of NC (Proposition 2) and different from the certain major value it would
have if NC had a major value (Assumption 7) instead of its minor value.
When comparing for a specific EX, two centroids – one of a major cluster and the other
of a 1-MC that corresponds to an observed minor value configuration in which a latent
non-collider NC, which is a descendant of EX, has a minor value – we can observe that
when:

1. EX changes values between two exs that correspond to the compared clusters, all
observed descendants of EX, but not observed descendants of NC, change values
together,
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Before moving to Theorem 3, let us illustrate the two cases discussed in Lemma 4 for
G3. The “EX does not change values between ex0 and ex00 ” case can be demonstrated,
for example, when comparing C1 and C6 (Table 2). In response to EX(=L1)=1, NC’s (L3)
parent (L2) takes a major value of 1 in both the value configurations of the latent variables
in response to ex0 = ex00 .11 Also, L3 takes a major value of 1 in the configuration that is
represented by C1, which is one of the two major clusters. But, L3, in response to the
same configuration of its latent ancestors (L1 and L2), takes a minor value of 0 in the
value configuration that is represented by the 2S-MC C6. By comparing C1 and C6, the
corresponding 2S-PCC (i.e., PCC1,6; see Table 4) shows two sets of elements: the first of 0s
that correspond to the observed variables X1–X6, which do not change values between the
clusters, and the second of 1s that correspond to X7–X9, which do change values between
the clusters. This is the evidence we are looking for that is needed to identify L3.
The “EX changes values between ex0 and ex00 ” case can be demonstrated, for example,
when comparing C1 and C9 (Table 2). In response to EX(=L1)=1 and EX(=L1)=0, NC’s
(L3) parent (L2) takes a major value of 1 in response to L1=1 and a major value of 0 in
response to L1=0. In the first instance, L3 takes a major value of 1 to create the major
configuration that is represented by C1, and in the second instance, L3 takes a minor
value of 1 in the value configuration that is represented by the 2S-MC C9 (and although
the first value is major and second is minor, they are both 1). By comparing C1 and C9,
the corresponding 2S-PCC shows two sets of elements, the first of 1s that correspond to
the observed variables X1–X6, which changed values between the clusters, and the second
of 0s that correspond to X7–X9, which did not change values between the clusters. This is
additional support of the existence of L3. However, relying only on part of the 2S-PCCs
may be inadequate to conclude on all possible splits. For example, PCC1,8 and PCC2,8
(Table 4) show that X1–X3 and X4–X9 are children of different latents, but do not suggest
the split of X7–X9 as PCC1,6 and PCC2,6 do. Therefore, similarly to the MSO concept
that was introduced for major–major PCCs to identify exogenous latents, it is necessary to
introduce also for 2S-PCCs a maximal set of observed variables (2S-MSO) that always change
their values together in all 2S-PCCs. We define:
Definition 19 A 2S-MSO is the maximal set of observed variables that always change their
values together in all 2S-PCCs.
For example, X1 in Table 4 changes its value in PCC2,6, PCC1,8, PCC1,9, and PCC2,10
and always together with X2 and X3 (and the other way around). Thus, {X1, X2, X3} and
similarly {X4, X5, X6} and {X7, X8, X9} are 2S-MSOs. Each 2S-MSO includes children of
the same latent non-collider, which is a descendant of EX, or EX itself. After computing all
2S-PCCs for EX, LPCC detects 2S-MSOs for all these latent variables and thereby identifies
all possible splits for EX. Note that compared to MSO (Section 4.1), which is identified in
major–major PCCs to reveal exogenous latents, 2S-MSO is identified in PCCs between 2SMCs and major clusters to reveal splits of latent non-colliders from the exogenous latent
that was previously learned using these major clusters.

JMLR 17(224):1-52

11 Note that the values the three latents take in the two-value configurations can only be inferred from the
values their children (X1–X3 for L1, X4–X6 for L2, and X7–X9 for L3) take.
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Theorem 3 Variables of a particular 2S-MSO are children of an exogenous latent variable EX
or any of its descendant latent non-colliders NC.

After splitting the latent non-collider descendants from their exogenous latent ancestor EX, we need to identify the links between these latents. To identify these links, LPCC
exploits the following Proposition 10 and Theorem 4. We will see that in the case of a
serial connection, LPCC learns the undirected links among the latents, and in the case of
a diverging connection, LPCC learns the directed links among the latents. That is, LPCC
learns a pattern over the structural model of G, which represents a Markov equivalence
class of models among the latents. In the special case where G has no serial connection,
LPCC learns the true graph.

Proposition 10 In 2S-PCCs in which only the observed children of a single latent change, the
latent is

1. EX or its leaf latent non-collider descendant, if the connection is serial; or

2. EX’s leaf latent non-collider descendant, if the connection is diverging.

Proof We already showed that at least a single 2S-PCC exists in the serial connection case
in which only the observed children of EX change (Theorem 3). In addition, in the proof
of Theorem 3 (Part II), we already showed that for any NC that is a latent non-collider
descendent of EX, NC’s observed children change values in some 2S-PCCs with observed
children of a latent non-collider descendant of NC and in the other 2S-PCCs with observed children of a latent non-collider ancestor of NC, but never alone. A special case in
the proof of Theorem 3 is when NC is a leaf. Then, at least a single 2S-PCC exists in which
only the children of NC change.
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We will exemplify Proposition 10 using G3. Table 4 shows all the 2S-PCCs for G3
from which we can identify three 2S-MSOs: {X1,X2,X3}, {X4,X5,X6}, and {X7,X8,X9}. If
we consider only 2S-PCCs due to C1 (the first major cluster), {X1,X2,X3} change alone in
PCC1,8, and {X7,X8,X9} change alone in PCC1,6. By Proposition 10, these two 2S-MSOs
are observed children of an exogenous latent variable EX and its leaf latent non-collider
descendant. From knowing G3, we know that these two latents are L1 and L3. Note that
if more than a single leaf of EX exists (i.e., in the case of a diverging connection emerging
from EX), then for each such leaf, there is a 2S-PCC in which only the observed children
of this leaf change alone. This will help LPCC to identify a diverging connection and
determine EX as the source in all paths leading to the leaves (sinks). As a result, LPCC
could identify the correct direction of the links among the latents.
Proposition 10 guarantees that if the connection is serial, we find the source (EX) and
sink of the path between them (but not who is who). To identify the directionality between
any two latent non-collider variables on the path between the source and sink, we will need
more. To motivate the need, suppose that when learning G3, we already identified L1 as
EX and L3 as EX’s leaf descendant (Proposition 10), and now we have to split L2 from L1
using the two major clusters, C1 and C2 (Table 2), which revealed L1, and identify the
directionality among these three latent variables. Lemma 4 (first part) guarantees that the
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12 Note that Lemma 4 makes a clear distinction between NC’s ancestors (and their observed children) and
NC’s descendants (and their observed children), when NC gets a minor value. That is, all NC’s ancestors follow
EX (and change values or not with it) and all NC’s descendants follow its change of value. This change of NC
“breaks” the influence of EX on the latents on the path emerging from EX and “starts” NC’s own influence on
its latent descendants. And this is what is so important in finding the traces of minor values of endogenous
latents through 2S-PCCs, that these traces identify the existence of the latents. Particularly, when EX does not
change values and all its descendants get major values, the observed children of NC1 and NC2 will change
together, and it is only a minor value that NC1 gets that can make a 2S-PCC in which NC1’s observed children
change without those of NC2, and thereby indicate that NC1 is NC2’s child.

EX and the leaf, and in both directions. This means that LPCC can identify only the
undirected links between the latents in the serial case.
In the diverging case, the children of EX never change alone, and every latent that its
children change alone in some 2S-PCC is a leaf (Proposition 10). Therefore, by performing
an analysis as for the serial case using 2S-PCCs in which the observed children of the leaf
do not change for each leaf of the branches of the diverging connection, LPCC can identify
the links among the latents in opposite directions on each branch. We formalize this by
Theorem 4.

observed children of a latent non-collider NC1, which is a child of another non-collider
NC2 (both are descendants of EX), will change in all 2S-PCCs with the observed children
of NC2 except in a single additional 2S-PCC due to a minor value of NC1. That is, NC1 is
identified as a direct child of NC2 if the observed children of NC1 change in all 2S-PCCs
(due to a specific major cluster and when EX does not change value), in which the children
of NC2 change plus an additional 2S-PCC in which they change without the children of
NC2.12 In our case, this means that the observed children of L3, which is a child of L2, will
change values in all 2S-PCCs in which the observed children of L2 change values, and also
in an additional 2S-PCC, which is due to a minor value in L3. Indeed, PCC1,10 (Table 4),
due to C1, shows that when EX does not change values and the observed children of L3,
{X7,X8,X9}, change values, the observed children of L2, {X4,X5,X6}, also change values. In
addition, PCC1,6, which is the result of comparing C1 and 2-MC C6 due to a minor value
of L3, shows that {X7,X8,X9} change values without {X4,X5,X6} once. PCC2,8 and PCC2,9
demonstrate the same, when using major cluster C2 instead of C1 (and C9 is the 2-MC
that reveals the minor value of L3). This provides an indication that L3 is a child of L2.
But, Proposition 10 cannot guarantee distinguishing between EX and its leaf latent
non-collider descendant (hereby a “leaf”); hence, what if we mistakenly identified them?
In the G3 example, this means we identified L3 as EX and L1 as EX’s leaf. Lemma 4
demonstrates an interplay between EX and NC (and all of its descendants) as presented
in 2S-PCCs due to a minor value in NC; when one of them changes, the other does not
and vice versa. Because the leaf is one of NC’s descendants, Lemma 4 guarantees that
the observed children of the leaf do not change if and only if EX changes value. That
is, by the second part of Lemma 4, if EX changes, then the observed children of the leaf
do not change. Thus, if we find 2S-PCCs that show that the observed children of the
leaf do not change, then we have evidence that EX changed. This guarantees that the
observed children of a latent non-collier NC2 (or EX itself), which is a parent of another
non-collider NC1, will change in all 2S-PCCs with the observed children of NC1, except
in a single additional 2S-PCC due to a minor value of NC2 (or if NC2 is EX). In our case,
this means that the observed children of L1, which is L2’s parent, will change values in all
2S-PCCs in which the observed children of L2 change values, and also in an additional 2SPCC. Indeed, PCC1,9 (Table 4), due to C1, shows that when the leaf does not change value
and the observed children of L1, {X1,X2,X3}, change values, the observed children of L2,
{X4,X5,X6}, also change values. In addition, PCC1,8 shows that {X1,X2,X3} change values
without {X4,X5,X6} once. PCC2,6 and PCC2,10 demonstrate the same when using major
cluster C2 instead of C1. This provides an indication that L1 is a child of L2, which is the
opposite direction between the two in G3. That is, the interplay between EX and its leaf
lets LPCC identify the directionality between latent non-colliders on the path between
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2. LPCC learns MIM, which is a large subclass of SEM. In MIM, multiple latent variables may have multiple indicators (observed children), and no observed variable
may be an ancestor of any latent variable;

1. LPCC combines learning graphical models with data clustering by using the PCC
concept to analyze clustering results of discrete variables for learning LVMs;

We introduced the PCC concept and LPCC algorithm for learning LVMs:

5. Discussion and Future Research

LPCC uses Theorem 4 to identify the links between the split latents. In the serial
connection, there are only two latents with observed children that change alone in some
2S-PCCs, that is, EX and its leaf latent non-collider descendant. However, LPCC cannot distinguish between them and thus finds all the links between these two latents as
undirected. In the diverging connection, the observed children of EX never change alone
(Proposition 10); thus, every latent with children that change alone in some 2S-PCCs can
only be a leaf. Thereby, LPCC can identify the directed links among the latents repeatedly on each of the paths from EX to each of the leaves (Theorem 4). Still, LPCC needs to
distinguish between the serial and diverging connections. In the case where the observed
children of three or more latents change alone in some 2S-PCC, it is clear that it is a diverging connection. Then, LPCC treats these latents as leaves and returns directed paths from
EX to each such leaf. However, in the case in which LPCC identifies that the observed children of exactly two latents change alone in some 2S-PCCs, it applies the analysis proposed
in Theorem 4 to each of the latents. If it obtains the same path with opposite directions,
then LPCC considers it as a serial connection and returns the undirected path; otherwise,
it considers it as a diverging connection and returns the two directed paths from EX.

• In all 2S-PCCs for which a latent non-collider leaf descendant of EX does not change, the
observed children of NC2 always change with those of NC1 and also in a single 2S-PCC
without the children of NC1.

• In all 2S-PCCs for which EX does not change, the observed children of NC1 always change
with those of NC2 and also in a single 2S-PCC without the children of NC2; and

Theorem 4 A latent non-collider NC1 is a direct child of another latent non-collider NC2 (both
on the same path emerging in EX) only if:
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3. LPCC is not limited to latent-tree models, which are only a subclass of MIM, and
does not make special assumptions, such as linearity, about the distribution;
4. LPCC assumes that the measurement model of the true graph is pure, but, if the true
graph is not pure, LPCC learns a pure sub-model of the true model, if one exists.
LPCC’s only assumption about the structural model is that a latent collider does not
have any latent descendants (a detailed list of assumptions LPCC makes is given in
Appendix C);
5. LPCC is a two-stage algorithm. First, LPCC learns the exogenous latents and the
latent colliders, as well as their observed descendants, by utilizing pairwise comparisons between data clusters in the measurement space that may explain latent
causes. Second, LPCC learns the endogenous latent non-colliders and their children
by splitting these latents from their previously learned latent ancestors;
6. LPCC learns an equivalence class of the structural model of the true graph; and
7. LPCC is formally expressed as an algorithm and evaluated using synthetic and realworld databases in Part II of the paper.
A number of open problems invite further research including:
1. Extending LPCC to identify observed variables that are effects of other observed variables;
2. Providing a formal analysis for the conditions of model identification and its sensitivity to parameterization. Learning by LPCC that an observed variable O is a descendent of a latent variable L depends on two factors. The first factor is the “graph
distance”, which means that the more edges that separate O from L, the less likely
O would be grouped with other observed variables, descendants of L. The second
factor is the conditional probabilities of an observed variable given its latent parent,
which means that the stronger the probabilities are, the more likely the link will be
identified by LPCC. Although the iterative strategy for choosing the major clusters
(Section 4.3) improves the identification of observed children with weak associations
with their latent parents, the final graph still depends on the initial graph. That is,
the iterative approach alone cannot guarantee finding the optimal model. Future
analysis should take into account both factors;
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3. Analyzing LPCC complexity. Future research should dive into this topic and decompose LPCC complexity to those of clustering, identification of major–major PCCs,
and identification of major–minor PCCs. Assume a set V= (L∪O) with a variable
maximal cardinality, k = max(|Vi |), a number of exogenous variables, |EX|, and a
number of major value configurations (major clusters), |ex| = k |EX| . A preliminary
analysis shows that LPCC complexity in identifying major–major PCCs is O(|ex|2 ) =
O(k 2|EX| ). To compute the LPCC’s complexity in identifying major–minor PCCs, we
first have to identify 1-MC minor clusters (values), with complexity of O((|V | − |EX|)
k |EX| (k − 1)) due to (k − 1) minor values for each of k |EX| parent configurations of
(|V | − |EX|) endogenous variables. Then, the complexity in identifying major–minor
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PCCs is O((|V | − |EX|)k 2|EX| (k − 1)), and the total complexity in computing PCCs is
O((|V | − |EX|)k 2|EX| ), which is exponential in |EX|, but in most problems |EX|  |V |.
However, a more elaborated analysis that also includes the complexity of clustering
is desired.

4. Exploring the impact of clustering – as is manifested by the clustering algorithm and
its parameters – on the LPCC results. In Part II, we show a problem in which the data
structure is hierarchical, and a clustering algorithm that is more sophisticated than
SOM, which is suggested in Section 4, is needed to preprocess the data used to learn
an LVM that is meaningful to the domain. Exploring the requirements on clustering
and any guidelines about the best approach to take for clustering is a direction of
further research; and

5. Suggesting ways to use the graphical model to cluster data points. Although we have
established and exploited a link between cluster analysis and learning an LVM, in
this work, we only studied learning (reconstructing) the graphical model by analyzing clusters of observational data. Another very interesting line of future research is
in the opposite direction, extending previous studies such as that in Zhang (2004).
Because MIM models learned by LPCC are richer than HLC models (which are only
a subset of MIM), such a line of research may enable accurate clustering of observational data generated by a model also having collider nodes.
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2. Each latent collider Cj is connected to a set of exogenous latent ancestors
EXCj via a set of directed paths TCj from EXCj (sources) to Cj (sink).

(Note that we use the notation N C t , rather than St , since the Lemma applies to both exogenous and endogenous latent non-colliders.)

1. Each latent non-collider N C t has only one exogenous latent ancestor EX N C t ,
and there is only one directed path TN C t from EX N C t (source) to N C t (sink).
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Proof (“if”) Proposition3 guarantees
that N C v has a certain value in

MAV {T S N C v \EX N C v ,ON C v } exN C v for a certain value exN C v of EX N C v . Thus, if N C v has

Proposition 5 EX N C v changes values (i.e., has two values ex0N C v and ex00N C v ) if and only if
N C v changes values in the
major value configurations:
 two corresponding



MAV {T S N C v \EX N C v ,ON C v } ex0N C v and MAV {T S N C v \EX N C v ,ON C v } ex00N C v .

Proof If the latent non-collider N C v is exogenous, N C v = EX v and ON C v =OEX v , then
{T S N C v \EX N C v , OEX v } = OEX v , and, by Assumption 7, the corresponding MAV OEX v (ex0v )
and MAV OEX v (ex00v ) are different for two values ex0v and ex0v .
If the latent non-collider N C v is endogenous, N C v = Sv and ON C v =OS v , then we
consider {T S Sv \EX Sv , OS v }, which is a set of ordered variables along the directed path TSv
that ends in OS v . The remainder of the proof is by induction:
Basis: The major local values MAV S1 (ex0Sv ) and MAV S1 (ex00Sv ) of the first variable, S1 ,
in {T S Sv \EX Sv , OS v } (which is also a direct child of EX Sv ) and two values ex0Sv and ex00Sv of
EX Sv are different based on Assumption 7.
Step: If the major local values of the ith variable, Si , in {T S Sv \EX Sv , OS v } and two values ex0v and ex00v of EX Sv , i.e., MAV Si (ex0Sv ) and MAV Si (ex00Sv ), are different, then the major
local values of Si+1 (Si ’s child), and the two values MAV Si (ex0Sv ) and MAV Si (ex00Sv ), i.e.,
 ex0 


ex00S
S
MAV Si+1 pai+1v = MAV Si+1 MAV Si (ex0Sv ) and MAV Si+1 (pai+1v ) =


MAV Si+1 MAV Si (ex00Sv ) are different too based on Assumption 7.

(Here also we use the notation N C v , since the proposition applies to both exogenous and
endogenous latent non-colliders.)



Proposition 4 All corresponding values in MAV {T S N C v \EX N C v ,ON C v } ex0N C v and


MAV {T S N C v \EX N C v ,ON C v } ex00N C v , for two values ex0N C v and ex00N C v of EX N C v , are different.

Proof If the latent non-collider N C v is exogenous, N C v = EX v and ON C v =OEX v , then
{T S N C v \EX N C v , OEX v } = OEX v and the partial major value is the local major value
MAV OEX v (exv ), which by Proposition 2 is certain for a certain value exv .
If the latent non-collider N C v is endogenous, N C v = Sv and ON C v =OS v , then we
consider {T S Sv \EX Sv , OS v }, which is a set of ordered variables along the directed path TSv
that ends in OS v . The remainder of the proof is by induction:
Basis: Based on Proposition 2, MAV S1 (exSv ), where S1 is the first variable in
{T S Sv \EX Sv , OS v } and a direct child of EX Sv , given a certain value exSv , is also certain.
Step: If the major value of the ith variable, Si , in the subset { T S Sv \EX Sv , OS v } , i.e.,
exS
exS
MAV Si (pai v ), is certain for a certain value pai v , then the major value of the (i+1)th
exS
variable, Si+1 , in the subset (which is Si ’s child), i.e., MAV Si+1 (pai+1v ), is by Proposition 2
exSv
exSv
certain too for a certain value pai+1 (which is MAV Si (pai )).
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(Note that here we use the notation N C v rather than Sv since the proposition applies to
both exogenous and endogenous latent non-colliders.)



Proposition 3 The MAV {T S N C v \EX N C v ,ON C v } exN C v corresponding to


MAE {T S N C v \EX N C v ,ON C v } exN C v is a certain value configuration for each certain value exN C v .

2. Under Assumption 5, any parent P aj of latent collider Cj could be either a latent
non-collider or an exogenous latent; in other words, Paj ⊂ (NC ∪ EX). If P aj is a
latent non-collider, then it is on the directed path TCj from EX Cj to Cj ; and if P aj is
an exogenous latent EX Cj , then it is the source of a directed path TCj (or more than a
single directed path) to Cj . EXCj = ∪EX Cj is the set of exogenous ancestors of Cj , and
TCj = ∪TCj is the set of directed paths from EXCj to Cj . For example, EXL4 ={L1, L5}
and TL4 = { {L1, L2, L3, L4} , {L5, L4}} in G6 (Figure 1).

[Note that if St has no endogenous latent non-collider ancestors, then P at =EXSt and
TSt equals the ordered sequence {EX St , St }, e.g., EXL4 =L3 and TL4 = {L3, L4} in G5
(Figure 1).]

1. If the latent non-collider is exogenous, N C t = EX t , then EXN C t =EX t , and TN C t is
the empty path consisting of EX t . For example, EXL3 =L3 and TL3 = L3 in G2 and
G5 in Figure 1. If, however, the latent non-collider is endogenous, N C t = St , and
we assume by contradiction that it has more than one exogenous latent ancestor and
thus more than one directed path from each exogenous ancestor to St (and according
to Assumption 5, none of the paths passes through a collider) that collide at St , then
St is a collider. This is contrary to the assumption that N C t is a non-collider. That is,
EXSt is the only exogenous latent ancestor of St , and TSt is the only directed path from
EX St through St ’s parent P at to St . For example, EXL5 =L3 and TL5 = {L3, L4, L5} in
G5 (Figure 1).

Proof

Lemma 1

In this appendix, we give proofs of propositions, lemmas, and theorems for which the
proof is too detailed, lengthy, or impedes the flow of reading. All other proofs are given in
the body of the paper.

Appendix A. Proofs of propositions, lemmas, and theorems
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different values in two MAV S N C v \EX N C v ,ON C v } exN C v , then EX N C v should also have two
{T
0
00
corresponding values, say exN
C v and exN C v .
(“only if”) Proposition 4guarantees
that N C v will have different
values
in



0
00
0
MAV {T S N C v \EX N C v ,ON C v } exN
C v and MAV {T S N C v \EX N C v ,ON C v } exN C v for two values exN C v
00
and exN
if N C v has only a certain value in two
C v of EX N C v . Thus,


MAV {T S N C v \EX N C v ,ON C v } exN C v , then EX N C v should have also a certain value in the corresponding two exN C v .




Proposition 6 The MAV {TSC \EXC ,OC k } exCk corresponding to MAE {TSC \EXC ,OC k } exCk is
k
k
k
k
a certain value configuration for each certain value configuration exCk .
Proof {TSCk \EXCk , OC k } comprises sets of variables {T S Ck \EX Ck , OC k } along all directed
paths through Ck that end at OC k . We will divide each such set into three subsets
{T S Ck \{EX Ck , C k }}, Ck , and OC k and consider a value configuration for exCk for each subset separately. First, since no latent collider can be a child of a latent collider (Assumption
5), a value configuration for the subset {T S \{EX , C }} is considered to be identical
C
C
k
k
k
to a value configuration for {T S N C v \EX N C v }, and thus according to Proposition 3, is a


certain value configuration for a certain value exCk . Because MAV {T S C \{EX C ,C }} exCk
k
k
k
is a certain value configuration for a certain exCk for each directed path T S Ck that is
included in TSCk , the product of these value configurations, which corresponds to the


product of MAE {T S C \{EX C ,C }} exCk in (11), is also certain. Second, since Ck ’s parents
k
k
k
S
Pak ⊂ T S C ∈TSC {T S Ck \{EX Ck , C k }}, pak exCk are certain value configurations. Thus, based
k
k


exC
on Proposition 2, MAV Ck pak exCk is also a certain value and similarly MAV OC k (Ck k ) is


exC
certain, where Ck k = MAV Ck pak exCk . Therefore, all variables in {TSCk \EXCk , OC k } are
certain in the major configuration for a certain value configuration exC k .

\EXCk ,OC k }

Proposition 7 For every exogenous ancestor EX C ∈ EXC of a latent collider Ck , there are at
k
k
00
0
of EXCk in which only EX Ck of all EXCk changes values
and exC
least two configurations exC
k
k


0
when Ck changes values in the two corresponding major value configurations MAV {TSC \EXC ,OC k } exC
k
k
k


00
exC
.
k
k

and MAV {TSC
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Proof We divide the proof into two parts. In the first part, we prove that for each exogenous ancestor of a latent collider, there are at least two MAVs in which only the collider’s
parent on the path from the exogenous to the collider (of all collider’s parents) changes
values together with the exogenous. We are aided in this part of the proof by Proposition
5 after considering the collider’s parent as a latent non-collider. In the second part, using
Assumption 7, we show that each such collider’s parent changes values together with the
collider in the same two MAVs in which the parent changes values together with the exogenous. Thereby, we prove that for each exogenous ancestor of a latent collider, there are
at least two MAVs in which the collider changes values only with this exogenous ancestor.
39
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,OP ak∗ }

k

For the first part, Proposition 5 guarantees that any exogenous ancestor EX Ck of a
parent P ak ∈ Pak of collider Ck (and thus EX P ak = EX Ck and P ak is also a latent noncollider) changes its value
if and only if P ak changes its value in two value configurations

MAV {T S \EX ,OP a } exP a . By the opposite of Proposition 5, any exogenous ancestor
P
a
k
k
P
a
k
k
∗
EX C
of a parent P a∗ ∈ Pak \P ak of Ck is certain if and only if P ak∗ is certain in two value
k
k


exP∗ a∗ .
k

configurations MAV {T S P a∗ \EX ∗

k

k

k

2. A latent collider Ck and its observed child OC k , both descendants of a set of
exogenous variables EXCk , change their values in any two major configurations
only if at least one of the exogenous variables in EXCk has changed its value in
the corresponding two configurations of EX.

1. A latent non-collider N C v and its observed child ON C v , both descendants of
an exogenous variable EX N C v , change their values in any two major configurations if and only if EX N C v has changed its value in the corresponding two
configurations of EX.

k

For the second part, we know by Assumption 7 (second part) that for every Ck that is
a latent collider and for every P ak ∈ Pak , there are at least two configurations pak0 and pak00




of Pak in which only the value of P ak is different and MAV Ck pak0 , MAV Ck pak00 . That
is, the collider (which is the only variable in MAV Ck ) changes values together with each of
its parents in at least two parents’ configurations.
Combining the two parts, we have proven that a collider changes values following a
change in the value of each of its parents in at least two configurations of the parents,
when the change of values of this parent is due to a change of values of its exogenous
ancestor in two exogenous configurations. This means that the collider changes values
with each of its exogenous ancestors in at least two exogenous configurations. That is,
for two configurations ex0 and ex00 of EXC in which only EX Ck changes values, there
C
C
k
k
k
are at least two configurations pak0 and pak00 of Pak in which P ak ∈ Pak changes values in




0
00
and
MAV
MAV {TSC \EXC ,OC k } exC
{TSCk \EXCk ,OC k } exCk with EX Ck . Since these values of
k
k
k
0
and
P a in pa0 and pa00 also change with values of C , C changes values with EX Ck in exC
k
k
k
k
k
k
0
00
00
and exC
of EXCk in which only
. Therefore, there are at least two configurations exC
exC
k
k
k
EX Ck has changed values when Ck changes values in the two corresponding major value




0
00
and MAV {TSC \EXC ,OC k } exC
.
configurations MAV {TSC \EXC ,OC k } exC
k
k
Lemma 2

Proof
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1. First (“only if”), by Proposition 3, the major value configuration of a latent noncollider N C v and its observed child ON C v , both of which are descendants of an exogenous variable EX N C v , are certain for any certain exN C v . That is, if N C v and ON C v
changed their values in any two major configurations, it is only because EX N C v has
changed its value in the corresponding two configurations of EX. Second (“if”), by
Proposition 4, the major value configurations of N C v and ON C v are changed if
EX N C v has changed its value between two configurations of EX.
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13 So far, observed variables had their own indices and their parents/ancestors also had these indices. In
Theorem 1, the index is associated with the exogenous variable (Case 1) and the collider latent (Case 2), since
these are the central subjects of interest here.

Consequently, variables in ONCi will change together only in all PCCs that correspond to
a change in EXi , and therefore, will establish a maximal set of the variables MSOi =ONCi
that corresponds to all and only observed variables that are children of exogenous variable
EXi and its latent non-collider descendants.

• Second, let subset OCij of OCi contain all variables that (1) have a shared exogenous
ancestor EXj (besides EXi ) and (2) change their values together in at least one PCC,
which corresponds to a change only in the value of EXj . By Lemma 2, the other
variables in OVi that are not descendants of EXj do not change in that PCC. Thus,
variables in OCij ∀j do not belong to the same MSO for which variables in ONCi
belong.

• First, by Lemma 2 (first part), any subset of variables in ONCi (and thus also ONCi
itself, which is a maximal set) always changes together in all PCCs that correspond to
a change in EXi and never change together in any other PCC. These variables belong
to the same MSO that represents EXi .

Proof The proof is divided into two separate cases. In the first case, we show that the
children of a particular exogenous latent variable or its non-collider descendant belong to
the same MSO, and in the second case, we show that the children of a particular collider
latent belong to the same MSO.
Case 1: MSO of observed children of an exogenous latent or its latent non-collider descendants
S
Let ONCi 13 (in OEX OS) be a set of observed variables that are children of an exogenous
variable EXi and any of its latent non-collider descendants (if they exist), and let OCi be
a set of observed variables that are children of latent colliders where each has EXi as an
exogenous ancestor with other exogenous variables. Note that OCi may be empty, if EXi
does not have any collider descendants, but ONCi is never empty because it includes at
least OEXi (Assumption 4). Because no observed child can be included in both OCi and
S
ONCi , these sets are disjoint. Their union, OVi =ONCi OCi , includes all the observed
variables that are affected by EXi and thus should change their values when EXi changes.

Theorem 1 Variables of a particular MSO are children of a particular exogenous latent variable
EX or its latent non-collider descendant or children of a particular latent collider C.

2. By Proposition 6, the major value configuration of a collider Ck and its observed child
OC k , both of which are descendants of a set of exogenous variables EXCk , are certain
for a certain exCk . That is, if Ck and OC k changed their values in any two major
configurations, it is only because at least one of the variables in EXCk also changed
its value in the corresponding two configurations of EX.
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EX t ∈EXCi

[
OVt =
EX t ∈EXCi

[
{ONCt

[

OCt } =

EX t ∈EXCi

[

{ONCt

[

{OCt \OCi }}

[

OCi (12)
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• OCi : By Lemma 2 (second part), any subset of variables in OCi always changes together in all PCCs that correspond to a change in at least one exogenous variable in
EXCi . In addition, none of the variables in OCi has an exogenous ancestor that is not
in EXCi ; therefore, no variable in OCi ever changes in any PCC that corresponds to
an exogenous variable that is not in EXCi . These variables belong to the same MSO
that represents Ci .

For example, for latent collider Ci = L2 in Figure 3, EXL2 = {L1, L3}, OCL2 ={X4, X5, X6},
ONCL1 ={X1, X2, X3}, ONCL3 ={X7, X8, X9}, and {OCL4 \OCL2 } = {X10, X11, X12}.
Following, we analyze the three subsets of OV, specifically, OCi , ONCt , and {OCt \OCi },
and show that only variables in OCi (or any subset of OCi ) will always change together,
whereas other variables in OV will not. We analyze the subsets ONCt and {OCt \OCi } for
each exogenous EX t ∈ EXCi ; thus, the analysis is also correct for their union (12).

Figure 3: LVM with two latent colliders.

where the union is over all exogenous ancestors EX t of Ci . We separate the proof to include
three sets of observed variables: 1) OCi , which are children of Ci ; 2) ONCt , which are
children of an exogenous variable EXt and any of its latent non-collider descendants; and
3) {OCt \OCi }, which are children of latent colliders, other than Ci , that are descendants
of EX t .

OV =

(In case Assumption 8 is violated, for example, if several latent colliders share exactly the
same set of exogenous ancestors, LPCC does not identify the latent colliders as separate
and learns one collider as the parent of all children of the latent colliders. Nevertheless,
we believe this assumption is very realistic.)
Let OCi be the set of the observed variables that are children of latent collider Ci that
is a descendant of a set of exogenous variables EXCi . By Lemma 2, any variable in OCi
should not change in any PCC unless at least one of its exogenous ancestors changes. The
sets of variables that should change together with variables in OCi if any of the exogenous
variables in EXCi change is represented by:

Assumption 8 Latent colliders do not share exactly the same sets of exogenous ancestors.

Case 2: MSO of observed children of a latent collider
In this case, it is important to note that different colliders and their children are affected
by different sets of exogenous variables. Thus, we assume:

Asbeh and Lerner
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• ONCt : We previously showed in Case 1 that each ONCt forms an MSO that corresponds to a single EX t , and this is the only exogenous ancestor for ONCt . By Lemma
3, an MSO is an equivalence class; therefore, no other variable in a subset of OV (including OCi ) can be added to ONCt , and it will remain an MSO. Similarly, no subset
of variables in ONCt can be added to any subset of OV to obtain an MSO.
• {OCt \OCi }: Any subset of OCt \OCi does not change together with any subset of OCi
because (Assumption 8) for each variable OC j in OCt \OCi , there is an exogenous
ancestor EXj that is not an ancestor of variables in OCi . Thus, by Proposition 7, OC j
changes its value in a PCC that corresponds to a change only in the value of EXj ,
whereas the variables in OCi , which are not descendants of EXj , do not change in
that PCC.
Consequently, all and only variables in OCi (maximal subset of OCi ) compose MSOi that
changes together in all PCCs that correspond to a change in EXCi .

Theorem 2 A latent variable L is a collider of a set of latent ancestors LA⊂EX only if:
1. The values of the children of L change in different parts of some major–major PCCs each
time with the values of descendants of another latent ancestor in LA; and
2. The values of the children of L do not change in any PCC unless the values of descendants
of at least one of the variables in LA change too.

JMLR 17(224):1-52

Proof Recall that by this point (Section 4.1), latent variables that have already been
learned are either exogenous or colliders. Thus, first, we show that a latent variable L
that satisfies (2) has to be a collider for a set of latent ancestors LA⊂EX by assuming by
contradiction that L is not a collider but an exogenous variable. If L is an exogenous variable, then there exists at least a single major–major P CC L that corresponds to two exs in
which only L changes its value. Thus, in P CC L , only the values of descendants of L change,
whereas descendants of other variables in any sub-set LA⊂EX do not change. This is in
contrast to (2).
Second, we show that if L satisfies (1), then LA is the set of L’s exogenous ancestors that
S
collide in L. Let ONCi (in OEX OS) be the set of observed variables that are children of
LAi ∈ LA or children of its latent non-collider descendants. Let OCi be the set of children
of latent colliders where each has LAi as its ancestor with other exogenous variables in LA
S
or not. OVi =ONCi OCi includes all the observed variables that are affected by LAi and
thus may change their values when LAi changes values. In addition, let OCL be the set of
children of L. We need to show that if L satisfies (1), then OCL ⊂OCi for each LAi ∈ LA.
Since LAi is an ancestor of L, (1) ensures that there exists a PCC in which only the values
of descendants of LAi including OCL change, whereas the values of descendants of other
variables in LA\LAi do not change. Thus, OCL ⊂ OVi . However, none of the children in
OCL belongs to ONCi ; otherwise, it would have already been identified (Theorem 1) as a
descendant of LAi . Thus, OCL ⊂OCi .
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Lemma 4 Let a latent non-collider NC be a descendant of an exogenous latent variable EX.
2S-PCC is PCC between a “two-set” first-order minor cluster 2S-MC due to a minor value in
NC and a major cluster that identified EX. ex0 and ex00 are two value configurations of EX that
correspond to the compared clusters by 2S-PCC. When:

1. EX does not change values between ex0 and ex00 , all the elements in 2S-PCC corresponding
to the observed descendants of the latent ancestors of NC (including EX) show no change
(i.e., are 0), whereas the elements corresponding to the observed descendants of NC show
a change (i.e., are 1),
and when

2. EX changes values between ex0 and ex00 , all the elements in 2S-PCC corresponding to the
observed descendants of the latent ancestors of NC (including EX) show a change (i.e., are
1), whereas the elements corresponding to the observed descendants of NC show no change
(i.e., are 0).

Proof 2S-MC represents a 1-order minor configuration of EN in which only NC has a
minor value, and all the other variables in EN have major values. Thus, when

• EX does not change values between ex0 and ex00 (i.e., ex0 = ex00 ), then

1. the major value configuration of the latent ancestors of NC is the same for both
exs (Proposition 3), and for each such latent, each of its observed children has
the same major local value (Proposition 2) for both exs. Thus, all the observed
children of the latent ancestors of NC do not change values in both clusters, and
all the corresponding elements in 2S-PCC are 0; and

2. NC may take either a major or minor value in response to ex0 (= ex00 ), depending
on the probabilities of NC to take any of its values conditioned on the values
NC’s direct parent takes. The result of the first case is a major cluster (NC
and both its ancestors and descendants have major values) and that of the second case is 1-MC. Since all NC’s ancestors and descendants have major values,
whereas NC has a minor value, this 1-MC is 2S-MC by definition. Using these
two clusters, LPCC creates 2S-PCC. Since NC d-separates its descendants (both
latents and observed) from its ancestors, the values of NC’s descendants are determined only by NC in a way similar to that which we used to prove Proposition 3. Since we are concerned with the case in which NC takes different values
for ex0 and ex00 , its descendants too have different values in the two corresponding configurations, and following Assumption 7, all of their observed children
have different values in the corresponding observed configurations and clusters. Therefore, these children change their values between the clusters, as represented by 1s in the 2S-PCC.

• EX changes values between ex0 and ex00 , then
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1. by Proposition 4, all the latent ancestors of NC have different values for ex0
and ex00 , and by Assumption 7, all the observed children of these latents have
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Proof I. Variables of 2S-MSO that are children of EX

We need, first, to prove that the children of EX always change values together and second,
that no other observed child of another latent can always change value with them. First,
Lemma 4 guarantees that the observed children of EX always change values together since
a value change of EX between two exs corresponds to the compared clusters in all 2S-PCCs
of 2S-MCs with the major clusters for EX. The remainder of the proof is divided into two
cases: 1) a serial connection and 2) a diverging connection. In case 1, there exists at least a
single 2S-PCC in which only the observed children of EX change. This 2S-PCC is between
a major cluster for EX and 2S-MC due to a minor value of the direct latent non-collider

3. 2S-MC is due to a minor value of NC, and EX does not change value between two exs
that correspond to the compared clusters. Then, by Lemma 4 (first part), all of NC’s

2. 2S-MC is due to a minor value of any of NC’s latent non-collider descendants, NC1,
and EX changes value between two exs that correspond to the compared clusters.
Then, by Lemma 4 (second part), all of NC1’s observed descendants do not change
values, but all the observed children of NC1’s latent ancestors, including those of
NC, change values.

1. 2S-MC is due to a minor value of any of NC’s latent non-collider descendants, NC1,
and EX does not change value between two exs that correspond to the compared
clusters. Then, by Lemma 4 (first part), all of NC1’s observed descendants do change
values, but all the observed children of NC1’s latent ancestors, including those of
NC, do not change values.

II. Variables of 2S-MSO that are children of EX’s descendant NC
In a serial connection, we identify three possible situations in which either NC, its latent
descendant, or its latent ancestor takes a minor value. In each of these situations, no other
latent or observed variable can take a minor value because we focus the analysis on 2S-MC
through the evaluation of 2S-PCC between this minor cluster and a major cluster for EX.
For each of the three situations, EX may change its value or not, so we have to consider six
cases:

child NC14 of EX (e.g., L2 is the direct latent non-collider child of L1 in G3).15 Thus, only
the elements in 2S-PCC that correspond to the observed children of EX show a change and
are equal to 1 (e.g., PCC2,10 in Table 4), which guarantees that the observed children of
EX establish a 2S-MSO.
In case 2, the same analysis proposed in case 1 is repeated for each of the direct latent
non-collider children of EX in each of the paths that emerges from EX. Let us use the same
notation NC for each such direct child in each path in turn. In this case, not only do the
observed children of EX change each time EX changes, but also the observed descendants
of the other direct latent non-collider children of EX (in all paths except that which includes NC) change with EX. This shows that the observed children of EX change with the
observed descendants of the direct latent non-collider children of EX (all but the descendants of NC), but never together with all of them (as at each time, another NC is excluded).
This guarantees that the observed children of EX establish a 2S-MSO.

Asbeh and Lerner

14 A) We focus on the latent non-collider N C that is the direct child of EX since only a minor value that N C
takes can d-separate EX and its observed children from NC’s observed children and the observed children
of the remaining latent non-colliders, and partition the elements in the corresponding 2S-PCC into two sets
in which the first consists of the observed children of EX and the second consists of the observed children
of all EX’s latent descendants. B) In our circumstances, where at least a single latent non-collider has been
combined with EX, the existence of such a latent variable is guaranteed. C) It is also guaranteed that the
1-MC due to the minor value of the direct latent child of EX is 2S-MC because it cannot be due to an observed
variable (see Case 2 above).
15 We assume that all possible 1-MCs, including the one corresponding to a minor value of the direct latent
non-collider child NC of EX, are found. Practically, if we err in estimating the threshold on the maximal 2-MC
(as described above and in Appendix B), we may miss this 1-MC, but this is an identification issue that does
not affect the correctness of the theorem.

Theorem 3 Variables of a particular 2S-MSO are children of an exogenous latent variable EX
or any of its descendant latent non-colliders NC.

Note that the proof implicitly assumes that NC is on a serial connection emerging from
EX. In a diverging connection, all the latent variables that are on the paths other than the
one that includes NC can be considered with NC’s ancestors because both the latents on
the other paths and NC’s ancestors are d-separated (for these 2S-PCCs) by NC from its
descendants. Thus, the analysis proposed above for a serial connection generalizes also to
the diverging connection.

2. NC does not change values between ex0 and ex00 because if it did, then by Proposition 4, all of its latent descendants have different values for ex0 and ex00 , and
by Assumption 7, all of their observed children have different values in the two
corresponding observed configurations. And following, in any 2S-PCC between
two clusters corresponding to ex0 and ex00 , all the elements that correspond to
NC and its descendants would show a change (i.e., are 1). But, since as we already showed that all the observed children of the ancestors of NC are equal to 1
in these 2S-PCCs, it is contrary to the definition of a 2S-PCC that needs two sets
of two or more elements of different values. Thus, NC cannot change values between ex0 and ex00 . Following and by Proposition 3, all the latent descendants of
NC have certain values for this certain value of NC in both configurations, and
by Proposition 2, all the observed children of these latents have certain values
in the corresponding observed configurations. Thus, all the elements in 2S-PCC
that correspond to the observed children of NC and its descendants do not show
a change (i.e., are 0).

different values for ex0 and ex00 . Thus, in any 2S-PCC between two clusters
corresponding to ex0 and ex00 , all the elements that correspond to the observed
children of the latent ancestors of NC (including EX) show a change (i.e., are 1);
and
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observed descendants do change values, but all the observed children of its ancestors
do not.
4. 2S-MC is due to a minor value of NC, and EX changes value between two exs that
correspond to the compared clusters. Then, by Lemma 4 (second part), all of NC’s
observed descendants do not change values, but all the observed children of its ancestors do.
5. 2S-MC is due to a minor value of NC’s latent non-collider ancestor, NC1, and EX
does not change value between two exs that correspond to the compared clusters.
Then, by Lemma 4 (first part), all the observed children of NC1 and of its latent
descendants, including those of NC, change values.
6. 2S-MC is due to a minor value of NC’s latent non-collider ancestor, NC1, and EX
changes value between two exs that correspond to the compared clusters. Then, by
Lemma 4 (second part), all the observed children of NC1 and of its latent descendants, including those of NC, do not change values.
That is, in all six cases, NC’s observed children change values together; in some 2SPCCs they change values with observed children of a latent non-collider ancestor of NC
and in some other 2S-PCCs with observed children of a latent non-collider descendant of
NC. Thus, not only will the set of all the observed children of NC always change values
together, but also no observed child of any of NC’s latent non-collider ancestors or descendants can be part of this set. This means that the set of observed children of NC is a
maximal set of variables that always change together, i.e., 2S-MSO.
Note that if NC does not have a latent non-collider descendant or ancestor, then Cases
1 and 2 and Cases 5 and 6, respectively, do not exist. In the special case where NC is a
leaf (i.e., does not have a latent descendant), Case 3 guarantees that there exists at least a
single 2S-PCC in which only the observed children of NC change.
In a diverging connection, all the latent variables that are on paths other than the one
that includes NC can be considered with NC’s ancestors because NC d-separates them all
from its descendants. Thus, the same analysis proposed in the serial case also holds in the
diverging case.

Theorem 4 A latent non-collider NC1 is a direct child of another latent non-collider NC2 (both
on the same path emerging in EX) only if:
• In all 2S-PCCs for which EX does not change, the observed children of NC1 always change
with those of NC2 and also in a single 2S-PCC without the children of NC2; and
• In all 2S-PCCs for which a latent non-collider leaf descendant of EX does not change, the
observed children of NC2 always change with those of NC1 and also in a single 2S-PCC
without the children of NC1.
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Proof Let NC1 and NC2 be latent non-collider descendants of EX (both on the same path
emerging from EX), and NC1 be a direct child of NC2. A 2S-PCC may result from a 2S-MC
47
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due to a minor value in: 1) a latent ancestor of NC1 (including NC2 itself), 2) NC1, or 3) a
latent descendent of NC1. In the first type of such 2S-PCC (for which EX does not change),
Lemma 4 (first part) guarantees that the children of NC1 and NC2 change together in (1)
and do not change at all in (3), whereas in (2) only the observed children of NC1 change.
Thus, the children of NC1 always change with the children of NC2, and in addition also in
a single 2S-PCC in which the children of NC2 do not change.

In the second type of such 2S-PCC for which the observed children of the leaf latent
non-collider descendant of EX do not change, Lemma 4 (second part) guarantees that EX
changes value, and the children of NC1 and NC2 do not change at all in (1) and change together in (3), whereas in (2) only the observed children of NC2 change. Thus, the children
of NC2 always change with the children of NC1, and in addition also in a single 2S-PCC in
which the children of NC1 do not change. The same analysis is true for both a serial and
diverging connection.

Appendix B. Setting a threshold for the maximal size of 2-order minor clusters
(Section 4.4)

In this appendix, we describe the calculation of a 2-order minor cluster threshold (2MCT)
on the maximal size of 2-order minor clusters (2-MCs) that were introduced in Section 4.4.

This threshold represents the maximal size of a minor cluster that corresponds to a
2-order minor value configuration (Definition 13), i.e., a minor cluster that represents
exactly two endogenous variables in EN that have minor values. This threshold is separately calculated to each EXi ∈EX, when all endogenous variables in EN, except the two
mentioned, have major values. This threshold is an approximation for the maximal probability of having minor values as a response to any ex in exactly two descendants of EX,
where all other descendants of EX and the other exogenous variables in EX have major
values. This approximation is derived from the product of the maximal minor local effects (Definition B.1) of two observed descendants of EXi , the maximal major local effects
(Definition B.1) of the other observed descendants of EXi , the maximal major local effects
of the descendants of the other exogenous variables in EX, and the maximal prior of all
exogenous variables in EX. We define:

Definition B.1 A maximal major local effect on an observed child Oi of a latent parent
P ai is the maximal major effect on Oi over all values pai0 of P ai , such that MaxMAE i =


maxpai0 MAE i pai0 . Similarly, a maximal minor local effect is the maximal minor effect over
 
all values pai0 of P ai , such that MaxMIE i = maxpai0 MIE i pai0 .
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First, we find MaxMAEV i and MaxMIEV i , which are the sorted vectors of MaxMAE t
and MaxMIE t (Definition B.1) of all Ot ∈Chi (observed descendants of EXi ), respectively.
These vectors include the maximal major local effects and the maximal minor local effects
on the observed descendants of EX i sorted from the highest to the lowest. Note that EXi
replaces the actual direct parent of an observed variable for calculating the maximal major
and minor effects since the direct parent has not been identified and split yet from EXi at
this stage.

48

MaxMIEV i (t).

Y

49

EX k ∈EX

MaxMAEV i (t)

maxex0k P (EXi =ex0k ).

t=1

|Ch
i |−2
Y

Y

MaxMIEV i (t)

MaxMAE t

t=1

EX j ∈EX\EX i ot ∈Chj

Y

2MCT i = N

2
Y
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Then, the threshold for the maximal size of 2-order minor clusters (measured by the number of patterns in such a cluster) for EXi can be approximated by the product of all the
above approximations multiplied by the data size N:

EX k ∈EX

Fourth, the maximal prior of all the exogenous variables is represented by:
Y
maxex0k P (EXi =ex0k ).

EX j ∈EX\EX i ot ∈Chj

Third, the maximal probability of the other descendants of the other exogenous variables
to have major values can be approximated by:
Y
Y
MaxMAE t .

t=1

Second, the maximal probability of the other descendants of EXi to have major values can
be approximated by:
|Ch
i |−2
Y
MaxMAEV i (t).

t=1

2
Y

Using these maximal major and minor effects and their sorted vectors for EXi , we can
calculate the approximation of the threshold. First, the maximal probability of exactly two
minor values among the descendants of EXi can be approximated by:
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Not essential but
very reasonable.

Assumption 8 Latent colliders do not share exactly the
same sets of exogenous ancestors.

50

Not essential but
very reasonable.

No (only needed for
the correctness of
the learned model).
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Regarding the second part of the assumption
first: if this assumption is violated, and a collider
has the same major value for any value of one of
its parents (while the values of the other parents
are the same), then its correlation to this parent
should be very weak, which challenges the existence of their connection in the domain, and of
course, the ability of any learning algorithm to
identify this connection.
Although the first part of the assumption may be
considered similarly (based on a parent-child correlation), it also invites further investigation.
If this assumption is violated, and several latent
colliders share exactly the same set of exogenous
ancestors, LPCC does not identify the latent colliders as separate and learns a single collider as
the parent of all children of the latent colliders.

If this assumption is violated, and a latent collider has latent descendants, but none of them is
a collider, LPCC does not identify the latent descendants as separate and join them, along with
their observed children, to the learned ancestor
latent collider. The case in which this assumption is violated, and at least one of the latent descendants of the collider is a latent collider itself,
needs further investigation.
If more than one value of EN i gets the maximal
probability value given a configuration of parents, LPCC still learns a model because the implementation will randomly choose one of the
values that maximize the probability as the most
probable. However, the correctness of the algorithm will not be guaranteed.

When the true causal model is pure, LPCC will
identify it correctly (or find its pattern). However, when it is not pure, LPCC – similarly to BPC
(Silva et al., 2006) – will learn a pure sub-model
of the true model using two indicators for each latent (compared to three indicators per latent that
are required by BPC).
If a latent has only one observed child, LPCC will
not identify this latent.

No (only needed for
the correctness of
the learned model).

Yes
[made
also
by Silva et al.
(2006),
which
requires three indicators per latent].
No (only needed for
the correctness of
the learned model).

If violated
It neither was investigated theoretically nor studied experimentally what LPCC returns if the underlying model is not a BN (i.e., there are cycles in
G), no latent variables exist in the domain, or an
observed variable is an ancestor of a latent variable.

Essential?
Yes [made also in
similar algorithms,
e.g., that of Silva
et al. (2006) for continuous joint probability distributions].

Assumption 7 First, for every EN i that is an observed
variable or an endogenous latent non-collider and for
0
every two values pa0i and pa00
i of P ai , MAV EN i pa i ,


MAV EN i pa00 i . Second, for every Cj that is a latent collider and for every P aj ∈ Paj , there are at least two configurations pa0j and pa00
of
j of P aj inwhich onlythe value

P aj is different and MAV Cj pa0 j , MAV Cj pa00 j .

Assumption 6 For every endogenous variable EN i in
G and every configuration pa0i of EN i ’s parents Pai ,
there exists a certain value en0i of EN i , such that




0
P EN i = en0i Pai = pa0i > P EN i = en00
i Pai = pai for
every other value en00
of
EN
.
This
assumption
is
related
i
i
to the most probable explanation of a hypothesis given
the data (Pearl, 1988).

Assumption 5 A latent collider does not have any latent
descendants (and thus cannot be a parent of another latent collider).

Assumption 4 The true model G is MIM, in which each
latent has at least two observed children and may have
latent parents.

Assumption
Assumption 1 The underlying model is a Bayesian network, BN=<G,Θ>, encoding a discrete joint probability distribution P for a set of random variables V=L∪O,
where G=<V,E> is a directed acyclic graph (DAG) whose
nodes V correspond to latents L and observed variables O,
and E is the set of edges between nodes in G. Θ is the set
of parameters, i.e., the conditional probabilities of variables in V given their parents.
Assumption 2 No observed variable in O is an ancestor
of any latent variable in L (the measurement assumption;
Spirtes et al., 2000).
Assumption 3 The measurement model of G is pure.

Appendix C. Assumptions LPCC makes and the meaning of their violation
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(a) One vs. One
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(b) One vs. All

x1

x2

(c) Non-heuristic
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1. An exception to this is the method of Lee et al. (2004), for which an R implementation exists. See
http://www.stat.osu.edu/~yklee/software.html.

between each pair of classes (Kreßel, 1999). OvO requires solving K(K − 1) binary SVM
problems, which can be substantial if the number of classes is large. An advantage of OvO is
that the problems to be solved are smaller in size. On the other hand, the one-vs-all (OvA)
heuristic constructs K classification boundaries, one separating each class from all the other
classes (Vapnik, 1998). Although OvA requires fewer binary SVMs to be estimated, the
complete data set is used for each classifier, which can create a high computational burden.
Another heuristic approach is the directed acyclic graph (DAG) SVM proposed by Platt
et al. (2000). DAGSVM is similar to the OvO approach except that the class prediction is
done by successively voting away unlikely classes until only one remains. One problem with
the OvO and OvA methods is that there are regions of the space for which class predictions
are ambiguous, as illustrated in Figures 1a and 1b.
In practice, heuristic methods such as the OvO and OvA approaches are used more
often than other multiclass SVM implementations. One of the reasons for this is that
there are several software packages that efficiently solve the binary SVM, such as LibSVM
(Chang and Lin, 2011). This package implements a variation of the sequential minimal
optimization algorithm of Platt (1999). Implementations of other multiclass SVMs in highlevel (statistical) programming languages are lacking, which reduces their use in practice.1
The second type of extension of the binary SVM use error correcting codes. In these
methods the problem is decomposed into multiple binary classification problems based on
a constructed coding matrix that determines the grouping of the classes in a specific binary
subproblem (Dietterich and Bakiri, 1995; Allwein et al., 2001; Crammer and Singer, 2002b).
Error correcting code SVMs can thus be seen as a generalization of OvO and OvA. In
Dietterich and Bakiri (1995) and Allwein et al. (2001), a coding matrix is constructed that
determines which class instances are paired against each other for each binary SVM. Both
approaches require that the coding matrix is determined beforehand. However, it is a priori

Figure 1: Illustration of ambiguity regions for common heuristic multiclass SVMs. In the
shaded regions ties occur for which no classification rule has been explicitly
trained. Figure (c) corresponds to an SVM where all classes are considered simultaneously, which eliminates any possible ties. Figures inspired by Statnikov
et al. (2011).

x2

Van den Burg and Groenen

For binary classification, the support vector machine has shown to be very successful (Cortes
and Vapnik, 1995). The SVM efficiently constructs linear or nonlinear classification boundaries and is able to yield a sparse solution through the so-called support vectors, that is,
through those observations that are either not perfectly classified or are on the classification boundary. In addition, by regularizing the loss function the overfitting of the training
data set is curbed. Due to its desirable characteristics several attempts have been made to
extend the SVM to classification problems where the number of classes K is larger than
two. Overall, these extensions differ considerably in the approach taken to include multiple
classes. Three types of approaches for multiclass SVMs (MSVMs) can be distinguished.
First, there are heuristic approaches that use the binary SVM as an underlying classifier
and decompose the K-class problem into multiple binary problems. The most commonly
used heuristic is the one-vs-one (OvO) method where decision boundaries are constructed

1. Introduction

Traditional extensions of the binary support vector machine (SVM) to multiclass problems
are either heuristics or require solving a large dual optimization problem. Here, a generalized multiclass SVM is proposed called GenSVM. In this method classification boundaries
for a K-class problem are constructed in a (K − 1)-dimensional space using a simplex
encoding. Additionally, several different weightings of the misclassification errors are incorporated in the loss function, such that it generalizes three existing multiclass SVMs
through a single optimization problem. An iterative majorization algorithm is derived that
solves the optimization problem without the need of a dual formulation. This algorithm has
the advantage that it can use warm starts during cross validation and during a grid search,
which significantly speeds up the training phase. Rigorous numerical experiments compare
linear GenSVM with seven existing multiclass SVMs on both small and large data sets.
These comparisons show that the proposed method is competitive with existing methods
in both predictive accuracy and training time, and that it significantly outperforms several
existing methods on these criteria.
Keywords: support vector machines, SVM, multiclass classification, iterative majorization, MM algorithm, classifier comparison
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unclear how such a coding matrix should be chosen. In fact, as Crammer and Singer (2002b)
show, finding the optimal coding matrix is an NP-complete problem.
The third type of approaches are those that optimize one loss function to estimate all
class boundaries simultaneously, the so-called single machine approaches (Rifkin and Klautau, 2004). In the literature, such methods have been proposed by, among others, Weston
and Watkins (1998), Bredensteiner and Bennett (1999), Crammer and Singer (2002a), Lee
et al. (2004), and Guermeur and Monfrini (2011). The method of Weston and Watkins
(1998) yields a fairly large quadratic problem with a large number of slack variables, that
is, K − 1 slack variables for each observation. The method of Crammer and Singer (2002a)
reduces this number of slack variables by only penalizing the largest misclassification error. In addition, their method does not include a bias term in the decision boundaries,
which is advantageous for solving the dual problem. Interestingly, this approach does not
reduce parsimoniously to the binary SVM for K = 2. The method of Lee et al. (2004)
uses a sum-to-zero constraint on the decision functions to reduce the dimensionality of the
problem. This constraint effectively means that the solution of the multiclass SVM lies
in a (K − 1)-dimensional subspace of the full K dimensions considered. The size of the
margins is reduced according to the number of classes, such that asymptotic convergence is
obtained to the Bayes optimal decision boundary when the regularization term is ignored
(Rifkin and Klautau, 2004). Finally, the method of Guermeur and Monfrini (2011) is a
quadratic extension of the method developed by Lee et al. (2004). This extension keeps the
sum-to-zero constraint on the decision functions, drops the nonnegativity constraint on the
slack variables, and adds a quadratic function of the slack variables to the loss function.
This means that at the optimum the slack variables are only positive on average, which
differs from common SVM formulations.
The existing approaches to multiclass SVMs suffer from several problems. All current
single machine multiclass extensions of the binary SVM rely on solving a potentially large
dual optimization problem. This can be disadvantageous when a solution has to be found in
a small amount of time, since iteratively improving the dual solution does not guarantee that
the primal solution is improved as well. Thus, stopping early can lead to poor predictive
performance. In addition, the dual of such single machine approaches should be solvable
quickly in order to compete with existing heuristic approaches.
Almost all single machine approaches rely on misclassifications of the observed class
with each of the other classes. By simply summing these misclassification errors (as in Lee
et al., 2004) observations with multiple errors contribute more than those with a single
misclassification do. Consequently, observations with multiple misclassifications have a
stronger influence on the solution than those with a single misclassification, which is not a
desirable property for a multiclass SVM, as it overemphasizes objects that are misclassified
with respect to multiple classes. Here, it is argued that there is no reason to penalize certain
misclassification regions more than others.

4

it can be considered natural to use a single machine approach for the multiclass SVM that
reduces parsimoniously to the binary SVM when K = 2.
The idea of casting the multiclass SVM problem to K − 1 dimensions is appealing, since
it reduces the dimensionality of the problem and is also present in other multiclass classification methods such as multinomial regression and linear discriminant analysis. However,
the sum-to-zero constraint employed by Lee et al. (2004) creates an additional burden on
the dual optimization problem (Dogan et al., 2011). Therefore, it would be desirable to
cast the problem to K − 1 dimensions in another manner. Below a simplex encoding will
be introduced to achieve this goal. The simplex encoding for multiclass SVMs has been
proposed earlier by Hill and Doucet (2007) and Mroueh et al. (2012), although the method
outlined below differs from these two approaches. Note that the simplex coding approach by
Mroueh et al. (2012) was shown to be equivalent to that of Lee et al. (2004) by Ávila Pires
et al. (2013). An advantage of the simplex encoding is that in contrast to methods such
as OvO and OvA, there are no regions of ambiguity in the prediction space (see Figure
1c). In addition, the low dimensional projection also has advantages for understanding
the method, since it allows for a geometric interpretation. The geometric interpretation of
existing single machine multiclass SVMs is often difficult since most are based on a dual
optimization approach with little attention for a primal problem based on hinge errors.
A new flexible and general multiclass SVM is proposed, called GenSVM. This method
uses the simplex encoding to formulate the multiclass SVM problem as a single optimization
problem that reduces to the binary SVM when K = 2. By using a flexible hinge function and
an `p norm of the errors the GenSVM loss function incorporates three existing multiclass
SVMs that use the sum of the hinge errors, and extends these methods. In the linear
version of GenSVM, K − 1 linear combinations of the features are estimated next to the
bias terms. In the nonlinear version, kernels can be used in a similar manner as can be done
for binary SVMs. The resulting GenSVM loss function is convex in the parameters to be
estimated. For this loss function an iterative majorization (IM) algorithm will be derived
with guaranteed descent to the global minimum. By solving the optimization problem in
the primal it is possible to use warm starts during a hyperparameter grid search or during
cross validation, which makes the resulting algorithm very competitive in total training
time, even for large data sets.
To evaluate its performance, GenSVM is compared to seven of the multiclass SVMs
described above on several small data sets and one large data set. The smaller data sets
are used to assess the classification accuracy of GenSVM, whereas the large data set is
used to verify feasibility of GenSVM for large data sets. Due to the computational cost of
these rigorous experiments only comparisons of linear multiclass SVMs are performed, and
experiments on nonlinear MSVMs are considered outside the scope of this paper. Existing
comparisons of multiclass SVMs in the literature do not determine any statistically significant differences in performance between classifiers, and resort to tables of accuracy rates
for the comparisons (for instance Hsu and Lin, 2002). Using suggestions from the benchmarking literature predictive performance and training time of all classifiers is compared
using performance profiles and rank tests. The rank tests are used to uncover statistically
significant differences between classifiers.
This paper is organized as follows. Section 2 introduces the novel generalized multiclass
SVM. In Section 3, features of the iterative majorization theory are reviewed and a number
JMLR 17(225):1-42

Single machine approaches are preferred for their ability to capture the multiclass classification problem in a single model. A parallel can be drawn here with multinomial regression
and logistic regression. In this case, multinomial regression reduces exactly to the binary
logistic regression method when K = 2, both techniques are single machine approaches, and
many of the properties of logistic regression extend to multinomial regression. Therefore,
3

5
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See Appendix A for a derivation of this expression. Figure 3 shows an illustration of how the
misclassification errors are computed for a single object. Consider object A with true class

Before introducing GenSVM formally, consider a small illustrative example of a hypothetical
data set of n = 90 objects with K = 3 classes and m = 2 attributes. Figure 2a shows the
data set in the space of these two attributes x1 and x2 , with different classes denoted by
different symbols. Figure 2b shows the (K − 1)-dimensional simplex encoding of the data
after an additional RBF kernel transformation has been applied and the mapping has been
optimized to minimize misclassification errors. In this figure, the triangle shown in the center
corresponds to a regular K-simplex in K − 1 dimensions, and the solid lines perpendicular
to the faces of this simplex are the decision boundaries. This (K − 1)-dimensional space
will be referred to as the simplex space throughout this paper. The mapping from the
input space to this simplex space is optimized by minimizing the misclassification errors,
which are calculated by measuring the distance of an object to the decision boundaries in
the simplex space. Prediction of a class label is also done in this simplex space, by finding
the nearest simplex vertex for the object. Figure 2c illustrates the decision boundaries in
the original space of the input attributes x1 and x2 . In Figures 2b and 2c, the support
vectors can be identified as the objects that lie on or beyond the dashed margin lines of
their associated class. Note that the use of the simplex encoding ensures that for every
point in the predictor space a class is predicted, hence no ambiguity regions can exist in
the GenSVM solution.
The misclassification errors are formally defined as follows. Let xi ∈ Rm be an object
vector corresponding to m attributes, and let yi denote the class label of object i with
yi ∈ {1, . . . , K}, for i ∈ {1, . . . , n}. Furthermore, let W ∈ Rm×(K−1) be a weight matrix,
and define a translation vector t ∈ RK−1 for the bias terms. Then, object i is represented in
the (K − 1)-dimensional simplex space by s0i = x0i W + t0 . Note that here the linear version
of GenSVM is described, the nonlinear version is described in Section 5.
To obtain the misclassification error of an object, the corresponding simplex space vector
s0i is projected on each of the decision boundaries that separate the true class of an object
from another class. For the errors to be proportional with the distance to the decision
boundaries, a regular K-simplex in RK−1 is used with distance 1 between each pair of
vertices. Let UK be the K × (K − 1) coordinate matrix of this simplex, where a row u0k
of UK gives the coordinates of a single vertex k. Then, it follows that with k ∈ {1, . . . , K}
and l ∈ {1, . . . , K − 1} the elements of UK are given by


− √ 12
if k ≤ l


2(l +l)

l
ukl = √ 2
(1)
if k = l + 1
2(l +l)



0
if k > l + 1.

2. GenSVM

of useful properties are highlighted. Section 4 derives the IM algorithm for GenSVM, and
presents pseudocode for the algorithm. Extensions of GenSVM to nonlinear classification
boundaries are discussed in Section 5. A numerical comparison of GenSVM with existing
multiclass SVMs on empirical data sets is done in Section 6. Section 7 concludes the paper.

Generalized Multiclass Support Vector Machine

(a) Input space

x1

s2

(b) Simplex space

s1

x1

(c) Input space with boundaries

x2

= (x0i W + t0 )(uk − uj ).

(2)

6
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As is customary for SVMs a hinge loss is used to ensure that instances that do not cross
their class margin will yield zero error. Here, the flexible and continuous Huber hinge loss

It is required that the GenSVM loss function is both general and flexible, such that it
can easily be tuned for the specific data set at hand. To achieve this, a loss function is
constructed with a number of different weightings, each with a specific effect on the object
(kj)
distances qi . In the proposed loss function, flexibility is added through the use of the
Huber hinge function instead of the absolute hinge function, and by using the `p norm of
the hinge errors instead of the sum. The motivation for these choices follows.

qi

(kj)

yA = 2. It is clear that object A is misclassified as it is not located in the shaded area that
has Vertex u2 as the nearest vertex. The boundaries of the shaded area are given by the
perpendicular bisectors of the edges of the simplex between Vertices u2 and u1 and between
Vertices u2 and u3 , and form the decision boundaries for class 2. The error for object A is
computed by determining the distance from the object to each of these decision boundaries.
(21)
(23)
Let qA and qA denote these distances to the class boundaries, which are obtained by
0
projecting sA = x0A W + t0 on u2 − u1 and u2 − u3 respectively, as illustrated in the figure.
(kj)
Generalizing this reasoning, scalars qi
can be defined to measure the projection distance
of object i onto the boundary between class k and j in the simplex space, as

Figure 2: Illustration of GenSVM for a 2D data set with K = 3 classes. In (a) the original data is shown, with different symbols denoting different classes. Figure (b)
shows the mapping of the data to the (K − 1)-dimensional simplex space, after
an additional RBF kernel mapping has been applied and the optimal solution
has been determined. The decision boundaries in this space are fixed as the
perpendicular bisectors of the faces of the simplex, which is shown as the gray
triangle. Figure (c) shows the resulting boundaries mapped back to the original
input space, as can be seen by comparing with (a). In Figures (b) and (c) the
dashed lines show the margins of the SVM solution.

x2
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s2

u30

u20

u20 − u10

s1
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A

(23)

qA

u10

(21)

qA

u20 − u30
(y j)

Figure 3: Graphical illustration of the calculation of distances qi A for an object A with
yA = 2 and K = 3. The figure shows the situation in the (K − 1)-dimensional
(21)
0 W + t0 on u − u ,
space. The distance q
is calculated by projecting s0 = xA
2
1
A
A
(23)
0 on u −u . The boundary between
and the distance qA is found by projecting sA
2
3
the class 1 and class 3 regions has been omitted for clarity, but lies along u2 .

if q > 1,

is used (after the Huber error in robust statistics, see Huber, 1964), which is defined as

if q ≤ −κ
1 − q − κ+1

2
1
(3)
(1 − q)2 if q ∈ (−κ, 1]
h(q) =

 2(κ+1)

0

.
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with κ > −1. The Huber hinge loss has been independently introduced in Chapelle (2007),
Rosset and Zhu (2007), and Groenen et al. (2008). This hinge error is zero when an instance
is classified correctly with respect to its class margin. However, in contrast to the absolute
hinge error, it is continuous due to a quadratic region in the interval (−κ, 1]. This quadratic
region allows for a softer weighting of objects close to the decision boundary. Additionally,
the smoothness of the Huber hinge error is a desirable property for the iterative majorization
algorithm derived in Section 4.1. Note that the Huber hinge error approaches the absolute
hinge for κ ↓ −1, and the quadratic hinge for κ → ∞.
(y j)
The Huber hinge error is applied to each of the distances qi i , for j 6= yi . Thus, no
error is counted when the object is correctly classified. For each of the objects, errors with
respect to the other classes are summed using an `p norm to obtain the total object error

1/p
j=1
j6=yi

K


X
(y j) 

hp qi i 


7
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n
,
nk K

The `p norm is added to provide a form of regularization on Huber weighted errors for
instances that are misclassified with respect to multiple classes. As argued in the Introduction, simply summing misclassification errors can lead to overemphasizing of instances with
multiple misclassification errors. By adding an `p norm of the hinge errors the influence
of such instances on the loss function can be tuned. With the addition of the `p norm on
the hinge errors it is possible to illustrate how GenSVM generalizes existing methods. For
instance, with p = 1 and κ ↓ −1, the loss function solves the same problem as the method
of Lee et al. (2004). Next, for p = 2 and κ ↓ −1 it resembles that of Guermeur and Monfrini
(2011). Finally, for p = ∞ and κ ↓ −1 the `p norm reduces to the max norm of the hinge
errors, which corresponds to the method of Crammer and Singer (2002a). Note that in
each case the value of κ can additionally be varied to include an even broader family of loss
functions.
To illustrate the effects of p and κ on the total object error, refer to Figure 4. In Figures
4a and 4b, the value of p is set to p = 1 and p = 2 respectively, while maintaining the
absolute hinge error using κ = −0.95. A reference point is plotted at a fixed position in the
area of the simplex space where there is a nonzero error with respect to two classes. It can
be seen from this reference point that the value of the combined error is higher when p = 1.
With p = 2 the combined error at the reference point approximates the Euclidean distance
to the margin, when κ ↓ −1. Figures 4a, 4c, and 4d show the effect of varying κ. It can
be seen that the error near the margin becomes more quadratic with increasing κ. In fact,
as κ increases the error approaches the squared Euclidean distance to the margin, which
can be used to obtain a quadratic hinge multiclass SVM. Both of these effects will become
stronger when the number of classes increases, as increasingly more objects will have errors
with respect to more than one class.
Next, let ρi ≥ 0 denote optional object weights, which are introduced to allow flexibility
in the way individual objects contribute to the total loss function. With these individual
weights it is possible to correct for different group sizes, or to give additional weights to
misclassifications of certain classes. When correcting for group sizes, the weights can be
chosen as
i ∈ Gk ,
(4)
ρi =

k=1 i∈Gk

j6=k


1/p
K
1 X X X p  (kj) 
ρi
h qi
+ λ tr W0 W,
n

(5)

where Gk = {i : yi = k} is the set of objects belonging to class k, and nk = |Gk |. The
complete GenSVM loss function combining all n objects can now be formulated as

LMSVM (W, t) =

JMLR 17(225):1-42

where λ tr W0 W is the penalty term to avoid overfitting, and λ > 0 is the regularization
parameter. Note that for the case where K = 2, the above loss function reduces to the loss
function for binary SVM given in Groenen et al. (2008), with Huber hinge errors.
The outline of a proof for the convexity of the loss function in (5) is given. First,
(kj)
note that the distances qi
in the loss function are affine in W and t. Hence, if the loss
(kj)
function is convex in qi it is convex in W and t as well. Second, the Huber hinge function
(kj)
is trivially convex in qi , since each separate piece of the function is convex, and the Huber
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(c) p = 1 and κ = 1.0

s1

(a) p = 1 and κ = −0.95

s2

0

8

(d) p = 1 and κ = 5.0

s1

(b) p = 2 and κ = −0.95

s1

s2

s2
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hinge is continuous. Third, the `p norm is a convex function by the Minkowski inequality,
and it is monotonically increasing by definition. Thus, it follows that the `p norm of the
Huber weighted instance errors is convex (see for instance Rockafellar, 1997). Next, since it
is required that the weights ρi are non-negative, the sum in the first term of (5) is a convex
combination. Finally, the penalty term can also be shown to be convex, since tr W0 W is
the square of the Frobenius norm of W, and it is required that λ > 0. Thus, it holds that
the loss function in (5) is convex in W and t.
Predicting class labels in GenSVM can be done as follows. Let (W∗ , t∗ ) denote the
parameters that minimize the loss function. Predicting the class label of an unseen sample
x0n+1 can then be done by first mapping it to the simplex space, using the optimal projection:
s0n+1 = x0n+1 W∗ + t0∗ . The predicted class label is then simply the label corresponding to

Figure 4: Illustration of the `p norm of the Huber weighted errors. Comparing figures (a)
and (b) shows the effect of the `p norm. With p = 1 objects that have errors
w.r.t. both classes are penalized more strongly than those with only one error,
whereas with p = 2 this is not the case. Figures (a), (c), and (d) compare the
effect of the κ parameter, with p = 1. This shows that with a large value of κ,
the errors close to the boundary are weighted quadratically. Note that s1 and s2
indicate the dimensions of the simplex space.

0

8

0

s2

0

s1

8

8

Generalized Multiclass Support Vector Machine

for k = 1, . . . , K.

(6)

10

2. For a majorization algorithm of the `p norm with p ≥ 2, see Groenen et al. (1999).
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In this section, a quadratic majorization function for GenSVM will be derived. Although it
is possible to derive a majorization algorithm for general values of the `p norm parameter,2

4. GenSVM Optimization and Implementation

Proofs of these properties are omitted, as they follow directly from the requirements for a
majorization function given in Appendix B. The first property allows for the use of the
“outside-in” approach to majorization, as will be illustrated in the next section.

P1. Let f1 : Y → Z, f2 : X → Y, and define f = f1 ◦ f2 : X → Z, such that for
x ∈ X , f (x) = f1 (f2 (x)). If g1 : Y × Y → Z is a majorization function of f1 , then
g : X ×X → Z defined as g = g1 ◦f2 is a majorization function of f . Thus for x, x ∈ X
it holds that g(x, x) = g1 (f2 (x), f2 (x)) is a majorization function of f (x) at x.
P
P2. Let fi : X → Z and define f : X → Z such that f (x) = i ai fi (x) for x ∈ X , with
ai ≥ 0 for all i. If gi : X × X → Z is a majorization
function for fi at a point x ∈ X ,
P
then g : X × X → Z given by g(x, x) = i ai gi (x, x) is a majorization function of f .

To minimize the loss function given in (5), an iterative majorization (IM) algorithm will
be derived. Iterative majorization was first described by Weiszfeld (1937), however the
first application of the algorithm in the context of a line search comes from Ortega and
Rheinboldt (1970, p. 253—255). During the late 1970s, the method was independently
developed by De Leeuw (1977) as part of the SMACOF algorithm for multidimensional
scaling, and by Voss and Eckhardt (1980) as a general minimization method. For the
reader unfamiliar with the iterative majorization algorithm a more detailed description has
been included in Appendix B and further examples can be found in for instance Hunter and
Lange (2004).
The asymptotic convergence rate of the IM algorithm is linear, which is less than that
of the Newton-Raphson algorithm (De Leeuw, 1994). However, the largest improvements
in the loss function will occur in the first few steps of the iterative majorization algorithm,
where the asymptotic linear rate does not apply (Havel, 1991). This property will become
very useful for GenSVM as it allows for a quick approximation to the exact SVM solution
in few iterations.
There is no straightforward technique for deriving the majorization function for any
given function. However, in the next section the derivation of the majorization function for
the GenSVM loss function is presented using an “outside-in” approach. In this approach,
each function that constitutes the loss function is majorized separately and the majorization
functions are combined. Two properties of majorization functions that are useful for this
derivation are now formally defined. In these expressions, x is a supporting point, as defined
in Appendix B.

3. Iterative Majorization

k

ŷn+1 = arg min ks0n+1 − u0k k2 ,

the nearest simplex vertex as measured by the squared Euclidean norm, or
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δ kj = uk − uj ,

zi0 = [1 xi0 ],

V = [t W0 ]0 ,

the following derivation will restrict this value to the interval p ∈ [1, 2] since this simplifies
the derivation and avoids the issue that quadratic majorization can become slow for p > 2.
Pseudocode for the derived algorithm will be presented, as well as an analysis of the computational complexity of the algorithm. Finally, an important remark on the use of warm
starts in the algorithm is given.
4.1 Majorization Derivation
To shorten the notation, define

(kj)

k=1 i∈Gk

j6=k

such that qi
= zi0 Vδ kj . With this notation it becomes sufficient to optimize the loss
function with respect to V. Formulated in this manner (5) becomes

1/p
K
1 X X X p  (kj) 
ρi
h qi
+ λ tr V0 JV,
(7)
n

LMSVM (V) =

(8)

where J is an m + 1 diagonal matrix with Ji,i = 1 for i > 1 and zero elsewhere. To derive a
majorization function for this expression the “outside-in” approach will be used, together
with the properties of majorization functions. In what follows, variables with a bar denote
supporting points for the IM algorithm. The goal of the derivation is to find a quadratic
majorization function in V such that
LMSVM (V) ≤ tr V0 Z0 AZ0 V − 2 tr V0 Z0 B + C,

X

j6=k

where A, B, and C are coefficients of the majorization depending on V. The matrix Z is
simply the n × (m + 1) matrix with rows zi0 .
Property P2 above means that the summation over instances in the loss function can be
ignored for now. Moreover, the regularization term is quadratic in V, and thus requires no
majorization. The outermost function for which a majorization function has to be found is
thus the `p norm of the Huber hinge errors. Hence it is possible to consider the function
f (x) = kxkp for majorization. A majorization function for f (x) can be constructed, but a
discontinuity in the derivative at x = 0 will remain (Tsutsu and Morikawa, 2012).
To avoid the discontinuity in the derivative of the `p norm, the following inequality is
needed (Hardy et al., 1934, eq. 2.10.3)

1/p


X  (kj) 
(kj) 
hp qi
≤
h qi
.


j6=k

j6=k
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This inequality can be used as a majorization function only if equality holds at the supporting point

j6=k



1/p
X  (kj) 
X  (kj) 
 =
hp q i
.
h qi
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k=1 i∈Gk

j6=k

j6=k



(kj)
errors is nonzero
It is not difficult to see that this only holds if at most one of the h q i
for j 6= k. Thus an indicator variable εi is introduced which is 1 if at most one of these
errors is nonzero, and 0 otherwise. Then it follows that


 
1/p
K
X  (kj) 
1 X X  X  (kj) 

 
ρi εi
h qi
+ (1 − εi ) 
hp qi
(9)
n
LMSVM (V) ≤

+ λ tr V0 JV.

j6=k

j6=k

j6=k


1/p


1 X p  (kj) 
h qi
+ 1−
.
p

j6=k

j6=k

(10)

Now, the next function for which a majorization needs to be found is f1 (x) = x1/p .
From the inequality aα bβ < αa + βb, with α + β = 1 (Hardy et al., 1934, Theorem 37), a
linear majorization inequality can be constructed for this function by substituting a = x,
b = x, α = 1/p and β = 1 − 1/p (Groenen and Heiser, 1996). This yields


1 1/p−1
1
x
x+ 1−
x1/p = g1 (x, x).
p
p
f1 (x) = x1/p ≤

Applying this majorization and using property P1 gives

j6=k

k=1 i∈Gk



1/p
1/p−1 

X  (kj) 
X  (kj) 
X  (kj) 
 ≤1



hp qi
hp q i
hp qi
p


LMSVM (V) ≤

+ Γ(1) + λ tr V0 JV,



1/p−1
1 X p  (kj) 
h qi
.
p

(kj)

Plugging this into (9) and collecting terms yields


K
X  (kj) 
1 X X  X  (kj) 

ρi εi
h qi
+ (1 − εi )ωi
hp qi
n
with
ωi =

j6=k

The constant Γ(1) contains all terms that only depend on previous errors q i . The next
majorization step by the “outside-in” approach is to find a quadratic majorization function
for f2 (x) = hp (x), of the form

f2 (x) = hp (x) ≤ a(x, p)x2 − 2b(x, p)x + c(x, p) = g2 (x, x).

JMLR 17(225):1-42

Since this derivation is mostly an algebraic exercise it has been moved to Appendix C. In
(p)
(kj)
the remainder of this derivation, aijk will be used to abbreviate a(q i , p), with similar

12

j6=k

δ kj δ 0kj ,

j6=k

j6=k

K

X h  (1)
2XX
(1) (kj)
ρi z0i V
εi bijk − aijk q i
n
k=1 i∈Gk
j6=k
i

(p)
(p) (kj)
+(1 − εi )ωi bijk − aijk q i
δ kj

+ Γ(3) + λ tr V0 JV,

−

k=1 i∈Gk

K
i
X h (1)
1XX
0
(p)
ρi z0i V(V0 − 2V )zi
εi aijk + (1 − εi )ωi aijk
n

(11)

13
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= tr V0 (Z0 AZ + λJ)V − 2 tr (V Z0 A + B0 )ZV + Γ(3) .

0

LMSVM (V) ≤ tr (V − 2V)0 Z0 AZV − 2 tr B0 ZV + Γ(3) + λ tr V0 JV

Then the majorization function of LMSVM (V) given in (11) can be written as

where q i = z0i Vδ kj . This majorization function is quadratic in V and can thus be used
in the IM algorithm. To derive the first-order condition used in the update step of the IM
algorithm (step 2 in Appendix B), matrix notation for the above expression is introduced.
Let A be an n × n diagonal matrix with elements αi , and let B be an n × (K − 1) matrix
with rows β 0i , where
i
1 X h (1)
(p)
αi = ρi
εi aijk + (1 − εi )ωi aijk ,
(12)
n
j6=k


i
1 X h  (1)
(1) (kj)
(p)
(p) (kj)
εi bijk − aijk q i
+ (1 − εi )ωi bijk − aijk q i
δ 0kj .
(13)
β 0i = ρi
n

(kj)

LMSVM (V) ≤

With this inequality the majorization inequality becomes

z0i Vδ kj δ 0kj V0 zi ≤ z0i VV0 zi − 2z0i V(I − δ kj δ 0kj )Vzi + z0i V(I − δ kj δ 0kj )V zi .

0

where
again contains all constant terms. Due to dependence on the matrix
the above majorization function is not yet in the desired quadratic form of (8). However,
since the maximum eigenvalue of δ kj δ 0kj is 1 by definition of the simplex coordinates, it
follows that the matrix δ kj δ 0kj − I is negative semidefinite. Hence, it can be shown that
the inequality z0i (V − V)(δ kj δ 0kj − I)(V − V)0 zi ≤ 0 holds (Bijleveld and De Leeuw, 1991,
Theorem 4). Rewriting this gives the majorization inequality

Γ(2)

k=1 i∈Gk

K
i
X h (p)
1XX
(p)
ρi (1 − εi )ωi
aijk z0i Vδ kj δ 0kj V0 zi − 2bijk z0i Vδ kj
n

j6=k

+ Γ(2) + λ tr V0 JV,

+

k=1 i∈Gk

K
i
X h (1)
1XX
(1)
ρi εi
aijk z0i Vδ kj δ 0kj V0 zi − 2bijk z0i Vδ kj
n

(14)

14
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When training machine learning algorithms to determine the optimal hyperparameters,
it is common to use cross validation (CV). With GenSVM it is possible to initialize the
matrix V such that the final result of a fold is used as the initial value for V0 for the next
fold. This same technique can be used when searching for the optimal hyperparameter
configuration in a grid search, by initializing the weight matrix with the outcome of the
previous configuration. Such warm-start initialization greatly reduces the time needed to
perform cross validation with GenSVM. It is important to note here that using warm starts
is not easily possible with dual optimization approaches. Therefore, the ability to use warm
starts can be seen as an advantage of solving the GenSVM optimization problem in the
primal.

4.3 Smart Initialization

Pseudocode for GenSVM is given in Algorithm 1. As can be seen, the algorithm simply
updates all instance weights at each iteration, starting by determining the indicator variable
εi . In practice, some calculations can be done efficiently for all instances by using matrix
algebra. When step doubling (see Appendix B) is applied in the majorization algorithm,
line 25 is replaced by V ← 2V+ − V. In the implementation step doubling is applied
after a burn-in of 50 iterations. The implementation used in the experiments described in
Section 6 is written in C, using the ATLAS (Whaley and Dongarra, 1998) and LAPACK
(Anderson et al., 1999) libraries. The source code for this C library is available under the
open source GNU GPL license, through an online repository. A thorough description of the
implementation is available in the package documentation.
The complexity of a single iteration of the IM algorithm is O(n(m + 1)2 ) assuming
that n > m > K. As noted earlier, the convergence rate of the general IM algorithm is
linear. Computational complexity of standard SVM solvers that solve the dual problem
through decomposition methods lies between O(n2 ) and O(n3 ) depending on the value of
λ (Bottou and Lin, 2007). An efficient algorithm for the method of Crammer and Singer
(2002a) developed by Keerthi et al. (2008) has a complexity of O(nmK) per iteration, where
m ≤ m is the average number of nonzero features per training instance. In the methods
of Lee et al. (2004) and Weston and Watkins (1998), a quadratic programming problem
with n(K − 1) dual variables needs to be solved, which is typically done using a standard
solver. An analysis of the exact convergence of GenSVM, including the expected number
of iterations needed to achieve convergence at a factor , is outside the scope of the current
work and a subject for further research.

4.2 Algorithm Implementation and Complexity

The update V+ that solves this system can then be calculated efficiently by Gaussian
elimination.

(Z0 AZ + λJ)V = Z0 AZV + Z0 B.

This majorization function has the desired functional form described in (8). Differentiation
with respect to V and equating to zero yields the linear system

abbreviations for b and c. Using these majorizations and making the dependence on V
(kj)
explicit by substituting qi = z0i Vδ kj gives

LMSVM (V) ≤

Van den Burg and Groenen
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(p)

Compute aijyi and bijyi for all j 6= yi according to Table 4 in Appendix C
end
Compute αi by (12)
Compute β i by (13)
end
Construct A from αi
Construct B from β i
Find V+ that solves (14)
V←V
V ← V+
Lt−1 ← Lt
Lt ← LMSVM (V)
t←t+1
end

(p)

if εi = 1 then
(1)
(1)
Compute aijyi and bijyi for all j 6= yi according to Table 4 in Appendix C
else
Compute ωi following (10)

Input: X, y, ρ, p, κ, λ, 
Output: V
K ← max(y)
t←1
Z ← [1 X]
Let V ← V0
Generate J and UK
Lt = LMSVM (V)
Lt−1 = (1 + 2)Lt
while (L
− L )/Lt >  do
t−1
t
for i ← 1 to n do
(y j)
Compute q i i = zi0 Vδ yi j for all j 6= yi


(y j)
Compute h q i i
for all j 6= yi by (3)

Algorithm 1: GenSVM Algorithm

1
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5. Nonlinearity
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One possible method to include nonlinearity in a classifier is through the use of spline
transformations (see for instance Hastie et al., 2009). With spline transformations each
attribute vector xj is transformed to a spline basis Nj , for j = 1, . . . , m. The transformed
input matrix N = [N1 , . . . , Nm ] is then of size n × l, where l depends on the degree of the
spline transformation and the number of interior knots chosen. An application of spline
transformations to the binary SVM can be found in Groenen et al. (2007).
A more common way to include nonlinearity in machine learning methods is through
the use of the kernel trick, attributed to Aizerman et al. (1964). With the kernel trick,
the dot product of two instance vectors in the dual optimization problem is replaced by
the dot product of the same vectors in a high dimensional feature space. Since no dot
products appear in the primal formulation of GenSVM, a different method is used here.
15
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By applying a preprocessing step on the kernel matrix, nonlinearity can be included using
the same algorithm as the one presented for the linear case. Furthermore, predicting class
labels requires a postprocessing step on the obtained matrix V∗ . A full derivation is given
in Appendix D.

6. Experiments

To assess the performance of the proposed GenSVM classifier, a simulation study was done
comparing GenSVM with seven existing multiclass SVMs on 13 small data sets. These
experiments are used to precisely measure predictive accuracy and total training time using
performance profiles and rank plots. To verify the feasibility of GenSVM for large data sets
an additional simulation study is done. The results of this study are presented separately in
Section 6.4. Due to the large number of data sets and methods involved, experiments were
only done for the linear kernel. Experiments on nonlinear multiclass SVMs would require
even more training time than for linear MSVMs and is considered outside the scope of this
paper.
6.1 Setup

Implementations of the heuristic multiclass SVMs (OvO, OvA, and DAG) were included
through LibSVM (v. 3.16, Chang and Lin, 2011). LibSVM is a popular library for binary
SVMs with packages for many programming languages, it is written in C++ and implements
a variation of the SMO algorithm of Platt (1999). The OvO and DAG methods are implemented in this package, and a C implementation of OvA using LibSVM was created
for these experiments.3 For the single-machine approaches the MSVMpack package was
used (v. 1.3, Lauer and Guermeur, 2011), which is written in C. This package implements
the methods of Weston and Watkins (W&W, 1998), Crammer and Singer (C&S, 2002a),
Lee et al. (LLW, 2004), and Guermeur and Monfrini (MSVM2 , 2011). Finally, to verify
if implementation differences are relevant for algorithm performance the LibLinear (Fan
et al., 2008) implementation of the method by Crammer and Singer (2002a) is also included
(denoted LL C&S). This implementation uses the optimization algorithm by Keerthi et al.
(2008).
To compare the classification methods properly, it is desirable to remove any bias that
could occur when using cross validation (Cawley and Talbot, 2010). Therefore, nested
cross validation is used (Stone, 1974), as illustrated in Figure 5. In nested CV, a data
set is randomly split in a number of chunks. Each of these chunks is kept apart from the
remaining chunks once, while the remaining chunks are combined to form a single data set.
A grid search is then applied to this combined data set to find the optimal hyperparameters
with which to predict the test chunk. This process is then repeated for each of the chunks.
The predictions of the test chunk will be unbiased since it was not included in the grid
search. For this reason, it is argued that this approach is preferred over approaches that
simply report maximum accuracy rates obtained during the grid search.
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3. The LibSVM code used for DAGSVM is the same code as was used in Hsu and Lin (2002) and is available
at http://www.csie.ntu.edu.tw/~cjlin/libsvmtools.
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Training Phase
Testing Phase
Test

Keep
apart

Instances (n)
106
150
178
210/2100
214
310
336
528/462
625
846
1473
1484
1728

Features (m)
9
4
13
18
9
6
8
10
4
18
9
8
6

Classes (K)
6
3
3
7
6
3
8
11
3
4
3
10
4

min nk
14
50
48
30
9
60
2
48
49
199
333
5
65

max nk
22
50
71
30
76
150
143
48
288
218
629
463
1210
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4. The specific type of core used is the Intel Xeon E5-2650 v2, with 16 threads at a clock speed of 2.6 GHz.
At most 14 threads were used simultaneously, reserving one for the master thread and one for system
processes.
5. The default MSVMpack settings were used with a chunk size of 4 for all methods.

for the other methods. Since nested CV is used for most data sets, it is required to run
10-fold cross validation on a total of 28158 hyperparameter configurations. To enhance the
reproducibility of these experiments, the exact predictions made by each classifier for each
configuration were stored in a text file.
To run all computations in a reasonable amount of time, the computations were performed on the Dutch National LISA Compute Cluster. A master-worker program was
developed using the message passing interface in Python (Dalcı́n et al., 2005). This allows
for efficient use of multiple nodes by successively sending out tasks to worker threads from
a single master thread. Since the total training time of a classifier is also of interest, it was
ensured that all computations were done on the exact same core type.4 Furthermore, training time was measured from within the C programs, to ensure that only the time needed for
the cross validation routine was measured. The total computation time needed to obtain
the presented results was about 152 days, using the LISA Cluster this was done in five and
a half days wall-clock time.
During the training phase it showed that several of the single machine methods implemented through MSVMpack did not converge to an optimal solution within reasonable
amount of time.5 Instead of limiting the maximum number of iterations of the method,
MSVMpack was modified to stop after a maximum of 2 hours of training time per configuration. This results in 12 minutes of training time per cross validation fold. The solution
found after this amount of training time was used for prediction during cross validation.

Table 1: Data set summary statistics. Data sets with an asterisk have a predetermined test
data set. For these data sets, the number of training instances is denoted for the
train and test data sets respectively. The final two columns denote the size of the
smallest and the largest class, respectively.

Data set
breast tissue
iris
wine
image segmentation∗
glass
vertebral
ecoli
vowel∗
balancescale
vehicle
contraception
yeast
car

Van den Burg and Groenen

For the experiments 13 data sets were selected from the UCI repository (Bache and
Lichman, 2013). The selected data sets and their relevant statistics are shown in Table 1.
All attributes were rescaled to the interval [−1, 1]. The image segmentation and vowel
data sets have a predetermined train and test set, and were therefore not used in the
nested CV procedure. Instead, a grid search was done on the provided training set for each
classifier, and the provided test set was predicted at the optimal hyperparameters obtained.
For the data sets without a predetermined train/test split, nested CV was used with 5 initial
chunks. Hence, 5 · 11 + 2 = 57 pairs of independent train and test data sets are obtained.
While running the grid search, it is desirable to remove any fluctuations that may result
in an unfair comparison. Therefore, it was ensured that all methods had the same CV split
of the training data for the same hyperparameter configuration (specifically, the value of the
regularization parameter). In practice, it can occur that a specific CV split is advantageous
for one classifier but not for others (either in time or performance). Thus, ideally the
grid search would be repeated a number of times with different CV splits, to remove this
variation. However, due to the size of the grid search this is considered to be infeasible.
Finally, it should be noted here that during the grid search 10-fold cross validation was
applied in a non-stratified manner, that is, without resampling of small classes.
The following settings were used in the numerical experiments. The regularization
parameter was varied on a grid with λ ∈ {2−18 , 2−16 , . . . , 218 }. For GenSVM the grid
search was extended with the parameters κ ∈ {−0.9, 0.5, 5.0} and p ∈ {1.0, 1.5, 2.0}. The
stopping parameter for the GenSVM majorization algorithm was set at  = 10−6 during
the grid search in the training phase and at  = 10−8 for the final model in the testing
phase. In addition, two different weight specifications were used for GenSVM: the unit
weights with ρi = 1, ∀i, as well as the group-size correction weights introduced in (4).
Thus, the grid search consists of 342 configurations for GenSVM, and 19 configurations

Figure 5: An illustration of nested cross validation. A data set is initially split in five chunks.
Each chunk is kept apart once, while a grid search using 10-fold CV is applied
to the combined data from the remaining 4 chunks. The optimal parameters
obtained there are then used to train the model one last time, and predict the
chunk that was kept apart.

Train at optimal configuration

Grid search using 10-fold CV

Combine chunks
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Whenever training was stopped prematurely, this was recorded.6 Of the 57 training sets,
24 configurations had prematurely stopped training in one or more CV splits for the LLW
method, versus 19 for W&W, 9 for MSVM2 , and 2 for C&S (MSVMpack). For the LibSVM
methods, 13 optimal configurations for OvA reached the default maximum number of iterations in one or more CV folds, versus 9 for DAGSVM, and 3 for OvO. No early stopping
was needed for GenSVM or for LL C&S.
Determining the optimal hyperparameters requires a performance measure on the obtained predictions. For binary classifiers it is common to use either the hitrate or the area
under the ROC curve as a measure of classifier performance. The hitrate only measures
the percentage of correct predictions of a classifier and has the well known problem that
no correction is made for group sizes. For instance, if 90% of the observations of a test set
belong to one class, a classifier that always predicts this class has a high hitrate, regardless
of its discriminatory power. Therefore, the adjusted Rand index (ARI) is used here as a
performance measure (Hubert and Arabie, 1985). The ARI corrects for chance and can
therefore more accurately measure discriminatory power of a classifier than the hitrate can.
Using the ARI for evaluating supervised learning algorithms has previously been proposed
by Santos and Embrechts (2009).
The optimal parameter configurations for each method on each data set were chosen
such that the maximum predictive performance was obtained as measured with the ARI.
If multiple configurations obtained the highest performance during the grid search, the
configuration with the smallest training time was chosen. The results on the training data
show that during cross validation GenSVM achieved the highest classification accuracy on
41 out of 57 data sets, compared to 15 and 12 for DAG and OvO, respectively. However,
these are results on the training data sets and therefore can contain considerable bias.
To accurately assess the out-of-sample prediction accuracy the optimal hyperparameter
configurations were determined for each of the 57 training sets, and the test sets were
predicted with these parameters. To remove any variations due to random starts, building
the classifier and predicting the test set was repeated 5 times for each classifier.
Below the simulation results on the small data sets will be evaluated using performance
profiles and rank tests. Performance profiles offer a visual representation of classifier performance, while rank tests allow for identification of statistically significant differences between
classifiers. For the sake of completeness tables of performance scores and computation times
for each method on each data set are provided in Appendix E. To promote reproducibility
of the empirical results, all the code used for the classifier comparisons and all the obtained
results will be released through an online repository.
6.2 Performance Profiles
One way to get insight in the performance of different classification methods is through
performance profiles (Dolan and Moré, 2002). A performance profile shows the empirical
cumulative distribution function of a classifier on a performance metric.
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6. For the classifiers implemented through LibSVM very long training times were only observed for the
OvA method, however due to the nature of this method it is not trivial to stop the calculations after a
certain amount of time. This behavior was observed in about 1% of all configurations tested on all data
sets, and is therefore considered negligible. Also, for the LibSVM methods it was recorded whenever the
maximum number of iterations was reached.

19

Pc (η)

1
0.8
0.6
0.4
0.2
0

1

1.4

η

1.6

1.8

Van den Burg and Groenen

1.2

2

GenSVM
LL C&S
DAG
OvA
OvO
C&S
LLW
MSVM2
W&W

Figure 6: Performance profiles for classification accuracy created from all repetitions of the
test set predictions. The methods OvA, C&S, LL C&S, MSVM2 , W&W, and
LLW will always have a smaller probability of being within a factor η of the
maximum performance than the GenSVM, OvO, or DAG methods.

max{pd,c : c ∈ C}
.
pd,c

Let D denote the set of data sets, and C denote the set of classifiers. Further, let pd,c
denote the performance of classifier c ∈ C on data set d ∈ D as measured by the ARI. Now
define the performance ratio vd,c as the ratio between the best performance on data set d
and the performance of classifier c on data set d, that is
vd,c =

1
|{d ∈ D : vd,c ≤ η}| ,
ND

Thus the performance ratio is 1 for the best performing classifier on a data set and increases
for classifiers with a lower performance. Then, the performance profile for classifier c is given
by the function
Pc (η) =
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where ND = |D| denotes the number of data sets. Thus, the performance profile estimates
the probability that classifier c has a performance ratio below η. Note that Pc (1) denotes
the empirical probability that a classifier achieves the highest performance on a given data
set.
Figure 6 shows the performance profile for classification accuracy. Estimates of Pc (1)
from Figure 6 show that there is a 28.42% probability that OvO achieves the optimal
performance, versus 26.32% for both GenSVM and DAGSVM. Note that this includes
cases where each of these methods achieves the best performance. Figure 6 also shows that
although there is a small difference in the probabilities of GenSVM, OvO, and DAG within
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Note that here the classifier with the smallest training time has preference. Therefore,
comparison of classifier computation time is done with the lowest computation time achieved
on a given data set d. Again, the ratio is 1 when the lowest training time is reached, and it
increases for higher computation time. Hence, the performance profile for time is defined
as
1
Tc (τ ) =
|{d ∈ D : wd,c ≤ τ }|.
ND

wd,c =

a factor of 1.08 of the best predictive performance, for η ≥ 1.08 GenSVM almost always has
the highest probability. It can also be concluded that since the performance profiles of the
MSVMpack implementation and the LibLinear implementation of the method of Crammer
and Singer (2002a) nearly always overlap, implementation differences have a negligible effect
on the classification performance of this method. Finally, the figure shows that OvA and the
methods of Lee et al. (2004), Crammer and Singer (2002a), Weston and Watkins (1998),
and Guermeur and Monfrini (2011) always have a smaller probability of being within a
given factor of the optimal performance than GenSVM, OvO, or DAG do.
Similarly, a performance profile can be constructed for the training time necessary to do
the grid search. Let td,c denote the total training time for classifier c on data set d. Next,
define the performance ratio for time as

Figure 7: Performance profiles for training time. GenSVM has a priori about 40% chance
of requiring the smallest time to perform the grid search on a given method. The
methods implemented through MSVMpack always have a lower chance of being
within a factor τ of the smallest training time than any of the other methods.

Tc (τ )

0.8

1
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Following suggestions from Demšar (2006), ranks are used to investigate significant differences between classifiers. The benefit of using ranks instead of actual performance metrics
is that ranks have meaning when averaged across different data sets, whereas average performance metrics do not. Ranks are calculated for the performance as measured by the
ARI, the total training time needed to do the grid search, and the average time per hyperparameter configuration. When ties occur fractional ranks are used.
Figure 8 shows the average ranks for both classification performance and total and
average training time for all classifiers. From Figure 8a it can be seen that GenSVM is in
second place in terms of overall classification performance measured by the ARI. Only OvO
has higher performance than GenSVM on average. Similarly, Figure 8b shows the average
ranks for the total training time. Here, GenSVM is on average the fourth fastest method
for the complete grid search. When looking at the rank plot for the average training time
per hyperparameter configuration, it is clear that the warm starts used during training in
GenSVM are very useful as it ranks as the fastest method on this metric, as shown in Figure
8c.
As Demšar (2006) suggests, the Friedman rank test can be used to find significant
differences between classifiers (Friedman, 1937, 1940). If rcd denotes the fractional rank of

6.3 Rank Tests

The performance profile for time estimates the probability that a classifier c has a time
ratio below τ . Again, Tc (1) denotes the fraction of data sets where classifier c achieved the
smallest training time among all classifiers.
Figure 7 shows the performance profile for the time needed to do the grid search. Since
large differences in training time were observed, a logarithmic scale is used for the horizontal
axis. This performance profile clearly shows that all MSVMpack methods suffer from long
computation times. The fastest methods are GenSVM, OvO, and DAG, followed by the
LibLinear implementation of C&S. From the value of Tc (1) it is found that GenSVM has the
highest probability of being the fastest method for the total grid search, with a probability
of 40.35%, versus 22.81% for OvO, 19.30% for DAG, and 17.54% for LibLinear C&S. The
other methods never achieve the smallest grid search time. It is important to note here
that the grid search for GenSVM is 18 times larger than that of the other methods. These
results illustrate the incredible advantage GenSVM has over other methods by using warm
starts in the grid search.
In addition to the performance profile, the average computation time per hyperparameter configuration was also examined. Here, GenSVM has an average training time of 0.97
seconds per configuration, versus 20.56 seconds for LibLinear C&S, 24.84 seconds for OvO,
and 25.03 seconds for DAGSVM. This is a considerable difference, which can be explained
again by the use of warm starts in GenSVM (see Section 4.3). When the total computation
time per data set is averaged, it is found that GenSVM takes on average 331 seconds per
data set, LibLinear C&S 391 seconds, OvO 472 seconds, and DAG 476 seconds. The difference between DAGSVM and OvO can be attributed to the prediction strategy used by
DAGSVM. Thus it can be concluded that on average GenSVM is the fastest method during
the grid search, despite the fact it has 18 times more hyperparameters to consider than the
other methods.
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Figure 8: Figure (a) shows the average ranks for performance, (b) shows the average ranks
for the total computation time needed for the grid search, and (c) shows the
ranks for the average time per hyperparameter configuration. It can be seen that
GenSVM obtains the second overall rank in predictive performance, fourth overall
rank in total training time, and first overall rank in average training time. In all
figures, CD shows the critical difference of Holm’s procedure. Classifiers beyond
this CD differ significantly from GenSVM at the 5% significance level.

(ND − 1)χF2
ND (NC − 1) −

,

classifier c on data set d, then with NC classifiers and ND data sets the Friedman statistic
is given by
"
#
X
12ND
NC (NC + 1)2
χF2 =
R2 −
.
(15)
NC (NC + 1) c c
4
P
Here, Rc = 1/ND d rcd denotes the average rank of classifier c. This test statistic is
distributed following the χ2 distribution with NC − 1 degrees of freedom. As Demšar
(2006) notes, Iman and Davenport (1980) showed that the Friedman statistic is undesirably
conservative and the F -statistic is to be used instead, which is given by
FF =

χF2
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and is distributed following the F -distribution with NC − 1 and (NC − 1)(ND − 1) degrees
of freedom. Under the null hypothesis of either test there is no significant difference in the
performance of any of the algorithms.
When performing the Friedman test, it is found that with the ranks for classifier performance χF2 = 116.3 (p < 10−16 ), and FF = 19.2 (p = 10−16 ). Hence, with both tests the
23
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6ND
,
NC (NC + 1)

(16)

null hypothesis of equal classification accuracy can be rejected. Similarly, for training time
the test statistics are χF2 = 384.8 (p < 10−16 ) and FF = 302.4 (p ≈ 10−16 ). Therefore, the
null hypothesis of equal training time can also be rejected. When significant differences are
found through the Friedman test, Demšar (2006) suggests to use Holm’s step-down procedure as a post-hoc test, to find which classifiers differ significantly from a chosen reference
classifier (Holm, 1979). Here, GenSVM is used as a reference classifier, since comparing
GenSVM with existing methods is the main focus of these experiments.
Holm’s procedure is based on testing whether the z-statistic comparing classifier i with
classifier j is significant, while adjusting for the familywise error rate. Following Demšar
(2006), this z-statistic is given by
s

z = (RGenSVM − Ri )

where RGenSVM is the average rank of GenSVM and Ri the average rank of another classifier,
for i = 1, . . . , NC − 1. Subsequently, the p-values computed from this statistic are sorted in
increasing order, as p1 < p2 < . . . < pNC −1 . Then, the null hypothesis of equal classification
accuracy can be rejected if pi < α/(NC − i). If for some i the null hypothesis cannot be
rejected, all subsequent tests will also fail. By inverting this procedure, a critical difference
(CD) can be computed that indicates the minimal difference between the reference classifier
and the next best classifier.7 These critical differences are also illustrated in the rank plots
in Figure 8.
Using Holm’s procedure, it is found that for predictive performance GenSVM significantly outperforms the method of Lee et al. (2004) (p < 10−14 ), the method of Guermeur
and Monfrini (2011) (p = 10−6 ), the MSVMpack implementation of Crammer and Singer
(2002a) (p = 4 · 10−5 ), and the LibLinear implementation of the same method (p = 0.0004)
at the 5% significance level. Note that since this last method is included twice these test
results are conservative. In terms of total training time, GenSVM is significantly faster
than all methods implemented through MSVMpack (C&S, W&W, MSVM2 , and LLW) and
OvA at the 5% significance level. Recall that the hyperparameter grid for GenSVM is 18
times larger than that of the other methods. When looking at average training time per
hyperparameter configuration, GenSVM is significantly faster than all methods except OvO
and DAG, at the 1% significance level.
6.4 Large Data sets

The above results focus on the predictive performance of GenSVM as compared to other
multiclass SVM methods. To assess the practicality of GenSVM for large data sets additional simulations were done on three more data sets. The covtype data set (n = 581016,
m = 54, K = 7) and the kddcup99 data set (n = 494021, m = 116, K = 23) were selected from the UCI repository (Bache and Lichman, 2013).8 Additionally, the fars data
set (n = 100968, m = 338, K = 8) was retrieved from the Keel repository (Alcalá et al.,
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7. This is done by taking the smallest value of α/(NC − i) for which the null hypothesis is rejected, looking
up the corresponding z-statistic, and inverting (16).
8. For kddcup99 the 10% training data set and the corrected test data set are used here, both available
through the UCI repository.
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Method
GenSVM
L1R-L2L
L2R-L1L (D)
L2R-L2L
L2R-L2L (D)
C&S
DAG
OvA
OvO
C&S
LLW
MSVM2
W&W

0.3432∗
0.3117
0.3165
0.2848

Covtype
0.3571∗∗
0.3372
0.3405
0.3383
0.3393
0.3582∗∗∗

Fars
0.8102∗∗∗
0.8080
0.7995
0.8090∗∗
0.8085∗
0.8081
0.8056
0.7872
0.8055
0.7996
0.7846
0.6567
0.7719

KDDCup-99
0.9758
0.9762
0.9789
0.9781
0.9744
0.9758
0.9809∗∗∗
0.9800∗
0.9804∗∗
0.9741
0.9660
0.9658
0.6446
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9. Yet another interesting SVM approach to multiclass classification is the Pegasos method by ShalevShwartz et al. (2011). However, the LibLinear package includes five different approaches to SVM,
including a fast solver for the method by Crammer and Singer (2002a), which makes it more convenient
to include in the list of methods. Moreover, according to the LibLinear documentation (Fan et al.,
2008): “LibLinear is competitive or even faster than state of the art linear classifiers such as Pegasos
(Shalev-Shwartz et al., 2011) and SVMperf (Joachims, 2006)”.

2010). For large data sets the LibLinear package (Fan et al., 2008) is often used, so the
SVM methods from this package were added to the list of alternative methods.9
LibLinear includes five different SVM implementations: a coordinate descent algorithm
for the `2 -regularized `1 -loss and `2 -loss dual problems (Hsieh et al., 2008), a coordinate
descent algorithm for the `1 -regularized `2 -loss SVM (Yuan et al., 2010; Fan et al., 2008), a
Newton method for the primal `2 -regularized `2 -loss SVM problem (Lin et al., 2008), and
finally a sequential dual method for the multiclass SVM by Crammer and Singer (2002a)
introduced by Keerthi et al. (2008). This last method was again included to facilitate a
comparison between the implementations of LibLinear and MSVMpack. Note that with the
exception of this last method all methods in LibLinear are binary SVMs that implement
the one-vs-all strategy.
With the different variants of the linear multiclass SVMs included in LibLinear, a total of
13 methods were considered for these large data sets. Since training of the hyperparameters
for each method leads to a high computational burden the nested CV procedure was replaced
by a grid search using ten-fold CV on a training set of 80% of the data, followed by outof-sample prediction on the remaining 20% using the final model. The kddcup99 data set
comes with a separate test data set of 292302 instances, so this was used for the out-ofsample predictions. The grid search on the training set used the same hyperparameter
configurations as for the small data sets above, with 342 configurations for GenSVM and 19

Table 2: Overview of predictive performance on large data sets, as measured by the ARI.
Asterisks are used to mark the three best performing methods for each data set,
with three stars denoting the best performing method.

Package
GenSVM
LibLinear
LibLinear
LibLinear
LibLinear
LibLinear
LibSVM
LibSVM
LibSVM
MSVMpack
MSVMpack
MSVMpack
MSVMpack

Generalized Multiclass Support Vector Machine

Method
GenSVM
L1R-L2L
L2R-L1L (D)
L2R-L2L
L2R-L2L (D)
C&S
DAG
OvA
OvO
C&S
LLW
MSVM2
W&W

Covtype
Total Mean
166949
488
69469
3656
134908
7100
4168
219
159781
8410
166719
8775
80410 40205
77335 77335
140826 46942
350397 18442
370790 19515
370736 19512
367245 19329

Fars
Total Mean
131174
384
4199
221
6995
368
746
39
7897
416
124764
6567
81557
8156
54965 18322
84580
8458
351664 18509
380943 20050
346140 18218
344880 18152

KDDCup-99
Total Mean
1768303
5170
34517
1817
16347
860
3084
162
16974
893
5425
286
61111
3595
73871 12312
81023
4501
365733 19249
361329 19017
353479 18604
367685 19352
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configurations for the other methods. The only difference was that for GenSVM  = 10−9
was used when training the final model. To accelerate the GenSVM computations, support
for sparse matrices was added.
Due to the large data set sizes, many methods had trouble converging within a reasonable amount of time. Therefore, total computation time was limited to five hours per
hyperparameter configuration per method, both during CV and when training the final
model. Where possible this limitation was included in the main optimization routine of
each method, such that training was stopped when convergence was reached or when more
than five hours had passed. Additionally, for all methods the CV procedure was stopped
prematurely if more than five hours had passed after completion of a fold. In this case,
cross validation performance is only measured for the folds that were completed. These
computations were again performed on the Dutch National LISA Compute Cluster.
Table 2 shows the out-of-sample predictive performance of the different MSVMs on the
large data sets. It can be seen that GenSVM is the best performing method on the fars
data set and the second best method on the covtype data set, just after LL C&S. The
LibSVM methods outperform the other methods on the kddcup99 data set, with DAGSVM
having the highest performance. No results are available for LibSVM for the covtype data
set because convergence could not be reached within the five hour time limit during the
test phase.
Results on the computation time are reported in Table 3. The `2 -regularized `2 -loss
method by Lin et al. (2008) is clearly the fastest method. However, for the covtype data
set GenSVM total training time is competitive with some of the other LibLinear methods,
and outperforms these methods in terms of average training time. For the fars data set the

Table 3: Overview of training time for each of the large data sets. The average training
time per hyperparameter configuration is also shown. All values are reported in
seconds. For LibSVM the full grid search could never be completed, and results
are averaged only over the finished configurations.

Package
GenSVM
LibLinear
LibLinear
LibLinear
LibLinear
LibLinear
LibSVM
LibSVM
LibSVM
MSVMpack
MSVMpack
MSVMpack
MSVMpack

Van den Burg and Groenen

average training time of GenSVM is also competitive with some of the LibLinear methods,
most notably the method by Crammer and Singer (2002a). The MSVMpack methods seem
to be infeasible for such large data sets, as computations were stopped by the five hour
time limit for almost all hyperparameter configurations. Early stopping was also needed
for the LibLinear implementation of C&S on the covtype and fars data sets, and for the
LibSVM methods on all data sets. For GenSVM, early stopping was only needed for the
kddcup99 data set, which explains the high total computation time there. Especially on
these large data sets the advantage of using warm starts in GenSVM is visible: training
time was less than 30 seconds in 30% of hyperparameters on fars, 23% on covtype, and
11% on kddcup99.

Generalized Multiclass Support Vector Machine
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7. Discussion
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The simplex used in the formulation of the GenSVM loss function is a regular K-simplex in
RK−1 with distance 1 between each pair of vertices, which is centered at the origin. Since
these requirements alone do not uniquely define the simplex coordinates in general, it will

Appendix A. Simplex Coordinates

The computational experiments of this work were performed on the Dutch National LISA
Compute Cluster, and supported by the Dutch National Science Foundation (NWO). The
authors thank SURFsara (www.surfsara.nl) for the support in using the LISA cluster.
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selection and shrinking procedures in other implementations. However, classification performance is comparable between MSVMpack and method-specific implementations, as was
verified by adding the LibLinear implementation of the method of Crammer and Singer
(2002a) to the list of alternative methods. Thus, we argue that the results for predictive
accuracy presented above are accurate regardless of implementation, but small differences
can exist for training time when other implementations for single machine MSVMs are used.
Another interesting conclusion that can be drawn from the experimental results is that
the one-vs-all method never performs as good as one-vs-one, DAGSVM, or GenSVM. In fact,
the profile plot in Figure 6 shows that OvA always has a smaller probability of obtaining
the best classification performance as either of these three methods. These results are also
reflected in the classification accuracy of the LibLinear methods on the large data set. In
the literature, the paper by Rifkin and Klautau (2004) is often cited as evidence that OvA
performs well (see for instance Keerthi et al., 2008). However, the simulation results in this
paper suggest that OvA is in fact inferior to OvO, DAG, and GenSVM.
This paper was focused on linear multiclass SVMs. An obvious extension is to incorporate nonlinear multiclass SVMs through kernels. Due to the large number of data sets and
the long training time the numerical experiments were limited to linear multiclass SVM.
Nonlinear classification through kernels can be achieved by linear methods through a preprocessing step of an eigendecomposition on the kernel matrix, which is a process of the
order O(n3 ). In this case, GenSVM will benefit from precomputing kernels before starting
the grid search, or using a larger stopping criterion in the IM algorithm by increasing  in
Algorithm 1. In addition, approximations can be done by using rank approximated kernel matrices, such as the Nyström method proposed by Williams and Seeger (2001). Such
enhancements are considered topics for further research.
Finally, the potential of using GenSVM in an online setting is recognized. Since the
solution can be found quickly when a warm-start is used, GenSVM may be useful in situations where new instances have to be predicted at a certain moment, and the true class
label arrives later. Then, re-estimating the GenSVM solution can be done as soon as the
true class label of an object arrives, and a previously known solution can be used as a warm
start. It is expected that in this scenario only a few iterations of the IM algorithm are
needed to arrive at a new optimal solution. This, too, is considered a subject for further
research.
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A generalized multiclass support vector machine has been introduced, called GenSVM.
The method is general in the sense that it subsumes three multiclass SVMs proposed in
the literature and it is flexible due to several different weighting options. The simplex
encoding of the multiclass classification problem used in GenSVM is intuitive and has an
elegant geometrical interpretation. An iterative majorization algorithm has been derived
to minimize the convex GenSVM loss function in the primal. This primal optimization
approach has computational advantages due to the possibility to use warm starts, and
because it can be easily understood. The ability to use warm starts contributes to small
training time during cross validation in a grid search, and allows GenSVM to perform
competitively on large data sets.
Rigorous computational tests of linear multiclass SVMs on small data sets show that
GenSVM significantly outperforms three existing multiclass SVMs (four implementations)
on predictive performance at the 5% significance level. On this metric, GenSVM is the
second-best performing method overall and the best method among single-machine multiclass SVMs, although the difference with the method of Weston and Watkins (1998) could
not be shown to be statistically significant. GenSVM outperforms five other methods on
total training time and has the smallest total training time when averaged over all data
sets, despite the fact that its grid of hyperparameters is 18 times larger than that of other
methods. Due to the possibility of warm starts it also has the smallest average training
time per hyperparameter and significantly outperforms all but two alternative methods in
this regard at the 1% significance level. For the large data sets, it was found that GenSVM
still achieves high classification accuracy and that total training time remains manageable
due to the warm starts. In practice, the number of hyperparameters could be reduced if
smaller training time is desired. Since GenSVM outperforms existing methods on a number
of data sets and achieves fast training time it is a worthwhile addition to the collection of
methods available to the practitioner.
In the comparison tests MSVMpack (Lauer and Guermeur, 2011) was used to access four
single machine multiclass SVMs proposed in the literature. A big advantage of using this
library is that it allows for a single straightforward C implementation, which greatly reduces
the programming effort needed for the comparisons. However, as is noted in the MSVMpack
documentation, slight differences exist between MSVMpack and method-specific implementations. For instance, on small data sets MSVMpack can be slower, due to working set
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1. Let x = x0 , with x0 a random starting point.
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with x ∈ X a so-called supporting point. In general, the majorization function is constructed
such that its minimum can easily be found, for instance by choosing it to be quadratic in x. If
f (x) is differentiable at the supporting point, the above conditions imply ∇f (x) = ∇g(x, x).
The following procedure can now be used to find a stationary point of f (x),

f (x) ≤ g(x, x) for all x ∈ X ,

f (x) = g(x, x),

In this section a brief introduction to iterative majorization is given, following the description of Voss and Eckhardt (1980). The section concludes with a note on step doubling, a
common technique to speed up quadratic majorization algorithms.
Given a continuous function f : X → R with X ⊆ Rd , construct a majorization function
g(x, x) such that

Appendix B. Details of Iterative Majorization

Note that using K = 2 in these expressions gives t = − 12 and s = 21 , as expected. The
recursive relationship defined above then reveals that the first K − 1 elements in column
K − 1 of the matrix are equal to t, and the K-th element in column K − 1 is equal to s.
This can then be generalized for an element ukl in row k and column l of UK , yielding the
expression given in (1).

−1
,
t= p
2K(K − 1)

Combining these two expressions yields the equation 2s2 − 2st − 1 = 0. Substituting
s = −(K − 1)t and choosing s > 0 and t < 0 gives

ku0i k2
0 2
kũi k + t2

From the requirement of equal distance from each vertex to the origin it follows that

ku0i − u0K k2 = kũ0i − 00 + t − sk2 = kũ0i k2 + (t − s)2 = 1,

Note that the matrix UK has K rows and K − 1 columns. Since the simplex is centered
at zero it holds that the elements in each column sum to 0, implying that s = −(K − 1)t.
Denote by u0i the i-th row of UK and by ũ0i the i-th row of UK−1 , then it follows from the
edge length requirement that

be chosen such that at least one of the vertices lies on an axis. The 2-simplex in R1 is
uniquely defined with the coordinates − 21 and + 12 . Using these requirements, it is possible
to define a recursive formula for UK , the simplex coordinate matrix of the K-simplex in
RK−1 as


 1
UK−1 1t
−
UK =
,
with U2 = 12 .
0
0
s
2
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This inequality shows that if f (x) is bounded from below the iterative majorization algorithm achieves global convergence to a stationary point of the function (Voss and Eckhardt,
1980). The iterative majorization algorithm is illustrated in Figure 9, where the majorization functions are shown as a quadratic function. As can be seen from the illustration, the
sequence of supporting points {xr } converges to the stationary point x∗ of the function
f (x). In practical situations, this convergence is to a local minimum of f (x).
For quadratic majorization the number of iterations can often be reduced by using a
technique known as step doubling (De Leeuw and Heiser, 1980). Step doubling reduces the
number of iterations by using x = xr+1 = 2x+ − xr as the next supporting point in Step 3
of the algorithm, instead of x = xr+1 = x+ . Intuitively, step doubling can be understood
as stepping over the minimum of the majorization function to the point lying directly

In this algorithm  is a small constant. Note that f (x) must be bounded from below on
X for the algorithm to converge. In fact, the following sandwich inequality can be derived
(De Leeuw, 1993)
f (x+ ) ≤ g(x+ , x) ≤ g(x, x) = f (x).

3. If f (x) − f (x+ ) < f (x+ ) stop, otherwise let x = x+ and go to step 2.

2. Minimize g(x, x) with respect to x, such that x+ = arg min g(x, x).

Figure 9: One-dimensional graphical illustration of the iterative majorization algorithm,
adapted from De Leeuw (1988). The minimum of a majorization function g(x, xr )
provides the supporting point for the next majorization function g(x, xr+1 ). The
sequence of supporting points {xr } converges towards the stationary point x∗ if
f (x) is bounded from below, as is the case here.

f (x∗ )

f (x2 )

f (x1 )

f (x0 )

f (x)
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“opposite” the supporting point x (see also Figure 9). Note that the guaranteed descent of
the IM algorithm still holds when using step doubling, since f (2x+ − x) ≤ g(2x+ − x, x) =
g(x, x) = f (x). In practice, step doubling reduces the number of iterations by half. A
caveat of using step doubling is that the distance to the stationary point can be increased if
the initial point is far from this point. Therefore, in practical applications, a burn-in should
be used before step doubling is applied.

Appendix C. Huber Hinge Majorization

(2(κ+1))p


0


p
 1 − x − κ+1

2
1
(1 − x)2p
if x > 1,

if x ≤ −κ
if x ∈ (−κ, 1]

In this appendix, the majorization function will be derived of the Huber hinge error raised
to the power p. Thus, a quadratic function g(x, x) = ax2 − 2bx + c is required, which is a
majorization function of

f (x) = hp (x) =

(18)

(17)

with p ∈ [1, 2]. Each piece of f (x) provides a possible region for the supporting point x.
These regions will be treated separately, starting with x ∈ (−κ, 1].
Since the majorization function must touch f (x) at the supporting point, we can solve
f (x) = g(x, x) and f 0 (x) = g 0 (x, x) for b and c to find
!2p
p
1−x
p
,
b = ax +
1−x
2(κ + 1)
!2p


1−x
2px
p
c = ax2 + 1 +
,
1−x
2(κ + 1)

κ+1
2

whenever x ∈ (−κ, 1]. Note that since p ∈ [1, 2] the function f (x) can become proportional
to a fourth power on the interval x ∈ (−κ, 1]. The upper bound of the second derivative of
f (x) on this interval is reached at x = −κ. Equating f 00 (−κ) to g 00 (−κ, x) = 2a and solving
for a yields
p−2

.
(19)
a=
− 1)
1
4 p(2p

(21)

(20)

Figure 10a shows an illustration of the majorization function when x ∈ (−κ, 1].
For the interval x ≤ −κ the following expressions are found for b and c using similar
reasoning as above


κ + 1 p−1
b = ax + 21 p 1 − x −
,
2




κ + 1 p−1
κ+1 p
c = ax2 + px 1 − x −
+ 1−x−
.
2
2
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To obtain the largest possible majorization step it is desired that the minimum of the
majorization function is located at x ≥ 1, such that g(xmin , x) = 0. This requirement yields
31
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Figure 10: Graphical illustration of the majorization of the function f (x) = hp (x). Figure (a) shows the case where x ∈ (−κ, 1], whereas (b) shows the case where
x ≤ (p + κ − 1)/(p − 2). In both cases p = 1.5. It can be seen that in (b)
the minimum of the majorization function lies at x > 1, such that the largest
possible majorization step is obtained.

c = b2 /a, which gives



κ + 1 p−2
a = 41 p2 1 − x −
.
2

p+κ−1
.
p−2

Note however that due to the requirement that f (x) ≤ g(x, x) for all x ∈ R, this majorization
is not valid for all values of x. Solving the requirement for the minimum of the majorization
function, g(xmin , x) = 0 for x yields

x≤

Thus, if x satisfies this condition, (22) can be used for a, whereas for cases where x ∈
((p + κ − 1)/(p − 2), −κ], the value of a given in (19) can be used. Figure 10b shows an
illustration of the case where x ≤ (p + κ − 1)/(p − 2).
Next, a majorization function for the interval x > 1 is needed. Since it has been derived
that for the interval x ≤ (p + κ − 1)/(p − 2) the minimum of the majorization function lies
at x ≥ 1, symmetry arguments can be used to derive the majorization function for x > 1,
and ensure that it is also tangent at x = (px + κ − 1)/(p − 2). This yields the coefficients

(23)

(24)

(25)
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p−2
p
κ+1
a = 41 p2
,
1−x−
p−2
2




p−1
px + κ − 1
p
κ+1
b=a
,
+ 1p
1−x−
2
p−2
p−2
2





p−1
px + κ − 1 2
px + κ − 1
p
κ+1
c=a
+p
1−x−
p−2
p−2
p−2
2


p
p
κ+1
1−x−
.
p−2
2

+
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(19)

x > 1, p = 2

ax

(24)
ax2

(25)

(18)

(21)

(21)

c

33

= MQ0 W + 1t0 .

= PΣQ0 W + 1t0

S = ΦW + 1t0
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where P is n × r, Σ is r × r, and Q is l × r. Note that here, P0 P = Ir , Q0 Q = Ir , and Σ is
diagonal. Under the mapping X → Φ it follows that the simplex space vectors become

Φ = PΣQ0 ,

To include kernels in GenSVM a preprocessing step is needed on the kernel matrix, and
a postprocessing step is needed on the obtained parameters before doing class prediction.
Let k : Rm × Rm → R+ denote a positive definite kernel satisfying Mercer’s theorem, and
let Hk denote the corresponding reproducing kernel Hilbert space. Furthermore, define a
feature mapping φ : Rm → Hk as φ(x) = k(x, ·), such that by the reproducing property of
k it holds that k(xi , xj ) = hφ(xi ), φ(xj )iHk .
Using this, the kernel matrix K is defined as the n × n matrix with elements k(xi , xj )
on the i-th row and j-th column. Thus, if Φ denotes the n × l matrix with rows φ(xi ) for
i = 1, . . . , n and l ∈ [1, ∞], then K = ΦΦ0 . Note that it depends on the chosen kernel
whether Φ is finite dimensional. However, the rank of Φ can still be determined through
K, since r = rank(Φ) = rank(K) ≤ min(n, l).
Now, let the reduced singular value decomposition of Φ be given by

Appendix D. Kernels in GenSVM

Finally, observe that some of the above coefficients are invalid if p = 2. However, since
the upper bound on the interval x ∈ (−κ, 1] given in (19) is still valid if p = 2, it is possible
to do a separate derivation with this value for a to find for x > 1, b = ax and c = ax2 . For
the other regions the previously derived coefficients still hold. Table 4 gives an overview of
the various coefficients depending on the location of x.

Table 4: Overview of quadratic majorization coefficients for different pieces of hp (x), depending on x.

(23)

x > 1, p 6= 2

(17)

(20)

(19)

(19)

(20)

b

(22)

a

x ∈ (−κ, 1]

x≤

p+κ−1
p−2


p+κ−1
x∈
, −κ
p−2

Region
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= MQ0 W1 + 1t0 ,

= MQ0 W1 + 1t0

= MQ0 W1 + M(Q0 − Q0 )W + 1t0

= MQ0 W1 + M(Q0 − Q0 QQ0 )W + 1t0

= MQ0 (W1 + (Il − QQ0 )W) + 1t0

= MQ0 (W1 + W2 ) + 1t0

S = MQ0 W + 1t0

= O.

= W0 QQ0 W − W0 QQ0 W

W10 W2 = W0 QQ0 (Il − QQ0 )W

= MΩ + 1t0 .

= MQ0 QΩ + 1t0

S = MQ0 W1 + 1t0
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The question remains on how to determine the matrices P and Σ, given that the matrix
Φ cannot be determined explicitly. These matrices can be determined by the eigendecomposition of K, where K = PΣ2 P0 . In the case where r < n, Σ2 contains only the first r

Note also that

Pλ (W1 ) = λ tr W10 W1 = λ tr Ω0 Q0 QΩ = λ tr Ω0 Ω = Pλ (Ω).

Here again it has been used that Q0 Q = Ir , and O is defined as a (K − 1) × (K − 1)
dimensional matrix of zeroes. Note that the penalty term depends on W2 whereas the
simplex vectors S do not. Therefore, at the optimal solution it is required that W2 is zero,
to minimize the loss function.
Since W1 is still l×(K −1) dimensional with l possibly infinite, consider the substitution
W1 = QΩ, with Ω an r × (K − 1) matrix. The penalty term in terms of Ω then becomes

since

Pλ (W) = λ tr W0 W = λ tr W10 W1 + λ tr W20 W2 ,

where it has been used that Q0 Q = Ir . If the penalty term of the GenSVM loss function is
considered, it is found that

Then it follows that

W2 = (Il − QQ0 )W.

W1 = QQ0 W,

Here W is l × (K − 1) to correspond to the dimensions of Φ, and the n × r matrix M = PΣ
has been introduced. In general W cannot be determined, since l might be infinite. This
problem can be solved as follows. Decompose W in two parts, W = W1 + W2 , where W1
is in the linear space of Q and W2 is orthogonal to that space, thus
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OvA
0.8928
0.7455
0.8131
0.4739
0.8510
0.5746
0.9210
0.9467
0.7872
0.8484
0.3398
0.9775
0.5175

OvO
0.9168
0.6515
0.8524
0.5010
0.8659
0.6450
0.9219
0.9533
0.7990
0.8419
0.5065
0.9719
0.5802

C&S
0.8922
0.6944
0.6489
0.4699
0.8576
0.6342
0.9088
0.8813
0.7941
0.8439
0.4221
0.9775
0.5818

LLW
0.8701
0.5391
0.7898
0.4751
0.7450
0.4504
0.7741
0.7640
0.6870
0.7890
0.2273
0.9843
0.4217

MSVM2
0.8714
0.6663
0.7855
0.4964
0.8456
0.5988
0.8157
0.8320
0.7550
0.8432
0.3277
0.9775
0.5590

W&W
0.9008
0.5711
0.8273
0.4972
0.8098
0.6215
0.8962
0.9253
0.7993
0.8426
0.5017
0.9717
0.5811
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DAG
0.9168
0.6515
0.8449
0.5017
0.8629
0.6542
0.9162
0.9533
0.7955
0.8355
0.4957
0.9608
0.5748
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LL C&S
0.8883
0.7005
0.6185
0.4773
0.8547
0.5813
0.9103
0.8893
0.7978
0.8458
0.4242
0.9841
0.5841

sets. To illustrate the effect of the larger grid search in GenSVM on the computation time,
Table 8 shows the average computation time per hyperparameter configuration. This table
shows that GenSVM is faster than other methods on nine out of thirteen data sets, which
illustrates the influence of warm starts in the GenSVM grid search.
GenSVM
0.9168
0.7113
0.8279
0.5027
0.8630
0.6448
0.9169
0.9600
0.8016
0.8323
0.4762
0.9776
0.5343

GenSVM
0.8042
0.5222
0.5381
0.0762
0.7668
0.2853
0.8318
0.8783
0.6162
0.6649
0.2472
0.9320
0.2519

LL C&S
0.7355
0.4964
0.3290
0.0532
0.7606
0.2478
0.8221
0.7057
0.6009
0.6797
0.2474
0.9585
0.2501

DAG
0.8042
0.4591
0.5545
0.0757
0.7755
0.2970
0.8280
0.8609
0.6057
0.6606
0.2895
0.8848
0.2415

OvA
0.7238
0.5723
0.5238
0.0535
0.7652
0.2346
0.8402
0.8384
0.5979
0.6862
0.1624
0.9378
0.2419
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OvO
0.8042
0.4787
0.5491
0.0747
0.7776
0.2910
0.8390
0.8609
0.6057
0.6778
0.3218
0.9200
0.2477

C&S
0.7466
0.4755
0.3131
0.0525
0.7578
0.2792
0.8193
0.6879
0.5925
0.6742
0.2257
0.9362
0.2534

LLW
0.6634
0.4043
0.4874
0.0393
0.6236
0.1776
0.6422
0.5549
0.4933
0.6480
0.1425
0.9498
0.1301

MSVM2
0.6653
0.5585
0.4808
0.0658
0.7499
0.2494
0.6810
0.6057
0.5397
0.6859
0.2043
0.9332
0.2235

W&W
0.7698
0.4655
0.5337
0.0699
0.7385
0.2861
0.7991
0.7918
0.6121
0.6836
0.2767
0.9250
0.2501
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Table 6: Predictive ARI scores for each of the classification methods on all data sets. All
numbers are out-of-sample ARI scores averaged over the 5 independent test folds.
Maximum scores per data set are determined on the full precision scores and are
underlined.

Data set
balancescale
breasttissue
car
contraception
ecoli
glass
imageseg
iris
vehicle
vertebral
vowel
wine
yeast

Table 5: Predictive accuracy rates for each of the classification methods on all data sets. All
numbers are out-of-sample prediction accuracies averaged over the 5 independent
test folds. Maximum scores per data set are determined on the full precision scores
and are underlined.

Data set
balancescale
breasttissue
car
contraception
ecoli
glass
imageseg
iris
vehicle
vertebral
vowel
wine
yeast

eigenvalues of K, and P the corresponding r columns. Hence, if K is not of full rank, a dimensionality reduction is achieved in Ω. The complexity of finding the eigendecomposition
of the kernel matrix is O(n3 ).
(kj)
(kj)
Since the distances qi
in the GenSVM loss function can be written as qi
= si0 δ kj
it follows that the errors can again be calculated in this formulation. Finally, to predict
the simplex space vectors of a test set X2 the following is used. Let Φ2 denote the feature
space mapping of X2 , then
= Φ2 QΩ + 1t0

S2 = Φ2 W1 + 1t0
= Φ2 QΣP0 PΣ−1 Ω + 1t0
= Φ2 Φ0 PΣ−1 Ω + 1t0
= K2 PΣ−1 Ω + 1t0
= K2 MΣ−2 Ω + 1t0 ,
where K2 = Φ2 Φ0 is the kernel matrix between the test set and the training set, and it was
used that ΣP0 PΣ−1 = Ir , and Φ0 = QΣP0 by definition.
With the above expressions for S and Pλ (Ω), it is possible to derive the majorization
function of the loss function for the nonlinear case. The first order conditions can then
again be determined, which yields the following system
   0

    
 

 t0


10
0 00
t0
1
10
A 1 M
=
B.
(26)
+
A 1 M +λ
M0
0 Ir
Ω
M0
M0
Ω

This system is analogous to the system solved in linear GenSVM. In fact, it can be shown
that by writing Z = [1 M] and V = [t0 Ω]0 , this system is equivalent to (14). This property
is very useful for the implementation of GenSVM, since nonlinearity can be included by
simply adding a preprocessing and postprocessing step to the existing GenSVM algorithm.

Appendix E. Additional Simulation Results

JMLR 17(225):1-42

Tables 5 and 6 respectively show the predictive accuracy rates and ARI scores on each
data set averaged over each of the 5 test folds. For readability all scores are rounded
to four decimal digits, however identifying the classifier with the highest score was done
on the full precision scores. As can be seen, the choice of performance metric has an
effect on which classification method has the highest classification performance. Regardless
of the performance metric the tables show that MSVM2 and W&W never achieve the
maximum classification performance on a data set. Note that conclusions drawn from
tables of performance scores are quite limited and the results presented in Section 6 provide
more insight into the performance of the various classifiers.
Table 7 shows the computation time averaged over the five nested CV folds for each data
set and each method. In the grid search GenSVM considered 342 hyperparameter configurations versus 19 configurations for the other methods. Despite this difference GenSVM
outperformed the other methods on five data sets, DAG outperformed other methods on
four data sets, OvO on two, and LibLinear C&S was fastest on the remaining two data
35

GenSVM
44.3
136.0
251.2
82.5
603.0
254.6
558.2
55.7
186.4
23.5
1282.4
129.6
1643.3

LL C&S
88.0
52.9
1239.1
1128.5
88.9
110.8
67.1
13.8
376.8
66.6
463.9
0.1
1181.7

DAG
86.4
3.8
1513.0
1948.3
34.7
48.6
2.4
1.9
307.9
24.4
83.7
0.2
1434.6

OvA
155.8
65.2
4165.2
5079.1
183.2
198.2
151
32.9
1373.3
63.1
3900.2
0.2
4251.1

OvO
84.9
3.8
1517.4
1913.4
34.8
47.7
3.2
1.5
309.9
24.3
86.1
0.2
1423.6

C&S
34549
28782
47408
45163
28907
27938
32691
12822
37605
24716
36270
12854
44112

LLW
73671
74188
95197
88844
95989
89073
73300
47196
49988
70798
95036
70439
103240

MSVM2
79092
38625
46978
43402
39590
37194
48576
38060
40665
36168
49924
18389
56603
W&W
35663
81961
85050
40335
131571
108499
97218
77409
43511
23888
82990
41018
86802

GenSVM
0.130
0.398
0.734
0.241
1.763
0.744
1.632
0.163
0.545
0.069
3.750
0.379
4.805

LL C&S
4.632
2.785
65.217
59.396
4.680
5.832
3.530
0.725
19.830
3.504
24.415
0.003
62.197

DAG
4.546
0.201
79.629
102.544
1.828
2.559
0.128
0.101
16.206
1.286
4.406
0.010
75.506

OvA
8.199
3.434
219.221
267.319
9.643
10.432
7.947
1.729
72.282
3.32
205.274
0.011
223.74

OvO
4.468
0.201
79.863
100.704
1.831
2.511
0.167
0.081
16.308
1.279
4.533
0.010
74.925

C&S
1818
1515
2495
2377
1521
1470
1721
675
1979
1301
1909
677
2322

LLW
3877
3905
5010
4676
5052
4688
3858
2484
2631
3726
5002
3707
5434

MSVM2
4163
2033
2473
2284
2084
1958
2557
2003
2140
1904
2628
968
2979
W&W
1877
4314
4476
2123
6925
5710
5117
4074
2290
1257
4368
2159
4569
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Table 8: Average computation time in seconds per hyperparameter configuration for each
of the methods on all data sets. Values are averaged over the five nested CV splits.
Minimum values per data set are determined on the full precision values and are
underlined.

Data set
balancescale
breasttissue
car
contraception
ecoli
glass
imageseg
iris
vehicle
vertebral
vowel
wine
yeast

Table 7: Computation time in seconds for each of the methods on all data sets. Values
are averaged over the five nested CV splits. Minimum values per data set are
underlined. Note that the size of the grid search is 18 times larger in GenSVM
than in other methods.

Data set
balancescale
breasttissue
car
contraception
ecoli
glass
imageseg
iris
vehicle
vertebral
vowel
wine
yeast

Generalized Multiclass Support Vector Machine
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der informative sampling. The method is applied for outlier nomination for the Current

demonstrate that our approach produces unbiased estimation for the outlying cluster un-

sampling weights that “undo” the informative design. We provide a simulation study to

derivation of a penalized objective function to use a pseudo-posterior that incorporates

the distribution for the observed sample is different from the population. We extend the

pling design where the probability of inclusion depends on the surveyed response such that

to hyperparameter settings. Survey data are typically acquired under an informative sam-

tions. We extend an existing approach with a new “merge” step that reduces sensitivity

of global cluster centers. Outliers are nominated as those clusters containing few observa-

processes that allows discovery of multiple industry-indexed local partitions linked to a set

scalable optimization method based on non-parametric mixtures of hierarchical Dirichlet

due to a short time window between collection and reporting. We offer a computationally-

a small subset contain errors. Analysts need a fast-computing algorithm to flag this subset

Government surveys of business establishments receive a large volume of submissions where
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1. Introduction
1.1 Outlier Detection and Informative Sampling
The U.S. Bureau of Labor Statistics (BLS) administers the Current Employment Statistics
(CES) survey to over 350000 non-farm, public and private business establishments across
the U.S. on a monthly basis, receiving approximately 270000 submitted responses in each
month. Estimated total employment is published for local, state and national geographies
in the U.S., as well as for domains defined by establishment size and industry categories
within each geography. The BLS conducts a quality check to discover and correct establishment submission errors, particularly among those establishments whose entries are
influential in the overall published domain-level estimates. Of the 270000 submissions,
approximately 100000 − 150000 of those include employment changes from the prior to the
current submission month. The CES maintains a short lag time of approximately 7 days
between receipt of establishment submissions at the end of a month and subsequent publication of employment estimates for that month, such that investigations of submission data
quality must be done quickly. The relatively large number of submissions with non-zero
changes in employment levels, coupled with the rapid publication schedule, require use of
quick-executing, automated data analysis tools that output a relatively small, outlying set

Savitsky

done because larger establishments compose a higher percentage of the published employ-

ment statistics. The correlation between establishment employment levels and inclusion

probabilities induces informativeness into the sampling design, meaning that the probabil-

ities of inclusion are correlated with the response variable of interest. The distribution for

the resulting observed sample will be different from that for the population (because the

sample emphasizes relatively larger establishments), such that inference made (e.g. about

outliers) with the former distribution will be biased for the latter.

1.2 Methodologies for Outlier Detection

The Dirichlet process (DP) (Blackwell and MacQueen 1973) and more generally, species

sampling formulations (Ishwaran and James 2003), induce a prior over partitions due to

their almost surely discrete construction. Convolving a discrete distribution under a DP

prior with a continuous likelihood in a mixture formulation is increasingly used for outlier

detection (Quintana and Iglesias 2003), where one supposes that each observation is realized

from one of multiple generation processes (Shotwell and Slate 2011). Each cluster collects

an ellipse cloud of observations that are centered on the cluster mean.

In this article, we improve and extend sequential, penalized partition (clustering) algo-

ness establishment is selected for inclusion at the UI level, all of the associated sites in

identification numbers, which may contain a cluster of multiple individual sites. If a busi-

Business establishments are sampled by their unique unemployment insurance (UI) tax

nations of state, broad industry grouping, and employment size (divided into 8 categories).

The CES survey utilizes a stratified sampling design with strata constructed by combi-

generating (mixture) distribution. The algorithm of Kulis and Jordan (2011) is of a class of

sampling design so that our application nominates outliers with respect to the population

We incorporate first order sampling weights into our model for partitions that “undo” the

tion for the observed sample is different from that for the population (Bonnry et al. 2012).

account for data acquired under an informative sampling design under which the distribu-

mate a maximum a posteriori (MAP) partition and associated cluster centers or means, to

rithms of Kulis and Jordan (2011); Broderick et al. (2012), that each approximately esti-

that cluster are also included. Stratum-indexed inclusion probabilities are set to be pro-

approaches (see also Wang and Dunson 2011; Shotwell and Slate 2011) that each produce

of the submissions for further investigation and correction by BLS analysts.

portional to average employment size for member establishments of that stratum, which is
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clusters discovered.

(unknown) mixing measure over the parameters that define the data likelihood is drawn

simulation study also demonstrates the efficacy of outlier detection performance for the
sampling-weighted hierarchical formulation estimated on synthetic data generated in a
nested fashion that is similar to the structure of CES survey data. We apply the samplingweighted hierarchical algorithm to discover local, by-industry partitions and to nominate
observations for outliers for our CES survey application in Section 4. We conclude the
paper with a discussion in Section 5.

prior (Teh et al. 2006), which allows our estimation of a distinct “local” partition (set of

clusters) for each subset of establishments in the CES binned to one of J = 24 industry

groupings. The local clusters of the industry-indexed partitions may share cluster centers

(means) from a global clustering partition. The hierarchical construction of local clusters

that draw from or share global cluster means permits the estimation of a dependence

structure among the local partitions and encourages a parsimonious discovery of global
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the authors on request.

step among all pairs of discovered clusters in each iteration of our estimation algorithms.

4

R(R Core Team 2014), which is written in C++ for fast computation and available from

functions that penalize the number of estimated clusters. We further devise a new “merge”

3

We implement both algorithms we present, below, in the growclusters package for

a set of local, industry indexed, clusters linked to a common set of global clusters.

estimate sampling-weighted hierarchical clustering algorithm that permits specification of

to a hierarchical Dirichlet process mixtures of Gaussians model to a achieve a hard, point

(Savitsky and Toth 2015). We continue and extend this MAP approximation approach

our mixture formulation that asymptotically corrects for an informative sampling design

an associated fast-computing estimation algorithm. We include the sampling weights in

small variance asymptotics to derive a penalized K− means optimization expression and

We begin by specifying a Dirichlet process mixtures of Gaussians model to which we apply

et al. (2012) for our global and hierarchical clustering formulations to produce objective

useful feature for outlier detection. We extend small variance asymptotic result of Broderick

few clusters, while only a small number of observations will lie outside these clusters, a

number of clusters discovered), which will tend to assign most observations into relatively

that minimizes a loss function. The loss function penalizes the size of the partition (or total

outlier detection, where a partition is sampled at each step of an MCMC under an algorithm

heuristically). Quintana and Iglesias (2003) implement a mixture of DPs, for the purpose of

the subset of clusters that together collect relatively few observations (with “few” defined

from the MAP approximations, for the nomination of outliers based on identification of

We apply our (sampling-weighted) global and hierarchical clustering models, derived

We refer to this model as hierarchical clustering.

2. Estimation of Partitions from Asymptotic Non-parametric Mixtures

estimation for an informative sampling design for outlier detection in Section 3. The

a DP prior imposed on the mixing distribution to a hierachical Dirichlet process (HDP)

clusters as compared to running separate global clustering models on each industry group.

Section 2, followed by a simulation study that demonstrates the importance of correcting

We follow Kulis and Jordan (2011) and straightforwardly extend our formulation from

We next derive our sampling-weighted global and hierarchical clustering algorithms in

Both the penalized likelihood and the merge step encourage parsimony in the number of

an approximation for the MAP from a mixture of DPs posterior distribution (where the

from a DP).

Savitsky
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2.1 Asymptotic Sampling-weighted Mixtures of Dirichlet Processes

We specify a probability model for a mixture of Kmax allowed components to introduce
Bayesian estimation of partitions of observations into clusters and the associated cluster

ind

w̃i
(1c)

(1b)

(1a)

centers. The mixtures of DPs will be achieved in the limit of this probability model as

0

= (µ1 , . . . , µKmax ) , σ 2 , w̃i ∼ Nd µsi , σ 2 Id

Kmax increases to infinity.
d×1
xi |si , M
iid

si |τ ∼ M (1, τ1 , . . . , τKmax )


µp |G0 ∼ G0 := Nd 0, ρ2 Id

(1d)

iid

τ1 , . . . , τKmax ∼ D (α/Kmax , . . . , α/Kmax ) ,

for i = 1, . . . , n sample establishments and p = 1, . . . , Kmax allowable clusters. Each
cluster candidate, p, indexes a unique value for the associated cluster center, µp . The set
of cluster assignments of observations together compose a partition of observations, where
partitions are indexed by s = (s1 , . . . , sn ), for si ∈ (1, . . . , K). The prior distributions for
the cluster centers and assignments induce a random distribution prior, G, for drawing a
mean value for each xi for i = 1, . . . , n, by sampling unique values in the support of G from
G0 and assigning the mean value (that we interpret as a cluster) for each observation by
drawing from the set of unique values with probabilities, τ , which are, in turn, randomly
drawn from a Dirichlet distribution. As Kmax ↑ ∞ in Equation 1d, such that number of
possible clusters are countably infinite, this construction converges to a (non-parametric)
mixture of Dirichlet processes (Neal 2000). We also note that α influences the number of
clusters discovered. For any given Kmax , larger values for α will produce draws for τ that
assign larger probabilities to more of the p ∈ (1, . . . , Kmax ) clusters, such that it is highly
influential in the determination of the number of discovered clusters, K < Kmax .
5
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The likelihood contribution for each observation, i ∈ (1, . . . , n), in Equation 1a is upPn
i=1 wi for wi ∝ 1/πi , constructed to be inversely

lifted by a sampling weight, w̃i = n×wi /

proportional to the known inclusion probability in the sample. This formulation for the

sampling weight assigns importance for that observation likelihood based on the amount

of information in the finite population represented by that observation. The weights sum

to the sample size, n, so that an observation with a low inclusion probability in the sample

will have a weight greater than 1, meaning that it “represents” more than a single unit in

a re-balanced sample. The weighting serves to “undo” the sampling design by re-balancing

the information in the observed sample to approximate that in the population. The sum

of the weights directly impacts the estimation of posterior uncertainty such that the sum-

mation to n expresses the asymptotic amount of information in the observed sample. This

construction is known as a “pseudo” likelihood because the distribution for the population

is approximated by weighting each observation back to the population. Savitsky and Toth

(2015) provide three conditions that define a class of sampling designs under which the

pseudo posterior (defined from the pseudo likelihood) is guaranteed to contract in L1 on

the unknown true generating distribution, P0 . The first condition states that the inclu-

sion probability, πi , for each unit in the finite population, i ∈ (1, . . . , N ), must be strictly

greater than 0. This condition ensures that no portion of the population may be system-

atically excluded from the sample. The second condition on the sampling design requires

the second order inclusion dependence for any two units, i, j ∈ (1, . . . , N ), be globally

bounded from above by a constant; for example, a two-stage design in which units within

selected clusters are sampled without replacement is within this class to the extent that

the number of population units within each cluster asymptotically increases. The third

condition requires the sampling fraction, n/N , to converge to a constant as the population
size limits to infinity.

6
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(3)



(2)

↓ 0 in Equation 2, each observation will

Nd µp |0, ρ Id .

2

p=1

7
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be allocated to its own cluster since the prior allows a countably infinite number of clusters.

To avoid this degenerate outcome, define a constant λ and set α = exp −λ/ 2σ 2 , which

Broderick et al. (2012) point out that if one limits

σ2

p=1

K
Y

w̃i

K
Γ (α + 1) Y
(np − 1)!
Γ (α + n)

p=1 i:si =p

αK

f (s, M|X, w̃) ∝ f (X, s, M|w̃) =

Nd xi |µp , σ 2 Id

K X
X

w̃i kxi − µp k2 + Kλ,

(4)

8
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around a partition, σ 2 , limit to 0, this constructive derivation offers no comment on whether

Although we derive the sampling-weighted approximate MAP by letting the variance

population, which is our interest, rather than that for the realized sample.

a MAP partition and associated cluster centers with respect to the distribution for the

tion 1. We minimize a sampling-weighted distance in Equation 4, which will approximate

whose solution is a MAP approximation for the sample-adjusted mixtures of DPs of Equa-

K,s,M p=1 i:s =p
i

argmin

clustering optimization problem,

distribution,

K Y
Y

taking the limit as σ 2 ↓ 0 results in the asymptotically equivalent sampling-weighted global

erick et al. (2012) and derive our optimization expression from the joint pseudo posterior

i=1 1 (si

that |f (σ 2 )| ≤ c1 |h(σ 2 )|, for σ 2 < c2 . Multiplying both sides of Equation 3 by 2σ 2 and

where np =

to cluster, p and K denotes the number of estimated clusters. We generally follow Brod-

where the expression in the first line derives from the log-kernel of a multivariate Gaussian

+ O (1) ,

λ
+ O (1)
2σ 2

distribution and f (σ 2 ) = O(h(σ 2 )) denotes that there exist constants, c1 , c2 > 0, such

p=1

K
Γ (α + 1) Y
(np − 1)!,
Γ (α + n)

+K

p=1 i:si =p



= p) is the number of observations (e.g. establishments) assigned

Pn

f (s1 , . . . , sn |α) = αK

Pólya urn scheme of Blackwell and MacQueen (1973), which produces,

We marginalize out τ from the joint prior, f (s, τ |α) = f (s|τ ) f (τ |α), by using the


w̃i
O log σ 2 + 2 kxi − µp k2
2σ

Equation 2, and taking −1 times the logarithm of both sides results in,

gle MAP partition by taking the limit of the joint posterior distribution as the likelihood
K X 
X

(2011) restrict the values of α to a discrete grid. Plugging in this expression for α into

instead, derive an optimization expression that allows for scalable approximation of the sin-

− log f (X, s, M, w̃) =

of DPs also restrict α; Shotwell and Slate (2011) fix the value for α and Wang and Dunson

to clusters (including to possibly new, unpopulated clusters) on each MCMC iteration. We,

↓ 0.

σ 2 ↓ 0. Commonly-used approaches that also specify an approximate MAP of a mixture

creasing sample size as a partition is formed through sequential assignments of observations

variance,

the degenerate outcome, where the λ hyperparameter controls the size of the partition as

Markov chain Monte Carlo (MCMC), though the computation will not scale well with in-

σ2

produces α ↓ 0 as σ 2 ↓ 0. This functional form for α achieves the result and avoids

Savitsky

Samples may be drawn from the joint posterior distribution under Equation 1 using
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nominating outliers). To the extent that computational considerations allow, one would

scales to a large number of multivariate observations (that we employ for the purpose of

high variance. Our purpose is to extract a hard, point estimate that computationally

the distribution over the space of partitions for a particular data set expresses a low or

unbiased population estimates for cluster centers, conditioned on the generation of the finite

We demonstrate in the simulation study to follow that this procedure produces nearly

higher weights contribute relatively more information to the computation of cluster centers.

of distances to cluster centers and the computation of cluster centers. Observations with

The observations are each weighted using the sampling weights in the computations

Savitsky

obtain richer inference on both an asymptotically exact MAP of the marginal distribution

population from disjoint clusters. Since lower-weighted observations (less representative

Scalable Inference for Outlier Detection under Informative Sampling

over the space of partitions and an associated measure of uncertainty by using the fully

of the population from which they were drawn) contribute relatively less to the objective

e←

K
X

X

p=1 i∈{i:si =p}

10

wi kxi − µp k2 + λK

0
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6. Re-compute
centers
P
P for clusters, p = 1, . . . , K: Let Sp = {i : si = p} and
µp = i∈Sp (xi wi ) / i∈Sp w̃i .

(b) If minp dip > λ, create new cluster to which unit i is assigned; K ← K + 1, si ←
K, µK ← xi ; else si ← argminp dip .

(a) Compute distance, dip = w̃i kxi − µp k2 for p = 1, . . . , K.

5. Assign units to clusters for each unit, i = 1, . . . , n:

a set threshold).

4. Repeat the following steps until convergence (when the decrease in energy is below

2. Output: K × d matrix of cluster centers, M = (µ1 , . . . , µK ) , and n × 1 vector of
cluster assignments, s, where si ∈ (1, . . . , K) for units, i = 1, . . . , n.
Pn
Pn
i=1 w̃i .
i=1 (xi w̃i ) /

3. Initialize: si = 1, ∀i. d × 1 cluster center, µ1 =

1. Input: n × d data matrix, X; n × 1 vector of sampling weights, w̃, for observed units
and cluster penalty parameter, λ.

with,

The algorithm for estimating a MAP partition and associated cluster centers is specified

of the multivariate observations to those clusters.

function, the weighting will also impact the number of clustered discovered and assignment

Bayesian nonparametric mixture model.
Shotwell and Slate (2011) note that employing a MAP approximation (which selects
the partition assigned the largest approximated value for the posterior mass) implicitly
uses a 0 − 1 loss function. While other choices for the loss function may produce useful
results, we prefer use of the MAP approximation as we would expect concentration of the
estimated joint posterior distribution from the model of Equation 1 around the MAP due
to the large sample sizes for our CES application.

2.2 Sampling-weighted Global Clustering Algorithm
We specify an estimation algorithm for MAP approximation, below, which is guaranteed
to converge to a local optimum, since each step reduces (or doesn’t increase) the objective
function of Equation 4 and there are only a finite number of possible partitions. The
algorithm operates, sequentially, on the observations and specifies successive assignment
and cluster center estimation steps.
We introduce a new merge step, that tests all unique cluster pairs for merging and
conducts a merge of any pair of clusters if such reduces the objective function, which
reduces the sensitivity of the estimated partition to the specified values of the penalty
parameter.
9
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0

←
p=1

i∈S∗p

PK P

2
µ∗p

0

w̃i xi −
+

i

iid

=

vjj
zi
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individual establishment, i ∈ (1, . . . , nj ), to a local cluster, c ∈ 1, . . . , Lmax . So, zij indexes

lishments in industry, j. The Lmax × 1, vector, vj , indexes the global cluster assignment

process.

but allow those partitions to express similarities or dependencies across industries. We next

all J partitions. An nj × d data matrix, Xj , includes the d × 1 responses, (xji ), for estab-

similarities in organization structures, as well as the use of a single BLS-suggested reporting

for each local cluster, c ∈ (1, . . . , L) for industry, j. The nj × 1 vector, zj , assigns each

of global clusters and Lmax denotes the maximum allowable number of local clusters over

committed among the establishments due to overlapping skill sets of reporting analysts,

So we want to perform separate estimations of partitions within each industry group,

for each industry partition, j = 1, . . . , (J = 24), where Kmax denotes the allowable number

(5g)

(5f)

(5e)

(5d)

(5c)

(5b)

(5a)

Yet, there are also commonalities in the reporting processes and types of reporting errors

establishment processes tend to express more similarity within than between industries.

π1j , . . . , πLj max ∼ D (γ/Lmax , . . . , γ/Lmax ) ,



sponses). The by-industry focus reflects the experience that both reporting patterns and

µp |G0 ∼ G0 := Nd 0, ρ2 Id

sji

vcj |τ ∼ M (1, τ1 , . . . , τKmax ) , c = 1, . . . , Lmax


ind
zij |π j ∼ M 1, π1j , . . . , πLj max

iid


w̃i
0
ind
= (µ1 , . . . , µKmax ) , σ 2 , w̃i ∼ Nd µsj , σ 2 Id
, i = 1, . . . , nj

τ1 , . . . , τKmax ∼ D (α/Kmax , . . . , α/Kmax )

d×1
xji |sji , M

as a generalization of our earlier DP specification,

mixtures of HDPs in the limit of the allowable maximum number of global and local clusters

We next specify a hierarchical mixture model that will converge to a sampling-weighted

cluster centers (from a single global partition) in a hierarchical manner.

clusters may be connected across industry partitions by their sharing of common global

partitions draw their cluster center values from a set of “global” clusters, such that local

24 NAICS industry categories (outlined in Section 4 that analyzes a data set of CES re-

ing changes in the average employment and production worker variables within each of

that comprise the U.S. economy. CES survey analysts examine month-over-month report-

The CES survey is administered to establishments across a diverse group of industries

Processes

2.3 Asymptotic Sampling-weighted Mixtures of Hierarchical Dirichlet

(g) Re-set cluster labels, p in s to be contiguous after removing p , such that p ←
0
0
p − 1, ∀p > p , leaving si ∈ (1, . . . , K − 1). Delete row, p , from M∗ and set
∗
M←M .

(f) Re-assign units linked to p to p, si:si =p0 ← p.

0

λ(K − 1). If e∗ < e, execute a merge of p and p :

(e) Compute energy under the tested move,

e∗

and set rows p and p of M∗ equal to this value.

0

each industry that we refer to as a local (to industry) partition or clustering. These local

The hierarchical Dirichlet process (HDP) of Teh et al. (2006) specifies a DP partition for

(c) Compose index set of observations assigned to clusters p or p; S∗p = {i : si =
0
p or si = p }.
P
 P
(d) Compute (weighted average) merged cluster centers, µ∗p =
i∈S∗p xi w̃i /
i∈S∗p w̃i

0

obtained from mixtures of Dirichlet processes to mixtures of hierarchical Dirichlet processes.

(a) Perform test merge of each pair of clusters:

use the result of Kulis and Jordan (2011) that generalizes the approximate MAP algorithm

Savitsky

(b) Set matrix of cluster centers for virtual step, M∗ = M.

7. Assess merge of unique cluster pairs, (p ∈ (1, . . . , K) , p ∈ (1, . . . , K)):

0
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the global cluster assignment for each establishment in industry, j. The vectors of proba
, and for global cluster

assignment for the local cluster containing i to produce the nj × 1 index, sj , that holds

may chain together the local cluster assignment for observation, i, and the global cluster

assignment for all of the establishments assigned to local cluster, c, in industry, j. We

the local cluster assignment for establishment, i, in industry, j and vcj indexes the global

Scalable Inference for Outlier Detection under Informative Sampling

to each cluster - of the local partition for that industry.

in industry j defines the structure - number of local clusters and establishments assigned

unique global cluster values, p ∈ (1, . . . , K), that are assigned across all the establishments

a distinct number of local clusters, Lj , to be discovered for each industry. The number of

about the local partitions of the hierarchical clustering. The estimation algorithm allows

Savitsky

The algorithm contains an assignment step to directly assign each establishment, i, in

bilities for local cluster assignments of establishments, π j

assignments of local clusters, τ , are random probability vectors drawn from Dirichlet dis-

industry, j, to a global cluster, as with the mixtures of DPs algorithm. For a new global

j=1,...,J

tributions. As before, Equation 5 converges to a sampling-weighted mixture of HDPs in

and local cluster to be created, however, the minimum distance to the global cluster centers

K X
J X
X

w̃ij kxij − µp k2 + KλK + LλL ,

those partitions.

partitions share global clusters, then K <

to be used in each local partition across the J industries. To the extent that the industry
PJ
j=1 Lj , and there will be a dependence among

to any local cluster for that industry. It is typical for only a subset of the K global clusters

observation in an industry is assigned to a global cluster, p, that is not currently assigned

is, in turn, next assigned to that global cluster. A new local cluster will be created if an

An observation is assigned to a global cluster by first assigning it to a local cluster that

must be greater than the sum of local and global cluster penalty parameters, λL + λK .

the limit to infinity of Kmax and Lmax (Teh et al. 2006).

argmin
i

K,s,M p=1 j=1 j
i:s =p

denotes the total number of estimated local clusters and Lj denotes

(6)

We achieve the following optimization algorithm by following a similar asymptotic

PJ
j=1 Lj

derivation in the limit of σ 2 ↓ 0, as earlier,

where L =

the number local clusters estimated for data set, j = 1, . . . , J. As before, K denotes the
number of estimated global clusters.

A second assignment step performs assignments to global clusters for groups of es-

is offered in Appendix A. As with the sampling-weighted global clustering estimation, the

weighted mixtures of HDPs. A more detailed, step-by-step, enumeration of the algorithm

We sketch a summary overview of the MAP approximation algorithm derived from sampling-

individual basis. This is a feature of the HDP and helps mitigate order dependence in

clusters contrasts with only changing global cluster assignments for establishments on an

global cluster, p, to global cluster, p . This group assignment of establishments to global

establishments in local cluster, c, in industry, j, may have their assignments changed from

tablishments in industry, j, who are assigned to the same local cluster, c. All of the

algorithm will return a K × d matrix of global cluster centers, M, and a vector for each

the estimation of the MAP approximation. We specify a new “shed” step (that is not

2.4 Sampling-weighted Hierarchical Clustering Algorithm

industry, sj , j ∈ (1, . . . , J), that holds the global cluster assignments, sij ∈ (1, . . . , K), for

included in the algorithm of Kulis and Jordan (2011)) to remove any previously defined

0

the set of nj observations in industry, j. Each vector sj conveys additional information
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We first devise an approach to select the penalty parameters for our estimation models,

this second assignment step of local-to-global clusters.

sufficient number of observations) tends towards assignment of each observation to its own
cluster by selecting nearly 0 values for the penalty parameters as poor fit overwhelms the
penalty.

detect an outlying cluster with respect to the population from an informative sample,

where an outlying cluster is defined to contain a small percentage of the total number of

establishments. Both parts of the simulation study generate a synthetic finite “population”

of (0.6, 0.25, 0.1, 0.025, 0.025) to roughly mimic the structure we find in the CES data set
analysed in Section 4. Data observations are generated from a multivariate Gaussian,

estimation algorithm specified in Section 2.2. The sampling weights are set to a vector

of 1’s in the case that excludes sampling weights). The second part of the simulation

15
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clustering model, on the one hand, and the sampling-weighted hierarchical clustering model,
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randomly assigned to the Lj = 5 local clusters for each data set under a skewed distribution

the sampling weights (where both employ the global (hard) clustering model using the

i

1, . . . , J clusters randomly selecting from K = 7 global cluster centers. Establishments are

under inclusion of sampling weights, used to correct for informativeness, versus excluding



Nd µsj , σ 2 Id ,

Nj = 15000, with the local partition structure in each data set composed of Lj = 5, j =

models. The first part of the simulation study compares the accuracy of outlier detection

d×1
ind
xji ∼

hierarchical clustering model. We generate a population with J = 3 data sets, each of size

informative samples. The informative samples are presented to the partition estimation

study compares the outlier estimation performance between the sampling-weighted global

We demonstrate this tendency with a simulation study using the sampling-weighted

selecting each establishment are a function of their response values, such that we produce

from which repeated samples are drawn under a sampling design where the probabilities of

arating the data into distinct training and test sets (in the case the analyst possesses a

Relatively larger values estimate fewer clusters. Both cross-validation and randomly sep-

is critical because these penalty parameters determine the number of discovered clusters.

clustering model or (λL , λK ), for the hierarchical clustering model. Their specification

It is difficult to find a principled way to specify the penalty parameter, λ, for the global

3.1 Selection of Penalty Parameters

study.

We conduct a two-part Monte Carlo simulation study that assesses the effectiveness to

3. Simulation Study

are now re-assigned to existing local clusters linked to global cluster, p.

to p across the J industries and establishments that were previously assigned to each c ∈ c

0

If global cluster, p , is merged into p and deleted, then so are the local clusters, c, assigned

0

(λK , λL ). The number of merges increase under lower values for these penalty parameters.

(but does not eliminate) the sensitivity (in number of clusters formed) to specifications of

merging. We find in runs performed on synthetic data that the merge step helps reduce

which determine the number of clusters discovered, that we will need for our two-part

on the other hand, for data generated from local partitions that share global cluster centers.

global clusters that may not be linked to any local clusters across the J industries after

We continue to employ a merge step that tests each unique pair of global clusters for

Savitsky
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centered on the local cluster mean of each observation and σ is set equal to 1.5 times the
average over the J = 3 data sets, Nj = 15000 establishments and d = 15 dimensions of the
assignment-weighted centers, Msj ,1:d , the mean values of Xj .

We next take a sample of nj = 2250 from each of the J = 3 data sets under a fixed
sample size, proportional-to-size design where inclusion probabilities are set to be proportional to the variances of the (d = 15)×1, {xi }, inducing informativeness. The taking of an
informative sample addresses the class of data in which we are interested and mimics our
motivating CES data application. Observations are next randomly allocated into two sets
of equal size; one used to train the model and the other to evaluate the resultant energy.
The training sample is presented to the sampling-weighted hierarchical clustering model.
Figure 1 displays the sampling-weighted hierarchical objective function (energy) values,
evaluated on the test set, over a grid of global and local cluster penalty parameters. We
observe that the energy doesn’t reach a balanced optimum, but decreases along with values
of the penalty parameters. The rate of decrease declines for these synthetic data, possibly
suggesting the identification of an “elbow” for selecting penalty parameters, though there
is little-to-no sensitivity in the values for the global penalty parameter, λK , which prevents
precise identification of a value. The rate of decrease in energy on the CES data does not
decline, however. We see a similar result under 10− fold cross-validation.

As an alternative, we employ penalty parameter selection statistics that combine measures of cohesion within clusters and separation between clusters to select the number of
clusters. We devise a sampling-weighted version of the Calinski Harabasz (C) criterion,
which is based on within cluster sum-of-squares (W GSS) and between clusters sum-of17
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Figure 1: Heat map of (energy) values under the sampling-weighted hierarchical clustering
model over grid of global and local cluster penalty parameters. The vertical axis represents
the global cluster penalty, λK , and the horizontal axis, the local cluster penalty, λL . The
energy is measured from assignment to a test set not used for training the model. The
darker colors represent higher energy (optimization function) values.

Lambda_g

0

p=1

K
X

w̃i kxi − µp k2

np kµp − µG k2 ,

p=1 i:svi =k

K X
X

stacks the set of J, {sJ } into a vector, which retains information on

BGSS =

W GSS =

Pn
i=1 w̃i xi
P
.
n
i=1 w̃i

The C criterion is then formed as, C =

n−K BGSS
K−1 W GSS ,

where K is

Larger values for C are preferred.
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Figure 2: Heat map of Calinski Harabasz (C) index values under the mixtures of HDP
model over grid of global and local cluster penalty parameters. The vertical axis represents
the global cluster penalty, λK , and the horizontal axis, the local cluster penalty, λL . The
darker colors represent higher C values. Global and local cluster penalty parameters with
higher C values are preferred.
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determined by the number of unique values in sv , which is equal to the number of rows
 0

0
in the K × d, M = µ1 , . . . , µK (and d denotes the dimension of each observation, xi ).

and µG =

the local partitions (based on the co-clustering relationships). The weighted total number
P
of establishments linked to each cluster, p ∈ (1, . . . , K) is denoted by np =
i:si =p w̃i

where sv = s1 , . . . , sJ

squares (BGSS),

Scalable Inference for Outlier Detection under Informative Sampling
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Our proposed procedure estimates a clustering on the sampled data over a grid of (local,
global) penalty parameter values, where we compute the C statistic for each (λL , λK ) in the
grid, selecting that clustering which maximizes the C statistic. (Our growclusters package
uses the farthest-first algorithm to convert user-specified minimum and maximum number
of global and local clusters to the associated penalty parameters. The farthest first is a
rough heuristic, so we are conservative in the specified range of 1 ≥ λK ≤ 30, 1 ≥ λL ≤ 20).
We perform estimation using the sampling-weighted hierarchical clustering algorithm over a
5×15 grid of global and local clustering penalty parameters, respectively, on the full sample
of nj = 2250 for the J = 3 data sets. Figure 2 suggests selection of penalty parameters from
the upper left-quadrant of the grid. We chose the values of (λL = 1232, λK = 2254) that
maximized the C index for our sampling-weighted hierarchical clustering model. Figure 3
presents the resulting estimated distribution of the nj (informative sample) observations
within clusters of each local partition (that index the J = 3 datasets), where the support of each local distribution indicates to which global cluster center each local cluster
is linked. We note that the correct number (K = 7) of global clusters and local clusters
(Lj = 5) is returned and that the skewed distribution of establishments within each local
partition mimics that of the population (which is estimated from our informative sample).
We use the Rand statistic ∈ (0, 1), which measures the concordance of pairwise clustering
assignments, to compare the true partition assigned in the the population versus the estimated partition, where the latter is estimated from the observed informative sample, rather
than the population, itself. The computed Rand value is 1, indicating perfect agreement
between the true and estimated partitions in their pairwise clustering assignments. (See
Shotwell (2013) for a discussion of alternative statistics, including the Rand, for comparing
the similarity of two partitions).
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where ai is the average distance to observations co-clustered with i and bi is the
Pn
i=1 w̃i hi
P
n
i=1 w̃i

∈ (0, 1) and, like the C index, prefers partitions where the clusters
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move on synthetic datasets. Figure 4 examines the numbers of merges that take place on

over a grid generally selects the same clustering under inclusion or exclusion of the merge

Lastly, our procedure for selecting (λL , λK ) by evaluating the Calinski Harabasz statistic

the mixtures of DPs and HDPs models.

tions. The C index was used to select the penalty parameters for all implementations of

sampling-weighted C since the computation is more scalable to a large number of observa-

ues from the grid of values evaluated on both the simulation and CES data. We prefer our

are compact and well-separated. These two indices select the same penalty parameter val-

index, hK =

average distance to other observations in the nearest cluster to that holding i. The total

ai −bi
max(ai ,bi ) ,

We additionally compute a sampling-weighted version of the silhouette index, hi =

Figure 3: Estimated distribution of establishments in J = 3 local cluster partitions. The
support of each distribution indicates the global cluster to which each local cluster is linked.
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Figure 4: Heat map of the number of merges that took place under the mixtures of HDP
estimation model over grid of global and local cluster penalty parameters. The vertical
axis represents the global cluster penalty, λK , and the horizontal axis, the local cluster
penalty, λL . The darker colors represent higher number of merges.
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farthest first algorithm employed in Kulis and Jordan (2011).

merge step when the penalty parameters are specified by a heuristic procedure, like the

estimated clusters that are consistently closer to the truth as compared to excluding the

further simulations (not shown) demonstrate that inclusion of the merge step produces

our selection procedure for penalty parameters in our simulations and application to follow,

parameters (that produce the same clustering results). While we recommend and employ

parameter, which may have the effect of increasing the sub-space of nearly optimal penalty

reduction in the sensitivity for the number of clusters estimated to the values of the penalty

the possibility of merges taking place in this range on a real dataset. There would be a

outside of the range of nearly optimum penalty parameter values, though one may imagine

parameters. In this case, and in others we tested on synthetic data, the merges took place

and reveals that the number of merges increases at relatively low values of the penalty

each run on the grid of penalty parameter values in the case we include the merge step,

Scalable Inference for Outlier Detection under Informative Sampling
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Our selection procedure that computes the Calinski Harabasz statistic over a range of
global and local cluster penalty parameters defined on a grid and selects that clustering
which produces the maximum value of this statistic will be used for every estimation run
of the global and hierarchical clustering algorithms in the sequel.

Savitsky
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We then generate our N ×d matrix of population response values, X, from the multivariate
Gaussian distribution,

d×1 ind
xi ∼

where the standard deviation, σ, is set equal to 1.5 times the average over the N = 25000

establishments and d = 15 dimensions of the assignment-weighted matrix, Ms,1:d , the mean

versus ignoring, the informativeness in the observed sample by generating data under a

Our next simulation study compares the outlier detection power when accounting for,

those establishments who report values from cluster 5 commit errors such that the reported

of the first 4 clusters are drawn from the true population generating distribution, while

census of all establishments in the population. Establishments who report values in any

values of X. We may think of this process for generating a finite population as taking a

simple, non-hierarchical global partition. We construct a set of K = 5 global cluster

values are from a different (shifted) distribution that generates the population of errors.

3.2 Outlier Estimation Under Informative Sampling

centers, each of dimensions, d = 15. Each cluster center expresses a distinct pattern over

taken from each stratum is set proportionally to the average of the by-establishment

ple random sampling of establishments within each of the H strata. The sample size

Nh = 2500 establishments assigned to each stratum. Our sampling design employs sim-

We assign the population establishments, evenly, to one of H = 10 strata, so there are

relative to the population (or vice versa).

than the sample, as an observation may not be outlying relative to the sample, but may

Our inferential interest is to uncover outlying values with respect to the population, rather

= (1, 1.5, 2.0, . . . , 7.5, 8)

the d = 15 dimensions,
(d=15)×1
µ1

µ2 = (8, 7.5, . . . , 1)

= Sampling from (1, . . . , 8) under equal probability with replacement, d = 15 times

µ3 = (1, . . . , 7, 8, 7, . . . , 1)
µ4

µ5 = Sampling from (−2, . . . , 6) under equal probability with replacement, d = 15 times,

variances of the (d = 15) × 1, {xi } for establishments, i = 1, . . . , Nh , assigned to each

0

to generate M = (µ1 , . . . , µ5 ) . Without loss of generality, the last cluster, µ5 , is defined

stratum, h = 1, . . . , H. Each generated sample produces the by-stratum sample sizes,

from left-to-right, for a total sample size of n =

as the outlier cluster and includes negative values, though there is overlap with the support

vector, s, by randomly assigning establishments in the (finite) population to clusters (with

assigns higher probabilities to larger variance strata (and all establishments in each stra-

of the other four clusters for values > 0. We create the (N = 25000) × 1 cluster assignment
equal probabilities) such that the first 4 clusters are assigned equal numbers of observations,

tum have an equal probability of selection), which is often done, in practice, because there

n = (45, 90, 136, 181, 227, 272, 318, 363, 409, 459), ordered according to variance quantile,
PH
h=1 nh = 2500. This sampling design

while the last (outlying) cluster (with mean µ5 is assigned 150 observations, according with

is expected to be more information in these strata.
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our earlier definition of an outlying cluster as having relatively few assigned observations).
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The left-hand set of box plots in Figure 5 displays the distributions (within 95% confidence intervals under repeated sampling) of the true positive rate for identifying outlying
observations, constructed as the number of true outliers discovered divided by the total
number of true outliers, estimated on each Monte Carlo iteration for our three comparator
models. The right-hand set of box plots display the false positive rate, which we define

conversely use the variance of each xi , rather than the mean, in order to construct our

sampling design with the goal to produce sampling inclusion probabilities that are nearly

independent from the probabilities of assignment to the population clusters. So our model

formulation doesn’t (inadvertently) parameterize the sampling design, which is the most

general set-up.
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Both implementations exclude employment of sampling weights to correct for informative

partition. The authors note that these outlying points may be used to nominate outliers.

means algorithm by removing outlying data points that may induce mis-estimation of the

the trimmed K-means method of Fritz et al. (2012), which intends to robustify the K-

ber of clusters, K, using the Bayesian information criterion (BIC); secondly, we include

mixture model (initialized by a hierarchical agglomeration algorithm) and select the num-

of DPs construction. Fraley and Raftery (2002) employ the EM algorithm to solve their

that defines a finite mixture of Gaussians model of similar form as our (penalized) mixtures

firstly, we utilize the model-based clustering (MBC) algorithm of Fraley and Raftery (2002)

of the finite population from disjoint clusters. We include two methods as comparators;

the clustering parameters for the population, asymptotically, conditioned on the generation

ing the sampling weights, such that we estimate outliers and cluster centers with respect to

sampling weights, so that we do not correct for the informative sampling design; 2. includ-

clustering algorithm on each sample under two alternative configurations: 1. excluding the

(across the d = 15 dimensions), as described above. We run our sampling-weighted global

proportional to the average of the variances of member establishment response values

mative single stage, stratified sampling design with inclusion probabilities of each stratum

deterioration in outlier detection accuracy.
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Figure 5 reveals that failure to account for the informative sampling design induces a

results, as presented below).

(We experimented with different values of C ∈ [1, 1.5] and realized the same comparative

is how we would select outlying clusters on a real dataset where we don’t know the truth.

less than C = 1.1 times the total number of true outliers in the informative sample, which

clusters whose total observations (among the selected clusters) cumulatively summed to

Outliers were detected in each simulation iteration, b = 1, . . . , B, based on selecting those

the MBC,and trimmed K-means, on the other hand, that all exclude the sampling weights.

including sampling weights, on the one hand, to a version of the global clustering algorithm,

outliers. Each set of box plots compares estimation under the global clustering algorithm

as outliers. The inclusion of false positives permits assessment of the efficiency to detect

as the number of false discoveries divided by the total number of observations nominated

did not computationally scale to the size of data we contemplate for our CES application.

xi , not the associated variances (as the variances in each cluster are roughly equal). We

We generate a population and subsequently draw B = 100 samples under our infor-

sampling. We also considered to include the algorithm of Shotwell and Slate (2011), but it

Savitsky

The population of establishments are assigned to clusters based on the mean values of
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Figure 5: Accuracy of outlier detection under informative sampling: The left-hand plot
panel presents the distributions of the true positive rates, and the right-hand panel presents
the distribution for the false positive rates, both within 95% confidence intervals estimated
from B = 100 Monte Carlo draws of informative samples. Each sample is of size, n = 2500,
from a population of size, N = 25000, with a population cluster of outliers of size, N5 = 250.
The left-hand box plot within each plot panel is estimated from the sampling-weighted
global clustering algorithm that accounts for the informative sampling design by including
sampling weights, while the middle two box plots represent the model-based clustering
(MBC) and trimmed K-means algorithms, respectively, that ignore the informative sampling design as does the right-hand box plot that represents the global clustering algorithm
without inclusion of sampling weights.

95% CI

Savitsky

Figure 6 presents the distribution over the number of discovered clusters for each of

the three comparator models: 1. global clustering model, including sampling weights; 2.

MBC, excluding sampling weights; 3. Trimmed K-means, excluding sampling weights; 4.

global clustering model, excluding sampling weights. The dashed line at K = 5 clusters

is the correct generating value. While the the models excluding the sampling weights

(except for the trimmed K-means) estimate a higher number of clusters, such is not the

primary reason for their reduced outlier detection accuracy, as we observe from Figure 5

that the false positive rates are slightly lower for these two models compared to the model

that includes the sampling weights. The reduced accuracy is primarily driven by biased

estimation of the d × 1 cluster centers, {µp }p=1,...,K , (relative to the population), whose

estimation is performed together with assignment to clusters in a single iteration of the

algorithm. We examine this bias in the next simulation study.

The trimmed K-means does relatively well in capturing the number of true clusters,

absent the outlying cluster. The trimming is not isolating these points as outliers, however,

but collapsing them into a larger cluster; hence, the trimmed k-means does not nominate
any outliers.
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Figure 6: Comparison of distributions for number of estimated clusters, K, between the
global clustering model including the sampling weights in the left-hand box plot, to the
MBC in the middle box plot and the global clustering model in the right-hand box plot,
where both exclude the sampling weights.
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t-kmeans
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control for informative sampling; 2. global clustering model, including sampling weights to

the sampling weights to both estimate global partitions linked to a global partition and

of five box plots compare the following models: 1. hierarchical clustering model, including

over true positive and false positive rates, respectively, for our choice of models. The set

Figure 7 is of the same format as Figure 5, with two panels displaying distributions

global clustering on each dataset).

hierarchical clustering algorithm is worse than shown in the case we separately estimate a

the local partitions. (The performance of the global clustering algorithm relative to the

algorithm because our primary interest is in outlier detection, rather than inference on

generated over the J datasets when conducting estimation using the global clustering

that are assigned to the outlier cluster. We concatenate the set of informative samples

global cluster center for the outlier cluster and the set of observations in each local dataset

the hierarchical clustering algorithm outlined in Section 2.4. Our goal is to uncover the

produced in each draw using both the sampling-weighted global clustering algorithm and

design, described above. Estimation is conducted on the set of J informative samples

each of the J = 8 datasets on each draw, using the same stratified sampling informative

We conduct B = 100 Monte Carlo draws, where we take an informative sample within

earlier introduced, which induces a dependence structure among the set of local partitions.

select their local cluster centers from the same K = 5 global cluster centers that we

including one that is composed of 150 outliers. The set of J local partitions randomly

We now generate a set of local partitions hierarchically linked to a collection of global cluster

centers. We generate J = 8 local populations, Xj j=1,...,J , each of size Nj = 25000, and

associated local partitions, sj j=1,...,J , where each local partition contains, Lj = 2 clusters,

Clustering under Informative Sampling

3.3 Comparison of Outlier Estimation between Hierarchical and Global

Savitsky
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control for informative sampling; 3. model-based clustering, excluding sampling weights;
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4. trimmed K-means robust clustering, excluding sampling weights; 5. global clustering
model, excluding sampling weights. Results for the hierarchical clustering model, shown
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in the left-hand box plot of each panel, outperforms the global clustering model, where
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Figure 7: Accuracy of outlier detection under informative sampling for global vs hierarchical
clustering model: The left-hand plot panel presents the distributions of the true positive
rate, and the right-hand panel presents the distributions for the false positive rate, both
within 95% confidence intervals estimated from B = 100 Monte Carlo draws of informative
samples from each of J = 8 local populations. Each sample is of size, nj = 2500, j =
1, . . . , 8, from a population of size, Nj = 25000, with a cluster of outliers of size, Nj,5 =
125. The box plots represent the following models, from left-to-right: 1. hierarchical
clustering model, including the sampling weights to both estimate global partitions linked
to a global partition and control for informative sampling; 2. global clustering model,
including sampling weights to control for informative sampling; 3. model-based clustering
excluding sampling weights; 4. trimmed K-means, excluding sampling weights; 5. global
clustering model excluding sampling weights.

mbc

dependent set of local clusters. The hierarchical clustering algorithm appears to do a better
job of borrowing estimation information among the J = 8 local partitions.
Figure 8 presents distributions for each dimension, d = 1, . . . , 15, of the outlier cluster
center, µ5 , under four of the five comparison models (excluding the trimmed K-means)
in the same order as displayed in Figure 7. The sampling-weighted hierarchical clustering
model produces perfectly unbiased estimates for the population values of the global outlier
cluster center, while the other 3 models (excluding the trimmed K-means) induce bias in
proportion to their outlier detection performances. Unbiased estimation of the outlying
cluster center as compared to the other clusters is important to detect an outlying cluster
because the cluster centers encode the degree of separation of the outlying cluster(s) from
the others. We see that the true positive detection rates across the methods shown in
Figure 7 are roughly proportional to the levels of bias estimated in the dimensions of
the outlying cluster center displayed in Figure 8. Since the trimmed K-means does not
nominate any outliers, we cannot compute a outlying cluster center under this method.
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Figure 8: Comparison of estimation bias for each of d = 15 dimensions of the outlier
global cluster mean, µ5 , estimated from J = 8 local partitions under the following models,
from left-to-right: 1. hierarchical clustering model, including the sampling weights to
both estimate global partitions linked to a global partition and control for informative
sampling; 2. global clustering model, including sampling weights to control for informative
sampling; 3. model-based clustering, excluding sampling weights; 4. global clustering
model, excluding sampling weights. The dashed line in each panel is the true value the
center for each dimension, d = 1, . . . , 15

95% CI m p

9

mbc
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δijt =

normalize the observed statistics to,
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(7)

between November to December, relative to their November employment levels. So we

establishments whose responses express unusually large changes in employment statistics

November and December, 2009 as a typical illustration. We are interested to flag those

on the set of 108017 establishments whose reported employment statistics differ between

a small percentage of observations (e.g. < 1%). Our CES survey application focuses

are nominated by selecting all establishment observations in any local cluster that holds

a dependence structure across industries by potentially sharing global clusters. Outliers

survey responses for estimation of industry-indexed (local) partitions that may express

We apply our hierarchical clustering algorithm to a data set of one month changes in CES

4. Application

recommend).

of the farthest-first algorithm as in Kulis and Jordan (2011), a procedure that we do not

ing algorithm where the penalty parameters are set in an ad hoc fashion (e.g., through use

discrepancy between employment or not of the merge move for a single run of the cluster-

large magnitude misestimation of the number of global and local clusters. We find a larger

lection of the number of local and global clustering penalty parameters protected against a

accuracy wasn’t notably impacted, likely because employment of the C algorithm for se-

estimation of the the number of clusters (6 instead of the true 5), the outlier detection

algorithm in this simulation study. While excluding the merge move induced an over-

We also examined the effect of excluding the merge move for the hierarchical clustering

Savitsky

distributions, as suggested by Jiang et al. (2012) (which produces the same results on these

family distributions) and replace the mixtures of Gaussian distributions with Exponential

in Equation 6 with the Bregman divergence (which is uniquely specified for exponential

assumptions in Equation 5a. Alternatively, we could replace the squared Euclidean distance

of the statistic to perform clustering in order to conform to the mixtures of Gaussians

is highly right-skewed for all dimensions, j ∈ (1, . . . , d), so we use a logarithm transform

which has support on the positive real line that we, in turn, cluster. The distribution of δijt

Scalable Inference for Outlier Detection under Informative Sampling

degree of dependence among them.

all of the K = 9 global clusters are shared among the local partitions, indicating a high

sj , and their links to the global cluster centers. Scanning each of the columns, we see that

rithm transform. The fourth through final rows present the by-industry, local partitions,

centers, µp , for change ratio in ae, pw, npr, and nhr respectively, after reversing the loga-

beled “ae ratio’,“pw ratio”,“npr ratio”, “nhr ratio”) present the estimated global cluster

of the number of establishments assigned to each global cluster. The first four rows (la-

the results for one of the K = 9 global clusters, from left-to-right in descending order

Savitsky

unusually large increases in reported employment and payroll from November-to-December.

November. The second column from the right represents a cluster whose centers indicate

ments in all industries linked to the associated global cluster as reported for the month of

The fifth row (labeled “ae avg”) averages the total employment, ae, over all establish-

data).
We focus on four employment variables of particular importance to CES (that also
express high response rates); 1. “ae”, which is the total employment for each reporting
establishment; 2. “pw”, which is production worker employment for each establishment; 3.
“npr”, which is the total payroll dollars expended for employees of each establishment; 4.
“nhr”, which is the average weekly hours worked for each establishment. So the dimension

selected penalty parameters and resulting estimated clustering also did not change when

so that we prefer the parsimonious model (in terms of number of clusters selected). The

merge step. The resulting inference on the nomination of outliers, however, was unchanged

out inclusion of the merge step was K = 10, while K = 9 was estimated when including the

including or excluding the merge step. Nevertheless, the number of clusters estimated with-

(λL = 19, λK = 145) from this grid. The selected penalty parameters did not change when

15 × 20 grid, using the Calinski Harabasz and silhouette statistics, which both choose

We select penalty parameters from the range, (9 ≤ λL ≤ 829, 17 ≤ λK ≤ 187), on a

smaller establishments generally tend to commit submission errors at a higher rate. The

lyst investigation by the BLS. Previous analysis conducted within the BLS suggests that

the remaining 470 establishments linked to this global cluster as outliers for further ana-

might dramatically increase in anticipation of holiday shopping. So we would nominate

cember. It might, however, be expected that the retail (and associated wholesale) hiring

estimation of the sampling-weighted total employment estimates for November and De-

that their high magnitude shifts in reported employment levels may be influential in the

employees will receive high sampling weights due to their low inclusion probabilities, such

20 reported employees in November. Establishments with a relatively small number of

The establishments linked to this cluster are of generally small-sized, with an average of

we employed a finer grid. Results from inclusion of the merge step are presented in Table 1,

result excluding the merge step splits this cluster into two in a manner that doesn’t change

of our CES survey application is d = 4.

where we discover K = 9 global clusters shared among the J = 23 local partitions, and

inference about outlier nominations.
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each local partition holds between Lj = 2 − 9 clusters. Each column of Table 1 presents
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Broderick et al. (2012) for estimation of partitions among a set of observations to appli-

We have extended the MAP approximation algorithm of Kulis and Jordan (2011) and

changes in employment levels.

small subset of the over 100000 establishments whose responses reflect month-over-month

an automated, fast-computing tool that nominates as outliers for further investigation a

published estimates (by region and industry, for example). BLS analysts, therefore, require

quires investigation of establishment responses for errors, which may prove influential in

establishment responses and publication of estimates. Retaining estimation quality re-

The BLS seeks to maintain a short lead time for the CES survey between receipt of monthly

5. Discussion

of these establishments.

industry, mentioned above, may suggest to place an especially high priority on investigation

of establishments expressing a large decrease in employment. The seasonal hiring in this

lishments in this cluster. The two Retail industries show 17 establishments in this cluster

variables, however, would likely prompt an investigation of the submissions for all estab-

ments in this cluster, coupled with the large magnitude decreases in reported employment

investigation on this cluster than the previous discussed. The small number of establish-

probabilities), and so are less influential. So BLS would generally place a lower priority for

to receive smaller sampling weights, however, (because they have higher sample inclusion

ers in November. The moderate-to-large size of establishments in this cluster will tend

contains 113 relatively large-sized establishments with an average of 278 reported employ-

of employees (and payroll dollars) reported from November-to-December. This cluster

for the variable “npr”, indicating an unusually large magnitude decrease in the number

The smallest-size (right-most) cluster has a mean of 0.01 in the monthly change ratio
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ratio
ratio
ratio
ratio

Agriculture
Mining
Utilities
Construction
Manufacturing(31)
Manufacturing(32)
Manufacturing(33)
Wholesale
Retail(44)
Retail(45)
Transportation(48)
Transportation(49)
Information
Finance
Real Estate
Professional Services
Management of Companies
Waste Mgmt
Education
Health Care
Arts-Entertainment
Accommodation
Other Services

ae avg (November)

ae
pw
npr
nhr

0.98
0.973
0.963
0.979

1.157
1.199
1.283
1.213

0.829
0.797
0.423
0.639

0.657
0.596
0.465
0.547

2.008
2.586
4.106
2.469

205

104

154

125

0
379
0
2977
1015
1229
0
1828
0
0
1266
0
1852
4947
1409
2999
0
3674
666
0
953
11757
1499
38450

81
0
405
0
0
0
2117
0
14648
9381
0
1149
0
0
0
0
881
0
0
6437
0
0
0
35099

0
118
0
1111
254
272
494
486
4484
5243
346
703
456
1894
981
1151
185
1301
229
1068
308
2541
433
24058

40

0
0
0
0
0
0
169
0
915
996
155
101
198
476
0
349
64
0
0
368
0
822
0
4613

16
105
0
1008
0
131
0
161
0
0
0
0
0
0
159
0
0
602
0
0
213
0
158
2553

Units in Super Sector Clusters

168

0
0
0
174
0
30
46
47
160
132
41
64
30
138
0
149
0
144
23
126
0
181
51
1536

182

Average Employment Count, by cluster

0.961
0.951
0.939
0.944

Variable Values, by cluster

0
20
4
125
28
19
34
26
168
58
26
39
22
51
18
70
6
103
19
63
42
100
11
1052

258

0.156
0.189
0.143
0.182

0
3
1
9
6
3
3
3
7
10
4
14
1
6
0
5
1
11
0
14
2
7
3
113

278

0.093
0.146
0.010
0.109

108017
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0
10
2
34
6
5
16
23
33
17
16
11
30
111
15
47
6
40
6
23
25
49
18
543

20

19.212
11.95
16.617
20.37

Table 1: CES Mixtures of HDPs: Global cluster centers and local partitions
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replace the usual likelihood in estimation of the joint posterior over partitions and asso-

cations where the observations were acquired under an informative sampling design. We
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the preparation of this paper.
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Appendix A. Hierarchical Clustering Algorithm
Loop over algorithm blocks, A.2 and A.3 until convergence.

sij

vzj j ,
i

P
i∈{i:sij =p}



PJ
j=1

Pnj
i=1

w̃ij Xij − µp

Set d × 1 cluster center, µ1 ←
PJ
j=1

Compute energy,

PK
p=1

 P
Pnj j 
J
w̃ij xij /
i=1 w̃i .
j=1

2

+ λK K + λL L, where L =

PJ
j=1

Lj .

Input: Set of nj × d data matrices, {Xj }j=1,...,J , where each holds 1 × d observations for nj
units in local dataset, j. Set of nj × 1 vectors, {w̃j } of sampling weights for nj units
in local dataset, j. λL , local cluster penalty parameter. λK , global cluster penalty
parameter.
0
Output: K × d, M = (µ1 , . . . , µK ) , a matrix of 1 × d global cluster centers for
p = 1, . . . , K global clusters. A set of nj × 1 vectors, {sj }j=1,...,J , where
sij ∈ (1, 2, . . . , K), linking units in each dataset, Xj , to a global cluster,
p ∈ (1, . . . , K). The number of unique values in sj , denoted by Lj , specifies the
local partition structure for dataset, Xj .
Initialize: Initialize number of global clusters, K = 1.
for j ← 1 to J do
Lj × 1, vj records link of each local cluster, c ∈ (1, . . . , Lj ), to global cluster,
j
p ∈ (1, . . . , K). Initialize Lj = 1 and vL
= 1.
j
nj × 1, zj , records link of each unit, i in dataset, j, to a local cluster, c ∈ (1, . . . , Lj ).
Initialize zij = 1, ∀i.
nj × 1, sj records link of each unit, i, in dataset, j to a global cluster, p ∈ (1, . . . , K).
Initialize
←
∀i.

Algorithm A.1: Initialize local and global cluster objects

1

3

2

4

5

6
7

e←
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Compute µp =

PJ
j=1

i∈Sjp
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2

for p = 1, . . . , K.

Re-compute global cluster centers
for p ← 1 to K global clusters do
for j ← 1 to J datasets do
Compute units in j assigned to global cluster p, Sjp = {i : sij = p} ;
 P

P
P
J
xij w̃ij / j=1 i∈Sjp w̃ij .

i

Shed global clusters no longer assigned to any local clusters.
for p ← 1 to K global clusters do
if vj 6= p, ∀j ∈ (1, . . . , J) then
0
0
0
Recode global cluster labels in vj such that p ← p − 1, ∀p > p
Set K ← K − 1
Delete cluster center for p, M ← M−p,1:d .
for local partitions, j ← 1 to J and units, i ← 1 to nj do
sij ← vzj j .

Compute sum of local-to-global cluster distances:
2
P
djcp = i∈zcj w̃ij Xij − µp , for p = 1, . . . , K.
2
P
if minp djcp > λK + i∈zjc w̃ij Xij − µjc then
Set K ← K + 1, vcj = K, and µK = µjc
else vcj ← argminp djcp

Re-assignment of (all units in) local clusters to global clusters.
for local partitions, j ← 1 to J and local cluster,
c ← 1toLj do
P

P
j j
j
Let zcj = {i : zj = c} and 1 × d, µjc =
i∈zjc w̃i xi /
i∈zjc w̃i .

For those global clusters, p, not linked to any local cluster in j,
{p : vcj 6= p, ∀c ∈ (1, . . . , Lj )},
dijp ← dijp + λL (since must add local cluster if assign i to p).
if minp dijp > λL + λK then
Create new local cluster linked to new global cluster.
Lj ← Lj + 1, zij = Lj
j
←K
K ← K + 1, µK ← Xij , vL
j
else
Let p̂ ← argminp dijp .
if vcj = p̂ for some c ∈ (1, . . . , Lj ) then
Assign unit i in j to local cluster c, zij ← c and vcj = p̂.
else
Create new local cluster for unit i and link to global cluster, p̂.
j
Lj ← Lj + 1 and zij = Lj and vL
= p̂.
j

j
− µp
Compute distance metric, dijp = w̃ij Xi,1:d

Assignment of units to global clusters.
for j ← 1 to J and i ← 1 to nj do

Algorithm A.2: Build Local and Global Clusters
1
2
3
4

5

7

6

8
9
10
11

13

12

14
15
16

17
18
19
20
21

22
23
24
25
26
27
28
29
30
31
32

33
34
35
36
37
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31

30

29

28

27

26

25

24

23

22

21

20

19

18

17

16

15

14

13

12

11

10

9

8

7

6

5

4

3

2

0

jp

0

jp

+ λK K + λL L

0
0
jp

.

0

i
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Recode z local cluster assignments so labels are contiguous by setting
c ← c − 1, ∀c > cjp0 .
0
Recode global cluster labels in vj such that p ← p − 1, ∀p > p

j

Remove global cluster center for p .
M∗ ← M∗−p0 ,1:d
for units, i ← 1 to nj do
sji ← vzj j .

M ← M∗

jp

j
Remove now empty local clusters linked to p , vj ← v−c

jp

else
0
Reassign local clusters linked to p to p.
zjc 0 = {i : zj ∈ cjp0 } and zjc 0 ← cjp1 .

jp

if e∗ < e then
0
Execute merge of global clusters, p and p
for local partitions, j ← 1 to J do
if Ljp0 > 0 then
0
Cluster p is linked to local partition, j.
if Ljp = 0 then vcj 0 ← p

jp

Compute number of local clusters shed if merge global cluster, (p , p).
for local partitions, j ← 1 to J do
0
0
Local clusters linked to p , p: cjp0 = {c : vj = p } and cjp = {c : vj = p},
Ljp0 = |cjp0 | and Ljp = |cjp |
PJ
Reduced number of local clusters, L∗ = L − j=1 Ljp , and global clusters, K ∗ ← K − 1 .
Compute energy under the test merge,
2
PK PJ P
e∗ ← p=1 j=1 i∈S∗ w̃ij xji − µ∗p + λK K ∗ + λL L∗

Set M∗p0 ,1:d ← M∗p,1:d

0

2

There are some units in sj assigned to global cluster, p , Re-assign units linked
0
0
to p to p. S∗jp = {i : sji = p or sji = p }
 P
P
P
P
J
J
j
j j
Compute merged cluster centers, µ∗p =
j=1
i∈S ∗ w̃i
j=1
i∈S∗ xi w̃i /

for p ← 2 to K and p ← 1 to (p − 1) do
Perform test merge for each pair of global clusters.
Set matrix of cluster centers for virtual step, M∗ ← M.
for local partitions, j ← 1 to J do
0
Let S∗jp0 = {i : sji = p }
∗
if |Sjp0 | > 0 then

i

Algorithm A.3: Merge global clusters
PK PJ P
j
j
1 Compute energy of current state, e ←
p=1
j=1
i∈{i:sj =p} w̃i xi − µp
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Approximate Newton methods are standard optimization tools which aim to maintain
the benefits of Newton’s method, such as a fast rate of convergence, while alleviating
its drawbacks, such as computationally expensive calculation or estimation of the inverse
Hessian. In this work we investigate approximate Newton methods for policy optimization
in Markov decision processes (MDPs). We first analyse the structure of the Hessian of the
total expected reward, which is a standard objective function for MDPs. We show that,
like the gradient, the Hessian exhibits useful structure in the context of MDPs and we use
this analysis to motivate two Gauss-Newton methods for MDPs. Like the Gauss-Newton
method for non-linear least squares, these methods drop certain terms in the Hessian.
The approximate Hessians possess desirable properties, such as negative definiteness, and
we demonstrate several important performance guarantees including guaranteed ascent
directions, invariance to affine transformation of the parameter space and convergence
guarantees. We finally provide a unifying perspective of key policy search algorithms,
demonstrating that our second Gauss-Newton algorithm is closely related to both the EMalgorithm and natural gradient ascent applied to MDPs, but performs significantly better
in practice on a range of challenging domains.
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Markov decision processes (MDPs) are the standard model for optimal control in a fully
observable environment (Bertsekas, 2010). Strong empirical results have been obtained in
numerous challenging real-world optimal control problems using the MDP framework. This
includes problems of non-linear control (Stengel, 1993; Li and Todorov, 2004; Todorov and
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Tassa, 2009; Deisenroth and Rasmussen, 2011; Rawlik et al., 2012; Spall and Cristion, 1998;
Levine and Koltun, 2013b; Schulman et al., 2015; Heess et al., 2015; Lillicrap et al., 2016),
robotic applications (Kober and Peters, 2011; Kohl and Stone, 2004; Vlassis et al., 2009),
biological movement systems (Li, 2006), traffic management (Richter et al., 2007; Srinivasan
et al., 2006), helicopter flight control (Abbeel et al., 2007), elevator scheduling (Crites and
Barto, 1995) and numerous games, including chess (Veness et al., 2009), go (Silver et al.,
2016; Gelly and Silver, 2008), backgammon (Tesauro, 1994) and Atari 2600 video games
(Mnih et al., 2015; Schulman et al., 2015).
It is well known that the global optimum of a MDP with finite state and action sets
can be obtained through methods based on dynamic programming, such as value iteration
(Bellman, 1957) and policy iteration (Howard, 1960). However, these techniques are known
to suffer from the curse of dimensionality, which makes them infeasible for many real-world
problems of interest. As a result, most research in the reinforcement learning and control
theory literature has focused on obtaining approximate or locally optimal solutions. There
exists a broad spectrum of such techniques, including approximate dynamic programming
methods (Bertsekas, 2010; Mnih et al., 2015), tree search methods (Russell and Norvig,
2009; Kocsis and Szepesvári, 2006; Browne et al., 2012; Silver et al., 2016), local trajectoryoptimization techniques, such as differential dynamic programming (Jacobson and Mayne,
1970) and iLQG (Li and Todorov, 2006), and policy search methods (Williams, 1992; Baxter
and Bartlett, 2001; Sutton et al., 2000; Marbach and Tsitsiklis, 2001; Kakade, 2002; Kober
and Peters, 2011; Levine and Koltun, 2013b; Silver et al., 2014; Schulman et al., 2015; Heess
et al., 2015; Lillicrap et al., 2016).
The focus of this paper is on policy search methods, which are a family of algorithms
that have proven extremely popular in recent years, and which have numerous desirable
properties that make them attractive in practice. Policy search algorithms are typically
specialized applications of techniques from numerical optimization (Nocedal and Wright,
2006; Dempster et al., 1977). As such, the controller is given a differentiable parameterisation and an objective function is defined in terms of this parameterisation. Local
information about the objective function, such as the gradient, is then used to update the
parameters of the controller in an incremental manner until the algorithm converges to a
local optimum of the objective function. There are several benefits to such an approach:
the smooth updates of the control parameters endow these algorithms with very general
convergence guarantees; as performance is improved at each iteration (or at least on average
in stochastic policy search methods) these algorithms have good anytime performance properties; it is not necessary to approximate the value function, which is typically a difficult
function to approximate—instead it is only necessary to approximate a low-dimensional
projection of the value function, an observation which has led to the emergence of so called
actor-critic methods (Konda and Tsitsiklis, 2003, 1999; Bhatnagar et al., 2008, 2009); policy
search methods are easily extendable to models for optimal control in a partially observable
environment, such as the Finite State Controllers (Meuleau et al., 1999; Toussaint et al.,
2006).
In (stochastic) gradient ascent (Williams, 1992; Baxter and Bartlett, 2001; Sutton et al.,
2000) the control parameters are updated by moving in the direction of the gradient of an
objective function. While gradient ascent has enjoyed some success, it suffers from serious
issues that can hinder its performance: specifically, it is not scale invariant (Nocedal and

Journal of Machine Learning Research 17 (2016) 1-51

Approximate Newton Methods for Policy Search in Markov Decision Processes

itself, with the resulting algorithm having various desirable properties. For instance, the
preconditioning matrix used in the Gauss-Newton method is guaranteed to be positivesemidefinite, so that the non-linear least squares objective is guaranteed not to increase for
a sufficiently small step size.
While a straightforward application of quasi-Newton methods will not typically be possible for MDPs,2 in this paper we consider whether an analogue to the Gauss-Newton
method exists, so that the benefits of such methods can be applied to MDPs. The specific
contributions are as follows:

Furmston, Lever and Barber
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2. In quasi-Newton methods, to ensure an increase in the objective function, it is necessary to satisfy
the secant condition (Nocedal and Wright, 2006). This condition is satisfied when the objective is
concave/convex or the strong Wolfe conditions are met during a line search. For this reason, stochastic applications of quasi-Newton methods has been restricted to convex/concave objective functions
(Schraudolph et al., 2007).

• In Section 5 we present a unifying perspective for several policy search methods. In
particular we relate the search direction of our second Gauss-Newton algorithm to
that of expectation maximization (which provides new insights into the latter algorithm when used for policy search), and we also discuss its relationship to the natural
gradient algorithm.

Our methods apply to finite and continuous state and action sets. For simplicity of
exposition we have presented results for the finite case to avoid measurability considerations. Some of our experiments have continuous state and action sets. Similarly
our method is suitable for unknown transition dynamics, but can also be trivially used
in a model-based approach with a known or estimated dynamics model.

• Motivated by this analysis, in Section 4 we provide two Gauss-Newton type methods
for policy optimization in MDPs. These methods retain certain terms of our Hessian decomposition in the preconditioner in a gradient-based policy search algorithm.
The first method discards terms which are difficult to approximate and which, for
appropriately selected classes of controller, will become negligible near local optima.
The second method further discards an additional term which is not guaranteed to
be negative semi-definite. We provide an analysis of our Gauss-Newton methods and
give several important performance guarantees for the second Gauss-Newton method:
We demonstrate that the preconditioning matrix is negative-semidefinite when the
controller is log-concave in the control parameters (detailing some widely used controllers for which this condition holds) guaranteeing that the search direction is an
ascent direction; We show that the method is invariant to affine transformations of the
parameter space and thus does not suffer the significant drawback of gradient ascent.
We provide a convergence analysis, demonstrating linear convergence to local optima,
in terms of the step size of the update.

• In Section 3, we present an analysis of the Hessian of the total expected reward, which
is a standard objective function for MDPs. Our starting point is a derivation of the
Hessian for the total expected reward (Theorem 3) and we analyse the behavior of
individual terms of the Hessian to provide insight into constructing efficient approximate Newton methods for policy optimization. In particular, we provide conditions
under which certain terms become negligible near local optima.

Wright, 2006) and the search direction is often poorly-scaled, i.e., the variation of the
objective function differs dramatically along the different components of the gradient. Poor
scaling of the gradient leads to a poor rate of convergence (Nocedal and Wright, 2006).
It also makes the construction of a good step size sequence a difficult problem, which is
an important issue in stochastic methods.1 Poor scaling is a well known problem with
gradient ascent and alternative numerical optimization techniques have been considered in
the policy search literature. Two approaches that have proven to be particularly popular are
expectation maximization (Dempster et al., 1977) and natural gradient ascent (Amari, 1997,
1998; Amari et al., 1992), which have both been successfully applied to various challenging
MDPs (see the works of Dayan and Hinton (1997); Kober and Peters (2009); Toussaint
et al. (2011); Levine and Koltun (2013a) and Kakade (2002); Bagnell and Schneider (2003)
respectively).
An avenue of research that has received less attention is the application of Newton’s
method to Markov decision processes. Although such an extension of the GPOMDP algorithm is provided in the work of Baxter and Bartlett (2001), they give no empirical results in
either that article or the accompanying paper of empirical comparisons (Baxter et al., 2001).
There has since been only a limited amount of research into using the second order information contained in the Hessian during the parameter update. To the best of our knowledge
only two attempts have been made: in the work of Schraudolph et al. (2006) an on-line
estimate of a Hessian-vector product is used to adapt the step size sequence in an on-line
manner; in the work of Ngo et al. (2011), Bayesian policy gradient methods (Ghavamzadeh
and Engel, 2007) are extended to Newton’s method. There are several reasons for this lack
of interest. Firstly, in many problems the construction and inversion of the Hessian is too
computationally expensive to be feasible. Additionally, the objective function of a MDP is
typically not concave, and so the Hessian is not guaranteed to be negative-definite. As a
result, the search direction of Newton’s method may not be an ascent direction, and hence a
parameter update could actually lower the objective. Additionally, the variance of samplebased estimators of the Hessian will be larger than that of estimators of the gradient. This
is an important point because the variance of gradient estimates can be a problematic issue
and various methods, such as baselines (Weaver and Tao, 2001; Greensmith et al., 2004),
exist to reduce the variance.
Many of these problems are not particular to Markov decision processes, but are general
longstanding issues that plague Newton’s method. Various methods have been developed
in the optimization literature to alleviate these issues, while also maintaining desirable
properties of Newton’s method. For instance, quasi-Newton methods were designed to
efficiently mimic Newton’s method using only evaluations of the gradient obtained during
previous iterations of the algorithm. These methods have low computational costs, a superlinear rate of convergence and have proven to be extremely effective in practice. See the work
of Nocedal and Wright (2006) for an introduction to quasi-Newton methods. Alternatively,
the well-known Gauss-Newton method is a popular approach that aims to efficiently mimic
Newton’s method. The Gauss-Newton method is particular to non-linear least squares
objective functions, for which the Hessian has a particular structure. Due to this structure
there exist certain terms in the Hessian that can be used as a useful proxy for the Hessian
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1. This is because line search techniques lose much of their desirability in stochastic numerical optimization
algorithms, due to variance in the evaluations.

3

In policy search methods the policy is given some differentiable parametric form, denoted
π(a|s; w), with policy parameters, w ∈ W ⊂ Rn , n ∈ N. (We also use the notation,
πw (a|s) ≡ π(a|s; w), where appropriate.) Local information, such as the gradient of the
objective function, is then used to update the policy in an incremental manner until the
algorithm converges to a local optimum of the objective function. We overload notation
and write the objective function directly in terms of the parameter vector, i.e.,

5

6

U (w) := U (πw ),

∀w ∈ W,

(4)
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(1)

2.2 Policy Search Methods

and gives the value ofP
performing an action, in a given state, and then following the policy.
Note that, Vπ (s) =
a∈A π(a|s)Qπ (s, a). Finally, the advantage function, Aπ (s, a) :=
Qπ (s, a) − Vπ (s), gives the relative advantage
P of an action in relation to the other actions
available in that state. It can be seen that, a∈A π(a|s)Aπ (s, a) = 0, for each s ∈ S.

which is known as the Bellman equation (Bertsekas, 2010). The state-action value function
w.r.t. policy π is given by,


Qπ (s, a) := R(s, a) + γEs0 ∼P (·|s,a) Vπ (s0 ) ,
(3)
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Est ,at ∼pt γ t−1 R(st , at ); π .



t=1

It can be seen that, U (π) = Es∼D [Vπ (s)]. The state value function
 can also be written as the 


solution of the following fixed-point equation, Vπ (s) = Ea∼π(·|s) R(s, a)+γEs0 ∼P (·|s,a) Vπ (s0 ) ,

while the trajectory distribution is written in the form p(a1:t , s1:t ; w) = p(a1:t , s1:t ; πw ).
Similarly, V (s; w), Q(s, a; w) and A(s, a; w) denote respectively the state value function,

t=1



(2)

We use the notation ξt := (s1 , a1 , s2 , a2 , ...., st , at ) to denote trajectories through the
state-action space of length, t ∈ N. We use ξ to denote trajectories that are of infinite
length, and use Ξ to denote the space of all such trajectories. Given a trajectory, ξ ∈ Ξ,
we use the
R̄(ξ) to denote the total discounted reward of the trajectory, so that
P notation
t−1 R(s , a ). Similarly, we use the notation p(ξ; π) to denote the probability
R̄(ξ) = ∞
t t
t=1 γ
of generating the trajectory ξ under the policy π.
We now introduce several functions that are of central importance. The state value
function w.r.t. policy π is defined as the total expected future reward given the current
state,


∞
X
Vπ (s) :=
Est ,at ∼pt γ t−1 R(st , at ) s1 = s; π .

τ =1

Y

t−1
p(s1:t , a1:t ; π) := π(at |st )
P (sτ +1 |sτ , aτ ) × π(aτ |sτ ) D(s1 ).

We use the semi-colon to identify parameters of the distribution, rather than conditioning
variables. The distribution of st and at , which we denote by pt , is given by the marginal at
time t of the joint distribution over (s1:t , a1:t ), with s1:t = (s1 , s2 , ..., st ), a1:t = (a1 , a2 , ..., at ),
which is given by,
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3. For notational convenience we shall consider a deterministic reward function in this paper. The extension
to the case of a stochastic reward function can be done by considering the expectation over the reward
function where appropriate.
4. Given either an episodic finite horizon or a discounted infinite horizon MDP in which the reward function
is bounded but not necessarily non-negative, one can construct an auxiliary MDP that has a bounded
non-negative reward function and has the same optimal policies as the original MDP. This can be
achieved, for example, by setting the reward function of the auxiliary MDP as Rauxiliary (s, a) = R(s, a) −
min(s,a)∈S×A R(s, a), which only requires knowledge of the lower bound of the reward function in the
original MDP. The same is not true, however, of absorbing state MDPs with a discount factor of 1.

U (π) :=

∞
X

In a Markov decision process an agent, or controller, sequentially interacts with an environment by selecting actions (based on the the current state of the environment) after which
the system transitions to a new state (often in a stochastic manner) and the agent receives
a scalar reward (dependent upon the selected action and the state of the environment).
The optimality of an agent’s behavior is measured in terms of the total (discounted) reward
the agent can expect to receive, so that optimal control is obtained when this quantity is
maximized.
Formally a MDP is described by the tuple (S, A, D, P, R), in which S and A are sets,
known respectively as the state and action space, D is the initial state distribution, which
is a distribution over the state space, P encodes the transition dynamics using a set of conditional distributions over the state space, {P (·|s, a)}(s,a)∈S×A , and R : S × A → [0, Rmax ]
is the (possibly stochastic3 ) reward function, which is assumed to be bounded and nonnegative.4 We use the notation st and at to denote the random variable of the state and
action of the tth time step, t ∈ N, respectively. The state at the initial time step is determined by the initial state distribution, s1 ∼ D(·). At any given time step, t ∈ N, and given
the state of the environment, the agent selects an action, at ∼ π(·|st ), according to the policy
π. The next state is determined according to the transition dynamics, st+1 ∼ P (·|at , st ).
At each time step the agent receives a scalar reward, which is determined by the reward
function.
In this paper we consider the total expected reward, which is a standard objective
function in the reinforcement learning literature (Bertsekas, 2010). We shall consider the
infinite horizon discounted reward framework. In this framework there is a discount factor,
γ ∈ [0, 1), and the objective function takes the form,

2.1 Markov Decision Processes

In Section 2.1 we introduce Markov decision processes, along with some standard terminology relating to these models that will be required throughout the paper. In Section 2.2 we
introduce policy search methods and provide an overview of the literature.

2. Preliminaries and Background

• In Section 6 we present experiments demonstrating state-of-the-art performance on
challenging domains including Tetris and robotic arm applications.

Approximate Newton Methods for Policy Search in Markov Decision Processes

(5)
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γ t−1 pt (st = s, at = a; w).
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t=1

∞
X

state-action value function and the advantage function in terms of the parameter vector w.
We introduce the function,
pγ (s, a; w) :=

(7)

8

(8)
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It is not possible to calculate the gradient exactly for many real-world MDPs of interest.
For instance, in discrete domains the size of the state-action space may be too large for enumeration over these sets to be feasible. Alternatively, in continuous domains the presence of
non-linearities in the transition dynamics makes the calculation of the occupancy marginals
an intractable problem. Additionally, it can be the case that P and R are unknown in
practice. In such cases it can be preferable to directly estimate the gradient using samples
obtained from the environment, rather than building a model of the MDP. Various techniques have been proposed in the literature to estimate the gradient, including the method
of finite-differences (Kiefer and Wolfowitz, 1952; Kohl and Stone, 2004; Tedrake and Zhang,
2005), simultaneous perturbation methods (Spall, 1992; Spall and Cristion, 1998; Srinivasan
et al., 2006) and likelihood-ratio methods (Glynn, 1986, 1990; Williams, 1992; Baxter and
Bartlett, 2001; Konda and Tsitsiklis, 2003, 1999; Sutton et al., 2000; Bhatnagar et al., 2009;
Kober and Peters, 2011). Likelihood-ratio methods, which originated in the statistics literature and were later applied to MDPs, are now the prominent method for estimating
the gradient. There are numerous such methods in the literature, including Monte-Carlo
methods (Williams, 1992; Baxter and Bartlett, 2001) and actor-critic methods (Konda and
Tsitsiklis, 2003, 1999; Sutton et al., 2000; Bhatnagar et al., 2009; Kober and Peters, 2011).
Gradient ascent is known to perform poorly on objective functions that are poorly-scaled,
that is, if changes to some parameters produce much larger variations to the function than
changes in other parameters. In this case gradient ascent zig-zags along the ridges of the

Proof. This is a well-known result that can be found in Sutton et al. (2000). A derivation
of (8) is provided in Section A.1 in the Appendix.

s∈S a∈A

XX
∂
∂
U (w) =
pγ (s, a; w)Q(s, a; w)
log π(a|s; w).
∂w
∂w

Theorem 1 (Policy Gradient Theorem (Sutton et al., 2000)). Suppose we are given a
Markov decision process with objective (1) and Markovian trajectory distribution (2). For
any given parameter vector, w ∈ W, the gradient of (4) takes the form,

return wk

until Convergence of the policy parameters;

Update iteration counter, k ← k + 1.

∂
Update policy parameters, wk+1 = wk + αk M(wk ) ∂w
U (w)|w=wk .

Algorithm 1: Generic gradient-based policy search algorithm
Input: Initial vector of policy parameters, w0 ∈ W, and a step size sequence,
∞ , with α ∈ R+ for k ∈ N.
(αk )k=0
k
Set iteration counter, k ← 0.
repeat
∂
Either calculate or estimate the gradient of the objective, ∂w
U (w)|w=wk , and the
preconditioner, M(wk ), at the current point in the parameter space.

P
Note that (s,a)∈S×A pγ (s, a;P
w) = (1 − γ)−1 . Additionally, the objective function can be
written in the form U (w) = (s,a)∈S×A pγ (s, a; w)R(s, a).
We shall consider two forms of policy search algorithm in this paper: gradient-based
optimization methods and methods based on iteratively optimizing a lower-bound on the
objective function. In gradient-based methods the update of the policy parameters takes
the form,
∂
wnew = w + αM(w)
U (w),
(6)
∂w
where α ∈ R+ is a step size parameter and M(w) is some preconditioning matrix that
possibly depends on w ∈ W. If U is smooth, M(w) is positive-definite and α is sufficiently
small then such an update will increase the total expected reward. If the preconditioning
matrix is always positive-definite, the step size sequence is appropriately selected and U is
∂
Lipschitz, which is the case when k ∂w
log π(a|s; w)k2 is uniformly bounded by M ∈ R for
all w ∈ W and (a, s) ∈ A × S, then iteratively updating the policy parameters according to
(6) will result in the policy parameters converging to a local optimum of U . This generic
gradient-based policy search algorithm is given in Algorithm 1. Gradient-based methods
vary in the form of the preconditioning matrix used in the parameter update. The choice
of the preconditioning matrix determines various aspects of the resulting algorithm, such
as the computational complexity, the rate at which the algorithm converges to a local opti∂
mum and invariance properties of the parameter update. Typically the gradient, ∂w
U (w),
and the preconditioner, M(w), will not be known exactly and must be approximated by
collecting data from the system. In the context of reinforcement learning, the expectation
maximization (EM) algorithm searches for the optimal policy by iteratively optimizing a
lower bound on the objective function. While EM does not have an update of the form given
in (6) we shall see in Section 5.2 that the algorithm is closely related to such an update.
We now review specific policy search methods.
2.2.1 Gradient Ascent

wnew = w + α
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can be written in a relatively simple form using the following

∂
U (w).
∂w

Gradient ascent corresponds to the choice M(w) = In , where In denotes the n × n identity
matrix, so that the parameter update takes the form:

∂
∂w U (w),

Policy search update using gradient ascent

The gradient,
theorem:

7

∂
U (w).
∂w
(9)

s∈S a∈A

XX

pγ (s, a; w)

∂
∂>
log π(a|s; w)
log π(a|s; w).
∂w
∂w
(10)

s∈S a∈A

XX

pγ (s, a; w)

∂2
log π(a|s; w).
∂w2

(11)

9
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P
∂
Equation (11) can be derived by differentiating the identity, a∈A π(a|s; w) ∂w
log π(a|s; w) =
i
P
∂
π(a|s;
w)
=
0,
with
respect
to
w
,
and
taking
expectation
over
s
∈
S. Other metj
a∈A ∂wi
ric tensors have also been considered in the policy search literature, such as in the work of
Morimura et al. (2008).
There are several desirable properties of the natural gradient approach: the Fisher information matrix is always positive-semidefinite, regardless of the policy parameterisation;

G(w) = −

It was shown in the work of Bagnell and Schneider (2003) that (10) corresponds to the Fisher
information matrix of the distribution over trajectories in the state-action space, given π.
The use of the Fisher information matrix can be viewed as imposing a local norm on the
parameter space which is derived from a second order approximation to the KL-divergence
between induced trajectory distributions (Coolen et al., 2005). For brevity we refer to this
choice of G(w) as the natural gradient algorithm. When the policy distribution satisfies
the Fisher regularity conditions (see Lehmann and Casella, 1998, Lemma 5.3) there is an
alternate, equivalent, form of the Fisher information matrix given by,

G(w) =

In the case of Markov decision processes a standard choice for G(w) is the Fisher information
matrix of the policy distribution, averaged over the state distribution, which takes the form,

wnew = w + αG−1 (w)

Policy search update using natural gradient ascent

Natural gradient ascent techniques originated in the neural network and blind source separation literature (Amari, 1997, 1998; Amari et al., 1996, 1992), and were introduced into
the policy search literature in the work of Kakade (2002). To address the issue of poor
scaling, natural gradient methods take the perspective that the parameter space should be
viewed with a manifold structure in which the distance between two points on the manifold
captures the discrepancy between the distribution over trajectories parameterized by the
two corresponding parameter vectors. In natural gradient ascent M(w) = G−1 (w) in (6),
with G(w) a suitable metric tensor for the manifold, so that the parameter update takes
the form:

(s,a)∈S×A

10
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The distribution, q, in Theorem 2 is often referred to as the variational distribution. An
EM-algorithm is obtained through coordinate-wise optimization of (12) with respect to the
variational distribution (the E-step) and the policy parameters (the M-step). In the E-step
the lower-bound is optimized when q(ξ) ∝ p(ξ; w0 )R̄(ξ), in which w0 are the current policy
parameters. In the M-step the lower-bound is optimized with respect to w, which, given
q(ξ) ∝ p(ξ; w0 )R̄(ξ) and the Markovian structure of log p(ξ; w), is equivalent to optimizing
the function,
X
Q(w, w0 ) =
pγ (s, a; w0 )Q(s, a; w0 ) log π(a|s; w),
(13)

Theorem 2. Suppose we are given a Markov decision process with objective (1) and Markovian trajectory distribution (2). Given any distribution, q, over the space of trajectories, Ξ,
then the following bound holds,



log U (w) ≥ H(q(ξ)) + Eξ∼q(·) log p(ξ; w)R̄(ξ) ,
∀w ∈ W.
(12)

An alternative optimization procedure that has been the focus of much research in the
planning and reinforcement learning communities is the EM-algorithm (Dayan and Hinton,
1997; Toussaint et al., 2006, 2011; Kober and Peters, 2009, 2011; Hoffman et al., 2009;
Furmston and Barber, 2009, 2010; Levine and Koltun, 2013a). The EM-algorithm is a
powerful optimization technique popular in the statistics and machine learning community
(see e.g., the works of Dempster et al., 1977; Little and Rubin, 2002; Neal and Hinton,
1999) that has been successfully applied to a large number of problems. See the work of
Barber (2012) for a general overview of some of the applications of the algorithm in the
machine learning literature. Among the strengths of the algorithm are its guarantee of
increasing the objective function at each iteration, its often simple update equations, and
its generalization to highly intractable models through variational Bayes approximations
(Saul et al., 1996).
Given the advantages of the EM-algorithm it is natural to extend the algorithm to the
MDP framework. Several derivations of the EM-algorithm for MDPs exist (Kober and
Peters, 2011; Toussaint et al., 2011). For reference, we state the lower-bound upon which
the algorithm is based in the following theorem. The proof is based on an application of
Jensen’s inequality and can be found in the work of Kober and Peters (2011).

2.2.3 Expectation Maximization

the search direction is invariant to the parameterisation of the policy, (Bagnell and Schneider, 2003; Peters and Schaal, 2008). Additionally, the natural gradient update direction
can be obtained by regressing the state-action value function, or the advantage function,
using a compatible function approximator (Sutton et al., 2000), and minimizing a square
loss weighted by the (discounted) trajectory distribution (Kakade, 2002). Furthermore,
natural gradient ascent has been shown to perform well in some difficult MDP environments, including Tetris (Kakade, 2002) and several challenging robotics problems (Peters
and Schaal, 2008). However, theoretically, the rate of convergence of natural gradient ascent
is the same as gradient ascent, i.e., linear, although, it has been noted to be substantially
faster in practice.

objective in the parameter space (see e.g., the work of Nocedal and Wright, 2006). It can be
difficult to gauge an appropriate scale for the steps sizes in poorly-scaled problems and the
robustness of optimization algorithms to poor scaling is of significant practical importance.

2.2.2 Natural Gradient Ascent

Furmston, Lever and Barber
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∂
contains terms involving the gradient, ∂w
Q(s, a; w), resulting in a double sum over stateactions.
Below we will present a novel form for the Hessian of the total expected reward, with
attention given to the term H1 (w) + H2 (w) in (14), which will require the following notion
of a parameterisation with constant curvature.
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+

H2 (w)

+

H12 (w)

+

>
H12
(w),

∂
∂>
log π(a|s; w)
log π(a|s; w),
∂w
∂w

(15)

(14)

pγ (s, a; w)Q(s, a; w)

(17)

(16)
∂
∂>
log π(a|s; w)
Q(s, a; w).
∂w
∂w

∂2
log π(a|s; w),
∂w2
pγ (s, a; w)

with,

∀a, a0 ∈ A.

pγ (s, a; w)A(s, a; w)

pγ (s, a; w)A(s, a; w)

∂2
log π(a|s; w).
∂w2

∂
∂>
log π(a|s; w)
log π(a|s; w),
∂w
∂w

>
H(w) = A1 (w) + A2 (w) + H12 (w) + H12
(w),

X

X

(s,a)∈S×A

(s,a)∈S×A
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(18)

(19)
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We now present an analysis of the terms of the policy Hessian, simplifying the expansion
and demonstrating conditions under which certain terms disappear. The analysis will be
used to motivate our Gauss-Newton methods in Section 4.

Proof. See Section A.2 in the Appendix.

>
H(w) = A1 (w) + H12 (w) + H12
(w).

When the policy parameterization has constant curvature with respect to the action space,
then the Hessian takes the form,

A2 (w) :=

A1 (w) :=

Theorem 4. Suppose we are given a Markov decision process with objective (1) and Markovian trajectory distribution (2). For any given parameter vector, w ∈ W, the Hessian of
(4) takes the form,

which does not depend on, a ∈ A. In the case when the action space is continuous,
 then the
policy parameterisation π(a|s; w; Σ) ∝ exp − 21 (a − w> φ(s))> Σ−1 (a − w> φ(s)) , in which
φ : S → Rn is a given feature map, satisfies the properties of Definition 1 with respect to
the mean parameters, w ∈ W.
We now present a novel decomposition of the Hessian for Markov decision processes.


∂2
log π(a|s; w) = −Cova0 ∼π(·|s;w) φ(a0 , s), φ(a0 , s) ,
∂w2

A common class of policy which satisfies the property of Definition 1 is, π(a|s; w) ∝
exp(w> φ(a, s)), in which φ(a, s) is a vector of features that depends on the state-action
pair, (a, s) ∈ A × S. Under this parameterisation,

∂2
∂2
log π(a|s; w) =
log π(a0 |s; w),
∂w2
∂w2

Definition 1. A policy parameterisation is said to have constant curvature with respect to
∂2
the action space, if for each (s, a) ∈ S × A the Hessian of the log-policy, ∂w
2 log π(a|s; w),
does not depend upon the action, i.e.,

>

with respect to the first parameter, w. The E-step and M-step are iterated in this manner
until the policy parameters converge to a local optimum of the objective function.
Alternative bound optimisation techniques exist in the policy search literature. For
instance, the trust region policy optimisation algorithm (Schulman et al., 2015) is based
on a generalisation of a lower-bound of the total expected reward given in the work of
Kakade and Langford (2002). While the lower-bound is intractable in large-scale MDPs,
the introduction of several heuristics enables the authors to obtain strong empirical results
in both non-linear control problems and Atari games.

3. The Hessian of the Total Expected Discounted Return
In this section we provide an analysis of the Hessian of the total expected reward of a
MDP. This analysis will then be used in Section 4 to propose Gauss-Newton type methods
for MDPs. In Section 3.1 we provide a novel representation of the Hessian of the total
expected reward, in Section 3.2 we detail the definiteness properties of certain terms in the
Hessian and in Section 3.3 we analyse the behaviour of individual terms of the Hessian in
the vicinity of a local optimum.
3.1 The Policy Hessian Theorem
There is a standard expansion of the Hessian of the total expected reward in the policy search
literature (Baxter and Bartlett, 2001; Kakade, 2001, 2002) that, as with the gradient, takes
a relatively simple form. This is summarized in the following result.

H1 (w)

Theorem 3 (Policy Hessian Theorem). Suppose we are given a Markov decision process
with objective (1) and Markovian trajectory distribution (2). For any given parameter vector, w ∈ W, the Hessian of (4) takes the form,
H(w) =

XX

s∈S a∈A

XX

s∈S a∈A

XX

pγ (s, a; w)Q(s, a; w)

in which the matrices H1 (w), H2 (w) and H12 (w) can be written in the form,
H1 (w) :=
H2 (w) :=
H12 (w) :=

s∈S a∈A

Proof. A derivation for a sample-based estimator of the Hessian can be found in Baxter
and Bartlett (2001). For ease of reference a derivation of (14) is provided in Section A.1 in
the Appendix.
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We remark that H1 (w) and H2 (w) are relatively simple to estimate, in the same manner
as estimating the policy gradient. The term H12 (w) is more difficult to estimate since it
11

s

(s,a)∈S×A

s

X
∂>
∂
log π(a|s; w)
p(s0 |a, s)
V (s0 ; w).
pγ (s, a; w)
∂w
∂w
0

(20)
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We now show that tabular policies—i.e., policies such that, for each state s ∈ S, the
conditional distribution π(a|s; ws ) is parametrized by a separate parameter vector ws ∈ Rns
for some ns ∈ N—are value-consistent, regardless of the given Markov decision process.

in which, i : A\{up} → {1, 2, 3}, is an index function over the actions, A\{up}, and
j : S → {0, 1, ..., |O| − 1}, is an index function over the aliased states, i.e., j(s) = j(s0 ) iff
o(s) = o(s0 ). We use the notation, ei ∈ R3|O| , i ∈ {1, ..., 3|O|}, to denote the ith standard
basis vector. Perceptual aliasing (Whitehead, 1992) occurs in both MDPs under this policy
parameterisation, with states 2, 3 & 4 aliased in the hallway problem, and states 4, 5 & 6
aliased in McCallum’s grid. In the hallway problem all of the aliased states have the same
optimal action, and the value of these states all increase/decrease in unison. Hence, it can
be seen that the policy parameterisation is value-consistent for the hallway problem. In
McCallum’s grid, however, the optimal action for states 4 & 6 is to move upwards, while
in state 5 it is to move downwards. In this example increasing the probability of moving
downwards in state 5 will also increase the probability of moving downwards in states 4 &
6. There is a point, therefore, at which increasing the probability of moving downwards in
state 5 will decrease the value of states 4 & 6. Thus this policy parameterisation is not
value-consistent for McCallum’s grid. Numerical inspection of the parameter space indicates
that this policy parameterisation is -value-consistent, with  ≈ 0.2.

Example. To illustrate the concept of a value-consistent policy parameterisation we now
consider two simple maze navigation MDPs, one with a value-consistent policy parameterisation, and one with a policy parameterisation that is not value-consistent. The two
MDPs are displayed in Figure 1. Walls of the maze are solid lines, while the dotted lines
indicate state boundaries and are passable. The agent starts, with equal probability, in one
of the states marked with an ‘S’. The agent receives a positive reward for reaching the goal
state, which is marked with a ‘G’, and is then reset to one of the start states. All other
state-action pairs return a reward of zero. The discount factor in both MDPs is 0.95. There
are four possible actions (up, down, left, right) in each state, and the optimal policy is to
move, with probability one, in the direction indicated by the arrow. We define the mapping,
o : S → {0, 1}4 , which indicates the presence of a wall on each of the four state boundaries. We use the notation, O := {o(s)|s ∈ S}. We consider the policy parameterisation,
π(a|s; w) ∝ exp(w> φ(a, s)), in which, φ : A × S → R3|O| , is a feature map. We consider
the feature map,

0 if a = up,
φ(a, s) =
ei(a)+3j(s) otherwise ,

Definition 2. Given  ∈ R, with  ≥ 0, then a policy parameterisation is said to be -value∂
consistent w.r.t. a Markov decision process if whenever ∂w
V (ŝ; w) 6= 0 for some ŝ ∈ S,
i
w ∈ W and i ∈ {1, ..., n}, then ∀s ∈ S it holds that either,




∂
∂
sign
V (s; w) = sign
V (ŝ; w) ,
(21)
∂wi
∂wi

Our approach is to obtain a bound of, ∂∂w V (s; w) w=w∗ , for all s0 ∈ S and i ∈ {1, ..., n},
i
when, w∗ ∈ W, is a local optimum of (4). Given such a bound it is then possible to obtain
>
a bound on the term, H12 (w) + H12 (w), at a local optimum. In the limit the bound gives
∂
conditions under which, ∂w
V (s0 ; w) = 0, for all s0 ∈ S, at a local optimum, thus giving
> (w), vanishes at a local optium.
sufficient conditions under which the term, H12 (w) + H12
We start by introducing the notion of a -value-consistent policy class, with  ∈ R,  ≥ 0.

=γ

X

(s,a)∈S×A

> (w), which is both difficult to estimate
In this section we consider the term H12 (w) + H12
and not guaranteed to be negative definite. In particular, we shall consider the conditions
under which this term becomes either negligible or vanishes completely at a local optimum.
We start by noting that,
!
X
X
∂
∂>
0
0
H12 (w) =
pγ (s, a; w)
log π(a|s; w)
R(s, a) + γ
p(s |a, s)V (s ; w) ,
∂w
∂w
0

3.3 Analysis in Vicinity of a Local Optimum

It can be seen, therefore, that when the policy parameterisation satisfies the properties of
Theorem 5 the expansion (14) gives H(w) in terms of a positive-semidefinite term, H1 (w), a
> (w). In Section 3.3
negative-semidefinite term, H2 (w), and a remainder term, H12 (w)+H12
we shall show that this remainder term becomes negligible around a local optimum when
given a sufficiently rich policy parameterisation, in a sense that we introduce in Definition 2.
In contrast to the state-action value function, the advantage function takes both positive
and negative values over the state-action space. As a result, the matrices A1 (w) and A2 (w)
in (18, 19) can be indefinite over parts of the parameter space.

Proof. See Section A.3 in the Appendix.

Theorem 5. The matrix H2 (w) is negative-semidefinite for all w ∈ W if: 1) the policy
is log-concave with respect to the policy parameters; or 2) the policy parameterisation has
constant curvature with respect to the action space.

This property of a policy class captures the notion that when maximally improving the
value of one state, then the amount that the value of another state can decrease is bounded.
When a policy class is value-consistent, then changing a parameter to maximally improve
the value in one state, does not worsen the value in another state. i.e., when a policy class
is value-consistent, there is no trade-off between improving the value in different states.

∂
∂
Furthermore, for any state, s ∈ S, for which, ∂w
V (s; w) = 0, it also holds that ∂w
π(a|s; w) =
i
i
0, ∀a ∈ A. A policy parameterization is said to be value-consistent if it is 0-value-consistent.

(22)

An interesting comparison can be made between the expansions (14) and (18, 19) in terms
of the definiteness properties of the component matrices. As the state-action value function
is non-negative over the entire state-action space, it can be seen that H1 (w) is positivesemidefinite for all w ∈ W. Similarly, it can be shown that under certain common policy
parameterisations H2 (w) is negative-semidefinite over the entire parameter space. This is
summarized in the following theorem.

∂
V (s; w) ≤ .
∂wi

or
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The first Gauss-Newton method we propose drops the Hessian terms which are difficult
to estimate, but are expected to be negligible in the vicinity of local optima. Specifically,
it was shown in Section 3.3 that if the policy parameterisation is value-consistent with
> (w) → 0 as w converges towards a local optimum of
a given MDP, then H12 (w) + H12
the objective function. In such cases A1 (w) + A2 (w), as defined in Theorem 4, will be a
good approximation to the Hessian in the vicinity of a local optimum. For this reason, the

4.1 The Gauss-Newton Methods

In this section we propose several Gauss-Newton type methods for MDPs, motivated by
the analysis of Section 3. The algorithms are outlined in Section 4.1, and key performance
analysis is provided in Section 4.2.

4. Gauss-Newton Methods for Markov Decision Processes

> (w) → 0 as w → w ∗ in the hallway problem, while this is not the
the theory, H12 (w) + H12
case in McCallum’s grid. This simple example illustrates the fact that if the feature repre> (w)
sentation is well chosen, in the sense that it is value-consistent, the term H12 (w) + H12
vanishes in the vicinity of a local optimum.

> (w)
Figure 2: Graphical illustration of the logarithm of the spectral norm of H12 (w) + H12
and A1 (w) in terms of kw−w∗ k2 for the hallway problem (a) and McCallum’s grid
> (w),
(b). For the given policy parameterisation, H(w) = A1 (w) + H12 (w) + H12
so the plot displays the two components of the Hessian as the policy converges
> (w) → 0
to a local optimum. As expected, in the hallway problem, H12 (w) + H12
> (w) 6→ 0 as w → w ∗ ,
as w → w∗ . Conversely, in McCallum’s grid, H12 (w) + H12
> (w), is still dominated by, A (w), in the vicinty of
but the term, H12 (w) + H12
1
a local optima. In this example the magnitude of A1 (w) is roughly five times
> (w) when kw − w ∗ k ≈ 0.0045.
greater than that of H12 (w) + H12
2

Logarithm of Matrix 2-Norm
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1
S

(a) Hallway Problem
Figure 1: (a) The hallway problem. Under the feature map, φ, states 2, 3 and 4 map to
the the same feature, and the optimal policy is identical on these states. (b)
McCallum’s grid. Under the feature map, φ, states 4, 5 and 6 map to the same
feature, but now the optimal policy differs among these states.

Theorem 6. Suppose that a given Markov decision process has a tabular policy parameterisation, then the policy parameterisation is value-consistent.
Proof. See Section A.4 in the Appendix.
We now show that given an -value-consistent policy parameterisation and a local optimum, w∗ ∈ W, the terms, ∂∂w V (s; w) w=w∗ , are bounded in magnitude by , for all s0 ∈ S
i
and i ∈ {1, ..., n}.

∂
V (s; w)
∂wi

Theorem 7. Suppose that w∗∈ W is a local optimum of the differentiable objective function, U (w) = Es∼p1 (·) V (s; w) . Suppose that the Markov chain induced by w∗ is ergodic.
Suppose that the policy parameterisation is -value-consistent,  ∈ R,  ≥ 0, w.r.t. the given
Markov decision process. Then

Proof. See Appendix A.5
If a policy parameterisation is -value-consistent and the parameterisation satisfies the
∂
log π(a|s; w)| ≤ M , M ∈ R, for all (s, a) ∈ S × A and w ∈ W, then it
bound, | ∂w
> (w ∗ ), are bounded
follows from Theorem 7 that the terms of the matrix, H12 (w∗ ) + H12
by 2γM/(1 − γ). A further corollary of Theorem 7 is that when a policy class is value> (w), vanishes near local optima. Furthermore, when we
consistent the term, H12 (w) + H12
have the additional condition that the gradient of the state value function is continuous in
> (w) → 0 as w → w ∗ . This condition will be satisfied if,
w (at w = w∗ ) then H12 (w) + H12
for example, the policy is continuously differentiable w.r.t. the policy parameters.
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Example (continued). Returning to the MDPs given in Figure 1, we now empirically ob> (w) as the policy approaches a local optimum
serve the behaviour of the term H12 (w) + H12
> (w), in terms of the
of the objective function. Figure 2 gives the magnitude of H12 (w) + H12
spectral norm, in relation to the distance from the local optimum. In correspondence with
15

Logarithm of Matrix 2-Norm

∂
U (w).
∂w
(24)

∂
U (w).
∂w
(25)

17
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5. That the preconditioning matrix is negative-semidefinite and not negative-definite is a standard problem with many optimisation techniques that require the inversion of a preconditioning matrix. This
includes natural gradient ascent when the Fisher information matrix is used to precondition the gradient
(Thomas, 2014). Various approaches can be taken with regard to this problem: Add a ridge term to the
∂
preconditioning matrix; Minimize ||H2 (w)p + ∂w
U (w)||2 with respect to p by gradient descent, and use
p as the search direction; Precondition the gradient with the pseudoinverse −H2+ (w).

We shall see that the second Gauss-Newton method has important performance guarantees including: a guaranteed ascent direction; linear convergence to a local optimum under
a step size which does not depend upon unknown quantities; invariance to affine transformations of the parameter space; and efficient estimation procedures for the preconditioning
matrix. We will also show in Section 5 that the second Gauss-Newton method is closely
related to both the EM and natural gradient algorithms.
We shall also consider a diagonal form of the approximation for both forms of GaussNewton methods. Denoting the diagonal matrix formed from the diagonal elements of
A1 (w)+A2 (w) and H2 (w) by DA1 +A2 (w) and DH2 (w), respectively, then we shall consider
−1
−1
the methods that use M(w) = −DA
(w) and M(w) = −DH
(w) in (6). We call
1 +A2
2
these methods the diagonal first and second Gauss-Newton methods, respectively. This

wnew = w − αH2−1 (w)

Policy search update using the second Gauss-Newton method

When the policy parameterisation has constant curvature with respect to the action space
A2 (w) = 0 it is sufficient to calculate just A−1
1 (w).
The second Gauss-Newton method we propose removes further terms from the Hessian
which are not guaranteed to be negative-semidefinite. As was seen in Section 3.1, when
the policy parameterisation satisfies the properties of Theorem 5 then H2 (w) is negativesemidefinite over the entire parameter space.5 Recall that in (6) it is necessary that M(w)
is positive-definite (in Newton’s method this corresponds to requiring the Hessian to be
negative-definite) to ensure an increase of the objective function. That H2 (w) is negativesemidefinite over the entire parameter space is therefore a highly desirable property of
a preconditioning matrix, and for this reason the second Gauss-Newton method that we
propose for MDPs is to precondition the gradient with M(w) = −H2−1 (w) in (6), so that
the update is of the form:

wnew = w − α(A1 (w) + A2 (w))−1

18
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In general the objective (4) is not concave, which means that the Hessian will not be
negative-definite over the entire parameter space. In such cases Newton’s method can
actually lower the objective and this is an undesirable aspect of Newton’s method. We now
consider ascent directions for the Gauss-Newton methods, and in particular demonstrate
that the proposed second Gauss-Newton method guarantees an ascent direction in typical
settings.
Ascent directions for the first Gauss-Newton method: As mentioned previously, the
matrix A1 (w) + A2 (w) will typically be indefinite, and so a straightforward application of
the first Gauss-Newton method will not necessarily result in an increase in the objective
function. There are, however, standard correction techniques that one could consider to
ensure that an increase in the objective function is obtained, such as adding a ridge term to
the preconditioning matrix. A survey of such correction techniques can be found in Boyd
and Vandenberghe (2004).
Ascent directions for the second Gauss-Newton method: It was seen in Theorem 5 that
H2 (w) will be negative-semidefinite over the entire parameter space if either the policy is
log-concave with respect to the policy parameters, or the policy has constant curvature with
respect to the action space. It follows that in such cases an increase of the objective function
will be obtained when using the second Gauss-Newton method with a sufficiently small stepsize. Additionally, the diagonal terms of a negative-semidefinite matrix are non-positive,
so that DH2 (w) is negative-semidefinite whenever H2 (w) is negative-semidefinite, and thus
similar performance guarantees exist for the diagonal version of the second Gauss-Newton
algorithm.
To motivate this result we now briefly consider some widely used policies that are either
log-concave or blockwise log-concave. Firstly, consider the linear softmax policy parameterisation, π(a|s; w) ∝ exp wT φ(a, s), in which φ(a, s) ∈ Rn is a feature vector. This

4.2.1 Ascent Directions

4.2 Performance Guarantees and Analysis

It is possible to extend typical techniques used to estimate the policy gradient to estimate
the preconditioner for the Gauss-Newton method, by including either the Hessian of the logpolicy, the outer product of the derivative of the log-policy, or the respective diagonal terms.
As an example, in Section B.1 of the Appendix we detail the extension of the recurrent state
formulation of gradient evaluation in the average reward framework (Williams, 1992) to the
second Gauss-Newton method. We use this extension in the Tetris experiment that we
consider in Section 6. Given ns sampled state-action pairs, the complexity of this extension
scales as O(ns n2 ) for the second Gauss-Newton method, while it scales as O(ns n) for the
diagonal version of the algorithm. We provide more details of situations in which the
inversion of the preconditioning matrices can be performed more efficiently in Section B.2
of the Appendix.

4.1.1 Estimation of the Preconditioners and the Gauss-Newton Update
Direction

diagonalization amounts to performing the approximate Newton methods on each parameter
independently, but simultaneously.

first Gauss-Newton method that we propose for MDPs is to precondition the gradient with
M(w) = −(A1 (w) + A2 (w))−1 in (6), so that the update is of the form:

Policy search update using the first Gauss-Newton method
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policy is widely used in discrete systems and is log-concave in w, which can be seen from
the fact that log π(a|s; w) is the sum of a linear term and a negative log-sum-exp term,
both of which are concave (Boyd and Vandenberghe, 2004). In systems with a continuous
state-action space a common choice of controller is π(a|s; K, Σ) = N (a|Kφ(s), Σ), in which
φ(s) ∈ Rn is a feature vector. This controller is not jointly log-concave in K and Σ, but
it is blockwise log-concave in K and Σ−1 . In terms of K the log-policy is quadratic and
the coefficient matrix of the quadratic term is negative-semidefinite. In terms of Σ−1 the
log-policy consists of a linear term and a log-determinant term, both of which are concave.
4.2.2 Affine Invariance
An undesirable aspect of gradient ascent is that its performance is dependent on the choice
of basis used to represent the parameter space. An important and desirable property of
Newton’s method is that it is invariant to non-singular affine transformations of the parameter space (Boyd and Vandenberghe, 2004). The proposed approximate Newton methods
have various invariance properties, and these properties are summarized in the following
theorem.
Theorem 8. The first and second Gauss-Newton methods are invariant to (non-singular)
affine transformations of the parameter space. The diagonal versions of these algorithms
are invariant to (non-singular) rescalings of the parameter space.
Proof. See Section A.6 in the Appendix.
4.2.3 Convergence Analysis
We now provide a local convergence analysis of the Gauss-Newton framework. We shall
focus on the full Gauss-Newton methods, with the analysis of the diagonal Gauss-Newton
method following similarly. Additionally, we shall focus on the case in which a constant
step size is considered throughout, which is denoted by α ∈ R+ . We say that an algorithm
|U (w
)−L|
converges linearly to a limit L at a rate r ∈ (0, 1) if limk→∞ |U (wk+1
= r. If r = 0
k )−L|
then the algorithm converges super-linearly. We denote the parameter update function of
the first and second Gauss-Newton methods by G1 and G2 , respectively, so that G1 (w) =
∂
∂
w − α(A1 (w) + A2 (w))−1 ∂w
U (w) and G2 (w) = w − αH2−1 (w) ∂w
U (w). Given a matrix,
n
A ∈ L(Rn ) we denote the spectral radius of A by ρ(A) = maxi |λi |, where {λi }i=1
are the
∂
eigenvalues of A. Throughout this section we shall use ∇G(w∗ ) to denote ∂w
G(w)|w=w∗ .

(26)

Theorem 9 (Convergence analysis for the first Gauss-Newton method). Suppose that w∗ ∈
∂
W is such that ∂w
U (w)|w=w∗ = 0 and A1 (w∗ ) + A2 (w∗ ) is invertible, then G1 is Fréchet
differentiable at w∗ and ∇G1 (w∗ ) takes the form,
∇G1 (w∗ ) = I − α(A1 (w∗ ) + A2 (w∗ ))−1 H(w∗ ).

If H(w∗ ) and A1 (w∗ ) + A2 (w∗ ) are negative-definite, and the step size is in the range,

(27)

α ∈ 0, 2/ρ (A1 (w∗ ) + A2 (w∗ ))−1 H(w∗ )
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then w∗ is a point of attraction of the first Gauss-Newton method, the convergence is at
least linear and the rate is given by ρ(∇G1 (w∗ )) < 1. When the policy parameterisation is
19
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(28)

value-consistent with respect to the given Markov decision process, then (26) simplifies to,

∇G1 (w∗ ) = (1 − α)I,

and whenever α ∈ (0, 2) then w∗ is a point of attraction of the first Gauss-Newton method,
and the convergence to w∗ is linear if α 6= 1 with a rate given by ρ(∇G1 (w∗ )) < 1, and
convergence is super-linear when α = 1.
Proof. See Section A.7 in the Appendix.

(30)

(29)

Theorem 10 (Convergence analysis for the second Gauss-Newton method). Suppose that
∂
w∗ ∈ W is such that ∂w
U (w)|w=w∗ = 0 and H2 (w∗ ) is invertible, then G2 is Fréchet
differentiable at w∗ and ∇G2 (w∗ ) takes the form,

∇G2 (w∗ ) = I − αH2−1 (w∗ )H(w∗ ).

If H(w∗ ) is negative-definite and the step size is in the range,

α ∈ (0, 2/ρ(H2−1 (w∗ )H(w∗ )))

(31)

then w∗ is a point of attraction of the second Gauss-Newton method, convergence to w∗ is
at least linear and the rate is given by ρ(∇G2 (w∗ )) < 1. Furthermore, α ∈ (0, 2) implies
condition (30). When the policy parameterisation is value-consistent with respect to the
given Markov decision process, then (29) simplifies to,

∇G2 (w∗ ) = I − αH2−1 (w∗ )A1 (w∗ ).
Proof. See Section A.7 in the Appendix.

The conditions of Theorem 10 look analogous to those of Theorem 9, but they differ
in important ways: in Theorem 10 it is not necessary to assume that the preconditioning
matrix is negative-definite and the sets in (27) will not be known in practice, whereas the
condition α ∈ (0, 2) in Theorem 10 is more practical, i.e., for the second Gauss-Newton
method convergence is guaranteed for a constant step size which is easily selected and does
not depend upon unknown quantities.
It will be seen in Section 5.2 that the second Gauss-Newton method has a close relationship to the EM-algorithm. For this reason we postpone additional discussion about the
rate of convergence of the second Gauss-Newton method until then.

5. Relation to Existing Policy Search Methods
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In this section we consider the relationship between the second Gauss-Newton method and
existing policy search methods; In Section 5.1 we examine its relation to natural gradient
ascent and in Section 5.2 to the EM-algorithm.
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In this section we provide an empirical evaluation of the Gauss-Newton methods on a variety
of domains. We summarize the experimental results here. For reproducibility, more details
can be found in Appendix C.

6. Experiments

Proof. See Section A.9 in the Appendix.

When the policy parameterisation is value-consistent with respect to the given Markov decision process this simplifies to ∇GEM (w∗ ) = I − H2−1 (w∗ )A1 (w∗ ). When the Hessian,
H(w∗ ), is negative-definite then ρ(∇GEM (w∗ )) < 1 and w∗ is a local point of attraction for
the EM-algorithm.

∇GEM (w∗ ) = I − H2−1 (w∗ )H(w∗ ).

Theorem 12. Suppose that the sequence, (wk )k∈N , is generated by an application of the
EM-algorithm, where the sequence converges to w∗ . Denote the update operation of the EM∂
algorithm by GEM , so that wk+1 = GEM (wk ). Using ∇GEM (w∗ ) to denote ∂w
GEM (w)|w=w∗ ,
then,

Given a sequence of parameter vectors, (wk )∞
k=1 , generated through an application of
the EM-algorithm, then limk→∞ kwk+1 − wk k = 0. This means that the rate of convergence
of the EM-algorithm will be the same as that of the second Gauss-Newton method when
considering a constant step size of one. We formalize this intuition and provide the convergence properties of the EM-algorithm when applied to Markov decision processes in the
following theorem. This is, to our knowledge, the first formal derivation of the convergence
properties for this application of the EM-algorithm.

Proof. See Section A.8 in the Appendix.

Theorem 11. Suppose we are given a Markov decision process with objective (1) and
Markovian trajectory distribution (2). Consider the parameter update (M-step) of expectation maximization at the k th iteration of the algorithm, i.e., wk+1 = argmaxw∈W Q(w, wk ).
Provided that Q(w, wk ) is twice continuously differentiable in the first parameter we have
that,
∂
wk+1 − wk = −H2−1 (wk )
U (w)|w=wk + O(kwk+1 − wk k2 ).
(32)
∂w
Additionally, in the case where the log-policy is quadratic the relation to the approximate
Newton method is exact, i.e., the second term on the r.h.s. of (32) is zero.

overcome the negative aspects of gradient ascent, this is an undesirable alternative. It is
possible to find the optimum of (13) numerically, but this is also undesirable as it results
in a double-loop algorithm that could be computationally expensive. Finally, this result
provides no insight into the behaviour of the EM-algorithm, in terms of the direction of its
parameter update, when the maximization over w in (13) can be performed explicitly.
We now demonstrate that the step-direction of the EM-algorithm has an underlying
relationship with the second of our proposed Gauss-Newton methods. In particular, we
show that under suitable regularity conditions the direction of the EM-update, wk+1 − wk ,
is the same, up to first order, as the direction of the second Gauss-Newton method.
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while the parameter update of the EM-algorithm is given by wk+1 = argmaxw∈W Q(w, wk ).
In other words, gradient ascent moves in the direction that most rapidly increases Q with
respect to the first variable, while the EM-algorithm maximizes Q with respect to the first
variable. While this relationship is true, it is also quite a negative result. It states that
in situations in which it is not possible to explicitly maximize Q with respect to its first
variable, then the alternative, in terms of the EM-algorithm, is a generalized EM-algorithm,
which is equivalent to gradient ascent. Given that the EM-algorithm is typically used to

∂
∂
U (w)|w=wk =
Q(w, wk )|w=wk ,
∂w
∂w

It has previously been noted (Kober and Peters, 2011) that the parameter update of gradient
ascent and the EM-algorithm can be related through the function Q defined in (13). In
particular, the gradient (8) evaluated at wk can be written in terms of Q as follows,

5.2 Expectation Maximization and the Second Gauss-Newton Method

Natural gradient ascent is obtained by considering the (local) norm || · ||G(w) given by
||w − w0 ||2G(w) := (w − w0 )> G(w)(w − w0 ), with G(w) as in (10). The natural gradient
method allows less movement in the directions that have high norm which, as can be seen
from the form of (10), are those directions that induce large changes to the policy over
the parts of the state-action space that are likely to be visited under the current policy
parameters. More movement is allowed in directions that either induce a small change
in the policy, or induce large changes to the policy, but only in parts of the state-action
space that are unlikely to be visited under the current policy parameters. In a similar
manner the second Gauss-Newton method can be obtained by considering the (local) norm
|| · ||H2 (w) , given by ||w − w0 ||2H2 (w) := −(w − w0 )> H2 (w)(w − w0 ) so that each term in (11)
is additionally weighted by the state-action value function, Q(s, a; w). Thus, the directions
which have high norm are those in which the policy is rapidly changing in state-action pairs
that are not only likely to be visited under the current policy, but also have high value.
Thus the second Gauss-Newton method updates the parameters more conservatively if the
behaviour in high value states is affected. Conversely, directions which induce a change
only in state-action pairs of low value have low norm, and larger increments can be made
in those directions.

p̂ = argsup{p:||p||=1} lim

U (w + αp) − U (w)
.
α→0
α

Comparing the form of the Fisher information matrix given in (11) with H2 (16) it can
be seen that there is a close relationship between natural gradient ascent and the second
Gauss-Newton method: in H2 there is an additional weighting of the integrand from the
state-action value function. Hence, H2 incorporates information about the reward structure
of the objective function that is not present in the Fisher information matrix.
We now consider how this additional weighting affects the search direction for natural
gradient ascent and the Gauss-Newton approach. Given a norm on the parameter space,
|| · ||, the steepest ascent direction at w ∈ W with respect to that norm is given by,

5.1 Natural Gradient Ascent and the Second Gauss-Newton Method
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with w = (K, m, σ) and s ∈ Rns , a ∈ Rna , for some ns , na ∈ N. We consider a 3-link rigid
manipulator, which results in a parameter space with 22 dimensions.

π(a|s; w) = N (a|Ks + m, σ 2 I),

The N -link rigid robot arm manipulator is a standard continuous model, consisting of an
end effector connected to an N -linked rigid body (Khalil, 2001). A typical continuous
control problem for such systems is to apply appropriate torque forces to the joints of the
manipulator so as to move the end effector into a desired position. More details on the
settings of the domain used in this experiment can be found in Section C.2. We consider a
policy of the form,

6.2 N -link Rigid Manipulator Experiment

The first domain that we consider is the synthetic two-dimensional non-linear MDP considered in the work of Vlassis et al. (2009). In this experiment we consider gradient ascent,
natural gradient ascent, expectation maximisation and the second Gauss-Newton method.
Details of the domain and the experiment settings are given in Section C.1. The experiment
was repeated 100 times and the results of the experiment are given in Figure 3a, which gives
the mean and standard error of the results. The step size sequences of gradient ascent, natural gradient ascent and the Gauss-Newton method were all tuned for performance and the
results shown were obtained from the best step size sequence for each algorithm.

6.1 Non-Linear Navigation Experiment

Figure 3: (a) Results from the non-linear navigation task, with the results for gradient ascent (black), expectation maximization (blue), natural gradient ascent (green)
and the second Gauss-Newton method (red). (b) Normalized total expected reward plotted against training time (in seconds) for the 3-link rigid manipulator.
The plot shows the results expectation maximization (blue), the second GaussNewton method (red) and natural gradient ascent (green).

(a) Non-Linear Navigation Task : Results

Normalised Total Expected Reward

Furmston, Lever and Barber

In this experiment we compare gradient ascent, natural gradient ascent, expectation
maximization and the second Gauss-Newton method. The step size sequences of gradient
ascent, natural gradient ascent and the Gauss-Newton method were all tuned for performance. Details of the experiment settings and the procedure used to tune the step size
sequences are described in Section C.2. We repeated the experiment 100 times, each time
with a different random initialisation of the system. The final results, obtained using the
best step size sequence for each algorithm, are given in Figure 3b. We omit the result of
gradient ascent as we were unable to obtain any meaningful results for this domain with this
algorithm. In this experiment the maximal value of the objective function varied dramatically depending on the random initialization of the system. To account for this variation the
results from each run of the experiment are normalized by the maximal value achieved between the algorithms in that run. This means that the results displayed are the percentages
of reward received in comparison to the best results among the algorithms considered in the
experiment. The second Gauss-Newton method significantly outperforms all of the comparison algorithms. In the experiment the Gauss-Newton method only took around 50 seconds
to obtain the same performance as 300 seconds of training with expectation maximization.
Furthermore expectation maximization was only able to obtain 40% of the performance of
the Gauss-Newton method, while natural gradient ascent was only able to obtain around
15% of the performance. The step direction of expectation maximization is very similar to
the search direction of the second Gauss-Newton method in this problem. In fact, given
that the log-policy is quadratic in the mean parameters, they are the same for the mean
parameters. The difference in performance between the Gauss-Newton method and expectation maximization is largely explained by the tuning of the step size in the Gauss-Newton
method, compared to the constant step size of 1.0 in expectation maximization.
6.3 Tetris Experiment

In this experiment we consider the Tetris domain, which is a popular computer game designed by Alexey Pajitnov in 1985. Firstly, we compare the performance of the full and
diagonal second Gauss-Newton methods to other policy search methods. We model the
policy using a linear softmax paramaterisation. We used the same set of features as used
in the works of Bertsekas and Ioffe (1996) & Kakade (2002). Under this paramaterisation
it is not possible to obtain the explicit maximum over w in (13), so a straightforward application of the EM-algorithm is not possible in this problem. We therefore compare the
diagonal and full versions of the second Gauss-Newton method with steepest and natural
gradient ascent. Due to computational costs we consider a 10×10 board in this experiment,
which results in a state space with roughly 7 × 2100 states (Bertsekas and Ioffe, 1996). We
ran 100 repetitions of the experiment, each consisting of 100 training iterations, and the
mean and standard error of the results are given in Figure 4a. It can be seen that the full
Gauss-Newton method outperforms all of the other methods, while the performance of the
diagonal Gauss-Newton method is comparable to natural gradient ascent.

JMLR 17(227):1-51

We also ran several training runs of the full approximate Newton method on the full-sized
20 × 10 board and were able to obtain a score in the region of 14, 000 completed lines, which
was obtained after roughly 40 training iterations. An approximate dynamic programming
based method has previously been applied to the Tetris domain in the work of Bertsekas and
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We have provided a convergence analysis of the two proposed Gauss-Newton methods
for the setting in which the gradient and the preconditioning matrices can be calculated
exactly. An interesting piece of future work is to extend this analysis to the stochastic
setting, in which these quantities are estimated from samples of the MDP, either through a
Monte-Carlo approach or in a stochastic approximation framework.

Approximate Newton methods, such as quasi-Newton methods and the Gauss-Newton
method, are standard optimization techniques. These methods aim to maintain the benefits
of Newton’s method, while alleviating its shortcomings. In this paper we have considered
approximate Newton methods in the context of policy optimization in MDPs. The first
contribution of this paper was to provide a novel analysis of the Hessian of the total expected reward, which is a standard objective function for policy optimization. This included
providing a novel form for the Hessian, as well as detailing the positive/negative semidefiniteness properties of certain terms in the Hessian. Furthermore, we have shown that when
the policy parameterisation is sufficiently rich, in the sense that it is -value-consistent with
an appropriately small value of , then the remaining terms in the Hessian become negligible
in the vicinity of a local optimum. Motivated by this analysis we introduced two GaussNewton Methods for MDPs. Like the Gauss-Newton method for non-linear least squares,
these methods involve approximating the Hessian by ignoring certain terms in the Hessian.
The approximate Hessians possess desirable properties, such as negative-semidefiniteness,
and we demonstrated several important performance guarantees including guaranteed ascent directions, invariance to affine transformation of the parameter space, and convergence
guarantees. We also demonstrated our second Gauss-Newton algorithm is closely related
to both the EM-algorithm and natural gradient ascent applied to MDPs, providing novel
insights into both of these algorithms. We have compared the proposed Gauss-Newton
methods with other techniques in the policy search literature over a range of challenging
domains, including Tetris and a robotic arm application. We found that the second GaussNewton method performed significantly better than other methods in all of the domains
that we considered.

7. Conclusions

repeated the experiment 50 times and the results are given in Figure 4b. We were unable to
successfully learn to catch the ball in the cup using either gradient ascent, natural gradient
ascent or the first Gauss-Newton method. For this reason the results for these algorithms
are omitted. It can be seen that the second Gauss-Newton method significantly outperforms
the EM-algorithm in this domain. Out of the 50 runs of the experiment, the second GaussNewton method was successfully able to learn to catch the ball in the cup 45 times. The
EM-algorithm successfully learnt the task 36 times.
We note that in this experiment the
−1 
policy took the form, π(a; w) = N a|µ, LL∗
, with, w = (µ, L). (More details of the
policy parameterisation can be found in Section C.4.) A fixed step size of 1.0 was used in
the second Gauss-Newton method, which means that, as the log-policy is quadratic in µ,
the update of µ in the second Gauss-Newton method and the EM-algorithm were the same.
The difference in performance can therefore be attributed to the difference in the updates
of L between the two algorithms.
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In the final experiment we consider a robotic arm application. We use the Simulation
Lab (Schaal, 2006) environment, which provides a physically realistic engine of a Barrett
WAMTM robot arm. We consider the ball-in-a-cup domain (Kober and Peters, 2009), which
is a challenging motor skill problem that is based on the traditional children’s game. In this
domain a small cup is attached to the end effector of the robot arm. A ball is attached to
the cup through a piece of string. At the beginning of the task the robot arm is stationary
and the ball is hanging below the cup in a stationary position. The aim of the task is for
the robot arm to learn an appropriate set of joint movements to first swing the ball above
the cup and then to catch the ball in the cup when the ball is in its downward trajectory.
More details of the domain and the experiment settings are provided in Section C.4.
In this experiment we compare gradient ascent, natural gradient ascent, expectation
maximization, the first Gauss-Newton method and the second Gauss-Newton method. We

6.4 Robot Arm Experiment

Ioffe (1996). The same set of features were used and a score of roughly 4, 500 completed lines
was obtained after around 6 training iterations, after which the solution then deteriorated.
More recently a modified policy iteration approach (Gabillon et al., 2013) was able to obtain
significantly better performance in the game of Tetris, completing approximately 51 million
lines in a 20 × 10 board. However, these results were obtained through an entirely different
set of features, and analysis of the results in the work of (Gabillon et al., 2013) indicates
that this difference in features makes a substantial difference in performance. On a 10 × 10
board using the same features as in the work of Bertsekas and Ioffe (1996) the approach
was able to complete approximately 500 lines on average.

Figure 4: (a) Results from the Tetris experiment, with results for gradient ascent (black),
natural gradient ascent (green), the diagonal Gauss-Newton method (blue) and
the Gauss-Newton method (red). (b) Results from the robot arm experiment,
with results for the second Gauss-Newton method (red) and the EM-algorithm
(blue).

Completed Lines
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Appendix A. Proofs
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A.1 Proofs of Theorems 1 and 3
We begin with an auxiliary Lemma.

(34)

Lemma 1. Suppose we are given a Markov decision process with objective (1) and Markovian trajectory distribution (2). For any given parameter vector, w ∈ W, the following
identities hold,

t=1 st ∈S at ∈A

∞ X X
X
∂
∂
V (s; w) =
log π(at |st ; w)
γ t−1 p(st , at |s1 = s; w)Q(st , at ; w)
∂w
∂w

1:t

∞ XX
X
t=1 s1:t a1:t

γ t−1 p(s1:t , a1:t |s1 = s; w)R(st , at ),

(36)

(35)

∞
X
X
X
∂
∂
Q(s, a; w) =
log π(at |st ; w).
γ t−1 p(st , at |s1 = s, a1 = a; w)Q(st , at ; w)
∂w
∂w
t=2 st ∈S at ∈A

1:t

V (s; w) =

Proof. We start by writing the state value function in the form

so that,
∞

t=1

t

t

t

τ =1

X ∂
∂
log p(s1:t , a1:t |s1 = s; w) =
log π(aτ |sτ ; w),
∂w
∂w

t

t=1

τ =1

τ

τ

γ τ −1 p(sτ , aτ |s1 = s; w)
γ τ −1 p(sτ , aτ |s1 = s; w)

∞

t

t

∂
log π(aτ |sτ ; w)Q(sτ , aτ ; w).
∂w
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(38)

XX
∂
log π(aτ |sτ ; w)
γ t−τ p(st , at |sτ , aτ ; w)R(st , at )
∂w
t=τ s ,a

(37)

XXX
∂
∂
V (s; w) =
γ t−1 p(s1:t , a1:t |s1 = s; w)
log p(s1:t , a1:t |s1 = s; w)R(st , at ).
∂w
∂w
s
a

∞

Using the fact that

we have that,

∞ X
X

τ =1 sτ ,aτ

∞ X
X

τ =1 sτ ,aτ

XXX X
∂
∂
γ t−1 p(sτ , aτ , st , at |s1 = s; w)
V (s; w) =
log π(aτ |sτ ; w)R(st , at )
∂w
∂w
s ,a
s ,a
=
=
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t=2 st ∈S at ∈A

t=2 st ∈S at ∈A

∞ X X
X

γ t−2 p(st , at |s2 = s0 ; w)
∂
log π(at |st ; w).
∂w

∂
log π(at |st ; w)Q(st , at ; w)
∂w

γ t−1 p(st , at |s1 = s, a1 = a; w)Q(st , at ; w)

P (s0 |s, a)

∞ X X
X

s0

X

1:t

1:t

s1:t
a1:t

P
γ t−1 p(s1:t , a1:t ; w)R(st , at ),

∂>
∂
log p(s1:t , a1:t ; w)
log p(s1:t , a1:t ; w)R(st , at ). (39)
∂w
∂w

t=1

P∞ P

t=1 s1:t a1:t

∞ XX
X

γ t−1 p(s1:t , a1:t ; w)

τ −1

=

=

sτ ,aτ

t

t
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∞
X
X
∂2
log π(aτ |sτ ; w)
γ t−τ
p(st , at |sτ , aτ ; w)R(st , at )
∂w2
s ,a
t=τ

∂2
p(sτ , aτ ; w)
log π(aτ |sτ ; w)Q(sτ , aτ ; w).
∂w2

p(sτ , aτ ; w)

τ =1

t
X
∂2
log π(aτ |sτ ; w)R(st , at )
∂w2

where in the third line we swapped the order of summation.

= H2 (w)

γ

X

τ =1

sτ ,aτ

τ =1

∞
X

γ

t=1 s1:t a1:t
∞
X
X
τ −1

=

γ t−1 p(s1:t , a1:t ; w)

∂2
γ t−1 p(s1:t , a1:t ; w)
log p(s1:t , a1:t ; w)R(st , at )
∂w2

t=1 s1:t a1:t
∞ XX
X

∞ XX
X

Pt
∂2
∂2
Using the fact that ∂w
2 log p(s1:t , a1:t |s1 = s; w) =
τ =1 ∂w2 log π(aτ |sτ ; w) we will show
that the first term in (39) is equal to H2 (w) as defined in (16):

+

t=1

XXX
∂2
∂2
U (w) =
γ t−1 p(s1:t , a1:t ; w)
log p(s1:t , a1:t ; w)R(st , at )
2
∂w2
∂w
s
a

∞

Theorem 3. Proof. Starting from U (w) =
the Hessian of (4) takes the form

Theorem 1. Proof. Theorem 1 follows immediately from Lemma 1 by taking the expectation over s1 w.r.t. the start state distribution p1 and using the definition (5) of the
discounted trajectory distribution.

=

=γ

s

X
∂
∂
Q(s, a; w) = γ
P (s0 |s, a)
V (s0 ; w)
∂w
∂w
0

where in the second line we swapped the order of summation and the third line follows from
the definition (3). Identity (35) now follows by applying (3):
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+
t=1

τ1 6=τ2

τ1 ,τ2 =1

s1:t a1:t

t=1 τ =1 s1:t a1:t
∞ X
t
XX
X

γ t−1 p(s1:t , a1:t ; w)

(40)

∂
∂>
log π(aτ1 |sτ1 ; w)
log π(aτ2 |sτ2 ; w)R(st , at ).
∂w
∂w

∂>
∂
log π(aτ |sτ ; w)
log π(aτ |sτ ; w)R(st , at )
∂w
∂w

t=1 τ2 =1 τ1 =1 s1:t a1:t

t=1 τ1 =1 τ2 =1 s1:t a1:t

∞ X
t τX
1 −1 X X
X

γ t−1 p(s1:t , a1:t ; w)

∂
∂>
log π(aτ1 |sτ1 ; w)
log π(aτ2 |sτ2 ; w)R(st , at )
∂w
∂w

(41)

∂
∂>
log π(aτ1 |sτ1 ; w)
log π(aτ2 |sτ2 ; w)R(st , at ),
∂w
∂w

γ t−1 p(s1:t , a1:t ; w)

∂
∂>
log π(aτ1 |sτ1 ; w)
log π(aτ2 |sτ2 ; w)R(st , at )
∂w
∂w

×

sτ2 ,aτ2

X

30

t

∂
log π(aτ1 |sτ1 ; w)
∂w

t
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X
∂>
log π(aτ2 |sτ2 ; w)
γ t−τ2 p(st , at |sτ2 , aτ2 ; w)R(st , at ).
∂w
s ,a

γ τ1 −1 p(sτ1 , aτ1 ; w)
γ τ2 −τ1 p(sτ2 , aτ2 |sτ1 , aτ1 ; w)

t=1 τ2 =1 τ1 =1 sτ1 ,aτ1

∞ X
t τX
2 −1 X
X

we will show that the first term is equal to H12 (w). Given this, it immediately follows that
> (w). Using the Markov property of the transition dynamics
the second term is equal to H12
and the policy it follows that the first term in (41) is given by,

+

=

s1:t a1:t

γ t−1 p(s1:t , a1:t ; w)

t τX
2 −1 X X
X

τ1 ,τ2 =1
τ1 6=τ2

∞
X

t=1

∞ X
t
X
XX

By swapping the order of summation and following analogous calculations to those above,
it can be shown that the first term in (40) is equal to H1 (w) as defined in (15). It remains
> (w), with H (w) as given
to show that the second term in (40) is given by H12 (w) + H12
12
in (17). Splitting the second term in (40) into two terms,

=

∂
∂>
log p(s1:t , a1:t ; w)
log p(s1:t , a1:t ; w)R(st , at )
∂w
∂w

γ t−1 p(s1:t , a1:t ; w)

γ t−1 p(s1:t , a1:t ; w)

t=1 s1:t a1:t
∞ X
t XX
X

∞ XX
X

Using (37) we can write the second term in (39) as,
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Rearranging the summation over t, τ1 and τ2 this can be rewritten in the form,
∞
X
X
∂
γ τ1 −1 p(sτ1 , aτ1 ; w)
log π(aτ1 |sτ1 ; w)
∂w



∞

∂
log π(aτ1 |sτ1 ; w)
∂w

X X
∂>
γ τ2 −τ1 p(sτ2 , aτ2 |sτ1 , aτ1 ; w)
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∂w
τ2 =τ1 +1 sτ2 ,aτ2
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X

γ τ1 −1 p(sτ1 , aτ1 ; w)

t=τ2 st ,at

∞
X

∂>
log π(aτ2 |sτ2 ; w)Q(sτ2 , aτ2 ; w)
∂w

∂>
∂
log π(aτ1 |sτ1 ; w)
Q(sτ1 , aτ1 ; w)
∂w
∂w

γ τ2 −τ1 p(sτ2 , aτ2 |sτ1 , aτ1 ; w)

γ τ1 −1 p(sτ1 , aτ1 ; w)

τ2 =τ1 +1 sτ2 ,aτ2

τ1 =1 sτ1 ,aτ1

∞
X
X

×

τ1 =1 sτ1 ,aτ1

∞
X
X

×

τ1 =1 sτ1 ,aτ1

=

=
= H12 (w)

Where the penultimate line follows from (35). This completes the proof.
A.2 Proof of Theorem 4

X

X

(s,a)∈S×A

(s,a)∈S×A

X

(s,a)∈S×A

X

pγ (s, a; w)V (s, a; w)

pγ (s, a; w)A(s, a; w)

pγ (s, a; w)A(s, a; w)

∂2
log π(a|s; w).
∂w2

∂>
∂
log π(a|s; w)
log π(a|s; w)
∂w
∂w

∂2
log π(a|s; w)
∂w2

∂>
∂
log π(a|s; w)
log π(a|s; w)
∂w
∂w

H2 (w) = A2 (w) + V2 (w),

pγ (s, a; w)V (s, a; w)

H1 (w) = A1 (w) + V1 (w),

(42)

Recalling that the state-action value function takes the form, Q(s, a; w) = V (s; w) +
A(s, a; w), the matrices H1 (w) and H2 (w) can be written in the following forms,
where,
A1 (w) =
A2 (w) =
V1 (w) =
V2 (w) =

(s,a)∈S×A

We begin with the following auxiliary lemmas.
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Lemma 2. Suppose we are given a Markov decision process with objective (1) and Markovian trajectory distribution (2). Provided that the policy satisfies the Fisher regularity conditions, then for any given parameter vector, w ∈ W, the matrices V1 (w) and V2 (w) satisfy
the following relation V1 (w) = −V2 (w).
31

X

π(a|s; w)
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X

a∈A

X
∂>
∂2
∂
log π(a|s; w)
log π(a|s; w) = −
π(a|s; w)
log π(a|s; w).
∂w
∂w
∂w2

Proof. As the policy satisfies the Fisher regularity conditions, then for any state, s ∈ S, the
following relation holds

a∈A

X

∂2
log π(a|s; w) = −V2 (w),
∂w2

∂
∂>
log π(a|s; w)
log π(a|s; w),
∂w
∂w

π(a|s; w)

π(a|s; w)

a∈A

X

a∈A

pγ (s; w)V (s; w)

pγ (s; w)V (s; w)

s∈S

X

s∈S

This means that V1 (w) can be written in the form
V1 (w) =

=−

which completes the proof.

Lemma 3. Suppose we are given a Markov decision process with objective (1) and Markovian trajectory distribution (2). If the policy parameterisation has constant curvature with
respect to the action space, then A2 (w) = 0.

∂2
log π(a|s; w),
∂w2

= 0, for all s ∈ S.

π(a|s; w)A(s, a; w).

pγ (s, a; w)A(s, a; w)

X

a∈A

a∈A π(a|s; w)A(s, a; w)

P

pγ (s; w)Hπ (s, w)

(s,a)∈S×A

X

X

Proof. When a policy parameterisation has constant curvature with respect to the action
∂2
space, then we use, Hπ (s, w), to denote ∂w
2 log π(a|s; w), for each a ∈ A. Recalling Definition 2, the matrix A2 (w) takes the form,
A2 (w) =
=

s∈S

The relation A2 (w) = 0 follows because

Lemmas 2 & 3, along with the relation (42), directly imply the result of Theorem 4.

A.3 Proof of Theorem 5 and Definiteness Results

X

X

(s,a)∈S×A

(s,a)∈S×A

pγ (s, a; w)V (s, a; w)

pγ (s, a; w)V (s, a; w)

∂2
log π(a|s; w).
∂w2

∂>
∂
log π(a|s; w)
log π(a|s; w)
∂w
∂w

Theorem 5. Proof. The first result follows from the fact that when the policy is logconcave with respect to the policy parameters, then H2 (w) is a non-negative mixture of
negative-definite matrices, which again is negative-definite (Boyd and Vandenberghe, 2004).
The second result follows because when the policy parameterisation has constant curvature with respect to the action space, then by Lemma 3 in Section A.2 A2 (w) = 0, so
that H2 (w) = A2 (w) + V2 (w) = V2 (w) = −V1 (w), with
V1 (w) =
V2 (w) =

JMLR 17(227):1-51

The result now follows because −V1 (w) is negative-semidefinite for all w ∈ W.
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(43)

t=2

∞
X

γ t−1 p(st = s̄|s1 = ŝ, sτ 6= s̄, τ = 1, ..., t − 1; w).

a∈A

π(a|ŝ; w)

33

s ∈S

s0 6=s̄
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(44)

= 0, so that this simplifies to

∂
Q(ŝ, a; w).
∂ws̄

∂
∂ws̄ π(a|ŝ; w)

P
Using the fact that Q(s, a; w) = R(s, a) + γ s0 ∈S p(s0 |s, a)V (s0 ; w), we have
X
∂
∂
V (ŝ; w) = γ
p(s0 |ŝ; w)
V (s0 ; w)
∂ws̄
∂ws̄
s0 ∈S
X
∂
∂
= γp(s̄|ŝ; w)
V (s̄; w) + γ
p(s0 |ŝ; w)
V (s0 ; w).
∂ws̄
∂ws̄
0

∂
V (ŝ; w) =
∂ws̄

X

As the policy is tabular and ŝ 6= s̄ we have that

a∈A

Furthermore, when Markov chain induced by the policy parameters is ergodic then phit > 0.
P
Proof. Given the equality V (s; w) = a∈A π(a|s; w)Q(s, a; w), we have that

X ∂
∂
∂
V (ŝ; w) =
π(a|ŝ; w)Q(ŝ, a; w) + π(a|ŝ; w)
Q(ŝ, a; w) .
∂ws̄
∂ws̄
∂ws̄

phit (ŝ → s̄) =

∂
where the notation ∂w
V (ŝ; w) is used to denote the gradient of the state value function
s̄
w.r.t. the policy parameter of state s̄, with the policy parameters of all other states considered
fixed. The term phit (ŝ → s̄) in (43) is given by

∂
∂
V (ŝ; w) = phit (ŝ → s̄)
V (s̄; w),
∂ws̄
∂ws̄

Lemma 5. Suppose we are given a Markov decision process with a tabular policy such that
V (s; w) is differentiable for each s ∈ S. Given s̄, ŝ ∈ S, such that s̄ 6= ŝ, then we have that

We first prove an auxiliary lemma about the gradient of the state value function in the case
of a tabular policy. As we are considering a tabular policy we have a separate parameter
vector ws for each state s ∈ S. We denote the parameter vector of the entire policy by
w, in which this is given by the concatenation
P of the parameter vectors of the different
states. The dimension of w is given by n = s∈S ns . In order to show that tabular policies
are value-consistent we start by relating the gradient of V (ŝ; w) to the gradient of V (s̄; w),
where the gradient is taken with respect to the policy parameters of state s̄, while the policy
parameters of the remaining states are held fixed.

A.4 Proof of Theorem 6

> (w) given by (40)
Proof. This follows immediately from the form of H1 (w) + H12 (w) + H12
in Theorem 3, which is positive-semidefinite since the reward function is assumed to be
non-negative.

> (w) is positiveLemma 4. For any w ∈ W the matrix H11 (w) = H1 (w) + H12 (w) + H12
semidefinite.
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∂
V (s̄; w),
∂ws̄

(45)

sign



∂
V (s; w)
∂wi



= sign



w=w∗


∂
V (ŝ; w) .
∂wi

> ,

34

(47)

(46)
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Proof. In order to obtain a contradiction suppose that there exists s ∈ S such that,




∂
∂
sign
V (s; w) 6= sign
V (ŝ; w) .
∂wi
∂wi

then for each s ∈ S,

∂
V (ŝ; w)
∂wi

Lemma 6. Given a Markov decision process and a policy parameterisation that is -valueconsistent, if there exists i ∈ {1, ..., n} and ŝ ∈ S such that,

A.5 Proof of Theorem 7

for all s ∈ S. It follows that for states, s ∈ S, for which phit (s → s̄) > 0 that we have




∂
∂
sign
V (s; w) = sign
V (ŝ; w) ,
∂wi
∂wi

∂
while in states for which phit (s → s̄) = 0 we have sign ∂w
V (s; w) = 0.
i

∂
It remains to show that for states in which phit (s → s̄) = 0 that sign ∂w
π(a|s; w) = 0,
i
∀a ∈ A. This property follows immediately from the fact that the policy parameterisation
is tabular and phit (s̄ → s̄) 6= 0.

∂
∂
V (s; w) = phit (s → s̄)
V (s̄; w),
∂wi
∂wi

Theorem 6. Proof. Suppose that there exists i ∈ {1, ..., n}, w ∈ W and ŝ ∈ S such that
∂
th
∂wi V (ŝ; w) 6= 0, for some ŝ ∈ S. As the policy parameterisation is tabular, then the i
component of w corresponds to a policy parameter for a particular state, s̄ ∈ S. From
Lemma 5 it follows that

We are now ready to prove Theorem 6.

which completes the proof. The probability, p(st = s̄|s1 = ŝ, sτ 6= s̄, τ = 1, ..., t − 1; w), is
equivalent to the probability that the first hitting time (of hitting state s̄ when starting in
state ŝ) is equal to t. The strict inequality, phit (ŝ → s̄) > 0, follows from the ergodicity of
the Markov chain induced by w.

= phit (ŝ → s̄)

t=2

X
∂
∂
V (ŝ; w) =
γ t−1 p(st = s̄|s1 = ŝ, sτ 6= s̄, τ = 1, ..., t − 1; w)
V (s̄; w)
∂ws̄
∂ws̄

∞

Applying equation (44) recursively gives
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(49)

(48)

∂
V (s0 ; w) ≤ .
∂wi
(50)

By definition 2 it follows that for all s0 ∈ S,




∂
∂
V (s0 ; w) = sign
V (s; w) ,
sign
∂wi
∂wi
or

From (47) it follows that,
∂
V (ŝ; w) ≤ .
∂wi
This is a contradiction of (46), which completes the proof.

w=w∗

> .

(51)

Theorem 7. Proof. In order to obtain a contradiction suppose that there exists i ∈ {1, ..., n}
and ŝ ∈ S such that,
∂
V (ŝ; w)
∂wi

(52)

∂
We suppose that ∂w
V (ŝ; w)|w=w∗ >  (an identical argument can be used for the case
i
∂
∗
∂wi V (ŝ; w)|w=w < −). As the policy parameterisation is -value-consistent it follows
from lemma 6 that, for each s ∈ S,

∂
V (s; w)|w=w∗ ≥ 0.
∂wi

In order to obtain a contradiction we will show that there is no s ∈ S for which (52)
holds with equality. Given this property a contradiction is obtained because it follows that


∂
∂
U (w)|w=w∗ = Ep1 (s)
V (s; w)|w=w∗ > 0,
∂wi
∂wi
contradicting the fact that w∗ is a local optimum of the objective function. Introducing the
notation

∂
S= = s ∈ S
V (s; w)|w=w∗ = 0 ,
∂w
i
∂
V (s; w)|w=w∗ > 0},
S> = {s ∈ S |
∂wi
we wish to show that S= = ∅. In particular, for a contradiction, suppose that S= 6= ∅. This
means, given the ergodicity of the Markov chain induced by P
w∗ and the fact that S> 6= ∅,
that there exists s ∈ S= and s0 ∈ S> such that p(s0 |s; w∗ ) = a∈A p(s0 |s, a)π(a|s; w∗ ) > 0.
∂
We now consider the form of ∂w
V (s; w)|w=w∗ . In particular, we have

X

a∈A

π(a|s; w)

X

snext ∈S

∂
V (snext ; w).
∂w

snext ∈S

p(snext |s, a)
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X ∂
X
∂
V (s; w) =
π(a|s; w) R(a, s) + γ
p(snext |s, a)V (snext ; w)
∂w
∂w

a∈A

+γ

35

∂
∗
∂wi π(a|s; w)|w=w
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As s ∈ S= , we have by value consistency that

a∈A

snext ∈S

= 0. This means that

X
X
∂
∂
V (s; w)|w=w∗ = γ
π(a|s; w)
p(snext |s, a)
V (snext ; w)|w=w∗ > 0.
∂wi
∂wi

The inequality follows from the fact that p(s0 |s; w∗ ) > 0, for some s0 ∈ S> . This is a
contradiction of the fact that s= ∈ S= , so it follows that S= = ∅ and for all s ∈ S we have
∂
∗
∂wi V (s; w)|w=w > 0, which completes the proof.
A.6 Proof of Theorem 8

∂2
log p(a|s; T w).
∂w2

JMLR 17(227):1-51

∀α ∈ R+ .

Theorem 8. Proof. A optimisation method is said to affine invariant if, given any objective
function (for which the optimisation technique is applicable), f : W → R, and non-singular
affine mapping, T ∈ Rn×n , the update of the objective f˜(w) = f (T w) is related to the
update of the original objective through the same affine mapping, i.e., v + ∆vstep = T w +
∆wstep , in which v = T w and ∆vstep and ∆wstep denote the respective steps in the
parameter space.
We shall consider the second Gauss-Newton method, with the result for the diagonal
approximate Newton method following similarly. Given a non-singular affine transformab (w) = U (T w) = U (v), with v = T w, and denote
tion, T ∈ Rn×n , define the objective, U
b (w) by H
b2 (w). Given w ∈ W, then it is sufficient to show
the approximate Hessian of U
that,


b −1 (w) ∂ U
b (w) = v − αH−1 (v) ∂ U (v) = vnew ,
T wnew = T w − αH
∀α ∈ R+ .
2
2
∂w
∂v

Following calculations analogous to those in Section A.1 it can be shown that,

X

pγ (s, a; T w)Q(s, a; T w)

X
∂ b
∂
U (w) =
pγ (s, a; T w)Q(s, a; T w)
log p(a|s; T w),
∂w
∂w
s,a
s,a

∂
∂
log π(a|s; T w) = T >
log π(a|s; v),
∂w
∂v
∂2
∂2
log π(a|s; T w) = T > 2 log π(a|s; v)T,
∂w2
∂v

b2 (w) =
H

Using the relations

it follows that

∂ b
∂
U (w) = T > U (v),
∂w
∂v
b2 (w) = T > H2 (v)T.
H

From this we have, for any α ∈ R+ , that


b −1 (w) ∂ U
b (w) = v − αH−1 (v) ∂ U (v) = vnew ,
T wnew = T w − αH
2
2
∂w
∂v
which completes the proof.
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∂>
U (w),
∂w

= 0 means that

∇G1 (w∗ ) = I − α(A1 (w∗ ) + A2 (w∗ ))−1 H(w∗ ).

∂
∗
∂w U (w)|w=w

∇20 Q(wk , wk ) = H2 (wk ).

(s,a)∈S×A

X

38
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37

Q(w, w0 ) =

JMLR 17(227):1-51



pγ (s, a; w0 )Q(s, a; w0 ) log π(a|s; w) .

where the function Q(w, w0 ) is given by

GEM (wk ) = argmaxw∈W Q(w, wk ),

Theorem 12. Proof. In the EM-algorithm the update of the policy parameters takes the
form

A.9 Proof of Theorem 12

Note that Q is a two parameter function, where the first parameter occurs inside the bracket,
while the second parameter occurs outside the bracket. Also note that Q(w, w0 ) satisfies

(w∗ )+

(53)

∂
U (w)|w=wk ,
∂w

(55)

The second statement follows because in the case where the log-policy is quadratic the
higher order terms in the Taylor expansion vanish.

∇10 Q(wk , wk ) =

The proof is completed by observing that

wk+1 − wk = −∇20 Q(wk , wk )−1 ∇10 Q(wk , wk ).

As wk+1 = argmaxw∈W Q(w, wk ) it follows that ∇10 Q(wk+1 , wk ) = 0. This means that,
upon ignoring higher order terms in wk+1 − wk , the Taylor expansion (54) can be rewritten
into the form

∇10 Q(wk+1 , wk ) = ∇10 Q(wk , wk ) + ∇20 Q(wk , wk )(wk+1 − wk ) + O(kwk+1 − wk k2 ). (54)

Theorem 11. Proof. We use the notation ∇10 Q(wj , wk ) to denote the derivative with
respect to the first variable of Q, evaluated at (wj , wk ), and similarly ∇20 Q(wj , wk ) for the
second derivative and ∇01 Q(wj , wk ) for the derivative with respect to the second variable
etc. The idea of the proof is simple and consists of performing a Taylor expansion of
∇10 Q(w, wk ). As Q is assumed to be twice continuously differentiable in the first component
this Taylor expansion is possible and gives

A.8 Proof of Theorem 11

Theorem 10 (Convergence analysis for the second Gauss-Newton method). Proof. The formulas (29) and (31) follow as in the proof of Theorem 9. Using the same approach as in Theorem 9, it can be shown that ρ(∇G2 (w∗ )) < 1 provided that, α ∈ (0, 2/ρ(H2 (w∗ )−1 H(w∗ ))).
As H(w∗ ) and H2 (w∗ ) are negative-definite the eigenvalues of H2 (w∗ )−1 H(w∗ ) are
positive. Furthermore, as H(w∗ ) = H11 (w∗ ) + H2 (w∗ ), and, by Lemma 4, H11 (w∗ ) is
positive-semidefinite, it follows that the eigenvalues of H2 (w∗ )−1 H(w∗ ) all lie in the range
(0, 1]. This means that α ∈ (0, 2) is sufficient to ensure that ρ(∇G2 (w∗ )) < 1.
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with λmin and λmax respectively denoting the minimal and maximal eigenvalues of (A1
A2 (w∗ ))−1 H(w∗ ). Hence, ρ(∇G1 (w∗ )) < 1 provided that α ∈ (0, 2λ−1
max ), or, written in
terms of the spectral radius, α ∈ (0, 2/ρ((A1 (w∗ ) + A2 (w∗ ))−1 H(w∗ ))).
When the policy parameterisation is value-consistent with respect to the given MDP,
> (w ∗ ) = 0, so that H(w ∗ ) = A (w ∗ ) + A (w ∗ ). It then
then from Theorem 7 H12 (w∗ ) + H12
1
2
follows that ∇G1 (w∗ ) = (1−α)I. Convergence for this case follows in the same manner.


ρ(∇G1 (w∗ )) = max |1 − αλmin |, |1 − αλmax | ,

As H(w∗ ) and A1 (w∗ ) + A2 (w∗ ) are negative-definite, it follows that the eigenvalues of
(A1 (w∗ ) + A2 (w∗ ))−1 H(w∗ ) are positive. Hence,

The fact that

∂>
∂2
∂
(A1 (w) + A2 (w))−1
U (w) − α(A1 (w) + A2 (w))−1
U (w).
∇G1 (w) = I − α
∂w
∂w
∂w2

so that ∇G1 (w) is given by

G1 (w) = w − α(A1 (w) + A2 (w))−1

Theorem 9 (Convergence analysis for the first Gauss-Newton method). Proof. A formal proof
that G1 is Fréchet differentiable can be found in Section 10.2.1 of Ortega and Rheinboldt
(1970). We now demonstrate the form of ∇G1 (w∗ ). For simplicity we shall assume that
(A1 (w∗ ) + A2 (w∗ ))−1 is differentiable. This is not a necessary condition, and a proof that
does not make this assumption can be found in Section 10.2.1 of Ortega and Rheinboldt
(1970). We have that,

We now prove Theorems 9 and 10.

Lemma 7 (Ostrowski’s Theorem). Suppose that we have a mapping G : W → Rn , where
W ⊂ Rn , such that w∗ ∈ int(W) is a fixed-point of G and, furthermore, G is Fréchet
differentiable at w∗ . If the spectral radius of ∇G(w∗ ) satisfies ρ(∇G(w∗ )) < 1, then w∗ is
a point of attraction of G. Furthermore, if ρ(∇G(w∗ )) > 0, then the convergence towards
w∗ is linear and the rate is given by ρ(∇G(w∗ )).

We begin by stating a well-known tool for analysis of convergence of iterative optimization
methods. Given an iterative optimization method, defined through a mapping G : W → Rn ,
where W ⊆ Rn , the local convergence at a point w∗ ∈ W is determined by the spectral
radius of the Jacobian of G at w∗ , ∇G(w∗ ). This is formalized through the well-known
Ostrowski’s Theorem, a formal proof of which can be found in the work of Ortega and
Rheinboldt (1970).

A.7 Proofs of Theorems 9 and 10
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X

(s,a)∈S×A

the following identities


X
∂
p (s, a; w0 )Q(s, a; w0 )
∇10 Q(w, w0 ) =
log π(a|s; w) ,
γ
∂w
(s,a)∈S×A
 2

X
∂
pγ (s, a; w0 )Q(s, a; w0 )
∇20 Q(w, w0 ) =
log π(a|s; w) ,
∂w2
(s,a)∈S×A

 >
∂
∂
pγ (s, a; w0 )Q(s, a; w0 )
log π(a|ss; w).
∂w
∂w
∇11 Q(w, w0 ) =

Here we have used the notation ∇ij to denote the ith derivative with respect to the first
parameter and the j th derivative with respect to the second parameter. Note that when we
∂
set w = w0 in the first two of these terms we have ∇10 Q(w, w) = ∂w
U (w), ∇20 Q(w, w) =
H2 (w). A key identity that we need for the proof is that ∇11 Q(w, w) = H1 (w) + H12 (w) +
> (w). This follows from the observation that ∂ U (w) = ∇10 Q(w, w), so that
H12
∂w


∂2
∂
U (w) =
∇10 Q(w, w) = ∇20 Q(w, w) + ∇11 Q(w, w),
∂w2
∂w
so that
>
H1 (w) + H12 (w) + H12
(w) = H(w) − H2 (w) = ∇20 Q(w, w) + ∇11 Q(w, w) − ∇20 Q(w, w),

= ∇11 Q(w, w),

as claimed.
Now, to calculate the matrix ∇GEM (w∗ ) we perform a Taylor series expansion of
∇10 Q(w, w0 ) in both parameters around the point (w∗ , w∗ ), and evaluated at (wk+1 , wk ),
which gives

∇10 Q(wk+1 , wk ) = ∇10 Q(w∗ , w∗ ) + ∇20 Q(w∗ , w∗ ) wk+1 − w∗

+ ∇11 Q(w∗ , w∗ ) wk − w∗ + . . .

As w∗ is a local optimum of U (w) we have that ∇10 Q(w∗ , w∗ ) = 0. Furthermore, as
the sequence {wk }k∈N was generated by the EM-algorithm, we have, for each k ∈ N,
that wk+1 = argmaxw∈W Q(w, wk ), which implies that ∇10 Q(wk+1 , wk ) = 0. Finally, as
∇20 Q(w∗ , w∗ ) = H2 (w∗ ) and ∇11 Q(w∗ , w∗ ) = H1 (w∗ ) we have

>
0 = H2 (w∗ )(wk+1 − w∗ ) + H1 (w∗ ) + H12 (w∗ ) + H12
(w∗ ) (wk − w∗ ) + . . .

Using the fact that wk+1 = GEM (wk ) and w∗ = GEM (w∗ ), taking the limit k → ∞ gives

>
0 = H2 (w∗ )∇GEM (w∗ ) + H1 (w∗ ) + H12 (w∗ ) + H12
(w∗ ),

so that

>
∇GEM (w∗ ) = −H2−1 (w∗ ) H1 (w∗ ) + H12 (w∗ ) + H12
(w∗ ) = I − H2−1 (w∗ )H(w∗ ).
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In the case where the policy parameterisation value-consistent with respect to the given
MDP then we have H12 (w∗ ) + H12 (w∗ )> = 0, so that ∇GEM (w∗ ) = I − H2−1 (w∗ )A1 (w∗ ).
The rest of the proof follows from the result in Theorem 10 when considering α = 1.
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Appendix B. Further Details for Estimation of Preconditioners and the
Gauss-Newton Update Direction

B.1 Recurrent State Search Direction Evaluation for Second Gauss-Newton
Method

In the work of Williams (1992) a sampling algorithm was provided for estimating the gradient of an infinite horizon MDP with average rewards. This algorithm makes use of a
recurrent state, which we denote by s∗ . In Algorithm 2 we detail a straightforward extension of this algorithm to the estimation the approximate Hessian, H2 (w), in this MDP
framework. The analogous algorithm for the estimation of the diagonal matrix, D2 (w),
follows similarly. In Algorithm 2 we make use of an eligibility trace for both the gradient
and the approximate Hessian, which we denote by Φ1 and Φ2 respectively. The estimates
(up to a positive scalar) of the gradient and the approximate Hessian are denoted by ∆1
and ∆2 respectively.

B.2 Inversion of Preconditioning Matrices

A computational bottleneck of Newton’s method is the inversion of the Hessian matrix,
which scales with O(n3 ). In a standard application of Newton’s method this inversion is
performed during each iteration, and in large parameter systems this becomes prohibitively
costly. We now consider the inversion of the preconditioning matrix in proposed GaussNewton methods.

Firstly, in the diagonal forms of the Gauss-Newton methods the preconditioning matrix
is diagonal, so that the inversion of this matrix is trivial and scales linearly in the number of
parameters. In general the preconditioning matrix of the full Gauss-Newton methods will
have no form of sparsity, and so no computational savings will be possible when inverting
the preconditioning matrix. There is, however, a source of sparsity that allows for the
efficient inversion of H2 in certain cases of interest. In particular, any product structure
(with respect to the control parameters) in the model of the agent’s behaviour will lead to
sparsity in H2 . For example, in partially observable Markov decision processes in which the
behaviour of the agent is modeled through a finite state controller (Meuleau et al., 1999)
there are three functions that are to be optimized, the initial belief distribution, the belief
transition dynamics and the policy. In this case the dynamics of the system are given by,

p(s0 , o0 , b0 , a0 |s, o, b, a; v, w) = p(s0 |s, a)p(o0 |s0 )p(b0 |b, o0 ; v)π(a0 |b0 , o0 ; w),
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in which o ∈ O is an observation from a finite observation space, O, and b ∈ B is the
belief state from a finite belief space, B. The initial belief is given by the initial belief
distribution, p(b|o; u). The parameters to be optimized in this system are u, v and w. It
can be seen that in this system H2 (u, v, w) is block-diagonal (across the parameters u, v
and w) and the matrix inversion can be performed more efficiently by inverting each of the
block matrices individually. By contrast, the Hessian H(u, v, w) does not exhibit any such
sparsity properties.
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∂
log π(at |st ; w)
∂w

∂
∂w U (w)

Φ2 = 0.

Φ2 ← Φ2 +
∂w2

∂2
log π(at |st ; w)

1
− 0.5 + κ,
1 + e−ut
2
1
= st − 0.1st+1 + κ,

t=1

H

X
∂
log π(a|s; w)
pt (s, a; w)Q(s, a, t; w),
∂w
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C.1 Non-Linear Navigation Experiment
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Z Z

The state-space of the problem is two-dimensional, s = (s1 , s2 ), in which s1 is the agent’s
position and s2 is the agent’s velocity. The control is one-dimensional and the dynamics of

∂
U (w) =
∂w

where M (q) is the inertia matrix, C(q̇, q) denotes the Coriolis and centripetal forces and
g(q) is the gravitational force. While this system is highly nonlinear it is possible to define
an appropriate control function τ̂ (q, q̇) that results in linear dynamics in a different stateaction space. This technique is known as feedback linearisation (Khalil, 2001), and in the
case of an N -link rigid manipulator recasts the torque action space into the acceleration
action space. This means that the state of the system is now given by q and q̇, while
the control is a = q̈. Ordinarily in such problems the reward would be a function of the
generalized co-ordinates of the end effector, which results in a non-trivial reward function
in terms of q, q̇ and q̈. This can be accounted for by modelling the reward function as
a mixture of Gaussians (Hoffman et al., 2009), but for simplicity we consider the simpler
problem where the reward is a function of q, q̇ and q̈ directly.
We consider the finite horizon undiscounted problem in this section, so that the gradient
of the objective function takes the form

The state of the system is given by q, q̇, q̈ ∈ RN , where q, q̇ and q̈ denote the angles,
velocities and accelerations of the joints respectively, while the control variables are the
torques applied to the joints τ ∈ RN . The nonlinear state equations of the system are given
by (Spong et al., 2005),
M (q)q̈ + C(q̇, q)q̇ + g(q) = τ ,
(56)

C.2 N -link Rigid Manipulator Experiment

with κ a zero-mean Gaussian random variable with standard deviation σκ = 0.02. The
agent starts in the state s = (0, 1), with the addition of Gaussian noise with standard
deviation 0.001, and the objective is for the agent to reach the target state, starget = (0, 0).
We use the same policy as in Vlassis et al. (2009), which is given by at = (w + t )> st , with
control parameters, w, and t ∼ N (t ; 0, σ2 I). The objective function is non-trivial for
w ∈ [0, 60] × [−8, 0]. In the experiment the initial control parameters were sampled from
the region w0 ∈ [0, 60] × [−8, 0]. In all algorithms 50 trajectories were sampled during each
training iteration and used to estimate the search direction. We consider a finite planning
horizon, H = 80.

s2t+1

s1t+1 = s1t +

the system is given as follows,
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with the preconditioning matrices of natural gradient ascent and the Gauss-Newton methods
taking analogous forms. It can be shown that for the policy parameterisation given in
(33) the derivative of log π(a|s; w) is quadratic in (s, a), for all (s, a) ∈ S × A. This
means that to calculate the search directions of gradient ascent, natural gradient ascent,
expectation maximization and the Gauss-Newton methods it is sufficient to calculate the

Appendix C. Experiments

Update time-step, t ← t + 1.
end
return ∆1 and ∆2 , which, up to a positive multiplicative constant, are estimates of
∂
∂w U (w) and H2 (w).

st+1 ∼ p(·|at , st ).

∆2 ← ∆2 + R(at , st )Φ2 .

and H2 (w):

Sample state from the transition dynamics:

∆1 ← ∆1 + R(at , st )Φ1 ,

end
Update the estimates of the

Φ1 = 0,

else
reset the eligibility traces:

Φ1 ← Φ1 +

if st 6= s∗ , then
update the eligibility traces:

at ∼ π(·|st ; w).

Given the current state, sample an action from the policy:

for i = 1, ....., N do

s1 ∼ p1 (·).

Algorithm 2: Recurrent state sampling algorithm to estimate the search direction
of the second Gauss-Newton method. The algorithm is applicable to Markov decision
processes with an infinite planning horizon and average rewards.
Input: Policy parameter, w ∈ W,
Number of restarts, N ∈ N.
Sample a state from the initial state distribution:

Approximate Newton Methods for Policy Search in Markov Decision Processes
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first two moments of pt (s, a; w)Q(s, a, t; w) w.r.t. (s, a), for each t ∈ {1, ..., H}. These
calculations can be done using the methods presented in the work of Furmston (2012).
For all algorithms that required the specification of a step size we ran the experiment
over a collection of step size sequences and use the optimal step size sequence in the final
experiment. In both steepest gradient ascent and natural gradient ascent we considered
the following fixed step sizes: 0.001, 0.01, 0.1, 1, 10, 20, 30, 100 and 250. We were unable
to obtain any reasonable results with steepest gradient ascent with any of these fixed step
sizes, for which reason the results are omitted. In natural gradient ascent we found 30 to
be the best step size of those considered. In the Gauss-Newton method we considered the
following fixed step sizes: 10, 20, 30, 100 and 250 and found that the fixed step size of 30
gave consistently good results without overstepping in the parameter space. The smaller
step sizes obtained better results than expectation maximization, but less than the fixed
step size of 30. The larger step sizes often found superior results, but would sometimes
overstep in the parameter space. For these reasons we used the fixed step size of 30 in the
final experiment.
C.3 Tetris Experiment
In Tetris there exists a board, which is typically a 20 × 10 grid, which is empty at the
beginning of a game. During each stage of the game a four block piece, called a tetrzoid,
appears at the top of the board and begins to fall down the board. While the tetrzoid is
moving the player is allowed to rotate the tetrzoid and to move it left or right. The tetrzoid
stops moving once it reaches either the bottom of the board or a previously positioned
tetrzoid. In this manner the board begins to fill up with tetrzoid pieces. There are seven
different variations of tetrzoid, as shown in Figure 5a. When a horizontal line of the board
is completely filled with (pieces of) tetrzoids the line is removed from the board and the
player receives a score of one. The game terminates when the player is not able to fully
place a tetrzoid on the board due to insufficient space remaining on the board. An example
configuration of the board during a game of Tetris is given in Figure 5b. More details on
the game of Tetris can be found in the work of Fahey (2003). As in other applications of
Tetris in the reinforcement learning literature (Kakade, 2002; Bertsekas and Ioffe, 1996) we
consider a simplified version of the game in which the current tetrzoid remains above the
board until the player decides upon a desired rotation and column position for the tetrzoid.
We use the same procedure to evaluate the search direction for all the algorithms in
the experiment. Irrespective of the policy, a game of Tetris is guaranteed to terminate
after a finite number of turns (Bertsekas and Ioffe, 1996). We therefore model each game
as an absorbing state MDP. The reward at each time step is equal to the number of lines
deleted. We use a recurrent state approach (Williams, 1992) to estimate the gradient, using
the empty board as a recurrent state. (Since a new game starts with an empty board
this state is recurrent.6 ) We use analogous versions of this recurrent state approach for
natural gradient ascent, the diagonal Gauss-Newton method and the full Gauss-Newton
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6. This is actually an approximation because it does not take into account that the state is given by the
configuration of the board and the current piece, so this particular ‘recurrent state’ ignores the current
piece. Empirically we found that this approximation gave better results, presumably due to reduced
variance in the estimands, and there is no reason to believe that it is unfairly biasing the comparison
between the various parametric policy search methods.
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(b) Tetris : Game Board
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(a) Tetris : Tetrzoids

Figure 5: A graphical illustration of the game of tetris with (a) the collection of possible
pieces, or tetrozoids, of which there are seven (b) a possible configuration of the
board, which in this example is of height 20 and width 10.

method. As in the work of Kakade (2002), we use the sample trajectories obtained during
the gradient evaluation to estimate the Fisher information matrix. During each training
iteration an approximation of the search direction is obtained by sampling 1000 games, using
the current policy to sample the games. It is computationally very expensive to perform
experiments on the Tetris domain. When performing the experiment we found that it would
be prohibitively expensive to perform an extensive sweep over different step size sequences
for all of the different algorithms. For this reason we decided to implement a simple line
search in this domain. Given the current approximate search direction we use the following
basic line search method to obtain a step size: For every step size in a given finite set of
step sizes sample a set number of games and then return the step size with the maximal
score over these games. In practice, in order to reduce the susceptibility to random noise,
we used the same simulator seed for each possible step size in the set. In this line search
procedure we sampled 1000 games for each of the possible step sizes. We use the same set
of step sizes

0.1, 0.5, 1.0, 2.0, 4.0, 8.0, 16.0, 32.0, 64.0, 128.0 .
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in all of the different training algorithms in the experiment. To reduce the amount of noise
in the results we use the same set of simulator seeds in the search direction evaluation
for each of the algorithms considered in the experiment. In particular, we generate a
nexperiments × niterations matrix of simulator seeds, with nexperiments the number of repetitions
of the experiment and niterations the number of training iterations in each experiment. We
use this one matrix of simulator seeds in all of the different training algorithms, with the
element in the j th column and ith row corresponding to the simulator seed of the j th training
iteration of the ith experiment. In a similar manner, the set of simulator seeds we use for
the line search procedure is the same for all of the different training algorithms. Finally, to
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with w = (µ, L), µ the mean of the Gaussian and LL∗ the Cholesky decomposition of the
precision matrix. We consider a diagonal precision matrix, which results in a total of 140
policy parameters.
In this experiment we compare gradient ascent, natural gradient ascent, expectation
maximization, the first Gauss-Newton method and the second Gauss-Newton method. As
the planning horizon is of length 1 it follows that H12 (w) = 0, ∀w ∈ W, so that the first
Gauss-Newton method coincides with Newton’s method for this MDP. The policy is blockwise log-concave in µ and L, but not jointly log-concave in µ and L. As a result we construct
block diagonal forms of the preconditioning matrices for the first and second Gauss-Newton
methods, with a separate block for µ and L. Additionally, since the planning horizon is of
length 1 it is possible to calculate the Fisher information exactly in this domain. For gradient
ascent and natural gradient ascent we considered several different step size sequences. Each

in which tc is the moment the ball crosses the z-plane (level with the cup) in a downward
direction. If no such tc exists then the reward of the episode is given by −100.
We use the motor primitive framework (Ijspeert et al., 2002, 2003; Schaal et al., 2007;
Kober and Peters, 2011) in this domain, applying a separate motor primitive to each dimension of the action space. Each motor primitive consists of a parametrized curve that models
the desired action sequence (for the respective dimension of the action space) through the
course of the episode. Given this collection of motor primitives the control engine within
the simulator tries to follow the desired action sequence as closely as possible while also
satisfying the constraints on the system, such as the physical constraints on the torques that
can safely be applied without damaging the robot arm. As in the work of Kober and Peters
(2011) we use dynamic motor primitives, using 10 shape parameters for each of the individual motor primitives. The robot arm has 7 joints, so that there are 70 motor primitive
parameters in total. We optimize the parameters of the motor primitives by considering
the MDP induced by this motor primitive framework. The action space corresponds to the
space of possible motor primitives, so that A = R70 . There is no state space in this MDP
and the planning horizon is 1, so that this MDP is effectively a bandit problem. The reward
of an action is equal to the total reward of the episode induced by the motor primitive. We
consider a policy of the form,
−1 
π(a; w) = N a|µ, LL∗
,

The domain in the robot arm experiment is episodic, with each episode 20 seconds in
length. The state of the domain is given by the angles and velocities of the seven joints
in the robot arm, along with the Cartesian coordinates of the ball. The action is given by
the joint accelerations of the robot arm. We denote the position of the cup and the ball by
(xc , yc , zc ) ∈ R3 and (xb , yb , zb ) ∈ R3 respectively. The reward function is given by,


−20 (xc − xb )2 + (yc − yb )2 if t = tc ,
r(xc , yc , xb , yb , t) =
0 if t 6= tc ,
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Breast cancer is the most common non-skin malignancy affecting women, with approximately 1.67 million cases diagnosed annually worldwide (Ferlay et al., 2013). If an individual’s risk of breast cancer could be predicted, then screening, prevention, and treatment
strategies could be targeted toward those women to maximize survival benefit and minimize
harm. Risk prediction models are important tools to improve breast cancer care by leveraging multi-dimensional electronic health data. Traditional breast cancer risk prediction
models use demographic risk factors to estimate breast cancer risk, but they demonstrate
only limited discriminatory power. In clinical practice, mammography is the most common breast cancer screening test, and the only imaging modality supported by randomized
trials demonstrating reduction in mortality rate. However, its effectiveness is not universally accepted (Freedman et al., 2004). Recent advances in genome-wide association studies
(GWAS) have revitalized the quest for genetic variants (single-nucleotide polymorphisms—
SNPs) in risk prediction. However, the optimism of these studies has been tempered by
disappointment and caution (Gail, 2008, 2009; Wacholder et al., 2010).
Although many breast cancer risk prediction models have been developed, current applications of these models are inadequate in the following respects: (1) due to the rare
occurrence of breast cancer, many seemingly ‘large’ studies have small effective sample size
to adequately model a large number of variables; (2) even for large studies, investigators
often fail to systematically model risk factor interactions to avoid overly complicated models
which are hard to interpret; and (3) they do not take available structure information into
consideration. For example, there are five descriptors for mass margins in mammogram:
circumscribed, microlobulated, obscured, indistinct, and spiculated, with an order of increasing probability of malignancy. However, few models utilize this structure information
(group structure and dependence structure) to improve predictive performance. The quest
for novel breast cancer risk prediction models is motivated to address these shortcomings.
In this paper, we propose to develop novel penalized methods to improve breast cancer
risk prediction by incorporating unique structure information embedded in electronic health
record data. Regularization is a common technique used in regression and classification
problems. The lasso (Tibshirani, 1996) is one of the most popular penalized method and

1. Introduction

Keywords: structure information, breast cancer risk prediction, mammography descriptors, genetic variants, personalized medicine

records. We conducted a retrospective case-control study, garnering 49 mammography descriptors and 77 high-frequency/low-penetrance single-nucleotide polymorphisms (SNPs)
from an existing personalized medicine data repository. Structured mammography reports
and breast imaging features have long been part of a standard electronic health record
(EHR), and genetic markers likely will be in the near future. Lasso and its variants are
widely used approaches to integrated learning and feature selection, and our methodological contribution is to incorporate the dependence structure among the features into these
approaches. More specifically, we propose a new methodology by combining group penalty
and `p (1 ≤ p ≤ 2) fusion penalty to improve breast cancer risk prediction, taking into
account structure information in mammography descriptors and SNPs. We demonstrate
that our method provides benefits that are both statistically significant and potentially
significant to people’s lives.
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Controls

290(39.30%)
424(57.45%)
24(3.25%)
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Cases

126(33.51%)
236(62.77%)
14(3.72%)

history in the case group (45.30%) than in the control group (33.51%), which demonstrated
the family aggregation of breast cancer (Table 1).
Family history

164(45.30%)
188(51.93%)
10(2.77%)
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Mammography features are recorded in the Breast Imaging Reporting and Data System
(BI-RADS) lexicon (BI-RADS, 2014) developed by the American College of Radiology.
The BI-RADS lexicon consists of 49 descriptors, including the characteristics of masses and
microcalcifications, breast composition and other associated findings (Figure 1). In this
study, mammography data was recorded as free text reports in the electronic health record,
from which we used a parser to extract these mammography features (Nassif et al., 2009).

2.1.2 Mammography features

Figure 1: Mammography descriptors described in BI-RADS lexicon.

Table 1: Family aggregation of breast cancer.

Yes
No
N/A

has achieved great success in various fields. However, lasso does not take into account the
prior structure information among features. The group lasso (Yuan and Lin, 2006) is a
natural extension of the lasso by taking advantage of the underlying group structure of
features. It leads to the selection for groups of features and can improve the predictive
performance in many real applications such as microarray data analysis (Ma et al., 2007)
and GWAS (Liu et al., 2013). To incorporate the dependence structure of features, fused
lasso (Tibshirani et al., 2005; Tibshirani and Wang, 2008) is introduced by penalizing the `1
norm of both the coefficients and their successive differences. To the best of our knowledge,
no breast cancer prediction models utilize group penalty and within-group `p fusion penalty
simultaneously to improve risk prediction by leveraging structure information.
The rest of the paper is organized as follows. Section 2 describes our data, proposed
methods, and study design. Section 3 presents the results. The conclusions are described
in Section 4.

2. Materials and Methods
The main purpose of this paper is to take into account both the group structure and the
dependence structure within each group of features by imposing both group penalty and `p
fusion penalty simultaneously.
2.1 Data
The Marshfield Clinic Institutional Review Board approved the use of Marshfield Clinic’s
Personalized Medicine Research Project (PMRP) (McCarty et al., 2005) cohort in our study.

2.1.1 Subjects

JMLR 17(228):1-15

The population-based PMRP cohort, details of which have been previously published (McCarty et al., 2005), was used in this study. Though the details of this population have
been described previously (Burnside et al., 2015), we will summarize here, in brief, for the
convenience of the reader. Women with an available DNA sample, a mammogram, and
a breast biopsy within 12 months after the mammogram were included in the study. For
this case/control study, cases were defined as women having a confirmed diagnosis of breast
cancer obtained from the institutional cancer registry. Controls were confirmed through the
Marshfield Clinic electronic medical records as never having had a breast cancer diagnosis
(and absence from cancer registry).
We identified 362 cases and 376 controls (738 in total) who have both genetics and
mammogram data available. The majority of mammograms were performed between 1993
and 2005 (Burnside et al., 2015). The age range for the subjects in this study was 29 to
90 years of age, with mean 62 and standard deviation 12.8. Among the cases, there were
358 Caucasians, three non-Caucasians and one case whose race information was unknown.
Among the controls, there were 372 Caucasians and four non-Caucasians. These race distributions are consistent with that of the general population in this area. For the family
history of breast cancer, we observed a considerably larger proportion of people with family
3
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2
2
2
2
2
2
2
2
3
3
3
4
4
5
5
5
5
5
5
5
5
6
6
6
6
6
6
7
8
8
8
8
8
9
9
9
10
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rs11249433
rs1550623
rs16857609
rs2016394
rs4849887
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rs6828523
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Table 2: The 77 SNPs identified to be associated with breast cancer

Chr

SNP
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η(xi )
= xTi β,
1 − η(xi )

i = 1, ..., n,

n

i=1

1X
log(1 + exp(−yi · xTi β)).
n

1 + exp(xTi β̂)

exp(xTi β̂)

=

1
1 + exp(−xTi β̂)

.
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(1)
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g=1

Note that there exist natural group structure and dependence structure in mammography
features (Figure 1), which allows us to include the structure information into our risk
prediction models directly. For genetic variants, group structures also exist (Liu et al.,
2012, 2013). In this paper, we apply hierarchical clustering to cluster the 77 SNPs based
on their dissimilarity matrix obtained by computing Spearman’s correlation or Hamming
distance among them. More details are provided in Section 2.5.
Suppose that d features are divided into G groups with dg the number of features in
group g. Define βg ∈ Rdg to be the corresponding coefficient vector in group g. The group
lasso logistic regression (Meier et al., 2008) is defined as the following optimization problem


G


X
p
dg kβg k2 ,
min L(β) + λ1
d

β∈R 

2.3 Group Penalty and `p Fusion Penalty

Then we should predict yi = 1 if η̂(xi ) ≥ 0.5 and yi = −1 if η̂(xi ) < 0.5.

η̂(xi ) =

With β̂, we then estimate the conditional probability η(xi ) by

L(β) =

where β = (β1 , ..., βd )T is the slope parameter. And the logistic regression estimator β̂ is
given by the minimizer of the negative log-likelihood function

log

Assume that we have independent and identical distributed subjects {(xi , yi )}ni=1 , where the
explanatory variable X ∈ Rd and the binary response variable Y ∈ {−1, 1}. Note that the
conditional probability η(x) = P(Y = 1|X = x) plays an important role in the classification
problem. Denote xi = (xi1 , ..., xid )T , and linear logistic regression model is defined by

2.2 Logistic Regression

We decided to focus on high-frequency/low-penetrance SNPs that affect breast cancer risk
as opposed to low frequency SNPs with high penetrance or intermediate penetrance. We
consolidated a list of 77 common genetic variants (Table 2) which were identified by recent
large-scale GWAS studies or used to generate published predictive models (Liu et al., 2014).
The list included 41 SNPs identified by COGS through a meta-analysis of 9 GWAS studies
(Michailidou et al., 2013). Recently, a similar set of 77 breast cancer-associated SNPs is
also studied for risk prediction (Mavaddat et al., 2015).

2.1.3 Genetic variants

FAN, WU, YUAN, PAGE, LIU, ONG, PEISSIG, AND BURNSIDE
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g=1



where L(β) is defined by (1) and λ1 ≥ 0 is the tuning parameter. It includes lasso as a
special case with G = d.
The fact that there exist dependence structure within each mammography feature group
and each SNP group encourages us to propose the following novel method by combining
group lasso logistic regression and `p fusion penalty.


G 


X
p
L(β) +
λ1 dg kβg k2 + λ2 kDg βg kpp
,
(2)
min

β∈Rd 

g=1



G1
G

X
X
p
L(β) + λ1
dg kβg k2 + λ2 
g=1

kDg βg kpp11
+

G
X

g=G1 +1



kDg βg kpp22 




,

(3)

where Dg is a (dg − 1) × dg sparse matrix with only D[i, i] = 1 and D[i, i + 1] = −1, λ2 ≥ 0
is the tuning parameter, and 1 ≤ p ≤ 2 is the shrinkage parameter.
Moreover, if the within-group dependence structures are different for groups {1, ..., G1 }
and {G1 + 1, ..., G}, we can split the `p fusion penalty into two parts as

min

β∈Rd 

where 1 ≤ p1 , p2 ≤ 2 are selected based on cross validation.
The novelty of our method compared to previous works is three-fold: First, it includes
within-group fusion penalty in the model and makes the coefficients of features in the
same group close to each other, which reflects the dependence structure of features and
improves the risk prediction; Second, in breast cancer risk prediction, we find that the
dependence structures are different for mammography features and SNPs, which are actually
two different views of the same data. And the utilization of method (3) will improve
the predictive performance further; At last, we find that genetic variants improve risk
prediction on mammography features, which provides some insight regarding personalized
breast cancer diagnosis.
2.4 Computational Algorithms
Many algorithms have been proposed in the literatures to solve the logistic regression with
fused lasso regularization (Lin, 2015; Yu et al., 2015). In this subsection we adopt the fast
iterative shrinkage thresholding algorithm (Beck and Teboulle, 2009) to solve (2) as
β k+1

G

g=1

(4)


X p
τ
= arg min L(β k ) + hβ − β k , ∇L(β k )i + kβ − β k k22 +
λ1 dg kβg k2 + λ2 kDg βg kpp
2
β∈Rd

g=1
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with β = (β1 , · · · , βd )T and τ > 0 the Lipschitz constant of L(·).
And the iteration step is equivalent to solving


!
p
G


X
λ
1
1
λ
1 dg
2
.
kβ − (β k − ∇L(β k ))k22 +
kβg k2 + kDg βg kpp

τ
τ
τ
min

β∈Rd  2
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Therefore, it suffices to solve the following optimization problem within each group


1
min
kβg − zk22 + ρ1 kβg k2 + ρ2 kDg βg kpp ,
2
βg ∈Rdg
√
λ1 d g
and ρ2 = λτ2 .
where z = βgk − τ1 ∇L(βgk ), ρ1 = τ
The proximity operator (Polson et al., 2015) of a function f is defined as


1
kt − zk2 + λf (t) .
2
t

Pf (z) = arg min

(5)

• For f (t) = |t| and z ∈ R, Pf (z) := S1 (z, λ) = sign(z) max{|z| − λ, 0}, which is also
called soft threshold operator.

32 3

λ
kzk2 , 0}

∗ z.

• For f (t) = |t|p with 1 < p ≤ 2 and z ∈ R, Pf (z) := Sp (z, λ) = sign(z)ξ, where
p−1 = |ξ|. In particular, we have
ξ is the unique nonnegative solution to ξ + pλξ
p
z
S2 (z, λ) = 2λ+1
, S3/2 (z, λ) = z +9λ2 sign(z)(1− 1 + 16|z|/(9λ2 ))/8 and S4/3 (z, λ) =
p
z + 4λ1 ((χ − z)1/3 − (χ + z)1/3 ) with χ = z 2 + 256λ3 /729.

• For f (t) = ktk2 and z ∈ Rd , Pf (z) := S2,1 (z, λ) = max{1 −

With the help of these proximity operators and Bregman splitting algorithm (Ye and
Xie, 2011), we can solve (5) by iteratively solving the following procedures:
 k+1
β
= arg min 21 kβg − zk22 + huk , βg − ak i + hv k , Dg βg − bk i


βg




+ µ2 kβg − ak k22 + µ2 kDg βg − bk k22



µ
k+1
k
k+1
k+1
2
a
=
arg
min
ρ
−
ai
+
−
ak
1 kak2 + hu , β
2
2 kβ
a
 k+1 = arg min ρ2 kbkpp + hv k , Dg β k+1 − bi + µ kDg β k+1 − bk2

2
2
 b

b

 k+1 = uk + µ(β k+1 − ak+1 )

 u

v k+1 = v k + µ(Dg β k+1 − bk+1 )

where µ acts like a step size in this algorithm.

Remark 1 The minimization over β, a and b can all be solved in closed form.

• β k+1 = [(µ + 1)I + µDgT Dg ]−1 [z + µ(ak − uk /µ) + µDgT (bk − v k /µ)]
• ak+1 = S2,1 (β k+1 + uk /µ, ρ1 /µ)
• bk+1 = Sp (Dg β k+1 + v k /µ, ρ2 /µ)

Note that (µ + 1)I + µDgT Dg is a tridiagonal positive definite matrix.

JMLR 17(228):1-15

Remark 2 For p = 1, we can solve (5) more efficiently by the algorithm proposed in Zhou
et al. (2012) based on the fact

Pk·k2 +kDg (·)k1 = Pk·k2 ◦ PkDg (·)k1 .

However, we cannot show this equation for 1 < p ≤ 2.

8



g=1

2
g=1 kDg βg k2 .

PG

+
g=1

G
X
λ1


p

dg
kβg k2 ,

τ̃

Then we can solve it efficiently

2

2

The result is summarized in Table 3.
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3.1 Performance of Fused Group Lasso

JMLR 17(228):1-15

In this section, we demonstrate the performance of the `p fused group lasso logistic regression method from three aspects: the significant improvement of AUCs by considering the
structure information, the predictive performance under different p (or p1 and p2 ), and the
detected important mammography features and SNPs.

3. Experimental Results

We apply the `p fused group lasso logistic regression algorithm to the Marshfield breast
cancer data set. There are 11 groups for 49 mammography features (Figure 1). For SNPs,
we compute the Hamming distances (Wang et al., 2015) of 77 SNPs to get the dissimilarity
matrix and then apply hierarchical clustering to obtain 10 groups.
We built three prediction models based on different sets of risk factors: the Mammo
model developed by using mammography features only, the SNP77 model developed by using 77 SNPs only, and the Combined model developed by using both mammography features
and 77 SNPs. We furthermore apply five methods for each model: logistic regression (LR),
lasso in logistic regression (LR+Lasso), `p fused lasso logistic regression (LR+fusedLasso),
group lasso logistic regression (LR+groupLasso), and `p fused group lasso logistic regression
(LR+Structure).
The `p fused group lasso logistic regression method has several parameters. For the
tuning parameters λ1 and λ2 , we let them vary among a given set of values, and the
shrinkage parameter p (or p1 and p2 ) among {1, 4/3, 3/2, 2}. Each combination of these
parameters is evaluated using stratified 5-fold cross-validation, and AUC (the area under
the receiver operating characteristic (ROC) curve) is used as the performance measure. All
738 samples are randomly partitioned into five equal sized folds with approximately equal
proportions of cases and controls. In each iteration (totally five iterations), four folds are
used as training set and the rest one as validation set to compute AUC. And the parameters
with the best average AUC are selected. At last we repeat this process ten times and report
the average AUC. We obtain p-value by performing two-tailed-two-sample t-test when we
compare AUCs.

2.5 Study Design and Statistical Analysis

where τ̃ is the Lipschitz constant of L(β)+λ2
via the proximity operator of k · k2 .


G
X
1
k
k
T
k 

β − β − (∇L(β ) + 2λ2
min
Dg Dg β g )
τ̃
β∈Rd  2


1

Remark 3 For p = 2, since k · k22 is Lipschitz continuous, we can rewrite (4) as

Structure-leveraged methods in breast cancer risk prediction

Mammo
SNP77
Combined

0.710
0.598
0.721

Lasso
0.710
0.676
0.754

fusedLasso
0.716
0.614
0.727

groupLasso
0.723
0.684
0.766

Structure

p-value
< 0.001
< 0.001
< 0.001
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4) The third and fourth columns describe the predictive performance of the three prediction
models by considering group structure or dependence structure in the logistic regression method. For the SNP77 model, fused lasso demonstrates a significantly higher
performance than group lasso in terms of AUC (0.676 vs. 0.614, p-value< 0.001). For
the Mammo model, group lasso plays a more important role than fused lasso (0.716
vs. 0.710, p-value=0.0073). Moreover, both fused lasso and group lasso demonstrate
improved prediction performance compared to lasso.

3) The second column describes the predictive performance of the three prediction models by using lasso in the logistic regression method. The predictive performance of
the three prediction models has been improved, compared to those without lasso (using logistic regression method only). Mammography descriptors still demonstrate a
significantly higher predictive performance than 77 SNPs in terms of AUC (0.710
vs. 0.598, p-value< 0.001). However, the Combined model demonstrates modest
improvement of prediction performance, compared to the Mammo model (0.721 vs.
0.710, p-value=0.0057).

2) The first column describes the predictive performance of the three prediction models
by using the logistic regression method. Mammography descriptors demonstrate a
significantly higher predictive performance than 77 SNPs in terms of AUC (0.700
vs. 0.590, p-value< 0.001). We find that the difference of predictive performance
between the Combined model and the Mammo model is negligible (0.697 vs. 0.700,
p-value=0.277).

1) The fifth column describes the predictive performance of the three prediction models by
considering structure information in the logistic regression method. We find that the
predictive performance of the three prediction models has been improved respectively,
compared to those described in the first column. For each prediction model, the
difference of the predictive performance is significant between LR+Structure and LR
(p-value < 0.001), which demonstrates that breast cancer prediction models utilizing
structure information can improve risk prediction significantly. We also find that
mammography descriptors demonstrate a significantly higher predictive performance
than 77 SNPs in terms of AUC (0.723 vs. 0.684, p-value < 0.001). The Combined
model demonstrates significant improvement of the prediction performance, compared
to the Mammo model (0.766 vs. 0.723, p-value < 0.001).

Table 3: Predictive performance of three prediction models by using five different methods.
The p-values represent the differences between AUCs of LR and LR+Structure.

LR
0.700
0.590
0.697

Models/Methods
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(d) Fix p1 = 2

(b) Fix p2 = 2

Figure 2: The AUCs under different values of p by using method (2).

(a) Fix p2 = 1

(c) Fix p1 = 1

Figure 3: The AUCs under different values of p1 and p2 by using method (3).
3.2 Performance under Different Values of p
Figure 2 and Figure 3 describe the the pattern of predictive performance for `p fused group
lasso logistic regression over the shrinkage parameter p (or p1 and p2 ) in terms of AUC.
1)The Combined model demonstrates a higher predictive performance for p = 1 compared
to p = 2 in terms of AUC (0.757 vs. 0.745, p-value< 0.001), see Figure 2.
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2) Figure 3 describes the prediction performance of method (3) under different values of
p1 for mammography descriptors and p2 for 77 SNPs.
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• Fix p2 = 1 or p2 = 2, the fused group lasso with p1 = 2 demonstrates higher
predictive performance compared to p1 = 1, see Figure 3(a) and 3(b).

• Fix p1 = 1 or p1 = 2, the predictive performance of the fused group lasso logistic
regression decreases as p2 increases, see Figure 3(c) and 3(d).

• The fused group lasso logistic regression with p1 = 2 and p2 = 1 demonstrates higher predictive performance than p1 = p2 = 1 (0.766 vs. 0.757, pvalue=0.0053) and p1 = p2 = 2 (0.766 vs. 0.745, p-value< 0.001).

3.3 Important Features Detected by Fused Group Lasso

To take into account both group and dependence structure information in mammography
features and SNPs, two penalty terms (group penalty and fusion penalty) are introduced
into the logistic regression model. The idea of group penalty is to force the coefficients
of features in the same group to be all zero or nonzero in order to achieve the goal of
selecting features within a group simultaneously. The idea of fusion penalty is to shrink the
successive difference of coefficients of features in the same group in order to take advantage
of the dependence structure information. Applying fusion penalty with p = 1 tends to
result in zero successive difference of coefficients, while p = 2 tends to small but nonzero
successive difference of coefficients.
From a feature selection point of view, we can get the order of feature groups selected
by fused group lasso via choosing the tuning parameters appropriately. We list below the
feature groups selected from high to low in terms of predictive performance.

1) For mammography descriptors, the following features are predictive of malignancy (from
most to least): “Mass Size”, “Mass Margins”, “Mass Shape”, “Architectural Distortion” and “Mass Palpability”, consistent with the literature (BI-RADS, 2014).

rs2016394 rs1432679, rs13281615, rs4666451
rs981782, rs1292011, rs1436904, rs527616
rs11249433 rs13387042, rs4973768, rs10069690
rs7904519, rs8051542, rs3760982
rs2981579, rs2981582

SNPs

2) For 77 SNPs, three groups are selected in order, see Table 4.

Feature Group
Group 1
Group 2
Group 3

Table 4: SNP groups selected by fused group lasso.
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Remark 4 It verifies that “Mass size”, “Mass Margins” and “Mass Shape” are the most
important mammography descriptors in breast cancer diagnosis. These results are consistent
with previous studies about comparing the importance of mammography features and SNPs
in breast cancer risk prediction(Wu et al., 2013, 2014).
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We consider the classical problem of regret minimization (Hannan, 1957) that has been well
developed during the last decade (Cesa-Bianchi and Lugosi, 2006; Rakhlin and Tewari, 2008;
Bubeck, 2011; Shalev-Shwartz, 2011; Hazan, 2012; Bubeck and Cesa-Bianchi, 2012). We
recall that in this sequential decision problem, a decision maker (or agent, player, algorithm,
strategy, policy, depending on the context) chooses at each stage a decision in a finite set
(that we write as [d] := {1, . . . , d}) and obtains as an outcome a real number in [0, 1]. We
specifically chose the word outcome, as opposed to gain or loss, as our results show that
there exists a fundamental discrepancy between these two concepts.
The criterion used to evaluate the policy of the decision maker is the regret, i.e., the
difference between the cumulative performance of the best stationary policy (that always
picks a given action i ∈ [d]) and the cumulative performance of the policy of the decision
maker.

1. Introduction

Keywords: regret minimization, bandit, sparsity

We demonstrate that, in the classical non-stochastic regret minimization problem with
d decisions, gains and losses to be respectively maximized or minimized are fundamentally
different. Indeed, by considering the additional sparsity assumption (at each stage, at
most s decisions incur a nonzero outcome), we derive optimal regret bounds of different
orders.√ Specifically, with gains, we obtain an optimal regret guarantee after T stages of
order T log s, so the classical dependency in the dimension is replaced
p by the sparsity size.
With losses, we provide matching upper and lower bounds of order T s log(d)/d, which is
decreasing
pin d. Eventually, we also study the bandit setting, and obtain an upper bound
of order T s log(d/s) when
p outcomes are losses. This bound is proven to be optimal up
to the logarithmic factor log(d/s).
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In the case of losses, the sparsity assumption is motivated by situations where rare failures
might happen at each stage, and the decision maker wants to avoid them. For instance, in
network routing problems, it could be assumed that only a small number of paths would lose
packets as a result of a single, rare, server failure. Or a learner could have access to a finite
number of classification algorithms that perform ideally most of the time; unfortunately,
some of them makes mistakes on some examples and the learner would like to prevent that.
The general setup is therefore a number of algorithms/experts/actions that mostly perform
well (i.e., find the correct path, classify correctly, optimize correctly some target function,
etc.); however, at each time instance, there are rare mistakes/accidents and the objective
would be to find the action/algorithm that has the smallest number (or probability in the
stochastic case) of failures.

The sparse scenario can also be seen through the scope of prediction with experts. Given
a finite set of expert, we call the winner of a stage the expert with the highest revenue (or the
smallest loss); ties are broken arbitrarily. And the objective would be to win as many stages
as possible. The s-sparse setting would represent the case where s experts are designated as
winners (or, non-loser) at each stage.

The sparsity assumption is actually quite natural in learning and have also received
some attention in online learning (Gerchinovitz, 2013; Carpentier and Munos, 2012; AbbasiYadkori et al., 2012; Djolonga et al., 2013). In the case of gains, it reflects the fact that the
problem has some hidden structure and that many options are irrelevant. For instance, in
the canonical click-through-rate example, a website displays an ad and gets rewarded if the
user clicks on it; we can safely assume that there are only a small number of ads on which
a user would click.

This idea does not apply anymore with structural assumption. For instance, consider
the framework where the outcomes are limited to s-sparse vectors, i.e. vectors that have
at most s nonzero coordinates. The coordinates which are nonzero may change arbitrarily
over time. In this framework, the aforementioned transformation does not preserve the
sparsity assumption. Indeed, if (`1 , . . . , `d ) is a s-sparse loss vector, the corresponding gain
vector (1 − `1 , . . . , 1 − `d ) may even have full support. Consequently, results for loss vectors
do not apply directly to sparse gains, and vice versa. It turns out that both setups are
fundamentally different.

We focus here on the non-stochastic framework, where no assumption (apart from boundedness) is made on the sequence of possible outcomes. In particular, they are not i.i.d. and
we can even assume, as usual, that they depend on the past choices of the decision maker.
This broad setup, sometimes referred to as individual sequences (since a policy must be
good against any sequence of possible outcomes) incorporates prediction with expert advice (Cesa-Bianchi and Lugosi, 2006), data with time-evolving laws,
√ etc. Perhaps the most
fundamental results in this setup are the upper bound of order T log d achieved by the
Exponential Weight Algorithm (Littlestone and Warmuth, 1994; Vovk, 1990; Cesa-Bianchi,
1997; Auer et al., 2002) and the asymptotic lower bound of the same order (Cesa-Bianchi
et al., 1997). This general bound is the same whether outcomes are gains in [0, 1] (in which
case, the objective is to maximize the cumulative sum of gains) or losses in [0, 1] (where the
decision maker aims at minimizing the cumulative sum). Indeed, a loss ` can easily be turned
into gain g by defining g := 1 − `, the regret being invariant under this transformation.
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Figure 1: Summary of upper and lower bounds.
1.1 Summary of Results
We investigate regret minimization scenarios both when outcomes are gains on the one
hand, and losses on the other hand. We recall that our objectives are to prove that they are
fundamentally different by exhibiting rates of convergence of different order.
When outcomes are gains, we construct an algorithm based on the Online Mirror Descent
family (Shalev-Shwartz, 2007, 2011; Bubeck, 2011). By choosing a regularizer based on the
`p norm, and then
√ tuning the parameter p as a function of s, we get in Theorem 2 a regret
bound of order T log s, which has the interesting property of being independent of the
number of decisions d. This bound is trivially optimal, up to the constant.
If outcomes are losses instead of gains, although the previous analysis remains valid, a
much better bound can be obtained. We build upon a regret bound for the Exponential

Weight Algorithm (Littlestone and Warmuth, 1994;q
Freund and Schapire, 1997) and we
d
manage to get in Theorem 4 a regret bound of order T s log
, which is decreasing in d, for
d
a given s. A nontrivial matching lower bound is established in Theorem 6.
Both of these algorithms need to be tuned as a function of s. In Theorem 9 and Theorem 10, we construct algorithms which essentially achieve the same regret bounds without
prior knowledge of s, by adapting over time to the sparsity level of past outcome vectors,
using an adapted version of the doubling trick.
Finally, we investigate the bandit setting, where the only feedback available to the decision maker is the outcome of his decisions (and, not the outcome of all
ppossible decisions). In
the case of losses we obtain in Theorem 11 an upper bound of order T s log(d/s), using the
Greedy Online Mirror Descent family of algorithms (Audibert and Bubeck, 2009; Audibert
et al., 2013; Bubeck, 2011). This bound is proven to
√ be optimal up to a logarithmic factor,
as Theorem 13 establishes a lower bound of order T s.
The rates of convergence achieved by our algorithms are summarized in Figure 1.

1.2 General Model and Notation

d
x = (x(1) , . . . , x(d) ) ∈ R+

i=1

x(i) = 1
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We recall the classical non-stochastic regret minimization problem. At each time instance
t > 1, the decision maker chooses a decision dt in the finite set [d] = {1, . . . , d}, possibly at
random, according to xt ∈ ∆d , where
(
)
d
X
∆d =

3

T
X
t=1

(i)

gt −

Kwon and Perchet

T
X
hgt , xt i
t=1

resp. RT =

i∈[d]

t=1

T
T
X
X
(i)
h`t , xt i − min
`t

t=1

!

.

is the the set of probability distributions over [d]. Nature then reveals an outcome vector
(d )
ωt ∈ [0, 1]d and the decision maker receives ωt t ∈ [0, 1]. As outcomes are bounded, we can
(d )
easily replace ωt t by its expectation that we denote by hωt , xt i. Indeed, Hoeffding-Azuma
concentration inequality will imply that all the results we will state in expectation hold with
high probability.
Given a time horizon T > 1, the objective of the decision maker is to minimize his regret,
whose definition depends on whether outcomes are gains or losses. In the case of gains (resp.
losses), the notation ωt is then changed to gt (resp. `t ) and the regret is:

i∈[d]

RT = max

In both cases, √
the well-known Exponential Weight Algorithm guarantees a bound on the
regret of order T log d. Moreover, this bound cannot be improved in general as it matches
a lower bound.

We shall consider an additional structural assumption on the outcomes, namely that ωt
is s-sparse in the sense that kωt k0 6 s, i.e., the number of nonzero components of ωt is less
than s, where s is a fixed known parameter. The set of components which are nonzero is
not fixed nor known, and may change arbitrarily over time.
We aim at proving
√ that it is then possible to drastically improve the previously mentioned
guarantee of order T log d and that losses and gains are two fundamentally different settings
with minimax regrets of different orders.

2. When Outcomes are Gains to be Maximized

2.1 Online Mirror Descent Algorithms

y ∈ Rd ,

We quickly present the general Online Mirror Descent algorithm (Shalev-Shwartz, 2011;
Bubeck, 2011; Bubeck and Cesa-Bianchi, 2012; Kwon and Mertikopoulos, 2014) and state
the regret bound it incurs; it will be used as a key element in Theorem 2.
A convex function h : Rd → R ∪ {+∞} is called a regularizer on ∆d if h is strictly
convex and continuous on its domain ∆d , and h(x) = +∞ outside ∆d . Denote δh =
max∆d h − min∆d h and h∗ : Rd → Rd the Legendre-Fenchel transform of h:
x∈Rd

h∗ (y) = sup {hy, xi − h(x)} ,

η

k=1

t−1
X

ωk

,

t > 1,

which is differentiable since h is strictly convex. For all y ∈ Rd , it holds that ∇h∗ (y) ∈ ∆d .
Let η ∈ R be a parameter to be tuned. The Online Mirror Descent Algorithm associated
with the regularizer h and parameter η is defined by:
!
xt = ∇h∗
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where ωt ∈ [0, 1]d denote the vector of outcomes
and xt the probability distribution chosen
Pd
at stage t. The specific choice h(x) = i=1
x(i) log x(i) for x = (x(1) , . . . , x(d) ) ∈ ∆d (and

4

δh
|η|
+
|η| 2K

t=1

kωt k2∗ .

RT 6

5

t=1

T
X
δhp
η
+
kgt k2q .
η
2(p − 1)
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Proof hp being (p − 1)-strongly convex with respect to k · kp , and k · kq being the dual norm
of k · kp , Theorem 1 gives:

RT 6

1
ηT s2/q
+
,
2η 2(p − 1)
p
where 1/p+1/q = 1. In particular, the choices η = (p − 1)/T s2/q and p = 1+(2 log s−1)−1
give:
p
RT 6 2eT log s.

Theorem 2 Let η > 0 and s > 3. Against all sequences of s-sparse gain vectors gt , i.e.,
gt ∈ [0, 1]d and kgt k0 6 s, the Online Mirror Descent algorithm associated with regularizer
hp and parameter η guarantees:

One can easily check that hp is indeed a regularizer on ∆d and that δhp 6 1/2. Moreover, it
is (p − 1)-strongly convex with respect to k · kp : see (Bubeck, 2011, Lemma 5.7) or (Kakade
et al., 2012, Lemma 9).
We can now state our first result, the general upper bound on regret when outcomes are
s-sparse gains.

We first assume s > 2. Let p ∈ (1, 2] and define the following regularizer:
(
1
kxk2p if x ∈ ∆d
hp (x) = 2
+∞
otherwise.

2.2 Upper Bound on the Regret

RT 6

T
X

Theorem 1 Let K > 0 and assume h to be K-strongly convex with respect to a norm k · k.
Then, for any sequence of outcome vectors (ωt )t>1 in Rd , the Online Mirror Descent strategy
associated with h and η (with η > 0 in cases of gains and η < 0 in cases of losses) guarantees,
for T > 1, the following regret bound:

The following general regret guarantee for strongly convex regularizers is expressed in
terms of the dual norm k · k∗ of k · k. Similar statements have appeared in e.g. (ShalevShwartz, 2011, Theorem 2.21), (Bubeck and Cesa-Bianchi, 2012, Theorem 5.6) and (Kwon
and Mertikopoulos, 2014, Theorem 5.1).

h(x) = +∞ otherwise) gives the celebrated Exponential Weight Algorithm, which can be
written explicitly, component by component:
 P

(i)
exp η t−1
k=1 ωk
(i)
 P
 , t > 1, i ∈ [d].
xt = P
d
t−1 (j)
j=1 exp η
k=1 ωk

Gains and Losses are Fundamentally Different in Regret Minimization

i=1

d
X

!2/q

RT 6

(i) q

gt

6
s terms

X
(i) q

gt

!2/q
6 s2/q ,

RT 6

s

T s2/q
=
p−1

q

2T log s e2 log s/q =

p

2e T log s.

6

hgt , xt i 6 gt , x0t
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where the minimum is taken over all possible policies of the decision maker, and the maximum over all sequences of s-sparse gains vectors.
To establish a lower bound in the present setting, we can assume that only the s first
coordinates of gt may be positive (for all t > 1) and that the decision maker is aware of
that. Therefore he has no interest in assigning positive probabilities to any decision but the
first s ones. Indeed, for any mixed action xt , the decision maker can construct alternative
(1)
(s)
(d)
mixed action x0t = (xt , . . . , xt + · · · + xt , 0, . . . , 0) which obviously give a higher payoff:

strat. (gt )t

vTg,s,d = min max RT

For s ∈ [d] and T > 1, we denote vTg,s,d the minimax regret of the T -stage decision problem
with outcome vectors restricted to s-sparse gains:

2.3 Matching Lower Bound

We emphasize the fact that we obtain, up to a multiplicative constant, the exact same
rate as when the decision maker only has a set of s decisions.
Theorem 2 was restricted to s > 3√to simplify
√ the analysis. In the cases s = 1, 2, we can
easily derive a bound of respectively T and 2T using the same regularizer with p = 2.

and thus:

Finally, since s > 3, we have 2 log s > 1 and we set p = 1 + (2 log s − 1)−1 ∈ (1, 2], which
gives:
1
p−1
(2 log s − 1)−1
1
1
=1− =
=
=
,
q
p
p
1 + (2 log s − 1)−1
2 log s

1
ηT s2/q
+
.
2η 2(p − 1)
p
We can now balance both terms by choosing η = (p − 1)/(T s2/q ) and get:
s
T s2/q
RT 6
.
p−1

which yields

kgt k2q =

For each t > 1, the norm of gt can be bounded as follows:
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(i)

gt −

T
X

t=1

i∈[d]

gt , xt0 6 max

T
X

t=1

(i)

gt −

T
X

t=1

hgt , xt i .
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T
X

t=1

and therefore a lower regret:

i∈[d]

max
Therefore, we can restrict the strategies of the decision maker to those which assign positive
probability to the s first components only. That setup, which is simpler for the decision
maker than the original one, is obviously equivalent to the basic regret minimization problem with only s decisions. Therefore, the classical lower bound (Cesa-Bianchi et al., 1997,
Theorem 3.2.3) holds and we obtain the following.
Theorem 3
√
v g,s,d
2
lim inf lim inf √ T
>
.
2
T log s
s→+∞ T →+∞
d>s

The same lower bound, up to the multiplicative constant actually holds non asymptotically, see (Cesa-Bianchi and Lugosi, 2006, Theorem 3.6).
An immediate consequence of Theorem 3 is that the regret bound derived in Theorem 2
is asymptotically minimax optimal, up to a multiplicative constant.

3. When Outcomes are Losses to be Minimized
3.1 Upper Bound on the Regret
We now consider the case of losses, and the regularizer shall no longer depend on s (as with
gains), as we will always use the Exponential Weight Algorithm. Instead, it is the parameter
η that will be tuned as a function of s.

r

2sT log d
+ log d.
d

Theorem 4 Let s > 1. For any sequence of s-sparse loss vectors (`t )t>1 , i.e., `t ∈ [0, 1]d
and k`t k0 6 s, the Exponential Weight Algorithm with parameter −η where


p
η := log 1 + 2d log d/sT > 0

guarantees, for T > 1:

RT 6

We build upon the following regret bound for losses which is written in terms of the
performance of the best action. It is often called improvement for small losses: see e.g. (Littlestone and Warmuth, 1994) or (Cesa-Bianchi and Lugosi, 2006, Theorem 2.4).

T
X
t=1

(i)

RT 6

log d
+
1 − e−η

`t is the loss of the best stationary decision.
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Theorem 5 Let η > 0. For any sequence of loss vectors (`t )t>1 in [0, 1]d , the Exponential
Weight Algorithm with parameter −η guarantees, for all T > 1:


η
− 1 LT∗ ,
1 − e−η
i∈[d]

where LT∗ = min

7

T X
d
X

t=1 i=1

(i)

`t =

Kwon and Perchet

t=1

d
T
X
X

i=1

(i)

`t

i∈[d]

> d min

t=1

T
X

`t

(i)

= dLT∗ ,

PT (i)
Proof Let T > 1 and LT∗ = mini∈[d] t=1
`
t be the loss of the best stationary policy.
Pd (i)
`t . By summing
First note that since the loss vectors `t are s-sparse, we have s > i=1
over 1 6 t 6 T :
!
!
sT >

log d
+
1 − e−η

and therefore, we have LT∗ 6 T s/d.
Then, by using the inequality η 6 (eη − e−η )/2, the bound from Theorem 5 becomes:
 η

e − e−η
− 1 LT∗ .
2(1 − e−η )
RT 6

The factor of LT∗ in the second term can be transformed as follows:

(1 + e−η )(eη − e−η )
(1 + e−η )eη
eη − 1
eη − e−η
−1=
−1=
−1=
,
2(1 − e−η )
2(1 − e−2η )
2
2

and therefore the bound on the regret becomes:

η

eη − 1 ∗
log d
(eη − 1)T s
log d
+
LT 6
+
,
RT 6
1 − e−η
2
1 − e−η
2d

2T s log d
+ log d .
d

where we have been able to use the upper-bound on LT∗ since e 2−1 > 0. Along with the
p
choice η = log(1 + 2d log d/T s) and standard computations, this yields:
r
RT 6

p
Interestingly, the bound from Theorem 4 shows that 2sT log d/d, the dominating term
of the regret bound, is decreasing when the number of decisions d increases. This is due to
the sparsity assumptions (as the regret increases with s, the maximal number of decision
with positive losses). Indeed, when s is fixed and d increases, more and more decisions are
optimal at each stage, a proportion 1 − s/d to be precise. As a consequence, it becomes
easier to find an optimal decisions when d increases. However, this intuition will turn out
not to be valid in the bandit framework.
On the other hand, if the proportion s/d of positive losses remains constant then the
regret bound achieved is of the same order as in the usual case.
3.2 Matching Lower Bound
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When outcomes are losses, the argument from Section 2.3 does not allow to derive a lower
bound. Indeed, if we assume that only the first s coordinates of the loss vectors `t can
be positive, and that the decision maker knows it, then he just has to take at each stage
the decision dt = d which incurs a loss of 0. As a consequence, he trivially has a regret

8

v `,s,d
2
lim inf lim inf p Ts
>
.
d→+∞ T →+∞
2
T d log d

√

(i)

(j)

(i) (j)

i∈[d]

.

(1)
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9

The components of the Gaussian vector W being independent, and of same variance Var `1 ,
we have
r 
r


q
s
s
s
(1)
1−
> κd
,
E max W (i) = κd Var `1 = κd
2d
2d
4d
i∈[d]

i∈[d]

E max Z (i) > E max W (i)

This inequality between two cumulative distribution functions implies the reverse inequality
on expectations:





i∈[d]



and since E W (i) W (i) = 0 by independence, the third hypothesis of Slepian’s lemma is also
satisfied. It yields that, for all θ ∈ R:


h
i
P max Z (i) 6 θ = P Z (1) 6 θ, . . . , Z (d) 6 θ
i∈[d]


h
i
6 P W (1) 6 θ, . . . , W (d) 6 θ = P max W (i) 6 θ .

(i) (j)

By definition of `1 , `1 `1 = 1 if and only if `1 = `1 = 1 and `1 `1 = 0 otherwise.
Therefore, using the random subset I1 that appears in the definition of `1 :
h
i
h
i  s 2
(i)
(j)
E Z (i) Z (j) = P `1 = `1 = 1 −
2d
h
i
 s 2
(i)
(j)
= P `1 = `1 = 1 {i, j} ⊂ I1 P [{i, j} ⊂ I1 ] −
2d

d−2
 s 2
1 s−2
= · d −
4
2d
 s

s2
1 s(s − 1)
=
− 2 6 0,
4 d(d − 1) d

As a consequence, the first two hypotheses of Proposition 7 follow from the definitions of Z
and W . Let i 6= j, then
h
i
h
i
h i h i
(i) (j)
(i) (j)
(i)
(j)
E Z (i) Z (j) = cov(Z (i) , Z (j) ) = cov(`1 , `1 ) = E `1 `1 − E `1 E `1 .

where κd is the expectation of the maximum of d Gaussian variables. Combining everything
gives:
r






vT`,s,d
RT
s
lim inf √
> lim inf E √
> E max Z (i) > E max W (i) > κd
.
T →+∞
T →+∞
4d
i∈[d]
i∈[d]
T
T

(i)

(j)

where Z ∼ N (0, Σ) with Σ = (cov(X1 , X1 ))i,j .
We now make appeal to Slepian’s lemma, recalled in Proposition 7 below. Therefore, we
introduce the Gaussian vector W ∼ N (0, Σ̃) where


(1)
(1)
Σ̃ = diag Var X1 , . . . , Var X1 .

(i)

Kwon and Perchet

where t > 1, we have defined the random vector Xt by Xt = s/2d − `t for all i ∈ [d]. For
t > 1, the Xt are i.i.d. zero-mean random vectors with values in [−1, 1]d . We can therefore
apply the comparison Lemma 8 to get:
"
#




T
RT
1 X (i)
Xt
> E max Z (i) ,
lim inf E √
= lim inf E max √
T →+∞
T →+∞
i∈[d]
i∈[d]
T
T t=1

(i)

with probability 1/2 and `t = 0 with probability 1/2, independently for each component.
(i)
If i 6∈ It , we set `t = 0.
As a consequence, we always have that `t is s-sparse. Moreover, for each t > 1 and each
(i)
coordinate i ∈ [d], `t satisfies:
h
i
h
i
s
s
(i)
(i)
P `t = 1 =
and P `t = 0 = 1 −
,
2d
2d
h i
(i)
thus E `t = s/2d. Therefore we obtain that for any algorithm (xt )t>1 , E [h`t , xt i] = s/2d.
This yields that
"
!#


T
T
X
X
RT
1
(i)
E √
=E √
h`t , xt i − min
`t
i∈[d]
T
T t=1
t=1
"
#
T

1 X s
(i)
= E max √
− `t
i∈[d]
T t=1 2d
"
#
T
1 X (i)
= E max √
Xt ,
i∈[d]
T t=1

(i)

The main consequences of this theorem are that the algorithm described in Theorem 4 is
asymptotically minimax optimal (up to a multiplicative constant) and that gains and losses
are fundamentally different from the point of view of regret minimization.
Proof We define the sequence of i.i.d. loss vectors `t (t > 1) as follows. First, we draw a

(i)
set It ⊂ [d] of cardinality s uniformly among the ds possibilities. Then, if i ∈ It set `t = 1

Theorem 6 For all s > 1,

RT = 0. Choosing at random, but once and for all, a fixed subset of s coordinates does not
provide any interesting lower bound either. Instead, the key idea of the following result is to
choose at random and at each stage the s coordinates associated with positive losses. And
we therefore use the following classical probabilistic argument. Assume that we have found
a probability distribution on (`t )t such that the expected regret can be bounded from below
by a quantity which does not depend on the strategy of the decision maker. This would
imply that for any algorithm, there exists a sequence of (`t )t such that the regret is greater
than the same quantity.
In the following statement, vT`,s,d stands for the minimax regret in the case where outcomes are losses.

Gains and Losses are Fundamentally Different in Regret Minimization

√
2 log d (see e.g. Galambos, 1978),

Gains and Losses are Fundamentally Different in Regret Minimization

And for large d, since κd is equivalent to
√
v `,s,d
2
lim inf lim inf p Ts
>
.
d→+∞ T →+∞
2
T d log d

Proposition 7 (Slepian (1962)) Let Z = (Z (1) , . . . , Z (d) ) and W = (W (1) , . . . , W (d) ) be
Gaussian random vectors in Rd satisfying:
(i) E [Z] = E [W ] = 0;




(ii) E (Z (i) )2 = E (W (i) )2 for i ∈ [d];





(iii) E Z (i) Z (j) 6 E W (i) W (j) for i 6= j ∈ [d].

Then, for all real numbers θ1 , . . . , θd , we have:

h
i
h
i
P Z (1) 6 θ1 , . . . , Z (d) 6 θd 6 P W (1) 6 θ1 , . . . , W (d) 6 θd .
The following lemma is an extension of e.g. (Cesa-Bianchi and Lugosi, 2006, Lemma
A.11) to random vectors with correlated components.

#
"


T
1 X (i)
lim inf E max √
Xt
> E max Z (i) .
T →+∞
i∈[d]
i∈[d]
T t=1

Lemma 8 (Comparison lemma) For t > 1, let (Xt )t>1 be i.i.d. zero-mean random vectors in [−1, 1]d , Σ be the covariance matrix of Xt and Z ∼ N (0, Σ). Then,

Proof Denote
T
1 X (i)
Xt .
YT = max √
i∈[d]
T t=1

Let A 6 0 and consider the function φA : R → R defined by φA (x) = max(x, A).
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E [YT ] = E YT · 1{YT >A} + E YT · 1{YT <A}




= E φA (YT ) · 1{Y >A} + E YT · 1{Y <A}
T
T


= E [φA (YT )] − E φA (YT ) · 1{YT <A} + E YT · 1{YT <A}


= E [φA (YT )] − E (A − YT ) · 1{A−YT >0} .
11

=

6

Kwon and Perchet

+∞

−A

Z

−A

P

"

t=1

T
X

Xt

(1)

√
<u T

#

du.



0 6 E (A − YT ) · 1{A−YT }>0 = E [ZT ]
Z +∞
P [ZT > u] du
=
0
Z +∞
=
P [A − YT > u] du
0
Z +∞
P [YT < −u] du
=
−A
#
Z +∞ "
T
1 X (i)
P max √
Xt < u du
i∈[d]
T t=1

Let us estimate the second term. Denote ZT = (A − YT ) · 1A−YT >0 . We clearly have, for
all u > 0, P [ZT > u] = P [A − YT > u]. And ZT being nonnegative, we can write:

(1)

t=1

" T
X

Xt

(1)

Z

+∞

−A

2 /2

e−u

#
√
2
< u T 6 e−u /2 ,

∈ [−1, 1], we can bound the last integrand:

P



0 6 E (A − YT ) · 1{A−YT }>0 6

2

e−A /2
.
A

du 6

e−A /2
.
−A

2

h
i
(1)
= 0 and
For u > 0, using Hoeffding’s inequality together with the assumptions E Xt
Xt

Which gives:

Therefore:

E [YT ] > E [φA (YT )] +

We now take the liminf on both sides as t → +∞. The left-hand side is the quantity that
appears in the statement. We now focus on the second term of the right-hand side. The
central limit theorem gives the following convergence in distribution:

T
1 X
L
√
Xt −−−−−→ X.
T →+∞
T t=1
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The application (x(1) , . . . , x(d) ) 7−→ maxi∈[d] x(i) being continuous, we can apply the continuous mapping theorem:

T
1 X (i)
L
Xt −−−−−→ max X (i) .
YT = max √
n→+∞ i∈[d]
i∈[d]
T t=1

12


 
2
e−A /2
+
lim inf E [YT ] > E φA max X (i)
.
t→+∞
A
i∈[d]

i∈[d]

i∈[d]

i=1

i∈[d]

A→−∞

i∈[d]

and τ (M ) = T.

d log d
2m T

!

t0 <t
t0 ∈I(m

t)



t = 1, . . . , T.

r

log d
.
dT
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14

T s∗ log d dlog s∗ e log d
+
+ 5s∗
d
2

13

r

Proof Let 1 6 m 6 M . On time interval I(m), the Exponential Weight Algorithm is run
with parameter η(m) against loss vectors in [0, 1]d . Therefore, the following regret bound

RT 6 4

√
Theorem 9 The above algorithm with C = 23/4 ( 2 + 1)1/2 guarantees

X


xt = ∇h∗ 
`t0 
−η(mt )
,



be the parameter of the Exponential Weight Algorithm to be used
P on interval I(m). In
this section, h will be entropic regularizer on the simplex h(x) = di=1 x(i) log x(i) , so that
y 7−→ ∇h∗ (y) is the logit map used in the Exponential Weight Algorithm. We can then
define the played actions to be:

η(m) = log 1 + C

r

The sets (I(m))16m6M clearly form a partition of {1, . . . , T } (some of the intervals may be
empty). For 1 6 t 6 T , we define mt = min {m > 1 | τ (m) > t} which implies t ∈ I(mt ). In
other words, mt is the index of the only interval t belongs to.
Let C > 0 be a constant to be chosen later and for 1 6 m 6 M , let

(
{τ (m − 1) + 1, . . . , τ (m)} if τ (m − 1) < τ (m)
I(m) =
.
∅
if τ (m − 1) = τ (m).

In other words, τ (m) is the first time instance at which the sparsity level of the loss vector
exceeds 2m . (τ (m))16m6M is thus a nondecreasing sequence. We can then define the time
intervals I(m) as follows. For 1 6 m 6 M , let

τ (m) = min {1 6 t 6 T | k`t k0 > 2m }

The time instances {1, . . . , T } will be divided into several time intervals. On each of
those, the previous loss vectors will be left aside, and a new instance of the Exponential
Weight Algorithm with a specific parameter will be run. Let M = dlog2 s∗ e and τ (0) = 0.
Then, for 1 6 m < M we define

Let (`t )t>1 be the sequence of loss vectors in [0, 1]d chosen by Nature, and T > 1 the number
of rounds. We denote s∗ = max16t6T k`t k0 the higher sparsity level of the loss vectors up

4.1 For Losses

We no longer assume in this section that the decision maker have the knowledge of the
sparsity level s. We modify our algorithms to be adaptive over the sparsity level of the
observed gain/loss vectors. The algorithms are proved to essentially achieve the same regret
bounds as in the case where s is known. The constructions follow the same ideas behind
the classical doubling trick. However, the latter cannot be directly applied here: the usual
doubling trick involves time intervals whose lengths are always the same, whereas we here
need to make the lengths on the sparsity levels of the payoff vectors.
Specifically, let T > 1 be the number of rounds and s∗ the highest sparsity level of
the gain/loss vectors chosen by Nature up to time T . In theqfollowing, we construct algo√
∗
d
for gains and losses
rithms which achieve regret bounds of order T log s∗ and T s log
d
respectively, without prior knowledge of s∗ .

4. When the Sparsity Level s is Unknown

t→+∞



lim inf E [YT ] > E max X (i) .

and eventually, we get the stated result:

i∈[d]

where each X (i) is L1 since it is a normal random variable. We can therefore apply the
dominated convergence theorem as A → −∞:
 



E φA max X (i)
−−−−−→ E max X (i) ,

i∈[d]



d
X
φA max X (i) 6 max X (i) 6 max X (i) 6
X (i) ,

We would now like to take the limit as A → −∞. By definition of φA , for A 6 0, we have
the following domination:

and thus:

i∈[d]

to
q time T . The goal is to construct an algorithm which achieves a regret bound of order
T s∗ log d
without any prior knowledge about the sparsity level of the loss vectors.
d

This convergence in distribution allows the use of the portmanteau lemma: φA being lower
semi-continuous and bounded from below, we have:

 
lim inf E [φA (YT )] > E φA max X (i) ,

t→+∞

Kwon and Perchet
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Gains and Losses are Fundamentally Different in Regret Minimization
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Algorithm 1: For losses in full information without prior knowledge about sparsity
input: T > 1, p
d > 1 integers, and C > 0.
η ← log(1 + C d log d/2T );
m ← 1;
for i ← 1 to d do
w(i) ← 1/d;
end
for t ← 1 to T do
Pd
w(j) ;
draw and play decision i with probability w(i) / j=1
observe loss vector `t ;
if k`t k0 6 2m then
for i ← 1 to d do
(i)

w(i) ← w(i) e−η`t ;
end
else
m ← dlog2 k`t k0 e;
p
η ← log(1 + C d log d/2m T );
for i ← 1 to d do
w(i) ← 1/d;
end
end
end

15

t∈I(m)

t∈I(m)

X

`t

(i)

Kwon and Perchet

i∈[d]

h`t , xt i − min

derived in the proof of Theorem 4 applies:
X

R(m) :=

1
C

2m T log d log d C
+
+
d
C
2

t∈I(m)

X (i)
d log d
· min
`t .
2m T i∈[d]

X (i)
eη(m) − 1
log d
+
6
min
`t
2
i∈[d]
1 − e−η(m)
t∈I(m)
r
r
=

d
X
X

=

d
X X

t∈I(m) i=1

(i)

`t 6

(i)
`t

=

d
X X

t<τ (m) i=1
t∈I(m)

(i)

`t +

d
X

i=1

(τ (m) − τ (m − 1))2m + s∗
.
d

6 (τ (m) − τ (m − 1))2m + s∗ ,

t∈I(m)

X

(i)
`t

i∈[d]

min

i=1 t∈I(m)

`τ (m)

(i)

We now bound the “best loss” quantity from above, using the fact that `t is 2m -sparse for
t ∈ I(m) \ {τ (m)} and that `τ (m) is s∗ -sparse:

which implies:

t∈I(m)

i∈[d]

h`t , xt i − min

t∈I(m)

Therefore, the regret on interval I(m), which we will denote R(m), is bounded by:
X
X (i)
`t

R(m) :=

∗

∗

r
r
r
C
log d ∗
1 2m T log d log d C 2m log d
+
+
(τ (m) − τ (m − 1)) +
s
6
C
d
C
2
dT
2 2m dT
r
r
r
1 2m T log d log d C 2s∗ log d
C
log d ∗
6
+
+
(τ (m) − τ (m − 1)) +
s ,
C
d
C
2
dT
2 2m dT

T
X

t=1

i∈[d]

h`t , xt i − min
M
X
X

T
X

i∈[d]

r

min

(i)

`t

m=1

M
X

t=1

h`t , xt i −

m=1

M
T log d X √ m
2 +C
d

R(m)

m=1 t∈I(m)
M
X

r

m=1

1
C

X

t∈I(m)

(i)

`t

s∗ T log d M log d C
+
+
2d
C
2

r
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m=1

M
log d ∗ X −m/2
2
.
s
dT

where we used 2m 6 2M = 2dlog2 s e 6 2log2 s +1 = 2s∗ for the third term of the last line.
We now turn the whole regret RT from 1 to T . Since (I(m))16m6M is a partition of
{1, . . . , T }, we obtain
RT =
6

=
6

16



t0 <t
t0 ∈I(mt )



17

X


xt = ∇h∗p(mt ) 
gt0 
η(mt )
,

The algorithm is then defined by:
t = 1, . . . , T.
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Therefore, for 1 6 m 6 M and t < τ (m), we have kgt k0 6 22 . For 1 6 t 6 T , we
denote mt = min {m > 1 | τ (m) > t}. Let C > 0 be a constant to be chosen later and for
1 6 m 6 M , let
1
p(m) = 1 +
,
log 2 · 2m+1 − 1

−1
1
q(m) = 1 −
,
p(m)
r
p(m) − 1
.
η(m) = C
T 22m+1 /q(m)
As in Section 2.2, for p ∈ (1, 2], we denote hp the regularizer on the simplex defined by:
(
1
kxk2p if x ∈ ∆d
hp (x) = 2
+∞
otherwise.

m

We now define the time intervals I(m). For 1 6 m 6 M ,
(
{τ (m − 1) + 1, . . . , τ (m)} if τ (m − 1) < τ (m)
I(m) =
∅
if τ (m − 1) = τ (m).

The construction is similar to the case of losses, but the time intervals are slightly different.
Let (gt )t>1 be the sequence of gain vectors in [0, 1]d chosen by Nature. We assume s∗ > 2
and set M = dlog2 log2 s∗ e and τ (0) = 0. For 1 6 m 6 M we define

m
τ (m) = min 1 6 t 6 T kgt k0 > 22
and τ (M ) = T.

4.2 For Gains

and the statement follows from numerical computation of the constant factors.

The sum in the first term above can be bounded as follows
√
√
√
M
M
X
X
√
√
√ m √ 2M − 1 √ 2log2 s∗ +1
√
s∗
6 2 √
= 2√
= 2( 2 + 1) s∗ ,
2m 6
2 = 2 √
2−1
2−1
2−1
m=1
m=1
√
whereas
√ the sum in the last term can be bounded by 2 + 1. Eventually, the choice C =
23/4 ( 2 + 1)1/2 gives:
r
r
√
√
T s∗ log d
log d
dlog s∗ e log d
√
RT 6 25/4 ( 2 + 1)1/2
+
+ 21/4 ( 2 + 1)3/2 s∗
,
d
dT
23/4 ( 2 + 1)1/2

Gains and Losses are Fundamentally Different in Regret Minimization

p
4s∗
T log s∗ + √ .
T

m

(i)

gt −

t∈I(m)

X

hgt , xt i

t∈I(m)
t<τ (m)

 X
1
η(m)

+
kgt k2q(m) + gτ (m)
2η(m) 2(p(m) − 1) 

X
1
η(m)
+
kgt k2q(m)
2η(m) 2(p(m) − 1)
t∈I(m)


t∈I(m)

X


2
.
q(m) 



kgt k2q(m) 6 22

m+1 /q(m)

18

and

gτ (m)

2
q(m)

6 (s∗ )2/q(m) .
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gt being 22 -sparse for t < τ (m) and gτ (m) being s∗ -sparse, the q(m)-norms can therefore
bounded from above as follows:

=

6

i∈[d]

R(m) := max

Proof Let 1 6 m 6 M . On time interval I(m), the algorithm boils down to an Online
Mirror Descent algorithm with regularizer hp(m) and parameter η(m). Therefore, using
Theorem 1, the regret on this interval is bounded as follows.

RT 6 7

√ √
Theorem 10 The above algorithm with C = (e 2( 2 + 1))1/2 guarantees

Algorithm 2: For gains in full information without prior knowledge about sparsity.
input: T > 1, d > 1 integers, and C > 0.
p ← 1 + (4 log 2 − 1)−1 ;
q ← (1 − 1/p)−1 ;
p
η ← C (p − 1)/24/q T ;
m ← 1;
y ← (0, . . . , 0) ∈ Rd ;
for t ← 1 to T do
draw and play decision i ∼ ∇h∗p (η · y);
observe gain vector gt ;
m
if kgt k0 6 22 then
y ← y + gt ;
else
m ← dlog2 log2 kgt k0 e;
p ← 1 + (log 2 · 2m+1 − 1)−1 ;
q ← (1 − 1/p)−1 ;
p
η ← C (p − 1)/22m+1 /q T ;
y ← (0, . . . , 0);
end
end
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The bound on R(m) then becomes
1
η(m)(τ (m) − τ (m − 1))22 /q(m) η(m)(s∗ )2/q(m)
R(m) 6
+
+
2η(m)
2(p(m) − 1)
2(p(m) − 1)
r
1 p
C e(log 2 · 2m+1 − 1)
=
T e(log 2 · 2m+1 − 1) +
(τ (m) − τ (m − 1))
2C
T
r2
C
e(log 2 · 2m+1 − 1)
m
+ (s∗ )1/(log 2·2 )
2
T
r
1 p
e log s∗
6
T e log 2 · 2m+1 + C
(τ (m) − τ (m − 1))
2C
T
r
e log 2 · 2m+1
,
T

C
+ s∗
2

where for the second term of the last expression we used:
6 log 2 · exp (log 2 (log2 log2 s∗ + 2))

log 2 · 2m+1 − 1 6 log 2 · 2M +1 = log 2 · exp (log 2 (dlog2 log2 s∗ e + 1))
= log 2 · e2 log 2 exp (log 2 · log2 log2 s∗ )
= 4 log 2 · exp (log log2 s∗ )
= 4 log s∗ .

= 4 log 2 · log2 s∗

M √
X
p
log 2
2m+1
m=1
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r
√ √
√
p
2( 2 + 1) p
C( 2 + 1)s∗ e log 2
T e log s∗ + C T e log s∗ +
.
C
2
2T

p
2M/2 − 1
= 2 log 2 √
2−1


p
√
log 2
6 2( 2 + 1) log 2 · exp
(log2 log2 s∗ + 1)
2
√
p
√
∗
= 2( 2 + 1) log 2 · 2elog log2 s
p
√ √
= 2 2( 2 + 1) log 2 log2 s∗
p
√ √
= 2 2( 2 + 1) log s∗ .

Then, the whole regret RT is bounded by the sum of the regrets on each interval:
r
M √
M
M
X
X
e log s∗ X
1 p
T e log 2
2m+1 + C
(τ (m) − τ (m − 1))
RT 6
R(m) 6
2C
T
m=1
m=1
m=1
r
M
Cs∗ e log 2 X −(m+1)/2
2
.
+
2
T
m=1
√
√
The second sum is equal to T and the third sum is bounded from above by ( 2 + 1)/ 2.
Let us bound the first sum from above:

Therefore,
RT 6
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√ √
Choosing C = (e 2( 2 + 1))1/2 balances the first two term and gives:

p
4s∗
T log s∗ + √ .
T

∗
p
p
√ √
√
s
RT 6 2(e 2( 2 + 1))1/2 T log s∗ + 2−5/4 e log 2( 2 + 1)3/2 √
T

67

5. The Bandit Setting

We now turn to the bandit framework—see for instance (Bubeck and Cesa-Bianchi, 2012)
for a recent survey. Recall that the minimax regret√(Audibert and Bubeck, 2009) in the
basic bandit framework (without sparsity) is of order T d. In the case of losses, we manage

to take advantage
of the sparsity assumption and obtain in Theorem 11 an upper bound
q
√
of order T s log ds , and a lower bound of order T s in Theorem 13. This establishes the
order of the minimax regret up to a logarithmic factor. In the case
√ of gains, the argument
from Section 2.3 can be adapted to get a lower bound of order sT ; but the upper bound
techniques from losses do not seem to work; this difficulty is discussed below in Remark 12.
For simplicity, we shall assume that the sequence of outcome vectors (ωt )t>1 is chosen before stage 1 by the environment, which is called oblivious in that case. We refer
to (Bubeck and Cesa-Bianchi, 2012, Section 3) for a detailed discussion on the difference
between oblivious and non-oblivious opponent, and between regret and pseudo-regret.
As before, at stage t, the decision maker chooses xt ∈ ∆d and draws decision dt ∈ [d]
according to xt . The main difference with the previous framework is that the decision maker
only observes his own outcome ωtdt before choosing the next decision dt+1 .

5.1 Upper Bounds on the Regret with Sparse Losses

i=1

q X i 1−1/q
(x )
.
q−1

d

We shall focus in this section on s-sparse losses. The algorithm we consider belongs to
the family of Greedy Online Mirror Descent. We follow (Bubeck and Cesa-Bianchi, 2012,
Section 5) and refer to it for the detailed and rigorous construction. Let Fq (x) be the
Legendre function associated with the potential ψ(x) = (−x)−q (q > 1), i.e.,
Fq (x) = −

`
(i)
`ˆt = 1{dt =i} t(i) ,
xt

(i)

i ∈ [d],

The algorithm, which depends on a parameter η > 0 to be fixed later, is defined as follows.
Set x1 = ( d1 , . . . , d1 ) ∈ ∆d . For all t > 1, we define the estimator `ˆt of `t as usual:

which is then used to compute

x∈∆d

JMLR 17(229):1-32

zt+1 = ∇Fq∗ (∇Fq (xt ) − η `ˆt ) and xt+1 = arg min DFq (x, zt+1 ),

20

s
q = log(d/s)

(i)

(i)

(`t )2 (xt )1/q

s terms

X

21

6 qs(1/s)1/q = qs1−1/q ,

"

i=1

d
h
i
X
(i)
(i)
E (`t )2 (xk )1/q

= qE

=q
#
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We turn to the second term. Let 1 6 t 6 T .
"
#
d
d
(i)
h
i
X
X
(`ˆt )2
(i)
(i)
E
=
q
E (`ˆt )2 (xt )1+1/q
(i)
−1
0
(ψ ) (xt )
i=1
i=1
##
" "
d
(i)
X
(`t )2 i 1+1/q
xt
=q
E E 1{dt =i} i 2 (xt )
(xt )
i=1


1
1 q 
qd1/q
max Fq (x) − Fq (x1 ) 6
0 + d (1/d)1−1/q =
.
η x∈∆d
ηq−1
η(q − 1)

with (ψ −1 )0 (x) = (q x1+1/q )−1 . Let us bound the first term.

#
"
T
d
(i)
maxx∈∆d F (x) − F (x1 ) η X X
(`ˆt )2
RT 6
+
E
,
(i)
η
2
(ψ −1 )0 (xt )
t=1 i=1

Proof The general regret bound for Greedy Online Mirror Descent (Bubeck and CesaBianchi, 2012, Theorem 5.10) gives:

r

and

d
RT 6 2 e T s log .
s

√

2d1/q
(q − 1)T s1−1/q

yield the following regret bound:

η=

In particular, if d/s > e2 , the choices

Theorem 11 Let η > 0 and q > 1. For any sequence of s-sparse loss vectors, the above
strategy with parameter η guarantees, for T > 1:
!
d1/q
ηT s1−1/q
RT 6 q
.
+
η(q − 1)
2

DFq (x0 , x) = Fq (x0 ) − Fq (x) − ∇Fq (x), x0 − x .

where DFq : D̄ × D → R is the Bregman divergence associated with Fq :
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p
T d1/q s1−1/q
= 2q
2(q − 1)
Ts

s

 1/q 

d
q
.
s
q−1

1√
T s.
32

22
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The intuition behind the proof is the following. Let us consider the case where s = 1
and assume that `t is a unit vector eit = (1{j = it })j where P(it = i) ' (1 + ε)/d for all
i ∈ [d], except one fixed coordinate i∗ where P(it = i∗ ) ' 1/d − ε.
Since 1/d goes to 0 as d increases, the Kullback-Leibler divergence between two Bernoulli
of parameters (1 + ε)/d and 1/d − ε is of order dε2 . As a consequence, it would require
approximately 1/dε2 samples to distinguish between the two. The standard argument that
one of the coordinates has not been chosen more than T /d times, yields that one should
2
take
√ a lower bound of order
√ 1/dε ' T /d so that the regret is of order T ε. This provides
T . Similar arguments with s > 1 give a lower bound of order sT .
We emphasize that one cannot simply assume that the s components with positive
losses are chosen at the beginning once for all, and apply standard lower bound techniques.
Indeed, with this additional information, the decision maker just has to choose, at each
stage, a decision associated with a zero loss. His regret would then be uniformly bounded
(or even possibly equal to zero).

v̂T`,s,d >

Theorem 13 For all d > 2, s ∈ [d] and T > d2 /4s, the following lower bound holds:

The following theorem establishes that the bound from Theorem 11 is optimal up to a
logarithmic factor. We denote v̂T`,s,d the minimax regret in the bandit setting with losses.

5.2 Matching Lower Bound

Remark 12 The previous analysis cannot be carried in the case of gains because the bound
from (Bubeck and Cesa-Bianchi, 2012, Theorem 5.10) that we use above only holds for
nonnegative losses (and its proof strongly relies on this assumption). We are unaware of
techniques which could provide a similar bound in the case of nonnegative gains.

r
√
d
RT 6 2 e T s log .
s

If d/s > e2 and q = log(d/s), then q/(q − 1) 6 2 and finally:

RT 6 2q

s

where we used the assumption that `t has at most s nonzero components,
and the fact that
q
2s1−1/q
xt ∈ ∆d . The first regret bound is thus proven. By choosing η = (q−1)T
, we balance
d1/q
both terms and get:
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5.3 Proof of Theorem 13
Let d > 1, 1 6 s 6 d, T > 1, and ε ∈ (0, s/2d). Denote Ps ([d]) the set of subsets of [d] of
cardinality s, δij the Kronecker symbol, and B(1, p) the Bernoulli distribution of parameter
p ∈ [0, 1]. If P, Q are two probability distributions on the same set, D (P || Q) will denote
the relative entropy of P and Q.
5.3.1 Random s-Sparse Loss Vectors `t and `t0

= 0. Therefore, one can check that for each component j ∈ [d] and all

h
i
h
i 1 εd
(j)
(j)
Pi `t = 1 = 1 − Pi `t = 0 = − δij .
2
s

For t > 1, define the random s-sparse loss vectors (`t )t>1 as follows. Draw Z uniformly
from [d]. We will denote Pi [ · ] = P [ · | Z = i] and Ei [ · ] = E [ · | Z = i]. Knowing Z = i, the
random vectors `t are i.i.d and defined as follows. Draw It uniformly from Ps ([d]). If j ∈ It ,
(j)
define `t such that:

(j)

If j 6∈ It , set `t
t > 1,
h i
s
(j)
− εδij .
Ei `t =
2d

For t > 1, define the i.i.d. random s-sparse loss vectors (`t0 )t>1 as follows. Draw It0 uniformly
from Ps ([d]). Then if j ∈ It0 , set (`t0 )(j) such that:
h
i
h
i
P (`t0 )(j) = 1 = P (`t0 )(j) = 0 = 1/2.

are indeed random s-sparse loss vectors.

i
h
s
E (`t0 )(j) =
.
2d

And if j 6∈ It0 , set (`t0 )(j) = 0. Therefore, one can check that for each component j ∈ [d] and
all t > 1,
By construction, `t and
`t0

5.3.2 A Deterministic Strategy σ for the Player

t−1
, . . . , dt−1 , ωt−1
),

(d

σt : ([d] × [0, 1])t−1 −→ [d].
(d1 )

dt = σt (d1 , ω1

)

We assume given a deterministic strategy σ = (σt )t>1 for the player:

Therefore,

)
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where dt denotes the decision chosen by the strategy at stage t and ωt the outcome vector
of stage t. But since dt is determined by previous decisions and outcomes, we can consider
that σt only depends on the received outcomes:

(d

t−1
, . . . , ωt−1
).

σt : [0, 1]t−1 −→ [d],
(d1 )

dt = σt (ω1

23
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(i)

(d1 )

0

(d

)

t−1
, . . . , `t−1
),

0

0
dt0 = σt ((`10 )(d1 ) , . . . , (`t−1
)(dt−1 ) ).

dt = σt (`1

We define dt and dt0 to be the (random) decisions played by deterministic strategy σ
against the random loss vectors (`t )t>1 and (`t0 )t>1 respectively:

the complement:

(i)

Bt = {0, 1}t−1 \ At .

(i)

For t > 1 and i ∈ [d], define At to be the set of sequences of outcomes in {0, 1} of the
first t − 1 stages for which strategy σ plays decision i at stage t:
o
n
(i)
At = (u1 , . . . , ut−1 ) ∈ {0, 1}t−1 σt (u1 , . . . , ut−1 ) = i ,
and

(i)
Bt

(i)

T
X
t=1

1{dt =i} and τi0 (T ) =

t=1

T
X

1{dt0 =i} .

Note that for a given t > 1, (At )i∈[d] is a partition of {0, 1}t−1 (with possibly some empty
sets).
For i ∈ [d], define τi (T ) (resp. τi0 (T )) to be the number of times decision i is played by
strategy σ against loss vectors (`t )t>1 (resp. against (`t0 )t>1 ) between stages 1 and T :
τi (T ) =

5.3.3 The Probability Distributions Q and Qi (i ∈ [d]) on Binary Sequences

We consider binary sequences ~u = (u1 , . . . , uT ) ∈ {0, 1}T . We define Q and Qi (i ∈ [d]) to
be probability distributions on {0, 1}T as follows:
h
i
(d )
(d )
Qi [~u] = Pi `1 1 = u1 , . . . , `T T = uT ,
h
i
0
0
Q [~u] = P (`10 )(d1 ) = u1 , . . . , (`T0 )(dT ) = uT .

and ut 7−→ Qi [ut | u1 , . . . , ut−1 ] ,

Fix (u1 , . . . , ut−1 ) ∈ {0, 1}t . The applications

ut 7−→ Q [ut | u1 , . . . , ut−1 ]
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are probability distributions on {0, 1}, which we now aim at identifying. The first one is
Bernoulli of parameter s/2d. Indeed,
h
i
0
0
0
0
Q [1 | u1 , . . . , ut−1 ] = P (`t0 )(dt ) = 1 (`10 )(d1 ) = u1 , . . . , (`t−1
)(dt−1 ) = ut−1
h
i
0
= P (`t0 )(dt ) = 1
i

 h
= P dt0 ∈ It0 P (`t0 )(dt ) = 1 dt0 ∈ It0
s 1
= ×
d 2
s
,
2d

=

24

=

t=1

T
X

25

Di [ut | u1 , . . . , ut−1 ] .
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= Di [u1 ] + Di [u2 | u1 ] + Di [u3 , . . . , uT | u1 , u2 ]

= Di [u1 ] + Di [u2 , . . . , uT | u1 ]

D (Q [~u] || Qi [~u]) = Di [~u]

We apply iteratively the chain rule to the relative entropy of Q[~u] and Qi [~u]. Using the
short-hand Di [ · ] := D (Q[ · ] || Qi [ · ]),

5.3.4 Computation the Relative Entropy of Qi and Q

where for the third inequality, we used the assumption that the random vectors (`t )t>1 are
(i)
independent under Pi , i.e. knowing Z = i. On the other hand, if (u1 , . . . , ut−1 ) ∈ Bt , we
can prove similarly that the distribution is a Bernoulli of parameter s/2d.

h
i
(d )
(d )
(dt−1 )
Qi [1 | u1 , . . . , ut−1 ] = Pi `t t = 1 `1 1 = u1 , . . . , `t−1
= ut−1
h
i
(i)
(d )
(dt−1 )
= Pi `t = 1 `1 1 = u1 , . . . , `t−1
= ut−1
h
i
(i)
= Pi `t = 1
i
h
(i)
= Pi [i ∈ It ] Pi `t = 1 i ∈ It


s
1 εd
= ×
−
d
2
s
s
=
− ε.
2d
2t−1

1

2t−1

1

2t−1

1
X

2t−1

1
d

i=1 Ei [τi (T )]

Pd

t=1

(i)
T
 s X
At
,ε
.
2d
2t−1


s
B 1, 2d
− ε . Eventually:

Using Pinsker’s Inequality

D (Q[~u] || Qi [~u]) = B

s
:= D B 1, 2d

x∈X
P (x)>Q(x)

X

x∈X

(P (x) − Q(x)) 6

r

1
D (P || Q).
2

26
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h
i
h
i
0
0
(d )
(d )
Ei τi (T ) `1 1 = u1 , . . . , `T T = uT = E τi0 (T ) (`01 )(d1 ) = u1 , . . . , (`0T )(dT ) = uT .

Let i ∈ [d]. If (u1 , . . . , uT ) ∈ {0, 1}T is given, since the decisions dt and d0t are determined
0
(d )
by the previous losses `t t and (`0t )(dt ) respectively, we have in particular:

Immediate consequence:

Proposition 14 (Pinsker’s inequality) Let X be a finite set, and P, Q probability distributions on X. Then,
r
1X
1
|P (x) − Q(x)| 6
D (P || Q).
2
2

In this step, we will make use of Pinsker’s inequality to make the relative entropy appear.

5.3.5 Upper Bound on


s
2d , ε

(i)

B



 s 
  s
D B 1,
B 1,
2d
2d
(i)

s 
,ε ,
2d

X

(u1 ,...,ut−1 )∈Bt

(u1 ,...,ut−1 )∈At

+

Q [ut | u1 , . . . , ut−1 ]
Qi [ut | u1 , . . . , ut−1 ]

Q [ut | u1 , . . . , ut−1 ]
Qi [ut | u1 , . . . , ut−1 ]
  s
 s

D B 1,
B 1,
−ε
2d
2d
(i)

ut

Q [ut | u1 , . . . , ut−1 ] log

Q [ut | u1 , . . . , ut−1 ] log

(u1 ,...,ut−1 )∈At

X

X

u1 ,...,ut−1 ut

X

where we used the short-hand B

=

=

=

1

X

Q [u1 , . . . , ut−1 ]
×

u1 ,...,ut−1

X

We now use the definition of the conditional relative entropy, and make the previously
discussed Bernoulli distributions appear. For 1 6 t 6 T ,

where we used the independence of the random vectors (`0t )t>1 for the second inequality. We
now turn to the second distribution, which depends on (u1 , . . . , ut−1 ). If (u1 , . . . , ut−1 ) ∈
(i)
At , it is a Bernoulli of parameter s/2d − ε:
Di [ut | u1 , . . . , ut−1 ] =
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X

h
i
0
Q[~u] · E τi0 (T ) ∀t, (`t0 )dt = ut
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Therefore,

~
u

X
~
u

−
~
u

(Qi [~u] − Q[~u])

t=1

h
i
(d )
(Qi [~u] − Q[~u]) Ei τi (T ) ∀t, `t t = ut

h
i
(d )
(Qi [~u] − Q[~u]) Ei τi (T ) ∀t, `t t = ut

X

~
u
Qi [~
u]>Q[~
u]

X

~
u
Qi [~
u]>Q[~
u]

t=1

r
1
6T
D (Q[~u] || Qi [~u])
2
v
u
r
u T A(i)
uX
t
B(s/2d, ε) t
,
2
2t−1

=T

6T

6

=

h
i

 X
(d )
Qi [~u] · Ei τi (T ) ∀t, `t t = ut
Ei [τi (T )] − E τi0 (T ) =

i=1

t=1 i=1

where we used Pinsker’s inequality in the fifth line. Moreover, we have:
" T d
#
" T #
d
XX
X

1X  0
1
T
1
1 = .
E τi (T ) = E
1{dt0 =i} = E
d
d
d
d
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Combining this with the previous inequality gives:
v
u
r
(i)
d
d
d uX
X
u T At

1X  0
1
B(s/2d,
ε)
1X
t
Ei [τi (T )] 6
E τi (T ) + T
d
d
2
d
2t−1
t=1
i=1
i=1
i=1
v
u
r
(i)
u
T
d
At
X
u X
T
B(s/2d, ε) t
1
6 +T
d
2
d
2t−1
t=1 i=1
v
u
r
t−1
u T
B(s/2d, ε) u 1 X {0, 1}
T
t
= +T
d
2
d
2t−1
t=1
r
r
T
B(s/2d, ε) T
= +T
d
2
d
r
B(s/2d, ε)
T
+ T 3/2
.
d
2d
=
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where we used Jensen for the second inequality, and for the third line, we remembered that
(i)
(At )i∈[d] is a partition of {0, 1}t−1 .

5.3.6 An Upper Bound on B(s/2d, ε) for Small Enough ε

s 
, ε = D (B(1, s/2d) || B(1, s/2d − ε))
2d

We first write B(s/2d, ε) explicitely.

B


s/2d
s
1 − s/2d
s
log
+ 1−
log
=
2d
s/2d − ε
2d
1 − s/2d + ε

 



s
2dε
s
ε
log 1 −
+
− 1 log 1 +
.
2d
s
2d
1 − m/2d
=−

− log(1 + x) 6 −x + x2 ,

− log(1 − x) 6 x + x2 ,

for x > 0.

for x ∈ [0, 1/2]

We now bound the two logarithms from above using respectively the two following easy
inequalities:

This gives:
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2 2
s
s
2dε
4d
ε
s
ε
ε2
B
,ε 6
+
+ 1−
+
−
2d
2d
s
s2
2d
1 − s/2d (1 − s/2d)2
4d2 ε2
,
s(2d − s)
=

which holds for 2dε/s 6 1/2, in other words, for ε 6 s/4d.
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1
d

i=1
d
X

i=1
d
X

Ei

Ei

Ei

"

t=1
" T
X

h

t=1

T
X

#

h i
(j)
Ei `t

(j)
`t

#
i

j∈[d]

t=1

T
X

− min

j∈[d]

#

− min

t=1

(dt )

`t

(d )
`t t

j∈[d]

t=1
" T
X

T
X

!

i=1
d

t=1

(d )
Ei `t t

i

!
1X
Ei [τi (T )] .
d

dt

− T min

!
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where in the penultimate, we used the upper bound on B(s/2d, ε) that we established
above,
p
and in the last line, the fact that s 6 d. Let C > 0 and we choose ε = C s/T . Then, for
ε 6 s/4d,
r !
1
T
RT > εT 1 − − 2ε
d
s


√
√
1
= C sT 1 −
− 2 sT C 2
d


√
C
− 2C 2 ,
> sT
2

We now use the upper bound derived in Section 5.3.5.
!
r
B(s/2d, ε)
T
RT > ε T − − T 3/2
d
2d
s
!
T
2d
> ε T − − T 3/2 ε
d
s(2d − s)


T
3/2 1
> ε T − − 2T ε √ . ,
d
s

=ε T−

i=1

1X
=
ε (T − Ei [τi (T )])
d

1
=
d

s

− εδij
j∈[d] 2d
t=1
i=1
#
!
" T
d


s

X s
1X
Ei
− εδidt − T
−ε
=
d
2d
2d

>

1
=
d

t=1
d
X

We can now bound from below the expected regret incurred when playing σ against loss
vectors (`t )t>1 . For ε 6 s/4d,
" T
#
T
X (d )
X
(j)
t
RT = E
`t − min
`t

5.3.7 Lower Bound on the Expectation of the Regret of σ Against `t
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f (xk+1 ) ≤ f (xk ) − ζkxk − xk+1 k2 ,

kzk k ≤ βkxk − xk+1 k,

xk+1 = ProjX (xk − ωk ∇f (xk ) + zk ) ,

JMLR 17(230):1-24

(4)

(3)

(2)

where the function f is smooth and convex, and X ⊆ Rn is a convex set. The Feasible
Descent Method (FDM) (Luo and Tseng 1993; Necoara 2015; Wang and Lin 2014) is any
algorithm, which produces a sequence of points {xk }∞
k=0 , where there exist constants β ≥ 0,
ζ > 0 and ωk ≥ ω̄ > 0, such that for every iteration k, the following conditions are satisfied:

x∈X

min f (x),

In this paper we are interested in the following optimization problem

1. Introduction

(1)
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In this paper we generalize the framework of the Feasible Descent Method (FDM) to a
Randomized (R-FDM) and a Randomized Coordinate-wise Feasible Descent Method (RCFDM) framework. We show that many machine learning algorithms, including the famous
SDCA algorithm for optimizing the SVM dual problem, or the stochastic coordinate descent
method for the LASSO problem, fits into the framework of RC-FDM. We prove linear
convergence for both R-FDM and RC-FDM under the weak strong convexity assumption.
Moreover, we show that the duality gap converges linearly for RC-FDM, which implies that
the duality gap also converges linearly for SDCA applied to the SVM dual problem.
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Mathematics and Statistics
University of Canterbury
Christchurch 8041, New Zealand

Rachael Tappenden

Industrial and Systems Engineering
Lehigh University
Bethlehem, PA 18015, USA

Chenxin Ma

Linear Convergence of Randomized Feasible Descent
Methods Under the Weak Strong Convexity Assumption

Journal of Machine Learning Research 17 (2016) 1-24

min

y∈X:f (y)=f ∗

kx − ykW .

(6)

(5)

and f (x) = 21 kshrinkc (x)k22 ,

2
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2. Another ilustrative example of function which is weakly stronly convex but not strongly
convex is f (x) = 12 kAx − bk2 with A ∈ Rm×n such that m < n. If x∗ is some optimal
solution then x∗ + t is also optimal iff t ∈ null(A). One can easily show that κf is
related to the smallest non-negative singular value of matrix AT A.

where the shrinkage function is applied component-wise to vector x. Note that f is
not strongly convex because f (x) = 0 for x ∈ [−c, c] (which is the minimizer set). On
the other hand, f (x) = 21 kx + ck22 for x ≤ −c and f (x) = 21 kx − ck22 for x ≥ c. Thus,
f (x) is weakly strongly convex. See also Zhang and Yin (2013).

shrinkc (x) = sign(x) max{|x| − c, 0},

1. In particular, let x ∈ Rn and let c ∈ R. We have

Let us remark that, if f is smooth and has a Lipschitz continuous gradient, then Assumption 1 is weaker than the strong convexity assumption or the global error bound property,
Necoara (2015). We now provide a few examples of a functions that are used in machine
learning, which are weakly strongly convex, but are not strongly convex.

x̄ := arg

f (x) − f (x̄) ≥ κf kx − x̄k2W , ∀x ∈ X,
P
where κf > 0, W = diag(w), kxk2W = ni=1 wi (x(i) )2 , f ∗ = minx∈X f (x), and

Assumption 1. We assume that there exists a positive vector w ∈ Rn++ such that the
function f (x) satisfies the weak strong convexity property on the set X, which is defined as

In this section we state the assumptions and introduce the notation that will be used in
this paper. In particular, throughout this paper we will assume that f satisfies weak strong
convexity, and that the gradient of f is Lipschitz.
Now we formalize the first assumption, which is that the function f enjoys weak strong
convexity. Henceforth, we use Rn++ to denote the set of vectors in Rn , with (strictly) positive
components, and we denote the i-th component of the vector x by x(i) .

1.1 Assumptions and Notations

In this paper we give an affirmative answer to this question: we show that, indeed, a
randomized version of FDM can be formulated and we will show that, for example, the
inexact gradient projection algorithm (when the gradient is corrupted with random noise)
or the stochastic coordinate descent method, fit into this new framework.

“Can the framework of FDM be extended to a randomized setting?”

where ProjX (y) := arg minx∈X kx − yk is the projection of y onto X.
As was shown in Luo and Tseng (1993), many first order algorithms, including steepest descent, the gradient projection algorithm, the extra gradient method, the proximal
minimization algorithm and the cyclic coordinate descent method, fit into the framework of
FDM. However, randomized first order algorithms are becoming increasingly popular in the
optimization and machine learning literature, and the following question naturally arises:

Ma, Tappenden and Takáč

The second assumption we make regards the smoothness of f , and is defined precisely
as follows.

Randomized Feasible Descent Methods

Ma, Tappenden and Takáč

f (x) :=

1
xT Qx
2λn2

n
X
i=1

wi (x(i) − y (i) )2 .

− n1 1T x ,

(9)

(11)

min f (x) =

n

i=1

1X
λ
`i (aiT x) + xT x,
n
2

4

(13)
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In this section we list the most important contributions of this paper (not in order of their
significance):

1.4 Contributions

Luo and Tseng (1993) are among the first to establish asymptotic linear convergence for a
non-strongly convex problem under the local error bound property. They consider a class of
feasible descent methods, which includes, for example, the cyclic coordinate descent method.
The error bound measures how close the current solution is to the optimal solution set, with
respect to the projected gradient. Recently, Wang and Lin (2014) proved that the feasible
descent method enjoys a linear convergence rate (from the beginning, rather than only
locally) under the global error bound property. Considering the class of smooth constrained
optimization problems with the global error bound property, Necoara and Clipici (2016);
Necoara and Nedelcu (2014a) showed a linear convergence rate for the parallel version of the
stochastic coordinate descent method. Liu and Wright (2015) analyzed the asynchronous
stochastic coordinate descent method (SCDM) under the weak strong convexity assumption.
Very recently, Necoara (2015) showed that, if the objective function is smooth, then the
class of problems with the global error bound property is a subset of the class of problems
with the weak strong convexity property.

1.3 Related work

where λ > 0 is a regularization parameter and `i is a loss function. Because we assume that f
must be smooth, the following commonly used loss functions fit our assumptions: the logistic
loss function `i (aiT x) = log(1+exp(−yi aiT x)); the squared loss function `i (aiT x) = (yi −aiT x)2
and the squared hinge loss function `i (aiT x) = (max{0, 1 − yi aiT x})2 . Hence, any machine
learning problem of the form (13) (used with any of the mentioned loss functions) fits our
randomized FDM framework.

x∈Rn

where λ ≥ 0 and g(x) is a smooth function with the special structure: g(x) = h(Ax) + q T x,
where A ∈ Rm×n is some data matrix, q ∈ Rn is some vector and h is a strongly convex
function. It is a simple exercise to show that, if we double the dimension of x to [x+ ; x− ],
we can replace the term λkxk1 in (12) with λ1T x+ + λ1T x− and impose the constraints
x+ , x− ≥ 0. Then the Lasso problem (12) can be reformulated as a smooth optimization
problem with simple box constraints.
`2 regularized empirical loss minimization. Many machine learning problems have
the following structure (Chang et al. (2008))

x∈Rn

of the form (1), so our new FDM framework can be used to solve this important machine
learning problem.
Lasso problem and least squares problem. Consider the following optimization
problem
min g(x) + λkxk1 ,
(12)

(7)

Assumption 2. We assume that f (x) has a coordinate-wise Lipschitz continuous gradient
with constants Li , i.e. ∀x ∈ X and ∀δ ∈ R : x + δei ∈ X the following inequality holds
|∇i f (x) − ∇i f (x + δei )| ≤ Li |δ|,
where ei denotes the i-th column of the identity matrix I ∈ Rn×n .

(8)

As was shown in Richtárik and Takáč (2014), Assumption 2 implies that the function
f (x) has a Lipschitz continuous gradient with Lipschitz constant LfW > 0 with respect to
the norm k · kW , i.e. ∀x, y ∈ X we have
∗
k∇f (x) − ∇f (y)kW
≤ LfW kx − ykW ,

y∈X

qP
n
1
∗ =
(i) 2
where kxkW
i=1 wi (x ) is the dual norm to k · kW . Moreover, Richtárik and Takáč
P
n
Li
(2014) also showed that LfW ≤ i=1
wi .
We define the projection operator onto the set X, with respect to the norm k · kW , as
follows
y∈X

W
2
ProjX
(x) = arg min kx − ykW
= arg min

1.2 Applications
In this section we discuss several problems that arise in the optimization and machine
learning literature, which fit into the FDM framework that we analyze in this paper. We
also provide details showing that, for each problem, the objective function satisfies the
assumptions in Section 1.1. (A discussion regarding the value of the weak strong convexity
parameter κf will be given in Section 4.)
The dual of SVM. Consider the classical linear SVM problem. The goal is, given n
training points (ai , yi ), where ai ∈ Rd are the features for point i and yi ∈ {−1, +1} is its
label, find w ∈ Rd such that the regularized empirical loss function is minimized, i.e., solve
the following optimization problem

Pn
min P(w) := n1 i=1
(10)
`i (wT ai ) + λ2 kwk2 ,
w∈Rd



where λ > 0 is a regularization parameter, and, in the case of SVM, the function `i (wT ai ) =
max{0, 1 − yi wT ai } is the hinge loss. Clearly, the objective function (10) is not smooth.
However, one can formulate the dual problem (Hsieh et al. 2008; Shalev-Shwartz and Zhang
2013; Takáč et al. 2013)
min

x∈Rn ,0≤x(i) ≤1

JMLR 17(230):1-24

where Qi,j = yi yj hai , aj i, and 1 denotes the vector of all ones, which is smooth. The
linear SVM problem (10) can now be solved via the dual problem (11). Note that (11) is
3

5
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In Section 2 we derive the Randomized (R-FDM) and the Randomized Coordinate (RCFDM) Feasible Descent Methods. In Section 3 we derive the convergence rate for any
method which fits into the R-FDM or RC-FDM framework and we compare our results
with those in Liu and Wright (2015) for SCDM. In Section 4 we briefly review the global
error bound property and using the result in Necoara (2015) we compare our convergence

1.5 Paper Outline

• Parallel methods. The RC-FDM framework is sufficiently general so as to include
parallel randomized coordinate descent methods.

• Flexibility and wide applicability. Our randomized- and randomized coordinateFDM framework is extremely flexible. It is a general framework that not only covers
and unifies many existing algorithms, but any algorithm that fits our framework is
also covered by the FDM convergence guarantees. Moreover, as demonstrated in
Section 1.2, a very wide range of optimization and machine learning problems can
be written in the form (1), and subsequently, they can be solved via the new FDM
framework. Problems include the dual of SVM, the LASSO problem, and any `2 regularized empirical loss functions where the loss function is smooth and separable.
All such problems appear very frequently in the machine learning literature.

• Inexact Randomized Coordinate Descent. By the nature of the FDM framework, inexact first order methods belong to the class of FDMs, (where inexact methods are methods that incorporate some kind of inexact information, for example, via
inexact gradients, or via inexact updates). Our new randomized coordinate FDM
framework includes inexact randomized coordinate descent methods. Therefore, another contribution of this work is that it provides a linear convergence rate for e.g.
randomized coordinate descent with inexact computations of (partial) gradient, which
was analyzed in various settings. (See, for example, Devolder et al. 2014; Bonettini
2011; Tappenden et al. 2016; Hua and Yamashita 2012; Necoara and Nedelcu 2014b.)

• Linear Convergence of the Duality Gap for SDCA for SVM. As a consequence
of our analysis, we show that when SDCA is applied to the dual of the SVM problem,
the duality gap converges linearly. Previously, linear convergence of the duality gap
was only proven in case when the matrix Q in (11) is positive definite (Shalev-Shwartz
and Zhang 2013; Takáč et al. 2015). However, our new linear convergence result holds,
even when Q is singular.

• Linear Convergence Rate. We show that any stochastic or deterministic algorithm,
which fits our Randomized FDM (R-FDM) or Randomized Coordinate-FDM (RCFDM) framework and satisfies our previously stated assumptions, converges linearly
in expectation.

• Randomized and Randomized Coordinate Feasible Descent Methods. We
extend the well known framework of Feasible Descent Methods (FDM) (Luo and Tseng
1993) to randomized and randomized coordinate FDM and show that the SCDM
algorithm fits into our new proposed framework.

Randomized Feasible Descent Methods

(15)

(16)

6
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We will now compare the new Randomized FDM framework (Definition 3) with the
original FDM ((2)–(4)), where, for simplicity of exposition, we will take k · kW ≡ k · k2 (i.e.,
W = I). Notice that the first step of R-FDM (14) is the same as the first step of FDM
(2); it is a projected (gradient) descent type step. Note the role that zk plays in (14); it
captures any error/inexactness/noise in the update step, and it is clear to see that if zk = 0
for all k, (i.e., no inexactness) then (14) is the same update as in a projected gradient
descent method. Next, (15) gives an upper bound for kzk k∗W , which shows that, in order
to guarantee convergence, the noise in (14) cannot be arbitrarily large, which intuitively
makes sense. Finally, (16) guarantees that there is a reduction in the objective value, in
expectation, after each iteration. The key difference between FDM and R-FDM is that
for FDM, (3) and (4) hold deterministically (with a deterministic vector zk ), whereas for
R-FDM (3) and (4) only need to hold in expectation. That is, for R-FDM, conditions (3)
and (4) are replaced by conditions (15) and (16), where zk is a random vector. Notice that
(15) and (16) are weaker conditions than (3) and (4). That is, for FDM, (3) and (4) must
hold at every iteration (i.e., they are deterministic), whereas for the R-FDM framework, the
conditions (15) and (16) are equivalent to (3) and (4) holding only on average. The R-FDM
framework is extremely general. It encapsulates algorithms that involve a (possibly noisy)
projection step, has small enough noise on average and decreases the objective function on
average, as the iterations progress.

where zk is some random vector, which satisfies the Markov property, conditioned on xk .

E[f (xk+1 )] ≤ f (xk ) − ζE[kxk − xk+1 k2W ],

E[(kzk k∗W )2 ] ≤ β 2 E[kxk − xk+1 k2W ],

Definition 3 (Randomized Feasible Descent Method (R-FDM)). A sequence {xk }∞
k=0 is
generated by R-FDM if there exist β ≥ 0, ζ > 0 and {ωk }∞
k=0 with mink ωk ≥ ω̄ > 0 such
that for every iteration k, the following conditions are satisfied,

−1
xk+1 = ProjW
(∇f (xk ) − zk ) ,
(14)
X x k − ωk W

The framework of Feasible Descent Methods (FDM) broadly covers many algorithms that
use first-order information (Luo and Tseng 1993) including gradient descent, cyclic coordinate descent and also the inexact gradient descent algorithm. We generalize the classical
FDM framework to a randomized setting, which we call the Randomized Feasible Descent
Method (R-FDM). Algorithms that use randomization have become extremely popular over
the past few years, and the success, reliability, scalability, applicability and efficiency of such
random algorithms is well documented. To the best of our knowledge this is the first time
such a unifying R-FDM framework has been proposed and that a global linear convergence rate has been established under Assumptions 1 and 2. Further, we also show that
the popular minibatch stochastic coordinate descent/ascent method, fits into the R-FDM
framework.

2. Randomized and Randomized Coordinate Feasible Descent Method

results with Wang and Lin (2014). In Section 5 we show that the duality gap converges
linearly for SDCA applied to the dual of the SVM problem, and in Section 6 we present a
brief summary.

Ma, Tappenden and Takáč

4

10

2

10

0

10

−2

10

−4

10

−6

10

800

1000

2

1

10

0

10

−1

10

−2

10

−3

10

10

−4

10

3

n=100, c=0.99

2

# coordinate updates

1

C−CD
SCDM

Ma, Tappenden and Takáč
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where the matrix A ∈ Rn×n has ones on the diagonal and constant c elsewhere, Sun and
Ye (2016). The optimal solution to this problem is x = 0. For the first experiment we set
n = 100 and c = 0.03 (LfW = 3.97 ≈ 1), and in the second experiment we keep n unchanged
and set c = 0.99 (LfW = 99.01 ≈ n). For each method we randomly select five starting
points. From Figure 1, it is easy to see that when c is large (i.e., LfW ≈ n) SCDM performs
much better than cyclic coordinate descent. On the other hand, there is not such an obvious
difference between the two methods when c is small. Thus, the difference in performance
between the two methods depends upon the parameter LfW . Moreover, the case where c
is small is more friendly for both methods, since they require far fewer coordinate updates
to reach optimality, compared with the large c case. These results highlight and support
Remark 8, regarding the theoretical gap between two methods.
It turns out that if X 6= Rn then SCDM does not fit the R-FDM framework because
∇i f (xk ) cannot be bounded by kxk − xk+1 kW , as is shown in the proof of Theorem 7.
Thus, there is a need to modify R-FDM such that the SCDM algorithm can be analyzed
for bounded problems.
The natural modification to R-FDM, which would allow SCDM to fit the R-FDM framework is the following: at each iteration k we require that in (14), only a subset of coordinates
of the vector xk are updated. This can be achieved by the following method.

x∈Rn

min f (x) = xT Ax,

We present two experiments to support the discussion above. We apply both the cyclic
coordinate descent method and SCDM to the problem

√
√
cyclic
ωk
= 1, ζ cyclic = γ and (β cyclic )2 = (1 + nLfW )2 = 1 + 2 nLfW + n(LfW )2 . For simplicity, let us assume that W = diag(L1 , L2 , . . . , Ln ). Then r2 = 1 and LfW ∈ [1, n]. For the
cyclic coordinate descent method and SCDM, ωk and ζ are the same. However, if we consider the worst case (when LfW = n) we have that β 2 ∼ O(n2 ), whereas (β cyclic )2 ∼ O(n3 ).
Also note that one iteration of cyclic coordinate descent requires n coordinate updates,
whereas SCDM updates just one coordinate, and therefore each iteration of SCDM is n times
cheaper. In the other extreme, when LfW = 1 we have that both β 2 ∼ (β cyclic )2 ∼ O(n),
but again we recall that one iteration of SCDM is n times cheaper.

Figure 1: Number of coordinate updates v.s. objective gap for two methods.

Objective Value

Randomized Feasible Descent Methods

Remark 4. We will see later (in the proof of convergence of R-FDM) that (15) can be re
∗ )2 ] ≤ η f (x ) − E[f (x
2
laxed to the existence of constant η > 0 such that E[(kzk kW
k
k+1 )]W .
We will now demonstrate that (see Theorem 7), under an additional mild assumption,
if the set X = Rn , then SCDM (captured in Algorithm 1 with Option I.) is equivalent
to R-FDM. We also remark that there is a need to modify R-FDM so that the stochastic
coordinate descent method can be analyzed even when X 6= Rn . However, first we describe
SCDM and make the following assumption in order to establish the equivalence of SCDM
with X = Rn and R-FDM.

Algorithm 1 Stochastic Coordinate Descent Method (SCDM)
∞ , diagonal matrix W  0, x .
1: Input: f (x), {ωk }k=0
0
2: Input: X = X1 × · · · × Xn , where Xi = [a, b] with −∞ ≤ a < b ≤ +∞
3: while k ≥ 0: do
4:
choose i ∈ {1, 2, . . . , n} uniformly at random
5:
set x
=x
k+1
k
(1) (2)
(i−1) (i) (i+1)
(n)
(i)
, x , xk
, . . . , xk )T )
6:
Option I: xk+1 = arg minx(i) ∈Xi f ((xk , xk , . . . , xk

W
Option II: xk+1 = ProjX
xk − ωk W −1 ∇i f (xk )ei
end while
7:

8:

Remark 5. For simplicity of exposition, Algorithm 1 is the serial form of SCDM, although
a minibatch version of SCDM does exist. We will see in Definition 9 that our RC-FDM
framework is flexible and general, because it also works in the parallel/minibatch case.

(17)

Assumption 6. The function f is coordinate-wise strongly convex with respect to the norm
k · kW with parameter γ > 0, if, for any x ∈ X and any i ∈ {1, 2, . . . , n} we have
f (x(1) , . . . , x(i−1) , ξ, x(i+1) , . . . , x(n) ) − f (x) + ∇i f (x)(x(i) − ξ) ≥ γwi |ξ − x(i) |2 .

Note that Assumption 6 does not imply strong convexity of the function f . For example,
(17) is satisfied for the Lasso problem or for the SVM dual problem whenever ∀i : kai k > 0,
and neither of those problems is strongly convex.

i

Theorem 7. Let Assumptions 1, 2 and 6 hold. If X = Rn then the Stochastic Coordinate
Descent Method (SCDM) (Algorithm 1 with Option I.) is equivalent to R-FDM with the
L2
parameters β 2 = 2[(LfW )2 + 1] + (n − 1)r2 , ζ = γ and ωk = 1, where r2 = maxi wi2 .

i

Let us comment that, if importance sampling is incorporated into SCDM, the convergence rate in Theorem 7 can be slightly improved, as the parameter r can be made to be
P L2
r2 = n1 i wi2 , i.e., ‘average’ rather than ‘max’. However, it is typical to consider the case
wi = Li so that r2 = 1 in Theorem 7 regardless.
The following remark compares the result of the above theorem with the cyclic rule.

JMLR 17(230):1-24

Remark 8. It was shown in Luo and Tseng (1993) that for the cyclic coordinate descent
method (which is not randomized and hence Equation 14-16 hold deterministically) we have
7

Objective Value

(19)

f (xk+1 ) ≤ f (xk ) − ζkxk −
(20)

c=


2
2
1 2
.
(LW
f + ω̄ ) + β
κf ζ
(22)

Li
maxi w
,
i

9

k∇f (x) − ∇f (x + δei )k∞ ≤ Lmax |δ|

where Lmax ≥ 1 is such that

JMLR 17(230):1-24
10
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Definition 14 (Projected Gradient). For any x ∈ Rn let us define the projected gradient
as follows,
∇+ f (x) := x − ProjW
(25)
X (x − ∇f (x)) .

In this section we describe a class of problems that satisfies the Global Error Bound (GEB)
property. We show that this implies the weak strong convexity property and we compare
the convergence rate obtained in this paper with several results in the current literature
derived for problems obeying the GEB. We begin by defining the projected gradient.

4. Global Error Bound Property

depending on the values of LW
f , ω̄ and β, but our results holds for R-FDM, which is broader
than FDM.

holds ∀x ∈
δ ∈ R and i ∈ {1, 2, . . . , n}. Hence, in this case our convergence results are
better because 12 ≤ 1 ≤ Lmax .
In Necoara (2015) the author provided a linear convergence rate for deterministic FDM.
It is shown in Theorem 3.2 in Necoara (2015) that the coefficient of the linear rate is
ζ
1 − ζ+ρ
where ρ = κ1f (Lf + ω̄1 + β)2 whereas, in Theorem 13 of this work, from (21) we see
that the coefficient is the same but with a different ρ. To be precise, in our case we have
1 2
2 . Our result can be better or worse than that in Necoara (2015),
ρ̄ = κ2f (LW
f + ω̄ ) + β

Rn ,

κf
n(κ+Lmax ) ,

(24)

(23)

2

geometric rate is 1 −

f

In Theorem 13 we established a linear rate of convergence for RC-FDM for any zk . We will
now compare our result with the one presented in Liu and Wright (2015) for the projected
coordinate gradient descent algorithm, and also with the result presented in Necoara (2015)
for deterministic FDM. For this comparison we will assume that τ = 1 (i.e., for serial RCFDM), because the first paper only considers a serial algorithm, and for ease of comparison
with the results in the second paper. (However, RC-FDM works for general 1 ≤ τ ≤ n.)
The projected coordinate gradient descent algorithm (Liu and Wright 2015) fits the
RC-FDM framework. We also note that the result in Liu and Wright (2015) only holds
for zk = 0, so our result is more general. Further, even though the paper Liu and Wright
(2015) considers an asynchronous implementation, where the update computed at iteration
k is based on gradient information at a point up to ν iterations old, if ν = 0 then their
method fits into the RC-FDM framework. One of the benefits of our work is that more
general norms can be used. So, for simplicity, and to match with the work in Liu and
Wright (2015), let us assume that Li = 1 for all i and we also choose wi = 1 for all i. (This
is the case e.g. for the SVM dual problem). The geometric rate in (24) in our work is then
κ
1 − n(κ f+ 1 ) and from Theorem 4.1 in Liu and Wright (2015) for ν = 0 we obtain that the

3.1 Comparison with the Results in Related Literature

Ma, Tappenden and Takáč

Note that projected gradient is zero at x if and only if x is an optimal solution of (1).
Also, we will employ the projected gradient to define an error bound, which measures the
distance between x and the optimal solution. Now, we are ready to define a global error
bound as follows.
2ω̄τ
n(2ω̄+1)

Moreover, if for all k we have zk ≡ 0, and
≥
then c =
with


τ
E[f (xk ) − f ∗ ] ≤ (1 − c)k f (x0 ) − f ∗ +
kx0 − x̄0 k2W .
2ω̄

1
ωk

E[f (xk ) − f ∗ ] ≤ (1 − c)k (f (x0 ) − f ∗ ) .

Theorem 13 (Linear Convergence of RC-FDM). Let X = X1 × · · · × Xn , where Xi are
intervals. Further, let Assumptions 1 and 2 hold, and let the sequence {xk }∞
k=0 be produced
by RC-FDM, i.e. (18)-(20) are satisfied. Then, for zk 6= 0, there exists c ∈ (0, 1) such that,
for all k,

The next theorem establishes a linear convergence rate for RC-FDM.

where

Theorem 12 (Linear Convergence of R-FDM). Let Assumptions 1 and 2 hold. If the
sequence {xk }∞
k=0 is produced by R-FDM, i.e. (14)-(16) are satisfied, then

k
c
E[f (xk ) − f ∗ ] ≤
(f (x0 ) − f ∗ ) ,
(21)
1+c

Necoara (2015) proved a linear convergence rate for FDM under Assumptions 1 and 2. The
following theorem shows that a linear convergence rate can also be established for R-FDM.

3. Convergence Analysis

Theorem 11. Let Assumptions 1, 2 and 6 hold. Let τ = 1 for simplicty, if X =
X1 × · · · × Xn , where Xi are intervals then the Stochastic Coordinate Descent Method
in Algorithm 1 with Option II. is RC-FDM with zk = 0, ζ = γ, β = 0, ωk = 1, and
W = diag(L1 , L2 , . . . , Ln ).

Theorem 10. Let Assumptions 1, 2 and 6 hold. Let τ = 1 for simplicity, if X = X1 × · · · ×
Xn , where Xi are intervals then the Stochastic Coordinate Descent Method in Algorithm 1
2
with Option I. is RC-FDM with β 2 = 2[(LW
f ) + 1], ζ = γ, and ωk = 1.

Now, we show that even if X 6= Rn , SCDM fits the RC-FDM. Theorem 10 holds if
Option I. is used in Algorithm 1 and Theorem 11 holds if Option II. is used.

where I is a set of coordinates that are selected uniformly at random from the set {1, 2, . . . , n}
with |I| = τ , where 1 ≤ τ ≤ n, x[I] is a vector whose elements j ∈
/ I are set to 0 and zk is
some fixed vector at iteration k.

xk+1 k2W ,

(k(zk )[I] k∗W )2 ≤ β 2 kxk − xk+1 k2W ,

Definition 9. [Randomized Coordinate Feasible Descent Method (RC-FDM)] Let X =
X1 × · · · × Xn , where Xi are intervals. A sequence {xk }∞
k=0 is generated by RC-FDM if
there exists β ≥ 0, ζ > 0 and {ωk }∞
k=0 with mink ωk ≥ ω̄ > 0 such that for every iteration
k, the following are satisfied

−1
xk+1 = ProjW
(∇f (xk ) − zk )[I] ,
(18)
X x k − ωk W

Randomized Feasible Descent Methods

Randomized Feasible Descent Methods

∀x ∈ X,
(26)

Definition 15 (Definition 6 in Wang and Lin 2014). An optimization problem admits a
global error bound if there is a constant ηf ≥ 0 such that
∗
kx − x̄k ≤ ηf k∇+ f (x)kW
,

(28)

(27)

where x̄ and ∇+ f (x) are defined in (6) and (25), respectively. A relaxed condition called the
global error bound from the beginning is if the above inequality holds only for x ∈ X such
that f (x) − f (x̄) ≤ M , where M is a constant, and usually we have that M = f (x0 ) − f ∗ .
Let us consider a special instance of (1) when X is a polyhedral set, i.e.
X = {x ∈ Rn : Bx ≤ c},
and the function f has the following structure
f (x) = h(Ax) + q T x,

κf =

LfW
2ηf2
.



+ 2θk∇f (x̄)k,

(30)

(29)

where B ∈ Rl×n , A ∈ Rd×n , h is a σh strongly convex function and f satisfies Assumption 2.
We also assume that there exists an optimal solution and hence the optimal solution set
X ∗ is assumed to be non-empty, Wang and Lin (2014). It is easy to observe that if f is
strongly convex, then (5) is trivially satisfied. Just recently, Necoara (2015) showed that if
(26) is satisfied, then (5) is satisfied with



1 + 2k∇h(Ax̄)k2
+ 4M
σh

For problem (28) it was discussed in Wang and Lin (2014) that
ηf = θ2 (1 + LfW )



  


u
v





(31)

where θ is a constant from the Hoffman bound (Hoffman 1952; Li 1993; Robinson 1973)
defined as follows

u,v

θ := sup


 T

A


v = 1, u ≥ 0
BT u +

qT
.

and the corresponding rows of B, A to u, v’s 


non-zero elements are linearly independent.

σh
.
2θ2

(32)

Note that the constant θ can be very large; we will discuss this in Section 5.
Necoara (2015) derived that, for problem (28), the weak strong convexity property (5)
holds with
κf =

JMLR 17(230):1-24

Note that κf given in (32) is O(θ−2 ) whereas κf obtained from (29) is of the order θ−4 .
Therefore we will compare our results using the latter estimates of κf .
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4.1 Comparison with the Results in Related Literature

1
c̄+1 )(f (xk )

W

In Theorem 8 in Wang and Lin (2014), under the global error bound property, it is proven
that FDM converges at a linear rate:
− f ∗ ≤ (1 −
− f ∗ ), with1

f (xk+1 )

1 + Lf 1
1
1
1
1
1
( + β))
c̄ = (LW + + β)(1 + η ( + β)) = (LfW + + β)(1 + θ2
f
ζ f
ω̄
ω̄
ζ
ω̄
σh
ω̄


θ2
1
1
(1 + LfW )( + β)(LfW + + β) .
ζσh
ω̄
ω̄
∼O



2
4θ2
(32)
(LfW + ω̄1 )2 + β 2 =
(LfW + ω̄1 )2 + β 2 .
κf ζ
σh ζ

From Theorem 12 in this work, we have linear convergence of RC-FDM with the coefficient
c=

These coefficients are very similar, but FDM Wang and Lin (2014) covers only cyclic coordinate descent and not a randomized coordinate descent method (which is covered by
Theorem 12).

5. Linear Convergence Rate of SDCA for Dual of SVM

σ2
,
2λ

(33)

In this section we show that the SDCA algorithm (which is SCDM applied to Equation
11) achieves a linear convergence rate for the duality gap. This improves upon the result
obtained in Shalev-Shwartz and Zhang (2013); Takáč et al. (2015); Takáč et al. (2013),
where only a sublinear rate was derived.
Assume, for simplicity, that in problem (10) for all i ∈ {1, 2, . . . , n} it holds that kai k ≤ 1.
Then, from Takáč et al. (2015); Takáč et al. (2013), we have that for any x ∈ Rn , s ∈ [0, 1]
and the function f defined in (11),

f (x) − f ∗ ≥ sG(x) − s2

1
σ2
+ (f (x) − f ∗ ).
2λ s

(34)

where f ∗ denotes the optimal value of (11), A = [a1 , a2 , . . . , an ], σ 2 = n1 kXk ∈ [ n1 , 1] and
1
G(x) is the duality gap at the point x, which is defined as G(x) := P ( λn
Ax) + f (x).
We remark that SDCA for problem (11) is equivalent to RC-FDM, where the constants
in (18)-(20) are: zk = 0, β 2 = 0, wi = Li = λn1 2 kai k2 , and ωk = 1. Hence, if we choose
2
x0 = 0 then from Theorem 13 we have that E[f (xk ) − f ∗ ] ≤ (1 − c)k f (0) − f ∗ + kx∗ kL
2κ
with c = n(2κff+1) .
Now, we see that rearranging (33) gives
(33)

G(x) ≤ s

.

If we want to achieve G(x) ≤  it is sufficient to choose both terms on right hand side of
(34) to be ≤ 2 . Hence, we can set s = min{1, σλ2 }. All we have to do now is to choose k
such that f (xk ) − f ∗ ≤ s 2 . In the following theorem we establish linear convergence of the
duality gap G(x) for the SDCA algorithm.

W
1+Lf
σh

JMLR 17(230):1-24

1. In Wang and Lin (2014) it is shown that, in special cases (e.g. X = Rn ), (30) is ηf = θ2

12

{xk }∞
k=0 ,
then ∀k ≥ K
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In this paper we have extended the framework of the feasible descent method FDM to
a randomized, and a randomized coordinate, FDM framework.
We have shown that
many problems in the machine learning literature fit our problem structure, and subsequently, any algorithm that fits our FDM framework can be used to successfully solve
them. We have proven a linear convergence rate (under the weak strong convexity assumption) for both methods, and we have shown that the convergence rates are similar to the
deterministic/non-randomized FDM. We also showed that for the cyclic coordinate descent
method, the coefficients in FDM are worse than, or similar to, the stochastic coordinate
descent method (and hence the theory tells us that they converge at roughly the same
speed), but each iteration of the stochastic coordinate descent method is n-times cheaper.
We concluded the paper with a result showing that, for the SDCA algorithm applied to the
dual of the linear SVM, the duality gap converges linearly.

6. Summary

To show that θ can be very large, let us assume that two rows of the matrix A are highly
correlated (in this case rows corresponds to features). We denote these two rows by A1 and
A2 , and let us assume that A1 = A2 + δe1 . Then we can chose v = (− 1δ , 1δ , 0, . . . , 0)T and
u = 0. This particular choice
is feasible in optimization problem (35) and hence is imposing
√
a lower-bound on θ: θ ≥ |δ|2 . Clearly, for small δ, this shows that θ can be arbitrarily
large.

σh
Let us now comment on the size of the parameter κf = 2θ
2 . In our case, X is the
T
polyhedral set (27) defined by B = −In , In , and c = (0T , 1T )T , where In ∈ Rn×n is
the identity matrix. Because of this structure (31) simplifies to


 T


A
  



In u + T
v =1


u
q
θ := sup
.
(35)
 v

u,n 
and the corresponding rows of In , A to u, v’s 




non-zero elements are linearly independent.

(32)

Then if the SDCA algorithm is applied to problem (11) to produce
we have that E[G(xk )] ≤ .




2 f (0) − f ∗ + kx∗ k2L
1
log
.
K ≥n 1+
2κf
s

1 2
Theorem 16. Let s = min{1, λ
σ } and let K be such that
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(2)

(i−1)

(i+1)

, x(i) , xk

(n)

, . . . , xk )T ).

(36)

(j)

(j)

(1)

(2)

(i−1)

(j)

(i+1)

, x̃(i) , xk

(n)

(i)

, . . . , xk )T ) + wi (xk − x̃(i) )

(39)

(2)

− x̃(i) )2 +

(1)

E[(kzk k∗W )2 ] ≤

(40)

(n)

1 (i) 2
1
(z ) =
(∇i f (xk ))2 .
wi k
wi

i=1

(i)
1]wi (xk

− x̃(i) )2 ,

(i)

, . . . , xk )T kW )2 + 2wi (xk − x̃(i) )2

2
− x̃(i) )2 = 2[(LW
f ) +

(i+1)

, x̃(i) , xk

(i)
2wi (xk

(i−1)

i=1

14

(41)

(40)
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n
n
X
1
n−1X 1
(i)
2
(i) 2
2[(LW
(∇i f (xk ))2 .
f ) + 1]wi (xk − x̃ ) +
n
n
wi

Hence, we obtain that

otherwise

=

(i)
2
2(LW
f ) wi (xk

≤ 2(LW
f kxk − (xk , xk , . . . , xk

(8)

1 (i) 2
(z )
wi k
2
1
(1) (2)
(i−1) (i) (i+1)
(n)
(i)
=
∇i f (xk ) − ∇i f ((xk , xk , . . . , xk
, x̃ , xk
, . . . , xk )T ) + wi (xk − x̃(i) )
wi
2
2
(1) (2)
(i−1) (i) (i+1)
(n)
(i)
∇i f (xk ) − ∇i f ((xk , xk , . . . , xk
, x̃ , xk
, . . . , xk )T ) + 2wi (xk − x̃(i) )2
≤
wi
2
(1) (2)
(i−1) (i) (i+1)
(n)
(i)
≤ 2 k∇f (xk ) − ∇f ((xk , xk , . . . , xk
, x̃ , xk
, . . . , xk )T )k∗W + 2wi (xk − x̃(i) )2

and the j-th coordinate (for j 6= i) is defined as zk = ∇j f (xk ). It is easy to verify that for
zk defined above, condition (14) holds. Now, we will compute E[(kzk k∗W )2 ]. We have that
if the i-th coordinate is chosen then

zk = ∇i f (xk ) − ∇i f ((xk , xk , . . . , xk

(i)

Moreover, by (37), for j 6= i we have that xk = xk+1 which is possible only if zk =
∇j f (xk ).
Note that xk+1 is a random variable, which depends on i and xk only. Therefore, we
can define a random zk such that the i-th coordinate is

(j)

If coordinate i is chosen during iteration k, then the optimality conditions for Step 6 of
Algorithm 1, give us that


1
(i)
(i)
xk+1 = ProjW
∇i f (xk+1 ) .
(38)
Xi xk+1 −
wi

Then we can see that if coordinate i is chosen during iteration k in Algorithm 1 then
(
(j)
xk , if j 6= i,
(j)
xk+1 =
(37)
x̃(i) , otherwise.

x(i) ∈Xi

x̃(i) = arg min f ((xk , xk , . . . , xk

(1)

Let us define an auxiliary vector x̃ such that

Appendix A. Proof of Theorem 7
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, . . . , xk ) = 0.

(n)

n−1 2
n r
n
X
i=1

(n)

(i)

wi (xk − x̃(i) )2
− x̃(i) )2
(i)

wi (xk − x̃(i) )2

(i)
wi (xk
n
X
i=1

(i)

, . . . , xk , )T )(x̃(i) − xk ) ≤ 0.

(i)

(43)

(i)

(i)

(37)
(i−1) (i) (i+1)
(n)
, x̃ , xk
, . . . , xk )T =

(i)

xk+1 ,

(43)

(42)

Ma, Tappenden and Takáč

(i+1)

, x̃(i) , xk
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(i−1)

+ 1] +

(i+1)

, x̃(i) , xk

(1)

−

(i)
xk+1 |2

=

γkxk

−

2
xk+1 kW
.

(i)

(1)

(i)

(i+1)

, x̃(i) , xk

(i)

(i−1)

Now, using the convexity of f we obtain that

(n)

(37)

, . . . , xk )T = xk+1 we have

= h∇f (xk+1 ) − ∇f (xk ) + ∇f (xk ), xk+1 − x̄k+1 i .

f (xk+1 ) − f ∗ = f (xk+1 ) − f (x̄k+1 ) ≤ h∇f (xk+1 ), xk+1 − x̄k+1 i

≤

1
ωk W (xk+1

E

(47)

− xk ) + zk , xk+1 − x̄k+1

Plugging x = x̄
into (45) we obtain
k+1
D
E
1
ωk W (xk+1 − xk ) − zk , x̄k+1 − xk+1 ≥ h∇f (xk ), xk+1 − x̄k+1 i .

CS

(46),(47)

Plugging this into (46) gives us that
D
∇f (xk+1 ) − ∇f (xk ) −

f (xk+1 ) − f (x̄k+1 )

∗
≤ k∇f (xk+1 ) − ∇f (xk )kW
kxk+1 − x̄k+1 kW
D
E
+ − ω1k W (xk+1 − xk ) + zk , xk+1 − x̄k+1

+ − ω̄1 W (xk+1 − xk ), xk+1 − x̄k+1 + hzk , xk+1 − x̄k+1 i

≤ LfW kxk+1 − xk kW kxk+1 − x̄k+1 kW

(8)

(5)

∗
≤ (LfW + ω̄1 )kxk+1 − xk kW + kzk kW
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1
(f (xk+1 ) − f (x̄k+1 )). (48)
κf

∗
∗
+ ω̄1 kW (xk+1 − xk )kW
kxk+1 − x̄k+1 kW + kzk kW
kxk+1 − x̄k+1 kW

∗
= (LfW + ω̄1 )kxk+1 − xk kW + kzk kW
kxk+1 − x̄k+1 kW
s


≤ LfW kxk+1 − xk kW kxk+1 − x̄k+1 kW ]

CS

(46)

This proof is based on the proof of Theorem 3.2 in Necoara (2015). We can write the
optimality conditions for xk+1 from (14) and using the definition of a projection given in
(9). We have that ∀x ∈ X, the following inequality holds

W xk+1 − xk + ωk W −1 (∇f (xk ) − zk ) , x − xk+1 ≥ 0.
(45)

Appendix C. Proof of Theorem 12

2 , so (20) holds with
(44). Therefore f (xk ) − f (xk+1 ) ≥ γwi |xk − xk+1 |2 = γkxk − xk+1 kW
ζ = γ.

(44)

from (17) with ξ = xk and x = (xk , . . . , xk

Therefore, we conclude that (19) holds with β 2 = 2[(LfW )2 + 1].
Now, it remains to show (20). Again from (36) we know that (43) holds. Therefore

1 (i) 2 (40)
(37)
(i)
(i)
(i) 2
(z ) ≤ 2[(LfW )2 + 1]wi (xk − x̃(i) )2 = 2[(LfW )2 + 1]kxk − xk+1 kW
.
wi k

Note that xk+1 is a random variable which depends on i and xk only. Therefore, we can
define zk such that i-th coordinate is given by (39). It is easy to verify that for zk defined
∗ )2 . We have that
in (39), the condition (18) holds. Now, let us compute (k(zk )[i] kW

(1)

∇i f (xk , . . . , xk

(i−1)

≥

(44)

(i)
γwi |xk

∗ 2
(k(zk )[i] kW
) =

From the optimality condition of Step 6 of Algorithm 1, and the fact that Xi = R, we
know that for all i the following holds,

Therefore ∀i we have

W 2
1
n 2[(Lf )

, then we obtain from (41)
n
X

+ 1] +

n−1 2
n r



1
1
(1)
(i−1) (i) (i+1)
(n)
(∇i f (xk ))2 =
(∇i f (xk ) − ∇i f (xk , . . . , xk
, x̃ , xk
, . . . , xk ))2
wi
wi
(7)
1
1
(i)
(i)
L2 (x̃(i) − xk )2 = 2 Li2 wi (x̃(i) − xk )2 .
wi i
wi
≤

If we denote by r2 = maxi

Li2
wi2
(40)
i=1

W 2
1
n 2[(Lf )


1
n


2
]
= 2[(LfW )2 + 1] + (n − 1)r2 E[kxk − xk+1 kW

= 2[(LfW )2 + 1] + (n − 1)r2

=

∗ 2
E[(kzk kW
) ] ≤

(2)

and we can conclude that (15) holds with β 2 = 2[(LfW )2 + 1] + (n − 1)r2 .
Now, it remains to show (16). From (36) we know that
(1)

(i)

(i)

∇i f ((xk , xk , . . . , xk

(i)

Therefore, from (17) with ξ = xk and x = (xk , . . . , xk
we have that

−

f (xk+1 )

f (xk ) − f (xk+1 ) ≥ γwi |xk − xk+1 |2 + ∇i f (xk+1 )(xk − xk+1 ) ≥ γwi |xk − xk+1 |2 . (44)
Therefore
f (xk )

and by taking expectation on both sides of the above, (16) follows with ζ = γ.

Appendix B. Proof of Theorem 10
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The proof is very similar to the proof of Theorem 7. Let us define an auxiliary vector x̃ in
the same way as in (36). Then we can see that if coordinate i is chosen during iteration
k in Algorithm 1 then (37) holds, and the optimality conditions for Step 6 of Algorithm 1
imply that (38) holds.
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1
∗ 2
1
≤
(LW
.
f + ω̄ )kxk+1 − xk kW + kzk kW
κf

(48)

(50)

(49)

[I]

.

(51)

(
(j)
xk , if j ∈
/ I,
=
x̃(i) , otherwise.

(52)
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Therefore, let us estimate the expected value of f at a random point xk+1 , where the
expectation is taken with respect to the selection of coordinates I at iteration k. Let

(j)
xk+1

Then we can see that if coordinates I is chosen during iteration k in Algorithm 1 then

−1
x̃(i) = ProjW
(∇f (xk ) − zk )[I]
X xk − ωk W

Let us define an auxiliary vector x̃ such that


c
c
(f (xk ) − f (x̄k+1 )) =
(f (xk ) − f ∗ ) ,
1+c
1+c

Appendix D. Proof of Theorem 13 if zk = 0

and the result follows.

E[f (xk+1 ) − f ∗ ] = E[f (xk+1 ) − f (x̄k+1 )] ≤

Finally, from (50) we obtain that

E[f (xk+1 ) − f (x̄k+1 )] ≤

(49)

 i
1 h
∗ 2
1
E (LW
f + ω̄ )kxk+1 − xk kW + kzk kW
κf

2
2
∗ 2
1 2
(LW
≤
f + ω̄ ) E[kxk+1 − xk kW ] + E[(kzk kW ) ]
κf
(15) 2

2
1 2
(LW
E[kxk − xk+1 k2W ]
≤
f + ω̄ ) + β
κf
(16) 2

2 1
1 2
≤
(f (xk ) − E[f (xk+1 )])
(LW
f + ω̄ ) + β
κf
ζ


2
2 1
1 2
=
(LW
f (xk ) − f (x̄k )
f + ω̄ ) + β
κf
ζ
|
{z
}
c

+ E[f (x̄k+1 )] − E[f (xk+1 )] .

Taking the expectation of (49) with respect to the random vector zk , we obtain

f (xk+1 ) − f

∗

Therefore, we can conclude that
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1
ωk

≥ maxi

Li
wi

we have



min

h:x+xk ∈X

H(h; xk , zk )

1
W ĥ + s = 0,
ωk

(56)

(55)

(54)

(53)

and

18

E
1
(59)
g, ĥ = − kĥk2W = −ωk (kgk∗W )2 .
ωk

kĥk2W = kωk W −1 gk2W = ωk2 (kgk∗W )2
D

It is also easy to show that

(56)

1
W ĥ.
ωk

− ∇f (xk ) + zk + g ∈ ∂Φ(xk + ĥ).

Therefore, we can observe that

g := −
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(60)

(59)

(58)

(57)

where s ∈ ∂Φ(xk + ĥ). We can define a composite gradient mapping Lu and Xiao (2013);
Nesterov (2013); Tappenden et al. (2015) as

∇f (xk ) − zk +

From the first order optimality conditions of (54) we have

where ΦX (x) is the indicator function for the set X, i.e.
(
0,
if x ∈ X,
ΦX (x) =
+∞, otherwise.

h∈R

= xk + arg minn {H(h; xk , zk ) + ΦX (x + xk )} =: xk + ĥ,

x̃ = xk + arg

Now, observe that

H(h;xk ,zk )


1
n−τ
τ 


=
f (xk ) + f (xk ) + h∇f (xk ) − zk , hi +
khk2W + hzk , hi .
n
n
2ωk

|
{z
}



(7)
LI
kh[I] k2W
E[f (xk + h[I] )] ≤ f (xk ) + E ∇f (xk ), h[I] +
2wI


1
≤ f (xk ) + E ∇f (xk ), h[I] +
kh[I] k2W
2ωk


1
τ
(52)
h∇f (xk ), hi +
khk2W
= f (xk ) +
n
2ωk


h ∈ Rn . Then if
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Finally note that for any y ∈ X we have
(59)

2
2
2
kxk + ĥ − ykW
= kxk − ykW
+ 2ωk hg, y − xk i + kĥkW
2
∗ 2
= kxk − ykW
+ 2ωk hg, y − xk i + ωk2 (kgkW
) .

Now, we are ready to bound H(h; xk , zk ) + Φ(x + h) for h = ĥ. We have
H(ĥ; xk , zk ) + Φ(xk + ĥ)
D
E
1
2
kĥkW
+ Φ(xk + ĥ)
= f (xk ) + ∇f (xk ) − zk , ĥ +
2ω
k
D
E
(58)
1
2
≤ f (y) + h∇f (xk ), xk − yi + ∇f (xk ) − zk , ĥ +
kĥkW
2ωk
D
E
+ Φ(y) + −∇f (xk ) + zk + g, xk + ĥ − y

= τ kxk + ĥ −

2
ykW

+ (n − τ )kxk −

2
ykW
.


1 n
2
2
E[kxk+1 − ykW
] − kxk − ykW
+ hzk , xk − yi ,
2ωk τ

D
E
1
2
= f (y) + Φ(y) +
kĥkW
+ hg, xk − yi + hzk , xk − yi + g, ĥ
2ω
k
1
(60),(59)
∗ 2
∗ 2
= f (y) + Φ(y) + ωk (kgkW
) + hg, xk − yi + hzk , xk − yi − ωk (kgkW
)
2
1
∗ 2
= f (y) + Φ(y) − ωk (kgkW
) + hg, xk − yi + hzk , xk − yi
2

1 
2
2
kxk + ĥ − ykW
− kxk − ykW
+ hzk , xk − yi
2ωk

f (y) + Φ(y) −

= f (y) + Φ(y) −

(61)

(52),(63)

=

where in the last step, we use
nE[kxk+1 −

2
ykW
]

+

Now, from (53) we conclude that ∀y we have

n−τ
n
τ
2
E[f (xk+1 )] ≤
f (y) + Φ(y) −
f (xk )+
E[kxk+1 − ykW
]
n
n
2ωk τ
D
E
n
2
kxk − ykW
+ zk , xk + ĥ − y
,
2ωk τ

which can be equivalently written as


1
2
kxk+1 − ykW
E f (xk+1 ) +
2ωk

(61)

1
2
≤f (xk ) +
kxk − ykW
2ω
k
E
τ
τ D
− (f (xk ) − f (y) − Φ(y)) +
zk , xk + ĥ − y .
n
n

If we choose y = x̄ then the latter inequality reads as follows
k


1
2
E f (xk+1 ) +
kxk+1 − x̄k kW
2ωk
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1
2
≤f (xk ) +
kxk − x̄k kW
2ωk
E
τ D
τ
(f (xk ) − f ∗ ) +
zk , xk + ĥ − x̄k .
n
n
−
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E
1
τ D
2
kxk − x̄k kW
+
zk , xk + ĥ − x̄k .
2ωk
n

From the definition of x̄ we obtain that kxk+1 − x̄k+1 kW ≤ kxk+1 − x̄k kW and therefore


1
2
E f (xk+1 ) − f ∗ +
kxk+1 − x̄k+1 kW
≤(1 − nτ )(f (xk ) − f ∗ )
2ωk

+

2τ ω̄
∈ (0, 1),
Let us assume that ∀k : zk = 0. Then let us define c = n(2ω̄+1)




1
1
2
2
E f (xk+1 ) − f ∗ +
kxk+1 − x̄k+1 kW
≤ (1 − c) f (xk ) − f ∗ +
kxk − x̄k kW
. (62)
2ωk
2ω̄

Therefore,



1
2
E[f (xk ) − f ∗ ] ≤ E f (xk ) − f ∗ +
kxk − x̄k kW
2ωk


1
2
kx0 − x̄0 kW
.
≤ (1 − c)k f (x0 ) − f ∗ +
2ω̄
(62)

Appendix E. Proof of Theorem 13 if zk 6= 0

min

H(h; xk , zk )



.

(64)
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(20) n
n
2
E[kxk+1 − xk kW
] ≤
E[f (xk ) − f (xk+1 )].
τ
ζτ

λ2
2
kx̄k − xk kW
2ωk

f (λx̄k + (1 − λ)xk ) + h−zk , λ(x̄k − xk )i

1
2
kλ(x̄k − xk )kW
+ ΦX (λ(x̄k − xk ) + xk )
2ωk

+

∗
λf (x̄k ) + (1 − λ)f (xk ) + λkzk kW
kx̄k − xk kW +

2
kĥ[I] kW
=

(63)

The proof follows similar arguments to the proof of Theorem 13 when zk = 0. Let us define
an auxiliary vector x̃ in the same way as in (51). Then we can see that if coordinates I
is chosen during iteration k in Algorithm 1 then (52) holds. Therefore, let us estimate the
expected value of f at a random point x , where the expectation is taken with respect
k+1
Li
to the selection of coordinate i at iteration k. Let h ∈ Rn . Then if ω1k ≥ maxi w
we have
i
that (53) holds. Now, observe that
x̃ = xk + arg

h:x+xk ∈X
h∈R

= xk + arg minn {H(h; xk , zk ) + ΦX (h + xk )} =: xk + ĥ,



where ΦX (x) is indicator function for set X, (55). Now, we have


1
2
H(ĥ; xk , zk ) = minn f (xk ) + h∇f (xk ) − zk , hi +
khkW
+ ΦX (h + xk )
h∈R
2ωk


1
2
= minn f (xk ) + h∇f (xk ) − zk , y − xk i +
ky − xk kW
+ ΦX (y)
y∈R
2ωk

λ∈[0,1]

≤ min

λ∈[0,1]

≤ min

i=1

n
X

Note that from (52) and (63) we have
2
kĥkW
=

20

i=1

(k(zk )[I] k∗W )2
≤

(19),(20)

β2
n (ξk − E[ξk+1 ])
ζ
(65)

≤

(65),(5)

(1 +

+

τβ
ζ )ξk

√

τβ
ζ )E[ξk+1 ]≤(1

√

λ∈[0,1]

τβ
ζ )ξk

√

(1 +

τβ
ζ

√

+

β2
2ζ )E[ξk+1 ]≤(1

+

λ∈[0,1]

+

τβ
ζ

√

+

β2
ζ (ξk

q
2 2
− E[ξk+1 ]) λn κτ f ξk +

21

+

−λ∗ ω̄κf +

τβ
ζ

√
β2
2ζ )E[ξk+1 ]≤(1

+

τβ
ζ

√

+

β2
2ζ

−

1 ω̄κf
)ξk ,
2n ω̄τ + 1

ω̄κf
ω̄τ +1

≥ 1 and hence
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Therefore, from (66) we can conclude that


ζτ
√
E[ξk+1 ]≤ 1 −
ξk .
n(2ζ + 2β τ + 1 + β 2 )

(λ∗ )2
1
1
1
(1 + ω̄τ ) = −ω̄κf + (1 + ω̄τ ) ≤ −ω̄κf + ω̄κf = − ω̄κf .
2
2
2
2
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−λ∗ ω̄κf t +

+

(λ∗ )2
1 (ω̄κf )2
(1 + ω̄τ ) = −
.
2
2 ω̄τ + 1



2ω̄κf ζ
1
√
E[ξk+1 ]≤ 1 −
ξk .
2n (ω̄τ + 1)(2ζ + 2β τ + β)

which is equivalent to

(1 +

Combining this with (66) gives

• λ∗ < 1. In this case

Consider now two cases:

The optimal λ∗ that minimizes the above expression is


ω̄κf
.
λ∗ = min 1,
ω̄τ + 1
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τ
λ2
min {−λω̄κf + (1 + ω̄τ )}ξk .
nω̄κf λ∈[0,1]
2

τ λ2
n 2ωk κf ξk }.

τ λ2
n 2ωk κf ξk }
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1 λ2 τ 2
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ξk +
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2 n κf

q

τ λ2
n 2ωk κf ξk }.

τ λ2
n 2ωk κf ξk }

q
q
2
n βζ (ξk − E[ξk+1 ]) κ1f ξk +
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+ min {− nτ λξk +

τβ
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√
τβ
τ
ζ )ξk + min {− n λξk
λ∈[0,1]

√
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≤(1 +

≤(1 +

(1 +

√
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λ∈[0,1]
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ζ τ
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+

Using the fact that ∀a, b ∈ R+ we have

(1+

which is equivalent to
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where the expectation is with respect to the random choice i during the k-th iteration.
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2ωk κf

λ∈[0,1]

n
(53),(19)
τ
E[f (xk+1 ) − f ∗ ] ≤
min f (xk ) − f ∗ +
λ(f (x̄k ) − f (xk )) + λkzk k∗W kx̄k − xk kW
n
λ∈[0,1]
o
λ2
+
kx̄k − xk k2W + kzk k∗W kĥkW
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Regularized estimators—among them the Lasso (Tibshirani, 1996), the Square-Root and
the Scaled Lasso (Antoniadis, 2010; Belloni et al., 2011; Städler et al., 2010; Sun and Zhang,
2012), as well as estimators based on nonconvex penalties such as MCP (Zhang, 2010) and
SCAD (Fan and Li, 2001)—all hinge on finding a “suitable” choice of tuning parameters.
There are many possible methods for solving this so-called calibration problem, but for
high-dimensional regression problems, there is a not a single method that is computationally
tractable and for which the non-asymptotic theory is well understood.
The focus of this paper is the calibration of the Lasso for sparse linear regression,
where the tuning parameter needs to be adjusted to both the noise distribution and the

1. Introduction

We introduce a novel scheme for choosing the regularization parameter in high-dimensional
linear regression with Lasso. This scheme, inspired by Lepski’s method for bandwidth selection in non-parametric regression, is equipped with both optimal finite-sample guarantees
and a fast algorithm. In particular, for any design matrix such that the Lasso has low
sup-norm error under an “oracle choice” of the regularization parameter, we show that our
method matches the oracle performance up to a small constant factor, and show that it
can be implemented by performing simple tests along a single Lasso path. By applying the
Lasso to simulated and real data, we find that our novel scheme can be faster and more
accurate than standard schemes such as Cross-Validation.
Keywords: Lasso, regularization parameter, tuning parameter, high-dimensional regression, oracle inequalities
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Rp

Y = Xβ ∗ + ε,

Rn

(Model)

i∈{1,...,n}

2

max E[ε2i ] < ∞.
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(1)

where
∈
is the regression vector and ε ∈
is a random noise vector. Our framework
allows for p larger than n and requires that the noise variables ε satisfy only the second
moment condition

β∗

We study the calibration of the Lasso tuning parameter in high-dimensional linear regression
models that can contain many predictors and allow for the possibility of correlated and
heavy-tailed noise. More specifically, we assume that the data (Y, X) with outcome Y ∈ Rn
and design matrix X ∈ Rn×p is distributed according to a linear regression model

2.1 Framework

In this section, we introduce some background and then move onto a description of the
AV∞ method.

2. Background and Methodology

design matrix (van de Geer and Lederer, 2013; Hebiri and Lederer, 2013; Dalalyan et al.,
2014). Calibration schemes for this setting are typically based on Cross-Validation (CV)
or BIC-type criteria. However, CV-based procedures can be computationally intensive
and are currently lacking in non-asymptotic theory for high-dimensional problems. BICtype criteria, on the other hand, are computationally simpler but also lacking in nonasymptotic guarantees. Another approach is to replace the Lasso with Square-Root Lasso
or TREX (Lederer and Müller, 2015); however, Square-Root Lasso still contains a tuning
parameter that needs to be calibrated to certain aspects of the model, and the theory for
TREX is currently fragmentary. For these reasons and given the extensive use of the Lasso
in practice, understanding the calibration of Lasso is important.
In this paper, we introduce a new scheme for calibrating the Lasso in the supremum
norm (`∞ )-loss, which we refer to as Adaptive Validation for `∞ (AV∞ ). This method is
based on tests that are inspired by Lepski’s method for non-parametric regression (Lepski,
1990; Lepski et al., 1997), see also Chichignoud and Lederer (2014). In contrast to current
schemes for the Lasso, our method is equipped with both optimal theoretical guarantees
and a fast computational routine.
The remainder of this paper is organized as follows. In Section 2, we introduce the
AV∞ method. Our main theoretical results show that this method enjoys finite sample
guarantees for the calibration of Lasso with respect to sup-norm loss (Theorem 3) and
variable selection (Remark 4). In addition, we provide a simple and fast algorithm (Algorithm 1). In Section 3, we illustrate these features with applications to simulated data and
to biological data. We conclude with a discussion in Section 4.
Notation: The indicator of events is denoted by 1l{·} ∈ {0, 1}, the cardinality of sets by
| · |, the sup-norm or maximum norm of vectors in Rp vectors k · k∞ , the number of non-zero
entries by k·k0 , the `1 - and `2 -norms by k·k1 and k·k2 , respectively, and [p] : = {1, . . . , p}. For
c
given vector β ∈ Rp and subset A of [p], βA ∈ R|A| and βAc ∈ R|A | denote the components
c
in A and in its complement A , respectively.
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A standard approach for estimating β ∗ in such a model is by computing the `1 -regularized
least-squares estimate, known as the Lasso, and given by


kY − Xβk22
(Lasso)
+ λkβk1 .
βbλ ∈ arg min
n

β∈Rp

n
o
>
kX
εk
λ
∞
≤
.
n
4

(2)

Note that this equation actually defines a family of estimators indexed by the tuning parameter λ > 0, which determines the level of regularization.
Intuitively, the optimal choice of λ is dictated by a trade-off between bias and some
form of variance control. Bias is induced by the shrinkage effect of the `1 -regularizer, which
acts even on non-zero coordinates of the regression vector. Thus, the bias grows as λ is
increased. On the other hand, `1 -regularization is useful in canceling out fluctuations in the
score function, which for the linear regression model is given by X > ε/n. Thus, an optimal
choice of λ is the smallest one that is large enough to control these fluctuations.
A large body of theoretical work (e.g., van de Geer and Bühlmann (2009); Bickel et al.
(2009); Bühlmann and van de Geer (2011); Negahban et al. (2012)) has shown that an
appropriate formalization of this intuition is based on the event
Tλ : =

When this event holds, then as long as the design matrix X is “well-behaved”, it is possible
to obtain bounds on the sup-norm error of the Lasso estimate. There are various ways of
characterizing well-behaved design matrices; of most relevance for sup-norm error control
are mutual incoherence conditions (Bunea, 2008; Lounici, 2008) as well as `∞ -restricted
eigenvalues (Ye and Zhang, 2010). See van de Geer and Bühlmann (2009) and Section 2.3
for further discussion of these design conditions.
In order to bring sharp focus to the calibration problem, rather than focusing on any
particular design condition, it is useful to instead work under the generic assumption that
the Lasso sup-norm error is controlled under the event Tλ defined in equation (2). More
formally, we state:
Assumption 1 (`∞ (C)) There is a numerical constant C such that conditioned on Tλ , the
Lasso `∞ -error is upper bounded as kβbλ − β ∗ k∞ ≤ Cλ.

As mentioned above, there are many conditions on the design matrix X under which Assumption `∞ (C) is valid, and we consider a number of them in the sequel.
With this set-up in place, we can now focus specifically on how to choose the regularization parameter. Since we can handle only finitely many tuning parameters in practice,
we restrict ourselves to the selection of a tuning parameter among a finite but arbitrarily
large number of choices. It is easy to see that λmax : = 2kX > Y k∞ /n is the smallest tuning
parameter for which βbλ equals zero. Accordingly, for a given positive integer N ∈ N, let us
form the grid

0 < λ1 < · · · < λN = λmax ,
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denoted by Λ : = {λ1 , . . . , λN } for short. Assumption `∞ (C) guarantees that the sup-norm
error is proportional to λ whenever the event Tλ holds; consequently, for a given probability
3
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of error δ ∈ (0, 1), it is natural to choose the smallest λ for which event Tλ holds with
probability at least 1 − δ, assuming that it is finite. This criterion can be formalized as
follows:

(3)

Definition 1 (Oracle tuning parameter) For any constant δ ∈ (0, 1), the oracle tuning
parameter is given by

λ∈Λ

λδ∗ : = arg min {P (Tλ ) ≥ 1 − δ} .

Note that by construction, if we solve the Lasso using the oracle choice λδ∗ , and if the
design matrix X fulfills Assumption `∞ (C), then the resulting estimate satisfies the bound
kβbλδ∗ − β ∗ k∞ ≤ Cλδ∗ with probability at least 1 − δ. Unfortunately, the oracle choice is
inaccessible to us, since we cannot compute the probability of the event Tλ based on the
observed data. However, as we now describe, we can mimic this performance, up to a factor
of three, using a simple data-dependent procedure.
2.2 Adaptive Calibration Scheme

Let us now describe a data-dependent scheme for choosing the regularization parameter,
referred to as Adaptive Calibration for `∞ (AV∞ ):

λ0 ,λ00 ∈Λ
λ0 ,λ00 ≥λ

max

Definition 2 (AV∞ ) Under Assumption `∞ (C) and for a given constant C ≥ C, Adaptive
Calibration for `∞ (AV∞ ) selects the tuning parameter
(
"
#
)
kβbλ0 − βbλ00 k∞
−C ≤0 .
(4)
λ0 + λ00
λ̂ : = min λ ∈ Λ

N
Y

k=j

1l
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The definition is based on tests for sup-norm differences of Lasso estimates with different
tuning parameters. We stress that Definition 2 requires neither prior knowledge about the
regression vector nor about the noise.
The tests in Definition 2 can be formulated in terms of the binary random variables
(
)
kβbλj − βbλk k∞
−C ≤0
for j ∈ [N ],
λj + λk
b
tλj : =

from the AV∞ tuning parameter λ̂ can be computed as follows:
Data: βbλ1 , . . . , βbλN , C
Result: λ̂ ∈ Λ

Set initial index: j ← N

while b
tλj−1 6= 0 and j > 1 do
Update index: j ← j − 1
end
Set output: λ̂ ← λj

Algorithm 1: Algorithm for AV∞ in Definition 2.

4

and

kβbλ̂ − β ∗ k∞ ≤ 3Cλ∗δ

(5)

5
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Let us now describe some conditions on the design matrix X that are sufficient for Assumption `∞ (C). We stress that these are conditions to ensure that the Lasso satisfies

2.3 Conditions on the Design Matrix for `∞ -guarantees

We prove Theorem 3 in Appendix A; here let us make a few remarks about its consequences. First, if we knew the oracle value λ∗δ defined in equation (3), then under Assumption `∞ (C), the Lasso estimate βb would satisfy the `∞ -bound kβb − β ∗ k∞ ≤ Cλ∗δ .
Consequently, when the AV∞ method is implemented with parameter C, then its sup-norm
error is optimal up to a factor of three. For standard calibration schemes, among them
Cross-Validation, no comparable guarantees are available in the literature. In fact, we are
not aware of any finite sample guarantees for standard calibration schemes.
We point out that Theorem 3—in contrast to asymptotic results or results with unspecified constants—provides explicit guarantees for arbitrary sample sizes. Moreover, Theorem 3 does not presume prior knowledge about the regression vector or the noise distribution
and allows, in particular, for correlated, heavy-tailed noise. From the perspective of theoretical sharpness, the best choice for C is C = C. However, Theorem 3 shows that it also
suffices to know an upper bound for C. We provide more details on choices of C and C
below.
We finally observe that the specific choice of the grid enters Theorem 3 only via the
oracle. Indeed, for any choice of the grid, Theorem 3 ensures that λ̂ performs as well as the
oracle tuning parameter λ∗δ , which is the “best” tuning parameter on the grid.

Remark 4 (Relevance for estimation and variable selection) The `∞ -bound from equation (5) directly implies that the AV∞ scheme is adaptively optimal for the estimation of
the regression vector β ∗ in `∞ -loss. As another important feature, Theorem 3 entails strong
variable selection guarantees. First, the `∞ -bound implies that AV∞ recovers all non-zero
entries of the regression vector β ∗ that are larger than 3Cλ∗δ in absolute value. Additionally,
by virtue of the bound λ̂ ≤ λ∗δ , thresholding βbλ̂ by 3C λ̂ leads to exact support recovery if
all non-zero entries of β ∗ are larger than 6Cλ∗δ in absolute value. In strong contrast, standard calibration schemes are not equipped with comparable variable selection guarantees, and
there is no theoretically sound guidance for how to threshold standard schemes.

with probability at least 1 − δ.

λ̂ ≤

λ∗δ

for all ∆ ∈ C(S).

(7)

6
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See Appendix B.2 for the proof.
It is worth noting that the diagonal dominance condition is weaker than the pairwise
incoherence conditions that have been used in past work on sup-norm error (Lounici, 2008).
b = maxj6=k |Σ
b jk |. If the
The pairwise incoherence of the sample covariance is given by ρ(Σ)
b ≤ ν/s̃, then it follows that Σ
b is diagonally
pairwise incoherence satisfies the bound ρ(Σ)
dominant with parameters (s̃, ν).
By combining Lemma 6 with Theorem 3, we obtain the following corollary:

b is s̃-order
Lemma 6 (Diagonal dominance of order s̃) Suppose that s̃ ≥ 9|S| and Σ
diagonally dominant with parameter ν ∈ [0, 1). Then under the event Tλ , Assumption
5
`∞ (C) is valid with C = 4(1−ν)
.

b jj = 1
In the context of this definition, the reader should recall that we have assumed that Σ
for all j ∈ [p]. Note that this condition can be verified in polynomial-time, since the
subset T achieving the maximum in row j can be obtained simply by sorting the entries
b jk |, k ∈ [p]\j}. The significance of this condition lies in the following result:
{|Σ

|T |=s̃
T ⊂[p]\{j} k∈T

Although this result is cleanly stated, the RE condition cannot be verified in practice,
since it involves the unknown support set S. Accordingly, let us now state some sufficient
and verifiable conditions for obtaining bounds on the restricted eigenvalues, and hence for
verifying Assumption `∞ (C).
b
For a given integer s̃ ∈ [2, p] and scalar ν > 0, let us say that the sample covariance Σ
is diagonally dominant with parameters (s̃, ν) if
X
b jk | < ν
max
|Σ
for all j ∈ [p].
(8)

b satisfies the γ-RE condition (7)
Lemma 5 (`∞ -restricted eigenvalue) Suppose that Σ
5
.
and that Tλ holds. Then Assumption `∞ (C) is valid with C = 4γ

See van de Geer and Bühlmann (2009) for an overview of various conditions for the Lasso,
and their relations. Based on (7), we prove in Appendix B.1 the following result:

b ∞ ≥ γk∆k∞
kΣ∆k

where S denotes the support of β ∗ , and S c its complement. Accordingly, all known condib for vectors lying
tions involve controlling the behavior of the sample covariance matrix Σ
within this cone.
The most directly stated sufficient condition is based on lower bounding the `∞ -restricted
eigenvalue: there exists some γ > 0 such that

`∞ -bounds; importantly, our method itself does not impose any additional restrictions.
We defer all proofs of the results stated here to Appendix B and, for simplicity, we assume
b : = X > X/n has been normalized such that
in the following that the sample covariance Σ
b
Σjj = 1 for all j ∈ [p].
The significance of the event Tλ lies in the following implication: when Tλ holds, then it
can be shown (e.g.,Bickel et al. (2009); Bühlmann and van de Geer (2011); Negahban et al.
b : = βbλ − β ∗ must belong to the cone
(2012)) that the Lasso error ∆

C(S) : = ∆ ∈ Rp | k∆S c k1 ≤ 2k∆S k1 ,
(6)

This algorithm can be readily implemented and only requires the computation of one Lasso
solution path. In strong contrast, k-fold Cross-Validation requires the computation of k
solution paths. Consequently, the Lasso with AV∞ can be computed about k times faster
than Lasso with k-fold Cross-Validation.
The following result guarantees that the Lasso with AV∞ method achieves the sup-norm
error up to a constant pre-factor:

Theorem 3 (Optimality of AV∞ ) Suppose that condition `∞ (C) holds and the AV∞ method
is implemented with parameter C ≥ C. Then for any δ ∈ (0, 1), the AV∞ output pair (λ̂, βbλ̂ )
given by the rule (4) satisfies the bounds
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kβbλ̂ − β ∗ k∞ ≤

15
λ∗
4 (1 − ν) δ

(9)

b is s̃-order diagonally dominant with parameter
Corollary 7 Suppose that s̃ ≥ 9|S| and Σ
5
ν ∈ [0, 1). Then for any δ ∈ (0, 1), the AV∞ method with C = 4 (1−ν)
returns an estimate
βbλ̂ such that
with probability at least 1 − δ.

η j ∈ arg min
β∈Rp
βj =−1

(
kXβk22
+
n

r
log(p)
kβk1
n

)
.

Another sufficient condition for the sup-norm optimality of AV∞ is a design compatibility
condition due to van de Geer (2007). For each index j ∈ [p], suppose that we define the
deterministic vector

log(p)
n .

We can then derive the following sup-norm bound for the Lasso.

Note that this optimization problem defining the vector regression of the jth column of the
design matrix
on the set of all other columns, where we have imposed an `1 -penalty with
q
weight

|S|
1
≤
t2 kη j k1
log n

r

n
.
log p

)
(
p
|S|kXβk2
√
≥t
nkβS k1



j∈[p]

max

kXη j k22 /n +

kη j k
p 1
.
log(p)/nkη j k−j /2

(Compatibility)

Lemma 8 (Lasso bound under compatibility) Assume that X fulfills the compatibility condition
min

kβS c k1 ≤3kβS k1

j∈[p]

sup

for a constant t > 0. Additionally, assume that



3
1
+
4 log(n)

Then under the event Tλ , Assumption `∞ (C) is valid with
C :=

This bound is a consequence of results in (van de Geer, 2014); the proof is deferred to
Section B.3. We are now ready to state the optimality of AV∞ with respect to this bound.

(10)

Corollary 9 (Optimality of AV∞ ) Assume that the assumptions in Lemma 8 are met.
Then for any constant δ > 0, the following bound for Lasso AV∞ with C = C, and C as
above, holds with probability at least 1 − δ:
kβbλ̂ − β ∗ k∞ ≤ 3Cλδ∗ .
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This result demonstrates the optimality of AV∞ for sup-norm loss under the compatibility
condition.
7
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Remark 10 (Constant C in practice) The optimal choice is C = C in view of our
theoretical results. The constant C (or an upper bound of it) can be readily computed,
because it depends only on X (cf. Lemma 8) or on X and an upper bound on s (cf.
Lemma 6). However, we propose the universal choice C = 0.75 for all practical purposes.
Note that accurate support recovery and `∞ -estimation is possible only if the design is near
orthogonal. A direct computation yields the bound kβbλ − β ∗ k∞ ≤ Cλ with C = 0.75 for
orthogonal design. Letting α → ∞ in Theorem 1 due to Lounici (2008) yields the same
bound with C ≈ 0.75 for near orthogonal designs. This provides strong theoretical support
for the choice C = 0.75. The empirical evidence in Section 3 indicates that a further
calibration is indeed not necessary.

3. Simulations

In this section, we perform experiments on both simulated and real data to demonstrate
the practical performance of AV∞ .
3.1 Simulated Data

We simulate data from linear regression models as in equation (Model) with n = 200
observations and p ∈ {300, 900} parameters. More specifically, we sample each row of
the design matrix X ∈ Rn×p from a p-dimensional normal distribution with mean 0 and
covariance matrix (1 − κ) I +κ1l, where I is the identity matrix, 1l : = (1, . . . , 1)> (1, . . . , 1) is
the matrix of ones, and κ ∈ {0, 0.2, 0.4} is the magnitude of the mutual correlations. For
the entries of the noise ε ∈ Rn , we take the one-dimensional normal distribution with mean
0 and variance 1. The entries of β ∗ are first set to 0 except for 6 uniformly at random
chosen entries that are each set to 1 or −1 with equal probability. The entire vector β ∗
is then rescaled such that the signal-to-noise ratio kXβ ∗ k22 /n is equal to 5. We finally
consider a grid of 100 tuning parameters Λ := {λmax /1.30 , λmax /1.31 , . . . , λmax /1.399 } with
λmax : = 2kX > Y k∞ /n. We run 100 experiments for each set of parameters and report
the corresponding means (thick, colored bars) and standard deviations (thin, black lines).
All computations are conducted with the software R (R Core Team, 2013) and the glmnet
package (Friedman et al., 2010). While we restrict the presentation to the parameter settings
described, we found similar results over a wide range of settings.
We compare the sup-norm and variable selection performance of the following three
procedures:

- Oracle: Lasso with the tuning parameter that minimizes the `∞ loss (this tuning
parameter is unknown in practice);

- AV∞ : Lasso with AV∞ and C = 0.75;

- Cross-Validation: Lasso with 10-fold Cross-Validation.
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Our choice C = 0.75 is motivated by a theorem due to Lounici (2008) in the regime α → ∞;
see Remark 10 for details.
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Figure 2: Sup-norm error kβbλ − β ∗ k∞ of the Lasso with three different calibration schemes
for the tuning parameter λ. Depicted are the results for three simulation settings
that differ in the correlation level κ. The simulation settings and the calibration
schemes are specified in the body of the text.
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Figure 1: Sup-norm error kβbλ − β ∗ k∞ of the Lasso with three different calibration schemes
for the tuning parameter λ. Depicted are the results for three simulation settings
that differ in the correlation level κ. The simulation settings and the calibration
schemes are specified in the body of the text.
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Figure 3: Number of false positives |{j : βj∗ = 0, (βbλ )j 6= 0}| and false negatives |{j :
βj∗ 6= 0, (βbλ )j = 0}| of the Lasso with AV∞ and Cross-Validation as calibration
schemes for the tuning parameter λ. For AV∞ , the safe threshold described after
Theorem 3 is applied. The simulations settings correspond to those in Figure 1.
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Figure 4: Number of false positives |{j : βj∗ = 0, (βbλ )j 6= 0}| and false negatives |{j :
βj∗ 6= 0, (βbλ )j = 0}| of the Lasso with AV∞ and Cross-Validation as calibration
schemes for the tuning parameter λ. For AV∞ , the safe threshold described after
Theorem 3 is applied. The simulations settings correspond to those in Figure 2.
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We now consider variable selection for a data set that describes the production of riboflavin
(vitamin B2 ) in B. subtilis (Bacillus subtilis), see (Bühlmann et al., 2014). The data set
comprises the expressions of p = 4088 genes and the corresponding riboflavin production
rates for n = 71 strains of B. subtilis. We apply AV∞ and then impose the threshold 3C λ̂.
The resulting genes and the corresponding parameter values are given in the first column of Table 1. We see that these results commensurate with the results from previous

3.2 Riboflavin Production in B. subtilis

Sup-norm error: In Figures 1 and 2, we compare the `∞ error of the four procedures.
We observe that AV∞ outperforms Cross-Validation for most settings under consideration.
We also mention that the same conclusions can be drawn if the normal distribution for the
noise is replaced by other, possibly heavy-tailed distributions (for conciseness, we do not
show the outputs).
Variable selection: In Figures 3 and 4, we compare the variable selection performance
of AV∞ and Cross-Validation. More specifically, we compare the number of false positives
|{j : βj∗ = 0, (βbλ )j 6= 0}| and the number of false negatives |{j : βj∗ 6= 0, (βbλ )j = 0}|.
In contrast to Cross-Validation, AV∞ allows for a safe threshold of size 3C λ̂ (recall the
discussion after Theorem 3). Therefore, we report the results of Lasso with AV∞ and
an additional threshold of size 3C λ̂ applied to each component (that is, we consider the
vector with entries (βbλ )j 1l{|(βbλ )j | ≥ 3C λ̂} ), and we report the results of Lasso with CrossValidation (without threshold). We observe that, as compared to Cross-Validation, AV∞
with subsequent thresholding can lead to a considerably smaller number of false positives,
while keeping the number of false negatives on a low level. Note that one could perform a
similar thresholding of the Cross-Validation solution, but unlike for AV∞ , there is no theory
to guide the choice of the threshold. This problem also applies to other standard calibration
schemes.
Computational complexity: Cross-Validation with 10 folds requires the computation 10
Lasso paths, while AV∞ requires the computation of only one Lasso path - or even less.
AV∞ is therefore about 10 times more efficient than 10-fold Cross-Validation.
Let us conclude with remarks on the scope of the simulations. First, many methods have been proposed for tuning the regularization parameter in the Lasso, including Cross-Validation, BIC and AIC-type criteria, Stability Selection (Meinshausen and
Bühlmann, 2010), LinSelect (Baraud et al., 2014; Giraud et al., 2012), permutation approaches (Sabourin et al., 2015), and many more. On top of that, there are many modifications and extensions of the Lasso itself, including BoLasso (Bach, 2008), Square-Root/Scaled
Lasso (Antoniadis, 2010; Belloni et al., 2011; Städler et al., 2010; Sun and Zhang, 2012),
SCAD (Fan and Li, 2001), MCP (Zhang, 2010), and others. Detailed comparisons among
the selection schemes and the methods can be found in the cited papers. We also refer to
Leeb and Pötscher (2008) for theoretical insights about limitations of the methods.
In our simulations, we instead focus on the Lasso and, since we are not aware of guarantees similar to ours for any selection scheme, we compare to the most popular and most
extensively studied selection scheme, Cross-Validation. This comparison shows that, beyond its theoretical properties and the easy and efficient implementation, AV∞ is also a
competitor in numerical experiments.

Lasso Tuning

-0.405
-0.420
-0.146
-0.313
0.278

YXLD at
YOAB at
LYSC at

Stability Selection

B-TREX
YXLD at
YOAB at
YXLE at
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We have introduced a novel method for sup-norm calibration, known as AV∞ , that is
equipped with finite sample guarantees for estimation in `∞ -loss and for variable selection.
Moreover, we have shown that AV∞ allows for simple and fast implementations. These properties make AV∞ a competitive algorithm, as standard methods such as Cross-Validation
are computationally more demanding and lack non-asymptotic guarantees.
In order to bring sharp focus to the issue, we have focused this paper exclusively on the
calibration of the Lasso. However, we suspect that the methods and techniques developed
here could be more generally applicable, for instance to problems with nonconvex penalties
(e.g., SCAD, MCP). In particular, the paper (Loh and Wainwright, 2014) provides guarantees for `∞ -recovery using such nonconvex methods, which could be combined with our
results. Another interesting direction for future work is the use of our methods for more
general decomposable penalty functions (Negahban et al., 2012), including the nuclear norm
that is often used in matrix estimation.
We also stress that our goals are `∞ -estimation and variable selection, which are feasible
only under strict conditions on the design matrix. Other objectives, including prediction
and `2 -estimation, can typically be achieved under less stringent conditions. However, the
corresponding oracle inequalities contain quantities (such as the sparsity level) that are
typically unknown in practice. Adaptations of our method to objectives beyond the ones
considered here thus need further investigation. We refer to (Chételat et al., 2014) for ideas
in this direction. However, there might be no approach that is uniformly optimal for all
objectives, see also the papers (Yang, 2005; Zhao and Yu, 2006).
Finally, as pointed out by one of the reviewers, another field for further study is model
misspecification. It would be interesting to see how robust the Lasso with the AV∞ scheme
is with respect to, for example, non-linearities in the model.

4. Conclusions

approaches based on Stability Selection (Bühlmann et al., 2014) and TREX (Lederer and
Müller, 2015), which are given in the third and fourth column.

Table 1: Variable selection results for the riboflavin data set. The first column depicts the
genes and the corresponding parameter values yielded by AV∞ . The second and
third column depict the genes returned by approaches based on Stability Selection
and TREX.

YXLD at
YOAB at
YEBC at
ARGF at
XHLB at
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Appendix A. Proof of Theorem 1
n >
o
λ∗
Define the event Tδ∗ : = kX nεk∞ ≤ 4δ and note that P[Tδ∗ ] ≥ 1 − δ by our definition
of the oracle tuning parameter in (3). Thus, it suffices to show that the two bounds hold
conditioned on the event Tδ∗ .

> C (λ0 + λ00 ).

(11)

Bound on λ̂: To show that λ̂ ≤ λδ∗ , we proceed by proof by contradiction. If λ̂ > λδ∗ ,
then the definition of the AV∞ method implies that there must exist two tuning parameters
λ0 , λ00 ≥ λδ∗ such that
βλ00 k∞

b −b

kβλ0

≤ b − β∗

kβλ0

k∞

βλ00 k∞

+ kβ ∗ − b

≤ C (λ0 + λ00 ).

However, since Tλ0 and Tλ00 are both subsets of Tδ∗ , Assumption `∞ (C) implies that we must
have the simultaneous inequalities kβbλ0 − β ∗ k∞ ≤ Cλ0 and kβbλ00 − β ∗ k∞ ≤ Cλ00 . Combined
with the triangle inequality, we find that
βλ00 k∞

b −b

kβλ0

− β ∗ k∞ ≤

2Cλδ∗

+ b

kβλδ∗

− β ∗ k∞ .

On the event Tδ∗ , we have λ̂ ≤ λδ∗ , and so the AV∞ def-

Since C ≥ C, this upper bound contradicts our earlier conclusion (11) and, therefore, yields
the desired claim.
Bound on the sup-norm error:
inition implies that

+ b

kβλδ∗


kβbλ̂ − βbλδ∗ k∞ ≤ C λ̂ + λδ∗ ≤ 2Cλδ∗ .
βλδ∗ k∞

Combined with the triangle inequality, we find that

kβλ̂

b − β ∗ k∞ ≤ b − b

kβλ̂
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Finally, under Tδ∗ and C ≥ C, Assumption `∞ (C) implies that kβbλδ∗ − β ∗ k∞ ≤ Cλδ∗ ≤ Cλδ∗ ,
and combining the pieces completes the proof.


Appendix B. Remaining Proofs for Section 2
In this appendix, we provide the proofs of Lemmas 5, 6, and 8.
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B.1 Proof of Lemma 5

By the first-order stationarity conditions for
βbλ must satisfy
 an optimum, the Lasso solution
the stationary condition n1 X > X βbλ − Y + λb
z = 0, where zb ∈ Rp belongs to the subdifferential of the `1 -norm at βbλ . Since Y = Xβ ∗ + ε, we find that


X >ε
b βbλ − β ∗ = −λb
.
Σ
z+
n

∞

≤λ+

λ
5
= λ,
4
4

Taking the `∞ -norm of both sides and applying the triangle inequality yields


X >ε
b βbλ − β ∗ k∞ ≤ λkb
kΣ
z k∞ +
n

using the bound from event Tλ , and the fact that kb
z k∞ ≤ 1, by definition of the `1 -subb = βbλ − β ∗ belongs
differential. As noted previously, under the event Tλ , the error vector ∆
to the cone C(S) in (6), so that the γ-RE condition can be applied so as to obtain the lower
b βbλ − β ∗ )k∞ ≥ γkβbλ − β ∗ k∞ . Combining the pieces concludes the proof.
bou kΣ(

B.2 Proof of Lemma 6

Since ∆ ∈ C(S), we have

k∆k12 ≤ 9k∆S k12 ≤ 9|S|k∆S k22 ≤ 9|S|k∆k22 ≤ 9|S|k∆k1 k∆k∞ ,

for all ∆ ∈ A : = B1 (9|S|) ∩ B∞ (1),

B

(13)

(12)

which implies k∆k1 ≤ 9|S|k∆k∞ . In view of Lemma 5, it thus suffices to prove the lower
bound
b ∞ ≥ (1 − ν)k∆k∞
kΣ∆k

where we set Bd (r) : = {β ∈ Rp : kβkd ≤ r} for d ∈ [0, ∞] and r ≥ 0. We claim that
A


B1 (9|S|) ∩ B∞ (1) ⊆ 2 cl conv B0 (9|S|) ∩ B∞ (1)},
{z
} |
|
{z
}

(14)

X
b − I)∆k∞
b − I)∆k∞
b − I)∆k∞
k(Σ
k(Σ
k(Σ
b jk | ≤ ν
= max
≤ max
≤ max max
|Σ
∆∈B
k∆k∞
k∆k∞
k∆k∞
∆∈A/2

where cl conv denotes the closed convex hull. Taking this as given for the moment, let us
use it to prove the desired claim. We have

∆∈A

max

j∈[p] |T |=9|S|
T ⊂[p]\j k∈T
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using the diagonal dominance (8). Combined with the triangle inequality, the lower bound (12)
follows.
It remains to prove the inclusion (13). Since both A and B are closed and convex,
it suffices to prove that φA (θ) ≤ φB (θ) for all θ ∈ Rp , where φA (θ) : = supz∈A hz, θi and
φB (θ) : = supz∈B hz, θi are the support functions. For a given vector θ ∈ Rp , let T be the
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z∈A

≤ 2kθT k1 .

≤ kθT k1 + 9|S| kθT c k∞

Dj : =

kXη j k22 /n

kη j k
p 1
.
+ log(p)/nkη j k−j /2

0

0

1

6
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Figure 5: Sup-norm and variable selection errors of the Lasso with three/two different calibration schemes for the tuning parameter λ. Depicted are the results for two
simulation settings that differ in the number of parameters p. The simulation
settings and the calibration schemes are specified in the main part of the paper.

p = 900
κ = 0.9

p = 300
κ = 0.9

p = 900
κ = 0.9

p = 300
κ = 0.9

Chichignoud, Lederer, and Wainwright

A. Antoniadis. Comments on: `1 -penalization for mixture regression models. Test, 19(2):
257–258, 2010.

References

In this paper, we assume that the correlations in design matrix are small, which is needed
for precise `∞ -estimation and variable selection. In the interest of completeness, however,
we add here two simulations where the correlations are large. Overall, we use the same
settings as described in the main part of the paper, but we set κ = 0.9. The results are
summarized in Figure 5 (note that the x-scale in the upper part of the figure is different
from the scales of the corresponding plots in the main part of the paper). We find that
AV∞ misses about half of the pertinent variables but has almost no false positives. CrossValidation, on the other hand, has less false negatives but selects many irrelevant variables.
As expected, none of the methods, including the oracle, provide accurate `∞ -estimation.

Appendix C. Strong Correlations

This result provides a specific bound for each coordinate of Lasso. Lemma 8 can then
readily be proven using this result together with Theorem 6.1 from Bühlmann and van de
Geer (2011).


where for each j ∈ [p],

Lemma 11 (van de Geer (2014), Lemma 2.1) Given any tuning parameter λ > 0, it
holds that
!
p
log(p)kβbλ − β ∗ k−j
kX > εk∞
λ
√
kβbλ − β ∗ kj ≤ Dj
+
for all j = 1, . . . , p,
+
n
2
2 nkη j k1

In order to prove Lemma 8, we use a somewhat simplified version of a recent result due
to van de GeerP(2014). So as to simplify notation, we first define the norms kakj : = |aj |
and kak−j : = i6=j |ai | for any vector a. We then have:

B.3 Proof of Lemma 8

On the other hand, for this same subset T , we have φB (θ) ≥ supz∈B hzT , θT i = 2kθT k1 ,
which completes the proof.


z∈A

sup (hzT , θT i + hzT C , θT C i) φA (θ) ≤ sup (kzT k∞ kθT k1 + kzT C k1 kθT C k∞ )
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1. Introduction

Clustering is a fundamental and immensely useful task, with many important applications.
There are many clustering algorithms, and these algorithms often produce different results
on the same data. Faced with a concrete clustering task, a user needs to choose an appropriate algorithm. Currently, such decisions are often made in a very ad hoc, if not completely
random, manner. Users are aware of the costs involved in employing different clustering
algorithms, such as running times, memory requirements, and software purchasing costs.
However, there is very little understanding of the differences in the outcomes that these
algorithms may produce.
It has been proposed to address this challenge by identifying significant properties
that distinguish between different clustering paradigms (see, for example, Ackerman et al.
(2010b) and Fisher and Van Ness (1971)). By focusing on the input-output behaviour of algorithms, these properties shed light on essential differences between them (Ackerman et al.
(2010b, 2012)). Users could then choose desirable properties based on domain expertise,
and select an algorithm that satisfies these properties.
In this paper, we focus hierarchical algorithms, a prominent class of clustering algorithms. These algorithms output dendrograms, which the user can then traverse to obtain
the desired clustering. Dendrograms provide a convenient method for exploring multiple

2. Previous Work

clusterings of the data. Notably, for some applications the dendrogram itself, not any clustering found in it, is the desired final outcome. One such application is found in the field
of phylogeny, which aims to reconstruct the tree of life.
One popular class of hierarchical algorithms is linkage-based algorithms. These algorithms start with singleton clusters, and repeatedly merge pairs of clusters until a dendrogram is formed. This class includes commonly-used algorithms such as single-linkage,
average-linkage, complete-linkage, and Ward’s method.
In this paper, we provide a property-based characterization of hierarchical linkage-based
algorithms. We identify two properties of hierarchical algorithms that are satisfied by all
linkage-based algorithms, and prove that at the same time no algorithm that is not linkagebased can satisfy both of these properties.
The popularity of linkage-based algorithms leads to a common misconception that
linkage-based algorithms are synonymous with hierarchical algorithms. We show that even
when the internal workings of algorithms are ignored, and the focus is placed solely on their
input-output behaviour, there are natural hierarchical algorithms that are not linkage-based.
We define a large class of divisive algorithms that includes the popular bisecting k-means algorithm, and show that no linkage-based algorithm can simulate the input-output behaviour
of any algorithm in this class.

Ackerman and Ben-David

Our work falls within the larger framework of studying properties of clustering algorithms.
Several authors study such properties from an axiomatic perspective. For instance, Wright
(1973) proposes axioms of clustering functions in a weighted setting, where every domain
element is assigned a positive real weight, and its weight may be distributed among multiple
clusters. A recent, and influential, paper in this line of work is Kleinberg’s impossibility
result (Kleinberg (2003)), where he proposes three axioms of partitional clustering functions
and proves that no clustering function can simultaneously satisfy these properties.
Properties have been used study different aspects of clustering. Ackerman and BenDavid (2008) consider properties satisfied by clustering quality measures, showing that
properties analogous to Kleinberg’s axioms are consistent in this setting. Meila (2005)
studies properties of criteria for comparing clusterings, functions that map pairs of clusterings to real numbers, and identifies properties that are sufficient to uniquely identify several
such criteria. Puzicha et al. (2000) explore properties of clustering objective functions.
They propose a few natural properties of clustering objective functions, and then focus on
objective functions that arise by requiring functions to decompose into additive form.
Most relevant to our work are previous results distinguishing linkage-based algorithms
based on their properties. Most of these results are concerned with the single-linkage algorithm. In the hierarchial clustering setting, Jardine and Sibson (1971) and Carlsson and
Mémoli (2010) formulate a collection of properties that define single linkage.
Zadeh and Ben-David (2009) characterize single linkage in the partitional setting where
instead of constructing a dendrogram, clusters are merged until a given number of clusters
remain. Finally, Ackerman et al. (2010a) characterize linkage-based algorithms in the same
partitional setting in terms of a few natural properties. These results enable a comparison

The class of linkage-based algorithms is perhaps the most popular class of hierarchical
algorithms. We identify two properties of hierarchical algorithms, and prove that linkagebased algorithms are the only ones that satisfy both of these properties. Our characterization clearly delineates the difference between linkage-based algorithms and other hierarchical methods. We formulate an intuitive notion of locality of a hierarchical algorithm
that distinguishes between linkage-based and “global” hierarchical algorithms like bisecting
k-means, and prove that popular divisive hierarchical algorithms produce clusterings that
cannot be produced by any linkage-based algorithm.
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Figure 1: A dendrogram of domain set {x1 , . . . , x8 }. The horizontal lines represent levels
and every leaf is associated with an element of the domain.

of the input-output behaviour of (a partitional variant of) linkage-based algorithms with
other partitional algorithms.
In this paper, we characterize hierarchical linkage-based algorithms, which map data sets
to dendrograms. Our characterization is independent of any stopping criterion. It enables
the comparison of linkage-based algorithms to other hierarchical algorithms, and clearly
delineates the differences between the input/output behaviour of linkage-based algorithms
and other hierarchical methods.

3. Definitions
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A distance function is a symmetric function d : X × X → R+ , such that d(x, x) = 0 for
all x ∈ X. The data sets that we consider are pairs (X, d), where X is some finite domain
set and d is a distance function over X. We say that a distance function d over X extends
distance function d0 over X 0 ⊆ X, denoted d0 ⊆ d, if d0 (x, y) = d(x, y) for all x, y ∈ X 0 . Two
distance function d over X and d0 over X 0 agree on a data set Y if Y ⊆ X, Y ⊆ X 0 , and
d(x, y) = d0 (x, y) for all x, y ∈ Y .
A k-clustering C = {C1 , C2 , . . . , Ck } of a data set X is a partition of X into k non-empty
disjoint subsets of X (so, ∪i Ci = X). A clustering of X is a k-clustering of X for some
1 6 k 6 |X|. For a clustering C, let |C| denote the number of clusters in C. For x, y ∈ X
and clustering C of X, we write x ∼C y if x and y belong to the same cluster in C and
x 6∼C y, otherwise.
Given a rooted tree T where the edges are oriented away from the root, let V (T ) denote
the set of vertices in T , and E(T ) denote the set of edges in T . We use the standard
interpretation of the terms leaf, descendent, parent, and child.
A dendrogram over a data set X is a binary rooted tree where the leaves correspond to
elements of X. In addition, every node is assigned a level, using a level function (η); leaves
are placed at level 0, parents have higher levels than their children, and no level is empty.
See Figure 1 for an illustration. Formally,
3
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Definition 1 (dendrogram) A dendrogram over (X, d) is a triple (T, M, η) where T is
a binary rooted tree, M : leaves(T ) → X is a bijection, and η : V (T ) → {0, . . . , h} is onto
(for some h ∈ Z+ ∪ {0}) such that

1. For every leaf node x ∈ V (T ), η(x) = 0.
2. If (x, y) ∈ E(T ), then η(x) > η(y).

Given a dendrogram D = (T, M, η) of X, we define a mapping from nodes to clusters
C : V (T ) → 2X by C(x) = {M (y) | y is a leaf and a descendent of x}. If C(x) = A, then we
write v(A) = x. We think of v(A) as the vertex (or node) in the tree that represents cluster
A.
We say that A ⊆ X is a cluster in D if there exists a node x ∈ V (T ) so that C(x) = A.
We say that a clustering C = {C1 , . . . , Ck } of X 0 ⊆ X is in D if Ci is in D for all 1 6 i 6 k.
Note that a dendrogram may contain clusterings that do not partition the entire domain,
and ∀i 6= j, v(Ci ) is not a descendent of v(Cj ), since Ci ∩ Cj = ∅.

Definition 2 (sub-dendrogram) A sub-dendrogram of (T, M, η) rooted at x ∈ V (T ) is
a dendrogram (T 0 , M 0 , η 0 ) where
1. T 0 is the subtree of T rooted at x,

2. For every y ∈ leaves(T 0 ), M 0 (y) = M (y), and

3. For all y, z ∈ V (T 0 ), η 0 (y) < η 0 (z) if and only if η(y) < η(z).

Definition 3 (Isomorphisms) A few notions of isomorphisms of structures are relevant
to our discussion.

∼X (X 0 , d0 ),
1. We say that (X, d) and (X 0 , d0 ) are isomorphic domains, denoted (X, d) =
if there exists a bijection φ : X → X 0 so that d(x, y) = d0 (φ(x), φ(y)) for all x, y ∈ X.

2. We say that two clusterings (or partitions) C of some domain (X, d) and C 0 of some
domain (X 0 , d0 ) are isomorphic clusterings, denoted (C, d) ∼
=C (C 0 , d0 ), if there exists
a domain isomorphism φ : X → X 0 so that x ∼C y if and only if φ(x) ∼C 0 φ(y).

3. We say that (T1 , η1 ) and (T2 , η2 ) are isomorphic trees, denoted (T1 , η1 ) ∼
=T (T1 , η1 ), if
there exists a bijection H : V (T1 ) → V (T2 ) so that

(a) for all x, y ∈ V (T1 ), (x, y) ∈ E(T1 ) if and only if (H(x), H(y)) ∈ E(T2 ), and

(b) for all x ∈ V (T1 ), η1 (x) = η2 (H(x)).
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4. We say that D1 = (T1 , M1 , η1 ) of (X, d) and D2 = (T2 , M2 , η2 ) of (X 0 , d0 ) are iso∼D D2 , if there exists a domain isomorphism φ :
morphic dendrograms, denoted D1 =
X → X 0 and a tree isomorphism H : (T1 , η1 ) → (T2 , η2 ) so that for all x ∈ leaves(T1 ),
φ(M1 (x)) = M2 (H(x)).

4

a∈A,b∈B

P

d(a, b)/(|A| · |B|)
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5

Locality is often a desirable property. Consider for example the field of phylogenetics,
which aims to reconstruct the tree of life. If an algorithm clusters phylogenetic data correctly, then if we cluster any subset of the data, we should get results that are consistent
with the original dendrogram.

2. For all x, y ∈ X 0 , η 0 (x) < η 0 (y) if and only if η(x) < η(y).

1. Cluster Ci is in F (X 0 , d|X 0 ) = (T 0 , M 0 , η 0 ), and the sub-dendrogram of F (X, d) rooted
at v(Ci ) is also a sub-dendrogram of F (X 0 , d|X 0 ) rooted at v(Ci ).

Definition 7 (Locality) A hierarchical function F is local if for all X, d, and X 0 ⊆ X,
whenever clustering C = {C1 , C2 , . . . , Ck } of X 0 is in F (X, d) = (T, M, η), then for all
16i6k

We introduce a new property of hierarchical algorithms. Locality states that if we select a
clustering from a dendrogram (a union of disjoint clusters that appear in the dendrogram),
and run the hierarchical algorithm on the data underlying this clustering, we obtain a result
that is consistent with the original dendrogram.

4.3 Locality

Note that the above definition implies that there exists a linkage function that can be
used to simulate the output of F . We start by assigning every element of the domain to
a leaf node. We then use the linkage function to identify the closest pair of nodes (with
respect to the clusters that they represent), and repeatedly merge the closest pairs of nodes
that do yet have parents, until only one such node remains.

Definition 6 (Linkage-Based Function) A hierarchical clustering function F is linkagebased if there exists a linkage function ` so that for all (X, d), F (X, d) = (T, M, η) where
η(parent(A, B)) = m if and only if `(A, B) is minimal in {`(S, T ) : S ∩ T = ∅, η(S) <
m, η(T ) < m, η(parent(S)) > m, η(parent(T )) > m}.

For a dendrogram D and clusters A and B in D, if there exists x so that parent(v(A)) =
parent(v(B)) = x, then let parent(A, B) = x, otherwise parent(A, B) = ∅.
We now define hierarchical linkage-based functions.

• Complete-linkage: `(A, B, d) = maxa∈A,b∈B d(a, b)

• Average-linkage: `(A, B, d) =

• Single-linkage: `(A, B, d) = mina∈A,b∈B d(a, b)

As in our characterization of partitional linkage-based algorithms, we assume that a
linkage function has a countable range. Say, the set of non-negative algebraic real numbers.
The following are the linkage-functions of some of the most popular linkage-based algorithms,

Ackerman and Ben-David

2. ` is monotonic: For all (X1 , X2 , d) if d0 is a distance function over X1 ∪ X2 such that
for all x ∼{X1 ,X2 } y, d(x, y) = d0 (x, y) and for all x 6∼{X1 ,X2 } y, d(x, y) 6 d0 (x, y) then
`(X1 , X2 , d0 ) > `(X1 , X2 , d).

1. ` is representation independent: For all (X1 , X2 ) and (X10 , X20 ), if ({X1 , X2 }, d) ∼
=C
({X10 , X20 }, d0 ) then `(X1 , X2 , d) = `(X10 , X20 , d0 ).

such that,

` : {(X1 , X2 , d) | d over X1 ∪ X2 } → R+

Definition 5 (Linkage Function) A linkage function is a function

The class of linkage-base algorithms includes some of the most popular hierarchical algorithms, such as single-linkage, average-linkage, complete-linkage, and Ward’s method.
Every linkage-based algorithm has a linkage function that can be used to determine
which clusters to merge at every step of the algorithm.

4.2 Linkage-Based Algorithms

The last condition, richness, requires that by manipulating between-cluster distances
every clustering can be produced by the algorithm. Intuitively, if we place the clusters
sufficiently far apart, then the resulting clustering should be in the dendrogram.
In this work, we focus on distinguishing linkage-based algorithms from other hierarchical
algorithms.

3. Richness: For all data sets {(X1 , d1 ), . . . , (Xk , dk )} where Xi ∩ Xj = ∅ for all i 6= j,
S
there exists a distance function dˆ over ki=1 Xi that extends each of the di ’s (for i 6 k),
S
ˆ
so that the clustering {X1 , . . . , Xk } is in F ( ki=1 Xi , d).

2. Scale Invariance: For any domain set X and any pair of distance functions d, d0
over X, if there exists c ∈ R+ such that d(a, b) = c · d0 (a, b) for all a, b ∈ X, then
F (X, d) = F (X, d0 ).

1. Representation Independence: Whenever (X, d) ∼
=X (X 0 , d0 ), then F (X, d) ∼
=D F (X 0 , d0 ).

Definition 4 (Hierarchical clustering function) A hierarchical clustering function F
is a function that takes as input a pair (X, d) and outputs a dendrogram (T, M, η). We
require such a function, F , to satisfy the following:

In addition to outputting a dendrogram, we require that hierarchical clustering functions
satisfy a few natural properties.

4.1 Hierarchical Algorithms

In the hierarchical clustering setting, linkage-based algorithms are hierarchical algorithms
that can be simulated by repeatedly merging close clusters. In this section, we formally
define hierarchical algorithms and linkage-based hierarchical algorithms.

4. Hierarchical and Linkage-Based Algorithms

Linkage-Based Hierarchical Clustering

Figure 2: An example of an A-cut.
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4.4 Outer Consistency
Clustering aims to group similar elements and separate dissimilar ones. These two requirements are often contradictory and algorithms vary in how they resolve this contradiction.
Kleinberg (2003) proposed a formalization of these requirements in his “consistency” axiom
for partitional clustering algorithms. Consistency requires that if within-cluster distances
are decreased, and between-cluster distances are increased, then the output of a clustering
function does not change.
Since then it was found that while many natural clustering functions fail consistency,
most satisfy a relaxation, which requires that the output of an algorithm is not changed by
increasing between-cluster distances (Ackerman et al. (2010b)). Given successfully clustered
data, if points that are already assigned to different clusters are drawn even further apart,
then it is natural to expect that, when clustering the resulting new data set, such points
will not share the same cluster. Here we propose a variation of this requirement for the
hierarchical clustering setting.
Given a dendrogram produced by a hierarchical algorithm, we select a clustering C
from a dendrogram and pull apart the clusters in C (thus making the clustering C more
pronounced). If we then run the algorithm on the resulting data, we can expect that the
clustering C will occur in the new dendrogram. Outer consistency is a relaxation of the
above property, making this requirement only on a subset of clusterings.
For a cluster A in a dendrogram D, the A-cut of D is a clustering in D represented by
nodes on the same level as v(A) or directly below v(A). For convenience, if node u is the
root of the dendrogram, then assume its parent has infinite level, η(parent(u)) = ∞.
Formally,
Definition 8 (A-cut) Given a cluster A in a dendrogram D = (T, M, η), the A-cut of D
is cutA (D) = {C(u) | u ∈ V (T ), η(parent(u)) > η(v(A)) and η(u) 6 η(v(A)).}.
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Note that for any cluster A in D of (X, d), the A-cut is a clustering of X, and A is one
of the clusters in that clustering.
For example, consider the diagram in Figure 2. Let A = {x3 , x4 }. The horizontal
line on level 4 of the dendrogram represents the intuitive notion of a cut. To obtain the
corresponding clustering, we select all clusters represented by nodes on the line, and for
7
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the remaining clusters, we choose clusters represented by nodes that lay directly below the
horizontal cut. In this example, clusters {x3 , x4 } and {x5 , x6 , x7 , x8 } are represented by
nodes directly on the line, and {x1 , x2 } is a cluster represented by a node directly below
the marked horizontal line.
Recall that a distance function d0 over X is (C, d)-outer-consistent if d0 (x, y) = d(x, y)
whenever x ∼C y, and d0 (x, y) > d(x, y) whenever x 6∼C y.

Definition 9 (Outer-Consistency) A hierarchical function F is outer consistent if for
all (X, d) and any cluster A in F (X, d), if d0 is (cutA (F (X, d)), d)-outer-consistent then
cutA (F (X, d)) = cutA (F (X, d0 )).

5. Main Result

The following is our characterization of linkage-based hierarchical algorithms.

Theorem 10 A hierarchical function F is linkage-based if and only if F is outer consistent
and local.

We prove the result in the following subsections (one for each direction of the iff). In
the last part of this section, we demonstrate the necessity of both properties.

5.1 All Local, Outer-Consistent Hierarchical Functions are
Linkage-Based

Lemma 11 If a hierarchical function F is outer-consistent and local, then F is linkagebased.

We show that there exists a linkage function ` so that when ` is used in Definition 6 then
for all (X, d) the output is F (X, d). Due to the representation independence of F , one can
assume w.l.o.g., that the domain sets over which F is defined are (finite) subsets of the set
of natural numbers, N.

Definition 12 (The (pseudo-) partial ordering <F ) We consider triples of the form
(A, B, d), where A ∩ B = ∅ and d is a distance function over A ∪ B. Two triples, (A, B, d)
∼ (A0 , B 0 , d0 ) if they are isomorphic as
and (A0 , B 0 , d0 ) are equivalent, denoted (A, B, d) =
clusterings, namely, if ({A, B}, d) ∼
=C ({A0 , B 0 }, d0 ).
<F is a binary relation over equivalence classes of such triples, indicating that F merges
a pair of clusters earlier than another pair of clusters. Formally, denoting ∼
=-equivalence
classes by square brackets, we define it by: [(A, B, d)] <F [(A0 , B 0 , d0 )] if

1. At most two sets in {A, B, A0 , B 0 } are equal and no set is a strict subset of another.

2. The distance functions d and d0 agree on (A ∪ B) ∩ (A0 ∪ B 0 ).
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3. There exists a distance function d∗ over X = A ∪ B ∪ A0 ∪ B 0 so that F (X, d∗ ) =
(T, M, η) such that
(a) d∗ extends both d and d0 ,

8

(a) d∗ extends both d and d0 ,
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3. There exists a distance function d∗ over X = A ∪ B ∪ A0 ∪ B 0 so that F (A ∪ B ∪ A0 ∪
B 0 , d∗ ) = (T, η) where

2. The distance functions d and d0 agree on (A ∪ B) ∩ (A0 ∪ B 0 ).

1. At most two sets in {A, B, A0 , B 0 } are equal and no set is a strict subset of another.

Definition 14 (∼
=F ) [(A, B, d)] and [(A0 , B 0 , d0 )] are F -equivalent, denoted [(A, B, d)] ∼
=F
[(A0 , B 0 , d0 )], if either they are isomorphic as clusterings, ({A, B}, d) ∼
=C ({A0 , B 0 }, d0 ) or

We now define equivalence with respect to <F .

Note that {A1 ∪ B1 , A2 ∪ B2 } is an (A1 ∪ B1 )-cut of F (X 0 , d|X 0 ). Therefore, by outerconsistency, cutA1 ∪B1 (F (X 0 , d∗ )) = {A2 ∪ B2 , A1 ∪ B1 }.
Since d0 satisfies the conditions in Definition 12, cutA1 ∪B1 F (X, d0 ) = {A1 ∪ B1 , A2 , B2 }.
By outer-consistency we get that cutA1 ∪B1 (F (X 0 , d∗ )) = {A2 ∪ B2 , A1 , B1 }. Since these sets
are all non-empty, this is a contradiction.

• d∗ (x, y) = d2 (x, y) whenever x, y ∈ A0 ∪ B 0

• d∗ (x, y) = d1 (x, y) whenever x, y ∈ A ∪ B

• d∗ (x, y) = max(d(x, y), d0 (x, y)) whenever x ∈ A1 ∪ B1 and y ∈ A2 ∪ B2

Proof By way of contradiction, assume that such (X, d) exists. Let X 0 = A1 ∪ B1 ∪
A2 ∪ B2 . Since (A1 , B1 , d1 ) <F (A2 , B2 , d2 ), there exists d0 that satisfies the conditions of
Definition 12.
Consider F (X 0 , d|X 0 ). By locality, the sub-dendrogram rooted at v(A1 ∪ B1 ) contains
the same nodes in both F (X 0 , d|X 0 ) and F (X, d), and similarly for the sub-dendrogram
rooted at v(A2 ∪ B2 ). In addition, the relative level of nodes in these subtrees is the same.
Construct a distance function d∗ over X 0 that is both ({A1 ∪ B1 , A2 ∪ B2 }, d|X 0 )-outer
consistent and ({A1 ∪ B2 , A2 , B2 }, d0 )-outer consistent as follows:

Lemma 13 Given a local and outer-consistent hierarchical function F , whenever
(A1 , B1 , d1 ) <F (A2 , B2 , d2 ), there is no data set (X, d) such that A1 , B1 , A2 , B2 ⊆ X
and η(v(A2 ∪ B2 )) 6 η(v(A1 ∪ B1 )), where F (X, d) = (T, M, η).

Since we define hierarchical algorithms to be representation independent, we can just
discuss triples, instead of their equivalence classes. For the sake of simplifying notation, we
will omit the square brackets in the following discussion.
In the following lemma we show that if (A, B, d) <F (A0 , B 0 , d0 ), then A0 ∪ B 0 cannot
have a lower level than A ∪ B.

(d) η(v(A0 )) < η(v(A ∪ B)) and η(v(B 0 )) < η(v(A ∪ B)).

(c) For all D ∈ {A0 , B 0 }, either D ⊆ A ∪ B, or D ∈ cutA∪B F (X, d∗ ).

(b) There exist (x, y), (x, z) ∈ E(T ) such that C(x) = A∪B, C(y) = A, and C(z) = B

Linkage-Based Hierarchical Clustering
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Lemma 17 For any cycle-free, anti-symmetric relation P ( , ) over a finite or countable
domain D there exists an embedding h into R+ so that for all x, y ∈ D, if P (x, y) then
h(x) < h(y).

We make use of the following general result.

Proof Without loss of generality, assume that such a sequence exists. By richness, there
exists a distance function
d that extends each of the di where {A1 ∪B1 , A1 ∪B2 , . . . , An ∪Bn }
S
is a clustering in F ( i Ai ∪ Bi , d) = (T, M, η).
Let i0 be so that η(v(Ai0 ∪ Bi0 ) 6 η(v(Aj ∪ Bj )) for all j 6= i0 . By the circular structure
with respect to <F , there exists j0 so that (Aj0 , Bj0 , dj0 ) <F (Ai0 , Bi0 , di0 ). This contradicts
Lemma 13.

Lemma 16 Given a hierarchical function F that is local and outer-consistent, there exists
no finite sequence (A1 , B1 , d1 ) <F · · · <F (An , Bn , dn ) <F (A1 , B1 , d1 ).

Note that <F is not transitive. In particular, if (A, B, d1 ) <F (C, D, d2 ) and (C, D, d2 ) <F
(E, F, d3 ), it may be that (A, B, d1 ) and (E, F, d3 ) are incomparable. To show that <F can
be extended to a partial ordering, we first prove the following “anti-cycle” property.

Proof Let X = A∪B∪C ∪D∪E∪F . By richness (condition 3 of Definition 4), there exists a
distance function d that extends di for i ∈ {1, 2, 3} so that {A∪B, C∪D, E∪F } is a clustering
in F (X, d). Assume that (E, F, d3 ) is comparable with both (A, B, d1 ) and (C, D, d2 ). By
way of contradiction, assume that (A, B, d1 ) ∼
=F (E, F, d3 ) and (C, D, d2 ) <F (E, F, d3 ).
Then by locality, in F (X, d), η(v(A ∪ B)) = η(v(E ∪ F )).
Observe that by locality, since (C, D, d1 ) <F (E, F, d3 ), then η(v(C ∪ D)) < η(v(E ∪ F ))
in F (X, d). Therefore (again by locality) η(v(A ∪ B)) 6= η(v(C ∪ D)) in any data set that
extends d1 and d2 , contradicting that (A, B, d1 ) ∼
=F (C, D, d2 ).

• if (A, B, d1 ) <F (E, F, d3 ) then (C, D, d2 ) <F (E, F, d3 )

• if (A, B, d1 ) ∼
=F (E, F, d3 ) then (C, D, d2 ) ∼
=F (E, F, d3 )

Lemma 15 Given a local, outer-consistent hierarchical function F , if (A, B, d1 ) ∼
=F (C, D, d2 ),
then for any (E, F, d3 ), if (E, F, d3 ) is comparable with both (A, B, d1 ) and (C, D, d2 ) then

(A, B, d) is comparable with (C, D, d0 ) if they are <F comparable or (A, B, d) ∼
=F
(C, D, d0 ).
Whenever two triples are F -equivalent, then they have the same <F or ∼
=F relationship
with all other triples.

(d) η(x) = η(x0 )

(c) There exist (x0 , y 0 ), (x0 , z 0 ) ∈ E(T ) such that C(x0 ) = A0 ∪ B 0 , and C(y 0 ) = A0 ,
and C(z 0 ) = B 0 , and

(b) There exist (x, y), (x, z) ∈ E(T ) such that C(x) = A ∪ B, and C(y) = A, and
C(z) = B,

Ackerman and Ben-David

Proof First we convert the relation P into a partial order by defining a < b whenever there
exists a sequence x1 , ...., xk so that P (a, x1 ), P (x2 , x3 ), ..., P (xk , b). This is a partial ordering
because P is antisymmetric and cycle-free. To map the partial order to the positive reals,
we first enumerate the elements, which can be done because the domain is countable. The
first element is then mapped to any value, φ(x1 ). By induction, we assume that the first
n elements are mapped in an order preserving manner. Let xi1 ...xik be all the members of
{x1 , ...xn } that are below xn+1 in the partial order. Let r1 = max{φ(xi1 ), ....φ(xik }, and similarly let r2 be the minimum among the images of all the members of {x1 , . . . , xk } that are
above xn+1 in the partial order. Finally, let φ(xn+1 ) be any real number between r1 and r2 .
It is easy to see that now φ maps {x1 , ...xn , xn+1 } in a way that respects the partial order.

Linkage-Based Hierarchical Clustering

Ackerman and Ben-David

∼F -equivalence classes into the
Finally, we define our linkage function by embedding the =
positive real numbers in an order preserving way, as implied by applying Lemma 17 to <F .
Namely, `F : {[(A, B, d)] : A ⊆ N, B ⊆ N, A ∩ B = ∅ and d is a distance function over A ∪
B} → R+ so that [(A, B, d)] <F [(A0 , B 0 , d0 )] implies `F [(A, B, d)] < `F [(A, B, d)].

whenever x ∈ X1 and y ∈ X2
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Proof Let (X, d) be any data set. We prove that at every level s, the nodes at level s in
F (X, d) represent the same clusters as the nodes at level s in L`F (X, d). In both F (X, d) =
(T, M, η) and L`F (X, d) = (T 0 , M 0 , η 0 ), level 0 consists of |X| nodes each representing a
unique elements of X.
Assume the result holds below level k. We show that pairs of nodes that do not have
parents below level k have minimal `F value only if they are merged at level k in F (X, d).
Consider F (X, d) at level k. Since the dendrogram has no empty levels, let x ∈ V (T )
where η(x) = k. Let x1 and x2 be the children of x in F (X, d). Since η(x1 ), η(x2 ) < k,
these nodes also appear in L`F (X, d) below level k, and neither node has a parent below
level k.
If x is the only node in F (X, d) above level k − 1, then it must also occur in L`F (X, d).
Otherwise, there exists a node y1 ∈ V (T ), y1 6∈ {x1 , x2 } so that η(y1 ) < k and η(parent(y1 )) >
k. Let X 0 = C(x) ∪ C(y1 ). By locality, cutC(x) F (X 0 , d|X 0 ) = {C(x), C(y1 )}, y1 is below x,
and x1 and x2 are the children of x. Therefore, (C(x1 ), C(x2 ), d) <F (C(x1 ), C(y1 ), d) and
`F (C(x1 ), C(x2 ), d) < `F (C(x1 ), C(y1 ), d).
Assume that there exists y2 ∈ V (T ), y2 6∈ {x1 , x2 , y1 } so that η(y2 ) < k and η(parent(y2 )) >
∼F (C(y1 ), C(y2 ), d)
k. If parent(y1 ) = parent(y2 ) and η(parent(y1 )) = k, then (C(x1 ), C(x2 ), d) =
and so `F (C(x1 ), C(x2 ), d) = `F (C(y1 ), C(y2 ), d).

Lemma 20 Given any hierarchical function F that satisfies locality and outer-consistency,
let `F be the linkage function defined above. Let L`F denote the linkage-based algorithm that
`F defines. Then L`F agrees with F on every input data set.

The following Lemma concludes the proof that every local, outer-consistent hierarchical
algorithm is linkage-based.

ˆ = {X 0 ∪ X 0 , X1 , X2 }. We can apply outer consistency on
cutX10 ∪X20 F (X1 ∪ X2 ∪ X10 ∪ X20 , d)
1
2
{X10 ∪ X20 , X1 , X2 } and move X1 and X2 away from each other until {X1 , X2 } is isomorphic
to {X100 , X200 }. By outer consistency, this modification should not effect the (X1 ∪ X2 )-cut.
Applying locality, we have two isomorphic data sets that produce different dendrograms,
one in which the further pair ((X10 , X20 ) with distance function d2 ) is not below the medium
pair ((X100 , X200 ) with distance function d3 ), and the other in which the medium pair is above
the furthest pair.
Case 2: η(v(X100 ∪ X200 )) > η(v(X1 ∪ X2 )). Since Xi00 is isomorphic to Xi for all i ∈ {1, 2},
η(v(Xi )) = η(v(Xi00 )) for all i ∈ {1, 2}. This gives us that in this case, cutX1 ∪X2 F (X1 ∪ X2 ∪
X100 ∪ X200 , d∗ ) = {X1 ∪ X2 , X100 , X200 }. We can therefore apply outer consistency and separate
X100 and X200 until {X100 , X200 } is isomorphic to {X10 ∪ X20 }. So this gives us two isomorphic
data sets, one in which the further pair is not below the closest pair, and the other in which
the further pair is below the closest pair.
Case 3: η(X1 ∪ X2 ) < η(X100 ∪ X200 ) < η(X10 ∪ X20 ). Notice that cutX100 ∪X200 F (X1 ∪ X2 ∪
X100 ∪ X200 , d∗ ) = {X100 ∪ X200 , X1 , X2 }. So outer-consistency applies when we increase the distance between X1 and X2 until {X1 , X2 } is isomorphic to {X10 ∪ X20 }. This gives us two
isomorphic sets, one in which the medium pair is below the further pair, and another in
which the medium pair is above the furthest pair.

Lemma 18 The function `F is a linkage function for any hierarchical function F that
satisfies locality and outer-consistency.
∼F -equivalence classes, representation independence of hiProof Since `F is defined on =
erarchical functions implies that `F satisfies condition 1 of Definition 5. The function `F
satisfies condition 2 of Definition 5 by Lemma 19, whose proof follows.

Lemma 19 Consider d1 over X1 ∪ X2 and d2 that is ({X1 , X2 }, d1 )-outer-consistent, then
(X1 , X2 , d2 ) 6<F (X1 , X2 , d1 ), whenever F is local and outer-consistent.

d1 (x,y)+d2 (x,y)
2

Proof Assume that there exist such d1 and d2 where (X1 , X2 , d2 ) <F (X1 , X2 , d1 ). Let d3
over X1 ∪ X2 be a distance function such that d3 is ({X1 , X2 }, d1 )-outer-consistent and d2
is ({X1 , X2 }, d3 )-outer-consistent. In particular, d3 can be constructed as follows:
• d3 (x, y) =

• d3 (x, y) = d1 (x, y) whenever x, y ∈ X1 or x, y ∈ X2

JMLR 17(232):1-17

∼F (X1 , X2 , d2 ) and (X 00 , X 00 , d3 ) =
∼F (X1 , X2 , d3 ).
Set (X10 , X20 , d2 ) =
1
2
Let X = X1 ∪ X2 ∪ X10 ∪ X20 ∪ X100 ∪ X200 . By richness, there exists a distance function
d∗ that extends di for all 1 6 i 6 3 so that {X1 ∪ X2 , X10 ∪ X20 , X100 ∪ X200 } is a clustering in
F (X, d∗ ).
Let F (X, d∗ ) = (T, M, η). Since (X10 , X20 , d2 ) <F (X1 , X2 , d1 ), by locality and outerconsistency, we get that η(v(X10 ∪ X20 )) < η(v(X1 ∪ X2 )). We consider the level (η value) of
v(X100 ∪ X200 ) with respect to the levels of v(X10 ∪ X20 ) and v(X1 ∪ X2 ) in F (X, d∗ ).
We now consider a few cases.
Case 1: η(v(X100 ∪ X200 )) 6 η(v(X10 ∪ X20 )). Then there exists an outer-consistent change
moving X1 and X2 further away from each other until (X1 , X2 , d1 ) = (X100 , X200 , d3 ). Let dˆ be
the distance function that extends d1 and d2 which shows that (X10 , X20 , d2 ) <F (X1 , X2 , d1 ).
11

13

JMLR 17(232):1-17

We now show that both the locality and outer-consistency properties are necessary for
defining linkage-based algorithms. Neither property individually is sufficient for defining
this family of algorithms. Our results above showing that all linkage-based algorithms are
both local and outer-consistent already imply that a clustering function that satisfies one,
but not both, of these requirements is not linkage-based. It remains to show that neither
of these two properties implies the other. We do so by demonstrating the existence of a
hierarchical function that satisfies locality but not outer-consistency, and one that satisfy
outer-consistency but not locality.
Consider a hierarchical clustering function F that applies average-linkage on data sets
with an even number of elements, and single-linkage on data sets consisting of an odd number
of elements. Since both average-linkage and single-linkage are linkage-based algorithms, they
are both outer-consistent. It follows that F is outer-consistent. However, this hierarchical
clustering function fails locality, as it is easy to construct a data set with an even number of

5.3 Necessity of Both Properties

Proof Let C = {C1 , C2 , . . . , Ck } be a Ci -cut in F (X, d) for some 1 6 i 6 k. Let d0 be (C, d)outer-consistent. Then for all 1 6 i 6 k, and all X1 , X2 ⊆ Ci , `(X1 , X2 , d) = `(X1 , X2 , d0 ),
while for all X1 ⊆ Ci , X2 ⊆ Cj , for any i 6= j, `(X1 , X2 , d) 6 `(X1 , X2 , d0 ) by monotonicity. Therefore, for all 1 6 j 6 k, the sub-dendrogram rooted at v(Cj ) in F (X, d) also
appears in F (X, d0 ). All nodes added after these sub-dendrograms are at a higher level
than the level of v(Ci ). And since the Ci -cut is represented by nodes that occur on levels no
higher than the level of v(Ci ), the Ci -cut in F (X, d0 ) is the same as the Ci -cut in F (X, d).

Lemma 22 Every linkage-based hierarchical clustering function is outer-consistent.

Proof Let C = {C1 , C2 , . . . , Ck } be a clustering in F (X, d) = (T, M, η). Let X 0 = ∪i Ci .
For all X1 , X2 ∈ X 0 , `(X1 , X2 , d) = `(X1 , X2 , d|X 0 ). Therefore, for all 1 6 i 6 k, the
sub-dendrogram rooted at v(Ci ) in F (X, d) also appears in F (X, d0 ), with the same relative
levels.

Lemma 21 Every linkage-based hierarchical clustering function is local.

5.2 All Linkage-Based Functions are Local and Outer-Consistent
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Definition 24 (Context sensitive) F is context-sensitive if there exist x, y, z, w and
distance functions d and d0 , where d0 extends d, such that F({x, y, z}, d) = {{x}, {y, z}}
and F({x, y, z, w}, d0 ) = {{x, y}, {z, w}}.

Note that Definition 23 does not place restrictions on the level function. This allows for
some flexibility in the levels. Intuitively, it doesn’t force an order on splitting nodes.
The following property represents clustering functions that utilize contextual information found in the remainder of the data set when partitioning a subset of the domain.

Definition 23 (F-Divisive) A hierarchical clustering function is F-Divisive with respect
to a 2-clustering function F, if for all (X, d), F(X, d) = (T, M, η) such that for all x ∈
V (T )/leaves(T ) with children x1 and x2 , F(C(x)) = {C(x1 ), C(x2 )}.

Our formalism provides a precise sense in which linkage-based algorithms make only local
considerations, while many divisive algorithms inevitably take more global considerations
into account. This fundamental distinction between these paradigms can be used to help
select a suitable hierarchical algorithm for specific applications.
This distinction also implies that many divisive algorithms cannot be simulated by any
linkage-based algorithm, showing that the class of hierarchical algorithms is strictly richer
than the class of linkage-based algorithm (even when focusing only on the input-output
behaviour of algorithms).
A 2-clustering function F maps a data set (X, d) to a 2-partition of X. An F-Divisive
algorithm is a divisive algorithm that uses a 2-clustering function F to decide how to split
nodes. Formally,

6. Divisive Algorithms

The function ` is not a linkage-function since it fails the monotonicity condition. The
function ` also does not conform with the intended meaning of a linkage-function. For
instance, `(X1 , X2 , d) is smaller than `(X10 , X20 , d0 ) when all the distances between X1 and
X2 are (arbitrarily) larger than any distance between X10 and X20 . If we then consider the
hierarchical clustering function F that results by utilizing ` in a greedy fashion to construct
a dendrogram (by repeatedly merging the closest clusters according to `), then the function
F is local by the same argument as the proof of Lemma 21. We now demonstrate that F
is not outer-consistent. Consider a data set (X, d) such that for some A ⊂ X, the A-cut
of F (X, d) is a clustering with a least 3 clusters where every cluster consists of a least 2
elements. Then if we move two clusters sufficiently far away from each other and all other
data, they will be merged by the algorithm before any of the other clusters are formed, and
so the A-cut on the resulting data changes following an outer-consistent change. As such,
F is not outer-consistent.

1
.
maxx∈X1 ,y∈X2 d(x, y)

elements where average-linkage detects an odd-sized cluster, for which single-linkage would
produce a different dendrogram.
Now, consider the following function

Otherwise, let X 0 = C(x) ∪ C(y1 ) ∪ C(y2 ). By richness, there exists a distance function
d∗ that extends d|C(x) and d|(C(y1 ) ∪ C(y1 )), so that {C(x), C(y1 ) ∪ C(y2 )} is in F (X 0 , d∗ ).
Note that by locality, the node v(C(y1 ) ∪ C(y2 )) has children v(C(y1 )) and v(C(y2 )) in
F (X 0 , d∗ ). We can separate C(x) from C(y1 ) ∪ C(y2 ) in both F (X 0 , d∗ ) and F (X 0 , d|X 0 ) until
both are equal. Then by outer-consistency, cutC(x) F (X 0 , d|X 0 ) = {C(x), C(y1 ), C(y2 )} and
by locality y1 and y2 are below x. Therefore, (C(x1 ), C(x2 ), d) <F (C(y1 ), C(y2 ), d) and so
`F (C(x1 ), C(x2 ), d) < `F (C(y1 ), C(y2 ), d).
`(X1 , X2 , d) =

Ackerman and Ben-David
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Many 2-clustering functions, including k-means, min-sum, and min-diameter are contextsensitive (see Corollary 29, below). Natural divisive algorithms, such as bisecting k-means
(k-means-Divisive), rely on context-sensitive 2-clustering functions.
Whenever a 2-clustering algorithm is context-sensitive, then the F-divisive function is
not local.
Theorem 25 If F is context-sensitive then the F-divisive function is not local.
Proof
Since F is context-sensitive, there exists a distance functions d ⊂ d0 so that {x} and
{y, z} are the children of the root in F({x, y, z}, d), while in F({x, y, z, w}, d0 ), {x, y} and
{z, w} are the children of the root and z and w are the children of {z, w}. Therefore,
{{x, y}, {z}} is clustering in F({x, y, z, w}, d0 ). But cluster {x, y} is not in F({x, y, z}, d),
so the clustering {{x, y}, {z}} is not in F({x, y, z}, d), and so F-divisive is not local.
Applying Theorem 10, we get:
Corollary 26 If F is context-sensitive, then the F-divisive function is not linkage-based.
We say that two hierarchical algorithms disagree if they may output dendrograms with
different clusterings. Formally,
Definition 27 Two hierarchical functions F0 and F1 disagree if there exists a data set
(X, d) and a clustering C of X so that C is in Fi (X, d) but not in F1−i (X, d), for some
i ∈ {0, 1}.
Theorem 28 If F is context-sensitive, then the F-divisive function disagrees with every
linkage-based function.
Proof Let L be any linkage-based function. Since F is context-sensitive, there exists
distance functions d ⊂ d0 so that F({x, y, z}, d) = {{x}, {y, z}} and F({x, y, z, w}, d0 ) =
{{x, y}, {z, w}}.
Assume that L and F-divisive produce the same output on ({x, y, z, w}, d0 ). Therefore, since {{x, y}, {z}} is a clustering in F-divisive({x, y, z, w}, d0 ), it is also a clustering in L({x, y, z, w}, d0 ). Since L is linkage-based, by Theorem 10, L is local. Therefore,
{{x, y}, {z}} is a clustering in L({x, y, z}, d0 ). But it is not a clustering in F-divisive({x, y, z},
d).

Corollary 29 The divisive algorithms that are based on the following 2-clustering functions
disagree with every linkage-based function: k-means, min-sum, min-diameter.

JMLR 17(232):1-17

Proof Set x = 1, y = 3, z = 4, and w = 6 to show that these 2-clustering functions are
context-sensitive. The result follows by Theorem 28.
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7. Conclusions
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In this paper, we provide the first property-based characterization of hierarchical linkagebased clustering. Our characterization shows the existence of hierarchical methods that
cannot be simulated by any linkage-based method, revealing inherent input-output differences between agglomeration and divisive hierarchical algorithms.
This work falls in the larger framework of property-based analysis of clustering algorithms, which aims to provide a better understanding of these techniques as well as aid users
in the crucial task of algorithm selection. It is important to note that our characterization
is not intended to demonstrate the superiority of linkage-based methods over other hierarchical techniques, but rather to enable users to make informed trade-offs when choosing
algorithms. In particular, properties investigated in previous work should also be considered, while future work will continue to investigate important properties with the ultimate
goal of providing users with a property-based taxonomy of popular clustering methods that
would enable selecting suitable methods for a wide range of applications.
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We began Part I by describing the task of learning a latent variable model (LVM). We dispensed with the linearity assumption (for a child given its parents) and concentrated on
the discrete case. In addition, we did not limit our analysis to learning latent-tree mod-

1. Introduction

Keywords: learning latent variable models, graphical models, clustering, pure measurement model

It is important for causal discovery to identify any latent variables that govern a problem
and the relationships among them, given measurements in the observed world. In Part I
of this paper, we were interested in learning a discrete latent variable model (LVM) and
introduced the concept of pairwise cluster comparison (PCC) to identify causal relationships from clusters of data points and an overview of a two-stage algorithm for learning
PCC (LPCC). First, LPCC learns exogenous latent variables and latent colliders, as well as
their observed descendants, by using pairwise comparisons between data clusters in the
measurement space that may explain latent causes. Second, LPCC identifies endogenous
latent non-colliders with their observed children. In Part I, we showed that if the true
graph has no serial connections, then LPCC returns the true graph, and if the true graph
has a serial connection, then LPCC returns a pattern of the true graph. In this paper
(Part II), we formally introduce the LPCC algorithm that implements the PCC concept.
In addition, we thoroughly evaluate LPCC using simulated and real-world data sets in
comparison to state-of-the-art algorithms. Besides using three real-world data sets, which
have already been tested in learning an LVM, we also evaluate the algorithms using data
sets that represent two original problems. The first problem is identifying young drivers’
involvement in road accidents, and the second is identifying cellular subpopulations of
the immune system from mass cytometry. The results of our evaluation show that LPCC
improves in accuracy with the sample size, can learn large LVMs, and is accurate in learning compared to state-of-the-art algorithms. The code for the LPCC algorithm and data
sets used in the experiments reported here are available online.
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Appendix A.
3 PCC is a procedure by which pairs of clusters are compared through a comparison of their centroids, and
the result can be represented by a binary vector in which each element is 1 or 0 depending, respectively, on
whether or not there is a difference between the corresponding elements in the compared clusters.

1 See for example Section 3.6, where we replaced SOM with hierarchical clustering.
2 The definitions and theorems that are mentioned here are borrowed from Part I and are summarized in

els and focused on multiple indicator models (MIMs) that are a very important subclass
of structural equation models (SEM) – models that are widely used in applied and social
sciences to analyze causal relations. By borrowing ideas from unsupervised learning, we
could introduce the notion of pairwise cluster comparison (PCC). PCC compares pairwise
clusters of data points representing instantiations of the observed variables to identify
those pairs of clusters that exhibit changes in the observed variables due to changes in
their ancestor latent variables. Changes in a latent variable that are manifested in changes
in its descendant observed variables reveal this latent variable and its causal paths of influence in the domain. Learning PCC (LPCC) was introduced as a tool to transform data
clusters into knowledge about latent variables – their number, types, cardinalities, and
interrelations among themselves and with the observed variables – that is needed to learn
an LVM.
Part I provided preliminaries and the theoretical support of LPCC. Several definitions
and theorems that were already introduced also play an important role in Part II. To ease
reading Part II, on the one hand, and to supply the necessary theoretical background, on
the other hand, we have summarized these definitions, propositions, and theorems from
Part I here in Appendix A. Following is a brief summary of the PCC concept and LPCC
algorithm; the full details appear in Part I.
First in the LPCC algorithm is clustering of data that are sampled from the observed
variables in the unknown model. Clustering in the current implementation is based on
the self-organizing map (SOM) algorithm (Kohonen, 1997), although any other clustering
algorithm that does not need a preliminary determination of the number of clusters may
be suitable.1 Second, LPCC selects an initial set of major clusters (Section 4.3 of Part I;
Definition 12 in Appendix A2 ). Third, LPCC learns an LVM in two stages. In the first stage
(Section 4.1 of Part I), LPCC analyzes PCCs3 (Definition 15) between two major clusters
to find maximal sets of observed (MSO by Definition 16) variables that always change together. By Theorem 1, variables of a particular MSO are children of a particular exogenous
latent variable or its latent non-collider descendant or children of a particular latent collider. This stage allows the identification of exogenous latent variables and latent colliders
together and their corresponding observed descendants. Then (Section 4.2 of Part I), LPCC
distinguishes the latent colliders from the exogenous latent variables using Theorem 2. To
complete this stage, LPCC iteratively improves the selection of the major clusters (Section 4.3 of Part I), and the entire stage is repeated until convergence. In the second stage,
LPCC identifies endogenous latent non-colliders with their children (Section 4.4 of Part
I). Because distinguishing endogenous latent non-colliders from their exogenous ancestors could not be performed using major-major PCCs, in this stage LPCC needs to apply
a mechanism to split these two types of latent variables from each other and then direct
them using comparison of major clusters to (a special type of) minor clusters (2S-MC; Definition 14) that correspond to 2-order minor effects (Definition 13). For this task, LPCC

Asbeh and Lerner

Learning by Pairwise Cluster Comparison − Algorithm & Evaluation

analyzes 2S-PCCs (Definition 18), which are PCCs between major and minor clusters that
show two sets (this is the source of “2S” in the name 2S-PCC) of two or more elements
in the PCC, and identifies 2S-MSOs (Definition 19), which are maximal sets of observed
variables that always change their values together in all 2S-PCCs. Different 2S-MSOs due
to an exogenous latent variable represent latent non-colliders that are descendants of this
exogenous variable; hence, LPCC can distinguish between the two types of variables by
analyzing 2S-MSOs (Theorem 3). To direct the edges between latent non-colliders on a
path emerging in an exogenous latent, LPCC checks changes of several 2S-PCCs with respect to changes of the latent non-colliders’ exogenous ancestor. Theorem 4 guarantees
that LPCC finds all diverging connections and represents all serial connections using a
pattern of the true graph, which completes learning the LVM. A flowchart of the LPCC
algorithm is given in Figure 1.
A main section of Part II is a formal description of the two-stage LPCC algorithm,
which is founded on the PCC concept. Part II also provides an experimental evaluation
of LPCC, in comparison to state-of-the-art algorithms, using simulated data sets (Section
3.1) and real-world data sets (Sections 3.2–3.6). The outline of the paper is as follows:
• Section 2: The LPCC algorithm introduces and formally describes a two-stage algorithm that implements the PCC concept;
• Section 3: LPCC evaluation evaluates LPCC, in comparison to state-of-the-art algorithms, using simulated data sets (Section 3.1) and real-world data sets (Sections
3.2–3.6);
• Section 4: Related works compares LPCC to state-of-the-art LVM learning algorithms;
• Section 5: Discussion summarizes the theoretical advantages (from Part I) and the
practical benefits (from this part) of using LPCC;
• Appendix A provides essential assumptions, definitions, propositions, and theorems
from Part I;
• Appendix B supplies additional results for the experiments with the simulated data
sets (Section 3.1); and
• Appendix C provides PCC analysis for two example databases.

2. The LPCC algorithm

JMLR 17(233):1-45

We introduced a two-stage algorithm, LPCC, that implements the PCC concept (Part I).
The algorithm gets a data set D over the observed variables O and learns an LVM. In the
first stage, LPCC learns the exogenous variables and the latent colliders as well as their
descendants using the LEXC algorithm (Section 2.1). In the second stage, LPCC augments
the graph learned by LEXC by learning the endogenous latent non-colliders and their
children using the LNC algorithm (Section 2.2).
3

Iteratively

Asbeh and Lerner

Input data sampled from the unknown model

Clustering (with SOM)

Selection of initial major clusters

Identification of exogenous latents and latent
colliders and their descendants (Section 4.1, Part I)

Distinguishing latent colliders (Section 4.2, Part I)

Selection of new major clusters (Section 4.3, Part I)

Identification of latent non-colliders and their children
and the links between these latents (Section 4.4, Part I)

First stage

Second stage
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Figure 1: An overview of the LPCC algorithm as described in Part I.
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LEXC (Algorithm 1) adapts an iterative approach and learns the initial graph in six steps.
The first step is clustering D using the self-organizing map (SOM) (Kohonen, 1997). We
chose SOM because it does not require prior knowledge about the expected number of
clusters, which is essential when targeting uncertainty in the number of latent variables
in the model, but any other clustering algorithm that preserves this property can replace
SOM. The result of the first step is a cluster set c in which each cluster c is represented by
its centroid.
In the second step, LEXC performs an initial selection of the major clusters set (Definition 12 in Appendix A), where a cluster in c whose size (measured by the number of
clustered patterns) is larger than the average cluster size in c is selected as a major cluster
(Section 4.3 of Part I). MC = { MCi }ni=1 is a matrix that holds information about the major
clusters, where each matrix row represents a centroid of one of the n major clusters (see,
e.g., Table 2 in Part I).
In the third step, LEXC creates a matrix that represents all PCCs (Definition 15), derived from MC. This matrix is PCCM = { PCCij }n,n
i=1,j>i , where PCCij is a Boolean vector
representing the result of PCC between major clusters ci and cj having centroids MCi and
MCj in MC, respectively (see, e.g., Table 4 in Part I). The k-th element of PCCij represents
by ”1” a change in value, if one exists, in the observed variable Ok ∈ O when comparing
MCi and MCj (for example, Table 4 in Part I shows a change in element 7, corresponding
to X7 , of PCC2,9 between C2 and C9). We use the notation PCCij → δOk if the value of Ok
has been changed and PCCij → ¬δOk otherwise.
In the fourth step, LEXC identifies exogenous latents and their descendants (Theorem
1) using a matrix MSOS that holds all MSOs (Definition 16) that always change their corresponding values together in all major–major PCCs in PCCM. For each identified MSOi ,
LEXC adds a latent Li to G and to a latent set L and also edges from Li to each observed
variable O ∈ MSOi . The observed children of latent Li ∈ L in G are Chi .
In the fifth step, LEXC identifies in two phases, each corresponding to one condition
in Theorem 2, the latent variables that are collider nodes in the graph along with their
latent ancestors. In the first phase, LEXC considers for each latent variable Li ∈ L, a set of
potential ancestors from the other latents in L. We call them potential ancestors because
another condition should be fulfilled in the second phase to turn them into actual ancestors. To simplify the notation, we represent the latent as an object and the set of potential
ancestors as a field of this object, called PAS (for potential ancestor set). For example,
Li .PAS represents that LEXC identifies a potential ancestor set PAS to latent Li . In addition, we use the notation PCCf g → δLi if all of the variables in Chi change their values in
PCCf g ∈ PCCM and PCCf g → ¬δLi otherwise. In the first phase of the fifth step, LEXC
checks for each Li ∈ L whether there exists a vector PCCf g ∈ PCCM in which Li changes
value together with Lj ∈ L, but not with Lk ∈ L,∀k , i, j, and if so, it adds Lj to Li .PAS. At
the end of this phase, the set Li .PAS contains all of the latents in L that change values with
Li in PCCM. Still, this is not enough to decide that Li is a collider of the variables in Li .PAS.
An additional condition must be fulfilled, which is that Li should never have changed in
any PCCf g ∈ PCCM unless at least one of the variables in Li .PAS has also changed in this
P CCf g (Section 4.2 of Part I). The second phase of the fifth step checks this condition, and

2.1 Learning exogenous and latent colliders (LEXC)
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Input: Data set D over the observed variables O
Output: Graph G that includes the exogenous latent variables and the latent colliders and their
descendants in LVM
Initialize:
Create an empty graph G over the observed variables O
c = φ, MC = 0, PCCM = 0, L = φ, MSOS = φ
% First step: perform clustering
c← perform clustering on D and represent each cluster by its centroid
% Second step: select an initial set of major clusters
For each ci ∈ c
If the size of ci is larger than the average cluster size in c, then add ci to MC.
% Third step: create the PCCM matrix
For each MCi , MCj ∈ MC, j > i
PCCM ← compute PCCij
% Fourth step: identify latent variables and their observed children
MSOS ← find all possible MSOs using PCCM
For each MSOi ∈ MSOS
Add a new latent variable Li to G and to L
For each observed variable O ∈ MSOi
Add O and an edge Li →O to G
% Fifth step: identify latent collider variables and their parents
For each Li ∈ L
% First phase
Li .PAS = φ
For each Lj ∈ L, j , i
If ∃ PCCf g ∈ PCCM s.t (PCCf g → δLi ∧ PCCf g → δLj ∧ PCCf g → ¬δLk , ∀k , i, j), then
Add Lj to Li .PAS
% Second phase
if ∀ PCCf g ∈ PCCM s.t PCCf g → δLi
∃P AS ∈ Li .PAS s.t PCCf g → δP AS
then ∀P AS ∈ Li .PAS, add a new edge P AS → Li to G.
% Sixth step: search for a new set of major clusters
NMC = φ
Find the cardinality of each Li ∈ L, then identify exs
For each ex∈exs
Find c∗ = argmaxc∈c P (c | ex) and add c∗ to NMC
If NMC=MC
Return G
Else
MC←NMC, PCCM = 0, L = φ , G← empty graph over O
Go to “Third step”

Algorithm 1 LEXC

Asbeh and Lerner

if fulfilled, it adds an edge from each variable in Li .PAS to Li to complete the identification
of Li as a collider.
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We implemented the LPCC algorithm in Matlab, except for the SOM algorithm that was
implemented using the SOM Toolbox (Vesanto et al., 2000). We evaluated LPCC using
simulated data sets (Section 3.1) and five real-world data sets: data from the political action survey (Section 3.2), Holzinger and Swineford’s data (Section 3.3), the HIV test data
(Section 3.4), data of young driver (YD) involvement in road accidents (Section 3.5), and

3. LPCC Evaluation

Input: Data set D over the observed variables O and the graph G learned by LEXC
Output: The final learned LVM G
Initialize: IND =0, PCCS= φ, 2S-PCC= φ, 2S-MSOS= φ, 2S-PCC’= φ
Create IND (see text)
Learn G’s parameters using the EM algorithm to obtain an LVM, M0
For each latent EX i ∈ L
% Identify and split the latent non-collider descendants of EX i
Find the set of 1-MCs according to M0
PCCS ← compute all PCCs between the 1-MCs and the major clusters for EX i
2S-PCC ← find all 2S-PCCs in PCCS
2S-MSOS ← find all possible 2S-MSOs using 2S-PCC
For each 2S-MSOj ∈ 2S-MSOS
Add a latent non-collider N C j to EX i , L, and G
For each observed variable O ∈ 2S-MSOj
Split O from the children of EX i and add an edge N C j →O to G
% Identify the links between the new latent non-colliders that were split from EX i
L’ ← all latents that were split (including EX i ) and whose observed children change alone
in some 2S-PCC
For each L’∈ L0 % assume by default L’ is a leaf and apply Theorem 4
2S-PCC’ ← all 2S-PCCs in 2S-PCC in which the observed children of L’ do not change
For each two latent non-colliders N C j , N C k , k , j that were split from EX i :
If
1) the observed children of N C k always change with those of N C j in 2S-PCC’; and
2) the observed children of N C j change t times and the observed children of N C k
change t+1 times in 2S-PCC’
Then add a directed edge from N C k to N C j to G
% Identify if the connection is serial, and if so make the links in the path undirected
If |L0 | =2
If there are two paths with the same latents but opposite directions, then make the edges
between the latents undirected.
Return G

Algorithm 2 LNC

between them using Theorem 4. Note that, we assume by default that L’ is a leaf, so LNC
does not need to redirect the links in the diverging connection case. After finding all the
possible directed paths, LNC identifies if the connection is serial (in case |L’| is exactly two)
and if so it makes the links on this path undirected; otherwise, the path is directed as part
of a diverging connection. Finally, LNC returns a pattern G, which represents a Markov
equivalence class of the true graph.

In the sixth and last step, and to deal with possible false positive and false negative
errors (Section 4.3 of Part I), LEXC searches for a new set of major clusters NMC based
on the already learned graph and all the clusters that initially were identified by SOM.
First, LEXC learns for each latent Li ∈ L its cardinality, which is the number of different
value configurations of Li corresponding to all value configurations of Chi in D. Each
such value configuration of observed children is due to a value li of Li , and we denote
it by li → chi . Then, LEXC finds the set of all possible exs (all possible configurations
of all exogenous latents in L, Li ∈ L∩EX). For each ex, LEXC finds the most probable
cluster, c∗ = argmaxc∈c P (c|ex), where the posterior probability P (c|ex) for each c ∈ c is
approximated by the ratio between c’s size and the size of D. Thus, the cluster for which
the values corresponding to the children of Li ∈ L∩EX, li → chi , are most probable due to
li in ex is selected as the most probable to represent this ex. Each such cluster is added
to NMC. If NMC=MC, NMC cannot improve the graph, and thus LEXC stops and returns
the learned graph G. Otherwise, LEXC reinitializes MC to be NMC and relearns a new
graph.
2.2 Learning latent non-colliders (LNC)
Using the data set D, LNC has to split the set of latent variables L in graph G, which was
learned by LEXC, into exogenous latents and latent non-colliders. First, LNC (Algorithm
2) adds |L| elements to the end of each vector in D and creates an incomplete data set
IND. For a vector in IND for which values of the observed children for a specific latent
Li ∈ L take major values, the value of the latent can be reconstructed exactly, li → chi ;
however, when not all observed children take major values, this value of the latent cannot
be reconstructed, and this is the reason why IND is incomplete. Second, using the EM
algorithm (Lauritzen, 1995; Dempster et al., 1977) and IND, LNC learns (Section 4.4 of
Part I) G’s parameters and uses them to compute a threshold (Appendix B in Part I) on the
maximal size of 2-MCs. This threshold is needed to find 1-order minor clusters (1-MCs;
Definition 14). Note that after learning the parameters, the graph turns into a model, M0.
Third, for each exogenous latent EX i ∈ L∩EX in turn, LNC tests if EX i should be split
(Section 4.4 of Part I). For this test, LNC needs first to find the set of 1-MCs for EX i and
compute all the PCCs between these clusters and the major clusters for EX i . We denote
the set of these PCCs by PCCS. Then, LNC finds all the PCCs in PCCS that are 2S-PCC
(Definition 18); these will be used to identify all possible 2S-MSOs (Definition 19) and
thus all possible latent non-collider descendants that should be split from EX i (Theorem
3).
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After identifying the latent non-colliders’ descendants of EX i and splitting them from
EX i , LNC finds the links between these latents (Section 4.4 of Part I). LNC first finds the
set L’ of all latents whose children change alone in some 2S-PCCs. These are the candidates
to be EX i or its leaves (Proposition 10). Then, for each L’∈ L0 , LNC finds the 2S-PCCs in
2S-PCC in which the observed children of L’ do not change and are due to comparisons
with the same major cluster. This set is denoted by 2S-PCC’. Then, for every two latent
non-collider descendants that were split from EX i , LNC checks if there is a directed link
7
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5 For example, a common practice in EFA is that a correlation (loading) of at least 0.4 is needed in order to
add a link between a latent variable and an observed variable.

and 0.6, respectively. Note that correlation of 0.4 is relatively low, providing a great challenge to the learning algorithms, and trying to learn an LVM for lower correlation values
yields poor results by all algorithms.5 Tetrad IV was also used to draw data sets of 125,
250, 500, 750, 1000, and 2,000 samples for each test. Overall, we evaluated the LPCC
algorithm using 144 synthetic data sets for four graphs (G1–G4), two types of variables,
three parameterization levels, and six data set sizes.
In addition, we evaluated LPCC using the two large graphs in Figure 2, G5 and G6,
which combine all types of links between the latents, such as serial, converging, and diverging. Each graph has five latents with three observed children each. Tetrad IV was
used to draw data sets of 250, 500, 1000, and 2,000 samples, where all variables are binary
and for two parametric settings pj =0.75 and 0.8. In all cases, we report on the structural
hamming distance (SHD) (Tsamardinos et al., 2006) as a performance measure for learning
the LVM structure. SHD is a global structural measure that accounts for all the possible
learning errors: addition and deletion of an undirected edge, and addition, removal, and
reversal of edge orientation.
Figures 3–5 show learning curves for SHD (the lower value is the better one) and increasing sample sizes for LPCC, BPC, and EFA. Figures 3 and 4 show SHD performance
in learning G1–G4 with binary variables and ternary variables, respectively, and for two
parametric settings, pj =0.7 and 0.8. Figure 5 shows performance in learning G5 and G6
with binary variables for two parametric settings pj =0.75 and 0.8 (for pj =0.7 the algorithms performed poorly and thus their results are excluded here). In addition, in Appendix B, we compare LPCC with BPC (Section B.1) and with EFA (Section B.2) in learning G1–G4 with binary and ternary variables for three parametric settings, pj =0.7, 0.75,
and 0.8. The graphs demonstrate the LPCC sensitivity to the parametric complexity – the

Figure 2: Example LVMs that are all MIMs. Each is based on a pure measurement model
and a structural model of different complexity, posing a different challenge to a
learning algorithm.
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4 Although all our data sets are discrete and BSPC is the suggested algorithm in Silva (2005) for discrete data, BSPC is neither published nor implemented in Tetrad IV, and is only mentioned in a complementary chapter in Silva (2005) as a variant of BPC suitable for discrete data. Since no concrete algorithm is suggested for BSPC, we used BPC as described above. However, for the political action survey,
we could use the results for BSPC that are provided in Silva (2005). The Tetrad package is available at
http://www.phil.cmu.edu/projects/tetrad.

We used Tetrad IV to construct the graphs G1, G2, G3, and G4 of Figure 2, once with
binary and once with ternary variables. The priors on the exogenous latents were always distributed uniformly. We compared performances for three parameterization levels that differ by the conditional probabilities, pj =0.7, 0.75, and 0.8, between a latent
Lk and each of its children EN i . For all graphs in the binary case, except L2 in G2,
P (EN i = v | Lk = v) = pj , v = 0 or 1. For all graphs in the ternary case, except L2 in
G2, P (EN i = v | Lk = v) = pj , P (EN i , v | Lk = v) = (1 − pj )/2, v = 0, 1, or 2. Concerning
L2 in G2, P (L2 = 0 | L1 L3 = 00, 01, 10) = P (L2 = 1 | L1 L3 = 11) = pj in the binary case and
P (L2 = v | max{L1 , L3 } = v) = pj and P (L2 , v | max{L1 , L3 } = v) = (1 − pj )/2 in the ternary
case. Each such scheme imposes a different “parametric complexity” on the model and
thereby affects the task of learning the latent model and the causal relations. That is,
using pj =0.7 poses a larger challenge to learning than pj =0.75, which poses a larger challenge than pj =0.8. For example for G3 and the binary case, the correlations between any
latent and any of its children for the parametric settings pj =0.7, 0.75, and 0.8 are 0.4, 0.5,

3.1 Evaluation using simulated data sets

a mass cytometry data set of the immune system (Section 3.6). In the case of the realworld data sets, we did not have an objective measure for evaluation; thus, we compared
the LPCC output to hypothesized, theoretical models from the literature and to the outputs of four state-of-the-art learning algorithms. The first algorithm is FCI (Spirtes et al.,
2000), and because we noticed (see below) for the political action survey and Holzinger
and Swineford’s data sets that FCI is not suitable for learning MIM models, we did not
use it for the other data sets. The second algorithm is for learning HLC models (Zhang,
2004), and since the theoretical models for all but the HIV data set are not latent-tree models, we used this algorithm only for the HIV data set. The third algorithm is exploratory
factor analysis (EFA). Because the theoretical models for the political action survey and
Holzinger and Swineford’s data set were already tested by confirmatory factor analysis
[(Joreskog, 2004); (Arbuckle, 1997, p. 375); and (Joreskog and Sorbom, 1989, p. 247)],
we completed the examination of EFA also to the YD and mass cytometry data sets. The
fourth algorithm, which is actually two algorithms, BuildPureClusters (BPC) and BuildSinglePureClusters (BSPC) of Silva (2005), is especially suitable for MIM models. BPC is
Silva’s (2005) main algorithm; hence, we used it in all the evaluations. BPC assumes that
the observed variables are continuous and normally distributed, whereas BSPC is a variant
of BPC for discrete observed variables. We ran BPC using its implementation in the Tetrad
IV package, which can take discrete data (as in all the data sets in this evaluation) as input
and treat them as continuous.4 BPC learns LVM by testing Tetrad constraints at a given
significance level (alpha). We used Wishart’s Tetrad test (Silva, 2005; Spirtes et al., 2000;
Wishart, 1928), applying three significance levels of 0.01, 0.05 (Tetrad’s default), and 0.1.
For the simulated data sets, we compared LPCC to EFA and BPC.
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Figure 4: SHD learning curves of LPCC compared with those of BPC and EFA for G1–G4
of Figure 2 with ternary variables, two parameterization levels, and increasing
sample sizes. The line of LPCC for a parametrization of 0.8 coincides with that
of EFA for a parametrization of 0.7 for G1.
JMLR 17(233):1-45

Figure 3: SHD learning curves of LPCC compared to those of BPC and EFA for G1–G4
of Figure 2 with binary variables, two parameterization levels, and increasing
sample sizes. The lines of LPCC and EFA for a parametrization of 0.8 coincide
for G1.
11
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lower the complexity is, the faster learning is and the sooner the error vanishes – and the
LPCC good asymptotic behavior, demonstrating accuracy improvement with the sample
size. Generally, Figures 3–5 (and those in Appendix B) show superiority of LPCC over BPC
and EFA; LPCC demonstrates higher accuracies (smaller errors) and a better asymptotic
behavior than BPC and EFA.
Specifically in regard to EFA, the algorithm – contrary to what is expected from a
learning algorithm (see LPCC and BPC) – fails as the experiment conditions improve
and the learning task becomes easier (e.g., larger parametrization levels and/or data samples as in the graphs for G4 with binary variables and G2 with ternary variables). Larger
parametrization levels increase the chances of EFA to learn links between latent variables
and observed variables – some of them are not between a latent and its real child – to
compensate for the algorithm’s inability to identify links among latents (as EFA assumes
latents are uncorrelated). The increase in the sample size helps increase the confidence
of EFA in learning these erroneous links (see the graphs for G2, G5, and G6 with binary
variables). As Figures 3–5, together with the more detailed Figures 19 and 20 in Appendix
B, demonstrate, EFA is inferior to LPCC for all parametrization levels and sample sizes

Figure 5: SHD learning curves of LPCC compared to those of BPC and EFA for G5 and G6
of Figure 2 with binary variables, two parameterization levels, and increasing
sample sizes.
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Figure 6: SHD of the LPCC, BPC, and EFA algorithms for increasing parametrization levels for four combinations of learned graphs (G2 and G4) and sample sizes (250
and 1,000 samples). Note that for G2/1,000 samples, both LPCC and BPC learn
the structure perfectly for any parametrization level.

Unlike LPCC, BPC is not suitable for learning models such as G1, where the latents are
independent and each has fewer than four observed children. This is because BPC requires
the variables in a Tetrad constraint to all be mutually dependent, where in the case of
G1, there are at most three mutually dependent variables, so no Tetrad constraint can be
tested, and no graph is learned (SHD=6 for missing all the six edges in G1). However, it
is reasonable to assume that a practitioner would naturally analyze the data before trying
BPC, and if they recognize that not all observed variables are correlated (e.g., X1 and
X4 for G1), then they will not use BPC. As Figures 3–5, together with the more detailed
Figures 17 and 18 in Appendix B, demonstrate, for most graphs, parametrization levels,
and sample sizes (except for some cases with small sample sizes), LPCC is superior to BPC.

and all graphs but G1. Independent latent variables, as manifested in G1, is the ultimate
prerequisite for a successful application of EFA, and indeed, EFA shows competitive (and
sometimes, for small sample sizes, even slightly improved) performance to LPCC in learning G1.

Asbeh and Lerner

Another view of these results is manifested in Figure 6 that shows SHD values for
the LPCC, BPC, and EFA algorithms for increasing parametrization levels for four combinations of learned graphs and sample sizes. Figure 6 shows that both LPCC and BPC
improve performance, as expected, with increased levels of latent-observed variable correlation (pj ). LPCC never falls behind BPC, and its advantage over BPC is especially vivid
for a small sample size. EFA, besides falling behind LPCC and BPC, also demonstrates
worsening of performance with increasing the parametrization level, especially for large
sample sizes, for the reasons provided above.
Finally, we expand the evaluation by examining the algorithms when the number of
indicators a latent has increases. Figure 7 shows the SHD values of the LPCC, BPC, and
EFA algorithms for increasing numbers of binary indicators per latent variable in G2, a
parametrization level (pj ) of 0.75, and four sample sizes. The figure exhibits clear superiority of LPCC over BPC and EFA for almost all numbers of indicators and sample sizes.
While LPCC hardly worsens its performance with the increase of complexity (number of
indicators a latent has), both BPC and EFA are affected by this increase. Also worth mentioning is the difficulty these two latter algorithms have in learning an LVM for which
latent variables have exactly two indicators, regardless of the sample size.
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These six variables represent the operational definition of political efficacy and correspond to questions to which the respondents have to give their degree of agreement on
a discrete ordinal scale of four values. This data set is available as part of the LISREL
software for latent variable analysis and contains the responses to these questions from a

• INTEREST: “Parties are only interested in people’s votes, but not in their opinions.”

• TOUCH: “Generally speaking, those we elect to Congress in Washington lose touch
with people pretty quickly.”

• NOCARE: “I don’t think that public officials care much about what people like me
think.”

• COMPLEX: “Sometimes politics and government seem so complicated that a person
like me cannot really understand what is going on.”

• VOTING: “Voting is the only way that people like me can have any say about how
the government runs things.”

• NOSAY: “People like me have no say in what the government does.”

We evaluated LPCC using a simplified political action survey data set over the following
six variables (Joreskog, 2004):

3.2 The political action survey data

To understand the differences among the three algorithms in more detail, we analyze
the errors they make, for example, when using 1,000 samples (the reference is the bottomleft graph in Figure 7). When the number of indicators a latent has is less than 4, LPCC
learns the LVM perfectly, and when this number is greater, LPCC errs twice in missing an
edge from a latent to one of its indicators. BPC cannot learn an LVM using two indicators per latent, and thus it misses all eight edges in G2 and returns an empty graph. It
successfully learns the LVM when each latent has exactly three indicators, but then fails
to direct the edges among the latent variables and misses at least a single edge between
a latent and an indicator when the latent variables have more than three indicators each.
For two indicators per latent, EFA detects only two factors and fails to connect them. It
connects one factor to six indicators and the second factor to five indicators, and thereby
errs in learning seven extra edges from latent variables to observed variables, missing two
edges from the missing latent variable to two observed variables, and missing the two
edges among the latent variables, which accounts for eleven errors in total. For three indicators per latent, EFA detects three indicators for two of the latents and five indicators
for the other and misses the edges among the latents, which accounts for four errors in
total. For four to six indicators per latent, EFA learns more extra edges between the latent
and observed variables, together with missing the edges among the latents. This experiment vividly demonstrates the advantage of LPCC over BPC and EFA in that not only
does LPCC detect edges between latent and observed variables more accurately, but it also
detects latent-latent connections in all scenarios, which is impressive especially when the
sample size is small and/or the number of indicators a latent has is large.

JMLR 17(233):1-45

Figure 7: SHD values of the LPCC, BPC, and EFA algorithms for increasing numbers of
binary indicators a latent variable has in G2, pj = 0.75, and four sample sizes.
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identify VOTING as a child of Efficacy (at the expense of COMPLEX), and thereby challenge the decision made in Joreskog (2004) to discard VOTING from the model. The outputs of the BPC algorithm (Figure 8d) for both alpha=0.01 and alpha=0.05 are poorer than
those of LPCC and BSPC. BPC finds two latents. The first latent corresponds to NOSAY,
VOTING, and COMPLEX with partial resemblance to the theoretical model (identifying
NOSAY and COMPLEX as indicators of this latent) and partial resemblance to the outputs
of LPCC and BPC (identifying NOSAY and VOTING as indicators of the latent). However,
the second latent found by BPC corresponds only to TOUCH and misses INTEREST (identified in the theoretical model and by LPCC and BSPC as an indicator of Responsiveness)
and NOCARE (that is identified in the theoretical model and by LPCC as an indicator
of Responsiveness). The output of the BPC algorithm using alpha=0.1 (Figure 8e) gives
very little information about the problem as it finds only one latent that corresponds only
to NOCARE. These last two figures show the sensitivity of BPC to the significance level,
which is a parameter whose value should be determined beforehand. Note that the success of the LPCC and BSPC algorithms emphasizes the importance of such algorithms in
learning discrete problems.

sample of 1,076 United States respondents. A model consisting of two latents that correspond to a previously established theoretical trait of Efficacy and Responsiveness based on
Joreskog (2004) is given in Figure 8a. VOTING is discarded by Joreskog for this particular
data based on the argument that the question for VOTING is not clearly phrased.
Similar to the theoretical model, LPCC finds two latents (Figure 8b): One corresponds
to NOSAY and VOTING and the other corresponds to NOCARE, TOUCH, and INTEREST
(a detailed description of the PCC analysis that led to these results is in Appendix C).
Compared with the theoretical model, LPCC misses the edge between Efficacy and NOCARE and the bidirectional edge between the latents. Both edges are not supposed to be
discovered by LPCC or BSPC/BPC; the former because the algorithms learn a pure measurement model in which each observed variable has only one latent parent and the latter
because no cycles are assumed. Nevertheless, compared with the theoretical model, LPCC
makes no use of prior knowledge.

JMLR 17(233):1-45
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Figure 9: FCI outputs for the political action survey data set and significance levels of (a)
0.01, (b) 0.05, and (c) 0.1.

BSPC output (Figure 8c) is very similar to LPCC output, except for NOCARE, which
was not identified by BSPC as a measure of Responsiveness, making the output obtained
by LPCC closer to the theoretical model than that of BSPC. In addition, both algorithms

Figure 8: The political action survey: (a) A theoretical model (Joreskog, 2004) and five
outputs of (b) LPCC, (c) BSPC, (d) BPC for alpha=0.01 and 0.05, and (e) BPC for
alpha=0.1.
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The outputs of the FCI algorithm using any of the above significance levels are not
sufficient (Figure 9). For example, the FCI outputs that were learned using alpha=0.01
(Figure 9a) and 0.05 (Figure 9b) show that NOSAY and INTEREST potentially have a latent common cause. However, these two variables are indicators of different latents in
the theoretical model. These results are understandable because unlike LPCC, BPC, and
BSPC, FCI is not suitable for learning MIM models such as the political action survey.
3.3 Holzinger and Swineford’s data

JMLR 17(233):1-45

Holzinger and Swineford (1939) collected data from 26 psychological tests administered
to 145 seventh- and eighth-grade children in the Grant-White School in Chicago, Illinois.
In this evaluation, we use a subset of this data over only six variables representing the
scores in six intelligence tests. The variables are: scores on a visual perception test (VisPerc), scores on a cube test (Cubes), scores on a lozenge test (Lozenges), scores on a paragraph comprehension test (ParComp), scores on a sentence completion test (SenComp),
and scores on a word meaning test (WordMean). There are two hypothesized intelligence
factors, which are spatial ability and verbal ability factors. The first three variables measure spatial ability and the latter three variables measure verbal ability. A confirmatory
factor model that fits this data well was extracted from the Amos manual (Arbuckle 1997,
p. 375; Joreskog and Sorbom 1989, p. 247) and is shown in Figure 10a.
We ran LPCC using a dichotomous (binary) presentation of the continuous data. For
each variable, scores that were above the average score were recoded as 2, and scores below the average score were recoded as 1. Despite the small size of the data set and the loss
of information due to the discretization process, LPCC found two latents (Figure 10b).
The first latent corresponds to VisPerc and Lozenges, and the other latent corresponds to
ParComp, SenComp, and WordMean (a detailed description of the PCC analysis is in Appendix C). Our model matches the theoretical model, except for missing one link between
Spatial and Cubes (and the link between the latents that the model is not supposed to
identify).
The outputs of the BPC algorithm using alpha=0.01 and 0.05 (Figure 10c) were not
good compared to the theoretical model and LPCC output. In both cases, BPC found only
a single latent variable that corresponds to only four of the six indicators, specifically,
VisPerc, Lozenges, Cubes, and WordMean. Notice that WordMean and the other three
variables belong to two different latent variables in the theoretical model. However, for a
significance level of 0.1, BPC output (Figure 10d) is the closest of all models to the theoretical model. These results show the sensitivity of BPC to the significance level, which
is a parameter that does not have a predetermined value. LPCC does not have this disadvantage. Note that the superiority of BPC for a significance level of 0.1 for Holzinger
and Swineford’s data set is in contrast to the model inferiority for other significance levels
(Figure 10c) and for the political action survey data set with any significance level.
The output of the FCI algorithm using a significance level of 0.01 or 0.05 (Figure
11a) indicates that ParComp, SenComp, and WordMean potentially have a latent common
cause. In addition, Lozenges potentially has a latent common cause with VisPerc and with
Cubes, but there is no link between VisPerc and Cubes. For alpha of 0.1, the output of the
FCI algorithm (Figure 11b) indicates that ParComp, SenComp, and WordMean potentially
19
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Figure 10: (a) A theoretical model for Holzinger and Swineford’s data set based on a confirmatory factor model that fits this data well and the outputs of (b) LPCC, (c)
BPC for alpha=0.01 and 0.05, and (d) BPC for alpha=0.1.

have a latent common cause, and Lozenges, VisPerc, and Cubes potentially have another
latent common cause. This model matches the theoretical model (Figure 11a) except for
the bidirectional edge between the latents.
3.4 The HIV test data

JMLR 17(233):1-45

We also evaluated LPCC using the HIV test data (Zhang, 2004). This data set consists
of results for 428 subjects of four diagnostic tests for the human immunodeficiency virus
(HIV): “radioimmunoassay of antigen ag121” (A); “radioimmunoassay of HIV p24” (B);
“radioimmunoassay of HIV gp120” (C); and “enzyme-linked immunosorbent assay” (D).
A negative result is represented by 0 and a positive result by 1. LPCC learned a model
identical to that in Zhang (2004) (Figure 12), where X1 and X2 are both binary latent
variables. However, unlike the algorithm in Zhang (2004) that aims at learning tree-latent
models like the one required for the HIV data, LPCC is not limited to latent-tree models.
BPC returned an empty model for any conventional alpha.
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3.5 Explanation of young drivers’ involvement in road accidents using LPCC

Figure 12: Model learned for HIV using LPCC.

We produced two databases (DB1 and DB2) from a main database that includes all young
drivers (between the ages of 18 and 24 years) who received their private-car driving licenses in Israel between 2002 and 2008. The main database includes more than 600,000
drivers and their parents who were involved in more than 600,000 road accidents and
committed more than 2,000,000 traffic offenses in this period. We were interested in explaining young driver (YD) involvement in road accidents and offenses using LPCC and
the databases. By “explaining”, we mean that we wanted to find the factors among all
variables representing a driver, car, accident, offenses, and so forth and the interrelations
that could explain YD involvement in road accidents and offenses. These factors could
also contribute to prediction of YD involvement in road accidents and offenses with the
highest accuracy. We concentrated on the first three months after the accompanied driving
phase (ADP), which is a three-month driving phase in which a YD is accompanied by an
experienced driver. We concentrated on the three months after ADP because: (1) this is
the first solo experience of YDs, and it is when they commit most of their traffic offenses or
are involved in most of their road accidents; and (2) we only had detailed monthly records

DB2:
Accident and offense: All YDs who had at least one accident and committed at least one
offense in the period (similar to this class in DB1).
No accident and no offense: 345 drivers who did not have any accidents or commit any
offenses in the period (similar to this class in DB1).
In total, there are 690 observations (YDs) for DB2.

DB1:
Accident and offense: All YDs who had at least one accident and committed at least one
offense in the three-month period after ADP (the “period”). There were 345 such drivers;
hence, this number defined a group size.
Offense but no accident: 345 drivers who committed at least one offense, but had no accidents in the period.
Accident but no offense: 345 drivers who had at least one accident, but committed no offense in the period.
No accident and no offence: 345 drivers who did not have any accidents or commit any
offenses in the period.
In total, there are 1,380 observations (YDs) for DB1.

of traffic offenses for the first six months after obtaining a driving license. YDs in the two
databases were grouped according to the following classes:
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All observations in both databases are represented by thirteen observed variables that
a previous study indicated as relevant to the explanation of YD involvement in road accidents and offenses (Lerner, 2012; Lerner and Meyer, 2012). In addition, we used four
observed variables that indicate if YDs or their parents were involved in a road accident or
an offense. A detailed description of all seventeen observed variables is given in Table 1.
We ran LPCC on DB1 and DB2 and compared its results to those of EFA and BPC. We
ran BPC using a significance level (alpha) of 0.05 (Tetrad’s default). Exploratory factor
analysis was applied in two phases. First, principal component analysis (PCA) was used
for factor extraction, where the Kaiser criterion (Kaiser, 1960) was used for determining
the number of factors. Any factor with an associated eigenvalue less than 1.0 was dropped
because this value is equal to the information accounted for by an average single observed
variable. Second, the factor model was rotated using varimax, which is an orthogonal rotation method of the factor axes to maximize the variance of the squared loadings of a
factor on all the variables. Factor loadings, also called component loadings in PCA, are
the correlation coefficients between the variables and factors, indicating how strongly the
latter influence the former. Analogous to Pearson’s correlation coefficient, the squared factor loading is the percent of variance in that indicator variable explained by the factor.
The varimax rotation method has the effect of differentiating the original variables by the
extracted factors. Each factor tends to have either large or small loadings of any particular
variable. A varimax solution yields results that make it as easy as possible to identify each
variable with a single factor (with the highest loading on the variable). In confirmatory
factor analysis (CFA), loadings should be 0.7 or above to confirm that independent variables identified a priori are represented by a particular factor, using the rationale that the

Figure 11: FCI outputs for Holzinger and Swineford’s data set and significance levels of
(a) 0.01 and 0.05, and (b) 0.1.
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1

Number
Age

Variable

KU
FS

GF

or

of

MurM

MurF

Min
lim

1 (Jew), 2 (non-Jew)
1 (single), 2 (married), 3
(divorced), 4 (widowed)
1 (single), 2 (married), 3
(divorced), 4 (widowed)
1–4 (1–low, 4–high)

1–4 (1–low, 4–high)

1 (didn’t receive), 2 (received)

1 (no), 2 (yes)

1 (yes), 2 (no)

1 (yes), 2 (no)

1 (17–18), 2 (19–20), 3
(21–22), 4 (23–24)
1 (male), 2 (female)
1 (no), 2 (yes)

Variable values

FED

1–4 (1–low, 4–high)

short

MED

1 (no), 2 (yes)
1 (no), 2 (yes)
1 (no), 2 (yes)

MS

OFYD
ACYD
OFPA

1 (no), 2 (yes)
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ACPA

Variable
name
gil

0.7 level corresponds to about half of the variance in the indicator being explained by the
factor. However, the 0.7 standard is high, and real-world data may not meet this criterion,
which is why some researchers, including us in this study (particularly for exploratory
purposes such as this case), use a lower level, where 0.4 is the common practice (Manly,
1994). In addition, we adapted Occam’s razor parsimony principle (to explain the variance
with the fewest possible factors) and required the variance explained criterion to be above
50%.

2
3

14
15
16

13

12

11

9
10

8

7

6

5

4

Gender
Medical limitations
Father is allowed to drive
Mother is allowed to drive
Has a motorcycle license
Received
“Or
Yarok” kit, as
part of a graduated
driver
licensing program 6
Socioeconomic
index
Ethnic group
Father’s marital
status
Mother’s marital status
Father’s number
of years of education
Mother’s number of years of
education
Offenses of YD
Accidents of YD
Offenses of parents
Accidents
of
parents
17

Table 1: Seventeen observed variables in DB1 and DB2
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Results for DB1:
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Figure 13: LVMs learned by EFA, LPCC, and BPC for DB1. Numbers for EFA represent
the factor loadings, where plus and minus signs indicate positive and negative
correlation, respectively.

Both LPCC and EFA found six latent variables (Figure 13). L1 in EFA is a parent of five
observed variables, where each describes another aspect of the demographic or socioeconomic state of the YD or his/her family. The variables (see Table 1) father is allowed to drive
(MurF), mother is allowed to drive (MurM), age (gil), and ethnic group (KU) are positively
associated, whereas the variable socioeconomic index (GF) is negatively associated with L1.
Based on the values of these variables, we can identify groups in the YDs’ population,
such as a group of YDs that are not Jewish, their parents are not allowed to drive, and
their age and their socioeconomic status are low. L1 is not connected by EFA to other latent variables that relate to YD involvement in road accidents or offenses; thus, it does not
contribute much to this study. However, L1 and L2 as learned by LPCC relate the socioeconomic state of the YD family (GF and KU are children of L1) with YD offenses (OFYD
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6 The Or Yarok (i.e., “green light” in Hebrew) kit includes documentation and accessories, such as CDs,
with instructions, movies, and advice regarding safe driving. Granting the kit before licensure was found
(Lerner, 2012) helpful in reducing young drivers’ involvement in road accidents.
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Again, both the EFA and LPCC algorithms found six latent variables (Figure 14). L1 in
EFA is interesting and very important because it links YD involvement in accidents and
offenses with gender and motorcycle license. The loading coefficients show that male YDs,
especially those who have a motorcycle license, are involved more in both accidents and
offenses (in both cases with loadings of 0.929). L1 in LPCC shows a similar relation between gender and a YD’s involvement in accidents and offenses, but without a relation
to having a motorcycle license. Also in the EFA results, this last relation is quite weak,
with a boundary loading value of 0.421, whereas the threshold for connecting an observed
variable to a latent factor is 0.4 (which is a common practice in EFA). The relation found
26
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of their parents (OFPA), a relation that seems reasonable and is not identified by EFA and
LPCC. However, the identification of OFYD as L1’s child and OFPA as L2’s child implies
that it is the YD offenses that affect the offenses of their parents and not the opposite, as
may be expected. Another relation that is identified only by BPC is between the mother’s
education level (MED) and both YDs’ and their parents’ offenses.

is a child of L2), thus LPCC links the socioeconomic state of YD with its involvement in
traffic offenses. For example, according to LPCC, a YD who is not Jewish, with a low socioeconomic index, and whose mother is not allowed to drive is more likely to be involved
in traffic offenses.
Latents L2 in EFA and L3 in LPCC describe the educational status of the YDs’ parents
and indicate a similar tendency between the parents’ educational levels. However, both
EFA and LPCC analyses do not link the educational status of the YD family to involvement
in road accidents and traffic offenses.
L3 in EFA shows a negative relationship between a YD’s gender (Min) or having a
motorcycle license (of) and his/her tendency to commit road offenses. Male drivers tend
to commit more traffic offenses than female drivers, and drivers who have a motorcycle
license tend to commit more traffic offenses than drivers who do not have such a license.
L4 in EFA shows the marital status of the YD parents, and not surprisingly, it indicates that
the father’s and mother’s marital status is correlated. L5 in EFA shows that the parents of
YDs who did not receive the “Or Yarok kit” tend to commit more traffic offenses. That is,
the introduction of the kit in the family seems to also reduce involvement in road offenses
of family members other than the YD. L6 in EFA shows a negative relationship between
YD involvement in road accidents and the involvement of their parents in accidents. One
explanation for this negative relationship could be that in a family in which one member
was involved in an accident, other members tend to be more careful and thus decrease
their involvement in accidents. Due to the independency assumption (between the factors)
in EFA, L3, L4, L5, and L6 are not related, and EFA is not able to holistically represent
relations among variables representing demographic and socioeconomic characteristics
and road accidents and offenses of YDs and their parents.
LPCC describes involvements in road accidents and offenses in a more comprehensive
way using a structure that is based on three latents with a diverging link from L5 to L4 and
L6. L5 shows a relationship among the variables motorcycle license, received “Or Yarok kit”,
mother’s marital status, and parents’ involvement in accidents. For example, it was found
that there is a relation between receiving the “Or Yarok kit” and decreasing values of parents’ involvement in accidents. However, we note that the variable parents’ involvement
in accidents is sparse in DB1, making its relationship with the other variables via L5 quite
arguable. An interesting relationship found in the LPCC results is between parents’ accidents (child of L5) and parents’ offenses (child of L6). This relationship was missed by
EFA since each variable in EFA is a child of a different latent that is independent of the
other latent (due to EFA’s orthogonality assumption).
BPC finds only two latents compared to six latents that are found by LPCC and EFA. A
possible explanation for the low number of latents identified by BPC is that BPC requires
that a latent have at least three observed children to be identified, whereas LPCC requires
only two (see latents L1–L4 and L6 in the LPCC model, each having two observed children). L1 and L2 as learned by BPC relate the demographic-socioeconomic state of the
YD family (KU and GF) with YD offenses, as the LPCC model did, but the two latents in
the BPC model mix the indicators. It is more reasonable to believe that if L1 is a parent
of L2 as BPC identified, then offenses of YDs (OFYD) should be a child of L2 and not of
L1, and GF should be a child of L1 and not of L2 since socioeconomic status is expected
to affect violent road behavior and not the opposite. BPC also relates OFYD with offenses

JMLR 17(233):1-45

Figure 14: LVMs learned by EFA, LPCC, and BPC for DB2. Numbers for EFA represent
the factor loadings, where plus and minus signs indicate positive and negative
correlations, respectively.

Results for DB2:

Asbeh and Lerner
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between YDs’ accidents and offenses variables is due to the linkage formed in the database
by creating it from observations of YDs having both accidents and offenses or neither. Yet,
both EFA and LPCC did not manage to find a relation between YDs’ accidents and offenses
and their parents’ accidents and offenses.
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L2 in EFA describes the socioeconomic status of the YD family, similar to L1 in the EFA
results for DB1 (but without the father is allowed to drive variable). Again, it shows groups
in the YD population, such as a group of YDs who are not Jews, whose mothers are not
allowed to drive, and whose age and socioeconomic status are low.
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Definition of immune cell subsets is usually based on flow cytometry data. However, this
approach suffers from severe limitations in the number of cellular markers that can be
measured simultaneously. Currently, flow cytometry permits the concurrent measurement
of only 12–17 cellular markers. A recent technological development in single cell measurement is mass cytometry or cytometry by time of flight (CyTOF). This method allows for
quantification of hundreds of thousands of single cells at high dimension (currently up
to 40 cellular markers can be measured) in a sample. CyTOF yields phenotypically rich
datasets that enable a more accurate identification of cellular subpopulations. Clustering
and visualization methodologies have been developed to identify meaningful cell subsets
in CyTOF data. However, none provide a systematic and automatic method for identifying
the cellular subpopulations represented by these clusters.
We evaluated LPCC’s ability to automatically identify such cellular subpopulations in
an unsupervised manner and in comparison to BPC and EFA (using the same settings as in
Section 3.5). We used a CyTOF-generated dataset of mouse splenocyte samples, collected
from 20 mice and stained with a panel containing 37 metal-labelled antibodies. We randomly selected 40,000 single cell measurements from each sample to have 800,000 observations. Cellular markers measured by CyTOF have continuous multimodal distributions.
Since LPCC works on discrete observed variables, we needed to perform discretization
first. To this end, we randomly selected 40,000 observations for each cellular marker and
used this sample to learn a mixture of Gaussians, approximating each marker’s distribution [with the number of components selected from K=3-10 using the Bayesian Information Criterion (BIC)]. Next, the learned Gaussian components were sorted by their means,
and the ordered means determined the K discrete values of the marker. Thus, K also represents the cardinality of the marker after the discretization. Finally, for each marker, each
observation in the data set was assigned the closest discrete value.
The task of identifying cellular subpopulations of the immune system is very challenging due to the high level of mutual feedbacks that exist between the different players
(cellular subpopulations) of the immune system and the high level of shared cellular mark-

3.6 Identification of cellular subpopulations of the immune system from mass
cytometry data sets using LPCC

and its children. The information about the relationships between the latents that LPCC
provides illustrates the added value of using such an algorithm in causal analysis.
Also for DB2, it seems that BPC yields poorer results than LPCC. L2 in BPC is partially
equivalent to L1 in LPCC (without OFYD), and some resemblance can be seen between
L3–L4 in BPC and L4–L6 in LPCC. L2 and L3 in BPC are parents of L4, which together
link medical limitations of the YD and whether the mother is allowed to drive with ACYD
and OFPA (although we would expect the former two to be causes of the latter two and
not the opposite). However, each of the two remaining latents in the BPC model has only a
single observed variable as a child, which gives very little information about the problem.
L5 in BPC has a single child, MED, without linking it to FED, although these two variables
are highly correlated, as in both the EFA and LPCC models. The same can be said about
L1 and its child MS that is not linked to FS, although both are correlated. These two are
directly connected in the EFA model and indirectly connected in the LPCC model.

L2 and L3 in LPCC also represent the social status of the YD family. L2 explains the
family educational level (as L3 in LPCC for DB1), and L3 is a demographic latent that
is a parent of the ethnic group and the mother is allowed to drive variables. Unlike L2 in
EFA, which also represents economic status via the variable socioeconomic index (GF), L3
in LPCC is only a social variable. Furthermore, L3 in LPCC did not link the age variable to
the social representation of YD (as L2 did in EFA). It is also interesting to see the relation
that LPCC found between latents L2 and L3, which is between the parents’ education
levels (L2) and the family demographic status (L3). But, LPCC did not find a relation
between L2 and L3 and the accidents and offenses variables of the YDs or their parents.
L4 in EFA shows the marital status of the YD’s parents, similar to the EFA results for
DB1. L5 in EFA shows that parents of a YD who did not receive the “Or Yarok kit” tend to
commit more road offenses, again similar to the EFA results for DB1. L6 shows a relation
between the YD’s medical limitations and his/her parents’ involvement in accidents; this
relation is hard to intuitively explain. Similar to DB1, there are no relations between the
latents L4–L6 due to the independency assumption of EFA; hence, there is no relation
between the latent that represents the parents’ marital status and their involvement in
accidents or offenses.
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LPCC represents relationships between variables belonging to different latents in an
interesting way. L6 represents a relationship between father’s marital status, whether they
are allowed to drive, their involvement in accidents, and whether their YD received the
“Or Yarok kit”. To some extent, we should be careful about the reliability of this relationship since the variable ACPA (parents’ involvement in accidents) is very sparse in DB2
(there are only three observations that indicate fathers’ involvement in accidents, and in
all of them the YD did not receive the “Or Yarok kit” and the father is divorced or widowed, and not allowed to drive). Similarly, the representation of L6 in EFA is not highly
reliable for the same reason. L5 in LPCC represents a relation between a YD who has
a motorcycle license and his/her parents’ involvement in offenses, where parents of YDs
who have a motorcycle license are more likely to be involved in offenses. An additional
interesting relation LPCC found between latents L4, L5, and L6, linking between their
observed children, is between parents’ involvement in offenses and their children having
a motorcycle license, and parents’ involvement in accidents and their children receiving
an “Or Yarok kit”. Furthermore, LPCC shows that given that parents are more involved in
offenses or their YD has a motorcycle license (both are children of L5), then the medical
limitation of YD or the mother’s marital status (children of L4) are irrelevant for predicting
the parents’ involvement in road accidents (a child of L6). That is, knowing L5’s children
turns L6 and its children (especially parents’ involvement in accidents) independent of L4
27
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7 The cellular markers we use are well known in immunology (Janeway et al., 2001), and thus their description is avoided here for clarity of the demonstration.

ers between these cellular subpopulations. This observation is demonstrated clearly in the
results obtained by BPC, EFA, and LPCC in Figures 15a, 15b, and 16a, respectively. LPCC
and EFA managed to learn models with eight latents each and BPC a model with one latent, but none of the three latent variable models seems to be biologically meaningful, as
judged by biological experts.
However, LPCC has an advantage over the other two algorithms because to advance
learning an LVM, LPCC clusters the input data in its first stage. We exploit this advantage
by improving clustering of the input to consider the domain specific properties. This act
of clustering – that is natural to LPCC – coincides with the conventional clustering-based
analysis of CyTOF data, which is mandatory to this domain because the data shows a
hierarchical structure (as outlined below). Therefore, instead of using SOM, we initialized
LPCC based on the clustering results obtained by Citrus (Bruggner et al., 2014). Citrus
applies hierarchical clustering to the cell events; however, instead of cutting the hierarchy
at an arbitrary height to identify the clusters, it uses a minimum cluster size threshold (we
used a 1% threshold of the observations, i.e., 8,000 observations), for which only clusters
larger than this threshold are selected. By selecting automatically and based on the data
only large enough clusters, we preserve the requirement of LPCC of not determining the
number of clusters arbitrarily and facilitate the avoidance of noisy clusters. In addition, we
performed another purification procedure by selecting only clusters for which the ratio of
the cluster marker entropy to the distribution marker entropy is smaller than a threshold.
Following this cluster purification procedure, LPCC found a five-latent variable model
that is represented in Figure 16b. L1 is a parent of five markers that represent T cells
(except for CD457 that may be expressed also by other leukocytes, and CD62L that is an
activation marker that also can be expressed by T cells). L2 partially represents monocytes
by having the markers CD11b and CD86 as its children; however, this representation is not
perfect since it wrongly connects CD34, which is a phenotypic marker of stem cells. Thus,
L2 may be representing monocytes that are antigen-representing cells excluding CD34. L3
and L4 are linked by a directed edge from L3 into L4 and together represent macrophage
cells. Although both latents represent the same population of cells, LPCC correctly splits
it into two latent variables since the children of L3 are expressed only by macrophages,
but the children of L4 may also be expressed by monocytes, which are the macrophages’
precursor. L5 is a parent of three markers that represent B cells together with another
marker, IA-IE, which is an activation marker that can also be expressed by B cells. Still,
the model learned by LPCC represents only sixteen of the 37 markers in this experiment.
This may be explained by the high level of overlap and number of shared markers among
the different subpopulations. Despite that, these results are encouraging and demonstrate
a significant improvement compared to previous results obtained by BPC, EFA, and LPCC
before cluster purification.
Analysis of cell sub-populations in the immune system naturally lends itself to the use
of clustering methodologies, as immunologists traditionally resort to the classification of
cells as belonging to cellular subpopulations. Cell subpopulations are usually defined by
the stable expression of markers on said cells. Yet, not all markers capture protein expression that is stably expressed, and the expression of some proteins may be noisy or plastic,
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Figure 15: LVMs learned by (a) BPC and (b) EFA. Numbers for EFA represent the factor
loadings, where plus and minus signs indicate positive and negative correlation, respectively.
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Figure 16: LVMs learned by LPCC (a) before and (b) after a purification procedure.
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varying over time and conditions. With this in mind, clustering and noise filtration – two
pre-processing steps of LPCC – provide great benefit in this context, yielding improved
results. Specifically, the pre-processing step of clustering the data prior to LPCC provides
an advantage as it compartmentalizes marker relationships to the context in which they
matter, whereas the noise filtering step focuses the analysis to those markers whose relationship with one another may be meaningful.

4. Related Works
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The traditional framework for discovering latent variables is factor analysis and its variants (e.g., see Bartholomew et al., 2002). This is, by far, the most common method used
in several applied sciences (Glymour, 2002). However, a limitation of factor analysis is its
level of subjectivity stemming from the many methodological decisions a researcher must
make to complete an analysis, where the results of this analysis largely depend on the
quality of these decisions (Henson and Roberts, 2006). Moreover, factor analysis and its
variants provide only a limited ability in causal explanation (see Silva, 2005, and our evaluation section). Therefore, in this section, we will focus on related work in the framework
of learning causal graphical models beyond the variants of factor analysis.
The main goal of heuristic methods such as those of Elidan et al. (2000) is the reduction
of the number of parameters in a BN. The idea is to reduce the variance of the resulting
density estimator, achieving better probabilistic predictions. For probabilistic modeling,
the results described by Elidan et al. are a convincing demonstration of the suitability of
their approach, which is intuitively sound. However, such heuristic methods provide neither formal interpretation of what the resulting structure is, nor explicit assumptions on
how such latents should interact with the observed variables. Further, such heuristic methods do not provide an analysis of possible equivalence classes, and consequently, there is
no search algorithm that can account for equivalence classes. Therefore, for a causality
discovery under the assumption that multiple observed variables have hidden common
causes, such as in MIM that is widely used in applied sciences, the results described by
Elidan et al. are unsatisfying.
Unlike other algorithms (Pearl, 2000; Zhang, 2004; Harmeling and Williams, 2011;
Wang et al., 2008), LPCC is suitable for learning MIM models and not just latent-tree
models. This LPCC quality is shared by BPC (Silva et al., 2006). Both LPCC and BIN-A
(Harmeling and Williams, 2011) apply clustering as a preprocessing step to learn latent
models. But, LPCC applies clustering to the data points, whereas BIN-A clusters the variables using agglomerative hierarchical clustering, which is suitable to learn HLC models,
as in Zhang (2004). LPCC provides a consistent and substantive analysis of data-point
clustering using the PCC concept and can learn all types of links between the latents;
thus, unlike BIN-A, it is not limited to binary latent trees.
FCI (Spirtes et al., 2000) is not comparable to LPCC in learning MIM models as illustrated for the political action survey and the Holzinger and Swineford databases (Sections
3.2 and 3.3). Compared to BPC and FCI, LPCC does not rely on statistical tests and presetting of a significance level for learning LVM.
Contrary to BPC, LPCC concentrates on the discrete case and dispenses with the linearity assumption. However, LPCC assumes that the measurement model is pure; still a
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8 This model has the same graphical structure as the naive-Bayes classifier, but because it is trained in an
unsupervised manner (clustering), we refer to it as an LCM.

In Part I, we introduced the PCC concept and LPCC algorithm for learning LVMs. We
showed that LPCC: 1) Is not limited to latent-tree models, and does not make a linearity
assumption about the distribution; 2) Learns MIMs; 3) Learns a MIM with no assumptions about the number of latent variables and their interrelations (except the assumption
that a latent collider does not have any latent descendants; Assumption 5) and which observed variables are the children of which latents; and 4) Learns an equivalence class of
the structural model of the true graph.
In Part II, we formally introduced the LPCC two-stage algorithm. First, LPCC learns
the exogenous latents and the latent colliders, as well as their observed descendants, by
utilizing pairwise comparisons between data clusters in the measurement space that may
explain latent causes. Second, LPCC learns the endogenous latent non-colliders and their
children by splitting these latents from their previously learned latent ancestors.
Using simulated and real-world data sets, we showed in Part II that LPCC improves
accuracy with the sample size, can learn large LVMs, and has consistently good results

5. Discussion

compared to models that are expert-based or learned by state-of-the-art algorithms. Using LPCC to identify possible causes of young drivers’ involvement in road accidents, we
found interesting relations among latent and observed variables and can provide illuminating insights into this important problem. Using LPCC to identify cell subpopulations
in the immune system, we offer an LVM that makes sense to expert biologists in describing
this challenging system. A criticism of LPCC may be its reliance on performing preliminary clustering to the data. Changes in the data used for clustering may affect the LPCC
output. Yet, our experience shows that even if the clustering results change for different
data samples drawn from the distribution, the same major and 1-order minor clusters are
usually identified. In addition, as the biological example (Section 3.6) illustrates, when a
structure is inherent to the data, clustering of the data first yields high benefit in learning
an LVM later and improves results. Structured real-life problems are prevalent in many
disciplines (Vazquez et al., 2004); hence, being a clustering-based LVM learning mechanism gives LPCC an advantage more than a disadvantage.
Finally, a number of open problems that invite further research were provided in the
discussion of Part I.

weaker assumption than the one latent-tree models make. Unlike LPCC, BPC is not suitable for learning models such as G1 in Figure 2, where the latents are independent and
each has fewer than four observed children. This is because BPC requires the variables in a
Tetrad constraint to all be mutually dependent, where in the case of G1, there are at most
three mutually dependent variables, so no Tetrad constraint can be tested and no graph
is learned (Section 3.1). In addition, BPC is not suitable for learning models such as the
HIV model (Section 3.4), where each latent has only two indicators and BPC requires three
indicators for a latent to be identified. This also explains the poor results of BPC on the
YD databases compared to the LPCC results (Section 3.5).
When the attributes are categorical, cluster analysis is sometimes called latent class
analysis (LCA) (Lazarsfeld and Henry, 1968; Goodman, 1974; Bartholomew and Knott,
1999), where data are assumed to be generated by a latent class model (LCM). An LCM
consists of a class variable (latent) that represents the clusters to be identified and a number of other variables that represent attributes (observed variables) of objects.8 LCMs
assume local independence; in other words, the observed variables are conditionally independent given the latent variable. A serious problem with the use of LCA, known as
local dependence, is that the local independence assumption is often violated. To relax
this strong assumption, Zhang (2004) proposed a richer, tree-structured latent variable
model, specifically, the HLC model. The network structure is a rooted tree, and the leaves
of the tree are the observed variables. HLC models were chosen for two reasons. First,
the class of HLC models is significantly larger than the class of LCMs and can accommodate local dependence. Second, inference in an HLC model takes time that is linear in the
model size (because it is a tree), which makes it computationally feasible to run EM. However, MIM models learned by LPCC are richer than HLC models that are only a subset
of MIMs. Thus, LPCC may contribute to clustering analysis of data generated by richer
models, while keeping the advantage of accommodating local dependence.
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Definition 13 A k-order minor effect is a minor effect in which exactly k endogenous variables
in EN correspond to minor local effects. An en corresponding to a k-order minor effect is a
k-order minor value configuration.

Definition 12 The single cluster that corresponds to the observed major value configuration,
and thus also represents the major effect MAE (ex) due to configuration ex of EX, is the major
cluster for ex, and all the clusters that correspond to the observed minor value configurations
due to minor effects in MIES (ex) are minor clusters.

Assumption 5 A latent collider does not have any latent descendants (and thus cannot be a
parent of another latent collider).

Appendix A. Important assumptions, definitions, propositions, and theorems
from Part I (numbers are taken from Part I)
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Definition 14 Minor clusters that correspond to k-order minor effects are k-order minor clusters.
Definition 15 Pairwise cluster comparison is a procedure by which pairs of clusters are compared, for example through a comparison of their centroids. The result of PCC between a pair of
cluster centroids of dimension |O|, where O is the set of observed variables, can be represented
by a binary vector of size |O| in which each element is 1 or 0 depending, respectively, on whether
or not there is a difference between the corresponding elements in the compared centroids.
Definition 16 A maximal set of observed (MSO) variables is the set of variables that always
changes its values together in each major–major PCC in which at least one of the variables
changes value.
Definition 18 2S-PCC is PCC between 1-MC and a major cluster that shows two sets of two
or more elements corresponding to the observed variables. Elements in each set have the same
value, which is different than that of the other set. Accordingly, this 1-MC is defined as 2S-MC.
Definition 19 A 2S-MSO is the maximal set of observed variables that always change their
values together in all 2S-PCCs.
Proposition 10 In 2S-PCCs in which only the observed children of a single latent change, the
latent is
1. EX or its leaf latent non-collider descendant, if the connection is serial; or
2. EX’s leaf latent non-collider descendant, if the connection is diverging.
Theorem 1 Variables of a particular MSO are children of a particular exogenous latent variable
EX or its latent non-collider descendant or children of a particular latent collider C.
Theorem 2 A latent variable L is a collider of a set of latent ancestors LA⊂EX only if:
1. The values of the children of L change in different parts of some major–major PCCs each
time with the values of descendants of another latent ancestor in LA; and
2. The values of the children of L do not change in any PCC unless the values of descendants
of at least one of the variables in LA change too.
Theorem 3 Variables of a particular 2S-MSO are children of an exogenous latent variable EX
or any of its descendant latent non-colliders NC.
Theorem 4 A latent non-collider NC1 is a direct child of another latent non-collider NC2 (both
on the same path emerging in EX) only if:
• In all 2S-PCCs for which EX does not change, the observed children of NC1 always change
with those of NC2 and also in a single 2S-PCC without the children of NC2; and
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• In all 2S-PCCs for which a latent non-collider leaf descendant of EX does not change, the
observed children of NC2 always change with those of NC1 and also in a single 2S-PCC
without the children of NC1.
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Appendix B. Additional results for the simulated data (Section 3.1)
B.1 LPCC compared to BPC
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Figure 17: SHD learning curves of LPCC compared with those of BPC for G1–G4 of Figure
2 with binary variables, three parameterization levels, and increasing sample
sizes.
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Figure 18: SHD learning curves of LPCC compared with those of BPC for G1–G4 of Figure
2 with ternary variables, three parameterization levels, and increasing sample
sizes.
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Figure 19: SHD learning curves of LPCC compared with those of EFA for G1–G4 of Figure
2 with binary variables, three parameterization levels, and increasing sample
sizes. The lines of LPCC and EFA for a parametrization of 0.8 coincide for G1.

B.2 LPCC compared to EFA
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Figure 20: SHD learning curves of LPCC compared with those of EFA for G1–G4 of Figure
2 with ternary variables, three parameterization levels, and increasing sample
sizes. The line of LPCC for a parametrization of 0.8 coincides with that of EFA
for a parametrization of 0.7 for G1.
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Appendix C. PCC analysis for two example databases

C.1 Results for the political action survey data (Section 3.2)

NOSAY
3
2
3
3
3
3
3
1
3

VOTING
3
2
3
3
2
3
2
1
2

COMPLEX
2
2
2
3
2
2
3
1
2

NOCARE
3
2
2
3
2
3
3
1
3

TOUCH
3
2
2
3
2
2
3
1
3

INTEREST
3
2
2
3
2
2
3
1
3

We applied clustering analysis to the political action survey data using SOM having 250
unit map size (similar results were obtained for SOMs having 125 and 500 unit map sizes).
U-matrix visualization 9 of the SOM result is given in Figure 21. As presented in Table 2,
nine clusters were found, and since four clusters are larger than the average cluster size
of 45, only four of the nine clusters are major. Table 3 shows PCCs between these four
major clusters. Note that NOSAY and VOTING always change together in all PCCs in
which either of them changes, and this is also the case for NOCARE, TOUCH, and INTEREST. Therefore, LPCC found two latents (Figure 8 b): One (Efficacy) corresponds to
NOSAY and VOTING and the other (Responsiveness) corresponds to NOCARE, TOUCH,
and INTEREST.
Centroid
C1(86)
C2(60)
C3(57)
C4(49)
C5(39)
C6(31)
C7(31)
C8(28)
C9(27)

δN OSAY
1
0
0
1
1
0

δV OT IN G
1
0
0
1
1
0

δCOMP LEX
0
0
1
0
1
1

δN OCARE
1
1
0
0
1
1

δT OU CH
1
1
0
0
1
1

δI N T EREST
1
1
0
0
1
1

Table 2: Nine clusters are represented by their centroids for the political action survey
data. Cluster sizes are in parentheses. The first four clusters are major.

PCC
PCC1,2
PCC1,3
PCC1,4
PCC2,3
PCC2,4
PCC3,4

Table 3: PCCs between the four major clusters for the political action survey data.
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9 The U-matrix is a widely used visualization of SOM. It computes (for each unit in the SOM) the mean of
the distance measures between neighbors. By plotting this data on a 2D map using a color scheme, we can
visualize a landscape with walls (red areas) and valleys (blue areas). The walls separate different clusters; they
represent extreme distances between neighboring units, whereas patterns mapped to units in the same valley
are similar and belong to the same cluster (Ultsch et al., 1993).
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Figure 21: U-matrix visualization of a 250 unit map size SOM (numbers on the map represent the SOM units) obtained for the political action survey data. Vectors that
were mapped to the same map unit belong to the same valley (blue area) and
the same cluster. Of the nine clusters that were found (Table 2), four are major
(circled) and the remaining are minor.
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VisPerc
1
2
1
2
1
2
1
2
2
2
1
1
2
1
2

Cubes
1
2
2
2
1
1
1
1
1
1
2
2
2
1
1

Lozenges
1
2
1
2
1
2
2
2
1
1
2
2
1
1
1

ParComp
1
2
1
1
1
1
1
2
1
2
2
2
2
2
1

SenComp
1
2
1
1
1
1
1
2
1
2
2
1
2
2
2

WordMean
1
2
1
1
2
1
1
2
1
2
2
2
2
2
2

δV isP erc
1
0
1
1
0
1

δCubes
1
1
1
0
0
0

δLozenges
1
0
1
1
0
1

δP arComp
1
0
0
1
1
0

δSenComp
1
0
0
1
1
0

δW ordMean
1
0
0
1
1
0
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Table 5: PCCs between the four major clusters for Holzinger and Swineford’s data.

PCC
PCC1,2
PCC1,3
PCC1,4
PCC2,3
PCC2,4
PCC3,4

Table 4: Fifteen clusters are represented by their centroids for Holzinger and Swineford’s
Data. Cluster sizes are in parentheses. The first four clusters are major.

Centroid
C1(19)
C2(18)
C3(9)
C4(8)
C5(7)
C6(7)
C7(7)
C8(6)
C9(6)
C10(5)
C11(5)
C12(4)
C13(4)
C14(3)
C15(3)

We applied clustering analysis to the European Values Survey (Holzinger and Swineford’s)
data set using SOM having a 100 map size. Fifteen clusters were found (Table 4), and
since the average cluster size is 7.4, four clusters are major. Based on major-major PCCs
(Table 5), one learned latent (Spatial) corresponds to VisPerc and Lozenges (that always
change together in all PCCs in which either of them changes) and the other latent (Verbal)
corresponds to ParComp, SenComp, and WordMean (Figure 10). It is interesting to see that
in half of the PCCs in which VisPerc and Lozenges change together, Cubes also changes.
If Cubes would have changed in all PCCs in which VisPerc and Lozenges change together,
then it would be found as Spatial’s child, and the learned model would be exactly the
theoretical model (Figure 10a). This did not happen, probably because the PCCs in which
Cubes did not change with VisPerc and Lozenges relate to relatively small clusters.

C.2 Results for Holzinger and Swineford’s data (Section 3.3)

Asbeh and Lerner
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H. F. Kaiser. The application of electronic computers to factor analysis. Educational and
Psychological Measurement, 20:141–151, 1960.

T. Kohonen. Self-Organizing Maps. Springer-Verlag, New York, New York, 1997.
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Complex chronic diseases (e.g., autism, lupus, and Parkinson’s) are remarkably heterogeneous across individuals. This heterogeneity makes treatment difficult for caregivers
because they cannot accurately predict the way in which the disease will progress in order
to guide treatment decisions. Therefore, tools that help to predict the trajectory of these
complex chronic diseases can help to improve the quality of health care. To build such
tools, we can leverage clinical markers that are collected at baseline when a patient first
presents and longitudinally over time during follow-up visits. Because complex chronic
diseases are typically systemic, the longitudinal markers often track disease progression in
multiple organ systems. In this paper, our goal is to predict a function of time that models
the future trajectory of a single target clinical marker tracking a disease process of interest.
We want to make these predictions using the histories of many related clinical markers as
input. Our proposed solution tackles several key challenges. First, we can easily handle
irregularly and sparsely sampled markers, which are standard in clinical data. Second,
the number of parameters and the computational complexity of learning our model grows
linearly in the number of marker types included in the model. This makes our approach
applicable to diseases where many different markers are recorded over time. Finally, our
model accounts for latent factors influencing disease expression, whereas standard regression models rely on observed features alone to explain variability. Moreover, our approach
can be applied dynamically in continous-time and updates its predictions as soon as any
new data is available. We apply our approach to the problem of predicting lung disease
trajectories in scleroderma, a complex autoimmune disease. We show that our model improves over state-of-the-art baselines in predictive accuracy and we provide a qualitative
analysis of our model’s output. Finally, the variability of disease presentation in scleroderma makes clinical trial recruitment challenging. We show that a prognostic tool that
integrates multiple types of routinely collected longitudinal data can be used to identify
individuals at greatest risk of rapid progression and to target trial recruitment.
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In complex chronic diseases (CCD) such as autism, lupus, and Parkinson’s, the way the
disease manifests may vary greatly across individuals. This makes treatment challenging
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because caregivers cannot easily predict an individual’s future trajectory to guide therapy
decisions. For example, in scleroderma, an autoimmune disorder, lung disease is a common
cause of morbidity and mortality (Varga et al., 2012), but there are no known biomarkers
or precise algorithms for stratifying individuals into groups based on similar lung disease
course. A tool that can provide accurate forecasts of disease progression can help clinicians
to tailor treatments to each patient based on their most likely course.
To monitor disease progression, clinicians collect many clinical markers both at baseline
when an individual first visits the clinic and longitudinally during routine follow-up visits.
Many CCDs are systemic, and so the markers are designed to monitor the disease’s impact
across many organ systems. In scleroderma, individuals may be affected across six organ
system—the lungs, heart, skin, gastrointestinal tract, kidneys, and vasculature—to varying
extents (Varga et al., 2012). Example clinical markers include PFVC (percent of predicted
forced vital capacity), which is used to measure lung damage severity; TSS (total skin score),
which is used to measure skin disease activity; and, PDLCO (percent of carbon monoxide
diffused by the lung), used to measure vasculature health.
Our goal is to predict a function of time that models the future trajectory of a single
target clinical marker tracking a disease process of interest. We want to make these predictions by leveraging baseline information and additional time-dependent clinical markers
(henceforth referred to as auxiliary markers) as they are collected. This is the focal challenge
of personalized medicine: integrative analysis of heterogeneous data from an individual’s
medical history to improve care (Collins and Varmus, 2015). So far, efforts in integrative
analysis have focused on combining inferences from molecular data modalities (Rosenbloom
et al., 2013). Our focus in this paper is on leveraging routinely recorded information from
the electronic health record—both static and time-dependent—to make precise estimates
of an individual’s disease course.
A key challenge in this setting is that these data are collected during routine clinical
visits and therefore they are sparse and irregularly sampled. Predicting an individual’s
future disease is commonly framed as a regression problem where the target clinical marker
at a specific time in the future is modeled as a function of observed input features alone.
These features are computed by generating summaries from the observed data (e.g., the
last PFVC value or the trend in the PFVC over the last six months). However, training
conditional models is less straightforward from data where varying numbers of repeated
measurements are sampled per patient and across different markers. In this setting, others
have focused on dynamical prediction (e.g., Rizopoulos and Ghosh 2011; Proust-Lima et al.
2014) by fitting parametric models to the longitudinal data and using the resulting model
parameters as features for prediction. But existing formulations do not scale to highdimensional problems with many auxiliary markers.
Another key challenge in predicting disease trajectories in CCDs is that differences in
trajectories across individuals may be largely due to factors that are not yet known. For
example, different disease pathways or biological mechanisms (e.g., genetic mutations or
autoimmune markers) may be driving different subtypes of the disease (Lewis et al., 2005;
Lötvall et al., 2011; Doshi-Velez et al., 2014; Saria and Goldenberg, 2015), each associated with distinct disease trajectories (Schulam et al., 2015). But, in many diseases, our
knowledge of these pathways is, at best, limited. In this setting, Schulam et al. (2015)
use a latent variable model to infer subtypes—subgroups with similar trajectories—using
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repeated measurements of clinical marker data in the electronic health record. Schulam and
Saria (2015) extend these ideas and introduce a transfer learning framework for predicting
individual-specific disease trajectories that accounts for subtypes and other latent factors
causing heterogeneity in disease expression. These works, however, focus on modeling single
marker trajectories. We build on Schulam and Saria (2015) in this paper.

Coupled Latent Variable Models for Individualizing Prognoses

Schulam and Saria

1.1 Contributions
In this paper, we describe a scalable framework for predicting a target marker trajectory
(i.e. a continuous-time function) that allows us to use multiple longitudinal clinical marker
histories as inputs. Our approach makes it easy to handle irregular sampling patterns across
markers. Because we use a discriminative training criterion that conditions on marker histories instead of jointly modeling them, the framework is not as sensitive to misspecified
dependencies across marker types. Moreover, the number of parameters and computational
complexity scales linearly with the number of markers, which makes it possible to apply
our approach in high-dimensional settings where many different marker types are available.
Finally, our approach aligns with the dynamical nature of clinical medicine; it can be used
to make predictions using continuously growing marker histories. We apply our approach to
the problem of predicting lung disease trajectories in scleroderma, a complex autoimmune
disease. We show that our model improves over state-of-the-art baselines in predictive accuracy and we provide a qualitative analysis of our model’s output. Moreover, we demonstrate
the clinical utility of our model by measuring performance on early detection of individuals
who develop aggressive lung disease.

2. Related Work
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Our goal is to predict a continuous function modeling the future trajectory of a target
clinical marker (e.g. PFVC) that tracks disease progression in a specific organ. To make
our predictions, we will use a collection of baseline (i.e. static) markers measured when an
individual first visits the clinic, the previously observed values of the target marker, and
the previously observed values of a collection of auxiliary clinical markers tracking related
organ systems. See Figure 6a-d for example applications. In these figures, the posterior

3. Coupled Latent Trajectory Model

has too few observations, which is common in clinical data. James and Sugar (2003) address
this issue by modeling the parameters of individual trajectories as random variables with
a low-rank parameterization of the mean and covariance. This work is closely related to
ours, and the idea of sharing statistical strength across trajectories through a structured
prior over individual-specific parameters is used broadly throughout trajectory analysis to
account for sparsity. Gaussian processes (GPs) are also commonly used in FDA; they offer
flexible nonparametric models of trajectories but can also help to counteract sparsity by
sharing kernel hyperparameters across individuals—see Roberts et al. (2013) for a recent
review of GPs applied to time series data. Recent work by Liu and Hauskrecht (2014)
combines the advantages of Markov models (e.g. AR processes and state space models)
and Gaussian processes to make predictions of clinical laboratory test results. To account
for variability in collections of functions, a number of authors have proposed variants of
GPs that account for variability in the mean function (e.g. Lázaro-Gredilla et al. 2012; Shi
et al. 2012) and the covariance function (e.g. Shi et al. 2005). Another related line of work
in the FDA literature is function-to-function regression (e.g., Oliva et al. 2015). In most
approaches to function-to-function regression (FFR) the input and output are defined on
fixed domains. In contrast, our problem requires updated predictions as the clinical history
continues to grow; both the input and output domains are therefore constantly changing.
Most related to our work is that by Rizopoulos (2011), where the focus is on making
dynamical predictions about a time-to-event outcome (e.g. time until death) using all
previously observed values of a longitudinally recorded marker. As more data is collected,
they dynamically update posterior distributions over individual-specific longitudinal model
parameters (as is done in FDA), which serve as time-varying features for the time-to-event
prediction. Proust-Lima et al. (2014) tackles the same task but uses a mixture of trajectories
to model longitudinal data. As more observations are collected, the posterior over a set of
classes is updated, each of which has a distinct set of time-to-event model parameters. These
are both state-of-the-art models for the task of dynamical disease trajectory prediction; we
will revisit them in our experimental section where we use the approaches as baselines.
To scale these models to multivariate time series, however, requires careful specification
of the joint model across different markers, which can be challenging in high-dimensional
settings (e.g., Dürichen et al. 2015) and may be difficult to scale. For example, Rizopoulos
and Ghosh (2011) use a random effects model with a full covariance matrix to describe
dependencies across markers, which scales quadratically in the number of marker types (as
opposed to linearly as is the case for C-LTM). Because C-LTM is discriminatively trained
(we optimize the likelihood of future target trajectories given target and auxiliary marker
histories), it is less sensitive to misspecification of the dependencies across markers.

JMLR 17(234):1-35

Most predictive models used in medicine are cross-sectional—they use features from data
measured up until the current time to predict a clinical marker or outcome at a fixed point
in the future. As an example, consider the mortality prediction model by Lee et al. (2003),
where logistic regression is used to integrate features into a prediction about the probability
of death within 30 days for a given patient. To predict the outcome at multiple time points,
it is common to fit separate models (e.g., Wang et al. 2012; Zhou et al. 2011). These models
are trained to use features extracted from a fixed-size window, rather than a dynamically
growing history. Moreover, they tackle heterogeneity in a limited way—any differences
across individuals must be explained by observed features alone.
A common approach to dynamical prediction of trajectories is to use Markov models
such as order-p autoregressive models (AR-p), HMMs, state space models, and dynamic
Bayesian networks (e.g. Hassan and Nath 2005; Quinn et al. 2009; Murphy 2002). While
such models naturally make dynamic predictions using the full history by forward-filtering,
they typically assume discrete, regularly-spaced observation times.
To model an individual’s disease trajectory using sparse and irregularly sampled clinical
markers, we draw heavily from ideas in the functional data analysis (FDA) literature (see
e.g., Ramsay 2006). In FDA, sequences of measurements are assumed to be samples from
an underlying continuous function. A common first-step in FDA is to project the irregular
observations on to a functional basis, such as B-splines, and then analyze the time series in
coefficient space. However, coefficient estimates can have high variance when a time series
3
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Figure 2: Two-stage procedure for fitting the Coupled Latent Trajectory Model (C-LTM).
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∝

∝

D(i, t) =

distribution over the PFVC values (blue and green shaded regions) are conditioned upon
baseline markers (e.g. gender and race), the observed PFVC values (black points), and
auxiliary marker histories (e.g. TSS). We learn our model from a database of clinical
histories of individuals, which are comprised of the individuals’ baseline information and
irregularly sampled trajectories of both the target and auxiliary markers. Formally, our

+ k✓, ✓1:C k1 + k⌘1:C k1 )

(1)

Notation. For an individual i, we denote each target marker observation using yij and its
measurement time using tij where j ∈ {1, . . . , Ni }. We use ~yi ∈ RNi and ~ti ∈ RNi to denote
all of individual i’s marker values and measurement times respectively. We assume that the
target marker observations are noisy observations of a latent continuous-time function (the
trajectory), which we denote using yi (·). Each individual has baseline (static) information
collected into a vector, which we denote using ~xi . We use C to denote the number of auxiliary
marker types, Nci to denote the number of observations of the cth type, and use ycij and tcij
to denote individual i’s j th measurement of marker type c. We use ~yci ∈ RNci and ~tci ∈ RNci
to denote the vector containing all of individual i’s cth marker values and times respectively.
We will also frequently need to refer to the vector of marker values observed up until a time
t, which we denote using ~yi,≤t (~yci,≤t for auxiliary markers). Similarly, for markers observed
after a time t, we use ~yi,>t (~yci,>t for auxiliary markers). The term ~y1:C,i,≤t refers to all
auxiliary markers measured on individual i up until time t.
At a high-level, we will model Eq. 1 by first assuming that each clinical marker trajectory
(both target and auxiliary) can be d-separated (rendered conditionally independent) of all
other marker types given a marker type-specific latent variable. We denote these latent
variables using zi for the target marker and zci for auxiliary marker c, and will describe
them further later in this section. Under this assumption, we can write Eq. 1 as

D(i, t) , p(yi (·) | ~yi,≤t , ~y1:C,i,≤t , ~xi ).

model will estimate the following conditional distribution (notation is described in the
subsequent paragraph):

Schulam and Saria

We will learn this parameterization of D(i, t) in two stages. The models for the target
and each of the auxiliary markers are learned independently during the first stage; using
these, the LTM predictive and likelihood terms can be computed in Eq. 2. We treat the
target and auxiliary markers as instances of the Latent Trajectory Model (LTM), which
we review in Section 3.2. We emphasize, however, that any other generative model can be
used if better suited to the domain. The coupling model is learned in the second stage, and
is described in Section 3.3. We refer to the model created by combining these components
as the Coupled Latent Trajectory Model (C-LTM), which we describe in Section 3.4. An
overview of the procedure used to fit the C-LTM is shown in Figure 2.

1:C k1

log p(~yi,>t | ~yi,t , ~y1:C,i,t , ~xi )

(k ,

i=1 t2T

Evaluate penalty on development data
Refit CRF using full training set with best

J( ,

M X
X

Stage 2: Fit Coupling Model (Model in Sec. 3.3 & 3.4, learning in Sec. 3.5)
For each regularization penalty
Fit CRF on training data:
Initialize singleton factor weights for (·) , `i,t (·) , and `c,i,t (·) for c 2 {1, . . . , C}
Initialize pairwise factor weights for (·, ·)
Fit CRF parameters by maximizing

Stage 1: Fit Latent Trajectory Models (Model in Sec. 3.2, learning in Sec. 3.5)
Fit target marker LTM to define factor `i,t (·)
For c 2 {1, . . . , C}
Fit auxiliary marker LTM to define factor `c,i,t (·)

Auxiliary marker trajectories ~y1:C,1:N

y1:N
Target marker trajectories ~

x1:N
Input: Baseline predictors ~

justments to a population and subpopulation fit (row 1). Row 2 makes an individualspecific long-term adjustment. Row 3 makes individual-specific short-term adjustments.
To simplify, we only show mean functions; posterior uncertainty intervals are omitted.

Figure 1: Plots (a-c) show example marker trajectories. Plot (d) shows four individuals with ad-
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3.1 Preliminaries
The Latent Trajectory Model (LTM) uses B-splines to model longitudinal trajectories, and
our coupling model uses a conditional random field (CRF). We briefly introduce these two
concepts, and point to resources where the interested reader can find additional details.
3.1.1 B-Splines

i=1

d
X

~
βd φd (t) = Φ> (t)β,

(3)

A common approach to fitting nonlinear functions of time while maintaining a linear dependence on model parameters is to use a basis expansion. Such an expansion defines some
non-linear function f (t) as a linear combination of other functions φ1 (t), . . . , φd (t):
y = f (t | β) =

where φ1 , . . . , φd act as bases in some vector space of nonlinear functions and Φ(t) ∈ Rd is the
vector containing the values of the p basis functions evaluated at time t. The benefit of this
formulation is that the function f is linear in the model parameters β, making it relatively
easy to fit complex models. B-splines are a particular family of basis functions that we can
use to parameterize nonlinear functions. Others include polynomial bases and radial basis
functions. However, there are two advantages to using B-splines. First, each basis function
is non-zero only over a compact interval of the real line, which improves statistical stability
and also allows for computational speed ups that take advantage of sparse basis matrices
(Gelman et al., 2014). This is in contrast to polynomials, where each basis takes non-zero
values globally. The second advantage is that the family of functions parameterized by Bsplines are not infinitely differentiable (in contrast to radial basis functions) and therefore
not smooth (Gelman et al., 2014). This bias is often helpful in modeling functions from
the real-world that arise from non-smooth processes. Because B-splines are linear in their
parameters, we can use the well-developed machinery of linear regression for learning. See
Ch. 20 in Gelman et al. (2014) or Ch. 5 in Friedman et al. (2001) for further details.
Penalized B-splines. In practice, the parameters of a B-spline model are fit using a
penalized least squares criterion. The penalty is typically introduced in order to control
the smoothness of the fit. For data ~y measured at times ~t with corresponding basis matrix
Φ(~t ) = [Φ(t1 ), . . . , Φ(tn )]> , we minimize the following objective:

where Ω is a first-order differences matrix as described by Eilers and Marx (1996). The
~ and so can be easily minimized.
penalized objective is still quadratic in β

(4)
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y

XY
Y
1
ψc (yc0 | x, θ),
ψc (yc | x, θ), Z(x, θ) ,
Z(x, θ) c
0
c

output y, input x and parameters θ, the conditional probability is defined to be:
p(y | x, θ) =

(5)

where ψc (yc | x, θ) is a non-negative factor that can be interpreted as scoring the configuration of the subset of variables yc given the observations x and parameters θ. The
term Z(x, θ) is called the partition function and ensures that the distribution is normalized.
When we can write
n
o
log ψc (yc | x, θ) = θc> fc (yc , x) ⇐⇒ ψc (yc | x, θ) = exp θc> fc (yc , x) ,
(6)



Y

d6=c

ψd (yd0 | x, θd  ψc (yc0 | x, θd )fc (yc0 , x).

(10)

(9)

(8)

(7)

where fc extracts some vector of features from the observations x and the target yc , then
we say that the CRF is a log-linear model. Log-linear models have a number of desirable
properties, the most relevant to this work being the ease with which we can differentiate the
log-likelihood with respect to model parameters. To compute the derivative with respect
to θc (the parameters corresponding to the cth factor) we have:

∂ log p(y | x, θ)
∂ log Z(x, θ)
= fc (yc , x) −
.
∂θc
∂θc

X

y0

To compute the partial derivative in the second term on the RHS, first note that


∂Z(x, θ) X  Y
∂ψc (yc0 | x, θc )
=
ψd (yd0 | x, θd 
∂θc
∂θc
d6=c
y0


=

This implies that the partial derivative of log Z(x, θ) is simply:

∂ log Z(x, θ)
1 ∂Z(x, θ)
=
= Ey [fc (yc , x) | x]
∂θc
Z(x, θ) ∂θc

This means that the gradient of the log-likelihood with respect to a set of parameters θc
is the difference between the observed features fc (y, x) and their expectation under the
current set of parameters θ. To learn the weights, we can apply gradient-based algorithms
to optimize the likelihood of a set of observed training input-output pairs. In addition, a
regularizer is often added to the objective to discourage complexity or induce sparsity. We
will use these ideas in the derivation of our learning algorithm. See Ch. 19 in Murphy
(2012) for further details.
~ 2 + ρβ~ > Ωβ,
~
J(β~ ) = k~y − Φ(~t )βk
2

3.1.2 Conditional Random Fields

3.2 Latent Trajectory Model
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The Latent Trajectory Model (LTM) is a probabilistic model introduced by Schulam and
Saria (2015) for obtaining individualized predictions of a clinical marker trajectory in
populations with diverse disease expression. LTM posits that the measured markers are
JMLR 17(234):1-35

8

Conditional random fields (CRFs) provide a framework for modeling and learning the joint
distribution of a collection of random variables conditioned on some set of observations
(see e.g., Murphy 2012). The parameterization is identical to that of Markov random fields
(MRF), but the factors that define the distribution can be functions of the observations
(this allows the distribution to vary depending on the values of the observations). For some
7
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fi (tij )
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(D) ind. short-term
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(C) ind. long-term

+

The amplitude a controls the magnitude of the structured noise that we expect to see and
the length-scale ` controls the length of time over which we expect these temporary trends

(B) subpopulation

Φ` (tij )>~bi
| {z }

long-term component shares strength across all observations belonging to the same individual. Finally, the individual short-term component shares information across observations
belonging to the same individual that are measured at similar times. Predicting an individual’s trajectory involves estimating her subtype and individual-specific parameters as new
clinical data becomes available. We briefly review each of the components here for ease of
presentation, but refer the interested reader to Schulam and Saria (2015) for further details.
Population level. The population model predicts aspects of an individual’s disease activity trajectory using observed baseline characteristics (e.g. gender and race), which are
represented using the feature vector ~xi . This sub-model is shown within the orange box
in Figure 3. The predicted value of the jth marker of individual i measured at time tij is
shown in Eq. 11 (A), where Φp (t) ∈ Rdp is a basis expansion of the observation time and
Λ ∈ Rdp ×qp is a matrix used as a linear map from an individual’s covariates ~xi to coefficients
ρi ∈ Rdp . At this level, individuals with similar covariates will have similar coefficients.
Subpopulation level. LTM models an individual’s subtype using a discrete-valued latent
variable zi ∈ {1, . . . , G}, where G is the number of subtypes. zi is a multinomially
disP
tributed random variable with parameters π1:G , [π1 , . . . , πG ] where πg ≥ 0 and g πg = 1.
Each subtype has a unique disease activity trajectory represented using B-splines, where
the number and location of the knots and the degree of the polynomial pieces are fixed prior
to learning. These hyper-parameters determine a basis expansion Φz (t) ∈ Rdz mapping a
time t to the B-spline basis function values at that time. Trajectories for each subtype are
parameterized by a vector of coefficients β~g ∈ Rdz for g ∈ {1, . . . , G}, which are learned
offline. Under subtype zi , the predicted value of marker yij measured at time tij is shown
in Eq. 11 (B). This component explains differences such as those observed between the
trajectories in Figures 1a and 1b.
Individual long-term level. The individual long-term component is parameterized using
a linear model with basis expansion Φ` (t) ∈ Rd` and individual-specific coefficients ~bi ∈
Rd` . This level models deviations from the population and subpopulation models using
parameters that are learned dynamically as the individual’s clinical history grows. An
individual’s coefficients are modeled as latent variables with marginal distribution ~bi ∼
N (~0, Σb ). For individual i, the predicted value of marker yij measured at time tij is shown
in Eq. 11 (C). This component can explain, for example, differences in overall health due
to an unobserved characteristic such as chronic smoking, which may cause atypically lower
lung function than what is predicted by the population and subpopulation components.
Such an adjustment is illustrated across the first and second rows of Figure 1d.
Individual short-term level. Finally, the individual short-term component fi captures
transient trends in an individual’s marker sequence that do not generalize outside of a
small time window. For example, an infection may cause an individual’s lung function to
temporarily appear more restricted than it actually is, which may cause short-term trends
like those shown in Figure 1c and the third row of Figure 1d. We treat fi as a functionvalued latent variable and model it using a Gaussian process with zero-valued mean function
and Ornstein-Uhlenbeck (OU) covariance function

KOU (t1 , t2 ) = a2 exp −`−1 |t1 − t2 | .
(12)
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The four terms in the sum serve two purposes. First, and most importantly, they allow for
a number of different sources of variation — both observed and latent — to influence the
observed marker value, which allows for heterogeneity both across and within individuals.
Second, they share statistical strength across different subsets of observations. The population component shares strength across all observations. The subpopulation component
shares strength across observations belonging to subgroups of individuals. The individual

(A) population


yij |zi , ~bi , fi ∼ N Φp (tij )> Λ ~xi + Φz (tij )> β~zi +
|
{z
}
|
{z
}

noisy observations of the underlying disease activity trajectory, which is a function of both
individual-specific parameters and parameters that are shared across other individuals in
the population. Moreover, the LTM uses individual-specific latent factors to explain differences in trajectories across the population that are not explained by observed features
alone. The LTM graphical model is shown in Figure 3. We review the LTM below using the
same notation defined at the beginning of this section. In addition, we use Φ(tij ) to denote a
column-vector containing a basis expansion of the time tij and Φ ~ti = [Φ(ti1 ), . . . , Φ(tiNi )]>
to denote the matrix containing the basis expansion of points in ~ti in each of its rows.
The LTM models the jth marker value for individual i as a normally distributed random
variable with a mean assumed to be the sum of four terms: a population component, a
subpopulation component, an individual long-term component, and an individual shortterm component.



are enclosed in dashed circles. Observed variables are shaded.

Figure 3: The LTM graphical model. Levels in the hierarchy are color-coded. Model parameters
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where E ∗ denotes an expectation conditioned on ~yi,≤t , xi , Θ. We see that the prediction
takes a natural form; we compute the value of the individual’s disease activity trajectory
at the future time point by replacing the latent factors with their posterior expectations.
Computing the population prediction is straightforward as all quantities are observed. To
compute the subpopulation prediction, we need to compute the marginal posterior over zi ,

,

As presented, the LTM can be easily applied to the task of disease activity trajectory prediction. Note that the LTM provides a posterior distribution over the trajectory using baseline
markers and measurements of the target marker (e.g. PFVC) as they are recorded. It does
not incorporate information from other time-varying markers such as TSS and PDLCO.
Suppose we have estimates of the model parameters Θ = {Λ, π1:G , β~1:G , Σb , a, `, σ 2 }, then
we can predict an individual’s future course by computing the posterior predictive distribution p(~yi,>t | ~yi,≤t , ~xi ), where ~yi,>t denotes marker values after time t and ~yi,≤t denotes
marker values observed prior to time t. To compute the expected marker value at time ti∗ ,
we evaluate the following expression:

3.2.2 LTM Predictive

We see that the observed-data likelihood for individual i is defined by a mixture of multivariate normals where each subtype is associated with a class in the mixture. The mixing
probabilities are defined by the multinomial over subtypes. The mean of the multivariate
normal is defined by the population and subpopulation models, and the covariance is defined by the individual long-term and short-term components of the model. To obtain the
LTM likelihood needed in Eq. 2, we will condition Eq. 14 on subtype zi . This gives us the
following expression:




(16)
p(~yi | zi , ~xi ) , N ~yi | Φp ~ti Λ ~xi + Φz ~ti β~zi , K ~ti , ~ti .

(15)

Moving from Eq. 13 to Eq. 14, we evaluate the innermost integral using the fact that the
GP prior over fi is conjugate to Eq. 11 yielding a new multivariate normal (Rasmussen and
Williams, 2006). To evaluate the next integral in Eq. 13, we again have that the normal
prior over ~bi is conjugate to the multivariate normal obtained by marginalizing over fi ,
which gives us the multivariate normal shown in Eq. 14 where the covariance function is
defined as

Z

GP prior


Z


p ~bi | Θ
p (fi | Θ) p ~yi | zi , ~bi , fi , ~xi , ~ti , Θ dfi d~bi
| {z } RNi | {z } |
{z
}
Normal prior

(14)
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K (t1 , t2 ) = Φ` (t1 )> Σb Φ` (t2 ) + KOU (t1 , t2 ) + σ 2 I (t1 = t2 ) .

to occur. The OU kernel is ideal for modeling such deviations as it is both mean-reverting
and draws from the corresponding stochastic process are only first-order continuous, which
eliminates long-range dependencies between deviations (Rasmussen and Williams, 2006).
Applications in other domains may require different kernel structures motivated by properties of transient deviations in the trajectories.
Accounting for treatments. Several interventions are common in scleroderma, but none
have been proven to significantly alter the long-term course of the disease. For example,
steroids are commonly administered, but there have been no randomized controlled trials
confirming its effects on patients with scleroderma-related lung disease—see, for example,
Ch. 35 in Varga et al. (2012). Immunosuppressants are also commonly used to treat
scleroderma-related lung disease, but the proven effects are modest and have only been
demonstrated over the course of one year (Tashkin et al., 2006). We assume that these types
of transient interventions are well-modeled by the individual-specific short-term component,
and so we do not explicitly model the treatment effects of steroids or immunosuppressants
in our data. Others have developed methods for estimating treatment effects from observational time series (e.g., Chib and Hamilton 2002; Kleinberg and Hripcsak 2011; Brodersen
et al. 2015). More recently, see Xu et al. (2016) for an application using functional data.
Treatment effects can be incorporated within the trajectory likelihood in diseases where
treatments are suspected to alter long term trajectory. We leave this more general case as
a direction for future work.
Missing data mechanism. The LTM assumes observations of the trajectory are missing
at random (MAR). This implies that we can use maximum likelihood estimation without
needing to incorporate additional information about the sampling model; see Appendix B.
When the data are missing not at random, assumptions about the missing data mechanism
should be explicated and incorporated within the individual marker models.
In summary, the latent, individual-specific factors in the model (zi , ~bi , and fi from
Eq. 11B, 11C, and 11D respectively) each contribute to describe the observed trajectory
at different granularities. These are all treated as random variables and marginalized out
during learning to avoid overfitting. When making predictions, we can use an individual’s
observed data to compute posterior distributions over these latent factors, which allows us
to tailor predictions.
3.2.1 LTM Likelihood

p (zi | Θ)
| {z
}

Multinomial prior

Rd`

Given parameters Θ = {Λ, π1:G , β~1:G , Σb , a, `, σ 2 }, we can compute the observed-data likelihood of a given clinical marker trajectory by marginalizing zi , ~bi and fi out of the joint
distribution defined by our model:

G
X

zi =1

G

X
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ηc> gc (zi , zci ).

φ(zci , ~xi ) + ψ(zi , zci )

C
X

c=1

C
X

= θ f (zi , ~xi ) +

>

log p(zi , z1:C,i | ~xi ) ∝ φ(zi , ~xi ) +

The Coupled Latent Trajectory Model (C-LTM) seeks to learn and capture correlations
across trajectories of different marker types. In scleroderma, for example, an individual
with worse lung trajectories (e.g. the rapidly declining lung trajectory subtype) is more
likely to have a severe skin disease trajectory. In the C-LTM these types of dependencies
are captured by the term p(zi , z1:C,i | xi ) shown in Eq. 2. We parameterize this distribution
using a conditional random field with singleton and pairwise factors defined over zi and
z1:C,i . Singleton factors can depend on the baseline covariates ~xi . Pairwise factors are
defined only between the clinical marker random variables zi and each of the auxiliary
marker latent variables zci . Both are parameterized linearly. The coupling model therefore
has the following form:

3.3 Coupling Model

i

For brevity, we omit the derivation of these expectations here, but point the interested
reader to Schulam and Saria (2015) and its supplementary material for the steps taken to
arrive at these expressions. To obtain the LTM predictive needed in Eq. 2, we condition
Eq 19 on subtype zi . This gives us the following expression:
h i
p(y(·) | zi , ~yi,≤t , ~xi ) , Φp (·)> Λ ~xi + Φz (·)> β~zi + Φ` (·)> E~∗b ~bi + E∗fi [fi (·)] .
(24)
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Finally, the expectation required for the individual short-term prediction is:
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The expectation required for the individual long-term prediction is:

To compute the subpopulation prediction in Eq. 19 above, we simply compute the expected
value of the B-spline coefficients under the posterior in Eq. 20:
P

G
∗ ~
β~i∗ ,
(21)
zi =1 πizi βzi .





∗
πig
∝ πg N ~yi | Φp ~ti Λ ~xi + Φz ~ti β~g , K ~ti , ~ti .

which is easily done given that the observed-data likelihood has a mixture of multivariate
normals density (Eq. 14). The posterior probability of subtype g for individual i is therefore

Coupled Latent Variable Models for Individualizing Prognoses

fi

⇢
~i

⇤

⌃b

G

~bi

yij

~g

fi

Ni

tij

M

~xip

⇢
~i

⇤

~bi

G

⌃b

yij

~g

Ni

tij

~xip

M

~y1,i,t

~x1,i

z1,i

`1,i,t (·)

(·, ·)

(·)

`i,t (·)

~yi,t

~y2,i,t

~x2,i

(·)
z2,i

zi

`2,i,t (·)

(·, ·)

`i,>t (·)

~yi,>t

...

~xi

(·)

~yC,i,t

~xC,i

zC,i

`C,i,t (·)

(·, ·)

(·)

zi

X

p(y(·) | zi , ~yi,≤t , ~xi )

z1:C,i

X

u(zi , z1:C,i | H(i, t)),

(26)

c=1

C
X

)

`ci,≤t (zci ) + θc> fc (zci , ~xi ) + ηc> gc (zi , zci ) ,

14

P
0 (z )
Zi,t
i
z1:C u(zi , z1:C | H(i, t))
p(zi | H(i, t)) = P P
,
.
u(z,
z
|
H(i,
t))
Zi,t
1:C
z
z1:C

(28)

(27)

JMLR 17(234):1-35

To make D(i, t) a proper distribution, we normalize u(zi , z1:C,i | H(i, t)) to obtain

exp `i,≤t (zi ) + θ> f (zi , ~xi ) +

u(zi , z1:C,i | H(i, t)) ,
(

where we have defined H(i, t) to be the set of information contained in the clinical history
of individual i at time t: {~yi,≤t , ~y1:C,i,≤t , ~xi }, and used u(zi , z1:C,i | H(i, t)) to denote the
following unnormalized weight assigned to all values of the latent variables given the history:

D(i, t) ∝

To predict trajectories (i.e. compute Eq. 1), we combine the LTM likelihood (Eq. 16), the
LTM predictive (Eq. 24), and the coupling model (Eq. 25). Let `i,≤t (zi ) stand as shorthand
for log p(~yi,≤t | zi , ~xi ) and `ci,≤t (zc,i ) stand as shorthand for log p(~yci,≤t | zci , ~xi ), then we
see that

3.4 Predicting Trajectories using the C-LTM

Figure 4: The factor graph of the coupled latent trajectory model. Empty nodes denote
latent random variables, and shaded nodes denote observed variables. The latent
trajectory model (LTM, described in Section 3.2) acts as a data-driven factor
linking observed target and auxiliary marker histories into predictions.
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zi

then we can write D(i, t) (Eq. 1) as
X
p(y(·) | zi , ~yi,≤t , ~xi ) p(zi | H(i, t)).
D(i, t) =
(29)

Intuitively, we see that the predictive distribution under C-LTM is simply a weighted combination of the subtype-specific predictive distributions under LTM (Eq. 24). Moreover,
the distribution p(zi | H(i, t)) is the marginal distribution over zi in a conditional random
field with structure similar to the coupling model (Eq. 25) but augmented with additional
singleton factors defined by the LTM likelihood functions given the marker trajectory histories. The LTM likelihood factors in Eq. 27 are added into the model unchanged, but
additional parameters {γ, γ1:C } can be included to reweight those terms (a similar idea is
used in Raina et al. (2003)).1 The factor graph for this conditional random field is shown
in Figure 4. Note that the weight p(zi | H(i, t)) can be efficiently computed in time linear
in the number of auxiliary markers using the junction tree algorithm.
The C-LTM offers a number of advantages for predictive modeling of disease trajectories
in domains where many other related marker trajectories are available. First, it allows
irregularly and sparsely sampled trajectories to be neatly summarized using modularized,
single-marker generative models. These can capture important latent factors and account for
marker-specific measurement models and noise processes. Second, we can discriminatively
use auxiliary marker trajectory histories when modeling Eq. 1 instead of specifying a
joint generative model, which sidesteps the challenges associated with correctly specifying
dependencies between many different marker types. Finally, the model can be used in
continuous time and it dynamically updates predictions as new observations arrive.
3.5 Learning the C-LTM
We have described two components of our approach: the Latent Trajectory Model (LTM)
and the coupling model. When these components are combined as shown in Section 3.4,
then we obtain the C-LTM. The C-LTM has two conceptually distinct sets of parameters.
The first set are those belonging to the individually trained LTMs for each marker type.
To learn these, we can use the EM algorithm described in Schulam and Saria (2015). To
learn the parameters for the C-LTM, we keep the single-marker model parameters fixed (e.g.
those learned for the LTM), and use a standard gradient-based CRF learning algorithm (as
described in Section 3.1.2) to optimize the penalized log-likelihood of example trajectory
predictions. For completeness, we provide additional details for both stages in Appendix A.
3.5.1 Scalability
The EM algorithm used to learn the parameters of the LTM poses no serious challenges
to scalability. The primary computational burden lies in the E-step wherein sufficient
statistics from all individuals are computed and collected. This is linear in the number of
patient records being analyzed, but since the inference required to compute the sufficient
statistics can be performed independently for each individual given the current parameter
estimates, the E-step can be easily parallelized to offset slow learning due to large numbers
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1. When using a penalty, we can center the weights at 1 so that the default behavior is to leave the likelihood
factors unchanged as in Eq. 27
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of patient records. For any given individual, the E-step is dominated by the inversion of
the Ni × Ni covariance matrix. We do not expect this to be problematic, however, because
clinical markers in chronic diseases are observed at a maximum rate of 12 times per year.
Moreover, such diseases occur over periods on the order of tens of years. Therefore, the
number of measurements will be at most on the order of 100-200.
Learning the parameters of the CRF requires a sweep through all M |T | training instances in order to compute and aggregate the gradient at each iteration. The primary
computational burden is computing the expected values of the features (Eq. 42), however,
the tree-structured graphical model shown in Figure 4 allows the junction tree algorithm to
run in time linear in the number of auxiliary markers. On a standard laptop, we are able
to train the model on 772 patients (5,458 PFVC measurements) in 10-20 minutes.
Online inference for predicting a given individual’s future trajectory is also computationally straightforward. The key quantities are (1) the weights p(zi | H(i, t)) in Eq. 29, which
are easily computed using the junction tree algorithm in time linear in the number of auxiliary markers, and (2) the subtype-specific predictive densities p(y(·) | zi , ~yi,≤t , ~xi ), which
have the same computational complexity as the E-step in the LTM learning algorithm.

4. Experiments

We demonstrate our approach by building a tool for predicting lung disease trajectories
for individuals with scleroderma. Lung disease is currently the leading cause of death
among scleroderma patients, and is notoriously difficult to treat due to the lack of accurate
predictors of decline and tremendous variability across individual trajectories (Allanore
et al., 2015). Clinicians use percent of predicted forced vital capacity (PFVC) to track
lung severity, which is expected to drop as the disease progresses. In addition, they collect
demographic information and other clinical marker values that measure the impact of disease
on the different organ systems involved in scleroderma.
Data description. We train and validate our model using data from the Johns Hopkins
Scleroderma Center patient registry, one of largest collections of clinical scleroderma data in
the world. Demographic information is collected during the patient’s first visit to the clinic.
PFVC and other clinical markers are collected during routine visits thereafter. To select
individuals from the registry, we used the following criteria. First, we include individuals
who were seen at the clinic within two years of their earliest scleroderma-related symptom2
(1, 186 individuals). Second, we exclude all individuals with fewer than two PFVC measurements after first being seen by the clinic (398 individuals). Finally, we exclude individuals
who received a lung transplant (16 individuals) because their natural trajectory is altered
by the intervention. Transplants are rare so removing patients with transplants should not
introduce significant bias. As mentioned earlier, there are no other known course-altering
therapies for scleroderma.
Our final data set contains 772 individuals and a total of 5, 458 PFVC measurements
tracking individuals over a period of 20 years. The first, second, and third quartiles of the
total number of PFVC measurements for an individual are 3, 5, and 9 respectively. The
maximum number of PFVC measurements for one individual is 63. The first, second, and
third quartiles of the measurement times are 1 year, 2.8 years, and 5.9 years. The first,
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2. Date of first symptom is established during the first encounter by both the patient and clinician.
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3. For the B-spline mixture, we use the subtypes discovered by LTM as the mixture classes. Without
accounting for individual-specific variability explicitly, we have found that fitting a B-spline mixture
using EM recovers poor classes that do not capture important trajectory shapes in the data. For
additional details, see Section 3 in the supplement of Schulam and Saria (2015).
4. After the eighth year, data becomes too sparse to further divide this time span.
5. Recall that the first of 10 folds is used for hyperparameter estimates.
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with an L1 regularizer. We optimize the objective using the Orthant-Wise Limited-memory
Quasi-Newton (OWL-QN) algorithm (Andrew and Gao, 2007). To generate training examples
for the C-LTM, we use times T = {1, 2, 4} (the first three quintiles of observation times in
our data) to fit three different models. We choose time points earlier in the disease course
because this is when it is most valuable to leverage all available information. In our crossvalidated experimental results below, we estimate the penalty of the L1 regularization term
in each fold by splitting a portion of the training data into a development set. We sweep the
penalty from 1.0 × 10−7 to 1.0 × 10−1 and choose based on development set performance.
Baselines. As a first baseline, we fit a regression model using static predictors only
(features in ~xi ). This is to compare against typical approaches in clinical prediction which
rely only on observed features to predict disease progression (e.g. Khanna et al. 2011). The
regression function is as follows, where Φ(t) is a B-spline basis:


P
P
ŷ(t) | ~xi = Φ(t)> β~0 + xij in ~xi xij β~i + xij ,xik in pairs of ~xi xij xik β~ij .
(30)

second, and third quartiles of elapsed time between measurements are 0.4 years, 0.7 years,
and 1.10 years. The minimum and maximum elapsed time is 0.002 years and 16.4 years
respectively.
The baseline demographic information includes gender and African American race, both
of which have been shown to be associated with disease severity in scleroderma (Allanore
et al., 2015). Antibody data are also collected at baseline, but since these are only available
for a small subset of individuals, we do not include that data here. For time-dependent
predictors, we include 5 auxiliary clinical markers. Three of the auxiliary markers are
similar to PFVC in that they are continuous-valued test results used to measure the health
of organ systems. We include: percent of predicted forced expiratory volume in one second
(PFEV1), which measures the force with which air is expelled from the lungs; percent of
predicted diffusing capacity (PDLCO), which measures the efficiency of oxygen diffusion
from the lungs to the bloodstream; and total skin score (TSS), which is a cumulative
measure of the thickness of the skin at various points on the body. In addition, we include
2 severity scores—clinical Likert-scaled judgements of organ damage severity: Raynaud’s
phenomenon (RP) severity score, which measures the severity of damage to the extremities
by issues related to the vasculature, and GI severity score that measures the severity of
damage to the GI tract. For the interested reader, a more detailed discussion of these
markers and their relationship to the disease can be found in Varga et al. (2012).
Experimental setup. For the 4 continuous-valued clinical markers (PFVC, PFEV1,
PDLCO, TSS) we use the LTM and for the 2 severity scores (GI and RP) we use a simpler
model that we will describe later. For the population model, we use constant functions
(i.e. the basis expansion Φp (t) contains an intercept term whose coefficient is determined
by baseline covariates). For the subpopulation B-splines, we set boundary knots at 0 and 25
years (the maximum observation time in our data set is 23 years), use two interior knots that
divide the time period from 0-25 years into three equally spaced chunks, and use quadratics
as the piecewise components. For the individual-specific long-term basis Φ` , we use the
same basis as the population model (constant functions).
We divide our data into 10 folds and use log-likelihood on the first fold for tuning
hyperparameters. For PFVC, we select G = 9 subtypes using BIC. For the kernel hyperparameters Θ1 = {Σb , α, `, σ 2 } we set Σb ∈ R to be 16.0, which corresponds to the variance
of individual-specific intercepts. We set α = 6, ` = 2, and σ 2 = 1 using a grid search over
values chosen using domain knowledge. Qualitatively, these make sense; we expect transient
deviations to last around 2 years and to change PFVC by around ±6 units. Finally, we
penalize the expected log-likelihood with respect to β~1:G as in Eq. 4 and set the weight
ρ = 0.01, which was chosen based on the clinical interpretability of the learned subtype
trajectories. The remaining 9 folds were used for our cross-validation experiments. The
parameters of each trajectory model are estimated independently for each fold (e.g. the
B-spline coefficients of the subtype trajectories). For the severity scores, which are Likertscaled and not continuous, we use a simple naive Bayes generative model wherein the latent
“class” is an indicator of whether the individual ever reaches a high severity level (a cutoff in the severity scale determined by clinical collaborators). Severity score observations
are treated as iid draws from a class-specific multinomial distribution (i.e. the likelihood
for these auxiliary markers is a multinomial distribution over severity scores). Finally, we
estimate the parameters of the C-LTM by maximizing the objective in Eq. 33 augmented
18

In this section, we present four sets of results. The first two are qualitative, and demonstrate the advantages of the C-LTM over the baseline models using examples. In the first

4.1 Results

The following baselines reflect state-of-the-art approaches for dynamical prediction. The
focus for each of these models, as discussed in the related work section, is on dynamical
prediction of single marker trajectories using the marker history and static measurements
collected during the first visit. The second baseline, like Rizopoulos (2011) and Shi et al.
(2012), defines a single mean function parameterized in the same way as the first baseline
and models individual-specific variations using a GP with the same kernel as in Equation
15 (using hyper-parameters as above). The third baseline is a mixture of B-splines, which
models subpopulations that can express different trajectory shapes (as in Proust-Lima et al.
(2014)).3 Finally, we use the LTM (no coupling to auxiliary markers) as a baseline. All
B-spline bases used in these baseline models are parameterized in the same way as the
C-LTM (described above).
Evaluation. Prediction accuracy for all models is measured using the absolute error
between the predicted and a smoothed version of the individual’s observed trajectory. We
make predictions after one, two, and four years of follow-up, which are summarized using
averages computed in the second year of follow-up (t ∈ (1, 2]), in the third and fourth
year of follow-up (t ∈ (2, 4]), fifth to eighth year of follow-up (t ∈ (4, 8]), and beyond the
eighth year of follow-up (t ∈ (8, 25])4 . Mean absolute errors (MAE) and standard errors
are estimated using 9-fold CV5 at the level of individuals (i.e. all of an individual’s data
is held-out). Significance tests are computed against baselines using a paired t-test with
point-wise predictions aggregated across folds.
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6. This patient was selected as an exemplar for the types of errors commonly made by the baseline models.

As an illustrative example to compare C-LTM with baselines, in Figures 5a, 5b, and 5c
we show the dynamic predictions made using the C-LTM, the B-spline mixture, and the
B-spline + GP baselines on a sample patient.6 For each model, we show 95% posterior

4.1.1 Visual Comparison to Baselines

qualitative analysis, we compare predictions made by C-LTM to those made by the B-spline
mixture and the B-spline + GP. In the second qualitative analysis, we compare the C-LTM
inferences with those from the LTM, which is a state-of-the-art single-marker model. The
second two results are quantitative. The first compares predictive accuracies between the
baseline models and the C-LTM. The second investigates clinical utility by using each model
to predict a severity score that we use to detect individuals with aggressive lung disease.

Figure 5: Examples of predictions made using 1, 2, and 4 years of data (moving across
columns from left to right). Plot (a) shows dynamic predictions using C-LTM.
Red markers are unobserved. Blue shows the trajectory predicted using the most
likely subtype, and green shows the second most likely. Plot (b) shows dynamic
predictions for the B-spline mixture baseline. Plot (c) shows the same for the
B-spline + GP baseline.

% Predicted Forced Vital Capacity (PFVC)

Schulam and Saria

intervals for the future trajectory. For the C-LTM and B-spline mixture, the most likely
subtype is shown in blue and the second most likely is in green. The B-spline mixture (Figure
5b) cannot explain individual-specific sources of variation (e.g. short-term deviations from
the mixture mean) and so over-reacts to the slight rise in PFVC seen in the last two
observed (black) measurements in the second panel (year 2). The B-spline + GP (Figure
5c) cannot capture long-term differences in trajectory means (e.g. due to subtypes) and
so pulls back to the population mean over time even after four years of data suggest a
declining trajectory. On the other hand, at year 1 the C-LTM (Figure 5a) maintains the
hypothesis that the individual may decline or return to stability (correctly putting most
weight on the former). After 2 years of data, the temporary recovery seems to have caused
confidence in the declining trajectory to fall (going from 66% to 39%), but the top-weighted
hypothesis is still correct. After 4 years of data, the model again becomes confident in the
declining trajectory. Clinically, this robustness to short-term changes is important. After
having seen the recovery between years 1 and 2, a clinician may become less immediately
concerned with the individual’s future lung disease, possibly delaying immunotherapy until
a rapid decline becomes more evident. Note that the B-spline mixture, on the other hand,
over-reacts to the recovery and predicts that the individual will continue to recover.

4.1.2 Analysis of Example Inferences

In Figure 6a-d, we show the C-LTM’s target and auxiliary marker inferences for four different patients. For the target marker (PFVC) and auxiliary markers (TSS, PDLCO, and
PFEV1), we show the most likely (blue) and second most likely (green) subtype and their
corresponding trajectories. For the RP and GI severity score markers, we show the most
likely severity class (high versus low). The dashed lines indicate the threshold at which
high and low are determined based on judgements by our clinical collaborators. For PFVC,
PFEV1, and PDLCO lower values indicate more severe progression. For TSS, higher values
indicate severe progression. In Figures 6e-h, we show the predictions made by LTM to
visually compare against predictions made using the baseline markers and PFVC history
only (i.e. that do not leverage information from auxiliary markers).

JMLR 17(234):1-35

In Figure 6a, we see a 55 year-old woman who presents with mildly impaired lung
function (approximately 65 PFVC), but seems to recover over the course of the first year
to reach a PFVC above 75 (considered by clinicians to be relatively healthy). Using this
information alone, one may suspect that she will not have future lung issues. Indeed, this
is what LTM predicts as shown in Figure 6e. By examining her auxiliary markers, however,
we see that the picture is less clear. In particular, PFEV1 (a clinical marker closely related
to PFVC) both decreases and increases over that period. C-LTM infers a mildly declining
trajectory for PFEV1. In addition, PDLCO is also noisy and overall low, which suggests
that the blood is not efficiently absorbing oxygen. This can happen for a number of reasons,
but active lung disease is one of them. Finally, we see that her initial skin score is quite
high and C-LTM projects it to stay high for the next few years, which is associated with
active lung disease. We see that C-LTM has successfully incorporated inferences about the
future trends of the auxiliary markers and correctly predicts that this woman’s PFVC will
decline after this initial improvement.
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Figure 6: The predicted PFVC trajectory and the auxiliary markers are shown for two
different patients. Red markers are unobserved. For the auxiliary markers TSS,
PFEV1, and PDLCO we show the most likely (blue) and second most likely
(green) subtype and their corresponding trajectories. For the RP and GI severity
scores, we show the most likely severity class (high versus low). The dashed lines
indicate the threshold at which high and low are determined clinically.
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In Table 1, we report performance of the C-LTM, LTM, and the three other baseline models. First, we note that the C-LTM statistically significantly outperforms the B-spline with
baseline features for all predictions. This baseline makes static predictions using baseline
information only, and cannot adapt to an individual as new data becomes available. Moreover, after an initial amount of data has been collected on an individual, C-LTM statistically
significantly outperforms all other models. This is not surprising. When compared to the

4.1.3 Predictive Accuracy

Finally, in Figure 6d, we see a 67 year-old African American man with mildly impaired
lung function early in the disease course (around 75 PFVC) that seems to recover over the
next one or two years to a healthier 85 PFVC. In Figure 6h, we see that the LTM predicts
that a stable trajectory thereafter is likely. By considering other organ systems, however,
we see that this man’s blood-oxygen diffusion is severely limited early in the disease course
(nearly 25% of the predicted DLCO). Moreover, we see that the this individual’s Raynaud’s
phenomenon severity score is high early on and correctly predicted to remain that way.
The low PDLCO and high RP severity score point to active vasculature disease, which is
hypothesized to cause late deterioration in lung function. We see that C-LTM correctly
uses this evidence to predict an accurate disease trajectory.

In Figure 6c, we see a 76 year-old white woman that presents with healthy lung function
(just under 90 PFVC), which also appears to be stable given the subsequent test result
taken later that same year. The LTM predicts that this individual’s most likely course is to
remain stable. From the PFEV1 trajectory, however, we see that there was a large initial
loss in PFEV1, which, together with the unusually high skin score (TSS) suggests that
this woman’s disease is active. The activity in the other organ systems allows the C-LTM
to offset the stability seen in the first two PFVC measurements and correctly predict the
consistently declining lung trajectory.

In Figure 6b, we see a 75 year-old white woman who presents with healthy lung function
(approximately 85 PFVC), but is consistently declining over the course of the first year by
nearly 15 PFVC. A clinical rule of thumb is that a drop in 10 PFVC over the course of
a year warrants close monitoring for active lung disease. We see that LTM extrapolates
this initial trend and predicts that this individual will continue to decline rapidly (Figure
6f). Just as in the previous example, however, the auxiliary markers paint a more complete
picture of this individual. In the first few PFEV1 observations, we see that this decline is
not quite as pronounced and the progression is predicted to be more mild. In PDLCO we
see that oxygen is absorbed into the blood at healthy levels and also predicted to remain
stable (although incorrectly in this case). Finally, C-LTM predicts that the RP and GI
severity scores will remain low, which also supports the prediction that this woman will
stabilize. Note that in this example C-LTM overestimates the course of PDLCO and TSS.
Although the model still makes the correct prediction for PFVC in spite of this mistake,
it highlights that the performance of our approach may be further improved with better
auxiliary marker inferences. As research in systems biology yields new insights into modeling
specific measurements more precisely, the modular architecture of C-LTM makes it possible
to improve overall performance by incorporating improved versions of the target or auxiliary
marker models.
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B-spline Mixture
LTM
C-LTM
B-spline with Baseline Feats.
B-spline + GP
B-spline Mixture
LTM
C-LTM

Predictions using 1 year of data
(1, 2]
(2, 4]
13.17 (0.43)
14.07 (0.61)
5.57 (0.24)
8.40 (0.19)
6.31 (0.22)
7.59 (0.36)
5.70 (0.30)
8.02 (0.41)
F♣♠ 5.12 (0.20)
F♣♠ 6.88 (0.27)
Predictions using 2 years of data
14.07 (0.61)
6.51 (0.19)
6.17 (0.29)
5.74 (0.29)
F♣♠ 5.58 (0.34)
Predictions using 4 years of data
14.34
6.60
6.00
4.88

F♣ 5.04

1.01.0

0.8
Sensitivity
Sensitivity

1.0
1.0

0.8
0.8

0.8

1
0.59
0.58
0.57
0.68
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0.6

0.4
0.4

0.4

Specificity
Specificity
Specificity
Specificity

0.6
0.6

0.2
0.2

0.2

0.0
0.0

0.0

2
0.63
0.63
0.71
0.75

4
0.74
0.76
0.84
0.87

B-spline + GP (1 year)
B-spline mixture (1 year)
LTM (1 year)

C-LTM (4 years)

C-LTM (2 years)

C-LTM (1 year)

(a) AUCs for detecting declining individuals.

Model / Years of Data
B-spline + GP
B-spline mixture
LTM
C-LTM

1.0
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are predicted to have active lung disease but do not, the results of the study are blurred
because both arms of the trial may include many individuals without active lung disease.
To test how well these different models can detect individuals that will experience rapidly
declining lung function, we use the predictions of future PFVC measurements to produce
a score. The score is defined to be the difference between the individual’s first PFVC measurement and the minimum predicted value in the future—this will be higher for individuals
on whom a model predicts deteriorating lung function and lower for those predicted to be
stable. To label an individual as declining, we require that they (1) have at least one observation within the first year of being seen by the clinic, (2) have 3 years between their first
and last measurements, (3) have at least 4 PFVC measurements, and (4) have an initial
PFVC measurement that is 20 PFVC higher than their last measurement. Requirements
(2) and (3) are to ensure that the trajectory can be reliably annotated as declining or not.
For each model, we make predictions at years 1, 2, and 4 and compute the score described
above for each individual. We then compute the AUC for each model at each year. Table
7a displays the results of this experiment. We see that C-LTM achieves higher AUC at
all years than the baseline models. Figure 7b displays the ROCs for the B-Spline + GP
(green), B-Spline mixture (cyan), LTM (orange), and the proposed model (black) at year 1

Figure 7: Declining individual detection results.

(b) ROCs comparing B-spline + GP at 1 year, B-spline mixture at 1 year,
LTM at 1 year, and C-LTM at years 1, 2, and 4.

0.2

B-spline with Baseline Feats.
B-spline + GP
B-spline Mixture
LTM
C-LTM

Table 1: Mean absolute error of PFVC predictions for the B-spline with baseline features, the Bspline + GP, LTM, and C-LTM. Bold numbers indicate best performance across baseline
models and proposed model. F indicates statistically significant improvement against
the B-spline model with baseline features only using a paired t-test (α = 0.05). ♣ indicates statistical significance compared against the B-spline + GP.  indicates statistical
significance compared against the B-spline mixture. ♠ indicates statistical significance
compared against LTM.

LTM, we see that C-LTM benefits from leveraging information from auxiliary markers. As
more information is collected, both models are able to the individual and provide comparable predictions. The B-spline mixture is not able to personalize beyond capturing long-term
trends across subpopulations, so we see that it becomes less competitive compared to both
C-LTM and LTM as more data are collected. Finally, the B-spline + GP cannot capture
long-term trends specific to subpopulations (as we saw in Section 4.1.1), and so we see that
it does poorly when making predictions.
4.1.4 Clinical Utility

JMLR 17(234):1-35

One may naturally wonder whether the observed improvements in MAE reported above
translate to practical benefits in the clinic. In the examples shown in Figure 6, we have
walked through cases where the model makes predictions that would seem unlikely if we
were to consider PFVC alone. This suggests that the model can augment expert clinical
judgement and may serve to protect against incorrect extrapolations. In this section, we
further elaborate upon this intuition by studying clinical utility quantitatively. In particular,
we compare how well the B-spline + GP, B-spline mixture, LTM, and C-LTM are able to
detect individuals who will have rapidly declining lung function. It is notoriously difficult to
predict which scleroderma patients will rapidly decline using only information from early in
the disease course. In addition to improving prognoses, more accurate detection of rapidly
declining lung function can help to improve the recruitment for clinical trials evaluating
drugs for scleroderma-related lung disease. If we include many individuals in a study who
23
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We have demonstrated our model by developing a prognostic tool for predicting lung
disease trajectories in patients with scleroderma, an autoimmune disease. We showed that
the proposed model makes more accurate predictions than state-of-the-art approaches. Accurate tools for prognosis can allow clinicians and patients to more actively manage their
disease. While we have focused model development and evaluation on scleroderma, this
work is broadly applicable to other complex diseases (Craig, 2008), many of which track
disease activity using clinical scales of severity. The proposed model is most directly applicable to CCDs where heterogeneity in disease presentation is common. Examples of such
diseases include lupus, multiple sclerosis, inflammatory bowel disease (IBD), chronic obstructive pulmonary disease (COPD), and asthma. Extensions of the proposed ideas, and
the model, to these diseases offer an opportunity to address important open challenges in
precision medicine.

The ideas proposed here also open up other longer-term directions for future work.
The proposed model does not account for the effects of treatment on an individual’s longterm trajectory. In many chronic conditions, as is the case for scleroderma, drugs only
provide short-term relief (accounted for in our model by the individual-specific adjustments).
However, if treatments that alter long-term course are available and commonly prescribed,
then these should be included within the model as an additional component that influences
the trajectory. Learning these treatment effects from noisy electronic health record data
(e.g., Xu et al. 2016) present an exciting and challenging direction for future work.

The goal of personalized (also called precision) medicine is to develop tools that help to
tailor prognoses to the characteristics and unique medical history of the individual. In this
paper, we describe an approach to personalized prognosis that uses an integrative analysis
of multiple clinical marker histories from the individuals medical records. Our approach
combines single-marker latent variable models (the LTM) with a CRF coupling model to
make more accurate predictions about the future trajectory of a target clinical marker.
The coupled model (C-LTM) has several advantages. First, the marker-specific LTMs
account for marker trajectory shapes using components at the population, subpopulation,
individual long-term, and individual short-term levels, which simultaneously allows for heterogeneity across and within individuals, and enables statistical strength to be shared across
observations at different “resolutions” of the data. Within an individual marker model,
the population and subpopulation components are learned offline, while estimates of the
individual-specific parameters are refined over the course of the disease as data accrues for
that individual. Second, our coupling model allows us to condition both the target and
auxiliary marker histories to make predictions about the future target marker trajectory.
We therefore use the marker-specific latent variable models to neatly summarize and extra information from the irregularly sampled and sparse, while simultaneously sidestepping
the issue of jointly modeling both the target and auxiliary markers. The conditional formulation is less sensitive to misspecified dependencies between different marker types and
can also be easily scaled to diseases with a large number of auxiliary markers. Finally,
our model aligns with clinical practice; predictions are dynamically updated in continuous
time as new marker observations are measured. We also note that our description of the
method and the experimental results focus on predicting the trajectory of a single clinical
marker, but multiple latent factor regression models can be easily fit so that many markers
can be simultaneously predicted. Using this extension, we only need to maintain different
CRF parameters; the latent variable models are shared since they are fit independently as
a precursor to learning the CRF.
There are several shortcomings of the proposed approach that are promising directions
for future research. First, the model implicitly assumes that the data generating process is
noninformative (i.e. missing data is missing at random (Little and Rubin, 2014)). This is
appropriate for clinical markers that are routinely collected, but additional machinery would
be required to model markers whose missingness is informative. For example, in some cases,
additional measurements may be made due to clinical suspicion caused by factors that are
not clearly document in the health record. Researchers have begun to explore more complex
missing-data mechanisms for disease trajectory modeling (e.g., Lange et al. 2015; Coley et al.
2016), and it will be important to incorporate these ideas into the framework discussed here
to integrate the full set of markers measured during a clinical visit. Another shortcoming is
our focus on discrete latent factors of the auxiliary marker trajectories. Continuous-valued

5. Discussion

latent factors may also be useful, but would make learning and inference in the latent factor
CRF more challenging.

and also includes the ROCs for the proposed model at years 2 (blue) and 4 (red) to visualize
how performance improves as more data is added. Clinically, an AUC of 0.87 for predicting
individuals with lung decline after—on average—four years of data is high and has not been
shown previously.

There are also several other immediate opportunities for improving the model. Auxiliary markers are integrated via separate marker-specific generative models. While we
incorporated two different types of models—trajectory and maximum-severity based—both
of which were data driven, existing and new clinical knowledge should be brought to bear to
improve these models, which we expect will improve predictions of the target trajectories.
Further, in this work, we focused on modeling the dependency of the target subtype on
the auxiliary markers. In addition, estimates of the individual-specific long-term and shortterm components may also benefit from conditioning on the auxiliary markers. Finally,
the parameters for the pairwise potentials learned in our model may serve as a means for
generating hypotheses about the co-evolution of organ-specific trajectories.
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A.2 Learning the Coupling Model
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Appendix A. Learning the C-LTM: Details

zi =1

i=1 t∈T

(A)

log p(~yi,>t | H(i, t))

In this section, we provide additional details on the learning algorithm for the C-LTM.
Recall that this consists of two stages: (1) independently fitting the single-marker models
(the LTM in our case), and (2) fitting the parameters of the coupling model. We describe
both stages below.
A.1 Learning the LTM

log

J(γ, γ1:C , θ, θ1:C , η1:C ) =

M

i

XX
X


log 
p(~yi,>t | zi ) p(zi | H(i, t)) ,
{z
}
| {z } |
z

i=1 t∈T

∂ log p(~yi,>t | H(i, t))
=
∂θk

X

zi

28

!

p(~yi,>t | zi )p(zi | H(i, t)) .

z

p(~yi,>t | H(i, t))

p(~yi,>t | z) ∂p(z|H(i,t))
∂θk

.

(35)

JMLR 17(234):1-35

(36)

To reiterate, the parameters of the density p(~yi,>t | zi ) are assumed to have been learned
in a separate step (e.g. using the EM algorithm presented above), and so we are only
concerned with estimating the parameters of the singleton and pairwise factors in the CRF:
γ, γ1:C , θ, θ1:C , η1:C .
Gradient of the objective. We derive the gradient for a single summand of the objective
(Eq. 33), which are combined additively to form the full gradient used at each iteration.
Although our model is log-linear over all latent variables zi and z1:C,i , Eq. 35 is not linear
in the parameters because the random field does not directly estimate the conditional distribution over the future target clinical markers, but instead estimates the weights assigned
to each configuration of the latent variables. We therefore have that the partial derivative
of Eq. 35 with respect to any parameter θk is:
P


log p(~yi,>t | H(i, t)) = log

where (A) is the subtype-specific multivariate normal likelihood in Eq. 14 and (B) is the
conditional distribution over zi shown in Eq. 28. To learn the parameters, we maximize
this objective with respect to γ, γ1:C , θ, θ1:C , and η1:C using gradient-based methods (e.g.
L-BFGS). In our experiments, we optimize a regularized version of the objective, but for
simplicity this section discusses the computations required to compute the gradient of Eq. 33
only. Consider a single summand of Eq. 33

=

(B)

To learn the parameters of the latent-factor CRF regression, we directly maximize the
conditional probability of future target markers given previously observed target markers,
previously observed auxiliary markers, and static baseline covariates on a collection of examples extracted from retrospective data. Suppose we are given records containing the
target marker, auxiliary markers, and baseline covariates for M individuals. We choose a
collection of times T that will be used to create training examples of history-future pairs.
For example, we may choose T = {1, 2} because early management decisions are made
using prognoses at years 1 and 2. We emphasize, however, that the model is not restricted
to making predictions at years 1 and 2; it can make predictions at arbitrary times. The
times T are simply used to create training instances. We also note that it is possible to
train specialized models for different time periods. For example, we may train one model
for making predictions in the first 2 years and another for beyond 4 years. Given the M
records and times T , we define the objective:

i=1

To learn the parameters of the single-marker model Θ = {Λ, π1:G , β~1:G , Σb , a, `, σ 2 }, we maximize the observed-data log-likelihood of a training sample of M retrospectively observed
trajectories (i.e. the probability of all individual’s marker values ~yi given measurement
times ~ti and features ~xi ). Using the expression for the observed-data likelihood in Eq. 14,
we have that the observed-data log-likelihood for all individuals in a training sample is
"
#
M
G

X
X



πzi N ~yi | Φp ~ti Λ ~xi + Φz ~ti β~zi , K ~ti , ~ti
.
(31)
L (Θ) =

To maximize the observed-data log-likelihood with respect to Θ, we partition the parameters into two subsets. The first subset, Θ1 = {Σb , α, `, σ 2 }, contains values that parameterize the covariance function shown in Equation 15. As is often done when designing the kernel
of a Gaussian process, we use a combination of domain knowledge to choose candidate values
and model selection using observed-data log-likelihood as a criterion for choosing among can~1:G }, contains
didates (Rasmussen and Williams, 2006). The second subset, Θ2 = {Λ, π1:G , β
values that parameterize the mean of the multivariate normal distribution in Equation 14.
We learn these parameters using expectation maximization (EM) to find a local maximum
of the observed-data log-likelihood in Equation 31 (Dempster et al., 1977).
Expectation step. All parameters related to ~bi and fi are limited to the covariance kernel
and are not optimized using EM. We therefore only need to consider the subtype indicators
zi as unobserved in the expectation step. Because zi is discrete, its posterior is computed
∗ denote the posterior probability
by normalizing the joint probability of zi and ~yi . Let πig
that individual i has subtype g ∈ {1, . . . , G}, then we have




∗
(32)
πig
∝ πg N ~yi | Φp ~ti Λ ~xi + Φz ~ti β~g , K ~ti , ~ti .
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Maximization step. In the maximization step, we optimize the marginal probability of
the soft assignments under the multinomial model with respect to π1:G . This amounts to
collecting total “soft counts” computed in Eq. 32 for each subtype and renormalizing. To
optimize the expected complete-data log-likelihood with respect to Λ and β~1:G , we note
that the mean of the multivariate normal for each individual is a linear function of these
parameters. Holding Λ fixed, we can therefore solve for β~1:G in closed form and vice versa.
We use a block coordinate ascent approach, alternating between solving for Λ and β~1:G
until convergence. To control the smoothness of the subtypes we penalize the log-likelihood
with respect to the subtype parameters β~1:G as in Eq. 4. Because the penalized expected
complete-data log-likelihood is concave with respect to all parameters in Θ2 , each maximization step is guaranteed to converge. The exact computations required to maximize the
expected log-likelihood can be found in Schulam and Saria (2015) and its supplement.
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(39)

>
g1> (z, z1 ), . . . , gC
(z, zC )]> .

=⇒

0 (z)
∂Zi,t
0
= Zi,t
(z)Ez1:C [T (z, z1:C , ~xi )k | z, H(i, t)] ,
∂θk

∂ log Zi,t
= Ez,z1:C [T (z, z1:C , ~xi )k | H(i, t)]
∂θk
−1
∂Zi,t
1
=⇒
=−
Ez,z1:C [T (z, z1:C , ~xi )k | H(i, t)] ,
∂θk
Zi,t

∂θk

= Ez1:C [T (z, z1:C , ~xi )k | z, H(i, t)]

(41)

(40)

(42)
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In words, we see that the partial derivative with respect to a parameter θk is the expected
value of its corresponding feature given that we have observed the target marker latent
variable z and clinical history H(i, t) minus the expected value of the feature given only the

= p(z | H(i, t)) (EΘ [T (z, z1:C , ~xi )k | z, H(i, t)] − EΘ [T (z, z1:C , ~xi )k | H(i, t)]) .
(43)

0 (z)
0 (z)
Zi,t
∂ Zi,t
=
(EΘ [T (z, z1:C , ~xi )k | z, H(i, t)] − EΘ [T (z, z1:C , ~xi )k | H(i, t)])
∂θk Zi,t
Zi,t

where we have used T (z, z1:C , ~xi )k to denote the feature (or sufficient statistic) corresponding
to the parameter θk . By plugging these partial derivatives back into Eq. 37, we have

∂

0 (z)
log Zi,t

An important property of exponential families is that the gradient of the log-normalizingconstant with respect to the natural parameters is simply the expected value of the sufficient
0 (z)
statistics computed using the current value of the natural parameters. Note that both Zi,t
and Zi,t are normalizing constants of exponential family distributions. In the case of Zi,t this
is trivial to see because it is the normalizing constant of our log-linear model. In the case
0 (z) we see that it is the normalizing constant of a log-linear model over the auxiliary
of Zi,t
marker latent variables z1:C given both z and the clinical history H(i, t). We therefore have:

(38)

f > (z, ~xi ), f1> (z1 , ~xi ), . . . , fC> (zC , ~xi ),

T (z, z1:C , ~xi ) = [`i,≤t (z), `1,i,≤t (z1 ), . . . , `C,i,≤t (zC ),

We can now leverage identities from the theory of log-linear models to continue with
the derivation. In particular, recall that log-linear models are in the exponential family of
distributions. As a consequence, we can consider the parameters γ, γ1:C , θ, θ1:C , η1:C as the
natural parameters of the distribution. The corresponding sufficient statistics are therefore
the factors in the log-linear model:
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p(Yi? = yi? | Ti = ti , F = f ) = I(f (ti ) = yi? ).
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(46)

Trajectories in continuous-time can be thought of as random functions F (·) (Gaussian
processes are an example of a family of distributions over random functions). Although
the function specifies infinitely many values, to learn continuous-time models we maximize
the probability of a finite set of observations (or a penalized version of this objective). In
observational health care data, we need to be careful that we do not bias our likelihoodbased learners by unduly ignoring the dependence between the finite set of times at which
we observe the trajectory and the trajectory’s values at those times. For example, if the
trajectory is more likely to be sampled when its value is low, then our model will learn that
trajectories with high values are less likely than they actually are.
The aim of this section is to posit a set of assumptions about continuous trajectory
observation times that are (1) substantively reasonable, and (2) justify the use of standard
likelihood-based learning. At a high-level, we assume that trajectory observation times are
functions of the previous observation times and the values of the trajectory sampled at those
times. These assumptions are more formally encoded in the graphical model shown in Figure
8, which expresses dependencies for an individual with three trajectory observations. In the
figure, F (·) denotes the full trajectory, {T1 , T2 , T3 } are random variables denoting the times
at which the trajectory is sampled, and {Y1? , Y2? , Y3? } are the observed data. The conditional
probability distribution of any Yi? given the trajectory and associated observation time is
simply:

Appendix B. Missing Data for Continous-Time Trajectories

The partial derivative has a nice interpretation. Each summand has similar structure to
the partial derivative of p(z | H(i, t)) (Eq. 42), but the weight conditioned on only the
clinical history has been replaced with a weight conditioned on both the clinical history
and the future target marker trajectory. The partial derivatives of the summands of the
objective in Eq. 33 are added together to obtain the partial derivative with respect to the
objective. These partial derivatives are combined to form a gradient, which is easily plugged
into existing first-order optimization routines. Optionally, the objective can be augmented
with a regularizer to restrict the complexity of the model or to encourage a sparse solution
to the learning problem. This concludes our discussion of the learning algorithm.

(45)

∂ log p(~yi,>t | H(i, t))
(44)
∂θk
X p(~yi,>t | z)p(z | H(i, t))
(EΘ [T (z, z1:C , ~xi )k | z, H(i, t)] − EΘ [T (z, z1:C , ~xi )k | H(i, t)])
=
p(~yi,>t | H(i, t))
z
X
=
p(z | ~yi,>t , H(i, t)) (EΘ [T (z, z1:C , ~xi )k | z, H(i, t)] − EΘ [T (z, z1:C , ~xi )k | H(i, t)]) .

(37)

0 (z)
0 (z)
∂Zi,t
1 ∂Zi,t
∂p(z | H(i, t))
∂ Zi,t
0
=
=
+ Zi,t
(z)
.
∂θk
∂θk Zi,t
Zi,t ∂θk
∂θk

z

clinical history H(i, t). The difference is then weighted by the probability of observing the
target marker latent variable given the clinical history. By plugging this expression back
into Eq. 36, we arrive at the final expression for the partial derivative of a single summand
with respect to θk :

To complete the expression for the partial derivative, we need to compute the partial derivative of the probability of a given target marker latent variable z with respect to the parameter θk . We have that:
−1

Schulam and Saria

Coupled Latent Variable Models for Individualizing Prognoses

p(F = f )

i=1
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p(Ti = ti | Hi )

Z

p(F = f )

n
Y

n
Y

i=1

I(f (ti ) = yi? )dF

p(F = f )I(f (t1 ) =

p(F = f )

p(Yi? = yi? | Ti = ti , F = f )dF

Z

Z

i=1

=
=

y1? , . . . , f (tn )

= pΘ (f (t1 ) = y1? , . . . , f (tn ) = yn? ).
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We therefore see that, given our observation time mechanism assumptions, maximizing
the likelihood of the sampled trajectory values under our trajectory model is equivalent to
maximizing the “proper” likelihood in Equation 47 with respect to the model parameters
Θ. This result aligns with Theorems 7.1 and 8.1 found in Rubin’s original paper on missing
data (Rubin, 1976).

yn? )dF

The left-hand factor above depends only on the observation time mechanism and the observed data. Moreover, the right-hand factor depends only on the trajectory model and the
sampled trajectory values, which we now show:

i=1

Coupled Latent Variable Models for Individualizing Prognoses

T3
Y3?

F (·)

T2
Y2?

where Hi is defined to be the previous i−1 observation times and sampled trajectory values.
Note that the first term in the product of Equation 49 can be pulled out of the integral,
allowing us to write Equation 48 as
"
#"
#
Z
n
n
Y
Y
p(Yi? = yi? | Ti = ti , F = f )dF .
(50)

T1
Y1?
Figure 8: Example missing data mechanism in continuous-time.

(47)

These assumptions are reasonable in many healthcare settings. For example, in an ICU
where a patient is constantly under supervision, we can reasonably assume that clinical
marker measurements are made at times that depend on the previous observations (e.g.
the individual is thought to be at risk and so measurements are taken more frequently)
and on previous observation times (e.g. a measurement has not been recorded in a while,
so we should collect a new one). In the outpatient setting, an individual with a particular
disease that is being actively managed by a physician will have follow-up visits scheduled
either routinely or more frequently if the physician is especially concerned. On the other
hand, modeling the progression of a disease such as the flu using information from a general
practitioner’s office may not satisfy our assumption because individual’s with less severe
manifestations are less likely to visit.
Conditioned on these assumptions about the dependencies between the trajectory, observation times, and observed values, we want to justify likelihood-based learning. Suppose
we have a trajectory model with parameters Θ that allows us to compute the probability
of any finite set of trajectory values. For example, we can compute pΘ (F (t1 ) = y1? , F (t2 ) =
y2? , F (t3 ) = y3? ). The observed data, however, are the observation times and sampled values:
? }. Proper likelihood-based learning requires that we maximize:
{T1:n , Y1:n
?
?
p(T1:n = t1:n , Y1:n
= y1:n
).
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(49)

However, this expression is determined by both the observation time mechanism and the
trajectory model. Our goal is to show that this can be factored into two terms: one that
depends on the observed data and the observation time mechanism parameters, and the
other that depends on the sampled trajectory values and the trajectory model parameters
Θ. To do this, we first see that Equation 47 can be written as
Z
?
?
p(F = f )p(T1:n = t1:n , Y1:n
= y1:n
| F = f )dF.
(48)
n
Y
i=1

p(Ti = ti | Hi )p(Yi? = yi? | Ti = ti , F = f ),

The integrand in Equation 48 can be now be factored further to obtain
p(F = f )
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J.B. Oliva, W. Neiswanger, B. Póczos, E.P. Xing, H. Trac, S. Ho, and J.G. Schneider. Fast
function to function regression. In Conference on Artificial Intelligence and Statistics
(AISTATS), 2015.

K.P. Murphy. Machine Learning: A Probabilistic Perspective. MIT press, 2012.

K.P. Murphy. Dynamic bayesian networks: representation, inference and learning. PhD
thesis, University of California, Berkeley, 2002.
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Breast cancer is the most common non-skin malignancy affecting women, with approximately 1.67 million cases diagnosed annually worldwide (Ferlay et al., 2013). If an individual’s risk of breast cancer could be predicted, then screening, prevention, and treatment
strategies could be targeted toward those women to maximize survival benefit and minimize
harm. Risk prediction models are important tools to improve breast cancer care by leveraging multi-dimensional electronic health data. Traditional breast cancer risk prediction
models use demographic risk factors to estimate breast cancer risk, but they demonstrate
only limited discriminatory power. In clinical practice, mammography is the most common breast cancer screening test, and the only imaging modality supported by randomized
trials demonstrating reduction in mortality rate. However, its effectiveness is not universally accepted (Freedman et al., 2004). Recent advances in genome-wide association studies
(GWAS) have revitalized the quest for genetic variants (single-nucleotide polymorphisms—
SNPs) in risk prediction. However, the optimism of these studies has been tempered by
disappointment and caution (Gail, 2008, 2009; Wacholder et al., 2010).
Although many breast cancer risk prediction models have been developed, current applications of these models are inadequate in the following respects: (1) due to the rare
occurrence of breast cancer, many seemingly ‘large’ studies have small effective sample size
to adequately model a large number of variables; (2) even for large studies, investigators
often fail to systematically model risk factor interactions to avoid overly complicated models
which are hard to interpret; and (3) they do not take available structure information into
consideration. For example, there are five descriptors for mass margins in mammogram:
circumscribed, microlobulated, obscured, indistinct, and spiculated, with an order of increasing probability of malignancy. However, few models utilize this structure information
(group structure and dependence structure) to improve predictive performance. The quest
for novel breast cancer risk prediction models is motivated to address these shortcomings.
In this paper, we propose to develop novel penalized methods to improve breast cancer
risk prediction by incorporating unique structure information embedded in electronic health
record data. Regularization is a common technique used in regression and classification
problems. The lasso (Tibshirani, 1996) is one of the most popular penalized method and

1. Introduction

Keywords: structure information, breast cancer risk prediction, mammography descriptors, genetic variants, personalized medicine

records. We conducted a retrospective case-control study, garnering 49 mammography descriptors and 77 high-frequency/low-penetrance single-nucleotide polymorphisms (SNPs)
from an existing personalized medicine data repository. Structured mammography reports
and breast imaging features have long been part of a standard electronic health record
(EHR), and genetic markers likely will be in the near future. Lasso and its variants are
widely used approaches to integrated learning and feature selection, and our methodological contribution is to incorporate the dependence structure among the features into these
approaches. More specifically, we propose a new methodology by combining group penalty
and `p (1 ≤ p ≤ 2) fusion penalty to improve breast cancer risk prediction, taking into
account structure information in mammography descriptors and SNPs. We demonstrate
that our method provides benefits that are both statistically significant and potentially
significant to people’s lives.
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Controls

290(39.30%)
424(57.45%)
24(3.25%)
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Cases

126(33.51%)
236(62.77%)
14(3.72%)

history in the case group (45.30%) than in the control group (33.51%), which demonstrated
the family aggregation of breast cancer (Table 1).
Family history

164(45.30%)
188(51.93%)
10(2.77%)
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Mammography features are recorded in the Breast Imaging Reporting and Data System
(BI-RADS) lexicon (BI-RADS, 2014) developed by the American College of Radiology.
The BI-RADS lexicon consists of 49 descriptors, including the characteristics of masses and
microcalcifications, breast composition and other associated findings (Figure 1). In this
study, mammography data was recorded as free text reports in the electronic health record,
from which we used a parser to extract these mammography features (Nassif et al., 2009).

2.1.2 Mammography features

Figure 1: Mammography descriptors described in BI-RADS lexicon.

Table 1: Family aggregation of breast cancer.

Yes
No
N/A

has achieved great success in various fields. However, lasso does not take into account the
prior structure information among features. The group lasso (Yuan and Lin, 2006) is a
natural extension of the lasso by taking advantage of the underlying group structure of
features. It leads to the selection for groups of features and can improve the predictive
performance in many real applications such as microarray data analysis (Ma et al., 2007)
and GWAS (Liu et al., 2013). To incorporate the dependence structure of features, fused
lasso (Tibshirani et al., 2005; Tibshirani and Wang, 2008) is introduced by penalizing the `1
norm of both the coefficients and their successive differences. To the best of our knowledge,
no breast cancer prediction models utilize group penalty and within-group `p fusion penalty
simultaneously to improve risk prediction by leveraging structure information.
The rest of the paper is organized as follows. Section 2 describes our data, proposed
methods, and study design. Section 3 presents the results. The conclusions are described
in Section 4.

2. Materials and Methods
The main purpose of this paper is to take into account both the group structure and the
dependence structure within each group of features by imposing both group penalty and `p
fusion penalty simultaneously.
2.1 Data
The Marshfield Clinic Institutional Review Board approved the use of Marshfield Clinic’s
Personalized Medicine Research Project (PMRP) (McCarty et al., 2005) cohort in our study.

2.1.1 Subjects

JMLR 17(235):1-15

The population-based PMRP cohort, details of which have been previously published (McCarty et al., 2005), was used in this study. Though the details of this population have
been described previously (Burnside et al., 2015), we will summarize here, in brief, for the
convenience of the reader. Women with an available DNA sample, a mammogram, and
a breast biopsy within 12 months after the mammogram were included in the study. For
this case/control study, cases were defined as women having a confirmed diagnosis of breast
cancer obtained from the institutional cancer registry. Controls were confirmed through the
Marshfield Clinic electronic medical records as never having had a breast cancer diagnosis
(and absence from cancer registry).
We identified 362 cases and 376 controls (738 in total) who have both genetics and
mammogram data available. The majority of mammograms were performed between 1993
and 2005 (Burnside et al., 2015). The age range for the subjects in this study was 29 to
90 years of age, with mean 62 and standard deviation 12.8. Among the cases, there were
358 Caucasians, three non-Caucasians and one case whose race information was unknown.
Among the controls, there were 372 Caucasians and four non-Caucasians. These race distributions are consistent with that of the general population in this area. For the family
history of breast cancer, we observed a considerably larger proportion of people with family
3

1
1
2
2
2
2
2
2
2
2
3
3
3
4
4
5
5
5
5
5
5
5
5
6
6
6
6
6
6
7
8
8
8
8
8
9
9
9
10

rs616488
rs11249433
rs1550623
rs16857609
rs2016394
rs4849887
rs1045485
rs13387042
rs17468277
rs4666451
rs12493607
rs6762644
rs4973768
rs6828523
rs9790517
rs10472076
rs1353747
rs1432679
rs10941679
rs889312
rs30099
rs981782
rs10069690
rs11242675
rs204247
rs2046210
rs2180341
rs17530068
rs3757318
rs720475
rs11780156
rs2943559
rs6472903
rs9693444
rs13281615
rs10759243
rs1011970
rs865686
rs11199914

SNP

rs11814448
rs7072776
rs7904519
rs2981582
rs10995190
rs2380205
rs2981579
rs704010
rs11820646
rs3903072
rs3817198
rs2107425
rs614367
rs12422552
rs17356907
rs6220
rs10771399
rs1292011
rs11571833
rs2236007
rs2588809
rs941764
rs999737
rs13329835
rs17817449
rs3803662
rs12443621
rs8051542
rs6504950
rs1436904
rs527616
rs3760982
rs4808801
rs8170
rs2284378
rs2823093
rs132390
rs6001930
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10
10
10
10
10
10
10
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11
11
11
11
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12
12
12
12
13
14
14
14
14
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16
16
16
16
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18
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19
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21
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Chr
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Table 2: The 77 SNPs identified to be associated with breast cancer

Chr

SNP
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η(xi )
= xTi β,
1 − η(xi )

i = 1, ..., n,

n

i=1

1X
log(1 + exp(−yi · xTi β)).
n

1 + exp(xTi β̂)

exp(xTi β̂)

=

1
1 + exp(−xTi β̂)

.
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(1)

6

g=1

Note that there exist natural group structure and dependence structure in mammography
features (Figure 1), which allows us to include the structure information into our risk
prediction models directly. For genetic variants, group structures also exist (Liu et al.,
2012, 2013). In this paper, we apply hierarchical clustering to cluster the 77 SNPs based
on their dissimilarity matrix obtained by computing Spearman’s correlation or Hamming
distance among them. More details are provided in Section 2.5.
Suppose that d features are divided into G groups with dg the number of features in
group g. Define βg ∈ Rdg to be the corresponding coefficient vector in group g. The group
lasso logistic regression (Meier et al., 2008) is defined as the following optimization problem


G


X
p
dg kβg k2 ,
min L(β) + λ1
d

β∈R 

2.3 Group Penalty and `p Fusion Penalty

Then we should predict yi = 1 if η̂(xi ) ≥ 0.5 and yi = −1 if η̂(xi ) < 0.5.

η̂(xi ) =

With β̂, we then estimate the conditional probability η(xi ) by

L(β) =

where β = (β1 , ..., βd )T is the slope parameter. And the logistic regression estimator β̂ is
given by the minimizer of the negative log-likelihood function

log

Assume that we have independent and identical distributed subjects {(xi , yi )}ni=1 , where the
explanatory variable X ∈ Rd and the binary response variable Y ∈ {−1, 1}. Note that the
conditional probability η(x) = P(Y = 1|X = x) plays an important role in the classification
problem. Denote xi = (xi1 , ..., xid )T , and linear logistic regression model is defined by

2.2 Logistic Regression

We decided to focus on high-frequency/low-penetrance SNPs that affect breast cancer risk
as opposed to low frequency SNPs with high penetrance or intermediate penetrance. We
consolidated a list of 77 common genetic variants (Table 2) which were identified by recent
large-scale GWAS studies or used to generate published predictive models (Liu et al., 2014).
The list included 41 SNPs identified by COGS through a meta-analysis of 9 GWAS studies
(Michailidou et al., 2013). Recently, a similar set of 77 breast cancer-associated SNPs is
also studied for risk prediction (Mavaddat et al., 2015).

2.1.3 Genetic variants
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g=1



where L(β) is defined by (1) and λ1 ≥ 0 is the tuning parameter. It includes lasso as a
special case with G = d.
The fact that there exist dependence structure within each mammography feature group
and each SNP group encourages us to propose the following novel method by combining
group lasso logistic regression and `p fusion penalty.


G 


X
p
L(β) +
λ1 dg kβg k2 + λ2 kDg βg kpp
,
(2)
min

β∈Rd 

g=1



G1
G

X
X
p
L(β) + λ1
dg kβg k2 + λ2 
g=1

kDg βg kpp11
+

G
X

g=G1 +1



kDg βg kpp22 




,

(3)

where Dg is a (dg − 1) × dg sparse matrix with only D[i, i] = 1 and D[i, i + 1] = −1, λ2 ≥ 0
is the tuning parameter, and 1 ≤ p ≤ 2 is the shrinkage parameter.
Moreover, if the within-group dependence structures are different for groups {1, ..., G1 }
and {G1 + 1, ..., G}, we can split the `p fusion penalty into two parts as

min

β∈Rd 

where 1 ≤ p1 , p2 ≤ 2 are selected based on cross validation.
The novelty of our method compared to previous works is three-fold: First, it includes
within-group fusion penalty in the model and makes the coefficients of features in the
same group close to each other, which reflects the dependence structure of features and
improves the risk prediction; Second, in breast cancer risk prediction, we find that the
dependence structures are different for mammography features and SNPs, which are actually
two different views of the same data. And the utilization of method (3) will improve
the predictive performance further; At last, we find that genetic variants improve risk
prediction on mammography features, which provides some insight regarding personalized
breast cancer diagnosis.
2.4 Computational Algorithms
Many algorithms have been proposed in the literatures to solve the logistic regression with
fused lasso regularization (Lin, 2015; Yu et al., 2015). In this subsection we adopt the fast
iterative shrinkage thresholding algorithm (Beck and Teboulle, 2009) to solve (2) as
β k+1

G

g=1

(4)


X p
τ
= arg min L(β k ) + hβ − β k , ∇L(β k )i + kβ − β k k22 +
λ1 dg kβg k2 + λ2 kDg βg kpp
2
β∈Rd

g=1
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with β = (β1 , · · · , βd )T and τ > 0 the Lipschitz constant of L(·).
And the iteration step is equivalent to solving


!
p
G


X
λ
1
1
λ
1 dg
2
.
kβ − (β k − ∇L(β k ))k22 +
kβg k2 + kDg βg kpp

τ
τ
τ
min

β∈Rd  2
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Therefore, it suffices to solve the following optimization problem within each group


1
min
kβg − zk22 + ρ1 kβg k2 + ρ2 kDg βg kpp ,
2
βg ∈Rdg
√
λ1 d g
and ρ2 = λτ2 .
where z = βgk − τ1 ∇L(βgk ), ρ1 = τ
The proximity operator (Polson et al., 2015) of a function f is defined as


1
kt − zk2 + λf (t) .
2
t

Pf (z) = arg min

(5)

• For f (t) = |t| and z ∈ R, Pf (z) := S1 (z, λ) = sign(z) max{|z| − λ, 0}, which is also
called soft threshold operator.

32 3

λ
kzk2 , 0}

∗ z.

• For f (t) = |t|p with 1 < p ≤ 2 and z ∈ R, Pf (z) := Sp (z, λ) = sign(z)ξ, where
p−1 = |ξ|. In particular, we have
ξ is the unique nonnegative solution to ξ + pλξ
p
z
S2 (z, λ) = 2λ+1
, S3/2 (z, λ) = z +9λ2 sign(z)(1− 1 + 16|z|/(9λ2 ))/8 and S4/3 (z, λ) =
p
z + 4λ1 ((χ − z)1/3 − (χ + z)1/3 ) with χ = z 2 + 256λ3 /729.

• For f (t) = ktk2 and z ∈ Rd , Pf (z) := S2,1 (z, λ) = max{1 −

With the help of these proximity operators and Bregman splitting algorithm (Ye and
Xie, 2011), we can solve (5) by iteratively solving the following procedures:
 k+1
β
= arg min 21 kβg − zk22 + huk , βg − ak i + hv k , Dg βg − bk i


βg




+ µ2 kβg − ak k22 + µ2 kDg βg − bk k22



µ
k+1
k
k+1
k+1
2
a
=
arg
min
ρ
−
ai
+
−
ak
1 kak2 + hu , β
2
2 kβ
a
 k+1 = arg min ρ2 kbkpp + hv k , Dg β k+1 − bi + µ kDg β k+1 − bk2

2
2
 b

b

 k+1 = uk + µ(β k+1 − ak+1 )

 u

v k+1 = v k + µ(Dg β k+1 − bk+1 )

where µ acts like a step size in this algorithm.

Remark 1 The minimization over β, a and b can all be solved in closed form.

• β k+1 = [(µ + 1)I + µDgT Dg ]−1 [z + µ(ak − uk /µ) + µDgT (bk − v k /µ)]
• ak+1 = S2,1 (β k+1 + uk /µ, ρ1 /µ)
• bk+1 = Sp (Dg β k+1 + v k /µ, ρ2 /µ)

Note that (µ + 1)I + µDgT Dg is a tridiagonal positive definite matrix.

JMLR 17(235):1-15

Remark 2 For p = 1, we can solve (5) more efficiently by the algorithm proposed in Zhou
et al. (2012) based on the fact

Pk·k2 +kDg (·)k1 = Pk·k2 ◦ PkDg (·)k1 .

However, we cannot show this equation for 1 < p ≤ 2.

8



g=1

2
g=1 kDg βg k2 .

PG

+
g=1

G
X
λ1


p

dg
kβg k2 ,

τ̃

Then we can solve it efficiently

2

2

The result is summarized in Table 3.

9

3.1 Performance of Fused Group Lasso
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In this section, we demonstrate the performance of the `p fused group lasso logistic regression method from three aspects: the significant improvement of AUCs by considering the
structure information, the predictive performance under different p (or p1 and p2 ), and the
detected important mammography features and SNPs.

3. Experimental Results

We apply the `p fused group lasso logistic regression algorithm to the Marshfield breast
cancer data set. There are 11 groups for 49 mammography features (Figure 1). For SNPs,
we compute the Hamming distances (Wang et al., 2015) of 77 SNPs to get the dissimilarity
matrix and then apply hierarchical clustering to obtain 10 groups.
We built three prediction models based on different sets of risk factors: the Mammo
model developed by using mammography features only, the SNP77 model developed by using 77 SNPs only, and the Combined model developed by using both mammography features
and 77 SNPs. We furthermore apply five methods for each model: logistic regression (LR),
lasso in logistic regression (LR+Lasso), `p fused lasso logistic regression (LR+fusedLasso),
group lasso logistic regression (LR+groupLasso), and `p fused group lasso logistic regression
(LR+Structure).
The `p fused group lasso logistic regression method has several parameters. For the
tuning parameters λ1 and λ2 , we let them vary among a given set of values, and the
shrinkage parameter p (or p1 and p2 ) among {1, 4/3, 3/2, 2}. Each combination of these
parameters is evaluated using stratified 5-fold cross-validation, and AUC (the area under
the receiver operating characteristic (ROC) curve) is used as the performance measure. All
738 samples are randomly partitioned into five equal sized folds with approximately equal
proportions of cases and controls. In each iteration (totally five iterations), four folds are
used as training set and the rest one as validation set to compute AUC. And the parameters
with the best average AUC are selected. At last we repeat this process ten times and report
the average AUC. We obtain p-value by performing two-tailed-two-sample t-test when we
compare AUCs.

2.5 Study Design and Statistical Analysis

where τ̃ is the Lipschitz constant of L(β)+λ2
via the proximity operator of k · k2 .


G
X
1
k
k
T
k 

β − β − (∇L(β ) + 2λ2
min
Dg Dg β g )
τ̃
β∈Rd  2


1

Remark 3 For p = 2, since k · k22 is Lipschitz continuous, we can rewrite (4) as
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Mammo
SNP77
Combined

0.710
0.598
0.721

Lasso
0.710
0.676
0.754

fusedLasso
0.716
0.614
0.727

groupLasso
0.723
0.684
0.766

Structure

p-value
< 0.001
< 0.001
< 0.001
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4) The third and fourth columns describe the predictive performance of the three prediction
models by considering group structure or dependence structure in the logistic regression method. For the SNP77 model, fused lasso demonstrates a significantly higher
performance than group lasso in terms of AUC (0.676 vs. 0.614, p-value< 0.001). For
the Mammo model, group lasso plays a more important role than fused lasso (0.716
vs. 0.710, p-value=0.0073). Moreover, both fused lasso and group lasso demonstrate
improved prediction performance compared to lasso.

3) The second column describes the predictive performance of the three prediction models by using lasso in the logistic regression method. The predictive performance of
the three prediction models has been improved, compared to those without lasso (using logistic regression method only). Mammography descriptors still demonstrate a
significantly higher predictive performance than 77 SNPs in terms of AUC (0.710
vs. 0.598, p-value< 0.001). However, the Combined model demonstrates modest
improvement of prediction performance, compared to the Mammo model (0.721 vs.
0.710, p-value=0.0057).

2) The first column describes the predictive performance of the three prediction models
by using the logistic regression method. Mammography descriptors demonstrate a
significantly higher predictive performance than 77 SNPs in terms of AUC (0.700
vs. 0.590, p-value< 0.001). We find that the difference of predictive performance
between the Combined model and the Mammo model is negligible (0.697 vs. 0.700,
p-value=0.277).

1) The fifth column describes the predictive performance of the three prediction models by
considering structure information in the logistic regression method. We find that the
predictive performance of the three prediction models has been improved respectively,
compared to those described in the first column. For each prediction model, the
difference of the predictive performance is significant between LR+Structure and LR
(p-value < 0.001), which demonstrates that breast cancer prediction models utilizing
structure information can improve risk prediction significantly. We also find that
mammography descriptors demonstrate a significantly higher predictive performance
than 77 SNPs in terms of AUC (0.723 vs. 0.684, p-value < 0.001). The Combined
model demonstrates significant improvement of the prediction performance, compared
to the Mammo model (0.766 vs. 0.723, p-value < 0.001).

Table 3: Predictive performance of three prediction models by using five different methods.
The p-values represent the differences between AUCs of LR and LR+Structure.

LR
0.700
0.590
0.697

Models/Methods
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(d) Fix p1 = 2

(b) Fix p2 = 2

Figure 2: The AUCs under different values of p by using method (2).

(a) Fix p2 = 1

(c) Fix p1 = 1

Figure 3: The AUCs under different values of p1 and p2 by using method (3).
3.2 Performance under Different Values of p
Figure 2 and Figure 3 describe the the pattern of predictive performance for `p fused group
lasso logistic regression over the shrinkage parameter p (or p1 and p2 ) in terms of AUC.
1)The Combined model demonstrates a higher predictive performance for p = 1 compared
to p = 2 in terms of AUC (0.757 vs. 0.745, p-value< 0.001), see Figure 2.
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2) Figure 3 describes the prediction performance of method (3) under different values of
p1 for mammography descriptors and p2 for 77 SNPs.
11
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• Fix p2 = 1 or p2 = 2, the fused group lasso with p1 = 2 demonstrates higher
predictive performance compared to p1 = 1, see Figure 3(a) and 3(b).

• Fix p1 = 1 or p1 = 2, the predictive performance of the fused group lasso logistic
regression decreases as p2 increases, see Figure 3(c) and 3(d).

• The fused group lasso logistic regression with p1 = 2 and p2 = 1 demonstrates higher predictive performance than p1 = p2 = 1 (0.766 vs. 0.757, pvalue=0.0053) and p1 = p2 = 2 (0.766 vs. 0.745, p-value< 0.001).

3.3 Important Features Detected by Fused Group Lasso

To take into account both group and dependence structure information in mammography
features and SNPs, two penalty terms (group penalty and fusion penalty) are introduced
into the logistic regression model. The idea of group penalty is to force the coefficients
of features in the same group to be all zero or nonzero in order to achieve the goal of
selecting features within a group simultaneously. The idea of fusion penalty is to shrink the
successive difference of coefficients of features in the same group in order to take advantage
of the dependence structure information. Applying fusion penalty with p = 1 tends to
result in zero successive difference of coefficients, while p = 2 tends to small but nonzero
successive difference of coefficients.
From a feature selection point of view, we can get the order of feature groups selected
by fused group lasso via choosing the tuning parameters appropriately. We list below the
feature groups selected from high to low in terms of predictive performance.

1) For mammography descriptors, the following features are predictive of malignancy (from
most to least): “Mass Size”, “Mass Margins”, “Mass Shape”, “Architectural Distortion” and “Mass Palpability”, consistent with the literature (BI-RADS, 2014).

rs2016394 rs1432679, rs13281615, rs4666451
rs981782, rs1292011, rs1436904, rs527616
rs11249433 rs13387042, rs4973768, rs10069690
rs7904519, rs8051542, rs3760982
rs2981579, rs2981582

SNPs

2) For 77 SNPs, three groups are selected in order, see Table 4.

Feature Group
Group 1
Group 2
Group 3

Table 4: SNP groups selected by fused group lasso.
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Remark 4 It verifies that “Mass size”, “Mass Margins” and “Mass Shape” are the most
important mammography descriptors in breast cancer diagnosis. These results are consistent
with previous studies about comparing the importance of mammography features and SNPs
in breast cancer risk prediction(Wu et al., 2013, 2014).
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Support vector machine (SVM), originally introduced by Boser et al. (1992) and Vapnik
(1995) and subsequently investigated by many others, is a popular and highly powerful
technique for classification and has a solid mathematical foundation in statistical learning.
In modern applications, we often face the challenge of classification at the presence of a
very large number of redundant features. For example, in genomics it is of fundamental
importance to build a classifier using a small number of genes from thousands of candidate
genes for the purpose of disease diagnosis and drug discovery; in spam email classification,

1. Introduction

Keywords: feature selection, L1 -norm SVM; non-convex penalty, oracle property, error
bound, support vector machine, ulta-high dimension

Comparing with the standard L2 -norm support vector machine (SVM), the L1 -norm SVM
enjoys the nice property of simultaneously preforming classification and feature selection.
In this paper, we investigate the statistical performance of L1 -norm SVM in ultra-high
dimension, where the number of features p grows at an exponential rate of the sample size n.
Different from existing theory for SVM which has been mainly focused on the generalization
error rates and empirical risk, we study the asymptotic behavior of the coefficients of L1 norm SVM. Our analysis reveals that the estimated L1 -norm SVM coefficients achieve
near oracle rate, that is, with high probability,
the L2 error bound of the estimated L1 p
norm SVM coefficients is of order Op ( q log p/n), where q is the number of features with
nonzero coefficients. Furthermore, we show that if the L1 -norm SVM is used as an initial
value for a recently proposed algorithm for solving non-convex penalized SVM (Zhang
et al., 2016b), then in two iterative steps it is guaranteed to produce an estimator that
possesses the oracle property in ultra-high dimension, which in particular implies that with
probability approaching one the zero coefficients are estimated as exactly zero. Simulation
studies demonstrate the fine performance of L1 -norm SVM as a sparse classifier and its
effectiveness to be utilized to solve non-convex penalized SVM problems in high dimension.
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it is desirable to build an accurate classifier using a relatively small number of words from
a dictionary that contains a huge number of different words. For such applications, the
standard L2 -norm SVM suffers from some potential drawbacks. First, L2 -norm SVM does
not automatically build in dimension reduction and hence usually does not yield an interpretable sparse decision rule. Second, the generalization performance of L2 -norm SVM can
deteriorate by including many redundant features (e.g., Zhu et al., 2004).
The standard L2 -norm SVM has the well known hinge loss+L2 norm penalty formulation. An effective way to preform simultaneous variable selection and classification using
SVM is to replace the L2 -norm penalty with the L1 -norm penalty, which results in the
L1 -norm SVM. See the earlier work of Bradley and Mangasarian (1998) and Song et al.
(2002). Important advancement on the methodology and theory of L1 -norm SVM has been
obtained in recent years, for example, Zhu et al. (2004) proposed a path-following algorithm and effectively demonstrated the advantages of L1 -norm SVM in high-dimensional
sparse scenario; Tarigan and van de Geer (2004) investigated the adaptivity of SVMs with
L1 penalty and derived its adaptive rates; Tarigan, Van De Geer, et al. (2006) obtained an
oracle inequality involving both model complexity and margin for L1 -norm SVM; Wang and
Shen (2007) extended L1 -norm SVM to multi-class classification problems; Zou (2007) proposed to use adaptive L1 penalty with the SVM; and Wegkamp and Yuan (2011) considered
L1 -norm SVM with a built-in reject option.
The existing theory in the literature on SVM has been largely focused on the analysis of
generalization error rate and empirical risk, see Greenshtein et al. (2006), Wang and Shen
(2007), Van de Geer (2008), among others. These results neither contain nor directly imply
the transparent error bound of the estimated coefficients of L1 -norm SVM studied in this
paper. Our work makes a significant departure from most of the existing literature and is
motivated by the recent growing interest of understanding the statistical properties of the
estimated SVM coefficients (also referred to as the weight vector). For a linear binary SVM,
the decision function is a hyperplane that separates two classes. The coefficients of SVM
describe this hyperplane which directly predicts which class a new observation point belongs
to. Moreover, the magnitudes of the SVM coefficients provide critical information on the
importance of the features and can be used for feature ranking (Chang and Lin, 2008; Guyon
et al., 2002). Koo et al. (2008) derived a novel Bahadur type representation of the coefficients
of the L2 -norm SVM and established the asymptotic normality of the estimated coefficients
when the number of features p is fixed. Park et al. (2012) studied the oracle properties of
SCAD-penalized SVM coefficients, also for the fixed p case. The aforementioned worked
has only considered small, fixed number of features. More recently, Zhang et al. (2016b)
proposed a systemic framework for non-convex penalized SVM regarding variable selection
consistency and oracle property in high dimension. Zhang et al. (2016a) investigated a
consistent information criterion for tuning parameter selection for support vector machine
in the diverging model space. Both of these two papers directly assume an appropriate
initial value exists in the high-dimensional setting.
In this paper, we study the asymptotic behavior of the estimated
p L1 -norm SVM coefficients and derive that the error bound is of near-oracle rate O( q log p/n), where q is
the number of features with nonzero coefficients, n is the sample size, and the number of
candidate features p can be of exponential order of n (i.e., the ultra-high dimensional case).
Furthermore, in Section 4 we show that this sharp error bound helps greatly extend the

applicability of the recent algorithm and theory of high-dimensional non-convex-penalized
SVM (Zhang et al., 2016b) by providing a statistically valid and computationally convenient initial value. The use of non-convex penalty function aims to further reduce the bias
associated with the L1 penalty and accurately identify the set of relevant features for classification. However, the presence of non-convex penalty results in computational complexity.
Zhang et al. (2016b) proposed an algorithm and showed that given an appropriate initial
value, in two iterative steps the algorithm is guaranteed to produce an estimator that possesses the oracle property in the ultra-high dimension and consequently with probability
approaching one the zero coefficients are estimated as exactly zero. However, the availability of a qualified initial estimator is itself a challenging issue in high dimension. Zhang et al.
√
(2016b) provided an initial estimator that would satisfy the requirement when p = o( n).
Our result shows that the L1 -norm SVM can be a valid initial estimator under general
conditions when p grows at an exponential rate of n, which completes the algorithm and
theory of Zhang et al. (2016b).
The rest of the paper is organized as follows. In Section 2, we introduce the basics and
computation of the L1 -norm penalized support vector machine. Section 3 derives the nearoracle error bound for the estimated L1 -norm SVM coefficients in the ultra-high dimension.
Section 4 investigates the application of the result in Section 3 for non-convex penalized
SVM in the ultra-high dimension. Section 5 demonstrates through Monte Carlo experiments
the effectiveness of L1 -norm SVM coefficients both as a sparse classifier and as an initial
value for the non-convex penalized SVM algorithm. Technical proofs and additional notes
are given in the appendices.

2. L1 -norm support vector machine

(1)

n
We consider the classical binary classification problem. Let {Yi , Xi }i=1
be a random sample
from an unknown distribution P (X, Y ). The response variable (class label) Yi ∈ {1, −1}
has the marginal distribution: P (Yi = 1) = π+ and P (Yi = −1) = π− , where π+ , π− > 0
and π+ + π− = 1. We write Xi = (Xi0 , Xi1 , . . . , Xip )T = (Xi0 , (Xi− )T )T , where Xi0 = 1
corresponds to the intercept term. Let f and g be the conditional density functions of
Xi− given Yi = 1 and Yi = −1, respectively. Moreover, in this paper we use the following
notation for vector norms: for x = (x1 , . . . , xk )T ∈ Rk and a positive integer m, we define
P
1/m
Pk
k
m
, ||x||∞ = max(|x1 |, . . . , |xk |) and ||x||0 = i=1
I(xi 6= 0).
i=1 |xi |

||x||m =

i=1

n
X
(1 − Yi XiT β)+ + λ||β − ||22 ,

The standard linear SVM can be expressed as the following regularization problem

min n−1
β
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where (1−u)+ = max{1−u, 0} is often called the hinge loss function, λ is a tuning parameter
and β = (β0 , (β − )T )T with β − = (β1 , β2 , . . . , βp )T . Generally for a given vector e, we use e−
to denote the subvector with the first entry of e omitted. Actually, optimization problem in
(1) is known as the primal problem of the SVM, which can be efficiently solved by quadratic
programming algorithms.
3

ln (β, λ) = n−1

i=1

n
X
(1 − Yi XiT β)+ + λ||β − ||1 ,

(3)

(2)

The L1 -norm SVM replaces the L2 penalty in (1) by the L1 penalty. That is, we consider
the objective function

and define

b
β(λ)
= arg min ln (β, λ).
β

1
n

n
X

ξi ≥ 0,

i=1

p
X

j=1

ζj 

j = 1, 2, . . . , p.

i = 1, 2, . . . , n,

i = 1, 2, . . . , n,

ξi + λ

(4)

b
For a given data point Xi , it is classified into class + (corresponding to Ŷi = 1) if XiT β(λ)
>0
b
and into class − (corresponding to Ŷi = −1) if XiT β(λ)
< 0.
By introducing the slack variables, we can transform our optimization problem (3) as a
linear programming problem (Zhu et al., 2004)


min
ξ ,ζ ,β

subject to

ξi ≥ 1 − Yi XiT β,

ζj ≥ βj , ζj ≥ −βj ,

Several R packages are available to solve such a standard linear programming problem, such
as lpSolve and linprog.

3. An error bound of L1 -norm SVM in ultra-high dimension

In this section, we will describe the near-oracle error bound for the estimated L1-norm SVM
coefficients under the ultra-high dimensional setting. The choice of the tuning parameter λ
will be studied to achieve this error bound.
3.1 Preliminaries

(5)

b
The key result of the paper is an error bound of ||β(λ)
− β ∗ ||2 , where β ∗ is the minimizer
of the population version of the hinge loss function, that is,

β ∗ = arg min L(β),
β
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where L(β) = E(1−Y XT β)+ . Lin (2002) suggested that there is a close connection between
the minimizer of the population hinge loss function and the Bayes rule. The definition of β ∗
above is also used in Koo et al. (2008) and Park et al. (2012), both of which only considered
b
the fixed p case. We are interested in the error bound of ||β(λ)
− β ∗ ||2 when p  n. In the
ultra-high dimensional settings, it is often reasonable to assume that β ∗ = (β0∗ , β1∗ , . . . , βp∗ )T
is sparse in the sense that most of its components are exactly zero. We define the index set
of active features as T = {1 ≤ j ≤ p : βj∗ 6= 0}. We denoteSthe cardinality of T by |T | = q.
To incorporate the intercept term, we also define T+ = T {0}.

4

(7)

(6)

i=1

I(1 − Yi XTi β ≥ 0)Yi Xi .

5

JMLR 17(236):1-26

Then it follows from the argument as in Theorem 3.1 of Zhang et al. (2016b) that under
b β̃)||∞ ≤ λ with probability approaching one. It follows
some weak regularity conditions ||S(
from Koo et al. (2008) that the oracle estimator β̃ provides a consistent and asymptotically
normal estimate of β ∗ .

b
S(β)
= −n−1

n
X

The above choice of λ is motivated by a principle in the setting of penalized least squares
regression (Bickel et al., 2009), which advocates to choose the penalty level λ to dominate
the subgradient of the loss function evaluated at the true value. Intuitively, the subgradient
evaluated at β ∗ summarizes the estimation noise. See also the application of the same
principle to choose the penalty level for quantile regression (Belloni and Chernozhukov,
2011; Wang, 2013). Another more technical motivation of this principle comes from the
KKT condition in convex optimization theory. Let β̃ be the oracle estimator (formally
defined in Section 4) that minimizes the sample hinge loss function when the index set T is
known in advance. Define the subgradient function

where c is some given constant, α is a small probability and A(α) > 0 is a constant such
A(α)
b
that 4p− M 2 +1 ≤ α, can provide theoretical guarantee on the good performance of β(λ).

b
The estimated L1 -norm SVM parameter β(λ)
defined in (3) depends on the tuning parameter λ. We will first show that a universal choice
p
λ = c 2A(α) log p/n,
(8)

b
3.2 The choice of the tuning parameter λ and a fact about β

Remark 1. Condition (A1) ensures that H(β) is well defined and continuous in β. The
bound of X− can be relaxed with further technical complexity. More details can be found
in Park et al. (2012) and Koo et al. (2008).

(A1) The densities f and g are continuous with common support S ⊂ Rp and have finite
second moments. In addition, there exists a constant M > 0 such that |Xj | ≤ M ,
j ∈ {1, . . . , p}.

as the (p + 1) × (p + 1)-dimensional Hessian matrix where I(·) is the indicator function and
δ(·) is the Dirac delta function. Section 6.1 in Koo et al. (2008) has explained more details
and theoretical properties of S(β) and H(β) under certain conditions.
Throughout the paper, we assume the following regularity condition.

H(β) = E(δ(1 − Y XT β)XXT )

as the (p + 1)-dimensional gradient vector and

S(β) = −E(I(1 − Y XT β ≥ 0)Y X)

Next, we introduce the gradient vector and Hessian matrix of the population hinge loss
function L(β). We define

we have

d∈∆C̄

λmin (H(β ∗ ); q) = min

dT H(β ∗ )d
.
||d||22

(11)

(A2) q = O(nc1 ) for some 0 ≤ c1 < 1/2.
6
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These are similar to the sparse eigenvalue notion in Bickel, Ritov, and Tsybakov (2009)
and Meinshausen and Yu (2009) for analyzing sparse least squares regression, see also Cai,
Wang, and Xu (2010).
In addition to condition (A1) introduced in Section 2, we require the following regularity
conditions for the main theory of this paper.

and

Let X = (X1 , X2 , . . . , Xn )T denote the feature design matrix. We define restricted eigenvalues as follows
dT X T X d
(10)
λmax =
max
2
d∈Rp+1 :||d||0 ≤2(q+1) n||d||2

3.3 Regularity conditions

We call ∆C̄ the restricted set. The proof of Lemma 2 is also given in Appendix A.

with T+c denoting the complement of T+ , and γ T+ denoting the (p + 1)-dimensional vector
that has the same coordinates as γ on T+ and zero coordinates on T+c .


∆C̄ = γ ∈ Rp+1 : ||γ T+ ||1 ≥ C̄||γ T+c ||1 , where T+ = T ∪{0}, T ⊂ {1, 2, . . . , p} and |T | ≤ q ,

where

c−1
c+1 ,

h ∈ ∆C̄ ,

b ∗ )||∞ and C̄ =
Lemma 2 For λ ≥ c||S(β

The proof of Lemma
P 1 is given in the Appendix A. The crux of the proof is to bound the
tail probability of ni=1 I(1 − Yi XTi β ∗ ≥ 0)Yi Xi by applying Hoeffding’s inequality and the
union bound. Later in this section, we will show that this choice of λ warrants near-oracle
b
b
rate performance of β(λ).
Let h = β ∗ − β(λ).
We state below an interesting fact about h.

with α being a given small probability defined earlier in this section.

b ∗ )||∞ ) ≥ 1 − α
P (λ ≥ c||S(β

where c > 1 is some given constant and α is a small probability. Lemma 1 below shows
that the choice of λ given in (8) satisfies this requirement.
p
Lemma 1 Assume that condition (A1) is satisfied. Suppose λ = c 2A(α) log p/n, we have

Hence, in the ideal case where the population parameter β ∗ is known, an intuitive choice
b ∗ ) with large probability,
of λ is to set its value to be larger than the supremum norm of S(β
that is
b ∗ )||∞ ) ≥ 1 − α,
P (λ ≥ c||S(β
(9)

i=1

i=1

!
r
p
2q
log
p
B(h)
2
≥ (1 + 2C1 M1 )
≤ 2p−2q(C1 −1) ,
||h||2
n

=

2
M2

r

20

1+
2

40

n

60

100

l1−norm SVM
theoretical error bound

80

r
√
1  2λ q + 1
2C 2q log p 5
1 
+
+
M2
M2
n
4 C̄
C̄

b
||β(λ)
− β ∗ ||2 = Op

8

r

q log p
n

!
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b
same order. Hence the near-oracle property of β(λ)
will hold given λ above.
To numerically evaluate the above error bound of the L1 -norm SVM, we consider the
simulation setting in Model 4 of Section 5.1. We choose p = 0.1 ∗ n2 , q = bn1/3 c and
∗
β−
= ((1.1, . . . , 1.1)q , 0, . . . , 0)T , which allows p and q to vary with sample size n. Figure
b
1 depicts the average of ||β(λ)
− β ∗ ||2 across 200 simulation runs for different values of n
q
p
for L1 -norm SVM and compares the curve with the theoretical error bound ( q log
n ). We
observe that these two curves display similar decreasing pattern and approach each other
as n gets larger.

p
when λ = c 2A(α) log p/n. Actually, in the inequality of Theorem 4, the first term satisfies


q
q
2A(α)q log p
q log p
=O
and it is also trivial to have the second term of the
n
n
√
λ q
M2

From this theorem, we can easily capture the near-oracle property for l1 penalized SVM
estimator, such that with high probability,

with probability at least 1 − 2p−2q(C1 −1) , where C is a constant, C1 is given in Lemma 3 and
C̄ is defined in Lemma 2.

b
||β(λ)
− β ∗ ||2 ≤

Theorem 4 Suppose that conditions (A1)-(A6) hold, then the estimated L1 -norm SVM
b
coefficients vector β(λ)
satisfies

Figure 1: L2 -norm estimation error comparison

||β(λ) − β*||2

(A3) There exists a constant M1 such that λmax ≤ M1 almost surely.
(A4) λmin (H(β ∗ ); q) ≥ M2 , for some constant M2 > 0.
j∈T

(A5) n(1−c2 )/2 min |βj∗ | ≥ M3 for some constants M3 > 0 and 2c1 < c2 ≤ 1.
(A6) Denote the conditional density of XT β ∗ given Y = +1 and Y = −1 as f ∗ and
g ∗ , respectively. It is assumed that f ∗ is uniformly bounded away from 0 and ∞ in a
neighborhood of 1 and g ∗ is uniformly bounded away from 0 and ∞ in a neighborhood
of −1.
Remark 2. Conditions (A2) and (A5) are very common in high dimensional literature.
Basically, condition (A2) states that the number of nonzero variables cannot diverge at a
√
rate larger than n. Condition (A5) controls the decay rate of true parameter β ∗ . Condition
(A3) is not restrictive, see the relevant discussions in Meinshausen and Yu (2009). Condition
(A4) requires the smallest restricted eigenvalue has a lower bound. This would be satisfied if
H(β ∗ ) is positive definite. We provide a thorough discussion of this condition in Appendix
B, including an example that demonstrates the validity of this condition. Condition (A6)
warrants that there is sufficient information around the non-differentiable point of the hinge
loss, similarly to Condition (C3) in Wang, Wu, and Li (2012) for quantile regression.
b
3.4 An error bound of β(λ)
in ultra-high dimension

Before stating the main theorem, we first present an important lemma, which has to do
with the empirical process behavior of the hinge loss function.

i=1

n
n
X
X

(1 − Yi XiT β ∗ + Yi XiT h)+ −
(1 − Yi XiT β ∗ )+ .

i=1

n
n
X
1 X
(1 − Yi XiT β ∗ + Yi XiT h)+ −
(1 − Yi XiT β ∗ )+
n

Lemma 3 Assume that conditions (A1)-(A3) are satisfied. For h ∈ Rp+1 , let
B(h) =
−E

||h||0 ≤q+1,||h||2 6=0

sup

Assume p > n, then for all n sufficiently large
P

where C1 > 1 is a constant.
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Pn
Pn
T ∗
T
T ∗
Lemma 3 guarantees that n−1
i=1 (1 − Yi Xi β + Yi Xi h)+ −
i=1 (1 − Yi Xi β )+ is
close to its expected value with high probability. This provides an important tool to handle
the non-smoothness of the hinge loss function in proving the main theory, which is stated
below.
7

0.70
0.65
0.60
0.55

β2
aλ2
)I(0 ≤ |β| < aλ) +
I(|β| ≥ aλ)
2aλ
2

+

min ˜ln (β),
β :β T c =0

(12)

9
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P
where ˜ln (β) = n−1 ni=1 (1 − Yi XTi β)+ is the sample hinge loss function and β T+c denotes
the vector containing the components of β with indices in T+c and others to be zero.

β̃ = arg

The oracle property of non-convex penalized SVM coefficients is investigated by Park et al.
(2012) for the case of fixed number of features and more recently by Zhang et al. (2016b)
for the large p case. The oracle estimator of β ∗ is defined as

4.2 Oracle property in ultra-high dimension

for some a > 1.
The motivation of using non-convex penalty function is to further reduce the bias resulted from L1 penalty and accurately identify the set of relevant features T . The use of
non-convex penalty function was introduced in the setting of penalized least squares regression (Fan and Li, 2001; Zhang, 2010). These authors observed that L1 penalized least
squares regression requires stringent conditions, often not satisfied in real data analysis, to
achieve variable selection consistency. The use of non-convex penalty function alleviates the
bias caused by L1 penalty which overpenalizes large coefficients, and leads to the so called
oracle property. That is, under regularity conditions the resulted non-convex penalized estimator is able to estimate zero coefficients as exactly zero with probability approaching
one, and estimate the nonzero coefficients as efficiently as if the set of relevant features is
known in advance.

pλ (|β|) = λ(|β| −

for some a > 2. The MCP (Zhang, 2010) is defined by

aλ|β| − (β 2 + λ2 )/2
(a + 1)λ2
pλ (|β|) = λ|β|I(0 ≤ |β| < λ) +
I(λ ≤ |β| ≤ aλ) +
I(|β| > aλ)
a−1
2

Recently, several authors studied non-convex penalized SVM for simultaneous variable selection and classification, see Zhang et al. (2006), Becker et al. (2011), Park et al. (2012)
and Zhang et al. (2016b). The idea is P
to replace the L2 norm in standard SVM (1) by
a non-convex penalty term in the form pj=1 pλ (|βj |), where pλ (·) is a symmetric penalty
function with tuning parameter λ. Two commonly used non-convex penalty functions are
the SCAD penalty and the MCP penalty. The SCAD penalty (Fan and Li, 2001) is defined
by

4.1 Why non-convex penalty?

In this section, we will step further to discuss the advantage of non-convex penalized SVM
in ultra-high dimension. Similarly, the oracle property of non-convex penalized SVM coefficients will be investigated.

4. Application to non-convex penalized SVM in ultra-high dimension

satisfies

i=1

j=1

1

(14)

(13)

−

βj∗ |

> λ, for some 1 ≤ j ≤ p) → 0 as n → ∞.

0

10
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• Model 1: P r(Y = 1) = P r(Y = −1) = 0.5, X− |(Y = 1) ∼ M N (µ, Σ), X− |(Y =
−1) ∼ M N (−µ, Σ), q = 5, µ = (0.1, 0.2, 0.3, 0.4, 0.5, 0, . . . , 0)T ∈ Rp , Σ = (σij ) with
diagonal entries equal to 1, nonzero entries σij = −0.2 for 1 ≤ i 6= j ≤ q and other
entries equal to 0. The Bayes rule is sign(1.39X1 +1.47X2 +1.56X3 +1.65X4 +1.74X5 )
with Bayes error 6.3%.

We generate random data from each of the following four models.

5.1 Monte Carlo results for L1 -norm SVM

In this section, we will investigate the finite sample performance of the L1 -norm SVM. We
will also study its application to non-convex penalized SVM in high dimension.

5. Simulation experiments

b
Theorem
5 Assume β(λ)
is the solution to the L1 -norm SVM with tuning parameter λ =
p
c 2A(α) log p/n defined above. Suppose that conditions (A1)-(A6) hold, then we have
P (|βbj (λ) − βj∗ | > λ, for some 1 ≤ j ≤ p) → 0 as n → ∞. Furthermore, the LLA algorithm
b
initiated by β(λ)
finds the oracle estimator in two iterations with probability tending to 1,
i.e., P (βbnc (λ) = β̃), where βbnc (λ) is the solution for non-convex penalized SVM with given
λ.

Yet the availability of such an appropriate initial value is itself a challenging problem in
ultra-high dimension. Zhang et al. (2016b) showed that such an initial estimator is guar√
anteed when p = o( n). The error bound we derived on L1 -norm SVM ensures that a
qualified initial value is indeed available under general conditions in ultra-high dimension
and hence greatly extends the applicability of the result of Zhang et al. (2016b). In the
following we restate Theorem 3.4 of Zhang et al. (2016b) for the ultra-high dimensional
case.

(0)
P (|βbj

where p0λ (·) denotes the derivative of the penalty function pλ (·). Specifically, we have p0λ (0) =
p0λ (0+) = λ.
Zhang et al. (2016b) showed that if an appropriate initial estimator exists, then under
quite general regularity conditions, the LLA algorithm can identify the oracle estimator with
probability approaching one in just two iterative steps (see their Theorem 3.4). This result
provides a systematic framework for non-convex penalized SVM in high dimension. Howb (0) = (βb(0) , βb(0) , . . . , βbp(0) )T that
ever it relies on the availability of a qualified initial value β

β

p
n
X
X

(t−1)
min n−1
(1 − Yi XTi β)+ +
p0λ (|βj
|)|βj | ,

To solve the non-convex penalized SVM, we choose to use the local linear approximation
(LLA) algorithm. The LLA algorithm starts with an initial value β (0) . At each step t, we
update the β to be β (t) by solving

• Model 2: P r(Y = 1) = P r(Y = −1) = 0.5, X− |(Y = 1) ∼ M N (µ, Σ), X− |(Y =
−1) ∼ M N (−µ, Σ), q = 5, µ = (0.1, 0.2, 0.3, 0.4, 0.5, 0, . . . , 0)T ∈ Rp , Σ = (σij ) with
σij = −0.4|i−j| for 1 ≤ i, j ≤ q and other entries equal to 0. The Bayes rule is
sign(3.09X1 + 4.45X2 + 5.06X3 + 4.77X4 + 3.58X5 ) with Bayes error 0.6%.
• Model 3: model stays the same as Model 2, but Σ = (σij ) with nonzero elements
σij = −0.4|i−j| for 1 ≤ i, j ≤ q and σij = 0.4|i−j| for q < i, j ≤ p. The Bayes rule is
still sign(3.09X1 + 4.45X2 + 5.06X3 + 4.77X4 + 3.58X5 ) with Bayes error 0.6%.
• Model 4: X− ∼ M N (0p , Σ), Σ = (σij ) with nonzero elements σij = 0.4|i−j| for
T β ∗ ), where Φ(·) is the cumulative density
1 ≤ i, j ≤ p, P r(Y = 1|X− ) = Φ(X−
−
∗
function of the standard normal distribution, β −
= (1.1, 1.1, 1.1, 1.1, 0, . . . , 0)T and
q = 4. The Bayes rule is sign(1.1X1 + 1.1X2 + 1.1X3 + 1.1X4 ) with Bayes error 10.4%.
Model 1 and Model 4 are identical to the ones in Zhang et al. (2016b). In particular,
Model 1 focuses on a standard linear discriminate analysis setting. On the other hand,
Model 4 is a typical probit regression case. Models 2 and 3 are designed with autoregressive
covariance as correlation decaying off-diagonal-wise. We consider sample size n = 100 with
p = 1000 and 1500, and n = 200 with p = 1500 and 2000. Similarly as in Cai, Liu, and Luo
(2011), we use an independent tuning data set of size 2n to tune our λ by minimizing the
prediction error using five-fold cross validation. The tuning range spans from 2−6 to 2 as
equally-spaced sequence with 100 elements. For each simulation scenario, we conduct 200
runs. Then we generate an independent test data set of size n to report the estimated test
error.
We evaluate the performance of L1 -norm SVM by its testing misclassification error rate,
estimator error and variable selection ability. In particular, we measure the estimation
b
accuracy by two criteria: the L2 estimation error ||β(λ)
− β ∗ ||2 where Appendix B provides
details on the calculation of β ∗ and the absolute value of the sample correlation between
b
XT β(λ)
and XT β ∗ . The absolute value of the sample correlation (AAC) is also used as
accuracy measure in Cook et al. (2007). To summarize, we will report
• Test error: the misclassification error rate.

b
• L2 error: ||β(λ)
− β ∗ ||2 .

b
• AAC: Absolute absolute correlation corr(XT β(λ),
XT β ∗ ).

b 6= 0 with i =
• Signal: the average of number of nonzero regression coefficients β
i
1, 2, 3, 4, 5 for Model 1-3 and with i = 1, 2, 3, 4 for Model 4. This measures the ability
of
SVM selecting relevant features.
L1 -norm

b (λ) 6= 0 with i 6∈
• Noise: the average of number of nonzero regression coefficients β
i
{1, 2, 3, 4, 5} for Model 1-3 and with i 6∈ {1, 2, 3, 4} for Model 4. This measures the
ability of L1 -norm SVM not selecting noise features.
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Table 1 summarizes the simulation results for all four models. The numbers in the
parentheses are the corresponding standard errors based on 200 replications. Overall, the
L1 -norm SVM performs satisfactorily for classification with relatively low error rates in all
11

Model
Model 1

Model 2

Model 3

Model 4

n
100
100
200
200
100
100
200
200
100
100
200
200
100
100
200
200

Table 1: Simulation results for L1 -norm
p
Test error L2 error
AAC
1000 0.17(0.06) 0.53(0.14) 0.89(0.03)
1500 0.19(0.05) 0.59(0.14) 0.89(0.03)
1500 0.10(0.03) 0.27(0.07) 0.96(0.02)
2000 0.10(0.02) 0.27(0.06) 0.96(0.02)
1000 0.06(0.04) 0.34(0.12) 0.95(0.02)
1500 0.07(0.04) 0.39(0.12) 0.95(0.02)
1500 0.02(0.01) 0.21(0.07) 0.97(0.01)
2000 0.02(0.02) 0.22(0.07) 0.97(0.01)
1000 0.06(0.05) 0.36(0.14) 0.95(0.02)
1500 0.06(0.04) 0.37(0.13) 0.95(0.02)
1500 0.02(0.02) 0.22(0.07) 0.97(0.02)
2000 0.02(0.02) 0.20(0.08) 0.97(0.02)
1000 0.16(0.04) 0.52(0.13) 0.94(0.03)
1500 0.17(0.05) 0.55(0.14) 0.93(0.03)
1500 0.13(0.03) 0.33(0.09) 0.97(0.01)
2000 0.15(0.03) 0.43(0.07) 0.94(0.02)

SVMs
Signal
4.84(0.41)
4.75(0.47)
5.00(0.07)
5.00(0.00)
4.88(0.35)
4.79(0.41)
4.99(0.10)
4.99(0.10)
4.8.(0.40)
4.83(0.40)
5.00(0.07)
5.00(0.07)
3.88(0.33)
3.81(0.42)
4.00(0.00)
4.00(0.00)

Noise
38.20(5.50)
40.27(5.41)
19.80(4.12)
23.61(4.80)
21.25(4.22)
28.80(4.61)
5.41(2.25)
6.88(2.50)
19.93(3.87)
27.55(4.85)
5.18(2.19)
6.72(2.67)
12.87(3.65)
12.09(3.56)
11.12(3.53)
48.34(7.71)

the models. Actually, the error rates are all quite close to the Bayes errors. It is also
successful in eliminating most of the irrelevant features. The performance improves with
increased sample size. In terms of estimation accuracy, the L2 error decreases as p decreases
and n increases, which echoes the result in main theorem. We observe that AAC is greater
b
than 0.9 in most cases, implying that the direction of β(λ)
matches that of the Bayes rule.
It is worth noting that the earlier literature have already performed thorough numerical
analysis to compare the performance of L1 -norm SVM with L2 -norm SVM and logistic
regression. For example, Zhu et al. (2004) observes that the performance of L1 -norm SVM
and L2 -norm SVM is similar when there is no redundant features; however, the performance
of L2 -norm SVM can be adversely affected by the presence of redundant features. Rocha
et al. (2009) numerically compared L1 -norm SVM with logistic regression classifier and
discovered that they are comparable but their relative finite-sample advantage depends on
the sample size and design. See similar observation in Zou (2007), Zhang et al. (2016b),
among others. Although L1 -norm SVM can outperform regular L2 -norm SVM when there
are many redundant features, it shares the drawback of L1 penalized least squares regression
that it overpenalizes large coefficients and tends to have larger false positives (including more
noise features) comparing with the non-convex penalized SVM, which will be investigated
in Section 5.2.

5.2 Monte Carlo results for non-convex penalized SVM

JMLR 17(236):1-26

In this subsection, we consider the same four models as in Section 5.1. Instead of the
L1 -norm SVM, we use it as the initial value for the non-convex penalized SVM algorithm
proposed in Zhang et al. (2016b). We consider two popular choices of non-convex penalty

12

i=1

n
X

2ξi + log(n)|T | + 2γ


p
,
|T |


0 ≤ γ ≤ 1,

results for SCAD penalized SVM
L2 error
AAC
Signal
0.25(0.17) 0.95(0.04) 4.88(0.38)
0.35(0.20) 0.93(0.05) 4.84(0.53)
0.15(0.10) 0.98(0.03) 4.99(0.12)
0.10(0.05) 0.99(0.01) 5.00(0.00)
0.25(0.17) 0.95(0.05) 4.73(0.51)
0.28(0.18) 0.94(0.05) 4.64(0.55)
0.19(0.10) 0.96(0.03) 4.91(0.29)
0.15(0.06) 0.98(0.02) 5.00(0.07)
0.30(0.16) 0.94(0.04) 4.53(0.58)
0.24(0.15) 0.95(0.04) 4.75(0.46)
0.14(0.06) 0.98(0.01) 4.99(0.10)
0.15(0.06) 0.98(0.02) 5.00(0.00)
0.51(0.20) 0.94(0.04) 3.50(0.59)
0.61(0.18) 0.93(0.04) 3.57(0.71)
0.19(0.10) 0.99(0.01) 3.98(0.14)
0.39(0.19) 0.97(0.03) 3.69(0.51)
Noise
4.92(5.82)
9.31(8.89)
0.48(0.51)
0.66(0.80)
1.47(1.38)
1.42(1.38)
2.77(3.53)
1.40(1.81)
0.58(0.84)
1.08(1.15)
1.30(1.53)
1.32(1.83)
7.54(5.20)
8.86(6.37)
3.19(2.45)
0.95(1.07)

6. Conclusion and discussion

Model 4

results for MCP penalized SVM
L2 error
AAC
Signal
0.28(0.17) 0.95(0.04) 4.87(0.42)
0.36(0.20) 0.93(0.05) 4.84(0.47)
0.11(0.07) 0.99(0.02) 4.99(0.10)
0.10(0.04) 0.99(0.01) 5.00(0.00)
0.20(0.12) 0.96(0.03) 4.84(0.38)
0.47(0.27) 0.89(0.08) 4.08(0.85)
0.14(0.05) 0.98(0.01) 5.00(0.00)
0.14(0.06) 0.98(0.02) 5.00(0.07)
0.26(0.15) 0.95(0.04) 4.67(0.54)
0.24(0.15) 0.95(0.04) 4.75(0.46)
0.14(0.06) 0.98(0.01) 5.00(0.07)
0.15(0.06) 0.98(0.02) 5.00(0.00)
0.50(0.20) 0.94(0.04) 3.66(0.52)
0.62(0.16) 0.92(0.04) 3.35(0.68)
0.20(0.12) 0.99(0.01) 3.98(0.12)
0.34(0.17) 0.97(0.02) 3.83(0.43)

Noise
5.46(5.45)
9.00(8.49)
0.48(0.51)
0.83(0.83)
0.88(0.97)
3.56(2.65)
1.50(2.22)
1.38(1.80)
0.60(0.82)
1.01(1.07)
1.27(1.72)
1.47(2.04)
7.20(4.49)
4.96(3.58)
1.99(1.72)
0.86(0.80)

Model 4

Model 3
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Simulation
Test error
0.10(0.05)
0.12(0.06)
0.08(0.03)
0.07(0.02)
0.04(0.05)
0.05(0.05)
0.03(0.03)
0.02(0.01)
0.05(0.04)
0.04(0.04)
0.02(0.01)
0.02(0.01)
0.15(0.05)
0.17(0.05)
0.12(0.03)
0.14(0.03)

Table 3: Simulation
p Test error
1000 0.11(0.05)
1500 0.13(0.07)
1500 0.07(0.02)
2000 0.07(0.02)
1000 0.03(0.03)
1500 0.11(0.10)
1500 0.02(0.01)
2000 0.02(0.01)
1000 0.04(0.04)
1500 0.04(0.04)
1500 0.02(0.01)
2000 0.02(0.01)
1000 0.15(0.05)
1500 0.17(0.05)
1500 0.12(0.03)
2000 0.13(0.03)
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Table 2:
p
1000
1500
1500
2000
1000
1500
1500
2000
1000
1500
1500
2000
1000
1500
1500
2000

n
100
100
200
200
100
100
200
200
100
100
200
200
100
100
200
200

Tables 2 and 3 summarize the simulation results for SCAD and MCP penalty functions,
respectively. We observe that the SCAD-penalized SVM and MCP-penalized MCP have
similar performance, both demonstrating a clear advantage of selecting the relevant features
and excluding irrelevant ones over L1 -norm SVM. The Noise size decreases dramatically to
less than 3 as the sample size gets larger. The Signal size is almost 5 when n = 200 for
Model 1-3 and 4 for Model 4, implying the success of selecting the exact true model. We
also observe that non-convex penalized SVM has uniformly smaller L2 error and larger AAC
than L1 -norm SVM. This resonates with the observation in the literature that eliminating
irrelevant features enhances classification performance. The Monte Carlo study confirms
the effectiveness of the algorithm of Zhang et al. (2016b) for feature selection for SVM in
high dimension when using L1 -norm SVM as an initial value.

n
100
100
200
200
100
100
200
200
100
100
200
200
100
100
200
200

Model 3

Model 2

Model
Model 1

We investigate the statistical properties of L1 -norm SVM coefficients in ultra-high dimension. We proved that L1 -norm SVM coefficients achieve a near-oracle rate of estimation
error. To deal with the non-smoothness of the hinge loss function, we employ empirical
processes techniques to derive the theory. Furthermore, we showed that under some general
regularity conditions, the L1 -norm SVM provides an appropriate initial value for the recent
algorithm developed by Zhang et al. (2016b) for non-convex penalized SVM in high dimension. Combined with the theory in that paper, we extended the applicability and validity
of their result to the ultra-high dimension.
Our work is motivated by the importance of identifying individual features for SVM in
analyzing high-dimensional data, which frequently arise in genomics and many other fields.
We not only closed a theoretical gap on the estimation error bound on L1 -SVM when p  n,
but also verified that (Section 4) this leads to consistently identifying important features
when combined with a two-step iterative algorithm in the ultra-high dimensional setting.
Hence, we have guarantee for both algorithm convergence and theoretical performance. We
believe such results are of direct interest to JMLR readers given the popularity of SVM in
practice. Our work has substantial difference from the existing work in the literature. The
existing theory on SVM has been largely focused on the analysis of generalization error rate
and empirical risk. These results neither contain nor directly imply the transparent error
bound of the estimated coefficients of L1 -norm SVM studied in this paper. Furthermore, the
techniques used in the paper for deriving the L2 error bound when p  n are completely
different from those used in p < n setting. Although our approach for deriving the L2 error bound is inspired by the recent work in the literature for Lasso. There is substantial

Model 2

Model
Model 1

where in practice we can set γ = 0.5 as suggested by Chen and Chen (2008) and choose the
λ that minimizes the above SV M ICγ for non-convex penalized SVM.

SV M ICγ (T ) =

functions: SCAD penalty (with a = 3.7) and MCP penalty (with a = 3). As suggested
in Zhang et al. (2016b), we used the recently developed high-dimensional BIC criterion
to choose the tuning parameter for non-convex penalized SVMs. More specifically, the
SVM-extended BIC is defined as

new technical challenge to deal with the nonsmooth Hinge loss function and requires more
delicate application of empirical process techniques. Also, unlike Lasso, we do not require
Gaussian or sub-Gaussian conditions in the technical derivation.
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Appendix A: Technical Proofs

i=1

Proof of Lemma 1. By the union bound, we have
p

b ∗ )||∞
P c 2A(α) log p/n ≤ c||S(β
p
n
p

X
X
P
2A(α) log p/n ≤ n−1
I(1 − Yi XiT β ∗ ≥ 0)Yi Xij .
≤

j=0

n
p

X
2A(α) log p/n ≤ n−1
I(1 − Yi XiT β ∗ ≥ 0)Yi Xij

i=1

i=1

{0}, we have

≤ ||hT+ ||1 − ||hT+c ||1 .

(15)

Notice that we have S(β ∗ ) = 0 because of minimizer β ∗ and the definition of gradient
vector. Then, for each i and j, E(Yi Xij I(1 − Yi XiT β ∗ ≥ 0)) = 0, by Hoeffding’s inequality,
P
i=1

A(α)
4A(α)n log p
) = 2p− M 2 .
≤ 2 exp(−
4nM 2
p
A(α)

b ∗ )||∞ ≤ (p + 1) · 2p− M 2 ≤ α.
Terefore P c 2A(α) log p/n ≤ c||S(β

n

Proof of Lemma 2. Since βb minimizes ln (β), we have
n

i=1

X
1X
∗
b + + λ||β
b ||1 ≤ 1
(1 − Yi XiT β)
(1 − Yi XiT β ∗ )+ + λ||β −
||1 ,
−
n
n

i=1

S

n
n
1X
1X
∗
b ||1 .
(1 − Yi XiT β ∗ + Yi XiT h)+ −
(1 − Yi XiT β ∗ )+ ≤ λ||β −
||1 − λ||β
−
n
n

i=1

∗
b ||1 ≤ ||β ∗ ||1 − ||β
b ||1
||β −
||1 − ||β
−
−
T+

Recalling T = {1 ≤ j ≤ p : βj∗ 6= 0} and T+ = T

This implies

i=1
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n
n
1X
1X
(1 − Yi XiT β ∗ + Yi XiT h)+ −
(1 − Yi XiT β ∗ )+ ≤ λ(||hT+ ||1 − ||hT+c ||1 ).
n
n
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We have thus proved that h ∈ ∆C̄ .

i=1

λ
λ(||hT+ ||1 − ||hT+c ||1 ) ≥ − (||hT+ ||1 + ||hT+c ||1 ),
c
||hT+ ||1 ≥ C̄||hT+c ||1 ,

b ∗ )||∞
≥ −||h||1 · ||S(β
λ
≥ − (||hT+ ||1 + ||hT+c ||1 ).
c

≥ SbT (β ∗ )h

i=1

n
n
1X
1X
(1 − Yi XiT β ∗ + Yi XiT h)+ −
(1 − Yi XiT β ∗ )+
n
n

b ∗ ) and recall the assumption
Since the subdifferential of ln (β) at the point of β ∗ is S(β
b ∗ )||∞ , we have
λ ≥ c||S(β

c−1
c+1 .

Hence, we have

where C̄ =

(1 −

Yi XiT β ∗

+

||h||2

Yi XiT h)+

B(h)
t
≥√ X
||h||2
n

− (1 −

≤

|XiT h|
.
||h||2


2nt2
.
4||X h||22 /||h||22

Yi XiT β ∗ )+

Proof of Lemma 3. We first consider a fixed h ∈ Rp+1 such that ||h||0 ≤ q + 1 and
||h||2 6= 0. Note that the Hinge loss function is Lipschitz continuous and we have

P

By Hoeffding’s inequality, we have ∀ t > 0,



≤ 2 exp −

||h||

 B(h)

≥C

M1

sup

||h||0 ≤q+1,||h||2 6=0

B(h)
||h|| .

We consider covering {h ∈

 C 2 q log p 
2q log p 
2
2
≤ 2 exp −
≤ 2p−C q/M1 ≤ 2p−C (q+1)/(2M1 ) .
n

Hence by assumption (A3),





2
B(h)
t
t
t2 
P
≥ √ X ≤ 2 exp −
≤ 2 exp −
.
||h||
2λmax
2M1
n
√
Let t = C 2q log p, where C is an arbitrary given positive constant. Then
r
P

Next we will derive an upper bound for

Rp+1 , ||h||0 ≤ q + 1} with -balls such that for any h1 and h2 in the same ball we have
h2
h1
||h1 ||2 − ||h2 ||2 ≤ , where  is a small positive number. The number of -balls that is

h∈N

sup

B(h)
≥C
||h||2

2q log p
n

≤2

3p


q+1

p−C

2 (q+1)/(2M

1)
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q+1
3
2
,
= 2 p1−C /(2M1 )


required to cover a k-dimensional unit ball is bounded by (3/)k , see for example Rogers
(1963) and Bourgain and Milman (1987). Since h is a (p + 1)-dimensional vector with at
most q+1 nonzero coordinates and h/||h||2 has unit length in L2 norm, the covering number
we require is at most (3p/)q+1 . Let N denote such an -net. By the union bound,
!
r


P

16

q log p
2M1 n ,


2
||X h1 /||h1 ||2 − h2 /||h2 ||2 ||1
n

2
≤ √ ||X h1 /||h1 ||2 − h2 /||h2 ||2 ||2
n
p
≤ 2 M1 .

we have

P

sup

p
B(h)
B(h)
sup
≤ sup
+ 2 M1 .
||h||
||h||
h∈N
||h||0 ≤q+1,||h||2 6=0

≤

√

17

∂f
xi
1
=
−√ .
∂xi
||x||2
n

Note that for any i ∈ {2, 3, . . . , n − 1}
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Proof. This proof was given in Cai, Wang, and Xu (2010). We include it here for completeness and easy reference. It is obvious that the result holds when |x1 | = |x2 | = . . . = |xn |.
Without loss of generality, we now assume that x1 ≥ x2 ≥ . . . ≥ xn ≥ 0 and not all xi are
equal. Let
||x||1
f (x) = ||x||2 − √ .
n

||x||1
n
||x||2 − √ ≤
max |xi | − min |xi ).
1≤i≤n
4 1≤i≤n
n

Lemma 6 For any x ∈ Rn ,

!
r
B(h)
2q log p
≥C
n
||h||0 ≤q+1,||h||2 6=0 ||h||2
!
r
B(h)
2q log p
≥ (C − 1)
≤ P sup
n
h∈N ||h||2
q+1
2M1 n  q+1
2
2
≤ 2
3p1−(C−1) /(2M1 )
q log p
p
q+1
2
.
≤ 2 2M1 n3p1−(C−1) /(2M1 )
√
Since p > n, take C = 1 + 2C1 M1 for some C1 > 1, then for all n sufficiently large,
r

p
B(h)
2q log p 
2
P
sup
≥ (1 + 2C1 M1 )
≤ 2p−2q(C1 −1) .
n
||h||0 ≤q+1,||h||2 6=0 ||h||

Let  =

q

Therefore,

B(h1 ) B(h2 )
−
||h1 ||2
||h2 ||2

for any given positive constant C. Furthermore, for any h1 , h2 ∈ Rp+1 such that ||h1 ||0 ≤
q + 1, ||h2 ||0 ≤ q + 1, ||h1 ||2 6= 0 and ||h2 ||2 6= 0, we have
q
√
k
k(x21 − x2n ) + nx2n − √ (x1 − xn ) − nxn .
n

q
√
k
k(x21 − x2n ) + nx2n − √ (x1 − xn ) − nxn .
n

1
2

−

x1 +3xn
4(x1 +xn )

√
n
||x||1
||x||2 ≤ √ +
(x1 − xn ).
4
n

≥ 14 , we have

i=1

i=1

i=1

1
+
n

j≥1

i=1

k=0

i=1

i=1
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i=1

n
n
X
X
(1 − Yi XTi β ∗ + Yi XTi hS0 )+ −
(1 − Yi XTi β ∗ )+

i=1

!

k=0

,

!
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(16)

j
j−1
n
n
X
X
X
X
(1 − Yi XTi β ∗ + Yi XTi
hSk )+ −
(1 − Yi XTi β ∗ + Yi XTi
hSk )+

k≥0

n
n
X
1X
1X
(1 − Yi XTi β ∗ + Yi XTi
hSk )+ −
(1 − Yi XTi β ∗ )+
n
n

X1
=
n

=

n

1X
1X
(1 − Yi XTi β ∗ + Yi XTi h)+ −
(1 − Yi XTi β ∗ )+
n
n

n

where Si , i = 1, 2, . . ., has cardinality q+1, except the last set which may have cardinality
smaller than q+1. This partition leads to the following decomposition

S0 = {0, 1, 2, . . . , q}, S1 = {q + 1, q + 2 . . . , 2q + 1}, S2 = {2q + 2, 2q + 3 . . . , 3q + 2}, . . .

b then it follows from Lemma 2 that h ∈ ∆ . Assume
Proof of Theorem 4. Let h = β ∗ − β,
C̄
without loss of generality that |h0 | ≥ |h1 | ≥ . . . ≥ |hp |. Create a partition of {0, 1, 2, . . . , p}
as

We can also see that the above inequality becomes an equality if and only if xk+1 = . . . =
xn = 0 and k = n4 .

Since

g(k) ≤ g n

!
2
n 2
( x1 +x
2 ) − xn
x21 − x2n


√
1
x1 + 3xn
=
n(x1 − xn )
−
.
2 4(x1 + xn )

By taking the derivatives, it is easy to see that

g(x) =

Treat this as a function of k for k ∈ (0, n).

f (x) =

√ 2 , f (x) is decreasing w.r.t xi ; otherwise f (x) is increasing
This implies that when xi ≤ ||x||
n
w.r.t xi . Hence, if we fix x1 and xn , when f (x) achieves its maximum, x must be of the
form that x1 = x2 = . . . = xk and xk+1 = . . . = xn for some 1 ≤ k ≤ n. Now,

n

i=1

k=0
j−1

j
j−1
n
n
X
X
X
X
(1 − Yi XiT β ∗ + Yi XiT
hSk )+ −
(1 − Yi XiT β ∗ + Yi XiT
hSk )+

k=0
j

!

j≥0

2q log p X
||hSj ||2
n

!

where the first equation follows from the definition of hSk , k ≥ 0; the second equation holds
by observing that the intermediate terms cancel out each other. The purpose of the above
decomposition is to obtain more accurate probability bounds by appealing to Lemma 3.
This is made possible by noting that the jth term in the sum of the above decomposition
has the increment indexed by hSj , which has at most q+1 nonzero coordinates. Lemma 3
2
implies that uniformly for j = 1, 2, . . ., with probability at least 1 − 2p−2q(C1 −1) ,
1
n
n

i=1

i=1

X
X
X
X
1
≥
E
(1 − Yi XiT β ∗ + Yi XiT
hSk )+ −
(1 − Yi XiT β ∗ + Yi XiT
hSk )+
n
i=1
i=1
k=0
k=0
r
2q log p
−C
||hS ||2 ,
j
n
√
2
where C = 1 + 2C1 M1 . Hence by (16), with probability at least 1 − 2p−2q(C1 −1) ,
r
n
n
i=1


X
1X
(1 − Yi XiT β ∗ + Yi XiT h)+ −
(1 − Yi XiT β ∗ )+ ≥ M (h) − C
n

||hSj ||2 ≤
≤
≤
≤

X ||hSj ||1 √q + 1
√
+
|hq |
4
q+1
j≥1

||hS C ||1
||hS ||1
√ 0
+ √ 0
q+1
4 q+1

1
1
√
||hS0 ||1
+ √
4 q+1
q + 1C̄
1
1
+
||hS0 ||2 .
4 C̄

(18)

(17)
P
P
where M (h) = 1 E( n (1 − Yi XT β ∗ + Yi XT h)+ − n (1 − Yi XT β ∗ )+ ).
i
i
i
i=1
i=1
n
It is straightforward to show that ||hS0 ||1 ≥ ||hT+ ||1 ≥ C̄||hT C ||1 ≥ C̄||hS C ||1 . By
+
0
Lemma 6, we have
X
j≥1

p
q + 1||hS0 ||2 + C
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(20)

By the definition of h, (15), (17) and (18), we have
r
r
1
1
2q log p
2q log p
M (h) ≤ λ(||hT+ ||1 − ||hT C ||1 ) +
+
C
||hS0 ||2 + C
||hS0 ||2
+
4 C̄
n
n
r
2q log p 5
1
+
||hS0 ||2 .
(19)
n
4 C̄
≤ λ

Condition (A4) imply that

1
1
M (h) = hT H(β ∗ )h + o(||h||22 ) ≥ M2 ||h||22 + o(||h||22 ).
2
2
19

r

1
2q log p 5
+
||hS0 ||2 .
n
4 C̄

1
1
|hq |||hS0 ||1 ≤ ||hS0 ||22 .
C̄
C̄

≥ ||hS0 ||22 , and

||hSj ||1 ≤

2
j≥1 ||hSj ||2

Combining (19) and (20), we have

P

j≥1

X

p
1
M2 ||h||22 + o(||h||22 ) ≤ λ q + 1||hS0 ||2 + C
2
Note that ||h||22 = ||hS0 ||22 +

X

||hSj ||22 ≤ |hq |

!
r
√
2λ q + 1
2C 2q log p 5
1
+
+
.
M2
M2
n
4 C̄

r
√
2C 2q log p 5
1 
1  2λ q + 1
+
+
M2
M2
n
4 C̄
C̄

1
C̄

r
√
2λ q + 1
2C 2q log p 5
1
+
+
.
M2
M2
n
4 C̄

This implies o(||h||22 ) = o(||hS0 ||22 ). To wrap up, we have

r

1+

1+

||hS0 ||2 + o(||hS0 ||2 ) ≤

1
)||hS0 ||22 .
C̄

j≥1

So ||h||22 ≤ (1 +

Hence,

r

||h||2 + o(||h||2 ) ≤
We therefore have
b − β ∗ ||2 ≤
||β

2

with probability at least 1 − 2p−2q(C1 −1) .

Proof of Theorem 5. It follows by combining the result of Theorem 3.3 with that of
Theorem 4 in of Zhang et al. (2016b).

Appendix B: Discussions of Condition (A4)

I(Xk ≥ Vk− )Xi g(X)dX <

I(Xk ≤ Vk+ )Xi g(X)dX >

S

Z

S

Z

I(Xk ≥ Uk− )Xi f (X)dX

I(Xk ≤ Uk+ )Xi f (X)dX

We note that Condition (A4) is satisfied if the smallest eigenvalues of H(β ∗ ) has a positive
lower bound. In the following, we provide a set of sufficient conditions to guarantee the
positive definiteness of H(β ∗ ).

S

(A1∗ ) For some 1 ≤ k ≤ p,
Z
or

Z

S
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R
Here Uk+ , Vk+ ∈R [−∞, +∞] are upper bounds such that S I(Xk ≤ Uk+ )f (X)dX =
+
min(1, ππ−
) and S I(Xk ≤ Vk+ )f (X)dX = min(1, ππ−
).
Similarly,
lower
bounds
Uk− ,
+
R
Vk− ∈ [−∞, +∞] and are defined as S I(Xk ≥ Uk− )f (X)dX = min(1, ππ−
) and
+
R
π+
−
S I(Xk ≥ Vk )g(X)dX = min(1, π− ).

20

to the j-th unit vector ej for

D− = {x ∈ M − : li ≤ (Aj x)i ≤ vi with li < vi for i 6= j}

T

∗

Ef (I(1 − XT β ∗ ≥ 0)X− ) = Eg (I(1 + XT β ∗ ≥ 0)X− )

where cf =

1/2

∗
−

β ∗− ||2

1−β0∗ −µT β

||Σ

∗

β0∗
−

XT− β ∗−

≥ 0) = Φ(cf ),

21

1/2

||Σ

β ∗− ||2

∗

1+β0∗ +ν T β −

.

(23)

(22)

(21)
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. Similarly, Eg (I(1 + XT β ∗ ≥ 0)) = Φ(cg ). where cg =

Ef (I(1 − X β ≥ 0)) = Pf (1 −

T

∗
For left hand of equation (21), we have XT− β ∗− ∼ N (µT β ∗− , β ∗T
− Σβ − ), thus

and

∗

Ef (I(1 − X β ≥ 0)) = Eg (I(1 + X β ≥ 0))

T

As an interesting side result, Lemma 5 in Koo et al. (2008) showed that Condition (A4)
holds under (A1∗ )-(A3∗ ). Although their paper’s results on the Bahadur representation of
L1 -norm SVM coefficients are restricted to the classical fixed p case, a careful examination
of the derivation showed that this particular lemma holds irrespective of the dimension of
p.
In the following, we demonstrate that Conditions (A1∗ )-(A3∗ ) hold in a nontrivial example where we have two multivariate normal distributions in Rp . The marginal distribution of
Y is given by π+ = π− = 1/2. Let f and g be the density functions of X− given Y = 1 and
−1, respectively. Here, we assume f and g are multivariate normal densities with different
mean vectors µ and ν and a common covariance matrix Σ. This setup was also considered
in Koo et al. (2008) but we will provide more details to show condition (A4) is satisfied in
our high-dimensional setting. In particular, we will provide some details for deriving the
analytic forms of β ∗ and H(β ∗ ), which complements the results in Koo et al. (2008).
For normal density functions f and g, it is straightforward to check Condition (A3∗ ) is
satisfied. While Uk+ = Vk+ = +∞ and Uk− = Vk− = −∞, Condition (A1∗ ) also holds. Since
D+ and D− are bounded rectangles in Rp , the normal densities f and g are always bounded
away from zero on D+ and D− . Thus (A2∗ ) is satisfied. Denote the density and cumulative
distribution function of standard normal distribution N (0, 1) as φ and Φ, respectively. Then
we have S(β ∗ ) = 0, where S(·) is defined in (6), that is

(A3∗ ) The densities f and g are continuous with common support S ⊂ Rp and have finite
second moments.

Also with some technical modification, Condition (A1) in our paper can be further relaxed
to

such that f (x) ≥ B1 > 0 on D+ , and g(x) ≥ B2 > 0 on D− , where M + = {x ∈
Rp |xT β ∗− + β ∗0 = 1} and M − = {x ∈ Rp |xT β ∗− + β ∗0 = −1}.

and

∗

β ∗−

||β − ||2

D+ = {x ∈ M + : li ≤ (Aj x)i ≤ vi with li < vi for i 6= j}

some j ∈ {1, 2, 3, . . . , p}, there exists rectangles

(A2∗ ) For an orthogonal transformation Aj that maps

i=1

=

Σ1/2 β ∗−

= ΛTk

||Σ β ∗− ||2
Σ1/2 β ∗−
ΛTk
||Σ1/2 β ∗− ||2
1/2

||Σ1/2 β ∗− ||2

Σ1/2 β ∗−

= ΛTk

cf

−∞

cf

xφ(x)dx =

|cf |
−∞

Z

1
xφ(x)dx = − √
2π

+∞
c2f

Z




I cf − x ≥ 0 xφ(x)dx

1
z
exp(− )dz = −φ(cf ).
2
2

xφ(x)dx

+∞
−∞

Z

Z



Pi Zi

Similarly,

22

Eg (I(1 + XT β ∗ ≥ 0)X− ) = νΦ(cg ) + φ(cg )Σ1/2 P1

Ef (I(1 − XT β ∗ ≥ 0)X− ) = µΦ(cf ) − φ(cf )Σ1/2 P1 .
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Σ1/2 β ∗−
Therefore, for k = 1, . . . , p, Ef I(1−XT β ∗ ≥ 0)Xk = µk Φ(cf )−ΛTk
φ(cf ). Hence
1/2 ∗
||Σ β − ||2

−∞

Z

i=1

p
X

Eφ I(cf − Z1 ≥ 0)Z1

p
X


(Pi Zi ) = Eφ I(cf − Z1 ≥ 0)ΛTk P1 Z1

Since xφ(x) is an odd function and φ(x) is symmetric, we have

Eφ I(cf − Z1 ≥ 0)ΛTk

where. Since Z2 , . . . , Zp have mean zero and are independent of Z1 ,

Ef (I(1 − XT β ∗ ≥ 0)Xk ) = µk Φ(cf ) + Eφ I(cf − Z1 ≥ 0)ΛTk

where φ is the joint probability density function of a p-dimensional standard multivariate
normal distribution. We will compute the above expectation componentwise. Let Σ1/2 =
Λ = (Λ1 , Λ2 , . . . , Λp )T . For k = 1, . . . , p, we have

= Eφ (I(cf − Z1 ≥ 0)µ) + Eφ (I(cf − Z1 ≥ 0)Σ1/2 PT Z).

Ef (I(1 − XT β ∗ ≥ 0)X− ) = Eφ (I(cf − Z1 ≥ 0)(Σ1/2 PT Z + µ))

To obtain an analytic expression of Ef (I(1 − XT β ∗ ≥ 0)), we consider an orthogo1/2 ∗
PΣ β −
nal matrix P that satisfies
= (1, 0, 0, . . . , 0)T . Such a matrix P can always
1/2 ∗
||Σ β − ||2
Σ1/2 β ∗−
. By using
be constructed. Actually, let P = (P1 , P2 , . . . , Pp )T and P1 =
1/2 ∗
||Σ β − ||2
Gram-Schmidt process, we can generate other orthogonal vectors Pi based on P1 with
i = 2, 3, . . . , p. Since PΣ−1/2 (X− − µ) = Z, a standard multivariate normal random vector,
we have I − XT β ∗ = cf ||Σ1/2 β ∗− ||2 − Z T PΣ1/2 β ∗− . Thus

Then, we have

and

2

Φ(cf ) = Φ( cg )

(25)

(24)

=

Φ(c̃) −1
Σ (µ − ν)
2φ(c̃)

(27)

(26)

µΦ(cf ) − φ(cf )Σ1/2 P1 = νΦ(cg ) + φ(cg )Σ1/2 P1

∗
β−

∗
||Σ1/2 β −
||2

∗T
β−
(µ + ν) = −2β0∗

From (24), we have c̃ = cf = cg , which implies

From (25),

dΣ (µ,ν ) 
.
2

Meanwhile, c̃ = cf =

1/2

||Σ

β

1−β0∗ −µ

(28)

∗
T
−
∗
− ||2

(µ − ν)T Σ−1 (µ + ν)
2 (µ, ν)
2c̃dΣ (µ, ν) + dΣ

2



+

2
(µ + ν)T
µ + ν H22 (β ∗ )

c̃
1
− 2
dΣ (µ, ν) dΣ
(µ, ν)

(µ − ν)(µ − ν)T

(30)

(29)



2Σ−1 (µ − ν)
2 (µ, ν)
2c̃dΣ (µ, ν) + dΣ

β0∗ = −

∗
β−
=

c̃
dΣ (µ, ν)

φ(c̃)
(2c̃ + dΣ (µ, ν))
4



!

Let dΣ (µ, ν) = ((µ − ν)T Σ−1 (µ − ν))1/2 be the Mahalanobis distance between µ and ν and
β∗
Φ(c̃) −1/2
Σ
(µ − ν)||2 = 1,
R(x) = φ(x) . As Σ1/2 1/2− ∗ has l2 norm equal to 1, we have || 2φ(c̃)
Φ(x)
||Σ β − ||2
d (µ,ν )
. R(x) is a monotonically decreasing function, thus we have c̃ =
i.e., R(c̃) = Σ
β
, we can solve the problem based on (26)
R−1

and (27),

From (25),

H(β ∗ ) =

By plugging (28) and (29) into (7), we can calculate H(β ∗ ) as

where
H22 (β ∗ ) = µµT + νν T + 2Σ + 2

JMLR 17(236):1-26

As we have obtained the analytic form of H(β ∗ ), we consider Model 1 in Section
5.1 as an example. In Model 1, q = 5, µ = (0.1, 0.2, 0.3, 0.4, 0.5, 0, . . . , 0)T and ν =
(−0.1, −0.2, −0.3, −0.4, −0.5, 0, . . . , 0)T ∈ Rp and π + = π − = 1/2. The covariance matrix Σ = (σij ) consists of nonzero entries σij = −0.2 for 1 ≤ i 6= j ≤ q and other entries
equal to 0. From (28) and (29), we have β ∗ = (0, 1.39, 1.47, 1.56, 1.65, 1.74, 0, . . . , 0)T . Based
on (30), we derived H(β ∗ ) and numerically validated its positive-definiteness.
23
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1. Introduction

Learning and inference of structured models drives much of the research in machine learning
applications, from computer vision and natural language processing to computational biology. Examples include object detection (e.g., by Felzenszwalb et al. (2010)), parsing (e.g.,
by Koo et al. (2010)), or protein design (e.g., by Sontag et al. (2008)). The inference problem in these cases involves assessing the likelihood of labelings, whether outlined objects,
parse trees, or molecular structures. The learning procedure searches for the parameters
that maximize the likelihood of the training set.
Conditional random fields (CRFs) form an effective framework for maximizing the loglikelihood of training labels in structured models. Learning the parameters of these models

We also define loss-adjusted beliefs to integrate prior knowledge about the desired inference as well as a parameter that controls the smoothness of the beliefs. In the past and
partly due to its efficiency, the presented machine learning algorithm was shown to improve
the state-of-the-art in various computer vision tasks, including 2D scene understanding (Yao
et al., 2012), 3D scene understanding (Lin et al., 2013), shape reconstruction (Salzmann
and Urtasun, 2012), indoor scene understanding (Schwing et al., 2012a; Schwing and Urtasun, 2012), depth estimation (Yamaguchi et al., 2012), flow estimation (Yamaguchi et al.,
2013) and visual-language understanding (Fidler et al., 2013). This manuscript extends
our previous work (Hazan and Urtasun, 2010) to high order setting while simplifying its
theory and proofs. The code is publicly available on http://www.alexander-schwing.de/
projectsGeneralStructuredPredictionLatentVariables.php.

In this article we suggest to interleave optimization of learning parameters with optimization of inference parameters. We call this approach blending learning and inference
in CRFs. For this end we propose an optimization program that maximizes log-beliefs,
i.e., probability distributions over subsets of training variables that agree on their marginal
probabilities. These beliefs are elements of the local polytope (Wainwright and Jordan,
2008). The log-beliefs objective is concave and consists of two types of variables that are
related to the learning and inference tasks respectively. We are able to blend the learning and inference procedures by alternating maximizations over the inference and learning
variables. With blending we reach the nested learning-inference optimum much faster.

When the label structure corresponds to a tree, exactly inferring the likelihood of the
training labels can be done in time, linear in the number of variables using sum-product
belief propagation as a subroutine. We refer to this approach as nested learning and inference. In contrast, when the label structure corresponds to a general graph, we cannot infer
the likelihood exactly. However nested learning and inference can still be applied using approximate inference algorithms such as convex sum-product belief propagation (Wainwright
et al., 2005; Heskes, 2006; Meltzer et al., 2009; Hazan and Shashua, 2010). Nevertheless,
the approximate inference algorithms might be computationally expensive to be used as a
nested subroutine of the learning algorithm.

can be computationally expensive since the label space of real-world problems is usually
exponential in the size of its variables.

Hazan, Schwing and Urtasun

The reminder of the paper is organized as follows. In Section 3 we review the parameter
learning setting of CRFs that maximize the log-likelihood of training labels given corresponding data instances. We also present the nested learning and inference approach as
well as approximate inference algorithms of belief propagation and its convex variants. In
Section 4 we describe the objective function for nested learning and inference that maximize
the log-beliefs. We then describe a blending algorithm to optimize this objective and describe its convergence properties using convex duality. Next we present loss-adjusted beliefs
and the appropriate modifications for blending in Section 5, drawing connections to blending in the structured SVMs setting suggested by Meshi et al. (2010). We then demonstrate
the effectiveness of our approach in Section 6. We conclude by describing the generality of
our approach, relating blending and convexity to the penalty method.

Conditional random fields maximize the log-likelihood of training labels given the training data, e.g., objects given images. In many cases the training labels are structures that
consist of a set of variables and the computational complexity for estimating their likelihood
is exponential in the number of the variables. Learning algorithms relax this computational
burden using approximate inference that is nested as a sub-procedure. In this paper we describe the objective function for nested learning and inference in conditional random fields.
The devised objective maximizes the log-beliefs — probability distributions over subsets
of training variables that agree on their marginal probabilities. This objective is concave
and consists of two types of variables that are related to the learning and inference tasks
respectively. Importantly, we afterwards show how to blend the learning and inference procedure and effectively get to the identical optimum much faster. The proposed algorithm
currently achieves the state-of-the-art in various computer vision applications.
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Learning log-beliefs extends the CRFs framework that maximizes the log-likelihood of conditional Gibbs distributions (cf. Lafferty et al. (2001); Lebanon and Lafferty (2002)). Gibbs
distributions, also known as Markov random fields, are probability distributions that are
defined on a product space using potential functions over subsets of variables. Gibbs probability models often consider exponentially many possible assignments for these variables.
In this case, approximate inference methods are used in a black box manner to estimate
the gradient and the objective of CRFs, resulting in the nested learning-inference algorithm
illustrated in Figure 1. Nested learning-inference algorithms are successfully dealing with
real-world problems, e.g., (Levin and Weiss, 2006) in computer vision, (Yanover et al., 2007)
in computational biology and (Sutton and McCallum, 2009) in language processing to name
a few.
The current work extends and simplifies our previous work (Hazan and Urtasun, 2010).
We simplify the learning objective while formulating it as the maximization of log-beliefs,
which are pseudo-marginal probabilities of the Gibbs distribution. We extend the learning
procedure while considering pseudo-marginals of Gibbs distributions on any subset of its
variables. In the last couple of years, the presented machine learning algorithm was shown
to improve the state-of-the-art in various computer vision tasks: Considering outdoor scene
understanding (Yao et al., 2012), each (super)pixel is represented by a variable of the Gibbs
model and its possible assignments correspond to discrete semantic label, e.g., person,
car, tree and so on. Our learning algorithm estimates the parameters that maximize the
probability of the training data per variable (i.e., pixel and its observed object) and subsets
of variables (e.g., neighborhood of pixels and their observed objects). Considering indoor
scene understanding (Schwing et al., 2012a; Schwing and Urtasun, 2012; Lin et al., 2013)
each wall or a 3D object in the room is represented by a subsets of variables and our
learning algorithm estimates the position of these objects while maximizing likelihood of
these subsets within the training data. In depth estimation and optimal flow (Yamaguchi
et al., 2012, 2013) the variables of the Gibbs models are either continuous or discrete. The
continuous variables correspond to the possible hyperplanes that either explain the depth or
the optical flow of the super pixels in the training images. The discrete variables maintain
consistency between adjacent super pixels. Our learning algorithm estimates the probable
hyperplanes and their spatial relations in the training data.
Our approach suggests to blend the inference and learning steps and reach the same
optimum as nested approaches while being at least an order of magnitude faster. Blending
helps the algorithm to avoid computationally expensive inference algorithms when learning
parameters w that are far from optimal. Similar observations have been made in the context of coordinate descent by Tappenden et al. (2013). Other approaches for blending CRFs
appear are developed by Domke (2011). Lemma 3 describes how to infer non-consistent beliefs. These beliefs are different from the beliefs that are usually derived during the runtime
of approximate inference algorithms. The theoretical characterization of the optimal points
for the learning-inference procedures are described by Wainwright (2006); Wainwright et al.
(2003).
Meshi et al. (2010) describe blending learning and inference in the context of structured
SVMs, which are constructed to minimize the loss between the predicted labels and the
3
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observed ones (cf. (Taskar et al., 2004; Tsochantaridis et al., 2004; Collins, 2002)). The ideas
of blending learning and inference in structured SVMs also appear in (Taskar et al., 2005;
Anguelov et al., 2005). In contrast, our work focuses on blending learning and inference
when maximizing log-probabilities. Nevertheless, our loss-adjusted beliefs may describe a
probabilistic alternative to blended learning in structured-SVMs. When setting the counting
numbers cr = 0, we effectively work with zero-one probabilities (i.e., max-beliefs) thus we
recover the algorithm of Meshi et al. (2010).

3. Background

k

(1)

Log-likelihood learning in structured models involves data instances x ∈ X and their labels
y ∈ Y. The structure is incorporated into the labels which may refer to sequences, grids, or
other high-dimensional objects. For every data instance x, its possible labels are described
by a set of feature functions φk : X × Y → R, k ∈ {1, . . . , K}. A linear combination of
the K features is used to score the different labels y ∈ Y using the parameters w ∈ RK .
Formally we obtain the score θ(y; x, w) of a label via
X
wk φk (x, y).

θ(y; x, w) =

The real valued score is mapped to the probability scale via the Gibbs distribution:

p(y|x; w) ∝ exp(θ(y; x, w)).

X

(x,y)∈S

log p(y|x; w) −

C
kwk22 .
2

(2)

Within the CRF framework, the goal is to learn the parameters of the potential functions
to maximize the conditional likelihood of the training data (x, y) ∈ S:
w

max

(3)

The regularization term is sometimes considered as a Gaussian prior over the parameters
w. The regularized likelihood of CRFs is a concave and smooth function and its optimal
parameters may be attained by gradient ascent. The gradient measures the disagreements
between the inferred distribution over labels and the groundtruth training labels, i.e.,

ŷ∈Y

∂ log p(y|x; w) X
=
p(ŷ|x; w)φk (x, ŷ) − φk (x, y).
∂wk

r∈Rk

X

φk,r (x, yr ).
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(4)

The computational complexity of CRFs is governed by inference, which amounts to evaluating the probability p(ŷ|x; w) for computing the objective and the gradient.
We consider cases in which the labels y ∈ Y are n-tuples, i.e., y = (y1 , ..., yn ), and hence
the configuration space is exponential in n. The features describe relations between subsets
of elements r ⊂ {1, ..., n}, also called regions or factors. We denote by Rk the regions
required to compute the feature φk (x, y). Importantly, the features are functions of their
regions labels yr ⊂ {y1 , ..., yn }, i.e.,

φk (x, y1 , ..., yn ) =

4

r∈R

Y

p(ŷr |x; w)1−|P (r)| .

(5)

β∈P (i)\α µβ→i (yi )

cα
ĉi



i∈C(α) λi→α (yi )

P

1/cα

1/ĉi
α∈P (i) µα→i (yi )

r

− µα→i (yi )

r,yr

6
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yp \yr

The marginal probabilities p(ŷr |x; w) appear as the beliefs br (ŷr ). In general, when the
region graph has cycles, the belief propagation algorithm is no longer guaranteed to output
the marginal probabilities. Nevertheless,
P when it converges it provides beliefs that agree on
their marginal probabilities, namely yα \yi bα (yα ) = bi (yi ). In some cases the belief propagation algorithm infers beliefs br (ŷr ) which approximate well the marginal probabilities,
while in other cases it produces non-accurate results or might even fail to converge. A possi-

yr

The set L(G) is known as the local polytope, and contains probability distributions br (yr )
that agree on their overlapping variables, i.e.,
n
o
X
X
L(G) = br (yr ) : br (yr ) ≥ 0,
br (yr ) = 1, ∀p ∈ P (r)
bp (yp ) = br (yr ) .
(7)

b∈L(G)

The norm-product algorithm, illustrated in Algorithm 2, reduces to belief propagation
when setting its coefficients to cr = 1 − |P (r)|, namely, the Bethe counting numbers. We
refer the interested reader to (Wainwright and Jordan, 2008) for more details.
The norm-product algorithm iterates over the fixed point solutions for the variational
problem
X
X
arg max
br (yr )θr (yr ) +
cr H(br ).
(6)

bα (yα ) ∝ exp θα (yα ) +



β∈P (i) µβ→i (yi )

P

P

θi (yi ) +

bi (yi ) ∝ exp θi (yi ) +

Output:

λi→α (yi ) =

Throughout this work we refer to elements in the local polytope as beliefs.
The variational program given in Equation (6) is concave whenever cr ≥ 0. The normproduct algorithm given in Algorithm 2 performs block coordinate descent on its dual
program. Therefore it is guaranteed to converge to beliefs that agree on their marginal
probabilities. Typically its inferred beliefs approximate the marginal probabilities as well
as the belief propagation approximations (Meshi et al., 2009). Thus in its various forms
it is used as the inference step when learning the parameters of CRFs. Such nested loop
algorithms for performing learning and inference are presented in Figure 1. Unfortunately,
iteratively executing the norm-product algorithm as an inference procedure to compute


P
bi (yi ) ∝ exp θi (yi ) + α∈P (i) µα→i (yi )

P
bα (yα ) ∝ θα (yα ) + i∈C(α) λi→α (yi )

Output:

λi→α (yi ) = θi (yi ) +

P

Algorithm 1 Sum-product belief propagation
P
Set Kr = {k : r ∈ Rk }. For every (x, y), w set θr (ŷr ) = k∈Kr wk φk,r (x, ŷr ).
Repeat until convergence:
P

P
µα→i (yi ) = log
yα \yi exp (θα (yα ) +
j∈C(α)\i λj→α (yj ))

In such cases the inference step, i.e., estimating the probabilities p(ŷ|x; w) can be performed efficiently using message-passing algorithms. When the region graph has no cycles
it is bipartite, therefore it has two types of regions: outer regions, i.e., regions that are
not contained by other regions, and inner regions. To differentiate between those regions
we denote outer regions by α and inner regions by i. In this case, one can use the belief propagation algorithm to efficiently infer the marginal probabilities without performing
exponentially many operations:

p(ŷ|x; w) =

ble explanation for this behavior comes from the fact that the belief propagation algorithm
iterates the stationary points of a non-convex objective called the Bethe free energy (Yedidia
et al., 2005). Recently, in an extensive effort to derive converging belief propagation type
algorithms, the non-convex Bethe free energy was replaced by convex free energies while
introducing nonnegative counting numbers cr that replace the Bethe coefficients. Consequently, the belief propagation algorithm was replaced by block coordinate descent over
the dual program (Heskes, 2006; Meltzer et al., 2009; Hazan and Shashua, 2008). These
dual block coordinate descent algorithms belong to the family of the norm-product belief
propagation algorithms:

Thus the features define hypergraphs whose nodes represent the n labels indexes, and
the regions R = ∪k Rk correspond to its hyperedges. A convenient way to represent a
hypergraph is by its region graph. A region graph is a directed graph whose nodes represent
the regions and its direct edges correspond to the inclusion relation, i.e., a directed edge
from node r to s is possible only if s ⊂ r. We adopt the terminology where the sets P (r)
and C(r) represent all nodes that are parents and children of the node r, respectively.
The Hammersley-Clifford theorem (e.g., Lauritzen (1996)) asserts that the Gibbs distributions p(ŷ|x; w) defined in Equation (1) correspond to a Markov random field (MRF)
whose statistical independencies are described by the joint hypergraph. These independencies are determined by the Markov property: two nodes in the graph are conditionally
independent when they are separated by observed nodes. Aji and McEliece (2001) show that
whenever the region graph is bipartite and has no cycles, the Markov property provides a
low dimensional
P representation of the Gibbs distribution using its marginal probabilities
p(ŷr |x; w) = ŷ\ŷr p(ŷ|x; w), namely
Algorithm 2 Norm-Product Belief Propagation
P
Set ĉi = ci + α∈P (i) cα . Repeat until convergence:
P
 
P
µα→i (yi ) = cα log
yα \yi exp (θα (yα ) +
j∈C(α)\i λj→α (yj )) cα
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wk φk,r (x, yr ). Repeat until convergence:
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k∈Kr

Learning with nested inference for CRFs
P
1. Set θr (yr ; x, w) =

max

b(·|x)∈L(G)

P

P

r∈R

r∈R,yr ∈Yr

(x,y)∈S

P

r∈R

∗
ŷr br (ŷr |x)φk,r (x, ŷr )



− φk,r (x, yr ) + Cwk .

2. Inference: For every (x, y) ∈ S:
X
X
br (yr |x)θr (yr ; x, w) +
H(br ).

b∗ = arg

3. Learning:
wk ← wk − η
Figure 1: Nested (unblended) inference in learning. The inference step is performed in every
iteration. The learning step improves the parameters till learning
√ is attained. η
is typically referred as the learning rate and may be set as 1/ t, where t is the
iteration index. The abbreviation b ∈ L(G) describes conditional beliefs b(·|x) for
every x ∈ S. Each of these conditional beliefs is in the local polytope, as defined
in Equation (7).

the gradient is computationally demanding and this method has not been used widely (see
Section 2 for more details). In the following we explore duality to provide the means to
blend the learning and inference tasks efficiently.

4. Blending learning and inference
Log-likelihood of Gibbs distributions, as defined in Equation (1) with potentials θ(y; x, w)
that are linear functions of their parameters w, results in a concave program. When using
nested (unblended) inference, the learning algorithm executes a concave program for inferring beliefs about its marginal probabilities that are required for computing its gradient.
Our main result explicitly defines the concave program whose optimal solutions are the
limit points of the nested learning and inference algorithm that is shown in Figure 1. Using
this characterization we are able to derive an algorithm that blends the learning and inference steps. Consequently it is orders of magnitude faster than the nested algorithm that
uses inference as a black-box algorithm. Since our blended algorithm optimizes a concave
program, it is guaranteed to reach the same optimum as the nested algorithm.
Theorem 1 The limit points of the nested inference and learning algorithm in Figure 1 are
described by the optimal points of the following concave program maximizing log-beliefs:

c∈C(r)
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p∈P (r)

X X
C
max
log b (y |x; w, λ) − kwk2
r
r
w,λ
2
(x,y)∈S r∈R


X
X
br (yr |x; w, λ) ∝ exp θr (yr ; x, w) +
λc→r (yc ; x) −
λr→p (yr ; x)
s.t

7
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br (yr |x)θr (yr ; x, w) +

log br (yr |x; w, λ)
X

X

r∈R

H(br )

p∈P (r)

(8)

Proof The theorem replaces maximization overPb ∈ L(G) with maximization
over λ. De
P
coupling the maximizations takes the form maxw (x,y)∈S maxλ { r∈R log br (yr |x; w, λ)} .
In the following we show how to derive the result from Lagrange optimality conditions
(KKT):
λ

λ∗ = arg max

r∈R
b∈L(G)

b∗ = arg max

r∈R,yr ∈Yr

c∈C(r)



X
X
∗
∗
=⇒ br∗ (yr |x) ∝ exp θr (yr ; x, w) +
λc→r
(yc ; x) −
λr→p
(yr ; x)

X

(x,y)∈S

λ

(x,y)∈S r∈R

X X
X
 C
C
log br∗ (yr |x) − kwk2 .
log br (yr |x; w, λ)} − kwk2 = max
w
2
2
r∈R

max{

Using the above Lagrange optimality conditions, the theorem follows since the inference
nested within the learning algorithm applies gradient ascent to the following program:
w

max

X

r∈R

log

X

yr

exp θr (yr ; x, w, λ)



.

Equation (8) states the Lagrange optimality conditions for maximum-likelihood maximumentropy type duality. Consider the constrained inference algorithm in Figure
(1) and the
P
Lagrange multipliers λr→p (yr ; x, w) for the marginalization constraints yp \yr bp (yp |x) =
P
P
br (yr |x). Its corresponding LagrangianPis L(b, λ) = r,yr br (yP
r |x)θr (yr ; x, w, λ) +
r H(br )
where θr (yr ; x, w, λ) = θr (yr ; x, w) + c∈C(r) λc→r (yc ; x) − p∈P (r) λr→p (yr ; x). Its dual
function is q(λ) = maxb L(b, λ) while br (yr |x) are subject to probability constraints. Conjugate duality between the entropy function
the log-partition function (cf. Wainwright
P and P
and Jordan (2008)) implies that q(λ) = r log( yr exp(θr (yr ; x, w, λ))). Since strong duality between the entropy and the log-partition function holds, its Lagrange optimality
conditions imply
λ

λ∗ = arg min

P
P
P
P
The theorem
P then follows since r∈R p∈P (r) λr→p (yr ; x) − r∈R c∈C(r) λc→r (yc ; x) ≡ 0
therefore r log br∗ (yr |x) = −q(λ∗ ) and the Lagrange optimality conditions in Equation (8)
hold. P
Thus br∗ (yr |x) can be replaced by its re-parametrization Z1r exp(θr (yr ; x, w, λ∗ )), with
Zr = ŷr exp(θr (ŷr ; x, w, λ∗ )).
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The maximum log-beliefs program describes the variational landscape of nested inference
in learning. Thus it can be used to measure the step-size η in Figure 1. For example, the
Armijo rule that determines the step size according to the variational neighborhood results
in a faster convergence per iteration than using a fixed learning rate.
The nested learning and inference algorithm performs a complete inference step before
performing a single learning step. The inference step derives beliefs that agree on their
marginal probabilities. In this work we use the maximum log-beliefs concave program to
blend the learning and inference steps. Specifically, we use block coordinate ascent steps

8

p0 ∈P (r) µp0 →r (yr ; x)

p0 ∈P (p)

− µp→r (yr ; x)

p∈P (r)


bp (ŷp |x; w, λ) ∝ exp µp→r (yr ; x) + λr→p (yr ; x) .

9
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The right hand side of the condition almost characterizes completely the optimal variables
λ∗r→p (yr ; x) P
by λ∗r→p (yr ; x) = θr (ŷr ; x, w, λ∗ ) − µp→r (yr ; x). Unfortunately, θr (ŷr ; x, w, λ∗ )
depends on p∈P (r) λ∗r→p (yr ; x) thus it cannot serve as an update rule in its current form.

yp \yr

Therefore, by taking the logarithm, the gradient vanishes whenever the beliefs numerators
agree up to an additive constant:
X
bp (yp |x; w, λ∗ ) − br (yr |x; w, λ∗ ) = 0 ⇐⇒ µp→r (yr ; x) + λ∗r→p (yr ; x) = θr (ŷr ; x, w, λ∗ ).

yp \yr

X

The optimal dual variables are those for which the gradient vanishes, i.e., the corresponding beliefs agree on their marginal probabilities. When setting µp→r (yr ; x) as above,
the marginalization of bp (yp |x; w, λ) satisfies

yp \yr

c∈C(r)

ŷr ∈Yr


exp θr (ŷr ; x, w, λ) .

10
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The computational complexity of the gradient depends on the structure of the features, especially the number of regions and their labels. Our framework prefers features with small
regions and reasonable number of labels. Another computational issue relates to the step
size η for increasing the objective along the gradient of wk . In general, the gradient updates verify that the chosen step size η reduces the objective. Theoretically, we can use the
fact that the gradient is Lipschitz continuous to predetermine a step size that guarantees
ascent. In practice it gives worse performance than searching for a step size depending on
the gradient and the objective at any given point.
Lemmas 2 and 3 describe the inference and learning steps for maximizing the log-beliefs
maximization in Theorem 1. Since the program is concave, the order of the maximization
steps is not important, and as long as all inference and learning parameters are optimized
the maximal value is attained. For example, one can maximize the inference variables λ till

The theorem follows by noting that θr (yr ; x, w) = k∈Kr wk φk,r (x, yr ), recalling the definition of θr (yr ; x, w, λ) in Equation (9) and that br (ŷr|x; w, λ) which is defined 
in Theorem 1

P
is the gradient of its log-partition function, i.e., log
.
exp
θ
(ŷ
;
x,
w,
λ)
r r
ŷr

ŷr

X
P

log br (yr |x; w, λ) = θr (yr ; x, w, λ) − log

(x,y)∈S r∈Rk

Proof We let

+

P

One can verify that since the program is not strictly concave in λ, the optimal solutions can
be achieved for every additive shift of λr→p (yr ; x). The above lemma describes an analytic
solution for the optimal λr→p (yr ; x), that are computed in the block coordinate steps of the
algorithm. In practice, block coordinate descent with analytic steps provides a significant
speedup over conventional gradient methods and can be parallelized and distributed easily,
as shown by Schwing et al. (2011).
A learning step updates the weights w so as to maximize the log-beliefs. When using
blended inference, the beliefs are not required to agree on their marginal probabilities.
However, they are governed by the concave program in Theorem 1. Its concavity guarantees
that these beliefs agree on their marginals at the optimum.

and br (yr |x; w, λ) ∝ exp(θr (yr ; x, w, λ)), the gradient with respect to λr→p (yp ; x) takes the
form
P
X
∂ (x,y),r log br (yr |x; w, λ)
=
bp (yp |x; w, λ) − br (yr |x; w, λ).
∂λr→p (yr ; x)

1 + |P (r)|

c∈C(r) λc→r (yc ; x)

c∈C(p)\r

p∈P (r)

Plugging it into the above equation results in the desired block dual ascent update rule.

c∈C(r)

Lemma 3 Blended learning: Consider the program given in Theorem 1. The gradient
of its objective function with respect to wk takes the form:

X X  X
br (ŷr |x; w, λ)φk,r (x, ŷr ) − φk,r (x, yr ) + Cwk .

θr (yr ; x, w) +

P

p∈P (r)

P
To complete the proof we require to replace p∈P (r) λ∗r→p (yr ; x) with another quantity that
∗
does not depend on λr→p (yr ; x) for every p ∈ P (r) and yr ∈ Yr .
To isolate this quantity we sum both sides of the equality µp→r (yr ; x) + λ∗r→p (yr ; x) =
θr (ŷr ; x, w, λ∗ ) with respect to p ∈ P (r), thus we are able to obtain
X
X
X
µp→r (yr ; x)
λc→r (yc ; x)) −
λ∗r→p (yr ; x) = |P (r)|(θr (yr ; x, w) +
(1 + |P (r)|)

Hazan, Schwing and Urtasun

Proof The maximum log-beliefs program in Theorem 1 is smooth, concave and unconstrained as a function of λ, therefore the optimum is achieved when the gradient vanishes.
Setting
X
X
θr (yr ; x, w, λ) = θr (yr ; x, w) +
λc→r (yc ; x) −
λr→p (yr ; x)
(9)

λ∗r→p (yr ; x) =

yp \yr

Lemma 2 Blended inference: Consider the program given in Theorem 1. For a given
region r, the optimal inference parameters λ∗r→p (yr ; x), for every p ∈ P (r), yr ∈ Yr , x ∈ S,
when fixing all other λ takes the following form:
 X
X
X

µp→r (yr ; x) = log
exp θp (yp ; x, w) +
λc→p (yc ; x) −
λp→p0 (ŷp ; x)

to blend learning (optimization w.r.t. w) with incomplete inference steps (optimization
w.r.t. λ) that derive
beliefs br (yr |x; w, λ) that not necessarily agree on their marginal probP
abilities, i.e., yp \yr bp (yp |x; w, λ) = br (yr |x; w, λ). Such an approach is computationally
favorable since it does not require to perform a complete inference step for initial learning
parameters. Concavity ensures that blending reaches the maximum log-beliefs optimum
thus it guarantees to derive consistent beliefs upon convergence.
Performing block coordinate descent on the maximum log-beliefs program in Theorem 1
requires minimizing a block of variables while holding the rest fixed. We begin by describing
how to infer the optimal set of variables λr→p (yr ; x) that are related to a region and its
parents in the graphical model.
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X

p0 ∈P (p)

wk φk,r (x, yr ). Repeat until convergence:

λc→p (yc ; x) −
P
P

p0 ∈P (r) µp0 →r (yr ; x)



.

− µp→r (yr ; x)


λp→p0 (ŷp ; x)
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k∈Kr

P

Blending learning and inference
1. Set θr (yr ; x, w) =

exp θp (yp ; x, w) +

P

+

c∈C(p)\r

2. For every (x, y) ∈ S, r ∈ R, ŷr ∈ Yr , p ∈ P (r):
 X
X
yp \yr

+

P

p∈P (r) λr→p (yr ; x)



br (ŷr |x; w, λ)φk,r (x, ŷr ) − φk,r (x, yr ) + Cwk .

c∈C(r) λc→r (yc ; x) −

1 + |P (r)|

c∈C(r) λc→r (yc ; x)

ŷr ∈Yr

X  X

θr (yr ; x, w)

µp→r (yr ; x) = log
λr→p (yr ; x) =

 X

(x,y)∈S r∈Rk

3. Set br (yr |x; w, λ) ∝ exp θr (yr ; x, w) +
wk ← wk − η

Figure 2: The inference step is described in Lemma 2 and the learning step is described
in Lemma 3. The step size η is set to guarantee convergence (e.g., corresponding to the Lipschitz constant or the Armijo rule.) Concavity of the program in
Theorem 1 ensures that the blending converges to consistent inferred beliefs, see
Theorem 4.

they do not change before optimizing the learning parameters w. We refer to this approach
in Figure 1 as nested inference within learning since it performs the approximate inference
heuristic described in Section 3 as a black-box solver. Nested learning and inference is
computationally unfavorable in general as it requires to infer λ till convergence for every
gradient step for learning w. Since concavity ensures that the maximization does not depend
on the order of the maximizing steps, it also provides a principled way to blend the learning
and inference steps. Particularly, it may learn the w parameters using inferred beliefs
br (yr |x; w, λ) ∝ exp(θr (yr , x, w, λ)) that do not agree on their marginal probabilities. For
this purpose our algorithm infers the parametrized beliefs differently than the (outer) beliefs
that are computed by the nested learning algorithm in Figure 1. This blending property is
important in practice, since shortly upon initialization, where the given parameters w are
far from the optimum, it is not advisable to spend time on computing consistent beliefs.
Figure 2 summarizes the inference-learning blending algorithm.
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The block coordinate descent algorithm is guaranteed to converge, as it monotonically
increases the log-beliefs in Theorem 1, which are upper bounded by its dual. Moreover, the
values that are generated by the algorithm converge to the program’s optimal value (see
Theorem 4 for exact statement). It is not immediately clear that the algorithm converges
to its optimal value since the program is not strictly concave. Consequently, the sequence
of variables λr→p (yr ; x) generated by the algorithm is not guaranteed to be bounded. As
a trivial example, adding an arbitrary constant to the variables, λr→p (yr ; x) + c, does not
11
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change the objective value, hence the algorithm can generate a monotonically decreasing
unbounded sequences. Convergence to the optimum holds by convex duality:

X

= 1,

=

X

ŷp \ŷr



bp (ŷp |x)

br (ŷr |x)φk,r (x, ŷr ) − φk,r (x, yr )

br (ŷr |x)

Theorem 4 The learning-inference blending algorithm in Figure 2 for log-beliefs maximization is guaranteed to converge. Moreover, the value of its objective is guaranteed to converge
to the global maximum, and its sequence of beliefs are guaranteed to converge to consistent
beliefs that are the unique solution of the dual program

r∈R

≥ 0,

ŷr

X X

ŷr

br (ŷr |x)

X 1
X
min
kzk2 −
H(br )
2C
z,br

(x,y)∈S

subject to

X

(x,y)∈S r∈Rk

br (ŷr |x)
zk =

ŷr

exp(θr (ŷr ; x) +

c∈C(r)

k

λc→r (ŷc ; x) −

X

p∈P (r)


λr→p (ŷr ; x))

Proof The update rules in Figure 2 iteratively apply the block coordinate ascent rules
in Lemmas 2 and 3 thus monotonically increase the primal objective in Theorem 1. This
program is concave thus it is bounded by its dual program, therefore the value of its objective
is guaranteed to converge. To derive the dual program we construct the Lagrangian

log

(x,y),r ŷr



X X
X
br (ŷr |x) θr (ŷr ; x) −
wk φk,r (x, ŷr ) .

(x,y),r

X
X
C
L(w, λ, b) = − kwk2 +
wk (
φk,r (x, yr ))
2
k
(x,y)∈S,r∈Rk
X
X
X
−

+

The variables br (ŷr |x) are the Lagrange multipliers for the equality constraints θr (ŷr ; x) =
P
k wk φk,r (x, yk ). The dual program takes the form q(b) = maxw,λ L(w, λ, b). Setting zk
as above, since the k · k2 isP
the conjugate dual of k · k2 , the maximization over w takes
1
kzk2 . To complete the
the form maxw {− C2 kwk2 − k wk zk } = 2C
P derivation of the dual,
the maximization
over λ, for
P
P
P every (x, y) takes the
P form maxλ { r,ŷr br (ŷr |x)(θr (ŷr ; x) −
r log( ŷr exp(θr (ŷr ; x) +
c∈C(r) λc→r (ŷc ; x) −
p∈P (r) λr→p (ŷr ; x)))}. This is the conjugate dual of the log-partition function, which is known to be the entropy function H(br ).
The mixing of the messages between the different regions results in the marginalization
constraints in the dual program. An alternative proof for the conjugate duality between the
re-parametrized log-partitions and entropies subject to marginalization constraints appears
in the more generalized setting of Theorem 5.
Finally, since the dual is strictly convex subject to linear marginalization constraints
and the linear moment constraints the convergence properties are a consequence of Tseng
and Bertsekas (1987).
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The convergence of the block coordinate ascent depends on the step size η, which requires
to increase the log-beliefs. This can be done by the Armijo rule, or by using the fact that

12

z∈S r∈R

XX

cr · log br (yr |x; w, λ, c) −

C
kwk2 .
2

13
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Set θ̂r (yr ; z, w) = θr (yr ; x, w)+`r (yr , ŷr ). Then, blending the following loss adjusted learning
and inference update rules is guaranteed to converge to the programs optimal value for any

w,λ

max

Theorem 5 Consider the loss adjusted beliefs given in Equation (10) and their maximum
likelihood concave program:

As cr → 0 this distribution approaches a zero-one probably around the most likely structure,
i.e., the desired loss adjusted prediction. Thus the following program blends learning with
loss adjusted inference, as well as structured predictions (cf. Meshi et al. (2010)):

Note that these beliefs should be conditioned over x as well as the vector `r (·, yr ). However,
to simplify the notation, we leave this conditioning implicit. The intuition for using the loss
as a prior and for deriving loss adjusted beliefs is based on encouraging to learn parameters
that decrease probabilities over labels with higher loss with respect to the training labels.
The likelihood approach aims at maximizing the beliefs br (yr |x; w, λ). Since the beliefs are
probability distributions, it equivalently aims at minimizing the log-beliefs of all other assignments, namely, br (ŷr |x; w, λ) for every ŷr 6= yr . Since the loss `r (yr , ŷr ) is a nonnegative
function it implies that loss-adjusted maximum-likelihood learns parameters that better
reduce scores of non-observed training labels, namely θr (ŷr ; x, w, λ) for any ŷr 6= yr . The
algorithms for maximizing loss adjusted beliefs models follow the derivations presented in
Section 4, while replacing θr (ŷr ; x, w, λ) with θr (ŷr ; x, w, λ) + `r (ŷr , yr ). Letting z = (x, y)
we introduce θr (ŷr ; z, w, λ) = θr (ŷr ; x, w, λ) + `r (ŷr , yr ).
The norm-product approach for inference may use counting numbers cr to control the
peakedness of the beliefs, namely

br (ŷr |x; w, λ, c) ∝ exp (θr (ŷr ; x, w, λ) + `r (ŷr , yr ))/cr .
(10)

Loss adjusted inference emerges from Support Vector Machines (SVMs) where a loss function indicates preferences between different labels. In the following we consider nonnegative
loss functions `r (yr , ŷr ) ≥ 0 over subsets of variables, while `r (yr , yr ) = 0. We suggest to
augment our learned beliefs with loss adjusted probability models. Given a training example
(x, y), we define the loss adjusted belief model to be


br (ŷr |x; w, λ) ∝ exp `r (yr , ŷr ) + θr (ŷr ; x, w, λ) .

5. Blending learning and loss adjusted inference

the function zk2 is strongly convex (e.g., Tseng and Bertsekas (1987)) and its gradient is
Lipschitz continuous (e.g., Nesterov (2004)). In practice, Theorem 4 describes how to
measure the convergence of the algorithm. Specifically, it may be derived from the primal
objective value, the dual objective value or the beliefs themselves, as all these quantities
converge. Unfortunately, the variables λ might not converge, but if they do converge, their
convergence point is optimal.

Blending Learning and Inference in Conditional Random Fields

ŷr ∈Yr

X  X

(x,y)∈S r∈Rk

 X

P

p∈P (r) cp




− µp→r (yr ; x)

λp→p0 (ŷp ; x))/cp



br (ŷr |x; w, λ, c)φk,r (x, ŷr ) − φk,r (x, yr ) + Cwk .

cr +

p0 ∈P (p)

X

p0 ∈P (r) µp0 →r (yr ; x)

P

λc→p (yc ; x) −

+

c∈C(p)\r

X

c∈C(r) λc→r (yc ; x)

P

exp (θ̂p (yp ; z, w) +

ŷr
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0
Multiplying both
P sides by cr cp and summing both sides with respect to p ∈ P (r) we are
able to isolate p0 ∈P (r) λr→p0 (yr ; x). Plugin it into the above equation results in the desired
inference update rule, i.e., λr→p (yr ; x) for which the partial derivatives vanish.
To prove the duality theorem we show that the primal program is the dual of its dual program using its Lagrangian. For every r, ŷr , p ∈ P (r) we introduce
the Lagrange multipliers
P
λr→p (ŷr ; x) for the marginalization constraints br (ŷr |x) = ŷp \ŷr bp (ŷp |x). We also introP
P
duce the Lagrange multipliers wk for the constraints uk = (x,y),r
ŷr br (ŷr |x)φk,r (x, ŷr )−

φk,r (x, yr ) . We let ∆r refer to the probability simplex constraining the beliefs br (ŷr |x).
Then the P
primal program takes the P
form p(λ, w) = maxbr ∈∆r ,u L(b, u, λ, w) which decom>
poses to
r ; x, w, λ))/cr } + w d +
z,r cr maxbr ∈∆r {H(br ) +
ŷr br (yr |x)(`r (yr , ŷr ) + θr (ŷP
1
>
2
maxu {w u − 2C kuk }, where dk are the empirical moments dk = (x,y),r φk,r (x, yr ). Thus
the primal is the sum of conjugate dual functions. The primal is then derived since the
log-partition function is the conjugate dual of the entropy function and the conjugate
1
dualPof 2C
kuk2 is C2 kwk2 .PThe
P
P form in the theorem is obtained since `r (yr , yr ) = 0 and
r
p∈P (r) λr→p (yr ; x) −
r
c∈C(r) λc→r (yc ; x) ≡ 0. Finally, the convergence properties
are a consequence of Tseng and Bertsekas (1987) similarly to Theorem 4.

Proof The update rule for w follows from Lemma 3 and the update rule for λ follows
from Lemma 2. Since the program isP
unconstrained, the optimal λ is attained when
the gradient vanishes, or equivalently
yp \yr bp (yp |x; w, λ) = br (yr |x; w, λ), while br (·)
are the reparametrizedP
beliefs. When setting µp→r (yr ; x) as above, the marginalization

of bp (yp |x; w, λ) satisfy yp \yr bp (ŷp |x; w, λ) ∝ exp (µp→r (yr ; x) + λr→p (yr ; x))/cp . Therefore, by taking the logarithm, the gradient vanishes whenever the beliefs numerators agree
P
P
θr (yr ; z, w) + c∈C(r) λc→r (yc ; x) − p∈P (r) λr→p (yr ; x)
µp→r (yr ; x) + λr→p (yr ; x)
=
cp
cr


P
P
P
subject to uk = P
(x,y),r
ŷr br (ŷr |x)φk,r (x, ŷr ) − φk,r (x, yr ) , br (ŷr |x) ≥ 0,
ŷr br (ŷr |x) =
1 and br (ŷr |x) = ŷp \ŷr bp (ŷp |x).

(x,y),r

Moreover, the beliefs converge to consistent beliefs that are the unique solution of the dual
program

X 
X
1
kuk2 ,
br (ŷr |x)`r (yr , ŷr ) −
max
cr H(br ) +
br ,u
2C

wk ← wk − η

λr→p (yr ; x) =

yp \yr

 X

cr θ̂r (yr ; z, w) +



µp→r (yr ; x) = cp log

cr > 0.
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Figure 3: The top row shows three indoor scenes from the layout dataset (Hedau et al.,
2009). Orientation maps (Lee et al., 2009) and geometric context (Hoiem et al.,
2007) features for the respective images are illustrated in the center and bottom
row respectively.

Note that the log-beliefs are balanced by cr , to compensate for their exponent peakedness. This balancing makes the objective well defined at cr = 0 as the limit of cr → 0.
In this case the program is non-smooth and one needs to consider the sub gradient in the
form of max-beliefs. However, this setting was already developed, although in the different
context of structured-SVMs using dual losses, and we refer the interested reader to Meshi
et al. (2010) for more details.

6. Experiments

JMLR 17(237):1-25

The effectiveness of the discussed framework was recently illustrated by employing this
algorithm as the learning engine for various computer vision tasks: scene understanding
(Yao et al. (2012); Lin et al. (2013)), shape reconstruction (Salzmann and Urtasun (2012))
indoor scene understanding (Schwing et al. (2012a); Schwing and Urtasun (2012)), depth
estimation (Yamaguchi et al. (2012)), flow estimation (Yamaguchi et al. (2013)) and visuallanguage understanding (Fidler et al. (2013)). The code is publicly available on http://
www.alexander-schwing.de/projectsGeneralStructuredPredictionLatentVariables.
php.
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Figure 4: Ray parameterization of the layout given detected vanishing points. A state of a
discretized variable yi gives rise to a particular ray ri originating from a detected
vanishing point. Four rays are sufficient to define a room layout, i.e., the location
of the walls.
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In the following we demonstrate the various properties of blending learning and inference.
For this purpose we elaborate more carefully on a 3D scene understanding application
(Schwing et al., 2012a) evaluated on the well known layout dataset (Hedau et al., 2009)
containing 314 indoor images. Given a single image similar to the ones illustrated in the
top row of Figure 3, we aim at estimating the location of the left, front and right walls as well
as ceiling and floor. Formulating this task as a pixelwise semantic segmentation application
permits a large number of configurations that are physically not plausible. We therefore
constrain the space of configurations by parametrizing the application using three dominant
vanishing points as illustrated in Figure 4. The random variables y1 , . . . , y4 correspond to
discretized angles of rays, each one originating from a detected vanishing point. Such
a parametrization in terms of rays permits only physically plausible configurations and
assumes the world to be Manhattan like, i.e., the observed room is aligned according to the
three dominant directions.
To obtain the dominant directions we employ the vanishing point detector of Hedau
et al. (2009). Due to the involved randomness it failed in our case on 9 training images
and was successful on all 105 test set instances. For image x and a given layout hypothesis
y = (y1 , . . . , y4 ) we compute a 55-dimensional feature vector φ(x, y) which is constructed
based on geometric context (Hoiem et al., 2007) and orientation maps (Lee et al., 2009)
illustrated in the middle and bottom row of Figure 3 respectively.
More specifically, for each of the five hypothesized wall areas (note that the back wall is
never observed) obtained from projecting the predicted layout y into the image, we count
how frequently geometric context estimates the five different wall labels plus an additional
clutter label within each hypothesized wall. This gives rise to a 5 · 6 = 30 dimensional
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Next we observe the behavior if we reduce the number of iterations for standard learning
from 20 down to 2. Recall, from the surrogate training loss results that the primal-dual
gap will not reach zero in this setting. The test set errors are illustrated in Figure 7(c). We
observe that the standard method is approaching the blending technique. This indicates
that a primal-dual gap is not necessarily important for good generalization performance.

In a next experiment we evaluate the importance of the loss function. The results are
illustrated in Figure 7(b). We observe the loss to be important for the case where the
counting numbers equal zero. We are able to obtain a performance similar to loss-included
setting if the counting numbers are equal to one. However algorithms which do not use a
loss function while having counting numbers equal to zero got stuck prematurely and are
hence not even visible in Figure 7(b), where the scale was adjusted to fit the other plots.

(2010), the test set performance of convex learning with 20 message passing iterations with
both counting numbers equal to zero (cf. Meshi et al. (2010)) and one, i.e., ‘Standard 20 (0)’
and ‘Standard 20 (1)’ respectively. We observe that the test set accuracy drops significantly
faster which is expected since we are able to update the parameter vector more frequently.
Similar to the aforementioned surrogate training loss result we observe a performance improvement of more than one order of magnitude, i.e., we obtain accurate test set results
more than 10 times faster.

In Figure 7(d) we illustrate that blending offers a wide range of possibilities. Indeed, we
are not restricted to performing only a single message passing iteration before updating the
parameter vector. Rather any arbitrary scheduling is possible. As illustrated in the results
we observe slightly faster convergence when updating the messages twice as frequently as the
parameter vector, i.e., we perform two rounds of message passing updates before updating
the parameters of the model. This is expected since the distribution is more accurate while
message passing updates are quick in this setup. We refer the interested reader to (Schwing
et al., 2012a) for additional results exploring counting numbers other than zero and one.

Figure 6: Primal surrogate loss (dashed) and its dual (solid) over wall clock time measured
in seconds for blended learning, the standard approach with 10 iterations, and
the standard approach with 20 iterations.
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feature vector. Similarly for orientation map evidence we count how many of the five
possible labels fell onto each of the five hypothesized wall areas, resulting in a 5 · 5 = 25
dimensional vector. Combining both image evidences we hence obtain a feature vector φ
having a total of K = 55 entries, each being represented by a graphical model having nodes
Rk , k ∈ {1, . . . , K}.
Note that a vanilla implementation of these color counting features results in potentials
of order four for the front wall, and of order three for all other walls. High-order potentials
increase the complexity of learning and inference, therefore, the exact decomposition of
those high-order potentials into pairwise terms using ‘integral geometry’ Schwing et al.
(2012a) is important for tractability.
In our experiments we learn and infer with the same counting numbers. For example,
when we learn log-beliefs by setting the counting numbers to 1, we also infer with log-beliefs
at test time, namely setting the counting numbers to 1. Figure 5 demonstrates the tradeoffs
of learning with various counting numbers. This experiment also compares to blending of
structured-SVMs of Meshi et al. (2010) when setting the counting numbers to 0.
In Figure 6 we illustrate the optimized cost function, i.e., the surrogate training loss
over wall clock time. We observe that our discussed blended learning approach (‘Ours’)
converges quickly, i.e., in less than 50 seconds, to a zero primal dual gap. In contrast it
takes the standard learning approach (‘Standard 20’), which performs 20 message passing
iterations, more than 600 seconds to converge to the same solution. Hence blended learning
is more than 10 times faster on this example. Next we investigate whether a standard
message passing approach with 20 iterations is overly pessimistic for this dataset. To this
end we use 10 message passing iterations and refer to the obtained result as ‘Standard 10.’
Investigating Figure 6 more carefully we observe that 10 message passing iterations are
not sufficient to close the duality gap, i.e., the approach does never converge to the same
solution.
These plots validate our theoretical results. However, often we are interested in the
resulting test set error. Therefore we compare learning which uses the proposed blending
approach with the standard technique using the test set performance in Figure 7. More
specifically, in Figure 7(a) we illustrate the test set performance of blending with all counting numbers equal to one (‘Blending (1)’) and compare it to the test set performance of
blending with all counting numbers equal to zero (‘Blending (0)’) derived by Meshi et al.

Figure 5: Left: Test set percentage pixel error on the layout data set Hedau et al. (2009).
Right: Test set pixel classification error in % on the bedroom data set of Hedau
et al. (2010).
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In this paper we describe the objective function for nested learning and inference in CRFs,
for which approximate inference algorithms are used as a sub-procedure. The devised objective maximizes the log-beliefs — probability distributions over subsets of variables that
agree on their marginal probabilities. This objective is concave and consists of two types
of variables that are related to the learning and inference tasks respectively. Therefore, we
are able to blend the learning and inference procedures and effectively get to the optimum
much faster than nested learning and inference approach, which uses inference algorithms
as black-box solvers. We show the computational advantage for using blended algorithms
over nested ones. We also provide an efficient C++ implementation with a Matlab wrapper.

7. Conclusion and Discussion

Figure 7: A comparison of the test set error over training time for different parameter settings. In (a) we compare standard learning with blended learning when including
a loss function. In (b) we provide the comparison when not using a loss function.
Note that using MAP estimation without loss got stuck at a high error. The results in (c) demonstrate the effects when reducing the iterations of the standard
learning method, while (d) illustrates the flexibility offered by blending where we
use two message passing iterations before updating the parameters.

Test Error
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This work extends Hazan and Urtasun (2010) while simplifying its theoretical and practical
concepts. Specifically, we introduce the learning program as maximizing log-beliefs, explain
the relations between nested and blended learning-inference and derives a blending algorithm for general graphs. This work is extended to latent variables (Schwing et al. (2012b))
and deep learning (Chen∗ et al. (2015); Schwing and Urtasun (2015)). The effectiveness of
the discussed framework was recently illustrated by employing this algorithm as the learning engine for various computer vision tasks: 2D scene understanding (Yao et al. (2012)),
3D scene understanding (Lin et al. (2013)), shape reconstruction (Salzmann and Urtasun
(2012)) indoor scene understanding (Schwing et al. (2012a); Schwing and Urtasun (2012)),
depth estimation (Yamaguchi et al. (2012)), flow estimation (Yamaguchi et al. (2013)) and
visual-language understanding (Fidler et al. (2013)). We believe it is interesting to show
in the future if this algorithm provides state-of-the-art performance in domains other than
computer vision, or whether the statistics in computer vision are used by this approach in
a special manner.
The computational complexity of our algorithm depends on norm-products over the
labels of regions. Therefore, efficient techniques over large regions in inference can be
applied as sub-procedure in our algorithm, e.g., Kohli et al. (2009); Batra et al. (2010);
Tarlow et al. (2010, 2011); Tarlow and Zemel (2012).
In our framework, we can enforce the moment matching constraints through general
concave functions. These function translate to a regularization in the primal. For computational efficiency we choose the square function but we did not investigate the different
moment matching and regularization functions. Moreover, we enforce the marginalization
constraints through indicator functions, in order to obtain closed-form solution in the primal block coordinate descent. However, we have shown that using the penalty method we
can enforce the marginalization constraints with different convex functions. Further explorations of structured prediction with squared penalties appears in work by Meshi et al.
(2015). We leave the affect of general convex functions on moment matching and regularization, as well as marginalization constraints and efficient message-passing to future
research.
Interestingly, our approach confirms that the parameters of graph based structured
predictors can be efficiently learned in many real-life problems. This validates the intuition
behind the theoretical results of Wainwright et al. (2003); Wainwright (2006) which asserts
that whenever learning and inference occur together one can use pseudo moment matching
for learning the parameters. This concept was put forward in the general framework of
learning to reason by Khardon and Roth (1997) and we leave for future research to find
different frameworks which have similar learning-prediction robustness.

8. Extensions: regularizations and the penalty method

JMLR 17(237):1-25

Duality theory turned out to be very effective in machine learning as it provides a principled
way to decompose the different ingredients of the primal objective through its Lagrange
multipliers. The dual decomposition in turn provides the means to efficiently estimate the
different ingredients while maintaining their consistency using the dual objective.
When dealing with convex programs one usually needs to consider the set of primal
feasible solutions while constructing the dual function. We find it simpler to describe
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(x,y),r,ŷr ,p∈P (r)



(x,y),r,ŷr ,p
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ŷr

X
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∂θr (ŷr ; z, w, λ)

ŷp \ŷr
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Moreover, whenever h2 (·) ≡ 0, we are able to derive closed-form update rules.
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The re-parametrization derivatives with respect to the messages λr→p (yr ; x) are then marginalization constraints
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∂θp (ŷp ; z, w, λ)
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The above generalizes the learning-inference blending algorithm for general functions
f (·) and regularizations h1 (·), h2 (·). The power of setting f (·) to be the log-partition function is that its derivatives are beliefs therefore we obtain an intuitive probabilistic interpretations. The parameters derivatives result in moment matching constraints

:

∂
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The above formulation describes a dual program with a selection rule f ∗ (·), a penalty
function for learning moment matchings h∗1 (·) and a penalty function h∗2 (·) for fitting the
marginalization constraints. Although these penalty functions are conceptually different
— h∗1 (·) relates to learning the parameters w and h∗2 (·) relates to inferring the marginal
probabilities — they have the same variational interpretation.

Constructing its Lagrangian with the Lagrange multipliers wk , λr→p
the
P (ŷr ; x), we obtain
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Proof The proof goes along the lines of Theorem 5. The dual program takes the form
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Theorem 6 Let f (·), h1 (·), h2 (·) be extended real-valued, continuous and convex functions.
The following are primal and dual programs:

 X
X
X
min
f θr (·; x, w, λ) + `r (·, yr ) +
h1 (wk ) +
h2 (λr→p (ŷr ; x))

Throughout this work we use the following duality theorem, known as the Fenchel duality
(cf. Fenchel (1951); Rockafellar (1970); Bertsekas et al. (2003)):

µ

:

The primal program translates the dual penalty functions h∗1 (·), h∗2 (·) to regularization
functions h1 (·), h2 (·). Whenever the primal functions are smooth we can use the chain rule
to derive the primal program gradients:

the primal program using extended real-valued convex functions, which are functions that
can take on the value of infinity. By using extended real-valued functions we can ignore
their domains, i.e., points for which a function attains the value other than infinity, thus
simplifying the derivations. The dual programs of extended real valued convex functions
g(µ) are conveniently formulated in terms of their conjugate dual
n
o
g ∗ (z) = max µ> z − g(µ) .
∂
∂wk
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• We discuss extensions of our approach to obtain approximation algorithms for (notnecessarily monotone) submodular maximization subject to more general types of
constraints, including matroid and knapsack constraints.

• We show that under some natural conditions, for large datasets the quality of the
obtained solution is provably competitive with the best centralized solution.

• We present a simple, parallel protocol, called GreeDi for distributed submodular
maximization subject to cardinality constraints. It requires minimal communication,
and can be easily implemented in MapReduce style parallel computation models.

Frey, 2007) to active set selection for non-parametric learning (Rasmussen, 2004), to viral
marketing (Kempe et al., 2003), and data subset selection for the purpose of training complex models (Lin and Bilmes, 2011). Many such problems can be reduced to the problem of
maximizing a submodular set function subject to cardinality or other feasibility constraints
such as matroid, or knapsack constraints (Krause and Gomes, 2010; Krause and Golovin,
2012; Lee et al., 2009a).
Submodular functions exhibit a natural diminishing returns property common in many
well known objectives: the marginal benefit of any given element decreases as we select
more and more elements. Functions such as entropy or maximum weighted coverage are
typical examples of functions with diminishing returns. As a result, submodular function
optimization has numerous applications in machine learning and social networks: viral
marketing (Kempe et al., 2003; Babaei et al., 2013; Mirzasoleiman et al., 2012), information
gathering (Krause and Guestrin, 2011), document summarization (Lin and Bilmes, 2011),
and active learning (Golovin and Krause, 2011; Guillory and Bilmes, 2011).
Although maximizing a submodular function is NP-hard in general, a seminal result of
Nemhauser et al. (1978) states that a simple greedy algorithm produces solutions competitive with the optimal (intractable) solution (Nemhauser and Wolsey, 1978; Feige, 1998).
However, such greedy algorithms or their accelerated variants (Minoux, 1978; Badanidiyuru
and Vondrák, 2014; Mirzasoleiman et al., 2015a) do not scale well when the dataset is massive. As data volumes in modern applications increase faster than the ability of individual
computers to process them, we need to look at ways to adapt our computations using
parallelism.
MapReduce (Dean and Ghemawat, 2008) is arguably one of the most successful programming models for reliable and efficient parallel computing. It works by distributing
the data to independent machines: map tasks redistribute the data for appropriate parallel
processing and the output then gets sorted and processed in parallel by reduce tasks.
To perform submodular optimization in MapReduce, we need to design suitable parallel
algorithms. The greedy algorithms that work well for centralized submodular optimization
do not translate easily to parallel environments. The algorithms are inherently sequential
in nature, since the marginal gain from adding each element is dependent on the elements
picked in previous iterations. This mismatch makes it inefficient to apply classical algorithms
directly to parallel setups.
In this paper, we develop a distributed procedure for maximizing submodular functions,
that can be easily implemented in MapReduce. Our strategy is to partition the data (e.g.,
randomly) and process it in parallel. In particular:
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Numerous machine learning tasks require selecting representative subsets of manageable
size out of large datasets. Examples range from exemplar based clustering (Dueck and

1. Introduction

Keywords: distributed computing, submodular functions, approximation algorithms,
greedy algorithms, map-reduce

Many large-scale machine learning problems–clustering, non-parametric learning, kernel
machines, etc.–require selecting a small yet representative subset from a large dataset.
Such problems can often be reduced to maximizing a submodular set function subject to
various constraints. Classical approaches to submodular optimization require centralized
access to the full dataset, which is impractical for truly large-scale problems. In this paper,
we consider the problem of submodular function maximization in a distributed fashion. We
develop a simple, two-stage protocol GreeDi, that is easily implemented using MapReduce
style computations. We theoretically analyze our approach, and show that under certain
natural conditions, performance close to the centralized approach can be achieved. We
begin with monotone submodular maximization subject to a cardinality constraint, and
then extend this approach to obtain approximation guarantees for (not necessarily monotone) submodular maximization subject to more general constraints including matroid or
knapsack constraints. In our extensive experiments, we demonstrate the effectiveness of our
approach on several applications, including sparse Gaussian process inference and exemplar
based clustering on tens of millions of examples using Hadoop.
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• We implement our approach for exemplar based clustering and active set selection in
Hadoop, and show how our approach allows to scale exemplar based clustering and
sparse Gaussian process inference to datasets containing tens of millions of points.
• We extensively evaluate our algorithm on several machine learning problems, including
exemplar based clustering, active set selection and finding cuts in graphs, and show
that our approach leads to parallel solutions that are very competitive with those
obtained via centralized methods (98% in exemplar based clustering, 97% in active
set selection, 90% in finding cuts).
This paper is organized as follows. We begin in Section 2 by discussing background
and related work. In Section 3, we formalize the distributed submodular maximization
problem under cardinality constraints, and introduce example applications as well as naive
approaches toward solving the problem. We subsequently present our GreeDi algorithm
in Section 4, and prove its approximation guarantees. We then consider maximizing a
submodular function subject to more general constraints in Section 5. We also present
computational experiments on very large datasets in Section 6, showing that in addition to
its provable approximation guarantees, our algorithm provides results close to the centralized greedy algorithm. We conclude in Section 7.

2. Background and Related Work
2.1 Distributed Data Analysis and MapReduce
Due to the rapid increase in dataset sizes, and the relatively slow advances in sequential processing capabilities of modern CPUs, parallel computing paradigms have received
much interest. Inhabiting a sweet spot of resiliency, expressivity and programming ease, the
MapReduce style computing model (Dean and Ghemawat, 2008) has emerged as prominent
foundation for large scale machine learning and data mining algorithms (Chu et al., 2007;
Ekanayake et al., 2008). A MapReduce job takes the input data as a set of < key; value >
pairs. Each job consists of three stages: the map stage, the shuffle stage, and the reduce
stage. The map stage, partitions the data randomly across a number of machines by associating each element with a key and produce a set of < key; value > pairs. Then, in the
shuffle stage, the value associated with all of the elements with the same key gets merged
and send to the same machine. Each reducer then processes the values associated with the
same key and outputs a set of new < key; value > pairs with the same key. The reducers’ output could be an input to another MapReduce job, and a program in MapReduce
paradigm can consist of multiple rounds of map and reduce stages (Karloff et al., 2010).
2.2 Centralized and Streaming Submodular Maximization
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The problem of centralized maximization of submodular functions has received much interest, starting with the seminal work of Nemhauser et al. (1978). Recent work has focused
on providing approximation guarantees for more complex constraints (for a more detailed
account, see the recent survey by Krause and Golovin, 2012). Golovin et al. (2010) consider
an algorithm for online distributed submodular maximization with an application to sensor
selection. However, their approach requires k stages of communication, which is unrealistic
3
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for large k in a MapReduce style model. Krause and Gomes (2010) consider the problem
of submodular maximization in a streaming model; however, their approach makes strong
assumptions about the way the data stream is generated and is not applicable to the general
distributed setting. Recently, Badanidiyuru et al. (2014) provide a single pass streaming
algorithm for cardinality-constrained submodular maximization with 1/2−ε approximation
guarantee to the optimum solution that makes no assumptions on the data stream.

There has also been new improvements in the running time of the standard greedy solution for solving SET-COVER (a special case of submodular maximization) when the data is
large and disk resident (Cormode et al., 2010). More generally, Badanidiyuru and Vondrák
(2014) and Mirzasoleiman et al. (2015a) improve the running time of the greedy algorithm
for maximizing a monotone submodular function by reducing the number of oracle calls to
the objective function. Very recently, Mirzasoleiman et al. (2016) provided a fast algorithm
for maximizing non-monotone submodular functions under general constraints. In a similar
spirit, Wei et al. (2014) propose a multi-stage framework for submodular maximization. In
order to reduce the memory and computation cost, they apply an approximate greedy procedure to maximize surrogate (proxy) submodular functions instead of optimizing the target
function at each stage. The above approaches are sequential in nature and it is not clear
how to parallelize them. However, they can be naturally integrated into our distributed
framework to achieve further acceleration.

2.3 Scaling Up: Distributed Algorithms
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Recent work has focused on specific instances of submodular optimization in distributed settings. Such scenarios often occur in large-scale graph mining problems where the data itself
is too large to be stored on one machine. In particular, Chierichetti et al. (2010) address
the MAX-COVER problem and provide a (1 − 1/e − ) approximation to the centralized
algorithm at the cost of passing over the dataset many times. Their result is further improved by Blelloch et al. (2011). Lattanzi et al. (2011) address more general graph problems
by introducing the idea of filtering, namely, reducing the size of the input in a distributed
fashion so that the resulting, much smaller, problem instance can be solved on a single
machine. This idea is, in spirit, similar to our distributed method GreeDi. In contrast,
we provide a more general framework, and characterize settings where performance competitive with the centralized setting can be obtained. The present version is a significant
extension of our previous conference paper (Mirzasoleiman et al., 2013), providing theoretical guarantees for both monotone and non-monotone submodular maximization problems
subject to more general types of constraints, including matroid and knapsack constraints
(described in Section 5), and additional empirical results (Section 6). Parallel to our efforts (Mirzasoleiman et al., 2013), Kumar et al. (2013) has taken the approach of adapting
the sequential greedy algorithm to distributed settings. However, their method requires
knowledge of the ratio between the largest and smallest marginal gains of the elements, and
generally requires a non-constant (logarithmic) number of rounds. We provide empirical
comparisons in Section 6.4.

4

s.t. |S| ≤ k.

(1)

5
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Furthermore, f is called monotone iff for all A ⊆ B ⊆ V it holds that f (A) ≤ f (B).

f (A ∪ {e}) − f (A) ≥ f (B ∪ {e}) − f (B).

Definition 1 (c.f., Nemhauser et al. (1978)) A set function f : 2V → R is submodular, if for every A ⊆ B ⊆ V and e ∈ V \ B

Submodular functions are set functions which satisfy the following natural diminishing
returns property.

S⊆V

max f (S)

Suppose that we have a large dataset of images, e.g., the set of all images on the Web or
an online image hosting website such as Flickr, and we wish to retrieve a subset of images
that best represents the visual appearance of the dataset. Collectively, these images can be
considered as exemplars that summarize the visual categories of the dataset as shown in
Fig. 1.
One way to approach this problem is to formalize it as the k-medoid problem. Given
a set V = {e1 , e2 , . . . , en } of images (called ground set) associated with a (not necessarily
symmetric) dissimilarity function, we seek to select a subset S ⊆ V of at most k exemplars
or cluster centers, and then assign each image in the dataset to its least dissimilar exemplar.
If an element e ∈ V is assigned to exemplar v ∈ S, then the cost associated with e is the
dissimilarity between e and v. The goal of the k-medoid problem is to choose exemplars
that minimize the sum of dissimilarities between every data point e ∈ V and its assigned
cluster center.
Solving the k-medoid problem optimally is NP-hard, however, as we discuss in Section
3.4, we can transform this problem, and many other summarization tasks, to the problem
of maximizing a monotone submodular function subject to a cardinality constraint

3.1 Greedy Submodular Maximization

In this section, we first review submodular functions and how to greedily maximize them.
We then describe the distributed submodular maximization problem, the focus of this paper.
Finally, we discuss two naive approaches towards solving this problem.

3. Submodular Maximization

Figure 1: Cluster exemplars (left column) discovered by our distributed algorithm GreeDi
described in Section 4 applied to the Tiny Images dataset (Torralba et al., 2008),
and a set of representatives from each cluster.

Distributed Submodular Maximization

(2)

6
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In many today’s applications where the size of the ground set |V | = n is very large and
cannot be stored on a single computer, running the standard greedy algorithm or its variants
(e.g., lazy evaluations, Minoux, 1978; Leskovec et al., 2007; Mirzasoleiman et al., 2015a)
in a centralized manner is infeasible. Hence, we seek a solution that is suitable for largescale parallel computation. The greedy method described above is in general difficult to
parallelize, since it is inherently sequential: at each step, only the object with the highest
marginal gain is chosen and every subsequent step depends on the preceding ones.
Concretely, we consider the setting where the ground set V is very large and cannot
be handled on a single machine, thus must be distributed among a set of m machines.
While there are several approaches towards parallel computation, in this paper we consider
the following model that can be naturally implemented in MapReduce. The computation
proceeds in a sequence of rounds. In each round, the dataset is distributed to m machines.
Each machine i carries out computations independently in parallel on its local data. After all
machines finish, they synchronize by exchanging a limited amount of data (of size polynomial
in k and m, but independent of n). Hence, any distributed algorithm in this model must
specify: 1) how to distribute V among the m machines, 2) which algorithm should run on
each machine, and 3) how to communicate and merge the resulting solutions.
In particular, the distributed submodular maximization problem requires the specification of the above steps in order to implement an approach for submodular maximization.
More precisely, given a monotone submodular function f , a cardinality constraint k, and a
number of machines m, we wish to produce a solution Ad [m, k] of size k such that f (Ad [m, k])
is competitive with the optimal centralized solution max|A|≤k,A⊆V f (A).

3.2 Distributed Submodular Maximization

This result can be easily extended to f (Agc [l]) ≥ (1 − e−l/k ) max|A|≤k f (A), where l and k
are two positive integers (see, Krause and Golovin, 2012).

|A|≤k

f (Agc [k]) ≥ (1 − 1/e) max f (A).

Theorem 2 (Nemhauser et al., 1978) For any non-negative and monotone submodular
function f , the greedy heuristic always produces a solution Agc [k] of size k that achieves at
least a constant factor (1 − 1/e) of the optimal solution.

continuing until k elements have been selected, is guaranteed to provide a constant factor
approximation.

v∈V \A

v ∗ = arg max f (A ∪ {v}),

We will generally additionally require that f is nonnegative, i.e., f (A) ≥ 0 for all sets A.
Problem (1) is NP-hard for many classes of submodular functions (Feige, 1998). A
fundamental result by Nemhauser et al. (1978) establishes that a simple greedy algorithm
that starts with the empty set and iteratively augments the current solution with an element
of maximum incremental value
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3.3 Naive Approaches Towards Distributed Submodular Maximization
One way to solve problem (1) in a distributed fashion is as follows. The dataset is first
partitioned (randomly, or using some other strategy) onto the m machines, with Vi representing the data allocated to machine i. We then proceed in k rounds. In each round,
all machines–in parallel–compute the marginal gains of all elements in their sets Vi . Next,
they communicate their candidate to a central processor, who identifies the globally best
element, which is in turn communicated to the m machines. This element is then taken into
account for computing the marginal gains and selecting the next elements. This algorithm
(up to decisions on how break ties) implements exactly the centralized greedy algorithm,
and hence provides the same approximation guarantees on the quality of the solution. Unfortunately, this approach requires synchronization after each of the k rounds. In many
applications, k is quite large (e.g., tens of thousands), rendering this approach impractical
for MapReduce style computations.
An alternative approach for large k would be to greedily select k/m elements independently on each machine (without synchronization), and then merge them to obtain a
solution of size k. This approach that requires only two rounds (as opposed to k), is much
more communication efficient, and can be easily implemented using a single MapReduce
stage. Unfortunately, many machines may select redundant elements, and thus the merged
solution may suffer from diminishing returns. It is not hard to construct examples for which
this approach produces solutions that are a factor Ω(m) worse than the centralized solution.
In Section 4, we introduce an alternative protocol GreeDi, which requires little communication, while at the same time yielding a solution competitive with the centralized one,
under certain natural additional assumptions.
3.4 Applications of Distributed Submodular Maximization
In this part, we discuss two concrete problem instances, with their corresponding submodular objective functions f , where the size of the datasets often requires a distributed solution
for the underlying submodular maximization.
3.4.1 Large-scale Nonparametric Learning
Nonparametric learning (i.e., learning of models whose complexity may depend on the
dataset size n) are notoriously hard to scale to large datasets. A concrete instance of this
problem arises from training Gaussian processes or performing MAP inference in Determinantal Point Processes, as considered below. Similar challenges arise in many related
learning methods, such as training kernel machines, when attempting to scale them to large
data sets.
Active Set Selection in Sparse Gaussian Processes (GPs). Formally a GP is a joint
probability distribution over a (possibly infinite) set of random variables XV , indexed by
the ground set V , such that every (finite) subset XS for S = {e1 , . . . , es } is distributed
according to a multivariate normal distribution. More precisely, we have
P (XS = xS ) = N (XS ; µS , ΣS,S ),

JMLR 17(238):1-44

where µ = (µe1 , . . . , µes ) and ΣS,S = [Kei ,ej ] are prior mean and covariance matrix, respectively. The covariance matrix is parametrized via a positive definite kernel K(·, ·). As a
7
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concrete example, when elements of the ground set V are embedded in a Euclidean space,
a commonly used kernel in practice is the squared exponential kernel defined as follows:

K(ei , ej ) = exp(−||ei − ej ||22 /h2 ).

(4)

(3)

Gaussian processes are commonly used as priors for nonparametric regression. In GP
regression, each data point e ∈ V is considered a random variable. Upon observations
yA = xA + nA (where nA is a vector of independent Gaussian noise with variance σ 2 ), the
predictive distribution of a new data point e ∈ V is a normal distribution P (Xe | yA ) =
2 ), where mean µ
2
N (µe|A , Σe|A
e|A and variance σe|A are given by

µe|A = µe + Σe,A (ΣA,A + σ 2 I)−1 (xA − µA ),

2
σe|A
= σe2 − Σe,A (ΣA,A + σ 2 I)−1 ΣA,e .

1
log det(I + σ −2 ΣS,S )
2

Evaluating (3) and (4) is computationally expensive as it requires solving a linear system
of |A| variables. Instead, most efficient approaches for making predictions in GPs rely on
choosing a small–so called active–set of data points. For instance, in the Informative Vector
Machine (IVM) one seeks a set S such that the information gain, defined as

f (S) = I(YS ; XV ) = H(XV ) − H(XV |YS ) =

is maximized. It can be shown that this choice of f is monotone submodular (Krause
and Guestrin, 2005a). For medium-scale problems, the standard greedy algorithms provide
good solutions. For massive data however, we need to resort to distributed algorithms. In
Section 6, we will show how GreeDi can choose near-optimal subsets out of a dataset of
45 million vectors.
Inference for Determinantal Point Processes. A very similar problem arises when performing inference in Determinantal Point Processes (DPPs). DPPs (Macchi, 1975) are
distributions over subsets with a preference for diversity, i.e., there is a higher probability
associated with sets containing dissimilar elements. Formally, a point process P on a set of
items V = {1, 2, ..., N } is a probability measure on 2V (the set of all subsets of V ). P is
called determinantal point process if for every S ⊆ V we have:

P(S) ∝ det(KS ),

where K is a positive semidefinite kernel matrix, and KS ≡ [Kij ]i,j∈S , is the restriction of
K to the entries indexed by elements of S (we adopt that det(K∅ ) = 1). The normalization
constant can be computed explicitly from the following equation
X
det(KS ) = det(I + K),
S
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where I is the N × N identity matrix. Intuitively, the kernel matrix determines which items
are similar and therefore less likely to appear together.
In order to find the most diverse and informative subset of size k, we need to find
arg max|S|≤k det(KS ) which is NP-hard, as the total number of possible subsets is exponential (Ko et al., 1995). However, the objective function is log-submodular, i.e. f (S) =
log det(KS ) is a submodular function (Kulesza, 2012). Hence, MAP inference in large DPPs
is another potential application of distributed submodular maximization.

8

|S|≤k

S ∗ = arg min L(S)

v∈V

1 X
min l(e, υ).
e∈S
|V |
(5)

(6)

∀v ∈ V \ S.
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4.2 Our GreeDi Approximation
Our efficient distributed method GreeDi is shown in Algorithm 2. It parallels the intractable Algorithm 1, but replaces the selection of optimal subsets, i.e., Aci [k], by greedy
solutions Agc
i [k]. Due to the approximate nature of the greedy algorithm, we allow it to
pick sets slightly larger than k. More precisely, GreeDi is a two-round algorithm that
takes the ground set V , the number of partitions m, and the cardinality constraint κ. It
first distributes the ground set over m machines. Then each machine separately runs the

The proof of all the theorems can be found in the appendix. The above theorem fully
characterizes the performance of Algorithm 1 in terms of the best centralized solution. In
practice, we cannot run Algorithm 1, since there is no efficient way to identify the optimum
subset Aci [k] in set Vi , unless P=NP. In the following, we introduce an efficient distributed
approximation – GreeDi. We will further show, that under some additional assumptions,
much stronger guarantees can be obtained.

function f such that f (Ac [k]) = min(m, k) · f (Ad [m, k]).

Theorem 3 Let f be a monotone submodular function and let k > 0. Then, f (Ad [m, k])) ≥
1
c
min(m,k) f (A [k]). In contrast, for any value of m and k, there is a monotone submodular

Before we introduce GreeDi, we first consider an intractable, but communication–efficient
two-round parallel protocol to illustrate the ideas. This approach, shown in Algorithm 1,
first distributes the ground set V to m machines. Each machine then finds the optimal
solution, i.e., a set of cardinality at most k, that maximizes the value of f in each partition.
These solutions are then merged, and the optimal subset of cardinality k is found in the
combined set. We denote this distributed solution by f (Ad [m, k]).
As the optimum centralized solution Ac [k] achieves the maximum value of the submodular function, it is clear that f (Ac [k]) ≥ f (Ad [m, k]). For the special case of selecting a
single element k = 1, we have f (Ac [1]) = f (Ad [m, 1]). Furthermore, for modular functions
f (i.e., those for which f and −f are both submodular), it is easy to see that the distributed
scheme in fact returns the optimal centralized solution as well. In general, however, there
can be a gap between the distributed and the centralized solution. Nonetheless, as the
following theorem shows, this gap cannot be more than 1/ min(m, k). Furthermore, this
result is tight.

4.1 An Intractable, yet Communication Efficient Approach

In this section we present our main results. We first provide our distributed solution
GreeDi for maximizing submodular functions under cardinality constraints. We then show
how we can make use of the geometry of data inherent in many practical settings in order
to obtain strong data-dependent bounds on the performance of our distributed algorithm.

4. The GreeDi Approach for Distributed Submodular Maximization

size of the corpus, number of blogs in the blogosphere, number of nodes in social networks)
is massive, thus GreeDi offers a scalable approach, in contrast to the standard greedy
algorithm, for such problems.
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Numerous other real world problems in machine learning can be modeled as maximizing
a monotone submodular function subject to appropriate constraints (e.g., cardinality, matroid, knapsack). To name a few, specific applications that have been considered range
from efficient content discovery for web crawlers and multi topic blog-watch (Chierichetti
et al., 2010), over document summarization (Lin and Bilmes, 2011) and speech data subset
selection (Wei et al., 2013), to outbreak detection in social networks (Leskovec et al., 2007),
online advertising and network routing (De Vries and Vohra, 2003), revenue maximization
in social networks (Hartline et al., 2008), and inferring network of influence (Gomez Rodriguez et al., 2010). In all such examples, the size of the dataset (e.g., number of webpages,

3.4.3 Other Examples

This condition ensures that once the distance between any v ∈ V \ S and e0 is greater
than the maximum distance between elements in the dataset, then L(S ∪ {e0 }) = L(S).
As a result, maximizing f (a monotone submodular function) is equivalent to minimizing
the cost function L. This problem becomes especially computationally challenging when
we have a large dataset and we wish to extract a manageable-size set of exemplars, further
motivating our distributed approach.

v ∈V

max
l(v, v 0 ) ≤ l(v, e0 ),
0

In words, f measures the decrease in the loss associated with the set S versus the loss
associated with just the auxiliary element. We begin with a phantom exemplar and try
to find the active set that together with the phantom exemplar reduces the value of our
loss function more than any other set. Technically, any point e0 that satisfies the following
condition can be used as a phantom exemplar:

f (S) = L({e0 }) − L(S ∪ {e0 }).

of cardinality at most k that minimizes the cost function (5) is NP-hard. However, by introducing an auxiliary element e0 , a.k.a. phantom exemplar, we can turn L into a monotone
submodular function (Krause and Gomes, 2010)

Finding the subset

L(S) =

Suppose we wish to select a set of exemplars, that best represent a massive dataset.
One approach for finding such exemplars is solving the k-medoid problem (Kaufman and
Rousseeuw, 2009), which aims to minimize the sum of pairwise dissimilarities between exemplars and elements of the dataset. More precisely, let us assume that for the dataset V
we are given a nonnegative function l : V × V → R (not necessarily assumed symmetric,
nor obeying the triangle inequality) such that l(·, ·) encodes dissimilarity between elements
of the underlying set V . Then, the cost function for the k-medoid problem is:

3.4.2 Large-scale Exemplar Based Clustering

Distributed Submodular Maximization

Distributed Submodular Maximization

Algorithm 1 Inefficient Distributed Submodular Maximization
Input: Set V , #of partitions m, constraints k.
Output: Set Ad [m, k].
1: Partition V into m sets V1 , V2 , . . . , Vm .
2: In each partition Vi find the optimum set Aic [k] of cardinality k.
m Ac [k].
3: Merge the resulting sets: B = ∪i=1
i
Find the optimum set of cardinality k in B. Output this solution Ad [m, k].
4:

Algorithm 2 Greedy Distributed Submodular Maximization (GreeDi)
Input: Set V , #of partitions m, constraints κ.
Output: Set Agd [m, κ].
1: Partition V into m sets V1 , V2 , . . . , Vm (arbitrarily or at random).
gc
2: Run the standard greedy algorithm on each set Vi to find a solution Ai [κ].
gc
gc
gc
3: Find Amax [κ] = arg maxA {F (A) : A ∈ {A [κ], . . . , Am [κ]}}
1
m Agc [κ].
4: Merge the resulting sets: B = ∪i=1
i
gc
5: Run the standard greedy algorithm on B to find a solution AB [κ].
gc
gc
Return Agd [m, κ] = arg maxA {F (A) : A ∈ {Amax
[κ], AB
[κ]}}.
6:

standard greedy algorithm by sequentially finding an element e ∈ Vi that maximizes the
discrete derivative (2). Each machine i–in parallel–continues adding elements to the set
gc
Aigc [·] until it reaches κ elements. We define Amax
[κ]
to
be
the
set
with
the
maximum
value
gc
m Agc [κ],
among {A1gc [κ], A2gc [κ], . . . , Am
[κ]}. Then the solutions are merged, i.e., B = ∪i=1
i
and another round of greedy selection is performed over B until κ elements are selected.
gc
[κ].
The
final
distributed
solution
with
parameters
m and
We denote this solution by AB
gc
gc
[κ] (c.f.,
[κ] and AB
κ, denoted by Agd [m, κ], is the set with a higher value between Amax
Figure 2 shows GreeDi schematically). The following result parallels Theorem 3.

(1 − e−κ/k )
f (Ac [k]).
min(m, k)

Theorem 4 Let f be a monotone submodular function and κ ≥ k. Then
f (Agd [m, κ]) ≥

(1−1/e)
For the special case of κ = k the result of 4 simplifies to f (Agd [m, κ]) ≥ min(m,k)
f (Ac [k]).
Moreover, it is straightforward to generalize GreeDi to multiple rounds (i.e., more than
two) for very large datasets.
In light of Theorem 3, one can expect that in general it is impossible to eliminate the
dependency of the distributed solution on min(k, m)1 . However, as we show in the sequel,
in many practical settings, the ground set V exhibits rich geometrical structure that can be
used to obtain stronger guarantees.
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1. It p
has been very recently shown by Mirzasoleiman et al. (2015b) that the tightest dependency is
Θ( min(m, k)).
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A1 [k] = greedy(V1, k,  FV1)

Max

V

Vi

Aigc[k] = greedy(Vi, k)

...

Amgc[k] = greedy(Vm, k)

Vm

Amaxgc[k]  =  argmax{FU(A1gc[k]),  ...  ,  FU(Amgc[k])}

A2 [k] = greedy(V2, k,  FV2) Ai [k] = greedy(Vi, k,  FVi) Am [k] = greedy(Vm, k,  FVm)

V2

A2gc[k] = greedy(V2, k)

Amaxgc[k]  =  argmax{f(A1gc[k]),  ...  ,  f(Amgc[k])}

...
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ABgc[k]  =  greedy(B,  k,  FU)

B  =  A1gc[k]  U  A2gc[k]  U  ...  U  Amgc[k]

V1

A1gc[k] = greedy(V1, k)

B  =  A1gc[k]  U  A2gc[k]  U  ...  U  Amgc[k]
ABgc[k] = greedy(B, k)

Max

Figure 2: Illustration of our two-round algorithm GreeDi

4.3 Performance on Datasets with Geometric Structure

In practice, we can hope to do much better than the worst case bounds shown previously by
exploiting underlying structure often present in real data and important set functions. In
this part, we assume that a metric d : V × V → R exists on the data elements, and analyze
performance of the algorithm on functions that vary slowly with changes in the input. We
refer to these as Lipschitz functions:

i

X

d(ei , ei0 ).

(7)

Definition 5 Let λ > 0. A set function f : 2V → R is λ-Lipschitz w.r.t. metric d on V , if
for any integer k, any equal sized sets S = {e1 , e2 , . . . , ek } ⊆ V and S 0 = {e10 , e20 , . . . , ek0 } ⊆ V
and any matching of elements: M = {(e1 , e10 ), (e2 , e20 ) . . . , (ek , ek0 )}, the difference between
f (S) and f (S 0 ) is bounded by:

f (S) − f (S 0 ) ≤ λ

We can show that the objective functions from both examples in Section 3.4 are λ-Lipschitz
for suitable kernels/distance functions:
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Proposition 6 Suppose that the covariance matrix of a Gaussian process is parametrized
via a positive definite kernel K : V × V → R which is Lipschitz continuous with respect
to metric d : V × V → R with constant L, i.e., for any triple of points x1 , x2 , x3 ∈ V ,
we have |K(x1 , x3 ) − K(x2 , x3 )| ≤ Ld(x1 , x2 ). Then, the mutual information I(YS ; XV ) =
1
3
2 log det(I+K) for the Gaussian process is λ-Lipschitz with λ = Lk , where k is the number
of elements in the selected subset S.

12

1/1

−κ/k

)(f (A [k]) − λαk).

c
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i∈V

1 X
fi (S)
|V |
In other words, there is separate submodular function associated with every data point
i ∈ V . We require that each fi can be evaluated without access to the full set V . Note that
the exemplar based clustering application we discussed in Section 3.4 is an instance of this
framework, among many others. Let us define the evaluation of f restricted to D ⊆ V as

f (S) =

So far, we have assumed that the objective function f is given to us as a black box, which
we can evaluate for any given set S independently of the dataset V . In many settings,
however, the objective f depends itself on the entire dataset. In such a setting, we cannot
use GreeDi as presented above, since we cannot evaluate f on the individual machines
without access to the full set V . Fortunately, many such functions have a simple structure
which we call decomposable. More precisely, we call a submodular function f decomposable
if it can be written as a sum of submodular functions as follows (Krause and Gomes, 2010):

4.5 Handling Decomposable Functions

The above theorem shows that for very large datasets, GreeDi provides a solution
that is within a 1 − eκ/k factor of the optimal centralized solution. This result is based on
the fact that for sufficiently large datasets, there is a suitably dense neighborhood around
each member of the optimal solution. Thus, if the elements of the dataset are partitioned
uniformly randomly to m processors, at least one partition contains a set Aci [k] such that
its elements are very close to the elements of the optimal centralized solution and provides
a constant factor approximation of the optimal centralized solution.

f (Agd [m, κ]) ≥ (1 − e−κ/k )(f (Ac [k]) − ε).

Suppose that our dataset is a finite sample V drawn i.i.d. from an underlying infinite set
V, according to some (unknown) probability distribution. Let Ac [k] be an optimal solution
in the infinite set, i.e., Ac [k] = arg maxS⊆V f (S), such that around each ei ∈ Ac [k], there is

4.4 Performance Guarantees for Very Large Datasets

Note that once the above conditions are satisfied for small values of α (meaning that
there is a high density of data points within a small distance from each element of the
optimal solution) then the distributed solution will be close to the optimal centralized one.
In particular if we let α → 0, the distributed solution is guaranteed to be within a 1 − eκ/k
factor from the optimal centralized solution. This situation naturally corresponds to very
large datasets. In the following, we discuss more thoroughly this important scenario.

f (A [m, κ]) ≥ (1 − e

gd

Theorem 8 Under the conditions that 1) elements are assigned uniformly at random to m
machines, 2) for each ei ∈ Ac [k] we have |Nα (ei )| ≥ km log(k/δ 1/m ), and 3) f is λ-Lipschitz
continuous, then with probability at least (1 − δ) the following holds:

By λ-Lipschitz-continuity, it must hold that if we replace element v in set S by an αclose element v 0 (i.e., v 0 ∈ Nα (v)) to get a new set S 0 of equal size, it must hold that
|f (S) − f (S 0 )| ≤ αλ.
As described earlier, our algorithm GreeDi partitions V into sets V1 , V2 , . . . Vm for
parallel processing. If in addition we assume that elements are assigned uniformly at random
to different machines, α-neighborhoods are sufficiently dense, and the submodular function
is Lipschitz continuous, then GreeDi is guaranteed to produce a solution close to the
centralized one. More formally, we have the following theorem.

Nα (v) = {w : d(v, w) ≤ α}.

Theorem 9 For n ≥

8km log(k/δ 1/m )
ε
, where λk
≤ α∗ , if the algorithm GreeDi assigns
ε
βg( λk
)
elements uniformly randomly to m processors , then with probability at least (1 − δ),

a neighborhood of radius at least α∗ where the probability density is at least β at all points
(for some constants α∗ and β). This implies that the solution consists of elements coming
from reasonably dense and therefore representative regions of the dataset.
Let us suppose g : R → R is the growth function of the metric: g(α) is defined to
be the volume of a ball of radius α centered at a point in the metric space. This means,
for ei ∈ Ac [k] the probability of a random element being in Nα (ei ) is at least βg(α) and
the expected number of α neighbors of ei is at least E[|Nα (ei )|] = nβg(α). As a concrete
example, Euclidean metrics of dimension D have g(α) = O(αD ). Note that for simplicity
we are assuming the metric to be homogeneous, so that the growth function is the same at
every point. For heterogeneous spaces, we require g to have a uniform lower bound on the
growth function at every point.
In these circumstances, the following theorem guarantees that if the dataset V is sufficiently large and f is λ-Lipschitz, then GreeDi produces a solution close to the centralized
one.

Proposition 7 Let d : V ×V → R be a metric on the elements of the dataset. Furthermore,
let l : V × V → R encode the dissimilarity betweenPelements of the underlying set V . Then
for l = dα , α ≥ 1 the loss function L(S) = |V1 | v∈V mine∈S l(e, υ) (and hence also the
corresponding submodular utility function f ) is λ-Lipschitz with λ = αRα−1 , where R is the
diameter of the ball encompassing elements of the dataset in the metric space. In particular,
for the k-medoid problem, which minimizes the loss function over all clusters with respect
to l = d, we have λ = 1, and for the k-means problem, which minimizes the loss function
over all clusters with respect to l = d2 , we have λ = 2R.

Beyond Lipschitz-continuity, many practical instances of submodular maximization can
be expected to satisfy a natural density condition. Concretely, whenever we consider a
representative set (i.e., optimal solution to the submodular maximization problem), we
expect that any of its constituent elements has potential candidates for replacement in the
ground set. For example, in our exemplar-based clustering application, we expect that
cluster centers are not isolated points, but have many almost equally representative points
close by. Formally, for any element v ∈ V , we define its α-neighborhood as the set of elements
in V within distance α from v (i.e., α-close to v):
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Figure 3: Illustration of our two-round algorithm GreeDi for decomposable functions

follows:
V1

Max

...
...
In the remaining of this section, we show that
assigning
each
element
of
the
dataset
randomly
to a Amachine
and running
will2, k)
provideAaigc[k]
solution
that
is with
high
probability
close
gc
Amgc[k]
= greedy(V
A2gcGreeDi
[k] = greedy(V
= greedy(V
m, k)
1 [k] = greedy(V1, k)
i, k)
to the optimum solution. For this, let us assume that fi ’s are bounded, and without loss
of generality 0 ≤ fi (S) ≤ 1 for 1 ≤ i ≤ |V |, S ⊆ V . Similar to Section 4.3 we assume that
GreeDi
performs the partition by assigning elements uniformly at random to the machines.
B  =  A1gc[k]  U  A2gc[k]  U  ...  U  Amgc[k]
These
machines then each greedily optimize fVi . The second stage of GreeDi optimizes
fU , where U ⊆ V is chosen uniformly at random with size dn/me.
gc
Amaxgc[k]  =  argmax{f(A1gc[k]),  ...  ,  f(Amgc[k])}
B [k] = greedy(B, k)
Then, we can Ashow
the following result.
First, for any fixed , m, k, let us define n0 to
be the smallest integer such that for n ≥ n0 we have ln(n)/n ≤ 2 /(mk).

Theorem 10 For n ≥ max(n0 , m log(δ/4m)/2 ),  < 1/4, and under the assumptions of
Theorem 9, we have, with probability at least 1 − δ,
f (Agd [m, κ]) ≥ (1 − e−κ/k )(f (Ac [k]) − 2ε).
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The above result demonstrates why GreeDi performs well on decomposable submodular
functions with massive data even when they are evaluated locally on each machine. We will
report our experimental results on exemplar-based clustering in the next section.
15
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4.6 Performance of GreeDi on Random Partitions Without Geometric
Structure

Very recently, Barbosa et al. (2015) and Mirrokni and Zadimoghaddam (2015) proved that
under random partitioning of the data among m machines, the expected utility of GreeDi
will be only a constant factor away from the optimum.

1 − 1/e
f (Ac [k]).
2

Theorem 11 (Barbosa et al. (2015); Mirrokni and Zadimoghaddam (2015)) If elements are assigned uniformly at random to the machines, and κ = k, GreeDi gives a
constant factor approximation guarantee (in the average case) to the optimum centralized
solution2 .

E[f (Agd [m, k])] ≥

These results show that random partitioning of the data is sufficient to guarantee that
GreeDi provides a constant factor approximation, irrespective of m and k, and without the
requirement of any geometric structure. On the other hand, if geometric structure is present,
the bounds from the previous sections can provide sharper approximation guarantees.

5. (Non-Monotone) Submodular Functions with General Constraints

In this section we show how GreeDi can be extended to handle 1) more general constraints,
and 2) non-monotone submodular functions. More precisely, we consider the following
optimization setting

Maximize f (S)

Subject to S ∈ ζ.

Here, we assume that the feasible solutions should be members of the constraint set ζ ⊆ 2V .
The function f (·) is submodular but may not be monotone. By overloading the notation we
denote the set that achieves the above constrained optimization problem by Ac [ζ]. Throughout this section we assume that the constraint set ζ is hereditary, meaning that if A ∈ ζ
then for any B ⊆ A we also require that B ∈ ζ. Cardinality constraints are obviously
hereditary, so are all the examples we mention below.
5.1 Matroid Constraints

A matroid M is a pair (V, I) where V is a finite set (called the ground set) and I ⊆ 2V is a
family of subsets of V (called the independent sets) satisfying the following two properties:

• Heredity property: A ⊆ B ⊆ V and B ∈ I implies that A ∈ I, i.e. every subset of an
independent set is independent.

• Augmentation property: If A, B ∈ I and |B| > |A|, there is an element e ∈ B \ A such
that A ∪ {e} ∈ I.

JMLR 17(238):1-44

2. In fact, Mirrokni and Zadimoghaddam (2015) proved a 0.27-approximation guarantee which is slightly
worse than (1 − 1/e)/2.
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max |A| ≤ p · min |A|.
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p-systems: p-independence systems generalize constraints given by the intersection of p
matroids. Given an independence family I and a set V 0 ⊆ V , let S(V 0 ) denote the set of
maximal independent sets of I included in V 0 , i.e., S(V 0 ) = {A ∈ I | ∀e ∈ V 0 \ A : A ∪ {e} ∈
/
I}. Then we call (V, I) a p-system if for all nonempty V 0 ⊆ V we have

Intersection of Matroids: A more general case is when we have p matroids M1 =
(V, I1 ), M2 = (V, I2 ), ..., Mp = (V, Ip ) on the same ground set V , and we wantTto maximize
the submodular function f on the intersection of p matroids. That is, I = i Ii consists
of all subsets of V that are independent in all p matroids. This constraint arises, e.g.,
when optimizing over rankings (which can be modeled as intersections of two partition
matroids). Another recent application considered is finding the influential set of users in
viral marketing when multiple products need to be advertised and each user can tolerate
only a small number of recommendations (Du et al., 2013). For p matroid constraints,
1
the p+1
-approximation provided by the greedy algorithm (Fisher et al., 1978) has been
improved to a ( p1 − ε)-approximation for p ≥ 2 by Lee et al. (2009b). For the non-monotone
case, a 1/(p + 2 + 1/p + ε)-approximation based on local search is also given by Lee et al.
(2009b).

Intuitively, the notion of curvature determines how far away f is from being modular.
In other words, it measures how much the marginal gain of an element w.r.t. set S can
decrease as a function of S. In general, c ∈ [0, 1], and for additive (modular) functions,
c = 0, i.e., the marginal values are independent of S. In this case, the greedy algorithm
returns the optimal solution to max{f (S) : S ∈ I}. In general, the greedy algorithm gives
1
a 1+c
-approximation to maximizing a non-decreasing submodular function with curvature
c subject to a matroid constraint (Conforti and Cornuéjols, 1984). In case of the uniform
matroid I = {S : |S| ≤ k}, the approximation factor is (1 − e−c )/c.

Curvature:
For a submodular function f , the total curvature of f with respect to a set
S is defined as:
f (j|S \ j)
c = 1 − min
.
j∈V
f (j)

v∈S

f (S ∪ {e}) − f (S)
,
c(v)
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p-system and d knapsack constraints: A more general type of constraint that has
recently found interesting applications in viral marketing (Du et al., 2013) and personalized data summarization Mirzasoleiman et al. (2016) which can be cast by combining a

Multiple Knapsack Constraints: In some applications such as procurement auctions
(Garg et al., 2001), video-on-demand systems and e-commerce (Kulik et al., 2009), we have
a d-dimensional budget vector R and a set of element e ∈ V where each element is associated
with a d-dimensional cost vector. In this setting, we seek a subset of elements S ⊆ V with
a total cost of at most R that maximizes a non-decreasing submodular function f . Kulik
et al. (2009) proposed a two-phase algorithm that provides a (1 − 1/e − ε)-approximation
for the problem by first guessing a constant number of elements of highest value, and then
taking the value residual problem with respect to the guessed subset. For the non-monotone
case, Lee et al. (2009a) provided a (1/5 − ε)-approximation based on local search.

√
provides a (1 − 1/ e)-approximation of the optimal solution (Krause and Guestrin, 2005b).
Furthermore, a more computationally expensive algorithm which starts with all feasible solutions of cardinality 3 and augments them using the cost-benefit greedy algorithm to find
the set with maximum value of the objective function provides a (1 − 1/e)-approximation
(Sviridenko, 2004). For maximizing non-monotone submodular functions subject to knapsack constraints, a (1/5 − ε)-approximation algorithm based on local search was given by
Lee et al. (2009a).

e∈V \S
c(v)≤R−c(S)

v ∗ = arg max

Since the simple greedy algorithm ignores cost while iteratively adding elements with maximum marginal gains according (see Eq. 2) until |S| ≤ R, it can perform arbitrary poorly.
However, it has been shown that taking the maximum over the solution returned by the
greedy algorithm that works according to Eq. 2 and the solution returned by the modified
greedy algorithm that optimizes the cost-benefit ratio

In many applications, including feature and variable selection in probabilistic models (Krause
and Guestrin, 2005a) and document summarization (Lin and Bilmes, 2011), elements e ∈ V
have non-uniform costs c(e) > 0, and we wish to find a collection of elements S that maximize f subject to the constraint that the total cost of elements in S does not exceed a given
budget R, i.e.
X
max f (S) s.t.
c(v) ≤ R.
S

1
Similar to p matroid constraints, the greedy algorithm provides a p+1
-approximation guarantee for maximizing a monotone submodular function subject to a p-systems constraint
(Fisher et al., 1978). For the non-monotone case, Gupta et al. (2010) provided a p/((p +
1)(3p + 3))-approximation can be achieved by combining an algorithm of Gupta et al.
(2010) with the result for unconstrained submodular maximization of Buchbinder et al.
(2012). This result has been recently tightened to p/((p + 1)(2p + 1)) by Mirzasoleiman
et al. (2016).

Maximizing a submodular function subject to matroid constraints has found several
applications in machine learning and data mining, ranging from content aggregation on the
web (Abbassi et al., 2013) to viral marketing (Narayanam and Nanavati, 2012) and online
advertising (Streeter et al., 2009).
One way to approximately maximize a monotone submodular function f (S) subject to
the constraint that each S is independent, i.e., S ∈ I, is to use a generalization of the
greedy algorithm. This algorithm, which starts with an empty set and in each iteration
picks the feasible element with maximum benefit until there is no more element e such that
S ∪ {e} ∈ I, is guaranteed to provide a 12 -approximation of the optimal solution (Fisher
et al., 1978). Recently, this bound has been improved to (1 − 1/e) using the continuous
greedy algorithm (Calinescu et al., 2011). For non-negative and non-monotone submodular
functions with matroid constraints, the best known result is a 0.325-approximation based
on simulated annealing (Gharan and Vondrák, 2011).
5.2 Knapsack Constraints

Mirzasoleiman, Karbasi, Sarkar and Krause

Distributed Submodular Maximization

Constraint
Cardinality
1 matroid
p matroid
1 knapsack
d knapsack
p-system
p-system +
d knapsack

Distributed Submodular Maximization

Approximation (τ )
monotone submodular functions non-monotone submodular functions
1 − 1/e (Fisher et al., 1978)
0.325 (Gharan and Vondrák, 2011)
1 − 1/e (Calinescu et al., 2011) 0.325 (Gharan and Vondrák, 2011)
1/p − ε (Lee et al., 2009b)
1/(p + 2 + 1/p + ε) (Lee et al., 2009b)
1 − 1/e (Sviridenko, 2004)
1/5 - ε (Lee et al., 2009a)
1 − 1/e − ε Kulik et al. (2009)
1/5 - ε (Lee et al., 2009a)
1/(p + 1) (Fisher et al., 1978)
p/((p + 1)(2p + 1)) (Mirzasoleiman et al.,
2016)
(1+)(p+1)(2p+2d+1)/p (Mirzasoleiman
et al., 2016)
1/(p+2d+1) (Badanidiyuru and
Vondrák, 2014)

Table 1: Approximation guarantees (τ ) for monotone and non-monotone submodular maximization under different constraints.
p-system with d knapsack constraints. For maximizing a monotone submodular function
Badanidiyuru and Vondrák (2014) proposed a modified version of the greedy algorithm
that guarantees a 1/(p + 2d + 1)-approximation. By combining this algorithm with the one
proposed in (Gupta et al., 2010), Mirzasoleiman et al. (2016) provided a fast algorithm for
maximizing a non-monotone submodular function subject to a p-system and d knapsack
constraints with (1 + )(p + 1)(2p + 2d + 1)/p-approximation.
Table 1 summarizes the approximation guarantees for monotone and non-monotone
submodular maximization under different constraints.
5.3 GreeDi Approximation Guarantee under More General Constraints

(8)

Assume that we have a set of constraints ζ ⊆ 2V that is hereditary. Further assume we have
access to a ”black box” algorithm X that gives us a constant factor approximation guarantee for maximizing a non-negative (but not necessarily monotone) submodular function
f subject to ζ, i.e.

A∈ζ

X : (f, ζ) 7→ AX ∈ ζ s.t. f (AX [ζ]) ≥ τ max f (A).
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We can modify GreeDi to use any such approximation algorithm as a black box, and
provide theoretical guarantees about the solution. In order to process a large dataset, it
first distributes the ground set over m machines. Then instead of greedily selecting elements,
each machine i–in parallel–separately runs the black box algorithm X on its local data in
gc
order to produce a feasible set AiX [ζ] meeting the constraints ζ. We denote by Amax
[ζ] the
m
X
set with maximum value among AiX [ζ]. Next, the solutions are merged: B = ∪i=1
A
i [ζ],
gc
and the black box algorithm is applied one more time to set B to produce a solution AB
[ζ].
Then, the distributed solution for parameter m and constraints ζ, AXd [m, ζ], is the best
gc
gc
among Amax
[ζ] and AB
[ζ]. This procedure is given in more detail in Algorithm 3.
The following result generalizes Theorem 4 for maximizing a submodular function subject to more general constraints.
19
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Algorithm 3 GreeDi under General Constraints
Input: Set V , #of partitions m, constraints ζ, submodular function f .
Output: Set AXd [m, ζ].
1: Partition V into m sets V1 , V2 , . . . , Vm .
2: In parallel: Run the approximation algorithm X on each set Vi to find a solution AiX [ζ].
gc
X [ζ]}}.
3: Find Amax [ζ] = arg maxA {F (A)|A ∈ {A1X [ζ], . . . , Am
m
X
4: Merge the resulting sets: B = ∪i=1
A
i [ζ].
gc
Run the approximation algorithm X on B to find a solution AB
[ζ].
gc
gc
Return AXd [m, ζ] = arg max{Amax
[ζ], AB
[ζ]}.
5:

6:

τ
 f (Ac [ζ]),
min m, ρ([ζ])

Theorem 12 Let f be a non-negative submodular function and X be a black box algorithm
that provides a τ -approximation guarantee for submodular maximization subject to a set of
hereditary constraints ζ. Then
f (AXd [m, ζ])) ≥

where f (Ac [ζ]) is the optimum centralized solution, and ρ([ζ]) = maxA∈ζ |A|.

Specifically, for submodular maximization subject to the matroid constraint M, we have
ρ([A ∈ I]) = rM where rM is the rank of the matroid (i.e., the maximum size of any
independent set in the system). For submodular maximization subject to the knapsack
constraint R, we can bound ρ([c(A) ≤ R]) by dR/ minv c(v)e (i.e. the capacity of the
knapsack divided by the smallest weight of any element).

Performance on Datasets with Geometric Structure. When the submodular function f (·) and the constraint set ζ have more structure, then we can provide much better
approximation guarantees. Assuming the elements of V are embedded in metric space with
distance d : V × V → R+ , we say that ζ is locally replaceable with respect to a set S ⊆ V
with parameter α > 0 if

∀S 0 ⊆ V s.t. |S 0 | = |S| and d∞ (S, S 0 ) ≤ α ⇒ S 0 ∈ ζ.

Here, we define the distance d∞ between two sets S and S 0 of the same size k as follows.
Let M be the set of all possible matchings between S and S 0 , i.e.,

M = {((e1 , e10 ), . . . , (ek , ek0 )) s.t ei ∈ S and ei0 ∈ S 0 for 1 ≤ i ≤ k}.

Then d∞ (S, S 0 ) = minM maxi d(ei , ei0 ). We require locality only with respect to Ac [ζ] to
ensure that the optimum solution can be well approximated. What the locally replaceable
property requires is that as elements of Ac [ζ] get replaced by nearby elements, the resulting
set is also a feasible solution. Combining this property with λ-Lipschitzness will provide us
with the following theorem.
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Theorem 13 Under the conditions that 1) elements are assigned uniformly at random to
m machines, 2) for each ei ∈ Ac [ζ] we have |Nα (ei )| ≥ ρ([ζ])m log(ρ([ζ])/δ 1/m ), 3) f (·) is

20

21

JMLR 17(238):1-44

• random/random: in the first round each machine simply outputs k randomly chosen
elements from its local data points and in the second round k out of the merged mk
elements, are again randomly chosen as the final output.

In our experimental evaluation we wish to address the following questions: 1) how well does
GreeDi perform compared to the centralized solution, 2) how good is the performance of
GreeDi when using decomposable objective functions (see Section 4.5), and finally 3) how
well does GreeDi scale in the context of massive datasets. To this end, we run GreeDi
on three scenarios: exemplar based clustering, active set selection in GPs and finding the
maximum cuts in graphs.
We compare the performance of our GreeDi method to the following naive approaches:

6. Experiments

f (AXd [m, ζ])) ≥ τ (f (Ac [ζ]) − 2ε).

Theorem 15 For n ≥ max(n0 , m log(δ/4m)/2 ),  < 1/4, and under the assumptions of
Theorem 14, we have, with probability at least 1 − δ,

Performance Guarantee for Decomposable Functions. For the case of decomposable functions described in Section 4.5, the following generalization of Theorem 10 holds for
maximizing a non-negative submodular function subject to more general constraints. Let us
define n0 to be the smallest integer such that for n ≥ n0 we have ln(n)/n ≤ 2 /(m · ρ([ζ])).

Theorem 14 For n ≥

8ρ([ζ])m log(ρ([ζ])/δ 1/m )
ε
, where λρ([ζ])
≤ α∗ , if GreeDi assigns elε
βg( λρ([ζ])
)
ements uniformly at random to m processors and under the conditions that f is λ-Lipschitz,
and ζ is locally replaceable with respect to Ac [ζ] with parameter α∗ , then with probability at
least (1 − δ), we have
f (AXd [m, ζ])) ≥ τ (f (Ac [ζ]) − ε).

Performance Guarantee for Very Large datasets. Similarly, we can generalize Theorem 9 for maximizing non-negative submodular functions subject to more general constraints. Suppose that our dataset is a finite sample V drawn i.i.d. from an underlying
infinite set V, according to some (unknown) probability distribution. Let Ac [ζ] be an optimal solution in the infinite set, i.e., Ac [ζ] = arg maxS⊆V f (S), such that around each
ei ∈ Ac [ζ], there is a neighborhood of radius at least α∗ where the probability density is at
least β at all points (for some constants α∗ and β). Recall that g : R → R is the growth
function where g(α) measures the volume of a ball of radius α centered at a point in the
metric space.

The above result generalizes Theorem 8 for maximizing non-negative submodular functions
subject to different constraints.

f (AXd [m, ζ])) ≥ τ (f (Ac [ζ]) − λαρ([ζ])).

λ-Lipschitz, and 4) ζ is locally replaceable with respect to Ac [ζ] with parameter α, then with
probability at least (1 − δ),

Distributed Submodular Maximization
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Our exemplar based clustering experiment involves GreeDi applied to the clustering utility
f (S) (see Sec. 3.4) with d(x, x0 ) = kx − x0 k2 . We performed our experiments on a set of
10,000 Tiny Images (Torralba et al., 2008). Each 32 by 32 RGB pixel image was represented by a 3,072 dimensional vector. We subtracted from each vector the mean value,
normalized it to unit norm, and used the origin as the auxiliary exemplar. Fig. 4a compares
the performance of our approach to the benchmarks with the number of exemplars set to
k = 50, and varying number of partitions m. It can be seen that GreeDi significantly
outperforms the benchmarks and provides a solution that is very close to the centralized
one. Interestingly, even for very small α = κ/k < 1, GreeDi performs very well. Since the
exemplar based clustering utility function is decomposable, we repeated the experiment for
the more realistic case where the function evaluation in each machine was restricted to the
local elements of the dataset in that particular machine (rather than the entire dataset).
Fig 4b shows similar qualitative behavior for decomposable objective functions.
Large scale experiments with Hadoop. As our first large scale experiment, we applied
GreeDi to the whole dataset of 80,000,000 Tiny Images (Torralba et al., 2008) in order to
select a set of 64 exemplars. Our experimental infrastructure was a cluster of 10 quad-core
machines running Hadoop with the number of reducers set to m = 8000. Hereby, each
machine carried out a set of reduce tasks in sequence. We first partitioned the images uniformly at random to reducers. Each reducer separately performed the lazy greedy algorithm
on its own set of 10,000 images (≈123MB) to extract 64 images with the highest marginal
gains w.r.t. the local elements of the dataset in that particular partition. We then merged
the results and performed another round of lazy greedy selection on the merged results
to extract the final 64 exemplars. Function evaluation in the second stage was performed
w.r.t a randomly selected subset of 10,000 images from the entire dataset. The maximum
running time per reduce task was 2.5 hours. As Fig. 5a shows, GreeDi highly outperforms
the other distributed benchmarks and can scale well to very large datasets. Fig. 5b shows a
set of cluster exemplars discovered by GreeDi where Fig. 5c and Fig. 5d show 100 nearest
images to exemplars 26 and 63 (shown with red borders) in Fig. 5b.

6.1 Exemplar Based Clustering

For GreeDi, we let each of the m machines select a set of size αk, and select a final solution
of size k among the union of the m solutions (i.e., among αkm elements). We present the
performance of GreeDi for different parameters α > 0. For datasets where we are able to
find the centralized solution, we report the ratio of f (Adist [k])/f (Agc [k]), where Adist [k] is
the distributed solution (in particular Agd [m, αk, k] = Adist [k] for GreeDi).

• greedy/max: in the first round each machine greedily finds a solution of size k and in
the second round the solution with the maximum value is reported.

• greedy/merge: in the first round k/m elements are chosen greedily from each machine
and in the second round they are merged to output a solution of size k.

• random/greedy: each machine outputs k randomly chosen elements from its local data
points, then the standard greedy algorithm is run over mk elements to find a solution
of size k.
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Our active set selection experiment involves GreeDi applied to the information gain f (S)
(see Sec. 3.4) with Gaussian kernel, h = 0.75 and σ = 1. We used the Parkinsons Telemonitoring dataset (Tsanas et al., 2010) consisting of 5,875 bio-medical voice measurements
with 22 attributes from people with early-stage Parkinson’s disease. We normalized the
vectors to zero mean and unit norm. Fig. 6b compares the performance GreeDi to the

6.2 Active Set Selection

Figure 4: Performance of GreeDi compared to the other benchmarks. a) and b) show the
mean and standard deviation of the ratio of distributed vs. centralized solution for
global and local objective functions with budget k = 50 and varying the number
m of partitions. c) and d) show the same ratio for global and local objective
functions for m = 5 partitions and varying budget k, for a set of 10,000 Tiny
Images.
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benchmarks with fixed k = 50 and varying number of partitions m. Similarly, Fig 6a shows
the results for fixed m = 10 and varying k. We find that GreeDi significantly outperforms
the benchmarks.
Large scale experiments with Hadoop. Our second large scale experiment consists of
45,811,883 user visits from the Featured Tab of the Today Module on Yahoo! Front Page
(web, 2012). For each visit, both the user and each of the candidate articles are associated
with a feature vector of dimension 6. Here, we used the normalized user features. Our
experimental setup was a cluster of 8 quad-core machines running Spark with the number

Figure 5: Performance of GreeDi compared to the other benchmarks. a) shows the distributed solution with m = 8000 and varying k for local objective functions on
the whole dataset of 80,000,000 Tiny Images. b) shows a set of cluster exemplars discovered by GreeDi, and each column in c) shows 100 images nearest to
exemplars 26 and d) shows 100 images nearest to exemplars 63 in b).
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25

between the partitions are disconnected. Since the problem of finding the maximum cut in
a graph is non-monotone submodular, we applied the RandomGreedy algorithm proposed
by Buchbinder et al. (2014) to find the near optimal solution in each partition.

Figure 8: Running time of GreeDi compared to the centralized greedy algorithm. a) shows
the ratio of centralized vs. distributed solution with k = 64, 128, 256 and up to
m = 32 machines for Yahoo Webscope data. b) shows the same ratio with k =
64, 128, 256 and up to m = 512 machines on the same dataset. Both experiments
are performed on a cluster of 8 quad core machines.
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Figure 7: Performance of GreeDi with m = 32 and varying budget k compared to the
other benchmarks on Yahoo! Webscope data.

0.5

0.6

0.7

0.8

0.9

1

1.1

We also applied GreeDi to the problem of finding maximum cuts in graphs. In our setting we used a Facebook-like social network (Opsahl and Panzarasa, 2009). This dataset
includes the users that have sent or received at least one message in an online student
community at University of California, Irvine and consists of 1,899 users and 20,296 directed ties. Fig. 9a and 9b show the performance of GreeDi applied to the cut function
on graphs. We evaluated the objective function locally on each partition. Thus, the links

6.3 Non-Monotone Submodular Function (Finding Maximum Cuts)

of reducers set to m = 32. Each reducer performed the lazy greedy algorithm on its own set
of ≈1,431,621 vectors (≈34MB) in order to extract 256 elements with the highest marginal
gains w.r.t the local elements of the dataset in that particular partition. We then merged the
results and performed another round of lazy greedy selection on the merged results to extract
the final active set of size 256. The maximum running time per reduce task was 12 minutes
for selecting 128 elements and 48 minutes for selecting 256 elements. Fig. 7 shows the performance of GreeDi compared to the benchmarks. We note again that GreeDi significantly
outperforms the other distributed benchmarks and can scale well to very large datasets.
Performance Comparison. Fig. 8 shows the speedup of GreeDi compared to the
centralized greedy benchmark for different values of k and varying number of partitions m.
As Fig. 8a shows, for small values of m, the speedup is almost linear in the number of
machines. However, for large values of m the running time of the second stage of GreeDi
increases and ultimately dominates the whole running time. Hence, we do not observe a
linear speedup anymore. This effect can be observed in Fig. 8b. For larger values of k, the
speedup is higher on fewer machines, but decreases more quickly by increasing m, as the
second stage takes longer to complete.

Figure 6: Performance of GreeDi compared to the other benchmarks. a) shows the ratio
of distributed vs. centralized solution with k = 50 and varying m for Parkinsons
Telemonitoring. b) shows the same ratio with m = 10 and varying k on the same
dataset.
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Although the cut function does not decompose additively over individual data points,
perhaps surprisingly, GreeDi still performs very well, and significantly outperforms the
benchmarks. This suggests that our approach is quite robust, and may be more generally
applicable.
6.4 Comparision with Greedy Scaling.
Kumar et al. (2013) recently proposed an alternative approach–GreedyScaling–for parallel maximization of submodular functions. GreedyScaling is a randomized algorithm
that carries out a number (typically less than k) rounds of MapReduce computations. We
applied GreeDi to the submodular coverage problem in which given a collection V of sets,
we would like to pick at most k sets from V in order to maximize the size of their union.
We compared the performance of our GreeDi algorithm to the reported performance of
GreedyScaling on the same datasets, namely Accidents (Geurts et al., 2003) and Kosarak
(Bodon, 2012). As Fig 10a and 10b shows, GreeDi outperforms GreedyScaling on the
Accidents dataset and its performance is comparable to that of GreedyScaling in the
Kosarak dataset.

7. Conclusion
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We have developed an efficient distributed protocol GreeDi, for constrained submodular
maximization. We have theoretically analyzed the performance of our method and showed
that under certain natural conditions it performs very close to the centralized (albeit impractical in massive datasets) solution. We have also demonstrated the effectiveness of our
approach through extensive experiments, including active set selection in GPs on a dataset
27
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This section presents the complete proofs of theorems presented in the article.

Appendix A. Proofs
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of 45 million examples, and exemplar based summarization of a collection of 80 million
images using Hadoop. We believe our results provide an important step towards solving
submodular optimization problems in very large scale, real applications.

Figure 10: Performance of GreeDi compared to the GreedyScaling algorithm of Kumar
et al. (2013) (as reported in their paper). a) shows the ratio of distributed to
centralized solution on Accidents dataset with 340,183 elements and b) shows
the same ratio for Kosarak dataset with 990,002 elements. The results are
reported for varying budget k and varying number of machines m = n/µ where
µ = O(knδ log n) and n is the size of the dataset. The results are reported for
δ = 1/2. Note that the results presented by Kumar et al. (2013) indicate that
GreedyScaling generally requires a substantially larger number of MapReduce
rounds compared to GreeDi.
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Figure 9: Performance of GreeDi compared to the other benchmarks. a) shows the mean
and standard deviation of the ratio of distributed to centralized solution for budget k = 20 with varying number of machines m and b) shows the same ratio for
varying budget k with m = 10 on Facebook-like social network.

Distributed/Centralized

1
f (Ac [k]).
m

f (Ac [k]) ≤ f (B1 ) + . . . + f (Bm ).

i

max f (Aci [k]).
i

i=1

f (ui ).

1
f (Ac [k]).
k

f (Ad [m, k]) ≥

29

1
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Since f (Ad [m, k]) ≥ maxi f (Aci [k]); from Lemma 16 and 17 we have

i

f (max f (Aci [k])) ≥ f (u∗ ) ≥
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Thus, f (Ac [k]) ≤ kf (u∗ ) where u∗ = arg maxi f (ui ). Suppose that the element with highest
marginal gain (i.e., u∗ ) is in Vj . Then the maximum value of f on Vj would be greater
or equal to the marginal gain of u∗ , i.e., f (Acj [k]) ≥ f (u∗ ) and since f (maxi f (Aci [k])) ≥
f (Acj [k]), we can conclude that

f (Ac [k]) ≤

k
X

Proof Let f (Ac [k]) = f ({u1 , . . . uk }). Using submodularity of f , we have

1
f (Ac [k]).
k

f (A [k]) ≤ m

c

f (Ac [k]) ≤ f (Ac1 [k]) + . . . + f (Acm [k]).

≥ f (Bi ), we have

Lemma 17 max f (Aci [k]) ≥

Therefore,

Since,

f (Aci [k])

and thus,

f (Bi |Bi−1 . . . B1 ) ≤ f (Bi ),

Using submodularity of f , for each i ∈ {1 . . . m}, we have

f (Ac [k]) = f (B1 ∪ . . . ∪ Bm ) = f (B1 ) + f (B2 |B1 ) + . . . + f (Bm |Bm−1 , . . . , B1 ).

Proof Let Bi be the elements in Vi that are contained in the optimal solution, Bi =
Ac [k] ∩ Vi . Then we have:

i

Lemma 16 max f (Aci [k]) ≥

⇒ direction:
The proof easily follows from the following lemmas.

A.1 Proof of Theorem 3

Distributed Submodular Maximization

Ã[κ] = arg maxS⊆B gc &|S|≤κ f (S).

i

= max f (Agc
i [κ]),

gc
B gc = ∪m
i=1 Ai [κ],

Agc
max [κ]

ak

0

···

0
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Let K be a positive definite kernel matrix defined in section 3.4.1. If we replace a point
ei ∈ S with another point e0i ∈ V \ S, the corresponding row and column i in the modified
kernel matrix K 0 will be changed. W.l.o.g assume that we replace the first element e1 ∈ S
with another element e01 ∈ V \ S, i.e., ∆K = K 0 − K has the following form with non-zero
entries only on the first row and first column,


a1 a2 · · · ak
 a2 0 · · · 0 


∆K ≡ K 0 − K ≤  .
.. . .
. .
 ..
. .. 
.

A.3 Proof of Proposition 6

Then by using Lemma 18 again, we obtain

f (Agd [m, κ]) ≥ max f (Agc
max [κ]), (1 − exp(−κ/κ))f (Ã[κ])
(1 − exp(−κ/k))
≥
f (Ac [k]).
min(m, k)

Now, let us define

c
f (Agc
i [κ]) ≥ (1 − exp(−κ/k))f (Ai [k]).

By Lemma 18 we know that

Lemma 18 Let f be a non-negative submodular function, and let Agc [q] of cardinality q be
the greedy selected set by the standard greedy algorithm. Then,


q
f (Agc [q]) ≥ 1 − e− k f (Ac [k]).

Let us first mention a slight generalization over the performance of the standard greedy
algorithm. It follows easily from the argument in (Nemhauser et al., 1978).

A.2 Proof of Theorem 4

⇐ direction:
Let us consider a set of unbiased and independent Bernoulli random variables Xi,j for
i ∈ {1, . . . , m} and j ∈ {1, . . . , k}, i.e., Pr(Xi,j = 1) = Pr(Xi,j = 0) = 1/2 and (Xi,j ⊥ Xi0 ,j 0 )
if i 6= i0 or j 6= j 0 . Let us also defineSYi = (Xi,1 , . . . , Xi,k ) for i ∈ {1, . . . , m}. Now assume
that Vi = {Xi,1 , . . . , Xi,k , Yi }, V = m
i=1 Vi and f (S) = H(S), where H is the entropy of
the subset S of random variables. Note that H is a monotone submodular function. It is
easy to see that Aci [k] = {Xi,1 , . . . , Xi,k } or Aci [k] = Yi as in both cases H(Aci [k]) = k. If
we assume Aci [k] = {Xi,1 , . . . , Xi,k }, then B = {Xi,j |1 ≤ i ≤ m, 1 ≤ j ≤ k}. Hence, by
selecting at most k elements from B, we have H(Ad [m, k]) = k. On the other hand, the
set of k elements that maximizes the entropy is {Y1 , . . . , Ym }. Note that H(Yi ) = k and
Yi ⊥ Yj for i 6= j. Hence, H(Ac ) = k · m if m ≥ k or otherwise H(Ac [k]) = k 2 .
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1
1
log det(I + K 0 ) − log det(I + K)
2
2
1
det(I + K 0 )
log
2
det(I + K)
det(I + K + ∆K)
1
log
2
det(I + K)
1
log[det(I + K + ∆K). det(I + K)−1 ]
2
1
log det(I + ∆K(I + K)−1 ) .
2
(9)

Note that kernel is Lipschitz continuous with constant L, hence we have |ai | ≤ Ld(e1 , e10 )
for 1 ≤ i ≤ k. Then the absolute value of the change in the objective function would be
f (S) − f (S 0 ) =
=
=
=
=



T

a1 a2 · · ·

a2 0 · · ·
.
. ..
 ..
.
..
ak 0 · · ·

ak x10

k
X

 0 
ak
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  x0 
0
 2
.  . 
..   .. 
0
xk0

ai xi
|ai xi |

k
X
k
X

i=2

ai xi



P
k
0
i=1 ai xi

a2 x10 

.

..





+

x10

i=2

ai xi0 + |x10 |.
|ai xi0 | + |x10 |.

i=2

(10)

Note that since K is positive-definite, I + K is an invertible matrix. Furthermore, since ∆K
and K are symmetric matrices they both have k real eigenvalues. Therefore, (I + K)−1 has
1
0
0
k eigenvalues λi = 1+λ
0 ≤ 1, for 1 ≤ i ≤ k, where λ1 · · · λk are (non-negative) eigenvalues
i
of kernel matrix K.
Now, we bound the maximum eigenvalues of ∆K and ∆K(I + K)−1 respectively. Consider vectors x, x0 ∈ Rn , such that ||x||2 = ||x0 ||2 = 1. We have,

xk

 
x1 
 
xT ∆K x0 = x2 
.
 .. 
xk
 T
x1
 
x2 
= .
 .. 
=

k
X

i=1

k
X
x1
ai xi0
i=1
k
X

= |x1 |.

= |x1 |.

i=1

≤ 2kLd(e1 , e10 ),
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where we used the following facts to derive the last inequality: 1) the Lipschitz continuity of
the kernel gives us an upperbound on the values of |ai |, i.e., |ai | ≤ Ld(e1 , e10 ) for 1 ≤ i ≤ k;
and 2) since ||x||2 = ||x0 ||2 = 1, the absolute value of the elements in vectors x and x0 cannot
31
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max

x: ||x||2 =1

|xT ∆Kx| ≤ 2kLd(e1 , e10 ).

be greater than 1, i.e., |xi | ≤ 1, |xi0 | ≤ 1, for 1 ≤ i ≤ k. Therefore,
λmax (∆K) =

λi ci vi

i=1

k
X

i=1

,

λi ci vi

ci vi

k
X

i=1

|ci |

!2

|ci ||cj |

k
X

i,j=1

k
X

λi ci cj vjT ∆Kvi

k
X

i=1

!

Now, let v1 , · · · vk ∈ Rn be the k eigenvectors of matrix (I + K)−1 . Note that
Pk {v1 , · · · vk }
is an orthonormal system and thus for any x ∈ Rn we can write it as x = i=1
ci vi , and
Pk 2
ci . In order to bound the largest eigenvalue of ∆K(I + K), we write
we have ||x||22 = i=1

k
X

i=1

xT ∆K (I + K)−1 x = xT ∆K (I + K)−1

= xT ∆K

j=1

i,j=1

k
X


T
k
X
= 
cj vj  ∆K
=
(a)

≤ 2kLd(e1 , e10 )

≤k

= 2kLd(e1 , e10 )

|ci |

|ci |2

k
X

i=1

ci2

≤ 2k 2 ||x||22 Ld(e1 , e10 )

≤ 2k 2 Ld(e1 , e10 ).

xT ∆K (I + K)−1 x ≤ 2k 2 Ld(e1 , e10 ).
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(11)

where in (a) we used Eq. 10 and the fact that λi ≤ 1 for 1 ≤ i ≤ k. Using Cauchy-Schwarz
inequality
!2
k
X

i=1

max

x: ||x||2 =1

xT ∆K (I + K)−1 x ≤ 2k 2 Ld(e1 , e10 )

and the assumption ||x||2 = 1, we conclude

Therefore,

λmax ∆K(I + K)−1 =

32

i=1

k
X

d(ei , e0i ).

(12)

α−1

α−2

+a

≤ d(ei , e0i ) αRα−1 ,

= |(a − b)|(a

α

− l(ei , v)| = |a − b |

α

b + · · · + ab

α−2

+b

α−1

)
(13)
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where in the last step we used triangle inequality |d(e0t , v) − d(et , v)| ≤ d(et , e0t ) and
the fact that data points are in a ball of diameter R in the metric space.

|l(e0i , v)

• Case 2: In this case, element v was assigned to ei before and gets assigned to e0i . let
a = d(ei , v) and b = d(e0i , v). Then we can write

• Case 1: In this case, element v was assigned to another exemplar ex ∈ Si \ ei and
the assignment doesn’t change. Therefore, there is no change in the value of the loss
function.

|l(e0i , v) − l(ei , v)| ≤ d(ei , e0i ) αRα−1 .

Assume we have a set S of k exemplars, i.e., S0 = {e1 , · · · , ek }, and each element of
the dataset v ∈ V is assigned to its closest exemplar. Now, if we replace set S with
another set S 0 of the same size, the loss associated with every element v ∈ V may be
changed. W.l.o.g, assume we swap one exemplar at a time, i.e., in step i, 1 ≤ i ≤ k, we have
Si = {e01 , · · · , e0i , ei+1 , · · · , ek }. Swapping the ith exemplar ei ∈ Si−1 with another element
e0i ∈ S 0 , 4 cases may happen: 1) element v was not assigned to ei before and doesn’t get
assigned to e0i , 2) element v was assigned to ei before and gets assigned to e0i , 3) element v
was not assigned to ei before and gets assigned to e0i , 4) element v was assigned to ei before
and gets assigned to another exemplar ex ∈ Si \ {e0i }. For any element v ∈ V , we look into
the four cases and show that in each case

A.4 Proof of Proposition 7

Hence, the differential entropy of the Gaussian process is λ-Lipschitz with λ = Lk 3 .

f (S) − f (S 0 ) ≤ k 3 L

where in the last inequality we used log(1 + x) ≤ x, for x ≥ 0.
Replacing all the k points in set S with another set S 0 of the same size, we get

1
f (S) − f (S 0 ) ≤ log(1 + 2k 2 Ld(e1 , e01 ))k
2
k
≤
log(1 + 2k 2 Ld(e1 , e01 ))
2
≤ k 3 Ld(e1 , e01 ),

By substituting Eq. 11 and Eq. 12 into Eq. 9 we obtain

det(I + ∆K(I + K)−1 ) ≤ (1 + 2k 2 Ld(e1 , e01 ))k .

Finally, we can write the determinant of a matrix as the product of its eigenvalues, i.e.

Distributed Submodular Maximization

e∈Si

∀v ∈ V \ S,

i=1

≤ αRα−1

=

i=1

k
X

d(ei , e0i ).

|f (Si−1 ) − f (Si )|

f (Si−1 ) − f (Si )
i=1
k
X

k
X
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Lemma 19 If for each ei ∈ Ac [k], |Nα (ei )| ≥ km log (k/δ 1/m ), and if V is partitioned into
sets V1 , V2 , . . . Vm , where each element is randomly assigned to one set with equal probabilities, then there is at least one partition with a subset Aci [k] such that |f (Ac [k]) − f (Aci [k])| ≤
λαk with probability at least (1 − δ).

In the following, we say that sets S and S 0 are γ-close if |f (S) − f (S 0 )| ≤ γ. First, we need
the following lemma.

A.5 Proof of Theorem 8

Therefore, for l = dα , the loss function is λ-Lipschitz with λ = αRα−1 .

f (S) − f (S 0 ) =

Now, if we replace all the k points in set S with another set S 0 of the same size, we get

≤ αRα−1 d(ei , e0i ).

|f (Si−1 ) − f (Si )| = |L({e0 }) − L({e0 ∪ Si−1 }) − L({e0 }) + L({e0 ∪ Si })|

we have L({e0 ∪ S}) = L({S}) and thus

v ∈V

max
l(v, v 0 ) ≤ l(v, e0 ),
0

Thus, for any point e0 that satisfies

v∈V

≤ αRα−1 d(ei , e0i ).

By using Eq. 13 and averaging over all elements v ∈ V , we have
1 X
| min l(e, υ) − min l(e, υ)|
|L(Si−1 ) − L(Si )| =
e∈Si−1
e∈Si
|V |

e∈Si−1

| min l(e, υ) − min l(e, υ)| ≤ |l(e0i , v) − l(ei , v)| ≤ d(ei , e0i ) αRα−1 .

• Case 4: In the last case, element v was assigned to ei before and gets assigned to
another exemplar ex ∈ Si \ {e0i }. Thus, we have |l(ex , v) − l(ei , v)| ≤ |l(e0i , v) − l(ei , v)|
since otherwise v would have been assigned to ex before. Hence, in all four cases the
following inequality holds:

• Case 3: In this case, v was assigned to another exemplar ex ∈ Si−1 \ {ei } and gets
assigned to e0i , which implies that |l(e0i , v)−l(ex , v)| ≤ |l(ei , v)−l(e0i , v)|, since otherwise
e would have been assigned to et before.
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Proof By the hypothesis, the α neighborhood of each element in Ac [k] contains at least
km log (k/δ 1/m ) elements. For each ei ∈ Ac [k], let us take a set of m log (k/δ 1/m ) elements
from its α-neighborhood. These sets can be constructed to be mutually disjoint, since each
α-neighborhood contains m log (k/δ 1/m ) elements. We wish to show that at least one of the
m partitions of V contains elements from α-neighborhoods of each element.
Each of the m log (k/δ 1/m ) elements goes into a particular Vj with a probability 1/m.
The probability that a particular Vj does not contain an element α-close to ei ∈ Ac [k] is
δ 1/m
. The probability that Vj does not contain elements α-close to one or more of the k
k
elements is at most δ 1/m (by union bound). The probability that each V1 , V2 , . . . Vm does
not contain elements from the α-neighborhood of one or more of the k elements is at most
δ. Thus, with high probability of at least (1 − δ), at least one of V1 , V2 , . . . Vm contains an
Aic [k] that is λαk-close to Ac [k].
By lemma 19, for some Vi , |f (Ac [k]) − f (Aic [k]|) ≤ λαk with the given probability.
Furthermore, f (Aigc [κ]) ≥ (1 − e−κ/k )f (Aic [k]) by Lemma 18. Therefore, the result follows
using arguments analogous to the proof of Theorem 4.
A.6 Proof of Theorem 9
The following lemma says that in a sample drawn from distribution over an infinite dataset,
a sufficiently large sample size guarantees a dense neighborhood near each element of Ac [k]
when the elements are from representative regions of the data.
8km log (k/δ 1/m )
Lemma 20 A number of elements: n ≥
, where α ≤ α∗ , suffices to have
βg(α)
at least 4km log (k/δ 1/m ) elements in the α-neighborhood of each ei ∈ Ac [k] with probability
at least (1 − δ), for small values of δ.

1/m )

≤ (δ 1/m /k)km .

Proof The expected number of α-neighbors of an ei ∈ Ac [k], is E[|Nα (ei )|] ≥ 8km log (k/δ 1/m ).
We now show that in a random set of samples, at least a half of this number of neighbors
is realized with high probability near each element of Ac [k].
This follows from a Chernoff bound:
P [|Nα (ei )| ≤ 4km log (k/δ 1/m )] ≤ e−km log (k/δ

Therefore, the probability that some ei ∈ Ac [k] does not have a suitable sized neighborhood is at most k(δ 1/m /k)km . For δ ≤ 1/k, kδ km ≤ δ m . Therefore, with probability at
least (1 − δ), the α-neighborhood of each element ei ∈ Ac [k] contains at least 4km log (1/δ)
elements.
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8km log(k/δ 1/m )
ε
Lemma 21 For n ≥
, where λk
≤ α∗ , if V is partitioned into sets
ε
βg( λk
)
V1 , V2 , . . . Vm , where each element is randomly assigned to one set with equal probabilities,
then for sufficiently small values of δ, there is at least one partition with a subset Aic [k] such
that |f (Ac [k]) − f (Aic [k])| ≤ ε with probability at least (1 − δ).
35
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Proof Follows directly by combining Lemma 20 and Lemma 19. The probability that
some element does not have a sufficiently dense ε/λk-neighborhood with km log(2k/δ 1/m )
elements is at most (δ/2) for sufficiently small δ, and the probability that some partition
does not contain elements from the one or more of the dense neighborhoods is at most (δ/2).
Therefore, the result holds with probability at least (1 − δ).

By Lemma 21, there is at least one Vi such that |f (Ac [k]) − f (Aic [k])| ≤ ε with the given
probability. And f (Aigd [κ]) ≥ (1 − e−κ/k )f (Aic [k]) using Lemma 18. The result follows using
arguments analogous to the proof of Theorem 4.
A.7 Proof of Theorem 10

Note that each machine has on the average n/m elements. Let us define Πi the event
that n/2m < |Vi | < 2n/m. Then based on the Chernoff bound we know that Pr(¬Πi ) ≤
2 exp(−n/8m). Let us also define ξi (S) the event that |fVi (S) − f (S)| < , for some fixed
 < 1 and a fixed set S with |S| ≤ k. Note that ξi (S) denotes the event that the empirical
mean is close to the true mean. Based on the Hoeffding inequality (without replacement)
we have Pr(6= ξi S| ≤ 2 exp(−2n2 /m). Hence,

Pr(ξi (S) ∧ Πi ) ≥ 1 − 2 exp(−2n2 /m) − 2 exp(−n/8m).

(14)

Let ξi be an event that |fVi (S) − f (S)| < , for any S such that |S| ≤ κ. Note that there
are at most nκ sets of size at most κ. Hence,

Pr(ξi ∧ Πi ) ≥ 1 − 2nκ (exp(−2n2 /m) − exp(−n/8m)).
As a result, for  < 1/4 we have

Pr(ξi ∧ Πi ) ≥ 1 − 4nκ exp(−2n2 /m).

Since there are m machines, by the union bound we can conclude that

Pr((ξi ∧ Πi ) on all machines) ≥ 1 − 4mnκ exp(−2n2 /m).

The above calculation implies that we need to choose δ ≥ 4mnκ exp(−2n2 /m). Let n0 be
chosen in a way that for any n ≥ n0 we have ln(n)/n ≤ 2 /(mk). Then, we need to choose
n as follows:



m log(δ/4m)
n = max n0 ,
.
2
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Hence for the above choice of n, there is at least one Vi such that |f (Ac [k]) − f (Aic [κ])| ≤ ε
with probability 1 − δ. Hence the solution is  away from the optimum solution with
probability 1 − δ. Now if we confine the evaluation of f (Aic ) to data point only in machine
i then under the assumption of Theorem 9 we lose another . Formally, the result at this
point simply follows by combining Theorem 4 and Theorem 9.

36

1
c
m f (A [ζ]).

i

≥

1
≥ f (u ) ≥
f (Ac [ζ]).
ρ([ζ])
∗

1
f (Ac [ζ]).
min(m, ρ([ζ]))

from Lemma 23 and 22 we have

f (Ad [m, ρ([ζ])]) ≥

maxi f (Aci [ζ]);

≥

f (Acj [ζ])

i

= max f (Agc
i [ζ]),

37

Ã[ζ] = arg maxS⊆B gc &|S|≤ρ([ζ]) f (S).

Agc
max [ζ]

gc
B gc = ∪m
i=1 Ai [ζ],

Now, we generalize the definitions used in the proof of Theorem 4

c
f (AX
i [ζ]) ≥ τ f (Ai [ζ]).

(15)
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For the black box algorithm X with a τ -approximation guarantee, we have

Since

f (Ad [m, ρ([ζ])])

f (max f (Aci [ζ]))
i

where u∗ = arg maxi f (ui ). Suppose that u∗ ∈ Vj , we get

i=1

Proof The proof follows the outline of the proof of Lemma 17. Let f (Ac [ζ]) = f ({u1 , · · · , uρ([ζ]) }).
Since Ac [ζ] ∈ ζ and ζ is a set of hereditary constraints, we have ui ∈ ζ. Using submodularity
of f , we have
ρ([ζ])
X
f (Ac [ζ]) ≤
f (ui ) ≤ ρ([ζ])f (u∗ ).

Lemma 23 maxi f (Aci [ζ]) ≥ k1 f (Ac [ζ]).

f (Ac [ζ]) ≤ f (Ac1 [ζ]) + · · · + f (Acm [ζ]) ≤ m max f (Aci [ζ]).

Since f (Aci [ζ]) ≥ f (Bi ) we get

≤ f (B1 ) + · · · + f (Bm ).

f (Ac [ζ]) = f (B1 ∪ · · · ∪ Bm ) = f (B1 ) + f (B2 |B1 ) + · · · + f (Bm |Bm−1 , · · · , B1 )

Proof Let Bi be the elements in Vi that are contained in the optimal solution, Bi =
Ac [ζ] ∩ Vi . Since Ac [ζ] ∈ ζ and ζ is a set of hereditary constraints, we must have Bi ∈ ζ as
well. Using submodularity of f and by the same argument as in the proof of Lemma 16, we
have

Lemma 22 maxi f (Aci [ζ]) ≥

The proof is similar to the proof of Theorem 3 and Theorem 4 and follows from the following
lemmas.

A.8 Proof of Theorem 12

Distributed Submodular Maximization
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The proofs follows the same arguments as in the proof of Lemma 20 and 21. Recall
that, by assumption ζ is locally replaceable with parameter α. Hence, for ε ≤ αλρ([ζ]), any
set ε-close to the optimal solution is also a feasible solution.

Lemma 26 For n ≥

8ρ([ζ])m log(ρ([ζ])/δ 1/m )
ε
, where λρ([ζ])
≤ α∗ , if V is partitioned into
ε
βg( λρ([ζ])
)
sets V1 , V2 , . . . Vm , where each element is randomly assigned to one set with equal probabilities, then for sufficiently small values of δ, there is at least one partition with a subset Aci [ζ]
such that |f (Ac [ζ]) − f (Aci [ζ])| ≤ ε with probability at least (1 − δ).

Lemma 25 A number of elements: n ≥

8ρ([ζ])m log (ρ([ζ])/δ 1/m )
, where α ≤ α∗ , suffices
βg(α)
to have at least 4ρ([ζ])m log (ρ([ζ])/δ 1/m ) elements in the α-neighborhood of each ei ∈ Ac [ζ]
with probability at least (1 − δ), for small values of δ.

We use the following Lemmas to show that in a sample drawn from a ddistribution over an
infinite dataset, a sufficiently large sample size guarantees a dense neighborhood near each
element of the optimal solution.

A.10 Proof of Theorem 14

The proof is similar to the proof of Lemma 19 by taking disjoint sets of size m log (ρ([ζ])/δ 1/m )
in an α-neighborhood of each ei ∈ Ac [ζ] and showing that with high probability, at least
one of the m partitions of V contains elements from α-neighborhoods of each element in the
optimal solution. Note that now the size of the optimal solution is at most ρ([ζ]). Since ζ is
locally replaceable with parameter α, as elements of Ac [ζ] gets replaced by nearby elements
in their α-neighborhood, the resulting set is also a feasible solution.
By Lemma 24, for some Vi , f (Ac [ζ]) − f (AX
i [ζ]) ≤ λαρ([ζ]) with the given probability.
c
On the other hand, for the black box algorithm X, we have f (AX
i [ζ]) ≥ τ f (Ai [ζ]). Therefore,
the result follows using arguments analogous to the proof of Theorem 12.

Lemma 24 If for each ei ∈ AX [ζ], |Nα (ei )| ≥ ρ([ζ])m log (ρ([ζ])/δ 1/m ), and if V is partitioned into sets V1 , V2 , . . . Vm , where each element is randomly assigned to one set with
equal probabilities, then there is at least one partition with a subset AX
i [ζ] ∈ ζ such that
f (Ac [ζ]) − f (AX
i [ζ]) ≤ λαρ([ζ]) with probability at least (1 − δ).

A.9 Proof of Theorem 13

Note that since we do not use monotonicity of the submodular function in any of the
proofs, the results hold in general for constrained maximization of any non-negative submodular function.


f (Agd [m, ζ]) ≥ max f (Agc
max [ζ]), τ f (Ã[ζ])
τ
≥
f (Ac [ζ]).
min(m, ρ([ζ]))

Then using Eq. 15 again, we obtain
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Guy E Blelloch, Richard Peng, and Kanat Tangwongsan. Linear-work greedy parallel approximate set cover and variants. In Proceedings of the Twenty-Third Annual ACM
Symposium on Parallelism in Algorithms and Architectures, pages 23–32. ACM, 2011.
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on all machines) ≥ 1 − 4mnρ([ζ]) exp(−2n2 /m).

Nan Du, Yingyu Liang, Maria Florina Balcan, and Le Song. Budgeted influence maximization for multiple products. arXiv preprint arXiv:1312.2164, 2013.

Jeffrey Dean and Sanjay Ghemawat. Mapreduce: simplified data processing on large clusters. Communications of the ACM, 51(1):107–113, 2008.

Sven De Vries and Rakesh V Vohra. Combinatorial auctions: A survey. INFORMS Journal
on Computing, 15(3):284–309, 2003.

Graham Cormode, Howard Karloff, and Anthony Wirth. Set cover algorithms for very large
datasets. In Proceedings of the 19th ACM International Conference on Information and
Knowledge Management, pages 479–488. ACM, 2010.

Michele Conforti and Gérard Cornuéjols. Submodular set functions, matroids and the
greedy algorithm: tight worst-case bounds and some generalizations of the rado-edmonds
theorem. Discrete Applied Mathematics, 7(3):251–274, 1984.

Cheng Chu, Sang Kyun Kim, Yi-An Lin, YuanYuan Yu, Gary Bradski, Andrew Y Ng, and
Kunle Olukotun. Map-reduce for machine learning on multicore. Advances in Neural
Information Processing Systems, 19:281, 2007.

Flavio Chierichetti, Ravi Kumar, and Andrew Tomkins. Max-cover in map-reduce. In
Proceedings of the 19th International Conference on World Wide Web, pages 231–240.
ACM, 2010.

Gruia Calinescu, Chandra Chekuri, Martin Pál, and Jan Vondrák. Maximizing a monotone
submodular function subject to a matroid constraint. SIAM Journal on Computing, 40
(6):1740–1766, 2011.

Niv Buchbinder, Moran Feldman, Joseph Seffi Naor, and Roy Schwartz. Submodular maximization with cardinality constraints. In Proceedings of the Twenty-Fifth Annual ACMSIAM Symposium on Discrete Algorithms, pages 1433–1452. SIAM, 2014.

Niv Buchbinder, Michael Feldman, Joseph Naor, and Roy Schwartz. A tight linear time
(1/2)-approximation for unconstrained submodular maximization. In 53rd Annual Symposium on Foundations of Computer Science (FOCS), pages 649–658. IEEE, 2012.

Ferenc Bodon. Kosarak dataset, 2012. URL http://fimi.ua.ac.be/data/.

By Lemma 26, there is at least one Vi such that |f (Ac [ζ]) − f (Aic [ζ])| ≤ ε with the given
probability. Furthermore, for the black box algorithm X, we have f (Aigd [ζ]) ≥ τ f (Aic [ζ]).
Thus the result follows using arguments analogous to the proof of Theorem 12.
A.11 Proof of Theorem 15
Again the proof follows the same line of reasoning as the proof of Theorem 10, except that
for a constraint set ζ with ρ([ζ]) = maxS∈ζ |S|, there are at most nρ([ζ]) feasible solutions.
Using the same definitions for Πi and Ei as in the proof of Theorem 10, instead of Eq. 14
we get
Pr(ξi ∧ Πi ) ≥ 1 − 2nρ([ζ]) (exp(−2n2 /m) − exp(−n/8m)).
∧
Πi )

As a result, for  < 1/4 and using union bound we conclude that
Pr((ξi

which implies that we need to choose δ ≥ 4mnρ ([ζ]) exp(−2n2 /m). Now if n0 be chosen in a
way that for any n ≥ n0 we have ln(n)/n ≤ 2 /(mk), we get n ≥ max(n0 , m log(δ/4m)/2 ).
Bearing in mind that ζ is locally replaceable, there is at least one Vi such that the
solution Aic [ζ] is feasible and  away from the optimum solution with probability 1 − δ. Now
under the assumption of Theorem 14, if we evaluate f (Aic ) only on machine i, then we lose
another . Now by combining Theorem 12 and Theorem 14 we get the desired result.
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More precise definitions will follow, but for now, θ may be interpreted as a parameter (in a
finite or infinite-dimensional space), rn (θ) as an empirical measure of risk (e.g. prediction
error), and π(dθ) a prior distribution.
We will follow in this paper the PAC (Probably Approximatively Correct)-Bayesian
approach, which originates from machine learning (Shawe-Taylor and Williamson, 1997;

exp[−λrn (θ)]
ρ̂λ (dθ) = R
π(dθ).
exp[−λrn ]dπ

A Gibbs posterior, also known as a PAC-Bayesian or pseudo-posterior, is a probability
distribution for random estimators of the form:

1. Introduction

The PAC-Bayesian approach is a powerful set of techniques to derive non-asymptotic
risk bounds for random estimators. The corresponding optimal distribution of estimators,
usually called the Gibbs posterior, is unfortunately often intractable. One may sample
from it using Markov chain Monte Carlo, but this is usually too slow for big datasets.
We consider instead variational approximations of the Gibbs posterior, which are fast
to compute. We undertake a general study of the properties of such approximations.
Our main finding is that such a variational approximation has often the same rate of
convergence as the original PAC-Bayesian procedure it approximates. In addition, we
show that, when the risk function is convex, a variational approximation can be obtained
in polynomial time using a convex solver. We give finite sample oracle inequalities for the
corresponding estimator. We specialize our results to several learning tasks (classification,
ranking, matrix completion), discuss how to implement a variational approximation in
each case, and illustrate the good properties of said approximation on real datasets.
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1. PACVB package: https://cran.r-project.org/web/packages/PACVB/index.html

McAllester, 1998; Catoni, 2004); see Catoni (2007) for an exhaustive study, and Jiang and
Tanner (2008); Yang (2004); Zhang (2006); Dalalyan and Tsybakov (2008) for related perspectives (such as the aggregation of estimators in the last three papers). There, ρ̂λ appears
as the probability distribution that minimizes the upper bound of an oracle inequality on
the risk of random estimators. The PAC-Bayesian approach offers sharp theoretical guarantees on the properties of such estimators, without assuming a particular model for the
data generating process.
The Gibbs posterior has also appeared in other places, and under different motivations:
in Econometrics, as a way to avoid direct maximization in moment estimation (Chernozhukov and Hong, 2003); and in Bayesian decision theory, as a way to define a Bayesian
posterior distribution when no likelihood has been specified (Bissiri et al., 2013). Another
well-known connection, although less directly useful (for Statistics), is with thermodynamics, where rn is interpreted as an energy function, and λ as the inverse of a temperature.
Whatever the perspective, estimators derived from Gibbs posteriors usually show excellent performance in diverse tasks, such as classification, regression, ranking, and so on, yet
their actual implementation is still far from routine. The usual recommendation (Dalalyan
and Tsybakov, 2012; Alquier and Biau, 2013; Guedj and Alquier, 2013) is to sample from
a Gibbs posterior using MCMC (Markov chain Monte Carlo, see e.g. Green et al., 2015);
but constructing an efficient MCMC sampler is often difficult, and even efficient implementations are often too slow for practical uses when the dataset is very large.
In this paper, we consider instead VB (Variational Bayes) approximations, which have
been initially developed to provide fast approximations of ‘true’ posterior distributions
(i.e. Bayesian posterior distributions for a given model); see Jordan et al. (1999); MacKay
(2002) and Chap. 10 in Bishop (2006).
Our main results are as follows: when PAC-Bayes bounds are available - mainly, when
a strong concentration inequality holds - replacing the Gibbs posterior by a variational
approximation does not affect the rate of convergence to the best possible prediction, on
the condition that the Küllback-Leibler divergence between the posterior and the approximation is itself properly controlled. Furthermore, for convex risks we show that one can
obtain polynomial time algorithms based on optimal convex solvers.
We also provide empirical bounds, which may be computed from the data to ascertain
the actual performance of estimators obtained by variational approximation. All the results gives strong incentives, we believe, to recommend Variational Bayes as the default
approach to approximate Gibbs posteriors. We also provide a R package1 , written in C++
to compute a Gaussian variational approximation in the case of the hinge risk.
The rest of the paper is organized as follows. In Section 2, we present the notations and
assumptions. In Section 3, we introduce variational approximations and the corresponding
algorithms. The main results are provided in a general form in Section 4: in Subsection 4.1,
we give results under the assumption that a Hoeffding type inequality holds (slow rates) and
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in Subsection 4.2, we give results under the assumption that a Bernstein type inequality
holds (fast rates). Note that for the sake of brevity, we will refer to these settings as
“Hoeffding assumption” and “Bernstein assumption” even though this terminology is nonstandard. We then apply these results in various settings: classification (Section 5), convex
classification (Section 6), ranking (Section 7), and matrix completion (Section 8). In each
case, we show how to specialise the general results of Section 4 to the considered application,
in order to obtain the properties of the VB approximation, and we also discuss its numerical
implementation. All the proofs are collected in the Appendix.

2. PAC-Bayesian framework
We observe a sample (X1 , Y1 ), . . . , (Xn , Yn ), taking values in X ×Y, where the pairs (Xi , Yi )
have the same distribution P . We will assume explicitly that the (Xi , Yi )’s are independent
in several of our specialised results, but we do not make this assumption at this stage, as
some of our general results, and more generally the PAC-Bayesian theory, may be extended
to dependent observations; see e.g. Alquier and Li (2012). The label set Y is always a subset
of R. A set of predictors is chosen by the statistician: {fθ : X → R, θ ∈ Θ}. For example,
in linear regression, we may have: fθ (x) = hθ, xi, the inner product of X = Rd , while in
classification, one may have fθ (x) = Ihθ,xi>0 ∈ {0, 1}.
We assume we have at our disposal a risk function R(θ); typically R(θ) is a measure
of the prediction error. We set R = R(θ), where θ ∈ arg minΘ R; i.e. fθ is an optimal
predictor. We also assume that the risk function R(θ) has an empirical counterpart rn (θ),
and set rn = rn (θ). Often, R and rnPare based on a loss function ` : R2 → R; i.e.
n
R(θ) = E[`(Y, fθ (X))] and rn (θ) = n1 i=1
`(Yi , fθ (Xi )). (In this paper, the symbol E
will always denote the expectation with respect to the (unknown) law P of the (Xi , Yi )’s.)
There are situations however (e.g. ranking), where R and rn have a different form.
We define a prior probability measure π(·) on the set Θ (equipped with the standard
1 (Θ) denote the set of all probability
σ-algebra for the considered context), and we let M+
measures on Θ.
Definition 2.1 We define, for any λ > 0, the pseudo-posterior ρ̂λ by
exp[−λrn (θ)]
ρ̂λ (dθ) = R
π(dθ).
exp[−λrn ]dπ

The pseudo-posterior ρ̂λ (also known as the Gibbs posterior, Catoni (2004, 2007), or
the exponentially weighted aggregate, Dalalyan and Tsybakov (2008)) plays a central role
in the PAC-Bayesian approach. It is obtained as the distribution that minimizes the upper
bound of a certain oracle inequality applied to random estimators. Practical estimators
(predictors) may be derived from the pseudo-posterior, by e.g. taking the expectation, or
sampling from it. Of course, when exp[−λrn (θ)] may be interpreted as the likelihood of a
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certain model, ρ̂λ becomes a Bayesian posterior distribution, but we will not restrict our
attention to this particular case.
The following ‘theoretical’ counterpart of ρ̂λ will prove useful to state results.

Definition 2.2 We define, for any λ > 0, πλ as

exp[−λR(θ)]
πλ (dθ) = R
π(dθ).
exp[−λR]dπ

We will derive PAC-Bayesian bounds on predictions obtained by variational approximations of ρ̂λ under two types of assumptions: a Hoeffding-type assumption, from which we
may deduce slow rates of convergence (Subsection 4.1), and a Bernstein-type assumption,
from which we may obtain fast rates of convergence (Subsection 4.2).

Definition 2.3 We say that a Hoeffding assumption is satisfied for prior π when there is
∗ such that, for any λ ∈ I, for any θ ∈ Θ,
a function f and an interval I ⊂ R+

≤ exp [f (λ, n)] .
(1)

π (E exp {λ[R(θ) − rn (θ)]})
π (E exp {λ[rn (θ) − R(θ)]})

Inequality (1) can be interpreted as an integrated version (with respect to π) of Hoeffding’s inequality, for which f (λ, n)  λ2 /n. In many cases the loss will be bounded
uniformly over θ; then Hoeffding’s inequality will directly imply (1). The expectation with
respect to π in (1) allows us to treat some cases where the loss is not upper bounded by
specifying a prior with sufficiently light tails.

Definition 2.4 We say that a Bernstein assumption is satisfied for prior π when there is
∗ such that, for any λ ∈ I, for any θ ∈ Θ,
a function g and an interval I ⊂ R+

 


π E exp λ[R(θ) − R] − λ[rn (θ) − rn ] 
≤ π exp g(λ, n)[R(θ) − R] .
(2)
π E exp λ[rn (θ) − rn ] − λ[R(θ) − R]

This assumption is satisfied for example by sums of i.i.d. sub-exponential random
variables, see Subsection 2.4 p. 27 in Boucheron et al. (2013), when a margin assumption
on the function R(·) is satisfied (Tsybakov, 2004). This is discussed in Section 4.2. Again,
extensions beyond the i.i.d. case are possible, see e.g. Wintenberger (2010) for a survey
and new results. In all these examples, the important feature of the function g that we
will use to derive rates of convergence is the fact that there is a constant c > 0 such that

when λ = cn, g(λ, n) = g(cn, n)  n.
Pn
`(Yi , fθ (Xi )), however,
As mentioned previously, we will often consider rn (θ) = n1 i=1
the previous assumptions can also be satisfied when rn (θ) is a U-statistic, using Hoeffding’s decomposition of U-statistics combined with the corresponding inequality for sums
of independent variables (Hoeffding, 1948). This idea comes from Clémençon et al. (2008)
and we will use it in our ranking application.
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ρ∈F

ρ̃λ = arg min K(ρ, ρ̂λ ),
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The difficulty is to find a family F (a) which is large enough, so that ρ̃λ may be close to
ρ̂λ , and (b) such that computing ρ̃λ is feasible. Moreover, even when there are algorithms
for ρ̃λ that are efficient in practice, we may, depending on the problem at hand, have more

where
K(ρ, ρ̂λ ) denotes the KL (Küllback-Leibler) divergence of ρ̂λ relative to ρ: K(m, µ) =
R
log[ dm
dµ ]dm if m  µ (i.e. µ dominates m), K(m, µ) = +∞ otherwise.

Definition 3.1 Let

Various versions of VB (Variational Bayes) have appeared in the literature, but the main
idea is as follows. We define a family F ⊂ M1+ (Θ) of probability distributions that are
considered as tractable. Then, we define the VB-approximation of ρ̂λ : ρ̃λ .

3.2 Variational Bayes

As already explained in the introduction, the usual approach to approximate ρ̂λ is MCMC
(Markov chain Monte Carlo) sampling. Ridgway et al. (2014) proposed tempering SMC
(Sequential Monte Carlo, e.g. Del Moral et al. (2006)) as an alternative to MCMC to sample
from Gibbs posteriors: one samples sequentially from ρ̂λt , with 0 = λ0 < · · · < λT = λ
where λ is the desired temperature. One advantage of this approach is that it makes
it possible to contemplate different values of λ, and choose one by e.g. cross-validation.
Another advantage is that such an algorithm requires little tuning; see Appendix B for
more details on the implementation of tempering SMC. We will use tempering SMC as our
gold standard in our numerical studies.
SMC and related Monte Carlo algorithms tend to be too slow for practical use in
situations where the sample size is large, the dimension of Θ is large, or fθ is expensive to
compute. This motivates the use of fast, deterministic approximations, such as Variational
Bayes, which we describe in the next section.

3.1 Monte Carlo

3. Numerical approximations of the pseudo-posterior

that allow using the more general form of the margin assumption of Mammen and Tsybakov
(1999); Tsybakov (2004). PAC-Bayes bounds in this context are provided by Catoni (2007).
However, the techniques involved would require many pages to be described so we decided
to focus on the cases κ = 0 and κ = 1 to keep the exposition simple.

Remark 2.1 We could consider more generally inequalities of the form
 



π E exp λ[R(θ) − R] − λ[rn (θ) − rn ] 
≤ π exp g(λ, n)[R(θ) − R]κ
π E exp λ[rn (θ) − rn ] − λ[R(θ) − R]

On the Properties of Variational Approximations of Gibbs Posteriors
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Remark 3.1 An useful identity, obtained by direct calculations, is: for any ρ  π,
Z
Z
log exp [−λrn (θ)] π(dθ) = −λ rn (θ)ρ(dθ) − K(ρ, π) + K(ρ, ρ̂λ ).

(5)

In what follows (Subsections 4.1 and 4.2) we provide tight bounds for the prediction
risk of ρ̃λ . This leads to the identification of a condition on F such that the risk of ρ̃λ is
not worse than the risk of ρ̂λ . We will make this condition explicit in various examples,
using either mean field VB or parametric approximations.

and M is finite-dimensional; say F P is the family of Gaussian distributions (of dimension d). In this case, several methods may be used to compute the infimum.
As above, one may used fixed-point iteration, provided
R an equation similar to (4)
is available. Alternatively, one may directly maximize log[exp[−λrn (θ)] dπ
dρ (θ)]ρ(dθ)
with respect to parameter m, using numerical optimization routines. This approach
was used for instance in Hoffman et al. (2013) with combination of some stochastic
gradient descent to perform inference on a latent Dirichlet allocation model. See also
e.g. Khan (2014); Khan et al. (2013) for efficient algorithms for Gaussian variational
approximation.


F P = ρ ∈ M1+ (Θ) : ρ(dθ) = f (θ; m)dθ, m ∈ M ;

• Parametric family:

This leads to a natural algorithm were we update successively every ρj until stabilization.

i6=j

Q
The infimum of the KL divergence K(ρ, ρ̂λ ), relative to ρ = i ρi satisfies the following fixed point condition (Parisi, 1988; Bishop, 2006, Chap. 10):


Z
Y
∀j ∈ {1, · · · , d} ρj (dθj ) ∝ exp  {−λrn (θ) + log π(θ)}
ρi (dθi ) π(dθj ). (4)

i=1

• Mean field VB: for a certain decomposition Θ = Θ1 ×. . . ×Θd , F is the set of product
probability measures
(
)
d
Y
F MF = ρ ∈ M1+ (Θ) : ρ(dθ) =
ρi (dθi ), ∀i ∈ {1, . . . , d}, ρi ∈ M1+ (Θi ) . (3)

or less strong guarantees on the quality of the optimization. For example, while in Section 6
we consider a setting where an exact upper bound for the optimization error is available,
in Section 8 this is no longer the case.
We now review two types of families popular in the VB literature.
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rn (θ)ρ(dθ) +


1
K(ρ, π)
λ

Since the left hand side does not depend on ρ, one sees that ρ̃λ , which minimizes K(ρ, ρ̂λ )
over F, is also the minimizer of:
Z
ρ∈F

ρ̃λ = arg min

This equation will appear frequently in the sequel in the form of an empirical upper bound.

4. General results
This section gives our general results, under either a Hoeffding Assumption (Definition
2.3) or a Bernstein Assumption (Definition 2.4), on risks bounds for the variational approximation, and how it relates to risks bounds for Gibbs posteriors. These results will be
specialised to several learning problems in the following sections.
4.1 Bounds under the Hoeffding assumption
4.1.1 Empirical bounds

rn dρ +

f (λ, n) + K(ρ, π) + log
λ

Theorem 4.1 Under the Hoeffding assumption (Definition 2.3), for any ε > 0, with prob1 (Θ),
ability at least 1 − ε we have simultaneously for any ρ ∈ M+

Z
Z
1
ε
.
Rdρ ≤

This result is a simple variant of a result in Catoni (2007) but for the sake of completeness, its proof is given in Appendix A. It gives us an upper bound on the risk of both
the pseudo-posterior (take ρ = ρ̂λ ) and its variational approximation (take ρ = ρ̃λ ). These
bounds may be be computed from the data, and therefore provide a simple way to evaluate
the performance of the corresponding procedure, in the spirit of the first PAC-Bayesian
inequalities (Shawe-Taylor and Williamson, 1997; McAllester, 1998, 1999). However, these
bounds do not provide the rate of convergence of these estimators. For this reason, we also
provide oracle-type inequalities.

Rdρ + 2

f (λ, n) + K(ρ, π) + log
λ

2
ε

4.1.2 Oracle-type inequalities
R
Another way to use PAC-Bayesian bounds is to compare Rdρ̂λ to the best possible risk,
thus linking this approach to oracle inequalities. This is the point of view developed
in Catoni (2004, 2007); Dalalyan and Tsybakov (2008).

inf

1 (Θ)
ρ∈M+

Theorem 4.2 Assume that the Hoeffding assumption is satisfied (Definition 2.3). For
any ε > 0, with probability at least 1 − ε we have simultaneously
(Z
)
Z
1
Rdρ̂λ ≤ Bλ (M+
(Θ)) :=

7
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and

Z

(Z

Rdρ + 2

f (λ, n) + K(ρ, π) + log
λ

Alquier, Ridgway and Chopin

ρ∈F

Rdρ̃λ ≤ Bλ (F) := inf

2
ε

)

.

Moreover,
2
1
Bλ (F) = Bλ (M+
(Θ)) + inf K(ρ, π λ )
2
λ ρ∈F
where we remind that πλ is defined in Definition 2.2.
R
In this way, Rwe are able to compare Rdρ̂λ to the best possible aggregation procedure
1 (Θ) and
in M+
Rdρ̃λ to the best aggregation procedure in F. More importantly, we are
able to obtain explicit expressions for the right-hand side of these inequalities in various
models, and thus to obtain rates of convergence. This will be done in the remaining
sections. This leads to the second interest of this result: if there is a λ = λ(n) that leads
1 (Θ)) ≤ R + s with s → 0 for the pseudo-posterior ρ̂ , then we only have to
to Bλ (M+
n
n
λ
prove that there is a ρ ∈ F such that K(ρ, πλ )/λ ≤ csn for some constant c > 0 to ensure
that the VB approximation ρ̃λ also reaches the rate sn .
We will see in the following sections several examples where the approximation does not
deteriorate the rate of convergence. But first let us show the equivalent oracle inequality
under the Bernstein assumption.

4.2 Bounds under the Bernstein assumption

In this context the empirical bound on the risk would depend on the minimal achievable
risk r̄n , and cannot be computed explicitly. We give the oracle inequality for both the
Gibbs posterior and its VB approximation in the following theorem.

Rdρ̃λ − R ≤ B λ (F),


1
Rdρ̂λ − R ≤ B λ M+
(Θ) ,

Theorem 4.3 Assume that the Bernstein assumption is satisfied (Definition 2.4). Assume
that λ ∈ I satisfies λ − g(λ, n) > 0. Then for any ε > 0, with probability at least 1 − ε we
have simultaneously:
Z

Z



2
inf K ρ, π λ+g(λ,n) .
λ − g(λ, n) ρ∈F
2

1 (Θ) or A = F,
where, for either A = M+
(
)


Z
1
2
inf [λ + g(λ, n)] (R − R)dρ + 2K(ρ, π) + 2 log
.
λ − g(λ, n) ρ∈A
ε

B λ (A) =

In addition,


1
B λ (F) = B λ M+
(Θ) +

8
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Cλ2
2n−λ .
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We propose in this context a Gaussian prior: π = Nd (0, ϑ2 Id ), and we consider a
VB approach based on Gaussian families. The corresponding optimization problem is not
convex, but remains feasible as we explain below.

for some constant C 0 > 0 implies the margin assumption. In words, when X is not likely
to be in the region θ, X ' 0, where points are hard to classify, then the problem becomes
easier and the classification rate can be improved.

P(0 < | θ, X |≤ t) ≤ C 0 t

Remark 5.1 We refer the reader to Tsybakov (2004) for a proof that

Then Bernstein assumption (2) is satisfied with g(λ, n) =

E[(1fθ (X)6=Y − 1fθ (X)6=Y )2 ] ≤ C[R(θ) − R].

Lemma 2 Assume that Mammen and Tsybakov’s margin assumption is satisfied: i.e.
there is a constant C such that

The proof is given in Appendix A for the sake of completeness.
It is also possible to prove that Bernstein assumption (2) holds in the case where the
so-called margin assumption of Mammen and Tsybakov is satisfied. This condition we use
was introduced by Tsybakov (2004) in a classification setting, based on a related definition
in Mammen and Tsybakov (1999).

Lemma 1 Hoeffding assumption (1) is satisfied with f (λ, n) = λ2 /(2n), λ ∈ R+ .

In all this section, we assume that Y = {0, 1}
P and we consider linear classification: Θ =
X = Rd , fθ (x) = 1hθ,xi≥0 . We put rn (θ) = n1 ni=1 1{fθ (Xi )6=Yi } , R(θ) = P(Y 6= fθ (X)) and
assume that the [(Xi , Yi )]ni=1 are i.i.d. In this setting, it is well-known that the Hoeffding
assumption always holds. We state as a reminder the following lemma.

5.1 Preliminaries

5. Application to classification

The main difference with Theorem 4.2 is that the function R(·) is replaced by R(·) − R.
This is well known way to obtain better rates of convergence.

On the Properties of Variational Approximations of Gibbs Posteriors
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2. If the density of X/kXk with respect to the uniform measure on the unit
qsphere is upper bounded by
p
B
B
B
5
B then P(hX, θi hX, θ0 i < 0) ≤ 2π
arccos(hθ, θ0 i) ≤ 2π
5 − 5 hθ, θ0 i ≤ 2π
kθ − θ0 k.
2

This is not a strong assumption. It is satisfied when X has an isotropic distribution, and
more generally when X/kXk has a bounded density on the unit sphere2 . The intuition

Definition 5.1 We say that Assumption A1 is satisfied when there is a constant c > 0
such that, for any (θ, θ0 ) ∈ Θ2 with kθk= kθ0 k= 1, P(hX, θi hX, θ0 i < 0) ≤ ckθ − θ0 k.

We now want to apply Theorem 4.2 in this context. In order to do so, we introduce an
additional assumption.

Corollary 5.1 For any ε > 0, with probability at least 1 − ε we have, for any m ∈ Rd ,
σ 2 ∈ (R+ )d ,
h  2
i

σi2
kmk2
1 Pd
ϑ
d
1
Z
Z
i=1 log σi2 + ϑ2 + 2ϑ2 − 2 + log ε
2
λ
RdΦm,σ2 ≤ rn dΦm,σ2 +
+
.
2n
λ

We start with the empirical bound for F2 (and F1 as a consequence), which is a direct
corollary of Theorem 4.1.

5.3 Theoretical analysis

Note that, for the sake of simplicity, we will use the following classical notations in the
rest of the paper: ϕ(·) is the density of N (0, 1) w.r.t. the Lebesgue measure, and Φ(·) the
corresponding c.d.f. The rest of Section 5 is organized as follows. In Subsection 5.3, we
calculate explicitly Bλ (F2 ) and Bλ (F1 ). Thanks to (6) this also gives an upper bound on
Bλ (F3 ) and proves the validity of the three types of Gaussian approximations. Then, we
give details on algorithms to compute the variational approximation based on F2 and F3 ,
and provide a numerical illustration on real data.

Bλ (M1+ (Θ)) ≤ Bλ (F3 ) ≤ Bλ (F2 ) ≤ Bλ (F1 ).

where Φm,σ2 is Gaussian distribution Nd (m, σ 2 Id ), Φm,σ2 is Nd (m, diag(σ 2 )), and Φm,Σ is
Nd (m, Σ). Obviously, F1 ⊂ F2 ⊂ F3 ⊂ M1+ (Θ), and

Consider the three following Gaussian families
n
o
F1 = Φm,σ2 , m ∈ Rd , σ 2 ∈ R∗+ ,
n
o
F2 = Φm,σ2 , m ∈ Rd , σ 2 ∈ (R∗+ )d (mean field approximation),
n
o
F3 = Φm,Σ , m ∈ Rd , Σ ∈ S d+ (full covariance approximation),

5.2 Three sets of Variational Gaussian approximations

Alquier, Ridgway and Chopin
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beyond A1 is that for a “typical” X, a very small change in θ will only induce a change
in sign(hX, θi) with a small probability. When it is not satisfied, two parameters θ and
θ0 very close to each other can lead to very different predictions, and thus, whatever the
accuracy of an approximation of θ̄, it might still lead to poor predictions.
Corollary
5.2 Assume that the VB approximation is done on either F1 , F2 or F3 . Take
√
λ = nd and ϑ = √1d . Under Assumption A1, for any ε > 0, with probability at least 1 − ε
we have simultaneously
r
r

R

d
1
d 2 log 2ε
c
R Rdρ̂λ
≤R+
.
log (4ne) + √ +
+ √
Rdρ̃λ
n
n 4n n
nd
√
See the appendix for a proof. Note also that the values λ = nd and ϑ = √1d allow to
derive this almost optimal rate of convergence, but are not necessarily the best choices in
practice.
Remark 5.2 Note that Assumption A1 is not necessary to obtain oracle inequalities on
the risk integrated under ρ̂λ . We refer the reader to Chapter 1 in Catoni (2007) for such
assumption-free bounds. However, it is clear that without this assumption the shape of ρ̂λ
and ρ̃λ might be very different. Thus, it seems reasonable to require that A1 is satisfied for
the approximation of ρ̂λ by ρ̃λ to make sense.
We finally provide an application of Theorem 4.3. Under the additional constraint that
the margin assumption is satisfied, we obtain a better rate.
Corollary 5.3 Assume that the VB approximation is done on either F1 , F2 or F3 . Under Assumption A1 (Definition 5.1 page 10), and under Mammen and Tsybakov margin
2n
assumption, with λ = C+2
and ϑ > 0, for any ε > 0, with probability at least 1 − ε,
R


 √
(C + 2)(C + 1) d log nϑ
dϑ 1
d
2
2
d2c(2C + 1)
R Rdρ̂λ
≤ R̄ +
+ 2 + −
+ log
+
.
Rdρ̃λ
2
n
n
ϑ ϑn n
ε
n

−

k=1


d 
σ2
mT m 1 X
+
log σk2 − k ,
2ϑ
2
ϑ

It is possible to minimze the bound with respect to ϑ explicitely, this choice or any
constant instead will lead to a rate in d log(n)/n. Note that the rate d/n is minimaxoptimal in this context. This is, for example, a consequence of more general results in Lecué
(2007) under a general form of the the margin assumption. See the Appendix for a proof.
5.4 Implementation and numerical results

n

λX
Xi m
Φ −Yi p
n
Xi diag(σ 2 )Xit
i=1

For family F2 (mean field), the variational lower bound (5) equals
!
Lλ,ϑ (m, σ) = −
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!

−

mT m 1
+
2ϑ
2
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Xi m
λX
Φ −Yi p
n
Xi ΣXit
i=1

n

while for family F3 (full covariance), it equals
Lλ,ϑ (m, Σ) = −



1
log|Σ|− trΣ .
ϑ

Both functions are non-convex, but the multimodality of the latter may be more severe due to the larger dimension of F3 . To address this issue, we recommend using the
reparametrization of Opper and Archambeau (2009), which makes the dimension of the
latter optimization problem O(n); see Khan (2014) for a related approach. In both cases,
we found that deterministic annealing to be a good approach to optimize such non-convex
functions. We refer to Appendix B for more details on deterministic annealing and on our
particular implementation.
We now compare the numerical performance of the mean field and full covariance VB
approximations to the Gibbs posterior (as approximated by SMC, see Section 3.1) for the
classification of standard datasets; see Table 1. The datasets are all available in the UCI
repository3 except for the DNA dataset which is part of the R package mlbench by Leisch
and Dimitriadou (2010). When no split between the training sample is provided we split
the data in half. The design matrices are centered and scaled before being used. For the
Glass dataset we compare the “silicon” class against the other classes.
We also include results for a linear SVM (support vector machine) and a radial kernel
SVM; the latter comparison is not entirely fair, since this is a non-linear classifier, while all
the other classifiers are linear. Except for the Glass and DNA datasets, the full covariance
VB approximation performs as well as or better than both SMC and SVM (while being
much faster to compute, especially compared to SMC). Note that some high errors for the
VB approximations can be due to the fact that the optimization of the objective is harder
(we address this issue in next section).

Interestingly, VB outperforms SMC in certain cases. This might be due to the fact
that a VB approximation tends to be more concentrated around the mode than the Gibbs
posterior it approximates. Mean field VB does not perform so well on certain datasets
(e.g. Indian). This may due either to the approximation family being too small, or to the
corresponding optmisation problem to be strongly multi-modal. We address this issue in
next section.

6. Application to classification under convexified loss

Compared to the previous section, the advantage of convex classification is that the corresponding variational approximation will amount to minimizing a convex function. This

3. https://archive.ics.uci.edu/ml/datasets.html
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23.6
08.0
34.6
48.0
35.1

180
22
10
11
10

23.6
06.9
19.6
25.5
1.1

33.6

21.3

Full cov. (F3 )

23.6
08.5
23.3
26.2
1.1

32.0

22.3

SMC

3.5
10.1
4.7
26.8
1.7

32.0

30.4

5.1
21.4
6.5
25.3
1.7

33.2

21.6

SVM SVM
radial linear

n

i=1

1X
max(0, 1 − Yi hθ, Xi i).
n
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2
Lemma 3 Under
qan independent Gaussian prior π such that each component is N (0, ϑ ),
1
n2
and for λ < cx ϑ and with bounded design |Xij |< cx , Hoeffding assumption (1) is


2 λ2 c2
x
satisfied with f (λ, n) = λ2 /(4n) − 12 log 1 − ϑ 2n
.

Contrary to the previous section, the risk is not bounded in θ, and we must specify a prior
distribution for the Hoeffding assumption to hold.

6.1 Theoretical Results

We will write
for the theoretical counterpart and R̄H for its minimum in θ. We
keep the superscript H in order to allow comparison with the risk R under the 0-1 loss. We
assume in this section that the Xi are uniformly bounded, that is, we have almost surely
kXi k∞ = maxj |Xi,j |< cx for some cx > 0. Note that we do not require an assumption of
the form (A1) to obtain the results of this section, as we rely directly on the Lipschitz
continuity of the hinge risk.

RH

rnH (θ) =

means that (a) the minimization problem will be easier to deal with; and (b) we will
be able to compute a bound for the integrated risk after a given number of steps of the
minimization procedure.
The setting is the same as in the previous section, except that for convenience we now
take Y = {−1, 1}, and the risk is based on the hinge loss,

Misclassification rates for different datasets and for the proposed approximations of the Gibbs posterior. The
last two columns are the missclassification rate given by a SVM with radial kernel and a linear SVM. The hyperparameters are chosen by cross-validation.

Table 1: Comparison of misclassification rates (%).
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writing Γi := Yi Xi .
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We have motivated the introduction of the hinge loss as a convex upper bound. In the
sequel we show that the resulting VB approximation also leads to a convex optimization
problem. This has the advantage of opening a range of possible optimization algorithms
(Nesterov, 2004). In addition we are able to bound the error of the approximated measure
after a fixed number of iterations (see Theorem 6.2).
Under the model F1 each individual risk is given by:






1 − Γi m
1 − Γi m
m
ρm,σ (ri (θ)) = (1 − Γi m) Φ
+ σkΓi kϕ
:= Ξi
,
σ
σkΓi k2
σkΓi k2

6.2 Numerical application

for every θ ∈ Rp . By integrating with respect to ρ̃H (the VB approximation on any
F1 , F2 , F3 of the Gibbs posterior for the hinge risk) and making use of Corollary 6.1 we
have with high probability,
!
r
n
d
H
?
H
H?
ρ̃ (R(θ)) − R ≤ infp R (θ) − R + O
log
.
θ∈R
n
d

Remark 6.1 As stated in the beginning of the section we can use the estimator specified
under the hinge loss to bound the excess risk of the 0-1 loss. We write R? and RH? the
respective risk for their corresponding Bayes classifiers. From Zhang (2004) (section 3.3)
we have the following inequality, linking the excess risk under the hinge loss and the 0-1
loss,
R(θ) − R? ≤ RH (θ) − RH?

The oracle inequality in the above corollary enjoys the same rate of convergence as the
equivalent result in the preceding section. In the following we link the two results.

Corollary
p 6.1 Assume that the VB approximation is done on either F1 , F2 or F3 . Take
λ = c1x ϑn2 and ϑ = √1d . For any ε > 0, with probability at least 1 − ε we have simultaneously
r
r
R H

 2

d d
2
cx d
n
1
2cx + 1
H
R RH dρ̂λ
+ 2cx log
log + cx
+√
≤R +
R dρ̃λ
2 n
d
n n
2cx

nd

The main impact of such a bound is that the prior variance cannot be taken too big
relative to λ.
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i=1

(1 − Γi m) Φ

1 − Γi m
σkΓi k2

+

i=1



ϑ
log σ 2 − 2 .
σ
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λ
n

kmk22 d
+
2ϑ
2

Hence the lower bound to be maximized is given by
( n

)


n
X
X
1 − Γi m
σkΓi kϕ
σkΓi k2

L(m, σ) = −
−
It is easy to see that the function is convex in (m, σ), first note that the map
 
 
 
x
x
x
Ψ:
7→ xΦ
+ yϕ
,
y
y
y


  

m
x
=Ψ A
+ b hence by compois convex and note that we can write Ξi
σ
y
sition of convex function with linear mappings we have the result. Similar reasoning could
be held for the case F2 and F3 , where in later the parametrization should be done in C
such that Σ = CC t . The bound is however not universally Lipschitz in σ, this impacts
the optimization algorithms. In Theorem 6.2 we define a ball around the optimal value
of the objective, containing the initial values. We denote it’s radius by M . On this ball
the objective is Lipschitz (with coefficient L) and optimal convex solvers can be used (e.g.
Nesterov (2004) section 3.2.3).
n
o
On the class of function F0 = Φm, 1 , m ∈ Rd , for which our Oracle inequalities
n
still hold we could get faster numerical algorithms. The objective function has Lipschitz
L
continuous derivatives and we would get a rate of (1+k)
2.
Other convex loss could be considered which could lead to convex optimization problems. For instance one could consider the exponential loss.
Theorem 6.2 Assume that the VB approximation is based on either F1 , F2 or F3 . Denote
by ρ̃k (dθ) the VB approximated measure after the kth iteration of an optimal convex solver
using the hinge loss. Fix M > 0 large enough so that the optimal approximated mean and
variance
√ m̄,Σ̄ are at distance at most M from the initial value used by the solver. Take
λ = nd and ϑ = √1d then under the hypothesis of Corollary 6.1 with probability 1 − 
r
r


Z
LM
n
d d
1
2
cx d
2cx2 + 1
H
log + cx
+√
+ 2cx log
RH dρ̃k ≤ R + √
+
2 n
d
n n
2cx

1+k
nd
where L is the Lipschitz coefficient on a ball of radius M defined above.

Note that this result is stronger and more practical than the previous ones: it ensures
a certain error level (with fixed probability 1 − ) for the k-th iterate of the optimization
algorithm, for a known value of k. In contrast, previous results applied to the output of
the optimizer ”for k large enough”.
We find that on average the misclassification error (Table 2) is lower than for the 0-1
loss where we have no guaranties that the maximum is attained.
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Dataset

7
60
180
22
10
11
10

Covariates

19.5
26.2
4.2
10.1
2.8
25.5
0.5

Hinge loss

22.3
32.0
23.6
08.5
23.3
25.5
1.1

SMC
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Pima
Credit
DNA
SPECTF
Glass
Indian
Breast

Table 2: Comparison of misclassification rates (%).

Misclassification rates for different datasets and for the proposed approximations of the Gibbs
posterior. The hyperparameters are chosen by cross-validation. This is to be compared
to Table 1. The variational Bayes approximation was computed using the R package we
developed (see the introduction for a reference).

7. Application to ranking
7.1 Preliminaries

1≤i6=j≤n

X

1{(Yi −Yj )fθ (Xi ,Xj )<0} .

R(θ) = P [(Y1 − Y2 )fθ (X1 , X2 ) < 0]

1
n(n − 1)

λ2
n−1 .

We now focus on the ranking problem. We follow Clémençon et al. (2008) for the definitions
of the basic concepts: Y = {0, 1}, Θ = X = Rd and fθ : X 2 → {−1, +1} for θ ∈ Θ;
fθ (x, x0 ) = 1 (resp. −1) means that x is more (resp. less) likely to correspond to label 1
than x0 . The natural risk function is then

and the empirical risk
rn (θ) =

Again, we recall classical results.

Lemma 4 The Hoeffding-type assumption is satisfied with f (λ, n) =

The variant of the margin assumption adapted to ranking was established by Robbiano
(2013) and Ridgway et al. (2014).

Lemma 5 Assume the following margin assumption:

Cλ2
n−1−4λ .

E[(1fθ (X1 ,X2 )[Y1 −Y2 ]<0 − 1fθ (X1 ,X2 )[Y1 −Y2 ]<0 )2 ] ≤ C[R(θ) − R].

Then Bernstein assumption (2) is satisfied with g(λ, n) =
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R



(C + 5)(C + 1) d log nϑ
dϑ
1
d
2
2
R Rdρ̂λ
≤ R̄ +
+
+ −
+
log
Rdρ̃λ
2
n−1
n(n − 1) ϑ ϑn − 1 n − 1
ε
√
d4c(C + 1)
+
.
n

Corollary 7.3 Under Assumption A2 and the margin assumption of Lemma (5), for λ =
n−1
C+5 and ϑ > 0, for any ε > 0, with probability at least 1 − ε,

Finally, under an additional margin assumption, we have:

Assumption A2 is just Assumption A1 applied to the distribution of (X1 −X2 ). Intuitively,
it means that two parameters close to each other rank X1 and X2 in the same way (with
large probability).
q
Corollary 7.2 Use either F1 , F2 or F3 . Take λ = d(n−1)
and ϑ = 1. Under (A2), for
2
any ε > 0, with probability at least 1 − ε,
√
r

√
R



2 2 log 2e
2d
1
c 2
1
ε
R Rdρ̂λ
√ + p
1 + log (2d(n − 1)) + √
+
≤ R+
.
Rdρ̃λ
n−1
2
n − 1 (n − 1)3/2 2d
(n − 1)d

Definition 7.1 We say that Assumption A2 is satisfied when there is a constant c > 0 such
that, for any (θ, θ0 ) ∈ Θ2 with kθk= kθ0 k= 1, P(hX1 − X2 , θi hX1 − X2 , θ0 i < 0) ≤ ckθ −θ0 k.

In order to derive a theoretical bound, we introduce the following variant of Assumption A1.

Corollary 7.1 For any ε > 0, with probability at least 1 − ε we have, for any m ∈ Rd ,
σ 2 ∈ (R+ )d ,
i
h  2

σi2
kmk2
1 Pd
ϑ
d
1
Z
Z
j=1 log σi2 + ϑ2 + 2ϑ2 − 2 + log ε
2
λ
RdΦm,σ2 ≤ rn dΦm,σ2 +
+
.
n−1
λ

Here again, we start with the empirical bound.

7.2 Theoretical study

and the approximation families will be the same as in Section 5: F1 = {Φm,σ2 , m ∈ Rd , σ 2 ∈
R∗+ }, F2 = {Φm,σ2 , m ∈ Rd , σ 2 ∈ (R∗+ )2 } and F3 = {Φm,Σ , m ∈ Rd , Σ ∈ S d+ }.

4. https://archive.ics.uci.edu/ml/datasets.html
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As an illustration we focus here on family F2 (mean field). In this case the VB objective
to maximize is given by:



d 
2
X
X
σ2
Γ
m
λ
ij
2
 − kmk2 + 1
L(m, σ ) = −
log σk2 − k ,
Φ − qP
d
n+ n−
2ϑ
2
ϑ
k 2 2
i:yi =1,j:yj =0
k=1
k=1 (γij ) σk
(7)
where Γij = Xi − Xj , n+ = card{1 ≤ i ≤ n : Yi = 1}, n− = n − n+ = card{1 ≤ i ≤ n :
k ) are the elements of Γ.
Yi = 0} and where (γij
k
This function is expensive to compute, as it involves n+ n− terms, the computation of
which is O(p).
We propose to use a stochastic gradient descent in the spirit of Hoffman et al. (2013).
The model we consider is not in an exponential family, meaning we cannot use the trick
developed by these authors. We propose instead to use a standard descent.
The idea is to replace the gradient by a unbiased version based on a batch of size B
as described in Algorithm P
4 in the Appendix.
P Robbins and Monro (1951) show that for
a step-size (λt )t such that t λ2t < ∞ and t λt = ∞ the algorithm converges to a local
optimum.
In our case we propose to sample pairs of data with replacement and use the unbiased
version of the derivative of the risk component. We use a simple gradient descent without
any curvature information. One could also use recent research on stochastic quasi NewtonRaphson (Byrd et al., 2014).
For illustration, we consider a small dataset (Pima), and a larger one (Adult). Both
datasets are available in the UCI repository4 . As for the previous experiment the data
is scaled and centered. The latter is already quite challenging with n+ n− = 193, 829, 520
pairs to compare. In both cases with different size of batches convergence is obtained with
a few iterations only and leads to acceptable bounds.
In Figure 1 we show the empirical bound on the AUC risk as a function of the iteration
of the algorithm, for several batch sizes. The bound is taken for 95% probability, the
batch sizes are taken to be B = 1, 10, 20, 50 for the Pima dataset, and 50 for the Adult
dataset. The figure shows an additional feature of VB approximation in the context of

7.3 Algorithms and numerical results

It is possible to optimize the bound with respect to ϑ. The proof is similar to the ones
of Corollaries 5.2, 5.3 and 7.2.
As in the case of classification, ranking under an AUC loss can be done by replacing
the indicator function by the corresponding upper bound given by an hinge loss. In this
case we can derive similar results as for the convexified classification in particular we can
get a convex minimization problem and obtain result without requiring assumption (A2).

We focus on linear classifiers, fθ (x, x0 ) = −1 + 2 × 1hθ,xi>hθ,x0 i . Like in the classification
setting, hx, θi is interpreted as a score related to the probability that Y = 1|X = x. We
consider a Gaussian prior
d
Y
π(dθ) =
ϕ(θi ; 0, ϑ2 )dθi

i=1
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The matrix completion problem has received increasing attention recently, partly due to
spectacular theoretical results (Candès and Tao, 2010), and to challenging applications
like the Netflix challenge (Bennett and Lanning, 2007). In the perspective of this paper,
the specific interest of this application is twofold. First, this is a case where the family of
approximations is not parametric, but rather of the form (3), i.e. the family of products
of independent components. Then, there is no known theoretical result for the Gibbs
estimator in the considered model, yet we can still directly bound the loss induced by the
variational approximation.

8. Application to matrix completion

Gibbs posterior: namely the possibility of computing the empirical upper bound given
by Corollary 7.1. That is we can check the quality of the bound at each iteration of the
algorithm, or for different values of the hyperparameters.

Stochastic VB with fixed temperature λ = 100 for Pima and λ = 1000 for adult. The left panel shows
several curves that correspond to different batch sizes; these curves are hard to distinguish. The right panel
is for a batch size of 50. The adult dataset has n = 32556 observation and n+ n− = 193829520 possible
pairs. The convergence is obtained in order of seconds. The bounds are the empirical bounds obtained in
Corollary 7.1 for a probability of 95%.

Figure 1: Error bound at each iteration, stochastic descent, Pima and Adult
datasets.

Emprical Bound 95%
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1
kθ − M kF2
m1 m2

n
We observe i.i.d. pairs ((Xi , Yi ))i=1
where Xi ∈ {1, . . . , m1 } × {1, . . . , m2 }, and we
assume that there is a m1 × m2 -matrix M such that Yi = MXi + εi and the εi are centred.
Assuming that Xi is uniformon {1, . . . , m
 1 } × {1, . . . , m2 }, that fθ (Xi ) = θXi , and taking
the quadratic risk, R(θ) = E (Yi − θXi )2 , we have that

R(θ) − R =

where k·kF stands for the Frobenius norm.
A common way to parametrize the problem is

Θ = {θ = U V T , U ∈ Rm1 ×K , V ∈ Rm2 ×K }

i=1

j=1

where K is large; e.g. K = min(m1 , m2 ). Following Salakhutdinov and Mnih (2008), we
define the following prior distribution: U·,j ∼ N (0, γj I), V·,j ∼ N (0, γj I) where the γj ’s
are i.i.d. from an inverse gamma distribution, γj ∼ IΓ(a, b).
Note that VB algorithms were used in this context by Lim and Teh (2007) (with a
slightly simpler prior however: the γj ’s are fixed rather than random). Since then, this
prior and variants were used in several papers (e.g. Lawrence and Urtasun, 2009; Zhou
et al., 2010). Until now, no theoretical results were proved to the best of our knowledge.
Two papers prove minimax-optimal rates for slightly modified estimators (by truncation),
for which efficient algorithms are unknown (Mai and Alquier, 2015; Suzuki, 2014). However,
using Theorems 4.2 and 4.3 we are able to prove the following: if there is a PAC-Bayesian
bound leading to a rate for ρ̂λ in this context, then the same rate holds for ρ̃λ . In other
words: if someone proves the conjecture that the Gibbs estimator is minimax-optimal (up
to log terms) in this context, then the VB approximation will enjoy automatically the same
property.
We propose the following approximation:


m1
m2


Y
Y
ρ(d(U, V )) =
ui (dUi,· )
vj (dVj,· ) .


F=

Theorem 8.1 Assume that M = U V T with |Ui,k |, |Vj,k |≤ C. Assume that rank(M ) = r so
that we can assume that U·,r+1 = · · · = U·,K = V·,r+1 = · · · = V·,K = 0 (note that the prior π
does not depend on the knowledge of r though). Choose the prior distribution on the hyperparameters γj as inverse gamma Inv−Γ(a, b) with b ≤ 1/[2β(m1 ∨ m2 ) log(2K(m1 ∨ m2 ))].
Then there is a constant C(a, C) such that, for any β > 0,


1
inf K(ρ, πβ ) ≤ C(a, C) r(m1 + m2 ) log [βb(m1 + m2 )K] +
.
β

ρ∈F

See the Appendix for a proof.
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5. PACVB package: https://cran.r-project.org/web/packages/PACVB/index.html
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We showed in several important scenarios that approximating a Gibbs posterior through
VB (Variational Bayes) techniques does not deteriorate the rate of convergence of the
corresponding procedure. We also described practical algorithms for fast computation of
these VB approximations, and provided empirical bounds that may be computed from
the data to evaluate the performance of the so-obtained VB-approximated procedure. We
believe these results provide a strong incentive to recommend VB as the default approach
to approximate Gibbs posteriors, in lieu of Monte Carlo methods. We also developed a R
package5 for convexified losses (classification and bipartite ranking), applying the ideas of
Section 6.

9. Discussion

where the expectations are taken with respect to the thus defined variational approximations. One recognises Gaussian distributions for the first two, and an inverse Gamma
distribution for the third. We refer to Lim and Teh (2007) for more details on this algorithm and for a numerical illustration. However, we point out that in this case, while
the algorithm seems to work well in practice, there is no theoretical guarantee that it will
converge to the global minimum of the problem.

As already mentioned, the approximation family is not parametric in this case, but rather
of type mean field. The corresponding VB algorithm amounts to iterating equation (4),
which takes the following form in this particular case:
(
)


K

 X
λX
1
2
T
2
uj (dUj,. ) ∝ exp −
Ujk
EV,U−j (YXi − (U V )Xi ) −
Eγj
n
2γk
i
k=1
(
)


K

 X
λX
1
2
T
2
vj (dVj,. ) ∝ exp −
V
EV−j ,U (YXi − (U V )Xi ) −
Eγj
n
2γk jk
i
k=1





 1
X
X
1
β
2
2

p(γk ) ∝ exp −
EU Ukj +
EV Vik  + (α + 1) log
−
 2γk
γk
γk 

8.1 Algorithm

exp(−h)dπ =

ρ∈M1+ (Θ)

min

Z

ρ∈M1+ (Θ)

min


hdρ + K(ρ, π) ,

hdρ + K(ρ, π) .

Z

exp(−λrn )dπ =

ρ∈M1+ (Θ)

min

 Z

λ rn dρ + K(ρ, π) .

(10)
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Proof of Theorem 4.1. This proof follows the standard PAC-Bayesian approach (see Catoni
(2007)). Apply Fubini’s theorem to the first inequality of (1):
Z
E exp {λ[R(θ) − rn (θ)] − f (λ, n)} π(dθ) ≤ 1

A.2 Proof of the theorems in Subsection 4.1

We will use (8), (9) and (10) several times in this appendix.

− log

ρ∈M1+ (Θ)

We will use these inequalities many times in the followings. The most frequent application
will be with h(θ) = λrn (θ) (in this case π[λrn ] = ρ̂λ ) or h(θ) = ±λ[rn (θ) − R(θ)], the first
case leads to
Z
Z
K(ρ, ρ̂λ ) = λ rn dρ + K(ρ, π) + log exp(−λrn )dπ,
(8)
 Z

ρ̂λ = arg min
λ rn dρ + K(ρ, π) ,
(9)
Z

− log

Z

π[h] = arg

Two well known consequences are

R
Direct calculation yields, for any ρ  π with rn dρ < ∞,
Z
Z
K(ρ, π[rn ]) = λ rn dρ + K(ρ, π) + log exp(−h)dπ.

A.1 Preliminary remarks

Appendix A. Proofs

We hope to extend our results to other applications beyond those discussed in this
paper, such as regression. One technical difficulty with regression is that the risk function
is not bounded, which makes our approach a bit less direct to apply. In many papers on
PAC-Bayesian bounds for regression, the noise can be unbounded (usually, it is assumed
to be sub-exponential), but one assumes that the predictors are bounded, see e.g. Alquier
and Biau (2013). However, using the robust loss function of Audibert and Catoni, it is
possible to relax this assumption (Audibert and Catoni, 2011; Catoni, 2012). This requires
a more technical analysis, which we leave for further work.

For instance, in Theorem 4.3, in classification and ranking we had λ, λ − g(λ, n) and
λ + g(λ, n) of order O(n). In this case we would have:




2
C(a, C)r(m1 + m2 ) log [nb(m1 + m2 )K]
,
inf K ρ, π λ+g(λ,n) = O
λ − g(λ, n) ρ∈F
n
2

and note that in this context it is know that the minimax rate is at least r(m1 + m2 )/n
(Koltchinskii et al., 2011).
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Z

λ[R(θ) − rn (θ)]ρ(dθ) − K(ρ, π) − f (λ, n)

)
≤ 1.
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1 (Θ)
ρ∈M+

sup

then apply the preliminary remark with h(θ) = λ[rn (θ) − R(θ)]:
(
E exp

sup

1 (Θ)
ρ∈M+

λ[R(θ) − rn (θ)]ρ(dθ) − K(ρ, π) − f (λ, n) + log(ε) > 0 ≤ ε.

Multiply both sides by ε and use E[exp(U )] ≥ P(U > 0) for any U to obtain:
"
#
Z
P

Then consider the complementary event:

 
Z
Z
1
1
≥ 1 − ε.
P ∀ρ ∈ M+
(Θ), λ Rdρ ≤ λ rn dρ + f (λ, n) + K(ρ, π) + log
ε

rn dρ ≤ λ

inf

1 (Θ)
ρ∈M+

rn dρ + f (λ, n) + K(ρ, π) + log

Rdρ + f (λ, n) + K(ρ, π) + log

λ

 
2
ε


Proof of Theorem 4.2. Using the same calculations as above, we have, with probability at
1 (Θ),
least 1 − ε, simultaneously for all ρ ∈ M+
 
Z
Z
2
λ Rdρ ≤ λ rn dρ + f (λ, n) + K(ρ, π) + log
(11)
ε
 
Z
Z
2
.
(12)
ε
λ

Rdρ̂λ ≤

We use (11) with ρ = ρ̂λ and (9) to get
 Z
Z
λ

2
ε

and plugging (12) into the right-hand side, we obtain
 Z
 
Z
Rdρ̂λ ≤ inf
.
λ Rdρ + 2f (λ, n) + 2K(ρ, π) + 2 log
λ

1 (Θ)
ρ∈M+

f (λ, n) + K(ρ, ρ̂λ ) − log

Z

exp(−λrn )dπ + log

2
ε

 

2
ε

Now, we work with ρ̃λ = arg minρ∈F K(ρ, ρ̂λ ). Plugging (8) into (11) we get, for any ρ,
 
Z
Z
Rdρ ≤ f (λ, n) + K(ρ, ρ̂λ ) − log exp(−λrn )dπ + log
.
λ

ρ∈F

Rdρ̃λ ≤ inf

By definition of ρ̃λ , we have:

Z
λ
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rn dρ + f (λ, n) + K(ρ, π) + log
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ρ∈F

Rdρ̃λ ≤ inf

and, using (8) again, we obtain:
 Z
Z
λ

ρ∈F

Rdρ̃λ ≤ inf

λ

2
ε

.

 

2
ε

 

Rdρ + 2f (λ, n) + 2K(ρ, π) + 2 log

We plug (12) into the right-hand side to obtain:
 Z
Z
λ

2
inf K(ρ, π λ ),
2
λ ρ∈F

.

This proves the second inequality of the theorem. In order to prove the claim

1
Bλ (F) = Bλ (M+
(Θ)) +

note that
(Z
)
2f (λ, n) 2K(ρ, π) 2 log 2ε
+
+
Bλ (F) = inf
Rdρ +
ρ∈F
λ
λ
λ
(
)


Z
2
λ
2f (λ, n) 2K(ρ, π λ2 ) 2 log 2ε
= inf − log exp − R dπ +
+
+
ρ∈F
λ
2
λ
λ
λ



Z
2
λ
2f (λ, n) 2 log 2ε
2
= − log exp − R dπ +
+
+ inf K(ρ, π λ )
2
λ
2
λ
λ
λ ρ∈F
2
inf K(ρ, π λ ).
2
λ ρ∈F
1
= Bλ (M+
(Θ)) +

This ends the proof. 

A.3 Proof of Theorem 4.3 (Subsection 4.2)

ρ

Proof of Theorem 4.3. As in the proof of Theorem 4.1, we apply Fubini, then (10) to the
first inequality of (2) to obtain


Z


E exp sup
λ[R(θ) − R] − λ[rn (θ) − rn ] − g(λ, n)[R(θ) − R] ρ(dθ) − K(ρ, π) ≤ 1

Z

Z

 #)
2
ε
Rdρ − R ≥ λ
rn dρ − rn + K(ρ, π) + log
≤ . (13)
ε
2

and we multiply both sides by ε/2 to get
(
"

ρ

P sup [λ − g(λ, n)]

We now consider the second inequality in (2):

E exp λ[rn (θ) − rn ] − λ[R(θ) − R] − g(λ, n)[R(θ) − R] ≤ 1.

24

JMLR 17(239):1-41

Z

≤

inf



ρ∈M1+ (Θ)

Rdρ̂λ − R

[λ + g(λ, n)]

(

Z

 )
2
.
Rdρ − R + 2K(ρ, π) + 2 log
ε


Rdρ̃λ − R

ρ∈F

≤ inf





K(ρ, ρ̂λ ) − log

Z

 
2
exp[−λ(rn − rn )]dπ + log
.
ε
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Then, apply (8) again to get:
Z

 Z
 
2
[λ − g(λ, n)]
Rdρ̃λ − R ≤ inf λ (rn − rn )dρ + K(ρ, π) + log
.
ρ∈F
ε

[λ − g(λ, n)]

Z

By definition of ρ̃λ , we have:

Now, we work with ρ̃λ . Plugging (8) into (13) we get
Z

 
Z
2
[λ − g(λ, n)]
Rdρ − R ≤ K(ρ, ρ̂λ ) − log exp[−λ(rn − rn )]dπ + log
.
ε

[λ − g(λ, n)]

We plug (16) into the right-hand side to obtain:

We now derive consequences of these two inequalities (in other words, we focus on the
event where these two inequalities are satisfied). Using (9) in (15) yields
Z

 Z

 
2
[λ − g(λ, n)]
Rdρ̂λ − R ≤ inf
λ
rn dρ − rn + K(ρ, π) + log
.
ε
ρ∈M1+ (Θ)

2c

Z

kθ − θkΦm,σ2 (dθ)
h
 2
d 12 log σϑ2 +
λ
+ +2
n

σ2
2ϑ2

i

λ

+

kmk2
2ϑ2

−

26

2
ε






.

+ log

2
ε
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d
2

θ
− θ ≤ 2ckθ − θk.
kθk

We now restrict the infimum to distributions ν such that m = θ:
 2

ϑ
dσ 2
1
 √
λ d log σ2 + ϑ2 + ϑ2 − d + 2 log
B(F1 ) ≤ R + inf 2c dσ + +
n
λ
σ2 


(m,σ 2 )

Bλ (F1 ) ≤ R + inf

So:


= P hθ, Xi θ, X < 0 ≤ c

.

Note that the minimizer of R, θ, is not unique (because fθ (x) does not depend on kθk) and
we can chose it in such a way that kθk= 1. Then
h
i
h
i
R(θ) − R = E 1hθ,XiY <0 − 1hθ,X iY <0 ≤ E 1hθ,Xihθ,X i<0

Proof of Lemma 1. Combine Theorem 2.1 p. 25 and Lemma 2.2 p. 27 in Boucheron et al.
(2013). 
Proof of Lemma 2. Apply Theorem 2.10 in Boucheron et al. (2013), and plug the margin
assumption. 
Proof of Corollary 5.2. We remind that thanks to (6) it is enough to prove the claim for
F1 . We apply Theorem 4.2 to get:
(Z
)
K(Φm,σ2 , π) + log 2ε
λ
Bλ (F1 ) = inf
RdΦm,σ2 + + 2
n
λ
(m,σ 2 )
 2
h
i


2
ϑ
σ2
1
Z

d 2 log σ2 + 2ϑ
+ kmk
− d2 + log 2ε 
2
λ
2ϑ2
= inf
RdΦm,σ2 + + 2
.

n
λ
(m,σ 2 ) 

A.4 Proofs of Section 5



Plug (16) into the right-hand side to get

Z
[λ − g(λ, n)]
Rdρ̃λ − R

 
Z
2
.
≤ inf [λ + g(λ, n)] (R − R)dρ + 2K(ρ, π) + 2 log
ρ∈F
ε

The same derivation leads to
(
"

Z

 #)
Z
2
ε
P sup [λ − g(λ, n)]
Rdρ − R + K(ρ, π) + log
≤ . (14)
rn dρ − rn ≥ λ
ε
2
ρ

We combine (13) and (14) by a union bound argument, and we consider the complementary
event: with probability at least 1 − ε, simultaneously for all ρ ∈ M1+ (Θ),

 

Z
Z
2
rn dρ − rn + K(ρ, π) + log
,
(15)
[λ − g(λ, n)]
Rdρ − R ≤ λ
ε

Z

 
Z
2
Rdρ − R + K(ρ, π) + log
.
(16)
λ
rn dρ − rn ≤ [λ + g(λ, n)]
ε
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1
2λ

and substitute

√1
d

for ϑ to get

1
λ − g(λ, n)

d2
4λ2
2
ε


.



2
2K(Φm,σ2 , π) + 2 log


+ 2 log
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We put σ =

Z
(R − R̄)dΦm,σ2 +

+2

1
2

Pd
j=1

h 
log

we get the result. 

ϑ2
σ2


σ2
ϑ2

i
+

kmk2
2ϑ2

λ − g(λ, n)

+

−

d
2

+ log

2
ε

.

)

Computations similar to those in the the proof of Corollary 5.2 lead to

λ + g(λ, n)
λ − g(λ, n)

√
2
λ c d + d log(4 λd ) +
B(F1 ) ≤ R + +
n
λ
√
Substitute nd for λ to get the desired result. 
Proof of Corollary 5.3. We apply Theorem 4.3:
Z
(R − R)dρ̃λ

m,σ 2

2n
C+1 .

≤ inf

where λ <

2n
C+2 ,

(
Z
Z
λ + g(λ, n)
Rdρ̃λ ≤ R + inf 2c
kθ − θkΦm,σ2 (dθ)
λ − g(λ, n)
m,σ 2

taking m = θ̄ and λ =
A.5 Proofs of Section 6

Proof of Lemma 3. For fixed θ we can upper bound the individual risk such that:
0 ≤ max(0, 1− < θ, Xi > Yi ) ≤ 1 + |< θ, Xi > |
such that we can apply Hoeffding’s inequality conditionally on Xi and fixed θ.
We get,
(
)
n



λ2 X
E exp λ(RH − rnH ) |X1 , · · · , Xn ≤ exp
(1 + |< θ, Xi > |)2
8n2
i=1

 2
λ2 cx2
λ
+
kθk2
≤ exp
4n
4n

where the last inequality stems from the fact that (a + b)2 ≤ 2 a2 + b2 and the fact that
we have supposed the
to be bounded. We can take the expectation of this term with
Xi
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respect to the Xi ’s and with respect to our Gaussian prior.
 
λ2
 2 2

Z
exp 4n
 

λ cx
1
exp
kθk2 − 2 kθk2 dθ
π E exp λ(RH − rnH )
≤
d√
4n
2ϑ
(2π) 2 ϑ2
 
λ2




Z
exp 4n
1 1
λ2 cx2
≤
kθk2 dθ
exp −
−
d√
2 ϑ2
2n
(2π) 2 ϑ2
1
cx

1
2

Pd
j=1

log

ϑ2
σ2

+

λ

σ2
ϑ2

+

kmk2
2ϑ2

−

d
2

+ log

2 2

2
ε

2
ε

)






.

The integral is a properly defined Gaussian integral under the hypothesis that ϑ12 − λ2ncx > 0
q
n2
ϑ . The integral is proportional to a Gaussian and we can directly write:
hence λ <

 2
exp λ
 

4n
π E exp λ(RH − rnH )
≤q
2 λ2 c2
x
1 − ϑ 2n

RH dΦm,σ2 +

+2

writing everything in the exponential gives the desired result. 
Proof of Corollary 6.1. We apply Theorem 4.2 to get:
(Z


K(Φm,σ2 , π) + log
λ
1
ϑ2 λ2 cx2
Bλ (F1 ) = inf
RH dΦm,σ2 +
− log 1 −
+2
2n
λ
2n
λ
(m,σ 2 )



Z
λ
ϑλ2 cx2
1
− log 1 −
2n λ
2n
i
h  
(m,σ 2 ) 

= inf

σ2

ϑ2

pn

such that we get:

2
ε






.

− d + 2 log
√
n

by replacing in the above

r


d
 √ 
ϑ2
1
cx ϑ
2 +
log 1 −
+d √ log ϑ2 nd +cx ϑ nϑ
n
2
n

1
d

1
ϑ2

We use the fact that the hinge loss is √
Lipschitz and that the (Xi ) are uniformly bounded
kXk∞ < cx . We get RH (θ) ≤ R̄H + cx dkθ − θ̄k and restrict the infemum to distributions
ν such that m = θ:
 2

dσ 2
1
ϑ



d
log
+
+
− d + 2 log
λ
1
ϑ2 λ2 cx2
σ2
ϑ2
ϑ2
c dσ 2 +
− log 1 −
+
 x
2n λ
2n
λ
H

√

ϑ2
√ −cx
n

and λ = cx

d
+
n

√1
dn

r

B(F1 ) ≤ R +inf

We specify σ 2 =

B(F1 ) ≤ RH +cx

2cx

To get the correct rate we take the prior variance to be ϑ2 =
equation we get the desired result.
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2
ε



.
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i=1
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i=1

bnc

i6=j
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X
1
θ
qi,j
.
n(n − 1)
2
1 X 1 X
θ
n .
Un =
qπ(i),π(i+b
n
c)
2
n! π b 2 c

Un := rn (θ) − rn − R(θ) + R =

θ
qi,j
= 1{hθ, Xi − Xj i (Yi − Yj ) < 0} − 1{ θ, Xi − Xj (Yi − Yj ) < 0} − R(θ) + R

(in the last step, we used b n2 c ≥ (n − 1)/2). We proceed in the same way to upper bound
E exp[−λUn ]. 
Proof of Lemma 5. As already done above, we use Bernstein inequality and Hoeffding
decomposition. Fix θ. We define this time

Then,

29

i=1

bnc

2
1 X 1 X
θ
n
qπ(i),π(i+b
n
c)
2
n! π b 2 c

We now use, for each of the terms in the sum we use the same argument as in the proof of
Lemma 1 to get
 2 
 2 
1 X
λ
λ
E exp[λUn ] ≤
exp
≤ exp
n
n! π
2b 2 c
n−1

A.6 Proofs of Section 7

θ
qi,j
= 1(Yi −Yj )fθ (Xi ,Xj )<0 − R(θ)

Un =

i,j

X
1
θ
qi,j
= rn (θ) − R(Θ).
n(n − 1)

where the sum is taken over all the permutations π of {1, . . . , n}. Jensen’s inequality leads
to


bn
c
2
X 1 X
1
θ
E exp[λUn ] = E exp λ
qπ(i),π(i+b n c) 
2
n! π b n2 c
i=1


c
bn
2
X
λ
1 X
θ
E exp  n
qπ(i),π(i+b n c)  .
≤
2
n! π
b2c

so that

Proof of Lemma 4. The idea of the proof is to use Hoeffding’s decomposition of U-statistics
combined with Hoeffding’s inequality for iid random variables. This was done in ranking
by Clémençon et al. (2008), and later in Robbiano (2013); Ridgway et al. (2014) for ranking
via aggregation and Bayesian statistics. The proof is as follows: we define

Un :=

Alquier, Ridgway and Chopin

From Hoeffding (1948) we have

so that

By taking the Gaussian measure with variance n1 and mean θ in the infimum and taking
√
λ = c1x nd and ϑ = d1 , we can use the results of Corollary 6.1 to get the result.

Because this is true for any ρ ∈ F1 in 1−ε we can write the bound for the smallest measure
in F1 .


Z
LM
2
2
2
2
RH dρk ≤ √
+ f (n, λ) + inf ρ(RH ) + K(ρ, π) + log
ρ∈F1
λ
λ
ε
1+k λ

Using equation (11) a second time we get with probability 1 − ε
Z
2
2
2
2
LM
+ f (n, λ) + ρ(RH ) + K(ρ, π) + log
RH dρk ≤ √
λ
λ
ε
1+k λ

We can therefore write for any ρ ∈ F1 ,
Z
LM
1
1
1
1
RH dρk ≤ √
+ f (n, λ) + ρ(rnH ) + K(ρ, π) + log
λ
λ
ε
1+k λ

Combining the two equations yields,


Z
LM
1
1
1
1
RH dρk ≤ √
+ f (n, λ) + inf ρ(rnH ) + K(ρ, π) + log
ρ∈F1
λ
λ
ε
1+k λ

We have from equation (11) specified for measures ρk probability 1 − ε,
 
Z
Z
1
λ rnH dρk ≤ λ RH dρk + f (λ, n) + K(ρk , π) + log
ε


Proof of Theorem 6.2. From Nesterov (2004) (th. 3.2.2) we have the following bound on
the objective function minimized by VB, (the objective is not uniformlly Lipschitz)


1
1
LM
ρk (rnH ) + K(ρk , π) − inf ρ(rnH ) + K(ρ, π) ≤ √
.
(17)
ρ∈F1
λ
λ
1+k
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Jensen’s inequality:

i=1



c
bn
2
1 X 1 X
θ
n 
qπ(i),π(i+b
E exp[λUn ] = E exp λ
c)
2
n! π b n2 c
i=1


bnc
2
λ X
1 X
θ
n .
E exp  n
qπ(i),π(i+b
c)
2
n! π
b2c

≤

2

Then, for each of the terms in the sum, use Bernstein’s inequality:




bn
c
2 λ2
θ
2
E((qπ(1),π(1+b
n ) ) n
c)
λ X
b c
θ
2

 2 .
n  ≤ exp 
qπ(i),π(i+b
c)
2
b n2 c
2 1 − 2 b λn c
i=1
E exp 
2

2
θ
We use again b n2 c ≥ (n−1)/2. Then, as the pairs (Xi , Yi ) are iid, we have E((qπ(1),π(1+b
n ) ) =
c)

Z



θ )2 ) and then E((q θ )2 ) ≤ C[R(θ) − R] thanks to the margin assumption. So
E((q1,2
1,2





bn
c
λ2
2
C[R(θ)
−
R] n−1
λ X
θ
 .

n  ≤ exp 
E exp  n
qπ(i),π(i+b
c)
2
4λ
b2c
1 − n−1
i=1

d(n−1)
.
2

This ends the proof of the proposition. 
Proof of Corollary 7.2. The calculations are similar to the ones in the proof of Corollary 5.2
so we don’t give the details. Note that when we reach
√

c d + d log(2λ) + 4λd 2 + 2 log 2e
2λ
ε
B (F ) ≤ R +
+
,
1
λ
n−1
λ
q
an approximate minimization with respect to λ leads to the choice λ =

A.7 Proofs of Section 8

(R − R)dρ + K(ρ, π).

Proof. First, note that, for any ρ,
Z
Z


(R − R)dρ + K(ρ, π) + log exp −β(R − R) dπ
K(ρ, πβ ) = β

≤β

Now, we define a subset of F that will be used for the calculation of the bound. We define
for δ > 0 the probability distribution ρU,V,δ (dθ) as π conditioned to θ = µν T with µ is
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Z

uniform on {∀(i, `), |µi,` − Ui,` |≤ δ} and ν is uniform on {∀(j, `), |νi,` − Vj,` |≤ δ}. Note that
Z
Z
E((θX − MX )2 )ρU,V,δ (dθ)
(R − R)dρM,N,δ =

≤

Z

E(((µν T )X − (U ν T )X )2 )ρU,V,δ (d(µ, ν)).

3E(((U V T )X − MX )2 )ρU,V,δ (d(µ, ν))
Z
E(((U ν T )X − (U V T )X )2 )ρU,V,δ (d(µ, ν))
+3

+3

By definition, the first term is = 0. Moreover:
Z

i,j

k

k

E(((U ν T )X − (U V T )X )2 )ρU,V,δ (d(µ, ν))
#2
"
Z
1 X X
=
Ui,k (νj,k − Vj,k ) ρU,V,δ (d(µ, ν))
m1 m2
i,j
k
#"
"
#
Z
X
1 X X 2
(νj,k − Vj,k )2 ρU,V,δ (d(µ, ν))
Ui,k
m1 m2
≤

≤ KrC 2 δ 2 .

(R − R)dρM,N,δ ≤ 2Krδ 2 (C + δ 2 ).

≤ Kr(C + δ)2 δ 2 .

In the same way,
Z
Z
E(((µν T )X − (U ν T )X )2 )ρU,V,δ (d(µ, ν)) ≤ kµ − U kF2 kνkF2 ρU,V,δ (d(µ, ν))
So:

Z

3π(m1 ∨ m2 )K
4

!

+ 2K log



Γ(a)3a+1 exp(2)
ba+1 2a



Now, let us consider the term K(ρU,V,δ , π). An explicit calculation is possible but tedious.
Instead, we might just introduce the set Gδ = {θ = µν T , kµ − U kF ≤ δ, kν − V kF ≤ δ}
and note that K(ρU,V,δ , π) ≤ log π(G1 δ ) . An upper bound for Gδ is calculated page 317-320
in Alquier (2014) and the result is given by (10) in this reference:

1
δ

K(ρU,V,δ , π) ≤ 4δ 2 + 2kU kF2 +2kN kF2 +2 log(2)
r
+ (m1 + m2 )r log
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δ2
δ2
2m1 K log(2m1 K) , 2m2 K log(2m2 K)

is satisfied. So we obtain:

1
exp (−λt rn (θ)) π(dθ),
Zt
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and temperature ladder λ0 = 0 < . . . < λT = λ. The pseudo-code below is given for an
adaptive sequence of temperatures.

ρλt (dθ) =

Tempering SMC approximates iteratively a sequence of distribution ρλt , with

B.1 Sequential Monte Carlo

Appendix B. Implementation details



Noteqthat kU k2F ≤ C 2 rm1 , kV k2F ≤ C 2 rm2 and K ≤ m1 + m2 so it is clear that the choice
1
leads to the existence of a constant C(a, C) such
δ = β1 and b ≤ 2β(m1 ∨m2 ) log(2K(m
1 ∨m2 ))
that


1
K(ρU,V,δ , πβ ) ≤ C(a, C) r(m1 + m2 ) log [βb(m1 + m2 )K] +
.
β

K(ρU,V,δ , πβ ) ≤ β2Krδ 2 (C + δ 2 ) + 4δ 2 + 2kU k2F +2kN k2F +2 log(2)
!
r


1 3π(m1 ∨ m2 )K
Γ(a)3a+1 exp(2)
+ (m1 + m2 )r log
+ 2K log
.
a+1
a
δ
4
b 2

as soon as the restriction b ≤
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1
N

o
, and
i
i=1 wt (θt−1 )

PN

(18)
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The algorithm outputs a weighted sample (wTi , θTi ) approximately distributed as target
posterior, and an unbiased estimator of the normalizing constant ZλT .
Step b. of algorithm B.1 depends of a resampling algorithm. We choose to use Systematic resampling, see Algorithm 2.

Ai

t
c. Sample θti ∼ Mt (θt−1
, dθ) for i = 1 to N where Mt is a MCMC kernel that leaves
invariant πt ; see comments below.
n P
o
i
d. Set Zt = Zt−1 × N1 N
i=1 wt (θt−1 ) .

b. Resample: Pfor i = 1 to N , draw Ait in 1, . . . , N so that P(Ait = j) =
j
k
wt (θt−1
)/ N
k=1 wt (θt−1 ); see Algorithm 2 in the appendix.

n

wt (θ) = exp[−(λt − λt−1 )rn (θ)]

using bisection search. If λt ≥ λT , set ZT = Zt−1 ×
stop.

P
i
2
{ N
i=1 wt (θt−1 )}
= τ N,
PN
i
2
i=1 {wt (θt−1 )) }

Loop a. Solve in λt the equation

Init. Sample θ0i ∼ πξ (θ) for i = 1 to N , set t ← 1, λ0 = 0, Z0 = 1.

Input N (number of particles), τ ∈ (0, 1) (ESS threshold), κ > 0 (random walk tuning
parameter)

Algorithm 1 Tempering SMC

Alquier, Ridgway and Chopin
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:=

PN
j
i ).
wt (θt−1
)/ i=1
wt (θt−1

Algorithm 2 Systematic resampling
Input: Normalised weights

Wtj

Pn
m
m=1 N W .

Output: indices Ai ∈ {1, . . . , N }, for i = 1, . . . , N .
a. Sample U ∼ U([0, 1]).
b. Compute cumulative weights as C n =
c. Set s ← U , m ← 1.
d. For n = 1 : N
While C m < s do m ← m + 1.

Alquier, Ridgway and Chopin

Algorithm 3 Deterministic annealing

Input (λt )t∈[0,T ] a sequence of temperature

Init. Set m = 0 and Σ = ϑId , the values minimizing KL-divergence for λ = 0
Loop t=1,. . . ,T
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We find that using a deterministic annealing algorithm with a limited amount of steps
helps in finding a high enough optimum. On the left panel of Figure 2, we can see the one

The right panel gives the empirical bound obtained for the DA method (in red). The dots are the results
of direct global optimization based on L-BFGS algorithms (with starting values drawn from the prior).
Each optimization problem is repeated 20 times.

Figure 2: Deterministic annealing on a Pima Indians with one covariate and full
model resp.

95% bound

An ← m, and s ← s + 1.
End For

For the MCMC step, we used a Gaussian random-walk Metropolis kernel, with a covariance matrix for the random step that is proportional to the empirical covariance matrix
of the current set of simulations.
B.2 Optimizing the bound
A natural idea to find a global optimum of the objective is to try to solve a sequence of
local optimization problems with increasing temperatures. For γ = 0 the problem can be
solved exactly (as a KL divergence between two Gaussians). Then, for two consecutive
temperatures, the corresponding solutions should be close enough.
This idea has been coined under several names. It has a long history in variational
inference under the name ‘deterministic annealing’; see e.g. Yuille (2010) for an application
to Markov random fields. In addition the intermediate results can be of interest in our case
for selecting the temperature. One can compute the bound at almost no additional cost as
a function of the current risk. In turns this can be used to monitor the bound.
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